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&...B Hayké ectb cBosl ScTerHKa, M Kpacéta
JIOTHYECKON CTPOMHOCTH BaPHALMOHHBIX MpPHH-
IHNOB MEXaHHKH HE MOXEeT M€ BOCXHUWATH
MAaTeMaTHKOB, (U3NKOB, MEXaHMKOB.»

J1. C. Horax

(U3 npepucnosnst k kuHre K. Jlanuowa
«BapuanHOHHble NPHHIKUME MeXaHHKH» )

ITPEIVCJIOBHE

XoTs1 MCTOpHsA CO3[aHUsl BapHALHOHHBLIX MPHHIIUIOB
MeXaHHKH CIUIOILHBIX Cpejl HacuHThiBaeT Gonee cra JerT,
2 BapHAIlMOHHOE HCYHCJeHHe ABJSETCS OJHHM H3 KJac-
CHYECKHX pas3lesoB MATEeMaTHKW, pa3BHTHE BapHALHOH-
HBIX IDPUHIMIIOB MeXaHHKH JehOpMHpYeMBIX TeJ, B 4acT-
HOCTH TEOPHH YIPYroCcTH, TeOpHH OGOCJIOYEK H NAACTHH,
ellfe Janeko ot 3asBeplieHusi. OTcyTcTByeT cHcTeMaTrHYe-
CKHil aHanu3 (M CHHTe3) BapUalHOHHBIX NpobjeM TeopHH
YOpYrocTd W TeOpHH 060JIOUEK, BKAIOUAKOLHE HCCIexo-
BaHHSI KaK yCJOBHH CTAllHOHAPHOCTH BapHALMOHHBIX
(PYHKIIMOHAJIOB, TaK H HX 3KCTPEMAJBHBIX CBOHCTB.

B paunHO#t KHHre nIpeACTaBJEHH pe3yJbTaThl CHCTEMa-
THUECKOIrO HCCJEOBaHUS BapHALHOHHLIX NPHHUHIOB CTa-
THUECKO# TeOpUH yIpyroctd U obojouek c MO3HLMH cTa-
IIHOHAPHOCTH H 3KCTpeManbHOCTH (pyHKuHOHanoB. Baa-
rojaps o6meMy NOAXOLY BBISIBIEHEI HEKOTOPHE HOBBIE,
He MeHee HHTepDeCHble, HO ellle He MCCIEAOBAHHHE
BapHalHOHHBEE (POPMYJHUPOBKH 151 &HH30TPOIHOro He-
OZHOPOAHOrO T€JNla H aHM3OTPOIHON HEOAHOpPOAHOH 06o-
JIOUKH.

B kauecTBe HHCTPYMEHTZ CHCTEMATHYECKOTO HCCJHIEHO-
BaHHs B3fiTa Teopusl mpeo6pa3OBaHHA BAPHALHOHHBIX
npobsaeM, paspaboranuas . I'mnpGeprom n P. Kypan-
ToM [0.9], KoTOpas MO3BOJISET He TONBKO SKBHBAJEHTHBIM
o6pasoM MNpeo6pasoBaTh OfHY 3afauyy M APYryio, HO H
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JlaeT BO3MOKHOCTb BO MHOrHX CJy7asix NpPOCJeAHTb 34
H3MEHEHHeM 3KCTPeMasIbHBIX CBOMCTB (PYHKIHOHAJIOB.

Ara TeopHUs CO3[aHA yKe OKOJO NOJOBHHB BEKa TOMY
Ha3aj, HO B JHTEPATYpE H3BECTHH JIHIIb HEMHOTHe NpH-
MepHl NIPHMEHEHHs ee K 3a1ayaM MeXaHHkH nedopMmupye-
Mbeix Tes. [lepsme paboror mpuHasnexatr P. Kypauty
[0.9] u 3. Peitccrepy [0.13]. P. Kypaut BnepBbie npu-
MeHHJl Tpeob6pasoBaHue PpuUApHXCa AJS yCTAHOBJICHHS
CBSI3n Mexiy TnpuHuunamu Jlarpammxa u Kactunbsmo.
3. Peiicchep [0.13], onenuBasi pe3ysbrarhl CBOMX YeTHIpEX
paboT, NOCBALLEHHLIX BapHALMOHHBIM NPHHLHANAM TEOPHH
YOpPYrocTH, XapakTepu3yeT HOBH3HY HCNOJIL30BAHHS TEO-
pru [0.9] u nosyyeHHYIO B HTOTe NOJHYIO (GOPMYJIHPOBKY
BapHalIOHHOM TeopeMbl KakK BKJaJ B TEOPHIO YIPY-
roctd. B oreuecrBenHO# nHTepatype teopusi [0.9] Bmep-
BHle IpHMeHeHa B paborax [0.4], a BrHocnencTBHH B
[0.15, 0.6, 0.1] u np. OnHaKO BCe 3TH HCCJELOBaHHs, KaK
NpaBUJO, He HMEKT OOLIero Xxapakrepa H OTHOCSTCS
K BapHalHOHHBIM (POPMyNHPOBKAM B TEPMHHAX CTa-
LHOHapHOCTH (PyHKUMOHaJOB. K aHanu3y skcrpemanb-
HHIX CBOACTB (PyHKHHOHAJOB 5Ta TeOpHs He NpHMe-
HfJ1aCh.

HcnonbayeMble B KHHT'e CBeJeHHSI H3 BapHaillHOHHOTO
HCYHCJEHHS] mnpuBeleHbl B 1. 1. B ri. 2 H3noxeHwH
OCHOBHl TeOpHH NPeoOpa3oBaHHsl BaPHALMOHHBIX npo6-
JieM, KOTOopasi paccMOTpeHa B HECKONLKO Oousee oOued
tdopme, uem B [0.9], c npuMeHeHHEM BHIYKJIOTO aHAaNW3a
JUIST M3y4YEHMs] IKCTPEeMAaJIbHBIX CBOHCTB (PyHKLHOHAJIOB.
Jlns nocTpoeHHst H CHCTEMAaTHUECKOro HCCJe/JOBAHHS CH-
cteM (PYHKIMOHAJIOB OKa3aJoCch 1EN1eCOO0Pa3HBIM Bhiie-
JHTh TOJHHE ¢(yHKUHOHanb (6e3 Kakux-aubo ponod-
HATENBHHIX YCJOBHH) B KauecTBe Y3JIOBHX IIYHKTOB
BapHALHOHHON TEOPHH YHpPYroCTH HJH OGOJIOYEK H COBO-
Ky[IHOCTb YaCTHHIX (PYHKUHMOHAJOB, HMEIOIIHX JONOJHHU-
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TeJbHblE YCIOBHS, H JaTh o6uiue (GOPMYJIHPOBKH 061Lero
H YaCTHBIX BapHALHOHHLIX NPHHLMIIOB.

B cooTBeTcTBUH C H3JIOXKEHHOH B rJ. 2 TeopHeil, B
ri. 3 B 4 MOCTPOEHH CHCTEMBl MOJHBIX H YaCTHBIX (PyHK-
uHonajoB nns8 (HOPMYJHPOBKM BapHaLHOHHBIX MPHHIH-
OB TEOPHH YyNPYrocTH M TeOpHH obosouek. B kHure
NPUHAT BAapHAHT TEOPHH TOHKUX 00oJiouek, BHIOpaHHBIHA
B [4.12] B KauecTBe «HaWJy4YLIEro»; MoKasaHa BO3MOXK-
HOCTh NEepexofia K BapHAaLMOHHBIM NPHHUMNAM IJs ApY-
THX BapHaHTOB.

Hapsngy c¢ u3BecTHBIMM MOJHBIMH (DYHKUHOHAJAMH
Xy — Baumny [0.17, 0.18], PeficcHepa [0.13] 4 noaHbiM
¢dyHkunoHanoMm B nepemewtenusix [3.11, 0.12] mocrpoen
PS5 HOBBIX NMOJHHIX (PYHKIIHOHAJOB, CPelH KOTOPLIX NOJI-
HEIE (DYHKIHOHAT B «KBa3HOCHOBHOM» INPOCTPAHCTBE CO-
CTOSIHHU{, NORO6HHI dyuxuHOHaNy Xy — Bawuny, u Apy-
rHe noJIHble (PYHKIHOHAJB, He 3aBHCLIHE OT IepeMelle-
HHH, HO colepixaliue (hYHKUUH HANPSDKEHHil, HEKOTOphle
()YHKUHOHAJE B OCHOBHOM M KBa3HOCHOBHOM CHMMETpH-
30BaHHBIX TNPOCTPaHCTBaX, B HEMOJHBIX MPOCTpaHCTBax
nepeMeleHn, aedbopMauui, HanpsKeHud H GyHKUHHA
HanpsikeHufl U Apyrue. BHsiBIeHH 5KCTpeMaJibHble CBO¥-
CTB4 BCeX PaCCMOTPEHHEIX (YHKUHOHANOB. ¥YCTaHOB-
JIEHO, YTO OOJBLIIMHCTBO NOJHBIX (DYHKLHOHAJOB, B TOM
yHcJie H3BeCTHHle ¢yHKuMoHalel Xy — Bamuny, Peitc-
CHepa W JApyrue, HMeKT B KauecTBe TOUKH CTaLHOHap-
HOCTH CEAJIOBYIO TOUKY, & CPElH HEKOTODHIX HOBBIX (hyHK-
LHMOHAJIOB OOHapy:KeHbl TakKHe, KOTOphle He HMEIOT HH
3KCTPEMYMOB, HH MHHHMAaKCOB.

Brnepsole nonyyens (hyHKLHOHAJIB OTHOCHTEJNBHO (DH-
3HYECKHX COOTHOUIEHHH yNpYyroctH, psij (YyHKILHOHAJIOB
rpaHHYHBIX ycJoBHE, (yHkuHoHan Jlarpanika, ve comep-
Kawui nepemeienuil, QyHKUMOHAJIH (PH3HKO-F€OMETPH-
YeCKOro M (H3UKO-CTaTHUECKOrO XapakTepa u Apyrue. I



10 NMPEINCJ/IOBUE

HOBhlE (PYHKIHOHAJNB MO CBOHM CBOHCTBAM TeOpeTHYe-
CKOro ¥ BHYHC/JIHTEJNBHOro Xapakrepa He YCTyNnalT paHee
H3BECTHBIM.

ITokaszaHO HECOOTBETCTBHE HEKOTOPHX oOLMX pelle-
HHH ypaBHEHHH DaBHOBeCHss BapHALHOHHOMY NDHHUMITY
KacTunbsino ¥ BHBOIMMEIM H3 HEro ONpefe/eHHHIM BH-
JaM ypaBHeHHH HepaspHIBHOCTH. B 3TOM INtaHe cienyer
NOAYEPKHYTh [eJ1eco06pa3HOCTh NPOBEPKH HOBBLIX H H3-
BECTHHIX CTapHX AuddepeHiHaIbHEX (HOPMYJHPOBOK Ha
COOTBETCTBHE BapHALMOHHBLIM NpPHHLHNAM.

ITocTpoeHa u H3yueHa C TOYKH 3peHHS] CTalHOHAap-
HOCTH M 3KCTPEMaJbHOCTH CHCTeMa MNOJHBIX H YaCTHHIX
(yHKUHOHANOB B CJydYae DaspbiBHBIX MOJIEH HEpeMeute-
Hufi, pedopmaumnit, HamupsKeHHH H QYHKUHE Hampske-
HH}l; HEKOTOpble BapHaUHOHHble NPHHLHIB ISl TaKHX
noneit BnepBbie paccmarpuBainch B. Tlparepom [0.12].
AHaJIorHYHBe BONPOCH paccMOTpeHB! H B TEOPHH 00oJIO0-
yek. Heo6xoJHMOCTh paccMaTpHBaTh pPAasphiBHLIE MOJS
B KayecTBe BO3MOKHBIX COCTOSIHHE yHpyroro tejia BO3HH-
KaeT HHOrAa NpPH YHCJIEHHOM pelleHHH 3a1a4, B YacCTHO-
CTH NPH HCHOJB30BAHHH MeTOJa KOHEUHBIX 3JIEMEHTOB.

¥YcrauoBneHa BapHaluMOHHas (hOpMa CTaTHKO-reOMeT-
pHYECKOH aHaJOTHH B TEOPHH HENOJOrHX HEOLHODOJAHHIX
AHH30TPOMNHBIX O6OJIOUEK, KOTOpas BhIpaxaercsl B COOT-
BETCTBHH MexAy (YHKIHOHANAMH, UX RONOJHHUTEIbHBIMA
H €CTECTBEHHBIMH YCJOBHSIMH H 3KCTPEMaJbHBIMH CBOil-
CTBaMH.

Ilatas raaBa TIOCBSILIEHA HEKOTOPHIM IIPHJIOKEHHSIM,
IOKa3bLIBAIOIIHM, YTO BAPHALHOHHHIE METOABl SIBASIOTCS
MOIL[HBIM OpyAHEM KaueCTBEHHOro aHaJiH3a H CPeACTBOM
YHC/JEHHOrC pelleHusi 3ajay. PaccMOTpeHH pasinyHble
dopMBl BapHallHOHHHIX ypaBueHu#. Ilpemsoxena knac-
cuHKauus NpsIMBIX BapHALMOHHBIX MeETOJOB pacyera,
OCHOBaHHasl Ha HJesix rnaBbl 2. Pa3pabotal yHHBepcasb-
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HBIH MeTOJ BHIUHC/AeHUsT Ko3pdunveHToB anreGpaunye-
CKUX ypaBHEHHI NpPSIMBIX METOAOB, YAOOHLIH AJf peanH-
3aldM MallWHHBIX aJropuTMoB pacyeta. Jlana ofuas
METOJIUKA peLieHHs] H pacCMOTDEHB Ha NpHMepax o0co-
6eHHOCTH 33724 CO CJIOMHBIMH TPaHHYHBIMH YCJOBHSIMH
JJsl MHOrOCBSI3HBIX YIPYyrHX TeJl u o6oJjiouek H Jp. Ha
OCHOBE 3TOHl METONHKH IOJy4eHBl KaK YCJOBHS CTalHO-
HapHOCTH (YHKLHOHAJNOB ypaBHEHHS! Hepas3pLIBHOCTH
KOHTypa OTBEepPCTHSI B OJHHX 3aflauyax H PaBHOBeCHsl KOH-
typa B Apyrux. ITokasaHn HeKOTOpBlE BO3MOIKHOCTH HC-
NONb30OBaHUS JSKCTPEMANBHEIX CBOHCTB BapHalMOHHBIX
(OYHKUHOHANOB JJ51 TOJyYEeHHS JBYCTOPOHHEH OLEHKH
TOYHOCTH pelieHHi.

He6oabwol o6beM KHUrH He MO3BOJHJ YAEJHTH JO-
CTATOYHOE BHIMAaHHe OGLIHPHBIM HCTOPHYECKHM aCleKTaM
TEOPHH BapHaLHOHHHKX NPHHUMINOB. B ¢BsI3K ¢ 3THM OTMe-
THM, YTO 3a NOcJejHHe AeCATHJIeTHs B pasBHTHe H MpH-
MeHeHHe BapHALUHOHHBIX NPHHIHUIOB TEOPHH YNPYrOCTH,
oo/ioueK, TMJACTHHOK H CTepikHeH BHECJAH CBOH BKAaj
tTakHe yuenwole, kKak JI. §I. Ajftnona, H. A. Aaymss,
J1. U1. Bana6yx, B . B. bonorun, K. Bawuny, A. C. Bonb-
mup, K. 3. Tanumos, . Y. Tonbpenbnar, P. 3enurep,
J. M. Kauanos, JI. C. Jleit6enson, A. W. Jlypee,
C. I'. Muxaun, B. B. Hosoxunos, B. ITparep, 3. Peiic-
cuep, JI. Y. Cenos, Y. H. Ciesnrrep, H. I'. Teperynos,
3. Touty, K. ®. YepHbix u 1p.

C uenblo o6yerynth HCNOJNB30BaHME KHHMMH B Kade-
cTBe CNPaABOYHHKA MO BapHaLHOHHBIM IPHHLHIAM TEOPHH
yOpyrocTH H TeopHH 000/04eK GOJBLIHHCTBO pe3ynbTa-
TOB IpEJCTaBJEHO B TaGJHYHOM Jlerko 0603pumoit hopme.
B INpunoxennn 1 npusejieHH KpaTKHe CBEJEHNs U3 (YHK-
IIMOHAJLHOrO M BBINYKJOro aHanunsa, B Ilpunoxenun 2 —
U3 BEKTOPHOro M TeH3opHoro ananusa. B Ilpunoxenuu 3
BapHAIHOHHAS TEOPHsI IMIaIKHX aHH30TPONMHBIX 06OJIOYEK

e
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o6o6uiaeTcss Ha pasjMyHBIE KOHCTPYKTHBHO-2aHHM30TPOI-
Hble (peGpHcTble, MHOrocjofiHnie H fip.) OGOJIOUKH, a
TaKke M Ha cjyyail npuobperesnoit B npouecce aedop-
MHPOBAHHA aHH3OTPONHH (HANpHMEp, BO3HUKHOBEHHE
ynpyro-iiactH4ecKHX 30H).

JlaHBasi KHHra siBjifieTcst HEKOTOpbiM 0GO061IeHHeM pa-
Gor astopoB. Ei#i mnpemuectBoBaso yue6Hoe mnocobue
[0.2], koTOpoe MOXKHO paccMaTpHBaTh Kak IepBoe H3aa-
HHe AAaHHOH KHHIH.

IIpoBeneniibie HCCHEAOBAHHS, OCHOBaHHbBIE HA IpH-
MEHEeHIlH TeOpHH npeoGpa30BaHHsA BapHAIHOHHBIX NPOG-
JieM, MOTYT CJy>KHTb METOIOJIOTHYECKHM TNPHMEPOM AJist
LeJOro psfa APYrHX 3a4ayY MeXaHHKH nedOpMHpPyeMoro
TeJla H DPOACTBEHHBIX 3ajay MaTeMaTHueCKOH (H3HKH.

CrcTeMaTHYeCKOe H3yyeHHe BapHALHOHHHIX IpHHIU-
IIOB C MO3UIHH CTALIHOHAPHOCTH M KCTPEMasibHOCTH 060-
raujaer Kak IOCTAaHOBKY, Tak H alllapar MaTeMaTHue-
CKOro HCCJIeIOBaHHA 3aay.

ABtopbl HCKpeHHe GJlarodapHbl KOJJIeraM H Jpy3bsiM,
ybe BHHMaHHE, 3aMEUaHHs, MOMKEJAHHS H COBETH CIIO-
co6GCTBOBAJIH NOSIBJIEHHIO 5TOW KHHIH.



Fanasa t

OCHOBHBIE NOJIO)KEHHUS BAPUALLUOHHOTO
HCUYHCJEHNUS

B nannoil rnaBe npHBeneHsl HEOOXONHMBIE ISl UTEHHS
KHHUTH CBelleHHs H3 BapHanHOHHOro Hcuncienus. [lonpo6-
HOEe H3JI0XKeHHe C JOKa3aTeJbCTBAMH MOXKHO HaHTH B
[1.3], a Takxe B [1.6, 1.7].

§ 1. ®opmyauporka BapuauUOHHOH 3a]auu

Kanaccuueckoe BapHauHOHHOE HCYHCJIEHHE HMeeT AeJ0
C OTHICKAHHEM MaKCHMYMOB HJIH MHHHMYMOB (YHKUHO-
HaJ0B, HMEOLUHMX BHI ONpejeNIeHHBX HHTErpaJoB:

F ()= S f(u (%) dS. (1.1)

o

O6sacte onpenenenHsi ¢yHkuuoHana (1)— MHOXKeCTBO
HENpepBIBHEIX  WJIH  HellpepbiBHO-NH(pdepeHUHPYEeMbIX
GyHKUMA u(x) (BO3MOXKHO, BEKTOPHHIX HJIH TEH30PHHIX),
onpenesNieEHBIX B o6JacTH Q n-MepHOroe (4aile Bcero
OJIHO-, ABYX- HJH TPE€XMEPHOro) €BKJHJOBa MpPOCTpaH-
crBa. OyHKUHS [ MOXKET 3aBHCETb HE TONBKO OT (DYHKLHH
i, HO H OT €€ YaCTHHIX NIPOH3BOJHBIX.

MuoxectBo ¢GyHKUHE u4(X) MOXHO CUHTaThL JIHHe( -
HnM npoctpaHctBoM (cM. [lpunoxkenue 1), ecau onpe-
IeJHTh Ha HeM OOGLUHBIM 00pa3oM OMNEepPALHH CJOKEHHS
M YMHOXEHHA Ha 4HCJIO. DTO JIHHEHHOe MpPOCTPAaHCTBO
MOKHO npeBpaTHTh B (6eckoHeyHOMEpHOE) €BKJHIOBO
npoctpatcTBo E, ecnH BBecTH cKaJiipHOe IMpPOH3BeLEHHE
¢ MOMOIIBIO paBeHCTBa

Uy o iy = S wy (%) s (x) Q. (1.9)

Q

lMonoanenne eBKAHIOBa NPOCTPAHCTBA SIBJAAETCA THJb-
GepTOBLIM NPOCTpaHCTBOM .
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Ha ¢yukunn u(x) moryr GoiTh HaJOMeHH OONOAHU-
TeAbHblE YCAOBUSL B (POPMe paBeHCTB

@ (1) =0. (1.3)

B sToMm cayuae BapHalHOHHas 3ajaua-— 3anaga ob yc-
JIOBHOM 3KCTpeMyMe — (pOopMyJHpyeTcs caeAyiomuM o6-
pa3oM: cpelH Bcex (YHKUMA u(x), YAOBJIETBOPAIONIHX
ycaoBHio (3), HaliTH Takyio, AJig KOTOpofi (hyHKIHOHAM
(1) mMmeer sxcTpemyM. ¥YciaoBue (3) oOBIUHO HMeeT BHJ
ciacreMbl aHpQepenuHa bHbX (2 HHOTZA M anrebpauye-
CK¥X) ypaBHEHHil.

BaprHannoHHyo 3agauy 6e3 JONOJNHHTEJNBHEIX YC/1O-
BHU Ha3HIBalOT c80600HOL, a 3anayy 06 YCJOBEOM 3KC-
TpeMyMe — Hec80600HOI.

Bapuanmnonunas 3anaua spJsiercsa 0600IeHHeM 3alauH
06 OTHICKaHHH 3SKCTpeMyMa (PyHKLHH HECKOJIbKHX mepe-
MeHHBbIX. Pelllenne nocsefHell 3a1auu ecTh KOHEYHBIH Ha-
60p 3HayeHHH apryMeHTOB, pPeaJIH3YIOIHA 3KCTpeMyM
JaHHON (yHKUMH. Peuleruem BapHALUHOHHOH 3a/a4M §iB-
JIfIeTCSi HEM3BECTHasi (yHKYUA, peasu3yrollas 3SKCTpe-
MyMm ¢yHrkunonana. CBsi3p MeXAy 3TUMH 3agagaMu
MOXHO YBHAETb, paccMarpHBasi OGYHKLHIO u(X) Kak
becKkoneunblli Habop apeymeHTos. APryMeHTOB B 3STOM
Habope CTOJIBKO €, CKOJIbKO TOYeK X B MHOXecTBe Q:
KaX/I0H Touke x & L nocTaBlieH B COOTBETCTBHE apry-
meHT u(x) ¢pynruHonasma F.

Ecsiu B 06b1uHO# 3KCTpeMabHON 3aaue HeobxoaHMOe
VCJIOBHE SKCTpeMyMa TNpencTrasiger coboff cHCTeMy Ko-
HEYHOrO YHCJIa ypaBHEHUH (anre6paHyecKHX HIH TPaHC-
LeHIEHTHHIX), TO YCJIOBHSI 3KCTpeMyMa (MJIM CTalHOHap-
HOCTH, cM. § 2) BapHalHOHHOH 3aJauM BhpaxawTcs Gec-
KOHEYHO# CHCTEMOH NOJOGHBIX ypaBHeHHH — nuddepen-
UHaIbHHIMH ypaBHeHHsIMH (ypaBHeHMSIMH Jiisiepa, cM.
§§ 2, 3).

BapnauuonHasi 3azaua OTIHYaeTcsl OT OOLIYHOH 3K-
CTpEMaJIbHOH He TOJNbKO KOJHYECTBOM HEH3BECTHHIX, HO
H XapakKTepOM HaJIOXKEHHHX Ha HHX CBfidell: 3HayeHHd
u(x) GyHKIMH u, ABJSIOIHEC apryMeHTaMH (GyHKIHO-
Hana (1), oOBYHO cBf3aHE MexAy coGO# yCJOBHAMH
HenpephBHOCTH HiM auddepennupyemoctH. UMenno sto
NpHBOJHT K PAa3jIHUHAM B MeTOHAX pelleHHs,
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B BapHauMOHHOM HCUHCJIEHHHM DPasyiMyaioT KAaccuue-
cKue 3adaxu, uMeIHe OrpaHHdYeHHs B (popMe PaBEHCTB,
H Hexaaccuueckue 3a0quu, OrpaHHYEHHsI B KOTOPBIX MO-
ryt GuiTh B BHJ/I€ HEpaBEHCTB H B ApYrHx dopmax. B nan-
HOfl KHHI'€ paccMaTpHBalOTCA KJacCHYeCKHe BapMallHOH-
HLle 3a/aYyH, C [OMOIIBIO KOTOPHX (POPMYIHpYIOTCH
BapHalHOHHDLIE NPHHUHIB MEXaHHKH TBEpAOro jfedopMH-
pyeMoro tena.

§ 2. Merop, dfiaepa — Jlarpanxka pewenus
BapHaUWOHHBIX 3aja4. Ycaosus CTallHOHAPHOCTH

Jag OTHICKaHHSi SKCTPEMyMOB B BapHalllOHHOM HC-
YyHUCJEeHHH HCNOJb3yoT O0OOLIeHHe OCHOBHOIO [OHATHSA
aHanM3a GeckoHeyHO MaJblx — auddepenunana. dudge-

peHIHAT
Su=u'(x) —u(x) 2.1)

(YHKUHH u, paccMaTpuBaeMOM KaK apryMeHT (yHKLHO-
najia F, nasbiBaerca gapuayuetl ¢pynryuy u. 3nech 4 H
u' — nBe pa3fste GYHKIMH, TpHHajJexauue obaacri
onpezesenns dpynkunonana F. Cienyer oriHuaTh BapHa-
1Hio 6u ot audgepenuHana

du=u(x -+ dx) — u(x), (2.2)

KOTOphifi AABJIsieTcsl NpHpallenteM ONHOH (GyHKLHM U, BbI-
3BaHHbIM H3MEHEHHEM ee apryMeHTa X.

Iupdepernunan 6F, 1. e. riaaBrylo JIHHeHHyIO YacTb
npHpaiuesus (QyHkKuHoHasa F(u), BHI3BaHHOrO BapHa-
nuel 8u, HasviBawT sapuayuel ¢gynxyuonara F(u).

EcrectBeHnnfl U HauboJsiee pacnpocTpaHeHHBIH crocob
pelennust 3afayd 00 OTHICKAHHM SKCTPeMyMa (PyHKLHO-
nHana suga (1.1) npu ycnoBuu (1.3) COCTOMT B HCHOJIB-
30BaHHH HEO6X00UMO20 YCA0BUA: B TOUKE IKCTpeMyMa u’°
BumnodiHsieTcst ypasuende (1.3) u Bapuanusa OF pasna
HYMO TpH JIOObLIX NONYCTHMBIX BapHauufax du HeH3BecT-
HO# (yHKUHH u:

oF
OF =4~ du =10, (2.3)

rae OF/0u— npousBoanasi (rpaauent) ¢yHkuuonana F
(cm. Tpuaoxenne 1). JlOMyCTHMLIMH CYHTAIOTCH TaKHE
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Ou, paa koropelx 4° -} 8u mpuHamnexur obaactH ompe-
JeJlehHsl (DyHKLUHOHaNa H YJAOBJIETBODAET JOMNOJHHTEb-
HoMy ycJyoBHo (1.3)

@ (u° + du) = 0. (2.4)

Heo6xoaumoe ycioBhe (3) sBasiercst o6o6ILeHHeM aHa-
JIOTHYHOTO YCJOBHSl AJIfl 9KCTPEMyMa (BYHKUHH KOHEYHOro
YUCJIa MepeMeHHbIX H BHIBOJHTCH € MOMOUIbIO aHAJOTHY-
Heix paccyxaenufi. Tak xak ¢(u®)=0, 10 (4) MoxkHO
npeo6pas3oRATh:

(p(u°+6u)=q9(u°+6u)——(p(u°)=—g%éu—}—o(éu):O.

Otciona caenyer, 4To AONYyCTHMBIMH MOXKHO CYHTATb Ta-
KHe Ou, 4N KOTOPBIX

0P o
—a—u—éu =0, (2.5)

TaK Kak ycioBHe (4) sxBHBaleHTHO (D) ¢ TOYHOCTBIO /0
OeckoHeyHO MaJbix Oojiee BLICOKOTO MNOpsAKa ueM Su
[1.2].

Eciu u® ynosnerBopsier orpauuyenuo (1.3) u npu
u = u° ¢yukunonan (l1.1) ynosnersopsier ycnosuio (3)
npu Becex Su, ynosserBopsiolux (5), TO rOBOpAT, 4YTO
F(u) umeer B TOuKe u==u° YycaosHOe cTAyUOHAPHOE
3Haterue, a u° ecTb ero Touka crayuonaproctu. lpu or-
cyTcTBHH ycqioBHa (1.3) cTanHonapHOoe 3HaueHHe Ha3bl-
BalOT 6e3yCACBHbIM.

Heo6xonumeiM ycioBreM HaJHUHS 3KCTpeMyMa (yHK-
unonana F B Touke u° SBASIETCSl €ro CTAalHOHAPHOCTbL B
stoil Touke. CiemoBaTesibHO, CTANHOHAPHOCTb — GoJlee
ofllee cBOHCTBO (yHKUMOHANAa B JaHHOH TOYKe, ueM
3KCTPEMaJIbHOCTb. (PYHKUHOHAJ MOXKET HMEeThb CTalHO-
HapHoe 3HaueHHe B TOYKe neperuGa, MHHHMaKca, MaKCH-
MHHa, B celJioBoH Ttouke (cM. ri. 2, § 2). 3anaun 06
OTHICKaHHH TOYEK CTAUHMOHAPHOCTH (PYHKUHOHANOB BHAA
(1.1) ToxKe HA3LIBAIOT BapHALUOHHKIMH.

Takum o6pa3oM, BapHalHOHHAA 3a1a4a MOKeT OblThb
copmyanpoBaHa Kak 3ajnauya o6 sKcTpeMyMe ¢GyHKIHO-
nasa (1.1):

F (u) = max (min), (2.6)
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Hiu Kak OoJiee obliasi 3ajaya O CTaLHOHAPHOM 3Havye-
Huu (3):
oF (1) =0. 2.7)

2.1. ¥caosus crauHoHapHocTy Aas cBoGopHol Bapua-
UHOHHO# 3apaud. BoobGiue rosops, nocras/ieHHas -BapHa-
HOHHast 3ajnaya 108 GynkuHoHana F(u) MoxeT He
uMetb penieats. He ocranaBiHBasicb Ha BOMpOCE O Cy-
[IECTBOBAHUH pELIEHHS, MPEeANOJIOXKHM, 4TO TOYKa CTa-
uHOHAPHOCTH (yHKuUHOHAsNa F cymecrByer.

s aupdepeHuHpyeMbXx (GYHKUHOHAJNOB TIPH OTCYT-
CTBHH JOMNOJIHUTEJNBbHEX YCJOBHH, T. €. KOrja BapHalHH
Ou He3aBHCHMBI, paBeHCTBO (3) 3KBHBAJICHTHO YPABHEHHIO

oF

0 =0 (2.8)
KOTOpOe 03HAaYaeT, YTO B TOYKE CTALLHOHAPHOCTH INPOU3-
BonHas GyHKUHOHaJNa F ecTb HyJeBOH 9JIEMEHT COOTBeT-
CTBYIOLIErO JIMHEHHOro npocTpancrBa (npocrpaHcrBa E¥,
conpszxenHoro ¢ £}, n Ha3bIBaeTcsl ycAoGUeM cTAyUOHAp-
noctu ¢ynkuuonana F. Ecam  E — ruabbeproBo mpo-
ctpaHctBo, T0 E u E* nsomopdnn [1.2], n nostomy sin-

Hefinblil oneparop - & E" MOXKHO CYHTaThb 3JIEMEHTOM
oF
u3 E, a — - du — cKaJipHLIM NPOH3BENeHHEM [1.2].

Yro6e BOCHONbL30BaThbest  ycsioBHeM (3) wuam (8),
HYKHO BHISICHUTb KOHKpPeTHbIH BHA BapHauuu OF
npou3sofiHofl O0F /Ou, cooTBeTCTBYIOUIMX (YHKUMOHAJTY
(1.1).

( a)) Ycaosus cTayuoHapHocTy Oaf (PYHKYUOHAAQ, 3Q-
sucAu,e20 OT OOHOU (yHKYUL UL ee nepablx YACTHuLX npo-
u3600HbLX

F (u) = S flu, ug, ug, ..., uy)dQ.

31eck HHIEKC [ Mocyie 3ansaToil 0603HayaeT MPOH3BOAHYIO
GyHKUHH 4 1O NepeMeHHOH x;. [lisi Toro 4to6bl HalTH
aucdgepenmtan 8F, paccMOTpHM pa3HOCTb

F o du)— F (u) = S [F (4 du) — [ ()] dQ.  (2.9)
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IMpu OTHICKAHHMH TJIaBHOW JIHHEHHOW 4acTH BHIpaxe-
Hug (9) no Su (3Toro tpebyer onpepenenne Auddepen-
UHajda H NpPOH3BOAHON) TPYAHOCTb COCTOHT B TOM, 4TO
nojbiHTerpajbuasi (QYHKuMst [ 3aBHCHT He TOJIbKO OT
(YHKLHM 4, HO H OT €€ NMpPOU3BOJHLIX U1, ..., i HO Te-
PEMEHHBIM X1, ..., Xn. [103TOMY 371€Ch HEJIb3fl MPHMEHHTH
NpaBwiIO JHGGEpeHUHPOBAHUS CJIO0XKHOH (YHKUMH, TaK
KaK HEH3BECTHO, UTO Takoe O {u ;) /ou.

Pasnoxum pasuocts f(u 4 du)— f(u) B pan Tei-
Jgopa no 8u u mno O(u,), ..., 8(ur) B KaxaOH TOuke
MHOKecTBa £, CUHTasi BpeMEHHO QYHKUHIO # H ee NPOH3-
BOZHBlE 1,; He3aBHCHMBIMH. Ilonyunm

F(u-6u) — F (u)=

'—‘S[%‘é”""‘é%ﬁé(”-‘“r oy bl )] 4
(2.10)

€ TOYHOCTBIO A0 6€CKOHEYHO Masblx 60Jiee BBICOKOro Mo-
panka, uem 8u, 8(u,1), ..., 8(u.).

Tenepb yutem 3aBHCHMOCTb IPOM3BOILHBIX U,; OT (YHK-
IHH 1, KOTOpasi NPHBOIHT K paBeHCTBY O(u ;)= (0u),.
Tark kak npousBofnne (8u);— JHHelHBle (QYyHKUHH OT
Su, TO rnaBHas JiHHelHas dacTh pa3nocrtd (9) ecrb

of of . of
oF = { [55 8u + Gy @ .+ 7y (b0 1] a2
@.11)

IIpeo6pasyeM cjaraeMbie ¢ NpOM3BOAHHIMH OT 8u cie-
aywounm obpasom. IlpeacraBum 3TH cnaraeMble ¢ no-
Moubio GopMyssl IHpQEepeHUHpPOBaHHA NPOH3BEEHHUS
B BHe

6—(?*%)— (f,u)_l.__[%au]yi_[a_(‘%],lm 2.12)

3areM c nomowbio dopmyssl I'puna, Crokca unu Octpo-
rpanckoro (cM. I1puaoxenne 2) npeoGpasyeM HHTErpaJisl

_o
EIT) 1)

Terpajibl 10 ee rpanuune 0Q (Ans OAHOMEPHBIX mlTerpa-

no obyiactH Q OT cjiaraeMBlX BHAA B HH-
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JIOB HCIIOJIb3YeTCH OCHOBHAsi T€OpeMa HHTerpaJbHOro Hc-
ynciienus). B pesysnbrare nonyyum

o =&~ lail] — - ~loy] Jwans

+ vt o s v, @13)
o : ’

rae vj, ..., Vp— KOMIIOHEHTH BEKTOpa HOpPMAaJH K rpa-
HHle 0L,

Ecan na rpanune 0Q 3agauel 3HayeHHs (QYHKLEH U,
TO BrOpoe ciaraemoe B (13) paBHO HyJIO, Tak Kak
6u =0. B stom cnyyae OF /Ou ecTb JHHeHHBH QyHKIHO-
HaJl, KOTOpHIA Kaxnol ¢yHkuun 8u craBHT B COOTBeET-
CTBHE YHCJO IO 3aKOHY

so=\ o= lrial ~ - ~[ais] Jua
2 @.14)

CrenoBaresbHO, BHpaXenHe B (PHIYpHBIX CKoOKax B (14)
MOXHO paccmatpuBath Kak OF/du. PapenctBo (8) npm-
HHMaeT BHJI

s~ lotal - eyl =0 @19

Ono saBJasiercss ycjoBHeM CTalHOHApHOCTH (PyHKLHMOHaJa
(1.1) u naseiBaetcs ypasHenuem Jiirepa nanHOW BapHa-
LHOHHO# 3aaayi. .

IIpu orcyrcTBHH IPaHMYHOTO YCJIOBHS AJs (DYHKLHH
u Ha Bcell rpanuue 0Q HaM Ha ee yactH Su 5= 0; yToGwHi
6nyio 6F = 0 npu snwobom 8u, HeoGXOIMMO BHIIOJHEHHE
ypaBHenus JDitnepa (15) u paBencTBa

of of

O(u—,,) 'Vl+ “ee + a(u,n_) 'Vn=0 HA ag’ (2-16)

KOTOpPOE HAa3bIBAETCH eCTEeCTBEHHbIM 2PAHUYHBLM YCAO-
guem NaHHON BapHalMOHHON 3ajgayH.

6) Dynxyuonasst, 3aeucsujue Or npoOUSEOOHbLX 60-
aee 8bicoko2o nopadka. Ecan noaslHTerpasbrasn byHK1HsS
B ¢ynkumonane (1.1) 3aBHCHT He TOJNIBKO OT NMEPBHX, HO
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B OT BTOPHIX NPOH3BOAHBIX H(HJAH) OT NPOU3BOAHBLIX 60-
Jiee BBICOKOro nopsgka (yHKHHH 4, TO BBIBOJ YCJOBHH
CTALMOHAPHOCTH (ypaBHeHHH DHsepa M eCTeCTREHHBIX
IpaHHYHBIX YCJNOBHH) CBOAMTCA K DOBTOPHOMY NpHMeHe-
HUIO (POpMYJBl HUHTErPUPOBAHUA [TO dacTaM, wiau [ puna,
uin Octporpaickoro. Bo MHOrux cavuasx NpPHXOLHTCH,
KpoMe TOro, npeobpasoBbIBAThL MHTErpajs Mo rpaHHlle B
BbpaxeHuu BuAa (13), Tak Kak 310T MHTETpaJ AOJIKEH
coaepKarb HE3aBHCHMble BapHalHH (YHKUHM U H ee
NPOU3BOAHBIX [0 HOpMaJX K rpanuile. g 3TOro HCnofb-
3yercst (opMyJa HHTErpHPOBAHHS MO 1aCTAM, €CaAH Ipa-
HHIA — KOHTYyp, u ¢opmyaa Crokca uau I'puna (cwm.
[lpunoxenue 2), ecay rpaHulla fBJAAETCS NIOBEPXHOCTHIO.

B) DyHKkyuoHaAbl, 30BuUCAULUE OT HECKOAbKUX (DYHK-
yui, MoxHo 3anucate B Buge (l.1), eciu cuurarh QyHkK-
IIMI0 ¥ BEKTOpHOH. B 3TOM cayuae Bapumauua Su Takxe
ABJSIETCS BEKTOPOM, H BLIBOJA YCJAOBHH CTAlMOHAPLOCTH
CBOJUTCH K Npeo0pas’soBaHHI0 KaMAOH ero KOMIOHEHTHI.

[Toapobuee 0 BBIBOAE YCJAOBHI CTALIHOHAPHOCTH pas-
JIMUHBIX KOHKPETHBIX (PYHKIMOHAJOB cM. B Ivl. 3 U 4.

2.2. lpuBeneHne BapHAUHOHHOH 3aAauM C OorpaHuye-
HUSIMM K CBOGOAHOH 3ajpave: ABa NYTH yueTa orpaHuue-
Huii. Jlia 3agay ¢ orpanuyedusamu Buaa (1.3) Heob6xoau-
MO€ YyCJIOBHe 3KCTpeMyMma (3) o3HauaeT, 4YTO B TOUKe yC-
JIOBHOTO 3KCTPEMyMa (HJI CTAULHOHAPHOCTH) u° JRHEAHBIH
¢yuknuonan dF/0u (ue o6asateqabHo HyJaeBoll) orobpa-
JKAeT B HYJAb Te (YHKUHH Ou, KOTOpBIE YJIOBJETBOPAIOT
ypaBsHeHu (b). Ycnosue (3) 3aechb He MPHBOAHT K YCJIO-
BHIO cTanHOHapHOCTH (8), Tak Kak (yuKuHa 4, 418 KOTO-
po#i cnpaBeasuBo (8), MOXKeT He YJOBJETBOPSTh OTpPaHH-
uenuam (1.3). [ToaTomy npsaMoe ucnonb3oBaHHE YCAOBUS
(3) ana BEIBOJA YCJAOBHHA CTAUWOHAPHOCTH, KaK NPaBHJo,
HEBO3MOKHO.

a5 BublBOAA yC/JOBHH CTAMOHAPHOCTH B 3ajauax C
OrpaHHUYeHHAMH 3TH 3ajauy npeobpasyioT B SKBHBAJEHT-
Hele uM cBo6opnble. Cyuecrsyer aBa cnocofa yuera
orpanuuennit (1.3) B ¢opme paBeHCTB: HCMNOJb30BaHHE
o6ux peilenuil ypapHenusl (1.3) u MeTox Heonpejesien-
HBIX MHOXHTeseil Jlarpanxa.

Hcnonb3zoBanue 1nepBoro crnocoba NpakTHYECKH BO3-
MOXKHO JMLIL NIPH JAOCTATOYHO [POCTBIX ypaBHeHHax
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(1.3), nmewompux obuiee pellieHHe. IJTOT NyTb OBLIUHO
NPUBOZUT K YMEHbIUEHHIO KOJHYECTBA HEH3BECTHHIX 3a
CUET yCJAOXKHEHHS BHpaxKeHHa Aad GpyHKLHOHANA H yCiIo-
BUH CTalHOHAPHOCTH.

IMpu ncronb3oBaHHH BTOPOro crnocoba 3a cueT yBeqH-
YeHHS KOJHYEeCTBA HEH3BECTHBIX JOCTHTaercsi O6LIHOCTD
H YHHBEPCaJbHOCTb MEeTOLA H TPOCTOTA 3alHCH paspe-
AKX YPaBHeHH.

O6a cnocofba yuera AONONHUTENbHHIX YCJOBHH HC-
MOAb3YIOTCS B TEOPHH NPeo6pa3oBaHHR BapHAUHOHHBIX
npo6aem (cm. ra. 2, §§ 2 u 3).

a) Hcnoavsnsanue obujux pewenuil. Ypapnenue (1.3)
ABJIACTCS HEJOONMpeLeSeHHBIM 1 HMEeT 6eCKOHeYHOe MHO-
JKecTBO pellleniil (B NPOTHBHOM cjayuae sajgaya o6 3K-
ctpemyMme Gblna 6b TPHBHAJDBHOM).

B nexoropeix caywaax ypaeHenue (1.3) ynaerca pas-
pellHTb OTHOCHTENBHO YaCTH KOMIOHEHTOB 4| BEKTOPHOMH
nepeMeHHOR u, T. €. BHIPA3HTb HX Y€Pe3 OCTaJbHblE KOM-

IIOHCHTDBI Ug!
u1=u1(u2). (2]7)

Ecau awoboe pelilende ypaBHenus (1.3) mpeacraBumo B
Buge (17), to Bhipaxenue (17) nasbiBaercsa obwjum pe-
wenuem ypasrenus (1.3). MHOXKeCTBO 3/1EMEHTOB ugp
obpasyer nojampocTpancteo FE; B JlaHHOM [POCTpPaH-
cre E.

Mogcrasue (17) B dyHkuuonaa (1.1), noayunm Ho-
BB (PYHKLHOHAN

G (ug) = F [u (ug), us]. (2.18)

3agauy 06 yCJIOBHOR CTanmHOHAapHOCTH Qyukuuonana F
Tenepb MOXKHO 3aMEHHTb 3ajaueii o 6e3yc/lOBHOH cra-
I{HOHAPHOCTH: CPeAH BCeX 3JEMEHTOB Uy TPOCTPAHCTBA
E, uailtu Taxo#t, uto ¢yHKuuonan (18) nmeer crauuo-
HapHOE 3HAUeHHe. YCJOBHA CTAIHOHAPHOCTH 3TOM 3ajaun
BHIBOATCA TaK Xe, Kak B § 2.1

Vpasuenue (1.3) MoxeT He uMeTb O6INErO pelieHHs
Buga (17), oco6eHHO ecaB OHO AH(pdepeHuHanbioe, HO
uMeTb MapaMeTpHyeckoe pellieHHe

u=u(/), (2.19)
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rae {—napaMerp (BO3MOXHO, BEKTOPHbIl HJIH (hYHKLHO-
HaybhbH). Ecnn so6oe peniente ypaBuenus (1.3) Mox-
HOo npeacraButh B Buue (19), to (19) Toxe Ha3mnBaercs
o6wyum pewiertiem ypaBHennsi (1.3).

IToncraBus (19) B (1.1), moayuum cBOGOAHYIO Ba-
pHALHMOHHYIO 3anauy ads Qynkunosana F[u(#)], koto-
py10 MOKHO peliaTs B cooTBeTctBHH ¢ § 2.1.

3aMeTHM, uYTO ITIPH HCMOJNL3OBaHHH OOIUHX pelIeHHH
3ajlaya Ha YCJIOBHHIH SKCTpEMyM 3aMeHsieTcsl BCIIOMOra-
TeJbHOH 3a/1ayeil Ha 6e3yC/OBHBIH 3KCTpEMYM, B OTJIHYHE
OT Metoa MHOXHTesell JlarpaHnxa, B KOTOpoM, BooGIle
roBOps, MOXKHO YyTBepKAaTb JIHIIb HaJHUHE TOYKH CTa-
IIHOHAPHOCTH y BCIIOMOraTeJbHOrO (QyHKLHOHala (cM.
i 2, § 3).

B ra. 3 u 4 Oyayr Hcnosab3oBaTbesl, HANpHMep, cie-
nLyrore obuiHe pelieHHs:: pellienHe o = a¥*e, BHaa
(17) cucreMb (H3HYECKHX ypaBHeHHII 0/ — aifkley =
napaMeTpHyeckHe oOOIHE peLIeHHsi ypaBHEHHHA paBHOBe-
cHsi B (YHKUHAX HaNps:KeHHH, ypaBHEHHIl Hepas3pbIBHO-
CTH (mapaMmeTphl — IepeMelleHHs), CTaTHYECKHX I'PaHHy-
HBIX yCJIOBHH B (PyHKLUHAX HaNpsxeHHHA H AedopMauHOH-
HEIX TPaHHYHBIX yCJIOBUE AJisi 060s109€K H Ap.

6) Alerod neonpedenennvix muoxcureael Jlazpanxca.
Jast obserdenus JasibHeHllero H3JIOKEHHsI 11eJecoo6-
pa3Ho YTOUHHTBb, 4TO (yHKuMA ¢ B orpaHuyenud (1.3)
npeacrapiser coboét otobpaxkenne E— @ aanHoro es-
KJHIOBa npocrpadcerBa E B eBKAMIOBO npoctpaHcrso O,
KOTOpOe MOxKeT OHTb MHOKeCTBOM JIGHCTBHTEJIBHHIX YH-
ceJi, KOHEYHOMEPHBIM €EBKJIHIOBHIM ITPOCTPAHCTBOM HJIH
(uaite Bcero) (QYHKIHOHAJLHLIM MPOCTPAHCTBOM CO CKa-
JASpHBIM NpoH3BesienueMm BHna (1.2). Hanpumep, @ mo-
Ker GBITh MHOXKECTBOM (PyHKUMII, ONpeflefIeHHEIX Ha rpa-
aune 0Q obnactu 2, co cKaJspHLIM [IPOH3BEIEHHEM

P10 Py= S P192d (09):
80

TAaKOBO, HANpHMep, IeOMETPHYECKOE IPaHHYHOE YCJOBHE
u—u*=0 B ra. 3 u 4. [lpocrpanctBo @ Moxer npea-
cTaBaAfATh cOOOH TaK)Xe NPSIMOE IPOH3BEAEHHE HECKOJIb-
KHX eBKJHIOBLIX NPOCTPAHCTB PasjHUYHOIO CTPOEHHH, H3
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KOTOPBIX OJHH MOryT OBHITb KOHEYUHOMEpDHBIMH, a ApY-
rHe — (QyHKUHOHAJLHBIMY; CIOfla BKJIOYAOTCH C/ydaH,
KOrja JONOJHHTEeNbHOe ycioBHe (1.3) cocroHT H3 ypas-
HeHHH B o0JsiacTH H Ha rpaHHLe. '

B GeckoneynoMmepHOM ciiyyae npocrpanctBo O MoxkHO
CYHTaTh THIALOEepTOBLIM; ecin @ He THIBGEPTOBO, TO
MOxkeT GbITh paccMOTpeHO ero nonosHende (cMm. I1puno-
xenne 1).

Merod muoxcuteneii Jlaepanxa ssnsercs o6obuie-
HHeM INpaBHya MHOxHresed Jlarpamka ansg Qyuruui
HECKOJIbKHX NEepEeMEeHHBIX U COCTOHT B TOM, 4TO AJif OTHI-
CKaHHf TOYKH YCJOBHOH CTallHOHApHOCTH (YHKHHOHAaJa
(1.1) mucnonbsyercst ApyroH, BCIOMOraTeNbHBIHl (YyHK-

IIHORAJ
F.(u, A)=F () + 2o 1)), (2.20)

rae A — JHHelHw# ¢ynkuHonan Ha ®. Tak kak @ —
ruab0epToBO INPOCTPAHCTBO, TO MOXKHO cuHTath [1.2],
yro A @, a A(p) ecTb ckajnsgpHOe npoHsBeneHne B @,
H nHcaTtb BMecto (20)

Fy(u, )=F @) +2reoq(w). (2.21)

IMpumenenne o¢yHkuHOHaNa (21) ocHOBaHO Ha Teo-
peme: cyllecTByeT Tako# sjeMeHT A° € 0¥ yro peuenHe
¢° 3a7ayH Ha yCJOBHHIH 3KcTpeMyM ¢yHKunonana (1.1) -
npu orpanuyennax (1.3) (uam, B Gosnee obuieM cayyae,
TOUKAa #° YCJOBHOH CTalHOHAapHOCTH) coBnaaaer ¢ 0e3-
ycJI0BHOH TOYKOH CTAUHOHAPHOCTH NO u (yHKLHOHaJIa
Fu(u, 8°). 3navenns u° 0 A° OnpeaesiaioTcsl ypaBHEHHAMH
aaFu" =0 u %l;" = 0. Hoka3zarenanctBo cM. B [1.2].

IMopuepKHeM, yTO BapHAUHOHHBIC 3ajauH AJf (yHK-
nnonanos F(u) u Fn(u,A°) 5KBHBaJIeHTHH C TOUKH 3pe-
HHSl CTAUHOHAPHOCTH IO 4, HO HE 3KCTPEMaJIbHOCTH:
Fu(u, 2°) MOXKeT He HMETb 3KCTPEMYMAa B TOYKe CTaIlHO-
napHoctH (cM. nprmep B ra. 2, § 3.26).

CnpasenyiuBa H oGpaTHas TeopeMa: Bce TOYKH CTa-
nuonapnoctd (u°, A°) dynkunonana (21) cooTBeTCTBYIOT
TOYKAaM YCJIOBHOH craunonapHocTH ¢yHkuuonana (1.1).
Heftcteutenbio, B Touke (u°, A°) ypaBuenne (1.3)




24 OCHOBbBl BAPHALIHOHHOIO UCHUCJIEHHA rn. 1

= 0. Btopoe
yCJIOBHE CTALMOHAPHOCTH
In du=SLdu+ 132 sy =0 (2.22)

0
MOKAa3bIBaET, YTO NpH J000M A, JINST KOTOPOTO Aa—z ou=20,

puinosiHsercst (3). Tem Gosee (3) BHINOJNHAETCS, €CIH
g—g’éu:O. Takum obpazom, mpH %i”=0, aaL;:
BCe IYHKTHl ONpEAeJeHHsT YCJIOBHOH CTAllMOHAPHOCTH Bbl-
NOJIHEeHB], TaK 4TO JI06asi TOYKa CTalMOHApHOCTH (PyHK-
nuoHana (21) cOOTBETCTBYET TOUKE YCJIOBHOH CTalHO-
HapHocTH ¢yHKumoHasa (1.1).

IlpuBeseM npumep noctpoeuusi (pyHkumoHanma (21).

OyukuvoHas Jlarpanxa ¥ JIONONHUTEbHblE YCJIOBUSA
o 3apaud u3rnba nauTel (cM. 1. 4) B npoctpancTtee E
¢yHKUME, ompellesleHHBIX B Njockoft obaactu S u mpu-
HHUMaIux Jo0ble 3HAaUeHUS HA rPaHHIle, MMEIOT BMi

3@ = | {5 M7 (@) g (0) — g0 } 5 —
S

~ {[ew—m2]dc; @29
Cm

o —9"=0, w—w'=0 mna C,.

v

[IpoctpanctBo @ cocTOMT M3 (QYHKUHMH, onpefeseHnbIX
Ha uvactu C, Koutypa miauthl C. CKansipHoe npousseje-
Hue B @ onpejensieTcss paBeHCTBOM

Qo= ‘ @9, dC, (2.24)

Cy

a ¢yHkuuoHas (21) pnanHOW 3ajaun umeeT BHL

3, (w, @ M=3(w) — | [Qw—w)—M(%2—0')]dc,
Cu (2.25)
rae —Q u M — muoxurenn Jlarpanxa,
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3ameTuM, 4TO NMOHATHA CBOGOAHON M HecBoBOJHOM Ba-
pHauMOHHOH 3amaud oTHocuTesbHH. Hamnpumep, chopmy-
JIMPOBAHHYIO BBILIe HeCBOGOJHYIO BapHAalMOHHYIO 3a-
nawy nJs ¢yHkuvoHajga J(w) B npoctpancrtee E, Mox-
HO paccMaTpuBaTh KakK CBOGOJHYIO B IpocTpaHctBe £
GyHkLM#, onpeneseHHbIX B o6JjacTH Q M IPHHHMAIOILKX
Ha ee rpaHyIle 3aJaHHLIE 3HAYEHMS:

ow

_'* s, ¥
W=w, - 9.

§ 3. HekoTopbie poCTaTOYHLIE YCAOBHSI SKCTpeMyMa

HeoGxonumoe yciaoBue skcrpeMyMa (2.8) sapasiercs
npsIMBEIM 00001lleHHeM TaKOro e yCJOBMSl I (YHKIMA
KOHEYHOrO YMCJIa NEePEMEHHBIX W HMEET aHAaJIOTHYHBIH
Buj. Muaue o6cToMT €0 ¢ AOCTATOYHBIM YCJIOBHEM.

Hns toro uto6el dyuxums f(xi, ..., Xn) KOHEUHOro
YHC/Ia NEepeMeHHBIX MMeNa B TOYKe X}, ..., X, JIOKaJb-
HBIf MHHUMYM, AOCTATOYHO, YTOGHI [pH JIOOBIX HEHyJe-
BhIX [pHpalleHHsIXx He3aBUCUMBIX NlepeMEHHEIX ee nepBbli
mvggepenunan 6HJ paBeH HyJ0, a BTopoil nuddepen-
1HaJ ObLT MOJOXKHTEABHBIM:

n
of

d2f=‘ . leXi dxk > 0. (31)

Jns ¢pyHRUMOHAJI0B B GECKOHEUHOMEPHHIX IIpOCTpaH-
cTBax Bropoli muddepeHuunan (Bropas Bapuauusl) ompe-
aensieTcs Kak

O?F = F” (bu, du), (3.2)

T. e. Kak KBaJpaTWyHOe BHpajKeHHe, OTBEUaIoOllee OTO-
6paxenuio (¢yHkunonany) F” npocrpancrea EX E na
BelllecTBeHHY1I0 ocb R. Kak NokasbiBaeT KOHTpHpUMeEp,
npusenentnifi B [1.2], ycaosue Bupa (1): 82F >0 B Tou-
K€ CTAlMOHAPHOCTH — HEJIOCTATOYHO JJIA MHHHMyMa
¢yukunonata F, onpenenenHoro B NpoctpaHcTse Gecko-
HEeYHOro 4ucja u3MepeHuil.
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JlocTaTOYHRIM  YCJIOBHEM  JIOKaJbHOrO MMHHMYMa
dbyukuronana F(u) sBAsieTcs ero BHIYKJIOCTb BHH3 B
HEKOTOPOH OKPEeCTHOCTH TOUKH cTaluoHapHoctu [1.1, 1.5].

Oyukiuonan F(u) siBiagercs BLIYKIBIM BHH3 B He-
KOTOpO#l BEIyKJOH ob6sacTu P eBKAWAOBA NPOCTPAHCTBA
E, ecnv ero BTOpasl Bapuallisi HeOTpUIaTeJ]bHA NPH JIO-
OHx 6u B KaxJo# Touke obaacty P.

Bce, uTo HamucaHO BHIIle O AOCTAaTOUHBIX YCJOBHAX
MHHHMyMa, MePeHOCHTCS Ha MaKCHMyM C 3aMeHo# Hepa-
BenctBa O02F >0 una 8°F << 0 u BHIIYKJIOCTH BHH3 Ha
BHIYKJIOCTh BBEPX.

YcioBre BHINYKIOCTH TT03BOJISIET HHOI'AA PELIMTh BOIl-
poc ¥ 0 ryo6abHOM SKCTPeMyMe: BHIIYKJbiE BHH3 (DYHK-
L{OHAJ UMeeT Ha BHIIIYKJIOM MHOxecTBe He GoJiee OLHOro
MHHHUMYMa, a BBINYKJIEEH BBepX — He GoJjiee OJHOr0 Mak-
cuMymMa.



IF'nmapa 2

OBLIHE W YACTHLIE BAPUALLUOHHLIE
NPUHLKHIIbl U TEOPEMDI.

OCHOBbI TEOPHHU NPEOBPA30OBAHUS
BAPHALLMOHHDBIX NMPOBJIEM

B nanHO#H ryiaBe H3/0xkeHBl O0liMe BONPOCH TEOPHH
npeoGpa3oBaHusl BapHALMOHHBIX Ipo6JieM, KoTopas Io-
3BOJIIET BBIACJIHTH OOLIHE H YacTHHE BapualHOHHbIE
AOPHHLHIMEL H TEOpeMbl H YCTaHOBHTbL MEXJY HUMH 3KBH-
BAJIEHTHYI0O B3aHMOCBS3b. JTa [JaBa CJYXKHT TEOPETH-
yecKOH OCHOBOM ISl HCC/leIOBaHMSl BapHAIMOHHBIX MPHH-
IMNoB Teopuil ynpyroctu u o6onouek B ri. 3 u 4.

§ 1. O6mue ¥ yacTHBIE BapUALIHOHHbIE
NPHHUKMNBL K TEopeMbl

OcHOBHBIE TOJIOXKEHHSI MEXaHWKH MoryT OBITh cdop-
MyJMpOBaHBl B TpPeX SKBHBAJIEHTHHIX (hopMax: B BuJe
IuepeHMaNbHbIX  YpaBHEHHUH, MJH HHTETpaJbHBIX
ypaBHeHufl, WM BapMalMOHHBIX NPHHIUIIOB.

3a BceM KOMIUIEKCOM 3aBHCHMOCTeH H ypaBHeHHM
TEOPHHM YHPYroCTH CKpHIBaeTcsl OOLIMH BapHauMOHHBIH
HpUHUME, 3akaioyaowmit B cefe CMEICT Bcelf COBOKyN-
HOCTH ypaBHEHMI U IpaHHMYHBIX YCJIOBHH AAHHOH TEOPHH.
AHasoruHOe yTBepKAEHHe CHpaBeIJIHBO M IJISl TEOPUH
060JI0YeK, MJIAaCTHH, CTEpXKHeH, a TaKkKe JJS CHCTEM, CO-
CTaBJIEHHBIX H3 HHX.

BuisiBjienwe 3Toro ofmero npHHOMIZ MoXXeT ObHITh
OCHOBAaHO Ha TeOpMH Hnpeolpa3oBaHMs BapPUALHUOHHBIX
npobaem, paspaborannofi P. Kypanrom u . TI'manGep-
toMm [0.9]. DTa Teopus MO3BONSET NOCTABHTh B COOTBET-
CTBHe APYr Jpyry pasjHuHble GYHKUMOHAJH € JONOJIHH-
TEJbHBIMH YCJOBHAMH M HOCTPOHUTDH HOJHBEIH (QyHKUHOHAJ
6e3 Kakux-1100 NONMOJHUTENBHEIX YCJIOBHH, U3 KOTOPOro
KaK YacTHBIE CJyuad MoryT OBITb IIOJIyYeHbl BCe BO3MOXK-
Hele (PYHKUHOHANB C AONOJHHTEJNbHEIMM YCJOBHSIMH H
chopMyJIMpoBaHEl YAaCTHHE BapHALHOHHHIE ITPHHLUMLL.
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1.1. BuiGop npocTpancTBa COCTORHHE ynpyroil cu-
cremul. [Ipexne ueM chopMyJIHpOBATh CHCTEMY AKCHOM,
ONMKCEIBAIOLLYIO YHPYI'YIO CHCTEMY, HYXKHO BBIUIEJHTH €O-
BOKYITHOCTb HE3aBHCHMBIX 3JIeMEHTOB, XapaKTePHU3YIOLIHX
ee COCTOsSIHMe, HaNpuMep IMoJisl HalpsixeHuil, medopma-
IHH, nepeMelieHuH. DTH 3JeMeHTH yLOOHO paccMaTpu-
BaTb KaK KOOpJMHATH H300pamawimell TOUKH B HEKOTO-
pOM NMpOCTPaHCTBE, KOTOPOE MB Ha30BEM NPOCTPAHCTEOM
cocroanuli. 3TO NPOCTPAHCTBO MOXXHO CYUTATH JIHHEHHBIM
WJIM €BKJHJIOBEIM CO CKaJIsipHbIM yMHOMeHHeM Buna (1.2)
ri. 1. OHO MOXKeT COCTOSITb M3 Pa3/JHYHBIX KOMOHHALHH
nosiell mepeMellenuil, gedopManuil U Apyrux, obJaanao-
X HeoOXOAUMBIMH CBOHCTBAMH HENPEPBLIBHOCTH U Iud-
(bepeHLHPYEMOCTH.

CoBOKYHNHOCTb noJieil nepeMmellleHudl, nedopmauuii u
HanpsixeHUH (ycHJuil) Ha30BEeM OCHOBHOIM NPOCTPAH-
crgom coctoanull. Ero MOXKHO MpeacTaBHUTh KaK NPAMYIO
CyMMy JIHHeHHHIX NpPOCTPaHCTB nepeMelleHuil, nedopma-
LY ¥ HanpsKeHu#, T. e. KAK MHOXKECTBO Touek (i, e, G)
C IIOKOMIOHEHTHBIMH ONMEPalUsIMH CJOXKEHH M YMHOXKe-
HUSl Ha YMCJIO.

MoKHO TaKyKe BHIIEJNUTb KBA3UOCHOBHOE NPOCTPAH-
creo cocroanull {g, ¢, e}, npeicrapusoliee coGoi co-
BOKYIIHOCTD NoJielt QYHKUHH HanpsixkeHUit, HalpshKeHui u
negopmanuil. KBasnocHoBHOe HpOCTPAHCTBO B HEKOTOPOM
CMBIC/IE CHMMETPHYHO OCHOBHOMY.

MoryT GHITE pacCMOTPEHBl yCeyenHble (4acTHbie) npo-
CTPAHCTBA, SIBJSIIOILHECS. HEKOTOPOH YacTbi0 OCHOBHOTO
npoctpaHctBa (HOANPOCTPAHCTBOM). YCeYEHHBIE MpO-
CTpaHCTBA MOryT OHITb CMelIaHHBIMH, T. €. COJIepXKaTb
TOJIbKO HEKOTOpHE KOMIIOHEHTH BeKTOpa MepeMenieHuil
U TEeH30pOB HamnpsixeHuil H(uan) nedpopmauii, QyHk-
il HanpsxeHHH.

IMoagnpocTpancTBo (yceueHHOe NPOCTPAHCTBO) YacTto
6riBaer onpeneneHo cucreMoil ypasHenuit. Ilpu stom oco-
6y posb B Teopun Kypanta — I'manGepra urpaor ypas-
HeHHUsl, ABJSAIOILIMECS JONOJHHUTEJNbHbIMH YCJIOBHSIMH K
(hyHKIMOHAJIaM.

Pacuiupennoe npoCTpancTéo CoCTOANHULL MOIKET GBITh
MOJiydEHO KaK M3 OCHOBHOTO, TaK H H3 ero HOANpo-
CTPAHCTB 32 c'eT BBEIEHUs BCIOMOraTesibHbIX 2JIeMEHTOB,
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He conepxauiuxces B HuX. [lpocrpaHcTBo pacuumpsior,
HanpuMep, 3a cyeT BBeJeHHs] O6ILMX peuleHHH ypaBHEeHHH
paBHOBecHsi B (DYHKIMSIX HAHNpPSIKCHHMH, a Takxke NmpH HC-
NoJb30BaHMH MHoOxuTesedl Jlarpanxka (ecm. § 2 ¥
ra. 3, 4).

IIpocTpaHcTBO coCTOSIHHE MoxKeT OBITH, KpoMe TOTO,
npeoOpa3oBaHo JHHeAHOH 3amMeHON MepeMEHHHIX B psl
Ipyrux, usomopduuix emy. Ilpu stom mpeobpasyrorcs u
(YHKUHOHAJBl, H JONOJHHUTENbHHE YCIOBHUSl (€Ciu OHM
HUMeIOTCs), TaK YTO NOJyyaloTcsi pasHbleé SKBHBaJeHTHLIE
(OpMYJIUPOBKH ONHOH H TOH e 3a1a4yd B OJUHAKOBBIX
(usoMop¢HBIX) npocTpaHcTeax. Takue npeo6pasopanus
NMOKa3aHbl Ha npuMepe QYHKIHOHANOB Jyz M Inga
(ra. 3 u 4).

1.2. MoaHvle 4k yacTHbie GpyHKOMOHAAB. B KaxjioM u3
IPOCTPAHCTB COCTOSIHHN CHCTEeMBl MoXei OHTbh onpejne-
JeHO GeCKOHeYHOe MHOMKECTBO pas/iu4HbIX (yHKLHOHA-
qoB. Cpejild HHX Hac HHTEPECYIOT JIHIIb HEKOTOphle, 0Co-
6bie, ¢ IOMOIUBIO KOTOPHX MOTYT ObITh C(POPMYJHPOBAHEL
BapHAllMOHHblE TPHHLMIILI JJf AaHHOH CHCTEMHl (CM.
§§ 1.3 u 14).

Bce BapuauMOHHBIE MPHHLHIB H COOTBETCTBYIOLLHE
(YHKUHOHAJIB, paccMaTpuBaemble B I 1—4, npencrab-
Jsercs UejecooGpasHnM pa3fesuTb Ha IBa Kjacca: HoJ-
HBlIE ¥ yacTHble.

OyHKUMOHAJE, [/ KOTOPHX BapHAUMOHHAs 3ajaya
dopmysupyetcsi 6e3 JONOJHUTENbHBIX YCJIOBHH, OXBAThl-
Basi Bce KOMIIOHEHTH NoJieH BBIOpaHHOrO NPOCTPaHCTBA
coctosinufl, 6yneM Ha3bBaThb NOAHbLIMU (PYHKYUOHONOMLU.
[Monnel#l ¢yHkuHoHan sasnsercss Haubojiee obllelt sHepre-
THUeCKOll XapaKTepHCTHKON nanHOM CHCTeMH, BHpaxeH-
HO#l yepe3 Bce KOMIIOHEHTH BHIOPAaHHOIO NPOCTPaHCTBA
cocrosinufi. OOGLIHOCTL COCTOMT, BO-NIEPBEIX, B TOM, YTO
U3 INoJHOro (YHKIHOHaJa MOryT OBITH MOJIYIEHH BCe
BO3MOIKHBEIE€ YacTHHE (YHKUHOHANHL B JaHHOM NPOCTpaH-
CcTBE H, BO-BTOPbIX, B TOM, 4TO €ro JOCTaTOYHO I/
OIpeNeNeHHusl BCeX KOMIOHEHTOB moJieH, T. €. HJsi Mmoji-
HOTO pelleHHsl 3ajayd B JaHHOM TIPOCTPaHCTBE CO-
cTOsIHUH.

Hanpumep, B OCHOBHOM NPOCTPAHCTBE COCTOSIHHE 1MOJI-
HBIH  (yHKIHOHAN XapaKTepH3YeT COCTOSIHHE CHCTEMH
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BCEMH KOMIOHEHTaMH Mosiell nmepemellenul, nedopmanuft
H HanpsikeHHH.

DdyunkuHoHaAbl, Jis KOTOPHIX BapHallMOHHasi 3anaia
(opMynHpyeTcsi ¢ AONOJHHTEJIbHBIMH YCJAOBHSIMH (ompe-
JeJSIOMHMHE NOANPOCTPAHCTEBO B BhIGpAaHHOM TNpoOCTpaH-
CTBE COCTOSIHHH), HA30BEM YACTHbHIMU QYHKYUOHANAMU.

UacTHble (pYHKUHOHAJBI NOJNYYAKOTCH H3 NOJHBIX Ny-
TE€M HaJOXEHHS [OMOJHHTENbHBLIX YCJOBHH Ha HEKOTO-
pblé KOMIOHEHTh JaHHOrO HPOCTPAHCTBA cOCTOstHHE (CM.
§ 2). Onu #BNAIOTCA HEKOTOPHIMH SHEPreTHYECKHMH Xa-
PAaKTePUCTHKAMH CHCTEMBl B YCeUEeHHLIX NPOCTPaHCTBAX.

Taknm o6pa3om, B BEIGPAHHOM NPOCTPaHCTBE COCTOSA-
HHH NOHSTHS TOJHOTO W YaCTHOTO (DPYHKIIHOHAJNOB CTPOro
onpeneneHsl # HMelOT abcooTHHH xapakrep. [lpu nepe-
XOAe OT OAHOrO NPOCTPAHCTBA K APYrOMYy 3TH HOHSATHSH
CTaHOBHTCA OTHOCHTENbHbIMH. [loJHBIA  dyHKUHOHAT,
onpeneNeHHbIl B HEKOTOPOM TNPOCTPAHCTBE, MOXKHO pac-
CcMaTpUBaTb KaK YaCTHBIA B PaclIHPeHHOM HPOCTPAHCTBE;
OH #BJSETCH YacTHBIM (MeHee OOIUM) IO OTHOLIEHHIO
K noJHOMY (yHKIHOHaJdy B PacIMPEHHOM HPOCTPAHCTBE,

Hanpuwmep, dyukunonan Peficcuepa (ra. 3) siBnseres
NOJIHEIM B TNPOCTPAHCTBE NepeMelieHHH U HANPSIKEHHH
H YacTHBIM B NPOCTPAHCTBe nepeMelleHHH, AedopMauui
M HanpsiKeHu# (IO OTHOIUEHHIO, HANPHMEp, K MOJHOMY
oyukunonany Xy — Bamnny). ®dynkumonan Jlarpamxka
Sn:(u, €)— yacTHell B J1060M NPOCTPAHCTBE, COIEpIKa-
nieM noJssi nepemenienuit u nedbopmauui.

1.3. O6Gwmii BapuaunoHHuIt NPuHOMN u o6mas Ba-
puansoHian Teopema.

Ob6wuil sapuayuonusil npunyun. WctvhHabEe noas
napaMeTpoB HaNpsKeHHO-1e(dOPMHPOBAHHOrO COCTOSHHS
CHCTEMBl OTJIMYAIOTCH OT BCeX APYTHX Hojell B AaHHOM
IPOCTPAHCTBE COCTOSIHHHA TeM, 4TO HOJHBIE (QyHKUHOHAN
HMeeT CcTallHoHApHOe 3HAaueHHe.

HanpuMep, NpuMeEHHTENBHO K OCHOBHOMY HpPOCTpaH-
CTBy COCTOSHHH OOIHMA BapUaUMOHHBIA NPHHUMUN YH-
Taercs TaK: HCTHHHbIE NOJS NepeMelleHui, aedopmauui,
nanpsixeHul (ycunufl) cHcTeMsl TaKOBH, 4TO TNOJMHBIN
(hYHKLUHOHAT HMeeT CTALNOHAPHOE 3HAYEHHE.

CraunmoHapHOMY 3HAYEHHIO MOJHOr0 GyHKUHOHANa
HenocpeACTBeHHO COOTBETCTBYIOT HCTHHHLIE MOJs TexX fla-
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paMeTpoB HaNpsixKeHHO-Ae(DOPMHUPOBAHHOTO COCTOSHHS
CHCTEMBbl, OT KOTOPBIX OH 3aBHCHT (KOTOpble BXOAAT B
COOTBETCTBYIOLIEE NMPOCTPAHCTBO cocrosinuil). Hanpuwmep,
HOJHBIH (PYHKLHOHAA B OCHOBHOM HpOCTPAHCTBE oOmnpe-
JensieT BCe KOMIOHEHThl MCTHHHBbIX MOJieH nepeMelleHHH,
JedopManuil ¥ HanpsxeHUH, )

Ecan nonnweiit dyHkuuoHan omnpeneseH B yCeUeHHOM
npoctpaHcTBe (Hanpumep, ¢yHkuuonaa PeliccHepa — B
NPOCTPAHCTBE MEpeMEeleHU! M HaNpsKeHHH), TO HCTHH-
HLle 3HAYCHHS HEeJOCTAIOIUX NapaMeTPOB HampsiKeHHO-
J2e(hOpMHPOBAHHOIO COCTOsiHHSE (B AaHHOM @puUMepe —
noas pedopManuil) B caydyae HeO6XONUMOCTH MOT'YT ObITh
onpejeseHsl ¢ MNOMOIIBI0 3aBHCHMOETCH, CBH3BIBAIOLIHX
NOJMHHIHA (YHKUHOHA B YCeYEHHOM HpPOCTPAHCTBE C Ka-
KUM-JHOO MOJHHEM (PYHKIIMOHAJOM B OCHOBHOM HIPOCTpaH-
ctBe. DTa yacTb pacueTa HBJASETCH BTOPHYHHIM 3ITANOM
(oGpabotkoii).

B canyuae pacmumpeHHOro HPOCTPAHCTBA COCTOSHHH
CTAIlHOHAPHOMY 3HAYeHHIO MOJHOrO (PYHKIHOHAJa B 3TOM
IPOCTPAHCTBE COOTBETCTBYIOT, KpPOME€ HCTHHHBIX mozeH
nepeMelleHul, HanpsxKeHH# M pedopmaiui, eme Heko-
TOpHie TMOJs BCIIOMOraTe/bHbIX BeJHYHH, KOTOpble AOMOJI-
HAIOT OCHOBHO€ NPOCTPAHCTBO A0 paciiupeHHoro. Ilpu-
MepOM 3JeChb CJHYXKHT GyHKUHOHAN Iny(H, e, o, h, p)
(ra. 3, § 3.1), 3aBuCsHUI He TOJBKO OT #, €, ¢, HO H OT
BCHOMOI'aTeNbHBIX BEJHUHH A, p.

Ob6uwan sapuayuonnas Teopema. Ilonublfi ¢GyHKuHO-
HaJ HMeeT B KaueCTBe ypaBHeHHH Disepa U ecrecTBeH-
HBIX TPaHHYHBIX YCJOBHH MOMNHBIA KOMIUIEKC ypaBHEHHH
¥ TpaHHYHBIX YCJOBHI NaHHON TEOPHH, BbIPAXKEHHBIX ye-
pes KOMIIOHEHTH COOTBETCTBYIOHMIETO INIPOCTPAHCTBA Co-
CTOsiHHHA.

UHbIME CA0BaMH, NOJHBIHA (DYHKUHOHAN COAEPKHT B
HEOGXOAUMOH H JOCTATOYHON Mepe BCKO HHOOPMALHIO O
JNAaHHOH TEOPHH M KJjacCe 3aay B HCNOJb3yeMOM Ipo-
CTpaHCTBe COCTOSHHE, TaK 4TO JAJSi X PCIUCHHS He Tpe-
Gyercsi KaKHX-IHOO AOTONHHUTENbHBIX YCJIOBHIL

Tak Kak ypaBHeHus JDHJepa u eCcTeCTBeHHble rpaHHu-
Hble YCJIOBHS SBJSIOTCS HEOOXOAUMBIMH H AOCTATOUHbIMH
YCTOBHSMH CTauuonaphoctd (ri. 1), 10 ofutyio Bapma-
[HOHHYI0O TeopeMy MOXKHO CHOpMynHpOBaTb H Kak
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yTBepxaeHne 06 5KBHUBAJEHTHOCTH BapHalHOHHOIO NMPUH-
nuna U cucrems! AuddepenunanbibX ypaBHeHHA: B AaH-
HOM TIpOCTPAHCTBE COCTOSIHMA MareMaTHuyecKHe MOJeJH
yIpYyroil CUCTEMB, MOCTPOEHHbIE HA OCHOBE CUCTEMBI RH(-
(depeHunaNbibBIX ypaBHeHHA H oO6llero BapHalUOHHOIO
NpHHIHKIIA, COBMAAIOT.

Kax npaBuno, Moxket GbiTh 1aHa 6osee curbras gop-
Myauposka ob6uje20 BAPUAYUOHHOZ0 NPUHYUNA: HCTHM-
HOMY HanpsxKeHHO-AeHOPMHPOBAHHOMY COCTOSHUIO CH-
CTEMBI COOTBETCTBYeT He TNPOCTO CTallHOHAapHoe 3Haue-
HUE, a MUHUMAKC (WU MAKCUMUH, UIH Ce0A08as TO4KQ)
nosHoro ¢Qynkuuonana. Mckitouenue cocraBAsiOT (QyHK-
LMOHAJLI, HE UMeIiHe HU DKCTPEeMYMOB, HH MHUHHMAK-
COB, HH MAKCHMHHOB, Hanpumep Jnsa (ria. 3).

1.4. YacTHbiif BApNALMOHHBIA MPHUHIUEN B YyacTHas Ba-
pHanMonHas Teopema.

YQacrnoui sapuayuonnsui npunyun. OT BceX BO3MOXK-
HBIX, T.€.yIOBJETBOPSIOWNX AAHHBIM OrpaHHueHUsSM (J10-
NOMHHTENbHBIM YCJIOBUAAM), COCTOSSHUR YOPYTO# CHCTEMbI
HCTHHHOE COCTOSIHHE OTJIHYAETCSl TEM, UTO YACTHHIA (DyHK-
UMOHAJ HMEET CTallHOHAPHOE 3HAYEHHE NpPH JaHHBIX N0-
NOTHUTENBHBIX YCJHOBHSAX, T. €. B NOANPOCTPaHCTBE AaH-
HOTO NPOCTPaHCTBA COCTOSHHUM.

Kak npasuso, cnpaseanuBa Gojee CuiabHas (opmy-
JUPOBKA: 4aCTHHIA (GYHKUHOHAT UMEET He NMPOCTO CTAlHO-
HapHO® 3HaueHue, a YCJOBHHIH IKCTPeMyM, HJAU MHUHH-
MaKC, UJIH MaKCHMHH, HJIH CEAJNOBYIO TOUKY.

Yacruas sapuayuonnan teopema. YpaBnenus diliepa
H ecTecTBeHHble FPaHUUHBIC YCJAOBUS 3afaudH Ha YCHAOB-
HOE CTAallMOHApHOE 3HAYeHHE 4acTHOro (yHKIHOHANA CO-
CTaBJSIOT BMecTe C JOTOJHUTENbHBIMH YCJIOBHSMU MHOJ-
HHl KOMIIJIEKC YpaBHEHHH U rpanHuHbIX YCJIOBUH AadHOM
TeopHH.

Orciopa ciaeayerT TOXKAECCTBEHHOCTh MHOCTAHOBKH Ba-
pHalMOHHHIX 3aa4 Ha OCHOBE MOMHLIX M YaCTHHIX QYyHK-
LLHOHAJIOB.

JokasaTenbcTBO BAPHALHOHHBIX TEOPEM OCHOBAHO HA
BLIBOZIE YCJOBHHA CTAUHOHApPHOCTH (YHKUHOHANOB (cM.
ra. 1).

[TpuMepamn yacTHHX BapHaUHOHHBIX MPHHIKIOB CJy-
JKaT pasJIMuHble BapHAHThl NPUHUHUIIA MHUHUMYMa TNOTEH-
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UHaNbHON sHepruM (nmpuHuMna Jlarpanka), NpHHIMNA
MaKCHMyMa JONOJHHUTebHOA 3Hepruu (mpuHuuna Ka-
CTHABAHO) U Ap. (ra. 3 u 4).

§ 2. MpeoGpasosanne 3anay
0 CTalHOHAPHOM 3HaYeHHU

B nannom naparpade M3noxkeHbl OCHOBHBIC MOJIOXKe-
HHSl TeopHH mNpeo6pa3soBaHHsl BAPHALHOHHBIX NPOGJEM
P. Kypanra u . TnabGepra [0.9] ¢ Touxku spenus cra-
UHOHAPHOCTH (yHKUHOHANOB. Bonpoch wuccaenoBanus
IKCTPEMaNbHBIX CBOHCTB ()YHKIHOHAJOB, TMOJNyYeHHBIX B
COOTBETCTBHH C 9TOH Teopuell, obeyxknatores B § 3. Pac-
cmatpuBaemasi B §§ 2 u 3 obaactb npeoGpa3oBaHuil He-
CKOJIbKO IIHpe, ueM 310 npegycmorpeHo B [0.9]. B ary
006J1aCTh BKJIIOYEeHbl H NMpeoOpa3oBaHHs (YHKUHOHANOB C
HCKJIIOUCHHHIMH MHOXHTeAsiMH Jlarpanxa. DTH (yHK-
uMOHaNbl 006/1a8310T HMHTepeCHbIMH CBOHCTBaMH  (CM.
. 3 u 4).

2.1. OcHoBHble onpenenetnn. [Tyctb Tpebyercs HallTh
TOYKY CTALHOHAPHOCTH (YHKUMOHAJNa F(u), onpeneneH-
HOT'O B €BKJ/IHJOBOM npocTpaHcTBe E:

8F (1) =0, 2.1)
NpH MONOJHHTEbHbIX YCJIOBHAX B (hOpME PABEHCTB
@ (u)=0. 2.2

®dyuguua ¢ onpepeseHa Ha £ u nmpHHHMaeT 3HAUYEHHS B
runbGepToBoM npoctpaHctBe @ (cM. ra. 1). YpaBHenue
(2) Bkuoyaer B cebsi AHQQepeHIHANbHble YPABHEHUS H
rpaHHYHbLIE YCJOBHSA.

Yc0BHST CTAHOHAPHOCTH AAaHHOH BapHAIMOHHON 3a-
naun (1), (2) (ypaBHenus Difiepa M ecTecTBeHHbIE I'pa-
HUYHLIE YCNOBHS) OyJieM Has3blBaTh eCTeCTBEHHBIMU YCAO-
guamu, B OTJIHYHE OT JONOJHHUTEJNBHHX yCaoBHH (2).

Teopus Kypaura — l'mabGepra mocTpoena Ha ocHoBe
IByX ob6wux nonoxenuil. [Iepsoe nosoxenune oueBHAHO H
COCTOUT B TOM, 4TO Jl060C M3 YCJOBHI CTAUHOHAPHOCTH
(YHKIHOHAKA (MOJHOTG HJIH YaCTHOIO) MOMXKHO BKJIO-
YUTh B CHOHCOK.JONOJHHUTE/NLHBIX YCAOBHH, NpHYEM TNOMY-
YeHHAsl BAPHALIHOHHAS 3anaya JKBHBAJECHTHA HCXOIHOM.

9 H, 1. AGosckufi u ap,
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Bropoe 3aksiouaercst B HCNONBL3OBAHHH METOAA MHOKHTE-
neft Jlarpanxa A8 ydera JONOJNHHUTENbHBIX YCJAOBHIL;
3KBHBAJIEHTHOCTh NOJYyUalollefics NpH TOM BapHAUHOH-
HOH 3amauy C HCXOAHOH AOKasaHa B Ia. 1.

Bo Muorux 3apavax, HanpuMep AJis BeINYK/IbX QyHK-
UHOHAJOB, HCNONB30BAHUE 3THX ABYX NOJOXKEHUH TO3BO-
JsieT MPOCJACAUTh H 32 H3MEHEHHEM 3SKCTPEMaJsibHbIX
cBoficte (yHKumoHasoB (cm. § 3). B psne 3anau 6Ges
OrpaHHYEeHHH MOKHO HCKYyCCTBEHHO BBECTH NONOJHHTE/b-
Hble yCNOBHS, YTOOBl 3aT€M BHECTH HX B (DYHKUHOHAJ C
MHOXKHUTEISMH JlarpaHxka ¥ NPOH3BOAHTHL JaJbHeliline
npeoOpasoBaHus. dTa WA 0Ka3anach O4eHb IJIOAOTBOP-
Ho#l. OHa mo3BossieT MOJYUYHTh MHOXKECTBO PAa3JHUYHBIX
(hopMyIHpPOBOK ORHOH M TOH XKe BapUAUMOHHOH 3ajaud c
pPasJMYHBIMH TEpPeMeHHbIMH H, B YACTHOCTH, OCYILIECT-
BJISITh BaxKHoe TIipeobpasoBaHHe Ppuapuxca  (cM.
§24).

2.2. BoiBop mosnbix ynkumonanos. Kak nokasano B
ra. 1, cymectByer gBa cnocoba npeo6pasoBaTth YaCTHHIH
¢ynkunonan F(u), yyacrBylomu#i B (opMyJHpOBKe Ba-
puauuoHHoit 3anaun (1) ¢ RONOJHHTEJNLHBIM YCIOBHEM
(2), B noaHb# QyHKUHOHAN (HE HMEWUIHH AONOJHHTE/b-
HBIX YCJOBHH): HCHNOJAL30BaHHe OOIIMX pelleHHH U MeTojx
muoxuTteneir Jlarpanxka. Kpome Toro, Huxe paccmor-
PEHBl JBe 4acTO HCHOJIb3YeMHX B I'M. 3 H 4 ycHOMXKHeH-
Hble CXeMbl, cofepxamue B cebe B KayeCTBe NPOMENKY-
TOUHBIX 3TaNOB 3TH ABA cHocoba M Nepexoa OT HOJHBIX
(DyHKIIHOHAJIOB K YaCTHBIM.

a) Ilpeobpasosanie 4acTHO20 (PYHKUUOHAAQ 8 NOA-
MOl 8 YCEUueHHOM NPOCTPAHCTEE COCTOAHUL C NOMOULbIO
obuux pewenud ypasuwenus (2). B tex cayuyasx, xoraa
ypaBHeHHe (2) uMeer obuiee perieHHe

u=uflf), (2.3)

3apauy (1) c orpanmueHHeM (2) MOXKHO 3aMEHHThL 3aAa-
yeli 006 OTHICKAHHH TOYKH CTAUHOHAPHOCTH MOJHOTO
(hyHKuHOHAA

Fy(t)=F (u(1)) (2.4)
B ycedeHHOM mpocrpaHctBe T mapamerpoB f. I[lapamerp
f 0OBbIYHO BEKTOPHBI MM (DYHKIHOHAIbHBIA; B 4aCTHOCTH,
OH MOXeT HMeTb BHA { = uy (cM. ra. 1).
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[MpocrpanctBo T yceueHHOE, TaK KaK OHO onpeaensier
¢ nomowpo (3) noanpocrpaHctBo B E. Xorsi Bce pac-
CMaTpuBaeMble (GyHKIHOHAJbHBE HNPOCTPAHCTBA HMEIOT
OJHY M Ty e — CUeTHyl0 — pa3Mepuocts [1.2], T o6mru-
HO COMepXKHT MeHbllle napaMerpos, uem E. Hanpuwmep,
TPH YpaBHeHUS DABHOBECHS B TEOPHH OGOJOUEK CBSH3HI-
BAIOT IIeCTh (yHKIHOHANbHBIX HEH3BECTHBIX — YCHJIHI, a
HX ofulee pellleHHe BHIpaXKaeT 3TH HEW3BECTHHIE vepes
TpH (QYHKuMH HanpsikeHHH (cM. ra. 4).

Hasi 0aHOTO M TOrO XKe ypaBHeHHs (2) MOxeT Cyuie-
CTBOBATh HECKOJIBKO PA3JHUYHHX $OpPM OBLIMX pellieHui
(3) (cm., Hanpumep, ra. 3, § 2).

Boo6ue rorops, 3apaua

dF,

OF, () =1

O cTalHOHapHOCTH ¢yHKHmMOHasaa (4) He 3KBuBaJeHTHa
sanade (1), (2). dro noarBepxAaeTCd MPOCTEIM ApHMe-
pom [5.3]. ITycte F — QyHKUHS JBYX NMEPEeMEHHBIX X H y:
F(x, yy=x-+y, a orpanuuenue (2) wuMeer BHLI
o{x,y)=x—y=20. SlcHo, uro pnanHas 3ajgaua of
YCJIOBHOH CTAUMOHAPHOCTU pellleHHst He uMeer. Ecau xe
HCNO/Ib30BATh O6lee pelleHHe x = 13, y == #* ypaBHeHUS
x--y=0, o pynrunuonan F,({)= -} 2 = 2% umeer
TOYKY cTanHoHapHocTH f= 0, KOTOpO# COOTBETCTBYIOT
aHavenus x = 0, y = 0. «JloxkHas» TOUKa cTauHOHAaPHO-
CTH NOSBHJACH TOTOMY, uTo TpH ! = ( o6pamamrcs B
HyJb 06Ge npousBoaHsle dy/dt n dy/dt, a 3Hauut, u nHp-

(depeHuuanb dx = % di u dy= —z—;/ df; 310 He .aeT BO3-

MOXHOCTH TPOBEpHTb ycioBHe (2.5) ra. 1 B ompenene-
HHH YCJIOBHOH CTallMOHAPHOCTH.

Urol6H oGecnednTs 3KBHBaseHTHOCTh 3amxad (1), (2)
u (5), Heo6xoxnumo notpeboBaTh, YTOGH ofHlee pellieHye
(3) ymoBieTBOpSAJO euie OXHOMY YCJOBHIO: NpH BeeX [,

o =0 (2.5)

Fy
MpH KOTOpHiX —— =0, BEpaxeHue
ou
JOJKHO GHITh OOLIMM pelleHHeM ypaBHEHHS
29 du=0, (2.7)

2.
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T. €. JOJXKHO CofepyKaTh BCce PelIeHHSt 3TOrO ypaBHeHHs
(nenapecTHBIM siBAsieTCs Ou). JIeACTBUTENBLHO, €CAH MpH
{ =" BumosHeno (5) W TociAexHee YcJOBHE, TO HPH
Bcex Ou, yposierBopsiomux (7), Bapuauus OF umeer
e OF o
u dFl

H BCE YCJAOBHS, COAEPXKalllnecsi B ONpPeAeTeHHH YCJIOBHOH
craunonapHoctu (ri. 1, § 2), BhmosHeHH.

O6nuno Ha obGuiee pemenne (3) HaKnagsBaOT Gojee
cuabHOe TpeGoBaHHe HEBHPOXKAEHHOCTH: TpPeOyIoT, uTo-

du o
Gbl mpousBoAHAas 5 GblNa HEBEIPOXKAEHHHM JIHHEAHBIM
ofmepaTopoMm MpH BceX 3HAUYEHHAX [, T.e. 4TOOH paBeH-
5}
CTBO 58/ =0 BHMOMHAIOCH TombKo mpu 8t = 0. Ias

HAallEX leJeldl HeBBIPOXKAEHHOCTh — CJIHIIKOM CHJbHOE
OorpaHHueHHe, TaK KaK eMy He YJOBJETBOPHIOT obulue
pellennsi aupepeHnHabHbLIX YPaBHCHHH DaBHOBECHS,
HepaspuiBHOCTH U apyrue (ri1. 3 u 4).

6) Bwvigod noanozo pyukyuonasa 8 paclilpenHoM
NPOCTPAHCTBE COCTOAHUL U3 4ACTHOZ0 C NOMOULbIO MHO-
acuresedl Jlaepanaca. Meton mHoxutenel Jlarpanxka aas
yuera JOTMOJIHUTENBHHX ycaoBH# (2) (cM. ra. 1) mpuBo-
IHT K HOCTPOEHHIO HOBOro ¢hyHKUHoHAaNa

Fy(u, Ay="F () +Aoqu). (2.8)

B saurteparype dynkuuonan (8) yacto HaswbiBalOT (QyHK-
nuonasom Jlarpanxka Bapuaunonsoft samaun (1), (2).
Mpi ne 6yneM moNb30BATLCH 3THM TEPMHMHOM, OCTaBHB
ero ais (byHKIHOHAana, ydacrBywoiero B GopMyanpoBKe
npunnuna Jlarpawxka (MpHHLHI MHHAMYMa TOTEHIHAJb-
HOfl 3HepPrHH) B TEOPHH yNPYrOCTH H TEOpHH OGOJOYEK.
dyuknuonan (8), Kak u Bce pyHKuHoHaNb 6e3 nonoOnHH-
Te1bHbIX YCJIOBHH, TOJHBIN.

Bapuanuonnas 3amaua (1), (2) npu 3ToM nepexomut

B CIEAYIOLLYIO:
OF  (u, A)=0. (2.9)

3nech npeBpauienHe uacTHOro (GyHKUHOHANA B MOMHBIA
NOCTHTaeTCss LeHON yBeJHUYEHHS KOJHUEeCTBa lieéH3BeCT-
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HBIX: HYXKHO HCKaTb CTallHOHapHoe 3HaueHue F, He Tosb-
KO MO U, HO H 10 A,

VYcsnoBusi crauponapHocTd ¢QyHKuuoHana (8) uMewT
BHUL

OFy
5 =AW, 4)=0, ] (2.10)
O0Fq
T =@ (u)=0. 2.11)

Ypasnenue (11) ectp ponosnmutenbhoe ycnosue (2)
kK ¢ynkunonany (1), a (10)— ycaoBue crauHoHapHOCTH
nns sapayn (1), (2), conepxkalee BciomoraresibHYw mne-
pemennyio A. Hckmouas A u3 (10), MoXHO moaydYuTh
ycnoBHe crauuoHapHoctd puas 3apavu(l),(2), suipaxen-
HO€ TONBKO Yepes u:

Au, A(u)=B)=0. (2.12)

B rn. 1 nokasano, 4TO cylecTByeT B3aHMHO OXHO-
3HaYHOe COOTBETCTBHE MEXKAY TOYKaMH YCJIOBHOH cra-
uHonapuoctd u° anst 3agaun (1), (2) ¥ KOMIOHEHTaMH
u° Touek (u°, A°) 6e3ycnoBHOM CTanMoHapHOCTH HYHKIHO-
nana (8). 3amauu (1), (2) u (9) B 3TOM CMBIC/E DKBH-
BaJICHTHB.

3Hauenue A°, cOOTBETCTBYIOLIEe TOUKE yCJOBHON cra-
LHOHAPHOCTH 4°, MOXKET GHTh He efuHCTBEHHBIM. UToGH
o6ecneuynTh eAUHCTBEHHOCTb A°, OOBLIYHO HaKManbIBAIOT
TpeGoBaHHe HE3aBHCHMOCTH Ha YypaBHEHHSH, COJepKa-
IHecss B AONOMHHTENBLHOM ycnoBuu (2); 3T0 TpeGoBanne
BhIpAXAaeTcs B TOM, 4TO Martpuua $SIKoGH MHOMKecTBa
¢dbynKuui, cokpaleHHo 3anucalubiX ¢ (1), A0JMXKHA HMETh
coorBeTcTByOIMA paHr (cm., wanpumep, [0.9, 1.6]).
B mamuo#l KHure HeT HeoOXOAHMOCTH 3a60THTLCSH 06 e HH-
crBeHHOCTH MHoxuTenell Jlarpanxa. B r1. 3 u 4 6yayr
4acTo BCTPEUYAThCH CAYyYaH, KOrja cymecTByer GecKOHeu-
Hoe MHOXecTBo A° (Hampumep, dhyHKunHoHan s (e, @),
rae TeH3op (YHKUHE HaTpSkeHHH ¢ SBISETCH MHOXKH-
tenem Jlarpanxka, ra. 3). B aTtux cayvasx nac ycrpau-
Baer nmobGoe u3 GeCKOHEUHOro MHOXeCTBa 3HAyeHH A°,
TaK KaK BCe OHH ONpPEAeNHIOT ONHO H TO XK€ pelleHHe §°
wexoanolt sagaun (1), (2).
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B) Bui8o0 noaunozo ¢pynxkyuonasa 8 ycewenHom npo-
CTPauCcTBe COCTOAHUL U3 NOAHO20 (PYHKYUOHaAQ 8 pac-
wupennom npocrpancrée. Ilyctb Fnluy, uz)-— NOXHBIH
¢yHkuuonan. Bo MHOrux cnydasix cpemu ero ycaoBui
CTAIlHOHAPHOCTH ecThb ypaBHeHue ¢ (u;, uz) = 0, KoTopoe
MOKHO PaspelllHTh OTHOCHTEJNBHO Uj, T. € BBIPA3HUTh U4
yepe3 Uz, M HCHONHL30BATH JIJ HCKJIOYEHHS U; H3
‘Frn(uy, u2). B pesynbrare nosyuutcs nonHblH  QyHK-
IIMOHAN

Foy (ug) = Fr (uy (), w), (2.13)

SKBHBaJeHTHpII Fy B TOM CMBIC/IE, YTO KOMIOHEHT
iL, TOUKH CTauHOHapHOCTH (U], 4;) GynKuHOHana Fr (11, us)
SIBJISICTCH TOUKOH CTauMOHApHOCTH Fyi(ug).

HeficTBHTENBHO, 3TO NMPeo6pa30BaAHHE MOXKHO pa3OUTL
Ha asa srana. CHavyasa, B COOTBETCTBHH C MepBHM 06-
HIAM TOJIOKEHHEM TEOpHH NpeoGpa3oBaHUs BapHAIHOH-
Hex npobaeM (§ 2.1), HaNOKHM YC/NOBHe CTalmHOHAp-
HoctH YUy, Uz)==0 H noayuuM 4acTHbl# ¢yHKUHOHAMN,
skpuBanenuTHnl#l F, (cM. takxke § 2.3). 3areM HCKIIO-
YUM Y; B cooTBeTCTBHH ¢ § 2.2a; obmee peilleHHe BHAA
u; = uy (u) yHOBJIETBOpPSET BCeM HANOXKEHHBIM TaM Tpe-
60BaHUAM, HeOGXOOUMBIM MAJ5i SKBUBANEHTHOCTH MNpeos-
pazoBauusi. TakuMm o6pasoMm, ¢yskunonann Fp; u Fp
JKBHBAJEHTHBI.

r) Bb6l800 noAHO20 (DYHKYUOHAAG C UCKAIOYEHHbIMU
muoxcureanmu Jlaepauxa. Iycrs nonuvifi QyHKUHOHAN
Fq(u, ) nocrpoern us F(u) B coorBerctBuu B § 2.26.
HMHorna okasblBaercsi BO3MOXKHBIM HCKJIOUHTh H3 Fy
MHOxUTEeH Jlarpanxka A ¢ noMouwnio § 2.2B u noJayuHTh
nosHwfl (YHKUHOHAJ B TOM K€ HpPOCTPAHCTBE COCTOSi-
Hufi, B KoropoM Obln onpepener F(u). Takum nyrem
IOCTPOEHbl, HanpuMep, ¢yHKuHoHanel 3 , (4, e, 6) u
3,42 (@, 0, ) (r1. 3).

3aMerum, YTO cXeMa T) BEIBOAa MNOJHOrO (yHKHHO-
Hajla SIBNSieTCH YCJAOXKHEHHLHIM BADHAHTOM CXeMH B), a
cXéeMa B) — YCJOXKHEHHbIM BapHaHTOM CXeMbl a).

2.3. BuiBop wacTHbIX QyHKUMOHANIOB H3 NOJHOro. Bei-
BOA OCYLIeCTB/ISieTCH Ha OCHOBe OOWEro NOJOXEHHS O
TOM, 4TO JIIO60E H3 YCMOBHH CTAaHOHAPHOCTH MOXHO Ha-
JIOXKHTb B KauecTBe AOMOJHHTeNbHOrO ycaosust (cM. § 2.1).

n4a
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ITpu srom Beipaxenue A5 (yHKUHOHAJA OOBIYHO YHPO-
maercs, TaK KaK HEKOTOpbie ciaraemeie o0palnalorcs B
Hyab (cM. ta1. 3 U 4). IlpeobpasoBaHHsS MOXKHO HpPOLOJ-
KHTh, Henonn3ys § 2.2.

2.3.1. Yca0BHA CTAHOHADHOCTH MOJHBIX ()YHKIHMOHA-
JOB B KayecTBe MAONOJHHTEJbLHBIX YCJIOBHA K YacTHBIM
YHKuHOHAJIAM M BO3MOXKHbBIE CXEMbl HX KJacCHPHKANHH.
ITepexon or nosubix QYHKUHOHAJNOB K YaCTHHIM OKasbi:
Baercs ropaszno Gorade, 4eM mepexoJ] OT HCXOAHOrO Yact-
HOro (yHKIUHOHAJa K TNOJHOMY. 3/4eCh MOXKeT ObiTh M0-
JydeH He TOJNIbKO HCXOJAHBIH YacTHHH (YHKUHOHAJ, HO H
MHOXKECTBO JIPYFHX B COOTBETCTBHHM C MHOXECTBOM Ba-
pPHAHTOB YCAOBHH CTaUMOHAPHOCTH, KaXAbiA M3 KOTODHIX
MOKeT OBITh NPHHSAT B KayecTBe JAOMOJHHUTENbHBIX YCJO-
BHIL.

YcnoBust cTaUHOHAPHOCTH NONHOTO (PYHKLIHOHAIA MOXK-
HO Pa3feNIuThb Ha TPYIHINbBl B COOTBETCTBHH C JBYMS pas-
JIUYHBIMH CXE€MaMH KJacCH(HKauuu: a) Nno (PU3HYECKOMY
CMbiCAYy ypaBHCHHH — reoMeTpHUCCKHE, CTaTHUeCKHe, (H-
3uveckue; 6) MO TeoMeTpHYecKOMY pacloioXKeHHIo —
ypaBHeHHs B o6JacTH U I'DaHHYHBIE YCJAOBHA. DTH Tpyl-
mel MOryT ObiTh pasGHTH Ha emwe Gojee MeJNKHe NOA-
TPYNMH, ecgH pPaccMOTPEeTb KOMIIOHEHThl BEKTODPHBIX
ypaBHeHHHl. B kauecTBe AOMOJHHTENBHBIX YCJHOBHH MOTYT
ObITb NMPHHSITHl Pa3HYHble KOMOWHAUMH H3 3THX TpyNn
u moarpynn (3aech AOJKHa OHITh HCHNOJIB3OBAHA Teope-
THKO-MHOKeCTBeHHas onepauds oObeJHHEHHS MHOXKECTB
ypaBHeHuit). Uncnao Takux KOMOGHHAUUH A OONbIIHH-
CTBA MOJHBIX (hYHKIHOHA/IOB B TEOPHH YIPYrocTH H 000-
Jouek Bennko, B ra. 3, 4 GyayT paccMOTpeHbl TOJMLKO
HEKOTOphle, HauboJsee HHTEPECHHIE H3 HHX.

2.3.2. OcoGeHHOCTH BBLIBOJA YaCTHBIX q)ynxuuonanos
M3 MOJHLIX (YHKUHOHAJNOB € HEHCKJIOYEHHBIMH MHOXKH-
Teasimu Jlarpanxka. BelBoa yacTHBIX (YHKUHOHAJIOB H3
nonHoro ¢yHkuuoHana (8), noaydenHoro uz (1), (2)
¢ nomouplo MHoxHTedell JlarpaHxa, UMeeT HEKOTOpBIE
0cOOEeHHOCTH, KOTOpBie 6ynyr HCTIOMIb3OBAHB TIPH HCC/Ie-
JAOBaHHH dKcTpeMaJbHBIX cBOHCTB (cMm. § 3).

O0Fn
a) ¥Ypasnenue —==0 6 kauecrée AOnoAHuUTENb:
HO20 ycaosun. HerpyaHo BHAeTb, 4TO 3TO ypaBHEHHE
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aFy
coBnanaer ¢ (2), Tak 4YTO NPH YCJOBHH S = 0 MHOXHU-

TeJb Npu A B ¢yHKUHOHAJe (8) ofpailiaercs B HYJb, H
Bapuau#oHHas 3ajaua (9) nepexoAHT B HCXOAHYIO 3a-
pauy (1), (2).

dFy
6) Honoanuresvroe ycaosue 3
OrpaHHYeHHn 3aJaga O CTAUHOHAPHOCTH NOJHOIO (YHK-
nuoHana Fy nepexoiuT B 3ajauy o6 YCJAOBHOH CTaluo-
HapHOCTH uacTHoro ¢yukudonana Fi: O6F((u,A)==0,

OFy _ .
1 — A, =0

=0. Ilpn 3rtom

B) Honoanureavnsie ycaosus %—i'l’=0, g—i"=0.

1
[Tepemennble u, A o6bIUHO BeKTOpHBIE. FIX MOXHO paspe-
JHTb pa3/JHYHBIM 006pa3oM Ha ABe TIPYNOBl u == (1, Uy)
B A = (A, A2). HarnanbiBas Ha dyuruuonan (8) gonoan-

HHATEJIbHBIE YCJIOBHS
dFy 0 dFy

2o =0 27, =0, (2.14)
MOXHO MPH Pa3aU4YHOM BHOOpE 1y, Ay MOJAYUaTh Pas3aui-
Hble yacTHble (PyHKUHOHAJBI.

r) Haavnetimue npeobpasosanus. Ilpeo6pasoBanus,
npoBejeHHBle ¢ [OMOIIBIO CNOCOGOB, OMHCAHHBIX B
§ 2.3.2a,6, MOXHO NpPOAOAXKHTbL, HCKJIOUAs HEKOTOpLIE
nepeMeHHble ¢ MOMOMIBIO OOWMX peLIeHHH 10 aHaJNorH{
¢ § 2.2a. Hosble uactable HYHKUHOHAAB MOXKHO HCHOJb-
30BaTh AJS BHIBOAA HOBBIX TOJHBIX B COOTBETCTBHH
¢ §22, a1 a Cpeay Bcero 3T0ro MHOXKECTBA B3aAHMHBIX
nepexoqoB (YHKLHOHANOB 0cob0oe MeCTO 3aHHMaer Mpe-
o6pasoBanre Ppuppuxca.

2.4. MNpeobpasoeanne Ppuppuxca. IIpeobpasosanue

Fw)— F,(u, A)— F,(u, A),

BBINOJIHEHHOE B cooTBeTcTBHH ¢ § 2.26 u 2.3.26, MOxHO
dFy

o =A(u, A)=0 npu

KaxJoM A HMeeT eIHHCTBEHHOe pellenue u. B sToM cay-

yae MOXKHO 4 BBHIPA3UTh uepe3 A (SBHBLIM HJIH HEABHBIM

o6pasoM) W mepeATH K 4acTHOMY QyHKuHoHamny Fi(A).

NPOJOJIKHTb, €CJIH YpaBHEHHE
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HonoanurenbHbie ycaoBHsT K Fy(A) mnpeacrasiasiior
coboit ypaBHenus B (A)= 0, nonyuennsle us A(u, A)=20
nocJe HCKJIIOUEeHHS 4. YCJI0BHA CTAlHOHAPHOCTH Fao(A)—
ypaBHeHus (2), BolpakenHnble uyepe3 A. Takum obpazom,
JOnoJAHUTeNbHbBle yCA0BHA dyHKuHOHana Fp(Ah) saB-
JSIOTCA yPAaBHEHHAMH, SKBHBA/JEHTHBHIMH YCNOBHAM CTa-
nHoHapHOCTH dyHKuHOHana F(u), Koropble NosydaroTca
u3 A(u, M) =0 uckmouenuem A (cM. § 2.26); ycaoBus
craunonapHoctd Fy(A) sasasiorcss npeoGpa3oBaHHBIMH
JONMOJHHUTENbHBME ycaoBUAMH K F(u). Ilpeo6pasoBanue
dyukuuonaaa (1) B Fy(A) HasblBaloT npeobpasosanuem
Dpudpuxca. OHO HHBONIOTHBHO: MpHMeHHB K Fy(A) mpe-
o6pasoBanue PpHapHxca, NOJAYYHM BApPHALUOHHYIO 3a-
rasy (1), (2).

[Npumeps mpeo6pasoBaHuss dpuapuxca # AONONHHU-
TeJbHble DPa3bfcHeHUs IpuBeleHs B T 3, §§ 2.2 u
328, r; 1. 4§§22u328,1; ra. 5, §§ 748 u 7.5a.

§ 3. HccnenoBaHue aKCTpeMabHBIX CBOACTB MOJHBIX
H YACTHHIX QYHKIHOHANOB

Teopuss Kypanra — I'mnbbepra Bo MHOTHX cay4asx
No3BOJseT TNPOCAEAHTh 3a H3MeHeHHeM 3IKCTpPeMajibHBIX
CBOMICTB BapHaNHOHHHX (YHKUHOHAJOB NpH npeobpaso-
BaHHAX, pACCMOTPeHHBIX B § 2. Dra TeopHS — He ejdHH-
CTBeHHBIl cnmoco6 HCCaefOBAHUS IKCTPEMaibHBIX CBOHCTB
¢yukuuonanoB. MoxHo Obio Obl, HampHMmep, AAsl Kax-
J0To U3 (GDYHKIHOHAJNOB HCCAeA0BATH BTOPYIO BapHAalHIO.
Teopuss KypaHTa mMeer TO mpeHMyllecTBO, 4TO OHA HO3-
BOJfET MONOHTH ¢ eJHHBIX MO3HUHUH K HCCAeNOBAHHIO HX
cBo#ictB. [lpyroe ee MpeHMyliecTBO B TOM, YTO Bce MO-
JAydeHHbe (YHKLHOHAB HMEIOT OXHO H TO e CTalHO-
HapHOe 3HauYeHHe, 3TO BaXKHO VIS OUEHKH TOYHOCTH MpH-
G/MKEHHBIX pelmieHHHA (cM. ra. 5).

B maunom naparpade, B orauuse or [0.9], npH uc-
C/IeJ0BAHHH BOIPOCOB Npeo6pasoBaHHsT IKCTPeMasbHBIX
3314y HCNOJMb30BAaHH HEKOTOpHIe pe3y/abTaThl M3 BBIOYK-
JOro aHa/H3a, KOTOphle TOMOraloT raylbixke NMOHATH CYTh
Jeja W JaloT JOCTAaTOYHble YCJAOBHA MPHMEHHMOCTH OMNH-
CaHHBIX MpPOUENYP.
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3.1. OnpepeseHne MUHUMAKCA, MAKCUMHHA, CEAJOBON
touku, [lycts dyHKunonan F 3aBHCHT OT NByX MepeMeH-
HBIX (BO3MOXKHO, BEKTOPHbIX HJAH (DYHKUHOHAJBHBIX) #g
H ts. Jdpyramu crnoBamu, dyukuuoHan F omnpenesned Ha
upsimoM mnpousseneHund E = E; X E, eBRKAUJOBBIX MNpo-
crpadHere £y u E,. Kaxaomy ¢uKcHpoBaHHOMY 3Haue-
HHIO #4; MOXHO IIOCTABHTb B COOTBETCTBHE YHCJO

F,(uw)=max F (u;, u,) (3.1
Uy
M TeM caMblM onpenenuth GpyHKUHOHAN F| HA MHOXKeCTBe
TeX 3JE€MEHTOB 4y NpocTpaHcTBa Ej, IAd KOTOPHIX Cylie-
CTBYeT YKasaHHbi MakcuiMyM. TOUYHO TaK 3Ke MOXKHO
onpenesnTb GyHKUNOHAN

Fy(uy) = min F (4, u,). (3.2)

3anuchb . . ]
F (u, u3)= min max F(u,, u,) (3.3)

28

(munumym no wuy MAKCUMYMOB 1O Uy pyrryuonasa F)
Oo3HayaeT, 4TO NpHU u -—ul ¢yukuvonaa (1) #meer MH-

HEMYM, NpHYEM yKa3aHHbIH B (1) makcumym nocr-
raercs npu u, = u,. [Ipa 3T0M roBopAT, 4TO GyHKIHOHA

F(u, up) wmeer B TOuke (4, u,) munumaxc. Npyramu

clAoBaMH, BblparkeHHe (3) o3Hagaer, 4TO CcHadaja aAas
Kaxkaoro (GUKCHPOBAHHOTO 4y HAXOJUTCA MaKCHMyM
byukuuonana F no uy, a 3aTeM H3 BceX HaHIeHHBIX
sHayeHu#t F BbIOHpaeTcs MUHHMAJBHOE,

AHanordyHo ¢ nNOMOUIBIO paBeHcTBa (2) onpege-
NAETCH MAKCUMUH:

F (u}, u))= max rrlljnF (4 uy). (3.4)

Ecau B touxe (4, u,) dyukunonan F(uy, up) umeer
OJHOBpeMeHHO u MHHHMakc (3) ¥ mMakcumud (4), TO ro-
BOPAT, 4TO (i, Uy) sABasieTcs ero cedr08od TO4KOL.

YacTo HCMOJIB3YIOT IPYroe, SKBHBAJEHTHOE ONpeleneHHe
[1.1, 1.5]: Touka (uj, u,) HasbiBaercs CeAN0BOH TOUKOH
¢pyukunoHana F(uy, up), ecnu npe jobblxX u, up

F(u, n,)<F (O u:) <F (uy, uy).
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3.2. HameHeHue 9KCTPEMANbHLIX CROICTB NPU BHBOJE
NOJHOro YPyHKUHOHANA U3 YACTHOTO.

a) Hcnoav3osanue obujux peuienud ansi yuera ao0-
nosHuTeNibHBIX ycaosuil (§ 2.2a). 3agaua Ha MHHHMYM,
OYeBHAHO, MEPeXOJHT B 3ajady Ha MHHHUMYM, a MaKcH-
MYM — B MakcuMyM. [ MUHHMAKCHBIX 3ajay B Kax-
JIOM KOHKpDETHOM cJiyiae HeoOXOAMMO NONONHHTEJbHOE
HCCJIeIOBAHUE.

6) Merod muoscurerett Jlaepansa. [lycts tpeGyercs
Ha#itd 3KcTpeMyM (Ans  ONpejeseHHOCTH MHHHMYyM)
(dyukunoHana F(u)

F (u) — min (3.5)
npu JIONMOJIHHTENbHBIX yCHOBHﬂX
@(u)=0. (3.6)

INoausiit pyHKUIHOHAJ, TOCTPOSHHBIH C MOMOMIbIO MHOXKH-
reneil Jlarpanxa, umeer Bun (§ 2.26)

Fu(u, )="F(u) +roq (). (3.7)

[Mycrs u®— pewnenne 3agaun (5), (6), a (¢°A°)—
TOYKA CTAUMOHADHOCTH TOJHOrO ¢QyHKuHoHana (7).
Torpa F(u°)= F,(«° A°), Tak kak @(u°)=0, 1. e.
3nauedus ¢yHKunoHnanos F u Fp B TOYKe CTALHOHAPHO-
cTH colajalor. JIns dydkunoHana F(u) Bceraa BHINOJ-
HfIETCS PaBEHCTBO

F (1°) = F (¢°, A°)=min mfx F,(u, ), (3.8)

KOTOpPOe NOKasblBaeT, 4TO TOYKAa CTALHOHAPDHOCTH NOJ-

Horo ¢yukupoHasna (7) ecrb TOuKa MuHuMaxca. [edt-

CTBHTENbHO, PacCMOTpPHM JI0GoH (HKCHPOBAHHBIH BeK-

Top 4. Ecnn 0H He yaoBierBopser ycaoBuaM (6), To

max F, (4, A)==o0. Ecau xe ycnoBus (6) BbINONHEHH,
A

10 Fo(u, M) = F(u) << oo, F; He 3aBHCHT OT A, H NO3TOMY
max F, (4, A)=F (u). Takum o006pa3oM, MHHHMAaJbHOE
A

aHauenHe (no u) ¢dyHKUHOHAJA miIXF" (u, A) coBnapaer

C YCAOBHBIM MHHHMyMOM F(u) npu ycaoBusax (6).
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C apyrot cTOpoHBI, CHpPaBeJIHBO HEPABEHCTBO
F (u°)>m£x minF, (u, A), (3.9)
. u

JJ1S1 10Ka3aTeAbCTBa KOTOPOTO HYIKHO NPH KaxI0M (QHK-
CHPOBAaHHOM A B3fTh 4° B KayecTBe OJHOTO U3 HCIHITYye-
MbIX 3HaueHHH u OpPH oThicKaHUW MuHHUMyMa [0.3] (npH
atoM Fn(u®, A) = F(u°)).

HepasencrBo (9) mokasbiBaer, uTo TOYKa CTAuHOHAp-
HOCTH MOJIHOrO (PyHKUHOHaNa MOxKeT OHTh TOYKOH Mak-
CHMHHA, 8 MOXeT H He OBITb— 3TO 3aBHCHT OT BHJA
¢ysKumonana F u QyHKUHH ¢.

B rex cayuasx, koraa (9) ecTb paBeHCTBO

F @) =F, °, A°) ==mflx min F, (u, A), (3.10)

TOYKA CTALHOHAPDHOCTH [OJHOro - pyHKUHOHaNa Fy €B-
AsieTcsl OAHOBPeMEeHHO TOYKOH MAaKCHMHHAa H MHHHMakKca
(rak xax paBeHctBo (8) Bcerja cnpaBeisHBO), T. e. MO
OnpeeNeHHIO CeJUIOBOH TOUKOH.

HJocrarounsiM ycnoBueM Ttoro, urobul B (9) BHIOJNHSA-
JIOCb PaBeHCTBO, HJH, 4TO TO Ke CaMoe, TOYKA CTaLHO-
HApHOCTH MNOJIHOrO (YHKUHOHAJNa Obla CeaNoBOH TOY-
KOH, sBJITeTCS1 BBINYKJOCTb BHH3 (yHKUHOHA/A F H BH-
NyKJIOCTh MHOXKECTBA, ONpeaelsieMOro orpannuesuemM (6)
[L.1, 1.5]. OueBuaHo, orpaHWueHHe-paBeHCTBO TOTAA H
TOJIbKO TOTja ONpejessieT BHIIYKJOe MHOMKECTBO, Korjpa
OHO sBJsieTCs JHHeHHbIM ypaBHeHueM. [TosTomy Bbime-
yKa3aHHOe yCIOBHe MOXHO CHOPMYJHPOBATH ClENYIOLIHM
o6pasoM: mJist BhnoJdHeHHs paseHctB (8) u (10) docra-
To4HO, uToOH (pyHKuHOHAJ F (1) OBl BBINYKJBIM BHH3, a
paBeHCTBO §(u) = 0 — JuHeHHBIM ypaBHEHHUEM.

Takum o6pasom, ecnu dyHKuunonan F(u) BbIIyKABHH
BHH3, a ycioBuA (6)— quHeHfHBle ypaBHEHHsA, TO AJA
nosHoro ¢yHkuHoHasa (7) BapuauHoHHas 3ajgaua ¢op-
MyJHpyercs cheiylomuM ob6pa3oM: HaHTH CelJIOBYIO
Touky pynxudoHana Fp(u, A), uiH

F, (u, A)— max min= min max. (3.11)
A u u A

B NPOTHBHOM CJay4Yae MOXHO JHIIb yTBEePXaaTb, 4TO
cnpaBeA/IHBO paBeHCTBO (8).
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Crenyomuii npuMep MOKa3blBaeT, YTO YKa3zaHHOe JO-
CTaTOYHOE YCJAOBHE He HeO0OGXORHUMO:
Flo, y=x+y, olx, y)=2"+2y"— 1,
Fu(x, g, M=x+y+r0(*+24"—1).
3nece GYHKUMS @ ONpEefeasieT HEeBBLINyK/JI0e MHOXKECTBO
(341Mnc) Ha MIOCKOCTH (x,Y), 2 TOYKA CTALHOHAPHOCTH
x=4/2/3, y=4/1J6, A=4/3]8 dyukunonana F,
€CTb ero cejJioBasi TOUKaA.

B) [Ipu setgode noanoeo gpynxyuonasa 8 yceweHHOM
NPOCTPARCTBE U3 NOAKOZ0 (PYHKYUOHAAR 8 PACULUDEHHOM
npocrparctge (§ 2.2B) u noaxozo ¢pynkyuorara ¢ uc-
Karouennoimy  muoxcureasmu Jlaepanma (§ 2.2r) He
NpeiacTaB/asieTcss BO3MOXKHBIM YCTaHOBHTHL 0OIUMe 3aKo-
HOMEpHOCTH H3MEHeHHsl WX 3KCTPeMaJbHBIX CBOWCTB.
B 3TMX caydYasix MpH HaJHYHH MHHMMAaKca H MakKCHMWHa
y MCXONHOro MOJHOTO (yHKUMOHA/MA MOJyueHHble PYHK-
IMOHAJABl MOTYT HE MMEThb HM IKCTPEMyMa, HH CeAJIOBOH
TOYKH, HY MHHMUMAKCa, HY MAaKCHMMHA: CM., Halpumep,
nosuble PyHkunHoHaAB Fgra, Fnsa B M. 3 M 3.

[Mosyyennsle B ra1. 3 ¥ 4 nojauble QyHKUIMOHAB! TEO-
puit ynpyroctd u o6oJIoyeK MMEIT B TOYKE CTaLUMOHap-
HOCTH MHHHMAKC WJIH MaKCHMWH, HIH TO M Apyroe (cen-
JIOBYIO TOuKy), HJM He HMeIOT HH 3IKCTPEMyMOB, HH
muEAMaKcoB. Cpeayu HuX He o0HapyKeHO MOJHBIX (QyHK-
LHOHAJIOB, UMEIOIUX MUHVMYM HJH MaKCUMyM.

3.3. H3meHenne 3KCTPEMadbHbIX CBOMCTB MPH BLIBOIE
yacTHbIX (YHKIHOHANOB H3 noanoro. OrpannuuMmcs cay-
yaeM, Korja NOJHHH (yHKUMOHA/J HMeeT CelJIOBYIO
TOUKY; BAPMAUMOHHAS 3aja4a MPUMET BHX (11).

Ilpu nanoXeHWH HEKOTOPBIX YCJOBMH CTALMOHAPHO-
CTH B KauecCTBe JIONOJHWTENbHBIX YCJAOBHH 3KCTPeMalb-
goe cso#ictBo (l1) mosuoro dyuxkuvoHasa (7) Moxer
coxpaHuTtbcs, a Moxer TepAThCA. [IycTs BekTOpHYIO ne-
PEMEHHYIO ¥ MOXHO pa3ie/uTb Ha ABE TPYNNBl U =
=(uy, uz) M TO Ke camoe aaa A: A== (A, Az). Bos-
MOXHB C/eLylOllue C/Iyuau MPH HANOXEHHHW YCJIOBUM
CTAUHOHAPHOCTH B KauecTBe JOMOJHUTEJbHBIX yCJAOBHH.

a) Jonoanureabroe ycrosue

OFg (4, A) —
Onlind) o, (3.12)
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YpaBHernue (12) ectp Heo6XOJHMOe yCI0BHE MHHHMYyMa

no u ¢yHKuuoHana Fp npu ¢ukcupoBanHoM A, cM. (11).

Ecaun F; uMeer eJHHCTBEHHBII MHHWUMYM INPH KaXjioM

dbukcipopaHHom A (HanmpuMep, ecnad dyHKunoHana Fy

BHIMYKJBIR MO #), TO NPH AONOJHUTENbHOM Yca0BHH (12)

cuMBO min B paBeHcTBe (10) Tepser cMmbica (Tak Kak
u

MHHEMYM yKe HalileH) # OHO NMEPEeXOAHT B
Fo (4, 7»°)=m2xF1 (u, 2) (3.13)

npu ycaosuu (12). Pasencrsa (13, 12) osnazaoor cie-
aytowee: uTo6bl HaHTH A°, 4°, HYXHO NPH KaXJIOM (HUK-
CHPOBAHHOM A BbIGUPATb 3HAYEHHE U, Y/OBJETBOPSIOLIEE
ypaBuenuo (12), u 43 noayuenHnix nap (u,A) Bbi6patn
Ty, KOTOpas [AOCTaBJAfeT MaKCUMyM ¢QyHKuuoHany F,.

B rtex cayuasx, korjga pasencrBo (12) rakoso, uTO
€ro MOXXHO Pa3pelluTh OTHOCUTEJBHO i, T. €. BEIPa3UTh U
yepe3 A, Npeo6pa3oBaHue MOXKHO MPOAOJIKHTH: MOACTA-
BHTb BHIpaxkeHHe Aaa u B (13) u MepeATH K PaBeHCTBY

Fa (6, 3°)=max F3 (3), (3.14)

T. e. BHINOJHUTH MNpeoGpa3oBanue Ppuapuxca F(u)—
- Fy(A), cm. § 2.4. Takum obpasoM, npeobpasosanue
Dpudpuxca Oan 8oiNYKA020 (PYHKYUOHAAQ TIPUHUMAET
BU/L
min F (4) - max min F, (4, A)—»mhax Fa (M),
u A u

6) Zonoanureasnoe ycaosue

Fawd) _ g

o (3.15)

[Tpu aToM orpaHHueHHYW CHMBOJ Max B paBeHcTBe (8) Te-
psieT CMBICT H OHO NEPeXOAHT B

F_(«°, A°)=minF, (4, A). (3.16)

Ecnu ypasuenne (15) paspemintb OTHOCHTENBHO A, TO
(16) moxHo npeo6paszoBaTe B

F, (4°, A°)=min F (u). (3.17)
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B) onoarurersnoe ycaosue

OFn (uy, g, My, Aa) __
dul

0 (3.18)

eCThb OAHO U3 IBYX HEOOXOAMMBIX YCJAOBHH MHHUMyMa MO
u ¢yHkuuonana Fy npu durcupoBaHHOM A.

JleBast wactp paBeHcTBa (18) 03HauaeT NPOU3BOIHYIO
¢byukunonana Fp ua noanpocrpaucrBe {u;} npu cuxcu-
pOBaHHbBIX Uy, A. Taxk kaK B (10) oTbicKHBaeTcss MHHHMYM
no « npH (GUKCHPOBAHHOM A, TO NPH NOMNOJHHTENbHOM
ycaosuu (18) paseHcrBo (10) coxpaunsercs. B paben-
-crBe  (8) MHHHMAaxkCc N0 JAaHHHM NEPEMEHHBIM MOXKET
6bITh HApylleH, TaK KaK MpH OTBICKAHHH MaKcHMyMa
mo A npu dukcupoBaHHoOM u (18) HakaagpiBaer orpauu-
4eHHSA HA A, H MHHHMAKC MOXeT OblTb HaHAeH HEeBepHO.
PasedctBo (8) coxpaHsercs, ecan (18) He comepxut A:
torma B (8) mpocro cyxaetca obsacTb NOUcKa MHHH-
MyMa no u.

r) Honoaruresbroe ycrosue

aF (ulv U, A'l: A'2) —
n T =0 (3 19)

MoOxKeT 6bITb paccMOTpeHO aHajoruuHo (18).

Ecau A H Ap— MHOXHTENH JlarpaHiKa, T0 ApH ycCa0-
Bud (19) ¢yuruuonasn F, He 3aBHCHT OT NMEPEMEHHOH A
u pasencrBa (8) u (10) nepexonar B
F, @, \°)=max min F (4, &) = min max F, (4, A). (3.20)

Ay Uy, e up, Ay

§ 4. 3akmouenue

Teopuss mnpeoGpa3oBaHHs BapHAUHOHHLIX MPoOGJEM
npeacTaBaseT coGofl HempepbiBHBIA MHOT0OGPa3HbIA Mpo-
1ecc, OXBAaTHBAW0UIUA Bce BO3MOXHble (GOpMbl GYHKIHO-
HaJOB B Pa3HUYHbIX MPOCTPAHCTBAX COCTOSHHH.

Ha puc. 2.1 MHOXecTBO (YHKIHOHANOB AaHHOH Teo-
pun u3o6paxeHo B Buae cdepbl. Ha mostocax pacmoso-
XeHbl (QYHKUHOHAMbl, HMEIOUIHe MaKCHMyM H MHHHMYM;
noJdHble (GYHKUHOHANB TATOTEIOT K 3KBATOPY H HMEIOT
MUHHUMAaKC M MaKCHUMHH, a y HeKOTOPbIX H3 HHX OT-
CYTCTBYIOT ~ KaKHe-IHGO  SKCTpeMasbHble  CBOACTBA.
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Muoroo6pasuble yacTHble QYHKIMOHANB 3aHUMAIOT MpPO-
MEXYTOUHOE IT0JI0XKEHHE,

Cdepuueckasgs Momenb OTpaxaeT CHCTEMATH3aUHUIO H
GoraTcTBO MHOrO0Gpasuil Npeofpa3oBanns BaPHALMOHHbIX

@
¢J/HKU,MOHN\$\ <
283 uuppix OB,

\

0k y \
| TRIE - Dy HKLLMOHAADY

{(rET axcTpemymos) |

Puc. 2.1. Cxema wMuorooGpasusi npeo6pa3oBaHHl BapHaIHOHHBIX
npo6seM NHHEHHOH TEODHH YIpyrocTH (TeopHH 060JI04eK).

mpo6ieM, B3aMMOCBA3b BCeX (YHKIMOHANOB, KOTOpbIE
MOTyT GBIThb MOCTPOEHH Ha OCHOBE TEOPHH, H3JOMKEHHOH
B 1. 2.

B KaxA0M MNpOCTPAHCTBE COCTOSIHWH €cTb MOJHbBIA
byHKIHOHAJ, KOTOPHH 3aHMMaeT B 3TOM INPOCTPAHCTBE
IeHTpasibHOe MOJOXKEHHEe H M3 KOTOPOro MOTYT ObITh H3-
BJIeyeHb BCEBO3MOJKHBIE UYacTHble (QYHKIHOHAJLI, Onpe-
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NeJIeHHble B NAHHOM IMpPOCTPAHCTBE, C PA3JIMYHBIMU J0-
NOJHUTETbHBIMH YCHOBUSAMHU. DTa B3dWMOCBA3b MOJHOTO
M 4aCTHBIX QYHKUHOHAJOB OTpa)KeHa Ha KPyroso# cxeMe
(puc. 2.2), KoTOpas OTHOCHTCS K OCHOBHOMY MpPOCTpaH-
CTBY COCTOSIHMA. AHaJIOrMYHBIE CXeMBl MOTYT OBITh IO-
CTPOEHbl I/l APYTHX TMPOCTPAHCTB. XapaKTepPHO, YTO
Knaccudukauusa QOMOJHUTENbHBIX YenoBHi (§ 2.3.1) nos-
BOJIIET BBIJEJNUTb TPH TPYINIbl 4aCTHBIX (YHKIMOHAJOB,

BUINYECKUH
NPURLLUN

N pUHLHA
(nonroin

CMELUQH\'“’\?'
Npunppnot

Puc. 2.2. B3aHMOCBA3b NOJHOTO H 4ACTHHIX (YHKUMOHAJIOB B OCHOB-
HOM NIPOCTPAHCTBE COCTOSIHHI

BHIPAXKAIOLINX CTATHYECKMH, TEOMETPUYECKUA U ¢usnue-
CKMil MPUHUMNB HAPSAY € MHOrOOOpa3sHeM CMeIlaHHBIX
NPUHUMTIOB (OTHOCHTEJNbHO Pa3JHUHBIX KOMOWHAUHH cra-
THYECKHX, TFeOMEeTPUYECKUX W (U3NYECKHX ypaBHEeHWH).

W3 npusesenHblX B KOHUE KHWTH Ta6aWl K M. 3 u 4
BHIHO, YTO HCMOJb3yeMble B JHTepatype (YHKUMOHAJbI
COCTABJIAIOT JUIb MaJYI 4aCTb TOTO MHOXKECTBA, KOTO-
poe conepxurca B cxemMax Ha puc. 2.1 u 2.2, Orciona
SICHO, Kakoe 6oJblloe YHUCAO pas3iuiHblx (PYHKIHMOHAJIOB
elle MOxKeT OblThb NMpPHBJEYEHO C MOMOLILIO TEOPUH Mpe-
00pa3oBaHusl BAPMALVOHHBIX NMPo6JAEM B aKTHBHYIO 06-
JnacTk awaJal3a H pacyera,
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BAPHALLHOHHBIE NPUHLHUNIbI TEOPHUH
YNPYroCtyu Aast HEOQHOPO4HBIX
AHHU3OTPOIIHBIX TEJ

B aToft rsaBe paccMaTpHBAIOTCA MOJHBIE U YACTHBIE
¢GyHKUMOHAMEI, yyacTByloHe B (OPMYJHPOBKe BapHa-
LUHOHHBIX MPHHUHUNOB TPEXMEPHOH TEOPHH YIPYroCTH.
CootsercTBylomue o6lMe M YacTHble BapHAaLHUOHHBIE
NPHHUMIB B PAasJHYHBIX NPOCTPAHCTBAX COCTOSIHHHA CO-
zepxarcsd B 06001eHHbIX (GOPMYJIHPOBKAX, MPUBEACHHBIX
B ra. 2, § 1, u MOryT OBITb MOMYYEHBI MyTEM KOHKPETH-
3alldd MapaMeTpPOB MPOCTPAaHCTBA COCTOSHHE M AOMOJ-
HHTEJbHBIX YCJAOBHH (ecan OHH uMetorcd). PYHKIHO-
HaJbl, DacCMOTpPEHHble B JaHHOH TrJaBe, MOMEIIEHE
B Tabaunax 3.1—3.13 B KoHle KHHIH.

§ 1. Beoanbie 3amMeuaHus

Ll. PaccmaTpuBaeMoe HEeOZHOPOZHOe aHH3OTPONMHOE ympyroe
TeJIO 3aHnMaeT o0beM V, orpauuuenusiii noBepxHOCThIO S ¢ BHemHel
nopMaabio n. Belony B o6beme V samau eekrop ob6wvemuoix cua F,
a Ha MOBepXHOCTH S 3aJaHbl HEKOTOphie KOMIOHEHTH 8eKTopa no-
8epXHOCTHOIX cus (Hanpaxcenud) [* v HONOJHHUTeNbHblE KOMIOHEHTH
eexTopa nepemewjenuts u¥. BydeM pasiiHuaTh CTAru4eckue u 2eomer-
PUMECKUE 2PAHUYHbIE YCAOBUR, CMOTPS MO TOMY, GYAYT JH OHH Ka-
caTbCsl MOBEPXHOCTHBIX CHJI WJHM nepeMellexudi. KpaTkde cBeleHus u
MOACHEHHS NO HCNOJib3yeMOfl TeH30pHOM (opMe 3amHCH YpaBHEHHE
# ¢yHKnKroHanoB cM. B [IpuyoxXennn 2.

TMosHoe pemnende KpaeBoli 3afayd TEOPUM YNPYrOCTH BKJIOYaeT
TOCTPOEHHE TpeX B3aUMOCBA3aHHHIX mnoJiell. IToae Oegopmayuii e
npeacrasJsiel co00H CHMMETPHUHYIO YacThb TEH3OPHOrO HOJIg TpajHeH-
TOB nepemeuienuti u

e=%(Vu—|—uV) (rn

I CBA3aHO ¢ moJsieM Hanpawcenud ¢ sakonoM I'yka B mpamod (1.2)
ua oGpatnoit (1.3) dopme

G—e -a=0, (1.2
e—0. . b=0. (1.3)
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TMosst nepemellenyft H HanpspKeHHN NOAYHHSIOTCS CTATUHECKUAM (4)
u eeomerpudeckun (5) eparuiHolm YCA08UAM

(0-n—f) =0, (1.4)
(u—u*)"=0, (1.5)

rae WTPHX H ABOAHON MITPHX COOTBETCTBEHHO MOKa3LIBAIOT, YTO pa-
BGHCTBO OTHOCHICH TOJBKO K 3ajaHHBIM KOMINOQHEHTaM nOBepXHOCT-
HHIX CHJA M TepeMemenufi, TaKk YTO CKaJspHOE NpOH3BeleHHe
(6-n)’-4” paBHO HyJIO.

Bupaxenus (n-6-#)’ # (n-6-u)” 03HaYawT, 4YTO CKaJspHOE
YMHOMCINIG OrPAHHYEHO TeMH KOMIIOHEHTaMH TNOBEDXHOCTHHIX CHJI
HJH nepeMellenHil, KOTOpHe BXOAAT B CTaTHUecKHe HJM TeOMeTpHYe-
CKHe IpaHHYHbie YCJIOBHS COOTBETCTBEHHO.

[Tosie HanpsiXKeHUH NOJKHO YIOBJIETBOPATb YPAGHERUAM PASHO-

secun
V-6 F=0. (1.6)

Ypasuenns paBHosecusi (6) umeloT obuee peuenue

6=0"+V XXV, (1.7)

rne 6° — uacrHoe peluenue HeoOHOPOOHO20 ypasHenus, a ¢ — npoHus-
BOJIbHEI CHMMETPHUHBI IBYXBaJeHTHEl TeH3op (rensop yrkyull
HAnpAXcenull) ¢ 1ecTblo He3aBHCHMBIMH KOMMOHEHTaMH [3.10, 33,
3.5]. CymecTByloT gpyrHe pasHOBHAHOCTH OOLIErO petieHHs (CM.
§ 2.28).

3asucumoctd Komwu (1) Mexnpy mnepememieHHsMu W pedopma-
UHAMH ABJSIOTCS OGIIUM PEIIEHUEM YPaABHEHUL CO8MECTHOCTU Oedhop-

mauuit
VXeXV=0 (1.8)

Ypasuerus (1) u (8) KBUBaAJEHTHH B TOM CMBICJIE, UTO H3 CYy-
IeCTBOBaHHSA fJfi [JaHHOTO € BeKTOpa # TaKoro, 4TO BLINOJHSETCH
(1), caenyer cnpasegsuBocTh (8), a (8) Baeuer 3a coboit cyurecTBO-
BauHe BeKTOpa # Takoro, yto BhimoJsnsercss (1). Touno rtak Xe 3a-
BrcumocTH (7) K (6) SKBUBAJEHTHH *).

TecMeTpHYecKHe TpaHHYHBIE ycJaoBHA (5) MoOryr OwiTb 3ajaHbl
B aundepeHurabnoll popMe — B BUAE AePOPMAUHOHHEIX IDAHHUHBIX
yeaoBuit [0.3, 3.8], a cTaTuueckHe ypaBHeHHS Ha NOBEPXHOCTH (4)—
B MHTerpadbHoll QopMme, B QYHKUHSX Hanpsokenufi, B sToM caydae
Mory1 ObiTb sajaHbl HEKOTODbIE KOMIOHEHTH TE€H30p08 TAHEeHUUANb:
Hold u useubuoli Oegpopmayull nosepxnocru S M IONOJHHTEJbHDbIE
KOMMOIEHTbI TeH30pa QYHKLHA HanpsiKeHHi.

*) Ctporo rosops, yTeepxaeune o6 sksuBajentHocTH (1) u (8)
cnpaBejJuBO, Korna (QYHKUHA # TPHXKIbl HenpephisHO nH(depeRlH-
pyeMa, B MpOTHBHOM cJyuae ypasHeHHe HepaspeiBHOCTH (8) ycaox-
HAETCH.
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Hegpopuayuonnsie 2PAHUYHbIE YCAOBUA HMEIOT BUJ
(eas—€up)” =0, [xgg(e) —nis]’ =0 (o, p=1,2), (L9)

* V4 * ”
rie (eaﬁ) , (xaﬁ) — 3aJaHHBIe KOMIIOHEHTHI TaHTEeHUHAJbHBIX H H3
THOHBIX NeOPMAuAl TOBEPXHOCTH S B CcHCTeMe KOOpMHAT, HOp-
MJbHO CBA3AHHKIX € 3TOH MOBEPXHOCTBIO (cM. § 7); axech

”ag (e) = VSEaﬁ — Vaest —_ Vﬁesa.

Hedopmanuu eaﬁ, xaﬁ (e) mosepxuoctu S ynpyroro reaa Bblpa-

HAIOTCS 4epPes ee mepeMelleHHs ug, u3 TOYHO TAK XKe, KaK Je op-
Mapuu eaﬂ, ﬁaﬁ Gasucuoit NOBEPXHOCTH 06OJOUKH (CM. IiL. 4, § 1) —

Uepe3 ee nepeMemen s Ug, W. ITO HETPYAHO NPOBEPUTH, eCAH Bbi-
pasuth B eclﬁ (u), xaﬁ (€) TpexmepHbie KOBapHaHTHBIe APOU3BOLHbIE

yepe3 NMOBEPXHOCTHEHIE.
* *

Hedopmanuu €gps %qp CYICLYET 3akaBaTh TaK, YTOGH BHITOJHS-
JUCh  YCJIOBHS HEPASPHIBHOCTH MOBEDXHOCTH, AHAJOTHYHBIE ypaBHe-
HHSAM 1I€Pa3PLIBHOCTH [Jis 060JI0ueK,

Ypasuenus (9) ABAAIOTCH YCAOBHAMH CTALlHOHAPHOCTH YHKIHO-
Haaa Kacruabsino; Bepaxeuus gas eaﬁ, %gp BUSHHKAIOT TaKKe MpH

BhIBONte (yHKUHOHana Jlarpamka B dopme Iz (e) [0.3] (cm. §§ 2.2
u 2.18).

Craruseckue epanuunvie ycaosus s QyHKyuAX  nanpaxcenu
HMEIOT BHJ,

(Pag — Pag) =0, (¥¥°— )" —o, (1.10)

- 4 o
TIe (cpaﬁ) " 3ajlauHBie KOMMAOHEHThl TeH30pa QYHKUMII HANpsiKenuft

o '
B CHCTEMe XOODAMHAT, CBS3aHHOM ¢ NOBEpPXHOCTHIO S, a (\pzﬁ) —
8a1aHIIbI TIPOUSBOJHbIE MO HOPMaJH K S OT 3THX KOMNOHEHTOB (cM.
tabu. 3.2j.
* *
Besnuunnt Pop \]JZB CBA3AHB C 334AHHLIMH TNOBEPXHOCTHBIMH f
H 06beMHBIMH F CHnaMM PaBeHCTBOM

(VXPXV)n=f+0"n (1.10a)

rae 6°— 9acTHOe pellieHHe ypaBHeHHH pasnosecust (6). Taxum o6pa-
30M, NI OTHICKaHHS Q* mo 3afauuuiM [* u F meob6xogumo cpauana
HafiTH ©acTHOE peLIeHNe CHCTeMb TPeXMepHLIX YpaBHeHHH ¢ uyacr-
HBIMH 1IPOM3BOIHEIME (6), a 3aTeM -—~ 4acTHOe pewleHHe cHcTeMbl IBY-
MepHbix ypasHueduil (10a).

CrieiyeT HMETb B BHAY, 4TO SKBHBAJEHTIIOCTH () u (9), a
rakxe (4) u (10), cobmogaercst ¢ TOUHOCTLIO A0 MOCTOSHHBIX WHTe-
rphpoBanus. Ecau ycaosust (5) sapanni Ha onwoli cBsizHOM 9acTH
noBepxuoctd S, 10 (5) U (9) SKBUBAJEHTHB ¢ TOYHOCTBIO A0 KecT-
KOro cMellenns. B atoM cayuae sajanmbie TaurenuMasbHble W W3 G-
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* *

[(3(S netpopmauwu Baﬁ H %O.B NIOBEPXHOCTH S cBf3aubl ¢ 3aAaHHBIMH
*

fnepeMelleHusiMy Uy paBeHCTBAMH

%* l * *
=g (Vaup + Vﬁua)'

Oty N
L 2 3 * 9 * «
Hog = — Vo (W - b‘éuv) — by (VBuy — bgyuz),  (LID)

rhe Vi—ﬂOBerHOCTHaﬂ KoBapHaHTHas npou3BoAHass OT noBepx-

HoeTHoro BekTopa (cM. IIpunoxenue 2, a TaKXe IUL 4). B cayuae,
KOFfa ycaopHsi (9) OXBAaTHIBAIOT HECKOJBKO PA3THUHBIX CBSI3HBIX 4a-
cTeft nOBepXHOCTH S, HEOOXOAMMO YYHTHIBATL YDABHEHHI, corJacylo-
LiHe B3aHMUbIe CMEIIEHHs Pa3iHYHBIX CBASHLIX yacteit:

B
S elkl (Ve — Veen) dxt = coi (B)— co’lﬁ (A),
A (1.12)

L
2

dr-[e-t (Vo) X (rg— n}= u* (B) — u* (4),

Do

rge u*, ©,— NepeMelleHHs H YriaE TOBOpPOTa B TOUKAX A u B,
NpHHALNEKAIHX PasAHUHEIM CBASHBIM ydacTKaM TIOBEPXHOCTH S.
Vpasrenus (12) Moryr 6bITh TOJIYUeHBl € TOMOLIbI0 dopMya Uezapo
(cM., HANpUMED, [3.3]).

1.2. Bce ¢ynKuHOHAAE 0G03HAUEHDI 6ykBofl I ¢ HH-
JeKCOM, KOTOpPbIM, KaK MpPaBHJIO, CJIYXHT MepBas 6ykBa
Ha3BaHusA; Hanpumep, JIn— GYHKUHOHA Jlarpanxa,
9k — odyukunonan KactuabsHo, 3%, 3, — noauvie QyHK-
puouansl. HaubGosee BaxXKHBIE, C HaleHd TOYKH 3pEHHI,
(YHKUMOHAAB H HX JOMOJNHHTENbHDIE H ecTecTBEHHbIE
yC/IOBHSI Pa3MELICHH B taba. 3.1—3.5. Mexay ux ap-
ryMeHTaMH yCTaHOBJIEHO COOTBETCTBHE

U <> @, e<>0; e, %';Bef*; ut <> Qg w:ﬁ, (1.13)

KOTOpPOE€ NPHBOJAMT K TOMY, 4TO dyskunoHa bl Jlarpanxa
(tra6a. 3.1) u Kactuabsino (tabn. 3.2), monHble ¢YHK-
LHOHAaJbl JarPaHKeBOH CePHH (raba. 3.3) U KacCTHJbs-
nosoii cepum (raba. 3.4) ¢ ONMHAKOBLIMH HOMEpaMH
HMEIOT COOTBETCTBYIOHHE Ha0opbl HE3aBMCHMBIX MEpe-
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MEHHBIX, T. €. COOTBeTCTBYIOLIMe NPOCTPAHCTBA COCTOA-
nuil. [Ipy 5TOM NOMOJHHTENbHBIE YCJIOBUSA U YCJIOBUA CTa-
IIHOHAPHOCTH TaKXKe OKA3hIBAIOTCH COOTHECEHHBIMH APYT
C IpYroM: reoMetrpHuecKve ypaBHEHHS CO CTATHUYECKHMH,
(dusnuecKre B NpsaMod (opMe ¢ ¢pusHueckuMH B obpar-
HOH (opMe.

§ 2. Pasnuunble BApPHAHTH MPHHIIKNIOB Jlarpamxa
H KacTuapbaHo — HCXOpHblE MYHKTHI
A8 npeo0pazoBaHKA BapPHALMOHHLIX MPHHIHUNOB

Bapuaunonnble npuHuunel Jlarpanxa u Kacrunbguo
H3yueHHl B JIHTEPAType ¢ TOYKH 3PeHHA KaK CTalHOHap-
HOCTH, TaK H 3KCTPeMaJbHOCTH COOTBETCTBYIOMIHX (PyHK-
uuoHasoB. IlosToMy Hx 1uesnecoo0pasHo HCIOJNB3OBATH
KaK HCXOAHBIE MYHKTHl AJS MOCTPOEHHS M HCCAeg0BaAHHUS
CHCTEMBl MOJIHBIX M YaCTHHIX BApPHALMOHHBIX (PYHKIHOHA-
JIOB TeOPHH ynpyrocTH. B coorBerctBuHu ¢ § 2 roi. 2 3z1ece
paccMOTpeHbl pasJjiHuHble BapHAHTBl NPHHUHUIOB JlarpaH-
ka W Kactuibguo. DKCTpeMajibHble CBOHCTBA COOTBET-
CTBYIOIIMX UM GYHKUHOHAJOB OyAyT HCIOJB3OBAHE
B § 6.

2.1. Pasauunbie BapHaHThl pyHkuHMoHana Jlarpauxa
(rabu. 3.1).

a) Qynxyuonanr Jaepana 3 (u) e nepemeuje-
nuax, HauboJiee paclpocTpaHeHHBIH B JUTepaType, pac-
CcMaTpHBAeTCd 34eCh KaK 4acTHBIH (QYHKLUHOHAJT B MpO-
CTPAHCTBe IlepeMellleHHH IIPH JONOJIHHTEJBHBEIX YCJ0-
Buax (1.D).

Haunnelft yHkuuoHan MoxeT ObiTh Npeo6pasoBaH
oyTeM pacIIUpeHHs M[OPOCTPAHCTBA COCTOSHHI 3a cuer
3aMeHHbl IlepeMeHHBIX e(#)==e, o(e)= ¢ U HCKYCCTBEeH-
HOTO BBe/leHHSI COOTBETCTBYIOUIHMX IOMOJHHUTENBHBIX yCJI0-
BUA B JApyrHe pPa3HOBHAMOCTH, HMeIOU[He pa3JHYHble
ocofeHHOCTH. HeKkotopnle M3 MOJIyueHHBIX TAKHM NyTeM
BApHAHTOB (yHKUUOHAJa JlarpaHxka (Hanbojiee HHTe-
pecHble ¢ TOYKH 3DeHHS aBTOPOB) I[peACTABJEHH
B tabua. 3.1.

Kak BupHo u3 T1abs. 3.1, yCJOBHS CTAIlMOHAPHOCTH
pasJIMYHBIX BaPHAHTOB (yHKUHOHaNa JlarpaHxka — ypas-
1leHHs DaBHOBECHd, HO B pa3J/H4YHOH (OpMe, BHIpAKEH-
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Hble Yepe3 KOMIIOHEHTBl TOTO npOCTPaHCTBA COCTOSIHUH,
B KoTopoM C(hopMyJaHpOBaH naHHb#d QyHKUHOHAT.

6) DynKkyuoOnaL Jaepansa In:u,e) 6 nepemetie-
rufx u Oepopmayusx. [TpocTpaHCTBO MepeMeLleHHH
paclIMpeHo 3a CHeT BBEACHHI TeH30pa pedopmalui MO

dopmyae (1.1) u JOTOJNHHTENBHOTO yCTOBHS € — 5(Vu+

4 uV) = 0. Hckyccrsenioe paciiipenHe POCTPAHCTBA
cOCTOSIHUMA CedaHo ¢ Ueablo yBeJHUYEHUS BO3MOXKHOCTEH
ond npeoépasoBafmﬁ (yHKLHOHAOB. B uacTHOCTH,
92 (u, €) MOmeT OBITH npeoGpa3oBan B (dyHKLHOHAMD
Xy — Bawnny Ine(u, e,6) (Taba 3.3) u KacTu/psno
Ixs (o) (rabu. 3.2), KOTOpHIE Henb3sl MOJNYUUTD H3 Am(u).

B) DYHKYUOHAL Jaepanxca Ins(e) 6 degopmayuax.
B sToit (QoOpMyIHPOBKE HH ¢pyHKunoHa, HH LOIOJIHH-
TeJibHbIE YCIOBHS He COAEpXKAT BapbUpyeMbIX IMepeMellie:
uui (a 3HAYMT, H YCIOBHS CTALMOHAPHOCTH BKJIIOYAIOT
TonbKo Aedopmauun). QYRKUHOHAT I3 (e) B yceueHHOM
mpoCTPaHCTBE COCTOSHHIl e MOJy4uM, HCKII0Tast nmepeMe-
mennss u3 Inme(u,e) n 3 JOTOJTHHTENbHBIX yCa0BHH
K HEMY.

Hckiiouenne Mepemeliennit us reoMeTpHUECKHX ypaB-
genuit B o6beme (1.1) ¥ Ha IOBEPXHOCTH (1.5) paccmoT-
pero B § 1: 3aBHCHMOCTH Kown (1.1) mepexonsar B ypas-
HeHHsi Hepa3PBIBHOCTH Jedopmauuit (1.8), a rpaHuUHbIE
yc/10BHsL B nepeMelieHHaxX (1.5)—B nedopmalHoHHbIE
rpaHnuHble yCa0BHA (1.9).

B Tab6a. 3.1 mpuBeleH naubosiee MpOCTOH YaCTHBIN
cayuai, Korja Ha 4acTi S, TOBEPXHOCTH T€J]d S 3amaHy
Bce KOMIIOHEHTHl BEKTOPd nepemeliienni, a Ha oCTaJIbHOM
yacTH Sj—— Bce KOMIOHEHTH pexTOpa YyCHAWM, MpHYEM
S, — cBs3HOE MHOXKeCTBO (T. €. COCTOMT H3 ogHOro le-
n0ro Kycka Jo0oit dopmbl). Ecu rpaHutHbe yCN0BH S
(1.5) oxBaTbIBAIOT HeCKOJIbKO CBSI3HbLIX yYacTKOB MO
BepxHOCTH S, TO B CIIMCOK JOMOJHHTENbHBIX ycaoBHil
JOJKHE GBITb BKMIOUEHDI ypaBHeHHs BHAA (1.12).

~ PaccMOTpHM 11peofpas3oBaHHe I B 33 B yKasaHHOM 4aCTHOM
cnyuae. B QyHKIHOHANE 3 jjo mepeMelIeH s cozepkartcs B ClaraeMoM

SSSF-udV @21
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06BEMHOr0 HHTErpajla W B TOBEPXHOCTHOM HHTErpaJje, KOTOPHEA B
paccMaTpUBAEMOM YaCTHOM CJy4Yae CPAHHUHHIX ycaoBHE S=S. + S
HMeeT BHI

S S f*-udSs. (2.2)

Yro6L1 H36aBHTbC OT mepeMelleHnit B ciaaraemoM (1), mpemcra-
BuM Bektop F B dopme

F=-V.0° (2.3)
rJe TeH30p 6° MOXHO pacCMaTPHBaTh KaK 4aCTHOE pelleHHe ypaBHe-

ans paBHoBecust (1.6), koTopoe o6buHO Jerko HafitH. HMcmoassys (3),
npeoGpasvem F.u:

Fu=(—V6)u=—-V.(c°-u)y+0.-(Vu). (24)
B cuny cHMMeTpHH TeHsOpa HampsKEHHE 6° CnpaBeAJHBO PaBEHCTBO
6°. - (Vu)=0°- . (&V),
TaK 4TO Beipaelnde (4) MOXHO NPeaCTAaBHUTb B BHAE

F-u=—-—V-(0°~u)+0°--—;—(Vu-i—uV). (2.5)

Nopcraeue (5) B (1) u npeo6pa3oBar MHTErpasn OT NepPBOro cJjarae-
Moro mo dopmyse Octporpasckoro (cM. [punoxenue 2), monyynM

§5r0ar={{for goeramar-

-—SS #-0°-ndS. (2.6)

MoBepxnocTHbi muterpan B npeo6pasoBanHoM  yHKIHOHanE
3 jjo HMERT BHA

~{{s-o nas, - Ssu-(f*+0°-n)d3f-

Tak kax Ha S, AOMKHO BHITOAHATHCA rPaHHUNOe YCJIOBHe 8 — U* =0,
TO B ItepBOM HHTerpaje MOXHO 3aMeHHTb ¥ Ha ¥* H neperucaTthb mno-
cjlelHee BHIpaXKeHHe CAeAYIOLHM o6pa3oM:

_Ssu*.qf’.ndsu—SSu-(f*+U°-n)de. @.7)

B nepBoe cnaraeMoe BXOAST H3BECTHBHIE, HEBAPbHPYEMble BEJHYHHH,

OHO He HyXA2eTca B JanbHefillnx npeoGpasoBanuax. Urobw wnaba-

BUTLCSL OT TepeMellleHHl BO BTOPOM CJaraeMoM, BBIPA3HM BEKTOP Ha-

npaxenu#t f* 4- 6°-n uyepes KOMMNOHeHTW TeHsopa GYHKUHA Ha-
- *

npsKennit @y M HekoTOpHle (YHKUHH ll)fﬂ (o, =1, 2) or ux Hop-

Ma/JbHBIX TDOH3BOAHBIX B CHCTEMe KOOPAMHAT, CBS3aHHOM C MOBepx-
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HocThlo S (eMm. ra. 4, § L.1). [Naa storo npeamonoxXuM, 4TO B
OKpecTHoCTH S; Halien TeHsop @* yI0BJETBOPSIOWMA ypaBHEHHAM

FF+oe n=(VXP"XV)n, (2.8)

T.€, 4TO H3BECTHO YaCTHOe pellenne @* cucreMbl AnddepeHIHANLHBIX
VpaBHEHHA € YaCTHRMH [pOH3BoAHBIME (8) (cmocobbl HaXoxaeHHd
YacTHHX pelleHHH 371ech He obcyxpaarworcs). Ina nanpHefiminx ape-
o6pasoBanuil HCIOIb3yeM PaBEHCTBO

(VX XV)n=
=— (VX[ (VX)) n—elkel™P(V u)(Viof)yn, (29

B cuCTeMe KOOPAMHAT, CBS32HHOH C NOBEPXHOCTbIO Sf(e3 = m — Bek-
TOp HOpMaJH K Sj, ny = ny == 0, n3 = 1), BTOpPOE CAaraeMoe HMEET

BHA
6973 [V (Vyus) (Va®ya) + €*™ (Vgttg) (Vena) +
+ 68N (Vguy) (V930) ] =
— ¢of3 {e3v6 (Vﬁuﬁ) (Vsq’;a) + G%nsv§ [(VBuS) ‘p:w] -
— &8 (V,Vu3) Ong + 65, [(Vgty) 930] —
— NV, Vgu,) 030)  (210)

rie €'* — TUCKPUMHHAHTHBIA TEH30D.

IMoacrasuM (8) "¢ yuerom (9) u (10) B (7) u mpeoGpasveM mo-
BEPXIOCTHRE HHTErpajsl OT MPOH3BOAHHIX BHaa Vi [...] B KomTyp-
nble 1o dpopmyte Ipuna (cM. Ilpunoxenue 2); nonyyum

_ S S u-(f+6° n)dS;=— S S B3¢ V83 [(Vﬁud) (Vaq);a) —
— (V,Vq15) D30 — (V4V546) @5a] aS; + §u*- (7 X 9y dCus +

+ @ W[ — (V,u3) 0o + (Vo) @30 ] P dCp @11)

3amensia B dopmynax (8) u (11) —;—(Vauﬂ + Vguo) Ha eqg H

—VaVpur Ha %ggi =Vieqy — Vgea: — Voesy M DOpCTEBARAR  HX
B 3, (8, €), nepeiigem k dynkunonary 3y, (e) (raba. 3.1).
3aMeTHM, YT0 X0TA B OpHHIMMe mpeoGpasoBanhe Fyo B g

BCerga BO3MOY<HO, €r0 MPAKTHYeCKOe BBIIOJHEHHE MPH KOHKPETHAHIX
marpyskax F, [* MoKeT HaTONKHYTbCA H2 3HAYHTENIbHBIE TPYRHOCTIL,
CBSI32HIbIE C(OTbICKallHeM YaCTHOTO peIUeHHST @* CHCTeMbl ypaBHE-
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uufi (8). Takoe uacTHOe peliienHe Jerko HafiTil, HanpiMep, Korjaa
f* 4-6°-n == 0: B 370M ciyuae MOXHO OpHHATL @* =

B  BLIYMC/IHTENBHOM  OTHOIUEHHH  (DYHKUHOHAJBI
Ina(u,e) 1 I j3(€) HUMEIOT HeCKOJbKO pa3fiHuHble 06Ja-
CTH NPHMEHEHHST C TOUKH 3DEHHS yueTa FPaHHYHBIX YCJIO-
Buit. PyHkunoHan I j;(e) ynobHee NPHMEHATh B cayuae
Ae(OpMAaLHOHHBIX TPAHHUHBIX YCJIOBHH,

®yuxuuonan Ja;3(e) nerko npeobpasyercs B NOJHBIH
dyuxkunoHan Inale,¢) ¥ dyHkuuonan KacTuabsiHo
Iki1(p) B PYHKUHAX HANpsKEHHH, KOTOPblE MOXKHO IIO-
Ay4uTh H U3 32 WK Iy, HO OKOJBHBEIM IYTEM.

r) Dynxyuonas Jaepanna I ni(u,e,6) 8 0CHOBHOM
npocrpancrée  cocroAnudl  (4,e,¢) NOAyuaeTcs M3
Do (u,€) 3a cuer paclUiHNpeHHs NMPOCTPAHCTBA COCTOSAHUE.
BBoasTcss HOBple HEH3BECTHHIE — KOMNOHEHTHI TeH30pa
HaNpsXKeHHH ¢ ¥ COOTBETCTBYIOLLME AOMNOJIHUTEIbHBIE yC-
noBusi — 3akon ['yka (1.2). dra ¢opma dyHKUHOHANA
yno6Ha aas JaabHeHAmnx npeobpaszoBaHui.

OyakuuoHanbl Iy, e ¥ Jjuq MUMEIOT OTJIHYHA O
¢opMe H JOMOJIHHTENbHBIM YCIOBHSIM K HHM. Paznuuns
B BBIYHCJAHUTENBHOM aclleKTe MeXKAYy HHMH HecyLleCTBeH-
Hbl. OnHako pasHoobpasue ¢GOpM HCXOJLHOrO IMYHKTa Ipe-
o6pa3oBaHHil NMpPHBOAHT K BaxKHbIM OCOOEHHOCTSM IOJY-
YeHHBIX M3 HUX (YHKIIHOHAJOB He TOJBKO MO ¢dopMe, HO
H B BHIUMCAHTE/bHBIX, H, B YACTHOCTH, SKCTPEMasbHbIX
cBoiictBax (cMm. §§ 3, 5 u 6).

I) (Pymcquona/zbt Jazpansica ¢ HenoAneimu noaamu
u, e, ¢. Oyukunonansl Iy, Jgg BHIpakKeHb Yepe3 Bce
KOMIIOHEHTH HCIOJIb3YEMBbIX TEH30POB H IPEJACTaBJIEHH
B TeH3opHOH ¢opme. Beoas B KaueCcTBe HOBHIX Nepe-
MEHHBIX HEKOTOpHIE KOMIIOHEHTHl TEH30pOB nedopMauui
H HANpsOKeHHH HJM HCKJIOUas OTAE/bHblE KOMIIOHEHTHI
BeKTOpa nepeMellenufi 3 ¢yHKuuoHana Iy uan Ins
H AOMNOJHHTENbHEIX YCAOBHH, B HEKOTOPBIX CHCTEMaX KO-
OPAHHAT MOXHO IOAYYUTh (OPMYJHPOBKH TNPHHLKIA
JlarpaHxka B IpOCTpaHCTBax COCTOSIHHH, colepiKallux
JHUUIbL YacTh KOMIIOHEHTOB NoJiell HalpsKenu#l, nedopma-
nufl ¥ HepemeleHufi. T0 BO3MOKHO, HaNpuMep, B Je-
KapToBOfl KOOPJHHATHOH cHCTEMe.

B ra6a. 3.1 npusefeuno auuib ABa NPHMepa (PYHKUHO-
HAJIOB TaKOre poia— s (4, €3) u Ins (Ui, €qs), H3 KO-
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TOPBIX MOTYT ObiTb MONYYEHBl NOJNHBIE W YaCTHhHE (YHK-
IIHOHANbl ¢ HEMOJIHBIMH HOJASIMH.

2.2, PazanuHble sapuanTel npuHouna KacTuabsino
(Tabn. 3.2).

a) Dynkyuonan Kacrureano 8 nanpascenunax Jysz(o)
nonyyen u3 ¢yHknuonana Jlarpanxa I (u,e) no cae-
é[yéo‘?)leﬁ cxeme (mpeo6GpasoBaHue Ppuapuxca, cM. ra. 2,

3."2 (ur e)

MHOXHTEAH

Tarpanma Onz (4, e, 6) —> Ix3(0), (2.12)
rae Ino(u, e, ¢)— nonublft  dyHkuuoHan Xy — Bamuny
(tabn. 3.3). DTo MO3BOASET YTBEPKIATh, YTO (YHKIHO-
Hanel I no(u,e) u Jxs(6) UMEIOT OJHO M TO Ke CTallHO-
HapHOe 3HayeHHe.

[Tpu npeobpasoBanun Ppuapuxca (12) mononHutenn-
Hble YC/I0BHA (reomMeTpHYecKue ypaBHEHHS) H yCJIOBHS
CTANMOHAPHOCTH (CTaTHYECKHE ypaBHeHHs) (YHKUHOHANa
JlarpaHka nepexoifiT COOTBETCTBEHHO B YCJOBHSI CTa-
LIHOHAPHOCTH H JONOJIHHTENbHblE YCI0BHA (YyHKIHOHaNa
Kacrunvsano, Cm. takxe § 3.2r, B kotopoM cxema (12)
JomoJsiHeHa oOGpaTHbHIM Ipeo6GpasoBanuneM Dpuapuxca,
u § 3.2, roe gaHa aHaJjoruyHas cxema AN QyHKiHOHA-
JaoB Jlarpauxka B gedopManusx u KacTunbsino B QyHK-
HHAX HampsAKeHHH.

[pyrue pasnoBuaHOCTH GyHKuHOHana KacTHabsiHO
Moryt ObiTh moJiyueHnt W3 IJx3(g) ¢ nomolisio o6Iero
pemeHnus (1.7) ypaBHeHus pasBHoBecus (1.6) m 3ameHmH
nepeMeHHHX e(o)=e naubo npeobpazoBaHuem Opun-
puxca u3 ¢yHKuHoHajoB Jlarpanxka (ra6a. 3.1). Kak
BHJIHO u3 TabJ. 3.2, yCAOBHS CTANHOHAPHOCTH Pa3nHyHbIX
BapuaHTOB ¢yHKHHOHana KaCTHNbAHO — ypaBHeHHSl He-
pa3phHBHOCTH B o0beMe H JedopMalMOHHble TpaHHYHbIE
ycioBus Ha moBepxHocTH. B tabn. 3.2 npuseneHs! ycno-
BHsI CTAIIHOHAPHOCTH JIHIb 5 HPOCTOrO Cayyas, KOrja
KOMIIOHEHTHl lepeMellleHHil 3aJaHbl Ha CBS3HOH 4acTH
noBepxHocTH S. B rsi. 5 nokasano, Kak u3 3tux ¢QyHK-
IJMOHAJIOB H3BJieUb YCIOBHS CTALHOHAPHOCTH B HEKOTO-
pbix 60Jiee CNOXKHBIX Caydasx.

6) Pynkyuonar Kacrureano Ixq(¢, 6) 6 Hanpaxe-
HUAX U PYHKYuAX nanpaxcenuti. ITOT GYHKUMOHan nony-
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geH U3 Jx3(¢) MyTeM 3aMeHBbl NONOJHHTENbHBIX YCJAOBHH
B dopme ypaBHeHud paBHoBecHsi (1.6) Ha sKBHUBajeHT-
Hble HM 3aBHCHMOCTH MeXJAy HaNpsiKeHHAMH H (YHK-
puaMH HalpsaXeHudt (1.7), B cBA3u c yeM Fxp 3aBHCHT
He TOJIbKO OT @, HO M OT ¢. IloBepXHOCTHBIA WHTerpasn
B Jxs nyreM 3ameHnl ¢-n Ha (6°+ V X @ X V)-n u npu-
veHeHus ¢opMmyan CTokca 3anucaH B OYHKHUSIX Hanps-
XeHHH (cM. aHalorguHble npeoGpasoBanus B § 2.1B),
c TeM 4to6bl QyHkuuoHan Jxq(¢,¢) UMen BuI, aHaJoO-
ruuHbil QyHkunoHany I g (4, e) (TeHsop odyskuHi Ha-
NpsKeHHH @ COOTBETCTBYyeT BEKTOPY IepeMellleHHH i,
a TeH30p HanpsiXKeHuHd ¢ — TeH30py IHedopManuii e,
cM. § 1).

®yukunonan Ika(@,6) cBA3aH INpeoGpa3oBaHHeM
®puapuxca ¢ dyHKuuoHanom Jlarpamxa Iy (e).

OyHkHHOHAN Jge fABJAAETCS INPOMEXYTOUHOR CTY-
MeHbIO Npu npeoGpasoBannu Jks(c) B Ixi(¢p). B 10 xe
BpeMsi Jxe uMeeT O6nbIliHe BO3MOXKHOCTH, YeM Ik, Kak
HCXOJHEIH NYyHKT [Aasa NpeobGpasoBaHuifl, mogo6HO aHalo-
ruuHoMy eMy ¢ynkunonany Jlarpanxka I (u,e). Hs
Ik2(@,6) MOXKHO MOJYYHTH MOJHHE  (QyHKUHOHAN
3., (¢, 0, e) u dyuxnuonasn Jlarpawxa I (e).

B) Pynkyuonasr Kacruroano Ik (@) 8 ¢ynxyuax
nanpascenull noayien u3 Ixa(@, 6) NyTeM HCKJIOUEHHS
TeH30pa Hanpsi:xkeHull ¢ ¢ momowbio (1.7). HonosHurens-
noe yciaoBue (1.6) B o6beMe V okasbiBaeTcsl BHIIOJ-
HeHHBIM, OCTaeTcsl JHIIb T[PAHHUHOE YCJIOBHE I @
(1.10).

[Tepexon oT Jxs kK Jxi 03HAUaeT yueT NONOJHHUTE/Nb-
Horo ycaoBus (1.6) c momompbio o06mero pelleHHs
(1.7).

Ypasuenue paBHoBecusi (1.6) uMeeT u Apyrde obmue
pewenns [3.3, 3.9], KoTOpHEe MOrYT CAYXHTb OCHOBOH
LN ApyrHX pa3HOBHAHOCTeH ¢ynkumoHana KacTuabsHO
B yHKUMAX Hanpaxenud. B uactHocTH, pAn pasHoBua-
Hoctell obutero pellenusi (1.7) MOXKHO IOJYUHTb, IOJa-
ras HeKOTOphie KOMIOHEeHTH TeH3opa OYHKUHA Hamps-
xeuu#l ¢ paBubiMH Hyawo [3.3]. B nekaproBofi cucreme
KOODAHHAT CYWeCTByeT MHATb, a B KPHBOJNHHEHHOH CH-
cTeMe — OoOJbllle pa3jHYHBIX OOIIMX pelleHHH, B KOTO-
PBIX HaNPsXKeHHA BbipaXKeHbl Yepe3 TPH KOMIIOHEHTA
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TeHzopa ¢. Cpeqn HHX H3BeCTHHE pemieHusi MakcBenna

O11 = Moz, 33 - Paz, 205 OG22 == P33, 11 -+ P11, 335

O3 =11, 20+ Pao, 115 O3 = — P11, 235 (2.13)
031 = — (o2, 13} 012 = — P33, 12

u Mopepa

011 == — 23,23 Opp=—2Qp3,13 Op= ;2‘P12. 123

093 == (— @3, 1 =+ P13, 2 =+ Pro, a).15

613 = (P, 1 — P13,2 -+ P12,3), 25 (2.14)

G2 == (Po3, 1 + P13,2 — P12, 3), 3

Hcnonssys obmee pewenne (1.7), nerko nokasaTb,
YTO YCJOBHAMH CTaUHOHAapHOCTH ¢yHKuHOHata Kac-
THJIbSIHO SIBJSIIOTCA ypaBHeHHsl HepaspuiBHOCTH (1.8) (B
OTJIWYHe OT NJHHHOrO JokasaTeiscrBa Caycsesia, mpH-
BeaenHoro B [3.6]).

JefAcTBUTENLHO, BaDHALMOHHOE YpaBHEeHHE AMA (YHK-
unonana Kacrunbano Jx; (@) (1aba. 3.2) uMeer BUA

89w @) =— {{{ (VX e@x V- o1 av+

+{{ {(eyo—ele)” 800 —cmet [ (€) 6z ]” B, } dS=0.
(2.15)

Orciona crenyioT ypaBHeHHs HepaspwmBHOcTH (1.8).
Kpome Ttoro, us BapuauuoHHoro ypaBHeHus (15) cie-
ayoT aedopMauHOHHBEIE TpaHHuHble yciaoBHa (1.11).

CaycBesi1 epBOHaYalbHO 1aJ BLIBOA ypaBHEeHHWH He-
pa3pBIBHOCTH, OCHOBAHHBI Ha NDHMeHeHHH OGIUHX pe-
weHu#t MakcBensna u Mopepa, T. e. GaKTHUECKH HCIIOJb-
3oBal TeH30p QyHKUMA Hanpskenu#d ¢. Tlo-Buaumowmy,
IOsIBJIEHHE HOBOTO JJIHHHOTO WM 3allyTaHHOrO JAOKa3aTelb-
cTBa OOBACHAETCS TeM, YTO STOT BHIBOA €r0 HE y[OBJe-
TBOPHJI IIO clefylouniell IpHYnHe.

Pagencrso (1.8) comepxur mectb ypaBHeuuil. Ilpn
Hernonb3oBanun obuiux pewenudi (13) u (14), B xKoro-
pBIX y4acTByiOT IO TpPH KOMIIOHEHTa TeH30pa (yHKIU
HanpsoKeHH#l, T. e. 10 TPH BapbHUpPyeMHIX (PYHKIUH, Ba-
pHauuoHHoe ypaBHeHHe KacTHIbAHO TNpHHUMaeT BHJI
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coorBerctBeHHO (16) u (17):

83k 1 (P11, Pop, P33) = — S S S [(e33, 92 + €92, 33 — €93, 23) OPyy -
=+ (e11, 23 + €33, 11 — €13, 13) OP2e I

+ (ego, 11 -+ €11, 22 — €12, 12) O3] AV + SS {...}dS=0,
l (2.16)
rpe é;;’= buktok (11> Po2s P33)s

09kt (P23, P13y Pr2) =
= S SS {{— 2611, 93+ (— e, 1 T €13, 2+ €12, 3). 1] 003 +

+ [— 2e99, 13+ (€23, 1 — 13, 2 F €42, 3), 2] OP13 -
+ [—2e33, 124 (€23, 1 + e13.2 — €12,3), 3] Oy} OV +

+§S{...}ds=o, (2.17)

rae eij=bijklokl (Po3s P13» Pr2).

PaBenctBa (16) u (17) noka3wmBawT, 4To NpPH HC-
MOMTbL30BaHUM KaxJoro u3 ofimux peweHut MakcBedsa
Hiun Mopepa yc/nOBHSMH CTalHOHAapHOCTH (yHKIHOHAaJNa
KactunbsiHo #ABJASIOTCA pa3JHYHble CHCTEMBl H3 Tpex
ypaBHeHHH Hepa3pbIBHOCTH M COOTBETCTBYIOLHX Hecdop-
MAUMOHHHX TrpaHuyHbIX yciaoBuil. M3 dyukunuonasa
Ik1(9) (raba. 3.2), B KOTOpOM HCHOJAbL3yeTcss obliee pe-
menre (1.7) c mwectblo QyHKUUAMH HanpsxkeHufl (OHO
uMeeT BHA <«MakcBeaa - Mopepas), chefyer ILIecCThb
ypaBHEHHE HepaspHIBHOCTH C COO1BETCTBYIOLMMH Trpa-
ununbiMi yeoBuaMu [5.3]. HMenoab3oBanue gpyrux o6-
IWMX peleHHH NMPHBOAHUT K HECOOTBETCTBHIO MeXIy Ba-
pHauuMoHHOA H AH(pdepenuHanbHod  (HOPMYJHPOBKAMH
3afaun [5.3]; aToT BOmpoC HyxkHaercs B HdaJbHefillleM
Hcc/ieLOBaHHH.

T) DPynxyuonas Kacrusvano Ixa(g,6,e) 6 xeasuoc-
HOBHOM NpOCTPAKCT8e COCTOAHUL (¢, 0,€) INONyYeH u3
Ike(@,0) NyTeM pacliHpenHsi mpocTpaHcTBa (¢, 6) 3a
CUET HCKYCCTBEHHOTO BBeJEHHS HOBOH MNepeMeHHOH —
TeH3opa AedopMauuii e — u AOMOJHHTEAbBHOIO YCNOBHSA
(1.3) (3akon T'yka B ofpatHo#i opme). On coorser-
crByer dyHkunonaay JlarpaHmxka I pi(4,e,6) H CAYKHT
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AJ8 npeo0pa3oBaHHi H NMOCTPOEHHS HOBHIX BapHAlHOH-
HbIX NPHHIHIOB, B 4YaCTHOCTH NONHOIO (YHKIHOHaJa
"1a (@, G, ) (tabu. 3.4).

B) Pyuxyuonasvi KaCTuneAHO ¢ HENOAHbIMU NOAAMU
¢, 6, e. Oyukuuonansl Jy;, Jx4 BhHIpaxKeHb uepe3 Bce
KOMITOHEHTB! HCIOJb3YEMbIX TEH30POB ¢, G, € U NpelcTaB-
JeHpl B TeH3opHOH ¢opMme. B nekapToBofi H HEKOTOPHIX
IPYrHX CHCTEMaxX KOODJHHAT CYILEeCTBYIOT pPa3HOBHAHO-
cTH pyHKIMOHaNa KacTunbsHO, B KOTOpLIX apryMeHTaMH
IBJISIIOTCS He BCE, a JIHIIbL 4aCTb KOMIOHEHTOB TEH30pOB
¢yuxkuuil HanpskeHHd, HaNpskeHHd W nedopmanufl. Ta-
KHe Ppa3HOBHIHOCTH MOXKHO BLIBECTH, HalpHMep, H3
Ixs(e) (rabs. 3.2), BBOAS HEKOTOpbIE KOMIIOHEHTH (YHK-
Ml HaNpsiKeHHH B KauecTBe NMapaMmeTpoB o0LIero pemie-
HHSl YaCTH ypaBHeHHH paBHOBecHs], WK u3 Ik (@), BBOAA
B KaueCTBE€ HOBLIX IlepeMeHHbIX HEKOTOpble KOMIIOHEHTHI
HanpskeHufl U Zedopmanufi ¥ HCKNOHasg 4acTb KOMIO-
HEHTOB (PYHKIHH HanpsKeHHH.

B tab6a. 3.2 npuseneHo Julib ABa NpuHMEpa PYHKIHO-
HaJOB TaKOro poaa, Jxs(Qy, 6) u Ike (@i, 0°*), K3 KO-
TOPBIX MOLYT ObIThb IOJdy4YeHbl IOJHBIE (YHKIHOHAJLI
C HENOJHBIMH IOJSIMH.

§ 3. Moaubie GpyHKuUOHAABL

B coorBercTBHHM ¢ Teopuel npeofpa3oBaHHs BapHa-
IIMOHHLIX mpolJsieM (cM. I'. 2, § 2), pa3/ivuHble BAPHAHTH
HCXOZHON BapHALHOHHON 3a1aud NPHUBOASAT K Pa3JHUHBbIM
MOJHBIM (YHKIMOHANAM M COOTBETCTBYIOLIHM OOUHM
BAPHAMOHHBIM NPHHIKNAM B Pa3jHiHBIX NIPOCTPAHCTBAX
COCTOSIHHH.

U3 ¢yukunuonanoB IJu; (tabs. 3.1) nocTtpoeHH ImoJ-
Hble (PyHKIHOHaNBl Jy; (tadn. 3.3), KoTopble Mbl Oynem
Ha3biBaTb Aazpaxxesoll cepuell NOAHBIX (DYHKLYUOHANO8.
COOTBETCTBEHHO KACTUABAHOBA CEPUA Dn; MOAHBLY (PyHK-
yuonaaos (taba. 3.4) nonyuena u3z Jy; (raba. 3.2). Iloa-
Hble (QYHKIHOHaNbl HMEIOT, KaK NPaBHJIO, T XKe HOMepa,
YTO H YaCTHHIE, N3 KOTOPBIX OHH MOJYYeHHI.

Kaxabit nonHelfi GyHKIHOHAN MO3BONAET CHOPMYJIH-
poBaTh BAapHANHOHHYIO 3ajauy Oe3 KakuX-THOO IOMOJ-
HHTEJNbHBLIX YCJOBHH. 3AeChb HE3aBHCHMO BapbHPYIOTCHA
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BCe MapaMeTphl, yKa3aHHble B CKOOKax:. Halpumep, y
In2(U, e, ) HE3aBUCHMO BapbHpYIOTCS NONS U, € H G.

Mex1y MHOrHMH NONHHMH (QYHKIHOHA/JIAMH MOXET
ObITh yCTaHOBJIEHAa B3aHMOCBSI3b MOCPEACTBOM mpeobpa-
30BaHHi ONHOro MPOCTPAHCTBA COCTOSIHMI B Apyroe: yce-
YyeHHOe, pacClIMpeHHOe HJIH IKBHBAJeHTHOe (cM. I, 2,
§ 2.2)

M3 mnonHbIX GYHKUHOHANOB MONYYaiOTCS YaCTHbIE,
B TOM uHcle ¢yHKuuoHann Jlarpanxka (rabna. 3.1) u
Kacrunbsino (tabn. 3.2) B pasnuunoll ¢popme.

3.1. Jlarpan:xkeea cepHs MNOAHbIX (YHKHHOHAJOB
(tabn. 3.3).

a) Moanoui pynxyuonanr 3n(u,f) 6 nepemeujenunx
U NOBEPXHOCTHOLIX peaKTusrbix ranpsscenusx. [TocTpoen
nyTeM BHECEeHHS [JONOJHHTENALHHX YCAOBHA (rpaHHUHBIX
YyCJIOBHH B MNepeMelleHusx) B ¢yHKuuoHan JIgi(u)
(raba. 3.1) ¢ mHOoxurensamu Jlarpanxka f. Benwuunnt f
SIBJSIIOTCSl, KaK MNOKa3blBAIOT YCAOBHS CTALHOHAPHOCTH,
KOMIIOHEHTaMH HalpsiKeHHH, COOTBETCTBYIOIUMMH 3alaH-
HbIM KOMIIOHEHTaM IepeMelleHuil (4*)”, T.e. peaKuusIMH.

Ycnosus craunonapuoctu I (4, f)— ypaBHeHus pas-
HOBeCHs, CTaTHUYeCKHe M reOMeTpPHUYECKHe IDaHHYHbIE yC-
JIOBHSI B NepeMelleHHsiX IJIOC ypaBHeHHsi AJIsi BbIUHCIe-
HHSI peaKuu# f MO H3BECTHHIM NepeMeuleHHsIM.

6) [loanoul ynkyuonar 8 nepemeujerusax Ina(u).
Ecnu Bbipaxkenus AN peakuuil f uyepes nepeMenteHus
noacraButh B Jni(4,f) (T. e, C TOUKH 3peHHST TeOPHH
npeoOpa3oBaHus BapHAUHWOHHEIX NpobsaeM, HaNOXKHUTL He-
KOTOpble U3 YCAOBHH CTAHHOHAPHOCTH B KauyecTBe JOMOJ-
HUTENbHBIX YCJIOBHH M C HX NOMOIIbIO HCKJIIOUHTH f), TO
Jn mepelieT B NOJNHHY (YHKUHOHAN B HNepeMerleHHsX
Fn1a (1), KoTOpHE obcyxpnanca JI. Piopumrepom [3.11],
a Ans pa3pHBHHIX nosell nepemeuteHu#t — B. Tlparepom
[0.12] (cm. Takxke § 6).

B) [loanoul (ynxyuonar Xy— Bawuyy 3ny(u,e,s)
[0.17, 0.18] B oCHOBHOM NpPOCTPAHCTBE COCTOSTHHH MOJY-
yeH u3 Jn2(u,e) ¢ nmomombio MHOXHTenel Jlarpanxka ¢
OPH reoMeTPHUYECKHX COOTHolleHHsX. Kak BHAHO H3 yc-
JIOBHH CTAIMOHAapHOCTH g —e.-a = 0 ((pU3HUeCKHX CO-
OTHOLIEHH1), MHOxHTenu Jlarpanxa sBASIOTCA Hanps-
HEHUAMH,
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YcnoBus crapuoHapHoctu ¢yHKuuoHana Xy — Ba-
IIHIly HMEIOT KJacCHUYeCKylo, HanboJee ynorpebuTe/bHyiO
B TEODHH YIPYTOCTH (OpPMY: reoMeTpHYeCKHe COOTHOLIe-
aus (1.1), cratuueckue ypaBhenus (1.6) u cdusuueckue
ypaBuenHs (1.2) B o6beme V; reomerpuueckue (1.5)
H craruueckue (l1.4) rpaHHuyHble yCJIOBHS Ha MOBepX-
Hoctu S. 3

Hckniouenne MHoxutener Jlarpauxka o u3 dbyHKUHO-
Hana Xy — Bamuny B coorBerctBuH ¢ § 2.2r ra. 2 npu-
BOAHT K INOJHOMY (YHKUHOHAy B IpOCTpaHcTBe (u,e),
KOTOpHIT OKa3biBaeTcsi OfHOH u3 ¢opM dyHKUHOHANA
Peticcuepa [0.2]:

Ipi (u, €)=
([~ te aete afutaV)—F-uav—

—frwyas— @y € -a.nas. @)

MoxHO HCKIIOUHTL U3 Fne(u, e, 6) nedopmanuu e (B co-
otBetcTBuH ¢ § 2.2 B 1. 2) u npuiity K Apyroir dopme
¢yuknuonana Peficcuepa 37,(o, u) (raba. 3.4) B mpo-
crpanctBe (o, u).

v) [Toaneui ynxyuonas Jus(e, @) 8 Oepopmayuax
u pynkyuax nanpaxcenuil monyder u3 3 ns(e) (taba. 3.1)
¢ MHOXHTessAMH JlarpaHxka ¢.

YenoBusi cTayuOHApHOCTH (YHKUHOHANA IJp3 — reo-
MeTpHYecKHe ypaBHeHHs B gedopMauuax B ofbeMe H HA
MOBEPXHOCTH H 3aBHCHMOCTH MeXAy JAedopMalHsiMu
H GYHKUUAMH HanpsiKeHHuH, KOTOpble OZHOBPEMEHHO Hr-
paioT posib CTaTHYeCKHX H (H3HUecKHX ypaBHeHufi. Ort-
Ciofa cielyeT, UTO MHOXKHTeNH Jlarpanxa CcOBHagatoT
C KOMOOHEHTAMH TeH30pa QYHKHHH HaNpsKeHuH B ¢opme
Qunuu — Baoxa — Kpyrtkosa (cm. § 1).

3aMeTuM, 4TO HCIOAb3oBaHHe Ju3(e, ¢) MOXKHO pac-
CMaTpuBaTh KaK MHCTPYMEHT JJisfl YCTAHOBJICHHS 3aBH-
CHMOCTH MEX]y HalpsxXeHHAMH H (GYHKUHSIMH Halps-
KeHul, T. e. Asd NOJayYeHus 0611ero pelleHHs] ypaBHeHui
paBHoBecusi. MubiMu cinoBamu, npeob6pas3oBande QyHK-
uuoHana Jlarpauxka I3 (e) B Jus(e, @) daKkTHUeCcKH NPu-
BeJIO K Npeobpa3oBaHuio YCIOBHH cTanuounapioctd I

3 H. . AGousckuil u ap,
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(cTaTHueckux ypaBHeHui#l) K dopMe, asasgioueiica ux ob-
MM peleHHeM. DTOT NPUMEDP pacKphiBaeT TO GOratcTBO
BO3MOXKHOCTEH, KOTOPOE 3aKJIUeHO B BapHAUHOHHBIX
(GOopMyIHPOBKAX H UX Npeobpa3OBaHHMAX.

R) [oaneui ¢pynxyuonar Iy (u, e, a,h,pn) 8 pacuiu-
PEHHOM OCHOBHOM NPOCTPAHCTEE COCTOAHUL TOJydaeTcs
U3 (e, e,0) (1abn. 3.1) ¢ nOMOWKIO MHOMKHTENE]
Jlarpanxa A u p. Kak BuaHo u3 ycnoBufi craluoHapHo-

1 1 1
CTH, ju HMEET CMbICT e, 2 7\,=(70 + e -a).

®ynxuuonan Ini(u, e, 0,h, ) aBaserca NpoMexyTou-
HEIM 3BEHOM Ipeobpa3oBaHua In4(u, e, 0) B Fnaly, e, o).

e) [Moanbui pynxyuonar Iusa(u,e, o) 8 cummerpu-
308aunom ocrnosrom npocrpanctee cocroanud [0.1] mo-
JaydeH H3 Jn4 TMyTEM HCKJIIOUEHHS MHOXHTendell Jlarpas-
xa A 4 u B coorBerctBHM ¢ § 2.2r ra1. 2. ’

Dyuxunonan ny, (#, e, 0) — nuHefinulil (HEOZHOPOA-
HHIfl) OTHOCHTENbHO Kax/Oro H3 mapaMerpoB u, e, ¢ TpH
¢uKcHpOBaHHEIX ocTanbHbix. OTcloga criegyeTt ero oco-
GeHHOCTDb, 3aKAOYAOMIasAcd B TOM, UYTO KaxjAoe yCJOBHE
CTAallHOHAPHOCTH COJEPXKHT JBa [apaMeTpa 4 He COmep-
KHT TpeTH#, M0 KOTOPOMY BapbHPOBaicfi (PyHKUHOHAN
(cM. cxemy Ha pHe. 3.1).

3ﬂ4a(“’, e,6)

— T~

a8 a7 ad
E=f/;(€,b‘_)=0 Eg‘=72(ll,6)=0 ;y—e_’—'ff(ll, E)=0

Puc. 3.1. CummeTpuunbft XapaxkTep YC/IOBHI CTAUHOHAPHOCTH MOJHOIO
obyuxkuuonana Jnga (taba. 3.3).

Jlunefinoe npeo6Gpa3oBaHHe NPOCTPAHCTBA COCTOSHHE
(u,e,0) B (¢/,€,6") no popmynam

u=u, e=ée, =—;—(e'- ca o) (3.2)

nepeBoAHT GYHKUHOHAT Fnz(H, €, 5) B I (v, €, 0”). OG-
parnoe npeoGpaszoBaHHe ompejensiercs bpopmyaamu

u=u e =—e o =2 —e: -a. (3.3)
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[To cBo#icTBaMm, CBf3aHHBIM CO CTANHOHAPHOCTLIO,
byHKIHOHANE Jng H Insa IKBHBANEHTHH, HO MMEIOT pas-
JHYHbIE 3KcTpeMaJsibHble cBoiierBa (cM. § 5).

K) [Moanvie yrnkyuOHANGL ¢ HENOARBIMU NOAAMU NE-
pemewgnutl, depopmayudl, nanpanenus u Pyukyul na-
npAdcenll MOTYT GBITh MOCTPOEHEl € MOMOUIbIO MHOXKHTE-
aei JlarpaHka ©3 COOTBETCTBYIOHX pa3HOBHAHOCTEH
¢byuKunonana JlarpaHxa B JeKapTOBOH H HEKOTOPBIX
ApyruaXx cucreMax koopaunar. B rta6a. 3.3 npexcrasieno
MMIIb BA TAKHX GyHKnHOHanMa, Iy (u;, ey, o, f*) w

ia 3
s (i) €air 6% [°), uonyuwemmbix wus  Ins (g, €y)
3J]5 (u,, eai) (TaﬁJI. 3.1).

YenoBus  cTAauHOHAPHOCTH 3THX  (YHKIHOHAJIOB —
ypaBHEHNS CcMeWaHHOro MeTOfa B TEOpHH yUPyro-
cra [3.2].

3.2. KacruapbaHoBa cepHA MOJHBIX (PYHKUHOHAJIOB
(Tabn. 3.4).

o k

a) Moaneui gynxyuonar I, (@, €uq, *,) 6 PYhk-
yusx Hanpaxcenuli d Oeopmayuax nOBEPXHOCTU TeAd
nosiydeH u3 Ixi (@) (tabn. 3.2) nyreM BHeceHusl B HyHK-
[HOHAJ JOMOJNHHUTENbHHX YyCAOBHH (CTaTHYeCKHX rpa-
HUYHBIX yCIOBHA B (DYHKIHAX HAIPfKEHUHA) ¢ MHOXKHTE-

. . —_— *
namu Jlarpanxa. Muoxurenn Jlarpanxa npu(p,q — Pyg)
uenecoo6pasHo 3amucaTh B BHAe VB, a npu
($*° — $¥°) — B BHEe eys C TeM uTOGH 063 MOBEPXHO-

*
CTHBIX HHTErpana B I umesu oimﬂaxosyro bopmy.

YenoBus cTaudoHapHocTH I, — ypaBHEHHS Hepas-
PBIBHOCTH H AehopMalHOHHble TPaHHYHblE YCIOBHS H CTa-
THYECKHE IPaHHUYHBle YCJIOBHA B (DYHKIUAX HaNpsKeHHH,
a TaKXe paBEHCTBA, PACKPHBAOUIHE CMBICJA MHOXKHTeJel
JlarpaHxka: BblpaXKeHHe He3aJaHHBIX jgedopManuaél mo-
BepxHOCTH S uepe3 (YHKNHH HaNpsxKeHdH.

v *

6) Moansiti pynxkyuonanr 3, (@) 8 pynKyusx Hanpa-
otenud uwoaydyeH M3 GyHKnMOHana I, MyTeM HCKJOYe-
HUsL MHOXHTenelt Jlarpanxa ey, %yp B COOTBETCTBHH
¢ § 22r ra. 2. ®ynkuuonan 3, (¢) — aHajIOr MOJHOrO
byHK1HOHANMA B mepeMelleHusxX Jn, (1), cM. § 3.16.

B) IToansui ¢pynryuonanr 3.,(q, 6, e) 8 K6a3UOCHOB-

HOM NPOCTPAHCT8E COCTOAHUL ToayuyeH u3 Ixq (@, 0) my-

3*
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TEM BHECEHHS AOMOJHHTEIbHHX YyCJOBHH (06mHX pelue-
HAA ypaBHeH#N paBHOBecHda B ob6bveMe V W rpaHHYHHX
ycnosuit B GYHKNMAX HaOpsKeHWH Ha HoBepxHOCTH S)
B OYHKUMOHAM ¢ MHOXHTeasMu Jlarpanxka. MHoxHTEIH
Jlarpanxa sBagiorcs gedopManuamMi B obbeMe H HA 1O-
BEDXHOCTH. YCJA0BHA CTAalMOHAPHOCTH — IOJNHHINA Habop
ypaBHeHHH# H TpaHHYHHX YCIOBHH TEOPHH YNPYrocTH
B GYHKUHAX ¢, O, €.

dyuxunonan 35, (¢, o, e) ApageTcs IPOMEKYTOUHEIM
3peHoM npeoGpasopanuss Ppugpuxca (cm. 1. 2, § 2.4)
Ixe(p,0) B Ins(e). O6patHoe mupeoGpasoBanue I3
B Jko NPOH3BOJHTCS Yepes MONHHR PpyHKIHOHAN Fns (e, @)
(rabn. 3.3), 1aK uTO 3TH ueThipe (pyHKUHOHANA CBA3AHMI
Mexay coGoit mo cxeme, H3o6paxkenno#t Ha puc. 3.2.

- nwes -

P \\
Gz (9,6) Gz (8)
\\ //
~a -
Gs(e @)

Pruc. 3.2. Baanmocsssb dyuxkunonanos Kactuabano g, n Jlarpanxka
3¢ nmonnbiME QyHKUMOHaJaMu: npsmoe B 06paTHOe mpeobpasopa-

Hie ®puapHxca.

r) Moanwtii pynxyuonar 37,(0, u) 6 nanpaxenunx
H nepemewenuax (pynkyuonar Peiiccnepa [0.13]) no-
Jdyued BHeceHHeM B IJk3(o) (Taba. 3.2) craTHueckux jao-
TONMHATENbHBIX YCM0BHR ¢ MHOXutensMd Jlarpauxa u,
KOTOpblEe MOXKHO CYHTaTb, KaK BHAHO M3 YCJIOBHH CTanuo-
HAPHOCTH, MEPEMEeIeHHAMH.

®yukuuonan Peitccnepa 3, (o, u) asnserca mpome-
KYTOUHBIM  3BeHOM  mpeoGpasoBahus  Ppugpuxca
(cMm. ra. 2, § 2.4) Iks(o) B I (u, e). [TpoMexyTouHBIM
3BeHoM o6paTtHoro npeoGpasoBands Ijq: B IJks CAYKHT
byuknuonan Xy — Bawuny Jna(u, e,6) (rabn. 3.3), rar
YTO 3TH 4eThipe QYHKIMOHANA CBA3aHH MexXAy co6oii no
cXeMe, aHaJAQrHUHOH puc. 3.2.
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I/ICHOJleyﬂ JNHHeliHoe mpeolGpa3oBanue POCTPaHCTBA
COCTOSTHUH
u=u', o=e. -aq, (3.4)

MoxHO 3, (o, u) npeo6Gpasosats B ¢byukunonan. Pefic-
cHepa (1) B gepopManusx u nepemewenusnx (cm. § 3.1s).

) Moanotl pynxyuonan 3, (p,0,e & m) & pac-
WUPEHHOM  KBABUOCHOBHOM NPOCTPAHCTBE COCTOARUL.
[Tonyuen u3 Jx4(q¢, 0, €).- Muoxutenu Jlarpanxa — teH-
3opbl &, M. HUx ¢usuueckuit cmbica omnpeieneu BTOpHM
H TPETbHM yC/OBHAMH CTAalHOHAPHOCTH.

®yuKuHOHAT Jne HMeeT BHE, aﬂanomqﬂuﬂ 9,,4
(ta6n. 3.3) u sBAsieTCS OPOMEXYTOUHHIM 3BEHOM A/
uepexona K 3., (@, o, e) (cpasHute ¢ § 3.1;m). -

e) 170/mbm ¢ynkyuonar 3., (¢, o, e) 8  K6aauoc-
HOBHOM CUMMETPU308AHHOM NPOCTPAHCTEE BHIBENCH . ‘U3
3, nyTem HcKaOueHus MHOXHTenel Jlarpanxka § v,

Mexny 3;, u 3%, cymecTsyer cBsi3b, aHaJOrHUHAS
cBsi3n Mexay 3I,,,(u, e, 0) u 3,,(u, e, 0): 3}, nepexo-
nut B 3, upu 3amere (5); oGpaTHoe mnpeoGpasoBaHue
naetcst gopmynamu (6):

¢=¢, 0=0, e=3(¢+ -5, (3.5
(p/=¢’ 0-/-_—_-0, e’ =% —o- b, (3.6)

[To cBoficTBaM, CBSISAaHHBIM CO CTAaUHOHAPHOCTHIO, BYHK-
unonansl 3y, u 3J.,, SKBHBAJEHTHH, HO HMEIOT Pas/Hi-
HblE SKCTpeMaJIbele coilctBa (cM. § 5). o

OyHKIHOHAN 9m (o, 6, e), nonobuo I (1, e, 0),
JHHeHHHH (HEOZHOPOLHH) OTHOCHTENbHO KaxAol u3
TpeX TuepeMeHHHIX @, G, € H HUMEeT B ITOM CMbicJe aHa-
noruunbie csoficTsa: cBA3b ), ¢ ero ycJoBHAMH CTa-
LHOHADHOCTH HMEeT CHMMETPHUYHBLIA BHIA, AHAJOTHUHO
cxeme Ha puc. 3.1

xk) Moanse (pyﬂxquoua/zbc C HENOAHbIMU NOAAMIL
pynkyul nanpaocenuli, dedopmayuil u nepemeuierHull Mo-
ryT GHITh IIOCTPOEHBI ¢ TIOMOILIBLIO MHOXUTeNel-JIarpatika
W3 COOTBETCTBYIOIIMX pasHOBHAHOCTEH (YHKIHOHAN
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Kactunbsino B feKapToBON H HEKOTOPHIX IPYTrHX cHCTe-
Max KOOPAHHAT N0 aHanoruu ¢ s 4 Fne (ralbn. 3.3
1§ 3.1x).

§ 4. Yactube pyHkuuoHaas. Ux B3anmocssdb
€ NoJHbIMH PYHKIHOHANAMH

Coraacuo § 2 rn. 2 uvacrHble GYHKUHOHANH [IONY-
9a10TCHA U3 MONHBIX NPH HANOXKEHHH HEKOTOPHX yCIOBHH
CTAUHOHADHOCTH B KAdyecTBe [JOMOJHHTENbHBIX YCJAOBHH.
ITpu aTom Belpaxedue ana GyHKNHOHANA OOLIYHO ympo-
miaeTcsd, TaK KakK HEKOTOpble caaraeMhie 06pamanTtcs
B HYJb.

U3 npusenennoft B § 2.3.1 ra. 2 knaccuduranud no-
MOJIHHTE/bHEIX YCJAOBHI, KOTOPble MOMKHO HaJOXHTb Ha
MOJIHbBIA (YHKIHOHAJ, BHIHO, YTO KOJHYCCTBO BO3MOIKHO-
cTeft AN NOAYdeHHs PA3NHUYHHX JACTHHX (YHKIHOHANOB
OUYeHb BeJHKO. B yacrTHOCTH, Jerko ocyliecTBaserca [e-
pexon K ¢yHKuuoHasam Jlarpamxka u Kacruaeado. He-
KOTOpHle fpyrHe, Haubosee XapakrepHble, Ha Hall
B3IV, YacTHHle GYHKIHOHANH, MpHBedeHH B Tabn. 3.5.

4.1. PasiuuHbie BapMaHTBl YAaCTHBIX (YHKUHOHANOB
Jlarpanxka u Kacruabado (ra6a. 3.1 u 3.2).

a) loayuenue tynrxyuonanos Jlaepauma u3 sazpan-
aceaoli cepuu noanvix Gyrnxyuonaros u Kacrurvano —
U3 KacTuAbAHOBOU cCepuu nupeacraBasier co6oft ofpar-
HbIfl mepexoj OT MOJHBIX (YHKIHOHAJOB K YaCTHBIM, H3
KOTOPH X OHH mosydennl. Jl/1si 3TOro nepexola B KauecTBe
AOMONHHTENBHBIX yCJAOBHH NPHHHMAIOT T€ ypaBHEHH,
KOTOpble ObiH BHeceHH B (DYHKNHOHAJA C MHOXKHUTENSIMH
Jlarpanxka; npd sToM cjaraeMbie B (GyHKHHOHAJNE, CO-
IepxauHue MHOXHTenH Jlarpanxa, o6pamaiorcsi B Hy/lb,

6) IlpeoGpasosarnue HeKOTOPLIX NOAHBLY PyHKyUOHA-
108 Aagparxcesoil cepuu (Tabn. 3.3) B pasauunsie sa-
puantel pynrxyuonara Kacrusvano (raba. 3.2). Hano-
eHHe B KayecTBe JONOJHHTENbHBIX yCJOBHH TexX ycJo-
BHH CTallHOHADHOCTH NOMHBLIX (YHKIHOHAIOB, KOTOpHIe
He OBUTH NONONHHUTENbHBIMH YCIOBHAMH HCXOAHBIX (yHK-
nionanos Jlarpanxka (ta6a. 3.1), u uckaouende ¢ mo-
MOMIbIO 3THX yPaBHeHUR nepeMeHHBIX, BXOASIIIUX B HC-
xonHbie GyurUHOHans Jlarpauka, mpuBoAut (cM. ra. 2,
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§ 24) x pasnuuHbiIM @ BapHaHTaM  (QYHKUHOHAMNA
Kactuabsino, 3aBHCAIIHM OT CTATHYECKHX BEJTHYHH, KOTO-
pble TP TOCTPOEHHH MOJHBIX (YHKUHOHAJNOB GbLIH MHO-
xkutenaMu Jlarpanxa. dto npeo6pasoBaHude ABASETCH Of-
HHM H3 3TanoB npeo6pazoBaHus Ppuppuxca Im — ;.

Tak, nanpumep, Inz2(u,e,0) (ra6a. 3.3) mnocae nano-
JKeHHs B KauecTBe JONNOJNHHUTENbHBIX yC/AOBHH craTuue-
CKHX ypaBHeHHA B o06beMe H Ha MOBEPXHOCTH TeJa Te-
pAeT mepeMeHHyI0 #. DTO CTaHOBHTCA OYEBHAHLIM, €C/H
¢ TIOMOILLIO HOPMYyN

G- --;—(Vu—l-uV):V-(a-u)—(V-o)-u

n dopmyanl Ocrporpagckoro (cM. [Ipunoxenue 2) mpe-
o0pa3oBaTe QYHKUHOHAN Jne K BHAY

9!12 (ll, e, 0)=

=SSS[%e- -a- -e—o--e—(V-o+F)-u]dV+
+SS(a~n—-—f")’-udS+SS (@) -0-ndS.

’

JleficTBHTE/NIbHO, €CIH G YAOBJIETBOPSET CTATHUYECKHM
ypaBHeHHAM B o0beMe H Ha TNOBEPXHOCTH, TO Ko3(pdu-
ILHEHTHl TIPH # B 06GBHEMHOM H MOBEPXHOCTHOM HHTErpaJjax
paBHBl HyJ10, # Jn2 He 3aBHCHT OT u. [Ipogonxkas mpe-
o6pa3oBaHue, HAJIOXKHM B KavecTBe HOMOJHHTENbHBIX yc-
JOBH# eule H ¢u3udecKne ypaBHeHus (1.2), BbipasuMm e
yepes ¢ W MOACTaBHM e = ¢--b B ¢yHkuuonas (l); mo-
ayuaM pynknuonan Kacruabsano ks (o).

ITogo6HBIM 06pa3oM, Hak1ajgbiBas craTHYecKde JO-
MOJNHUTE/bHblE YCJOBHS H HCKAI09as mepeMeHHyIO e U3
nosHoro ¢yHKUMOHana Jns(e, @) (Taba. 3.3), nepehnem
K JApyrodl pasHOBHAHOcTH OYyHKUMOHana KacTHabsino
Ixi1 (@) (taba. 3.2).

DyukumoHan Iy (u,f) Henb3s yKa3aHHBIM TyTeM Ipe-
o6pa3oBaTh HH B KaKyl0 DasHOBHAHOCTb (PyHKIHOHANA
KacTuabiHo, Tak Kak OH He CONEPXKHT CTAaTHUECKHX Iie-
peMeHHHX B 06beme V.

OynkunoHas  IJnsa(u,e,0)  UepexomHT, KAK H
Ina(u, e,06), B Ixs(o), ecqIH HaANOKUTb CTaTHYECKHE
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AOTIOJNIHUTE/NbHbIE YCJAOBUA

V-—;—(G—I—e- ca)+F=0s8YV,
[%(o—l—e- .a)—f*]/=0 Ha S

H HCKJIIOUHTH € ¢ NMOMOmbIO YPaBHeHHH
a—-%(Vu—l—uV)- ca=0, e——;—(Vu—l-uV):O B V.

B) Ilpeobpasosanue HeKOTOpbIX ROAHBIX (PYHKYUOHA-
208 KacTuabanogol cepuu (raén. 3.4) B pynxyuonassi
Jazpanxca (rabn. 3.1). llepexon or I, k I, — onun
3 3ramnos 1npeo6GpasoBanda Ppugpuxca Iy > Ig;
(cM. r1. 2 § 2.4)— ocymecTBasieTcs N0 AHAJOTHH C Mpe-
o6pasoBanueM Iy B Jx; (cm. § 4.16).

DyHKIHOHAN 9;2((p, 0,e) T10cae HaJOXKEeHHS A0MoJ-
HaTeabHblx yenosH#t (1.8) u (1.2) B o6beMe Tena u ge-
(GhOpPMAUHOHHBIX T'DAHHYHBIX YCJOBHA Ha MOBEPXHOCTH
(koTOpBle ABAAIOTCH €r0 YCJAOBHAMH CTAIlHOHAPHOCTH)
H HCKJIOUeHHs NepeMeHHOH ¢ mepexogHT B IJns(e), Tak
Kak npeo6pasoBaHue o0beMHOI0 HHTerpasa ¢ HUCIOAb30-
BanueM ¢opMyasl Ocrporpagckoro (cM. [Ipunoxenune 2)
NpUBOAUT I, K BUALY

3, (9, o, e)=SSS[~—%0- b c0+e-0—e 0°—
—(VXeX V) -q]dV+
+ SS [("’1’5)' €y ™ covePd (q):;ﬂ)l s (e)] ds +

+ SS {(eys€5s)” By (@) — c2VeB [y (€)=t 0]" Pog} S +
—+ const,
OTKyaa fCHO, 4yTo IIpH YCJA0BHAX

VXeXV=038V;
(eys— ) =0, [y (6)—%,] =0 na S
K03Gb QHUHEHTE NPH ¢ 06paimaTca B HYJb.
[TogoGubiM  06pasom  mpeoGpasyercs 3, (0, u)
B I, ().
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Henvast ykasaHHeIM mnyTem mnpeo6pasosate 3% (g,
€qps %ap) B OYHKIHOHAN Jlarpanka, TaK Kak OH He cOAEp-
XKHT FeOMETPHUECKHX NepeMeHHbX B obneMe.

®yuknnonan 37, (¢, 0, e, &, 1) nepexonm B ONHY H3
bopm prHKuPlOHaJIa Jlarpamxa

In3a 8 m)= SSS(-—%- b E42m- .g_}_n. -0°)dV+
-+ S S [(xpza)' Ny — cv B (‘p;B), %5 (n)] dS - const

C JONOJHHUTEJIBHBIMUA YCJAOBUIAMH
VX XV=0 n—2.:.6=038V,
(Mg — &)’ =0, [%y5(€) —3]” =0 na S.

* ok
®ynkuuonan 3, (¢, 0, e) nepexonut, Kak u I, (q,
g, e), B In3(e), eciu HANOXKUTH reoMeTPHIECKHE HO0J-
HUTE/bHBIE YCAOBUSA

VX (e+o- -5)XV=038V,
[5e+o- -b), —e] =0,

[—;—nvé(e—{—a- -b)—x’;a]”=0 Ha S
M HCKJIOUHTb O C NMOMOIULHI0 YpaBHEHHH
e— (@ +VXeXV). -b=0,
o—(@4+VXeXV)=038V.

4.2, BpiBoj 4acTHBIX (PYHKUHOHAJNOB M3 MOJHBIX My-
TEM HANOKEHHS Ppa3JMiHBIX KOMOWMapmii reomerpuue-
CKHX, CTaTHYeCKHX H (PM3HUECKHX ypaBHeHHH B KaueCTBe
ROMOJHUTEABHBIX YCNOBHI (cxeMma a) KJaaccHpHKanHu B
ria. 2, § 2.3.1). Pasbepem Ha npuMepax NOJAHBIX (QYHK-
IHOHAJ0OB B OCHOBHOM H KBA3HOCHOBHOM IIPOCTPaHCTBaX
COCTOSIHMH pasnHUHble BO3ZMOXHOCTH, BO3HHMKAIOUHe MpH
HA/M0XKEHHH YKa3aHHBIX AOMOJHHTENBHBLIX YCJOBHIL

a) Hcnoav3oeanue o0HOL epynnot u3 MROJCECT8A -2e0-
MeTpuyecKux, CTaTuyeckux u usudeckux YpasHerut
8 Kauecrtge OONOAHUTEAbHOIX YCA0BUIL, HAKAAD6IBACMBLY
Ha noanbll pynKyuonas Ing(u,e, o) NPHBOIHT K Npeol-
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‘pa3oBaHuAM, MOKa3aHHbIM Ha cxeMme (puc. 3.3). Ira
cxeMa MOKa3biBaeT HEKOTOPYIO HepaBHONpPaBHOCThL YCJo-
BHit cTaUMOHapHOCTH PYHKIHOHaNA Fnp C TOUKH 3PEHHA
HX WCHOOJAb30BAaHHA MAJAA NOJYYEHHS YaCTHHX (YHKUHO-
HanoB. HepaBHompaBHOCTh reOMeTpHYECKHX YpaBHeHHH
N0 OTHOWIEHWIO K CTATHYECKHM H (DHUBHYECKHM COCTOHT
B TOM, YTO OHH NpPUBOAAT K ¢yHKuHOHAJNY JlarpaHxka

iz (4,6,6)

}’c/mﬁu.q CIMAUUORGREOCTTI:
8€0ME/77,0[1‘/€L’/(U€, L‘/IZJIHUVEL'/(UB ¢US/I‘I€L‘/([/€
Ypalrens

/ 1N\

Aononwumenshore yenolus

¥ Y
(’EDM&‘I”,DU‘IL’@ @n(lmu%’c/(@ (zpu.al/l/eo/(@
[ Y Y Fpr (G4)
¢7j73(”; e) Iy (8,6) Grp(u,e0)

&’p,(u,e)

- T
yb‘ﬂaﬂ(l.ﬂ cm aguaﬁ apHocmu

( o\
[,'r/)amullel,w eﬁaﬂemﬂl/llec/(ae, CEOMEITIDIIYECAUS,

(c ugzz;g/;iuw QuIuvecKue J CMAMUYecKue ]

Puc. 3.3. Ucnonb3oBanne reoMeTpHyeckHX, HJIH CTAaTHYECKHUX, HAH (H-

aHYeCKHX YpaBHeHHH B KauyecTBe NOMOJHHTeNbHEX YC/JOBHA AAA BHI-

BOJ4 YAaCTHHX (DYHKHHOHAJNOB M3 QOJHOTO B OCHOBHOM fpOCTpaHCTBe
COCTOSTHU.

3na(u,e), ycnoBus CTAUMOHADHOCTH KOTOPOTO COCTOAT
H3 ONHOH rpymnibl ypaBHeHHit — craruueckux, a dusude-
CKHE OKa3hlBAIOTC HEHYXKHBIMH, TaK Kak HH 4YacTHblH
¢yHkuuouan 3Jng, HH ero AOMOJIHUTENbHble YCJIOBHA He
cozepkaT NMepeMeHHYI0 ¢. JTO, KOHEUHO, He 3HAUHT, 4TO
(pu3nuveckHe ypaBHEHHS OKa3blBAIOTCA HapyllleHHbIMH,
Tak KaK OHH BHITOJIHEHBI 3apaHee, W MOITOMY ypaBHeHHS
paBHOBECHS KaK YCJOBHS CTAllHOHAPHOCTH Jn» 3amu-
caubl B JedopManusax.

[pu HanOXeHHH B KauecTBe NONOJHHTENbHBIX yCJO-
BHll cTaTHueckuxX ypaBHeHn#l Ina(u,e,6) nepexoruT
B QYHKUMOHA A/ (PU3HUECKHX H FEOMETDHUECKHX COOT-
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HoweHn#l Fyr(e,¢) (Taba. 3.5). dtoT ¢QyHKuHoHAA %NB-
JSeTCA MPOMEXKYTOUHBIM 3BEHOM mnpeo6pa3OBaHHsi IFng
B Jks(o) (cMm. § 4.16). Iy mpeobpasyeTrcs B UOJHBIR
byHKUuHoHad Jy3(e, @) (Taba. 3.3), ecam af yAOBAETBO-
PeHHUs AOTUOJHHTEJBHBIX YCIOBHA K HEMY HCIOJb30BAaTh
obmee pemenue (1.7) ypaBHeHH# paBHOBecHS.

(U €,6)

Yenobug crmayuoragrocin:
2EOMEIMPUYECKUE, CTIAMUYECKUE, PUIU-
vgCKue ypaﬂﬂeﬂuﬂ

/ |

,[ZOﬂﬂ/IHUWE/Ibe/E % cnzzﬂu,v

eeomemp vem omempuecsug) | cmami vecKuE,
¢1/5(/ verKuy CIRQUTTUYECKUE ¢1/3Ul/em'ue

E (y,e,@) 3¢,(e,5) 7 (e, &) T3 (6)

[ l 1
Yenoabug cmagquowaprwocmu

.}
@lﬂ/]ﬂl ‘/€L‘A’Il€) ' ¢UJ UYECK IIE) @0/45/”,0’(/ llt’L‘li’t/ﬂ

Puc. 3.4. Ucnosb3oBaHHe ABYX rpynn H3 MHOXKeCTBA IeOMETPHYECKHX,

CTaTHYECKHX M (U3HUECKHX YpaBHEHHH B KayecTBe JONMOJHUTENbHHIX

ycnoBu#t Anf BBHIBOAA YaCTHHX (YHKUHOHAJNOB U3 NOJHOTO B OCHOB-
HOM TIPOCTPAHCTBE COCTORHUM.

[Tpu HanoxeHHH (H3HUECKHX ypaBHeHHH Iy Iepe-
X0AHT B GYHKUMOHANA Irc(#,e,0) AA1 reoMeTpHUecKHX
W cratudeckHX ypasHenuit (tabn. 3.5). Mckaouue us
Hero B COOTBETCTBHHM C M. 2, § 2.28 ae(popmauml noJjy-
YHM TOJMHBIA ¢GyHkuMOHan Peficchepa 3),(0, u), a wuc-
KJIIOUHB HaNpSKeHHS, TOJyYHM APYryIo paSHOBPlAHOCTb
¢yukumonana Peficchepa — Jp;(u,e) (cM. § 3.1B).

6) Hcnoavsosanue 08yx epynn u3 mHoONCecT8Q 2e0-
MeTpuyecKux, CTATU4eCKUX U Pusuyeckux ypasrerut Gas
ROAYHEHUA HACTHOIX (PYHKYUOHAAC8 U3 In2(u,e,6) To-
Ka3aHO Ha cxeMe puc. 3.4.

HepaBnonpaeue reOMeTPHYECKHX JONOJHHUTENbHBIX
YCJIOBHt C JPYrHMH 1O OTHOIIEHHIO K QYHKUHOHAJY I
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(§ 4.2a) MoxkeT HPHBECTH K TOMy, 4TO NPH HAJOXKEHHH
reOMeTPHYECKHX H (GH3HYECKHX MJIH TeOMEeTPHYECKHX
H CTATHYECKHX JONOJHHTENbHBIX YCIOBHH Jne Nepefifier
B yHkunonan Jlarpanxa I, (u,e), koropnit He copep-
JKUT HampsikeHH#d. Torga Mbl NOAYYHM B KauecTBe ycJlO-
BAfi CTALHOHAPDHOCTH CTATHYECKHE YPABHEHH C YUETOM
¢H3HuecKHX, Kak H B cxeMme Ha puc. 3.3. Ho Tak kak
&b COCTOHT B TOM, UTOObI NPHHATL ABA AONOJHHTENb-
HBIX YCJOBHS, HOJIXKHO NOQJYYHTBLCA, YTO IPH 3THX JO-
TIOJIHUTENbHBIX YCIOBHAX U3 Jnp CAEAYIOT YacTHHE QYHK-
IIHOHAJMbl B COOTBETCTBHH cO cXeMoH Ha pHc. 3.4. Hefi-
CTBUTE/JLHO, INPUHHMAA BHAuajlle He TreoMeTpHYecKHe,
a (H3HYECKHE HJIH CTATHYECKHe YpaBHEHHS, NPHXOAHM
K pe3yJabTaty Ha cxeMe pHc. 3.4. 3aMeTuM, YTO 3TOT XKe
pe3y/bTaT I0JYyYaeTcs, eclH K YacTHHIM (DyHKUHOHadaM
Ha pHc. 3.3 MPHHATb COOTBETCTBYIOLlee BTOPOE AOMOJHH-
TeJbHOE YCJIOBHE, KaK Ha puc. 3.4.

[IpM reoMeTpUYECKHX H CTATHUYECKHX JONOJHHTE/]b-
HBIX YCJAOBHSIX Fne NEpPeXOUT B (GyHKUHOHANT Jy (e, o)
(ta6a. 3.5), YCIOBHSIMH CTALHOHAPHOCTH KOTOPOro $iB-
agioTcss ¢usHueckHe cooTHolleHHs B ¢dopme V- (g —
—e--a)=0.

[1pH HaNOXKEHHH CTAaTHYECKHX H (pH3HYECKHX YCAOBHH
Jne NEPEXOIUT B OAHY H3 PA3sHOBHAHOCTEH (yHKIHOHAJ/A
Kacruapsino

e 1= ] (o v ([0 nas
¢ JOMOJHHTEILHBIMA YCJIOBHAMH
V.6+F=0, 6—e--.a=038YV;
(-n—f)Y=0 nas.

dtor (yHKUHOHAN JMerko npeobpasyerca B Iks(o).

B) Hcnoab3osanue 0OHOLU epynnbt U3 MHONCECT8a CTA-
TUHECKUX, 2COMETPUHeCKUX U (QU3u4ecKux Yypaeunenull
8 Kauectse OONOAHUTEAbHBLX YCA08Ul, HAKAAO0bIBaeMbIX
HO noanxbil qbynxuuona/zanz (9, G, e), MOKHO MPOHIIO-
CTPHPOBATb CXeMOH, aHAJOrHYHOA puc. 3.3, 3aMeHHB Ha
HEM 4 HAa @, ¢ HA 0 U 0 Ha ¢ H NIOMEHsIB MeCTaMH reo-
MeTpHUYECKHe H CTaTHuecKHe ypaBHeHHs. 3Jecb, aHAMO-
ruudo § 4.2a, o6HapyKuUBaeTcs HepaBHONDABHOCTb CTa-
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THUECKHX YCJOBHA ¢yHKUHOHaNa J,, N0 OTHONIEHHIO
K ocrajnbHbiM. [IPH CTATHYECKHX JOMOJHHTENbHBIX YCJ0-
BHAX I, NepexoaHT B ¢yskunonal KacruipsiHo
Fk2(9, o) (§ 4.12), xotopuifi He coxep:xur AeopMaLHK
H YCJOBUS CTAIIHOHAPHOCTH KOTOPOI'O COCTOAIT H3 OAHOf
Ipynne  ypaBHEHUH — reOMETPUUYECKHX, a (DU3HYECKHe
ypaBHEHHS OKAa3bIBAIOTCA BHINOJHEHHBIMH.

[Ipu HanoKeHHH B KayecTBe JOMOJHHUTENBHBIX YC/I0-
BUfi reoMeTpHUecKHX ypaBHenu#t I, (¢, O, ) nepexoxHT
B OYHKUHOHAJ A5 (U3HUECKMX M CTATHYECKHX COOTHO-
weHult Jg¢c(o,e) (raba. 3.5). 10T ¢yHKUHOHAJ £B-
JSeTCs TMPOMEXKYTOUHHIM 3BEeHOM npeoGpasoBanus J,,
B Ina(e) (cum. § 4.1B). Oyukuuonan Jg. npeobpasyercs
B 97,(0, u) (Tabui. 3.4), ecnu [JA YAOBJIETBOPEHHS I1O-
MONIHHTENbHBIX YCJAOBHH K HEMy MCIO/ab3OBaTh obilee
pemenne (1.1) ypaBHeHHH Hepa3pHBHOCTH.

[Ipn HanokeHHH (HU3HueCKUX ycaoBuit 37, (¢, O, €)
nepexoiuT B QYHKUHOHANH Jor (@, 0,€) M7 CTATHUECKHUX
H TeOMeTPHYECKHX ypaBHEHHH.

r) Hcnoas3osanue dsyx epynn u3 MHOMECT8A CTATU-
necKux, eeomeTpuyeckux u uzudeckux ypasuenui 041
noaywenus HacTubix pyrxyuonasos usz 35, (e, o, e)
MOXKHO  NPOH/JIIOCTPHPOBATb  CXEMOH, aHAJOrHUHOR
puc. 3.4 (cm. § 4.26).

ITpn craTHYecKHX H TreOMETPHYECKHX JOMOJHHUTE/Db-
HBIX YCJOBHAX I, TMepeXoaHT B OYHKIHOHAN Ig2(0, )
(rabn. 3.5), ycnoBHAMH CTAUHOHAPHOCTH KOTOPOrO fB-
JSI0TCS (pU3HUECKHEe COOTHOIIEHHS B (opMme

VX(e—o- -b)X V=0.

[Ipu HANTOXKEHHH reoOMEeTPHYECKHX H (H3HYECKHX
ypaBHeHul 3%, NEPEXONUT B OAHy M3 DA3HOBHAHOCTEH

¢yHxunonana Jlarpanxa

37 (0, €)= SSS (-;—0'0' -e—g°. -e) dv —l—SS[ ..]1dS
C JOMOJIHHTE/bHLIMH YCJIOBHSMHU
VXeXV=0, e—c- -b=081V,
(eaﬁ—ezﬁ)”=0, (g — %gp)” =0 Ha S.
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Jror ¢QysHKuHOHAA Jerko npeobpasyercs B Ijs(e)
{1aba. 3.1).

4.3. ®yHKUHOHAN (hU3HYECKHX COOTHOWeHHHA. Ycio-
BHSIMH CTALHOHADHOCTH (YHKUHOHAJA

30, &) =

=SSS(.2_8. .a- -e—{—%ﬁ- .- .0—o0- -e)a'V
(4.1)

ABNSIOTCS (DH3NUECKHE COOTHOLIEHHA B IpAMOU u obpar-
Ho#l ¢opmax. XoTS OH H HE BXOJZHT B CHCTeMY mpeolbpa-
30BaHHBIX (yHKIUOHAJMOB Jlarpamxa n Kacrunbsino,
HO 6/IM3KO K HeHl NpPUMBIKaeT H 06/1ajflaeT HHTEPECHBIMH
CBOHCTBAMH C TOYKH 3pEHHS CTAHUOHADHOCTH M 3IKCTpe-
ManabHocTH (cM. Takxke § 5).

Ddynrunonan (1) MOXKHO NMONYYHTb H3 (DYHKUHOHAJIOB
paccmaTpuBaeMoift cucreMbl chaeaylomum obpasoMm. Hs
Jor(e,6) (rabn. 3.5) BeruteM (ynkuHoHan KacTuibauo
ks (o) (taba. 3.2) n nojoxHM

3(}) (0’ e) = 3(1)1" (e) 0') - 31(3 (0) (42)

Tak Kak Jpr H Ixs HMEIOT OAHH H TE KE HOUOJHHTE/b-
Hbl€ YCJIOBHS — CTaTHYECKHE YPAaBHEHHH, TO €CTECTBEHHO
CUMTATh, YTO Iy TAKKE HMEET B KauyecrBe JOIOJHHTE]b-
HBIX YCJOBHH cTaTHYeCKHe yDaBHEHHS, a B KayecTBe yc-
JIOBHH CTAHOHAPHOCTH — FeOMETPHYECKHE H (DH3HYECKHeE.
DTOT BHBOJ, MNOKa3blBaeT, UTO CTANHOHAPHOE 3HauyeHue
I (0, €) paBHO HYJIO, TaK KaK Iy PaBeH PA3HOCTH ABYX
(GYHKIIHOHAJIOB C OJIHHM H TE€M }Ke CTalHOHAPHLIM 3Haye-
HHEM, JOCTHTAIOIHMCA B OLHOM M TOH ke TouKe.

Hpyro#i BuiBog I¢ (0, €) COCTOHT B HCHOAL3OBAHHH
¢yukunonana Jlarpanxa Ins(e) (taba. 3.1) u dynk-
1HoHana Ajnd (H3HYECKHX H CTATHYECKHX COOTHOLIEHHH
I¢c (0, €) (Taba. 3.5):

Iy (0, €)= In3(€) — Iy (0, ). (4.3)

Orciona BHAHO, UTO HONONHHTENbHEIMH YCIOBHSIME K I
MOXKHO CUHTAaTb TE€OMETPHYECKHE YPABHEHHS, H TOria
yCJOBHSI CTAUHOHAPHOCTH CYTb CTaTHYECKHE H (u3Hye-
CKHE COOTHOLUEHHS.
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Ecnn B xauecTBe OMONHHTENbHHX YCI0BHH K J¢ (0, €)
NPHHATD H TreoMeTPHUecKHe, H CTATHYECKHE ypaBHeHHS,
TO OH NIPEeBPATHTCA B Pa3HOCTb PyHKUHOHANOB JlarpaHka
H KacTuabfiHO; €ro yCJIOBHAAIMH CTAaUHOHADHOCTH GyayT
H IeOMEeTPHYeCKHe, H CTATHYECKHE YDABHEHHA C y4YeTOM
¢bu3nUecKHX, KaK 3TO HATJAJHO N0KAa3aHO B IpHMepe,
paso6paHHOM B craThe [4.3].

Tpernit nyto BblBOga dynkuHoHana (1) craxoBHTCH
OYeBHAHHM, €C/IH ero npeo6pa3oBaTh K BHAY

94 (©, e)=SSS%(G—e- @) (b -O—e)dV. (44)

OKBHBaJIEHTHAA 3aMUCch paBeHcTBa (4)
Iy (o, e)=SSS%(o—e- -a): +b: -(6—e- -a)dV (4.5)

NOKa3HBaeT, YTO HcHoJb30BaHHe ¢yHKuuoHanaa (1) cso-
JUTCA K OJHOMY M3 BaPHaHTOB MeTOAAa HaHMeHbUIHX
KBaApaToB AN pelleHHS (JU3HYECKHX yPaBHEHHH, TakK
KaK NOJBIHTErpaJ/bHOe BHIpa)KeHHe B (D) sABJAsercd He-
OTPHUATEJNbHO OlpefeNeHHOH KBaapaTHUYHOH (OpMOH,
NpHHHMAMIEH Hy/eBoe 3HaueHHe AIS TeX AedopMmaunii
H HANpSXKeHUH, KOTOpPble YJAOBJETBOPSIOT (DUIHUECKHM
ypaBHEHHSIM.

PasenctBo (4) uam (5) (cMm. 3ameuanne 1 B KoHpe
JRAHHOTO INyHKTa) IOKasbiBaeT, 4To ¢yHkuuoHan (1)
MOXKHO CUHTATb He HMEOUWHUM JAONONHHTENbHBIX YCJO-
BHH; B 5TOM cJly4yae ero yc/JoBHA CTaLHOHAPHOCTH — (H-
3UYECKHEe 3aBUCHMOCTH, 33Jaya O ero MHHHMyMe HMeeT
GecKOHEYHOE MHOXKECTBO pelleHuft (o,€), & Ias IoJ-
HOT'O pelleHHS KpaeBOH 3aJla4d TEODHH yIPYrOCTH HYXKHO
MpUBJEKATb elle eOMeTPHYeCKHe H CTaTHYECKHEe ypaB-
Henud B o6beMe H Ha IOBEPXHOCTH.

Tak xak ¢yskuuoHan (1) HeoTpHLATENbHO ONpefe-
JieH, a ero CTaHOHApHOEe 3HA4YeHHe PABHO HYJIO, TO 3TO
CTaHOHADHOE 3HAUeHHE SBJAETCA MHHHAMyMOM. I3TOT
¢bakr MoxeT OGHTb MOJE3€H 1JA OLEHKH TOYHOCTH NpPH-
6/MKEHHBIX pelteHdil (cM. 1. 5); IpU 3ToM DyHKIIHOHAN
(1) uMeer HekoTopble NPEHMYLIECTBA [0 CPaBHENHIO
¢ ¢yHkuuonatamu Jlarpamxa u Kactuabsiuo,
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3ameuanue 1. OyakunoHans Jg, Ipi;, Fp2 06412a-
JAI0T JIOGONBITHBIM CBOHCTBOM: BapbHPOBaHHE IO HEKO-
TOpHIM NepeMeHHHM (J¢ Mo ¢ H e, ¢ Mo e, Fp2 N0 6)
6e3 BLINOJNHEHHS [ONOJNHHTENbHBIX YCAOBHH INPHBOIHT
K (DH3HYeCKHM ypaBHeHHsM B npsavol (1.2) uam o6Gpar-
ot (1.3) ¢opMe B KauecTBe YCI0OBHH CTAUHOHAPHOCTH,
T. €. He3aBHCHMOe BapbHPOBAaHHE HEKOTOPHX [epeMeH-
HHIX He IPHBOAHT K OWIHOKE,

3ameyanne 2. B ra. 2, § 2, 6b510 NoKasano, Kak
C MOMOIIBIO YCeYeHHsT IPOCTPAHCTBA COCTOSIHMH mMpeobpa-
3YIOTCA . yacTHHIE (YHKIMOHAABH B NOAHHE. 31ech 3a
cueT olpeJeJeHHOro Bhi6opa MOANPOCTPAHCTBA Ipeobpa-
3YIOTCA YCJAOBHS CTallHOHAPHOCTH.

Pacemotpum ¢yaxunonan F(uj, ug) ¢ ARONOJHHTENb-
HBIMH YCJIOBHAMH @ (4, ug) = 0, ycJOBHSIMH CTaiHoHAap-
HOCTH KOTOPOrO SBJAAIOTCH ypaBHeHHA (41, ug) =0,
Po(uy, ue) = 0. BriepeM noAIpOCTPAHCTBO, B KOTOPOM
BHIIIOJIHAIOTCS, HalpuMep, YCJAOBHA CTALHOHAPHOCTH
Y2 = 0 panHOro ¢dyHkKuMOHAJA.

Tak kak u3BecTHo (cM. ra. 2, § 2), uro Touka cra-
uMoHapHOCTH QyHKIHOHANa F Ha BceM IpoCTpaHCTBe COB-
MmajaeT ¢ ero TOYKOH CTallMOHAPHOCTH, OTHICKHBaeMOH Ha
3TOM IOANPOCTPAHCTBE, TO A/ HIEHTHOHKAaUHH TOUKH
CTAUMOHADHOCTH Ha MOJANPOCTPAHCTBE MOMKHO HCIOJb-
30BaTh ypaBuenne 0F/du = 0, rie npousBoauas Gepercs
HA BCeM NpocTpaHcTBe. Pa3 MH B3AJH AOANPOCTPAHCTBO,
TO KOJHYECTBO HEH3BECTHHX YMeHbINaeTcd, COOTBET-
CTBEHHO YyMeHbIIaeTcsi KOJHYeCTBO ypaBHEHHI B BHpa-
KeHun O0F/0u = 0: Ha AaHHOM NOANPOCTPAHCTBE ypas-
neHHe P = 0 AIBNfieTCS TOKAECTBOM.

PaccMoTpuM, HanpuMep, INOJAHEIE  (YHKHHOHAN
Ins(e, @) (raba. 3.3). OTbHICKHBAA TOUKY ero cTauHoHap-
HOCTH Ha MOANpPOCTPAHCTBE, COCTOANIEM H3 BCEX ¢ H TeX
e, KoTopble yn0BJeTBOPAIOT ypaBHeHHI0 VX eX V =0
H NpHMeHAd A HAeHTHOHKAUHH TOYKH CTALIHOHAPHOCTH
ycaoBust 33/0e = 0, 33/d¢p = 0, moayuaem ypaBHeHHe

©+VXoeXV)—e: -a=0; (4.6)
Bropoe ycjoBHe crannHoHapHocTH VX eX V=0 na

JAaHHOM TOIANPOCTPAHCTBe BbLINMOAHAETCA TOXKIAECTBEHHO.
Ecnu ansa BbIIEJEHHSA 3TOTO NoANpOCTPAHCTBA HCIIOJB30-



§ 4 YACTHBIE ®YHKUKWOHAJDB! 8!

BaHO oflliee pelleHHe e= % (Va4 uV) ypasuenna V X e X

X V=0, o ypaBHenne (6) npmHHMaeTr BH]
o 1
©+VXeXV)—5(Vu+uV): -a=0.

drta GopMa (DH3HUECKHX* 3aBHCHMOCTeH IpeAcTaBJseTcs
HHTEPeCHOH AJs KJacca 3ajay, B KOTOPHIX peleHHS
CTATHUYECKHX H TeOMeTDHYECKHX YPaBHEHHH H3BecTHHI,
a Bce OTJHYHA 3aKJOUEeHH B (H3HYECKHX ypaBHe-
auax (1.2).

4.4. ®dyHKUMOHAAB FPaHHUHLIX ycaoBuil, PaceMorpum
BTOPOH BapHaHT KJaaccHQHKAalUHMH JONOJHHTENbHHX yc-
JIOBHH, HAKJaJblBAEMbIX Ha NOJHBlE (YHKIHOHAJIH AJf
nepexopa K yactubeiM (ra. 2 § 2.3.1): pasnenenne ux Ha
ypaBHEHHS B 06beME H Ha NOBEPXHOCTH.

Hcnonb3zoBande B KayecTBe JOMOJHHTENbHBIX YCJIO-
BHIi ypaBHeHHH Ha MOBEPXHOCTH TEJa HE NPHUBOIHT K CY-
UleCTBEHHBIM H3MEHEHHSIM B CTPYKType dyHKUHOHAJIA.
OaMH H3 [OBEPXHOCTHHIX HHTErpajoB ofpamjaercs
B HYJb, a YCJIOBHAMH CTallHOHADHOCTH SBJIAIOTCA BCe
ypaBHeHHs B o0beMe.

Kak ¢ TOUKHM 3pEeHHS CTPYKTYpbl, TAK H B BHIUHC/IH-
TEeAbHOM acnekre (cM. V. 5) IpeJcTaBJAIOT HHTEPEC
(PYHKLUOHANbL  2PAHUYHbIX  YCAOBULl, KOTOpblE INOJY-
YalOTCA H3 NOJHBIX, EC/AH B CIIHCOK JONOJHHTENIbHBIX yC-
JIOBHH BKJIOUHTL BCE yPaBHEHHA B o6beMe. YCIOBHSIMH
CTallHOHAPHOCTH IOJYYEHHBIX TAKHM NyTeM (yHKUHOHA-
JIOB ABASIIOTCA TPAHHUHBIE YCIOBHS — CTaTHUECKHE, HJH
reoMeTpHuecKHe, HIH H Te€ H ApyrHe. B Tabua. 3.5 npex-
cTaBneHo LiecTb HaHGoJee XxapaKTePHLIX NpeacTaBHTENel
ofwupHoro ceMefictBa (YHKIHOHANOB TDAHHYHBIX yc-
JIOBHH.

a) Dyurkyuonaa epanuunsix yciosud 3:(u,c) 6 ne-
pemewenunx u ranpaxenusx. Moxer GbITb BHIBEJEH H3
3%, (w, 0) (rabn. 34), uim 3 Ine(u,e,0), HIM U3
Inaa(u, €,6) (Taba. 3.3) nyreM HaJIOXKEHHS BCEX YyCJIO-
BHIl crauuoHapHocTH B of6beMe V B KadecTBe jgomol-
HHTEJbHBIX YCJIOBHA H HCKnloueHHs (H3 Jng ¥ Ju4a) ne-
peMeiiiiofi e. Yc/l0BHS CTallHOHApHOCTH Jr-— FEOMETPH-
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YeCcKHe rpaHHYHble YC/JIOBHS B IIePEMELIeHAsX H CTaTHYe-
ckue — B JaedopmauHsax.

6) Pynxyuonaa 3ri(u) 0 cTATUYECKUX 2PAHUYHBLY
ycaosuil 8 nepemeujerunx. DTor (YHKUHOHAA MOXKHO
BHIBECTH U3 Iy (&, ), Fn2(u, €, 6), Inia (&, €,6) (Tabn.3.3)
unn 3 3;,(0, u) (tabn. 3.4), HaNOXKHB Bce ypaBHEHHS
B o6beMe V H reoMerpHuecKHe IpaHHYHbIE YCJIOBHA B Iie-
peMelIeHHAX Ha I[OBEPXHOCTH S B KauecTBe JONOJHH-
TeJbHBIX YCJAOBHH H HCKJ/IOUHB Bce NIEPEMEHHHE, KPOME X.
YenoBHsi CTAaMOHADHOCTH — CTaTHYECKHE IpaHHUYHBlE YyC-
JIOBHSl B NepeMelleHu X.

B) Pyunxyuonasr Iwa(c) 0aa eceomerpuseckux (degop-
MAYUOHHbBIX)  epanuynblx  ycaosud. BoBopuTes 3
3;3(0, u) U ApyrHx NOJHHX (YHKIHOHAJNOB INyTEM Ha-
JIOKEHHSI B KauecTBe NONOJHHTENbHHIX YCJIOBHH Bcex yc-
JIOBHH cTallHOHapHOCTH B o0beMe V W CTaTHYeCKHX rpa-
HUYHBIX YCJAOBHH Ha MNOBEDXHOCTH S H HCKJIOUEHHS H3
(GbyHKIHOHANA H JOMNOJNHHTE/IbHBIX YCIOBHH Bcex Iepe-
MEHHHX, KpOMe ¢. YCJAOBHS CTAllHOHAPHOCTH IJrp— JIe-
(GOpMalUHOHHHE FPaHHUHbIE YCIOBHS, BblpaXKeHHbIE B Ha-
NpsAXKeHHAX.

r) Pyukyuonan epanuunblx  ycaosud I (q, e)
8 (hynkyuax nanpaxcenut u depopmayusx. Moxer 6HTb
MoJNy4YeH H3 MOJNHBIX (YHKUHOHAJOB, 3aBHCAIMX OT Ile-
peMeHHEX @ H e: Insz(e, @) (Tabn. 3.3),. 3,(9, o, €)
(rabn. 3.4) 1 pp. [HonoJHATeNbHBE yCJOBHS — ypaBHe-
HHA HepaspbelBHOCTH B JaedopMauHaX H 3aBHCHMOCTH
Mexay nedopMauHAMH M OYHKUHAMH HanpsixKeHHH
(B KauyecTBe CTAaTHYECKHX H (HU3HYECKHX YypaBHEHHH)
B obbeme V. YcaoBus cranMOHAPHOCTH — CTaTHYECKHE
rpaHHuHble YCI0BHA, BhlpaxkeHHble B (YHKUHSX Hanps-
kenu#l, 1 neopMalnuOHHbIE TPaHHUHLIE YCAOBHA.

n) Pynxyuonas I (@) Oas ceomerpusecxux (de-
(POPMAYUOHHBLX) epAHUURbIX YCAOBULL 8 q*bymcquﬂx Ha-
npascenull. Moxer OnlThb BbBeleH H3 I, ((p, Cupr xaﬁ)
(rabn. 3.4) H APYrHx NoJHHX (PYHKUHOHAJOB, COAEPKA-
mHux mepeMeHHylo ¢. [lomoJHHTENbHBIE YCJOBHA: ypas-
HEeHHS HEPa3PbIBHOCTH H CTaTHUECKHE IPaHHYHBIE YC/IO-
BUSl B (QYHKUHMAX HaNpsKeHHH. YCI0BHS CTalHOHAPHO-
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CTH — AeOpMalUOHHbIE TPAHAYHBIE YCA0BHA B QYHKUHAX
HanpsKeHnH.

e) Dynkyuonan IJ,(e) 0as cTATUYECKUX 2PAHUYHbLY
ycaosuti 8 Oepopmayusx. Ero MoKHO BHBECTH H3
In2(u,e,6) 1 APYrHX MOMHBIX (YHKUHOHAJIOB, cOpepKa-
KX nepemenHylo e. [lonoJHuTeNbHble yCAOBHS: ypas-
HEHHS Hepa3pbLIBHOCTH U paBHOBecud B JedopMmalusx
B o6beMe Tena U Re)OpPMAalUMOHHBIE IDAaHHUHEE yCJOBHA
Ha ero NMOBEPXHOCTH. YCAOBHS CTAHOHAPHOCTH — CTATH-
ueCcKHe TDaHHUHHE YCJAOBHS, BhHIpaxeHHbe B Jedop-
Manusx.

Hcnonbsys ¢yHxkuHoHaMsl Jgad  HedOpMalHOHHBIX
TpaHHYHLIX YCJIOBHH, cleyeT HMETb B BUAY OrpaHHUEHHA
Ha TOBEPXHOCTHHIE YCJOBHS INPH HaJH4YHH HECKOJbKHX
CBA3HBIX YYacTKOB [MOBEPXHOCTH C 3aJaHHBIMH Ilepeme-
UEHHSMH H/H HalpsKeHHAMH, cM. § 1.

4.5. Cmemanvble GyHKIHOHAAK C HEMOJHBIMH TOJSMH
nepeMeiteHufl U QyHKUUHA HAOpAXKeHHH MOryt OHTbL BbI-
BeJleHbl M3 COOTBETCTBYIOLWIHX TOJMHBIX (YHKIMOHAJOB
B JIEKAPTOBOH H HEKOTOPHIX JPYrHX cHCTEMax KOOpAHHAT.
B ra6a. 3.5 npencraB/ieHo 1ABa TakKHX (yHKUHOHaJA:
Fut (thyy Po) ¥ In2(uz, Yo, @), TMOJNYUYEHHBIX H3 IOJHHX
GYHKUHOHANOB s U g € HCMOJb30OBAHHEM OOIIHX pe-
wenu#t (7) u (8) ypaBHeHus paBHoBecus V03 -+ F3 =0

H CHCTeMBl JBYX ypaBHeHHH V0;4 - F, =10 coorBer-
CTBEHHO:
Ogs =03 — Vo,  Og= Oy + Vi, + Vyipy; (4.7)

0, =0, + V.V 0 — Vb, 0y =05 + V,V,0—V 1, 8)
Y 0h—V\Vy®, 0y =033 + Vb, Oy =0y + Vyihp. "

12._"_'__

HonoJHATE/IbHBIME YCAOBHSIMH K 3THM (yHKIHOHAJaM
ClyXKaT FeOMETPHUECKHE TDaHHUYHBIE YCJOBHA Iad Tex
KOMITOHEHTOB [IepEMEIIEHNH H CTaTHYECKHe — JAJd TeX
KOMIOHEHTOB (YHKUHHA HaNpsKeHHH, KOTOpble ABNSIOTCH
HX apryMeHTaMH. YCIOBHS CTalHOHAPHOCTH — ypaBHe-
HHS CMeLIaHHOTO MeTojAa TeOpHH ylpyrocta [3.2] H co-
OTBETCTBYIOLLHE I'DAaHHUYHLIE YCJAOBHS,



84 BAPHALIUOHHBIE MPUHLIUIB! TEOPHUHU YTNIPYTOCTH [T 3

§ 5. kcTpemaanHbie CBOHCTBA MOJNHBIX
H 4acTHbIX (YHKUHOHAJOB TEOPHH YNPYrocTH

B coorBercTBHH c TeopHel (ra. 2, § 3) 3geck mpuse-
ZeHO HceleJIoBaHHE 3IKCTPeMasbHBIX CBOHCTB 4S9 HEKO-
TOPHIX XapakKTepHHX ¢(yHKUHOHaMOB. C 3TOH LEbIO HC-
NoJb3yI0TCs cBoHcTBa BhINyKJaIoCTH (cM. [Ipunozkenue 1)
omgHuX (yHkuuoHanoB Jlarpanka u KacTuibaHo u He-
BHIYKJAOCTH Apyrux. PesynbTaThl add 3THX H JAPYrux
nonyueHHux B §§ 2, 3, 4 dyHKIHOHANOB MpeaCTaBJeHH
B TabJ. 3.6.

5.1. Boinykaocth pasJanuHbIX BapHaHTOB (yHKnuoO-
Hajaa JlarpaHxa u uX aKcTpemaabHocTh, B KauecTBe xa-
pakTepHOro npHMepa JAoKaxeM, 4r0o (yYHKIHOHAJ
Inz(u,e) (taba. 3.1)— Benyxkasift BHH3. Ha ocHoBaHuu
onpenenenns BunykaoctH ([Ipunoxkenne 1) HyxHO mo-
KasaTh, UTO AN J1060ro unesaa o Takoro, uto 0 <X o << 1,
U n06LIX #;, e;, Uy, e; HEOTPHLATENbHA PA3HOCThb

R (u;, ej, uy, e))=0aIdn; (u, )+ (1 — a) e (u,, €) —
— e lou; + (1 — @) u,y, ae;+ (1 —a)ey]. (5.1)
YuuTeiBasi, 4TO
[oe,+ (1 —a)e]: -a- -[ee,+ (1 — ) ey)] =
=a’e--a--e,+2u(l —a)e;- a- -e+
+(1—aYe- -a- e, (5.2)

STy Pa3sHOCTb MOXHO Npeo6pa3oBaTh:

R=SSS{031‘ ca- e+ (1—aje: a- -e,—
—lae,+(1—a)e)]- -a- - [ae, + (1 —a)es]} dV =
=({{et—ale—e)-a - @—eana. @3

Tax Kax e--a--e— MOJOXKHUTENBLHO ONpeaeNeHHas KBaf-
patuuHas popma M 0 <Ca << 1, To R = 0 u dpyHKUHOHAN
I n2(u, €)— BHIOYKABIHA BHUS.

AHa/lorndHO MOXKHO JOKazaTh, 4TO (PYHKLUMOHAJBI
Im(u), Ins(e), Ins, Jns (tabn. 3.1) BHIYKIH BHHS.
Pyuxnuonana IJnq (u,e,06) He BHINYKJABA HH BHH3, HH
BBepX. [na JoKasaTenncTBa 3TOr0 yTBEpXKAEHHUS HOCTa-
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TOYHO B3fTh JI00BIE ), Uy H —e; == €3, —C| == G2 ==
= e, --a. B atoM cayuae pasunocrs (1) paBHa

R=SSS{001' e+ (l—a)oy- -e5—
— a0+ (1 —a)6;] - - [ae; + (1 —a) e} dV =
=SSS“(1—‘“)(‘71—02)' (e —e)dV =
— —4a(l —q) SSSel- ca- e dV<0, (5.4)

a NpH e; = ey, G = G2 = e;--a pa3Hocrh (1) mMonoxH-
tenbHa, R > 0. [HomonHurennHble YCIOBHS KO BCEM
byskunonanam Jlarpanka sBJAAIOTCA JHHEHHHMH ypaB-
HEHHSIME H ONPEAeNA0T BHIOYKJALE IOJMHOXKECTBA
B NPOCTPAHCTBe nepeMeHHHX (cM. 1. 2, § 3).

M3 BrinyknocT GpyHKUHOHANO0B I — F 3, s, Iis
H JHHEHHOCTH HX NOIOJHHTEJNbHHX yCJIOBHH cienyer TOT
XOpOIUO H3BeCTHHIA (DAKT, YTO OHH B TOYKE CTALHOHAP-
HOCTH HMeIOT MHHHMYM. MHHHMAaJbHOCTL Fj4 clenyer
H3 TOro, YTO OH MoJyued H3 Iy NpPOCTO 3aMeHOH Ne-
pPEMEHHHIX.,

5.2. BHIykaocTh pa3iuyHBIX BapuaHTOB G yHKIHO-
Hana KacTH/bSHO H MX SKCTPeMadbHOCTh, Bee dyHKUMO-
HaJe B TabJ. 3.2 BHINYKIL BBEPX, KpoMe Fx4, KOTOPHI
He BHINYKJBE HH BBEPX, HH BHH3.

JloKaxkeM BHINYKJOCTb BBepPX, HanpHMep, OyHKIHO-
Hana Jgs(c). Ans sroro, xak u B § 5.1, BHUMCAHM pa3-
HOCTb

R=0a3ks3(0;) + (1 — a) ks (02) — ks [a0; + (1 — a) 6] =
—SSSa(l——a)(ol—cg)- b (6, —0a)dV. (5.5)

Tak Kak o©--b--0— NONOXKHTENBHO ONpejeneHnas
kBagparduHas ¢popMa H 0<<a << 1, To R << O mpu mo-
6ulX 61, 02, B Jxs— BHUIIYKILIH Bepx.

Jaa mokasaTelbcTBAa HEBHINMYKIOCTH Jk4(@,0,€) n0-
cratouno, kak u B § 5.1 ansa Ipy(u, e, o), OpoBEpPHTS,
yto R>0 npu —0; =02 1 —e; =e;=¢+b 1 R<0
MpH € =82=0'1"b=0'2"b

Bce JOMOJNHHTeNbHBIE YCAOBHSL K (PYHKUMOHAJNAM
ki1 — Ixe (Tabs. 3.2) — nuHeliHple ypaBHEHHS M OIlpe-

I
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JAeJSI0T BHINYKJble MHOXECTBA B COOTBETCTBYIOIIHX
NpOCTpaKCTBAX cOCTOSIHUM (cM. ra. 2, § 3).

B onutepatype BcerpeuaroTcs IBa yTBEDKAEHHS 06
3KCTPEMAaJIbHEIX CBOHCTBax ¢yHKUHOoHala KacTHibsiHO:
O TOM, UTO OH B TOYKe CTAUMOHADHOCTH HMeeT MAaKCHMYM
[4.11] n muuamym [0.9, 3.7, 4.10]. O6a yTBepx)iaeHHS,
KOHEYHO, MpaBHJbHblEe, HO OTHOCSITCA K pasHBIM (YHK-
uHOHaNaM: IfepBoe —K Jx; (taba. 3.2), a BTOpOE —
K (—3k3). 3xecy pyukunonasamu KacTHIbSHO Ha3BaHHI
Pa3HOBHIHOCTH Ik — Jke, CBA3aHHBIE ¢ QYHKIHOHAJAMH
Jlarpanxa mnpeobpazoBannem ODpHAPHXCA H HMelOULME
TO K€ CTAlHOHADHOEe 3HauyeHHe: max Jx; = min IJy;.

MaxkcumanbsHocTh QyHKIuoHaNoB Ik — Jks, Ixs, Iks
B TOYKE CTALHOHAPHOCTH cCJelyeT H3 HX BBIIYKJIOCTH
BBEPX H JIHHeHHOCTH MOMOJHUTENbHEIX ycaoBHil (cM. [Tpu-
JIOXKeHHe 1), a MaKCHMaJbHOCTb Jxs4— H3 TOro, 4TO OH
noay4eH u3 Jxg 3aMeHOH IepeMeHHBIX.

5.3. DKcTpemanbHble CBOHCTBa MOJHBIX (YHKIMOHA-
0B jgarpaHxesod cepuu (taba. 3.3). Ha ocHoBanuu § 3
. 2 3ajauaM MHHHMH32UHH BLIIYKJEX (YHKUHOHAJIOB
Am — Az, Ins, Ine (1aba. 3.1) cooTBeTCTBYIOT 324a4H
OTBICKAHHA CeJJI0BBIX TOYEK (T. €. OJXHOBpEMEHHO MHHH-
MakKca B MaKCHMHHA) NONHbIX (DYHKUHOHANOB Jqy — Fu3,
s, Ine (tabia. 3.3) (cM. Taba. 3.6). Hesuimyknomy
¢yHKUHOHAJNY 4 COOTBETCTBYET 3a4aYya OTBICKAHHUS MH-
HUMAaKca, HO He MaKCHMHHA MOJMHOrO (GyHKLHOHaNa I,
(cM. § 3.26 ro. 2). OyHkuMOHAT Jnga NOJAYYEH H3 Fng
NyTeM HCKJIIOUeHHSI MHOXHTesell Jlarpamxka. Ias ompe-
JleJIeHHsT ero 3KCTPeMaJbHbBIX CBOficTB HeOOXOZHMO J0-
MOJHUTENbHOE HccaepoBaniue (cM. . 2, § 3.3), koropoe
TIOKA3bIBAET, YTO 3TOT (YHKUHOHAJ He UMEeT HH CemJo-
BOH TOYKH, HH MHHHUMAakKca, HH MaKcuMmuha. [elicTBu-
TeNbHO, NPH KaxIOM (HKCHPOBAHHOM Habope yacT me-
PEMEHHBIX OH JIHHeHHO 3aBHCHT OT OCTA/NbHBIX ME€PEMEH-
HBIX H, CJeJ0BaTeJbHO, IIpHHUMAaeT BCe 3HAYEHHd OT
—oo0 [0 |00, T. e. HE UMEeT HH KOHEYHOTO MAaKCHMyMa,
HY KOHEYHOTO MHHHMYyMa.

5.4. IkcrpeMadbHble CBOICTBA NMOJHBIX GYHKIHOHAJNOB
KacCTuJbAHOBOH cepuu (Tab.. 3.4). [lonHble GyHKIHOHANB
3, — 3y Fs, e (rabn. 3.4), BhBeleHHHE C TIO-
MOLUbI0 MHOXHTesel JlarpaHika u3 BBEIIOYKABIX (yHK-



§ 9) AKCTPEMAJIbHLIE CBOMCTBA ®YHKIUMOHAJIOB 87

nuoHanos KactuanaHo Iy — Jxs, Jks, Ixg Ha OCHOBaA-
HEA § 3 TV, 2, HIMEIOT B TOYKe CTAUMOHAPHOCTH OJHOBpe-
MeHHO MHHHMAaKC H MAKCHMHH, T. €. CEeAJNOBYIO TOYKY
(cm. Taba. 3.6). ®ynkumonan 3;,, NONydYeHHbIH U3 He-

BLIMYKNOro Bapuanta o¢yHkunoHana Kactunbano Ik,
HMeeT B TOUKE CTAlHOHAPHOCTH MAKCHMHH, HO He MHHH-
Makc, uto coorserctByeT § 3 rn. 2. JanbHelituee npeol-

pasoBaHHe 3., NMPHBOMMT K MoJHOMY dyHKuHOHany 3}, ,

BOBCe He HMelOLIeMy 3KCTPEMYMOB (CpaBHHTE C Inga,
§ 5.3).

5.5. IxcTpemasHble CBOHCTBA YAaCTHLIX (PYHKIMOHA-
naoB (raba, 3.5). Ecnu u3BeCTHH 3KcTpeMaJsbHble CBOH-
CTBa MOJNHBIX (YHKUHOHAJOB, TO MOXXHO BO MHOTHX CJIy-
yasix BHIBHTL CBOMCTBA INOJNYYEHHLIX H3 HHX YaCTHHIX
(YHKUHOHANOB ¢ MOMOWbIO 1. 2, § 3.

a) PyuxkyuoHanr  epanuunblx  ycaosuii  I.(u, o)
(trabn. 3.5). C omHO# CTOpOHBI, €ro MPOLLE BCETO NOJMY-
yuTh u3 noaHoro ¢yHkuwonana Peficcuepa 3, (0, u)
(tabn. 3.4), HaJOXMB BCE YC/NOBHA CTAaLHOHAPHOCTH
B obbeMe V B KauecTBe JOMOJHHTENBHHX ycnoBHA. Tak
Kak ypaBHeHue 03 ,/0u==0 He CONEePKHT HEH3BECTHHIX
4, TO Ha ocHOBaHMH rl. 2 § 3.3B MOXHO CHenaTh BLIBOJ,
yto I: (4, 0) HMeeT B TOYKe CTAalMOHAPDHOCTH  max min.

o

u
C napyro#t cTOpOHBI, MOXKHO BhIBECTH Jr H3 (QYHKUHO-
Hana Xy — Bawnny (rtaba. 3.3), Takxke HalOXHB BCe
ycJoBusl CTalHOHapHocTH B of6beme V B KauecTBe 10-
MOJHHTENBHBIX yCnoBHH. YpaBHeHHe O3ny/dc = 0 He co-
JEpIKHT HEH3BECTHHIX @, U MOITOMY HAa OCHOBAaHMH TIil. 2

§ 3.38 ¢pynkuuoHan I uMeeT min max.
u o

Takum o6pa3oM, TOUKA CTAUMOHAPHOCTH GYHKIHO-
Hana rpaHuuHbix yciosuit 3. Peficchepa I:(u,0) ects
€ro CeAJOBas TOUKA.

6) DyHKYUOHAA OAA CTATUHECKUX 2PAHUUHLIX YCAO-
suti 3r1(u) uUMeeT B TOYKE CTAUHOHAPHOCTH MUHHUMYM,
TaK KaK €ro MOXHO BbIBecTH H3 QYHKUHOHana JlarpaHxka
1, UMEIoUIero MHHHMYM,

B) Pynkyuoxasr O CTATUYECKUX 2PAHUMHLIX YCAO-
suii 3:2(6) B TOUKe CTAHHOHAPHOCTH HMEET MAKCHMYM,
TaK KaK NMpOMEXYTOUHLIM 3BEHOM MNpPH BHIBOAE €ro H3
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b (0, 1) (Tabn. 3.4) cayxur dynkunonan KacturbsiHo

3K3(0’). .

r) Pyukyuonar I (9, e), Ycro8uimu CTAYUOHAPHO-
CTU KOTOPO2O ABAAIOTCA CTATUHECKUE 2pAHUYHbIE YCAO-
eusa 6 (ynkyuax Hanpsxcenull u OepopmayloHHbie epa-
HU4Hble YCA0BUA, B HEKOTOPOM CMBICIe aHAJOTHYEH
(YHKUHOHANY TPAHHYHBIX  yCIOBHH 3. PeiiccHepa
3:r(u,0). s 10KazatenbcTBa TOro, 4T0 3. HMeeT cel-
JIOBYIO TOUYKY, HYXXHO, IO aHAMOTHH ¢ § 5.5a, NOJYYHTD
ero u3 Ins(e, @) (rabn. 3.3)uus 37, (g, o, e) (rabu. 3.4).

x) TIpOMeRyTOUHBIM 3BEHOM NDH MOJYYEHHH Pynx-
YuoHasa 0as CTATUHECKUX 2PARUUHLY ycxzoeuu 8 PpyHk-
yusx nanpaxcenuds 3, (9) u3 3;, (@, e op %op) (1200 3.4)
CAYKHT q)yHKuHOHaJl Kactunbano I (¢), a npu no-
nyveHHH QYHKUHOHAnMA I JedhOopMaUMOHHHX TpPaHHy-
Hbix ycnosuit I, (e) u3 I (e, ¢) (raba. 3.3)— dyHk-
HHOHAJ JIarpamKa Inz(e). Tlostomy 37 (9) B TOUKe
CTaUHOHAPHOCTH HMeeT MAKCHMYyM, a 3, (e) — MHHHMYM .

e) Yacrweul ¢yukyuonar Ier(e,6) mnonyden u3
Inz2(u,e,0) (rabn. 3.3) NpH HCHOJBL3OBAHHH B KauecTBe
JOMOJIHHTEbHHX YCIOBHI YpaBHEHHH, He cOdepXKallux
nepeMeHHyIO #, H 4acTH ypaBHeHHHA 03n,/0u = 0, He co-
AepXxawmux nepemeHnyo o. Ha ocnosauun ra. 2, § 3.38
Ser(e,6) UMeeT ceANOBYIO TOUKY.

TOYHO TaK e MOXKHO IPOBEPUTH, UTO YACTHHIA (YHK-
nroHal Jgc (o, e) HMeeT ceAJOBYIO TOUKY.

K) DPYHKYUOHAAL ONA 2e0METPUHECKUX U CTATUHECKUX
ypasHenull Irc(u, €,6) HMeeT CelJIOBYIO TOYKY:

9. — min max = max min. (5.6)
u e 0 e, 0 u

HOns I0oKasaTelbCTBAa MOXKHO HCIOJb30BAThb Y¥Ke H3Be-
CTHOE 3KCTpeMaJfbHOe CBOHCTBO (yHKIHOHANA Peﬁccnepa
3%, (0, u). Oynkumonan I MOKHO NMONYYHTh H3 I,
BBeAsl HOBYIO MepeMeHHYIO # H HOMONHHTENbHOe YCJIO-
Bue ¢ —e--a = 0. Tak Kak 5TO ypaBHeHHe cBfi3blBaer
HOBYIO NEepeMeHHYI0 e NHUIb C NMepeMeHHOH ¢, MO KOTO-
poft 3, HMeeT MAKCHMyM, TO HMeeT MecTo (5.6).
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AHanoruyno, HCIONL3YSI YiKe H3BECTHOE SKCTPEMalb-
HOe CBOWCTBO MOJHOro (yHKuHOHANA Ins(e, 6), MOXKHO
JIOKa3aTh, YTO

3) ynkyuonanr e (@, 6, €) HMeeT CENIOBYI0 TOUKY.

H) Dynkyuonarel, 04s usuveckux ypasuenuil g
H Jg2 HMEIT CelIOBHE TOYKH B COOTBETCTBMH C I 2,
§ 3.38, Tak Kak NOMOMHHTE/NbHBIE YCNOBHA K KaXKAOMY
H3 HHX MOXHO Da3flelHTb Ha [Be 4Y4CTH, OJ(HA H3 KOTO-
PHIX COZEPKHT TONBLKO INepeMeHHYI e, a Jpyras—
TONLKO 0.

§ 6. BapuannonHsle nPUHOUNEI W 9KCTPEMadbHbIE
CBOMCTBA (YHKIHOHAJIOB TEOPHH YNPYTOCTH

NpH PaspLIBHBIX NepeMelnieHAnx, AedopManusx,
HanpsXXKenuax H GYHKUHAX HaNPAKEHHN

B KOHTaKTHLIX 3ajayaX, a Takxke NPH YHCAEHHOM pe-
IleHHH 3alay TEOPHHM YNDPYrOCTH, B YaCTHOCTH NPH HC-
No/b30BaHHU MeToJa PHUTIa H MeToJa KOHEUHBIX 3J1eMEH-
TOB, MHOr[a BO3HMKaeT HeO6XOAHMOCTb paccMaTpHBAaThb
B KayecTBe BapbHpyeMblX NMepeMeHHBIX pa3pbiBHbIE MOMS
napaMeTpOB HaNpSkKeHHO-1e()OPpMHPOBAHHOTO COCTOSIHHS.
Teopus Kypanta—I'misbepra no3BoasieT NOCTPOHTH
JJIsl 3TOrO CAy4asi CHCTeMy MOJMHBIX H YaCTHBIX (QYHKIHO-
HaJIOB H HCCJeN0BATh HX KCTPeMaJsibHble CBOMCTBA.

6.1. Onpenenenne paspeieoB. Coenys [0.12], npexno-
JIOXHUM, 4TO obJacTs V paszesneHa Ha KOHeyHOe 4HCJIO
CMeXHHX nojobnacrell, B KaxJIOH H3 KOTOPHIX IOJS Ile-
pemewlenn#t, Jedopmaunfi W HanpsiKeHHH O06aazaloT
CBOACTBAMH HENpEpBIBHOCTH H JHOGepeHIHDPYEMOCTH,
IPHHATLIME B OCHOBHBIX YDaBHEHHSX TEOPHH YIPYTOCTH.
DTH cMeXHble OBJAacTH DeryjasipHOCTH pasledieHH [10-
BEPXHOCTSIMH pa3phlBOB, Ha KOTODBIX HEKOTOphie KOM-
MOHEHTH YCH/IUH H HOMOJIHHTEJbHble KOMMOHEHTH MNepe-
MelleHHH H3MeHSIOTCS He O0f3aTeJbHO HeNpephIBHLIM
o6pa3zoM. ByzeM HCHO/B30BAaThb TEPMHHLI «CTATHYECKHE»
H «KHHeMaTHiecKHe», 4ToObl pas/jHYaTb paspbIBbI COOT-
BETCTBEHHO B KOMIIOHEHTaX YCHAHH H NepeMelleHHH.

IOns onpeleneHHsi paspbiBa TeH30pa HamnpsikeHU# o
B TOuKe P Ha noBepXHOCTH paspniBa D BReleH ©IHHHY-
HeIl BeKTOp HOpMaauw n K nosepxuocty D B Touke P,
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Takum o6pa3oM, yKasbiBaeTCsl HalpaBneHHe BHeLIHEH
HOpMaJi 1151 OJIHOH H3 CMEXHBIX O6JacTell perynapHoCTH
H HampaBJleHHe BHYTpeHHeH HOpMaJH AJsa Apyrod obJja-
cru. Ckauok {g} mapaMerpa noas ¢ B Touke P ompe-
JeJUM KakK Da3sHOCTb 3HaueHHH ¢ BO BTOPOH H mepBOi
obyiactaXx (TouHee, Kak Ipefes PasHOCTH 3HAYeHHHd ¢
B TOYKax BTOPOH M mepBod o6JjacTeil NpH CTpeMJeHUH
3THX Touek K P).

Huxe Oyayr uyacro BcTpedaTbcs paspbiBbl CKassp-
HbIX BeNIHYHH n-o-#. O603HauYUM

{fn-oc-u}y={n-o} -ut+n-o-{u, (6.1)

rle WTPHX M [ABOHHOH IUTPHX COOTBETCTBEHHO YyKasbl-
BAlOT, 4TO CKaJ/sIpHOe YMHOMEHHe BeKTOpa YCHUIHH n-o
Ha BeKTOp MepeMelleHUH ¥ BBHINONHSETCH B MOANPOCTPaH-
CTBe TpPeXMepHOro MpoCTPaHCTBa, B KOTOPOM 3ajaH cTa-
THYeCKUH HJIM KMHeMaTH4YeCKHH pa3phiB.

6.2. Pasnnunple BapuaHThl (yHKUHOHana JlarpaHixka
¢ paspbiBHbIMY NOJsMH. ['0BOps o dyHKUHOHANe JlarpaH-
ka Jqi(u), obbluHO TPeOYIOT HENpepLIBHOCTH Nepeme-
IieHHH ¥ BMeCTe CO CBOHMH 4aCTHBIMH NPOH3BOAHBIMH,
T. e. BMecTe ¢ JedopMalHsAMH U HaNpAXKeHHAMH. OTU
Tpe6OBaHHA HEMPEPHIBHOCTH MOXKHO 0C1a6uTh. A HMeHHO,
HanpsxkeHHs o [e(u)] MoryT ObiTh JIHIIb KYyCOYHO-He-
MmpepbIBHBIMH; HX HelpepblBHOCTb, KaK M BCE YyCJOBHS
paBHOBeCHS, sIBJIFIeTCH YCJIOBHEM CTAlHOHapHOCTH (YHK-
uuoHasa Iy (u).

HeficTBUTeNbHO, MyCcTh TEH30p HanpsxKeHHH o[e(u)]
MOKeT HMeTh pa3phiBbl Ha NMoBepXHOCTH (, KoTopas pas-
6uBaer 00beM V Ha KoHeuHoe uucaO yacrefl. Bapuauus
dyHKuHOHana JlarpaHxka HMeeT BHI

89 = SSS {G[e(u)]- . 6%(Vu+uV)—F-6u}dV—

_ SS (Y - budS. (6.2)

Y706b HONYUHTb YCJAOBHA CTALHOHADHOCTH, HYXHO (2)
npeo6pasoBath ¢ nomoupio dopmyanl OcTporpaigckoro
(cm. TIpunoxeHue 2), yuuTHBas, YTO

- b4 (VutuV)=V-(o-du)—(V-0) bu
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Tak xak ¢dopmyna OcTporpaicKoro npHMEHHMa TOJbBKO
K HenpepbBHOH (yHKUHH ¢-0u, To obbem V cneayer
pas6uTh Ha nojo0beMbl, B KOTOPBIX TEH30D ¢ HeNpepH-
BeH, BHINOJHHTL M[peobpasoBaHHe H CJAOXKHTb MOJyYeH-
Hble uHTerpansl. B pesynbrare (2) npumer Bupg

69m=SSS[——(V-c+F)~6u]dV—i—
—}—SS(G-n—f‘)’-éudS-}—SS{G-n}’-éudG. (6.3)

PaBenctso (3) NMokasbiBaeT, YTO OAHO H3 YCJOBHH cra-
UHOHAPHOCTH (GYHKUHOHANA I — PaBeHCTBO HYJIO cTa-
THYECKHX pPasphiBOoB {6-71}’, T. €. HENpPepLIBHOCTb TeH-
3opa o.

dTo cnpaBeIHBO H [/151 OCTaJbHHIX Pa3HOBMAHOCTEH
dynkudonana Jlarpanxka (ra6a. 3.1): orcyrcTBue cra-
THYECKHX pa3pblBOB SBJAETCH HX YCJOBHEM CTalHo-
HapHOCTH.

Tax kak B KauecrBe G MOXHO B3fTb JIOGYIO NOBepx-
HOCTb, Pasgensolyio o6beM V Ha KoHeynoe YHCAO yac-
te#f, TO MOXHO paccMaTpHBaTh, Booblle roBopst, JiOGble
KycOuHO-HENpepbiBHble I0Js1 Hanpsikenui. Mel orpaHu-
YUMCSl PacCMOTPEHHeM [OJied, KOTOPble MOrYT HMETb pa3-
pbIBH JIHIIb HA 3aJaHHOH noBepxHocTH D,

[Ipy HeoGXomHMMOCTH paccMaTpHBaTb pa3pHBHbLIE
noJIs mepeMelleHHH NMPHHUHI MHHHMYMa IOTeHIIHaJbHOH
3HEpPruH MOXHO cOpPMYJHUPOBATH CJAEAVIOLIUM 06pazom.

Paccmotpum nons  nmepemenieHH#, HelpepbiBHbIe
u aHbdepeHnHpyemuele 8 Kaxaol o6jactd peryJsipHOCTH
M, BO3MOXKHO, HMeIOIIHe pa3pbiBH Ha IMOBepXHOCTH D.
Yrobul cpegd HHX HaHTH NOJNe mepemelieHH, COOTBeT-
CTBYIOLlee COCTOSHHIO PaBHOBECHS YNIPYroro tesa, Hy:KHO
BHITOJIHUTL ClefyiomHe aefictBHA: a) BHOpaTh H3 3a-
JAHHOTO MHOXeCTBa KyCOYHO-HEIPepHIBHBIX moJefl Ie-
peMellleHU# HelpepLIBHLIC, T. €. YIOBJETBOPSAIOIIHE YCI0-
BHIO (1.5) H ypaBHeHHIO

{u} =0 ua D. 6.4)
Hpyrumu cioBami, obnacte V paszenserca Ha mopoGuaa-

CTH C pa3pblBaMH, KOTOphIe 3aTeM JHKBHIHPYIOTCS C IO-
Mompio (4); 6) H3 Bcex MOJNYYEHHHIX HeAPePLIBHHX MO-
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Jedl BHOpaTh TaKoe, KOTOpOe JOCTaBiseT MHHHMYM
¢bynkunonany Inm (#) (taba. 3.1). Herpyaso npoBepHTS,
4TO ycjoBHe (4) omnpelensier BHINYKJIOE MHOXECTBO.

Takum o6Gpasom, eciu I[PH OTBICKAHMM COCTOSTHHS
paBHOBECHSI paccCMaTPHBAIOTCH  KYyCOYHO-HelpepbliBHbIE
moJist Mepemeltenlii (oGnacTh MOHCKa pacllupeHa), TO Co-
CTOsIHME paBHOBECHS! XapaKTEepPH3yerCsl CHCTeMOH ycJo-
Buft 9 = min, (1.5), (4). HdeiictBus a) u 6) orpaxkaior
XOJ| pellleHHsl 3aJa4yu TEOPHH YNPYrOCTH, HalpuMep, Me-
TOZOM KOHEYHHIX 3JeMEeHTOB.

Camo mo ceGe paBeHcTBO (4) HHuero He AoBaBasier
K YCJIOBHSIM HeNpepHBHOCTH, KOTOphIE Y4acCTBYIOT B (op-
MyJHDOBKe BapHanHoHHOH 3ajgauM aas Iy (taba. 3.1)
H He noMoraetr HPH pelIeHHH 3aJayH, €CJAH pelleHHe Bhi-
nonHsercs ¢ MOMOWIbIO NPHHIHNA MHHHMYMAa MOTeH-
uManbHol sHeprud. OAHAKO 3TO paBeHCTBO MO3BOJAET
HepeXoAMTh K JpYTHM (GYHKUHOHAJAaM, HCHNOJb30OBaHHe
KOTODHIX MOXeT YNPOCTHTDH pellleHHe.

Kak 1 B § 2, ¢ nomompio 3ameHH NepeMeHHHIX
e(u)=e, o(e)= 0 u yacrtHoro pemieHuss V-¢°+-F =10
ypaBHeHus paBHoBecHs (1.6) MOMHO NOJAYYHTH psig ApY-
rHX pasHOBHAHOCTEeH (yHRuHOHasa JlarpaHxka n.s pas-
PHIBHEIX Nonell mepememteHnii B pedopmauHil; oHu npex-
craBieHbl B Taba. 3.7. OfHO H3 ycjoBu# cTamHOHapHO-
CTH AJSA BceX 3THX (QYHKUHOHAJNOB-— HeMpepHBHOCTL Ha-
ApsikeHn#t Ha D.

Tak kak ¢yHKumonan A3%; 3aBHCHT TOJBKO OT Ae-
¢opmanHii U He 3aBHCHT OT NepeMeilleHHH, TO YCJOBHS
HeNpepEIBHOCTH NepeMemeHuii Ha noBepXHocTH [} 3aMme-
HeHbl YCJOBHSIMH HeNpepblBHOCTH fredopmanHit; ana He-
NpepHIBHOCTH NepeMerieHHil HeoGXonuMo, YTo6H TaHreH-
uuaJjbHble H H3rHOHEE medopmanuu NoBepxHocTH [ Kak
rpaHHubl OAHOH 06.1aCTH PeryJsipHOCTH OBLIH paBHBI CO-
oTBeTCTBYIOmWHM fedopManusiM [ Kak rpaHHOH CMeX-
HOlt 061aCTH peryasapHOCTH.

6.3. Moansie dyHKIMOHAAN JarpaHKeBoH cepun c
paspuiBHBIMH moasimu. BBojs B ¢yHKuHoHaa Jlarpanxka
r-— e (taba. 3.7) ¢ mHoXHTenAsAMH JlarpaHxka Bce
JOTOJMHATENbHblE YCAOBHS, B TOM YHc/le H YCJIOBHe OT-
CYTCTBHS KHHEMaTHUeCKHX pa3spbiBoB Ha moBepxwoctu D,
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MOXHO MNOJYYHTb NOoJHble GyHKUHoHaasl (Taba. 3.9),
aHasoruynsle Tabyu. 3.3. Mx ycioBHeM CTamuOHapHOCTH,
KpoMe OOBLIYHBIX YpaBHEHHE TEOPHHM YIPYrocTH, NOpuBe-
HeHHbIX B Tabs. 3.3, cayxaT ycJOBHS OTCYTCTBHS CTaTd-
YeCKHX M KHHeMarHyecKHX paspeiBoB Ha [. PaspbiBbl
TeH3opa (YHKUHA HanpsiKeHHH ¢ H ero HOPMaJbHBIX
NPOH3BOAHBIX TakxKe OyneM HasbBaTb™ CTAaTHYECKHMH
paspbiBamH.

6.4. Paszanunble BapnauTnl (hyukunonana KacruapaHo
¢ paspeiBHBIMHM DOaAMH, UacTb YCI0BUN CTagHOHAPHO-
CcTH — ¢dH3MYeCKUe H CTaTUYeCKHe YpaBHEHHd, B TOM
YHCJe M YCJOBHS OTCYTCTBHSI CTaTHYECKHX pPas3pblBoB Ha
D, — MOKHO HaJIOXKHTb B KayecTBe AOMNOJHHUTENbHHX yC-
JOBU® H, MCKJIOYHB KHHeMaTHYecKue MepeMeHHHe, [Me-
peTH K pa3iHuYHBIM BapuaHraM . ¢dyHKuHoHajsa Kac-
THabsHO (Taba. 3.8). X ycnoBHs cranMoHapHOCTH — Bce
reoMerpHyecKHe YypaBHeHHMs, B_TOM 4HciIe H yCeloBUs
OTCYTCTBHSI KAHEMaTHUYeCKHX paspblBoB Ha D. )

6.5. Moanbie QyHKUNOHAABI KacCTHJIbSHOBON cepuu ¢
paspuiBHbiMH moaaMHu. M3 pasnuunbix BapuaHToB QPyHK-
nuoHanoB KacTH/AbSHO MOXKHO HOJYYHUTb NoJlible (QyHK-
IIMOHaNH, aHanordunble tabJ. 3.4, ycjoBHsi CTamudoHap-
HOCTH KOTOPBIX BKJIOYAOT OTCYTCTBHE CTaTHYECKHX
H KHHEMAaTHYECKUX Pa3pbIBOB Ha MOBEPXHOCTH D H KOTO-
phie 371eCh He MPUBOASTCS.

6.6. YacrHpie (yHKuUMOHAABI AJS Pa3pbIBHbLIX MHOJel
OTJHYAITCS 0T (YHKIHHOHAJNOB, TpPEACTaBJEHHBIX B
Ta6J. 3.5, HaJlUYHEM UHTErpajoB MO NMOBEPXHOCTH U J0-
NOJHUTEJbHBIX yCaA0BHE Ha 3ToH noBepxHocTH. OHM Mo-
ryT OHITb NOJYYEeHbl H3 COOTBETCTBYIOUIMX MOAHBIX (hYHK-
UMOHAJOB H B JAHHOH KHUre He MPUBOAATCS.

6.7. IkcTpemaapHbie cBOHcTBA (YHKUHOHANOB IJif
(a3pbIBHBIX MOJICA HCCNeYIOTCSH TOYHO TakK XKe, Kak B § 6.

®yukpuonans M — s, s, e — BHINYKAHE BHHS,
9% — ks, ks, ke — BbimykJsle BBepxX, I H ks —
HeBHIIYKJbIE.

Bce dyukuuonansl Jlarpanka B TouYkKe cTapguoHap-
HOCTH HMeT MHHUMYM, GdyHKnuoHaan KacTunesino—
MaKCMMyM. DKCTpeMaJsbHble CBOHCTBA BceX (DYHKIHOHA-
J/IOB C paspHBHBIMH NOJSMH nepemelleHult, repopmanni,
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HanpsixkeHu# H (QYHKIUE HampsaXKeHUN TaKue XKe, Kak
oBoOiCcTBa (PYyHKUHOHANOB C HEMPEePLIBHBIMH NOMSAMH, CBOJ-
Ka KoTopbix gaHa B Taba. 3.6.

3amevanue. [Hekoropble BapualHOHHbIE MpPHH-
LWUIIBl TEOPHU YIPYIOCTH IIPH Pa3pLIBHBIX MOJAAX IepeMe-
1eHui, Aeopmanuil ¥ HanpAxeHUH Brepebie GHIM pac-
CMOTpeHbl 6€3 HCCIeA0BaHHUA IKCTPEMatbHRIX CBOHCTB
B [0.12]. ®yHKuMOHaAbH ¢ pa3pbIBHBIMH (YHKIHAMHA
HanpsixKeHUH M 3KCTpeManbHble CBOHCTBA MOJMyYeHH aB-
TOpaMH.

§ 7. Pa3pepHyras ¢dopMa 3anucu HeKOTOPBIX
(yHKUHOHAJOB B pa3jHYHBIX CHCTeMaX KoopauHar

B nauHoMm naparpade fApHBEdeHb XapaKTEDHCTHKI HEKOTOPhIX
HanGosiee YMOTPeSHTENLHBIX CHCTeM KOOPAHHAT (MeTpHYeCKHe TeH-
30pbl, cMBOJH Kpucroddesns) H paccMOTpeH Mepexox OT TEH30PHOf
¢dopmMb 3anmucH ($YHKIHOHaJNO0B K passepHyTofl. [Ipusened psax noJ-
HHIX H 4acTHbIX (YHKIHOHAJOB B pa3BepHyTOfl GOPMe B KPHBO.II-
HefilLIX KOOPIHHATEX.

7.1. Pa3nu4uble CUCTEMbl KOODAMMAT, WX MeTPUHUECKME TEH3OPH W
cumeonst Kpuctobdens.

7.1.1. OprozouasbHbie (npamoye0svbubie) KOOpGUHATHL PASJHYHO-
ro BH1a UCMOJb3YIOTCH Yalle Bcero. B mo6ux OpTOoromasbHbiXx KoOp-
AHHATAX TPH KOMAOHEHTZ METPHUECKOrO TEH30pa paBHEl  HYJIIO:
oy =0 apn { %= j. OcranbHbie TPH KOMNOHEHTa OGHIYHO 3aMEHSIOT
TpeMs BeqHunnaMe [1; — napamerpamu Jlsime — no gopmynaym

H} = g;; (He cyMmuposats). (7.1

Hpyrre dopmyns s BHUHCIEHHS napaMerpos Jlame:

-G ) o

riae X, Y, 2 — AeKapTOBH KOOPAHHATH;
9
H;=e -e, (Be cymMMHDOBaTH). (7.3)
TMapamerpy JIsiMe HMeIOT SICHBII reOMETPHUECKHH CMBICA: OHH HBJS-
I0TCA MacluTabHbLIMH (aKTOpaMH, CBA3LIBAOUIMMY MPHPALIEHHS NJHH

AV KOCDAMHATHLIX JIMBHA ¢ NpHpalleHHAMH COOTBETCTBYIOUIMX MM
KPHBOJIHHE HBIX KOOPAHHAT:

ds; = H, do'. 74

B ra6n. 3.10 nprBeldeHH KOMNOHEHTH! METPHRECKOTO TEH30Pa H CHM-
sosut Kpucroddens anm Hekoropbix HanGosee pacrpoCTpaHEHHBIX
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OPTOTOHAJILHBIX CHCTEM KOOPAHHAT, DTH BENHUYMHB JAIOT BO3MOK-
HOCTh JeFKO 3anucaTb Bce Qopmyan u3 §§ 2—6 B passepayTOil
hopme.

B HexOTOpPHX cHCTEMaX OPTOTOHAJbHLIX KOODIHHAT 9acTb napa-
MeTpoB JlsiMe — KOHCTaHTH; NOJITOMY yacTh CHMBO.0B Kpucroddens
ofpanlaeTcs B HyJb, H cjaraeMule, COAepXaiiHe NPOU3BOIHLIE, €le
(oJ/lee YIPOWAIOTCH. Hanglrmep, B UMJHH/JADHYECKOH CHCTEMe KOOp-
ruHaT My = Hy =1, 2=R, a B chepugeckodt — [, = R,
Hy = Rsin0, Hs =1,

HanGonee npocrofi By BCe QYHKUUOHAAB M HX JAONOJNHHTEAbHbIE
A eCTeCTBCHHLIE YCJAOBHA HMEIOT B NPAMOYTOALHON [€KAPTOBO# CH-
cTeMe KOOPJHHAT, B KOTOPOil BCe mapaMerpst JIsiMe paBHb! eqHHHLE,
a BCe cHiMBOJAb! Kprctogdena paBHbI HYJIO.

7.1.2. IIpsamosunednvie Kocoyzoavrvie (addunnvie) xoopdumarse
(ta6n. 3.10)— BaXHHIfI YacTHHA BUA KOOPAMHATHON CUCTeMBL. IDTH
KOOpAMHATH ynoObbl, HanpHUMep, NPH pacueTe KPHCTAAMNOB H APYFHX
Ted, UMeolnX (OpMY HAaKJAOHHOrO mnapaifefenyunena, NMPH3MB KK
NUPaMUIHL.

7.1.3. Oco6o nosxua GHITh PaccCMOTPEHa CUCTEMA KOOpOUMAT,
HOPMAABHO CB8A3UHHDIX C NOBEPXHOCTbIO SP Taxue xoopawnarh wuc-
NoAb3VIOTCA B Teopuy ofosouex. B 3THX KOOpAMHATaX KOMIOHEHTH!
METPUYECKOr0 ¥ NHCKPHMHHAHTHOTO TeH30poB H cumsoas Kpucrog-
deas sbipaxaoTcs gepe3 x03duIHeHTH nepBO# M BTOpPOfi kBazapa-
THOex hopm nosepxuocty S (Tabn. 3.10).

7.2 Paspepuyrag dopma 3anuca ¢yHKuHOHAAOB B KPHBONHHEH-
HBIX OPTOrOHAJBUBLIX KOOPAHHATAX. Yro6m NpexcTaBHTh GYHKUHOHA-
Abl B pa3BepHYTONl ¢opMe, HYXKHO HCNOJb30BaTb (GOPMYJH M Npa-
suna u3 [Tpuaoxenus 2. OnpegeneHHyio TPYAHOCTb NpPEACTaBJSET
pa3BepTLIBAHHE BbIPaKeHHf, CoepKALHX POU3BOHLIE.

7.2.1. Passepnyras ¢opma zanucu sopaxcenuii suda (V.o + F),
Vu4+uV,. VXeXV, e -a ucnonvsopana g taba. 3.11—3.13. Huxe
noapo6no ONHCaH MepexOx K Pa3BepPHYTOfl PopMe NepBOro BhIpaxe-
HHS H COKPa'l[lCHHO — [ASl OCTaJbHBIX.

a) TIpeo€ra3yeM 3amHch BhipaKeHHs

B©)=V.0+F, (7.5)
KOTOpOE B HHIEKCHON (opMe HMeeT BHI
B! (0) = V07! 4+ FI; (7.6)
1) npupaauM cBoGogHOMY HHiekCy [ 3nauenue |: B'(0) ==
=VpoP! L F;

2) paseepneM cymmy no p: B! (0) ==V 0!l 4 Vy6*! + Vy0¥! + FI;
3) BLINOJAHMM KOBapHaHTHOE AHddepeHIHPOBAHYE:

B'(0) =o'} + Ipo” + Ipy0'” + 0%, + T2 07" +

+ 0™ + 03 + 1267 4 T 0™ 4 P
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4) packpoeM CyMMHPOBaHHe MO f 1 MOACTABHM BHIPaXEHHS
cumsoaoe Kpucrodoens:

1
Bl (@) =0} + 5 2g, &, 1% “+ 2z &1 o?! +

l H ___ 21 ___l__ 13
+2g” gy, 0% + 5—— - 8u, 10 + ~gu, 20 + T gn,30'% 4

i 2 ! 3
+“?12+—2§;;822.10 +7g:2‘g22,2“l+ T 82,50 +

1 21 22 1 3 1 33
+2g” g1, 2 822, 1 + T g1, 30 2g“gsa,| +

2gn

n 1 3! .
+0‘ + - 83, 10+ 2g — 83, 2021+ o g3, 30 + FL

5, 6) BbIpa3sUM KOMMOHEHTH METDHUYECKOTO TeH3Opa gu uepes
napaMerpn Jlame H?; Buipa3uM oY, F! uepe3 ¢u3nyeckHe KOMIOHEH-
TH O, Fgy D0 dopmynam [lpunoxenus 2; npusegem nogoGHHe
YJIeHH:

1
By O) =gy [(Heflso), 1 + (H1H300), , +

4 (H Ho0(y3)), 3 + Hyfy 90019+ HoH | 303 — H3Hy 099 —
— H2H3_ 1533) + F(,)H1H2H3]. (7.7)

Buipakenue B KBaZpaTHbIX CKOOKAax COBRazaeT ¢ JIEBOH YacThIO
YPaBHEHHS PABHOBECHS B KPHBOJIHHEHHBIX OPTOTOHAJbHHX KOODJHHA-
rtax |I1.9]. Ananoruuso noayuaiorcs Bay(o) u B (o).

B zanpHefiireM, yToOb! He 3arpOMOXKAATb 3aMHCh, CKOGKH [pH
HHIEKCaX B Pa3BePHYTHX BHPaMKeHHAX, Fje ITO He BH3bIBAET JBY-
CMBICJIEHHOCT!, GYREM OMyCKaTh.

6) PaccMoTpHM BhIpaXKeHHe

K(e,u)=e— %(Vu -+ uV). (7.8)
B uupexcuoilt gpopme:
1
K”(e, u)=e”—-3-(V‘uj+Vju‘). (7.9)

BrinosHeHHe KosapHaHTHOrO AHQGEPEHUHPOBaHUS H DPa3BepTHBaHHE
CYMM jaer

Kyjle.u)y=¢ -5 (uj itu )+ I‘”u1 + I‘”u2 + I‘”us.

panasas i, / smauenms 1, | u 1, 2, mocAe 3aMenbi KOMMOHEHTOB
MeTPIUECKOro Teidopa gy na mapaMeTpu Jlame H H KOMIMOHEHTOB
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€;j, U; uepe3 Quanyeckye COCTABAAIOMME (), Uy MONYUHM

1 1 1
K, (e, u)=ell'—_]_1_ul,l+'H—f12Hl,2u2+ TlH—SHl'sus;

Kiz(e, u) =ep— 9 [ZT (m-),l_l_-fl—;_(%).?]'

Cxo06KH y MHIEeKCOB (GU3HYECKHX KOMMNOHEHTOB OnyileHb. [lpupasuu-
Bas Ku(e,u) u Kyz2(e, ) HymO, MOXKHO MOAYUUTH BbIPaXKeHHA AR
KOMTOUERTOB JledopMaunit e(sy ¥ euz). TOUHO Tak ke mnA Apyrux
3HaueHUH WHUEKCOB i H .

8) [locrynans ananorudubiM o6pasoM, MOXKHO MOJYYHTb pasBep-
HYTY.0 (OpMY 3anmucy Bbipa’keHHI

Ce)=V XeXV (7.11)
C™* () = e'mneilky ¢ ¢ (7.12)

(7.10)

Hay
w
B cunay cusiMeTpHH pasnHuBbLIME GYLYT TOJBKO WECTh BbIpaKeHWil,

Hanpnmep, npu n =1, £ = 2 noayuuM 1o BbIOJIHEHHS KOBAPHAHT-
HOro Llnd)Q;epmmnmmmm

C'? (e) = VoV 1eas — Vs (V193 -+ Vaesy — Vsenn).

B npAMOYFONbHHX NeKapTOBHIX KOOPAMHATAX, KOTJAa KOBAapHauTHBe H
o0bIuHble NPOU3BOAHEIE COBNAAAIOT, NOAYYAETCA

Cra(e) =e33, 12— (€98, 1+ €31, 2 — €12, 3), 8 (7.13)

Tpupasuse Cz(e) Hymo, NPHXOAMM K OJHOMY M3 H3BECTHLIX ypase
HeHHH COBMECTHOCTH JedopMaumil.
r) Jlerko monyuuth paseepHyTyio GOPMY 3amHCH AU

D@, e)=0—e--a. (7.14)
B uruekcuoll gdopme
O (0, e) = 0" — e,,aP7Y. (7.15)
[Tepexon k @H3HyeCKHM KOMIOHEHTAM U paCKPHITHE CYMM lNaer
(D” (0, &)= 0= (e“a“” + eo9l99;1 + ... + 2912“1211)- (7.16)

MNpunasas i, j snauenun 1, 2, 3 u npupasuusas ®y;(o,e) uymo, no-
Ay4HM ypaBHeHHA 3aKoHa ['yka. AnaJlornunbiM 06pasoM MOXHoO MOs
Ay4uHTb o6paTHbIe 3aBHCHMOCTH e yepe3 O, paccMoTpes

Qe 0)=e—0- b (7.17)
7.2.2. Passepnyras ¢opma sanucu ekoropoLx pynKyuoHasos.
Ha npumepe ¢ynxumonana Peficcuepa I, (0, u) (Taba. 34) noxa-

’KeM, Kak npeobpasyiorca QyHkuuonaan. [lpeoGpasoBauue Bhpaxe-
Huft, conepxawux (5) wam (6), fACHO M3 BHUIEPACCMOTPEHHOrO
npumepa. B ocranbubix unenax, codepxamuxcd B ofbeMHOM H

4 H, I, AGoscku#t 8 ap,
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NOBEPXHOCTHBIX HHTEFpafaX, HYXHO TOMbKO NepefiTh K (u3uzeckum
komnonentaM (TIpHaoxenne 2). Hanpumep,

i k! R A
00110 =0y pnbuienTiny Uil = ugfn

B peaysnbraTe npHXOAHM K pasBepHyTofi dopme dyuknHoHaNa
(TaGPJL 3.11).

B tabn. 3.12 npenacraren nonumf QyHRuuoHan Jnia (4. e, 0)
B pa3pepuytofi dopme. i3 Hero MoXHO 0OAYyUMTH yacTHble (YHKLHO-
HaJbl, HcroNb3ys npeobpasoBanust Kypania — InanBepra, ne npube-
ras K pa3pepThiBaHHIO TeH30PHOM 3aMMCH COOTBETCTBYIOUIHX YaCTHBIX
¢yHKLHOHANOB.

B ra6a. 3.13 npusenes dyukunonan 3;43 (¢. 0, &), B KOTOpOM
He BHIMOJHEHO KOBapHaHTHOe AHddepenunposanne. UTo6u nonyunTs
OKOHuaTe/bHYyl0 passepHyryio dopmy, koTopas npeacrasaser 8 o6-
lleM Cjyuae KPUBOMHHEHHBIX OPTOrOHAaJIbHRIX KOODIHHAT rPOMO3JAKOE
BHIpaXeHHe, HeOGXOLKHMO BOCMNOJb30BaThCA Popmynamu anddepennn-
posanns (IIpHaoxenye 2) # BLIPa3HTb Qy; yepe3 PH3HUECKHE KOMIKO-
HEHTHL.

HexoTopsie npyrne ¢yuxuvonasnn B pa3sephyTofi ¢dopme npH-
Benennl 8 [0.2].
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BAPUAUHOHHBIE NPUHIUNBI TEOPUHU
ynPYrux TOHKHX HEOJHOPO HbBIX
AHHU30TPONHbIX OBOJIOYEK
NEPEMEHHOHN TOJIUWUHDI

B naHHOH rnaBe pacCMaTpPHBAIOTCS MOJHble H YacT-
Hble (YHKUMOHaMbl, yYaCTBYIOLIHE B (ODMYJHDOBKE Ba-
PHAUMOHHHIX ODUHIHMNOB JUHEHHOR TexHHUYECKOH TEOpHH
toHKHX obosoueK. CoorBercTBywipe oOUIHe H YacTHbHIE
BapHalMOHHble NPHHUHNL B PAas/IMYHBIX OPOCTPaAHCTBAX
cocTossHuE MoryTt ObiTh chopMynupoBaHH Ha OCHOBe 06-
wHx onpenestenuit (ra. 2, § 1).

CyiecTByeT HECKONbKO 2KBUBaJEHTHBIX Pa3HOBHIHO-
cTefl TeODHH TOHKHX 000J0YeK, OTIMYANOMUXCH BHOOPOM
nepopmalMii H ycHau#i. B stoll KHure ucmosb3oBaH Ba-
puant [4.12], koTopbli npu3HaH aBTOPaMH paboTH
[4.12] «HauayumHM»;, OH objaajnaer CTATHKO-TeOMeTpH-
yeCKoR aHaJjorued, TeHsopHoil ¢opMoil H NocTpoeH Ha
OCHOBe CHMMETPHYHBIX fAedpopmauufl, yCHJIMH H MOMeH-
toB. O CBf3U 3TOrO BapuHaHTa TeOpHH ¢ ADYTLUMH, Ha-
npuMep [I1.10], [4.11], cm. §§ 1 u 8. Dyuxruuonansl,
paccmarpHBaeMble B JaHHOfl  rJaBe, NOMeLleHbI
B Taba. 4.1—4.10 B KoHlle KHHTH.

§ 1. BeopHbie 3ameyaHns

1.1, Cucrema xoopawnar. PaccMaTpuBaeMaf TOHKas HenoJoras
4HU30TPONHAS OBOJOUKA NepeMeHHON TOMMNHB HMeeT cpedunnyio (a
TOuHee, OA3UCHYIO) NOBEPXHOCTs S € HOPMAalbiD 7, OrpaHHYEHHYIO
xoutypoM C. Koutyp C uMeer eluuHUHWA sexTop KacatesvHol ¢ &
eNHHUYNBI 8EKTOP TAneeHyUaAbHOU HOopMasu v (T.e. HOpMaAaH, pac-
MONOKeHHoA B KacaTenbHOHl MAOCKOCTH K nosepxHoctu S), puc. 4.1
TMoBepxuocTs S MomKeT ObTh OnpefefcHa BeKTOPHLIM apaMeTpHye-
CKUM ypaBHenmem

r=r(a!, a?),

Toe r— paanyC-BEKTOP TOUKH, JAexalledl Ha S, u xapax'regmaye'rcx
xosdounuentamMu aysy nepgod xsadparuunod popmsi u b,s s70-
poill xsadparuunod Qopmor (y, 8§ = 1,2); uepes c,s oBo3naveny

4
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KOMOOHEHTH OUCKPUMUHAHTHOZ0 TeH30pa nepeofi KpaapaTHunoi dop-
vt (cm. [Ipunoxenne 2).

Ypassenns Teopun OGOJIONEK 3aMMCHBAIOT B CHElUMANbHOA KpH-
posnHefiHOl cHCTeMe KOOpAMHAT, HOPMAJbHO CBA3aHHOH C MOBEPX-
Hocthio S (pre. 4.1). B Heli paanyc-BeKTOp TOUKH paBeH

R=r (a!, a?) + zn.

Bekropbl JIOK4JbHOro 0Oa3ica B TOYKaX, JexallHX Ha S, paBHH:
e; = Or/da}, es = 0r/0a?, es == n. Tlpu 3TOM HCTIOJb3YIOT NOHSATHS
MOBePXHOCTHOrO BekTOpa H
TeH3opa. KomnosenTs  00-
BEPXHOCTHBIX BEKTOPOB HMEIOT
uuAeKCH, 0603HaueHHBle rpe-
yecknmu OykBamu H fIpHHH-
maomue sHagenusn 1, 2. Cum-
sos Vg B nausoit riaBe 06o-
3HauaeT KOBAPUAHTHYIO NPO-
u3B00HYI0 HO NOBEPXHOCTU OT
KOMIOHEHTOB MOBEPXHOCTHOIO
Tenszopa (cm. [Tpusoxente 2).

O6oJiouKa 3aHEMaeT uacTb
TPEXMepHOTrO  NPOCTPAHCTBA,
OrpaHuYeHHYI0 ABYMS fOBepX-
HocTAMH Sy #4 S, TOYRH KO-
TOPHIX UMEIOT KOODRHMHATH!
z=h(a' a?) u z= hy(al,
a?), hy > h;, u (ecim ofo-
JIOUKd He 3aMKHYTas) TpeTbeil
NOBEPXHOCTHIO, 06PA30BaHHOA ABHKEHIIEM HOPMaJu 2A BAOJb KOH
typa C. Beauwunna h == hy — h; ectb Tonuna 0GOAOUKH.

1.2. Nepemewenns u nedopManuu B obonouke, FeoMeTpuyeckue
ypasHenus, [TepeMenennsi touek Gasucioil nopepxHocTH S XxapakTe-
PH3YIOTCA BEKTOPOM

Puc. 4.1. Kpuponuuefinse koopauna-
B, HOpMaJbHO CBfianHble ¢ Ga3uc-
HOH MOBEPXHOCTHIO OGOJOUKY.

u=uge® + wn, (1.1)

TAe Hg — KOMIOHEHTH [OBEPXHOCTHOTO BEKTOPA TAH2EHYUAABHOIX ne-
pemeujeHull, a W — nepeMelilenue go HopMastu Kk S (npoeub).

Tunoreani Kupxroda — JIsBa 1no3BoONAIOT NPHOJHKEHHO BhIpa-
3uThH fiepemclilenns v; u Achopmaunn €y (i, j=1, 2, 3) B o6oaouke
Kak TPEeXMepHOM TeJe uepe3 nepeMelleHns H Lepopmaluu 6a3uCHOI
nosepxHoctd S. TunoTeza o NPAMOJNHMHEAHOM HOPMAaJbHOM 3JEMEHTC
(eunoresa npamvix Hopsaseid) cBOLUTCS K paBeHCTBaM

Vg =1ty + 204, vi= 10, (1.2)
rae 8y — yran nosopora moeepxunocty S,
0, = — (Voo + b8up). (1.3)

Tunoresaa o HenadasausaHuu 60A0KOH, T.e. paBeHcTBO 033 == 0, no-
3BONHET BHPa3uTh AedOpManyio ess uepes €,

3333
€= (a““ﬂeuﬁ + 2a33“3eq3)/a . (1.4)
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Jedopmaun e,; MOXHO BHIDasHTh uepes 4,, W, BHUHCIAB
KOM{OHeHTbl TPEXMEDHOro MeTPHUECKOIO TeH3Opa g , 8 Hemedopmu-

N
pPOBAaHHOM COCTOSIHHH M g,; B ZedopmupoBashom ¢ yueTom (2) u

" .
COXpalHB B BHpaXeHUU ey ; =g . — g,; JHlb cJaraemble, JHHEN-
Ible OTHOCHTEJIBHO NepeMelleHUH: .

eqs=0. €ag ™= Cap Zﬁaﬁ-l— |
1
+ 2[5 (00Bpy + OfBay) — blBegs]  (19)

THe Egq M 60;3 — CHMMeTpHYHHE MOBEPXHOCTHHIE TEH30PH COOT3eT-

CTBEHHO TAHZEHWUAAbHOIX W U32ubHoix Oepopmayul 6asucHol no-
8epXnOCTY, 3aBUCALLHe OT ee MepeMellleHAd:
w, (1.6)

i
e%(u)=?(vmu'3 + Vﬁua) - ba'3

1
Bap () = — 5 [Vaby + Vg0, — 0470, — 6370, +
+ (blbpy + Bty 0] (LD
Benuunum € Baﬁ HMEIOT SICHBIFl reoMeTpd4yecKHit cMblcn: €

ap’ op
COBNAAIOT ¢ KOMIOKEHTaMH €y, TPEXMEPHOrO TeH30pa fedoprauns

B TOYKAX [OBEPXHOCTH S, a
Bag=0,3 — b,s npeacrasnsior
co60fi pa3HOCTb KPHBH3HE 060-
JIOUKH 10 H nocte AedpopMupo-
Banua. OnHako 3TH nedopMaiuu
AMeIOT HEeJLOCTAaTOK: MEXAY HUMH
1 COOTBETCTBYIOINHMH HM (B
SHEPreTHUECKOM CMBIC/e) KOMIIO-
nenramn yonamit S® 0 women.
roB H *P yer cratnko-reoMerpuue-
ckoit anasornn [4.12] (cm. § 7).
Urobnl ee olecneunTb, Aad
3aNHCH ypaBHeHHfI Teopun 060-
Jouex HCTOAB3YIOT ApyrdHe fe- PHC. 4.2, YCAnMA W MOMeHTHl B
¢dopmauyu, ceasalHLle ¢ g, B an- o6oJouke.
HeAHBIMH 3aBUCHMOCTAMH, U COOT-
BeTCTBYIOWIMe M ycu.aus. Hanpumep, B [4.11] napany c B paccmar-
puBaeTCs HeCHMMeTDHUHHIA Tensop Harubuo#i nedopmaunnm pic:

1op=—Bap + blegy (18)

# HecuMMerpmunbifi Tensop yewmii Tue (puc. 4.2). Heeummerpuu-
HOCTb MW" M Tye MPIBOAUT K TOMY, UTO OHH, KpOMe RH(pPepenunaibHEIX
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ypaBHeHu Hepa3pHIBHOCTH H paBHOBECHS, AO/IKHH OHTb HopYAREHH
ycJ0BAAM

¥ (nig — biey,) =0, cop (T3 +68M¥%) =0,  (1.9)
BLIPaXKalolUM CHMMETDHIO TPEeXMEPHHX TeH3opos nedopmanuil u Ha-
npsxeHui.

B pawHOf KuHre B KauecTBe Mephl u3ruGHOH aedopMaunu uc-
NoAbL3YeTCs cuMMeTpuulni Teusop [4.12]

1 !
Mop = (Wo§ + Bae) = — Bup + 5 (beys + beqy)  (110)

Hepopmauuam €, | COOTBETCTBYIOT CHMMETDPHYHBle TEH30DH YCHJHMHA
H MOMEHTOB

1 1
10 = o (198 4 789), Mo = (M2 4 ME%). (L)
Hs (6), (7), (10) caenyior BuipaxeHus p,m'3 yepe3 nepeMellleHAs
1 1
Bap ) =5 (VaBy + Vo) — 7 (61Vpuy + b}T,0) +
1
7 (6374t + 68V405).  (1.12)

Hlects KoMmnoHeHTOB nepop¥aupH: e, €12=821, €22 ¥ Wy,
Ri2 = Pa1, Mgz CBA3AHB MeXAY COGOM YpaAGHERUAMU HEPA3PLIGHOCTU
6a3UcHOL NOBEPXHOCTU

L (e, p)=0, (1.13)
raoe

Len)=L5@e n)e + L n)a,
L* (e w) =V, (”avcgﬂ"vﬂ) +65%s (CGYCGB"'?B) +
1
5 Vo (6he e e ),

L p)y=—V,, (cﬁvcaﬁeva) + b4s (c“vcéﬂuvﬁ).

(1.14)

leomeTpuyecKue rpaHHYHbie YCMOBHA TEOPHHM OGDJIOYEK, COrMa-
cylolgeca ¢ rumnotesamu (2), (4), umeioT Bug

(w—u*y =0 (v8, — )" =0 (1.15)

3pech, XaK ¥ B M. 3, LITPUX K ABOHHOH IITPHX COOTBETCTBEHHO
03HaYal0T, YTO PABEHCTBO OTHOCHTCH K TEM KOMIIOHSHTAM YCHJHH
(nepeMelnennfi), A9 KOTOPHIX 3afaHbl CTaTHYECKHEe WJIH FeOMETpHYe-
CKHe TpaHuYHBle yCJOBHSA; 3Be31QUKQHl 0603HaYEHB! 3anaHible HA KOH-
Type BeJNH4HHEL.
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Cootnowmenus (6), (12), (15), a takxke (13) ssadiores zeomer-
puteckumu ypasHenuamu teopuu oboaouex 8 obaactu S U HA KOR-
Type C.

1.3. Ycunua u MomeuTnl, ¢usuueckue 3aBUCUMOCTH. DHepreTuue-
cKue KOMIOHEHTH YyCHJIUA ¥ MOMEHTOB, COOTBETCTBYloulne BhiGpaH-
LM KOMIOHeHTaM faedopMaliufi (T.e. paboTaomue Ha 3THX pedop-
Malusx), ynoGHee BCero BBECTH BapUaLHOHHEIM NYTEeM Ha OCHOBe
dyHrunoHana Jlarparxa. :

IMocne Toro, Kak mepememesns u Aedopmanuu B oboJouKe Kak
TpeXMepHOM TeJe BHIpaXKEeHH uepe3 nepeMellleHns # aedopmalun u,
€, B ee Ga3HCHON NMOBEPXHOCTH, a Te€OMeTpHYeCKHe rpaHHYHbIE YCJIO-
BUS IS U— uepe3 KOHTYDHble ycNoBHA mis @, Uy, TpexmepHbiit
¢yuruuonan Jlarparxa nias 060JIOYKH CTAHOBHTCH KBaApaTHUHOM
¢yHkuueh oT U, €, W

.

S0 (u, &, p}= SS S {-;—[eaﬂ + 2 l:"aﬂ —%bsegﬂ—%bgaaa)-
S

L 2 6 33,33
— 5 2 (0l + i) | (227 — a0 359) 5
1 1
X [%o +2 ("vo -3 bYeqs — 5 bglgw) —
1 9/,n
—g* (bvp‘ﬁn + bg‘p‘\m)] -

—F“(ua+z0a)—F3w} /\/—% dzdS —
hy

~ S S [7** @o + 280) + [Pw] /\/—E-dz dc,  (1.16)

C A

T.e. pynkyuonarom Jlazpanxca 8aa Oeymeprol Kpaesoil 3adauu
pacuera 060404KU. JIONOJNHATEIDHEMH YCNOBHAMU K HeMY SBJSIOTCS
reomerpuveckue ypasuenus (6), (12), (15).

Monyuennas aAByMepHasl BapHAIMOHHAA 3afaya OT/IHYAETCH OT
TpeXMepHOH TeM, YTO MHUHAMYM (YHKUMOHAJa OTHCKHBaeTCA He MO
BceM TPEXMEpHHIM NOJAM NepeMellenufi u aedopmaluil, a ToJbKo nO
TeM, KOTOpHE COBMeCTHMH ¢ runoTesamu Kupxrogpa -— Jlasa.

Kpanparuunass uactb ¢yHKnHoHana (16) npencraBaser coGoit
uuTerpan or xBaapartuuHoli dopmu Il(e, p), saBucamed or umecTu
HepopMaluit Eqn==8ga, MHag = Mpg, KOTOPBIE MOKHO CUHTATh 06-
OGHIEHHEIMY TIepeMeleHHAMH.,

Keanparaunass ¢opma II umeer 21 pasanunnbfi Koddoumnent,
KOTOpLHie OQHO3HAWHO OnpejensioTcsa BhpaxendHem (16); ee MOXHO
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8anucaTb B BUaE
6
1
MEem =g ) dpipty (dpg=dg),  (L17)
p, q=i

rae (xi, X2, X3, Xi, ¥s, Xe) == (€11, €22, B4z, iy, M2z, Wi2). Jlnist obec-
neveHHs TeH30pHOH ¢opmpl 3anucH B KawecTBe aprymentos II pac-
CMATPUBAIOT BOCEMb MEPEMEHNBIX g5, [lgg, CBA3AHHBIX ABYMA YCJIO-

BUAMU CHMMETPUH €12 = €21, 42 == ll21; [IPH ITOM
1 5
I (e, p) = 0} (gi‘ﬂ” 8aplys + 2g}'ﬁ”68a5uv5 + ggﬂvéuaﬂuya)- (1.18)

B (18), Boobime rosopst, 48 pasanuHbix K0>pdUUKEHTOB g?BVG; ol
cBAizalbl ¢ dpg u3 (17) 21 ypaBHeunuem, KOTOpble MOXHO TOJYYHT,
eciy B (17) u (18) npupaBHATH KO3(hGHUHSHTHL (IPH OAUHAKOBHIX
NpousBeAcHUAX nedopMaUuil C yueTOM CHMMETpuH &, p. Takum obpa-
30M, KospouuieHTn g‘,’ﬂvé onpepensiores BbipaxenueM (18) He.
0aHo3dauHo. UesecooBbpasno ux BuOPATb CAMMETPHUHBLIMH, MOJOKHB

Sy6 __ 06 1212 __ 2121 1122 _ 2211, S __ (]
PU=a™ g =g g =g @V =g™

g =gl g =g (v 8 i=1,2,3]=1,3). (119)

B (19) conepmurcs 27 paBeHCTB, KoTophle BMecTe ¢ 21 ypaBHEHHeM,
YKa3saHHbIMH BbIlIE, COCTAaBJAAIOT cucteMy u3 48 ypaBHenuii, omHo-
3HauHoO onpejenstomnx 48 koap¢uuuentoB B (13), cpean KOTOPHIX
He GoJiee 21 paznuHBIX.

O6o6mentnie youaus T°® u momenror M®® wmoxno meectn
¢dopmasibHO Kak npousBogubie of (16) mo oGobiweninm nepemere-
HMAM €gg, Mag; YcaoBua (19) ofecreuuBaloT CUMMETPHIO TEH30DPOB

»

TGB (e, p) = Tﬂa — 03.}12/080,I3 _ g?ﬂvﬁayﬁ + g;.tﬂvsuvﬁ’

af _ a__ __ ,0Byb apyd
M (e, p) = MP* = 03 15/ 0mgp = 77V 0e 5 + 237 V0.
PasencrBa (20) sBasiiotes usuueckumy 3asucumocTamy reoput 06o-
A04eX W TI03BOJISIIOT 3amucarth ¢yuxuuoxan (16) B dopme, npex-
cTaBjexHoll B Ta6j. 4.1, Du3ugecKme KOHCTaHTH g;° Y COBNAA4lOT
¢ xospdunnentamu xBaapatHunoit dopmmt (18). HMa (16) caeayer,
MTO OHM 3aBHCAT OT KpuBU3H bgg. Oanako OObMHO ¥X yOpoWAOT,
npenebperas (B COOTBETCTBUM C TOYHOCTHIO ypaBHenHA Teopun obo-
JIOYEK) BeJMYHMAMH TAaKOTO e MOpAAKA MANOCTH, Kak fbgg, mo
CpaBHEHUIO ¢ ennHulefi B (5). Bulpaxkenna a/ia ynpOINEHHBIX TAKHM
obpasoM @uanueckux KO3GHUHEHTOB HE COAEPKAT KPHBH3H baﬁ;
u3 (16)—(19) caenyer:
hy
ggﬂv(i: S 21 (VS  qoB38 330/, 3333) 4 (1.21)

b

(1.20)
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Hcxons n3 tpexmepHoro dyekuHomana Jlarpanka u yuuTBas,
YTO €, W He 3aBUCAT OT 2, MOXKuo (16) 3anucath B Buje:

3.;12 (u, ¢, ”) =
hy

S 1 KON (PR e

1
3

7 ]
+%l‘us S[Gaﬂ__;_z (bgGE.B + bgcuﬁ)] ,\/-i—z dz 4 ... de+

hy

+ .= SS [—é—(aaBT“B-i— nagM®®) + ...]dS+ S {...}dC.
(1.22)

Orcioga caepyer dusnueckuit cMbicn Beanudn T, M xak UdHTerpan-
HHX XapPaKTePHCTHK HanPSIKEHHOrO COCTOAHKS OGOJ0YKY W TOT $akT,
4TO BBeldeHHble, coramacHo (20), T, M
COBNAAalOT C NOCTPOeHHBMH B [4.12]
Ha ocHose (11).

Pusuueckue zasucumoctu (20) mo-
ryT OHTb NpPeACTaBACHH B 06paTHOL
dopue:

__ ¢l 5
€48 M, T)= iaBVGTV + fiBYGMVG.
— 5

(1.23)

1.4. Cratnueckne ypasuenns. Cum-
MeTpuuHbie ycuaws H momentn (20)  Puc. 4.3. Yeunus u moment
LOIKHB  YNOBNETBOPATL YPABHEHUAM Ha KOHType 060/04KH.
pasrogecus [4.12], kotopue MOXHO
BHIBECTH, Hanpumep, 43 dyukauouana Jlarpaixka (16) B KauecTBe
YCNOBHHA CTanHOHAPHOCTH:

BM, T)=0, (1.24)

rae
B(M, T)=B® (M, T) e, + B(M. T)n,

B® (M, T) = V7% — 53V, M% — v (b3 M — p3M%%) + ¢%, (1.25)
B(M. T)=VoVsM™ + 5657 + ¢,

a
¢ =q e, | gn — BekTop Harpysku Ha mosepxHoctH S. Kpome Toro

o )
78 4 M®P ponxun YAOBNETBOPATD CTATUHECKUM 2pAHUMHBIM YCAO-
suam (puc. 4.3)

(@M, T) — Q' =0, [Myy(M)— M} =0 sa C, (1.26)
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rae
Q=Q%q + Qn, (1.27)

Q* (M, T) =g [Tf’“ + ;— (oBmv> — bgMﬁV)] — BSbvet MO,
Q (M) = vovgMP® + (Vg (1yveMY), (1.28)
Mv»v (M) e 'Va'VﬁMuB-

3nech wTpux o6o3HayaeT, UTO paBeHcTBa (26) OTHOCATEH K TeM
KOMIOHEHTaM YCHJUA ¥ MOMEIITOB, /S KOTODLIX 3afaHBl CTaTHYe-
CKile rpauyuHble yCJOBHUS.

VpaBHenuss paBHOBecus (24) wuMeloT napameTpuueckoe obuwyee
petuerue

MGB (1')) = MS'B —_ CGVCBO [% (Vv‘l.pﬁ + Vﬁ'lp,v) -— bvéq)],
708 (P) = Tgfi o VB0 [% (anﬁ + Vo“y) — (1.29)
1 !
— - (B30t + 03090) + 1 (63 + 6390,)]

rae napamerpul Py, ¢ — KOMNOHEHTH! 8EKTOPA PYHKYUL HANpAMER W]

b= Poe® + on, (1.30)
1s — €YTJInl Hanpsxedufi»

15 =— (V5@ + b§¥;), (1.31)

M;‘B, Tgﬂ— Kakoe-A160 4acTHOe peimeHyue HEONHOPONHHIX YpaBUEHHH
_paBHOBecuf.

Cooruomenust (24) u (26), a Takke (29), asasoTca crarude-
ckumu ypasHenusmu Teoputt obosodex B obaactu S u ua kouType C.

1.5. O B3anMocBsi3ay pa3nuyduX GOPM reoMerpHYECKHX M CTATH-
YECKUX TpauuyHblX YC/10BMH. [eoMeTpuyeckue rpalnyHue yc/OBHS BO
MHOTHX CJly4afX MOIYT OHTh mOCTaBiaeHH B gedopmauusax. B uacr-
HocTH, ypasueuusi (15) moryt ObiTh npeoGpasoBaum K pedopma-
UHOHHBM I'DAHHYHEIM YCJIOBHAM CJeAyIOIHUM 06pa3oM.

IMpousBosuyio N0 KOHTYDY OT TpeXMepHOro BeKTopa Mepemelre-
HUH KOHTYPHBIX TOYEK MOXHO BLIPA3UTh Y€Pe3 TEH30PH Tpex MepHLIX
nedpopmauuil e u yrnos roBopoTa @ B OKPECTHOCTH NAHHOM TOMKH:

. 1
_“:_'C‘_=t.(Vv)=t-—;-(Vv+vV)+f'5(V"—"V)=

=t-et+t-o (132
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Kak #3BecTHO, TPH MEHY/NEBEIX KOMOOHEHTa KOCOCHMMETPHUHOTO TeH-
30pa @ MOXKHO BBID23UTh 4epe3 KOMIIOHEHTHl BEKTOpa YIJIOB HOBO-
pora Q: @y = €:;:Q*, oTRyAa

t-o=rto ct=c, IQlefF=c OleF=qXt (133)

Ha ocnoBe rumore3nl nmpsAMbiX HOpMaliell KOMMOHEHTH {2 B cucTeme
KOOpAHHAT, CBA3aHHOH ¢ 6a3uCHON NMOBEPXHOCTHIO, PaBHbL

Q%= %0, 9, =5 oMV 4, (1.34)

Bekrtop {-e B cucteme koopauxar (v, 4, n), cBsazanHoft ¢ KOHTYpOM,
MOXHO NpeACTaBUThL B BULE

- } i i
t-e=(t'fe, )t + (tWle, ) v + (t'nle, ) n. (1.35)
B cuny runoTesn npsaMblX HopMaJgefl Tperbe ciaraeMoOe PaBHO UYJIO,

a mepBele 1Ba npeacTaBAgiOT co6ofi aepopmauun GasucHoi moBepX-
HOCTH

ey = t“tﬂaaﬂ, 8y = t“vﬂeas. (1.36)
Bextop ¥ MOXHO npeicTaBuTh B Buje v == —n X {, H TOraa paBeH-
crBo (32) c yuerom (35) mpumer BHI
du
_d_(:_=8ttt+9t><t' rae 9t=9—'8tvn' (1.37)
TlpousBoaHas mo KOHTYpy oT Bexropa Q
dQ;
TC—=M=Maea +%fl (1.38)

npencTabisgeT co0ofi BeKTOp HCKPUBJIEHUA TPaHUYHOrO SJEMeHTa, KO-
TOpHIfl C MOMOILKLIO THMOTE3bl MPAMHIX HOPManell MOXeT GHTL BHpa-
XKeH gepes aedopmalny 6a3ucHON NMOBEPXHOCTH:

1
%% (2, p) = V0B [”vB + 5 (bg"'sﬂ - bge%)] - tvbgtsvﬁesﬂ,

%n(g) = tﬂcvsvssvﬂ + 1%, (tﬁvveﬂv).

(1.39)

C nomomsio (6), (12) Herpyano npoBepHTh, aro Bennunub %%, %, £4
ABAAIOTCH  GYHKUHSAMH nepemellenuil #,, @ H yria [oBopoTa
®, = v*®, na kourype C & ux nponssoausix t"y, no C:

%% (u) = — vy, [t“vﬁﬁﬁ + v%48 (sz + bguv)] -
8
— %38 (Vyug + bgyw),
% (u) = 1V, [v¥¢® (V,u, — b, w)],
gy () = 84° (Vyug — bygw).

(1.40)
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KomnoHenThl BekTOpa % BMecte C €4 COCTABAAOT HABOD AedopMa-
nHf KoHTYpa, KOTOpble ONpene/siOT NMepeMeiiendss 1 yrau MoBOPOTa
Ha KOHTYPE C TOYHOCTBbIO 0 HIECTY KOHCTAHT, ONpelesAIOUX KecT-
Koe cmerieHue, lelicrBurenbHo, HHTerpupysd paseHcTBa (38) m (37),
MOXHO TI0 HM3BECTHHIM % W €y ¥ HavaJbHHIM 3HAueHUsiM L4, ()4
BEKTOPOB # ¥ Q; B Touke A wuaiiTé NepeMewieHUs H YIaH TMOBOPOTA
B Touke B xoHurypa:

B
@)y = (), + | »ac,
A

8 (1.41)

uB=uA+S (s“t-i—QtXt)dC.
A

Jedop mayuonnsie epanuunsie Yci08us AMEIOT BUA
[en @ —ei]" =0, [e(e,m)—#"]"=0 na €. (142)

VpaBheuus (42) aABAAIOTCH YCAOBHAMM CTAUHOHApHOCTH (VHKIIKO-
nana Kacruwibano B yuruuax manpaxenuin [5.3], cm. § 2.2. 3ame-
THM, UYTO AedOpPMallHOHHbie TPAHHMYHBIE YCJIOBHA moaydeds B [4.i1]
HEBAPUAUKOHHBIM MyTeM B KOOpmiHaTax (v,#, A1) ¥ BLIpaXKeHH 4Yepe3s
KOMITOHeHTH AedopMaunit £ p¥c; ux MoxKHO NpeobpasoBath K (42),
nenonbaya (8) ¥ npaBuio npeo6pPA3OBAHHS KOMNOHEHTOB BEKTOPOB
npu 3aMeite koopaunar (cM. [Mpunoxenue 2).
Cratuueckue epanuynble Ycao8iua 8 PYnKylax Hanpaxenut

L3V 4 *\/
(b—9) =0 (Wng—1) =0 (1.43)
MOryT ObiTb MOCTaBJIEHH B3aMeH [PAHHYHBIX YCJAOBHA B YCHAMAX
(26), nanpuMep B Tex cayyadx, xoria (26) sagavbl Ha OZHOW CBA3-

Hol uwacTH Kontypa C. Jlng 3TOro rpannuHble ycuans (28) nomxHbt
6HTb BbipaXKeHH 4Yepe3 FpaHHyHble 3HAYenus QyUKUUA HaATpsAXKeHHH

Vg, @ # HOpManbuoil mpousBopHofi v* Vy@, KoTopyio MOXKHO 3aMe-
UKTh <yTIOM Hanpaxenuii> ving, cm. (31):

Q" (%) = Q% (M, T )—tW, [1"v ng+vf® (Vyp+b35) ]~
— b3e®®tY (Vybg — bygo),
Q (¥ =Q (M) + 1V, [vW (Vypy, — by,0) ]
Moy (%) = vgv M — 1942 (V g — byg0).

(1.44)

[paununbte 3navenus $* Bekropa Gbyuknufi #anpsKCHRA MOXKHO HoO-
JYunTb, HHTErpHPYA, No #tagoruu ¢ (41), Bextop Q. u momenr M.,
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B COOTBETCTBHH C paBEHCTBaMH

B
©@),=©0,+ | Q@ 1 — @t Tl ac,
R 4 . (1.45)
Y= v, + S {[M’V’V (M) — Moy (Mo)] t+8, X1} dC,
A

riie © — BeromoraTeJbHBIl BEKTOP, KOTOPbifi, MOMNb3yfich aHAJOTHeH
¢ €, MOXHO HA3BaThb BEKT1ODOM CYIJIOB HAMPSXKEHUH» BJEMEHTa KOH-
Typa 060JOUKH.

Ipannunsle yeaosus (15) u (42) 3KBHBAJEHTHH € TOYHOCTHLIO A0
MOCTOAHHEX MHTerpupoBanufl. Ecnn ypasienus (15) sazanm Ha on-
Ho# cBaA3HOM wactu KoHTypa C, To (15) M (42) sKBuBaJNeHTHH C TOY-
HOCTLIO 710 KECTKOrO CMellleHusi kKoHTypa. B nanHo#i raase, Kak mpa-
BHJIO, paccMOTpeHbl GYHKULIOHAJb [JA 3alad ¢ TUMH TNPOCTHIMH
rpaHRUHLIMM ycnoBusiMu. B cayuasx, korza ycnosua (15) oxsatsi-
BAIOT HECKOJbKO Pa3JMuHbiX CBf3ubix uacTeli KoHTypa C (B wact-
HOCTH, P MHOrOCBsI3HOH ofJaacTy S), HeoOXOAMMO YUHTHIBATL ypaB-
HEHUs, COTJaCylollne B3aUMHble CMELIEHHS Da3/IMuHbIX CBASHHIX 4a-
crefi. Hexotopele u3 sTUX caydaes paccmoTpeHbl B ra. 5. [laxHoe
3amegalme OTHOCUTCA H K CTaTHHECKHM CDaHHUYHBIM ycaoBusim (43)
n (26).

1.8. HekoTopwe cooTHOIIEHHS TeopuH moJorux 06oJsouek. Teoprs
NoJIOruxX OBOJIOUEK SIBASETCH YacTHLM cAydaem ofied Tteopuu 060-
JoueK npH JOROJHMTENbHHX K OCHOBHHM THNOTe3aM JOMyLIEHHSAX.

Teomerpuueckan eunoresa

al~al~1, al~al=~0, (1.46)

T.€. BHYTPEHHIOIO reoMeTpHio 0G60JIOIKY MOXKHO NpHOGAMKEHHO Cyn-
TaTb cosnapalomed ¢ reoMeTpuell MJIOCKOCTH ee npoekund. To osHa-
HaeT TaKkKe, YTO B UCXOAHHLIX ypaBHeHANX MPHOMHIKEHHO MNpHHH-
MaeTCss paBHOH HYJIO rayccoBa KPHBAI3HA NOBEPXHOCTH

by1bgs — (bi2)?
K =-—‘———(—-12— ~ 0. (1.47)
apze — (ap)

Crarudeckas eunore3a. B ypaBHeHHSX D2BHOBeCHS MOXHO mpe-
He6peub MOMEHTHHIME UJeHaMH, COjJepiKalluMu B KavecTse KoddpdH-
UMEHTOB BMPAXEHUT KPUBU3H D og W MX NPOUIBOJHHX.

[Tpu 3Tux pomyweHusX ypaBHeuus Teopun 060JIOYEK yNpoWLAIOT-
cfl 1 MPUHUMAIOT CJELYIOULYID (Oopmy.

TeoMeTpuyeckue ypaBHEHUs:

1
auﬁ(u) =3 (V‘Iu[5 + Vﬂua) - baﬁw, Fop (w) =~ Vava' (1.48)
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CraTHueckne ypaBHeHHS:
VeT® 4 g% =0, V VM4 b,,T% 4 g=0.  (1.49)

COOTBeTCTBERHO YHPOLLAIOTCS YpaBHeRHs HepaspmiBHocTH (13)
BVgpg =0, VP (—V, Vgeos+ bughys) =0  (1.50)

n ofmee pemenHe ypaBHeHHH paBHoBecus (29)
7% (@) = T:‘B + cwaVYVoq),
go 1 (1.51)
M () = MP — oo [‘2‘ (Voby -+ Vybe) — bva‘P]-

YnpomasoTest Takxe 3aBHCHMOCTH (40) MexAy AepopMauuamu rpa-
HHYHOrO 3JeMeHTa H HepeMellleHHsAMH

® (@) = V7, (1*vPVgw + 217V 0),
® () = 19V, [vV£® (Veu, — b5y@) ] (1.52)
&,y (8) = tBse (Vmuﬁ - bagw)'

B BupaxenHs (44) mis rpaHuuHEBIX ycuaui uepes QYHKUAH Hamps-
XKeHHH

Q% (¢) =T (M, T ) — 1YV, (— t*v*Vg0 + v*1%7;0),
Q) = Q(M,) + £V, [vV* (Vo — byy0) ) (1.53)
My (8) = wovgM® — 4% (Vo — bg9).

Tak kak wmerpuka O0asHCHOH INOBEPXHOCTH IOJIOTOR 06OJIOYKH
CYHTaeTCR CoBHagaiowlell ¢ MeTPHKOH IVIOCKOCTH, TO IoJlorde oGo-
JIOUKH MOXHO pacCYMTHIBATL B J[EKapTOBHIX KoopiuHaTaXx., B asrom
cjlydae BO BceX ypaBHEHMSIX HAJA0 NMOJOKHTb

g a

Vi=or 1=y

vy (1.54)

§ 2. Pa3auunble BapMaHThl NPUHUMNOB JlarpaHxka
# KacTuibHO — HCXOAHbIE MYyHKThI
AJdsi npeoGpa3ocBaHua BAPHAUHOHHBIX NPHHUKUNOB

B KauecTBe MCXOAHBIX MyHKTOB A/ OPHMEHEHHS Teo-
pHH npeo6pa3oBaHHs BapHAUHOHHBLIX NPOOGJEM HCIOJb-
30BaHbl MNPHHUHI MHMHHMYMa I[OTeHUHAJbHOH 3SHepruu
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(npunuun Jlarpanxa) H OPHHOMOD MakcHMyMa [OMOJ-
HUTenbHOR 3Hepruu (npuHuun KacTuansigo), Kak H
B 1. 3.

2.1. Pa3auuHble BapHaHThl (QyHKUHoHaaa JlarpaHxka
(trabn. 4.1).

a) ®ynkyuonar Jlazpauxa 6 nepemewjenuax u de-
popmayuax 3o (u,e,n) paccmorpen 8§ 1.

3t10T PyHKUHOHAN MOXeT OBITb mpeo6pasoBan B APY-
rHe Pa3sHOBHJIHOCTH (yHKuUHOHana JlarpaHika, UMEIOULHE
pa3nuudble OCOGEHHOCTH: NyTeM paclIHpeHHs NPOCTPaH-
CTBa COCTOSIHHE 32 cueT 3aMmeHbl NepeMeHHbIX
TaB (g, p) = T%B, M8 (g, n) = M u HCKyCCTBEHHOTO BBe-
JeHHSI COOTBETCTBYIOUIHX JOMNOJHHTENbHBIX YCIOBHH; Iy-
TEM ycedeHHSI NPOCTPAHCTBA COCTOSIHUEA 32 CUET HCKIIO-
yenHusa HEKOTOpHIX NepemeHdbX. Hekoropnie u3 mosyuen-
HBIX TakHM NyTeM BapHadTOB ¢yHKHuoHana Jlarpasxka
(Haubosiee HHTepECHBIE ¢ TOYKH 3pEHHS aBTOPOB) Npea-
cTaBneHs! B 1a6. 4.1, YcnoBua CTaHHOHAPHOCTH pasady-
HBIX BapuHaHTOB ¢pyHKuuonana Jlarpauxa — ypaBHEHHS
paBHOBeCHs, HO B pa3anyHoi dopMe.

6) Pynxyuonar Jlazpanica 8 nepemeujenunx 3 (u)
(raba. 4.1) nonyueH u3 I go(u, e, n) NYTEM HCKIIOYEHHS
AepOopManHA €48, {gp, C NOMOUILIO JOMNOJHHTENbHBIX yC-
gosuft (1.6), (1.12). dto Haubonee pacmpocTpanensas
¢dopma ¢yukuuoHana JlarpaHxka, uwame Bcero NpH-
MeHflIoIasAcd B TPHAOKEHHSX KakK NOpH YHCIEHHOM,
TdK M [pH AadHaAHTHUECKOM peIieHHH 3ajay TEeOpHH
060J104€K.

JlonoNHATENBHBIMH yCJOBHAMH HBJAIOTCH FeOMETPH-
YeCKHe TpaHHYHbIE YCIOBHA, 2 YCIAOBHAMH CTapdoHapHO-
CTH — ypaBHEHHS PABHOBECHS H CTATHYECKHe rPaHHyHbie
YCJIOBHSL B IepeMellleHUsK.

B) @®ynxyuonar Jaepauma 8 Oepopmayusx
9n:(e,n). B Teopun obonouek, KaK 4 B TEOpPHH YNPyro-
cta (ra. 3, § 2.1B), Bo3MoxkHa HOpMyHpOBKA MpUHHUHIA
Jlarpanxa B medopmauusx, B KOTopo#i uu pyHKuHOHas,
HH JDONOJHHTeJbHblE YCA0BHA (a 3HAYHT, H YCJIOBHS CTa-
HHOHAPHOCTH) He cojepxXKaT nepeMeuieHHH.

B Tex cayuasix, Korja reoMeTpHYeCKHe TpaHHUHBIE yC-
JIOBHA 3ajaHbi Ha ONHOM CBfI3HOM yuacTtke Koutypa C,
¢ynxkunonan Ins(e,u) Moxer ObiTh NOAYYeH H3
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Ine (u,e,n). Urobn npeobpasosBate I B Ina, HyKHO
UCKJ/IIOYHTL NMEPEMEeLIeHHs Uy, @ H3 Jj2 H H3 JOMOJHH-
TeJbHBIX ycjoBHII K HeMmy. PaccMorpum 3to npeobpa-
30BaHHe B cayvasX, KOrfa KOHTyp 06on0uyk#H C cOCTOHUT
u3 1Byx cBs3ublx yacreft C, u Cr, Ha KOTOpPBHIX 3ajfaHbl
reOMeTpHYECKHE H CTATHYECKHE I'paHHYHbIE yCJIOBHS CO-
OTBETCTBEHHO.

TMoc/le HMCK/IOYEHHA THepeMellieHM H3 JOTOAHHTEIbHHX YCJIOBUH
(1.6), (1.12) oHu nepexoisT B ypaBHeHH§ HepaspmiBHocTH (1.13);
rpaHuuHble ycaoBHs B nepeMeiienusx (1.15) mepexozar B zedopma-
IHOHHblE TpaHKuHBle ycmosHs (1.42).

B ¢yskunonane Ijyo(u, e, 1) NepeMellleHHs COREpPKaTes B Crla-

raeMoM

S S(q“ua + qw) dS (@1

IOBEPXHOCTHOTO HMHTelpaia W B KOHTYPHOM HHTErpaje, KOTOPHA B
paccMaTpHBAEMOM YacTHOM Ciyuae rpaHHunbix ycaosnlt C=Cy 4 Cr
uMeeT BUL

S (@, + Quw -+ M 8 ()] dcC. (2.2)

Uro6n #36aBHTbCA OT nepeMelienuli B caaraeMom (1), mpen-
cTaBEM Harpysky g% g B dopme

1
g% = — Vg7 4 b5V M + = Vs (b5M% — bfMPC), 3
g =— (VgVsM + b, T),

rie Tgs, MSB— Kakoe-1160 9acTHOe pellleHHe HEOANOPORHBIX Ypas-
nennft pasHoBecua (1.24). Hcmosbsys (3) u mnpasmiao mupdepesnu-
poBaHHs NpoH3BefeHus, npeobpasyem ¢%ug u qw:

uy = —Vg { [Tf“ — bgmPo— %(bngé - b%Mf“)] Uy }+
+ [Tf“ —% (b§MPS — b%Mf“)] Vg — MBOg (88u,),

qu=—VY, [(VGMS") w] + Vs (Mf“Vaw) -
— MYVVyw —~ bygT P,

24
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Moncrasus (4) B (1), mocte mpocTsix mpeoSpasosansi Moty v
SS (¢°uq + qu) dS = SS { T [‘;' (Vaup + Vaug) — basw] +
o % [ = 5 (7 (Faw + bBug) + T, (Vs + 65u5)) —
— o (B4 aty + B395) + (60T + 67 )| —
—Vg [(Tf“ — oM™ — - (bfMB — bng“)) ua] -

i}
-V, [(VGMOG) w]} das,
Orcioda BHAHO, 4TO MHOXKHTeleM NpH TS‘B ABASETCH €4p (u) (1.6),

a MHOXHTEJb NMpH Mf“ ecth lg, (#) (1.12). TlosepxHocTunifl HuTErpal

OT OCTaJbHLIX CJaraeMelX HyxHO npeoGpa3oBaTh no ¢opMmyie 'puua
(cm Tlputoxenue 2) B KOHTYpHbHIE nuTterpai. B peayierare

SS (q“ua -+ qw) dsS = S S [T?Beaﬂ (u) + Mi‘ﬁp,aﬁ (u)] dS —

— @ vo { [725 — 68M® — 5 (65 ME0 — bgMP) g -+
+ VsM%w — MV dc.  (25)

[Mocsentiee craraeMoe B KOHTYypHOM HHTErpajle MOXKHO C MOMOIILIO
paBeHcTBa

’VG’VG + téta == 6% (2-6)
peoGpas3oBaTh K BHRY
— MO0 = — v MY w0 — MOtV . (2.7)

Bropoli unen B (7) cosepxuT mnpoussopHyio *Vow oT w mo kaca-
TeJibhofl k koHTypy C. HHTerpupysa no gacTam, noaydsMm

@ vy (—- MSGVGUJ) dC =
= Q[ vaveM P Vyw + 1V, (vytyM) w]dC.  (28)

Urobm  MHOXKHTEJNEM  NPH vavéMga 6ei1 yron  noBOpOTa
By =vY O, =—"¥ (va -+ bgué), cm. (1.3), npeoBpasyeM ¢ mo-
Molbio (6) eme opua uyaeu B (B):
vub%M:‘GuB = bgﬁXval 4:6&3 = bg (tvté + vvvé) vaMgGuB =

= vqbgtviéM‘:auB 4 vavoMgvabsuB 2.9)
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C nomouisio (8) H (9) H paBencrso (5) MOXKHO MPeACTaBHTL B BHAE
0§ (gt + g as = § { [7%8eqq )+ Mg @] a5

- @ (QPug + Qw + M Y8)dC, (2.10)
rie QP=QP (M, T), Q =Q (M), M_=M,, (M), cu. (1.28).

MMocne sTux npeoGpasosannit KOHTYPHHHA HHTErpast B I o (U, 8, )

TpHMET BHA
fL(e® - @®)up+ (@, — Q) w+ (M, — M) w0, ]ac, +

+{ (@ + Qo + Mo )ac, @1

Tak kak Ha Cu TepeMellleis Uy, W W Yroa NoBopoTa vvﬁv H3BECTHB

* % * o
(u,, =uy, w=w, v, =% )n He BapbUADYIOTCH, TO BTOPOH HuTe-

rpaa B (ll) — mocTosiHHas, HeBapbHpyeMasl BeJHYHHA H HE HYXKAa-
ercs B HasbHeAIIHX npeo6pasoBaHusX.
Uro6bl HCKJIOUHTL NepeMelleHHst W3 mepsoro HHrterpana B (1),
BOCHOJb3yeMCs O6muM peinentieM (1.29) ypaBHeHHH paBHOBeCHS.
[Tyctb $* — Kakasi-nu6o ¢Qyuxkuuda HaUpsKeHHH, WA KOTOPOH
yoHJus M MOMEHTH, BbiuMcsenuble no (1.29), ynosJaersopsior rpa-
HAuHBIM yestoBasaM (1.26). Toraa, corsacHo (1.44),

Qf — QF = "V, [0 + v2e (Vo' + bf0s) ] —
— b3 (Vg — bge’),  (2.12)
Q= Q= £V, [¥* (Vg — bp9) ]
M —~M =% (V g — bogo")-
Takam o006pasoM, BeJHYHHH Qf—-— Qg, Qx — Qo, M‘ - MO BhIpaxKes-

* * * *
rel uepes dgerblpe ynxuud Yy, Py @, N, 3adanHple Ha HaCTH
kosirypa Cr, M X MPOH3BOJAHLIE 7O KacaTeJbHOM K KouTypy. Ilogcras
BB (12) B (!1) u mpouHTerpHpoBaB NO 4ACTAM, MOJYYHM

JI(Q2 = @) uat (@, — @) w+ (M, — 1) w0, ] aC; =
- S [% () ¥+ % (@) 9" + &y (W) M} dCp + 4, (213)
A= {[v“‘n* + vosP (V S(p* + bgmp;)] u; — (p*v“tYVvu; —
— bg(:(SB lp;u; 4 vV8 (Vﬁ’lp; —_ bqu)*) v —
— VY199, o' — Pypg0°} ]: (2.14)
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rne B, n B, — nayano u xoneu uacra Cyp xoutypa C. B Toukax B,
* * *
4B, uy=u, w=uw, & (u) =0, Tak Kak 9TH TOUKH NpHHALJIEKAT

onuospemenso # Cp u C,.
Bamenns B pasenctmax (10) n (13) eyp(4), Byp (@), =*(a),

% (u), ey () HA €45 Hop %% (e, n), % (), €y (e) coorercTBenHo,
nonyuuM, c¢ yderom (11), ¢ynxuuonan Jlarpauxa B Iedopma-
nuax Jjpg (8, W) (1aba. 4.1), rae

A=A + S (@, + Q" + M 8") dC,, (2.15)

koucranta A; ompefesena B (14).

dyuxnuoHan Iz (e, n) HMeeT HeKOTOpHle OCOGEHHO-
cri 10 cpasuenHio ¢ I (u) ¥ In2(u, e,n) B BHUHCAH-
TeJbHOM OTHOIUEHHH, C TOYKH 3PeHHsl yyera TPaHHYHHIX
yeaoBufi. Ero yaoOHee npHMeHsiTe B cayuae gedopma-
HHOHHBIX PAHHYHBIX yCJAOBHH.

[Ipeo6pazoBanne Ppugpuxca (cum. ra. 2, § 2.4) ne-
peBoguT Ins(e,n) B ¢pyuxunoHan Kacrunbsao Ik, (¢)
(tabn. 4.2) B GyHKUMAX HaupsukeHu# (cM. § 2.2B).

r) Dynkyuonanr Jlaeparia 8 0CHOBHOM NPOCTPAHCTBE
cocrosnu 3y (u, e, n, T, M) nonyuaercs u3 I (u, e, p)
3a cyeT paclilpeHHs TPOCTPaHCTBa cocTosHUi. Beopsarces
HOBhle HeH3BecTHble — ycHaHsl T%8 y MoMentol M*B, u co-
OTBETCTBylOIIHeE AONOJHHTEIbHbiE YCI0BHA — 3aKoH ['yka
(1.20)

T —7%% @, =0, M™®—M®e, n=0. (2.16)

dra ¢dopma npexacraBaenHs ¢yHkuHoHana Jlarpanxka
B PAacIiHpeHHOM NpPOCTPAHCTBe yno0Ha AAsl JanbHeHmunx
npeoBpaszoBanuil mo teopun Kypanta — ['uanBepra.

@dyukuHoHansl I, dm2 U 4 HMEOT OTAHYHE IIO
dopMe H JOMOJIHHTENbHBIM yCAOBHAM K HuM. Pasiununs
B BBIYHCAHTENbHOM acliekKTe MeXAy HHMH HecyUlecTBeH-
uole. Opnako pasHoobpasue (OPM HCXONHOIO HYyHKTA
npeoGpa3zoBaHUil TPHBOJAUT K BaXHBIM OCOOGEHHOCTAM
npeoBpa3oBanHblX (YHKIHOHANOB He TOJbKO N0 dopMe,
HO M B BBIYHCJAHMTENBHOM OTHOLIEHHH H, B 4YaCTHOCTH,
B SKCTpeMasbHBIX cBOiicTBax (cM. § 5.1).

1) Dynkyuonar JIaepauma ¢ HEnoAHMIMU NHOAAMU
nepemeujernuti u Oegopmayui Ins (w,e) MOxeT OHITb
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nonydeH Anad nosorux obosouek H3 I (u). Hns atoro
HyXHO B Iy (#) 3aMeHHTb BbipaKeHHs eq,p5(u) (1.48)
HOBbIMH TIepEMEeHHbIMH £,3 H BBECTH COOTBETCTBYIOUIHE
NOTIOMHATENbHBlE YCAOBHS, 8 3aT€M HCKJIOUHTbL TaHreH-
nHanbHble TepeMelleHus u, H3 ¢yHKuuoHana H H3 AO-
MONHHTEABHEIX VCJIOBHH TAKMM Ke GyTeM, KaK 3T0 6blJIO
caenado npu BeBojge Igs(e,m). Uckawouenue u, BO3-
MOXKHO AAsl mosorux o060j0ueK, Aas KOTOPbIX BbipaiKe-
HHA Mgg(e) (1.48) cofepxar TOABKO nepeMmemlends w,
a aBa ypaBHeuus pasuosecHs (1.49), B mpaBbiX yacTfx
KOTODBIX CTOSIT HArpy3KH g%, He 3aBUCAT OT TpPETbero
ypaBHEHHSL.

OyukpuoHan I s (w,e) MONKET CAYKHTb HCXOAHBIM
NYHKTOM JJs MOJYYeHHUd cMellauHoro ¢pyHKuHoHana Teo-
puu noaorux obosouek J.(w, @) (cm. § 4).

e} Hpyeue pasuosudnoctu pyuxkyuonasa Jlaepauica,
He npeiacraB/esHHble B Taba. 4.1, MOXHO NOAYYHTH H3
Iny — s, 3aMeHdAs yacTb nepeMeHHwbX €, w, I, M Bbl-
paxeunsamu e(u), n(u), T(e, n), M(e, n) unu nao6opor;
Hanpumep, pyHKnuosan BUAA

D e 1 210 = | { {3 [o0p (@) 7% e, ) +
+ oy (0) M (&, W] — g%, — qu} dS —
— (@Y v + @) w+ () 0 @] dC

c pomoanuTenbHbiMH yeaosuamu (1.6), (1.12), (1.15).

2.2. Pasauunbie BapHaHThl $pyHkumMonana Kacrnabsino.

a) Pyukyuonas Kacruavsno e ycuausx. Tlpuanun
Kactuabano v ¢pyuknuonan Jxs(M, T) (taba. 4.2) B 1€0-
pHH 060/04€K XOPOLIO H3BECTHBI. JTOT (GYHKUHOHAN MO-
xer ObiTb  BbiBegeH H3  ¢dydknuonana Jlarpamxka
An2(u,e,pn) (taba. 4.1y mo caexywouweit cxeme (npeob-
pasoBanue Ppuapuxca, cm. ra. 2, § 2.4):

I, e,p, T, M) —> 3, (MT), (2.17)

MHOXKHTEAH
—_—

35 (@, &, 1)

Jlarpanxa

rae o — NoONHLLH ¢dyHKuHOHAN Xy — Bawuny
(ra6n. 4.3). DTo Mo3BoONfET YTBePKAATh, YTO (PYHKUHO-
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Hanbl J g2 U Jxs HMEIOT OFHO U TO Ke CTalHoHapHoe
3HayeHue.

Ipyrue pasgoBugHoctH ¢yukuuonaia KacTuabsauno
(trabn. 4.2) Moryt Gbitb nosyuenbt uz Ix3; (M, T) ¢ mo-
Momblo obulero pemenus (1.29) ypaBueHult paBHOBecHus
(1.24) n 3amennr nepemennnix e(M,T)=1¢e, n(M,T)=
= n au60 npeoOpasosanuem Ppuppuxca U3 GYyHKIHO-
nanoB Jlarpanxa (ta6 4.1).

6) Pyuryuonas Kaciu.1»aHo 8 ycuausx u pynKyuax
nanpaxenud Fx2($, M, T) nonyuen us (M, T) nyren
3aMenbl AONOJHUTEAbHHIX YCJAOBHH B (opMe ypaBHeHUH
paBHoBecus (1.24) Ha SKBHUBa/eHTHbIE UM 32BHCHMOCTH
MeXRAy ycuauamMa d oyHxkuuaMu uanpskeuud (1.29).
[Tocse sToll 3amennl Jgs 3aBHCHT He ToabKo oTr M, T,
o u or Y. [loBepxuoctuoiii uurerpan B Jx3(M,T) ny-
Tem samenn Q*(M,T), Q(M), My, (M) na Q=(v), Q(¥),
Myy(¢) (1.44) u uHTErpHpOBaHWA HO yacTaAM 3alHcaH
B (yHKUMAX HaNpsAxKenu#d (cMm. ana/joruynoe npeobpaso-
Banne B § 2.18), ¢ TeMm uTo6n pynkunonan Ixq(p, M, T)
UMes BHUJ, AaHANOrHuHbIl QyRKUHOHANY In2 (U, &, 1)
{cm. § 7).

Oyuxnuonan Ix(P, M, T) cBazan npeobpaszoBanuem
®puapuxca (cM. r. 2, § 24) c dynxkuuonanom Jlarpan-
Ka Iqale, n).

dyukudonan Jge(p, M, T) aBasercs npomexxyrousoil
cTynenbio npu npeobpazoBanun Ixs(M,T) B Iki(¥),
KOTOpHH HMMEeT NpeHMymecTBa B BHIYHCAMTENbHOM OT-
HOIIeHUH, 3aKAIOYalOuHecss B yMeHbIIEHHH KOJUYeCTBa
HEU3BECTHHIX H OTCYTCTBHU JAOMNOAHHTEJIbHBIX yCJIOBUA.
B 1o xe BpeMsa Ixp umeer 66ablive BO3IMOKHOCTH, YeM
Iki, KaK UCXOAHBIN MYHKT 1A Npeobpa3oBasHufl mo rteo-
puun Kypaura — 'mabvbepra, ananoruuao ¢ynknuonany
Jlarpauxa 2 (4, &, 1).

B) Dyuxyuonas Kacrureano 8 pynkyusx Hanpae-
rult Jx; (p)— Haubonee ynobuaa naa pacdeToB Gopma.
dtoT dyuriHonan Moxer Gpith moayued u3 Ixq (P, M, T)
oyTeM uckiaoueduss ycunuit M, T: ansa atoro HykHO
Bciogy 3ameduts M, T na ux Bulpaxedus depes ¢ (1.29).
HononuuTtesnbibie ycaoBusa B ofiacTh S OKa3bBAWTCH
BLINOAHEHHBIMH, OCTaeTCsi JHWb TpPAaHHYHOE YCIOBHE

Lad .
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Ilepexon or Jks K Ik 03HaUaer yyeT AOMOJHWTENb-
ublX ycnoBu#l (1.24) ¢ noMomwsio obuiero peuienus (1.29)
(cm. ra. 1, § 2.2).

r} @yukyuonanr Kacruaeano 8 K8asuoCHOBHOM npPO-
crpancree cocrosnut ks (P, M, T, u, ). Pyukunounana
Ixa(P, M, T, n,e) noayuen us Ixa(p, M,T) nyrem pac-
mppenusa mnpocrpanctBa (¢, M,T) 3a cuer HCKyccTBeH-
HOTO BBEJEHHs HOBBIX MepeMeHHbIX — AedopMaiuuiie, p —
H AONONHHTEJNbHHIX ycJaoBHH

€ — g M, T)=0, pg—pn,(MT)=0 (2.18)
(3akou T'yka (1.23) B o6patuoit dopme). B coorBercrBun
c 3ameyanueMm B . 2, § 2.1 BBeJeHHe HOBBIX TEpeMeH-
HbIX M HONOJHHTENbHHIX YCJOBHH paciiHpfieT BO3MOX-
HOCTH AJa npeobpasoBanuii dyukuuonasos KacTuabsiHo
B APYTHE TOJHBIE H 4acTHble (yHKHOHAJBL

1) Dynkyuonas Kacrursano ¢ HENOAHBIMU HOAAMU
pynuryul Hanpaxenud u ycusud gs(p, M) MoxeT GHITh
noayued Ans nosorux obosouek u3 Ik (). Has aroro
HyXHO B Jk;(¢) 3amenuts Bbipaxenus MeB(yp) (1.51)
HOBLIMH TiepeMeHHBIMH M>F u BBeCTH COOTBETCTByiOLIHE
KOTOJHHTENbHBIE YCAOBHSA, 4 3aTeM HCK/IOUHTL (DYHKIHH
HanpsAXKeRHH P, H3 GyHKNHOHAA U H3 AONOJHHTENbHBIX
ycnosuit. HckaoueHne P, BO3MOXKHO AJa [OJOTHX 060-
JIo4eK, Aas KOTOpblX Bblpaxenns 7T2B(p) ue comep-
EKaAT Pg.

Oynkunonan Ixs(e, M), kak v Ins(w,e) (cMm.
§ 2.11), MOXKeT CAyXRHTb HCXOAHBIM NYHKTOM IJs HOJy-
YeHHS cMemanHoro GyHKLHOHANa TEOpHH MoJorux obo-
Jgouek I.(w, ¢) (cMm. § 4).

e) HApyeue pasnosudnocru pynkyuonara KacTuares-
Ho, He mpenctaBiaeHHble B TalJ. 4.2, MOXKHO NONYyYHTb H3
Jk1 — Jxs. 3amenss gacth nepemedunix M, T, n, e BuIpa-
xenuamd M(p), T(p), n(M, T), e(M, T) unn naobopor,
HanpHMep, GYHKNHOHA BHAA

! a 1 a
Sraa M, T, 1, 2) = (| (= %07 — § sM*") S +

+ {re o, 1y ()" + @ @) + M,,, (1) 8)7dC

¢ RononuuTenbHbiME ycaosuamu (18), (1.24), (1.26).
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§ 3. Moanvie pyHKUHOHARL

Pasnnunble BapmaHTbl HCXORHOH BapHanHOHHOH 3a-
Zadn (§ 2) npuBOAAT, B COOTBETCTBHH C TeopHe# mpeol-
pasoBaHHA BapHamHOHHBIX npobaem (cm, 1. 2, § 2), K
pasaHuYHBIM NOJIHBIM (yHKUIHOHanaM H COOTBETCTBYIO-
M OOCIMHMM BapHAUHOHHBIM NPHHUHIIAM B Pas3yiMuHbIX
NpPOCTPAHCTBAX COCTOAHHH.

N3 pa3gbeix BHAOB ¢yHkuuoHana Jlarpanka 3I9m
(taba. 4.1) noctpoed paAg NOAHBIX (YHKIHOHANOB Iy
(taba. 4.3), KoTopHii, Kak ¥ B a1, 3, § 3, nasBau narpan-
KeBoH cepHell MOAHBIX ¢GYHKHHOHAA0B. COOTBETCTBEHHO

KACTHNbAHOBA CepHA TOAHBIX  OYHKUHOHAAOB g
(tabn. 4.4) nonydeHa u3 dyukuuonana Kactuaeano Ik
(tabn. 4.2). Ilonnble ¢GyHKIHOHANBI HMEIOT Te Ke HO-
Mepa, YTO H 4YacTHHlE, B3 KOTOPHIX OHH MOJy9eHHl C [0-
MO0 MHOXKHTeNeH Jlarpauxa.

Kaxaufi nonnusfi ¢yHKUHOHAA NO3BOASiET cOpPMynH-
poBaTh BapHAUMOHHYIO 3afauy 0e3 Kakux-nubo Jonoj-
HUTenbHBIX ycnoBufl. [IpH 5TOM He3aBHCHMO BapbHPYIOT-
cA Bce NapameTphbl, yKasaHueole B CcKoOkax. Hanpuwmep,
Yy Ine(u, g, n, T, M) He3aBHCHMO BapbHpYIOTCH MNOJA Ile-
peMeleHHl, TaHTeHUHaJbHHIX H H3THOHBIX nedopmauHii
H YCHNHA-MOMEHTOB.

M3 nonubix GYHKIHOHAAOB MOTYT ObiThb HOJYUYEeHbI
pasHooGpasHbie UacTHble, B TOM UHCjAe (YHKIHOHABI
Jlarpanxa (ta6a. 4.1) u Kactuaesuo (ra6a. 4.2) B pas-
JIHYHBIX (OpMax.

3.1. JlarpanxeBa cepua NOJHbIX (PYHKIHOHAJIOB.

a) Moaneui pynxyuonar g (u, Q, My) 8 nepeme-
WeHUAX U KOHTYPHbIX PEAKTUBHBLX YCUAUAX TIOCTPOEH H3
Iai(u) (rabn. 4.1) nyrem yuera orpaHHuenu#i (rpauuu-
HbIX YCJAOBUil B NepeMEUIEHUAX) C NMOMOLUBI0 MHOKHTeNel
Jlarpauxa Q, My; oHl ABASIOTCS, KaK MOKa3bIBAIOT yCJI0-
BHfl CTAlHOHADHOCTH, KOMMNOHEHTaMH BEKTOpPa YCHJAHH
Q = Qze, + Qn u usrubaiouuM MoMeHTOM Myy, COOTBET-
CTBYIOIHMH 3afaHHbLIM KOMIIOHEHTaM (u;)”, (@)”, (8",
T. €. peaKuHsMH.

YcaoBHA CTaUHOHApPHOCTH — ypaBHEHHST DPaBHOBECHA
H CTaTHYECKHE H reOMeTPHUECKHe IPaHHYHble YCJIOBHA B
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AepeMelleRUsAX IIIOC YPaBHEHHS [J5 BLIUMC/IEHHS peak-
UUH MO H3BECTHBIM MEpeMeLleHUaM.

6) [loansii ¢ynxyuonanr e nepemewerusx nia (@)
moJydaercs, €cau BelpaskeHus ans peakuuit (Q)”, (My)”
yepe3 MepeMellleHHs MOACTaBHTbL B Ini(#, Q, M), T. e.
C TOUKHM 3PEHUs] TEOPHH NpecOpa3oBaHUs BapHAIHOHHBIX
npo6GieM HAaJOXHTh HEKOTOpHE H3 YCNOBHA CTamuoHap-
HOCTH B KAaYecTBe AOMOJIHUTEJNBHBIX YCI0BHH H ¢ HX mo-
Moumbio uckIwuuTe @, M, (cMm. ra. 2, § 2).

B) Moanoul ynkyuoras 8 OCHOBHOM RPOCTPAHCTBE
coctosiutl Inz(u, e, u, T, M) (pynxyuonas Xy — Bawu-
4y) noanyien u3 I, (8, € p) C MOMOLIBLIO MHOMXKHTEJeH
Jlarpauxka T, M npm reoMeTpHUECKHX COOTHOLIEHUSX.
Kak suaHo K3 ycioBuil crapuodapHoctu (2.16) (dusum-
YeCKHX COOTHOWEHHI), MHOXKHTEeNN Jlarpasxka sBASOTCS
YCHAMSAMH U MOMEH? aMH.

YenosusiMu  cranvoHapHocTH dyHKuuHoHana Jqp fB-
NAOTCA YpaBHEHHS H TPAHHUYHbIE YCAOBHA TeopHH 06o-
JoYeK B KJjaccuueckoli, HaubGonee pacopocTpaHeHHOH
dopMe: reoMmeTpuueckue ypasHewns B obaactn S (1.6),
(1.12) u na xoutype C (1.15), du3sudeckve cooTHOIIeHUA
(2.16), cratuveckHe ypaBHenus B obaacté (1.24) u cra-
THUecKHe rpasnunnie ycaosusa (1.26).

Hcknouenne muoxutenelt Jlarpamxa T, M u3s pyuk-
wwonana Iu(u, g, w, T, M) B coorBercTByn ¢ 1. 2, § 2.2r
NpHBOAUT K MOoNHOMY OQYyHKUMOHAly B TPOCTPAHCTBE
(u, & wn), KoTOpBIH ABAAeTCA OAHOH U3 popM QyHKHUO-
nana Peficcuepa [0.2]:

I, (1, 8, )=

= [~ eaal® (o0 11— oM W4T e, e 1)+

+ M (e, 0) p o () — ¢ u, — qw] as —
~ {[Qua + Qo + Md@] dC — {{Q" (e 0 (wu — ) +
+Qe, ) (@ — 0') + M, (e, N[0 () — )" dC.  (3.1)

MOKHO HCKJIWYUTL U3 Jup Aedopmalnd g, u (B coorBer-
creuu ¢ r. 2, § 2.28) u nepefity K Apyro#t popme pynk-



§ 3 MOJIHBLIE ®YHKLIMOHAJK 121

nuoHana PeficcHepa 3;3(M, T,u) (tabn. 44) B mpo-
crpanctee (M, T, u).

r) lloanei ¢ynxyuonas 8 Oeopmayunx u (pynx-
yusax nanpaxenud Jns(e, m, P) MTOCTPOEH MyTeM yuerta
c MOMOIIBI0 MHOXHTenei JlarpaHmxa HONONHUTENbHBHIX
yeaoBuil QyHkuuoHana Iz (e, ). Ycnopus cranuoHap-
HOCTH Jp3 — reoMeTpuUECKHe ypaBHEHHs B Aedopmanusix
B 00/1aCTH W HA KOHTYpe M 3aBHCHMOCTH MeXAy Aedop-
ManusaIMH M MHOXHTesnsMu JlarpaHxa v, @, KOTOpHE
OJHOBPEMEHHO UTPalT POJib CTATHYECKUX H (DU3HUECKHX
ypaBHenuii. IlocileiHHe 3aBHCHMOCTH MOKa3bBAOT, 4TO
MHOXHTeNH JlarpaHyka cOBMajfaloT ¢ KOMIOHEHTaM¥ BeK-
Topa (QYHKUMHA HampsKeHHi.

Orcioga BHAHO, YTO WCHOJIb30BAHHE MOJHOrO (YHK-
nuoHana Jns(e, p, P) MOKHO pacCMATPUBATHL KAK MHCTPY-
MEHT JJd mojdydeHus ofbliero pelleHHs ypaBHEHHH
paBHOBecHs, GoJee YHUBEPCAJbHBIH, Y€M CTAaTHKO-TeoMeT-
puueckas ananorus. IlpeoSpasosanve ¢yHkuuoHana Jla-
rpanxa a3 (e, u) B Ius(e, p, P) npuseno K npeobpaso-
BaHUiO yCJAOBHA CcTanuoHapHocT? J;3 (ypaBHeHHil pas-
HoBecHsi B Aedopmanuax) K ¢opme, ABAAMIEHCH HX
o6IIUM pelneHHeM. DTOT NMpUMep MOKAa3EBaeT, Kakoe 6o-
raTCTBO BO3MOMKHOCTEH 3aK/I0UEHO B BAPHALMOHHEIX (op-
MyJHPOBKAX U UX HpeobpasoBaHHSAX.

1) Hoaneul ynkyuonar 6 pacuilpenrHom OCHOBHOM
npocTpancTee cocToanull Ins(u, €, w, T, M, Ay, A, A3, A*)
noayuaerca us g (u, €, u, T, M) (1aéa. 4.1) ¢ nomo-
1bl0 MHoOXHTes el Jlarpanxka Ay, A, A3, A%

dynruyoHan Jps ABJASETCH NPOMEKYTOUHBIM 3BEHOM
npeo6pasopanus I s (u, e, u, I, M) B Ssa(u, &, p, T, M).

e) loaneil pynKyuonas 8 cummeTpu3o8anHom 0CHOB-
HOM RpOCTpaNCT8e COCTOARUL Jusa (u, €, n, T, M) nony-
uyen M3 4 OyTEM HCKAIOYeHHs MHOxHTesnefl Jlarpanxa
A C MOMOILBIO yCJAOBHH CTAIMOHAPDHOCTH B COOTBETCTBHH
cra. 2,§ 22r.

®dyurunoHan Inea(u, € p, T, M) nunefinnlii (HeopHo-
POAHBIH) OTHOCUTENBHO KAaXAOH TPyNIH HepeMeHHbIX
u; e, w; T, M npy $pUKCHPOBAHHBIX ABYX APYruX rpymnmax.
Otciopa caefyer ero ocoGeHHOCTb, 3akJlodaiolasca B
TOM, HTO KaX/J0€ yCJOBHE CTaNHOHAPHOCTH CBA3bBaeT
JBe rpynnsl NepeMeHHbBX M3 BHIIEYKA3aHHOrO COHUCKA H
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He COMEPXKHT TPeThbio TPyNNy MapaMeTpoB, MO KOTOPBIM
BapbupoBajcs QyHKHMoHaa (CM. cxeMy Ha puc. 4.4).

‘?/1417 (ll,e,,(b, 7; ”)

Pl B

Zeswrm| |Bswem

a3
Tu e 29 59
Gpe =%, (u,7,1) oM % (u,e,_,u)

Puc. 4.4. CuMMeTpHYHRIN XapaKTep YC/JIOBHH CTALHOHAPHOCTH MOAHOTO
Oyurumonana Jusa.

Jlunefinoe npeoGpazoBaHHe MPOCTPAHCTBA COCTOAHHM
(u, e, u, T, M) B (u/, &, W, TV, M) 0 popmy.am

u=u,7 8=8’7 !‘«=”,’
o, , 1 oy
T=_;.[T(e,p,)+T], M=S[M{E, )+ M]

HepeBOAUT (yHKUHOHAN Ing(#, &, n, T, M) B Fnsa (¢, ¢/,
w', T, M’). O6GpatHoe npeoGpa3oBaHHe OmpeaAeaseTcs
bopmynamu

u=u, & =¢, p =y,

T =9T—T(e,n), M=2M—Mf(e,n

ITo cBoficTBaM, CBA3aHHBEIM CO CTalHOHAPHOCTHIO,
byHKuUHOHANB Fnga H Ipg 3KBHBANeHTHBL. OHH HMEIOT
pasjuuHble 3KCTpeManbHbie CBoicTBa (cM. § 5).

X)) Hoansili ynkyuoHar ¢ HenOAHBIMU nOAIMU ne-
pemewerull, Oeopmayuil ¥ yukyuld nanpacerud
Ius(w, &, 9, Q, My) A nosorux oGONOUEK NOCTPOEH
C MOMOWIbIO MHOXKHTeas Jlarpanxka 9 u3 Ips (w, )
(ta6a. 4.1). Ero ycnoBHsi cTauHOHAapHOCTH — ypaBHeUHUs
Ans MOJOrHX 000J0UeK B CMeUIaHHOH (opMe, KOTophe
AOKa3bIBalOT, YTO @ — QYHKUHS HanpsxkeHu# Dpu aas
pellleHust AByX ypaBHeHHH paBHoBecus (1.49).

HckaioueHne ¢ B coorBeTcTBHH ¢ . 2, § 2.28, nepe-
BoauT J 5 B cMelllaHHblfl yHKnuoHan . (w, 9) (cm. § 4).
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3.2. KactuibsnoBa cepun moaHbIX ¢yHKIHOHANOB,
a) [loanbul (PyHKyUOHAN 8 PYHKYUAX HANpANEHUL
u depopmayunx eparuineix sarementos 3, (f, %, &) Mo-

xer GbiTh moayueH uz Ik () (rabna. 4.2) nyrem BHece-
HHS JONOJIHUTE/IbHBIX YCJOBHH (CTATHYECKHX T'PaHHUHBIX
yciaoBHH B (PyHKHHAX HampskeHUH) B (yHKHHOHAN C
MHOXUTensiMu Jlarpanxa.

Ycnosust cranmoHapHoctn 3%, — ypaBHEHHs Hepas-
pblBHOCTH, Ae(OpManUOHHbie MPAHHUHBIE YCJOBHA U CTa-
THUECKHE TPAHUUYHbIE YCAOBHA B (YHKHIUAX HanpsKeHUH
M paBeHCTBA, PacKpblBaioliHe CMbICH MHoxkuTened Jla-
rpaHyka: BbipaykeHWe He3aJaHHbIX AehOopMaunui HA KOH-
type C uepe3 (QyHKUAY HATPKEHUH.

6) Hoaneul yuryuonanr 6 QynKyusx Hanpaxcenud

51, (b) BuiBenen us 3, B coorBercTBHH C § 2.2r ra. 2,
T. €. myTem HCKJIOUeHHd MHokurtenedl JlarpaHxka x, e

dynkuuonan 37 . ABIAETCS aHAJIOTOM TNOJHOro (yHK-
uHoHana B mepeMmenteHusax Ina(#) (cm. § 3.16).

B) Moanoui ¢pyuxyuonanr 35, (¢, M, T, n, &) 6 Keasu-
OCHOBHOM  NPOCTPAHCT8e  cocTosxull, MONyuYeH U3
Iz (P, M, T) myrem BHEceHHs AONMOJHUTENbHBIX YCJIOBHH
(o6mux peulennit ypasHeHuit paBroBecust B obaactu S
M rpaHUYHBIX YCAOBHH B (pyHKuMSAX HanpsxkeHuid Ha KOH-
Type C) B (QyHKIHOHAT ¢ MHOXKHTEAAMH JlarpaHxka u, .
CMBblCT BEJNHUYMH WU, £ PACKPHIBAeTCH YCNOBHAMH CTaHO-
HAPHOCTH: MHOXHUTeNH Jlarpanxa p, & ABAAOTCA Aedop-
MauHsiMH B 00J1aCTH U Ha KOHType.

YcnoBHSl cTauHOHApPHOCTH — MOJNHBIA Habop ypaBHe-
HUH ¥ rpaHUYHBIX ycaoBUi TeopuH o6omoueK B QyHKUHAX
B M, T, n, e

Oyukunonan I..(p, M, T, U, ) sBasercs MpPOMexy-
ToUHbLIM 3BeHOM mpeoGpasopanus Ppuapuxca (cm. ra. 2,
§ 2.4) Ixa(p, M, T) B 31 (e, n). O6patnoe npeoGpazo-
Banue I g3 B Jxe IPOH3BOINTCA Yepe3 MOHbIA BYyHKIHO-
Han Ina(e, w, P), TaK 4TO 3TH UeThipe pyHKUHOHANA CBA-
3aHbl MexAy coofi Mo cxeMe, u3o6paxeHHol Ha puc. 4.5.

r) Hoawoui hynkyuonas 6 ycuausx u nepemeuye-
Huax 7, (M, T, u) (pyrryuonar Peidccnepe [0.13]) mo-
nyuen BHeceHueM B Ix3(M,T) (raGn. 4.2) craTHYeCKHX
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HOMONHHTENbHEIX YCJAOBMA € MHOXHTeasaMu Jlarpamsxa
4, KOTOpbie CJeNyeT CUMTATh, KAK MOKA3LIBAIOT yCAOBHS
CTaUMOHAPHOCTH, MepeMelleHUsIMA.

Gynkuuonan I, aBaseTcs MPOMEXKYTOUHBLIM 3BEHOM
npeoGpasosauusa ®puapnxca (cm. rn. 2, § 2.4) Ixs(M, T)
B Im(u, & n). IlpomexyTounsiM 3BeHoM o6paTHOro
npeobpasoBauna Jne B Iy CAYKRAT (yHKnuonan Xy —
Bawnny dno(u, &, p, T, M) (tabn. 4.3), tak uTo 3TH
yeTbipe (QyHKLHOHAJA CBsA3aHbl MeXAy cOGOl MO cXeMe,
aHaJorMuHoi puc. 4.5,

”
W CLLAENN

yd ~o S
Fra(PMT) s (€, 40)
N 4

\ ‘?/75 (51 /w) ,0)

Puc. 4.5. Baanvoceasb dyukunonanos Kactuawango 3y, u Jlarpanxa
3 p3 ¢ mongkiMu QyHkunoHanramu: nOpamoe u obpatHoe npeobpasosa-

ure Ppuapuxca.

Hcnonbsys anneiinoe npeoGpa3oBaHne NPOCTpAHCTBA
COCTOSHUM

u=u, T=T (e, ), M=Mf, ),

moxuo 37.(M,T, u) npeo6pasosatb B QyHKIMOHAJ
Peicchepa (1) B nmedopmanmsaix ¥ mepeMelieHusax (cMm.
§ 3.18). .

R) lloanbild (ynKyUOHAA 8 DPACIUPEHHOM K8A3UOC-
HOBHOM NPOCTPAHCTBE COCTOAHU 37, (M T, p, e gl
g2, &, &) monyues n3 Ixa(p, M, T, p, &) ¢ NOMOLIBIO MHO-
sxutenet Jlarpanxka E!, 2, B, &4

®ynkunonaa I, MMeeT BHA, AHANOTHUHHI Iy
(Tabn. 4.3), U sABaAfETCA MPOMEXKYTOYHLIM 3BEHOM AJs
nepexoxa k 3%, (y, M, T, u, &) (cp. § 3.1 ).

YciioBMa cTanMolapHOCTH — ypaBHEHHst Teopun 06o-
JIOUEK, 3aMHCAHHEIE C IIOMOLLLI0 BCIOMOraTeabiiblX repe-

Mennsx §. ‘
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*

e) Moanoiti pynkyuonar 3., (¢, M, T, u, £) 8 xeasu-
OCHOBHOM CUMMETPU308QAHHOM NPOCTPANCTSE BLIBELEH H3

9, TMyTeM HCKJIOUEHHs MHOXHTesel Jlarpanxa § B Co-

OTBETCTBHY ¢ I'a. 2, § 2.2r.

Mexny 3;, u 3., (§ 3.2 B) cymecTayer cBA3b, aHa-
Jornunas csAsu mexay I, u 3, (§ 3.1 e): 3, nepe-

XOOMT B 37, TpH 3aMeHE IepeMeHHbIX

b=v, M=M, T=T, p—L[w +n(dt, T,
e=[¢ 4o (M, T

OG6parHoe npeoGpa3oBaHne paercsi GopMyJaamu
V=%, M=M TI'=T,
W=2u—uMT), &=2—eMT).

[To cBoficTBaM, CBA3AHHBIM CO CTALlMOHAPHOCTLIO,

¢ynxunonans 3, u 3, 3IKBHBaNeHTHH. OHHM HMelOT

pas3JinuHble SKcTpeMasbHble cBoficTBa (cM. § 5).

K) [loanoili GyuKyUOHAA C©  HENOAHBIMU NOASMU
yHryull nanpsocentll, Ycuiul-mOMEHTO8 U nepemeuie-
nutt 3. (o, M, w, x, g,) AAsl monorux 060704eK MOCTPOCH
¢ 1OMOLILI0 MHOXWTens JlarpaHxka @ H3 (yHKUHOHAJa
Kacruapsino Fx:{p, M) (raba. 4.2). YciaoBus cramo-
HapHocTH 3. — ypaBHeHHs TEOPHH MONOTHX 000/04YeK

B ¢Qynknusax ¢, M, w. Ucknouns M B COOTBETCTBHH ¢
ra. 2, § 2.328, nerpyaHo npeoGpasoBats 9., B CMelllaH-

Helit pyHkupoHan J.(w, @) (cM. § 4).

§ 4. Yacribe ¢yukunonananl. Hx B3anmocBa3b
¢ MTONMHBIMH (hyHKUHOHANAMH

Coraacio ra. 2 § 2, vactHble ¢GyHKUHOHAAB OOJY-
NaKl0TCs U3 TOJHBIX IIPH HaJOXKEHHH HEKOTOPHX YCA0BHHA
CTAIlMOHAPHOCTH B KauecTBe AOMOJHHTENbHHIX yCIOBHA.
[Tpu sTOM BHIpakeHue AAS (QyHKIHOHAaNa 00bIYHO yIpo-
iaerca, TaK Kak HEKOTOpble claraemble o0pamaiTcs B
uyan. B uacrrocrn, nerko ocyuiectBiasercs mepexoA K
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byunkunonanam Jlarpanxka u Kacrunbstho. Hexkorophie
Jpyrie uacTHble (QyHKUHOHAJH, TMpeACTaBJAsAOlLHe, HA
Hail B3rJsjJ, HauOoJbIIHH HHTepeC, HNpHBeJeHH B
Ta6n. 4.5.

4.1. BolBon pasAuUHBLIX BAapHAHTOBR 4YaCTHHLIX (yHK-
uuonanoB Jlarpanxa n Kactuabano u3 noaubix ¢yHk-
uuoHanoB (ra6a. 4.3 u 4.4) He UMeeT CYIECTBEHHHX OT-
JHYHH oT Mpeo6pasoBaHHil, onucaHHLX B ra. 3, § 4.1, 1
N03TOMY 3/1eCb NOAPOGHO He OINHCaH.

4.2, BoiBop vyacTHbLIX (GYHKUMOHAANOB M3 MOAHBIX My-
TeM HaNoXKeHHs Da3JHYHBIX KoMOuHaumfi reomerpuue-
CKHX, CTATHYECKHX H (PU3NYeCKux ypasHeHuil B Kayecree
JOTONHHUTENbHBIX YCAOBHA (B COOTBETCTBHHM ¢ Knaccudu-
ganuefi B ra. 2, § 2.3.1) MOXHO INpOHANIOCTPUPOBATH
cxeMamu Ha puc. 3.3, 3.4 ra. 3, 3amenus Ha Hux xedop-
ManHu TpexMepHoro Tena e pedopMmanuamu GasucHoft
OBEPXHOCTH OGOJOYKH €, m, 2 HaOpsKeHus ¢ — yCH-
auamu 1 MoMmentamMu T, M 1ns o6osouer crpaBenauBhbl
caenanpnbie B r1 3, § 4.2 BHBOAH O HepaBHONPABHH He-
KOTOPHX H3 NepeyHCJeHHEIX Bblille TPYNN ypaBHEHMH ¢
TOUKH 3peHHs HX HMCNONB30BAHHA B KauyecTBe HOMOJHH-
TelbHBIX YC/AOBMA NpPH BHIBOXE 4YaCTHHX (YHKIHOHAJOB
H3 MOJIHBIX.

PasbepemM B KayecTBe ABYX XapaKTepHHIX NPHMepOB
BHIBOX YACTHHIX (YHKIIMOHAJOB W3 MOJHHIX B OCHOBHOM
M KBA3HOCHOBHOM I[POCTPAHCTBAX COCTOSHHM.

IMpunuMas B KayecTBe NOMOJHHTENbHLIX YCJAOBHA K
nonHoMy dyuxkuuonany Inz(u, &, u. T. M) B ocHoBHOM
MPOCTPAHCTBE COCTOSTHHH HJHM K MOJAHOMY (yHKIHOHANY
3, (¢, M, T, u, #) B KBA3HOCHOBHOM [ODOCTPAHCTBE OIHY

WM JBe M3 YKA3aHHLIX TPYNN ypaBHEeHHH, MOKHO MONy-
qUTh CAEAYIOIIHe 4acTHHle (YHKNHOHAJH, OTAHUHBE OT
¢ynkuronanos Jlarpanxa u Kactuabauo {cM. 1a6a. 4.5).

a) Dyuryuonar Oasn uauveckux u 2e0METPUYECKUX
cootnouteruti Jgo:(e, m, T, M) monyuen us a2 (u, & p,
T, M) (taGa. 4.3) npH HAJOXKEHHH B KayeCTBe NOMOJHH-
TENBHBIX YCAOBHH CTAaTH4ECKHX YpaBHeHHH.

YCA0BHS CTAaUHOHAPHOCTH Iy — DH3HUECKHE H reo-
MeTpHUeCKHe ypaBHeHHfl. 10T (YHKUHOHAJ SBJSETCH
MpOMEXYTOYHLIM 3BEeHOM Tpen6pa3oBaHus Juy B YHK-
uuonan Kacruabano Igs(M, T) (1aba. 4.2).
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6) Pynrxuuonas Oaf 2eOMeTPUHECKUX U CTATUHECKUX
ypasuenuti Icc(u, e, p, T, M) noayuaercs us Ina(H, &,
n, T, M) (taba. 4.3) npu HanoxeHun (QH3HYECKUX ypaB-
HEHHH B KayecrBe RONOJHHUTENbHBLIX ycaosui. HMckaouns
U3 Hero gedopmauuu uiu yCH/IUSA B COOTBETCTBHH C L. 2,
§ 2.28, MOKHO TIOJIy4HTb noJiHbIH QYHKIHOHAN PeHCCHepa

B (popme s (M, T, u) (rabn. 4.4) wnn Ipy(u, &, n) (cMm.
18).

§3

B) dynryuonas 04 Quauyeckux u CTATUHECKUX CO-
o1HOUeRul Jpe (M, T, u, ) BoiBeneH us I (¢, M, T, u, )
(Taba. 4.4) nyreM HaJOKeHHs B KayeCTBe AOMOJNHHTEJb-
HBIX YCJOBHH reoMeTpUYEeCKHX YpaBHeHHH B o6JacTH
(ypaBHeHHs Hepa3phIBHOCTH) M Ha KoHType (zedopMa-
IHOHHHIE FPAHHYHbLIE YCJOBHUA).

YcaoBua cranHoHapHOCTH Iy — GH3HYECKUE H CTa-
THYeCKHe ypapHeHus. DTOT (YHKUHOHAN SABJAAETCA MNpO-

MeXYTOWHbBIM 3BeHoM npeoGpasoBanus IJgz B (DYHK-
unonan Jlarpauxka a3 (g, p) (Taba. 4.1).

r) @yukyuonas O0aa CTATUHECKUX U 2e0METPULECKUX
ypasnenuti I (Y, M, T, p, €) nonydaercs u3 I (b, M,
T, u, &) npu HanoxkeHHH B KauecTBe JOMOMHHTENbHBIX
yesoBuil pusHuecknx ypaBHeuuil. Ero ycnoBusi crapHo-
HAPHOCTH — CTaTHYeCKHe YpaBHeHnss B ¢opme 3aBHCH-
MOCTell MeXRy YCHAMAMH H OQYHKUMAMH HampskeHHH,
reoMeTpHUYECKHe ypaBHeHHs (YpaBHEHHS HEpa3phIBHOCTH)
B 00J1aCTH W TpaHHYHBIE YCJOBHS: CTaTHYeckHe B (pyHK-
UHAX HaNpsXKEHHA M reoMeTpHueckHe B AedopMaltUfX.

Hckaouns ¥3 I yCWIHS B COOTBETCTBHH C DM, 2,
§ 2.2B, MOXHO NOJAYYHTbL MOJHBIA q)yHKuHOHaJl I3 (e, 1,
P) (raba. 4.3).

k) Pynryuonase: 0aa guauveckux ypasuenuil Iy (&,
w, T, M) u 3p2(M, T, n, &) n0JaydeHE COOTBETCTBEHHO U3
NOJIHBIX (QYHKUHOHANOB Iz (4, &, m, T, M) (Tabn. 4.3) u
I, M, T, u, g) (raba. 4.4) npH HAJOXKEHHH reoMer-
prUeCKHX H cTaTHYecKHX ypaBHeHuH B obGjactH S H Ha
Koutype C B KauyeCTBe HONOJHHTENLHBIX YyC/A0BH. Ycno-
BUAMH CTalHOHAPHOCTH g1 H g CAYIKAT ypABHEHHH, CO-
zepxkamue AuddepeHUHaNbHbIE ONEpaTophl 0T JEBHIX
yactefi (H3MYecKHX ypaBHeHHA B NpsiMOH H, COOTBet-
CTBEHHO, oGpaTHOi dopmax (cMm. TabJa. 4.5).
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4.3. ®dyukunonan pusuvyeckux cooTHomenui aas 06o-
A0ukn Jp (e, u, T, M) umeer Bupg

1
(e m T, M)= SS [7(8aﬁg1a8v68v6 + 2e,0857V0,5 +

1
+ Masggﬂvéuya) + _2_ (T("ﬂftL.B\(lSlels + 2Tan§Bv6M‘y6 +
8 5 B B
+ M*[geM") — T8 ,g — M*n g]dS.

DtoT yHKUMOHAN MOKHO MOJNYUHTL BCeMH cnocoGamu,
KOTOpBIMK BhiBeaeH B . 3, § 4.3 dyHkunonan dusnue-
CKHX COOTHOUIEHWH 119 TpeXMepHoro Tena; oH obJjajaer
BCEMH CBOHCTBaMH, omMUCaHHBIMH B § 4.3 ri. 3.

Sameuvanne. Pyurumonans Iy, 1, Jps o6Jaa-
JAalT CBOACTBOM, aHAJOTHYHBIM TOMY, KOTOPOE HMEIOT
(OYHKIHOHAJAB! C 3THMY JKe HA3BAHUSAMH AJ TPEXMEPHOTO
TeJa: B HHX MOMKHO HE3aBHCHMO BapbHPOBATh HEKOTOpPLIE
aprymentsl (g, w, T, M B ¢yHruvoHalte Jy; &, u —
B J41; T, M— B J4; cpasuute ¢ 3ameuanuamnu & § 4.3
ra. 3).

TakuM nyTeM MoxKHO NMPHATH K (GU3NUECKHM ypaB-
HEHHSIM BHia

TM)—Tle (), n@] =0, M(y) — Mle (), n(u) =0,

KOTOphle MOI'yT CAYyXHTb paspewtamowuMi auddepen-
IHaJbHEIMK YDABHEHHSAME NaHHOH KpaeBol 3amaud.

4.4, ®yHKkuuonansl rpaHUYHbLIX yCA0BHA COOTBETCTBY-
I0T BTOPOMY BapHaHTy KiacCHOUKAUHH JOHOJHHTENBHBIX
yCJAO0BHH, HAKAAAHBAECMBIX Ha NOJHBE QYHKIVOHANE AJA
nepexona K yactHeM (ri. 2, § 2.3.1): pasjeneHuo HX Ha
ypasHeHHs! B 00/1aCTH H Ha KOHType,

BrJioueHHe B CMHCOK JOMOJHUTENBHHX YCJAOBHH ypas-
HeHH#i Ha KOHType o6OJIOUKH He NMPHBOJMUT K CYIECTBeH-
HBIM H3MEHEeHHsM B cTpykrype ¢yHKunonana. Kak c
TOUKH 3peHHMs CTPYKTYpH, TaK H B BHYHCANTENBLHOM
acnmekre (cm. ra. 5) mpencraBaqioT HHrepec PyHKIHOHA-
Jdbl TpaHHUYHBIX YCJAOBHH, KoTophble MOJAYYalOTCA H3 MOJ-
HBIX, €CJIM B CIHCOK LONONHHTENLHBIX YCAOBHA BKIIOUNTH
BCce ypaBHeHHs B 06sacTH. YCNOBHAMH CTallHOHAPHOCTH
NoJAYUYeHHBX (YHKIHOHANO0B SIBASIOTCS rpaHHuYHBle yca0-
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EHS: CTATHYECKHE, MM T[eOMEeTDHUYECKHe, HAH H Te H
apyrue. B rTabn. 4.5 npejacraBiaeHc wectb Haubonee
XapaKTepHLHIX BapHaHTOB (YHKIMOHANOB TrpPaHHYHBIX
YCJTOBHIL

a) DPYHKYUOHAA epAHUYHLIX YCAOBULL 8 Nepemeuje-
nuax u yeuauax Ic(u, T, M) moxer 6HTh BHBeNeH W3

(M, T, u) unn n3 IPYIHX MOMHBIX (PYHKIMOHAJIOB, CO-
AepKamnx MNepeMelleHnus H ycuadsa. JlomoauurenbHbe
YCIOBHSl — ypaBHeHHs TeOpPHH 06oJoueK B IepeMelne-
HHAX H yCHJIHAX B objacry S. YCJIOBHS CTALHOHAPHO-
CTH — reoMeTpHYeCKHe rPaHHYHBIE YCJIOBHS B Iepemere-
HHSIX M CTaTHYeCKHe — B YCHJHAX.

6) Pynkyuonanr Oaf CTATUHECKUX CPAHUYHBLIX YC-
nosuti 8 nepemewjenuax Ir(#) MOXKHO BBIBECTH W3
Ini(u, Q, My) ¥ u3 Apyrux MOAHBIX PYHKUHOHANOB, €O-
AepiKamux nepeMeuterns. JononHnutenbHble yCaoBHS —
VpaBHeHHs TeOpHH o0o/loueK W TreoMeTpHYeCKHe rpa-
HHUHblE YCAOBHA B IlepeMeuleHHsIX. YCIOBHS CTamyo-
HAPHOCTH — CTaTHYeCKHe I'DaHMYHBIE YCIOBHS B IepeMe-
HIeHHUAX.

B) Pynryuonas drn ceomerpuveckux (0egopmayuon-
HolX) epaHuuHeix ycaosul 8 ycuauax (M, T) BbBO-
guTcs u3 Jlob6oro mojHoro ¢yHkunuoHana (taba. 4.3 u
4.4), comepiKamero ycunus. ¥YcjaoBHsl CTaHOHADHOCTH —
aepopMalHOHHBIE TPAHHYHbIE YCJIOBHs, BHIpAXKEHHBIE Ue-
pe3 yCHIHs.

r) DPynxyuonas epanuunbLx Yeaosuldl 8 YHKYUAX Ha-
npascenut u dedpopmayusx 3, (¢, 1, &) MoxKeT GbiTh MO~

Jayuer u3 Ins(e, u, P) H APYCHX HOJTHBX (YHKIFOHATOB,
3aBUCSINAX OT NepPeMeHHHX g, u, §. JloNonHHTeNbHEE YC-
JIOBYSI — ypaBHEHHs] Hepas3pwiBHOCTH B jgedopmanmsix H
3aBHCHMOCTH MeXAy AedopManuaMy H QyHKUHAMH Ha-
npsixKeHu (B KadecTBe cTaTHYeCKHX M (PH3HWUECKHX ypaB-
HeHn#t) B obaactn S. YcaoBHs CTAaLMOHAPHOCTH — CTATH-
YeCKMe rpaHHuHble YCJIOBHSI, BBIpaXKeHHble B (DYHKIMAX
Hanpsoxennit, # AehopManioHHble TDAHUYHBIE YCJIOBHSL.

1) Pyuryuonan 018 2eOMETPUHECKUX (aeqbopmauuou—
HbIX) 2paHu4HbLX YCAOBULL 8 qbynrcuuﬂx nanpaxcenuil
31 () Moxker 6biTh BhiBener n3 Inp (§, %, &) (1264, 4.4)
H JApyrux MNoJHBX ¢GYHKUHOHAJOB. ﬂononﬂmenbﬂme

S U, I1, AGosckusi u ap,
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YCAOBHS — YPaBHEHUA HEPaspPbIBHOCTH H CTaTHYECKHe
IpaHHuHble YCJOBHA B GOYHKUMAX HanpsKeHHH, YCJIOBHA
CT2llHOHAPHOCTH — JedopMaluioOHHBe TpaHHuHble YCJI0-
BHst B OYHKUUAX HanpsxKeHui.

) Pyuxyuonanr (e, W) 04a CTATUYECKUX epaHuY4-
Holx ycaosuil 8 dedopmayusax. Ero MOXHO BHIBECTH H3
Ino(u, &, p, T, M) 1 npyrux nosusx GyHKIHOHANOB, CO-
JepxallliX NepeMeHHble g, w. JlonomHmrenpHwie ycijo-
BHfl — YpaBHEeHHs HEpPaspHIBHOCTH H paBHOBECHS B Je-
¢dopmanuax B obJjactH ¥ JedopMallHoHHbie rPaHHYHBIE
YCJIOBHA Ha KOHTYype. ¥CJIOBHS CTaHHMOHAPHOCTH — CTATH-
YeCKHe TpaHHUHble YCJXOBHS, BbIpax<eHHble B Jedopma-
IIASX.

4,5. CMewaHHblit DyHKIHOHAN B GYHKUHAX W, @ AAA
noaorux oGogouek I.(w, ). dtor GYHKUMOHAN MOKHO
BhiBeCTH M3 Ins(w, &, ¢, Q, My) (rabn. 4.3) mam wu3

3;5 ((p, M, w, %, et) (Tabn. 4.4), uckAOYas MepeMeHHYIO
g uin M B coorBerctBHM ¢ 1. 2, § 2.3.2B. JlonmonHu-
TEJBHBIMH YCAOBHAMH K I C/YKAT HEKOTOPBlE H3 reoMer-
PHYECKHX M CTATHUECKUX T'PaHHUHBIX YCJAOBHH. YC/I0BHS
CTalMOHAPHOCTH —— YPaBHEHHs TEOPHH MoJiorux 000/10ueK
B QOYHKUMAX @, ¢ M OCTaJbHbie CTaTHYECKHE H IeOMeTpH-
YeCKHe TpPaHHYHBIE YCJIOBHS.

§ 5. OkcTpemannHbie CBOHCTBA NOJHBIX
H YAaCTHBIX (PYHKIHOHANOB TEOPHH 060a04eK

Jliaa HccaenoBaHMA 2KCTpeMaJnbHbIX CBoHCTB ¢yHK-
IHOHA/OB, YYacTBYIOLWHX B (GOPMYJIHPOBKE BapHalHOH-
HBIX TMPUHUMNOB TeOpHH 0060/04eK, TAK XKe KaK W Anad
(YHKIHMOHAMO0B TEOPHH YIPYrocTH, Moxer ObITh HCNOJb-
30BaHo cBoicrBo BhinykaoctH (cM. [Ipunoxenne 1) ox-
Hux ¢yHkuHoHasoB Jlarpamxka m Kactuipsno (Hcxon-
HBIX TYHKTOB IpeoGpa3oBaHHii) M HEBBIIYKIOCTH IpY-
rux. DKcrpeMasbpHble CBOHCTBA pDasJHYHBIX TOMHBIX H
yacTHHX OYHKIHMOHAJO0B MOXKHO BBISICHHTb, HCHOJIb3Ys
§ 3 ra. 2. Pesyabrarel npeacrabiaensl B 1a64. 4.6; B aroft
tabiaulle CTpeskn == 0603HaYAIOT, YTO 3HAKH mMin ¥ max
MOXKHO NOMEHSTb MEeCTaMH, TaK 4To AaHHLIH GyHKUHOHAN
HMeeT CelJIOBYIO TOUKY.
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5.1. BpinykKaoCTh Pa3AUYHBIX BapuaHToB (yHKHHOHA-
aop Jlarpavika u KacTHansiHO M HMX 3KCTPEeMAJBLHOCTD.
UccnenoBanre BuinyKJaocte GyHKUMOHANOB Jlarpanka u
Kactunpsio B Teopuu 060JI0dek HHMYeM He OT/IHUaeTCH
OT aHaJOTHYHOTO HCCAeNOBAHHS B TEOPHHM YIPYTOCTH
(cM. ra1. 3, § 5). .

Hcnoawdys 1ot ¢dakr, 4To Heprus AedopMHpOBaHHs
cpeanHHOl NMOBepXHOCTH 000J10UKH

€8 TPV, + 26,5 83P Y05 + 11,5 0P V01 (6.1)

ABAAETCA TOJOXUTENBHO ONpeleseHHOH KBaJpaTHUHOH
dopmoi#l, 1 uccaedys 3HaK pasHoctd Bupa (5.1) B ra. 3,
HETPYJHO YCTAHOBHTBL, UTO BCE€ npuBeeHHbe B Tali. 4.1
pasHOBHAHOCTH ¢yHKunonana Jlarpamxka, kpome I (4,
g, w, T, M), BbinyK/Ible BHU3, @ BCE PasHOBHAHOCTH QyHK-
unonania Kacrunbsno (ra6a. 4.2), kpome Ixs(p, M, T,
1, 8) BBIIYKJEE BBEPX, GYHKUMOHAMH I 4 M Jk4 HE BH-
NyKJble HH BHA3, HU BBepX.

Orcloga caegyer, 4To BCe BapuaHThl (yHKUMOHana
JlarpaHxa B TOYKe CTAUMOHAPHOCTH HMEIOT YCJIOBHBIH
MHHHMYM, a Bce BapHaHThl dyHKUHOHana KacTHabaHO —
YCTOBHBIH MaKCHMyM. YCJI0BHAs 2KCTPEMaJbHOCTh QYHK-
ULMOHAMO0B g4 B x4 CACLYET, U3 TOTO, YTO OHH HOJyUeHH
COOTBETCTBEHHO M3 Igx U U3 IJks 3aMeHOR NEpEeMeHHBIX.

5.2. DKcTpeMa/bHble CBOACTBA MNOJMHBIX (yHKUHOHA-
JIOB JarpankeBofl M KaCTHJIbSHOBOH CepUA M UACTHBIX
GYHKUMOHAMOB npeicTaBleRH B Taba. 4.6. Onu BHIBO-
ISTCS TOYHO TaK Ke, KaK CBOACTBA aHANOrMYHBIX QYHK-
LHOHAMOB TeopHH yunpyroctd (cM. ra. 3, § 5).

§ 6. O BapuHaUHOHHBIX NPUHIMNAX M IKCTPEMATbHBIX
cBoiicTBax (DYHKLMOHAJIOB TeOPHH 06ooUeK

NPH Pa3PLIBHBIX lepeMellennsx, aedopmanusx,
yeuansax U GYHKUKNX HANPsKeHUM,

O xOHTAKTHBIX 3aJlauax B TEOPHH 060J0ueK

B § 1—5 paccmaTpuBaIuCh BapHAUHOHHBIE IIPHHUHATIEL
TEOPUH CIVIOWHBIX 0060/104€eK, B KOTOPBIX BapbUPYEeMbIMH
6N HenpepbiBHBIE I0JS NapaMeTpoB HaNpPXEHHO-Je-
($hOPMHPOBAHHOTO COCTOSHHUA.

B*
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DopMyTHPOBKY BapUaLUMOHHBIX NPHUHLHUNOB 3TOH TeEo-
PHMH, TaK K€ KaK W TEOPHH YAPYLOCTH A5 CILUIOILHOrO
Teqa (cM. ra. 3, § 6), MoxKHO o600wWHUTb, paccMarpHuBas
B KauyecTBe BapbHpyeMbIX I€PeMeHHBIX pa3pHBHLIE MO
nepeMelieHnH, JedopManill, yCUuIRA U QyHKuMH nanpa-
xenu#l. BapuaunoHHble NPHHUHIB APH PaspbIBHBIX I0-
JSX [apaMeTpoB HanpsKeHHO-nePOPMHPOBAHHOrO CO-
CTOSIHHAI MOTYT CJIYXKHUTh I/ [OCTPOEHHS aJlOPHUTMOB
pacyera 0060J/I0YeK, B YaCTHOCTH MPH HCIO/Ib30BAHHH Me-
ToAa Purna u Merona KOHEUHBIX 3/JCMEHTOB, a TaKXe
I/l pelleHHs] HEeKOTOPBIX KOHTAKTHBIX 3a7aY.

6.1. Bcio cicreMy BapHaUHOHHBIX PYHKLHOHAIOB RS
Pa3pBIBHBIX HOJEH MOMKHO MOCTPOHTh W3 HCXOAHHX (YHK-
uxoHamnoB Jlarpamwka u KacTuabaHO AJs HenpepblBHBIX
noJjel, paccMarpuBas, no anajoruu ¢ § 6 ra. 3, 317u GyHK-
IMOHaJAB Ha MPOCTPAHCTBAX pa3pLIBHBIX MepeMellleHH
(nedopmanuit) u yHKUHA Hanpsokenn# (ycwiau#), Ho
C COOTBETCTBYIOUIMMH JROIOJHHTENBHBIMH  YCAOBHAMH,
obecneYMBAOUIMMH HX HeNpepBIBHOCTb. DTOT MpHEM HE
MeHsileT cyliectBa GOpMYJIHPOBOK NMpHHUHIOB JlarpaHxa
¥ KacTusbsino, HO I[03BOJSIET IOCTPOHTL PN MCJAHBIX H
YaCTHHIX (YHKLIHOHAJIOB, OJHHM H3 YCJAOBHH CTanxHoHap-
HOCTH KOTOPBIX SIBJAIETCH HENPephIBHOCTb HEKOTOPBIX
BapbUpyeMblX nojefl (UM ycJOBUS KOHTaKTa).

He ocranasauBasich noapo6HO Ha BBBOAe (DYHKIHO-
HAaJOB TeopHH 000/104eK [JIs Pa3pPLIBHBIK MOJeH, yKaXKeM
HA HeKOoTOpble 0COGEHHOCTH 2TOH 3aRa4YH MO CPABHEHHIO
C aHaJOrHYHBIMH BOIPOCAMH B CJyyae TPeXMepHOro rejna.

OcoBeHnocTh 3a4a4 TeOpHUH 000/104YeK COCTOHT B TOM,
UTO B HHX HYKHO TpeGOBaTb HeNPepBIBHOCTh HE TOJBKO
nepeMeuleH’il u,, W, HO U YrJioB N0BOPoTa ¥,, KOTOpHIE
aBasiioTess GYHKNUSMHA YacTHBIX NpOu3BOANBIX V,w; He
TOJAbKO QYHKUHA HANpsKeHUH Py, @, HO H «YTJIOB HANps-
Kenui» 1, (WIH YacTHHIX [POU3BOJHBIX OT ); HE TOJbKO
yenauft T, M, HO H NorepeyHBIX CHJI (MM NPOU3BOJNBIX
or M) u 1. A. Tipu 3TOM HONMOJHHTENBHBIMH KOMIIOHEH-
TaMd K FEOMETPHUECKHM BeJHYHHAM U,, @, O, = v2¥,,
A, %, €4 Ha JHHHH pa3pbiBa 6asucHOl NOBepxXHOCTH 060-
JOYKH C TaHTEHUHANBbHOR HOPMaAbIO V SABISAIOTCH COOT-
BETCTBEHHO CTaTHueckue BemHuuHbl Q% Q, M.y, ¥, o,

Ny = V*Nq.



§7 CTATHUKO-TEOMETPHMUECKASl AHAJIOTHY 133

6.2. AHanOrHyHbIM IIyTEM MOJKHO MOCTPOHTbH [IOJTHY 10
CHCTEMY BaPHAlHOHHBLIX (PYHKUUWOHAJOB JAJS KOHTAKTHBIX
3allay Teopun obosouek. [Tpy paccMOTpeHHH KOHTaKTHBIX
3anay aga 000m0YeK, COeJHHEHHBIX M07 YIVIOM, HEo6Xo-
JHMO YYHTBIBaTb, YTO pa3Hble yacTH OOOJOUKH paccyi-
THIBAIOTCA B Pa3/HUYHbLIX CHCTEMaX KOOPAMHAT.

Bapuauno#Hsle NPUHUMIB [/ KOHTAKTHHIX 3a7ad
TEOPHH 000/04ek NOAPOGHO PacCMOTpPeHB! B padoTax
[0.1, 4.1], B KOTOpBIX pa3obpaHbl CAyuaH KOHTaKTa 060-
JIOUEK TOJ, YrJIOM, KOHTakKTa 00os04ek ¢ pebpaMH H

Ipyrue.

§ 7. BapuanuoHnnast hopMa CTaTHKO-TEOMETPHYECKOH
aHaJOrHu

Mexay OIHOPOAHBIMH YpPaBHEHHAMH paBHOBECHS B
yeunuax (1.24) n ypaBHeHWHsSIMH HepaspbIBHOCTH B Je-
dopmauuax (1.13) cyllecTByeT cTaruxo-ceoMeTpu1ecKas
ananroeus [4.7, T1.9, I1.10], Koropas 3ak/aouaercs B TOM,
gto cooTHomeHns (1.24) nepexoasr B (1.13) npu 3amene

af ay B8 N
T ey, CegCrpl ™" <= Ly,

. 7.1
M® < (- c”cﬁaeva), Co g (— eg). .0
O10T hakT 06meruus nOCTpoeHHe O6IEro peileHus ypas-
HeHHH paBHOBecHsi B popMe (1.29) no anagoruu ¢ oGuum
pemenneM (1.6), (1.12) ypaBHeHuil Hepa3pbIBHOCTH.
Hannyue ananorum Mexay reOMeTpUUYeCKHMH M CTa-
THYECKHMH YpPaBHEHUSIMH TEOPHH 000/04eK HaBOAWT Ha
MBIC/Ib O CYUIeCTBOBAHHH aHAJOTHH MEKAy CTaTHUCCKHM
BapHauHOHHBIM npuHUinoM Jlarpamka, B GopmysnpoBke
KOTOPOTrO YYacCTBYIOT TeOMETpPHUECKHE MepeMeHHble i, €,
M, ¥ reoMeTpuueckuM npuuuwnoM Kacruiabano co craTu-
veckuMy nepemennbivu P, M, T. U nefictBuTenbHo, Takas
aHaJIOTHs HMeeT MECTO MEXAY (yHKUMOHakaMu Jlarpan-
Ka 1 Kactnipano, 3anvcanHbiMu B (GopMe Taba. 4.1 u
4.2, ¥ WX JONOJHHUTEJAbHBIMH H €CTECTBEHHBIMH ycJ0-
Basamu. HanpuMep, dyuknuonan Jlarpamxka I (u) me-
pexogur B Ik (¢P) mocme  3ameHbl  g,p(u)  Ha

CouCopM™* (0), T [e(w), b (@)] na ¢™c®u o [M(p), T ()]
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u 1. &. no cxeme (7.1) c yuerom (1.6), (1.12), (1.23) n
(1.29). Ilpm »sroM aHamorus B BapuauuoHHOH dopMe
HMeeT MECTO MexAy KBaJApAaTHUHBIMH YacTAMH AByMep-
HbIX HHTErpajoB, moJo0HO TOMY KaK aHAJMOTHs B JUO-
dbepennianpHoil GopMe cylllecTByeT MeXAy OZHOPOJLHBI-
My yactiMu JuddepeHInaNbHEIX ypaBHeHnd. Bxoasuue
B GyHkuxoHanb JlarpaHxka #@ KacTuibsHO KOHTYpHBIE
HHTErpasbl OKa3blBAIOTCH IOJHOCTHIO aHAaJOTHUHBIMH,
€C/IM MEMJAY CTATHYECKAMH H r€OMETPUYECKHMH TpaHHy-
HHIMH BEJTMYHHAMH yCTAHOBHTb COOTBETCTBHE

U, <>, W<, (7.2)
%2 <> Q%, n<>Q, g, <> M, (7.3)

Herpyano npoBeputb, 4T0 coorBercrBue (7.3) siB-
asercs craepcreueM (7.1): npu samene (7.1) %%(e, n) ne-
pexoantr B Q*(M, T}, x(e) B Q(M), eii(e) B My (M) n
ob6parno, cm. (1.39), (1.28); njasg NpoBepKH MOMKHO HC-
HOJL30BATh PaBEHCTBA

v = Pt By, VY — B

(*=c¢ v=c» (7.9

B! ﬁ'
CraTnKko-reoMerpiueckas aHajoris B BapHALHOHHOH
¢dbopMe pacnpoctpaHsiercs Ha Bce (PYHKUMOHANbI, [10JY-
YeHHbIE M3 MCXOJHBIX NMyHKTOB — GYHKIMOHAIOB Jlarpan-
)ka 1 Kacrunbsino, TaxkuM o6pasoM, KaxkaoMy NOJHOMY
WIH yacTHoMy OQyHKuHOHany Tteopuu obosouek, npep-
CTaBJIeHHOMY HJH He MpeAcTaBleHHOMy B Taba. 4.]1—
4.5, MOKHO TOCTaBHThb B COOTBETCTBHE €r0 CTaTHKO-TE0-
MeTpHYEeCKHH aHAJ0r, KOTOPBHIH MOXHO MOCTPOHTH C I0-
mMowpio (7.1)—(7.3) U KOTOPBI HMeeT aHAaJOrHUHbIe
JONOJMHUTENbHBIE YCJIOBHA H YCJIOBHS CTauHMOHAPHOCTH.
CmemaHublfi dyHKuHoHan Jc(w, @) TeopHu nojaorux obo-
JIOUEK SIBJSIeTCH CBOHM COGCTBEHHBIM ZHaJIOrOM.
BaxHas 4epTa CTaTHKO-r€OMETPHYECKOH aHAJOTHM B
BapHauioHHON (opMe COCTOHT B TOM, YTO OHa paclpo-
CTpaHsieTcss Ha dKCTPeMaJsbHble CBOHCTBA BapHALHOHHBIX
dyHkUHOHANOB Teophun obosouek. Ilpn sroM MuHAMyMy
¢GyHKuMOHANA [0 KakoH-a1ubo rpynne nepeMeHHHX cooT-
BeTCTBYeT MaKCHMyM €ro aHajora [0 COOTBETCTBYyIOIUeH
TpynIle nepeMeHHbIX; MHHMMAKCY COOTBETCTBYET MaKCH-
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MHH, C€IJIOBOH TOYKe — Cef0Baf TOUKAE, a OTCYTCTBHIO
KaKuX-1M00 3KCTPeMyMOB — OTCYTCTBHE 3KCTPEMYMOB.
[Toaromy rabun. 4.6, B KOTOPO# NpUBENEHA CBOJKA IKCTpe-
ManbHBIX CBOHCTB (DYHKUHOHAJIOB, CAYXKHT ORHOBPEMEH-
HO AJf WINIOCTPalUH CTaTHKO-reoMerpHyeckoil aHaso-
r'MM B BapHauuoHHOH dopme.

Cnenyer umeTp B BHAY, ur0 JM0GOH RaHHBIH GYyHK-
UMOHAJ H €ero CTaTHKO-TeOMeTpUYecKHil aHajor OTHO-
csitcs, BooGIIe TOBOPS, K pPa3HbIM 3a12UaM.

Hanpumep, ana 3asaum pacuyera 00OJOYKH C HHCTO
CTaTHYECKHMH TIPaHHYHbBIMH  YCJAOBHSAMH (YHKLHOHAJ
Jlarpamxka I (#), npeacraBieHnslii B T1abi. 4.1, ue
AMeer IONOJHUTENLHBIX YCJHOBHHA; A 3TOH Ke 3aiauu
¢yukunonan Kacrunbsino Ixi(P) He uMeer KOHTYPHOro
HHTerpana, HO HMeer JNOINOJNHHTENbHBIE YCAOBHA, YKa-
3aHHble B Tabu. 4.2; a CTaTHKO-reOMeTpHuYecKHHt aHaJor
JanHoro ¢yukuuoHana Jlarpanxka, KOTOpHH HMeer KOH-
TYPHBIA HHTErpasj M He UMeeT JONOJHHUTeNbHHIX YC/HIOBHH,
OTHOCHTCSl K 3ajaye pacyera 00OJOYKH C YHCTO TE€OMET-
PHYECKHMH rPaHHYHBIMH YCJIOBHSIMH.

Hpyro#t npumep pnawot 3amaud pacuyeTa MHOTOCBA3-
HBIX 0060soyek, pa3obpaHnble B ra. 5. Pynkuuonan Ka-
CTHABSHO I MHOrOCBA3HOH 060MOYKH NpPH CTATHYECKHX
rPaHUYHbIX YCAOBHSX MMEET B KayeCcTBe OJHOTO u3 ycio-
BHI CTALHOHADHOCTH YPABHEHHUS Hepa3pbleHOCTU KOHTY-
pa oreepcrus; ero ananor — pyunkuuonan Jlarpanxa —
UMeeT B KayeCcTBE YCJOBHA CTAUHOHAPHOCTH YpPaBHeruA
pasHosecus KOHMTYpa OT8epcTus, HO IS 3aRayu C [1e-
bopMalUHOHHBIME I'PAHHYHBIMHE YCJIOBHAMH. DTOT NpPUMeEp
I0Ka3blBaeT, 470 BapHauHMoHHas HOpMa CTATHKO-TeOMeT-
pHueckofl aHanOruuM nossossier TAYOxKe YBHAETh CBA3b
ypaBHeHHIl ¥ HallTH ee MeXJy COOTHOMEHHUSMH, KOTOpble
paHblle Ka3a/MHCb HECBA3AHHBIMH.

Takum 06pa3oM, CTaTHKO-reOMerpHyecKas aHaJorus
B BapHauMOHHO#H GopMe NpPOSABJASETCS MO BCEM YeThHpeM
B3aUMOCBSI3aHHEIM KaHasnam: 1) Mexay OYHKIUHOHANAMHU;
2) Mexny KOMOJHHUTENbHBIMH YCIOBHAMH; 3) MEXKAY ecTe-
CTBEHHLIMH YCJIOBHAMH B 00/1acTH 4 HAa KOHTYpe; 4) MeX-
Iy 3KCTpeMaJibHbIMH CBOMCTBaMH ¢yHKuHOHaN0B. Ona
IMeer MeCTO Kak [/ ONHOCBS3HLIX, TaK H AJs MHOIO-
cBs3HBIX OOsmacredf.
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ITpu pacuyere obosouex Mo Junelnod TeOpPHH Bceraa
pewaioTcs ABe 3adaMM: HCXOAmMas ¥ ee aHagaor. Hampu-
Mep, aJdrOpHTM HJAH NporpamMma, lpeiHasHaueHHas AJs
pelileHusi 3ajay teopuu obosouek B MepeMemeHHsax, Oy-
IeT JaBaThb pellleHue Cpasy JABYX 3ajay: AaHHOH — B 1e-
peMelleHHsIX H ee aHajJora— B (GYHKUMAX HaMpsKeHHH.
CyluiecTBOBaHHe aHAJOrMH 00/eryaer BHBOA BapHANHOH-
HBIX HOPMYMHPOBOK MHOIHX 3a/a4 TeopHH o60J0ueK.

[Tpu uCHOJIb30OBAHUI CTATHKO-reOMeTPHUECKOH aHaJio-
rHy B BapHAUMOHHOH (popMe NPOSBAAETCH NPEHMYECTBO
BapHallHOHHBIX (OPMYJIHPOBOK, OXBATHIBAIOIUX BCE CTO-
POHBI 3aj1aUd U coryiacyouux auddepeHunanbibe ypas-
HEHHs1 ¥ rpaHuuHble ycioBus. B dactHoctd, 3ta dopma
COMep’KUT B cefe aHaJOrMio MeXJy CTATHYECKHMU H reo-
METPHYECKHMH TPaHUUHBIMH BeJYHHAMU, MEXKJAY reoMer-
pPHUECKHMH TpaHHYHbIMH YCJIOBHSMH B MNepeMeleHuax
uad JeopManusix ¥ CraTHUeCKHMH —B (QYHKUHAX Ha-
NPSXKEHRAH WM VCHIHAX, a TaKXe MeXJy CIOXHBIMH
TPAHHYHBIMH YCJIOBHAMH AJAst OBHOCBS3HBIX M MHOTOCBSI3-
IteIX obJaacresl.

Sameuanue. Mz taba. 4.1—4.6 MOXKHO HOJYUHTD
CTATHKO-TEOMETPHUYECKYIO aHajJOrHi0 B BapHalHOHHOH
(¢opMe s pasINYHHIX BAPHAHTOB TeOPHHM 000/04EK,
obaajnamomux €0 B Auddepenunanbuoil dopme H OTJIH-
YAIOLUXCA OT HCIONb30BAHOr0 B JAHHOH KHUre Ba-
puaHta [4.12] BuiGopoM jgedopManuii M ycuJaHMH, Halpu-
mep, [[1.10, 4.7, 4.11]. Jlns 310r0 Hy:KHO HCIIOJIb30BAThH
cBsA3b gedopManuii M yCHJAHH paccMaTpHBaeMOH TeOpHH
c [4.12] (cm., Hampumep, §§ 1 u 8).

§ 8. PassepHyras dopMa 3anucu (GpyHKUHOHAJAOB
B Pa3JUYHBIX CHCTEMaX KOOPAMHAT

B nanuom naparpade mnpubededhl XaPaKTePHCTHKH HEKOTOPHIX
Haubosee yNOTPeOUTCABHLEIX CHCTEM KOODAHHAT (MeTpHUYECKHe TeH30-
pel, cuMBoan Kpuctoddens) u paccMorper epexol OT TeH30pHOM
dopMb 3anucH PyHKOMONAJOB K paspepHyToil, IlpuBesen psj mnoa-
HHX H 4acTibiX (YHKUHOHAJOB B Da3BepHYTOll HOpMe B KpHBOJH-
HeHHBIX OPTOTOHAJBHBIX KOODAHHATAX.

8.1, Pazauunbie CHCT2MbI KOODAMHAT H HX METPHUYECKHE TeH ~
sopnl U camsoabi Kpucrodpean.

8.1.1. Oproconaasubie (npamoyzonersle) Kooplunarsl. B nwo0nix
OPTOTOHANLHBIX KOODJHHATAX KOMIMOHEHT @3z METPHYeCKOro Tensopa
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paBed nymo. OcTajbHbie JBa KOMHONEHTAa OGLIYHO 3aMEHIOT BeHdH-
namu A; — napamerpamu Jlame Gasucuoll OBEPXHOCTH — O GOPMY-
JaM

A=g {He cyMMUPOBATB). (8.1)
a aa

Ecun, KpoMe Toro, KOOpAKHATHEIE JKHHHH COBMAAAIOT C JHHUAMH KpPi-
BH3MBl, TO HeKOTOphle K03thbHIHEHTH BTOPOH KBaJpaTHUHOH (HopMBbI
paBHBl HYJIO (b12=b12=b5=bf=0), 4TO NPUBOJNT K JONOJ-
HHUTeJbHEIM YNPOUIEHHSIM.

B Tabn. 4.7 npusenenbl Ko>b@HuHeHTH HepBOH ;1 BTOPOH KBAl-
paTHuHBIX dopM u cuMBoanl Kpucroddens ans Hekotopnx nanGosee
pacnpocTpamneHHbX CHCTEM KOOPAHHAT, STy BeNMUHHBI AAIOT BO3MOMK-
HOCTb JerKo 3anucath Bce dopmyam u3 §§ 1—7 B pa3zsepuyToir
dopme. B neKkoTOpHX cHCTeMaX ODIOTOHAJbHBIX KOOpAMWAT (ManpH-
Mep, B KDYIMOBHX NHJIUMAPHYECKUK) MeTpUueckle KoyDOHIHeHTH
dgp— KOHCTAuTH, no3tomy cuMpomst Kpucroddena obpamawrcs B
HYJab, H BblpaKeHHs AN KOBAPUAHTNLIX IPOU3BOAHBIX YIPOWIAIOTCH.

Paznuyeble yaCTHble BHAB OPTOTOHAJNLHBIX KOODAHHAT HCHOJb-
3ylOT 7pH pacdeTe o00s04eK, HMEIOUIMX COOTBETCTBYIOU[YIO GbopMy:
HUJAHHAPHUECKHE KOOPAHHATH — [AS pacueta UHAHAAPHUECKHX 0060-
nouex, cheprueckne — naa cdepHueckux o6ogTO4EK M T. 1.

8.1.2. [Tpamoarunetinbie KOCOyzOavHble KOOPOUHATOHL KO NAOCKOCTI
(tabn. 4.7) — Baknbli YacTHBIE BHI KOODIMHATHOH CHCTeMH. 3TH
KOOpAAMHATBL YNOOHEI, HAmpUMep, NPH pPacyeTs MapafsegorpaMMublX
nnacTHHOK ¢ peOpamu. CrcreMa QYHKOHOHANOB AN Napasdeso-
rpaMMHbix PeOpHCTBIX NJACTHHOK B Da3BepHYTOH ¢opMe npHBeleila
B [0.2].

8.2. Pazsepnyras topma 3anucy (GpYMKUMOHANOB B KPHBOJHEH-
HBIX OpTOTOManbUblX KoopnuHaTaX. Urobnl mpencraButs (yHKHHOHA-
anl B passepuytol dopme, HyXKY0 HCHONL30BaTh, ananordymno § 7
ra. 3, dopmyan u npasuaa us llpuaomxenus 2. Hiwxe Gyzewm pac-
(MATPHBATb KOOPAHHATHHIE CETKH, 05pa3oBanible JHIHAMH [aBULIX
KpPUBH3H, T.e. CONPAMKEHHbIE KOOPAHHATH, B KOTOPBIX

bp="52=0. (8.2)

8.2.1. Passepnyras hopma 3anucu HeKOTOPbIX 8bipascesull, npu-

BeJlenHbIX HUXKe. HCMogb3cBaHa B § 8.2.2.
a) ¥pasnenus pasnosecuq. Jlepasg uacTb MOMEHNTHOTO yDaBIEHHS

pasnosecus (1.25)

B(M, T)=V Y M +b, T +gq (8.3)

B Q)I/I3H‘{6Cl\'HX KOMIIOnelTax HMeeT BHJI

2
B(M, T)= } l(V(‘,)V(p,M(m) +bonTon) +a=0. (84

J,pw=



138 BAPUALIMOHHBIE MNPHUHIMIIBI TEOPHM OBOJIOYEK [TV, 4

Ilpeo6pasyeM unenbl, cOfepKalliue NPON3BOJIbIE, BOCNONL3OBABLIHCD
dopMynaMu A Gu3NYECKUX KOMIIOHEHTOB KORADHAHTHHIX NMPOH3BOI-
Hux (Ipuaoxenne 2):

Z VoV o Mes = Vi (Z Vo (ol)) + Vs (Z V(mM(pz))
g, =1
1
=7 (Z V(.o)M(ol)) + —,41,42 Are (Z V(p)M(pz)) +
[ ! 0

1 1
Z‘(Z VWMW)) + A4, A"'(Z V(mM(pn)'—"
2 [
1
=1 {[ Z V(o)M(pl)] [Al Z V(o)’”(pz)] }=
0 »2

1
A4 {[ 2 (A—. May,i+ A,A, Ao (Mg + M) +

1 1
o Mon,2+ g Ao (May — Mn) )|+ -} @9)

MepefineM K ycuausam u Momentam [I1.10], xoTophie onpeneieHm B
CONpPSiKEeHHBIX KOOpAWHaTax u cBsizaHu ¢ T, M paBencrBamu

Tay=Tyn Tuy=Ty Suy=Sen=S5S, (6)
Myy=M;, Moy =M, M,y= Moy = H;

npu 3TOM

H( 1 1
Tug=Ten =S +5 (77 + 77)- @0
rae
1 1
= =" bay T = ben (8.8)

B smux ycuausx u Moveurax sHpamenwe (4) npmmMae'r BHI
_ I Ty 1 2
BT = — gt — g+ o [ (M) |+ ()
2
- A2"M2)],1 + ['Z: (AMy) , + _E(AZH),I — Ay oM, ]2} +
+4=0. (8.9)

ITpeoGpasyem K pasBepuyTolt dopMe neBbie YacTw TaHMEHIHAJIbHBIX
ypaBHeHuit pasHoBecHs (1.25)

B*(M,T) = VDTOO‘ - bgVDMDU + ¢% (8.10)

Iepsuifi Gpusnveckuit komnoneHT Bhpaxenust (10) uMeer Bux

By (M, T)= ; [V(p)T(pn - ; ”(lo)V(.o)M(po)] Tap. @I
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Hcnonbsys dopmynsl a8 GH3NUSCKHX KOMIIOHEHTOB KOBapHAHTHBIX
npousponteix ([Ipunoxenne 2) u nepexons k ycuausam (6), nonyuum

1 1 2
By, (M, T) = A4, {(A Tl) + _A_'(AIS)J — ATy +
H
+ o [(aam) , + 4- - (43 A2 o]+ (4 7)) ,+
+ Ay g+ A} =0 8.12)
AunanornuHo noJyuaercsi pasBephyToe BbipaweHue B3(M,T), Kk &ko-
TOPOMY MOXHO mepefith oT (12), BLINOJAHMB 3aMeHy HHJEKCOB
(I ==2). Coornomenns (9) n (12) nawoT pasBepHyTyio ¢opmy
3alMCH ypaBHeHHH paBHOBECHS A/s1 00ONOYEK B KPHBOJHHERHBIX Op-
TOrOHaJbHEIX KOOpAWHATAX.

6) Teomerpuueckue ypasnenusi., 3aBHCHMOCTH MEXAY TaHMEHIH-
aJbHBIMH AedOpMalHAMHE K NepeMelleHHAMH

1
E%® (2, u) =g — 5 (Voltp + Vgity) = bgw =0 (813)
B (t)HSH‘leCKHX COCTaBAAIOINHX HWMeEIOT BHA
1
Eiopy (& ) =2(qp) — 7 (Vi@ + Vi) = bupye =0, (8.14)

rae V(u)— du3nUeCKHe KOMMOHEHTH KOBAPHAHTHOH MPOH3BOAHOM
(cm. Ipunoxkenune 2). Uepes kommnouentsl pedopmaniu [I1.10]

Eun =8 gy —‘2" E109) = &y, (8.15)
Ban =%p = Bug) =T, Kooy =%
BEJHUHHBI E(am MOrYyT ObiTb BbIPa)Xe€HBl B COMPSKEHHBIX KOOPLH-
HaTax cJeRyolHM o6pa3oM: .

Eyy (&, u)=e,—M—M-——‘“’-=o (122, (8.16)
1

E g (8, u) = (21) (e, u) = [o) - -——( )

( )] 0.  (817)

Ousnyeckue KOMMOOHEHTHl 3aBHCHMOCTEH MeXxny H3rHOHBIMH ne(pop-
MauuaAMH H lepeMellieHHAMH

1
Kap B, #) =po5 — 5 (Vg B0 + VigyBig) +

1
+7 Z [ban Vo T ben Vit —

[
= o)V (048 — b0V @] (8.18)
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B KoMIloHeHTax nedopMmanuu (]5) HMEIOT BHJ
1

K(ll) (x, u)=%l—/]_lﬁ].l A A AI 202—0 (](__2) (8.19)
Ky (% #) = Koy (%, u) =
] A] 2 Uy, o A2 1 Uy
= o, -0, 3 onl f1 :
T Rty TR T d; Ry (8.20)
rne |
u
ﬁl=~xw,.+ﬁ az2. 8.21)

B) ¥Ypasuenus nepaspeisrocti degpopmayuil  (1.13) apeoGpa-
3YIOTCA aHaJoTHYHBIM 00pasoM M B KoMmoHentax gedopmanuu (15)
HMEIOT BUX

Ly (& x)=—/%—{(/-12x2) : (AQT) N ,1”1
bl 5(62) - vl
+(A1—2E)’2+A1,2m=0 122, (62
L(s,u)=—;§—":—%—
~ g (w5 (15) - nn ]} -
- ﬁ‘{]};[("lxel) ) —/+("‘§‘(li - A1.232]} =0.

r) Passepuyras opma sanucu qbusuttecm:x sasucumocredi (1.20)
B KoMmmoHeHTax Aedopmauuit (15) n ycuauit (6) ouesunHa.

n) Passepryras opma sanucit CTATUHECKUX 2PIAHUUHBIX YCAO-
suil (1.26)

Q, (M, T)=w,T, +v2(S+ )+%MW=Q’;‘ (122),

Q (M) = [(A M) (A2H) ~ 4y, )|+
v 2 dM # .
+ A,jl2 [(Ale),z +—(A2H) —AI,QMI]+ vi—Q*, (823)
M, (M) = le + 2vv,H + sz "’Mvv:
rac
d __fHh 9 h 0
as; A Jar T Ay 3o (8.24)

Myp=tviM + tvaMa + (f1v2 + favy) H, (8.25)
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Ipn stom
vy==cosy, ve=siny, f{y=—siny, fla=cos vy, (8.26)

rie y — yros MexAy HampaBjaedneM o! I HOpMaablo v K Kourypy C.
Kpyrabie cKoGKH y HHACKCOB (hH3HYECKHX KOMMOHEHTOB BCHOAY

onylleHbi.
e) Pas&epﬂt/mﬂ gopma sanuct ded;op.uauuu 2panuUMHOR0 3Ae-
senra (1.36), (1.39):

np1 (€, %) = lass + £ (T—%) -+ 1—1;-11— g (122),
% (8) = [(Al &) T4, (A LA 232] -

d
_ [(A232 T (A S 181] o1y (327)
e;; (€) =£ &+ t282 + 11,0,
rae
ey = V181 + favees - (£1v +t2v,)-§-. (8.28)

8.2.2. Passeprnytas (opma sanucu (YHKHHOHANOB npHBENeHa B
tabn. 4.8—4.10 u B [0.2]. Mix BnBox axasoruyen § 7 ra. 3 H ocHo-
BHBaerca Ha dopmynax § 8.2.1.

§ 9. O Bapuannouubix GpyHKuHOHAAAX
s HEKOTOPHIX HenuHeRHBIX 3ajad Teopuu 060J04eK

Teopusi npeoGpa3oeanHHs BapHanHOHHHIX npoGaem [0.9] npume-
HHMa, KOHEeYHo, He TOJIbKO K KBaJpaTHYHbIM (QYHKIHOHaIaM, KOTOPBIM
COOTBETCTBYIOT JIHHEHHble KpaeBnle 3afiayu: H3BeCTHb! [PUMepHl ee
ApHMeHeHHS N1 HCCAENOBAHHA BapAaUHOHHHIX NPHHIHNOB B HEKOTO-
pBIX HeMHEHHBIX 3aja4ax TeOpHH oGosodek, no Ges HeccaenoBaHus
BBIYKJOCTH H SKCTPeMasbHbiXx CBOHCTB (byHKIHOHANOB.

a) Tubkue nosozue 06oa0uku. HiccnesoBante cucreMu (GyHKILUO-
Ha/NOB TEOMETPHYECKH HeHHeHHOR TeopHH 060/0YeK ¢ TOYKH 3peHHd
CTaHUOHAPHOCTH, BoOOIIe TOBOPS, He BCTPedaeT 3aTPYLHEHHIl, OHO
BBIMOJHSAETCS aHAJNOTHYHO JAHHOH r/aBe H CBASAHO JIHLIL C YYeTOM
B TeOMeTPHYecKliX COOTHONIEHHAX HeNHHeAHBIX unenob. CHcreMma Ba-
pHALMOHHLIX NPHHIMNOB TeopUH THOKHX mnoJorux oGonoyek (raax-
KHX) (T.e. TeOMeTDHUECKH HeJIHHEHHON TEOpHH MOJOrHX 060.j0ueK)
Ha OCHOBE TEOPHH ?0.9] Gbina mecne1osana B [0.4]. Jdaa peGpHeThX
ru6Knx NonorHX oGosoueK cucreMa BapDHAIHOHHBIX YpaBHeHHHA H
GyHKnHOHANOB Gbila MOCTPOeHAa H Haydweda B [0.2, 4.1].

UcenenoBante 3KCTPeMantbHEX CBOHCTB (DYHKIIHOHANOB TEOMETpH-
YeCKH HeJHHEeHHOH TeOpHH CBA3aHO C oOnpeneNleHHBIMH TPYMHOCTAMH
{(MeBHIMYKAOCTb, lANMYHe HECKOJDLKIX JOKaAbHHX 3KCTPEMYMOB) H
ellle He BBINOJIHEHO.

6) Bapuayuonnsie npunyunet a2 Auxeapusosanubix 3adau pac-
uerta pebpucteix 0borouexk 8 ynpyeo-naacTudeckol craduu HCCaen0-
pamick B [4.5, 49].



FanaBa 5

HUCNMOJIb30BAHHE BAPHAILHOHHbLIX
NPHHUHUNOB AJis1 AHAJIM3A U PEWIEHHA
3AJIAY TEOPHUH YNNIPYTOCTH

W TEOPHH OBOJIOYEK

" Bce npuBelieHHble B MpeAbIAYIIHX IM1aBaX BapHalHOH-
Hble (YHKHMOHAJB TEOpDHH yNpyrocth H 000J0YeK
ABJAAIOTCS 3 (eKTUBHBIM CPEACTBOM KaueCTBEHHOro aHa-
JIU3a BAapHAUMOHHBIX H AH(depeHInaNdbHBIX (QOPMYJIH-
POBOK M CJy:KaT TeOpeTHYeCKO# OCHOBOH AJs MOCTpoOe-
HUs NPSMBIX BapHALMOHHBIX H BapHAHMOHHO-Pa3HOCTHBIX
MeTO/l0B, MOJYYaloliuX Bce Goablllee pa3BHTHE H MpuUMe-
HeHue GJarofaps Bo3pacTaloluM Bo3MoxHoCTAM D1IBM.
B sTofi ryaBe mOKa3aHbl HEKOTOpble BO3MOMXHOCTH Te€O-
peTUUIEeCcKOro aHaju3a CJIOXKHBIX 3allau TEOpHUH ynpyroctu
1 060/10UeK ¥ MPaKTHYECKOrO NpUMeHeHHs] BapHAUHOHHBIX
¢$hopMyJUPOBOK AJs TNOCTPOCHHS &JrOPUTMOB pellleHus
3THX 3a/Ja4 U UCCAeJl0BAHHS UX TOUHOCTH.

§ 1. Pasauunbie GpopmMul BAPHAHOHHLIX ypaBHeHul
TEOpuH YIPYrOCTH U TEOPHH 000J04€eK

BapuausoHHele ypaBHeHUsl, COOTBETCTBYIOLLMe (yHK-
HHOHa/ aM, OpHUBEIEeHHBIM B M. 3 U 4, MOXKHO BHIBECTH
OGBIYHBIM OyTeM IO NPAaBHUIAM BapHALUOHHOrO HCUUCIIE-
Husl. JIeBble 4acTH UX MMEIOT SHepreTHUYeCKyl0 CTPYKTYpY
U BHpaxaloTr pa6oTy oGOOCLUEHHBIX CHJI Ha COOTBET-
CTBYIOLUMX BO3MOXKHBIX O0O0OOILEHHBIX MepeMelleHusaX
(mas1 BapHauMOHHOro ypaBHeHHsi Jlarpauxa) uaM 06006-
IEHHbIX MHepeMelieHn! (ZedopMauui) Ha BO3MOXKHBIX
06061eHHbIX cunax (mas ypaBHenus KacTunbgHo), uau
HX KOMOHHAUHA B MOJHBIX M PAa3JHYHHIX CMeEIIaHHbIX
¢opmax. ITpu 3TOM BO3MOXKHEIMH Ha3bIBAOTCH 0600L1eH-
Hhle MepeMelleHusi (CHJBI), KOTOphle YAOBJETBODPSIOT AO-
IOJTHHTEJBHBIM YCJIOBUSAM, HaJIOXKEHHBIM HA HHX, CJelylo-
MM U3 JAOMNOJHUTEJIbHBIX YCJAOBHH JaHHOrO (GyHKIHO-
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Hasna. B BapHaUMOHHBIX ypaBHEHUAX JJS MOJHHEIX (yHK-
nHoHaNoB Bce 06o6lieHHb e CHJbl H 060061eHHbLIE epeme-
IleHUS] BO3MOXHHI.

B 3stoM cMbicIe BapHaUOHHOMY ypaBHeHHio Jla-
FPaHXa COOTBETCTBYET IPHHUMI BO3MOXKHBIX Mepemele-
HHH, ypaBHeHMI0 KacCTHUNbSHO — MPUHUMN BO3MOXKHBIX
HanpsIXXEHHBIX COCTOSIHMH, a MOJNHBLIM M ADYruM 4acT-
HbIM — pa3/uyHble OOlIMe H YacTHble BapHaUMOHHbIE
OpUHIMIH (¢M. ra. 1, § 2).

HurterpupoBanve 1O yacTsM ¢ OpuMmeHexueMm ¢op-
myasl puna, Crokca uiau OCTporpaiackoro mnosBoJser
IOJYUYHTb HECKOJbKO ()OpPM ONHOTO M TOrO Ke BapHa-
IIHOHHOTO ypaBHEHHS.

Hara noanoeo ¢ynkyuonara 3 cymectsyer cleayio-
masi popma:

09=[{ . u)) - 6,42+ [ Biou (0 swsdo] =0, (1.1)

rie Ou; — Bapualuy HE3aBUCHMBIX apryMeHTOB d; QYHK-
uMoHana, fi(u;), @:(u;)— neBrle 4acTH ypaBHeHuH, Bbl-
paxaroliux paBencrsa d3/du; == 0 COOTBETCTBEHHO B 06-
Jacty Q M Ha ee rpanuue 9 W NpUBeIEHHHIX B TabJau-
nax ¢ynkuvonanos, Q =V, 0Q = S mas TpexmepHoro
Teqa, @ = S, 3Q = C 123 060J04KY, o, B; — MOCTOSHHBIE
MHOXHTENH, KOTOpble € Leblo YIpoleHHus Gulau oT6Gpo-
IIeHbl B 3allUCH YCJOBUH CTAUMOHAPHOCTH, IPUBEIEHHDBIX
B Tabaunax ¢yHkuuoHanaos, ria. 3 u 4. Pasenctso (1)
MOXET CJAYyXKUTb A/ KOHTPOJSl [PaBHJAbHOCTH Bapua-
LLMOHHOTO ypaBHEHUs MoJHOro (yHKuuonana. Takum 06-
pa3oM, uMelomuecs B Tabauuax (GYHKUMOHANOB cBepe-
HUSl, a HMEHHO: YyCJOBUS CTAaHHOHADHOCTH, MO3BOJAIOT
Al [MOJHHIX (YHKIHYOHANOB YIPOCTHTb IPOUENYPY BHI-
BOJAa BapMAUMOHHBIX YypaBHEHWHl M COCTABUTb HX IO
tdopme (1).

s 4acTHoIX (PYHKYUOHAA08 TaKas HeMOCPeACTBEH-
Hasi B3aUMOCBSI3b MeXJIY YCIOBUSAMH CTalMOHAapPHOCTH
M BapUauHOHHBIM ypaBHeHHeM OTCyTCTBYeT. [Homoauu-
TeJNbHble YCJOBHS, HaJOXKEeHHble Ha apryMeHTH 4; QYHK-
HHOHAJa, BJEKYT 3a cOGOH (cM. ri. 1) HOMOJHHTeNbHbIE
ycioBus AJA Bapuauui Ou;, KoTopble Heo6XOAMMO
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YUHTHIBATb [IPH BHBOAE YCJIOBUI cTallHOHapHOCTH. B ri. 1
Obl10 YKa3aHo ABa cliocobGa MOAYUEHHST YCJAOBHE CTAlHO-
HapHOCTH 4acTHOTO ¢yHRUHOHAJLA: a) M3 BAPHAUUOHHOIO
YpaBHEHUS A/ COOTBETCTBYIOIIEr0 MNOJHOr0 (hyHKIHO-
HajJa NyTeM HaJjoKeHus AOMOJHHTENbHHX YCJIOBHI;
6) ¢ noMoubl OOIWMX pelleHud A5l NONMOJHUTENbHBIX
yCJ10BHH HAH BHGOpa LOMYCTHUMOrO NOANPOCTpaAHCTBA AJS
BapbupyeMbX GYHKIUA.

[Ipusenem HecKobKO NPUMEPOB MOJYyUEHHs Bapua-
IHOHHBIX YpaBHEHHI MONHBIX M YACTHHIX (HYHKIHOHAJOB.

IIpumep 1. DBapuauumonHoe ypaBHeHHEe IOJIHOTO
¢yuRuHOHATa Ty (8, €, 6) B OCHOBHOM I[POCTpaHCTBE
cocrosiguit (rab.. 3.3) umeer BUA

89,y = SSS {(e~-a—0)- de— 80+ [e — 5 (Vu+ u¥)] +
+0--bé(Vu—l-uV)—-F-bu}dV—SS(f*)’-(SudS-—
- SS(u—u‘)”'émndS— SS(&u)"-G-ndS=O, 1.2)

rae Bce BapHauuu Ou, 8e, 8¢ HesaBHcHMHL. Buipaxenune
1
G- -67(Vu+uV), KOTOpOoe B CHJIYy CHMMETPHH TeH30pa

¢ paBHo ¢ - 8(Vu), ¢ momombio dopmynn audodepen-
UMpOBaHHs Npou3BelleHHs M paBenctBa §(Vu)= V(8u)
MOXKHO mpeacraButh B BHAE V- (0-6u)— (V-0)-8u. O6n-
eMHBIl HHTErpaj OT IIePBOro CNaraeMoro MOXKHO Ipeos-
pasoBaThb B MOBepxHocTHHE no ¢dopmyne Octporpan-
ckoro (cMm. [Tpunoxenue 2) u noayuutb Apyryio dGopmy
BapHallHOHHOI'O ypaBHeHus (2):

83={{{{— Vot P -tu—(0—e -a) e —
—[e— 5 Vutuv)]--sotav + ({0 n—fy - suds—
—{{w—w)y s0-nds=o0. (1.3
Bapuannonnoe ypasHenne B dopMe (3) ucnoan3yeres

IJs BHBOJAA YCJAOBHil CTAalMOHAPHOCTH, a TakKke B Me-
Tofe Bybnosa — 'anepkuna, B dopme (2)— B Merone
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Putna # npu BHBOJE BAapHAUHOHHO-pA3HOCTHBIX CXeM
(cm. §§ 3 u 4).

I[Ipumep 2. BapuauMoHHOe ypaBHEHHE MOJHOTO
dyHKuHOHAaNa Jus(e, p, $) B gehopMamuax u QYHROUAX
HanmpaxeHudl B Teopuu obonogexk (raba. 4.3) Moxer
OBITh NOJIYUEHO TaKUM 3Ke IyTeM, Kak (2), ¢ 3ameHOH
00BbEMHBIX HHTErpasoOB MOBEPXHOCTHBIMH, a MOBEPXHOCT-
HbIX KOHTYpDHBIMH, H npeoOpa3soBaHO K HEeCKOJbKHM pa3-
JUUHBIM (popMam; [puBeleM JBe H3 HHUX:

83— { {7 e, W) — ¥ 60as +
+ (M (2, 1) — M2 8pap — paL* (B2, S1) — oL (3¢, &p) —
— 8, (e, W) — 8L (&, 10} dS + { 7 (Be, om) +
+ 0" (8€) +n'e,, (2)] dC + { (o0, [xo (e, w) — ]+
+ 80 [% (&) — ]+ n () [e, (&) — &, 13" dC +
+ § [ 02, 81) + @ (38) + n (1) 2 Ge)) dC=10; (1.4)
63, ={ L {7 (e, ) — %" (1) ey + [M" (&, ) —
— M (§)] 8pqy — L* (e, 1) 8, — L (e, 1) 8¢} dS —
— [ — ) 20 @2, 8 + (0 — ) (00) +
+ 0 — ) e, @] dC + § (e (e 1) — w9, +
+ [ (&) — =160 + [, () — €}, ] n(0%)}” dC=10. (1.5)

[Ipumep 3. Bapnaunonnoe ypasneHue KacTuipsg-
HO TeOpHH 000JI0UEK B yCHJAUAX MOXKeT ObITb mOJyde-
HO M3 uacTHOTO ¢yHKuHoHala Kacruabsivo I3 (M, T)
(Tabm. 4.2):

8= SS [— thos (M, T) OM™ — &, (M, T) 57°] 4S ~

- S [4,Q"(OM, 8T) + w'Q(8M) + 0" M,,, (6M)]dC =0. (1.6)
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3aecy Bapuauuu 6M, 8T cBs3aHH OZHOPOJAHBLIMM ypaB-
HEHUSMU PABHOBECHS U OJHOPOJHBIMU PAHHYHBIMU YCJO-
Busimu, Tak Kak u M, T, u M+ 86M, u T 4 8T RoaxHbl
YAOBJIETBOPSTL JONONHUTEJNbHBIM  YCJAOBUAM (DYHKILHO-
Hasa. [Tostomy us (6) Heab3s HemoCpeACTBEHHO clenNaTh
HUKAKUX BLIBOAOB 006 YCJOBUSIX CTAaHMOHAPHOCTH.

I[Ipumep 4. CMewanHoe BapualMOHHOE YpaBHEHHUe
Teopuu noJsiorux o6ojioder ISl NPSAMOYTOJBHOH B MJaHe
130TponHO# 060JNOYKM B JEKAPTOBHIX KOODAHMHATAX MO-
Xer GbITb noJyyeHO, HallpuMep, U3 CMeIIaHHOTO (YHK-
nuoHata J.(w,y) (tab.. 4.5):

NHw

63°=SS{[D ?9;4 +2 ax2ay2 + 5y )"'kx ay2 -

— 2k 55y ox ay + kﬂ ax2 . ]M’ _[Elh— (3;3 T2 55,7 ax2ay2 +
+ 'a'yli) — ks ay2 + 2k a(ta kyg_;f'] 6("} ds +
+ [ 10w, 9 — Q15w +1M @, 9)— M, 0 Gu)} dC +
+ | (v @, @) — w80+ 2, (@, ) — &, 0 G0} dC. (1.7)

B cuny jonosHuTeNbHBEIX yCaoBUEl K (yHKiuoHady Ow
u 6@ LOJIXHB YAOBJETBOPSTL OAHOPOIHBLIM T'PaHUYHBEIM
yeaosusm (dw)” =0, [Q*(8¢)] =0 na C.

§ 2. OcobeHHOCTH BapHALHOHHBIX (DOPMYIHPOBOK
Np¥ CHAOKHBIX rPaHHYHBIX YCAOBHHX, B TOM HMHcJe
OJs MHOrOCBsi3HBIX 0O6JaacTeit

B ra. 3 u 4 npuBeieHbl BapHaunoHHble GYHKIIMOH b
TeOpuH ynpyrocTH u 0GONOYeK AN CAyYas MPOCTHX Ipa-
HHYHBIX YCJOBHMH, KOrfa reoMeTpuyeckue BeJUUYMHBI 3a-
JaHBl Ha OJHOM CBS3HOM yuacTKe paHHlbl TaK JKe, KaK
M CTaTHYeCKHe (CIOJA BKJIOYeHbl M CMeUIaHHBle rpa-
HHYHblE YCJIOBHUSl — 3TH YY4aCTKH MOTYT IEDeCceKarthes).
B Gosiee caoXupix cayuasx Heo6X0AMMO YUUTHIBATh CBSI3b
MeX Ay HepeMelleHUIMH U YCUAUIMHU Ha pas/IMuHbIX CB3-
HHIX YYaCTKaxX TpaHuubl, BAUFIOIYIO JHGO Ha (GyHKUHO-
HaJ, NHOO Ha JOMOJNHHTENbHLIE YCI0BUS K HeMy. B stux
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cayuasix €CTb OCOGEHHOCTH M B METOAMKE BBIBOJA YCJIO-
Bull crauuonapHoctd. Hampumep, nss MHOroCBSISHBIX
060/104€K CO CTATHYECKUMH CPAHMYHBIMH YCJOBUAMU He-
06X0AMMO YUHTBHIBATb YpaBHEHUS] HEPA3PHIBHOCTH KOH-
TYypa, KOTOpHE $BJSIOTCA YCAOBHUSIMU - CTALMOHAPHOCTH
dyHRuMOHaMa KacTuibsHO M JOMOJHUTENBbHBIMH YCJIO-
BHAMH — 17 pyHKUMoHaMa JlarpaHxa.

Ilpn BapuapuoHHOH GOPMyJaUPOBKe JIOGOH CJAOXKHOH
3ajauy HyXHO yneaath ocofoe BHUMaHUe o6ecnedyeHuUIo
NOJIHOrO HaGopa He3aBHCUMBIX Bapuauuii paspemialomux
¢yukuui. Torna COBOKYIMHOCTh YCJIOBUH CTALMOHAPHOCTH
BMECTe C JOMOJHHUTENbHBIMH YCJOBHSAMH JiJISl HCIOJb3ye-
Moro (PYHKUMOHA/Na NPEACTABJSIOT BCE ypaBHEHUs], He-
06X0oauMBIE JJ4 NpaBuibHOH (OPMyJUPOBKH 3a7aud, B
TOM 4YHCJIe ¥ FPAHHUYHBIX YCJOBUIL.

B psage cayyaeB mpu pelIeHHMM 3aJa4 CO CJAOXKHBIMH
CPAHUYHBLIMUM  YCJOBUAMH MOXKHO MCIIOJbL30BaTh Hpel-
CTaBJieHHe MX KaK KOHTAKTHBbIX 3a7au, NMPOBOAR HCKYC-
CTBEHHYIO JIMHMIO KOHTAaKTa MJM MOBEPXHOCTh KOHTAKTA,
IIPU JOCTATOUHO [IPOCTHIX 'PAHUYHBIX YCJIOBUSX AJS KaK-
jpoii wactu. Ilpu 3TOM JOMOJNHUTENBHBIMH YCJIOBHUAMU K
(YHKIHOHANAM SBARIOTCS CTAaTHYECKUE U (MJIH) reoMeTpu-
yecKUue yCJOBHA KOHTAKTA.

Huxe nns ¢yuxuumonanos Jlarpamxka u Kacruabauo
paso6paHo HECKOJbKO XapaKTepHbIX NPHMEpOB, KOTOpble
JaloT IpejacraBienue o6 obliell MeTONHKe yuyeTra CJa0¥K-
HHIX FPAHUYHBIX YCJAOBHH NpU BApHALHOHHOM MNOCTAHOBKE
3ajiad TEOpUM YINPYrocTH H TeopHu oboJsouek. [Has apy-
rHX (QYHKUUMOHANOB MOXKHO HCIIOJIb30BATH 3TY METOJUKY,
a TakxKe Teopuio npeofpas3oBaHus BapUauMOHHBIX Mpob-
Jem ¢ (QyHRuMoHanamu Jlarpanxka u KactunbsHo B Ka-
JyecTBe MCXOAHBIX MYHKTOB, 4 JAJs Teopun 060N0YeR —
CTAaTHKO-TEOMETPHUYECKYI0 AHAJIOrHI0O B BapHallHOHHOH
tdopme (ra. 4,§ 7).

2.1. HexkoTopble J0NOJHHTEJbHbIE CBENlEHHS O CBSI3H nepemele-
Huii ¢ pedopMauHAMH H HanpsXKeHHA ¢ QYHKUHIMH HanPSKeHHR
noHao6sTCH NPH OGCYXKAEHHH NPHMEPOB CO CJAOKHBIMH IPaHHYHBIMH
YCHOBHAMH.

a) Bexropot nepemewjenuil & n y2A08 nogopora © B moBo#t TOY-
Ke B TpexMepHOro Tesa MOXHO ONPENENUTh [0 H3BECTHHM Havalb-
HEIM 3HAUGHHSM U4, @4 B Touke A B u3BecTHHM aedopmauusim ¢
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nomoubio dpopmya Uesapo (cM., nanpumep, [3.3])
B

1 .
Dp =Dy + ) S éjkl (Vjeik - Vkeﬂ) dx‘e;,
A
B @.n
sg=u,+0X(rg—ry)+ Sdr-[e—l—(Vm))((rB—r)].

A
BekTop yrioB moBopoTa B AaHHOIl TOuKe CBfi3all ¢ BEKTOPOM IMepeie-
LieHHil B ee OKpeCcTHOCTH:

€1k (Viup — Vyuy). (2.2)

2o —

®p =

UroGsl nepeMenteHus onpepensaHcs popmynami (1) oaunosnauHo
(He3aBHCHMO OT IyTH HHTErPHPOBAHHA), HEOOXOAHUMO 4TOGH pabeH-
cTBa

@ el® (Viei — Veen) dx'e, =0,
! 2.9)

$ar [e+ (Vo) X (rs— )] =0

)

BLUTONHANUCE RAS JM10GOro 3aMKuyToro koutypa [l Otciona, ucnonb-
sys Qopmyny CToKca, MOXKHO BBIBRCTH AHQQESpPEHLUAIbIbe YypaBHe-
uust Hepaapuisioctd Cen-Benana (cum., nanpumep, [5.13]).

6) [llepemewjenus u u yeavt nosopora Q: B Touke B Gasucuoll
nosepxHocTH S 060404Ku TpPH H3BeCTHHIX HX 3HAYeHUAX #a, (§2)a
B HayadbHofl Touke A M H3BecTHHIA AedOPMAIHAX MNOBEPXHOCTH &
onpeaensores gopmyaamu (1.41) ra. 4.

W3 stux ¢opMya CHeAyIOT ypaBHeHHS, KOTOPBIM ROJKHB YAO-
BJETBOPATL AeOpMalliH, 4TOOH BHUHCIEHHbIE 10 HHM NepeMellenls
Gbiny O HO3HAYHBIMI:

K=@ % dC =0, E=§[(r—ro)xu+e”t1dc=o (2.4)
{ {

st 406020 3aMKHYTOrO KoHTypa ! Ha moBepxuoctu S (Bepaxenue E
noayyaerca u3 (l.41) ra. 4 unrerpuposanuemM no 4Hactam). M3 (4)
MOryT GblThb ¢ TMoMmolublo QopMyan ['DHna BuiBedennLl YpaBHeHHS He-
paspuiBHoctt (1.13) ra. 4. Bekropu K u E no asagnorui ¢ B) maso-
BeM IJaBIbIM BeKTOPOM U <«IJIaBHLIM MOMEHTOM» fedopvauuil 3ge-
MEeHTOB KOHTypa /.

B) Dyukyuu nanpsmenuil $ u «yeavt nanpaxenuii» ©; B 0bo-
AI0UKe NpPH H3BeCTHHX YCINIMAX MOMXKHO ONPeldesuTh ¢ TOYHOCTLIO RO
HavaJbHHX 3HaueHAN i, (O)a B Touke A no dopmytam (1.45)
rn 4.
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Vpasiienus pasuopechs moGoft wactn S; 06oM0uKkH, OrpaHudeH-
j10ii 3aMKHYTBIM KOHTYPOM [, NpeacTaBisioT co0ofl yCIOBHA paBeH-
cTBa HYJIO raBHoro Bextopa F u raaBnoro MoMenTa G BHEWIWHX H
BIYTPEHIHX CHJI, TPHIOKEHHBIX K 9TOR 4acTi:

F=SSqu+®Q(M,T)dC=0,
Sl {

G=SSr><qu+@[MWt+r><Q(M,T)1dC=o
S {

(2.5)

(koTopble moayuaioTcs ¢ nomolwsio (1.45), ri. 4 H HHTerpHpoBaHuA
no wactaM). OTciona MOXKHO BEIBeCTH AHOOEpeHIHANbHbIE yDaBHeHHs
pasiloBecus ¢ momoulbio popmyas Ipuua. Ecau BekTOp Harpysku q
Bripasuth uepes Mo, To, TO moBepXwOCTHble HHTEIPANH MOXKHO Tpe-
06pasoBaTh B KOHTYpHble; TONYYHM ypaBHeuHsi paBHOBecHst (D) B
BHJE

F=§lem 1 — Q. Tl dC =0,
{

G= @ {IMyy (M) — Myy (M) £ + (2.6)
[

+rX[Q(MT)—Q (M, T,)]} dC =0,

rie KOHTYp ! MOXKeT COCTOAITb H3 HECKOJbKHX 3aMKUYTBIX KPHBHIX.
B cnyyae oRHOCBA3HON 0GOJOUKH 3TH ypaBHeHHA NpPEICTaB/AT CO-
Goft ycnOBHSL ORHO3HAWIOCTH QYHKNAA Hanpskenuii (He3aBHCHMOCTH
OT NMyTH HHTErpHpOBaHus). B MHOrocBia3Hoil 06010YKe HHTerpassl (6)
10 KOHTYPY, OXBATHIBAIOUEMYy OTBEPCTHE, 3aBHCAT OT IJIABHOTO Bek-
Topa M IaBHOTO MOMeHTa BHEUWIHHX CHJI, IPHIOXKEHHbIX K KOHTYDY OT-
BEPCTHA; [109TOMY OHH MOryT ObiTb MOOLIMU Halepel 3aJaHHBIMH
BeJUYHHAMH H ONPeAeNsOT «CTaTHUeCKHe MHCTOPCHH» (CpaBHHTe
¢ n)). CnepoBaresibho, eCIH B MHOTOCBA3HOH 060/0uKE K KOHTYpY
OTBepcTHA MPHJAOKEHAa HecaMOypaBHOBewedHas Harpvika, To ¢yHK-
IHH HanpsKeHu# Moryr ObITh MHOTO3HAUHBIMH C MHOTO3HAYHOCTSAMH
TANA AUCTOPCHiL

r) Pynkyuu Hanpaxexul 8 TPEXMEPHOM TeAe ONPENeNAIOTCS Ha-
NpSXKEHHSIMH C TOYHOCTBIO He A0 (ISCTH KOHCTaHT, KaK mepeMelie-
HHS — nedopMalHsAMH, a € TOUIOCTLIO N0 MPOU3BOJbILX (QyHKUMI,
RAOUMX HyJeBble HANPAKENHA W SKBHBAJCHTILIX OCCKOHEUHOMY MHO-
KeCcTBy Koucranr. BepodTHo, MostoMy agaa onpenetehiua (QpyHKuui
ganpsikenuii Her Gopmys, ananornunbix (1).

[Tpun paccMOTpeHHH CJOKHBIX TFpaHHYUBIX YCIOBHI B TEOpHH
ynpyrocTH Moryr GuITb MOJe3Hbl PaBeilCT3a, BHPAaXKAOuHe IMaBHEIR
BekKTOp P # rnaBubili MoMeHT G NOBEPXHOCTHBIX CHJ (OTHOCHTENLHO
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Hauajia KoopaxHaTt) uepe3 (yHKuun xanpsixkennfi [3.3]:

P= SSo-ndS= SSo°-nds+d§dt-(q>><V),
S S l
G=Sssr><o-nds=sssr><0-nd8+ (2.7)

+§lo+rx VX dL.
)

KpoMe Toro, #HyXHo HMeThb B BHRY, YTO YypaBHeHHs PaBHOBECHs JIO-
Oofi 4aCTH TeJa NPEACTaBAAIOT colofi YCIOBHA paBeHCTBA HYJIO
TIaBHOTMO BeKTOpa M IMaBHOTO MOMEHTa NpPHJOXKEHHBHIX K Hell cuu:

P=S§S FdV+§0-ndS=0,

G=S§erpdv+§rxo-nds=o. 9

Orcioaa ¢ moMmousio  dopmynst OCTporpagckoro MOXKHO BBIBECTH
anddepennanbible ypaBHeHHs paBHoBecHs (cM., Hanpumep, [3.3]).

n) Hucropcuu 8 reopuu ynpyzoctu u Teopuu 060a04ek. Ha
OCHOBAHHH TEOPeME! eAHHCTBEHHOCTH TEOPHH YNPYTOCTH B OAHOCBA3-
HOM Tese NPH OTCYTCTBHH BHEIIHHX CHJI HANPsiKeHHS H AedOpManuu
paBHbl HY0. B NMOBEPXHOCTHO-MHOrOCBA3HOM Tesie H NMPH OTCYTCTBHH
HArPY30K MOMeT CYLIeCTBOBATb HEHYJeBOe HaNPsiKeHHo-aedopMHpO-
BaHHOE COCTOSIHHE, KOTOpPOe MOXKeT GhTh IONYYeHO CJAeRYIOUHM 06-
pasoM.

IIpeBpaTuM MHOTOCBSI3HOE TeNO B OAHOCBSA3HOE TyTeM HeoBxo-
AHMOTO uMCla pa3pe3oB, cABHHEM ofe CTOpOHMB! CeueHHH APYT OTHO-
CHTENLHO ApPYra M COeRHHHM ceueHnd, yOupasd HAIH pobaBiasaa Mare-
pHan TaM, Fe 3To HEOGXORHMO, 1 CHOBA MOMYuyds MHOTOCBSI3HOE
teno. [Ipn 5TOM BeKTOpM B3aHMHLIX cMewleltuit Au u yrjoB noso-
pora A® coenunsSieMBIX ceueHHH BHIDakKal0Tca opMynaMu (cM. Ha-
npumep, [3.3, 5.13])

Ao=const, Au=Au,+AoXr,. (2.9)

KOTOphle MOKa3sLIBaloT, uto Au mpejcraBaser cobofi XecTKoe cMmelne-
Me, TaK YTO Kpas CKICHBAEeMbIX CeueHHR AO/IKHBL HMETh OAHHAKO-
Byto popMy. dror cnocol monydeuus HampsiKEHHE B MOBepPXHOCTHO-
MHOTOCBSISHOM Tesie (Tunma Topa) wHasmBaeTcs ducropcusmu (uan
nHcAOKauuAMH) BoubTeppa, KoTophle XapaKTePH3YIOTCS BeKTOPaMu
Auo H Aw.

AunanorsuneM o6pasoM BBOAATCA AHCTOPCHH B MHOrOCBA3HOM
oBonouxe. JAn oBonouek cyImIecTBYeT JHWIL ORHO TOHATHE MHOTO-
CBASHOCTH, TaK 9TO0 HeOAHOCBasnad ofojouka obnamaeT cBONCTBaMH,
aHaJOTHYHEIMH TeM, KOTOPhle HMeIOT NpOCTPAHCTBEHHO-HEORHOCBA3-
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Hble TeJaa, W TeM, KOTOPHe HMEIOT [OBEPXHOCTHO-HEOAHOCBS3IIbIE
TpexMepHule Tena. Huxe wmul yBuauMm, uro ocofue cBoficTBa npo-
CTPAHCTBEHHO-MHOTOCBA3HHX TeJ CBS3aHBl C YPaBHEHUSIMH paBHOBe-
CHS H YCNOBHSIMH CTalMOHAapHOcTH ¢yHKuMoxana Jlarpamxa, a no-
BEPXHOCTHO-MHOTOCBA3HBIX — C YPaBHEHHSMH HeDA3PEIBHOCTH H ycJIo-
BHAMH cTallMOHApHOCTH ¢yHKuuoHasa Kacrunbauo.

2.2, Yuer ClOXHBIX TPAHHIHLIX YCJAOBHIl NPU HCIOgb-
30BaHHMH pPa3JHUIHBIX BapHaHTOB (yHKHHOHana Jlarpam-
XKa B Teopuu 0060J04€K.

a) Heckoavko c8A3HBIX Y4acTKO8 KOHTYpa ¢ 3adawu-
Homu nepemewenuamu u®*, 9* (puc. 5.1,a,6). B stom

C

d) 5)

Puc. 5.1. IBa cBA3HHX yuacTKa KOHTypa OGOJIOUKH € 3afaHHHIMH
nepememenuamt. @) Kpas AC u BD xeCTKo 3aKpemnJeHH; 6) KOHTYp
060J0UKHE H KOHTYD OTBEPCTHS KeCTKO 3aKpENJIeHHl,

cayuae ¢pyHKunonaan Jlarpauxka i, Ine, Ine M HX JO-
NOJIHUTEJIbHBE YCJOBHS UM YCJOBUSI CTAUHOHAPHOCTH He
HMEIT HUKAKUX ocobeHHOCTel O cpaBHEHMIO ¢ Taba. 4.1.
[Tpu nepexone or Im K Ins(e) TpeGoBaHUS Henmpepbis-
HOCTH mepeMelieHHH JOJXHB OBITh CHOPMyJHPOBaHH B
Jepopmanusax; B paccMaTpHBaeMOM CJydae TpaHHYHBIX
yCJIOBMHA NpPH 3TOM NOSIBJSIIOTCH CleuH(HUECKHe ypasHe-
HUs, OTJUYHBIE OT NpUBELeHHHX B Taba. 4.1.

Hna dynkumonana Iz (e, u) AOMOJNHUTENbHBEE YCIO-
Bus (1.42) ra. 4 (LedopMauHOHHBIe TPAHMUHBIE YCAOBUSA)
coflep:KaT He BCIO MHGOPMaUHIO O B3aHMHBIX Iepeme-
LIEHHSAX pPa3/IMUHBIX YY4CTKOB KOHTYpa, MO3TOMY, KpOMe
HHUX, JOJXKHH OBITh NOCTABJIEHBl JOMONHUTENbHBIE yCAOBUS
B JedopManusx, 3aJaloliHe B3auMHble NepeMeleHus
¥ yIJibl [TOBOPOTA PAa3/IMYHBIX CBA3HBIX yYacTKOB 4YacCTH
C. xoutypa C, Ha KOTOPOH MOCT@BJEHbl FE€OMETPHUYECKUE
rpaHHuHble yCA0BHA. DTH JAONOJIHHTEbHBIE YCIOBUS C
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noMoutbio ¢opmya (1.41) ra. 4 moryr OHITb 3anHCaHBl
B BUIE

%dC — [(Q:)B — (9:),4] =0,

{e t+ (r—r,)X=]dC—[u, —u,+
+ (@)X (rs—ra)]=0, (2.10)

rie @, ;- 3alaHHBIC BeKTOPH! NepeMelleHHH B TOU-
xax A u B, npuHajiekaliux pasiHYHBIM CBSI3HBIM yua-
* *
crkaMm uactH C, kourypa C; (Qt)A, (Qt)ﬂ — 3aJaHHbBle
BEKTODHl yIJIOB NOBopoTa B Toukax A u B.
DTH ypaBHeHHS SIBJSIOTCH YCAOBHSIMH CTallHOHAPHO-
ctH ¢dyuxuuonana KactuaesHo (cm. § 2.3a).
Hns dyuxuuonana Iy (w, ¢) us wectu ycaosuir (10)
HYKHO CTaBUThb JHLIb TDH, CBA3HBAIOIlHe NepeMelieHus

8

|
S

a) 5)

Piic. 5.2. HedopmauvonHble rpaHHuHbe YCJIOBHA A 0BOJIOUKH.
a) Yuacrox xoutypa CD noaxpengen abCOMIOTHO MKeCTKAM Te.I0M;
6) oTepcTHe NMOAKpeNnJeHo abCcoMOTHO ®KeCTKoH waiibolt D.

@ H yrael noBopora (Q¢)a, (Q:)s PasIUYHBIX CBA3HBIX
yuactkoB C.

6) Heckoabko c8A3HbIX YHACTKOS KOHTYpa ¢ 3adaw-
noimy  depopmayuamu  », e (HanpHMep, puc. 5.2:
@) 4acTb KOHTypa MOJKpPenjeHa He3aKPeleHHBM abco-
JIIOTHO XeCTKUM TesioM; 6) oTBepcTHE, NOAKpeNnenHoe ab-
COJIIOTHO XKeCTKOH maibofi). 3xech pakTHUECKH CMemaH-
HBle TPaHUYHBIE YCJOBHS: Ha NOJAKPeNJIeHHBIX yuacTKax
koutypa C, H3BeCTHB! Kak AehOpMAlHMH, TaK U IJIaBHHH
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BEKTOD M TJaBHBII MOMeNT Harpy3kH. B 3ToM cayuae ¢pyHk-
pHoHa bl I — I 15 OTAHYAIOTCS OT NPeACTaBJEHHBIX B
raba. 4.1 TeM, 4TO COAep:KaT cJaaraeMble HEHHTErpaJb-
HOro BHJA, HpeicTaBasdouMe co60d_ paboTy BHEIUMHHX
Cils1 H& COOTBETCTBYIOILMX MM NepeMelleHHSX:

Flu, + F w4 G*Qq + G2, (2.11)

rne FY, F,— KOMIOHEHTBl IJaBHOTO BekTOpa, Gy, G.—
KOMMOHEHTbl [JIABHOFO MOMEHTa Harpy3KM Ha JKECTKOE
NOAKPEIJEHHE OTHOCHTENbHO KakKoH-nuGo ToukH D, pac-
NOJIOKEHHOH B JKeCTKOM IOAKPENJIONeM 3JEMEHTE,
Uy, @, £2¢, §2— KOMIIOHEHTH BEKTOpa MNepeMellieHHil H
BEKTOpa yIJI0B NOBOPOTA B 3TOH TOUKE. 3aMEHHTb B 3THX
cjlaraeMbIX BeKTOPBI MepeMelleHHH ¥ yrjoB NOBOPOTa Ha

nedhopMalHl  HeBO3MOXKHO, TakK 4TO  (yHKIHOHAJ
Ina(e, n) 3aBHCHT He TOMbKO OT JAedopMallhi, HO M OT
nepeMepieHuit B yrsaoB 110BOpoTa (N0 IecTb NapaMeTpoB
Ha KaXKAbl# MOJAKpeNnJieHHHH y4acToK).

YcnoBusi cTauMOHapHOCTH (YyHKUHOHAJO0B I — Iiis
B J1aHHOM CJydyae coJep*aT, KpoMe paBeHCTB, MPHUBEJAEH-
HEIX B TabJ. 4.1, ewe ypaBlieHHs HHTerpastbHOTO BHAA
(cM. Huxe (14)), mo mecTh Ha KaxXk/JBlil y49acToX. IDTH
yC/J0BHS Jierde BCEro BLIBECTH H3 (yHKIHOHana Jlarpan-

Ka I (#), KoTopbil B JaHHOM CJyuae MMEEeT BH],
= 9m (@) + Flus + Fw+ GaQ*+ G'Q, (2.12)

rie ciaaraemoe Iy (#) npexacrasjedHo B tabna. 4.1. [le-
¢opManHOHHbIe TPAHHYHBIE YCA0BHA (yc/oBHA Hexedop-
MHPYeMOCTH HOJKpeIUIeHHblX YyacTed KOHTypa), 3amucaH-
Hble B NepeMeleHHsX, NPeACTaBJAOT co60f AHddepen-
[HaJbHBIE yPaBHEHHS OTHOCHTENBLHO INepeMelleHHil; ux
obliee pellleHHe MOXKHO NpPeACTaBHTb B BU/AE

e=u"-+d +d, Xr, (2.13)

rae u*-— gakoe-160 uactHoe peuienne, d), ds — Heus-
BeCTHbIE BeKTOpPb (IPOH3BOJIbHbIE TOCTOSHHBIE), s
onpefeaeHnsT KOTOPbIX HeT FeOMETPUYECKUX YCJAOBHH. DTH
KOHCTAHTH MOXKHO BHIPA3HTb YEPE3 BEKTOPH IepeMeLlile-
HHE ¥ yrJioB noBOpoTa #, Q; NOAKPEIJEHHOTO yyacTKa,
yuacrByiomse B (11). Bapoupys u, Q, HalineM, 4T0 cpeiu
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YCJIOBHH CTallMOHAPHOCTH (QYHKIHOHana JiarpaHxka ecrb
ypaBHEHHd BHAA

Q{M(e, ), T(e n} dC=F,,
(2.14)

B
a
B
V(M +(r—r,)XQdC=g,
A
KOTOpHle YMeCTHO Ha3BaTh YPABHEHUAMU PABHOBECUS NOO-
Kpenaenusix 4actet KonTypa. OHH SBASIOTCS AONOJHH-
TeJbHBIMH YCJIOBHSIMH K ¢yHKUHOHany Kactuabsino s
AaHHo# 3amaun (cM. § 2.36) M aHAJOTHUHH yPaBHEHHIM
HEPa3pEIBHOCTH KOHTypa (cM. § 2.2a,B u § 2.3a).

B uwacTHocrH, B Cciyyae MHOrocBsi3HoM GasHCHOH mo-
BePXHOCTH 0OOJOYKH, HMeWlledl noakpemieHHbe a6co-
JIIOTHO XeCTKOH wwali6olt orBepcTua (Kak Ha puc. 5.2, 06),

a) 4
Puc. 53. Ipa cBs3HBHIX yyacTKa KOHTYpa CO CTATHYECKHMH TpaHHY-
HLIMH YCJIOBHAMH.

#3 dyukunoHana Jlarpauxa cielyioT ypaBHeHHS pPaBHO-
BeCHsl KOHTypa oTBepcTHsi BHaa (14), rae uHTerpaju
6epyTcs O 3aMKHYTOMY KOHTYDY.

Ecnn nonxpenJieHHBIE yyacTKH KOHTypa He Harpy-
xeHbl (BesnuuHbl F, G paBHH HYyJ10), TO (GYHKIHOHAN
(12) ne oranyaercs or Iq1(w) (raba. 4.1), a cpean ero
yCHAOBHH CTallHOHAPHOCTH €CTb OAHOPOJAHBIC ypaBHEHHs
Buaa (14).

B) Cratu4eckue epanutusle YCcA0BUS 8 YCUAUAX NPU
MH020C6A3HOU  6a3UCHO nosepxHocTU 0060404KU  (pHC.
5.3,6). B aroM cayuae orinume oT TabJ. 4.1 uMelor Jo-
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nosHuTeNbHbE ycaoBusl GyHkUHOHana I3 (e, n): Kpome
ypaBHeHHH Hepa3pbLIBHOCTH B 06jacTH S, A1 HETO JOMXK-
Hbl ObITh NOCTABJEHB! elie AONOJHUTEIbHBIE YCJIOBUS
MHTErpasibHOTO BHJA, KOTOPbIE YMeCTHO Ha3BaTb ypasHe-
HUAMU HEPA3PLIBHOCTU KOHTYpQA OTBEPCTUS:

Sde=0, § et + (r—r )X xydC=0. (2.15)
i [

Stot $akT Jerko o6HAPYXKUTh NPH BLIBOAE QYHKIMOHANA
I3 (8, n) U3 Iz (1, &, w). TIpu 3TOM ycnoBue HENPEPHIB-
HOCTH TlepeMelweHul, KOTOpoe AN Iz BHINOJHSETCA aB-
TOMaTUYECKH 3a cueT BHGOpa NPOCTPAHCTBA COCTOSIHH,
NIEPEXO/IUT B CHCTEMYy ypaBHEHHH HePa3pPHBHOCTH, CpejH
KOTOpPHIX B JanHOf 3ajaue ects (15). Huxe nan sBmiBOR
ycaosui (15).

VpaBHeHUS Hepa3pbIBHOCTH NpeAcTaBagioT coboil
yCJIOBUS OJHO3HAUHOCTH NepeMewieHuil, oNpefenseMbX
0 AaHHBLIM JedOpMalUdIM; 3TH YCJAOBHS MOXKHO 3alH-
caTb B Bujle (4), rae [ — mo6oit saMruyThil KouTyp. Has
OMHOCBSA3HOH 06JacTH yCIOBUS OAHO3HA4YHOCTH NepeMe-
wenuil (4) caeayloT U3 ypaBHeHHUH HEPA3PBLIBHOCTH B
ofsacTy; AJs MHOTOCBSI3HON o6sactu AuddepeHLHaNb-
HbIX ypaBHeHuH Hepa3pHIBHOCTH HejgocraTtouno A (4),
eciy 3aMKHYTHIE KOHTYD oxBaTbiBaeT otBepcrue. [lo-
3TOMy npH nepexofe OT (4) K ypaBHeHUSM Hepa3pbIB-
HOCTH B 06,1aCTH HeoO0XOAUMO COXPAHUTh AAf KaKAOTO
oTBepCTHS NO OAHOMY Habopy ypasrenu#l (15) Bupaa
(4). B cayuae reoMeTpuuecKuX PaHUYHBIX YCIOBHU OHH
BHINOJIHAIOTCA aBTOMAaTHYECKH.

[TpoBeieHHOe paccyX/AeHHE NO3BOJAET NOCTABHTD IS5
odyukuuonana Jpjz(e) 3ajauy ¢ AUCTOPCHAMU  (CM.
§ 2.11). B stoM ci1ydae ypasHenus (15) HeonnopoaHble;
B NpaBbIX 4YACTAX MX CTOAT 3alaHHHLe B3aAUMHBbIE Mepe-
MellleHus] ¥ YIJbl [IOBOPOTA ABYX KPaeB pasbesa.

VpaBueHuss Hepa3pbHBHOCTH KOHTypa (15) sBasiorcs
YCTOBUSIMH CTaUHOHApHOCTH GyHKUIMOHANTa KacTHabsHo
(cMm. § 2.3a) u cBsi3aHBl CTAaTHKO-reOMeTPHYECKOH aHa-
soruefl ¢ ypaBHeHHSIMH paBHOBecHs KouTypa (§§ 2.26,
2.36).
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2.3. Yuer cAOXKHBIX rPaHUYHBIX YCJOBHI B TeopwH
000J04eK IPH HCHOJNb3OBAHUM pPa3AMYHBIX BapHAHTOB
¢ynkuuonana Kacruabavo. PasfepeM Tpu npumepa rpa-
HUYHBLIX YCJOBUIl, aHAJOTHUHBIX NpuUBelenHnM B § 2.2,
U erle HeCKOJIbKO HHTePeCHEIX NPHMepPOB, BCTPeYaBLINXCH
aBTOpaM B pacyeTHON npakTtuke. Ilpu sTom 6ymeMm uc-
No/J1b30BaTk CTATHKO-TeOMETPHYECKYI0 aHaJOTHIO U Teo-
pu0 mnpeo6pa3oBaHHsl BapHAUHOHHBIX Npo6JeM, B 4acT-
HocTH mipeo6pa3zoBanue Ppuapuxca,

a) Heckoneko cefaswelx yuacrkos KoHTYpa ¢ 3adaH-
noimu yeusuamu Q. M, (puc. 5.3,a,6). Dror cayuait
MOKHO paccMOTperb Tak e, Kak B § 2.26, nosbsyscs
BapHAuMOHHOA (HOPMOH CTATHKO-TeOMETpHUYECKOH aHaso-
run. OyHKUHOHAAB Jx; — Iks MPH 3THX IPAHUUHBIX YCIO-
BHSAX OTJUYAIOTCA OT NpeAcCTaBldeHHbX B Tabu. 4.2 caa-
raeMBIMH HeHHTerpaJ/bHOTO BHAA, cM. (4), (5):

Ko, + K@ + E:0* + E'6. (2.16)

ITpu BeIBOJE yCJAOBHI cTaUMOHAPHOCTH (GYHKIHOHATA
Kacrunbsio npyu LaHHBIX PPaHUYHBIX YCAOBHAX C HCIOJb-
30BaHHeM (YyHKIHH HAnpsKeHHHA HeOOXOAUMO YYHTBLIBATD,
YTO rpaHuuyHble 3Ha4yeHHs OGYHKUUA HanpskKeHu# ompe-
JIeIIIOTCA TPaHUYHBIMH YCJOBUAMH He OAHO3HAUHO, a C
TOYHOCTbIO [0 NOCTOSHHBIX (LIeCTb KOHCTAHT [JS KaxK-
JIOTO CBSI3HOTO Harpy:KeHHoro yuyactka). Beipasus stu
KOHCTAHTH 4Yepe3d BeJHYMHbI ¢, O, U RapbHUPys nocjen-
HHe, MOKHO OOHAPYXKHTb, YTO CPEAH yCJIOBHH CTalUOHap-
HOCTH ¢yHKuMOHana KacTu/bsiHO ecTb ypaBHeHHS He-
paspbiBHOCTM KOHTypa BHaa (15), rae nedopmanuu
JIOJKHBE OBITb BbIpaKeHbl Uepe3 YCHJAHS WX (YHKOUU
HaTpsxKeHu .

B caysae wMHorocessHoit ofosoukn (puc. 5.3,6),
Koraa of6a KoHpa HarpyKeHHOFO yYyacTKa COBNAaAaior,
K, u E* npexncrasasior co6oit 3ajanuble gucropeuu. [pu
OoTCyTCTBUH pucTOopcuit K, =0, E* =0, n ¢yHKuHOHAI
KactunbsgHO He orJauuaercs no Buay ot taba. 4.2. Ho
IpuUBejeHHOe paccy:KAeHHe HOKA3biBAeT, YTO BeJHUHHH
¢, ©; BCe paBHO HY)XHO BapeHpOBaTh, H B pe3yJsTaTe
HONyyalTed OJHOPOnHble ypaBHEHHS Hepa3pbIBHOCTH
KOouTypa.
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3ameuatue YpaBHeHUS Hepa3pbIBHOCTH KOHTYpa
oTBepCTHS OblIHM BbiBeleHbl aBropamu [5.3] B kauecTse
ycJOBHA  cTamuoHapHocTH (yHKuuonana Kactumabsauo.
ITpeoGpasobanne ®puapuxca Ixs($, M, T)— I3 (g, n)
IOKa3aJlo, 4TO 3TH YCJOBHS SABJSAIOTCA JOTOJHUTENbHbIMU
s dyHKuHoHana Jlarpanxka s (e, p), nocae 4ero oHu
ObLIM NMOJYYeHbi NyTeM pacCy:KIAeHUH, NpUBEAEHHLIX B
§ 2.28. Ilpu 2rom noaydenue ypaBHeHu#t (15), a Takke

4

a) 6)

Puc. 5.4. ['panyynbie ycaoBHa A4a 06OJOYKH, NIPH KOTOPHIX HA yd4acT-

KaX ¢ 33JaHHBIMH YCHJHAMH MOTYT OBITh onpenefedb (YHKUHH Ha-

npsxennil. a) Pasnoctb dyskuufi Hanpaxenni B Toukax A u B onpe-

[eJsieTcsl TJABHBIM BEKTODOM M T/IABHEIM MOMEHTOM BHEIIHHX CHJ,

NPHNOXKEHHBIX K NOAKpenieHHomy ydacTky AB; 6) passHoctb GyHKIHI

Hanpsixenuil B Toukax A u B onpenessietcs M3 yCJOBH paBHOBeCH:
H CHMMETPHH.

(14) n ap., XaK ecTeCTBEHHBIX H JONOJHHUTEJbHBIX YCI0-
BUl DasJUuHBIX (YHKUHOHAJOB, MO3BOJIIET MPaBUILHO
y4ecTb TpaHH4Hble YCJAOBUS M Jy4lle NMOHATb GU3UYECKUH
cmbict ypaBHenu#l. Teopusi npeobGpa3oBaHuil U pacuer-
Hasg NMpPaKTHKA MO3BOJSIOT PeKOMEHJOBaTh TAKYIO B3aUM-
HYI0 NPOBePKYy IpPH pelleHHH caoxkHbiXx 3afau. Oxanu
YCJIOBHSI W/IH CTOPOHBI 3a]auM Jerde H siciee GopmyJau-
pylOTCS B CBfI3M C OAHHUMH (YHKUHOHa/saMH, APyrHe —
¢ apyrumu. Teopuss npeo6pazoBaHUsi BapHALHOHHbLIX
npobJaeM CAYKUT HHCTPYMEHTOM JUIS HCCAENOBaHUS Beex
CTOPOH 327244 U B3aUMHOH NPOBEPKH Pa3JUUHLIX BapHa-
HHOHHBIX (M AuddepeHInaNbHbiX) HOPMYTHPOBOK.

6) HeckoAbko yuacTko8 KOHTYPA ¢ 3a0aHHbIMU PYHK-
yusmu wanpsscenutd (puc. 5.4,a,6). Boo6lue roeops,
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3ajJaTb (GYHKUMH HanpsaxkeHHA H3 ¢du3HuecKHX coobpa-
XKeHHH B COOTBETCTBUHM € YCJHOBHSAMH 3aJaiH Helb3:
BCer/ja 3afaloT ycuJus.

OnHako B ciyyae OJHOrO CBSI3HOTO y4acCTKa KOHTYpa
CO CTATHYECKHMH TPaHUYHBLIMH YCJIOBHAMH JIErKO IO 3a-
JaHHbIM ycHausaMm Q,, M, ompelle/uTh yJOBJETBOPSIOLLHE
3TUM YyCa0BUAM GYHKLIHU HalpsKeHHHA $*, nm* U, Haobo-
poT, no GpYHKUUAM HamlpsizKeHHH ¥ M* onpenenuTh yCH-
aust Q,, M, (cm. § 2.18). B atom cayuae roasres awo6ble
¥* n* U3 BCeX, OTJINUYAIOWMXCA APYT OT Jpyra Ha cjiarae-
Mble THIIA «JKECTKOTO CMELEHHS.

B cayuae HecKOJNIbKHX CBSI3HBIX YUaCTKOB €O CTaTHYe-
CKHUMH TDaHHYHBIMH YCJOBUAMH, omnucaHHoM B § 2.3a,
(YHKUHH HanpsxkeHH# Ha Kaxk/[IOM CBfI3HOM YYacTKe
ONMpEENSIOTCS € TOYHOCTBIO A0 IIECTH KOHCTAHT, KOTo-
pble HYXXHO BapbHPOBAaTh.

B cayuaax, uso6paxeHHnX Ha pHc. 54, 3anas
GYHKUMH HanpsXKeHUH Ha OJAHOM yuyacTKe, Ha APYrom HX
MOMKHO ONpPefeqHTb OAHO3HauHO. [eficTBHTenabHO, mpU
HaJUYHH a6COMIOTHO XKeCTKOro nojakpenaenus (puc. 5.4,a)
Pa3HOCTb «YIVIOB HaNpPS:KeHUU» U GYHKUHA HanpsKeHHH
B Toukax A u B omnpellensercd IaBHBIM BeKTOPOM H
r1aBHBIM MOMEHTOM BHEIIHHX CHJI, TIPHJIOXKEHHBIX K
yuacTky AB (cm. (5), (6)), KoTopele B maHHOM ciyuae
u3BeCTHH. JiST MHOrOCBA3HHIX OGONOYEK HHOTZA MOMKHO
H3 HEKOTOpHIX coobpaxkeHHil (HaNpHMep, H3 CUMMETPHH)
ONpeleaHTh IVaBHbIA BEKTOP M TJIABHBIA MOMEHT YCHNHE,
neiictBylomux B ceuennd AB (puc. 54,6), a cienosa-
TeJNbHO, H PA3HOCTb «YIVIOB HANPSXKEHHHA» U GyHKUUE Ha-
npsixeHuli B Toukax A u B; 1npH Harpyakax, yKasaHHbIX
Ha puc. 54,6, oHH paBHB HYyJ1I0. DTy 3ajayy MOKHO
pelath Kak cmocofom, onucannuiM B § 2.3a, Tax u omu-
CaHHBIM HHXKEe CHocO0OM, B KOTOPOM KOHCTAHTbI ¥, O
yKe HalJeHbl U3 cCoo0pazKeHHH CUMMETPHH H HE BapbH-
pyloTca. B n106om caydae HeoOXOAHMO HCIOJIb30BATh
paspbiBHble QYHKUHH Hanmpsikenufi (cm. § 2.18).

ITo anasorun ¢ § 2.2a MOXKHO 3aKJIIOUUTb, YTO MNPH
paccMaTpHBaeMHIX TPaHHYHBIX VCJOBHAX HMEET 0oCoGeH-
HoctH dyHkuHoHan Ixz(M, T). CrarnueckHe rpaHHYHbIE
ycnoBHs B ycuansax (1.26), ra. 4, comepxar ue BCIO HH-
fopMauHIoO 0 Harpyske Ha pasJiH4HbIX yuacTKaX KOHTypa;
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KpPOMe HHX JOJKHbl OBITb TOCTaBJEHbl ypaBHEHHS paB-
nHoBecHs yuactkoB AB (puc. 5.4) Wi, 4TO To ke camoe,
ypaBHeHHusl, COrJacymoliye 3Ha4eHuss GpyHKUHHA Hanpsike-
HUI U «YIJIOB HanpsxeHult» B8 Toukax A u B:

[@M, T)—Q(M,, T,)]dC=(8)), —(8:),=F,

{t[M,o (M) — M, (M)]+ (r — rp) X[Q (M, T) —

— QIM,, T.}dC =
=5 —¥a—(8), X (rs—r))=6" (2.17)

Has dyukuuonana Jxs (@, M) us mwecru ycaosuit (17)
HYKHO CTaBUTb JIHIIb TPU (CpaBHHuTe ¢ § 2.2a).

B) Hegopmayuonnsie epanuunsie ycrosus npu muozo-
ceasuol  basuchoil nosepxwoctu (puc. 5.2,6). B stom
cayuae ortauuue or Taba. 4.2 ;
HUMeI0T [NONOJHUTEIbHLHE YCJI0- TT3177V
BUA ¢ynkuuoHana Ixz(M, T): C )
KpOMe ypaBHeHHIl paBHOBecHs B
obaactd S, AJAA Hero JIOJKHH
6HTb NOCTABJEHBH JAONOTHUTEb- ) 3
Hble yCJAOBHS HHTETPaJibHOTO BH- 3 E
aa (14 aBHeHHSI paBHOBeCH
KOngyp)a (ZgBepcms{),p mo mecrp F¥e. 55 Banka-crenka

(nnockag 3ajada TeOpHH
Ha KaxJ0e OTBEPCTHE B MOBEPX-  ynpyrocTi): KOMTYP HMeeT
HOCTH S. DTH [ONOJHUTEJbHblE [Ba CBA3HHX yuacTKA C
yca0Busa GYHKIHOHATA Jgg MOK- 32aHHHMU MepeMelllens-
HO NOJAYYHTH TPeMs nyrsamu: MH W ABA-" ¢ SAAAHEHMH
1) ¢opmanbHO MO CTAaTHKO-reo- YEHIRIME.
MeTPHueCKOH aHaJOrMM ¢ YpaBHEHHAMH HEPa3PbIBHOCTH
Koutypa (§ 2.28); 2) npu npeobpasosanun Ppuipuxca
¢yuxuuonadaa Jlarpanxka (cm. § 2.26); 3) ¢ nomoursio
paccy:KAeHuH, aHAJOTHYHKIX NpoBeleHHHM B § 2.2B, uc-
nosb3ys BBIBOJ ypaBHeHHH paBHOBecHs M3 yciosuil (5).

r) Pacuer aecrko 3aujemaennol no 60K086iM CTOPO-
Ham 6aaku-cTenky (MIOCKas 3ajaya TEOPHH YNpPYrocrH)
8 pyuryusax Hanpaxenud (puc. 5.5). lag pemenns mio-
CcKofl 3ajauM TeOPHH YIPYrocTH MOIKHO HCHIOJbL30OBATDH

|
|

N
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GYHKLHMOHAABI TEOPUH OOOJOUCK, MCKJIQUUB Uji€Hbl, YUuH-
TbIBAIOIIUEe KPUBU3HY U u3rub 6a3ucHOHd MNOBEPXHOCTH.
Oyuxuuonan KacTuapsiHo B JeKapTOBBIX KOOpAHHATAX
uMeeT BUJ,

i) = \\ (= T sy ) dxdy  (2.18)

o * *
(KoUTYPHBH HHTerpaJ/l OTCyTCTBYeT, TaK KakK U= ty=
== (). HomoanurenbHbie YCAOBHSI K HeMY — ypaBHeHHs
paBHOBeCHS B 06.1acTH

Tll,l + T12,2 =0, T12,1 + T22,2 =0

H cTaTHYecKHe rpaHuyibie YCJIOBHS.
O6mee pelleHue ypaBHeHHH paBHOBeCHS UMeeT BHL,

Ty=—0pu To=0, Tp=—0, (219

Ha cropone CD MoxHo BHOpaTh QYHKUMIO HanpsKeHUH
@ H ee HOPMA/JbHYIO NPOU3BOLHYIO B BHjle

1 a
o= g+ ax+b, (7‘3)=¢,z=cl;
Harpy3ke Ha ctopoHe AB coOTBeTCTBYIOT J00ble 13 Be-

JHUYHUH BULa
p=ax+0b, ¢,=c, (2.20)

W3 m1ecTH KOHCTaHT ay, by, €1, @a, by, €3 TPU MOXHO
BbI6paTh NPOU3BOJNBHO M He BapbHPOBaTh, TaK KaK H3Me-
HEeHHe TpeX KOHCTAHT COOTBETCTBYeT NpHOaBJEHHIO K
GYHKUHM ¢ NOJUHOMAa RepBOi crenenu ax -+ cy + b, a
3TO He BJUAET Ha HaNpsXKeHHsA H, CJAelOBaTeNbHO, HA
3nauenus ¢ynkuuonana. Hanpumep, BuiGepem a; = b =
== ¢, = 0; Torna ay, by, €2 Hy>KHO HaXOAUTb U3 YCJOBUH
cTaimuoHapHocTH dyaxuHonana (18), cpeaum KoTopwix
eCTb ypaBHeHHS

B
a3
0K=Sxxdx=0,
Qg %
5 5 (2.21)
CER a9y S _
abz=g“dx=0’ Te ) @ =0,
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rie x =2¢12,1 —€n1,2 (cM. ra1. 4, § 1), a ey, 822 AOJIKHBI
GBITh BLIpaeHol 4epe3 Tup(@).

n) Hcnoassosanue — cmewannozo — pynxyuonaia
Ie(w, ¢) (1aba. 4.5) das pacuera noaozoi u3orponxol

b~—>‘
o

e

o
N
\

\

)

I‘ —
A Dz T D
fe— 7~ /’4
6) 8)

Puc. 5.6. O6onouka tHna runepOoandeckoro napabononna.

oborouku rtuna eunepboiureckozo napaboaouda (puc.
5.6,a) ¢ rpaHAYHbLIMU YCJIOBUSIMH BH/A

o smns () —rmem
npu y=0,b w*=(%£;——) =Ty,=u"=0.

YueT rpaHHYHBIX YCAOBUH [/ @ He CBA3aH C KaKUMH-
au6o sarpynHenusmu. CraTHYecKue rpaHUUHbIE YCJIOBUS
JLOMKHBL OblTb IHpeACTaBJeHbl Yepe3 (GYHKIMIO Hanps-
XeHull ¢:

2
npu x=0,a %%—=T]‘1=0,
5% (2.23)
npu y=0,b —5=T,=0.

6 H, I, A6osckufi 0 4p,
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Otciona cnepyer JIUHEHHEI 3aKOH pacnpeneseHus QyHK-
LUK HanpsXKeHHW BJOAb KOHTYPHEIX KPOMOK, KOTODHIA
MoxeT ObIThb NpeACTaBleH C NOMOUIbID YeTHpex mapa-
MeTpOB — 3Ha4YeHHA @4, Pg, Po, P, PYHKHHM HaAMpAKe-
HEA B yriax. Tpu M3 3THX HapaMeTpoB MOXKHO 3aHK-
CHUpOBAaTh, TAK KaK (QYHKUHH HaUpSKeHHH, OTJHYAIO-
uiMecs ApYr OT Jpyra Ha [OJHHOM INepBofl cremeHH
a + bx -+ cy, nawT oIHU M Te ke ycuJus Tgp, 2 3HAUHT,
ONHO M TC e 3HauyenHe Qynxuuonata I.(w, o). Hpy-
THMH CJIOBaMHM, CTaluUOHAapHOe 3HaueHue ¢QyHKUHCHANA
I¢(w, ¢) nmocruraercs Ha JOOOM 3JNeMeHTe H3 MHOXKe-
cTBa GYHKUMH HaNpsKeHUH, OTNHUYAIOWHUXCH JpYyr OT
Apyra cnaraeMblMu BHAZ a -+ bx 4+ cy, u mostomy, 4ro-
Ob1 HafiTH OAMH KakoH-1ub0 NpencTaBHTENb 3TOr0 MHO-
xKecTBa, napaMerpnl a, b, ¢ cieAyer 3aQpHKCHPOBATH.

Hanpumep, Moxno BeGparth ¢A=(%})A=(—%)A=O

H TONyuYHTb Ppacnpejesenne (QYHKIHH HaNpsKeHHH no
KOHTYPY C ONHHM  HEH3BECTHHIM MapaMeTpoM @,

(puc. 5.6,6). Torna na gpomkax BC u AB ¢==0, a na
kpomkax BC u CD cooTBETCTBEHHO cp=—£—cpc H ==

y
= - @;. Takum 06pasoM, BappHpyeMbIMH NapaMeTpaMu

Ha KOHType fBAAIOTCA QyHKuuA Op/0v u YHCIO @.

IIpu 3THX rpaHUYHHX yCJAOBHAX, KpOMe ypaBHeHHH B
o6sacry ¥ AedOPMALMOHHBIX TPAHHYHBIX YCJOBHH:

npu x=0, a

1 % Py au; .
7 (= i) = (5 + ) =0

npu y =0, b (2.24)

1 (% 0% ouy
ﬁ(ﬁf*”ﬁ)z Tr Th') =0

#3 papuanuonnoro ypasHenus (1.7) ans cmemranHo-
ro ¢yHkuUHOHana cleAyer ypaBueHHe (25) — ycaosue
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ofpailleHusi B HYJIb MHOXHTeJs pH O,

1.

—u
x=a+b !
y=b

X=q

x =0

y="» 1
+—u

=0 a zly=b

kayw*

X=a

b -
=§{751‘—[gx?+( TH )a ]+2kxya ky'%l‘}x

a

x%dy|x=a+§{51h [ +e+w e+

dw 2(1+p) 0%
+2k"y ox k" ay d ly_b En 0%0Y lgmg'
y=b
(2.25)

3aech kyy — KpHBU3HA KPyueHHs, £ — MOAyJb yNpPYrocTH,
p — ko3dbounuert IlyaccoHa wmarepmana, h — TOJIIHHA
o6os0uku. Bripaxenue (25) mpeacraBisger co6ofi HHTe-
rpasibHYI0 3aBHCHMOCTD, CBSI3BIBAIOMIYIO (QYHKIHIO HANp -
KeHH#l ¢ ¢ 3anaHHOl nedopmanueii nepekoca (puc. 5.6, 8),
BolpaxkeHHOH B JieBOH uactu (25) depes cMelleHHS yIJo-
BHX Touek. [Ipu rpannuHbIXx ycaoBuax (22) neBas uacThb
(25) paBua myJaio.

Takum ob6pasom, MemOGpaHHAsh dYacTb TIpPaHUYHHX
yenosuit  (22) peanmsyercsd JHHeAHBIM XapakTepoM
pacnpenefeHnss GYHKIOUH HanpsixkeHHA BAOAL KpOMOK
(puc. 5.6,6) u ypaBHenuamu (24), (25). HefictBuTenb-
HO, BHIOJIHeHHe yCaoBWA (24), 1. e. £/ = 0 Ha KOHTYpE,
el(e Hej0CTaTOYHO [J/15 peasu3anyuu ycJAOBHH OTCYTCTBHA
TaHreHnuanbhbix cMetenufi. Ocraercs BO3MOKHOCTL fe-
dopmauun nepekoca (puc. 5.6,8), kKoropas u .(pHKCH-
pyercs yciaosrem (25).

B o6onoukax paccMaTpuBaeMoro BHAA ycaoBHe (25)
ABafercs BecbMa CYUIeCTBEHHBIM, T4K KaK YYHTHIBAeT
OCHOBHYI0O OCOGEHHOCTb HX AedOpMAaIlHH, BH3HBaEMYIO
X ¢dopmoil (aBe OCH AaHTHCHMMETPHH), — CTpEMJIeHHe K
NepexKocy B MJaHe Jaxe NPH CHMMeTpHYHOM Harpyske.

24. Yuer ca0XHBIX TPAHHUHBIX YCAOBHH B TEOPHH
ynpyrocta. B oTanune OT TeopHu o6onouek, B KOTOpofi
CyLlecTBYeT OJHO IMOHSATHE MHOTOCBA3HOW ob6nactH, B

6*
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TpeXMepHOH TeopHH YLIPYToCTH HeoOXOAHMO B OJHHX 3a-
Jauax YYHTHIBATb NPOCTPAHCTBEHHYIO MHOTOCBA3HOCTE
obbema, sangroro rteqoM (HanpumMep, moJbifi wap), a B
JIPYTHX — MOBEPXHOCTHYIO  MHO-
rOCBAI3HOCTL (HAIpHMep, TOD).

7 T a) Heckoavko cesasnoix y4a-

e CTKOB NnOBepXHOCTU ¢ 3a0aHHbL-
5 %

Mmu nepemewenuamu (puc. 5.7).
Clona ortHocsiTcd B NPHHUHIE
////Q //, H TPOCTPaHCTBEHHO-HEOIHOCBSA3-
Hble TeJa.
Puc. 5.7, Oea cBa3HmX Hag:;?xMaCgi?aeaﬁyﬂgumfagbl
Y4aCTKa NOBEPXHOCTH C 3a- I 2 Y J16
JNaHHBIMU nepemenieddamy: € OTJHYAIOTCA OT mnpelcTaB-
A — yupyroe Tesno, B— JeHHBX B rtaba. 3.1, a Iasz(e)
abCOMOTHO XKECTKO® TeNO.  yMeeT Te Ke OCOBEHHOCTH, 4YTO
" dyuxnuonana Ins(e, 1) B Teo-
puH ofosouexk (§ 2.2a) ¢ Toll pasuuued, 4TO B3aHMHbIE
nepeMeleHus M yrasl [OBOPOTA PAa3JHYHBIX CBA3HBIX
y4acTKOB 4actH S, moBepxHocTH S MOryT 6biTh BbIpa-
XKeHbl yepea jgedopMauuu c noMoupilo Gopmysn Yesapo
(1) u 3apmaloTcst ypapHeHHAMH
D

1
5 S Ve, —Ve,)dre, =0, — o,
¢
D (2.26)
{dr [+ (Vo) X (r, — r)] =
¢
=u,—u,+ o, X(r,—rg)

KOTODHle CNeAYeT BK/IOUUTh B CIHCOK JONOJHHTENbHBIX
ycJIoBHE dhyHKUHONAAA Ja; (€).

C nomoulpbo mpeoGpasoBanus Ppuapuxca GyHKUHO-
Hajla Ia3(e) nns RaHHO¥ 3ajaum MOMKHO BBISCHHTB, YTO
ypaBHeHHs (26) #ABAAIOTCS YCJIOBHAAMH CTaLHOHAPHO-
et (QyHKUHOHAMa KacTHabano # UTO AJS [PABUABHOTO
peirenus ee ¢ nmomousio dynkunonana Kacruanduo cie-
Jyer paccMaTpHBAaTb He TOJbKO HempepbiBHbie (QYHKIHH
HaOpsKeHHH, HO H HMelOWHe Pas3pbiBbl HA JIHHSAX, COe-
IHHSIOUIHX pa3auynsle yuactku S, (cpaBuute ¢ § 2.4r).

’
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6) HeckoavKko ¢843HbLX YHACTKOB NOBEPXHOCTU C 3a-
dannoimy depopmayuanu. TIpuMepaMu Takux rpaHaYHbIX
yCJMOBHH MOTYT CNYKHTb: KONTAKTHAas 3a/a4a /18 XKecT-
KOro LiTamIa, BIaBJABAEMOro B yIpyroe Tesno cHaoi P;
PEe3HHOBLIA MOplIeHb, NOIKPeNIeHHbH cCTanbHOl MiacT-
HOH; ynpyroe Ten0 C XKECTKHMH BKJIKOUeHHAMH (IpOCT-
PaHCTBEHHO-MHOrOCBA3HOe Ten0) (puc. 5.8.a, 6, 8).

lP

6)

Puc. 5.8. JebopMannoHHbie TPAHAYHBE YCIOBHA B TEOPHH YOPYTOCTH:

a) BaasanBanne aBconioTHO XKecTKoro wtamna B B ynpyroe teno 4;

6) ynpyroe tesno A wmexay abconoTHo Kectkumu Teqamu B n C;
8) yOpPYroe Te/lo ¢ MEeCTKUM BKJOUEHHEM.

B s310M cayuae, Kak i B aHAJOTHYHBIX 337auax TEOPHH
obosouek (§ 2.26), Bce pa3HOBHAHOCTH (YHKIHOHANA
Jlarpanxa, npusegenuble B tabua. 3.1, goaxuel 6uTH A0-
NOJIHEHb! CJlaraeMbiMH HEHHTerpa/jbHOrO BHAA

; (Plfui +G;- @i), (2.27)

rae P'Z, G; — raasHbli BEKTOD H TIJIABHHIH MOMEHT Ha-
rpy3KH Ha i-A NOxKpemeHHbIH yuacTOK (MM HA WTaMi).
YeqaoBua crauHOHApHOCTH (VHKUAOHANOB Jlarpam:ka
A — Ine comepKaT, KPOME PABEHCTB, NPHBEICHHBIX B
taba. 3.1, ypaBHeHus paBHOBeCHS MOJKpEILIeNHbIX yuacr-
KOB [MOBEpPXHOCTH MHTErPasbHOr0 BHAA, MO MIECTb HA KaXK-
Ablf yuacTOK (B COOTBETCTBHH C UHCJIOM BapbHPyeMHX
nmapamMeTpoB: mO TPH KOMIIOHEHTA BEKTOPOB 4; H ®;):

(o nas—p;—0, {{rxo-nas—6;=0. @)

Sl H
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DTH ypaBHeHHA MOXKHO INOJNYYUThb TAKHMH K€ Pasnuy-
HBIMH croco6amH, Kak nopoGubie ypaBuenus B § 2.26.

®yukuuonan KactuapgHo 1npum  paccMaTpuBAEMHX
rPAHHYHEIX YCJIOBHAX HMeeT [OMNOJHHTE/]bHBIE YCNOBHS
BHna (28). dtor dakT MOxHO 06HAPYXKHTbL HeNocpen-
cTBeHHO nu6G0 npu npeobpasoBanun Ppuipuxca QyHK-
nuonana Jlarpawxka Jps. C nmomomsio dopmya (7) atu
YC/IOBHS MOKHO 3amnucatb B (GYHKUHAX HaNpsKeHHH.

B) Heckoabko ¢8a3HbIX Y4aCTKOB NOBEPXHOCTU C 3a-
Oannbimu Hanpsscenusmu (8 10M ducie NPOCTPARCTBEH-
HO-MHO2OCB8s3Hble Teaa) (puc. 59). Ha kaxaoMm us sTux

1)

Puc. 5.9. HeckonbKO CBA3HEIX Y4aCTKOB [OBEPXHOCTH CO CTaTHYECKHMH

rpaHuuHbiME yenosuami. @) OnuHocssizxoe ynpyroe teno 4 (Ha Bepx-

Hell B HUXKHell rpaHfAX 3aflaHsl Halps:KeHHA, GOKOBHE rPaHH COCTaB-

NS0T CBA3KNE y4acCTOK IOBEPXHOCTH C 3aJdaHHbBIMH MepeMellleHHAMH,

B — abconmorHo XKecTRoe Teno); 6) MPOCTPaHCTBEHHO-MHOIOCBA3HOE
yopyroe teqao (Tes10 ¢ HOJNOCThIO).

yuacTkOB (GYHKUHM HalpsxKeHHH OmNpelenslorcd 3ajnaH-
H>IMH HaNps’KeHHSAMH HE OJHO3HAUHO, a C TOYHOCTHLIO 10
HEKOTOPHIX NpOH3BOJbHEX yrkuui. Kazanoce 65, GyHk-
nuonan KacTuapduo n0OnXKeH uMeTh, KaK H B aHAJOruuy-
HOH 3ajnaue Teopuu o6oaouek (§ 2.3a), cnmeunduyeckue
YCJAOBHS CTAUHOHAPHOCTH, KOTOPble COracoBHIBaNd Gbl
3HaueHHs NMPOU3BOJBHLIX (DYHKIMI Ha Pas3HLIX y4yacTKax.
Ho uu oaun Bapmant dyHkuuoHana Jlarpadxka, oOue-
BHJHO, He HMeeT B JaHHOH 3ajaje HHKAaKHX 0COOGHIX AO-
MOJHUTEJABHBEIX yCa0BHH, TaK Kak S, — CBA3HOe MHOXKe-
cTBO; Npeo6pasoBanve dpuuppuxca MOKasbiBaer, 4T0 H
¢ynkunonan KacTunbsano He HMeeT HHMKAKHX OCOBHIX
yCNOBHf CTaMOHAPHOCTH MO cpaBHeHHIo ¢ Taba. 3.2. Ot-
CYyTCTBHE B JaHHOM cayyae cHeuHaJbHBIX YPaBHEHHH
¢lelyerT H H3 (DH3HUECKHX COOOpaxkeHHH: TaK Kak mnepe-
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MellleHHsl 3aJaHbl HA OZHOM CBSI3HOM Y4Yacrke, TO HX He
HaJo COIJIACOBLIBATb, B OTVIMUHEe OT aHaJorHuHoH 3aJauH
Teopuu 000JIOUEK, B KOTOPOH HajiHuhe HeCKOJbKHX CBA3-
HLIX Y4acTKoB S; o0si3are/ibHO CBSI3aHO C CYIECTBOBa-
fHeM HeCKOJNBbKHX CBSI3HBIX ydacTkoB S, nub0 ¢ MHOro-
CBA3HOCTBIO 0a3UCHOH HNOBEPXHOCTH.

M3 orcyrcTBHA B AAHHOH 3ajaie KakUX-AHOGO creH-
¢uueckux ycmosuil crannoHapHoctH ¢yurnuonana Ka-
CTHJIBSIHO MOKHO CHejiaTh BBIBOA, YTO BHIGOD VIOMAHY-
THIX BBIlLIe MPOH3BOJBHEIX GYHKNHUA He BaMsSeT HA Hamps-
JKeHHOe COCTOSIHHe Tejia; [PYFHMH CJIOBamH, OTCIOfA
cjiefyeT, YTO s JAHHOrO MoJidg Hampsi:KeHHH ¢, yAOB-
JIeTBOPSIIONIEr0 YPABHEHHSM paBHOBecHs B O0beMe Tena
H CTaTHYeCKHM TPAHHYHBIM YCJHOBHAM Ha HOBEPXHOCTH,
MoxHO Hafitu nosie GyHKnuH HampsxeHufl, Koropoe Ha
KaK/JOM CBSI3HOM y4acTKe C 3aJAaHHBIMH HaNpsiKeHHSMH
uMeeT JI0OHe HamepeJ 3aJaHHble 3SHaueHHA @* u P*,
JUIOL OB 3TH 3HAauYeHHs VIOBAETBODSJIH  YCIOBHIO
(o) (g", %)= 1"

r) Craruueckue epanuunsie YCAOBUS 8 HANpPAICe-
HUAX 0Af NOBEPXHOCTHO-MHO20CBA3H020 TeAa (HampHMep,

B s
.

Puc. 5.10. TIoBepXHOCTHO-MHOrOCBA3HOE TeJIO — TOP.

top) (puc. 5.10). B nanHom cayuae umeroTcs ocoGeHHO-
CTH B JOMNOJIHHTENBHHX ycaOBHAX GyHRuHOHana Jlarpan-
xa In3 (e) 1o cpaBHeHuwo ¢ ta6a. 3.1: B clHCOK ero Ao~
MOJIHUTE/IbHEIX YC/OBHH cjieyer BKJIOYUHTh yDaBHEHHS
HHTerpajibHoro Buja (3), mo IIecTh ypaBHeHUH Ajs Kax-
AOH creleHH HEOAHOCBA3HOCTH. DTH YpaBHEHHS MOXKHO
BhIBECTH IyTeM TaKHX ke paccyxkpaeHul, kak B § 2.2 ang
060s04eK, ¢ HCMOJB30OBaHHEM BbiBOAA ypaBHEHHIH Hepas-
PBIBHOCTH H3 CNPaBeMJIMBOCTH PaBeHCTB (3) AnA KaxKs
JIOr0 3aMKHYTOI'0 KOHTYpa.
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[ToBepxuocTHO-MHOrOCBsI3HBIE TCJda (THNZ TOpPa) MO-
ryT HMeTbh aucropcnuu, cm. § 2.14 Has peurenus 3agau
C ANUCTOPCHAMH B TepCMeUleilHsX HeoOXOonuMo Aedarb
pazpesbl, npeppauiawpime obaactb B OJHOCBA3HYIO, H 3a-
TeM pellaTh KOHTaKTHYIO 3alauy, CKJIEHBAs 3TH pa3pessbl.
®yukunonan Jlarpan:xka B Aedopmanuax Ins (e) nosso-
JAfeT pewarb 3Ty 3ajady, He AeJas pa3pe3os; AoMNOJ-
HUTeNbHble ycaoBAT (3) B 3TOM cayuae HeoAHOpOXHbe:
B NPaBblX YACTAX MX CTOAT 3aJ2HHBIE BENUYUHB! nH-
cropcui.

[Ipec6pasosanue ®puppuxca Mo3Bodser oupelesuTh,
YTO MpH AAHHBIX IPAHUYHBIX YCJOBHSX ypaBHEHUd BHAA
(3) fiBafiorcs yCAOBHSIMH CTAUHOHAPHOCTH (DYHKUHOHAAA
Kactunbsido, HecMOTps Ha TO, UTO BCH TMOBEpXHOCTH Sf
npeacras1sger cohofl eIMHCTBEHHBI CBA3HBIH y4acTOK
C 3ajaHUbLIMH HAOPsKeHHsMU (B OT/AHYHE OT COOTBer-
cTByloulell 3amaun Teopuu o00JIOUEK, B KOTOPOH ecTb
JIBa PasJMuublX viacTKa CO CTAaTUUCCKHUMH IPaHHUHMMU
YCAOBHAMH) .

Tpeo6pazoBanne Ppuipuxca nokaspiBaer rakxe, Ka-
KuM o06pasoM u3 ¢yuruuonasa KacTHabgHO cielyloT
YPaBHCHHS HEPA3PBIBHOCTH KOHTYpa (3). Iocrpoum us

In3(e) monunl GpyHKUHOHAN .9m (e, ¢, i, n;), BHecqa B
Hero BCe JOMOJHHUTenbHbIE YCJOBHS, B TOM uHcne H (3),
C MHOXKHTEJsIMH Jlarpanxa; nojiy4um

(e @, A, 1)=3;(e, 9)+

+Z{ [ & lkl(Vj e — Ve di'e, —Ao -l_}-

p

T ut[§dr-[e+(Vm) X (rg —r)] X dC — Auc]}.

CMBICA As. p; MOXKHO BbiSICHHTDb, €CAH HPEANOAONKHTD, YTO
(YHKUUH @, MOTYT HMCTb Da3pbiBbl BAOAL KOHTypa i
Torja U3 BapHAUHOHHOIO YpPaBHEHHS 63n;=0 caellyert,
4To Ay (i NPeACTABAAIOT COOOH MOCTOSHHBIE BeTHYWHbL
pasphiBOB HEKOTOPbBIX KOMOIHaUHl KOMIIOHEHTOB @;; Ha
Kourype [
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Boixoput, 4TOGH! TMPABHIBLHO PEIIHTL 32aaady TEOPHH
YIPYroCTH AN MOBEPXHOCTHO-MHOrOCBA3HOH obmactn V
¢ moMoublo dyuxkuuonana KacruibaHo, ueo6XoauMo pac-
CMaTpHBATb B KauecTBe BaPbHPYEMbiX MapaMeIpoB He
TOJIBKO HEMpepblBHEe PYHKLHU HANPAKENHH, HO H HMEIO-
lpe paspulBbl HA HEKOTOPOM KoHType [ Ycmosmg cra-
LHOHAPHOCTH BHA2 (3) TOJyualoTCs NPH BaPbMPOBAHHH
BCJIHUHIT PA3DLIBOB,

OueBnjato, paspuiBuble QYHKIHH HAMPSIKEHH{ MOXKHO
paccMarpHBaTh # JJIS OAHOCBASHBIX TeJ, HO MOJydalo-
upecs TPH BapbHPOBAHAH PA3PHIBOB ypaBHehus Bula
(3) ABAAIOTCA B TOM C/lyyae c/ieACTBHEM ypaBHenui He-
paspuBHOcTH CeH-Benaua.

§ 3. O kaaccHpHKAUHA NPAMBIX BaPHANHOHHBIX
MeTOMOB pacyeTa

Teopna mnpeobpasoBannusi BapHaUHOHHBIX TpobJeM
LaeT B Halle PacrmopsiyKCHHe BCE MHOXKECTBO BAaPHALHOH-
HBIX  (DYHKIHOHAMOB, TOYKH CTalHOHADHOCTH KOTOPHIX
SBJSAIOTCA DpelleHHeM 32JaUH  TEOPHH YNPyrocta HJH
Teopun oboJsouex; Hanbogee HHTCPCCHblE H3 HHX NpHBe-
nenp! B rii. 3 v 4. B kaxnofi Bapmanmonnofi dhopmyiin-
POBKe 32/1a4d NMPHHUHMAAILHO MOXKHO MPUMEHHTL J1I060MH
U3 TNPSAMBIX METOJOB DELIeHAR: BapHALHOHHBE MEeToHb!
B aHaJATHUECKOH, yHcJaenHofl U  KOMOHHHDOBAaHHOM
¢dopme.

Pacuer ynpyrofl cHcreMbi BapHALHOHHBIM METONOM
MOXHO pa3jie]HTb Ha [BE B3aHMOCBA3aHHbIE COCTABHLIE
yacta, llepeas cocrour B BbhIGOpe Haubosee mopxond-
wero QyHKUHOHANA, BTOpas — B PelleHHH BapHANHOHHON
3ajaun 1Js BHIOpaHHOro PpyHKUHOHANA.

C »ruMu ABYMS UacTSIMH pacyera CBA3aHbl ABa OC-
HOBANA I8 KJIaCCH(HKAIUH BaDHALNOHHLIX MeTO/0B
pacuera: Mo HCMo/b3yeMoMy (QYHKHHOHANY H MO MeTOAy
peurenst BapHan#OHHON 3alaun. DTOT MOIXOL OTPayKeH
na puc. 5.11, Ha KOTOPOM pailychl pasjensior MeTOjH,
CBSI3aHHLIC C BHIOOPOM (YHKUHOHAJIA, & OKPYIKHOCTH —
METObl pellelts BapHaulOHHOH 3aiaud (MeTQIbl NIH-
ckperusawin). BuiGop meroia pacuera mpaBoau~ K on-
HOMY H3 KDHBOHIEHNBIX MNPSMOYTOJIbHHKOB L2 3TOM
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cxeMe. Jlnst TpyaHbIX 3a7ay BolGOp BapHALHOHHOTO Me-
TOZa MOXKeT O0Ka3aTbCf CJHOXKHBIM I[POIECCOM [OHUCKa
CIITHMAJIbHOT'O KpPIBOJIPIHef;IHOl"O npAMOYroJbHHKa Ha
puc. 5.11.

Puc. 5.11. Cxema xnaccupHkanuud NPAMBIX BAPHANHOHHBIX METOXOB

pacueTa: MHOXKeCTBO MeTOA0B AEJNUTCA PAAHYCAMH Ha NOAMHOXKeCTBA

B COOTBETCTBHH C BHOOpoM GYHKIHOHAJA M OKPYXKHOCTAMH B COOT-
BETCTBHH CO COCOBOM JHCKPETH3IAUHH,

3.1. O BuniGope BapMauHOHHOrO (YHKUHOHAJA AAA
pacuyera ynpyro# cucremnl, Kak B TeopeTuueckoM OTHO-
[IeHHH, TdK H € TOYKH 3PEHHSA BBIYHCAHTENBHBIX CBOHCTS,
COBOKYMHOCTb BaPHANHOHHBIX (YHKIHOHANIOB H3Yy4eHa
elle HeJOCTAaTOYHO; paluOHaJIbHBle 00J1aCTH NPHMEHEHHS
MHOTHX H3 HHX ellle He onpepeneHn. MoXHO BBICKa3aThb
JHUIIL HEKOTOphle coo6paxeHHst MO 5TOMY Bollpocy.

[Ipnu BHGOpe (YHKIHOHANA YYHTHIBAIOT, KaKHe H
CKOJNBKO paspellaromux (YHKHOHA ABJAIOTCH €ro apry-
Mentamu. Ko/au4eCTBO apryMeHToB OOLIUHO CTpeMsTCS



§ 3] O KNACCH®UKAUMY NMPIMBIX METOLOB 171

YMEHbIIHTh: 3TO CBA32HO ¢ 00beMOM HH(OPMAUHH, KO-
TOPYIO HyZKHO XPaHHTb NpPH BHUHC/AeHHsnX. Ho ymenbuie-
HHEe KoJNHYecTBa (GYHKUMEH HOCTHraeTcs OOLIYHO 33 cyel
BBEJIeHHA JOMOJHHUTENbHBIX YCIOBHH.

CJNOKHOCTb BBHIMONHEHHS LONONHUTEIbHBIX YCAOBHT —
BTOPOH (aKTOP, KOTOPHIH HEOGXOJHMO HMeTb B BHIY NpH
BbIOOpe Qynkunonana. B yacrrocty, npu cnoxuoi Gopme
061aCTH BO3HHKAIOT TPYAHOCTH B BHIOMHEHHH FrPaHHu-
HBIX YCJOBHH, a IPH HAJHYHH AHU3OTPONHH M HEOIHO-
PONHOCTH — B BLINMONHEHHH (QH3HUECKUX yDaBHEHHH.

Tperut dakTop — sKCTPeManbHele CBOfCTBA (YHK-
uuonana. llna dynKuuoHana, HMeKOmero sKCTpeMyM HJIH
MHHHMA3KC, B OTAeJbHbIX CAyuasaX Moryr GbiTb OpHUMe-
HeHbl KOHTHHYaJ/IbHble BApHAHTHl METONOB MaTeMaTHue-
CKOr0 NMpOrpaMMHPOBaHHsA (ONTHMH34auUHs B THJAbGEPTO-
BEIX npocTpaucrtsax [l1.1, 1.5]). Yame :xe Bcero npu-
MEHSIOTCA PasjHuHble METOAb IMCKpeTH3aUnHH; OPH 3TOM
3KCTpeMasbHble CBOHCTBA BbIOPAHHOrO (YHKIHOHAA
NePeHOCATCS Ha JHCKPeTHHl (GYHKUHOHAN, H 3TO HOMO-
raet npu pemienuu 3agauu (cM. § 5). Meropuuecku cno-
KHJIOCh TaK, YTO 3KCTpeManbHble (YHKUHOHAJBI [OfABH-
JuCb panblie u 60ablle paspabarhiBanuck. OQHAKO eCTh
npuMepsl, MOKA3bIBAIOIIHE, YTO MHHHMAaKCHBE (YHKIHO-
HaJlbl HCHOAb3YIOTCS U [L2I0T XOPOUIHE Pe3yJbTaTH.

Bri6op MeToza IHCKpEeTH3aNHUM TECHO CBfA3aH C BHI-
6opom ¢yHuKuuoHana. B wacTHOCTH, BapHauHOHHO-pa3-
HOCTHble CXeMbl MOTYT OBbITh MOCTPOEHH Ha OCHOBe 06-
uefl HAeH PACUAEHEHUS CAONHOU CUCTEMbL HO 9AEMEHTHL.
ITpu sTOM BO3HHKZeT MOHATHE METOOA KOHE1HbLX dAeMeH-
706 (MK®). C mareMaruuyecKofl TOUKH 3peHHsa pacuJje-
HeHHe 03HauaeT BHIOOP ONpeJesNeHHOro YacTHOro (yHK-
HHOHAJM2 M JOMNOJHHTEIbHbIX YCNOBHA K HeMy, T. e. pac-
yreHeHHe Bcefl paspelalomel cHCTeMbl ypaBHeHU# Ha
JiBe 4acTH, OfHA H3 KOTOPHX (JOMONHHTeNbHBlE YCJAOBUSA)
JOJKHA BBHIIOJHATHCA NpPEIBAapHTENbHO, A0 HCHIONb30BA-
nus apyroil. PacunenHenne 0O6blUHO compoBoXAaeTCH
MeXaHHYeCKOH TPaKTOBKOH, KOTOPas BHIPAXKAETCH B BH-
Gope Tak Ha3biBaeMoll OCHOBHOH cucTeMbl (115 KOTO-
poif IONOJNHHTe/bHble YCJOBHS BHIIOJHEHB) H HeHs3-
BeCcTHHX (OTHICKMBAIOTCA C MOMOULbIO YaCTHOTO (QyHK-
HoHana), ‘
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L1 MOCTPOCHHSI pacyeTHbIX CXeM, OCHOBAHHBIX Ha
MK3, moryt 6BiTb HCMOJAbL30BaHB pPa3auuHble QYHKIUHO-
HaJbl 1151 pa3phIBHLIX TOJCH MepemellennH, HANpsAXKeHRH
HT A (em. . 3§ 6 uri 4§ 6), aB Gonee COKHBIX
CaAy4asiX — KOMILIEKC MOJHBIX H 4aCTHbIX (YHKLHOHAJIOB
ANk MHOTOKOHTAKTHbIX 3ajau [4.1]. OcoOmifi nHTepec
NpeACTaBASIOT (PYyHKUHOHAAbl TPAHUUHBIX YCJAOBHUE, KOTO-
pele MOryT ObiThb HCNONB30OBaHBl Kak B Bapuante MKD,
OCHOBaHHOM Ha meToae PuTua, Tak W B BapuaHTe, OCHO-
BaHHOM Ha alNPOKCHMALUA pyHKIHOHana. [lepssli npen-
CTaBJseT HHTEPEC AN SHePreTHHeCKHX OLELOK Iorpell-
HOCTH; OH MOXeT OblTb pEaNH30BaH INPH JOCTATOYHO
NPOCTHIX 3aKOHaX paclpefe]esHsi yNPyrHX KOHCTAHT H
Harpy3ok B 00/1aCTH, TakHMX, YTO BCe YypaBHeHUs (reo-
MeTpHueCKHe, (hU3HUeCKHe, CTAaTHYeCKHe) BHYTPH KOHeu-
HOrO 3JieMeliTa MOTYT ObITh BBINOJIEHH 32 cyer Bhifopa
anmpoKCHMHUDyYIOIHX (QYHKUHA; 9T0 BO3MOXKHO, HalpH-
Mep, AJs OAHOPOLHOTO AHU3OTPOINHOrO TeJa MpH OTCyT-
CTBHH 0ObeMHBIX cHJ. 321242 O CTAUNMOHAPHOM 3HAYeHHH
GyHKILHOHANA TPAHAUHLIX yCAOBHE CAYKHT AAst npuban-
JKEHHOTO BLITIOJNHEHHSI TPAHHYNbLIX YCJa0BHE M ycnopuil
KOHTAKTa MeXKAy JeMEHTaMu.

MoxHo NOKa3aTh, UTO KJaCCHYeCKHe METOLHl CTPOH-
TeJbHOW MEXaHUKH (METoIbl CHJI, fepeMellleHu#l, cme-
[IaHHBbIE), cHCTeMa (PYHKIHOHAAOB HAS CTPOHTEIbHOH
MeXaHUKH CTepXHeBbX cucteM, npeanokennas M.M. I'onb-
peubaatoM [5.8], Kak U HEKOTOpbie BAPHAHTHL *1€TOAA KO-
HeyHbIX 37eMenTOB [5.11], ucxonsr us ¢pynxyuonara epa-
HUYHBIX YJCA08ULI MHOSOKOHTAKTHOU 3adauu.

Pazauynsie cxembl MKD cucremarusupyiorcs sa oc-
HOBE BApUALUUOHHBIX NPUHLUHIOB B [5.16].

3.2. Metopn mnckperusauun. Bapranuonuas sagaua
COCTOUT B OTHICKAHUW TOUKH CTallHOHADHOCTH (PyHKUHO-
Haja, OUpPEeNEeNEHHOro B 0eCKOHeUHOMEPHOM eBKJHMIOBOM
npocrpanctse (cM. ra. 1), Inst OTbICKaHUSA 6@CKOHEUHOro
MHOKeCTBA KOOPAMIIaT TOYKH CTAaLHOHAPHOCTH B MOjaB-
asponieM 60aBIIHHCTBE cayuae Tpebyercst Geckoneynoe
KOJIRYeCTBO BbIYHC/IEHH, a 3HauuT, H OecKoHedil0oe BpeMs
cuera. IToaToMy 3aiaun pacyeTa KOHTHHYa/JbHLIX CHCTEM
peniaoT OpPUOGIHACINO, OTPAHHYUBAACH KOHEUHBIM dYHC-
JIOM BBIYHCJIEHWI, BbIMOAHseMbIX B OrpaHHlenHoe BpeMs.
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Bo3aMOXHOCTD NPUOAMKEHHOrO pelleHWs BapUapHOH-
HORl 3ajaud ompeneaderTcd TeM, 4TO CYILECTByeT Mocae-
J0BaTeJbHOCTb KOHEUHOMEDHDbIX 3a/a4 Ha CTALHOHAPHOE
3HAaYeHNe, PA3MEPHOCTb KOTOPbIX CTPEMHUTCH K OeckoHed-
HOCTH H DeLIeHHs KOTOPbLIX CXOASITCA K PEIIeHHI0 HCXOA-
no#i 3agayu. CylecrBoBaHyue TakoH NMOC/JIeL0BATENbHOCTH
cBsi3aHo ¢ cenapabesbHocTbio (cM. [Ipuaoxenune 1) mpo-
CTPAHCTBA WJH, 4TO IKBHBAJEHTHO, C HaJHYHEeM B HeMm
cyeTHOH 6a3wbl.

Bce npocrpancTBa cocTOsTHMI, HA KOTOPLIX Ompejesne-
Hpl QyHKUOHAJb, pAacCMOTpeHHble B Ivl. 3 W 4, cenapa-
OesbHbl.

CywecTByoT pasauyHble CHOCOGLI cBeneHHd 6ecko-
1e4HOMEPHON BapHauHOHHOH 3a7ayd K M0C/IeJ0BaTelb-
HOCTH KOHeYHOMEpHbIX, KOTOpble OOBeIHHEHbl OO6ILHM
HazBaHueMm «[lpavble Bapmaunmonusle Mmeroxsi». Bee stu
CocOObl MOXKHO pa3[eNUTb Ha JBA IlepeceKalomuxcs
KJ1acca, KOTOpble YCJOBHO MOXHO HA3BaTb «aHaJHTHYe-
CKUMH» H <«YHCJEHHbIMH> (BapHalHOHHO-PA3IHOCTHBIMHU)
meTtonamu. Teopus npeoOpasoBaHUsd BapHAUUOHHDBIX
npo6JieM NOMOraeT MPOSICHHTb HEKOTOpble BONPOCH KJac-
CHHKAIHU [PAMbIX BApHALUOHHBIX METOJOB, B 4aCTHO-
CTH yKa3aTb B HeH Mecrto Meroma TpedrTna u Meronos,
OCHOBAHHbBIX HA CJOKHbIX KOHeyHblX 3/J1eMeHTax (cymep-
JeMeHTax).

3.2.1. «AHanuTHYECKHEe» METOfBbi COCTOAT B IOCTPOe-
HAM  10C/IeZOBATENbHOCTH  KOHEUHOMEpHBIX  MOANpO-
CTPAHCTB JIAHHOTO MNPOCTPAHCTBA COCTOSIHUHA H OTbICKAHMU
CTAIMOHADHBIX 3HAYeHUH NaHHOrO (YHKUUMOHAJIA HA 3THX
MOANPOCTPAHCTBAX U COOTBETCTBYIOIIHX TOYCK CTALHOHAP-
HOCTH B KadecTse NPUOBJIUKEHHbIX DelIeHHI.

Merod Purya— nanboJee pacnpoCTpaHEHHbIH mpel-
CTaBUTe]b <AHAJHTHYECKHX» METONOB NpuBeneHus 6Gec-
KoHeqHOMepHOH BapHallHOHHON 3a7a4H K KOHe4YHOMepHOH.
CyTb ero B TOM, 4TOo NpuOJHIKEHHOE pellleHue (n-e mpwu-
OGnvkeHHe) OTHLICKMBAETCSA B BHJAC JHHEHHOH KOMOUHANHH

”n":‘jz‘ a;9; - (3.1)

Te KOOPIHHATHBIE JEMEHTb @; 6epyTcsd u3 MocjenoBa-
TENbHOCTH @1, @2, -+.5 Pn, ..., KOTOPAA YJIOBIETBOPALT
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CAeAYIOLIHM TpPeM YCAOBHAM: 1) Bce 3JeMEHTH @, NPH-
HajgiexaT obaacTH onpejeaeHus (yHKLHOHANA H YAOB-
JIETBOPAIOT BCEM €ro JOMNOJHHTEAbHEIM YCAOBHAM; 2) NpH
JI060M 1 DEMEHTH @1, @2, ..., Pn JHHEHHO HE3ABUCHMH;
3) nocnenoBaTeNbHOCTb @1, P2, -+.y Pu, ... HOJAHA B IpO-
CTPAHCTBE COCTOSIHHIL, T. €. 3TOH NOCAeAOBATEALHOCTLIO
MOXKET ObITb KaK yroJHO TOYHO anmpOKCHMHPOBAH (B CO-
OTBETCTBYIOLIEH MeTpHKe) a1000f s/M€MeHT NIPOCTPAHCTBA.
3ameHa B (YHKUHOHA/NEe HeH3BecTHOH (yHKUMHM u cyM-
moit (1) npuBOAMT K 3ajade onpejeneHHs TOYKH CTa-
OHOHAPHOCTH (YHKLUHU KOHEYHOIO HHCAA IepeMeHHHIX.
O6ocHoBaHne meToga Purtua nasd sKCTpeMaabHHX QYHK-
IHOHAJIOB, & TaK¥Ke€ BONPOCH €ro CXOAHMOCTH H YCTOM-
YHBOCTH MOJAPOGHO paccMoTpeHn B kuurax [0.11]. Hansa
HEKCTPEMAJbHLIX (PYHKIHOHANOB (MHHHMAaKCHLIX H HE
HMEIOIHX 3KCTPEMYMOB) 3TH BONPOCH! ellle He pelIeHbI;
TeM He MeHee MeToj Purma B pfAle caydaeB YCHEUIHO
NpHMEHSAETCA.

Merod Tpeprya (cm., nanpumep, [0.11]) oranuaerca
TeM, 4TO KoopauHaTHHe ¢yukuuu B (1) Bbi6HpalOT Ta-
KuM 06pa3oM, 4TO6H OHH YAOBAETBOPSANH BCEM YpaBHe-
HHAM HNaHHOH 3ajaum B objacrn; 3alaya O CTalHOHap-
HOM 3HAYeHHH (DYHKIHOHANA HCNOAb3yeTcd AAf NPHOIH-
JKEHHOTO BHINIOJHEHHSl TPaHHYHBLIX ycaoBui. Hpyrumu
CI0BaMH, 3TOT clnocob6 3aKaiodyaeTcs B HCHOJb30BAHHH
(yHKIHOHAa TPAaHHUHBLIX YCJAOBHH, TaK YTO C TOYKH 3pe-
HHS CHCTeMHB (DYHKLIMOHAJOB, NpEACTABJACHHOH B 1. 3
H 4, Mmeroq Tpedriia MOKHO TPaKTOBaTh KaK MeToA PHT-
1a MO OTHOWIGHHIO K (YHKIHOHANy rpaHHuHbIX yCJOBHH.

Merod bybrosa— 'asepkuna (CM. HCTOpHYECKHH
ouepk B [0.11]) BO3HHK KakK BMJOH3MCHEHHE MeETOIa
Purna, cBfizaHHOE € BBHIYHCJAEHHEM KO3(@HIHEHTOB CH-
cTeMbl anre6pandecKHx ypaBHeHHMH Purlia Ha ocHoBe
BapuauuonHoro ypasuexuns. Ilosanee 6bii0 3amedeHo, a
3areM H J0Ka3aHO, YTO aHAJOTHYHLIM O6PA30OM MOXKHO
NpuOAHIKEHHO pellaTb TakxkKe H HeKoTopbie audpdepen-
HHajJbHbIE YPAaBHEHHUA, He ABAAIOIHECH YCAOBHSIMH CTa-
IIHOHAPHOCTH HHKakKoro ¢QyHknuonana (kKpaeBble 3ajauH
AT HECAMOCONpAXKEeHHHBX ONepPaTopoB), T. €. UTO METOX
By6noBa — I'anepkuna sBasercd 6oaee obuuM, uem me-
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rof Purua. I'lo OTHOLIeHHIO K BapHAUHOHHBLIM 3271ayaM,
npHBEJEHHHM B gauHol kuure (rn. 3 u 4), merox By6-
HoBa — ['asepKuHa cnenyer paccMaTpUBaTh KaK ONHH H3
BApHAHTOB Merona Purua, ornnyaowuiica cnocoGoM Bbi-
ypCclIeHHs: KO>((HUHEeHTOB aare6paHvecKHX ypaBHeHHIl.

Merod J1. B. Kanroposuya npuBeieHUsT K 06 bIKHOBEH-
HbIM audhGbepeHIHaNbHBIM YPABHEHHM CYIIECTBEHHO OT-
auuaercs or Meroaa Purna. [lpuGanxerHoe pemenne
BULyT B BHJe

n

t (%, 9) = X, @ (%, 9) i (), (3.2)

rie gk (x, y)— usBectHble GYHKUUWH TaKue, YTO cyMMma (2)
YHAOBJETBOPSIET BCEM ROMOJHUTENbHEM YCIOBUSIM HCIOMb-
ayemoro ¢yukuuonana F(u), a ¢yukuun fe(x) onnok
nepeMeHHOR X OTLICKHBAIOT M3 YCJAOBHS CTAlMOHAPHOCTH.
Takum 06pasoMm, BapHalHoHHAs 3afayva, B KOTOPOH He-
H3BECTHBIH mMapaMeTp — GYHKuMA # HECKONbKHX Iepe-
MEHHHX, CBOJKTCS K BADHALHOHHON 3a/1a4e ¢ 1 HeH3BecT-
HHIMH (DYHKUHSIMH OAHOH mnepemenHofi fr(x). Ycnmosuem
CTAMOHADHOCTH NONAYYeHHOH 3ajayl sBAsETCS KpaeBas
3ajadya AJsl CHCTEMB! OOGBLIKHOBEHHHX AudpdepeHiuans-
HHIX ypaBHeHul, KOTOpasg O6bIYHO NPOILE HMCXOAHOH 3a-
1AYH C YACTHHIMH MPOM3BOAHLIMH, HO AAET JHIIbL MHpH-
GAMIKEHHOE peLIeHHE.

K wmeroay JI. B. KauTopoBnua GNH3KO NPUMBIKAIOT
HEKOTOpHIE COCOBEI CBENCHHST 3aJauu pacyeTa 06004KH
KaK TPEXMEpHOTO Tena K MOCNef0BATENbHOCTH OBYMep-
HbIX 3aaa4, Hanpumep, ynoMsanyTHE B . 4 crmoco6 Bol-
Boja ¢ysxkuuonana Jlarpaumxa jans o6ONOYKH H3 Tpex-
MEpHOro (yHKIHOHana Jlarpanxka Ha OCHOBE THIOTE3
Knpxropa — JIsiBa MOKHO paccMaTpuBaTb Kak Imoayue-
HHE NMEpBOTO YIEeHAa TAKOH MOCNeN0BaTeNbHOCTH.

3.2.2. BapuauHoHHO-pPA3HOCTHbIE METONBl AHCKPETH-
3allMH  OTJIHUAIOTCA GOMbLIell YHHBEpCaAbHOCTBIO, 4eM
«ananutuyeckue». OHM 3aKNIOYAIOTCA B TOM, UTO HCKO-
Masg (QYHKIMS 4, JOCTABAAIONIAS CTAUHOHAPHOE 3HAUElHe
HCHOoMb3yeMOMy (pyuKumoHany F(u), nmpubnuxenno 3a-
JAa€TC CBOMMH 3HAUeHHSMH B KOHEYHOM UHCIE TOueK
0GnacTH HHTETPHPOBAHMS, 2 3HAYCHHS B MPOMEXKYTOUHBIX



176 HCTONBROBAHUE BAPMALMOHHBLIX MPHHUHMOB  [[J. 5

TOUKAX ONPeIeJsloTcs ¢ MOMOMbIO TOr0 HJIH HHOTrO CIo-
co6a uHTEpNOASIMH; [IPH 5TOM NPOU3BOLHLIC 3aMEHFIOTCA
KOHEeUHbLIMH pasHOCTsiMH. VIHTerpan MoseT ObiTb BbIUHC-
JieH Au60o TOUHO, AuGO ¢ NOMOLbI0 Ky6aTypuoi (hopMyJIbl
TOf WaW uHOM TOyHOCTH. B nepsom cayyae mepexod K
KOHeuHOMepHOH (pa3BOCTHOH) 3azaye MOMKHO TPAKTO-
BaTh KakK MeToJ Putna co crnenunanbHbiM BbIGOPOM KOOD-
AMHATHLIX QYHKUMH, OH CBA3aH ¢ annapoxcumayued npo-
cTpancTea coctoarull £ kOHEuHOMepPHbIMH NMOANPOCTpall-
ctBamu Ep; 3TOT 1nojknacc sBasieTcsi 0Olle#d 4acTbio
(nepeceueHueM) KJa1acCcOB BAPHAUMOHHO-PA3HOCTHBHIX H
«aHaJUTHIECKHX» MeTO#OB. BTopo# cayuyait cesizan ¢ an-
npoxcumayuet pyaxyuonara [5.17].

Mer00 xoneuroix pasnocret (MKP), nnu merod cerox
11e71eco06pazHo paccMaTpuBaTh KaK BapHANHOHHO-pa3-
HOCTHHE MeTOJ, OCHOBaHHbIH Ha anipokcuMauuu ¢yHK-
nuorana. Ou ynobeH TeMm, 4TO [J5i BbIUHCJEHHA HHTe-

rpana HyXHO 3HaTb 3Haue-

% Husa NOAbIHTErpaabHOR

(YHKIHH TOJNBKO B y3jaax
CeTKH, TaK 4TO JJaf BbIUHC-
JieHusT IPOU3BOAHBIX B Das-
% ¢ 2 7 JUUHBIX y3JaX MOXKHO IpH-
MeHSATb pasHble HHTEPIHO-

Puc. 5.12. Heonnosnausas WHTED-  janyoHHbie (OPMYJbl, He

noasuus ¢ysknuu [ 8 TOuKe A:
KpHBas [, csssama ¢ Boumcde-  ConoaHHME Apyr € Apyrom

HHeM NpoH3soaHol 5 Touke C, a (puc. 5.12).
fa—c BLIYHCIEHHEM OPOH3BOA- Merod aoxansuelx 8a-

noit B Touke D. puayuii [5.19] ¢ Touku 3pe-

HUfl KJaccupuKauuu Ba-

pHANHOHHbIX METONOB fBAAETCA METOJLOM KOHEWHhiX pas-

Hocre#t. OcobeHHOCTb Cro 3akjaiouaercs B cnocobe peiiie-

HUfl  JIUCKPETH3OBAHHON 3agauu, KOTODBIA sABJAAETCH

OAHHM U3 BAaPHAHTOB MeTOJa KOOPAHHATHOrO ClycKa
(cm. § 5).

3.2.3. KomOunupoBaHHbrle Metonbsl. MeTtoabl aHCKpe-
TH3AalHH, OCHOBAHHble 14 COBMECTHOM IPHMECHEHIH «aHa-
JIUTHUECKHX» H YHCACHHBIX» METOA0B, OyaeM Ha3blBaTh
KOMOuHHUpOBaHHUDIMH. OZHHM H3 IPHMEPOB MOXKET Cay-
KMTb MeTOon NPAMLIX AJAf 3aAay ¢ 4aCTHbIMH ITPOH3BOJA-
HEIMH, B KOTODOM HCMOJIb3yeTCsi Pa3HOCTHAs alNpOKCH-

o
¥ é
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MalHs NPOH3BOAHBLIX MO OJHOMY HaNpaBJEHHIO W aHaJu-
THUECKOE pelleHHe — 110 APYroMy.

K Kaaccy koMOHIIHPOBaHHbIX METOLOB OTHOCHTCS HC-
[OJAL30BAHIE HEKOTOPBIX CAOMKHBIX KOHEUHBIX 3JI€MEHTOB
(cymeps.1eMeHTOB), KOTODhie MOXKHO Ompesenntb [5.1]
KaK 3JeMeHTbl, BHYTPH 06JIaCTH KOTOPHX BBIIOJIHAOTCS
Bce ypaBHEHHS AaHHOH TEOPHH; CleA0BaTeNbHO, MPHMeHe-
Hile CJIOKNBIX KOHEUHbIX 3JEMEHTOB CBA3aHO ¢ (PYHKIHO-
11aJ0M TPaHHYHBIX YCJAOBHH. DTH ypaBHEHHS MOTYT OblTb
BLITIOJIHEHBl TOYHO (B 2TOM Cjaydae [0Jy4aeM MeTo[
Putua ans QpyHKUHOHANa rPaHHuYHbIX YCJIOBHH) Hau mpH-
GJAHKEHHO — C [IOMOIUIbIO aHAJAHTHYEeCKHX HJH YHCAEHHBIX
MEeTOJA0B. 34eCh 3aKk/oyeHa BO3MOXKHOCTB U yAOOCTBO
KoMOunuporansoro npumenenns MK3 ¢ apyrumu mero-
namu, B toM uncae ¢ MKP n pasnbiMu Baprantamu MKD.

§ 4. ®opmuposaHHe aareépandecKux ypaBHeHHi
OPAMBIX METOJ0B HA OCHOBE Bapuaunu (yHKuHOHAJA

[Tycth TpebGyercsl pellluTh BapHALMOHHYIO 3ajauy
83 (u)=0, rae I (u)— KBaapaTHUHBI (YHKUHOHAJ, KO-
TOPLIA 3aBUCHT OT (PYHKUMH « (BO3MOXKHO, BEKTODHOH)
H OT €e UacTHLIX NPOH3BOAHBIX:

Swy=3"[u, &1 (W), ..., & (W)=

= 1@, ..., & (0] dg, (4.1)

rie g, €,..., €& — AudhepenuranbHpie  ONEPaATOPHL.
Bapuauuns QyHkuuonana 3 HMeeT BHJ

89 (u, du)= S [g—iéu—l-aa—;éel 4

(4.2)
af of
gyt .. %r—ae,]dg,

roe 8¢, 0gy, ..., Oe, — nuddepenuuanbibie ONepaTopsl
ot du. Ee mMoxHO npeobpa3zoBaTh HHTErpUpPOBaHHEM 110
yactaMm K (popme

89 = S Flu, & (4)] 6u dQ + S(. L)d©OQ).  (4.3)
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IMyers Br6pan Kakofi-1u60 MeTol AMCKPETH3ANUH 1S
npuOGAHXEeHHOrO pelleHHA NOCTaBJAeHHON 3ajadu; TOraa
(byHKIHOHAN J 3aBHCHT OT 1 NEPEMEHHBIX Uy, Uz, ..., Un
H MoXeT OBHITH TNPEACTABJAEH B BHIE

31 (uh Ugye ‘s un)=

=0Ty, tyy oo vsthyy 8 (Uy ooos ), oons 87 (0, oun, 1],
(4.4)

rie e, €, ..., € — QUCKPeTHHe aHnaJjoru Aubdepenuu-

aJbHBIX ONEpaToB &, &, ..., 8. 3ajaua O CTAUUOHAap-
HocTn ¢$yHKnHOHaNa 3,
n
a3
831 (g, Su)= ) 50 duy =10 (4.5)

Pl

SKBHBaJIEHTHA CHCTeMe JHHeHAHBIX ajre6pandyecKux ypas
HeHul

a3 .
5;;'=0 (l=1,2,..., n), (46)
KOTopas MoxeT GhIThb 3anucaHa B BHAe

n

Izlai,u,+bi=0 (i=1,2,...,0. (47

Bapuanus 83 B Buae (5) Moxer GLITh BHBegeHa cro-
co6oM, MOJOGHBM NPHMEHSEMOMY B BapHALHOHHOM HC-
YHC/IeHHH (CYMMHpPOBAHHEM IO 4aCTIM), K3 MPOMEKYTOY-
HOTO 3BeHa

n r
691—Za6ui+ k_xa_ﬁféek(ul’ Uy oey ). (4.8)

]

Ecan 1npepcraBuTe BapuaunoHHOe ypaBHeHme (5)
B BHpE

n n

83 (up, du)= Y, ¥ (a;u;+ b)) du, =0, (4.9)

i=lj=1

TO HETPyIHQ BHAETh, YTO KOIQQHUHEHTH CHCTEMH (7)
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MOXHO BBIYHCIHTDH 110 PopMyJe
a;; =083 (u;=1, du; =1), (4.10)

rie BCe OCTAJbHLIE HEH3BECTHbIE Uy H Ous, & TAKKE CBO-
Gonibie unenn b paBHu Hyto (kB 7= j, | 5=1).

Hpu ucnosnssoBanun meroga Purna wau By6HoBa —
Tanepruna TaK u nocrynaior: KoappuuueHTs ay BHYHC-
a0t no dopmyae (10), B koropoit 83, 6epyr B BHIAe
(3). B Hekortopeix cayuasix B Meroge Purua ymoGHee
ncnosan3oBars 03; B BHIe (2); B 3TOM CJayuae MOIKHO
6paTh MeHee raankue KOOpAHHATHBE (DYHKOHH, TaK Kak
B (2) crosit NPOH3BOAHbLIE OT 1 MEHEE BBHICOKOro MOpsAaKa.

Ilpu pemennu 3afaun BapHaUHOHHO-PA3HOCTHHIM Me-
TOAOM [pHMEHAIOT HEeCKOJMbKO CHOCOGOB BLIYHCACHHS
ko3b¢dHnuenToB ay. Ilo nepsomy cnocoly moayuaioT BbI-
paxenue nna ¢pyHKuHOHana (4), 3aMeHAs HPOH3BOAHHIE
B €, 8, ..., & KOHEUHHIMH pa3HOCTSIMH, AH(pGepeH-
LHPYIOT €ro, YTOOH MOJYyYHTh BbIpaxKeHHH O KO3DOH-
IHHEHTOB ay Yepe3 HCXOAHble NAaHHble ((pH3HUECKHe KOH-
CTaHThI, AT CETKH U AP.), H STH BHPAKCHHA HCIOJAB3YIOT
JA  COCTaBJICHHS TNporpaMM (OpMHPOBaHHS CHCTEM
ypaBHeHHH. BTopofl cmoco6 COCTOMT B HCIONL30BAHHH
dbopmyaet (10) cosmecrHo ¢ (3); npu 3sTOoM KO3bdu-
IHEHTH! Q;; MOTyT OTJAHYATHCA OT BBITHCJACHHBIX MO Mep-
BOMYy cnocofy, T.e. COOTBETCTBOBATb APYro#l pasHoOCTHOMN
cxeMe.

Tpernit cnoco6 3akaiouaercss B npuMeHernu (10) cos-
MecTHO ¢ (2) uam, 4To TO XKe camoe, ¢ (8) u HMeeT TO
NPEHMYIIECTBO, YTO OH OYeHb HpOCT M yAOoGeH Aad mpo-
rpaMMHPOBaHHSA, XOTS W CBS3aH C JOBOJLHO GOMbIIHM
00bEMOM BBHIUHCIEHHH, YTO cKasnBaercd Ha 3aTparax
MAUIMHHOrO BpeMeHH: OOnbililasg YacTh BHLIYHC/IECHHE Bbi-
NONHACTCA BHYHC/AHTEAbHOH MammnHOA. Ha ocHose ¢op-
myasr (10) coBmectHo ¢ (8) moryr GHTb Jerko cocras-
A€Hbl NPOrpaMMbi /IS pellleHHs BapHalHOHHO-Pa3HOCT-
HbIM METOJOM CJOXKHBIX 327a4 pacuera HeOIHOPOAHBIX
aHH3OTPOMHLIX YIPYTHX Ted W 060JIOUEK; MOMKHO HCHOMb-
30BaTb CETKY C MEPEMEHHHIM LIaroM M MOKpHBATh pacyer-
Hyto 06JiacTb CeTKaMH pasHbIX BHIOB.

Bapnanua ¢yuknuoHana B Bule (8) Moxer ObITb
HCIONb30BaHA M JAA pPEHIeHHS BapHaHOHHBIX 3ajad
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METOLaMH CMyCKa M JAPYTHMH METOZaMu HeanHeHHOro
nporpaMMHpoBaHusl 06e3 BLIYHCAeHHS K03PPHUMEHTOB
anrebpauueckux ypasueduil. [aHuuifl crmocol cocrasae-
HHUA CHCTeMbl ypaBHeHHH 6blJl UCMOJBL30BAH ABTOPaMU 114
COCTaBJ/IEHHS YHWBEPCAAbHOH MPOTPAaMMbi pacuera Heol-
HOPOJHBLIX 2HM3O0TPOMHBIX 060/0UEK, B TOM uHcJje pedpli-
cThix (cM. § 6).

§ 5. Hcnoar3osaHue 3KCTpeMaabHbIX CBOHCTB
(YHKUMOHANOB TP pElIEHHH KoHeuHOMepHbIX
(aucKpeTH30BaHHRIX) 3ajay

Ilpu npumeHeHHM NpPSMbIX MeETONOB MOJy4YeHHe J0-
CTATOYHO TOUHBIX pelileHufl CBA3aHO ¢ pelielideM 00/b-
ITHX CHCTEM YyDaBHEHMH, pelieHHe KOTOPbIX 3aTpy/HEHO
H3-33a OrPAHUUEHHDBIX BO3MOXKHOCTEl BbIYHCANTEbHBIX
MallMH (Mamarb, ObIcTponeiicTBHe, OMINOKY OKPYIJIEHHd).
ITostomy npH cocTasienun nporpamm pelledust 60.b-
IIMX cUCTeM JHHelHbLIX anrefpanHuecKuX ypaBHeHui, 1o-
Jy4eHHBIX [pH [AUCKPEeTH3auHM BapHanMoHHLIX 3ajady,
CTpeMATC yuecTb OCOObIfi BHJ MAarpHil TaKUX CHCTEM;
HANpUMep, HX ManyiO0 3aMOJNHEHHOCTb, JEHTOUHYIO CTPYK-
Typy u 1. A. Takue cucTeMbl MOXHO peliaTs Ha DBM
«rouiiMu» Metonamu (I'aycca, XKoprauna), ecan uCHoOb-
30BaTb BHellHHe 3aMOMUHAIOLIMe YCTPOHCTBA H MpHMe-
HATb CMelHabHble MpHeMbl, HaNpaBJeHHble HA 3KOHOMHIO
MaMATH M BpPEMeHH cuera, HalpuMep OJOUYHBIA METOJ
Taycca.

CHcreMbl BapHaUMOHHO-Pa3HOCTHDLIX ypaBHEHHUIT XOpo-
IO TpUCTOCOBIeHbl 115 pellleHHss HTepPalHOHHbBIMI MCTO-
AaMH. DTO CTAHOBUTCA OUYEBHAHDBIM, €CJAH y4YecCTb, UTO
GONbUINHCTBO HTEPALMOHHLIX METOJ0B MOXHO TpaKTO-
BaTh KaK Pa3fiHuHble METOJbl CMyCKa M3 BbIIYKJOrO Mpo-
rpaMMmupoBanusi (cM., HanpuMep, [5.14]). [Ipu sToM cra-
HOBATCA ACHBIMM BOIpPOCH HX cxoaumocta. Baxuoe po-
CTOHMHCTBO HTepamMOHHLIX MeTOAOB B TOM, UuTO OHM
ABJAIOTCA CAMOMCHDPABAAIOIHMHCA, T. €. He TONbKO He
HAKaNAMBAOT, HO M HMCAPABASIOT OWIMOKH OKpyTJenud.

B uactuoctH, HaunGojee pacnpOCTPaHEHHLIH MeTOS
Taycca — 3efidens 4B/a1feTCH METOAOM LHMKIHYECKOr0 KO-
OpPAMHATHOTrO CMYCKA M COCTOMT B TOM, YTO KaxK1asf Heus-




§ 5] HCIIONb30OBAHHE dKCTPEMAJILHBIX CBOMCTB 181

BeCTHasl MO O4epeiH H3MeHseTCs TakKMM o6pasoM (mpu
(HUKCHPOBAHHBIX OCTAJbHbLIX), UTOObl (YHKUHOHAN mpu-
HAT 3KCTPeMasnbHoe 3Hauelne no 3tofl HeussecTHOH. OT-
clofa fACHO, 4TO MeTOA 3elaenss Bceraa CXOAMTCA AJs
(GYHKIHOHAMOB, HMEIOWHX 3IKCTpeMyM (MHHHMYM WJH
MaKCHMyM); ero CXOAHMOCTb A/ MHHHMAKCHBIX H ADY-
I'HX HEIKCTPeMabHbiX (YHKIHOHAIOB HYXKIAEeTCsi B M3Y-
UeHHH B KaXKIOM KOHKPEeTHOM ciayuae.

C Toukn 3peHns 3KcTpeMyMa (yHKUHOHAAa Jerko
o0DbACHUTb, B 4eM 3aKJ1I04alOTCS HEKOTOpbie TPHEMb
YCKOpEHHsi CXOAMMOCTH HMTEPALHOHHbIX MeTonoB. Hanpu-
Mep, OAHAM H3 JyUYLIHX CIIOCOOG0B YCKOPEHHST CXOIHMOCTH
Merona 3efizenss (KOTOPbIi HA3BIBAIOT TaKXKe METOLOM
pesnakcaluu) sBJAfAETCS METOA HemoJHOH pesakcaliuu.
C no3uuuil NOHCKa KCTpeMyMa OH 3aKJA0yaetcss B TOM,
41O, HAlAA MHHAMYM (QyHKLHOHana mo i-B mepeMeHHOH
Ui, B KauecTse HOBOro sHauenus (u?*!)’ Gepyr npomexy-
TOYHOE 3HAUEHHE MEXKAY TNpeAbAYIIHM 3HauYeHHeM U? H
TOYKOH MuHuMyma  ulth (4Pt = u? 4 o (utt! —
—u?) (0 < l—«HHXHSAA> DPeNaKCANHA) HAH TNPOABHU-
ralTCsi HECKONbKO Aajplle MuHUMyMa (@ > 1 — «Bepx-
usisi» peaakcaims). M3 puc. 5.13 AcHo BHAHO, 4TO «BepX-
HAs» pesaKcaiHs NpeactasaseT co60f Meron 60pb6H C
«oBparaMuy» QYHKUHOHANA H YTO METOA HEMOJHOH penak-
Caluu Bcerja CXOAHTCA TIPH 3HAuYeHUAX KozdpoHuueHTa
penakcaunn 0 < o << 2.

Mmejotca B apyrue npuMepbl HCNOJAb30BAHHS CBOACTB
(YHKHHOHAAOB 1751 MHOHCKa Kos¢p¢uuMedta penaxca-
IIMH N yCKOpeHHs cxopumoctn Meroaa 3efimens [5.2,
5.9}.

B HekoTOpbiX 3azayax, OCOGEHHO ¢ OrpaHHYEHHAMH
B opMe HeDABEHCTB (HANpuMep, OAHOCTOPOHHHE CBSIZH)
MOKET OKa3aTbCsl 3(P(PEeKTHBHBLIM MeTOoJ JOKaabHbIX Ba-
puaunit [5.19], xoropwili npeactaBasieT co6oll OAHH H3
BapHAHTOB MeTONa KOODAMHATHOIO ClyckKa $e3 BbIUHCTIe-
HYS MPOHU3BOJHDIX.

Peuenne cHetem ameﬁpanqecxnx ypaBHeHHH, coot-
BETCTBYIOIIHX HE3KCTpeManbHbIM ¢QyHKuHOHANaM (Ka-
KHMH SIBJSIIOTCS BCe TOJHbie (DyHKIHOHAJMbI), CJIO0XKHee
KaK ANS <TOYHbIX», TaK M JJIs1 HTEPAHMOHHDLIX METOJOB.



182 UCIIONB30OBAHUE BAPHAIIMOHHBIX MPUHHHUITOB [T 5

Jns oTbIcKaHHs CeAJ0BOH TOYKH JHCKPETH30BAHHBIX MH-
HUMAaKCHBIX ¢yHkuuoHasos (Peficcuepa, Xy — Bamuny

Ly

~

L

—— Memod Sedders (Koopdurameoeo cnycnd)
----------- Memag Henomiol pesareayul

Puc. 5.13. [Isa cmocoGa moHMcka SkcTpemMyma (YHKUHOHANAA B KO-
HEYHOMEPHOM NPOCTPaHCTBe, [ — JIHHHM YPOBHS BHIIYKJOro GYHKuHO-
HaNa, UMEIOWEro 3KCTPeMyM B Touke A.

H Ap.) MOTyT GHITh HCIOJNB30BAHLl METOMABI MOHCKA MIIHH-
MaKca H3 HeJHHEHHOro NporpaMMHPOBaHHsA H TEOPHH
urp, nanpumep [5.6, 5.9, 5.10, 5.15].

§ 6. IIpumepbl MOCTPOEHHS ANTOPHTMOB
pacuera MOJOTHX aHU3OTPONMHLIX 0GojoueK
BapHALHOHHO-PA3HOCTHBIM METOAOM

B naunHom naparpade onucaHsl BapHAallHOHHO-Pa3HO-
CTHble CXeMH H NPHBEACHB HEKOTODhi€ JApyTHe AaHHbE
06 aJropHTMax, Ha OCHOBE KOTOPBIX COCTaBJjieH KOMIJeKc
nporpaMM AJsi Pacuera MNOJOTHX O0OJOUYEK, HMEIoLiuX
pe6pa pa3iuuHOA OpHEHTAUMM, OTBEPCTH#A, BBIpE3H H
apyrue ocobennocrn (5.2, 5.4].

6.1. PasHocTHble cxembl IIOCTPOEHLI HA OCHOBE amn-
npokcaMauui GyHKIxoHana. ®ymkumonan Jlarpamxa
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3amMHCaH B NepeMelleHHAX, AehOpMAUUAR H YCHIHAX
[T1.10] (cm. rat. 4, § 8) B AeKapTOBBIX KOOpPAHHATAX:

o () = {§ [ Ties+ Tota o+ St Mo, + Mty 4 27) —

—qu—qwr-quudy+Slqux+SL-J%h(&D

rge

oy =G+ ko, 0= + 52 4 9k, 62
d? '
M‘=_—tﬂwT’ T== axay(l X2, y)
N=G -« (6.3)

Koutyp ofoJsouku — Jjio6as JoMaHas JHHHS, COCTOAMIANA
H3 OTDE3KOB, NapaJjlesibHEIX OCAM KOODAHMHAT; MOTYT

Y O e B oL
| EEAT
) J i } J
S +—- n-1
P s
A5 -1 3 )1
m-1 m
i-1 { i+f i1 i i+1

Puc. 5.14. [Isa Buaa NpIMOYroJbHOR CETKH AJs1 BAPHALMOHHO-PA3HO-

CTHBIX METOHOB pacuera oboJyiouek. a) Jlebopmanun U YCHJIHS BBHIYHC-

JNFI0TCA B Y31ax if oCHOBHON ceTkw; 6) AedopManuu H YCHIHS BHI-

YUCAAIOTCA KaK B y3Jax {f OCHOBHOM ceTkH, Tak M B y3jax mn, in,
mj ROTNOJHHTENbHOH CETKH.

GbITH OTBEPCTHS M BHIpe3bl, OTPaHHUEHHbIE TAKHMH J0Ma-
HelMu. Halnune pe6ep u Apyrux oco6eHHOCTEH KOHCTPYK-
THBHOH, NpHOGpeTeHHON H eCTeCTBEHHOH aHH3OTPONHH
yunThiBaeTca Matpuuet G corsacto Ilpuioxenunio 3.
3uaueHns Heu3BeCTHBIX GYHKIHH u;, U, @ OTLICKH-
BAIOTCH B y3JaX Ij NpsAMOYTOJNBLHOH CeTKH ¢ IaroM A 1o
HalpaBJeHHIO ocH ¥ H EA mo ocu y (puc. 5.14, a).
Pasnocrueie cxembl mMeloT norpemHocTh O (A%) Ta-
KOTO e NOpsifKa MaJOCTH, KaK A%, W NPH 3TOM OKa3bl-
BAlQTCs HEHAMHOTO CJIOXKHEe, 4eM MeHee TQUHHE CXEMbl
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¢ norpemnocthio O ()). YBennuenue nopsiika norper-
noctu 10 O (A%) u nasnee TpeGyeT 3HAUHTEILHOrO yCJIOK-
HeHus pasHocTaoro meroja. [lpakTuuecku mpouie ysesil-
YHTh TOYHOCTb pacyera NyTeM CTYLUEHHS CETKH.

Cxema | npumenena B [5.2] asgsi pacueTa HOJOrHX
060oJI0ueK H3 H30TPONHOTO MaTepHasna, NOAKpPeNIeHHBIX
opToroHaNbHOH ceTKoH pebep, MapaJsule.bHBIX QCAM KO-
opanHat. Hasg takux obosouexk martpaua G B (3) ynpo-
maercs, u pyHKUHOHAJA (1) MOMKHO IPEACTABHTL B BHAE

At () = SS L5001 - gk -+ 52 b+ Aguk, ) o —
o- 92 9 2
— guky G5 @ — guhy G+ 5 (GE) +
8 (0w \? O’w J-w gu Ouy
+T(7y-) +8sm 50t 5 [( ) 1

oy
duy ou,y ou; 0w
+ Qkx Ox w]+gl2ky ox W— gy Ox Ox2 +
ou ou, ous
+ 2 [(52) + 2k 5t o]+ guk, 52
Ous 0 w ouy Ous du; Ouy

— 823, dy oy* +g12ﬂ_a_y+g33_aj £ +
0? 2
+ Qgee(dxg}y) _qlul_qzuz—qw} dxdy —
_S{“-}dx—"s{--—}dy, (6.4)

rAe gij — 3JeMeHTH MaTpHub (, B KOTODO# ajs naHHOM
3anauf

=81 8= 8= 8u= 8= gu = L3 —
= G35 = L= 55 =10.

Boryucaenue npouszgoduoix. [lepBeie NPOH3BOAlILIC B
(4) BBUHCAIOTCS B Bile Ju/ox = (u™+11 —ui)/h, wo ux
3nadyenus NPHIHCBIBAIOTCS TOUKAM MEKAy y3.1amu (370
3aTeM yYUTLIBAETCH IIpH NPHOIHKEHHOM BLINHCJICHIH HH-
terpaja). s 3TOro BBOJMTCS JONOJHHTCJIbHAS ceTKa
(puc. 5.14), y31aMu KOTOPOH ABJASAIOTCS IPOMEKYTOYHEE
ToukH. OcCTa/bHBIC IPOH3BOJHBIC BBIYACASIOTCA B y3/iax
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OCHOBHOIl IJH JONOJHHTCABHON ceTkH mo dopmyJam

Ou, u‘i"’l' I~ ufj Ouy ué’ g e ué’
ox Jmi— & Nog i A ’
0w . with I ogil 4 gizh i
(O_xg)ij - a2 ’

Fw

( ) wi. f+1_2wii+wl, i—1
ay® Ju - E2A2 ’

( PLI ) I e 6.5)
0x 0y Jmn EA? * ’

JLnst Toro uro6nl B IpouaBeieHUsAX BuAa (Ous/0x) (0uy/0y)
B ¢ynkuuoHaje (4) o6a cCOMHOXKHTENS COOTBETCTBOBAJIH
ofHOK H TOM ke Touke, KpoMe (B) TpUMEHSIIOTCH elle
pa3HocTHEIE QOPMYIIH

7 )= L5 + (50),0]
(ax a2 dx mj+]+ ox Jmil’

()= 5 [(G)n + (G)] 6

U T. O, KOTOpblE MOMXHO NQJAYYHTL H3 (D) HHTEPHOJHPO-
BanueM. [l BbluncAeHHs 3HAYeHUR @ B y3Jax LonoJ-
HHTEJLHOM CeTKH TaK:kKe NMpHMeHSeTcs HHTepIoIaUus:

wnl = L (@it T 4 wll), @it = % (@i 1+1 4 wil),
2 (6.7)

M — 1_(wi+l» i+ it I gl i ti),

BMecTO HEH3BECTHBIX MPOH3BOJAHBIX Ow/0vV B KOHTYDHBIX
TOUKAX HCIOJAb3yIOTCS NPOru6bl B 3aKOHTYPHMIX TOYKAX;
yrJoBast 3aKOHTYPHAs TOUKA He BBOAMTCAL.

PasHocTHBlE M HHTEpHOMALHOHHbE (GOpMyan (5)—
(7) umetor norpeunocts nopanka O (A?), 1. e. Takoro xe
nopsiAka Majoct, Kak A? (cm., nmanpumep, [5.17]).

Briuncsaenue HATErpasa NPOH3BOAHTCA IPHOSHKEHHO
¢ IoMOLIbI0 Ky6aTypHBIX GOpMyJ TakuM o0pasom, 4yToOh
MOTpelHOCTy WMeaa NOopaioK madocth O (A%). 1o co-
rJacyercss C IOFPeLIHOCTLIO BbIYMC/IEHHS NPOH3BONHBIX:
[IpH MeHee TOUHBIX KyOaTypHBIX GopMyJiax TepsieTcs TOY-
Hocrb, jgocruraytas B (5)—(7), a npumendatn GoJee
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TOYHble (a 3HauHT, H GoJjlee cIoxHbIe) KyGaTypHbie dhop-
MyJIbl HET CMBIC/IA, TAK KaK H3-3a (5)— (7) o6ias norperl-
HOCTb BCe PaBHO 6yueT nopsagka O (A?). ®yukunonan (1)
3aMeHsAeTC CyMMOH BHjAa

B, () =
= 2 S ( B 2+ gk b, + 2 2+ 4g, k2 Y02 —
2 X 12%x"y 2 y 337 xy
i
62 62 62 2
—g“kx—a—xw;w—-g%ky 'ﬁz‘ g“ ( a::z) +

,g55 9w 02 _
(ayz) + 8537 0x? 0y’

- qu — qalh2 — qw]. F”H‘? +
T D) 4o ] ok o

~an Gy %;'2} Pyl +
+ ST (5 on B o]
+ Gke G0 — g0 G-} Fukh +
+ L Xl G ey G
+2gm(axay)]manax?—-Zi{...}x—

~= Y (...} (68)
i

rae Fi, Fmj, Fin, Fmn— BecoBble MHOXHTENH, KOTOpbIE
paBHBl OTHOLIEHHIO ILIOWIaAM 3aHMMaeMOH o06osouKon
YacTH IVIOLLAZKH pasmepamu A X EA, B LleHTpe KOTOpO#
HaXOMuTCA y3eda if, mj, in WM mn, K IJIOWAAN BCeR IaoO-
waaku. Takum o6pasom, HHTerpasj OT NePBOR I'PYIIIBI
ciaraeMbix B (4) 3aMeHsercd CyMMOH IO IJOIajKaM C
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IIEHTPaMH B TOYKax ij, OT BTOPOH — mo miowlankaMm mj
HT I

Jlns BHyTpeHHeH TOUKH ij 3aMeHa WHTEerpaJja Mo MJo-
manke ij npousseneHueM [;EA’Fi;, rae f; — sHavenue
NOJbIHTErpaJdbHOR  (YHKUUU, BHOCHUT HOrpeilHoCTh II0-
panka A' JleficTBHTENbHO, PA3/IOXKHM IOJBLIHTErpaJbHYIO
GyHRUHIO f B pAll B OKPECTHOCTH TOYKH if:

F& ) =Fy+ax+by+ 00, (6.9)

rae O (A?)— GeckoHeYHO MaJjasi BEIHYHHA TAKOro e Mo-
pAAKa, KaK A%, H BbIUHCJIHM HHTErpaj:

A2 EAR
Fiy +ax+ by 4+ O M) dedy =

=hf2 =EA2
= [ kA O (M. (6.10)

3necy uuTerpan or ax - by paseH Hymo OGaaronaps
0co00OMy MHOJIOMKEHHIO TOUKH ij— B LIEHTPe IMJIOWAJKHA HH-
tTerpupoBaHus. [ia KOHTYPHBIX TOYEK, KOTOpble HaXo-
ASATCA He B LEHTpe IVIOUIaJKH HHTErpHpOBaHMs, MOrpeLl-
HOCTb BBLIYHC/JEHHSl HHTErpala IO KaxXJofl miomajnke
HMeeT NopsAok Magaocth O (A%).

Tak xak KOJHYeCTBO BHYTPEHHHX TOYeK HPONOPIHO-
HajbHO 1/A%, TO cyMMa IO BCeM BHYTPEHHHM TOYKaM B
(8) oTanuaercsi OT COOTBETCTBYIOLIEIO HHTErpaja Ha Be-
JHYHHY mopsiika ManocTd O (A%). KonHuecTBO KOHTYpHBIX
H YIJIOBHIX TOYEK IPOMNOPHHOHAJIbHO 1/A, mosToMy cymMMa
IO KOHTYPHHM M yri0osbiM TouKaM B (8) TOxke uMeer
norpemwHoctsb nopsanka O (A?).

AnanornunsiM 06pa3oM MOXKHO I[OKasaTh, 4YTO IIO-
rpeliHOCTb 3aMeHBl MHTerpaJoB Io miaomankaMm Fpy, Fig,
Frn KOHEUHBIMH CyMMaMHu HMeeT nopsinok O (A?).

Takum o6pasoM, pasHocTHast cXemMa | aNlNpoKCHMa-
UHH $YHKIHOHAAA HMeeT norpeiiHocts O (A2).

Cxema 2. TlpoussoaHbie, Bxojdmue B (2), BHUHCAA-
I0TCSL B y3J1ax ij OCHOBHOH CeTKH: BTOpHIE 1O (opMyJaM
(5) ¢ morpewnocTsio O (A?), a epBHle U CMEIaHHBIE BTO-
pble ¢ TIOMOILBI0 HEUEHTPaJbHHX pasHocTed (morpe-
Hocts O (M)).
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[Tpu sTom pedopmaumyu (2) uMeOT annpoKCHMauUMH
YeThipex BUJOB:

whted
ell (k, l)—k———~ + Riwh,
b i+t — gl
ell (k, l)=l 3 +kuwt1,
ui,/+l — i i+k, I—y
ol (b, [y =1 - 3 Lpp2 - +2k‘!w’!
i ik, L i+ i+k, j+!

Wk, )= R 2w ot 611
rae B =1 (I = 1) cooTBeTCTBYeT HEHEHTPAJIbHLIM Pa3HoO-
CTAM, B3ATbIM B HanpasaeHuu ocd x(y), a k= —I
(l~——l)—B INPOTHBOIIOJMIOKHOM HaNPaB/JCHHHU; |, ¥

He 3aBHCAT OT R, [, TaK 4TO MOXKHO CUHTATh

%o (I, )=x%(— 1, ) =un,(l, — ) =n,(—1, — 1) (6.12)
(a=1,2).
Itna ompenenenus yriop nosopora O = Jw/dv pac-

cMaTpHBaeTCd P 3aKOHTYPHDBIX TOUEK.
Oynkunonan (1) sameHsercs ycpeAHeHHOH cyMMoOH

3 (u) = ZZ{ >, Uitk ek, )+

R {=—1,1

+ Ty (k, ey (k, )+
c+2H (kD (k, 1) — qun — qotly — qul 87
+R L3 2L (613)

e {...}L, ) {...} 3aMeHAIOT KOHTYpHHE HHTerpaJhi.
i 7

IIpu 3TOM B.yrIOBBLIX M KOHTYPHBIX TOUKAX BbiparieHne B
KBaJpaTHbIX cKoOKax B (13) cudrtaercss paBHBIM Hy.Jl0,
€C/IM JI BRIYMCJAEHHS XOTH Obl OJHOH H3 BXOAAILHX B
Hero jJedopmauuil tpebyloTcs mepeMeUleHHs u; HIH (g
B 3aKOHTYPHBIX TOYKaXx (TakK Kak 3a rpanuiieii 060404KH
HET u;, ng).

Paccyxnmas tak ke, Kak npd pPacCMOTDEHHH cXe-
Mbl 1, MOXHO A/ MOTPEUIHOCTH & amnmnpokcuMauuu (13)
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¢dynrnuonana (1) moJayd4urs JHIUL ONEHKY
e=C(A), (6.14)

Tak Kak jgedopmaiuu (11) BuuHCASIOTCH ¢ nOrpewHo-
ctbio O ().

Huckperuszauna dynkudonana (1) B ¢opme (13)
(cxema 2) mmeer Gosiee yHHBepCasibHBHIH XapakTep, uem
B opme (8), KoTOpPast COOTBETCTBYET OAHOH KOHKPETHOM
Matpuue Qusnuieckux sasucumocteir G. IlpencrasieHue
(13) mnpurozHo nas moOOH HEOXHOPOAHOR aHM30TpOM-
HOH 000J/1049KH.

PacyeTHBII OMBIT TMOKa3biBaeT, YTO CXeMa 2 HMeeT
XOpOWYI0 TOYHOCTb AJISl TeX 3aJav, B KOTOPLIX HampaBJe-
HHSl AHH3OTPOMHH COBMAJal0T C HAMPABJACHHUAMU KOOPJH-
HaTHBIX oce#l. Jlja 3amauy ¢ «Kocofl» aHusoTpomueli, oco-
GeHHO JUCKpeTHOro Xapakrepa (Hampumep, AJast 060J0-
YyeK ¢ pefpaMH MPOH3BOJbLHOIO HAMpaBJEHHA) CcXeMy 2
aAyuire mMoguduuuposath, nobasus K (11), (12) dopmy-
JIb BblyMCAeHH AehOopMalHi o HampaBJAECHHIM IHaroHa-
Jefl ceTKH H BKaIOYHB B (yHKumonas (13) coorBeT-
CTByIOLLMe cJaraeMble (T. €. <«YCPENHSITb® 3HAUEHUSA
(DVHKIHOHAJA He MO ueThipeM, a MO BOCbMM HampaBJe-
HUAIM BLIYMCJIEHHA HEHNEHTPasNbHBIX pasHocTef).

ITpumenutresbno K cXxeMe | njes coBMmellleHusl Ha-
npaBsieHNs AaHH3OTPONUH C lanpaBsieHHeM RudhepeHH-
pOBaHHA peaJiM30BaHa B mporpamme pacuera ofojouek
¢ peGpaMu NpOM3BQIbHOrO HanpassieHus [b.4] nyrem
BBEIEHHUSA NOMOJHHUTENbHON CHCTEMBl KOODAWHAT, CBA3aH-
HOH ¢ nampasJenHeM pebep.

6.2. Aaroputm pacuera. Pasznoctnas cxema (5) — (8)
Gbl1a HCMOJB30BAHA AJ11 COCTABJEHHS TPOrPaMM pacyeTra
NOJOrdX PeOpuCTBIX 00OJOUEK C Y3KHMH H UIMPOKHMH
peGpaMH, TNapaNJeIbHBIMH KOHTVPV HAH HAKJIOHHKMU
[6.2, 5.4]. Huddepenunpopannem dvakinonanta (8) c
yueroM (5)—(7) Oblin BbiBedenbt (HOPMVIE Aas KOYb-
(PHIHENTOB PA3HOCTHLIX YPABHEHHII, KOTOpBIE 3aT€M Mpo-
rpaMMHPOBaMHCh.

Hanpumep, a5 060J0QUKH C OPTOTOHANbHOR CeTKOM
napajjenpbibiX KOHTYpy pefiep TPH DA3HOCTHNY ypaB-
HEHHA B KaXIOH TOuKe coaep:kart H2 pasjaHurbix He-
Hynesolx  kospduumenta. Ha puc. 515 wuzobpaxenn
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walbJoHb A TPeX ypaBHeHHH, 3alHCaHHBIX B TOYKe ij:
wabnon A ypasHeHHst 09/0us; moayuaercs M3 mal-
JoHA a), ecaHu ero nosepuyrb Ha 90 rpaiaycos H Howme-
HATh MeCTaMH «; H uz. B KBaJapaTHKax 3allHcaHH
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Puc. 5.15. [Ila610HH CeTOYHHX YpaBHeHHH BapHALHOHHO-PA3HOCTHOrO
MeToja pacuera 08o/04eK ¢ peGpamu, napaJyieNbHLIMH KOHTYPY.
a) 03/0uyy; = 0; 6) 03/0w; = 0.

HeH3BeCTHHIE, KO3(p(UUHEHTH NpH KOTOPHIX, Boobuie ro-
BODA, OTJIIHYHB OT Hy/15l. BecoBrie MHOXHTENH NMO3BOJSAIOT
HCIIOJIb30BaTh 3TH INAGJOHBI [JIS COCTaBJEHHA ypaBHe-
HUH Kak jy1si BHYTPEHHHX, TaK H JJAf KOHTYPHBIX H 3a-
KOHTYPHBHIX TOUYEK.

KoaddunneHTsl ypaBHeHHH BLIYHCISIOTCA INOANPO-
rpaMMoOl BBIYHCAEHHA KOI()PHUHEHTOB M 3aMHCHIBAIOTCS
Ha MarHuTHbIA GapaGad. Tor ¢akr, 4ro K03 UIHEHTH
ypaBHEHHH, 3alHCAHHBIX B pAa3JHYHBIX TOYKAX, MOTYT
OblTh OJMHAKOBBIMH, UCHOJBL3yercsl A5 SKOHOMHH MecTa
Ha GapabaHe U 1151 KOHOMHH BpeMeHH CUeTa 3a Ccyer
yMeHbLIEHHs KoJHuecTBa oOMeHOB HH(pOpManuell Mexay
onepaTHBHON maMsATbi0O U GapaGanom: Ha GapaGaue xpa-
HATCA TOJBKO Pa3JHYHBIE CTPOKH KOID(HIHEHTOB M HH-
¢opmauus 06 HMX COOTBETCTBHH TOuKaM cCeTkH. [Ipo-
rpamMa aasd OBM tuna M-20 c onepaTHBHOH NMaMATHIO
4096 sueex MOXKeT pellath 3aJauH C CeTKod Oouee
800 ysnos.
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PasznoctHag cxema (11)—(13) Guaa mcnons3oBaHa
ISl COCTaBJEHHS NPOrpaMMul pacyera MOJOrHX HEONHO-
POAHBIX AHM3OTPONHHIX O00JIOUEK IepeMeHHOA TOMNIHHH
u KpuBu3HH. [1]1a6JOHW pa3sHOCTHHIX ypaBHeHHH NOKa-
3aHbl Ha puc. 5.16; B HuX coxepxurca [09 HeHyJeBHIX

U,
1 |
9 w w w

4] ol fo.4] |

Y iwTT e [leT?
- A I L W L Ll
wlwT|e e le
w o4 i |4 ] L
w | |lo]w
%%
172 w 7708 5

Puc. 5.16. ll1a610HK CeTOYRWX YpaBHeHHH BapHallHOHHO-DAa3HOCTHOTO
MeToAa pacyeTa HEOJHOPOLHBLIX AHH3OTPONHBIX O6OJMOYEK (B TOM
uycne pe6pucruix). a) 03/0uy; = 0; 6) 63/0wy = 0.

KoaddunuentoB. KoadduiuteHTH pasHOCTHHIX ypaBHe-
HHAA BBIYUCJAAIOTCA MNORNPOrPaMMON BBIYHCJIEHHA KO3(-
($hULHEHTOB CNOCOOOM, ONHCAaHHEIM B § 4; NpH 3TOM Bcd
nadopmauua (buU3HueCKHe KOHCTAHTH H KPHMBH3HH
B Ka)XJOM y3Jie CeTKH M HHpopManus o dopMe olaacti
H TpPaHHYHBIX YCJIOBHAX) He IIOMENIAeTCs B OMepaTHBHON
naMAaTH H xpaHHMTc Ha Gapalane.

Pelenne cucreMbl ypaBHeHHH BHLIIOJHSETCS HTEpa-
IIMOHHBIM METOJOM pejakcauuu (MeroioM ['aycca — 3ei-
Jesifl) ¢ HCHOJb3OBaHHEM Da3/JHUYHLIX NPHEMOB YCKOpe-
nug cxogumoctd (cM. § 5). Jaa Meroza HenosHOM
pesaKcaluHy NPHMEHAJNCH aBTOMaTHUeCKHH NMOHCK <«OITH-
MaJbHOro» KO3(QHUHEHTA peJiaKCauuH, o0eCneyuBao-
mero camoe GricTpoe yORIBaHHE HEBS30K ypaBHEHHM, T, e,
rpaguenra (yHKUHOHANA,
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§ 7. O npumeneHuu pasaMuHbIX (PYHKUHOHANOB
A9 OUEHKH TOYHOCTH NPHUOIMIKEHHBHIX PelleHui

Onnum u3 Haubosee 3PPeKTHBHBIX CIOCOOOB oOIpe-
LeseHHsT Mepbl MNOrPeIIHOCTH M €€ BLIYHCJICHHA HJIH
OLIEHKH fIBJISIETCA TPUMEHEHWEe 3IHEPreTHYECKHX OIeHOK,
OCHOBAHHKIX HA TOM MJHM HHOM BapHalUOHHOM (PYHKIHO-
HaJjle; TpH 3TOM HCHOJMB3YIOTCA €ro 3KCTpeMaJbHble
CBOHCTBA.

7.1. Pa3anuHble KPHTEPHH TOUHOCTH PellleHUss H MePhl
norpewHocru. [lpu pacuere KOHCTPYKLUUH HHXKEHED WMO-
JKET HCIIOoNB30BATh PAas/HYHLIE KPHTEDHH TOUYHOCTH pe-
IUeHUS B 3aBUCHMOCTH OT CMBIC/JIa H IPAKTHUECKOTO Ha-
3HaueHHsd 3ajauyd. B cooTBerTcTBMM € 3THM B KaXIoOM
KOHKPETHOM cJy4ae Moxer OulTh BbliGpana Haubonee
IoAXO0AAWAs Mepa MOrPelIHOCTH.

OueHka nOrpelrHocTH NPHOJHKEHHOTO DEIICHUSA CBA-
3aHa ¢ omnpejeseHneM paccrostuus p(u”, u’) MEX Y TIpH-
GJMKEHHBIM pelleHHeM u™ ¥ TouHLIM pemenueM u°. Kak
M3BECTHO, B OJHOM H TOM JKe JinnefiHoM npocrpaHncTse U
MoryT GblThb BBeJI€Hbl Pa3/iM4YHBe MEPhl PACCTOAHHMSA, HJIH
metpHKH (cm. Tlpunaoxeune 1). Hanpumep, npu peue-
HWM 33aYH TEOpHM YIPYTOCTH B NEPeMEIleHHAX MepamH
PacCTOSIHHA MEXKAY TOYKAMH OPOCTPAHCTBA COCTOSIHHUI
MOTYT CJYXKHTb:

a) pasHomepHas Mmerpuxa OAs nepemeujeruil

0y (u, v)= max{[u(r —v(r)]-lu(r (N, (7.1)

B KoTopoH paccroanue p(u,v) onpenensieTcd Kak Mak-
CHMAaJibHOE OTKJOHeHHe # OoT v B obbeme V, 3aHATOM

YyIPYTHM TEJIOM;
6) pasHoMepHas MeTpuxa OAs Hanpsjceruil

02 (u, v)=
= max{[o (u(r)) — o (v (r)]- [0 (u(r) — o (v (r)}h, (7.2)

reV

rae o(u(r)), o(v(r))— HanpsxeHus, BHYMCIEHHBIE IO
IepeMenleHHsIM # ¥ U COOTBETCTBENHO. Paccrosnue (2)
CBSI3aHO C pPAa3HOCTLIO MPOM3BOAHMIX OT MepeMelleHHil
uuv;
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B) dHepeeTuecKas MeTpuxa
P3 (e, V) ={9 (u — v+ u°) — 3 (u*)}*, (7.3)

rae 3J(u)— KakoH-Tu60 (yHKUMOHAN B NepeMelieHHAX,
HUMelu MuHEMyM (cM. § 7.4), u°— ero Touka MHHH-
MyMa. Jipyrie BapHaHTH 3HEPreTHYECKOH METPHKH MO-
ryT GbITb NOCTPOEHH HA OCHOBE APYrHX (PYHKIHOHAIOB,
MMEIOIHUX IKCTPeMyM (MUHHMYM HJIM MAKCHUMyM); MH-
HUMAKCHbie (PYHKUHUOHAJBI He ONpejelsioT METPHKY, TaK
KaK PacCTOSIHHE MEX/y Pas/HYHbLIMH TOUKaMH IPOCTpaH-
CTBA COCTOSIHHH JOJKHO GLITh MOJOKHTEIBHBIM,

r) cpedrexsadparuunas merpuxa Ois nepemeuyerull

o, 0)=[{{{ e — oy av]" (7.4)

R) cpednexsadparuunan MmeTpuxa OAA He8A30K pas-
pewarotjux ypasHerul

T S ——
_ SS {n-ole(w—uv-+u’)] —f}*dS}s, (7.5)

rie u° — pellleHHe KpaeBoH 3aJaud TEOPUH YIIPYTOCTH.

MoKHO onpeneNHTh W PSIA APYTHX Mep PacCTOSHHA.
Takum xe o6pasoM ONpeAensiOTCS METPHKH B TEOPHH
060JI0UEK.

Boo6mwe roBops, Merpukn (1)—(5) He 3KBHBa-
JEHTHBI: TMOCTeLOBAaTENbHOCTh NPHOIMKEHHBIX pelleHHi
u" MOMXKET CXOAMTLCA K TOUHOMY IIpH OZHOM cIocobe
OlIpeieIeHHsT PAcCTOSHAS MeX Ay HHMU U He CXOJUThCA —
npu apyrom. Ho Bo MHOrMX 3ajauax pasjHuyHble METPHKH
OKa3blBalOTCH B3aUMOCBA3aHHBIMU. B3aUMOCBf3h MEXIy
PasJMYHBIMH METPHKaMB JMAlOT TeOpeMbl BJIOMKEeHHs
C. JI. Co6onepa [5.18]. B [0.11] nokasano, ecan onepa-
Top V-ole(u)] nomoxuTesbHO OnpeneseHHbE (3TO 3a-
BUCHT OT (popmbl 06/aCTH H (PH3UYECKHX 3aBHCHUMOCTEH),
a sJeMeHTHl u, ¥ NMpHHaAJeXaT ero o6JacTH onpeiele-
HuS, T. €. SABJAAIOTCA JOCTATOYHO raagkuMH GyHKHHAMH,

7 H. 1. AGosckuA u Aap.
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TO MeTpukH (3), (4) H (5) cBsA3aHbl Mexcay cobofi He-
paBeHCTBaMHU

P4 (1, v) < % s (8, v) << —Kv— 05 (1, v), (7.6)

rae y, K —Hekoropble MosoxuTeNbHBE ducaa. B [0.11]
NpHBeJeHb TaKxke NpPHMepb HOJyYeHHS pPaBHOMEpPHbBIX
OLEHOK MorpemnocTH (1) Ha ocHOBe 3HepreTHyeckKoil
OLIEHKH ¢ MeTpUKOH (3).

Metpuknu (3), (4) u (5) umeror, BooGLLe roBopsi, pas-
JHYHyI0 o6sacTb npuMeHuMmocTd. Hanpumep, (5) moxer
He MUMeTb CMBIC/Ia Ha 3JeMeHTaxX u", BhiOupaeMbplXx B Ka-
yecTBe NPHUOMHIKEHHOTO pelIeHHA; 3TO OTHOCHTCS KO MHO-
IiM Pa3HOBHJHOCTSM BapHalHOHHO-PA3HOCTHOTO METOAA.
HanGosnee yHuBepcanbHa HepretHueckass MerTpHKa (3).

7.2. AnpHopHble OUEHKH AaI0T BO3MOMKHOCTb OLIEHHTb
MOTPELIHOCTh €lle 10 TOro, Kak NpPUOJAHIKEHHOe pellleHHe
noctpoeso [0.11]. Kak npaBuso, ampHopHble OLEHKH
CyTb OLEHKH aCHMITOTHYECKHE -— OHH IaT JUIH Iopd-
JOK yOBIBaHHSI MOTPEUIHOCTH INpH 0eCKOHEeYHOM BoO3pa-
CTaHHH yHcJ1a NapaMeTpoB, HCIOJb3YEMBIX NPH AHCKpe-
TH3aLUU: KOOPAMHATHHX 37eMeHTOB B MeToje Purlia Hin
YyHcJia y3JOB CETKH B BAPHALIMOHHO-DA3HOCTHOM METOJeE.
HpyruMu cnoBamu, 6OJbIIHHCTBO aMPUOPHBIX OLEHOK HE
JlaeT BO3MOXHOCTH yKa3aTp 3apaHee, Kakoe UHCAO dJe-
HOB psja B Merose PHTua WM UYHCIO Y3JI0B CETKH
caefyer B3fTh, YTOOH 06ECMEUHTh HYXKHYIO TOYHOCTbH peE-
IICHHS; OHH TOJBKO TOBOPST: «4TOOB YMEHBUIHTH [IO-
rpeliHoCTh B £ Pas, JOCTaTOUHO YBEIHYUTb UHCJIO BapbH-
pyeMblX mapaMeTpoB B [ pas».

AnpuopHsle oleHKH IS MeToaa PuTiia paccMoTpeHbl
B [0.11]. OcHoBoli ana nonydeHHs] KaK CPeAHEKBaapa-
THYHBIX OlEHOK, TaK U paBxHoMepHoil B [0.11] cayxur
sHepreTvyeckas oueHKa BuAa (3). DTH pesyjabTaThl MpH-
MEHUMBl A/l BapHaLMOHHO-PAa3HOCTHEIX CXeM, MOCTPOEH-
HbIX Ha ocHoBe Metrona Purma (cm. § 3).

[Tpumep ampHOpHON OLEHKHM MOrpPEelIHOCTH BapHalld-
OHHO-Pa3HOCTHHIX CXE€M, OCHOBAHHBIX HAa aMIpPOKCUMAalUU
¢dyukunonana (cM. § 3), npusenen B § 6. Cuenanusiii
TaM BHIBOJ O MOpAJiKe yObIBaHHSA HOTPEILUHOCTH BHYHcJe-
Husa ¢yukuuonana Jlarpauxa O (M%) osHauaer, ¢ opnoift
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CTOPOHH, 4TO MHHHMaJbHoe 3nauenune I (u;) Auckpe-
TH30BaHHOro ¢yHkuuonana (6.8) oraugaercs or MHHH-
MyMa I (#°) ucxonmoro ¢yHkuuoHana (6.1) Ha BesH-
YHHY MOpPSAKa MaJOCTH

A (uy)) — 9 (@) =0 (13, (7.7)

TaK KaK pasjnuHble 3HadeHus (6.8) MoxHo paccMartpH-
BaThb KaK NpuUOAM>KeHHole 3HadenHa (6.1) npu BceBo3-
MOXHBHIX GYHKIHAX 4, Ug, W, YAOBAETBOPAILINX I0MOJ-
HHTEJIbHBIM yc1oBHAM. C Ipyro#l cTopoHH, A (u’)) as-
Jasercss NpUONHXKEHHHIM 3HaueHHeM I n;(u*) ansa ool
raajkofi ¢yHkuux s, uMelolledl B y3/8X CETKH 3Haue-
HHUSA Ui H I03TOMY

3 (") — 3 (uy) =0 (3)- (7.8)
Uz (7) n (8) caenyer, 4rto
Im (@) — 3m (@°) = O (A%). (7.9)

Cooruouredne (9) sBaAsAETCS 3HEpPreTHUECKON OLEHKOH
(3) morpellHOCTH, KOTOPYK Jaer 3aMeHa HCTHHHBIX
dbynKuuid i, ug, @ QYHKUHAMH 4}, 4y, w*, 0OJYYEHHBIMH
H3 pelleHHs CETOUYHOH 3ajayH C moMmouipro Jwboro cmo-
co6a HHTEPNOJSLHH, IJId KOTOPOro MOrpemHoCTs BH-
UHCIEeHHs BCeX MPOM3BOJHBIX, BXOAAIMX B (DyHKIHOHAT,
ne Goapme ueM O (A?). Ucnoansya [0.11], moxHo Ha
ocHoBaHuH (9) MOJAYYHTH APYrHe OLEHKH CETOYHOro pe-
IleHHs, B HaCTHOCTH PaBHOMEDHYIO.

Jlas morpeliHocTy cXeMbl 2 u3 § 6 ynaercs MOJAYYHTDH
Cc TOMOUIBIO aHANOTHYHBIX paccyXAeHHA H dopMyaH
(6.14) auwpb ouenky O(A). Omnako mosydYeHHHe Ha ee
OCHOBe pellleHHsi, KaK TOKa3blBalOT BbIMOJHEHHbIE aBTO-
paMH pacuersl, HMEIOT TaKyl e TOYHOCTb, KaK M Ha
OCHOBe cXeMsl 1, 4TO, MO-BHAMMOMY, CBf3aHO C ycpen-
nennem B (6.13).

7.3. AnocrepHopHasl OULCHKA — 3TO OUEHKa Norpeid-
HOCTH YK€ NOCTPOEHHOro NMPHO/HKEHHOro DelleHHs.

Jas HeKoTOpHIX pelleHHH MOXKHO BBIYHCIAHTH Mepy
morpemwHocTd  (5), eCAH 3TH pelleHHs MNPHHAAIERKAT

7.



196 WUCMOJIb30BAHUE BAPUALIMOHHBIX NMPUHLIMANOB [I'V. 5

obsacTd onpeaeeHus oneparopa A =%

COOTBETCTBYIOILEE YHCAO NPOH3BORHBIX. DTOH 0061aCTH He
NpHHAaLIexkar MHorue (pyHKLUHH, HCNOJb3yeMbLle nJd HO-
CTPOEHHS BapHAlLlMOHHO-Pa3HOCTHBIX CXE€M, HalpHMep
KyCO4YHO-THHeHHble (YyHKLHH, NpHMeHsieMble B MeToje
KOHEYHBIX 3/7eMeHTOB. HHeBO3MOXKHO BBIUHCJAHTL 3Hade-
HHUE }J.Hq)(bepg’ﬂunanbﬂoro oneparopa A n mna QyHKuHH,
onpejeseHHOH JHIL B y3JaX CeTKH, HNPH pelleHHH 3a-
Jay¥ BapHaLHOHHO-DA3HOCTHBIMH METOJaMH, OCHOBaH-
HBIMH Ha anNNpoOKCHMAalMH (yHKLHOHAJA.

[Morpewnocts Gosiee WHPOKOro Kiaacca pelleHHH mojx-
Jaercsi olleHKe B JHepreTHyeckoil Merpuke (3). Has
3TOro Tpebyercsi HCHONIbL30BATH IKCTpeMasbHble (YHK-
HHOHAJAL: paccrosHHe (3) Mexny TOYHBIM H NpHOJH-
KEHHbIM peIleHHSIMH ONpeJessieTcs Pa3HOCThI0 TOYHOTO
H npuOaHKeHHOro 3HaueHHH (yHKLHOHaJNa.

[asi BuluMcieHHs aNOCTEPHOPHOH 3SHEPreTHUYECKOMH
OUEHKH pelIeHHs, MOJyYeHHOro, HampHMep, Ha OCHOBe
MHHMMAaJpHOrO (PyHKIHOHaA3, HeoOXoAHMO 3HATh JHGO
ero MHHHMaJbHoe 3HayeHue I (u°), 1ubO OLEHKY CHH3Y
s sToro 3Hayenus, cM. gaiee (13)—(17). B ra. 3 u 4
€CTb N0 OJXHOMY (PYHKIHOHAJY, MHHHMAJbHbIE 3HAYEHHS
KOTOPbIX H3BECTHHI: 3TO (YHKHMOHAAbl (GH3UYECKHX CO-
oTHolUeHHH Iy (e, 6) u Fp(e, pn, T, M), MHHHMYM KOTOPHIX
paBeH HyJ/0., MHHHMaJIbHbIE 3HAUEHHS OCTAJbHLIX (BYHK-
HHOHAJIOB, MMEIOIHX MHHHMYM, 3apaHee HEH3BECTHH
H NO3TOMY HyXZIalTcd B oleHKe cHH3y. COOTBETCTBEHHO,
4TOoOLl BLIUHCAHTh PHEPTETHUCCKYIO OLEHKY NOrpellHOCTH
pellleHHusi, MOJyYEHHOrO Ha OCHOBE MaKCHMasibHOrO (yHK-
I[HOHAaJa, HeOOXOJHUMO OLEHHTh ero CTanHOHapHOE 3Ha-
qeHHe CBepXy.

OleHKy cHH3Y I8 MHHHMaJlbHOTO 3HAYEHHUS (YyHK-
L(HOHAAa MOXKHO WOJYYHTb, €CJAH NPHONHMKEHHO DPEIlHTDH
HaHHYyIO 3ajaly C [OMOLIbI0 Kakoro-mu6o MakCHMalsb-
Horo (yHKIHOHANA, MPHBEAEHHOro B M. 3 HiM 4, Tak
KaK Bce (yuKUHOHAIH B 1. 3 HaH 4, Kpome Iy, HMEOT
OIHO H TO XK€ CTallHOHapHOe 3HayeHHe, MHHHMaJibHbIE
¢yHKLHOH ANl TAI0T OUEHKY CBEPXY IJI 3TOIO 3HAYEHHS,
a2 MagCHMaJbHLle — OLeHKY CHH3Y.

y T. €. HMEIOT
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7.4. IkcTpeManbHbie PyHKUHOHAJB B TEOPHH YAPYTO-
CTH U TeopHHu o6osoueK.

a) Munumym HMeOT BCEBO3MOKHBIE Pa3HOBHAHOCTU
dyHkuuonada Jlarpanxka (taba. 3.1, 4.1) u apyrue vacr-
Hble (GYHKIHOHAJBI, KOTOpHE MOryT OBITh H3 HUX INOIY-
YeHH NyTeM BKJ/KUYEHUS B CIIUCOK AOMNOJHHTENbHLIX YC-
JIOBUH HEKOTOPHIX ycaoBull cranuonapHocTH. Clofla OTHO-

caTCs BYHKUMOHATH Iy U Jrg, @ TAKIKE, Hanpumep, QyHK-
uHonan Jlarpauxa, HMeONH# B CHHCKE ONOJHHTEIb-
HBIX VCJAOBHH He TOJNBKO reOMETpHYeCKHe IpaHHYHBle yC-
JIOBHS, HO H CTaTHYECKHE.

6) Makxcumym HUMeOT BCEBO3MOKHLIE PAa3sHOBHAHOCTH
¢yukuuonana Kacruabsano (raba. 3.2, 4.2) u aApyrue
yacTHole (YHKLHOHAAH, KOTOphie MOryr OHTb H3 HHX
HOJIyYeHH MyTeM BKJIOYEHUS B CIHCOK AOMOJHHTEIbHHX
yCJOBUH HEKOTOPHIX YCJAOBHH CTAMOHAPHOCTH: (YHKIMO-
HaJBl JJIs reoMeTpHYeCKHX PaHMUHHIX YCJAOBHH H AP.

B) JKcTpemassvuole (GYHKUUOHAAbL OAR  HEKOTODbLX
4acTHoulX 3a0a4, OTCYTCTBYIOLME B M. 3 U 4, MOryT OHITDH
noJyyeHs € momomuiblo npeobpasosanuil Ppuipuxca u3
paccMoTpeHuhXx Boiue. IlpuBeneM gBa npumepa.

Jlnsg miaoCKOH 3ajadvd TeopHu YNpyroctH (aHH3OTpol-
HOE OJHOPOAHOE TeNO0) MHPH HYJEeBHX CTaTHYeCKUX rpa-
HHYHBIX YCAOBHSIX (DYHKUMOHAMN, HMEIOMHUH MUHUMYM,
MoXeT OLITb NOJyYeH ¢ NOMOLbI0 NpeoOpa3oBaHudA
®prapuxca wu3  dynkuuonana Kacraabano  Ixi ()
B (QYHKLUMSX HanpsoKeHHH, KOTOpHHA AIA 3TOH 3anagu
MOXHO Npeo6pas3oBaTh K BUAY

(@) =— [+ Bor —folas, @10

92 92
_—— —— T HH-
rae A a2 + VG omneparop Jlanjgaca, ¢ A0OTMONHH

TeabHBIME yCaoBHAMH @|c =0, 0p/dv|c=0. Ycaosue
CTallMOHAPHOCTH ero — GHrapMOHHYECKOe ypaBHeHHe. 3a-
nuch (10) nokasbiBaeT, UTO MOXKHO ClAeAyIOmUM 06pasom
BBECTH HOBYI0 NEpeMEeHHYI U M COOTBETCTBYylOLlHMe AO-
NOJIHUTEIbHBIE YCJAOBHS:

Ik (@, V) = — SS[;—v‘L’—fcp]ds, (7.11)
v—Ap=0. (7.12)
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BueceM ponoaHutessHsie yciaosus (12) B ¢yHKuHOHAN
(11) ¢ MuoxuTenmaMu Jlarpauka p, BEIBEIEM YCJIOBHA
CTAallHOHAPHOCTH H HCKJIOUHM ¢ HX IOMOLIbIO MepeMeH-
Hble @, v U3 (QYHKUHOHAJa M H3 JONOJHHUTENbHHX YyCJI0-
BHH; NOJYUHM 3ajadyy O MHHHMyMe (yHKUMOHana

3 (p) = SS—;—;FdS (7.13)

C JONOJHHTENbHBIMH YCJA0BHAMH Ap— [ =0, sKBuBa-
adeHtHyio (10), a 3HauHT, ¥ BceM paccMaTpHBaeMbIM Ba-
PHALMOHHHIM [OCTAHOBKAaM [JIOCKOH 3aJaiyd TeopHH
yIPYroCTH.

Has 3apaun usruGa ONHOPOZHOH H3OTPONHOM mJac-
THHKH TIPH OJHODPOJHBIX T€OMETPHUECKHX IPaHHUYHbBIX yC-
JOBHAX ¢ MNOMOUIbi0 NpeobpasoBanus Ppuipuxca u3
dyHkuuoHana Jlarpauxka B NepeMeleHAAX MOXKeET ObITb
BeiBeJleH €lle OAHH (YyHKIHOHAJN, HMeOmHH MaKCHMYM
u aHaaornuunfl (13):

o @ =—\\Leas (7.14)

¢ IONOJHHTEJBHBIMH YCAOBHAMH A == ¢, rme ¢ — rmome-
peyHas Harpyska.

®yukuuonanst (13) uw (14) coorBercTByIOT MeTOnmy
HErapMOHHYECKOr0 OCTaTKa MOJYYeHHS 3JHepreTHYeCKHX
OLLeHOK (CM. HHIXKe).

7.5. Pa3anynbie METOAB NOJyYeHHs SHEPreTHYeCKux
OUEHOK MNOTPEMIHOCTH H HX TPAKTOBKA C TOYKH 3peHHs
Teopun npeobpasosanusg BapuanuoHHbX npobiaem. Byem
CYHTATh, YTO HMeeTC NpUOIHIKEHHOE pEIIeHHE BapHa-
IMOHHOH 3afay¥ Ha OCHOBE OJHOI'O H3 3KCTPeMajbHBIX
(111 ONMpeNeNeHHOCTH — MHHHMalbHbIX) (DYHKLHOHAJOB.
Insa sHepreTHuecKol OLEHKH NorpemwHoctTd HyxHo [0.11]
HOCTPOHTH MaxkCHMaJgbHbIH (yHKunoHaa I*(p), uMeio-
WHH TO Xe CTalHOHAapHOe 3HaYeHHe, YTO H JaHubid 3 (u),
PEUIHTh NPHOIHKEHHO BapHalHOHHYIO 3ajady miasd [0-
CTPOEHHOro (DYHKUHOHAAa H BHUYHCJIHTb €ro 3HayeHHe.
Pasnocts

S —3*(p™) (7.15)
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H OyAeT CcJAyXHTb OLCHKOH MOrpewmiHocTH Ans oboux
npubAMKEHHBIX pelleHUd 4" W p™, TaK Kak, OYeBHIHO,

W) —IWw)<IW)— 3" (p"), (7.16)
3 (p) — 9" (p") <AW" — 3" (p"). (7.17)

[IpuHnunnansHoe 3BeHo 3/ech — [OCTPOEHHE MAKCH-
manbHoro ¢ynkuuoHana. B [0.11} npuBeseHo neckonbko
cnoco6oB MOCTPOEHUst MaKcHMajpHOro (GyHKIMOHANA,
MpeMJOKEHHbIX pa3inuHelMi aBropaMu. [lokaxem, drto
BCe 3TH cNoco0b MOXHO CBeCTH K HpeoOpasoBaHHTM
¢yuakunonanos no Kypaury — IuasGepry [0.9].

HerpyaHo npoBepuTh, 4TO BCE PacCMOTPeHHble HHXKE
MHHUMaJbHBle (QYHKLHOHAJE BbIIYKJAbE BHH3, OTKyAa
cnepyeT, 4ro Npeobpa3oBaHHble (YHKIMOHAAB HMEIOT
MaKCUMYM.

a) Merod oprozonaabubix npoexyuil 0as 3adaqu Hu-
puxae CBOgMTCS K TOMy, UTO A5l faHHOro ¢yHKUHOHANA

Sw= SS [ (grad w? — fu)as, (7.18)

ycJjaoBUEM CTANlHOHAPHOCTH KOTODOro dABJdeTcdA KpaeBad
sagaua dupuxge aiast ypasuennst [Iyaccosa

Au-+ f=divgradu+f=0, ul,=0, (7.19)

CTPOSIT HOBBIH (YHKIHOHAN (ABOHCTBeHHbIf), UMeIOUIHE
MaKCHMYyM:

" 1
5" (p)= SS[—-?- p*]ds, (7.20)
re BEKTOD P NOAYUHEH AONOJHUTEJHHOMY YCJIOBUIO
divp+f=0. (7.21)

®dyukuuonan (20) Jgerko nonyuute u3 (18) ¢ mo-
Molilblo hpeobGpasoBanust Ppugpuxca (rak e, Kak
¢yHkuroHan KacrunpsHo n3 Jlarpadxka, ra. 3 u 4),
ecau, cornacHo ofuwed MeToauke npeoOpasoBaHUui
(ra. 2), HCKycCTBEHHO BBECTH HOBHIE IepeMeHHHIH Bek-
TOD ¥ H JONOJHUTENbHOE YCJIOBUE

v—gradu=0. (7.22)
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dynguuosaa (18) npumer Bua
5w, 0)=\{ (5 fu) as. (7.23)

ITocTpous ¢ momompro MHoxHTenedl Jlarpamxka p mnoa-
Hblt GyHKIHOHAN I (U, U, p) H HCKJIIOUUB H3 HETO C IO-
MOIIBIO YCJIOBHHA CTalHOHAPHOCTH NepeMeHHble i, ¥, IO-
ayunm ¢ynkuHonan (20) ¢ JONOJHUTENBHBIM yCJIOBHEM
(21), koropsifi skBHBaenTen (18).

Touno Ttak xe Jerko cBecty K IpeoBpasoBaHumio
®punpuxca npusegennyo B [0.11] obwyio dopmyan-
POBKY MeTOJa OpPTOrOHaJbHBIX NpoeKuHi. B cBere 3Toro
npeoOpa3oBaHHA MOXKHO ecTecTBeHHHIM obpas3oM cdop-
MyJjupoBartb ykaszauusle B [0.11] ycjoBust npuMeHHMO-
CTH METOJa OpPTOTOHaNbHBIX TPOEKLUHH, KOTOPHE 3aKJl0-
YalTcs B BHIIIONHEHHH [JONOJHHTENbHBIX YCI0BHH (yHK-
nHoHana (20).

Teopust mnpeobpasoBaHHs BapHanNMOHHBLIX Mpob/aem
M03BOJIsIeT MOJAYYHTh MHOKECTBO JPYTHX MHHHManbHbIX
H MagKcHMaJbHBIX (PYyHKUHOHAJNOB [Js PEUIeHHS 33Iaud
Jupuxie, B yacTHocTy pyHKuuoHaa merona Tpedrua.

6) Merod Tpegrya oyewxu noepeuwlHOCTU peuleHus
sadauu Hupuxae Oas ypasnenus Jlanaaca (24) npu
TpaHHYHOM yCI0BHH (25)

Au=divgradu=0, (7.24)
ulC =f (7.25)

3aKJK4aeTcss B TOM, 4YTO BMeCTE€ C MHHUMYMOM GyHK-
LlHOHAaJ1a

9w = SS L gradupas (7.26)
npu ycaoBuH (25) OThICKHBAIOT MaKcHMyM (yHKUHOHAsa
aw=—\(Fo—)Rda o

C IOTOJIHHTeNbHbIM ycnoBHeM div grad w == 0, koTopsiii
siBJAsteTCt QYHKUHOHAJOM IpaHHYHOTO yCJIOBHst (25) mas
NAHHON 3a]aY¥ H MOXeET OBITb BhiBeJeH TAKHM Ke My-
TeM, KaKk QyHKIMOHAJAb TPaHHYHBIX YCJIOBHH B TeOpHH
yTpYroctH u TeOpHH oGoJyiouek (ri. 3 u 4).
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Takum obpasom, meror TpedrTua W pasduYHBE €ro
00001IeHUA CBOAATCS K [PHMEHEHHI0O (QYHKLUHOHANOB
I'paHUYHbIX YCJIOBHH.

B) Merod Hezapmonuueckozo ocTarxa OAsl OYeHKU
nozpewnocTy pewerull Ou2apMOHUYLECK020 YPABHEHUSR
3akJiogaercs B TOM, 4YTO BMECTe C 3ajayed MakcHMH3a-
nud yukiuonana (10) pelramor 3agayy MHHUMH3aLHH
byukunonana (13). Orcooma BHAHO, YTO 3ITOT METOX
yKAaabplBaeTcs B PaMKH TEODHH Npeobpa3oBaHUs BapHa-
LHOHHBIX [pobJem.

Takum of6pasoM, TeopHa mnpeoGpa3oBaHHs BapHalld-
OHHBIX [pofGiaeM paer oOUHA anTOPHTM [OCTPOEHHS MH-
HHMaJbHBIX M  MakCHMaJbHBIX  (PYHKLIHOHAJIOB  AJs
OlleHKH TOWHOCTH peuwexns. CpeJn BCeX MHHHMAJbHBIX
H MakKCHMaJbHBIX DYHKIHOHAJOB NAaHHOA TEODUH MOXKHO
Bbi6paTh HanOo/ee MOAXOAAMIYIO Mapy M HCOOJb30BaTh
€e A pelleHHs 3aiadH C OXHOBPEMEHHLIM [ONyUYeHHEM
OLIEHKH MOTPEUIHOCTH.

7.6. Mpumep. Ouenka norpemwnoctu pewenun Hasbe pas wap-
HUDHO OMEPTOR NJIACTHHKM C PABHOMEDHO DacnpejeleHHodl Harpys-
Koit ¢ moMomblo ¢yHkuuoHanor Jlarpauxka u Kactuabsino. Pemenue
HaBbe CcOOTBETCTBYeT MpPHMeHeHW!O Mertona Purua k dyHKIHORATY
Jlarpanxa B nepeMemeHunx H MMeeT BHIL

w= Z Z € sin — % sin ﬂ;’/ (7.28)

im] Je=]

rie a, b— pasmepnl NJIACTHHKY, D-—-uunnﬂn‘pnqecxaa HECTKOCTD,

o [(Z ) (#)7T

Oyukunonan Kactuibsno npy AaHHOf HArpy3ke u rpaHAYHBIX
YCJIOBHAX MOXHO IPeACTABHTh CAefVIOUIMM 00pa3oM:

1
2D (1 — p?) X
xggpﬁ+my—mMJ5+zu+pmﬁdds (7.29)

=

Ay =—

€ AOTOJNHHUTENbHBIM YCIOBHEM
62M x My M

+ + 2

ay? dx dy

4 g=0. (7.30
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Mowmentl My, My, M,y ROMXHB yI0BNETBOPATH TPAliMYHEIM YCso0-
BUAM

Mx|x=o=Mx|x=a=O: My|y=o=Myly=b=O- (7'31)

BuifepeM B KauecTBe KOOD/JAHHATHbIX YHRuuA Metofa Purtna tpuro-
HOMETPHYECKHEe [OJMHOMbI H IpexcraBuM GYHKUHE My, My, My 8
BH/JE CYMM

m n ) X
MPh = Z Z d;; sin ”Lx sin f%/-,

i=1j=1
m n ) )
. X E11
MZ"':Z Z oy sin == sin 5L, (7.32)
i=lf=I
I @ o (b
mn __ i Ja lgx jny
Maw =3 ZZ(ja dyt+-g ff/)“’s a T
=] =1

1
+ pix + p2y - ps — 5 4%

KOTODBlE YHOBJETBOPAIOT ypaBHeHHlo pasuosecus (30) u rpaHHuHBIM
yeaoBusiM  (31), a TakXe M reoMeTpHyeCKuM (JedopMallHOHHBIM)
TPAHHYHBIM yCJI0BHAM. MakCuMyMy dyukunonana (29) cooTsercTsyior
snauenun Kosdpduuuenton (32)

w2+ 0]

I v |
el T

ol 0 4]

[T

Jlna keajpatHo#f mnacTuHKH ¢ a=b =1, D =1 3zHavenun
dyukumonanos Jlarpamwka n KacTu/ibano IpH pasiaudHOM dHC/Ie wJe-
HOB psiia NpeRCTaB/eHbl B Tabsa. 5.1 M HIMIOCTPHPYIOT CXOZHMOCTb
Metofa PHTUA npH BHIGDAHHLIX KOOPAMHATHHIX PYHKUHAX.

Tpusenennsie B Ta6a. 5.1 pasnocrn A" =% — I} snauenuit

dynkunonanos Jlarpamxka u KacTHabgHo MOKa3bBaioT, YTO 3SHEpPris
CHCTEMBI B COCTOSIHHH, COOTBETCTBYIOIIEM peMieHHIO ¢ RAHMLIM YHCJIOM
4reHOB psiAa N2, OTNHYAETCA OT SHEPruu, COOTBETCTBYIOMEH HCTHHHLIM
3HavendsM NapaMeTpOB HaNpsKeHHO-AedOPMHPOBAHHOTO COCTORHHH,
1ie Gosbllie yeM Ha AI”,

d

(7.33)

fig=
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Ta6anuna 5.1
DHepreTuyecKasi NOrpemIHOCTs peireHus metoaa Purua
ana dysakumonanos Jlarpamxka M KactuibesHo
npU Pa3/HYHOM WYHC/IE YJIEHOB Psna M- H
e | S| Symene | (o (o0)= k0 (M) X
3‘]“ (wn)-lo’ 3K3 (Mn)-105 X 10%

1 —0,84312314 —0,90960958 0,06648644
3 —0,85074607 —0,86137555 0,01062948
5 —0,85117327 —0,85451352 0,00334025
7 —0,85123403 —0,85267494 0,00144091
9 —0,85124797 —0,85199363 0,00074566
11 —0,85125225 —0,85168631 0,00043406
13 —0,85125384 —0,85152817 0,00027433
15 —0,85125453 —0,85143873 0,00018420
17 —0,85125485 —0,85138442 0,00012957
19 —0,851255602 —0,85134958 0,00009456
21 —0,85125511 —0,85132621 0,00007110
23 —0,85125517 —0,85130996 0,00005479
25 —0,85125520 —0,85129832 0,00004312
27 —0,85125522 —0,85128975 0,00003453
29 —0,85125524 —0,85128331 0,00002807
31 —0,85125525 —0,85127838 0,00002313
33 —0,85125525 —0,85127454 0,00001929
35 —0,85125526 —0,85127151 0,00001625
37 —0,85125526 —0,85126907 0,00001384
39 —0,85125526 —0,85126710 0,00001184

B cratbe [5.20] npuBeseH npuMep OLEHKS MOTPEIIHOCTH AJS
3TOM Ke 3ajauH, pellleHHol ¢ momollblo dyHkuMoHanoB Jlarpanxka u
KacTH/IbAHO MeTOAOM KOMEUHLIX 3JEMEHTOB ¢ HCIOJb30BAHHEM CTa-
THKO-TEOMETPHYECKO!l auaJsIorHy.

OuepreTHyeckye OLEHKH TIOTPEIIHOCTH NPUMEHAINCh TaKke B

(5.7].
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NOHATHA ®YHKLUHOHAJIBHOIO
HBbINYKJIOrO AHAJIM3A BBAPHALHOHHON
TEOPHH YNPYFOCTH U TEOPHH OBOJIOYEK

«BapuauuonHoe ncuucieHHe GaKTHUECKH CTAJd0
OAHHM H3 pazaenos GyHKIHOHAILIOrO aHanW3a
H 3aHMMaeT B HEM Takoe e MecTQ, KakK TeoDHA
MaKCHMYMOB H MHHHMYMOB B OOBLITMOM aHajn3e.»

J. flne

Leas naHnoro npuJOKeHHs — OUepPTHTb KPYT NMOHATHH byHKIHO-
HaJbHOrO H BHIIYKJOrO aHaJj¥3a, KOTOPHle NPHMEHSIOTCS B Bapua-
LHOUHMX (HOPMYJHPOBKAX TEOPHM YNPYFOCTH H TeOPHH 0BG0J0UeK.
Hx ncnosb3oBaHHe SIBJASETCSt NMEPCIEeKTHBHLIM /LIS PA3BHTHST JAHHOM
TEOPHH H, B YacTHOCTH, TO3BOJIHJIO PacCMOTPETL B RanHol KHNTe
TIOJIHBe M YacTHble BapHalHOHHBIE NpPHHLMOLE H TeopeMsl, caeqaTh
pPAl BHIBOAOB 06 3KCTPeMaJbHbIX CBORCTBaX (GYHKIHOHAJAOB H T. K.

OcHoBHble onpenefeHus, TEOPeMb U 0603HAYeHHs (HYHKUHOHAMb-
HOrO H BHIYKJIOro amajiuaa cM. B [1.2].

1. IpocTpaHCTBA COCTOSIHHI YNPYrofl CHCTEMBI KaK JHHelHbie M
adunupie npocTpancTea. COBOKYNHOCTb BO3MOXKHBIX COCTOstHHIL
ynpyroit cucremst (T.e. mosefi nepeMerleHHH, ycrami, Iedopmaunii,
GYHKIHA HANPsiKeHHA), cpenn KOTODHIX OTHICKHBAETCSl HCTHHHOE CO-
cTosNMe, Uejecoo6pasHo paccMaTpPH3ATh KaK JIHHeAHOe (BEKTOPHOe)
pOCTPAaHCTBO (NPOCTPAHCTBO cOcTOsHHM, cM. 1. 2). Ero snementamn
ABAAIOTCA TpEXMepHble (MM ABYMEpHbIE) BEKTOPHble AJH TEH30DHblE
dynkunn u(r), ¢(r) ¥ T. X. NONOKeHHS TOUKH B ofnacty V, 3anu-
Maemoii ynpyruM Tenom (uan B ofaactu S, sannMaemoit GasHCHOM
[OBEPXHOCTLIO 060JMOUKH); 31eCh 7 — PAAMYC-BEKTOP TOUKH B KAKOM-
mnbo nekaproBofi cucreMe KoopauHat. Taxum o0pasoM, paajnuHbie
IPOCTPAUCTBA COCTOSHUA YIPYrofl cucTeMbl ABJSIOTCH NPOCTPAHCTBA-
MH (GYHKUHH, onpexeneHRbix Ha V wan S (@yuxyuonasbroimu npo-
CTPAHCTEAMI) H HMelOT GeCKOHEUHYIO Pa3MePHOCTS.

Jlunefinoe nPOCTPAHCTBO — WACTHHA cayualt adpunnozo  npo-
€TpancTeéa, T.e. MPOCTPAHCTBA, KOTOPOE BMECTe ¢ JIOGHIMH JABYMS
TOYKAMH X, Y COREPKHT BCIO NMPOXOAAILLYIO Hepe3 HHX NPAMYIO JHHUIO
(muoxectBo ox + (1 — a)y, a — moboe BemecTBeHHOe uncao). Jlu-
HeiliHOe MPOCTPAHCTBO OTJIHYACTCS TeM, YTO BCErAa CONEPKHT HYJIEBON
sneMenT. B KHAre BCTPewaoTCst NPOCTPAaHCTBA COCTOSHHA, ABJstIO-
muecs JHmWb adhhUHHBIMHE, HAapHMeD MHOMKECTBO MoJell mepemelle-
HUHl, YNOBJETBOPSIONIMX HEOJHOPOAHBIM TI'EOMETPHYECKHM IpaHHY-
HBIM YCJIOBHSIM (IPOCTPAHCTBO, cBsi3aunoe ¢ (ynxunonanom Jlarpau-
3a), WIH [POCTPAHCTBO HANDsKeHKH, YHXOBJIETBOPAIOIHX HEOLHOPOI-
HEIM YpaBHeHHsIM paBHOBecHs (Ha XOTGPOM oOmnpejedeH (yHKUHOHAN
Kacruabano).

Unorpa ymo6uo ot apdurmoro npocrpancrBa A mepefiTH ¥ JH-
gefitomy mpoctpaHcTsy L, mpencraBus Bce ajeMeHTH a € A B BHAE

a=2a+ b, (1
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rae a° — xakof-a60 GuKcHpoBaHHbIA daeMeut u3 A; B 5TOM ciyuae
MeMeHTn b cOCTaBASsIOT AuHedimoe mnpocrpancrso. Hampumep, no-
CTPOUB Kakoe-NHGO TOJe mepeMellleHHH X°, yIOBJeTBOpsiOllee He-
OAROPONHKIM TPauHYHBIM YCNOBHSAM JaHHOH 3ajayd, MOxHO joboe
JOmyCcTHMOe ToJe NMepeMelieHtii IpexcTaBuTh B BUIS

w=u’-+u’, (2)
Fre nosst ¥ yHOBJIETBOPAIOT OFHOPONHLIM TFPAHHUHMBIM YCJIOBHSAM H,
cle0BaTeNbHO, COCTABJSIOT JiiHeliHOe MPOCTPaHCTBO.

PaccmarpuBaeMble B KHure nodnpocTpancTéa MPOCTPAHCTB CO-
CTOSIHUH ONpemeNsioTes, KAk NpaBMJIO, TeMH WM HHEIMU JHHEHHLIMH
ypaBuienusMu. JIuHelfiHOe oXHODOZHOS yDaBHeHHe onpepejser B JH-
HelHOM nNPOCTPAHCTBe JhHeliHoe mognpocTpancTso (B addunaHoM —
apduHHOe), JHHEHHOe HEeOAHOpPOAHOE ypaBHeHue ompejesser adpHu-
noe moAnpocrpaucTso. HampuMep, noss HanpsikeHUH, YIOBJIETBOPSIO-
e HeOJHOPOAHOMY YpaBHeHHIO pasHoBecust V.64 F = 0, cocras-
JasmoT adydunHoe NOANPOCTPAHCTBO B JAHHEAHOM NPOCTPAUCTBe HANDA-
HeHui.

IMpocrpanctsa cocrosuuét Buma (u,6) wm (@, o, e) yaoGHO
pACCMATPHBATL KaK TpsMble (mexaproB) cymmn U@Z  wm
O D= @E npocrpancts nepememennsi U, nanpsixeunit X, nedop-
maukit E v Qyskuui Hanpsxennii @.

2, GyHKuuH ¥ QYHKUHOHANLI B TEOPHH YNIPYrOCTH Y TeOpHH 06o-
Joyex. B xuHre paccMaTpHBAIOTCH TIJaBHBIM 06pa3oM JHHeliHbie H
appunivie GyHKuuu (orobpaxenns, onepaTopsl) B (QYHKUHOHAJbHBIX

npocrpancTsax. HanprMep, BhpaxeliHe ?(Vu+uv) onpexesser

JauHeiinoe oTobBpaxeHHe NmpocTpaHcTBa nepeMelllenuit U B nmpocrpan-
ctBo medopMaunit E (nuHeHHbIA onepaTog); V.6 4 F — apuunoe
oTo6paxeHHe NMPOCTPAHCTBA HANPSKEHHH B TPOCTPAHCTBO 06beM-
#pix  cun  (adbunnbii  onepatop). COOTBETCTBEHHO DABEHCTBO

e-—-?(Vu+uV)=0 ecTb JUHefiHOe OXHOPOXHOE YpaBHeHue, a

V.6 + F = 0 — aunefinoe neoHOpONHOe ypaBuedde (3gmech 0 cie-
LyeT DaccMaTpPHBATh KaK HYJIEBOH 3JeMeHT MPOCTPaHCTBA).

Dynkuyy, oTobpaxalomue Kakoe-anbo JHHEHHOe NpOCTPAHCTBO
B MHOXeCTBO JeflCTBHUTesBHEIX YHCes, Ha3blBalo1csa (QYHKUHOHAJIAMH,
PaasnnuHele BUAB 3HeprHu YHpyroro tena (moJHas NOTEHUMAJbHasd,
JACTNOJHHTeNbHAS, CMEIlaHHAas M T. A.) TNpeacrasasior cobof bynk-
UHOHAJBI, ONpejeseHnble Ha NPOCTPAHCTBAX COCTOSHUM. B JnHelHOR
TEOPHH YNPYToCTH ¥ ofonouex 3TH (HyHKUHOHANH KBaJpaTHUHLIE.

3. Buinykible MHOxecTBA W BbyKjble QyHKUMOHAMH B adduu-
HbIX TIPOCTPAaHCTBAaX. B KHHre BLINYK/Lie MHOXECTBA NpPedCTABJAAIOT
cofofl, Kax NpaBwio, JHHeilibie MM ad(HHYBE TOANPOCTPAHCTBA.
B uyactHocTH, Bee pelleHHs JIHHEHHOTO ypaBHeHUS (OJHOPOIHOrO HJH
lleOAHOpoaHOro) 06paayioT BHIYKJIOE MHOMXKECTIBO.

Beimykibie BHM3 (QYHKUHMOHAJBl MHOTAA COKpallleHHO Ha3bBaloOT
npocto BunykapiMu, Dyukuuonan I (a, b), onpenencuunit Ha npaMoi
cyMme nByx addunmmx npocTpancTs A u B, uasbiBaeTcs BBITYKJIO-
BOTHYTBIM, €CJIH OH SIBJISeTCS BBIMYK/JBIM BHHZ na A npH KaxAOM
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¢ukcupoBautoM b& B u BHHXKJIHM BBepX (BOTHYTHIM) Ha B npa
KaXaoMm (QHKCHPOBAHHOM a € A.

4. Cxanspuoe NPOU3BereHHE, HOPMA, MeTpuKa B MPOCTPAHCTBaX
cocrosnuii ynpyroit cuctemnl. Ecan B snMHefiHOM NPOCTPaHCTBe ompe-
AEANTH CKaJdSpHOe NPOH3BENEHHe, TO OHO CTAHOBHTCH eBKJHAOBLIM
npocrpancrBoM. Hanpumep, B npocrpancrse nepememenuit U cxa-
Aspuoe npouspesenve # ° v(u,v = U) MoXHO onpefesHTL paBeH-
CTBOM

u°v=SSSuividV. (3)

B npocrpanctse manpsxeunfi 2 paccMaTpHBAaIOT CKaJspHoe NpPOH3-
BefeHne BHfa

U°D=Sggo”p”dV (0, p =3). 4)

JAas sapuauuouuoil Teopun OCOOHI HHTepec MpencTaBiseT 3Hep-
eetuueckoe ckarapuoe npoussedenue. OHo Moxer OHITb ONpeNeseHO
B TeX MpPOCTPAHCTBAX COCTOAHHHA, B KOTOpHIX BapHAUHOHHBIE TPHH-
uunbl GOPMYJHpPYIOTCA Ha OCHOBE BBIMYKJbIX (BBEDX HJH BHH3)

YUKUAOHAJOB; 3TO COOTBETCTBYeT MOJNOXKHUTeNbHON OmpexeseHHOCTH
0.11] onepatopos, gasiomuXcs Hx rpagnentamMn. Hanpuwmep, B npo-
crpadcree U* nepemelleHHii, YAOBJETBOPSIOUINX TreOMeTPHYECKHM
ONHOPOAHBIM I'PAaHHYMBIM YCHOBHSIM, SHepreTHueckGe CKadspHOe IIPO-
u3BejeHue UMeeT Bif

[u,v]=SSSe(u)~-a--e(v)dV wvelUs. (5

B npocTpanctse I* HanpsuKeHH#, yaOBJIETBOPSIOUINX BceM OQHOpPOg-
HHIM YD2BHEHHSIM paBHOBeCHS, MOXKHO PacCMaTpHBATb CKAJAPHOE MPO-
H3BefeHHe

ool ={{{o- 0 pav @o=m. (6)

B mpoctparcerse U** nepeMemncuui, ynoBseTBOPAIOUIHX BCEM YDAR-
HEHHSIM TEOpHH yIpyroctn B o6JacTH H OXHOPOXHBEIM T[eOMeTpHue-
CKHM TPaHHYHBIM YCJIOBHAM, CKAJISPHOE NPOH3BENEHHE MOXHO Ompe-
NIeJHTh Ha OCHOBE (DYHKUHOHANA PAHUYHBIX YCJAOBHA

, v]= SS n-0(u) vdS (u, v = U**). (7)

DuepreTyyeckOe CKaJsfpHOE TPOH3BENEHHe TNOPOMAACT 3HEpzeTuxe-
ckyro nopmy [0.11]

fuj=+/Tu,u], |o|=4/[0,0]. ®)

Ha octose 10opm, COOTBETCTBYIOUIMX PasJHYHBIM CKadspHBIM TPOH3-
BeJIlCHHAM, MOXKIO ONpPENeNHTh pa3fHuHble MeTPUKH p (4, v), Xapak-
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TEPU3YIOILHE «PACCTOSHE» MEXAY JBYMS 3JeMeHTaMH i, U paccMa-
TPHBAEMOrO NPOCTPAHCTBA:

p{u,v)=]u—uv| (9)

C noMOmbIO MeTPHKH OUEHHBAIOT GJM3OCTb NPHOIUIKEHNHOrO pelleHus
3aflayd K TouHOMY. B 3HepreTnueckoit MeTpHKe-pacCTOsiHHE MEXAY
MoGHIMA ABYMSI MOJSMH TNePeMelleHnl, OTJHYAIOUIMMHCS Ha CMelle-
HHe TBEePAOro Tesa, PABHO HYMIO, T.e. 3TH [OJASl He pas3iuyaiorcs
H HX OTOXJIECTBJISIOT.

C meTpHKO/l cBfi3ansl NOHSTHS MOJHOTH W CenapaGedbHOCTH Ipo-
CTPAHCTB, MMRIONIME BAaXKHOe 3HAYeHHe B BOMPOCAX CYIIECTBOBAHUSA
peweHni ¥ NPUMEHHMOCTH TNPHUOIMKEHHBIX METOAO0B; 3TH BONPOCHL,
OJHAKO, BHIXOAST 32 PAMKNW ARAHHOH KHHUIH.

5. Nuddepenunposanne BapHauuoHHmX GyHkuHonanos. Hopmu-
pOBaHHe MPOCTPAHCTBA COCTOSIHMA NO3BOJAET TPH HCCJIENOBAHHH Ba-
pHALHOHHHIX (ODMYJHPOBOK NPHMEHSTb MOHSATHA NPOH3BOXHON H
auddepennnana. Jupgepenyuar GyHkunodana sHeprvis B HOPMHPO-
BAHHOM TipocTpaHcTBe (mugepennuan Ppeute) B BADHAUMOHHOM HC-
YUCJIEHHN HA3BIBAlOT Bapuayueli. I1poussodnas GyHKuMOHANa SHepruu
(npousrofaHoe oToGpaxeHne) spisercs puddepenunasbibiy onepa-
TOPOM COOTBETCTBYIOIIef] KpaeBo#l 3a1auH. DTOT onepaTop moJydalor,
upeo6pazyss Bapuanulc (QYHKIHOHAJa MeTOXaMH BapHAUHOHUHOrO
ucuncaents (cm . 1). flponssoanyio pyHKumOHajla HHOTZA Ha3bl-
BaioT ero epaduentom. TouyKoH CTAUHOHAPHOCTH (YUKUHOHAJIA Ha3HI-
BaeTCs TaKOe 31iaY€HHe ero apryMmeHra, NpH KOTOPOM ero FPagueHT
paBeH HYJIO, T.e. COOTBETCTBYIOUIHe gH(}p(epeHltHANbHLIE ONePaTOPH
ofpamarTes B Hy/b.

Ecnnm mpocTpaHcTBO cocTOstHHE npenctaBaser coGof  NpAMylo
CYMMY HeCKOMbKHX MPOCTPAHCTB, TO MOXKHO PAaCCMaTPHBATb 4ACTHbIE
npousgodueie oTobpascerus. Hanpumep, Bripaxenne

03 (u, e, 0) 10)
du (

o603HauaeT npoH3BOAHYI0 B moxnpocrpanctBe U npu dukcuponan-
HHX €, O.

3ametuM, dro B [0.11] i1a ocHOBe (YHKUMOHAJBLHOrO aHanH3a
pPaccMOTPeHL! BOMPOCH MOCTPOEHHS BaPHAUHOHMBLIX (BOPMYJHPOBOK,
COOTBETCTBYIOILKX NAHHBIM KPAaeBBIM 3amayaM, W MPHMEHEHWs MUX A8
MPHOJIHIKEIHOro pellleH s,
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HEKOTOPBIE CBEJEHHUSA U3 BEKTOPHOTO
H TEH30PHOI'O AHAIJIM3A

«TensopHaa aarebpa u TeH3opuBI aHaNu3 fAB-
JAIOTCA €CTeCTBENHBIM aniapaTOM MeXaHBWKd (d
dn3uku poo6Guie) cnyaowHHX cpeX. OHH Bbige-
JARKIOT TO CYIULecTBEHHOE, YTO OTHOCUTCA K CaAMHM
H3y4YaeMbiM fiBJIeHHAM, or0paceiBaf TO, 4TO
NPABHECEHO BHIGOPOM KOHKPETHHIX KOODAHMHATHBIX
ocefl.»
B. JI. @omun
Mexamma KOHTHHYYMa AJaf HHXeHepOoB.,

TpuBoasitcs ofo3naueHvss H HEKOTOPbie COOTHOLUGHHS BeKTOp-
HOTO H TEHIODHOTO aHaJM3a, HCHOJb3yeMble B Il 3—5 AJs 3amHcH
(yHKIMOHAJIOB M MX NpeoGpa3oBaHHil H BBIROAA YCJOBHI CTAlMOHAp-
noctd. [IpH cOCTaBjeHMH 3TOrO NMPHJIOKEHHS ObUIM HCIOJb30BAHBS
kauru [I1.7, T1.12. 3.3, 3.7, 4.11].

1. MeTpudeckuii TeH30p; KOBapHaHTHUble Y KOHTPaBapHAHTHBIE
KOMITOHEHTB! BEKTOPOB U Tensopos. [Tycte E" — n-MepHoe (B JanHOfl
KkHure n = 2 Wax n = 3) eBKJAHAOBO NPOCTPAHCTBO, €y, €2, ..., €n—
aseMenTsl Gasznca (6a3uCHbIe BeKTOPHI); CKaJsfpHOEe NpOH3BeneHHe B
Em" ofo3naunM a-b. Basnc xapakTepusyercs yACHaMH

gy =8nu==¢e¢p m

KOTOpble OHpenessioT AAMHL 6asucHHX BexTopoB (lle; | = eper =
= gy;) U yrau Mexny HuMH (e;-e; = |le; -l e; [I-cosyy), i, j =
=1, 2 ..., n, 1 HA3HIBAIOTCA KOBAPUAHTHOLIMU KOMNOHEHTAMU MET-
puteckoeo Tensopa pammoli cuctemb Xoopauuat. Kpome nannoro
O0CHOBHO20 6a3uca e;, B TeH3IODHOM HCYHC/IGHHH BBONST 63QuMHbL
6asuc e!, cBI3aHBbIN C OCHOBHBIM COOTHOLIEHHEM

el =gi!e,, 3;=g”ei, ©

rre g — anemenThl MaTpHUbl, OCpaTHOM K gy. 3Aech U BO Bceil
KIHre HCIoJbayeTcss OObIIHOE B TEH30DHOM HCUHCJAEHMH COTJaleHHe
0 CYMMHPOBAHHH N0 TOBTOPSIOLIUMCS HHmeKcaM oT 1 po n.
Hetpynuo nposeputb, uTo g¥ = e'-e/, tax uto Besmunnbi g
ABJISIOTCH KOMIOHEHTAMH METPHUeCKOrQ TeH30pa, HO CBSISAHHOMO ¢
B3aUMIBIM 0a3HCOM: OHH HA3BIBAIOTCH KOMTPABAPUAHTHOIMU KOMNO-

nentamu. Via (2) crexyer Takie, yro e’ - e,:——é;:, rae 8; — cumson
Kponekepa, onpegesnsieMuili paBeHCTBAMH 55= 1, 5} =0 npu iz |

Jlo6oit snement (Bexktop) @ mpocrpancrsa E" mOXHO npencra-
BUTL B BHge JuHelnofl KOMOHHANHH BEeKTOPOB OCHOBHOTO HJIH B3aWM-
Horo Gaswuca:

a=ad'e,=a. (3)
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Besnuuub @ HasHBAlOTCE KOHTPASGAPUGHTHOIMUL, @ Qi — KOBAPUAHT-
HOLMUL KOMAOHENTAMU B8EKTOpA @, OMM CBA3aHM MeXRy cobofi coor-
HOLIEHUSAMH

a‘=g'a; a;=g,d. (4)
Hx Moxno BuuxcauTh 1o popmynam
adl=a-e', a,=a-e. ° ®)

Myers d; (i =1, 2, ..., n)— xaxoii-nmGo npyro HaGop Gasuc-
HHX BeKTOpOB, a d'— BaauMHHA Gasnc K di. Bexrtopn d; moxuo
PA3MOKHTL 110 GA3HCHBIM BeKTOPaM e

d;=cle,, (6)

rae c’i'— 3JleMeHTH MATpPHUB [1peo0pa30OBaHHs KOOPAHHAT, KOTODHE

Ha OCHoBaHuu (D) paBHBI c{=di . ¢/, Baanmune BekTopnl di cBSfi-
3aHL ¢ € COOTHOIEHUAMH
d' = ble/, )

rie b; — MaTpHla, obparuas X cf:b}ck=6§¢. Orciona cnepyer, uro

1pH nepexome ot 6asuca e; kK Gasucy di KOHTPABADHaHTHbE H KOBa-
PHAHTHBIE KOMNOHEHTH BeKTOpa @ npeoOpasyloTes MO 3aKOHY

(a'), =bj(a"), (a),=cl(ap, ®)

T.©. COOTBETCTBEHHO KaK BeKTOPbl B3aWMHOrO M OCHOBHOro GasHca,

PasenctBa (8) ABAAIOTCS HEOGXOMUMBIMU M ROCTATOYHBIMH YCJIO-
BHSIMH TOro, 4toOnl HAaG0p BeMUquH ay, ..., @x (al, ..., a%) Moxuo
ObLIJI0 pAacCMATPHUBATL Kak KOBaPHAHTHHIE (KOHTPABAPHAHTHHE) KOM-
MOWEHTH BEKTOpa, T.€ 3JeMeHta npocrpanctsa E,. Jpyrumu ciao-
BaMH, 9TH DABEHCTBA MOIYT DacCMaTpHBAaTbCA KaK aHaJMTHUECKOE
onpejiesieHHe BEKTOpa.

dto oupegseseHue mno3soJjser oGoOIATL MOHATHe Bekropa. Ilycrs
Kakoi-mu60 o6peKT @ B KaXnOH cHcTeMe KOODAMHAT XapaKTepHayer-

[
et n'+5 penuunnamu  @;' D ;5. Takodl o6bexT HA3LIBAIOT SKCTEHCH-
I

som (r - s)-h sasewrnocTU (MO YHCAY HHAEKCOB). DKCTEHCHB @ Ha-
3bIBACTCS TEH30POM, €CH er0 KOMIIOHEHTHI NPH JHHeAHOM mpeoGpa-
soBanny Koopauuat (6), (7) MeHSIOTCH MO 3aKOHY

I lyeeed k, k k1,1 7 Lyl

ai .. i‘:)d=ci:"i: cee €70 bi:(akl,kzz /‘Zr)e. ©
B u4acTuOCTH, BEKTOp eCTb TEH30P NepBOf BaJIEHTHOCTH, a CKAJHp —
Tenaop wnyJsenofi BasneHTHocTH. Kommowenrw (9) TeHsopa a wHasw-
BAIOTCA 7 DA3 KOBAPHAHTHHIMM M § pa3 koHrpaBapHanTHHIMH. C no-
MON[bI0 METPHYECKOro TeHzopa § MOXKHO mo ¢opMynaM, aHaJOrHy-
ubiM  (4), TMORHATL WJIH ONMYCTHTh MOGOH HHAEKC Y KOMIIOHEHTOB
TeHSOpa @ H HOJNYYHTh KOHTPaBapHAHTHHIE HJH KOBADPHAWTHHE MO
3TRM HMHIEKCAM KOMTIOHEHTEL.
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KoBapHaiiTHble KOMNIOHENRTH  QUCKPUMUHAGHTHOZO Tew3opad €
(8 npocrpancrse E.) onpesensiotcs yenosusmu: €, | ; =0, ecmn
1" 'n

cpead MHAEKCOB [y, ..., in €cTb XOTA Obl gBa ONUHAKOBHIX; ecin BCe
aucaa fy, ..., {n pasAUUHBE, TO ei:- ; =4 g un —Vg B 3a-
vy

BHCHMOCTH OT TOro, SIB/IsleTCs YeTHOM HJIM HeueTHON IepectraHOBKa,
nepesoasuias uWHmeKcH iy, ..., in B 1, 2, .. , n; sgech g -— omnpeme-
JHTeNb MaTpuubl gy. KoHtpaBapHaHTHBIE KOMNOHEHTH TeH3oPpa € on-

peiesIAIOTCA TEeMH XXe YCIOBHSIMH C 3aMenoi Vg na 1/4/g.

2. Onepauun uag tenzopaMu. Tensopsl ogHOf W TOR Ke Basjent-
tocTH 06pas3yloT JiMHefiHOe NPOCTPAHCTBO MO OTHOWEHUMIO K CJOXKe-
HHIO H YMHOXEHHMIO Ha UHCJIO0, KOTOphie B soGoll cueTeMe KOOPAUHAT
BEHTQJIHSIIOTCH NOKOMIIOHEHTHO, NpHYeM CKJIaiblBATHCA MOIYT JHIIb
ONHHAKOBOEe YHCAO pa3 KoBapHaHTHble (KOMTPABapPuaHTHBE) KOMIO-
HEeNThL.

Ecau a u b — gBa Teusopa, To BeAUYHHB BHAA

Ldgees iy ook Ligeiiiy Riky ... k
€1ty e ghyly er Iy ‘11112...151’1112...14” (10

ABJSIOTCA 7 -+ p pas KOHTPABAPHAHTHHIMH H S 4 ¢ pas KoBapuaHT-
noiMH KoMnoneutamu (r 4+ s - p - g)-BaseHTHOrO TEH30pa €, KOTO-
puifi Ha3biBaeTcss AuAOHbIM, W TEH30PHLIM NPOU3BEAEHUEM TeH30pOs
a u b u obosnauaerca ¢ = ab.

CymMmel Buna

L O e B I (1)

sBIAI0TCS § — | pa3 KoBapHaHTILIMH ¥ r— | pas KouTpaBapHamHT-
HHIMA KOMMOHeHRTaMH HoBoro (r - § — 2)-BaJleiTHOro TeHsopa €, Ko-
TOPHIfl HasHBaeTcs c@eprkod Teusopa a no uuiekcam m u [ Hanpu-
Mep, cBePTKa ABYXBaJeHTHOrO TeH30pa £ = aﬁ = g”’ail = g”a" ecTh
cKaJsap.

Bexroproim npousseOeHuesm TeH3opos a w b BaneHTHOCTH 7 U §
COOTBETCTBEHHO B TPEXMePHOM IPOCTPAUCTBE Ha3bBIBaeTes
(r + s — 1)-BanentHoli Teuzop ¢ =a X b ¢ KomnovenTamH BHAA

k _ ki,
VO RS R A A R/ A (12)
rie € — NTHCKPUMHHAHTHBIA TEH30D.

Cxaasnproim npousgedenuem a-b teusopos @ u b uasnisaercs
cnegrxa Teusopa @b no mocseAdeMY HHAEKCY @ M [IEPBOMY HHpjeK-
cy b. Ilsofinoe ckasnsipHoe mpousBepeHue @--b ectb nBofiHas cBeprKa:
NoCJNEeNHHN HHAEKC @ ¢ MepBbiM HHIeKCOM &, npeanocjesunit — co
BTODBIM.

3. Kpuponnueituwe koopamnare, mnoxamvubti 6asuc, Tensopuoe
nose. [TosnoxeHne TOUKH B eBK/JMNOBOM MPOCTPAHCTBE MOXeT GhiTh
33[4HO C TIOMOULbIO KPUBOAUHEUHBLX KOOPAUHAT O, KOTODHe CBA3aHH
¢ ReKapTOBHIMH KOOPAHHATAMu X! HenuHeMHBIMH COOTHOWCHHAMH

r=r (ai) i x] = xl (ai), (13)
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rie r — paguyc-BEKTOp TOukH, x/ (o) — HenpephuiBio-gudpepenunpye-
Mute Gyukuua. UTO6H B KpUBOJHHelHEIX KOODIAMHATAX HCHOJb30BATH
MOHATHS TIPOM3BOXHON M TEH30pa, B OMNPefeNieHHH KOTOPHX cyiue-
CTBEHHYIO DOJIb MIFpaer JHHeHHOCTb, B KaX IOl TOUKe NIPOCTPAHCTBA
BBOJAT A0KAAbHbiL 6a3uc, BeKTOpPH KOTOPOro omnpefesenb GopMy-
JaMu

or
e, =-—7. (14)
do.
JlioBele HempepHBHO-nH(peperUNPYeVbie NPeoSpPaSOBARUS KPHBOJIM-
uefinbix xoopaunar of = af(f/) onpenensior (corsacio mpaBuny
niuddepeHUHPOBAHKS CNOXKHOH QYHKUMH) JHuefiHble npeo6pasoBaHus
JnoKaseHoro Gasuca ;
dr _ Or da da!
di=——i=—-]-——t.= '—i'ei. (15)
ap da’ af ap
OnpepeJiense TEH30pa B KPHBOJAHSHHBIX KOOpAMHATAX paccMaTpH-
BaeTcAd MO OTHOWEHHIO K 9TUM JuHefHBIM NpeoGpa3oBaHHAM: MaTpH-

" ] 0u .
ue#l npeo6pa3oBaHHA MX CIYKHT MaTpuua fkobu c; =—_: ofpar-

1 98
98
6(1]

3ameTHM, 4TO He BCAKUE OOBEKT, ABNAIOMMACA TeH30DOM N[O OT-
HOUIEHHIO K JMHeHAHbIM npeofpazoRa’HHsAM IeKAPTOBHX KOODPAMHAT,
ecTb TEH30D 1O OTHOWEHHIO K NpeOCpPaz0BaHHAM KPUBOJIHHMeNHBIX
KOOpAUHAT, HanpHMep, GosbliMe NH2DeMEllleHHs, pacCMaTpHBaeMpble B
TEOMeTPHUYECKH HeJUHEHHON TeopHH YTPYFOCTH, NPH HEJNUHEHHHX Tpe-
ofpasoBanuax (l13) nmpeo6pa3syloTes nO HEJMHEHHOMY 3aKOHY, a He
TI0 BeKTOPHOMY. B paHHOfl KHUTe HCLHONB3VIOTCA TOJAbKO GECKOHewHo
Majple TiepeMelleHds H Ne)OPMALUH, SBJIAIOHECS BEKTODPAMU M TeH-
30paMy.

Bexropnyio (Tensopuywo) (QyHkiimio, sagaHayio B o6nacth V ee-
KMIXOBA TIPOCTPAHCTBA, HA3LIBAIOT TAKMKE BEKTODHOIM (TeH30pHbIM)
nosem.

4. Nuddepennnposanue BEKTOPOB U TeH3OpOB, IIpH OTHICKAHMY
TIPOH3BOAHBIX OT BEKTOPHBIX H TEH30DHHIX TOAeH B KPHUBOJHMHEHHBIX
KOOPAHHATAX TPHXONMTCS YUHTHIBATH TO OGCTOATRNBCTBO, UTO KOOP-
IMHATHBIE BEKTODPBl SIBJSIIOTCS NEPeMeHHBIMH BeJUYMHAMH. Paszsnuune
KOODAHHATHHIX CHCTeM B Toukax of u af -} do npueomgur K Towmy,

uas MaTpHua ecTb bj=

. Oa
uTo koMnowenTsl V;a;npousBomHO# —_; BeKTOpa @ He cOBmagaoT

da
‘

3}
C YaCTHBLIMH [POH3BOXHBIMH —%-, a BhlyMCITIOTCS O opMynam
da
da, :
t__ Oa ik
vﬂa.=——‘—-I‘f’ak, Vi@ =—+Tpa" (16)
gl ! ! oa’ !
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rae I‘f,—sennqnnu (BoOGwUIe TOBOPS,, HETEH30pPHbIE), HA3BHIBaeMbIe

cumgoramu Kpucropgess eropoeo poda. Jna BbIMUCIEHHA HpHMe-
HAIOT cumaosnt Kpucroddesn nepsoeo poda

ril,k=r]i,k=_( Tt — k), (17)
2 da da da
CBSI3aHHBIE C I‘?, COOTHOIICHHAMH

T%=8"Ty m Tif o= EmlH (18)

Bennunnn V;a:(V;a%) nasbiBaioTes K08apUasTHoimy npou3sodnoimi ot
KOBAPUAHTHOIX (KOHTPABAPUAHTHOLX) KOMNOHEHTO8 6eKTOpa a. AHa-
JIOTHYHO KOBAPUAHTHLIE NPOUBBOOHbBIE OT KOMIOHEHTO8 TeH30pQd Bbl-
QHCAAIOTCA 10 GOpMYyJsaM BHia

3

i i i i i

Va5 = P (ale) + Tyt — Pjame — Tiaime (19)
o

COBOKYIHOCTb BeJIHUHH c;,k=viafk o6paayer Tenzop ¢ = Va
Ha emuHHLY O6Osbulell BaJEHTHOCTH, 4eM 4, KOTOPHIHl HasLiBaercs
TPafHEeHTOM TeH30pa 4. B uYacTHOCTH, rpafHEeHT CKansipa — BEKTOP.

Jna KoBapHaHTHON NPOH3BOAHON CNPAaBemJHBH Te Xe Npasuna
IOHbdhEPeHIHPOBAHHS CYMMBI, IDOH3BEIEHHS ¥ T. 4., 910 i gas o6bu-
Hol mpousBogHoH. KoBapuaHTHbie [DOM3BOAHLIE OT KOMIOHEHTOB
METPHYECKOro ¥ JHCKPHUMWHAHTHOrO TEH3ODOB DaBHH HYJO, TaK 4TO
9TH KOMIIOHEHTHI HPH KOBAPHAHTHOM aHbGEPEHUHPOEAIHH HOMKHH
paccMaTPHBAThCR KaK NOCTOSIHHBIE,

B TpexMepHBIX 3ajlayax YacTO MCHOJB3YETCS CHMBOJHYECKHH
nabna-onepatop Famuabroda V, KOTOpBIl paccMaTpHBAETCS KaK BEK-
TOp, KOMIOHEHTHI KOTOPOrO NpeACTaBAAIOT cO060#l auddepeHnuanbHbe
onepatoph V;. Ilmamuoe npouseBegenne Va ecThb IPAgdeHT TEHS0-
pa a; paccMaTpHBalOT Takke npousBenenve aV, ormuunoe ot Va;
HanpuMep, ecad @ — Bextop, To Habop komnonentoB aV mpegcras-
asier cofoll TPaHCHOHHPOBAHHYI0 MATPHLY 1O OTHoweHuo k Va, a

1 .
cyMma c=—2-(va+ ay) npencrabssier co60fl CHMMETPHUYHYIO HAcTb

Tenzopoe Va u aV u umeer xoMmnonenth c”=—;-(vial+viai).
Bexropuoe nponssegene V X @ nasHBaercsi poroposm (suxpem) rew-
sopa a, ckanspuoe npoussenenne V -a — Ouaepeenyued Tendopa a.

B xuure uacto BCTpeuserca BhibaXeHHe ¢ =V X a XV, rae a
¥ ¢ — IBYXBaJIEHTHbHle CHMMETDHUHBIE TEH30DH; NPHBENEM E€r0 KOOp-
JHHATHYIO 3aTHCh:

ol = ol = eikl"’lmndVnazw (20)

5. MoBepXHoCTs B TpexXMepHOM MNPOCTPAHCTBE OGHYHO 3apxaoT
€ TOMOIIBIO TapaMeTPHIECKOr0 YPaBHEHHA

r=r(t, &) wm x=s'(9), @)
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rre i=1,2 3; a =1, 2. [Tapamerpst £* npeacraBasior coBokt kpu-
BOJIMHElRble KOODAMHATH Ha noBepxHOCTH. [loBepxHocTe S nmpen-
crasjistieT co0ofi gBYMepHOe MPOCTPAHCTBO, KOTOPOe, BOOGlUIe rOBOpPH,
He fBJIAETCH eBKJHAOBBIM, TaK KaK 14s OOJBUIHHCTBA MOBepXHocTedl
He CYILecTBYeT CHCTEMbI KOODAHHAT, B KOTOPOM KOMIIOHEHTH MeTpH-
4eCKOr0 TeH30opa ObLM Obl MOCTOSIHHBIMH, T.e., BCE CHCTeMB KOODIH-
HAT Ha HUX — KPUBOJHHEHHDIE, -

Ha nosepxnocTn 3analoT joKanbiulll Gasuc e, M werpuyecKuil
Tell30p @, C MOMOLLbIO COOTHOLIEHHH

B

ea-——a?, aag == a-eﬂ; (22)
IPH 3TOM MOBEPXHOCTb CTAHOBHTCH PUMAHOBb6LM NPOCTPAHCTBOM. KoM-
TIOHEHTBbl MeTPHYeCKOro TeH3opa a(lﬂ Ha3bIBAIOT TaKXKe Ko3ghguyuen-

ramu nepsoil ksadparuunod opmer nosepxuwoctu S; ounm onpepe-
JILIOT BHYT PEHHION 2e0METPUI0 MOBePXHOCTH, B moayueHnom pumano-
BOM NPOCTPAHCTBE BBOAAT TEH3OPH M KOBAPHAHTHBIE [POU3BOJHbIE
0 OTHOLIeHH!O K npeo6pa3oBavHAM ABYMEDHOro JOKaAbHOro Gasuca,
KOTOPHie HA3LIBAIOT MOBEPXHOCTHSIMU TEH3OPAMIL U NOBEPXHOCTHHIMU
KOBAPUQHTHOIMU NpOUBOOHbIMU. 3aMeTAM, 4YTO B DHMAHOBOM npo-
CTPaHCTBe KOBapuauTHble npouasonnbie Vi u V; He mepecTaHoBOUHBL:

Vi (v28)) 5= Vo (Vi9,).
TTosoXeHHe NOBePXHOCTH B TPeXMePHOM MPOCTPAHCTBe XapaKTe-
pHayeTcst ABYXBAJEHTHBIM TEH30POM bug’ KOMIIOHEHTH KOTOPOro Ha

3LIBAIOT KO3PuyuentTamu 8ropolt Kaadparuunol Gopmy TOBEPXHO-
cti. Koadduuuenth bm‘3 onpenessiOT KPHBH3HY HOBEPXHOCTH H CBH-

32Hbl ¢ NOBejeHHeM eJHHHYHOTO BeKToPpa HOpMaJad n°

On On
baﬂ—-—eu -—agﬂ =—eg YO (23)

6. HurerpHposanHe TeH3OPHMX BeAHUYHH. Djement o6bema (Mo-
BePXHOCTH) B eBKJHAOBOM HJIH DHMaHOBOM MpOCTP2HCTBe ONpefe-
JSIeTCH BHIPAXKEHHEM

dV = /g da'da?da® (dS=+/a dt'dg?). (24)

Ilas TeuzopHbX GYHKUMH, YNOBJETBOPSIOIIAX H3BECTHHIM YCJIO-
BHSIM HenpepHBHOCTH u nHbdepeHnHDYyeMOCTH, cnpaBeasuB HOpMY-
Abl npeo6pazoBaHHA HHTerpaJia No o6jacTH B HHTErpan no ee rpa-
Hune. Td GOpMYJbl B KHUre NPHMEHSIOTCS M UHTETPUPOBAHUS N0
yacTaAM npy npeobpazoBaHuax §yHKUHOHANIOB.

Popmyaa puna ces3pIBaeT HHTErpat oT BeKTOpHO# QyHknuy f no
rpanune (koHTypy) C aByMepHoli ofsactu S c¢ umterpanom or Vf
no S:

{§ varas = G eac, (25)
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TZle Vq — KOMNOHEHTH BEKTOpa TAHIEHUHALHON HOPMAan# K KOHTY-
py C (T.e. HOpMasy, Jexalleil B KacaTeJbHOR HJIOCKOCTH K S).

Dopmyara Ocrpozpadckozo — ananor ¢opmyns I'puna mias Tpex-
MepHOro MpPOCTPaHCTBa — CBsI3biBaeT HHTerpas or ¢yukudn F no mo-
BEPXHOCTH S, OrpaHHuHBaOLEel 061acTh IPB TPeXMEPHOM NPOCTpaH-
CTBE, C HHTerpaJoM no V:

SSSV-MV=§§::-MS. (26)
Popuysa Crokca aBasercs obobwenHem (Gopmyanl [puna:
SSn.(vxr)ds=<§r-dr=<§f'-tdc, (27)

rne t — enuuHYHHI BeKTOp XacaTenbuoit kK Routypy C.

7. dusnueckue KOMIOHEHTb! TEH30POB H BEKTOPOB. B kpupouu-
HefHBIX KOOpAyMHATaX BEeKTOpHbl JoKaJpHOro Gasuca (14) He nHopmH-
POBaHHE, U KOMIOHEHTH BEKTOPOB M TEH30POB B 3TOM 6as3uce «u3aMme-
peHBI» B KaXHIOR TOYKe B CBOHX €IHMHHIAX, KOTOPHIMH CJyXaT
OAHHE 6a3HCHEX BekTopoB. Ho n/f mpakTHKH NpencTaBasiiOT HHTe-
peC KOMIIOHEHTH, «M3MepeHHbie» B ONHHUX M TeX JKe EIUHHIAX, He
3aBHCALIMX OT CHCTEMHl KOOpAMHAT, T.e. B HOPMUDOBaHHHX 0asucax.

PaCCMOTpHM OPTOrOHALHYIO CHCTEMY KOOPAHHAT € eAHHHHHBIMH

Bsaumunie BekTOpH

BEKTOPAMH ———€,. —_—
«/ P Ve

roHajbuocTd GyayT coBNagate ¢ '\/_ e, Cocrapnsiose BekTo-

e’ 8 cuny opro-

DOB H TEH30pPOB B 2TOM 0asHce Ha3LIBAIOT (pu3UUECKUMU KOMMOHEH-
Tamu w 0003HMaval0oT CKOOKAMH, B KOTOPHIE 3aKJ/IOYAT HHIEKCHL.
®dusygeckne n oObIYHBIE KOMIIOHEHTH CBS3aHB COOTHOLIEHHAMMN BHAA

l .
= ey T Ve @,
i
! '\/gll VvE
Q,:n — — , = g
(i) ,\/g”g_” = ,\/g” a; ,\/g” ’\/ Ltgjj

OGparuas cBsisb Aaetcd GopMynamu
; 1 —_—
4= 4/8i; ay)y w=_§?%w a;= A/8,:¢/; 8y
ii
29
'\/ gii. Ve, NEii i 1 @)

-
a = agp  aj=—=t Qajpp A = ===,
'\/ g '\/ '\/gug// '

B (28) n (29) He HYXHO CyMMHMPOBATL 110 [IOBTGPRIOWIIMCH HHLEK-
caM.

(28)
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du3yYecKHe KOMIOHEHTH [J/18 HEOPTOTOHAJBHOM CHCTEMLI KOOp-
nuiaT BBefeHBl, Hanpumep, B [4.11].

I pU3MUeCKUX COCTaBAAOIIHX MOBEPXHOCTHLIX KOBAPHAHTHBIX
npoyll?aouﬂbxx B OpTOrOHAJbHLHIX KOOPAMHATAX CMPaBeluBbl (HOPMYJL
[4.1

—

1 .
Voo =7 %, 1 + 74, 4 o4op
1 1
Vs =7, Yo T A4, Ay, oBy
1 1 (50)
Vowun =72, 1+ 77 A1 2 @+ Pap)
1 1
Va®us =37 Pz, 1 + 7z A2 (T — @)
1 1
Vaen = 7~ %oy, 1 + 7441, 2 (Pey — wan)
1 1
Va®en = 7 Pen, 1~ 45 A 2 (@ug T+ ) (1 7=2)

rae Ay, Ay — napamerpo Jane, A\ = afay, Ap=+/an .

8. Iepexon oT TeH3opHO#i (GopMbl 3anHCH K Pa3BepHYTOH. B 3a-
J1a4ax TeOpHH YNPYrocTH u Teopum oOogoueK (PH3HYECKde KOMIIO-
HEHTH BEKTOPOB U TeH30POB (NpeacTraB/siOlHe NMpPaKTHUECKHH uHTe-
pec) MOXKHO MOJYYHTh ABYMS NYTAMH: 1) PEIIHTH COOTB2TCTBYIOLLYIO
KPaeByl0 H/M BAPHAUHOHHYIO 332Uy B OOHUHHX KOMNOUEHTax H 3a-
TeM no ¢dopmaaM (28) mepefith K (M3uueckuM; 2) 3anucatbh B (pu-
3MYeCKHX KOMIMOHEHTAX BCe HeoOXomnMble YpaBHeHiss W (YHKIHO-
Halsl u noJyuuTb pemexue. Huxke npusemeHs npaBuaa, KOTOpBIE
MOKHO HCMOJb30BaTh NMpPH peailnzauly BTOPOTO MYTH.

Yro6el 3anmHcaTbh Kakoe-1M00 TEH3OPHOE BhipaXKEeHHe W3 TEOPHUH
VIPpYrOCTH B pa3BepHyTOil (OpMe B (HH3HIECKHX KOMITOHEHTAX,
1YXHO!

1) npuaarb cBOGOXHBIM MHIeKcaM shadenus 1, 2, 3;

2) pasBepHyTb COKpallleHHY!O 3aMUCb CyMM;

3) BHIMOJHUTL KOBapUaHTHOe AH{depeHnUpoBaHHe KO (HopMyJaaM
(16) nau (19);

4) nojctaBHTb BHIpaxKeHus cuMBogoB Kpicropdens;

5) BHIPa3suTh KOMNOHEHTH METPHYECKOro TeH30pa gy depes Ia-
paMetph Jlsme A;;

6) 3aMeHHTb COOTBETCTBYIOIME BeJMUMHBI 4Yepe3 (pusuueckue
KOMIIOHEHTHL.

B pesyinrate moaydaroTCA pa3BepHyTHie (HOpPMYJH paccMaTpH-
BaeMbIX BbipaxeHHfi. B 11ekoTOpHIX Gojlee MpPOCTHIX CaAyuasX OTHENb-
HHE 3Tanbl BHNALaoT.

9. OguoceA3Hble W MHOTOCBs3Hble o6sacTu  (cMm., 1ANpHMeEp:
duxrtenroavy . M. Kype nuddepenunanviioro n nuterpadb-
noro ucwicaems, 1. I, 11T — M. Havga, 1966, 1969). O6nacts Q
eBKAMI0BA IJIn pllMaHOBa npocTpaHcTBa E naswlBaercs CA3HOMW, eCail
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mo6bie ABe TOYKH X, y € Q MOXKHO COeJAHHHATHL KPHBOA, UEJHKOM
Jexallell B Q.

Cesianas 06aactb S B JBYyMepHOM pPHMaHOBOM NPOCTPAHCTBe Ha-
3biBaetcs 00HOC8A3HOU, ecaH, KakoB OB HH GBI HpOCTOH 3aMKHYTHIf
KOHTYp, Jexamufi B S, orpanHueHdas 3THM KOHTYpoM 06.acCTb ue-
JIHKOM NpHHAAJeXKHT S; B NPOTHBHOM CJydae o6nactb S HasHBaeTcs
Heo0HOocsa3H04 UM MHO20c8a3104. Ecay pedb MAET O xoueuuofl 06-
Jactd S, TO MOHATHE OLHOCBA3HOCTH MOKHO C(HOPMYJIHPOBATH NpOLIeE!
o6nacTb S A0/MKHa OHITh OrpaHHYeHa eJAMHCTBEHHbIM CBS3HBIM 3aMK-
HYTHIM KOHTYPOM; MHOrOCBfi3Hasi o6naCTb HMeeT rpaHHNY, COCTOA-
ILYIO M3 HECKOJBKHX CBfI3HBIX VYACTKOB, T.€&. HMEET OTBEPCTHA.

Cisasuasi ofaacte V B TpexMepHOM eBK/AMAOBOM IpPOCTPAHCTBE
Ha3biBAETCSl NOBEPXHOCTHO-00HOCEA3HOW, €C/H, Kakos On HM GBI
NpPOCTOH 3aMKHYTHIM KycouHO-r/afikuit koutyp ! B obmactu V, cyute-
CTBYeT KYCOYHO-TJaJKasi CcaMOHenepecekaiolmascs MOBepxHOCcTb S, or-
paHuYeHHast KOHTYpoM [ u ues]uKoM Jexauias B V, B npoTHBHOM Cay-
uae V Ha3HBaeTCH1 NOBEPXHOCTHO-HEOOHOCBA3HON UAH NOBEPXHOCTHO-
MHO20c8a3104. TIpIMep NOBepXHOCTHO-MHOTOCBA3HOR 06/1aCTH — TOP.

O6uaacTe V HasbiBaeTCs npoCTpaAHCTEeHO-00HOCEA3HOU, eCH, Ka-
KoBa Ob uu Oblna NMpHHajJexawias V npocras 3aMKHyTas MOBEpX-
HOCTb S, o6jacTH V uenAuxoM NpHHALJNENHT Teqo T, OrpaHHyeHuoe
(u3BHe) NOBEPXHOCTHIO S; B NPOTHBHOM cJayuae obsacts V Haswl-
BaeTCsl NpOCTPAHETBCHHO-HEOOHOCEA3HOW UAH 11POCT pAHCTSEHHO- MHO-
2ocaaznold. T1o oTHomenuto X KoHeunolt obaacty V onpenenenne npo-
CTPaHCTBEHHOH OJHOCBSISHOCTH CBOAMTCS K TOMY, 4TO V [O/KHA
OLITb OrpaHHYeHa eJMHCTBEHHOM CBA3HOH 3aMKHYTOM NOBepXHOCTBLIO.
[Ipumep npoCTpaHCTBEHHO-MHOrOCBSI3HOH OGACTH — NOJHIA ap.
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OBOBIIEHHE TEOPUH HEOJHOPOJAHBIX
AHU3OTPOMNHbLIX OBOJIOYEK

HA KOHCTPYKTUBHYIO H MPUOBPETEHHYIO
AHHU30TPOIMHUIO

Ha ocHoBe Bapnauuonsoro NOxXOxa PaccMOTPEH Croco6 mpuBse-
JeHH KOHCTPYKTHBHO-aHM30OTPONHBEIX, B YaCTHOCTH peOpHCTHX, 08o-
JoueK, K 3ajaiaM TeOpHUW HEONHOPOXHBIX aHHU3OTPONHEIX 060J0HEK
[0.2, TLI, T1.2]. O6o6wenne pacnpocTpaneHo M Ha yyeT mnpHoOpe-
TeHHON aHWU3OTPONHH, KOTOpas CO3maeTcsi La)e B H30TPOMHHIX 060-
JaoukaXx npu paGore B ynpyro-maacruueckoff crapuu [I1.3]. Baaro-
naps TakoMmMy o0600lieHHI0 GOPMYJHPOBKH M. 4 pacnpocTpauHdiorcs
Ha 060JIOUKH C KOHCTPYKTHBHOH H NpHoGpeTenHofi axHsoTponHefl.

1. llpusedenue KOHCTpYKTUBHO-QHUZOTPONHOL 060AOUKY K AHU30-
Tponnod. TlpeaCcTaBNM HEKOTOPYIO KOHCTPYKTHBHO-aHH3OTPOMHYIO 060-
JIOUKY B BUJe MHOTOKOHTaKTHOH 3ajaun cobcTBeHHO 060J04KM ¢ Oa-
3UCHOH MOBEPXHOCTHIO S H MOAKPENJAILIMX ee 3JEMEHTOB (HampH-
Mep, Y3KHX M UIHPOKHX pebep, MOAKPEmsiolHX CI0eB M ap.), 3aiin-
Mawomux nomobaactu Sy ma 3Tofi nopepxnocTH. KoHTakT S ¢ S
OCYILECTBJSETCS MO TOYKAM, 110 JHHHAM A noBepxHocTaM. O6osua-
uuM uepes u, & N MmaTpuubi-cToa6usl nepeMelleHni, medopmaunii u
yenaufi-momentoB. [lanmaa wnecBofomnas BapHauMoumas 3afava
(Bapbupylotcs € 1 u)

83 = 83° (1°, £°, N°) + Z 89% (u*, *, N¥)—
k

= SéW(u°, 2°, N°)dS+Z SMV" (u®, e, N*)ds,=0, (1)
N k Sk

KPOMe JONOJHUTENbHBIX YCJIOBHH B 061acTH M B Kaxkaofl H3 momo6-
JacTefl, UMeeT TeOMETpUUeckHe YCJIOBHS KOHTakTa S ¢ Si

f; (u°, uf, £° e®)=o0. )

HMugekc o orHocHTCa K 000JOHKe, B — K MOAKPENJAIOMUM 3/E€MeH-
TaM; o6aacth S — ABymepuad, a nomo6aactd S: MOryr G6bTb ABY-
MEPHHIMH (ISl CJOHCTHIX 060JIOUEX HJHM LIMPOKMX pebep) u ommo-
MepueMn (148 Y3KHX peGep).

PacnpocTpaHuM HHTerpHPOBAHHE MO MoOMO6aacTH Sk Ha_ 06-
nacTe S, BReAs crheuHanbHbie QYHKUAH T dam yskux pebep I'p —
UMOyJbCHEE PYHKUHH, A7 mn%oxnx pefiep — cTyneHuaThle  QyUK-
uHH, A caoucrsix obomouex — I'y =1 Toraa

s9= {8[WwGe.e2 N) + Wt t, o, WH)T]as. @
S
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IMycrs ycnosus xoutakra (2§ Takiue, 4TO MOXIO Bbpa3utb Aedop-
MallUy /1eMeHTOB 4epe3 fedopMauun 06OJOUKH:

k=g (). (4)
Tloacranoska (4) B (3) nossonfer BHASAHTL 0GOGLIEHHEE YCHIHS
N=N°+ ) T,N% (5)
&

KoTopHe paboraiotT Ha pedopmauusx de°.

Torna BapuauyouHble ypaBHeHHS AJA BCEX paccMaTpHBaeMBIX
KOHCTDYKTHBHO-AHH3OTPONHEIX 060/M0YEK B KadecrBe YCJIOBHEH CTa-
UHOHAPHOCTH KMEIOT OJHHAaKOBHe [AHpdepeHUHanbibie YpaBHEHHSA
paBioBecHf, BbipaXKeHHble B OGOOUWIEHHBIX YCHAHAX (MPOH3BONHLIE
NOHUMAIOTCA B OGOOIIEHHOM CMBICAE), W FEOMETpUuECKMe COOTHOLIE-
HHA Takue e, Kak 1A raaaxoft obonouku. Bce pasnuumst comep-
XKATCA B (DH3MUECKHX YpaBHERHAX, KOTOpoie B OOWIEM cJaydae MO
¢opMe coBnanarT ¢ ypaBHEHHAMH [/15 aHH30TPONHHX OGOJOYEK, HO
HMEIOT Pa3/H4HBIE MapaMeTPH YNPYTOCTH, OTpajkaioll#e Bce ocobeH-
HOCTH KOHCTPYKTHBHOII aHmsoTponuu. Takum oOpa3oM, NpHBeIeHHE
KOHCTPYKTHBHO-aHH30TPONHEIX 060/04eK K AHH3OTPONHHIM COCTOMT B
onpene/eHny PpHINYECKHX lapaMeTpoB.

2. TMponanocTpupyem IpHBEJeHHEIE PAcCyISHHSI HA NpHMepe
060.404KU, noOKpensennol Yyskumu pebpamu npoussoAbHOL opuenra-
yuu. O6os0uka oONHCHBaeTCA YpaBHEHHAMH B pa3BepHYTOH ¢opme
(rn. 4, § 8), a pebpa— Teopueii CTepxHeil l{pxroqaa—KJleéma.
Haa na}moro caydast B BapHAUNOHHOM ypaBHeHHH (

W (u*, o, ¢%) =
1 ou® 2ot 21 et 2
=_EF — — EI%
g B [ax; e (ax;y] *3 k[ (dxk)2]

k
+1 le(gj ) —[q"(u"—nk e )+qwk]. ©)
k k

rle ¢% ¢ — TaHreHUHATbHAs M BepTHKaJbHAsA HArpy3Ki, l, — nnnua,
1), — SKCHEHTPUCHTET k-rO pebpa, B = EF,, Elf, Gl — JKECTKOCTH

pe6pa npH nponoibHOA AedOpMalyH, H3THOE H KPYyeHHH; ¢ — yrod
sakpyunsanusa peGpa. Ycaosua (2) konrakra k-ro pe6pa ¢ obosouxoft

f{‘ =u° —uf 4 N (dwk/ax,’e) =0, fg =0 —wf =0,
[% = (0w’[0x?) — ¢* =0.
Creunanbnas ¢ynxnns T, 8 (3), (5) pasna
Tp=8[(#* = x3s) — (' ~ x) tg (s, #")J[T (+' — ) —
— I (x' = x3,)Jeos (xh, x') + o[ (5" — xf,) —
- (x - ka) tg (xk, x )][1" (x - ka) - F(x - xnk)]x

X cos(xk, x ), )

(2)
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npunueM I' (x) — crynenuaras ¢yHKuHs:
[ (x)={0 npn x <0; 05 mpn x==0; { npu x>0}, (8)

8 (x) — cuMMeTpPHYHAs eIHHNUHAS HMMNY/bCHAS (YHKIUS, AIH DYHK-
una dupaka, onpenensemas yc/aoBueM -

b 0 npp x<a uwm x>b,
Sf(§)6(§'—x)d§= 05/(x) mpu x=a uan x=A>,
a f(x) nmpr a<x<b

(a < b)

A 0poussosbHOfl dyuruun f(E), wenpepuBuoRt B TOUKe E = x.

C yuerom (2) nepefimeM oT pmedopMawuit B pefpe e, x* t*
K KOMMOHeHTaM fedOpManun B 069JI0YKe 1Mo HanpaBjeHuo k-ro pe6-
pa. Ucnoapsys (7) u ¢dopMysab npeoGpa3oBaHnss KOMIOHEHTOB Je-
¢opmanui npH mepexone OT KOOpAHHAT x,:, xi (cMm. puc. B Tabu. I1. 1)
K KoopmHHaTaMm X', X% no/iyuuM COOTHOMEHWS YDPYrOCTH, CBA3H-
Baomne o6obwennsie ycuaua ¢ pedopmanusamu [0.2]. Tlapamerpet
3THX cOoTHOUleHH{l npexcTasienn B taba. I1.1.

3. DNeMeHTH MaTpull COOTHOWIEHWHI ympyrocTH mis 06oJouexk ¢
ITHPOKMMH H Y3KHMM pefpaMiy, napaielbubiMy KOOPAMMATHHIM JH-
HUAM, H MHOrOCJoifHHX 00o0Jouek Npuseneunt B Ttada. [1, 2 —I1 6.
Boamoxno o6obiuenue H ua Apyrue KOHCTPYKTHBHO-aHH3OTPONHBIE
o60/10uKy, wHanpuMep uacronepdopupoBannbie [[1.5], ceruarne
[T1. 11], HeKoTOpEIe MPOCTPAHCTBEHHBIE CHCTEMHI.

4. Jluneapusoaannsle usudecku seaudeilnoie sadauy Ora erad-
Kux u pebpuctoty oGosouek. Yder mpnoGperTenyoil awH3OTpONUH Ha
TpUMepe JMHeapH3anHy (H3UUECKN HENHHEHHHIX 3a/1a¥ TECPUK Manbix
YUpyro-naacTu4eckHx mneopMamull mpH HCMOJb30BAHHA METOna Mepe-
MEeHHBIX mapaMeTpoB ynpyroctd paccMorpen B [T1.3]. B atom cayuae
CBsI3b MeXJy KOMIOHEeHTaMH YCWIHH M fedopMauuil pas raAafKkux u
peSpHCTEIX 060/109eK MOXHMO mpeactaBHTe B dopme (120) ra. 4
015 HeOMHODONHHX AaHH3OTPONHWMX o6onouek. B 3THX ypaBHeHHsx
K03 PHIHEHTH YHPYTOCTH ABJAIOTCA GYHKUHAMA HampsKeHuo-ge-
(DOPMHPOBAHHOrO COCTOSIHUMA. [1pm pelllenun NamHON HenHuelHOR 3a-
fayd MeTONOM NepPeMEeHHHIX NnapaMeTpoB YNDYroCTH (hH3MYeCKHe cCO-
OTHOLIEHMS HA KaXXNOM liare JMHeapusainu coxpausmor dpopMy (1.20)
¢ MOCTOAHHBIMK Ko3dduunenramy ynpyroctn. Hacts ko3 huueHToB
B 3THX COOTHOWIEHHAX oOpallaercs B HYJAb, 2 BHA APYCMX 3aBHCHT
OT UHTErpabHbiX (HH3NYECKHX XaPaKTePHCTHK Ceuenus (HalpuMep,
[1.6]). VpaBueHus paBHOBecHA W TeOMeTpHuecKMe 3aBHCHMOCTH,
€CTECTBEHHO, OCTAlOTCA ONWHAKOBHIMU /IS TEOPUM MaJbiX YAPYro-
mjacTHYeCKHX nedopManuii H JAnHeHHONA Teopunm HEONHOPONHHIX aHH-
30TPONHHIX 060J/10YeK.

Takum o6pa3om, 3anadyu pacdeTa ONHOPOAHMBLIX H HEONHOPOINHLIX
o6osiouek ¢ ydeToM (hH3MuecKOR HenMHeRHOCTH APHBOAATCH K foc/e:
HOBATENLHOCTH JHHeaPH30BAHHLIX 3a4ad /A HEOAHOPOAHBLIX AHH30-
TpomHEX 060JIOUEK,



TABJIHL{bI

Pasnnunme Bapuautsi Qyuknuomana Jlarpauxa

dyuxuunonan Jlarpauxa

. (u)=SSS[%e(q)"a"e(u)—l"-u]dV—SS(f*-u)’dS

3,1, (8, e)=SSS(%e--a--e—F-u)dV—SS(f*-u)’dS

ons@={§ (3erraremare)ar 4 (f ooy -

- Kvécavcﬁo (qazﬁ),] dS+4C (a® 4", @) (cm. raba. 3.2)

S (%, €, a)=SSS (JQ—G--e—F-u)dV— SS(f*-u)’dS

B JAEeKapPTOBbLIX KOOpAMHATAX
- 1 . :
315 (p €3)) = SSS (5 e, 0t Mg, — F‘u,) av — SS ("u;) as,

e eqp = -;— (Vaug -+ Vaa) a =12

B NE€KAPTOBBIX KOOPAHHATAX

9“6 (ui, eai) == SSS (—é“ ei/ailkiek, — Flui) dVv — SS (f*iui)/ ds,

rue ess == Vsug
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3.1

JonoNHHTeTbHbIE YCJIOBUR

Ycnosus CTAUHOHAPHOCTH

(u—u*)”"=0Ha S

V.ole(w)] +F=0s8YV;
{ole(u)]-n—f} =0mna S

e——;-(Vu+uV)=0 B V;

(u—u*)”"=0Ha S

V.6(e)+F=08YV,
fo(e)-n—f1"=0mna S

VXexX V=038V,

”
(eaﬁ —eg) = 0,

N Ha S
(uaﬂ — uaﬂ)" =0

V.-6(e)+F=08V;
[0(e)-n—f] =0mna S

e—-;-(Vu+uV)=0,

C—e--a=0s8YV;
(u—u*)"=0wua$S

V.-64+-F=08YV;
C-n—f)=0naS

(ui — u’;)” =0Ha S

eq; — é (Vs“i + Vi“s) =0 8 V;

Vol (e)+ FF'=08V;

[0” (e) —f*i]'= Oua S

L2 §

(u;— u:)”-—; 0Ha S

€qs *—;—(Vaut—}-V}.u )=OBV;

Vot (e) + FF=08V;
[ )n;— ] =0ma s
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Pasnnunne Bapuanth Qynxumonana Kactunbsho

PyuknuoHaa KacTHabAHO

By (@)=SSS[—— ;—a(cp)-.b.-a((p)]dv—
= ey e = v iy as 4 0 07,4, 49,

o0 ’
rie ¢v6=cav056 (T:'B+2V(21q)3ﬁ+ba5q)33) _Cavcﬁgbgwaﬁ—f—cgvcﬂ&bg’q}aﬁ

: .\ 090
B T A W e

FL (= 8) + U
+2¢"YePOV? (e15) g + c®¥eP% g (en) 950} dS + C

9K3(6)=SSS (—%0’ buO’)dV—}- SS (u*.o'A.n)”dS

4 (9. 0, e)=SSS(—%e--G)dV——

(0% — et (o) ausTas 4

B JI€KAPTOBLIX KOODAHHATAX

s (945 0i3)= SSS (—- % o”b”klokl) av + SS (u;o”n,)" ds,

rie 0a5=e"/“€leV,V,(p,k +0o® o By 0=12

B JeKapTOBLIX KOOpAMHATaXx

9xs (91 o) = SS S ('_ %"”bukz“kl) av + SS (ui0n,)” ds,

e 0,33 - eii3ek13vivl(plk + 0,83

NIRRT S,

b tten i
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Ta6auuwa 3.2

/1A HEOJHOPOJHOrO AaHH3OTPONHOIO YIPYyroro rena

LononuureabHble yCa0BHA

Ycn0BUA CTaLHOHAPHOCTH

((paﬂ - (p:;.ﬁ)/ =0,
(9 —pY%) =0 ua S

VXelo(@l XV=08YV;
[eys @) — ¢3) =0,

{”vé le ()] — %:6}” =0mna S

60— (0°+VXoXV)=08YV;

(#;;—@3) =0,

O(Paﬁ * !
( on _naﬁ) =0ua$

VXe@XV=08V;

[eys (0) —e]” =0,

{yole (@] — g}’ =0 na S

V.64+F=038YV;
O .n- Y=0ua S

VXe@XV=08YV;
[eys (0) — eys (u™)]” =0,
{rys [6(0)] — %ys (u*)}"=0wna S

60— (°+VXopXV)=0,
e—06.-b=0281V;

(v¥° — ¥¥%) =0,
((Paﬁ - (pzﬂ), =0Ha S

VXexV=038TV1;
(evo— ezo)”=0,

[y5(e) — %ys]” =0 na S

0m"(css'*'em“eklsvmvz‘P/k)=0
B V;

(‘Paﬂ - ‘P;ﬂ)/ =0,

(‘byé - ﬂ)y&), =0mHa S

emiiekl"VmVlelk (©)=038 YV,
[eys (6) — eys (u™)]” =0,

{xys le (0)] — ny5 (u*)}"=0ua $

Gia_(Géa+emiieklavmvl(pik)=o
B V;

(q)aﬂ - ‘p;ﬁ), =0

(9 — %) — 0 wa

6.mfteklnvmvlel_k (0.) — 0 B V;

leys (0) —eys (8] =0,
{nys [e (0)] — %y (@*)}" =0na S

[
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JlarpanxeBa cepHsi MOJHHIX (QYHKIHOHAJOB

Mosusle dyukHHOHANDL!

Im (4, f)=SSS[%e(u)--a‘-e(u)—l’-u]dV—

—SS(f*)’-udS—SSf-(u—u*)”ds

3ma(u)=SSS[%e(u) ~-a--e(u)——1’-u]dV—

- SS(f*)’-u dS—-SS(u—-u*)”-Ule )] nds

Oyukunonan Xy — Baumny

3[12 (u: e, 6) =

=SSS{_;_e..a..e—p.u—o~~[e—%(Vu+uV)]}dV—

—SS(f*)’-udS— SS(u—u*)”-o-ndS

3na(e,¢)=SSS[—;-e-'a--e—ﬂ"-‘e—(p“(VXeXV)]dV+

+ T EY = 6268 () s @5 4 010% a0 4

+ SS {\wﬁ (evﬁ - e:zﬁ - "av"ﬂaq’aﬁ [“vé (e) — “;6]”} as,

roe Y0 =9 (@) (cm. Tabn. 3.2)
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Ta6anua 3.3

s HEOTHOPOINHOro AHH3O0TPOMHOrO YNPyroro teJsa

] Muoxntenan
Yc/oBHA CTALMOHAPHOCTH Jlarpanxa
V.ole(u)}+ F=0 B V,
P =0 |Ole@]-n—Fy =0,
{fole(@)ln—f}"=0 na S; f
%‘_?_,-:() (a—wa*)" =0 na S
203 V-ole(u)] + F=0 8 V, _
on ole(@)-n—fY =0, (4 —86")=0HaS
-(E—__— Vo+F=08V, (6-0n—J) =0 na S,
du
ﬁ_3_=0 6—e-ra=0 8 V;
de o
03 e—-%(Vu+uV)=0 B V.
96 ="
(a4 —a*)”=0 una S
e ra—(06°+VXpXV)=01381V,
[} 8y __
%:0 (\pY ——\bj)——O,
* /7
(q;aﬁ—(paﬂ) =0 #a S;
VXeXV=013sV, ¢
83 * N\
== — =0)
6;) 0 (e'yb Bvd)* )
[y (&) = %ys]" =0 wa S
& 1L 00 ABosckuit u ap.
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[Toanbple hyHKUHOHAADI

‘i

3114 (u, e 0, }4, l,l,) =

=SSS{%¢ -e——I’-u—},--[e———;-(Vu—!— uV)]—

_l‘“"(0_3"a)}dV'—SS(f*)"“ds"‘Sg(u—u*)”~3«-nd8

Fma (4, e, 6) =

=SSS[—%0”€+—;‘(“+""“)"%EV"—FuV)—F.u]dV_

_SS(f*)IudS_SS(u —u*)”‘—;-(ﬂ—!-ena)-nds

i 1 L )
Bus (45 e300 1%) = SSS { 5 e ey — Flu, —
a3 1 33
— 20 [eaa -y (Vsug + Vaus)] — 07 (es3 — Vaua) } dV —

- S S () u; s — SS [n,0% (ug — u3)” + 1" (ug — ug)"] @S,

GRS =—;— (Vauﬁ -+ Vﬁua) (o, p=1, 2)

: . _ '
B (4 eqp o', P) = SSS {—2- e ol ey — Flu; —

—obf [eaﬁ— —é— (Vaug +Vﬁua)]——203°‘ [eaa— % (Vous+ Vaua)]} dv—

—_ SS [nioia (”a — u;)” 4+ (u3 —_ u;)”] ds — SS (f‘i)/ u; ds.

rne esy = Vaus
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M podormernue Taba 3.3

veu MHuoxuTenn
OBHSAl CTAUHOHAPHOCTH JIBTDBH)KB
43
—(-3—;-———"0 VA+FP=0sV, (h-n—f)=0muas$s,
%‘ez=0 %o—k+u--a=0 B V;
1
%%: ?e—u/:() B V; }‘y w
_g_‘;.-:o e—%(Vu+uV)=0 BV, (4—u*)"=0Hua S§;
%?.: og—e--a=0 8V
m
5 V-—é—(o+e~-a)+1’=03 v,
97 o ,
ou [—é—(0+e--a)~n—f*] =0 na S;
-g—§-=0 0——;—(Vu‘+uV)--a=0 B V;
%3_=0 e—%(Vu—}—uV):O BV, (u—u*)"=0ua S
09 _ | Vel HF =08V
du; (cjin]— f*i),=0, (Gjunj —fa)”=0 ua S;
aaea —0 Gi3_a13klekl=o B V:
31 1 0.13’ fa
39 egi—?(stui+Viu3)=0 B V,
i3 *\ 77
0(;’3 (u3———u3)' =0 Ha S;
=0 | (4, —uy)"=0 na S
of
39 _, Vil 4+ Ff=08 V,
du, (cjinj—f*i)'=0, (cfSn, —f3)”=0 Ha S;
5(13 =0 | o —al%le, =0 B V; o 3
. a
ai 1 o', f
35 —0 Cai _-2_(Vaui+viua)=0 B V,
dc'® (ua—u:)/’=0 Ha S;
a3 *
—ai3—=0 (u3—~u3)”=0 Ha S




298 TABJIIILIL!

- KacTuabsinoBa cepus noannix GyskUHOHAIOB

ITosuble hyuKIHOHANB

T (2 1) = |\ | [0 @ b o @] av
= e o — et iy auglas
— SS [e'yﬁ (qﬂﬁ — q;zﬁ)/ - cchﬂﬁuvﬁ (qaaﬂ — qnzﬂ)’] ds+C,

. 09
cpe YYo= % B8 (_a_’%ﬂ + 2Viq>35 + baﬂq>33) - c‘”cﬂgbgq)aﬁ +

4 CEYCBBbg‘PaB

Ba1a @) =33, {®, [eys (@)]'s [ys @]}

SSS [_ _é_ G--b.-04e-- (0—0°-VX(PXV)] dv—
- SS [(eys)” %Y — c*¥eP® (w3,)" @4p] dS —

- SS [evﬁ (‘I’YB - “’ZB), - caycﬂﬁ"vﬁ (e) (q’uﬂ - q’?zﬁ),] as+C

3 ,(9, 0, e)

®ynkuuonaa Peficcuepa

=S s

+\wronas 4+ {{u-@apyas
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TaGanua 3.4

1T HEeOMHOPOJAHOr0 aHHSOTPOIHOrO YIpyroro TteJfa

" Ycnomust cTaLHOHAPHOCTH 1"}{27;:;%1;
VXelo(@)] XV=038YV,
99 _ Leys (@ — els]” =0, [y5 (@ —%3]" =0,
o9 leys — eys (@)1 =0,
[y = %ys (®)]' =0 Ha S; eagr %ag
a3
9eys | (47— %) =0, (9g5 — i) =0 Ha S
23
I%ys -
VXelo(@]XV=0 5V,
g% _o |[eys@—eps]” =0, [y @ —nig]”=0,| —
(WY = 9%) =0, (9gp — Pog) =0 wa S
99 _ . | VXe@XV=05V,
% (éyﬁ—e;ts)” =0, [%Vﬁ (e)—%?;g]” =0 Ha S;
Q: e—@G--b=0 138 V; e
a0
33 0—0°—VX@eXV=013V,
5o 70| (9= 0Y =0, (up — 0ig) =0 wa S
23 |0 b——;—(Vu+uv)=o BV,
9 (u —u*)"=0 na S; u
-g%=0 V.o+F=08V, (0-n—f)=0mna$
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Mosnsle dhyHKIHOHaMb!

9,4(9.0. 68 )=

- SSS[_%" et (e—0~b)+n~-(o—o°—v><<p><v)]dv_
— SS [(826)// '\bvﬁ _ COWCM(%:B)” (paﬂ] s —

- SS [y (97 = 97°) = c*Veuy (1) (9ug — 90p) 1S + C

Ii1a (@, 0, €) =

=SSS[%0"€_%‘(2+"“b)"(0°+V><fP><V)]dV—
(e 9 = o0 () gl + o -
_SS[—;—(e_;_o..b)vﬁ(\pvﬁ__\pza)/_

1
- caVcBBuvﬁ (—2- (e+o-- b)) ((pﬂlB - q):lﬂ)’] as

Hekoropuie wactieie dynxumonams mas

HacTHole QYHKIHOHALI

Src(u,e,o)=SSS[—%e--0—F-u+0--%(Vu +uV)]dV—

— Sg(f*.u)’dS— SS [(u—u*).0.n)"dS
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I podosnerue Taba 3.4

YcaoBHA CTAUHOHAPHOCTH A{Jk'lﬂa?‘)g::;?aﬂ

VXnXV=0 3V, )

[90 (M) — %3s]" = 0 w2 ;
23 1
50—--—0 -?e—}—g'b—ﬂ’-‘—‘o B V’ g

’n

83 1
_é;._o 5 —Et=0 38 V;
%ga_=0 e—0--5=0 38 V;
93 c—(0°+VXeXV)=015V,

om (970 — 9Y) =0, (@op — Pyp) =0 Ha S

1 « 1
_@_9_=0 [3(e+0"b)vﬁ_evﬁ] =0,

[%VB — “;6]” =0 na S;
1

99 _g |2

o0 (\PVB—\PIB),=O’ ((paﬂ—-qf;ﬂ)’=0 Ha S;
25 0—(0°+VXeXV)=03V,
W=0 (\pﬂyﬁ_\pzﬁ)’____o’ (q)aﬁ_q):;.ﬁ),=0 Ha S

VX(e+0--0)XV=0 38V,

Se—g @ +VXEXV) - b=05V,

HEOIHOPOAHOrG aHH30TPONHOrO YNPYroro Tea

TaGauyga 3.5

HomnoJiHiiTeJbHbie YCIOBHA YcaoBHA CTAaUMOHAPHOCTH

e——%(Vu—}—uV)——— ,

o—e--a=0 Vot F=0138V;

(u—u*)" =0, (6-n—f) =0na §
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HacTHble GYHKLHOHALI

er (@, , ”‘"‘SSS[%“”‘*“’“ (o°+v><cp><V)]dv_
- [y o0 o gl -

— SS [e'yd (lp‘vﬁ _ ll)!d)l _ CO'VCBB%.YG (e) ((paﬁ _ (p:;ﬂ)/] dS+C

Igp1 (e, 0)=SSS(%e--a--e—o--e)dV-i-Sg(u*)”-o-nds

oo 0= {5 (-

_;_q..b..q+e..o-—e-~0°)dV+
e 02 = ¥y 0 o) 054

Igr (e, °)=SSS (';—e'-a cee—0.. e)dV—i—SS(u*)".o.nds

ad)(:(o’e):SSS(—-;_0"b”0+e"o_e“0°)dV+

(Lo (9 = 0% 0 (a2g) T a5 4

3 (u, o)=SSS(_I_p.u)dV+
I (herr) - (e s
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M podorxenue Taba. 3.5

[JononHuTeNbHble YCJIOBHA

YeaoBUs CTAUHOHAPHOCTH

0—(0°+ VXX V)=0,
VXexV=018V;

(Pap—0ap) =0, (¥V°—¥1°) =0,
(eys — eys)” =0,

[y5 () — %ys]” =0 wa S

V.04F=0, VXexXV=038V;
0 n—f) =0,
(eys — €ys)" =0,

[va (e) — u:d]” =0 na S

V-o—e--a)+ F=0

VxexXV=0 V.0+F=081V;
(evé - e:())” =0,
[%y5 (€) — %ys]” =0,

O-n—f)=0 Ha S

VX(—0--5)X V=0

V.o+F=0138V;
(0-a—f) =0 na S

og—e:--a=0,
VXeX V=0 8 V;
[eys (@) — eys]” =0,

{%VS [e (0)] — “;6}” =0 Ha S

VXex V=03V,
(evd— e;B)”=O,

[“vb (e) — u;d]” =0 una S

e—¢.-b=0,
V.(6—0)=0 8 V;

[o:n—F(% 95p)] =0 ua S

V.o F=0,
0—%(Vu+uV)--a=0 B V

(0-n—f*) =0,
(8 —u*)"=0 na S
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YacTHoe GyHKUHOHAT K

am<u>=SSS[ie<u> e (u) — F-u]dv—SS (@) -6-n-dS

2
2 (0) = SSS —6 U)dV—}-SS(u*)”-U-n-dS

(ST e

I
- cavcﬁa%ﬁ [7 sy (e) = 3] yas -

N LG9 =) = e (L) ] s

roe $V0 = Y0 (@) (cM. Taba. 3.2)

3 (@) =SSS[-—%6(¢) . b--a(fp)]dV—

= L) 99— o8 (i) gaas 4

o[ (remeemr - Jars

+ SS [evé (wré)/ _ cavcﬁéxvé (e) ((p;f,),] iS4 C

i (ty a) = S S S {320 (4) % [ (1), @ ()] -
—egl...] 0% (9,) — %ew [...10% () — F“ua}dv -

=N § 0y as = {1 ) iy o

(B 1eKapToBHIX KOO paxHaTax)

ey o 0)= || { = J gl w0 3, 9] 0™ (v, )~

— e[ ]"36(%:‘?)'*' eg3 (113) 0% [ ]"Fsus}dV_

- SS (*%uy)" as — SS [1,0" (b ) ] as

(B NnexaproBEX KoOpruuarax)
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M podoaxenue Tabar 3.5

ononunuTenbuble ycJAoBUS

YcnoBus cTallioHaPHOCTH

V-6le(u)] +F=0 8 V;
(w—u*)”=0 ua S

fole)]-n—f} =0 na S

V-64+F=0,
VX@--b)X V=038 V;
@n—f) =0 u S

leag (0) — eqp (uM)]” =0,
[%aﬁ (0) — %ap (u")]”=0 na S

VXeXV=0,
e— (@ +VXeXV)=038V

(eys — eys)” =0

[7ys (&) — “:6]” =0,
(17— =0

(Pap — Pap) =0 2 S

VXelo(@)l XV=0 38 V;

(%ﬁ - (PZB), =0,
(11)“5 — 11)36)/ =0 na S

{"yo o (@) — B;G}” =9,
{105 L €@ (@))] — %y} =0 12 S

VXeXV=0,
V.e--a)+F=0 38V,

(eys — ev)” =0,
[xvé (e) — %;5]” =0 Ha S

[o (&) n—f ()% 95)) =012 S

[nio.iS ('43(,_) + f*S]’ =0,

(”v - ”:r)” =0 ua S

Y paBHeuus TeOpHH YNPYToCTH
B QysHRIHAX Uy Yo
M COOTBETCTBYIOLIHE IDAaHHUYHBIE
yCca0BHA

[1,% (b 9) = *F] =0,
(u3 — u;)” =0 pna S

YpaBHeHust TEOPHH YNPYFOCTH
B QynKuHAX U3, Yo, @
H COOTBETCTBYIOLIHE I'PaHHUYHbIE
ycioBus
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TABJTULIB!

JkcTpeManbibie cBOHCTBA BADHANHORHEIX

ITonxbie DKCTpeMasbHble cBOHCTBa
b yHKUHOHAND B TOUKe CTALMOHADHOCTH
JlarpanxeBa cepust
I (4, f) max min = min max
u u K
Snia (#) HeT SKCTPeMyMOB
Iz (4, e, 6) max min = min max
¢ ue ue o
Ins (e, @) max min == min max
e e e ¢
Sn4 (u, e, 6, A, p) min max

u, e, ¢ ap

Ima (u, e, 6)

HeT 5KCTPeMyMOB

s (”v €y o”, fa)

max min = min max
03, f0 Hj ey up ey ol3 fa

g (”ir eqir 0%, fs)

max min = min max
of®, 3 uyeq;  upeg; gio 3

Kacruassnosa cepus

1 (P €gps %gg)

min  max=max min
eaﬁ’ ”aﬁ e e e(lﬁ’ %aﬁ

*

nla (q))

HET 9KCTPeMyMOB

3;2 ((Pr G, e)

min max = max min

e 9 0 ¢, 0 e
I3 (0, u) min max = max min
u g [ u
3;4 ((Pr G, e, gv 71) max min
9, 0, % q

3;43 ((p: g, e)

HET 3KCTPEMYMOB

QyYHKIMOHAIH ¢ HeNMOTHBIMY
noasmu @, G, e

min max = max min
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Ta6aunua 3.6

s (1 o)

YacTHBIE YacTHble SkcTpemasabHble CBORCTRA
G YHKIHOHAIH ¢GhYHKIHOHAJB B TOUKE CTAllHOHAPHOCTH
@yHKuHOHAN 3; (u, 0) max min == min max
Jlarpanxka ¢ u u O
—> min
Iy (u) min
3‘}'“ (u) ) u
3, (u, €)
2 852 (0) max
a
I3 (e)
* . .
3. (9, ) min max == max min
Oy (1, e g) e @ ° e
'
5«
15 (1p €3:) 3., (@) max
3
A1; (4p Cai) R
3, (€) mem
DyHKIHOHAT
Kactuabsgo
— max A¢r (& 6) max min==min max
a e e ©
g1 (P)
e (0, €) min max == max min
e @ g e
3K2(¢’0)
4 (e, © min=20
31{3 ©) @ ) e, 0
3]{4 (q)) g, e) s .
1 (tys Va) max min = min max

¢a uv uv ¢a

Bgs (@i o)

3H2 (u37 11’(1’ (p)

max min == min max
Yo @ U3 uy Vg, @
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Ta6anua 37

Pasznuunpie BapuadTh GyHKudonana Jlarpanxa npu paspuiBHaIX
nepeMele laX, AepOPMAINAX U HANDSKeHAIX

PyHkuHoHaa
Jlarpanxka
(cMm, Ta6a. 3.1)

HononxurenbHule
ycaosusn:
Kak B TabJj. 3.1
H, KpoMe Toro,

YesoBis cTanuonapuocTy:
Kak B Ta6j, 3.1
H, KpoMe Toro,

F@) =3, m)| =0 na D | (6()-n)’=0 na D
3P ,e)=

e ;)m (e | B'=01ua D | (6().n=0 na D

: o O =0 , -
I3 (€) = 3y, (e) {%ag ()} =0naD| {6(€)-n}'=0 na D
3y (u, e, 6) = Yy .

=3y, (u, e, 0) {u}” =0 wa D {6-n}’=0 pa D

s (44, ey3) =
= 915 (4> €43)

{ui}”=0 Ha D

{oiinj}/ =0 pa D,

1
€og = > (Vauﬁ + Vﬁua)

roe ot/ = a”klek

I

e (4 €50) =
= I g (4 14)

{ui}” =0 pga D

{oijni}/ =0 pa D,

i ifkl
rope 0/ =q ekl

e33 = Vsu,

Paznnunsle papuanTh

b

Ta6auuwa 38

bynkinonana Kactuabsino npu PaspuiBHBIX
YHKUHAX HANPAKeHHH, HANDIKEHUAX H AedopMArmsix

PyHKIHOHAA
Kactuansso
(cM. Ta6a. 3.2)

Honoauureabunle
ycaosus:
Kak B Ta6a. 3.2
H, KpoMe TOTO,

Yeaosus
CTanHOHA DHOCTH:
Kak B Ta6a. 3.2
H, KpoMe TOrO,

{(paﬁ}/ =0, {eaﬁ @)} =o,
% @) =3 (@ {0¥} =0 na D | fap ()" =0na D
Y =0,
3y (¢, 0)= {":;’} , feag (@)} =0,
=3 (¢, 9) {%} =0 6aD| {tap @) =0 ua D

ks (0) = 33 (0)

(6.0} =0 u#a D

feag (@)} =0,
{%ag (6)}" =0 na

D
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Ta6auua 39

JlarpanieBa CepuA TMOJHLX (YHKIHMOHANOB
{ pM pa3spHBHLIX TMepeMeUleHHsX, nepopMaluax, HANPSAKEeHUAX
¥ yHKUMSAX HANpPAKeHHd

ITonuble ¢yHKIHOHABL
(cM. Taba. 3.3)

YcaosHa cTauHOHAPHOCTH:
Kak B Ta6xa. 3.3
#, KpoMme TOToO,

(. f) =9y, (w )+ SS {u)” - fdD

{6 (u)-n}’ =0, {u}"=0,
{6 (u)-n—f}”=0 na D

3Ry @) =3y, )+ | § 10170 (1 -maD

{o (w)-n}’ =0,
(g} =0 Ba D

‘9‘;)12 (u’ e, 0) =

=3, (4, e, 6) + SS {u}y/ -6-ndD

{o- n}, =0,
{u}’ =0 na D

File @ =33 @+
+S S [ (o5} — c®¥cBag liys (€)}7]aD

{y¥}'=0, {g**}'=0,
{evb}” = Or
{%ys (e)}”=0 nma D

P, (u, e 0,k 1)=
=9+ {{1w7 2 onap

{A-n}’ =0,
=0 na D

30, (u, e 0) =23y, (u, e, 6) +

+SS {u}”'-:lg(ﬂ-ke--a)-ndD

{—;—(o+e--a)-n}=0,
{u}”==0 na D

s (ui’ €3y, ¥, fa) =
=395 (”i' €3 o”, fa) +

+ SS [{”3}” oln; + {ug)” F*]dD

(o) =0

1
eap = D) (Vauﬁ+vﬁua)

e (”i’ Cuis o', fs) =
=3I (uiY €air Oia, fs) +

= SS [{ug)” o/, + {ug}” F] D

LA

rae ¢B = a33”e,j,

€33 = Vsus
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Hekoroprre cueremu KOOpIHHAT

Koopn;{:::ggze}mﬂuu CBA3b € IPAMOYIOJIbHBIMA
, NeKaPTOBLIMH KOOPAMHATAMU
JIOKaNbHBIE Gasuc p P

Mpsamonnueinre KOCOYTObHbIE
(addunnmre) kooprunaTh £/

X = al,gf
Y= ‘121§j
z=ayt!
i
Kpuponuuefinpe OPTOrOHAMbHble
KoopaunaTel obuiero Buma aof
r=x (af)
y=y (al)
2=z (af)
P 2
=pCcosQ
y=psing
2=z
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Ta6auna 3.10
B TPEeXMeDHOM MpPOCTPAHCTRE

KoMHOHEHTH METPHYECKOro
TeH3opa P Cumponn Kpucroboean

(KOMIOHEHTH!, He OpHBeNeHHHE B TabJaulle, TOXKIECTBEHHO PABHH HY/IIO)

8177 Ak
1 dg;
g2 [ Ox 2 Ty p=— _ _°it i s k)
gli"‘”r""(aai) + i, 2 9aF (
dy \? 0z \? 1 dgy
+(——. ( ) T, ;=T = —2iL
dat + dat it It t 2 o
8pp= Pop. o=—p
Eoo=10" Tog. o=p
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Haasanne, CBsi3b C MPAMOYTOJLHBIMH
KOODIAHHATHBIE JIMHUH, 1eKaPTOBLIMH KOOPAHHATAMH
JOKaNLHBR Gaauc

Coepuueckue koopaunars r, 9, ¢

X ==rsinBcos ¢
y=rsin0Osing
2=-—rcosH

x = (a4 rsinB) cosg
y=1(a+rsinh)sing
2==rcos O

KoopauuaTsl, MOpManbHO CBsi3aHHLIE
¢ mosepxHocThio &, E2,

s

X=X (ga) + §ny
¥ =y (") + tny
2==2p (ga) + Lne

é-/

$2
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Tpodoancenue taba. 3.10

KOMIIOHEHTHl METPHYECKOoro
TeH30pa

CHMBoJaB Kpuctoddens

(KOMIOHEHTHI, He MpHBEACHHEIE

B Ta(aHue, TOXKIECTBEHHO PaBHBl HyJIO)

grr=1 Lo, 0= Too. , ="
€oo="" Tro,9=—Tgp r=rsin’0
Qoo ="r'sin®0 Too. o= — Lpp. =" sinBcos®
grr=1 Lo, 0= "Too, r =7
Cop="" Tro, 9= —TLgp r="(a+rsin0)sin0
I, —=—Tp  —
Gop=(a +rsin0)? 69. @ 9. 6
= (a4 rsin 0) r cos 0
Sap = (1 — ’K) agg —
—20(1 — {H) bag
(@ B=1, 2), r _l( 08pa , 08y _ agaﬂ)
B v = il
ga=1 Y2 \og® agP 2

roe
2K = c®c¥b g g4,
2H = a®Pp g = b3

PGB’ 3= - I‘ﬁg’ a =
= tKagg + (1 — 2HY) by
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TaG6anma 3.11

Dynxumnonan Peficcnepa
B KPUBOJIHHEHHLIX OPTOTOHANBHBIX KOOpPAMHATAX

I (0, u)=

1
= — SSS {—2—H1H2H3 (611 (b11110 11746 1122059+ . 42611190 12)+

- 022 (2211011 + boggsoas + ... + 2b9212019) + ...
coo + 012 (b1211011 + bya9e09p - ... T 2b12,2012)] +
+ul[(H2H3011),1+(H1H30'12),2+(H1H2013),3+H3H|,2012+

+ HoH 1, 5015 — HyH, 1099 — Hofy) 1033 + FiH HoH ) -

+uzl...]+usl...]} do! do? das +

+ S S [} (0)5n) + 0y, + Oy3n) 11, (021”1+°22”2+°23”3)+
+ t5 (03ym) + o3n; + O3a13)]” dS +

+ SS [, (0,yn, + 0515 + Oyafty — f;k), +

+ g (011 + 0gpny +- Og3fy — f;), +

+ 13 (0311 + Ogony + O3ty — f;)l] as

IMpumevanne Muoxurenu [...] opH 1y u u, noJay-
JaIOTCS LHKIHYECKON NepecTaHOBKON HHASKCOB M3 COOTBETCTBYIO-
LLEr0 MHOXHTENS! NPH u,.
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Ta6auga 3.12
IMoaunit GyHkuHOHAN B

B CHMMETDH30BAaHHOM OCHOBHOM INPOCTPAHCTBE COCTOsIHUH
B KpHBOJIHHeﬁHI)IX OPTOTrOHAJIBHBIX KOOpAHHATAX

Onia (4, e, 0) = SSS { - % (011e1) + Onens + ... 4 2015e05) +
uy Hy ous Hy sus us 9 Mg us Hy u
c ’ c ’ > s
+"“[ R B i, ]+"22 [”H‘z,'+ T, T H, ]+
o 12[ 7)) A7) Jrewtratra far-
_S S (f1u1+f2uQ+fau3) ds- S S {(ul—u}k)” [0f1n1+o"f2n2+0‘f3n3]+

+ (”2 - ”;)” [651”1 + o5n + 653”3] +
-+ (”3 - ”;)”[0;?1”1 + 05a15 - 0535 | } ds

31ech 0603HAaYEHO:
1
c __ P
=3 (03 ayy e T g 80+ F20y9;000)  (6,7=1,2,3)

Ta6aupga 3.13
IMoauufi yuknHonan a B

B CHMMETDH30BAHHOM KB3a3HMOCHOBHOM INpPOCTpAHCTBE COCTOSIHHUE
B KPHBOJH/IHQX';IHMX OPTOroOHaJbHLIX KOOPAHHATAX

1
Or4a (@, 0,8) = S SS{— [(’(n)e(n) + 0oyt -t 2(’(12)6(12)] -
— ey |0 [ an + (2V VoPso — VoVotys — VaVS%Q)] -

2
— () [0:22) +—£ (2V3V193 — V\ V05—V Va‘Pn)] -
“0(612) [ (12)+ (V2V1‘p33 ~V3 (V1935 FV,03— s‘pm))]}dv_
- S S {(e(n)‘l’(n) + 2ef19)b19) + (a2 Pen))” —
= (%enPay — ez Py + %11 Pe) ) 4 + € —
_S S {efin) (uy=iun) +2¢5i2) (b2~ P12) + €on) (P =0022)) -
— D2 (6) (00 = @11))” — 220 () (@12 — 91) +
311er 0603HayeHo: + *an (ec ((p(22) - ¢I22))] } as

ety = 2 (up T baupOay + boupOen + -+ + 2by2i)Ta2)
G, j=1, 2 3)
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Paaanyubie Bapuantel Qpynxknuonana Jlarpanxa

dyukunonan Jlarpamxa

Oy @ = {§ {4 o @) 79 Te ), 1+
o 5 g (1) MO [e ), 1 )] — g — g} S —

- S [Qu, + Q.+ M8 (w)] dC

I (w, 8, n) = SS [% eqsT™ (2, p) -I——;— RoaM®® (e, p) —

—~ q%u, — qw] s — S [Q%uy + Quw+ M & )] dC

Iy (e 1) = SS 5 easT® (& 1) + 2 1M (e, 1) —

- rgﬁeaB—Mjﬁuaﬁ] dS-{-S [bex® (e, W) +0 % (2)+1"eyy (2) ] dC+ 4,

1 1
Spq (w8, T, M) = SS (? eaﬂTaB+ 5 uaBMaB_qaua—qw) dS—

- S [Q¥u, + Qu+ M8 w)] dc

AJs MOJIOrHX 060/04eK
1
35 (@, &) = SS { 5 s(lt,)T“‘B [e, n (w)] +

+ 5 Bap () M e, ()] — T — gu] dS +

+ S [0 (&) + W'e,, () — Quw — M8 (w)]’ dC + 4,
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Tabauma 4.1

a8 HEOAHOPOAHOH aHH3OTPONHOR 060JI0UKH

JlonosHHTEJbHbIE yCTOBUS

YcnoBusi CTALHOHADHOCTH

(u —u*y’ =0,
[0 () —9]"=0 na C

B{Me (u), p ()],
Tle@),p@)h=0 5 §

@1f...} — Q) =0,

Myy{...} — M} =0 ma C

e—&(u)=0 pu—n(u)=0 8 S;
(u—u*)" =0,
[O(u) — 9*1"=0 na C

B[M(e,p), T wl=05 S
@[...1—QJ =0,
My [...]— MY =0 #a C

L, =018 S;
[% (g, n) —2,]"=0,
[e; (&) — s:t]" =0 na C

B[M(p), TEml=005 S;

QI[...]1—Q(yM} =0,
Myy[...] — Myy (P} =0ma C

e—e(u)=0p—p(u)=0

T—T(n=0,

M— M, pn)=0 5 S;
( —u*)" =0,

[®(u) —8*]" =0 ua C

B(M, T)=0 B S;

[Q (Mv T)_Q*]/=0v
[Myy (M) — M) =0 na C

Lig,p(w)=0 8 S;
[ () — %*}” =0,

[en (&) — e]" =0,

(w — w*)" =0,

[0 (w)—9*)"=0 una C

B{M|[e, u(w)],
Tle,n(o))}=0 8 S;

{Q{---} —Q*},=0,
Myy{...} —M}Y =0 na C
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Pasanusbie BapuanTh dyuknuonana KacTuabsuo

Oyuknnodan Kacruansuo

St 0= {§ { = L0189y g 1M 0y, 7 0] —

— 5 7% () eap LM (9), T ()] } 45 —

- S [2%, + %@ +e,m )] dC+ A,

o (0 M, T) = S S [— ;— Mo (M, T)— % T%e 4 (M, T)] dS—

- S [%%%, + %0+ ein (0] dC + 4,

By (M, T) = SS [— % My g (M, T) — % 7% 4 (M, T)] as +

+ S [Q° (M T)u}, + Q(Myw' + M,, (M) 8] dC

1 1
31(4 ('lp’ M’ T’ n 8) = SS (_? MlB”aB - —5- Taﬁe(lﬁ) s —

- S [%%%, + %@ + &;,m () ] dC + 4,

AJast nosorux oboJsouex

3 0 M= | L~ Lo o 7 1) —

— 5 T (@) eay (M. T ) } a5 +

+ S [@'Q (M) + 0"M,, (M) — % g — ¢, (@)]” daC + A,
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Ta6auma 4.2

AJ151 HEONAHOPOAHOR aHH30TPONHOH O0GONOYKH

HNononunreabinble ycAoBUS

YCJIOBHSA CTALHOHAPHOCTH

(p— ) =0,
Mm(y)—n]"=0 ua C

L{e[M(}), T (D]
WM, T(9)]J=0 8 S;
{%{---}—%*}”=0»

{ert.. ) —2,) =0 m C

M—M(p)=0,
T—T(y)=0 8 S;
(1[)—1[)"‘)’=0,

M) —n*1"=0 na C

LeMT), n(MT)]=0 8 S
fr[...] — %} =0,

{e it }—ey} " =0m C

B(M,T)=0 & S;

QM T)-Q,]' =0,
(Myy (M) — M}’ =0 na C

Lle(M,T), pn (M, T)]=0 5 S;

®[...] =% @) =0,
{egy el —ey (u*)}”=0 ga C

M—M@p)=0, T~T(p)=0,
L—p (M, T)=0,
e—e(M,T)=0 8B S;

(b — ")’ =0,

M) —n"1"=0 na C

L, n=0 8 S;
[% (8’ u’) - M*]” = 0’
[ey(® —e]"=0 ma C

BIM,T@]=0 5 S
{Q (M) - Q*]/ = 0,
[Mw (M) - M*]’ =0,
(¢ — ") =0,

M@ —n]"=0 ua C

Lig M, T @) nlMT @)=
=0 B S;
{x{...} — %} =0

*

{att{...}—-—s” ”=0 na C
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JlarpauxeBa cepus NOJHHIX (QYHKIHOHANOB

[MonHbie GyHK UHOHANBL

Bni (u Q. My) = SS { 5 eag (@) T [2 (u), 1 ()] +
+ 5 Hap (#) M [2(u), ()] — ¢uq — quo} dS —
- S [Q, + Quw+ M8 @)] dC—

— S {Q% (uy — uy) + Q(w—©") + M, [0 (@) — 9]} aC

Snia (#) = SS {% €ap (#) 7% [e (u), 1 (u)] +
+ 5 Hap (8) M°P [e ), ()] — guq — qu } dS —
- S [Qu, + Qu+ M9 ()] dC —

- S {Q* (Mle (u), n ()], T [e (u), n(u)]} (2, — ug) +
+ Qi } (@ — o) + Myy {...} [0 () — 8%} dC

Bns (u, &, 1, T, M) = SS {%saﬁr‘lﬁ (e, ) + 3 uapM™® (e, ) —
— ¢%ug — q© — TP [eqg — eqp ()] — M®P [1gg — pop ()]} dS —
| L@ + Q- mp @Y ac~ | for oy (e, ) +

+ Q (M) (w — ©*) + Myy (M) [® (u) — 0*]}" dC

Bns (e, b ) = SS [ 5 eaa™ (& 1) + 5 ag®® (e, ) —
— T¥Pe g — MPuyp — L% (o, 1) — 9L (e, )] dS +
+ S [ox (& m) + 9" (&) + n'eyy ()] dC + A, +
+ S {ho [#* @& W—2l]+ @ [x (@)% ] + 1 ($) e (€)—e, ]} dC
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Ta6auna 4.3

/151 HEOHOPOAHON aHH30TPONHOR 06ONOYKH

Muoxu-
YeJioBHsl CTalHOHAPHOCTH renn Jla-
_ | rpanxa
Bi{M[e(u),n(u)], Tle(m),n(m=03S,
23 _ (Q{..} — Q) =0, (Myy{...} = M)}’ =0,
ou {Q_Q{”_}}//=0’ Q, M.v
{MV - Mvv { ..}}”=0 Ha C;
03 03
36=0 o31.=0| @ —u"" =0, [0 ) —9)"=0 na C
!
93 B {Mle (u),n @), T[e@),n@h=0sS,
—u—=0 Qf...} — Q) =0, Myy{...] — M} =0,
(g —u*)” =0, [O@)—"01"=0 na C
B(M, T)=0 s S,
03
%=0 |leMT)—Q) =0,
55 55 [Myy (M) — M,]"=0 na G
a—€=0, 0_u=0 T—T(, =0 M— M n=0 .M
?_Q__O a3 _o| E—E@=0 pn—p(u)=0 8 S,
T 7 oM | (u—u)"=0, [0 (u) —0)" =0 ua C
T(e,m)—T () =0,
090, g Me, ) —MH=0 5 S
Bl =9y =0, (9~ =0 na G »
2 _, L(e,n)=03S, )
oy [% (&, )—2%,]” =0, [ (8)—¢}, ] =0mnaC
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[Tonuble GyrKUHORAML

Suctwe i 700y = ([ { Legrod o Ly iod oy gy
—A{ [egg—eup (W] —AZP [Hog— g ()] —A3, [TOB—T9B (e, )] —

— Ao (M8 — 318 (e )] } s — S [Q¥u, + Qo+ M0 w)] dc—

_ S Q" 0 (4 — 1) + Q1) o — ) + My, W) [0 @)—0"T}" ac

Sua (s €, , T, M) —
= = L ean?™® — L a8 L (7% 479 (o )] e )+
g (M2 M (e, 1] g (@) — g%uq — g } a5 —
= {lata+ et mo @] o= § (ot 1 (o — ) +
+Q (M) (@ — ") + Myy (M) [8 (u) — 9]} aC

Sus (0, &, @, Q My) = SS {%eaﬁTaB [e, & ()] +
+ ‘%‘l‘-aﬂ (@) M [e, p (w)] — Tjj‘*saB —qw— oL [¢, p (w)] } as +
+ S [(P*K (8) + TI*SH (8) - Q*w — M*ﬁ (w)], ac + A2 +

+§ o @ =5 0 @) o 0= o] - Qo) -

— My [ (w) — 91} dC

(1714 nonorux 0G0s0YeK)
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IIpodosxenue raba. 4.3

MHuoxn-
YCJI0BHS CTAUHORAPHOCTH Tenu Jla-
TpaHxka
59 0 B(h, h)=0 B S,
ou [Q(M—Q.) =0, [MyyM)—M,)’ =0waC; |
1
5T —h + T3 ) =0,
3 35 3 14 T( )
?M_;"2+M(;"37 ;"4)=0 )"Iv )vg
A3, At
99 _, 99 _ o g a4 !
a7 =% a3 =9 5 M=0, —-p—ii=0;
| e—e(uw)=0, p—pn@w=0
I _c?ﬁ_o T—T(Ep)=0M—-M(Epn=0 5 S,
28 (u—u) =0, [®(u) —91"=0 na C
1 1
Bly MM ], Sir47¢ w1} =0
a9 0 B S,
Bu {Qf...1— Q) =0,
My {..} =M} =0 na C;
a3 89 T —T [ (u), p(u)] =0,
=2 =0, 2= =0
de on M — M (e (u), p (u)] = 0;
09 _, 09 o e—e(u)=0,p~pn(@)=0 5 S,
OT " M~ | (u—u)" =0, [ (u) — )" =0 na C
BiM[e,n(@)], T (9)}=0 8 S,
99 o QL= QY =0 My (..} — M) =0,
Jw QR—Q...1"=0,
My —Myy{...}}=0 m C;
9% _, Tle,n(@]—T(@=0s S, ?
ge (@ =99 =0, n(p) —1']'=0 na C; Q, My
9 _, Lle, n(w)}=0 B S,
ap [ () —x"]" =0, [ (s)—e:t]”=0 na C;
920,29 —o| (w— )y =0, [0 (w) =8 =0 ma C
56="0" =0 (v — ") =0, [#(w) ] Ha
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Kactuneanosa cepust nomumnx GbyHKIMOHAIOB

IMoaxsie yHKLHOHAIB

Iy (b, %, &)= S S { - % M () pog [M (9), T ($)] —
—% T () eop [M (¥), T <w>1} dS—S [%%o+x o+egm (9) ] dC+

+A = S {% (% = 92) + % (0 — 0 + ¢, In (9) — "]} aC

0 (9) = SS {3 M () g (M (), T () —
—5 7% (1) ag [M (9, T ()]} dS—S [x@bg+x -+ ejem () ] 'dC—

- S {x e M), T (D)), 0 [M (9), T (D))} (v, — b2) +
trl 3 @— oY) Feyfe.d In(h) — 7)) dC+ 4,

8;? (b, M, T, i, €)= SS {— %Musuaﬂ (M, - 'é‘ Taﬂeaﬂ (M, T) +
+ Hag [M°F — M ()] + eqp [T — 708 ()] } a5 —

- S [ + %,9 -+ &3 (W)]" dC — S {% (&, 1) (g — ¥1) +
T () (@ — ) + 24 (2) [n (B) — 0"} dC + 4,

S (7, )= {§ [ LBy o1, 1) — L 7900, o, 1) —
—ugB* (M, T) — wB (M, T)] ds + S [ M, 1)) +

+Q (M) 0" + M, (M) 6] dC + S {u,[@* M 1) — Q¥]+

+wlQ (M) — Q)+ ¢ (@) [Myy (M) — M)} dC | |
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TaGauna 4.4

Muoxn-
YenoBua cTaLHOHAPHOCTH Tesu Jla-
rpaHxa
93 Lig[M©), T (W), n (M), T ())}=0 s S,
o9 0 {rld =0} =0 {o;,(...}—e;,}" =0,
(r—n (.} =0, {e,~e, {..}} =0mac; | %
43 a3
%" g, 0| (W= =0, In(H)— ') =0 ua C
Lie M), T (), n[M©$), T ($))}=08 S,
03 —0 ” * Y7
5—15'— {x{...}——x*} = (), {ett{"'}_ett} =0, —_
(b= =0, () —1"]"=0 na C
L(e,p)=0 B S,
%:o [# (e, u) — )" =0,
. [stt (&) — s:t]" =0 na C;
a9 89 u, €
M-V =0 n—nMT)=0, e—e(M,T)=0;
09 _, 99 _ | M—MW)=0 T—T(%)=05 S
o ot T (b= ) =0, [n($)—n)' =0 ua C
93 0 a9 —o| ™ (1;4, T)'—u (u)=0, e M, T)—e (u)=038 S,
oM 7 oT (4 —u*)" =0, [0(w)—9)" =0 ua C;
B(M,T)=0 3 S, u
93 ,
S =0 |lQMT)—Q) =0
[Myy (M) — M) =0 na C
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Monnsle GyHKIIHOHAIR

* 1 o 1
.9“4(\[’, M, T, n, &g, §)=SS{_?M 6”“8—?7‘“88“8—'-
+ehg [MB—M"® ()] +E50 [T —TP ()] 4688 [y — 1 g (M. D]+

8 as ~ 2ap (M 1] } “®- S [, + .0 + e;m (0] dC —

—S {x* @) (bg—5) + % (©) (p—0") + £, ) [n (@—1"]} dC+4,

« 1 1
g (b, M, T, 1, &) = S S { = MPugg + - T%Peqg —

l a
— IhagHisag (M, )] M (9)— 5 feag-teag (M, 7)1 799 (1)} d5—

- S {%3s + %0 + gfn (9)}” dC — S {x* (&, w) (bg — ¥y) +
+%(2) (@ — 0" + &4 (®) [n (W) — ']} dC + 4,

* l
s (o M, w, %, &)= SS { _?MGB”‘IB M, T (9)] —

~ 5% (@) o0 [M. T (@) — wB M, T (9)] } 45 +
+ S [@'Q (M) + 0" M,, (M)~ % ¢ — e/ (¢)]” 4C +

+ S {w [Q (M) — Q] + 0 (@) [Myy (M) — M,] — (¢ — ¢*) —
—gn(@—1"}ydC+ A

(m1s1 noJsorux oGodaouex)
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IIpodonscentte Taba. 4.4

Muoxn-
YCNOBHSL CTALHOHADHOCTH Teau Jla-
rpaHxKa
3 _, L(E 8)=0 38 S, 5
0% " [#®) =] =0, [e, () —e;] =0 ua C;
1
9 _, 09 _, FH—=8 41, &) =0,

M e e e =0, g
43 43 1 1 &s, &,
M—M@)=0, T—T (p)=0,

% o B—u(MT)=0,e—e(M T)=0 5 S,
9% (P~ ¥ =0, () —n*1'=0 ua C
1
L {% [e-+e (M. T)], - [n-+p (M, T)]} =0
%=o #{...}—n}" =0, BS
{es b —ep) =0 ma
99 _, 99 _ | m—n(M(p) T (p)] =0,
oM 0T e —e (M), T (W) =0
09 _, 99 _, M—Mp)=0, T—T(p)=0 5 S,
omw "o (W= =0, [n(P)— 1)’ =0 na C
Lie[M, T ()], n(w)}=0 8 S,
9 _, |l =mY =0 {e, (g —e}) =0,
Jp x—x%{...}}V =0,
{et—stt{...}}’=0 Ha C;
99 _, BIMT(@l—n(w=0s S @ %
oM (w_w*)”=0, [ﬁ(w)—ﬁ*]”=0 Ha C; 7
92 o |BMT@]=05 S,
50 5 | QOD—Q"=0, My (M)=M,)'=0 w2 C;
9 ) ,
5= 55, =0 (0= ' =0, [n@ — ) =0 na

9 H, 1. AGoBckuil n ap,
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Hekoroprie yactusie dynkunonans gis

Yacruble GYHKLHOH MR

acbr (&, T, M) = SS [% eaﬂTaﬂ (e, n) +

1
+ 5 HapM®® (&, W) — T%eqy — Mgy ] ds +

+ S [Q* (M, T) ug + Q (M) w" + M, (M) 8"]" aC

1 1
¢ (M, T, 1, &) = SS [— 7 M*Puop (M, T) “-Q'Taﬁﬁaﬁ M, T) +
i (8 029) 0 (19— 12805 +

+ S [%% (e, ) by + % (&) 9" + &4 (&) " [ dC + A4,

1 1
e (u, 8,0, T, M) = SS [_ '2‘9aﬁTa6 ) HaﬁMaﬂ — q%ug—qu+
+ T%eg (1) + Mgy (1) dS—S [Qu, +Qu+ Mow] dc—

—S {Q" M, 1) (ug—13)+Q (M) (w—w")+ M,,, (M) [0 ()~0"]}"ac

acr (\pv M) T’ l‘l') 8) == SS [—;- Maﬂuaﬁ + —;- Taﬂeaﬂ - HaﬁMaﬁ (\l’) -
— eqpT%® (xp)] ds — S [%%%s + %@ + e;,n (9] dC + 4, —

—S {x" & ) (9 —5) + % ) (9 — 0") + &y (&) [n () — '] aC

Ipi(e, m, T, M)y= 234 (g, n, T, M)
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Ta6anupa 458

HeOJHOPOAHON aHH3OTPONHOHR 06OJOUKH

JlonoMHHTeNbHEE YCAOBRS

Ye/IOBHA CTANMOHAPHOCTH

BM, Th=0 8 S;
Q@M T)—Q) =0,
(Myy (M) —M,))=0 na C

T—T(e p)=0,

M—M(e p=0,
Le,pn)=0 8 S;

[# (£, w) — % ()" =0,

[e4 (8) — &4y (u*)]" =0 na C

L p=0 8S;
K (8! ) — ”*]” =0
[9“ (e) — e:t]" =0 nHa C

n—pn (M, T)=0,e—e(MT)=0,
BM, TYy=0 B S,

QM T)—Q (%)) =0,

Myy (M) — Myy (")) =0 na C

T—T(en)=0,
M—M(@ p=0

e—e(u)=0 p-—pnu)=0,
BM, T)=0 8 S;

(g — u*)” =0, [0 (u) — 0")" =0,
QM T]-Q,) =0,

Myy (M) — M)’ =0 na C

n—p(M T)=0,
e—eM, T)=0

M—M@W})=0, T—T(¥) =0,
Le,n)y=0 8 S;

b —9) =0 [n(P) — 01 =0,
[% (e, 1) —=,)" =0,

[Btt (e)—-e:t]”=0 Ha C

BM, T)=0, L(e, n)y=038 S;
@ (M, T)— Q) =0,

(Myy (M) — M,)" =0,

[ (e, m) — 2 (u")]” =0,

(e (8) — &, (9] =0 na C

BM—M(epn), T—T (e p))=0

g
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YacTuble GYHKLUHOHAIB!

Sp2 (M, T, 1, &) =g (M, T, 1, £)

S (u, T, M) = SS(——Qqua qu)ds+
g mn-—]wr[yem=alo+
+[%M""(M)—M*]ﬁ(u)},dc—S{QG(M,T) (%”a—u3)+

+Q (M) (% w— w*) & Myy (M) [% 9 () — ﬁ*] }” dc

arl(u)=SS(__;_qaua__qw)ds—f-g{ ?Qa(u)_Q:]ua‘f‘
S e e
+5 S [Q% (w) uf + Q () w* + M,, (w) "] dc,

rne Myy () = Myy {M[e (u), p (w)]},
Qu)=Q{M[e(u),n(w), Tl[e ), n@wh

1
I (M, T) = SS ['— 5 Maﬂuag M, T)— % Taﬂaas (M, T)] ds -

+ S [Q* M, T) 0} + Q (M) 0" + M, (M) 8] ac
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IIpodorncenue raba. 4.5

[ononuurenbuble ycaosus

YClIOBHA CTA(HOHADHOCTH

L(e,n)y=0 B(M,T)=03 S;
[# (e, n) —=x,)" =0,

[es (&) — ;] =0,

@M, T)— Q¥ =0,

Myy (M) — Myy ($*)) =0 na C

Le—e (M, T), p—p (M, T)] =0

T—T(e(u) p@]=0,
M — M[e (u), p ()] =0,
BM,T)=0 5 S

@M, T)—Q,) =0,
(Myy (M) — M,)" =0,
(u — u*)” =0,

[0(w) —0*)"=0 ua C

B{M[e (u), pn(w)], T [e (u),
p@h=0s S;

(# — a™)" =0,

[®(u) —0*)” =0 na C

Q) — Q) =0,
Moy (@) — M} =0 na C

B(M,T)=0,
LieM,T),puM T)=038S;
@M, T)—Q,) =0,

[Myy (M) —M,})=0 na C

(#[e(M, T), n (M. T)]—= (u*)}"=9,
{e, (M. T)] —ey, (w)}”" =0
Ha C
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YacTuole GYHKIHOHAIB!

3, ©) =

{0 (~ 5 roPeas— 5 M:01en) as+ | {[5 % @ m—n] 0o+
L ne =] ot [pen @ —eifnw] ac—
e m (i) e (rome)

te @[5 -]} ac

Iy ()=
=SS {5 T0eqs IM.(D. T (9] 2 Mgy (M (D). T (D]} dS+
+ S {[z (\l’)—%f]lba+[%%(\l’)—m]w+
5 e =] | dc+
+5 S [ () ¥} + % () ¢ + &, () 0] dC, rae % ()=
=u{& [M (‘l’), r (\p)]v [ [M (\p)’ r (\p)]}r ett (‘p)=ett {e [M (ﬂ’), r ('\l’)”

1 1
(e m) = SS [-2- easT®® (& W) 5 oM™ (e, 1) — T%Pe 5 —

—Mfﬂuaﬁ] ds + S [bix (e, b) + 0% (&) + ey, ()] dC + 4,

e (, CP)=SS{—'%90.5 [ (©), T (@] T% (9) +

1
5 hag () M [1 (@), T () — qw } 45—

- S [Quw + M0 (w))" dC — S [#,0 + e;m (@] dC + 4,




TABJHULIB!

263

ITpodoascenue Taba. 4.5

JonoauuTebune yCAOBHA

YcnoBua cranHoHapHOCTH

p—p[M®), T @)]=0,
e—e[MW), T (P)]=0,
LEeuw=03 S

[# (& 1) — x,]” =0,
Lews (®) — €5, ]" =0,

(b — " =0,

MW —11"=0 na C

Lie[M®W), T},

pM@), T(P)}=0 8 S;
(b~ =0,
[h($) —n"}"=0 na C

[# (P) —=,]" =0,
[ett ($) — 8:t]” =0 Ha C

L (e, n) =0,

B[M(e ), T(w]=0s S
(% (2, b) — %,)" =0,

(e (@ — ey ]"=0 na C

{QIM(e, 1), T (s, )] —Q (V*)}' =0,
{Myy [M (2, p)] — My, (P9} =0
Ha C

(@—w*)” =0, [# (8)—8*]" =0,

(@ —9%' =0, [n(p) —n*} =0
Ha C

B{M[n(w), T ()], T (9)} =0,
Lign(w), T @), pn(w)}=08S;
{QIMn(w), T(@) —QJ =0,
(Myp{o. .} — MY =0,
{x{en(w), T (@)} — %" =0,
{s“ {...}— S:t}” =0 ua C




TABJIMLIB]

264

dOWANWIJLIONE L3H

(39 W de

*

goOWAN2dLONE I9H

(W 'L i3 n) e

gOWANWIdLONE L3H

@ e

dOWANWIdLIONE LIH

(m)*Me

—>
<~

wo faxm
Xew U

A“w %@ W .8v m_“m.

—>
<
2 ‘@ ?3\ Db
urur Xewr

(w0 ‘b3 ‘@) ¢

Z Z
LW =n 42 4
Xeulr upus U Xeur
¢ « u i ¢

(np ‘W)€ (@ i 3) ¥¢

Z Z

Lo h e dem WL
Xelw uru Ui Xew

@9 wde

AE. ..N C—-.m .vanm

g adeL W
upur XBw

CRCI I A ' DRl

v WL %am
Xeuw upu

A& “E ..N.i ‘3 aﬁv w_._m‘

-~
<
[ fa o
XBuW U
(= =) e

N

n “wp
ulur Xeul

(tw o ) 'e

BUdad rAOHEBALHLOIEA

gudao edgaHedlRL

pudod BHOHBAIHLIEA

Budoo egaxHedler

MIRHOMNAHAQ 91UIO]

[QIBHOMNNKAD OMHIO[]

MKIONEHE KONOIhHJIaN031-03KLELD ENdOD seHHOHNEHdRE

-30R0r090 HUd03L HOUBHOMIMHAQ x<HHOMNeUdRE BALOHOED IMHIVEWIAIONG

9y BHNHIQE ]




265

TABJIULIBI
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TABJIALIbI

— %
d_ @y o v
1 1= lip

b ‘s mieHuTdooi
auN0aRUd THHLIHT a19g0dAd)
e

o8P ="L1="1 T “q 0 UIS g = D
g soo g uis — =% wmll.ll.::c ="

b ‘g mienuwdooy suidIRHAD)
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A soo=23lp
~"nnd

~":d

Z0 4D HID0MO0ru BH MLBHHTJOOM
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TaGauua 4.8
®yukunonan Peficcrepa
B KPHBOJHHEHEIX OPTOrOHANBHEIX KOOPAMHATAX

3, (M, T, u)=
=— SS {%[nel(M, T) + Toeo (M, T) + ... + 2HT (M, T)] +

4 4B, (M, T) + usB, (M, T) + wB (M, T)} ds +
+S [Q (M, T) 4}+Qy (M, T) u+Q (M) w'-+ M,y (M) 9] dC+

+ S {u QM 1) — Q]+ u,[Q M T) — Q]+

4 0 [Q (M) — Q'+ B (u) [Myy (M) — MT} dC

MMpumeuanune Bupaxenna ana €, (M, T), e2(M, T), ...

L T(M,T), Qo (M, T), Q(M), My, (M), Bo (M, T), BIM, T)
nepes Ty, S, Mg, f1 em. B § 8.2.1.

Ta6auuwa 49

[Tosuedi dyHKIMOHAA B CHMMETDH30BAHHOM OCHOBHOM NpOCTPaHCTBE
cocTOAHUI B KPHBOJMHEHHHX OPTOTOHA/MLHEIX KOOpAMHATAX

Spia(u, g %, T, M)=
= SS { —-;—(elTl + e9T2 + 0S + % M + %2Ma + 2tH) 4+
+TC%, (u) +T5e, (w)+S%0 (#)+Mx, (w)+MSx, (u)+2H T (u)—
— gy — Galiy — 4@ } S — S {Qu, + Qu, + Qw +
+ M v, (1) + v,8, @]} dC — S {Q, M, T) (u, —uy) +

+Qy (M, T) (=) +Q (M) (w=-0")+ My, ([0 ()~} dC.
3nech 0603HAYEHO:

1
Tf:E(TI + guier + guea t .o 28167

1
Ti = (Ta+ 8281 + g2 + o 4 28207),

I
HC=E(H+g5181+g5282+ cee T+ 2g667T).

[pumeyanue Brpaxenns Ans Qo (M, T), Q (M), My, (M)
wepes Ty, Ta, ..o H, a & (u), e2(), ..., T(u) By (1), O (u) —
yepes MepemellicHHsT CM. B § 8.2.1
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Ta6auua 410

Monum#t dyukpnonan
B CHMMETPH30BaHHOM KBAa3HOCHOBHOM MPOCTDPAHCTBE COCTORHHA
B KPUBOJIMHEHHBX OPTOTOMANBUKIX KOODPAMHATAX

s (b, M, T, %, 8) = SS {%(Tlal +Toey+ ... +2HT) —
= ef[T7 42 0] = §[T5+ % (B]— o7 [$"— v ()] -
My 0] [Mi—ey (]2 [+ Lo ()] } as—
- S {0y + 2y + %0 + el (9))” dC —

- S {eer (20 2 (01~ 1) = 255 (6, %) (0 — 95) +
Fr@@—9) + e, () In(9) — ) dC + 4,
3neck 0603HayeHO:
f =g @1t Ty + st ... £ full)

of =g (ot fuTi - faTa b .. + o),

....................

2TC=’;— (2t + T+ foeTo + ... + fes 7).

NMpuMmeyanue. e (§), & (), ..., T(P) u n (b) anaxo-
THUHEL KOMNOHeHTaM pedopMauuu €, €y, ..., T n yray mnoso-
pora @, HO mocTpoeHn me no NePEMEILCHUAM Ug, @, 2 N0 dyHK-

LHAM Hanpsikeru# §,, @; [T§+ %y (1]:)], ceey [H° + %m (1]:)]—
3T0 Apyras 3amuce BHpaxeuuit (1.29), rn. 4.
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Ta6auuna [L1

OneMeHTH MATPHIE COOTHOIIEHHH YOPYTrocTH AN 0GOJOYKH,

NOJKPEIVIEHHOH NPOH3BOJNBHO OPHEHTHPOBAHHKEIMH Y3KHMH peGpamu

[

24

i
T 1
[
[
8
|=§ba
3\ !
<\ |
S\
=
\
\
\
\
\
&\

g4
IK

8

*
85=2 B0l gu=Do+ X [Elp" + G ] p°Ty,

G’ = E/2(1 4w, GOI;; — XECTKOCTh peGpa npH KpyueHUH.

gin=25Bo+ Z Bep*l'y, gua=npBo + Z Brp?q*l's,
3= Z Byp®qly g1y = Bgnyp'Ty gy =g;5= Z B,n,p*q’T,,
e =81= 2 BTy  €y="By+ X Byg'Ty,
l—u
g23= Z kaqarki g33 = 5 BO + Z kaiqzrk’

85 = Z Binyg'Ty  835= 8y = Z Byngpq®ly,

gi=uD, + Z (E]kpq + Golzrs) qu‘k,

1 * -
g46=Z[Elkp2q +7001k (ps+qr) r]plk,

tos =" Dot ¥ [ELe’d" + 'L} (ps + gn)?] T,
855 =Dy + X (Elg" + G°1;s%) 4T,
5=, [E1kpq2 + % I, (ps + ) S] gL
O6osnaenns
p=cos (xh 1), g=cos (s1, %)
r=-cos (x,%, x'), § = cos (x?a xg)

Iy =14 + niFy By=En/(1 — ), Dy=Er[12 (1 —p?)]
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TaGauua TL2
OneMeHTH MATpPULbI COOTHOMWIEHUH YOPYrocTH AAst 06os0uKH,
NOLKPENJIEHHON OpPTOrOHANBHOR ceTKOR yakux pebep,
napaniebHMX KOOPAMHATHBIM JHHHAM

1 —
gu=2B,+ B, gi3=npB, 822 = By + By, g33=—2EBo

8u=C,, gos5=0Cy, gu=Do+ D, s =uDy, gys=D,4 D,
1——-],]. 1 * 1 *
2o = 3 DO+—4-D1+—4—D2,
g13=g23=g15=g16=g24=g26=g34=g35=g36=g46=g56=0
Obosnauemnss B;, Dy, Dy, C, (i=0,1,2 a=1, 2) cm.
B Taba. [L5

TaG6auua [13
DJIeMeHThI MATDHIIEL COOTHOMEHHE yupyroctd pas 06o/iouky,
TNOLKpeNeHHON OPTOroHaNbHOR CETKOH WIMPOKHX peGep,
napannenbHbX KOODAHHATHBIM JIHHUSM

1—yu
2

gu=gn=2B, gp=pB, gu=
Bu=gu=C), gi5=gy =nC,

1 —
g3s=—2u—ch Bia=gss =D gys=nD,, gs =

813= 8156 =82 = a5 == g34 = g35 = G456 = s =0
O6osnauenus B, C,, D, cm, B Tabu. [1.4

By,

P-Dl
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Ta6awuna IN4

OJIeMEHTH MATDHIH COOTHOUIEHHT YIPYrocTH 18 OGONOUKH,
TOJKPenyieHHONH KOCOYroJIbHOH ceTKOR UIMPOKHX pebep,
HapajeJbHEX KOOPAHHATHHM JHHHSIM

1= gan = -2 (l ——HT”COS“’G),

sin 6
—— — Bl _1+“' 3 )
glz—gzs—sine (u 5 €08 6
1
gis=— _guBlCOSG, gru=2g5=CL gi=_gu=nCy,

B :
815 =gz =0, g33=m(l + cos? 8 — p sin? 8),

Ci(1—
g34 = g3 = — Cyctg, g36=_12(5imu_)-'
Gu=gm=—nle, =l (cos?0 4 u sin?6)
44 B=5ne’ 4 sin 6
1 — Di(1 —m
846 = 856 = — 2“D|ctge, g56=1_2(sin—9—
O6o3nayenus

B, =B,+ Zk: Bkra (“}e) + ; BT, (“%)'
C= Zk: ByngTy (at) + Zz: B,T5 (af)

=Dyt T (04 + Bad) T () + 3 (214 i) 15 (e

5 Eh Ehyy, ER3
T o T D= ma oy
3
Ehi b+ hy g

D= 12(1 — p?)’ Ney = 5 '

npr kb, =h, I‘; (a,L) = I‘(; (a}e), I‘; (af) =T, (a?); npa hy<h,
I‘; (a}z) =T, (a}z), I‘; (af) = I‘(; (a%), 6 — yroan mexny oopau-
HaTHEIMH JTHHHSIMH
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Ta6nuna I1.5

DieMeHTH MaTPHIH COOTHOLIEHHH YOPYrocTH Ixsi 000XOUKH,
NOAKpeNJIeHHOH KOocOYronbHON ceTKol y3kHX peGep,
napajiiesbHBIX KOODAHHATHEIM NHHHAM

_ _Bo 4
gn= s 0 (1 9 COS 9) +Bl)

_ B ( 14w )
=g \ ¥ g cos'®

1
gu=gn=— "gl‘« BycosB, g1u=2C,sinb,

B .
gaa_—:-é—si—;’ﬁ(l + cos?® —psin?8) g5 =C,ctgh,

B 1+ .
ga2 = Siﬂoe (l —'—2—EC052 9) + B, g25=02 sin @
D .
8y =0Cyctgh, gy= ﬁ + Dy sin® @ -+ DTcos2 6

Dy 2 .2 _ Do . 9 * 9
g45——m(cos 6 -+ u sin®0), g55—m+D25m 8+ Dycos“ 0

4= — Dy (1 — 1) ctg 8 + Dy cos 8 — D] cos B
gis=—Do (1 — ) ctg9+D2c059—DTcose,
g15 =82t = 34 = G35 = gas =10

1 D, * *
055 = - [2222- (1 — ) + (D, + D) ctg” 0 + D} + D}

O603HaueHus

Eh E Eh3
—__tn [ —__ =
—w =T w DT nRo—wo

B, = }l: EFp (£ —x]), €= }l: EFmpd (5 — %7),

D =Y (EIf+ EFm}) 8 (&2 — %),
]

By

D‘I‘= Z 601;6 (x2 - x?) (1,2,122 1, k);
l

0 *
Gl 1y — ¥ecTKOCTb pe6pa npu KpyueHus, 0 --yron mexny
KOOPAUHATHHMH JIMHHSAMH

—
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Ta6auna I1.6

DeMeHTH MATPHIB COOTHOIUEHHH YNpyrocT
/i1 MHOTOCHORHOH 060JOUKH

ai=y, S DLl gn=2y, S Diydt, 3= S Dlydt
=X oht an= (Phdt ay= Y ohct
=Y (Dieat au—gs=) {Pltat
ey =ti5= . | Disk L
an=Y \Digdt a=ax=), { Dttt
gss= ., | Dkt
eu=Y Dt gs=Y, | Dt as= ) [ piserae

855= Z S Dit? dt, gss= Z S Dyt dt, g = Z S Digl”d

3pech BCOAY CyMMupoBaHme BHmOXHemo 1mo i or 1 10 n,
a uuTerpHpoBaHHe — B Mpejefax OT (di—1—A) mo (6; —A).
A;(SAéL/AéS (K, L=1,2,6), rne A,y — Koadu-

D= AkL—
1He HThl yl'lpyI‘OCTPl i[-r0o cnosl.
z
7 —
E\' ] T
- S
T e TS
8 Lk L .‘
< v E‘QE SzQE I.
{ E%?%‘? R )




OCHOBHBIE OBO3HAUEHUYA

K raasam 1, 2

%—npouaaonnan (npousBonHoe oroBpaxenue) dyuxuuy f ().

% — npousBoanasi (rpaidedt) PyHKuuonana F (u).

0F, Of, du—papuaumn (nuddepennnann) ¢yHkumonana F.
dyukuun f, nepemennofl (pyHKuHOHabHON) .

4° — TOYKA CTAHHOHAPHOCTH GYHKHMOHAJA.

4 ° v — cKkansipHoe npOoHU3BelleHHe B €BKJHILOBOM NpOCTpaHCTBe.

#-v — CKaJspHOe NPOH3BElleHHe B TPEXMEPHOM eBKJHIOBOM NpO-
cTpaHCTBe.

i,; — 9acTHast TPOH3BOAHAA DYHKUHH U (X1, Xz, ..., Xa) no i-ii me-
pemenHo#t X;.

Fn— nonnuit Qynkunonas, mojydeHHH H3 4acTHOTO (YHKUHO-
uana F ¢ noMompio Muoxurenedt Jlarpanxa.

K rnaBe 3

i, j, k, I, p, r, s — HHAEKCH, NpHHUMAIONlKe 3Hayenus 1, 2, 3.
a, B, v, 8, & 1, §— uHIeKcH, npHHAMAIOIHe 3HaveHAs |, 2.
V — o6beM, 3aHsITHE yNnpyruM Te/aIOM.

S — nosepxHocTh, orpaHuuuBaionias oGsem V.

n — BHeIHAs HOopMaJb K S.

F —3anaunnift BeKTOp 06BEMHBIX CHIL.

f* — 3ajanublii BEKTOP NMOBEPXHOCTHHIX CHJL.

I — BEKTOp nepeMelleHHil.

e — ten3op Aedopmanuil.

” uwnu { } — paccMaTpHBATCS KOMMOHEHTH 3aKJAIOYeHHHIX B
CKOOKH BeNHUMH, COOTBETCTBYIOIME FEOMETPHUECKHM HJAH CTaTHue-
CKHUM IPAaHHYHBIM YCJIOBHSAM (HJAH pa3peiBaM).

S., Sy —9actn nopepxuocTH S ¢ 33NaHABIMH NepeMelieHHSIMH,
YCHARSIMH. i

0 — TeH30p HanpsKeHuH.

0° —gacTHOe pellleHde YpaBHeHudl paBHOBecHsl.

@ — TeH30D QYHKUMHA HanpsxeHUH.
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a, b — teHsopu (H3UYECKHX KOHCTAHT A (QH3HYeCKHX YpaBHe-
HHft B npsiMoi 1 oGpaTHO! QopMe.

V — na6na-onepatop [amuavrona, Vq. Vi — KoBapnautHble mpo-
H3BOJHBIE B [IBYX- H TPEXMEPHOM MPOCTPaHCTBE.

Xy — puajfHoe (TeH30pPHOE) MPOH3BEAEHHE.

X X y — BEeKTOpHOe NMPOH3BENEHHE.

Xy — CKaJsIpHOE NpOU3BEICHHE.

X -y — RBOHHOE cKaispHOe NpOH3BENEHHE.

eaB' %aﬁ—noaerHocmme TEH30Pbl TAHIEHIHAJLHOH H u3ru6-

Hoft pedopMalHH nosepxHocTH S.

€*¥ — KOMNOHEHTHl NHCKPHMHHAHTHOTO TEH30pa.

3 — dyukuHoHan (3Heprus), Fn— nonnbllt GyuKHHOHAN, Iy —
¢dyuknuonaa Jlarpauxa, ¢ — dpyukunonan Kacrumbsno.

u*, @* ...— 3ajaHHble 3HaueHHs BEJHUHHH 4, @ H T. 4. Ha 10-
BEPXHOCTH.

K raase 4

a, B, v, 8, L, E, 1} — uHAeKcH, NpHHHMAOI[HE 3HAYeHHs 1, 2.
S — GasucHas noBepxXHOCTb 0OOJOUKH.

C — KOHTYp, OTpaHHYMBAIOWHI N0BEPXHOCTL S.

n — eHHHYHHEA BEKTOp HOPMaJH K S

t — e HHHUHbLIA BeKTop Kacarteabofl k C.

v — efMHAIHBHI BeKTOp TaHreHunanbHol mopmans k C.

Qg b'yd — Ko3dduInueHTE NepBoll ¥ BTOpON KBajpaTuuHod dop-
MBI TIOBEpXHOCTH S.
€46 — KOMIIOHEHTE IHCKPHMHHaHTHOTO TeH3opa nepBo#t KBanpa-

THIHOH (OpMHL.
5 ~— IOBEPXHOCTHAsI KOBapHAHTHAS NPOH3BOIHAS.

e, — GasHCHEIE BEKTOpHI 1ia NoBepxHocTH S

u = uge® + wn — TpexMepHbIli BeKTOp nepeMeliennft GasHCHON
MOBEPXHOCTH.

w — nporuo6.

¥ — yrapl noBopota Ga3HCHON MOBEPXHOCTH.

€,p — KOMIIOHEHTH TEH30pa TaHreHUHANLHON AedopManuH.

ﬁag’ uaﬂ— KOMIIOHEHTHl ABYX Ppa3JHYHHX TeH30poB H3ruGHui

nedopMaiHH.

L==L"%g+ Ln— neasi wacTb BEKTOPHOrO YDaBHEHWHM Hepas-
pHIBHOCTH Ga3HCHOH MOBEpXHOCTH.

» == %%y -+ %n — BeKTOp H3rHGHOM HedopMaluH CpaHATHOrO

3JIeMeHTa.
€¢t — TAHreHnHaJbHasg necbopMauHﬂ FPAaHHYHOro 3JIEMEeHTa.

gt,:ﬁvd. f’éﬁya (=1, 2, 3) — ren3opn (Pu3HIECKHX KOHCTAHT W4
($H3INYECKHX %paBHeHHﬁ B npsimofl H o6patHoll dopMe.

T MO wommoHeHTH TEH30pOB YCHAHE M MOMEHTOB.

g = q%eq, -+ gn — BEKTOD Harpy3Kd Ha Ga3HCHOH MOBEPXHOCTH.
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B = B% -+ Bn — BexToD JeBHX yacTefl ypaBHeHHH DABHOBECHS.

Q=Q%y+Qn — BEKTOP YCHIHA Ha KOHTyDe.

M., — u3ru6aomHi MOMEHT Ha KOHTYpe.

b= Pee® -+ on — BeKTOP (yHKUHMA HanpsKeHHMH.

Ng — «YUAB HaNpsKEHHH».

T:’B, M:‘B-— qyacTHoe pellleHHe ypaBHeHHH DPaBHOBECHS.

{V umm {} — paccMaTpHBAaIOTCA KOMIOHEHTH 3aKMI0YeHHHEIX
B CkOGKH BeJMYHH, COOTBETCTBYIOLIHE [EOMETPHYECKHM HJIH CTraTd-
YECKHM DaHHYHBIM YCHOBHSAM.

C,, C,— yJaCTKH KOHTyDa C 3ajaHHHIMH NepeMeleHHsMH, ycu-
NHSMH.

€1, €2, ©, %y, %2, T, Ty, T2, S, My, Mo, H — nedopmants # ycH-
aus no B. B. Hosoxunosy.

u*, Q,, ... —s3anaHHble 3HayeHHs BeJHyHH #, @ H T. X Ha
KOHTYpe.

3 — dyuxunoHan (3Heprus), In — NodHHA QyHkuHOHAA, I ;—

¢yuxuHonan Jlarpanxa, 9x — dyHkunonan Kacraabsho.

K raaee 5 .

HUcenoabsyloTes: 06o3HayeHHs], NPHHATHE B M. 1—4 H, KpoMe Toro:

r — pajnHyC-BEKTOP TOYKH B TPEXMEPHOM IPOCTPAHCTBE.

 — BEKTOD YIVIOB MOBOPOTA B TOUKE TPEXMEPHOroO Tena.

Q; — BekTOp yrJAOB MOBOPOTA HOPMAJbHOrO 3JeMeHTa 000J0YKH,
CBI3aHHOrO ¢ JHHMeH Ha 0a3ucHOl MOBEPXHOCTH.

©; — BekTOp «yrioB HanpsKeHufi», aHaJoOruyHHE

A —ar ceTKH.

Sh—npﬂé.rnm(euuoe 3HayeHHe (QYHKIHOHANA I, BHUHCAEHHOE MO
MeTOLY CeTOK, AJisl CETKH C LIaroM A.

kx, ky, kxy — KPHBH3HB N0OJXOrO% 0GOJOUKH.

E — Monyab ynpyrocTu marepHasia.

u — ko3 dHnuenT ITyaccoHa marepHana.

h — tonmEHa 06ONOUKH HJH MJIaCTHHKH.

D — yuaHHIpHUYECKAS! KECTKOCTb 0BOJOUKH HJAM NJAcTHHKH.



0.1.

0.2.

0.3.

0.4.

0.5.
0.6.
0.7.
038.
0.9.
0.10.
0.11.

JIUTEPATYPA

Ko Bcefi Kuure

Ab6osckuil H. 1. BapHanHOHHBle YpaBHEHHsI AJsi MHOrOKOHTAKT-
HHIX 3a7aY TEOPHH THGKHX MOJOrHX peGpPHCTHIX 06ox0YeK. -—
B ku.: ITpoctpaHcTBenube KOHCTpYKIHE B KpacHosipckoM kpae,
suin. V. Kpacuosipeck: KpacHosipcknit nosatex. wu-t, 1969; Ba-
pHalMOHHEIE MPHHLMNE TEOPHH ympyroctd. — B ku.: Cnpasou-
HUK 0o Teopuu ynpyroctd. Kues: Bynisenbuuk, 1971,

Abosckuit H. [l1., Andpees H. [1. Bapnanuouunie NpHHIMIIH
TEOPHH YIPYFOCTH H TEOPHH oGosodek. — Kpacuospcek: Kpacho-
Apckuil noxHTeXx. Hu-1, 1973,

Abosckuit H. 1., Hdepyea A. 1. SxkcrpeManbHble cBolicTBa Ba-
pHaUHOHHHX (YHKIHOHANOB TeopHH o6ogouek.— Tp. X Bee-
co103H0l KoH(DEpPEeHIHH No TeopHH oboJjouek H niacTHH. T6HAHCH:
MeunuHepe6a, 1975, DkcTpeManbHble CBOHCTBA BapHallHOHHHIX
GyHKUHOHAKOB JHHefiHOA TeopHu ympyroctH. — B ¢6.: Tlpo-
cTpaHcTBenuble koueTpykuud, sum. VIIL Kpacwospek: Kpacuo-
APCKUIT MonuTeX. HH-T, 1975, :
Adnosra JI. 1. O Bo3aMoxkHOCTAX GOPMYJAHDOBKY BapHAIHOHHOH
3ajaud B HeJWHefiHOH TEOPHH ynpyrux o6onouek. — Tp. Taa-
JIMHCKOTO MOMMTEXHHYECKOro HHcTHTYTa, cep. A, Ne 104, Taax-
auy, 1957; Bapuannouune 3ajauyd B HeNHHefiHOH TeopHH ynpy-
rux oBoxouek. — [IMM, 1957, 1. 21, Bum. 3.

Aaymas H. A. TeopHst ynpyrix oGoJjouek H miacTHHOK.— B k.
Mexaunka B CCCP 3a 50 mer, 1. 3. M. Hayka, 1972,
Bosorun B. B. Bompoch ofuieil TeopHy ynpyro# ycroituuso-
cti. — [IMM, 1965, 7. 20, Ne 5,

Bapuanuonnnie npunurnnl mexanuku/ IToa pen. JI. C. Tlosa-
ka. — M.: ®dusmarrus, 1959.

Boabmup A. C. Tubkue naactHunl B oGosnoukH. — M.: Tocrex-
uagar, 1956.

Kypanr P., Tuasbepr [I. Mertons MateMaTHdecKofi GH3uKY,T. 1,
M. —JI.: Tocrexusaar, 1951.

Jlanyow K. BapuanHoHHsle TNpHHUHNB MexaHHKH. — M.: Mup,
1965.

Muxaun C. T. Bapnanuonnble MeTOAH B MaTeMaTHUeCKO#l ¢H-
auke. — M.: Hayka, 1970; Uncneunas peannsaums BapHAamHOH-
Helx MerogoB. — M.: Hayka, 1966,



280

0.12.

0.13.

0.14.

0.15.

0.16.
0.17.

0.18,

1.1
1.2.
1.3.

._.._....
N Utk

3.1.

3.2.

3.3.
34.

3.5.

JINTEPATYPA

Mpazep B. BapuanHonuble NpHHUMOB JauHEAHOH CTaTHYECKOR
TEOpUH YIPYrocTH MNPH Da3PEIBHBIX CMemleHH:AX, AedopMalnsx,
u manpsxennsx. — C6. nepesolon «Mexaunkas, 1969, Ne 5.
Peiiccnep 3. O HekoTOPHIX BAPHALMOHHBIX TEOPEMax TeopHH
ynpyroctn. — B kn.: Ilpo6ieMsl Mexaumdku CIJIOLIHOR CDEAhl
(x 70-mermio akax. H. M. Mycxeammsuan). —M.: HUsn-so AH
CCCP, 1961.

Cedos JI. H. Mexaunka cmsomuoft cpeast, T. 1, 2. — M.: Hayxa,
1973.

Caesunzep H H. O papualMouHubX TeopeMmax HenHHeHHORA Teo-
pun ynpyroctd. — Biosnerens Slcckoro mosmTexuiueckoro HH-
crutyTa, 1959, . V. (IX).

Touru 3. BapuallmouHble npHuUANBL B TeopHH ynpyroctu. — C6.
nepesofop «Mexannka», 1969, Ne 5.

Hu Hay-Chang. On some variational principles in the theory
of elasticity and the theory of plasticity. — Acta sei. simica,
1955, v. 4, No. 1.

Washizu K. Variational methods in elasticity and plasticity.—
Oxford: Pergamon Press, 1968.

K rnasam 1, 2

Basaxkpuunan A. BBejenwe B TeopHio ONTHMH3ala B CuxbGep-
ToBOM npocTpaHcree. — M.: Mup, 1974,

Koamozopos A. H., ®omun C. B. Dnementnl Teopun OYUKIIHA
¥ dyukinonanbHoro amanuaa, — M. Hayxa, 1976.

Jaspenrves M. A., JTwcreprux JI. A. Kype apualnounoro uc-
uynexennst, — M, — JI.: Tocrexuspar, 1950.

. Pokagpesrap P. Bunykabiit ananna. — M.: Mup, 1973,
. Xomeniox B. B. Meroan ontumusauuu.— J1.: Uax-so JII'Y, 1973.
. Laagp JI. A, Bapnamdounoe MCYHCHEHHE M HMHTErpajabHbie ypaB-

uenust. — M.: Hayka, 1970.

. Auz JI. Jlexunu no BapHalMOHHOMY HMCYHCJAEHHIO W TEOPHH OINTH-

MajbHoro ynpasjenus. — M.: Mnp, 1974

K raase 3

Ab6osckuii H. I1., Audpees H. [1. ®yuxklivonan HU3HUECKHX co-
orHomenufi. — B xu.: IIpocrpancrsennbie koneTpykiunn B Kpac-
HostpckoM kpae, Buin. VI. Kpacrospek: Kpacmospexknit nosmTex,
nu-T, 1973,

Benuamunos [. M. YpaBHeHMd CMeEIIAHHOrO MeTofa B TEOPHH
ynpyroctn. — CTpouTefbHas MeXaluka W pacieT coopyxenuf,
1975, Ne 5.

baox B. H. Teopust ynpyrocti. — Xapbkos: Han-so XI'V, 1964.
Baacos B. ®. O6 ypasHeHHAX HEPa3pLIBHOCTH nedopMauuii, —
IMpukaaguas Mexaunka, 1970, 1. 6, Ne 11,

Kpyrkoe FO. A. Teusop ¢yukilmil Hanpsamxenuli n obune peie-
!‘{HH B cTaTHKe TeopHn ympyroctd. — M. Wsp-so AH CCCP,
949.



JINTEPATYPA 281

36 Jleibeuson JI. C. Cobpaune Tpymos, 1. 1.— M. HNsg-so AH
CCCP, 1951,

3.7. Jlypee A. H. Teopus ynpyroctn. — M.: Hayka, 1970.

38, Posun JI. A. JebopManuoHHbie TpandiHbie yCJOBHS B TEOPHH
ynpyroctn. — Uss. AH CCCP, MexanuKka H MAaIIWHOCTPOEHHE,
1964, Ne 4.

39. ®uaonenko-Bopoduw M. M. Teopus ynpyroctd. — M.: Pusmar-
rus, 1959.

3.10. Finzi B. Imtegrazione della equazioni indefinite della mecca- -
nica del sistemi continui.— Rend. Lincei, 1934, v. 19, ser. 4,

3.11. Ridiger D. Eine Verallgemeinerung des Prinzips vom Mini-
mum_ der Potentiellen Energie Elastischer Korper, — Inge-
neuer-Archiv, 1960, B. 27.

K rndbe 4

4.\, Abosckufi H. [1. Bapuaunonnsle ypaBHeHHs JJis MHOTOKOHTAKT-
HHX 3a7a9 TeopHd THOKHX Iojornx ofosodek, B ToM dTHCIE
peGpuctbix. — Tp. VII BeecotosHoit  KoHdepeHUHH IO TeOpHH
oBonouek ¥ NaacTumok. M. Hayka, 1970; O BapHauHoHHEX
ypaBHEHUsSX Ajs [HOKHX DeGPHCTEX H JPYTHX KOHCTPYKTHBHO-
AHH3OTPONHHX o6onogek. — B ku.: Teopus mxacTHn # o6oJio-
gek. — M.: Hayka, 1971

49 Abosckusi H. I1. CmemanHoe BapuaudoHHoe ypaBHEHHE L
nosorofi peGpucToil  obosoukd. — CTponTenbiass MexaHukKa 1
pacder coopy:xeunit, 1969, N 4.

43. Aboscxuii H. I1., Andpees H. Il. VicnonbsoBanne QyHKuHoHaka
(u3uTecKHX COOTHOWEHUH aAs pacdeTa ofosouek M IJIacCTH-
HOK. — B ku.: IlpocTpaHcTBenune KoucTpykuud B Kpacuosp-
ckoM Kpae, Bun. VIII. Kpacnosipek: KpacHosipcKufi NoJjHTeX.
HH-T, 1976.

44. Aboscxuii H. I1., Hepyea A. Il. HccaepoBanye 3KCTpeMaibHBIX
CBOWCTB BapHAUHOHHHX (YHKIHOHANOB TeopHd oC0osoueK. —
B ku.: [TpocTpancrBenuble KoucTpykudH B KpacHospcKoM Kpae,
pumn. VIII. Kpacmosipek: Kpacmospcku@l NoxuTex. HH-T, 1976.

45. Abosckuii H. I1., Endwuescxuil JI. B., [leryxosa H. f. Yupyro-
nxactaveckue aedopMan#n rHOKUX PeGPHCTLIX MOJOTHX o6oso-
gek. — Ipukaanuas mexaunnuka, 1977, T. 13, Ne 1.

46. Aaymas H. A. OpHa BapuausoHHass ¢GopMyJa AJf HCCACROBA-
HUS TOHKOCTEHHHX o6oj0deK B NocjHeKpHTHIeCKoR cTaiuH, —
[IMM, 1950, 1. 14, B, 2.

47. Toavdenseiisep A. JI. Teopust YNIpYrax TOHKUX OGosodeK. M.
Hayka, 1976.

48. Enowuesckuii JI. B, A6osckuli H. [I. BapuauuonHkHe ypaBHe-
Husi A8 KOHCTPYKTWBHO-aHH30TPONHBEIX IUIMT. — IlpHkaaguas
mexauuka, 1973, . 9, Boin 5.

49. EnOwmuesckuil J. B., Abosckuit H. 1. K pacuery nojorux pe6-
pucThix _ofoxodek # HX CuCTeM B yupyro-njiacTayeckoff cra-
auu.— B Ki: MeTOA KOHEWHHIX 31eMeHTOB B CTPOHTENbHOH
vexanuke. — Lopbkuit: TTY 1975,



289 JIUTEPATYPA

4.10. Ozubanros 1. M., Koarynos M. A. OGodouky H TacTHHBL —
M.: Uap-so MI'Y, 1969.

4.11. Yepnoix K. @. Jluneiinas rteopus oGomouek, u. 1, [l.—Jl.:
Usn-so JITY, 1962, 1964.

4.12. Budianski B., Sanders J. L. On the «best» [irst order linear
shell theory. — Progress in applied mechanics (The Prager
Anniversary Volume), Macmillan Co., 1963.

K raase 5

5.1. A6osckus H. I1. O npumenennu MKD cosMecrso ¢ Apyramu
meronaMu. — B ku.: Tlpocrpancreenusie koHcTpykunn B Kpac-
Hosipckom kpae, Bein. VIII. Kpacuosipck: Kpacaosipckuit nonu-
Tex. uu-T, 1975,

52. A6osckuid H. I1., Asapxun A. M., lecronar B. M., Kupuano-
sa JI. H. Tlporpamma pacuera noaorux peGPUCTHIX 0G6o0J0UEx
ana  SUBM. — Kpacnospck: Kpacuospekufi noauTex. HH-T,
1969.

5.3. Abosckuil H. I1., Audpees H. 1., Hepyza A. 1. Ycaosus cra-
nHoHapHOCTH (yHKuHoHana KacTuabiHo Risi HEKOTOPHIX 3amau
Mexauuku pedpopmupyemux Tex. —- B xu.: TlpocTpaucteenusie
KouceTpykuud B Kpacnosipckom kpae, o VI Kpacuosipek:
Kpacnosipckuit nonurex. ua-1, 1973,

5.4. Aé6osckuii H. I1., T'ery H. H. Pacuer nonorux o6oJiouek ¢ ua-
kipouuniMu pebpamu. — Kpacnosipck:  Kpacuostpckuii  noautex.
uu-T, 1971; Tloxorne oGosouku, momkpenseHHble peGpamu npo-
¥3BOJbHOH opueHTaund. — Kpacuosipck: KpacHosipckuit  nonu-
Tex. uu-1T, 1973,

55. Asapxun A. M., Andpees H. I1. [IBa npueMa ycKopeHus Cxo-
A¥MOCTH pelleHHs] KOHEWHO-Pa3HOCTHBIX ypPaBHEHHH IS NAHT H
ofonouek METOAOM HemoxHo# pexakcanud. — B ku.: Bonpoch
ONTHMAaJbHOTO Henodb3oBanus JIIBM B pacuere cioXubpx Kou-
crpykuuit. — Kasaub: Mag-so KIY, 1973

5.6. Beaenvxkuii B. 3. u Op. WtepatuBuble MeTOAH B TEOPHH HIP H
nporpaMmmupoBanuu. — M.: Hayka, 1974

5.7. Baacos b. @. IlocTpoenne ABYCTOPOHHHX NpHOAMKEHHI MO
SHepru¥ B 3ajayax H3ruba TOHKMX IJIHT [Jisi TPOH3BOJbHOI
opToronanbuofi cuctemsl Koopanuat. — Ioka. VII uayuno-tex.
koud. umk. dakyaprera YIAH. —M.: Vn-vr JIpyxOu napopgos
um. I JlymymGm, 1971,

58. Toavdenbaar H. H. DKcTpeMasbHble H BapUalHOHHLIE NPHHIH-
nbl B Teopud coopyKenuil, — B ku.: CrpoutenbHble maTepuasn
B CCCP (1917—1957). — M.: Toccrpoitusnat, 1957,

59. [Hemvanos B. &., [legnoui A. B. UucnenHble MeToan pasbicka-
HHS CEANOBHIX Toyek. — JK. Bblu. MaTeM. ¥ mateM. ¢us., 1972,
T. 12, Ne 5.

510. Esryuenko FO. I'. WtepatuBuble METORE pelUCHHS MHHEMaKC-
ubx 3afay. — JK. BbU. mMaTteM. u maTeM. ¢us., 1974, 1. 14, Ne 5.

511. 3enxesus O. Merop KoHeuHblX 3/MEMEHTOB B TEXHHKe, — M.:
Hayka, 1975.



JINTEPATYPA 283

5.12. Kanroposuu JI. B., Kpoiros B. H. TIpuGaHXKeHHble MEeTOLBl
phicniero aHamusa — M.: Tocrexuszart, 1949.

5.13. Hosayxuil B. Teopus ynpyroeti. — M.: Mup, 1975.

5.14. [Toaax 3. UncaenHbie MeTOABl ONTAMH3ANIHH. EfHHBIA NOAXOA.—
M.: Mup, 1974,

5.15. [Toasx B. T. UTepanuontbie METOLbI, HCMOJB3YIOLUIHE MHOKHTE-
xn Jlarpanxa Ajis pelleHHs 3KCTpeMasbHBIX 3aAat ¢ orpaHuye-
HHSMY TUDA paBeHcTB.-—)K. BHIY. MaTeM. H MaTeM. ¢H35 1970,
1. 10, Ne 5.

5.16. Poaun JI. A. CHCTeMaTH3amHs CXeM METOAA KOHEuHbX sJeMet-
TOB B TEOpHH YNPYrOCTH HAa OCHOBE BApHAMOHHBLIX TPHHIES
nos. — B KH.: MeTox KOHEUHHIX 3JeMEHTOB B CTPOHTENBHOH
mexaHuke. — [opbkuil: [opbKOBCKHI roc. yH-T, 1975.

5.17. Camapckuit A. A., Andpees B. B. PasHoCTHEIe METOABL AJs aJl-
AHOTHYeCKHX ypaBHenui. — M.: Hayxka, 1976.

5.18. Co6oses C. JI. Hekotopsle npuMeHeHHs QYHKIHOHANLHOTO aHA-
H3a B MaTeMaTHuecko dusuxe.— JL.: Han-so JITY, 1950.
5.19. Yepnoycoxo @. JI. Merop noxanbHLX BapHaUMil AJis 4HCHeH-
HOro pelueHHsi BapHallHOHHBIX sagau. — JK. BbU. MaTeM. H Ma-

teM. ¢dus., 1965, . 5. Ne 4.

5.90. Elias Z. M. Duality in finite element method. — Proc. ASCE,

v. 94, No. EM 4.

K npanoxenusim

1. 1. A6osckuii H. I1. O B3aHMOCBSi3H BapHANHOHHHIX ypaBHeHUH
njsi rHOKHX aHH30TPOTIHEIX H pasfHuHBEIX peGpHcTEHIX 0600~
yek. — Tp. VIII BcecotosHoit koHQepenmyH mno TeOpHH o6oJo-
yek H naacTHHOK. — M.: Hayxka, 1973.

1. 92. AGosckuit H. 1., Andpees H. 1., Tonupit yHKIHOHAR YIpY-
roft aHW3OTPOMHOI OOOJOUKH MNepeMeHHOH TOJIHHE. — B KH.:
[TpocTpaHCTBEHHEIE KOHCTPYKUHH B KpacHosipckoM kpae, BHIL V.
Kpacrosipck: Kpacrosipcknit moauTex. HH-T, 1972.

. 3. A6osckuii H. I1., Andpees H. I1. K pacuery oCoxouex B ynpy-
ro-nnacTHYeCKOH cTanuH, — B kH.: TIpocTpaHCTBEHHHE KOH-
cTpykund B KpacHospckom Kpae, BRI VIII, KpacHospck:
KpacHosipckuil MOJHTEX. HH-T, 1976.

I1. 4. Anbapyyman C. A. OOimas TeOpHs aHH3OTPONHEIX oGonouex. —
M.: Hayka, 1974; HekoTophie BONpOCH pPasBHTHA TEODHH aHH-
30TPONHHX CHOHCTHX oGonouex, — H3B. AH Apwm. CCP, cep.
¢ua.-MaT. Hayk, 1964, 7. 17, Ne 3.

1.5, puconrox 3. H., Punvturunckuid J. A. [MepdopHpoBaHHEE
nnacTHHE H oGosouxd. — M.: Hayka, 1970.

I 6. Endocuesckuii JI. B., Japuonos A. A. YpaBHeHHS MKP pas
peGpHCTHX 0GOJIOUeK MNpH YNPYro-NAacTHUECKHX aedopma-
mEsax. — B ki [TpocTpaHcTBeHHHe KOHCTPYKIHH B KpacHosip-
ckom kpae, Ben. VI, Kpacwospek: KpacHOsIpckHH RNOJHTEX.
uH-T, 1973.

1.7. Kouun H. E. BexTopHHe HCUnc/eHHs W Hauaka TEH30pHOTQ
peuncaenns. — M. Hayka, 1965.



284

mn.s.
mn.o.
. 10,

I 12.

JIUTEPATYPA

Jdexnuyrud C. I'. AuuzorponHsle nnacTHeEkH. — M.: Tocrexus-
nar, 1957.

Jypve A. H. Ofuias Teopua YNPYrHX TOHKHX 060NOYeK, —
MMM, 1940, 1. 4, Brim. 2

Hoeoxmunros B. B Teopua ynpyrocth.— JI.: CyanpomrHs,
1958; Teopus Toukux obonouex. — JI.: Cyanpomrus, l-e uag,
1951, 2-e usn. 1962.

. Nuenuunog I'. H. Pacuer ceruatsix oGonouek. — B xu.: Hc-

Cle/l0BaHusA no Teopuu coopyxeHnudt, Bem. XXIL. M.: Crpoh-

uznart, 1976.
Pawescxkud I1. K. PumanoBa reoMeTpusi u TeH3OpHBII aHa-

nu3. — M.: Hayka, 1967.



MPEOMETHDBIVT YKA3ATEJ/Ib

AHanorus CcTaTUKO-reoMeTpUueckKas
101, 133—136

AHH30TpONUs KOHCTpYKTHBHas 217

— npuobpereunas 217, 219

AnnpokcuiMalus — NpocTpaucTBa  CO-
crosuuit 176

— tyHknHOHasa 176, 182—189

— —, norpemHocTs 187—189

Basuc B3aHMHbI 208
— JoxaasHsil 100, 211
— ocHoBHOH 208

BasedTHOCTE TeH3opa 209

BapuauuoHHaa 3ajada 13, 16

— — KJaccHueckas 15

— — MHHHMMakcuad 44

— -—— HeKJaccH4eckas 15

— pecBoboaHas 14

— 06 skcTpemMyme 16, 43

— O cTamHOHapHOM 3HadeHdH 17, 33

—, peluente 14, 169

— cBoGopuasa 14

— Teopema o6uas 31

— -— yacrHas 32

BapHapuoudoe ypaBHeHHe 142—146

BapHarHOHHUbLIA NPHHUHN TeOMETpHYe-
cKHl 49

— — Kacrtuansano (MakcHMyMa jonon-
HHTeJaLHON sHepruu) 33, 54, 111

~ — JlarpauXa (MHHHMYMa TOTEH-
nHaJbLHON 3HepruH) 33, 54, 111

— — o6wHit 30, 63, 119

— — OpM paspbIBHBIX nonasax 89, 131

— — IpH CJAOXHBIX TPAaHHUHBLIX YCAO-
puAx 146—169

— — craTHYecKH} 49

— — ¢usHUECKH] 49

— — yacTHuI 32

Baprauns (GyHKUHH 15

— — gonycrHmas 15

— ¢GyHKUHOHAaMla 15, 177, 207

Begtop GasHcHbR 208

. mosepxrocTani 100, 213

— GyHKIHA ganpsKeHHH 106

BoaMoXHbIe NepeMelleHHA, CHiL 142

I'unoresnt Kupxroda — Jissa 100

— noJorux o6osouex 109

I'papgueHT TeH3opa 212

— ¢dyuknuonana 207 .

IpaduYdble yCHOBHUS TEOMETPHUECKH®.
51, 102, 151, 164, 165

— — pedopmanuounsie 52, 108, 151,
159, 165

— — ecTecTBeHHble 19, 32

— — cMelaHHble 152

— — crarHueckue 51, 105, 156, 158,
166, 167

— -—8— B (QYHKUUAX HanpsikeHuit 52,
101 - -

T'yka 3axon 50, 97

HOedopmanuu 50, 97

— o6oJsoukH 101, 102, 139

— NOBepPXHOCTH Tenaa 52

JluBepreHUHA TeH3opa 212

HNupaka byHxnus 219

Jucropcu  (AHcaokanuu) BoabTeppa’
150

— cTaTHYecKHe 149

HOubdepenunan 15

— ®pelte pyHkiHouana 15, 207

HuddepeHUHPOBaHEE BEKTOPOB H TeH-
30poB 211

HHTerpHpoBaHHe NpHOGMHXeHHoe 185—
187

— TEH30pHBIX BeJH4HH 213
HUnrepnoanposanre 185

KoMnoHeHTHl TeH3opa (BeKTropa) KO+
BapHaHTHhIe 208

— (—) KoHTpaBapuaHTHble 208

— (—) ¢usuveckue 96, 137, 214 -
OHTaKTHbIe 3ajadd 133

oOpAHHaTH ad@HHHBle (mpAMoOdM-
HelHbie KOCOYFoJdbHble) 95, 240, 258
Aekaprosst 210

KOHHYecKue 268

KpUBONHHENHbIe 210

Kpyroenie 266

Ha NOBEPXHOCTH 213

(!

AR

Pt



286

KoopAMHATE HOPMaJabHO CBA3aRHble C
fnoBepxHocThio 95, 100, 242

— oprororaJbHble 94, 240

— ctepHueckue 242, 267

— TopoHjaibHble 242

— nuauHapudecKHe 240, 266, 267

Kpucrobdens cumpoanl 212, 240—243,
266-—268

KpoHeKepa cuMBoa 208
Jisme mapaMerpsl 94, 137, 215

Mepa MOrpelllHOCTH 192

Meron By6roBa — l'allepkuna 174

— BapHAIMOHHO-PA3HOCTHBIA 175, 182

KanrtopoBuda 175

KOHeUHBIX pasHocTell 176

— aaementoB 171, 172

JI0KaAbLHBIX BapHaguh 176

Muoxurenelt Jlarpamxa 22, 36, 43

HerapMOHHYeCKOro ocTaTka 198, 201

OPTOTOHANBHLIX NPOeKIHA 199

npsaMbix 176

Purna 172, 173

cetok 176

Tpedrua 174, 200

dfinepa — Jlarpanka 15

Meroanbl aucKperHsanHu 172

— npfiMble BapHAaNHOHHbIE <€AHAJNHTI-
yeckHe» 172

— — — xoMGHHHpOBaHHbIe 176

— — — «uucaenHnle» 176

— penakcaguu 181

Metpuka 192, 206, 207

— paBUOMepHas 192

— cpenHekBajpaTHunas 193

— 3HepreTHuecxas 193

MHHMMAaKC, MaKCUMHH 42

MHOMeCTBa BHIyKJanle 85, 86, 205

MuoxuTean Jlarpawka 22, 36, 39—41,
64—69, 119—125

prrrrrrrrret

Ha6aa-onepatop amHabTOHA 212
Hopma 206
— 3HepreTHYeckas 206

O6nacTe MHOTOCBA3Had (HEOAHOCBS3-
Hagq) 146—169, 216

— opHocBA3Hasa 216

— NMOBepXROCTHO-MHOroCBs3Has 167, 216

— fQIIIZ)OCTpaHCTBeHHO-MHOFOCBS[SHBS[ 156,

6

— cBsA3Has 146—169, 215

O6utee pemenne 21, 22, 153

— — ypaBHeHHHA HepaspblBHOCTH 51

— — — paBHOBecus 51, 106

Ouenxa morpeitHocTh 192

— - amoctepHopHas 195, 201

— — ampHopuas 188, 194

— — 3Heprerudeckas 198

NMepeMemenus o6oGmennsie 104
TToBepXxHOCTh Ga3uCHas (cpeaHHHAn)
oGosouKu 99

NMPEAMETHbBIA

YKA3ATEJIb

[ToBepXROCTL  MHOrOCBsi3HAA (cm.
061aCTh MHOTOCBSI3HAA)

— TpexMepHOro Tela 50

— B TpexMepHOM IMpOCTpaHCTBe 212

[TorpemHocTs 183—189, 192—203

IMomnpoctpaHcTBo 28, 205

— atdurnoe 205

— JauHeliHoe 13, 205

ITone BekTOopHOe (Tem3opHoe) 30, 50,
100, 211

TMons paspsiBHbie 96, 132

TIpou3BeneHde BeKTOpHOE 210

— puapHoe (reH3opHoe) 210

— ckalspHoe 13, 206, 210

— — gBo#Hoe 210

— — b5Hepretudeckoe 206

IMpousBogHast (rpajgueHT) (pyHKIHORA-
naa 15,

_ koBapHaHTHas 212

— — noBepxHoctHas 100, 213

[TponaBomkoe OTOOpaXkeHHe 207

— — vacTtHoe 207

ITpocTpaHCTBO apHUHHOE 204

— ruan6eproBo 13

eBKAUg0BO 206

JHHeAHOe 204

pumaHoBo 213

COCTOSSHUR  YIpyro# CHcTeMbl 28,

204

R

. — xBa3HocHOBHOe 28

— — — ocrosHoe 28

_. - — pacuupennoe 28

— — — CHMMeTpH30BaHHOe KBasH-
ocroBHoe 69, 125

— — — — — ocHosHoe 66, 120

— — — — ycedennoe 28

— dyrKuKORanbEoe 204

[

Paguyc-Bexrop 211

Pa3HOCTHBIE cxeMbl 182—191

Pa3pbiBel KHHEMaTHYeCKHe,
ckue 89

Porop (Buxpb) Tem3sopa 212

cTaTHuR-

CeepTKa TeH3sopa 210
CeploBas TOuKa 42
CrapgdoHapHoe 3HaueHue
GeaycnoBHoe) 16, 17
CyMMa npsaMas (fleKapToBa) 28, 205

(ycnoBHO®,

Teso MuorocBasHoe (cM. 06/1acTb MHO-
rocBasHas)

Tensop 50, 52, 101, 102, 104, 209

— nHcKpMMHMaHTHbIA 57, 100, 210

— merpHueckui 101. 208. 209, 240—243

— noBepxHocTHBI 101, 213

— GYHKOHE HANpsIKeHHA 51

TeopHs npeo6pa3’oBaHus BapUAIHOH-
HuIX TpoGaeM 33—49

— TOHKEX 060J04eK «HaHIyumas» 99

Touka cejtoBas 42

— craguonapHocTd 16, 207



MPEJAMETHHIYT YKA3ATEND

«¥ran nanpsxeHuit» 106, 109, 148

¥YpaBHeHHs BapHanHOHHbIE 142—146

— HepaspbiBHOCTH Ga3HCHOR MOBepX-
HoctH 102, 110, 140

— — KOHTypa OTBepcTHA 155, 156

— paBHOBecHd 51, 96, 105, 110

— — MOAKpenJeHHbIX 4acTefi KOHTypa
154, 165

— coBMecTHOCTH AebopManHi 51

Veuaus H MomeHThl 101, 102, 104, 138

— — — ofo6mernne 104, 218

Yca0BHA AONONHUTENbHbE 14, 73, 126

ecrecTBeHHble 33

KOHTaKTa 217

OJHO3HAYHOCTH HepeMemlenHf 155

— GbYHKOHI HanpsxeHHn 149

cTagHOHAPHOCTH 17, 20

sKCTPEMyMa Heo6xomHMble 14, 15

— pmocratoudsie 25

FrELT

du3HYecKH HeJTHHeRHbIe
BaHHble 3a71a4H 219

du3HYecKHe COOTHOLIEGHHA A4 aHH30-
TPONHBIX 06osnouek 104, 105

— — — pe6pHCTBIX 060s104EK
219, 271—274

— == — CJOHCTBIX OGoJouek 217—219,
275

®dopmyna [puHa 213

— Octporpaackoro 214

— Crokca 214

— Yesapo 148

dpuapuxca mnpeo6pasosanne 40, 59,
116, 199

dyukmuyu (0TOOpaXKeHHs, ONepaTOphbi)
addHHHbIE 14, 2056

— nHHeliHble 205

JIHHeapH30-

217—

287

dyHKIMOoHan 203

—- BHLIIYKJAO-BOrHYTHI 205

— BLINVKABIE (BBepX HJH BHU3) 84,
85, 131, 205, 206

— rpaHHYHBIX YCJAOBHA 81—83, 128~
130, 232—234, 260—262

— — — MHOFOKOHTaKTHOM 3ajauu 172

— p1s  reoMerTpHYecKHX H craTHde-
CKHX ypaBHeHHH 74, 127, 230, 232,
258

— — (H3HYECKHX H TIeOMeTPHYeCKuX
ypaBHeHu#t 74, 126, 232, 258

— — — ¥ CTATHYECKHMX ypaBHeHHH 71,
77, 127, 232, 258

— Kacruassno 59, 70, 76, 85, 93, 116,
156, 222, 248

— Jlarpanxa 54, 70, 77, 90, 103, 111,
151, 220, 246

— monublf 29, 245, 269, 270

— Ppeficcuepa 68, 75, 97, 228, 244, 269

— cMellaHHBI g MOJOTHX 0GONO0YeK
130, 161, 262

. — ¢ HeNOJHbLIMH moasiMH 83, 234

- (H3HUECKHX COOTHOIeHuit 76, 78,
80, 127, 128, 232, 258

— Xy — Bamuny 64, 244

— qactHefi 29, 70, 93, 125, 230, 258

GyHKyUoHansl MoJHBbIE, KACTU/ALIHO-
Ba cepHsa 63, 67, 93, 123, 228, 254

_ —, narpanxeBa cepus 63, 64, 92,
119, 224, 239, 250

IIaGaousl ceTOUHBIX YpaBUeHHH 190

dKcTpeMaibHble CBOMCTBA (QYHKIHOH1-
nos 43, 84, 93, 130, 197, 236, 264
AKeTpeMyM YCJIOBHbBIE 13



Haywm IletpoBHu AGoBCK H #1
Hukoanait TletpoBiu A Hapees
Anatonuit TletpoBHu Jlepyr a

BAPHUALIMOHHBIE MMPHHUUIIBI TEOPHU YIIPYTOCTH
U TEOPHU OBOJIOYEK

M., 1978 r., 288 cTp, ¢ M.

, Penakrop A. I'' Mopansuuues, B A, Pomanos
" Texu. penakTop E, B. Mopo3osBa

Koppexkrop A, JI. HnaToBa

UB Ne 2312 -

Cnauo B Ha6op 23.05.78. Tlogmucano ¥ meuaTH 20.11.78. T-20153.
Bymara 84X108!/;;, THm. Ne !, JluTepaTypHas rapHHTYpa. Bhico-
Kas nedartb. YCaoBH. ned. Ja. 15,12, Vu.-u3m. a. 14,30, Tupax
5800 5k3. 3akas Ne 1121 Ileua kuuru 90 xom.

Hanatennctso «Haykas
I'naBHas pefakuusa H3UKO MaTeMaTHYECKOHA JAHTEPaTypLl
117071, MockBa, B-71, Jleuuuckuit mpocuext, 15

Opfena Tpyaosoro Kpacuoro 3namenn Jlennurpaiackas THHOrpa-
¢us Ne 2 umenn Eprennn Coxonosoil «CorosnonurpagnpoMas mnpH
TocymapcrBeHHOM koMHTere CCCP no genaM H3paTelbCTB, MO-
aurpadMH H KHHXXHOH ToproBnd. 198052, Jlewmurpagm, J1-52, Hs-
MaliIOBCKHI TpocneKT, 29



