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[IPEMNCIOBUE

NuTerpannabie UpefcTaBIeHHA W TeOpus BHUETOB 3aHU-
MAIOT BAa;KHOE MECTO B MHOTOMEDHOM KOMIUIOKCHOM AHAJU36.
B macrosmee BpeMs STH pa3fels HPOMOJKAIT MHTEHCHBHO
pABBMBATECA W HAXOHAT BCe HOBHE IPWIOMKEHAS B CaMol
Teopuu (YHKIEMI H B APYTHX pasfenax MaTeMaTHKH, & TaK-
jKe — B TeopeTwdecKold ¢usmre. Tak, mATerpajsHoe mHpel-
crapieEme XeHEmHA — Pammpesa mus ¢yHKmmit, roxomopd-
HHX B CTPOTO ICEBIOBHIOIYKJIHX 00IacTsAX, MO3BOIHIO IIO-
AYUETH PAf BXKHHIX pe3yJLTATOB TEOPHH TOJ0MOpHHX
¢yERUMA MHOTEX KOMIUIOKCHHIX II@PeMeHHBIX.

OrMeTHM TAKXKe HEKOTOPYIO (HeCHMMETDHYHOCTEY B WH-
Terpa;bHEX TPECTABICHHAX TOTOMODHHBIX (YHKIME MHO-
ITHX IepeMeHHHX, CYOIeCTBOBABHIYIO [0 1967 r.,— PyHKIAH
[PEICTABIAINCH ¢ IOMOMbI0 MHTeIPHPOBAHNA BHETIHUX nad-
depenmUATEENX GopM. ITa (HECHMMETPHIHOCTH) GEIIA yCT-
pamena ¢opmyioit Mapramennim — Boxmepa — Honmexns-
MaHa (PopMHI IPEACTABIANTCA ¢ NOMOMBI0 HHTETPUPOBIHAL
¢opm), Hameme PAI CePEE3HHIX IPRIOKEHRIT B MHOTOMED-
HOM KOMIIIGKCHOM AHAIM3e. B 9acTHOCTH, HA OCHOBE 3ToM
dopmyasr T'. M. XenkuH mOJAyIHL WHTErpaibHoe IpeNcTaB-
NeHne LIA pemeHns §-2a1adn B CTPOTO BHIIYKIBIX 00IacTsX,
9TO MO3BOJMIC JATh HOROE JOKA3ATEILCTBO OCHOBHHIX TeoO-
pem Oxa Ges HCIONB30BAHKA TEOPHUM UYIKOB M TEOPHH nud-
depeHImATBHHX OIEPATOPOB.

Hemasuo noABmiack muTerpanbhas dQopmyaa Jlepe —
Konmersmoua BechbMa ofmero Bmpa, cofiepwemas B cebe
KAK BCEBOSMOKHEIE WMHTETDAJbHEIE HPEACTABJIEHHA TOJO0-
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Mophusix yHKIuE, TaK E QOPMYyIH MHOTOMEDHOTo JOIra-
prdmugeckoro BreTa (cM. § 3). IlosTomy B raase I opuse-
NeHH KaK HETerpAIbLHEe IpefcTapieHEA obmero Bmua, Tak
m  GopMyas JorapmpMEUeCKOro BHIETA. 3aMeTnM, YTO
WHTeIPANLEHE NPeACTABNEBHMA ¥ BHYSTH TECHO CBASAMK
MexIy coGoii, TaR KAk OmHpAKTCA Ha QopMyny Croxca.

TeopHs MHOFOMEDHBIX BHTETOB, KOTOpag BefleT CBOS Ha-
gaio or A. Ilyamrape, paspEBAJach B PA3NHIHBIX HAUpPaBie-
HUAX ¥ B HACTOAIIee BpeMs fajexa elle OT 3aBepIieHusd. TIpn
0Go6menAn TeopANM BLIYETOB Ha MHOTOMEDHBIH clydait BOS-
HUKAKT CePLe3HLIe TPYAHOCTH TOMOJNOTHIECKOro XaparTepa,
TOCKOABKY AisA roloMopHuEEIX (QyHKIHA MHOIHX KOMILIEKC-
HEIX MOpPeMEeHHHIX PO M30JMPOBAHHBIX OCOOHIX TOYeR HIpa-
0T AHANATHYECKHe MHOKeCTBA, KOTOphHle MOIyT HMeTh
CIOMHYI0 TONMONOTHISCKYI0 CTPYKrypy. [as mpeoponmeHEA
9THX TPYAHOCTEH NPEXOMUTCA IPHUBIGKATh ANIADAT anrebpa-
HueCcKO# TOMOJOTHH.

MuoroMepEHe BHUOTH HADAALY € H3BeCTHHMMA IPUIOKe-
HNAMH B mcclenoBaHmK (Ge#HMAHOBCKHX HMHTerpaloB ToMo-
JOTHIECKIMY MeTO[laMHP, HCCIeHOBAHMA (QYHIAMEHTAIBHAIX
pemeHE# THIepGoIMdecKMX YDPABHOHHH C JaCTHEIMA HPOU3-
BogumME (JIepe), HEJaBHO HANINE HPHMEHEHMA K HEABHHM
PyBrnmAM, cmcTeMaM HeJWHeHHHX YpaBHeHWY, B RoMOu-
HATODHOM aHajmse. JTH HOBHE NPHIOMENHA He HAMUIN eme
OTpajkeHHSA B CYIECTBYIODMX DPYKOBOACTBAX 0O TeOPHH
$ymxmuit. Kpome Toro, B 9THX PYKOBOACTBAX HHTETPATHHES
Hpe/(CTABJICHNA A BEMETH (YHKOHHA MHOIHX KOMIIEKCHBIX
nepeMeHHEX WBI0KeHB HEJOCTaTOTHO TOJIHO. Hacroamasa
KHWTa MpE3BAHA BATONHETH 9T0T mpobex. OHA BO3HMKNA HA
OCHOBe CIeN[KyPCoB, TpounTanAKX aTopamn B Kpacroapcxom
yrmBepcutere B 1965—1974 romax (cm. [26, 218)).

TxaBa I cofepsxaT, KAk y:ke 0TMEYaJIOCh, HHTEIPATHHHE
IpeiCTaBIeHNsi TONOMOPHHEX PYHKOWA MHOTHX KOMIUIEKC-
HHX NepeMeHHHX ¥ (OpMyIbl MHOTOMEPHOTO norapg@mme—
CEOT'0 BHUETA, KOTODHE H3J2ranTci 3AECh ¢ eIUHOU TOTKH
speHus. -

B § 2 -sBopuTcA OIpefeNeHHe KPaTHOCTH HyIR TONO-
mopdHOro oT0o6pameHns, a TAKKe HOKAEIBAIOTCA OCHOBHELIS
toopeMs o myunsx ror@hopdmoro oroGpamenus 0e3 mCHOJNB-

HOBAREA DPESYAbTATOB JOKAILHOH TEOPHH AHAIATHIECKHX.

o
o
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MHOKECTB ¢ IIOMOIIBI0 TOJBKO CBOMCTB WHTErPAJioB OT 3aM-
kuyreix gopm. B uacTHoCcTH, OKa3bIBaeTCH AHCKPETHOCTH
KOMIAKTHOTO MHOKeCTBA HyJed rojoMopgHOro orofpaske-
nusa. Kax caexcreme B § 4 momyuena reopema Ocryaa o Om-
roJOMOP(HOCTH B3aMMHO OFHO3HAYHOIO IOJOMOpQHOrO OTO-
6pasKeHN .

Kpome roro, B ra. I m3moskeHo mHTerpajsHOEe IpPefc-
rasiennme AmnppeoTtn— Hopre pgasg npousBogEHEX TONO-
moppuoii Pymrmum (§ ) m HHTErpalBHOE HPENCTaBICHHE
Maprunennus — Boxuepa — HommearmManma jna  BHemHHX
aadpdepennmansaex dopm (§ 7).

T'nasa 11 mocsamena uHTErpaXbHAM TPEJCTABICHUAM CHe-
O@AaJbHOrO BHJIa, KOTOpHe BHiBemeHH u3 Qopmymn Jlepe.
HamnGonee Baykmpic m3 Hux: ¢opmyna Dbeprmama — Beitan
(8 9) nnsa dymxnmil, roroMopdHEX B aHATUTHYECKUX MMOJH-
sapax, B Popmysna Xeuxuaa — Pammpesa (§ 10) ana dynk-
IuA, roJOMOPYHHX B CTPOro ICEBXOBHIYKAHX 006/IacTAX.
Hecroabro ocobuarom cromr § 12, B RoTopoM paccMaTpmsa-
eTCA MITErPajibHOE NPENCTABICHHE JJA TFOIOMODPPHHX QYHK-
n@i ¢ HeoTpHUATEJABHOH MeficTBETeXbHOH dacThio (06obme-
Hue Kjaaccmdeckoid gopmyian Pucca — Xepraorma).

B »T0il KXEMIe pacCMAaTPHBAIOTCA HWHTEIPAJbHEE IpeNCTaB-
JeHHA TONBKO NJAA OTpaHMYeHHHX obxacrell, YTo BH3BAHO
JNAYHHMEA BKycamm aBTopoB (00 HMETerpalbHEX IpefcTaBlie-
HHAX B HEOTpaHWYeHHBIX 00JacTsAX CM., Hanpmmep, paboTH
[52—54, 60—62, 224, 2361]).

B raase 11l maxaraercs Teopms MHOTOMEPHHX BHYETOB.
Cpopmynuposana 3ajada TeOpEM MHOIOMEPHHX BHYETOB
(§ 13) m yxazaEH HEKOTOPHEe NyTH €e pelleHHA, BHITEKAIOMTe
na opmyant Croxca, mHTerpaabHoi TeopeMe Homu—Ilyan-
Kape, TONOJOTHIeCKOH ABoiicrBenEOCTH Asekcannepa— IlonT-
parmna (§ 14) B gpoiicreennocrm pme Pama (§ 15). Haumee
(§ 16—17) mpuBeeHE OCHOBHH® PO3yJILTATH W3 TEODHH BHIYE-
TOB Ha KOMIIIOKCHOM AHARJMTHIOCKOM MHOroobpasuu (Teopmm
BHUeTOB Jlepe). SaKaHIMBAPTCA 9Ta TIIaBa LPHMEHEHHOM
nsoficreennocTn Anexcamgepa — Ilomrparmea w pBoiicTBen-
gocTh Ae PaMa K BEYMCIEHHIO BHIYeTOB MEPOMOPPHHX ® pa-
mnoraasuiix gopm (§ 18-—19). )
' B KHHTe He OTPa)keHH Pe3yILTATH, OTHOCAMHEECA K Pac-
npocTpaHeHd0 Teopuu BHUeToB Jlepe ma dopmu, mMermume
ocobeHnoCTH HA MOAMHOroo6pasmfAX KopasMepHOCTH Goxbmie
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1, BHYeTH MOTOKOB, 4 TAKE aGcTpaKTEasA TeOpHA BHIYETOB’
payuaomas JABOUCTBEHHES romoMopdmamMbL TPYOI TOMOJIOTHH
J KOTrOMOJOTHH 3aMKHYTOIO IOJIMHOMKECTBA B mMEOr000pasuu
K ero JOTOJHEeHHs, BHYETHL I'porempmKa, BRIETH Hans6o
norymepoMopdHEX POPM. A

T'mapa 1V DocsameHa TaK HASHBAGMbHIM (BHEIIHEM» TpH-
JIOMKEHAAM PAasAuuHbX (QopMyT MHOTOMEPHOIO JoTapumu-
YecKOTo BHEEeTa W HPOCTO BHYETOB, HafifeAHEM 8a HOCJIeHAe
rogsl B OCHOBHOM KPACHOAPCKHMHE MaTeMaTHKaMH.

B § 20 pacCMOTpeHBI TPHJIOCHUS HKPATHOIO sorapad-
MHTECKOTO. pacdeTa I npeAcTapieHNa HeABHBIX $yERTHI
MHOTHX IIepeMeHHHX, ONpefleqAeMbIX cHCTeMaMi ypPaBHEHRH,
B waCTHOCTH 0GpalieEns roxoMopdHoro oTofpasKeHus B BUJE
KPATHBIX CTENeHHBIX H $yHKIAOBAIBHBIX DAAOB {Mmoromep-
Hnie aHaJdoru pasioenusa Jlarpabsxa; Bypmaua — Jlarpan-

- 7%a); JMAHBl OLEHKH ofmacTeil CXOMAMOCTH HTHX PHJOB. Pac-

CMOTPEHBI HeKOTOpbIe CIyIal BLIfIeNIeENS OJHO3HATHBIX BOT-
Belt MHOrO3HAYHBIX HEeABHBIX pyHKIMA, IOXYICHDL apdex-
rapable (OPMYIHL JUIA KooHEIECHTOB  IICEBAOTIONUEOMA
Beiiepmrpacca. :

B § 21 ¢opMyls KpaTHOro sorapmMEIeCcKOro BHITETA
IPUMEHAITCH K CHCTEMAM HeJIMHEAHEIX YpaBHEHHi, B IacT-
HOCTHA K PEIICHAI0 3AaYH UCKIIOUCHHA Hem3BECTHBIX B CH-
cTemax airefpandecKux ypasHeHUl; TOIydYeNn: MHOrOMED-
Hple amajnord (opmyinn Bapmiura, BHIpAJKAIoNIel CTCTICHHBIC
CyMMbI KOpHei ypaBHeHHI 9epes HX K02PPUIECHTEL

§ 22 mocBAIEH HAXOMKJIEHHIO KpaTOCTH HYJf CHCTEMbI
ronoMopdEex QYHKIEHA IO TefiIopOBCKAM  PasTIOReHIAM
ornx (ymrgmit, 1Ipm sTOM CHOBA OCHOBHBIM aIIapaToM HC-
CJAOJOBAIIAA ABIAETCA TeOPHS KPATHBIX BHIUETOB.

13 § 23 muoroMepHEIe BEITETHL IPEMEHAI0TCA A HaX0R-
JOIAA IPOURBORAMEX ¢ynxumit @ BHIHCIEHUA pasIHIHbIX
HOMGIIINTOPHBIX CYMM B 3aMEHYTOM BUE.

I'nana COAEPIKUT HEKOTOPHIO (BHYTpEHHHE» TPHI0KE-
JiMA B OCHOBIOM MHTErPaNbHHX DpeNCTARIEHHE K 3a7aTaM
Muoromepuoit reopuu Qynxnuit. OGcyKaa0TCA BOIPOCH r0JI0-
MopQuoro npooJIKeIUA C rpanmis o6racT Ba BOKO ofaacTs
¥ BOOPOCHI PA3IOKelUH rojoMopdHHX QYHKIHEE B PALH HO-
JIMEOMOB WA «mpocTeiigux» Rpobeil (§ 24). B § 25 mpusepe-
HE J[OKA3aTEIhCTBA OCHOBHHIX TeOPOM Oxa Ge3 mcmoab3oBa-
HEA TeOpHH IyTKOB ¥ TEOPAH xuddepeHnuaIbHLIX OIEPATGPOE.

. ‘3«%‘; R
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Texer atoro naparpada mammecan LI, A. JlayToBEIM Ha OCHOBE
HeonyONEKOBAHHON PYKOIHCH . M. Xenxwuna, a106e3H0
NpejoCTaBUBIIET0 6¢ aBTOPAM. Boo6me mmen I'. M. XenkuHa
okasain Gonpmoe BimsAEme Ha comepmanme I, Il n V rnas
macrosmeit kuura. B § 26 comepsRaTcA maHHBIE 06 onmMCcaHun
dopM, OPTOroHATBHHX romomoppusM QYHROUAM NpA WHTETI-
PEPOBAHEH o rpanmme 06IacTH, o6mem Bue Gopmyn mHTEr-
PANIBHHIX IPEICTABICH M ronoMop@HBIX dyHrumil  xorapud-
MAYEeCKOT0 BE9eTa, O Pa3PemmMOCTd YPaBHEHHA I. Jlesm.
§ 27 nocsamen GasmcaM B  HpOCTpaHCTBAX ronomopP-
HHX QYEROEH ¢ QUKCAPOBAHHEIMH anrebpamuIecKAMA  0CO-
GeHHOCTAMA.

HeGonpmoit 06beM RHATH He IO3BONAI aBTOPaM NPABECTH
MHEOTHe JPYIHe OPUIC/KEHHSA HHTErPANBHBEIX npeacTaBieHAH
H BHUETOB. 31ech NMPEMKIE BCEro ClefyeT yHOMAHYTH paboTh
. Jlepe mo gudPepeHTAANTEHEM YPABHOHUAM, & TAKIKO LPH-
JTOJKOHHA BEITETOB K HCCAOOBaHMI0 (eiiHMaHOBCKHX KHTET-
panop. O psue Apyrux paboT yIOMAHYTO B Pasfelre «KpaTxne
HCTOPAYSCKA® CBEIEHHAD. - -

Vramem uro § 1, 3, 5—12, 21, 24 manncansl JI. A. Ai-
sem6eprom, § 2, 4, 13—20, 23, 27 — A. TI. IO:RaKoBHM,
§25, 26 — L. A. [layropemy, a § 22 — A. K. Tuxom. AsTopH
gaarogapsar I'. M. Xenkwaa # peflakTopa KHATH . A. Hay-
TOBa 33 MHOTOYMCICHEHe NONesHHe WMCOpaBjieHds W H3Me-
HeHHA TEKCTA.

HKpome TOro, aBTOPH MOIAB3YIOTCH CHYIaCM no0aarogapuTh
B. A. Bomoroa, A. M. Kmrmamosa, E. C. Mxpruana,
M. A. Mrprusma,” B. A. Cremanenxo u A. R. [luxa sa mo-
MOIIH TPH MONATOTOBKEe PYKOOHCH B MHeJaTh.

Aemopu



IIPE[IBAPUTEJIbHBIE CBEJEHN/

1°. Hurerpuposanme auddepennuanpunx Gopm. Pop-
myna Croxca. MH cumTaeM, 4TO IATATENDL SHAKOM © HOHATH-
amu guddepenimpyoMoro M KOMIUIEKCHOTO AHANHTHIECKOIO
MuorooGpasua (cM., manpumep, [133, 144, 1891). Juddepen-
yuarbrai gopma o cmeneny p (p-popma) na dugideperyupye-
Mmom mrozo06pasuu! X B OKPECTHOCTH KAKAOHK TOUKH @ &
B JIOKAJBHLX KoOpAHHATAX £ = (Z;, . . ., ) MPOACTABIACT-
csi B BHAE

o (z) = ga, (@) dzg, A «o 0 A ATy - (0.1)

rne J = (g5 ... L)y 1< 8 << n; a;(z) — pemecTsennHe
aubo KoMmmekcAHe QyHKIEE OT Z;/\ — BHAK BHOIIHEIO0 YM-
HOMEHWSA, YHOBISTBOPAIONAI YCIOBHMIO AHTHIEPECTAaHOBOY-
HoCTH:

dz:,/\dx, = -«dxj/\dx,-, i# f, dxi/\ dx,- = 0. (0.2)

Hpoperangaonno (0.1) p-popMu @ B DpHABEHEHHOM BHAE, KOTAA
& |, =2 lg=7 ... <ip < n, ogmosmauxo. llpm mepexone

HOAPYFAM AONANLIM KOODRMHATAM ¥ = (Yy, - - -, Yp) BH-

panwine (0.4) npoofipanyerca k¥ Bamy '

/ a(x x .
h) N a, (r LA ’n) d d

1 R e e ————— y'l . y )

1.<J'1<..H.<jp<n lf / (y))J(VJ‘o . ..”,1,) J /\ /\ j])

1 Tourmoe omnpegenenne padpdepeunusanioll QopMe, a TAKKe
Gonee mMOAPOGHOE MINOKEHHe MATOPHANA BTOrC MYHKTA MOMHO Haiirn
» wuurax [102, 133, 158, 161, 218].

[IRE
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Naddepennnanbune GOPMH MOMEO CKIARHEBATE I YMHOMKATH
Ha ¢yEknum. [l HOX ompemeneHa OLEPAIMA EHEULHEEO M-
HOMCEHUA, KOTOPOE B JIOKANEHHX KOODAWHATAX OCYMIECTBJIA-
eTCs 0 MPAaBWIy YMHOMKEHUA MEOTQWICHOB C YIeTOM YCJAOBHHA
(0.2). Ms (0.2) BHTeKaeT Clemylomiee CBOMCTBO BHEIIHOIO
npomspeeRuA: OA ¢ = (—1)?? pA @, TRe p, ¢ — CTeUeHH
dopm ®, ¢. Losopar, uro o — Jufppeperyuarvras dopma
kaacca CT), ecid ee Koa(uumeHTH a;(T) B IPHBEICHHOM
moxansaoM npeacraBiaeanm (0.1) r pas HempepHBHO nudde-
perrapyemsl. PopMa @ HABHBAETCA PEYAAPHOU, ECAL I' == 0O,
Juneiinoe npocmpancméo p-gpopx raacca C) Ha mH02000pa-

auu X obosmaumm C\ (X). Yacro, caexys xuare Jlepe [113 1,

npoCmMpPaHcmeo CS (X) peeyasprnz p-gopru Gynmem obo3na~

qath Takke QP(X). ‘
Oneparop enewnezo duggepenyuposanus d Kaxpol dop-

me @=C" (X) crasur B coorsercTeme (opmy do e C%TQI)(X),

KOTOpas B JIOKAJBHEIX KOOPAMHATAX OOPeAeaAeTes dop-
Myaoit

do = ; da; (z) A dzj, (0.3)

n

Y da

rpe day = -‘ﬁ:dxu dey=dzy A ... A dzy,.
i=1 - ’

CaoiicTBa Buemsero gaddepennmana: 1) d (o, + 0,) =
= do, +dwg; 2) oA P)= doA g + (—1)?oAdg, THe p —

" crenenb fopMu @; 3) ddo = 0. Hupdepennuanrnas ‘Popua

® Ha3HBaeTCH samrrymoi, ecim do = 0, ® COOTBETCTBEHHO,
mounoli, ecaz ® = do K1 HexoTopoi dopmul ¢. MmoxecTso
33MKHYTHX peryiApHHX p-gopm o6osHawnM Z?(X), To9HHX—
BP(X). U3 ceoiicte pEemuero Auddepennumana 1) — 3) cue-
JyeT BKAKNYCEHEE TPYHL (BEKTOPHBIX npocrparcrs): BP(X) <
< ZP(X) < O (X).

(daxtop-rpymma  HP(X) = ZP(X)/B*(X) Ha3HBaETCA
epynnoli p-MepHuL Kozomoaozuli de Pama mHozoo6pasus X.
Ee 2/eMeHTH HA3HBAIOTCH KAACCAMU KoZ0M0A02UlL. J[Be DOPMHL -
®;, ©g, OPEHAAJEKAIEE OXHOMY KIACCY KOIOMOJOTdAH, Ha-
SHBAIOTCA K020MOA0UMHEMU () & ©g).
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Beckoneuno nuddepennmupyemoe oToGpaskenne MIIOrool-
pasmit

f:X>Y (0.4)

HEEYTWMDYeT ToJoMOpH3ME TpymI

T QMY) - QP(X), f* : HY(Y) > HY(X),

ompegensemsle cuefyiomum obpasom. Ilyers z = (@ . . -
e )y Y=(Y1s + + +» Yn)—NOKATBHEE KOOPIUHATHL B OKPECT-
moctax U, V, mrouek a = X, b = fle) = Y n dopma o

= QF (Y) npencraniesa B age o (y) = Sa, () dyi, A ---
7
.o A dy;,. Torma B U,

f(@)(2) = a(f () = ;a.r (y @) dys, (R Ao A dygy, (2),

"
dy L~ ~
rae dy; (z) = 2 5:'5 dx;. Tar xag dof = fod, Tof mnpynmpyer
=1

o
daxTop-roMmomopduam f*.

Ha KOMILIeKCHOM aHAJHTHYECKOM MHOroobpasun Z B 1o-
KAaJbHHX KOODAHHATAX 2Z; = Zj ynpj= 1, ..., n, R Ka-
gecTse Gasmcubix muddepentuanoB BMmecto dry, dy; Oepyr
ixX nuHeiinbie xoMmbmumammnm dz; = dz; - idy; m dz; = dz; —
— idy;. GopMa 0 C(p"f,_)q (Z) mw=asuBaerca @Gopmol ming
(p, q), cciim B MPOH3BOJNEHOM JIOKANBHOM CHCTeMe KOODAUHAT
z=(z, ..., 2,) OHA BMeeT BHJ (0=J2 a, 7 (2)dz; A dzg,

rae dzy =dzg, A ... A dz dzi = (;l_z';1 A oo A dE,-q. Haace

oTEX Gopm 0603HATNM ng’j’g (Z). AmanoTEIHO BBOJLHTCA KIAACC -

¢\, (Z). Ecan r=0, To Gynem nucaTs npocto gy p (2). Dopma
HABHBAETCH 2040M0pdiroli, ecin oRa Tuna (p, 0) u ee Koagdu-
IMUeRTH — TrojoMopdprbie QyHKIUM.

Mzur Gyziem paccMATPHBATH HETErpadsl oT quddepernmas-
HHX (OPM IO KYCOIHO-TIAJKMM OPHEHTHPOBAHHBIM HOBEPX-
wocTsam Ha MEoroobpasnm X. Urols MoHO GHUIO MPUMEHATD
ammapaT ajirefpamieckoil TONOJOIHH, IOBEPXHOCTD npenmo-
naraem pasburoii Ha YACTH — CHHIYAApHEE CHMILIOKCEL

Ipedsapureavusie caedenus 13

CUHeYAADHBM 2AA0KUM D-MePHOM CUMNAEKCOM (p-cEMILIOK-
com) Ha QuPdeperyupyemMon nHozo00pasuL X HasHBaeTCA ma~
pa o, = (Ap, 8), A Ap — OpAMONMHEHEHE CHMIUIEKC B
Re, wmampmmep: Ap={t=(t, ... tp) E RP:8; >0,
.. F <1 Ap— X — menpepsisHo gaddepen-
nupyemoe oToGpaieHme. lIpE STOM CHMIUIGKCY HPUNHCHBA-
oTCA HEKOTOpas OpUeHmayuf, oUpeAesAeMasi MOPATKOM KO-

oppusaft &y, . . ., ip- Ecau B oxpecrHOCTH Ap BEIGpaHH [PY-

rue KOODAMHATHL Ty, - - +y Tpy TO OHE OIPENEIAIOT Ty Ke 0pH-
ot ty P

eHTALNI, €CIH - == ——’———B)— > (0, m TPOTHBOMOJOMK-

9t 0 (Tyr -0 Tp)
at .
HYI0, 60l oo < 0. CuMmiexc 0p, B3ATHIH ¢ MPOTHBOMOIOM-

HOU opmeHTAIEeH, CIUTaeM PABHHEIM —Op. Kogeunas anHeH-
HaAg KoMOWHAUA OPREHTHPOBAHHEIX TJIATKUX CHHIYIAPHBIX

P-CHMITIIEKCOB '
cp = Zi micr(p’), : (0.5)

rre m; — meable dmejaa’, HABHBAETCHA 2aa0koTl cuneyaapHol
p-yenvio. MHoKecTBO p-lemeil HA muoroobpasmn X obpasyer
aGenesy rpynny Cp(X). Hocumesem cumnierca Op = (Ap, 8)
HazoBeM MHOKecTBO |0p| = g(Ap), Hocumesem yenu 0,9) —

MHOMECTBO lel = U IG(pi)]. desz}O CUH2YAAPpHO20 p-CUMTWIER-
m;#0

0'(;)_1 = (Ag"_)_i,

ca G, mHasuBaercs (p — 1)-caMmiexc
gIA(i) 1), e AV, — (p — 1)-vepraa rpans TIPAMOJVHe-
e

Horo cumiiexkca A,. Bubepem cmcremy KOOpAHHAT by o v -
... tpn BPD A, onpegensionyo OPHEATATIIIO Op TAK, 4T00N
rpans AYY JeKaJa B IIOCKOCTH Iy = 0 m B TOUKaX l&
e A, 6uo ¢y < 0. Torma mapaMerps &y, . . - t, OMpPENEeAT
OPUEHMAYUI) 2PAHU o'y |, KoeepenmHYl0 OpUEHMAYUl Op.
I'panuyeti 0pueHmupOAHHO20 CUMILIEKCE Op HasHBaeTes
(p — 1)-uens, o6pasoBaHHaA CyMMOit 6T0 KOT@PeHTHO OPMEeH-

p .
THPOBAHHHX Fpameil: d0p = 3 o'y, Ipanuya yenu (0.5)
i=o

2 Wmorga yAOOHO paccMATpUBATH TIENW € BeMECTBOHHHIMH LI
KOMILIERCHHMU Koa(durmentamu (cm. § 15).
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ompeneaseTca GopMynoit dcp = > miaog,”. NmeeT mecto cBoii-
i

CTBO
. ddc, = 0. (0.6)

Hens y = Cp(X) nasmBaerca yuxaom, ecau dy = 0. Cpoi-
creo (0.6) osmauaer, 9To rpaEmma memm ecTh HmKa. Llmka ¥y
HaBHBAETCA 20MO402UdHBIM HYalo (Y ~ (), ecim cyuiecTByer
mens ¢, paa xoropoit dc = y. Obosmagum Zp(X) = {y =
e Cp(X): 0y =0} Bp(X) ={8c:ca Cp—(X)}. Dax-
rop-rpyuna H ,(X) = Z,(X)/Bp(X) Basuisaercs zpynnoil p-
MEDHWE 2AG0KUT CUHYAAPHBL 20MOA02Ull MHozoobpasus X.
daa nuddepernmpyeMHX MHOroo0pasuil IpPymmel IJAaKHAX
CHHTYJAPHHX TOMOJOTHHE H30MOPOHB IpymmaM TroMOJIOTHH,
onpegeasieMHx Apyruma cnocobamm (cm. [114, ¢. 434]). Man-
HOE 3[ech OIpefelcHHe [VAAKHX CHHTYJASPHHX TOMOJOTHEH
TORUTCA TAaKMKe AJA KYCOUHO-TIafKoro MuorooOpasmsa. Ilmrxa
Y HasHBaeTca c4alo comosozudruiM wyalo (y = 0), ecuan
ky ~ 0 gra meroroporo menoro wucaa k. Parrop-rpyona
rpynoi Zp(X) mo mopgrpymme LHukIoB, c1a6o TOMOMOTHIHHX
HYA0, Ha3HBaeTca zpynnoli caabuzr somoro2uti. 13 mirepecyio-
OEX HAC caydasx oHa coBmafiaeT ¢ Hp(X). Bynem ee Taxe
o6oseauats H,(X). Ecam Hp(X) — rpymna ¢ xoHeuHHM
apciioM 00pasymomux, TO 8¢ Pa3MePHOCTh HABHBAGTCA D-MeD-
nam wucaox Bemmu mrozoobpasus X. Cuerema IHKIOB
{v;} = Z,(X) unaswBaercs 6a30li p-MEPHUZL zoMOAO2UIL, eCIA
a5000i MuKI Y & Zp(X) oZHO3HATHO NPECTABIAETCA B BUJe

¥ z}_]m,y,, THe m; — menue gucha. OrobGpaskenue MHOTO-
oﬁpaénﬁ (0.4) rampoMy cummaercy op = (Ap, g) B X crasur
B COOTBETCTBHE cuMIIeKC f(ap) = (Ap, fog) BY. Tem camum
ompepeiseTca roMoMopdEsM f : Cp(X) = Cp(Y), a TaK Kak
fod = dof, T0 ®m romomopdmam f, : Hy(X)— Hp(Y).

= Humezpas om p-gopmn © raacca CO no 2aadkomy p-cuM-
naexcy op = (Ap, g) ompepeaAeTCA PABEHCTBOM

fo=[s@= [ amwart,...a,, (0.7)

4p 189}

rae A(D)di A . . .Adi, = g(w) — Popma Ha A, < RP. Ecan

Ny

Ilpedeapuresvnuie ceedenun

dopma mnpencrasnena B puae (0.1), 170 A(t) = 2 a; (z () X

J
a (xh, ces “"tp)
8ty --aty)
MOEMMAeTCH KaK OGHYHHIA p-KpaTHHH materpam B RT. Oue-
punHO, omperenenne (0.7) MEBAPHAHTHO OTHOCHTOILHEO BHOO-
pa JIOKAJBHHX KOOPAMHAT Ha MHOroo6paswm W mapaMeTpusa-
nuM CUMIUIerca O, Humezpaa om gopmwn o no yenu (0.5)
OIpeNeAeTCH PABEHCTBOM

Sm’—;};;m, {o. (0. 8)

P Iocaenauit muTerpax B pasencrse (0.7)

oD

3aMeTHM, 9TO BCAKYIO KYCOYHO-TJIAJIKYI0 OPHEHTHPOBAHHYIO
KOMTIAKTH yI0 IOBEPXHOCTD Ha MHoroo6pasum X MoMHO pas-
fUTh HA TIJIaJ(KEEe CAMIUIGKCH, T. €. NpeJCTaBAThE KaK Iemb
¢p = Cp(X). N

M3 onpenenenns romomopdusmos f L a dopmya (0.7),
(0.8) priTeraer

Teopema 0.1 (Popmyna samensr nepeMensHx). FEcau
f: X > Y — omobpaxcenue mHoz006pasuii, y & Cp(X), mo
daa scaroti fopmr @ Kaacca O na mnozoobpasuu Y

* [T@)= | o

o

Taxam 06pasoM, roMoMOPHE3MEL fu [ mBOHCTBEHHE OTHOCH-
TeJbHO HHTEIPUHPOBAHHUA. JBOCTBEHHOCTE TOMOMODOH3MOB
d m 0 ycraHaBJauBaeT

Teopema 0.2 (popmyaa Croxea). Ecan o — p-gopmua
xaacca CV na mnozoobpasuu X u ¢ & Cp—(X), mo

Sw——-jda).
oc c

Cnencramne 0.3. Humezpar om mounoil opuu no
yukay paeer HYA0.
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Cnenctewue 0.4, Humeepar om samruymoill dopmui
no Yuray, ¢Aab60 20MOA0BULHOMY HYAI0, paser HYLIO.
Canencreue 0.0, Ecau vy &~ V2 U 0 = 0, + do, mo

Jo=fo

v V1

Caexcteue 0.5. mMo3BONAET ONPENENNTh MHTErpal 0T Kjacca
roromonornit h* = {0} & H?(X) muo miaccy romonxormi
h,= {y}= H,(X) paseHcrBOM

S h* =§(o.
ha

v

B ganbaeiimem 9acTo IPHAETCS PAaCCMATPREBATH OrPaHHUeH-
gHe obnactn D KomMmrekcHoro npocTpancTsa C" IlepeMeHHH X
Z= (24, ... %p), THE 2 = &, + iyn, k=1, ..., n. Bynem
€YATaTh, 4To C" OPHEHTHPOBAHO TAK, UTOOLI

Sdm,/\ A d:cn/\dyl/\.../\dyn=(—%)u's'dg1/\
D D

o AdEa Ada A ... Adz, > 0.

I'panune 8D obnacra D mpunmceiBaeM opuenrtanuio, WHAY-
nuposannyio opuentanmeir D. Eeam D = {z:p(z) << 0},
rge p — AelicTBATOABHO-3HAYHAA (YHKLUA Kiacea C" B
okpectaocta 0D m grad p = (pzl, ey Pzn) #0 wua 0D, To

Gynem mucath 0D & C™. Cormacao Popmyrne Croxca,

(=" [ DTGl A - AD AT A

ap k=1
e o NAER AAGLA o AN AL, > 0.

BamernM, uTo B paborax [51, 172] npurara Taxas opumenTa-
mus C7, uro

del/\dyl/\ /\dxn/\dynm(—%) SdEl/\dzl/\
b _ D
oo ANdzZp A dz, > 0. -

-~

o

T %
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Jlerko BEAETH, UYTO HMHTErpaJH, BHYACICHHHE IIPH JAHHOM
OpHEHTALMM W OPWEHTANHN, IPHHATOH HAMM, OTIHYAIOTCA
nn—1)

muoxnTeneM (— 1) 2
0.4 monywaercs

Teopema 0.6 (KHomu — Ilyaurape). Hycmo fynryus
f(z) eoaomopgna ¢ obaacmu D — Cr. Tozda das  awboli
{(n + 1)-meun ¢ ¢ D unmezpas

Kax uacrebIil caywail ciaemcTBHA

(frde={ fGy -z ds A oo Adey =0,
bo do

U3 popmymst CTokca u cpoitcrBa sHemuero gupdepernya-
7ia BHITERAIT CHEAYIOINHEe HOpMYAs. UHMEZPUPOSAHUSL No

HACMAM.
Mpepnomxenne 0.7. Iyems ¢ = QP(X), V=

e QUX), v & Cpie1(X), mozda

fdonv="{onv—(=17[oAdy
h's ay - 'S .

Eeaw v Zyrqra(X), 10 §dop Av=(—17"""[o A dv.

¥ Y
Dpennomenune 0.8 Iyeme gynxyuw f(z), ¢(z)
conomopgun 6 obaacmu D < C*, y & Z,(D). Tozda

of _ ;09
Saz—;(pdz— ——jf&—jdz,
¥ Y

ol it (¢ 9%
§ (PdZ:(‘—l)“é‘fE;dZ,

az%

THe O == (Gyy 0y %p); |l =0y 4 ... 4 Cp; — =
Z
aa1+...+anf

T aa on”
5211... aZ,n .
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IIyers D — orpammuenpan obxacte B C" € KYCOUHO-
riafxoidl rpapnmgeid 6D u obaacrm Dy, D; taxos, uro D&
& D, e D (obosuauenue cM. B pasg. 5°). Ha DN\ D, sagana
pEemBAA arddepennmanraan opma o pasmepuocta 2n — 1,
HeIpepsiBHAas 8 D\ D, m samMknyTas B o6xacra D\ D;.O6aacTs
D wmomHEOG amIpOKCHMHUPOBATH HBHYTPE MHOTOI'DAaHHAKAMH
Dnp,m=23,..., D, D, rar, ar06H 118 BCAKOH He-
npepuBroii B D\ D; dopmsr f crenmenn 2n — 1 BHIONRATOCH

lim p= S . G mpyroit croponH, mo caexcrsuio 0.5
Mm% oD oD

SHAYHT, BEPHO
Caxepgcreue 09. ITpu clerannwr npednosoxcenusx

fam [

aD, L]

9TO CHENCTBHEE YACTO HCIONB3YOTCA HAMe NPH JOKA3ATENbCT-
Be CHPAaBEJIHBOCTHE PAa3IWIHHX MHTETPANBHHX TpeACTaBie-
HHHA.

Muorna y mac GymyT BerpedaTses mpeoiume dopmur o(L,
z), T. ©. POPMEI IO Z, KOPDPHITHEHTH KOTOPHX 6CTh (OGHIHLIE)
dopmur o &, mam ¢popmul mo T, koadPunueHTH KOTOPHX —
dopmu mo z. B cBaAsE ¢ 9TEM MH cuuTaeM, uro nuddepen quas
NepeMeHHHX 2z NepecTaHOBOYEH ¢ pE(PPepennwmamamm mepe-
mennnx L. [Togpobree o nBoiimrx dopmax cm. B paGore [144].

2°. Hexoropsle mpeyiomennsa anaansa # aaredpsl. 0003-
HaumM C(™M kaace QpyEEumit m pas meupepusHo nuddepen-
MEpyeMbiX, IpAY9eM BCe NPOH3BOHHE HMOPALKA M YAOBIETBO-
paior yeaosuo Iexbiepa ¢ moxasaTedeM A. AHaJOTu4HO ON-
pepensierca ycuosme oD = C™M), rge 8D — rpamuna
orpanpYeHHO# o6nacTE B C". ‘

ODpenaoxenme 0.10. HOyeme 0D = C»+LD u
feltmy @D), m=0 u 0 <A1, mozda ¢Pynryuu,
onpedeasemiie UHMEZPAAOM : :

Ipefsapuresvrnnie cesdenus . 19

S- FOAEA o AT _ AT A o  AdT AL AL AL,

(lCl—le*—i—...—}—,gn—znla)n—i
dbyg

sRYyMpuU U eHe obaacmu, npodoaialomcs Ha SAMBKAHUE COOM-
sememaeyiouje20 OMEPHIMO20 MHOYNCECMea Kak PyHKYuu kiacca

cimts m, a Ppynryuu, onpedeseHHbie UHMEZPAAOM

S FQAG A ... AdE, AdT A ... AdL,
Dy (o= s G =

— kax gynryuu kaacca C™2Y) 2060 < M < A (eMm., Ha-
opumep, [69, c¢. 124, 1271]).

Hycrs X w1 Y — gmdpepennumpyembie mMroroobpasus m
f: X —>Y — orobpamenne Kmacca CM. Touka p = X mHa-
SHIBAETCA KDHUTHYECKOHX TO4YKOH oToOparkeHua f, ecam min -
(dim X, dim Y) > rank (df),, rae (df)p, — naddepernuaxn
orobpa:kenua [ B Touxe p. MHoKecTBO 3HaYeHHHE 0ToOpasKe-
HHEA [ HA KPUTHIECKNX TOYKAX HAB0BOM CHKJIAJKOH m obosma-
aam wr(f).

Teopema 0.11 (Capgp). Ecau dim X = dim Y, mo
aebezosa mepa wr(f) 8 Y pasna nyaw. Ecau X e C*), ¥ =
= ), fe (™), mo makxe aebecosa mepa craadru wr(f)
B Y pasna ny.aio.

B 4uncnoBoit ompemenanTeas BXOZAT TOABKO OLEPATAHA CIO-
KCHUA A YMHOKEHHA, I03TOMY MOMKHO BBECTH ONPEXEdHTeNb,
DJIEMEHTAME KOTOPOT0 OYAYT 9JEeMEHTH TPON3BOJIBEOr0 KOJb-
na. Taxoit ompemenuTens PacKpHIBAETCSA 1O OOHYERIM IIpaBH-
JIaM, TPEICM MECTO KaKAOT0 COMHOKUTE/A B WIEHAX CYMMH! 3a-
(EKCHPOBAHO HOMEDOM CTOAOLA, KOTOPOMY 9STOT COMHOINKH-
TeJb UpUHAIeKET. B cBA3:m co cnocobom pacKpHTHA ompepe-
nuTess yRoOHO BBECTH Clefyiomee o0osnadenne; wycts 0y, ...
«.., O™ — n-wepase BexropH, Torma Dv,...vq (01, ..., 0™) —
OIpefeuTeNib IOPAXKA 71, NEePBRIMH vV, CcToabmaMm KO-
TOPOro ABNAIOTCA BeKTOPH 0!, BTOpHME vy CcTONOIAMEH —
BeKTODH 0% m T, O., MOCHEMHEMH V., CTOIONaMA -— BOKTOPH
6™, v; ... vy =n.

IlpmeeneM HeCKONBKO CBOMCTB ompepmennmTeideli, HeoGxomu-
MHX JaA JajbHeHmero.
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CeoictTs.o 0.12, Ecau nomensmv mecmamu dee cmpo-
KU, MO ORpedeAument USMEHUM C60e BHANEHUe 1@ NPOMuUso-
noaoacroe. Ecau ece saemenmyul Hekomopozo cmoabya nepecma-
HOBOUHbL CO BCEMU SAeMeHmamy. cocedneeo cmoabya, mo npu
_ nepecmanoéke ImUL cmoabyos onpedesumesd UIMEHUM €80€
sHauenue HA NPOMUGONOLONCHOE, ECAU XHCe OHU AHMUNEepecma-
HOBOUHBL, MO Onpedeiumend He USMeHUMCS.

Tlycrs masee ompemennTe]as COCTABIEH B3 DIEMEHTOB KOJb-
1a gBoimHx BHenmuX Anddepennmancusx gopM. Ero crporn
HA30BEM AUHEUHO-36UCUMbLML, BCIIH HEKOTOPAA HX JIMHeIHas
koMOunanuma ¢ xkosddumuenTaMu-GyHRONAME obpamacTes
B HYNb, IPAYEM JUIS Ka’KAOH# Toukm objacTd 3afiaHus Ompe-
geauTens XoTA OH ofuH u3 rosdpurnmentos He obpamaercs
B HYIb.

Csoiicrso 0.13. Ecau sce asemenmuy Karozo-Hubydv
emoabya (cmpoku) YMHOKHCUMb Ha 00ny u my e Pynkyuio, mo
onpedeaument ymuoxcumes na omy dynkyuro. Ecau cmporu
onpedesumens AUHELHO-3A6UCUMbL, MO onpedesument pasen 0.

Ecan dopmut o;, i =1, ..., m, kiacca CV cremenn ¢;
oo z, TO

m

32(“1/\ '°'/\am)=2 (_1)

=1
e A G A O A B A e A G

Gt a—1
ay A ...

Orcioa moaydaem (3mech @ amxe 9,6= (9, 0, . . ., 9, 8,))
CpoiicTrro 0.14. Ecau saemenmamu cmoabyos 0%,
i=1,... n, onpedeiumers asralomca O60lnble PHOPME

kaacca CY cmenenu ¢; no z, mo

3,00 4 (8L .., 00 =3 (=" T D (e
t= R

U Lt N : LA LR L) )

B panbmeiimem MH GyeM Moab30BaTHCS TPOCTEHITNME mo-
HATHAMA Teopmm MepH, He 00BACHAA, HAaOpuMmep, CJ0BA
«koHeuHAs GOopeJeBCKas Mepa» MM Sup OTHOCHTENBHO [AH-
noit Mepst W (oGosmadenus vrai sup). Hcmonsayercs Take

u ,
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nouATHe: pasOueHme eNUMHUIE, HOTUMHEHHOE NARHOMY HO-
kpertuo (1331

3.° OTHOCUTeABHO cBefeHmii 3 Teopuit Gymrmuii, ITpen-
[HOJAraercsa, 970 YATATeNh BHAKOM C HpocTefmuMu cBolicTBa-
MH TOJIOMOPQHEIX QYyHROuUI MHOIMX KOMILIEKCHHX HepeMeH-
HeX. VX MoskHO Ha¥iTid B mepBEIX rIaBax yuebmumkos [01, 57,
148, 173, 189, 201, 26]. Haupumep, cUHTaeTCHA H3BECTHHM,
9T0 roJoMopdHas B obiactm QYHKOUA pacKIajbBaeTcs B
OKPeCTHOCTH Ka’KIo# TOUYKHE HTOH 001acTy B KpATHLIA cTemeH-
HOH psap ¥ rojoMopduoe orofpaskeHHe ¢ OTINYHHM OT HYJIA
AKoOManoM JoKaapHO o6paTmMmo. Ilpemmonaraercs Tamsxe,
9T0 YATATENHb 3HAKOM ¢ MOHATUAME 000JI0YKH ToloMopPHOCTH
F6(D) obnactu D, xoMuiexkcHoill IpAMOH, KOMIJCKCHO# ru-
MepIIOCKOCTH, KpYroBoid o6macTm, n-Kpyroeoil obaacru.

Hamomanm, aro ecnn f(z, . . ., 2,) — roxomopdHaoe 0Tob-
paxenne obnacrn D — C" B mpoCTPAHCTBO TOM jKe KOMIJIEKC-
HOH pasMepHOCTH, f = (flv LRI fn)’ fk = Up + ivh! Zp =
=y +iyn, k=1,..., 0, 10

(fro - n 1) 2_ O(ugy ooy, Uy oy )
‘ 8 (2.9 2)) - O (®ry s Ty Yur -+ Uy) )

Ecnm rpanuna 6D ob6aactu D Kycouno-raapka, fopma o

e C,, ,—1(8D) asasetcs d-rounoit, T. e. va 61 copasepauBo

paBeHCTBO o0 = OB, re f & C%{L_z (0D), a dymrnusa f roiao-

smopdua na D, 1o mo dopmyae Crorca (em.caegxcrsme 0.3)

(fa=(rp= (3B = | atp=0.

oD oD oD

IIycts ¢yukmua f romomMopdra B OKPECTHOCTH TOUKI C.
Ilopadkom nyas d,(f) Pynryuu f 6 mouke a HasHIBaeTCA HAU-
MeHBIIAA CTeneHb (I0 COBOKYIHOCTH IIePEMeNTiblX) 4IeHOB pH-
na Tefmopa aToif YYHKIHMA B JAHHON TOUKe, KOIPPUOTEHTH
KOTODPHIX OTJAWIHEL OT HYJIA.

4°, Heroroprle HOHATHA W (AKTHL anredpamdeckoil To-
nonornu: 3 mam norpebyrorca B § 14, 16, 18 ra. II1. B Tomo-

3 Ca., nampumep, [30, 114, 157, 163, 175].
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JAOTHE [JH UPOHSBOJABHHX TOMNOJOTHIECKAX HPOCTPAHCTE
OLIPEIENIAIOTCH ZPYNNb CUHSYALPHBLE 20M0A02U'E TOUHO TAK JKE,
Kak ObIm ompeneieHH B u. 2° rIafKue CHHTYNAPHHE FOMOJ0-
[HE C TOi AWM pasHULEH, 9T0 B OOpefeleHHd CHHTYIAPHOTO
cAMIUIeKca Gp = (Ap, g) orofpasKenne g IPeRNOJATAIOT He-
OPepPHBHEIM, 4 OPHEHTALHI0 Op 34JAIT HOPATKOM BePIIMH
cumirerea Ap. '

TomoTormueckoe IPOCTPAHCTEO X HASHBAGTCA NOAUID-
POM, ©CA OHO KOMYCKAET MPUGHZYAAYWIO, T. 8. MOKeT OHTD

Pa3éUTO HA HEBHPOMKGHHLE CHMILIEKCH 1 01(9'), i=1, 2,...

., p=0,1,..., BHYTPeHHOCTH KOTODHX NONAPHO HE LEpe-
cexaorca. Cemeiicteo K (X) = {o}))] masmBaercsa cumnau-
YuasLHBM KoMRaercom noausdpa X. Jlaa mom@dfpa BBOJATCA

OoHATHE 2epynnul 20MON0ZUEE  CUMNAUYULLDHOZ0 KOMIACKCA,

KOTOpas ompefieasercs oGL4ELM 00pa3oM, HO JMIOL HA CAM-

maexcax, sxopamux B K(X). I'pyamsl romMoiaoruit CHMILIN-
NUAJTBHOI0 KOMIUIGKCA [OJUsfpa u3oMOpQHHN rpynna -CHH-
IyASPHHX TOMOJOTMHE 9TOr0 NOJAHANpa, ¥, CIEAOBATeNBHO,
WHBADHAHTHE OTHOCHTENEHO TpEarryaanmn. Tax Kak And-
depernupyeMoe MHoroofpasme ROmyCKaeT TrAadKylo TpHaH-
TYJIANAIO, [AJIA HEro BCe TPH MPUBE/ICHAKO BHIIE ONPeJeNeRns
rpynn roModordii sKBrBajeHTHH. MHorpga BMmecTo cuMmuad-
[MaJBHOT0 KOMIUIEKCA yHoOHee DacCMaTpmBaTb KAEMOUHBL
Komnaexe — pasGueHme MOTHAAPA HA KIeTKE Op = (Mp, 8),
rne M, — mmororpamnmk B Re, a g:Mp - X — mempe-
pHBHOE 0TOGpasKenne, ABJIALINGECS IOMEOMODYM3MOM BHYT-
pu Mp.

i CHMIUIMIMANBHOTO M KJETOYHOT0 KOMILIGKCOB KOM-
nakTHoro Honmaapa X mWMeeT MOCTO CJAeAyIIad gdopmyra
Jiinepa — IMyanrape:

n n

3 (= 1)ag = 2 (— 1), (0.9)

g=1 =1

e oy — 9HCI0 g-MePHHX CHMIUIGKCOB (KJIGTOR KOMIIBK-
ca K(X)); f; — g-mepaoe umcno Berrm monmsmpa X; n =
= max {g : &g = 0} — pasmepnocrs X.

4 CoMnaexc o, = (Ap, g) HeBHDOMJPH, ecnH g: A P~ X -
romeomMopduam. . *

¥
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W3 onpepenenus rpynn TOMOJOTHH JIETKO BHTEKAIOT

Mpennmomenne 0.15. Ecau X — auneino ceasHoe
npocmpancmeo, 1o Ho(X)~ Z, 20e Z — epynna yeatr
yuced.

Hpenuaoxmenue 0.16. Ecau X=_[EJA X, 20e X,
(22
o = A,— auneiino-cesanwe xKomnowenmy npocmpancmea X,

mo Hp(X) =a$ Hp(Xq).

Mpennomenune 017. Jaa n-mepnoti chepn S* =
= {z = R* : |z| = 1} 2pynna 2omosczuil

Z,ecaup=0,n,

Hy(X) = {O, ecan p#0,n.

Mo;&HO MOKa3aTh, 9T0 ABYMEPHOE OPHEHTHpYyeMOe MHOTO-
obpasme S romeoMopHO HEKOTOPOMY 4p-YIONBHAKY Oy =
= a,barioTt ... apbpap"ib;‘, y KOTODOTO CTOPOHH B KaK-
fofi YeTBOPKE MOMAPEO OTOKASCTBIGHH Yepes OfHY M C Ipo-
THROTIONOMHEMA OTHOCHTENsHO 06X0fla Mo rpamune o, (cde-
pa ¢ p «pyukamm»). 1lesoe adcao p HasHBaeTCA podom mHo20-
06pasus (IMOBEPXHOCTH).

Opennomenue 0.48. I'pynnu zomorozuil deymep-
HO20 OpUEHMUpYemozo MHozooGpasus S poda p

H(SY~H,(S)~Z;, H(S)~Z®...0Z,

2p

6a3y 0OHoMepHULL 20Moa02ull S 06pasyiom 00HOMEDHBE EAEMEU
Ay, 61y « - oy Gp, 6p, HASBEACHMELE (KAHOHUNECKUMU PA3PE3AML» S.

JIlsa menpepuiBHHX orobpaxkenns f, g : X —Y nasuisa-
OTCS 20MOMORHUMU [ =2 g, @CIHW CYMeCTRYyeT HenpepHBHOE
otobpaxerme F(z, t): X X [0, 11 ->Y, nua =xroreporo
F(z, 0) = f(z); F(=z, 1) = g(x). |

MaosrecTBo A npocrpancrsa X nassiBaerca pemparkmom X,
ecIW CyIecTByeT HempepHBHoe oTo0pamerme [: X — A4,
nna roroporo f|, = 1, — TompecTBeHHOe oToOparKeHHe.
A — Jegopmayuonnnii pempaxm X, eciafoi ~ 1, : X —» X,
rge i — suokenme A — X.
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Teopema 019. Eew fmg:X —>Y, 10 fo =
= g, Hp(X) > Hp(Y).

Cunencrsue 0.20. Ecau A — decpopmayuornblii pem-
pakm npocmpancmea X, mo Hy (A) ~ Hy(X).

Iyers A — TOATNPOCTPAHCTBO TPOCTPAHCTBA X. I'pyn-
noii omuocumeaviuz yeneil napw (X, A) HasrBaeTcs darTOp-
rpymna Cp(X, A) = C,(X)/CH(A). Tpanmansiit romomophusm
9 : Cp(X) — Cp—y(X) ecTecTBeHHEIM ofpasoM RHAYLHpYeT
romomopgmam 8 : Ch(X, 4) — Cp-1(X, A). GremoBarennHo,
oupejenena 2zpyrna OMHOCUMEALHBLL eomonozuli Ho(X, A).
Onpeneiam roMomopduam Oy : H,(X, A) - Hp(4), roTO-
pHil KOHKRIOMY KIACCY {c,} = Hy(X, A) crapur B COOTBEI-

creme waace {0cp} & Hp—y(4). 3amernm, 910 cp & Cp (X)

onpegeseT OTHOCHTENBHBIH IAKI, eCJIH dcp = A.
TlocexoBaTedbHOCTE roMoMOpM3MOB TpYIH

fe—1 fn
v '—)'Ah_.i———)v Ah——r Ah+1—-> e

LaspiBaeTCA mounoll, ecad AAPO KamIoro ToMoMopduzMa
coBIIafiaeT ¢ 00pa3oM IMPebIyIIero romomopduama (Her f, =

= Im fp—y)
_—l .
Teopewma 0.21. [Tocredosamervrocme 20MOMOPPHUIMOE

* ix j % *® 42
LSS H B H X HF He ()

20e iy, ju — 20MOMODHUIMYL, UHOYYUPOBAHHBLE BA0HCEHULM
i: A — X u gaxmop-omobpascenuen j : Cp(X) — Cp(X, 4),
aeasiemes, MO4HOL.

Ilyers A — abenesa rpynmna. O6osnagsm depes A* =
= {A: A — C'} rpynuy romomopdusmon u3 A B C* (rpymuy
JIAACHHEMX KOMILIEKCHO3HATHHX QYHRIWA Ha A). Tomomop-
¢uam abemermx rpynm A : A — B mERynupyer CoUpAKeHHEI
romomoppuam A¥ : B* — A%, onpefeiAeMbIil CINYOIAM
o6pa9;]cl)m ecom b* = B*, 1o Mb*(a) = b*(Ma)) aaa awboroe
a= A. .

Teopewma 0.22. Ecau nocaedosamesbHocntb g0MOMOD-
Pusmoe abereswr 2pynn

Pr—1 Pr
---—'fAh—i — 4y — Appg—> oo
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moura, mo nocaedosamestHocms CONnPANCEHHBLL ao.m,o.mopgius.uoe

* *
* Pp—1 % Pr =
I (_'Ah—i(__Ah*—AiH-i(— .o

makdce MOUHA.
5°. OcmoBHBIC 0G03HAUeHHA, C" — IPOCTPAHCTBO 72 ROMI”

JeKCHHX MNePeMEeHHEX, TOYKH BTOTC HPOCTPAHCTBA obosHa-

qalOTCA Z, C,_z", ¢ mr x Ecmaz= (2, Z,), TO 2 ==
= (2gy + » »y Zn)e AIA 3 L e Cr obosmaumm <z, &) =
=20+ ..+ 2aCn | 2] —_—]/(z, zy, |z]=max |z;]|.

1<isn
Brepmem ¢GosHaveHHA AIA Mapa B.=B(z%) =B(z°, r)= {z:|z2—
. 0

— 2% << r}, moImMKpYyra U=U(z"r)={z: [z, — 24 l <ry
. R

i=1,..., n} B 0006IIeHHOTO INapa B (%) = {z:]| 2, —
0|2k 0 [2k _

2[4 A — 2% [P < 12}, tae k=(ky, - - - k). Boob-
me 3HAKOM {2 : ...} 0003a49aETCA MHORECTEO u3 C", npyrume
CIydal OTOBAPHBAIOTCA CHENHAIBHO. Rr — mpocTpaHCTBO 1
JeHCTBHTEIbHEX  IIGDEMEHHBIX, ero TOURH 0603HAYAOTCA

zZ,y uT. A

Eenn J, J — BeKTops C HEOTPUIATeNbHBIMU  IGIBIMH
KOOpAHHATaAMU (MyABTUMHACKCDHL), TO Wiy =idy+ ..o+ ins
pepasercTBo J < J 03HAUALT, TTO i< jr, k=1,... 1
rae J = (i, . in), &= (u--» jn). Sammew k & J 03-
pagaer, 9ro k== i, L=1,. ., 1 Haaee, J1 = il ... ial3

, i 4]
J=z‘1‘...z:,"; D= — g -3
ozft ... oz, "
D P '
PET b ow oz o’
i RO n 1 L) n

dz=dz; A\ ... N\ d2p, dzy=dzi, \ .+ A dzipz

rge J = (il, .o .1ip); dZ[J] = del A o A den_ p?

N<oeo <n-p, ¥, k=1, ..., r—p 3max [ ]
gacTo Oyger YUOTPeOIATBCA B TOM e CMBICHS, HampuMep,
A1y <o Lty »+m J&ls +oe @a OBH&TACT, HIO DIEMEHTEL

@jy1e e +yj, ITPONMYIISHBL; dzt‘;:i =dz5 A s lblacs A dz2n.
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OxpecrHocTs TOYKHM a & (" obospavaerca U = U,
(nml){na ApyremMm GyxBamu),
yerb M, N — muomecrsa 8 C", rorga oM — r
, ) , paHuma
M, a p(z‘,M)=mf|§——z|, p(M,N):inflg——ZI,
teM teM

— 2EN
M — sausiranue M, int M — suyrpennocts M;' M < N osna-
uaer, 9to M KommarkTr B M C int N. Ecmnw = (wy, . . ., Wy),

@ = (Pus -+ - » Pn)y 10 (W, d@d = widy + .. . + wndey,
{w, CP(OH_I)) = w, O;H'i + ..
an),l=(1,...,1).Ramee, 0=(0, .. ., 0)-mauano xoopanuar;

P
(f1s + - - [n) oOo03HAUHM

A(fu .. fy)  of

T A

dq; d P
- = Tc';‘ A ... A ==. fixobmam orobpamenus f = f(z) =

af
a - la-— 3HageHHme 2TOro AKoOmama B Touke a;, grad @ =

= (CI)zu ey CD;n). Mun wacro GymeM 3anmCHBATh (QYHKOUIO

VY(z) BMecTO P(2, 2). 3mark @ osHATAT HPAMYIO CYMMY, O —
cumBon Hpomexrepa, ||g;;|| — maTpnama mn3 anemMeHToB g4,
a det||g;;]|—onpemennrens aToit MaTpunH, 8 2==(dz;, . . ., dz,).

Ecam F — samMrEyT0®, & 2 — OTKpHITO® MHOMECTBO B
" mm=0,1, 2,..., o, TO C(,"')(F)—Knacc dopm B
Pa3MEePHOCTH 7'y KO?PQHIUEHTH KOTOPHX TPOROJKAITCA B
okpectHOCTh F Kax m pas HempepuBHO AEpPepeRnmupyemsie

dynrmum. CO) (F) — nomwnace kmacca Copy (F), cocron-

muit #3 Popm Tuma (p, q). [pm m = 0 aror mEmexc Oynem

omyckats. C\™ (Q)— mpoexrHBEEI mpenen kaaccos Corg (F),

Fe Q. lan
o = 2;'&;;7(12‘[ A d;g = Cg:‘q) (Q)

)
n

— ‘ da -
do = 2 2 :_J." dz, A\ dzy A dzy
J& =1 Y% :

8 3ech | wacTo Jadee CNOBO «popMay YMOTPeOMAGTCA BMECTO
«<epemAnz gudpdepennuannHasn Gopaar
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ont
A w,en , THE & = (Olgy 0 . -,

(npg m = 0 pnddepennapopanEe HOHAMASICH KAK nudde-
peHIMPOBAHAE B BPOCTPAHCTBO o6o6meHENX dymxnumit). 3necs
MTPEX y CyMMH 03HAUAST CYMMEpPOBaHEEe IO 1<ip<. ..
;?; -<ép§ (2 1§j1<- LS nytAe = (ly - . -y iph

= (jy, + + »2 Ja): .

I{.nat:c @ynmfnﬁ, ronomopdaHx B obnactm D (Ea KoMIak-
te K), o6osmauaerca A(D) (COOTBETCTBEHHO A(K)). Nanee,
Ac(D)=A(D)NC (D) u AYD) — waacc roiomopdasx B D
orobpaxennit f = (fy, . . ., fn). Kpome Ttoro, Re As(D) —
kirace Qymrpul, ABIAOMUXCA MeACTBATONLAKIME JaCTAMH
$ynrmmit w8 Ao(D). Ob6osnaunm Ph(D) — raIacc DIHOPHTap-
moumdecknx B D Gymrmmi, a R(D) — ruace roaomMopPEHX
B D Qyoxmmi ¢ HEOTPRIATONHEOR NEeHCTBHETENBHOA JACTHI0.
Haxogen, Phe (D) = PR (D) C (D), Rc(D) = R(DYNC (D).
Ecam ma 0D samama mepa p, To [Re Ag(D)]i — MBOMeCTBO
raknx ¢ < C(6D), wro 5' fodp = 0 paancex f &= Re A (D).

oD
Yepes Hj, ofosHaumM aMEIKamme A(D) B MeTpEKe L.

Vanexe { (mam z) y MHOMKeCTBA MHTETPHPOBAHNA oGozua-
gaer, uro [ (COOTBETCTBeHHO 2) — NEePeMeHHOe WHTOIPHpO-
pagus; |8D|— o6pasa 6D npm orobpa:kennn 2z —
> (|zgly - - s lnl)y @ g = {22l = 18l i=1,.. ., )
Haxonew, TOMOXOTHIECKO® NPOMSBEGHN® MHOKECTB AnB
sanucBaeTcs kax AXB. Heroropsie apyrme oGosHavenms
Guam mBegeEw B m. 1°—4°.

Ecan o < CpqfQ), m0 suppa = {z & Q: a(z) = 0}.
IMycrs dopMa & ompefesena B HEKOTOPOM MHOKOCTEE Uc X,
a QyHEmmA ¥ SajaHa Ha MHOrooGpasHm X asuppyre U,
10 Kak 06muHo, OyleM CuUETaTh, 9T0 P = YO OUpeJeseHa
B X pasencramm:$ = yonppz e Und = Onmpra & U.

Brar [] yKA3HBaeT Ha KOHET, [OKa3aTeIbCTBA. )
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UHTEI'PAJIBHBIE IIPEJCTABJIEHNA
U JJOTAPMOGMHUIECKAN BBLIYET

§ 1. HHTETPAJIbHOE HPEJCTABJIIEHUE
MAPTMHE/IJIN—-BOXHEPA

1°. Teopema 1.4. Myemv Pynnyua f = A, (D),
ede D — oezpanuyennas obaacmv 6 C™ ¢ Kycouno-z24adxkoii

epanuyeli 0D, mozba cnpasedsusa Bopmysa Mapmunessu —
Bozxnepa:

2de

o (n— DI k§1 (=0 (Eh—E;) d—;[k] A dg
(D(Z;_Za 2;'— ): (2311:)" |;_z|2n .

(1.2)

IHoxasarteansbcTso. 1. IlpaMeiM moncueroM Jerko
VCTaHOBHTh BaMKHYTOCTh sfrapa Mapranennn — Boxuepa
® oTHOCHTeabHO  Ha mEOmecTBe C"\ {z}. Orcona & U3 ciej-
craua 0.4 surexaer (1.1) pns cayvanz & D. Ecanxez = D,
To B cuay Toro e ciencrsus (.4 muaTerpmposanme no JD
MOJKHO 3aMEHHTH HWHTerpupoBaumem mo cdepe 0B,(z), rme pa-
AWYC T MOCTaro9HO MaJl.

2. B pmocraTouHo Manoit oxpecrHocTH TOURHM z & D
ronomopduasn dyuxmus f({) pasmaraercs B KPaTHHI CTemen-
HOM pPAN ¢ IEeHTPOM B TOYKE 2, BHAYAT, NJIA IOKA3aTeNLCTBA
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(1.1) nmocraro9HO YCTAHOBUTE, 970

@mnirt)" e

(n— 1 S € — z)ﬁ 2 (— 1)11-—1 T, —2,) dE[h] A dt=
Y:

0, ecaz P10, (1.3)
- {1_, ecan P = 0.

— ollr
3. 3ameTHuM, YT0 OPH 3aMOHe NTePeMeHHRIX L,— 2, =¢e *X
5 (Ly — 23) Bee {x MEHCTBATONBIEL, k=1, ..., n, MIOKECTBO
0B,(z) meépexopur B cefa, a mnofbATerpantpHag ¢opMa B
i1 i
(1.3) ymEO)KaeTCA HA eilib  gtnPr poaromy Bepro (1.3) nus

0.
Cnyz?%o?l;&[i — 0, to menas dacte (1.3) o gopmyme Croxca

paBHa

; ’?landE/\dZ”—‘ n;i |§1—Zli---|Cn—znld|§1_
(Zmr ) BT rl ) 2.+ l Cn_-_znl2<rl
—a|A - Adlta— ] =mlduA . AdT =10

bt Tp<l, T30

2°. fizpo Mapruremmn — Boxnepa o( — 2, { — 2) npn
n~ 1 me aBIgercsH TOIOMOPYHEM IO 2, & JWIIH — TAPMOHM-
WeCKUM, TeM HE MeHee CIPaBEJINBO CIEyIomee YTBePH/SHNE.

Teopema 1.2, (Apoxo — Hm'rmazion). Echvu D —
ozparunernas obaacmov ¢ Kycouno-2aadkoti epanuyel u 042

fe CO(D) umeem Mecmo UHMEZPAILHOE npedcmasaenue
Mapmuneaau — Boxnepa (1.1) npu z € D, mo f = A(D).
Jlia moKasaTeXbCTBA STOH TEOPeME HaM Tpebyercs He-
CKOJNBKO BCIOMOTATEJIBHEX YTBeDHISHMM,
MTemma 1.3. (Popmyna Maprurenna — Boxmepa nis

rnaneex  ¢ymrmmit). Ecau [ & ch (D), mo
[fot—2T-0—[FOAE—=T—2)=
oD b

{f' (2), z= D,

=lo, 2D (1.4)
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OTa JeMMa [IORa3HBAGTCA TAK 3K, KAK Teopema 1.1, Toan-
Ko MosABNAeTCA eme HaTerpax no D or dy(f(§)o({—z, C—z))

=0f()) A (L —2z, T — 2), @ HeIb3A PACKNAMLIBATH f(€)
B OKPOCTHOCTH TOUKH z B paAA Teitnopa mo cremenam { — z,
a HyXHO IPHGAE3HTE f B BTOf 3AMKHYTOH OKPECTHOCTH IONA-

HoMOM of [ —z ® ( — z. @opmyna (1.4) mossoaser merxo
BHIYMCIATH CKAUOK WHTerpana tana Maprumeanm — Boxuepa
OpHE nepexofe uepea rpammmy obmactm D.

JJemma 1.4 Ilyemv f = CO(ID). Hoaoxmun

Fr@)= [ f(Qo—z T—2), z=D¥,  (1.5)
oD

ede” D+ =D, D™ =C"\D.- Toeda F*(z) nenpepuensn
enaomv 9o epawuyw DT, coomsemcmeenno u -

F+z) — F-(z) = /(s), z < oD. (1.6)

Hoxasarenscrso. Mycre F e CV(D),
Flop =/ ®yurnua

¢ (2) = [OF@Q) A0t —2T—2)

D

mempepuisaa 8 €™ (cm. teopemy 0.10). ITo dopmyae (1.4)
F+(z) = F(2) + ofz), 2z e D+,
F~(z) = ¢(2), z& D,

OTCIONA ¥ M3 HOIPePHBHOCTH ¢ ¥ F moxydaeM HeOpPePHBHOCTD

FX(z) Bunors 1o rpagamy obxacri DT, coorsercreenno m pa-
BercTBO (1.6).7

Eme Mu OyneM HCHONB30BATH CHeNYOIAiA pesy.nmaw
M. B. Heaguma n M. A. JlaspenTseBa, KOTOPHi IpuBefem
B HYMHOM HAM YeTHOMEDHOM chydae.

Jdemma 1.5, (Kexguum — JlapperTses). Juneiinoe mro-

2006pasue, nopoxcdaemoe Fpobamu euda

4 ,
F‘—.Zn——_?. CEK, ZEC"\KS
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20e K — womnakm & C™ noanoil sebez060li Mepw HYAb,

n>1, niomne é npocmparncmee C(K).
MoxasaTteuasncTso. Ilo reopeme Croyra — Beiep-

mTpacca MO;KHO cumrare, uro [ & C(K). Ilpomommum f

KaK TIaIKyI0 QYEKNMI Ha HOKOTODHI 3aMKEYTME map B,
rae B o K, m upepcrasem mo gopmyne (1.4), rme D = B.
Eonn Tenepk 3aMeHUTH BO BropoM mETerpaine B (1.4) MEoxecT-
Bo muTerpmpoBanms B Ha B\U, rme U — oxpecrrocts K
JAOCTATOYHO MaJjoro oObeMa, a CaMHE MHTETPAJH — HOAXO-
JAIUME HETETPATHHEIME CYMMAMH, TO, HCHONL3YA TOT Qaxt,
qro Koa@dunuentsr Popmu o(f — 2z, { — 2) ABaAwTCA mpo-
H3BOJHHME 0T (YHXaMEHTATBHOrO pemeHns ypapaeEna Jlam-
naca

2l 2) = 4 — n)YE — zrm, (14.7)

IOIy9HM, S3aAMeHAA NPOUSBOJEEE OT g PA3HOCTHHIMA OTHOIIe-
HUAME, JHHCUHNe KOMORHANUA MCKOMHX Kpolei, pasHoOMeD-
Ho Ha K amnpoxcmmupyiomume ¢ymxmomio f. []

JorasaTteabrcTrBo Teopemu-  1.2.-Pacemor-
puM muTerpannl Tama Maprumesnz — Boxmepa (1.5), Torpa
F+=f B D. Us (1.6) Temepsr cumemyer, dto F—|sp =
OtmernM, uro F- rapmonmuna B D~ 1 mmeeT Ha O6CKOHEIHOCTH
Byas (2n — 1) mopagika. B cany TeopeMH eXHHCTBeHHOCTH
A rapMOHEYeCKMX (yHRImi

F-2)=0, 2= D~. (1.8)
Tag wax f mpepcrapmma Qopmyno# (1.1), f rapmonmama

B D, Ilpencrasum ee mo gopmyiae I'pmna mm TapMOHUYECKHAX
PyBRImit

f(z), z= D,

) _ D s
oilfo)-l-g(c 2) v (O] {O’ o5 9

e

— (o q\n—1 (r—1)I r—1 Of
v (@) = (=" ),.2‘.< I et A L.

Ota exommiexcHas® fopmyna I'pmHa moxasmBsaeTca Tax iKe,
K&K H ¢e «JeliCTBHTeNbHHI» amador — o0HuHAA QopMyaa
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Tpuua (cM. Tamwme fokasareasctso demmu 1.3). Us (1.1)
g (1.9) caemyer, uro

5'___”1'_(9__:0

IC— z |2n—-2

(1.10)
aD

s z & D. Cpasamsaa (1.8) m (1.9), moayuaem, wro (1.10)
copasefnuBo # AusA Touek z & D-. Temeppr nemma 18,
IpEMeHeHHAA K KoMuarry 0D, noxasusaert, 910 v¢(L)|op = 0.

@ynxges f rapumonmusa B D, mostomy dvs(L) =
=cAfd§/\df= 0, T. e. dopma v; 3amrHyra B ), mosromy
d{f(T) % v4(L)) mempepsierO mponomraercs Ha . G moMombio
dopmyan Croxrca moxydaeMm .

(2i)" 5) é

o Py = (aG@v 0) = | T@v @ =0.
oL fay i(ﬂ@w@» | 7@,

6D

ABBORUMX — E =
Orciofia W W3 HEMpepHLIBHOCTH PO R
—=1,..., n, CIegyer, 4T0 BTH NPOMBBOIHEIC DAaBHE HYJHIO

g D, 1. e.f roaomopdua B D.[]

Cnepyomuil pesyibTaT AOKAsKBaeTcA (0jgeC CIIOJKHO, M ME IpPH-

0 6e3 MOKA3aTENLCTBA. )
Begen% ‘Zro pe 15(1 a 1.6 (KurmanoB — AiisenGepr). Heau Pynryus

— Bozx-
dcmasuma ¢ o6aacmu D unmezpasom Mapmuneriu :
éﬂ?pi(]?i).f)‘t:emo 7 eonomopgha ¢ D & xanclom ua caedyouwpux cayuacs.

a) 8D = C¥;

1
6) n = 2, epanuya 0D cenaana u npunadsexncum Kiaccy cm,

‘§ 2. KPATHOCTh HVYJIA
TOJIOMOPPHOI'0 OTOBPAKEHWAA.
NPAHOAIL PYME

Iyers B obnactm D — C" 3ajaso roromopduoe 0TOO-

pasReHHe
w = f(2)s 1)
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TAe W= (W, ..., Wn), 1 =(1s..., [0). Touka a <= D
HaBHBACTCA Hysem omoOpasxcenus (2.1), ecam f(a) = Q.
Mromectso mymeit orofpaskenus (2.1) oGosmawmm Eys. Ecan
B H30JMPOBARHOA TOIKe ¢ MuoecrBa E; awobmaum orobpa-

of
HEHUA — - la #+ 0,

paxcerua  (2.1).
Copasepnuso caeflyiomee yTBep:IeHHe, KOTOPO® MK
AOKaKeM HECKOJIBKO II03/(Hee, ‘ :

Ilpenaomenne 24, Ecau sanusanue 0K PeCIHOCTRU
U, uyas a omobpaxcenus (2.1) ne codepacum dpyeuz nyaeli
9mMo20 omobpajcerus, mo naiidemes maxoe & > 0, umo nowmu
npu écex { = B, omobpaxcenue

TO @ HA3HBAT npPocMBM KHYysem omob-

w=fz) — ¢ | (2.2)

umeem 6 U, auws npocmule nyiu, npuvem uucio uz e saeu-
cum Hu om §, ki om swbopa orpecmuocmu U,,.
YKasaHHOe B 5TOM NPEJIOKEHAHR YHCIO Hymnei orobpa-

aenne (2.2) B U, HazoBeM Kpamnocmulo Y% a 0mo6pascernus, b
(2.1) = oGosmawmm p,(f).

ITpumep. na orobpakenna w, = z,, Wy = 23 + 2}
Touka (0, 0) ABxserca Hyaem kpaTHOCTH 2. HeiicTBRTONBHO,
orobpasrerne w, = z, — §;, w, = 25+ 35—, OpA MalHX |{| 1
L=l s OKPECTHOCTH 3TOA TOYKE HMeeT 2 HPOCTHX HYJIA

2 2
(Cu Vit~ ;i) n (@1,_ ~V't.— Ci)-
W8 noxranmnolt 06paTEMOCTH TomoMopdHOTO oToOpaReHHA
2 A
B TOYKaX, Ie ero axoOmaH %-—/:O clepyer

[Ipennomenme 2.2. Kpamuocmo npocm})zo HYad
pasua 1.

Ilepeiifem x cayd9ai0 HyJs, He ABIAOMErocs IPOCTHM.
IHIpennomennme 2.3. Ecau a — usosuposanuui HYAb

omobpaxcenus (2.1) u -Z—i i = 0, mo ezo xpammuocmo p.,(f) > 1.

! 970 Tak HaSKBaeMOe NWHAMHETOCKO® OIpejeleHHe KDaTHOCTH.
O cesau p (f) c Koad)qmqgemanm TeHIOPOBCKOTO Da3ioKeHEA OTOG-
paskernus (2.1) B Toure a ¢M. B_§ 22,

2, A, Aﬂaeﬁde’pr, A. II. I0makos
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Jro yIBep:KAeHHE [aeT OCHOBaHUe HASHBATH usogfnponaﬂ—
gHE BYIh oTO0pasKeHHA (2.1) xpammum, ecau 'ELZO‘

Tlono6no TOMy K&k BTEOpHN (bynummﬁ OIHOTO KOMILIEKC-
HOFo TePEeMEHHOTO JOTapH(MIHeCKHH BRTET BHpajkaer YNCI0
nyaei ronomopduoit ¢ynxiud, €ro MHOTOMEPHEI® AHAJOTH
CcBA3aHH C WUCIOM HYJIeH rosomopdEOre OTOOpAKEHHA.
Coief{yomui MHOTOMEDHEIA AHAJIOT KJIaCCHIECKOTO aorapud-
umdeckoro Bhigera Homm HmOCTPoeH ¢ IOMOIMIBIO BHTErpalb-
Horo mpefcTaBienms Mapranexin — Boxmepa (1.1).

Teopema 2.4 Ilyemo omo6pancenue | & A"D),
20e obaacme D ozpanutend, epanuyd dD kycouno-24adkas
u He codepacum nYysell amozo omo6pasxcernus. Tozda omob pa-
scenue | umeem & D moAvKO USOAUPOEAHHBLE HYAU U HUCAO
coal CLUMAMb KANCOW HYAb CMOAbEO pas, KaAK06a €20

Z;Zlmnocmbz, guLpadcaemca gopmyaoii
N=N({#D)= | ol T@) (2:3)
éD

ede
o(f, == LS (— 0 Fydfn A 4

PES P =

Teopewma 2.5. (lpumanaEn Pyme). ITycmv omobpadice-
nue (2.1) u  obaacmb D ydosaemeopaiom YCAOSUAM MEOPE-

Mol 2.4, a omobpasxcerue § & A™D). Ecau 04 kaxcdoii moi-
xu z & 0D, xoms 6w O0aa 00HO20 underca j, j = 1, « o P

SULNOANACICS HePAsencmao
g5(2)| < 1)\ (2.4)

mo omobpancenue (2.1) u omoGpadxcenue

w=f@) +80) @9)

umewom ¢ D odunarosoe wucao nysel.

i i np
3 Brnpemb BCIOJY, IAe BAET pedb 0 umcjge HyJeil, Kamkiuy HY ,

cuUMTAeTCA CTOJIBKO pas, KaK0oBa eIro KpaTHOCTE.
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Bameganmume. yeaopme (2.4) BHIOJIHAETCA, Hampu-
mep, ecin |g| << |f], ambo ||g]| < ||f|| ma 0D. dro ycroBme
MomHo ocaabute. Ha camom mene, Tpefyercs muib, 9ToGH
fz) +tg (3) =0 npm z e dD, 0<<t<C 1. Jlocrarouso,
9To6H B KaKI0H TodKe z & [, Xora O ANA OLHOTO HHJEKCA J,
6mno cupapefmuso HepasemcTeo Re g;(z) << Ref,(z) ambo
Im g/(z) < Im /,(2).

Ilns mokasarenscTsa CHOPMYIMPOBAHHLIX YTBeP/KACHAN
HaM ToTpeGyIoTcA HEKOTOPHe JIeMMBL.

JJemma 2.6. Ecau omobpascenue f & AMD), mo 0aa
4106020 KYcouHo-24a0k020 yuraa y & Loy (D \ Ey) unmeepas

f (o(f, ?) ecmb yeaoe Hucao,

Y
Norasateabctno. Tak xak (2.1) orobpamaer

obnacts D\ E;8C"\ {0},a B C"\{0} O©asy (2n — 1)-mep-
HHX ToMolormii o6pasyer cdepa dB,, To 00pas NuKIA Y IpH
orobpaxerun (2.1) romouormuen N-8B,, rme N — meinoe
uncno. Henoawsys teopemy 0.1, caempctsme 0.5 m ¢dopmyny
Maprupennn — Boxmepa (1.1), monyumm

fotD=Jo@d=N[od=ND

v v

Jemma 2.7. llyemv omobpasxcerue (2.1) u obaacme D
ydossemeopsom ycaosusm meopemv. 2.4. Ecau npu smom
ace nyau omobpaxcenus (2.1) 6 obaacmu D npocmule, mo 0as
wobotli gynryuu ¢ = A (D) umeem mecmo gopmyaa

[e0(t,)= 3 o (2.6)

8D aEEj

B uacmunocmu (upm ¢ = 1), cnpasedauso (2.3).
Hoxasarteascrtsno DopMago (f, f).3aMKEYTa B -

D\ E;, uro MOMHO HNDPOBepDHTb TaKKe HEIOCPEIACTBEHHO,
KaK IpH J0Ka3aTeJbCTBE 3aMKHYyTocTH (PopMme MaprmHED-
ax — Boxmepa (1.2). Coriacuo caegersmio 0.5

(o0, D=3 { 90, D, (2.7)

[y

D G'EEj 6Ua

rge U, — I0CTATOUHO Mamas OKDPECTHOCTH TOYKH &. B03b-
2* ’ '
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MEM B Ha4YeCTBe Ua CBA3HYI KOMIOHEHTY MHOHEeCTBa

{2:z2 =D, |fz)] <¢&}, copepmamymo a. Tax Kax -a-]-c[ =0,

0z la
TO HPHE RKOCTATOYHO MaloM & oToGpamernne f Guromomopduo B

U, mosronmy mo teopeme 0.1 m opmyane Mapranenin — Box-
HEpa (1.1)

(g0, = | e(@oED=e(0)=o@.

ol 0By

Ozcioma 1 u3 (2.7) monygaem (2.6). O

JTemma 2.8. Ipu eanosnenuu ycrosuli meopens 2.5, -

cnpagedauso paseHcMBo

(0= [olf+eT+e. (2.8)

oD 8D

Hoxasarenscrtso. Coraacro (2.4), mpa z & D,
.0 <<t <1 mMeer mecTo HepaBemCTBO f(z) + tg(z) =~ 0, caxe-
KOBATEAbHO, HHTETrpall :

J(ty={ o(f +te, FF )

8D

ecTh HellpepsBHAA QYHKIMA & HA OTPe3ke [0, 1], = mo memme

2.6 ee smadenns mexouncaenHn. Iloaromy J(f) mocrosEEHA

u, smazur, J(0) = J(1), 1. e. mepmo (2.8). O
JoxasaTedbCTBO NpENIOKEHNS 2.1.

Bosbmem & >0 Taroe, YTOOH &< mig |7 (2)|. Torpa mo
228U g

aemme 2.8

fo={o(-t7—D @9
6 N

o, Us

pia § e B,. Ilo teopeme Capza 0.11 mes f({z:zezD,,

%£ = = 0, clejoBaTeNLHO, DOYTH IPHE BCEX teB, oTobpa-

senme (2.2) HMeeT TONBKO IPOCTHE HYJXH. HOna taxkmx § |
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cormacHo jgemme 2.7 HHTerpad B upaBoil wacta (2.9) paBem

- N(f — ¢, U,). U3 pasencrsa (2.9) BHTekaer, 4To

NE-oUd= [ 0,7

ol

u, smagar, N(f —<§, U,) me saBucmr oT émﬁopa { e B,.

Ecau U, — pApyras OKpPeCTHOCTH TOYKH &, TO IO CJIECTBHIO
0.5

JotD=[od o

a7,
a .

ITooyTHO MH JoKa3ajgd, 9TO KPaTHOCTE H30JEPOBAHHOTO
HyhXa roxomopduoro orobpaskenus (2.1) Beipaskaerca ¢op-
MYJI0H . o

v

p(N= {0, 7). O (2.10)

Y

JorasaTenbCTBO TeopeMH 2.4.
1. Ipepmonoxum cHauaNa, qwoz—); == 0. Ilpesxme Becero

moraem, 9ro orobpamenne (2.1) mosxer mmets B D mmms

H30JEpOBaHHHe Hy1d. BosbMen & rak, 71068 0 < & < min (f).
- oD

s Teopemm Capma 0.11 m memmm 2.8 caemyer, 49T0
nmoutH mpm Beex ( < B, cmcteMa (2.2) mmeer B D ammb
TPOCTHe HYIH, HpmieM uX yucio k& >> 0 me 3asucur ot §{ & B,.

Ecin E; == &, 10 pis aoboit roukn a® & E; momuo
BHOpaTs mOCHeNOBaTeNLHOCTH Todek (™ — 0, (™ = B,
TaK, ¥robH upm { = {(™ oro6paskenne (2.2) mMea0 DIPOCTHE
mymm {zmi, ..., zmk}, k> 1, 71z »> a™) mpm m — oo.

a af = w . ) .
JleficTEETeNBHO, TAK KaK a—£$ 0, To B 060 ORpECTHOCTH

- . 8
Togkd a V) maiifgerca Toaka 2™, B KoTOpOit 97 £.0. Boswmem
P 0z

Emy = f(zm.1), rorma z™! — mpocroii Hyab OTOGpasKeHHASN
(2.2) mpu { = {(™. Cormacrmo Teopeme Capma 0.11 Mmom=o
no6HTHCA, HeMHOTO maMeEAx ((™, 94ro0H @ OCTAILHHEe HyIH



38 Hpedcrasacrus u sozapu@muneckutl euiuer Ta 1

aroro oro6paskeHHs OHIE IPOCTHIMH. flicro, uro ™ — 0
opr z™! - a®,

C mpyroii CTOpPOHHI, TOKA)KeM, 4TO TpH aiobom BHIGOpE
tm _» 0 mpoctee myaum {z™%, ..., z™R} Mal0T B KaUeCTBe
npefieTHbELIX TOUEK OFHO U TO jKe KOHETHOe MHOKeCTBO 3
{a®, ..., a®} < D, ciaenosareIbHo, E; = {a®, ...,
a®}.  JleHCTBHTEIBHO, saveHsa  TOCJIeA0BATEIbHOCTH
{zmym_yj, =1, ..., k, HOAIOCTENOBATENLHOCTAME, MOK-
Ho crenaTh WX CXONANIAMHCA K HOKOTOPHM TouKamalle
eD,j=1,..., k, (1ag Rax Ha 0D Her myxeil). Muo-
secTBO E; COCTOMT TOIBKO H3 ITHX TOUEK. ITpenmomoxum
IPOTEBHOE, UTO CYMECTBYeT TOUKA b = E;, b == al),
j=1,..., k. Torma amamoru4so uUpeAHAYyMeMy IOTyTIHM
noclIefoBaTeabHOCTs ToUeK (™ — (0 rakmx, ¥T0 OpH { = ¢m
cmcrema (2.2) mMeer nmms mpocTsie EHyam {w™l, .. .,

wTTI-,h}’ nprieM w’m,j_._) b(j)’ j == 1, . ey k, opu m — oo.
Bu6epem ¢yuxumo ¢ & H (D) Tax, wrobn g(ath) = ... =
= (P(a(k)) = cp(b(”) = ,,, == (P(b(k)) = 0,a (p(b(l)) = 1. Cor-

JacHo ademme 2.7
— k .
[ go(f—t™, 7= ™) =3 ¢ (™)
aD = i=1
—_— k mi
{gu(f—gm, F=&) = 3 o@™).
oD i=1

[epexona K mpegely IpH m —> 00, HMOIYINM IPCTHBOPETH®
k “
[ go(r,7)= 2 o(a®)=0;
ap i=1

[ a0 ()= 3 ¢(”) =1

aD

Taxum o6pasoM, E; KomeuHO.
Noxamem gopmyay (2.3). OKpYmEHM KaEAyloo TOUKY

a = E; oKpecTHOCTHIO U, ragr, 91o0H Tfa =D, U,NUp=
= gf npua =+ b, a, b . Es. Yaurupaa 3aMKEYTOCT dopmu

3 JIpu 9TOM HOKOTOpPHE M3 TOTICK ab, . .., a® moryr copmasats,
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o(f, ) 3D \ Ey, cnencTBﬁe 0.5 1 popmyxy (2.10), mainem
folt,D=2 [ 0= 2 w)=N0D).
ap aEEf U, aEE'f

Hpu srom ecim E; == &, 10 N(f, D) = k> 0.
of
2. Iyctb Temeps - == 0. B artom ciy4ae MHTETpaa B Hpa-

Boii wactn (2.3) paBen HyIo, TaK Kak B fopMy © (f, ) Bxomar
df = g—ﬁ dz. Tlogamem, uro N(f, D) raxiKe paBHO HYIIO,

1. e. { He mMeer myueir B D. IlpenmonosREM IpOTHBHOE, YTO
f(@) = 0 mas mexoropoir Toukn a & D. Tar kar flain =0,

To Haiimerca roloMopdHoe orofpakeHme g : D — C» raxoe,
aro gla) =0, lg] <|fl HadD = ?—g-(g—_zt—g—zi 0 (MomxEC,
HampuMep, B3ATh JMEeHHoe orofpawmenne g(z) = Mz — a),

rie A = |[A;]] — MaTpama C HOCTATOYHO MAMKIMHE IIEMEH-
afj (a)
TaMH Takag, 4TO0 Tangj-—- + Al =n).
)

o nemme 2.8 m n. 1 9TOTO OKA3ATEIbCTBA

fo(,D= (o(f+e Fre)>1
aD 8D

IIpoturopevne. []
JoxaszaTeaAbCcTBO TOOPEME 2.5 cuemyer ®3
comocTaBiends TeopeMs 2.4 ® Jaemmu 2.8 [J
JokasaTelAbCTBO OPEeNIONRKEGHAS 2.3.
CoriacHO oOpeeJeHri0 KPATHOCTE H30JIHPOBAHHOTO HYINA,

po(f} = 0. Ormermm, uTO 5;% = 0, nmate Ox He OHLIO BOOG-

me M30JIMPOBAHHHX HyleH (cM. I. 2 B JOKA3aTeIbCTBE TeO-

pemit 2.4). Haiigeres touka 2z, = U, Taras, 49r0 g{- #0
%o

i |f(z)| <min|f|. Temeps us mpeIOMEHRA 2.2.
U,

@ Teopemsl 2.5 caemyer, uto W (f) > 1. Bemm p(f) =1,
To miA dioGoro § = B,, TIe € #0CTaTOYHO MaNo, oTOGpaNeHne
(2.2) mmeer 8 U, poBHO OfHH HYIb, T. €. 0TOOpaKeHue (2.1)
B3aMMHEO-0[[HO3HATHO B OKPECTHOCTH TOUKH 4. Toraa mo Teope-
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me Ocryma (cM. mmEe, TeopeMy 4.15) aro orobpasennme 6uro-

aoMopHO B OKDECTHOCTH a4 H %ﬁla+0. O

BrisicauM TeoMeTPHIeCKHEN CMEICA (QOPMYJIEI (2.3). Ilycrs
B Rn\ {0} samama (n — 1)-MepHan saMKHYTaf KyCOUHO-
raagkas moBepxHocTh (muwd) S = {z:z = z(t), teIr1},

Int={b:t= (b« o1
oLty <1, j=1,...,n—1}
R .Z(tl, . .y O’ o« s oy tn—]_) =
= x(tlv v v o0y 17 o ey tn-—l)?

i=1, .., n—1

Hndercom noseprrocmi S OMHOCUMEABHO HAYAAA KOOD-
dunam Ha3BBaAEMCA HUCLO

1 1 < .
JO (S) = E;S I Tlnz (‘—' 1)7_1 :c,dx[,-] =
S J=1
Zq (t) e Xy (.t) '
1 1 Lz @) ... zaa (D) .
-3 dt, 2.12) "
B . Zn iilx(t)ln " e e o " "..' ( )
In xﬂi(t) . xnn (t)
2
rne 2, = _mt i\depa (o6mem) equEmEHON CHepH B Rr,
| I‘(%+1 -

Iomumrerpansuas gopmMa B (2.12) BuipasKkaeT Mepy IPOCK-
- [EE DNeMEeHTA IOBEPXHOCTH HA eIHHAIHYI0 cdepy ¢ LeHTPOM
B HyIe (TeJeCHHI yroi, IIOJ KOTOPHIM ¢BH[GH» OTOT SJIEMEHT
13 Hagama xoopamHaT). MHTerpand (2.3) MOMKHO IpPefCTaBAT
B BHAP <

- _ 2y _(a=Dl ¢ 1 < )i~
JotD =[0G, ) = § o 2 Bl

- - 1' n . .
X Adt:f“;né‘l-ziz_ﬁ[ygi(_ly Lusdugy A dv +
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n n
+ X (=i ludu Advg) + ( 2 (= 1y tvydupAde +
i=1 : =1
n ’ N
-+ 2 (——'1)-';"'"""i uydu A dv[,-])] = J, (S),
j=1

rme y = f(@D), {; =u; +iv;, j=1,..., n; snecs

PP\ &

' s‘ . ( 2 {(—=1)—tvydupy A dv + gi (—1)itn—t x
Y

n
POk dogj)
X uydu Adugs =5|C12“d DT
g

cormacuo crencteuio 0.3. Taxum ofpasoM, MOEHO cpopMy-
JUPOBATDH . CJAEyIoMee YTBEePKIeHHE.

Teopema 2.9. (llpmanmo aprymenta). IIpu ewnos-
newuu ycaosuli meopemw 2.4 uucao Hyaeil omoGpaxceHus
(2.1) 6 obaacmu D pasno unOEKCY OMHOCUMEABHO HAYaLL
koopdunam obpasa f(0D) epanuyw obracmu D npu omo6pa-
acenun (2.1) (zmexy «o6xo10B» IMOBEPXHOCTH (D) soxpyr 0).

'DroT PAKT MOKHO TWOIYIHTh W U3 TOLONOTHIECKHX c000-
pamennit. Tax kax na 0D Hyneft oToGparenue (2.1) mer, TO
obpas umraa 0D npu stoM orofpaenmm [(9D)
EZn— (€7 {0}). CrezoBaTensHo, f(8D) ~ N-8B;, tpe N —
Te10e YUCI0, HOKA3KHBAIOMEs, CKOJBKO Pa3 IHKI f(0D) «o6-
xoguT» BOKpYr myns. Temeps m3 (pOpmMyIH (1.1), TeopeMu
0.1 u crepcrsus 0.5 swrexaer, aro N = N(f, D).(]

§ 3. OCHOBHA A MHTETPAJIbHAA Q®OPMYJIA
JEPE — KOINEJIBMAHA '

1°. Teopema 3.1 (IOmaros — Pyc.) IHycms
D — ozpanuvennas 064acmb ¢ KYcouHo-2aadkol zparuyeil,
omobpancenue [ = AMD) u me uxmeem nyseti  Ha
D, mozda dan w060l Pynkyuu @ & Ao(D) cnpasedausa
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giopmyaa
(e, D=2 whe@. (3.1)
oD O-EEf

loxasaTexhcTBo. Bubepem e > 0 Tak, 9r06H
¢ < min |f| Iloarm mpm Bcex t = B, orobpaenue
]

D.
(2.2) mmeer B D JHmb HPOCTHE HYIHW M HO JeMMe 2.7

[go(f—tT—0= 2 olw. (3.2)

op a€Ef_¢

Teneps ycrpemaseM { K HYJ0, OPH 5TOM (em. mw. 1 moxasa-
TeIbCTBA TEOPEeMH 2.4) HyIW 0To0paKeHHsS (2.2) erpemaTes
K HyaaM orToGpamenusa (2.1), mpmieM K KaKJAOMy HYJIO f
CTpeMUTCS CTONBKO IPOCTHX Hyded [ — {, KaxkoBa ero
KpaTHOCTL. Ilepexons B (3.2) K mpefenxy npad ¢ — 0, mo-
aygaem (3.1).00

2°, PaccMoTpuM CIefyRIYIo, BaiKHYI A majbEeRmero
pHemHDI ArddepeEnuaIbEYI0 GOpMy, 3aBACAINIYI OT TO-
xzomopdroro oroGpaskenus f, HeIpepHBHOH BeKTOP-QYHK-
nuuE w(® m HempephBHO Au@PepPeHIAPYEMEIX BOKTOP-QYHK-
muin w®, , .., wrD

n(n—1)

(—1) 2 <w®, df
@n®  (w?, £

CwD df> . oD dfy 3.3
——(w(l), 5 A A d———_—_(w("“'i), > . (3.3)

QO wd, .., whD, f) =

Ad

Teopema 3.2. (OcroBHaA murerpaibHas GOPMYJIa).
Oyems D — ozpanudennas obaacmbv ¢ Kycouno-zaadkol epa-

Huyet, omobpaxcenue | An(D)  ne umeem nyaeii na 4D,
gekmop-gynkyuuy w® e C@D) u w) e CW @D), j =
=1,..., n—1, ydosremeopsiom Yci06UI0

wd (2), f@)> £ 0, z&8D, j=0,1,..., n—1. (3.4

Tozda das awboti ¢ynryur ¢ = Ao(D) umeem mecmo
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gopmyaa
§ 00 @®, w®, ..., w0, = 3 p(N-¢@. (35)
ep ﬂEEf

Vrxamem npyrue ¢opmm sammem sagpa 2. O6osmaimM

, o
ul? =m, ]=0, '1, ey n—1,
torfa u3 (3.3) caemyer
n(n—1)
T
Q = Clr @, @iy A du®, iy Ad <, d,
[2
(3.6)
a ycuosme (3.4) mepexofHMT B YCJIOBHE
@ (2, 2), f(2) > =1, 2 = 4D,
ji=01,..., n—1. (3.7)
Iamee, u3 (3.6) maxomum
; |
= 7 2 . m—n |FFi A
(@ni)™ |, i) | Yn Unige - Unig
o A dzy,_, A df, (3.8)
(k)
w _ 9%
rme ujll = 7,
CyMMHEpPOBAHME IIPOMCXONAT MO BCEBO3MOKHEIM nabopam
(i1, - - +» in—1) THCEN, BBATHX M3 momecma_{i, 2,...,nh
Ormermm eme, uto QF, . . ., f, ) = o(f, f), 1. e. dopmy-

da (3.1) ABIseTcA HYACTHHIM caydaeM QOpMyIH (3.9), mpm
sToM ycaosme (3.4) osmazaer, wro |f|*<=0 mHa oD

Ilna pokasaTenbcTBA Teopems 3.2 Ham moTpeb yoTea
HEKOTOPHe IpocTHe CcBofcTBa AAapa .

Jdemma 3.3. Qu°, w', ..., w1, f) e sasucum om
seEmop-PyYHKEYuUL  W;. '
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MoxasareabcTso. lyers Q, m Q, — nee dop-
Mu Buma (3.6), sasmcamme ot w(%, ud, ..., uw) on
v, ut, ..., ut»1) cooTBETCTBERHO. Hysuo moxasars,
aro @, = Q,. O6osmazmm s = ul® — v(9, Torpma

(s (2,2),/@ > =0, z = aD. 3.9)

Hemomesys mpefcrasaenme Q; m Q, B suje (3.8), moxydmw,
aro dopma 2; — 2, mMeeT B KadecTrne K05 PUIHEHTOB OH-
pejeauTean )

0), (1) (n—1
8(1 u(ﬁl PN uﬁn__)i

o), (1) (n—1) |’
sould, . it

(3.10)
Tlaxee, us (3.7) Haxommm

Dz 3
<22_’é2___(”) F&)> =0, 20D, j=1,..,n—1,
i .

orciona @ m3 (3.9) BHTekaeT oGpaljeEme B HYIb OOpPeJeNH-
reneir (3.10).0O

Tewmya 3.4 Ecau eermop-gignryuu w®, .. ., wh="b,

p®, ..., pn— erodam ¢ Kaacc C®(@D), mo pasnocmb
Qw®, wd , _,‘ wn—f) —

—Q(p@, p® , ..., p»h, f) (3.11)

ecmo 0-mounas gopMa.
IoxasarTeabcrTso. PassHocTs (3.11) mpemcras-

JASTCA B BU® CYMMHl AHAJOTHYHHIX pasHocTedl opm, y KO-
TOPHX OTJMYACTCS TOABKO OfWH W3 APTyMEHTOB, IOITOMY

JOCTATOYHO [OKA3ATh, 470 0 - Touna pasEOCTE LW,
w, .., we=, f) — Qw®, ph,w®, ..., wrm, ).
JeiicTBRTENABHO, :

. n(n—1) )

sl 2 w® dp B ap ™, dp

@iyt <w®, D W, P Cw™®, £

Bt

e
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nin—1)
S G, ap) } ey @ {( (o, df)) R
AT T @) Cw®, >
&) w® M
/\<P sdf> ___< ‘ df) <P vdi>/\-..}:

GO N T, NGO
= Q(pW®, w, w®, ..., w1, ) — Q (wih, p, w®, ...
ve oy W=D ) = Q (W™, wh), w®, .., wnh f) —

- Q (w(o), p(l)! w(z)l cey w(‘n*—i)l f),

re NpE mepexofe K IOCHefHeMY DPABEeHCTBY HCHOIB30BAHA
memMa 3.3.[]
JokasareAbCTBO TEOpeMEH 3.2. Ecan w®,
, wn—1) DpUHANNEHKET K KIACCY C®(3D), To pasHOCTD
agep B Ppopmynax (3.1) u (3.5) mo xemme 3.4 ectp O - TOUHAA
dopMa, T. €. 5TA PABHOCTH OPTOrOHANBHA IPH HHTErPHPO-
pagmm Ha 0D TomomopdmeiM (yEKOEAM (CM. CIeACTBHE
0.3). Ioaromy (3.5) caepyer m3 (3.1). Ecam mxe wid) &
&C® (8D), T0 NX MOKHO ANIPOKCHMHPOBATH HA 8D 6oues
rmagkoaMom  BeKTOp-QyHKUEAME ¢ CcOXpaHeHHMeM YCJOBHA
(3.4), sammcath RIS ANIPOKCHMUPYOMHAX BeKTOP-pyHKIHM
dopmyary (3.5) 1 cmeraTs mpefedbHEN mepexon.[]
OrmernM 6ammaiimme ciefersust Qopmyast (3.5).
Cnencrame 3.5 (Jepe — Kounemsman). Eeau
wo, ..., w1 ydosremsopsiom Ycaosuio

wd (3, a), z—a)=+0, 28D, acD,
i=0,1,...,n—1,

mo dasn ecaxoii gynryun @ & Ag(D) umeem mecmo 0606-
wennas gopmysa Howu — Panmannve

{ g, wo, ..., wr—d, z—a)=g(@). (3.12)
oD - )

Coencrsue 3.6 (Jlepe). Ecau 6exmop-gynryus
we CW@ED) u (w(i a), z—a) F0, e z oD,
a =D, mo ecaran PynrEyus :
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¢ & Ac(D) npedcmasuma gopmyaoii Kowu — Danmannbe

( g0 (z —a, w) = ¢ (a), (3.13)

6D
20e

n
1
_— El (—1) L dwyy A dz

(23.":)71 w, z — ay™

0(z—a, w)=

Nokasareabcrso. Ma (3.6) momydaem, 1ro

(n —- i

Q(w veaya W, 2 — == N —1)e-1
@, <y, — ) = G B (AP undin A
rage
w N
U= m. (3'14)

Ilanee, yumthiBaa (3.8), HaxommMm

Q. v, w5 —a) =B
(W, w, ..., W, z—a) P 2‘ ..... [%]. ..

— (n — 1)1 'y
N2 = o o s — )RR [kl .

h=1 wnlUm . .wnn

Adz = o(z—a, w). [

BameruM, uro Bekrop-pyEkmEA (3.14) yaommersopsAeT
VCIOBHIO

Cu,z—ea) =1,z2=0D, asD. (3.15)

[pamagam dopmyne (3.13) Gomee aleTpanTHHM BHL.
3aguxcupyem Touky @ = D- m GyneMm paccMaTpuBaTh B
npoerpancTBe C2* KOMIIEKCHHX MePeMeHHEIX (2, u) Io-
sepxuocts M, = {(z, w):{u, z—ad=1, z=0D}.

o
w7 AT

P

§3 @opnyaa Jepe — Honneavrana 47

Canepcrsume 3.7 (Jepe). ITyemo 8exmop-PYHEYUS
u(z, a), z= 0D, as D, npunadaedrum no 2 Kaaccy CM(aD)
u ydoesemeopsem Yciosuw (3.15). Obosnanum @ — YUKL
na M, komopwil onuctiéaem MOUEd (z, u), Koeda z npoGe-
caem 0D. ITuka o exodum 6 newomopuil Kaacc heH,,(M,).
Jas awbolt Pynkyuu ¢ & Ay(D) u awboeo yukaa pesh
umeem mecmo gopmyaa Kowu — Panmannve

o (a) = 2= S 0@ 3 (— 1) uy dupAds. (3.16)
. (2mi) 3 frwer)

NorasareabCcTBO. Ramerum, d10 (3.16) ecth
(3.13) maa p = . Jas TOro arobu moayunTs (3.16) ¢ awo-
oum P e h ms (3.13), mocraTouHo yGepurbesAi B TOM, UTO
dpopma @(2): w(z — &, @) 3aMKHyTa Ha IOBEPXHOCTH M..
JleficTBETRIbHO, HA M, cpepm dzy, - - - dz,, duy, . - - du,
TodbKO 2n — 1 He3aBHCHMHX ruddepeHnuaios, a YKa-
gapHas opMa UMeeT MAKCHMAJILHYIO pasMepHOCTD 2n—1,

moYTOMY OHa saMKryTa. ]
Ormernm, gro gopmyra Homm — danrannse (rem Go-

106 ob6o6mennasn dopmyaa Homm — @Danrannee) — 3ITO €CTH
He OQHO WHTErPaAbHO® MPEJCTABIEHHe nag  QYHKOWR
¢ = Ag(D), a meroe MHOMKECTBO TaKEX IMPeACTABJIeHUH,
sapEcsamux ot Bubopa pekrop-PyBRKIAN W. Ina pasamYHBIX
gaaccos obnacreir D ymaercs BHOpaTh TAK W, yT00OBl BHIIOI-
HAJACH YCJOBHA CIEACTBHA 3.6 u w Gsmo roJoMopdHO IO
a B D. Taxum oOpasoM, HMOJYJAIOTCA @HTeTpaJbHHE Ipel-
¢TAaBIeHHS € ToJoMOpPHBIMH AXPaMA (em. § 4, 8—11).
Knaccugeckas ¢opmyuaa Homm pasx roxoMopdHHX
GyEKOEE ORHOTO KOMIIEKCHOTO TIePEeMEHHOTO ‘

1 f (31) d24

fa) =53 ) 5ma (3.17)
aD

ofaagaer ABYMA 3aMeYaTeIbHEIME CBOHCTBAMH, BLI3BABIIAMA
GoubImoe GHCIO ee IPHIOKEeHH:
1) oma yHHBepCcalIbHa, T. €. BepHa A ato6oit obmactr D

o - 1
¢ IOCTATOYHO XOPOMIed TpaHuen dD u aapo Komn S —ap
. 1— 4
ge sapumemt ot -smEma D;
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2) sgpo Komm romomopdmo mo @, & D npm puKCHpO-
BaHHOM 2 e 0D,

Hns ronomMopdEHX QYHKINE MHOTEX KOMIVIOKCHEX
MePeMEHELIX HeT HHTerPaibHOTO IPONCTARIOHHA ¢ KBYMS
AHAJIOTHYHLIMA CBOMCTBAME, a CYymMeCTBYIOT am6o yHHEBOpD-
CaJIbHEE (OPMYJH, HO C HEroXOMOPHHEM sIpoM (rampn-
Mep, Qopmyza Maprmmennm — Boxmepa (1.1)), ambo me-
YHABEPCANLEKE, HO 00Jajalomue ToMOMOPYHEIME ATpaMH
(em. § 4, 8--11).

'AHaJlornq_Ho caeficrsuio 3.6 monydgaercsA ciaemymomee yr-
BePsRIeHNE.

Cremcreue 3.8 Ecau o6aacme D u omobpascerue f
ydosaemeopsiom ycaosusm meopemu 3.2 u 8eEmOop-PYHK-
yur w e C®OD) maroea, wmo <w, f>=£0 na 8D,
mo cnpasedauea daa ecaroti ¢ < Ay(D) dopmyaa

{90l v)= 3 p(Hola), (3.18)
aD aEEf
20e
i r—1 :
(—1)* Yo, dup, Adj
o (f, w) = L=
(2m) <w, "

amernM B BakmioueHme, uTo QopMymzam  (3.5),

(3.12) m (3.18) moxHO Hpupath Gomee ABCTPAKTHEIX Buj

?gx;%?m TOMy, Kark Qopmyny (3.13) mMu mpueeam k Buuy

§ 4, ®OPMYJA KONIN.
JOTAPUOMUIECKAN BLIYET
OTHOCHTEJIBHO OCTOBA

1°. Mycre Dy = €] —obnacrs ¢ wycodno-rranKoii

rpammned, i =1,..., n;obracts D =D, X ...X D, =

C C™ nasniBaerca noiuyusurdputeckotd obaacmuvio (B gacT--

HOCTH, HOJAKPYTOM HIHM HOIBJHCKOM, ecau Bee D; — Kpy-
ru). Mromecrsol’ = @D, X ... X 8D,, cnaGxenroe ecre-

CTROHNOR opMeHTanuelf, WEAYNEpPOBAEHON OopMeHTAmumed 06-
Jgoacrn ), mnzomeM ocmosom oGnactz D.

I

=
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Teopewma 4.1. Hyemv D — noauyuiundpunecras o6-
aacmy, @ — awbas mowka D, gynryus ¢ = Ay(D), mozda
cnpasedausa gopmysa Kowu

q)(a)— 1 SqJ(z)dz

T (2myr) s —a -

T

(4.1)

3amernM, ar0o B Gopmyne Homn (4.1) ocros I' mrpaer 1y
JKe POJb, KAKYH HrpaeT BCA TpaHAma obaacTm B Kiaccmde-
ckoit gopmyae Homma npm n = 1. VI3 Hanwana mHTErpatb-
HOTO IpeJcTaBJIeHAs IO OCTOBY CIEAyeT, 4To AJIA QYyHKOUWA
u3 A (D) copaBeqaHEB OTHOCHTENHHO OCTOBA IPHEOWN MaK-
CHMaJIbHOTO MOAyAA (cM. Teopemy 6.9).

®opmyna Homu (4.1) sAsnsgerca mpmmepom GopMyasl ¢
TOJOMOPOHRM SIPOM, HO HEYHHBEPCANBHOHR (BEpHA TOJBKO
OA TOTHOEAHHIPUYECKAX ofaacred).

OHorxasateabctTso. Qopmyay (4.1) nerxo wmo-
JY9UTHh IOBTOPHHIM HpPHMEHeHUWEM KiIacCHIeCKod (opMyusl
Romwu gns n = 1, oqHako MH HpHEBefieM IPYroe LOKA3aTedb-
CTBO, TOKazaB, 9ro (4.1) BmTeraer ma dopmyns Homm —
Qarramnee (3.16) npr moaxoaAmeM BHGOPe OUKIA METEIPH-
poarusg f. Jror ke cmoco6 mam morpebyerca faree IpH
BHBOJe ¢opmynn Beiinsa. :

Ilpencrapum 8D B Bume | y;,Tae 1: = {z:z2 D,
i=1

2; & 0D;}. Han waxpoll TpaHbBI0 Y; PAaCCMOTPAM BEKTOP-

$pyarmmo  uP = (Wi, ..., u}d), rrie uld = 8;, (2, — a;)1,
i, k=1,..., n. OueBmpao, u{!) ymOBIETBOPAIT YCIO-
smio (3.15). Temeps pacemorpum B mpocrpancrBe C2% opueH-

TAPOBAHHYKW moBepxHOcTh P; = {(3, w®), ze& v;}. O6n-

n
eguEeHne |J B, He ABAAeTcA MUKJIOM, TAK KaK HAJK KaKIOH
i=1

rpambi0 y; Bekrop-pyEkmus u® cpoa. B 1o me Bpemsa
0D — muxra w muoxecTBo {(2, u), 2 = 0D} raxsKe OHIO 6K
IUKJIOM, ecay Ol © Obla HempepHBHO# mo z & dD. B MHo-

n
mecTBe |J P; MMEIOTCA «IHIPKM», PaCIOIOKEHHEIe HAaJl TeMH
: i=1

TOUKaMH, IJie MePeCceKanTcd IPaly ¥;, T. €. Haf peGpamu. J1m
«IBIPKE» MBI (3aKIEAM» clegyiomumym obpazoM: ecam k peGpy
Yt,...1, CXORATCA k Tpamei v, ..., Viy» TO HAJ| TAKEM pebpom
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MOCTPOAM  MHOFKECTBO Bil,,,ihz{(z, u)IZEYV,.i, U=
R
3 B
2]1 Mu(”), M= 0,121 A= 1}. Bce nosepxaoctd B4, noba-

n
BEM K |)P;, HodydeHHAA (OPHEHTHPOBAHHAN) HOBEPXHOCTH B
i=1

sipnserea mukaoM. K B mpmmernmm dopmyay (3.16). Samerm,
470 Bee uP) roIoMOPOHE IO Z, IOITOMY duﬁ)] Adz=0, i, k=
=1,..., n, smadur, materpan (3.16) mo wampomy B
pasen myiaw. Ecan k£ < n, To Ha fi,...;, BCE dugjy \ dz =

= (0, Tak KaK 4 FoJoMOP(HO 3aBHCAT OT Z H OT (k—1) .
He3aBHCHMOTO IapaMeTpa A, T. ©. BCeTO eCTb 1 E—1<
<2n—1 mesaBHCEMEIX fudpdepenuaios. ITosTomy muTETpaI
(3.16) mo Pi,...;, TOKe paBeH HYIIO. Qcranoch BHYHACIATH

sror mHTerpaid mo Pi,..i,. Ha T = ¥y..., KOMIOHEHTH U,
BEeKTOP-PYHKIME U MMEIT BHI

My

n
I
I=1 3

kzl .., I
—a.! ’ y 1oy
k

€ 1eI0BATENABHO,

Bi..m

n I;
,‘

_(n—=1! dz — Vet A day =
o= lews | B0 hdh
T Aatee g =1
A0
dz

(o=,

r

~ (2m)

rjge MLl HCII0JBE30BaIN dJIeMEeHTapHOe PaBeHCTBO

n . .
. ,__‘.‘;.;\‘ 1 k,;l ('— '])k 1}"kd;\‘[k] = m (4.2)
M}()n
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Yrobu yOemursea B npasuiabHOcTH (4.2), MOCTATOYHO 3a-
METHTB, 94TO JdeBad dacth B (4.2) mo gopmyne Croxca paBHa
1
n S d\ = n—. O
Mt A<t A5 0

Crnemcrsme 42. ITpu ycaosusr meopemn 4.1

! (2) dz
Da == % CP *
v <2m'>”lj (z—a)*F1

2°, Paccmorpernsie B § 2,3 gopMyaH JorapEPMUIECKOTO
BHYeTa JIA TOJOMOPJHOro oTOOpareHHmA CBABAHH C WH-
TerpupoBandeM o Bceit rpammme obmacru. Temepp mccie-
nyeM QopMyIH J0oTapmdMEIEeCKOTo BhYETA, B KOTOPHX HH-
TETPUPOBAHN® TPOW3BOZUTCA L0 n-MepHOMY wukry. Dop-
Myas Jorapudmmdecroro Bhidera m3 § 2,3 0CHOBHBAKOTCA,
no cymecrsy, Ha gopmyne Maprumemnm — Boxmepa (1.1);
dopmyas storo myHKTa — Ha Qopmyne Komm (4.1). Pe-
3yABTATH [AHHOTO DYHKTA, KaK IPABUIO, MOKHO H3BJIEYH
u3 ofmux dopmya (3.5) mam (3.17) TaK e, KAK ME TOTLKO
yro moxyumam dopmyray (4.1) us dopmyms (3.16), HO HIIKe
npuBefeHEK. Golee IIPOCTHE JIOKAsaTeIbCTBA, OMHpAIIuecH
ma gopmyry Homu (4.1). B xavecTse amamora sorapmgmu-
gyeckoro mmipepennmuana IJIA TodomMopdroro oTo0pasKeHAA
agech BHCTyHaeT dopma

df () _ (of C9lnfls) ,
f(z)‘(ﬁ/f)dz“ el

Ham morpebyercs MOHATHE QHALUMUNECKO20 NOAUIOPA.
Tax HassBaeTca OTKPHToe MHOKecrso Bupa D = D, =
={Z:ZEG, ]ji(z)l<pi’ i=17°'-7 k}v rae fi =
cAG), i =1,..., n; DeG, specs G — obaactp B C™.
Ecam & = n, to D Ha3HBAOT CREYUALLHBM AHAAUMUNCCEUM
noausdpox. CuenuaibHHe AHATATHIECKH® IOJUMAJPH WI-
palT BKHYI DOIL B ITOM NYHKTe. IIpensapATeIbHO
OTMETHM cefyiomue GaKTH, OTHOCAIHUECH K 9TAM MOJTHIAPAM.

Jemma 4.3. Bearuii cneyuaadHulli QHAAUMUNECKUT
noauadp D cocmoum u3 KOHELH020 “UCAQ CORIHBLE KOMTOHEHIM.
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HoxazarTexscTso. Beakywo obmacrs D (orpa-
HUYeHHYI0) MOKHO AOIPOKCEMHDPOBATH 00JACTAMHE C KycOU-
HO-TVIaMKAME T'PaHHENAME TaK, YT06GH Ha rPAaHNIAX ANIPOK-
cEMEUpylOIEX 06TacTef BHUONHANHCH YCIOBUA TEOPEMHL

2.5, ecim OHHM BHIOIHAWTCSA Ha TpaHume D, mooromy K D
mpumenuam upmamun Pyme. W3 ompememerms D caexyer,
4TO JUIA KasKAoil CBA3HOHM woMmomenTH D' < D cymecr-
Byer Touka a & D’ takas, uro fla) = §, |{;] <p;, I =
=1, ..., n. 3uaunr, orobpaxennme f(z) — { mmeer B D’
ayna. C pmpyroii cTopouH, coraacHo upmunumy Pyme —
teopeme 2.5 orobpamenus f(z) u f(z) — { mmeror B D’
OIFWHAKOBOe umcao Hyaei. CrenomaresibHo, f(2) umeer HyAn
B D’. Nrakr, B Kamaoil ceasmol KommomeHTe D’ crerumaisb-
HOr'0 amajuTHYecKoro noxumsnpa D orobpasxkenme f(z) mmeer
myau. Ilo Teopeme 2.4 BariIi0uaem, AT0 THCAO CBASHHEIX KOM-
moHenT D wKomewmo.[]

JNemma 44. Ocmos T =T, = {z :z& D, Ifi(z)| =

=p; t=1,..., n}, creyuasbrozo aHAIUMULECKO20
noausdpa D seasemcs ezralkum noumu npu écex P =
= (g -+ Pn)y P1 >0, i=1,..., n

ll OKa3aTelIbCTB 0 HEMEAJEHHO DOJy9IaeTCHA, €CIN -

npamenuts Tteopemy Capma 0.11 ® orobpamenmio 2z —»
—-)(]fl(Z)Iz, LY ) Ifn(z)lz)[]

Huxe Bo Bcex pesyabrarax, Ie pedb miaer o6 maTerpu-
posammm mo I'y, mpegmomaraercs, uTo octoB I’y rmapkmii.
B cnny memMi 4.4 ®»TOTO BCeTrfla MOMKHO [J0o0HTBCA CKOMNbL
JrogHO MalIHM H3MeHeHHeM .

Teopema 4.5, (Rawumonmonm — MapTunennm —

Copamm). Ilyeme D — cneyuasbnnill  anaiumuieckul

noausdp, 3adannvi ¢ noMoubio sekmop-Pynkyuu [ & An(D).
Tozda daa awboil gpynryuu @e=A (D) umeem mecmo gopmyra

1 df(s) _
(am)” IS ?(2) 0y = anE, b (1) @ (a), (4.3)

2de E; ={z:2= D, fz) =0}, a T — ocmos D.

n —
JJorazarteancrno. Tak Rark D= | {z:z2& D,
. . f=1
l/#2)| = p;}, 10 f He mmeer myxneit Ha 4D m mo Teopeme
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2.4 mmeer B D nums m3onupoBaHEAHE HymHm. Ramaui nyias
a = E; oxpymum oxpectHoctio U,&D rtak, urobu

U,NU,=& nanm a=b, a, b= E; Bostmem 6 >0
TaKkoe, 4ro O < min{]]f(z) l, z& DN U Ua}. Torga
! IIEEf

Ra)Kjad CBASHAA KoMIoHeHmTa wuukIa ¢y = {z:z2& D,
Ify(2)] = ... = |fn(2)] = 8} momager B ONHY H3 OKpEcTHO-
creit. U,, a = E;. O6osmauum y, = v ) U,. Ormeram

aro T —y =30, rne Q= {z:2=D, |fsa)| = 68+

+po;t—t),j=1,...,n 0<tC1}, 7. e. T~y B
Diy=D\{z:f,(2): ... fn(z) =0}. DPopma ¢ —‘i}ironomopq)«
ma 8 D;, moosromy mo teopeme Komm — Ilyamkape
A e P
(2mi)" .Y(P f L (2710)" L . (44)
T CZEEf Ve

Ecan a — mpocroii myap orobpaskendas f, To OKpecT-
moeTs U, momHO BHOpaTh cTOAbL Majoif, 4robm f 6o
6mromomopduo B U,. Jlemas sameny mepeMeHHHX w == f(z)
n npumenss dopmyxay Komm (4.1), momydumm

(2::11')" 5 ¢ i'lff_ = (21:12)“ S‘P (F1va (w))de = ¢ (f]g. (0)) =
Ya ) | wif=8, i

if=0, i=1,....n

= ¢ (). 4

Ilyers Temeps a — wparHuit Hyas f. Ilo mpennosxeHnio

2.1, modarm Aus BCeX JOCTATOUHO MAaNEX (DO MOXYdw) §
otobpakenne f(z) — ¢ umcer 3 U, mpocrsie myanm gl . ..

e oy a®, ame k= po(f). Jaa | < min {5, ;llviﬂ O] 5}

MHOMKECTBO V,:=1{2: z&U,, |f{(8)—Lil=...=fn(2) — Cal=
=08} o6pasyer mara B U,, Tak Kak Yo, (10U ,=. Nura y, ¢
OXy4aercA W3 y, romoronmeil Y, — {z2:z & U,, |f{2) —
— ;i =8, j=1,..., n}, 0t 1, B obaacra

n

Ua\{z: 1,6 1) = 0}_ BHoB: mpEMeHAA TeopeMmy
]
Komn — Ilyankape m ¢opmyny (4.5) [AxA OpPOCTHX
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HYJIell, HMeeM

1 d(f—% 1 df—8 (G
(2m)“5(p =T @ai)" 5‘(‘) I—tC ‘Zﬂfp(a ),

Ya Yaz g J

U TmepexoAd K mpeneay npum { — O:

e (0L —mNow. (4.6)
Va

Teneps m3 (4.4) — (4.6) caemyer (4.3). [

Teopewma 4.6. Ecau fu D ydosaemeopsiom ycrosusam
meopemt. 2.4, mo Oas awboli Pynryuu ¢ = A (D) cnpa-
eedausa gdopmysa (4.3), 20e T = {z:2 & D, |f,(2)| =
= =@ =}

e < min|f[l(z)]

Hoxasareaxncrno. Tar kak e <min |f|, To
8

D
ITIUC Dy. 3amerum, uro ecin D | E; 5= &, 1o |I'| & &.
HeiicrsrTenbHo, ™o Teopeme Pyme 2.5 orobpamennue f,(z) —

— €, ..., [o(2)—eumeer nynm B D. Coraaceo BTopoil qactm .

moKasaTeabcTBA Teopemu 2.4, orciofa caemgyer, Ito orobpa-

smeHue 0, f,(z) — €, . . ., f,(3) — & umeer ayam na db, 1. e.

IT'| me mycr. Hukax '~y = {z:2 D, |f(z2))=ce, ...
n

<y fn(@)|=¢e} 3 Dy = D\ {z :I=Ilf,- (2) = O}, rTak Kak I'—

J— 1
—"Vzao’ rne Q = {Z e Ds |f1(Z)| > €, |f2(2)| T o =
= |fas)| = e}, Q = Dy. Mo reopeme Homm — Ilyanxape

u Tteopeme 4.5, MpuUMeHeHHO# K obGractu D = {z:z2< D,
If;2)] <e, j=1,..., nr}, noaysaem

1 af 1 df )
5@7— Jw—j—— M He@. O

N N
(2mi) (2mi) e

CanegcrBue 4.7. B ycaosusr meopem 4.5 u 4.6 wuc-
a0 Hyseli N omobpasxcenus | ¢ obaacmu D ewupascaemcs
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gopmyaoii

1 af
N=N{, D)= S*'
N, D) @u™) f
r
[I1s OpHIOKEHHH mMOTesHA CIEIYIOMAA TeopeMa, BRJI0-
wajomas BapHaET OpEETANA Pyme u Teopemu o mzorapudmm-
JeCKOM BHIYeETE.
Teopenma 4.8 (IOmaros). Hycmo f, ¢, D u I’ maxue
ace, kak 6 meopeme 4.5, a omobpaxenue § A™(D) ydosaem-
gopsem Ha T HepaseHcmeaM

lg,@ <lfi@, i=1... n (4.7)

Toeda a) omobpasxcenus [ u [ -+ g umerom ¢ D odunakoeoe
yucao Hyael; 6) cnpasedausa dopmyia

1 d(f+g _ . (48
G |V~ Sml 0@ ()
T =21 +e

JMemuma 4.9. ITpu ycaosusxz meopemn 4.8 cyuecmeyem
yucao 8,=>0 maroe, umo dasn 0<{0<<8, mura .I‘ 20MON02UNEH,
yukay y = {z:z2& D, |fje) + g, =8, j=1,..., n}

B Dpyg =D\ {z 1;_[;,[1[]‘1‘ (2) + g5 (2)] = 0}'

NMoxasareascts o OGosmaumy r; = max|g;(z)],
z&eD

i=1,..., n. I (4.6) B cuny mpUHIUIA MAKCHMAJIBHOIO

MoRyIA (cM. Teopemy 6.9) caemyer, uro r; < p; j=1,...

., n. Pacemorpmm §y=min{p;—ry, . . ., Pn — I'n} E Ce-

meiicrso mmkaos I'p = {z:z2e& D, |fj{z) + g2 =9,
F=A,.. 0y @ = o kE=p 1, m), 0<6<
<8y, p=0,1, ..., n.Ouesnnno, I'y =TI, I'n = 7. Hamee,
I'y @Dy mak wKax f + g+ 0 5a I'p B cmay BhI0Opa 8
Kpome toro, ' =Ty~ Ty ~...~ Tp =79 B Dy [eil-

crurenasio, I'y — Ty = 0Qp, e @, = {z:z2& D,
fiz) + g;@ =8, i=1,...,p—1,1f,(2) + &) =29,
@) < ppy @l =pp k=p—+1 ..., 0} Dy

p=1,..., n0
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Jloxkas3aTeaAbCTBO TEOP®OME 4.8. Tlo mpme-
ANy MAKCEMAJBHOTO MORYIA /s CHeNAAIPHONO AHAIH-
rueckoro moxmdppa (cm. Teopemy 6.9) ms (4.7) cmenyer,

uro |gz)l <p; 8D, j=14,..., n Taxnm o6pasoM, Ha
rpar A, = {z:z2& D, If(z)] = p;} BHIOXHSETCA He-
paserctso |g,(2)| </, i=1,..., n A TaK Kax

D=\ A;, T0O W3 TeOPeMH 2.0 MONyIaeM yTBepK/eHue

i=1 ] '
a). Jlazee, mo ‘nemme 4.9 m Teopeme 4.5, npuUMeHEHHOH K
oTo6pakennio f -+ g m OURAY 7Y, AMEeM

1 5‘ dift+g _ 14 S’ a(f-+g& _

(21i)y, fre — (@a)" i+eg
4 _

T

= N+ e O

a=Ey1g

IIpuwmep. Ilycrs m — KpaTHOCTE HYIA oToBpaskenns
wy =3, — 23, wy =122 —z3 B rouxe (0, 0). Tar wax mna
I'={z: |z] = €, |za] =&}, 0<<Te<< 1, BHIOIHANTCH
mepasercra |z|? < |z, |&1|* <<|zsf°, To mo Teopeme 4.8

,1 S‘,d(ZI_ZE)Ad(Z%—*ZS) _

m = - -
@) T =D )
1 (—82%+45125) dzy Adzy (—323+423 )dz,
(2ni)? — 22) (22 — 53 Tomi \ T g3
T (21— 22) (5 — =) et 22
= 3.
Teopema 410 (Kawwmomroxn — Maprumenmut — Copann).
Hyems f=A™D), ¢ = A(D), yuka
'= '
. EZE, Rt (F) Ve (4.9) .

6 D;=DN\{z:f1(d ... (D=0}, el y,= {s:]fi(s)]=

coo=|f, @) | =e}NU, sdecv U, — oxpecmuocme Hyan a & E;
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a & docmamouro mano. Tozda

1 df
WS‘P—f—ﬂ E n, 9 (a),

T (.LEEf

HokasaTeuabc TBO Ccpasy BHTeKaeT M3 CIeJCTBUA 0.5
m opmyan (4.6).00 ;

‘B ceasm ¢ 9Tofl TeOpeMoil BO3HHKAeT 3ajata TONOMOTHIECKOr0
onmcaEEs NEKI0B BHAa (4.9). OBosmatmM F,= {z:zeD,f, (5=
=0,j=1,..,0F=FU... UF,, Toraa D,.=D\F. MR Y,
BAsHBAOT A0KG4bHO pasdessoupum PRI AHATATHIGCKHX MHOKeCTB
Fy, .« . F, B TOUKe UX NepeCeTeHNUA 4. Iloarpyuma rpymnst H (DNF),
NOpOAeHHAA JNOKAMLHO  PA3NOIANIMEMU OOKIaMH, - Ha3HBAeTCH
(zn06aIbHO) pasdessioujeit nodapynnoié, COOTBeTCTBEHHO NHKJI BAAA
(4.9) — pasdeasiougis YUKIOM.

IllpegnoKeHHES® 411 (Maprmmenam — Copann). Pazde-
astowguit yurs yodosaemaeopaem Ycaoeulo.

Tm0n DNFpyp i =1 oot (4.10)

aaeF[,-]=F1U...[j]...UFn_
JlorasaTexnbcTBO. va=6Qa, e Q,= {z:z2&U,,

@) = [l = £, = & 1/;@)] < & @, C D\, O
(OGpatHOe YTBEDK[CHE®, BoO6IIe TOBOpPsH, HOBEPHO. :
Opumep. D=CN{zt|5 <1, lWl<s 1, =2 fo=

=gz, I'={z:|5= |z =2}, mma I » 0 B D\JF, 0OH YHAOBJIOT-

Z‘OPHBT yeaosuio (4.10), opmaxo Be ABIASTCH DPasReaAiolMM, TaK KaK

= 2. :
C zpyro#t cropoHH, BepHA
Teopema 4.12. (lux). Ecau D — 06.aacmb 2040M0pPHOCIU,

mo dan mozo wmobs yuxa I Z_ (DN\F) bua- pasderarongus, 0Oo-

cmamoyHo, wnobul 01 y008aEMBOPAA YCAOEUAM (4.9). _ ’
Bume MH paccMaTpuBaim (QOpMYNEl norapudMAISCKOr0 BEIIETA

8 C", B KOTOPHX HETeTPEPOBAHH® NPOHIBOAUNOCEH IO IHEKIAM pasMep-

gocTH n MiE 2n — 1. MOKEO yKasarh QOPMYJH H JUIA OUKJOB IpO-

MEKYTOYHKX PasMepHOCTOH.

Teopema 4.13 (IOxaroB — Kyoperos). IIpu swnosHenuu
ycaosui meopems (3.1) cnpasedausa Popryaa

0Kt ()= 3 o (D 9,
N . GEE;
2n—p—1 :
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2de

an—p—1 (f) = ——(Zni)" ( 1)!1 X

(___“ 1)&0_170“ . -?ade[ao,--'laP] A df .

Xz | ”2(71—10) ’

ao<...<ap

1
g =5 (n—p)(n— p—1); cymmuposanue sedemcs no eces ynopado-

wenHbM Habopasm (Xg, + « ., ocp) wucea wa {1, . . ., n}, yoosaemeoparwwumn
yeaosuam 1 K gg<n—p, n—p<o; < Loy < 8

Popopoy={2:2€0D, Ify_p i @ = .. = I, = &), e

JIOCTaTOYHO MATO. .
YacTHHME CIydassME 3TOH TeOpCMH sBIAOTCA: TeOpema 3.1 (opm
p = 0) m Teopema 4.6 (upm p = n — 1).
CaegcecrBue 4.14 (Mapruseman — 3ommep — CopaHu).
ITyeme @ = A (D), e0e D — ozpanunennan 06aacms ¢ KYcouHo-2aadkol

sparuyets, moeda Oan asD umeem mecmo PHopmyaa

Ky, 51 (z—a)=9(a). (4.11)
rzn—p—-i

QopMyna (4.11) o6oGmpaer ¢opmyan Maprumeaian — Boxmepa
(1.1) m Homwm (4.1) Ha cayuail METErPUPOBAHUSA 110 IUKIAM IPOMERYTOT~
HHIX DasMepPHOCTel, HO OHA caMa MOeT OHTDh HmOdydeHa ¥W3 (OPMYIH
Homu — Qamramnbe (3.16) moxxomampiM BrGopaM muxna P nogoGHO
TOMYy, Kak MH B I. 1° storo maparpada momyumnu dopmyay Homm,

B sanuarouenme moxaikeMm :

Dpepgnomenne 4.15 (Ocrynm). Ecau cosomopgroe
omobpasicenue f : D — C*, D C", e3aumno-00n03nauno, mo
oHO GuzoaomopPro, m. e. f~1 mardsce zonomopPro.

HoxrasaTtenscrtso. Bosbmem nNpousBossHyIO TOY-
Ky a = D 1 ee 3aMkuEyTyI0 OKpecTHOCTh B, < D. Tak Kax f
B3aHMHEO-OHO3HAYHO, TO @& — H30JMPOBAHHHI HYIb 0TOGpa-
sxerna f(z) — f{a), npmuem kpatnoctd 1. Ilo npuamuny Pyme

(reopema 2.5) gaa moboro we U, = {we C* @ ||w—
—f@)|l <&} me e=min| f(z)—/(a)], cymectnyer
4B,

ellMHCTBEHHAS TOUKA Z = ¢(w) & B,, V/IOBIETBOPANINAA
paBercTBY f(z) = w (oTClofa BuTekaer, ¥ro f(D) — obmacrs),
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npugem 1o Qopmyie (4.8)

_ _ B 4.42
Z_f — (p] (w) - (zﬂl)nIS[f (Z) — wlrv ’ s 1y ( )
e I' = {z = B, : Ifiz2) — @) =8, j=1,..., n}. Ilo

semMe 4.4 & MOMHO BHOpaTh Tak, 4rTobH MHuOxKecTBO I 6ui0
IIAIKO M EMENo KeHCTBUTENbHY DA3MEPHOCTE R. Tak Kak
$opma mox sHakoM mHTerpana B (4.12) romomopdpma mo w,

10 otobpamenme f1(w) = ¢(w) roxomopdno 3 Ug.[]

§ 5. GOPMYJA AHI[PEQTTI/I—HOPFE
" EE OBOBHIEHHA

1°. IMyers o = (g, . - ., Op), THE Bce o — HeIne

georpumaTenbuee wmexa. OGosHaumm  {w, 9y = w, -+
o :

4+t wafat Bmees w= (Wi ..., wp), f=(. -

.« . [n); Ranee,

n 1

(— 1)k—-—1wz‘k+ dw([%bii-l) A df
(n — Dlal” y=1 ,

Wy, (f: w) = (23‘[1')" {w, j(oa-{-l))*n

Teopema b5.1. (Amapeorru — Hopre). ITycmv dynx-
yus @ & Ag (D), 20e D — ozpanuuennas 0644Cmb ¢ KYCOUHO-
eaadxotl epanuyet, mozda das ecakoti mouku z & D u awbozo a

@@ o~z t—2)=D%). (5.1)
oD

@opuyna Auppeorrm — Hopre (5.1) obobmaer dopmyary
Maprrarennn — Boxuepa (1.1) ma caywaii, korma pedb uaer
0 BHMMCJEHWH He 3HAUeHHA ToioMopdHoil GyHRIEH B 3ajaH-
HOH TOYKe, a suageHms MoGoi ee mpomssogHOM. llpm a = 0
u3 (5.1) nomxygaerca (1.1). Bamernm, uro st > 1 anpo @,
He sBHseTcd HPOM3BONHON OT AApa ®, H TOABKO B CJIydae-
n = 1 ¢opmyna (5.1) mpespamaerca B popmyny, mOTyIalo-
myloca mpoctsM AuddepenrmposanmeM (PopMyIH Hommu.
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HoxrxasareasctBo. 1. Jlerko mposepsercs, uro

dopma 0 (L — z, L — z) saMrHyTa. 3adm
_ OglC ) . KCAPYeM TOUK
z & D; B cuny cnegctBus 0.4 mETerpmposanme mo 4D MOH{Hg

aaMeRETH mETerpEpoBanmenM mo dB™ (z).

2. B mocTaTOYHO MaN0if OKPECTHOCTH TOYKH Z TOJ0MOPH-

Basg Ppynxmusa @(f) pasmaraerca B KpaTHWH cTenesHolt paAj ¢
LEHTPOM B TOUKE Z, 3HAUHT, IJA NorasaTeascrsa (5.1) mocra-
TOYHO YCTAHOBHTL, YTO

(n — D! “ =
el Il M L Vi (R N
o’ h=1
X AT —2)GE A df = {0, ecan a =£ P, ‘
1, ecam a = . (5.2)

?;i.t Ba'METHM, 4T0 OPA BAMERe INEPeMEEHHX (§j — 2, =
= o¥r(F —

2 (Gh—2), 0ty <2, k=1, ..., n uaomecrso
dB;” nepexonmmt B 2865{, 8 IOXHHTeTpaNbHas Popma B (5.2)
YMHOKAeTCH HR @ W= | gHn(Pa—%n)  nopromy Bepma
Ta 49acIh (0.2), KOTOpas KacaeTca Caydas o 5= P.

4. Ecam oo = P, To mHTerpa
panen p paa B (5.2) oo ¢opmyme Croxrca

nl (a -+ ! . ~
e S [Ty — 2 ™ oo | C — 2, | dE A dE =
B(a) ‘ ‘
A
__ al (o Dia" '
e | [ P | N

TR G DR | M L G Y

— 2 Ao Ad| L —2,) =n!5'd1=1.[}

T t+...+T <1, T.>0
n i

Dopmyny Amgpeorrn — Ho
pre Mo;kHO 0GOOMHUTDH
-popmyar Homu — Danrannose. B ? Ay

Teopema 5.2. ITyemv sunoanens ycaogus meopems
5.1 u eexmop-gynryus w & C4Y (D) ydosremsopsem. yeaosuro

anlt, 2, (§ — 291y £ 0,z D, L e oD,

moz0a
. [e@onlt—2zw) = D" ¢(2). (5.3)

aD

HoxasaTeabCTBO MOMKHO JIaTh IUG0 TeM e CIo-
coGOM, KAaKIM JOKA3aHA TeopeMa 3.2 (cmoco6 HommensmaHa—
AHANATHYECKHH), anbo TeoMeTPHICCKHM cocoOoM, KOTOPHIT
Mil 7 maosuM (cmocof Xemkmua). Hammpii B3 MHTOrpaiob
(5.1) m (5.3) mpeacraBnaeT coGoil METErpal OT ONHOH H TOH
sxe BHemHen nEddepeHnmANBHON GopMEr

(©) T (— D" vadum A B (5-4)

Ho I@RIAM

Yo ={& V):t=dD, v, = P =

= (Ek "—"h)a‘ﬁ-i b1 .
|§1—“_21|2(m+1)+---+[§n—-zn|2(a"+i)m | PRI

w

Y= {(Cn U) : C &= aD’ U= v, = (w' (; _ z)((l'l‘l)) }’:

COOTBETCTBEHHO, KOTOpPHE JeMaT B HPOCTPAHCTBE C%?v Ha
OBePXHOCTH : .

M = (g, v): 5=dD, <v, E—2) "> =1}

Ha stot moBepxmoctH (opma (5.4) samxayra W I AOKasa-
TeJBCTBA TOTO, 9To mETerpanx (5.3) paBeH HHTErpanxy (5.1),
JOCTATOYHO YCTAHOBHTEH, UTO IHKILL Yo ¥ Y TOMOJOIHYHE HA
M®. Pacemorpum muomecrso Q = {(§, v): L =D, v =
=M+ (1 — A, 0<< AL} Hcro, 9T0 ¥ — Yo = aQ
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Hanee,
W 4+ (1 — A, (§ — 2)etDy =

= MO, (L — )DL (1 — AV, (3 — 2)@+D)y = 1,

1. 6. Qc M. Urar, na M{™ wukist y, ¥y roMoX0ruTHH. []
Haxonern, momuo cmenats naxbHeiimee oGobmenne ¢op-
Myast (9.1) anamoruuno teopeme 3.2. O6osHaumm

n(n—1)

0 gl n—1 = w?, df>
Q (w', vt .., 0™ ) @iy’ <ws, foy
wl, dfy w1 df)
o 1S ANEIA d<'——wn-l1 e

N d

Teopewma 5.3. Ecau sunoanens ycaosus meopems 5.1
u eexmop-gpyrnryuu w® < Ce(0D) u w' = C(;“(aD), j=
=1,..., n—1, ydossemeopawom ycaoeuw

<wi(t, z), ({ — z)etDy = 0,z D, { < 6D,

j:O’ 1,-..,7[,-—1,
mo

(@@, ut, ..., 0" t—2) = D9 (z). (5.5)

oD

Jl0Ka3aTeqbCTB0 AHATOTHYHO JOKABATENBCTBY TEOPEMEL
3.2,

2°. Bosnuxaer 3ajja¥a: HOJb3A IH NOCTPOHTH POPMYIY MEOTOMEp-
HOTO JOrapuMIIecKOro BhIYETa, ONHPAACH He HA HMHTETPATbHOO
npeacrasienne Maprumenau — Boxmepa (1.1), a ma Gomee o0fmee
WHTeIpaIbHO®  IIpeicTaBieHne AHnpeortm — Hopre (5.1}, T. e,
[IOCTaBJIeH BOIPOC O BHYNCASHWUN METErpaia

5' (Pma (fv ?)a (5_6)
oD

rie f & A"(D) u me mMeer Hyned Ha 4D, uau, 9T0 TO 3Ke caMOe (Cpams-
Hute (3.1) m (3.4), (5.1) u (5.5)),

Y oQ, (w°, v, ..., w1, f)- 5.7)
oD .

\
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Myl He 3HaeM OTBeTa B OGINEM CIy1dae, HODTOMY NepedrCANM FacT-

HHe CIIyda¥, KOTa METeTPaJEl (5.6), (5.7) yaaioch cocqmz;f[b.
1. Hpn’ n = 1 marerpanu (5.6) ® (5.7) IpEEMMAIOT BUJ

!

o, (L.) df (&) ' 0y
g ) L = 2 O e 0
D

] X
2mi b=y
dllz,(f)(ad’i)'—i [P (Zl) f! (z‘)

< dzltz‘(f)(dﬁ—i)—i P (zp)

‘ ‘ .

3mecs M, (f), KAR ofHYHO, KPATHOCTH HYIA 3; $yurnmn f, KOTOP& ,
- zZ ):

CJef0BaTeJbHO, B OKPOCTHOCTH 5TOT0 HBYIsA ¥MeeT BHJ ]‘(1

(=, ba () opdHA B JAEHON OKPECTHOCTH,
=, (zi)(gz1 —z) , Thie P, romoMopd .
¥ (;..T) Z]ec.rm a = (0, ..., 0), T0 cM. hopMyJIE (3.1) m (3.4).

3. TlyeTs Bce KODHE CHCTEME = 0 B D mpocThie, T. 6. B OKPeCT-

HOCTH KAayKIOr0 KOpH#A sAKOGHAH 7~ OTIHICH OT Hysd. Torma m, =
=f(2), k=14 ..., 1 00pa3yoT B 9TOH OKDeCTHOCTH CHCTeMY
= , 1 /
.‘IIOKgJIBHLIX KOOpJAUHAT. B cHAY 3aMKHYTOCTH dopm ©, ¥ Q, mHTeT

a_
pax (5.6) (cooTBeTCTBOHHO (5.7)) paseH cymme ]fIHTBI‘pi.;IOfB::ﬂ% 1‘5 -
HETaM AOCTATOTHO MAJEIX OKPECTHOCTeH KOPHeN CHCTOM { 25 1)
RasIoff M3 HUX BAMOHOH MOPEMEHHHX CBOMUTCA K pHTEerpaay (5.1).

. Taxum 06pasoM, B DTOM cliydae MHTeTpaj (5.6) (cooTBETCTBEHHO (5.7))

paBex
3 8 *lg (a)
he 2
deB; Off .. Ofy" 1=
4, Ecau OYEROAO @ MOKHO Dasfejmrs Ha fe, T.ooe.
¢f * = Ac (D), To EATerpan (5.6) MOKHO BamuCaTh:
(a+1)

n
— g0 (@D
o 2 (1 R d o A

(n — Dlal - ,
@)™ (a + I [1Fs POt L, PO 1K
8D
1. 0. IOAyIaeTCA ERTOTpaX BRAa (3.1), HO l_Ifip;m orofpa:KeHnA f, a IA
p 1 o .
oToOparieHEA f(a—i—I) = (f?r*— seerfn ),; HYIH RKOTOPOTO OTIH

WANTCA OT HyJei f TONEKO CBOMMH KPaTHOCTAMM. IlosTOMYy HHETEIPAX
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(5.6) (coorsercTBemEO0 (5.7)) paBmAerca

0| _ 3 e
‘IEE;(G—{-I) ]‘(z)“(a—f—]}l 2=q GEEy )‘(z)o& .

5. EcIm BHOOJHEHH. YCIOBHA TeOpeMHE! 4.6, To Tak e, KaK Hpm

AOKa3aTeJNLCTBe BTOH TEOPOMEE, MOKHO HOOKA3ATL, YTO WHTEerpasl

(5.6) m (5.7) pasEn '
, iy

ol 5.8
(2ni)" 5 LTCEE o -8
) |

IIycTs BHIONHEHH yCaOBHS TeOpeMHl 4.5, TOTJa MOKHO IIOKA-
8aTb (OCTOB CHENBANLHOrO AHAJHATEIECKOTO uoawsgpa D o6osHATHM
I'), 910 umrerpamn (5.6) u (5.7) mpeoGpasytores k BHIY

al daf
(2m)"f M
J,

Aas ganbmeiinrero HaM morpefyercs onpefeNeHNe: TOYKA a Ha-
SLIBACTCA, 00LIKHOSEHHOU MOUKOL GHAAUMUNECKO20 MNOOICECMEE S, SCITH
JUISI HEKOTODOH OKpecTHOCTH U 3TOI TOYKH cymecrsyer 6urosomMopdace

B U orobpakemue F' Taxoe, UTO F(SOU)= F()(\L, rge L — ama-

ARTHYEeCKAA INIOCKOCTH B CT,

pegmonomsmm, uro mwbaa ToIKa ¢ = E; ects ofmkmopeHHan
TOUKA aHANUTHYECKHX MHOMECTB {Z : f](z) =0}, j=1,..., n, Tora
B OKpecTHOCTH U, = a CymeCTBYOTr romoMoppHNe ¢yRKUEE A ai(®

mai .
TaKme, 910 k. Yz) = f,(2), rHe m,, — HAUMEHBIIAA CTENeHL OJHG~
POAHOTO MEOTOWIeHA TOHNOPOBCKOTO PABIOMEHAA (PYHKIUM f; B OB~

DPOCTHOCTH TOUKHE a (cM. [148],c. 117]),i= 1, ..., n. Ecix eIme moTpe-
6oBath, ITOGH JiIA BCAKOTO a4 & £, yRa3aHHNE OTHOPOHLIO HOTHHOMEL

¥MeJM W30NMPOBAHHEIA Iydb B TOYKE @, TO HO TeopeMe 22.6 fi N =
= mg,..m . Coriacmo cregcrsmo 4.7,

A

(m)
. ] ah,]
— (m)y__ _— =
mai e m’an“p‘a (ham )— (znl)’ﬂ j‘ hgn)
r
_ Mgy, dR,
= a(2m)n h? =Mgy...mo (ha)a

a

(rhe m = (mgys « « oy My, ) SHamuT, Bqlhy) = 1, specn b = (hggs + 3

§$6 Hpederassenue ¢ sosomopdnun adpox 65

h,,). TosromMy mATerpan (5.8) pasen

al dk,
W1 mai"'manjv(p Bo+1)?
(2mi) 2 P 1PatD)
me v, ={z:zeU, IHE = ..=f,@= 8}; 6 p;ocratoumo

= ; = | == .o B 0
Mamo; Boo= (Bypa e o Bgo)i By = @my, i =1, ..., n. lockoabky

p, (a) =1, axobmam 21 0, . smagur, n, = k,(2), k =
hd , 0z 2=0
=1,..., n, 00pa3yldT B HEKOTOPOH OKPOCTHOCTH TOUYKHE a cnc'rem'r
JOKAJGHHX - KOOPRMHAT, W MHE IOJyJaeM caefyiomee YTBep:KIeHHe:
Ipepaomenne 5.4 (Bomoros). Ilyeme ece mouru a e E;

AGARIOMICA  OGHIEHOGEHHBLMUY  MOUKAMIL  GHAAUIMUNECEUT  MHOJICECTE
{z: fj(z) =0}, j= 1,. .., 1, u 00HOPoOHBIE MHO20UIEHE HaUMeHbwell

cmenenu metiaoposcrur pasaovicerut PyHEYud fi, . . ., f, ¢ orpecm-
Hocmu kaoncdol mowsu ¢ & By umeiom @ Hell us04uposannuil Hyab.
Toeda unmeepaavs (5.6) | (3.7) pasru :

PRI ol el g ()
ot Ten TT T3 B
| ek Pal anggt ... aner

*

z=q

§ 6. KEPHOYHRKIINA BEPTMAHA, AP0 CETE
I BHTET'PAJIBHBIE NPENCTABJEHUA
C TOJIOMOP®HBIM JXPOM IO I'PAHMIE IMHJIOBA

I°. ITyers Q — rommakr B C", a &—HEKOTOpasg COBO-
KYOHOCTh JeHCTBHTeNbHOSHAYHNX (YHKIWE, LOJyHEIPEepHB-
HHX cBepxy Ha . MromecrBo Sg (Q) < Q masuBaeTea 2pa-

nuyel Muaoea mroxcecmea Q omuocumesvno &, ecan: 1) Sz (Q)

ABIACTCH ONIPENeNsIOIIM MHOKECTBOM I COBOKYHHOCTA &
Ha KOMmaxTe (J, T. €. OHO BaMKHYTO M Aag Xio06od (YHRIHY

P E & ’
- . ’ 6.1
mr@=me® o O

2) Sg (Q) MuEEManEHO, T. €. HEKAKO® 6T0 COGCTBOHHOE MON-
MHOJHOCTBO HE SBJIACTCA OIPEAeTAIONEM. '

3 7. A. Afizentepr, A. II, I0:aKoB
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AmanxormuHo BojuTes momaTHe rpammms Illmiosa B cay-
10e, KOTNA & — COBOKYHHOCTH KOMIIOKCHOBHATHEIX pyuk-
muii, TPA TOM HYKHO (6.1) sameHuTHr PaBeHCTBOM

sup| @ (2)| = sup le (2]
z€Q €8 2(Q)

Teopenma 6.1. Ecau cosorynnocmd & delicmeumesvHuL
NOAYHENPEPUEHUT CéepLY HA xomnaxme Q gynwyui ydoesem-
gopRem Yycaosuio: us ¢ E & caedyem, wmo ace PyHrEYUU euda
l(z) +Injz; —clle & i= i,..., n, the c¢ — awboe
xomniexcioe wucao, mo zparnuya Musvea Sg (Q) cywecmeyem
U . eduHcmEERHA. _

HoxkasaTeIXIbcTBoO. MxuoKecTBO ONPENeIAIMEX
MHOJKOCTB He MyCTO, HAaupumep, ¢ — OIpe/lelAnes. ITycts
{I'x} — HOCJe[OBATENBHOCTh  BIOQKCHHMX OIIPOReIAIOMHX

o0

yaokects: I'y O Tup, k=1, 2,... Torma T =kﬂ11‘h-—
onpenenmoIee, ITO CARAYET U3 TOr0, IT0 1A DOTyHEeTPePHB-
HOil cBepXy QyHKOEZ @
lim sup @ (2) = sup @ (2).
zel

ko2&l

Teneps ma xemmu Llopra ciexyer, 710 CyIMECTBYET MUHAMAJIb-
HOO ONPpEelAIoNmee MHOKOCTBO —— IPAHMIA Ilunosa.
IonaskeM eJIHHCTBCHHOCTH Sg(Q). Ilycrs cymecTsyloT

nee rpammms Nimaosa S' = Sig (Q) u 8= S% (Q). Torna
HajifleTcs TARAS TOUKA 20 & S1$? n raxoe r > 0, To mOMH-
wpyr U(® 1) =1{z:|z, — 3| <ry i=1,...,n} ue mepe-
cexaerea ¢ S%. Cymecrsyer ¢yErnma ¢ € &, KOCTUTAI0MIAA
MaKcEMaanHoro Ha S! smavenmA M B mpepenax U@z, nnst
I ocTAaOMancsa MeHpmme aToro M Ha MHOMKECTBE SWU@E, 1)
(mpage 61 S' me GbLI0 MAHHMAJILHLIM onpejieaAOHEAM MHO-
sectsoM). 1lomomuM

m= sup ()
ZES‘\U(zolr)

torga m < M.

§6 HMpedcrasaenue ¢ 2on0MopPHUM A0POM 67"

C npyroil CTOPOHH, CYIECTBYET TOUKA e S\ St rakas,
aro @(st) = M. Tax kak z* & U(z®, r), To Haiifercs Taxoe i,
gro | 2} — 23| > r. Myers R= sup |z; — zi |, BuGepem & > 1

. e 4

:e8
Tan,i‘q)mm,x m+4In(R+Alz)—zi]) <M+ 1n (]2} —
— 23]/

PacemorpuM QyHKIHIO P (z)———[cp (2)4-1In |z, — 2 — A (zl—
— zi)l ]E &. Ouepnpao. P (1) =M + In (Mzg — 1} |), eCIH
ze SNU (2, 1), 10 $(z)<m +In | 2; — 31 ——Z.(z?—z%) Ig
Lm+In(R -+ Z.I 2] — zil) < M+ n(r|zi— zH); eCIH Ke
s SINU @, 1), 10 $(5) <M +1n|z; — 2 +(1 =) (23—

— )| <M+ (]2} —zt | — [ —at| |z — 2 <M
1-In(n| 2! — 2z} | ). Urax, nis 2& S BepHo HepaBeHCTBOY(2) <
< P(z'), IT0 HEBO3MOMKHO, TAK KaK S$1 — rpanuna Munosa
mHoskecTBa @ orsocETenbHO &.[] :
Canepgctsue 6.2. [Tyemv nexomopas CO8OKYRHOCIb &
KOMNACKCHOSHAUHBEL PYHEYUL, Mo0Yysb KOMOPHT NOAYHENDE:
puigen ceepry Ha Komnaxme @, y0oeaemeopRem Jcaosuio: us
¢ = & caedyem, wmo ¢(z)z; — )= &, 1= 1,..., n, 20e
¢ — awboe somnaexchoe wucao. Tozda Sg(Q) cywyecmeyem u
eduncmeenHto. .
JlokxasaTeuabCTBO CBOQUICH K IPOBEPKe TOrO

~ ¢aKra, 9T0 COBOKYHIHOCTDH {In |p(2)|}, rne ¢ &= &, yHAoBIeT-

Bopser ycioBmam Teopems 6.1.00
Ecam D — orpanuveHHas o06maacts, a & = Ap(D), To

S (D) masnBaor mpocTo zpanuyell ITuaoea obaacmu D m -

o6osnagator S(D). Ecam & = AD), 1o S& (D) HazuBaOT
epanuyeii Bepsmana obracmu D m obosHavaloT B(D). Ecan
& — MHOKeCTBo BeeXx moammHoMOB, To S& (D) HasmBaeIcs

NoAUHORUAALHOT 2panuyell 06aacmu D | o6o3HagaeTcH P(D).

Cnencrsue 6.3. Iyemv D — ozpanunennas obaaembo

¢ C*. I'panuyn S(D), B(D), P(D) cywecmeyiom, edurcmeen-
D

‘no u P(D) < B(D) < S(D) < aD.

IHpamepw. 1. Ecim D — map, To S(D) = B(D) =
= P(D) = aD. -

2. Bcam D — momuxpyr, 1o S(D) = B(D) = P(D) = T,
rme I' — ero ocros.

3*
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3. Ilpumep o6Gmactm romomopdrocTw D, naA KoTOpOH
rpanuns lnzosa 7 Beprmana mMmeT pasuyio pasMGPHOCTB

(Afizen6epr). Iycrs D= (z & C?: |z,| < |2,| ™%, 0<lz) <

<1). ®OyErmun  fpy =27 le,, m, l=1, 2...,

npurapiemdr Ay(D), nx monyam |fn,;| HocTHraioT MaxcH-

MyMa Ha D) B TouURe Z = (2, %), rne[zl|=exp(—7"; )| 3g|=
. —lnfz

= |z wa Orciona merpyauo Bmjers, ure S(D) = {z&

EC: ] < 1, 2| = R([z2.)}, rre '

—Inj z |
z , ecua 0 <1,
VR I

ecad |z |
Bearas ¢yuxmus us A(D) romoMopHEa U B 3aMKHYTOM
euxpyre U0, 1) = {z= C?: |5| <1, |z < 1}, mosTomy
BD)=S(U)=T= {z= C?: |3]| = |3]| = 1}. Hrax, pan
D rpaumma S(D) Tpexmepra, a rpannna B(D) nsymepna.
2°, Ilyers D — orpammvenHas obaacrs B C", QyErmua
Wz, 7) = C(D) m nonomurenssa B D. OGosmawmm Lj =

=L} (D) coBoxymnocTs BeexX ¢ynrnmit f € A(D) ¢ KoHeYHOH
HOPMOiT

1A1=1715 (D) = (5 |/ Phdv) v, (6.2)

D

e dv — saeMenT o6LeMa, waTErpax B (6.2) moHEMaeTcs Kak
mecobcTpenmsii; Lj sBagerca Tmib6epTOBHM TPOCTPAHCTBOM

cO CHRaIAPHHM DpomsBejenmeM (f, g) = 5 fehdv.

D
Jlerko BmpueTs, yro ecam monukpyr U(z’, Y& D, 1o pasa
BCAKOW OyERmEE je L chpaBegimBo HEPaBEHCTBO

[ (%] < el flp, (6.3)

rJe DOCTOSHHASA ¢ 3ABUCHT OT r, &, Ho He oT f u He oT z°.
O6sraaEM cocofoM MOKa3LBaeTcd, 9T0 B Ly CymecTByIOT

HOJHEE OPTOHOPMANbHEE cucteMil. 1Iyets {@n(2), m = 0,1,

2,...} —ogHa ®3 HEHX, & @&, — KoaddunmenTH (@ypse

§6 Ilpedcragaenue ¢ 2osomopPueis fdpos 69

OTHOCHTeNbHO OTOH CHCTEMEH Pyrrnur [ L;z,_,, TOTHA PAR
f(Z) = 20 amq)m‘(z) (64)
Mm==

i
CXOWICA No HOpMe, a sHawmt, B cmny (6.3) cxomurcs pas-
HOMepHO H a6comqioTHO BHYTPE *
Hanee, paceMoTpAM PR

3 4 (7@ = K (2D (6.5)

Teopema 6.4 (Beprmanm). Pad (6.5) cxodumca abco-
atomno u pasnomepro ewympu D XD. Ilpu Gurcuposaniom
¢t e D smom pad crodumcs OMHOCUMEALHO Z N0 HOpME L}.

NoxasarteascTno. llyers a €D, rorfa, yda-
THBAA OPTOHOPMAJIBHOCTH CHCTeMH {Qp} H HEPaBeHCTBO
(6.3), momywaem

M
2lon@P={

D

M 2
Z Pm (2) Pm (2) ’

m=0

] M
hdv Z=c (m:s;"o‘ Pmla) Iz)

OTOIOJIa‘
M .
/1 .
PATNOTESS (8.6)

Pacemorpum Touxm z & D, [ & D, m nycrb HONMKPYTH
Ul(z, r) u U(, p) BxomaT B D BMecTe Co CBOMMH BAMEIKAHMAMM.
Torma

M e M .
(Eo' ¥n (2) 9m (O] ) < Zlon@P 2 lon@F<

1
< TP’

OTCIONAa CcJaeyeT PpaBHOMCpHadA H a6CcodI0OTHAA CXORHMOCTH

4 To ecTh Ma KOMIAKTax H3 D.
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pana (6.5) BEyTPH D xD. Haxonen, us (6.6) Brrexaer, 4ro0
pasenctso (6.5) sABIseTCA LIpPH Purcmposannom L & D pas-

nsoxenmem K(z, ) mo mOAHOR OPTOHODPMAJIDBHOHE cHCTeME
{om(@}0. .

K(z, {) HasHBaOT xepugpynryueti Depemana o428 obaacmu
D omHocumeabro geca b MIE TPOCTO KeprPyHKyuel. 3ameTnM,

aro Kz, ¢) = K(&, 2) u K(z, §) roxomopHa MO Z U AHTATO-
nomoppma mo § B-DXD.

Teopema 6.5 (Beprman). Ecau fe Li (D), mo daz
ze= D

@)= (1O KEDRE D (6.7)
D

HowasaTeabCTBO. Hpencrasmm-f 1 K mo dopmy-
aam (6.4) u (6.5), Torma

(OKEDRC D= 2 antn®)x
, ‘ . m=0

D b
X (2 ?:(2) @1 (o)h(c, Ddvg= I an¥m (2) =1 (2)- U

OrmeTuM 6€3 JOKasareJjbcTBa CIeyoMue peayasrarsl
Bepryaua. '

1. Kepndpynsmmsa K(z, T) He 3aBHCHT OT pr6Opa TOJIHOM
OPTOHOPMANIBHOM cHCTeMH {¢p}, & 33BHCHT IHIIb OT obaactm
D u BecoBoit Qynkmmm A.

9. Ecr A =1, TO mOROKUTEJBHO ompejereHHasn zad-
depennmanpHan fopma ‘

. _ .
2 2 In K_(z, z) dZGdEB
ap=1 6zaazB

onpenensger B o6nacta D 5PMUTOBY METPUKY, MHBADHAHTHYIO
npu GEroxoMopdHEX oToGparKeHHAX. Ee nasnBaioT Mempui-
koii Depemana.

TlpuwsemeM 0 p B M € P Bl BBIHCTEHUSA xepHQYHRIUH, OT- -

PARHHYEBAACH MONHLIME R-KPYTOBEIME obnacramu D m Beco-

e

§ 6 Itpedcrasacnue ¢ eosomopProim adpor "

Boit ¢ymkmmeit k2 = 1. B xadecTBe moxmoil opTOHOPMANBHOH

cacTeMs yEo6HO B3ATH MOmOMH {axzt}, k = (ki, . . ., kj),
k1=0,1,2,...,j'*—"i,?,...;{:z,}rne (1 "’)
a3 = [S|z" Izdv}"’i. (6.8)

D

TlonHOTa HTOI CHCTEMEL CIe[yeT K3 TOTO, YT0 B PACCMATPHBA6-
MOM Kiacce obiacteit romomopdunie QYHRIUA PasaararTca
B psx Teiimopa, a oproEopMansHocTh — U3 (6.8) I

fzh?"dv =0, k=£k.
D

1. Donuxpyr. Ouaaoommxpyra U0, r), r = (ry, .
., Ta) u3 (6.8) momyamm

n
2 1 kv+1
@p="Tm II Thoy 12"
r'V

. .

v=1

Nanee, mo popmyme (6.5) (amecv z, = 2L 2

n
) 2 1 II by 1 gz 1 an
K(Z g): — = .z §l= B
’ o s rik""_z At Ll EH dxy ... Br, ¥ T

1 o 1
atrd ... 120w, ... Ow, ({—w) ... (b—==,)

1 1 .
:r!"r% o (=) (1*5”,,)2 o

n 2

o
n-n II (r\Z}___ zv(-:v)2 .

v=1

8o

. Il ap. JIna mapa B(O, R) mo dopuyxne (6.8)

(ky -+ ... +F, +n)l
IR U

2 —
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n

mosTomy (3mech T = R 21 z;t;, |zl < 1)

J

; 1 \1 (/fl [N 4 | ”)! !
¢ (2, ) = > = =
K L4,y Z;) RT)]‘)Z?L Aki kl! v [i:n[RZ(hrl-‘..-i'h“) Z Q
1 i(m+1)...(m+n) 2 ml_ hek
_ L # =
n R n - R T hl+...+kn:m kll P kn!

R TR A S A n! B
= ey Z da" Togipee da® (1,,__3‘)_ n"RZ"(i——m)’H‘l—‘

m=0

n!R?
at (R — 230y — . — zngn)“—k--i :

3°. Ilycrs D — orpanuvennas ofmacts B C* ¢ KyCOUHO-
raankoit rpanuuei 0. Jlna ¢ynxiuun € Ag(D) sanuumem
popmyny Maprunemin — Boxnepa (1.1) b nune

()= { 7(n) M (n, £) dow,

3D

rie { & D, a do — ojieMenT MOBEPXITOCTH oD. Jlance, mo
popmyae (6.7)

1@ = [ f(n) M (n, ©) da.{J K (3, Q)0 (5, T) dve =
. aD

D

§ [ (Mo HEEDRE T dvg] f (n) dow =
D

oD

= [ 10 B (s, ) dow.

6D
3mech AAPO
Be,m)=(MnOEEDRE DA (69
D

ronomopduo 1o z & D m HeNmpepHBHO 1O 1 & dD, ecin WH-
rerpan (6.9) papHOMEpHO CXORHTCA HA KAKIOM MII0KeCcTBe

§6 IIpedcrasaenue ¢ 20a0M0pPHbLM 20pOM 73

sama {(z, N):2E0Q, 1 E 8Q} ; Q — UPOMBBONGHBI KOM-
uaxr 3 D. Jlna Toro arobst 3T0 GHIO BEPEO, KOCTATOUEO gTo-
61 IO IepeMeHHOMY [ HMeI0 MecTO M (m, T) []'I', Lcmc BE
3aBECHIIO OT 7). YKasagHOe HEPABEHCTBO BEPHO, €CHH, HA-
npmmep, b = lp(Z, D)1tn—2. Taxmm o6pasom, KOMOHBEPYS
AETerpajibHoe HPefCTABICENO Maprnrenas — Boxrepa (1.4)
n $opmyry Beprmama (6.7) (co cmenuaNbHO BriOpanHoll Be-
coBoii (pyEKIEeH), MBI LOKABAIK, CIeNyA HN0O T'. M. Xenkn-
Ha, CAeIylomul pesynbTaT.

Teopema 6.6. (Baurapt). fJaa scaroil 02PARUHEHHOL
obaacmu D ¢ wycouno-gaadroll epanuyel 3D cywecmeyem UH-
mezpaabHoe npedcmasaerue pynryuti f < AcD)

'f(z) =A[ 'f (©) Bz, 0} dog, (6.10)
6D,

20e 7 < D; adpo Blz, §) eonomopgro no 2 & DuB@E e
= C{@z b): z D, LE D}

BepHo M TaKoe YTBEP:RMIENHe:

Teopena 6.7 (Baurapr). Ipu ycaosuir meopems 6.6
cyuyecmayem UHMEEPAIbHOe npedcmasnenue (6.10) ¢ adpox

—

Bz T = A{( O z€D, t =D} us kaacce H?,,,; npu
gcarom 3 D. -

fAxpo, 0 KOTOPOM HIeT pedb B a0l TeOpeMe, rosoMopduoe
110 Z W QHTETOOMOpdHOe Mo {, HABEBAIOT A0PON Ceze. Boznn-
KaeT BOIPOC, MOKHO IH HOJTYIHTH aHAIOT gopmyan (6.10),
e BMecT0 9D MHTErpEpOBaHAe TPOUCXOAMIO OH 10 IPAHENS
unosa S(D). MonomaTenbusi 0TBET COAEPHATCA B Teope-
Me, KOTOPYIO MEL mpuBefieM (63 TOKA3aTeNbCTBA.

Teopema 6.8 (Tnmcon). Ha zparuye IMuaosa S(D)
ospanunennoli obaacmu D cyuwecmeyem nOAOAHCUMELLHAR
vopt 1 u p-usxepunas gyrmyus Q(z, 1), 2 € D, L E SD),
makas, Wmo:

a) npu gukcuposarron § & S(D) pynryus Q & A(D)
no z;

6) Q(z, §) unmezpupyema no mepe pg npu Burcuposariom
ze D;
5) gynmyun | |Q (2, 8)|dp; nenpepusna ¢ D
8(D)
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1) dan ecaroli f E Ag(D) uzeE D

f(z) = S 1(Q)Q (2, §) dps. (6.11)

8(D)

Taxem o6pasom, rpammna Illmiosa mrpaer B TeopHH
¢ynaKnEi MHOTHX KOMIUIEKCHHIX HepeMeHHEIX Ty e pOJib,
KAaKyI0 HTPaeT BCA TPAHENa oGIacT; B Teopuu PyHKHUE Off-
HOTO KOMIUTIeKCHOro mepemennoro. Ha rpammme Ilimmosa e
TONBKO JTOCTATAIT MaxcmMyMa Bee Pyaxmuu ms Aq(D), HO m
3HAUEHHA 3THX QyHKIUA BEYTPHE 006IaCTH BOCCTAHABIMBAIOT-
¢s1 ¢ TOMOMIBI0 EHTErpajibHoro npencrasienma (6.11) mo ama-
gernam Ha rpapnne Hlmrosa.

Homonpmu Teopemy 6.8 mpocTHM, HO 9ACTO IOJE3HEHIM
yTBED;KAGHNEM, B HEKOTODOM CMHCIe OODaTHHM K 3TOH
Teopeme.

Teopewma 6.9. Ecau M — samrnymoe nodmnoscecneo
epanuys 0D ozparunennoii oGracmu D u 8an ecarur f& A (D)
uze=D

) = f 1) R(z, Ly dues (6.12)

M

20 L — NOAOHUMEALHAR MEPA HA M, gynryus R npu dux-
cuposanHom 3z €& D abcoalomuo Unmezpupyema no mepe pg,
mo M o S(D).

MokasarexscTso. Ilyers f & Ag(D), rorma mua
mo0oro HaTypaJabHOTO

[f ()" = l [1@Q"R (=0 duc|<
: M

< (supl 7@ (1R O] du

M

Teneps, W3BAEKAsA KOPOHL CTeNEHM M U YCTPEMHB M —>- 00,
moayuuM, uro M — ompefeisiomee MHOMKECTBO. JHAYHT,
M o S(D).O

'§ 7. AHTEI'PAJIBHOE TIPE/ICTABJIEHHE
MAPTHHEJIA —BOXHEPA-KOHMIEJIbMAHA
i BHENHAX AHOOEPEHIHAIBHBIX POPM

B stom unaparpade opmyra (1.1) o6o6maercs Ha BHOMI-

ane puddepeRnEaAILHEE HOPMEL i p
Hycers w(L, 2) = Wy, - - w,) — BexTOp-pyEKIESA, 3a-
nappas na wmuEomecrse U < CixCN{(L, 2):L= 2}y Ta-
xag, aro <w, { — z) = 1. Eem w; & CO(T), to o0O3HATMM

n—1
(— 1)‘1‘{‘1’(”“‘1_’-) ( q )
Wp,q (w, C’ z) = (2m')np! (n— !

X Di-‘lﬂ*—‘l—i (wr B—ZW, ng) /\ Dp,n——p (62, aC)’
Wp" = Wp,ng O.

X

finpaMs WHTerpaibHOTO HPEICTABICHAA LI BHEIHEX Jud-
depeHNUANBLHEX QOPM ARIANTCH Gopmer Wp,q (@, & z) UpHu

g—z o~
crenuasbHOM BHOOpe BeKTOpa W = t (g, 2) =T
9TOMY BBeleM eme OJIHO obosmauenme: Up,g (&, z) =
= Wy,q(t(E, 2), § 2). OrmeTmy, €10 Woow, & 2) ==
= @({ — 2z, w), TaR Kax

. B .
W0 (0, g, 2)= i) nl Dyn_y(w, drw) A D, (90) = .

:Qz}li.n ), d dt.
i ;::1( ) T wpdgwi A dE

Teopema 7.1 (Kounenvman). Ilyeme D — ozpanu-
wennas obaacmov ¢ Kycouno-zaadrol epanuyet 0D u vy &

= C(pi,)q (ﬁ),- mozda cnpagedauga  Popmyia Mapmuneasn —
Boxnepa — Konneavmana :

T o (D, ¥) — T30(D, 8¢y) — 0.0 5,0—1 (D, ¥) =
{'\7 (2), s = D

~to.  2&D, (7.1)
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20e

TPV @ = [ 7(0) A Una(& 2,
(8D

DG = 7@ A Upai (5 2).

b

a2l

OrmeraM, aro U, q (%, 2) mMeer no z THI (P, g), a mo{ —

mam (n — py, n —q — 1). llpg n =1 B cuydae p =g =

Tpervero cnaraemoro B (7.1) me Oymer mo ompejejemmIo,
1 1 1

a Uo,of&, Z)=W0,o(—;“lt;;, E1s 21): 57 D1,0,0 (E—l——_z? x -)/\

ADy, s (dzq, d§1)=—2%-"§d—:%” ® M moayuaem m3 (7.1)
1

KIACCHUeCKY opmyay ITomnedro, ROTOPYH HHOr[a eme
nasmsalor gopmysoii Kowu — Ipuna:
t (o) d 1 S(P;:,1 (&o) 480 A 4Gy 9(z), s= D,
ﬁan G — 5, ani L, — 2, - 0, Zeéb_,

D

rne Qymrmua ¢ & C(D). B dactHoM Caydae p =g = 0,
a n>1, sipo Ugls 2) = o(f — 3, £ —2), W MH Ipu-
xoiuM K ¢opmyre Mapruseram — Boxmepa MJIA TIagKHX
QyHROAU .

Bamerum, aTo dopmyna (7.1) BepHa m OPE HECKONBKO 6o-
nee o0mux TpeGoBaHWMAX: HAUPHEMEp, ROTNA D ecrs o0nenn-
Hegue KOHedHOro umcaa obiacTeil, YKasaHHHX B YCJIOBAH
Teopem 7.1, 8BaMHKAHASA KOTOPHX NONAPHO HO HEPECeRANTC.
Jlanee, OTMETHM, YTO

- — P 1 -—
azt=(g—z)azlciz\z '—lg_zlz 0.2,

mosroMy mpm g > 1

A Dz,q~1,n—q—1 (Z - 3, _52 79;10 -

1 - — o ——— —
—_— W Dl,i,q——i,n-—q—i (C -— Zz 0ZZ, 02t1 Btt)‘

-— —_ .1 -
Dy gn—g—1 (t, 3,8, 3t) = T—7] Oz N
f,

§7 Dopuyse Konnesvmana 1

IlepBrid ompepeanTenb B TPaBO# JaCTH HMeeT ABA OJUHAKO-
BHX cTO6MA W3 PyHKIEI, caefoBaTeNbHO, o cBoiicTBy 0.12
oH papeH Hy.0. lIpuveEmM sror mpmeM eme ¢ — 1 pas n
MOJyIuM

Di,q,n~q—i (ta aztl 6tt) =

(—1)* O
= |L—3 |2q+2 Di’q,n—q—-i (§ — 3z, 0,3, O;t).

AHaJormYHo HocTymmM ¢ mocuenuomu (n — g — 1) croabna-
ma. Vmeem

Di,q,n-—q—-i (tz Ezt.’, ECt) =

(=11 F T A, A3
= E‘:z—l'ﬁDi,q,n—q-—i (E—3, 0.2, 8e0) =
(=il (n—g— D! N = =N
T >3, 008 G =5 B,
rel

_ (7.2)
e J = (i, - . + ig) — MYJBTHHHIEKC; MTPHUX y 3HAKA CYM-
MK 03HadYaeT cymmmpopamme mo J, 1 <L i, <. .. <<ig<m

TOCTOSAHHAA o/, k) onpenenserca paBeHCTBOM o(J, k)dz =
=dz; \Ndz; \02; s y; MaOmRETeNR ¢! ¥ (R—g — 1)! moABAANT-
CA OT IePecTaHOBOK ¢ cTonbmos, cocroammx u3 Aupdepen-
nmauos z B (n — g — 1) cronbnos, cocroamux u3 Auddepen-
nuasoB { coorsercreeHHo. Mcmombsys paBeHCTBO

Dy,n— (92, 07) = p!(n — p)! ; 0(F)dz 4dl, 4,

rie 7 = (jus .+« 5 Jp)y 0(F)dz = dzi/\dz[f],nonyqaem cae-
Ayiomee BHpamende mia sapa Maprumennu — Boxmepa —
KommeasMaHa

—ypn—g—1) .y, , .
Upa(6 ) = =0 ¥ o (1, o (7)
(27i) 77
Zk — Z—k T — '
x lc__zlzn dg[-f,k] A dC[ﬂdzJ/\ dz?- ) (7.3)
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Jlns OKA3ATENLCTBA TEOPEMBL 7.4 nonapofurcs eme OZHA
$opma sanmck axpa Uy q. Ilyers

vy = i Ceak Vi Gk} 8 Z Z o (J, k) (— 1)1 dErs.mA
k=1 :

(2ni)™* "]
’ hegd
A dg[h]dz.h
TOorga
N (__1)11+1 1
Ugq= 1—n 3 t—2z lgn_.z A Vg. (7.4)

Jdemma 7.2. Tyeme w(g, z) — sexmop-Pynryus xiac-

ca C® na mwomecnse U (C? X CON{(E, 2):C =2} ma-
was, wmo w, §—z2y =1 u 0<< g n, mozda

DWW pg(w, 5 2) = (— D', Wp gy (w, L, 2). (7.5)
B uwacmuocmu, '-G;WO,O =0, Wpny=0.

Nlokazareaxbcrbo [Jug 1< gscn mo cBoiicT-
By 0.14 nDomyuaem

3.D1.g-1. n-qw, du0, Bpw) = Dy, n—q @0, dw) +
+ (= 1)1 =)Dy g1, 1, n—g-1(, 8,0, T 9w, Bew), (7.6)

apa0<Lgn—1

_BEDLQ. n—q—1(wy~5zwa?tw) = (—1)9D,, n—q(‘é_:;wv
o) + aD1, g1, 1, n-q-1(Ws 0,0, 09w, Bw). (7.7)

Coraacuo cpoiicty 0.13, mepsue ompepenntexn B (7.6) m
(7.7) pasem myao. Iipn ¢ = n 3 (7.6) u mpr ¢ = 0= (7.7)
BTOP!aIe claraeMse PaBHH HYmo, moatoMy Bepso (7.5) mpm
g =Y, n. .

Ecam 1 << ¢ << n — 1, 10 BTOpLIE OIIPEJIETUTEIN B (7.6) m
(7.7) paBus, Tak KaK PaBHH [BOHHEIe dopMu 0,0;w 1 00,w,

§7 . Dopnuyss Konneavrara , 79

TI0BTOMY
Byl(n — @)D1,q,n—g-1 B, gw)] = 9, 1(—1)#1X
‘ % gD1,q-1, n—q (s Ezwﬁ;w)l.
YMHOKHB uocnenuée paBeHCTBO Ha

(n— ) (— PP—a=D D (62 30,
(Zﬂi)n q‘ (n — q)f pl (n . P)! p,n—p ( ’ )ﬁ

npmaem k pasencrsy (7.9).0]
P JHewm Mpa 7.3. Ecau | € CY ¢ oxpecmuocmu MOk 0=

e Cr, mo o o

Ta n—h— _f_l..’:_.__ —
PNy (— =g ac,,(o)’ m =0,
\§|2n m' 0 , m > O,-
(7.8)

lim
e-0 m_(____a

@ uacmmnocmu,

_/\d' “n ’
lim S {i%‘_’.%z_n_ﬁ.’ﬂ___(__ gyt Z 1 (0) 8. (7.9)
IEl=¢ e

NoxkaszaTeabCcTBO.

S f(8) dT A b =82i_m S F(8)dt A dm =

n—m

e-0

— (—1)n—h—1gm—2n g %dﬁ Adl=
ltl<e

— (bt [% © { d@&nda+

S 4 e

v f (Fo-Fo)EA dz]=

iti<e
A et omesn [ @AD" oy Of S
= (— yF e _2”[—-,‘-?—82 55;(0)4:0(8 )J
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¥y NGPeXONA K mpefieny upa e — 0, moxywmm (7.8). Nas
nokazareabcTa (6.9) Temeps mocraroumo BAMOTATE, UTO

7% F O ik = (O 8. O

JoraszaTenxsrcTBo Teopemun 7.1. B cmay
Q[[ATHBHOCTA ONEDPANHA, MPOWSBONAMHX Ham (Qopmoi 7
B nesoit wacte (7.1), mokasaremncrso mocraToumo OpoBeCTH
nra dopMm Bmma

V=F(@)dz; A dzg,
rie f = CH(D),

J———(il’..., iq),g‘z(jl,.-

o Jp)e
Haiee,

(_1)q+:o(n—-q—1) (n — 1)
q -
(2n5)® pl (n — p)! F(E) dt; A dgy— A

A Di,q,n—q—i (t1 th’ (-?-Ct) A Dp.'n—"p (az’ aC) =

YO AUng(C, 2) =

NS
= J(§) dt; A Tﬂu')”'q—pl’q’n—q—i (t, a,t, Egt) A dCdzy':

= Q) dL; A Usq (&, 2) A dig.
Ananormano
O A Upg (&, 2) =3 (fdT,) A Uy dag,
YAUpg—1 (& 2) = fdl; A Upyydzg,

T. ¢. Gopmyny (7.1) mocraroumo OONY9duTh Jasi QopM Tu-
ma (0, g), Tounes, maa dopm Bmpa y = f(2)dz,.

I maromen, snpa Uy, HHBADHAHTHH OTHOCHTOIbHO mpe-
obpagosammit: {; — .y, 2y > zupy J=1,... n, THe
V — IPOMSBOJNILHAA HEDECTAHOBKA, TaK KAK HOPA 8TOM B
ABYX onpemenmrensx u3 U,,g MEHAIOTCA MECTaMH OfHE X
Té e CTPOKH. 3HAYAT, J0CTATOYHO PACCMATPHBATE dopMH

BHAA
Y =Ji@du A ... Adzy,.

o

- j.’»:‘c(iv

S

P

—

§7 DPopuysa Konneavmana 8

Nna z & D dopmyna (7.1) — caemcreme dopmyur Crok-
ca # JeMMH 7.2,

IIyers z & D. ObGosHaumm
07 = Usg — 8.8 A Vg—yy

rne g seefiena B (1.7). Tax xaxk yA Uy,q #mMeer mo { tan (n,
n =1), a gopua YAO,g\vg—y —mED (R — 1, n), T0
de (YA 8g) =3 (v A Upg) — (v A 3,8 A vay) = Bgy A
A Uog+ (=127 A\ 0Usg— Oty A 0.8 AVg— — (— 1)I¥A
A 0z0,8 A vg—y. Temeps ¢ momomsio  (7.4) ¥ memmsr 7.2

noxyiaem
(—A)9ABB.g A4y = (—1)7 AT (328 A vgs) =
=yA9,Up g1 = (—-—1)‘1?/\_5';1_70,%
CIIOI0BATENHHO,
de(y A Og) =0y AUog — By A 8,8 A vgyy (7.10)
IO0STOMY BTODOH HHTerpan »

i(s) = S«z/\GZ—Dfdg(v@/\ei) (7.41);
9 _

OD;

cxogmrcs abcooTHO.

Horamem Temeps, 9ro i(z) copmagaer ¢ aesout gacteio (7.1).
[as ororo paccmorpmm dopmy YA gVq—;, EMEOMYD H0 {
tan (n—1, n). : :

ITo dpopmyae Croxrca

s‘ YA 8Vq-1 — 5' VA 8Ug— = s‘ A gug—; +
8D 8Bg(2) D\ Bg(2) o
(=18 [ A B Aver. (7.12)
D\Bg(z) - .
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Coraacro meMMe 7.3, mpegel BTODOTO HHTETPala B JeBOi
gacrn (7.12) npm & — 0 paBenm HyII0, CTeXOBATeNBHO, MC-
noanpsys (7.4), Haiinem

[ ATt = [ ¥A e — (@O Ae-r (713)

DC ﬂD; .Dt

B mnrerpanax mpasoi uacte (7.13) moskEo nmpdepernmpo-
BaTh TON BHAKOM MHTErpaja: Itepsuil wETerpan mocie Aud-
depermuponarns Gyner mo-mperkEeMy COGCTBOHHHIM, & BTO-
poit — Gyner mMeTh ocoGennocTs BHEAA |§ — z'—2* u mosto-
My cxojmuTcs abcomorHo. 3uawnr, Jepas wacts B (7.43) Tome

nuddepernupyema, u

S P(0) A 0.8 A vgey — DS V(L) A 9.8 A vg-1 —
t

ﬂDt

—3, [%AUsgi=0. (7.44)
Dt T

Cxaagmsas (7.41) m (7.14) n mcnonsays ompepenenne Us,q
 (7.10), moxrysaem, 9To i(z) paBEa T6BOH 4ACTH (7.1).

' Moxramem, uto i(z) = v(z). Us dopmyan Croxca, nmpmMe-

HemHoOZ K obaactm D\ B(z), n (7.11) caenyer, 9T0

i) =lim | 7(5) A 85

-0 8Bg(2)

BoiuMcIEM 3TOT Ipefie, A 96ro mepeiiieM or (PopMsl 0;
K dopme 04 = (—1)1dgA\vy — 9,8/\vg—;. W3 mEBapmaut-
wocTm mepporo nmpdepernmana umeem, ITO deg IGBg(z) =0,

HJIH 3;glaBa(Z)=6;g|aBg(z), nooromy ms (7.4) cxenmyer, 4T0

B, ‘aBe(z) = B4 \ose(z)'
O6osmaumm gy = (L — 2)| — 2™ k=1,..., n

Hmeem

§7 ¢opuy4a _I{ onnesbMaKG 83

YO A8 = (— 0 =R @ {(— 0 B A e A B A

A D edt A e, i) (— 1) dbn A disdz; —
h=1 J &S .

“‘dz1/\ /\'d&/\Ei(_gk)d;k/\gligyc(y’k)X

et 7 = 1 (=) (r—1!
X (_ 1P=tdg 2 g A dlpgdz 7} = e 1) x
e {(_ 1)e h=§+igkd—§1 A e A ‘;‘tq A dfk N dE[l ,,,,, a.r1 A

q ' -
A [EIO((i, e []] ey @, k)s ])(— '1)].41 dC[.‘i]dzl AN .-
U .. AdzgAda e (1, ), B) (— 0 dTada A - -

c R @) R (A dl B giday A da A -
TR .. A dag)

Bamermm, aro (—1)¢0((1, . . ., 9), BAGA - - AdEAdTRA
NdGir,..., aon1 = 0((4, - - )y K) dLAGA - .- AdT A
Adb,.., g =40, o, .. kL., g), RGN ...
. NdGg A 4T, ada A A AL TRV A dzg =
=o((1,. . .lk}. .., 0, DATAAGA . . (kL .. AdG AT A

/\d—Z[I, e q]dz A .. Ndzg = dzd;;/\ .. /\dzq, cie-
IOBATEJIBHO,
AP — D, N =
p A8y = @O gyetg,dT A dopg A
(2mi) —1

ANds A o A dag + 1,
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rae Y COCTOMT W3 CJaraeMuniX BHIA

eH(O)gdiAdL ey, Tk, J =(iy, . .., ig).
‘Tlo nemme 7.3 :

i@=lim [ y@A0,=02 2 lim (— 1)vH=1 X

0 9By(2) Sy =l
(¢ ) oNIRT _
X S f(l_g—-k—l-zn_h d(:,/\dg[h]dzl/\ /\dzq + l.lm ‘S‘ Y=

dB(2) Y 0Bg(2)

_ (a1 (2m)
T 2 f@da A ... Adig=1(). O

Teopemy 7.1 MoKEHO HECKOJNBKO yCHIUTH, 0CIabHB Tpe-
Gosanna Ha dopMmy Y. 37eck W Aanee HOX MPOMBBONHOI OT He-
opepuBHOE JYHKOUE HMEETCA B BEAY MPOUSBOJHAS B CMHICIO
Teoprn 0GOOMIeHHLIX PYHKMMA.

Teopema 7.4 Ecau D — ozpanuuennan obiacmo ¢ Ky-
couno-eaadkoti zpanuyeii 0D m y&E Cpq (D), a2 HE
e’ q.l_l(D), mo umeem mecmo gopmyaa (7.1).

axoHeln, UpHE npmioxenuax dopmyns (7.1) OwBaer cie-
nywomee ee 00o0menue, noaydaeMoe Ges Tpyaa:

Teopema 7.5. IIycmo ewnoiHensl YcAo8Us mMeopeMbl
7.4 u gynryus 9(ty z) € CV(D X D) makosa, wmo ¢(z, z) = 1
dan 2z & D, mozda cnpasediuso urnmespaabioe npedcmasgieniie
npu z & D;

v(2) = T5.q (D, v9) — J3.o (D, 93ry) — 0,05.4—1 (D, v9) —
—J3e(D, 0o A )+ T2 —1(D, 8,0 A Y). (7.15)

T'anasa 11

HHTETPAJILHBIE IIPEJICTA BJIEHUASA
CIEIIAJIBHOTO BUTA
IS TOJIOMOP®HBIX OYHKI[WII

§ 8§ MOTHOPRAKAIMA
N IPOCTENIINE YACTHBIE CIYUYAH
$OPMYJIBI JEPE

1°, Ipu n=1 dopmyaa Komu — anrammse (3.13) mnm
o6o6mennasa gopmyira Homu — @arrannse (3.12) opespama-
oTcA B Xiaaccadeckyio dopmyny Homm. Ogmaro pas roiro-
MoPPEEX GYHKOWI ONHOTO KOMIIEKCHOTO TePEMEHROI0 MOK-
HO HOJYYUTh ¥ [IPYTHEe HHTeTPAJbHHE NPefCTABICHHA, BOC-
CTAaHABJIHBAKWIIKMe 3HAYOHAA QYHKOHH B ToYKax 2 & D mo ee
3HaveHHAM Ha 0D, He coBnanarmue ¢ dopmynoit Komm, na-
npuMep, ¢ HoMombl0 KoHpopMHOTO OTOOpaKeHHSA.
ITyere wy = P(z,) ects Koudopmuoe 0TO0paKeHMe BAMKHY-

To#t o6xactm D Ha 3aMKEYTYIO 061aCTH G. Pacemorpam 06-

parHoe orofpamenue z, = O(w,), z, =D, w, & G. Temeps
u3 Kaaccudeckoir gopmynn Homm (3.17) momyumm

FOWY) =35 | 1(0(n) moldne . _
oG

4 0 (m) (n; —wy) __ dny
=~ % a‘if (8 (1)) 0 (n,) —0(w,) N—@

HIX B APYIAX 0003HAUGHHIX _ |
Flz) = o Xf (@) @ (&, ) 2L, (8.9)

rmae éYKKHEH Q nenpemeHa no COBOKY]IHOC’I‘ﬂ nepeMeHHEIX

upa z, & D, {, & D, ronomopdua mo &, 3 D 1 ¢(z,, z,) = 1.
@opMyna (8 1) me moAydaeTeA U3 obmux d¢opmyn (3.12),
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EcrectBenno 0606muTs coorsercTnyomum obpaszom dop-
myau (3.12) u (3.13). Jlerko moayuwaerca
Npennomernne 8.1. IHyemv wi(l, z) ydosaemso-
paom yeaosuay w' & C(8D), wi e Cf;”(ﬁD), i=1, ...
. n—1, Cw, {—2)+0, {=adD, z=D, j=0,1,...
.« ., n—1, pynryus ¢(L, z) npu gurcuposarnnom =D npunad-
aexcum Ag(D) no § u oz, z) = 1. Toeda 0 ecaroli f &
& A (D) u aoboii mourku z &= D sepusl modugurayuu gopmya
(3.12) u (3.13):

(9@, ut, ...t L—5)=f(a),  (8.2)

oD i
{190 (@ —2,u)=1(). " (8.3)
aD

: oxaszaTteuxscTso. [pumernm (3.12) Kk dpyERIER
f(8)¢(E, z) mpu PuxcmposanHOM z = D:

(1@ =7@)o@n=1@ O

aD

IIpu n = 1 popmyun (8.2) u (8.3) comepxar BCe BO3MOK-
HEIC HHTOrPAJbHEIe IPeACTaBIeHAA —aHaIoru uaTerpaita Homm
(cM. § 26). Mopmyna (8.3) m npr n > 1 obnamaer usBecTHOI
33aKOHYEHHOCTEIO.

Mpennomenne 8.2. 1. IIpu 6uzoaomopgron omob-
paxcenuy samrnymoti obaacmu D adpo ew(z — a, w') npeo6-
pasyemcs 8 A0po moz0 e suda.

2. Ecau n = 2, gyuryuu F,(z) u Fy(z) npunadaexcam
A (D) u F, -+ Fy 5= 0 6 D, mo eocnpouseodsuyee a6po

Fipw(z — a, w!) + Fo@,0(z —a, w?)
Fi+ Fq

ecmb chosea adpo mozo xce suda, kar 6 (8.3).
OTmeram eme opHOo (QopMmanbHoe o0o0menme Qopmyast
Komu — ®anrannse (3.13), cocrosmee B ToM, 4T0 B 3HAMOHA-

Telae ARpa (2 — @, w) BMECTO CKAXAPHOTO HPOU3BEJEHHA -

{w, §—z) paccmarpmsaerca (w, Q(§) — Q)>, e Q&

§8 Jacruvie cayuau @opuyaws Jepe 87

= An(D). Mo reopeme T'edepa 25.2

Q. (5) — Q:(2) =j§10i1(§1-ﬁ21), i=1, ..., n

e g:4%, z) & AMDXD); ofosuaunm Q = det [lg;)f|. Us
(3.13) cuemyer

NMpennomenne 8.3 (Aiizenbepr). Jas acaroll [ &
& Ac(D) u awboi moury z < D cnpasedausa hopmyia

{ 7990 (Q()) — 0 (@), v) =/ (a), (8.4)
- 8b

2de

n
- h—1,.
(n — 1) kgi (A gy A 6
(2mi)* Cw, B

o(F, w) =

Xors popmyna (8.4) sisuserca gopmaipHO Goxee obmen,

‘wem Popmyna Komu — Danranuse (3.13), mo Tem He Memee

Ka)R[as @8 HUX SABIAOTCA MPOCTHM CleHCTBHeM APYTLoi.

2°. Mopuyna Maprmpemma — Boxmepa (1.1) momywaercs
73 popmyas Homn — Qanranuse (3.13), ecan B3ars w = {—z.

3°. O6macts D = {z: p(z, ) << 0} masmsawr pezyasp-
Holl AuHeliHo-gunYKA0Y, €CIU JAeHCTBUTENbHASN dyHROHA P
nprHaIeRAT Kiaccy C® B okpecraoctn D, nprdem grad ps4
== 0 Ha 6D m nas Beakoit { & 0D racareabHas aHAJIHTHYe-
cras mrockoetb{z : { z — §, grad p({))> = 0} me nmepeceraer
D. Jlas raxoit o6nacta B Kavecrse w B opmyie (3.13) mommo
paccmorpets grad p, B sToM cirydae ans f & Aq(D) monyuaem

(& 2 de—g[h] A df
(n — 1)1 S‘ =

f(a)= [t G =+ tor G )]

8.5
(2mi)* ( ’ )

oD
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P - - Pty
ot Ot
8, =] P k=1,,.., n.

LAY

"

ptlzn Tt pz~;nEn

B (8.5) Tax e, rax 3 dopmyne Homu npu n = 4, premnee
TepPeMeHHO® Z BXONAT TONLKO B BHAMOHATOAL fALPA, M JTOT
BHAMEHATONDb ABIAETCA JHHeHHOU QyHKIHWeHR OT z, B3ATOH B
cremenu n. Takaa xopomas CTPYKTyDa Afpa HOBIEKIA 38
cobo#t paAM KpacHBHX npmioKeEmi Popmymas (8.5).

Hpencrasum 6D B Bune obzennHeBRI HeXePeCeKaloMuXC
mBomecTB I'yy m =1, .. ., n, Tax, 9robn pc 5 0 ma T'p,.

m

IIpm atom ma T,

_ P
dipy A dE = (— )™k = ka dTmy A dE,

m

nosromy Gopmyxay (8.5) MomHO 3anECaTH B BRI

fay= =D Ny gymy (_TOLOdmAL
(=) = 2ﬂ)" 2( ) Pmpfm<gradp(z),cfz>“’ (8.6)

rie L(p) — ompenexnrens Jlesm;
0 pg R Pén 4

931 pclix T pznﬁ

’ » n

pin pClin tte pcnzn

§8 Yacruvte tayuan dopmyan Jepe 89

Touka § & 0D Ha3HBAOTCA MOUYKOL Cmpozol nceedosvi-
nykaocmu, ecan gopma Jlesu

n

#p D) —
—= "M
J',k2=1 a?;ja’gk

NOAOHCUMEABHA OAR 8CEL MAKUT 1, ¥mo

3—1

Hpepgnomenne 8.4. Onpedesumess Jeew L(p) pa-
gen, npouseedenuto cobecmeennnx wuces gopmun Jesu na sunep-
naockocmu (8.7), ymuoacennomy na |grad p(3)|%

N3 aT0TO DPEAJIOMKEHAA CIAELYeT, YTO HMHTETPHPOBAHHEe B
dopmyne (8.5) mpomsBofmICA IO 3aMHKAHMI0 MHOKECTBA
TOYeK CTpPOroil mcepfoBHnyKIocTH JD. Temeps ®H3 Teope-
Ml 6.9 BHTeKaeT, 4To YKa3aHHOE 3aMHKAHHE B DPaCCMAaTpPH-
BaeMOM CJydYae peryisApHoil NmHeifiHO-BRIIYKIo# obmactm D
COfIePIRAT TPAHALY Ilaxosa S(D). B aTom yTBep:xpeHnn Tpe-
Oopanme IMHEHHON BHOYKIOCTH D) MOKHO OTGPOCHTS.
~ Teopema 8.5 (Pocem — Basnep). Ilyemv D — ozpa-
nuuennas obaacms, D & CA. Tozda S{(D) codepacumces & 3a~
MUEARUL CmMpo2o nceeaaeunymux mouek 0D.

Ormerum, 9ro BCAKAA PErylApHAA BHIYKIAA 001acTh
ABIASTCA W PEryiApHO# JMHeHHO-BHOYKIOH, X0dTOMY M
Hee BEePHO MHTeIDaJBHOE npencramenne (8.5). B wacrrocrn,
mag smmmncoEaa D = {z: a5 -+ ...+ aslz P << R},

a; >0, i=1,..., ny no.nyqaeM

— W1 dT d
— Lo (n— mj‘ DZ( T G A
f( ) (23‘51)" [Rz_alglzl — ancnzn]n'

(8.8)

Qopmyna (8.8) mpm a, = .=o,=R =1 nasusa-
erca gopmysoli Bornepa pusa QyERnmi, roloMopamnx B efd-
amuEoM mape. fIxpo B (8.8) romomopdHO mo 3 m aHTHrONO-
mopdro mo { (r. e. romomopdro 1o {). Taxme Bocoporasoma-
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mue fAApa OpW HHTeTPHpOBaHHE o /D HasmBawT Adpamu
Ceee (cM. § 6).

4°, Ilyers D — orpamnuenHas o0dacTh ¢ KyCOYHO-TIaf-
Koi rpamEmEnei 4D m pas mpomsBoiabHOH TOUKE z = I BHG-
paEa Touka v & D, Tak, uro map B.(v) = D =» z & B,(v).
Ecmu [ e dD, 1o '

CKT—vt—z2|=KL—v, L —v) —
—~C—vz— =L —v]— KL—v,
C—w| >t —vl(lt—v]— g —0v) >0,

nosToMy B KauectBe w B fopmyse Homu—@anranuse momuo

' BaATH § — v U NaA z & B,(v) noaysaem gopaysy Bornepa—
Ono :

_(n—1
flay=C=0

F @) X (— 01 (8 —2,) dlpg A dC
S e 8.9
G i—n" - (8.9)

aD

Moxuo BHGpPaATE He Ooslee YeM cUeTHOE MHOKECTBO TOUCK
v& D rak, 4robum cooTsercTylomme maps B, () mo-
_ KpuBaIR Bcio obaacte D. fAapo B (8.9) romomopdio mo z =
& B,(v), HO He ABNAETCA Mayke HEMPEPLIBHBIM 110 Z BO BCeit
obxactu D. Ecnm D—map, o (8.9) mpeppamaercs n dopmyny
Boxuepa. '

5°. Pacemorpmy orpaEMyeHHyI0 06JaCTh TroJoMOPPHOCTH

Q = dysxumio ¥(z, {) 5a Q X Q, ronomopdayio o z ¥ amTHTO-
aomopdEYI0 0 { Ha 3TOM muosxecrse. Ilyers W(z, z) Bemecr-
BenHa, obmacts D = {z:W¥(z, z) < 0} orpanmuena um umeer

KYCO4YHO-THaAKYI0 rpanuny, D < Q, u apia { &= dD,z< D,
CUPABeNIAr0 HEPABEHCTRO

¥, 2) — ¥ 0 — ¥, ) + WL, D) >0, (8.10)
orkyna Re W(z, ) << 0. [Ipm sThX npeiuonoMeHHAX B Ka-
4YeCTBe CKaJIApHoOro mpomssefenusa {(w, ¢ — z) B (3.13) momx-

§8 Yacrume caysau @opryawm Jepe 9%

HO B3ATH paanioc'rb WYz, T) — ¥(5 O =¥( §) + 0 mpu
z &= D, C = aD.
IlonyuerRmoe TaKUM CHOCOGOM MATETPANIBHOE IPeICTaB-

JieHHe HHTEePecHO TeM, UTO ero AApo rpnomop«bﬂo_ no 6z, as 31%1—
MeHaTeJe ANpa CTORT «yPAaBHeHNE» TPAHHIBL aD obaacru D).

i . 2064
Hanpumep, ans obaacte D = BY (0) = {z:]z, )+ ..t
+|2, 1% < 1}  copamepumBa  MHTErpalbHAA $opmya

(n —11)
' ‘ (fz) = (231,:)71 X

™" _ . . ‘i i n . 1 k—‘i ; _
/oI (8 3 ith) 3 S Tl A a2
h==1 ;!

i4i=ay—1 } k=1

% Fnzon\n
8D (1—z°1°‘§‘f‘——...——zn Qn)

X

[Ipumepom yHKIUH, YAOBIETBOPAWILEH YCLOBUIO (8.10),
apagerca  QyHKnuA para ¥ (z,0)=F(@) +F (Z) +

n B | _
’}-}giahzr’it_,’:“, rae my—HaTypaibHpe uwucaa, a, >0, k
=1, ..., n, F(Q) = F().

Ilpyroit TpEMep oUMpAETCH HA CJGIYIOLIYI0 TEOpEMy.

Teopewna 8.6 (Bamom). ITycmo D — obaacms 2040M0D-

noemu 8 C*, mozda cyugecneylom 2oaomopgirie 6 D pynryuu
gl(z). .., Pny1(z) marue, umo dan 06020 R > 0 mnoxcecmso
’ n+1

Dy = {z: D) P < R} obaadaem  ceolicmeom DpeD
U=t

u, KpoMe mozo, noumu npu écex B > 0 epanuya 0Dy asasem-
cR 2nadKol.
PacemorpaM  YHKIHIO

n-+1 :

(8= X om (@ en (@,

roJioMopPHY 10 Z 1 anrurosoMopdayio o & B DX D. Hdaa
Ka;KI0H CBABHON KOMODOHEHTH Dy HEPaBeHCTBO (8.10) mep-
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HO, ecad moxoxkuth V(z, {) = K(z, T) — R, 1ax xax

VED-VED-F@D LD =
3 ntq

= 2 | 9m(2) — m (D) .

m=1

Teneps ntza R > 0 rarmx, uro D, sgpisercs ' i
s ] raafkoi, mo-
aytaem 1upw f & Ay (D), z = Dy ,;R ' OR Mo

= { r@ow,

(8.11)

rie Anpo ® — BHeIﬁHﬂa muddepernmansran Popma BE
na
Homn — Qarranmee (cm. (3.13)), a B xavecrse cramspmoro

upomssefienna (w, { — z) Bsara Qymrnms Kz ) —R ="

= K(z, §) — K (Q £), K Roropoit MokHO OPAMEHATH Teope-
My I‘e(buepa. Ormeram, uro B (8.11) moxmo FHTeTPAPOBATHL He
0o BCed rpamume JD,, a ToXbKo 1o TPAHHNS TOR CBABHOMR
HOMIOHEHTH MHOKeCTBA Dp, B KOTODOH CONOPIRUTICA ToUKA Z.
Anpo p B (8.11) romomopdro mo z m me s3anmemr orj R, a

r = D. EcrectBenso maspath TpefcTaBlIeHHe (8.'11)

YHusepcasvhuLe omuocumesvino dannoii obaacmu D.

5 3aMeTHM B BaKIIOUGHME, UTO B KagecTRe K@z, ?) MORHO
khm]g B3ATh KepEHPynknmio Beprmama (cm. § 6).
TPeX CIeqyIomuX maparpadax Mb OCBETHM M HEKOTODPEHEe

APYrme CHeNCTBHA HHETETDPAJILHOTO TDe ]
CTaBieHASA -
Darranmse. per Fomn

§ 9. ®POPMYJA BEPITMAHA—BENJIA

Ilycrs B o6xacru D — C* sajan maGop romomopdmEx
ci)yonm:mﬁ %1(2); - - +» %n(@), N > n, u mabop mrockmx obmac-
Teit Dy, . .., Dy, npmuem D; < x(D), i =1, .. ., n. Muo-
meerso A = {z:z& D, (@ ED;, i=1,..., N} ma
SHIBACTCH GHAALUMUYLECKUM NOsUsOpom. CBASHAA KOMIOHOHTA
AHAIRTEYECKOTO IOJNMBAPA HASHBAETCA noausdpom Beiias,
6CI® rpaRmnH D, RycouHO-INANKA H Iepecederune k rpanei

J

T

§9 - Dopmyaa Lepemana — Belias 93

vi={z:2D,; < dD;, %3 Dy, i~} umemo pas-
mepHocTs He Gonee 2r — k (4To6H TpaHM NEPECEKANHCH B .
n

?il"'{n =k"—r_l-1 Yik‘ R
Ira n-MepHHe pebpa MH cHaOAMM eCTeCTBOHHOH OpHeHTAIM-

e, onpenenseMoii DOPANKOM IPaHeH Piy ..., Vi, OOBeIEHe-

HEe BCeX TaKmX N-MOPHHX peGep Ha30BEM 0CHI060M TIOJWANIPA

A n oGosmraumMm ©.

Tlo reopewe Tedepa 25.2 1, (B)—1: (2) = D4y (L —2;)
‘7::

1, ..., N. Onpepexnmreus det|lgyll, i =1 ....5 in

1,..., n, obosmaumm Q;, .

e

Teopema 9.1. (Beiinp). Hycmv A — noausdp Beiirg
u f = Ag(A), mozda daa 2z &= A sepna gopmyan

obmem monoxennn), OGozmaunm uepe3s

I

1O, 4 & adt
. (9.1)

r‘
) SIS P | | [xik(ﬁ) —Xik(Z)]
: h=1

®opmyna (9.1) masmBaercs unmezpaibHBLM npedcmase-
nuexm Bepemana—Betian. Ora 0600maeT HHTEIPaNAbEYI0 Qop-
myny Hommu piaa monmmmaumapmiecknx obiacredl m mpespa-
maercd B gee, ecta N = n, y; = 25, t = 1, . . ., n. opmy-
na (9.1) BoccramasinmBaer 3HaYeHne TrojomopPHOH OYHRIEH
f B A 1m0 ee 3BHAaueHEAM Ha N-MEPHOM OCTOBE O ¥ WMEeT Iro-
soMopHOe 1O 2z SAKDPO, HPEUIEM BHUA, SEPa 3aBHCET OT BEAA

obxacrn.
ODokasaTeabCTBO B OCHOBHOM IOBTOPAET JO-

KasareabcTBo Teopemer 4.1. Hap kampoit rpambo y; pac-
cmorpum Bexrop-ymxmmo u' = (uf, ..., us), Te Uy =qup X

n —%
X [2 715 (& — zj)] » HOl KQKABM  PeGpom Vy,.. .1, MEOIKeC-
=1 '
80 Pi..1, = {(;, u): teE Vi, U :lz_i?»zuit, A 20;;1 A=

= 1}. Tak. :Xe Kax OpH J[I0OKa3aTelAbCTBe TeopeMu 4.1,
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yCcTauaBauBaercda, 4TO

f Z =.(l:..1._)..! n 4 B—1 ) _ -
(@)= n;«nﬁi i) ;1( P updug A dL
o FO9)  God

T - X
(23) 1< .<iy Viyod, u [fxih(g)__ xik(z)]
h=1

X N —
SRR TV D (= ) hddyy =

20 Rt

_ 1 _ 5- 1) Qi..-.in (€, 2) dg
2mi)™ n . — . (2]
W SN | @ —x;, (]
R S
Han [POCTOTH MPO/e/IaeM YKA3aHHbBIE BHIKCICHNSA IaA n=2:
1

§ 1@ uduy—mdu) Ad=| ary | 7@) [(Mud +

131, 0 v‘i;ig
4+ (1 = Ay ud) (ud — ud) — (Mud 4+ (1 — A ud) x
- i -
x(ub —uit)] at = far § 1@ (= ubud + ubud) ag—

0 Vici,

. S 192, & dl
— > .
vi,4, 1 (Xik(é)"— Xik(z))
k=1

O

§ 10. HHTETPAJBHOE NIPENACTABJEHHE
INA CTPOT'O ICEBJAOBBIOYKJBIX OBJIACTEN

Orpaunmvennas obnacts D HasHBaeTCH cMpozo ncesdo-
eMNYKAOL, ©CAH CyMECTBYeT Takag orpectHoCTs U D D
n dyurnua p & C® (U), wro D = {z:z & U, p(z) < 0},
rge grad p = 0 Ha 4D 7 pyExnma p crporo miwpmcyodrap-

§ 10 Gopryss Xenxuna — Panupeaa _ 95

vonmuEa B U, 1. e. nusg 2 = U u Beex welh, w0,

2 p—
‘a p(z) wiw, > 0.
i i)zjazk

Jsh=

Crporo ICeBOBHIYKIHE 001acTH HTPAIT BAKHYI0 POIb
B MHOTOMeDHOM KOMIIIeKCHOM aHAajH3e. IreMu o0IaCTAME
(rak ;Ke Kak W IOJHIAPAME Beiina) M0)KHO ANIPOKCHEMEPO-
BaTh WBHYTPH BCAKYI0 06JacTh ToI0MOPPHOCTH (em. § 25).
Jdaa roro 4robH NONYIHTH M3 dopuyan Komm — QDan-
camibe WATEIPANbHO HpefAcTaBlIeHHe QyHRmm, roxoMopd-
HHX B CTPOTO ICEBAOBEIIYRINX 00/1aCTAX, HAM moTpebdyrores
HEeKOTOPHE BCIOMOTATeNbHEE HPeJI0KeHuA. O6o3raunM
Dy={z:2 U,pl) <8), Vo= z:2& U, Ip@)| <8}

Ue’b == {(g, Z): CE Vo, ZEDG,
|t — z| < e}, the e >0, 8§ >0.

Mycrs- C® (V,, H) — mpocrpancrso QyHKImi Kiaacca '
CW B Vg co 3HAYCHAAME B HPOCTPaHCTBE H. :

Hemua 104, Jaa ecaroli cmpozo ncesdogunyraot
obaacmu D cywecmsyiom noA0NUMEAIbHBE NOCMOAKHYE €,
5, 0 u Pywryuu FeCO (Uy), G CO(Upg,p),
O = CW(V,, A(D,)) marue, umo:

1) ® = FG na U,y Fiz, 2) = 0; |G >0 na Ugys
|| > 8 ene U

2) na Ugy  UMeem Mecmo HepaseHcmeo

2ReF(L, 2) = p(L) — p() + olE —zI%

3) deF(L, o= = —F (& 2= = ().

NHNoxaasareanctso. lyers srazame obnacte D
CTPOro BHTYKIA, ToYHee, NyCTh YHRIHAA P CTPOTO BHIYK-
aa B U, Torma BBefeM

o
a
cp:p:gi-%gl(;i—zz).

Uz dopmyawn Teinopa ciefyeT, 410 CyIMecTBYeT o>0
rakad, urto g { & Dy, 2 & Dy mMeer meCTo HEPaBEHCT-
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20 2ReF(L, 2) > p(3) — p(z) + o[f — z?
yreopczemun aemu Cﬂgf(m)e;;m(zalh%. 2|* m & arom exyuae

B obmem cryuae 7 &
A BCAKOM TOYKE [ = dD cvmecr-
Byer (cm. memmy 10.2) Taroe Guromomopduoe omﬁpax;gn(:e

ot

w(z, §) mexoropoit oxpecrrocTH Ut roukm { ma HEKOTOpPyIo

orcpﬁec:rnocm myns B B mpocrpamcrse Cuy 9T0 0GpatHoe

;;?Iepameﬂne z(w, () nepesogur cTporo nmopncyﬁrapmd-

n CKYIO d)yHREHIO p(z) B crporo BHOYKIYI0 $yEKROHIO

o3 (w)'I—‘_— p(z (w, ¢)) mepemermoro w s o6xacrm B. Ilo dop

myne Teitnopa cymecrsyor &~ 0, &> 0 raxue. .
e T

W <¥, w—w]| <3 1 R o R

- . n ap~ (wf)
2R £ T , ~ :
e]_gi 8wj (wJ w.i) = pE’ (w ) — pE (w) + o [w' — w!z,

T105TOMY CyIecTBYIOT TaKue & > 0, ¢’ > 0, ro
i 2

o o~ (w(2,7) o
22 3P 01y D)

=p(E) —p (@) +0'];— e, (10.1)

ecom |§ — E] <&, | — z] <& Obosmauum

o 0= (v (2,7))
Fpw= ¥ —%

i=t w,

_ Vo o) ~ 1
25 [2 -’-a—wi——‘[wa (5,7) — w, (2, ;)]]. (10.2)

i=1

[05(&,7) —w; (z,8)] =

Suecn CHOE;;\ & — fl<<ey |-zl <e. Pacemorpam |
Takue Toukd fl, ... [N ma dD,; 9robn |

N B
D= \J B.(7).
i=1 &

Ilycrs pymrmun {qJ';_}g=1i...,N obpasynr pasbmenme emm-
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HEOH B Vi B HOCHTONDb @; Cofiepskares B Be, (E’) O6o3-

Ha4YIM

F62)= 2 Py (68 o0, (10.3)

rRe [ =V, [ —2|<2e= mine}.
Teneps ms (10.1) — (10.3)J HOJNYIAEM

2ReF (L, 2) = (L) — p(2) + 0|8 — z[%
(8, 2) € Ugeee (10.4)
3necs o = min 0}. TeM caMBM J0KasaHo YTBePRIEHES

7
2), yTBepipienue 3) DpoBepAeTCS HEIOCPEACTBEHHO.
Ilpr mamux &' >0 ms (10.4) caenyer, uro mpm { & Ve,

ze Dy, e<|f—32|<2e

Re F(L, 2)>0. (10.5)

3apukcHpyeM HempPePHBHYK OLHO3HAYHYI0 BeTBL InF
p obnacrm {F : Re F>0} ® paccMOoTpEM BeIieCTBOHHOSHAT~
gy ¢mEETEYHD QyHknmio %(z) kracca C(® ¢ HochTeneM B

mape B,,(0), mpuuem y(z) = 1 B B¢(0). Bnefiem smemmniown

neddepennuaaruyio dopmy A(L, z) mmma (0, 1), raaaxo

saBHCAIyI0 oT DapaMetrpa { = Vs

AlLs) = d,[(ln F) (¢ — 3)], ecnm z = supp grad, y ({—32),
1%) = 0 , €cad z ¢ supp grad, ¥, (—2).

(10.6)

Gopua A(L, 2) & CO (Vy, C(Dy)), e 0<<8 << ¥,
moaToMy (cM. Teopemy 25.3) cymectsyer pyrrmua B({, z)e

e C(V,, C(Ds)) Taras, dro

9,B(L, 2) = A(L; 2). (10.7)
4 7. A, AisenCepr, A, II, I0:aKos '
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H'OJIO}KHM
F (L, ) exp[— B(Z, 5)] npu LV,
o ze Dy |L—2]|<8,
(:2) = oxp [0 F. 5 (g — 2) — B(L, 2)] npm
teVs zeDy |L—zl>e

(10.8)

910 ompeneneHme KOPPEKTHO, TaK KAk IPH [E —z] =&
copasepimBo  Fexp[—B({, z)]=explln F — B]. Temeps
ms (10.6) — (10.8) Bmrexaer yrpepmpenme 1) meMmul.[]

Hemma 10.2 Hyemv D = {z:3 = U, p(z) <0} —
empozo ncesdosunyraas obaacmy. Jas awobol moiru =X}
cywecmeyem makoe 6uzosomopdroe omobpacernue Hexomopoi
oxpecmuocmu Ug  mouku £ ha Hekomopyl oKpecmHocmb
nyas B & npocmpancmee Cy, ¥mo npu smom -omobpasicernus
o6aacme D ﬂﬁ & 6uz0i0MODPHO IKEUSAACHMHA EHNYKA0U

obaacmu ¢ Ch, a o6pamroe omobpascenue nepeeodum cmpo-
20 naopucy6zapmoruieckEy GYHKYUIO p(z) 6 cmpozo evinyk-
ayw PyHEYUO.

NokasarteabcTso. lapalrelbEEM TePeHOCOM
MoKHO NOGETBHCS, UTO6H Todxa { OHzAa Hy/aeM, TOTAa B He-
KOTOPOH OKPeCTHOCTH HYIA

n n
. 3p (0) 1 .
p(z) =2Re 221 az, 2;+ 5 5.2h=1 2,0, ZjZ, +

3
Q5% (0
4 Re,.kzﬂla_z';?a(_ziz"z” o{z]2).

Ilo Teopeme o HeABHOH (QyHKINHE B MeHbIIeH OKPeCTHOCTH
HYJA 38 JOKATBHEE KOOPAMHATH MOKHO TPHHATDH Ppysxrouio

n
bp (0)
wl(z)=22 = z,-—l—' o 1%
j=1 j Iy k

ool e |

m J006He JaHedHbe (QYHRIEE Wy . . .5 Wpy ABIAKIAECH

ap (0

S( )Z1 + et
21

KOOPAHEATAME B . THNOPIIQCKOCTH {z:
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-+ ﬂ;—z@zn = O}. Crporas MCeBROBHIYKIOCTD B Touxe O re-
n

Tephb ¢3HAYAET, dTO

n

Z ajh§i§h>?|§l2g
i h=1

8%p (0)

6wj6;h'

B noBHX JTOKAJBHBIX KOOPAKHATAX W

rae 7> 05 a5 =

p =+ J_h2=1 ajkw,-u-fh +o(w|?). (10.9)

3necs z; = Rew,. Oynknus (10.9) cTPoro BHUYKIa B KOOP-
amuatax w. Ecam € > 0 focrarodso mMaxo, TO B.(0) (VD —
BHIOYE1as 001aCTh B KOOPARHATAX W, TIe B,(0) = {w:|lw] <

< e}.[]

MHemuma 10.3. Hpu ycaosuaz semms: 10.1

O 5 =2 P9 — ),

2de PyL, 2) & CO (Vs, A(Dy))y & = 1,..5n L=Vy
z = Ds. .
NorxasareabCTBo. O6osraunm C(§, 3, w) =
= @, 2) — D, w), C(L, 2, v) = CW (Vs, ADg X Dy)).
[pu ¢urcmposannoM { & Vs QyERIHNA C BXoAuUTI B EAEal
ronoMopdunx QyHKIHWA, paBHHX HYIKO HA MHOMKECTBS
{(z, w): z= Dy, weE Dy, 2= w}. Io Teopeme Tedepa
(cm. § 25) mpean J umeer 06PasyIue Wy —31, « « «» Wn — Zn
n pasnoxenme C(L, z, w) mo sTuM 00pas3yIIUM MOKHO
clefars HempepHBHO AnddepeRnupYeMBM 0O HapaMerpy g
cM. Teopemy 25.2), T. €. CYmeCTBYIOT 0:t, 2z we
eCM(V,, A(Dy X Dg)), i =1, ..., n, Tarme, IO

C(C,z,w)= gﬁ Q, (L, 2z, w)(w; —2,).

OrmermM, uro F({; ) =0, smauar; ® Dy £) =0
il
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(cM. moxasarenscreo xemmur 10.1), moaromy
CD(C; z) = C(szz C) = g Pl (C; z) (Ci ""zi).z'

I‘nﬁ Pi(cy Z) = Qt(c’ Z, C)s i= 1 21 e M

I/Icnonbsyﬂ BekTop-pyEKRmuio P = P(C,, z) = (PI(C,
2)y . .., Po(L, 7)), cymecrBoBaEMe X0TOPOH AOKA3aHO B JA6M-
Me 10 3, Tomepr m3 ¢opmyan HKomm — (DamTanmnee momy-
YaeM CHAeqyIONee YTBEPKICHHO.

Teopewma 10.4 (Xemxun — Pammpes). ITpu ycaosuu
aexmmw 10.1 dan ecaxoii f & Ao(D) u aw0boii mouku z = D
umeem mecmo dopmyia

fz) = 6£f(§)<ﬂ(€—~ z, P (%, 2)). (10.10)

finpo B murerpansroM npencrasienny (10.10) me Brmm-
¢aHo ABHO, OMHAKO oNeRKm w3 JeMmu 10.1 mossoxsAwT Ho-
ayuuTth mEPopManuoo 06 ocobGeHHOCTE 3TOTO AApPA, UTO OKA-
8aJI0CHh IOCTATOUYHHIM [(JI BAJKHHX TPHJIOKEHHH,

Teopewma 10.5 (Xeurun). Jas ecaroi mousu z & D
u awbozo 6, 0 <O << v, cnpacedrusa oyenra '

da

In (o
ooy 2 G 91 )"‘*"‘ ERFID (10.11)

2de doy — asaemenm noeeprrocmu 8D; nososcumerdH®e no-
CIMOSHHEBE Yo U V1 He aasucam om z u 8.

Ilna mokasaTeanCrBa 9Tod TeopeMsl HaMm INoTpel yioTcd
BCHOMOTATeJNbHEE yTBOPKIeHHA.

Jemua 10.6. Cyyecmeyom ¢ >0, § >0 u y >0
‘maxue, ymo- dan écaxozo z = Vg 6 wape Bé(z) MOXCHO CcOe-
Aamb 2AG0KYI0 3aMEHY NEPEMEHNHT 1= =n(£)"co csolicmeanu:

1) mgﬁ) —S(C) —p(e) + i ImF(E, 2),

B s Srin® — @I S — ot Le
&By(z),

4 —$->|ﬁ;g-|>v npu 3 Bos(a),
sde F(t, z) — pyunyus; nocmpoenkas & sexme 10.1.
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NoxasaTteascTtso. CymecTsyer Takoe o>0
uTo JIA BCAKOr0 Zz & Vg cmpaBennmBo d;F(c, 2)|g=, 7= 0,

cienoBaTeabro, cymectsylor y >0 = 8§ > 0 rarme, uro
mas z & Vg B mape By (z) Bo3sMoREA TIajfiKad 3aMeHa Ie-

PeMEHHHIX 1) = 'q((;‘,), IPE KOTOPOil BEPHEI CBOHCTBA 2) — 4)
npa 8 = 8, vy = vy =m coiictro 1) M(Z) = F(g, z). Hanee,
Imn(t) = ImF(E, z) = Imny(), m coraacso yTBepmme-

gm0 3) aemmut 10.1 wmoxysaem dpRe M () ly—= dy Re F (¢,

1
z)]t_,_—“l—d;p (&) |e=z=—5dt Remy (§) t=z, mooTOMY cymect-

ByOT ¥ H 0, 0 KOTODHX uier Pedb B Hamed aemme.[]
JIeuma 10.7. [Jan eécasur e B & maruz, umo 0 <
<e<1, 0<<8<1, umeem mecmo Hepasercmeo

dtg A ... Adt,,

J= <
(B+... .+, +e+1nu)"

TP SE. SN |

< Yolln (e + 8)| + Vo (10.12)

20e o > O me sasucum om € u 8. :

HorxasareabcTso. Pacemorpam cayzair n > 1,
KOTOpHn 2 npep;cmmme'r aag Hac matepec. OGozmauynMm
r2= {3+ ... +ti, Tlepexoma k cdepmueckod cmCTeM®
noopnnna'r, HAXOMHM, dTO

1 a/2 1 1
,.2n-—2 sinzn_,3 (pd(p S‘ S‘ an—zd s
L2\dr\ ———
J§2§dr,§ (Pt et +reosg)™ -5 (et o)
1 o 2 . . i '
2 ri"dr 2 dr 2 1+e
<n——1§(,z_+aa)n—1<n—1s-r+a n—ilns—|—6<~

?olln(8+6)|+1’o

I[oxaaa'rensc'rno TQODOMH 10.5. Coraacuo
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memme 10.1.
m : FG a6 aI
o0y | @& Dy bgaynan | £ & D76
+ B S
n =
OD\BG:(z)] @ (L, 2)|
: e S 5da (10.13)
Sz HER 3
(B, (9\Bg(2))n4D oD

rge 0, F, G — u3 memmn 10.1, a mocrarouso mamnoe &
ynosuaersopsier yeaosusam aemm 10.1 u 10.6. Cpenaem B ma-
pe By (z) samemy mepemeHEHX 1) = %([) E3 TeMMEl 10.6.
Hycrs ty;_q = Ren;, fy; = Imm;. Us 2) B memme 10.1 n
1) B nemme 10.6 maxopum

7@, ) (=t ) >
e LY

V2 2
pns ¢ & Bg (z). Temeps ms ¢ = —p(z) maa L = (éD) N
N Bs (z) us 3), 4) B nemme 10.6 momydZaem
dac <
(B (2)\Bp(2))N8D ', FE ol
. A dian
QWS (53~ ~-7l:2?/t\%;%|/\p(zt;|+|t2|)“ 1019

e v, > 0 me sasmeut or z u §. Janee, ms (10.13), (10.14)
z (10.12) caegyer (10.11).07

B zaxnouenme NPUBOREM ONUH Pe3YABTAT 0 CBA3H Qop-
mynn Xemxuna — Pamupesa (10.10)y xoTopyo Mul 3amamen
B BHIE

f@)= |7 H @ do (10.15)
oD .
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C HHTerpanbHHM IpeacraBieHueM ¢ axpoM Cere

1@= 1@ 5 Do (10.16)
8D '

OGosmaumm A(z, §) = H(L, 3) — H(z, ). METerpanu
m3 mnpasuX 9Tacreit pasemcrs (10.15), (10.16) mopomparor
omepatops 3 L3;(8D), mx Me_obosHagum H m S. Amano-
rm4HE0 BBOAMTCA omepatop A. Caegyiomumi pesyabrar
omupaerca Ha Teopemy 410.5.

Teopema 10.8 (Hepsman — Creitn). Hycme D —
cmpozo ncegdosunykaas obaacmeb ¢ zpanuyeli kaacca C(),
Adpo A(z, §) abcoarommno unmezpupyemo no [ < 8D npu
Purcuposannom z = 0D. Cnpasediuso pasercmeo

S=H+HA -+ ..+ HIr+ .,

20e p.‘la ROHUMAEmMces 6 acuMnmomuHeckom empicae, m. e.

-~

k 4
S—H-D> HA
=1

ecmb ozpanunennnii onepamop us L3 (D) ¢ C@r)(3D).
ddecv (k) - o0 npu k- oo.

§ 11. HTHTETPAJIBHBIE ®OPMY JIbI
AJA ¢YHKIAN, I'OJIOMOPOHBIX
B n-KPYI'OBBIX OBJACTAX

1°. Ilyers D — orpaEwYeRHAA BHIOYKIASL R-KpyroBas
¢ HeHTPOM B Hyxe o0aacTe m Takasg, gro ¢ymrmma P(|L|),
safawman rpaEEny 0D = {z: || = ('|C]), '|¢| = G},
ABaKIb HenpepusHo nuddepenmupyemasn; smecsr ‘[L| =
= (|&s]. . .» |Erl)y @ G — mpoermua o6pasa D B aGcomor-
EoM oxTaHTe Momyxe# (|fil, ..., |C,]) Ha ramepmmockocts
{IT1] = 0}. B srom cayuae guas QyEkOmit, romroMOPPHEIX B
D; = xnacca C(D) mmeeT MecTo HETEIDATEHOE NPOCTABICHA®
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(8.5), rme p(z) = [&i] — V(' |E]). Ecam oGoszavmth

|99
[Gal g+ oo T 6 Vg — ¥

s J5=2, 000y

o (1Eh =

TO mOIyImM (PopMyny

_ (p=1I ’ 1(®) at
fo =21 j;dqaucnmi(1_,,1_,,,__,,”),, 5
(11.1)

e do(’|th = dpa('|ED) A o Adea(lEl; ¥y =
=250, 1ELi1 % 7=2s s 75 @ {[E))=1—Qp— .. —Pn=

= = p{ltl i - Gl bgy — ¥ A= :lGl=

=|&l, i=1,;...,n}. B mHTerpaipBoM NPeACTABIOHUHN
(11.1) mmrerpar mno /D sammcaH B BERe IOBTOPHOIO
AHTErPaja: CHAYala HMHTEIPAPOBAHMe MHPOHCXOJAT XO
apryMeHTaM [ePeMeHHHX, a 3aTeM — II0 IX MOAYIAM.

Ocymecrsum 3 (11.1) sameny mepememmux: @;('|f]) =

= @, |Lh=rn{), L=n(@)E & =ri7) §9w'is 0, = argfy —

—,argCl,]=2,., ng [Bl=1, ©= (T4 Taks

Tr=1— T3 = oo — gy T = (1(T)e + aFa(V)s 0=(0y, ...

.« 0p). OyExmmo f #a JD MomHO sammcarh Kak PyHK-
oz ot (§, 7, 0) roe § maMeHAeTCA EQ EJUHEYIHOE OKPYX-
goctH, 0<LO; <20, j=2,.., 1, H

(Tgy o+ o2 Tn) € A% = {(Tg;  « 3 Ta) &
¢2+"' +¢n<1$ ¢i>0&'i=23"'l n}o

Temeps (10.1) mpeofpasyercda Tak:

C(f gy == D! j‘d f&r, 0 48
(2) = do 29 %5 (11.2
@) =" J 1) qu.' i1l by A—wD" E (11.2)

the Ay = {(6,,.'..,A0n):0<61< 2, j = 2,...4 B
—40; e"wn

) SR LI e
u—ﬁl(_:)zl-l— T‘(") 23+-!z+ -rn(,‘) 25
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®opmyaa (11.2) nepenncrsaetcs B Gomee ynobroM KIA Halb-
Heiimero BUAe '

f) =22 Sdfmw Sdem
A* A

= oy ]
(2ﬂ) t M 1tl=1

gn_if (& r 9 11.3
| FerO g 1y

PaccMoTpEM Qafiee ppmeiisne AnddepeHmEalbEES ONEPa-
TOPH:

L=t Ta (N=(n = B) Lacs () + 2, 2 52 nma (O

E=1,2,..., n—1. Oyors M(§, v) =
— (n— k—)1 Br1E — wp,

Torga BepHO - PaBEHCTBO

i
L, (M) _—.‘1‘-(“‘?_1_’-‘13—,,—, Ee 0,1, ... n—1. (11.4)

B cury (11.4) dopmyny (11.3) moxmmo sammeaTs Tax:

1= i [ faon § r@romaona aLs)
A* :

(2= Ax |§f=1

MprMersaa k obemy vacram (11.5) ofparHite omepaTopH Lt
(B CyIIeCTBOBAHWE KOTOPHX HeTPYRHO yGemwThes) u mepe-
o6osHagasg QYHKIEH, MOAYIaeM CREHYIOIee YTBeP:K/CHHE.
Teopema 11.1 (Temnsros — Ommans — Cuuax).
ITyemv &k — gurcupoeannoe wucio Us Habopa Huces: 0,
1, ..., n—1. Tozda 8aa ecaroti Pynryuu [ & A(D)
maroii, umo Lu(f) € A.(D) cnpasediueo unmezpasvHoe
npedcmasaenue ’

. —r—1
_ (k=D de ETTLDE gy

Opr n=2 ¢opuyas (11.6) mawr uxnmezpas Temanrosa
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I poda (k= 1)

27 [}
f(z) = 1—j dt Sd—c g F(r(v) g, ry (1) L0t at

4m2 _
6 0 it E—u
u unmeepar Temasroea II poda (k = )

27

i
it
10 = g [t [ae | Hb oY b
0 0 8=t

. R 22(1—1.')9_".

me F=Lilf), u=r"5+""515

Warerpan Temasaxosa I poma ygoben Tem, ur0 BHYTpPeH-
Huii mETErpaN B HeM nmeer axpo Homn. [arroe oOcTOATE b
CTBO IIOMOraeT HOPF HPHIQKEHHAX.

2°. Hecmorpa ma Gombmyio ofmmocts ¢opmyinnr Ho-
mu — Qarrannke, . BoopoC¢ 06 OTHCKAHAA WMHTETPAIbHEIX
OpeficTaBieHME € ToNXOMOPHHHM AAPOM JIA KOHKPETHHX
obnacteit D — C* me cummaerca. IlosToMy npegcraBis-
0T HWHTepeC CHoCOOH IOCTPOeHHMSA UWHTErPalbHEX ¢op-
MYJI ¢ TONOMOPQHHME ANpaMH [JsA OIpPEleJeHHEIX 006-
macteif mam waaccos obmacreir. OgEH U3 TARUX CIOCO-
Gos Oyner paccMOTPeH B STOM H ClIefyIIIeM IYHKTC,

ITycte D — orpamwuerHass moxHas h-Kpyrosaa of-
nacts ¢ mentpom B 0, Ha |4D| BajmaHa KoHeuHas Mmepa A.
Mepa A HaswmBaeTcA FONYCTEMOM, €CIE AJA TIOOHX MEIHX

Beorpunareabusx (ki ..., k,) =k
VraiSup | 2% | = max| z*|.
1oD| 18D} '

Ilpmsemem 063 moKa3aTeJbCTBa CHEAYIOMHBA pe3yabTar
0 CYMEeCTBOBAHHM HETEIPAJBLHEIX NPEACTABIeHUMI € sAx-
pom Cere.

Teopema 11.2 (Aizerbepr). Iycmv na |0D| 3a-
dana koneunas mepa Ay Jas mozo umobw cyuecmeoeanro
unmezpaavroe npedcmasienue (z & D)

laDj}

_ 1 B
1@ =t | dAoAj; forEE AL
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dan awboli feA (D), 2de adpo Ceee h(z O=h(zn —E—;,

vy Z2,Cn) npu PurCUpoBAHHOM 2 =D szxodum no { ¢
A(D), a npu gurcuposarnom t = dD exodum no z 6 A(D),
npuiem h ne sasucum om f, Heo6rodumo u 00CMAMOUHO,
umobu mepa Ay 6viaa donycmumoi. Hadpo Ceze pasaazaemcd
npuse=D, L =0dD e Kpamubiii cmenernoil pad:

h (ZZ) = “=(OLIZ o )
a0

(11.8)

a,2%C%,

2de
(11.9)

a, = M: | cz“ld?»or-

OTMeTsEM, 970 [ONYCTEMHE MEpPH — 3T0 TAKHe MepH,
KOTOPHE MACCUGHBL HQ 2panuye Muaoea obnacta D (1. e.
nas seakoro E — 6D HyJeBoll MEPH A mMeeT MeCTO BKIIO-
wemme [dD|NE D|S(D))).

[ipuBefieM HECKOARKO HpuMepPoB BEEHOCIE-
anusn angep Cere, OrpaHHIMBMMCE CIyTIaeM 71 = 2.
Ecau rpanmma ofnactu D uMeeT BHJ oD = {z: |z;] =
= ®(|z,]), 0 |zl <r}, rThe ¢yHEIEA @ yOmBaomad,
To mETETpHpoBanme Ha |0)| mo Mepe A MOMHO B3aMeHUTh
maTerpupoBarmem na orpeske [0, r] mo mexoropoi mepe N,
KoTOpas MOMET ObITh,B JACTHOCTH, 3a7aHa € HOMOMIBIO BO3-
pacralomell HeIpepEBHON $yHKRIAHR. )

1. PaccemoTpuM mOCIEN0BaTEIBHOCTD obmacreit D, =
= {z: |z)* + |27, 0<< zl<1}y, p=1%2,...,aB
xauecrse mepm A’ ma [0, 1] Bo3bMEM MeDY, THOPOKNIEHHYIO
dysxrmmeit |z;%. fAnpa Cere hp gas o6aacreit D, Oynyr EMETh
BHJ

hp (lelz'zzzz) = 2 a%p) (lel)k1 (Zzzz)kzt

ka220, ka0

TZie

1 -1
[p(k -+ 1) + Bl
a'(hp) = [Sl Cl ]2kl (1 - l Cl IZIP)hjl d] Cl lz] = P [p (k11+1) _1]? kgl
0
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OcraeTcs HaliTH B KOHOWHOM BEJe QYHKIEE

o (2, ) = L [2 (ks + 1) + kyll
A N e B 1 K

I‘IIeBxl = Zlé—t_f, Xy = zzzz-
amernM, uto z = D,, §{ = dD,, mosTom 1,
lz1(1 — a5)—P] << 1. I[a.rxelza: » Volal<

-]

1 N 1 1 mf 1 P+
(1—“73)10—31 (1_$2)P {— Ty = 2 1 (1""‘2‘) =

A=z

-]

_ 2 %, dp(m'l'i)— 1
[Pt + 1) — 11 gt ~1 1T—=, =

m=0

— S [p (ke + 1)+ ks —1]!
e Pl ) — 11Kl

Zhazhs,

Teneps moJydaeM

h _ a4 4yt
p (1, 2} P d3y(1—a)P—a  [(1— 3‘:)% — ]

Nrax, nna fe Ag(Dp) mMeer MecTto HHTEIPaJBHHO®
npencrasaenne (z < Dy

i
(z) - s \ 1@ (’1_- 2500)” __1 @
(2M) j ‘gll Acl(i “‘52Ca)p—51C1]2 4 (1110)

3aeck |LP=1—]| C1 B ; . B cayuae p= 1 nuist mapa D, = B,(0)
L0y 7aeM

1) = (zn:)sa}dlcll* (———L‘i’——d’; (11.1)

1—20;— 31@2)2

(11.11) — mATerpaibHOE npencTanneHne Boxmepa {cM.
(8.8)) m, xpome Toro, JacTHHH ciydait gopmyunm (11.1).

§ 11 Popuyas 0as n-xpycosuz obaacred 109

Taxum 00pasoM, BHETerPajbHOe MPECTABICHHS Temnarona
B CAydYae Iapa eCTb HHTEIPANbHOE MPEICTABICHUS C AXPOM
Cere.

2, HOyers D = {z: jz1] + 18l <1, 0< 0] < 1}, a B
rauecrse mepw A’ mHa [0,1] paceMorpmm oﬁmtmy:o Mepy
JleGera. Torpa

. 3 -1
- L . (2ky - 2y + D)
B LS JGaf2m (1 — ]Gl d| b I] = R T

a agpo Cere AusA MaHHOTO Ciydas MMeeT BHJ

(2ky 2k + 1) 2y ks
Rz, #9) = & TR L
k3>0

rme CHOBA X; = 3; Gy t =1, 2. Tar Kax |z| + 12.] < 1,
a [G]+ (&l =1, 7o 1/Ixx| + vV Tz, < 1, mosToMy

Q @t Tk D re A N i Em LD Tym
§ RO —z[ 2 o= xl) X

my, me==0

X(]/;;)m’-i“ 2 (mq - mg + 1) (_'/—)m,( ]/—)m:

mylms!
g, Mma=0

+ 2 m1+ma+1l( V7 )ml(l/x )m.

m,lm,)
my,me=0 .
+ 3 o VEI)"‘*(—VE;)’”’]=

1
[(1-4/1 vw:)2+(a—vx1+vw=)=
et Ry

(t — & — &y) (1 L 22,2, — :ci — "’2) + 83:1:1:2
T —= — w2)2 — 4,2y ]2
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tr 11

3. Bonee of6muit caywail mpeacTaBaAoT Coboil o6mactu
2 2

R P '

Dy, ¢ = {z 2z P 2] < 1}, p, g=1,2,.... Paccmorpum

Ty e Mepy, 4To ¥ B n. 1, Torjla MOMKHO IIOKAa3arb, 9ITO
P g

1 0
hp,q (1, #5) = 7q 0z, 2 2 "“"“—"i""'—'—

e — s o 8
h=1“=11 Y51 7 Yie2

1 1
T8 yiu = 2° €5 Yip= q.1.

il 1 Cin Yi2 = Ty 8y & — BCe KOpHH cre-
IeEM p W3 eAWHHANH, j =1, 2, ... P e}, — BC® KODHH
CTeleHW ¢ M3 eguHHNH, j, = 1, 2, ..., g. fAnpa Cere hy 4

PanMOHANBHHE,

0

3°. 3apmrcupyom obmacts Dy m poumyctmMmylo Ha |0D)
mepy Ay. Ilo Teopeme 11.2 copamepnmBo wuHTErpanabHOE
opepcrasienne (11.7) ¢ aapom Cere. Paccmorpum mpoms-

BOABHYID of6nacts D ¥ mocraBEM CIeAyOIMylo 3adauy:
BHOparb, ecnam 910 BO3MokHO, Oyurmam (|5, . . .
1€al)s o« o ©nll&il, .+ ., |n]) m Mepy A ma|6D| TaK, 91061

Liasa oGnacru D Qw0 CHpaBeliMBO WHTEI PANBHOE LIPOICTAB-
JeHHe

=1 70 \dt
f(2) (m)nIiidxitf(c)h(z;m)? (11.12)
Tae
h(zgl).—_h(z';'_“’l_. PR = Y0, o*
i ISP e on "lc,,rs)“ e 1S [T
(11.13)

¢yHKnuAa h — Ta jKe caMad, 9TO W B HHTEIDaJbHOM IIpefi-
cranesun (11.7); ’

ay = [ ( qa"dx]“‘.

(11.1%)

18D}

Beerna rak MomHO mOm0OpPaTh Qpy ..., @n B MEPY A
Ha |0D|, urobm a, u3 (11.14) paBEHAIHCH COOTBETCTBEHHO

i e

§ 11 Dopmyavt das N-EPY206HT obaacreil 11

a, 3 (11.9). (910 MOMHO OCYMECTBHTH Tako# 3aMeHOH Ie-

‘peMeHHBIX, HOPH KOTOpO# M3 MHTerpala (11.9) mo |8D,|

nosyuaeTcA WHTErpat (11.44) wo 18D|.) Ecam Tax BHOpaH-
HEe @1, . . -, @n YAOBIETBOPAKT YCIOBHIO CXOXHMOCTH pA-
na 1113)uprz = D, L = 4D, To mCKOMOE MHTErpalbHO®
npencrasiaenne (11.12) cymecrsyer. Oxasanoch, 4TO [JaH-
Haj Bajava HMeeT peIIeHHe JJs HeKOoToporo K/acca m
n-KpyroBHX obaacteil, 3aBHCAIIETO TOJBKO OT obnacta D,
i He 3aBECAIMET0 OT BHG0pa MePH Ay (wam, UTO TO iKe Ca-
Moe, He 3aBmcAmero or BrGopa AAPa Cere k). Appa (11.13)
HABHIBAIOT PACR POCPGHEHHUMU A0PaAHU Ceze. B wactHoCTH,
ecim D, — map, ro M — Kiaacc BHUYKIHX orpaHnIeHHBIX
n-KpyToOBHX 06aacTeli ¢ HEKOTOPHIMMU ecTeCTBeHHBIMHE OTpa-
HUYeHIAMM HA UX TPAHAOY. A HHETeTPATHLHOE HPEACTaBiIe-
ame Temusixoa (11.1) ecTh pacmpocTpaseHNe MHTEIPATBHO-
ro upencraprerus ¢ AnpeM Cere i mapa Ha 'BHIIYRJIHIE
n-Kpyrossie obaacrm. Ommcanne e Kiacca M 5 obmem caAy-
qae mu me npmsopmm (em. [10, 171). OtmeTuM TOABKO, UTO
nisa moboit moTXHOM n-xpyrosoit obuaacTn rorxomopduocT D
¢ rpapmmeit 8D & C® cymecrByer gHTErpanbHoe IPeiCcTaB-
nemme (11.12) ¢ AxpoM, panuoHAJBHEHM 10 2, ﬁBnﬂmmm;xcﬂ

pacnpochaneZHneM anpa Cere pas obaacrn D, =123 P+

4 ...+ (2, <1) mpr HEKOTOPOM HarypaxsHoM p (CM.
(471, [911).

. PesyapraTh, aHAJXOTHIHHIE IPHBEAEHHEM B 2> u 3°%
MOMKHO MONYIATL B JUIA TPyOuaTHX obnacreil, rfie BMECTO
o6mrero Gasmca ¥3 MOHOMOB HCHONB3YETCH KOHTHHYaJbHEIM
Gasuc M3 9KCIOHOHT, a BMECTO CTEIEHHHX DsjloB — HMHTO=
rpaxs @ypse (cm. 160]).

4. Tlyers D — moasaA orpaHMYeHHas n-Kpyrosad 06-
JacTh ¢ HEETPOM B HYyJe (xakas-1HOO TIITATKOCTE 8D wme
npexmosiaraercsa), M — MHOKECIBO BEKTOPOB k ¢ wenHMHA
HeOTPHIATEABHHME  B3AWMHO-IPOCTHIME ‘Koop/HHATAMH.
Ilaa xaxgoro k & M BosbMeM roury ¢(k), B KoTopoil J10C-
ruraer Maxcumyma Ha 8D momom |TH| (rakyio TOUKY MOKHO
BHOparh He eHECTBeHEKM CII0co60M, BO3bMEM O(HY H3 HUX).
CoorBercTsylonmit octoB Agp,) 0003HawEM TPOCTO A(k).
Hagoser, PaccMOTPEM q1060H 0CTOB, BXOMADEE B oD m
o6osrazmm ero A(0).
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Teopema 11.3 (Jley — Aitsenbepr — I'maguxun).
Hdaa ecaroit f & Ag(D) cnpasedaugo unmezparvroe nped-

cmasaenue: npu z D
1 @ _d
DE ‘;—%‘:?Tg] (11:15)

1o==l Jro%+
(2mi) AD)

pad 6 (11.15) cxodumes abcoalommo u pasHOMEDPHO KA EANCHOM
Komnakme 6 D.
JloxasatTeansbcrBo. MoxHO cpasy cumraTh, 4TO

f = A(D), tar rar BmecTo D MOKHO PaccMOTDETh IoMOTe-
Tmio D,, r <1, a 3aTem cjesaTs npefeJbHNH mepexop npu
r — 1. Ilpeacrapum f(z) B D cTemeHEHHM pAJOM

reM AlR)

. . 00
f(5)= Zchzk = Cq + 2 2 chlzh[ =
kR reM =1

=52n1€)n [ 5]‘(@)%—}-2 Ezhl S Z-f%%]:

A0} heM =1 AR) E
£ S dg F B ag
=——1 \ 1OF+ -1}
(2mi) [A(O) i hgﬂ s 8 C]
% A\ 2 .
rme kl=(k,I,...,k,0l) m H(;T) =T TaK KakK
I=1

l2%| < |C* mpm z &= D, { e ARk). O
Ormermm, uro dopmyna (11.15) ymmeepcaisna [aa pac-
cMaTpmBaeMoro KJjacca obnacrei.

§ 12. AIJIPO LIBAPITA

W WHATETPAJLHBIE TIPEXCTABJEHUA
roJIOMOP®HBIX ®YHKITHH

C HEOTPHUATEJBHON JEMCTBATEJIBHON YACTHIO

Kuaccmaeckan meopema Pucca — Xepesomya(cm., ma-
mpmmep, [134, ra. VIE, § 2]) yreepmpaer, 9ro ¢ymrmms
f(21), ronomopduan 8 exmEmIHOM KPyTe {3; : |7;]| << 1}, HAMe-

" pa v ma oxpyxmoctm {z;: |z;| = 1} Takas,

§ 12 Qyuxyuu ¢ neorpuyaresvnos delicreuresvroll uacrvio 143

eT B HeM HEOTPENATCILHYIO NeHCTBETONLEYIO TACTH -TOFMA
¥ TONBKO TOTA, KOTLA CYIECTBYeT HOOTDHIATeNTHHAS M-
aT0 s
la1] <1

Flz) = o j S g +iTm (0 (12)

8=t

B nammom maparpade npedcmaérenue Pucca — Xepeaomya
(12.1) o6o6maercas Ha MHOTOMEDHHIH CIyYail.

Iycrs D — orpanmvenyass ofmacrs B C". O6osmavum
yepes R(D) rnacc Qymnkmuit s A(D) c HeorpmmaTerbHOR
meiicTBUTeNBEOH wacTeio, a R, (D) = R(D) N ¢ (D). Pac-
CMOTDHM JBAa CHENYIOIUX yCcioBHA HA 061acTh

A. Jlan écaxoti f = R(D) cywecmsyiom moura 2" < D,
ee orpecmuocms U(z') <« D u nocaedosamesshocmyv |, &
= R,(D), m=1, 2,..., maxue, ymo f(z)=lim f, (z)

m-—>o0
das z = U(z). :
9ToMy YCIOBHIO YAOBIETBOPAKT, HAOPEMED, CUAbHO
seesduve obaacmu D (T. e. Tarme, uwro roMorerma D, =

= rD > D npu r > 1), uxn, Goxee o6mpo, obxacra D, pisg
KOTOPHX CYmecTBynT 6mrolomopdHEe .0TOOpasKeHHs gp,
rakme, 910 g,(D) > D, m =1, 2,... n lim g, (z) =2
m->o0
mia z & U(z') (manpmmep, TomoJormyeckoe NpPOR3BeJeHUS
Konem); HaxoHew, obaacrm, GmronomopdHO HSKBEBATEHTHEE
yHasaHEHM 00/1aCTAM, eCJIH COOTBETCTBYIOmee GHromoMopd-
Hoe oToOpaskeHHe HPOROIIKAETCA M0 ToMeoMopmaMa 3aMK-
HyTHX obxacreii. MoKHO mOKasaTh, IT0 yclXoBme A BHION-
HAGTCH A CTPOTO ICEBOBHUYKINX obmacreil (cm. Teope-
my Koyna — Panre [245, 186, c. 107). B 7o xe BpeMa HaM
HeW3BECTHH NIpPHEMEDH o6aacTeil, ABIAMEXCA OTKPHTHM
ANPOM CBOHX 3aMHK&HUI1 U He Y/I0BICTBOPAOMIX YCI0BHK 4.
B. Cywecmsyiom samruymoe mnozcecmeo M < 0D,
Heompuyamesvhas Ha nodmuoxcecmeax M mepa 1, HYHEYUR

KT, 2) = C{(L, 2): L= D, z =D}, 20m0mopgras no z

e D, o6radaoyas ceolicmeom h{z, ) = KT, 2) ma D X D,
u oan ecanoii f & Ap(D) u 2 =D umeem mecmo unmez-
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paavroe npedcmasienue ¢ adpom Cese h
@ =[1@nE ) du, (12:2)
M .

a, kKpome mMO020, Mepa | — npedcmasAslouas 0is MOYKU
22D, m. e. das awboii [ e AlD)

@) ={ @ an. (12.3)
M

Ecauz He Tpe6oBaTh HEeIpPepPHBHOCTE k mo { B 3aMEHYTOH
o6macTa D, a OrpAHMIATHESA YCA0BHEM R & HE (D), To smpo
Cere cymecTByeT B BecbMa ofmel curyannu (cM. Teopemy 6.7).
Hame Gosee ;xecTkoe TpeGoBaHWe HOUPEPHBHOCTH OCYIIECT-
piAfeTcA OPH HTHX yCAOBHAX, ecam ) KpyroBas H CHJIBHO
3BesfgHasA, W 3aBefoMo Bcerga, xorga saapo Cere HalpgeHo B
KomeunoM Bmme [10, 83, 84, 92, 191}

B cnywae n-kpyrosoit ofiacrm D ymo6HO paccmarpm-
BATH MepPY, ABIAKIIYIOCA DPou3BeleHHeM MepHl, 3aBHCAMeH
roasko ot (| &il, - .., 1Enl), ¥ MEPH, COOTBETCTBYIOMEH BHEID-
meit nmppepenmmannHoit dopme dargl; A ... A\ dargl,
(cm. § 11). Torma nasa cymecTBOBAHHSA AAPA Cere ¢ HYKHEME
HaM cBoiicTBaM# Heo6XoXMMO E mocTaToduHo, 4rober M D
>8(D) m mepa pn 6uaa maccmpua Ha S(D)(T. o. Bas BCAKo-
ro E — D wuynesoir MepH |1 mMeeT BEIioueHme 0D\ K O
< S(D)) (em. § 11). Tipm arom sapo Cere h=h(z, Ly, . .., 2,51).
Jlna meaoro psafa n-kpyrosmx obaacreit smpa Cere Haiime-
"N B KomeuHoM supe (cm. § 11, a rTawme [10, 83, 84, 921).

Haxonemn, 3TH AApa ABHO BHINCAHH W NJIA CAMMETPH-
weckmx obmacreir (cm. [1911).

B ynoMAsHYTHX ciydasx, korja saupo Cere ABHO BHYHC-
neHo, cooTHomenme (12.3) mepuo mas 20 = 0.

Uz tpeGopanma B BuTeraer cymecrBoBaHme (QYHKOHE
¢, 2y = C{(L, 2): L =D, z = D}, ronomopdroit 1o 2
8 D npu ¢purcuposarnoMm { & D, co ceoiicreom Q(E, 20) =1,
taroit, uro fua f & A (D) m z = D mmeer MecTo UHme-
2paavroe npedcmasrenue Ml sapya:

F(@) = [Ref(QIQ (L, 2)dpg +iImf(s).  (12.4)

M

§ 12 Ddyuryuu ¢ neorpuyaresvnod deficreureavnot uacrsio 145

Npengunosmernne 121 Coomnowenue (12.3) sreu-
6AACHMHO PaseHCMEY

hE, 2)y=1. (12.5)

Adpo Ieapya moicno 3adamv Gopmyaoi

Q(C, 2) = 2h(§, 2) — 1. (12.6)

Horasarteaxascrtso. OuesugEo, ums (12.2) =
(12.5) cxemyer (12.3).Ilycrs Temeps BepHA dopmyna (12.3),
paccMoTpEM

[ r(z,2) dps. (12.7)
M

Tark kak mepa u HelicTBHTeNBHA, OHA 06MafaeT BOCIPOMS3-
BOOAIIEM CBOHCTBOM 1 [JIs aHangnoMop(X)HHx GyHKIUE,
mosToMy mHTerpait (12.7) pasem A(z°, z), Ho mo Qopmyme
(12.2) ror :xe murerpanx pasen 1, smaumr, A(z°, z) = 1, d9ro
u upmeopgut K (12.5), ecam yuecrs cmoitecTso saxppa Cere:
hiz, T) = W(E, z).

Hamnee, ua (12.5) m (12.6) cmenyer Q(, 2°) = 1. Ocra-
Jock TOKas3aTh, u9ro BepHo (12.4). [e#icTsmrennHo, u3
(12.2), (12.3), (12.5) mOIydaeM, UTO ‘

i’i-(-;-)—"zil-_@[%(i,z)— dpy =1 @)+ 1) b @, 2) —

___f(zo)‘;“f(zo)=]c(z)_iImf(ZO). D

SameTnm, 910 Popmyny IIBapna MoKHO HOCTPOUTE | APYTEMH
cmocofamm, TaK Ke Kak u GOPMYyay, BOCCTAHABIMBAOMYIO f
mo Im f. Hampmmep,

f(z) = 2i£[1mf(§)]h('€,. z) dyt -+ 7(2).-

B Tex cayuasx, Korga ANS n-Kpyroeoi oGmacTH Amgpa
Cere He ypaeTcs HaliTH B KOHOYHOM BHAE, MOKHO PaccMaT-
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pzBath o6o6mennoe sxpo Cere (11.13), xoTopoe MomHO ABHO
BHOHCATh s OOIMUPHOTO0 KJIacca n-KPYroBHX obmacrei
(cm. [10, 17, 47, 91]. M1 B atom cnywae mo 06oBmERHEOMY ALPY
Cere momxpo maiitm sgpo lllBapma, mcmoapsysa dopmyry,
aganormunyio $opmyre (12.6).

OrtmermM, 49TO, HAOPEMepP, KPYIOBH® CHJIBHO 3Be3[HEE
o0mactn ynosnersopsanT TpeboBammamM A u B.

B pamsmeiimem Bamuyo pois mrpaet kxacc [Re A (D).
Ecan o6aacts D raxoBa, 9To Mg BCAKOH mMeiicTBHTeabHON
u & Pho(D) cymecTByeT TOCTENOBATEABHOCTD Up, M =
=1, 2,..., u, = Re A,(D), pabBHOoMepHO CcXOEAIIAACH
k i na M, 1o [Re A (D)l =[Pk (D)1 (nanpumep, D cmrb-
HO 3Be3JHA).

Teopewma12.2 (Aitaenbepr —layros). Jas mozo umo-
6 f = R(D) neobzrodumo u docmamouro, wmobw 0as z = D
UMEA0 MECTO UHMeEZPaAbHOe npedcmasierie

j(5) = {Q(L,z)dvy + iIm  (°) (12.8)
M
¢ HeompuyameavbHoll Mmepoil v, 0as Komopou

jcp_dv: 0 (12.9)
M

npu ecez ¢ < [Re A; (D).

B cayuae, korma n = 1, o6nacts D — eqWHWYHHI KpPYT,
dopmyaa (12.4) — rnaccuzeckana dopmyna Isapma, m3s Teo-
pemu 12.2 monygaerca Teopema Pucca — XepraoTna, Tark Kak
npu otax yeaosmax [Re A (D)5 comep:RuT nRms HYISBYIO
QyHKIHEO.

JloxasaTexbeTso. HeoG6xomgmmocTh.
Iyers f = R(D), a [, — nocrefoBaTeabHOCTh (QyHRIME
fmeE Rs(D) m=1,2,..., us yciosua A. dra nmocmemo-

BaTeJIBHOCTH 00pasyeT HOPMAJBLHOE CEMENCTBO IoJOMOPPHEIX
dyrxuui (cm. {131, § 119]), nosToMy U3 Hee MOKHO BHIEIATDH
HOLIOCHe0BATEILHOCTh, PAaBHOMEPHO Ha KoMmakrax B D
CXONAIYOCA K f. 9Ty NOJmOCIeXOBaTENIBHOCTh ME BHOBB
o6o3EauuM uwepes fn, m = 1, 2, .. Hampgyo ¢ysromo f,

§ 12  Dyuryuu ¢ neorpuyaresvnoli deficreuresvnof uacrvio 17

npencrasum Gopmynoit (12.4):

In(@) = 0@ 2)dvmy +ilmfn(s), (12.10)

M

rae dv,, = Re fndu, = mamee ms Q(L, 2% =1 noixysgaew,
970

Re fm (%) = | dvy. (12.11)
M

Mepur v, seorpmmatensrm. Ms (12.11) = panéﬁcma

lim Refp, (2°) = Ref(z°) cheyer orpaHAYeHHOCTH MOIHEIX
m-»oc

BAapWALNM BTAX Mep, HOTOMY U3 {V,,} Momwo BHGpaATH mMOJ-
TOCHeN0BATeNbHOCTD, CXORAMYIOCS K HEKOTOPO# HeoTpHOa-
TeJILHOE Mepe v B claboit Tomomormm (T. e. B C-TomoNormm
npocrpancrea C*(M), cm. [70, c. 4591). Ykasamnylo nmoamo-
CIE€X0BATEILHOCTH CHOBA 0603HauMM uepes v,,, m = 1, 2, . ..
. . .. Teneps nepeiigem B (12.10) x openeny opm m ~»oco & mo-
ayumm dopmyay (12.8). '

W3 cmocoba 3amamusa Mep Vv, BHTEKAET, UTO0 KAKIAS K3
HEX yhosirerBopsier yciaosmio (12.9), smawmt, m mpemennmasm
Mepa TOMe YJOBIETBOPAET STOMY YCIOBHIO.

Hocrarodunocrts. Paccmorpum dymxmmio f, mpen-
craumyno B D dopmymnoit (12.8) mpm yenosmm (12.9). Oue-
pugHo, fe=AD). llpu z< D

Ref(z) = [ [Re Q(z, 2)] dvz. (12.12)

M

Hanee, mna Bearod P = Re 4y(D) mmeer mecto dopmyia
Ilyaccona (cM. mpemnosenme 12.3): :

¥ (2) =1§u $(0) P (L, 2) die,

orciona m m3 (12.4) BETeraer, wro pasmocts Re g, 2 —
~—P(t, z) umpmmamnessut [Re A, (D)];;, nostomy ma (12.12)
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u (12.9) caexyer, uro gasn z e D

Ref (z) = nfdgv (¢, z) dvg.

B cuny mBeoTpHEIATeNBHOCTH sAxpa Ilyaccona & m mepu v

dynrmma f = R(D). [
Npennosxenne 12.3. Jua f= A(D) v z D
uMmeem Mecmo UHMEZPAALHOE npeﬁcmamenue MTyaccona

f(z) = i\;f(c) P (5, 2) dps, (12.13)

2de adpo Ilyaccona

# (7 = L&l

3decy npu ecex z = D eepHo Hepasencmeo
Mz, z) > 0. (12.14)
HoxasartenscrTso. Hpumensas -(12.2), monydum

W)= [ hGE DR (E ) due = Ylh( 2) Pdug. (12.15)

Tlpz Beskom z < D mmeem Vraisup |k (T, 2)| >0, B mpo-
M

tuBHOM caydae us (12.2) surrerano 6u1, 910 1715 Beex fe A (D)
sepro f(z) = 0. osromy ma (12.15) canenyer (12.14). Maxee,

{102 @aan =5 [ 108G ORE) du=
M M

-
-~

f(@)h(z,2) =1(z). O

__1
h(z, z)

Yrobu cpeaars ofobmerme Teopemsr Pmcca — Xeprior-
na, ganHoe B Teopeme 12.2, Gonee 0G03pHMEIM IJiA KOHKPET-
HOli CHMIbHO 3Be3fHOK obnactu D, HY:KHO HAMTH CEMeUCTBO

§ 12 Dyuryuu ¢ Heorpuyareatrnoli delicreuresvroll uacTsvio 119

dynxnumit (Rampumep, mosmmomos) m3 [Phg (D)) Takmx, uTo
1) mx mosmo BmmEmcaTh ABHO, 2) mx numedimas o6onouKa
nnorra B [Phe (D)];; Bmetpure C(M), a 3arem 3aMeBHTH YCI0-
Bre (12.9) rpeGoranmeM OpPTOrOHAJBHOCTH MEPH V 9JIEMEHTAM
VKa3aHHOTO CeMelCTBa.

Hyers D, — orpanmdYeHHas KPyToBasg CHJILHO B3BE3XHAA
obmacts, | — HeoTpHMIATeJbHAA Mepa Ha M, MaccuBHAA
Ha rpanmune Muaosa S(D), mpuvem M n p, — MHBAPHUAHTH
OTHOCUTEJIBHO nogopomos z — ez, 0L 0 <C 2n. Torma B
IpPOCTPAHCTBE Hﬁ (D) Mo:xHO BHIGPATh NOJHYH OPTOHOPMH-
POBaHHYIO OTHOCHTEILHO MEPH [ CHCTEMY OAHOPOJIHLIX IONH-
HOMOB (@} (2)}, Tne [ — cTenens moxmnoma, a K — ero Homep

Cpefd ONHOPOMHHX NOJMHOMOB fanuoi cremenu I. Ilomoxmm
o, (2) =ok(z),l=1, 2,... u myers

Pjy‘ (Z,;) = ;a,yhfpﬁ,l_]ﬂ (2,

rpe J = (iy, .. ., ), 7 (jl, e e fn); &y, Jp — meane
HEeOTPHIATeJdbHEEe, =1, o on =i+ ...4 i
ITycrs

ISIZJZ q’m 171 (2) dp.

Openxomenne 12.4. Jwboi noaunon P & [Phe (D)l
MOJCHO npedcmasumv 6 sude auneilHoU nomﬁunauuu noau-
HOMO8

2727 —P; 7 (3, 2), (12.16)

kaxduii us womopwxr exodum e [Phg(Dy)li.
Jlemma 12.5. Jwboii rosunom eude (12. 16) npuHad-

aexcum  [Phg (D) -
NorxasarexscTso. B cuny caxsHOil 3Be3AHOCTH
Dy, eesaxan ¢ynxmma f & Pho(D,) pasnomepno ma Dy am-

TIPOKCHMUDPYETCS IIIPUTOPMOHUYECKMMA B OKpecTHOCTH D,

dyHKIUMAMEN, a Kapaa roaomopdHas Ha D, QyHKIHEA pas-
HOMOPHO OpEGIMKaeTcs JRHEHHHMHE KOMOEHaDmAME OJHO-
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pommsrx moxmromoE @ (z), 1=0, 1, 2, ... (tar xax Dy — xpy-
roBas), mWoaToMy [ MOKHO paBHOMePHO Ha D), amnporcmmm-
poBaTh iMHeWHKME KoMOMHAUEAME TOTHHOMOB Qf (3),

=0, +1, +2, ... Hrar, nocraTouHo IOKasaTk, 4TO
(127 — P,z (5, )] bR ap =0, 1=0,£1,£2,...
M

(12.17)

M2 mEBapMAHTHOCTE MEPH | OTHOCHTEJIHHO IOBODOTOB BH-
TeKaeT TaK /e, KaK IPH JoKasaTeabscTse Teopemu 1.1, yro mpn

IV % IL|
{2z ap=o, (12.18)
M

spaunr, Qgopmyra (12.17) mepra masa l 5= |J| — |7 |. Ecan
me 1 = |J| —|F|, ro (12.17) sunonnsgerca Gurarogaps BURY
ko> PUHEATOB @ ; PrY O

Jdemma 12.6. Jwboii noaurnom P(z, z) Modero nped-
cmagumb 6 eude

P(z, 3) = Py(3, 2) + Pyfz, 3), (12.19)

ede Py — aunetinas wombunayus nosunomoe (12.16), a P,
RAIOPULADMOHUNEH. '
HoxasaTeasctso. Jaummem P B BHpe

P(z3,7) = 3 b, 4227,
L7 |

THe JENb KOHEYHOE WHCIo KosPdmmmenTtom by # OTIHIHO OT
mynsa. [laxee,

z,2) = 2727 — z,2 s (2,2).

Ocraercsa 3aMeTHTh, uT0 P; 7 — roxoMopdHRE moameoM IpH
IJ| = |7 | v amraroaomopdprui mpm |J| << |Z .00 '
JoxasaTeldbCcTBO NPDEeRIAOKECHHA

Mpencrasey monunoM P & [Pho (Dy)]; mo gopuyae (12.19).

§ 12 ODyusyuu ¢ KeoTpuyaresbRol deficreureavroi wacrero 4124

Hymuo moxasats, uro Py==0. OtmernyM, IT0 P,=Phy(Dy) m
P, & [Phg (Dy)]ys moaToMy

§ 12, pap =0,
M .

sgaunt, Py, = 0 Ba S(D), T. e. Py=0. [

Jlamee, paccMoTPEM n-KPYroBY CHIbLHO 3BE3IHYIO o6~
nacth D; ¥ IpemonoKuM, ITO M u p wHBapHAHTHH OTHOCH-
TEJILHO N-N0GOPOMog z—>(zle‘e‘1 . zne‘e“),0<61<2n, a He-
orpunartenpHas mepa P maccusEa Ha S(D). Ipm srux ycxo-
BHAX B KaUecTBe MOJHOX 0PTOHOPMUPOBARHON CHCTEMH MOKHO
Bubpars cmeremy MoHoMOB {27}, TAe

1
ay; = [iz"?du] 2.

Amanmormuno upepnnosenmio 12.4 mMokaskBaeTcH CieRyo-
mee yTBOPIKMICHHS.

Mpenaomenne 12.7. Bearul noaurom PE[Phe (D)
MOXCHO npedcmasumb @ eude aunelnol KOMOUHAYUL ROAU-
HOMO8

Zify ILT, T BT, (12.20)

I3+ F (2 2
22 (“J+?’ 11, %z % lz)ﬂ

- _ 2 9
ZJ+?Z (ai*_;_Hh a‘J,i.j lzkl )2)

Kaocdwuii us womopuz -exodum e [Phg (D)L
BroBL BepHEMCA K Kpyrosoit o6macrm D, E paccMOTPIM
wa M unpomsBoibEyI0 Mepy v. Honommu mus z & D,

Fv(z) = S'? (sz)dvg'_
M

J1 e m u a 12.8. Ecau v opmozonassia noauromar (12.16), -
mo Fy(z) = Ph(D,).
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MokasaTeabecTso Hna fe A

. Do)y m z2=D

%epHa df.OpMy.TIa (12.13). Ucnonnsya crmr;nyr(g 3BG3ILHOCTIS
o W MeHCTBHTONBHOCT: AApa Ilyaccoma P (L, z), merpyamo

MOKA3aTh CIPaBELInBO 2.
noxasats pasegausocts (12.13) m pas [ & Phy(D,).

H(h= 2 -Z_ a4, acc,

ij=1 9%,9%;

z nycrs T — nponssonbHEE Kuddepen fi
OUATLHKEA OIepaTo

¢ NocToAHHHME Koshdunmentamun. Mz (12.13) cneI;xyeTp

10 Auas BeAkoid f & Phgy(D,) ' ,

if (0) T [Ha, (P (L, 2))] dug = 0,

Ijge MHAGKC Z y omeparopoB I m H, ospavaer, 4ro mx BHaA0
OpAMEHATs 10 zZ. B wactmocTn,

Ty [Hay (P (G, 2))Hemo = [Phc (D)l
OrmeruM, 9To B HameM cIydae
(E,2) = 2 Tt a) ol (0),
Tak kak B cury (12.2)

15" ot (§) 2 (Z, 5) dpg = o} (2);

orcioia u u3 Bufa Z (L, z) surexaer,uro T,[H, (P (8, a))1|,=
—moimHaoM ot §, {, moaromy

T[H,y (Fy (@)oo = 1& T, [Haz (P (L, )] JomodVE = 0,

1. e. H G(F&,)(z)) m BCE ee Mpom3BoAnEe B Touke () ofpamaiorca
(}:.71 enym:. YHRUUA F.(2) — KeiiCTBATedbHO-aHAIATHIECKAS,
noBaTenbHo, [H,(F,(z)) Tome meiicTBETENBHO-aHAIMTH-

§ 12  Oynsyuu ¢ neoTpuyareabvoli OelicTEUTEAbHON HGCTHIO 123

weckas B Dy, 03TOMY OHA TOKASCTBEHHO PaBHA HYII0, UTO H
oanauaer F.(z) & Ph(Dy). O

Ilycts Temeps D — oTpaHmIeHHAA CHMMOTPHIECKAA 06-
macte (cM. [174, § 24]). Taxwme obnacTm XOpOIIO ONMMCAHEL
Nas nmpocroTH OyAeM pPacCMATPHBATL KIACCHIECKHO® CHM-
MeTpndeckme 06IaCTH WIH HX TONOJOIMIECKHE IIPOH3IBENe-
gng. YrRasaHgeie 00yacTE KPYroBHe ¥ CHJIBHO 3Be3THEE
(cm. [191)), a ma mx rpammmax llurosa S(D) cymecTBYIOT
HOOTPHIATEbHEE MepPH |, NHBAPHAHTHEE OTHOCHTEILHO
mOBOPOTOB H MaccusHHe Ha S(D), AnA KOTOPHX ANpa Cere
sapEo BmmmcanH. fppo IIBapua, coorBeTcTBYIOmEe MEpe L,
o6osnaunm wepes ¢(L, z). (Hampumep, 8T0 AQPO MOKHO 3a-
nats gopmyoir (12.6).) Ecam D eme u n-Kpyrosas, To Mepa |
MAHBAPMAHTHA OTHOCHTeJIHHO N-IIOBOPOTOB.

Teopema 12.9. (Aitserbepr — Naytos). Ecau D —
KAGCCUNECKASR CUMMempuueckas obaacmb Ul monosozute-
ckoe npouseedenue marux obaacmel, mo feR(D) mozda u
moavko mozda, kozda cyujecmeyem npedcmasienue

f@)= | a@Hdv+imf(O),

5(D)

20e z = D, mepa v Heompuyamesdbra U

Pdv=0 (12.21)
8(D)

das ecex noaunomos suda (12.16). B cayuae, rozda D, xpome
mozo, seasemcs n-kpyeoeol, (12.16) mooxcro samenums HA

(12.20).

MorxasarTexrctso. B cmry Teopems 12.2 mocra-
ToYHO LOKasaTh, uTo m3 (12.21) surexaer (12.9). s (12.21)
mo nemme 12.6 cuegyer, uro F.(2) & Ph(D). Kpome roro
(cm. [291)), F(rz)dp cnabo cxoguTCA K Mepe vV IpH I -1 —0,
1. e. gaa doboit ¢ & C(S(D))

lim | @@ F,(5)dn= [ o@av. (1222)
r->1—03(D) 8(D)

Iycrs ¢ = [Phg (D)), Torma waTerpan 3 (12.22) pasen
HyAp, TaKk Kak Fy(rz) € Ph (D), 0<r<i. O
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Ilpmeegem 3 xapaxTepHRX HpHEMEpa.
Hpumep 1 (xoxmmpyr).
D=U(Oi 1)={Z:Izkl<1~7 k=1,..., n}r
SD) = {z: la| = 1,

I(;)O_—I;Mi,ﬁ ... R}, M6pa U HOPOKAAeTCA MupdepeHnEaIbHOM

darg & A ... Adarg §,,
axpo Cere mMeeT BHL
M2y =({1—zul)™. .. (1 -z,
B aToM cxyuae HOIMHOMH BTOpore W TpeTsero Bmma (12.20)

PaBHH HYNIO, M [iA XapaxkTepucrErd f & R(D) mony-
gaerca giopmyse Hopaweu — Iyxanckozo

= 2 , :
f(z)_S(Sln[“"?f*)-'-(i—znin) —:1 dvg + i Im f (0),

rme z< D, mepa v Heom‘puna;renhna H
5 277 dv = 0,
s(Dy
ecin JLF, T B 7.
Hpamep 2 (mwap). D=250)={z:|z]<1
S(D) = 8D, dp = (n — 1) (2)™» ds, rme ds— o
noBepxHocTH cepn 0D, ampo Cere mmeer Bupm (cm. (8.7))

h(a Z) = (1 —-212} e e . -—Zn?:.)—“:-

Mu opmxomaM x chnemyomeii Xapaxre i
7 prcTAYeCKOR 0
Myme mia ¢yermmi f = R(D): bop-

. 2
0= e =gy 1ot i,

§ 42 d’yunquu ¢ HeoTpuyareavnoll delicreuresvrol wacrsi 125

roe z = D, Mepav HeoTpHIATeIbHA, U S Pdv =0 pmaa mo-
oD

nmEoMoB P(z, 2z) Bmnua v
¥, ILF, T B7,
2729 7 liy + jr + 1 — (U] + 171 + n)lzl),

2 iy +jr + 1 — (U] + 171+ n)lall

Npumep 3 («oGo6menmuiz eAMEUTIHHE
Kpym). Iyers T, = {w:ww* <I®} cC* tHe w —

kpafpargad 2X2 wmarpuma; w* = w' — CONPKOHHAA K

marpunme w, a I® — emummvHag 2X2 MarpHOma. I'parumei
[lmnosa obmacTh T, ABAAETCA MHOMKECTBO S(T) = Ui2) =
= {X : XX*=I®} Bcex yumrapasx 2X2 marpux (oM. 52—
54]);. S(t,) momyckaer mapamerpuwsammio X = el®/2 y,
X e S, 0< o 2n, ve SUQ); rpymma SUR) mso-
mopdHa TpexmepHo# enmHmIHON ciepe Ss. Ilomommm dp =
= (4n®)'dp A du, tme du — mepa JleGera ma S Sfnpo
Cere 1o 2T0& Mope mmeeT Bux (cM., Rampumep, [53])

rX,w) = det™ (I — wX*).

O6nactb T, ABagercs Kuiaccmdeckoir (cm. [191]), moaromy
nusa Hee cupasemmmsa Teopema 12.9. Ilomosxmm

; (g G—a 2 (it ) J— %
Diuar(0) = [ + ! (f—“qﬁ)!] 2( ) ( ) %

s s $—(q1— 42

s e e
X w0

aneo, NPEMeHAT JeMMY 12.10, nomyuaem, 9T0 XapaKTepH-
cTmaeckolr Qopmysolt mua QyHRIEH feR(D) asuaserca
gopmyasa Buradumuposa

)= | [0 1] dve+i1m7 O

3 (1(2) — pX* —
st det? (1 - . ) .
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The Z &€ T,, Mepa Vv HEGTPHIATEJLHA W
| (aetxy"D}, . (X)dv=0,
8(10)
2j=2,3,...,m=-=24+1,... —1;
_'] < di, s < j'
JdJemma 12.10. Dynnyuu

V2i+1(det X)"D} ., XS (v,),  (12.23)
2/ =2,3," m=—=9+1,... —1;
—i < < (12.24)

npedcmasumty aunelnsMY Komburayusmy nosuromos (12.16)
u, naobopom, noauromw éuda (12.16) npedecmasumw aurneli-
Hon Kombunayusmu dyrsyuii (12.23) npu ycaosuu (12.24).

HdorxasarTenscrso. Ha S(t,) cupasexiuso papes-
crBo (cm. [H3])

g (X) = (— 0)%F% (det X)~¥Di , _ (X), (12.25)

a gyrxkmum (12.23) obpasyior OPTOTOHANBHHE Gasuc nas
obmacrn T, B Hj (v,), ecim m =0, 1, 2, . . ; 2j=0,1,2, . . .;
_j < in ‘]2 < j‘

Was (12.25) u oproromaabsmocTn sToro Gasmca caenyer,
qT0

[ eXyu(xyan—o, (12.26)

S(To)

rme @ — dynrnusa suaa (12.23) npa yeaosmm (12.24), a u —
¢yExOum u3 Gasmca WIH WM CONPAMeHHEe, moaToMy (12.26)
BEIIOJHACTCA I BCeX U & Ph(t,). Taxum o6paszou, pyHK-
mun (12.23) opm yenormm (12.24) npumagnemar [Phg (T,)]3
u 1o mpegnokennio 12.4 ecte smmelinkie KoMGHHAIMH I0JH-
momoB (12.16), rax wax Qymrumm (12.23) — mommmoMH oT
aneMerToB MaTpuy X m X, moromy 9ro (det X)™= (det X)™
Ha S(t,).

Iycrs temeps. P(X, X) — mommeom Buma (12.16). Ero
MORHO BHPasNTh KaK JAHEAHYI HKoMOMHAanmo QyBKImA

§ 12 dynxyuu c neorpuyaresvol deticreureasnoll wacrvro 127

g

(det X)™ D, ¢, (X) (det X)* Dy, 5, (X) =

= (— 1P (det X)" D0, (X) Do, (X):
l (X) ecTh AEHEHHE®

v
Onsopopasie monuuoMe Dg, g, (X) D_p,,—»,
KOMOMHANEE LOXHHOMOB H3 Oasmca, BHATHT,

P(X,X)= X ail, (et X)"Dgq (X), (12:27)

m=—=—o0
irqqui

i.m

geM IMMb KOHEYHO® UHCHO  KOI(PUIMERTOB dgq,
g’f:nqno or myna. Ecan m = 0 mam m <—2f, To fbym{un;
(12.23) — caen Ha S(t) PyHKRODEHN H3 Ph(t,) (mpm m << —2j
aro BrTexaer ms (12.25)), mosromy ms (12.25), (12.27) m o-

ro, w0 P (X, X) & [Ph, (to));, momydaem mpu m > 0 mim
m<<—2j
i,m

1
a3,.q = 5711 S(S |
To

P (X, X) (det X)™Di, q, (X) du = 0.

J,m
9ro smaumt, uTo B (12.27) nosddunuenTH dg,q, HO PaBHE
HYMO TONBKO AJA HMHJEKCOB, YAOBJETBODAIOINX YCAOBAI

(12.24).0



Tanasa III
TEOPUSA BHIIETOB

§ 13. TOCTAHOBKA 3A/IAYH

Ommolt M3 OCHOBHHIX 3afja4 TEOPHM MHOTOMODHHIX BH-

9eTOB ABNACTCA 3alava H3YUCHNA M BEMIHCICHNs HETETPATOB
(mepmonoB) or saMikEYTHX ABRPYEpPEHIEANLHEE dopmM Ha
KOMIITEKCHOM aHAJIMTAIECKOM MHOT000pasnd, HMEOIHEX 0COo-
GeHEOCTH Ha AHAIETHIECKUX HOJAMHOKECTBAX 3TOTO MHOTO-
ofpasmsa, Mo mUKIaM, He IIEPeceKaloMEM 0COGHX MHOMKECTS.

BammuM cliyiaeM TakmX MHTErDalOB SIBIAIOTCA WHTe-
TPAXH OT roloMOPPHEX QYHKIHH 72 KOMIVIEKCHHX IepeMeH-
HEX IO n-MepHHM LHKIaM (3AMKHYTHM 7-MEPHEM IOBePX-
HOCTHM):‘ PACIOJIOKEHHHX B 00JacTE T0XOMOPHHOCTH JTHX
$ynrguii. Ilpm sToM n-KpaTHEIH HHTErpa; oT roJgoMopdHOR
QYBKIAN f KOMIUICKCHHIX IeDEMEHHHX 2 = (Biy « v oy 23)
MOKHO PACCMATPHBATH KAK MHTETPAN OT BAMKHYTOMH ronon’aop&;-
Bolt dopMut f(z)dz = f(z1, . . ., z,)dz A\ ... A dz,.

I/Imeerc;g Gonce abCTPaKTHHI NOXXON K Teopnnn BHYETOB
H3ydalomui [IBOECTBEHHOCTh TIOMOMOPYH3MOB TpymI roMo-
JIOTHH H KOrOMOJIOTHH KOMIUIEKCHOTO AHAJUTHYOCKOIO MHO-
roo6pasmusa, ero aHAJHTHIECKOTO MONMHOMKOCTBA ¥ HLOIONHE-
HMA STOro mopMEOmectsa (cm. [316, 2431 m np.).

@opmyna Croxca m maTerpanbEasd Teopema Homm —
Ilyankape mosBoisior 8saMeHATL MHTerpal OT BaMKHYTOMN
GopME mo mEKIy mHTErpasoM oT 6olee HPOCTO GopME
ig:ggnornmoﬁ RamHO#, mo Goxee mpocTOMy LUKIY, I‘OMO:

OMy IepPBOHAY
ors OBYBHTgnaeEqamHOMy. Henocpeperserno m3 caep-
 IlIpemgmnomenme 13.1. ITyemv w— samrnymasn gop-
Ma cmenenu q Ha mHozoobpasuu X, umenwas ocobernnocmu
ua xmuoxcecmse T, a {y;} — 6asa g-MepHviz 20M0402uil MHO-

e
§ 14 Jeoticreennocrs Asexcandepa — Honrpasuna 129

2006paaus X \T. Tozda 0 aw0boz0 yuraa ¥ < Zq (X\T)
. fo=3kfo, (13.1)
v i

20e kj — Koafuyuenmu pasnoxcenus yursa y no 6ase
{vs}: v~ 2k

Taxmm o6paszom, 8afiada BHUHCIGHHS HAHTErpaja OT 3aM-
KHyTo#i (OPME IO IUKIY CBONHTCA K:

1) waydeHE0 TPYNIE TOMOJOTHE JONONHEHHA X\T
ocoboro muokecrsa I' (ompefielieHmI0 €€ PasMePHOCTH H IO~
cTpoeHmi0 6a3K TOMOIOTHI);

2) BHUACIEHHI0 HRHTETPayoOB OT gopmn mo GasHCHEM
IITRIAM; ‘

3) maxommeHmi0 K0d(GOUIMEATOB PA3IOMEHHA NUKIA HMH-
TerpupoBaHms no Gase.

Pemerwve sagaq 1), 3) B MHOTOMODHOM ClydYae B OTAHIRE
OT CAydasd OHOTO KOMIVIEKCHOTO IePeMeHHOTO, e OHH pe-
MA0TCA TPUBEANHLHO M3 BAIMAAHHX FeOMETPAIECKHX c006-
pasKeHnil, IPeACTABAACT 3HATATEAbHEE TOHOJOIHIOCKAS TPY/-
HOCTH. B HOKOTOPHX CJIYJaAX PeNmeHMe STHX 3ajla4 CyImecT-
BEHHO 06JIerdaercsi, eCIH BOCHONb30BATHCA NBOHCTBEHHOCTHIO
Anexcarnepa — IlonTpsaruaa (cM. § 14, 18) ambo pmBoiCT-
penHocTHIO 16 Pama (§ 15, 19). Samaua 2) me Bcoerna Momer
6uTH pemeHa M0 KOHNA, MHOIA BOSMOKHO IHMIIb HOHABHTDL
xparHocTh mmTerpaza (cm. § 16, 18). Uacto ymaerca Hemo-
cpencrenHo, Ges Bhpenenus Gash FOMOJIOTHII 3aMEHHTb
@K1 MHTETPEPOBAHMA APYTHM NHKJIOM, HHTErpal mo Ko-
TOPOMY MOKHO BEIMHCAATE HIH XOTH GH yIPOCTHTD. Baxanm
CPeNCTBOM IpHBeeHHA KHTErpaxos X Gonee mpocroMy BHENY
ABASETCS MOHIKeHMe MOPAAKA IOJIOCOB HMORHHTErPAMBHON
dopMEr — Koromoioruwieckoe IPHBEleHHe NEPHOMOB § 17).

§ 14. TIPHMEHEHHE NBOUCTBEHHOCTH
AJEKCAHAEPA—TIOHTPATIHHA

{°, TlpEsegem DNpefBApHTeNEHO HEKOTOPHS NOHATHA
7 QaKTH ¥8 KoMOGHHATOPHOH TONONOIHY (cm. [30, 31]). IIycrs
X — n-mMepHOe OPROHTHPYeMO® auddepeHEnEpPyeMOe MHOTQ-

& I, A, AftseaGepr, A, II, IO:xaxon
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oGpasue ¢ PUKCHPOBAHHOM OPMEHTALMEH. Ecar raxagkme He-
srposnennwe cammiekcs U,.= {A,, ¢} 1 Vg = (Aq, V),
r + g = n, B X nepecekalnTCs TPaHCBEPCAJBHO B HEKOTOPOit
. TOUKE ¢, BHYTPEHHEH A KaKIO0Io M3 CHMIIEKCOB, TO HH-
JAeKC NepeceveHus 3THX CHMIUIEKCOB ONDeJleNsieTCA paBeH-
CTBOM

(U Vo) = sigh et 222 7n) O (14.1)
LI Oty envstyyTireeos Tg) [a°

rae (i, . . ., &p) — JIOKAJBbHBE KOOPAMHATH B OKPECTHOCTH
TOUKH @, OmpeJeidomue - oprenTanuio X, a Ly -« o L),
(T4, - - -, Tg) — KOODAMHATH B A,, A4, ompefenfloiiue OpH-

earanuio cammiexcoB U,, V4. TpaHcBepcaabHOCTE 03HAYALT,
aro saxobuan B (14.1) omimwer or Hyns. ECIN CHMIIIEKCE
U,, V, ne mepecexaworcs, To momaraem y(U,, Vg = 0.

Wnpgexc wbepeceueHus JABYX ILened ¢, = dmUP 1y =
i

D, VP, r 4+ g = n, CHMIVIEKCH KOTOPHX IBHPOM[GHHH H

i

IOIIApPHO MepeceKalIcs He Goiee dem B OAHOH TOYKe, IIPH-
9eM TpPAHCBEDCANbHO, ompefleiasercs (OpMyIoil

% (ery Lg) = ;}_ monyx (UD, V).
¥

N3 onpefeneHns HHEKCA TepPECEYeHNS HEMOCPEACTBEHHO
CHeYIOT ero CBOUCTBA:

1) x (et + Aol 1g) = Moy, (e, 1g) + Mg (et Le);

2) xlc,, lg) = (—1) 9%y, ¢;). Menee oueBHIHHIM AB-
JAfeTcs PaBEHCTBO

3) y(c,, 8lgyy) = (—1)"x(0c,, lg4y), H3 KOTOPOTO BEITE-
KaiT CBOHCTBA:

4) ecuu 0, W Yq — TUKIL B X 1 Yq & 0, To %(0y, Y9 ) = 03

5) ecam memm ¢, A ¢, HMEIOT 00Oy TpaHumy (ac,,:
= dc,) m KA yq ~ 0, TO Y (er, va)= 12 (e, 7). KospPuyuenm
sayenaenus KBYX IMHKIOB O, ; & B, 4(X) 1 yq & By(X),
IUIA KOTOPHX I' + g = n, B |0r—1|N|V¢| = &, oupefennerca
PABEHCTBOM

D(O'r._li '\’Q) = X(cr’ 'VQ)’ (142)

[Ae ¢, — memb B X, TPAHCBEDCAIBHAA Yq, B IS KOTOPOH
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dc, = 0,_i. V3 cBoiicTBa D) MHJIEKCA IePeCedeHMs BHITEKAET
He3aBICHMOCT, Kod(pQmIuenTa samemieHns 0T BuOopa memm
¢,. Ws pasenmctea (14.2) u CBOWCTB MH[[EKCA MNePECEUCHUS

o

BHITEKAIOT CJENYIOIIHe CBOHCTBA Kospdunuenta samemenns:”

1) R (7“101-—1 + hgOr—1, 'Vq) = A9 ((’r—i, Ya) +
+ Mg (07—1, ¥a);

2) 9 (0,-1, ¥¢) = (—1)(0,-i, bg,1), THe 0bg 1 = Vg

3) 5 (0,1 Vq) = (—1)"™I v (¥, 0,).

Teopeua 14.1 (nBoiicTrennocts Anexcangepa — Ilon-
tparuna).t ITyemb S™ — mnoz006pasue, 20meomopgroe n-
mepnoti cpepe u T — noausdp e nem. Toeda 0asn r + q = n,
r=0, 1,.., n, spynnu ceabux zomosoewii H, (T) u
H,(8"\T) usomopgrn. ITpunem dia ecarou Gass (r — 1)-
MEDHWE 20MOA02UlL Oy, . . ., Op noauadpa T cywecmeyem
dsoticmeennas el 6asa q-MepHBLT 20M0A02UL Y1, - - - Vp
omrpwmozo muoxcecmsa S°\ T maras, wmo (0, v;)=
:6”, i, ]21,, P

2¢, Tlpumennm Teopemy 14.1 m mpegnomenue 13.1 x cie-
gyiomemy caydaio. llyere X = C*, fopMa © PperyispHa
B obmacrm D= C"\ T (T — ocoboe mmomecTBO ¢op~
MH ®). Tak kak mpocTpancTBo C* roMeoMOpPdHO 2n-mepHoit
cdepe ¢ (BHIKOJNOTOH» TOYKOH, TO MOKHO IOJAaraTh C" Bio-

o
HEeHHEM B cepuIecKoe IPOCTPAHCTBO S§2" = " = C" Y {o0}.
OKpecTHOCTBI0 GECKOHEYHO YAAICHHOH TOUKH 00 CYATAEM
BHEIIHOCTH IpoM3BoabHOTo mapa B C*. Ecim §** ponyckaer

TPHAHTYIANWIO, B KOTOPOH MHOXECTBO T=T U{{o0)} sB-

JAAeTcH moAmoamagpoM S, To K f’ n Sz”‘\f =C\T=D
MokHO npmMeHmTh TeopeMy 14.1. B sToM cayuae paa Toro,
wro6st HaiTH g-MepHOe dmcio Berrn obmactu D (pasmepHOCTH
rpymun Hy(D)), mocratouso maiira (r — 1)-meproe wumcio
Berrm p ocoboro muo;ecTsa T pua r= 2n — q. Bwmecto
g-MepHoii Gasm romomoruit {y;}j~1 obmacrm D mocrarouHo
mocrpouTh (rr — 1)-MepHylo 6asy roMomorui {o5}=1  oco-

[e]
. Goro muomectsa 7. HospdpunmmeHTH pasnoKeHHS IHKIA

unTerpupoanms y &Z (D) mo Gase {y;}, mBOHCTBEHHOM

! NoxasaremperBo cM. B {30, 31].
5.
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Gase {0;}, HaXOMATCA KaK Kod(PHIMEHTH 3anenIeHAA:

P
205 W) = 0(05 Shen) = 2 kv (05, 7)) =

Hasg suamcienums mATErpaga oTf (PopMH ® HO Ga3MCHHM
OAKIAM Y; TAKKe He 00A3aTeIbHO HOIIOCPENCTBEHHO HAXONHTh
6a3y {y;}. [daa sroro mocraToumo mopo6parh p roMoOJOTHE-
YeCKW HE3aBUCUMHIX ¢-MepPHWX mukaoB Iy, ..., I'p B-obaa-
cte D, WATerpajs mo KOTOPHM GyAyT HOCTATOUHO IPOCTHIMH.
Torga muTerpans mo GA3ECHKM IWKJIAM HAXOLATCH M3 CH-
CTeMH JIHHOHHHX ypaBHOHM:

. .Y0=‘ikjg§m, j=1s'--"ps
r; =1 i

rne kg =9 (0;, T;). 3mecs meparencto det {kyll = 0
ABIAETCA YCJIOBHOM TFOMOJOTHUCCKOH HESABMCUMOCTA IHK-
aos Iy, ..o, T'p. A

‘Ecim dopma ® peryaspua B obiaactm D =G \ T,
rme G — obGnacts B C?, romeomopdHas mapy, To G MO:KHO
' ROMOMHUTH 10 chepuuecKoro MpoCcTparcTBa S, oToKIeCTBAAA
ee rpanmny G B ofmy HeCOGCTBeHHY TOUKY (00). Ilpm atom

(<]
smecro rpynusl H,_(T) moxu0 paccMaTpuBats usoMopdHYIO
eil rpyuny orHocureasERXx romoxormii H,_ (T, 0G). oxo-
MEM Temepb r = q = n, ® = f(z)dz, rne f = A(D). Torna
U3 OpeHAYMHUX paccyskmenumit m npepioxenns 13.1 BrrTe-

Kaer L
Tecopema 142 (o suuerax). Hycme f= A(D), u oco-
6oe muoxncecmeo T = T \j{oo}, tAe T = C"\ D,  sersemcs

nodnoausdpom  cgepunecroti xomnarmuguxayuu " = C™|J
U{oco}  npocmpancmea C*. Ecau {01}5;1 — basa
0

(n—1)-meprnz s0mon0euii oco60z0 mroxcecmea T, a{y;Yres —
deolicmeernnas el Gasa n-mepuuzx gomoaoeuli obaacmu D,
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mozda Oas #106020 yuraa Y < 5,(D) umeem Mmecmo pasencmeo

[ 1(s) ds = (emi" 3, BB
v =

1
20e k; = b (65, %) Ry= amy é'.f(z) da.
2

Mo amajoraE ¢ OTHEM TepeMeEHHM R; Mo:KHO HA3BaTh
gwuemon Pynryuu f(z) omHocumesvHo 6ASUCHO20 YUEAL Yj.

Warerpan S f (3) dz mHa3HBAKT TAKKe nepuodom dopmst f(z)dz

omocm‘engno ouERIa Y. .

Caencrsme 14.3. Ecau fe A(C™\T) u Hny(T) 2
~ 0, ede T =" U {co}, mo daa awbozo yurta Y &
e Z, (C™\ T) unmezpas S 71(2)dz=0.

4

Hpumep 1. Hycrs f(w, ) — menas PyHKnEA ABYX
KOMIVIEKCHMX MepeMeHnbX, K, m — BBANMHO-IPOCTH® Ha-
rypansase umeaa. Torma mas nw6oro mukIa yeZ,(C I
rme T = {(w, 2): w* — 7z = 0}, wETeTpax

flw,2)dw A dz =0
Wt — g™ ’
v .

[.]
JeiicTBUTONEHO,; MHOMKECTBO T =T\ {0} Tononornqec;;n

OKBEBANEHTHO PHEMAHOBOH IOBOPXHOCTH QYHRMME W =z*,
roropas ToMmeomoppma 2-mepHo# cpepe S?, a H(S?) ~ 0.

Il p u me p 2. lycrs f(z) — menas pyHEKNEA B C», Torga
UHTEIPaJ

.S_ (3) ds —0
. N n m; -
v II (2 ahzh-[—b,)

j=1 \ k=1

qas mobore mExma § < Z, (C"\T), rhe T = {z =Cc™
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N/ n

: I[( @pZy + b j)z 0}, HeftictBurenbHO, Tak Kak T ecTh ce-

j=1\r=1 /

MeiicTso N mapaielbHEX aHAIATHIECKUX INIOCKOCTEH KOMII-
. o

aexcuoll pasmeproct h — 1, To MaoEecTBo I' romMeomopduo

N coepam pasmepHocTH 27 — 2, HMeWIIUM ogHY 00y

Toury oo (6yxer chep). Caegoparerarno, H,,_l(i') o~ 0.
ODpumep 3. Iyers T = {(w, 2)=C?: wz = 1}.

Torpa mMuomectse I == T'|J {oo} roMeomopdro mBymepHOIL

cepe, y KOTOpPOil OTOJECTBJIEHH J[IB® TOYKH (TOUKa CHepHl

_ . q
Pumana z = 0, B KoTOopo#t w =— =00, ¥ TOIKA Z = 0O

[¢]
oToxpecTRIAAWICA B Touky oo & T). Cumegomarensuo, pas-

MEPHOCTH TPYIII H, (7)Y~ H,(C*\T) pasua egmunie. B ra-
gecTBe JIBOMCTBEHHHX 0a3WMCHHX IHKJIOB MOKHO B3ATH
o= {w, z):y =v=0, u=%, 0<$<00}EZ2(%),
me z = Rez, y =Imz, u=Rew, v=Imw, a y=
= {(w;2) : w = 2elt ,z = 21, 0 1, 1< 20}=Z,(C*\ T).
Ouesmpao, 8(0, p) = %(c, v) =1, tme .¢c = {(w, 2):y =
=p=0, zu>=1, =0, u >0}, rak Kax dc=0 1 |y|N
() || cocrouT 13 oguoit ToukH (2.2),B KOTOPOI Sign —g—éw))—
z,u,t, T
= 1 (Moo B3ATH ¥(0, V) = (0, b), tme b = {(w, 2) : w =
= reit, z =207, 0<C{r<C2, 0t, v 20}, 9b = y).
ITo Teopeme 14.2, must muriaa I'eZy(C*\ T) n nenoir pyHE-
nue f(w, z) AETETpA

SM’*)‘Z_‘”AE — (2mi)*mR,
J

wz—1

_ _ 1 (f(w,z)dw A dz
e m=w(o, I'), a R= (2mi) g. wz —1 -

4
___i 1 Sf(w,z)dw/\ dz
& (2o (wz)r 1 -

P (D awhas”

E 1 8% (0, 0)

— BHuer QyHriun [(w, z)/(wz—1) oTHOCHTENBHO IHKIA Y.
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-TIpaMeHeHWe JBOKCTBEHHOCTH Anexcarnepa— Ilourparuaa
ocobenno »QPeRTHBHO B ClIydae, KOTga n = 2u T — amanm-
THIECKOe MHOKECTBO, TAK KaK B 9TOM Clyuae H3yieHue ABY-
MepPHHX TOMOJOTHH 006/acTH YeTHPeXMepPHOIO eBRINA0BA
IPOCTPAHCTBA CBOJMTCA K HBYUEHHIO OJ{HOMEPHOI FPyNIH Io-
MOZOTHHA BeMeCTBeHHO-ByMepHoit mosepxmoctm (cm. § 18).

§ 5. MIPUMEHEHHE
JTBONCTBEHHOCTH JE PAMA

JlBoficTBeHHOCTH TPYII TOMOJOTHE H KOTOMOJIOTHIA
mnddepernapyemoro Muoroo6pasmsa X ycTaHaBIAMBAET Cle-
Ayomas :

Teopewuma 15.1 (ze Pam)? . [aa aiobozo comomoppusmua
A Hp(X) - €Y, R cywecmeyem eduncmeeHHbL daeMeHm

{0} = h* = H?(X) maroi, wmo

Ak == (o
h s
das awbozo b = {y} & Hp(X).

3nech o Hy(X)mn {IP(X) MH 6ygeM HOHMMATEH TPYINEL
COMOJOTH 1 KOTOMOJIOTHH ¢ BeMIeCTBEHHEIMHE JHG0 KOMIIIOKC-
HBIMH EodpPmimenTaMH. 3aMeTHM, 9YTO BCAKAA BaMKHYyTad

dopma ® = ZP(X) nam ee kaace {0} & H?(X) samaer ro-
somopdmam A : Hp(X) — C*, R', onpepeseMbIii PaBeHCTBOM

A (h) = | {0).
h

Canegcrtsume 15.2. Jarn mozo umobu gopra o &
e ZP(X) 6uaa mounoli, neobrodumo u 00cmamouro, umo6s
_Ym =0 0as a0bozo yukaa Yy = Zy(X).

Heob6xoquMocTh COBOAAET C YTBEP:KAGHMEM CIEICTBHA
0.3. Jloxasem gocTaTo4HoCTh. IIycThb mis HeKoTOpoOH dopMbl
0w e hte I-Ip(X) HHTErpa S‘m = S{o)} =0 pgna awbo-

P h
ro guacca {y} = h = Hp(X). 9ro sHaunr, w10 YopMa ® om-

® JloxasaTeapcTso cM. B KEmre [144].
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pejtenser HyaeBoit romoMophuaM 0: Hp(X) ~ C'. 3 yrBep-

JKIeHnsi eNUHCTBEHHOCTH TeopeMi ne - Pama cmexyer, wro
{(D} =h*=0. 0O

Cnepcraue 15.3. Jas moeo umobu yurs ¥y = Z,(X)
6ta caabo 20MOA0ZUNEH HYA0, Heobzodumo u BGocmamodnoy

Ymobuw j.(o = 0 8aa awbol gopusu o < ZP(X).

Heo%xonmaoc'rh ects caexcrsue 0.4. Jlokasxem nocraTod-
mocts. Ecam y, 5 0, To hy = {yo} 7 0. Tak rak gusx cnydasn
BENICCTBOHHHX JH00 KOMILIEKCHHX KodpduruenTon Hy(X)
ecTh rpynma Ges Kpyderust, To Anf xwGoro hy = Hy(X),
hy = 0 maligerca romomopduam A Hy(X) — C! Tarof#, 9ro
Mhg) 5= 0. Ilo Teopeme 14.1 cymecTyer Kaacc h* = {o} =

= HP(X),nna roroporo A (h) r——f{m}. Torpa Sco = f{w}:/:
+0. O h L he

Ias npmiaokeHnit K MHOTOMCPHHM BHYETaM IOJE3HO
CAeyoumee .
Mpennosxenne 15.4. Ecau 04z yuraos yy S Zy(X),
j=1,...4q ugopn o= Zr(X), j = 1, ..., g, sunosns-
emes yeaosue detllays|| =+ 0, 20e a3y = S ®;, U akbas gopma
Vi :
o & Z?(X) npedcmaeasemcs 6 sude @ & €;W;+ . .. + CpWp,

20e c; — KOMNJAEKCHbE HUCAQ, TNO YUKAB {v,}'}zi obpasywm

Gaay p-mepruz zomoaozull, a gopmel {@;Y}=1 — Gasy p-mep-
HUZ kozomono2ull MHO2006pasus X.

NoxasaTeabcTso. Ms ycuoBua detflag; || #= 0
HEIOCPeJCTBEHHO CIeAyeT, 4r0 WuKAE {y;} FOMONOrHIECKH,
a dopus {w;} roroMomormieckm HesapucuMH. Torma 3
ycaosma caexyer, aro {w;} — 0asa p-MepHBEIX ROTOMOJIOTHiA.
[Toxasem, aro muxan {y;} o6pasyor 6asy p-MepHHIX IOMO-
sormit. Menonssya immednbie IpeoGpasoBaHmsd, MOYKHO IHK-
an {y;} u.gopmu {w;} BHGpaTH TaK, ITOOH

' _Y‘DJ = 611’ i,j= 11 ey 9. (15.1)
k71 ’

BosbueM npousponbHELE muka Y Zp(X) @ paccMoTpuM LUK

q
Yo=7— izl kv, The ky = Sm,. QOuesnpno, S w; = 0,
= L 4 Vo

s
€l
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—1,..., g. A rax rax {o;} — Oasa koromojoruii; T0
®= naa noboir dopMu © E Z'(X). ITo caepcTe@IO

B

q
15.3 9, ~ 0. Tarmm obpazom, =~ 2 ks¥s, T © {y;}— Gaza
: 1

romMonormit. [

Basu {y;}=1, {®;)}}=t, yROBIETBOpAIOMHE YCIOBHIO
(15.1), GymeM HasHBATH 080UCIMEEHHVMY NO de Pany.

C momompio caepcrsmst 0.5 momydaercA CAeAYOMAA TEO-
peMa, amajormiHas Teopeme 14.2.

Teopema 15.5. Hyemv {y;)j=y — 6a3a p-MepHuz
2omonozuli, @ {o;)]_y — Oeolicmeennas el 6a3a p-MEPHHT
rozomorozull, moeéa dasn mobozo yuxaa ¥ <= Zp(X) u awboi

gopuu © = Z°(X)

g
(o= N,R, (15.2)
¥ §=1 .

29e N; =\ 0)— E0sfuyuenmu pasioxcenus yursa Y no
! J Y
v

q
6aze {v;}: '\’%52 Ny, a R,zg o —xro0IfhuyueRmu
=1 7
pasaoskenus fopus @ no 6ase {o;}: 0~ X R0,
3

Ham 6ymer momesma Teopema Ceppa, ycTanapimpaiomast

paa muoroobpasmit Ilreiima ®  maomopdusm  KOTOMOJIOTHiA
ne Pama u xoroMororuii roroMopdusix dopm. daMeruM, UTO
uacTEHM ciaydaeM MaorooGpasua IMreiima AsnseTcs o6racTh
roxomoppaocTe B C*.
% Teopema 156 (Cepp). Ecau X — MHO0z000pasue
I metina, mo daa 410608 sanxrymoii HopMy O & ZF(X) cy-.
ujecmeyem K020MOAL0ZULHAR ell zoaomopgpras fopra o' &
= Z#¢X). %

Tax Kax HA KOMIIGKCHOM aHAJHTHIOCKOM MHOT000pasmm
X KOMIVIKCHON pasmepmocTm R abas roxoMoppmas dopma

.8 Onpefenerme ®m cBofictea Mmoroobpasma Illreiina, Miad roxo-
MOPPHO WONHOr0 KOMIIEKCHOTO AHANMTHYECKOTO MEOroo0pasnd,
cu. B paGorax [189, 201].
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CTeIeHN p > N TOM[CCTBEHHO paBHa HYIK, TO M3 TeOPeM
15.1 u 15.6 BETEKAaeT

Cnenctaue 15.7. Ecau X — mnozoo6pasue Il meiina
Komnaercroll pasmepnocmu n, mo HP (X) o~ Hp(X) ~ 0 dan
p > n.

Ilprvep. Iowamem, uro B ofmacty D = '\ {z:
$2,...5, = 0} gsoiicTBeHHLIE 6ashl A-MEPHHX TOMOJIOTHH
¥ KoToMomormit o6pasyor mukx v, = {Z: |z,| = . . .=|z2.] =

=1} u dopma o, = (Zﬂi)”’"%f. [eiicTBUTEIBHO, TaK KAk

D—obaacts rosomMopdrOCcTH, TO Tiobad dopMa © & Zn(D)
goromoidormyHa roromopduoit dopme cTemenu 72, KOTOpad
mmeer Buj f(z)dz, rme f = A(D). @yaxnns f(z) pasiaraercd
B o6mactu D B KpaTthwii pag Jlopana: ’

o0
Y oy O’.n
2] Cuin_anZI ...Zn .
lv'--nmn:_m

f(2) = anzoc =
¢/
Ecmu o 54 —I = (—1, . . ., —1), naupumep, eCiIn a; =# —1,
‘fj"i’i X

T0 cy2"dz = cq (a; + 1)_1d (z‘f‘ R R dz[i}) ~ 0. ‘

Taxmv obpasoM, o = f(z)dz =~ c_1dz/z. OdenupmO, ) @ =

Yo

= 1. OcraeTca mpEMenmTh mpemiosenume 15.4.

§ 16. TEOPAA BBIYETOB JEPE

1°. Ilycte X — KOMIIOKCHOE aHAHUTHIECKOE MHOT000-
pasme KOMIJEKCHOH pasMepHoCTH 7; Sy, ..., Spu— €ro
KOMILIeKCHBIe aRAAUTUIECKHEe TOIMHOT000Da3ua Pa3MepPHOCTH
n — 1 (gopasmepnoctu 1), mepecexaionimeca B 00mEX TOY-
KaX MPAHCEEPCaAbIo, WU, MO-JPYTOMY, ¢Hazodaujuecs 6 05-
WeM noAocenuly. JTO BHAYHT, 9T0 B OKPECTHOCTH IPOM3BOIb-
moit roukm a s S, () ... (1S, nuA roxoMopdHEIX QyHK-
muit S(z, a), sagaomnx 8 U, mogmmoroobpaszums S;: Sy (]
N U, = {z:8i(z, a) =0}, Bexropur grad Sxz, a) =
= (08;/0zy, . . ., 08;/02,), j = iy, . . ., ip NUHEHHO He3aBH-
cuMH. 31ech z = (%, . . ., 5,) — JIOKAJBHEE KOOPAUHATH B
U,. PacemarpuBaioTcs HHTeIpajH Bufa

/ o

v

(16.1)
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e y=Zp(XN\S1UJ ... USa), 0 ZP (XN 81l ---USm)-

OcunopHHMH B 5ToM Haparpafe OynyT MOHATHS KOTPaHH-
uu Jlepe, dopmuI-BHUETA, KIacCa-BHYIETA, oGobmaronimne Io-
AfTHe BHYeTa TOJOMODPPHON QYHKIME OHOH IePeMeHHO,
a Taxyke TeopeMel o BhigeTe Jlepe, mosBosA0IHAe B CIyIae,
KO Y ABAACGTCA KOrPAHETHEIM IWEKIOM, CBOJMTH MHTEIPAT
(16.1) ® mETerpamy MeHbIIed KDATHOCTH OT (pOPMEI-BHIIETA
mo MEKLY, JeameMy Ha ocolboM mofmmoroobpasuu.

9°  Toumas mocaexoBaTeAbHocTh 1 Korpannna Jlepe. Pac-
cMoTpuM cHauala caydail m = 1. Obosmaunm S; = S. Tar
kak S HMeeT BemECTBeHHYI KOpasMepHOCTh 2, To RIA S
MOKHO IIOCTPOMTH OKPECTHOCTH V ¢ raagkoi rpanuiieir dV
TaK, 9T06H V ABIANACH A0KAALHO-MPUBUANLHLM PACCAOEHUEM
¢ 6asoit S u croem V,, a & S, romeoMopduEM KpPyry, COOT-
BercTBenHO 0V — paccaoenmem ¢ Gasoil § m croem 8, = 9V,
romeoMopdusiM okpyxHocTn. l[locienumee — osHadaeT, 9UTO
V = |JV, mcoorsercrsenno 8V —=|J§,, npuaem V,( 1V, =T

aeES aceS .

LIS a s~=b, a (A T1000d TOUKHA ¢ CYIECTBYeT OKPeCTHOCTH U,
taxan, aroV [ U, romeomopduo (S [} U,)XV,, coorserer-
penno AV (] U, romeomopguo (S [ Ugz) X8, Urobur moer-
pOUTh Takoe paccioenme, BrGmpaem na X PUMAHOBY MeTDH-
Ky 7 8a V, mpmHuMaem o0hefuiieqie OTPe3KOB reofe3mdec-
KWX, HCXOMAMNX H3 TOYKE G OPTOrOoHaAbHO S, mIHHH p(a),
rae p(a) mocraTowno maao, ¢ymkmmio p(a) NpepmoNaraeM
kaacca C.

Onpemenum 0TODpaXHeHAS

n: V-8, viX\S—X\V

crenyiomuy ofpasom. Ecam ze& V,, 10 p(z) = a. Ecam
2= X\V, 10 v(3) =2, aecim z& V\S, To v(z) ecTb

_Touxa mepecenennd ¢ 8V reopesmueckoi, mpoXofAmei Tepes

z oproromaxbao S. Ouwesmmmo, B 7 v — nedopmagEOHHEE
perpaxmun. Ilo cregcrsmo 0.20

Vit Hy (XN\S) = Hp (X\V)
%naomopcpnam. OnpegenaM roMoMop@u3M

w:Cp(8) = Cpsa (X, X\V) (16.2)
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caepyommM o0pasom. [IycTs 0—p-MepHHIl CHMIZIEKC B S,
vorga p—*(o) ecth (p + 2)-MepHas KIeTKa B V. Ecam opexmo-
JIATATH CHMIIEKC 0 FOCTATOUHO MAlHM, To J—'(c) romeomopd-
Ho V,X0. Opuenrtamua xierka p—'(C) eCTECTBEHHLEM obpa-
3oM ompepensercsi opmentammedr V, m o. Bosbmenm Wo) =
= {pu~1(0)} &= Cp1a (X, X\V). QuepERHO, Oop = pPod.:
Iletictpmreasmo, Op~-Yo) = 8(V,X0) = 3V, X0 + Vg X
X006 = p(0o), Tax Kak 0V,Xo & Cpp(X\V). Taxmu
obpasom, (16.2) mmpymupyer romMomMopduamM

byt Hp(8) > Hopa (X, X\V).  (16.3)

Dror romoMmopdu3M ABISETCA H30MODPE3MOM, TAK KaK Cy-
mecTByeT oOpaTHHI eMmy roMoMOppE3M, HH]yIApOBaHHH A
mepecevenmeM Nemeid usz C p+2(X) ¢ mopmaorOobpasmeM S
(zpepmonaraercs, 9TO TENH HEPECEKAIOTCA © S TpaHcBepcaib-
uo). Ilpm aroM mepecevenme (p-+ 2)-mMeprOTO mHEIA € S
ABIAETCA LHKJAOM pas3MepHOCTH p, epecedciiue rpamuribl
¥ ecTh CPaHmNA mepecedenus aroit yemm. Corxacito Teo-
peme 0.21, mMeeT MeCTO TOUHAsS MOCHE[OBATENBIOCTH

i M [P ix

% Hoyy (X)™ Hypo (X, X\V)= Hpa (XNV) =
fa ']
SHp(X)—.on . (16.4)

Ecam 8 (16.4) samesmts rpymmst Hp (X\V) 2 Hpyy (X,
X\V) wusomoppmmmu mM rpymmamm H pr(X — 8) m
H,(8S)s To momydaercs

Teopema 16.1 (Jlepe). Ilocaedosamenwiocno eomo-
MopPpusmos

o Hpg (X) 2 Hy (8) > Hpi (XNS) > Hpa () ...,
(16.5)

cde i=iyovy, ©=l, ofs, O=v;'o0yoly, aoasemCs
mouHol. '

Tlocaegosatensrocts (16.5) masrBaercA 20M0A02UHECKOT
mounoli nocaedosameavrocmuio Jepe. ToMomopdusmul i, @y bl
B Helf MOMKHO MHTEPHPETHPOBATEH KAK roMoMoppusMu,; HARY-

§ 16 Teopus eviveroe Jdepe - 141

IEpOBAEHEG CIEIyIOMEM 06DasoM: { — pnosenmem X\ S

—X: ‘® — nepeceuennem nemed a3 X ¢ mnoaMEOroobpasueM
S; & — saMeHOM KaM[IOT0 CHMILIEKCA O & Cp(S) raeTkok

80 = du (0) = | 6z. HauGonpmuit mHTepec MIPeACTABIAST
‘ zeg
romoMopbmaM O, HA3HBAOMELH xozpanuyeti Jepe. Llura

¥ & Zpi(X\S) HaJHBAETCH KOTPAHEYEKM [UKIOM, €CIH
{y} = 6k = 8H ,(8), T. o. eclu oH ABNALTCH rpagunel nemn
B X, TpamcBepcaiabHoOil S, IepeceeHme KoTopo#t ¢ S ecTh

| THERI Py € h e Hy(S).

3°. ®opma-srruer. Dopmyaa suvera Jlepe. T'oBopAT, 9TO
dopma 9= Q7 (XS, U ... U Sp) mMeer =Ha Sty e - -
- .y S m TOJIOCH TIOPAKOB Iy, - « +y I'my €CHHE JIA nwoboli TOYEH
aESinﬂ"'ﬂSi}ﬂ,’ {i]_,-.-, ih}C{lg..., m}, a¢

,
¢ Siv 7:)"—‘ 3y« - o I (X)opma (P(Z) S?: (Z, a) vee Siz (z’ a)‘

IPOROMKASTCA B HEKOTOPYIO OKPeCTHOCTDH U, TOo9UKH 4 Kak

$opma xmacca C) . Taxas Gopua HaBHBAETCHA ROAYMEPOMOD-

groti 3 X \S: U .--U Sane Cmopa moaaraem m = i,

S]_ = S.

Teopema 16.2 (cymecrsoBanme HopMbi-BH1eTa, Jlepe).
ITyemo @(z) — samrrymas PpezysipHai gopma Ha X\,
umelowan Ha S NOAIPHYIO 0COGEHHOCTY 1-20 nopadxa. Tozda 6
nexomopoti oxpecmuocmu U, nPOU3EOALHOTL MOUKU 4 & S
cywecmayiom pezyasphue fopuu (2, a), 0(z, a) makue, ¥mo
e U,

0@ =ZED AV 0 +05a,  (166)

2de sz, a) = A(U,), grad s(z, a) #0 u SNU,={z:5(3,
a) =0}, IIpu omom gopua P(z, a)|, saMrwyma u 00-
Hosnauno onpedessemcs Hopmol @. Ecau gopma @ 20a0mopgh-
nae X \_S, mou gopra ¥z, a)l, 2oaomopgna e Ug [ 8.

BamrryTas gopma Ha S, onpefeldeMas B OKDPECTHOCTA
Kamnold TOUKH @ € § CyHeHUeM P(z, a)],, HasHBaeTcs Pop-
Moli-auuemom opmbt ¢ m 0603HAUAEGTCA res [l

Temma 16.3 (o neaenuu Gopm). Popmy @, pecysipryo
na X MowcHO npedcmagumb 6 Hexomopol OKpecTHOCTU U,
mouxuy a <= S 6 eude

P(z) = ds(z, a) \ P(z, a)
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ry

ede Y(z, a) — dopma, pesysapnas 8 U,, 6 moM u mosvko moms
cayuae, ecau

ds(z, a) \ ¢(z) =0

6 U,. IIpu smom P(z, a)|, sasucum moavko om ¢ u sz, a).
Ecau gopma ¢ zonomopdra, mo u gopmy (3, a) MOKHO BHG-
paTh 2040M0phiLoii.

 JMlokasareabcTro. DBhbepeM IORANBHYIO cHCTe-
My KOODAMHAT Zj, . . ., 3, B HEKOTOPO# oxpecTHOCTH U, TaxK,
uTo6H $(z, @) = 2,. Torma dopmy ¢ B U, MOMHO IpeCTaBUTh
B Buge ¢(z) = dz; A\ P(z, a) + 0(z, a), Tae P, & — dopmsr,
peryaspase B U,.

IIpm sToM MoHO Hpexmodarath, uro gopms P, 6 me co-
mepsarT dz,, dz; A\ ¢ = dz; A\ 6. 3maumr, dz; /\ ¢ = 0 Tor-
A @ TOJBbKO Torga, korga 0 = 0, 1. e. @ = dz; A V. Ecam
¢ = 0, 1o mo mpegEaymeny P = dz; A Py Torga $l,,—0 =
= 0, T. e. IMEOT MECTO eIUHCTBEHHOCTE PopMH YP|g. [J

HoxasareanscTno TeopemH 16.2. Tak rax
dp = 0 u gopma s(z, a)g(z) peryuasapra B U,, To fopma

disg) =ds A\ ¢ (16.7)

peryaspaa B U,. YuHoXenme Ha ds ofpamaer oTy dopMy B
gyiab. Cormacro nemme 16.3, maimercs dopma 0(z, a), pery-
aapaas B U, Takas, aro ds /\ ¢ =ds A\ 6. Orcioma ds A
A (sp — s6) = 0. A Tax xar ¢opma s — s peryaspHa B
U,, mo aemme 16.3 mafigerca ¢opma P(z, a), peryaspHas B
U,, I KOTOPOH BHIOMHAETCS paBeHCTBO s — s0=ds A ¥,
nau (16.6).

Ecau ¢opma ¢ romomopdna, To popma (16.7), Oymyqm
romomoppmoit 8 U,\ S u perynspuoir B U,, romomopduo
npogomkaercst B U,. Torma, cormacao aemme 16.3, dopmu
0 m { mMoKHO BHOpPaTH roJoMOpPHEIMH.

dopma (3, @) omEOBHEAYHO ompenensercA ¢opmoil ¢ m
dyukmmed s(z, a). [leicremrensuo, mycrs ¢ = 0. Torma

ds
—;‘/\‘P-l—6=0, , mia ds \ ¥ +s8 = 0. Orcoma ds A
N0 =0un0—=ds \ o, rie o — dopma, peryuspaasnlU,.

Caepgosatensno, ds \ (¢ +s0) =0 1 P+ so =ds A o,
rge popma o, peryuspua B U,. Tarum obpasom, cymenue

¥l = 0.

s S0 )
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Iycrs s,(z, @) =0 — apyroe ypaBHeHUe® SU,. Torma
) d
=22 A9+0, me dopus 0,—0+dlu(Z)Av

peryiapaa B U,, TaK Kak ?s—-eA(Ua)~ u —5—;& 0. Taxmm
1

. 1
o6pasoM, P|g He 3aBECHT OT BHGOpa s(z, a).

IlokaeM, HaroHel, BAMKHYTOCTH (HODMHL Plg. Bospmem
premmni mupdepennuan B pasencrse (16.6), momyuny 0=
ds

—— A dp + d9. Orciona B ey OKAa3aHHOH eINHCTBEHHOC-

tu d(Plg) = dplg = 0.0

Mpumep 1. HOyers X =C*, § = {z:2& C":s(2)=
=0}, p(2) = z—g—; dz, rue f, s= A(C™), grad s|g = 0. Torga
res[@] = (— 1)1 (f/s;j) Sdzm B TOYKaX, THe s;jséo.

Mpumep 2. Hycrs X — amanmrmueckoe MEOroobpa-
sHe KOMIUIeKCHOM pasmepmoct® 1, ¢ — mepomopprasa $op-
ma 1-i cTememm, EMelomas JWmb Hodiock 1-ro mopAnka,
S = {a;, ..., Gy} — MHOJKECTBO ee IOJIOCOB. Torma
res [p] = {res @, @ & S} ecTh MHOMRECTBO TUCE, ABIAOMUX-

a a
¢ ofbumkMu BHYeTamu (opmul @ : res ¢ = res f(z), Tme
a a

¢ = f(z)dz — mpexncrapienue GOPMHI @ Tepes JOKAMBHBEIA Mo
paMeTp Z B OKPECTHOCTH TOIKH @.

Hasa sameryroit PopMH, nMeromieil momwoc 1-ro mopAmkKa -
ua §, § KOrPaE@TIHOTO IIMK/Ia MMEeT MeCTo Caefyiomast gop-
myaa eviwema Jepe.

Teopema 164 (Jepe). Ilyemo dopra ¢ &
= ZPH (X \ S) umeem noawc I-20 nopadka wa S, ¥ & Z,(8S).
Toeda

5‘ ¢ = 2ni S res [@]. (16.8)
oy ¥

MoxasaTexbcTso. Paccmorpum ceMeHCTBO OK-
pectrOCTeil V, mogMEOrooGpasmsa S, HerlpepHBHO 3aBHCAILEE
or e, 0 < £ < 1, Takoe, aro V, =V, V, — § npu e — 0.

[las aroro BosbMeM Vo= |] Vea, TAE Ve, — obbenume-
ae8S
HEE OTPEe3KOB TeOfe3MIeCRYUX JIJIHHEI gp(a), mCXOmAMHUX n3

TOYKYE ¢ ¥ OPTOTOHAMBHHX S. HamgoMy & COOTBETCTBYET KO-
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rpaEmankil omepaTop §,, CTABAMMAE B COOTBOTCTBHE KasRmoi
ToUKe @ & S 3aMKEYTYI0 Kpusyl 8,2 = 8V, ,, romeomopd-
Hyo okpyxuocrn. Tax Kar 8,4 monytaerca us 8, Hempepsis-
roii mepopmammedt B V, C X\ S, 1o 8y ~ 8y B X\ S
naa moboro nuriaa y < Z,(S). GregosaTenbHO,

S q) == Sl q),
8y bev
Ocraetca 110Ka3aTh, 9TO

lim S Q@ == ZniSres [@].
e~0 63'\’ b

JT0 PaBEHCTBO NOCTATOYHO NOKABATH M MANHX CHMIIEKCOB,
cocTaBusmiommx y. MosKHO npegmonararh, YTO CHMIVIEKC O
JemuT B KooprwHATHOM okpecrHocrm U,. Cormacmo Teopeme
16.2, dopmy ¢ B U, Moxmo npencrasuts B Buje (16.6). Bu-
Gepem B U, JOKANBHYIO CHCTOMY KOODAMHAT Z), . . .5 25 TaK,
yroGH 2, = § (3, @) & qIEEA BeKTopa dz BEIpamalach gopmy-
aort |dz| = (|dz,® + ... 4+ |dz,[)¥2 Torma 8,0 mommO C
TOYHOCTHI0 MO0 MAJAHX 2-T0 LHOPANKA INPeIcTaBuTh B BHAS
8,0 ={2:2= (23 . . . Za) & 0, 2] = ¢p('2)}. Tax rax
dopusl P u 0 menpepusrs B Uy, mes [§,0] — 0 mpz & — 0,
mes §,0/|z,] orpammdeno cmepxy, TO

lim | ¢(2) = ls]ir(: oévc[dz%zl A ¥ (z, a) + 0(z, a)] =

e-0 8o 1

— [ p v, 0 =Gl v ol =2n fre ol

630‘ [+

e jle(z) — mpoexmus ToukE 2 < S,oma S (U, = {z:2, =
=0}). O

4°, Knacc-seraer. J[Jig IPOM3BOJIBEHIX 3aMKHYTHX Pery-
asaprEx opm 8 X \ S copasenimsa

Teopema 16.5 (cymecrsoBanme Kiacca-shueta, Jle-
pe). Jas scaroli gopun ¢ = ZPHHXN\S), p =1, 2, ...,
cyuecmeyom Kozomosozusnte el ¢ X \ S gopms, umeowue
na S. noaioc 1-20 nopadxa. Popuv-gunems maxux Gopm npu-
nadaexcam 0OHOMY U MOMY e Kaaccy Kozomoaozull Ha S.
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70T KIACC KOTOMOJOTHIE HABHIBAOTCA KAGCCOM-GHNEMOM
gopmw @ m obosmataercs Res [p]l. Tax xak omepaTop res
nuEeeH, Res moposmaer romomopdusm

Res: H”! (X\ S)—~ H? (S). (16.9)

Bameuzanme. B Teopeme 16.5 meabsg orpaHmIATHCH
PacCMOTpEHEEeM I'OTOMOPPHHX dopm. Tan romomopduoil gop-
Me @ aacc-sider Res [@] momxer me comepaTh roaoMopg-
mux popu (romrpmprmep cm. B [113, e. 103 ). Onnaxo B cay-
gae MHOroo6pazmit Illrefima TeopeMa 16.7 cupasenjiuBa_ B
Knacce roaoMopdEEIX GopM. IJTO CIeNyeT H3 TeoPeMEl 15.6
Ceppa. :

pg KOHCTPYKTHBHOM HAXOMKICHHE RIACCA-BEIYeTa NJIA 10-
TyMepoMOPPHHX I PANMOHATHHHIX dopm cm. mmxe B § 17.

IloxasarenscTy Teopems 16.5 mpepmomuiem HeROTOpHe
JeMMEI.

Temuma 16.6. Jaa ecaxoii gopun 3%(2) = Z7 (S)
cywecmeyem  gopma @ (z) =QPTH(X\S) maras, umo:
1) 0@y =0; 2) 842 awbod mousu @ e S cyweem-
eyem oxpecmuocmb U,, 6 Komopod

ds (z, a)

° (&) =560

A ¥z, a) + 8 (z, a), (16.10)

20e P, O — gopmuw, peeysnpuwe 6 Ug; P(z, a)ls = %(2),
d(z, a) = 0 ebausu S. _

NowxasaTenbcTso Dopma x(u(z)), rre p vV
— § — peTpakmuA, oupegeleHHad B I. 2°, samxayTa B V.
Bosbmem pynxmuo f : X — R! xmacca (), paBaylo HYIIO
B X \ V u equanme B OKpecTHOCTH S. CornacHO CIeNCTBHUIO,
¥3 TEOPEMHl 0 «DABOMeHMH eIMHHLED TaKasd QYHKROEA CymecT-
syer. llomommm P(z) = f(2)y(u(2)). Ogesmuuo, dp = 0 B ox-
pectuocta S, VYlg = Y. Bossmem «pa3bmeHme eIHHAIIM
{9.)ecx, mommmmennoo mokpHTHO {U;)eex mMHEOT006-
pasmsi X KOODHEHATHHMH OKPeCTHOCTAMH, B KaKmoil m3
KOTODHX CYIeCTByeT JIOKAJbHO® YPaBHEHUe: SN U, =
= {z:5(z, a) =0}. Torma ¢opma

0(2) = X 0 T AV

acX
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VHOBIeTBOPAET ycaosuAM JeMMH. [Ipm arom Y(z, a) = {(2),

s(z, b)
a0 (z, a) =b§ 9, (@) dlog Sk A b (2). O

Coraacno Teopemam 0.22 m 15.1, TouHO# mociegoBaTEXD-

goctu (16.5) cooTBeTCTBYeT TOYHAM IIOCIEHOBATEIBHOCTH CO-

IpSAMKEeHHEX FOMOMOPPAIMOB

= HLE) S B (x9S BHY($)S BT (X) > ...
(16.11)

JJemma 16.7. Jas dopm ¥ u o, paccmompernnwr 8 iem-
me 16.6, cnpaeedauso pasencmeo

o {1} = — 5 {do, (16.12)

ede {3}y {do} — Baaccw wozomorozuil gopm ¥, do.
oKasaTenbCTBO.  BosbMeM NIpON3BONBHHI
kaace romoiormii {y} & Hpi.(X) m pacemorpmm muTerpad

J={do= {{do). (16.13)
v v}

Tak kak @ = 0 sre V, To uarerpax (16.3) aaBucur aume or

kmacca he Hpo(X, X \ V), =xoropuit ompexensercs

makaoM y. A mar Kak (16.2) — m3omopdmsM, To Halifgercs

mEKI 0 & Z4(S), gasa xoroporo Tw‘ e h. Torna J = Sdm =
v

= Sdm = jdm. Hax m npm pmoxasatemscrBe TeopeMmul 16.4,

uno
PaccMOTPUM OKPECTHOCTH V, nmogMuorooGpasusa S m omepa-

TOPHL Wg, 0. Iockoabry dopma do peryisapra B X, mo dop-
myae Croxca

J = Sdco:lim S dw = fm——lim 5' 0.
ITG e->0 LTG—EEO - 8¢ e-0 630’

Tak Kak ©|z-y =0, ToO Sm =0. Yuurssas (16.10) Tow-
(]
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0 TAK K0, KAK M B JloKasaTeancrse Teopemsl 16.4, momyyum

J = —1lim 5' m:—z:n;ijx.
a

e—0 [ )]

TTo mocrpoennw {0} = w{y}. TaxuM oGpasom,

[(doy = —2mi | {1} = — 2mi { o {x).
{7} e {7}

Mo cmexgcremio 15.2 mveer mecto pasenctso (16.12). ]
NloxasartenscTtso Teopemu 16.5. BoawMem

IPOu3BONBHYI0 (opMmy o= ZPM(X\S). Onua ompepenser
romomopdman  ¢* : Hp (X \ §)— C', sapaBaemHil pa-

BeHCTBOM @* (h) = S {9} =\ @ naz xammporo h = {y} &
h

]
& Hpy(X). Torma romomopdman §*¢* : Hp(S) — C! on-
pefessaeTcss PaBeHCTBOM

S*q* (hy) = oi (¢} = a§ ?,

e by = {y.} = Hp(S). B cmry Teopemst e Pauma 15.1 cy-
mectByeT Kaacc koroMoiormii {x} = 8*{@} = H?(S), mas

koToporo 8*¢* (k) = 56* {9} = S y. Hoctpoum mma dgop-
. hy Y1

ME ¥ popMy @ corzacro xemme 16.6. Tax xax {3} = 6*{o}

T0 B CHTY TeMMH 16.7 m TowHOCTHE MocHexoBareasHocra (16.11)

KIace — ﬁ{dm} — o*{y} = 0*8* {}=0, 7 e. Qopma

do roromoaormyaa myimio B X. CilefosaTelbHO, CYIECTBYeT
popMa @, = QP+(X) rakan, o do = do,. Torma gopma
¢, = ® — @, 3aMEEyTa B X \ S H HMeeT IOII0C {-ro mo-
pAnKa Ha S, mpmdeM res ¢, = X. I3 ompenenenmf Kracca

{x) = meopemn 16.6 cremyer, dro | @ == §¢1 AAA 11060r0
ov, v

nukna v, € Zp(S), Bnm S‘ (@— )= S 8*{p — ¢} = 0.

8¢v1} Vi)
Orcofa uo caepcrsmio 15.2 8*{¢—g,} = 0. B cmuy Toumoc-
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T8 nocuaegosarensaocra (16.11) {p — @, }=i*HP* (X), T. o. i
cymecteyer dopma @, = ZPT(X) TaKaf, 9T0 ¢ — @y ~ Py °

B )5' \ S.‘ 3naunrt, opma ¢ Koromoxorawaa X \ S 3aMKHY-

Tol dopMe @z = TI -+ @3, nMelome# moaioc 1-ro mopAxKa

Ha S, Ilpmaem res [@g]= . Iycrs ¢, — apyraa dopma, Ko-

§0Monormmamp 7 HMeiolfafg mnoxioc 1-ro mopagxa =Ha S.
orjga

ovj,q) = mj: P3= o&i”% = 2mi i res [@y] = 2m'§l res [@,]

nsa awoboro mukna y; € Z,(S). Orcioga no caegersmo 15.2
res (@3] ~ res [@,]. []

W3 Teopem 16.4 u 16.5, a TarKe U3 ompegeseHHs KIacca-
BHYETa BHITEKAET

Teopema 16.8. Iyems e ZPH (X h
e H,(S). Tozda P NS, R

f{qJ} = ZnifBes[cp]. (16.14)
Oh h

. 8° Caossmpte murgernt. IlepeidifieM Temepsr K CIydalo
m > 1. MuorooGpasue X u ero mopmuOroo6pasma S,, ...
v+ Sp TOPOKAANT CAEAYIONIEE [OCIER0BaTeIbHEE ITapH
KOMIUIEKCHE X QHAJNUTHYECKUX MHOTo06pasuii @ mX IOfMHO-
roo6pasuii mopasmepraocTa 1:

S0 oo N Sm1 D81 +vo N S
(Slﬂ o ﬂ Sm—z)\SmD(Sln ﬂ Sm—l) \Sm;

AN U +-- USw) DENS U - v U Sp)-

Ilpumensas Kk 9TuM DapaM Pe3yIbTATH paasf. 2°, a TakmKe yIm-
THiBaf, UTO

IS o NSNSy U+ on U SadINIS N -
e TSINGS 2 U o U Sl =
=8 .. N8I\ U . U Sm)s
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HOIy9rM TOCHe0BATeNbEOCTE TOMOMOP(RE3MOB-KOrPaHAL Jle-
pe: o

B Sm O
Hy(S1N oo N8m) = Hppy (S1 N+ 1 8m—1\Sm) — -+«

e Hpr (ST e NUSONGSs2 U - US> -
S Hy e (SING U - U S S

5,
- Hp+m(X\S1 U s U Sm)’
KOMIIO3HIAA KOTOPHX OIPefeNHuT CL0HCHYI0 Kozparuyy JIepe:

Hyp(SiM -« (1 Sm)™> Hppm (XNS:U -+ U Sw).

[ocKonbKY KorpaHHIHbIA omepaTop § ompejesieH Tax:ie A
CAMILICKCOB ¥ Oelell, To0 @ §™ pacOpocTpaHseTcA Ha CHUMII-
sexcs m memu. Ciaommas korpamuna Jlepe 6™ xammomy cnm-
LJGKCY CTABHT B COOTBETCTBH® KJIETKY 0™0, HABIAIIIYIOCA.
paccioendeM ¢ Gasoil o u caoem &ma = 6naX ... X 8,4,
roMeOMOPQHEM TOLOJOTHISCKOMY NPOW3BENEHHIO /M OKPYH-
HOCTell, W BBATYI0 C eCTeCTBOHHO OpmMeHTalmei. Ecam mon-

. mEorooGpasus Sy, ..., S, BIATH B IPYroM IOPARKe Sipe v ee

.« .y Sy, TO KIGTKA §mo cMeruT opmenTalimio Ha —1 B cTe-

meHU paBHON YeTHOCTH HMEePEeCTaHOBKU (ir - « =2 Jm)-
Tourno Tak 7Ke OMPENENHEM CAONCHUIL KAACC-BHHEM

Res™: HPT™(X\ S U ... USm)—>H " (S1N---NSm)
KaK KdMuoanmﬁm roMomopdusmoB \ ‘
HPP™ (XN S U ... U Sp) B8 HP"HSNS, U - -
USRSt pgrtiegin ...
e () S \Sm) 2 H? (S -+ N Sm).  (16.15)
B cayuae, korma fopMa @ e 22 (XN\S,U ... U Sm)

nMeeT Ha Sy, . . <y Sy TOACH 1-ro HOPAAKA, C HOMOIIBIO
HOBTOPHOTO IpHUMEHeHMs TeopeMH 16.2 Mo¥HO OmpeRelNuTH

dopmy

res®[p] = respe . . . ores;[p]l & Res™ [o],
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La3BIBAEMYI0 CA0xacHOU opmoli-suiuemom. BosMomuocTs moB-
TOpHOTO npuMeHenus Teopemsl 16.2 ofecnequpaer crexyomas
dlemma 16.9. Eciw $opua ¢ samknyma na
XNS U ..U SnuunemnasS,..., S, novoc I-20
nopﬂfjm,s" 1;;0 gopra res (@] sanrnyma na S; N\ (S, | ...
m) u umeem na S, S, ..., S
1-20 nopsaidka. . + O1 I S nosc
HorxasareaneTso. 3amrnyrocts QopmMer res, |
[o]eae-
Ayer u3 teopemst 16.2. lycrs Touka a = S; 1 8;, nsS;
NSy,

{ir, .. ., i} = {2;..., m}, actE S;panj=i, ..., iy L.

Bué i

epeM IOKaJdbHble KOOPIHHATH 2, . .., Z, B HEKOTODOI
oxpectocTa U, Toukm @ tak, wrobu S; | U, = {z; = 0}
. . 3 *
J=14,..., i B oxpecrsocrm mpousroibHoN Toukm b =

e85\ (S;,U...U Sik) dopMy @ COTJIaCHO  Teopeme
16.2 Mo:kHO IpemcTaBETE B Bufe

d
¢="T"Ab+8,

rme Yu O — dopMu peryaspaeie B Up\(Si,U...US, )-
fDOpMj:I VY u O MoskHO BHOpPAThH He 3aBHCAIEME OT dZ,. Tcl)?u:[a
10601 roadumuenTt c,(z) opmet | umeet By z, - c(3), r;ly;e e(z)—
K03puiment popmer ¢. LooTBercTsyomuit kosphunnenTt dop-
MEL  resy [p] = ‘P'SI\Si,U---USik €CcTh Cy:RoHme  ¢4(z) =
= z-c(z) Ha S\S;, U... U S;, © He BaBHCAT OT TOUKH
b. Ilo npegmomomenmio dopma @zz;, ...z, y A CIeHoBa-
TeIBHO ee KOOPOUUUMEHT zy2Z;, ... Z;.c(2) =2y, ... z;,¢, (3)
perynapunt 8 U,. Ho Torma cymenme z; ... 3z €1 (zh) lo s
a 3HAYUT, M QOpMR Z;, ... z;, res, [] peryispHH B Touke a.S[l:]
dsy A ... ANds Ao

SamernM, 910 ecanm @ =
$1...8

,T0 res” [p]=
m

= | 8iN.-NSpye Ouesngmo, resj o...ores; ~ OTAAYAETCH OT
resye ... ores, JNIE MHOMHTeaeM —1 B cremenmm, pas-
HOM 9eTHOCTH NEePeCTAHOBKH (ij, . . ., im)-
IIpmmensin mbeaegoBaTenbEe m pas POPMYIH BHEYera
(16.8) m (16.14), moayunm gopmyay caoxcHozo ewuema Jepe.
Teopewma 16.10. Ecau gpopra g = Z°T™ (X\ S, U ...
v o« USm) umeem nosioce 1-20 nopadka na Sy, . . ., Spy, mo
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das awbozo yurta y<Zp(Sy N ... NSm) uMeem mecmo
gopmyaa ‘

S ¢ = (2mi)" S res” [@]. (16.16)

o™ {p} v

Nlas mpoumssonbuoll GopMul ¢ ZPTm (XNS U ... USm)
rMeeT MecTo PopmylIa

f ¢ = (2m)’"SResm [o]. (16.17)
5™Mpy v

6°. ®opmyxs Brraera Jepe (16.8), (16.14), (16.16), (16.17) nosso-
HAOT MOHU3ETH KpaTHOCTH HEYerpana (16.1) » caytae, Korma muRI Y
siBIAeTcH Korparumeit Jlepe, ITopToMy ecTecTBeHHO BOSHUKACT BOIPOC,

upn  Kakux  yoaopuax muka  ye 2PT™ (XNSU...U Sm)
ABNAGTCA KOFPAHWYEBM, T. €. {7} & 8™HP (8:N...0S,,).
B caysae m = 1 mpoctoii kKpuTepunii kKorpaanus Jlepe memocpej-
CTBeHHO BEITEKAaeT M3 TOYHOM mocaegosateinsmocTH Jlepe.
Mpennoxenne 1644, Jan moeo umobwm yuxz Y&
EZD-H(X\ S) npunadaemcan xaaccy rozpanuy \y} & 8H (S), Heobx0-
Sumo u docmamonno, wmobe ok GeLi caabo comosozuer My & X.
eIfCTBUTG/IGHO, HAING YTBeDKAeHHe paBHOCHILHO DAaBeHCTEY
8H_ (S)=ker{i:H, ., (X\S)~H,,, (X)}, woropoe cienyer u3

rogmoern (16.5). [
Caegcraue 1612, Ecau Hpﬂ(X)zO, mo a0bolt YUKS

VEZP+1(X\S) asasemen woepanuyeit Jdepe. Ecau, rpome mozo,
Hpﬂ(X) =0, mo 6:H, (8)~Hy .y (XN\8) ) — usomopghuam.
[TocaenHes, HaUpHUMep, EMeeT MecTo Jua X = C" B awfoit paa-

mepHEOCTH p. Boam X = CP™ — KOMIUIEKCHOEe IIPOGKTHBHO® KNpO-

CTPAHCTBO, TO CIIPABEHAMBO
Mpepnoxkenune 1613 (Cpuppurc). Ecau S — nodmro-

2006 pasue (aaredpaudecroe) ¢ CP™, mo comomopdusm

6: H_ _ (8)—>H, (CP"\5)

crop sekmugers Oas 1106020 N U UHzERMUSEH  Das n uemH020. Jas n He-

uemHozo adpo z0momopPusma & noponcdero ceuerues CP™ (N §, ede
m ) nt1
CP™— nodnpocmpancmeo npocmpancmsa CP” pasmeprocmu m == —5— .

B cayaae m > 1 mMeer Mecro
Mpenmoxenne 16.14. [Jas mozo umobu  yuka Y &S
SEZpim (XNS1 U ... U 8,) ssannca caooicHoll Koepanuyel depe, m. e.
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MedTH, (SN ... NS,) Heobzodumo, wmobu ewnoaratocs yo-
aosue:

TR0 8 XNS; U ... .[S]... US, T=1,...,m (16.48)

Jorasareascrso. Hyers y = 6"‘% TIe
3 y YeEZ, (5:.N...
s QS Tqrna v=8,(6""1y,), rne Si:Hp (S,\(.SI‘; u...u
USu))—+ Hp+m (X\(S:U... US,,))- Honpepnosxennro 16.413 y =~ 0
B X\,'s‘2 U...US§8,,. Paccmarpusaa Sy, ..., S B ADYroM mopap-
xe, moaysum (16.18) mna f = 2, ..., m, "

B ofmeM cxywae ycaosua (16.18) me smxswTCA KOCTATOMHLIMH
Aas Toro, utobu {y} = Gme (S:0...N0 8,

Dpumenp 3. Bossem X ={(z=C":j3>1}, §;=
=={z:zj=0}, J=1 ..., n Torga muxa y= {z:]% = ....=
=1 z,|=2} ynosmersopaer ycmosmam (16.18), mo {y} & 6™ H, (S:01...
nugng, TaK Kak §; 1 ... 15, =2, a y%0 B X\(Sl- u...
yoo o)

Onmako, EampuMep, CHPABONIHBO CHeLYIOMee

Mp egnoxenne 16.15 (IOxaxoe). Eciu X — mHoz006pa-
aue [meiina pasmeprocmu n, mo 8an yuxsa Y & Zptm (X/(5:0 ...

o US,))y m+ p>=n, yeasue (16.18) meobzrodumo u docma-
mouro, wmobn {¥) = §"H,(S1 N ... N S,,).
IIpn HEXOTODHX HPEANIONGKOEHAX HA X, S, . » . S CTDYRTYDY

rpyoox H p (X\(.S'1 v...u Sm)) OIHCHBACT CJCAYOMAA Mmeopesa
0 paanodcerul.

Teopema 16.16 (Dpyaccap). ITyems Sy Siv ..y 5.3
Ziveee 2 p — 0sa cemelicmsa (n — 1)-mepHux Komniexchuz auanﬁ-
muvecEur  nodMH02006paaUl  N-MECPHOZO EOMNALKCHOZ0 NPOEKMUSH020
npocmparemea CP", raroBawueca & o0bujem nosomceruu; S, — Komn-
“excras 2unepnaockocms ¢ CP™, xomopaa omoscBecmennemes ¢ becxo-
teuno ydanennoll eunepnaockocmere CPT—1 = CP"\C" Ioxomam

X=2.0n... nz,, Y=" X. Torma

H, (X\JQO s,) =H, (Y\JQi s,)g

o 5h _ ‘
hE(i?.,m} “p—lhl (jgh Sy 0 Y) =H,(Y)o

m
@ 6h,_ (Y NNS)D 82H Yns,no
, j§1 p-1( )] :l<l<2j<m (YN 5 N8pe...,
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2de_Ihl — wucao asamenmos moocecmea h.
n

Mpumep 4 Mycrs Y=C", 8y = {z:q:l(z) = Z a2+ by= 0},
h=1 .

n
j=1,..., m—aEATATHYECKU® THIEDIJIOCKOCTHE B ¢, EHaxopgamumecs

B o6menm monoxennd. IlocaeqHee 03HATAET, ITO SCHU s,N...NS$ ’h#:
7 @, 10 QYHKIHE @1, . « oy (p,hnnneﬁno-neaanncnuu. Tax kax H (C")~
~0, H _, (S‘l n... 1N Sir)zo upr r<n(S“ n-.-n S,T —Be-
mecTBeHHO-2(n — r)-MepHAA NJOCKOCTS), H, (Sil n...ns i") ~ Z,
ecmm S; f1 ... n'Sin#: @, 1o mo Teopeme 16.16 Gasy rpymin Hn(cm\
\S; U ... US,) obpasyor nukia BEA o" (S, N .- N S1a) =

=z C": | P, (2) |= ees=S \cpin(z) I = e}m Vi,...4, TRE & AOCTaTOIHO

Maao, {ij, « « - in}—nponanonbnm‘i pabop ma {1, . . ., m}, 1A KOTOPOIO
GYERIME @, .+ .y %, aAuHeiiHo HesapmcmMel, J[BOCTBeHHYH eil no

fe Pamy Gasy xoromosoruit 0Gpa3yioT GopMul Buja

1 49,0 ap,, (2)
Oy = (2ni)" q>h(z) ANTERA q’gn(‘) '

IpepcrasiaeT HETepeC oGo6merne Teopemu 16.16 ma caydai
xorga Sy, ..., &, — MPOU3BONbEHE AHATNHTHIECKHS MHOECTBA
B Y. Jlas gacTHOrO caydas, Korpa Y — o6iacth B C3, oiHO M3 TARMX

oGobmennit faer caegyomas Teopema (cM. taxe § 18). Ilyers § =
m 4

§ = _Ui §, amanuTIIeCKO® MEOMeCTBO B Y C C% S, —ero He-
J_—.
MPUBONKEMEE KOMIOHOHTH; K3 ; — DHMAHOBA MOBePXHOCTh, OIpeAed-
eMasg KOMOOHEHTOR S, (pUMamoBa HOBEPXHOCTh HEsABHOM AaHAIATHTE-
ckoit Qymmmmm, rpaQuEKOM KoTOopoll cayxur S,); Q — MHOKeCTBO
TOUEK, B KOTOPHX S JOKAJTBHO HPUBOXUMO. JlAA KaMKMOA TOIKH Peq
prOepeM JNOKAJNBHYID CHCTOMY KOOPJAHHAT TaK, groOL B DTOH CHCTeMO
KOODAMHAT TpagEEna JAZ7 HAOCTATOYHO MAJOro MOJHOEIAHADA Ap
¢ meHTPOM B Touxke P HepeceKalla KayKAYI0 JNOKANbHYI KOMUOHOHTY
MHOKECTBA S 10 IIAfKOH KpuBOil, romeomopduoil okpy:xmEocTH. 00603-
HAYHEM Yepe3 Ag, MHOKeCTBO GAg (I §, E3 KOTOPOre yAajeHa ORHA

¢Bs3HAasA KOMIOHeATa, A = U Az.
+eQ

Toopema 16.47 (Iegan). Ecau comomopuans @ : Hy 1, (YN
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NQ) —~H,_, (S\\Q) nyreerie (EHPJ[_1 Y\0) = O), mo

m
Hy(YNS) = Hy(V) & 3 8H, (3,) & 8H, (4),
i=1

Hy(YN\S)=H(Y)® 3 8H,(S;).
i=1

3geck ®, 6 — romomopdmamu, ompefenenmane B m. 2°

§ 17. KOTOMOJOTHYECKOE NNPMBEIEHNE -
HEROTOPBIX IIOJIYMEPOMOP®HBIX
A PATIROHAIIBHBIX ®OPM

1°. Teopema 16.5 morasmBaeT IHIMb CYMECTBOBAHNE

KJacca-BhaeTa Aa8 QOpMH @ = Zpt (X\\S) = He paer xoH-
CTPYKTHBHHX AaNTOPHTMOB JJdfA €TI0 HAXOKAEHHA. AHalo-
IAYHA CATYamdA CO CJIOKHEIM KIaccoM-BHUeroM. Teopema
16.2, mpumep 1 (cm. § 16) m nemma 16.9 nossonsoT HaxomuTh
KJAacC-BHYET B ClHydae IOJyMepoMOpPHHX (GopM, HMeIOmHAX
moaock 1-ro mopsmka. lloaroMy 3amada HaXOMOEHHSA Kiac-
ca-paigera opMu @ & ZP+Y(X \ S§), COOTBETCTBEHHO KpaT-
noro rnacca-Burgera gopmer @ = ZPT™ (XN (S U - - U S
CBOJUTCA K 3a/[a4e HAXOMACHUA KOTOMOJOTHYHOA €H (opMEH,
pMeromed Ha S, coorsercrBenHo HA Sy, ..., Sm, MOJICH
1-ro mopafKa, T. €. K 3afavue KOTOMOJIOTUIeCKOTO IIPUBEIeHAA
dopMul @. DTy 3agavy AOCTATOYHO Pemarb B OKpecTHOCTH S,
S ...[1S,- Bpage cayisaer sagada KOroMOJOTHYECKOTO
OPUBESHHA PEMIaeTCs KOHCTPYKTHBHO, 6CJIH ¢ HMEeT IOJI0CH
ga S, 8,..., Sm, T. €. ABIderca noXyMepoMopdHOH
dopPMoit.

2°. Ecan mopmuorooGpasme S safgaercs raobaibHEM ypaB-
HOHMEM, TO NOHEJKEHHE MOPARKA IIONIOCOB II03BOJAAET 0CYy-
HIeCTBHTh CIeAYOMas

Jdemma 174, Hyeme S ={z:z2V, s(z) =0},
20e V — newomopas oxpecmuocmd S, s = A(V), grad s 5= 0.

Toz2da scarymo dopry ¢ = ZPT1 (X\ 8), unerowymo na S noaos
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nopadra k, moxcrno npedcmasumb & sude

d - 0
9= Ab+ =, (17.1)

2de p, O — gopmer, pezyaapnsie 6 V.
NMNoxasareascrtso. Ilo yeaosuio gopma skgp pe-
ryaspEa B V. A rar Kax dopMa @ saMkmyTa, To d(shg) =
— ksh—1ds A ¢. Ymuomenue mociaegmeidr dopmu ma ds obpa-
maer ee B Hyab. CiemosatenbHo, mo ademme 16.3 pas mro-
Goit Toukm a = S cymecrsyer ¢opma 0,, peryaspHas B He-
Koropeit oxpectrocTH U , TOUKH @, VA KOTOPOH st=lds A\ ¢ =

“=ds A\ 9, Qopuma sto— sb, peryaspra BU, B ds N\ (st —

—s0,) = 0. Mo memme 16.3 cymecreyer gopma ¥4, pery-

‘napuag B U,, 7AnA KoTopoi skp —sB, = ds \ $,, ®HIE

d 0,

B oxpecrmoctr U, V\ S roukm aeV\S mnpeacra-
paM dopMy ¢ B Buge (17.2), Tme ¥, =0, a 8, = psh-1.
BosbMem pasbmenme efuummbl, {),}.cy, TONSHHEHHOE IIO-

kpurao {U,},ey, @ mocTpoum dopuer P = a§V YoVg 0=
=) %404, peryunpaee B V. [las srux gopu u3 (17.2) BaITe-

sV
raer (17.1).17]
®opuy (17.1) Mommo mpeobpasoBars K BHAY
Y- By
(P—-d( (k—*i)s‘h_l) Sh——i’
rme 0, = dy/(k — 1) + 0. Taxum obpasom, B3 VS
gopma ¢ woromosormana gopme 0,/si~T, mmelomed Ha S
nomoc mopapxa k — 1. Ilo mapyxumum gopmy ¢ B VS
MOMKHO KOTOMOZOTHYGCKH IpUBECTE K popme, mmeromei ma S
nomioc 1-ro DOpAAKA.
3°. Coro;RHBH KJIaCC-BHUET HEKOTOPHIX IOAyMepoMoPPHEIX
BAMKHYTHX (GOpM I03BONACT HANTH KOHCMPYKYUS Teavgpan-
da — Illunrosa. _
Teopenal?2 (Texvpans — Muros — Jlepe). ITycmo
S; ==X 50 =0} j= i,..., m,— nodmnoz006-
pasus 6 obwem nosoKHCEHUL, 3a0anHbe 2400aIbHHMU YPasHe-




156 _ Teopus eviveros Ta 111

nuamu, o(3) — pesyaspras @Popma Ha MHO2006pasuu VX,
ydosremeopaouas 6 oxpecmuocmu S =S8,() ... [ Sm
Y0610

doy@®) A« ... A dsm(d) A\ dog) =0.  (17.3)

Tozda cywecmsyrom Popmn ©g, . . .y Omy Ogqy .« 2y Opms
Woy,.., Wy,..0, Jhhk=1,...,m, peeysspuvie e oxpecm-
nocmu S maxue, wmo

dm=dsiAm1+...+dsmAmm;
dm1=dsl /\ (!)11+ PRI +d3m /\ mlm: ('17.4)

dop,.q =ds A Op..q1+ ...t dsm A Op...qm
IIpu amom

__..._1_ . -- dsiA"fAd’mA‘l’
L2 I ‘D""hls < RBS[ s,i-‘_H . 'rm+1 ]ﬂ (17.5)

m

20e r; — uucao undexcoe i, 1 =1,..., m,

cpedu §,..., k. : codeparaiyuzes
Jemma 17.3. Ecau pesyaspras na X gopma ¢ ydossem-

eopaem 6 okpecniocmu S=8, {...{ Sy, ycaosuw ds, A ... A\

N\ dsm A @ = 0, mo e amoil oxpecmnocmu cywecmeyom pe-

2YyAnpHbE gﬁop.uw maxue, umo

@(z) = ds;(2) A $u(8) + . . .+ dsm(z) A m(2).(17.6)

Roxasareancrso B oxpecrmocre U, mpoms-
BOJBHON TOUKHE a4 & § BHOepeM IORaABHHE KOOPAAHATHI
2y, .y Zp TAK, 9T00H S ([ Uy = {2:23; =0}, ] =1, ..., m.
Torma dopmy ¢ B U, MOMHO IpPEACTABHTH B BHJE

_9(2) =Pola, 2) +dzs Ati(a, D)+ ..+
+ dzm A Ymla, 2), (17.7)

e Y, — Gopma, He cofepmaman dzy, . . ., dzy. I1o ycaoBED
By, A v e e A A@=ds A ... A dzm AV =0, or-
Kyra ¥, = 0. Hcmoansya pasGuenme epmpuns, HONIHHEH-
Hoe NOKPHTHI0 {Ug}ees WepeliileM OT JOKAABHOTO Open-
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crasneEna (17.7), rme P = 0, K rao6anpHEOMY IpeRcTaBie-

muio (17.6) B oxpecrmocrm V= | U, nopmaoroobpasms S. [J
a€ES
DHoxasarenbcTBo Teopeun 17.2. Samerny,

wro n3 yenosasa (17.3) HeMeIeHHO BHTEKAeT 3aMKHYTOCTD

gopmrt dsy A ... A dsm A wlsptt ... s:,',"“. Ws memmm 17.3
u ycxopusa (17.3) BHTEKaeT -CYIMECTBOBaHU® dopm oy, ...,
..., Om, V1A KOTOPHX BHIONHAETCA NePBOE N3 PABOHCTE (17.4).
Nuddepennupya ero, HOXYIEM ds; A do, + ... +ds,m A
A do, = 0. Orciomads; A ... A dsm A\ do; = 0. Coraac-
mo nemme 17.3, cymectBynoT QOPMH Oj - - .y @ym, AIA
xoropux doy = =ds; A 05 + ...+ dsm A Om, BT K
Taxnm 06pasoM, IociaeRoBatesHo moxyTaeM (17.4).
Coorromenne (17.5) 6ymem MoKasHBAaTH FHAYKOHeHA MO
umexNy HHAEKCOB ...k, paBEOMY ry -+ ... + rp. dasa
ry=...= rp=0 mveem (cu. § 16, m., 5°). .

| resm\id\si A...Adsg A @ ]E Be-sm[dsl A...Ads A m]
®|g = .

sl--os

$7 000 Spy m

TIpegmomnozmm (17.5) cpaBeIABEM ATy, - - - TmE IoKa-
JEM ero MIA Ty .. ., T3+ 1, ..y Tme 3ameuas, 9TO

dsi N ... ANds AN® _(_1)1' (dsl/\...[i].../\dsm/\m)_l_

T3 Tl ri+1 rm+1
3’;|+1 s 3§?+ ven s"':d- Ty +1 s’i‘+i. ..81-‘7 .o S';n

=) m—i dg, Auffl.. .<Lds, Ado dsiA ... Ads A0,

s . ~ . - L]
TR st syt (1)t .s;"H et

00 TPEeANOIOReHRIO UHIYROUA HOIYyIHM

dslf\.../\dsm/\m 1 :
RBS[ rogt1 ]=r,—|—1x

s’l“H. . .s;5+2. ..8

“*m
dslf\.../\ds;h/\m’ 1
= m- e
X ROS[ 81‘?"’---8?'*’1___3::""1] rll...(rl-{—i)!___rm’ ip...q |8

Ile CPeA¥ WHJEKCOB P . ..{J HHAGKCH ooy Jreoey m:
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BCTPEYANOTCS COOTBETCTBEHHO Ty, . . ., i+ 1, . . ., rppast. [

MHpumepl. EcamX = C*m =n,S; = {z:2; = 0},
o(z) = f(z) = A(CN),

A0
Wy, .q= —.
azr.. 8z,

IpuBenenHrie BHINe NPASMH DOHHMKEHAA MOPAMKA IOTIO-
COB 3aMKHYTOH HoayMepoMopdHOHA (OpMHL HE BIOJHEe KOH-
CTPYKTHBHH, HOCKOJBKY HaXxomienue npencrasienni (17.1)
m (17.6) onmpaerca Ha pa3bHeHHe ©NMHMIHL.

4°. B ciydae panuomRanbHEX gopm B C" 3ajada KOTOMO-
JOTHIeCKOT0 NPUBEJeHHs 110 AHAJOTHIHOH cXeMe dPYeKTHBHO
pemaeTcAa ¢ HCIoNb3oBaRueM Teopemul I'misGepra o KopHAX.

Teopema 17.4. (Jleitnaprac — IOmaxos). Ilyemo

Qy(2), - . ., Qm(2) — nenpusodumse noauromw ¢ C* m S; =
= {z=C*:Qyz2) =0}, j =1,..., m, — uroz006pasus &
obwem nosoxceruu. Tozda Popma
P (z) dz (17.8)
W= """, .
5.0
2de P — noaunom (menas pymrmun); dz = dz; A ... A dz,

rozomonozuina 6 C'\(S.U...USn) dopme euda

P _dz

7 (17.9)
*® , .
o= 27,0,

ede F ={jn...hc{l,..,m}, k<n; P?- — noau-

Homul (mensle QyHKOUH).

, Hoxrasareannbcrno. A Ilyers m <n Wz ycro-

BUsA 00mMero momoKeHUsA MHoroobGpasmii Sy, . . ., S, ciaenyer,

9T0 B TOYKAaX MHOEectBa S;(]...[1S, pamr MaTpmms
aQ

"——j-“ paer m. CaemdBaresbHO, IHOTUHOME
3Zh i=1,....mk=1,...,n ’

4 OKkBHBaJOHTHHI MeTO] [aeT ANNAPAT YACTHHX IIPOHBBOXHRIX
Ans BHeWENX juddepennmuansBex $opm, paspaGoramunit Jiepe m Hop-
re, cM. [113, mm. 7, 46, 47; 316].

§ 17 Kozoxoaotuueckoe npueedenue

159

Meror o6mux nynei B C™. 5 03
aax (. [48, c. 11]) cymecTsynoT HOTHIOME! Hy H;, 7 =
= {ji, . . -y Jm} TAKHE, UTO

él --,Qm,-M 1< <o <jm<n, HE

0(2; 5 .0.0%; )’
71? Im
G IIo Teopeme I'mianbGepra o KOP-

x 8(Qu -1 Qp) '
=20+ 2y 5y (1710
=

7
[opcrasaas (17.40) = (17.8), moxydnm
< Pdz
0= 2 rj"—i T +
=107...0/ "...0n
— .. ANdQ, N dz[T]
N 2( el 71P a0, A N AL LA NP
7 Q? Qn';"
rae Pj=H; P, Pf:H?--P; dz[I)=dz A - - -l .".jm] cee
«o. A dzp; €el9] — verHOCTH HEPECTAHOBRE Gro v v oofms &y ee
codjiy e ooy Jm ., n) m(i,...,n). Ectnxora 6u onum

(]
mokasarens r; > 1, To ToYHO TAK e, Kak B I 3°, MOMKHO
MOKA3aTh, 9TO .

PgdQuh .- A dQ,, A dz[F]

op e O
(— 1)j—1dp7/\ dQs A ... [jl ... ANdQpy Adz(7] (17.12)
= (ry—1) Q... ¢ ' O

Tlonmwxraa TakEM o06GpasoM IOCTE0BATENBHO CTENIEHH 3HaMe-

mareeit, ME 4epe3 KOHeUHOe IMC]O0 MAros NpHAEM K dopme
saga (17.9). : _

B. Ecim m >n, To E3 ycuosma oO0mero mONOKeHHA

T

re m

caenyer, a0 Vi) ... N V=4, 1. e. HoAAHOME Q' .. g m

He mmeior obmux Hysei s C*. Torga mo reopeme I'masbepra

maiiayrea momamomsl H,(z), . . ., Hp(z) Taxue, uTo

1=H,(3) 0} (2) + ... + Hn(3) Qm" (2)-
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IlogcraBiuaa 9T0 PABEHCTBO B (17.8),' npencrasaM (17.8)
B BH/E - :

' m Pz

s
(0=2 Ty m 2
QY ... lil...

=i m

rae Py = H,;-P. llpumensa sToT OpHEM M — N pas, mpajeM
K caydgaio A. [

Bamegarmme. Tax kax Teopema I'mapGepra mEMeer
KOHCTPYKTHBHO® JIOKABATEAbCTBO, To Hoamuomu Hy, Ho, ¢
a caefosatenbHo, fopma (17.9) MoryT OHTh HaligeHH dddex- %
teBEO. B n. B, mo cymecTBy, Hanaraerca OpEeM pasjIoiKenHA
pammoHANBHHX ¢yHKNmHE Ea mpocreiimme npobu. B obmem
ciy4ae 9TOT BOUpPOC pemaer : .

Teopema 17.5 (Jleitmaprac). Bcakyw payuoHatoHy0
PYHKYUIO N NEPEMEHHBT MONCHO npedcmasums & sude CYmMb
dpobeli, y Kamdoll U3 KOMOPHE SHaAMeHamesb codepicum He
Goace, YeMm n, HERPUBOOUMBE MHONCUMeEALl.

Il pmwmep 2. Paccmorpam B C* hopmy

o = dw A dz/uP(wz — )Ww? + 22 — 1)%

Yunrnsasn, uro 1 = wz — 1(wz — 1), DocIegoBaTENLHO HPH-
merEM paccy:xpendsa m. B. Iloxywmum

© = z8dw A dz _ dw A dz _
T (wi— )Wt —1)2  wi(wiisd—1)?
zdw A dz . 22dw A dz

TVt A-1E T wEltd—1) "
Hcenoasaya mmnecﬁaa ,
l=w.-w—1. (w'+z”—1)+4z2-- 2z,
Lo — A1 4 wr) (s — ) HE@ B H ) @2 =D+
+ 4 (0t — 2 (25 — 209,

8 (w, w3 3 —1)
o, 1) .

8 (wz 4, w? 4 z3—1)
9 (v, 3) *

rge 2z = , 232 — 2ut =
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n popmyay (17.12), HaxonﬁM, 4970

(5z% — 6z8) dw A dz
6 (wz — 1) (w? + 22—1)"

dw A dz
4w (w? + 22— 1)

W

Teopemy 17.4 mo:xuo ofobmurs ma MepomopdHsie Gopms
B3 o6aacTAX TOIOMOPPHOCTH.

Teopema 17.6. ITyeme P, Qy, . .., Qn — 20a0mopgp-
nwe gynryuw 6 obaacmu zoaomopgrocmu D C* u S; =
= {zeD:Qyz) =0}, j=1,..., m,— unozoo6pasus ¢
o6wem noaoxcenuu. To20a Popma euda (17.8) KozomoA02UMHA €
DN\(S;U ... USn) gopme euda (17.9), 20e P, A(D).

JorasaTeldbCcTBO TeOpeMH 17.6. apaxorm4-
HO JIOKa3aTeJbCTBY TeopeMu 17.4, TOIBKO BMECTO TeOpeMH
I'manrfepra 0 KOPHAX MCHONB3YeTCA CISAYIOIIee yTBEpHK/e-
mme (cM. [201, c. 296]): ecan ¢yuxmmm Qi . . ., Qm, TOIO-
Moppusie B ofxactm romomopguocrm D < C*, He HEMEIOT
o6mux myxeit 8 D, To cymecTBylor Takme rojxomopduse B D
pyaxnma Py, ..., Pp, uro 4 =PyQ; + ...+ P.On-1

B ROMIUIeKCHOM HPOeKTHBHOM IpoctpaEcrse CP™ mmeer
MecTO

Teopema 17.7 (I'prddurc). [dyems Q(z) — Henpu-
600UMBLLL NOAUHOM OM Z = (Z1, . . -, Zp)y, S = {2 & CP;
: Q@) = 0} — mnozoo6pasue. Tozda ecsarywo Popry o, pa-
yuonaavhyio 6 CP™ \_ S, MOXHCHO K0ocoMor02UNECKL npusecmi

n

K payuonaibrot dopme suda oy =sz/Qh, e0ek<<n—E (-q-) .
g = deg Q; E(a) — yeras uwacmo a.

§ 18. BBIYETBHI PALIIOHAJIbHBIX ®YHKINHA
OBYX HNEPEMEHHBIX

1°. Ilpumenmm merop, onucaEHHE B § 14, K MHTErpa-

JaM BHZA )
P (w,z)
“U Tt W N 5

rme P, Q — HOJMEOMH J{BYX IODEMEHHHX (MOKHO Ipefmojia-
ratb, 9ro P — meman ¢ymxmmn); y = Zo(CP \T); T =

6 71, A, Atsenepr, A. II, X0xaxon

(18.1)
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= {w, z) = C*:Qw, 2z) = 0}. Hailimem pasmeprocrs u30-

mopgumx rpynn romoxorsit H, (C2\T) =~ H, (T), roe T =
= T | {00} — samsixanne ocoboro muoxecrsa I' B IPOCTPaAH-

cree €2, momoineHHOM Mo cfepst S* = C,=C?|J{oco} onHoi
GecKOHEYHO yaadenHol ToaKol oo (oM. § 14), 1 IBOHCTBEHHES
1o Arrexcangepy — llonTpsaramy Gass aTEx rpynn. Berancanm
rEreTH (mepuoas) opmsi Pdw A dz/Q oTHOCUTEXBHO fasmuc-
HHX THUKIOB.

2°. Pox pumanosoii mosepxsoeTu. lIpepsapurenpno mHa-
HOMHAM HEKOTOPHE CBEeIEeHHA O PHUMAHOBHX IOBEPXHOCTAX
anre6pamgeckux GyHKmui (cM. [198, 661]). Ilycrs Qw, z) =
= go(2)w" + a BT + . ..+ aa(z) — HeIIpHBOJUMBIH TI0-

o

JIMHOM CTEHeHH 1 OTHOCHTeTbHO mepeMennoil w. Ero guckpn-
vananr D (z) = R (Q, Qu) 5= 0. Ypasuenne

Q(w, 2) =0 (18.2)

onpeneaser 8 obnactu G = {z & C': D(z) 5= 0} n-sHadHy®0
aHAMATHIECKYIO QYHKIHIO W = @(z), KOTOPas HA3bIBAETCH ajl-
re6panueckoil pynkuueil. B rourax MHOMECTBA & = {z:D(z)=
=0}y{oo}={24y .-+, 2y, 00} =C, e C — cpepa Puma-
Ha, 5TA QYHKIUA MOMKET AUIIb UMETh [OJIIOCH nr6o anredpam-
JeCKHe TOYKHA BeTBJICHUA.

BosbMeM TPOHBBOABHYI0 TOUKY %, & G m IpoBemeM Ha
cepe Pumama: C paspessl H0 OTpe3KaM, COEJMEHSIOMIAM 2
¢ TOYKAME MHOMKCCTBA ¢ (MOMKHO IpEANOJIOKATH, 9YTO HHA-

Kaghe ABe TOYKH U3 &\ {oco} He JeHar Ha OLHOM JIyie, .

mexonAmem m3 2). llomydmM OHOCBABHYIO obunacrs D.
[Iprcoegmnsis K Hell CTOPOHEL paspe3os, HOMyduM OAHOCBAS-
poit samrEyTHE 2(N + 1)-yrompmmk D. Auxrebpamieckas
dyaRumsa w = @Q(z) pacuajaeTcs Ha N peTBelt @1(2), - - -» Pal2),
KayKJlasi B3 KOTOPHIX FoioMoPQHA W OJHO3HAUHA B D u ne-
npepHBHO NPOJOMKaeTcs Ha D, ecid ee 3HATCHMA paccMar-
peBaTs 3 C. Kaskmoil BerB: @; HOCTABAM B COOTBEICTBHE cBO#
axsemmnsap Dy, j =1, . .., n, MEoroyronpraxa D m oroit-
MECTBEM Yy STHX DK3EMIUIAPOB HONAPHO T€ CTOPOHH (xpas
paspesos), Ha KOTOPHX 3HAUEHMA COOTBETCTBYIOIMHX BeTBeM
copmagaoT. IoMydnM n-IACTHYI0 PHMAHOBY HNOBePXHOCTD S,
ABIAOMYIOCA KOMIAKTHHIM CBA3HHM OPHEHTHPYEMBIM MHOTO=
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o6pasmem pasMepHOCTH 2, Ha Koropofi anrefpauteckas dyHK-
nua w = @(2) oAHO3HATHA.

Toura pmMaHOBOH MOBEPXHOCTH S, nemamas HaJ TOIKOH
4 = &, Ha3HBAETCA TOYKOH BETBISHWS HOPALKa K, eciu B
Heil OTOMIECTBICHH BEPIIMAL & PasnHIHHX MHOTOYTOJbHH-

xos D;. B oxpecTHOCTH TaroW TOUKM anrebpandecKad QyHK-
uEg w = @(z) TpeCTaBIACTCA B BHJe PANA

oo m

w = 2 Cm(z—"a’)ha
m=mo
e m, — Iexoe YHCJIO0, IOJ0MUTeNbHOS WM OTPUIaTeIbHOe.
Dro pasioenme MoeT ObTh HaliieHo ¢ IOMOMIBIO AMATPAM-
mu Heiotoma (em. [1981]).

Oupepenum pox puMarnosoli mosepxroctu S. Muroroyromas-
amkn D;, j=1,..., n, o0pasynr KIeToYHOe pazbueHme
mHoroo6pasus S. UmeeM o, = n JABYMePHHX KJETOK, Oy =
= n(N + 1) ofHOMGDHHX M Oy = I' | 1 HYJbMeDHHX RKie-
10K, TAe I — UMCJA0 TOUeR MHOT00Gpasms S, JeKallux Haf,
TOUKaMH MHOKecTBA & (TOUKe Z, COOTBETCTBYET POBHO 1
tozer maoroobpasua S). Tak kaxk HylIbMepHOe M HBYMEPHOO
qucna Bertn puMaHoBOit MOBEPXHOCTH S PABHH Py = Py = 1,
To ofnroMepHoe uncio Berru §, pasHoe yABOSHIOMY eée pony,
MOMKHO HaiiTH mo gopmyne Dimepa — Hyamkape (0.9)

P1=2p=po+P2_a0+°‘1‘—a2:
=2 —r+ i +1n — 2n (18.3)
YunreBad, 9TO CYMMa HOPSAAKOB TOYEK BOeTBIEHHUHA PNMAHO-

BO#l moBepXHOCTH S, AERAMUX HaJ OJHON H TOH e TOYKOH
MHOMeCTBA & pPaBHA 11, HOJYyINM

r

RN+ ) —r=23 (=1,  (184)

i=1

rae ’Cj —— OOPAOKHA COOTBCTCTBYIOMUX TOYeK BETBJEHHUA.

Na (18.3) m (18.4) BHTeraer
Teopema 18.1 (Pumanm). Pod pumarosoii noeepx-
nocmu  aszebpaureckoti Pyrryul onpedeasemces Hopmyaol

p=§—n+L : (18.5)
g ' '
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,

2de n — uucao aucmos; o = X (ky— 1) undekc paasem-
j=1

BACHUSR DUMGHOB0IL noeepIHOCMIL.

3°. PasMepHOCTh [BYMEDHOH rpymmbl rOMOJOTHH NOHOX-

Bemma Jo aareGpamueckoii kpmBoii B C®. Bepmemca K mH-
terpany (18.1). 3mamenatexr @  mpefcTaBEM B  BE[e

0=0r... Q:n’”, rne Q,, ..., Q, — HeIpABOLEMHE NOJHA-
HOMHI. '

Teopemnma 18.2 (IOmaxros). Pasmeprocmov epynn Hl(fl-')
u H,(C*\T) onpedeasemcs gopmysoii

=20+ Ja—Dtl-m  (188)

20e p; — pod pumanosoll nosepxrrocmu aszebpauneckotl pyrk-
yuu, onpedeasemots ypasnenuem Qy(w, z) = 0,j =1, ..., m;
gy — YUCA0 HERPUBOOUMBEY KOMROHEHI AHALUTMUYECK020 MHO-
acecmea T 6 ezo mouke camonepecenerus Ay § — WUCA0 MOUEK
camonepecedernus mroxcecmea T I — uucao beckoneuno ydaaen-
HBLE daemermos mroxcecmsa T (9MCI0 CBABHEX KOMIIOHEHT MHO-
mectBa T (J{|z|* +|w|*>R} upm R, pnocrarouso Goabmom).

Horxasareascrs o. Maomectso I' = {z:Q (z)= 0}|J
U {oo} romeomopduO TomosormTeckoi cymme § PEMAHOBRX
nosepxeocTeil S; anreGpanteckux ynrmui w= q;(z), onpene-
asemux ypasmermamu ® Q;(w, 2)=0, j=1, ..., m, ¥ KoTopHX
OTOMIeCTBIGH K HOKOTOPHE TOIKE. A mMeHHO: 1) Toukm pu-
MAHOBHIX IIOBePXHOCTEH S;, KOTOPHE HMEIOT 06IYI0 POEKITIO
H4 TIOCKOCTD Z A B KOTOPHX JYHKROER w = (;(z) HPEARMAIOT
OJMHAKOBOE 3HaYeHNne == 0O, OTOKAGCTBIATCA B OJHY TOUKY

camonepeceuernss (A;) Muomectsa I, THphueM B TOUKe

A; = T orompecTsiserca ¢; Touek u3 S; 2) TOYKE PHMaHO-
BHIX IoBepxHocreid Sj, j = 1, ..., m, Jexamue Hax TOYKON
z = oo cfepn Pumama, a TamKe HOMIOCH QYHKROmE ¢;(2)

(Bcero ! Towek) OTOMIECTBIAAIOICA B OOHY TOUKY oo & T.
B nmpomsmoabHO# TpHamryiasanm:m Toxmdfpos S m T, BRIO-

% MmxEO npepmomarate, 9T0 Qj(w, 3) %= z. Hmave cpenaem xm-
HoHAEYH 8uMeHy NOPeMeHHHX. . o

e
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yaromedl B INCI0 BOPIIAE OTO(ECTBIAGMEE TOTKH, IPH Tepe-

xone or S g T umciia ABYMOPHHX B OHOMEDPHHX CHMILISKCOB
@, W 0y HO MEHSIOTCH, THCIO BEPIIMH (o yMeHbIIAeTCA Ha

82 (k; — 1) +1—1. Umena Berra monmsxgpa S €0OTBETCT-
i=1

BeHHO DABHH: pPo = M (9mCiI0 CBABHHX KOMIOHEHT S);

P = g] 20;; pp=m. Jas monmanpa T amcno po=1, Tak Kax
=1

BCE ¥ KOMTOHEHTH T;={w, 2):0Q; (w, z).= 0 U{=},
i=1,..., m, EMEKT ofmyio TOUKy oo & C3%, p, = m.
Orcrona mo dopmyre Jimepa — Hyalafxape (0.9) mna omHO-
MepHOTO dmcia DeTTH MHOKeCTBa T nomywaem dopMyry
(18.6). Cormacro Teopeme 141, npeymepuoe udmcdo berra

obnactz C*\T = C?*\ T TarxKe paBHO (18.6). OJ

@opmyay (18.6) momuo npeo6pasoarh K XPYTOMY BHAY,
ynoGmoMy nurf Bhmcaenmit. OGosHatTaM Ox (0,2)=0
o). Omiw,2). Torma T ={Q(w,2)=0} = {CQ (w, 2)=0}-
Ilycts n— cTemeHb HOAAHOMA Q. OTHOCHTEIHHO IIePeMeHHOH W)
2y, + + s Zy — KOPEH JUCKPAMMHAHTA Dy = R (Q4, 004 /0w)
nonmHEOMa Qy; T; — THCIO PasImIHEX KOHEWHLHIX KOpHeH
ypasmenua Q, (W, 25) = 0, j=1,..., N. Torna nwmeer
MecTO

Mpeaaomennme 18.3. Paamepnocmd 2pynn  20Mo-
aoeuti H (i.f')c/_ H, (C*\T) onpedeasemcs gopmyaoli

N

p=(N—1)n— Xr;+m ' (18.7)

=1

Joxasarexbcrso. IIpencrasam B dopmyme (18.6)
=1,..., m, no popuyue (18.5). Iloxy1um

p=3k—D—2Zmt+2m+ D —+i-m
bt 0%

r

=St =)+ B@—H+1—2ntm, (188)

e n; — CTomeHB moamHOMa Qs(w, Z) OPHOCHTENLHO Iepe-
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m
MeHHOH w; 3 ny=n; k, —IOPANKA TOYeK BETBIeHHA pH-
i=1
MAHOBHIX ToBepxHocredt S;, j=1,..., m, npuuem B »
-

CYMMHUpPOBAaHZE BefleTCA II0 BCEM TOYKaM BeTBieHms. Touxu
BOTBIAEHNA DPHMAHOBHX ToBepxHocTell §;, TOUKm camomepe-
cedenns anrefpamdeckoit Kpmpoit T, a TaKKe MOIIOCH (YHE-
oA w = @;(2) MOTYT JIeMaTh JHIIh HAA TOMH TOUKAMY ILIO-
crocra z, B Koropux D, (z) = 0. Ilyers B Touxe (z;, wy;)
m
orogecTBIeHo g, ¢ > 1, Towex MmHomectBa S = (J S;mo-
_ i=1
pankoB k., ..., k,,TOTMIa TOUKA W;; ABIACTCA KOPHEM ypa-

g
srerns Q, (w, 2;) = 0 xparsocra B, = X k,,. Beymme (18.8)
=1

e COOTBETCTRYET cJjaraemoe

q
3 (b =)+ g — 1) =B — 1.

Beckoneuno ynanennoit rouke (o) & T < C? 3 cymme (18.8)
COOTBETCTBYT CJIATAEMOe

l 14 N
;}i(kSt——l)—l—lthiicSt = _Ziaj+n,
< - e

rie kq, — TMODANKA BeTBISHHA MONIOCOB W TOUEK PHMAHOBHX
moBepxuocreit S;, j=1,..., m, IZemamux HaI TOIKOR
z = oo & C; §; — rparHocT: 6ECKOHETHOr0 KOPDHA ypaBHe-
wust Q, (w, zj), T. 6. PA3HOCTH MEKAY R U CTETIEHBI0 ypaBHe-
A Q. (w, 2;), papHas cyMMe IOPANKOB BeTBJIEHAA MOIOCOB,
JTeKAMMUX HAJ TOYKON Z;; B — CyMMa HIOPALKOB TOYEK BeT-
BIEGHEA, JeKallluXx HaN TOUYKOM Z == oo, BKJIIYAA TOYKH BET-
snends 1-ro mopsaxa. Taxmm oGpasowm,

N 7j N
p=3 B+ Z8—ntm
i=1i= i=

i
YamTaBad, 9o 12 B;; + 8; = n, momysaem (18.7).07
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4°, JlmoiicTBennbie Oaszsl romoxormii. IlocTpomm 6asy
ABYMEPHHX roMoixormi obGxacra C2\ 7, ABIAome#ca
obmactbio peryasipmoctn Gopmm Pdw A dz/QQ, m nBoiicTBeH-
Hywo el mo Anexcamuepy — llourpsaruny 6asy oZHOMepHEIX
romoyiornit ocoboro MHokectTBa 1.

1. Ha rasyoit menpmeogumoii komuonenre I'; = {Q;(w,
z) = 0} anreGpanvecxoit Kpupoi T mposesiem 2p; ONHOMEPHHX
LHKJIOB 0,4,5, s=1,..., 205, =1,..., m, COOTBeTCTBYIO-
IMZX (KAaHOHMIeCKMM» Pa3pesaM JBYMePHOTO MHOT000pasHs S ;
(o napaanensx m Mepuguanax pydex cm. Ilpemnosxennme 0.18).
ITpm DTOM MOIREO MPEAMONOIKETh, UTO IAKIE Ohop_q T OF oy
UMEIOT Of(HY OOIyI0 TOYKY W He MepPeceKaiorcs ¢ O0CTAIbHEME
IUKIAMA G} ¢, A TAK)KE HA TIPOXONAT Yepe3 TOTKHE CaMolepe-

ceuenna T. Bosbmem 7yl = 8,0}, rme o) momydaerca m3

oj, meGoxpmmum capurom; r=s — (—1)% 8, — KorpammTHHI

oneparop Jlepe (cm. § 16); € > 0 — pocraroumo Maxo. Illomy-
m

anM ) 2p; MARIOB 05 & Z, (T), COOTBETCTBEHHO 7Yj; &

EZ2](C%\T), s=1,..., 205, j=1,..., m, KoTODHEe
HA30BeM KAHOHUHECKUMU.

2. Ilyerp B Touke A; &= T mepeceraiorcs g; HelPHBOJH-
MHX 2JeMeHTOB (pocTKOB) anreGpamdeckoir xpmsod I : §j;,
i=1,...,q; IHposexem B T BAMKHYTYI0 OPHEHTHPOBAHHYIO
KpEBYIO (OJHOMEDHHI IMKI) 0%, BHXONAMYIO U3 TOUKH A
IO DISMEeHTY quj 7 nprxofAmyo B A; mo amemeHty Sji,
i=1,...,¢; — 1. Ecau snemenrn Sj; u 8 jq; IPAHATIEHKAT
pasIMYHEM HeOpPUBORUMEM KoMnoHeHTam I'y, s =1, ..., m,
axre6panveckoll kpmBoit 7', To Iepexox KPUBOiL U?i ¢ OHOIH
KOMIIOHEHTH Ha [JPYIYI0 OCYIIeCTBAAETCA deped TOUKY OO,
Tak Kak KaHOHMIECKHE paspesH O, @) He. pasbumsalor
IOBePXHOCTh T,- H HE NPOXOAAT Yepes TOUKU caMmoliepecege-
HUA ¥ TOUKY 00, MOMKHO NDEANONOMHATh, 9T0 G5 B O}
He mMeioT o6mux TodeK. IlocTpomM mAByMepHbie MUKJIE v?i ==
= §,0% = Z,(C2\.T), rje ©}; — OpocTas 3aMKHYTAH KpPH-
BasA Ha aaemente S;;, OKPY:RaoImasd T0urRy A; (3aMernM, 94T0
S;:\{4;} — romeomopdEo KpPyry ¢ BHIKOJOTEIM HEHTDOM).
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- Quesmmo, NAKIAH 03 H ®?, He HMelT OOMEX TOUeK,
ecan (j, i) 5 (s, ). Llukast af-i " (o;ﬁ MORHO IIPOBECTH TaAK»

gro6H OHE NePeceKaJHCh II0 OfHOH TOUKe.
3
Wrax, moaysmm 2 (¢ — 1) muKIOB vhe Z,(et\T)
i=1

H COOTBETCTBEHHO IHKIOB 0% & Z, (T), KoTophie HA30BEM
YUEAGMU NEPECEHEHUS.

3. Haxomen, myers S, ...,3_,,].—- GeCKOHETHO YAA-

JeHHEe HIeMeHTH HeNPHEBOEMOE KOMIOHOHTH 7 j(KOMIOEEHTH
cessmocrr Mmmomecrsa TN {|z[?+|w[*> R}, rne R—poc-
TaTOYHO GOJBIIO® MOJNOKHATENHHOE THCIO) anrebpaugeckoi

kpusoit T, 2 1; = 1. IIposemem 52 T; = T;J{oo} 3aMKEYTYIO
=t

OPHEHTHPOBAHEYIO KDUBYIO cr?s,. BHXOAANIYI0 W3 TOYKH 0O
mo aaeMeHTy Sy, W BO3BPANAIMYIOCH B TOYKY 00 IO ajie-

Meuty S; s=4,.., 4 —1j=14..,m Iuka ol
MOJKHO IPOBECTH TaK, 9ro0H OH He Hepeceral MHKIBI @},
g He IPOXONHJ depes TOIKHM CamMOoUmepecedeHUA Ay, T. e. HO
nepecexrall MIHIK m?;. Bo3bMeM IEKIBL 'y?s = Gam?s e Z, (C?\
\T), rae, ©%, —3aMKHYTaA KPUBAA Ha S ;,» OKpy#aIOmast 109~
T Kyoo (BJIeMeHT~S 75 ToMeOMOPdeH KPYTY € BHKOIOTHM LEHTPOM),
s=1,...,0—1,ij=1,..., m Torpa nExIn o} 7 o
He mepeceKaiTcs, ecan (j, s) # (i, r). MoskHO HpefiIloI0KETD,
Wro UKAH 05 X ®}; IEPeceKainTCs TONBKO IO OJIEOH TOUKe.

BygmeMm Taxme DpefHoNiararh, IT0 eCAd MUK 6%, TePeXOf{uT

¢ xomuonenTH T; Ha KoMmoHEETY I g, TO BTO OCYM(ECTBIACICA
uepes omememTH Sj;; B Sgp. TorAa oj, He Iepecexaer

m
muras o, Mrax, moaydaem !—m = _2,1 (l; — 1) nmrxoB
=
1%, & Z, (C?\T), COOTBETCTEEHEO HUKIOB ok e, (F), ¥o-
TopHe OyneM HA3HBATH NOAADHBMU.
Teopema 18.4 (IOmaxon). Kanonuuecsue Yurav Yiis
j=4,...5205 J=1,..., M, YUEIR nePECEUCHUR Viss
s=1,...,qn §=1,.... k U nossprue QYurib v

§ 18 Buiuersi payuoHasbHHT dynryul 169

i=1,..., Lh—1, j=1, ..M, o6pasyom 6asy deymep-
iz 2omoaozuts obaaemu C3NT, a YUKAH ARTAR {ofi}—
deoticmeennyio eti (¢ MOYHOCTMbI0 do anaka) 6asy odHOMeDHUT
somoaoautl ocobozo mmodcecrnea T

HoxkasaTeXbCTBO. OGo3gagmm wepes V, omepa-
70D, AHAIOTHIHBIH KOTPAHEYHOMY Omepartopy Jlepe, rie BMe-
¢TO OKPYRHEOCTH 8.a pammyca & GepercA Kpyr pajmyca @&
(cm. § 16). Torma . AV o5 = 8007y = 97;.  1Is mocTpoeHns
nuxmror {ol:), [V} caetyeT, WO lo%i| N | Veols | = EAN
NleY| cocromr w3 ommofi Toukm, ecam (, I, r) =
= (s,q, k), m mycro, ecum (j, i, 1y == (s, q, k). Taram 00-
pasom, (0%, Vie) = x (0%, Veols) = =1 mpm (j, i, 1) =
= (s, g, k) u paBHo ¥ymo upx (J, I, r) = (s, g, k). A Tax Kak
qucao LuEKAOB [y]i], COOTBETCTBeHHO NEKIOB {6%;}, paBmo
n 8
> 2p; + 21 (ky— 1) + 1 —m u, cormacHo Teopeme 18.2,
j=1 i= .
cosmamaer ¢ pasmepmoctsio rpymm H, (C*\ Ty~ H,(T),
10 BTH IAKIH 06pasyior ABOMCTBEHHEE IO ANEKCAHAEPY —
Tlonrpsaruay Gasu rpymn romoxormit Hy(C? N\ T) u Hy(D.01

5°. BeiuECcAeHAe BHYETOB OTHOCHTEILHO (a3HCHBIX IHK-
no. Brrameamm maTerpan (18.1) mo GasmcHoMy HEKIY Vig-
MoskHO mpejfmoiararts, 4r0 ©j, He HPOXOAXT Yepes TOIKM
(w, 2) & T, B Koropux 0Q,/0w = 0. Ilycrs i = {(w, 2):
w=1p (£),2 = o), 0 <t <1}, 90). = 9(1),(0) = ¥(1),
Q. (9(t), ¥(#) =0 (mpm r=1, 3, s =j). Torma MOKHO
B3AThH

Yig = 0ejq = {(, 2): 3= @ (2), w =Y (¢) + eelr,
0< i<, 0Lt 20},

rie & — JI0CTATOYHO MaJioe MOJIOFKATENbHOe YHCiO. Tax rak
MEKA ©}, He DIPOXOJHT Yepes 0COOHE TOUKH aareGpanaecKoi
xpusoit F = {(w, 2): Qu(w, 2) = 0}, x murerpamy (18.1)
OpH Y = Yjq MOMKHO IPUMEHUTh TEOPeMY (16.10). Homy1am

Q(w, 2)
.
Viq ) ®jg

[ {224y p g5 = 2m [ Bes |2 aw aa]. (189)
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. P “
Huacc-srraer Res [— die A dz] MOKHO HAHUTH IO MeTOodY,
onmcannomy B §17,m. 2° Ero Takmke MOMHO BHYUCIUTH He-
IOCPE/ICTBEHHO CJIeAyIIuM o6pasoM.
s r r
Tak Kax —L =0 ma [0},|, B okpecrnoctn | w},| Mowmo

BHOpaTh cucremy koopauear ® (§, o) : § =z, @ = Q,(w, 2).
Torna

Res [% dw A dz] — Res[fr dt A d(:)] =
®
AN t Ty
=) df = -
(rs =D gyt 0=0 (rg— ! 8Q.° ! Qs(w,2)=0

dz,

Te—1

rae F = PQ;/Q. Tar xax ar—s_li — panmomansHas QyHK-
F

8
oA or w, 2, orciofa mo Teopeme 14.2 (o BHuerax) momy-
JaercH

Teopewma 18.5 (Ilyaurape). Humezpas (18.1) no npo-
useoavnomy yursy ye Zy (C*\T) evipaxcaemcs uepes ne-
puode, abeaesur unmespaaoe’ Ha PUMANOGHT NOBEDIHOCMAL
arzebpauveckux PYHKEYul, onpedesseMur YPASHEHUIMU:
Qiw, 2) =0, j=1,... m, 20¢e Q; — nenpusodumwe mno-
acumesu nosunoma Q. -

B cayuae, xorma 4}, — numkn mepecevenms mam moasp-
HHE 14K, nHTerpad (18.9) momker 6HTh BEIHMCIEH MO KOHIA.
Hyers  y5, — nuen nepecedenns. IMpenmoxo;kmmM, aT0 TOUKA
camomnepecedeHun A; coBmagaer ¢ madadoMm Koophumar. Torma

6 X0oTA B HeNOM B OKPECTHOCTH KPHBOIL @}, 9TAa 3aMeHa MOKeT

OHTH He B3AMMHO-OTTHOBHATHON, ONHAKO IOKAJILHO OHA B3aUMHO-0;THO-
8HAYHA. A TAR KaK B IePeCeYeHHH [BYX KOODPIMHATHEX OKPeCTHOCTOIX
JIOKAJIBEBIe CHCTEMH KOOPOHMHAT COBUAJAIOT, HeT HeOOXOIEMOCTH
mONb30BATLCH Pa3UeHHeM e/MHINE (cpasE; ¢ § 17, memmoir 17.1).

7 Ugrerpax BHUma R{w, 2)dz, tae R — panmomaacHas QymKnua
v

OT w, z; TIepeMeHHsIe W, 2 CBASAHH COOTHOMeHneM Q(w, z) = 0, @ —
HOIIPHBOIUMHY DONWHOM, Ha3eBaeTca abGeneBrM, BSpadeHHe abejeBa

MHTeTpajla N0 OUKIY HA DHMAHOBOH IIOBEDXHOCTH HABHIBAGTCA 6T0
IePHOLOM,

§ 18 Buuers. payuonatsuuz Hyreyuil 11

anemMeHT Sj, B OKPECTHOCTH TOUKH A; MOKHO 3aath ypaBHe-
s o] T

pext w = g(2) — 3 ¢,6% . M o= {(w, 2) 1 w= g (2), 2=
= et 0<C 1< 23'2%}. Torpa muterpan (17.9) npumer supg
”% dw A d5 = k (250)? res [D ()],

2

Z==(
Vig

r.—1
1 il

rpe @ (z) = (r,— D et
s TN
\ %

F (w, 2) lw=g(z)»

Ouesunuo, ©(z) umeer momoc B Touke z = 0.

BrgeTs! OTHOCHTENBHO MOJSAPHHX ITAKIOB BHI9ACAAIOTCA
amazormuno. Ecmu aaement S;, cooTBercTByeT KOHETHOMY
MOXICY Z = 2z, anrebpandeckoil PyHRIUN W = cprj(z), 10 Sjq

0o -h— _
sajjaeTcs ypasHeEmeM w =g (2) = 2 ¢, (2 — z4) % Ecam Sjq

r=—"ng
COOTBETCTBYET TOUKe Z = 00, TO ero ypaBlenue MMeeT BHJ
r

w= ez [z]> R,

TTaRnIZM 06pasoM, BEIYACICHHE BEYETA PATIMOHAILHOMN GyHK-
ITAHA OTHOCHTeAbHO MUKAA IepecedeHAA MIN MOJAPHOTO IUKIa
CBOMMUTCH K IIOBTOPHOMY BHYHACJIEHHI0 OJHOKPATHOIO BHIYETA
OTHOCHTENBHO TOMIOCA, T. €. CBOINTCA K NudPepeHInpOBaAHMIO.

IIpuwmep. Pacemorpum wmmrerpan

‘p(wv Z) dw /\ dz
Jz”w(wz—za)(wz_zsﬁﬂ), (18.10)
Y

rae v=Z, (C*\T); T={Q w, 2)=0}; Q (v, z)=w (w*—2z%) X
X (w? — 2% —z%). HKakpaplli HeUDHBOOUMHI  MHOMKATEND
3HAMEHATENA OIpefelNseT pPHEMAHOBY IOBePXHOCTH DOJa
myns. Iloepxmocts 7 wmMeer 2 TOUKH caMollepecedeHmA:
(0,0)u (0, —1). B Touxe (0, 0) nepeceraerca 3 HETPHBOTAMBIX
aaementa (pocTka) anreGpamteckoit kpmsoit I', aB (0, —1) —
nea. Ceasusle xommoHentol {w = 0}, {w? — 2z* = 0} mmeror
0o OfHOMY GOCKOHEYHO yaJeHHOMY JeMeHTY, a KOMIOHEeHTa

’
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{w? — z* — z* = 0} mmeer mx pgBa. Taxum oGpasom, mo dop-
myae (18.6) pasmepmocrs rpymmm H,(C® \ T) pasma 4.
Vimeem 3 0asHCHHX HHKIa HOEpeCeYeHHsd, M3 KOTOPHX JBa:

= {2z = ee¥t, o=2¥8e¥", 0L < 2n},

it

ve=={z = ee*, w—=e3%3"2 1 §e'%, 0 << t < 4,

wO <L T 2n}

— coorsercrayoT Touke (0, 0), a omgmm
vs = {7 = —1 + eelt, w= Se“, 0t < 2xn}

— rouxe (0, —1), 1 ofWH HOMAPHHHA IUKI

ve = {z = Reit, w = R%?ty/1 + R-Te-it | Beir,

0<t, ©v<2n}.

Bnecs £ m 8§ — mocrarouno Maawe ymcaa 8§ L e, a A > 1.
BrameapM BHYOTH M0 6a3HCHEIM IMKIAM:

__1 2 1 PO, nds
1 . Ve

k! azk ’

i P 1
Rﬁ-wﬂvdw/\d"ﬂa S
' Vs . z—e

0<t4m

8P (0, 0) + 1 65P (0, 0) 1 8P (0, 0).
9z86 T 2181 | dw?dz® +Zl" dwd ?

R, — 1 ({2 _1 P, z)d
Bs = iy [ gawnas=mg | FERE—ro, -1y
: T2 lzt-1l=e ]

'1- P . 78 I g4
Ro= g | (B nar= ity | BT LS 0
P |

5
— 2(—1)“ a"P (0, 0) |
=0

P (zalz, z) dz .
2322,312,8

=1
=

2 (z% - z%) 24

ZI:R

= res T/, 15 25+ 1)

§ 18 Buuerti payuonasbnbiz $yrsyui 173

MocaegEnil BHTOT JerK0 BHYACAACTCA IpH_ KOEKPETHOM 3a-
nagms mommaoma P. Ilo teopeme 13.2 marerpan (18.1) mo
A

IpPOHWBBONBHOMY IUKIY Y PaBeH J= (2mi)* X} n,R;, TRe ny —
=1
meJase gucua.

6°. Urobm He PasiAM¥ATh LUMKJIH [ePecedeHHA M HOJNADHHE IHK-
net, mETerpan (18.1) MOMHO paccMAaTpUBATH B KOMIOJIeKCHOM IIpOeK-
rupHOM npocrpadcrse CP2. Ilocie -mepexoja X OTHOPOAHHM KOOP-
AMHATAM (Zg, 21, %) ' W = 2,/2q, 2 = 27, uATerpaa (17.1) mpumer BUR

P 5y, 24, 2) )
SSsz:, zi, zZ) (zqd2, A d23— 2,429 A d2g -} 29430 A d2y), (1711
KA .

e Y& ZACPAT); T = (B0, 21, %) & CP% Qlzoy 210 2} = 03.
MMelT MeCTO CISAYIOMHe YTRODIHACHWUA.
Teopema 18.6 (Iux).

H,(CP*\T) = H, (T).

Teopema 18.6. Qdrnomeproe uucao Bemmu aaze6pauueckol
spusoti T ¢ CP%, m. e. paamepHocmb zpynnw H,(T), onpedearemca
Popmynroi

m R
p= S+ B —n-mit,
i=1 i=1

20e M — WUCAO POIAUNHHE Henpusodumbix mrooicumeneti Qqy « « o Qp
noaunoma Qi p; — pod ancebpaudecroil Kpugoil, onpedeasemoii ypas-
nenuem Qy(Zos 21 25) = 0; k — uucao mouex CcamonepeceueHuA aneeb=
pauueckol xpusots T; 0.; — 9HCIO HEeTPUBONAMEX KOMIOHEHT (pocTHOB
KpuBoii 7' B OKPECTHOCTH TOTKH CAMONGDPECEuCHIA A;. '
Basy TpyUmH TrOMOJOTrUif Hy(CP2\ T) MOXHO NOCTPOATH TaK
m

e, Kak B 1. 3° (ca. [196]). Momyamm 2 2p; KaHOHWYECKHX HHKIOB
=1

h
n 2 (¢ — 1) —m - 1 MEKIOB nepeCETORMA.

ViakeM OAWH JOGOMKTHHE aHANOI TeOpeM 17.2 u 17.3 pas op-
HOTO YACTHOTO CIyJas PALHOHANbHWX YHKIUE n O@PeMOHHHX. Tycth

o 2,) B Q(z) = Qf (2, 23) ...
e Q" (3, 7,)- OBosmawI Tj=(z &= C" : Qyfa, 2) =01 T;=T; U

P, Q — TONWHOMEL OT 2z = (31, « -

U {co} — sammrasme T i B mpocTpaHCTBe C" = C" |J {o0}, ABIAA-
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1omeMcs cepmuecKoll KoMmaKkTUduUKaNyeil TpocTpaBeTBa C"-
Teopema 18,7 (IMux). :

H (CN\(T2U ... UT))=H (Ta 0 ... 0 T,)

Ipu orom Gasa rpymmsl H (C"\(Tz U...U Tn)) CTPOMTCH
TOIHO TAK e, KK B 1. 3°, T. @. CTPOATCA OJHOMEPHHE IURJIE HA KOMII-

nercHOIl kpusoi Ty ) ... N i;’n, a sareM GepeTcia CcIHIO)KHAA KOIpa-
guna Jlepe 8", [lpumensst GopMyny cioHOTO BH4YeTa Jlepe (16.17),

MOYKHO IOKABATL, IT0 HETET Pal ‘S K dz, Tae Y= Z ((L'"\(T2 ...

b
our n)), BEIPAKAETCS T0pe3 NepHoAL aGelleBHX MHTETPAJIOR Ha all-
re6pamueckoit kpupoit T, () ... N 7, (em. [193]).

§ 19. JOKAJBHBIE BBIYETHI
HEKOTOPBIX MEPOMOP®HBIX
W PAIMOHAJIbHBIX ®YHRIIAU B C"

{°. IMyers @y, . . ., ¢ — rodoMopdHEe QYHKINA B OK-
9 ((pal’ e (p(ln)
pecrHocTd Toukd ¢ & C*, ¢j(a) = 0, 5———=| 0
321y -1 %) |i—a
g awoboro mabopa {og, ..., %n} < {1,..., N} Pac-
CMOTPUM HHTETPaJ
N .
{1 /q @7 (2), (19.4)
J=

N

e yE Zy, (U\_U1 T])v U — pmocTaTouno Majgas OKPecT-
= / ‘

Hocth Tour® a, T; = {z: ¢;(z) =0}, f = A(U), a ramke

Gomee oOmmit MHTETPAT

(F (2 dz, (19.2)
k4

N
rage F e A (U \.U1 r j). IpumenmM [isi M3Y9eHHA OBTHX
7= /

HITErpaloB moxxof, paccmorpennmit B § 15. Halinem mBoii-

§ 19 Jokasvnsle ebviuersl 175

cTBeHHB To fe Pamy Gassl n-MepHHX TOMOJOTHIT W KOTOMO-
N

mormit o6mactu UN 1) Tj, & TAKmKe BHUMCIEM BHYETH QYHEK-
j=1

N -
auit 1./ 11 @; OTHOCHTeINBHO GABHCHBIX THKIOB.
i=1

pe raTenb-
°. ADHTENHHO JOKAKEM HeKOTODHe BCIOMO :
Hmezrec};l)gﬁirn oppasxtenenun ocobenrocTel. YacTHEIM CayIaeM
TeOpeMHbl 0 Pa3pemmMOCTH nepsoit mpobaems Hysena (em. 1189,
5511 sBusercA chenyomad
TBO}')I@:;IYO pe Mzz 19.1. Hyems D, = D, — obaacmu 8 C"
marue, umo Dy || Dy — ofaacmy  2040MOpPHHOCTIU. Tozda
3cmcyn; Pynryup | A(D; N DZ)' Mo2cHO npedcmasumb 6
Bnnef:fl+f2a 2de ijA(Dj)a.’:ia 2. -
Onupasch Ha Hee, [OKAKEM OHY TeopeMy O pasfelleH
ocobemmocTeii, Neamux Ha aHAMATHYECKAX MHOMKecTBaX.
Teopema 19.2. (I0maxoB). -ﬂ'ycmb G —’; o%wgmb
zoaomopgnocmu. 6 C™, (I)CPJ- = A(G)é ]ATG)L o o e g
Eca CYIMEeCTBYIOT YHKIHMA Cj s i(E) ,
jczni, . .y., k, Tagme 910 1@y T .- 4 cppp = 0, Torna
BCARYI0 (QYHKIUIO fed| G\ ]L:_JiT j) MOKHO I'IpeJICTa.BPITB
peuef =f + .- T fr-0 RO fedGN\(T U - 1]
'iJTh))7j:Ilv"'ak—1' ot 10 L.
loxkaszarTeabCTBO npoBeeM HWHIYKIH %
Tz k =3 Teopema 13.2 sBAmeTCA CIeNCTBHEM TEOPEMEL : A.
TleficTBATEABHO, TOTOMIM D, =G\ (T, U Ty), D,= G \(DIU
L T,). Torma Dy N Dy =G> (T U Ty ) Tg), mpuuem Ly U
UDZ =G\ (T U (TN T)=6G\T; —obnactpb ronmuiptbﬂo-
orx (3nece Ty (1T, ={2 & G: g, (2)=9,(2)= 0} CJT?)S- {ze
Gy (2) = — [0 (2) 1 () & €a (2) @5 ()13 (2) == O))
[IpenmonoRuM TEOPeMy cnpaBefAmBoll AaA k> o # 0

ht1
wasmen ee maa k1. Hyers fe= 4 G\]_szi Tj_), yorna | To-
. RH ,
momoppHa u B obaacrnm G\ (T,‘U 'U1 Tj)sG (70 -+ U
=

UTw-1UTs), RO ’
T, = {5 =G, (2) Pu (8) + Crt1 (z) Qart (2) =0}, G =
= G\ (TxU Trt1)-
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O6aracts G' m CPYH-KHRHH P1s P2y« + oy Pr—1y CnPr + Crt+1Pr+1
YAOBJIETBOPAIT YCIOBUAM TEOPEMEI IJIA k. Tlo Ipegnoaoxe-

HUI0 MHIYKOWE QYAKOWIO f MOMHO WpPeICTaBWUTh B BUAE f =
=g +... —1—gk’_1,rnengA(G,-‘);Gj=G’\(T1U R 1
o UTrm1 UTR) =D\ (T, UTwUTrst)s Dy =G\(T;U
U-.-Iil ... UTx—y). Ilo norazammomy mia & = 3 ¢yax-
OAI0  g;MOKHO IpeJcTaBUTh B BHAe g;= f; + @;, rme
fr & ADNT U Tryr) —A(G\( 1t U« 0o U Tagn))s
a9 A(Dy\ TkU Th+1), i=1,..., sy, Toraa d)ymmm

B =2 Q;=f— Z f; ronomopdna B obnacrax G\ U T; .

n n (D;\(Th u TH[)) =G\ (T, U .

U Th+1) a 3HAYWT, H B HX 061:BJII(IH8HHE

G\(T1U---UTh—iUTh—i—iU(TkﬂT;a)):
=G\ (T1U ... UTh—1U T

U Th—iUThU

3peck Ty (1 Th = {2 € G: @, (2) = ¢, (2) 1 (2) £ cry1 (2) X
X@p1(3) =0} = Ty = {26 @ury(2) = 0}. O

3°. Bepuemcs x oGoamadenmam m. 1°. OGosmaamm zepes A
MHOKeCTBO MYJIBTUHHAEKCOB o = (@, . . ., ®%,), ¥ KOTOPHX
1<y < <. <o <KN—-1, a,=N

N
- Teopema 19.3. Pasmeprocmv 2pynn H,, (U\ ‘Ui Tf),
J:

N —
HYUNJ T;) pasna (N 1). Muran
=t n—1

Vo= EE U0, (8)] = .- = | Qup_, ()] = ,

| @a, (2)| = 28], a4,

20e &, O/e — docmamouno Masne noAoNHCUMEALHELE wucaa,
u gopmu

1 d‘pax A
(2ﬂi)n _ q)“l LR (Pan

./\dcpm -
%, a4,

u:‘
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obpasyiom 0Oeolicmeennve no Oe Pa.uy 6a3bl n-MepHuxT 20M0~
Aozuli u kozomosoeuti obaacmu U \ U 7,.

JJemmal19.4. IIpu N=n ecmcylo Pynryuio  fe=

N
= | (U\ 'Ul Tj). 8 Hekomopoii okpecmuocmu V. mouky a,
J: .

V < U, moseno npedecmasums ¢ sude f = X f,, THe f.e&
=y

= (V\ U T%)

J__
Joxadareunscrtero. [Iposenem mEgyrmEw mo N,
Hpu N = n yreep:KjaeHme TpuBHAJLHO. l1IpegnonomuM maeM-
My CIpaBeqIuBO# I7A — 1 >n ®m goxamem ee mua N,

7/
M3 mpenmonomeHusa, UTO il 50, paa awboro mabopa

0z

{a, .. = {1,..., N} cuegyer, 4r0. B HeKoTopoi
okpecTHOCTH V TOURM a4 (QYHKIHIO (@, MOKHO IPENCTABATH
B BANE Oy = 1@ + . .. -+ Cn@p, THE ¢; & A(V), ¢;(2) 5= 0
B V. JleﬁcTBmenLHo, I[OCT&TO‘IHO cmenarb B3aMeHYy & =
= @;(2), f =1, ..., n, pasnoRuTh PYHKOAIO @, B PAL IO
13+ + 4y bp ¥ CHENATH TPYNIAPOBKY WIEHOB pAAAa Io Lj,

N

i=1,..
=1
HOCTH, TO HO Teopeme 19.2 q)yﬁnnmo f MomEO TmpeacTaBUTH

B mmef—_ij, rne f;esA (V\T Uoo il - U Ty

i=1,..., n. Tenepb 0CTAaeTCA NMPAMEHHUTD IIPEHONOKEHHAS
EHI(YKIIEHJ( byuxmuam f;. (7]

amMmegdanune FEcmaf — mepomopdras ¢PyHrmusa, to
Pyarmun f,, @ = A, MOJKHO TaxKe BLI6paTB Mep0Mopd)H:HMH.

2 CiPjy

i=1 i=1
n pasjgeanmMm Ha Py, 3aTeM B HAHKIOM CjdaraeMoM Opom3BelieM
corpamerme Ha @;. IloBropsas ETOT OpHeM KOHedHoe THCIO

., n. Tax mag V\ U T; — obnacts roxoMopd-

Hna sroro ¢ymrimmo f— /H (PJ YMHOEAM Ha

pas, mpefcTaBEM f B BHAe f = 2 fi, 88 f; —F,/( Be L.,

i=t

-[]---CPN)., . o
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I[onasaTenbcTBo reopems 19.3. Byp;eM
NpeAloIaraTh OKPECTHOCTH [/ pmocratoduHO MaJjgoil W TaKoW,
70 I M060r0 & = (O, - + +» %n) u a0boro j F Uy ey O

CYIMEeCTBYIOT q)yﬂmmn Ch EA(U), cp(z) =08 U k=1,...,n

itie: I{OTOPI)IX §; = Z Ch@q, TIPH & 1 8/& NOCTATOTHO MaJBIX

[Vl UN U T;. [leficTBATEABHO, HIA j = Opy -+ oy O,
=1

oqeammo,wamT =. ILTIH]E{'il Adg, oo, 0], e, N}

TiN|ve|= &, ecanm —<zrgglgi Wl

. N
Ilo teopeme Ceppa Beamas dopma @ z" (U\ _U1 Tj)
J==

KOTOMOIOTIYHA ToloMopdHoit popme w~f(z)dz, e feA (U AN

N
AN .Ui Tj)- Tlo memme 19.4 fdz = D) fodz, THe [o=
J:

acA

eA‘(U\(Tm U...u Tan)). Touno Tak e, KaK B npnme-

pe 15.8, MoHO WOKaBaTh, 10 [odz ~ €0, IHeCy —
—const. Jlasm  9TOr0  MOCTATOYHO CHeJaTh  3AMEHY

Li=9q;(2), T=1,...,n, (19.3)

npasnommn dyrknuo  f, Bpag Jlopama o CremeHAM
4+« - - Cn. Coraacso npepuomenmio (15.4), ocraercs moka-

3aThb, ‘.[TO

S‘ mﬁ:{L ecam a =B,
¥ 0, ecam a==f.

Mocae zamernst (19.3) moxydaem

o L 2
Yo (23121.) IC7:I=E C

1Gaf=...=|tp—1I=0

Hpnﬁ='(§11"'1 ﬁn)#a= {ali"'y an} TR VGNO

e
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B U\(T|31 .U 7Ts,). [HeiicrBuTeNbHO, B 2TOM Ciydae
Haiifercd | & {1 , n — 1} raxroe, ut0 @0; == B, . . [Bn.
Toraa vy, = 9B, rneB lzeU: |(pm1(z|—- [a;] .

__]qaun_i(z)l__ﬁ | Pa; (2) |8, | Py (2) | =) HpnaT0M|B|C
< UN\TpU...UTs, Tar Kak ecin [?)q = oy, k+j, T0, Ode-
sapHo, T'p, ﬂ|B| = @j;ecan Pg %al, .. ocn, TO Ha |B| BEHI-

T. €. @p, 7= 0 mw Toxe Te,N[B|= . 3nece @p,= €1Pa, +
+ ... +cnq)am C_,-EA(U), Cj #01 j= 1,

caegcreuo 0.4 S wp = 0. OveBuAHO, UMCAO DIEMEHTOB MHO-

., n. Torma mo

Yo
sectBa A pasHO umeay cogeranuit w3 N—1 mon — 1, 1. e.
N—1
n—1

4°. Buumennm BeueTsl Qopuur f(z)dz orHocmTenBHO Ga-
BUCHHX IHARIOB YV,, o & A. CpenaeM 3aMeHy mepeMeHHBIX
(19.3) ® orpecrnocrr U rouxm a. Torpa

1 —
Ya,

T]e |
D= (e tl=.. = ltml =8 IG]=2k
0
g =10 [T _ 5 0o (oo )

Tax xar QYHKOUA g roloMopdHa B OKPECTHOCTH R-KPYTO-
Boro xKommakTa |I'|, OHA Jomnyckaer B Heil pasiosienne B PAX
Jlopana no nepeMeHHmM Cio o+ vy Cpn. Hoddpommment mpm
-1 = (-1 . £,~' aroro pama, oOYEBHAHO, .paBeH R,

B o6meM cnyqae HaxXoAuTh obpamenme roxoMOPHHOro
orobpamennsa (19.3) ciomuo. Ha camom gexe, IIpH BETHACIE-
HOn BHYeTa R, MOKHO OrDAHUYMTHCHA JWAEHHOA 3aMeHOHR
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mepeMeHHHX
Cj=ga_-;(z)v ]=1’ e (194)

rae & @ = anHeliEad 4acTh QYHKIMH @, B TouKe 4.
IleficTBRTEABHO, LUK Y, TOMOJOTHYeH (ToMoTomeH) B U™\

N -
\_U1 Ty nmkny

]:

Vo=2€U:|Le(@)|=...=|La,_,2)|=5,
| Z an(2) ]| = 2}

Torza

R, L If,‘f(sz’;*(c))dc,

~ (2miya,

9 (%a)
d(z)

pasnomnars pymrrmmio f (L5 (L)) » kparnsiit pag Jlopana B
OKPeCTHOCTH N-KPYIOBOI'O KOMIAKTA

rae A, =

. Hnsa maxompmeHnsa Bhuera R, ocraercs
a

N
B caygae mepomopduoit ynrmmn f = F /H cp;f 9TOT KO2(-
je=t

dunmerT paga JlopaEa MORHO maliTm caemyomuM o6pasom.

Hocae samenwn (19.4) Gyurmma f(S’; 1 (C)) UPHHAMAET BEJ, .

Y (L)
- R ~. (195)
11 (Cﬁ‘ > aa.ﬂzﬂ) II (2 eyt X “jﬁgﬁ)
=1 B>1 % =t \i=y 11

7

Hdaa e, 8, 8/e, nocrarouno manmx ma I', BHOOMHAIOTCA He-
paBeHCTBA

\;312>1 aajsCBI <|&ls

n—1{

2apti+ X ajﬁCB‘ <|ajnlnl-
_ IBI>1

k=1
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Taxmm ob6pasom, Ea I' apobm

1/, ('1 +'£“ 2 aajﬂgﬁ)::

7 1B1>1
. n—|{
1/aj,',§n[1 + - 1C ( 2 azpt? + 2 athJ)]
In®n \|gjI>1 k=1

MOKHO pA3MOKATH B PHARH TEOMETPHYECKHUX IDOrPeCcCHi.
Tlepemuoscas modxyIeEHNe PAAE u paf Tednopa dpysxmau 1,
noxysam pax Jlopama mpobum (19.5). 3amermu, 910 AAA Ha-
xoxaennd koaddunmenra npr (-1 paga Jlopama JOCTATOTHO
AMeTp JMIIb KOHETHOe YHCJI0 YIeHOB YKA3AHHEX PANOB.

Wnorna smamenartens apo6um (19.5) yaobmo mpemcraBHTh
B BHfE

( i “Ei)(ﬁic?) e e 1(4)]

i=1la] i=
rae

N s e o:..‘ r
wt= 3 cﬁ;a/(g@fg) (;Eaé]) bty

B> et 47 Ny

Ipn &, b/e, pocratoumo mamsix, |g(f)| <1 ma |II'|. Pacrna-
asBas apobs 1/(1 — g) B pAn reoMerpHIecKOH Imporpeccuy,
Hafigem psap Jlopana gpobm (19.5) B oxpectnocre |T'[.

- 5° Hcuonn3oBaHHHE 3fech HPHEMH MOKHO NPEMOHHTH TalvKe
AN WSYYeHUA BHYETOB PANMOHANBHEON QYEKIMM, 3HAMEHATeAE KOTOPOH’
pasiaraeTca Ha JWHeHBHE MHOKHTEJH. PacCMOTDHM METErpaiH BHAA

N .
(pe) dz/ 1 Q2 (19.6)
v j=1
)i §
j" 1 () @z, ‘ (19.7)
4

rge P — nonmEoM (nubo nexas GyHKIEA);

n
:z’,(z)=h§1 it ey P=1 . N, (19.8)



182 Teopus sviueros Ta III

N
-— JWHelHHe QYHKIANR; E]. = {z: Q’j(z) =0} fe A(C71 N U Ej)-
j=1

IIycre pamr marTpEOE
lagpllj=1 ..., Ny r=t ..y (19.9)

paBeE r, r < n. Ob6osmauuM wepesd Q@ = {w) CEMeICTBO BCCBO3MOMKHEIX
MaKCHMANBHHX HA0OpOB WMHAEKCOB © C {1,..., N}, mia HOTODHX

PARHET DACIIUPEHHOM MATPHITL ”a]k”jem;kzo,i, ... n TaKEKe paBeH
ryT. e. [) Ejaéga.
jico

N
Jdemma 19.5. Bearyro pynsyun f< A (C’" N U E'j) MOKCHO
i=1
npedemasumsv ¢ ude f= Jg» The f,e 4 (C’”\ U E)
(o4 jEw d
HorasaTeascrso, IIposesem EEAYKIAIO IO V. NQaa N = p
yrBepaaenue oIesugHO. IIycrs N > r. Ilpefnomomuy memmy crupa-

BefmuBoi fust N — 1. Ecuu paHT pacIIHDPeHHOH MATPUIE Jla jklfj=1’.“

w,N:k=0,1,...,n  DaBeH 7, TO K cocromr w3 opHOro HaGopa

©={1,..., N}. Ilycrs paur pacmupeHHOi Matpuijl paseH r - 1.

Torma cpemu $ymrumin (19.8) maitmyrea r +1 TaKHX, [JJaA KOTOPHX

PaHr pacII¥peHHOM MATPuOH paser » + 1. Ilycrs ato &4, . . ., Ly

Aasa Hux Hadigyrcs 4weaa o, . . ., . 4.1, HO DaBHEE HYJNIO, TaKHe,
r+1

970 2‘161‘21 = 1. Ionaraa B meopeme 19.2 G =" \(E 45 U.--
j=

e UEN)1 k=r+27 ‘P,+2 Ei’ ‘szgy j:: 17---7 ?‘“{" 1!

an N
IONY9IuM, YTO KamaAylo QYHKROHI [ & A(C AN U E].) MOJKHO mpef-
j=1
1

%
CTaBHTh B BHJE f = }_‘,1]‘]., rae fye A(CN(By U ... [ .. UEN))_
=

HPHMBHHH R fj OpeJIoo/KeHne WHAYKIIUH H 06’56,1‘.[1/[11}1}1 cillaraeMse,

COOTBETCTBYIOIIWE® OJHOMY E TOMY ke ® < (2, JOKameM JeMMy
gaa . [

BossMem cucremy aumeHHRX QyHKIUI {Z i}jeor @& L, uymo-
PANOYEM MHOMKECTBO ® = {ji, . . ., jq}, g = ¢(w), Tax, 49T00H cHC-
reMa QYHRIHE {93].1, ...,,?j } ObLTa MEelHO-HedaBHCMMa. Ha3zoBem

r
9Ty CHCTeMY cucteMoit 0-ro mara ceMeiicTaa {E’j}je(’). OueBmaHO,

q > r. Jluneiiro-He3aBuCHMEe CHCTEME r (GYHKKUA H3 L ...,2’]. s

. r

Z Jray? cofiep;Ramye QYHKOHIO & Irr? Ha3opeM cmcTeMam# 1-ro mara
r

i 7. g. CucremMH k Imara HOJVYalOTCA, €CHH K KasRao# cucreme k — 1
1Iara OPHCOSNNHUTH GYHKIHIO Z; e 00pa30BaTh W3 HUX BCEBO3-
r

MOJKHBIE CHCTOMH p-NuHeliHO-He3aBMCHMBIX (yaRIuii, cOojle prraitne
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nocNeHeT0 ¢ — r MIAra Ha3o-
.E?jr+h. CucTemsr {S’al, ) ?ar} 1 I q
BeM KAHOHUYECKUMU CHCTEMAMH CEMEUCTBA {,CZ’j}jE o° Muoectso
MYTBTHHEAGKCOB o = (¢, . . ., @ ), COOTBETCTBYWOMMNX KAHOHITE-

cKmM cucTeMaM, ofoszHaumM J(w). BaMeraM, 4T0 muaA a000ro o e
e J(0), o, = j,. 13 pexyppeuTsoro crocofa MOCTPOSHUA KAHOHI-
p =

"gecKUX clcTeM u w3 Teopemsl 19.2 BHTeKaer

demma 19.6. Bearywo gynwyuwo [ = A (C"'\ .ngj) MO~
. e

owcHo npedemasums & eude f = > for THE faeA(C”\

a=J(w)
T, U...uT, ))
\( Ipemgao H{; Hue 197. Ecau paHe wmampuys (19.91)v pasen

r < n, mo unmezpan (19.6) no awbosy yuray ‘V\E Z \Cn\ ,-91 E;
Paser  HYawo.

N
NoxasarenscTno.Tak Kak C”\.U1 E; — oBnacte
]::
rooMopdHOCTH, T0 To Teopeme 15.6 Ceppa BCAKME KiacC n-MEpPHEIX
Koromoxormii MosseT OuTh wpejcTaBieH roxomopdmoli  dopmoi

f(2)dz, e fe= A (Cn\jgi Ej). Tlo memmam 19.5 1 19.6 1y dopmy
MOYKHO TIPEJICTABHTH B BUJC
fladz= 3 X f,(2ds
0ER aEJ ()
e f = A ((,’"\(Em1 U...u Ear)). CrenaeM nuHeHHY 3aMeRy

TaK, 9r06m By, ..., E OHLTH KOOPJUHATHEIMHU ILIOCKocTAMU [; = 0,
1 r

.+ L, =0, u paanoknm f_ B pan Jlopasa mo {. Ecnu r < n, TO 3TOT
r o

PR He coOJepMHT OTPHOATEIbHHX CTeNeHel II0 CT FPTITIRI g,

Cueposarensuo, f dz ~ 0 (cm. mpumep 15.8). Ocraetes NpuUMeHHTSH

crepcrsue 0.3 w3 gopmyas Croxeca. [
Tyers pasr matpuns (19.9) paser n. Torma paa KaGmAOro Myus-
TaHEAeKCA o = (O, - . ., &) & J(®) DoCTpOUM UK
Yo =[2:|ZLa,(®)]| =2, .., |Zan(z)|: €r)
rae g < ... < € JOCTATOYHO MAIH I BHIGDAHH TaK, 910 1pH 3 & |y, |
s T000T0 j & @ BHIUOJHAETCA HEPABEHCTBO

m—1
kgi 2 <|bjm|ems
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i () bjl', e ooy b

in— RO3POUNECHTH pPaBNOKSHUA Z; mo &P

al’ « v
R gan P, = Z bng npmaeM by =40, a b, =0 pxs k>m.
Orciona caenyer, q'ro{'y |ﬂ E' =g@.Ecanje& o, 0 F nly '_m @,

TAK KaK £; J0CTaT09HO Maxsl. Takmm obpasom, ¥ =Z NG J E,
=1
Teopema 19.8. Ecau pana smampuysr (19.9) r = n, mo yuxan
APq, A - /\d‘?an
u 3
(v,} u gopun @ = (Zm)n w2 asJ), o=Q

obpasyiom.  dsolicmeennwie no e Pamy Gasvi  n-mepHuiz  eomo-
N

a02ulh u Kosomonoeusi obaaemu €™\ U E

j=1 j
JHowrasartenscrtBo. Oupngro, 910 5 Po = 1. Honameu,
vd
aTo Y Pp = 0 opm B #£a. ,I[Jm 9TOr0 [OCTAaTOYHO HOKA3ATH, YTO I[MKI

Va
y,~0 B Cn\(Eﬂ. Uu...u E’ﬂn)- Ecar o = J(o,), P = J(ay),

®; % My, TO HaeTCH Bk & . JIna xwboro ﬁj S o] ¥MeeT MecTo
m .

TIpeficTARICHHE .‘Z’j= Z 513 % K bjm 0, 1<m<n Tax
k=1

=
xak e Bee B. = oy, j =1, ..., n, o Haliperca k, 1 < < k < m, Tanoe,
00 m == m(ﬁj) % k mna ﬁj e wy. Torga ¥, = 0B, rne

B={z:'.<zaj(z)|=a,,j=1,...[k}...,n,']_fz%(z)lga
(19.10)
3N E,3 =@, j=1,..., n. JleficTBuTeNbE0, NI z = {BJ,
m—{
| Zs; |%|2 B2 | = 0m | e — 21 [%;]&; > 0. Ecam B, ¢ o,
1=

T |B|N EB =g, TAK Kak [B| #;esxmr B  pgocrarowso

Maoi onpo;cmocm TOUKH a = ﬂ E,eC"n WB (2) #+ 0. Iycrs
Teneps o &= J(m), o, a # B Hasa y,t:oﬁc'rna 0603Ragennit
monoxuM o ={1,..., ¢}, @, =B, =gq. Iycrs a;=f; j=
= p -+ 1, .. »ony ﬂr, r < n. Torna mafifferca xora 6H OnEH
manexe B, j < 7y n.vm KOTOpPOTO _?B He BHPA/XaeTcsA NEHEHHO Tepes

%, « . . O.. B npormsEOM cIyuae cHcTeMa .‘Z’ﬁ $ e ey Qﬁr HOXyHaeTeH

-
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X3 CHCTeMEl Q’a‘, veey 52’“7 HeBHPO)K/IHHHM IIpeo0pasoBaHEeM, IO~
CHONBKY 0T0 muEefiHO-He3aBHCHMEe cucTeMH. Tak Kak (g
g, ) (Q’QL e 2, )ncrpeqaforc;{ B KaHOHHYOCKHX cnc'reuax,
TO OHH JO/KHB BCTPeYATHCA COOTBETCTBEHHO B CHCTEMAX (ﬁ — n)-10,
(®, — n)-ro M BCEX HOCENYIOMEX IIATOB. IIycrs, nauplmep, a <P,
(ana.normno ﬁ > a ) Torpa ma (x, — n) Iare BMECTO cnc'reM, co-
JepHamux (9,’6 y e ’Tﬂr)’ HOABATCS  CHCTEMH,  COROp:Hamue
(Q’Bl it .‘2’5,9.’ ) j=1,..., r T. 6. Ha (ar~m)
mOCHeyOmuX marax He 6y,uer CHCTeM, COJepIKALTHX (gﬁ; . ‘?ﬂr)'
IIpormeopeure.. CaefoBaTenbHO, Han;l,e:rca k, 1<<k<r, mTaxoe,

w0 B pasnoKeEmAX ;= z by Lo TR By, # 0, pan j =

= By ..., B, Oyrer m = m(j) # k W rorpa cmoma y, = 9B, rne
B mmeer BB (19 10), npmaem |B| N EB =2, j=1, ..., 0

M3 xemm 19.5 m 19.6 caegyer, qfro dopMa fdz KOTOMOJOTHYHA
auEeiHO# KoMOHHANEE $OpM {@ } (cm. mpumep 15.8). Taxnm o6pasox,
cormacHo Tpefaeenmo 15.4, nurms {y,} u dopuu {@,} obpaayior

0assl, XBOHCTBeHEHS MO Jie Pamy. [
Wererpamu (19.6), (19.7) orHocmTemsHO Ga3MCHHX OHEKIOB (BH-
9eTH) MOKHO BEIMHCJIATH MOTOJOM, YKA3RHHEIM B I, 4°.



I'masa IV

IIPUTIOKEHNA K HEABHBIM OYHKIINAM
CHCTEMAM HEJHHEWHBIX YPABHEHHII ,
BBIYHCIEHUIO KPATHOCTY HYJIA ’
1 KOMBUHATOPUKE

§ 20. PA3JIO’JREHUE HESABHBIX OYHRKINH
B CTENIEHHBIE ¥ ®YHKINOHAJBHBIE PAOBI

o
1°. G IOMOIBIO JIOrapHMAISCKOr0 BHYETA AIA TO.10-
MOPQHHX QYHKIAR OFHOT0 KOMIVICKCHOTO IePeMeHHOoro

-él'(;I]‘;EO BBIBOTHUTCA pasiomenme Jlarpamxa (eMm. [120, 170,

7,8

!

FG@)=F (o) + 3 & L0 (7 () ¥ ()], (20.1)
1 ¥4

=

BEIpa)Katomee ¢yHknuo F(z) wepes mepemenmoe [, cBA3am-
HO® € z ypaBHenueM z = z, + {W(z), ecim F(z) m ¥(z) —
TonoMopdHEe (YHKOEE B OKPECTHOCTH TOYKE 2y = CL.

JacThocTd, ITodydaercs pax  Bopmama — Jlarpamma
(em. [170, 200]), mosBoasrommii OpeCTaBUTh O[HY IO0JO-
MOPHYO @nyunm D(z) B Bufle pAmA MO CTEIeHAM apyroi
roxoMopdHo ynknmn w = f(z) = (z — 2o)¥(z), W(z,) 5= 0,
B OKPECTHOCTH TOUKH 2z, & C1l: B ’

T (20.2)

O (z) = D (z,) +i %“_dk [M]
k=1

¥* (2)

2=z,

IIp ®(z) = z pag (20.2) naer o6pamenue romomopdHoi
¢yuxnum w = f(z) B oxpecTHOCTN Toukm Zg-

flaHHOM Haparpade ¢ momompio KpaTHOTO Torapapmu-
HUECKOTO BHYETA BEIBOAATCA 06oGmenua pasmomenma Jlar-
pamxa (20.1) nna caysas DPOUBBONDHEIX HeRBHHX PyHK-
UM, ONDONeNsAeMEX CHCTeMOH YpAaBHeHHH, a TAHKe Popmy-
NE ofpamenus ronaoMopgEOTo orobpaenns B C%; pac-
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CMATPHBAITCA HOKOTOPHE CIydan BaXOMKAOHAA OTHOZHATHOH
BeTBE HeABHOH (PYHKIWHM B BHIPOKASHHOM CJYy4ae, OICHH-
BAIOTCH 0671aCTH CXOXMMOCTH B OCTATKM TOJIYI6HHHX PATOB.
2°, OGo0menne pasnoxerusa Jlarpamkxa Ha CHCTEMBI IPO-
n3BOABHHIX HeABHBIX (ymrumuii. [Iycrs @O(w, z),

Fjw, 2), j=1,..., n, (20.3)
— ronoMopdpEHe (QYHKUMEA TEPeMEHHHX W = (Wq, . . .,
v oy Wp), 2=(24, . . ., Z5) B oKpecTHOCTH Toukn (0, 0) = C™tn,
. aF O(Fy -0 FL)
F' 0 0 = 0, = 1, v e eg Y —— —_— _...._.....-.....—.—.————n
10, 0) I BT o P00 ) o

+ 0. Ilo Teopeme cymecTBoBaHHA HeABHHX QYHKIUME (cM.
[189, 201]) cucrema ypaBHEHHI

Fiw, 2)=0,j=1,... n (20.4)

B oxpecrrocrr Touku (0, 0) & €™+ opmosmaumo ompefnie-
asger cucremMy (QYHRITM

2 =) F =1y ... nE=om®), ©(20.5)

romomopdamix B orpectHocrd Toukx 0 & C™. Pacemorpum
sajlauy: Hairrm aBHoe mnpepcrasaenne pynrmun D(w, ¢(w))
u, B sacruoctr (opa O(w, z) = z;), ¢yaxmmix (20.5). He
Tepsasa OoOU[HOCTH, MOKHO IpefHoaararh, 4TO

oF, (0, 0)

= b, k=1, ...,n (20.6)

F;(0, 0) =0,

B mpotmeroM cayuae 3amenmm cucremy (20.4) sKBEBaJeHT-
aF , (0, 0) -1
z - F(w, 2)=0.
azk /
Teopema 20.1. ITyemv Pynryuu (20.2) ydosaemeo-
pawom yeaosusm (20.6). Tozda natidymes wucaa &> 0,
8 > 0 marue, umo & samxnymom nosurpyse Vo = {w =
elmw| <8, j=1,..., n}; umeem Mecmo UHmMEZpaALb-
Hoe npedcmasienue

HOM el cucTeMoi

-

1 O (w, z) OF
@ (v, g (w)) = Gy ) RO dz,  (20.7)
2 - sl i
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20e FI = F..F,, Ty ={z:z;| = ... = [3,] = e}. Ipu
D(w, z) ==z, gﬁog.uyna (20.?2)06g)em UKmezpaabHoe npedcmag-
ACHUE HEeAGHWT PYHKYUL .9), onpédeasemmz -
iy s ORp : YPasHeHUS
Horas ATENXBbCTHO. Uz ycmosmit (20.6) emexyer,
aro  pAm Tefinopa Qymrnum g,(w, z) = Fi(w, z) — 2y,
j=1, ..., n,Broure (0, 0) He comepmut cBoGommoro uneHa
H WIEHOB M3 IEPBHX CTeTeHell NepeMeHHHX z,. . ., Z,.
CnenoBarennro, Halifyrea Takme uwmeiaa 8 > 0, e ’>6
uro npd A06HX w = V,, 2 = I'y 6yayr BHooamaTscs He-
PaBeHCTRA

lgiw, 2)| <|z;]=¢, j=1,.. o N

Tax KaK CHCTOMa bymknmit z = (z;, . . ., 2,) BEMeeT eqmHCT-
BeHHHIA MPOCTOH HYIb B TOUKO 0 = C», no Teopeme 4.8 nug
moboit Toukr w & V, cucrema (20.4) mmeeT egmHCTBOHHOS
pemerme z = o) = U, = {z: |55|<<e, j=1,..., n}
npudem 1o dopmyne (4.8) mmeer mecro pameHCTBO (20.,7).[j

Teopewa 20.2(0maxon). IIpu evnoanenuu ycaosui
meopemur 20.1 dynryus Ow, ¢(w)) npedcmasisemes ¢ ne-
Komopox noaurpyze Vy abcosromro u pasnomepo bxoau-
WUMCA KPAMHBM HYHEYUOLAALLHUM DAGOX

—1)I8
®w, 9 (2)) = 3, S D@ (0, ) (0, 5) 22 |
. i P 2| Pl D) g (v, 2) 7 z=h ()"
(20.8)
ede h = (hy, ..., hn) — npoussoavian eexmop-PyHryus,

2080m0p@uas 6 Vs, daa xomopoii h(0) =0; g° < gf" B,
Bl = Bul...Boli 1Bl = By + e Bar grn D) = Filu
z) 2 Fhyw), f=1,..., n Pro il D) = Fifo,

amMedaHHne Yacro ynobuo 6pars A;(w) = 0 -
60 T(0) == F oo, Oy, f e 4 00R0 OPATE By{u0) = 0, xm

OKaszaTerbcTso. Hafinyreas § >0, e > 0 ra-
Kme, 9r0 npa w & V,y, 2 =T, Gyayr BumOAHATECA Hepa-
BeHCTBA  |hy(w)| < /2,|gy(w, 3)| << €/2. Torma npo6s 1/F
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PacKIafBA6TCA B PAN KPaTHOMR reoMeTpUISCKOM nporpeccud
1 1

n - n

].Ei F;(w, 2) 51-:{1 (25— hy) [1 4 8;/(2; —hy)]
R (=P B (w, 2)
T R

KOTOPH# PaBHOMEDHO W a0COMIOTHO CXOOUTCA HA KOMIAKTe

Vy x Te. Hopcrasasas sror pag B (20.7) m mpoussops xo-
qJeHHOe HHTErPHPOBAHAE, HOMYIHM PAX

k) (20'9)

O (W, ¢ () = X

oF
1 S'd)(w, z) gﬁ (w, z)&-dz
B> Ty

(2a1)" [z —h ()]PtT

KOTODHII COTIaCHO CIeJCTBHIO (4.2) coBmajgaer C DPATOM .

(20.8). O
Hpennomenme 203. Hosfuyuenmn pasroxce-

nus Tetaopa
@ (w, o (W) = > cav® & =(0, ..., &y), (20.10)
a0

onpedeasiomes gopmyot

- (= )i#! a.a[ B a_lf_“ | 1"
- D3| @ (2, ) 8@, 2) 5 5 (201D)
e =g ... & g(w 2) = Fyw,2) —2,] =1, .. .0

JoxasaTexscTso. Pasnomnm pyrrnmo D(w,
@(w)) B pan Teimopa (20.11) ¢ rKosdunuenTaMm B HHTE-
rpanpHOlE opme. Taxk kak pag (20.9) paBHOMEPHO CXOJUTCA
Ha V,, €ro MOMKHO TNOWIEHHO MHTEIPUpOBaTH IO Y5 =
= {w: luy] = ... = |wy,| = 8}. Iomoxum -~ mpE  3TOM
h(b) = 0 m Doxyimm

1 (0w ow)dw _

Co = @)™ wE T
8
- B oF
(— 1)IB| S‘ O(w, 2) g (w, 2) 37 dw A dz (20.12)
= & s e e 12)
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Murerpaasl B 9ymeHax
paga (20.12) ¢ oomomibio
OmHOMa MOKHO IpPENCTABATH B BHJe IO opMY K

.y OF
B! ‘S' QYHOPH o dw A d
0<u<p F" (ﬁ _ “’)' V6XTs w“‘I‘IzB-E-I 2 (20'13)

rage ¥(w) =g(w, 0); 0 (w, 2) = gw, 2) — ¥Y(w): M=

= (s - r Pn)i B— = (By —
) nts Ry « - oy n— Wgn). T
Kak nmopAfor Hyad dy(¥) > 1, a d(ol,o) 0) >‘32 n gﬁlerpgﬁ
w%zbdw A dz == 0 =, ., ==
i, A dz = 0 qume npE o= ...= o, =, = ...
. =P = —1, To wmrerpanm B cymme (20.13) pasEm

Byao mpu |p| > |&|, a Tawmke upm || + 2| — u| =
; 21— Iu| > |a|+ B[, caemosaTensmo, Xlnpn 1%51 >}§|[ocT
qvi'IrHBaa 31‘01]1 crepcrsme 4.2, u3 (20.12) moaywmm (20.11) D
BaA o1 A1).
ynpog’rm& dopmynrr (20.8) m (20.11) MoxkHEO HeckoABKO
Npengnoxenne 20.4. I
4. [yeme Fw, z), @ :
h(w) — zonomopguvie  Pynryuu nepe.mm(abm Zl?) = ((thl; 2
F. (.), v =™ z & C' s oxpecmuocmu mouru (0, 0) = é"“‘.F.i'
cD((u; O)(: 0, F.(0,00=1, RO0) =0. Toz0a Pdynryus
» 9(w)), the z = @(w) — nesenas Pynryus, onpedese-

nas ypasrernuem F(w, z) = 0, npedcmasasemea gynryuorans-

HUM padom
O (w, ¢ ()= D (w, b (w)) + 3 S x
gk—1 , " =
Xt [D:(0,2) 8" (w0, )] |onw, (20.14)

izig(w, 2) = F(w, 3) — z + h(w), a marwe spamusn cme-
Kom padom @ (w, ¢ (w)) = ;0 c w®, wosduyuenmu Ko-
mopo2o onpejdeasomcs gﬁopmg;c./z/oﬁ
2lal

1 R
ca= 2 D2 O pak (g
or Pw @ (0, 0) + kgi e D0z (@:8") [0, (20.15)

ede g(w;3) = F (v, 2) ~—z.-
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NokaszaTeabCTHso. Ipz n =1 Qopmyay (20.8)
MOMHO TIpefiCTaBATh B BHJE

z:h(w):

@ (0, ¢ @) = B | @ 9 8" 0, A1 +2)]

> __h\k dh-—l
—owrw)+ 3 S [Z (@2

o0 —
-3 (— k8" (g 08"
i TH gt 02

unn (20.14). @opmyna (20.15) momyzaercs m3 (20.14) Tar
e, xak u B Teopeme 20.3. [J

Bametnm, urto paA Jlarpamka (20.1) moxysaerca u3
(20.14) mpz m = 1, h(w) = 0, gw, 2) = —w¥i), w=5L,
eclIm B3ATH 2 — 3, BMeCTO 3.

3°. JlokanpHoe oOpamieHde FOIOMOPPHOTO 0TOOpaKeHHA

B C". UacTHHM cIydaeM PaCCMOTDEHHOH B3ajain sBIASTCA
ciaenyiomasn. IIycTh B OKpPeCTHOCTH TOIKH 0 = C" sagaun
roromopduoe O0TOOpasKeHne

wy = f;(a), § =1, .., n (w={@), (20.16)

z=h{w)

z=h(w)’

JIOBAGTBOPAKIEe YCIOBHIO

: of, (0) .
0 =0, F— =0 ik=1...,m (20.17)
Wt}
n roxomopduas ¢pyuxnusa (z). TpeGyercs sHpasuTh $yHEK-
pmo (D(z) uwepes mepeMeHHHE W = (Wy,e - o, Wn) By
B WaCTHOCTH, HATH oTOGpasKeHme
%; = cp,-(w), j= 1,..,n (z = (P(w))r (2018)

o6parHoe 0TOOpaKeHNIO (20.16) B ORPECTHOCTH TOUKH

0 C™
Teopema 20.5 (Hepxryc). Ipu cderannux npeinc=

noncenuaz 6 oxpecmuocmy mouku 0 E C" umeem Mmecmo
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pasaoixcerue

D (g (w)) = ‘:Jﬂpﬁ[cb(z)eﬁ(z)g” ., (20.19)

== =w

B__ gb Pn . s

fge 6_— 0y 0", 0,(2) = f;(z)— 25, ] =1, .. . n. Hpu
@)=z, j=1,..., n, pid (20.19) Odaem gopmyay

obpawjenua  2040MOPPHHO20  oMObGpaNceniLL (20.16).
- _,EL on;aiafre AbcTBO. Ilomoxkum B Teopeme 20.2
(20.—19733, & iy 2) =f;8) —wy,  hyw) = Wi, OONYIAM
Hpenunomenne 20.6. Hospuyuenms pas -
nus gyuryuu ©(z) 8 psd no gﬁynnqum? (20.16‘):p noe

P =Z el @) (Ve ) = 3 ) (2020)

>0

supascawmes  Gopmyaoii

— (— 1)|Bl a+ﬁ[ B af
ca Iﬁé«zl «Ipl b ® ()9 (2)3-2”2=0' (20.21)

Horasartenscrso. Ipamenas x 20.19
skegue Teilmopa m yumtmBasm, uto d,(0 " onytmi
(20.20), (20.24). ! ol0) 2 2, monyumu

Pagu  (20.19) — (20.21) moxHO paccMaTpHMBaTh = Kak
MEOTOMODHKE aHasorn pafa Biopmana — Jlarpamsa (20.2).
Hnsa coeruanbuHoro cayiaa ¢ymknomit (20.16) momywaerca
Oosee- Toummii amaimor papma (20.2).

Teopema 20.7 (Crmaprec — Ilyanrape — TI'yp).
Ecau  xomnonenmw omobpamenus (20.16) umeiom ‘eud

wy = f!(z) = ZITJ(Z)L ‘P_,(O) F#0, j = i, .. a Ny

RO UMEET. MECMO pPasaoltceHUe

_ S @ 5, aY¥
d’((P(w))—agoaDa[ﬁ;detﬂﬁjh-i—%#y“ .
i z=0
(20.19)

i ,I[onésaTenbcn‘Bo. Ilonommm B (20.7) m =n
Fy(w, 2) = f4(z) — w;, Ow;, 2) = O(3). Packaagusag npoﬁx:
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T 1/1f;(2) — wy] = 1T 1/f; (1 — w;/f;) B pAR kpaTHOi T€0-
jome j=1
;we'rpnqecnoﬁ nporpeécnul TOAyIAM

af of
O (z) 5-dz 3 O (z)5;dz
1 (7} a .
D)= | B =3
Te

(@ni)* ) 1f (&) —wl' T & miyt ) ATy (g)

0¥
Tak Kak z—ﬁ = detﬂG,-k‘I', (2) + z; #N, no CuaefcTBHIO 4.2

HoJydYeHHHH pAX MOMHO 3anucarb B BAME (20.19"). ]
VrameM ofmH ciyuaii o6pamenus roiomopdroro orobpa-

aenma (20.16), xorma %I‘]: 0.

Mpeagnomenne 20.8. ITyemv Pynryuu cucme-
aue (20.16) umeom eud

w, =z (z), ky=1, Y0 =1, j=1,...,n

Tozda e nekomopoli oxpecmuocmu moukn 0 = C* obpawye-
nue omobpaxcenus (20.16) (ky-...-ky)- sHauno, umeem eeme-
Aenus nopadros k; na KoOPOUNAMHUML NAOCKOCMAL Wj = 0
u npedcmaeasemcs padom no OpobHuM cmenewam w:

1k o /R z, a(zj‘l’!/hj)
zy=w; '+ Z al Da[ ly(a+i)/h (2) det ] }
rne alk = (ay/kyy « o oy Gplky).

lai>2 9z,
4°. Bupasxenne xoadpmmuentoB Teiinopa meaBHEIX QYHK-
nuii gepes kosppumuentni Teiinopa QyBrmmii, BXOZAMMX
B ypaBnerus. OGpanienue CHCTeMb CTemeHHbIX pamos. Llycrs
¢yurnun (20.3) 3agaHsl B BAJe CTeHOHHHX PAROB

Fyw,z)=2;+ X aputs’, j=1,...,n (20.22)
u,v

2==0,

Snech W HHME ML IpejIojiarae, 4T0B Q) , | 1 {}u Myan-

T TR
THAEACKCH = (Pg; « » s Pp)y ¥ = V1, - - v5) mpoberamor
BCEBO3MOKHHE Ha0oDhl HEOTPHLATeAbHEIX NeJHX YHCend,

7 JI. A. AttserGepr, A, II. IO:karos

-~
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Kas nompbix wl+ v =2, mmbo |p| =1, |v|]=0.
Qyurqusn ‘
D(w,z)= X by’ (20.23)
(2, $)22(0,0) 4
Teopema 20.9 (IOmakos — Bonoros). Kospgu-

yuenmu pada Teidaopa (20.10) dynsyuu Pw, o(w)), zde *

2 = QW) — HeAGHAA 8eEMOP-PYHKYUR, Onpedeiseman cuc-

mexoi (20.4), ewpaxcawmes uepes kospPuyuenmu pados
(20.22), (20.23) caedyroweii gopmyaoii:

(a’fuv)sjuvz

(20.24)

cu= B (= 1" () H p (5 — 1 T
i= TRy

"1, 8 S ruy!

z0e S = (8y,...,8,), §= {va};,v"— Habopu. Heompu-

YAmeAbHUE YEAnT uuces, cpedi KOMOPWI AUWL KOHEUHoe

wucao  omaunwnr  om myam, P(S)=(p(S8;); ..., p(Sa)),
.p(S;)=’§ Sjuvs  A(S)=det|[8,0(S)) =0 (S| sor=1,...,ns

0y (Sy)= E ViSiuv; Onj—cumeor Kponerepa; a 2.‘5 CYMMUDO~
,t' )

=

6anue  8efemcA MO  6CEB0IMONCHBIM MYALIMUUKIEKCAM T
= (e o M)y T= (Tyy « . ., Tp) U cucmeman S = (S,, . . .,
.« 83), yOosaemeopsiowum ycaosusxn '

'ﬂh‘l‘jélxk(sj):aht: kE=1,...,m,

n (20.25)

Tr "l‘"z‘o'h(sj):p(sh)z k=1,...,n,
j=

20e My (S;)= 3V WySyuy- IIpu smom ecau S codepacumn S, das
I

Kotoporo p(J3;)= 0, mo 8 coomsemcmsylowen ciazaemon
gopmyan (20.24) nyacro emecmo Ip(S;) — 111 nocmasume
. 1, a 8 A(S) emecmo 8y;p(S;) — 0,(S;) -ssamv Gy,
oxasaTeabcTno. U3 (20.7) m mepmoi wacrm
pasencrsa (20.12) monywaem mmterpaasEyo Qopmyny Ausm

&,

f

i

!
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-m.)ad)(buuuexi'ron pana Teﬁqopa byaxnun O (w, g(w)):
ar
o= e | (D;u;(?:-)i:ﬁ L (20.28)
AT siry )
Dynroua
%%%g — (w5 BEED (20.27)

roomopdEa Ha (r | m)-KpyroBoM XOMIAKTe V°26< 2%)3
H pasjaraercd Ha HeM B KDATHHY PAR JIopaHa. Uz (20.
cirepyer, 4T0 KoapPEOEEHT ¢, PpaBeH RKooPpPunuenty mpm
w®z—1 aroro psapa. Pasnomenme B pAR Jlopana $ynrxman
(20.27) Mo:®HO HAHTH HEIOCPENCTBEHHO. YunTHBasg, dTO
upE w e Vg, z& [, BHIONEATCA Hepanenc?a lg;(w,
Z)' < ‘zjl :—‘: g, j == 17 <. N, TG gy (w1 z)z i-(wv Z)——
¥ ayw”s’y momydaeM PasIOmeEHSA

195

InF;(w,z) = lﬁ z; 4+ In[1 4+ g5 (w, 2)/2;] = Inz; +
> ~1g? (w, 2)/pzf = S — 1)t p—DIx
+p§i(— )P~ g} (w, 2)/pz} = Inz, +p§( ) |

x j g -(a,-uv)"”'“”]w’«sf)zv(sj)—ﬂ(swf=1nz;+

o(85)=p lu.v Stnv

(— 1)”(8";)—i [p(S;) — 11 [II' si (amv)sﬁuv]x
oS> pov Cipy
x wME)ZoSN—AE j =1, ..., n,

rae e;=(8p, .. .y 85n), MSy) = (M(S5), - ..o An(S) =
=3 Bspuw 0(Sg) = (0:(S)), - -+, 0 (S)) =u2v V8 juy-
n.v - ,

Orciona
i)
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d1n F;(w, z) 8
0z, -

b B (= )X [p(S)) — 111X
i p(8;)>1

x[II’ L (am)smv]tﬁmp(sj)—a(Smx

wv Syl
X wMEzoEN 08—k j k=1, ..., n. (20.28)

B (20.28) caaraemoe 8;;/z; MomuO paccMaTpHBaTH Kak WIeH

cymms Y ... mpm p(S;) = 0 ¢ yueroM corzamennmii,
(8;)=>0

OpEHATHX B QopMmyamposke Teopemu. Ilozcrasassa (20.28)

. B axobuan J(InF)/d(z), BHHOCA 3HAKH CyMMHDOBAHMA N

ofmupe MHOMHTOIM B CTPOKAX M croabmax 3a aHak ompeje-

AUTeNA, TOJNYIAM

41n F (w, n
n aZ(u) z) — (_ 1)ID(S)IA (S) {Ei[p (Sj) _ 1“ %
e | (am)smv} (5 70(8) —o(S)—T (20.29)
oy Spuy

e MS) = MSy) + ...+ ASL), ofS) =o0o(S) + ... +
+ o(S,). Hepemuoxasn psangs (20.29) m (20.23), nmaimem par
Jlopana ¢yurmuu (20.27). Bugenas B mem Kosdppmmuent
opr w*z— I, momyumm (20.24). ]
damMewanune. Hosppunuentu psanos Teitnopaz,=
Pql(w) =a§ ¢, ¢ = 1,. .., n,measanx $ymkmmi (20.5)
>0

BHIpa)xaloTCA 4eped koapduumentH papnos (20.22) Gopmymnoi
. kil ’ 1. -
cqa =2 (— 1A (S) M ip(8;) — 111 I 5— (ay,,,)w,
8 j=1 TRV 2y

Tle CYMMMDOBAHEE BeJeTCA 10 BCEBO3MOKHEHM HafopaMm
§ = (Sp,. . ., Sp), YAOBIETBOPAKINAM YCIOBHAM

M(SD) & e F A () =y k=1, . m;
B +0,(S) + ... Fou(S)=0(Sw), Ek=1,... n

pr m =n, Fylw, z) =f,3) —wy, j=1,...
D(w, z) = O(z) ms reopemur 20.9 momyuaercs
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Teopema 2010 (Koau — Cuassecrp — Cakk).
Dycms gynryuuw (20.16) u ©(z) sadanvt cmenenHbMU pA-
danu

wj:fj(z) :Zj+ Z amza, j= 1, ...,n, (20.30)
laj=2

D (z) = X boz*% (20.31)

o=>0

Tozda wospPuyuenmu pada Tetropa (20.20) dynryuu
D(p(w)), 20e z = @(w) — obpawyenue cucmemn (20.30),
gupaxcaemes uepes Koapguyuenmu cmenewnux pados (20.31)
dopmyaoil

L S,) oy, —171
Co = E (__ 1)|P(S)Ib1A (S)J];]i[p( ])_ a-[.f | %

7,8 J
x T 1 (ap), (20.32)
w2 Siv '
2de S = (Sl’ ey Sn)s Sj = {Sjv}lv[>‘3, p(S) = (P(S1), . -

o p(Sa)), p(Sp)= ’ |E>z Sjwr A(S) = det] 8y [oe; + p (S5)] +

40y (S,-)‘“, 0y, (S;)= 2 ViSjy; CYMMUDOSAHUE 6 >\ sedemes no
viz2 : T,

BCE603MONCHELM  MYALIMUUHOEECAM T = (T1y. « o Tohit| =0
w nabopam S, o(8) > 0, ydosaemsopsioyum Ycr06UIM

Tn Ziah(sf)=°°h+p(5k), k=1,...,n,
]: -

ITpu smom ecau p(S;) + a; =0, 1o emecmo [p(Sy) +

4+ a; — 11! me&yen’gemmb 1, asmecmo 8,;la; + p(S;)] —
0,(S;) nocmasums .

g Iﬁm Ow, ) — 50y g =1, ..., n, (20.20) = (20.32)
maoT Gopmynsl obpaleHna CUCTeM CTeHeHHBIX PANOB (20.30).
B uactaocru, npu n = 1 moaxyuaerca ¢opmyia obpaimenns
CTeDEeHHoro pAna. »

OHpengnomenne 20.11 (Canssecrp). [lycmv 0dan

o0
cmenennoti pad w = ayz®, a;<~0. Toezda Kosfuyuenmu
a=1
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ofpamnozo pada z = 3 e, w"  eupancawomes Hopmuyaol
n=1 i

. ks .
B T O AER L Y A Y

n kol ... K1 ay
mzi klv-'-’hﬂ 2 n 1 a1

20e cymmuposarue eedemcs NO 6CEGOMONCHHIM HAGOPAM HU~
cen ky—>=>=0,..., k,>=0, ydosiemeopawowum pasencmsy
kg +2k ...+ (n—1Nep=n—1

5°. Boimenenne OHOBHAYHOH BETBH CHCTEMBI HEABHBIX
¢yBRumS JIA HEKOTOPHIX BHIPOMKICHULIX CAYIAEH. Pacemor-
pEM ofuH c.nyqan BHISJOHAS OSHO3HAYHOH ronomopdmoﬁ
BeTBH HeSABHOH BeKTOP-QyHKIEH, ompeNenseMHil cuCTeMoil
(20.4) B oxpecraoctn Toukn (0, 0) &= C™+" B cayuae, RoTHA
oF

9z J0,0)
rouku (0.0) moryr OMTH IpeAcTaBieHW B BHS

= (. IIycts Pyuxnmm cucremun (20.3) B oxpecrHOCTH

Fyw, 2) = z;P;(w, z) + Qi(w, 2), j =1, ... n, (20.33)
rae z;P;(w, z) — oNHODORHEI MHOTOUTEH HaWMEHRMER cre-
menn B pasioxenmn ¢yHrmum F; B pAd Io OAHOPONHEM
MHOTOUYJIEHAM OT W, 2, Py(w, 0) = 0. BupgenuM crapmmii anen
WM = w?“ . wn™ wmuorouwnena P j(w, 0) opm nexcmko-
rpaquecnom YIOOPAAOYEHAN €TI0 WIeHoB (Aus xo6oro wie-
Ha a;,w* nonmnoma P;(w, 0), a = A(j) BunoxuaoTCA ycao-
BHA O = Ajpye o oy Oy = Ajyp—yy Op < ?»;k, AN HEKOTO-
poro k, 1 < lc < m). Rospdmumerr npm wM)} nponmaraem
paBHBIM 1. Oﬁoaﬂa\mm gi{w, z) = Fj(w, 2) ——z,w*(i),

j= - Ny A= (7" vy ?”(n))v A (B I) =
= (Ml(ﬁl + 1) +. + ?"nl(ﬁn + 1), ) A’lm(pl

+ ) + xnm(Bn + '1)) Y& = {w lw1| T e e e =
= Jwal = 8); Te={z:ln|=...=]z,] =2}, rne 6;

€ — JIOCTATOYHO MAJEe TONOKATONBHNE THCIA.
ITpm chenadHBX NPERNONOKOHEAX HMEET MEeCTO
Teopema 20.12 (I0xaros). a5 mozo umobu cyuyjecm-
goea.na cucmema z040MopPHur PyYHEYUU

Z) = @) = QWi+« oy W)y F=1,.. . By (20.34) -
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ydosaemsopawwyan cucmeme (20.4) &’ onpecmuocmu mouxKu
0, 0) =™t u yeaosusm

99, (0)
?(0) =0, =L

=0, j=1,..,n k=1,..,m,

(20.35)

neobzodumo u Jdocmamouno, 4moGu

z,gf’ (w, z) %I:— dw A dz
2 (— 1) S =0 (20.36)

B+I, M8+ to+1
p=0 'y&)(]f'a z w}\‘
dan j=1,..., N U 6CeX YEAOUUCIEHHWE MYAbMUUHDEECO8
O = (Clyye + oy Op)y —0 < Qg << 00, 048 Komophiz la| = 2
u xoms 6. das odmozo q = {1,..., m} Guio ag <<O.

Hpu eunoanenuu yecrosuii (27.36) rosdduyuenmu pasio-
JCEHUSA 8 CMeneHHol pad

O (w, ¢ (w)) = 2}]0 c W%, (20.37)

20e O(w, 3) — 2o040mopdnas gynryua ¢ oKpecmHocmu MOYKU
©, 0), o =(9;, ... Pp)— sexmop-ynryua (20.34), on-
pedeanemcs gopmyaoi

(— 1)iBl B, x(ﬁ+1)+a[ B oF ]
2 BHA( D: Dg 3

B+I)+all 0"

(20.38)

Ipr @(w, 2)= z, (20.37)y (20.38) marwor pamgm Teitnopa
(bym(mm (20.3 '
Curepmcrs n e 20.43. Ipu m = 1 us ycaoeuti (20.33)
acezda emmeraem cywecmeosanue 0dHosHauHol semeu (20.34),
ydoeaemeopaiweii cucmeme (20.4) u ycaocsuam (20.35).
IMpu m > 1 ycunosua (20.33) eme He obecuesmmpaior Cy-
mecTBoBaHuA onHosHAuHOX BerTBu (20.34). Hanpumep, me-
BasA 9acTh YpaBHEHHUA 2 (w, + w,) + wi =0 YIOBIETBOPALT
yeaosmo (20.33), onsaro B oxpecrroctn Toukd (0,0, 0) = C?
9TO YPABEGHMO OLpefejfeT JAMS MEPOMOPDHYIO (byanu;um

Z = wi/(w1 + w,).

IBI<N(<!«)
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IloxasateabcTBo Teopenmn 20.42. M3 cne-
JAAHHBIX IIPEATONOAKEHHN BHTEKAOT CYUIeCTBOBAHHE YHCET
8, =>0,>...>0,>e>0 rakux, uro npm z & Iy,
wey={w: |jw|=28,... |wn|=208} Oyryr smmomr-
HATHCA HEPABEHCTBA

Ig.f(w! Z)I <Iwh(j)zj|1 j= oo n. (2039)

Hanpumep, focTaTouno B3arth 8; = 8§, 8, = &, .. ., 8 =
= §m, g = &m+!, e 6 > 0 mocrarouso mamo. Tak Kax
vy XTe — KOMIAKT, TO HEPaBEHCTBO (20.39) Gypmer Bnimon-
wathes u npn 2 =y, w & V(y), rme V(y) — HexoTopad
 M-KpPyroBag OKpPEeCTHOCTh  MHOMECTBa Y. IIo Teopeme 4.8
masn  aoboro w e V(y) Haiigerca eNWHCTBEHHAA TOYKA
2 = op(w) & U, = {2 ||z|| < e}, yAoBaersopAmman cuc-

reme z; — giw, 2wt =0,j=1,..., n, 1. e.cucrene
(20.4). Tlo dopmyme (4.8)
z or d
_ 1 ies 2.
z;=¢;(w) = @y I-,S.FI w5 j=1,...,n (20.40)
E
n . . "
1 O(w, z) OF
@ - S
(w, ¢ (w) T ) P, 9 dz.  (20.41)
8

W3 romoMopdHOCTE TOAEHTErpajibHHX ¢dopMm B (20.40),
(20.41) camemyer, uro pymkmum @; (w), ¢ (W, ¢(w)) TomoMo-
pdum B V(y). Caenosarenbro, yHRENA (20.40) pacmmapgs-
Baforca B V(y) B xparHee pann Jlopana ’

z.f:(P.i(w) :)Zciawas Ocz(dl, ""am), — o0 ag< 00,
(20.42)
TIe
oF
1 ; (w) dw~ 1 %5 Fx dw A\ dz
CJa,z (ZHl)m waa+1 = (2ﬂl)n+m . Fl (w Z) wa+I ==
v YXTg !
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B aF
(_1)“55 S‘ 7;8 (w, 2) 37 dw A dz

BT (BT tT (20.43)

o & @miyt™

vXTg
Sneck Mul, onupascs Ha (20.39), pasnommin apo6s 1/FI(w,

n
z) =1 II zw*@ 1 + g4 (w, z)/z,wMP] B PAR KpaTHoOH
g=1
reoMeTpruIecKoil IPOTrPEecCHuH.
ToxasxeM, 4T0 ¢j, = 0 mpn |la| < 2. s sroro pyHnk-

uun ggj = [2;0; — ej}ﬁj, re Q; = P; — wMi), pasnoxuM 10
dopmyne Ommoma. Ilomydmm

aoF
Sv z,gB r dw A dz _ B! «
p4T,, MB+D-+a+1 - —_—
23T 2P w o< ult(p —w!

aF
2,Q"0F P — dw A dz
% S i 9z

zB——unMB——I)JrocH : (20’44)

YXTg

oF
Tax ®ak d,n(05) = ol + 2, doo (";92—) = M) =

=l .o+ Rl do.n(@p) = My TO B HHTEI-
pame, CTOAMEM TOX BHAKOM CYMMS (20.44), mopAROK
auennrens B roure (0, 0) de,0 (z,Q”BB'” -%l;:-) =140
Lh B—p) |+2/P—p | FADH=1+1 B+D+
1 2|p—uy|. CmegoaTeabHo, BTOT MHTErpas PARCH HYI0
apn 4+ MB + D— 2(p — pl>Ip — pl+ PGB+ D+
+ al, 7. e. mpr 1 +|p — p| > |al, a TammKe CAE YIUTEI-
paTh TOINBKO WHTErpUpoBaHme mo 2, OpH p—pl<<t
TakmM 06pasoM, 0H PaBes BYMO TpR |a] << 2. Orcoga cie-
Ayer, 9T0 TPH BHIONHEHAH yexosmit (20.36) pans Jlopa-
Ha (20.42) He COMePIHAT WIEHOB C OTPHIATENBHIIMA CTeIeHA-
mm, T. e. dymrnun (20.40) aHANNTHIECKE NPOLOIRAIOTCA
pa Vo= {w: |[w} <8, .- [Wnl < 8}, upmueM BTH
GyHKTUA IIo TeopeMe eMHCTBEHHOCTA 1A _{onomop(bﬂux
ynrnuil yIOBIETBOPANT CHCTEME (20.4) 8 V X U,. Tar
Kak cj,= 0 upn |a] << 2, o1H0 dyaKUnA YAOBIETBOPAIOT TAK-
xe yeaosuio (20.35).
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Moxasxem neobxomumocrs yeaosmi (20.36). Ecam cy-

mecteyior pysknun (20.34), ronomopdune B V, yrosnerso-
paomue ypanaenusaM (20.4) u ycaomam (20.35), To B cmry
enmacTBeHHOocTE pemenua cmeremu (20.4) B V(y) X U,
oam cosmanaor B V(y) ¢ (20.40). Cnemomarensno, panm
Jlopana (20.42) me cofmep:ar UYIEHOB C OTPHOATEIbHEIME
cremenamu. Orcona n us gopmyn (20.43) BmTeraroT ycxo-
sus (20.36).

Ipu punonmeruwnm ycnosmi (20.36) dymxmma (20.41)

rarsre OGymer romomopdmoit B V. Packnammsaa B (20.41)
apob6y 1/FI B paAl KpaTHO# reoMeTpHYecKoil MPOrpeccr, a
saTem packaagsBas gysxouio (20.41) B panx Teisopa,
poayamm pax (20.37) ¢ xosdpdunumenTaMuU

ar
@ (w, 2) g‘3 (w, 2) 3 9w A dz

(— 1)|5| S‘
fe = 20.45
o f;o (2m)f‘+m vire P MBFFO+T 5 ( )

1. o. (20.38). MomxHo TokasaTh, uro wieHH psafaa (20.45)
obpamaorcs B myas npm |B| > N(a), rie N(a) — nexoe
amcao, 3apHcAmee orf o. OrTciofia caenyer, uTo B HHKIE HH-
rerpmpoBauf y X I'y amena 8,, . .., O, &€ MoHO GpaTs
OpPOH3BOABHEIMHY; JUMS 65 OHA OBIM JOCTATOYHO MAJH. [ ]
6°. Onenxa ofmacTm exofumocTn m ocraTka pspon (20.8),
(20.19). Ham morpebyerca caepyomee oGobmeHme MHOTO-
meproro aHajxora JemMmsl Illsapma. ,
Teopema 2014 ITyems B ={we C™:|w], <71,
B® =(z=C":|z], < R)— wapwu 6 nekomopwz nopmaz||-||;,
I-llp @ 7:BY > BY — maroe 2on0mopgroe omobpaxenue, umo
f(0) = 0 u nopadox nyas omobpasnenus f 8 mourke 0: do(f) =
= min{dy(fy), . . ., dolfn)} = k= 1. Tozda|] (w)], < RX
x|wli/r* 0as awboz0 we B,
OHoxaszaTeabCTBO HPOBOAUTCH TOYHO TaK 3KE,
KaK aT10 creisano B kumre [201, ¢. 56 mag caywas k = 1.
Tlpu 9TOM HYRHO TOABKO YU4ECTh, YTO RERTOP-QYHRIMA
f(Cy w)/ e =f(Lwy, .. .,Lwy)/ Ck ronomopdra B xpyre |{]<<1
npr mobom w < aBY. [
Onennm ofmacts cxopumoctn psafa (20.8) sHavaye mpm
HEKOTOPHIX J{OUOJBHTCABHEX IIPefNOI0KEHARX,
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Teopema 20.15 (IOmaxos). IIyemv gynxyuu (20.3)

u ®w, z) eosomopdnn ¢ samknymom nosuxpyse U, p =

={(w, 7) : jw| < r, |2l << R}, ydogaemsopsiom yciosusm (20.6)
u
aF, (0, 0
—g—(ﬁ—)_—_o, j=1,...,n k=1,..., m. (20.46)
Tozdq p:;é) (20.8) npu h = 0 pasnomepno u a6COAIOMHO CTO-
dumes enympu noauxpyea V, = {w:|w|<<p} paduyca
= min{rR/A, r}, 20¢ A =max|g(w, z)|
Ur,R
JJokasaTenscTso. I;Is yeaosmit (20.6), (20.46)
cnexyer, 4o dgq)(g) = 2. Bsemem B Cmt®  HopMy |(wy
2, = max{ju|/r, [d/R}. Torma mno Treopeme 20.14 pasn
nmoboro (w, 2) & U, g = {(w,2): |(w,2)}; < 1} Bunoxaser-

ca mepaseHcTso [g(w, 2)|<< 4|(w, 2) If. Orcoona caenyer,

aro npu we Vy, 2& e, e 8 =ro, e = Ra, 0 <
< min{r/4, 1}, mmeoT MecTo HEPaBeHCTBA

lg;(w, 2] < Ao? = dedAlrR < belp < & = |3,
i = 1, e v oeg e

CaegoBaTenpHo, mpu w & Vo, h= 0, pan (20.9), cosma-
naommit ¢ pagom (20.8), mamopupyercs pPANOM KPATHOM
TeOMeTPHUECKoA HNPOTPECCHE CO 3HaMeHAaTeleM 6/p. Taxum
o6pasom, pan (20.8) aas k= 0 pasHOMepHO CXOLETCA B
T’-o e Vp‘ ] .

O6muit cayuain, paccmorpenrnit B Teopeme 20.2 cBopmT-
¢A K CIy4al0, KOI[a BHIOJHAITCH YCIOBHA (20.46) npm

' ~ < OF (0, 0)

IOMOIlA 3aMeHH: z,—_.—_z,-——z —gl—uk——-wk, ji=1,... n.

Opmako IoJe3Ho Taxsxe B obmeM ciydae - HMeTh ONGHKH

_pajmyca OOMUNHIAHAPA CXOAUMOCTE PsMA (20.8).

Teopema 20.16. Hycms dynryuu (20.3) v O e0-
aomopgnn e U, = {(w, z) : |(w, 3)) << r} u ydosaemeopsiom
yeaosusn (20.6). Obosnanun 8w, 2) = F(w, z) — 2 — F(w,

= 7 N A - 0 : .
0), K mn;“gllﬁ(w, 0, max TII (w, 7)|
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To2da pad (20.8) npu h =0 paenomépno U abcoamno cxo-
dumcs enympu noaukpyea U, paduyca

r’l4AK, ecou K= 1/2, A >1/2,
| e — AYK, ecauw AL 1/2, A+ K =1, (20.47)
h r(r'— KYA, ecau R<r/2, A+ K>,
r, ecau A + K <r.

oKaszaTexsbcTso. I3 yenosmit (20.6) caenyer,
aro dy(F(w, 0) =1, a dy,»(0) > 0. Torma mo Teopeme
20.14 pusa mobux (w, z) & U, BHIOJHAKWTCA HepaBeHCTBA
[F{w, O) < H”w"/r 0(w, z)| << A[](w, 2)[/r*. BEcane < rét/A,
6<ra(1-——t)/ 0<G<b<r,0<t<1 TO TpH
we Vy, ze ', umeer MecTo HepaBeHcIBO

le@w, 2)| < [F(w, O)f + (0w, 2)| << Kb/r +
4 At < e = |g].

~

W3 sToro HepaBeHCTBAa BHTEKAeT PaBHOMEPHAsA ¥ abCOTIOT-
Has cxomgumocts psaga (20.8), (20.9) 3 I7,. Takum o6pasom

p=-sup{8)= sup {3t (1l — 1)/KA4, r2t/4, r*(1 — t)/K, r}.
0<t<d

Heccmenya 5T0 BHpa)keHue Ha MAKCHMYM OTHOCUTEABHO i,
moayunm (20.47). ]
Ananoruuno monyuawrcsa oneHkm mas papa (20.19).
Teopewma 2017. Ecau gynryuu (20.16) v ®(z) 20.

aomopdrel 6 samxnymom noauxpyee U= {z :|z| < r}, mo
pad (20.19) pasnomepno u aOCOANMHO CXOOUMCSL GHYMPU
nRoaukpyea Vp = {w: |u| < p}, ed¢ p = min{r¥/44, r/2},
A = max|g(z

lzll<r
MoskHo noxyuuth Ooxee TOUHYW ONEHKY: p = ri/4d,

ectm A >r/2;p = r— A, ecuu A < r/2. OueBugHo, B yxa-
‘BaHHHX NoJIuKpyrax cxomarca u panmm (20.10), (20.20)
COOTBETCTBEHHO,
OTmeTnM eme OHE NPOCTOH 4YACTHHINA Caydaid.
Mpegnomenne 20.18. Ecau ¢ meopeme 20.2

dpynryuu (20.8) u ® zoaomopgnu ¢ U,p @ gjw, z) =
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= Fiw, 2z) —3;, = w,¥{w, 2), j=1,..., n, mo pad
(20.8) cxodumcs 8 noauxpyze V, paauyca p = mm{R/A
r}, ede A =max|¥ (w, 2)|.
U, R A
Onennm octaten psagoB (20.8) m (20.19). OGosHagnmmM

Wa(w) — obmuit wmen, Sy, (w) = X ¥g(w) — CTHIRYI0 CY M-
1Bk
My, 1, (w) = ¥ (w) — S (w) = 2 Ws (w) — ocrator psa-
ga (20.8) opm =0 COOTBeTCTBBHHO paga (20.19).
Teopema 20.19. Hycmo dynryuu (20.3) v P(w, 2)
conomopdrn 6 Uy, u 948 a06uz w = Vs, z= T, annoa-
Haemcs nepaseHcmeo |gi(w, 2) < |z;] = e. Tozda 6./m L1066

we V, umeem mecmo oyewka ocmamra pada (20.8) npu
h=0:

n (k= _
ENCIES/RICID anp> ( . p)(l—c/e) 5
. =1
(20.48)
2de 0 = max|g(w,z)|, M —max]fb(w 2) 5 J
Use Us.e
JogazaTensrcTso. Mas wmHTerpanbHOrO Ipefi-

craprerug unenos paga (20.8) (cm. papg (20.9)) BmTexaer
onenka: |Pg(w)| <M(o/e)lBl. Torma

[ (W) | << 2 l‘l'ﬁ(w)]<M > (ole)f =

BISE+ 1BI5R-+1
=M i (q T ) (o/e)".
g4=FH ,

Orcona sureraeT (20.48), mockonpky pma 0. <<a << 1, e << a
ocratok psama Teiimopa Qymkmmit (1 — a)~" pasen

o

¢ [¢+n—1 1 a%dg
2 ( )“q= 2 ) g =
= q q=hk}1 1tl= —e(1—0)"C

_ 1 aktidg gttt k+n —P —p
- =g | g B (T Jua

=8
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3amegsanmne. Hax BHIHO H3 0Ka3aTe/bCTBA
reopem (20.15), (20.16), maa mwboro w = V, nainyres e,
8, ynomnersopsiomme ycnoBuam TeopeMn 20.19. Peman
9JeMEHTAPHYI0 3alauy Ha 9KCTPeMyM, MO;KHO g, § BmbpaTn
TaK, 4To0u o/e 6miao MmruManapHeM. Hanpumep, B ycao-
puax Teopemut 20.15 mymHO B3ATE § = {uf, e = [uf X
X Rir.

AHaIOTHYHO NOKASHIBAETICA

Teopewma 20.20. Bycaosusr meopemu 20.17 dasn aio-

6020 w & Vy, 8 << p, cnpasedausa oyenxa
' 2 (k+n—
< a3 (T T a -,
= _

ede M = max | D (z) 0¥/0z|, 0 = max .
max, | © (2) 9%/0s |, @ = max |¢ 2)|

7°. Ipuwme pu. 4. Haiinem neannne Qysxiuum z; =
= (w1, ws), j = 1, 2, onpenenseMue cECTOMO '

2, — w0 =0, 2, — we™" =0.

Tlo ¢opmyae (20.8) mpn h =0

oo m 7N
Wy w m--n
1%y 8 MWgZe N2 2. 2 WZ4-F 2,
3= 2 “minl az,inazg [Z e - 1 (1 — wiwse T .)]z=0-

m,n=0
Orciona HaxomEM
N i
z, = w; + 2 T " im wi™ ws®,
m,n=1
= (20.49)
Z, = W, + 2 ——m;ﬂ. m™ ™ wiwd .
m,n=4
Ilo npennoxenuo 20.18 maiigem pagmyc p OEKpyra cXomH-
MocTH oTEX pAmoB. 3peck ¥; = e, ¥, = ™" 4 = max X
ﬁr,R
X|¥[=e". Monymu p = min{r,e—*}.Ilpu r = 1/ye,
R = /e ara penmuuHa HMeeT MHHEMYM, PpaBEHE p =
= 1/}/e a2 0,607. HemocpejcTeeHHOE HCCAENOBAHA® DA-

¥ ey

TiRe fnoy
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noe (20.49) moxasmBaeT, ITO 3TA ONEEKA ABIAGTCA TOYHOH.
o Teopeme 20.19 HaxomuM OLEHKY OCTATKA PANOB (20.49).
Mpu & =luwl, e= 1/6, M= max|z;] = & = 1/8 (waenn
PANOB, COOTBETCTBYIOIMO BTOPOMY ClAaraeMmoMmy Axobnana
1 — wiw} exp (w1z; + WyZs) VHEITORAIOTCA) HMeeM OIeHKY:

1., k44 1
[re (W) <] E (G’e)h.H [1 -{:l—ﬁ’e + = 6’8)’]'

B wacruoctn, npr 6 = 0,2 u k= 3 Gyner |r, ()] < 0,004.
9. Haiimem obpamenme TroxoMopduoro oTobpaskeRusa

. g
Wy =2, — 25 wy=2%,—zi, p>1 49> 1.

Mo $opmynam (20.20), (20.21)

Zy= 2 ijnWng, i= 11 27
m,n=0

Tne
1 am+ﬂ+k+f
Elrimin! az’i"'l‘kazg'i"'

[z %

Cimn =
min2h+r>0

x 25y (1 — pqz‘{“zﬁ"") lo.00-

TMocne BWYHCIGHHH BFOIYyIaeM

_ (pgrk — 1) (gr+ pk—r—k + 1)

%y = = k— )1
. ot >0 K\l (gr — k4 1) (p r)
pk;r?o

qr—h+iw

Dh—71
2 -

AHANOTHUHELL PAR TONYdIaeM A Zs.
3. Bmpgeamm roaomopdHHE BeTBH KPUBOH (mexapToBa

mer) w — 3wz +22=0

» oxpecrroctr Touku (0, 0). CoriacHo Teopeme 20.12, pe-
TyAfPHAA BETBb, KACATENbHAS K KOMIVIOKCHOH KpHBOX
z = 0, ompepeiiserca PANOM

o0
z = 2 cnwﬂz

=41
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TIe
Z SS 2 (2% + wd (w — 22) dw A dz
=0 PEDY ghph 1 htn2 ’

Izl—e
T. €.
3 (3r)1wdrt2 wu
zZ = =
] 120 33T‘+ir! (2r__|_1)1 3 + 34 + 36 + + .

AHaIOTHIHO BHIIOJIACTCA BTOPad Be TBbh, RaCaTeJIbHAA R W = =0.

8°. Anaxornm paszosenus JIarpamRa ara  roapunumeHTOR
ncesonoanHoma Beliepmrpacea. Ilyers f(z) — romomopguas pynK-

IuA TePeMeHEHX 2z = (7, ..., 2,) B OKpecrHOCTH TOuKH O &= C™
a*f (0) amf (0
u f(0) = 0, ak :0,k=1,...,m—-—1,T}t(-2=;&0 CoraacHO no-

ATOTOBHTEABHOI TeOpeMe Beitepmrpacca (cM. [201]), dpyurnuio f B ok-
pecTHOCTH T09KE 0 & C™ MOKHO IpeJcTaBUTH B BHAS

f@=[m+a (4. e, (9] ¥, (20.50)

IRe a j( z), ¥(z) — romomopdmre ¢ymEKmum; 'z = (37, ..., z._9),
aj('O) =0, j=1,..., m, ¥(0)+# 0, MEOTOWIEH OTHOCHTEAHHO 3,

B paseHcree (20. 50) HASEIBAOTCA nce¢donosuromom Beuepwmpacca
Pynryuu f ¢ moure 0. Kar ussecrao (cu. [201 ¢. 113]) cymecrByor
uucna € > 0 m 8 > 0 rakme, wro npm ‘ze Uy = {"z: |z < 8}

KOPHU HCEBJONOAMHOMA OTHOCHTEIHHO NEPeMEHHOro z JEKAT B KpYyre
|z,] < & m cymma k-x cremeHeit STHX KopHeil Bmpamaecrc;z dopmyaoit

zkf' (2)dz
, - niZn
S, (2 = 2 zmv — (20.51)

e v = {z, :|z,] = €}. Haiifem sBEme BHpaskemma mun QYHKI M

a"™f (0)

(20.51). na ypobcrBa OymeM  mpeAmomaraTth, HTO —Em—zml,
zn

T. €. 9T0 Kos(ppmuueHT HpR z:’: B pasnomenuu Teilmopa ¢yaxmua

B Touxke O papem 1.
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Teopema 20.21 (IOxaros). Hpu cdeaannus npednosoonceHuns
Pynryuu (20.51) eupancaromes gopmyaoi

, _,1 amr—h[ T( )]
Sy (2) = kz (mp('——k)l r azgf—kz .+ (20.52)

2, =0

ede g(z) = f(2) — 2.
Hoad)qmn;nemm mHeesaomomunoMa BeilepimiTpacca Yepe3 CremeH-
Hile cyMMH §,('z) MOXKHO BHPA3uTDh IO dopmyne Hriotona (cm. § 21):

a,('z) = 1 [s,(2) + 0,('DSh_1('2) + ... 4 a r((2)S1('2)]. (20.53)
,I_'[ OKa 3 ar e AbCTBO. U3 mOpernomoskeHmii caefyeT, 4dTo
(0)

Bz,ﬁ

10 € ¥ 6 MOKHO BuOparh TAK, YToOH npu 'z = 'Ug, 2, € y BHIOI-

mstoch HepaseHCTBO [g(2)| < |2,|™ = &™. CuepoBaTenbHo, IpoGh 1/f
pasmaraeTcs B Psj| KPaTHOH reOMeTPHYeCKON HporpeccHm

1 N =B (2054
f(z) [1 —g (z)/z 2 m(r+1)

KOTOPHIE np MofoM 'z & U, paBHOMeDHO cxofurcA Ha Y. llogcrasasn
pasaomenne (20.54) B (20.51), moayaum

=0 k=1, ... m. Ucxoga u3 T0ro, MOKHO HOKA3aTh,

Sk (’z) =

o0 1y Sgr (z) [ng_l -+ g;n (z)] dz,

2mi zz(ﬂ-i)—k

f=0 -\;

N (=m — 1yt S
_2 271 ‘S’zmr4k+1 +2l rami

r=1 Y

[g" (z] dz

mr—h
z,

Ilo $opMyme MATEIPHPOBAHEA IO JACTAM (npennomenne 0,8)

S[g @], j’[mr—k]g (2) dz,

'mr—-k mr-—h-41

v
Taxkum oGpasoM,

. o0
iy V(=D k(g (2)dz
Sy (2)= Fo2ni ) gmr—htT
r=1 b on
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710 paBEOcHABbEO (20.52). [ :
D prwmep. Haiifem mcesgomoxmmom Beiiepmrpacca $ymrmmm
fw, 3) = w®* 4 w? — 22 + 2* B Touke (0, 0) = C;J o'mocm.t?sno me-

peMeHHOTO w. 3gech m = 3, g(w, 2) = wd — B 1+ 5, II
Ay (w, 2) + . o $opmyae

_ & (_1)1‘ a3r—k
=t rzzl r(3r—k) gyir—* (WP —2° +2%) [g_gy w1, 2,3

OTtcropma

_ W (=1t (5 4 1y 20+
S10= G o O

N (DTG g goeta
e o BT DI T #P

5.5 =S DTG (o avett,
0= & greg o

Toraa xosddunments neesgomonunoma Beitepiitpacca
w? + ay(Dw? + ay(2w + ay(z)

dyaruun f B Touke (0, 0) Haxogum ne Gopmye (ﬁ0.53):
a9 = (B— B) — 5(s7— PP+ 66(z5 — B — . ., .;
ay(z) = —(— 2 )2+ 99— 2)1— 136(z>— 5 + .. ;
ag(z) = — (82— ) + 2(z3— 25)*— 23(z8— BP+ . . ..

§ 21. ONPMMEHERHE
MHOT'OMEPHOT'O JIOTAPUOMHRYECKOTO BBIYETA
K CHCTEMAM HEJHMHEAHBIX YPABHEHAN

1°. Ilyers D — orpammuennas ofmracts B C" ©

KycouHo-Tnanko# rpapmnen 0. PaccmoTpum cmcremy ypa-
BHEHUH _ '

1 (215 s 23) =0 _
) (21.1)
n(B1y eeny 3) =0,

Lo S
- ¢ ST
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rae sce pynxnuu f; & A(D) ne umewr obmux nyaei Ha 90,
B sToM cayuae (cm. § 2) cmcrema (21.1) umeer B D ne Gomee
YeM KOHEYHOe amexo Kopeei (o6mumx myne#). Ero mm 0603-
HaunM N. Qopmynu § 3, 4 D03BOIAIT BEIYHCIATH C NOMOIIBI0
mHETerpaja mo rpamune 9D wWiM IO OCTOBY CYMMH BH[#

N
2 9 @), . (21.2)

roe ¢ — moban Gymkmus #3 Ag(D), a 2, 1=1,...,,
N,— xoprm cmcremu (21.1), ne)xamue B D, mpadeM ra;goe
caaraemoe @(z())) GepeTca CTOIBKO pa3, KaKoBa KpaT-
HOCTH! KOopHA 2D,

Ecar momoxeTe ¢ = 1, To COOTBETCTBYIIIHe HHTEIpDa-
an GymyT paBHE YACIY KopHeil (¢ yJeToM XKpaTHOCTH) B
obaactm D, T. e. N. Hopowe, sro sammmem Tak:

p=1=...=N (21.3)

Hamnee,

g=dtnf. =ZEH e

B stux gopMmyaax MH JAA OOPENeCHHOCTH 3aUHCAIH CTe-
NEHHHE CYMMH NEDPBHX KOOPAHHAT KOPHed. AHRJIOTHYHO
SaNHCHBAIOTCA CTENCHHHEe CYMMH OCTAJbHHX KOODJAMHAT.
TaxaM obpasom, BhuEcIeHHe mHTerpasos B (21.3), (21.4)
nossoasner cucremy (21.1) (BooGme romops, TPaHCIEHACHT-
HYI0) 3aMeHATHL aJre6pamd4ecKoil CHCTEMOH HPOCTOFO BHAR

1 Beiogy B atom naparpade B cymmax Bufa (21.2) kamuui kopems
CYHTAOTCA COOTEETCTBEHEO CBOGH KpPaTHOCTH.
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(M OIATH BHITHCHIBAEM CHCTEMY JIHUIb IS OTHICKAHWA LEp-
BHIX KOOPHHMHAT KOPHEH):

N .

Janee momuo mocTynaTe mo-pasHomMy. O6GCYAMM HECKOJBKO
BapUaHTOB.

I cnoco6. Yepes cremeHAEie CYMME S; BBHIPRmANTCA
DAeMEHTAPHBE CHMMETDHYECKNHE MHOTOUWIeHHI, ABIAKIHECcA
(¢ ToumocThi0 MmO 3Hama) KodpdEIEEHTaMH MHOIOYICHA

Q () =21 + b2y '+ ... + by-12; 4Dy, UMeEIOMEr0 KOPHN
2V, ..., V. aa orsickamma Koapduimentos b; MOMKHO
BOCIIOJIB30BATECA M3BecTHOH $opmynon Bapmmra (cM., man-
pumep, (128, c. 246 1) win peryppenmnuoii gopmysoti Hetomorna

jbj = —S, - Sj_1b1 T e e e T Slbj-—ls j= «1, “ e ey N.
- (21.5)

Tarxum obpasom, Hafing MHoOTowIeH Q(z;), ME HCKIIUHM
Bce HeW3BECTHHE, KPOMe OfHOTO, mpu4eM He pobaBisercs
JNIMEAX KODHed W HU OJMH KOPeHb He IpomajaeT. 3ajgaua
CROUTCA K XOPOMIO M3YYEHHOH 3ajaue OTHCKAHUA KOpPHei
MHOTOYJIeHA OJHOr0 KOMIUIEKCHOTO nepemenHoro. I'1aBmasm
TPYAHOCTH 3TOTO cmocoba cocTonT B HEoGXOOHMOCTH HOCTA-
TOYHO BHUMCIATH MHOTOMepPHHe wHTerpan (21.4).

IT cmoco6. Buumcaserca wumterpam (21.3), sarem
oBnacts D penurca Ha gse obaactu D = D, | ) D, u umer-
ca muTerpaa (21.3). Hasa D, noaydaeM umcio xopHeir N,
B D, (a cnenomarexsHo, u Ny, = N — N, B D,), 3ateMm me-
JIAM KORAVIO M3 9THX obsacTeil ma gBse u T. A., moKa obaacTh
He pasfeJuTess HA mogobracTu, B KAKA0H M3 KOTOPHX OAUH
WA IBa KOPHA cucTeMhbl. s Takmx momo6iaacreit HAXomuM
mepBEI (MJIE TDepBhe ABa) ud unterpanos (21.4) m moaytaem
cpasy KOpeHb (HIM KBAAPATHOE ypPaBHEHHE A ABYX KOP-
Heill).

Jtor cmocob ocobenmo ymobedm pasa caydad, Koraa ol-
nacts D — IDPAMOYTONBHHH HapaJaesernunel], a HHTerPabl
B (21.3) GepyTres mo Beeit dD. Murepecyomuii Hac BHTErpaJ
pacmagaeTcs Ha KOHEYIIOe YACJ0 UHTErPajoB IO IPaHAM —

§ A Cucremst Heaunelinbix ypaguenut 213

o6uuubx (2rn — 1)-mepusix maTerpasoB. Ilpm mx Brramcie-
HEHM MOKHO 3apamee CYmTaTh MHTETPaJbl IO 9acTAM TIDaHeH,
ToTHa B ganbHelimeM 6yjeT Jerde I¥POH3BONUTH HORCUOTH
NI MeHbOIMX TapajijielenumnegoB. ECIW Ipu JfeleHAH Ia-
pajielenunena Ha 4acTA COOTBETCTBYIOINAA (IePeropojKar
cnyYaiiHo momajla Ha KOPEHb CHCTEMHl, TO WHTerpaj CTamer
neco6CTBEHARM. ITO MOMKHO NPeRYyCMOTpPeT: OPH CocTaBie-
mum nporpamms oisa 9BM. (Ecnu npu BHYHCIEHNN HHTETpa- .
ma (21.3) mas mopmoGaacTi ol cranoBHTCH Goabme NN, TO
(IIEPETOPOMIKY» CleyeT HEeCKOJBKO IIePeBHHYTH).

Ecnu npu ocymecTBieHHW [0CTaTOYHO 6oJbImIOro 4Hcia
penenuii 064acTH 9YUCAO KOPHEH He MeHSeTCs, TO 3TO 03Ha-
YaeT HAJIMYHE KPATHOTO KOPHA (MM HEeCKOMBKMX OJIH3KHX
MPOCTHIX KOPHeH).

HegocraTor aToro cmocofa coCTOMT B TOM, 4TO 3apaHee
HE H3BECTHO, CKOALKO JeNIeHnmit 00JacTH HY;RHO IPOU3BECTH,
HOo 3aTo mmTerpax (21.3), BHUMCISEMHI OpPUH KKIOM Je-
AeHHU,— IeJoe¢ 9YHMCio, H, CIefl0BATeIbHO, ero AOCTATOYHO
DONMCYUTHBATE € TOUHOCTHIO A0 1/3.

111 cooc o6 MOKHO IPUMEHATE, €CIN BCE KOPHM (MIn HX
nepnLie KOOPAMHATE) eHCTBATEIbHE H HY;KHO HAiTH KOPeHb
¢ HamboJbmeil IepBOM KOOPOMHATONH. 3aMeHOU TMepeMEHHBIX
(caBUTrOM) MOMKHO TOGUTHCH TOTO, YT00HI NePBEE KOOPAHHATHI
BCEX KOPHEH GHJIM MOJOMKHMTEJNbHH. 3aTeM HYKHO BOCIIONB-
30BATHCH HIGMEHTADHHM HEPABEHCTBOM: €CIN &y, . . ., dq
MOJA0KATeNBHEL, TO

k/ N

: h
3MAYMT, MOMKHO ONUpPEAeNuTh Takoe k, dUTOOH > aj
i—1

GHLT0 HOCTATOYHO ONHBKO K @ max. 1109TOMY AJIA OTHICKAHUA
¢ HY)KHOH TOYHOCTHI0 HamGoNbmeil M3 IEePBHX KOODPAMHAT
KOpHeH [OCTATOYHO BHYUCAHTL ONHH K3 MHTETPAJOB BU-
ga (21.4), tme o = z}.

B zaraodeHme OTMETHMM, 4TO HHTerpaasl § 3 cogepskar
MHOr0 mpom3Boia (BHOOp BexTOp-QyHKUmE w, mam Habopa
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- BeKTOD-QyHKIu#A) upnm n > 1, wero HeT B OJJHOMEPHOM CIY-
g9ae. ITOT DPOM3BOJ MOKHO HCLOJB30BATH TaK: IO CHCTEMe
(21.1) my:xso momfmpars momxofauryo gopmyiny iorapmd-
MHMYECKOT0 BHYETa TRK, YTOOH COOTBETCTBYIOIAEC MHTEIPAIK

yNAX0Ch BHYMCARTH TOYHO (CM. CAGAYIONHAA NYHKT) AAE

npabANKEHHO. _
2°. PaccMOTpHM cucmemy aszeO6paudecKuxr yYpasrenuil

QJ(Z)+PJ(Z)=O’ i""—‘i"", n,

rae (;(z) — omHOPOAHBI®E NIOJMHOME CTapIIell CTeNeHHA IO
COBOKYIIHOCTE NePEeMEHHHX, MMEIH[He TOJNbKO OofuH obmumi
HyJb — Ha4alo KOOpAHHAT; cTemeHE (; oGosHaumM depes
k;, Torna cremens P; mensmse k;, j = 1, .. ., n. Ilo Teopeme
Pyme 2.5 cuctema (21.6) mmeeT koHOYHOE WHMCIO KODHEIf.
Iycre my, . . .,

ypaBHeHHe
2 w0 )= 3 15, @17)
HMEeT pemenne BHANA
wy = é e (Dor® J=1, .o n, (21.8)

IAe aj;, — DOJMHOMHE OT Z. Y KABAaHHOMY YCJOBHIO 3aBELOMO
ynosaersopsioT my = k| +1 —n, j=1,..., n, |kl =
= ki + ...+ k, (cm. Teopemy Mokonesa [303]), mo mmor-
na m; Moo BHOpaTs MemsmaMu. Pemenue (21.8) (BooGme
roBOps, He eUHCTBeHHoe) ypasuenmsa (21.7) mokHo HajiTH
METO/I0M HeonmpeNelNeHHHX Kod(pdunEenTos, T. e. ay, (z) om-
PEefeNIAIOTCA NOCJHe PEMEHAA COOTBETCTBYIOMEH CHCTEMH
InHeHRKX ypaBHeHmA. Temepr HaimeHHYI0 BEOKTOP-DYHK-
OHI0 W MOMHO WCHONKL30BaTH B ¢opmyne (3.18) mua D =

=B(,"”(O), YTO WO3BOJAET AO0KAa3aTh TaK0® YTBEeD/KIAeHHe
Teopewma 21.1 (Aitsenbepr). Tyemv R(z) — nosunon
cmenenu p, mozda

n R
3 R(zv) =M [RAlAzz ‘—3‘—”— (w, P>:‘], (21.9)
i

=0

@1.6)

M, — TaKme HATypadbHEE WHCIA, 9YTO -

-
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2de Ay — axobuan cucmenn (21.6), a A, = detlayl, cym-
mupoearue & aesoti uacmu (21.9) npouseodumes no scem xop-
eam cucmenmn (21.6), M — suneldnmid Pynsyuonar Ha noau-

-m ~Mn
HOMAT OM  Byy ooy Zny B4y «ves B,
com

sadanuuii pasercm-

al, ecau By=mo;+m;—1,
j= i' AR | n’
0, 6 npomusHom cayuae.

-,
m [zf’zT‘“‘ ee B "] =

OHoxasarTeasbcTso. Ilo popmyne (3.18) npu goc-
TaToYHoe GoJbmux r

R 3 (— 1w dwpy A d(Q 4 P)

ER(Z(I))>= (n— 1)1 ‘S' At '
; QU 4, @tPw

(21.10)
Herpyneo yCTaHOBHTL, 4TO
3 (— Ot wpdwgg AdQ+P) =

= MA; 3 (— 112, ) A dz
k=1

u upa Goasmux r Ha dBM™ (0) cnpareimBO HEpaBeHCTBO

P> |{(w, P)|, nosromy munmrerpaax B (21.10) pasen
. RAjAy X (— D15 Raa) A ds
(r— 1)1 Y h=1 _
@ui™ . (r* =+ <w, PO)* o @m)”
oB{™

% - — )1 i
x | rady B(— 1y LR, PY x
OBY") j=0 .

n

x 3 (— 1)* 2, "2y A dz;
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naiee npuMeHseM QOPMYJIY, ABIAIIIYIOCH HEKOTOPHM 0600=

menneM GopMyas (5.2) ¥ moKazwBaeMyn amajormano op-
myae (5.2)

n

1 Bomio ~Mpln j— 42T o=

2" X I D (— Y T AR A dr =
oB(™ =t

r

2(n-+al) al
r T n=Tp °cIm By=my(ay+1)—1,
j=1,...,n,
0, B ocTaTBHHX CAyYafAx.

[Monygaem

SR(") = 3 [RAIA.,, (—j?" (w, p>f]. (21.11)

Ocranock mMOKasaTh, 9TO YNEHH PANA B NPABOH WaACTH
(21.11) pasnm mymo upm j > n. BHYHCAEM CTemeHsr MHO-
rowiena, crosmere B (21.11) B xBampaTHBEIX CcKoOOKax, oT-
HOCUTEJbHO 2, TPEACTABHB 6ro B BHAE

RAA, & 3 yepr L

it foel=3}

CJI&I‘aeMOO, COOTBCTCTBYIOIEe MYJILTHHHACKCY O, HMeeT
CTeneHb 010 Z:

u+|m|—n+p§irﬁpap—j.

Ilo ompepmesenmio ¢yurnmmonana M, ama ero HepaBeHcTBa.
HYJI0 TOMKHO OHTH

n o n
pntml—n-+ Zimpap"’j> Zlmpap‘F]ml“n;:
p= p=

7. e. M e paBen HYMI0 TOXBKO OpH j < K. []
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Caemcreue 21.2.
ny ¢
ZR(Z()_S”'}'"’

2de t — muoz0u1en om Kodgduyuenmos cucmemsi (21.6) u no-
aunoma R, a s — mmuozouaen moavko om koagiguyuernmoe
noaunomos Qy, . . ., Qn, nPUNEM S HE 3asUCUM OM R.

Ocobenmo mpoctoit Bum dopmyna (21.9) mmeer B caydae
CHCTeMEL

k; ,
z;' +P;(2)=0, j=1,...,n (21.12)
rge cremenb P; membme kj j = 1, ..., n. 35ech MOKHO
—R
paath m; = k;, i =1, ..., n, TOTHA W, =3z;, ounpege-

aureab A, = 1, m mpuxomEM K clegynmeMy YTBePKIACHHIO.
Teopema 21.3 (Aisenbepr). Jaa cucmemsl (21.12)
u noaunome R(z) ecmenenu W cnpasediusa gopmyra

[
sae-a[m 25 & o

22, lal=0

Py \ou Pn Op
<)l e

2de cymmuposanue ¢ aeeoli uacmu (21.13) npouseodumcs no
scem ropuam cucmems (21.12), Rt — aunednwii Pynkyuornas
1 1

HA NOAUHOMAZT OM Z1ye « « 5 Zps Zoye ey Komopuil kasxcdo-
n

MY MAKOMY NOAUHOMY COROCMABALEM €20 ce0600HBIL HACH.
HoxasaTeabcTso. [lna namero caydas dopmy-
aa (21.9) umeeT BHA

M “Ry oy ;kn ®Ln
ZR(Z(”) _ W[RAIIZ (— 1)la\(zf' Py) '(-z-!( w'Pn) ],,

o =0

TemepnL OMEBHAHO, 9TO MOJYYeHHOe BHIPAKEHHe PABHO Ipa-
Boit wactm (21.13).[]

Teopema 21.3 (m teopema 21.4) npuBOXAT K METOY HCK-
aouenus (cM. 1°) Hem3BECTHHX, KOTOPH LIPeJCTaBJASTCA
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HaM Go/ee HDPOCTHM, YeM H3BECTHHH KIACCHYGCKHH METON
HCKJIIOYGHUS, HCHOJB3YWMAE Pe3yNbTAHTH IOJEHOMOB.
Ormerum, uro ecam cmcrema (21.12) mmeeT fgeHcTBHTEND-

HHE KO(QHIMeBTH, TO HOCHe HCKIKNYCHHS HEN3BECTHHX

HOJyuaeTca MEOTOWIeH Q(2;) To:Ke ¢ feHCTBETeNbHEMA K03~
dunuenraMu. Ecam HAac mHTEpECYIOT NHMB KOHCTBHTEILHLS
. kopER cHcTeMu (21.12), To ocraerca maiiTh ¢ Hy:RHOA Tou-
HOCTRIO JIeHCTBUTEJBbHEE KOpEH (2;), T. . Jejgo CBOXUTCA
K XOpOmo H3Y4YEeHHOH KJIACCHICCKOH B3amave.
Oco6eHHO K IPOCTHIM BHYHCIEHUSM HPHBOJHMT HopMyna
(21.13) B cryuae, xorga cremems MEoTowleHa R(z) mana.
IIpumep 1. Eciu mac mETOpecyer 4mciao Kopueir N
cmetemur (21.12), ros (21.13) nyxuo B3ate R(z) =1, p =
= 0. Torga

2042
N=R[A1 0 ]

Ry
zl ...Zn

0CTaeTCsl HAWTH B sAKoOmame A;, KO3PHUIEERT HPH MOHOMS

_ P—
23! .2, . Quesmumo, sTor kospdunment pamen ky . . .

«..kp,, W MH DonyumiImM Qs DABHOLO CIY4as TeopeMy
Besy : N =Fk;... k,.

Il pumep 2. PaccMoTpum B TpexMepHoM IpPOCTPAHCTBE
R® Tpnm moBepxHOCTH TPeTHEI'0 MOPANKA:

3 i 5 n o
i+ X aypzival = 0;

i4i+r<2
3 i i . R .
4 D biprizirs =0; (21.14)
‘ iitr<e
3 ) {1 4 h .
3+ D eypizie) =0,
\ i+iHh<2

Iie i, j, k — peable HeoTpUHATENBHEE, 4 KO3POHIHEHTH
@ijxs Oimy Cijp — ReidicTBHTENBHEE wucaa. IlorpeGyem, arobm
nmosepxHOCTH (21.14) Gram «B 061MEM MOIOHKEHAM» B TOM CMEIC-
Je, yro0m OHM mMeNHm B mpocTpadcTee R® MaxcmMaapHOe
9HCJIO TOYeK mnepeceueHHs (C yUeToM KpaTHOCTH), T. e.
(cm. npumep 1) 27 o6mux rowex. Paccmorpum a6y pukcu-

3 CuM. Teopemy 22.5,

219

§ 21 Cucrems, HeilHelntz ypasnenul

popammyio Touky (4, B, C) = R3. Tlocrasam safgavy BHI-
YMCHEHHA CPENHEro KBaJPAaTHUECKOro DACCTOAHHA OT 3TOM
ToukH N0 27 o6muX TOYEK NOBEPXHOCTEH (21.14). Hocra-
TOYHO HAMTE CYMMY KBAJApaTOB PACCTOSHHM OT (A, B, C)
o Touex nepeceuenns (21.14). o gopmyae (21.13) sTO Mer-
KO CHenaTp, TAK KAK KBAJpaT PACCTOSHUA — MHOTOWIOH
BCEro JMmmb BTopore nopanka. Ilomysaem -

%[(A — A"+ (B—aY)+(C — 20)2]= 9 (aZoo-+ Vhao+
=1

+ Cgoz) — 18 (190 + Po10 1 Coo1) + 6 (@101€002 + T110D020 -+
+ Ga00D110 + Do11€o0a + C20eC101 + bogaCorr) + 12 (GgegCron +
+ Bggpb110 + G110P200 + BooeCorr -+ bo11€020 + P101€200)

+ 27(4*+ B* + C?) + 18 (Aagaq + Bbogg + Ccone)-

Jo6onnTHEo, aT0 oTBET He 3aBmcHT oT 12 ma 30 xoadpmumen-
ToB momepxmocreid (21.14).

Tlamee Mu oGo6mmm Tteopemy 21.3, 9T00H O0XBAaTHTH
ciydaii cmcreM Gonee ofmero Buaa, deM (21.12). Xors 6ymyT
paccMOTpeRH cmcTeMsl 6osiee JACTHOTO BHIA, HYeM (21.6),
HO 8aTo pesyasraT Gymer 6oinee o6o3pumuiM (He HYAHO, KAK
B yeiaoBasax Teopemsl 21.1, OTHCKEBaTE pelIeHEA YyPABHeHHUA
(21.7)). Paccmorpum cHAYaJd3 CHCTEMY anrefpamIeCKuX

ypaBHeHHH BHJA
i1
1.(2) =21t + z,iz,(pu(z) 4P, (g), i=1,...,n, (21.15)
]=

rie @;{z) — OXHODONHEC MHOTOWICHE CTONEHH Ilzi —
a P,(z) — MHOTOWIeHH CTCIeNE He BHme, TeM k; —
Crmcrema (21.12) momyuaerca m3 (21.15), ecam BCe (piiS=
Tlo-mpemuemy HycTh A; — Axofmam CHCTEMEH (21.15), a
® — GYNKIOEOHAN, KOTOPEI HA MHOTOWICHE OT Zy,..-, Zn,

—1-,.. . £ paBen ero cBoGOHOMY WIHY, 20, .., 3N —

zy z,

pee xopEE cmcremsl (21.13). )
Teopema 21.4 (Aisenbepr — ITux). ﬂn{z A106020 MHO

counena R(z) cmenenim; no NepeMEHHOMY 2y, 1 = 1, ..., n,

U cmenenl L MO COBOKYNHOCTU NEPEMENKBT UMEEm MECTRO

1,
1.
0.
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PageHcmeo

iR( (l)) R RAyzy...2, 2( 1)“11 s \o S, \%n
z) = —_— — 7l BT ,

=1 z’{’. . .ziﬂ o (Zi! ) (zﬁ’ﬂ)

(21.16)
Ry
2de s;(8)=f; (2)—zi,i=1,..., n; cymmuposanue e

npasoii uacmu gopmyaw (21.16) eedemca no ecem Ha-
6opam o ¢ yeaumu koopdunamamu u3 napassesenuneda M =
C={a 0 <o K, 0L a <k(lml+1) —m —2,
Og oc,-<k1 « o kj_l(‘ml + 1) el kZ .. 'kj—l (m1 ‘!— 1) —
— ks kyg(me + 1) — L — k(o + 1) — (M-
+1)—1,j=23, 4, ... n}

Jloxka3aTeaXIbCTB O MOMKHO IPOBECTH, KAaK M JI0-
kasateabcTBo Teopemsl 21.1, mcmounnsys (2r — 1)-mepumii
TorapmpMuUeCKU BHIYET, TOUHee, ONHY H3 (QOPMYJ OTOTO
BHUETA ¢ momxomsamei sexTop-Oyukumeir w. Ho B manmom

ciay4qae MOKHO HATH W [APYIMM OyTeM — HCOOJAL30BaThH

n-MepHEIH JorapupMuuecKHi Buder u Teopemy 4.8. laa To-
ro 9To6H HDPOIEeMOHCTPAPOBATh Pa3AWUHLIe IONXOMEI, IPOBE-
feMm TOKAa3aTeabeTBO BTOPHM cmocoGom. (O6osHaumm dgepes

A, ocror mommrpyra U,, r. e. A, = {z:|5]|=r; i =

=1,.., 0, r=0F,.., ), 1>0 i=141...,n
Crauana mofgepeM r Tak, 9To0s Ha A, OblIu CIPaBeNIHBEH
HePABEHCTBA

|28 > , i=2uyn. (2147)

i—1
]};Ji 21915 (2)

Veernuuwpas r,, MOKHO pmo6urhcs Toro, urobm (21.17)
BHIOONBANOCH Mg i = n. Wam MOKHO He TPOrath 7,
a yMeHemaTs 7y, . . ., I'p_;1. Jlaee yMeHbmaeM’y, . . ., T
taK, wrobu 6o mepmo (21.47) mun i =n uw i =n—1
nT. 5. Yepes n — 1 maros nmoxyuaum Tpebyemble HEPaBeHCT-
Ba (21.17). Temeps HeTPY/AHO YCTAHOBHUTH CYHIECTBOBAHHME Ta-
KOTO r, 4T0 Ha A, COpaBeJaMBE HEPABEHCTBA

lz?|>|3i(z)|’- i=1,...,m - (21.18)

mocraTouHO Bocmonabsoparbea (21.17) m aamemmts (ry, . . .
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., rp)ma(Rry, . . ., Hry) mpu gocTaTodHo 6031?:1301\11 R, npm
9TOM HAJA0 y4ecTh, YTO CTeNEHb P, mensme ki, i =1, . .oy R

Wrax, OyeTh I' TAKOBO, UITO BEPHO (21.18). ITo Teopeme
Pyme 2.5 BCe KOpDH# CHCTEMH (21.15) memxar B TONHMKpYTe

U,. Hanee mpumensem TeopeMmy 4,
N

wy A S df (z) _ 1 5‘ RAdz _
;R(z )= (2mi)™ R (z) fz  @ni)"

n h'
Ar br 111(251 + ;)
i=
1 RAI N — Qg .s—1 at...
[ 32 2 (3)
r i ..

Tty e
Y ()T = | e (— )
=0 z::" o z"i“ PR S

X (T)“ » (T,,Y] (21.19)

OcTaeTcs NOKa3aTh, YTO CjaraeMbie B (21.19) npn o & M

pasubl mymo. Tak Kax A;, S1, Sj j=2,... n,— MHOTO-
gjeHbl IO 2 CTeIeHM HE BHINE COOTBETCTBOHHO k] — n,
ki — 1, k;, j = 2, .., n, To 1A HEHYIEBOTO cJIaraeMoro

(21.19) mommHO GHTH
n n
w4 3 kg — oa >k + 2
i= i=

T. €. oy << p. Jlamee MOMCIATHBAOM MAKCHMAJILHO BO3MOMK-
Hy©0 CTeneHb d; 0 COBOKYIHOCTH NOPeMEHHBIX Z;, Bigdy e -~

% g7 Maoroune-
..., 2z, wMBorowreHa PAy2;...2,51"...Sn". HOTO

HH S5, j =1, . . ., §, WMEIOT IO HTMM NEPEMEHHEM CTEIOHD
ge Bemme k; — 1, a MHOTOWIGHH §;, j=i+1,..., n,— He
Bpume [, IODTOMY
n k(3
dy= Xmy +|k|—24+2+ 'Zik,a,—al—- o
- "~ (24.20)



222 tBrewnues npusoxnenusn n IV

B (21.20) maoT BK®am JWIOb ciIaraeMHe ¢ TAKEMH &, JAR
KOTOPHX

dy > 2 ky (@t 1). (21.21)

U3 (21.20) = (21.21) monygaen

n i—1 fomi
aa<j§ m; + ]_21 kj— 2+ 2+ 2‘ (k; —1) @y (21.22)
=3 B i=

Qopmyxna (21.22) mosBoxAer mocienOBATENPHO HAXOXHTDH
TpaHAIH nagenennn o, Oecan ((51:112 :Zlaanec-rnm EIA og,. . .
C ey Olpgq. YaCTHOCTH, M3 .22) cnemyeT, 4TO0 @y <
Sk(lml+1) —mi — 2, ay< kiko(lm] + 1) — kymy —
~ ky — mqy - 2. Temepsr uposemem wumgyrmmio. Ilycrs or-
JHYHEE OT Hyas ciaraemsie B (21.19) mmenTt Mecro mmms
I1A TAKEX O, YTO

ey Ky Kyy(Im) + 1) — ks . gy X

X (mg + 1) — .. . —kyy(my—y + 1) — (my—y + 1)—1,

. : : (21.23)

rme j =3, 4, ..., i — 1. Jlerko sugers, uT0 M3 (21.22) m

(21.23) BuiTexaeT cnpaBe[IEBOCTE ONMEHKM W ANA 0. Hrak,

B (21.19) MoKHO OTPARMIATECA AHMB KOHOTHHM THCIOM CJIa-
TaeMHX, & HMOHHO TeMH, JJIA KOTOPHX o = M.[]

Ilpumep. 3 PaccMoTpEM HA IIIOCKOCTH [BE «3aMewua-

TeNLEHE» KPHBHE TPETHEr0 WNopsARKa: kybuky Umprrayse-

ma (cMm. [150, c. 89] m xpmeyw IMManm (cm. [154, c. 229):

{2(21? + z)* = 27p(=® + y?)
y = ar® b2ty + cxy® -+ dyd. - (21.24)

B cnysae a = b = ¢ = 0 cucremy (21.24) ;erro mccie-
AOSATH M HOKABATH, YTO OHA UMEET J Pa3NHIHHX JeHCTBATEN b-
HuX Kopmedl mpu p = 1, 3/4 <<'d << 1, noaromy mommuO yI-
BepKNATh, 9yTO KpuBHe (21.24) maxomarcs «B ofmeMm moJo-
KeHEM» (T. €. MMeIOT MAKCHMAIBHO BOBMOKHOe GHCIO
ToYex mepecewenmma — 9), ecam la| <e, |b]<<e, Je]<e,
p—1l<e, 3h—e<d<1+¢e npm RocraTouno ma-
aom € > 0. Bynem mpeaumoxarars, aro ycnosme «ofmero mo-
JOKOHEAY BHIIONHEEO. »
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Kasxpoit o6meit Touxe (, y) KPEBHX (21.24) uocraBEM B
COOTBOTCTBHe IIOmanb (airebpamiecKylo) HPSAMOYIONbHH-
Ka, OTPAEUMYCHHOTO OCAMHE KOODJHHAT K NEPIEEAHKYIAPAMA
n3 (r, y) Ha 9TH OCH, T. €. THCIO ZY. Paccmorpum 3anaty
BHNWCAGHMS CYMMH BCOX YKAsaHHHX IUIOHANOH. C mo-
mompo dopmyan (21.16) ara samava JErxo pemacTCs:d:

9 .

W o Oy® = — ¢ - L (22 + 121p) — 7 (5da + T5b +76c+
I=1 |

-+ 1329pa + 594pb + T15pc) + 75 (54b* 4 76 + 108be +

-+ 264pbc 4 729pb* 4 1458pab) — 2’%5(54&’ 4 162be? -
- 1323pc® + 2187pbe? -4- 2187pac - 2187 pb3c) -
+ 4—‘:,-‘ (54¢* — T29pct + 729pbe?) — -4%., 729pc®.

PesyabTaT, mony4enHsil B reopeme 21.4, M pacupocTpa-
HEM Ha cxydaii, korga B cmeteme (21.15) wmHOrOwNemE
'fi— Py, i =1, ..., n, He OPOCTO OXHOPONHEIE, & E36EULLH~
HO-00HOPOOHYE € NPONOPYUOHAABHBLMIL 66CAMU MHOTOLICHEL
cTapmeil B3BeIIeHHOH CTeleHH. 9ro0 o3Havaer CyMeCTBOBa-
EHe DANMONANBHHX HONOKHTONBHHX UHCOT &1 - .1 G
€1y + » +3Cpy TAKEX 9TO

kg i—1
By 2151%1 (2)
’:

COCTOMT M3 MOHOMOB zP, MiA KOTOPHX Pi/a; + Pnla, = ¢y
a P;(z) — m3 MOHOMOB, XA KoTopx Bi/a; + ... 4+ Bala, <
<c¢;, t=1,... n. Torma maiinercs uenoe g > 0 Taxoe,
9T0 BCe YHCIA lj=q]]auj =1,..., n, geiue.

L

Teopema 21.5 (Aﬁsen6epr— Hux). ITyeme cucmena
(21.15) ydossemeopaem YKAGHHUM 6vilie YCAOSUIM, UC-
nOALIYIOUUM 836CUEHHYI0 00HOPOOHOCTIY, @ R(z) — ai0boii
MmHozouaen, ITyemv W' — MaKCUMAADHOE U3 HUCEL Baly +
+ .. .4 Pnln, 20e maxcumym paccmampusiemca no 6CEM

aoBoman zf us R(z), a mj; — marcumasvroe us wucea Pyl
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j=1, ..., n. Toedasepno(21.16), 20ecymmuposarue ¢ npa-
601i uacmu omotl Gopmy.as nPoU3sOBUMELS no ecem HAGOPAM 0. €

yeaumu KoopOuramamu us napatesenuneda M = {o: 0L
<, 0<a, <kl (fm' |+ 1) —my —2,0< oy kil -

okl (| 1) — ola. . Ri—tli— (mi+1) — ...

ses kj—ilj—l (mJ—2+1) - (m;—i + 1)— '17 j= 3?47' Loy n'}'
JlokazaTenhbcTBso. Jlerko mposepsercs, 9T0 3a-

. oo
Menoii mepemeruux zZ; (L) =28;, j = 1, ..., n, KeJo CBO-
IHTCA K CIydai0, PACCMOTPEHHOMY B Teopeme 21.4. Iloasto-
My, o0osHEAYaA f;(”_,_. . A ) Bce KOPHW CHICTOME

o) = fleB) =0, i=1,..,m (21.25)

OJyIAM

N’ N ‘
3 R (1) = 9t[ﬁ’(z @8Nty

= g, ghn'a (21.26)
| @)\ (a2 B
Xg(_”\at(%)) ( s ) )
Kasnomy xopmio 2, j=1,..., n, cHCTeMH (21.15)

IpH HAIEX YCIOBHSAX COOTBETCTBYET . . . I, wopHeil cmc-

remp (21.25), mpuYeM KOODPAUHATH OTHX KOPHedl ABIAIOICA

KOPHAMH cTemeHH lg u3 2", ¢ =1, ..., n. CregosatensHo,

N N
Zl R (s = l:_1in_§ RG(@).  (@1.20)

Vunrsipas CBA3b Memny Axobmamavm cmerem (21.15) m
(24.25), Temephb 3 dopmyn (21.26) m (24.27) mocae Bosspa-
MEeHHA K DepBOHAYAJLHEIM IEPeMEHHHEM IOTyIaeM popmyay
(24.16). T'pannunsl HMeHeHHUA O B TOM Caydae YCTAHABIUEA-
JOTCH TaK ’Ke, KaK IpH OKA3aTeJIbCTBE TEOPESMEL 21.4.03

Teopema 21.4 moaydaercs: u3 TeopeMb 21.5, Tak Kak npm
MCHONb30BAHENE 0OHTHOE ofgHopommocern L = ... =1, =1
ap =p M= M. C ppyroit cTOpoHH, ROKABATEIBCTEO
teopemsl 21.0 cocTouT B TOM, UTO mopxoysAmeil 3aMeHOH e~
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pEMEHHBIX 760 CBOJHUTCA K CIIyYal0, PACCMOTPEHHOMY B TOO-
peme 21.4. OcHOBHEIM De8yJIBTaTOM H3 ITHUX ABYX MBI CUHTA- .
em TeopeMy 21.4, mosTomy oHA H QOPMYyIHpPYeTCsA OTAGILHO,
xoT# U siBAfeTcA caencrsmenm Teopems 21.5. Mopmyna (21.16)
MOKeT HPHMEHATHCH NIA DemeHnA PA3IHYHBX 8ajatd He-
HocpexcTBeHEO (cM. mpmMepul 1—3, HeTpyAHO TakiKe HOKA-
3aTh, 9T0 B clIydae TeopeMH 21.5 wmcxo roprei Toxme N =
=k, .. .ky)nIn Kax METOX HCKJIIOTSH A HeA3BOCTHBIX. HN=or-
Ja [OJNesHo ©ro KoMOMHEpOBATH C METOROM, WMA3JIOIEH=
HHM B § 22.
Ilycrs fgama cmcTeMa BHMAA

8 Znen) =0y F =4y .. m n 41, (21.28)

rie dyurmunm fi(3, a4y f=1,..., n, UpU $urcmpoBan-
HOM Zpp, uMelor Bam (21.15), a fat1i— OPOU3BONBHELL
Miorowier. OGosmaseM z20)(2,4,), j=1,..., N, — Bce
KODHH CHCTeMH ypasHermil f;(z, Zapy) =0, =1,... By

B KOTOPOH Z,y, ABIAETCSI IIapaMETPOM. Tomomopdrasn
N .

$ynrnEs  1(Zp) = ]___[fn—H (Zm (2nt1)s Zn-|-1) Ha3BIBAETCA
5=

PesyAbmanmor MHO204AERA [nyy OMHOCUMEALHO CUCTIEMBY
fi=0,j=1,..., n, uee HyIH €CTb B TOYHOCTA (n 4 1)-
KoOpIEHATH KopHed cucTemmr (24.28). Haiirn (2 5+1) MOKHO
rak: mo (opmyae (21.16) ompenensiem cremeHmble CyMMH

N »
Sq(@nr1) = 2.1 11 (3 (Zag), Znt), 2=1u N,

sarem no fopmyne Herorona (21.5) prrancaseM by = (—1¥x
X r(2p4,) (0TCIONA, B 9ACTHOCTH, BHIHO, YTO r(Zn41) — MBO-
rounen). OTHCKAHEME I'(Z4;) OBSHAUAET HCKIIOUEHHC HEOH3-
BOCTHHIX Zj, . . ., 2, & TaKiKe IO3BOAAET y3HATBH, CKOJIDBKO
(roHEUHHIX) KOpHeH MMeeT CHCTeMa (21.28).

Meron MCKMIOUen®s, OCHOBAaHHEE Ha (opMmyirax (21.13)
man (21.16), ocymecrBEM BHAQYMTENBHO Jerde, TeM KIACCH-
gecKuil Meroj, HMCHOONB3YOI[HA pPe3yJbTAHTE IOAHHOMOB.
Hanpumep, B 3THX QopMylax OPHCYTCIBYeT OmpefelnTelNb
HOPAAKA 7, & eCIN NPOU3BORUTH MCKIOYCHHe KIACCHICCKUM

METOJI0M, TO HA IOCJeIHEM IIaTe HY;KHO BEUACIATH OIPENe~
n—3 _ on—4i
JIATeNb HOPAAKA KK .. T2 akn—s (kn—1 -+ kg)-

8 JI. A, AftsenGepr, A, II, KnkaxoB
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Husxe npusefeM DpEMepP Ha yKABAHHHE METOH HCKII0Ye-

HUA, B KOTODOM BHIYHCJICHHA IpOBOfEHH (PYKAMIY. Mu He !

.aHAeM, KaK Mo:KHO Owio OBl B 3TOM HpUMEDe BOCIONb30BATH-
cA KIACCHIOCKEM MeTOfoM 0e3 MPAMEHOHHA BHYUCAATEABHE X
MAIIHH, TAK KAKHA IIOCJIe/HEeM INare HyKHO Osiyio GBI BEITMC-
AATH ONpEfeIHATenb HO xpaineit Mepe 10-ro mopsAmKa.
[puuenenme IBM, komeuHo, SHAYETEJAbHO DacmmMpAeT
BO3MOKHOCTH YKa3aHHOTO B 3TOM maparpade MeTOAa MCKJIIO~

geHuA.
Ilpumep 4 PaccmorpeM cmCTeMy

3
fo=128, — 33— 32=0,
fa= zh —gg—12, =0, (21.29)
2 2
f3= 2y — Zg— %3 = 0.
Tpebyercss HCKAOTIATD 2y, Z3- IpepctamM [ = 2 + Pu, fo=
=z§ — 2+ Pz, rie 2y, zlé — 2 — B3BelIeHHO-OTHOPORHEE

wrorowrens seca (1, 4), a Py, Py mmeloT, COOTBETCTBEHHO
MEHBIIYI0 B3BENIEHHYI0 CTemesb M0 COBOKYIHOCTH Iepe-
MEHHHX Z;, Zy. CHCTEMA ypaprermit f; = 0, fo = 0 opu pux-
CHPOBAHHOM Z; WMeeT 4 KODHS, MOdTOMY

) 4 - . M
Sq(25) = _7'2=]1 13 (z(ij) (29), 1(2{) (25), zs) =

f%Al ’Zs+23 *q z +z ®s
[ () et

®1,0z 72

Bpech dynromonax R neHcTBYeT Ha MOIHHOM Jlopama oT
2,, %, 8 IEPEMEHHOE Z; ABJACTCA nmapamerpoM. Brramcrenuf

paoT caexylomee:
Sy (25) = 423 + 102y,
, S, (z;) = 4zh + 24423 + 100z5;
S, (zq) = 4z§ + 141025 + 406852 - 92223 — 1223 — 9253
S, (z) = 428 + 444023 + 5401228 + 4552053 + 774423 +
+ 747223 — 480z3.
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‘ Ilamee ¢ IOMOI[BI0 PEKYPPOHTHOH dopmyarn Hsworoma
(21.5) HaxomuM HMCKOMHM MHOTOWICH:

 (3g) = 23 — 62} — 672§ — 427233 + 29325 — 192023 + 9022,

rag, HCKIIOYCHNE 24 ¥ Z; B3 CHCTEME (21.29) paer ypasHeHHe
r(zg) = 0.

) PaccmorpmM 3ajagy: HAfiTH MHOTOMEDPHHI aHAJOI' MAJIA CHCTEM
(21.15) dopmyas Bapuara (CM., HapEMep, [128, c. 245]), Bupamaw-
tel CTeIeHHES CYMME! & ; cpasy depes K02} QADEeHTH COOTBETCTBYIO-

(|leT0 MBOTOWICHA,— QOPMyus Gosee TPOMOBHKOI, UeM dopMyna
IlnioroEa (24.5), O BaTO fAXOMEH OTBET CPa3y, a n’e pelcyppeg'rgnu
nOpasom.

OG03HATHM CTeNeHHEE CYMMH KOOpARHAT KopHeil crmcremu (21.15):

N
3 () - st
i=1

i
liycTs gaaee 2 03HaYaeT CYMMRDOBAHNKE [10 BC6M MyJIbTHHHIEKCAM C,

nan Koropux Jmbo |a| < kj;, ambola| = k; HO muA KaKOTO-TO §
WIITONHAETCS YEHOBHS Oy = ... =0, 3 =0, a,>1, i=1
- ; y e

.« .y j—1. ABaIOTHYHO OMIpe/ieIANTCS IPON3BEIEHH ' u HabOpH 4H-
[+4

. ios o :
ol {}a, =41, ..., n. Bommx o6osHavennusax cucremy (21.15) momHO
U ITECATE B BH[E '

(21.30)

k. :
5 — a2 *=0, j=1,..,n
%

. T e opeMa 21.6 (Bomoros). Hdaa cucmemw (21.30) cnpasedaus
e iyrowuti MHOZ0MEPHIL aHAA02 Popmya Bapunea:

N n s I
s ’=EH[(ﬁj(q)—1)!H1 ;’1&-]0@), (21.31)
q =1 4 ]al

Ao g ay 0 a,) 9= {hja}ja, My, — Ueasie Heompuyamenbive
wnani By (q) = 2] Ajqi  onpedeaumens D(g) = det ]Iﬁpjkjﬁj(q) —

o
Yl Pl =1, ns V(9= Zj ";‘A.ap' Cymmuposarue no q
a .

He
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6 (21.31) gedemcs no nabopam g, yBoeaemsopaloum CucIEMe
n
2 vp(qj)_kpﬁp(q)+6lp'm:01 p:d.,..-, n.
=1 -

88ece O 1p — CuMson K poﬁenepa. B (21.31) yuacreyem auute KOHEUHOE

YUCAD CAACAEMDIT .
I[OK&B&TGJII:CTBO MH He TPHBOTIM. 0OHO MOoX0XKe HAa JOKa3aTeNbCTBO

TeopoMmx 20.8. Dopmyna (21.31) comepsrur mpm n = 1 u3BeCTHYIO
KAaCCHISCKYIO qmpMnyy Bapmera.

3°. PaccMoTpuUM Teleph NpOU3E0ALHYIO CUCTEMY anzeb-
pautecKUL YpasHerul

Py =0,i=1,...,m, (21.32)
a TaKRe BCIOMOTATENBHYIO CHCTEMY, AMEIOIIYI0 BHJ, (21.12):
A 4 Py(z) =0, j=1,.., 1, (21.33)

rjie k; Gonpioe CTemeH: Pi(z), j=1,..., n Heuymeﬂbmaﬂ
OGNIEOCTY, MOMKHO CUMTAaTh, WIO CPeJM KOPHEU CHCTEMH
. (21.32) mer HyuA (B IPOTHBHOM CIyd9ac CHLeTAEM Hapasiiessb-
gHit nepernoc). IlycTh aTa cmcTemMa mMeer N (nonezmmx) KO-
Heit, a cucTema (21.33) — N' =Fky . .. k, wopme# (cM. mpd-
mep 1). BBenem mumenHuIe KOMOUHAIHE KOOPKMHAT KOpHEH
cucrems (21.33):

a4+ ..+ R, j=1,..., N, asC"
, (21.34)

Tpu % — 0 «rumaney N’ — N xopeel CTPeMATCH K o0, 4 N
KopHe# CTpeMHTCS K KOPHAM CHCTeMH (21.32), 9T0 HETPYAHO
YCTaHOBHTH C TOMOIIBI0 TEOPOMH Pyme. ITosromy mas BceX
napaMetpos @ & C", 32 HCRIOTCHASM MHOOCTEA KOMILIOKC-
Hoit pasmeproctn (n — 1), cpepu 1ucen (21.34) posro N'—N
crpeMaTes ¥ oo mpx A - 0, a [V qmcen CTPeMUTCH K COOTBET-
creylomuM (OTIAIHHM OT Hynsa) JHHEEHRBM KOMOEHANUAM
gopueit cmcreMur (21.32). O6o3nauam

N' .
S () = 3 <a, 20 N", m=1,2,., N'.
=1
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Cymvm S™ (M) mmramcasmores mo Teopeme 21.3. o SY™ (1)
n $opmyne Hsiotoma (21.5) MommO HaHTH diIeMeHTapHE®

cuMmeTpuIeckme Muorodnes or (21.34), wroropsie ofosna-

. ouP (M), m =1, 2,..., N'. Nanee, paccmorpum oTHO-
meana
gim (A) 1
e m = N' — r—2,... .
USIN)(}\,)’ m 1, N 2, ey '1, W, (21 35)

IpefCTaBIALMES COo0O0M 9jeMeHTaDHEIE CHMMETPHIECKI® MHO-
roaness ot {a, zH(MY-L, j=1,2,..., N'. Oun asrsawres
pPanHOHAJBHHME (PYHKEEAMA OT KO3QPUIMEHTOB CcHCETeMH
(21.33). Yerpemus A — 0, ma (21.35) moxyuum

8s0evey S5, 0,00 0, (21.36)

N'—N

rge O; — DIEMEHTapPHHE CHMMETPHYECKMEe MHOTOYNEHH OT
(a, 701, z() — gopam cucremur (21.32), j=1,..., N.
3HaYAT, MH TOCTPOWIA MHOTOWIEH €2(z;), OMHOTO KOMIIEKC-
HOTO IePEMEHHOr0 2, WMeIImi ropuamm {a, zH)-l,.j =
=1,..., N, yKasas TeM CaMHM Memod UcCKEAiOueHUA 044
NRPOUBEOALHBE AL2e6pAUNecKUY cucmeM W, B JaCTHOCTH, ajro-
pudM, HO3BOJAWINUIE OTIpedeaaATh obmee YHCIO KOPHEH (Ko-
HeuHHX) Tux cucreM (Eomep N gucaa 8, Iociae KOTODOro
B (21.36) croar omum mymnm 3). OTmMeTuM, 9TO 3TOT MeToy Ipa-
BUIBHO paboTaer mad mapaMerpoB a & C", 3a NCKIOYCHHEM
MIIOFKECTBA MapPaMeTPOB KOMIUIeKCHOI pasmepnoct: (n — 1).
Mamislit MOTON HCKJIIOUCHHSA, KAK H MeTo[, yKasamuuli B 2°
nast cuctem (21.15), npencrasusietcst mam GoJsiee TIPOCTHIM,
9eM KJIacCHIecKU MeTOJl, OCHOBAHHK I Ha IPUMeHeH KK Pe3yib-
TAHTOB MHOTOYICHA.

4°. Obcynum Bompoc o uucae delicmeumervrnux Kophel He-
Aunelinoll aszebpaudeckoli cucmemvl ¢ OelicmeumesbHuml KO-
appuyuenmanu. Ilyers woaddmmmentH cueTemsr (21.32)
meiicTBuTeNbHN. HopHE aToil cmcTeMul 0003HAaYUM, IMO-TIPEIK-
nemy: z, . .., zNM, PaccMorpum aumeiinble KoMOMHAIND

® Cnyuaiimo §, Moxeg GHTh PaBHO HYNIO TAKHKe [ HOKIIOYH-

Tenbnciro MHO;KeCTBA DapaMeTpoB a€C™ KOMINIEKCHOH pasMEPHOCTH
(n — 1).
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KOOPIHHAT KopHe# (4, 2/, j=1,..., N, mapameTp a na
aToT pa3 Gynem GpaTh B3 meHCTBHTEIEHOTG NPOCTPAHCTBA R,

ITocTpomM MEOTOUIEH OJHOTO HepeMeHHOTo 2,(2,), mMeomui
wopam {a, 2y, j=1,..., N (310 Jerko cnexars, BEIAC-
N

&

=1 .
MOIKHO COCIMTATh JIf dwboro a & R", a gna obmero cay-
vast — cmeTeMn (21.32) — pus a = R™ 3a HMCKIHOYEHHEEM

(n — 1)-meproro mogmuoxectsa B R"). Ecau xopems 29
NeiicTBuTeNeH, TO IAHeHHaA KoMOmmamus (a, z)) Tome meii-
creutenbHa. Ecam ®e {a, z()) pe#icTBHTENnbHO, TO HJIHL KO-
persp 2 jeficTBuTeNeH, WAM HapaMerp @ YAOBIETBODSET
ypasHenmio (@, Im z») = 0.

AnareGpandeckasi CHCTeMa C JeACTBHTEIBEBIME ko3 du-
IHEHTAMHA BMeCTe ¢ Ka;sKIHM KOMILIBKCHKM KopHeM z(/) mmeer
H KopeHb z(/), m03TOMy BEpHO

Opegaomenme 21.7. Mrozouaen Q,(z;) umeem
CMoAbko e Oelicmeumenbrbly KOpHell, cKoAbKO paccmampueae-
Mas cucmeMa YPAsHEHU, 3d UCKAIOUEHUELM CAYHaR, xozda na-
pPaMEMpP & AeHUM HE <OCOO0MY MHONCECTEE, COCTRORUYEM He

mmp cymmst ST = 3 (a, 27)™; pan cmeremu (21.15) STV

N "
6osee uem us —5~ 2UNEpnAOCKOCMED & R".

Ecnim HaXoguTh 9YHCI0 NOHCTBHTENBHHX KopHed Q,(z;)
AIOGHM KIacCHYeCKUM METOMOM ¥ ODH 2TOM OKamKeTcsd, 9TO
[JIf MAIMX u3memenmit xospdunmentor Q,(z,) 3TO UHCIO He
mersercs 4, To MOMKHO OHTH yBEDEHHHIM, YTO JaHHOE YHCJO
¥ ecTh YmCio AeHCTBHTeNLEBX KOpHeH cmcreMH. Jacto OH-
BaeT JOCTATOYHO HPOCTO MCKIIOUHTH BCe HeM3BeCTHHE, KPoMe
OIHOTO, M3 JaHHON HeXxmHeHHOH CHOTEMEL.

Mpumep 5. PaccmorpmM cucreMy ypaBHEHUH

Z?__—z2+z§_1=07
zi 42, — 23+ 1 =0, (21.37)
l‘zg—zlmzz—{—Z;O,

4 Crenenn Qa(’zx), BooOIMe TOBODHA, pasna N. Ecnm gna pga#HO-
0 ¢ OHA OKA3aJIachk MeHbIme N, To cumTaeM HégocTapomue Koa(hdrmaen-
TH PABHKMH HYTIO, H EX TOMe HyRHO MeHATh, KOT/a pedsh Hier 06 ua-
MeHEHEAX Ko3(dunmenTos, )
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umeromyio Bup (21.12). Io gopmyame (21.13) momuo sEruncnTs,
Qy(2;) mua a06oro a (cravaia cumrator cymmu SU™ a sarem
uenonssyoT gopmyny Hewrona (21.5)). Ogmaxo ,'[,I;JIH olupe-
ROJIEHMA 9HCTA HEHCTBHTENBHHX KOPHEH CHCTeMH (21.37)
OCTATOTHO MCKIOIATL HEH3BECTHEe 2; m z,. Ilomyuaercs

P(z5) = 23° + 625° — 323% + 24242 — 12510 4 4433 + 325 —
— 30z} + 6325 - 625 — 362} +- 5323 4 92 — 272, +27= 0.

E?JIH PaccMOTpeTh dHCNO UepeMeH 3MAKOB B paAny P(z,)
P'(z5), ..., P (z,) B Toskax — oo, —1, 1 7 o0, TO 06Hap2y:
RHTCA € MCMOMb30BAHMEM TeopeMmu Biopana — Mypre (cu
nanpumep, [128, ¢. 219]), aro ma (—oo, —1) 7 (1, o) xop-
Hell y P(z,) wer, mpudem B pAfax sHaKoB Oyayr TOJ;I:HO ]IJIII(:-
CBl LA MUHYCH U HeT Hyneit. Ha orpeske[—1, 1] mmoroumen
P(z,) merko onennts # moxrazaTh, 910 I B/IeChb HET ero KOpHeH
Ilockoabky memonssyemue mpm arom HepABEHCTEA, a TAKIKE
IIIOCH I MAHYCH B DANAX SHAKOB COXPaHANTCA n,pn MAaJIBIX
u3MeHeHMAX Koapdmmmentos P, mpmxopmm K BHIBOTY, 9TO
cpenu 18 ropueit cmeremr (21.37) meficTRETOAbHEX HOT.
3aMeTAM, 9TO eCad OH ML HCKIOYHIH Z3 W Zg, TO noﬁyqn—
am 68 Q(z) =35} —z +1=0. Mnorowier Q(z,) mmeer
AOHUCTBATeIbHEE KODHH, HO 9TO He BHAUNT, 4TO OHU leGTI: Hy
Halled CHCTEMEl (CM. cmocKy). Jpyrmmm ciroBamm, Touxa
(1, 0, 0) maxommres ma «0coGoMP MHOMKeCTBo LapaMeTpon
(cM. mpexnosxenme 21.7).
. IIpumep 6. Paccmorpum cacremy (21.29) us npmmepa
- Yla Hee J6rK0 RCKIIOUHTS 2, 7 2y, HmomywEM P (2,) — 220 (z,)=
=0, rne Q(z)) =23 + 223 +-28 — 223+ 2, — 4. Eoam
P(z,) MaJ0 MeHATH KoaduimentH, To umemo neﬁc'rnz'renbnmi
KOPHEH MOKOT M3MEHUTbCA (KPATHHH KOpeRb 2, = 0 MomKeT
IICPeUTH B NAPy KOMILTIOKCHO-CONPSHEHHBIX KOPHOH), m0aTo-
My OPAMO UPHMEHHTH Tpepiomenue 21.7 speck Hexbas Ho
MORHO HOCTynHTh mHadve. G moMompio Teopemsr 22.7 u.emo
o6Hapyxuth, uro cmcrema (21.29) mmeer (0, 0, 0) xopers
KpaTHOCTH ;?, Ilosromy 6ymem mcxath wmeno ee HeACTBUTeN b-
HHX KODHOH, OTAMIHHX 0T HyaA. Torga MoKHO mCCIeqoBaTh
ng,). Ecau nogcumrars wucao IePeMeH 3HAKOB B PAXY 0(z,)
Q'(za)s . . ., Q(9(2;) B TOURAX — 00, —1, TO IO Teopeme 5120:
Rara — Dypre obmapyxuares, a0 B (—o0, —1] HaXOLHTCA
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OMH KOpeHb, IpWIeM B PAAAX 3HAKOB OYAYT TOIBKO ILIIOCH
Hiy MEEYCH. Jlajee JIerKo 3aMeTHTh, UT0 73 = 1 — mpocTolt
Kopenb u APYrux Kopeei na [0, oo) ner. C moMOIIbi0 IPOCTHIX
HepaBeHCTB HaiigeM, uro ma (—1, 0) xopueit To:xe net. NTaxk,
cucreMa (21.29) mMeeT 4 [eWCTBHTEIBHLIX KOPHA. H amano-
THYHOMY BHIBOJLY UDHANEM, €CJIH HCKIIOUHM Z; U Z (cm. mpmE-
mep 4), 1. e. mapamerput (0, 1, 0) m (0, 0, 1) e memaT Ha
«wcofoM» MHOKeCTBe IapaMeTpoB.

Jlanee paccMoTpEM BOIPOC O HUCAE kopretl Heaunelinol ar-
ee6pauneckoli cucmemsl ¢ OelicmeumesbHbMU Kosguyuenma-
wu & sadanmom sasuncoude npocmpancmea R (amazormamo
MOJKHO 06CyARTH CII0co6 OTEICKaHMA YnCla KOpHed B obiacrn,
orpaHEIeHHO# aire6pauIecKom HOBePXHOCTBIO).

CHadaaa BHYHCIHM CYMME

v .
ST = 3 [ay & — 0+ - o 4 (0 — 8T
j= .

m=1,... N.3arem no gopmyie Hziorona (21.5) maipgeM
Koo QHImeHTH MEOTOWIeHA £, 5(2)), EMEIOMEro KOPHH

a4 (2 — b)) 4 oo e (A —b,)%  (21.38)

j=1,... N. 3gecs mapamerpu (@, b) — TouKa u3 Rin,
Ecau xopenb 7Y peilcTBETENEH, TO BLIPAHEHHO (21.38) Tome
neitctsuTensHO. Ecam xe (21.38) meiicTBHTEIHHO, TO aubo
KOpeHb z\) jeiicTBHTENeH, JUGO napameTpH (@, b) ymosier-
BOPAIOT YPABHEHHM:O: MHUMAS JaCTh OT (21.38) pasna ByIO.

Tagnx ypapuennil Moxer GHTH He Gonee deM %]—1 rge N —

Y@CI0 BCEX KopHeil fasHO#M CHCTeMHl, T. ©. CHPaBeIABO
Npepuomenne 21.8. Mnozousen &, , (2,) umeem

cmoabko sice Kopreli na nosyunmepease [0, 1), CKOALKO UZ v

dannoil cucmems 6 anauncoude {x : x = R, aj(my— b))* 4. ..
o dan(@, — bp)2 << T}, 82 UCKAIOUEHUEM CAYULAL, kozda

mouka (a, b) npuHAdseHUM OCOOOMY> MHOIHECTEY  COCTNOUIE ’

My us He Gosee Hem — aunepnoseprHocmel. mpemuezo nopad-

- ka npocmpancmea R, R _
BaMeuaHIe 0 TOM, KAK ONpPeeauTh, 4ro (@, b) He JeKAT Ha

4oco0oM» MHOKECTBO, CHENAHEHOe HOCIe npepaomenns 21.7;
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BEPHO W B AHHOM CJIy9Iae. Ilpyroit cnocob cocTOUT B CIENYI0-
ImeM: cHA¥aja HYMKHO HA OCHOBE npenIoHKeHnA 21.7 maiitTm
obmee wmcao NNy MEHCTBHTENBHBIX ROpHelt y paccMaTpuBae-
MO CHCTeMH. 3aTeM OIPEeNuTh THCIO0 Kopueit, N, y MHOTO-
wiena Qg p, Ha MOIYOCH [0, o). Eean Ny = N;, To mapa-
meTpH (@, b) He HAXORATCA HA «0c060M» MHOKeCTBE,
Mpumep 7. Paccmorpmm cmcTeMy ypaBHEHUI

3__,2__4=0
"o ! (21.39)

23— 2} —z =0.

Fenm @3 Hee HCKIOUHTH Z;, TO HOXYIHM 2} — 325 — i+
+ 25 —z7—1=0. [auee TaK Xe, KAk B npEMepax ? 3
6, ycramasnmeaercs, 9T0 CHACTOMA (21.39) mmeeT ofmH JeHCT-
puTeNbHEA kopenb. Cmcrema (21.39) nebombmas, MOBTOMY
Q,, MORHO BHYHCIHTH JIA/Ke, HO npunapas ¢ HAH b KOH-
xperunx smavenmii. Hampmwep, aus cayzaa b = (0, 0),
a = R? moxydmMm ’
Q = 2} — (5ayay + 6a3) 2} — (7a} + Tala, + 14a:a} +
+ 6ad) 2] — (Bat - 42ada, -+ 19030} + aaf — 9a5) 21 —
— (745 -+ 29ada, + 91a3a? + 6alal — 27a,ak — 1743) 2t —
— (7at + 99a5a, + 39ald} 4+ 88afad — haldt — 30,0} —
—_ Bag) 23 — (Baz + 24a?a2 + 30a5{a§ -4 12ata3 + BOafaé 4
1 13a3al — 174,05 -1 13a}) 22 — (24} + 6ala, 4 18aiai +-
+ Ta3a3 — Takah + 36adal -+ 11d3as — 10a,a? 4 12a8) 2, —
— af — 2d%a, — 3aja5 — 4a8ad + 12a5ad - 2aia —
_ 9alad — alal + 4ayal — 4ad.

Temeps MOKHO BAXONHUTH KONHIECTBO ropueit-cucremst (21.39)
s onmmmee |z:z < B2, a,af - aazs <1l

Hanpumep, a1 a4, = @y = { maxommuMm £ = z_? —112] —
— 34z% — 5925 — 89zt — 12623 — 13827 — 752, — 6. Tar me
KaK B IMpefHIyM@AX OpEMepax, HETPYAHO YCTAHOBUTD,
wro B [0, 0o0) y 2TOr0 MHOrOYJICHA 1 KopeHb, HOATOMY Hapa-
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METPHEL @) = @3 = 1, b, = b, = 0 He JemaT Ha «0coBoM»
MEOxecTBe. [laiee, Merro sameTurs, gTo Q(4) << 0, Q(5) > 0,
T. €. 9TOT ROpeH® NeXuT B HETepBaie (4.5). IMosTomy Hama
CHCTeMA IMEET KOPeHb B kpyre |x:x§ 4 23 < 5)
UMeeT KopHeH B kpyre (z:z} - 2% < 4),
~ Ecmm a; =1, 8 =2, 10O Q=3— 34z] — 12525 —
— 2221 + 1192} + 29123 — 217927 — 3678z, — 1421, u ama-
JOTHYHO NPeNHAYIIeMY JIeTKO HAHTH, UTO CHCTEMA (21.39)
EMOCT KOpeHb B auamnce {z:zj+ 222 < 8}, Ho He mmMeer
KopHed B smamnce {z:z} 4 222 < 7).
3a Medanue MHrak, Bume ykasas QJTOPUTM, TO3BO-
AN JaTH OTBOT HA BOIPOC O IMCTe KOPHEI CHCTeMH B 3a-
RaHHOM 3Juncomae mpocrparcrea R". B wacTaocTw, mensin
Pa3MEPHL 0COU DILIMICOMIA, MOKHO TOBOPUTE O THCI® KOPHEI:

B llape WM, HANPHMED, O YHCJIO KOPHEH B OKPECTHOCTH OF-
Pe3sKa. ‘

y . HO He

§ 22. BRIYACJIEHUE KPATHOCTH HYJIA
CHCTEMBI I'0JIOMOP®HBIX ®YHKI[A
0 BX PAJAM TERJIOPA

1° yers
f(2) = (fl(z)v © ey fn(z)) — (22.1)

cmcreMa roxoMopduex $ymKIui (roxomopdmoe _oTobpase-
HEE) B oKpectHOCTH U, TOUKM a = C" u a — P30AHMPOBAH-
HHE HYJb DTOH CHCTeMH, HMEIOMei KpaTHOCTH W, (f) (em. § 2).
Has romomopduoit Pynrmun OHOro HepeMEeRHOTO KPaTHOCTH
HYXA p,(f) Bcerna cosmagaer ¢ nopagroM d, (f) = m;ien {k}
ch 0
$ynrmmn f = 3 ¢, (z — a)*, 1. . wpatHOCTS HYIH BaBECHT
k>0 .
JHIEL OT TOTO, KAKWe TeMJIoPOBCKUe KOd(hPHIEeHTH PyurIER
{ B Touxe a He pasmEm myxI0. B MHOTOMEPHOM CIydYae KapTHHA
6onee caomuasn. Bo-mepBHx, kpaTHOCTSH HYyasA cucTeMu (22.1)
HO BCeITa oOmpepensieTcs HOPAAKAMA HYIA & (QyHKImir fi-

. k-
Hampmmep, nas cucremui f: f; = z;’ + 3 135, =1, ... ,n,
. |2k;
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Ro(f) = Ky ... ko = dolfy) . .. do(fn). Orto nerxo e];ﬁ];{;
HO u3 mpEEnuma Pyme (cM. Teopemy 2.5) m u3 ompefex 1a
kpatHocrs EynA. C Apyroit cropouH, mopapku dy(fy), i ;
. 2 — .
— 1, 2, pynxmuii cucremst (z,, 2; +23) pasus 1, a py(f) -
B m 3° mm npuBegeM HeoGxoxmmoe M 7[0CTaTOYHOE YCIO
puo ma cmereMy (22.1) mas Toro, 9To6H u,(f) = d, (f1) - « -
. dg(fn)-
Bga(l];r:a TOr0, He BCEIAA BHAHW® MOHOMOB C HOHYJIEBHIMH
rooppunmenTaMu MO3BOIACT onpenenuzb KpPaTHOCTH HYJI}Z.
. 2 ‘ 2 42
Tag cmcrembl (2, - 2, 23, 2, — %, + 25) B (2, + 2, + 21,
2, 4 z, - 23) EMeIOT -ONMHAKOBHI Habop MOHOMOB, a KpaT-
oncmznynﬂ (0, 0} y aux pasmuaast. Opuako, Kak npannng,
KPATHOCTH MB0JIMPOBAHHOTO HYIA ONpefelNAeTcHd JIHMb MO-
HOMaMH, BXONAUIMME B f; ¢ HeHYJIeBHME Koappunuentamy,

7. ©. MHomMecTBaMH S; = supp f; = {aasHN” P ey gf};
== — sajan-
me N={0,1,2,...}/; = gcm(z 2)*. Tloatomy 8aa

T
] = {8, ..., S} S; = N" mom-
nomy Habopy muomects S = {5, , -
HO (?:)HOCTaBHTI) amciao p, (S), panno; npagnoc;m_ Hime «110;1z
x» cucteMm f ¢ ycaopuem suppfi = S, i =1,...,
™ I]!3091:(. 4° KOHCTPYKTHBHO pemaeTcA 3ajada BHYHCICHHA
1,(S) B Tepmmmax mabopa S, a TakiKe yKa3blBaloTCH ycno: :
B (HEGWPOJCOeHHOCMUY HA KoscInbn(IgeHm Teitnopa ¢yHK
i mpu KOTOPHX We(f) = . (5): .
unnﬂ{&nen%m HEKOTOPHIe anpoc'me cBoficTa KpaTuongEnso »
AEPOBAHHOTO HYIA cmCTeM ToXoMOPPHNX ¢yHxmmi. Lcrs
f(a) % 0, momomxmm W, (f) —5-201.
Mpegnomenne A. ]
1) holio) = o) wal@), TR fog — HoMoauyus omos
pavceHutl;

2) wolfisgu far o v s fa) = Balfyy far o - oo fn) + Ba (810

fo '3.) ‘r’spa'r‘n;wcmb Hyas cucmems 20A0MopPHuz PYHEYUL

coenadaem ¢ Kpamuocmolo KYAs CUCTIEMB UT NcesdOnoAUHOMO8
Beﬁepzt rl?};agc: reapcrso. 1. Hyersw = f(z),2 = g( C):
g(a) = 0, f(0) = 0. Ecau B. = {It — a] << 8}, To 11'0){11;:);2;1_{_=
UMy aprymenta (cM. Teopemy 2.9) (f]}g)(&B) ~ p o)l

=8} » C€"\{o}. Ho g(0B)'~ pa(g)aV, f(3V) ~ po(f)X
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X {lw] =8}, e V = {jz] <8}, moorom
x , Y (feg)(0B) =
= {(8(9B)) ~ pa(8)-HOV)~ polf) - o)+ {Iw]= 8} 3 C"\{0}.

-~ —~

Orcona_ pg(fog) = .
' . llo C'Lreopeme }/i?ﬁ(g) Holf)-

Wo (f181, Tgy « vy Tu) = 1 d(f1g1)/\%

A af,
@iy ) fign AARE A 2
1 ‘S‘dfﬂ df 1 (d d ’
—_ _n' =y r e i (4 ——— d
(2mi)™ ) 7L ASREA fa +(2ni)nPfAT?A"'A ffn -
Ma(flv L] fn) ’I" P’a(gl’ f2r LR ] fn),

!
]

me I' = :
. {z=8@E): L@ =...= )] =8}, S
3z Pz — a =28}, 6 e )
cIenyer m
oS fj;!j;);_ T 13 )s sznnﬁi; B.(f) caMmerpuuma oTHOCH-
f y + « .y N, H, KPOME TOTO, [IA
T » AJA OCeBOMONKHO-
_031 Benepmrpacca P; mmeem f; = P,y w-(a)i 0 i
—d...,n.[] : e 1=
CH
o ML(I)BIP:B;I;J aOmapaToM AJIA BHYUCIEHUS KPATHOCTH H YA
o oM maparpade ABiseres OpmEUEN Pyme m 06-
g cncrrelx)w A ;\ (g yI;{I:(anTHocm HYJIA CHCTeMH f, KOHCTPYHPYIOINAA
; HI0 OMHOTO IePeMeHHO
ROT%PO% cosmagaeT ¢ p,(f). d 0 XpATROGTE MR
pe Téopgﬁﬁﬂoge:g:?;ro KpataocTH HYyAA. Ham morpebyrorcsa
FIECKHMX MHOMKECTBaX:
KaJbHOM OMHCAHHN H T & DamopEoCTel
‘ ! eopeMa 0 COOTHONICHHH i
anaﬁnmqe%mx MHOEeCTB (em. [2051) paoMEpROGTOE
yers K — opgHoMepH :
0@ AHAJIHTUYECKOE MHO
p;epr;ri{am;ee Tourky 0 = C". e &
eo
_6ymm . peMa n22.2 (o moxansHOM ommcamuu). Cywecm-
asuc 6 C"u nosuyuaundp U,= {2 |z;] < gj, j =

= 17 n} (
Cey paduycy e; npedn
ABHY) MAKUE, WMo j npednosazarwmes docmamodio ma-

a) moura z = 0 sea.
1 AEMCS U0AUPOSAHHOLL /]
emon K| {sa - O p MOUKOU MHOMNCE-

0) da
) 0aa 46020 Purcuposannozo 3 = U, \N{0) ={z, =

1.
ifmc; 0<3z,<e,) momectso K (z2\") = {z=KU,: z,= ¥
Um us 00H020 U MOEO KHe HcAd p << 00 mouer;
l )
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LY

B) cywecmaylom OmMeLEHHbE OMHOCUMENbHO Z; Nceedo-
noaunoms Pjzj, 2a), j=1, . - n—1, taxme, ar0 K N Us S
c{zs=Ug: Pi(3;, 2n) = 0,j=1,...,n—1}

13 TeopeMH 0 JOKAJAHHOM OTMHCAHHE pHTeraer, uTo K(z5)
B OKDPECTHOCTH KaK[o# TOIKH 20 Ug, \{0} mpemcras-
aster coboii KoHeunH HAOOD TonoMOPHEX pexTop-PyEKIAA
2V (2,)= (Z(1V) (Zn)s ++-s z(r:ii (20)s zﬁ), v=1, ..., p, KOTO-
phle IPONOKAIOTCA TI0 xiobomy oyt B Ug \{0} m suipa-
;XaIOTCS TAM PANAMHE IO {POGHEIM CTOIEHAM BHJIA

2V (z,) = 2 aPim =1, .., =1 V= 1, ..0y Ds
=1 3
(22.2)

rge m > 0 — 1emxoe IncyI0. Mt Gymem Ha3HBATh ORHOMEPHEIO
AHaIATHIECKN® MHOMRECTBA AHAAUMUHECKUMU KpUSHMUL, & BeR-
Top-QyHRUKNA zv)(z,) — cemeamu KpU6oiL. -

Teopema 22.3. Mycmp A — anaiumuueckoe Muo-
Heecmeo- 6 OMEDUINOM MHONCECTEE Uc— ¢, h— zoa0mopPp-
nas pynwyus e U, A' = {z= A:h(z) = 0). Toeda 044 KA~
doi mouku ae= A’ :dim A’ = dim, A ‘uau dimg A =
= dim,A — 1, ¢de dim, — KOMNACKCHAS PA3MEpHOCY 6
mouke a GHOAUWMUYECKOZ0 MHOHNCECTLEA. _

B o6meit Teopeme 0 KpaTHOCTA TIaBHYIO poas Gymer mr-
paTh HOHATHE PesyIbTAHTa $yHKIUA OTHOCHTEIEHO CUCTEMEL.
Eeau cucreMa @ = (Qgy « « o ¢y) ToTOMOPPHHX B obaacrm
D — C* Qyuruuii umeeT TaM KOHOYHOe FHCI0 HyleH E =
= {zW)y—y, TO pesy./tbmanmbm Pynkyuu P OMHOCUMENLHT
cucmems. ¢ HA30BeM HHCIO

R(g, =11 ¥" ).

e My = W (¢) — KPaTHOCTE pyas zV)  cmcreMbl .
B cnyuae, korna n = 1, D = C% a ¢, u{p-— MHOTOHLIE-
uki, T0 peayasranT R(p;, ) copmajaet ¢ OGBIUHBM peayabTaH-

roM CHIBBECTPA MHEOIOWIEHOB ¢y .
Ilyers z2 =0 — H30AMPOBAHHEIA HYIb CHCTEMB (22.1).

Torga 1o Teopeme 22.3 KOMIIERCHAA pasMepHOCTh B TOUKO 0
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8HAINTHICCKOTO MHOKecTBA K = {2z Uo_[ HE)=0,j=
=1,..., n— 1} panna egmEune. CoraacHo TeOpeMe o Jo- |

KaJbHOM ONUCAHMH, MOMKHO BHOpaTsh Gasuc B C" Tak, 9TobH
B nmonunuamanpe U, = {z: 5| <sg;, j=1,..., n} BE- .
LOXHFANOCH yCA0oBHe: 1 mai060ro ¢QHKCEpoBaHHOr0 [ = -

€U, \{0} = {2,:0<<| 2, | <&,} mmomectno
ED={(e U h)) =... =foyt) =0, z,=0}
cocrout m3 p Toter zVN(f), v =1,..., p. Ilosromy mas

awboro 2, €U, \{0} -mMoxEO ompenennts pe3yJabTaHT
$yErumn f, ormocmrenbHo cmcreMH ‘f = (fi, ..., fpo_q)

"
R(f 1) = I 70" (390 (2,), 20),

e 2 (z,) = (21" (2,), ..., 2024 (2,), v=1,..., p,~—
MB0MMPOBaHHEKe HynH cucTemu ‘f B obmacrw ‘U, = {z
01 7)<, j=1,..., n—1); W, — KpaTHOCTH

Byas ‘zV(z,) cucremnt 'f.

3aMeTuM, 4T0 KPaTHOCThb W, HE BaBHUCHT OT Z,, XOTA CAMH
Hyau ‘z0)z,) saBmcAT oT z,. JleficrmTexbHO, IO Teopeme
2.4 KpaTHOCTS HYAA 'ZV)(2,) BEIPAIKAGTCS HHTETDAJIOM i =
= [ o(4, D), e 846) = (5: s — '=()| = 8}, 8—noc-

8,(8)

TaTOIHO Ma10, 8 o('f, 'f) — agpo Maprunennu — Boxmepa —
HenmpepHBHAasA L0 NapaMerpy 2, ¢opma. IlosTomy p, =
= p('z¥(z,)) Kak HempepHBHAs W IEIOYHCICHHAA (YHKIHA
HOpUHAMAET  OfHO H TO Ke 3HadYenme Ana Beex z(V)(z,) ms op-
HOH CBASHOH KoMmomeHTH MHoMecTsa K\ {0).

HManee, nerxo sumers, uro R(‘f, f,) — rozomopguas
$yuxmust suyrpm kpyra U, ={z,:|2,|<e,}, Tax kak
OHa ABIfAeTCA CHAMMETPHYHOM OTHOCUTedAbHO BeTBed z(V) (z,)
Kpusoir K.

Temeps MH momeM cHopMyampoBaTh 0BmYI0 TeopeMmy
0 KPaTHOCTH HYJIA CHCTEMH I'oJZOMOPPHNX QYHKIMA.

Teopema 224 (Iux). Kpamnocmv usoiupoeantozo
nyan z = 0 cucmemwn (22.1) pasna Kpamuocmu Hyas z, = 0
pesyavimanma gynryuu f, omuocumeavro cucmems, 'f : pof) =

= Wo(R('Fy fn)).
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ﬂonaaalenbcTBo. Tlo Teopeme 4.6 mmeem
b () = G )T T e AN N
¢ j = —1), 0<
I‘=={z<_=_'-(')U8:}f,(z)1=6]—1,...,n }

I‘Ile _ ’ »» .
<8 < min 171, 1Al = max {lAl, )
e ' JLHOM OTHCAHEA,

CIIOBHAX TEOPEMEl 0 JIOKa 0
H%ioiggf:-r:qgo vamom & wura T Momio lazar;uca'rsb }B 81%1(1)_
T j = n—1, [Zn) = EnJ-

=4 : zZ)| = 6, ] = 1, T " ; I‘
T {Z lfj—(_—_)}{ N {z: iza] = en}v rorga T T ugv w
gHATEM Y !

| .. — cpsA3HAsg KOM-

v F(Z) ... fa(8) =0}, TR 1w Bt o
Boge?}}réxz {;‘t(-—)- 1)—Mgpnoro maxna {2 Ue: i)

’ 1. z, = wy} (erOT WHKX UMET D KOMIIO-

" roeTaTos 0), XeKamas B OKPECTHOCTH

. Ifnl). Tax Kar MBI

= g v+ *3
geHT, ecad 8 OCTATOTHO i\aan
rouKy w € 7. 1lo Teopeme .

pyas ‘w = (W - - -

AMPOBAHHOTO
rje p{w) — KpaTHOCTD MIOIUD CeoBaTeAbRO,

’ ==
opu 2 Wy
PR wn—l) cEOTBMH f p n

1
mm:@ﬁgﬁ

T ¥

. = {lz,.| = &,} cooTBeT-
1locKOABEY HA ? JIIOGOMY oy 30= 1,{l- ?‘1 Pvnﬂ }j.(ll)) =

cTBYyeT = z(V)(z

y p TOUER W =% n)s }

= w(z¥(z )) = p, He B3aBHCAT OT %, HOCIGNHHA MHTErpal
n

papeH » df (Z('V) (z )) s
i AR MR e
” '27‘_15 2T
2 “"V Z(v) z ) 7 f
([ e)) | comenry

=4§ =3m ) BT In)
Yo

A
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damevsannme. Ilo Teopeme 22.4 n npefa.uoﬁcenmo 221
kpataocTs Hyas (0, 0) = C? cucremm gayx TOJOMOPPHHX
$ynxnuil paBEA KPATHOCTH HYJIS peayabranta CuabeecTpa mx
ucesfiononunoMos Befiepiirpacea, xoTopsii 3ammckBaeTcs B
Bofe oupenennrend. Ilockombry xosddunmenTs meengomo-
auHOMOB Beilepmrpacca moryr 6nits Ha#JEHH KOHCTPYKTHB-
Ho (cm. Teopemy 27.1), Teopema 22.4 maer IMPaKTEYECKUH CIIO-
c00 BHUMCIEHHA KPATHOCTH HYIA m06oil roxomopduoi
cacTemsl B C°.

Teopema 22.4 w opurmun Pyme nossoxsior merxo moxa-
8aTh M3BECTHYIO TeopeMy Besy o6 ofitem wmcne xopmeit cm-
CTeMbl anTefpamIecKUX YDaBHEHHit B KOMIVIEKCHOM IPOeK-
TEBHOM IpocTpancrse CP". Ora Teopema Ham notpebyerca B
TalbHelnreM.

ITycrs sapganma cucrema ypasmenmit

f](g) = O’ ] = 1’ e vy Ry . (22'3)

rne f(8) — ommopopmsie MHOrowIemH; E=(C» &n-..
£n) — omHopomgmHe koopanarTH B CD". ITponopnumonaxbube
- pemrenmst cueTeMbl (22.3) ompegeasor ogHY m Ty sme TOYRY
cP", JKoTopylo HaskiBaeM RopHeM cmcremu (22.3) B CP™
Ecmm § = (&, &, . - +» &n) — mBonMMpOBaEHHEL KODeHD Cu-
ctemr (22.3) B CP™, T; 5= 0, To xpaTmOCTH B (f) aroro xopna

emcreMbl (22.3) OHpeRenuM KAK KPARTHOCThHYIs ( E/Th e oy
Ci—l/Cfv €i+1/€j7 vy Cn/(g]) CHCTeMBI ff( COr ey Ci—lv
1’ ,Ci+11"'i Cn)" jzi,---vancn'

Teopema 225 (Besy). Ecau cucmena YPasHeHull
(22.3) umeem ¢ CP™ auwib usosuposanmnme KODHU, MO YUCAO UL
¢ Yuemom Kpammuocmel pasmo npoussedenuio cmenewell muo-
eouaenos f;(L), j=1,..., n.

OKas3arTedbcTs o IlpuMenum ungykmuo no gume-
Ay nmepemenHbiX. [laA n = 1 [oKa3aTENbCTBO BIIEMEHTAPHO.
Hpepnonosmnm cnpasepnusoit Teopemy miist 1 — 1 m oxaskenm
ee mua n. Bubepem B CP" cucremy OMHOPONHEIX KOODJAMHAT
£= (Lo &1 ..., Tn) Tax, wrobs cmctema (22.3) me mmena
xopHeit Ha mwiockoctTn Ly = 0. Torma wmco KopHEH crCTeME
(22.3) 8 CP" cosnmagaer ¢ wucioM mymedl cumcTeME

4 2, 0oy Za)y J=1,.. g I (22.4)

-
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Bmpocrpanctee C". Ilycts 5 (4, 55, .o\, 8,) = Cia%

joel<h;
i=1,..., n k; = degf; rmorna cucrema
Qj (Z) = fj (0, Zyy o0 ny Zn) = ,aléh.cjmza’ ]= 1., ceey n,
| ’ (22.5)

He mMeeT B C" Hym;eil, oTImuHHX 0T 2 = (), B IPOTUBHOM CJIY-
yae cucreMa (22.3) mMena GH KopeHb Ha ILTOCKOCTH G = 0.

JlokameM cHavana, UTO KpaTHOCTh Hynd z = 0 cucreMmH
(22.5) pasna k, . .. k,. Bubepem B C® cucreMy KOODAHEHAT
Tak, 4910681 K [){z:3, = 0} ={0}, rme K ={z:Q;(z) =0,
1, .on—1)={z=aWz,}i_y, aV = (af, ..., a7y, 1) —
MHOKECTBO KOopHedl cumcremm ypasmenmit Q;(z) = 0, j =
=1,..., n— 1, B mpocrpancrse CP"-! ¢ ogmopogHHMHI
KoopaueaTaMu 2 == (34, . .., %,). Ecam p,= B, ) ('Q) —

kpaTHOCTh By 'a = (af”, ..., al?,) cmeremn 'Q('z, 1) =
= (Qu('z, 1), . . ., @n—y('2, 1)), To mo mpepmomOEEHWI0 MH-~
P .
ayKomm X wy =k ... k,—;. Ilockoabky z = 0 — wsoan--
v=1
R
poBaRHHH By cmeTemu (22.5), To Q, (a™2,)=2,"Q,(a™)s&
#£=0,v=1,...,p, 103T0My KPaTHOCTh HYAA z,=0 peayrsb-

. P
tagTa R{'Q, Q,) == H Q,‘:" (aV'z,) pasaa k; . . . k,. Ilo Teo-
=1

N=

peme 22.4 py(Q) =k . . . k.
Ocranoch goKasath, 4ro cucremsl (22.4) m (22.5) EMOIOT B
C™ opuHAKOBOE YHCAC HYJIEH C y9eTOM WX KpaTHOCTeil. 3a-
METHM, BO-IepBHX, uro f;(1, zy, ..., 2,) = giz) + Qi(2),

rie g;(z) = X ¢ju2% j=1, ..., n. Tar rax {z: Q;(z)=0,
for

[<hj

=1,..., n}={0}, nna awboi Toukm we< S(1) =
= {z: |z| = 1} maiigerca vomep j = {1, ..., n}, @aA Ko-
troporo Q;(w) = 0. Momuno yrasath ma S(1) oxpecrHOCTH
U, rouxu w u aucxo r,, > 0 takme, 4ro ausA Bcex z = U,
BEr>r,

| . ki1 _
| [Q;(rz)[ = rk]] gh_ €ja2% | > m;g rm |a§m CiZ| =
| = [ g;(r3)|.
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Buﬁmpaﬂ u3 nokpuTHA {U,, }hyes) KOMIAKTA S(1) ko~

neqnoe nopmokpuTHe Uy, - ooy Upy BT To= max [Ty,
ey rwN}, oJy9HM, STO cucTeMbl Q g A aioboro r>>ry yRos-
nersopAlT Ha cdepe S(r) = {z: |z} < r} ycjoBuAM UpHH-
muma Pyme. C1650BaTeIbH0, CUCTOME (22.4) m (22.5) mmet0T B
C" onMHAKOBOG YMCAO HyIeH ¢ yI6TOM HX KpaTHOCTei, | 3T0
umcao pasHO Ky . . . kp — HDOHBBOJIEHHI0 cTemeHel MHOTO-
wrenos (8, j =1, ... nU

3° Piramcienme KPATHOCTH HYIA N0 OJHOPOHLIM H B3Be-
. IleHAO OJHOPOJHKIM TI'I3BHHM YacTAM, Hyers  fi(2) =

= 3 ¢jr® j=1, ..., N, — PAsTOKEHHL Tettnopa GyHROEE f;
n3'?‘2>27:1) s Touke O, tne k; = dy(f;) — HMOpPANOK HYIA 2 = 0
oroit ¢ynxmmu. Obosmatum P;(z) = Iazzhjcmzm, i=14, .. n,
I HA30BeM CHCTEMY ORHODOJHEIX MHOIOWICHOB

P(z) = (Py(2), - - +» Pnl2)) (22.6)

00HOPOOHOL 2AG6HOU HACTbIO CUCTLEHYY (22.1).

Teopema 22.6 (lax — fOsxaxoB). Kpamnocmb uso-
auposannozo wyas z = 0 cucmens (22.1) pasna npoussedenuio
nopsadkos Hyat 3 = 0 Ppynwyuil smoti cucmMEMb (polh) =
=dy(fy) - - - do(fn)) mo20a w mMoALKO mozda, Ko2da 0 asasemcs
UBOAUDOBAHHUM HYACM CUCTEMB (22.6). ITpu omom scezda
wolf) = doffy) - - - dolfn):

Jloka3aTedxbCTBo. Tyere (2) = 62 + .-« +
4 €pZn — TPOHABONBHAA ammeniman gopMa ® ZV(z,), Vv =
—=1,..., p,— BeTBH KpHBOH K=Yz U,: {2 =0,
ji=1,.., n— 1), mpencrasieHHHE B BALE (22.2). Pe-

»
ayasranT R ('f, 1) = 11 1™ (z(z,))  ecrs cTemeHHOE  PAR,
v=1

10 Z,, KOPDPANUEHTH KOTOPOTO ABIAIOTCA MHEOT0YJIEHAME
of ¢ = (Cys « + s ¢,). CuenoBaTenbHO, MHOKECTBO TAKAX ¢,
I8 KOTOPHX KPaTHOCTH po(R('f, 1)) = po('f, 1) MAHEMATLHA
(o6o3ma"nM 5Ty KPaTHOCTH T6pes3 (), OTKPHTO H BCIOAY IIOT-
g0 B C™ KAk JOTOJHEHHEE MHOKECTB Eyaelt MEOTOTJIeHA HPH

miIafmeil CTeNeHH Z5. Bubepem B IpPOCTPAHCTBE C" mepemen-
HHX Z CHCTOMY KOODAHHAT TAK, aro6n pas dopm Uz) = Zy
{ =4,..., N, BHOONHAINCH PaBEHCTEA wol'fs 28) = P
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B oroii cucreme KoopAmHAT Hpexcrasaenue (22.2) naq aHaAATA-
TeCKAX DJIEMeHTOB Kpusoil i mpuMer BEA

2 (2,) = 'z, + o (s11), (22.7)

5,V :

meba;y’£0,i=1,...,n—1; v=4,..., p, o(z},‘*"“)w—ﬁec-
KOHOUHO MAJafg OTHOCHTENBHO Z.'TW ups 7, 0; A>0—
nocrosapad. Howxamem osro. Ilockombky po('f. 2n) = B,

o

a R(f,2,)=22""™ pop, +... + ppn=p. Ecan (22.2)

3aIHECATh B B 25 (2,) = Bz 1o (zf;"), BY =0, To s

nours Beex u & C* mmeeM (R ('f, 2; +uz,)) = 2 Pyt
vigg2>1 v

+v:e§<1 o€y =P =fy + ... +p, OTKyla  BHTe-

raer, uto e, = 1,i=1,..., n—1; v=1,..., p. Ho
2

Mo (R (,fs zi)) = 21 WvEiy = M, i = 17 ey n——iﬁ caenosa-

TeJXBHO, BCE g;y = 1 ® (22.7) pmoraszaHo. ‘

BanumeM (22.7) B BexTopHOM Buge 2V (z,) = aViz, -

141 :
= o(zi™), rne a™ = (a}”, ..., ai2y, 1), Torza j
B R;
f5 (2 (2,))=24"P; (@) + 0 (an) =0,
OTRyAa

Pilavz)=0,j=1,..,n—1;v=1,...,p. (22.8)

Toka<em, 4TO eciAnm KOMIUIGKCHaA pasMepHOCTh B 0 MHO-
mectBa Ky, = {2: Py{z2) =0,j=1,..., n— 1} pasua 1,

1o K, paBHO OOBeguHeHWI0 aHAJMHTHIECKHX HPAMHX A =

P .
= [ 1{z = aWt, t < C}. Ilycte
V=

71(2) = P; (z) +i§1Pﬁ(Z), =1, ..., n—1,

s : :
H"a caMOM Jiene, 9HCJAO p SABUCHT OT BHOOPA CHCTEME KOO piH-
HaT B C™ ofjEAKO MEL coxpamsieM oGo3mavenne, KoTOopoe Omu0 B (22.2).
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— pasioeHue QYHKIME fy B PAX IO OLHOPONHLIM MHOLOTIe-
mam, deg Pj = k; + i. PaccmorpmM CHCTOMY

F.i (,Z_r-t’ T) = PJ' (,Z’ t) + El,tipji (’Z, t) = T_kjfj (T ('Z, t)),

(22.9)

j=14,...., n—1, 3aBECAIyIO OT MNapaMeTPOB te O,
T [0, 11. flexo, wro F3('z, t, 1) =fi('2, 1), F (2, ¢, 0)=P;('z, t).
anee, npn PAKCHPOBAHAKNX & ¥ T (22.9) mmeeT p MBOIAMPOBAH-
HHX Byaei z2V)(t, T), yI0BAETBOPAIOMUX YCILOBHIO Tz, )=
= ‘gtz 4 0((t, T)H), oTkyna ‘zZV(t, 1) = 'a™Vt -+
Lo(ft+r), v =1, . . ., p. lloaromy npm |t|, mocTAaTOYHO MA-
aom, u nwbom © = [0, 11 myan ZV(, 7) cuctemn (22.9) ae-
st B mape By(f)={'z : [z— aMt|<|t['t8}, rne 0<d<<Th
TaxmM 00pazoM, Mb IOCTPOMINE TOMOTOIHID 'F('z, t, 7) cucreM
‘P(z, t) m 'f{'z, t)}, KOTOpAA IPH MaIbIX |t| ne mMeeT HyJeH
ga cgepax 0B,(t). IloaTomy oTm CHCTOMBI HMEIOT B B(t) =

P : “ .
= |J B, (t) omuEaroBoe (¢ yIeToM KpaTHOCTel) YMCI0 HYTeH.
1

Cprc'rema 'f("z, t) umeer B B(t) p =1 + - - - + p, EyIed
¢ ygerom KparHocreir. o MB HaXOMMCA B YCIOBWAX TEOPE-
MII 0 ZIOKANBHOM OMECAHEH, HODTOMY JiIf moGoro gurcmpo-
pamgoro t, |t} < €, cucrema ‘f('z, t) He mMeeT HyJdei Ha rpa-
mume monmumimEapa U, = {'z: |5;| < &p i=1,...
..., n—1Y}. CnegoBatennno, pof'f('z, 0))=p. Momxuo0 cUUTATH,
aro {z & €2 : Py('z, 0) =0, = 1,...n— 1} = {0}.
Ecnm Temepb BOCTOJAb30BATHCH HHJ[YKIMER IO HHCJAY Liepe-
MEHHBIX (T. e. IPeJUONOKHTL CIPABEATMBOL Teopemy JIA
n — 1 mepeMeHHHX), MOKHO BaRMIOIATE, UTO wo('f('z, 0)) =
= k... HKpey 3HATMT, CHCTEMA 'P(‘z, t) Ipm JOCTATOYHO
madHx |t| mmeer B B(t) &y . - . Kn—y HyJe# ¢ yIeToM HX Kpar-
nocreir. 1lo Teopeme Besy sariaiogaeM, YT0 BCE HYIM CHCTEMSEI
'P('s, t) mesmar B B(f). Tak Kak paguyCsl Mapos B, (t) ctpe-
maTcs K myio mpm ¢ — 0 GHicTpee, ueM PACCTOAHHE MEXY
TOUKAMI, JEKAIIEME B TunepIaocKoctn {2z @ Zn, = t} ua pas-
JTIEHY AHAJUTHYeCKEX MpAMHEX m3 K, To K, — A. O6par-
Hoe BriiodeHme A — It; BBITeKaeT U3 (22.8).

Ofosmaumv E, = {z: Pz) =0, j =1,..., n}. Ecan
E, = {0}, r. e. cucremMa (22.6) mmMeeT M30NMPOBAHHKA HYJIb
z =0, to K, OfHOMEpHO ¥ PaBHO A. CaegopaTelbHO,
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P (aVz,) = 0,
z¥Y(z,) xpmsoit K

v=1,..., p. Ilockonbxy BCe BETBH
(22.7), [a(zW (3,)) =
22’,;"13 2(@¥) -0 (Zf,"), P,(a¥) 5=.0. Ilo BHmefoKABAHHOMY

HMEIOT BHJ

P
> py=ky ...k, moBTOMY KpaTHOCT: EYIA Zp,=0 pe-
v=1

P
ayastagta R ('f, 7.) = 11 fo¥ (29 (2,,)) pasHa Ky . . . b, Mo
v=1

TeopeMe 22.4 JOCTATOTHOCTH JIOKABAHA.

HeobxogaMocTh TORaKeM HHAYKOUEH MO0 YHCIY mepeMeH-
usx. 1Iycrs cmerema (22.6) mmeeT HeM30THPOBAHHMWA HYIS,
rorxa dimy K, > 1. Ecam dimy K, = 1, 7o K; = A. Tak xax
E, 5= {0}, To cymecrayeT vo(1 < vy < p), 9TO P, (avo) = 0,

OTRYRA fn (509 (3)) = 0 (sn"). Tlooromy po(R(f, fa)) =
= wolf) > Fky . . . k. Eemu dimy Ky > 1, To dimy{z : Py('z,
0)=0,7j=1,..., n—1}> 1. llo mpegmoroKeHuO HH~
nykman  po('f('z, 0))>ky ... kn—y. G pgpyroi CTOPOHH,
wo(’7('z, 0)) paBmo wmeny Hysel ¢ yIeToM HX KpATHOCTeH cH-

P
cremer ‘f('z, z,) B momunmamuape 'U,, T. €. 4mcIy 2 By
v=f

uosroMy Wo(R('f, fa)) = Mol >y - . . k-0 .

Bameuarme. ToABKO ROCTATOIHOCTH YCJIOBHA Teo-
peMH 22.7 1erKo [0Ka3biBaeTCA ¢ IOMOMbI0 IPUHIMNA Pyme n
teopemnl DBeay.

Teopema 22.7 merko o6obmaerca Ha CAy9ail, NCIONbIYIO-
(it BMECTO OOHIUHON ONHOPOTHOCTH MOHSTHE B3BENICHHOM
omaopoauocra. Ilycts ay, ..., &, — PallUOHAIBHEE HONO-
JKUTONbEKE wucaa. HamoMumM, WTo MHOrowIeH g(z) HasH-
BAGTCH 686€ULEHHO-00H0POOHUM ommocumesvro eeca (1/ay, . . .

..., 1/a,), ecna BCE €T0 MOHOMHEL zi‘ ... z:l" wMeIOT OHY M TY 3Xe
H3BEIIEHHYIO CTemeHb d = iy/ay ... + ip/@p OTHOCHTEID-
110 DTOTO Beca. '

Teopema 22.7. Iyemv fiz) = Psz) 4 0,(z), ede
P ;(z) — 63seuenno-00HOPOIHYL MHOOUAEH CENEHU d; om-
nocumeasno eeca (1/ay, . . ., 1/a,), a 05(z) — pad ua mornomos,
UMEIYUT 636eULeHIYI0 cmenenb omHocumenvio éeca (1/ay, . . .
.., 1/ay), 6osbwyw, vem dj, j =1,..., n.

T'oedu P«o(f) = P'O(fla con fn) = ady ... Gyda, npuen
PASENCIME0 UMeem MECTO 8 MOM U MOAbKO MOM, CAyiae, Kozda
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.
i

2 = 0 seasemes U30AUpoBaHNM HYieM cucmemvi (P, . . i P,).
Teopema 22.7 monydaerca U3 Teopemit 22.6 3ameHoi mepe-

MEHHHX Zj= C;J', i=141,..., n, e 31=‘Ig'am a g BH-
k) ’ J

Gpaso TaK, ato Bee sy, j = 1, ..., n —uexse. Toraa f4(z) me-
peiimer B f,(§) = P;(C) + 0,(T), rre P;(L)—omsoponasia 1::11101‘07-l
qiIeH cTeneHd d;qa, ...4,. IoaToMy o (F) =qndy ... dnat...an

TOTJIA B TOABKO TorAa, Korga § = 0 — H30JMPOBAHHKIE HYIb
cuctemul (Py, . . ., Pp). Ho cBO#CTBO H30IMPOBAHHOCTH HYIA |

Ip7 YKA3AHHOH BaMeHe IepeMeHHHX He H3MEHAOTCA M, KPOM®
TOr0, IO HPEeAI0HEHHIO 22.1

/on

o eI ()
!_'L (f) — po('f) :q (]I;Il j) '7.:1_ j) == aldl' FRraY 'andn- D
0 e (2(0)) no N1 |

4°. BuumcIeHHe KpaTHOCTH HYyIsa mo nomaubnim Heoroma.
[fo amaxorms C ONHOPOAHHME TJABHEIMM YaCTAMH ONMIIEM
Gomee MUPOKUE KIACC CHCTEM MHOTOYJIGHOB, HIDAIIMHX POIb
raasHbx gacreit. OGosmatum wepes N, R, MHOMKeCTBa HEOT-
PHLATENBHHX TEJHX ¥ HEOTPUIATeJbHHX BeMECTBOHHHX
qmces COOTBETCTBeHHO. A QyHRUEA g = aZ €,5% U KOMIAKT-

moro mommmoxkectsa M < R} mnonoxkuM supp g = {& =

e N°, ¢, 70}, gu= 2 ¢ 5%
' , acsMANT ,
Crasxem, gro cucrema (22.1) Heswpoxcdena Ha M, ecan

MHOTOWIEHH fiu, . - -, [om He o6pamanorcs B HyJIb HA MHO-
moctee (C\0)*. s moGoro mmororpanmEka A& R}
Gydem 00603HAUATD 7i-MePHEIL obbemM A wepes v(A).

" Muozoepanrurom Howomona Ty(fy, ..., [n) cucmens
(22.1) B Ky-e HA30BOM BHIYKIYIO 000110IKY B Rﬂ'. MHOKECTBA

o+ R:):ae (supp foU - .. Usupp fr) \ {0}) .
(U ‘glo.r;tzmg}lb;omogm pI‘(fl, o [n) cucmemu (22.i)u é HYyae
Haz0BeM 00BeIMHEENe 3AMKHYTHX KOMIOAKTHEX rPaBeu MHOTO~
rpagmaka Iy(fy, - . -, fo). Homommm I_(f;, .. ., fn) — 00B-
e[HCHEe BCOX OTPeaKOoB ¢ HadaxoM B 0 H KOHIOM mal(fy, ...
. . ., f)muazoBem wmeno nlv(l-(f, . . .y I n) wucaom Hoiomona
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cucmemst (22.1) 6 nyse. O6osaaanm gas kparkocta I'(fy, . . ., fp)
aepe3 I' m HasoBeM MHOTOWIEHH fir, . .., fnp 24G6HBMU Ha-
cmamu cucrnemn (22.1) 8 nyae. Craem, d9ro cmctema (22.1)
Heaupoxcdena 8 Hyae, ecu A moboit rpaam ¢ domanoit Heio-
trora I' cmcrema (22.1) HeBHpO)KIeHA HA MHOMKecTB® O (9TO
yCcIoBHEe Ha TJIaBHHE dactm cuereMmu (22.1) B myae).

Bynem npepnonarars cucremy (22.1) ydo6uoti, T. €. TaKoM,
aro maa mwoboro i or 1 Mo n xota 6H B omHy u3 PyHKImil
fis « « «y n BXOOET ¢ HOHYJIEBHM K03PRIHEHTOM MOHOM BHIA
2t by > 1.

Teopema 22.8 (Kymraupenko). 1. Kpamuocms -uso-
auposarrozo Hyas z =0 cucmemwn (22.1) He Menbwie wucaa
Huiomona smoli cucmems 6 Hyae, ecau e cucmema (22.1)
HEBWPONCOEHA 6 HYAe, MO UMEEm MECmO PAGeHCME0.

2. Mmuoxcecmao eanaeHulxr wacmell 6CeXr HEGBIPONCOCHHBT
8 Hyse cucmem, umewowur damnyro aomanyw Hvwomouna, ss-
ASAEMLS OMEPEINBLM 6C100Y NAOMHBM NOIMHONCECMEOM. 6 MHO020-
06pasuu 8cexr eAABHHLL Hacmeill, omseuauur OAHHOU LOMAHOU
Hvwomona.

Jorasarensctso. 1. locratouno poxasats yT-
Bep;RIOSHHEe [iA COBHAKAMUX  HocHTedeit: suppf, =
= ...=supp fp. Je#icrBmrensno, npm Maiamx 71;= 0,
j=1,... n, cucrema (22.1) m cmcrema F;=f; + ¥ 7,/

2]
i=1,..., n, umewT Hysb z = (0 oAMHAKOBOH Kpazmocm,
OflHOBPEMEHHO BHPOKIAKTCA Ha TpaHax JdoMaHo#d HrioToHa
T'=T({,...,fs)a, kpoMe Toro, supp Fy = ... = supp F,.
Hns mpocrornl monowmm n = 2. Ilyers 0 = I' — omeomep-
Haf TPaHb, BaJlanHas CBOWMMHE KoHMamm (@, d,), (B, Ps) =
e N? (npenmonioKEM, 4T0 f; = ). I'panud 0 COOTBETCTBYET
f; — @, ¢ yIeToM KpaTHOCTe#l JIOKAILEHX Demenmit ypasHe-
HUR f1(2y, 2,) = 0, Korapsie mEMEIOT BHA

2i(z) =avzh +o0(z}), v=1,...,B, —ay,

rnek:“a—ﬂa’

(o, [108])

a¥ == 0, m yNOBJIETBOPAIOT YCIOBHIO

flo (a'vz%!za) EO’ v = 17 .. -.aﬁl._al'
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B pesyaprante R(fy, fo) rpanE o COOTBEICTBYCT IPOM3BEIEHUE

By—y
Py (25) = ];[1 fa (ZY (22) zz) ==

by —0
T Dol 2 0 (4]

Ecor cuctema (f,, f») EeBHDOM/IONa Ha 0, T0 f2q (25, 2) 5 0,
v=41,... B — a;, M03TOMY HaWMEHLAs] CTENEHDL B pas-
JOKEHNN Q,(2Z;) M0 APOOHLIM CTENeHAM nepeMeHHOIt Z, PaBHA
(B, — ay)(Aay + @,) m Gompme odTOro WHCHA, €CIH (fi» o)
BHpoxfiena na o. Herpynso sujeTsb, 410 By — a)(hay + ag)
PABHO Y/BOSHHOH IIOMANX TPEYTOABHAKA C pepmueoi B 0
A OCHOBaAHHeM . Y4YATHBAA TeUeph, HTO R(fy, 1s) =
=[] @o(2), momywam Tpebyemoe.
oCT

™ 9. Tlycrs ¢ — TpaEb JOManoi Heoromal'mfy, oo oo fn —
MHOTOWIEHE ¢ IlepeMennnM KospdurmesTamMu, OpIIEM
supp f; = I'. OueBupEO, figs - -+ [ng — B3BEIIEHHO-OAHO-
POfHEIe MHOTOWIGHE! OTHOCHTeNBHO OAHOIO W TOTO e BOCA,

M03TOMY IpH 3aMeHe NEPEeMeHHHX Z; = Q'?, i=1...,n
(cM. IOKA3aTeIBCTBO TEOPEMEL 22.7), cacrema fo=(f10) - - fag)
mepefifer B CHCIeMY ORHOPOJHEIX MHOTOU/IGHOB 7( {) =
= (f,(D), - . - 7.(2). Ho muan amwboro i or 1 no n cmcrema

f](—g—f—,...,l,...,?’; , j=14%4..., n, us MHOTOYJIEHOB
1

or n — 1 mepemennnx Cy/Giy ..., [i]. .. GnfC; modr: mpm
pcex KoIQOUIUMEHTAaX HE WMMeeT pyreir B Cn-1. TloaTomy
cmeremnl J(8) 1 f,(z) mouTm BCETAA HE HMEJOT myxei 8 (C\ 0)".

Bameuanne IHa camom Aexe, MH [OKA3aJIH, UTO B
[BYMOPHOM CIydae yCI0BHe HeBEIPOKIGHHOCTA CHCTEMEI (22.1)
Ha Kasmol rpamm aomanoi HbloToHa T(f) sBnseTcA TaKiKe B
AOOGXOMMMEM [ Toro, 6TOGH o(f) paBHEANOCE HHCTY
Heworona. ‘

B Teopeme 22.8 momamas HsioroHa T'(f) crpomnach Jias
peeit cmeremsl f, & HMMEHHO NJA 06beIHHEHAA HOCHTeleH
supp fiy i = 1, . . ., n._OnHaKo JIOMAHYIO HyioToHA MOKHO
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CIPOMTSH [JIfA KQKLOTO HOCUTENS B ormenpHoctH. Torga B poan
[IABHEIX UacTeil 1A cucTeMsl j OyayT BECTyHaTh MHOTOYJIe-
HEL 1T,y «« -y InDp TRE I'; = I'(f;) — nomanas Hsiorosa, mo-
cTpoeHHas [AJIA HOCHTENA Supp f;. Taroil DOAXOA K BHUHCIE-
HEI KDaTHOCTH HYJS CBOMUTCA K Cydald COBIIAJAIMUX HO-
curexeit supp fy = . .. Supp fns T. €. K TEOPEMO 22.8.

: Hpennomeﬂne22.9. Hyemv S == (811« + o Sq) —
maKoii HA60D KOHEHHWIT NOOMHONCECTE U3 N[0}, wmo cy-
ujecmeyem CUCmeMa MHOZOUAEH0E § C yeaosuem supp g1 < Sis
UMEIOUAs USOAUPOSAHHBLIL HYAb 2 = 0. Tozda Gan ecex cucmem
f ¢ ycaoguem supp fi < Si, 30 UCKAOUCHUCM QHAAUMURECK020
MHOJNCECTEa 6 NPOCIMPAaHCmee K0P PUYUEHIMOE, KDPAMHOCTD
wo(f) odna u ma aae U se45emca MUHUMAALHOU U3 606X 603~
MONCHBLT . :

oxaszareabCTBO. [IycTh ¢ -— HepeMeHHOe Ipo-
cTpamcTBa KooPUIEEHTOB C™ (m paBHO CyMMe MOIIHOCTOH

yromects Sy, i=1,..., 1) Bfi(z¢)= 3 ;2% i =
aESi

=1,..., n,— CHACTeMAC HEPEMOHHLIMI Ko3PPUIeETAMHE.
Vs npmenpna Pyme BHTeraer, TTO MHOKeCTBO M TAKEX Cy
1A KoTopsIx Wo(f(2, ¢)) MEHEMAIbHA, ABIAETCH OTKPHITHM

g C™. TloproMy CyIeCTBYeT OKpeCTHOCTEH U rouxnm (0, ¢\?) =
= (" X M Takas, 9ro ANA AHATATHYCCKOTO MHOJKECTBA
Ey={(z 9=C" X C™: fize) =0, =1, .. ., U} IMeEM
UNE;={(z, eyl :2=0}. Ecig ¢c—TPamminas TOTKa I M,
ro B moboit oxpecrrocrn V rouxa (0, c) V N Es\{(z, ¢): 2=
=0}=( .JleACTBUTENDHO, B IPOTHBHOM ClIydae CYmeCcTBOBAIA
6u mapu B;(0)=C", B,(c)=C™ ¢ nenTpaMa B TOUKaxX Omcco-
OTBETCTBEHHO, Yro AIA m;ioboro ¢ & B,(c) cmcrema f(z, ¢)
ameira G B mape B,(0) efMHCTBeHHHIH BYIb 2 == 0, T. e.
¢ e M. Janee, POCTOK AHANUTAIECKOTO muoxeersa 1l =
= {(z, ¢):2 = 0} B Touxe o, Z) He NPUHAJISKHAT HEKAKOHI
Apyroi HempUBOJAMOLL KOMIOHEHTE POCTKA aHAIATAIECKOTO
muoxecrsa FE;. llosTomy CymecTByioT roxomopdHEe B OK-
pecraocrn V (U, ¢) OyEKOUA @y, ..., @ TAKES, €TO E; =
== J1 {(Z,\ ¢) EV(OJ,NC):(PI(Z’ €)= ... = (ps(Z,C)——-‘—O}- :
TaxuM 06pasoM, MHOKECTBO TOIEK 0, ¢) = I, » awboit
OKPECTHOCTH KOTOPHIX E\Ils=(, yRoBIeIBOpaer B 0K~
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pecrrocTH Touku (0, ¢) crcTeMS ypaBHEHH Pi(c)=9;0,¢)=0

i=1,..., s. CaepoBate m:
MﬂomecTBo: = i apEOo, C"\ M — aHaIATHIECKOS
Ana mabopa S = (84, ..., §,) o6osmauum uepes p(S)

MHH
UMAJIPHYI0 KPATHOCTH HYJA CPefH BCeX KpaTHoCTeH po(f)

cucreM [ ¢ ycuaosmem supp f; < S;. Ws npmanmna Pyme

cirenyeT, 4ro jyid nooboro Habopa S cymecrsyer KoHewWHEHd

, _ r ’ r
,I:Ix&a‘go% ‘S;am—'(—) M(;?S’;I,JI;I. ., 8u), SiC S, cocpoiicTBom p(S’) =
. BHYUC
) Hoorouy aerns p(S) 6ynem npeamonarars,
non]::eneMSHa HofMHOxecTBax n8 N omepainuio ClomeHusd
Zoa yigomén_]_ Si={mtanansEs g8, floro,
M0 YaMslor mo QYBKOHE g18, COOTBETCTBYET CIOMEHHe WX
JAeit: supp g; -+ supp g,. OTciona mo mpepaoxennmn 22.4

w(Sy+ 81, gy vony Sn) =R (S4y «- vy Sa) +
+ 1 (S5, Sa oe0 S,). (22.10)

Kpome Toro, u(S) cuMmerpuusa OTHOCHTEJIBHO CBOHX apry-
MOHTOB, & IoToMy Lo cBoitcrBy (22.10) nonmuunueiina Cngnz-
BareabHO, W(S) BoCCTAaHABIHBAETCH IO CBOWM 3HAYEHAAM H

JmaroHal¥ ciefyInEM o0pasom: *

p(s) =0 2=y

B(Su+

1<, <... <§<n

vt Sy G S Sy,

Oua muoxectsa S < N'\{0} o6osmawam: I (S) — Bu-
nyknas obonouxa Mmuokecrsa (a4 Ri:aeS); T(S) —
o0pefNHEeHNe 3aMKHYTHX KOMIAKTHHX IpaHei MEOTOTpAH-
:Emona T.(S); I-(S) — ofnenunenue Bcex oTpesroB ¢ Haqalfuou
B 0 m ®oHmOM Ha I.‘(S). Bynem B manbneiimem npegmonararb
UTO AAA Kasmgoro i of 1 Xo n muomecrso §; ms mabopa S =
= (84, -- ., S,) comepsxur rourz Bupa o = (0, . . ., a 0
j =1, ..., n. Torna iio Teopeme 22.8 pu (S, + . ; -1115, v
| L. Ayt
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ceny Si, + ot + Sih)=n!v (I‘_..(Si‘ 4. + Si'k))' k=1,..., n"ll

b ()= (—1r 5 (— 1 o (Dm (St + - H51).
‘ (22.41)

OnmmeM YCIOBAA HeBHPOMKISHHOCTH HA CHCTOMY f ¢ ye-

n0BEEM SUDD fi = S;, ofecmeuuBaioN(Me PABOHCTBO w(f) =

= w(S). Iyers S < N, l=(l,..n W), > 0,— pa-

nuoHaibHHE uHcHa. [IoTOKEM m(l, §) = min {{I, a) =

=l + .. -+ L, aes S} §; = foes8S:d o=

= m(l, S)} — nepecedcHue S ¢ OHmOpHOR IVIOCKOCTHIO B Ha-

upasmennn L. [lua Gyrrums g = ¢,z ¢ yeopmem supp =S
o

ofosmaumm g, = 3 Coz% Eemm f= (fy, . . s fa) — cmcTeMa
aES]

¢ ycaosmem suppfi = S;p J= 1, ..., n, To NONOKAM
fl =(f1h---’ fnl)' .

Teopena 22.10. Tyecme | = (f1s » - o5 fn) — cucmenma
¢ ycaosuem supp fic S, i= 1,..., n. Ecau 0aa 4106020
DAYUOHAABHOZ0 TOAOHCUMELHOZO gexmopa | cucmema f, He
umeem nyaeii ¢ (C\0)*, mo we(f) = w(S), 20e w(S) ew-
wucasemes no gdopmy.e .

BaskHO OTMOTHTE, UTO YCILOBEE TEOPeMbl HA[0 MpOBEPITH
JIGIG NS KOHEeYHOI'o YnCIa BEeKTODOB 1, maomux pa3THIHLe

1<hi<i. . <ik<n

mabopwt Sy, i=1,... B A mMeHHO: HOCTAaTodHO Oparh
rague l, A KOTOPHIX IIEPECEUCHHS nomamnx I{S;), i =
—=4,..., n, C ONOPHHMHE IJIOCKOCTAME B HAUpaBJICHAH

cocTORT 606 oM 3 ONHOI TOUKH, T. e. ABITCS IPAHAMI,
a He BOPHIMHAMU.

HoxasaTeabCTBO. Pacemorpuym cacremy f + tg=
= (f; + tgn, .. fnt tg,), TAe g — CHCTeMa ¢ YCAOBHEM
supp g < S, mpudueM uo(g) = w(S). Joaycrum, 910 wo(f) >
> n(S) = po(g). Torma Aus xpmsoit K = {(z, 1) cntl,
f;+tg; =0, j= 1, ..., n} cymecrByerT aHANTATEIOCKAT
snement 2z(t) % 0 Tako#t, 9rO 2(0) = 0. llo mpejoKeHHIO
999 monuo BHOpaTh g Tak, urobn z(t) = at! + o(t),

e a=(ay, --., a4,) = (C\0). Tax xrak z(0) =0, 10
1;>0, mooromy ms f;(z(t)) + tey(a(t) = 11, (@) + o(t9) =
=0,j=1,..., n, cienyer, ato fu@) = 0,7 =1,. ., R

[Ipormeopedxre. ]
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§ 23. IPMMEHEHVE KPATHBIX BBIYETOB
I HAXORJIEHNA IMPOM3BOAAMUX GYHKIOAN
7 BBIYUCIHAEHUA KROMEBMHATOPHBIX CYMM

OcHoBHAS HIeA NpruMEHeHWs OHOMOPHHX B KPATHHX

BHYETOB B EOMGEH&TOPHOM aHaJin3e, CHCTeMaTHYeCHKH pas- -

suras T'. II. EropsraessiM, cocTont B caenyiomeM. Ilycrs mam
TpebyeTcA HAHTH IPOM3BOAAMYI0 PYHKINIO HEKOTOPOM Kpar-
HOol KOMOMEATODHOH NOCHEZOBATONBHOCTH €, = Cq

qepes KOdPPMIMEHTH HIBECTHHX IPOMSBONAMUX (PYHHIHEA.

TloncTasnAsa MHTETPANBHHE NpPeCTaBIeHNA Ko3PPumumeHTOB

9THX n3BecTHHX Qyarmmit (RosddmmmenTtst Teitsiopa B mHTE-

rpanbroit dopme) B crenensoil papx upomsBoAsAmedl PyHKIEE

F()=F(ty, ..., t,) = ; €4, t%, COOTBETCTBEHHO B HCKOMYIO
ozz0

KoMOMHATODHYI0 CyMMY, 3BaMeHAA NPOU3BENeHNA WHTIErPaoB
KPATHRIME WHTeTpallaMA H MeHfs NOPAKOK MATEerpHpoOBAHUA
B CYMMHDOBAHHM, MOJYUYAM PAJ ANG0 KOHETHYI CYMMY LOT
3HAKOM KPATHOTO WHTETpajia, KOTOPHE, KaK IPaBHIO, CBOP-
THBAIOTCA ropasjio Ipome, YeM WCXoiHEe. Yame Bcero mof
_ BHAKOM MHTeIDAJIa OKABHBAGTCHA TOOMETPHICCKAA IPOTPecCHs.
Brupcasa ¢ DOoMONBIO BHYETOB HWHTETPAN OT HOJYIeHHOH
CYMMH, HaliJ[eM UCKOMYI0 IIPOUBBOAAIY0 PYHKIAIO AU KOM-
Ounatopay cymmy. UHorna KOMOmMHATODHYI0 CyMMy ToXes-
HO PAcCMATPHBATH KAK WIGH HEKOTOPONl KOMOWHATOpHOH IO-
caefoBaredbHocTH. Haxoms Jas Hee YKazaHHHM cmocofom
OPOH3BOIAMYIO PYHKIOUIO ¥ PACKIANKBAA DTY QYIKRIMIO B PAN,
Teiizopa OOHYHEM CIOCOOOM, NIOIYYAM HCHOMYK CYMMY.

B rauecTBe HCXOJHHX DPOCTOHINNX HATEIPANBHEX GOPMYIL
qame Bcero MCHOJb3YITCA CAe[yIomue:

(a)=a(a—1)...(a—m+1) _ 1 S‘ (1 +2)%dz

m ml 2ni g
lzi=e :
v e 2.0
5o 5 .
|zl=.

g T. O

Wanoxennyo Boime Hieio AJS JOCTATOYHO oOmeil cHTya-

IuA peaJin3yeT CHAeLYIOIMAA
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oo o Oy
an60 KoMGEHATOPHYIO CYMMY, 00INAil WieH KOTOPOH ¢, MOKHO .
BHIPA3HTH OPH IOMOIIY ONEPanui CIOKeHAA M YMHOMKeHHA

Teopema 23.1 (Eropmiues — IOmanoa) ITyemyb waens
n-EpamHoil WLCA080TL  MOCAED0BAMEABHOCMU  Cq == Cay...cq

MONHCHO npeacmaeumb e aude

_ .
: S Q@) G . (1 (O = (28.2)
(2ni)" o ot zgn(“n-H) i

Coq =

= . R} — Hexomoptil
20e @, jc—:A(U) Up= {zc:C el <5
nonu:cppya T, ={:lal=- lz.) =90} O< o< R.
Tozda pad
F(t)= 2 cot® t=1(ty - ta)y (23.3)
0

e 2
abconromuo crodumcs 6 Hexomopoll OKDPEeCTRHOCTRU Ve =

= {t1 |l <e} u
F(t) =

1 S pdz (23.4)
@ o)

j=
?

B uwacmnocmu,
a) ecﬂu Bl ._—_-‘.'_':—ﬁn=1, mo

afj ()
0 rYEl ’
P00 ]3| = | 0@ 2|0 — 135 |,
(23.5)
a0e ‘
w; = —_ tjfj(Z) ] = 1., R () (23.6)
= z(f) — HYabL CUCTEMDL (23.6), .fceo:ca,u;uu ¢ U, = {z:
I <e}
lI6) ecau f,0) =0, ] = 1,..., n, mo
(23.7)
d (t) - u.EM[(p (Z)l ‘4\ 7= z(ll-)(t)
gde

wy=2%; — t!f '(3), J=1s:esT | (23.8)



254 «Brewnuey npusoKeHus T IV

{z0(t), p = M} — mnoxcecmeo ryaeil cucmems (23.8) 6 noau-

gy Up M= = (oo Wod b =L By
i=14,... n}h .

Qopmyau (23.5), (23.7) asaAwTCA NIA YKABaHHHX CAY-
4aeB BHpaskeHHmeM MHTerpana (23.4) Jepes KpaTHE® BHYETH.
B ofmieM caygae yxa3aTh GOPMYJH BHYETOB [JIA MHTETpaja
(23.6) me ymaerca. OpEako B KOHKDOTBHIX NpUMepaX BHIYHC-
nerme mETerpana (23.4) He Br3siBaeT 3aTpyfRmenmit. MHorma
ero yno6HO BHYHUCIATH NOBTOPHHIM WMHTEIDHPOBAHHEM.

HNorasareaxscrBo Teopemu 234.Ilprze
e T, t =V, rne p ¢duxcuponano, 0 <e<(p/Mp¥, M;=

=max|f;(2)], 7 = 1, ..., n, pAR KpaTHoOli reoMeTpPUIECKOM
zeI‘p
TPOTPeCCHE
PGz) S o S5, (21
n - ¢ ) z?j(aj-l-i)

I]; [z?j —t, fgi (z)] =0
5=

cxomaTcs paBHOMepHO m afcoioTHo. VHTErpupysa sTOT DAR
nowrenso 1Mo muray I,, monyuum mpm t= V, dopmyay
(23.4) cymmu pama (23.3) ¢ xospdunmenramu (23.2).

Ilo memme 4.9 mpu durcupomamnoM t & V, murn T, ~
~I‘6={z : ‘zg’—tjf,?’ (z)|=6, i=1, ..., n} ,re 80 pocrarog-
HO MAX0, Y5 = % Tuw Yu="Vs [ Uy, U,—oKpecTHOCTD HYIA

€M

m .
z8(t) cmeremst (23.8). Ilo reopeme Homum — Ilyamkape 0.6
uaterpan B (23.4) pasen

Y _ Pdz _ 2 S p (z) dz ._(23.9)
Tp II1 (z?i — tjff" (z)) weMy ’I;[i (zg" — tjfff (z))

=
B cayuae a) cucrema (23.8) mpmummaer Bmpm (23.6) m mMeer
B U, omua upocroit myas. B caywae 6) ora cmcrema mmeer
By - - -Bn PaBAEUHHX HpoCTHX Hymed B Uy, TAK KAK CHCTEMH
ypasHeHmil

1/8; .
23— 15 fy(z)=0, j=1,...,n, |
umeior B U, ‘mo opHomy mnpocromy mymo m upm f,(0) 0

) o
IS PasIMuHLX BHAYCHWH KOPEA )/ f; OTH KYAA DASAAIHH.
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dw | o -
TTocKOABRY —5- L(“)(n == 0, B HOCTATOMHO Majo# OKPECTHOC

U, myns z+(t) orobpaxenne (23.8) GuronomopdHo. Tipouasonsa
B U, sameny {23.8), moaydum

G
wI

' LI
1 S‘ pds __ _ 1 S AU
N n . (2ni)™
[ - ) =

i=1,...,n

= o @) 2], =|e (z)]%]

Ws (23.40) m (23.9) monymmm (23.7), ampufy = ... Pa=
=1 — (23.5).0 . )

M3 reopemst 23.1, Kak "JacTHHE caydan, MOJyIasTCA cie-
yIoImas TeopeMa, EMEiomas BAKH0 3HATCHHS B rombzHATO-

(23.10)

z=2B)(8)’

nKe.
d Teopema 23.9 (raapEas Teopema Max — Marona).
A .
Oyems X; = D a2, f=1,..., 1 Toz0a rosguyuenm
=1
by = bay...a, TPE 21" ... £ g pasaowenuu X3 Xom
pasen, kosdpuyuenmy npu % ... ta" 6 paasosceruu Jpobu
= ! . (23.11)
F (t) - 1 — a11t1 - a12t1 cew ™ alntl ]
— @ty 1 —agty ... —danky
— alntn - aSntn 1— anntn

JlokasaTeabecTso. KoagpunmenT b, MOMHO IPeN-
CTABHTH B BHAE

1 X%, Xotda A ... Ndz,
“7 (2ni)" gt | St

*

Jejl==2, i=lieg B
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IIo Teopeme 23.4 (cm. cnyqaﬁ'a)) LPOMU3BOAAMAL dyrrona
F (t) = 2 byl® oupemensercs dopmyaon

>0

N LICTTES
F(t)= 1[ T s E) et
TAe Wy = Ij — t,-Xj, ] =1, ..., n, nm (23.11).0

Ipramep 1. JoxasaTb TORAECTBO

SEC =0
(23.12)

k)
e m, n, p > 0, N = min (m, n, p). Byaeu pemars 3agaqy
BHIYMCIIEHAS KOMOMHATOPHON CYMMBL

=B (00T

Hcnonsays (23.1) u To, 4ro
1-F+F2)™dz 0
A
lzl:ﬂ

npu k > m, npepcrasuM Ap, B BHAOE

o !
Amn = ;Zo {@niy

X

g 14+ 7-1)de1 gw 1+ 22)"0322
1 ' B+l

li=p, A al=ps 2

(1 + zg) TP Rz,
zgx+n+1

X
lzg]=0s

PaceMoTpEM NPOUBBONAMY0 (YHKOUI HOCIOROBATENLHO-
ctn Apnl

3 SR w(1+z1)(1+za):\mx

m,n=0
142,)(1+2) | 1 ]"<1+zs)" ‘
X [ ?( h zz‘*’s . ] [5‘1za(1+53) Z1%9%3 dzl/\dzg/\dzm
(23.13)
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me I'={z: |z;]=p;, j=1, 2, 3}. Hpm p,=p, = 2, pg=1/y,
jul < 1/9, |v|<<1/9 B (23.13) MoKHO IEpecTaBHTh CyMMH-
POBAHAE M WHTErPUPOBAHME, TAK KAK IIPH 3TOM YCIOBHH DAN
TPOWHOH TeOMOTPHIECKOH NPOTPECCHE PABHOMEPHO CXOAUTCH
na I'. Amanormumo (23.4) nonyumm

F(u,v)= 1 “ (14 25)Pz5dzy A dzy A dzg N
* (2m)3-r{z8 —u(l+z) (1 +z)l[za—v(d+2)(1-Fzg)] X

T Xl (T 59 — 11

Buuncaaa noayueHHHA HHTOTPaJ KAK IOBTOPHEHI, HaHJeM

1
F(u-.tv) =(1_-—“)p+‘(1_1;)10_i_1 .

Pasnosrenne Teitmopa aroir ¢yHKROEE mmeeT BHJ

Flan= 3 (’"“’)(””)umu".

m,n=0 m n

Orcopa u m3 (23.13) momywmm (23.12).
Hpumep 2. Brumcaunrs cymmy

Sp= éo (—1* (':)3

(. momompio (23.1), yumrmBag, uTO 5' “ —l—Z)mdz/zkH —0
[71=¢
upn k> m, HaliileM HHTerpaibHOE IPeICTABICHHME

N (=D (k2™ (4 2)™ (L4 zg)™
Sm= 2 Gy zmuk-lH zm~h?+1 zk+il dzy A\ dzy N\ dz,
k=0 T “1 2 3 :

e I' = {2 : |z;] = py, j =1, 2, 3}. UroGw He BCe mepemen-
liLle CTeNeHN OKA3AJINCH B BHAMEHATENE, BOCIOIb3YEMCH TOM-

m m
JIeCTBOM k) =\m—r/) Hpn py, = p, =1, py = 2, menasn

N a, Aitaenbepr, A, II. IO:aKoR

o
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CyMMUPOBaHNe W HHTEIPHPOBARME, IOIYIAM

Sm=(2;)3St1+zl)’"(1+z2)"‘(1+zm Gz A dzy A dza
T

Z'T_i-ing-i (25 + 2122)

Tlocne MHETerpMpoBaHHA HO 23 HMEEM
S. 1 (4 2™ (4 + 2™ (4 — 2,20)™dz; A 3y
m = Qmi? gmmtt
(@) Jzg\=lzl=1 1 2

Feam Temepb HaXO[UTh IPOHM3BOAAMIYIO $yRRIEI0 HEMOCPEeA-
CTBeHHO AIA Sy TO NOTYIAM RBOAHOH MHTErpaj, IpAMOe

BHUHCISHE® KOTOPOTO JuGO IPHBOJHT K MCXOQJHOMY CTENeH-
HOMY PARY, #EG0 K TepHOAY SIIMUTHIGCKOr0 MHTOrpATLa.

IlosToMy NeaecooGpasHo pPaecMOTPETh [BOMHYIO HOCIEf0Ba-

TelIbHQOCTD "
R = 1 (A4 z)™ (14 2™ (4 —2,2)"dz; A dzy ’

mn — (2ﬂi)’ zm—i—izn—i—i
12 1=125]=1 1 2

st KoTopo# Rpymm = Sp. IU mocienopaTe’bHOCTH R, yxe
MOHO IpUMEHATH Teopemy 23.4 (cM. caydai a)). To dopmysam
(23.3) = (23.5) mocie >IEMEHTAPHHX BHYHCIEHRM IIOXyTHM

F(tyt)= 2 Rmtitz=
m,n=0
1 dz, A dzy
= (Qmiy (23— 1 (T 21) (1 + 2] (22 — ta (1 — 2120)]

[rl=lzl=1

= [(4 — )7 + 4, 83] VA

Paanaras oTy QyHKROWo B ONHOMEAXGHHE PSR CHauaia mo 12y

a sareM no i, HadeMm

0, IpH 7 HeYeTHOM,

Rpypn = (=1 (m + p) —

mn HCEYIR upu n = 2p.
Orcronia

s 0, OpHE m HEUIGTHOM,

m m

S = —1"( ) = { (— 1P 3p)! .
m kgo( Y & G mpRm = 2p.

Tanasa V

HEKOTOPLIE NPIJIOKEHNA
B MHOI'OMEPHOM KOMILIEKCHOM AHAJIN3E

§ 24. TEOPEMA

0 UPHMHYIATEJIBHOM AHAJHUTHYECKOM
'IPOTOKEHHH T'APTOI'CA—BOXHEPA.
ATIIPOKCUMAIHA FOJOMOPOHBIX ®YHKIHA
HA IOJH3APAX BENJIA

M JAHENHO-BBINYRJBIX KOMIAKTAX

1°, OGcyanM Bompoc o TOJMOMOPOHOM IPOAOKEHNA
puyrps ofsactn D) Qyusmmm, sajanuoit ma rpanune dD.
PaccmoTpuM cnauama mpocroe ciefcrsme ms Teopemu 1.2,
Teopema 24.1 (Aporos — Heirmaros). Ifycme D —
uzpanuennan o6aacme ¢ epanuyel 0D & C u f = C®(aD).
Jlas mozo wmobv nawace zosomoppras ¢ D dynryus F &
= CO(D) maxas, umo Flop = [, Heobxodumo u docmamoiroy
HmMoowl '

{1@e—2t=2) =0 (24.1)

oD

dag 2 C\D. Ecau C"\D ceasno, mo docmamouno,
umobor (24.1) ewnoansaocy dan z < {w: \wi| >R, i =
=1,..., n}, 20e; R — docmamouro O60oAbUL0E NOAONCU-
MEABHOE HULAO.

HorasateabcrTso. [lepsan wacTe Teopemul cpasy
caefyer ua Teopems 1.2 m aemmer 1.4 = Toro gaxra, uro

[ L0%mAZ% D, (242
a.D lc_zl2’n—2 .

npomosmxaeTca Ha D kax (Gymrmmsa kxacca C(2)(D) (cm.mpen-
nomernme 0.10). Ocraerca ToabKO 3aMOTHTH, YTO MHTETPAT
rina Mapramenrnm — Boxsepa or f ecth amHeiinaa xomOm-
auusa IPOU3BORHHX OT WHTerpaaoB Bmaa (24.2) m, ciaemoma-
TONBbHO, TmpUBamIe;KuT Kaaccy C(D). Ina poxaszaTenscTsa
U#



260 Ipusoowenue ¢ reopuu Gynryui I'm V

BTOPOI'0 YTBeDHKIeHUA TeOPEME HYKHO BCIOMHHTbH, YTO HHTe-
rpan tuna Mapruwennm — Doxnepa rapmoumuen Bue 0D.[]

Teopewma 24.2 (Boxuep). ITycmv D — ozpanuvennas
obaacmes, 0D = CV, muomecmeo C"\D cessanmo, n > 1,
dynryus { = CY@OD). Jas cywyecmeosanua pynryuu F =
= AD)NCY (D) maroii, umo Flop = f, neobrodumo u
docmamouno evinoanernue ycaosuti Cesepu (kacamenrvHux ypas-
renuii Kowu — Pumana):

df A dtlap = 0. (24.3)

Hoxkasarteascrtso. HeobxoguMmocrb cpasy moxy-

" oF .
uaerca u3 ycaopnit Homun — Pumana == 0, k=1,...n
h
JlocTaTouHOCTS MH! 1A IPOCTOTH JOKa3KeM NPH IPeALrOoJosKe-
muax 0D = C®,; f e C*(0D), no3BoNANUAX BOCHOIb3O-
BaThesA Npefsgymei Teopemoi. OTmeTHM, 49TO

o(§ — 2, § — 2) = dQ(E, 2), ~(24'4)
rae

_emtN =t =R
Q (Cn Z) - (2ni)™ - l (;‘—Z|2n_2 - ;[1,11] A g

IIycrs R > 0 rakoe, wto D < C(0, R). llpnz = {w : [w,| >
> R} u { = 0D dopma Q peryuspua. Temepsr m3 (24.3)
m (24.4) B cuny dopmyast Crokca

{1@e={roae={ aroa=o.
oD oD

oD

Ocraercs cocaarsesi Ha Teopemy 24.1.03

Teopewma 243 (Taprore — Ocrys — bpaym). Hycmb
D — oepanuuennas obaacmo, mwosxcecmeo C'\D  ceasno,
rn > 1. Beakas gynryus f(z), coromoppran na oD (m. e. 6 ne-
rwomopoti okpecmuocmu U(0D)), eonomopgro npodosscaemcs
Ha ecio obaacme D.

Hokxasarteabcrso. Bufepem obmacte D' Ttax,
urofu rpanmna D' = CY , D' < D, 8D’ < U(dD), muo-
wecrso "\’ 6ruio mo-upemnemy crasua. Ha 0D’ ¢yHK-
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nua f(z) romomopdna, moaromy mHa 0D’ BHNONHATCA Ka-
carenbEEe yeaonuda Homwm — Pumana. Ilo Teopeme 24.2

cymecreyer ¢ymrnas F e A(D) N ¢V (D) rakaz, wro
Flaps = f. Ocraerca mowasars, ato F =} 8 U(@D) N D'.
o ciefyeT m3 HMX coBHmameHHnA Ha D’ m m3 Toro dakra,
1TO HYNH FOJIOMOPPHOA QYHKIUA, OTINHIHOR OT TOMKIECTBEH-
1OT0 HYJIA, He MOTYT 3aN0IXHATE (2n — 1)-MepHY0 HelpepHs-
1y JedCTBHTEIbHYI0 IOBepXHOCTH {cM., Hampmmep, [173],
reopemy 4.7).

IIpm noxasarensCTBE 2TOA TeopeMbl MOMKHO CYHUTATh,
wro 0D’ & C®, vro6H mOAB30BATHCA TOTBKO TeM CIYdaeM
reopeMs 24.2, KOTOPHIT MBI AGHCTBUTENLHO OKA3aJIH.

Ecan BMecTo Teopemit 1.2 BocmomnsoBaTthca Teopemoit 1.6, To
MOMHO NOJYYUTH CHeAYIOIAN pe3yIsTaT MOJOOHO TOMY, Kaxk GHua
HoJgy4yeEa Teopema 24.4,

Teopema 244 (HurmamoB — Alzenbepr.). Yeaosue (24.1)
neobzodumo u docmamouro 8 kaxcdom us deyr cayuaes ua meopemer 1.6
s moeo, wmober daa ecaroll f = C(0D) nawaacy F & Ac(D) maxras,
o FIOD = f.

B KauwecTBe caeJcTBHA BTOTO YTBOD/KICHHA IpPHBEJEM eIle ONUH
KPUTepHil CYIMeCTBOBAHMA TOJIOMOPPHOIO UpojgokeHHA. IlycTh
Z,hl(t,) ~— IIAPOBHEe (OABOPOAHE® TAaPMOHHYECKHE) MHOTOWISHH, KOTO-

pue Ha efmEwEIHOR cdepe HB,(0) CC €™ o06pasylT OPTOHOPMANLHEI
tasuc B upocrpancrse L%*(3B,(0)). 3mecs k — cremeHh MHOrOWICHR,
n | — HOMED ero cpegW MHOTOYICHOB CTeNeHHN k, BXOJAMEX B 0asuc,

Bo-04,2,...,1=1,2,..., ofk), rae
2+ k—DI@2n -+ k—3)!
0= Ef(2n — 21

CremcrBme 24.5. IMyoms 8D — C™ cesana, D 02p GHUYEHA.
Pynryua f e C(0D) asanemcea caedom na 8D Pyrryuu ua A, (D) mozda
1 moavko mozoda, Keeda

i

< i—q 0 —
(’\){)J‘(C)Z1 (—1y ! T Za1 (0 dl A dL=0,

l'1,2,...,U(k),k=l0,1,2,.... . .
Ilpn n == 1 pgammoe c¢iemcTBUe HpefcraBiseT cobOCH wBBecTHEHL
KANCCUISCKUA KpUTepwi, cOCTOAMME B OpTOTUHANBHOCTH F({) Beem

momomam LR k=0,1, 2, ..., .

Jlan Toro wT06H MOAYIATH PYTOE CASNCTBHE TeOpeMH 24.4, Ham
uorpoeliyores clegyiomee momartme. llyers D orpammuera, 0D e Cd),
dyminn f e C(0D). Bynem ropopurs, 9T0 f o0magaer o0dHomepHuLM
CHACHOM 0A0MOPEPHO20 RPOToadcEHUR, eCTIH I M0G0 KOMIONOKCHOM
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upamolt I paa cymeHmEa f, =f lepnt CYyIeCTBYeT pyernua F =
= ¢(D n 1), ronoMopfman Bo BAYTpeHHEX (OTHOCHTE]LEO ) Touxax
Dni, raxan, wro f;=F,|spni- )

" JaemMm a’ 24.6. Ecau pynsyus ob6radaem oJHOMEPHBIM CEOUCH-

24.1) dasn z& C"\.D.
B0M 2080MOPPHO20 NPOdosOIEHUR, MO 6epHo (24 }
Hox {1)9; aTeabcTBoO. Ilycrs 2z NPHEANIOKHT HEOTPAHAIOH

goit xommomerTe C"\D. CfiemaeM opToroHajibHOe AuHeiHOe MpeoG-

pasopamme u cisur B C" TaK, 9T06H z = 0 ® MIOCKOCTH {2 : 21 = 0}
He nepecexana D. D10 MOFKHO CenaTh KIA TOUEK 3, J0CTATOTHO yJalleH-

max or D, torpa aapo o{f — 2z, { — z) mepeiiner B w(C, ). Manee,

— —1 —_
NpoB3BeeM 3aMeNY TepeMeHEHX [y = vy !, {;=vuyt, f=2,...,n,
HOMyIAM .
——5 0 ¢
"
DRI i
— 2 v * . _ .
dL—dl A ... AdL, =] ¥ ™ dv = —-—V?Jridu
v
n
_-2 9 —
vz1 vy

Tipu sroM €PN\ {z:z; =0} Guromomoppuo orofpakaeTca Ha
O\ {v: vy =0}, 3amerum, ITO

n - no_ -
E (___ 1)h-—-1chd§[h] = Z Ahdl’[h]a
h=1 h=1
rne
’ LS In
v vy g1
1 Dy _v.'l
—— — 5 -y
S (. U% vy vy
Ci‘ul me Cnv, . 0 i 0| —
I = vy
Cwn ggvn . Snvy, [k]
1
0 0 o
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1loatomy _ _
- dv dy 1A dv 1 ) v
ol L) =(—1)"220 A (1] ] =_1A AW
©D= 13 CTTar o g~ v A 0
e v = (vg ... v,). IIpm paccmatpuBaeMoii 3aMeHe HepeMeHHHX

npamue {E: & =1¢, Cg=cyt, ..., £, = c¢,t) TepexofAT B mpAMEe
ViV = Cyy vy v, = ¢,}, rpaEHna 9D — B HexoTopWii mmkn I-
Ecqu  061181a6T OAHOMEPHEIM CBOHCTBOM r0AOMOPYHOTO MPOFOMIKEERS,
T0 MOCJAe 3aMEeHH NOPeMeHHWX 3Ta (QyHKNHA (Teneph ee 0GOBHAYMM

f(v)) 6ymer o61ajaTh OHOMEDHWM CBOHCTBOM roxoMOpPOHOTO HPOJOJ-
MMEOHAA BJOJNb KOMILIOKCHRIX IPAMEIX {V: 0y = €gy « o oy vy =, )

Jlaxee, )
freey- cnlff(v)‘iv‘ﬂ Are)=c, [ aw)x
oD ! (T)
X j' f (v) &,
v
n“l(v')nl‘

rje © — OPeeRNHA v — v'. 3aMernM, ¥T0 n1(v") 1 T' gas mouTH Beex
' e= (') sBaAIOTeA TNMAMKUME KPHBEME o Teopeme Cappa. Toura O
JeKHT BHE 001acTH, OrpaHHYeHHOH I', MO3TOMY BHYTpeHHEEH HHTeTrpan
PaBeH HyJNI0 Q1A MOUTH BCex !, T. e. BepHO (24.1) ana 2, mocrarToumo
yAanemmux 0T D, B cany rapMoHMSHOCTH HHTETDAJa THNA Maprunen-
an—BoxHepa (24.1) cnpaBegnuBo B ANA BCex TOYRR M3 HeOrpaH@YeH-
HOIl KOMIOHEHTH MHOecTRa C™\ D.

IIycrs  Temephr 2z NPHBAJIEHHT OrpaEMIeHHON XKOMEOHOHTe
Q0= C"\D u npegmonosxuM, 4T0 z = 0 (sTOrO0 BCOTRA MOMEHO pO-
fUTLCA CABATOM HAYANA KOODPJAHHAT). Paccmorpam xomye I, ¢ merTpoM
B 0, 06pasoBaEEHNN KOMIJOKCHHMM TPAMEIMH, IpOXOANMME depes
0, TAe & — BeNMIMHA NIIMAAM KYCKA I'MOepIOBePXHOCTE &), HaXo-
JAMIETOCA BRYTPH HE. Ilocne TOk s%e 3aMeHH NepeMEHHHX KOHYC Iie-
peiifiler B HEAREAD, 0GpasOBAHHHE TPAMEIMU {vivg=1¢q, .. 0
v, = ¢}, npEIeM II; mosxmO BRGpPaTh Tak, 9T06N: 1) MpH & ~ 0 mi0-
nags 4 (Q N l'Ie) N 6D crpemuTcA K HYIIO, MOITOMY

(o@D =1m [ a0
oD 2% ap\o{eN) :

2) 8DN\3(Q N'IL)  mepexonmr mpm saMeHe fopeMEHENX B KOMIAKT
I‘e. Taxr Ke KaK E BHIOe, MOKHO MOKAa3aTh, 4T0

ff(v)‘ﬁ’_l/\uv')=o,
J Ty

C21810BaTebHO, (24.1) BepHO ¥ jua 2z & Q.[]
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3 »T0f JeMMH W TeopeMH 24.4 momydaercd

Teopema 247 (ArpaHoscknit — Baascruii — Croyr). Ecau
obaacme D ozpanuuena, dD=C®), Pynkyus f & C(9D) obradacm odHo-
MeDHUM  co0licmeom  20a0mopgpHoeo  npodosveenus, mo [ eonomopgro
npodoancaemes ¢ D.

OTMeTHM, 9TO J0KA3aTeNBCTBO TeopeMut 12.9 coCTOANO B mpuMe-
HeHUH TeopeMi 12,2 ¥ Tore ¢akra, YT0 B PACCMOTPEHHOM CJyHae JIH-
Hefigse KOMOEHALEM mojmHOMoB Bmia (12.16) mmormu B [Ph, (D)]i{-‘
B merpuke C(S(D)). 9tu coobpasicmus (W aBaJOTHIHHE ANA T0JO-
MoppHNX (QYBKIHH) DPUBETH K clIenyiomeil XapaKTepHCTEKe clefioB
ILTIOPATADMOHETOCKHAX  (COOTBETCTBEHHO TONOMOPQHEIX) ¢yEKIELD HA
rpamnge llnosa.

Teopema 24.8 (Aisenbepr — Jlayrom). ITyemsv D — Epyeosas
CUALHO 38¢30HAR 02PAHUYEHHAR 0Baacmb, W — Heompuyamesvhas Mac-
cusran mepe Ha S(D), uHsapUaAHMHIAS OIMHOCUMEALHO NOGODPGMOS, dan
romopoil cywecmeyem adpo Ceze, @ Kaowdan moura S(D) ecmv mouka
nuxa Oas aseebpur A (D). Ecou ¢ & C(S(D)), mo:

1) ¢ = flgp) 948 Hewomopol f & A (D) mozda u mosvko mozda,
Koz0a
oPdp =0 (24.3)
S(D)

dan acsxoéo noauHoOMa suda

(=7 '
| 72 —Py ), UISIZL (24.4)

37 LIS 17k

2) ¢ = u|g(p) 948 Hewomopol u & Ph (D) 6 mom u moabko mos

cayuae, K020 GBINOAHAEMCS COOMHOWEHUE (24.3) Oaa awboeo noauroma
euda (12.16).

Ecau, xpome moeo, o6aacms D — n-rpye06as, a mepa UHEG PUAHMHA
OMHocUMeabHo n-nosopomos, mo (24.4) moncho sameHumb Ha .

zJE?‘, I< 7,
—JI+7
2 (a.21+7+1k-“3'+? | zklz)’

"2 (12.16) — na (12.20),

2°, Paccmorpum noamspp Beiia A = {z:z = D, y;(z) <
<4,i=1,...,N}, 1) e AD),i=1,...,N, AccD,
n ¢pynxmuio f(z) & A(A) das seaxoro r, 0 <<r << 1, mmeeM
fe AQR), e AP) ={z:2& D, @) <ri=14,.. 4 N}.

§ 24 Anaauruuecroe npodosxkenue U GRRPOKCUMAYUS 265

| [pegcraBum f(z) B A(r) dopmynoit Beprmara — Beitna (9.1).

JameruM, 1ro upm s A(r), LE Vi, .4, COPABERIABO
1HEPABEHCTBO

|x,-k(Z)|

7, 0] <

nosromy u3 (9.1) cmegyer

= 2 X [(zfu.)nx

ig(...(in k],...,knzo

- P9, (G dl
A1 ® ... X{*n'H «

Viy .4, X, in

)] Wi (s) ... %57 (2). (24.5)

[To teopeme Homm — Ilyamrape 0.6 psm (24.5) me saBmcmT
or r << 1 mpm r, nocrarogno Gmusrux K 1. Tarmm obpazowm,
BepHA

Teopewma 24.9 (Beirns). Beskasn gynryus f = A(A)
passazaemcs npu z & A ¢ pasHomepHo cxofaupulica Ha KoM-
nakmax u3 A pad (24.5).

Hommanp A HasmBaeTcs noauxoMuasbHol obaacmuio Beii-
a8, ecnm Bee Y;(z) — moamuEoMel. Obmacts D, s KoTopowr
seakas pyuxnus f=A (D) pasHOMepHO HA KoMIaKTaX u3 [) an-
NPOKCHMEDPYETCA HOJHHOMAMH, HA3LIBaeTcs o0aacmuio Pynze.

Cunemcrtsue 24.10. Beskas noaunomuarsnas obaacme
Beiina ecmb obaacmy Pynee. '

Pan (24.5) — oGoOmeHne KpaTHOTO CTENEHHOTO pAna.
Ero oripume 0T CTeNEHHOTO PAJA BaKI0UAETCA HE TOIbKO B
UATWIAY CYMMEI IO iy . . . iy, H HE TOXBKO B 3aMEHE MOHOMOB

zi .2 crememamu dymrmmi 7,(), i =1,..., N,
HO TIABHHM 06pasoM B ToM, 4To Kosdduruentst pama (24.5) —
(YHKIMEA OT Z ¥ 9TO PABIOKEHHE B DTOT PAX, BooGme roBopd,
1eeJHHCTBEHHO.

3°. Paccmorpum cieflyiomyio 3ajauy: HaWTH YCAOBHA,
IIPE KOTOPHX XKoMmart M < C" ob6nagaer Tem CROMCTBOM,
uro Beakas ¢yaknua f = A(M) npencraBEMa B HEKOTOPOH
OKpecTHOCTH (3aBucameli or f) paBEOMEPHO CXONAMMMCH
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pANOM ¢mpocTeAmux Apobeiin:
°° A
&) =2 ” . (2486)

p=1 » .
1 1(apfl“l oot ap it byy)
=

* n
rue 2 lapimP=1, j=1,..., 0, p=14,2, ...
m=i

2 JApl < oo
Pt

Momxuo, He yMeabmaa obmHoCTH, cumTAaTh Kommakr M
ceaspmM. 1A maabHeiimero HaM NOTPeOYIOTCA HEKOTOPHe
mOHATHS. ByfAeM roBopHTH, 9T0 KOMIAKT M annpokcumupyem-
¢S U3gHe TMOCTENOBATENBHOCTBIO obxacreit D,, p = 1, 2, ...,
ecma Doy o< Dpm M = [} D,. Beegilem nouarue 060.404Ku

)

zoaoMopgdrocmu Komnaxma, IlpefnonomumM, 410 CYyIECTBYyeT
TaKaf mocAeRoBaTeabHOCT 06aacreit Dy, p=1, 2, ..., ammpox-
cumupywoman M u3sBHe, 9T0 KaskAasa obaactsk D, mMeer oxHo-
naucrRyI0 ofoxoury roxomopduoctE JB(D,); Torma Oymem
CUATATH; 4T0 Komnakm M umeem 0OHOAUCMHYIO 000404KY
zosomopProcmu u onpenenam b (M) = [ 56 (Dy).

P

Jlerko BHAeTH, YTO BEePRH CIERYOIAS YTBOPHIeEMUA:

1) 28(M) — Komnarxm, He sasucsyuill om eéwbopa nocae-
dosamesvrocmu D,. Kascdas @Pynryus, sonomopgnas na M,
seasemes 2oA0mopdHoll U Ha mHoxcecmee FE(M);

2) ecau acaxas zosomopgnar Ha kKomnaxme M Pynryus
a6AREMER 2040MopPHOLE U Ha muoacecmee E, mo E — H#H(M);

3) kaxncdan Pynryus us A(M) npunumaem na 36 (M) moavko
me 3HaueHUs, Xomopie oka npunumaem na M.

IIpr pemesnm NMOCTAaBAEHHOH BHIG 3afavym Oymem mpef-
nojxararh, 9T0 KoMOoakT M mHMeeT ORHONHCTHYIO 060mouky
roxoMopdHOCTH. ITO OTpAHNYeHNe BHIJIANUT B JaHHOM CRy4ae
ecTecTBeHHHM. JleficTBUTENBHO, €CTECTBEHHO CYATATh, uTO M
MOKHO aNIPOKCAMAPOBATH W3BHE HOCIE/I0BATEILHOCTHIO Ta-
kux ofmacreit Dp, p =1, 2, ..., aro xampaa [ = A(Dy)
aNOpOKCHMEPYETCsi PABHOMEPHO HA KoMHakTax B [, panmo-
HABHHME QYHRIEMAMA, a TAKKe 00IacTH MMEIT ONHOIMCT-
urie 06omxouxu romomopdroctu H(D,) (eMm. [17472 c. 67]).

§ 24 Anaauriiieckoé rpodosxcéniie u anipoxcuMayuf 267

O6aacmy D < C™ Ha30BeM AUHEUHO-8LNYKAOL, OCHE JAA
Kamgolt Touku [ = 0D cymecrByer KoMmIexcHo (n — 1)-
MepHasgd aHAJIUTHIECKAaA IIOCKOCTH, HPOXONAWAA depes (
n ne mepecexaomasn D. IlockoabKy 4epes KakAy®0 TOUKY U3
(2n — 1)-MepHOIl T'ANEPINIOCKOCTH O MOKHO HPOBECTH KOM-
nneKcEo (7 — 1)-MepHYHO AHANATHYECKYI0 IIOCKOCTH, JOMKa-
MyI0 B 0, BCAKAdA BHOYKIag o6nacts B C" gpiagercs m Jm-
Heino-prIyraoit. [lanee, Tonomornyeckoe nponssefgenne D =
= Dy X ... X D, obunacreit ua C?! ectb NHHHEHHO-BHOYKIAA
obaacts, B wacTHOCTH, Jbaa obnacre D < C' smmetino-
BEITYKJIAsA.

Komnaxm M Ba3oBeM AUHEUHO-8NYKALLM , €CIIA CYHIECTBYET
IOCTeZOBATeIBHOCTh JIHHOHHO-BHOYKIHX obnacTeil, annpox-
cumupyomasa M wu3BHe.

Ilycts E C* m 0 < E. ConpaseHHvm MHONCECTIEOM

Gynem HassBaTh MEOKecTso £ = {w: (w, z) 5= 1 nam Bcex
z & E}. Muomectpo, compsmmennoe k E, oGosHaumm K.

Beerma B < E. Herpynuo MoKa3arh CJaRYIOIEO CBOHCTBA:
4) ecau E omxpwmo, mo E — xomnakm. WU, naobopom,
ecau E — xomnarm, mo E omkpumo; o
o) nyeme E, c— E, mozda Ecc E,, E‘l cc .
OGosnaumm uepes (D), CBABHYIO KOMIOHGHTY 5,- cofep-

maiyw obmacte D;
6) Oaa auneitnoii ewnykaocmu obaacmu D = 0 Heobxodu-

MO0 U Oocmamouno, umoGu (b)c = D;

7) daa mozo, umobw xoxnaxm E 6un suneiino-sunyxavin,
Heobzo0uMo u docmamouHo, wmobsl cYyuecmeosata nocaedosa-
MeAbHOCTNb AUHELHO-6unyKAbL noausdpos Beiias; sadanHbx
¢ nomowbro @Pynkyuii euda

[

(@211 ... T 8,2, T O)™

(24.7)

annporeunupyrwwyur E usene. 8deco dys...; Gpz € ¢ —
KOMRACKCHBE YUCAG; M — HAMYPAAILHOE HUCLO.

Teneppr MoxHO ¢POpPMYNTHPOBATH Pe3yAbTAT, PEIIAOIWI
MOCTABIEHHYI0 3afady.

Teopema 24.41 (Aiiserbepr). ITyemv womnaxm M
umeem o0Hoaucmuyio 06oaouky zosomopgrocmu 6 (M). das
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mozo umobu écaran | & A(M) 6uaa npedecmasuma 6 Hekomopoi
oxpecmuocmu M, sasucsuyeil om f, pasHomepro crodauumcs
padom (24.6), neobzodumo u docmamouro, umobw 060404k
20a0mopgProcmu FE(M) Oblaa AUHETHO-6UNYKALM KOMNAKIMOM.

Hpr n = 1 gaa Besaroi o6xacra D cnpasepiuso #6(D) =
= ) u BCAKMIA CBA3HHEIN KOMIAKT SBIfETCA JNHEHHO-BHIIYK-
JHIM, TI03TOMY TeopeMa 24.11 comepsRuT KiaaccHwecKUH pe-
syancrar Bonsfa o ToM, 9TO PacCMOTPeHHAA ANIPOKCHMAIMA
npu n = 1 mmeer mecro Beerpa. Jlis noxasarenbcrsa Teope-
Mu 24.11 mam morpeGylOTCA HEKOTOpHE BCIOMOTATENLHLIO
npegnomenus. Ilyers E(U(M)) — MHOMECTBO TAKHX TOIEK

n

M= (N -+ Nnty) € CH, aro X |0, 2= 1, n mrocxoctd
’ i=t

a(m) = {z:2zmM + ...+ 2 +Nnt, =0} He Mepecexaer ox-
pectmocth (M) womnaxra M. OGosnaumm F={(z, n) : z2& M,
n e E(UWM)} < ¢+,

Jewmwma 24.12. Cyyecmeyem maras nocmosnuas 6>0,
ymo npu écex (2, M) & F cnpasedauso Hepaserncmeo

Iz + - - o A 2 Nl =8 (24.8)

Moxasareasbcrtso. Dymrmma zm;+. ..+ 2a0y
HempeprBHa Ha Kommakre Fy = {(z, My ..., Mn) iz & M,

n
> | 2= 1}, mosTOMY cymecTByeT Takoe 8, >0, dro mua
i=1

BCeX TOuex F, mMeeT MecTO HEPABEHCTBO |ZM; + ...k
+ z,m,]| < §,. PasoGeem wmHOmectBo FE(U(M)) mna psa:
E, = {n:in & EUM), Manl>28) E={:ne
e E(U(M)), Ma+1] < 28, ). [asa seex Touek (2, N)e M X E,
noxyuaeM [zt + . . . + Zpln + Mol = Masal — 12 +
+ ...+ z,0.] > §;, mosTroMy MOCTATOYHO YCTAHOBHTH He-
pasenctso BEAa (24.8) paa m = K.

Muomecrso E, orpaHmd4eHo, TAK KaK COMEPIKUTCS B KOM-

A

n

HaKTe {"r] 2 =1 nenl<< 261}. oxrasxewm, ato £, sam-
i—=1 !

KHYTO. Hs;cTB n©® = lim 1®), @) =k,, p=1, 2, ... Bee nno-

P00
ckocrn a.(n(®) me mepecerator U(M), rax rak ® e E(U(M)).
Quesnnuo, 9T0 TPefeTbHAA IIOCKOCTH o(n(®) Toke He mepe-
ceraer oTkphroe muoskecrso U(M). Cuepomarensno, (9 &

§ 24 Anaaurunecrnoe npodosmenue u AnnporcuMayus 269

e=E(U(M)). Haxonen, samermy, aro | 100 |=Tlim | "), |< 28,
pP—>o

noaromy N & E,. Ilonomurensaans HenpepsBEas QYIKIUT
lzMy + . .« + 2,Mn + Mn+i| DocTHTAET HA KOoMHaKTe F, =
= {(z, ) 2= M, n = E,} csoeii Hmmue# rpamm 8, > 0.
Wrak, gaa (2, v) e F, To:Ke cIpaseInBo HEPABEHCTEO BHUIA
(24.8).0

JJemma 24.13. Hycmv ozpanunennas 3amenymas o6-
aacmb D annpokcumupyemcs ussne nocaedoéameavHOCTLbIO
noauadpoe Beitias, sadannuix ¢ nomowvio Pynryuli euda (24.7).

Tozda scaryo gynryuo [ = A(D) moxcno npedcmasums pa-
dom (24.6), pasHomepro cxodswumcs Ha komnakmar 6 D.

HoxazarerbcrBo 370 JIeMME NPUHNANNAIBHO He OTIIH-
9aeTcA OT [OKa3aresJbCTBA AHAJOIMUHOA TeopeMn Boarda
nag caydaga n = 1 (em. [171, ¢. 35—361]), Ho aABmAeTcH 3Ha-
4uTeNHHO G0Jiee I'POMOBJKEM W3-3a NPHAMEHEHHS HHTETpana
Beitna Bmecrto murerpana Komm, moaTomy MsI ero He MpHBO-
TAM,

HoxasarteaxsrcTrBo Teopemu 2411, Jlo-
ctaTouyHOCTb. [lycts #6(M) aBnserca NuHEHAAO-BHITYK-
JEIM KOMIOAKToM, Torga (M) MOMKHO ANNPOKRCHMEDPOBATH
u3BHE (CM. CBOJCTBO 7) mOCHENOBATENBHOCTHI) JHHEHHO-Bhi-
NYKABX orPaEMYeHHHX momamsgpor Beitns Ap, p =1, 2, ..,
BaflaHEHX ¢ momomibio ¢yHKmui Buga (24.7). Bearan ¢yux-
uun f = A(M) cornacuo csoicrsy 1) pxomur v A(FH(M)),
11odTOMY Haiimercs Taxoe po, wro fe A(A,,). Moanagp A,,
MOJKHO, B CBOIO OY€pefb, ANIPOKCHMHPOBATH W3BHE IOJHIMA-
pamn: Beitna Toro ske Buga. Ocraercsa npamesnTs Jdemmy 24.13.

HeoGxogumocTs He ymenbnmasa oSmHOCTH, MOMK-
1o cuntath, uro 0 & M (proro BCEIA MOMKHO HOOHTHCA C
IIOMOINBIO CEBATA IIadaja KOOPAMHAT, mpm sToM paAx (24.6)
nepeiiier B pAjA TOIO 3Ke BUJA, JHHEHHO-BHIYK/IBE KOMIAKTH
lepeiilyT B JAMHEHHO-BHIIYKALE M T. A.). BossmeMm nolywo
locaefosaTesbaoCTh obyacreir Dy, p=1, 2, ..., annporcumu-
Pyomyio H3BHE (M), m paccMOTPHEM IOCIef0BATENbHOCTD

(Dp)e, p =1, 2, ..., nuHEHHO-BHIYKINX (CM. cBOHCTBO 6))
objacTeit, KOTOPHE ATTPOKCUMUAPYIOT U3BHE (CM. D)) KOMIIAKT

M, = ) (Dp)c, M, o #(M). Bearaa fe A(M) upen-
D

¢raBIMa 10 YCJIOBHIO B HEKOTOPOW oxpecTHOocTH U KOMMA KTa
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M pasmomepHo cxopsammmes pagom (24.6). Xopomo masecT-
HO, uTO 06JACTH PABHOMEDHOH CXOXMMOCTHE PsKOB ToJIOMOPQ-
mox ¢yarumit asamorea (cm. [174, c. 30]) obxacTamm romo-
mopdHEocTH, mosToMy pAR (24.6) pabmomepHO cXoimMTCA HA
KOMIAKTax, Je;kammx B oBosouxe romxomopdrocra J6(U)>D
SH(M). 3uauur, CymMecTBYeT TAKOE Dy, ITO BTOT SN PABHO-
MepHo cxofarca B Dp,. SnamenaTens Kask[AOro wieHa psja
He ofpamaercs B HyIb B 0GmacTa Dp,, 1. e. ToURA (—@apj X
xozt .,——ap,-nb;f) = Dyo (3ameriam, ato 0= MC 4 (M)
C Dp,, mostomy bp; %= (), BHAIUT, BTOT BHAMEHATENL HO

o6pamaeTcsa B HyJAb H B ﬁpo)c. OTcona B cnay aeMMer 24.12

o0

Al
7 cxopEMocTn PAKA ) | Ap| eacnyer paBHOMepHAA CXOTEMOCTH
Cpei

pama (24.6) B Dy, D M;. Hrak, neakaa f & A(M) sxopnT
n 8 A(M,), crenopatenbuo, (cum. cBoiictso 2)), M, J6(M).
Taxnm o6pasoM, moxasano, 4ro F6(M) = M;, a KOMIAKT M
ABJIACTCH JHHEHHO-BRIIYKJIKNM. []

4°, VmrTerpannHoe npeacraesenue (8.5) MO3BONANO AaTh ONMUCAHEE
o6mero BHAA JUHEITHOro HelpepHBHOIO PYEKNHOHAJA B IPOCTPAHCTBAX
A(D) (coorsercreenno A(M)) ¢ymRIuil, rojoMoppHEX B JMHeHHO-
BHIYKAKX 00nacTax (HA KOMOAKTAax), AMIPOKCEMHDYOMHX HB3HYTDH
(13BHE) OTPAHMYCHHHIMM PETYTAPHHMMA JIMHERHO-BEITYKIIEIMH obstacra-
mu, Taras aNIpOKCAMamusA He BcerJa Bosmo;kHA, Tomonorma B A(D)
n A(M) BrognTCA OGMENPHHATHM cTOCOGOM. 3TO ONMCAaHNe ABIACTCH
0606 meEueM HBBECTHHX peayibTaroB Here — CeGacThana — Je Crinn-
Ba — I'porempura pnaA caydas n = 1. Poxb BHOITHOCTH MIpaeT Co-
mpseEAOe MHOKecTBO. IIyers D = {z: ®m(z) < 0} — yxasaHHH®

BHINe ANNPOKCHMHpylomue obxacru, 0 & D, m= i, 2, ... Hono-
wam (D) = (1(D), . . ., T, (D), T T (D)= (D;i <grad @, 271,

i=1,...

n.
Teopema 24.14 (Maprmmo — AitsenGepr). Bearuii sumnelinwii

HenpepuweHuili ¢ npocmpancmee A(D) (¢ A(M)) pyrwsyuonan F(f) umeem

eud

F(f)=ms) 1) 0t (D)) © (2, grad @ (), (2449)

~ ~
2de ¢ & A(D) (coomsememsenno @ & A(M); m sagucum moavko om
@, gopmyaa (24.9) dacm usomopPussm AUREILHGT MONONOCURECKUT NPOCIN=

parems A’(D) u A(D) (coomeememsenno A'(M) u A(M)).

‘G-aadava u Teopémvt Uxa 21

"

3]
[ §

Ilycrs F e= A’(D) (cooTBeTCTBEHHO F & A’(M)). Maguxarpnc-
voit DaETANObe HASHBALT QYHKIHUIO Fz[(i — G, w) "], ez D

~ ~~
rezD, 0 e D (co0TBeTCTBEEHO 2 = M, w & M, 0= M). B (24.9)
| VHKIHES § ecTb MHIHKATPHCCa COOTBETCTBYIINErO pyurunonana F.
OGuacts D (RoMIAKT M) HASHBASTCH CUABHO  AUHEUHO-BLULYKAOU,

oeJII OHA JIMHeilHO-BHIIYKJIA W oTofpaenne F —- Fz[(i — <z, W) "]

Jnasercs naomopdmamom mpoctpaHcTs A'(D) u A(D) (cooTBETCT BEHHO
1'(M) n A(Jﬁ)). U3 teopemsl 24.14 caesnyer, YTO ANOPOKCHMALUA,
yKasaEHEASA Depes 9Toil Teopemoil,— 0CTATOYHO® ycaosme CHILHOIN
IMEeHHON BHUYEIOCTH. Ciepylonuii pesyabTaT OIHpaeTcsa Ha TeOpoOMY
2411,

Teopema 2415 (3mamencruit). [Jas cuavHolt AuHelinol gul-
nywaocmu obracmu (Komnaxma) Heofrodumo w Oocmamoumo, umobs
nepeceneiue omoil obaacmu (somnawma) ecaroil KOMNRAeKCHOU npamoil
(uL10 C8RAFHO U 0JHOCEAaHO.

Temeph MOMHO CHOPMYIMPOBATH PO3YALTAT O PAII0IREHHH TO-
nomophHix GysKuuil ma apodu Gosee MPOCTOro BUAA, HEM (24.6):

oo‘ A

f(a) = . —, (24.10)
péi (amzl—i— +apnzn—i—bp) .

n oo X
rne D |apmf2 =1 Y |4,] < eo. Tax e Kax B 3°, GyneM Tpen-
m—1 D=l

wonaraTh KOMOAKT M CBASHHM U NMEOMUM ONHONMCTHYI 000j09KY
rogomopduocT 56 (M). .

Teopema 24.16. (Tpyrees). Jan mozo umobut gcaras f &= A(M)
fuae npedcmasuma 8 nexomopol OKpecmHocmu M pasHomepmo cxods-
wumen padom (24.10), neobrodumo u Bocmamouno, umobs. 060404k
cosomopProcmu F (M) Gvina cusvHo AUHETHO-EURYKALLM KOMNAKEMOM.

CnepctBue 2417 (Aiisenbepr). Jas moeo wmobn 6cakad
| & A(M) 6viaa npedemasuma ¢ HeKoMOPoll OKPeCIHOCTILU M pasromepHo
rrodaugumes pados (24.10), neobrodumo, wumobb (M) Grma auHeldro-
GHNYEABM KOMNAEMOM, U Jocmamouno, ymobu (M) mooscro 6vino
(NAPOKCUMUPOSAMYL UJEHE PeeyaapHEMU AUNEUHO-GENYEIBLMU oBaa-
CILAMU.

§ 25. 9-3A7IAUA W TEOPEMBI OKA

{°. B KOMIZIEKCHOM aHAJHE3e BA;KHOE MECTO 3AHMMACT
Teopewna (Oxa). Ecau obsacmo D — C* ne pacwu-
pAeMa 2040MopPHo 6 xaxcdoli mouke zpanuys, mo D — 06-

AUCBL  20A0MOPGHHOCTU.
Hanmomamm, aT0o o6aacts D He pacupiema 2040MOPBHO

¢ mouke § e 0D, eciu CymecTByeT OKPeCTHOCTE U n ¢pynrnusA
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fe A(DNU), ne mnpomosxaeMas ToJoMOpPHo B TOYKY (.
B cymecTByoOmMuX M3M0MEHUAX DTOH TEOPEMEI, Pelnaiomei

!

nasectayio npobaeny E. Jesu, ncnonbayorea nubo anrefpan-~
gecKne MeTofmsl (Teopus Iyukos), ambo Teopust pudpdepen-

MUATHHKX 0mepaTopos (paspemmMmocTh d-samaum Heiimana).

3meck MB TPUBOAUM JIOKA3ATEABCTBO Teopembr OKa, mpu- -,

papae;kamee . M. XeHEKHODYy, B KOTOPOM HCHONBL3YIOTCH,
KaK B B opurnHaabHeix padorax Oxa, TOIbKO METO/IH TEOPHH
QyHKUEA, B OCHOBHOM HHTEIPAJAbHEE HPORCTABICHMUA.

Craeayommue 2 YTBepP:RAGHHA MOKHO HAHTH BO MHOTHX
Kypcax KOMIUIEKCHOTO aHanxmsa (cm., mampumep, [51, c. 126,
1701).

I. Ecau obaacmov D ne pacwupsema 2oaomopgro 8 kasxedoii
mouke eparuybt, mo D nceedoswnyraa (m. e. cyuecmeyem naio-

pucybzapmonuneckas 6 D dynryus, cmpemawancs ¥ -+oo
npu npubausxcenuw k 0D).

II. ITyemw D ncesdosunyraa, mozda D = G D,, 20¢ D), —

E=1

empozo nceedoguinyravie obaacmu u Dy, —< Dpyq, kb =1, 2,...
Tenmepr pgns RorasaTenbcTBa Teopemsl OHa OCTATOYHO

JoKa3aTh CJaelyIIee.

II1. Ecau D — empozo ncesdoewnyraras obracms, mo D —
obracmv  2oaomopgdrocmu.

IV. Ecau D = L—JiDh’ D, cc<Dg,1, u Dy — obaacmu

20a0mopgrocmu, mo D — obracms  2040mopgirocmu.

Jlerko Bupern, uato III ciegyer w3 Taxoro yTBepKIeHHS
(cm., mampmmep, [51, c. 168)). ‘

Teopema 251 (Oxa). Hyecmsv D — cmpoeo ncesdo-
aunykaas obaacme. Tozda Oas awboii mouku § e 0D cyuecm-
syem g = A(D) marasn, umo g(z) > oo npuz—> { u z <= D,

Hanee, yreepsmenme 1V — reopema DBenke — lllTeiina
(em. [51, ¢. 173]). Ilpu nokasaTeabCTBE ATOI TEOPEMBI MOKHO
mcuonb3osars Teopemy Oxa — I'edepa B Taroidr gopmynn-
POBEKe:

Teopema 25.2 (Oxa — TIedep). Tyemv D — ncesdo-
sunyksas obaacmy 8 C* u f = A(D). Tozda dan awboli o6-
asacmu GoeD  cywecmeytom gynnyuu Py(T, 2) = A(GXG),
i=14,..., n, daa womopux npu §, z2& G f(L) — f(z) =
= Py(¢, Z)(Cl —z1) + . oo+ PolE, 2) (8 — 2a).

p

§ 25 d-3adana u reopemvr Oka 273

Takum o6pasom, Fis pewenns npobaemst JIesn riuaBaoe —
noKazaTs Teopemu 25.1 m 25.2. Kpome Toro, Ans mocTpoeRus
faphepHOil QYHKIMA [IA CTPOTO ICEBIOBHOYKIOH obiracTn
(nemma 10.1) nymus clexylomue YTBepREEHHA.

Teopewna252. Hyemv D — obaacmv 20n0mopgrocmue
¢ C" u G == D. Cywecmeywm sunetinne onepamopu P
t A(D) > Ac(GXG), j=1,..., n, 0aa Komopwr npu
L, zeG

HE) — f(z) = (PG, 2) (i —2) + . .
oo (P 2)(Cn — 25)-

Teopema 25.3. yemo D — obaacmb eosomopgriocmu

g C", Ay\(D) — npocmpancmeo 9-3aMKHYMUL HENPEPUICHUT

gopm muna (0,1) ¢ samxrymoii obaacmu D. Tozda 045 a6t
obaacmu G = D cywecmeyem makoii AuHelnwE onepamop

T: Ao,l(f)) — C(G), wmo dtg = g ¢ G daa aw60l Popmbi
g = Ag.(D).

2°, @-3ajasa A cTPOro BEIMYRABX obaacteit. O6o-
amaumm uepes Ap ,(D) IpocTPaHCTBO HENPEPHBHEIX Ha D
¢opm f Tuna (p, ¢) ® Taxux, uro df = 0, "epes ', (D) —
npoctpancTee QopM TEma (p, ¢), KoIQOPUUHEHTH KOTODHIX
YTI0BIETBOPAT ycaoBmpo lexpiepa ¢ mokasatexem T, 0 <<
< 1< 1. Byaem cunrath, 4TO HTH HPOCTPAHCTBA cHAOREHH
eCTECTBEHHON TomoJdormedi. 3xeck D — orpanmvenHas 00-
aacTs B C™.

Hycts Teneps D — crporo Bumykaag obaacrs, 1. €. D =
= {z, p(z) <0}, A0 p & CA(Q); Q — obnacte; D < Q,
grad plop =% 0 m Bropoil Amddepenuman d*p moAOKATENBHO
oupenenen B Q. B arom mymxre Gymer Kokasana

Teopema 25.4. [Tyemv D — cmpozo eunyxkaas 06-
aacmb 6 C™. Cyujecmsyem. AuHelinblll  onepamop
Gp,q: Ap,q (D)"C_’(yi,éz—)i (D), 0< p < n, 1 < g <y maroll,
umo ypaenenuro Ou = | ydoesemsopaem goprua u = Gp,qf.

Jlpyrume ciosamm, omepatop Gp . — TOpaBhil 0GpaTHEIA
K omeparopy d. Homcrpyrima 1) omepatopa Gp,q Aaercs dop-

1 [Ipupeienran B (25.12) KoBcTpykums omeparopa G, , Cfena-

HA C pacueTOM HAa HCIOJIB30BAaHUE ¥ B § 26, Jlaa JOKa3aTenbCTBA TEO-
peMst 25.4 JocraTouHO G0jee MPOCTHX YTBEPHKICHHUIT
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mynoit (25.12) mas mw6oro k == 2. Teopema 25.4 — caenet-
Bme TeopeM 25.6 m 25.9.
Ilomosnm

¥

P®)=(Py(®): - Pa(8) = (320, .3 (0)

(25.1)
(D(C,Z)—ZP ‘ (Q,Z)Z(D(C,

(C] —— Zi)7 Z) — P (C)

U3 opmynn Teftropa u Tporoit BHNyKIOCTH QYHKIUUE P
cleqyeT, 4I0 CYmecTByeT Kofictanta ¢ > 0, nna xotopoii
mpE §, 2 Q', DcQ ccQ

2 Re (¢, 2) = p(0) — pla) -+ olf — 2%

2 Re D(, 2) = —p(D) — p(a) + o]L — z[°. (25-2)
Tepeps us (25.2) noxywaem, uro upu §, z & Q'

[t—z < 2B 9); (25.3)

(L, )| < DL, 2); (25.4)

@Dz, 2 > ellp(l) — p(a)] +
+ |Im (L, 2)| — p(&)

rae o; > 0 — koHcradTa, 3aBmCAmAA TOALKO OT D,
Itycrs w(g, 2z, A) = (w4, ..., w,)— Berrop-PyHKUMA,

safannas ua muomectse U < (CF X Cr < BY)N\{(, 5, 1) 1 2=}

B rakad, uro {w, { —z) = 1. laa w = CM(U) nonomum

(— 1)q+p(n—q—i)(" - 1)
q
~(2ai)"pl(n — p)!
X Dy,q,n—q—1 (wL Bzwv. (5€. + dm) w) A Dy n—p (92, 9T);
Wp,_i = Wpn=0.

Wp,q (wz cz z, 7") =

Ecam w e 3apucnT 0T A, 10 Wp,q(w, £ 2, A) = Wy aw, §,2)

—p(2) + 1§ — 2], (25.5) -

- N
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{eum. § 7). Beegmem BexTOp-QyHKIEE
w62 = gos B 0 s = —Ne+iu(ia), (25.6)

n QYHKIMIO

' P
Cp (C’ z) = [1 f(%%%)zn]k ( @ (L, z)) [ E (‘D (2: :;) ]

(25.7)
Bnecw L, ze= D, O(L, 2) %0, he [04] n t"|;c*:|ﬂ

Jemma 25.5. Hpu (L, 2)40 gopma Ope, (5, 2)A

AW o, 8, 2,0) — Wpe(m, G, 2)) npedecmasaaemes aunelinot
romOurayuell _(ﬁop.u suda

( __p(z_;_) )k 1(6) §: 4) (€ —%)0 s x)/\ap(o (25.8)

& (&, z |C—z |2(q+r—{~1)a‘5n——q—~r (€, 2)
n
( P )h (cb(c, z>)s (G=2) (n —2m) Y2 W) o o)
O] \ D) -z X9 (g, 5
el <jiim<<n0L<r{n—qg—2,s=0,1, ...; gop-

xw @ u ¥ umelom mun (p, q) no z, cmenens 1 no 7\, u mun
(n—p, n—¢q¢g—2) u (n—p, n—q—~1) no {. Koag-
gpuyuenmn gopm ¢ uw ¥V — npouseedenus npousdeodHwx He
cre 6mopozo nopadra gynryuu p(l) na noaurom om .

NowasaTeascrtso. a pasencrsa (25.6), csoiicTs
ONpeJeNUTeNsA W TONOMOPPHOCTH BEKTOP-QYHKOWA U IO 2
opu D(E, z)—/:() monydaeMm -

Dy gn—g—1 (TI, azTh (ac + dx) ,Tl) — D1,q,n—q—1 ("l’ 51"% 5&“) =
= (n—q— 1) Dy ,q1,0—q-2 (2,0, dp¥i, o) =

= (=1 (n—q—1)Dygrng2(t (1—‘%)‘“1‘(520)

p n_q_z
(1 — A) 3t -+ Adeu) A dh = ;?0 (—1)*"(n—g—1)X
n—qg—2 - = =
X ( 3 ) Di,i,q,r,n—-q—r———z (t, u, 01, 6ct, 6;u) A
AA—a—T=2 (1 — Q)2+ dA.



276 Hpusroxenue e reopuu Pynryus Tm v

Tax e wxax mpum pokasaTexbcrse pamemctBa (7.2), Haitmem '

Dy, t,q,rn—g—r—2(t, u, 0,t, art, Ecu) =
— (— 11
| — z12(11+r+1)¢)n—t1—r—1 (&, 2) X

X Dy, 1,q,r,n—q—r—2 (L —z, P, 8,2, 5T, 6P).

Teneps na (25.10) n onpenenenus Wp,q n Wy, 4 cinegyer,

910 Wy, 4(n) — Wy o(n) — nuneimas xomGmranmsa gopm Buxa

(E—32) e @zn
[ — 2 [XerHDn—a-T—1 (¢ 4y’

(25.11)

me 1<j<n 0<<r<{n—g—2; ¢ umeer THD (p, ¢)

no0 z, TN (n — p, n — ¢ — 2) mo { m ctemens 1 mo A, xoah-
¢unpenTH GOPMEl ¢ — mpomBBeNeHAA NPOUWSBONHHX p(l) He
BHIIIIE BTOPOTO HOPAAKA HA NOJIHEHOM OT A

C mpyroit cTopoOHE,

5t“k (C,2) =—Fk-2na,_4 (L, 2) (%_)2?%—1 (

Y (SN p(2)3.D
DD, 2) @/

YrBep:aenne JEMME BHTEKaeT N3 3TOT0 pPaBeHCTBA,
(25.11) m pasemctBa 9;® = <9;P, § — z).[]
Ompepennm onmepatopm

(@ﬂﬂ@=—§f@AaML@%&4@ﬂ+
4

F (=P [ ) A B (G ) A Waat (1,82, 1),
Dgxi0,1],

- (25.12)

me 0<p<gn 1 <SIsn fe CP,Q(D)-

3ameuanue. Dopma f(§) A dron(L, 2) A Wp, g—1(m)
nmeer Tam (n, n - 1) mo {, mooromy o6pamaerca B 0. Caemo-
BaTelIbHO, QaKTHIECKN DONEHTErPANBHOE BEHIPAKEHAE BO BTO-

pou uaTerpade  (25.12) mmeer Bun f({) A Feop A (Wp,o(n) —

— Wy,q(n)). Tax rax EJ_{E, z) #=0n®E, ) =0npuze D
u { & D, 1o dopma deay A (Wpqe(M) — Wy q(n)) mempe-
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PHIBHO TPOROMIKAGTCA HA DrxD,x 10,11, (a10 cuemyer m3
nemms 25.5). Takum o6pasom, Bropoit maTerpars B (25.12) —

coGCTBeHHARIA. -
Teopewma 25.6. Ecau f & Ay (D), g =1, mo gopra

u =Gk f — pewenue  ypaswenus Ou =f 0Oasn  awboeo

k= 2.

NoxasareaxscTso. B gopuyne (7.15) BosrmeM B
kagectse ¢ Pymarnmo ox(E, z). [locKoABKY & roloMoppHa
o z 1 ay(g, 2) = 0 upn { & 0D (cm. (25.7)), T0, HCHOABIYA

pasercTBo Of == 0, monydumm npu z & D
F@)= (= 1" F(0) A B (6 8) A Una (8 2) —

Dy

~5, [ 1A (&) Upat(B,2).  (25.13)
De

ITo ¢opmyne Croxea

[ a(F(© A Bonit ) A Wpa(n b2, M) =

Do, 1],

= S f(g) /\ gcah (C’ Z) /\ Wp,q(u, C,-Z) —
s

— {70 ABan(t2) AUpall2) +

Dy
+ X f(;) /\ 52;“11 (Cs Z) /\ Wp.q (na C7 Z, }")'
0D§X[0,1]h N

BerTop-pyEkmma u roiomoppHa mo z & D, moaToMy
Wyolu, G, 2)=0mpn g >1. llpun k > 2 n [ = 0D mueem
deoy, = 0, caemoBaTenpHO, HPEeABYIee PABEHCTBO [AeT

(10 A& ) AUpa G =(— 1" [ F(OIA

D¢ Dex[0,1],
/\ 5{;0(.;1 (Cs Z) /\ (_éC —i— d?v) Wp.q (’ﬂ, Ca z, 7\‘) =
~3 | 1O AB@ (G5 AWpe 10,520, (25.14)

Dyxio, i,
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3mech ME BOCHOIBL30BANHECH ycmoBheMm df = 0 m papen-

crom (g -+ dy))Wp g = (—1)PH93,W, 1, xotopoe moma-

3HIBACTCSA TOYHO TAK e, Kak JeMMa 7.2, m romomMopduoCcThio"

o 10 z. IlopctaBms (25.14) B (25.12), noryumm yTepxnenne
TeopeMul. [] -

-

JlIA OUEHKE pememus ypaBHeHHs Ou = f, npuBejeH-

HOro B TeopeMe 25.6, HaM mOHANO6GATCA 2 JOMMEL.
Jemma 25.7. IHyemo

(¢, +&)%dt, ... dt,,
Ity |+l e+t

Jo,r,1 (€) =

<1
+€>0

20e a, k, 1 — Oelicmaumesvuvie, o > —1. Toz2da
a)
O(el-kte), k—a>1,

Janan—1(e) = {0 (Ine), k—oa=1;

6) npu m>=0
{0 (e—rtotmis/2y L — o — m > 5/2,
Ja,kom—3—2m (&) = O (Ine), k—oa—m=>5/2.

Hoxrxasareuxnscrtso. Ilepeiinem B maTerpane, ompe-
peasomeM Jg ., K chepmuecKMM KooppumHATAM f, =
== T COS @y, 3 = I 8in Q;€08 @y, . . ., H CAEIAEM 3aMEHY Tepe-
MeHHEIX S; = €08 @;, i = 1, 2:

(rsi - &) r2 1 drds ds,
— W
0<7, 8,<1 [’" (| sl s Vi —s%) +e4 rz]

—1 <81<1
rs1+e>0

Jari(e) =0(1)

Bocnoasayemcs HepaBencTsoM | s;| 4 s, Vi — st >1/4%
X (] 81]485) mpr — 1< <<, 0<s,<{1. Iocne samenn mepe-
MCHHHX § = su, $; = s(1 — |u]), wmajigem

(rsu - 2)%r2" 1~ bsgrasdy

J g)=0(1
cas@=0() |
—i<u<y

rsu-t&>0
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Tomomam | = 2n — 1. Hepeiinem k xoopaunatam (v,
5, u), THe v = e Irs, W BOCIOAB3YEMCA HEPABEHCTBOM 7§ -

et+r*t>=rste

| i
Tanant(e) = 0 (81742) U 2o { w1y +

] g (0+ F
se—1 1 -
dv o —
_dv 1du | = O (et~++9) %
¢ ‘ ;+ o
A+t —dg - _dv
X S v dv + .S v (v + )bt

0

OTciofla CIefiyeT yTBepMeHHe a).
Mycre Teneps | = 2n — 3 — 2m, m = 0. Torna

1

92 2
rds
Japm—s—m=0(1) g’mdry (s e+ rof Sw; x

0 0 —e(rs)

2

2
ds
o — 2 r —]
X (rsu + e)*rsdu = 0 (1)0j r "‘dr§ (rs + g - )1

rMdr dr

2 ' 2
=0(1) YW? =0 (1) 05(r+ Ve)Xh—a—m—2)’

0

HenocpecTBeHHEM HHTEIPHPOBAHHEEM HOJIYdaeM yTBEPHK-

negme 0).0] .
JMTewmma 25.8. Hyems D = {z, p(x) < 0} — ocpanuuen-

nas obaacmb ¢ B® ¢ saadroti spanuyeii u gynryua F.: D—
— C' ydoesemsopaem Yeaosuio

|F(z) — F(y)l = |z — yIM|p(@)}) npu p(z) > o(y),

20e Mt)—MOHOMONHO YOHUBAIUAR HEOMPUYAMEILHAR GYHKYUR
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1
ra (0, oo), dasa Komopoi S A(t)dt < o0, moeda
0

\F(z) — F(y)| = 0(1)(A(lz — yI) +

t
ade A (t) = j‘tp(t),dr u koncmanma, erodawyas ¢ 0(1), ne aa-
0

eucum om F.

B wacmuocmu, |F(x) — F(y)] = O()|z — y|**
M) =t 0<tv<<1 u|F(x) — F(y)|= _y gl
A o S |F () =01 lz—y| In |z—yl,

IdT0 yTRepEAeHue — HeGonnmoe 0606

IIeHUe OLHO -

synpTata Xapam u JIntasyna, worma D — kpyr H;[ nnggxgs-
™ 1 A(f) = t~° (cMm., naumpmmep, [65]).

Teopema 259. Eeau [ CpoD), mo G fe=

(4/2) 23 . .
=Ch921 (_D') n Gy q —AuHeiinw onepamop us Cp (D) 6

(1/2} (D
CP,Q‘—i ('D)'
Moxasarexncrso. Iyers Gog u Gry — omepa-

TOPHI, OLPEJEJIAEMEE COOTBOTCTBEHHO IIGPBEIM I BTOPHM
ugTerpasom B (25.12). Pacemorpum ¢yrrumio

H(z) = Y h(8) ax (L, 2) é%“_z%;,dv, rae k= € (D).
by

Torna nas z, we D

|H @) — B @ 1< 110 @ 0)|
D

G—wy G

IC_WIZn——lg_Z]zn

x vt [1R@)an (6 0) = @y () | ——2r . (25.15)
b JE—z Pt
Ws (25.2), (25.4) w (25.7) monyuaem
2n—1

[grad,ap (8, 2) | = 2kn oy 4 (L, 2 [(—E(C’—Z)
) R

o (5 grad, @ (L, 2)
@2 (¢, z)

—0() —
. ”I@(C,z)l'
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[Iyers p(z) => p(w). Ilo Teopeme Jlarpamma npﬁ HOKO-
ropom 6, 0 <O <T1.

b, (€, w)— o (L, 2)] < |grad,ay (L w + B s —w)) |- Jw—z| =
_ lw—1z] =0 (1) ==L, ‘

Ecan ofosunaants 1epes 7 (z, w) BTopoii maTerpan s (25.15),
TO IMMOAYINM, qr1o0

7wuw=ounwum%1+

dv () L
+(Dn o(z));ldj(c' 2)| IC—z|2ﬂ—1) w |

Ilycrs Temeps ¢ u § BHGPAHE! B COOTBETCTBHM C neMMOH
10.6 m z = D, p(z) > —06. Ilepeiinem k mepeMEHHEIM fgy j =
= Re n(2), to; = Im n;() (pyErmuu n; OnpeyeseHns B JeM-
me 10.6), Bocmob3yeMca HepaBEHCTBOM (25.5) m mHaiimeM npH

p(2) = p(w)
7 (z,w) =0 (1) Bl g3y (1 + Jo,1.2n—1 (I (2} ) [ — 2].

Ilo memme 25.7 mpu p(z) > —6
7 (zw) =0 (1) Bl lw — 2l Infp (2) |- (25.16)

Ouesmyno, aro (25.16) Bmmoausercs m upu p(z) < —9O.
C gpyroit cTopous, (25.7) u (25.4) moKa3kBaIOT, ITO an(l w)=
=0(1) npn {, w = D. Kpome Toro, namsecTxo, ITo

T, —w, LT;—3
mem;_’—’ 7| 40 () =0 (1) llllecmr X

w2 L—z
X|w — 7] 1In|w — 2|.
Crenoarensro, (25.15) u (25.16) maotr mpm p(z) = p(w)
| () — H ()] =0 (4) Ill e — 2 (n o (2) [ + Lo jw—z).
Nz memMu 25.8 BriTeraeT, 9TO
[ (0) — H ()| =0 (1) [l ) o — 2/ 1m0 — 3l
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Temeps u ' G:
Pb u3 ongg;:enennﬂ omeparopa Gp,q u Agpa Uy g—g
ciaepyer, 4ro Gp, YHMOBIETBOPAST YCIOBHAM  TEODPEMH.
Hh
Ocranoce morasare, 4ro omepatop Gh . Towe yloBaAOT-
BOpAer ycaoBHAM TeopeMul. Jlemma 25.5 m sameuanme mocae

(25.12) mokasmBaloT, 4ro AJA OTOro MOCTATOYHO OKA3aTh
caeywoIee;

|Fy(w) — Fy (2)] =0 (1) ”h”c(ﬁ) lw— 2|12 (25.17)

H"

|Fa () — Fy (2)| =0 (1) Itllozy o — 2] In i — ], (25.18)
tne Fy(z) =
— (ho L@yt @@y (5=5)e®

J; Oaes) Gen mreres v o
Fy(z) =

_ (e (2@ V0@ 0y (G=5) = im e @
.bs; (c) (CD (& Z)) ((D (&, Z)) I; — zl?ﬂ‘ PRt & 2) dv (C

3pecs @ (L)— mpouspegerme npowsBopmmX Gymrmmm (L)
He BHme BToporo mopafgka, 1 <{j, m<n, s=0, 1,..

B nnrerpanax, onpefensiomnx ¥ u F,, Moxno guddepen-
IUpOBaTh YOJ 3HAKOM METerpana. HemocpegcTBeHHHM mof-

CYeToM C MCHOJb30BaHHMEM HepaBeHCTB (25.2)—(25.4) mo-

Iy4uM

lgrad Fy (z2)| =0 (1 dv |
1 )l ) £;|;_zjzf—’|q)(;, z)|"—r+2+

+ v'dv ‘=0 1 dv
| Jclc—ziz"lcb(c, z)!"‘f“)j @ (1§CIC—zt2"“3liﬁ<z, P

dv

+ by [ — 211D (¢, z)l3/2)'

-

§ 25 d-3adaua u reopemvt Oka 283

Iycts ¢ @ 8 BHOpaHW B COOTBOTCTBMH C nemmoit 10.6.
'l'orna- npu p(z)> — &
lgrad Fy (2) | =0 (1) Iloqm) (1 +

S - dv _
(onBy) 15— RIS

+ z)|3+

dv
‘ i (Dnﬁgo(zJ)c —sHo G ) |3/2) -

= O |IPlle(s) (4 + Jo,3.2n—s (I0€2) D) + Jo,ar2,20—1 (P (2)]) -
31ech MH BOCHOJAB3OBAIECH 3aMeHoil fy;_y = Beny(l), Loy =

= Jmn,({) = nepaseucrsoM (25.5). Temeps memma 25.7 mo-
KaseiBaer, uro npm p(z)> — & )

igrad Fy (z) |=0 (1) [l o5 lo (212

Jlanee, n3 TeopeMH Jlarpanma u JIeMMEL 25.8 caegyer (25.17).
Dopmyna (25.18) noxasuBaeTCA aHAMOTUIHO.[

3°, §-3amaua maA CTPOTe NCEBAOBBIUYKILIX obaacreii.
OGosnaumM uepes Bp,q(ﬁ) noxnpocrpancrBo  gopM [
EA,,qD), g>=1, nua wotopux cymecrsyer fopmau &
= ¢ (D) Tawan, gro du = f.

Teopema 25.10. IIyemv D -— ozpanudennas cmpo-
20 ncesdosunykaas obaacmev ¢ C°. Tozda By,q — nodnpocm-
PAHCINB0 KOHEUHOU KOpasMepHoCMmU 6 A, (D).

Jorasarexscrso. Mz aemmm 10.2 crepyer, 1To
cymecTByeT Taxoe komeuHoe mokpmrue {U;}, j = 1,0y Ry
xommakTa D, 9ro aas Kampaoro j = 1,..., k, Haiigerca Guro-
moMopdHEOe B okpectrocTH D; = U; D oroGpamenue ¢;(z),
1A rotoporo ¢;(D;)— saMukanme crporo sWmykmtol obrac-
. Ilyers f & Ap o(D), TorAa flo7tw) 4Ap.q (93(D)) .
Ilo Teopeme 25.4 ompefieneHsl JHHeiHE® OmEPATOPLL G
Ay (95 (D) ~Cor2s (¢, (D) maxue, aro G5y f (75 (w)) =
= f (cp,-_1 (w)) . Taxum ofpasoM, MOKHO OUDEIENHTh JIHHEH-
ume omeparopit Giy: Ay q (D)~ Co2 (D)), j=1,.... k, pun
xoTopHX 8Guyf = f ma Dy.
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ITycrs {y;} — pasOueHme eqUHUIIH, IO/ YMHEHHOP IOKPHL-
mmo {U;}. Onpepesnm onepatopst Np,q: Ap o(D)—> Coi1(D)
u Tp.qt Ap o(D)— Cp (D) paBencrramu

Np.of = Z XG5t

k
Z (J)
Nmeem
ONp of = Tpof +1. (25.19)

Orciona caenyer, aro T'p , mepesonut A, (D) B A, D)
Kpome Toro, ua onpepmemesus omeparopa I, , caegyer, 4ro
Tp,q HeNDePHBEH, eCl ero paccMaTpHBATH KaK OHEPaTop
us Ap D) B 0(1/2)(1)) Ilo reopeme Ackonm (cm. [80,

c. 164]) omeparop Ty q: Ap.o(D)> Ap, (D) Bmonne mempe-
pusen. ITo Teopene Pucca — Dpenronbma (em. [80, c. 3701)
MHOKECTBO Bp,q(D) dopm Tpof +f, rHe feAp,q(D)—
3aMKHYTO€ IOAPOCTPaHCTBO B A p,q(ﬁ) KOHeYHOH Kopasmep-
pocru. M3 (25.19) mmreraer, 9ro f?p,q(_D—) < Bp,o([D), cie-
AoBaTeAbHO, Bp,q(ﬁ)—— 3aMKHYTOe HOJANPOCTPAHCTBO KOHEU-
Holt kopasmeprocTH B A, o(D).]

OrMoTEM, Tr0 Ha pe3yIbTATH MAHHOTO maparpaga ONEPACTCH
Jloka3aTenbcTBo Jemmur 10.1, mo3BOJIAIOmMElt HOCTPOHTH HJA CTPOTO
HCOBJIOBHIYKIHX ofxactell OmepaTopH, AHANOTHYHEE ONEPATOPaM

Gh Ecim moBropuTth BCe PacCy:REeHMA, OpPHUBeIeHHHE B H. 2° jaH-
Hofo naparpada, T0 moxyvuaercs

Teopema 25.11 (Pomamos — Xenxun). Hycme D — cmpozo
ncesdosuinykaas 0baacms ¢ C". Tozda cyujecmsyrom aurelinsie onepamo-
pu G 5.a Ap,q(D) »ng”ng 1 (D), 0K p<n 1<qg<n masue,
umo YPAsSHEHUD ou = | ydosaemeopsem ¢popma u = G -

Teopema 25.11 cuasHee Teopemu 15.10, HO WpH EIIORaElaTeJII:-
c¢TBe TeopeMH 25.11 mcmomsdywrca ciaencTBHA Teopemu 25.10.

. lorasareasrcrBo Teopemun  25.1. Ilycrs
{ — ¢urcmposammaa wouxka 8D, rtne D — orpanndenvan
cTporo uceBAoBHIYK1aA obmacts. B nemme 10.2 darrmueckn

§ 25 @-sadana u reopemst Ore 285

jloKasaHo, 4ro cymecrsyer Taxoe § > 0, uro Re F(§,2>0
upn 0 < | — 2| <20 m z2 = D, rpe

F(g,z>—-22 a" 0 @ — )+

+ 2 e © @ — 4 = L.

Ifycrs 9§ — ¢ummTHAg OeckoHeuHo uddepennupyemas

¢ynxmua s C" ¢ nocutenem B Bya(L) u 4(z)=1 upu z & B(I).
Hoctpoum dopmer

S (_x( \ _ 9x(2) 50 (B B
7 () = A mpu 2 = D (Boo (9 \Bs (2),

npu z & D\ (Bys (8) \Bs (0)),

k =1, 2,... . Herpynuo nposepuis, 4o [, & Ay,1(D) n nm-
HeliHO-He3aBHCHMEI, 103TOMY mo Teopeme 25,10 cymtecTByloT
TaK@e HATYPalNbHOE K M KOMIVIEKCHES YHCAA &1, «vvy -1y
aro fp + @p—ife-i + ...Faify = Ou, THE U = C(D) Dyuk-
ous

fn (@)=

_ Ty 1 ey N
8(6) =x(8) (g Tyt EEs) O
roaoMopdua B D m lin§1g(z)= . O
zeD

5. llorkasatenbcrBo Teopem 25.2 m 25.2.
Ham neobxomuma

Jdemma 2512. II ycmb Duc@G yﬁomemeopnmm ycao-
guam meopemnr 25.2, I,y ={z, =0}; I,-1 NG =7’=,®
v Ha Doy 3a6ana 2010MOpHHAR gﬁynm}un f( z), 'z =
=(31,..4,2n—1). T020a cywyecmeyem ¢pynryus F = A(G), 0an
Komopoi Flenm, _y = f.

Nowasareasbcrtso. Illyaxr Il nnana noxasarens-
crea Teopemi Ora (cM. m. 1° macrosmero maparpada) moka-
3WBALT, UYTO CYIECTBYeT TaKas CTPOT0 ICeBROBHIIYKJIAadA
obnacte Q, we G & Q& D. llonowmu Q, = = Q:
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tlza] < &}, Tag xar Q&D, To upPH AOCTATOTHO MAIOM E
dynrnuo f MOMKHO IPOJONKUIL B Q,., nonaras f(z)= f('z).

Hycrs 9 — ¢ueaTHAA OGeckoHeuNo sudpepennupyemas
$yHEKOMA HA IJIOCKOCTH C MHOCHTEIeM B B,.(0) m y=1 na
B.(0). Bsenem ¢opmH

? (X"("—y(—)) = T () ) o 2 Qe \ Qe
fa(2) = = "
: 0 npuz & Q, U2\ Q2se) »

k=1, 2,... . Touto Tark jKe, KaK B IIPELIyIeM IYHKTE,
momydaeM, 10 fr+ap-1fp—yt...Faift = du, e U E C(RQ)
I HEKOTOPHX HATYPAaJbHOTO k ¥ KOMINIEKCHBLX G1;..ey @g—1-
QDyHRIOUA :

F@)=x(z)f () (t + a1z, + oo +arzn ') —znu(2)

faeT HCKOMoe Ipofo/mKenue QyHRIUN fs QO )

Teneps JOKA3aTEABCTBO TeoPeMiL 20.2 IPOBOAUTCA 0o6bI-
HEIM 00pasoM, HampuMep, Kak B (201, c. 260], Tonsxo caoBa
«061acTb T010MOPDHOCTEY HAT0 3AMCHHTH HA (ICeBJOBLITYK-
aasg obnacToy.

FEean B /[0Ka3aTenbeTBEe JOMMEL 25.12 HCIOIB30BATH T€O0-
pemy 25.3 BMecTo Teopemn 25.10, To momyuuTCA ycuIeHHAR
dopma nemmut 25.12, B Koropoit F CTPOMTCS 1O / ¢ DoMomEI0
nugetinoro omeparopa P : A(D)—>A(G), a v10, B CBOIO OUe-
pens, siaeder Teopemy 25.2°. OTmerum, UTo IPH AOKAATEIND-
crBe Teopemil 25.3 meioub3yerca Teopema 20.2, a He 25.2".

6° loxa3aTerIbCTBO TeOpeMU 25.3. Tax
Kag D — obmactbs romoMopduocty u G & D, To Haiiercs
nonmonp Beina A, pas xeroporo G & A & D. Ilonuanp A
mmeer By (oM. §9)

A={zeD:|y@|<t, j=1,..., N}

rpe y; — ronoMopdust B D, OpudeM HEIYCTHE TPAHK Oy, . jp==
=pzeD: %, (@)= ... =% @] =1, LEI<, j=1..

e N, j+ jlreerr jr} EMEIOT PaBMepPHOCTB 2n — K padA Beex
Jlaewes Jos 1SN < . <Jr SN

§ 25 d-sadaua u Teopemur Oxa 287

B €7 X BRIt mocrponm memp T cxepyromum obpaszom:
I1YCTB J1,..., JpTakoBH, w101 << ji <...<< ir < N 1o, 5,7+

#(f, TOrma
Fj1~--5k :{((:1 A): te Oj,...05 A= (Ao, Mooy }“N)v A == 0

opu m = O, 1,:-~,- N_, A'm =0 opum m 75]'1""_’ jlu On

dg + Mg, oo g = 115
N
F = Z 2 I‘jx---ih'

A A<h < L<ip<N

Herpya#o mpoBepuTh, ITO - T =T N{H=13—-T0
N{ho =0} m T N = 1}= 0A.

Hyers Temeps w(l, z, ZL) onpeneneno B MuoxecTse U
CCT XX R+, ®opum Wy o(w,L, 2, M) ompemenum TaK e,
kak B I. 1° nacrosmero naparpada; BexTop-QyHKIUE Uy —
TaK e, Kak B § 9 (B 5TOM MecTe HCHOJNB3YeTCs TeOpeMa 25.2);

N
= by w050 = bt + D
Hoa f & Ap oA) ompepenum omeparop

o) @) = § 1O AWpga(n Lz W) —

T s,

- Y 12 A Upa—1(E, 2)- (25.20)

At

Teopema 2513 (Xemkmm — Ilomsixos). FEeau fe
4,48, 0<p<n, 1<gn,motpfE Cp.a-1(G)s

29e GeA. Onepamop Tpyq: Ap,o(A)= Cp,q~1(G) Henpepw-
6en u yoosaemeopaem Ycio8ulo

Btp.af = I+ _ (25.21)

Teopema 25.3 cpasy sKe ChaefyeT U3 TeOPEMEL 25.13.
okadaTelhCcTBO TEOPEeMH 25.13.  Hep-
peiii mETerpad B (25.20)— colcTBeHHHE TPE 2 & G, Bropoi
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PaBHOMEDHO CXOJHTCH, IOJTOMY B IHpOBePKe HYMRIAGTCH
tonbko pasenctso (25.21). Ilo ¢opmyne Crokca

{ dea (7O A Woa(n, 8,2, 0) =

T
B FOAWog(n &z h) —
(FNtho=1Dg,3, palih &2 1 (I‘nmim)c,xf(;) A
AWna(n, 85,8 = (7@ AUt ) —
; 2
N

R

k=1 1<h<...<jp<N IG“}Y in Hon
.

RjZ0ie ok 20

?‘ﬁ1+"'+;‘jk=1

3 .
™ 7
A W:P,Q( E }"imu m’ Ca Z, }")'
m=1
T . = & j
7
ax Kak u/ ronomoppuE mo z = D, To Wy 4 (ﬂgi Ay U ™t

z, ?\.) = 0 upu ¢ > 1. CrmegoBartennuo,

(1@ AU 2y = (=1t | 1A

B 6A§~ L l"l;,;”

A Gt d) Woom, 62, =3, | 1@QAWpa—1(, 8,2, 1),
I‘CJ\-

Paserncrso (25.21) reneps Burexaer m3 dopmyrs Mapranes-
nu — Boxmepa — Honneasmana (7.1), mpumenennoit k¥ A.[]

7°. B 9TOM IIYHKTe MEH IPHBejeM HeKOTODHe ONCHKRH s pemle-
HOA J-ypaBHeHHA W HX Impmiomenusa. Ilyers f e L; q(D). Bynem ro-

1

vopurs, wro ue& Ly, (D) m ge L}, ((0D) ofmajaior cBoiicT-
BAME Bu = f W u |y, = g, ecam s moGoii riagkodi Ha D POPMH @
Tl (n — p, n — q) :

fene={rae+1mt [unde.
oD b b

§ 25 3-sadana u Teopemw Oxa ' 289

Teopema 2544 (Xemkmm— IIxoma). IIycme D — cmpoao
eonyraan obagcms ¢ C" u  f& L;’q D), 0<p<n, I1Kgn.
Toeda ecau of =0 u |f(@ + |p(z)|"1/2]f(z)/\5p(z)| e LY{(D), mo cy-
wecmeyiom opmv U E L;,' g—1 D)yuwgeLy (D) co ceoiicmeanmu
ou=fuulgy=28&:

IToxm modysem gopmul, RaAK 0GHYHO, HOHMMASTCA CYMMa MOJyJel
ee HodpPHEIUCHTOB.

Teopema 25.14 mO3BONAET JATI ONHCAHNS MEQRECTBA nynei GyHK-

nait waacca Heeanaurnus,, m. e. roxomopdeux B D $ynxnmit, A17 KO-
TOPHX

sup [ 1og" 11 (C—ev @) 1404 @ <
reon

3mecs log*tt == max (0, log 1), ¢ > 0, v(E) — eqMHAYBEIi BOKTOD BHEMI-
Hell HOpMAIE K rpamEuine o6nactm D B TOIKe {; do, — smeMent k-mep-

goit mepur JleGera.
Teopema 2515 (Xemkum — IIkona). IITyemv D - cmpozo

sunyxsan obaacms ¢ C". [aa moeo umobu (n — 1)-meproe aHasUmMUYE-
ckoe muomcecmso M 8 D 610 MHOMCECMBOM Hyaell PyHEYUU Eaacca
Heearnaunns N(D), Heo6zoduno u docmamouno, ymobu M ydossemeo-
paao ycaoeulo baswre:

[1p@1do,my =2, (10 1doy,, (5 < oo,
M i M;

ede M I — HenpUeOIUMNE KOMNOHEHME MHONCECMEA M; v, — kpam-
nocmu Komnoxewm M ;.

Wa eapga QyErmER o, (CM. (25.7)) caeayeT, 9T0 OHOPATOP G’;’ q
onpe/eAseMui paBeHCTBOM (25.12), MOKEO NPAMEHATH K TAKAM dop-
mam f, wro f (2)p* 1 (2) = L} (D). Hcmonsays Teopemy 25.6 1 TeMMul

25.5 u 25.7, MOKHO [OKA3aTh cARYIOmMMA pe3yabTaT.
Teopema 2546 (Jayros — Xemrun). Hyemv D — cmpozo

guinykaas obaacmy ¢ C* ufe in,’q (D, loc). Ecau 8f =0 u -wucso
«> 0 masosw, wmo |p@I® (@) + 1pEIAFE) A dpla)) = LD),
mo gopma Uy = G;,qf npu mobos k > & + 1/2 ydogaemsopsem ¢ D
ypasHernuw Ou = f, npuves |(Gg,qf) (2) l o e L:,’q(D).

@OyERUmO f, ToJdOMOPPHYI B orpaEmIeErOH obnacte D C ct
masoBeM (QyHEKOEmeRl kaacca Hesanaunuu — Hucpbawana N (D)

(@ > 0), ecnx
[ 1o @ P10t 17 1oy, () < oo
D

10 JI. A. AhsenGepr, A. IL. IOwaxos
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Teopema 25.47 (Jayros — Xenmxur). Hycme D — émpoeo

ernykaan obaacms 6 C". Has moeo wmobu (n — 1)-meproe anasumuve-
cxoe mHowcecnso M ¢ D Grao mHodceemsom Hyaeii Pymryun Kiacca
Hesanaurnw — Doicpbamwana N o(D)s & > 0, Heobxodumo u docmamon-

Ho, umobul
[lo@Ptide,, () < oo
M

Teopemir 25.14 m 25.15 — mpepensrmii caysair (zpm o — 0)
Teopem 25.16 u 25,17,

§ 26. ®OPMBI, .
OPTOI'OHAJIBHBIE T'OJIOMOPOHBIM ®YHKIIHAM.
YPABHEHWE I. JIEBH. OBI[AN BHJ ®OPMYJI
HHTETPAJBHBIX NPEJICTABJIEHHMA
T'OJIOMOP®HBIX ®YHKII

1°. Tlyers D — orpanmaennas o6racte B C" ¢ Tiagxoi
rpanmueit. Hac wumrepecyior ¢opmu « & Cp, -1 (6D),
OpTOroHaNbHEE TroXoMopdHEIM (opMaM B ToM CMHICIe, UTO

Sf Aa=0, (26.1)
oD

past Beex [ € Ap—p(D) (A - p(D)—npocrpancrso Gopm Tama
(p, 0) ¢ ronomoppumME Ha D xosppunmenTamm).

Ipu n =1 ¢yaxnun a = C(3D), yaosreTsopsomas
yeaosuio (26.1) mus Bcex dopm Bupa f(z)dz, tne f & A(D),
mpoflolzkaetTea Ko ¢yskmam o = A (D) (cm. [132, c 132]).

B srom maparpade MH mpoBefeM aHaTor 3TOTO yTBEpIRe-
BEA 1A n >> 1 u ero caepcreme, naromee o6muii Buy Gopmy-
AH JorapuMEIECKOT0 BHYETA, B YACTHOCTH, OOIUHA Bup
HHTETPANBHHX TpeficTaBleRuil TonoMoPPHNX (YHEIEN MHO-
TEX KOMIJIGKCHEIX IepeMeHHHX. B kKoHme maparpada mpm-
BefieHO Heo0XoflEMOe ¥ JOCTATOYHOe YCIOBHe JIA (JIoKATb-
HOHW) paspemumocTe ypasuenma I'. Jlesm.

2°, Jlna panppeiintero naM HoHago6ATCA HeKOTOPHeE 060-
8HAYeHHA ¥ onpeneneHna. Modysem HenpepuerocmL HA3HBaRT-
CA HempepHBHaA Bo3pacraomas BorHyTaa ¢ymrmumd 0, sa-
narHag Ba [0,00) u pasmaa 0 B Touxe 0.
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ycrs F — kommakrB R" m m — nence, m > 0. Ecam

¢ = C'™(F), To HazoBeM MoOAyIb HeNPePHBHOCTH O Modyiem
nenpepwgnocmu gynryuu g, ecam npr z, y & F n |J|<<Km

ID7g(z) — D7g(y)|= O(1)6(|z — yl).

3neew J =(iy,...; in) — MYIBTHHHJEKC H

alJl

D=
69:11 oo da

Ecim D — orpaumuennaa obnacts B R" u m — medaoe,
10 wepes C™(D) 0603HATAM IPOCTPAHCTBO KOMILTEKCHOZHAY-
nex 6eckoneuno Aunddepennupyemux B D yEEIUE g TaKHX,
uTO CymecTByeT MOAYJb HenmpepwBHoCcTH 0, 1IA  KOTOpOTO
muaz,ysD

1D g(z)— D7g(y)] = O(1)6(|z — y1)

npu [J <K m (26.2)
n
, 0D
|Dg ()| < ZRELGTD wpu | 7[> m. (26.3)

3mecs p(z, 0D) = inf |§ — x| — eBxaumoBo  paccrosHme

or z go 0D.

Moayap nenpeprsrocTn 8,y3acrylomuit B (26.2) n (26.3),
OyieM Ha3HBATb M00yaeM HenpepuleHOCmU ByHRY UL §E= C"™(D).
Herpynno mokasath, d4ro mnpm m >0 xobas Qynrnua
g =C™(D) mpopommaerca no ¢ynrnmn g = C™(D), mpu-
yeM g; MMEeT TOT 7Ke MOJAYJb HeIPePLBHOCTH, uT0 ¥ g. Bynem-

cuurars, ato C™(D) Baomeno 38 C™(D), ecam m = 0. Ecan

D < C*, 1o uwepes Cu™) (D) o6osHAaTEM IpOCTPAHCTBO (popM
k I p pvq

rna (p, ) ¢ Koohdunmenramu us C™(D). Modyiem nenpepwis-
noemu gopuu us Cory (D) mnm ms Co (F) masosem obmmit
MOJYJIb HempepHiBHOCTH ee KosdPumuenToB. Tax Kark mas
11000r0 KOHEYHOI0 MHOMECTBA MOAyJdell HeNPepPHBHOCTH

{61, ..., 0} cymecrsyer Moxyns HempepusHocTH O (M. [119,
10%
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¢. 9]), mna xoroporo 0; = 0(1)-0, To maa moGoit dopmu u3

C (D) nam Co™ (F) cymectByer ee MOA Y5 MeOPePHBHOCTH, -
Ecim m = 0 m Monyns HempepwBHoCTH GopMK MMeeT BHY

%, tne 0 << v < 1, To GymeM roBopmTH, uTO hopma ydossem-
éopaem ycaosulo leavdepa ¢ noxasamesem t.

Iyers D — obnacte 8 R" ¢ rpammmeii xracca CV, 1> 1,
p = Q) -

1. e. D ={z=Q: px)< 0}, e D = Q,
7 grad plap= 0. Ilo Teopeme Yurau (cM. Teopemy 3.2 m [119,
nononenne 3.3 k 1. I]) Momso maitm ¢ymkmmo pe

] (1 :
ecP(Q) N CP (D), cornanawmyio ¢ p Ha 8D BMecTe co Bcemm
OPOM3BOIHKIMA [I0 MopAAKA I, m03ToMy B JaapHeimeM ME

Gymem cumtaTth, 9ro o6macTs D samaerca ¢ymrmmeit p e

e cPQ)n (D).

Tak xax grad plop, 5= 0, To p(z, 8D)=0(1)p(x)]|=0(1) X

xp(z, 6D), TosTOMY yeaoBHe (26.3) oKBHBAJIEHTHO YCIOBHIO

0 ;
|D7g (2) | < ZH2RED fop 171> m. (263

Jo () |IVI—m

. | ,
3°. Onmcanme ¢opM, OpPTOrOHAALHHIX ToOZOMOPPHEIM

dopmam.

Teopema 26.1 (Hayror). HyemoD={z: p(z) <0}— -
cmpozo ncegc’)osunyma:z obaacme ¢ C", n =2, ¢ epanuyeid
Kaacca C™*, m >0, u @ & Cp ,—1(0D), ydossemsoparwyas

(26.1). To20a ecau
1) a1 (dD) npu m =1 uau

2) o ydosremsopsem yeaosuw Ieavdepa nopadkat, 0 < <<

< 1, npu m =0, mo cyyecmeyem gopua P = B, + Jp A

1\1/ I01Bs, 20¢ B, Eéﬁ,’fﬂ_i (D) m B, e ~p’f’{_’% (D) maxkas, ymo
p =0 u Pilsp = a. Mpuuem modysv HenpepusHocmu gop-

MB O Aeafemes Modysem nenpepweHocmu dopx Py u B,.

damevanmme. Ecamu m>=1, 1o ﬁEECp,n_z(E) :

® moaToMy Blop = Pilop = @.! Ecam sxe m = 0 u v > 1/2,
o m3 (26.3') cxemyer, 4TO

p(z)|!2+e

Vi@l ()] = 0 (0 === 0. (1) p (3) [+,

nosroMy V |p|B, Hempepusro mpomomxaerca Ha D m lp] X
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- Bolop=0, cnetoBaTeasro, u B oToM cayuae flop = . Tannm
obpasom, npg m =1 wim m = 0 = 1> 1/2 dopma @ — cy-
atexme Ha 0D HempepmBHo# O-3aMKHyTOH (opmu. B obmem
crysae ansi moboit f e Cylyp o (D)

(— )+t (AT =lim | AN =1im [ BAS=

D 6-0 D, 8

=05p_ 4

= [ Biaf+im [ BpAVIRIBAT = [anf—
8D 0 8D

»YoeD_¢s

—lim [ GpAVIslBAT= [ anf.  (26.4)
60 ap"_4 oD
3neck D_y ={z : pz2)<< —8}. MH BOCIIONB30BATHCE PABOHCT-

BOM p|op + 9plap == dplap =0 1 Tem, uro dopma dp AR, Af
umeer tuu (n + 1, n — 2), caemosaTensHo, oHa obpammaer-
cas 0.

PasencrBo (26.4) MoKHO OPHHATH 3a onpefieIeHue J-3aMK-
HYTOTO NPOROMKeHHA GOPMH o B ciydae, Korja 3To Npofo-
JKEHHS He MOyKeT GHITEH JOOHpeleaeHo X0 HeIPepHBHOHE GopMHB
wa D. 3pagur, # B obmeM caygae o — cy:xeHne (B 06oOmeH-
nomM cmmcine) Ha 6D dopmmr . ‘

Ipesepem Ges pokasaTenbcTBa YTBeD:KAEHHWe, COfepIKa-
iee EHPOPMALUIO 0 J-3aMKHYTOM IPOROIKEHEN GopM B CIy-
qae m = 0 m v = 0. Cravaaa jfajuM HY)KHHE ompefle;ieHHAA.

ITycrs ae Ly, n—1(0D). pencrasmm a B pue o =2/0; #(z) X
L7

X dz,/\d—z-; B TOJ0KEM

e (z)| = 3 |y, 7 @) Tz t)= 12}7 "1y (Y,

J. F
rae f}, 7(2, t)— marcumasvrvie gynkyuu Xepmandepa,
770Gt =s0p—m—  |f7 7 (2)]d02n1(D).

6>t Ton—1 (Bz,é) B
z,8

3nece B, s — «daauncoudr» Xepmandepa, T. 6. MHOKECTBO

1o9eK { € 8D, oTCTOAMEX OT KOMILIOKCHOW KacaTeanrHod K

¢D maockocTH, MpoBefeHHol B Touke z, He Gonee yem Ha O.
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Teopema 26.2 (Xenxun). Hyemv D — cmpozo nces- J‘
doswnyrkaas o6aacms 6 C" u o & Ly 4 (3D) ydoesemeopa-

em yeaosuwio (26.1). Toeda cywecmsyem gopma B =Cp, n—i(D),

KOMOpas S6AREMCR O-3AaMEHYMUM npodoascernuem @Gopms o -

u obaadaem caedyiouum ceoticmson:

lim § BE@A®E) = [0 Ao

&0 5p~ , oD

Oaa wwboli @ = Cp—p, ol D).

paserncmea
wS (1B (2) Ao (2) | + Ip (2)121B (2) ) dOgn—s (z) =
= 0 (1) illzxemy
u

~

IFEA Ge(@)] + lo@)[21F(2)] = O(ifz(a), lp(a))),
2de 2(z) — bauscatiuan k 2z mouka na 4.
Hoxrasarenncrso Teopemsr 26.1 mposegem ana cTporo BE-
oykioit obnacrm. B ofmiem caydae mosBAANOTCA MOIOTHE-

TeJbHbIE TeXHHYeCKW® TPYAHOCTH, 0 KOTOPHIX MH OoroBOopuM |

B KOHIOE AAHHOI0 HYHKTA.
Jlemma 26.3. Ecau D — o6aacms ¢ R™ ¢ epanuyeii waac-
ca CP 1 =>1uge C™D), m<i—2, mo pg = Cimtn(D).

Ecau m > —1, mo pglap = 0. Ipuuem modyss uenpepws- '
Hocmu gynkyuu g asasemcea modysem HenpepuieHocmu Gynk-

yuu pg.

JorasaTtennbcrTno. Yexosme (26.2) mpu |[J| <K m
n ycaosue (26.3) mpm |J| >m 4 1 muaa pg cpasy e cae-
nyer m3 ¢opmyan Jledbumna n ycaosuit (26.2) u (26.3) mas

dynxrnuit g m p. [Iyers |J| = m < 1. Ilo dopmyne Jleit6anma

DI (gp) (1) = 3 (;)07 p(z)- D' 7 g(a).
F<J

3necsy, kax obsraHo, 7 < J o3Hauaer, uro j; < j,, AAa BCeX

m=1,..., n (;,):(;i)(;:)

Epome mozo, enpasedruew ne- '
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IOna cnaraemnx ¢ HOMepom J == O omenka Tmma (26.2)
pETeKaer w3 yciosua (26.2) maa g u p. Ocraloch MoKa3aTh,
9TO ’

lo(@)h(z) — pW)R(y)| = O(1)8(lz — y), (26.5)

rae 0 — MomyJaL HempepHBHEOCTH (PYHKRIOUE £ H h:D';.
Mosuo cumrats, uto p(z, 6D) > p(y, dD). ObGosnHaanm
p{x,0D) wepes d.Hpenmonosum cravamra, uro d < 2|z — y|.
OrmernM, 9T0 u3 BorEyTocTH O M pasexcrsa 0(0) = O cae-
nyer, aro O(A) < AO(¢) upm A > 1. B cuay MoHOTOHHOCTH T
sorayroctu 0 nonyuaem m3 (26.3) m (26.3")

lo@)h(z) — iy}l = O(1)(0(d) + 8(p(y, IDY)) =
=0(1)8(d) = 0(1)8(2|z — y|) = O(1)6(jx — yl),

T. €. (26.5) B 5TOM caydae BHIIOJHACGTCA.
IIycrs Temeps d > 2|z — y|, Torga orpesok I', coenmusio-
Uit TOUKE T ¥ Yy, AKAT B mape By, (z) m mostomy 3/,d >

= p(aNc, D) = Y,d nna moboii ToYKH z e I'. Us (26.3) upu
r = I' 1 MoHOTOHHOCTH O mMeeM
lgrad(ph)(z)| = lp(z) grad h(z) + h(z) grad p(z)] =

. 0(p(z,0D)) _ 6 (d)

=0(1) —-—p(;, 2D) =0(1) —

Hauee,

| p(x)h(z) —p () k(y)| =

1
{ & 1(om) (2 + t (2 — )] dt | =
0

1

— l [ (grad (k) (& + £ (& — y)), (= — y) dt =
0
—o =t e@=0e(jz—y).

Ha mocnemmeM mare MH BOCHOJB30BANINCH HEPABEeHCTBOM
d
My AB) upr t =z —y| & ?\.=lz—_—y-|->2. O
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Jemma 26.4. ITyemv D — ozpanuyennas obaacmv 6

C" ¢ epanuyeti raacca CP, 1>=1, u a=Com_y (9D),
(m)

0 m<<1, moeda cywecmeyem dopra o = Ep,n_, (D),

aﬂ/ﬁ nofnopoz‘l aIOD = o 5&(@) B pm—l(c).u(g); Ty—
=COND) ux(t) = 0 npu § = aD. Il punem modyas nenpepus-

HOCMU HOpMBL O ABAREMCA MOOYAEM HeEnpepueHocmU HOpM

o u %.
MoxasaTenscTBo. Tak xak dpe=Cor” (D) m

dp #:NO HA QD, To piA mHewroroporo 8§ > 0 mwbaa dopma
pe Cgf‘;’“(D), obpamaromasca B 0 npm p(f) << —06, mmeer

san_p(L) = 9p(Z) A v(B), e ve Tl (D).
ITo Teopeme Yutum (cm. Teopemy 3.2 m [119, nononrerne

3.3 k ra. 1]), Haimerca dopma o, < Camy (D), umewo-

mas TOT jKe MOJYJb HempepHBHOCTH, 9TO H O, [JsA Ko-
TOPOH @ylap = . YMHOMAsA, ecam morpebyerca, ma Gecko-
Heuno puddepeHIUpyeMyl® (YEKUHIO, TOKAGCTBOHHO pas-

gy 1 B okpecraoctu 4D m O mpu p(l) << —8, nobvemes pa- °

perctBa ay=0 nmpu p({) < —9.

Jemma 26.3 m pasencrso doo(l) = p~{)x, tme x(l) =

= p(£)dete(L), 3aBepmaroT JLOKa3aTeNbCTBO IOMMHE IPH . = 0.
ITycts m = 1. Torma doy = 9p(L) A %o(L) mpn L = D

v g Cont (D). Oupemenmm  Gopmy oy = ag + pxo.

o nemme 263 o 5&,’,’2:1 (D). Wmeem o0ay = dotg —
— 9p A #o(L) — pOxy = —pdx,. Io memme 26.3 pox, =
e CY (D) m p(L)d%y(L) = 0 mpu { = dD. Tipu m = 1 mo-

KA3aTesCTBO 3aKondeno. Ecam m > 2, To mpencraBiseM |
0%y B BULlEe Op A ¥, W TONATaeM i, = o, — Y/yp%%¢;. Ipame-

HEB STOT ODPHeM M DPas, HOJIYIAM yTBeIKACEHe JeMME.[]
[yere Temeps D — crporo BHunyknasg ob6xacre ¢ rpagm-

meit Kaacca C™D m >0, u dysrmma Py, j=1,..., n,
O, ® n a, oupenenens B § 25. Brenem ¢ynrouum
O*(L, 2) = —D(z, 1); D*, 2) = —D(z, D);
%y (gi z) = Oy (‘Q, Z)

P (z)

u BeKRTOp-OyHRIIH
' u* (L, 2) = g oy
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n*(%, 2, M) = —(z & A) = 1 — Mt + du?,
rie, kak m pameme, t(g,2) = TT—iF gc'::p .

Boenem omepatopst maA P & Ly o (D):

@)@ =— | RO A E D) Upaa (L) +
Dy, ,

+ (=0 [ p© A Bl A Pana(, Ez N,
Dyx[0,1]y,

(26.6)

finpo Uy, n—y ompenenero B § 7, I/T’p: n—g — B § 25.
M3 memvm 25.5 surexaer, uto 3.0x A (Wpn—2 (0*; 8,2,
Ay — Wona(m*, &, z)) ecTh nuneitHaA KoMOrHANAA PopM BHAA

- it o (GG—7) 0@ 50 26.7
oo n 0" 0 (5 Ty 26D
H .
w, o on\s(§— %) (6, —3) ¥ (55 M)
o0 () e r e (268)
THe .§=O,1,2,..., i=1,2, ..., n r=014,...

.., n—1; ¢ = ¥Y—¢opmu, xodapPuIEEHTH KOTOPHX—HPO-
usBefleHNe TPOM3BONHHX (YHEIEH ((z) He BHIE BTOPOTO
HopAnKa HAa TOJIMHOM OT A. _

Tak #e Kak B samedamunm Iocae (25.12), moaydaem, 4ro
Bropoit muTerpai B (26.6) — coGCTBEHHHIL.

JHemma 26.5. Hyems pe=Lya(D)u

(pai=0 (26.9)
D -

das a06oii f & A,_pD), mozda vy =_G;kp, das  awbozo
k>0 sesnemea pewenuem Ypaguenus 0y, = .
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l}onaaaTenLcrno. Hpamenus (7.15), rae ¢ =
= gy, HOTYIUM

() =—0 [ w(@© A aiUpns(L o)+

Dy

A (=" [ W(@Q A Geah A Upnei(L2). (26.10)

by
ITo ¢opmyne Croxca

[ aa(@ A dah A Wpny 1%, 5,2,4) =
Dcx[o,ilh

= Y B(Z) A 304 (8, 2) A Up et (L, 2) +

De

+ R A Gar AWpag (¥, Lz).  (26.110)

Dy

Herpyano Bupers, aro  d.ay, (Z, 2) N\ Wy n—1(u*, §,2) roio-
Mopdpra mo { & D upnz = D, nostomy m3 (26.9) cuenyer,
910 nociaeguumi wuHTerpas B (26.11) pasen 0. Torma

Y w(Q) A G0, A Upn—i (,2) =

Dy

=(— 1)*’*"D X_[(O L A T A (3 + dh) W umy (0%,
4 » LI

Lz =08 [ u(®)ABas A Wpaa®* 5z h).

Dy X[0.1],

37mech Mhl TaK e, Kak B A0OKAa3aTeNLCTBE Teopemsi 25.6,
BOCHONB3OBANACE  PABEHCTBOM 0,Wp.q = (—1)r+2(ay +
+ d)Wp,¢+1- Teneps ms (26.10) caenyer, uro 4G, w = p. []

Jdemma 26.6. ITyemv h = CO (D), hlop = 0; m, k,
Iy § — yeave, neompuyamenouvie, r << n — 1; dynryus olz)—
npoussedenue npouseodnux Gynryuii p(z) ne etiwe emopozo
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nopadka; npu m = 0 @ynryus h ydosiemsopaem Ycaoeuio
T'éavdepa nopadka Tt das Hekomopozo T, 0<t< 1

2 m— zj —-2.5 @*\s }
Hy(5) = 6" (2 gf LO RO e ) 4 )

Ej—zj §,—2,) @ (2) (D*\s .
H,(z) = p* (z)bs;pm—i (52 () |(C — '2), ((({3*)”_12 = (a—) dv(L);

' §—3z)e0
H3 (Z) = I P (Z) lk_i f2 Spm“—i (g) h (C) i Q_Ecz IZr (i_g:[))n—r—i—k x
g

x (g—) dz} ()

Tozda npuk > m + 2 pynsyuu Hy u H, = C"™(D), H,lop=
= Hylop =0 u Hy = ¢™=V (D). Hpuxem modysv menpe-
pusnocmu @Pynryun h asasemca Modysem HenpepHEHOCTAU
pynryuti H,, H, v Hj. _

JJorkasareabcTBo NposefeM AAA QYHKIHN H,,
B OCTANBHHX CIyuadX pacCyaeHHs aHaJorm4se. Uz Toro,
aro hlpp =0 m (26.2) caemyer pasedctso  |B(L) =
=0(1)8(|p(§)]), tre & — monyp HempeprBHOCTE QyHKIAKR h.
Ipr m = 0 no ycaosmw O(t) = ¢, mosToMy mHTErpas, Om-
pepensiommit Hg, cxomurcd.

Myers y & C(C™); supp x < By,(0) m x()=1 =
B,(0). 3apurcapyem z° = D, oGosHauuMm depes a = Yep (20,
dD) m wepes H' m H'' $yHRmnu, KOTOpKie OLUPESAAIOTCH TAK
sue, Kak U Hg, TOABKO MOJHHTETPANbHOS BHpPAKEHNMe HAA0
ymaomars za (e~ — 2%) m 1 — y(a(L — 2°)) cooTser-
creenno. fcmo, uwro H = H' 4 H''. Kpome Toro, a =
= 0(1)p(z*) = O(1)a.

B agrerpame, ompeneiasomem H'', mommo Audpepes-
EpoBarb TOJl 3HAKOM HMHTerpasa Opu z & B, (z%), Tak KakK
1 — ya Yt —22=0 mpn { = B, (¢). Ilycrp D — nm-
HeHHEI MEddepeRmuaTbHEIl OmEpPATOP MODANKA § = 0 c
nocTogEREMY Koaddmnumentama. Vcmonpaya dopMyny Jleii6-
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HENA, Hepasencrsa (25.3), (25.4) m ycuosua (26.2) m (26.3)
A QYHROEM P, TOXydaeM

(=)L =0® 0 @™ R (D) [x

)11 s
1p(2)] Dy
X dv (§) _
tpfm L a0 R (g, ) [P g
1 1B@I™'e(lp @) dv (@)
=oq = ( _
W i,—i—i;i,:s atith B, 18— 2l B (g, s

Ilycts m > 1. Us mMonoronnoctn o BorHyToc'rﬁ ¢yEROAR
0 = pasenctsa 6(0) = 0 caenyer, uto ‘

0(lp(D N < (Ip(D1-1pGE) |~ + 1)-0(Ip(%)]) =
= O(N)(lp(Dlat + 1)-6(a).

H7(z) | - S
(p(2) l“f"”) .0 i.;,:s T

% [ L@ +aip@m dvp)
T B et PR g TR

IloaToMy D (

==

Taxk ;xe Kak B JoKasarTenbcTse TeopeMH 25.9, pazobneM Kamk-
AN marerpan Ha 2: mo Dy\ By (z°) m uwo D[ B, (2°),rne
6 mubpano B coorsercreum ¢ nemmoit 10.6; B muTerpa’e mo
D[} B (2°) cpenaem 3ameny nepemeHHHX (cM. gemmy 10.6)
B Bocmoabayemcs (25.5). Mcnoansya memmy 25.7, moaydum

H” (z)
p[—2 @ __ —
(| p ()1 ) L

—0() X FEUmrrrians ([pE) )+

. il+‘i2=s
+ aJm—1,p 144,203 (] P (2% |) + O (1)) =
=0 3 Fh(lp ) i
i+is=s

+alp @) fro1—b=t=ietth 4 0 (1)) = 0 (1) —pl®

—_
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Ilpm m = 0 umeem 6(t) = ¢, mosTomy

H” (z) 1
p(——2 __ =0( = X
(I p(z)* 1 /') 2=z M l,-+§=s ot
lp @ I""tdv (D) _ 1
" 15:! L— 20 |23 Dr (g, z) PRI =0 c.+§=, a7

X (Temtirtrnon—s(]p (@) ) + 0 (1)) = 0 (1) =y

3ameHoit mepemenHHX (' = { — z B umuTerpaxe, 3ajao-
meMm H', noxyamm

H@=lp@ P [ om1(G+arC+2)x6tx

Bog(z*—2)
;0 (2) % (L + 2, 2)\e
— 20 — dv ().
X (E+s z))lcﬁrl¢~(c+z,z)ln—’+k( ) v (&)

O* L+ 2, 2)

HAnddepennupys Nox BHAKOM HMHTerpajia, MMeeMm

D(-_____H"") )=0(1) f 3 a4 x

le (2) ‘k—il/. Byg(z0—2) it Fie=s
B(p(L+2) 1 dv (D)

P @+ a® GG ¢z, o) [T

3neck MH Hcmoab30BaiM ¢opmyay JleitGrmna, Hepanemerma
(25:3), (25.4) m ycaosua (26.2) n (26.3) naa Ppysxnuit p u k.
Cnenaem ofpaTHym 3aMeny:

H’ (z)
D|——— =
(lp (z) [F 1Y ') L=z°

o) [ 3 porthhepondem
Bga(2°) iyd.. pig=s alr IC — zo|2ﬂ-—3 Iajt @, zo)lk‘i‘l‘i"c'

Tak rak p(z% D) = 3a, o a << p(§, D) < 5a mpr { =
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= B2a(z ), mooromy o (E)[*~1=h=h8(jp (§}]) = O(1) X
Xam—1—t—%:0(a), caegoBaTenbHO,

H’ (2) g
D ———"r 0 (a)am—hu—1 x
(1p @1 /2) =i S @

20 4 +is=s

do () N
><’iﬂ“~""l2”‘3l<T>*(z. z°)|k+1+i==0(1)e(a)i1_*§=sam 1=y ¥
0 (a)

X Joptt+in20—3 ([0 (2°) ) = O (1) =2 =7,

Urag, pna moboit Tourm 2° = D

Hj (2) H’ (2)
p(—2s® —pl{H&
(rp (z) k11 ) - b (lp (z) 1"“1"2) [= +

H’/I (Z) B e(a) _
+ D (i) | = OW o =
8(lp (29 )
=01 ' _
W o =

Orciona = u3 Popmynn Jleitbumia BrTeKaeT, 9TO

Hs; (2) )_ ( —1 Hj (2) — 6 (Ie(2) 1)
D{—/———_ fe 2320\ =0 (1) — 22U,
(Ip () 1 e =] I () /”) M fp (2) A

T. e. (cpasum ¢ (26.3')) Hj-lpl** = C™ MYD) u 0—mo-
nyas HenpepuBEOCTH Hg-|p|*—%; Temepn, mpumenas k — 1
pas aemmy 26.3, monywam, uro Hy = C™ V(D) 1 6 — mo-
nyns HenpepsBEOCTH H,.[]

HorxasateasrcrBo Teopemum 26.1. Iyers
D — crporo Bemykiag o6aacTh m o YIIOBAGTBOPAET YCIO0-

BuaAM Teopemst. o xemme 26.4 o = Alop, THe & & Com_y (D)
B oa(l) = p" (L), xe=Cin(D), x(t) =0 npm
§ & 8D, moayab HenpepuBHOCTH (QOPMH o ABASETCHA MOAY-
leM HempepelBHOCTH ¢opM ¢ M %. Har u B okasareancTse

" memmm 26.6, momygzaem, urto 4 czELpn(D) N3 ycaosua
26.1 mMeem

[dani=[a@an=[ani=0 (612
D D oD
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nan seex fe& An_, (D). Tlo nemme 26.5 9o = Gy, tne
ve = G,* (3 &) nas moBoro k > 0. Us onpeneneuns omepa-
Topa G "k (cM. (26.6)), onpenenemma U prn—1_H q)ymcmm
ks (26 7) m (26.8) cuenyer, 7To Vx = Vi + 90 A Vol Vas
rie Vi M Ys — Gopmm TEma (p, n — 1) u (p, n—2) co-
OTBETCTBEHHO, KO3PPAIMEHTH POPME Y — JuHeAnke KoMOu-
vanmn yaxmmn suga H,; n H, u3 nemmur 26.6, a xospdumm-
enTH GOpPME Y, — MHHeiHse KoMOuHanun GyExuui Buma Hy.
Io nemve 26.6 Vi Cora1 (D), Vi = Chmo3(D) & Yilop=
= 0 opm k>m-+ 2. Teneps m00y0 dop-
My BHIA & — Vi mpu K >m + 2 MOKHO B3ATH B _KaueCTBO
¢opmut B, rre Py =a — va 1 Py == %y, TAK KaK 6[5 a(a—-
— ) =00 — 3y =0 1 Bilop = &lop — yr|ep = @ O.

Ina moxasareabcTBa TEOPEMH B O0IeM CJayuYae HANO HOCTPOHTH
w *®
OISpaTOpP, AHAJOTHIHKI OLEPATOPY ka, OH CTPOWTCA TOYHO TaK e,

:
K&K ka, TOJNBKO B KadecTBe P; K @ Hajo B3ATH QYHKIUU, MOIYICH-

mre B teMmax 10.1 n 10.3, a B Kavecrse ‘DL, 2) — dymxmmo (F(L, z) —
— p(D)G(L, z). Oyaxnun P, Oud onpegexnest npu (§, z) & U,

—{C 2 1o |<'8; p(x) <8 |{—3| <€) g EeOTOpHX & > 0
u § > 0. [loBTopyB paccyaeEna JeMM 26.5 n 26.6, HaiifeM J-3aMKHY-
TYIO (j)opMy'B, sagasryl0 B U 1 D, rpe U — HGROTOpaAa OKPeCTHOCTh
8D, yEOBABTBOPAIOLIYIO YyCIOBHAM TeopeMu. CriaguM 'B' OKOJO rpa-
mune U m monyuuM ¢opMy, KOTOPYIO CHOBA 00603HATMM B, Ba/lRHHYI0

B D u y[OBIEeTBOPAIOMYX BCeM YCJIOBHAM TeODEMEl, TOILKO 36 =90
B Hexo'ropon (onrOCTOpOEREH) OoKpecTHOCTH 8D, Jlanmee, Hazo mopmpa-
BUTH P IPHMePHO TAK K6, KAK B JOKA3ATeNBCTBE TeopeMH $opMa o

Onaa_dopmpasieHa 10 (})opMH fi. Iexaerca aTo Tak.
B mexoTopoit oxpectHOcTH U; Tpammnu 6D ompegenena ¢opma

= | BOAT,. o La =
Dex10,1]y .

= | BOAF . omean, (2643
(D\UEXI0, 1], :

rie, kKax m pameme, 1*(C, z) (A — At + Au* m u* = P*{, 2)/
{D*(Z, z). Mockomery p = C'°)(D), us poxasaremncrsa memy 10.1
1 10.3 MOMKEHO HONYIHTL, IT0 Wp’n_ 1(n“‘, £, 3, A) OGecxomeaHo gud-
depermmpyema mpm ({, 2z, )= (D\U) X U, X[0,1], - moaromy
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'cecg,""’rz_z (UyN D). Craagms <t oxono  rpampmnm Uy, Haiifem

dopMy, KOTOPYIO 0GOSHATHEM 4eped T, NPHHAJISIKANYID C;”,z__.z D)

M TaKy®©0, YT0 B HEKOTODPOif oxpectHOcTA Uy rpammum 4D sapaercs |

dopmymou (26.13). :
Huweem nprz = U, N D

= | BOALW, . @t =
Drxi0.13,

BOAGF) W, (% 8z )=
Dgx[0,1],

= e— j‘ dc'h (Eﬁ (c) /\ W—p_n_.j_ (‘rl.l C? 7'1 ;“)) =
Dex[0,1]y,

 (RON s = (W50
D; DC

= (—pPFin—t

Ilpm z, 6ausknx K 8D, Bekrop-dynruma u*({, z) roxoMopdra mo
e Doy = {w:p(w) < p(z)}. MoxEo mOKasarh, 970 QYHROUE H3

A(D,(,)) pasaomepEo Ha D\U upuGamwkaioTcs QYEROHAME H3

A(D). Orcioma m us paBeHCTBA A -éB', agaxorzeHoro (26.12), momy- |

qaeM

(AW, =0
Dy

Ana z, Gouskux k 6D. Ioaromy ¢opma

Vo= [BOAV@ =50
Dy

OpPHHAJICHKET Cga""’,{,_l(D) m obpamaerca B 0 okoao 8D. Temepsn

u3 hopMyan Magmngnnn — Boxnepa — Honmeasmana (7.1) caenyer,

aro dopma fp = f — y — mcKomas,

4°. B mpenmjymem DyHKTe mORa3aHO, 4T Jdw0Gas fopma,

OPTOTOHAJXBLHAA I'oNoMOPHEM (popMaM IPpH WHTETPHEPOBAHEH

IO TPaHMIe CTPOTO HCeBIOBHUYKIOHA o6xacTe [, OPOXOMKA.

erca 1o gopmsi, J -3aMxEyTOR B D. [lockoaBKYy B cTpOro mces-

JOBHIUYKJHX 06NacTAX paspemuma J-3anadd (CM. TeopeMmy
25.10),. To ecTecTBOHHO BHIMIANHUT
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Teopema 26.7. Tyemv D — cmpozso ncegdogninyrias
oGaacmo ¢ C* u das gopmw & & Cp, n—y (0D) ewnoansemes
(26.1). Ecau o ydosaemeopaem Ycaosuio Teavdepa ¢ noxasa-
meaen T > 1/2, mo a = dylgp, 20e Y& (D).

IokaszaTeascTBO Gyiem HPOBORHTH NI CTPOTO
pHOykaIoi obractu. J{as Toro 4rolH AOKasarb Teopemy, Ro-
¢raTouEO pemmTb ypaBmexme dy = P, tme P = P, + op A
A Vipl-ps us teopemnt 26.1. Pemenme oToro ypaBHERUA
naer omepatop Gan—y (cu. (25.12)), ommako HpA OIHKe
I[POE3BOTHHX BO3HHKAIOT 3HaunTenbHme Tpyamnocrn. Iloato-
My TOCTPOMM ApPYroe pemIeHde. _

Iycrs Q — ofnacrp, cofepiaman D, B KOTOPO#l BHION-
nawrTeA omeHkH (25.2) — (25.5). Hemonnsya JjemMmy 26.4,
uaiifiem popmy B Ch-1 (D) rakyo, 910 fiilop =
= Bulop » OB = p~NO%(L), The % Con(D) = X(E) =0
iupe { & 6D. Moxyas HeupepusHocTr Gopmsi f; mo TeopeMe
26.1 mmeer Bup, 0(f) == {7, cAeIoBATEABHO, MOYTb HEIIPEPHIB-
noctE (opM P; M % mMeer TOT ke BEA. MoKHO CIMTATH, UTO-

Ellﬁ_ﬂ = 0.
1is ¢opmynsr Maprunennn — Boxuepa — Hommensmanma
(7.1) = 3ameuamnsa nocae Teopemur 26.1 mpuz & D

Bz = | B:() AUpn1(t2)— 7, Dfﬁ(@) A Upn—z (L, 2);
(4

6DE

(ON\D)y

o=—-£5‘1(c)/\vp.n_1<c,z>——5z [ B@A
0Dg

AUpnol)— | (@ AUpn—t (8, 2)-
@\D)g

CxaaneBasi otu pasescrra u yuathBag Pilop = Pilops 1O-
AyagMm Opn z & D

By =— | B(®AUpn-s(t2)—
(G\D) -
—5,[5 B A Upnz(@d+ § BuOAUpns (;,_z)]-
DC (Q\D);

(26.14)

11 1, A. AteenGepr, A, II, Hstaxon
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IIpeo6pasyem mepmuii maTerpan B (26,14):

[ B AUpncilt, 5= —
@D @\D)X[0,1]y,

A Wp,n—l (M, & 2, M) + f By A Won—1(u, §, 2).
(@\D)¢

3nmech, kak ® panbme, u({, z) = (—’%; n= (-2t}
-+ Au. ’

Tak xak u ronomopdHa mo z=D npu [ & D, To
W, n—lu, &, 2) = 0. Raxee,

S By (E) A Upn1 (T, 2) = (— 1P %
@\D) ‘

x 5 @A @+ d) Wi, 85,0 =
(@\D)X[0,1],

—_—

—5, | BOAWpaa(, L2, A
(@N\D)gX[0, 1k,

Orciona u u3 (26.14) umeem 9y(z) = p npu z = D, t7e

Y@ =— [BOAUpns(2)—
Dy

~

Br(OAUpn-—2(L, 2) —
(@\D)g

- f 9By (8) A Wp,n—a(n, L,2,4). (26.15)
@\ D)X 10,11y,

Tlokasenm, uTo y — uckomas gopma. B mepsmx AByX uu-
terpanax B (26.15) xosddunmenTs AIpa MMEIOT BUL 5T
a ¢opMel P 7 P, ymoBIeTBOPAIOT yCaAopmio I'8asmepa, IMOITO-
My d)oplzm, OLpeJesfeMble STHME HHTOIPATaME, NpUHAIe-
JRaT Cfpfn_g) (D) (cm. mpemmomenne 0.10).

Pacemorpum Ttpermit wmTerpax B (26.15). Wcmonwsys

(25.11), npounrerpupyes uwo A = [0, 1] & moayaum, aro sror

dga (531 A

1g—zl2"
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WHTErpaj — JNHeHHAA rombuaanusa gopM ¢ KoaddunuerTamMn
BHIA
G—z)9®  =x@©
Fe)= g =z PP, ) PO
(@\.D)
re 1 <<j << n u ¢(f) — oponsBelleHNe IPOU3BOAHELX dyuk-
unm p(}) He BhITe BTOPOTO HOPANKA. OtmernM, 9To |%()| =
= 0(1)8(Jp(8)]) = O(1)1p(D)|* (cpasnure ¢ JT0KA3aTE.NBCTBOM
nemMu 26.6). ,
Iycre D — arddepennnaabHbil 0N6PATOP BTOPOTO HOPAN-
ka ¢ mocrogEEEME Kospdunmentamu. Ilocme nudpdepennu-
POBAHHAA TOJ 3HAKOM EHTerpajia mMeeM npn z & D

| DF (z)] = 0(1)[ L p(§) [F v (E)

[E—z )2 H @, )

(Q\D);
Lo () IFdv (D) I 1o (5) 1" tdv (D) 'l

z;lﬁ—zlzn'"zl(D(E,Z)lz

+
(D)

Bocmonp3oBasmuck HepapencTBOM (23.2) m sameHoi me-
PeMeHHHIX, 0 KOTOPOH FOBOPHTCA B JIeMMe 10.6, Tak ke Kak B
loKasaTexbeTBe Teopems 25.9 (u aemmm 26.6), momxydum ¢
OOMOIIBI0 JAeMMEL 23.7

— 2m—3
@iy SO G P

| DF (z)| =

= 0(1)[-"1:—1,1,271;1 (le(2)|) + Jr—tatrnon—1 (0 (B ) +
A+ Jiet,3,20—3 ([ P2 = O () (Ip (2}[*~* +
@[T e @ =0 (W) e () T,

Hockoapry t© > /,, 10 JemMMe 25.8 mepsule IPOM3BOHEE
pyaxmmu F ynosaersopsior yeiaosuwo ['éapmepa ¢ mokasate-
meM T — Y/,. Taxmm obpazom, m Tpermit mHTerpai B (26.15)

TPHBAJJIEHKAT ch_.(D). O

5°, IIpmmepmeM 6Ge3 [AOKABATeIECTBA eI@ HECKONLKO De3yiabTaToB
0 ¢opMax, OPTOrOHANBLHEX TOIOMOD(HEIM.

]

Teopema 26.8 (Iayros). Eeau D=0\ U Qj, zde Q u
i=1

QJ — maxue cmpozo ncesdossinykase obaacmu & C", 4mo S!j cCQ

1*
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wB, NG =0 npujrlu aeCl, 06D, 12<1<1, mo
6-81?NT§/maﬂ gopma B = Bi+3p A Viol-By By (D), b=
&Cpply (D), Bilap =@ u modyav wenpepwsnocmu Popmn Ba
umeem ¢ud ¢

Tax e KaX B 3aMe¥YaHRE mocie TeopeMu 26.1, MOMKHO ORABaTH,

'g10 B mpomomraercs fo dopmu, menmpepHsHOE Ha D.
Toopema 269 (Xemumm). Fcau D=0\ U @, o0 Q u

Q Jj — maxue ncesBosuinyravie obaacmu 6 C" ¢ epanuyamu xaacca cl),
wno Q,CCQ v {NA=0 npujFlu acCl) ,(8D),
mo o ydossemaopsem (26.1) moeda u moavko mozda, Kozda cqu‘ecmeyem
. O-samrrymas Popua f Cg"’fz_i (D), dan xomopoit Blop = -
«IK30THICCKHIT» BHX 00JaCTH, B KOTOpDO¥ Jaercs »T0 OHNCaHMe,

B KakKof-ro Mepe (a4 mpm n = 2 IOYTH TWONHOCTHIO) OHPABIAH CYTHIO
pena. 06 aTOM ropopuT -

Teopema 26.10 (21IayTOB). Hyemb D — ozpanuvenHas obaacms
& C2 ¢ zpanuyeil Kaccce C®. Ecau das awboti Popmu O & G'g”yz_i (oDy,

ydosaemeopmoweii (26.1), cywecmsyem  d-samrHymas Popma e
—_ k

= Cp.nf-l (D), dax womopoii By, = a, mo D = U1 Q, 20 QuQ) —
JZ

ncesdoswnykabie 06aacMU, Qj CCQu ﬁj n ﬁl =@ npu jFl

Eeau orce =48y, 20 ye= Cp’n_z(l—)), mo D — ncegdosunyraas.

B obmem cIydae cipaBefnBa '

Teopema 26.41 (Aisenbepr). Ecau D — oepanuuennas o6-
aacms 6 C™ ¢ epanuyeti xracca C(”L xomnaxm D obaadaem oBnoaucmuoii
o6osouxoil cosomopgrocmu 2 (D) u A ngz—l (8D), 0 < T 1,
mo o, ydoeaemsopaem (26.1) mozda u moavko mozda, Kozda cywecmsyiom
maxue 8-samxnymee gopmn o, =Cl), 1 (D) u ay & ngzn_i)(c"\p)y
wmo @ = 04l -t alyn, npuvem  ay = O(lz] *—3n)
“»00 U Gy AGuAEMCS B-mounod & CN\ (D)

6°. GOpME, OPTOTOHAJLHEE FOAOMOPYEEM QYEKIHAM, TECHO CBA-
3aHHE ¢ POPMyIaMH JOrapudMMILCKOro BEYETA H, B JACTHOCTH, ¢ WH-
TerpAXbHRMA IPEICTABICHNAMY,

IIyere D — orpamwvemrHasg obnacts B C" ¢ raajkoil TPaHENE

n orobpaerne f: D — C" mpuHa A™D

A : aaesrnt A™(D), mpruem f He AMeet
Hszleliil Ha 0D, torma (cM. Teopemy 2.4) § mMeer KOHTHO® THCAO Hynei
8 D. HanomanmMm, uTo Ef ~— MHOKeCTs0 HyXel orobpaenus f, a p(f)—

npu  z-—>

2 Qnpepenenne 060;0YKH TOXOMOPPHOCTE KOMHIAKTA CM. B § 24.

o ydosaemeopaem (26.1) mozda u moavko moeda, xozda cywecmeyem
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kparHocTs ByXA o & Ej. Tlo opmyaoil #0aapuPmuteckozo ebinema
mu moEuMaeM GopMyxzy BHIA ‘ -

S PO = X K (Hola) (26.16)

ODC. aGEf

cIpaBefIEBY0 IIA BCeX ¢ =A4,(D). 3pecy % & C,n_,(8D). 1lpu-
mepoM (opMmyaH BRIA (26.16) saBngercA (3.5). Ecam orofpamenne
/ mMeer el MHCTREHHKN Hyab B D KpaTAOCTH 1, To popmyma norapuag-
MAYECKOro BHUETAa IPOBDAMIAGTCA B UHMEEPAAbLHOE npedcmasaeHue
daa onomopPrma Pyrryul. OtMeTHM, YTO ¢dopMa X, YAOBIETBOPHIO-
maa (26.16),— pemenue HEOJHOPOHOR CHCTeMH ypaBHOHHM BHIA
(26.16), a $opME, OPTOTOHAALHL Eonouop({)num dymxmmsy, — peme-
HWS COOTBOTCTBYIOMH OJHOPONHOH CHMCTOMW YPABHEHUH, [I0ITOMY
aoGas Qopma %, YAOBIETBOPANMIAA (26.16), moxer OBTH IOAYYEHA
A3 QUKCAPOBAHHOHR (OpME npnGasmeEmeM (OPME, OPTOTOHANLHOU
l‘OJIOMOp%HhIM yEKnuAM, #, Haobopor, mw6as fopMa, OPTOTOHANEHAA
TOIOMOPGHHEM QYHEKIMAM, MOKET GHITH IOJYUEHA KaK Pa3HOCTH MEXIY
QUKCHPOBARHON YOPMOH %o K HOKOTOPOil HOAXONAMEH dopmoit %, ecan
%o © % YHEORJIETBODAKT (26.16). )
Ilpn n = 1 npuepom (QOpPMEL X, AXA KOTOPOH CIpaBeIUBO

(26.16), MoKeT CAYKHTb

1 1 df

brT dlnf =gz £

rae f = A(D). 113 XJ1acCAIecKOro pesyabTaTa, YIOGMAHYTOTO B I. 1°
HacToAmero maparpada, MOKHO TOXYIATH, TTO a06as dopMa %,
A KOTOPOH BHIOJNHABTCA (26.16), oram7aercsa OT 2ri)y 4 In f Ea
ciaaraeMoe BEAA gdz, rie g eAC(D). . .

B naapmeitmemM GymeM CIMTaTh, IT0 n > 1. BHACHNM, Op¥® KaKHX
yeaopmax mobaa  opma, YNOBIOTBOPANMAA (26.12), umeeT BHJ
ow®, v, .., WD f) (em. 3.3) mAA  MOAXORAIEX w(®,
vV, ..., win—1),

B dopmy Q(w(o), .o w1, f) MHO}KETeZEeM BXOJUT IPOU3BeE-
0
germe dfyA ... Adf,, HOITOMY ecin AKoOHAE 7= oroGpamerusa f

BHpOKaercs B TouKe z? & 8D, T0 u BCO dopmu Baga (3.3) BHPOKAAOT-
A B 9TOM TouKe. J[06aBAAA §-TOUHOE Craraemoe THNA (n, n — 1) x dop-

we Q@'®s W, .. WD g peerna momHO Hafith %, YNOBICTBO-
paomy© (1) I HEBHPOKAEHHYIO B TOYKe 2. TlosToMy @CTeCTBEHHHIM

a 3
yCIOBRMEM Ha [ ABIACTCA Cuefyromiee: 55:;& 0 ma 6D.

Jiobue 2 gopmsr BuAa (3.3) AuA ONEOTO M TOILO e 0100 pa KeHnA
f oramgalTCA FPYT OT APYyra Ha 9-TOUHO® cjaaraeMoe (cM. JeMMy 3.4).
Orciofa ciaepyetT, aTo ecianm jwobag gopma, AadA KOTOPO# BHEOJHALTCA
(26.16), umeer BEK (3.3), 10 A0Gan gopMa, OPTOroHANLHAA rouoMopg-
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HEM QYRKUAAM TPH WHTETPEPOBARNY 110 TPAHMLE 00NACTH, HPOLOIKa-

erca B D Kak d-rounas. Ilpu n = 2 moayzaem u3 reopemut (26.8), uro
D — nceBjoBHOYyRIaA o0macts. Mu moTpefyeM HeCKOABKO GobIIe:
D -- cTporo nceBAOBHILYKJIAL.

Teopema 2642 (Hayros). Hyems D — cmpoeo ncesdogui-

nyraas o6aacmyv 6 C", n == 2, omobpasicerue f & A™(D), npuvem %f #0
r

Ha OD. Tozda awbaa (opma % emenenu 2n — 1 na 8D, ydosremso-
paowas yeaosuio I'énvdepa ¢ nokasamenesm T > 1/2 u yeaosun (26.16),
umeermn eud Q(w(o)’ w), ..., wn-1) ) Paa nodxedawuxr semmop-
Pynryui W' = cWED), j=0,1, ..., n — 1, ecau

1) n = 2, aubo

2) n >3 u momnasercHble KacameavMuie k noseprHocmu 3 F(4D)
He aar00am 6 Havaro Koopdunant.

YemoBue 2) MoKHEO ocna0uTh, a UMEHHO OOTpeGoOBaTh, YTOGH

cymecroBana Bexrop-pymkmma u'®, rmagkas ma oD, rtakam, dro
&0, P =1, m mobas raagraa gopMa tuma (n, n — 2) Ha JD uMeeT
BHJ

0
2 “hzd”([kzll A df,
h<l

INe g, — TAajKEe ¢yaruun. Cropee BCOro, yclIoBme 2) WM 910,

Gonee caaboe yciaoBme, MAST OT MOETOJA NOKA3aTeAbCTBA.
QDaxTHYeCKE MH [OKaKeM, 9T0 ¥ HmMeeT BUJ

e, w,fs. i Fo 1)
n—2

LA mopxonsaimei w. _
Fllokasarennbcrtso. Ofosmazum u? -t _. flcwo, wuro

1f12
{u®), f> =1, mosromy Gopma Q(u(o), e uwl®, /) ymopaeTBOpseT
(1). GaemosarenbHO, €CIH O == % — Q(u(o)L. .o u(o), ), TO B o
sumonaserca (26.1). Mo reopeme 26.7 o = 37|, ), THe V& sz%,—-z (D).

IToxaemMm, 1ro

(n—2)!
(2mi)" =

Ylap = ap, WD A df, (26.17)
14
e a,, = CV(oD).

® f(0D) — raagras UOBEPXHOCTH (BO3BMOIKHO, C CaMOLepeceIeHu-
eM), TaK Kak 8D — riaagkas =@ _z]:. =% 0 Ha aD.
2
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ITpu n = 2 paBencTBO (26.17) rpmsmansro. Ilyers n == 3, Torga
(26.17) pocraTOYHO [OKA3aTh JOKANHHO; IMOGAILHOS DPA3I0KEHHE
(DOPMEL ¥ TIOAYTAaeTCS M3 AOKAIBEKX C MOMONILI) pA3OUeHUA ©NHWI(H.
Ilycrs §° — ¢uxcupoBaHEag Touka 0D m 20 = f({%). Pacemorpum mo-
BepxHOCTE & = (U ) 4D), rHe U - HeKOTOpPasg OKPECTHOCTh LU,
Torpa § — raajkas HOBePXHOCTH, 3ajlaBaeMas ypaBHeHHeM p,(z) = 0,
rae pi(z) = p(f(z)), a p — dyHRNUA, 3ajatoman obmacTs D. MomHO

1
CYNTaTh, 9TO a—g. (2% 0 u z % 0 npu z &S5, 310r0 BCETA MOMKHO JI0
31

GUThCH TIOBOPOTOM CHCTOMKL KOOD/MHAT N yMCHGIeEEeM [7, Tak Kak
= f(£ # 0 u grad p;jg # 0. HenocpojiernewuM  mofcIoToM Ha
XOfuM, IT0

99, op \dz[11 A d2l  @mi)*
(Zl 3z, + o+ Znﬁzn) g, | T m—1D1 Q(z, -, 2, 2) .=
8-2.1 S
_1_,(_?_) 7 l
=7\l in N s
IlepBoe PaBEHCTBO TOKABHBAET, UT0 Q(z, . . ., 2 2)|y He BEpOKJeHa,

TAK KaK [0 YCIOBHI0 TEOPGMH KOMIUIEKCHHE KacaTelbHbIe K S =
= f(U [} D) mue szaxopar 8 0. Bropoe paseHcTBO 03Hadaer, 4tr0 FHP-

. z
depernuanst d (Fl%) y oy d (Iz'—':) y dzqy euny dznnnﬂeﬁﬂo-ﬂeaaﬁncnmm
Ha S, ciejoBaTeabHO, MudQepeHI AT du(zo) = d-[-ff'l%. v duﬁ?’ =
fn

=al—l—l—2 y Bf 1y vony dfn JInHeiHO-He3aBmenMu Ha 4D N U.

Orcropa cmepyer (26.17) wa D  U.
OGoamaanm 0, ,= f,e, — f,e;, TAe e, U ¢; — BEKTOPK, ¥ KOTOPHX

KOOPIHHAATH ¢ HOMEPOM k ¥ I COOTBETCTBEHHO PaBHH 1, a OcTadbHHE —
0. Moaoxum ‘

w=u®+ 3 a,m,
Rl

Hueew <w, 5= <ul®, 15+ 3 a5 {(Mpy, =11

k<l
Q @9, w, u®, L u® ) —QW®,  u®, )=
n—2 n
n{n—1)
(= 2

(0 D ©) gp3\n—2 _
T W, df> A d Cw—u®,df> A (@D, df)
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n(n—1)

4 2. ) _
:.( (2:‘_____.1)?1 2 <u(0)' df> A day, <nkl' dj) A (<6u(0), df>)n-2.

k<l
(26.18)
PaccMoTpmM BHIpaiKeHHe
KO dfp AL, dfy A ..o ALEY, df), (26.19)

rpge 6'— pexTop-QyHKIEA, MIA KoTopoi (O, ¢> =1,a @,..., 0" —
BEKTOP-QYHKUME HIM BEKTOP-POPMH, gas koropux (0, f> = ... =

= (8" f> = 0, Touno Tak e, KaKk B jemme 3.3, MOMKHO yGeguTsCA
B TOM, uT0 (26.19) He maMeHHTCA, ocau O aaMeHHUTL HA mIOGYI0 BOKTOD-

dymxumo 6, <8, f> = 1. fcmo, w0 (m,;, > =0 u Gu”, 5=
="3ul?, D= 81 = 0, Ilosromy B (26.18) B KAKJOM CHATAEMOM
momuo samennts <u'®, df> mHa (f;1eh, af) = fldfy. Mpn
fie. o f, #+ 0 noayanm

Q (uw), w, W, .., u®, f) —-Q (u(o), oy ul® f) =
n—2 n
n(n—1)

—=n * o ‘ .
T @) ; Ta df NBay A(f 8fy — 1,3F ) A(KdudD, af)"=2 =

n(n--1)
2

_= Vs ) -
= DA A YA =D A D A, =
m#k,l
-9 - -
_(m : ")lz dayy A dufdy A df =3y |gp = a,
(20)" 330 )
CrefoBaTONLHO, TPH fi . . . fan % 0
n=a-4Q (u("), oo, ul®) j) =Q (u(‘”, w, WO, . 0, 1). (26.20)
n n—2

Mroxecrso 0D N {f~... - fa =;60} BCIOLY INIOTHO HA 8D, TO3TOMY
pasencTBo (26.20) BepHo Ha Beeit rpannme. [] |

CrnepgcrBrme 26.13. Hycme D — cmpozo ncesdosunyxaas oG-
aacmb @ C? subo cmpozo ncesdosuinykaas u AUHelHO-suinyRAls * 06aacmy

4 Qupepenenne AMHEHHO-BHIYKAOH obmacta cM. B § 24.

§ 26 ‘Dopubl, OPTOZONAALHLLE 2040MOPHHLIM FYHRRYUAN 3

g C", n23, mxn,(z) — opmanozE aD cmenenu 2n — 1, ydosaem-
GOPRIOWAR YCAOBUIO Téasdepa ¢ noxadamerem T > 1/2 u maras, wmo
dusn ecex a & D u dan scez ¢ = A (D)

p@) = [o@x, @,
6D
Tozda cywecmeyem 2aadran no 3 & aD sexmop-pynryus w,(z), das
rxomopoii {w,(s), z — ay * 0 na oD u
%,(2) = Qz —a, wa(z), T, .8 — 0, 2— Q)

CneicTBEe yTBep:KAaer, 9TO [ YHA3AHHOTO KIIacca ofnacTeit
mpu n > 1 10608 WHTETPAILHOe NpPEeICTABIeHHe A roaoMophERX
dyHROuiE ¢ AAPOM, YAOBIOTBODANIINM ycaosmio F'énbrepa ¢ MOKasaTe-

nem T > 1/2, ectb"obobmerBan ¢opmyna Homu — darranmse {dop-
myna¥(3.12)).

7°. Iaa Toro, 4roGH NATh JOKAILHHE BAPHAHT TEOPOMEL
26.7, Ham uorpefyioTCA HEKOTODHE o6oamauenua. Ilycte

D — orpanmuennas o0aacTs B C" ¢ riagroi rpaEmNei M
as cﬁ},’q (D), 0 < ¢ << n—1, Torga @ MOMHO HpOAOI-
KATE K0 GopMH ‘o CL (D). ®opmoit 0,0 HasHBaETCA
dopma m3 C,, g+i (0D), mOLyICHHAA CYHKEHHEM dopmu o
ma 0D. Herpynso fokasars, Iro d G He 3ABHCAT OT IPONOI-
;weHEA O (OPMH C.

Teopema 26.7 upm p = n yTBePKMIAeT, 9T0 €CIM & —
dopma TmUA (N, n—1) ma 8D, ynoBieTBOPAIOIAA YCIOBUIO
T'énpaepa ‘¢ moxasartenem © > 1/2 m yemosuio (26.1), To ana
Hee Haiiferca dopma ?Ec%l,)n—z (8D), nBnsomasca peme-
HHOM ypabHeHHus

a7 = a. (26.21)

Hpu n = 2 ypassernne (26.21) skBUBaTeHTHO yPABHEHHIO

ng(zg_!_sf_,"ie-__f’_)g=f, z& 0D, (26.22)

0z, 0z, 0z 013

rie g — xoodpdunment gopMu ¥, a f erpourca mo Gopme o m
p — OyaxmusA, 3agaomas 061acTh D. Onepatop ° L BBefieH

5 OmermM, 9ro ycjoBme Lg = 0 B TOYHOCTH O3HATAeT, IO £
YIOBJETBOPACT KACATEJILHHM YCIOBHAM Komu —Pumana (cM. § 24).
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I'. Jlesu. Onm moiscamn, wro ecanm I) — cTporo BMyKaas
obmacts B C?, To ypasmenue Lg = f, Boobute rosops, He pas-
pemmmo JiasKe JoKadbHo. Towmee, MHomecTBo GyHmRuIMil, mas
KOTODHIX paspemnMo ypaBHeHue Lg = f, ne ABIsgeTCH 3aMK-
HYTHM IORUPOCTPAHCTBOM HH B KAKOM CCTECTBEHHOM (YHK-
, THOHATLHOM LPOCTPAHCTBE.

[Ipusepem meoGxomumoe ¥ JOCTATOTHOE yCToBHe Ha (op-
My o (a clemoBaTeibEO, M Ha f) A TOTO, IT06H ypaBHOHME
(26.21) (coorsercrrenno (26.22)) EMeN0 TOKANLHEE pPelNIOHHA.

ITIyers D — orpanmdenEast crporo BHIYKIas obaacte B €
1 0 = D; D={w:{w,zy51,2eD}—o0bracth, compsmenias
K KoMuakry D (cm. § 24, n. 3"), Wi rorvo, uto D — obsacts
¢ TIQKOH TpaHMiell, ciefyer, 4ro Kamyofl Touke z = 4D
COOTBETCTBYET eHHCTBEHHAS TouKa w(z) & 0D, nusa Koropoi
(w(z), 2> = 1. W3 crporoit BHnykiIocTH obmactu D Brite-

Kaer, 4To orobpaskenme z — w(z) B3aMMHO-ONMHO3HAYHO Ha
0D. Toura w(z) ompemenserca paBeHCTBOM

_._P@)
lU(Z) — (P (Z), z>1

o8 PE=(Pia), - v Pols))= (55 (), -, 503)) (e §.26)

Hyers ¢ = C,, n~1(8D), Torpa dopme o, Kax Pymxngo-
Haly Ha mpocrpancrse A(D), coorBercrsyer romomopdHas

B D pymruus
{9
O(a* (w) e s T
ai; (1 —<§, wy)

HasuBaemasa ukdukampuccoti Panmannve GopMH o (CpaBHY C
§ 24, n. 4°).

Teopema 2614 (Xeurun). Hycme D — cmpozo
sunykaan obracme ¢ C'u o & C,, ,—1 (D) ydosiemeopaem

yeaosuio I'énvdepa ¢ nokasamesem v > 1/2. Tozda 045 mozo

umobw ypasuenue (26.21) umeao & nexkomopoii oxpecmHocmu

mouky z° = 0D pewenue Y Con_y (D), neobzodumo u
docmamouno, umobs unduxampucca @anmannve a* gopmu o

npodoaxcarace z0aomopyfino ¢ okpecmuocmsb mouku w(z°) e aD.
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Ilas mokasaTeabCTBa HaM TOTPeGYeTCs OfHOC YTBePKISHHe,
KOTOPOE MMEeT ¥ CAMOCTONTENbHO® BHAYGHHC.
llpennomenue 26.15. Iyecmo D —ozpanuuen-

nas obaacmy ¢ C" ¢ 2aalrotl epanuyel u o & Crn.nm1 (0D).

Ecau cywecmeyem makas gopmua o & Cpyn—i(D), umo

dlop =@ u da & Lha(D), mo fopus at u a~, sadannse

coomeememeenno ¢ D u C"\.D pasencmeom

a‘ﬂ: (Z) = Sl o (‘:) /\ I]'n,'n -1 (Ca Z) - 5 Sa (C) VAN Z]".ﬂ—2 (‘:’ Z)_,,
(26.23)

O-30MEHYMBL, HPOJOANCAIOMES KK Henpepuenbie Ha D, u ev”
nOAHSEMCS PAGeHCME0

a == ot|ep — & |sp-

NorasaTexasctTso. Illo dopmyre Maprunesin—
Boxmepa — Houneasmana (7.1)

ot (2) =% (2) + | 8%(2) A Unn—t(5,2), 3D,
Dy

T () = Df 32 (D) A Unneti (L, 2), 2= C™\D. (26.24)
4

Herpyauo BHACHHTb, UTO HHTErpal

5.5& (C) /\ Un.n--—i (CL z)
Dy

DPABHOMEDPHO CXOAHTCA IHPH 2 & C", mosroMy ompenexaser

dopmy, HeIpePHBHYIO Ha C". CremoBaTedbHO,GT B .~ Hempe-
PHBHO OpORosKalTCA Ha 0D M COPaBeJIEBO PABEHCTBO

atlogp — a”lgp = alaD=d-.

lokasaTexbhCTBO TEOPOMH 26,14 . He o 6-
xoguEMocTb Ilyeth B Hekoropoii oxpectHocTE U
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TouKE 2 paspemunmo ypasrenme (26.21). Ilo gopmyme Croxca -

a* (w)= Tg'(';')'—?z 2,7 (&) -
(OD\T o) (1 —<w, ) (wssPOD); (1 —<w, b)
= —e® (@)
(OD\Uso); (=) 8(UNnaD)g (= <w, )"

B cmny crporoii semyxaocte D muTerpasn B npasolt gacTu

oUpefe/NeHH He TONbKO B D, Ho U B HOKOTOPO# OKpEeCTHOCTH
TOUKE w(z’), MOITOMY O* ToJOMOPPHO mpOOMIKAETCH gepes
Toury w(z29).
Hocratoanocts. I[lo nemme 26.3 maiinem dopmy
@ Cih_y (D), Ran Kotopoit Wlop = @, da(E)— p=Y(E)(L),
rme x < Cun(D), %(L)=0 npu { = oD n MOAYJABL HEmpe-
PHBHOCTE (opM & u ¥ mmeer Bup O(f)= t». Tak ke kak B
moxasarenbcTBe JemMu 26.6, momywaem, aro |9a(z)] = O(1) x
X [p(Z) 11, nostomy da & Ly, » (D). o npeptomenuio 26.15
o = atlyp — o~ |sp, TAe ot m o~ safaTea Gopmyroit (26.23).
U3 npemmosxernnmsa 0.10 wmeem, uTo uepBLIT WHTErpal B
(26.23) ynmomnersopsier B D ycaosmio Ténpjepa ¢ moxasare-
aem v’y 1/2 < v < v. Kpome roro, U,, ,—; (L, z)— d-3amx-
~HyTag QopMa 1m0 z, CIEOBATEJbHO, NEPBH WHTETPAT B
(26.23)— d-3amxmyram gopma B D. Tar me Kar B Teopeme
26.7, MomHO YGORUTLCA, UTO DTOT MHTETPAT MOKHO peacTa-
BETH B BUfe 0V, IAe Y1 & Chn_y (D). Bropoe cnaraemoe

(26.23) umeer Bup dy,, rie
o= [ @) A Unna(, 2).

D¢

W3z npepnosmenua 0.10 caenyer, ato y, <= Cﬁf,)n_z (5) Taxuam

. + = Pyt + = (1) D
obpaszom, ot =gyt B D. 3pecs y*+ =y, + 7, & Cinn—z) (D).

' Ocranocs y6egurbca B TOM, 9TO ypaBHeHH® 5b_’\’_ = & |ap

paspemmumo. Ilyers © — oGaactp, comepkamas D, mas Koto-

" poit copasenamBH oueHKH (25.2), Torma

P(z) P (2)

u* (g, z) = O* (L, 2) <P L—2
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roomopdua mo § = D upm z = Q\ D, nosromy ns (26.24)
u Popmyan Croxca moiydnM (CPABHHTE C AOKABATENBCTBOM

nemmu 26.5) mpm z = QD

a (z) = S 5& @ A Wn.n—-i (u*: £ 2) — 5’ i
Dy D‘X 0,1]5,

A Wz (u*, 5,5, N) = 5) & (©) A Wanet (u*, T, 2) —
8Dy

da (L) A

5 [ @A W@ Lnh.  (26.25)
pyxlo, 11,
Wmeem
gi (— 4P, (3) dP (a)p;y A d3

Wt (¥, [, 2) = 2

Pz), t— D"

S (— 1y=1P. (2) dP ()gy; A d3

— (P (3), " j§1( ) 5 (2) 2P ()5 _
T (P, <P, ) P —on

),
oo @re)

Orcioma u m3 (26.25) cuemyer, 4ro mpH 2= Q\D
o (z) = (— 1)"a* (w(z) 0 (2, (3) —

3, | 3 (1) AW nnz@* 5,2,4). (26.26)
Dxi0,1]y,

Io ycaosuio a* ronoMopdHO MPONONKASTCA B Hei{o'ropylo
oxpecTHOCTH TOUKM w(z?), cliefloBaTeNbHO, dopma a*(w(z)) X
X @(z, w(z)) ompenenena B (BHOYKIol) OKPECTHOCTA TOTKH Z°.
Haanee,

7 -
a* () X (— 1) wydwpy A da
3:

— roaomopdHan dopMa MAKCEMAIBHOR PasMePHOCTA Ha MHO-
2
rooGpasmm {(w, z) =1}c C " NOSTOMY OHA SAMKHYTa,
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sHATAT, O- 3AMKHYTa (opma o*(w(z))

oz, w(z)). 3
TOr0, OHA TJIAOKAs B OKPECTHOCTE 2°; Tax(;;é,é I{EEI{) )B Tjﬁggﬁz
26.7, MO0 oKasaTh UT0 a*(w(z))w(z, w(z))= dy; B oKpecT-

HoCTH Toukm z° m vseC((yi;)n—Z) (D).
26 (z)g;)snTaan qepe3 Y, MHTEIPAJX BO BTOPOM CHATAeMOM H3
.26). Tak ke Kak B JOKa3aTeIbCIBe Teopemsr 26.7, moay
- ) -

i) — E—5)e@ %@
1(2) n—1) H
[L— =zl @* (L, z) P(E)

2 O\ D.

Dy

Ilanee, anpdepeHNUpyA DO SHAKOM HHT

nepasencTBa (25.2), 3aMeHbI nepemennm?p;g 3;193»4;0?8[%5?1

§5.7 AOKayKeM, 49To _li'ropme IPOH3BORHELR 0T [ pacTyE HE

seTpee, wem |p(z)|t+*Y/2. Us memmer 25.8 cxemyer, dT

HepBHE MPoN3BojHke oT F HenpepusHK B Q\ D, 1. @ (I;o MO

7, OpopoIsKaeTcA Ha A0 Kak riagkas. Hs (26.2é) .no.;lyngema
1

q - = - T
10 0 |pp = Oy~ B HEKoTOPoOHl OKpecTHOCTH TOIRM z°. 3necs

= =3 — ¥a)lop- O
Teopema 26.16 (ngHRuH). ITyeme D — ecmpozo

vl T
inykaas obaacmb U f EAC(D)_,‘anuue.M [ He npodoaxcaemcs

2 —~ p—
egﬁomopgﬁno uepes mouky w® e 0D. Toz20a ypasnerue dyy=a,
' (n — 1)

o = | @E) A oG w @),

He umeem pewenuli Hu 8 KEaKol
: 0KEpeCmHOCIIU TOUKY, 2° :
0aa xomopol w® = w(z%). W s S oD,
qmollll;o%mﬂaq?oz}? TEABCTB o.fTeopema 26.14 morasmIBaerT,
0 T0oKasarth, 9ro0 j — magmrarpucca © '
T e . pucca Dapranose

f(w):S a@ =t [ @ el w@)
o, (1= @ DI @) g (L= D ‘

dra Qopmyira — B TOTHOCTH dopmyaa (8.5) AnA JHHEHHO-
BRITyKION ofnactu D. [ )
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§ 27. BA3NC HMPOCTPAHCTBA
T0JJOMOP®HBIX OYHKIUHA C GUKCHPOBAHHBIMH

AJTEBPAMYECKEMHA OCOBEHHOCTAIMN

1° Muosmecrso A(D) pyuruni, roroMopduLx B obuac-
m D <C", ob6pasyer jpupeiiHoe BeKTOPHOEe HPOCTPANCTBO.
310 MPOCTPAHCTBO © rOI0MOTHEH PAaBHOMEPHOH CXOXMMOCTY
payrpe D Takixe fynemM 0603HATATH A(D). ITocaesiosareas-
mocTh Pynwnmit {/ O 1= A (D) exoputes B DTOH TONOIOTHH K
GyHERIUT f e A(D), ecim A noboro wommaxkra K < D
OCIeL0BaTeIbHOCTE fo(2)— f(z) pasHOMEpPHA OTHOCUTEIHHO
7z = K. IociegoBaTebHOCTD dyrRIMT (pp)n1= A (D) obpa-
ayer 0a3mc NPOCTPAHCIBA A(D), ecam n06y0  QyHKIHO
f & A(D) MoxHO eANHCTROUHEM o6pasoM OPeAcTaBuTh B BUAE

o0

f= 2 Cp®p, IO {cp }— moCIEI0BATONLHOCTE KOMILI®KCHHX

k—1
qmeenr, a DPAA CXOAHTCH B TQIONOTHH IPOCTPAHCTBA A(D).

Oprmep 1. Baswnc MPOCTPAHCTBA A(CIN\{a1,.--r Am})

00pa3yioT MOHOMEL (z —ay)h = 1,..., m, k=1,2,...; 2%
n = 0,1,... KooddunuenTs pAasno;KeHML pom3BosibHOM QyHE-
mun | e A (C\{a ..., Q) 1O Gasuey
m o0 o0
- 2l n
f(z) = 2 Yy eyt 3 (27.1)
j=1 =1 7 n=
OIHOBHAUHO OMpPEeNeIII0TCA dopmyamu
1 ; —1 1 0d
- B
|E-—a;|~2 1t1-=R
rge & > 0 — focTaro¥yHo MAaJlo; R > max{lail,--- laml}

Tas roxoMopdHEX ¢yuRIMid MHOTIX KOMIUTEKCHBIX Irepe-
MEHHHIX “POJIb W30IHPOBAHHEX 0COOHX TOUEK HMIPAlT HyJe-
BEHIe MHOECTBA TOJOMOPPHBIX pyHEOAL. Mul paccMOTPHM
OPOCTPAHCTRO romoMopprEnx (yHEKIME C asiTefpangeCcKuIME
ocoSermoctamm; A (C"\T), tne T ={z: £(0)= 0}, # — no-

THHOM.
9°, TIpemBapmTeNbHO BEPHEMCH K PAasIOMKEHHIO Beitns

(24.5). Ecnm x;(z), j = 1. - N,— DoTHHOMEL, JuG0 pamuo-
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HAJEHE® d)yn_rmnz, T0 B (24.5) ¢ymrmmp Q;(z), J= (ji,...
v i 1 < 7<...<jo<K N, MOmHO mpeicTaBuT: B BHI®
m(J)

Q;(E 2 = El & (8) by (3),

THe Lrpy Ayp — HOMMHOMH aWGO - PAMOHANLHHE QYHKOHE .
COOTBOTCTBEHHO. B aTom ciyuae pasnoxenme Beitna (24.5) -

MOKHO IPEXCTABHTHF B BHJO

mJ) . : .
fl2a)= %}’2.41 Eo @rnalisn (2) 45 (2), (27.2)
THe o= {dy,...,0,); x?=xﬁ‘...x?:; »

1 1@ 8y (B
ke = Gy ;,(J Peanl(@

Pap (27.2), kak = psan Beina (24.5), paBHOMepHO cxopuTes -

sEyTpE A. B obmem ciygae gymknmu h,y (2) x5 (z) HE 06pa-
ayior 6asuc mpocrpanersa A(D), rax xax dynaxnum f = A(A)
He BCeI7la OfHO3HATHO NPENCTAaBIAITCA B Baje pana (27.2).

IIpawmep 2. Jlasm mommagpa Bedtna A = {z= C?:
Hzl< 1, 1zl< 1, 121 4+ 2,]<< 1} Beaxyo dyrxmmo f = A(A)
no dopmynam (27.2), (27.3) MoMEO PasTOKETL B DK

(@)= 2 o A1 %3 + 2 o Binn2t (2, + z5)" -

m,n= m,n=i

+ 2 0 cmnz;n (zl + zﬁ)n'

m,n=

Oﬁn’?xomam Pa3io’KeHHe HO ONHOBHAWHO, TaK KaK MOHOMH
n m

2123, 21 (2, + 25)", 25 (2, + {2)", m -+ n = const, 3aBHCUME-

VxakeM Ha OfME BaKHKM UaCTHHA CAydYail, Korma pasio-
AEHERS (%7.2) MOoKeT OHTbL OHOSHaYBHM. PaccmMoTpuM cire-
mmanbHEEE monmanp Beina A ={z <= D : |y;{z)|<< Ry, j =
=1, ..., n}, y=AD), A=D < C". B srom caydae
ocroB moxmefipa A, = {f €D : |y@)|< Ry —e,j=1,...
...y R} cocrouT u3 ool KoMmomenTH Y= {z=D : |¥,(z)| =

(27.3)
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= R; — &, j =1, .., n} 1 pasnoxenne (27.2) pnst panuo-
HANBPHHX OYHROEA ¥; OPUHEMAET BH]
m
f (Z) = kgi ahahk (z) 'X.a (z)’ (27-4)
re 1 (f(&) g (£) 28 .
Qpe = (20'(!)" :P xa+1 (g) . (27.5)

HanomouMm, 4ro 3fechk
%1 Q) — %5 (3) = 5‘1 (n—2) Pon(Ga2)y F=1,...,7, (27.6)

— pasnomenuc I'edepa, B Koropom P j, -— MONHHOME, ambo
panmoHanbuEue dyHKnmU,

'@ll(gz) o e e ga'ln(C,z) m
Q(,2) = . - . = 2 2, (D) P (2).

P2 - - - Pan(G,2) ! '
(27.7)

Mpennomenune 27.1 (Muxaitnosa). Jan mozo
umo6s mobas PyrKYus f, 2040MoPPHAR 6 CREYUALLHOM NOAUID-
pe Beiian A, eduncmeennum 06pazom pasiazaract 6. pad
(27.4), neo6zodumo u docmamouno, umobu det |[hysl| =~ 0,
20e

NI NCLNAL: o -
h"’“(znn"g do o RImheem @19

JlokasaaTeaXkrCTBO. Heof6xoZHEMOCTHS.
BosbmeMm f = hy, j = 1, ..., m. Tora B cHAY €[UHCTBOHHOCTH
pasnoxenns (27.4) us dopmyxn (27.5) pua e = 0= (0, ..., 0)
mMeeM Ap; = apy = Oj, Kk =1, ..., m. CaepoparensHo,
det ||Az;l] 5= 0. _ o

HocrarourocTs. llycrs det||hy;|| = 0. Iloramenm
49T0 €CIH

0= 2 apalty (2) ¥ (2) (27.9)
E=1 o0 .
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A PAR PaBHOMEPHO CXOAHUTCH BHYTPH A, To ap, = 0 mnsa scex

k=1, ..., m, a >0. Ilposesem mmayrmmio mo p = |a|.
YuuomaM pasencrso (27.9) Ha dopmy g;(z)dz/(2mi)x! (z),
j=1, ..., m, u npounrerpmpyem mo nukay Y. lloxydmm

m . ) |
0= Kgiaha(?n;)?fhh (2) g5 (2) x* ' (2) dz.
v

Ilo Teopeme Homm — Ilyamxape 0.6 j.hhgjx“_Idz = 0 upm

v
le] > 0, Tar kax B sTOM cayuae y ~ 0 B ofnacTm peryasp-
HOCTH HOMKHTerPansHoil Gopmu. Jleiicrnurenbuo, npu ay >1
oEKa Yy = + dB, rne

B={ze=D: [x,-(z)‘l = R; — &,
j= 1.9, [qli r, |XQ(Z)L< Rq - E}’

u fopma hpg;¥*Idz romoMopdua ma |B|. Takum oGpasom,
¢ yueroM o0osHadeHmH (27.8) mmeem

m
hgiako?\.jk=0w j:1, B (8

N3 yenorusa det|[As||== 0 cuenyer, 9to apy = 0, k =1, ...
... ;m. Ilpenmonommum, aro B pasnoxenen (27.9) ap, =0, ecan

le|<< p — 1. IokameM, uro Torma ajp=10, k=1, ..., m,
opu |B| = p. Ymuomus pasencrso (27.9) na dopmy g,(z) X
Xdz/(2niy yp+l(z), j =1, ..., m, Gymem mmern

0=3 3 a5, |22 g; ) y5—P-1(2) da.
N4

k=1 lal>=p

Hns o = B, lee|>> p, marerpax j-hhgjx“_ﬁ'_ldz =0, TaK Kax

¥
Xorsa 6m maA ogHoro mufekca ¢ {1, ..., n} morazareis
adg — By — 1 >0. Takum obpasom,

m
2 ah[ﬂ“fk=0_7 ]= 11"°vnz
k=1 .

cuefoBarenbro, arg = 0, k=1, ..., m. J
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dameganmne. Tak xar pasiomeune Tedepa (27.0)
u upencranieune (27.7) HAXOZATCA HE OMHO3HAYHO, TO HAA
HaHHOTO CllenHajbHoro monusppa Beiinsa, omnpemensemoro
panmoHanbERME QyHKIAAME X;, ] = 1, ..., n, cHcrema $yHK-
mai {hy(2)y*(z), k =1, ..., m, & > 0}, mo Koropum packia-
nmBawrcs ¢yarmun f = A(A), momer 6mre BmGpama Ho
cquacTBeHHENM crocobom. IIpu opBoM BuGope ¢ynkumit hy(z),
gx(z) oma moxer o6pasosaTh 6asuc mpoctpancersa 4(A), a upn
APYroM — Her.

IMpuwmep 3. Ilerpyaso moka3aTb, uWT0 CHEIMAJIBHELMA
aHanurmaeckui monmdgp A ={z = C*: [y;(z)| <1, j=1, 2},
roe Yy (z) = z? 4+ zg, ¥ (3) = z% 4+ z%, "ABJACTCH MOJAUSKPOM
Beian. [Ins pasaomenmit Ledepa

2

¥l — 1 (8 = 2 (& —2) (35 + 2,8, + £3),

=t
2
5@ =106 =3 €2+ )

onpeneauTe/Ib
QL 2) = z%+31C1+C% zg’*‘ZzCz"l"C%
’ z 4+ & z3 18,

MO}XHO NpeJcTaBHTb B BuJe
Q = (ziz, — 252)) + (23, — 23) L1 + 2, (83 — &aZa) +
+ 2, (8als — 83) + (2f — 213,) T -+ (8380 — £380)
u B .BHJJ;B
Q = (ziz, — 382,) + (202, — 23) L+ 2,88 + (8} — 2.3) L +
+ (21 — 23) Lo + 288 + (L30— &3

B nepmoM ciygae pasnomKeHHO® YHNOBIOTBOPAST YCIOBHAM
opegnoaoxenns 27.1, a Bo BropoM — Her. TaxaMm o6pasom,
cucrema ¢yEruai A (2) xT* (3) 3 (3), k=1, ...,6, &y, 0ty >
>0}, roe hlzﬁzz—zﬂgz hy=1212,—%5, by = g, by =2, hg=
2] — 2,25, hg =1, oOpasyer Gasmc mpocrpamcra A(A).
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3°. Tocrpomm Gasmc npocrpamctsa A (C"\ T), tme T= |
={z = C", P(z)=0}, £ — mormnom. He Tepss obmuocTH, |

MOKHO OpeAnonararb, 4T0 IOAMAOM P mMeeT BuL

P@=am+ A4, (2 +...+4, (‘'z), (27.8) C,

rme 'z =(3y, ..., 3;,—1). B OpoTEEEOM ciyuae chmemaeM auHeii-
. HYI0 3aMOHY IepPeMeHHEHX. '

Huna moGoit Tourm z < C"\ T maitnerca wmeao R > 0

TaKoe, IT0 2 Ap = C"\ T, rime

Arp={z=C": |z)|<R, j=13 ..., n — 1,
YR |P(z)| < R}={z: |z;] <R,

ji= 13, esey B — 1.; ]9”(2)] <RL
11/%@)| < R} (27.9)

Herpynno moxrasate, uro A, — monmaap Beinx. Ocros

nonusfpa Ap cocrout M3 ABYX KOMIOHEHT: Y, = {z: |51|=
= ...=|z,1|=|P@)|= R} nyg ={z2:|z|=...=|2n-1]=

i#/?}(’zyb: R}. 3amerum, 9T0 Yz~ — 7, B obumactm C™\
. Tyc

P L) — 2 (2 =]-§'1 (£ —2) Qs G, 2), (27.10)
~ The Q,, j=1, ..., n, — momunomur. Torma

FTO-27 @ =2 - -0 Ey 7 @2 @)l

1 0 ... 0
o1... 0

Q(8,2) = O - 1 o = @, (L, 3),
Ql Qz LA Qn

(€, 2)= —Qa(E, 2P(5)F Ya);

b
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Hyc.'n. .
Qn (5, 2) = h§i gr (8) ha (3), (27.11)

rme gny By — momusomu. Coraacmo fopmynam (27.2), (27.3),

n0ban QysxmER f& A(C”\T) pasnaraercd B HOJNRS/ADS
Beiina Ap B paAR

N ’
j0= 3 3 tnan@'5° P 0) +

+ X D bohs (3) 2P T (2),

k=1 a>{

4 'S' ) g, B dE
Ora = (2ni)" in Tat gty

rge

1 F© g, (P L
e (gmi) gett
YR

Ilepexonst k equE00Gpa3EEIM 0003HAYCHAAM Qpg,. ..o —tpy ==

= by, M YIUTHIBASA, 9TO YR ~ — Yp, 3AMAMIEM OTO PAINIOKCHHEC
B BHJI®
N 00

=33 I auh@. . m P, (27.12)

h={ 'G>'0 Qp=—00

roe

1 1 (©) gy (D) dE 13
e = Gyt 151;2?'“ czt_zi-{—igaanﬂ- (27.13)
Tak xax mpE mamemenuE R, R —- 00, IEKJ] Yp TOMOTOIHO
memserea B €™\ T, ro pasnomerne (27.12) ¢ rco:ad:dmugemamg
(27.43) nas ¢ymknmif f & A(C™\.T) cupasejnmso Bo Beel
obaactu C"\ T. llpn atom pan (27.12) PABHOMEDHO CXORHUTCH
ma aobom xommakre K< C'\T.
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Hpemunomenue 27.2. Jus mozo, umobu ecakas -

gynryus | e A(C"\ T) pasaazanacs 6 psd euda (27.12) edun-
cmeentuM  00pasom, Heobxodumo u docmamouno, umobu

det| gyl 0, 2de

Dy = 1 gy (8 Ay (0) i
(2mi)™ oA Eioor G tP )

Morasareansncrno. Heobxogumocrs morasmBaer-

Cs TOYHO TaK ’Ke, KaK B IPexaokeHdn 27.1.

3aMeTHM, UTO COTJIACHO mHpefromenno 27.1 ycaosme
detf|Arsll5= O maa Ayy;, ompenmenAeMHX paBeHCTBoOM (27.14), .
ABAACTCH HEOOXOTUMEIM ¥ J{OCTATOYHEIM TS eMHHCTBEHHOCTH |

pa3noskeHuss NpPoU3BOIbHOH COyHRImE f = A (A};)i re A; =
={z:|z;| <R, j=1,...,n—1,| P () | <R} B pan
N

F@ =3 3 aahy @) 'E°P @), (27.45)

k=1 o220

Wz sroro sameuamms CHoBa BHTEKaeT HOOGXOLHMOCTE B IPef-
Jdoxesnn 27.2.
Horaxem pmocrarounects. IIycrs det|[Ay;|ls= 0 m

N oo
0= Z 21 2 Aoty (3) 'z’a-?a" (2),
E=1‘a>'0 gp=—oo

rpe pap paBHomepHo cxoputea BaYTpH C"\ T. [lokasem, 4To
BCe KOI(PQHUIMEOHTH @y, PABHH HYJII0. YMHOKEM IOCJACHHES
paBencTBo Ha dopmy g; (2) da/(2ni)"z Y PPt s g o n,
7 TPOMHTEIrPEPYyeM N0 OHUKIY Y. llpa a ==

1 5 gy (3) by (2) dz

@mi)" J g bt at Ipn—ontl =
R

0. (27.16)

JeiicTBaTenbHO, 6CIH aq > Bg Xora Ou A7 ofHOTO WHAEKCA
g ={1, ..., n}, To pasencrBo (27.16) BHTeKaeT W3 TEOPEMH
Kommr — Hyam{aupe. Ecnm me a; <Py, j =1, ..., n, 70
gHTerpan B nNeBod wacra paseHcTBa (27.16) mo;xHO paccmar-

s ’ — 1
pEBaTh Kak KooQdumment mpu k,'z P+ 1 Pn—ontt pas-

(27.14)
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gomenan pynkuun kb, (z) = A (A;) B PAN BHAA (27.}5). B cu-~
1y eIHHCTBEHHOCTH DTOr0 PAsio)KeHHs YKa3aHHHI Koa(Pm-
IHEEeHT paBeH Hyio upu ff — a 5= 0. Takum o6pasoMm, yInTh=
BaA (27.14), umeem

N
hziahgkhj=0, j—':i,’...,N.

Cnepopareamino, app =0, k = 1, ..., N, DoCKOIABKY

det|[Ayyll = 0. O
Teopewma 27.3 Pynryuu

PRy s lp (z), (27.147)
k=1,...,m;ay, . ..,c,=01,..

ad, = 01 j:17 :tzy wety

o6pasyom 6asuc npocmparcmea A (€"\.T), 20e T={z: P(z)=
= 0}, P — noaunom (27.8). Hosgfuyuenmu pasroscenus

npouaeoavholl gynryuu f = A (€"\T) no 6asucy (27.17) eu-
paxcaromes gopuyiamu

m—1
f® [EL"_" + p% A4,(D Cpn_h] g

gttt gt
o

_ ., (27.18
Ora = oy S ( )

Yr

ede ={z: |5]| =...= |z,—| = |P ()| = R}, R>0.
,[[‘Vg K é 3a 'rlo IBCT Bno. B paaaomenuu I'egepa (27.10)
moiaaaom Q,(f, z) MoKHO B3ATE PaBHEIM

Qn (Ca Z) = ['? (;) -7 (Ig, zn)]/ (Cn - zn) =
m m—1
= Dz [cn T 3 4,00 cﬁ""]..
=1 p=k
Orcioga BugHO, 9To B pasnomenuu (27.11) MoaHO monoKuTL

m—1
hy(@) =25 ", g(l)= Th*,p% A COG" kt, ..., m.
(27.19)
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loxasxem, 4ro mpm TakoM BHOGope OYHKOHA %, g, BHIOA-
HAOTCA yclaosHsa npexnoxemua 27.2. [leiicrurensmo, mpu

no6om §ExcHpoBanHoM ‘L = C™!

% %___ ros [i:‘={0, E<m—1,
ml@(c)l=1§9(c) 2p=oo | P (E) 1, k=m—1.
CiemoraTeabHo,
wm J 8§ B e
ILal=R [Cnq)=R T IPOI=R
_ {0,» k<],
1, k=7,

TaK Kak deg, [z 'g ()] =m—j+k—1 =m det||Ag] =
=150, J

Pasnomxenne (27.12) B cayuae (27.19), . e. B ycnonmsx
reopeMul 27.3, spustercs oGobmenmem pasiomennsa (27.1)
Ras ToloMopP@HEX QYHKIUHA 72 MepeMeHHHX ¢ ajrefpanyecku-
MH 0COOEHHOCTAMH.

4°, B caygae, xorpa monumoM P(z) pasmaraercs Ha IuHeHHLIe
MHORHTENA, MOMKHO nocﬁ)on’m Gonee TOYHHIK AHANOr PaBIOMEHHH

n
(27.1). Nycrs P(z) = II1l Ly(2), tne L (2) = hzi a2y + a5, §=
?__—' ——
=1,..., N.N
Torma T= U E,, rae E, = {z: Lj(z) = 0}. HpeamomaraeM, uTO
.7.=1 - 5
T;+7T, npak + j, 7. 6. P He CONPP/KHT KPATHHX MHOMKATexei. 0603-
HAYUM 9epes Qr, 0<r<p, T/{e p—paHT MATPHUIEH | “jh"* J=1,.,N;k =
=1, . .., n,;CCMEACTRO BCOBOBMOIKHEIX MAKCAMANBELX MOAMHOKECTB Oy
c{1,..., N}, ABA KOTODHX PpaHrH MAaTPHI]
. lafhﬂjem,.,h=i,...,n n ||“ijjEm,,k=0,1,....n
paBEH r. JIas KaIOr0 MHEOKECTBA ®, NMOAGepeM n — r JHHOHHHX
¢y Lhmr (z), k=r+1,... n, TAaR, 9TOGH paHT MATPHRH
m3 KoapdunuenTos QyaRIui Ly jeo, Lkmr’ k=r+1,... n,
Osr paBeH 7. MEOMKECTBO MYABTHHHJEKCOB @& = (0, . . ., &,;) Co,,

;
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ATl KOTOPHX YHOPAAOUeBHHe CHCTOMH QYHRUME Ly , ..., LGT obpa-
3YI0T KAHOHMYECKOe CeMeHCTBO r-CHCTOM CHCTOMM {Lj, je o}
(cm. § 19, m.5°), oGosmasmm J(w ). Ham r =0 wmmomecrsa Qy =
= {og = 0}, J(0,) = © npepnojaraeM OAHO3JGMOHTHEIMU, Jlaa
K0T MyasTuunfexca e e J(o), o, =, r=0,..., p,
DOCTPOMM I{MKJI

Fa=[z:|La1(z)|= Bly <oy ILur(z)|=Br’|Lkm,(z)]=

=R, k=1, ..., n—r],

rae R — pocrarodro GoMbIIoe, & €, g 1/.s P g,/e; — HOCTATOTHO
Majbe TMOJIOMKETeNLHHE dacia. IIpu dTHX HpeANONOKeHHAX WNMEOT
MOETO

Teopema 27.4 (IOmarom)., Beaxyio Pynxyuw fe A (C’"\

N
\ U E!) MODICHO npedcmasumbs 6 eude pada
i=1

P
f@=2 X 2 ¢aplho, (2

r=0 0,8, acJ(0,) B,r

20e

- 3 >
B,r

1
Bl-'--|6r='—°° ﬁr+1:---sﬂn=0

: BrrBrr1 B
Lo, = L& - LI oo L

o 1,0, 00 Tn,0.0

N
JTOT pAJ PABHOMEPHO CXCHUTCA BHYTPH cC\y E FI roaddparuen-
. N jumi -

THL €70 efUHCTBOHHEIM 00GpPA3oM OmMpefieAsnioTea IO Qopmyire

L4 jfmdL,w,(z)
" amy o LT (a)

TRe dLM,r=d15Gbl AL A dLar/\ dLr+1,cu, Ao A dLM)r.

JoKa3aTeJbCTBO 9TOH TEOPeMEl MOMKHO HMpPOBecTH, UCHOAB3YSA TeO-
pemy 19.2 m upei0 forasatenbcrsa Teopemul 19.8.
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KPATKHME HCTOPHYECKVE CBEIEHHA

F'nmasa 1

§ 1. ®opmyna (1.1) 6mna monyyena Maprumennu [308] » Box-
Hepowm [235 ] mesaBHcHMO JpyT OT ADPYra B pasHHIMH MeTOJaMu. Teopema
1.2 pas caxydas mapa copMynuposaEa ApoHOBWM [33], a B obmeM
caysae — Aponosum B Heirmamosmm [37]. Teopema 1.6 mpmeegena
B pabore Hurmanosa u AlisemGepra [111] (cM. Tawke [108]). Bompoc
o $yHKNUAX, OpeRCTaBUMEIX MATeTpaom (1.1), uayqamcsa m B omuboT-
umx pabdorax [151, 152]. ,

§ 2. llopsATHe HHJERCA IOBepXHOCTH OTROCHTeNLHO TOYRHM NIpH-
magnexur Ilyamkape. JmAaMugeckoe ONpejedeANe KPATHOCTH HYAA
BecrpedaeTcas B paborax Cerpe [343), Cenepn 1344]I, Maprunennn
[310). B ocmOoBHOM 3ecL Mu caegyem moHOTpaduam (123, oM.
FomonHenue B; 201, § 48]. Opgmako npm BHBOJE CBOHCTB KPATHOCTH
HYJAA B JOKa3aTeldbCTBe QUCKPETHOCTA KOMIOAKTHOIO MHOKOCTBA HYJei
roJoMopyHOro OTo0paskeHHMA He ONHPAEMCA HA NOKAJBHYI0 TeOpHK
aHanETHICCKEX (ymrnuii, Teopema 2.5 (mpmanmun Pyme) asisercs
qacTHHM caydaeM Teopemit I[Iyamrape — Boaa (cu. [104, c. 14]).
O kpaTHoCTH Hyad roxoMopdHOro orofpameHHa cM, Tarde paboTy
[137]. OGo6menue NOrapmPMHEIECKOr0 BWYETA HA CIYYAH HOIOJHHX
HepeceveHmi paccMOoTpeHo B [347],

§ 3. ®opmyna Komm — Qanranose (3.13) momyvena Jlepe [113]
(em. ramme [9, 15, 179, 289]). ®opmyna Jepe — HommeasMaHa
(3.12) ormewamacr Pycom [338], ommako daxrudecku copgepixamack
eme B pabote Hommensmama [289]. Mopmyna (3.1) susenera IOkaxo-
BaM [218, 221] m Pycom [338], ¢dopmyna (3.18) — Pycom [338].
Dopmyana (3.5), o6Go0maromas dopmyay Jlepe — Honmensmara
(3.12), Bummcama B pabore [20]. Hna dopmynnt Homm — (DaATAmOLe
(3.13) MOXHO IOCTaBUTH BONIPOC, AHAJOTHUE peireHHOMY B § 1 maa
dopuyan (1.1): Gyper an ¢yEruuaA, npegerasuMas dopmynoi (3.13)
no CBOMM 3HAYeHHAM Ha 0D, romomopdmoi? Orser HA DTOT BOIpOC
orpunareyiel (HHTMaHOB).

§ 4. Bnepasie wATerpan BEAa (4.3) mpm n= 2 W ¢ = 1 m3ywax
Aumor [247], opmaxo oH He OOHAPY:KHA €ro CBA3E ¢ KPaTHOCTHIO
Hyas. Teopema 4.5 u mpepnokenue 4.11 mpu » = 2 goxasamm Hag-
guonmoan [242] (p= 1) n Maptumemnun [310], a upu n > 2 — CopaHn
[349]. HparmOoCcTs HepecedeHUA aHAIHTHISCKHX MOBEPXHOCTeH M 0600-
MeHAA JTOTapEOMIIECKOTO BHYETa JIA n = 2 DACCMATPUBANUCH TAKKE
Buprunrepom [365] m Beprmamom [234]. Teopema 4.13, sxmouarmasn
KaK 9ACTHHE cTyvYan TeopeMy 4,6 u dopmyny (3.1), morasama B pabo-
te [221]. OTa Teopema ABameTcA 0600IEHHEM HHTEIPAJHHOTC Ipe.-
crasneErsa Copamz [351]. Teopema 4.8 comepsmurca B [216 m 221],
Teopema 4.12 morasama B [194]. Qopmyast (3.1) u (4.3) Ownm HoOBTO-
peHn B pabore [230].

§ 5. ®opmyna Amppeortu — Hopre (5.1) onyGauropara B [228,
321] (cm. Tawke [312]), oHa mMeeT Ba)KHKE NPHEMeHEHOA B TeopuH
g-TCeBNOBHIYKIEX obmacteir, IlpuBejicHHO® KOKA3ATCILCTBO HMpAHAK-
aexnr Afisenbepry [24]; dopmyuan (5.3), (5.5), sagawa B m. 2° m cay-
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qam 1) — 4) wasatu w3 [20, 21]. Dpexmosxenne 5.4 UpHHALISKUT Bo-
JIOTOBY.

§ 6, ITomsarua rpamnns BeprmaHa, Xepadyaruun BeprMana (upH
kh = 1), merpuxn Deprmanma secrpedanncs B psafe paGor Deprmanma
(0 rpamune BeprmaHa cM., Hampumep, [233]). ITomaTue RoJaBUEBOH
rpaEmnH O6wa0 Beefeno IMmioBuM (cM., Hampumep, [58]), om e po-
Ka3aJ CyNECTBOBAHHE M SJAHCTBOHHOCTH 9TOfi FPAHMIEL VLA IPOCTPAH-
CTBa MaKCHMAJBHEIX HJCANOB HOPMEPOBAHHOTO Kojsla. Teopema 6.1
u caegernue 6.2 B3ATH w3 pafor [174 (§15) u 11]. IIpumep oGmactn
ronoMopdEOCTH, mus Koropoil rpaEmms Illmroba u Beprmama umelor
PasHY0 pasMepHOCThL, NpuHa;jeKUT AliserGepry (cm. [174, § 16]).
Teopemy 6.8 chopmynuposan [mucom [260], Teopemnr 6.6 u 6.7 —
Bamrapr [240], [241], Teopemy 6.9 — AiisenGepr.

§ 7. Teopema 7.1 $opm Tmma (0, ¢) momyvema HommenbMaHOM
[290], a B cayuae popm THma (p, g) — ApomossiM u Jayroseim [35]
n Pycom [337], ommaxo B mociepgmeil paGore ectb ommbka. Teopemu
7.4 u 7.5 npuRagnescat Jayronsy. Mnes BBOIUTL B MHTErpaJbHES HOp-
myas ¢yEKnuio @(f, z) co coiicTBOM ¢(z, z) = 1 Ona npuMeHeHa
Anzendeprom [9, 15]. Qopmyna (7.1) pacopocTpaEeEa Ha (opMu
B [efiCcTBHTEJIBHOM LIPOCTPAHCTBE IE" B cnenkypce Hopre [321].
Ecau mpexcrasuts Hopmynoit (7.1) d-samrmyTylo dopmy, TO HCIesHET
BrOopoe cxaraemoe B (7.1). HaoGopor, mycrp ¢opmMa @ IpencTaBWMA
dgopmymoii Mapremesnun — Boxuepa — Hommexsmana (7.1) 0es Bropo-

ro ciaraemoro. Byaer mm oo B bTOM caydae d-saMkHyToh? Mmade ro-
BOpA, 6yAeT M1 IPeNCTABAMOCTE POPME o dopmyaroit (7.1) 6e3 Broporo
CIAraeMOr0 XAPAKTOPHCTHYECKNM CBOMCTBOM O-3aMKHYTHIX (opm?
YacTHHM caydaeM aToll 3ajiaum ABIASTCA cieAyoman: Gyper mu GyHK-
Hus, IIpeAcTaBEMAd wmETerpamoM Maprumennu — Boxmepa, rono-
mopduo#r (cm. § 1)? IlomokmTenpHEH OTBET HA OTOT BOIPOC cOmep-
muaTes B pabore Kmrmamona [110]. TapxaHOB noxyIusa aHAJIOTHIHRIH

pesyasTaT JJA saMKEYTHX PopMm B R™ [162].

I'masa Il

§ 8. Hpemunossenus 8.1—8.3 waare us pator [9, 15]. @opmyna
(8.5) mna BEmykaHx obxacteit nonyyena Jepe [113]. Ona pacmpocTpa-
HeHAa Ha peryJaapHHe JIEHeiHo-BHIyknwe obnactu {13, 14]. Oopmyna
Boxmepa (8.7) ormeuamace B pabore [235], a dopmyna Boxmepa —
Omo (8.8) — B [235] (mus oxpecrnoctv mynst) u B [324]. Comepiranme
nymxTa 5° OpUHANLIeRUT Afisenbepry. _

§ 9. ®opmyna pusa GyHRUWH, TOJOMODPHHX B AHAZHTHUCCKOM
TmoAKaZipe BechMa 00INEre BHpa, ObIa ONYONNMKOBAHA B DPAAE CcTaTeit
BeprMama (cM., manpamep, [232]). Pesyabrar sroro maparpada mpm-
Hagne:xutr A, Befimo [363], a wpest mpHBefeHHOTO JOKA3aTelILCTBA —
Hopre [318, 319]. ) :

§ 10. Teopems 10.4 m 10.5 cdopmynuponam: Xeuxmmsm [178,
179]. Bauskuit ® Teopeme 10.4 pe3ynnpTaT HE3aBUCUMO, HO HECKOABKO
nosmEee moxywen Pamupesom ae Apemnano [333] (oM. ramxwe [293,
322]), B cnazm ¢ nemmont 10.2 cm. [276].~

§ 11. Narerpaast Temusxora I m II popma Grim momysenst Tem-
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JAROBHM B 1954 r. m OKOHYATeNABEO cd)oguynnponam B paGorax -

[164, 165]. Popmyna (11.6) mpumamremur Onman® m Cmaary [325],

ApPYrHe pacupOCTpPaHEHNA HHTOrDAJBHOrO mpepcrapiemms Temmaxoma

Ha cryua$i n > 2 KOMINIEKCHHX INeDeM@HHKIX CM. B paborax [4, 39,

40, 115]. O pacnpocTpaBeHHE Ha Kpyrosme ofmactm cM. [203]. Pax :
paboT HOCBAMEH MPHMIOMKEHHAM MHTETPaNOB TeMAAKOBA K PABNMIHEM
safa4ay Teopum ¢pymrnuir [2—4, 6, 202]. Mrrerpasam Temiaxosa mo- |

cramena m pabora [237], ogEaKo B Hell ects ommbKa, B B paGore [226]

00bACHONO, YTO MATerpalbHbE HpefCcTaBNeRna ToMIAKOBA HEXb3A pac-

HPOCTPAHHMTh HA R-KPYTOBHe 06IacTH, OTAMYHHE 0T BROYKIKX. Teo-

pema 11.2, npmmeps 1) u 2) B3aATH u3 crateu [10], cM. Tawke [7, 17]. °
Ilpumep '3) npmmagnemur 3uHOBREBY [91], eM. Tarke [47], Peayun- .

Tatit . 3° mpmEagmemar AisemGepry [10, 17]. Amamormeme mocrpoe-

HHe MOKHO JexaTh HiaR agep Beprmana, Ilyaccoma m IIsapma [90]. -
Ipyrae sanpa Cere m DeprMada HOJCYMTAHH B MCCXeNoBamumsmx [81,

83, 84, 91, 92]. O pacmpocrpaHeHWEm HA HeOTPAHMISHEHS® O0GIACTH
cM. pabory AitsenGepra u Eroprrgesa [25]. ®opmyna (11.5) B HeasHOM
BH/I® cofepsRanach B crartbe Jloy [296]. Toamee, Tam TOBOPHAOCH O CY-

IHCCTBOBAHAY Taxo# (OPMYyAH, HO ee Agpa He GRUIM BHIMCAHH. ITO

GHLIO CAleNaHO UpPA 7 = 2 M HOKOTOPHX YCIOBHAX HAa rpammny 8D
(obecneumBaromux opHosHAvEMA BHOOp A(k)) Afisembeprom [10],

a 3aTeM JuIA A060ro n & 6e3 BCAKUX ycaoBHi HA rpamEny /D — I'mEgm-

kupsM [63]. OR :xe BracEmm (ca. [63]); 9TO MMeeTCA 8agaua MHTer-
pansHOR reomerpmm, mpHBogAmaa kK dopmyne (11.15). Hymmo Boc-
CTaHOBHTh (YHKOHMIO HA rn-MeDHOM TODE, €C/IH M3BOCTHH ee WHTerpallsl
[0 SAMKHYTHIM BIOJHEe Ie0e3HYeCKHEM THIOPHOBEPXHOCTAM HA BHTOM
Tope. Jra Bajaua TAK Ke CBA3aHA ¢ pagamu Dypre, Kak HBBECTHAA
sama1a PagoEa — c mATerpanamm Oypre. .

§ 12. O poxnm rosomopdHuX $yHEROEE ¢ HeOTPHUATENBLHOH meiicT-
BHTGIIBHOK 9acTHbI0 B MATeMATAYOCKOH (usmxe oM. [55, ra. ILiI].
Ilprvep 1 mpmmannemmr Kopamsm n» Ilyxamckomy [292]; Gumarmit
pesyubratr cM. B paGore Buaammmposa m Jposoxwmosa [56], rme
H3Y9aJuch TONOMOPOHEE B NONMKDPYTe GYHKIME ¢ HeOTPHNATEILHON
ME#MOi wacTsio. IIpmmep 3 mpusopmrea ms [53, 54]. Ocramnmme po-
8yJAbTAaTHl 3TOr0 Haparpada moxydens AiisenGeprom m layrosrm [24].
B crareax Bnagmmmpoma [52, 54] mpmsememm xapaxrepucTHIecKuEe
uHTerpajbHEe QOopMynn Juis GYHKOEE ¢ HEOTPHOATENLHOH MAUMOM
9aCTHI0, TOJOMOPOHKX B HEKOTOPHX TPYGUaTHMX (HEOrpAHUYCHHRIX)
o6xacrax. MH He 3HAeM, YRIAJHBAIOTCA JM STH POBYNbTATH B CXo-
My § 12, ecam ee 0606muTH Ha Héorpamenme ofmacTi,

OrMernM, 9T0 psin PaboT, MOCBAIPHEKNX MATOTPANLHNM IDPOHCTAB-
JeHUAM B CAMHX PasIMYEHX CHTYalMAX, MK He CMOIJIM IIOMECTATh
B KHUTY. YHOMsHEM O peayabTaTaXx Dmmanse 06 aHajorax HHTerpajia
Homn gus rpexmeprOro mpocrpasctsa [44]. Pax pa6or G mocssamen
BOIPOCAM BOCCTAHOBICGHHA TOXOMODYHON GYEROMM WO ee 3HATCHUAM
HA AOCTATOTHO MANHX (B PA3HHX CMHICAAX) MHOKECTBAX (PE3YILTATH
B nyxe dopmyae Poxysmma — Kpsosa [143, c. 105]): [76, 93—95,
122, 129, 130,- 327]. B crarbe 3mamercroro :[95] PACCMOTPeHH WH-
TerpajibHEIe IpejcTaBaeHNA B ayxe opmynnt Bocrpemosa (cm. [143])
A DPaBHOMEPHO OTDAHHYGHHOIO0 BHYTDH oGjacte I) cemeiicTBa TIou0-
mopdERX yERUME.
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§ 13. fAxo6u [277] eme B 4830 r. DaKTHIECKH HCIONB30BAN
[IOHATHE KPATHOrO BHIdeTa Kak KOpdpuumeRTa NIPE MUHYC NEpBHX
crenenax kpaTHoro Paaa Jopana. [IonKTKE 0606MuT, TOHATHE BEITETA
Ha (YBKUAA ABYX KOMONOKCHHX IEDeMOEHHX BCTPOTAIOTCA B paborax
Komu, Hmaoma [247], llmkapa (329, 330], Ilyarrape [331]. Ograro
HAYAJMOM TEODHM MHOTOMODHHX BHYETOB CHONYeT CYMTATB MeMyap
Tyamrape {332), rge om o6o0mun MHETOrpajbHYI0 TBOPeMY Homu ma
(yHKOAW ABYX KOMILUIOKCRHIX IHODPEMOHHLIX, PACCMOTpeN IepUOJH pa-
IEOHAJBHKX (YHRIM ABYX TepeMenHslX, /I0Ka3aB, 9T0 OHM BLIpa-
MaAIOTCA 46pe3 MepHopsl abeeBHX MHTETPAJOB, a Takme 060CHOBAT
¢ DOMOmpI0 ABOHHWX Be4eTOB 060CIIeHUe pasmoeRud Jlarpamma
[1a OBYX IepeMeHH:IX, Haifennoe Cruabtsecom [354]. B ganpmeitnem
TEOpUS KpATHHX BHUETOB OHNa upogoxxeHa B paGorax Jlegmena
1297], ne Pama [335], Cerpe {343], Cemopu [344], Jlepe [113], lomsbo
[248, 249 m np. (cu. saMeqanua K § 14—19).

§ 14. Hnea mpumenenws Apoiicrsemmoctu AmexcaEgepa — Ilomr-
pArEEA NPEHAJJEXHT MapTHHeNI#, KOTOPHIE HCIONB30BaJ €e TpH
PACIPOCTPAHEHMH HHTErpaXbEOft HopMyst Komu ®a roaoMopdHLe
VHKIME 7 KOMILIOKCHLHIX NOPEMOHHNX W WHTeTPajisl KparHOCTE n + I,
gs I<n—41 [309], a Tawsse mpE 0606meEHH u.norapmbumecnoro
peruera [310]. Dra wWpes MpUMeHWTeJLHO K 06mMEH TEOPHH BHYOTOB
B BHYeTaM paNMOHANbHHX QyHKOui mo mpexmomennmio B. K. Hsarosa
Gsina pasemra lOkaxobuM B paborax [206—210, 214].

§ 15. JTora3aTenbCTBO TOOPEeMH fe PaMa MO)KHO HAUWTH B HCCIeO0-
pammax [144, 189]. TIpusemeHHam 37ech ee QOPMYIMPOBKA B3ATA U3
xuEnra {113]. Teopema 15.6 Ceppa comepsurcs B pabore [153]. Teopema
15.5 o prYerax chopMyaupoBana B paGore IOmawosa [218, 382].

§ 16. Manomenne § 16 B ocmoHOM cuexyer xaure Jlepe [113].
Omepatop 81, OGpaTHEE KOrpaHUTHOMY omepaTopy Jlepe, QakTHIeCKN
menoab3osan IIvankape [332]. Teopusa peeTOB Ha KOMIIEKCHOM aHa-
ANTHIeCKOM MHOrooGDasMHm B OCHOBHoM cosgaHa Jlepe (em. [113]).

ajpHe#meMy 00 PasBETHI0 ¥ 0606menui0 mocBameHH paborst Hopre
316, 317, 320}, Copanu [350], Fomﬁo [250—252], Tpuddurca [267—
969], Xeppepa [187, 273, 274}, Kmmra [283, 284], a Taike pabora
[68, 103, 243, 246, 262, 342, 343, 345, 347]. Teopema 16.5 o pasio-
merun Opyaccapa cofepimrca B xEure [192, c. 142—182]. Ilpemmo-
smemme 16.11 noxasamo B paGote [268], mpepnoxenme 16.14 — 3B [211],
4 TeopeMa 16,16 — B [138, 139].

§ 17. MeTox HaxOMKEeEMA KPATHOTO KJIAacCa-BRUETA NOXyMepo-
vopbEmx $opM (reopema 17.2) ommcan B kmmrax ([59, 113], ciyw=aii
mpocToro Riacca Bemera pasobpam ® [172, ¢. 80]. Teopema 17.7 co-
nepsETCA B cTaThe [268], a reopema 17.5 — s [112].

§ 18. OcHOBHMe pe3yALTATH 2TOTO maparpada OMyGANKOBAHEI B
paborax IOmanona [207, 208, 214]. Teopema 18.5 mmepBnie orMeueHa
Tlyauxape "[332]9:6Te0pema 18,7 mpusenera B [213], a Teopema 18.6 u
18.8 — B [193, 196].

§ 19 [Han,ncan] Ha ocmome pabor [209, 210, 213]. MaoromepHEIM
BLITeTAM MOCBAINEHH Taxme crartbm [203, 275, 385, 389, 394, 393, 395,
397, 402]. -
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§ 20. IIpocroix- BmBoy psjga Bypmana — Jlarpamma (20,2)
€ TOMOINEI0 BHYETOB JaH JpmutoM B 1865 r. Ilepnoo ofobmenuc paa-
aokeEnA Jlarpam:a Ha ¢(yHROuM [BYX nepemeHHunix (tcopema 20.7)
Ono ykasauo CrensTeecoM [354] u 000CHOBAEO ¢ TOMOIIBIO JBYMOPHHX
sorderoB [Tyamrape [332]. Ina r > 2 teopema 20.7, a TaKKe HEKOTO-
pse npyrme ee wmomudmxammm pacemorpems L'ymom [261], Cakkom
1339] = np. (cM. Tamsme [67, m 359}).

QopMyna obpamennsa gua 00miero cayias roaoMopdHOro orobpa-
skennn moxyweHa [Tepxycom [328] ¢ moMompio OLEPATOPHHX MOTOIOB.
Ipocroe JOKa3aTONBCTBO 6€ C MOMOMIBI0 BHYOTOB IpUBeAeHO B pabo-
Te [216]. PeayawnraThl, O6imMsk#e K npomiaowxemnno 20.8, unoaydeHH
B [105]. OGolmeuua pasnoskeHna JlarpaH:Ka HA NPOH3BOILHEIE HEAR-
Hile QYHRIEE (Teopemur 20.2, 20.12, npepmomenna 20.3, 20.4) maiige-
HeE B [215~-217].

@opMyna ofpameHEnsA cTemeHHOro paAfa (opmyna n-# mpoms-
BOHO# oOpatHOR O(yHRUmMM) Onna HaWpeHa CHabsectpoM [360] B
1854 r. m mepeorkpura B [326]. Ee 06o0meHme gas cucTeM CTCIeH-
HHX pAAUB (reopema 20.10) pag n = 2,3 wnoayvemo Haau [244] n
CnabBectpoM {361]. Nua n > 2 veopema 20.10 pmoxaszama Cakkom
[340] ¢ momompio omeparopEEX MeronmoB. Teopema 20.9 morasama
Bonoropum u O0:kaxosum B crarse [46]. Teopema 20.14 m veope-
Mz 20.15—20.20 06 omeHERax OOJACTH CXOGEMOCTH H OCTATKA
KpaTHOTO pajia Jlarpamxa moayveHH [OmaroBmIM.

Jpyrre OueHKH 00MacTH CXOXEMOCTH O0pAIieHUA TIoxOMOPJHOro
oro0paskenns yraszamm IHoiixerom [204].

§ 21. HexoTopue pe3yabTaTsl O CACTeMAX HeJMHeHHHX aJreGpam-
9eCKNX yPaBHeHWH HaljeHn B mpomraoMm Bexe flxo6m [278], Spmurom
[272] u KponexepoM. Teopemer 21.1 u 21.3 npumagnemar Aiizenbepry
[19, 20, 211, Teopemn 21.4 m 21.5 — Aiisenbepry u uxy [28], Teo-
pema 21.6 — BonoroBy, npexmosxemdsa 21.7 m 21.8 — AiisemGepry.
Ilpumep 7 mo upocsGe amropos mopcuamTan M. Mrprummom. Mu me
OfCYRIaNy DaBAMIHEE UTEPANMOHHBIE METONH NPHOIMKEHEOr0 peme-
HUfA CHCTeM HelWHOHHHX YpaBHeHWH, MONpOOHEIHR 0630p 5THUX METOIOB
u 6ubamorpaduo MOKHO Hajitw 3 KHmre [135].

§ 22, Teopema 22.8 omybuunosana B paGore [1068], a ce Mopuju-
ragua pua 2ucen Muasopa — B [107]. Teopema 22.10 chopmymuposa-
HAa M [OKasaHa Ha OCHOBEe COBepINEHHO AHAJOTMYHOR TeopeMsl Lepm-
mreitHa [42] o umene KopHed cucreMu MHOrOYIeHOB JlopaHa. Teopema
22.4 gna n = 2 gorasama B [195], a muss n > 2 — B [223]. B paGote
[223] comepsuurea rarme TeopeMa 22.6. Teopema 22.7 momywenma Ilu-
xom [197].

§ 23. Teopema 23.1 copmynuponrana B paGorax [85, 86]. Meroxy
BRITHCJIeHMA KOMOMHATOPHEIX CYMM ¢ IIOMOTIBIO BEIETORB NONPOGHO pas-
BUT B kAOTax Eroprdena [82, 84]. Tam :me pasobpano 0oJblloe THCIO
PasHOO6pABHEIX OPUMEPOB, A TaK:Ke PelleH PAJ 3aLaY KOMOHHATODPHOTO
XapakTepa, BOBHWKAIONMX B TeODMH TDYNN, Teo pHE TPadoB, TeopmH
$GyHRImE, .

Kparxue ucropuuecsue ceedenus 335

Taasa V

§ 24. IlpoGieme, ceA3aHHO ¢ OGOOIIEHNEM KIACCHIOCKUX TeO-
pem Taprorca — Ocryma — Bpayma (Teopema 24.3) M Boxmepa —
CeBepu (Teopema 24.2), moceainese 0onbiloe KoawgecTBo pabor: [41,
50, 227, 235, 239, 256, 288, 314, 314, 341, 344, 364, 3651). Teopema
24.1 mpmmagiesxutT ApoHoBy m HKurmamoBy [37, 38], Teopema 24.4
u caeficrsme 24.5 — HurmanmoBy m Aitsenbepry [11]. Teopemm 7
E 10, B ROTODBIX 00CYMMNAETCH BOIPOC O roaGMOPHHOM LpPONOReHEH

B D $yuxuuit us kaacca LP(0D), BsaTu us ofsopa Xenruna u Yupru
[186, ra. I). XeHkwH HOKQ3aJd, YTO YTBeDKIeHME TeOpeMH 24.4 cipa-
BeuuBO M Jusi pynxuuii ua LY(AD) (mpu aToM BMecTO A¢(D) HyKEO TO-
popurk 00 H'(D)). Teopema 24,7 mna cuydas Inapa cojepanach
B paGore ArpaHosckKoro m Baxbcroro [1] (cm. Taxke [313]), a B 00-
meM caydae — B pabore Croyra [358]. B cratee [1] ma camom pesxe
JIOKa3aHO ciepylomee: § € C(8D) roxomopduo mpoaopmraerca s map D,
€C/IH WETeTPaJhl OT f 1O ceueHuAM 0) KOMIIOKCHHIME ITPAMKME PABHEL
nymo. JlemMa 24.6 Aokasama HHTMAEOBHM IO OpPeiIOKeHHI0 XeH-
wuBEa. Teopema 24.8 npmeagie:wut AiizemGepry u Hayrosy [24].

Teopema 24.9 m caemcTBHe 24.10 cdopMynmpoBama A. Beitmem.
JinHefiHag BHIYRIOCT: A n = 2 OHJA B DKBUBAJICHTHOM BHJE BBe-
7ieEa B paGore Deenre m Ilemus [231], B ofmeM caydae oma paccMmoT-
pena m mopxpoOmHO mccaemoBana AwsenGeprom [13, 14]). Bamaroe, mO
HO ODKBHBAJNOHTHOe NOHATHe HccaefoBad Maprumo [304]. Teopema
24.14 ommbGouno amomcuposasack Maprmeo B [305] mgnsa awmmeiimo-
BHOYKJIHX 10 MaprnEO KoMUaKToB M ofiaacreil. BepHEe pesyabTaTH
INA BHENYKJIHX KOMIAKTOB B o6Gmacrefi womysemm Maptumo [304]
u Aizenbeprom [12], a B mpusegemmoM B § 24 Bupue -— AilizeHOeprom
[13]). Teopema 24.11 m caegcreue 24.17 padgre U3 padoTa [14]. Teopema
24.46 npmaapnexur Tpyrmesy [169], a Teopema 24.15 — 3mamen-
ckoMy. O [pyIHMX DOPHUAOWEHNAX NOHATHA JUHEHHON BHIOYKIOCTH
M 0 ero0 cBoiicTBax cM. cTathm: [22, 27, 29, 89, 116, 117, 159, 160, 167—
169, 220, 305—307]. Pag paboT mOCBAmMEH PASTMIHLIM DIPHIOKOHEAM
MHTErPANLHEX OPEACTABIEHHHE K W3yUeHHID IIPOCTpameTB rojiomopd-
mnx ¢ymrnmiic [13, 60, 87, 88, 124, 125, 167, 1689, 177—179, 186,
281, 285, 304—307, 353, 362].

§ 25. IlpoGaema E. Jlesu, pemenue woTopoii maer Teopema Oxa,
mocrasuera B 1910 r. [298], Tna obmacreit B €? Teopema OKa joKa3a-

Ha 7™ B 1942 r. BaTeM MOABMINCH JOKa3aTeshcTBa guaa C" Ora [323],
Bpemepmana [238], Hopre [315]. HamGoxee m3BecTHEe JOKa3aTenbCT-
pa mpuHapuekar I'payspry [264] m Xepmampepy [189]. Texer § 25
Hanucal JlayToBHM Ha OcHOBe pykonucy XeHrmHa (1973 r.), rae ocHOB-
#ee Teopemel OKa 5JTeMeHTADHO BHIBOJEHH K3 HHTETrpaNbHEX $OpMyn
OAA BHIIYKIHX o6xacteit., Teopema 25.10, nesaman B ocmoee § 25,
6nna poxasasa PomamoBuM v XemxusnM [147]. Oma yrogmsaer upep-
mocrBylomuc pesyabrati Xemkwsa [180], Tpayapra — JImba [265],
Oppemupa [322], Hepsmama [280], JImGa [302]. Teopemmr 25.14 u
25,16, B KOTODHX YYHUTHBAETCS PASAUTHOE IIOBEJEHNS NIPABOE JacTu

5—ypaBHeHHﬂ B/IOJH KOMIJIOHKCHBIX KacaTenbHaon u HOpMaJjn, JOKA3aHK
Xemxumaum [185], IMwogo#t [346]1 m [ayrosuM — XemmummuM [77].
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(MopMyna A pelmleHHA §-3afaud, WSIOMKEeHHAA B 2TOM maparpade
(opMymna (25.12)), moxydena B [77] ¢ menslo JoKaBaTeALCTBA TEOPEMH
25.16. Ha ocrope Teopem 25.14 m 25.16 momyvemm Teopema 25.15 —
ONHCAHWe MHOMeCTB Hylell (yErmuit kmacca Hesamnummsm (XeHxus,
{185], MIxopa [346]) m Teopema 25.17 — onHcaHHe MHOMKECTB HYJIeH

¢ysknmit wracca Hepamnmuen — Jixpbamasa (Jayros — XeHxum

[771). Apyrue GopMyaR fasa pelneHNs J-YPABRORASL, UX ONOHKH U NpPH-
NOJKEeHEA MOXKHO Halt B paborax [142, 179, 180, 182, 183, 322, 334,
357}, Bogee mopgpoGHLii o6sop o #-sagade mpusepeH B [184 m 186].

§ 26. Ileppoe ommcaHMe TriIafKMX (HOPM, OPTOrOHAJBHHX TOJO-
MOpHHEM HYHKIHAM B CTPOTO HCEBIOBHUYKIWX 0GNACTAX, HOAYUEHO
Hayrobsmy [71] (cM. Tamike [23]). CoorsercTyrimee mpogomKemuo
B 0600meHEOM CMEICH® BEITOKA®T yie W8 DABHOMODHMWX OMEHOKR XeH-
kupa [180] gna d-omepaTopa )gcu. [184]). Teopema 26.1 poxazama
JayToBHM N0 TpefJO:KeHMI0 XeHKHUHA, Teopema 26.2 — XeHKUEHM
[185]. Teopema 26.7 panTazeckE copep:xurcea s padorte [184]. Teopemu
26.8, 26.10 m 26.11 — aro coorsercTBeHHO TeOpemu 6.2, 8.1 u 7.1
3 [23] ¢ yrounemmeM HEKOTOpHX (OPMYJIHPOBOK (cM. Tax:me [18,
72, 741). Teopema 26.9 coobmera XemknamM. Teopema 26.12 u cuem-
cteue 26.13 moxyvenn ayrtoBuM. [IpE n = 2 cxegcrsue 26.13 coBma-
Zaer ¢ Teopemoit 13.2 ns [23]), mpu n > 2 B Teopeme 13.4 ua [23] panm
ofmuil BHX HHTErPaJILHOTO HpEJICTABISHUS, OTINIHHE OT IPUBEJEH-
HOTO B caegcrBHml 26.13.

Omnépatop 6,, — «KxacaTenpHHI® omepatrop Homwm — PuMaHa -
BBejieH B paborax Homa [287] m Koma — Pocen [288]. Om ompepesser-
ca u g dopy ms C4Y) (0D) paa mooro p, 0 < p < n, a HO TONBKO
p=n, Kak B O. 7° § 26, ¥Ypasmenue I. Jlesm (26.22) paccMorpeno
B ero paGorax [299, 300]. Teopemu 26.14 m 26.16 npusagwexar Xen-
xany. B caysae, Korga n = 2 ® D — map, TeopeMa 25.14 — mmmsb
e e?opuynnponna esyanraros Cato @ I'nefimepa — Homa — Crefima
{226 . Teopema 26.16 — yrouHeHne KAACCHIGCKHUX YTBePIH/CHHIL
I'. Jepn [300] m XepmaBgepa {188] o cymecTrBoBaHNE Hepas3pPeMIHMIX
ypasmemmii I'. Jlesn. : o

Ilpegnossenne 26.15 — aTo Teopema o ckauxe [aa gopu. Ilepswe
YTBEPAJeHUA O CKaYKe A (opM MOKHO HAATH B crarhax Ailizembepra
- [18] m Anppeortn — Xuaxa [172] (cu. tamwwe [23]).

§ 27. Paznomenne (27.1) AnA IOXAHOMOB M DANHOHAJNHHHX PyHK-
nmit ormMeueno Aiisembeprom. Teopema 27.4 poxasana I0KaKOBEIM
[127]. Hpepnomernme 27.1, a TAKKe HOKOTODHE ADYIUe YCJIOBAA ©IHMH-
CTBOHHOCTH pasxosKeHHs (27.1) moxywemH Mmxaitmosoi [126]. Hpes
moctpoeEns Gasmea mpoctpamersa A (CP\T), e T = {z: P(z) =
= 0}, P — NONHEOM, HNyTeM ANNPOKCHMANAA OGIacTH ¢"\T mo-
-ameyipaMu Beiina M mpEMeHeHMA K HHM Hpeokerus 27.1 mpejgmo-
sxema IORaKoBHM. DTa Hfes peaamsoBama (reopema 27.3) B' pabore
Mupxasinopoit [126]. IIpuBeperrOe 3ech YIOPOIIEHHO® JOKA3aTeNHCTBO
Teopemi 27.3 mpefaoene 3axapioroif. OGoGmenne Teopemnt 27.3 Ha
caydail ICeRJOMOIMHOMOB W HOKOTOPHX KJIACCOB HOIHX (QYHKHME Co-
pepxurca B paGore [127].
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