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NMPEAUCJOBHE K PYCCKOMY HU3JAHHUIO

FnaBHasa oco6eHHOCTb CHMMETPHH KpPHCTAJJIOB — IPOCTPAHCT-
BEHHAS NEPHOIHYHOCTE HX CTPYKTYpEL. TeopHsa npocTpaHCTBEHHBIX
rpymnm, Ho3poasouas 3pPeKTHBHO yUecTb 3T0 CBOHCTBO CHMMETPHH,
yCHelIHO NPHMeHseTCs NPH pelleHHH IIHPOKOTo Kpyra sanau (Qusu-
KH TBepIOTO Tesa. JlOCTaTOYHO YNOMSHYTb TaKHe XODOLIO H3BeCT-
HBle 00JIaCTH, KaK TeOpHS KPHCTaMJHYeCKoro moJs, Metol addex-
THBHOH MacCChl B TeOPHH NOJYNPOBOAHHKOB, pPacueThl 3JEKTPOHHBIX
¥ GOHOHHBIX CIIEKTPOB TBEPAHIX TeJ, aHaAu3 npaBHJ oT6opa s
BCEBO3MOIKHBIX ONTHYECKHX IIpolleccoB. BO Bcex aTHX 3ajauax yuer
CHMMEeTPHH N03BOJseT He TOJBKO YIPOCTHTL MaTeMaTHUeCKOe OIiH-
caHpe, HO W IIOJYUYHTb PSJA TOUHBIX Pe3y/abTaTOB, BHITEKAIOLIUX H3
oOIUX CBONCTB fIBJIEHHSI M He CBSI3AHHBIX ¢ KOHKPETHOH MOJENBIO,

Xotsa (popmanbHas TeOPHS NPOCTPAHCTBEHHBIX I'PYIHI CYIIECTBYeT
yXKe B TeueHHe [JIUTeJBHOTO BPEMeHH, ee NpaKTHUECKOoe IpHMeHe-
HHEe, B OCOGEHHOCTH 3KCMEPHMEHTATODAMH, TOPMO3HTCA H3BECTHOH
CJIOKHOCTBIO ¥ HENPHUBBIYHOCTbIO MATEeMaTHUecKoro annapara. Mex-
Iy TeM TeOpHS NPOCTPAHCTBEHHLIX I'PYIIN HPOAOJKAeT YrayObasThes
U COBEpPIIEHCTBOBATLCS C OJHOBPEMEHHBIM pacuidpeHHeM 006JacTH
ee IIpUMeHeHHS.

EcTecTBeHHO, YTO NpaKTHUeCKHe HaBBIKH HMCIOAb30BaHUS TeOPUH
NPOCTPAHCTBEHHEIX IPYIHN Jerde Bcero NpuobpecTH NPH H3Y4YeHHH
pPOJIN CHMMETPHH B KOHKDETHLIX (U3HUeCKHX 3ajgauax. B nociaennune
FOABl HA PYCCKOM fI3HIKe BHIIJIO HEeCKONBKO MOHOrpa@Hi#, HanuCaH-
HBIX MMEHHO Mo TakoMy npuHuumy [115, 120, 121].

[IpennaraeMas BHHUMaHHIO COBETCKOTO YHTaTeJNsd MOHOrpagus
H3BECTHOI'0 aMepHKAaHCKoro Teopetuka k. Bupmana, mpoposkas
9TO HampaBJ/eHHe, CYUIeCTBeHHO JONOJHAeT JUTepaTypy IO TEOpHH
. CHMMETpHH KpHcTaanos. B moHorpadun paerca 0630p COBpeMeH-
HOT'O COCTOSIHMS TeOPHH NPOCTPAaHCTBEHHBLIX TPYII € yueTOM HOBel-
UIHX DPe3yJbTarToB, MNOJNYYEHHBIX, B YaCTHOCTH, aBTOPOM H €ro
COTPYAHUKAMH, W TOAPOOHO H3JaralTcs MeToJbl NPaKTHYECKOrO
HCNOJb30BaHUS allapaTa TEOPHH B 3aJ44aX AMHAMHKH KpHCTaJIH-
4yeCKO# pellleTKH H ONTHYECKHX HpPOIeccoB, CBA3aHHHIX ¢ (POHOHAMH.

OrauunrtensHas ocob6enHocTb MoHorpaduu [x. Bupmana — uc-
MOJb30BAaHHE CHMMETPUH «OT Hauaja M [0 KOHIA». DTO o3Hauaer,
BO-NEPBLIX, UTO H3JOXKEeHHEe CaMOH TeopHH KoJeGaHHH PeileTKH Be-
AeTcs ¢ NO3UIUA CBOACTB cUMMeTPHH (B OTJIHUHe OT OOGLIYHOTrO
nojxxoja, Trle CHauaja CTPOMTCS TeOpus, a 3aTeM I[POBOJHTCA
aHaJIN3 CBOMCTB CHMMETPHH); BO-BTOPHIX, 3TO 03HAYAET MAKCHMAa/lbe



6 - IMpeducaosue x pycckomy usdanuro

HOEe HCHOJb30BaHHe CcHUMMeTpuu, 4TO [OCTHraeTcs NOCTPOEHHEM
Matpui, npusefenus (xkoadduuuentos Knebma — Iopnana). Kuura
JIx, DBupmana — neppas MoHorpacdus, rIe U3Jjaraercs Teopus
koa(ppuunentos Knebma — [opaana ais npocTpaHCTBEHHBIX TPYII
U OpHBOAATCH UX Tabauibl Ans psaga rpynn Bropas xapakTepHas
YyepTa KHHIM — NOAPOOHEHIUHH aHA/IM3 ONTHYECKHX KCIEepPUMEHTOB
C TEOPeTHKO-TPYNNOBOH TOYKH 3PEeHHS H CPaBHEHHE Ppe3y/JbTaTos,
MOJIydeHHBIX pPAa3HBIMH MeToJZaMH., JTOT MaTepHa]l CJAOYKHT Kak
WJJMIOCTDATHUBHEIM, TaK U Y4eOHHIM [edAM H [OKa3blBaeT, KaKHUM
00pasoM H X0 Kako# TriyGHHBI SKCIEPHMEHTATOD MOMKET HCIIOJAb30-
BATb TEOPHIO IPYNI NDH aHaau3e CBOMX pe3yabTaTos. Haxkowen, He-
COMHEHHYIO LeHHOCTb KHHIe HPHIAIOT OOIUHPHbIE H HOleOﬁHbIe Tab-
JUIB KO3(DHUIMEHTOB IPUBENEHHS IS TPeX BasKHeHIUX NPOCTPaH-
CTBEHHBIX T[DYII: a/Mma3a, KAMeHHOH COJMH M IHMHKOBOH OGMaHKH.

Copnepxanve MoHOrpadHH ecTeCTBeHHHM 00pasoM peauTcss Ha
aBe vactd. IToaToMy B pyCcCKoM H3JaHHHM OHa BBINVINEHA B ABYX
ToMax. B nepsoM ToMe u3Jjaraercs o6uias TeOpHs IPOCTPAHCTBEH-
HBIX TPYIN, PacCMATPHUBAIOTCH MeTOAB HX INpPHMEHeHHUs, a TaKxKe
BEONIPOCH AHHAMHYECKOH Teopuu KpucTamios. OCHOBHOe BHHMAHKE
yaeadeTcs 3ajave PasJOXKeHHs] HDPeJCTaBJEHHN HA HENPHBOJHMBIE
COCTaBJIAIONIINE, SABJAOLIECA OCHOBOH (H3HYECKHX JpHMEHeHHH
teopuu rpynu. [loapo6HO H3naraioTcs W CONOCTaBJASIOTCS ABa pas-
JIMUHBIX METO/Aa BHIYHCACHHA KO3Gh(HIHEHTOB INPHBENECHHS: MeTOX
JUHEHHHX aJrefpavdyeckuxX ypaBHeHMH H METOJ TPYIIBl MPHBele-
Hua. Tako# cmoco6 H3/M0XKeHHd 06/agaeT HeCOMHEHHOH Mexaroru-
yeCKOH [EHHOCTbIO, NPeAOCTABJAAA YHTaTe0 «CBoGoAy mdeficTBUIY
Ipu BLIGOpE METOAa HJIH NIPH NpOBepPKe Pe3y/bTaToB.

Bropoli ToM nocBsimieH TeOpHH KoJebGaHHH KPHCTAJMIHUeCKOH pe-
IIeTKH U ee ONTHYECKUM CBOHCTBAM — UH(PPaKPaCHOMY TIOIIOLHEHHIO
W KoMOHHamHOHHOMY paccedaHHIo. C HO3UHHH TEOPHH CHUMMETPHH
IPOAaHaJM3HPOBAH BONIPOC O KPUTHYECKHX TOUKax (GYHKIHMHU pacHpe-
IeJleHHusl 4acToT, OmpeldendIolluXx ocOBeHHOCTH ONTHYECKHX CHEeKT-
pos. CrnenuajpHOe BHUMAaHUE yAeNeHO aHaJdH3y CHMMETPHH MO OT-
HOINeHHI0 K ofpamieHdio speMeHn, O6GCYKAAI0TCA CBOUCTBA CHMMeT-
PHM aHrapMOHHYECKHX CHJOBBIX NOCTOSHHBEIX, AHIOALHBIX MOMEHTOB
H TIONApU3yeMOocTell BBICIUHX MOpsiakoB. LleHTpasnbHoe MecTo B 3TOM
pasjieje saHuMaeT o6CyX/aeHHe TONAPU3ANHOHHEIX a(deKToB B pac-
cesaHuu csera. Bo BTOPOM TOMe paccMaTpUBaeTCsl TakKiKe NpHMeHe-
HHe BCeX Pe3y/bTaTOB K KPHCTaJIaM cO CTPYKTYPO! KaMeHHOM Co/IH
H aJjMasa, NpeJCTaBJAfAIINM coO00 BaxKHBIe NPHMePH cHMMOpP(HOH
¥ HeCHMMOD(HOH NPOCTPaHCTBEHHHIX TPYMIL. 3apepiaercss KHHra
KDaTKHM aHaJu3oM poan 3(¢heKTos, 00YCAOBISHHBX HapyIIeHHeM
cUMMeTpuH, fAedeKTaMH HJAN BHEIIHHMH TOJSMH.

B uesoM KHAra HMeeT JHIUKJIONEIUYECKHH XapakTep, TaK Kak
B Hefi ¢ eMHBIX NOSHHHMA H B OJAMHAKOBHIX 0003HaYeHHSX H3jara-
IOTCSt H TeOpHs NPOCTPAHCTBEHHBIX IPYNN, H AHHAMHKA DEIETKH, H
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TEOPHSl ONTHUYSCKHX CBONCTB pewleTKH. B HacTosiniee BpeMs KHHra
Bupmana sBJasieTcsl eIMHCTBEHHHIM B CBOeM poJe IocoBHeM Mo
KOHKPeTHOMY INIPHMEHEHHI0 TeOPHH IIPOCTPAHCTBEHHHIX TIPyNiI K
_ONTHYEeCKHM CBOHCTBAM KPHCTAJJIHYECKOH pelueTKH. DoJbIlloe YHCsI0
pas3o0paHHEIX [0 JeTajell NPHMEPOB, OTHOCHTeAbHad IPOCTOTA H
SICHOCTD M3JI0XKeHHs JeJ1al0T KHUT'Y He3aMeHHUMBIM DPYKOBOJCTBOM KakK
JJIST U3YUeHHs MPAKTHUeCKHX NMPHEeMOB PaBOTH C NMPOCTPAHCTBEHHEI-
MH IpyNNaM#, Tak M [ HOCTZHOBKH M pellleHHS HOBHIX 3azad.

[Ipodeccop BrupmaH u3BecTeH CBOHMH TeopeTHUeCKMMH pabora-
MH B 06J1aCTH NPUMEHEHHS TeOpUH CHMMeTpPHHU K npobieMe ha30BLIX
IIepeX0/I0B H B CHEKTPOCKOIHE TBepAOro Tesa. YCHellHoe pa3BUTHe
anmapara NPOCTPAHCTBEHHBIX I'PYNI H ero IMMPOKOe NPHMeHeHHe B
nocnenuue 10—15 jeT B 3HauuTeJIBHON CcTeneHU cssizanbl ¢ pabora-
Mu DupMaHa ¥ ero COTPYAHHKOB.

Kuura Bupmana no saMblc/ly aBTOpa He SBJsIeTCS HCUePIIBIBAIO-
mHM 0630pOM, H NMO3TOMY CIHCOK JHTEpaTypu He NpeTeHAyeT Ha
6ubaunorpadruueckyio nonHoty. UTo6wl COXPaHHTL CTUb aBTOPA, IPH
nepeBoje ObLIH J00aBieHB JHIOb HEMHOTOYHCJAEHHBIE CCHIIKH
Ha JOCTYIHDLIE COBETCKOMY UHTaTedi0 M3[JaHHA, B KOTOPLIX paccMmart-
puBaloTcs OJHM3KHE BONPOCH, a TaKXe Ha HCTOYHHKH, COpepiKalliue
noJpobHble CIIMCKH JHTepaTyphl. KpoMme TOro, HCIpaBJ/eHLl 3aMeveH-
HBle OMEeUYATKH U CHeJaH pAJ PasbiICHIIOUHUX UPHMEYaHHH; 3TO OT-
HOCHTCS!, B YACTHOCTH, K-HEKOTOPHIM TICHSITUSIM BbICILIEL: aare6phl.

B pycckoe n3nanue KHHTH BKJIOYEHB JBa HONOJHEHHS, TOMe-

HmeHHBIEe B KOHIIE BTOPOTO ToMa. B mepBEOM HU3 HHX, NOATOTOBJEHHOM
coTpyanuied asropa npodeccopom P. BepencoH, uamarawoTtcsa noJy-
YeHHBIe B TIOCJEJHee BPeMs Pe3yJIbTaThl MO NPHMEHEHHIO KPHCTaJ-
Jaunueckux koaddunuenrop Kunebmwa — lopaana B page 3agay cruex-
TPOCKOTIHH TBepAOre Tela. BTopoe jomosHeHHe, HamHCaHHOE
K. K. Pe6ane u B. B. XuKHAKOBBIM, NOCBALIEHO TEOPHH pe30HaHC-
HOTO BTOPHYHOTO CBeUeHHs KpHCTaldaoB. IIpobsieme pesoHaHCHOro
paccesiHus B OCHOBHOM TeKCTe KHHTH yje/eHO MaJio MecTa, XOTd
_aBTOp TNOJYepKHBaeT TO 3HAUYeHHe, KOTOpOe OHa Npuobpena B Mmo-
clejHHe TOAB. YKa3aHHoe [ONOJHEHHEe MMeeT IeJdbl0 Ha TpHMepe
MPUMECHOTO IIEHTPAa B KPHCTAJJIe 1aTh NPeCTABJEHHE O TOM, KAKHM
o6pasoM 0pPH DE30HAHCHOM BO30YXK/EHHH B I0JOCE TONOUIEHHs
6n1aronaps CBOMCTBEHHEIM KDHCTanay OBICTPHIM Tponeccam Konefa-
TeJbHOH peNlaKCallMH NOAABJAAKINAS L0JA 3HepruH TpaHcopmupy-
eTcs B JIIOMHHeCUEHLHI0O U KaKUM 00pa3oM H3 06HIero NoToKa BTO-
PUYHOIO CBeYeHHs MOMHO BBIIEJNHTb [Be ADYTHE KOMIOHEHTHI —
paccessHHe H TOPSAYYI0 JIIOMHHECIHEHIHUIO.

INepeBoa kuuru Bemoanen M. I1. Minarosoit (npexucaoBus aBropa,
o6o3nauenus, 1.1, ra.9—11, 1.2, ra. 1), A. B. Cy6awmnernm (7. 1,
ra. 1—8) u I'. C. 3astom (1.2, ru1. 2—4, npuyioxKeHus, gonondenne 1),

- " . K. K. Pe6ane, H. 1. Hnarosa



MPEAUCJ/IOBUE ABTOPA K PYCCKOMY W3JAHUIO

Sl HeOBITEHBAWO YAOBJAETBOPEHHE OT TOTO, UTO MepeBoj Moell KHHTH
Ha PYCCKHH A3bIK NO3BOJHUT Oojiee IUHPOKOMY KPYTy untaTeselt mo-
3HAKOMHTLCA € NPHHIMOAMHE H OpDUMepaMH NPaKTHUECKOro IIpHMe-
HeHHs MeTOAOB TeOPHH IPYINI B BaXXHOH 00J1acTH (PH3HUKH TBEPJOTO
TeJla, a MMEHHO B HCCHAe0BAHUM ONTHUECKHX CBOHCTB, oGyCJIOBJIeH-
HEIX KOJIeGaHUSIMU KPHUCTAJAIHIECKOH DeIleTKH.

B ofnacTe HccJefOBaHHA ONTHYECKHX CBOMCTB TBEPALIX Tead B
nocaejHee IeCcATHIETHE TPOH30INEJ] HACTOAILMH B3DbiB, BHI3BAHHBIN,
B YaCTHOCTH, NPHMeHEHHeM Ja3epHbIX YCTPOHCTB [As reHepallMH H
perucTpalMH MOHOXPOMATHYeCKoro HanydeHus, [loaTBep:xpenneM
TaKOI'0O PasBHUTHH CJAYXKAT, HANpHUMeD, MeXRAYHApPOJHbIE KOoH(epeH-
IMA 110 PaccessHUIO CBETa B TBePABIX TeJaX, IPOBOJUMEHE DeryJasipHO
¢ 1968 r., u HOBas cepusl COBETCKO-aMEDHKAHCKUX CeMHHAapOB MO
TEOPHH paccesHHs CBeTa B TEBEpAOM Teje, Hadasllasca B 1975 r.

BaXXHOCTb npHMEHEHH TEOPEeTHKO-IPYNIOBHX MeTOA0B AJs
OpeAcKas3aHus H aHaJH3a Pe3y/JbTATOB HOBHIX 3KCIeDUMeHTaJbHEIX
HCCAeIOBAHHN NOATBEPXKAAETC CHOBa H CHosa. st moJsydeHHs
npasua otbopa, OTHOLIeHUH MHTeHCHBHOCTeH paspeileHHLIX IIporec-
COB M T, I. TpeByeTcd He TOJbKCO (opMaabHas TeOpHs IPYyUl, HO
TeOPHA TPYNI B COYETAHHM C HauboJiee COBpeMeHHBIMH MeTOAaMH
JMHAMHYECKOH TeODHM KPHCTAJJIHYECKO! pelleTKH. B 3TOM cMBICHe
o6sacTh TPUMEHEHHS TEODHHM TPYNI BCe DPACIUUPACTCH, H MOXKHO
FrOBOPHTL O CaMOCTOATEJAbHO PAa3BUBAIOIIEMCH pasjele MaTeMaTHue-
CKOl (PH3HKH, KOTOPBIH NOJKeH OBITh B PACHOPSKEeHUH KaXKAOTO
HayyHoro paGOTHHKA.

HecMorps Ha Gosabinolt o6beM MaTepHa/a, KOTOPBIH B PYCCKOM
H3JaHUH 3aHMMaeT JBa TOMa, 5TOT MaTepHasJ COCTaBjser JHILUb
HeGOJbIIYIO JOJI0 BCeX HMEIOUIUXCS NPHJAOKEHHH TeOpHH [pymil.
3/1eck He 'PAacCMaTPHBAIOTCH ONTHYECKHE IIPOLECCH B MAaTHHUTHBIX
CHCTeMax, CBfi3aHHLIe, HANIpHMep, CO CIHHOBBIMH BOJHAMH; ONTH-
geckHe TpPOoUeccH, 06YCJAOBAeHHBIE 371eKTPOHHBIMU BO30YXKAeHHSIMH,
TaKHMH, KaK SKCHTOHHOE TIOIVIONeHHe HJIH paccesiHHe, a TaKxke MpH-
MeHeHHs] TeOpUH I'PYIIN B TeOPUM H3MEHeHHd CHMMETDHU NIPH Helpe-
PBIBHEIX (Da30BEIX TepexojaX, He TOBOPA Y&Ke O ADYTHX BaKHBIX
obanactax. S Hajgeloch, 0AHAKO, 4TO NOApOOGHOE paccMOTpeHHe BCeX
cnenu$HUeCKUX JgeTasell TeOPUH ONTHYECKHX siBJeHHH, 00yCJ0BJeH-
HBIX HH(PAKPACHBIM HOIJIOLEHHEM I KOMOHHAUNOHHLIM paccessHHeM
cBeTa KoJie0aHHAMH PeIIeTKH, OKaXXeTCs He TOJbKO HarAZHBIM, HO
H [acT 4HUTATeNI0 CMeJOCTb U OCHOBHI A/ PacCMOTPEHHA HOBHIX
npobJeM, CTOALIKMX Ha NepesHeM Kpae HAYKH.
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B HacrosieMm H3gaHHH HCNIpaBJeHBl Bee HaffeHHBle ONEYaTKH H
HAaHa [ONOJHHTeNbHAsl JUTEPATYpa, KOTOpas TOMOXKET YHTAaTEeI
ODHEHTHPOBATbCA B TeKyWIHMX ny6aukanusx., Kpome Toro, nobasJe-
HBl KODOTKasl HOBas IJaBa M TabJaulbl, cojepxkauiie MOCAeIHHE
pesyJabTaTH padoT 1o NpUMeHeHHI0 Koshdunuenros Kiebma — op-
JaHa nas npeickasaHus (OPMBI TEH30DA paccedHHs TPH HAJHUHH
BHEINHMX 3/JeKTPHYECKOrO W MAarHUTHOIO NOJiedl MJH BHEUIHero 14B-
JIeHHUsT, DTH pe3yabTaTH OYAYT MOJE3HHl NPH aHAJH3e HOBHIX JKCIIE-
PHUMEHTOB.

Hosasd, cymecTsenHag riaaBa N0 TEOPHH Pe30HAHCHOrO KOMOH-
HAIlHOHHOI'O paccestHUsl M Topsivell JIOMHHECUeHIUH Halucana Oias
atoro nsnauus K. K. Pebane u B. B. XuxuakosuM. § cuuraio, uto
3TO HampasJjeHHe OyJeT WMHTEHCHUBHO pa3BUBAThCA B OJaHKaHIIEM
6ynylmeM u 3Ta rjasa O6yIeT XOPOLIMM CTHMYJIOM JJs T4KOro pas-
BUTHS.

Sl HagewocCh, 4TO pyCCKoe H3JaHHe KHHUTH NPHHECET MOJAb3Y, H
a Oyny TUpH3HATENEH YHTATeNsM, €CAH OHH YKaXYT HETOTHOCTH,
ONeYaTKH WJIH HesCHbe MecTa. Brujio Obl 0COGeHHO NMPHSITHO Y3HATH
OT 4HTaTejefl 0 MHOTHX HOBBIX HHTEDECHBIX MPHJIOKEHHSIX TeOpHH
rpynn, CTUMYJHPOBaHHe KOTODHIX SIBASETCS OAHOH H3 menell sTol
KHUTH.

$I xouy BOCHOMIB30BATLCH CJAy4YyaeM H TIPHHECTH CBoIO Gjaaropap-
Hocth K. K. Pefane, M. I1. Unatoro#t, I'. C. 3asry u A. B. Cy6a-
IIMEBY 32 HX HEOIEHHMYIO TIOMOUIb IpH NOJTOTOBKE HACTOALIETO
H3NaHUs.

Hboro-Flopk, nekabpp 1976 r. Hoxosedp JI. Bupman



3ror TPYd nocsawyaeTcs NAMATU Moez0 2AYGOKO
yrumozo orya Makca Bupmana (1901—1970)

Hoc. J1. bB.

NMPEANCJ/IOBUE ABTOPA

Henp HacTosAmief KHUTH — aTh HAYYHHIM PabOTHHKaM BCECTO-
pOHHee M ITIOJHOe H3JI0XKeHHe BOIPOCOB NPHUMEHEeHHT TeODHH TPy
K MCCIAeJOBAaHHIO ONTHYECKHX CBOHMCTB TBepAHX Tea (KOHIEHCHPO-
BAHHBIX Cpell), a UMeHHO MH(PaKpPACHOTO MOTJOUIeHHsT W KoMOHHa-
IHOHHOTO paccesHHMA cBeTa. Te ke MeTojbl TEOPHH TPYII € COOT-
BETCTBYIOUIHMH BHIOHU3MEHEHHUSIMH I[PHUMEHSIoTCS B APYrHX objaa-
CTHX (PU3HKH, TakK UYTO [OJNHOE H3JI0KEHHE MOXKET OKasaThes
NoJe3HHM M TIPH aHa/Ju3e 3JeKTPDOHHHX CBOHCTB KPHCTAMJOB,
MAarHHTHHX CBOHCTB M APYTHX CBONCTB, 0OYCJOBJEHHLIX 3JeMeHTap-
HBIMH BO30YXKIEHHAMU. ,

[Ipennosaraercs, uTo 4uTaTesNb 06JafaeT 3/JeMeHTaPHBIMH CBe-
IeHUsIMH B 06J1aCTH TEOPHH IPYNN M AMHAMHKH pelleTKH, cojeprka-
HHMUCS, HATIPHMeED, B OOBIUHLIX yueGHuKax [1—6]. Onnako Hacros-
ulasg KHHMra BKJ1049aeT BeCh HeOOXOAMMBIH MaTepHat, H Ha cayuafl,
eCJIM YHTaTesNb 3aXOUeT BCIIOMHHTb H3J0XKeHHEe HEKOTODBIX BONpPO-
COB, JaHBI MHOTOYHCJEHHBIe CCHUJIKH Ha 6oJjiee NPOCThie YUeOHHKH.

Bo BBegennun (§ 1 v 2) nmaerca obimuit 0630p cofepiKaIerocs B
KHHTre MaTepuana. HekoToprbie uuTaTelH, BO3MOXKHO, 3aXOTAT TPO-
yecTb CHAuaja TaK¥Ke 3aK/IOUHTeJNbHble 3ameuaHus (T. 2), uTobsl
THOJYYUTL JOMOJHHTENbHOE NDPeJCTaBAeHHE O MAaTepHaJe KHHTH.

Kuura mocrtpoeHa cienyiomum obpasom. B § 1—65 onucwisant-
Cs CTPYKTYpa, HENpUBOLHMBIE TPeACTABJIEHHd H KO3(QHIIHEHTH
Knebma — 'oprana jgig KpHCTaNNHUECKHX INPOCTPAHCTBEHHBIX
rpynn. B § 66—110 TeopHusl KpUCTALAHYECKOH CHMMETDUH C YUETOM
CONpEeACTaBNeHHI NPUMeHSeTCs K KJAacCHUeCKoN AMHAMUKE pellleT-
ku. B § 111—118 u B 7. 2, § 1—6 nmpuBoAMTCA KBaHTOBasA TeOpHUsA
KoJie0aHHH KDPHUCTaMJIHYeCKOH peIleTKH M TeopHA HH(PPaKpacHOro
NOIJIOUIeHHA U KOMOMHaUMOHHOTO DaccesHHs cBeTa. 3/eChb Xe B
obileM BH/e TOKA3aHa II0JE3HOCTb NDHMeHeHHS] TeOpPeTHKO-IPYIIo-
BOrO aHa/MM3a K 3alayaM Takoro tuma. Haxkowen, B 1. 2, § 7—36
HaeTcsl JeTajbHOoe NpHMeHeHHe oOuiell TeOPHH K ONTHYECKHM CIEK-
TPaM HH(ppakpacHOr0 NONOIEHHS ¥ KOMOHHAIHOHHOTO paccesiHud
cBeTa [JId THIMEKTPHKOB CO CTPYKTYpoH anMas3a M KaMeHHOH CoJiH
(mpoctpaHcTseHHble rpynnbl OF u O}). Jlaubl NpuMepH HAeasbHBIX

H HeHJeaJbOblX KPHCTAJJIOB 0060HX THIIOB.

Hocosed JI. Bupman



OCHOBHBIE OBO3HAYEHU

1. Onucanue Kpucraisia

a,, a,, @, — 6a3ucHble BEKTOPH KDHCTAJIHYECKOH pelleTKH.
R; — BexTop pemweTku Bpass.
l;, ly, I3 — vesouncaeHHbie KOMIIOHEHTH BEKTOpPA RL R, =
=la, + La, + lsas.
¥ — NPOHM3BOJbLHLI BEKTOP B KpHCTAJJe.
X, X3, X3 — KOMHOHEHTHl BeKTOpa r.
b,, b,, b; — Gasucunie BeKTOpEl 00paTHOH peIleTKH.
By — BexkTop o6paruofl pelueTku.
hy, hy, hy — mesouneneHHBIE KOMIOHEHTH BekTopa By: By =
= hyb; -+ hoby + hsb;.
k, (i=1, 2, 3) — BoJHOBO# BEKTOP, 2napaJ1JIeJIbexﬁ BeKTODY b,
np.
(i=1,2,8); k=—"b;
k=k, + k, + k; — 1pou3BOJMLHBIH BOJHOBOH BEKTOp.

r

[

{ [ :
o ,, ) — KOOPAHHATA x-TO aToMa B [-i sneMeHTapHOH
aqeike.
r, — KOOp/iHHaTa %-TO aTOMa B 3JeMeHTapHOH sdefike,
TOMEIeHHOH B HayaJo KOOPAHHAT.

l l
r — 0-KOMIIOHEHTa BeKTopa r .
LAY %

2. DaemeHTol CUMMETPUL

¢ — MaTpHIIA OPTOrOHAJBHOTO NpecGpasoBaHus.

 — mMaTpuiia, TPAaHCHOHHPOBAHHAS MO OTHOMIEHHIO
K Marpuie ¢.
¢! — maTpuua, obpaTHas MaTpHIE .
e — eJUHHYHAsS TpexMepHas MaTpHla.
@ — yroJ HOBOPOTa, ONpehesseMuit ManmLeﬁ @.
{e |R.} — tpancnsinust Ha BekTOp Rj.
{9 |0} — uncrTeifi mOBOPOT, onpesenseMbll MaTpuuel .
{¢ |t (¢)} — s1emMenT cuMMeETpHHU 06mero BHZA, BRKJOYAOUHH
mOBOPOT, ONpeNeAeMbl MaTpPHIEH ¢, H TPaHCs-
muio Ha BekTop ¥ ().

"



12 Ocrosnole 0603HA4eRUS

T (¢) — HauHMEeHBIUMA BEKTOp, COOTBETCTBYIOUIMH MOBO-
poty ¢: ¢(¢) =71(¢)+ Ry
{e|R;}° — onepanus Tpaucasuuy, conpsukensas c {&|R;},
noJsyyeHHass ¢ TIOMOIIBIO omepamud  {qg|T4}:
—~1
{e] RL}o = {¢ | T - {e IR} {@s] 7o}

Ry, = (45 %) —57eMenT daxroprpynmi:  Rp, = (gor 45 =
= (8 | qT, + T, — Tog)-
K — onepatop ofpamieHuss BpeMeHH.

3. I'pynne 1 npedcrasrenis

%, — rpynna tpancasuuii {e|la}.
T — TpaHCJSANHOHHAS TPYyIHA.
3 (k) — TPaHCAALMOHHAA TIPyNNa BOJHOBOIO BeK-
Topa k.
P — Toueynas rpymna.
B (r) — ToueyHas rpymnna ysaa r.
® — npocTpaHCTBeHHAs TPYmna.
O ¢ @y = Os — pasnbie 0603HaueHHs 3JIEMEHTOB NPOCTPaH-
CTBeHHOH TPYMMHL.
®p (g — rpynmna omepaTopoB Npeo§pasoBaHui.
®p (zy — rpynna Martpun D (R).
% — IpOCTPaHCTBeHHO-BPEMEHHAs TPYMNNa CHM-
METpHH.
*k — 3Be37a BOJHOBOrO BeKTOpa K.
*B (k) — HakpHIBaIOWAd TCpynma BOJHOBOrO BEK-
: TOpa
& (k) — npocTpaHCTBEHHAS TPYNNa KaHOHHYECKOTO
BOJIHOBOTO BeKTopa K.
II (k) — Toueynas Trpylna BOJIHOBOFO BeKTopa k:
® (R)/Z (k).
6 — k-it knacc rpynnn © (&).
C (k) — snement kjaacca € (k).
c (k) — nmopsanox saementa G (k).
PP, — unemnoTenTHELA onepatop npeobpasoBa-
HUS.
D" (R) — maTpuua, COOTBETCTBYIOIIAR 3JEMEHTY R
B [-M 1npencTaB/ieHHH NPOCTPAHCTBeHHOH
TpynOHL.
P (R) — xapaktep mau cnen matpuusi DP (R).
D®™ _ 1-e HenpuBOZMMOE NpeicTaBJEHHE TPYIIIB
G (). _ ) :
D*P ™ _ m.e gempmsomuMoOe mpeicTaBJeHHe TPYI-
nel ®, cooTBercTByOmee 3Be3ne *k.
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Z‘z = {{,} — Habop BOJHOBHIX GYHKIUH P;, Pg, .+ v, Py
P om) — 2-55 GoxoBckass (YHKIHS C  BOJHOBEIM

BeKTOpoM kK, mpeofpasylomascs Mo Npex-
crasaenmio D*' ™ rpynne © (k).
D™ ™ (R) — matpuuna, TOXKIECTBEHHO paBHasi MaTpHIE
k
D®'"™ (R) n1s Re<® (k) u pasnas HyJTIO
B OCTAJBHBIX CJyyasX.
% @ (R) — xapakrep matpuust D ™ (R).
r® (A, p)—cucrema (aKTOPOB MPOEKTHBHOTO Tpen-
CTaBJIEHHS.
— saapo npeacrasiaenus DP™,
R — rpynna nmpuseneHus.
(ke k' m’ | *R"m”) — K03 GHUHEHT TIPUBEICHHS.
({&, -+ k} mm’ |R"m") — K03 HIHEHT NPHBENEHHS AJS HONT PYTITIBL.
p™*® (m)®D(*k')(m)—npﬂMoe NIPOH3BE/leHHe NpencTaBJaeHu .
[D*® ], — p- cummerpusoBaHnas cremenb mpeicra-
(% &) (m)
Baenusa D .

R(*k) (m)

4. Juuamuxa pewerku

T — gKuHeTHueCKas SHEprus.
@ — noteHnua bHAas SHEPTUSI KPHUCTANIA.
V — usMeHeHHe NOTeHOHAJdbHOHR sHeprun @ — @,
& — narpauxuaH.
N —uucno ajemeHTapHHX s4eek B NIpHOJHKEHUH
Bopua — KapwmaHa.
7 — 4UCJIO aTOMOB B 3JIeMEHTapHOH suedike.

l
u(% — CMe[IeHHe x®-ro atoma B [-A siuelike.

[
(Daﬁ(% .,/ ) — MATpHUa CHIIOBLIX MOCTOSIHHBIX, ONpEACAAeMAas BHI-

paxkeHuem i 5 .
o))
x) P\ ag (4 )=0: a5 (£, )0

[®] — maTpHpa CHJOBBIX NOCTOSIHHHIX € 3JeMeHTaMH
[ r
Dqyq v o)

[u] — maTpuna-cronber ¢ 3JeMEHTAMH U,

)

[M] — nnaronasbnas Mmatpuua mace (M|, . =M, 5,,.0,.0.,.
. L
o B
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l .
w(“ — CMellleHHsI, YMHOXeHHble Ha KOpeHb KBaipaTHbl
_ !
u3 macce /M, u(x)

l R
4 ( " ) — He34aBHCAlHE OT BPEMEHH aMINIATYAH CMeUieHHH

l l
w ze—i(\)tc .
% %
. [D] — MaTpHua, CBA3aHHas C matpuneit @ cooTHOIIEHHEM
D ( ) l') 1 o (l l’)
W\ /) A/ MM, T\ n %)
[e;] — coGeTrennbit BexTOp MaTpHuH [D], cooTBeTcTByO-
uufi COGCTBEHHOMY SHAYEHHIO OF.
l
ea(%'j)—KOMHOHeHTa BeKTOpa [e;].

g; — HOpMaJibHasl KOOPIHHATA KoNeOaHUs ¢ BEKTOpOM [e;].
k

(|

. )—— CcOOCTBEHHHIH BEKTOp NUHAMHYECKOH MAaTpHUIH,
k
e\ ®

| i)

€, (| k) — BeKTOp B i-MepHOM NIPOCTPAHCTBE C KOOpPAHHATaMH
ar
e“(li )

k
Q(i )— KOMIIJIEKCHAsl HOpMaJlbHasi KOOpIHHATA.

k N
i t)—-aasnc;mmﬁ OT BpeMeHH COGCTBEHHHIH BEKTOp, CO-

) — KOMIIOHCHTA BEKTOpa e(

OTBETCTBYIOIIUH BOJIHOBOMY BeKTOpY K.



I'VIABA 1

ConepxaHue ¥ NJaH KHHTH

§ 1. OGmee BRegeHHE

Hacrosiliass KHura WMeeT CBOeH 1e/bl0 Pa3BHTHe M WJLIIOCTpA-
{0 OCHOBHBIX IPHHIMIOB M NPAaKTHKH NpUMEHeHHS METOLOB TeOo-
pPHH TPyOn K aHaJIM3y ONTHYeCKHX MNpomeccoB HHGPaKpacHOro Imo-
PJIOHIEHHsT ¥ KOMOMHAIIHOHHOTO pacCesaHHs cBeTa KPHCTaIHYecKof
pelueTKON AHSMEKTPHKOB. MeToABl TeopHH Trpymn fBJASIOTCS MOLI-
HbIM MaTeMaTHUeCKHM aNmapaTtoM, MO3BOIAIMHUM OGBACHUTL H
npeacKasaTh 0COGEHHOCTH ONTHUECKHX npoueccoB. Haura uenab co-
CTOUT TaKXe B ToM, UToOBI ciaeslaTh 3TH MeTOAbl Kak MoxHo GoJee
NOCTYNHLIMH W SICHBIMH, 'a CJleJOoBaTeJNLbHO, KaK MOXHO OoJjee UIH-
POKO HCHOJB3YEMBIMH,

Jlis pocTueHus 3THX lesefi HeoOXOAUMO SICHO NpPeACTaBJATb
o6my# maH, KOTopoMy MB 6yneM cjegoBaTb. CHauasla MH KpPaTKO
H3JO0XKHUM OOMYI0 TEOPHI0 KPHCTANJIHYECKHX TPOCTPaHCTBEHHBIX
rpynn. Janee Mu NOpoaHaJAu3HpyeM CJelCTBHS CHMMETPHH IIpO-
CTPAHCTBEHHBIX Ipynil. DTH CJIeNCTBHs B GoJbmioffl Mepe BEITEKAIOT
U3 HPeANOoJIONKEHHs] O CYUIeCTBEHHOM XapaKTepe BHIPOXKIEHUs, KO-
TOpOEe OCHOBAaHO Ha TOM, YTO (pH3HUeCKHe COCTOSTHHS CHCTeMB o6pa-
3yI0T 6a3uc IJil HeNPHBOAMMEIX HpeJCTABJEHHA TPYyNILl CHMMeT-
pun. ITostoMy HaM norpebyeTcs HSJIOXKHTh TEOPHIO HENPHUBOLHMBIX
NpeAcTaBJeHHH TPYNN CHMMETPHH, a TaKXe TeopHIo ¢pyHKiH, o6pa-
aytoniux 6asuc npencrasienufi. BedexcTBue TecHOM CBA3SH MeXAY
COCTOSTHHSIMH CHCTEMBI H NPEACTaBJICHUSIMH GOJBIIOEe BHUMAaHHE yIe-
JIeTCS PasSBHTHIO TEODHH HENPHBOIMMBIX NpeACTaBJeHHA NPOCTPaH-
CTBEHHBIX IPYyNI; H3JjaraeTcs UeJH# P MeTOLOB, HpHMeHSBLIHXCA
B NOcJefHee BpeMs /s HaXOXJAEHHs HENPHBOJHMLIX NpeACTaBjie-
Hul. HenocpencTBeHHBIM H eCTeCTBEHHBIM 060G6lIeHHEM 3TOro pac-
CMOTpeHUs fABJIAETCA NOAYUeHHe TpaBuil oT6opa IS IePexoioB
MEXAY CcOCTOSAHHAMH. Il 3TOro Heo6XOAMMO BLINOJHHTL P&3JO-
XKeHHe TMPSIMOTO NPOU3BeNeHHs JBYX HeNPHBOJAMMEIX OpeACTaBJeHHH
Ha HeNPHBOZHMHE COCTABJSAIOLIHE.

Ha sroM 3sakanuuBaeTcsl nepBast YacTh KHHIH, B KOTOPOH, TaKHM
06pa3oM, HnaeTcsl ONUCAHHE CHMMETPHH (HU3HNUECKUX COCTOSAHHME
HaxogATCA npaBuiaa oT00Opa [Jid NepexoAoB.

3atem .Ml oOpainaeMcss K GH3HYecKOH CTOpOHE BOIlpoca H 06-
Cy¥KAaeM KJacCHUeCKyI0 1 KBaHTOBYIO TeODHH KoJieGaHHR pelueTxH,
Teopus cTpouTes Tak, YToOH YA06HO GBLIO NOJYUHTD CACLCTBUS CHM-
' METpUH pellleTKH. [TOCKOIBKY ypaBHeHHs NBHXKEHHS HWHBaPHAHTHH
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OTHOCHTEJNBHO Npeofpa3oBaHufi CHMMETPHH KDHCTAJJIHYECKOH MHpPO-
CTPAHCTBEHHOH TPYNNIB, a TaKiKe OTHOCHTeJIbHO omnepaiuu obpa-
IIeHUs] BpeMeHH, Heo6X0AUMO PaCIIHPUTL IPYNNY CHMMETPHH TaKHM
06pa3oM, uTOGH BKJAIOYHTb B Hee aHTHYHHTAapHBIE omepaTophl. Ta-
KOe pacIlHpeHHe MOXKeT HMeTb CYHIeCTBEHHbe MOCHAeNCTBHA IJIf
XapaKTePHCTHKH COCTOSTHMH CHCTEMBI, O3TOMY MBI OUeHb MOAPOGHG
paccMaTpuBaeM PoJib AHTHYHUTADHOI ONepalHd CHMMETPHH: B 3TOM
caydae pu3HUYeCKHe COCTOSTHUA 00pasyior 0asuc Ajas HeNPHBOAHMBIX
KOIIpe/ICTaBJIeHH .

[Tocse storo MH onsATh ofpauiaeMcst K GH3HKe H H3jAaraem Teo-
PHIO ONTHYECKHX CBONCTB KPHCTAJNHUECKOH pelleTKH — HH{paxpac-
HOTO MOIVIOIEHHs H KOMOHHAIMOHHOrO paccesiHusl. B aTo#l Teopun
B3aUMO/JCHCTBHE MeXAY H3JydeHHeM M BellleCTBOM paccMaTpHBaerT-
Cfl B paMKaX KBAaHTOBOH MeXaHHKH. YCTAaHABJHBAETCH CBSI3b MEKIY
BEPOSITHOCTBIO NEpPexOf0B JJs TOTJNOUeHHS M paccesHUS cBeTa H
BEeJIMUHHOM HEKOTOPLIX MATPUYHBIX 3/AeMeHTOB. FIMeHHO Ha 3ToM
3Tale CHMMETDHA HrpaeT pemalollylo poJb, TaK KaKk OHa olpeje-
JsieT OTJAMYHBIE OT HYJNS MATPHUHBIE 3JeMeHTHI.

MareMartuueckass (popMyJaHupOBKAa NpasBui oT6opa HaXOAUT (H-
3nyecKne TMPUJIOKEHUS NPH ONpejle/leHuH HHTEHCHBHOCTH NPOLECcCcOB
nepexona. VIMeHHo 31echb, NIpW HHTEPIPETAallHH HJIH NPeACKa3aHHH
OTITHYECKHX CHEKTPOB, MOXHO NPHMEHHTb Bech MHpeldllecTBYIOUIHI
aHanus. [IpuMeHeHHe MeTOLOB TEOPHH IPYyNI K JHHAMHKE KDHCTAJ-
JIHYECKOR pelleTKH WJIIOCTPHDYETCS Ha INpHMepax ONpeleseHHs
SHEPruM ¥ CHMMETPHH KoJebaTeNbHBIX COCTOSHHE, 8 TaKKe aHalHu3a
OTNTHYECKHX CHEKTPOB peIIeTKH KPHCTAJJ0B, HMEIOIHX CTPYKTYDPY
anmasa (anMas, KpeMHH{, repMaHuil), U KPHCTAJMJAOB CO CTPYKTY-
poll KaMeHHOH cosM (XJopHCTHIH HaTpuit). IlpuBOAATCA HMpuMepH
3ajau [Js COBepilleHHBIX KPHUCTaMJMOB M AJSl KPHCTaMJIOB C ToYed-
HEIMU JedeKTaMi.

PesioMHpyeM: cUMMeTpHSl UTPaeT UEeHTPaJbHYIO POJb B KJACCH-
(buKanuu COGCTBEHHBIX COCTOSIHHH KpHCTa//a, PACCMaTpPUBaeMOro
KaK CHCTeMa MHOTHX TeJI, COCTOsAUlas H3 HOHOB M 3JMeKTPoHOB, Hac
HHTEPECYIOT 3JeChb 3JeMeHTapHble BO3OYXKAEHHS, OIHCHIBAIOIIHE
KoneGaHHusA pelleTKH, T. e. (oHOHHL. Ilepexoanl Mexay COGCTBeHHBI-
MH COCTOSIHHSIMH BLI3LIBAIOTCSI BO3MYHIAIOMIMMH TOJAMH, H Iepexoj
MeX Ay HeKOTOpoH 3ajaHHO# mapoll COCTOSHHA paspelleH, eciau CO-
OTBETCTBYIOUIHH MATPHUYHBIHA 3/€MEHT OTJIMYeH OT HyJs. PaBeHcTBO
HJIM HEPAaBEHCTBO HYJI0 MaTPHYHOTO 3J€MEHTa ONpPeAeaseTcsa CHM-
MEeTpHel HauyaJbHOrO COCTOSIHHS, KOHEUHOro COCTOAHHA M BO3MYylla-
fomero nojs. Tounee roBops, MeTOAL TEOPHH TPYNINl TO3BOJIAIOT
NIPOaHAMN3HPOBATE BOUPOC: MOXKeT JIH NPOHCXOAHTL HHPpaxpacHoe
HorJiouieHNe ¥ KOMOWHAIMOHHOE paccesiHue TIPW AAHHOM. IpoIecce,
CBSI3aHHOM C ONpefeJeHHBIMH H3MeHeHHAMH KoJe6aTelbHOTO Co-
CTOHHI;IH PelIeTKH H CONMPOBOXKAAIOIIHUM HX H3MEHEHHEM IOJS H3Jay-
HEHHA?
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Takum o6pasoM, B HaCTOALIeH KHUTe Pa3BHBAIOTCS TPU IJaBHLIE

B3aHUMOCBSI3aHHLEIE TeMBl:
TEOpHA KPHCTAJJIHYIECKUX NPOCTPAHCTBEHHHX IPYII;
KJaccHueckass ¥ KBaHTOBAs TeOpHUA AMUHAMHUKH pelUeTKH;
TeOpHS ONTHYECKHX CBOHCTB peiueTKH (HHPpakpacHOro Io-
TJIOI{EHHA W KOMOMHALMOHHOTO paccesiHUs)
1 pPacCMAaTPHBAIOTCS MPAKTHUECKHE TIPUMEHEHUs K aHaJu3y
(DOHOHHBIX CHEKTPOB H
ONTHYECKHX CBOUCTB KDPHCTAJNJIOB CO CTPYKTYpoH anmasa H
KaMeHHOH coJH,

XoTsi 3TH TEMBl B3aUMOCBSI3aHDLI, MBI CTPEMMJIUCh, YTOOH pac-
CMOTPeHHe KaxKJIOro BONPOCa B HAacTosUell KHHre GpUIO B J0CTa-
TOYHOH Mepe 3aKOHYeHHHM, TAK YTO BCSl KHUTa AOCTATOYHO CAMO-
cToATeNbHAa 1O COAepKaHHIO., BBOAHBIA MaTepuaJs, BRJIOYAKLIHH
0630p TeMBI, CCBUIKH Ha JHTepPATYPY M NOCJe0BaTeJNbHOE BBejeHHe
o6o3naveHuil, u3jgaraercad Ha CpPefHeM IO TPyAHOCTH yposHe. Kax
3TO XapaKTepHO MAJist HaulOojee AaKTHBHO PAa3BHBAIOL(HXCS Hampas-
Jedu#l (GH3MKH, B KOTOPHIX BEAYTCS HHTEHCHBHLIE HCC/IEAOBAHHS,
pasJHyYHbie ACTEKTHl TEOPHH A ee NPHMeHeHHH pa3paboTaHhl B pas-
HOH CTeleHH, H 3TO OOCTOSITeJbCTBO UPOSBHJAOCL B psijie MeCT B
kuure. IloapoGHo uanaras pas/HuUHBIE aCHeKTH TEOPETHUECKOTrO
aHaJu3a, Mbl CTPEMHAJHCH OCBETHTb TPYIHBI H HHTEPECHBI BONPOC
0 creneHd OGLIHOCTH MeTOAOB, YTO B CJayyae HeOOXOAMMOCTH I0J-
KHO 06JeruuTb PacCMOTPeHHe ADYTrHX INPOCTPAHCTBEHHBLIX TPYIIL.
‘UamocTpanysi npUMeHeHHA MeTOLOB Ha KPHCTaJ/AAaX cO CTPYKTYpOH
ajnMasa M KaMeHHOH COJMM IpecjefyeT KaK MeTOJHuecKHe, TaK WU
nearoriyeckHe eau, a Takxke o0yc/aoBJaeHa BaXKHOH DPOJBIO ITHX
JIBYX THIOB KPHCTAMJIHUYECKHX CTPYKTYP B COBDEMEHHHIX HCCJIe0-
BaHHUAX, KOTOpas, NO-BUAHMOMY, COXpPaHUTCA H B OyayuieM.

[1py HanMCaHHH KHUTH NPEANONAranoch, UTO YHTATeNb obaagaer
HEKOTODHIMH 3HaHWIMH [0 TeOPHHM Tpymn (KOTOpble MOTYT ObITh
NouepHHYTH B yueGHHKax [1—3]), HO He SABASETCS CHEMUATHCTOM
B 3TOi 06JacTy. B wacTHOCTH, MaTepuaJ, LOCTYNHLI B JHTepaType,
JUIb KPaTKO YIOMHHaeTcs, a He paccMaTpHBaercs noapobHo. AHa-
JIOTHYHLIM 06pa3oM IpeinoJaraeTcs 3HaKOMCTBO UHTATeNs ¢ OCHOB-
HBIMH CBeJIeHUAMH 10 JHHAMHUKE DeIleTKH, HMEIOUHMUCS B HWHPOKO
H3BECTHHIX KHHTaX IO 5TOMY Bompocy [4—6].

Hacrodamasa xHura AOMKHA 3aNOJdHUTL CYLIECTBYIOUHI Npoben
B JHTepaType; IO CONEPKAHHIO OHA CBSI3aHA C HEKOTOPHIMH OJIH3-
KMMH 10 Teme xHUramHd. O6CyxX/1eHHe TeODHU MPEJACTABJCHHE H KO-
NpeACTaB/JeHUH TPOCTPAHCTBEHHHX TPYNN JaeT METoJ PACCMOTpe-
HHS1 TPYINl CHMMETPHH KDHCTAJJIOB, ONHMCAHHBIX PaHee B KHHre IO
Kpucraansorpadpun [7]. DToT Meron HeOOXOAHM AN TOJAYUEHHS
Ba)HBIX ‘B COBPeMeHHOfI (PH3HKe BHIBOAOB, TaKHX, Kak lpaBHIa
or6opa AJs1 ONTHYECKHX M JPYTUX TepexofoB. BHIOMHeHNBIA aHaan3
BJHAHAA CHMMETPHH Ha ANHAMHKY PeLIeTKH SABJIAETCS Mo CyHiecTBy

N
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B}

NPOAOJIKEHHEM pPacCMOTpeHHs, NPoBefleHHOTo B pabotax [4—6].
WssoxeHne TeOpUH B3aHMOLEHCTBUS H3JyUeHHS C BellecTBOM {Jrus-
KO CMbIKaerca ¢ ofcyxAeHHeM (POHOHOB H ONTHYECKHX NPOIECCOB
Ha OCHOBe TeOPHHM MHOTHMX TeJ B KHurax [8,9]. OmHako MH KOH-
IIeHTPUPYEeM BHHMaHHe Ha BONpOCaX, MOJIEXKAUIMX AHAJIH3Y C TOUKH
3peHHs CHMMETPHHM, TaKHUX, KaK CTPYKTypa aHrapMOHHMYECKOro ra-
MHJIbTOHHAHa (HOHOHOB, BONPOC O CMEIIMBAHHUM KoJdeDaHUA M BJIHA-
HHY CUMMETPHH Ha CTPYKTYDPY TeMIlepaTyPHEIX (OHOHHBIX (YHKINA
I'puna. Baarogaps yray6neHHIO TeOpeTHUYECKOTO aHaJM3a H Ipo-
rpeccy B TeXHHKE 3KCIHeDPHMeHTaAbHBIX H3MepPeHHH [QOCTHIHYT Cy-
HIeCTBeHHH INporpecc cO BpeMeHH usjaHusg OoJiee paHHHX 0630-
poB MO HHTeplperanun HH$ppakpacHuX cnektpos [10] u cmexrpos
KoMOuHauuoHHoro paccesnuss [11]. IlapananensHo ¢ yrayGienuem
MOHHMaHHSI CBOMCTB CHMMETDHU BO3pacTaeT Halle NOHHMaHHe IH-
HaMH4eCKOH, MUKPOCKOIHYECKON NPHUPOALI ABJEHHH, NPOUCXOAAUIHX
NpH B3aHMOJEACTBHH CBeTa C BeLIECTBOM.

B sax/ioueHHe clesaeM HEKOTODHle 3aMedaHHs O Xapakrepe
wajoxeHud. Mpl cO3HATENBHO OTKa3aduch OT JAKOHHUHOTO CTHJA
M3JI0XKEHUST Teopuu. DTo 00YCJAOBNEHO HAWIMM XKeJaHueM AOGHTLCA
MOBCIOAY B 3TOH MOHOTpPa(uU TOUHOCTH H KOHKPETHOCTH, Jdaxke B
yiep6 KpaTKOCTH M HM3AULeCTBY H3J0KeHUsi, MBI He OCTaHaBJHBAa-
JHCh Nepel TeM, YTOObl faTh NOAPOOHOe o6BSCHEHHE WJH BHIBOJ CO
BCeMH BHIK/JIaAKaMHM, €CAM MBI CUHTaNH 3TO HeoOxoauMum. IIpu pe-
IIeHUH BOIpPOCa O TOM, CleAyeT /M HaHHBH KOHKDETHBI BONpOC
paccMaTpHUBaTh BO BCeX JeTassiX, Mbl PYKOBOACTBOBAJIHNCh TeM,
HMeeTCsl JIM B JIMTepaType ero H3jokeHHe B ACHOH (dopMe, a Takxke
NPakTHKOH OOCYyXKIeHHS BoNpoca ¢ KosleraMu. MBI NpeAnOWIH I10-
Ka3aTbCsl HM3JIHILIHE MHOTOCJOBHBIMH, YeM OBITh HAacCTOBKO KPaTKH-
MH, yTOOHl CyHIeCTBOBaJjla BO3MOXHOCTL OKa3aThCs HENMOHSTHBIMH.
Ecau u3noxxeHHe KaKMX-TO BONPOCOB NOKaXeTCs HEKOTOPHIM YHTa-
TeJSIM CJAHUIKOM MNOAPOOGHBIM, MBI HajeeMCsl, UTO 3TH MOSICHEHHH,
Kacawouiuecss cTHAS, OyAyT KOCTAaTOUHHIMH, YTOOLI COXPaHHTb HX
HHTepec K npobieMe B LeJOM.

§ 2. Maan kHUrd. OG30p comepkaHus

Besencrsue 60gbLIOro 06beMa KHUTH NPEACTABSIETCS TIOJNE3HBIM
IaTh 0630p ee comepKaHUA. XOTA BCe YACTH HANOXKeHHA B3aHMO-
CBSI3aHH, IVIaBHHle Pasfienibl, OTMeueHHbe B § 1, B U3BecTHOM creme-
HHU He3aBHCHMBI, H HX MOXHO uuTaTb Gosiee HJIH MeHee PasAelbHO,
obpamasch No Mepe HeoOXOLHMOCTH K BOIPOCAM, PacCMOTPEHHEIM
paHee,

Kuura paabura Ha naparpacdsl, IpoHyMepoBaHHbE OT 1 g0 154,
[Maparpadul crpynnuposassl B 17 rias. QopMy/in HymepyioTcs B
mpenesax Kaxzgoro naparpada. Cilepyer OTMETHTb, uTO HepBLiil
paparpad) KaxJo#f IJaBBl NpPEACTaBAET cofoii BBedeHHe B STy
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rnaBy. BBeleHus cayxaT HecKOIbKUM ueisiM. OHUM npefHas3HAYEHDI
[J151° TIOSICHEHHsI OCHOBHBIX OCOOEHHOCTEH MOCJ/IeNYIOUEero paccMoTpe-
HHS, 06eCHeUnBalOT OPHEHTAIHIO U TOCAeL0BaTEeNbHOCTD H3/I0XKeH S,
a TakKxe yCTAHABJMBAIOT JeTasbHbie B3aMMOCBA3H MeXJy maparpa-
damu u raaBamu. OGBIMHO HECKOJIBKO IV1aB, B3ATble BMeCTe, COAep-
JKaT M3J0XKeHHe OJHOH U3 OCHOBHHIX TeM.

B raasax 2—7 u 9 usnaraercs TeopHusl NPOCTPAHCTBEHHBIX IPYMIL
B ra. 2 paercss onucande CTPYKTYPH! KDHCTaJMNJIHUYECKHX IPOCTPaH-
CTBEHHHIX Cpynn @& Kak rpynnm cUMMeTDHH TDeXMepHOrO NpOoCTpaH-
ctBa Kpucraajaa, Ocoboe BHHUMaHHe yje/aseTcs MaTeMaTHYECKOH
CTPYKTYpe KPHCTaMNHUYECKHX NPOCTPaHCTBEHHHBIX rpynil. Mu He NpH-
BOJHM moJiHOTro onHcanusa 230 mpocTpaHCTBeHHBIX IPyHN, TakK Kak
OHO BMeECTe ¢ HW/JIIOCTPAaLUAMH HMeeTcsl B JauTepatype. B i 3
paeTcs 0630p CTaHZAPTHOTO MaTepHasja [0 TEOPHW HpelcTaBJeHHH
KOHeYHBIX rpynn. XoTs 3TOT MaTepHaJs WHPOKO H3BeCTeH, OH Heol-
XOAMM HAM Kak OCHOBa OJS M3JOXKEHHS TeOpUH INpeAcTaB/JeHHH
NPOCTPAHCTBEHHBIX TPynil. B ra. 4 ussnaraercsa Teopus NpeiacTasJe-
HUE rpynnel Tpancasunid €. Henpusoaumrble nmpejcraB/ieHHss rpynn
TPAHCASIIUA KPHCTaJAa HrpaioT HeHTPaJbHYI0 POJAb B TEOpHH, NO-
3TOMY Ba)XHO paccMOTpeTh UX HajaJexalluMm o6pa3oM, a TaKxKe
TPAaBHJIBHO BBEeCTH MNOHATHe Neppoil 30HH bpuanosha. [danee B
. 5 paercd AeTaJbHHIH BBIBOJ NOCTPOEHHS W CBOHCTB HeNPUBOJH-
MBIX IpeJCTAdBJAeHHII H BEKTOPHBIX NPOCTPAHCTB KPHCTAJNIHIECKOH
NpOCTpaHCTBeHHoN rpynnul &. dToT Marepuasn oxasbiBaercs IEHT-
PaNbHEIM [JIs1 XapaKTepPUCTHKH COOCTBEHHEIX (PYHKUHMHA H COOCTBEH-
HBIX 3HaueHUH HpH UX KJaccubUKauuH mo cuMMerpuu. PaccMoTtpe-
HHe B riaBax 6 u 7 mOCBALIEHO ONpene]eHHI0 KOox(pUIHEHTOB
NpHUBeAEHHS /s NPOCTPAHCTBEHHHX TIpPymil. DTH Ko3hDHIHEHTH
HpUBeJEeHNs SABJSIOTCA OCHOBHBIMH BXOASILIMMH B DPaccMOTpPEHHe
BeJHUNHAMU IpH ONpeReseHHH mpaBui oT6opa. C MaTeMaTHYeCKOH
TOUKH 3peHUs] OHU ABJAOTCA Kosbduuuentamu psagos Kiebmia —
Topprana B pasnoxeHHH NPSAMOr0 INDPOU3BeleHHS HeNPHBOAUMBIX
npexcTaBdeHHH JABYX NPOCTPAaHCTBEHHBIX TPYIIL

Ha aro#i cTagum MBI DpepbiBaeM H3JI0XKEHHe TEOPHUH TPYIN H
obpamaemcss K 00CYXKAEHHIO KJTacCHUECKOH TEOpHH KoJebaHuil pe-
meTkd. [locse nofydeHuss ypaBHeHHH NBHXKEHHS B rapMOHHYECKOM
puG/HKEHNH B TJI. 8 MBI IPUMeHsleM TEOPETHKO-TPYNIOBOH aHaJHu3
IJas  Toro, 4To6bl NPOJEMOHCTPHPOBATH CJAeAyloinee MNOJIOKeHHe:
coOCTBeHHEIe BEKTOPH 06PA3YIOT JIMHeHHoe BeKTOPHOe IPOCTPAHCTRO
npejcraB/eHus HAaKPhIBalOWeHd IPYNNL, T. €. TPynnbl CHMMETpUH @.
3ateM, B M. 9, MBE H3JaraeM TeODHIO BJIHAHHS AHTHYHHTAPHOHN
CHMMeTpHH. BceiencTBne cpaBHHTENLHO MaJIOH H3BeCTHOCTH 3TOTO
BOTIpOCa MBl JAOBOJILHO TNOAPOGHO OCTaHaBJHBaeMCs Ha aHaluade
IPOCTPAHCTBEHHO-BPEMEHHON Ipynnsl cuMMeTpun &, kortopast co-
AepXKHUT OOLIYHBIe YHHTADHHIE ONEPaTOPH MPOCTPAHCTBEHHOH CHM-
METPHH NOJI0C aHTHYHHTapHble ONepaTophl, BK/AIOYAMOLIHE oHepa-
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nuio obpaienns ppemeHH. Ilojesno NOAYEPKHYTb, 4YTO B 3TOM
clydae MBl JAOJKHB paccMaTPHBaTh MaTeMaTHYECKyK rCpymmy
ONepaTopOB CHMMeTPHH, NOJYYeHHYI0 HeNOCPeACTBEHHO H3 AMHAMH-
YeCKHX ypaBHEHH{l, a He U3 INIPOCTBIX TEeOMeTPHUEecKHX coobpaxe-
HUil. AHTHyHHTapHasi CHMMETPUSl IPHBOAHT K HOBHIM pe3yJbTaTaM
JJIsl QMHAMHKH pelleTKH: (H3MuecKHe cOOCTBeHHBIE BEKTOpHl 06pa-
3yIOT JIMHEHHOe BEeKTOpHOEe NPOCTPAHCTBO AJS1 KONpeAcTaBJEHUH
NPOCTPAHCTBEHHO-BpeMeHHOA rpynnel &. (B MareMaruueckod Jsu-
TepaType KONPEeNCTaBJEHHs H3BEeCTHbl TaKke KaK MOJYJHHeHHbIe
HpeACTaBJIEHHUS. )

HaJoxkeHHio KiacCHYeCKOH H KBAHTOBOH TeODHH AHHAMHKH De-
etk nocesiiensl rask 8, 10, 11 u 12, CHavana B rJi. 8 gaercs
0630D KJacCH4ecKOH TeOpHH KoJseBaHMil pelLIeTKH B FapMOHHUYECKOM
npubJIKeHH!; H3JI0XKEeHHe OCHOBAaHO Ha HCIOJNb30BAHHM CHMMETDHH
npu onpepeseHun coOCTBeHHBIX BeKTOpOB, Haunbosee BaKHBIM C
TOUKY 3PeHHs] TPHJOKEHHH MpeacTaBJsieTcd yTBep:KAeHUe, cdop-
mynupoBanHoe B § 85 B Buae «/JeMMH O CYIIeCTBEHHOM BbIPOXKe-
HUM», MO3BOJIAOLIee CB3aTh (DU3UYECKYI0 TEOPHIO C Teopueld cUM-
METPHH., DTO YTBepXKACHHE, COCTOAUEe B TOM, UTO AONyCTHMOE
BHIpOXKjAeHNe COOCTBEHHBIX 3HaueHUH W COOCTBEHHBIX BEKTODOB B
(bu3nveckoll cHcTeMe ABJAETCS CJAENCTBHEM CHMMETPHH 3TOH CHCTe-
MH, ¢dopMmynupyerca B ¢H3HKe HEOAHOKPATHO M JAaeT KJI0Y K I0o-
" HUMAHHIO MHOTMX pa3JHYHBIX CHTyalu#, 3Jecb OHO BO3HHKaer
NPOC1BIM H eCTecTBEHHbIM 00pa3oM B JIerKo H3yuaeMol 3ajade
0 KJAaCcCHYyeCKOH JAMHaMHKe pemeTkd. B  nefcTBHTENBHOCTH 3T0
yTBepXKJeHHe BHoJHe ofuiee U ero NPUMEHHMOCTb BEIXOAHT 3a
paMKU TapMOHHYECKOro HpHOJTHKEHHS.

B ro. 10 B2 ocHOBe TeopHHM NpeICTABJIEHHH H3YyYaIOTCs U CHCTe-
MaTH3HMPYIOTCSl pa3JdyHble BONPOCH KJIACCHYeCKOH AHHAMUKH pe-
mweTkH., PaccMoTpeHHe BKJIOYaeT TEOPHI0 WHBAPHAHTOB, BBIYUCIIE-
HUe TEeH30POB, BJAHsSHHE aHrapMoHu3Ma U OOCYXAEHHE TOro, Kak,
HCIIOMB3YS CBOACTBA CUMMeETPUH, ONpPeAe/UTb COOCTBEHHBIC BEKTODHI
HOpMaJbHEIX KoJeOaHHR M, TakuM o6pa3oM, ¢hakTopu3oBaTh AHHA-
MHUecKylo Matpuny. M3joxeHue KBaHTOBOH JMHAMHUKH DPEUIETKH B -
ri. 11 caenyer TpaajHIMOHHOMY PacCMOTPEHHMIO B paMKax ajpuabaru-
yeckoro npubauxenusa Bopua — Onnenreiivepa. OaHako, pa3BuBas
TPAJHIHOHHOE PAacCCMOTPEHHE, Mbl CTPOMM 3AeCh NMapaJjlleJbHO Teo-
pHIo ciMMeTpun cobCcTBeHHBIX pyHkuui. [Ipeo6paszoBaHue cOGCTBEH-
HBIX (YHKUME pelieTKH IpH. Npeobpa3oBaHUsAX CHMMETPHH JaeT
yAOOHE# Crnoco06 XapakKTePHCTHKH OCHOBHOIO H BO30YXJEHHHIX
COCTOSIHHIl CHCTeMBl CBS3aHHBIX TapMOHHYECKHX OCUHJJIATOPOB pe-
weTkd. Takoe paccMOTpDeHHe NO03BOJSeT TAKXKe UCCJeJOBaTbh HHTe-
PECHYIO BHYTDEHHIOIO CBSI3b MEXAY TeOpHell CUMMETDHU CHCTeMBI,
HMelollell IPOCTPAaHCTBEHHYIO Ipynny & KM OpOCTPaHCTBEHHO-Bpe-
MeHHYI0 Tpynny &, U Teopuefl CHMMETPHH CHCTEMBl TOXAECTBEHHBIX
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YaCTHI, OTHOCHTEJABHO nepecTaHosok. [locnenHsis, Lo cyLlecTBY, ONH-
ceiBaeTca rpynmoi tuna SU(n). K coxajenuio, pa3BuTHe TeOpHH
KONIpeACTaBJeHHIN ellle He AOCTHIVIO TOro ypOBHS, KOTAAa BCe 3TH
pe3yJibTaThl MOTYT OBITh NOJIyueHHl U3 GoJslee OOILEr0 PacCMOTPEHHUA.
PesoMupys, MOKHO CKa3aTbh, 4TO LeHTPaAbHEIM BONPOCOM H3Jiarae-
MOH TeopHuu sIBJIsIeTCS KAACCHPHKAIMA KaXKAO0TO K/JIaCCHYeCKOTO HJIH
KBAaHTOBOTO COCTOSIHUSI PeUIeTKH [0 THIY €ero noBeJeHHs IPH Tnpe-
06pa3oBaHHAX CUMMETPHH HJH, 0oJee TOYHO, XapaKTepHCTHKa CO-
CTOAHHSA ¢ IOMOIIBIO HENPHBOAUMOTO MPEACTABIEHUS HJAH HENpHBO-
JHMOTO JIMHEHHOro BEKTOPHOTO TPOCTPAHCTBA, KOTOpPOMY NpHHAA-
JIEIKHT COCTOSIHHE.

Fanasuplll BOmpoc, paccmarpuBaemblit B ri. 12, npexcrapasier
coBOH LIEHTPaJbHYIO TeMy KHHMH — TEOPHIO B3aHMOACHCTBHSI H3JY-
yeHHs1 ¢ BellleCTBOM. Mbl H3jlaraeM 3Ty TeOpHIo, yAeltsid ocoboe
BHHMaHHe npoieccaM HHQPaKpacHOro NOIJICIEHA U KoMOUHAHOH-
HOTO paccesHus cseTa pelrerkofl. CHaga/sa AaeTcs BLIBOA MeTOAa-
MM KBaHTOBOJ MeXaHUKH C HCIOJb30BaHHeM OOBIUHOH TEOPHH BO3-
myuleHui. Takoe paccMOTpeHHe NO3BOJAET NPOAHAJHU3HPOBAThL OI-
THUECKHE IIPOoIleccsl HOCPEeACTBOM aHAJNHM3a MATPHYHHEIX 5/1eMEHTOB
nepexon0B AJf HPOUECCOB HHGPaKPacHOTO NOIVIOWEHH W KOMOH-
HallMOHHOI'O paccesHus. B 3TOM aHa/ u3e OCHOBHYIO POJb C TOYKH
3peHHsl TeOPUM 'CUMMETPHM HIpaeT TeopeMa BurHep — DKKapra,
[O3BOJISIONIAN YCTAHOBUTL OT/JAHYHBIE OT HYJSI MaTPUUHbLIE 3JeMEHTL]
nepexofos. Temepb B HallleM pacHOpSKEHHU HMel0TcHd Bce HeoOXOo-
JHMBle CBeJECHHS: CUMMETPHS HauajJbHOrO M KOHEUHOTO COCTOSIHHS
KPHCTaJJIHUeCKOH pelleTKH, a TaKxe CHMMETPHsS Oleparopa mepe-
xona. Onpenensst kKo3QPUIHEHTH NPUBEAEHMS, MOACHO A0BECTH pac-
CMOTpPeHHe A0 KOHIIA H YCTAHOBHUThL NpaBuja orfopa. IDTO paccMoT-
peHue JaeT NpUMep NPIMOro, KOHKPETHOrO, JIETKO 00603pHUMOro H
HCIIO/Ib3YEMOTO IPUIOKEHHs Teopun cuMmerpuu. Kpome toro, npu-
MeHeHHe mnpaBHJ oT6opa AJNS HHTepHNPeTallHH PeLIeTOYHBIX CHeKT-
pPoB mpeacTtapJgsier coboll OAHY H3 HauboJiee [OJE3HBIX TJIaB KHHIH,

3ateM MBI KpaTKO o6CyxKaaeM HpPHMeHeHHe COBPEMEHHBIX Teo-
pHH MHOIMX TeJ JAJs PacCMOTPEHHS WH(MPaKPACHOrO NOMNIOULEHHS H
KOMOHHAIMOHHOIO DaccesiHusl cBeTa pelleTKOH MeTOAOM TeMuepa-
TypHHX ¢yHKuHi [puHa wau OyHxuué oTkaHka. Mbl gesaeM 3To
JJIA YCTaHOBJEHHS! CBSI3H C HEKOTOPHLIMHM paboTaMH, BeAYLIHMHUCSH
B HacTofillee BPeMs, a TaKxkKe, YTOOB XOTS OBl KOPOTKO IIPOAEMOH-
CTPUPOBATh HCIO/Ib30BAHHE CHUMMETPHH M B 3TOH 06JIACTH TEOPHH.
B 3akiioueHHe paeTcss KPaTKO€ BBeleHHe B OAHO H3 HauboJee
OBICTPO Da3BHBAIOUIHXCS COBPEMEHHBIX HalpaBJeHHH, a HMEHHO B
MHKPOCKONIHYECKYIO TeOPUIO ONTHYECKHUX pelleTOUHHX sBjeHui. [Te-
Pexoi K H3YyueHUIO NPOIEeCCOB KOMOHHAHOHHOIO paccesdHHs BOJIH3H
«pe3oHaHca» TO3BOJSET AOCTHTHYTH OOJBIIMX Pe3yJbTaTOB KaK B
HHTepIPeTalHH SKCHEPHMEHTANbHEX AaHHEX, TaK U B TEOPHH 3THX
ABJeHuA. AHajoruuHblM 06pa3oM, HH(pPakKpacHasd CHeKTPOCKOMHS

-
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BBICOKOrQ paspellleHHs OTKDHIBaeT OrpOMHOe KOJIMYeCTBO JeTaJed,
LOCTYNHBIX 1J151 HHTepnperanuu. Haute PaccMOTPeHHE HMeeT Hesbio
HaTth ofuee npeiacTaBJeHHe 00 3Tof pasBuBalouleficss 06JacTH HC-
cJle 10BaHNH.

Tlocnepnsis BaxkHag 3afaua npuMeHeduss OOleH TEOPHH CHUM-
METPHH K CTPYKTypaM aJMa3a W KaMeHHOH COJIH paccMOTPeHa B
ra. 13—15. Kak nmosicusijloch B mpepbiaymieM naparpade, Mbl mpe-
caenyeM 34eCb ABOHHYIO LeJab: IPOHJIIOCTPHUPOBATH NPHMEHEHHE
TEOPHUU Ha BayKHbIX H PAaCHpOCTPaHEHHHIX CUCTEMAax, a TakiKe JaTb
JOCTAaTOYHO $SICHOe OOGCyXjaeHHe, 4TOOb UUTaTeJb MOT HaydHTbCS
OpHUMEHAATh TEOPHIO K JI000# ApYyrofl cucTeMe, BLIOPAaHHOH UM ca-
MuM. B ra. 15 paccMaTpuBaioTcs HeujeaJsbHEIE KPHCTAJIEBl C TOYEU-
HBIMH JedeKTaMH, pHUEeM 0co60e BHUMaHUE YAEJN€HO TeM ONTHYe-
CKMM CBOHCTB3M, KOTOPble 0OO0ycJOBJeHH cHMMeTpueli. M B 3TOM
ejydae TeopHS TNPHUMEHseTCsl K PacCMOTPEHHIO KPUCTALIOB CO
CTPYKTYypOoHl asmMasa H KaMeHHOH cOJin.

B 3akioueHHe HECKOJIbKO CJIOB O CCHUIKaxX Ha JHTepaTypy. AB-
TOP CTOJKHYJCSH C aBCOIOTHOH HEBO3MOMKHOCTBIO AaTh MOJHBIE H
NoApOOHBIE CCHIIKH Ha BCeX MHOIOYUCJHEHHBIX YYeHHIX, [Aaxe
HENOCPeACTBEHHO paloTaloliuXx Haj 3aAa4aMH, COCTaBJSIOUIHMH
OCHOBHYI0 TEMAaTHKy JAaHHOH KHHTH. ABTOD NONBITAJCS NPOH3BECTH
Pa3syMHBIA OTOOP CCBLIOK, YTOOBI NOMOUbL YMTATENIO HAATH COOCTBEH-
HHH NOAXOA K JHTepaType. 3auHTEPeCOBAHHBIA uuTaTes]b Jerko
CMOXKET, PYKOBOACTBYSICh IIOC/J€JOBATEJbHOCTBIO CCBLIIOK, YIJyOHTb-
Csl B CORpeMEHHBbIe U MpejlIecTByOLHe PaboThl M0 BHIGPAHHON HM
TeMe. $1 crapaJscs ObITb MOJ€3HBIM, CHaOXast UMTaTeas HCXONHBIMU
YKa3aHHSIMH HJH CCBLAIKAMU Ha TPYABl MEXIAYHaPOAHBIX KOHpepeH-
nuit u mofo6Hble UM H3AaHHA. MHe caMOMy MPHXOAHJIOCH APOH3BO-
IHTb OTGOP OpPH HCIOJb30BAaHHH JIMTEPATYPH, H 1 4acTO CCHLIAIOCh
Ha paboThl, KOTOPble OKa3aJHCh jJIs1 MeHf [OJe3HLIMH, B HajAekKae,
49TO OHHM OKaXKYTCSl NOJE3HBIMH TaKxke ¥ A5 udratets. OpHako A
onpeje/leHHO He HMeJ HaMepeHHil HU UTHOPHPOBATH KOTO-JHGO H3
MCCeA0BATe/IeH, HH HCKa3HTb HCTOPHYECKYIO N10C/eI0BATE/JbHOCThb
HJIM TIPHOPDHTET HCCJIeAOBaHUM.
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Kpucrannmueckne npocTpaHCTBEHHbIE
| rpymibl -

§ 3. Cummerpus xpucraana

B »sTOl rsaBe BBOASITCS OCHOBHEIE MOHSITHS, CBSI3aHHLlE C CHM-
MeTpHell KpHCTaJ1a B KOH(UrypanHoHHOM npocrpaHcTe [7, 12, 13,
16, 17].

Kpucrann npeacrasisier cobofl TpexMepHOe pPeryJaspHoe MHO-
JKECTBO COCTaBJISIOUHX €r0 3JeMEeHTOB: HeHTpaJbHBIX aTOMOB, 3a-
PSAXKEHHBIX HOHOB, MOJIEKYJsDHBIX KOMILUIeKcoB H T. m. Onepanss
CHMMETPHHU HJAX mpeobpa3oBaHHe CHMMETDPHH KpHCTa/a — 3TO Ile-
pPECTPOHKA, B3aMMHBIH OOMEH HJIM [ePecTaHOBKA COCTaBIAIIIHX
3JIEeMEHTOB, KOTOpas OCTaBJsIeT HeH3MEeHHBIMHU, HJIH HHBAPHAHTHLIMH,
OTHOCHTEJIbHBIE [MOJIOKEHMST 3THX 3JeMeHTOB H, TakKUM 00pd3oM,
JaeT 5KBHBAJIGHTHBI B OTHOLIEHHH HX OPHEHTAlHH KPHCTaJll.

Omnepamusi cHMMETPUH B KOH(UTYPAlHOHHOM IIPOCTPAHCTBE MO-
JKET COOTBETCTBOBATb «PeaJbHOMY», T. €. (PaKTHUECKH BHINOJHHMO-
My, NIpeo6pa30BaHHIO, TAKOMY, KaK MOBOPOT KDPHCTaNIa KaK LeJIoro
BOKPYT HEKOTOPOIi OCH B KOHOHIYPaLHOHHOM TPOCTPaHCTBe, COBMe-
LA 3KBHBAJIEHTHLHIE HalpaB/JeHHS nenoro kpucraanaa., C apy-
rofl CTOPOHE!,, Takas ONepalHss MOXeT COOTBETCTBOBaTh «BoobGpa-
JKaeMoMy» Npeo0pa30oBaHHIO, TaKOMY, KaK HHBEPCHS IIOJIOXKEHHUA
BCEX aTOMOB OTHOCHTEJNBHO HEKOTOpOH (HKcHpOoRaHHON ToukH. [lpu
npeoOpa3oOBaHHM CHMMeETPHH BO3HHKAeT APYTOH KPHCTA/l, KOTOPHH
MbBl GyfeM HasplBaTbh peIVIHKO# HCXOJHOro KpHcrajna. TepMmun
«peILIHKa», KOTOpbH OyaeT MHOTAa HCHOJL30BAThCH, NPeJHa3HaueH
IJIs Mepeliayl CTeNeHH COOTBETCTBHA MEXAY UCXOJAHHIM H npeobpa-
30BaHHBIM OOBeKTaMU, KoTopas cjabee, ueM TOXIECTBO, HO CHJIb-
Hee, yeM noaobue. Pennuka MoxeT ObITh HaJOXKeHa Ha HCXOAHBIH
gkpucraaia, OHa uMeeT Ty XKe OPHeHTAUHIO, YTO H HCXOAHHIH KpH-
cTajljl, DO OTHOIIEHHIO K (HKCHPOBAHHEIM BHeMHUM ocaMm, Pac-
cMaTpuBaeMoe npeobpa3oBaHHe Ha s3EIKE MATEMATHKHU NPeAcTaBlf-
eT COoGOil KOHIPysHTHOe oTOBpaKeHHEe KpPHCTalsa Ha caMoro ce6s,
KoHKpysHTHOE 0TOOpaXKeHHe KPUcTalsa Ha caMoro cebs gaer pen-
JaHKy. O6paTHoe YTBEPIKJEeHHE HEBEepHO:.HE BCE KOHTPYSHTHBIE OTo-
OpaskeHus, HJIH NPeBpalleHHsl SBJSIOTCS ONepanusIMH CHMMETDHH,

OCHOBHBIM CBOHCTBOM CHMMETDHM KpHCTaJ/a SBJISAETCA [po-
CTpPaHCTBeHHas MepHOAUYHOCTb, KOTODas XapakKTepH3YeT pacmoJio-
JKeHHe COCTaBJAIIHX 9JeMeHTOB. TpaHcAsinHOHHAS CHMMeTPHS
Q3Hauaer, 4TQ 33 Hayajo KOOPAHHAT MOXHO BHIGpaTh J0GOK y3eun,
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cojep:KalnHi aToM AaHHOTO COPTa, TaK KaK BCE TAKHe aTOMHI 5KBHU-
BaseHTHH. [Ipu moGom BbHGOPE Hauada KOOPAMHAT AOJKHEL MOJY-
YaThCH TOXKJAECTBeHHble (H3HUecKHe pesyabTatel. OueBHAHO, €CJIH
KPHCTaJJI COAEPKUT HeCKOJbKO COPTOB aTOMOB WJH HOHOB (HalpH-
mep KCl, NaCl), To 3KBuUBajeHTHbIE ATOME WJIH HOHH 06pa3yioT
noApelieTky. ATOMBI HOAPEMEeTKH CBA3aHE MeXAY co60# CBOMCTBOM
5KBHUBAJIEHTHOCTH T1IPH ONEpPauHsX TPAHCJASUHOHHOH CHMMETDHH.
HmeroTcs Tak:Ke KPHCTaJJBl, COAePXKAIHE OIHH XUMHUECKHH Je-
MEHT, AJisl KOTODPHIX, OJlHaKO, XUMHYeCKas TOXKAECTBEHHOCTh aTOMOB
He 0O3HAauaeT CTPYKTYPHYIO SKBHBaJIEHTHOCTb. B pesysabraTe KpH-
CTAJJIHUECKOTO YIOPAAOUEHHS] XMMHUYECKH TOXKJAECTBEHHBIE COCTaB-
JSIOLIHE 3JeMeHTHI, TakHe, KaK ABa aToma (e, MOryT OpuHalJe-
’KaTh K pAa3JHYHHIM TPAHCJAAUHOHHBIM nojpemeTkam. IIpi atom
TOJBKO ATOMBI B Ipefeaax OAHOH H3 NOAPEIIEeTOK SKBHBAJEHTHH 110
OTHOIIEHHIO K TPAHCIANHSAM. B 3TOM c/Iydae rOBOpPSIT, UTO KPHCTAJLI
umeer 6asuc. B ciayyae aTOMHOTO KpPHCTasla, BCE aTOMBI KOTOPOTO
SKBHBAJEHTHE [0 OTHOLIEHHIO K TPAHCJSIUAM, KPHCTa/JIHUeCKas
peleTKa copnajaer ¢ peuetkoit bpass [7, 12, 13, 16].

KpoMe KOHKPeTHOH TPaHCIANMOHHOH CHMMETPHUH KPHCTAaJMI MO-
JKeT HMeTh TaKXe CHMMETPHIO OTHOCHTEIbHO NOBOPOTOB. B 3TOM
cayuae «OpeMsi COBMECTHOCTH» JIOMHTCH LEJIHKOM Ha SJeMeHT
[IOBOPOTHON CHMMETDHH: OH JOJMKEH OBITb COBMECTHM € HMelouieHi-
csl TPAHC/IALMOHHOM CHMMeTpHel.

Hanee, creicTBHeM ONPENEJEHHOIO pPaClOJOXKEHHS 3JeMEHTOB
MOKeT ObIThb HaJIMUHe COCTaBHLIX ONEPauuil CHMMETPHH, COCTOSILINX
13 TOBOPOTOB H HETPHBHaJAbHBIX TpaHcaauu#. Taxkme mnstockocTu
CKOJIbJKEHHS HJIY BHHTOBBIE OCH AAIOT CYLIECTBEHHO HOBLIe mpeobpa-
3oBaHusl. Pasymeercs mo6ag AONYCTHMas ONEpAIHsi NOBOPOTHOM
CHMMETPHM MOMKeT COUeTaThbcs C IMOJHOH TpaHcAsnHed pemeTKn
JaBasi COCTABHYIO ONepalHio CAMMETDHH.

COBOKYNHOCTb TOBOPOTHBIX, TPAHCASUHOHHEIX H COCTABHEIX -Olle-
pamu#i cuMMeTpun o0pa3yeT NPOCTPAHCTBEHHYIO IPYHNY KPHCTAJ-
ja @. [lepefinem Teneps K 06CYXKAEHHIO MaTeMaTHYECKOH CTPYKTYPHL
H TEODHM TaKHX TpYIIIL.

MaremaThueckas XapaKTeDHCTHKa Pa3jaHYHBIX NpPeo6pa3oBaHHit
CHMMETPHH, BXOJSIIUX B MPOCTPAHCTBEHHbBIE TPYIINEL, COCTOUT B TOM,
UTO OHH SIBASIIOTCA JHHEHHBIMH, BeINeCTBEHHLIMH, HEOJHOPOAHBLIMH,
JHCKPeTHBIMH (CHeuHaNbHBIMH  addUHHEIME) Tpe0oBpa30BaHHAMHU
TPeXMEPHOTO eBK/MA0Ba npocrpaHcTBa. AddunHoe npeobpasosanue
MOXHO NOHHMAaTbh KakK Npeo06pa3oBaHue, NepeBOAsllee OAHY TOUKY
B TPeXMePHOM INPOCTPAHCTBe B APYTYI0 TOUKY B TPeXMEPHOM MpoO-
cTpaHcTBe (akTuBHas uHTepnperauus). C Apyrofi ctopoHsl, adduu-
Hoe TMpeo0pasoBaHHe MOXKHO HCTOJKOBBIBaTH KaK mnpeobpa3oBaHue
KoopAuHaT (MKCHPOBAHHOH TOUKH B Pe3yJbTaTe U3MEHEeHHSI cHCTe-
MBI KOODAHHAT, HCIOJb3YeMOH AJA ONHCaHUSl TOUKH (maccUBHast
WHTEpIpeTanus). B apo6off uHTepmpeTanmuu 3710 npeoépasoBaHHe

1]



Kpucranrauueckue npocTpancreentble epyinot 25

oTpaxaeT «COMOCTaBJeHHE» TOYKH, KOOpPAHHaTH KOTODOH B mpfAMoO-
JIHHeHOA CHCTEMe KOODAHHAT eCTh (Xi, Xz, X3), C TOUKOH, HMerolleH
KOOPAMHATH (x;, Xps xg) Takoe comocraB/jeHHe [ABYX TOUYEK HJIR
ABYX TpPOeK uuces (KOMIOHEHT) 3ajpaerca mpeoGpazoBanueM. Hawm-
BoJiee ofliee mpeobpas3oBaHue, NOMYCTHMOE [Jisi KPHCTasla, HMeeT
BHJ

X == QX + 9%, + @ux, + 1 (q)ij)’

X5 == @y X; F Qoo+ Popy + 1, (®4); @8.1)

4

X5 = QiX; F Pgky + Py 1 15(9;),
rie ¢;; — BellleCTBeHHble KOHCTaHThI, a [, — BellleGTBeHHbLIe BeJHUH-
Hbl, KOTOpBIE MOI'YT 3aBHCeTH OT Halopa ;. Cpean Bcex adUHHBIX
npeo6pasosannit (3.1), cBA3BIBAIOIIHX TPOHKH UHCEN (X1, X3, X3) €
TPOHKAMU uHCe (x]’, X;, X;), BbIGEpeM Te, KOTOPbE a) OCTaBJSIOT
HHBapUAHTHBIM KBajAPaT DacCTOSHHS MeXAy J0OLIMH JABYMS TOUY-
KaMH, T. €. METPHKY, 1 0) COBMECTHMBI C ONpeJe/eHHEM peHleTKH.
TlycTe KOODAMHATH ABYX TOYEK N0 Mpeo6GpazoBaHus OblIH (¥4,
X2, x3) U (Y1, Yo, Ys) B NeKapTOBOH cucreMe KoopiauHaT. Ksaapart
PACCTOSIHHS MEXKAY 9THMH TOUKaMH paBeH

= (X1 — y1)* + (Xa — yo)* + (x; — y3)* (3.2)

IMpu adpdurHoM npeobpasoBanuu (3.1) Tpoiika uucen (Yi, Yz Ys)
TakKxke npeofpa3yercs Nno 3aKOHY

y{ = QY+ Py + Prslfs 4 (q)ii)’
_l/; = @y Y, ~+ Poolfy + Po3¥3 + ty (CP”), (3'3)
Yy = Pyd) T Paglip + Oyey + 4, (®y)):

rae ¢;; u ty B (3.1) u (3.3) ToXnecTBeHHO paBHH. TakuMm o6pasowm,
WHBAaPHAHTHOCTb KBaJpaTa PacCTOsSHYUS OTHOCHTENbHO mnpeobpaso-
BaHusl 3allHCBIBAETCS B BHUJE

d"? = (x]— Y2 + (% — yp )P + (%5 — Yoy = 2 (3.4)

OuesnaHo, (3.4) Hak/IaAbBIBaeT OrpaHHUEHHEe Ha BO3MOMKHLIA BUI Qj;.
DTO orpaHAueHHe COCTOHT B TOM, 4YTO OAHOPOAHOE IpeocGpasoBaHHe
HOJXKHO ObITb OpTOroHaabHHIM InpH fp = 0. (Hnxe MbBl npoanasmu-
BHPYeM OTpaHHYeHHe, CJeAYIOlllee H3 OPTOTOHAJNbHOCTH, HECKOJbKO
nojapo6iee: OHO NpUHHMaeT Das3Hole (opMbB B JAEKapTOBHIX H He-
JeKapTOBHIX OCHX.)

OnpedesieHHe pelIeTKH (nyHKT «6») HaKMajAbiBaeT OrpaHHueHHS
Ha HeKOTOpHle H3 TpaHCJAnMH x(Q;). Hanbosee BaxKHEIM AB/siETCS
OrpaHuYeHHe, BO3HHKAOLIee H3 YHCTO TPAHCJIAIHOHHON CHMMETPHH,
HAas yncTol TpaHCAAUUM OTJIHYHBEL OT HYJS TOJBKO AHaroHasbHLIE
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3JIEMEHTH ¢, MpHYeM @y == 1, Tak uyTo A/ UYHCTBIX TPAHCJAAUHA
(3.1) npuHuMaer BHA

Yj=x (=08, (3.5)
Torza orpaHuyeHHe Ha f; COCTOHT B TOM, YTO
t (@ =19;) eCTb LieJOe UYHCIO. (3.6)

OmnpefiefieHle KPHCTAJJIHIECKO DPelIeTKH MOAPa3yMeBaeT, uTO OHa
MoxkeT OHITb BOCHPOH3BEAEHa OAHHMH LEJBIMH UHCTHIMH TPaHCJA-
uusimMu [12].

Jlpyrue orpaHuyeHyss Ha BO3MOXKHBIE @ H fx (Qif) 06YCJOBJIEHB
TEM, YTO BCE -3JIeMEeHTH CHMMETPUH HOJIKHB OBITh B3aUMHO COIJia-
copaHbl, Hampumep, XopoIllo u3BeCTHOe ¢JeACTBHE TPeGOBaHUSI COB-
MECTHOCTH COCTOUT B TOM, YTO BCe AONYCTHMBIE TpPeXxMepHHle Bpa-
LIeHHS] CBOASITCA K IIOBOPOTaM Ha YIVIbl 2m/n, roe n == 1, 2, 3, 4, 6;
n =5 wuckimodaercs [12]; cm. Huxe (6.19).

§ 4. MNoarpynna TpaHcAsLMA KpHucTaaia

BBeneM TpH JHHeHHO He3aBHCHMEBEIX BEKTOD2 B MPOCTPAHCTBE
KpHCTaJIa @y, @z, d3. OHH MOTyT GBITb BLIOPaHBl Pa3jHYHBIMH CIO-
cobamu, onpeneasieMbIMH COOOpakeHHSIMU OOLIENPUHSITOCTH, YA0G-
CcTBa I AaHHOTO KOHKPETHOTO cJjyuasl u T. 1. Byaem cuurarts, 410
BO BCeX HHTEpecYIOLUIHX Hac cJydasx 3TOT BHOOP Obla clenaH
anpuopH, Caenys MexayHapoaHomy cranpapty [12]. Moayau atux
BEKTOPOB paBHH |a@;| = a;. CieloBaTe/bHO, BEKTOPH XapaKTepu-
ayiotcess Anunof. [Ipeamosioxkum, uTo Hayaso KOOpPAHHAT BHIGpaHO
B touke 0. O6LIYHO YCJOBHA, ompeledioliue BolOOp HadaJjga KOOp-
I¥HAT H BHIGOP BEKTOPOB @;, (QOPMYJHPYIOTCA ONHOBPEMCHHO H
M3 ONHUX U TeX e coolOpaKeHHuH,

[NpeanosiokuM Tenepb, 4TO Hauaso kKoopAHHaT ( coBmajgaer ¢
y3JIOM, B KOTODOM HaXOJUTcs aToM HJH MOH. Torga BekTop, coe-
punsouui Touky 0 ¢ IpOU3BOJILHONR TOUKOH KpHCTaJJa, NpeacTas-
JsieTCsl B BHAE

r=xa + x2a2+ X33, (4-.1)

raie xj— OPOU3BOJIbHBEIE BellleCTBeHHble 4YHcAa (OeapasaMepHbie).
Taxum obpasom, TpolKa AeHCTBHTEJNbHBIX uHce] (X3, Xz, X3) oIpe-
JieisieT KOMMOHEHTHl BEKTOpPa r B CHCTeMe KOOPAHHAT, 3ajaHHOH
BeKTOpaMu (@i, ds, @3). PaccMOTpUM BeKTOp

RL Ellal + 12a2 + l3a3, (4.2)
rie l;— geficTBuTeJbHBE YHcsia. BeKTOp TaKoro BHAa Ha3blBaercs
BEKTOPOM pelIeTKH B KPHCTa/IMyecKoM npoctpaHcTBe, Habop Beex
BEKTOPOB PEMIETKH B KPUCTAJIHUECKOM MPOCTPAHCTBE COOTBETCTBY-
eT Buibopy B KauecTBe AOIYCTHMBIX 3HaYeHHH /; BceX nefiCTBHTEJb-
HBIX L@JBIX YHCEJ.
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N

PaccMoTpuM 3jeMeHTapHYI0 TpaHcasuupo peuietkd. Onpeaeaum
ee KakK Takoe npeofpasoBaHile, IDH KOTOPOM .BEKTOP r MePeXOIHT
B BEKTOp r’, rjae

r' =xla + xa,+ xa, (4.3
H
N=x+41, xg=x41, x=x-+1, (4.4)
WK
r'"=r+ R, (4.5)

CorylacHO Onpeje/IeHUI0 pPellleTKH, eHHCTBEHHOe YHCTO TPaHCHASIH-
OHHOe (KOHrpysHTHOe) Npeobpa3oBaHHe CHMMETPHH, KOTOpPOe MO-
JKeT HMeThb KPHCTaJll, — 3TO TPAHC/ASILUS Ha BeKTOp pemieTKH Ry,
CuenoBatesbHo, (4.5) MOXKHO NOHHMaTb Kak Ipeo0pa3oBaHue, CBA-
3bIBalolllee [Be JKBHBAJEHTHbIC TOYKH r H r/. IJTO 3HAUYHT, UTO
(hu3uyecKue cBOHCTBa KPHCTaJJa, ONpelesieHHble B TOYKax r H r/,
JOJXKHBl OBITb OZHHAKOBBIMH.

a. Oneparopsl Tpancasiuun {e|R.}. [lns o6osnavenus npeoGpa-
3oBaHus (4.5), a 3areM u GoJee obuero npeobpasosanus (3.1) oka-
3bIBaeTCsl YAOGHBIM oOnpepenuTs omneparop {e|R.}, 3anaBaeMbril
JIByMsl cMMBoJiaMH. B 3TOM maparpade nepBHH CHMBOJ He SBJISETCS
HeoO6XOAUMBIM, HO OH OyaeT cOXpaHeH AJd IOCJAeNOBaTENbHOCTH
M3JIOXKEHHS, a TaKxke AJf HCHOJb30BaHUA B AajbHellneM, OnepaTop
TPaHCIANHH ONpelessieTcss COOTHOIEHHEM

IR} -r=r'=r+Ry, (4.6)

Uz (4.6) caenyer, uto oneparop, o6patubii {e|R.}, MOXHO ompe-
NeJHTb COOTHOLIeHHEeM

{eIR} ' ={e|— Ry}, (4.7)
(€|R) ™" - r=r—R,. (4.8)

rae

Taxum ob6pasom,
{eIR}™ - r'=r'— Ry
U, nojcrasasas r’ u3 (4.6), nonyuaem
{eIR} ™" {e|R} - r={e|R}-{e|R} - r=r. (4.9)

CJjlef0oBaTeNbHO, €CJH BBECTH OMNEPATOp ToXKAecTBeHHoro (6e3
TpaHcasnuK) npeobpasoBanus {€|0}, rae

{el0}cr=r, (4.10)

{e|R}{e IR}~ =(e|R}™ - {e| R} = {e]0}.  (4.11)

TO
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OueBHHO, Tenepb MOXKHO TepelTH K NPaBHJY NOCJeN0BAaTe/IbHOrO
BHIIOJIHEHHST ABYX omepanuil tpaHcasuuu. Tak, ecau

{elR}-r=r"=r- Ry,

TO
{eIR} r'=r"=r"4+R,=r—+2R,, (4.12)
HJTH
{eIR.} - {e|R}={e|2R} = {e| R} (4.13)
CnenoBatenpHo, ecau {&|R;} ompenesnsercs coraacuo (4.6) wu ecau
BBECTH
RM = M@ + Moy + maas, (4.14)
Tae niy — LeJble YHC/a, H
Ry =nia, + n.a, + naia;, (4.15)

rae n;— uejsle upcsaa (Tak 410 Ry H Ry — BEeKTOpHl pelleTKH),
TO MOXKHO DacCMOTpPeTb ONepaTOphl

{eIRy} - r=r+ Ry, (4.16)
{e|Ry} r=r+Ry. (4.17)

QueBunHo, oGIlee NPaBUJAO NPOU3BeIeHHST (MOCJe10BATENbHOTO
AEACTBUS) STHX ONEPATOPOBR HUMEeT BHL

{elRy}-{e|R} - r={e|Ry}(r+Ry)=r+R.+ Ry (4.18)

41

{eIRy} - {e|R}=1{e|Ry+R}={e|R.+Ry}. (4.19)

Ecan npHHATb
Ryir=Rr . y=R.+ Ry, (4.20)
Ry = (my+ 1) a) + (mo 4 ly) @y + (m3 + 1) a3, 4.21)

TO, OYEBHJHO, Ry, Tak xe kKak Rp H Ry, AB/IAETCA BEKTOPOM
peuretkd. TakuM o6pasom, u3 (4.18) umeem

{elRy} - {e|R}={e|R u}={e|R.} - {e|Ry}. (422

Haxonen, ncnonesys (4.18) u (4.22), jerko mnokasatb, YTO
{elRy} - {eIRy 1} ={e| Ry n}-{e|R.}, (4/.23)

Ryiy= (i +m)a,+ (ny+ my)as + (ns + mg) as.  (4.24)
3aMmeTHM, YTO BCJEACTBHE CBOHCTBAa NPOCTOH aJAMTHBHOCTH TpaHC-
aauuilt MoXHo npuBectd (4.23) X BHAY

{eIRy} - {&| Ry} = (& Ry i ) (4.25)

6. Fpynna tpancasumit €. Ilonseaem uror. Omeparophl {e]RL}
onpefeseHsl Gopmydnoi (4.6). Onepatop ompenesneH uepes ero jef-
CTBHe Ha BEeKTOP r B KPHCTa/JIHYeCKOM mpocTpaHcTBe., Kaxaomy

rae

rae
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BEKTOPY pellreTkH R; MOXHO CONOCTaBHTb COOTBeTCTBYIOLIHH €My
onepatop TtpaHcasuud {e | R:}. Tak kKax BeKTOpPOM pelIeTKH fB-
asercs Jwobol Bekrop Buma (4.2) mpu — oo << [; << + oo, sCHO,
YTO TPOU3BEAeHHE [BYX ONEPaTOPOB TPAaHCJSIMH peLIeTKH JaeT
ONMEepaTop TPaHCASIUH pelleTKH, B COBOKYNHOCTH OIepaToOpoOB
TpaHcasinuu  (4.6) uMeeTca OAHH ¢ OCOOBIMM CBOHCTBAMH — 3TO
OTepaTop TOXKAECTBEHHOro npeobpas3oraHus. KaxaoMmy omepartopy
TPAHCHSIHHE MOKET ObITh CONOCTaBJ/eH Apyrof oneparop (06paTHBIN
eMy) TakuM 0o06pa3oM, YTO NPOU3BEAEHHE TaKHX ABYX ONepaTopoOB
AaeT ONepaTop TOXKJAECTBeHHOro mpeobpasosanus [cm. (4.7)]. Ha-
KOHel, NpoH3BefeHHe (IOC/TIe0BaTeNbHOE NIPUMEHEHHE) ONEpPaTOPOB
TPaHCJATUHH 00j1aJaeT MaTeMaTHYeCKHM CBOHCTBOM aCCOUHATHBHO-
cTH [cem. (4.23)].

Taxum 06pasoM, COBOKYHHOCTh BCEX ONEPaTOPOB TPaHCASIHUH
{e | R.} o6pasyer rpynny [1—3]. D1y rpymny mbl OyaeM 0003Ha-
yarth § M HaspBaTh IPYNNOH ONepaTOPOB TPAHCJIALMH KPHCTaJJaa.
Hexoroprie cBoficTBa 3TOi TPYyNNH, SBJASIIOLIAECS NPAMBIM CJIEACT-
BHEM aJJUTHBHOCTH BEKTOPOB peUIeTKH, MPUBOAAT K CJEACTBUSM,
BaKHBIM JAJIS BCETO MOCJEAYIOLIer0 PaccCMOTPeHHs.

PaccMoTpuM TpH BeKTopa

R =a, Ry=a, R;=a, (4.26)
KOTOPHIM COOTBETCTBYIOT ONEpPATODPH
{elRy}, {elRy}, {elRy}. " (4.27)
3ameruM, 4To .
el ha} = {e|R}", (4.28)
{e 1L} = { | Ry}", (4.29)
{e | has} = {e | R;)". (4.30)
CJaenoBaTe/bHO,
{e|R}= {e|lLa; + la,+ lza3} = (4.31)
={ela}" {e]a}" {e|az}". (4.32)

B. Ctpyktypa rpynnst €. M3 BHIIEH3JI0OXKEHHOTO CJAEAYET, YTO
rpynna § spasercd NpsMblM npoussenenueM. Ecan ompepennts $y,
TPYyIy, COCTOSILLYIO U3 BCeX ONePaTOPOB TPAHCJSLMH, IOCTPOCHHBIX
Ha {e | Ry}, T. e.

: ] L
{elha}={ela;}' = {e|R} (4.33)

nis BeeX ly, ¥ aHaJIOTHYHBIM 06pasoM T, u T3, TO JETKO 3aMETHT,
9T0 ) _
T=Z,0%LQT;. (4.34)

Kaxpas u3 rpynn €, €2 u €3 gpasercs rpynnoii Tpancasuuit, Kax-
Nasi TPyIia B OTHEJbHOCTH MOPOXKAaeTcs OiHUM seMeHTOM {e | Ry},
{e | R:} u {e | Rs} coOTBETCTBEHHO H CTENEHAMH 3TOTO SJEMEHTA.
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OueBHaHO, Kaxjas H3 rpynn €, $2 ¥ T3 ABAsdercs abenerok
rpynmnoit ¢ oAHHUM ofpasytowuM sieMentoM. Ilockoabky

{eIR} - {e|R} = {elR%} -{e|R} wu 1. &, (4.35)

Bce o0pasyiolline 2JeMeHTH KOMMYTHDPYIOT, CJeI0BaTeNbHO, Tpynna
T — abesieBa rpynna H sABJAAETCA NPSIMBIM NPOU3BEAEHUEM,

$lcHO, uTO, TOCKOMbKY 06J1acTh BO3MOXHKLIX 3HayeHUl /; OXBaThHl:
BaeT BCe BellleCTBEHHbIe HeJIble YucJ/a, YHCJIO 3JIeMeHTOB, WM nops-
poxk kKaxpao# u3 rpynn £, Ty 1 T3, OeckoHeuHo, a rpynna T uMmeer
TPUXKIH GeckoHeuHIH mopsAfokK. C (H3HUECKOH TOUKHM 3peHHs OKa-
3biBaeTCss HEYAOOHBIM paccMaTpHBaThb TPYNNL OGeCKOHEYHOro Imo-
paaka. [TosroMy Ha 5Tof cTasguMH OGLIYHO BBOLATCH MepHOAHYECKHE
rpanuuHble yciaoBus Bopana — Kapmana.

_r. T'panuunnie ycaous Bopra — Kapmana [18, 19]. Paccmot-
pum rpynmy $; W COCTaBASIOLIHE €€ TPaHCJSANMMH. [IpeAmoJIoKHM,
yTo HMeercsl 0OJIbIIOe MOJOXKHTENbHOe Yucyao Ny, Takoe, UTO TOUYKH
r— N, u r+ Ny B TPOCTPaHCTBE KpHCTaJ/la TOXKAECTBEHHLI,
Takasi TOXIECTBEHHOCTb MOIJIa OBl BBIIOJHSTHCS “CTPOrO TOJBKO B
TOM CJlyyae, €CJM KPHCTaJJ B HalpaBJeHHH @; Obll Gbl KOJbLOM.
OaHako ecad 4ucJ0 N; AOCTAaTOYHO BEJIHKO, 9TO HPEANOJNOKeHHEe
MOXKHO IIOHMMaTb KaK HPeldNoJOXKeHHe O TOM, UTO KpPHCTada pazbu-
paeTcd Ha OoJiblliMe OJOKH, HJAH OCHOBHBIE 06JacTH. DTH 60oJbllHe
6JIOKH TOBTOPSIIOTCH TAaK,. YTOOB! BOCIPOHU3BECTH BeCh KPHCTaJl.
ITocKoNIbKY paccTosHHe MexAy Toukamu r— Niay u r 4 Nia, co-
craBasier 2N, maros AJMuUHOA @ rpaHu4Hbe ycjoBus Bopha — Kap-
MaHa MOXHO 3alHCcaTb B BHAE

r— Nlal =r -+ Nlal, - (436)
HJIH .
r=r -+ 2N,a,. (4.37)
Hanee (4.37) MoxHO mepenucaTb B onepaTopHoii dopme:
{9[0}-r=r={el2Nla1}-r={e|a,}2N‘-r. (4.38)

AnanoruunpiM o6pasom nyctb Ne u N3 — Gojiblide [OJOXKHTEJb-
Hble uHCJa, TaKue, 4TO AJis MPOH3BOJBHOIO

{0} - r=r=1{2| 2Ny} - r={e|a}}"" - r, -(4.39)

{0} - r=r=1{2|2Nsas} - r={e|a}"" - r. (4.40)
CJleloBATEJbHO,

{ela}™ = (| a}™ = (e |a;}*" = {£0}. 4.41)

Tax kak {e | 0} ecTb ToXIeCTBeHHuIH ajaeMeHT B rpymuax Ty, Tz, Ts
Hwin §, To CTAHOBHTCA $CHO, 4TO ycaoBHe Boprna — Kapmana dax-
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THUeCKH obpalaer rpynns GeckoHeyHOTo NOpAAKa B rpymmel Ko-
HeuHoro (HO GoJsbuIoro) NopsAZka. BosmoxHa sxsusajseHTHast ¢op-
MYJHPOBKA 3TOr0 pe3yabTaTa 4Yepe3 [JONyCTHMble 3HauYeHHsd, KOTO-
pHle MOTYT MDHHMMATb HHIEKCH [;. A HMMEHHO: BEKTOp pelIeTKH B
KPHCTaJJIM4eCKOM HPOCTPAHCTBE, COIMIACYIONHCH ¢ MepHOAHYeCKHM
rpaHHuHEIM yceaoBueM Boprna — Kapmana, Rr, Moxno tenepb ompe-
JeJUTh KaK

RL= lla] + lg(lg "l" lga3, raje — N] < l] N], (4.42)
RL+2N1a1=RL+2N2a2=RL+2N3a3=RL. (4-43)

QOueBujHo, ¥ ceayer Tenepb paccMaTPHBaTb KaK alefeBy rpynmy
nopsiaka 2N, ¢ ognuM o6pasyouEM sieMeHToM {e | @i}; 3TO OTHO-
cutcsa U K rpynnam $, u s [loanyo TpaHCASHHOHHYIO Tpynny £
c/elyeT paccMaTpHBaTb KakK alejeBy TIpymnny c Tpemst o6pasyio-
IAME 3JIeMeHTaMy, UMeILy nopsinok N, rae

N = (2N)) (2N,) (2N3) = 8N N, N, (4.44)

Jpyrumu cioBamu, $ ABJsSeTCS MPSMbIM IPOH3BefeHHeM abeleBbiX
MOATPYNN, Ha 4TO U ykasniBaeT (4.34).

H

a. CaoiictBo oneparopa {e|t}. 3 (4.6) BugHOo uTOo omeparoph
{e|t}, ecnu ux npuUMeHHTHL K Pa3HOCTH BEKTOPOB 7, ONPELeIeHbl He-
noJHo. JefcTBUTeNbHO,

{elt}-r=r-1t, (4.45)
{e|t) r'=r 4+t (4.46)
TaK YTO
{elt}-r—{elt}-r"=r—r'. (4.47)
Ho mast p==r —r’ umeem 4
{elt}-p=p+1, (4.48)
TaK 4TO
|t} r—r)=(@—r)+t. (4.49)

Takum obpasom,
{elt}-r—{elt}-r" & et} (r—7) (4.50)

IMosromy caenyer pasandath omepauuu (4.47) u (4.49). 10 pasau-
uHe CTaHOBHUTCS SCHBIM, €CJIH PAcCMOTPeTb (PU3HUeCKHH CMBICA mpe-
o6pasosauus. Eciau MBl XOTMM NPOHM3BECTH KECTKMH CABHT ABYX
TOYeK r H +/ Ha paBHYIO BeAMUWHY f; NPH KOTOPOM COXPaHAETCH
(uu ocraercs MHBapHaHTHBIM) pacCTOfiHHE r — 1/, TO CJeAyeT
BOCMO/Ib30BaThCst onepanuel (4.47). Ecan xe tpeGyercs npousse-
CTH JKEeCTKOe CMelIeHHEe BEKTOPa @ == r — r’, TO HYXHO NOJb30BATb-
¢ (4.49). Dror BompoC He AOMKEH BHI3LIBATb 3aTPyAHEHHI.



32 Trasa 2

§ 5. DaeMeHTH MOBOPOTHOH CHUMMETpPHM:
TOYeYHAsl Tpynma Kpucraana

Paccmorpum ciyuad mpocroro KyGuueckoro Kpucrajna. Torna
_ B KauecTBe BEKTOPOB &;, @y, a3 u3 (4.1) MOXHO B3ATb TpPOHKY
B3aUMHO ODTOTOHAJBHEIX BEKTOPOB PaBHOH MJHHBI, TaK 4TO @;-@;j==
= a0;; u |a;| = a. [anee, paccmatpuBas matpuily npeo6pasoBa-
HHSL ¢ B JAE€KapTOBBIX KOOPAMHATAX, 3alHulleM ee MaTPHYHBHE 3Je-
MeHTHl B BUpe (@) = @i;. IpefoBaHHEe OPTOTOHAJBHOCTH @ CJENLY-
wilee U3 (3.4), IPHBOAHT K OrpaHHYeHHsM, HaKJ/JaJAblBAEMBIM Ha

TPAHCTIOHHPOBAHHYIO MAaTPHILY ¢ C SMeMeHTaMu (¢)i = @y
¢ e=¢-g=¢ (5.1)
rie € — elHHHYHas MaTpula ¢ pasmepamu (3 X 3):
(8);;==10y;. (5.2)
Bhiuncaas neTepMHHAHT npaBoi u JgeBofl wacredt (5.1), moaydaem
detq - qg=(detq)=1, (5.3)
HJH
detg= 1. (6.4)
Huts1 coGCTBEHHBIX BpalieHHH
detq¢ =+ 1 (co6cTBeHHLIe BpauleHHA). (5.5)

1 HecOGCTBEHHHIX BpalmmeHul (Hau oTpakKeHui)
detg=—1 (HecoOGcTBeHHbIe BpalleHHS). (5.6)
B ofiuiem cayuae BpalleHHe MOXKeT ObTb H COOGCTBEHHBIM, H He-
cOGCTBEHHBIM; MBI OyjaeM HX pas3JjMyaTbh 0 Mepe HeOOXOAHMOCTH.
Xopowio usBectHo [1], 4To 3ajaHHas BellleCTBEHHAs YHHTapHas

(um oproroHaJbHAas) MaTpuUla ¢ MOMOLILI0 OPTOTOHAJbHOIO Ipe-
00pasoBaBHg MoxKeT OBITb IPHBEAEHA K BHUAY

cosp —sing 0
¢=41 sing cosg 0 {. (5.7)
0 0 1

Kak Gyjer NoKa3aHO HHXKe, U3 TpeOOBaHHS COBMECTHOCTH MOBO-
pOTOB ¢ M TPAHCASAUHA DEIUeTKH ¢ HeoOXOAHMOCTBIO CJeayeT

(pz%‘., n=1, 2, 3, 4, 6. (5.8)

OtmeruM, 4T0 Tpeo6paszoBaHHe, NPHBOAAILEE OHY H3 MAaTPHI, ¢
HaGopa npeoGpa3oBaHuii cHMMeTPHH K BUAy (5.7), BooOIle ToBOPS,
He Oyaer NPHBOAHTb K TAKOMY Ke BHAY KaKyio-1u60 APYyryiw Mart-
puuny @', Aaxke U3 TOro e Habopa.
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a. Oneparopst noBoporoB {@|0}. Omepatop {@|0} moxHO ompe-
J€JHTh COOTHOIIEHHEM

{@|0} - r=¢.-r=r’, (5.9

rae .
¢ r=xa + xa,+ xa, (8.10)

a X, X, X; ompelieleHbl COOTHOUIEHUSIMH, aHaJOrHYHHMH (3.1), Ho
c tilg)=0: ,

X == QX @ty T+ @y5%;,

X5 == @y X) + Pyoy + @y

X3 == Q31X+ @go¥y T Py
O6paTHoe BpaieHHe ¢! obsafaeT TeM CBOHCTBOM, YTO IJSI OPTO-

FOHaJBHON MAaTPHUB @' = @, TaK u4To @ '-@ =g ala/JOTHYHO
{5.1). COOTBETCTBEHHO B ONEPaTOPHBIX 0003HaUEHHUSX

{910} = {97110} (3.11)

{@10}™" {910} ={o~" - @0} ={e]0}, (5.12)

rae {e |0} — ToxkpecTBeRHOe mnpeoGpasoBaHue (4.10).

JLJ1s1 Kaxa0ro KOHKPeTHOro KpHcraJjsa B oflieM ciyyae HMeeTcs
Ienas COBOKYHHOCTb MaTpHIl g, COOTBETCTBYIOUHX MpeoOpa3zoBa-
Huo tHOa (3.1), KOTOPYI0 M 0603HAYHM

g, Q3, P35 o0 ‘pp' (513)

Kasknast U3 MaTpHIl (o BeleCTBEHHa M YHHTapHa, H Kaxjaasd yAO0B-

JjgeTBopsier yciosHIo (5.1). TlpousseneHune ABYX MOBOPOTOB AAET
TaK¥Ke IOBODOT:

Po * P35 = Qgr- (6.14)

B oGuiem ciyuae OH IpHHapJeXHT COBOKynHOCTH (5.13).

6. Toueunasn rpynna P. ITosHYI0 COBOKYIHOCTH Pa3JHUYHBIX IO-
BOPOTOB, BXOJSIHX B KayecTBe OJHOPOJHOH uyacTH B 0Olilee Ipe-
o6pasosanue (3.1), 6ynem omuceiBath Habopom (5.13). dra coso-
KyIHOCTb 0o6pa3yeT TPYIIy, KOTOPYIO TNPHHSITO Ha3blBaTh TOUEUHOH
rpynnofi § kpucraia. Hcnoabsys onepaTopHbieé 0GOSHaY@HHs, MEI
MOXKeM cKa3aThb, 4To Habop H3 p onepaTopos

{8[0}, {@2[0}; LR ] {(pplo} (515)

cocrasJjser rpynny P. OueBuiHO, YTO NpPABHJIA YMHOMEHHS 3THX
ONepaTOPOB HMET BHI

(0010} - {9210} = {goe 10}, (5.16)
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rie {go: | 0} mpumaasexut copokymmoctd (5.15). 3amernm, uTo
IpH 9TOM He YTBepxkjaaercd, uto Jobasg Touka KPHCTadaa HMeeT
cuMMerpHio B. Creayer mOAHepKHYTh, uTo PR ABJAsSEeTCI TAaKOH COBO-
KyIIHOCTbIO mpeobpasopanuil obuero Buga (3.1), KoTopas cooTser-
cteyer nosoporaM. CoBOKymHOCTb omepaTopoB (5.15) ynosJaerso-
psieT rpyNNoBbLIM [OCTYJaTaM: B 9TOH COBOKYNHOCTH HMeEETCS TOXK-
necTBeHHBIH sjeMeHT {e | 0}; cormacuo (5.16), mpousBeneHHe ABYX
OIlepaToOpOB OTHOCUTCS K 3TOH 3Ke COBOKVIHOCTH; L/ KaKA0ro ole-
patopa HuMeercsl oOpaTHBIi ONepaTop; MNpOH3BeAeHHe objagaer
CBOUCTBOM accouuaTUBHOCTH. CilefioBatesbHO, P COOTBETCTBYET
MaTeMaTHYeCKOMY MOHSTHIO TPYIIILL.

§ 6. OGwmii aneMeHT CUMMETPUH KpPHCTAJJA:
npocTpascrTBenHas rpynna &

-a. Oneparop {@|t(q)}. das 06o3nauenus npeoOGpasoBaHHs CHM-
merpHH o0wero supa (3.1) BBezem omepatop {g|t(g)}:

olt@} -r=9¢-r+t@=r" (6.1)

Ormetuym, uto dopmysa (6.1), mepenucanuasi B KOMIOHEHTaX, COB-

najgaer ¢ (3.1). MoxHO NepeurHCNHTL BCe ONepaluu B Habope HIH

MOJTHOA COBOKyNHOCTH mpeobpasopanuét Tuna (3.1). Ilepeuncnenune

NpOlle BCErO BLINOJIHHTB, TPYNIUPYS BCE ONEPapHHu, COJAEpPKalHe

O/IHHAKOBLIE IOBODOTH:

{210}, {elai}, {elas}, {elas}, ..., {e|Ry}, .. 5

{@21 7 (@2}, {9217 () + @1}, {@2| 7 (@0) + a2}, {q2]7v (9 +as}, ...

coos (@21 T (@) +RL} Ly (6.2)

{0o17 (@)}, {917 (@p) + @i}, {917 (@) + @}, {@p17(9p) + a3}, ...

coos {@p 1T (@) + RL}, ..

OtMeruM, 4TO Nepeuncienue (6.2) BHIOJHEHO TaKHM 00pa3soM,
4yTO BeJHUHHA T (@) ONpeesieHa COOTHOLIEHHEM

T (o) =t (9;) — Ry =1, (6.3)

T. e. T(@s) €CTb HaHMeHbIIasA TPAHCJALMSA, COBMECTHMASA C NOBOPO-
TOM @ H TpaHcasinuelr Ha Bektop pemerkn Rr. Takum oGpasowm,
MMEIOTCS] JiBe BO3MOXKHOCTH:

¢ T(g)— HyJeBOH BEKTOD (6.4)
HJIH ‘
T () — BEKTOP TpAHC/ISAUMH, HE ABJIAIOLIMACA TPaHC/Is-
LHOHHLIM BEKTOPOM peIleTKH. (6.5)

HHBIMHE cloBaMH, AJs J060f onepanuys NPOCTPaHCTBEHHOR IPYINBl
TPaHC/IsILHOHHASt YacTh #(¢) Au00 paBHa OAHOMY H3 BEKTOPOB pe-



Rpucraaauueckue npocrpancreentoe epynnst 35

wetku Rr(¢), nmubo paBHa cyMMe BeKTOPa pelleTKH (BO3MOXKHO,
HYJ1eBOr0) W BEeKTOpa TPaHCAAUHH T(¢), HA3HBAEMOTO BEKTOPOM
HeTPHBHAJbHOH (9acTHUHON) TpaHcasiuuu. [lepeurciieHiie BO3MOXK-
HbIX COBMECTHHIX KOMOHHaUHH @ U T(Qs) SIBJASeTcsd 3ajauell KpH-
craJjjorpaduy; OHO MPUBOJAMT K BBIBOAY, UTO CYUIECTBYIOT BCETO
230 TpexMepHHIX IpocTpaHcTBeHHBIX rpymn [12, 13]. Bynem cun-
TaTh, YTO 3T ONHcaTe/ bHAs PaboTa BHIIOJHEHA W ee Pe3yAbTaTaMu
MOXHO I0Jb30BaTbcsl N0 Mepe HanoO6rocTH. IlepefizeM Tenepb K
PACCMOTPEHMIO MAaTeMAaTHUeCKOH CTPYKTYpHl HPOCTPaHCTBEHHBIX
TPYIN H TeX HX CBOMHCTB, KOTOPHe 6y/1yT Heoéxo/:meI JJIsl mocJe-
AYIOLLEro pacCMOTPeHHs.

3ameuanue (cM. HHXKe): BHIOOP T(p) MOkeT ObTh HEOAHO3HAY-
HEIM, T@K KaK MOXET OKa3aTbCs, UTO HAaUMEHBIUIHX 3IKBHBAJEHTHEIX
BEKTOPOB HETPUBHAJNbHHX TPAHC/SIIHUHA HECKOJIBKO, — B TaKOM CJY-
yae NPOH3BOJILHO BHIOMpaeTCcd OAMH U3 HHX.

IMpoctpancreenHasa rpynna @& —osto Habop mnpeoGpasoBaHHi
tana (3.1), mepeBOAALUNX KpHCTaMJ B €ro PeIIHKYy MyTeM KOH-
rpysHTHOTO OToOpaeHHsl. MHaue MOXHO CKasaTb, YTO MPOCTpaH-
cTBeHHYlo rpynny & cocraBasier Habop ONlepaTopor. HpeobpasoBa-
Hu# tHna (6.1) (kaxaoMmMy npeoOpa3oBaHHIO COOTBETCTBYET OXUH
onepatop), KOTOpble IIepeBOJAT SKBHBAJEHTHHIE TOUKH * H 1’ KOH-
GburypautoHHOTO NPOCTPAHCTBA IPYT B Jpyra.

6. I'pynnoBble cBoiicTBa onepatopo {¢|#(¢)}. Uto6H moxasarts,
YTO COBOKYNHOCTb ollepaTopos Buia (6.1) obpasyer mateMaTnue-
CKYIO TPYNNy, YCTAHOBHM CHauasa pe3yJbTaT ACHCTBHA ABYX IOC/e-
JNoBaTeNbHHIX Npeobpasosanuil. Tak, ecau

{9 [E(@)} r=1g-r4t(q)=r' (6.6)
H
{oslt (@)} - r'=qs-r" +t(p)=
=@ r @3- t(@z)‘+t(¢3)=f", (6.7)

TO H3 NPAMOTro COMNOCTaBJICHHSA CJaenyer

{0312 (@3)} - {@2 12 (92} = {pa - @2 | s - t (@) 4 £ (92)}.  (6.8)

Wrak, mpousseneHHe omnepatopoB {gs - ¢z | @3 - #(@2) + £(ps)},
OYEBHJIHO, SBJSETCS ONEpaTopoM NpeoOpPa3OBaHUsi CHMMETPHH C
IIOBOPOTHOH dYacTbio @3+ ¢z H TPAHCAANUOHHOK COCTaBJAAIOIIEH
@s - E(q2) +t(@s). Ecn @s + @2 = qu, O #{qu) = s - #(qz) + #(ps).

Hcnoab3yss mnpasu/io yMHOXeHHd (6.8), HeTpyaHo ycraHo-
BHTb BHJ 00paTHOTO omepaTropa JAJs NPOH3BOJBHOIO ONEpPaTopa

{go | t(go)}. Onepauns, o6paTHas MOBOPOTY o, €CTh ¢y . [ToaTOMy
l {(po l t ((pa)}_l = {(po_! ‘ - ;l -t ((pa)}' (6.9)
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dopmysay (6.9) erko nNpoBepUTH:

(@t (@5)} - {05 | — 05" -t (@05)} =

= {0, 95| — 0, 95" ¥ (0,) +(9,)} = {£10}. (6.10)

3ameruM, uto (6.9) ofnpenensieT onepaTop, NpHHAANEXRAIHA COBO-
kynHoctd (6.1), Tak kKak ero HOBOPOTHAS YacTh COOTBETCTBYET
TIOBOPOTY, 00paTHOMY pa3pellleHHOMY HOBOPOTY, T. €. NPHHAMJNEKHT
coBokymHocTH (5.13), Toraa Kak ero TpaHCJSIHOHHAS 9acTh COOT-
BETCTBYeT TPAHCJASHMH Ha BEKTOP, MOJYUYeHHH H3 BeKTOpa
— t(¢,) noBopoToM @

HakoHen, MoxHO y6eAUTbCS B TOM, YTO YMHOXeHHe accouua-
THBHO!

{(Po | ((Pa)} . {‘Pr | ((Pr)} . {(Pu [¢ (‘pu)} ==
= ({‘pa |t (q)a)} “{o. |t (q\r)}) ' {(Pu |t ((pu)} =
= {0 [t (05)} - ({@c ]t (@)} - {0, | (w,)}). (B.11)

PesroMupyeM: COBOKYNHOCTH onepaTopoB {q¢|f(gs)}, onpene-
JeHHBIX corsacHo (6.1), ob6pasyer rpymnmy [1]. Mu yGenununch
B 3aMKHYTOCTM OHHapHOH aJre6pauueckod omepauuu (yMHO-
JKeHMs), B CYLIECTBOBAHMH TOXKAECTBEHHOTO 3JeMeHTa, B Cylle-
CTBOBAHHH OOpPaTHOTO 3JieMEHTa H B aCCONHATHBHOCTH OHHapHOH
ajrebpanyeckoll omnepapuu. [lansee, BcaeiCcTBHE HAJOXKEHHS Ha
rpynny € ycaosuii bopaa — Kapwmana, rpynna & koHeuHa, T. e, OHa
COCTOHT TOJIBKO H3 KOHEYHOTO HUC/a ONEepaToOpOB,

B. CoBmecTHOCTH MOBOPOTOB W TpaHcasaumil. M3 (6.9) craeayer,
YTO €CJH B [POCTPAHCTBEHHOH rpynne @ mHMeeTcsl TpPaHCIAANHA
t(g2) B KauecTBE TPAHCJASIHOHHOA YacTH CJHOXKHOTO dJeMeHTa CHM-
MeTpud, T0 B & JOJMKHBH BXOIHTb H JONOJHHTEJbHEIE 3JE€MEHTH
@s * t(q2), monyuaemule us f(gz) MOCPEACTBOM MOBOPoTa. DTO MO3-
BOJISieT PACCMaTPHBAThL H CHCTEMATH3HPOBaTb COBMECTHLIE OMEPaTo-
pH BpalieHu#l u TpaHc/asuui. ITosHOe ucclenoBanue yCJAOBHH COB-
MECTHOCTH MOXHO HafiTu B apyrux kuurax [7, 12, 13]. 3zmech mm
OTMETHM JHIIb OJAHH aclleKT STOro Bolpoca. Ecau omepanus
{@z | t(g2)} sBasiercst wucroi tpamcasuuedr {e| R.}, To

(o[t (@)} (1R} {05! [ — 05" -t (%)} ={e 1w, R} (6.12)

ToXe sBisieTcss TpaHcasuveli. Ho mosopoT BekTOpa pemieTku A0J-
’KeH NepeBOJNTb €ro OMNsATb B BEKTODP PeIIeTKH, MO3ITOMY BeKTOp
@o - R. pomxen GHTb BEKTOPOM PELIETKH:

¥ Ru=Ry, 6.13)
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A B KOMIIOHEHTaXx s
Sjj (05 .1y =10, (6.14)

rae I, I;— yenpre umcaa. TlosToMy B HeKOTOpoR CHCTeMe KOOD--
AMHAT
(€5);; COCTOHT H3 LEJBIX YHCEJ. (6.15)

B uYaCTHOCTH, CJie[l MATpHIBl (¢, PaBeH

Spgs,= Zj: (qg);; = nesoe 4HCIIO. (6.16)

C npyrofi CTOPOHEI, MMeeTcsl CHCTeMa KOOPAHHAT, B KOTOPOH MaT-
puua g umeet BuA (5.7):

cosp —sing 0
;==\ singp cosq O
0 0 1

H3BecTHo, 4TO cJlefi MaTpHLbl HHBaPHaHTeH OTHOCHTEJNbLHO Bpalle-
HU# CHCTEMbl KOODAHHAT, T. €.

SPp §o == == (2 cos + 1). (6.17)
CJlef0BaTeNbHO, NOJNy4YaeM ypaBHeHHe
=+ (2 cos@ 4 1) = nenoe uucio, ' (6.18)

peunieHne KOTOPOTO paer

g=22, n=1,2,3,4,6. (6.19)

Takum o6pasoM, (6.19) sBasgercs XOpOIIO H3BECTHBIM YCJOBHEM
COBMECTHOCTH BpallleHu# H TPaHCAALHMH B TPeXMEPHOM KpPHCTaJlle.

r. Onepatop {¢|f} B KpHBOMuMHeiiHO# cucTeMe KoopauHat [12].
B mpocTpaHCTBEHHHX TPyNNax, AJs KOTOPHIX €CTeCTBEHHasi TPOHKa
Ga3HCHLIX BEKTOPOB @, @y, @3 HEOPTOTOHaJbHa, 06buHO Haubosee
yA0GHO HCIOJIb30BaTh /IS MOBOPOTHHIX 3JIEMEHTOB CHMMETPHH -
npejcTaB/jeHHe B BHJAE TEH30POB BTOPOTO pAHTa B KPWBOJHHEHHEIX
koopauHatax [12]. ITockosbKy ollepaTop B Tako#l ¢opme onpee-
JAseT JuHefiHOe NpeoGpa3oBaHHe MeXay r H r/, er0 MOXHO 3al-
caTh B BHJe ’

Q= iZ]: Qy;a;by,

rae by, by, by — Tpoiika BeKTOPOB, OGpAaTHHX @), @y, 43 (6.20)
a;- b1= 6”. - ) (6.21)
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OueBHHO, 3aNUCHIBAs ;
r'=(p- r, (6.22)

MBI TPOU3BOAHM JIHHefiHOe NpeoOpasoBaHHe, HpH KOTOPOM KOMIIO-
HEHTHl (X1, X2, X3) BeKTopa r rmpeobpasywoTcs B KOMIOHEHTH

(x{> x5, x;)  Bektopa r’. TpeGoBauue, 4ToOL NpeobpasoBaHHue MO-

BOPOTa COXPaHSJIO PaCCTOSHHE MEXJy ABYMs TOUKaMH, HPHUBOIUT
K yHHTapHocTH ¢. IlycTb @ — Marpuia, CONpsixKeHHas! ¢; TOraa

¢ = Z] Qi;b,;. 6.23)
TpeGoBaHHe OPTOTOHAJBLHOCTH JaeT
/ P == (p—l: (624)
rie
q) . (p"l:q)—l . q)=8, (6.25)

a & — €IHMHHYHHH TEH30D BTOPOTC paHra B KPHBOJHHERAHLIX KOOp-
JHHATax!

e=) ab;. (6.26)

QueBHjHO,
r=er (6.27)

nJisi Beex r. TeH30pHl BTOPOro paHra B KPHUBOJHHEAHBIX KOODJHMHA-
TaX MOXHO Hpeo6pasoBLHIBaTh MO CYmeCTBY TaK e, K&K MaTpuIlbl
B AEKAPTOBHIX KOOPAHHATaX, KOTOPHIMH MBI H 6yIeM TOJb30BAThCS
B 3TO# KHHUTE.

DKBUBaJIeHTHOe , TpeACTaBjeHHe TAKOTO TEH30pa  BTOPOrO
paHra ¢ noJydaercsl, €CJH 3aaTb OCb BpallleHUsl €JHHHUHBIM BeK-
TOPOM #, MapaJlIe/IbHEIM 3TOH OCH, H YroJ [OOBOPOTa BOKPYT 3TOH
OCH: ,

¢ = = (uu 4 (¢ — uu) cos ¢ 4 & X usin@). (6.28)

Tlocko/IbKY 3allich ¢ B BHAe MATPHIEI HMEET BTOPOCTENeHHOe 3Ha-
yeHHe ¢ TOYKH 3PeHHS ueJell HacTosAllefl KHAWTH, MBl He OyneMm [a-
BaThb HCYEPNBIBAIOLIErO H3JIOXKeHHus 3toro sompoca [12].

IlBe npocTpaHCTBEHHBIE TIPYINB, AJs1 KOTOPHIX OyAeT jpaH no-
ApOGHHI aHaNH3, —3TO rpymma anMasa Fd3m, Oh u rpymna Ka-
MeHHOM cona Fm3m, O}. B o6oux cayuyasx KyOuyeckas CHMMeTPHS
HO3BOJIAET B KaueCTBe eCTeCTBeHHOro 6asuca B3sITb TPORKY OpTO-
roHa/JIbHBIX BEKTOPOB; N03TOMY HaHboJiee IPOCTHIM OKa3hiBaeTcd
opejicTaBjeHHe ¢ B BHJAE MATPHUH B JeKaPTOBHX KOOpJHHATaX.

a. Mopsapox npocrpaHcrBeHHoél rpynnet @. I3  onpenenenns
onepaTopoB NPOCTPAHCTBEHHOH rPyNNbl B KOH(GHUIYypalmHOHHOM MpPO-
CTpPaHCTBe ~HENOCPEeACTBEHHO CJelyeT, 4YTO NPOCTPAHCTBEHHAH
rpynna @ uMeer nopajioK gpN, nie g, — NopAfOK TOUYeYHOHR Ipymnnel
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$, a N — nopAaoK TPaHCASUHOHHOH rpynnsl $, onpeaensieMbli ¢op-
myJqoi (4.44). B cuMBOJIHYECKOM BHAE

0(®)=0(P)-0(2)=g,N. (6.29)

e. UnBapuantHocts noarpynnn Tpancasuui T. flcho, uro Ha-
60p onepaTOpPOB NPOCTPaHCTBEHHOH TPYNNH, BXOAAWIUX B &, T. €.

IR, (6.30)

o0pasyeT MOATPYNNY NOJHON NMPOCTPaHCTBeHHOH rpynnel. Paccmor-
pUM OmepaTop, CONpsSxKeHHE oNepatopy (6.30) # nOJy4eHHBIA
TpaHcHOPMHPOBAHHEM NPOH3BOJBHEIM OHEPATOPOM NPOCTpaHCTBEH-
Hofl rpynnn @, T. e.

{olt@} " - EIRY {olt (@)} ={elo 'R} (6.31)

CoryacHO ompejeneHHio peuieTku, omeparop (6.31), asasowmnics
OnepaToOpOM UHCTOH TPaHCJASNHH, HOJIKEH OBITb TOXE ollepaTopoM
TPAHCAANHH DeNIeTKH

{ele™" - R} ={e|R.}. (6.32)

ITostoMy moarpynna € 3aMKHYTa OTHOCHTEJNLHO CONDPAXKEHHS H AB-
JseTCs UHBaDHAHTHOH, HJIH HOPMaJibHbIM geautedeM [l ].

x. Pakroprpynna. Pasnoxenue rpynusl @ no moarpynne ¥ 3a-
MUChIBaeTCcs Torma B BHueE

@=$+{(p2|1:2}3:+ e +{q)ol1:o}1+ e +{¢P‘Tp}i:, (633)

rae BEKTOP Ty MOXET OKa3aThCsd M Hyjem. [I1s1 AaHHOH IpocTpaH-
CTBeHHOH Trpynnel & Bu6Op mpeicTaBuTeNs KaXJOro CMEKHOTO
Kiaacca B (6.33) HeoaHo3HaueH (KpoMe cJjyuasi, KOTAa Bce T =0).
ITO mNpeACTaBJaSeTCSd OYEBHAHHIM, TaK KaK, €ClIH K 3JeMeHTy
{@s|Ts} R0OGaBUTb NMPOU3BOJBHHIA OMEPATOP TPAHCJAALUUH DPeleTKH,
TO CYMMApHBI# omepaTop OyAeT HpHHaAJIeXKaThb K TOMY XKe CMeX-
HOMY KJaccy. BosHHKamouas IpH 3ToM (aKToprpylna

®/T =g (6.34)

nzomopdHa ToueuHoH rpynne P, BosHHKawIIeH, eClIH NOJOKHTb
PABHEIMH HYJIIO BCE BEKTOPHl TPAHC/ALHH B COBOKYMHOCTH HpejicTa-
BHTeJEH CMEXKHBIX KJaCCOB:

P={el0} {9210}, ..., {9,10}, (6.35)

yro coBnagaer ¢ (5.15). '

PasyMmeercs, asieMeHTaMH TPYINH § ABASIOTCS CMEXKHEIE KJACCH,
T. €. COBOKYNHOCTH ONEpaTOPOB; 3JIeMEHTH TpPynns R — 5TO OTHENb-
Hble onepaTophl. Ha s3bike a6cTPakTHOR TeOopuUH IPYNN 5TH [PYIILL
usomoppun: §F = P. -
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3. Cummerpusa y3aa. B obuiem cayuae B KpHCTa/aie MOXKET HE
ORITh HH OJHOH TOUKH, HMeloUleH cHMMeTpuio P, HecMOTpPSl Ha TO
uto G/T = P. ¥Y3ea OynerT uMeTb 3Ty CHMMETPHIO TOJBKO B ciayuae
NPOCTPAHCTBEHHBEIX TPYyNI, Y KOTOPHIX Bce Tq =0, T. e. AAf CUM-
MOPQHBIX TPYHIL

I'pynna cHMMeTpPHH TOYKM r KpHCTadna ofpefensercd Kak co-
BOKYMHOCTL NIpeofpa3oBaHuil, NePeBOAAIIUX KPHCTAM] B €ro pefl-
JIUKY ¢ OCTaBJASIOIINX 3Ty TOYKY HENMOJBHKHOH. :

B panpHefiltem sTa rpynna OyaeT o6osHauaThest KaK Bysaa (1)
uau mpocro P(r). Sra rpynna HaszpBaercs TPYIIOH CHMMETDHH
yaaa. I'pynnbl CHMMeTPUH Y3JI0B AJsl BCEX NPOCTPAHCTBEHHEIX TPy
NpuBeJeHb B MexIYyHApoAHBIX Tabmuuax [16]; B HeKOTOPHIX cay-
4adax NpUBOAHTCA WX mogpoluas kiaaccuduranusa, OTMeruMm apy-
roe, 4acTo MCHOjb3yeMoe o003HaueHHe NPOCTPAHCTBEHHOH [PYHIH

! l {
y3naa %( ), rae rEr( )E( )— BBIIEJIEHHBIl y3ead KpH-

% X %
CTaNNNIeCKOH pelIeTKH. DTo oGo3HaueHHe Hcrnogab3yercss B § 148
[cM. ypaBHeHHe (148.2)].

§ 7. IpocTtpancTeennas rpynna @
KaK UeHTPanbHOE pacliupeHne rpynnp £
¢ nomouibio rpynnsl B [20]

Ipymna @, uMeromwas HopManbHbell Jedurtesb T, dakToprpynima
no xoropoMy ecTh @/ =B, aBasercs pacuiupeHueM rpyman &
¢ nomouibio rpymnel B. UToOBl IONHOCTbIO ONPedesHTb CTPYKTYPY
rpynnsl &, Heo6xoauMo 3agaTh: 1) HOpManabHBIH genuTenp g,
2) daxroprpynny P, 3) cucremy aBromopduaMoB rpymnsl £, cooT-
BETCTBYIOHIMX KaxKAoMy 3jeMeHTy B B, 4) cucremy dakrtoposn. [a-
Jee Mbl IIOKa)keM, KaK NpHMEHATh MaTeMaTHYeCKyio TeODHIO pac-
UIHDeHHs rpynn!) K NPOCTPAHCTBEHHBIM FPYHIIAM.

dnemeHTamu rpynnsl € asasiiores {e|R.}. dnemenramu rpyn-
nel P aBasiorest {@q|0}. Kaxabi sseMeHT rpynnsl P coOTBETCTBYET
CMexXHOMy Kaaccy rpymnet . B uacTHocTH, sseMeHT {g@g|0}
rPyIns P COOTBETCTBYET CMeXHOMY Kaaccy {@q|ts}E rpynnn @,
npeJcTaBuTeseM KOTOporo sipisercs {@q|ts}. Toraa

{95! T} T— {qo10}. (7.1)

ComocraBuM  KaxaoMy asaeMeHTY {@y|0} u3 P oro6paxenne
rpynnoe € Ha € (aBroMopdusM) corsiacHo Ipeofpas3oBaHuIo

{e| R} 2 {9517, " {e R {ws| T} = {e| R’ (7.2)

1) TIyers maun rpynnosl A n B. Ipynna G nHasmiBaeTcs pacuuuperuem rpym-
mst A npn momomy rpynne B, ecnn B G MoxHO HafiTu HOpMaJsbHEL Aeantens A’
usomopounfi A, pakroprpynna no kotopomy usoMopdua B (cm. [118], c1p.72) —
Hpun. ped. .
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HJAU
{elR,}) ={=lq;' R}, (7.3)

PaccmorpuM pasOueHue rpynnel @ Ha CMexHHE KJacCH N[O HOJ-
rpynne $, onpejesiseMoe PaBeHCTBOM

O=T+ {gl 3T+ ... F{ogl T} T+ ... gl 2 (7.4

Coraacao (6.8), mpousBefeHHe [JBYX TPeICTABHTENEH CMEMXHBIX
KJaccoB pPaBHO

{95! 170} * {(pp [ Tp} = {‘Pa Py [ g T, + 170}- (7.5)

Bregem of6o3HaueHHE @y Qo= @op. B pasaoxenun (7.4) npen-
CTaBHUTEJEM CMEXHOro KJjdacca C TaKoW INOBOPOTHOH 4YacTbio fB-
asercst {@qp|top}. [lepenviuem nostomy (7.5) B BHIe

{05! ta} : {(Pp | tp} == {e| R(Ip} : {(Pap I tap}’ | (7.6)
Ry =5 T,+ T — Ty, (7.7)

3nech Ry, — BeKTOP TpaHCaAanuu peleTkd # {e | Rop} — 3eMeHT
rpymnsl €. Y106HO BBecTH crlelna’sbHOe oGosHaueHHe (g, @p) cie-

Jayoumnm obpasom: :
(@, (Pp) = {z| R(Ip}' (7.8)

Myl BHAMM Temepb, UTO NPOM3BEJAEHHE ABYX 3JieMEHTOB U3 P cooT-
BETCTBYeT NPOU3BEJEHUIO ABYX TNPEACTaBHTesieH CMEXHHX KJA4CCOB
rpynnsl @ ¢ TOYHOCTBIO A0 MHOKHTEJS, SBAAIOLIETOCS 3JAEMEHTOM

rpynns £:
B PB: {q5]0} - {9510} = {010}, (7.9)
B ©: {qg] 7} - {(Pp ' tp} == (g, (Pp) {(Pcrpl 1"up}- (7.10)

Taxum o6pasoM, 3aKOH YMHOXKeHHd Ajad I'PYyNNH P TaxkoB ke, Kak
A Jaa rpynnsl @ ¢ TOYHOCTBIO A0 MHOXKUTENd, ABJAAIOIIErocs sJe-
MeHTOM rpynnel $. COROKYNHOCTL p? 3JIEMEHTOB

(qjm (PQE{BIRUQ}’ o, p=1,..., p, (7-11)

Ha3hIBaeTCs CHCTeMOH (akKTopOB, COOTBETCTBYIOLIHX pacHIHpEHHIO.

Cucrema aBToMop®#3MoB {&|R.}? JNOMKHA YAOBIGTBOPSTH He-
KOTOPBIM YCJOBHUSIM COBMECTHOCTH C 33KOHOM yMHOxeHHS (7.10).
Taxk, npousBejeHHe ABYX aBTOMOPGH3MOB ONpeAeNsieTcsi KaK aBTO-
Mop®dH3M NPOU3BeJCHUs, HIH, TOUHEE,

(EIRYY =l o5 a7 Ry ={el (0, 0,) " - R} =
=(elaz - R} = (el R}" )

rae
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IIpu BmBome (7.12) MH Hcmosab3oBagu omnpefeseHue (7.2), saxon
ymHoxenus (7.10), (7.11), a Takxe ToOT q)aKT 470 rpyrma E siB-
aserTca abenesolf, T. €. IMK/IHUECKOH, rpynmofi, Tak 4To” BCe 3Je-
MEHTH CHCTeMB (DaKTODPOB KOMMYTHPYIOT:

(Psr @p) (Dys 1) == (9, ©1) (@01 G,), (7.13)

TaK KaK OHH fBJSIIOTCA 3jeMeHTaMu rpynnen $. BenerncTBue cBofi-
ctBa (7.12) pacmupenvie € ¢ mnoMolpbic P HasbiBaeTcd IIEHT-
PaJibHBEIM,

Jast snemedToB rpynnn @ BLIMONHACTCA 33KOH aCCONHATHBHO-
CTH YMHOXEHHs, TadK 9TO

{901 %6} - (o1 7o} - {0 | Ta}) = ({96 v} - {@p 1 7)) - {9 v}, (7.14)
Ucnonbsys (7.5), (7.8), nonyuaem nas gesolt yactu (7.14)
{961 To} * (@0r Pr) * { @] Voa} =
= {] To} + (0 cpn)~{%lra}" Ao T} + {Ppn| Tou} =
= (@p 90" (0" Pon) * {@opn| Tapa},  (7.15)
TOorAa KakK npaBasd qaCTb paBHa
(%01 @) * {050 | Top} * {0x] T} = (@6, @9) * (@) { @00 | Topn}.  (7.16)

CrenoBaresbHO, LLOJI}'KHO BHITOJIHATLCSH PaBEHCTBO

(‘Pp: (Pn) (' (Ppn) (. ‘Pp) ((Popr Pn)- (7.17)

TTpeoGpasyst 3T0 BHIpAXKEHHE, MOAYYAEM AJst JeBOH uHaCTH
el g an} {2 Rapn} =
={EI(PU' ((Pp' tn'}‘rp_Tpn)"!"tpc'tpn"!'tc—tcpn}=
= {g| Doty * T + g+ To— @0 Vput PTpn + T — ropn}- (7.18)
COOTBETCTBEHHO 151 NPAaBOH YacTH IOJAYYAeM -
{el - To+ T tap} - {e] Pgp * Tn + Top — 1crpn} =
={3|q)a'fp+tcr"‘1op+q>ap'Tn"!'tap—'tapn}' (7.19)
[TounenHoe cpaBHeHHe NOJYUEHHBIX BHPa)KeHUH I0KAa3bIBaeT, 4TO
37IeMeHTH CHCTeMBl (BAKTOPOB YAOBJETBOPAIOT paBeHCTBY (7.17).
B 3akaoydeHue cienyer npeo6pasoBaTb 3aKoH yMHOxeRus (6.8)
JIs1 ONepPaTOPOB NPOCTPAHCTBEeHHOH rpynns K dopme, yao6HOH A5

YCTaHOBJIEHHs CBSA3H ¢ Teopuedl pacumpenns. IIpoussonbHEli ome-
paTop mpocTpaHCTBeHHOH rpymnbl {@o|f(ps)} MOxKHO samucaTth

B BHIE
{wg £ (@0)} = {21 R} - {01 7},  (7.20)



Kpucrarruseckue npocrTpancraennoie epyniol 43

rIe Rs— BeKTOp pemeTkd H {@g|Ts} — NpeacTaBHTe/b CMEMKHOro
Knacca. Ilanee, paccmaTpuBass R, Kax BeKTOp peLIETKH, MMeeM

{q)u‘ t ((Pc)} . {(pn it ((Pn)} =
{8[ R} - {‘Pal ‘Fa} . {8( Rp} : {(Pn [ fn} =
= {e| R} - {01 To} - {81 R} {00] To} ™'+ {06] T} + {p | To} =
= (e IR} CIRY - {00l To} - {0n] T} =

== {8 I Rs} * {8 | Rp}c—_1 ((Pcn (Pn) ¢ {(f(m I tcm}' (721)

TaguMm oGpasom, Mbl BHAMM, YTO KaxkAblil aieMeHT {qo|f(@qs)}
rpynnel @ MoxeT OBITH 3aNHCaH Kak yMopAJOYeHHOe NPOH3BeJeHHe
9jeMeHTa H3 Tpynnsl € Ha TNpeJCcTaBUTEeNs] CMEXKHOTO KJjacca, Ko-
TOPOMY COOTBETCTBYeT 3JIeMEHT rpynnsl P:

{052 (95)} = {&] R} - {051 To}- (7.22)
3aKoH YMHOMXEHHS AJisi ABYX TaKHX JEMEHTOB MMeeT BHJ
{S]Rs} * {(Pa! ta} : {8 ] Rp} : {(Pn] tn} ==

—1
={2IR} - {£IR,}° - (9o @) {WonlTon}, (7.23)
3afaBasi TeM CaMBIM CHCTeMY aBTOMOP(H3MOB Tpymmn &

(IR ={eq,-R,) (7.24)
u cucreMy (aktopos
((Pm Or) = {8 | Rcm} ={&|lqg Tn+ T — tan}- (7-25)

ns cucreMbl aBTOMOpPGH3MOB BHITIOMHSeTCs npaBuio (7.12), a anas
cucteMbl $hakTopoB — npakwio (7.17). CrenosaTesbHO, ONperesnsio-
LIpe CBOHCTBAZ IIPOCTPAHCTBeHHOH rpynnnl & ynoB/aeTBOPAIOT YCJIO-
BusiMm Teopemnbl Illpefiepa. IlosTomy mpocrpaHcTsenHass rpynna @
ABAAeTCA IeHTPaJbHHM paciliipeHHeM TIpyans £ ¢ NOMOLIBIO |,
rpynnel P [20].

CoOTBeTCTBEeHHO MaTeMaTHuecKasl 3ajaya OTBICKaHHS BCEX MpO-
CTPAHCTBEHHBIX IPpynn @ okaswiBaeTcsl TOXKAECTBEHHOH 3ajaye o Ha-
XOXK/AEeHHH BCeX TIDyNN TpaHCAANUH $, BCeX TOUEUHHX rpynm P
H BCeX LEHTPaJblibiX pacluupenuii. OTa 3ajaya AaBHo Oblia MOJ-
HoCThiO .pemteHa llendnucom u PenopoBeiM. Pe3yabTaTH ¥ MOJHOE
nepeunciaenne 230 xpucrannorpadHuecKdX IPOCTPAHCTBEHHBIX
TPyNn npuBefeHbl B KHMre [7]. Mnbr 6yAeM HcHonb3oBaTh 3TH pe-
3yJabTaTel IO Mepe HeoOxoaumocTH. Ilpu aTom Ml GyAeM TO0JAb30-
BaTbed KakK oGosHaueHusiMu Ilendsinca, Tak © CoxpalieHHBIMH
o6osHavennsamu ['epmana — Maryuna [16].

Onuncanue npocTPaHCTBEHHOHX TPYNIL KaK PAaCHIMPEHHs OKa-
BLIBAETCSl  TOJIESHHIM INpH OOCYXJAEHHH TEOPHH MpeaCTaBJleHHH
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MPOCTPAHCTBEHHBIX [PYIN MeTOJAOM IPOEKTUBHBIX MpeACTaBICHHA
(§ 41—44). Nostomy B § 41—44 Mbl GygeM cchlaTbCsd Ha HACTOS-
WMk naparpad.

§ 8. CumMmopHBIE NPOCTPAHCTBEHHBIE TPYIIBI

M3 230 npocTpaHCTBeHHBIX TPYNN 73 rpynnel ABJSIOTCS ¥ CHM-
Mop$HBIMH. B 3THX rpymmax Bce NpeACTaBHTENM B PA3JOKEHHH Ha
CMEXKHbIe KJIaCChl fIBJISIOTCA YHCTBIMH BpalleHusiMu {gq|0}; T =10
nast Beex o. OueBHgHO, B cayuae CHMMOPQHHIX IPOCTPAHCTBEHHHIX
Ipynn paciiupedue  rpymnsl £ 1Ipu NMOMOWIM rpynmel P ABiserca
pacuienifseMbiM [20]. D10 osznauaer, uTo & ABASETCH MOAYNPAMBIM
npousBefenvieM rpynn € u PB. UawMu ciaoBamu, AAsT CHMMOD(DHBIX
IPOCTPAHCTBEHHHX TPYNI CcHcTeMa (BaKTOPOB 3a1aeTC PaBEeHCTBOM

(g, (pp)E{El()} nJA BCEX O, P. ' (8.1)

B sTOM ciayuae pasOuenme rpynnsl @ Ha cMexHble Kaacchl o €
OKa3bIBaercs 0COOEHHO HPOCTHIM:

O)T=2+ (I} T+ ... +{g, |0} 2. (8.2)

O‘IeBHILHO, 4yTO caMa COBOKyHHOCTb Hpeﬂ,CTaBHTeJIeﬁ CMEXHBIX
KJ1accoB

{BIO}’ {q\2lo}’ ey {(pgplo}Esl3 (8'3)

SABJIAETCS 3aMKHYTOH OTHOCHTEJNbHO YMHOMEHHS H, CJIEJOBATENBbHO,
obpasyer rpynny. ITosTomy sTta rpynma, coBmajgamouas ¢ TOUEYHOH
rpynnolt P, sBAAeTcd TPYNNofdl CUMMETPHH HEKOTOPOH peasbHOH
tbusuyeckoll Touku Kpucranana. Muave rosops, § sABnserca rpynnof
cumMetpud P(0) ysna, BeIOpaHHOro 32 Hauajo KOOPAHHAT, OTHOCH-
TeJBHO KOTOPOTro IMPOU3BOAATCH Bce NpeoOpPa3soBaHHUA MOBOPOTA.
Cpenu rpynm, KOTopble GYAYT aHaJM3UPOBATbCA jaltiee, IPOCTPaH-
CTBeHHasi TpynIa KaMeHHOH coJH fABJaseTcd cuMMop(HOA rpyn-
moit!). Do rpynma O, uin Fm3m. B COBOKYIHOCTH CMEXHBHIX
KnaccoB (8.2) rpynmoii TpaHcaAuui $ ABJAETCS B 3TOM ciayyae He-
OpUMuTHBHasE rpymna F  (rpaHeneHTpHpoBaHHasA  KyOHueckas
rpyimna), a TodeyHofi rpynnofi P — mosHasn KyOuueckas rpymnna Op.
[loaTomy g, paBno 48, T. e. B (8.2) BxoaaT 48 cMeXHBIX KJacCoOB.

§ 9. Hecummopdubie mpocTpaHCTBEHHblE TPYINBI

B ocranbubnx 157 HecuMMOP(HBIX NPOCTPAHCTBEHHBIX TPyNIax
Bce (4ad XoTA Gnl HEKOTOPHE) Tg 7= 0. 3TH rpynmml ABASAOTCA
HEHTPANbHLHIM paciliHpeHHeM rpynnbl € npu moMomu rpynne P
ofuiero BHja.

1) droT nonpdc noapoGuo paccmarpuBaercsd B § 126 m mocaenyomux napa-
rpadax.
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Bropas npocrpaHCTBeHHAs rpyIna, KOTOPYIO MB H3YYHM B 3TOH
kHure '), — 570 NMPOCTPAHCTBEHHAS FPYIIa CTPYKTYpH aamasa Ok
uau Fd3m. 3To [N0BOJBHO THUIWYHEIN MNpPEACTABHTENb HECHMMOPd-
HEIX rpynm. ['pynmoft TpaHcasiuuu cHoBa siBjsieTcs rpymnma F o (rpa-
HelleHTPHPOBaHHAd KyOHuecKas), a TOYeYHOH rpymmofi KpucTad-
Ja~—rpynna Op. [lostomy Ol ectb (HepacuiensienHoe) paciiupe-
gue F npu nomourn O, OKasniBaeTcsi, OZHAKO, uUTO AJA 3TOH
TPYNIB HMeeTcsl ympouiamuiee OOCTOATEIbCTBO, KOTOPOE MOMKET
OBITH IIOJIE3HBIM IDH NIOCAEAYIOUIEM HCIONb30BAHWUHM TEOPHH TpPe-
ctaBieHull. I[Ipu IBHOM BHIIMCBIBAHHM 48 CMeXHBIX KJIACCOB B pas-
JA0xXeHHH @ o F MOXxHO NOKa3aTh, 4TO

OF =T+ {g| 3T+ ... + {0l 3T G 3T+ .. {qu T} T. 9.1)

Vmeercs 24 cMeXHBIX Kiaacca, NPEACTaBUTENH KOTOPHIX He CBf-
' 3aHBl C HETPHBHAJBHBIMH TPaHCASAUMAMH: To=0, o=1, ..., 24
H Tg=1, 0=25, ..., 48, Tax 4TO HeTpUBHAJbHAST TPaHCASIMS,
BXOJf1IasA B OcTaldbHble 24 CMeXHBIX Kjaacca, OAMHAKoBa AJf Beex
KJaccoB, ®akTudecky uMeeTcs NOATpynna rpynnnl @, cocrosiumias us

C=T4{pl0 T+ ... + {9410} 2 9.2)

¥ coBnajamomwas ¢ cUMMOPGHOH TUpocTpPaHCTBeHHOH rpynnofr T2

— . \
uan F43m. CaenoBarenbHo, © =T}y ecTb NOATPYIIA ¢ HHAGKCOM 2,
H DOTOMY OHa fBJseTcd HOPMaJbHEIM JAeiuTeneM; dakroprpynmna
©/© usomopdua rpynne versoctu (C;). CnenoBaTennHo,

B/C =6+ {i|1} &, (9.3)
®=0}, ©&=Ti. 9.4)

rae

HosToMy Kaxaplfi npejcTaBHTesb CMeXKHOTO Kjacca B pasGueHun
(9.1) umeer BHA aH60 . :

{‘Paio}: O':],, ey 24, (95)

{17 {9510}, o=1,..., 24, (9.6)

rae (9.5) oTHocHTcA K nHepBhIM 24 cMeXHBIM KaaccaM, a (9.6)—
K caeAyoowuM 24 knaccaM. DTo YIpoiideT 3ajauy HaOWCAHHS CH-
cTeMHbl (pakTopoB. Tak, MOCKOJBKY - .

AH6O

{0010} - {9510} = {¢g, | 0}, (9.7)
cacrema ¢akTopoB HMeeT BUX ‘
(90, 9p) =120}, (9.8)

1) Cm. B § 126 u naaee.
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CoruaacHo (9.6), : '
{0510} - {i] v} = (qq, §) - {ins| T} (9.9)

u .
(g D=1{elgs T—T}={e|qs-T+i-T} (9.10)

Haxkoner,
{igs| T} - {iq)p [ T} = (iyg, i‘Pp) A - Po [0}, (9.11)
(i(PG’ i{Pp)E{aliwdr_l_t} (912)

OueBHIHO, feTanbHOe YCTaHOBJeHHMe Bcell cucTembl ¢GakTopos Tpe-
GyeT HX HaXOxKAeHHs TOAbKO Aaf 24 TpaHcasuudl (@q-v-4i-1),
TaX KaK HMEHHO OHH fABJA0Tca onpeensiomumu B (9.10) u (9.12).
Kpome Toro, pajsee Gyner mokasaHo, 4To TpaHcasduud B (9.12)
npocTo BHOUpAIOTCA U3 MaJjoro HaGopa: HyJAeBOH TPaHCALHH
U TPAHCJAANUH Ha ORMH U3 GA3HCHBIX BeKTOpOB (rpaHeneHTpPHPOBAH-
Horo kyOuueckoro) kpucranjua (cm. § 126).

§ 10. Hekotopsle noarpynnsl NPOCTPAHCTBEHHOH TIPyNnbl

W3 cTpyKTYpH NPOCTPAHCTBEHHOH TPYIIBI ¢ OUEBHAHOCTHIO CJe-
JIyeT, 4TO INpOCTPaHCTBEHHAs Tpynlla HMeeT Ueawnii HaGop moa-
rpymm. B mocaenyioumeM H3JI0KEeHHH B 3TOH KHure y Hac Oyier ciay-
9af HCI0Jb30BaTh HEKOTOPHIE U3 3THX MOATPYIIL.

Bce mnpocTpaHCTBeHHBIe TPYMIBl COAePXKAT TIPYMIy TpaHCJm-
nui € B KauecTBe HopMmaJbHoro genutens. JlioGasg noarpynma s
rpynns € OyJeT oQHOBPeMeHHO H Hoarpymnmoi rpynnsr @. Ilycers
noarpynmna < rpynnel T ABAAETCA HOPMAJbHBIM  JeaHuTeseM
rpynnet @, OueBujio, oHa sBJfAeTcd U HOPMAJbHBIM JeiHTejieM
rpyanel €, Tak Kak $ — aleneBa rpymna. Toria OXHOBpeMeHHO
c rpynno#t G/ (1. e. daxroprpynmofi P) MoKHO OnpeneNHTh Gak-
troprpymny @/%;. Ognaxo ecau

YT, =T+ IRy} T+ .., (10.1)
®/2; = (8/3) - (T[T,). (10.2)

B COBOKYNHOCTH MNpeACTaBHTeNell CMEXKHHIX KJIacCOB B DasGHEHHH
&/ nafineM Bcex npeiacTaBuTeNel BUAa

{el Ry} - {901 7o}, : (10.3)

T. €. KoMOvHauuu (mpoH3BeAeHHs) InpeiacTaBHTeacH H3 (T/Ts)
H npesacraButenas us P. FcHo, 4TO NPHUCYTCTBYIOT Bce TaKHe KOMGH-
Hauuu. Eciym HHAeKC NoArpynnsl s rpynns € pased §, TO HOPAAOK
dakroprpynnu 8/ paseH (g,-s), rle, KaK H paHblle, g, — IOps-
nox rpymne . Huxe y Hac Gyzer cayualt Hcnosb30BaTh HMEHHO
Takoe pasbueHHe, KaK pasbuenue (10.2).

TO
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Has1 cumMMopdHBIX NPOCTPAHCTBEHHEIX TPYHII HanOoJee IOJe3-
HOM ¢ TOUKM 3peHUs IPHUMEHEHHS TeODHH MpeACTaBjeHUH ABAsSeTCH
TOYeuHas rpymna P.

YacTo okasniBaeTcs JIOJe3HHIM pasiiokeHHe IIPOCTPaHCTBEHHON
rpynnst @ Ha DOATPYNNBL, ABJASIOUINECS B CBOIO Ouepedb NPOCTPaH-
crBeHHBIMM rpymmamu. (Hanpumep, Kak 6buio mokasasdo B § 9,
NpocTpaHCTBeHHAs Tpymna aamasa ()} ABJAdiowmascs TUIHYHOR
HecHMMOPGHOR HNPOCTPAHCTBEHHOH TPYNNOH, HMeeT KaK MOArPYIIY
C HHAEKCOM 2 NMPOCTPAHCTBEHHYK TPYINY HHHKOBOH O6MaHKH Tﬁ.)
IlpennosnoxuM, uTo npocTpalcTBeHHas rpynna @ uMeer moarpynmy
@,, TaKkxe SBAAOLLYIOCA NPOCTpaHcTBeHHON rpymmofi. [pynma @,
MOKET BKJIOUaTh (HJH He BKJAoOUaTh) B ceGd B KauecTBe MOATP YL
HOJIHYIC FPYNNY TpaHCAsuuil §; A8 OGIIHOCTH HpPeNoJIONKHM, YTO
oHa He BkjiouaeT €. IlycTb €, — HOpMaJIbHAA MOArpyNma TPaHCJs-
nui, Bxoasimas B &,, u nycTh afeMeHTH £, PaBHH

zaz{sltal}, {elttﬂ}’ {Blta?)}, ey (10'4)
TOI‘,LIq 3JIEMEHTH ®a X’V[O}KHO 3anucaTth B BHIE
Oy =2, {gol? (@)} Zas .., {912 (0p)} 2, (10.5)

IMockoabky T, fBAsieTcs HOPMaJjbHBIM JenautedeM &,, MOXHO mo-
cTpouth (akToprpynny P, 3TO# HPOCTPAHCTBEHHOW (MOA)TPYIIILL:

B/, = B (10.6)

OueBujuo, R, 6yaer nmoarpynmoii rpymns R = @/T. Ilanee, mo-
CKONBKY @, ecTb moarpynmna rpynnsl @, MOKHO BHIOJHUTH pastue-
Hue @ Ha cMexHBe Kaacch o G,:

6 =6, {1t} O, ..., {05124} Ou, ..., {401t (g} O, (10.7)

B (10.7) mnpeacraBuTend CMEeXHBIX KJACCOB BKJIOUAIOT, Kak
06BLIUHO, 3J1EMeHTH, BXoAAiine B @, HO He BXomswue B @,, a Takxe
UMeeTcs OGBIUHBIE MPOM3BOJ B BHIOOpe TPAHC/AAIMOHHOR YacTH oOlle-
patopoB Buaa {@p|f(gp)}. Tak kax rpynmna @, uMeer Bce oGbIuHbIe
cBoOficTBa I'pyHI, TO OHA HMeeT NOJHEIN Habop KJiaccoB, BO3MOKHELIE
HOATrPYINHL U T. [

PaCCMOTpHM 3JIeMeHT {(Pﬂ]t ¢p)}, Bxogsaumi B rpynny &, Ho
ge Bxoaswmui B @, Ecnu cocraButh Habop sxemedtoB @, o
IpaBuAy

{op1 (09} - Ba {01 # ()} =©s, (10.8)

To &, oKkamercsi NPOCTPAHCTBEHHOH TIpYNNofi, 3JeMeHTH KOTOpPOH
MOXKHO JIETKO NOJNYYHTh H3 3JeMeHTOB rpynnsl @, B geficTBuTE b-
HoctH @, Takxe aBJsdercd MOArpymnnoi rpynnsl @ u noarpymnm &,
B G, ABAAIOTCS CONMPsIKEHHBIMA noArpynnamu rpymns @. Ecan p —
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HauMeHbllee YUCJAO, AJs1 KOTOPOTO
{0t (0} = {&I RL), : (10.9)

TO MOKHO NMOCTPOHTb PSIZ CONPSKEHHHIX NOArpymn TpaHchopmMupo-
Banuem asiementa {@g|t(pg)} u ero cremeneit. Hanpuwmep,

{(Pg |2 (CPB)}“l + G, - {(Pt} | (@5)} =G, (10.10)

npefcTaBiaseT co0Oil ellle OAHY TAKyiO IPOCTPAHCTBEHHYIO TPYIIY.
[To Kamwao# %3 3THX TPOCTPAHCTBEHHBIX TPYIN MOXKHO BHIIOJHHTDH
pasbueHue Ha cMexHwule Kinaccwl Buga (10.7). Hacto ymo6Ho pac-
cMaTpuBaTh B3aHMOCBf3aHHBle pas0ueHHs Ipynnn @ Ha cMexHbe
KJacchl, T. €. [0 CONps:KeHHBIM IoArpynmam. Pasymeercs, comps-
JKEHHBle HOArPYIITE H30MOP(HHL.
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HenpuBoaumbie npepcTaBieHus
H BEKTOPHble MPOCTPAHCTBA
KOHEYHBIX TPy

§ 11. Bpenenue

Hacrosimmas rsmaBa nocBsipieHa 0O0uieft TeOPHM HeNPHBOAHMBIX
IpeACTABAEHUE W HEIPHBOAHMBIX BEKTOPHEIX HDOCTPAHCTB HJA KO-
HeuHBIX rpynu. [lpeanosaraercs 3HaKOMCTBO YHTATeJas C 3JeMeH-
TapHBIMH CBeJEHHAMH H3 TEODHH TIpPEe/CTaBJeHHH KOHEUHHX TPy
[1—3]; aTv cBegeHus GyayT KPaTKO W3J0XKeHH (Aas yaoOcTBa M-
TarteJs U A5 BBejeHus o6o3Hauenui) B § 12—18.

Jlas ycTaHOBmeHHS CBSI3W. MeXAY GYHKIHSIMH H IIpejcTaBie-
HUSIMH HeoOXOAMMO BBeCTH B pacCMolIpeHKe omepaTops! npeobpa-
30BaHHuH, JeiCTBywuHe B BeKTOpHOM IIpocTpaucTBe GyHKuui. Pac-
cMaTpHBaeMas rpylna oOIepaTopoB TIoMoMopdHa COBOKYNHOCTH
oTlepaTopoB NPeoGpa3oBaHusd KOOPAMHAT, COCTABMISIONIUX IIPOCTPAH-
CTBEHHYIO I'PYNNY KPHCTAMIOB

O6patuMca Temepb K COAEPIKAHUIO MOCACAYVIOMIMX IViaB 4 u b.
Kaxpaa mnpocTpaHcTBeHHas rpynna @& coaepKUT HOPMaJbHYIO
noarpynny Tpancasiui L. Ilockodwpky rpynna € abeneBa (B jgeii-
CTBUTEJbHOCTH HBASeTCS LIPSIMBIM [POH3BeAeHHeM TpeX [HKJaude-
CKHMX TPYII), ee HeNPUBOAHUMBbIE NPEACTABJNEHHS W HEeNPHBOAUMEIE
JiMHe#Hble BEKTOPHBIE IIPOCTPAHCTBA OAHOMepHH. HempuBoaumbe
npe/crasienns D® xapakTepu3yoTCsl BOJAHOBBIM BeKTopoM R u 6Jio-
XOBCKUM BekTopoM (® [21]. HaGop npomycTuMbX sHaueHui k 3a-
HOJHseT NepPBYi0 30HY DpuimmosHa KpHucTanjia M XapakTepusyet
Bce HelPUBOAUMBIe mpejcTaBienns D® rpymmn Z,

s gaxporo k onpegesen HaGop ollepaTopoB u3 rpynnn @,
npeo6pasytoulux OGJ0XOBCKHH BeKTOp ¢*) B BeKTOp ¢ 3KBMBAJIEHT-
HBIM 3HaueHHeM BOJIHOBOTO BeKTOpa R. DTa COBOKYIHOCTB OllepaTo-
poB ofpasyeT rpynmy BOJHOBOro BexTopa k, o6osHauaemyno @ (k).
Ona sBasercs noarpymnoit rpynnst . OnpenensioTcsi HenpuBoIH-
Mble npeAcTaBienus rpyins G (k). IIag 3To# ean MOXKHO HCHOJb-
30BaThb fABa MeToXa. DyJeT paccMoTpeH MeTox JyuyeBHIX (Ipoek-
THBHBIX MJH HarpyxeHHHX) IpelNCTaBjdeHMH, HCHONLIYIOUIHHA mpej-
craBjaeHMe cTPyKType &(k) kak pacumpennsi. Kpome Toro, Gyjer
H3n0¥eH MeToJ MaJblXx rpynn. Cpean BceX HeNPUBOAHMBEIX Hpes-
craBneHull G (k) AONYCTHMBIMH A HAIINX Ieldell OKAa3HBAOTCA
TOJIbKO HeKOTOpble. ByayT ollpejesieHbl 3TH JONYCTHMbIE HEIpHBO-
JA¥MBIe IpeAcTaBienns DM - a Taxske COOTBETCTBYIOI(HE HM BeK-
TOpHBIE IPOCTPAHCTBA. )
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Ilocaexuum iarom sBAsieTcs pas6ueHde @ Ha cMexHBIEe KJacchl
no @(k). danee HempuBoAMMEIe IpenctasjeHus rpynnn & (k) mc-
HOJIb3YIOTCA A ONpefieieHHs] HENPUBOJMMEIX NPeACTaBJIeHHH
rpyuns 8. HenpuBoanMble NpejcTaBieHus rpynnsl @ xapakrtepu-
3yI0TCS 3Be3JIOH BOJHOBOrO BeKTOpa *k M WHAEKCOM m AOIYCTH-
Moro mnpejcrasieHus D® (m), D10 mocrpoeHHe onpejesiseT TaKxKe
CTPYKTYDPY HEINPHBOAMMOrO BEKTODHOI'O IIPOCTPaHCTBA, B KOTOPOM
3afaHo npeacrabaenne DO} m)

Bce 3T0 paccMoTpeHHe 6a3upyeTcsl HA NPEANONOKEHHH O TOM,
UTO OmepaTopsl Ipeolpa30BaHHH ABIAAOTCH JHHEHHBIMH H YHHTap-
HEIMM (TaK#e OIepaTOPH BO3HUKAIOT IIPH PacCMOTPeHuM npeobpa-
30BaHUA YMCTO NPOCTPAHCTREHHON cHMMeTpuu). [as yuera cuMm-
METPHH [0 OTHOIIEHHIO XK oOpamieHulo BpeMeHH HeoGXOAHMO
paccMaTpHBaTh AHTHYHHUTApHBIE, aHTUJIMHeHHble oIepaTopel. Aty
onepaTopsl 3aJaT TNOJYJAHHEHHBE NpPeACTaBJACHMA, HJAH, KaK HX
HasBan BurHep, «xompenctasnaeHus». CTPyKTypa STHX OPEACTaB-
JeHudl ycTaHABJHBAETCH H o6CyxkAaercs B 1. 9.

Wsnoxxennas Bollle MeTOJAHKAa IIPUMeHHMa K J060H cucTeme,
UMeolEeH CHMMETPHIO KPHCTaAANIecKOH MTPOCTPAHCTBEHHOH TPYIIH
.. PaccMoTpeHye 3JeKTPOHOB HJH B 0OINeM CJaydae CIHHOPHBIX
YacTHL, VCJAOXKHSETCS BCAeJCTBHE HeOGXOAMMOCTH  paCiMPHTD
TpYIIy OllepaTOPOB Npeobpas3oBaHuil, YTOOBI BKAOUUTL Npeobpaso-
BaHWs BEKTOPDHBIX MHIAEKCOB, INPONCXOAsANIMEe, Koria OJ0X0BCKUM
BeKTOp npoferaeT CBOH 3HaYeHHS B 0a3HCHOM BeKTOPHOM ¢YHK-
I[MOHAJbHOM IIPOCTPaHCTBe (eci# OGJOXOBCKHH BEKTOP He IIPOCTO
cKandpHas ¢GYHKUUS, 8 MMeeT COHHODHBlE HHAeKcH). Msnaraemmoi
3jlech MaTepuaJs AolycKaeT TaKoe oGobuieHue.

YuraTeno, He 3HAKOMOMY C MaTepDHAJOM, H3JOXKEHHHM B
§ 12—18, pekoMeHayeTCl NOIOJHWTbL CBOM 3HaHHS, OOpaTHBIIHCH
K yue6Hnkam [1—3]!), mpexnie yeM IIPOJOMKATL H3yYeHHE 3TOH
KHUTH.

§ 12. Onepa'r’opbl npeoGpa3oraHuil QyHKumit

Jlna mocsieAyIOHmEro pacCMOTPEHHST OKashiBaeTcsl HeoGXOZMMBIM
PAaCUIMPUTb KPYT HUCIIOMNb3YeMBIX MOHATHH, BKIIOUHB B HEro NOHATHE
onepaTtopa, npeobpasyoero dyunxiuio. ITo onpenenennio {@|t(p)},
corsacuo (6.1), MeeM

{@It@}-r=r"=¢-r+t(y. (12.1)
ITycts P (r)— ckanspras (QYHKUHS TNPOCTPAHCTBEHHOR MepeMeH-
HOW r B KOH(HIYPaUHOHHOM TPOCTPaHCTBE. IJTO O3HAUAET, UTO
B KaxJ0H TOYKE # KOHGHIYPAIMOHHOTO NPOCTPAHCTBA ONpeje/eHo
(unn u3BecTHO) 3HaueHHe DYHKUHH .

" 1) MoxHo TaKwe pekomengopath Kuury Ilerpawens u Tpudonosa [116].—
lTpum. ped. [
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LA KOMDAKTHOCTH 3alUCH B HeCKOJbKHX IIOCAeAYIOLINX Hapa-
rpagax Mpl 6yaeM HCHNOJb30BAaTh cOKpalleHHoe 0603HaUeHHE omepa-
TopoB cummeTpuu {¢@|f(9)} oxnum cumsoaom S, Q, .... Tak, Ha-
npumep, {¢|t(@)} =S u 1. n. Onpexenum Tenepb omepatop Ps,
KOTOPHII paelficTByeT Ha (T. e. mpeoGpasyer) dyHKUHIO 9, daBas
dyHkumo Psp. D10 03HaYaeT, YTO MO 3afaHHBIM 3HAUEHHAM (QYHK-
HHH ¥ BO BCeX TOUKAX KOH(HTYPaHOHHOTO NpOCTPAHCTBA * OIpe-
jgensores sHadeHus ¢yHkuun Pgsy. Ilycts S — onmepartop cummer-
puH, NpeoOpasywOUi TOUKY r B TOUKY r':

g S.r=r', (12.2)

rae, pasymeercs, S saJsieTcsl npeo6pasoBaHHeM CHMMETDHH IPOCT-
paHcTBenHoH rpynnet tHna {@|#(¢)}. Onpenenaum Tenepb onepaTop

Ps paBeHcTBOM
P (r'(=1(r), (12.3)

T. e. GyHKUUS Ps MMeeT TO Ke 3HaUeHHe B Touke ¢/, UTo U GyHK-
nus P B Touke r. Onpegesenne onepatopa Ps He 3aJaeT CHMMeT-
pu0 GYHKUUH 4, @ OPOCTO yCTaHABJHBAaeT UpaBUaO IAfA AaJbHeH-
mero paccMoTpeHud. YpasHenue (12.3) moxHO nepemucaTh B He-
CKOJIbKHX 3KBHBaJIEHTHHIX QOpMax:

Pgp (Sr) =1 (r), (12.4)

Py (r) =9 (S7'r). (12.5)

Bo Bcex cayuasx (12.2) —(12.4) crneiyer moHHMAaTh KaK COOTHOLIe-
HUs Mexay oyukuusamu. Onepatopsl Ps, eciad He OroBapuBaeTcs
CllenualJbHO JApyroe, —aT0 Bcerna JHHeHHble W YHUTapHHE Olle-
paTopHL.

HJu

§ 13. I'pynna oneparopos, npeobpasyomux GyHKUMH

IlycTs 3apana rpymna npeoOpasoBanuil @ B KOHGUIYPANVOHHOM
W1 KOODAMHATHOM TPOCTPAHCTBe Kpucraniaa. B cayuae neoGxopu-
MOCTH MBI MOXeM 00603HauuTh 3Ty rpynny uepes ®g(¢) YKash-
Basg ¢ INOMOIIbI0O HHAEKCA XapaKTep ONepaToOpoB, COCTaBJAIOLIHX
rpynmny. JIasf KOMIAKTHOCTH MOXKHO HCIOJb30BATH AJS 3TOH TPYIINH
cuMBOJHYecKoe o6o03HadeHHe s (aHaJOTHYHO BBeJECHHHIM BHILIE
0003HaYeHUAM ).

CornacHo onpejeseHHIo TPYINOBOro pedcrsus, ecad P u R Bxo-
A4t B rpynny @, To

P-R Bxonur B @ (13.1)
Ho kaxnomy omeparopy P, R, S, ... rpynnn ®s MoOXHO comocTa-

'BUTb, corsiacHo (12.2)—(12.5), oneparop npeoGpasoBaHus Pg. Ta-
KHM CIOCOOOM MOXKHO MOAYUHTb COBOKYIHOCTH ONepaTopoB Pp,
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Ps, ... ."Uro6w noKasaTb, UTO 3Ta COBOKYNHOCTb o0pasyeT rpymmy,
3aMeTHM, YTO ec/H

r'=S-r, r"=R-t'=R-S):-r, (13.2)
TO

(Psp) r' =1 (r),
(Pr(Psp)) r” = (Ps) " =1 (r).

CuenoBatenbHo, byuxuusa (Pgr(Psy)) uMeer B Touke r” TO Ke 3Ha-
yeHue, UTO U GYHKIUA ¢ B TOUKE r. PaccMOTPUM, ¢ JPYroli CTOPOHH,
onepatop Pps B IpAMEHeHHH K QYHKUHH ¢, TAKOf, 110

(Prs¥) (r”) = (r). (13.4)
PrPg= Py, (13.5)

T. e. Ipou3BeJeHHe 0NepaTopoB PrPs MOXKHO OTOXAECTBHUTL C OJAM-
HOUHHEIM omepatopoM Pgs. M3 sToro caeayer, uro

(13.3)

Torna

Pg, Pp, Pg, ... 00pasywT rpymmy @PR (13.6)

M uTO TPy
®r u ®p, romomopdHHL. (13.7)

‘CorfiacHo TOALKO 4UTO IPHUBEAEHHOMY BHIBOAY, KaXKAOMY OIE€PaTOPy
R conocraBafercs OAMH M TOJBKO ORZHH onepaTop P mo dopmyne
(12.3), nostomy rpynnsl ®; u ®p, B NEACTBATEILHOCTH ABJIAIOTCSA
H30MOP(HEIMU.

Heofxoaumo, 04HaKo, cO BceHl ONpeReaeHHOCTBbIO YKa3aTh, UTO
IPH DPacCMOTPEHMH KOHKpeTHOH ¢H3HUCCKOH 3aJayd MOXHO IIo-
CTyNaTh WHaue. A HMEHHO: MOMKHO CHauaja OIDeJesUTh ONepaTophl
npeobpasoBauus Py uepes npeofpazoBaHud $yHKuu#, a saTeM IO-
KasaTh, 4To Habop Pr ofpasyer rpynmy @PR_ CooTBercTBYIOIIYE
npeoGpasoBanus KOHGHUIYpalHOHHOTO MPOCTPAHCTBA MOXKHO BOC-
CTaHOBHUTH IO onepaTopaM Pr. B TaKom cayuae rpynna @,,R MOKeT
oKasaThcsl roMoMopdHoit, a He usoMopdhHo#l rpynme Gr. Mul yac-
THYHO HCIIOJAb3YyeM 3TOT NOJAXOA NPH oOCYyXKAEHHH CHMMETPUH Ta-
- MuibTOHHaHa pemeTku. Ho HauGosee BaXHBIM OH OKashiBaeTcs
IpK PACCMOTPEHHH YaCTHIl, HMEIOLIUX CIIHH,

§ 14. ®yukuuM v NpeAcTaBJeHUS

IlpeanonoxkuM Tenepb, 4TO aJsA HeKoTopoll dusHuecKofl 3amauu
3ajaHa 3aMKHyTas cHCTeMa M3 [ JHHeHHO He3aBHCUMBIX (yHKuui

P Pr + oy o= {a}- (14.1)

ITox cnoBom «3aMKHyTas» MBI NOJpasyMeBaeM, 4To AJs paccMart-
puBaemoli 3ajaud a100as MPOU3BOJNbHAS QYHKIHS @, MOMXKET GHTb
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IpeAcTaBieHa B BHAe JnHelHOH koMGuHauud GyHKuMH {{g}:

l
(Pa=a; CaaVPa: (142)

3ameTuM, 4TO 3jech ONyUleH HHJEKC ¥ KOOPJAUHATH TOYKH B KOH-
$GUIYPauHOHHOM IIPOCTPaHCTBe, YTOOB! MOAYEPKHYTH (YHKIHOHANb-
HBIH XapakTep coorHouleHusl. COBOKyNMHOCTh {{a} MOXKHO paccMaT-
puBaThb Kak Habop BeKTOpOB B T'M/Ib0ePTOBOM IIPOCTPAHCTBE.
[IpuMmeHuM Temeph ollepatop BujAa Ps K OAHOH u3 GYHKUUH

Py (Sr) ==, (r). (14.3)

Ho cucrema {{.}, no npeanooxeHuio, spisgeTcs 3amkayroir. Ilo-
aToMy GVHKUHA Pgy, He sBJAAETCS JHHEHHO-He3aBHCHMOH U MOXeET
OBITh NpeAcTaBjeHa B BujJe JHHeHHOH KOoMOHHAnuu (QpyHKIHA:

l
ps‘pa = ngl D (S)na L (144)

OrmerTuM cHOBa, uTo (14.4) ycTaHaBAMBaeT COOTHOUIEHWEe MEXKAY
byukuuamu, Duxcupyem Temephr Ps, a B KauecTBe BHIOpaHHOH
byHKIHK P, OyaeM 1o odepedu GpaTh Bce GYHKUUH CHCTEMB {{a};
TOrjfa MOJAY4YHM

!
Poba= X D(Shattss a=1,..., L (14.5)

Takum cnocobom u3 (14.5) MBI molyunM s7eMeHTH MaTpuuu D (S)
¢ pasmepoM (/X !). Ecnu paccMmorperb Temepb omepaTop Pg, To
MOXHO IOAy4YuTh wMmartpuny D(Q). Bri6upas B KauecTBe olepa-
T0pa Ps 1O ouepeau Bce BO3MOKHBIE ONEPATOPH InpeobpazoBaHui
u3 rpynnsl ®p,, MONYYHM COBOKYIHOCTb MaTpui, pasmepa (/X 1)

D(E), D(P), ..., D@, .... (14.6)
Hanee, us (14.4) u (13.5) HeTpynHO HOJYYHUTH
PrPsby=Pr (D (Sma bm) = 2 D (S)na Prtbom =
= 2D (S)na 2. D (Rlam bn =22 (2 D (Rhum D (S)ria) s =
=2 D(RS)nattn  (14.7)
C npyro#i cTOpOHH,

Prt =2 D (RS} (14.8)
ITosTOMy IpH nepeMHOXEHHH MAaTPHIL CHCTEMbl BBHINMOJIHSETCS Tpa-

BHJIO
: DR)D(S)=D (RS). (14.9)
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CuoeoBaTenbHO, coBOKymHOCTp MaTpun (14.6) obGpasyer marpuu-
Hyio rpynny. [lpu HeoGXOAMMOCTH CHelMaJbHEIM 006pasoM BBIIe-
JUTb 3Ty MATPUYHYIO IPYNNy MHB 6yneM oGo3HauaTh ee @p(r).
Tpymna @pry siBAseTcd roMoMophHHIM oTOOpakKeHWeM TpyAn
®p, u @ Marpuunas rpynmna Bpr), 6asucoM KOTOPOH sBjaseTcH

saMKHyTas cucreMa GYHKuU# {Ppm}, 06pasyer IpeacTaBICHHE TPy
Gr 1 ®p,, Cucrema Qynxumit {.} 3anaer HeKOTOpOe JHHeiHOe

BEKTODHOe THMJAbOEpPTOBO NPOCTPAHCTBO 2, & OTAeNbHBle (YHKIUH
Pm CHCTEMBl MOXKHO DaccMaTpuBaTh KaK Ga3uCHBIe BEKTOPHI 3TOTO
BEKTOPHOrO MPOCTPAaHCTBA.

AnajoruusiM ob6pasoM OGasHCHBIE BEKTOPHI @), @, @3 TIPIMO-
YIOJBHOH CHCTeMBl KOODJAMHAT 3afaloT TpeXMepHoe eBKJAHAOBO
MIPOCTPAHCTBO, B KOTOpPOM cyuiectByeT Kpucrana. CucreMy {$a}
4acTO TaKKe Ha3biBAIOT (QYHKIHMOHAJBHBIM NDOCTPAHCTBOM, HHBa-
PHAHTHBHIM OTHOCHTEJNBHO ACHCTBUA TpPYNnH., Kax NIpaBujo, MB He
OyneM ynorpebasare Aas cucremsl (14.1) TepMuH «moaHasi CcUcTe-
Ma», TaK KakK 3TOT TeDMHH IOApasyMeBaeT HaJu4He HEKOTOPHIX
AHaJUTHUECKHX CBOHCTB, He SIBASIOUIUXCA HeOOXOAMMBIMH B HACTOS-
IeM PacCMOTPEHHH.

§ 15. Henpupoaumpie nNpefcTaBAeHNs W NPOCTPAHCTBA

IlycTe vHBapHaHTHOe (YHKIMOHAABHOE IIPOCTPAHCTBO, OIpeje-
geHyoe B § 14, umeer pasmepHocts /. Ecau uMeerca cucrema
bysRuui

Y1, Yoy v e ey Yy m< 1, (151)

TO WHBAapHaHTHOe (YHKUHOHANbHOE IPOCTPAHCTBO pacuielisercs
Ha JABa MHBAPUAHTHBIX IOJANPOCTPAaHCTBA. EciH TaKoe pacluemnieHue
IPOUCXOIUT, TO Jajee MH OyieM CYHTATh, UTO 3TH HHBApUAHTHBIE
[OAIIPOCTPAHCTBA OPTOTOHAMBHEL,

CoBokynHocTs MaTpun D, o6pas3yoUiuX npejcTaBeHUe IPYNIH
®p(r), MOXKHO MOJHOCTHIO NPUBECTH WM PA3JOXKUTHL Ha HeNPUBOIH-
mbie. Ilocie monHoro npuBeAeHHs KaxXiasd MaTpHua NOpejlcTaBJie-
HUA HMeeT KBa3HAHATOHAJbHHE BHA

W (D{elt@) 0
D({g!#(g)} ( 0 H ({fpl‘t(tp)}))

Anas Bcex mpeobpasoBaHuit {@|t(p)} rpynnet & B (15.2) mar-
punsl D u H umetor pasmepnl (m X m) u (I—m)X(l—m) coor-
BETCTBEHHO.

Ecau mpocTpaHCTBO COJAEPXKHUT HECKOIbKO HHBADHAHTHHIX OPTO-
roHaJbHLIX NMOANPOCTPAHCTB, TO pasdjoxeHHe (NOMHOe MpuBejeHHE)
martpunsl (15.2) npuHuMaeT Gosee o6uIHil BUA KBas3HWaAHaroHaJbHON
MAaTPHLB ¢ HECKOJLKMMHU KBaJADaTHHIMH MaTPHUAMH Ha JAMarOHAJH.

(15.2)
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CooTBeTCTBEHHO MOXKHO HalHCaTh

P(wlt'(w>}%=n; 5({(91 t ((P)})na Yy a=1,..., m, (153)

[ R
wa%=£ﬁ@“@mmma=m+Lnuh(m®

aas BcexX {g|t(@)}, Bxogamux B rpynny ®. M B saToM caydae coot-
wouenus (15.3), (15.4) mMoxHO 0006HIMTL NPH HAJHYHH HECKOJb-
KHX MHBAapPMAHTHBIX OPTOrOHAJNbHLIX NMPOCTPAHCTB.

HenpuBoauMBIM NpejcTaRAeHHEM ABAAETCS Takasd cHCTeMa MmarT-
pun, D win rpynna @pr), KOTOpasl He MOXKeT GhITh PA3/IOXKeHa, T. €.
LA KOTOPOH HEBO3MOXKHO TPHBECTH OMHOBPEMEHHO BCE MaTpHIH
K Buay (15.2). Eciu sajado MaTpuuHoe Ipexacrasienue D rpyn-
nel @, ero HpUBOZUMOCTb MOXKHO TIPOBEPHTh, HCIOJb3YSA JEMMY
Hlypa [1—3].

Taxk, nycts sanaHo npencrasiaenue D ({p|f(¢)} u maTpuua M,

Takas, 4To
MD ({o 1t (@)}) =D ({g !t (¢)}) M. (15.5)

Ecnu eduncrsensas maTtpuuna M, yaoBieTBOpsomlasa 3TOMY ypas-
HeHuto, pasia M = mD ({e|0}), rie m — KoHcTaura, TO OpeACTaB-
geune D HempuBogumo. HenpuBojuMble TpeAcTaBieHHs OGHIYHO
0603HauawT A06aBJaeHNeM BEPXHEro HHAEKCa K CHMBOJY MAaTPHILHI,
ganpuMep D®. Mpl npuMeM 5T0 ofo3HaueHMe.

Ecinu ans xoneuwo#t rpynnsl @ 3agaH waGop HelpHBOAUMBIX
npeacrasiaenud DV, [ =1, ..., r, To AJf onpegejeHHUs TOro, BCe
JH HelpHBOAMMBIe NpeiacraBieHuss @ ecTs B 3TOM Habope, MOXKHO
HCIIO/Ib30BaTh HECKONBKO (II0 CYHIECTBY 3KBHBAaJEHTHHIX) KpHTe-
pueB. B clyuae mpocTPaHCTBEHHBIX IPYIN He Bce KPHUTEpUH YAO0GHO
HCIOJb30BaTh. TaK, ecld 4HCAO0 KJaaccoB rpynnsl @ paBHO r, TO
rpymna @ uMmeeT r pasJHYHBIX HEeIPUBOAWMBHIX npeicTaBieHuil. Jla-
Jee, eCli¥ PacCMOTpeTh Clel, uiu Xapakrep, matpuust DO {eg|t(¢)},
onpejeneHHbl# hopMyJIoH

x ({plt (@)}) = ; DO ({1 ¢ (@)})ns (15.6)

TO

3120 (210 P=g, W, (157

rie {e|0} —enunHuuHBIN s/7eMeHT rpynme, a gpyN — NOpAAOK
rpynnel @. O6osHaynM npousBoJbHHI 37eMenT kaacca €, kak Cp,
a TIPOM3BOJIbHBIN 3/leMenT o6paTHoro Kaacca §~! kak Cy ' nycTh
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YHCJIO 31€eMeHTOB B Kiaacce €, paBHo cx Toraa

r

Z et ® (Co) X (Cr)* = g, Ny, (15.8)

Haxkounen,
,
l; e X (Cy) %0 (C) = g,N8; ,-1. (1.9

Gopmyast (15.7)—(15.9) COOTBETCTBYIOT XOPOIIO H3BECTHHIM pe-
3yJbTaTaM TeOPHH KOHeUHHX rpymn. OTMeTuM, 4TO 3TH HOPMYJIH,
pasyseeTcs], CIpaBeAJUBH il Bcell TPYINIH B IeJOM: CYMMHpPOBa-
HHe BeJeTCd 110 BCeM HeNPUBOAHMBIM IPEACTABAEHHUSAM [ HAH IO
BceM KnaaccaM & rpynns &. ®opmyan, nogobuse (15.7)—(15.9),
IPHMEHNMB TaKKe K IOATPyNIe rpynnsl &, ecin TOJMBKO oHa pac-
CMaTpuBaeTcsl Kak lenoe, T. €. KakK TPyIIa, MMeolias CcBou col-
*CTBEHHBIE KJacCHl, H T. II.

B szakniueHyne HanmoMHHM Teopemy Mamke: saio6oe npeacras-
JleHHe KOHEUHOH TIpyINel AvGO HeNPHUBOAHMMO, JUBO BIOJHe MPHUBO-
nuMo (passioxuMo).

B mocnepyoomeM usJoxeHHH Mb OyjJeM 00603HauyaTh CHCTEMY
dhyHKIM#A, 00pasyolix HeIPHBOANMOe JIMHEeHHOE BEKTOPHOE NpPOCT-
paHCTBO, ABJsOLIeec 6a3HCOM HENpHBOJAHMOrO NpejCTaBAeHUs D®
rpyuns @, Kak

TO= {40, oo, B, L, Y, (15.10)

rge | — pasmepHOCThb npepcraBaenus DO,

B raabHefiieM, ecaud cliendanbHO He IIpefrnosiaraeTcs IPOTUBO-
f0JI0XKHOe, OyleM CYNTATh, YTO COBOKYINHOCTb Oas3sHUCHHIX (GYHKIHH
(15.10) o6pasyer OpTOHOPMUPOBAHHYIO CHCTEMY, T. €. ONpeAeJNeHO
COOTBETCTBYIOLLee CKaisIpHOe Npou3BejieHUe, TAKOe, YTO

(¥ u)q,(z'))—(,‘ Sy (15.11)

rae DO, DU (I5£1’) — He9KBHUBAJIEHTHBIE HENPUBOAUMbIE Mpej-
crasjenus. O6bIUHO

(B, ) = { Pro® () 42 (). (15.12)

[TockonbKy MBI CUHTaeM, YTO BHIIOJHsETC cooTHolleHue (15.11),
MOKHO OTPaHHYHUTBLCA DPACCMOTPEHHEM YHUTADHHIX HENPHBOAHMMBIX
npejacrasiesuit DO

. \ pwt = pw~' (15.13)
HaH

B0 = pui~", (15.14)
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§ 16. UpemnoTeHTHble onepatophi nmpeoOpa3zoBaHuii

Uro6nl HalTH HONHBIH Ha0op HENPHBOAMMBIX IpeACTaBAeHUH
rpymnst ®p,, MOKHO ReHCTBOBATH CHCTEMATHHECKUM 06Da3oM, uc-

noJb3ysA anre6py rpynnel @ Hax KoMmmekcHuM mogem [3, 22). Ta-
KHM MEeTOJOM MOXKHO BHIIOJHUTb INpHBeAcHHE HJN Pas3JoXKeHHe
3TOH ajre6pel Ha NPAMYI0O CYMMY IPOCTHIX ABYCTOPOHHHX Hjea-
qoB!). Ilpu pasnoxkenuu BosHukaer g,N omepartopos pi  obaa-

mns
NalUIHX CBOHCTBOM
0, pd
P o1 == uréll’éw- (16.1)
Caoiictso (16.1) siBasieTcss OCHOBHBIM CBOMCTBOM IPHBEAEHHOH aJi- .

re6pul. Ilpu monsoM pasnoxenun aireGpe omepatopsl pl)  mos-
HOCTbIO ONpeAensioTCSl dYepes JHHeHHble KOMOUHAUHUH O6a3HCHBIX

8J1eMeHTOB Pg|¢ (e TPYIIH @,,R. Orciona caepyer, 4To
PeorsaiPin= 20" ({01t @D Pt (16.2)

TaK 4TO Habop ONepaToOpoOB Pff)v MOXKHO HCIOJb30BaTh [AJ HAXO0XK-
penns matpun DY nenmpuBogumoro npexactaBienus. HaGop adre6-
panueckux BeawyuH pY, ofnanaer pSAOM B3aMMOCBASAHHBIX
CBOHCTB, IO3BOJSIIOU{HX IPOBEPUTH NPaBUJIBHOCTL WX HAXOXKJAEHMS.
CaenyeT NoAYepKHYThb, UTO IOJHOe OIpefesieHHe Habopa Pff), AB-
JisieTcsl 4UCTO aarebpavyecKod 3ajgauveid, paspelidMOH Al KOH-
KPeTHOH CTDYKTyp®» rpymnnl & Kak B KDpHHu#MIE, TaK ¥ HOpakK-
THYECKH.

Bonee obGuienpunsatuiM [23], xoTs, GuITh MOXKeT, u Bonee TPyA-
HEIM, fBJseTcs o6paTHoe HocTpoeHne. CHavasna HaXoAsAT BCe Mat-
pPUUHLIE HelPUBOJAMMBE mpeacTaBieHuss DU rpynnnt . 3atem 06-

pasyoT OnepaTophl Pﬁfm 15370, €:

o
= —g— Y. D (a1t (O Progs oy (16.3)
{0lt(9)
ITonHpi# HaGop TaKHX ONEPATOPOB BHIpa)KaeT Pa3joxKeHue ajaredpnt
Ha IPAMYIO CYMMY IPOCTBIX ILBYCTOpOHHHX HAeaJios.

B o6oux ciydasx onepaTopel P CIyXKaT A8 HaxoXKJAeHHd
COOTBETCTBYIOIHM 06pa3oM CHMMETPH30BaHHHIX (GYHKuuH ‘l’;%
(1. e. ABAAOWIHMXCA NPABUALHLIMM JIHHEHHHIMH KOMOUHaIUAMH),
Ilycts W (r)— npoussonbHaa Gpynxnusa. Torna

PO =) - (16.4)

1)'C noHsiTHeM ‘JBYCTOPOHHHX (NpaBHIX, JEBHIX) HAeaNoB anre6psl MOXKHO
[O3HAKOMHUTBCA, HANpuMep, B Kuure [116], cTp. 272——280 Hpun. ped.
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npeacrapaser cofoil GYHKUHIO, NpUHANIEXKAILYIO CTPOKE ® H
cToABIy v JHHEHHOr0 BEKTOPHOTO NPOCTPAHCTBA. TO NPOCTPAHCTBO
3aMKHYTO, HeIPHBOJAUMO H sIBJIsleTcss 6a3HCOM HelPHBOAUMOrO Mpej-
crasieHus DO rpynnnl 8. MoXHO 3aMeTHTh, YTO /s IOJHOrO JMc-

NOJIb30BAHHA CBOHCTB ONEPaToOpPOB Pff\), HeoOXOAUMO XapaKTepuso-
BaTh NPOEKTHPYyeMble HMH GYHKUHM KaK HHAEKCOM CTPOKH, Tak
H HWHJAeKcoM cTosbla B COOTBETCTBHH C HHAEKCAMH OIEPaTOPOB
ugeana. [Ipu ouxcupoBaHHOM p (waun v) Habop ! GyHKmui ¢ v (wau
pw)=1, ..., [ obpasyer KOMIIOHEHTH HEIPHBOJUMOr0 BEKTOPHOI'O
IPOCTPAHCTBA.

Hcnonbsys xapaktepbl HEIPUBOJUMBIX NIPeACTaBJjeHUA TPYIIIH,
MOXHO NOCTPOUTHL GoJjiee cnaGulli Halop OmepaToOpoB IPOEKTHPOBa-
gud, yueM (16.3). Onepartoph

P = W’éﬁ % 1 {2 (@)}) Protey (16.5)

HMEIOT CBOHCTBO
PO = i), (16.6)

drto osHayaer, yto P® naer GyHKUUIO, NPUHALJIERAIIYIO HeNlpHBO-
LHMOMY IpefcTaBjeHuio [, He3aBUCUMO OT HoMepa CTpoku. DyHK-
uua P B obmem ciayyae HpeAcTaBUMBI B BHAE CyMMBl (GyHKIM,
ABJSIOWUXCST GAa3HCHBIMHA JJifl Pa3HBIX CTPOK HENPHUBOAUMOrO Ipej-
craBaeruss D®. Eciau uMelOTCA TOJBKO XapaKTephl, a He IOJHEIE
MAaTPHUIE HPeACTaB/AeHHH, YacTO yaaeTcsd MOCTPOUTh JHIIbL cialhle
onepatoph npoektiupoBaduda. OJHAKO B HPUHIHIE NIPH AOCTATOYHOM
yCepAHH MOXKHO MOCTPOUTH Kak caalble, TaK U CHAbHEE ONEpaToOpH
IPOEKTHPOBAHHUS, UCIOAB3YS NPAMBE anrefpaHuecKHe MeTOABI, ONH-
caHHBle B paborax [3, 22].

§ 17, Mpamuie npousmepeHus

a. Mpamele npomsBeldennd mnpeactasiaeHuit. ITyCcTb BeKTOpHOe
npoctpancTBo X¥), ompepensiemoe corjacHo (15.10), asasercs 6Ga-
sucom mupepcrapienus DY rpymne &, W nycts cucrema [ pyHk-
nuii {$,-}, o6pasyiouux JuHeHHOe BEKTOPHOE HpocTpaHcTBO Z¢),
siBasiercss GasucoM npefctasiaeHus DU rpynnmt @, Torma naGop
I-I oyarmuit {Y, - ¥y}, a=1,..., 1, a’=1,..., ', obpasyer
Jgugeiinoe mnpocrpanctso XH®) uy gpaserca 6Ga3uCOM NIpeAcTaBje-
Hass DO @ D) rpynuet ®. BekTopHoe mpoctpascTBo Z¢®Y) nagw-
BaeTCA NPOCTPaHCTBOM NPSIMOro NMpousBenenus, a- DY @ D) — qps-
MBIM UpoH3BeleHHeM mnpexcraBiaenufi. Uacro yao6HO, XOTd B HE
o6si3atesbHo, Gpath B KauectBe D@ u D¢ Henpusonumbie mpen-
cTaBieHds. B npuBenensoM Huxe o6CYyXIEHHH MH GydeM cuHTaTh,

" 4TO -OIpefeNseTcss MMEeHHO NpsAMoe NpOU3BeleHHe HEeHpUBOAUMBIX
upeAcTaB/eHHR.
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ManI/IlIHbIe 3JIEMEHTHI NPAMOI'0 IDOU3BEAEHHUS MATPUILL HMEIOT BHA
1) 1 A (34
(DY @ D"")gygs = D} - DY, (17.1)

IpuyeM TOukKa B mpaBoH uyacTH paBencTBa (17.1) osmadaer oGbIu-

i v
HOE IIepeMHOXEHHEe ABYX KOMILICKCHHX dhceq DUy u DW. B (17.1)
HNoApa3yMeBaeTcs, YTO BCE MaTDHUB COOTBETCTBYIOT OAHOMY H
TOMY e 3JEeMEHTY TDYIINH:

(DO QDY) ({glt (9)}) =DU®N ({g! £ ()} = \
=DO({o1t (@)D ({glt (@)}). (17.2)

PaBencrBo (17.2) naeT HeCKOAbKO pas3HBIX 9KBUBAJNEHTHBIX CIOCO-
GOB 3allicH NPSIMOro IpousBefeHHs MaTpull. [IpsiMoe mpoussesenye
npencraBaenufl (17.2) Takxke sBJjsercs NpeAcTaBjeHueM rpynnn @
[1]. Tfostomy rpynna @& romoMopdHO oToGpaxkeHa Ha rpynny
S0 ({@]t (@)}), Tak uTo KaxaoMy asaementy {@|f(@)} coorser-
cTByeT MaTpuua us (17.2),

Beskoe mpencrasiende KOHEUHOH IPYNIBI TPUBOJAHMO (TeopeMa
Mauige), nostomy (17.2) MOKHO pas3iOXKuTh HA, CYMMY HENPHUBOIH-
MBIX OpeacTaBienuil. Mcmosibsys onpenedeHue XapakTepa HJIH
cnena (15.6) u BHumcass caen ot (17.2), mosyuaem

W (o1t @P=x"({elz@H " (ol @)} = ‘
=Sp[DP QD ({¢lt (@] (17.3)

6. Koadduuuenist npupefenns. OnpenenuM Tenepb Ko3phdui-
eHTHl IPUBEAEHHA AJsI NPSIMOTro HPOU3BEJEHHS HENPHBOAUMEIX Ipe-
craBienuil rpynns @. OGosnaunm uyepes (/I'|m) = 0 uucno, moka-
3BIBAIOLIEE, CKOJNBKO Pa3 HeIPUBOAMMOe NpeacraBienue D™ BXoguT
B pas/ioxeHHe npejctapaeHus DU®Y) Ha HenpuUBOAHMEIE COCTAB: ™
nswouire. Torpa

DU =3 @ (U’ | m) D, T 17.4)
m

AHnaJjoruuno AJs1 BEKTOPDHBIX IIPOCTPAHCTB uMeeM
S = Y @ (Il | m) 2w, (17.5)
m

B (17.4) u (17.5) cymMupoBaHsue ciaelyeT MOHHMATh KaK oIpejeJe-
HHe MPSIMON CYMMBI, HAa UTO YKaseBaeT CHMBOJA €:

T DN = 1) DOB(|2) DOD .... (17.6)

Paapt Buga (17.6) uam (17.4) u3BecTHH NOJ Has3BaHHEM pAJIOB
Kae6wa — lopaana, a yucna (I'|m) dacto HasmBawT «xK03bGH-
nuentamu Knebuwa — lopgana», Mpl nmpeanoynTaeM HCHOb30BaATh
TepMHH «K03(duinueHTH NpHUBefeHHSI» BO H3bexkaHHe NyTaHUIH C
o0nysbIMU Ko3¢pdunuentamMn Kaebita — l'oprana (cm. § 18).
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>Bb1qncmm cnen xaxpoi Marpuuw B (17.4), nonyuaem
X000 (ol t @D =2 (' Im)x™ (eIt @).  (177)

B (17.7) cymMMupoBaHue NPOH3BOAUTCH MO BCeM HENPHBOJAHMBIM
npeactaBjdeHdsIM rpynnel &, a cymma Telepb fABJAseTcs OOLITHOH
apudmetnueckolt cymMmmol. KoapouuueHTHl npuBeaeHHS MOKHO
OTpeeJiTh 3IKBHBAJEHTHHIM 006pasoM, HCIOAL3YSI COOTHOUIEHHS
OPTOHOPMHPOBKHU:

W \m) =2 Yo (G @) ™ (e 2 @), (17.8)
®

rie CyMMHDOBaHHE HOPOU3BOJMTCS HO BceM 3jdeMeHTaM rpynnb ©.
Bripaxenue (17.8) M0oxHO nepemnncaTb B HECKOJIbKO 60Jiee KOMIAKT-
Ho#t dopme

’ 1 y *
(1 [m) = 5y ) e P (C %™ (G, (17.9)
k

rae cymma sipiasiercsi o6bIYHON apudMeTnyeckol cymMoit. B (17.9)
BXOJAT BEJHUHHBI Cr, ONPeNeISIONINe YHCTIO 2JeMeHTOB B Kiacce k;
Cr— TunnuHblll s7eMeHT Kaacca €, a Takxke XapakTephl, oIpejne-
JIEHHBIE BBILIE.

KoadhduuuenTsl npuseneHHs] XapaxTepOB HeNOCPe/JCTBEHHO HC-
HoJB3yIoTcd B Gu3HYecKHX NpuaoxeHusix. C HX NIOMOIIbIO MoOJY-
44I0TCs mpaBuia oTOopa AAd paspelleHHBIX ONTHUECKHX IPOIeCCOoB,
npoleccoB paccesinusi u Ap. OHa U3 OCHOBHBHIX LeJsiell Halled KHHrH
COCTOMT B omnpefaencHun Ko3DOHIHEHTOB HpHUBefeHHA AJS NPOCT-
paHcTBenHurx rpymn. Kak OyaeT nokasaHo Huxe, Gopmynsl (17.4)
H ,(|17.7) [O3BOJISIIOT ONpefeduTh NOJHHH Habop KoshdHuHeHTOB
(Wm).

8. HempuBomHmbie npefcTaB/ieHHsi NOPAMOro  nNpoH3BedeHus
rpynn [20]. TIpu ananuse moArpymmbl TpaHCAALHE € moJesHbld pe-
3yJALTAT CBSA3aH C MNOHATHEM HEOPHBOAHUMEIX NpeJCTaBJeHHH BHYT-
peHHero mpsMOro mnpousseleHus rpynn. ['pynma § wHaswiBaeTcs
BHYTPEHHHM NPAMBLIM NMpou3BededueM AByX rpynm % u B:

H=AR®B, (17.10)

eCJIM Ka)KABIH 3/eMeHT rpynisl § MoxkeT ObITb OAHO3HAYHHIM oGpa-
30M samucaH KaK «IPOH3BeJeHHe» OJHOTO 3JeMeHTa H3 IPyNnnl U
Ha OXHH 3JleMeHT U3 B:

Hk=Ai'B]=B!'Ai (17.11)
U Bce 3jeMeHTH H3 U u B KoMMyTHpyioT. Ecau T'®) ects menpusoau-

Moe npejcTasienne rpynnst ¥, a I'®) — nenpusoaumoe npencrasie-
HHe rpynnbl B, To HempHBOAUMBble npeictasieHds '™ rpynnu §
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onpelensorcs $hopMyJon
" =@ Q 't = T®) @ ['@, (17.12)

rne a # b npoferaioT Bce BO3MOXKHbLIE 3HAUGHHST HHAEKCOB (COOTBET-
CTBYIOIMX HENMPHBOJAUMBIM IpeJCcTaBleHusaM) ais rpynn % u 9.

Kak craHeT sicHo U3 naJipHEHIIero, aHaJH3 HENPHBOAHMEIX Ipe-
CTaBJEHHH MOJYIPSAMOro IPOU3BeJeHHs TPYNN WM TPYNN, SBJASIO-
IIMXCS paciIHPeHHeM OAHOH TPYNNH NPU NOMOIIM APYTOH, OKa3bli-
BaeTcsl 3HAUUTENLHO GoJee CJAOXKHLIM H €ro He yjaaeTcsl cBeCTH K
TaKOMY KOMIIAKTHOMY H NPOCTOMY pe3yabTaTy, Kak (17.12). drot
aHaJIu3 CcOCTaB/AsieT OCHOBHOE COJep:KaHHe NOAPOGHOro paccMoTpe-
HUS, IPOBOJHMOrO B HECKOJbKHX MOCaAeAYIONuX naparpadax.

§ 18. Koappummnentst KieGma — IN'oprana

B nacrosmem naparpacde saBepuraeTcs aHaau3, HagaThii B § 17.
Tam Mbl BBellM B paccMOTpeHHe HpsiMoe MpPOH3BeJeHHe MpeicTaBJe-
HUH ¥, cordacHo (17.4), kosdpduuuents npusenenus. Kosbpdu-
[HMeHTHl NpUBEJeHHs MOKa3bBAIOT, CKOABKO pa3 KaJoe HelpHBOaH-
MOe HpeACTaBJIeHHe COAEPIKUTCS B NPAMOM NpPOU3BEeHHH MPe/CTaB-
JeHHu#H.

Bonee noaHwill aHAMH3 MOXKHO BBLIMOJHHUTL B TOM cilydae, Korjga
npsMoe NpoH3BejleHHe HpejacTaBiaenuii B Bujae (17.1) uau B BHAe
(17.2), momo6uom (17.1), npeobpasyetcss yHHTapHOW MaTpHuel u
HPH 3TOM INIPHUBOJUTCS K HOJHOCTHIO MPHBeJEHHOH WM OJIOYHO-IHa-
roHajabHON ¢Gopme. MaTpuuHble 3/eMeHTH YHHTAPHOH MAaTpPHILHL,
npeobpasylolllell 0JHOBpEeMEHHO BCe MaTPHUBI K NpuBejeHHOH Gop-
Me, HasmBawTca kKoapduunenramu Kiebma — I'opmana. dtu Mar-
pHYHBIe 3JICMEHThl MMEIOT TakKe M JPYroil BaxHbLIH H GJIH3KO
CBSI3aHHBIN C NPeJBIAYIIHM CMBICT: OHH SBJSIIOTCS 3/eMeHTaMH MaT-
pHIlBl, npeobpasyiolllefl HPOCTPAHCTBO NPSAMOIO HPOH3BeAeHHs [Je-
Basl 4acTb paBeHcTtBa (17.5)] B nenmpuBoAuMBble HpocTpaHCTBa [mpa-
Bas vacth paseHcrBa (17.5)]. Jpyrumu ciaoBaMu, 3TH MaTpHYHEIE
9JIeMeHTHl [O3BOJISIIOT ONpEeAeNUTb «HpaBU/bHblE JUHEHHbIe KOMGOH-
HallMU» NpoU3BeAeHHH GYHKUUH (Kaxkjoe H3 3THX MNPOU3BeeHHH
COJEePIKUT MO OAHOH (PYHKIHUM H3 KaxKJOro MPOCTPAHCTBA), SIBJSIO-
muxcs 6a3ucoM AJAS HENPHBOAUMOTO HpPeACTaBJEHHUs NMPOCTPAHCTBE
npsiMOro TnpousBeleHHs. Kak Bckope BHISCHHUTCH, KO3(DPHIHEHTLI
npUBeJeHHs colepxaT MeHbIIYIo HEbOpMalHIo.

a. Onpenenenne koatpduumuenros KaeGwa — lopnana. Hamowm-
HUM elle pas paBeHcTBo (15.10) M paccmoTpeHue, TpUBegcHHOE B
§ 17. Ilycro

ZD ={pih, ..., v} —> DO rpynnn G, (18.1)
) = {9, ..., pi) - D) rpynmsr G, (18.2)
TSI = LpDp(), .., PPpED, . . ., PP} — DU®) rpymmn @,

(18.3)



62 " T'aea3

rie cTpejxa yKasblBaeT Ha [peldcTaB/leHHe, Ga3HCOM KOTOPOTO
AIBJISIOTCS NpHBeleHHble (YHKUMH. IIpexmosiokum Temepb, YTO
(I'|1”)=1. MBI XOTHM OTpeJe/HTb eJHHCTBEHHYIO CHCTeMY [” ByHK-
unii, o6pasywoumx Oasuc mpencrasjenust DU u geasomHXCH He-
KOTOPLIMH OMpeieseHHbIMH JHHeHHBIMH KOMOHHALHSIMH MPOH3Be-
penuit YOPL). Ecan (17117) > 1, 1o cymectsyer (/I'|1”) npasuib-
HBIX JHHEHHBIX KoMOunauu# u3 nabopa GasucHbX ¢yukuuii (18.3)
¥ Kaxpaas Takag AuHedinmas KOMOHHAUMA JaeT JHHEHHO-He3aBHCH-
Mylo ¢yukumo Y90, rne v=1, ..., (II'|l”), npeoGpasymourywcs
Kak 6asuc cTpOKH w’ mpepcraBiaenust D). D10 umeer MecT, Korna
D) Bxomut B D!®Y xpaTHOe UMCJIO Pas, a y Ha3LBAIOT HHOTZLA
1 Y)

wo | , BXOAfIIMe
B 3TH NpaBM/bHHE JUHeHHHE KOMOMHAIMM H Ha3blBaeMble KOa(-
¢duunentamn Kaebma — Foppana uaH KoaddHLHEHTAMH BeKTOp-
HOro CJIO¥KeHHS, ONpelLesieHE paBeHCTBOM

HUHAeKCcOM KpaTHocTH. Koadduunents (

1

=2

up’

ll/ Y
M”

)wﬁ’w (18.4)

Huasg (I'|17) 310 Ko3bDUUHEHTH ONpPeAesIOTCs OJHO3HAYHO
€ TOYHOCTBbIO A0 asel, T. e. €CJAH YMHOXKHTbL KaxKAHH KO03(pdu-
uueHt (Bce U, P’ U W’) na OJHHAKOBYIO (asy, TO MOJYUHTCS TO xKe
npocTtpaHcTBo ), ymMHOXKeHHoe Ha dasy.

Ecau (('{1") > 1, ckaxem ({I'|1")=2, 10

) LUy ,
lbff””‘:Z,(u w )‘pff)"’ff" (18.5)
)
H
l l/ l” v2)
v oy ¢ 18.6
Pu ;(u wow i (18.6)

HG moGas muuefinas kom6unauus dyrkumit $f v u 0¥ raxxe
npeofpasyercsi Kak 6asucHas ¢ynkuus DY; nostomy mobast muHeit-
s q)(p (l I Yl) (l vl V2)

Hasg KOMOGHHAUHMS KO3(p(OUIHEHTOB H

: C\p o |p” pop
TakXe NAaeT NPaBHAbHYIO JHHEHHYIO KOMOHHALMIO IPOU3BENeHHH
(Dap(E) ~
'll)u Iqjul ) 7| 177 '
Takum obpasom, pas (II'|1”) > 1 Be6Gop Kosdhduunentos Kieb-

ma — l'opnana HeonHosnaueH. Jlio6pe MHHelHble KOMOGUHALMHE STHX
K03 dUIHEHTOB OJHHAKOBO NpPaBHJbHH, ‘ =
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C apyro#t cropomni, mpoussenerus P PL) moxHo 3ammcaTh
B BHAE JHHEHHON KomGuHALMH QyHkuui )V:

) , "y
- ’L]Jg)'lbg,)——: Z ( ”

S\

ll
uu)wm (18.7)

ITpenmonoxum, 4YTO Bce pacCMaTPHBaeMBe HENPHBOJHUMEE Mpej-
CTaBJIeHHsS] YHHTapHHl, TOrAa

oyl U LU yy
( //Y /)2( ’ ”Y), (188)
Wl op By
G-
pamg MBI ol B
N y)(l v v)*
= 7y gy = =7 = Quplup, 18.
Z(uuu pople i (18.9

"Wy
44

Z(l”y‘l l’)(l l”l”v)_
S A wou woplp

Z(l U l” )(l U

= pop

CaenyeT 0col0 OTMeTHTb, YTO AJsl BBHINOJHEHHS YCJIOBHS YHHTAPHO-
ctu (18.8) B cayuzae KPaTHOCTH v > 1 Heo6X0QHMO NPeANoIokKHUTD,
4TO BCe OTHeJbHBIE 0a3ucH 1p(‘ } ¥ BLIGpaHB OPTOHOPMHPOBAHHLIMH,
DTo 03HavaeT, YTO MOXKHO ONpeeNHTh COOTBETCTBYIOLlee CKaJsp-
HOe (BHyTpeHHee) Ipou3BeJeHUe, TaKoe, uTo :

(WD, YY) = S ErYED VYL = By

SToMy yca0BHIO JIETKO yIOBJIETBOPHTD, HCHOMb3Ysl MeTox [paMma —
[lImMuTa A5 HOCTPOEHHS OPTOHOPMHPOBAHHBIX PYHKUHH MO CHCTeMe
JHHEAHO-He3aBACUMEIX (QYHKLHH.

JlokaxkeM Terepb, 4TO MAaTpHLA, -06pa3osBaHHas Ko3(dulHeH-
tamMu Kiebwa — 'opaana, BLINOJHAET NpHBeJeHHe NPSIMOTO MPOH3-
Bepenus Matpun (17.1), (17.2). BcmoMuuMm onpenenenue onepatopa
Pr npeobpasymomero ¢yaxkuuyu coraacuo (14.3), (14.4). Ilpumenss
Pr x obeuM uwactam paseHcTBa (18.4), n@nyqaeM

4 lll
Rw<’”>*~2(l l l )ZD"’<R> D Ry w907, (18.11)

l//
!1// ), = 61”1‘”611”11”67’?'1 ( 18 . l O)




64 T'rasa 3

Ho
PRV =" DU (R WL, (18.12)
nlf
HJHu -
, L)1y ,
ZDZ) u"u Z(v g )\bg)\bg):

l// .
) D" (R),, DY) (R),,, p{pe).  (18.13)

_Zz(z 4

v

Dl -
IMpoussepeHust 'llﬁ(v)lb(v,) JIMHEeHHO-HEe3aBUCHMEl, O3TOMY

v I”Y) g
(s vl )P @ =3
gy Vi VB

l// ,Y ,
)P0, D0 R,

(18.14)

PasencrBo (18.14) moxuHo mnepenncats B GoJjiee ynoOHOH (opme,
l/l l l/
ecq 00e ero 4acTH YMHOXKHTb Ha (u,, v 5 & ) » TPOCyMMHpOBATH
no I” w” y u ucnoab3oBath 3atem paseHctso (18.9). Torma mo-
JAYIUM
L U117 v "yl r

Z Z(‘V Va7 )D(l”) (R)p,”u”(u// Y - ,9/)=
}llu v B l“' Y

=Zc‘)w6 DO (R),, DU (R),,, = DO (R),; DY (R),.  (18.15)

Takum o6pa30M, koshduunentsl Kiebura — 'opnana sBasioTcs
sJleMeHTaMH VHATAPHOH MaTpHOp, KOoTopasl nHpeo0pasyeT npsaMoe
npousBenerne DWW @ DY) K npuBegeHHOMY BHAY.

Einle sicHee 3TO MOXHO NOKa3aThb, €CJHH PACCMOTPETb YHHTAPHYIO
matpuny U¢®Y), npeobGpasyomyo DY ® DU B nofHOCTbIO IpHBe-
nexnylo matpuuy A. Torna

UT'DY(R)® DY RYU=A(R)
HJIH -
D®(R) ® D¥) (R)==UA (R) U". (18.16)

DJleMeHTH MaTpHUB A OGHIYHO 3aMHCHBAIOT KaK Ay, juq., THE

Almvfl Z”’V” = 6lr;l//D(l, (18. 17)

e

Ecmu (I/|1")y>1, 10 y1106Ho (6es kKakOH-au00 NOTepH OGLIHOCTH)
3anuchiBaTh A B Tako#l dopme, uto6w DU Bxoaunu B A B BHAe
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nocaenoBaTeJbHbBIX 6JIOKOB, T. €. .
_ (%)
A l”l‘"a D /(18. 18)

I”‘YV”, Zl/,v,\—,l/““ vv RGPS
e y=1, ..., (U'}1").
Ypasuenne (18.16) MOXHO mepenHcaTh B BHje

(e e~ __ (n0 r
2 USY 0o (R) s gy Usvsr v = (D R ®D"R)), , ..

1"yv” Z”\—/ g

MM
;Zv Z UL oD (R) ey UL LY, = DD (R), DV (R) g (18.19)
Cpasunbas (18.19) u (18.15), BugHM, 4TO
(l®ll) l l/ l// ,y
USSR v = I (18.20)

1 4t0 xo3Ppduunents Kiebiia — loprana SBASIOTCA 3JeMEHTAMH
YVHHTAPHOH MAaTpHLB, BIOJAHsOMeH npuselenne DV ® DO, Ilo-
BHAHMOMY, NOJIE3HO OTMeTHTb, 4T0 MaTpuua (18.20) umeer HecuM-
MeTPHUHble 3HAYKH, TaK KaK CTPOKH MaTpuubl U uMel0T UHLEKCHI,
COOTBETCTBYIOIHE IIPAMOMY MPOHM3BEAEHUI0O MATPHI, {3TO BHAHO H3
(18.16)], Torma Kak CTOJOIB HYMEPYIOTCS HUHIEKCAMH, OTHOCSIIH-
MHCS K NMpHUBEJEHHOH MaTpHIle, T. €. HHAEKCAMH OTAEJLHOro HelpH-
BOJMMOrO MpEJICTaBJeHHS W HHJASKCOM KDAaTHOCTH. B IOJHOCTBIO
IpuBefeHHON ¢opMe MaTpula A uMmeeT 6JOUHBIH BUJ

DW(R) ...

AR =| .. .D"R) ... . (18.21)

... D" (R)

0. Beruucnenune koaphunuentos Kunedma — lopnana, Herpynuo
HOAYyYUTh elie ogHy ¢Gopmy ypaBHenus: (18.15), mo3BoOJAIOLIYIO BHI-
YHCAATh KoahdunuenTy Knebuia — lopnana. Ymuoxum ofe sactu
(18.17) ua D% (R)},y,, IPOCYMMHDYEM 10 R H HCIOIB3YeM OPTOTO-
HaJbHOCTb HEIPHUBOAHUMBIX NpeicTaBiaenuii. Toraa momyuum

LUV N oyl
) Z(V ViR )(u

- v v
'y pwr
= Z DF) (R):gr DO (R),; D) (R) o (18.22)
R o

.

g
) 6[!/?//651’”,\,”6 =

ull,vll l— ”
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"y AN " .
NG vV v” =

ll/ ” . ,
= E—; D) (RYpep DV (R), DUV (R) . (18.23)

HJIHd

v
Z(v v’
v

PaccmoTpuM cHagasa cayuall (I7|1”)=1. Tlpu stom
(l I z”)(l v l”) "N pen (R DO @
v v v $ 5" ""?; ( (R) D (R) 5

Iy v
(18.24)
Eciu nomoxuth B (18.24) v=v, v'=4v u v/ =+v", T0 MOXHO
OnpejeNuTh, KakHe U3 KO3 PHUHEHTOB OTIHIHB OT HYJS. OTbICKaB
OTJII/I‘{HbIIfI OT HyJsl Ko3(QGhHIHEHT, cKaxeM IIpH V=v, ¥ =V
H V7 =v;, MOXHO BHIOpaTh ero ¢asy Tak, uToOn OH Obla Belle-
CTBEHHBIM, 3aTeM QHKCHDPOBAaTh ¥ =v, ¥V =1v, 0 V" =v] W pajee
paccMoTpeTh Bce BO3MOXKHbIE 3HaueHHs v, v/ 1 v”. Takas mpouexnypa
JaeT Bcioo Marpuny KosbdunuentoB Kaebwa — [oprana pas
(ryrm=1. .
Ona  (I/]1”)>1 cucremaTHuyecKuli MeTOH HAaXOXKJIeHHS Bcex
(II'|1”)nabopoB KoaddumuentoB 6nu1 mpemioxen Kocrepom [24].
3aMeTHM, yToO BbiDaiKeHUe, BXOAfllee B JIEBYIO YacTb yPaBHeHHs

(18.23):
(z v y)(l a4 y)*
2 v 'V, ’V,, {) {)/ {)I/

npu (HKCHPOBAHHLIX 3HAYEHHSAX V, ¥ U Vv siBIseTcd JHHeHHOH KOM-
6unaunuelt Koapduurenros Knebua — Ioprana. Ho Tak xak nwobas
JMHeHHasi KOMOMHANMS TaKxe SBJSETCSl NPaBUIbHOH, MOXHO OT-
JeJbHO BBIYHC/IAThL BeJIHUHHBL

Ly, (z v , )
(ol ") (o] i

A0 TeX NOp, NOKA MBI YBEpeH®, 4T0 MaTPHLUEI, MONYIaeMble A7 p 1
¥/, OPTOTOHAJbHHL.

C/e10BaTe/bHO, MBI MOXKEM NOCTYNATh TaK e, KaK B cayyae
(ll’]l”)—l HaXOAs OTquHbm OT HYyJs Koaq)(pnunem tbukcupys

V=wv, ¥ =v, u ¥V'=~v; u npunasasi v, v' u v’ Bce BO3MOKHEIe

3HaYeHHs. STO naer Manuuy koshdunuenton Kaebma — Fopaaﬁa
aas y = 1. Bubepem Tenepb v, vy, v, He COBIagalollne c NepBOi
TPOHKOA H Adiolne Apyrue OTJIHUHDBIE OT HYJd kKosddunuenrrl. Ilo-

NIOXKHM ¥ == Vo, ¥ =, u ¥ =vg, u nycts v, v’

l/l Y
,vll

v/, v NpPHHUMAIOT

y _
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Bce BO3MOKHBIE 3HaUeHHs. ITO XaeT BTopol HaGop KO3 OHIHEHTOB,
KOTODBIF MOXKHO OPTOrOHAJM30BATb 110 OTHOIIEHHIO K MePBOMY. DTy
NPOIeAyPy MOXKHO HPOJO/KHTBL A0 monayuenus Beex ([17]1”) Habo-
poB K03(pHHULUEHTOB.

B. HpeoGpazosanue koadduuucaros Kiae6ma — lopaana. das
HOCJAEAYIOMEer0 pPacCMOTPEHHsI TOJIe3HO IIoKaszath, Kak mnpeobpa-
3yeTcsl Matpuua kosadpduuuentoB Knebmia — 'opmrana npu npeoG-
pasoBanusx nopobus npejacrasienuit DO, DUy DU, Tlycth A —
YHHTapHas MaTpHLa; TOrAa

DW=apP4~", DV =aD¥A", DY =AD" 477", (18.25)

ITpeo6pasoBannble 6a3ncHple GYHKIUH APH 3TOM HMEIOT BHI

of =X Auw, ol = 2 A YD, ) = X A (18.26)

w u

Ecaun matpuny Koadduunentos Kaebua — oppana B ncxogom 6a-
suce ynkumii {P} 0603HaUUTH JAJas HPOCTOTH Kak UU®Y), a pas
npeoGpasoBannoro Gasuca {9} kak VU®, 1o MB HoaydnM

s =1 " =1 19 Dapy(2) —
RES ZAN, U = Z A ,,Zumg PP =
= ), AI-uUet) ZA AL aPe.  (18.27)
l," « }‘/ erll A ,7\.' QJ .

AVA”
Ho .
17) — V(l®l’) () (l’) . 18.98
QU =2, Veeh olel (18.28)
TaK 4TO
T00) = 5 (A®A) . 1alrn. prarlis 18.2
vien =2 (A® Ay iU, iaAm (18.29)
niau

V=(AAUA""". (18.30)

r. Meron onepatopos npoekTupoBaHus. Euie 0AHH MeTOX NoJYy-
yeHns koadpbuurventos Krnebiia — [opraHa cocTOUT B HCHOJb30BA-
HHH ONepaTopoB 1poeKkTUpoBaHHsa. OmepaTop INIPOEKTUPOBAHHUSN

[ .
P{w%”, onpenesaseMbli paBeHCTBOM

7 l” N ” *
Pty =2 DU (R)y P, (18.31)
R
uMeeT CJeAVIONUHe CBOMCTBA: , .
Pl(j,,”l},,lb{f,f’ = ﬂnfj;", (18.32)
PUDGED = g0, (18.33).

. | Pl F = i, ] (18.34)
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rae F — npousBosibHas JuHeHHass KOMOGUHANHUA 6a3HCHBIX q)yHKuHﬁ:
F=3 240
T 'm ¥

OnepaTops! NPOEKTHPOBAHUS MOXKHO HCHOJAL30BATh MJIS HaXxoikKie-
nus GasucHBX QyHKuuH npenctasiednfi DO u D®), satem o6paso-
BaTb npoussenennst P! u panee ucromvsosats (18.34) ams

HPOEKTHPOBAHUA TeX JHHEHHBIX KOMOHHAlUH# NpPOH3BedeHHH, KOTO-
puie npeobpasyloTesl Kak wg,ﬁ". Taxum o6pasoM, omepaTopsl Npoek-
THPOBAaHUS MOXKHO HCIOAB30BaTh AJS HaXOXKAeHHS K03(PPHIHeHTOB
Kine6iwa — I'opnana. ITockonbKy B 3TOM MeTofe TpeGyeTcst cHayasa
BHIYHCJAHTL 0asncHble QYHKIHH, IMpOIle HCHOAb3oBaTh (18.23), aas
yero Tpebyercsl TOJNbKO 3HaHHe npeiacraBsdeHuil. Oanako, ecau Oa-
3UCHBIe QYHKIMH H3BECTHHI, ONEePaTOPHl MPOEKTHPOBAHUS MO3BOJSIOT
IIPOM3BECTH XOPOIIYIO NpOBEePKY KO3(POUIHUEHTOB, BHIYUCAEHHHX C
ucnonnzoBanueM (18.23), Tak Kak, cormacHo (18.32), 10MXKHO BH-
HOMHATHCSA PaBEHCTBO
ll/

) LUy , L ¥ ,
Peo, Z(u W [ )\Pff’lpffr’=z (u u,}u" )‘Pff"bff/’- (18.35)

. up
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HenpuBonumbie npeancraBiaeHust rpynmbl
TPaHCIALUMH KPUCTANIA 2

§ 19. Beenenue

B HecKombKux mocaeaywomux naparpadax (§ 20—25) paccmart-
pUBalOTCS HeIPHBOAHMBIE NPeACTABJIEHHS TPYNNL TPAHCIALMHA KpH-
cranna . O6cyxaaroTcss OCHOBHBIE IOHSITHS: BOJHOBOH BeKTOp K,
G10X0BCKU# BekTOp ¢ (R), 30Ha Bpuamosna, COOTHOLIEHHE NMOJTHOTH
H OPTOHOPMHDPOBAHHOCTH JI/I51 HENPHBOJHMBIX MPEJACTABJEHHH, a TaK-
;Ke OpsiMoe NpOoH3BeJeHHe HeNpPHBOAUMEBIX NPEeICTaBJEHHA T'PYHIH
¢. Tak kKak  saBasieTcs abeseBoil rpynnol (TouHee, IPSIMBIM IIPOU3-
BejJleHHeM TpeX 0oJiee NMPOCTHIX afeseBHX IPYMH), MaTeMaTHYecKas
Teopus 3aech oueHb npocta. OaHako AJAS 0OCYXK/AEHHS IpeacTaBJe-
HHH TPOCTPAHCTBEHHOH rpynnsl HeOOXOAMMO H3J0XKHTh 3TOT MaTe-
puaa B ypobGHo# mis Hac dopMe.

§ 20. HenpuBoaumble npeacTaBienus rpyans T

B sToM naparpade My PacCMOTPHM HENPHBOAMMbIE IpelcTaBJe-
HUA OZHOMepHOH rpymnsl TpaHcisuuil €. M3 (4.33) caeayer, uto
¢, sBasercs aGeneBoH rpynmoit ¢ obpasywomuM sjemedToM {e|a:}.

AGeneBa rpynma HMeeT CTOJBKO Ke KjaccoB €, CKOIbKO 3Je-
MEHTOB, H KayKJblil Kiacc BKJIWOYaeT OJHH 3/1eMeHT. TakuM o6pasoM,
B $; Kax bl aseMeHT {e|lia;} ABASETCA €AUHCTBEHHHM 3JEMEHTOM
cBoero kaacca €. IlosTomy abeneBa rpynma HMeeT CTQJIBKO 3Ke
OIHOMEDHHIX HENPHBOAHUMBIX IpeJACTaB/JeHHH, CKOJBKO 3JeMeHTOB.
OGo3HaYHM HempHBOAMMOe MNpeicTaBleHue rpynmsl € Kak D),
Torna, noCKOABKY, cornacH (4.41),

{ela}" = {e|0}, (20.1)
JOJIXXHO BBINIOJIHATHCSA PABEHCTBO
H D® ({e]a*™) = D® ({e |0}) = 1. (20.2)
0 .
D® ({e]a}™) = [D®) ({e |a )™ =1. (20.3)

CnenosaTesbHo, Benunna D®) ({e |a;}) nonxna GbiTh paBHA OXHOMY
H3 2N; KopHell H3 eRMHHIH:

D) ({e | a,}) = exp — (2nip,/2N)), (20.4)
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rane
p1=0, 1, 2,..., (2N1—1) - (20.5)

Bosee yno6HO OTCUMTHIBATH p; HHAYE, a HMEHHO
p=—N, (—N+1),...,0, ..., (N —1). (20.6)

Ha6op 2N BO3MOXHBIX 3HaueHHH p; naeT B (20.4) cOBOKyNHOCTb
13 2N, 1ONyCTHMBIX KOpHEH u3 eluHUUH. [ pyrumu caosamu, (20.6)
03HayaeT, YTO p; NpuHuMaeT Halbop ueanx 3Havenuii (20.6) c Tou-
HocThio 70 2N;. ITosToMy Kaxjaoe paspelienHoe 3HaueHHe p; SKBH-
BaJIEHTHO 3HaueHHio p; + 2Ny:

P pi+ 2N (20.7)

DKBUBAJEHTHOCTh py H p; + 2N| 03HauUaeT, UTO 3TH JiBe BeJIMUHHEL
JaoT cOBNAJawllie 3Ha4eHHs KOpHA H3 eAuHUUH (20.4) H moTOMY
HepasauuuMpl. Iasi eme Ooabulero ynpouleHusi 00603HaYeHHH MBI
BBEIEM BEKTOPHYIO TEePMHHOJIOTHIO, OCHOBAHHYIO Ha NOCTPOCHHH
o6paTHO#l pelIeTKH,

§ 21. O6parHas pewerka

IIo paHHOH TpofiKe BEKTODPOB @i, @2, @3 B KOHDHIYpPaUHOHHOM
npoctpatctBe (§ 4) moxHo onpegmesuth [12] Tpo#iky o6paTHHX
BeKTOpOB by, by, b, o6anaromux cBOHCTBOM

a-b,=6” (21.1)
Hs (21.1) crenyer
_ a; X a3
bl_—————[ax-azxaal' (21.2)

OcranbHBIe BEeKTOPH INOJAYYalOTCSl LHKJIHYECKOH HepecTaHOBKOM.
OG6paTtHee BeKTOpPH b; 06pasyioT NpocTpaHCTBO, Ha3kHBaeMoe 00part-
HuiM. OgeBHAHO, YTO B 0OOPAaTHOM NPOCTPAHCTBE MOXKHO paccMaTpH-
BaTb BEKTOPH BHAa

N =y10, + y2b, + y3bs, (21.3)

rae y; — YHcila U3 HHTepBaja —oo < g < 00,

Bektop Buaa (21.3) uMeeT pa3MepHOCTb OOpaTHOH AJHHEL, Tak
KaK, OYEeBHJHO, 3Ty pasMepHOCTh UMeIOT BEKTODH B;; ecau KOMIo-
HEHTHl §f; HelPePHIBHO H3MeHSIOTCSl B NpefedaX CBOMX HHTepBaJIOB,
TO. BEKTOPHI 1)’ 3aN0JHAI0T 00paTHOe IPOCTPAHCTBO.

PaccMoTpuM Tenepb BeKTOp B 00paTHOM MNPOCTPaHCTBe, ONpe-
JieJIeHHBIH paBEHCTBOM

By = hyby + hob, + habs, (21.4)

rae h; —uennie uncaa. Habop Bcex TakuxX BeKTOPOB o6paTHOR pe-
IeTKH OlipefeisieT ceTKy B o6paTHoll pellleTKe. MoxXHO HpOCTO
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CUHTATh, YTO 3TA CETKA HJIH pellleTKa ONpPeAeJseTCs COBOKYIHOCTBIO
TOYEK, COOTBETCTBYIOIUHX KOHIIAM BEKTOPOB OGPATHOH peLIeTKH..
B Haurem paccMoTpeHHH OOpaTHYIO DelleTKy CJAeAyeT cUHTaTh Npo-
CTO CHCTeMOH TOUYeK; KaK OyaeT NOKAa3aHO, ¢ STUMH TOYKAMH CBS-
3aHBl HEMPHUBOAMMEBIE MpPeACTaBJEHHS Tpynmbl TpaHcasuuid €. Mo
He OylIeM HCIOAb30BaTh TEOPHIO HATPYKEHHOro oGpaTHOro (MJH
@Dypbe) mpocTpaHCTBA, PAa3BUTYI0 DBajbAOM [25]

MoxHo ompejesuTh BeKTODP, HapaJJeabHHI, BeKTopy b, dop-

Myso# o
P
( o ) by, (21.5)
rige
pi=—N, —N+1,..., Ny—1, (21.6)

a 2N, onpegesneno B (4.41) u (20.1) Kak pasmep obaactu bBopHa —
Kapmana B HanpaBjaeHuu b.

HaGop TakuX BeKTOPOB, KOMIOHEHTbl KOTODHIX 3aZaHBl pallHO-
HaJIbHBIMH JPOOHBIMH YHCJIaMH, OYeBHAHO, 00pasyeT HJOTHYIO, HO
IHCKPETHYI0 HOC/AeA0BATeNbHOCTb. DTH BeKTOPHl 00JaJaloT CBOH-

CTBOM
— b, < by < nb,. : 21.7)

OGpaTuM BHHMaHWe Ha 3HAK HepaBeHCTBa B NpaBol uactu (21.7),
KOTOPH# 00yc/aoBaed TeM, 4To Bce (2N)) KOpHel M3 eXMHHIBI, BXO-
psune B (20.4), gonxue! 6BITh He3aBHCHMBIMH.

3ameTuM, 4YTO 3TH BEKTOPH oONpejeleHH B COOTBETCTBHH C
(20.4)—(20.7) u orpaHnueHn B ob6Jactu BOJAH3M Hagasla KOOPIH-
HaT o6paTHOH peuleTku. UTo6n Temeph mpuBecTn BekTop (21.4) B
cooTBeTcTBHe ¢ (20.4), 6ymeM cuuTaTth, uTo ky == mb; u k) == —nb;
COOTBETCTBYIOT OJHOMY H TOMY XK€ BeKTOpY.

[MosTomy, ncnoasdys (20.5), MoxHo mepenucats (20.4) B Bume

D®) ({e|a;}) =exp — ik - a;. ) (21.8)
Takas ¢opMa oJHOMepHOH MAaTPHIUbLI HENPHBOAHMOTO MPEACTAaBJE-
HUA rpynisl $; oKasplBaeTcs oueHb yJ06HOM.

§ 22. HenpuBoaumbie NpeicTraslieHds Fpynmnbl
T=LRLR®;

OueBuaHO, 414 rpymisl 3 MOXHO MPOCTO NOBTOPHTH BCe pac-
CYXKJeHHsI, TOJLKO UTO HCIOJIb30BaHHLIe NpuMeHuTeabho K $;. Co-
OTBETCTBEHHO ONpPeAeuM

k2=22“—1\§’:b2, ' (22.1)

rae
pp=—N;, —Ny+1,..., No—1, (22.2)
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H, CJeAOBarejabHO, ' .
‘ by < ky < by, (22.3)

IToatoMy, ecin 0603HAYUTh HENPHUBOAMMEIE NPelNCTaBNeHHS IPYNIbL
T, uepes D®), 1o

D®) ({e] ay}) = exp — ik, - a,. (22.4)
Hagoneln, moBTopsis Te e pacCyXmeHusl Ajs Ts, ONpeneTuM
hy = (320e 222 b, (22.5)
rie
py=—N,;, —N;+1,..., N3—1, (22-6)
¥, CJeLOBaTeJabHO,
b ﬂbs k3 < nbs (22 -7)

OGosnauass 3aTeM HempHBOAMMbie IpeACTaBJeHHs rpynnsl T3
uepes D®) posmyuaeMm

‘D) ({e | @z}) = exp — ik - a;. (22.8)

Hanee, rpynna T sABjisercs NOpPAMBM IPOU3BeJAeHHEM TIpPYHI,
HO3TOMY TPHMEHHMO paccMOTpeHHe, INpHBOAsiee K (opMmynam
(17.10)—(17.12). CooTBeTCTBeHHO 0003HAUAM HEIPHBOAUMEBIE Npen-
cTaBjeHus rpynns $ uepes D¥; roraa

D®) = D) @ D) @ D&, (22.9)

Taxgum oGpasom, ucnoabsys (22.9), MoxHO HafiTH MaTpHuy, CO-
OTBETCTBYIOUYIO JIOGOMY HpPOH3BOJLHOMY 3JeMeHTy rpynnel € H
OTHOCAILYIOCS K JI00OMY M3 HONYCTHMBIX HeNDHBOJAHMHX IIpelICcTaB-
Jgenui rpynnu €. OtMetum, uto umeercs (2N;) - (2Ny) - (2Ns) Takux
IIpeACTaB/IeHHH, 3a1aBaeMbIX BHIGOPOM py, P2 B p3. DTO UHCJO COBNaA-
JlaeT C YHCJIOM 3JeMeHTOB M KuiaccoB rpynmns E. ITostomy (22.9)
ZIefCTBHTENLHO NaeT Bce HeMPUBOAMMEIe NpencTasjeHHs rpynnsl E.

§ 23. Boanosoit Bektop. [lepBas 3oua BpuanaiosHa

PaccMOTpuM Tenepb 3JeMeHT TPynnu $

{eIR.} = {e|lia, + La, + Las}. (23.1)
B mpexacrasiennn D® emy coOTBeTCTBYeT MaTpHLA
D® ({e | R.}) =exp — ik - Ry, (23.2)

T'lle MOJHBIE BOJHOBOH BexkTOp R ompenessercs paBeHCTBOM

k =k} kyt-ky = 2 )bl + 2n () b, + 2n (5’1’73—) by, (23.3%
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a p;, ps, ps BeiGpambl coraacuo (21.5), (22.2) u (22.3). B sBHOM

BHE -
k- RL= llkl @ + l2k2 Qs + lskg, a3, (23.4)

rae [; — uejeie 4Mcia, HJIH
ke Ry=2n (ot 4 222 4l (23.5)

PaccmoTpuM aBa BOJIHOBHIX BekTopa kB u K, rie

KF=Fk+2nBy. (23.6)
Jlerko y6enutbcs, uto ecin D® paerca dopmyaon (23.2), To
D®) ({e |R;}) =exp— ik - Ry=exp—i(k: R+ 2nBy - R;). (23.7)

Ho
2th . RL = 23‘5 (hlll + hzlg + hgl3), (23-8)

rae Bce h; u [;— nease uncaa. CiaenoBaTenbHO,
*)({e | R})=exp — ik - Ry= D" ({e |R.}). (23.9)

Takum o6pasoM, ecin kB u k' — 1Ba BOJIHOBHIX BeKTOpa, CBSI3aHHBIX
cooTHouleHHeM (23.6), TO OHU ONIpeLeNAIOT OAHO H TO XK€ HENpPHBO-
AUMOe TpejfcTaBldeHHe rpynmsl €. 3aMeTHM TaKxke COOTBETCTBHE
3TOro BHIBOJAA C BHIBOAOM, caenyooumum uz (20.7). Chopmynupyem
pesyabTaT. Habop Bcex BekTopoB k B o6paTHOH pellleTKe, IAe
k=Fk -+ ky -+ ks m

- Tl:bl < k] < nbl, - TﬂbZ kQ < :|T/b2, - ﬂb3 k3 < nbg, (23.10)

onpegeseT Ha0op BceX HENMPHBOAHMBIX NpeAcTaBleHn# D® rpynnn
€. Dot Habop Bcex He3aBHUCHMBIX BeKTOPOB kK B o6paTHOMN pellleTKe
3anoyiHseT 00beM W TNOBEPXHOCTb IOJH3JAPHYECKOH sueliKH, Haxo-
nsieficsi B HagaJsie KoopauHaT o0paTHOH peuietkd. OnpeneseHHas
TakuM o6pasoMm siuefika B (opMe MHOTOrpaHHHKA Has3bIBaeTCs Mep-
Boil 30HOH Bpuinosna kpucraana [26]. Oxa HMeeT MoJaHYIO CHM-
METPHIO TOYEeYHOH TpyHNH NOpocTpaticTBeHHoR rpynnel. [loatoMmy
nepsas 30Ha Dpu/mosHa COAEPKHT Bce BEeKTOPH R, YJOBJIETBOPSIO-
mue HepasenctBaM (23.10). Opmnako u3 aByX BekTOpoB k u K/,
VIOBJIETBOPSIONIHX (23.6) TOJBKO OOHH JAOJKeH OBITh BKJIOUEH
B '9TY 30HY.

MoxHO aathb u upyroe onpeneseHue nepBofl 30HH Bpuinmosna,
Jyylle corjacyoleecs ¢ O6umeNnPHHATEIMYE TPaKTOBKaMH MaTeMaTH-
deckolt Kpucrannorpaogpun. CoraacHo Ilendincy, OCHOBHYIO AYeHKY

\
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KPHCTaJJIa MOXHO ONPee]UTh NIyTeM Clefylollero reOMeTpPUIeCKOro
noctpoenus. [TocTpouM BeKTODHI, BHIXOAAIINE H3 HAYaJa KOODAHHAT
K NepBLIM, BTOPHIM U T. X. COCEAHHM ¢ HAYajioM KOODAHHAT aToOMaM,
[TocTpouM IJIOCKOCTH, HepeceKarolllde NeprleHAHKYJSPHO CepelHHE!
9THX BEKTOPOB. 'eoOMeTpHUYeCKOe MECTO TOYeK, PaclOJIOXKeHHHX Ha
HOBEePXHOCTH H BHYTPH 00J1acTH, OTPaHHYEHHOH THMH NJIOCKOCTSAMH,
onpenesieT 00/acTb B INPOCTPAHCTBe, H3BECTHYIO KaK OCHOBHASI
siuefika [llendiuca. drta suelika obnagaer cuMMeTpued TOuyeyHOH
rpynnel -Kpucraiia. Ecau TNoc/lefoBaTelbHO CMelLaThb 3Ty SYeHKY
W3 Hada/ja KOOpDAWHAT Ha BEKTOPH pelleTKH, OKas3blBaeTcsl, UTO
Ayefikn o6pasyT NJAOTHYIO YHNAaKOBKY, 3aloJHsAs LPOCTPAHCTBO Ges
npomexyTkos. Sluefika Illendauca sBasieTcs TpeXMepHHIM pelile-
HueM 3ajnauu [uabbepTa O BO3MOXKHBLIX HE3KBUBaJEHTHBIX crmocobax
3aMoJIHEHUs] TPeXMePHOTO NpPOCTpaHCcTBa MHororpaHHukamu., Ha ne-
CKOJLKO JeT nosjaHee lllendauca sdefika B (opMe MHOTOrpaHHHKA
u ee cBoiicTBa ObJIM 3aHOBO OTKPHITH Buraepom u 3efinem [27].
3Ty sYefiKy YacTC HA3HBAalOT MHOrorpaHHukoM Buruepa — 3efna.

OTMeTuM, YTO AJS HNOCTPOEHHS 30HH DpH/MIO9HA HIAH sTUefiKH
oGpaTHoro mnpocTpaHcTBa MertomoM Hlendsuca cieayer mnpexie
BCEr0 BHJOU3MEHUTb OGDATHYIO PELIeTKY, NOCTPOEHHYIO Ha BeKTopax
oGpaTHo#l peuleTkn (21.3). PaccMOTpHM mnpOCTPaHCTBEHHYIO pe-
ILIeTKY, OIpe/eNeHHyI0 BEeKTOPaMH

9By = 2rthyb, + 2mhoby -+ 25thybs. (23.11)

Bujon3MeHeHHe TPHBHAJbHHIM 006PasoM CBOJHUTCA K YMHOXKEHHIO
BCeX BeKTOPOB o6paTHOf peuleTkn Ha 2m. Cjaenys DBagbay, 6yaem
Ha3LBATh pelleTKy, 3aAaHHYI0 KOHeYHHIMH TOUKAMH BeKTOpOB 2nBy,
peurerkoit @ypre. Torga nepsasi 3oHa BpunmosHa nosaywaercs my-
tTem noctpoenust lllendauca B peuretTke Oypoe.

Ha6op us (2Nj) - (2N3) - (2N3) Touek k-mpocTpaHCTBA B mepBOH
3oHe Bpu/mosHa onpesesisieT NOMHBIH Ha6op HeNpHBOAHUMBEIX Hpen-
crasienui D® rpynne .

. C npyro# cTOpOHbI, NEpPBYIO 30HY BpH/III03HA MOXKHO OIpejie-
JHTh KakK Ha6op u3 (2N1) - (2N;) - (2N;) Touek k- -IPOCTpaHCTBa, 3a-
AAIOLWHX NOJNHBIA Ha0Op HEMPHBOAMMBIX IpeAcTaBieHHi D® rpynmnsl
¢. Ilpu ucmonan3oBanuu NochaefHerc oiipenenenus [28] Her Heo6xo-
IMMOCTH CUHTAaTh, YTO BCe TOUYKH NEePBOA 30HH DpH/INI03HA 3aKJI0-
UYeHH B 3aMKHYTOM MHOr'OrpaHHHKe. ENHHCTBeHHOe OrpaHHYEeHHe Ha

3HaueHuss B COCTOUT B TOM, UTC U3 COBOKYNHOCTeH ki, kl, e+, YIOB-
getsopsitomux (23.6), ciemyeT HCHOJb30BAaTh TOJAbKO OfHYy., Taxg,
HalpUMep, COIVIacHO OOLIeNPHHATOMY Olpeje/eHHIO 30Hb Bpuaiios-
Ha, cJaeAyeT CYHTATh NpHHaAJdexaliedl 3TOH 30He TOJAbKO OZHY M3
Hapbl TOYEK, HAXONSNINMXCH Ha MNPOTHBOMOJOMKHHIX TPaHSAX 30HEL
Bropas okaseiBaeTcs JMIIHEH; BEIGOP om{on TOUKH M3 NapH NMPou3-
BOJICH.
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§ 24. YcaoBus noJHOTHL H OPTOHOPMUPOBAHHOCTH
KA mpencrapienuii DA

ITpoBepuM Temepb COOTHOLIEHHS MOJHOTH H OPTOHOPMHDOBAH-
HoctH (15.7)—(15.9), ucnoib3ys HenpuBOZUMBIE NpPEACTABJEHHS
D® B mpocTpaHncTBe GJIOXOBCKHX BekTOpoB YA, 3ameTum, uTo B
3amucu (15.7)—(15.9) aTH COOTHOUIEHHS] OTHOCSTCS KO BCEH rpymmne
©. Ilpu ucnonb3oBaHuu HX AJAs £ clefyeT NMOAOKHTHL g, = 1.

[TockoabKy HenpHBOAMMBbIE NPeJACTABJEHUS OMHOMEPHHI, CyMMa
(15.7) paBua

é 1= 1=(2N))(2N;) @No), (@24.1)

npudeM NOC/efHee DABEHCTBO CJAEAyeT M3 TOTO, uTo AMs abeseBoi
IPYNNbl YHCAO KJIACCOB ONMpeeseTcsl paBeHCTBOM

r=(2Ny) - 2Ny - (2Ny) (24.2)

H PaBHO YHCJY 3JIEMEHTOB I'DYIIIHL.
[Tockosbky D® onHOMEpHB, MaTpHuLa H ee XapaKTep COBMa-
paoT: D® =y, Tlostomy u3 (15.8) umeem

Y D (e R D® (e [RY'— 3. Y Y exp— ifk- R, — ¥ - R)—
ars L L o

A (o —ni Iy (py — Py 13 (py — Py
=) exp—-2m( ‘(2‘Nl ‘)+ 2(51\/2 2)+ 3(§N3 3)). (24.3)
l1lsl3

B (24.3) snauenns (pi, ps, p3) B (p], pj, ps) Crenyer BuOpath co-
raacHo (21.6), (22.2) m (22.6), a cymMupoBaHHMe IO 3HAYEHHSIM
(N, Iz, I5) caenyer NpoBOAHTb B COOTBETCTBHH C YCJAOBHAMH BopHa —
Kapmana, T. e. B cooTBeTcTBHH ¢ (4.42) —N; < ;= N;. 310 cym-
MHPOBaHHE JIerKO BbIMOMHSeTCs. LI WMIOCTPAlHH BHIYUCAHM CyM-
my no ;. Ilpu stom yno6HO 3aMeHHTH HHTepBaJ CYMMHPOBAHHS Ha
unrepsaJ 0 << [; << 2N,. Toraa
2N —1

. 1 — e—-Qniy, (2N))
Z 4exp —_ (Qﬂilyll]) =W‘- , (244)
1,=0 .
rne , ,
Pi—p
h=—gy— (24.5)

HsMmeHeHHe uHTEpBaJa CyMMHDOBaHHSI Ha pe3yJbTaT He BJuser.
OYHKIHA, CTOAUIAA B NpaBOA 4actu (24.4), ucuesawllle MaJja, s3a
UCKJIOUEHHEM C/Iyyasi, KOTAa BelTUYHHA.y; PaBHA LeJIOMY YHCIY:

- n=n. - (24.6)
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Torma sta ¢ynkuus pasHa - (2N,). Tpoitnasi cymma (24.3) ompe-
Zensercs NpousBeleHHeM TPeX TaKHX COMHOXKHTeNeH, TakK 4To '

{ 'ZR; }D"z’ ({e | R}) D®) ({e | RL}) = (2N)) (2Ny) (2N3) A (k—F). (24.7)
el AL

®dyuxnua A(n) obGnamaer cBoiicTBoM - [4]

1 upw m=2aBy,
Aw={ y

0 _ (24.8)
B OCTaJbHBIX CJIyYasix. :
B (24.8) By-—Bektop ofpaTHoi peweTkd. Ho Tak Kak MH cre-
HaNbHO OrPaHHUH/IM pa3pelleHHble 3HAUeHHs BeKropa kB 06/acTbio
BHYTPH HJM Ha IOBEpPXHOCTH MNepBOH 30HH DpHIIIO3HA, BeKTOp
By, =0 (nBa BexTopa, pasjuyarpuHecss Ha BeKTop 06GpaTHOH pe-
HIETKH, OIpeeNsoT SKBUBA/JCHTHbIe HENPHBOAUMble IPE/CTABACHHUS,
U3 KOTOPBHIX cjaeayer Opath Jaumb o0AHO). OueBugHo, QyHKIIHA
(24.4) B npegene Ny— oo, Ny > o0, N3— oo coBnajaer ¢ AefbTa-
$yHKUMeH; npx nocTaToyHo Goapuiux Ny, Na, N3 MOXKHO CUHUTATh,
YTO HOTPellHOCTH MaJnwnl, TakuM 06pasoMm, Mu jaoKasanau (15.8).
[IpoBepum Tenepb agas npeactabiennit D® colicteo (15.9). Pa-
BeHcTBO (15.9) 3amucriBaeTcs B BHIE

Z D® ({e| R;}) D™ ({e | Ry}) =
)

— Z exp—2m’(p‘ (112:/:"11) + P2 (122;;712) + Ps3 (lsl-v'l; ms) . (24.9)

Pip2Ps .
BrinosHuM Tellepb CYMMHpPOBaHHe IO paspeuleHHHIM 3HaYeHHSM
(p1, p2, ps), onpenenenuniM dopmyaamu (21.6), (22.2), (22.6). Hec-
noJb3ys pesyabtaTel (24.3) u (24.7), MOXKHO HENOCPeACTBEHHO BHI-
NHCaThb pe3yabTaT :

2. D@ ({2 Re}) D ({e | Ry}) = (2N)) (2N) (2N) A R+ Ry), (24.10)

rne
1 npu r=0,

0 (24.11)
B OCTaJbHBIX CJIY‘{aﬂX.

A(r)={

Jeasra-pyukuns (24.11) oTHOCHTCS K UPOCTPAHCTBY KPHCTAMIa HJIH
KoHurypaunonHoMy npoctpasctsy. CaenoBaTe/nbHo, uTo6H (24.10)
6LLIO OTJIHYHO OT HYJA, AOJXKHO BHINOJHATLCA YC/JIOBHE

R,=—R,,. (24.12)

Onnako (24.12) mpocro o3Hadaer, uyTo B NoArpynme &, paccMarpu-
BaeMoll Kak rpynna, siementhl {e|R.} u {e|Rm} monxnbr mpex-
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CTaB/f1b coGofl oOpathble Kaacchl, IleficTBHTeNbHO, TaK KaK Kax-
Abifl aneMeHT {e|RL} ABASETCH €XMHCTBEHHBHIM 3JEMEHTOM B CBOeM
KJacce B rpymme §, kjaacc, o6paTHmii Kjaaccy {e|R.}, BKIOuaer
eanHcTBeHHHH aneMeHT {e|R. .}~ = {e|— R.}. Takum 06pasom, Mb
J0Kaszaju cupaBeaauBocTs (15.9) gas D),

§ 25. HenpuBonumble BeKTOpHbIE NPOCTPAHCTBA r[;yrmbl <.
BJaoXoBCKHE BEKTOPDI

O6paTtumcsi Tenepb K JHHeAHBIM BeKTOPHBIM IPOCTPAHCTBAM
3%, B KOTOPBIX 3ajaHbl HEIPHBOAUMBIe NpexcrasiaeHus D), rpyn-
nsl . BekTophl, o6pasyioliie 3TC NPOCTPAHCTBO, SIBASIOTCS (DYHK-
UMY, KOTOpble OOLITHO HA3BIBAOT O/MOXOBCKHMH (YHKIHSMH.

Kaxpoe HenpupojauMoe mpejactabjiexue D® rpymnnt € oaHO-
MEPHO, MO3TOMY OTAeabHAas OJ0XOBcKas (GYHKUHA HJAH OJO0XOBCKHH
BEeKTOp 006pasyeT COOTBETCTBYIOILee HENPHBOAUMOE JHHeHHOe BeK-

TOpHOe [POCTPaHCTBO 8, [Tycts P — GaoxoBcKas GyHKLHSL.
Torna n3 (14.5) umeem

Ppiryp® =D® ({e| R}) pP =exp — ik - Rpp®.  (25.1)
PaBuuiM oGpasom u3 (12.5) nonyuaem

Pie) oy b® (r) = 4@ ({2 | RY ™ - ) =
=1p(k) ({8 | - RL} . r) = '\p(k) (f — RL)' (252)

CuenoBaresbHO, AJAs 6710XOBCKOH dyHKuuu ¥ nmeem
P& (r — R;)=exp — ik - Ry (r). (25.3)

" TlockoabKy Kaxknas G10XOBcKasi QyHKUHs oOpa3yeT HENPHBOAKMOE
BEKTOPHOE LIPOCTPaHCTBO A3 rpynnsl €, KaxAas us (2N;) - (2Ng) X
X (2N3) QyHKuuA NHHEHHO-He3aBHCHMAa OT OCTAJbHBIX. JTO OUEHb
BaxKHOE CBOMCTBO, KOTOPBIM MBI BCKOPE BOCIOJb3yeMcs, 3aMeTHM,
YTO HaA 3TOH CTAJHH PacCYyXIeHHH CylecTBOBaHHE OJ0XOBCKHX Bek-
TOPOB OBLIO NOCTYJIHDOBAHO Ha COBEpUIEHHO OOIIHX TeOPeTHKO-
rPyNIoBHIX OCHOBaHUAX. J10 CHX HOp 3TOT BeKTOp He CBS3HIBAJCSH
C KOHKpeTHbIM auddepeHIHaTbHBIM YDPaBHEHHEM HJIH yDaBHEHHEM
B YaCTHOCTH IPOH3BOAHBIX, ONHCHIBAKIIUM AHHAMHKY KaKoOH-n1n6o
(u3nIecKoil cUCTeMBbl,

HOns noayuennsi GmoxXoBCKoH ¢yHkuuu $*) H3 npOH3BONLHON
¢yaruun W MOXHO MCHOAbL30BATh oNepaTop npoekTupoBanus (16.3)
rpynnosl €. Mu 3HaeM W HMeeM BCe HeoOXOmMMOe I IIOCTPOeHHS
H HCHOJb30BaHHSI TAKOro oneparopa. B maHHOM cayuae Bce HemlpH-
BOAMMble TpeACTaBAeHHS OAHOMEPHHI, W, CIeJOBaTedbHO, MOACTAB-
Jislsl OJHOMEPHYIO MaTpHULY, T. €. KOMIUIeKCcHOe yucso D, B (16.3)
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MblL HOJYYHM aJisi omepatopa P

1 . \
PW=— 3" exp(—ik-Rp)Ppiry. (25.4)
1R} )
Jlerko y6emuThCs, 4TO _
PO = y®) (25.5)

¥ uto aas ¢ynkuuu P®, onpenenenHof pasenctsom (25.5), umeer
MECTO COOTHOLIEHHE

Py ryb® = D® ({e | R.}) p®), (25.6)

KaK H CJIeJ0BaJO OXHAATh.
BuTb MOXeT, NOJEe3HO IOAYEePKHYTb, YTC OHEpaTop Peirp
MOXHO HCIIOJb30BAaTh AJsI NPOBEPKH TOro, yto Pt¥ gmiasercs 6Jio-
XOBCKHM BEKTODOM H JJIf ONpeLesNeHuss ero BOJHOBOTO BekTopa K
no matpuue D® ({e |R;})=exp—ik-R;. I naoGopor, pyHkuus,
ymuoxaloniasics Ha D% ({e | R;}) npu neficTsuu onepaTtopa PRy,
ABJsieTcsl 6JOXOBCKHM BEKTOPOM C BOJIHOBHIM BeKTOpoM R.

§ 26. Mpsmoe npousBegeHue s rpynne T

[IpountoctpupyeM Temeph TeopeMu (17.4)—(17.6), oTHocs-
mHecs K MOHSTHIO NPSMOro mpoussedenus. Tak, eciu $* apasercs
6/10X0BCKOH (yHKuueit, obpasylomelli HHBapHAaHTHOe H HEIPHUBOAU-

k ’ £,
moe mpoctpasctso P, a p*? o6pasyer mpocrpancrso 2#7, To mx

IIpOU3BEACHUE
Pl#) « ap#) (26.1)

o6pasyer npocrpancreo 2*®*7. Ho H3 COOTHOLIEHHH
Pt rpyp® - ¥ = D® ({e| R1}) D®) (fe | RL}) 1 - p*) = (26.2)
==exp — [i (B4 k) - R p* - ¥ = (26.3)
— D®®#) ({& | R,}) pHp*) (26.4)

caenyer, uro S¥®*) Takke ABISETCH HENPHBOAMMEIM IIPOCTpAH-
ctBoM. TakuMm o6pasoM, BOJIHOBOM BeKTOp k -k’ unu paseH BOJIHO-
BOMY BeKTODY U3 NepBOH 30HB DpuaM03Ha, HIH Ke IJKBHBAJEHTEH
(otiinuasics Ha 2mBy) BOJHOBOMY BeKTOpPY H3 IepBofl 30HH Bpui-
JI03HA. ‘
KoaduuuedTol npuBemeHHs JJd INPSIMOr0 IPOHU3BeAeHHs B
- rpynne € oco0eHHO NPOCTH: JHUIb ONHH M3 HHX, COOTBETCTBYIOILHH
paspellleHHOMY 3HaueHUIO R - R, oTqudeH OT HyJsd, T. e.
D@ #) = Dit+#),
R L X#eH) k)

Kak c.ne,u.ye'f H3 Q)oﬁmyql (17.4), (17.5).
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Henpuoaumbie npencraBieHus
H BEKTOpPHbIE MPOCTPAHCTBA
NPOCTPAHCTBEHHBIX TPYyMI

§ 27. BBenenne '

Jaunas riaBa, Braovapmasn § 27—>51, saasercs oaHoll U3 Hau-
6oslee BaxHBIX I'VMIaB Bcelt KHUrH. B Helt us/naraercsa obuiast Teopus
HENPHBOAUMEIX NIPeACTaBJAeHNH IpOoCcTpaHCTBeHHBIX rpynn. Paccemart-
puBalOTCs KakK clydal CHMMOPQHHX, TaK H CJy4Yadn HeCHMMOpPOHBIX
rpynn. Manaraemblft 3z1eck MaTepuasJ HPUMeHHM K J060# cucteme
MHOTHX TeJ, obaafarmell ciMMeTpUell NPOCTPaHCTBEHHOH TI'DYIIIHL;
¢ apyro#l cTopoHwl, jwobasi TaKas CHCTeMa, WHBAPHAHTHAS OTHOCH-
TeJIbHO TPYNIH NpeolpazoBaHuil, 00pasywuHx NPOCTPAHCTBEHHYIO
rpynny @&, o6najaer cBOHCTBAMH, COIVIACYIOLMMHUCA C HENmPHBOJH-
MBIMH TIpeACTaBJEHHSMH Ipynns @,

B pajbHeifillleM H3/I0OXKEHHH MBI NpekAe Bcero OyaeM CYHTATh,
9TO HAM H3BeCTHH HeNPUBOAMMEBIE INpeJacTaBjdeHds rpynmsl &, u
YCTaHOBUM HeJbll PSA CBOACTB 3TOH MaTpuuHOH rpynnsl. [Ipu atom
FaBHYIO POab urpaeT TOT ¢akT, uTo ¥ sBJAseTCa HOpMaJbHO# moj-
rpynno#i &. BcereactBue atoro GaoxoBckue BekTopnl Y#, ABsio-
muecss 6a3UCHBIMH AJIsl HeMPHUBOAUMBIX NpejAcTaB/eHH# rpynmb <,
MOXKHO HCIOJb30BaTh BCIOAY B KauecTBe COCTABJSIOUHX 3JEeMEHTOB
IJsi HeNpPUBOAMMBIX TipeacTaBjeHuil rpyunel & HenpuBozumele
npexpcrasiedns @ sagaHer B npocTpaHcTBe, 00pasyeMoOM COBOKYII-

HOCTBIO S GJ0X0BCcKHX Bekropos {p'®, y(%), . . (#s)}, Habop u3
s BOIHOBHIX BeKTOPOB {k, ks, ..., Rs}, COOTBETCTBYIOLIHX 9TOH COBO-
KyIOHOCTH, o6pasyeT 3Be3ny *k. IIpn 5ToM uMelOTCS [IBe BO3MOXK-
HOCTH: anbo0 s ==p, b0 s <p, rae p— HHAEKC NOArpynne £
rpynnsl @ (1. e. nopsiaok gaktoprpynnn G/<).

[lepBoiil ciygall cOOTBeTCTBYeT 3Be3jie OOIEro0 THIIA; PacCMOTpe-
HHMe TaKuX HpPeICTaBJeHHH OKa3LBaeTCs NMPOCTHIM.

Bropoii caydall cOOTBETCTBYeT 3Be3/e ClienMaJbHOrO THNA, ¥ OPH
€ro pacCMOTDPEHHH INIPOSIBASIIOTCS HOBBle 0COO@HHOCTH HENPHBOAUMBIX
NpejCcTaB/ieHnl NPOCTPAHCTBEHHEIX Ipynn. PaccMoTpeHue 3Be3fbl
CNelHaJbHOI'O THNA NPHBOAHT K MOHATHIO NPOCTPAHCTBEHHOH rpym-
bl BOJIHOBOTrO BekTopa R, @(k), u K 3agave O HENPUBOZUMBIX Npen-
craBjaeHusix rpynnsl @ (k). onycTuMble HENpHBOAMMEIE HpEACTaB-
JeHuss rpynnsl ©(R) HHAyUHDYIOT HeNpHBOAMMHE IpeICTaBJIEHUS
rpynnsr . IloctpouB HenmpfiBoguMble NpeicTaBjenus rpynnsl @,
Mbl IPOBEPHM AJfl HEX COOTHOLIEHHS NOJIHOTH W OPTOHOPMHPOBaH-
HOCTH, . o



80 Trasa b

Marematuyeckasi cTOPOHa Teopuy, paspaborannas Kaudgoprom
(23, 29] u cBsizaHHada co cTpyKTypo# rpynns @ nin @ (k) kak pac-
mnpenuss rpynnsl & npu momomu P [uam B(R)], 6yzer paccmor-
pena B § 36. Hurartemo, mHTepecywolueMycs B OCHOBHOM OoJiee
afCcTpaKTHHIMH aCHeKTaMH TeOPHH, MOXKHO PeKOMeHI0BaTh NpPOUECTh
crHavasa § 36, a 3aTteM BepHyTbhcs Kk § 28—35. CorsacHo Hamemy
ONLITY, NPUHATHIE HaMH HECKOJbKO 6oJiee HHJIYKTHBHBEIH XapakTep
H3A0KEHHS OKAa3bBaeTCss NPEeANOUTHTENbHEIM [ (H3UKOB-Teope-

TUKOB M 3KCIEepHUMEHTAaTOPOB, KOTOPBIM H aJpecoOBaHa 3Ta KHUTA
[26, 28, 30—32] 1).

§ 28. Henpusoxumsie mpencrasaehus D™ ™ rpymnn G

Heo6xoxuMo BBeCTH HeKoTOphle oGosHaueHHss. CHMBOJ

DB ™ ({g [t (9)} (28.1)

HCNOJAb3yeTCA AJMs1 0003HAUeHHs MaTPHIE, COOTBETCTBYIOLLeH 3Je-
menty {@|f(p)} B HenpuBOAMMOM npencrtaBaeHuH rpynnsl &, obo-
3HauaeMOM cuMBoaamu (*k)(m). Dtd cuMBOAB MOAPOGHO IIOsIC-
gsarorea Huxe. [lag m000roc HeNPHUBOAMMOTO NpEACTaBJIEHUs [T. €.
past 3agaHHuix (*k) (m)] martpunb (28.1) ROJXKHEL ItepeMHOXKATbCS
TaK ¥e, KaK 3JeMeHTHl TPyNiH, T. ., HalpHMep,

DB ™ ({qy [# (1)} - D*# ) ({, | # (9)}) =

= D8 (™) ({g,, | @, - £ () + £ (91)}). (28.2)

[Ipenmno/soxuM, 4YTO HENPHBOAMMOE TNPENCTaBJCHHE HMEeT pas-
MEpPHOCTb

dim DO*®) W = (s . 1,,). (28.3)

Torpa B HenpUBOAUMOM JIMHEeHHOM BEKTODHOM MPOCTPaHCTBE

S(*#8) m) ymetorest (s+ln) BeKTOPOB, o6pasyloulnx 6asuc npexcTas-
(*#) (m)

JeHuss D .

31ech creayeT MOAUEPKHYTh, UTO A HOHUMAHHUS MOCJIEAYIOLIEro
Ba:KHO SICHO NMPEACTaBJATb ceGe CAeNywllHe MaTeMaTHUECKHE TO-
HSITHS:

a) NpoCTpaHCTBeHHas rpynma @, cocrosiias K3 omepaunui npe-
o6pasopaHusi koopauHat {@|#(g)}, u u3oMopdHasa el mpocTpaH-
cTBeHHas rpynna @, cocrosmias U3 onepaTOpPoB Pe|¢(w), AEHCTBYIO-
I UX Ha OYHKUHH;

6) maTpuyHas rpynmna D(*®) (m) o6pasytomas MaTPHUHOE Npef-
cTapjenue (B HaHHOM CJyuae HenpuBoguMoe) rpynns @;

Y} Houanble TabGauIH HEHPHBO}IHMHX. NpeACTaBACHHHR NPOCTPAHCTBEHHBIX rpymm
MOXHO Hafitu B [17; 119].— Hpum. ped.
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B) COOTBETCTBYWLlee BeKTOPHOEe (YHKIHOHAJbHOE IIPOCTpaH-
CTBO, KOTOPOE IPH [iefiCTBHH Ha Hero onepatopoB Pejsey  AaeT
npencrabaenusi D(*e) m),

Iamee, GyneM cuuTaTh, uTO mnpoctpaHcTBo $(*®) (m) CHMBOJMH-

YeCKH INPeJCTaBJEHO BEKTOP-CTPOKOH, conepxkamiell (s:/m) Oasmuc-
HBIX BEKTOpoB M{™:

2(*k) = {"gm), "l(gmb veey "(m) . (284)

Tpencrasienue D(™#) M sanano stum npocrpaHcTBOM:
(s:1m) *
PV = B; DUR ) (g £ (@Y™, o=1, ..., (s 1,).
(28.5)

B ypashennu (28.5) 0™ — moGoit u3 (s-I ) Ga3HCHBIX BEKTOPOB

*
POCTPAHCTBA (%) (m) Taknwm 06pasoM, LJsi BCero NPOCTPAHCTBa
H TPeACTaBJEeHHS MOMKHO HaNHCAThb

Pg1e @2 ® 0 =3CH DD ™ ({g ¢ (@)}).  (28.6)

§ 29. lpencrasaenne rpymmst T,
MOJYUEHHOE OrpaHH4YeHHEM INpeJCcTaBJeHHs D*®) (m) rpynna G

Tockompry D™*® ™ ({¢ |t (g)}) sBaseTca TNpexCTABICHHEM
IPYNNEL, TO

(&) (m) ({e | R.}) (29.1)

ABJSETCS HpejcTaBieHHeM noAarpymnsl €. DTo HpeACTaBJIeHHe MBb
GyneM HasbBaTb OrPaHMYEHHBIM NpeACTaBJIeHHeM: OHO MOJyvaercs,
ecd Ha6op pPacCMaTpUBAEMDBIX 3/1€MEHTOB {p|t(e)} OI‘paHI/I‘{I/ITb
sneMentamu noarpynns §. Kaxk npexcrasnenne rpynns €, D(**
corsacHo teopeme Malike, 60 HeNPRBOAUMO, JHOO pasJIaraeTca
B CyMMY HepHBOMHMBIX npeicrapieHnit rpynnsl €. Byxem cuurars,
yto (29.1) BHIGpaHO B HOJIHOCTbIO npuBeJneHHOH (GoOpMe aJs BCeX
TpaHcaAnuHA U3 <

D8 ) ({e | Rp}) =
Hlexp—ikl-RL 0 0...0
= 0 II2 exp - ik2 . RL “e e . (29.2)
0 IL exp — ikRR,
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B (29.2) Bxogar engﬂu‘iﬂble matpuns I, pasmepa (Iy X 1,):

10 ... 0)
01 .
Il =1 ) pasmepa (I; X4) u 1. 1. (29.3)
1
o 0 .1

Taxkum 06pasoM, ME TNpPEANOJONKHIH, UTO B npencTasenne D(*#) m)
HelpHBOAUMOe mnpexctaBsenne D®) rpynner € Bxomut [; pas,
D) pxogur I, pas, ..., D*) mxomnr I, pas. IlpennosoxkeHnue
o ToM, uto D{*#) ) ({e|R,}) mmeer o¢opmy (29.2), He HakJaIH-
BaeT Ha Hallle PacCMOTPeHHEe HHKAKHUX CYLIECTBEHHBIX OrpaHUUYeHHH.
Benuuunsl exp — ik, R, sBasiioTcs (OJHOMEPHBIMH) MAaTpPHILAMHU
HE3KBUBAJEHTHEIX HENPUBOAUMBIX NpeacTaBtenuii rpynnst €. Ilo-
CKOJIbKY 3TH MaTpPUUbl HE3KBHBAJEHTHBl, BeKTOPH K, DPas/JHUAMBI
H He3KBHBAJEHTHHI, T. €.

kl—/+—-k2+2ﬂ:BH H T. O. (29.4)
[TosTomy mepBhe /; (pYyHKIUH NpOCTPaHCTBa E( E)(m) MBI MOMKeM

OTOX ECTBUTb C GJIOXOBCKHMH (YHKIUAMH (uau GJOXOBCKHMH-BeEK-
TOPaMH), XapAKTEPU3YEMBIMH BOJIHOBEIM BEKTOPOM R:

™. L, Y= (I, R I, (29.5)
B (29.5) Mbl BBestn 0Go3HaueHHe
YA =1, ..., 1, (29.6)

IJis. GIIOXOBCKOM (YHKIMM C BOJTHOBHIM BEKTOPOM R} IONOJIHHTE/b-
HBIE HHJEKC m OOBSCHSAETCS HUXKE, 3 UHIEKC Ay HyMmepyeT /i BO3-
MOXHBIX GYHKUMA. AHaJorHuyHBM 06pa3oM ciexyoouue [y GYHKIHUA
o6pasynT HabOp

1p(ktfz) m A=1,..., 1, (29.7)
A T. A., Tak 4TOo B obuieM cJayuae
w&’;a)(m)’ Ka=1,---, la’ 'g,—_:_-l’,,,, S. (29.8)
DTHU pesyabTaThl MOXHO KDaTKO CBEeCTH K CJeLYIOIIeMY:
D(*k)‘ (m) | llD(k;)G;llD(kz) D...0 lSD("s)‘ .(29.9)

SR e )y (k) DLED @ ... §ID*), (29.10)
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[TonpasyMeBaetcs, 4To B BupaxeHnsix (29.9) u (29.10) neBas yacts
npeAcTaB/sieT co0ofi HENPHBOAMMOe NpeacraBiaeHHe rpynnel @, a
IpaBad uacTb BhIpaXkaeT PasJjioXeHHe OTPAHHUYEHHOro NpencTaBJe-
HHUS Ha HEIPUBOJMMBbIE NIPe/CTABAEHHSA FPYNNH I.

B 3ar/oveHHe BLIIHIIEM, _HCHOMb3yst (29.2), BoipaxkeHue AJs

cjena MaTpHHB
(s)

SpDUR ™ ({e|RY) = X, loexp— ik R (29.11)

§ 30. IpeoGpasosanue OGAOXOBCKHX BEKTOPOB omepaTopamu
NOBOPOTOR

Tlpexae ueM NPOLOIKHTL H3yueHHe mpefacTaBienus D(*#) (m)
HaM notpebyercs HeKOTOPHIA IPOMEXYTOUHBIH pesynbraT. OCHOB-
HBIMH COCTABJAIIMUMHE OJOKAMH JJs TPEICTABJICHHHA SBJISIOTCS
GoxoBcKMe BekTOpel Y*), m Ham cJexyeT paccMOTpeTh Hpeolpa-
3oBaHHbEe ¢GyHKIHH, TakuM o6pasoM, nyctb P* — BI0X0BCKHH
BEKTOP C BOAHOBEIM BEKTOpPOM K, Tak 4To, corsacHo (25.6),

Piei ™ = D® ({2 R.}) $4. (30.1)

PaccmoTtpuM GyHKIMIO
Po, 5 9®. (30.2)
Hs paBencrra

{eIR} {o |t} ={oln,}" {elcp ‘R (30.3)

nonyqaev[ ns (30.2)

*)) = . pA) =
Priry (Prniy®”) P{'ffgvl'x} Pleogta ¥
=D® ({elg;! - R}) Py, |, 0. (30.4)
Ho
D® ({elai" Ri})=cxp—ik- (97" R,)= :

: = exp — i(qy - k) - Rp= D" ({£|R,}), (30.5)
rge

=g,k -~ (30.6)

€CTb HEKOTOPHIH BOJIHOBOH (akTop. MOXKHO BHIENHTL ABa CJaydast:
kh=(p7». ¢ k==k+ 231;BH, (30.7)

b= s+~ b+ 2By, (30.8)

B cayuae (30.7) D(*.) skpuBasenTHO npencTaBJICHUIO p® © B cay-
qae (30. 8) 5TH TpeJCTABJEHHS HE3KBHBaJeHTHH. Hcmosbays (30 4)
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u (30.5), nonyuaem .
Pty (Piry 1 5y™) =D ((e 1R - (Pysy | p¥*).  (80.9)

CrenoparenbHO, €CJAH MBI PacCMOTPHM omepatop Ppjg,; Kak
npo6uuil onepaTop aHaJoruuHo (25.6), To MOJYYHM, UTO (YHKIHS
(k)
Pa, 1oy (30.10)
aBJasgeTcss GyHKuueH ¢ BOJHOBBIM BEKTOPOM Rj.
OueBugHo, uTO AJgf JAKOOOro omnepatopa CMeXHOrO KJjacca

{@xr]7:} € npeobpasosannaa QyHKiua obnajgaeT aHaJOTMUYHBIM CBOH-
cTBoM. Tak,

Poy 1 ay0®  npumanmescr 34, (30.11)
Pioy ¢ (= =2 (30.12)

§ 31. Conpsxxennnle npexpcraBaedus rpynnsl £

Peayabrate, nosyuennsle 8 § 30, I03BOJSAIOT BBECTH BaxkKHOE HO-
satue. B § 10 6ms0 npuBejieHO onpenesieHue CONPSIKEHHBIX NOJ-
rpynn rpynnel @, IlpuMeHHM aHAJOTHUHBIE pacCyXKJeHHS K TNOM-
rpynne € rpynne @. ByneM cuuTaTth, 4TO (PHUKCHPOBAHHBIH 3JEMEHT
{@2]t(@s)} rpynne @ npousBoguT oTOGpPaxcHue T Ha celsi:

{on 12 (@)} T {an 1 (@)} > 2. (31.1)

dcHo, uTo 3TO OoTOGpaXKeHHe siBJSETCA BHYTPEHHHM aBTOMODQH3-
MoM (compsizkeHueMm) rpynnsl @, onpene/nsieMbIM COMJIACHO NMpPaBHIY

{0 [t (@)} {BIR) - {0 | £ (9,)} ={elo;' - R} (31.2)

COOTBETCTBYIOLIME 3JE€MEHTHl CONPSKEHHBIX MOAFPYIN CBSA3aHB CO-
oTHolenueM (31.2). _

-1, .

Paccmorpum Tteneps MaTpunnt {¢|R;} u {&|¢;' - R;} Hempuso

numoro mpencrasaenus D® rpymnsi . OHU MMEOT BHI
D® ({e|R.})=exp —ik- R, (31.3)
", corsacHo (30.5),
D (el 0 Ryy) = exp— ik~ (o7« R) = D) ({eIR)).  (BL.4)
Tlpexncrasaenus
D™ u D*)) apnaiorTes compsiKeHHBIME (31.5)

npexcrapiaeHusMu rpynnsl €. Ormerny, uto asnaement {e|R.} npen-
CTaB/ISeTCA TAKOR Ke MaTpHIel, MocTpoeHHol B nmpocTpancTse X(%4)
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cornacio (30.12), uro u conpsikeHHwbi [B cootBercTBuu ¢ (31.2)]
saement {¢|¢;' - R,} B npoctpancree S,

OuesuiHo, NOCKONLKY npeActaBaenne D™ penpusozmmo, To
D(*3) HenpUBOANMO; NOCJeqHee HEMOCPEACTBEHHO CIeAYET U3 JEMMBI

[lypa. 3ameTUM, UTO C TOUKH 3pEHHsI NOATPYNIBl §, pacCMOTPEHHOM
BhIllle, 0OTOOpaKeHUe 3JCMeHTOB

IRy (e 07+ R} 616

sipJsfeTcss BHewHHM aBToMopduamoMm. C Toukm 3penus rpynnbl &
(31.6) nokasniBaeT, 4TO OTOOpAaXKeHHe BHYTpeHHee. HamoMHuM, 4TO
MaTeMaTHYeCKOe pas/juidMe MeXIy BHYTPEHHHM H BHEIUHHM d4BTO-
MopGhH3MOM ONpeJedasieTcsl TeM, IPHHAAAeXKAT (caydall BHYTpeHHero
aBTOMOp(GhH3MAa) HJIM He NPHHAJLIEKAT (CaAydall BHELUIHEro aBTOMOp-
(hu3Ma) sJjeMeHTH, ¢ KOTODLIMH MPOH3BOJHTCSl COMOCTaBJeHHEe, CO-
BOKYNHOCTH, o6pasywooued rpynny [13].

§ 32. XapakrepHCTHKa OrpaHHUYEHHBIX MPEACTABJEHHIH

Bepuemcs Tenepp kK (29.2) m K HOPOCTPaHCTRY NpPeACTABJACHHA
(xR (m)  PaccMOTpUM MOANPOCTPAHCTBO MNpeAcTaBjenus (29.5),
o6pa3oBaHHOe NePBHMHU /| GYHKIHAMH, Kaxk1asg U3 KOTOPHIX CAYXKHUT
G6asucoM mpeacraBnenus D®)  rpynnet €. VMeorca aBe BO3MOX-
"HOCTH: 3TH [; GQyHRuMH subo oOnpenedsoT NPOCTPAHCTBO 3(*E)m
HOJIHOCTBIO, Ju60 Het. Ecou

B >s®ay | s® () pas), (32.1)

TO HaGOp BOJIHOBEIX BEKTOPOB R, COCTOUT H3 €IHHCTBEHHOIO BEKTOPa
k. Bce I} gyHkumit B (29.5) Moryt OHITb Pa3/HUHBIMH, HO HMEThb
OJHH H TOT e BOMHOBOH BekTOp k). Ecan e npocrparctso (™) (m)
He MCYepNHBaeTcs NepBHIMH [; QYHRUUSMH, TO 3TH /1 GYHKUUH He
06pa3ylT MHBADHAHTHOE, WJIH 3aMKHYTOE, NOANPOCTPAHCTBO OTHO-
CHTeJbHO BCeX onepaTtopos rpynnnl @, Toraa moaxeH CylecTBOBaTh
onepatop Pe,|v,; TPynns G, tako#t, uto

Pig, 5y 2" =2 ®, (32.2)
Coraacuo (30.12),
‘ Py, iy 2F) = 3w, (32.3)
rage .
k=, -k =F, (32.4)

Torna npm neficreun P, (3 Kakaast u3 i OyHKuufi nepexoput
B (DYHKLHIO C BOJIHOBEHIM BEKTOPOM Kj,, UTO HaeT B TOYHOCTH I
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YyHKIUH OpocTpaHcTBa
sE @Rt @ ... @2*n) (1) pas).

31H l; byHKUMA NUHEeHHO-He3aBUCUMBI U ABJIAIOTCS JHHeHHO-He3a-
BHCHMBIMH [0 OTHOMIEHHIO K UCXOJHHIM [ (PYHKILHUIM.
Tenepr y Hac uMeercs 2/; ¢yakuuit. Ecid ¥ OHH He NOJHOCTBIO

HCUEPILIBAIOT HHBApHaHTHOe INpocTpaHcTBo XU (M 10 pomxen
CYILECTBOBATbL ONEPaTOp P{“’ul'u}’ TaKoil, UTo

Stero, 7o Py )53 5200 (32.5)
, P S — 3(*) ‘ (32.6)
% [} ! :
rue
klﬂ' == (pU' . kl' (327)

© - *
Byzem feficTROBATh TAKHM CIOCOGOM 70 TexX mop, moka 3 &) um
He OKaxeTcs MOJHOCTBIO HCUEpIaHHBIM; MOJYIHM

B = s Pzt . @t @ .. @rzEts),  (32.8)

HeobxonumMo NOA4epKHYTh, uTo mpocTparctso (A M romxuo
GBITH MCUEPTIAHO KOHEYHBIM UHC/JIOM Takux maroB. Ha kaxgom wary
9710#l MPOUEIYPL BCTaeT a/JbTePHaTHBA: JHOO WHBAPHAHTHOE MPO-
CTPAaHCTBO OKAa3blBAeTCA MOJHOCTBIO DPA3JOXKEHHLIM Ha Mpejliect-
BYyIOIlHe KOMIIOHEHTH, 60 HeT. Ecnm Het, npuBeneHHe MNpPOxoOJ-
KaeTCs.

Kaxnoe mnosyyaeMoe NpOCTPaHCTBO [Takoe, Kak B (32.5) m
(32.6)] conepxut /; MUHEHAHO-HE3aBHCUMBIX (BYHKUHH, H KOMIIOHEH-
Tl NOJHOTO Pa3JOXKEHHS OPTOrOHAJNbHBI, TaK KaK BEKTOPHI' R, He-
skeuBaseHTHE. CpaBHuBas (32.8) ¢ (29.2), (29.9)— (29.11), He-
ME/JIEHHO YCTaHaBJIHBaeM TOXKAECTBEHHOCTb HaGopa {/,} u Habopa
{ky} u3 (29.2). Toatomy

L=l=... =l=l, (32.9)

TaK UTO PasMepPHOCTH BCeX MOANPOCTPAHCTB, BXOAAUIHX B S(°#)(m),
JIOJIKHB ObITH ofHHakoBH. Kajpoe Takoe mojnpoCTPaHCTBO COOT-
BETCTBYET OTAEJbHOMY HENPUBOAMMOMY INpeACTAaBJEHHIO Tpynnn T,
B3ATOMY I, pa3. HaGop BOJIHOBHIX BEKTOPOB R, He NPOU3BOJIEH, a
IIOJTHOCTBIO OllpenesieH, eClIH 3aaH OAUH ero npeacrasutenb. [lycts
k — kaHOHUUECKHH BOJIHOBOM BeKTOp Habopa; TOrZa Bech Habop
BOJIHOBHIX BEXTOPOB Mhl OyIeM Ha3hwBaThb 3BE310H K:

*kE{kl=k’ k2=¢2'_k, LR kszq)s'k}- (32.10)

ITozBe €M HTOT: NOMHOE HeNPHBOZHMOe npocTpancTBo S(*#) m)  or.
Je/IBHOTO HENPHBOAMMOrO MpeACTaBJeHus rpynmsl @ Moxer GbThb
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PasJioKeHo Ha § OPTOrOHAJbHBIX NOANPOCTPAHCTB!:
SCRm = B M D3t mqy . @3Es)m), (32.11)

rie Kamjoe TaKoe NOINPOCTPAHCTBO COOTBETCTBYET OZHOMY HENpH-
BONIMMOMY [peAcTaBjeHuio rpynnsl . Bce moanpocTpaHCTBa
3 (]) ) yymeror OJMHAKOBYI0 Pa3MepHOCTb M 3aJalOT HEeNPUBOZUMLIE
npeacrasiaenns D(*u) rpynmul € onmHaKoBOe A9 BceX p UHCIO pas
lm. TlpencraBaenus Dt npu p=1, ..., s ABJIAIOTCS He3KBHBA-
JIEHTHBIMH HENPUBOZMMBIMH NpeACTaBJeHHAMH rpynns <.

§ 33. Baounas cTpyktypa matpum npexcrasienus D(*#)(m)
rpynnsl @

—

S

M3 (32.10) u (32.11) cnenyet, 4TO B HENPUBOAHMOM BEKTOPHOM
IPOCTPaHCTBe S(*#)(m) zanaHo onpeneneHHoe ymopsisoueHme. Tak,
nepBeie I, QYHKIHH OTHOCATCS K BOJHOBOMY BEKTODY Ry = R, cie-
HLywoIiue [, — K BOJHOBOMY BEKTOPY Ry H T. J. B COOTBETCTBHH C
(32.10). CunemoBaTeJbHO, KaXAyH  MaTpUIy TNpeACTABJIEHUS
D(*#) (m) MOXHO pa3GuTb HA OTAeJbHble OJNOKH MaTpHl, C pasme-
paMu (lm X Im) B COOTBETCTBHH ¢ YIIOPSAOYEHHEM BOJHOBHIX BeK-
topoB B (32.10). Marpuuy c paamepaMmu (Im X !n) B mpaBoM Bepx-
HeM yray 6yneM o6o3HauaTb D™ ™ ayanornunpiv obpasom O6ynem
0603HauaTh KaxkAbl MaTPuUUHBLIE 640K ¢ pasMepamu {{m X im).
Tak, D)™  osHauaeT MaTpuiy, CBA3LIBAIOUIYIO NPOCTPAHCTBA

S m g ) (m), Torga umeem

fo‘)"") Dg:s)(m)l

D& m — (33.1)

ng"l)(m) . Dg’;s) m) |

IS KaxKAOH MaTpHubl npeiactaBiaeHusi, B yacTHocTH, mjisd J0Goro
saementa rpyunsl ¥ Marpuna (33.1) nmaronasbHa, Tak 4TO

D(*k) (m) ({8 ‘ RL})p,V = (D(*ku) (m) ({8 i RL}))WVGM’V =
— M, (exp — ik, - R) 8y, (33.2)

rae I, — enunnunasg MaTtpuua ¢ pasmepaMu  (Im-X ln). Paccmor-
pHM Tenepb TOKIECTBO

EIRY {mlt @)= {0t (@)} : {leo;"R). @33
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st npencrasienus (33.1) umeem
D™ (e ) DC*) ™ (g, [# (@)} =
= p(*&) m) ({‘Pklt (%.)}) D(*k) ™ (fe] gy« R)).  (33.4)

PaccmorpuM OJOYHBIE MAaTPUYHBIE 3JeMeHT pv MaTpuuel (33.4)
H ucnosb3yeM (33.2):

DU (e | Ry, D (i # (1) =
— DiEy) (m) ({q)klt((ph)})‘wD(kv) ™ ({e] g5' - R,)),,. (33.5)

[Tpu dpukcuporansom (Ho npoussosbHOM) {@s|?{psr)} 2TO paBeHcTBO
BBIIOMHSETCS /IS BeeX aeMeHTOB {e|R.} rpynnu €. Bee matpuun
B (33.5) nopsiaka l.. Hanee, cormacHo (33.2), gns (33.5) mmeem

(exp — iky - R) D) 0 ({1 # ()} =
=D ({q, [ £ (9)}),, (exp — ik, - (¢! - R)).  (33.6)
U3 (33.6) caenyer
D) ({5, 1 (q)})y =0 (33.7)

IJIg BCeX cJhayuaes, KpoMme cayyas

k“‘ = (pl,kk + 231;BH, (33.8)

T. €. €CJIH CONpAXKeHHble HEHNpPpUBOAUMBIE MpeACTaBJIEHHUS D(ku) (m)

u D) m rpynny € me ABARIOTCH S5KBUBaJIeHTHEIMH. Ho 1 Kax-
Joro p paBeHCTBO (33.8) MoKeT BHIIONHATHLCS TOJAbKO IIPH OZHOM
3HayeHMH R,, TaK KaK BOJHOBHE BEKTOPH 3Be3fan (32.10) mo ompe-
JIeICHHI0 HeIKBUBAJeHTHH. Kak clenyeT u3 onpeaesneHus B, uepes
KaHOHHYeCKHH BOJTHOBOH BEKTOp B M M3 TPYNNOBHX CBOHCTB oOmepa-
TOPOB @3, 3TO 3HAUEHHE R, € [HHCTBEHHO.

PasenctBo (33.7), oueBHAHO, MOKa3hiBaeT, UTo B OJIOYHOM pas-
JgoxkeHun (33.1) B KaxkJOH CTPOKe U CTO/iOle OTJIHYEH OT HYJs
TOJILKO OJHMH GJOYHLIA MaTPUUHBIA 3/1eMeHT. flanee, 6Jj0uHas dpopMa
MOJHOTO TNpPeACTaBJeHHs IOKa3blBaeT, YTO AMAroHa/JbHBIE Temepb
MaTpuubl npeAcTasienus p(*k) (m)  OCYMIECTBASIOT NepetTaHOBKY

[;-MepHBIX MOLNPOCTPAHCTB APYT ¢ APYTOM.
PestomupyeM: Giouno-nuaronambaas gopma D(*#) (m coorper-
CTBYIOILAS NOPAXNKY NepeuHcieHHs moanpoctpaHcts (32.11), mmeer



Henpusodumbie npedcrasrerus NpocTPAHCTBEHHLIX epynn 89

BHJL
D™ ™ (e R Yy ... 0 ... 0

DU*D) ) ({e ] Ry)) = 0

0 D) ) ({e| RyY)ss

(33.9)
HJau, GoJjee TOYHO,
DU®) ({e| R.}) =
II, exp — ik, - R, 0 0 )
0 I, exp — ik, - Ry

I

'Hmexp-— iks+ Ry}
(33.10)

rie Il — enuHuuyHas Matpuua nopsiaxa [n. Kpome toro, Aajas mpo-
H3BOJILHOrO omeparopa rpynns @ B 5TOM IpeicTaB/JCHHH HMeeM

DR ) ({qy | # ()}) =
0

. 0 0
0 : :
: D(k") (m) ({‘Phl t (@A)})uv
= |D(*) (m) ({% [# (@)}t
0
0
{

. (33.11)

*z :
TIpocTpancTBoM mpencTaBJeHHs D*®) e  gpngerca mpocrpaicTBo

B(*e)m)  cocTosmee W3 S OPTOrOHAMBHBIX TOANPOCTPAHCTB [CM.
(32.11n].
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§ 34. I'pynna (k) _Kanouutiecxor‘o BeKTOpa K

PaccvmatpuBast HenpuBoguMoe npesctasaenne D™ ™ g nesom,
HalifeM, uTO HekoTophie M3 Marpuu Tuma (33.10), (33.11) mmeroT
OTJIMYHBIE OT HyJf OJIOUHble MaTpPHUHble 3JeMeHTH c'u==1, v=1.
Jlis TakuX MaTpHL HoAmpocTpacTBo % ™ gpasercss uHBapHaut-
HBIM., DTO 03HAYAeT, UTO NMPeACTABISeMbll TAKHMU MAaTPUIAMH Olle-
patop P(s, |¢(s,)} AMaTOHANEH B TMOANPOCTPAHCTRE 3#) M B cooT-
BETCTBHH ¢ HAITHMH 0603HaueHHAMH B (33.1) nMeeMm

P, 1 £ (@)1 S(k) (m) _ k) (m) 1)(m)({‘r ‘t(%)})”. (34.1)

HMayunm cHavama 3TOT Kiaace onepaTop6B

Slcno, uto (34.1) mpuMeHHMO [JIsi BCEeX OnepaToOPoB rpynnm L.
Moxer okazarecsi, UTO JPYTHX OHepaTOpoOB, 0OJARAIONUIHX 3THMH
CBOHCTBaMH, B rpyine @ ser.

Onnaxko u3 (30.12) caenyer

P, I'A}Z(k‘) = (*n), (34.2)

rne
k= ki (34.3)

B (34.2) u (34.3) npocTpaHCTBO 2®) 06pasoBano ogHUM GJIOXOB-
ckuM BekTopoMm Y®*). Torama, ecau, kak B (30.7),

@y, * ki =Pk + 2nBy, (34.4)

T0 Ry n k) 3a7al0T 3KBUBAJEHTHbEle HENPHBOAUMEE HpPe/CTaBJICHHUS
rpynnel €. Ecan BoinosnHsiercs (34.4), To Bce [,-MepHOe NpPOCTpaH-
CTBO, cocrosiiee H3 [, JHHeAHO-HEe3aBHCUMHIX COBOKYINHOCTEH
(29.5), Kaxmas M3 KOTOPHIX HMeeT BOJHOBOH BexkTOp ki, OymeT HH-
BAPMAHTHHIM OTHOCHTE/NBHO IEHCTBHS 3TOro oneparopa Pie, |v,j.
Ecnu (34.4) BhnmoJHseTcsd A NOBOPOTHOH uacTH ¢, oIepaTopa
{@r|72}, TO 3TO ke cBOHCTBO MMeeT M J06as CTelleHb 3TOTO Ome-
paropa.
Mycrs {@,|t.} — xpyro#l onepatop, Tako#t, 4To

g, - b=k, -+ 2nB, (34.5)

rae Bj,— BeKTOp 00OpaTHO# DeIueTKH, BO3MOMXKHO OTJHYHBIA OT By
3 (34.4). Torxa cTeneHH 3TOro omnepaTopa Takxke 06/1afalT TaKUM
CBOHCTBOM. .
Haxonen, Bce npoussenenust {g|t} - {pu|tu}, a TakxKe cTenesu
H TMPOM3BEJCHUs TAKHX ONEPaToOpOB, ToxKe 06/1aAalOT CBOACTBOM Ie-
PeBOAYTL k) B 5KBUBAJEHTHBIH BOJHOBOH BEKTOP.
TakuM cnoco6oM  MOMKHO NepeYnCIUTD Ha6op onepaTopon
P{.pl“,lh} KaXIblfl U3 KOTOPHIX HpH AEHCTBHH Ha OTAEJbHHIfA 6J0-
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XOBCKHH BEKTOP IEPEBOAHT 3TOT BeKTop B 9KBHBAJCHTHBIH 6110X08-
CKHH BEKTOp:

URTRSARE (34.6)

COBOKYIIHOCTb BCeX TaKHX ONepaTopoB, OUEBHJHO, 06pasyeT rpynny
@ (k), HaspiBaeMyl NPOCTPAHCTBEHHON TIPYyNHOH BOJHOBOTO BEK-
topa k. I'pynna @ (k) npexncraBiseT cobod noarpynmny rpynnsl @.
Ona moxeT OBITb pasNoxeHa Hd CMeXXHble Kiaacchl no Pg, rpe
Pz —rpynna onepaTopos, AeHCTBYIOLINX Ha (QYHKIHH, H30MopdHas
rpynmne £:

OW =P+ oot Py e Pet -+ Pl )P (47)

ScHO, 4TO A KAXKAOro onepaTopa u3 (34,7) lu-mepHOe mpocTpaH-
cteo ¥ ™ gpngercs 3aMKHYTHIM.
Torna maGop Marpum D@ ({41, |71,});, [asasomuxcs, cor-

nacuo (33.1), I,-MepHHIMH MaTpHuHbIMEH Kommosentamu D £) (m)]
3ajaer npencTasdende rpynnel G (k) us (34.7). BaxHo moHHMaTh,
OJHAKO, YTO 9TO NpeJCTaBJeHHE He SIBAAETCA NpeACTaBIeHueM 06-
1Iero BHAA, HO NIOCTPOEHO Ha Ga3HCe HHBAPHAHTHOrO NMPOCTPAHCTBA

S* M g uTo B 3TOM IpeACTABACHAH
D*™ ({e{R.}) =TI, exp — ik - R;. (34.8)

IMostomy rpynna &(k) Mmoxker GHITH NOCTPOEHA, KaK 3TO U OBLIO
cAeNaHO, Ha OCHOBAHHMH COBEPIIEHHO O6HIMX coobpazkeHult, OgHaKo
U3 BceX mpeicTaBiennit rpynns @(k) 8 DB ) MoxHO Henmoabso-
BaTh TOJBKO Te NpPeACTABJIEHUA, AJS KOTOPHIX BHIOJHAETCH paBeH-
ctBo (34.8). [IlpencraBnenus rpynnsel @& (R), ymoesaeTBopamge
ycaoBUI0  (34.8), HA3BIBAKTCH pPABPEULCHHbIMU WIH OONYCTUMbIMU.

WHorpga MmoxKeT oKasaTbcAd TOJE3HHIM PaccMoTpeTh (akTop-
rPynny HJIH TOYEUHYIO TPYNNY BOJHOBOTO BEKTOpa

P k) =06 ()T, (34.9)

H TpH HeOGXOLMMOCTH MH GymeM HCIOJb30OBaTh 3TO 06o3HAUEHMUE.

§ 35. HenpuBOAMMOCTb IONYCTHMBIX mpeAcTaBiaeHHl D) (M)
rpynnsl (k)

y \
JIoKaxkeM, 4uTO JnOomycTHMble mnpexcTtasaenus D®)  rpynnnt
® (k) noKHH OHTb HENPHBOLMMBIMH IMPENCTABJIEHHSIMH TPYIIIBL

® (k). Tlo mpepnoxennio, npeAcTaBaeHEE D*#) ™ gpsetcs Henpu-
BOLUMEIM MPEACTABICHHEM TPYMILL ®, nocrpoeHHniM Ha Gasmce

HeIPHBOLEMOre npoctpaHcrsa U H) M [em. (32.11)].
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[Tpoctpancteo 2*) ™ gpigercs HHBapHAaHTHHIM H o6pasyer
6asuc mpencTasjenust D®) . TlpegnosoxuM, uto )M moxer
GBITh Pa3JOXKEHO Ha HHBaDPHAHTHBIE MOANPOCTPAHCTBA, H, CMELOBa-
TeabHO, D®™ paszjaraercsd Ha COOTBETCTBYIOLIHE HENPHBOAHMEIE
mo oTHolleHuw K rpynne ® (k) cocraraswomue, T. €.

Bk (m) = Sk () @y D) (m”), (35.1)
D) (m) — Dk (m) @) Dlke) (), (35.2)

ITycTb pasmepHOCTb npocTpadcTa X*) ™) papna [,-, a pasmepHOCTD

npoctpancTBa XL(*) M) papHa lmr, Tak 4T0 lw + lmr =lp.
Hcnoabays 1,y Gysaxkuuit npoctpanctsa ) ) nocTpoum nocae-

JOBATEeJBHOCT NPOCTPAHCTB aHaJoruuHo (32.2), (32.5); monmyuaem

N M =P 2B (35.3)
s(ks) M) = p {“’slfs}z(k‘)(m,)- (35.4)
TakuMm 06pasoM, MBl nosyuaeM OObelMHEHHOE MPOCTPaHCTBO
28 ) = 3(*) W 3t Mgy @Rt M (35.5)
a TakKke BTOpPO€ NPOCTPaHCTBO .
28 e = 3t M @3t gy | @atd ™. (35.6)

ITosToMy
("8} (m) — R(*8) () @ 2(*E) ("), (35.7)

TToBTOpsis Tenepb B 06paTHOM MOpsALKe paccyxknaeHus § 32, sumum,
4TO MPOCTPAHCTBO 3(*#) m" nomxHO GHITH HHBapHAHTHHM OTHO-
cuTeNbHO BCeX omepanui rpynnel @ u npexpcraBaser coboi Gasmc
npeAcTaBJIeHUs D(*®) ) Aganornunsie YTBepPKICHUS CIPaBelJINBH
pas S m oy pO*e) (mn,

TaxuM ofpasom, ecan X(*#) NPHBOZUMO [B COOTBETCTBHH C
(35.7)], To DU*®m rakike Gyzer NPHBOJUMBIM:

‘ D8 () — D(*8) @y p(*#) o), (35.8)

Ho %TO HpPOTHBOPEYHT NPEANONOKEHHAI0 O HENPUBOAUMOCTH Ipej-
crasienus D(*#)(m_ [Tostomy npoctpanctso =(*#) (M  ye moxer
6niTh pasjoxeHo mo tuny (35.7). CiemoBatenbHo, 240 (M nomxHO
ObiTh HENPUBOAHUMEIM HHBADHAHTHHIM HPOCTPAHCTBOM. DTO JOKA3H-
BaeT, 4TO JONyCTHMOe mpeicraBienne D® ) rpynnu & (k) mosx-
HO OHITh TAKXe€ W HEeNPHBOAUMBIM. ’

Otu nBa TpeGoBaHus jpomycThmoctd (34.8) M HenpHBOAMMOCTH
MOJHOCTBIO ONpEeNesaloT BO3HHKAIOIIHEe T[IpeACcTaBieHHs D (m)
rpynnet & (k;). [pexknae ueM paccMOTpPeTb METOAH HAXOMXJLEHUS
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npeACTaBJIeHHH D®) (™  moxaxeM, 4To NoJHOE HENPHBOAUMOE Npei-

crabgerne D(*#) @) rpynne @ Moxer OwITh HOCTPOEHO NO Hpen-
craBjenuio D®) ) rpymner © (k).

§ 36. Mpencrapaenne D(*#) (m) rpynnu S,
MHAYUHMPOBaHHoe npejcraBiaeHneM D®*) ™ rpynnm G (k)

B stoM naparpade OyneT NnokasaHo, YTO HeNPHBOAMMOe IMpej-
CTaBJeHHe MOJIHOH NPOCTPAHCTBEHHON rpynnbl & sBiaseTcs mnpen-
CTaBJeHHEM, HHIYIHPOBAHHHIM C TNMOMOHIbK) HENPHBOAMMOIO Mpei-
craBiieHus D ®2 ) rpynnel @ (k) B @. Takum oGpasoM, ais ompe-
penenust npenctapaeHus D(*k) m gocTaTOYHO TOJHOCTBI 3SHaTh
npencrasienne DFY ™.

Cornacuo (34.7), pasnoxenune rpynns @ (k) no rpynne € umeer
BHJ,

OB =T+ {0, T} T+ ... +{o, |7 )T+ ... + {0, |7} T
, (36.1)

3aMeTHM, UTO MH COXPaHseM MHAeKC [, 4ToOH Bcerla OTHOCHTb €ro
K OJHOMY H3 [p mpeAcCTaBUTeJel CMeXHBIX KJaccoB rpymnu & (k).
Ipynna & (k) sBasieTcsi, OYeBHIHO, NMOATPYNIOA HOJHOH NpOCTpaH-
cTBeHHOH rpynnel @. [loatoMy pasnoxkeHue rpynnbl @ Ha cMeXHBE
kaaccel mo @ (k) MoxkHO 3amucaTth B BHIE

=0k + ... +{g T} OB+ ...+ {as] 7} G (%). (36.2)

Mebl Bcerza coxpaHsieM HHIEKC O, YTOGB OTHOCHTH €r0 K OJHOMY H3
npeicTaBuTenell s CMEXHBIX KsaaccoB B (36.2); aaemeHT {¢o|T0},
OueBHJAHO, BXOZUT B rpynny @, Ho He B rpynny & (k). drtor daxr
OUEBH/EH, HO OH OKa3BIBAETCS OUEHb BaKHBLIM MPH NOCIEIYIOILEM
M3JTOXK eHUH.

[Tpenno/soxkuM Tenepb, YTO MBI pacnojiaraeM HOJHEIM HaGOpoOM
U3 r JOTYCTHMBIX HENPUBOAUMBIX MpPEICTABICHHH MPOCTPAHCTBEHHOH
rpynns & (k). Dtu npeacraBieHHss MBI OyaeM 0603HAYATh

D) (m) ({(plxlr’x_}_ RY), m=1,...,r. ’ (36.3)

3ameruM, uTO MaTpuikl D® (™ onpeneseHH TOJLKO LIS 3J1€MEHTOB
rpynnb @(k). B (36.3) unmeKc m CAYKUT N 0603HAUEHHA OLHOTO
H3 r JONYCTHMBIX HENPUBOAMMBIX mpeacTaBienust rpynns @(k); mbt
CUMTAEM, UTO MATPHIEI D® (m  ygMmel0T NOPAILOK Im. I/IcnonbsyeM
Tenepsb cieayomuil npuem [33]. Onpe.uenuM «MaTpPHULY € TOUKOH»

D® ™ ({g, |t,}) cooTHomEHUEM

. - ) (k),
k) (X)={ 'kQ, ecau X- ue npuHagiexut © (k)
D® @ ecnn X npunagnexur © (k).

(36.4)
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B (36.4) X —o1eMeHT MpOCTPAHCTBEHHOR rpynnd, a 0 — Hy’aesas -
MaTpHia NOpAAKa Im.

Kak u paubite, samuuem marpuity D8 ™ ({p,]T,}) B dopme
6JI04HO MAaTpHILH, T. €. D*#) (m) ({$,1 Tp})gs, THE HHIAGKCH O M T

OTHOCHTCSI COOTBETCTBEHHO KO BCEM CTPOKAM, UMEIOIHM ONHHAaKO-
BbIH BOJIHOBOH BeKTOp Ry M KO BCeM CTOIGIaM, UMEKIIUM ORU-
HAaKOBLIH BOJHOBOH BeKkTOp R, rme Ry=q, -k u R,=q.- k.

Cpasuusass DU®) ™ ¢ (33.1), BugumM, uto D(*#) () ({®, | t,})o; mpen-
cTaBasieT coGoH OJounyw Matpuuy ¢ pasmepamu (I, XI,), KoTo-
pasa mnoKasmBaer, kak [, Qymxuui 1pkf) (m) npeoGpasywTcs MpH
IeACTBUH olNepaTopa npeoGpasoBaHnﬂ {cp,,lt,,} B [, OyHKuu#
fq;(”o) m o g=1, .., .

PacchanHBasx tenepb cucteMmy (29.5) u3 ¢GyHKnu#, OTHOCA-
muxesd K BEeKTOpy k:

i 11)(12 (m), (36.5)

rae (36.5) upencrasasier coGoft upocTpanctso X® M) mpexmouo-
UM, UTO J06o# 3jeMeHT mpoctpancTBa 3(%0) M yMoxer 6HTH mo-
Jy4eH CJeLYIOIHUM oGpasoMm:

% . (36.6)

W =g | Ty 6, =1,

CorsacHo (36.6), Kaxaeifi OJOXOBCKHH BEKTOP HPOCTPaHCTBA

(e) ™ \okeT 6BITH NOCTPOEH NyTeM NpeoOGPasOBAHHS COOTBET-
¢TByIOLIero GJOXOBCKOTO BeKTOpa NpOCTpaHCTBa 2P M nopn pefr-

CTBHEM OJHOIO M TOTO e NMPEACTABUTENST CMEXHOro kaacca {qq]|Ts}.
Takum o06pa3oM, HMeeTCAd B3aHMHO OJHO3HAYHOE COOTBETCTBHE

- - ’

MeKIY OTHAEJBHBIMH GJOXOBCKHMH BeKTopaMH B 3™y orgens-

HpMu 610x0BckHMH BekTopami B 2(%0) ™ Nanee, Ges morepn o6u-

HOCTH MOXKHO CYMTaTh, YTO BHIOOD 633HCHbIX BEKTOPOB B KaxKJAOM

k N

H3 IPOCTPAHCTB St6) M g = I, ..., s, cienaH B COOTBETCTBHUHU C

(36.6). HanoMHuM, uTO onpele/ieHHe MHIEKCOB 0 M T CleiyeT H3
(36.2).

I1pu BHIGOpe Ga3UCHBIX BEKTOPOB coryacHo (36.6) MoxHO HeMen-

_JIeHHO BBIHCATH GJIOUHDBIE MaTpuubl npexcrasaenus D *B) () g
mpeJicTaBuTesNell CMeXHBIX Kiaccos B (36.2); momydaem
* .
DB @ ({gg | t})or =, (36.7)

DR ) (N1t} =1 (368)
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roe Il — enuHHUHAsi MaTpHUIA NOpAAKAa Im, @ HHIEKC | COOTBeT-
cTByeT k) == k. Marpunsl (36.7) u (36.8) aBisioTcs eUHCTBEHHBIMH
OTJHYHBIMH OT HyJid 6JiI0KaMH B NepBOM CTOJGLE M CTPOKe MaTpHLl
JJ19 TIpeAcTaBUTe el CMEXKHBIX KJIacCoB.

PaccMoTpuM a/ieMeHT NPOCTPAHCTBEHHON I'PYIILI BHAA

(00170} {00 17,} {1 T}, (36.9)

rae, Kak OOBIUHO, 0 H T COOTBETCTBYIOT NpPEACTABUTENAM CMEXHBIX
knaaccos B (36.3). OGpa3yeM OJOUHBIH MaTPUUHBIHA 3JeMEHT OT AN
MAaTpHUbl, COOTBETCTBYIOWEH 3JaeMenTy (36.9) B HeNpHUBOAUMOM
IpeacTaBIeHHH NpoCTpaHCTBEHHOH rpynnsl. Torxa

D) () ({(Pa | o} {(pp ltp} {9 Tt}—l)m ==
= ZM: ZV: D) ({g | T3} ) DB ({ip, | T, Y, X

X DB ({73 )ye =D ™ ({g, | T, (36.10)

Tpu BeiBoze (36.10) ucnonwn3zoBaHn papenctBa (36.7) u (36.8),
3ameTuM, 0JHAKO, YTO OJIOK MaTpUubl C MHAEKCamMH o=1, 1=1
BCErJla OTHOCHTCH K CJyyalo, KOTJa OIepaTop P{q,p,,p} HePeBOAHT

npoctpaHcTBo (¥ (M B cebsi, T. €. 3TOT ONEPaTOP BXOAUT B TPYHNy
® (k). CrmenosartenbHo, ecan snement {¢,|T,} He Bxoaut B © (K),

10 Gaok DC*®)em) ({9, 17})n ¢ umHmekcamun o==1, T=1 mnpexacra-
BJisieT COG0H, padyMeeTcs, Hy/JIeBYI0 MaTpHuily nopsjaka [,. ITostomy
0, ecin {@,|v,} ne sxozur B & (&),

D®™ ({4, ]7,}), ecan {@,|7,} Bxomnr 5 G (A),
_ (36.11)

DIV (g, 5, = {

rae matpuna D® (m) pHenprHBozUMa.
Tax, HampuMep, mnycTh {¢,|T,} — NPOH3BONBLHLIH 3/TeMeHT

rpyunst ®, a {¢;]17;} 1 {®.| 7.} — HeKoTOpEIE M3 HpexCTaBUTe/EH
CMeXHBIX KjaccoB B pasnoxennu (36.2), u nyctb {@,]7,} -« {¢ |1}

NPHHALJIEXKHUT CMexRHOMY Kjaccy {q,]7,} @ (k). Torna
- {q)p Itp} * {q)r l tr} = {(Po | Ta} : {(pz,v I rlh} . {8 | RL}: (36'12)
rae {e|R;} — HexoTophiit s7eMenT rpynny I. danee uMeeM

{(pdl rd}—l . {(Pp | Tp} . {‘P-u | 171:} = {(Pl;v l le} . {3 | RL}, (36 13)

rlle BHpAaXKeHHe B NpPaBOH HACTH mnpeAcTaBiasieT COBOA 3JeMeHT
rpymnsi - ® (k). Wcnmoswsyss satem (36.4) u (36.11), MoxHO
cpasy e BhIIHCATb BHPaXKeHHe nas” BceX OJIOKOB MaTPHIbL
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DR ({p,]7,})p. Uneen =
DB (g, | T,})oe = D® ™ ({gg [T} ™ + {9, 1T} - {1 7}).  (36.14)

PaBenctBo (36.14) naer peleHue sajfaud fJs BCeX MPOCTPaHCTBEH-
HelX rpynn @, kak cHMMOPOHBIX, TaK # HecuMMOpdHBIX. OHO BHpa-
J)K4eT MaTpHYHBle OJIOKH, COCTaBJIAIOLHE MONHYK MAaTpHLY, uepes
U3BeCTHBIE JJIA KaxKAoro sJjemeHra rpynnel @ (k) Marpunw

D® @ Torga marpuny D(*#)(m yoxHo merko mocTpouth us 60-
KoB (36.14), pacmosoXuB HX COOTBETCTBYIOLIMM 06pasoM B GOJb-
HIOH MaTpHIe.

Ha stoli cTraguu paccMOTpeHHs] HEOOXOAMMO MOYEPKHYTH OJHO
BaxkHOE O0CTOATENLCTBO. B KaxAOM HelPUBOZMMOM NpeACTaBJIEHHH

D(*")W), rpynnsl @ Heo6X04MMO BHIGpATh OAMH BOJHOBOH BekTOD R,
KOTOPOMY COOTBETCTBYIOT HHJeKCH ¢ = 1, v = 1 GjioKa MaTpHULH, H
CYHTATh 3TOT BOJHOBOH BEKTOP KAHOHHUUECKHM BOJIHOBHIM BEKTOPOM
k 3Be3gpl (32.10). BeiGop BOJMHOBOrO BEKTOpa M3 BOJHOBBIX BEKTO-
poB *k B KauecTBe KaHOHHUECKOTO AJISl JAHHOH 3Be3AH MOXKET GHITh
CHeNaH COBEPIIEHHO Npou3BosbHO. OfHAKO, MOCTE TOIO KaK BEKTOP
k dukcupoBaH, oH 3amaeT onpeneseHHoe NOANpPocTpaHcTBo G (k) u
rpynny &(k), comepxkauiyio KOHKPETHBIEe 3JEMEHTH, a TaKxke Npel-
cTaBUTesell CMeXHBIX KJaccoB. IlosTomy BHGOp Kk mas1 ZaHHOH
3Be31bl MEHATh Helb3si. BaxHO COXpaHATb BeKTop B (UKCHpOBaH-
HEIM B TeueHHe BCEro PacCMOTPEHHs, XOTs OH M mnpouspoJeH. Ecin
B KayecTBe KaHOHHUYECKOro BOJIHOBOTO BeKTOpa BHIGpPaH KakKoi-
HUOYZAbL ApPYrofl BeKTop B ToH e 3Be3Ab, TO 3TO JHIIL NPHBEAET
K Npeo6pasoBaHUI0 NOJO6HA AJis NPeJCTaBIeHHs DU*®) (m), nepeBo-
IsLIeMY 3TO NpejcTaB/deHHe B 5KBHBaJeHTHOe. [T0CKOBKY MBI 3a-
HEMaeMcsl aHaJH30M IIpejCTaBIeHufi, Mbl JOKHBI paccCMaTpHBaTh
KOHKpeTHYI0 QopMy MaTpunul )(*%) (m) B GJOUYHBIX MATPHYHBIX 3Je-

MeHToB Tuna (33.1) ¥ momxkuH of6pamarh BHUMaHHe Ha npeobpa-
30BaHHe MOAOGHS.

TIpouenypa, Bhipaxkaemass paBeHCTBOM (36.14), corsacHo KOTO-
pOH MAaTpHIH JOMyCTHMOTO HEeNMPHBOAMMOro NpeacTaBjienus D ¥ (m

noarpynnel &(k) ucnonb3ywTcs A5 MOCTPOEHHUS HENPHBOLHUMOTO
npencrasaerns (*#) m) rpynnel @, nosyynsia HasBaHHe «HHAYIHUPO-
BaHHe NpPeNCTaBJEHHs TPYINH C IIOMOIIbI) NMpPeJCTABJIEHUS ee TNOA-
rpynnsiy. OHAa yxe DaBHO H3BeCTHA B MaTeMaTHUECKOH JutepaType
co BpemeH paGor Ppobennyca u lllypa. Bojsiee KoMIaKTHEIe cOBpe-
MEHHBIE OTHCAHHS 3TOH NPOLEAypPH HMeIoTcA B OOBIYHBIX yuyeOHHKAX
[22], HO BHIBOA, MpHUBeZeHHHH Bhllle B § 26—36, 6aMxKe Beero cie-
oyeT pa6ore Knmubdopna [23].

Hakoneln, npuMemM BO BHHMaHHe, YTO HMEIOTCSl CJyuaH, KOTAa
TpeGyeTcsl 3HaHHe NEHCTBHTENBHO BCeX MATPHYHBIX DJIE€MEHTOB MaT-

puus DB, Tak, nanpumep, nyets P01 2 spement mpoc-
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TPAHCTBA
0™ = Lyff0 0, g, (36.15)

IMycth : B ‘
| Ps,|¢ (20 = Pya,} (36.16)

sBasgetcd sgementToM rpynnbl ®. Torza Mul umeem

M=

s 1
(k) (m) _ (%) (m) () () .
P{“’p}lpb ' (,;1 § xD ({@p}oa woyba @ (36.17)

rie .
DU*&) (m {9} 00y ey

npeicTasiser cobolt sjeMeHT ab MaTpHuHOro G6JI0OKa, BXOASIIEro
B UpaByI 4YacTb papeHcTBa (36.14): ,

D(*k) tm) ({(pp})(oa) (1b) = (D(*k) m ({(p;?}dt))ab =
) = (D(k) ™ ({‘pa})—l : {‘Pp} * {(P-r}))ab- (36. 18)

PasyMeetcs, eciu {g,} BXoaut B rpynny @(k.), TO eIMHETBEHHBIM
OTJIHYHLIM OT HYyJs1 OJOKOM MaTpHIbl OyneT OJOK ¢ HHIEKCOM
0 = T U NPOCTPAHCTBO 3, (Be) (™) npeobpasyerca B cebsf. B cayuasx,
KoTJa HaM moTpeGyercs “TOYHOe BEHIPAXKeHHE AJis pe3yJbTarta faefi-
CTBUSA 5JeMeHTa rpynna & Ha OAMH H3 3JEeMEHTOB INIPOCTPaHCTBA
S(*#)m ML Gyzem ciemoBaTh ¢opMe samuch B (36.17), (36.18).
O6paTuM BHHMAaHHe Ha COKpalleHHble o6o3HaueHuss B (36.16)—
(36.18), xoTopmie GyayT HHOrAa HCHOJL30BAaTLCH, OJAHAKO BCernaa
C TNOBTODEHHEM HX ONpeleJcHHs BO H3bekaHHe HenOpa3yMeHHH.
Tax, {@¢|?(qs)} coxkpaleHHO 3amucheiBaercss B BuAe {go}.

§ 37. Xapakreps npexcrasaennit DU®) @ rpynnm G;
HHAYUMPOBAHHLIE XapaKTephl

Cienys Joruke paccMOTPeHus B § 36, B 4aCTHOCTH OTHOCAUIeHCS
K ofo3HauenusiM, OyneM o603HauaTh xapakrep matpuus (36.3) Kak
(O ({n, [£1,}) = Sp DO ({a, [£,}). (87.1)

B aToM cayyae Takxke MCHNO/Ib30BaHHe oGo3HaueHuil (36.4) moaBo-
JisileT BBECTH XapaKTeph C TOUKOH ¢¥ (™) mjis Bcex 3/eMeHTOB NoJ-
HoH rpynns @:

ecan X ue Bxogur B © (R),

S (X = '
1 (X) { y® m (X)), eciiH X sxoautr B ® (R). (37.2)

1
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Wa (36.14), (37.1), (37.2) ompenmenum chaen JaoGOro sjieMeHTa
rpynnst ® nast sempuponumoro mpexcrasienus DU ), Tlomyunm

wH @ (g, )= T3 (ol 10}~ - Loy 175} - {ao1 %0})- - (37.3)
3ameTum, 4TO AJSA JO6GOTO Xapakrtepa ¢ TOUKOH MAH6O aprymesr

{s 1 T} ™+ {0, 1 %5} + {1 To} (37.4)

npunamiexxkut rpynne @(k), mubo xapakrep ¢ TouKoil o6paiaerca
B HysJb. PaccMoTpuM Tenepb noApoGHee cayuail, koraa {g,|t,} fB-
Jasercst afnemerTom rpynns @(k), T. e. paccMoTpuMm

£ (o 1) = 51 (o127 (71} Bol ). 79

dieMeHT {(p,“nh} B rpynne O (k) BxoauT B HEKOTOPHIH KJjacc.
Kmacc sJjemeHTa {(”xltlx} B & (k) npemcrasjsier coboft Makcu-

ManbHEH HaGop asemeHTOB rpynnsl ® (k), cONpsKEHHBIX 3JEMEHTY
{%1,]7s,}» TAe cONpsXKeHHE BHIIONHSAETCS C NOMOIIBIO IIEMEHTOB

rpymnet © (k). OpHako conpsikeHHe, KOTOPOe SIBHO BBIIHCAHO
B (37.5), BHIOJHAETCA € MOMOIILI INpEeACTaBUTEJEH CMEXHBLIX
KjaaccoB {@,| Ty}, KOTopble HMEHHO He BxoasT B rpyuny © (k).
IlosToMy CONPANKEHHHIH 3JIEMEHT {(p(,lto}"l-{(pzklr,h}-{cp(,[ro}
MOXeT BXOAHUTb B rpynny ® (R), HO BHOJHE MOMXET NIPH 5TOM OKa-
saTbCsi B Apyrom kaacce rpynnst ® (&), wem {¢;, [7;,}. Tem campm
OTHesbHbIE OTJHYHBIE OT Hyass uJjeHn B (37.5) Moryr OHITb,
a MOIYT U He OHITb PABHBLIMY; IPYTHMHU CJIOBAMH,

3B ({o | 7,}) = 1® ™ ({901 T} ™"+ {@r, | T1,} {00] T})s

€cTu aprymeHTol (T. €. 3/7eMeHTH) HeHCTBUTENbHO BXOAAT B OMUH
H TOT e Kaacc rpynnel @ (k) M ecsH OKasbiBaeTcsd, UTO B YaCTHOM
cllyyae paccMaTpHBAeMOro NpeACTaBJEHHS OBa pas3/HuYHBIX Kiaacca
IpeNCTaBJIeHUS] UMEIOT OJMHAKOBBHE Xapaktephl, Kaxnubllt ciayuait
IDOMKEeH aHaNH3HPOBATHCS OTHENBbHO; XOTd HEKOTOpble o0uiue mpa-
BHUJIA H MOTYT GLITh IOJYYEHBI, OHH HMEIT CJAHIUKOM OrDaHHYeHHOe
3HaueHHe [J1s1 IPaKTHUECKUX IeJsel.

Kak u B cayuae MaTpun D*®)(m),  ppepcraBaseTca MOJE3HBIM
HOJYEPKHYTh, YTO BBIGOP KaHOHHUECKOrO BOJHOBOIO BeKTopa mJd
3Be3/ibl NMPOM3BOJIeH, HO (DUKCHPOBAH Ha BceM NPOTSKEHHH aHa-
Jn3a. 3aMeTHuM, B YaCTHOCTH, UTO Ajs BuumcieHus (37.5) meoGxo-
JHMO KOHKPETH3UDOBATb HHIEKCH C TPeACTaBUTENCH CMEXKHHIX
KiaccoB no moarpynne @ (k), uto Tpebyer KOHKPETHOTO BBLOODA
OIHOro BexKTOpa R B 3Beaze *k.
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OueBupHO, HaM Bce ellle OCTAaeTCs pellHTh HEeCKOJbKO 3ajhau.
CrenyeT NoKa3aTh, KaK NPaKTHUECKH MNOJAYYUTh Bce XONYCTHMEIE
HEeNpHBOJUMbIe NpeacTaBieHus D® M gaxnon rpymna G(k). Ha-
Jee, CIeAyeT MOKa3aTh, KAK MOJKHO HOCTPOMTL BCE HENPHUBOAUMBIE
npejcraBieHnd rpynnsl @. HakoHen, HCHONB3YS COOTHOIUIEHUS OPTO-
HOPMUPOBAHHOCTH U MOJHOTH /IS XapaKTepoB IPYIHibl, HEOOXOAUMO
ZI0Ka3aTh, YTO GHIIK ONpPe/eNeHbl eACTBUTEBHO BCE HEMPUBOJUMbIE
npeiacTaBjieHnst Tpynnsl . DTH 3axaud pacCMOTpeHH B MOCJIEeAYIO-
mux naparpadax.

§ 38. JomycTumble HeMPUBOAHMBIE npeicTaBieHus D(*) (m);
3pe3na obwero tuna npu GE)=F

Ilpu omnpejnejeHHH IOMNYCTHMBIX HENPHUBOMUMEIX NPEACTaBJICHUH
rpyunsl @ (k) B 3aBHCHMOCTH OT CTPYKTYPH W Da3MepPHOCTH 3BE3JHI
BOJIHOBOrO BekTopa *k (32.10) ciexyer pasauuaTh ABAa TIJIABHBIX
cayuasi. B nepeoM cayuae *k conepKHT. g, He3aBUCUMBIX HeIKBHBA-
JIEHTHBIX BOJHOBHIX BEKTODPOB!

‘h={ky=k ky=q, ki, ..., b, =0, B},  (38.1)

T. €. KaxJoe OTJAeNbHOe NpeoOpasoBaHue [OBOPOTA M3 TPYNIIHI
P = @/, npHMeHEeHHOe K KAHOHHUECKOMY BOJHOBOMY BEKTODY R,
n4eT He3aBMCHMBbIH BOJHOBOH BexTOop. B 2ToM ciayuae 3mesna *k
HMEET CTOJILKO JIyuell, CKoJMbKO Npeobpa3oBaHui NOROpOTa B rpylilie
B, mosTomMy S == g, *k HaspBaeTCs «3Be3loH obiero Tumav. Bo
BTOPOM cJIyuae, Korjga § << g,, 3Be3ly *k HaA3bIBAIOT «3BE3N0H Clie-
[IHa/JLHOTO THIIA»; OH GyJeT PACCMOTPEH B CJIeNVIOIUX naparpacdax.

B cayuae 3Besnnt obmero Tuna (38.1) mpocrpaHCTBeHHasd TPYyH-
na (k)= ¢, T. e. paBna rpynne TpaHcJAAUUA. B aTOM ciyuae pomy-
CTHMbIe HEpHBOAUMBIE NpeAcTaBaeHus D) M pmeloT pasMepHOCTD

1, 1. e.

D®m) ({e]| 0}) = 1. (38.2)
Slco jpasee, 4TO NPU 3TOM IIOJIHOE MOANDPOCTPAHCTBO 28 (m)
CTOUT M3 OfHOro GJOXOBCKOro BekTopa P, Tak uTo

D®m ({e| R;}) =exp — ik - Ry. (38.3)

Hehpnaonnmoe NPOCTPAHCTBO 3(*%) (m) (32.11) umeer BHJ

co-

SR m =3t m g |, @)™ (3874)
HJIa

500 o fg®, gk | e} (38.5)

Henpusoaumoe npencras/eHue D*#)m)  ymeer pasmepHOCTb go.
SIsupi Bug D(*#) M) g TakKe crcTeMa XapaKTepoB GYAYT NPHBeACHH
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Huke, OTMeTHM TakxkKe, YTO B 3TOM CJydae HHIEKC m SBJsIeTCS
H3JIHMIIHUM, TaK Kak rpynna € uMeeT TOJBKO OJHOMEepHEE HENPHBO-
JHMBEE TIpeAcTaBJeHHs; Mbl OCTaBJAeM ero 4TOOR COXPAHHTbH LO-
ClIeJI0BATENLHOCTD B 0003HaueHHSIX.

§ 39. JonycTuMbie HENPHBOAMMEle mPEACTABJAcHUs D) (m),
3Be3fa cnenuajbHoro tuna. Meron Masoil rpynmno

PaccMoTpuM Tenephb ciayuafl, Korfa S << gp, TaK 4TC B 3Be3fe *k
CONEPKHUTCS MeHble JydyeH, 4eM OTIENbHBIX oNepanHil MOBOPOTOB
B rpynne $. OueBupHO, B 3TOM ciaydae rpynna @(k) He cBomHTCA
K TpHBHaJbHOH, a npencTaBisieT coboH, Kak B (36.1), npocrpan-
CTBEHHYIO TpYIIy, HMEOULyl0 HONOJHHATENbHBIX INpeAcTaBHTeIel
CMEXHBIX KNacCoB, KPOME TOXKAECTBEHHOrO. DBIIO NpensioxeHo He-
CKOJIbKO IIOJIE3HBIX METONOB ONpefe/ieHHs AONYCTHMBIX HEIpPHBOMH-
MHBX npenacTaBienuit D® (™ koTopele MBI PacCMOTPHM IIGCJAEN0OBa-
TeJdbHO, B HacTosuleM mnaparpadge MBI H3JOKHM MeTO[ Manoi
TPYNNL, KOTOPHIH, MO-BHAHMOMY, OLLI BIepBble HCIOJb30BaH NpH-
MEHHTENbHO K TEOPHH NPOCTPAHCTBEHHBIX rpynn B paBore XeppHH-
ra [31].

Bce HyxXHBle HaM JONYCTHMBle HENPHBOAHMBIE NPEACTABJEHHUA
XapaKkTepH3yIOTcs TeM, 4To ais apoboro sneMmeHTa rpynnsl § BHI-
NOJIHSIETCS] PaBEHCTBO :

D® ™ ({e| Ri}) =(exp — ik Rp) I, (39.1)

roe II, —enuuuunass Matpuua ¢ pasmepaMi (lm X lm). Ilpeano-
JOXKHM, 4To B rpynue $ uMeetcs saeMeHT {e|R.(k)}, obnananouni

CBOHCTBOM
k- Ry (R)=2mnx, {39.2)
rae x — no6oe uenoe uucno. Torna A71s 5TOTO 3J1eMeHTa, OUEBHIIHO,
HMeeM
D® @ ({e| Ry (k)}) = IL,, = D®) (m) ({e| 0}). (39.3)

Anement {e|R.(k)} mpexacrtaBasieT coGOH YHCTYIO TPaHCISAUHIO;
BEKTOPHBII HHAEKC R HamucaH naAs Toro, 4Tobbl OTMETHTb, YTO

N

R, (k) ymosnerBopsieT paBeHctBY . (39.2). Habop Bcex snemeHTOB °

{e|R.(k)} oueBHEHBIM 06pa3oM COCTaBAAET [PYNINy, ABAAIOLLYIOCA
DOArPYIINOA rpynmnsr €. Drta noarpynnma MoXKeT OKazaTbCs TPHBH-

allbHOH, cocrostmiell Toabko H3 aaeMeHTa {£]|0}, olHMako uacTo 3TO .

He Tak. [IpéanosioxuM, 4TO 3Ta MOArpyIIa HeTPUBHAJbHA, U Bylem
o6osnauath ee cumBeaoM T (k), rae

% (k) cosokymHocts {&| Ry (). (39.4)

Torfia nO OTHOLIEHHIO K AOMYCTHMLIM HeNPHBOAHMBIM Ipe/ACTaBJIe-
HuAM D®)m)  Bce MATpHILH, NPeACTABJAOUIHE 3JeMEHThl TPYIIIH
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¢ (k), pasum, cormacic (39.3), epunuumoir. Habop wmaTpun -
D®m ({e| R, (R)}) npeicraBasier coGoll SiApo MNPenCTaBIEHHS.

Omnpenenum npeiacTaBHTeJeH CMeXHBIX KjiaccoB abeneBoft dak-
toprpynnsl /€ (R) cornacHo pasnoxKeHHIO

T=T(k)+ {e| R, (R} T(R)+ ... + {e| Ry, (R} T (k), (39.5)
rae
R, (k), a=1,...,1 (39.6)

ABJAETCS BEKTOPOM pellleTKH, He Bxomsaulum B T (B), u GymeMm cuH-
TaTh, 4yTo rpymna $/T (k) uMeeT nopsaok t. Mul Hcnoabayem 0603Ha-
yenue k (k ¢ ueprofl), uTo6ul OTMETHTb, UTO (39.6) He BXOAHMT B
rpyuny € (k). Torna MoxHO pasioxuTh rpynny &(R) Ha cMexHble
knacce 110 (k). Urobnl uzbexars Heypoberea B 0003HAUEHUSIX, MBI
3alHIIeM 3TO pas3/oXKeHHe NPSIMO uepe3 ONepaTOPhl IPYIIEBl Ipe-
o6pasoBaHuil KoopauHaT {@|t} BMecTo rpynmns omnepatopos (34.7),
JeACTBYIOUINX Ha (DYHKOHH, TAK KAK Mepexoj OT OfNHOM rpymnanl K
Apyroi BhlnoJiHfleTcs Jerko. I[Ipu sToM MBI NojydaeMm

® (k) =2 (k)+ {e| R, (R} T(R)+ ... +{e| R, (R)} T (k) +
+ {a, [T} T®) + {g, | v, + R, B} T®) + ...
coo {01, | T, + R, (BB T(R) + ... + {1, | 71, + Ry, (R} 2 (R). (39.7)
®axrop-rpynna ® (k)/T (k) cocrout u3 (lp-f) CMEXKHBIX KNIaCCOB:
{cp,a|1,a+RLﬁ(i€)}z(k), 1(,%1, ciuy by B=1,...,t. (39.8)

JlonycTuMoe HENpHBORHMOe NpeacTaBieHue rpynnn &(k)/T (k) 6y-
€T TaKxkKe SABAATHCS JNONYCTHMBIM HENPHUBOAHUMBIM INPEeNCTABNEHHEM
rpynnsl @ (k). EndHCTBEHHOE Da3iuuie MeEXKAY HHMH OTHOCUTCH K
TeM ajeMeHTaM rpynnsl T (k), KOTophie BXOAST B SAPO (HAH HEHTP)
IpeCTABJEHHS M I0TOMY 3SKBHBAJEHTHH TOXIECTBEHHOMY 3Jie-
menty {e|0} rpynnu G (k). ,

B MeTome Manod Tpynnel paccMaTpHBAWT TPynIy, roMoMopd-
Hyl0 cOBOKynHocTH (39.8), a HMeHHO rpynmy

- }

11 (k) = G (k)/T (), (39.9)

Kak abcTpaKTHyIo rpynny H3 (le-f) sneMeHTOB H JIOGBIM OGBLIUHBLIM
MeToxoM HaXOnsIT Bce ee HENMPUBOAHMEIE NpencTasienus. V3 nabopa
BceX HCHPHBOAMMBIX NpeNcTaBJeHHH OTGHpaIOTCS A HCIONb30Ba-
HHS TOJNBKO HONmycTHMBe. UTOGH NONYYHTH CHCTEMY XapaKTepos
IS HENPHBOAHMMBIX NpefcTaBleHuil rpynnn II1(k) Kak aGcTpaKTHOM
rpynnel, TpebyeTcss cHauala NOCTPOHTh TabAMIy YMHOMXEHHS
CPYRIHL. . :
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3ameTuM Temephb, UTO HabOp NpeACTaBHTENEeH CMEXHEIX KJIaccoB
{q),alt,a-l—R,ﬁ (75)}, Lh=1,..., I, B=1,..., ¢ (39.10)

He sIBJseTCS 3aMKHYTHIM OTHOCHTEeNbHO yMHOXeHHs. UTo6wl BoccTa-
HOBHTb CBOHCTBA 3aMKHYTOCTH, CJIeyeT UMETb B BHAY, YTO MaTpHUA,
npencrasasiouias go6ol U3 saeMeHToB rpynnn E(R), ans ZomycT-
MBIX MHpejaCTaBJeHHH ymoBaeTBopsieT paBeHCTBY (39.3) M mostomy
npeo6pasyercss KakK aGCTPAKTHBIN TOXKAeCTBeHHBIH saement {e,|0}.
Chne10BaTeNbHO, 3aKOH YMHOXeHHs miast (lx-f) 3MeMeHTOB MBI onpe-
nejseM TakuM o6pasoM, uToOnl ofecneuynBaJjach 3aMKHYTOCTh, a
HMEHHO!

{@, |7, + RLB (E)} {0, l T, t+ R, (73)} = {®1, " ¥, | T, T Re, (7?)} =
= (2R, (B} {1, |70, ), (39.1D)
rae B, 6, e=1, ..., 1, u '

Wt Ry (A= {r, + Ry, (0} + 7, + Ry (B) + R, (B). (39.12)

B (39.12) R.(k )—Juoéou BEKTOD PpelIeTKH H3 TPYIIIBI Q:(k). Bo
BceX NPAaKTHYECKHX CAydasX, B KOTOPBIX NPHUMEHSJCS HAaHHBIH Me-
TOZX, BekTop peweTkH Ry, (k) onpenensierca oaHo3HauHo. Ecan
NPEANOJIOKUTh, UTO 3TO TaK, TO 3aKoH yMHoxeHHus (39.11), (39.12)
O/IHO3HAYHO ONPENessieT NMPOH3BEJAEHHE CMEKHBIX KJaccoB, BO3HH-
Kaiolllee NPH NMEePEMHOKEHHH.

Ilpn BmimonHenuu npaBuia (39.11) wabop (l.-f) npeacraBute-
Jefi CMeXHBIX KJaccoB oO6JgafaeT 3aMKHYTOCTbIO H H3oMopdeH
abctpakrrHoit rpynne II(k). das sToli rpynnbl MOMKHO OOBIYHBIM
06pasoM INOJYYHTb TabJHUy YMHOXKEHUS, CIPYKTYpy KJaccoB H
KO3 (HITHEHTH NEePEMHOXKEHHA KJjaccoB. EciH onpenejJuTb Koad-
¢$HUMEeHTH NePeMHOKeHHs 15 KJIaccoB 6P, (S,”’) u G rpynnst I1 (k)
paBEeHCTBOM

CPeP = 3 (ij| "™ 6P, (39.13)

TO XapPaKTEPbl HENPHBOAUMBIX HpeJ_ICTaBJIEHI/IH YAOBJAETBOPHAIOT COOT-
HOLIEHHIO

k) (R k k) (& & k k k
cﬁ )X( )(u)((sg )) . C} )X( )(u)(g} ))=lu2(l]|l)( ) o ( )(“‘)((&( )) C
(39 14)
roe [, — pasMepHOCTb HENPHBOAMMOTO MpPENCTaBJeHHs - x* W),

a ¢ — nopsnok xaacca G rpyuns II (k). s xapakTtepos no-

HYCTHMHX HENPHBOAHMHX mpencrasicHuit {® (™ rpynner T1(R) u
® (k) D0/KHO BHIOJHATHLCS COOTHOILEHHE

2@ ((e| R, (B)}) = L, exp — ik - R, (B) nas aomyctumux m. (39.15)



Henpusodumvie npedcrasaekia npocTpaHcT8erHbLx 2pyni 108

3ameTuM, uTo B (39.15) MBI HCHOJMB3yeM BEKTOD TPaHCIASLMH pe-

metkn R, (R), Tak Kak Adst Jwo6oro Bekropa R.(R) rpymne (k)
3TOT pe3yJabTaT TpuBHAJeH BcaeAcTBHe (39.2). [locKoabKy BeKkTop R
H3BecTeH, paBeHCTBO (39.15) mpexacrasssier coGoil BaHOe OrpaHH-
ueHHe Ha UHAEKC HEIPUBOAUMOrO HPENCTAaBJIEHHS M II03BOJAET OLHO-
3HAYHO ONpPEAeJHTh JOUNYCTHMBie NpeICTaBJeHHA, KOTOpble B HOCJTe-
AyolleM OyAyT Bcerfa o003HA4aTbCs HHAEKCOM == M.

Hakonen, xapakTepnl HeNPHBOAHMBIX -IIPEACTABJIEHUN TPYMNIb!
II(k) yaoBJETBOPSIOT YCJAOBHIO HOJHOTH

Zj: C;k)x(k) ) ((&]) x(k) (W) ((S’l)* =yt (39.16)

rae (lp-t)— nopagok rpynnnl IT(k). OueHb BaXXHO 3aMETHTb, 4TO
ycioBue (39.16) mpuMeHnMo K xapakrepam x® ™  Kak momycT-
MBbIX, TaK W 3alpellieHHbIX NMpeACTaBJeHHH H, Aajee, YTO Bce BeJH-
uyunel B (39.16) orHocaTtces K rpynue IT{k), B KOTOPOH KJacChl H T. A.
onpeessioTCs NYTeM HAXOXAEHHS COIPSIKEHHBIX 3JEMEHTOB IpyI-
et IT(k) ¢ momomwpbio si1emenToB u3 II(k). HanomHuM elle pas, 4T0
IT(k)= G(k)/T (k).

§ 40. 3anpeuenHbie HEeMmPUBONi:Mble MpeAcTaBAeHHR D (),
Meron manoil rpynnst

Bumotr u Jlayzon [34], aHanu3Hpys HeKOTOpble IpPaBHJIA OT-
6opa ans CTPYKTYPHL aJaMa3sa, OTMETH/H IOJEe3HOCTb HCIOJIb30BaHHS
3alpelleHHbIX HENPUBOAMMEIX npeiacraBieduit rpynnel I (R) =
= G (k)/T (k). Huxe Mbl BepHeMcs K aHaJu3y IpaBua orbopa, npo-
BejleHHOMY 3THMHY aBTOPaMH, a cefiuac CKOHHEHTPHPYEM BHHMaHHe
Ha 3HAaYeHHH npeicraBienus D¥®  rpynnw IT(R), Koraa p ss-
JSIeTCH MHJAEKCOM 3alpelleHHOro NpefcTaBieHH.

OueBUAHO, 8Ce HENPHBOAMMELIE MNpeiacTaBaeHus D®®  gpag-
I0TCS TOMOMODP(HKEIMH oToOpaxkeHussMu abcrpaktHolt rpynnnl IT(R),
cocTosllel u3 Habopa npeicraBHTeNell CMexHHX KiaaccoB (39.10),
3aMKHYTOTO OTHOCHTENbHO yMHOxKeHHs corsacHo (39.11) n (39.12),

[IpennonoxuM Tenepb, UTO Y HAC e€CTh KaKoe-HHOYAb NONYCTH-
MO€ HenpuBORHMOe mnpeactaBieHne D® M rpynne II(k), u pac-

CMOTPHM MaTpHI, NPeACTaBJAOLIYI0 3neMeHT {e|R. (E)}:
D® @ ({e| Ry, (k)}) = exp — ik - Ry (&) IL,. (40.1)
Buiuncass IpsiMoe TpPOHM3BelNeHHe 3Tof MaTpuubl caMo Ha cebs,
noJiyuaem
D@ @ ({e | Ry (R)}) ® D@ ({e | Ry (R)}) = exp — 2ik - R, (R) 11, @ I1,,.
(40.2)

Slcro, uTo (40.2) mpexacTaBnsieT coGol KBaApaTHYIO MaTPHIY C pas-
mepamH (2/m X 2lm), KoTOpas npeobpa3yercs NPH TPAHCIAUHAX KaK
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~CHCTE€Ma MaTpul ¢ BOJIHOBEIM BEKTODPOM

_ kR =2k (40.3)
Torpa mosiHOe mpencTaB/ieHde mpsMoro npousseneHus P (R)
D) (m) @ Dk (m) 40.4)

JOJ/IKHO COOTBETCTBOBATb BOJHOBOMY BekTOpy R’ B (40.3).

C papyroft CcTOpOHBI, corsiacHo TeopeMe Malike, J060e Tpen-
cTaBJeHne abCTPAKTHOA rpynnel AxH60 HEOPHBOZHMO, JHOO pasio-
xkumo. [losTomy npencraBienne (40.4) pasnaraeTcsi B npsaMmyio
CYMMYy HENPHBOAMMBIX COCTABJAIOILHX, COOTBETCTBYIOIIHX BeEK-
Topy k:

D® (M @ D) (m) = 3" (mm | w) D¥ @, (40.5)
w

npuueM B (40.5) momycTuMm! Bce 3HaueHHs p. CorsacHo Tpenblay-
IIHM YTBepKAeHHAM, npejctaBienne (40.3) coOTBETCTBYeT BOJIHO-
BoMy BekTopy k. C/lenoBaTestbHO, HEKOTODble 3alpellleHHble HENpH-
BOJUMBIE TpeAcTaBJeHHss D® My =& m rpynoet II1(E) MoxHO
OTOXKJECTBHTb C NpeACTaBAEHHAMH, COOTBETCTBYIOMIUMH B [AeHCTBE-
TeJbHOCTH BOJHOBOMY BekTopy 2R. I[losToMy npelcTaB/eHHe nps-
MOro npousBeneHHs Buia (40.4) sBasercs ONHOBPeMeHHO Ipen-
CTaBAeHHEM, COOTBETCTBYIOIHM BeKTOpPY k (KoTOpoe MO¥KeT OBITb
3alIpellleHHBIM ), B NpPeACTaBJAeHHEM, COOTBETCTBYIOUIHM BeKTOpy 2R,
KOTOpO€e MOXKET OKa3aThCSt HENPHBOAHMBIM.

Bribupas cHoBa gonycTuMoe u npunamiexamee II(k) npeacras-
JeHpe D® (™ MOKHO pacCMOTpPETh €ro MHOTOKpaTHble BHYTPEHHHe
NpSIMBIE IPOH3BEAEHHS

DWm g . @D®m=[pwm]  p<t, (40.6)

nojyyass B KaxJOM CJydae CHOBA HEKOTOpPOe IpeACTaBlieHHe
aGcTpakTHO# rpynnu onepatopoB II(R), koTopas B LefCTBHTENbHO-
CTH COOTBETCTBYET BOJIHOBOMY BeKTOpY pk.

ChejoBaTenbHo, MO¥XHO 3aKJIOUHTD, UTO BCe NOMYCTHMBIE HenpH-
BOAMMBIe NpelcTaBienuss D® W npu us=m cBasanel ¢ Habopom
BOJIHOBBIX BEKTOPOB, NOJIyuaeMbIX H3 BeKTopa k:

k, 2k, ..., tk : (40.7)

CooTHOIIIeHHe MeXJy 3anpelleHHbLIMH NpefcTaBAeHHsMH D*) W,
p = m, H HENPHBOAHMBIMH HDEACTaBJEHHAMH TPymnbl € MOXKHO
YCTaHOBHTb, paccMarpuBasi TaluuMLy XapaKTepoB NpeACTaBJeHHH
D®® y cpaBHUBas

DB W, P«%m [‘pyrIH‘bI I (k) (40.8)

De®m  rpynne I (pk), p=1, ..., 4, (40.9)
Ihe t— uejoe 4HCI0, PaBHOe HHJeKCY HOATPYINbl ¢ (k) rpynou £.

"
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[TonesHo peslOMHpPOBATL DPacCyXaeHHst ABYX MOCIEIHHX mapa-
rpagoB. Jlisi HaXoXIeHHs NOMYCTHMBIX HENPHBOLHMEIX IpENCTaB-
JAeHult D® ™ coOTBETCTBYIOIHX KAHOHHYECKOMY BOJHOBOMY BeK-
Topy k (KoTOpbie GyAyT 3aTeM HCNOAL30BAHH AJsl TOCTPOEHHS HHAY-

UMPOBAUHBIX HeNpHBOLMMEIX npexctasienni D4 rpymm @),
GHlJIa MOCTpoeHa aGCTpaKTHaH rpynna II(kR). OnHako npu paccMoT-
pennn II(R) Kak HeKOTOpOH aGCTPaKTHOM TPymIbl BOSHHKAKT Kak
JOTMYCTHMBIE TpeACTaBJeHHs D® (M), Tak ¥ 3ampemieHHbIe IPENCTAB-
Jeuus D@ @), Brnigo noxasaHo, ln"o noclenHue, SBAAACH HENpPH-
BOAMMBIMH TpeACTaBJeHHAMH ab6CTPaKTHOH T[PYNIE ONepaTopoB
I1(k), cOOTBEeTCTBYIOT COBOKYNHOCTH BOJHOBHEIX BeKTopoB (40.7), nna
KOTOPBIX IpeicTaBiaeHne D® W  npGo HenpuBoAHMO, JAHGO IPHBO-
nuMo. B mepBoMm caygae. .

D® W) g2 Dipk) (m), (40.10)
a B TOCHEAHEM '
D#® & & D@ (| m) Dok (m), 40.11)
£ .

B no6oM cayuae riaaBHasg npobaeMa COCTOHT B TOM, UTO €CJAH pac-
cmaTpuBaTh rpyniy I1(R) Kak abcTpakTHyio rpymnmy, T. €. Kak co-
BOKYIIHOCTb CMeXHHIX kJaccoB (39.10), s3aMKHyTyIO cOriacHo
(39.11) u (39.12), To BO3HHKAIOUIHE HENPHBOJAHMEIE NPEACTABJIEHHS
rpynnst II(R) rossk0 nocae 3TOro NO/KHH OBHITb pasjeleHH Ha
JOTYCTHMBIe W 3alpeiieHHble. Boobule roBopsi, HEBO3MOXKHO Ompe-
JIeJHTh TOJBKO JHOUYCTHMbIE IPEeACTaBJEHHS, 32 HCK/IIOUEHHEM CJY-
uyaeB, KOrja Bes coBOKymHOCTh (40.7) cTsirmBaeTcsl B TOUKY, Kak, Ha-
npumep, s k= (0, 0, 0).

§ 41. JonycTHMble HeNpHBOAUMBie npeAcCTaBjeHus D) (m)
paccMaTpHBaeMble KaK MPOEKTHBHLIE MPENCTABJIECHUS

Meton mano#t rpynnel, paccMoTpeHHHH B § 39 u 40, TpeGyer
nocTpoenus HoBo#l rpynnul & (k) /T (k) =II(k) u ompeneseHus Bcex
€e HEeNpPUBONHMBIX IIpeACTaBiAeHHH, 4TOOB MOXKHO OBLIO OTOGpaTh
3aTeM JONYCTHMBbE. MeTON NPOEKTHBHBIX NpeACTaBieHHH, H3narae-
MBIl B HECKOJIBKHX TOCJAeAYIOUIHX naparpadax, B IpUHUHIE TpebyeT
NOCTPOEHHA INPOEKTHBHBIX, HJH Jy4YeBHIX, IPEACTaBJEHHA TOJBLKO
LJIS y:Ke UMEIOUIHXCS TPYI, B YaCTHOCTH A 32 KPHCTaAIHUeCKHX
ToueuHHX Tpynn. Ha npakThHke MeTOZA NPOEKTHBHHIX IpeACTaBJeHUH
BKJIIOYaeT B ce6sl HEKOTOPYIO NOMOJHHTENbHYIO 3afauy of onpelene-
HUH JIONYCTUMBIX TpefAcTaBieHuli D®m) Tag uTo B GOJBIUHHCTBE
C/lyuaeB HH OJHMH H3 METOJOB He HMeeT KaKHX-MHOO.NPaKTHYECKHX
npeumyitects, OfHaKO MeTOJ NPOEKTHBHEIX IpeJCTaBJeHHR uMeer
NpHHIHNIHANBHOE 3HAUEHHE C TOUKH 3peHHs NOHHMAaHHS CTPYKTYpHI
npeicTaBiaenusy D®(m y cBA3H STOro NpeicTaBICHHS C HCXOJAHOH
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ToueuHO# rpynnol Kpucraj/na P. BrepBLie B TEOPHH IIPOCTPAHCTBEH-
HBIX TpyIN 3ToT MeTon Gbla Hemoab3oBad [épuurom [33, 35—38]1).

Crpykrypa rpynnn & (k) ompenensercs pasnoxenuem (36.1).
Ouesupno, G(k) sBaserca pacmupernem rpynnsl €. I[lockoabky
noArpynna § sBjasieTcs HOPMaJbHOH NOArpynmoi, Mbl PaccMOTPUM

TOPTPYII
dax Y ® (k)/T =B (k). (41.1)

dakroprpynna $(k) uszomopdHa HekoTopoli KpHCTaJiuuecKofi ToO-
ueynoli rpynme P. IlpoH3Beneune ABYX UpPeACTaBUTENeH CMeXHBIX
Knaccos B @ (k) HMeeT BHJ

{01, | 013} - {01, ] 70} = {El RLML} ) {(Plxu [T, b (41.2)
rae
B T, =Ty, Py (41.3)
RL;;.u = Ty, T Ty, + Tty (41.4)
3nechb le — BEKTOD pelIeTKH, a T;, — HETPHBHANbHAA TPaHC-

JIsiUHUA, COOTBETCTBYIOILASA OlepaTopy (“Mx‘ Benenersue cBofictBa
aCCOUHATHBHOCTH YMHOXeHHs (6.7) nJs 2JeMeHTOB NpOCTpaH-
CTBEHHOH TpynIbl BeKTOPhl PelIeTKH B3auMOcBs3aHBl. M3 paBeHCTB

(o lwn} - {or, [70}){or, | 7} = {EI Ry} {or, | 70, ) {0, | 70} =

= {el RLA, u} {el RLML, o {(PIMW ' t’xuv} =

={elRy, ,+ Ry, .} {szMw | '”m} =

= {0y [T} - ({70} - {on, |70} =

={oy |7 { IRy} {0, |7} =

={&les, Ry, J}-{on |70} {or,, [ 7,0 =

= {e| Py, RL;», v RLA., ;w} : {(PIMJN | 17lmw} (41.5)
NPSAMBIM CpPaBHEHHEM MOJNYYHM

{elRy, ,+ Ry, J={eloy R +Ry )  (41.6)

Onpeneenne BeJHUHH RLMW H RLA, oy ClEnyer o603HaueHHIO, BRe-

nensomy B (41.4). IlpousBenenne (41.2), 3anucanHoe AJAst LONMyCTH-
MOro HempPHBOAUMOro npeactasiaesus D®(m rpymme ® (k) nmeer

1) IlpoekTHBHBIE TPEJICTABJIEHHS GbLIM HCIONbSOBAHE B NPUMEHEHMH K OH-
sHKe TBepAoro Tena B Kuure JlioGapckoro [49] mpu HCCIENOBAaHHH BBLIPOMKAEHHS
sJeKTPOHHBIX 30oH. B Kuure Bupa u ITukyca [115] MoxHO HaliTH He TONBKO Tad-
/OB XAPAKTEPOB, HO TaKXKe H MATPHUB VI BCEX HEIKBHBAJIGHTHBIX NPOEKTHB-
HHX npepcTaBiepnfi 32 Toweunnx rpymm. — [Ipum. ped.
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BHJL,
DB ({gy, [T1,}) - DB ™ ({qu |7, }) =
— DO (e[ Ry, 3) - DWW (g, (1, })=
= (exp — ik RL)», u) I, - D) m ({q)t?»u ! 1‘@})’ (41.7)
BeeneM BeJHUHHY
r® (3, p)=exp — ik - R;, o (41.8)
Torpa (41.7) MoxHO 3amucaTh B BHIE
DB ({g, | v,}) - DB ({or, |7, }) =
= r(® (A, w) I, D (m ({‘Plxu | tlw}), (41.9)

OueBHAHO, AJST Ka)KIOH maphl npeicTaBHTeNeH CMEXHBIX KJ4acCOB
{q;l“rlk}, {cp,u(t,u} rpyunet ® (R) onpenesnena Bemmuuna r® (4, p):

r®(, w=exp—ik-Ry , Au=1 ..., 1L (41.10)

Cuenosarenabno, umeercs (/)2 pennunn r® (A, p). Onu HaspiBalOTCS

cUCTEeMOH (PaKTOpOB.
PaccMoTpuM Temepb TodeuHyio rpynmy B, #soMopdHyio rpymnme
P (k), s1eMeHTaMHi KOTOPOIT- IBASIOTCS [ NOBOPOTOB:

GB\=8’ (Plzy ceey (Pl;", veey (Plkzs's(k)‘ ’ (41'11)
OHH TepeMHOXAI0TCs. 0 NPaBHJAY
P, 91, = Py - (41.12)

[IpeanosioxkuM Tenepb, YTO Yy HAC HMEETCH HENPHBOJHMOE NPEACTaB-
jgenue D) rpynnet B. Torga pas sToro mnpeacTaBAeHHsS TPYINEL

P mmeeM
DD (q1,) » DD (@1,) =D (g, ). (41.13)

CpaBuuBas (41.9) u (41.13), Buaum, dro matpuusr D® (M),
COOTBETCTBYIOLHE [r NPeACTaBUTENSM CMEXHBIX KJIAaccoB {q)lhltlh}
JAsi JOTYyCTHMOIO HeNpHBOAMMOrO INpeicTaBieHus rpynnel @ (R),
MepeMHOXKAITCS «MOYTH» TaK Ke, KaK MaTpPHUbl I HENPHBOIH-
moro npeacrasiaennss D) rpynnel P nopaaxa [ «Pasauume» 3a-
Kno4uaeTcs B UYHMCAECHHOM MHOXKHTene ri® (A, l) OPHCYTCTBYIOLIEM
B npoussenenun (41.9). [Ipyrumu cnoBamu, HaGop maTpuu D®(™
napefcTaBiser cobfoll MOYTH OOBIYHOE HJIH BeKTOPHOE Npe/CcTaB/eHHe
rpynne B. Habop matpur

D& (m) ‘ (41.14)

ABNAOIIUXCH OTOGpaxkeHueM 3JjeMenTos rpynmus P (k):
DW ™ (fq;, | T1,}) < @1y, (41.15)
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obpasyer ayueBoe (IPOEGKTHBHOE, WJH HAarpysKeHHOe) INpeicTaBJe-
HHe abcTpakTHOM rpynmbl P ¢ cucreMofi dakropos r® (A, ) [33], .
ecnn yMHOXKeHHe B rpynne P (k) ompegesneHO paBEHCTBOM

iy - 1, = Py, (41.16)
H 33aKOH YMHOXKEHHS AJNA MaTPHI, HMeeT BHJ
D® (@ ({‘Plx I tlx}) DD (m ({(Plu | t,u}) = -
= r(® (A, u) D® (m)({(plw,t,w}), 4117
rne r® (A, w)=1, npusem
P8 (A, 1) r® (A, v) = r® (A, @) r® (u, v). (41.18)

OcraeTcsi ToKasaTh, 4YTO JJIS1 CHCTEMHB (akTopoB r®(A, u),
onpegeteHHoll cooTHomenusaMu (41.8) u (41.10), BuHmosHsteTcs pa-
BeHcTBO (41.18). M3 (41.18) umeem

0 (3, 1) - r® (b, ) = exp— ik - (Ry,, + Ry, ), (41.19)
4TO paBHO A

exp — ik - (01, - Rluv + RLA, uv)’ - (41.20)
ecqu Hcmoab3oBaTth (41.6). Ho tak kak, cornacuo (34.7),
(k- @,)=qa;' - k=k+2aB,, (41.21)
TO (41.20) MOXKHO mepemnHcaTth Kak
exp — ik - (RLu, + TR, lw) (41.22)
u 3aTeM 3anucath (41.22) B BHIE
r® (&, uv) r® (u,v), (41.23)

yTo u gokashiBaeT (41.18). CiefoBaTenbHo, Habop U3 [ BedHumH
r'®(x, u) o6nagaer cBoficTBaMH cHCTEeMBI (aKTOPOB HeNPHBOAHMOrO
NPOEKTHBHOTO TIPENCTaBJEHHS KpHCTaJorpadHuecKoll TOYeUHOR
rpynns (k).

§ 42. NpoekrusHble npeacraBiaeHns rpynnst B(k).
HakpsiBatomwas rpynna $*(k) [33]

Temepb Hama 3ajaua COCTOHT B TOM, YTOGH ONPEIENHTbH T
HENpHBOJHMbIE IPOEKTHBHEIE, HJIH Jyueskle, IpeICcTaBJAeHHSI KPHCTA-
aorpaduveckofi Toueunofi rpynmut P(R), KOTOPHIE HMEIOT NPaBHIb-
Hyl0 CHcteMy (akTopoB r® (A, p). UroGel NpoH3BeCTH TaKOH BHI-
60p, HeOOGXOLHUMO CHayaJ/la MOJYYHTb H PacCMOTPETh Bce HENpPHBO-
JHMBle TIPOeKTHBHBIe IHpeicTaBienuss rpynnel P(k). [lpu sTom
MOXeT 0Ka3aTbes, YTO HEKOTOPHEe H3 HHX YXKe 00JaJaloT HeoGXOoAH-
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Y

MBIMH cBoficTBaMH; OoJlee BeposiTHAa CHTyalHs, Korza A
MOJIy4eHHs NPaBHJILHOH CHCTeMB! (aKTOPOB TpebyeTcsa BHINOJHHTE
kaan6poBounoe npeo6pasoBaHue. [losToMy He06XOAMMO MOCTPOHTL
TEOPHIO NPOEKTHBHLIX, HAH JYy4eBbX, IpejacTaBiaeHuil rpynnsl P(k).
/s coxpanenusi noc/enoBaTelbHOCTH B 0003HaueHHAX MB OylneM
0603HauaTh sJeMeHTH rpynnsl P(k) cHMBoJaMH, TOPHHATHMH
u B (36.1) u (41.11). OzHako Teopus, Koropas GyjaeT TMOCTPOEHA,
uMeeT oOIIHA XapakTep H NPHMEHHMAa K NPOEKTHBHLIM IpeACTaBne-
HusiM J1060i KoHeuHo¥ rpynmel P. KanubpoBounble mpeobpasoBa-
HusA paccMmartpuBanTca B § 43.

Cnenys llypy, npeanosoxum, 4To HMeercs rpyrma $*(R), nHa-
3pIBaeMasi TPYNION INpeAcTaBJeHHH HJIH HaKpHIBAWIled rpynno#t
rpynust B. CpoitctBa R* (k) paccmorpenws Huxe. IIycts R* (k) sb-
JsieTcsi pacluupeHHeM HeKoTopoli abeseBoft rpynnei A ¢ NnOMOIIBIO
rpynnsl P, Takum, uro rpyuna A npeacraBasieT co6OH HOPMAaNbHYIO
noarpynny rpynnst $*(kR); A coaepxuTca B ueHTpe!) rpynmsl
B* (k), Takum o6pasom,

‘ P* (k) A~ P. (42.1)

[Mycte rpymna A HMeeT TOPAAOK #, TaK YTO NOPSIAOK Kaya0ro
snemenTa rpynnst A < m. OG6GosHauum sjeMeHTH Tpymus A che-
aywomuMm obpasom: :

A Ey, Ay ..., Ay, (42.2)

Torma ans BCeX 3JMEMEHTOB TIPynmHl P*, COMACHO ONMpeeNeHHIO
IeHTpa TPYNIb, HMeeM

A, = 91, A, (42.3)

rae Ap— MPOH3BOJBHBIA 3JeMEHT rpynns A, ¢y, — 06Ol H3 sie-

MeHToB rpymnnsl P*. IIpepmonoxuM, uto y Hac HMeeTcs Takas
rpynna $*, ¥ Mbl BHIIOJHHM °*pPasioxenue P* Ha CMexHHE KJacchl

no A:
Pr=A+0,A+ ... + 0,4, (42.4)

rae @;, TNPeACTAaBHTE/b CMEXKHOIO KJIACCA H3 IPYNIb $*/A. pen-
CTaBHTENH CMEXHBIX KAaccoB B (42.4) BuibupaioTcs Tak, 4TOOHI
OHH COOTBETCTBOBaJi 3JeMeHTaM rpynust P(k). s npoussegeHus
LBYX IpeACTaBHTEJEH CMEXHBIX KJIacCOB HMeeM

‘DIA«(I)IH = ‘DIMJ.A ()"! P‘) =4 (}"! p‘) ‘DIMJ.’ (42‘5)

rae MBI HCIOOJBb30BaNu paBeHCTBO (42.3) A (A, u) Ajy — Hexo-
TOPHI 3JeMeHT rpynnn A.

- '

1) MHOKeCTBO BCEX HHBADHAHTHHIX S/eMEHTOB rpynnu G COCTaB.rmeT noj-
rpynny rpynnsl G, Ha3sHBaeMyl0 HEHTPOM rpynnu G (cm. [118], crp 72) —
ITpum. peo.
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ITycte *DW — o6GBIUHOE HENPHBOLHMOE IPeJCTaBJEHHE rpynnu
PB* (k) torna us (42.5) caenyer

*DD (@;,) *DW (D) = *D (D) *DP (Arg) = *D'P (A3,) "D (@),
— ~ (42.6)

Onuako, NoCKOAbKY Ay, NPHHANJIENKHT uEeHTDPY, NI Pukrcuposax-
Hoeo saeMenTa A H npH ar0bom @ u3 (42.3) noayvaem

*D) (Ary) *D ((Dzv) = *D(D ((Dlv) *DD (Any). (42.7)

Ho npencraBaenre *D) HenmpHBOAMMO; CJAeJOBATENbHO, COIVIACHO
aemme Ilypa,

*DW (Arp) ==r (A, p) - I, (42.8)
rae II; —enuuuuHas maTtpuna nopsjgka [, a r(A, L)-— KOHCTaHTA,
Ianee, Tak kak rpynma A abenesa, To |r(A,p)|=1. Tlostomy,

eCcaH MBI JAeHCTBHTEJbHO HMeeM KaKoe-Ju60 HeNpUBOAHMOE Npes-
cTaBienne rpynnsl $*, To OHO 06JagaeT CBOACTBOM

* D) (D1,) *D) (cp,u) =r (A, p) *D (CD,M). {42.9)

DTo HMEHHO TO CBOHCTBO, KOTOPOe HEOOX0AHNMO, YTOOEL MOXKHO GBLIO
paceMaTpuBaTh *DY) gKaK NPOEKTHBHOe NpeJCTaBJEHHE TPy
B(k), Tak KaK BCJAEACTBHE aCCONHATHBHOCTH YMHOXEHHs B Trpymme
ﬂ3*(k) BeqMuuHB r (A, u) npeacTaBastioT co6o HaGOp, YAOBJIETBO-
pstomui yeaoBuio (41.18). Pasywmeercst, uto6bl cooTHOUIEHHE (42.9)
aas P(k) He OpiIo TpUBHAJALHBIM, TpelyeTcs, uTOOBl r(A,p) == 1.
3T1o B cBOIO ouepenb TpebyeT, uToOH rpynma P* He npepcrapfsaa
coGofl mosynpsimMoe npousBegeHne rpynne A Ha P, HO fABIARach
paciiipenueM 6oJee obulero THma. JTO O3HAYyaeT, YTO €CAH Ol
rpynna $* okasaJjach NOJYIPSMBIM INPoH3BeleHHeM, To B (42.5)
NpoH3BejeHHe ABYX NpejacTaBHTeNeHd CMEXKHBIX K/1acCOB CHOBA OBLIO
65l paBHO NPEACTABHTENIO CMEKHOrO KJaacca, HO He IIOMHOXKEeHHOMY
Ha sjaeMeHT rpynnel A. B cayuae pacuieniseMoro paclinpeHHSs
B (425) Bce Apy=E nr(hp)=1

OcnoBnas teopema Illypa rnacHT: 8Ce NPOEKTHBHBIE HENPHBO-
JNHMBIe NpejCTaB/ieHHs rpynnsl P(R) SABAAIOTCH HENPHBOXHMBIMH
TpeACTaBAEHHAMH rpynnnl P*(R), orpaHmueHHBIMH Ha TOATPYINe
P(R). BeaencTBue 3aKoHa aCCOUMATHBHOCTU [KOTOPHIHL MOMXKHO jaa-
Jiee NMpHMeHHTh K (42.5), uToGH OrpaHHYHTL NOPAAOK 06pa3yIOUIHX
snemenToB A, rpynmel A] 4HCHO pas3IHYHLIX HE3KBHBANEHTHBIX
pacmupenuii rpynnal A ¢ nomowpbio B(k), 3agaloHiEX pasnHUHEE
NPOEKTHBHEIE NpeJcTaBjeHHs rpynnbl P(k), KoHeuyHo. Pacuiupenune
P* (k) HaHMeHbLIero HOPsiAKa, Aaiollee BCe Pa3JHUHbIE NPOEKTHB-
Hble IpeACTaBJeHHs Tpynmbl $(k), HasHBaeTCs TPymnoll NpefcTas-
JIeHHl UnH HakpuiBaioliefl rpynnof rpynnst P(k). JTioboe Goabilee
pacmuperde rpynnou P(k) Ha [pyrre NOAOOHLIE TPYNNH, Kak
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MOYHO TOKa3aTb, NA€T NPOEKTHBHLE IpeJcTaBaenus rpynnu P(k),
He aBJasomnuecss pasnuuHbIMH. OmnpejefieHne BceX HAKPHIBAIOUIMX
rpynn P* (k) nns Bcex KpucTajnorpaduueckux rpymnn OblJIO 3aBep-
weno [llypom. JIJisi BceX TaKHX TPyNn HMEOTcs TabJHIB AJIS CH-
CTeM XapakKTeDOB HeNPHUBOAMUMEIX Inpexacrasnenufi [38]. Iloatomy
MB OyfeM CUHTAaTb 3a7auy OIPEefeJNeHHUS BCceX HESKBHBAJEHTHBIX
HENPHBOAUMBIX NpeAcTaBieHull rpynnsl P*(k) pewennod, Tak xe
KaK ®u 3agaqy o6 OrpaHHYeHHH TPOEKTHBHBIX Hpe}ICTaBJIeHI/IH
rpynnst $* (k) Ha noarpynne P(k).

§ 43. Kanu6poBOuHble MPe0OPa3OBAHUA MPOEKTHBHBIX
npencrapaeHuit [33]

[Tpn HaxoXNeHHH NPOEKTHBHBIX NpeAcTaBieHuit rpynnel P(R)
no romopdusMam rpyins R* (k) OAHOBPEMEHHO KOHKPETH3HPYETCS
cucTeMa (DaKTOPOB IPOEKTHBHOIO TMPEACTaBJEHHs, a HMEHHO CH-
cTeMa, cooTBeTcTBywowas (42.7). PgccMoTpuM mnpoekTHBHOe TIpen-
cTaBxeHne rpynnos P(k), *DY), Takoe, uto

*DO) (@) *D ((Dlu) =r (A, p) *D <®lxu)’ (43.1)

a Takxke Jpyroe INPOEKTHBHOe mpencTaBJeHne *D(), cBsAzaHHOe
C NePBBIM COOTHOIIEHHEM

DY (@) =D (@), A=1 e (132)

rie ¢, — KOHCTaHTa, paBHas mo MORYJNO eaunuie. OQueBHAHO, €CJH
HCIOJBL3YIOTCS MATPHIBI ¢ UepTOH, TO BO3HHKAeT APYroe MPOEKTHB-
Hoe npejcraBieHue rpymnsl B(R) c cucremoir daxtopos 7 (A, pu):

* DD *N =F *DU)

DY ((Dlx) DU ((D,u)-r(k, n) *Du ((D,w), (43.3)
rie
(43.4)

F(h, w=r(,

T'oBOpsiT, YTO NPOEKTHBHEIE INpeACTaBJeHHs, AJS KOTOPHIX BHINOJ-
HseTca cooTHoweHue (43.2), cBsizaHBl KaauGPOBOUHHIM mpeoGpa-
30BaHHEM; TOrHA CHCTeMBI (aKTOPOB CBSI3aHH COOTHOIIEHHEM
(43.4). Takue UPOEKTHBHHIE NpejacTaBaeHust *D?) uy *DU) Hash-
BajOTCSi NpPOEKTHBHO-9KBHBAJEHTHBHIMH (p-3KBHBaseHTHHIMH). IIpo-
eKTHBHEE NPEACTaBJeHHs rpynns P(k), He sBiAdIOUIHECH NPOEK-
THBHO-3KBHBANECHTHHIMH, HA3BIBAIOTCH PAa3NHUHBIMU [peJACTaBJe-
HHSIMH.

B uacrtHOCTH, KanHGpOBoqﬂoe npeobpasoBaHue HEOOXONHMO A
IPOEKTHBHLIX IIPeACTABJIEHHH, BO3HHUKAIOUINX npn OrpaHHYEHHH
Hpeﬂ,CTaBJIEHPII/I *DU) nakpwBarowell rpynns $*(k), utoGe rapan-
THPOBaTk [eHCTBHTeJbHOE COOTBETCTBHE no.nyquHbI( TIPOEKTHBHEIX
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npeicTaBAeHHA NOMYCTHMBIM IpeAcTaBaeHusiM D® ) rpynnn (k)
¥, TakuM 0o06pasoM, AONYCTHMEIM MpejacTaBaeHHAM D™  rpymmmr
@(k) OT0 o03HauaeT, uYTO OJAHA M3 BO3HHMKAIOUINX ,3ajau COCTOMT
B HAXOXIEHHH MOCTOSHHBIX 3, TAKHX, UTO

DP™ (Lqy, | %1, }) = cx D (@,). (43.5)

Bosiee onpenenenno, HaMm Tpebyercs KaJauOpoBouHOe mpeoGpas3oBa-
Hue oT KanubpoBku (42.7) K KaauGpoBke r®(A, p), COOTBETCTBYIO-
wel (41.10): : .

r® (3, ) ==

Y

u” r(h, p)=exp—ik- Ry, . (43.6)
Buifop BeqHUMH ¢, TpeOyeMBIX AAs BHNoJHeHus (43.6), pasy-
meercsl, HeOLHO3HAYeH, OJAHAKO, AJA Hac 3TO HecyllecTBeHHO. By-
JleM CUHTaTh, uTo Habop {c,}, ymoBIerBopsitolluii (43.6), uaiizen,
TaK UYTO MOCTPOEHBl MOUYCTHMBE IpeACTaBJAeHHs D (M rpynmel
@ (k). Ha npaktuke Jerde Bcero MOJYYHTb XapakTepw x(® (™, IIpo-
H3BOJAA HEKOTophble [JOMOJHHTeNbHElE BBIUHCJIEHHS, MOXHO TIo-
CTPOHUTb TaKKe H HOJHBIE MATPHIBI, HeAaBHO 0Hy6JIHKOBaHbI Ta6-
AuLLl Takux matpun [38]7).

§ 44. CooTHOIIEHHe MeXKAY METOJOM MaJioif TPYIIIb
H METOJOM NMPOEKTHBHBIX TpPeACTaBJEHH

Uro6er 06CYAHTh COOTHOIUEHHE MeXIY METOAOM MaJIof IpYIH
H MeTOJOM IPOEKTHBHEIX NpelCTaBJeHHi, HeobXoanMo cHavyajla co-
noCcTaBHTh MaJgyio rpynny II(k), 3agannyio cooTHomeHueM (39.9):

II (k) = @ (k)/Z (k), (44.1)

H HakpblBaiomyio rpynny $*(k), nosydeHHyi0 paclIHpEHHEM Touey-
HOH TPYIHI ‘

L (k) =6 (B)/T. (44.2)

Ilpoctefimuli 1 HauGoJiee NIPSIMON MyTh CPaBHeHHS ABYX Tpynn
3aKJII09A€TCY B HePeMHOXKEHHM TIPECTaBHTEJEA CMeXHBIX KJjac-
COB, COOTBETCTBYIOUIHX 3JeMeHTaM TOUEUHOH rpynnel P, newxatmei
B OCHOBE IIOCTPOEHHS.

PaccMmorpuMm cHauana rpynmy H(k) BOCHOMIb3YEMCS COOTHOLLIe-
auem (39.11). Hus II (k) umeeM

{org ] w1} - (o, | 11} = {21 Re, () - {1, - | 1,%},7 (44.3)
Ry, ()= gy - Tt T, T

1) Tlonueie TaGaul b HEMPUBOKHMBIX TpeicTaBJeHHR npocmancmennux rpynn
MOXHO Haﬁm Taxxe B paGote [119].— ITpus. ped.

Tae

" (44.4)
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npeicTaBaseT cobofi BEKTOP pelleTKH, He BXoAsiuiui B rpynny (k).
DJieMeHT {a{RLS(Ei}, paccMaTpHBaeMblii KaK aGCTPaKTHHH 3Jle-
MeHT, He KOMMYTHPYET C ADYTHMH TNpeNCcTABUTENSIMH CMEXHBIX
gjiaccoB rpymnnnt @& (R)/T (k). IlosTomy {81R,_8(7c_)} He BXOJIHT
B ueHTp rpyuns II (k). .

Onnako nans  [OONYCTHMOTO HENPHBOAMMOrG NpeACcTaBJeHHS
D®m) y3 (39.15) umeem : :

D® m (fe| R, (B)})=exp — ik - Ry (&)L, (44.5)

Adnementn {e| Ry, (E)} ABJIAIOTCS NPENCTABHTENAMH CMEXKHBIX KJac-

coB B rpynne /2 (k), koTopas npencTaBiaseT coboii abeneBy rpymnny
nopsifka !, NOPOXKAEHHYIO OLHHM OOpa3yiollUM 3JeMEHTOM IO-

panka t. ITostomy BesnnunHa exp——ik-RLa %) paBua KopHiO CTe-
NeHH { H3 eIHHHUIIBL
Xora {e| Ry, (k)} He KOMMYTHpYeT ¢ ApYrHMH 3NeMeHTaMH

rpynnel II(R) (32 HCKIIOYEHHeM 4YHCTHIX TPaHCAANHH), cnpaBel-
JIHBO COOTHOIIEHHE

1R B ) = (o 7 0107, R B} (8

CootHowenne (44.6) BummoansieTcs s abGCTPakTHBIX 3JEMEHTOB.
JJ1s1 IOomyCTHMOro HENPHBOAKMOro mpencTaBiaeHus DM nomxHo
BHINIOJHATLCS pPaBEHCTBO

DO (fel it - Ry (B})=(exp — ik~ (47! - Ry, E)t=
= (exp — i(‘PlaB k) R, (B 11,,,. (44.7)

Ho wu3 onpenenenus rpynan ® (k) umeem

01,y b=k + 2aBy, | (44.8)
HO3TOMY
D@ (e (pl—alﬁ . RLs (k)}) =exp — ik - RLa (k) = D (m) ({e [ RL8 (’2}2.9)

Hanee, ucnonnsys (44.3), (44.6), (44.9), nna npencrasaenus D% (m)
nosyuaem

D) (m) ({1, | 71 }) - D@ ({q;,B [ r,B}) —_
= D®™ ({e] Ry, (B)) - DO ({g, | Tqp}) = )
= D®) (m) ({sz‘ | Tag}) - D) (m) ({el Ry, (—15)}) (44.10)

CrexoBartenbHo, B MpEACTaBieHHH - D® (M) Marpuup D(”Nm)({a[
R,_q(k)}) anHa;uxe)K‘aT HeHTpy MaTpHUHOR TPYNIE, MO3TOMY,

.
-~
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cornacHo nemme Ilypa, nmockonbky D) () gGpasyer HenpusBoguMoOe
npeAcrasienne rpynnsl II(k), 3Td MaTpuusl ABASIOTCS CKaJSAPHHIMH
NOCTOSTHHBIMH BEJIMUNHAMHY, IOMHOXKEHHLIMH Ha eIHHUYHbIe MATPHIILL.
OTu nocTosiHHBIE TIpHBeaeHn B (44.5).

Taxkum o6pasoM, MH BHIHM, YTO MaTPHUBLl JONYCTHMBIX HEIpH-
BOJHUMHIX TpefcTaBaenuit D™ (m) wmajofi rpynmel o6pasyioT NpPoek-
THBHOe NpeAcTaB/jeHHe abcTpakTHOH rpymust P wau P(R), cucrema
$HaKTOPOB KOTOPOro HMEET BHJ

r®(a, By=-exp— ik - R, (k). (44.11)

Cpasuum Tenepb paBeHcrBa (44.3) n (41.2). flcuo, uto Ry, %) B
(44.3) pasHO RLaB B (41.2). B o6oux cayiasx TpPaHCISUHHA

ONMHAKOBH, €CAH He YUUTHIBATh pasauuusg B obosnaueHuax. [lo-
sToMy cuctema (aktopos (44.11) aeHCTBHTENBHO COOTBETCTBYET
cucTeme
: r® (a, B) = exp — ik - R;, X (44.12)

CpaBuuBas (44.12) c (43.6), BHIUM, YTO 3TO COOTHOIICHHE jeii-
CTBHTEJ/IBHO ONlpeenseT KAHOHHUECKYIO KATHOPOBKY, TpeGyeMyio Aas
IPOEKTUBHHIX npexcranienuil rpynns P. [Tostomy momycrumele He-
npHBOJAUMBE MpeAcTaBaenus D& m) rpynmer I1(k) sABJASIOTCS NpOeK-
THBHBIMH NPEACTABAEHUSAMH Ipynns P, uMeomumu TpebyemMyio KaHo-
HHYECKYI0 KanuOpOBKY, COOTBETCTBYIOLIYIO BOJIHOBOMY BEKTOpY K.

B takom cayuae rpynny II(k) = @(k)/T(k) moxHO paccMarpu-
BaThb Kak pacluupeHue abenepoll rpynns $/T(k) ¢ mnoMoubio
rpynnsl B(k). Diaementnl /T (k) He BXOAAT B UEHTP pacllHPeHHON
afcTpaKTHOH rpyNIel, XOTA B MaTPHYHOM IpeiacTaBieHun DWW (M) co-
OTBETCTBYIOLIHE HM MAaTDHIE BXOAAT B UEHTP MATPHYHOH rpYIIIBL
IleficTBUTeMbHO, ecnu paccMaTpuBarth I (R) Kak pacumnpenne £/ (k)
¢ nomouiblo P(R), TO NErKo MOHATh, UTO COBOKYIHOCTH 3JEMEHTOB

{elR, (B)}, a=1,...,1 (44.13)

ABJASETCHA HKJANYECKOH HOpMaJbHOHR NMOArPYNNOH NMOpsAAKa ! TPYIIIH
I (k). IlosTomy HenpuBOAHMBle NpencTaBleHHs rpynns I/ (k)
npejcTaBasioT CcoO60H KOpPHH cTenmeHd ! u3 enwHuubl. Caenosa-
TeNbHO, €CciH ofpasylouum sJeMeHToM rpyunn /T (R) asasercs

3JIeMeHT
{eIR; (R)}, (44.14)

TO Bce HEeNPHBOAMMBIE TPeACTaBAeHus rpynubl T/T(R) uMel0T BHLA
D({elRL (E)})= exp — 2nipft, p=0,...,{—1. (44.15)

Ins pauHoro R, KakK TpaBHJIO, HMeeTC TOJABKO OJHO 3HaueHHe p,
COBMECTHMOE C COOTHOUIEHWEM

exp — zk Ry, (k) == eXp — 2mp/t (44.16)
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- Cuenyst B TOYHOCTH MeToay, usJjoxeHHoMy B § 36, 37, MoxHO Hc-
[0Jb30BaTh BCE HENPHUBOAMMLIE HpeaCTaBJeHUS (4415) rpyNne
¢/T(k) nas TNOCTPOEHHS HHAYUHPOBAHHBIX HENPHBOAHMBIX IIpei-
craBieHufi rpynnst II(k). OueBuano, momycTHMOe HpeACTaBREHHE
D® (m rpynnel I1(k) HHAYLHPOBAHO ¢ MOMOLIbIO TOrO NpeAcTaBJe-
Husd rpynnel T/% (k), KOTOPOMY COOTBETCTBYeT IpaBHJbHOE 3HAUe-
HHUe p, onpexeasemoe u3 (44.15). B TakoM chayuae sicHO Takxe, 10-
yeMy 3anpellleHHOe NpeacTaBieHHe D® W coorBercTByeT Habopy
BOJIHOBLIX BeKTOpoB (40.7). dto mpexacrasaenue D¥ & pupynupo-
BAaHO C IIOMOWIbIO HHBIX NPEACTABJIEHHH, UeM Te, AJA8 KOTOPBIX p
onpejenasiercsi cooTHOmeHueM (44.15). DTo A0KA3aTeJbCTBO HOMOJM-
HfeT IpsAMOe A0Ka3aTeabCcTBO, NpHUBeneHHoe B § 40.

Hanomuum, uro, corsacHo teopun lllypa, pacuinpenne Haumero-
weeo nopaaka P* (k) abeaepoit rpyunsl A ¢ noMmolisio rpynnsl R
ABJSeTCA HaKpHIBAIOUlel IpyNnoH, ecad NMOJHBIA HaGOp HeNPHBOIH-
MBbIX, He aCCOUMHPOBAHHBIX W He p-2KBHBAJEHTHHIX NPOEKTHBHBIX
npeacTaBAeHHH Ipynnsl B MOXKHO HOJMYUHTH IYyTeM OrPAHHYEHHSA
BCeX BEKTODHHIX IpejcTaBienuit *D rpynnm $* (k). [lo atoit Tep-
muHOoJTorHH rpymna Il (k) npepcrasasier co6oil «AOCTATOUHO PACIIH-
peHHyo rpynny». Ee HenpupoanMble BeKTOPHBIE MpejCTaBJAeHHS
NpH OrpaHHYEHHH BKJIIOUAIOT B ceOsi Bce HENPHUBOAHMbIE IPOEKTHB-
Hble NpeAcTaBJ/JeHusa rpynnsl P(k), oaHAKO 3TH TpeACTABIEHUS BXO-
aaT GoJlee ORHOTO pasa, C PAas3JHYHBIMHU, HO aCCOLHHPOBAHHBIMHU
cucTeMaMu (akTopoB. DTO H IOHSTHO, TaK KaK NepexXof OT KaHo-
HHUECKOTO BOJIHOBOrO BeKTOpa kB mnpencrapBieHHsi K KaKOMY-JHOO
APYroMy BEKTOPY, BXOJAsflleMy B HaGop BeKTOPOB, MOJIYUEHHBIX H3
BeKTOpa K, COOTBETCTBYeT IIPOCTO KaJHOPOBOUHOMY IpeoGpasoBa-
HHIO C CHCTeMOH (akTopoB Buia exp — i (p— p') k- Ry (%), paBHbix
0 MOAYJIO eRHHHIE.

Pesiomupyem: rpynna P* (k) sBasieTcss HakpuBawme#d rpynmnof,
HEIPHBOAHMbIE BeKTODHbIE HpeAcTaBjedusi *D KOTOpoH [AlT npu
OrpPaHH4YEHHH BCE HEIIPHBOJHMBIE He p-3KBHBANEHTHBIE IIPOEKTHBHEIE
IpeACTaBJeHHs Trpynnsl P. DTH orpaHuueHHble HPEACTABJCHHS,
9TOGBI MOJYYHTbL W3 HHX AONYCTHMBIE HENPHBOAHMMBIE NpEACTaBJe-
Hust D® (M) B obulem ciyuae TpeGyioT KaaubOpoBoYHOro npeobpa-
3oBanus. JloNycTHMBle HEUPHUBOAMMElE INpejicTaBaeHuss D®) (m)
rpynnsl 1I(R) ABASIIOTCHS O{HOBPEMEHHO NPOEKTHBHBIMH IpEACTaBJe-
HUAMU TPYNIBE P ¢ npaBUIbHONR CHCTeMOH (paKTOpPOB.

IIpenmyuiecTBO HCNOAL30OBaHHA MaJoil rpynnn II(R) cocrout
B TOM, YTO AJis moayueHust D® (™ -ge Tpe6GyeTcs AONOJHHTEIbHOTO
KanHGpOBquor\) npeo6pas3oBaHHs H, KDOMe TOro, 3anpelileHHble
npenctaBaenus D® (M Takxke MOryT OKasaTbcst mone3HsIMH, He-
JOCTATKOM sBAsieTcs TO, 4To rpynna II(R) npexcrasaseT coGof
GoJibIny0 TPYNIy, CHCTeMy XapakTepoB KOTOPOH OOBIYHO TNpHXO-
EHMTCS CTPOHTb AAsi KaXAOrO CJyuasi CHOBa, H 3TO 4acTo Tpebyer
YTOMHUTENbHBIX BHIUHCIEHHH.
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JLOCTOHHCTBO MeTOJa NPOEKTHBHHIX NMpeJCTABAEHHH NpH HCHOJb-
30BaHHH rpynnsl P* (k) 3akiaouaercs B TOM, YTO BCE OCHOBHEHIE
IPOEKTHBHHE INPEACTaBAeHHsA, KOTOpble KOrfa-Ju6o MOryT norpe-
60BaTbCA, MOXHO ONpeJeNHTb A Bcex Ipynn P pas u HaBceria.
JefcTBHTeNbHO, IIOCJAE TOTO KakK OHH NPOTalyJHPOBAaHBI, AONOJHH-
TeJIbHblE BBIYMC/IeHHs He TpebyioTces. OgHaKo 148 NOAYUEHHUS HYK-
HOH cucreMbl dakropos r® (A, u) u3 cucTeMbl (paKTOPOB, BO3HH-
Kaowxx u3 rpynnes $* (k), Heo6XoauMOo NPOH3BECTH KAJIUOGPOBOYHOE
npec6pasoBaHKe; B 3TOM HENOCTATOK MeTOZAA.

C TeopeTHYeCKON TOUKH 3peHHS] METOJ NPOEKTHBHBIX IIpeACcTaB- -
JeHH# Kaxerca OoJiee NPeANOUYTHTEJIbHBIM KaK [0 NPHYHHE €ro
KPaTKOCTH, TaK H BCAeJCTBHe ero oOmHMOCTH. 3afaya HaXoXJAeHHS
IPaBHAbHHX CHCTeM (PAaKTOPOB M BHINOJHEHHS COOTBETCTBYIOLIHX
5THM CHCTeMaM KaJuOPOBOUHBIX NpeoGpa3oBaHHH mpeacTaBseTcs
HEeBLICOKOH IJ1aTOH 3a TaKyl0 CTelNeHb OOMIHOCTH;, NpPHMeHeHHE
K CTPYKType a/iiMasa cM. B T. 2, § 8 u B npunoxenun I,

§ 45. Moanoe npencrasuenne D2 (m)
Ias CHMMOD(HBIX Tpynm: npuMep

CumMopdhHas TpOCTPAaHCTBEHHAs Tpynna npeacrasBiser coboi
paculenJisieMmoe paciuupenue rpynnbl € ¢ IOMOMbIO rpynnsl P, Hix,
HHaue, NOJNYNpaAMOe NpoH3BeleHHe rpynnn € Ha rpynmy P.

B a3Tom caygae Hab6op upeACTaBHTeNell CMeXHHBIX KJaccoB
B pasjoxeHHe @ Ha cMexHble KJacChl O HoArpymnme § sBhasieTcs
3aMKHYTBIM 0e3 KakKoro-iu60 HCKYCCTBEHHOrO HJAH MPOH3BOJLHOrO
NpeANoNIOKeHHsT O TpaBHJe yMHoXeHnusi. [losToMy Toueunas
rpynna P, cogepxamasics B @, ABAsgeTcs HaCTOAlleH NOATPYINOH.
Paznoxenue @ Ha cMexHble nmo € KJIacCel IO TNPEACTaBUTENSIM
cMexHBIX KJaaccoB -{¢@|0}, npeacraBisiomux cobofi YHCTHIE NOBO-
pPOTH H3 rpynns P, UMeeT BUI

ST=T+ sl 0}T+ ... + {0, |0} T, (45.1)

a. 3sesga ofuero Tuna. B cayuae 3Besgs o6IIEr0 THNa B Ha-
Gop (38.1) BXxoasiT gy PasnMUHBIX BOJHOBEIX BEKTOPOB, H HENPHBO-
* o
JHMOE BeKTOpPHOe MpOCTPAaHCTBO (%) (M) coCTOMT H3 g, JHHEHHO-
HE3aBHCHMBEIX OJIOXOBCKUX (DYHKIHMA:

{\b(k)’ \b(kz)y vy w(k”)} = 2(*k) (m)' (45.2)

Korza kaxjgoe BeKTopHoe npocTpaHCTBO (6JOXOBcKas GYHKIHS)
OJHOMEpHO, OJHOMEPHOe HENPHBOJANMOe IPeJCTaBJeHHEe TPy
@ (k) npocto coBmajiaeT ¢ HENPHBOAUMEIM MPEJACTaBJeHHEM TPYHIIE!
€, T. e. AN KaHOHHYIECKOro BeKTopa R uMeeM

D®m ({e]| Ry}) =exp— ik - Ry, (45.3)



Henpusodumvie npedcrasienus RpoOCTPAHCTBEHHbLX 2pynn 117

TlosaTomy pasioxenne G (R)/T Ha cMexHBE KJIacCh COBNafaer
¢ pasnoxeHueM @&/, T. e. paBenctBa (36.1) u (45.1) Toxpge-
crBeHHbl. Teneph MOXHO BHIDHCATh, Hcrmodbdys (36.14), TouHoe BHI-
paKeHHe A/ TMOJHBIX MaTpum D(*#)m),

JJ1st 9/1eMeHTOB rpynnu $ HMeeM

exp — ik 'R 0 . 0 }
0 exp— iky- Ry
DB m) (g | R.}) = .
|l 0 0o ... exp—iky - Ry
(45.4)

Inst saemeHToB {@p|0}, ABAAOLMUXCA NPEACTABHTENAMH CMEXK-
HBIX KJaccoB, H3 (36.14) monyuaeM 6J10UHbIE MAaTPHIHI

__{ I npu o' -, ¢ =e¢,

D(*k) (m) ({(Pp | 0})01; - (455)

0 B ocTaJbHHX Cayuasix.

. Ofmu# BuA HOJHOH MaTpHIBl COBIANAeT C BHAOM ManHubl
HepecTaHoBOK:

0 . 0
.0 01
D*E)(m) — ) 0 (45.6)
0\

Jasi npoussosbHoro snementa {@,|R;} mpocroe nepeMHOXKEeHHe
marpun H3 (45.4) u (45.6) maer :

DR ({g, | Ry}) = DI® ™ ({e| Ry}) DO® ™ ({g, |0} ) =
(0 .. exp—ik-Rp ... O

=|exp—ik,- Ry ... 0 exp—.ik,-RL . (45.7)
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6. 3Be3fa cmeumagbHoro THna. nsa cuMMop¢hHOH NpoOCTpaHCT-
BEHHOH TPYINH -3Be3[a CHENHAaJbHOrO THIIA HMeeT TaKo# KaHOHH-
YyecKH#l BOJIHOBOH BeKTop k, uro rpynna &(kR) cama sBJasercs He-
TPHBHAJBHOH CUMMOPGHOR NPOCTPAHCTBEHHON rpynnon:

® (k) =T+ {01, | 0} T+ ... + {4, |0} Z. (45.8)

[Tockonbky Toueunast rpymnma P(k) = G(k)/T(k) aBaseTcs uox-
rpynmoit rpynne & (k), npoeKTHBHBIE. IPeACTaBACHUS IPEACTABISIIOT
coGoii BekTopHble npencraBienus. CaexoBatesbHo, R* (k) ~ P(k),
T. e. HaKpuBapoulas rpynna usoMopcdHa oOHUHOR KpucTasiorpa-
¢uueckoli ToUeyHOH rpymme. :

DTo BaxHOe YTBEDKIEHHE CJAEAYET H3 TOrO, 4TO IPOH3BeJEHHE
JABYX TpeJCTaBuTeNeH CMEXHBIX KiaaccoB u3 (45.8) aBasercs cHoBa
npeJCTaBHTENeM CMeXHOro KJjacca, Tak 4To cucTeMa (axTopos
r'® (A, n)=1. TIlosToMy HenpuBOAHMBIE INPEICTABJEHHR TIDYIIIL!
B (k) coBnazamoT ¢ OOBIYHBIME XOPOIUO U3BECTHHIMH HENPHBOAUMBIMH
NpeJCTaBIEHUSIMH TOUEYHBIX Tpynn. Tax, HanpuMep, ais rpynnsl Oy
uty O HenpHBOAMMbIE NPEACTABJAEHHS MOTYT HMETb Pa3MepHOCTD
Iln =1, 2, 3. PazyMeercs, u B 3ToM cJydae paBencTBo (36.14) maer
pellleHue 3aJa4yu BO Bcell ero NmoJHOTE.

PaccMmoTpuM Tenephb cayudal, Korna sBesna ¥k cOAEpKHT § pas-
JUUYHHX BOJHOBBIX BEKTOPOB, a NMOPSJOK IPYINH P, KaK H paHblie,
paBen [. IlpencrapuTenelt cMekHBIX KiaaccoB OyieM 0603HAYaTh
B COOTBETCTBHH ¢ 06o3nauenusiMu B (36.1) u (36.2). danee, uToGul
H30exaThb TPOMO3AKHX BHIPAXKeHHMH, PacCMOTPHM YaCTHBIA cayuaii,

KOraa
{o; 10} Bxonut B ©® (), (45.9a)

‘ {q>2“1q>lq>of0} Bxoautr B ® (k), (45.96)
{o7'9,9.| @} Bxomur B B (k). (45.98)

TIpn 3THX YCROBHSX HempHBOZHMas MaTPHIa HMeeT BHL
*
D*#)tm) ({1 0) =

D@ ({q;]0} 0
0 0. DW™({grlge,]0}) ...
: 0
_ E Y . (45.10)
L o D@ ({p=1q,9,]0}) ]

Kak u panblle B cjydyae 3Be3ibl O6Iuero. THIa, MaTpHua, mpei-
CTaBJIA0IASA NPOH3BOJbHEIE sneMeHT {gp|R.}, monyyaercs yMmHO-
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- JKEHHEM JHaroHaJbHON MATDHUE, COOTBETCTBYIOIIEH TpPaHCASIHH,
Ha (45.10).

TakuM MeTOZOM MOXKHO NMOJYYHTb BCe HENPHBOAHUMBIE IPENCTaB-
JIEHH CHMMoOp(HOH Ipynmel AJs8 3aJaHHON 3Be3fH H BHOpPaHHOTO
KaHOHHYECKOTO BOJHOBOrO BEKTOpa 3ToH 3Be3anl. COOTBETCTBEHHO
ONpeAeNsIOTCH HENPHBOAHMEIE BEKTOPHBIE MPOCTPAHCTBA:

S8 (m) nis npexcraBaenus D y SEYm) pag Hpe,}_ICTaBJIEHI/IH
D*E) (m),

Ecaun npencrasiaenne D® (™ ne OfHOMEPHO H [n =2 uim 3,
BEKTOPHOEe mpocTpaHcTBo X® (M) rakke wMHoroMepHo. IloaesHo,
OBITb MOXKeT, O6pPaTHTLCH CHOBA K IePBOHAYANbHOMY O6CYKIEHHIO
B § 32 u 33, 4To6nl BOCCTAHOBHTb B HaMATH BBLIBOJ 3TOTO YTBEPIK-
IEeHHS.

*
§ 46. Hoanoe mpexacrareHne D(*x) (m)
JJisi HECHMMODPGHBIX Mpynn
B cayuae 3Besgnl 00llero THIIAa HENPHBOJAUMBIE NpeACTaBJEHHS

DB ™ nis HecHMMOPQHBIX TPV HMEIOT TOYHO TAKOH Ke BHI
(45.3), (45.4), kak u a9 CHMMOPGHBIX TPYHI, 33 HCKJIIOUeHHEM
TOTO, 4TO Teleph MHPEACTABHTENSIMH CMEXKHBIX KJIaCCOB SBJSIOTCS
37eMeHTH {@q]T,}, NpUUeM TO KpafiHel Mepe /s HEKOTOPHIX 3HA-
yeHHH o T4 7= 0

B ciayuae 3Be3gnl clenuaJbHOro THIA [POLIE BCEro NPHMEHHTD
METOJ, IIPOEKTHBHBIX NpeAcTaBJeHul. ByneM cudraTth, YTO, BHINOJ-
HUB KaauGpoBouHoe npeoGpasoBaHue, MBl MHOJAYUYAM JOTNYCTHMbIE
npexactraBienusi DW® (M p3 npepcrasaenust *D rpynne P* (k). B Ta-

koM cayuae mul onpenemnm matpuny D® ' ({a; |T V) mna kax-

JIOTO IIpejcTaBuTesNd {(P’xltlx} CMeXHBIX KJaccoB rpynnbl & (k)
H CHOBA, YTOOB! NOJYUYHTH NOJHYI0O MaTPHUY HENPHBOAUMOrO IIpen-

*
craBaenns D(*#)(m rpymne @, clexyeT HCMOMb30BATH OCHOBHYIO
dopmyay (36.14). PaccMoTpum wacTHbI ciydail, korna

{(p[,rl} Bxonut B ® (k), (46.1a)
{017 {7} o) BxomT B O, e6.10)
{o, | rr}“‘ “{@,|7} - {®.|7,} BxomHT B ® (K). (46.18)
duementn (46.16) u (46.18) MOXHO nepenucaTh B BHIE
{o,]%) " {07} {‘fcITo}={BIRL510} ' {fp’;I'q)l"Pcl’Ezc}» (46.2)

rae RL_ —— BEKTOp peLIeTKH, H

ol {o ]} {ony = e IR, 3 {07 0 @ [Ty} (46.3)
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B (46.2) u (46.3) B npaBy10 4acCTb BXOASAT 3JIEMEHTH, sIBJSIONIHECS
NPEeACTaBUTEISIMH CMEXHBIX KaaccoB rpynnel &(R), nmoMHOXKeH-
'HHIMH Ha YHCTHle TpaHcasinud. [lostoMy A/ AONYCTHMBIX Ipej-
cTaBjeHHl D® (M) yyeem

D@ (fg, |7} ™" a7+ {0, 7)) =
=exp—ik- RLELaD(k) (m) ({rpl‘zl KR 1510}). (46.4)

AHaJIOTHUHOe BHIPaKeHHe TIoOJyJaeTcsd AN MATPHIE, COOTBeT-
cTByiomet anemeHTy (46.3). CienoBaTedbHO, CTPYKTypa IIOJHOH
matpuus D(*#) ) ({¢, |t,}) nmomo6Ha cTpykType Matpuum (45.10),
3a TeM HCK/JIIOUeHHEM, UTO BCe NPEJACTaBHTENH CMEXHBIX KJ4CCOB
BKJIOYAIOT B ce6si COOTBeTCTBYiOUIHe HETPHBHAJbHBlE TPaHCJ/ISAILHH
H, 4To GOJee BaXKHO, TaKue ajneMeHTH, Kak (46.16) n (46.1B), mo-
IYT COJIepKaTh OTVIMUHBIE OT HYJAd TPAaHCISILHH, NPHBOASILHE K I10-
IBJIEHHIO HETPHUBHAJBHBIX (DA30BRIX MHOKHTEJNEH, KaK 3TO BHAHO
B (46.4). CrnenyeT noa4epKHyTb, YTO MATPHILI NPOECKTHBHHIX MpeA-
CTABJEHHH TNPHMEHHMBI TOJILKO K Te€M MPeICTABHTENAM CMEXKHEIX
KJAaCcCOB, KOTOpHle H30MOP(HBI aGCTPAKTHHIM 37€MeHTaM TPYNnH P.
Tagum o6pa3oMm, B 3THX MaTpHUax o00s3aTelbHO BO3HUKHYT 06yc-
JIOBJIeHHbIE BXoIsimuMH B (46.2) n (46.3) TpaHCAsuusMH (ha3oBbe
MHOXKHTEJH, KOTOpBle HeOGXOAHMO YUHTHIBATH.

C zxpyro#t cTOpOHHI, eciu IJsi nmoayderust D®) (™ ycmosabayercs
MeTOJ MaJIod IPYNIb, TO MaTpHIBLl D® (™ onpenensiorcs He TOJBKO

ISl TIpeJcTaBUTeJIeH CMEXHBIX KJaaccoB {‘P,A m}, HO TakKXe H

I 3JeMEeHTOB BHAA {‘P,thA+RLa(k)}, obpasyomux rpynmy
G (k)/T(k). dT0 0O6CTOATEIBCTBO B NpPHHIHIE He NPHBOAHT K 3a-
TpyAHeHusiM. OAHAKO NPH NOCTPOEHHH MAaTPHI HEOGXOAHMO YAOCTO-
BEPHTbCSA, YTO BKJIIOUEHH BCe HEOOGXOAHMBbIE MHOXKHTENH; 3TO,
B YaCTHOCTH, O3HauaeT NPOBEPKY BcexX NPOH3BeleHuHA Buaa (46.16)
u (46.18).

§ 47. NMoannii HaGop npexcrasaennii D) (m)
IJg NPOCTPAHCTBEHHOH rpynnbl

FMest B cBOEM pacmopsiKeHHH pe3yJbTaThl NPeAbAYUHX Mapa-
rpadoB, MBI MOXKeM Tenepb yKasaTb CNOcOO, KOTOPHIM MOXKHO IO-
JIYUHTb BCe HENPHBOIHMEE NPeACTaBJIEHHS D*®) m) rpynnn .

Heo6x0AHMO NOCTPOHTH MNepByI0 30HY DpH/IIO3HA cormacHo
peuenty, cogepxamemycst B § 23. [lepBast 3oHa Bputossa sis-
JsieTcsl TeOMeTPHUECKHM MeCTOM BCEX BOJHOBHIX BEKTOPOB K, ompe-
AeJSIOIMX MOJHEH HA60p He3KBHBaJIEHTHHX HENPHBOAHMBIX Npej-
cTaBJieHHii rpymnel TpaHCasuuA €. Jlaf KaxJI0ro BONHOBOTO Bek-
Topa k B mepBoft 30He BpuimiosHa onpenenuM 3Besny *R, meficTBYS
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Ha BEKTOD R KaXABIM H3 g, PA3/JHYHHIX MOBOPOTOB @, Fpymmel P. -
W3 naGopa BeKTOpOB

(Py,\'kEk;u Pa=1, LR gp (471'1)
TOJIBKO § < gp ABJSAIOTCS HEIKBHBAJEHTHbBIMH, T. €. TAKUMH, UYTO
ky=¢qy+ kR%=k+ 2aBy. (47.2)

HaGop HesKkBUBaJeHTHHX BeKTOpoB Rk oOpasyer 3Besny *k: ,
"k={k, ky, ..., k}. (47.3)

Taxum cnoco6om N BOJHOBBLIX BEKTOPOB 30HBI OKA3BIBAIOTCH CrpyIl-
NHPOBAHHBIMH B pa3JMUHBle HeCBs3aHHBE 3Be3fAbl. Kaxkjaas 3pesla
XapakTepusyeTcs 3ajaHHeM ee KaHOoHHueckoro BekTopa k. [locie
TOro Kag AJs JaHHOH 3Be3[bl YKa3aH KAHOHHUYECKHH BeKTOD K, OH
cuHuTaeTcss (PUKCHPOBAHHEBIM.

PaccmoTpum 3Be3ay *k. [Iasi KaHOHHYECKOro BeKTopa R 3Be3jHl
onpexnenasercsa rpynna @(k). 3ateM MeToAOM NPOEKTHBHBIX Ipen-
CTABJIEHHA HJIH METOAOM MaJlofl IpyNIbl HAXONUTCS MOJHEIA Habop
IOTYCTHMBIX HEIKBHBAJEHTHBIX HENPHBOAHMBIX TpeACTaBJeHHH
DB (™ rpynnet . M3 kaxoro OTHeJBHOrO NpeiCTaBlAeHHs MeTO-
JOM HMHIOYUHPOBaHHSA, BbpaxkaeMbIM paseHcTBoM (36.14), moay-
yaeTcs OTAeJbHOE HempuBogmMoe mpeictasienne D(*#)m momuoi
NpPOCTpaHCTBeHHOH rpynnsl &. ‘

COBOKYNHOCTb BCeX NpeaCTaBJIeHHA

D*#)m nnq peex NONMYCTHMBLIX M H A/t BCeX *k (47.4)

npeAcTaB/feT cOO0H NOMHBIA HabOp He3KBHBAJEHTHHIX HeIPHBOAU-
MEIX TIpejCTaBJeHHH NPOCTPAHCTBEHHOH rpynns &.

§ 48. JlokasaTesbCTBO MOMHOTH HaGopa mpepctaBaenniy D(*%) (m)

Yro6nl NPOAEMOHCTPHPOBATbL NOJHOTY HaGopa mpeacTaB/eHH

D*®)(m)  (47.4), MBbl HCIOJB3yeM COOTHOIIEHHe AJsI XapaKTepPOB
(15.7), mepenncaHHOe NPHMEHHTEJbHO K IPOCTPAHCTBEHHBIM Ipyn-
naMm. CorsacHo (37.3), Xapakrep NPOH3BOJBHOIO 3JEeMEHTa paBeH

X8 ({9, 1 TH) = T 4® ™ ({ga 7} ™"+ {ap 175} - (a1 7a})s (48.1)

Tje HHIEKC O %= 1 OTHOCHTCSl K NPEACTaBHTENSIM CMEXHHX KJacCOB
rpynnsl @ [Ho He rpynnn @(k)], a o =1 coorBeTcTByer TOXKIE-
CTBEHHOMY 3JIEMEHTY. h

Hame nokasaTenncTBO MONHOTH siBAsSeTCS MOAHdUKaUueR mo-
ZJOOHOIrO HOKa3aTe/]bCTBa, JaHHOro Bnepsuie [épuHrom u Llenepom
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[39]. Tpebyerca noxasarhb, 4TO

ST (e o) =g, (48.2)

rie gp— nopsmok rpymnel /T (1. e. yucao Pa3JIHYHBIX NOBOPOT-
HBIX 2jeMeHToB B @), N — uncao TpancasiuuMii B rpynne €, cyMMH-
pOBaHHe B JIeBOH YacTH BBLIMOJHSETCH [0 BCceM 3Be3gaM *k B 30He
¥ 1O BCEM JOMYCTHMBIM HENPHBOLMMBIM TPEACTABJCHHSAM [PYNIb
G (k). OrpannHyeHHe CYMMHpPOBAHHH <«JIONYCTHMBIMH» m B (48.2)
fIBJISIETCS HEYAOOHBIM, HO MoxeT OhTh cHATO. Hampumep, ecnu auas
MOJYyYeHHs] HOTMYCTHMBIX HENPHBOAUMBIX INPEeACTABJEHUH TCDPYyNIH
® (k) ncnosn3oBaTh METOJ MaJod TPYMNE, TO CJAelyeT paccMaTpH-
BaTth rpynny & (R)/T(k), rue £ (k) Bkawouaer B celst Bce 2JeMEHTHI
CUMMeTpHH H3 rpynnsl $, MaTpHIEl KOTOPHIX B AaHHOM NpeaCTaB-
JIEHUM COBNafaloT ¢ MaTpPHueH ToxIecTBeHHOro sJiemenra. Kak
Oblio mokasano B § 39 u 40, G(k)/T (k) saBaserca rpynmo# mo-
psaaka (f-1.). CnemoBarteJbHO, €C/IH pacCMaTpuBaTh BCe HEIPHBO-
JHMBle TpeacTaBaenus D® m) rpynne @ (k) /£ (k), 1O cooTBer-
CTBYIOUIHE HM XapaKTepsl Y/JAOBJETBOPAIOT COOTHOIIEHHAM

2 1a® e (e 10 P= X 11y P =Lt (48.3)

Bce m

tAe [l — pasMepHOCTb AONYCTHMOTO HEIPHBOAHMOrO IpejacTaBle-
uust. Kax moxasano B § 38, 39 n 44, cpeau ¢ uenwix uncena 0, 1, ...

., (t—1) rTonpko onHO t' =1 COOTBETCTBYeT AOMYCTHMOMY He-
[IPUBOAMMOMY IpencTaBienuio. Torna

2 lx®@ ey P= ) |l P=1I. (48.4)

AONyCTHMble M BONYCTHMbIE

Takoit xe TOUHO peayJbTaT NOJyYaercsd H METOZOM IIPOEKTHBHBIX
npeiacTaBaeHuii. B nocsieaneM ciydae ero MOXKHO TPaKTOBaTh KakK
COOTHOIlIEHHe MOJHOTH IJIs1 IHPOEKTHBHBIX IPEACTABJIEHHIH TPyIIHI
B (k) COOTBETCTBYIOWIMX CIlelHAJbHOH [IONYCTHMOR cucTeMe (ak-
TopoB (43.6), mosyueHHON KaHOHHYeCKHM IpeoGpaszoBaHueM B § 43.
HanomuuM, uro rpynna PB(R) cogepxkur [, CMeXHBX KJacCOB,
a rpynna $*(k) cocrouT u3 /; 3J1€MEHTOB,
JLJisl IpOH3BO/IbHOM 3Be3abl, HMelomel § ayuell,

x B m ({210}) = s « I, (48.5)
Tak 4To

|5 i (ge | 0)) [P = 22, (48.6)

Ho Tak Kak 3Be3ja COMEPXKHT § BEKTOPOB, TO MOXHO CUHTATh, YTO
Kax Al BeKTOp ZaeT BKJaj B cymMmy (48.2), paBHBI (s - [%). 3a-
MEeHUM CYMMHpOBaHue Ho 3Be3gaM B (48.2) cyMMol no BceM Bek-
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p—

TOpaM B 30He CJeAyIOWHM 06pasom:

LE (el )f= 2 Xs- (=25 (487)

*
Onuako [, cosmajaer ¢ mnopsizkomM rpynnsl P (k), a mpoussene-

uue s+, paBBO
s lp= 8p» (48.8)

rae gp,— NOPSIIOK NMOJHOH TOue4HOH rpynnsl kpucrajina §. Mcnosas-
3ya (48.8), mMoxHO BbiHecTH BuIpaxkeHue B (48.7) wus-mox 3HaKa
cymmer. Torjga ¢ yueToM paBeHCTBa

; =N, (48.9)

rae N —uHucl0 pasiaHYHBIX HEeIKBHBAJIEHTHBIX BOJHOBHEIX BEKTOPOB
B nepBofl 3oHe DpusiosHa, paBHOe YHCAY TpaHcasaUuil B rpymme %,
[HoJyyaeM J0Ka3aTedbCTBO cooTHomeHus (48.2), CienoBaTenbHO,
MBI BHAMM, 4TO Habop, BXxoaswiuii B (48.4), medcTBUTeJbHO INpej-
cTaBjasfeT cOGONH MOMHBIH HaOOp HeSKBUBAJEHTHBIX HENPHBOAHMMBIX
npeacraBaenuli. TakuMm oOpasom, npoueldypa, onucaHHas B § 47,

naet Bee npeacrasienus DU®) ™ rpynny @,

§ 49. Joxa3aTeabCTBO COOTHOHICHHH OPTOrOHAJBHOCTH
W HOPMHPOBKH aasi mpeacrasienuii D(™#) (m)

Hokaxem Telepb COOTHOLIEHHSI OPTOTOHAJBHOCTH H HOPMH-
poBku. OHH, pasymeercsl, AOJKHB BBINOJHATBCA, NOCKOJABKY, Kak
MBl 3HAeM, HpeACTaBJeHHs] HENPHBOAHMBL. BO-mepBLIX, HAM caenyer
nepeittd B (48.1) 0T cyMMHDOBaHUS 110 MPEeACTABHTENIM CMeXKHBIX
KJaccoB BHAA {qg|Ts}, ONpeaeneHHbX cooTHOmeHHEM (36.2), K cyMm-
MHPOBAHHIO MO BCEM NPEACTaBHUTE/NAM CMEXHBIX KJ1aCCOB. 3aMeTHM,
4TO ecJU JIeMeHT {q)lx'rlx} BXoAuT B rpynny & (k), to HeoGxomu-
MBIM H JOCTATOYHBIM yCJOBHEM TOrC, UTO 3JEMEHT

{%A l Tlh}_l ’ {(PP [ rp} ) {(P,h , rz,‘} (49.1)

BXOoAHT B rpynmy ®&(k), ABAseTcHd NPHHANIEKHOCTL 3JeMeHTa
{cpplr,,} rpynne @ (k). CiegoBaTenbHo, pacllipeHHe CYMMHDOBAHHS

48.1) Ha BCceX TpeAcTaBHTeJeH CMeXHBIX KJIACCOB JAeT BCEro
JIPII.LIb MHOXHTedb 1[Iy, rae lr—mopsagok rpynns @&(k)/3. Tlpu
3TOM MBI YYHTHIBaeM, YTO BCJAEACTBHE €AHHCTBEHHOCTH pasjoxe-
HUst @ Ha cMexxHble Kaacchl o moarpynme (k) Jo6oft npeacra-
BHTEJb CMEXHOTO KJacca MOXKeT ObIThb 3alHCan B BHJe

{qu l tq} = {‘Po l Ty} {‘chl rzk}n- (49.2)
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Takum o6pasom, Bmecto (48.1) MOKHO 3amHcaTh
£p
AP (g, 100 =7 2 %® O ({0g 17}~ {017, - {01753
=1
’ (49.3)

rie CyMMHDOBaHHe BBINOJHsieTcs1 (e3 orpaHHuYeHus IO BCeM Ipej-
CTaBHTEJAM CMEXHBIX KaIaccoB {gq|T,} B rpynme @.
PaccMoTpiM THNHUHBIE 3JeMeHT rpynnsl @ B Buje

{0, 17, + R1}.  (49.4)

Torpa cooTHoIlIeHHE OpTOroHaJbHOCTH H HODMHPOBKH, KOTOpOe cJe-
AYeT A0Ka3aTb, HMeeT BHI

gz‘ §x<*k> ) (§g, | 7, + R} x ) m ({g, |7, + Ri}) =
" = g,N&(k — k') mm’, (49.5)

rje CyMMa BHIYHCJASETCS IO BCeM 3jeMeHTaM rpynns @.

Xapakrtep ¢ TOYKOH AJs NPOM3BOJbHOTO 3jeMeHTa (49.4) cBs-
3aH NPOCTLIM COQTHONIEHHEM ¢ XapaKTepOM C TOUKOM [AJI1 OLHOro
3JeMeHTa — IpeACTaBUTe/Is CMeXHOro Kiaacca. Tak,

1B ™ ({9, 17T, + Ri}) = (exp — ik - R)'3™ ™ ({g, | 7,}). (49.6)

HOSTOMY Xapakrep 3TOro 3J€MeHTa B MOJHOM NPEACTABJACHUH paBeH

y %) om) ({cp,,n +R})=

Z X(k) ) ({‘Pq | Tq} ! {‘Pp | T + RL} {(Pq I Tq}) —

q=-l

= AP (felar Ry {07, 0y [F, ) (49.0)
q

B BuipaxeHuH (49.7) Mbl BBULEJIMJIM TPAHCISIIHIO cp;‘ * R, , MOCKOJILKY
OHa 3aBHCHT OT HHJEKCa y3Ja B pemieTke L, H BBeau 0603HadeHHe

. Ecpq—l-}i)p-r +oytev,—gl T, (49.8)

Tenepr cjexyer NONCTAaBHTD (49 7) B JIeBYI0O 4YacCTb COOTHOIIE-
aua (49.5). Tonyuaem nJas Jepolt wacru

SV V() @ (e lart R (07 0, @ |1, X

Rp poa ¢ .
XAP O ({eloph- R} {0y 95 @g |[trpg}).  (499)
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i

YnpocTaM mnocsepHHe 1Ba cOMHOXHTeNs (49.9), ucmosnaya (49.6);
TOTAa AJS HX NPOM3BEEHHS NOJydYaeM

exp—i(k,— k) Rg® ™ ({o7" -0, 9] tapa}) X
X ®) (m)({q);l S, Py lt"pq }) (49.10)
rfie B COOTBETCTBHH C HAaIUUMH OOO3HAYEHHSAMH
(k . )'RL k ((P—l R ""‘(P/ R). (4911)

q
Hcnonbsys (49 10), moxHO BLINOJHUTD CYMMHPOBaHHE MO BCeM R;;
Toraa MOJYYHM
2oexp—i(k,— k) R = No (k,—k,), (49.12)
rae :
- I, ecu g -k=¢q, kK + 2nB,,
8(k, — k’,)={ Pot =0 " (49.13)
7 7 0 B oCTaANBHHIX CJIyYanX.

Ho o6a BexTopa B u Rk’ aBAsIIOTCA KAHOHHYECKHMH BEKTOpAMH CBOHX
3Be3fl, moatomy u3 (49.13) cienyer nBa yCJIOBHA:

k=F (49.14)

070, = (49.15)

rAe ¢, BXOMMT B rpymny @(k). OBa ycmosua (49.14) u (49.15)
MO3BOJISTIOT BHIIOJHHTb OCTAlOUIHECs CYMMHDOBAHHS, TaK Kak Te-
nepb B npousBenenuu (49.10) oba xapakTepa ¢ TOUKOH OTHOCATCH
K oAHOf H TOH ke rpynnme G(R), Tak 4TO MOXKHO CBSi3aThb apry-

MEHTH 3THX ABYX XapakTepoB. CooTBeTcTBeHHO (49.9) mpuHHMaer
BH[

2L (%) 4 (07" a,- Peltind) %
X g ) ({(p—l Peg, ¢q "o I twpq?»}\)*’ (49.16)
rie HHAEKC CyMMHpOBaHHSA q o603HaueH Kak A.

OnHako, NOCKOJLKY P, TpejcTaBisier co60H ONMH H3 [, MOBO-

. POTOB rpymIH ® (k), ana omHOro 3HAUEHHUS § CYWIECTBYET TOJBKO [,
‘3HauenHit ¢, naa KoTophx BhmoaHsieTcs (49.15). IosTomy B cyMme
no A uymeetcs ToJabKO [, wienos. Ho corsacno aprymentam, npu-
BeIeHHHIM IJs 3JeMeHTa {(pl |17 } I‘pyIIIIbI ® (k) B (49:1), umeem

PaBeHCTBO
3® (M)({‘Pz;l g7, (V,," @, | tMpqh})* =
=@ ™ (fo7t -, g, |t }) 49.17)

u
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KoTopoe He 3aBHCHT oT A. CllefoBaTesNbHO, CYMMHpPOBaHHE IO A
IOPOCTO COKpauiaetT OAHH MHOXKHTENDb lg.
Teneps ocTaercs BHIYHCAHTD

N (B _ . ’ — *
Tr Z Z @ ({q’q 1'(‘);7'% l tﬁpq}) B o )({(pq : P, @y ltdpq}) .
P 4q

(49.18)

B (49.18) cymMHpoBaHHe IO p M ¢ BHIOJHAeTCS IO BCeM Ipen-
CTABHTEJIAM CMEXHHIX KJjaccoB rpynme @, a HenpnsomMoe npe-
CTaBJeHHe B (PUKCUPOBAHO.
TIpu (DUKCHPOBAHHOM ¢ B CYMMY MO p KaABIH 3JeMEHT TPyIIsl
@ (k) /T BXOAHUT TOJLKO OAUH Pas, Tak UTO HMeeM

%:x &) (m) ({(Pq P, -, | ttm}) () (m") ({% 9, Q, | tﬁpq})* _— zkamm,.

(49.19)
Ocraomasica cyMMa jpaeT YHCJIO, PABHOE MOPSAAKY rpynmel P:
§=g,,- (49.20)

Kom6unupyst pesyawbratel (49.13), (49.20) n (49.12), noaydaem
cooTHomende (49.5), koropoe W Tpe6GOBAIOCh NOKA3aTh.

§ 50. MocTpoenue npeacrapaenHus D) (m)
HHAyLUHpOBaHHEeM K3 I'pPynn, 3aJaHHbIX B nounpocmaﬂcmax

B stoM maparpade Mbl KOPOTKO H3JOXKHM APYrofi METOX IOJy-
YeHHs CHCTEMB XapakTepoB ¥ (M)  OMyCTHMBIX HENPHUBOAHMEIX
npeacTapienui D® (m rpynnet @ (k). ITOT MeTON OCHOBaH Ha 06-
el TEOpHH TMOCTPOEHHsT HHIYUHDPOBAHHBIX MPeICTaBAEHHH TPYIIIH
M0 HpeaCcTaBJEBHAM NoArpynnsl. Teopus MOCTPOEHHs MOJHBIX He-
IPHBOAUMBIX TIpeACTaBIeHHH D™#) e mpoctpancTBeHHOM IPYIITH
HHAYLHpOBaHUeM H3 mpeicrabiennit D™ M uanoxennas B § 36,
37, HCIOJAB3YeT TOT XKe oOW M MeToi. B uacrHocTH, o6CyKiaaemMoe
HHXKe TpHJIOXKeHHe o0uiel TEOpHH I'PYNI K TEOPHH NPOCTPAHCTBEH-
HuIX rpynn ObIo BrepBHie mpegnoxeno 3akom [40, 41].

Meroj 3aka ocHOBaH Ha NOCTPOEHHH IOCJAeA0BATENbLHOCTH HOP-
MaJbHBIX HOArPYNI MPOCTPAHCTBEHHOH rpynnel @ (k), mpuueM mo-
clefHel NOArpynmo#t sasgercs rpynna €. DTa Noc/ien0BaTeNbHOCTD
o6aajmaeT TeM CBOHCTBOM, YTO NOPAJ0K (hakTOprpynnsl Ho OTHOIIe-
HHI0O K HOPMAaJbHOI NOArpyIIe TpPyNmLl paBeH TOABKO 2 Han 3.
Hpyrumu cioBamu, 6yieM CuHTaTh, uto rpynna & (k) umeer Hop-
MaJbHywo noarpynny %;(k), Takyiwo, uTo

GR=RNE®+ ... + . uk), n <3, (50.1)
rae x, = {(pl \1,»} — HeKOTOPHIH APeACTaBHTENb CMeXHOro KJjacca
rpyunst © (k). Ilycte My (k) umeer HOpMaJIbHYI0 moArpynny Ty (k),
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TaKyio, 4To
B =Po(R)+ ... + 22 T0(k), ny<<3. (50.2)

IMpomosxuM 3TOT mpoliecc A0 TeX IOp, MNOKa He IPHIAEM
K rpynne %, 1. e.

Eﬂi_] = 1 + s e "I‘ xmiz. ) n; <3. (50.3)

OcTaHoOBHMCS Tenepb Ha NPOIECCe MOCTPOCHHS HHAYIHPOBAHHBIX
HENPHBOAMMBIX NPEACTABJECHHHA NpPH nepexone OT HOPMAJIbHOH NOA-
rpynnsl Mg (k) x caepyiowei rpynne N, (k), rae

R () =Rg )+ ...+ 0 R (B). (50.4)

OGosHauuM cHMBOJOM By() cHcTeMy XapaKTepoB j-TO HENpHBOAHM-
MOro npejcTasjaeHuss rpynnel Rpg(k). CiegoBaTenbHO, KaxIOMY
anementy Ng rpynmsl %pg(k) npunucheiBaerca xapakrep By (Ng).
CucTeMa XapaKTepoB %y AJs NpeACTaBJeHHs *D, HHAYLMPOBAHHASs
u3 By() moxer OHITh MoJdyueHa CIOCOGOM, B TOYHOCTH CXOJAHBIM
¢ (37.3). ITostoMy cucTema xapakTepoB paercss GopMmyJoH
. g

"% (¥ngNp) = B,F;l P10 (X * XongVe * Xorng, ) (50.5)
rie
0, ecan y He BXOZHT B Ny (R),

by (y), ecadm y BXORHT B RN, (k). (50.6)

By (D @:{
OTmeruM, 4TO ¥png ~ NPEICTABUTEJb CMeXKHOro Kjacca B pasio-
KEeHHHM 10 CMeXHbimM KiaccaM (50.4). CneposatesbHo, Xpn, SB-

JsieTcsi 9JeMeHTOM rpynnsl N, (k), HO He rpynnnl RNg(R), 3a HCKJII0-
yeHHeM caydass ng =1, Korga xg, = FE (T. e. TOXJIECTBEHHOMY
ajeMeHTy). OTMeTHM Takxke, YTO AJA JIEMeHTa Xg, Ng, He BXOJsd-

wero B Np (T. e. npu ng 5= 1), =0, Torra Kax AJad 3JeMeHTa
Ng npaBas uactb paseHctBa (50.5) npeacraBaseT cofoil CymMMy
4JIeHOB, COOTBETCTBYIOIHX CONPSIKEHHBIM HENPHBOLHMBIM IPeacTaB-
JeHusiM rpynnel Rp (k).

Ilycts a1 KoOHKpeTHOCTH ng==2, Torma u3 (50.5) HMeeMm

o (Ng) =5 (V) + 5P (x~'Ngr).  (50.7)
Ecau PDY — nenpusonumoe mpencrasienue rpynns Ny, xapakrtep
KOTOpOro aJsi sJementa Ny pabeH By (Ng), TO conmpsixensoe He-
npuBoguMoe npencrasienne BDW ompegessercs PaBEHCTBOM

) (Ng) =BD® (x~'Nx). ' (50.8)

CrenoBateibHO, .
] By ( Ny = B (x~! Ng). -(560.9)
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B (50.7)—(50.9) mpexcTaBHTeJH CMEXHBIX KJIaCCOB 0GO3Hauenbl,
ONycKasi HHJEKCH, uepes x. JLJisi IPOH3BOJBHOrO 3JMeMeHTa xNg, He
BXojsuero B Rpg, uMeeM

%y (xNg)==0. (50.10)

B paccmaTpuBaeMoM cJaydae cjaefyeT TIHATENbHO HCCAeJ0BATh, B
JsieTcs JM HHAYUHPOBaHHOe IpeicTaBileHHe %D HeNpHBOAHMEBIM
[B OT/IHUHE OT 3TOr0 HHAYNUpPOBaHHOE NpeacTaBiende D(*#) m) u3
(37.3) HempuBOauMO, KaK Obiio mokasano B § 30—37]. 3zech cie-
AyeT pasJHyath JBa cJydas (paccMaTpuBaeM HO-IPeXXHeMY
ng=2): _

a) BDW ue sksusasentHo PDW), (50.11)

6) BDU) sksuBatentHO PD, (50.12)

B ciayuae «a» [cm. (B0.11)] npeacrasienue *D HeNpHBOIHMO
BCJIECTBHE HE3KBHBAJEHTHOCTH OrPaHHYEHHBIX INpejacTaBleHH# *D
rpynner %, Ha noarpynne Rg. [okaszaTeabCcTBO aHAJOrHYHO IpHBeE-
JACHHOMY B Npeaplayiux naparpadax. B ciaydae «6», korga BDG)
5KBHBAJ/IEHTHO NpeicTaB/eHuio BDVY), Jerko mokasaTb, 4TO HHAyLH-
poBaHHOe NpeACTaBieHHe %D sBJsfeTCs NPHBOLHMBHIM IIpelCTaBJe-
HueM rpynnel R,. 3anuumeM NOAPoOHO CHCTEMY XapaKTepoB 1
9TOrO NpeACTaBJIeHHS:

o (Ng) =280V (Ny), ecan Ny Bxomut B RNy, (50.13)
%y (x) =0, ecan x He BXORHT B M. (50.14)

O6pasyeM cleoyouyo CyMMy IO BceM sjeMeHtam N, rpynns T

210 (No) P= 2 1Px (N P=4 3 |PxP (Ng) P=4g,,  (50.15)
fﬁa . {(ﬁ SRB .

rae gg— NOPANOK rpynnsl Rg; npu BhBoAe HcnoJb3oBaHb (50.13)
# (50.14). Ho mopsagox rpynnsl R, paBeH g, = 2gs. Iloatomy,
ecad Mbl 0003HaUMM HENPHBOAMMOe IIPeAcTaBJeHHe IPYNNH RN, ue-
pe3 *D), a cOOTBeTCTBYIOILYIO CHCTEMY XapakTepoB uepes %y(), 1o
JUIST 5TOH CHCTEMBI UMeeM '

; | oy (Ng) |2=ga=2g(3- (50.16)
@

CpasuuBas coornowenue (50.16) c¢ (50.15), HenmocpeacTBeHHO Bu-
IMM, 4TO TNpeAcTaBiaeHHe *D rpynnsl R, npuBogumo. [Ipeactasie-
HHe ®D MOXKHO IPeACTaBHTh B BHAE CYMMBl HENPHBOAMMBIX COCTaB-
JISOLIHX C '

“% (No) = fll (19D (V). ‘ (80.17)
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rae (j|— uucaa, GoJblive WM paBHBie HyJo. IloncraBisist (50 17)
B (50.15), nonyuaem

2 X RGN (N (N = D1 (1P go= 4gy=28a (50.18)

%Il(i||2=2. (50.19)

B rakom cJayuae jaJs ABYX Ppa3/JHYHBIX HENPHBOAMMEIX IIpeACTa-
BJEHHH CYIeCTBYeT eRHHCTBCHHoe pemiende npH (j|=1. Unaue,

(l=({l=1 (50.20)

gy = O (1) - Ay, (50.21)

QueBugHO, YTO IpeacTaBleHHe %[} HMeeT pasMepHOCTL 2[;, rie
l; — pa3MepHocTb mpeacrasiaenus BDY). Ho rteopeMa B3auMHOCTH
Ppolennyca NOKasbBaeT, 4TO [AJf NpeicTaBieHHA noarpynnel Pg
XapaxTepbl OrPaHMUYEHHBIX HMpPeACTaBJEHHH MOXKHO OIpeNeJHTH Cle-
ayoumuM obpasom:

Gyl (N ) = By (N 0)s (50.22)
oD (Ng) = PyD (N ). (50.23)
Taxum o6pasom,
dim oy = dim ox{) = 1,. (50.24)
Hakoxen, us (50 7), (60.22) u (50.23) mosyunm
o (xNg) = — oy (P (xNp). (50.25)

Iats B obueM BHIe TOYHOE H sBHOe BhIpaxKeHHe I/ XapaKTe-
poB %) (xNg) snementoB xNg A1f j-TO HENPHBOAMUMOIO NpeicTaB-
JIGHHS] TPyOnBl RNy, MO-BHAHNMOMY, HEeBO3MOXKHO. Takoe BhlpaxKeHHe
MOXKHO IIOJIYYHTb B UYAaCTHOM cJydae, KoOr'la X KOMMYTHpyeT O
BCEMH 3JjieMeHTaMu rpynnsl R, (#, cienoBaTensbHo, Rpg), T.e. Koria

x*Ny=Ngx. {50.26)

Pasymeercs, B 9TOM c/Iydae rpynna Rq aBiaseTcs] NPIMBM IIPOH3Be-
JZeHHeM rpymnsl Rg H Gaxroprpynnbl Re/Rp. Hasee, ecan aas cu-
cTeMbl MaTpHu *DY) HempHBOAMMOrO INpeicTaBJ/JeHHSs OKa3biBaercs,
yTto *DU)(x) NpHHAANEKHT AAPY NpPeAcTaB/eHHUs, TO

“DD (x) BDU) (N ) = BDU) (V) <D (x). (50.27)

Ho mnpencraBienue BDY) rpymnb St HenpusomuMOo, nosmmy, o
JgemMe lllypa, umeem

DU (x) = const PDD (E). . (50.28)
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Yto6hl OnpefeSiiTh 3Ty KOHCTAHTY, PACCMOTPHM BeJHYHHY

aD ) (x)? = «DU) (x2) = (const) 8DV (E). (50.29)
Tak Kak x? ABJISeTCA JEMEHTOM TPYIIIH ERB, TO
aDW (x2) = BDWD (x2). (50.30)
BoiuncauM caen mMatpun (50.29) u (50.30); Torma moayunm
By (x?) = (const)?« [, (50.31)
HJIHR .
const == [Py (x2)/1,]". (50.32)
CienoBaresbHo,
) () = [ ()" - 1. (50.33)

Boo6me, A/s MPOH3BOJIBHOrO 3Jementa rpynnst xRN, B sTOM cay-
uae HMeeM

D (2N ) = == [P (211" B (). (50.34)

O6oznauenus B (50.34) umeroT OGBLIYHBIA CMBICI.
AnanoruynbiM 06pasoM MOKHO INpPOAHaJH3HPOBATL CJaydYal
Ng = 3. llpn stoM pasnoxeHHe Ha cMexHble Kaaccu (50.4) umeer

e Ry () = Ry (B) + 2T, (8) + xR, (B). (50.35)

CucteMa XapaxkTepOB HMHAYUHPOBAHHOrO IpEACTaBJEHHSI CHOBA
onpepeasietcs cootHomenunem (50.5). ITogobro (50.11), (50.12),
cJeLyeT pasapuaTh [ABa CHydas: :

a) BDU) ne skemBasenTHO PDU), 8D, (50.36)
6) BDW skBuBasentHO PDW, BDW), (50.37)

3ametuM, uTO conpsixkeHHbe ¢ BDU) mpencraBieHHs NPH 3TOM
paBHH [cM. (50.8)]

BDW (N ) = BDW (x~1Nyx), (50.38)
BDW (Ng) == DD (xNyx7"). (50.39)
B cayuae «a» cucTeMa XapakTepoB MHIAYIHDOBAaHHBIX MpexcTa-
BJICHU# _
oD ( Ng) = By (N ( Nﬂ) -} B ( Nﬁ) =+ Byl ( N,a), (50.40)
oy (xNB\)=O ‘
ABJSETCH HENPUBOAMMOM, T. €. cooTBeTCTByeT HENPUBOAMMOMY Npea-

ctaBjenno DY) rpynnbl Ne. B cayuae «6» MHAyHHpOBaHHOE Npef-
CTaBJieHHe pasjaraerci B CYMMY TpeX HENPHBOAUMBIX IpeACTaBJe-
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gufi OJHHAKOBOH pa3MepHOCTH [;, paBHOH pasMepHOCTH XapakKTepa
By(). CrcTeMa XapaKTepoB JIsi HENPHBOJIHMOTO IpeACTaBJIeHHsT MO-
KeT ObIThb TMoJydeHa 3aTeM C NMOMOWIBIO TeX XKe PacCyXIeHHH, KO-
TOpHe TpHBeJH K cooTHoweHHwo (50.34): warpuust  *D!(x)
n ®D/(x') BXOAAT B UeHTp rpynnsl maTpuy DY), mostoMy, co-
raacHo JeMMe lllypa, 3T MaTpuun paBHH KoHcTaHTam. Tak Kak
s/eMeHT x3 BXOZHT B rpynmy Rg, To ero xapakrtep By (x®) wusse-
cTeH H3 npHBeJeHHs rpynnsl Ng. Cienys BEIBOAY, aHAJOrHYHOMY
BHBOAY cooTHoweHHR (50.27)—(50.34), nosayyaeM MOJHYIO CH-
CTeMy XapakTepoB AJS HENPHBOAMMBIX COCTABJSIONIHX B BHJE

ax D (N g) = By (N,), ' (50.41)

“xP (xNg) = exp (2mip[3) [PxD ()1, P (Ng),  (50.42)
p=1,2,3.

oD (x~'Ng) = exp (2mip/3) [Px) (x=3)/1;]" 84D (Ng)  (50.43)
/ p=1, 2, 3.

SIcHo, uTo MeTon 3aKa AJIs HHAYUHPOBAHHS € IIOMOWIBIO NOArPYII
HHAeKca 2 uaM 3 CYUeCTBEHHHIM 06pa3oM HCIOJb3yeT NpHHAIJIEXK-
HOCTb MAaTpHI LpeICTaBuTeNeHd CMEXHHIX KaaccoB (x H x2) meHTpy
MaTpPHYHOTO MpeicTaBienus. [1osToOMy 3TH MaTpUIBl pPAaBHB KOH-
CTAHTaM, BeJHUYMHB KOTOPBIX ONpPeAeJSIOTCS COOTHOIIEHHSMH THIA
(50.27)—(50.34). Ilo a2Toli mHpHYMHE JAHHBIH MeTOA INPHUMEHHM
TOJBKO K OlNpeeNe€HHHIM HeCHMMoOpGhHHIM rpynmaM. MoxHo Fame-
THTB, UTO MeTOJ 3aKa CyumecTBEHHO HCHOJb3yeT CBOACTBO paspellH-
MOCTH IPOCTPAHCTBEHHHIX rpynn @ [T. e. TO, YTO HHAEKCH B mOC/e-
IOBaTeJbHOCTH HopMasbHBIX moarpynm (50.1)—(50.3) sBasiores
NPOCTHIMH UHCAAMH, TOC/eHee W3 KOTOPHIX PABHO e;mxmue] 3to
e CBOACTBO OBLIO OTMeueHO 3efiTueM B ero nepBoi pa60Te 1o
IpHBeeHHIO TIPOCTPaHCTBeHHHIX rpynn [30].
SdcHO, 4TO mpouecc MHAYNHPOBAHHA € IOMOWIbIO TOAIPYNI MO-
KeT ObITh NPOJOKEH 0 TeX Iop, NMOKa MBl He NOJYuHM HaGop
HOMYCTHMBIX HEIPHBOAUMBIX XapagTepoB x® (™) rpynnu @ (k). [a-
Jee, TOMHAs cucTeMa XapakTepos x(™#) (M pojgyuaercs, cormacho
(37.3), umupyuuposanmem Ha rpynny @ us rpynner @(R). Hcno
TaKXe, 4TO CHCTEMBI XapakTtepoB ¥® (™ mosyuaemble JH60 10
3aky, Au00 MeTOAOM MaJoH NOATPYINH, JHO0 METONOM NpPOEKTHB-
HBIX NIpeJCTaBJeHHH, A0/MKHE OHITh TOXAECTBeHHHMH. MoxKHO 1po-
.H3BECTH NpsSMOe CPaBHEHHe MeToja 3aKa ¢ JAPYTHMH MeETOJaMH,
eCJIH MCIOJb30BAThb CTPYKTYPY KPHCTAJLIOrpadUUecKHX TOUCUHBIX
IPyIN, B YaCTHOCTH HX DsIBI PasJIOXKEHHS, TAK KaK BCe 3TH IPYINIIH
paspemiumbl. Takoe cpaBHeHHe BecbMa TPYAOEMKO, TO3TOMY ME €ro
He NPHBOANM.
* TlomBoast uror, Mbl MO}KeM OTMETHTb, YTO GHUIM JAHE TPH Me- -
TOAA ONpelieieHH JONYCTUMBIX HENPUBOJMMBIX NpeJACTaBJeHUN -
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D@ m  Cregyer qH HCNOJb30BaTL MeTOJA NPOEKTHUBHHIX OpPeACTaB-
JIEHH#, MeTod MaJIOR TIPYNNBl WJIH MeTON HHAyUHpoBaHHA 3aka,
ec/IH OH NMPHMEHHM, — 3TO AHKTYETCSl TOJIBKO COOGpaxKeHHsIMH yno0-
ctBa. Temepb MOXHO CUHTaTb, UTO 3Ta 4YacTb 3ajauM pelleHa, MO-

jarasi, YTo BBHIIOJHEHO MOCTPOeHHe BceX npeacTaBienuft DU By (m)

*
§ 51. CootHomenns cosmecTHocTH fas DUE) (m)
¥ npouejypa orpaHudeHus NpeAcTaBJeHHUil

HHoraa HyXHO 3HAaTb COOTHOIIEHHE MEXKAY HEIPHBOAHMBIMH
NpeaCcTaBAeHUIMH D(*#) (M y HenmpUBOAHMBIMH IIPe/CTaBICHHSIMH
D) ) nng 3esaB ¢ GJH3KAM 3HAUEHHEM BOJHOBOTO BEKTOPA
[28]. Wnaue roBopsi, MyCTh KaHOHMUECKHEe BEKTOPHl k u R’ 3Be3n *R
u *k’ pacriosioxkeHbl B 30HE PAAOM, T. €.

K=rk+x, (1.1)

rae ¥ — Manabiji BeKTop. Tak Kak cBOfCTBA HHIYLUHDPOBAHHBIX IpeJ-
CTABJCHHH TMOJHOCTBIO- ONpEAeJAIOTCA CBOHCTBAMHM MaJBIX Ipel-
CTaBJeHHH, HOCTATOYHO DacCMOTpPeTb AONYCTHMBIE MPEACTABJEHHUSA
D® (m) y D) (m),

CpoficTBa JONYyCTHMBIX NpeAcTaBiaenuii D& ) g D& ) qop.
HOCTbI0 OO6YCJIOBJEHBI COOTBeTCTBYyWUIHMH uM rpynnamu @ (k)
u (k). O6paTuMCs K CHTYallMH, KOTAa PacCMaTPHBAaeTCs MEPeXor
OT TOYKH kB BHICOKOH CHUMMETPHH K OJM3KOM TouKe R’, TakoH, uTo

a) rpynna € (k) msomopdua rpymme © (k') (51.2)
HJIH
6) rpynna € (k") spaserca noarpynnoit rpynmu € (k). (51.3)

B cayuae «a», xoraa rpynna @(k) usomopdna G(k’), BosHuKaeT
OJIMHAKOBHH Ha60p MAONYCTHMBHIX HENPUBOAHUMBIX IIpeAcTaBJaeHUM
D@ (m y D) m) Tag Kak TH JBe TIPYNIL H30MOpPQHBI, MOXKHO
yCTAHOBHTb B3aMMHO OJIHO3HAYHOE COOTBeTCTBHe Habopa D® ™ ¢
Ha6opom D) (™)  TIpeAnonoxuM jganee, 4To NpH »— 0

D) (m) s D(&) (m), (51.4)

[O3TOMY MOXKHO HAeHTH(GHUHPOBATL HuAeKcH m H m’. IIpexnodo-
JKeHHe O TOM, UTO B cCJayuae «a» D®) ) mrasno nepexomuT B
D®m  npu  »->0, MO-BHAUMOMY, He TpeOyeT AasbHedillero obcy-
JKJIEHHS.

B cityuae «6», xoraa rpynna @ (k) asaserca noarpynmoi G(k),
SICHO, 4TO mpu mepexofe K @ (k) HekOTOpHle 3/JI€MEHTH TPy
@ (k) Ooka3LBalOTCA «YTEPAHHEIMH». DTO MOXKET HMeTb MECTO, ecJH
k — Touka BBHICOKOH CHMMETpHH, TQrja Kak R’ HaxomuTCsi Ha cocefl-
Hell JUHNHE HJM e NpeJcTaBiseT cofoll TOYKY ¢ Gosiee HUSKOH CUM-
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meTpuell B6u3n ToukH R. Hasosem mpeacraBienue D® (M rpynmbl
@ (k), paccmaTpuBaeMoe NJIs 3JaeMeHTOB moarpynns &(k’), orpa-
HHUEHHMeM INpeicTaBJdeHHs Ha noxrpymny @ (k'), T e. [11, 12]

D& (m | § (F). (51.5)

PaccmarpuBaemoe Kak npejcrasienue rpynnst ® (k), D% (™ nomkHO
O6HTb B ofuieM cCiaydae pas3ioXKHMO Ha HeNPHBOLHMBE IIpejcTa-
BJICHHUS:
D® ) | — 3 (km | m’) D®) ), - (51.6)
P
B (51.6) kosh¢uumenTtsl mpuBesenus (km | m’) SBASIOTCA IOJO-
KUTEJBHBIMUH UHCJIAMH.

ViccnenoBanne COBMECTHOCTH CBSI3aHO € H3YYeHHEM COOTHOIIE-
HHE MeX1y [IONYyCTHMBIMH INpeiacTaBieHusivu D*® (™ B eoceqHux
TOYKAX, TakuX, Kak B u k. CoBMeCTHLIe IpeICTaBJIeHHS CBS3aHHI
cootHowendem (51.6), ecau (k') sABasiercs NOATPYNHOR TPyAnbl
@ (k) u ecau Kos3(ppUIHEHT A5 COBMECTHOH Mapwl OTJIHUCH OT HYJd.

Mbsl BepHeMCSl K PACCMOTPEHHIO BOMPOCA O COBMECTHOCTH B T. 2,
ra1. 3, rge Mbl IPOAHATH3HPYEM KOHKDETHBIE CJIydaH.
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KoadduumeHTh: npuseseHNs
AJISt IPOCTPAHCTBEHHBIX [PYIIIL
Meton noaHo# rpynnbl

§ 52. Bmenenue

B ri. 6 paccMaTpuBaeTcs MaTeMaTHueckas 3ajlaua HaXOXK/JEHHs
K03 (PHUIHEHTOB NDHBEeNeHHS AJA INPOCTPAHCTBEHHBIX TPYNN Tak
Ha3biBA€MBIM MeTOAOM NOJHOH rpynnsl [42, 44]. B caenyoumei,
IJ. 7 usjaraercs MeToa noarpynnsl [34, 45—471.

B rn. 6 u 7 ananuaupyeTcsd MareMaTHueckas 3ajaua onpejefe-
HHS NpeACTaBJAeHull, cogepXkanuxcs B IPUBOAMMOM TIPeACTaBJACHHH
H UMEIOIIHX BHJ NPAMOro MpOH3BEeAeHHs ABYX HENPHBOIHMBIX Npej-
craBiennil. CnegoBaTesibHO, MaTeMaTHdecKas 3agaua B TOYHOCTH
CcOBNajaeT ¢ 3ajayed, pacCMOTpeHHOH B o0lleM BHAe AJsi KOHed-
HeiXx rpynn B § 17. HasBaHue «MeTof NOAHOH TpynIL» NMPOCTO OT-
paxkaeT TO 06CTOSTEJIbCTBO, UTO Ha BCeX CTaAHsIX PacCMaTpHBAIOTCA

HeNpHBOANMEIE TIpejCTaBJeHNd D\Y*#) m noamon rpynnu @ u, coot-
BETCTBEHHO, BCE BBIUHCJEHHS BHIIOJHEHH ¢ HCIOJb30BaHHEM B IIPHH-
1HIIe BCEX 3JIeMEHTOB CHMMeTpuH rpynns @.

Ilo cux mop MeTOL NOJHOH TPYNNH YCHENHO NPHMEHSICSA AJd
NOAYYeHHs TIOJHOTO Habopa KO(QPUUHUEHTOB HJs PSAa PasTUUHBIX
cUMMOPOHBIX ¥ HecuMMOpdHBIX rpynn. CileayeT OTMETHTb, MTO OH
HCIOAB30BAJCH TaKXe ANA aHa/ H3a 3HAUUTENbHO 0OJsee CJIOKHBIX
c/1y4yaeB, yeM Te, K KOTOPHIM IPHMeHsJICS MeToA MOoArpynmsl. Hro6wl
NOHAMAThL B PABHOM CTENleHH H TEOPHI0 KOHEUHHIX IPymu, U o6y
TEOPHIO TPOCTPAHCTBEHHBIX TPYMI B LEJOM, He0OXOIHMO HOJHOCTHIO
paszobpaTeCs B MeTOje -TNIOJHOH IpPYyNNbl, H TOJBKO TOTAa NPHMEHSITh
B CHelHaNbHEIX CAydasiXx MeTO[ HoArpynmsl, cobmiwofas Bo Habexa-
HHe OWIHGOK H3BECTHYIO OCTOpOXkHOCTh. B § 53—60 o6cyxnaercs
CTPYKTypa IpeACTaBJeHHH INpAMOro IPOH3BEAEHHS, NOJYYEHHHIX
BLIYHCJAEHHEM OOBIYHOTO H- CHMMETPH3O0BAHHOTO MPAMOIO NPOH3Be-

AeHUs HENPHBOAHMEIX NPE]CTaBJIeHHI DU*&) (m) IPOCTPAHCTBEHHOM
rpynnel. 3aTeM H3/1araercs OCHOBHON IPHHIAO NOCTPOEHHS NMPABUJ
or6opa A BOJHOBEIX BEKTOPOB H 3Be3d. Mcmosbsyst aTu npaBuia,
MOXHO OnpejesHTh Bce KO PHIUEHTH NpUBE/EHHS U TEM CaMEIM
QCYUIECTBHTb NPHBEACHHE,
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§ 53. IipaMoe npousBeleHue
npencrasaennit D*#) (m @ p(*#) (m)

Corsacuo paccmoTtpendio B § 29 u 32, IPOCTPaHCTBO (%) (m),

sBJsiomeecs 6asncoM Ais npeacrasienus D("#) (™ yyeer pasmep-
HOCTb (S - [,). OHO 06pa3oBaHO GJOXOBCKHMH BEKTOpaMH:

{wm m 1l>§:f) (m)} = 3(*k) (m), A (563.1)

HpOCTpaHCTBo 3(*#) ) 3anaer mpexcrasiaenne D(*®) (m);
Pioie@y2™® ™ = D8 ) (g [ (@) ZW ™, (63.9)
IMpocrpancTso S(*®) m) gpasomeecs GasucoM s D*®) ),
HMeeT pa3MepHOCTb (8” - ln). OHO 06pa3oBaHO G6J0XOBCKMMH BeK-
()
TopamH P, ° . Arajsoruynsim 06pasoM IPOCTPAHCTBO
4 r
{oprem, .., o{#) ™} = sCw) (53.3)
sagaer npencrasienue D(*#) @
Pre 1 @y2"#) ) = DU®) ) ((q | # ()}) %) 0. (53.4)
Ha6op u3 (s« {,)(s’ -lm) GYHKIHE, KaXaas H3 KOTOPHIX SBJAETCA

npousseeHHeM ofHOH u3 ¢ymkunit Y ™ Ha oxmy us QyHxkuuit
P& ™) gmeeT BHR

" (? . P k ke . —

{1195") (M) (m i) (m)ﬂ,[(;) m L q;gms) (m’)‘l’z(ms) ('"s}=
=3y(*te*)mem) (53.5)

H mpencraBiaseT co0oH NpOCTPAHCTBO NPSIMOro npousBefeHHs. OHO
3ajaeT IpejCTaBjeHHe NIPAMOIO TMPOU3BEAEHHUS
PgpeoEtee™®) mem) —

=Dpre ¥) mom) (g |# (g))) 220K mom,  (53.6)
Kak u B (17.3), cucTeMy XapakTepoB MNpeACTaBJEHHA NPIMOTro

* Wes ’
HPOHU3BELEHHSE D*e®*¥) (mem) jergo NOJIYYATh B BUAe OGHIYHOIO
apu(MeTHUECKOTO NPOHU3BEICHHST XapaKTEPOB COMHOXHTeJel:

y(*#@*H) m® m) — y(*8) (m) L y(*8) (m) (53.7)

UM nmoacrasisisg B (53. 7) B KauecTBe apryMeHTa KOHKPeTHHH sJie-
MEeHT npocrpchrBeHHou TPy

K8 %6) mom (g ¢ (g)) = x(*” ™ (o1 # (@) ) ™ (o 1 (a))):
- (8333),



136 Taasa 6 -

TloacraBasasa B (53.8) Beipaxkenue (37.3) unm (49.3), MOXHO 3amu-
catb paBeHcTBO (53.8) uepes pasauuHble NPOH3BEACHHSI XapaKTe-
POB ¢ TOUKOH, OTHOcAwHXcA K rpynmaM @ (k) u G (k). [Monyuaro-
muecs INpPH >ToM (QoOpMYJb HMeJH Obl BHJ 3HAUUTENBHO OoJlee
cioxkHb, ueM (53.8), Tak Kax BRAwuaau O ABOHHYIO CYMMYy IO
NpPeACTaBHTEAAM CMEXKHBIX KJACCOB H pe3y/JbTHPYIOLLYI0 CYyMMYy
npousBenennil xapakrepoB ¢ Toukoft. OgHaKo AJS INOCTaBJeHHOH
3/lecb LeJH 3T0 He TpebyeTcd; Mbl TOJIbKO OTMeTuM, 4To (53.8) co-
LEPKHT [POH3BeNeHHe OTHEJbHBIX XapaKTepoB, IJIs KOTODBIX
umeroTcs BeipaxkeHHs (37.3) u (49.3). BulBog 3THX BEIpayKeHHH Ie-
JHKOM COJEPKHT INOJHYIO TEOPHI0 NPEeACTaBJEHHH NPOCTPAHCTBEH-
HBIX TPYNHN, BKJIHOUAsi TEOPHI0 HHAYNHPOBAHHBIX MpenCTaBJEHHH.
DTH XapakTepsl ¢ TOUKOH GyAyT Hcnoab3oBann B § 62.

U3  Martpunm  npeAcTaBieHHs npsIMOro TIpOH3BeAeHHS
D*®) (m) @ DI*#) m)  ocobenno mPOCTYIO AMATOHANBHYIO (HOPMY
HMEIOT Te, KOTOPble COOTBETCTBYIOT 37eMeHTaM rpymnnsl €. 370 clle-
nyeT u3 cooTHomeHus (33.10), ecsin ero MPHMEHHUTh K OTAEJbHHIM
MaTpHuaM, NPeACTABAAIONIHM 2JEMEHTH NPYNNel T B KaXKIOM H3
comHOXxuresneli. Takum o6pasoM, 3Ta MaTpuia HMeeT BHJI

D*ee*s) mem (e | RyY) =

I, . expi(k, + k)R, .. 0 W 0 )
0... O . expi(k+Ek,)R, 0 ,
| 0... I, expi(k+ky)R,
(53.9)

rae Hmm'-—eJlIfIHH'-IHaﬂ matpuna pasmepoM (Imlm X Imlwy). Benu-
YHHH K, —I—k BO3HHKAIOIHe B AMaroHaJbHBIX 3JeMeHTaxX MarT-
PHIIB! (53.9), OYEeBHAHO, BKIIOUAIOT B ce0s1 Bce BO3MOXKHbIE YJEHBL,
cznepzxgmue IO OJHOMY BOJIHOBOMY BEKTOPY H3 KaXJOH 3Be3qhl
*ku *R.

J1s mpOH3BOMILHOrO 3/eMEeHTa NPOCTPAHCTBEHHOH TPYNNE MAaT-
pulla npsSMOro IpOH3BEJeHHs He HMeeT CTOJb IPOCTOro BHAA, Kak
(53.9), onHako B ciaydae HeOOXOAHMOCTH OHa MOXKeT ObLITh IOJY-
yeHa H3 (33.11). B mpuniune cootHomenne (58.3) onucriBaer Xa-
pPaKTepel HaCTOJLKO IOJHO, HAaCKOJbKO 3TO MOXKeT HOTpeboBaThCs
JUIA BEHINOJNHEHHs] NPHBEAEeHUs] MPOH3BeaeHHUH,

§ 54, CUMMeTpPH3OBAHHEIE CTeNEHH MpelCTABJCHHN [D(*#) ] ”

a. OGniunbie crenenu npeacrapiednit. CTemeHH IpeaCTaBICHHs
D*#) ) MoxHO OIpeneNHTb TOYHO TAaKHM e CIOCOGOM, KAaKOH uc-
noJsb3oBaJicss B § 53 Opy paccMOTpeHHH NPSIMOrO NPOHU3BeAEHUs
[19, 20]. Mu paccMOTpPHM HeKOTOpHIE H3 3THX CTeNeHeH NOAPOGHO,
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TaK Kak OHH HaM INOHaA004TCa B HOCAEIYIOUEM PacCMOTPEHHH.
3ot Bonpoc Gynet obcy:xkAaTbed eule pas B § 117.

*
PaccmoTpuMm cHavana KBaAPaT MNpencTaBJeHHs D(*#) m) Co-
rnacHo (53.1), HempuBOLHMOE IMPOCTPAHCTBO »(*&) (m) o6pasoBaHO

k
(s-1,) ONOXOBCKMMH (DYHKIHIMH 11)((1 dm  rge o=1,...,s,
a=1,..., [,,. PaccmorpuM BTOpOE€ JMHEHAHO He3aBHCHMOE BeK-

*
topuoe mpocrpanctso X8 (M oGpasosannoe (s - I,,) GJOXOBCKHMH
dyuxnuamu P, (o) m:

SV (*E) (m) — {¢: (%) (m)’ o, \P; (kg) (m) }, (54.1)

Takxe ABJs0ONIeecs Ga3ucoM A/ TOrO Ke HENMPHBOAMMOrO Tpej-
*

crapaennss DU® ™ rpynne ®. Heo6x04HMO NOAUEPKHYTH, UTO
o k o ‘(R

(s+1,) dyuruHH wg o) (M a rakke (s+1n) dyuxuui q)a( o) (m) y-

HellHO He3aBHCHMBH, XO0Ts o0a HaGopa o00pasylOT NPOCTPAHCTBA

*
(53.1) u (54.1), sagaompe ogHO U To ke mpexctasienue D k) (m),
Paccmorpum Teneps (s - 1,)? ynxuuil, noJyyeHHBIX NIPH COCTaBJe-
HHM BCeX BO3MOXKHBIX IIPOH3BejeHHH OAHOH u3 QyHKUMHA npocTpan-

crBa 3(#) ™ wa opuy us (GYHKIHA NpPOCTpaHCTBA /(%) (m),
P2 7 () #) ’ (k) k) 7 (kg) (m)
,(p(l )(m)‘pl m, e, lb( (m)‘p”(1 (m) e, ‘pgms) (m)lplni s) m) (54.2)

OueBHjHO, UTO 3TOT CJHyuall HHYeM He OTJIHUAeTcd OT cjaydas Jio-
Goro ApYroro NpsIMOr0O MNpPoOH3BeneHUs ABYX NpeAcTaBieHuit. Tak
Kak, OJHAKO, INpejacTaB/eHHe, 1O KOTOpOMY mpeobpasyeTcd Iipo-
cTpaHCTBO TpousseneHuil (54.2), mpexactaBaser coboit Npou3Beje-
uue DA (m)  camo Ha cebst, TO 3To npeAcTaBjeHre HasblBAeTCH
kBaapatoM npexcrabienns D(*#) (M,  Omo uMeeT pasMepHOCTDH
(s-1m)? u o6o3HauaeTcs

D) () @ DO*#) (m) — [ p(*#) (my],, (54.3)

Ormetum, uTo B (54.3) HHAeKkc, ykaseiBaloulufi CTeleHb, 3anHcaH
He B CcKOGKax, Tak KakK 3»TO OOBIUHBHIHA, a He CI/IMMeTpHSOBaHHbIH
KBaApaT IpeJCTaB/JeHH.

OueBHJHO, 2Ty HNPOUEAYPY MOXKHO NPOAOJKHTb. MOXKHO cocra-
BHTb (S-Im)® GyHKuMHA, BeIOGHPAas KaX/JABIA H3 TPeX COMHOXHTesell
cpean (s-lm) 2/MeMeHTOB B OAHOM H3 TpeX JHHEAHO HE3aBHCHMBIX
BEKTOPHBIX mpocTpaHcTs, 2(*&) tm) 57 (*#) (m) s (*e) (m)  oGpasosan-
HBIX COOTBETCTBEHHO (YHKIHSIMU

wff") m  g=1,...,8 a=1,..., I (54.4).
¢;(ka)(m) o=1,..., s roc=l, e L (54.5)
¢Z(ko)(m) o=1,...,8 a=1,..., . (54.6)
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Kaxjioe H3 3TUX NPQCTPAHCTB B OTAGJNBHOCTH oépasyeT Gasnc mas
OAHOTO M TOTO JXe HeNpPHBOAHUMOrO npucrameﬂnﬁD( k) (m) Torpa
na6op us (s-Im)® dyHxIHE

(k) (m) 7 (k) (m) 77 (k) (m) & ‘(& ” (&
, {q;l ¥, | e, ¢§ms) (”’)‘Pz,f, s) (m)‘q’lm( s) (m)} (54.7)
npeiacTaBjsier co6oi Gasuc Aas o6uiuHOrO KyGa mpeacTaBJIeHHs
DB o6osnauaemoro

D(*#) (m) & p( *k) (m) @ D*#) (m) = [ D(*#) m)], (54.8)
- CumBoJioM )

[D(*#) m], (64.9)

*
0603HauaeTcs p- CTelleHb IpeACTaBJIeHHs D*®) (m) Scno Takxe,
4TO CHCTeMa XapakTepoB p-H CTeNieHH NpelCTaBjeHHs JIerKo BEIpa-
JKaeTcst uepes CHCTeMy XxapakTepos mnpexctasienus D*®) . Pg
(54.9) 1719 NPOH3BOJIBHOTO 2JeMEHTA IPynlb & HMeeM

« sp[pt» ""’]p =[y(*® “")],, = (x(*® (m)P, (54.10) .

6. CumMeTpH3OBaHHble cTeneHH mnpexacraBieHuit. O6paruMcs
Tellepb K NpeJCTaBJEHHIO, B ITPHHIHUIE OTJAHUYAWOIEMYCT OT pac-
CMOTPEHHBIX BHIlle OOBIYHBIX CTeNeHel MNpPeACTaBJeHHH, a HMEHHO

o * A
K CHMMeTPH30BaHHOI cTemeHn mnpefacrasienuss D*#) ), Pacemor-
*
puM cHOBa mpoctpaHcTBo E(*E)m pz  (53.1). PaccMOTpHM nanee
Ha0op He3aBHCHMBIX NPOH3BeJeHHH QYHKUHHA, COCTaBAEHHBIX H3 BCeX
BO3MOXKHBIX MNap OasucHbX ¢GyHKUHE 3TOro xe HaGopa (53.1).
HHaue rosops, o6pa3yeM IPOCTPAHCTBO BHAA

{q)(k) ("’)tb‘l") (m), 'q;(lk) (’")1[)(2”) m ., \I;(lk) (m)q\p(ll;)1 (m),

k k k k k k
ey R EGEE B ) B k) () s)<m)} —
m m m .
=[3(*te ) meom] . (54.11)

IIponsBosnbHas QyHKUHS 5TOro NPOCTPAHCTBA UMeeT BHJ

‘pg”a) ("‘)‘pg"r) (m p=a, T>=0. (64.12)
Orpanuyenns f > @ M T = 6 HCKIIOYAIOT BO3MOXHOCTb ABYXKpaT-
HOro ydyeTa OIHOrO H TOrO Ke MpOH3BeleHHs. B npocTpaHcrse
(54.11) umeetcs —;—(s‘- 1) (s Iy 1) nesaBucumnix ¢pyukuui. [po-

‘crpaHcTBO (54.12) MOXKHO Ha3BaTh MPOCTPAHCTBOM, 0GPA30BAHHBIM

CHMMeTpH30BaHEHM 'mpousBefenneM npoctpacrBa ("4 ™ camo
Ha ce0q. Ilpeacrasienne rpyans 8, sajaHHQe 3THM NPOCTPAHCTBOM,



Kosppuyuentor npusedenua. Merod noanoti epynnsl 139

nojyuaeM B BHJe

P jsay[2r0 ) me m)] = '
=[D**) e ({g 1t (@) [EFre * B me m],.  (54.13)

[pexcrapiaenue
[DC*®) ], (84.14)

Ha3blBaeTCcsA CHMMETDH30BAHHBIM KBajapaTtoM HpeACTaBHeHHﬁ

*
DB (m); o6paThM BHEMaHHe Ha OGLIENIPUHATOe 0603HAUCHHE C HH-
JeKCOM B CKoOKax, HCIONb3yeMoOe NJif TOH BeJHUHMHH, H ero OTJH-
yne oT (54.3). XapakTepn Jjsi 3TOr0 HpPeICTABICHHS MOXKEHO BEHI-

pasuTb uepes HCXOmHull nabop xapakrepoB  y{ ) ™ 1o npaBmay
Sp DB (m] ) == [} (*#) ], (54.15)

[x*® @ ({1 # ()] = 5 {2 ™ (g 1 @) +
+ A0 e ({1t @)D} (54.16)

B (54.16) snemeHT, BXoAAWHE B apryMeHT BTOPOro CJIaraeMoro,
npejcrasisier co6ol mpocro KBaapar ajaeMenta {¢|lg}.
AHaJOTUYHBIM CHOCOGOM MOXKHO HOJIqu/ITbl) CHMMeTpH30BaH-

HylO TpeTbio cTeneHs npexacrasienns DU#) ) zajanHoro B Bek-
topHoM npocTpancTee E(*#)(m)  Moxno oépasoBaTb CHMMETPH30-
BAHHYIO TPETBIO CTeleHb BEKTOPHOI'O IMPOCTPAHCTBA °

[2*ke*ko*s) momom], (54.17)

COCTABJIEHHOTO H3 BCeX HE3aBUCHMBLIX NPOU3BEJeHUA TPEX MHOKH-
TeJieH, KaXAHH H3 KOTODHIX MpeAcTaB/seT co0of 0J0XOBCKHIA Bek-

TOp M3 OAHOrO H TOro e IPOCTPaHCTBA s(*#) m), dynkuuu, BXo-
IAlHe B BEKTOpHOe mpocTpaHcTBO (54.17), HMewT BHA

1])&"0? (m , %"o) (m)‘pg"r) (m, | (54.18)

0, 6»-17:':1!--" s, APy, PO

Hmeercs é (s L) lpy+ V(s 1,+2) o¢yuxnuii Buma (54.18),
BekTopuoe npoctpancTso (54.17) u3 6J0X0BCKHX BEKTOpOB (54.18)
SABJIsSIETCS 6asucoM NpeACTaBJICHHA

[p0#) @], (64.19)

1) Cum. nuxe B § 117.
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KOTOpOe HA3HIBACTCH CHMMETPH30BAHHOM TpeTbell CTeNeHbid Hpei-
craBjeHus. M B 9TOM cjIyuae MOXKHO IIOKa3aTh, 4TO

Sp[D®) ] = [x*#) m ], (54.20)
TAE

[x(® ) ({q | ¢ (¢))} ]<3>=—{(x(*") m ({1 (9)}))* +

+ 338 ™ (fp | £ (@)}) 1P ™ (g | @)+ 2CH ) ({g [# (@)})}.

(54.21)
MoOXHO Takxke NOJYYHTb (HOPMYJEl LJasi Gojlee BEICOKHX CHMMETDH-
30BaHHBIX CTelleHell MpeAcTaBJeHUH, NONOOHBE BHDPAMKEHHAM
(54.16) u (54.21).

B § 117 npuseser BBIBOA HJsi XapPaKTEPOB CHMMETPH30BAHHLIX
cTeNeHel NpeJCTaBJeHHS, CIEHUATbHO NPHCIOCOOIEHHBIH K 3ajade
0 KoJleGaHHAX peileTKd. AHTHCHMMeTDPH30BAHHbIE CTelleHH Npex-
CTaBJeHHH, paccMaTpHBaeMble B CTaHAAPTHEIX yueOHHKaX, B Ha-
HIeM paccMoTpeHHH He moTpebylores [2, 48, 49].

§ 55. Onpeaeaenne koathduunenTop NpHupegeHus

Corjsacuo teopeme Mamke [50], moboe npefgcraBieHHe KOHeu-
HOfi IPYNIB!, 3aahHOe HAaJ IIoJeM KOMIIEKCHBIX 4HCes, Ju0O He-
IpUBOAUMO, JHOO pasiaraercsi B NIPSMYIO CYMMY HeNpPHBOIMMBIX
npeacTaBaeHuA. DTO yTBePKAEHHE MOMKHO MPHMEHHTb K IPeNCTAaB-
JeHUAM npousBeneHult, paccMorpeHHBM B § 53 u 54. Ham tpe-

* LY ,

6yercs pasioxuTb npeactabaenne DY@ *#)ime m) mypgmoro mpo-
H3BEJCHHS Ha HENPHBONHMBIE COCTABIAOIKE. Onpenennm K09¢-
GbHUMeHTH NOJHOro npusénenus (*km*k'm’|*k”m”) u3 OCHOBHOTO
ypaBHeHHs, aHajoruudoro (17.4):

prre¥)meomy — 3 3 @ (*km*k'm’ | *k"m”) D(*¥) ", (55.1)

&5

CymmuposaHnue B (55.1) Bemercst 10 BceM SBQS,ZlaM *k”” u mo BceM
JONYCTHMBEIM HENPUBOAMMEIM IpejcTaBIeHUAM m’/, KOTOPHE MOIyT
BOSHHUKHYTb 118 panHoro k7. KoadduuneHTH

(*km*R'm’ | *R"m") (55.2)

SBJAAIOTCA UEIBIMH UMCIAMH, KOTOpPble 0003HAYaIoT, KaKne HEeNPHBO-
X 50 ”

JUMBle TpeACTaBJICHUA D*#) ")y cgosbKO pas BCTPEYAnTCH

B pasJIOXKeHHH.
MozKHO HaTh ApYyroe onpeiueseHue Koaq)q)uuHeHTOB HpHBeIeHHS,

ucroab3ys ananorudno (17.7) cucremy XapaKTepos x(*&)m | Torpa
(55.1) samumeTtcs B BHIE

X(*k @*K) (m® m’) . 2 Z (*km*k’ l *k”m”) x(*k”) (m") (55.3)

* E'm"
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. WJH, NPUMEHSS NPABUJIO NOJYYEHHS XapakTepa npsMoro mpou3Be-
JeHH, )

A8 g8 ) = 0 (kB | <) *F) @, (55.4)

LY m”

B coortnomenusax (55.1), (55.3) m (55.4) noapasymeBaercs, 4TO
OHH BBLINHCAHBL [/ OTACJILHOTO 3JeMeHTa Po|sqy rpynnsl (Wiw,
kKaK B (55.3), (55.4), Aas OTHEJBHOTO Kjacca), H03TOMY AJs KpaT-
KOCTH B HHX ONYLIEHHI apryMeHTH,

Utobsl onpeneants Ko3¢h¢UIMEHTH NIPHBEAEHHS XapaKTepos,
MOXHO OOpIuHBIM 0o6pazoM, mopotuo (17.8), (17.9), ucmosnb3oBaTthb
COOTHOIIEHHE OPTOrOHAJbHOCTH H HOPMHUPOBKH (49.5). B Takom
clyuae [AJs ONpelesNeHdsl 3THX Ko3(pbuuHeHTOB HMeeM KO03hdhu-
IHEHTHl Pa3/OKEHHsT XapaKTepoB, KOTOPHIE MOMKHO ONPEENUTH MO

(dhopmye
(*km*k/m/ } *kl/mll) J—
== 2 Ot @) 1 (ol (@) X

{o] £ (9} *
Xy E) ™ (@1 (@), (55.5)

B (55.5) cyMMupoBaHHe BeJeTCsd IO BceM 3jeMeHTaM rpynmsr @.-
HecMoOTpss Ha OUeBMAHYIO CJI0XKHOCTb BHINOJHEHHS CYMMHPOBaHHA
0 BCeM SJEMEHTaM TPYHUB, aHaJOrHYHOTO CYMMHPOBAHHIO
B (bb.5), oxaspiBaercs, 4To, HCHOJIB3Yys (55.5), HeHCTBHTENBHO
MOXKHO BHIUHCAHTb Koa(¢duuueHTH HpupeleHus. Mu o6cynuMm 3ToT
BONIPOC B HECKOAbKHX CJAELYIOLIHX Iaparpadax.

AHaJlorTuyHO OIpejeseHHI0 OGLIYHEIX K03(h(ULHEHTOB INpHBeje-
gusa (*km*k’'m’| R”m”), no3BOJMAOIHX DPa3JOXKHTH NPOH3BENeHHE
ABYX IDPOH3BOJBHHIX HeNPHBOJHMHBIX [pelCTaBleHHH NPOCTpaH-
CTBEHHBIX TPYII, MOXHO ONIpeleNuTh K03(h(UNHEHTH IpPHBEIEHHS
IJIS OOBIUHBIX B CHMMETPH30BAHHEIX CTEeHeHeH HeNPHUBOAHMBIX Npei-
CTaBJIeHHH,.

Taxk,

x(*®) ], = 3 3 ([*km], | *k"m) x"#) 0. (55.6)
*pr m”

dTo BbIpaxeHHe OnpenesseT Kosbduuuents npusenenus ([*km], |

o *
| *k”m”) nas oGbluHoil crenexn npeacTaaenns DI k) (m), SIcHO, uTO
9T0T KO3 (HUUHEHT MOMKHO BBHIYHCIHTH IO ¢opmyJ/e Tuna (55.5):

( [*km],, I *k"m") —

=ox 2, DO elt @ 1O e delt@l.  650)
{olf(®)
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B (55.6) u (55.7) p moxer GbITb J0GHM uedasim uucaoMm. IToxo6-
HEIM 06paszom k03(pGhHUMEeHTH HPHBEAEHHA /I CHMMETPH30BaHHHX
cTeneHell NpeACTaABACHHS HMEIOT BUJ

L) wiliy = 37 3 (ki | R/m?) 270 0 (55.8)

*kr/ ”
H

([*km) )| B =
¥ P (g1t @D @ o1t @), (55.9)

(e (o)}

§ 56. MNpasuna orGopa AJis ROJHOBBIX BEKTOPOB

a. Koaduuuentsr npupesenns nis 3Be3fbl B CayYae NMPOCTOro
npoussedeHus npejgcrapieHuid. Urobel nogyunTh mogHBIE Habop
KO3(hUUHEHTOB NpHUBeAeHUsS AafbHelilllee pacCMOTPEHHE IPOBejeM
B zBa sTana. B (55.4), (55.7) n (55.9) MB. cyMMHPYeM NO BCeM
3BesfiaM. Ho ¢axTuyeckn cyMMHpOBaHHe BefeTcsl IO OTpaHyyeH-
HOMY UHCJY 3Besn *R”,

Jlis1 onpenesIeHHOCTH PaccCMOTPUM Ko3(QHUHEHTH IpHBeJeHHS
u3 (55.4), a umenso (*km*k’'m’| k”"m”). Dtu_gosdHLHEHTH BO3-
HHKAIOT I[PH Pa3jioXkeHUH OOLIMHOrQ NPAMOrO NPOH3BENEHHS OBYX
pasjHYHBIX HENPHBOJHUMBIX  HPEJCTABACHHH NPOCTPAHCTBEHHOM
rpynnel. PaccmorpuMm mpoctpalctso (53.5). Tunwunasd (yHKuuA
npocrpaHerBa (53.5) uMmeer B

;bgkﬂ)(m)-mbgké)(m/), o=1,..., s, 1:==1,‘..., s,
a=1,..., L, p=1,..., L,  (56.1)

Bo/nHOBOM BeKTOp, OIpejesioudll 3aKOH mpeoGpa3oBaHusd mpoHs-
Benenus (56.1), pasen

ks + ki =kY, (56.2)

rze BekTop ky — ONMH H3 Aydell 3Beansl *k”. SIcHO, 4TO B mpoCTpaH-
ctBe npsiMoro InpousBeseHuss (53.5) BO3HHKAIOT IPOU3BEACHHS
GOYHKUHA C Pe3y/ILTHPYIOUIHMU BOJHOBEIMH BEKTOPAMH, COOTBET-
CTBYIOLIUMH BceM (S-8’) pasiuuHEIM CHOCOGaM CJIOKEHHS KaXKAOro
BOJIHOBOTQ BeKTOpa 3Be3fbl *k O BCEMH BOJHOBHIMH BeKTOpaMPl
3Be3nn *k.

BeiteICTBHE TOTO YTO MPEACTABJACHHS p*se*#)mem" y coorer-
CTBYIOLIHE NPOCTPAHCTBA (53.5) pasaararorcs Ha CYMMY HeNpHBO-
AHMBIX TIPeACTaBJCHHH M HPOCTPAHCTB, 3TH (s-s’)' pesyabTHDPYIO-
IUX BEKTOPOB JOJIKHBI BHIPAXaThCA B BHAE CYMMBI NOJIHBIX 3Be3[.

Kazxnoe BosHuKalolllee npeacraaneﬁne DU#)m" xapakrepusyercs
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OfHO# mnoJjHOH 3Be3nol. UroOn onpeneiuTh NOJHHE Habop 3Be3x
*k”, NOABIAOIWAXCA NPH 06Pa30BaHUH BceX BO3MOMKHBIX KOMGHHA-
nufi Tuna (56.2), BBelleM 0GO3HAauYeHHE AJs NPSAMOro NPOH3BedeHHSA
CcaMHX 3Be3f;

e ® ¥R = Z [} (*k*k/l *k") *pr (56.3)

*

Koaddunuentnr (*k*k’|*k”) asnsiorca kosddHuuHeHTaMH NpHBEIE-
HUA [Jf BOJHOBOTO BeKTOpa; OHHM DaBHH HeabM uucaam. C mo-
MOIUBIO 3THX K02(PPHUHEHTOB YTBEPKAEHHE O TOM, 4uTo (S-5’) Bek-
TOPOB BBHIPAXKAIOTCS Yepe3 CYMMY 10 NOJHBIM 3Be3JaM, MOXKHOQ 3a-
nucaTth B BHIE

s-8 =), ("R*E'| *k") 5" (56.4)

- X pr

Coornomenne (56.4) MOXHO Takke HOHHUMaTh KaK YCJIOBHe COXpa-
HEeHUs pa3MepHOCTH, TaK KaK CYMMHPOBAHHE BHIOJHAETCS MO BCEM
sBe3nam *B”. I1ockOJIbKY C/0KeHHe BOJHOBBIX BEKTOPOB KOMMYTa-

THBHO, HMEEM

k@R =k Q*k : (56.5)
31 -
(*k*kll *kll) J— (*k,*kl *k//)' ' (566)

Kos¢ppupuenrsr (*R*R'|*R”) upu lm==1Ilmp ==1 onpemessior moJHYIO
pPasMepHOCTb BceX HENPHBOAHMBIX NMpelcTaBJeHHi cO 3Be3zamu *R”
IPOCTPAHCTBEHHOH TPYNNbl, BXOAAWUX B pPas/okKeHHe NPSMOro Ipo-
u3BejeHHs HeNPHBOAHMHIX MpeAcTaBJeHulil co 3Besgamu *k u *R’
(HesaBHCHMO OT m u m'). . '
~Yacto ko3 ULHEHTH TNPHBEAEHHS AJAS BOJHOBOTO BeKTOpa
MOMKHO MOJIYYHTb INPAMOH OpoBepKOH. DTO, B YaCTHOCTH, YAOOHO
IJI51 3Be3J BBICOKOH CHMMETPHH. B OCTa/IbHBEIX CIyd4asx OKa3biBaeTcs
HOJIe3HBIM CHCTeMaTHYecKoe nepeuncienne aredos B (56.2). Takum
06pasoM, MOKHO COCTaBUTb NMPSIMOYTOMBRYIO TabJHuy, CTPOKH KO-
TOPOJ COOTBETCTBYIOT JyYaM 3Be3Zb *k, a cronbubl — Ayuam *R’.
BrinuiieM Jy4H 3Be3Zbl BeKTopa R:

*h=(k, gk, ..., @sR) . (86.7)
U 3Be3qnl BekTopa k'
W= (K, G, ..., ), © (56.8)

[lomecTnM Ha nepeceyeHMH o-H CTPOKH H -T-TO cTo6UA TabJHIB
ajJieMeHT (BOJHOBOH BEKTOD) :

@ - (B+ o) =0, - k+ g0, . (66.9)

DTo BOJHOBOH BEKTOD 3Be3Ibl *(k+ k"), Ocymecrsass Takoe
NOCTpOEHHe, ME HOMYduM TabaHuy, B KaxIoh CTpoke KOTOpPOH
. B . !
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IPHCYTCTBYET OJAHMHAKOBOE cJaraeMoe (Hampumep, gs-k); 310 He
HMeeT MecTta masA ctoabuoB. OaHako KaxAbiH cronben Tabauibl CO-
JIEPIKUT BOJHOBOY BEKTOP OARO% M TOH e 3Be3fbl. B ciyuae, KoTOPHI#
uasoctpupyercss B (56.9), Bce BOMIHOBHIE BEKTOPH T-I'0 CTOJIOLA BXO-
IAT B 3Be3ny *(k—}—qé-k’), B orgenbHBIX cayuasiX MOMKeT OKa-
3aTbCs, YTO [aHHas 3Besjia *k cofepuT Gojbine yeMm (s) Jayued,
T. e. s” >s. Ho torma, utoGel cBecTH BCe JyYd K 3Besne *k”,
ClelyeT NPOCTO CJAOXKWUTH HeCKOAbKo croabuoB. Haobopor, ecau
s < s, TO oAHA H Ta XK€ 3Be3da MOXKeT BXOAHTb B AAHHLIA cToJGel
HecKOJIbKO pas. M aToT cayuall He BRI3bIBaeT 3aTpyldHeHHH. B Jjio-
6oM cJayuae, mocle TOoro Kak TalbJHila cocTaBjieHa, JeErKo Jaora-
JaTbCs, KaKHe CTOJOHB CIeAyeT CAOXKHTD.

MoxHO OTMeTHTb, YTO, ompenedsia Ko3hGhHUHEHTH NPUBEAEHHS
(*R*k'| *k”) 15 BOMHOBOTO BEKTOPA, Mbl (DAKTHUECKH BHIIOJHSEM
pasjioKeHHe TeX AMATOHAJbHBIX MAaTpUI TNPEACTABACHHST HPAMOro
IIPOH3Be/leHHsl, KOTOPBIE COOTBETCTBYIOT 3JIeMeHTaM Tpynns <,
Martpuunl (53.9) yxe ABAAKWTCH AHATOHAJBLHLIMH, U Haille HOCTPOe-
HHe CBOJHUTCA K Takoi NeperpynmHpoBKe AHATOHAJbHBIX 2/1€MEHTOB,
4TOGB BCE BEKTOPHl, BXOAALLHE B QAHY 3Be3ly, OKasaJHch coGpaH-
HLIMH BMeCTe.

Ilpu Im>1 n lw>1 pocraTouHo Juib HeGOJLUIIOTO H3MEHe-
HHUst paccyxaeHnH. PaccMaTpuBas CHOBa BEKTOPHOE NPOCTPAHCTBO
(63.5), BumuM, uto ln > 1 u (uwau) I, > 1 o3HauaeT TOJIBKO, UTO
9JIeMEeHTH NAHHOH 3Be3nnl *k (umau *R’) BXoAST B JEBYIO 4acTb pa-
BencrBa (56.2) I pas. B 3»TOM cayuae KpaTHOCTb JIErKO YUeCTb.
Hmeem

R QU™ k)= > D (Unle) R E | *R) R (56.10)

*k”
HJIH, HCHOJIb3Ysl Da3MEepHOCTH IpeACTaBJIEHHH,
(InS) + (IS"y = 2, (Imlm) C"R*K | K) . (56.11)

B03MOXHO, OJME3HO 3@METHTh TakXe, UYTO cJayuall coBNaga0UIHX
3Bess ¥k u *R’ He BHOCHT HHYEro HOBOro. B 3TOM cJayuae ME
NOJIXKHBI paccMaTpPHBaTL OOBIYHOe NpsIMoe NPOH3BeleHHe HPEACTaB-
JeHua camo Ha cefs. CoorpercTByWOIMe Ko3(hdHUHEHTH NPHBE/E-
HHS 17151 BOJHOBOrO BEKTOPa MOXKHO HOJYYHTH aHasJoruuyno (56.10):

Un*B) U *B) = 2. D I ([*R]y| *R") *R” (66.12)

*krl
HJIH, HHaue, MOXKHO 3amHcaTh
(U R) @ (I,k) = [1,,* K. (66.13)

Torma, kak Bugno us (56.12), mMB nosyuaem OXHHAKOBHE K03DH-
IMEHTE, KOTOphle TellePb MOXKHO 0603Ha4uTh 4epes ([Im *k]2|*k”).
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B TakoM caydyae MOXKHO 3anucaTb
Un* ko= 2 B ([Ln*kl; | *k") *R". (56.14)

B

6. Kospduuuentsl nmpuseieHus njs 3Be3ipl B Ciyd4ae CHMMerT-
pU30BAHHOrO TNpou3BeNeHuss NpeacraBaeHuit. O6paTuMcsl Telepb
K PacCMOTPeHHI0 K03Gh(HUIHEeHTOB IpUBeIeHUs AJAS BOJHOBOTO BeK-
TOpa IPHU HAXOXKAEHHH CHMMETPH30BAHHOTO IIPOH3BELEHHS Ipel-
craBjgeHuil. B atom ciayuae Heo6XONHUMO 3apaHee BKJIOYHTb B apry-
MEHT Pa3MEpPHOCTb I, T. €., eCJH BEeKTOPHOE MPOCTPAHCTBO w#m)
HMeeT pasMepHOCThb I, >> 1, TO IPU NepeuyncJeHHH KaxKAbIH BOJIHO-
BOil BEKTOD 3Be3ibl JOJKeH BO3HHKAThb [, pas, HJAW, APYTHMH
CIOBaMH, KaK/lasi 3Besla O0JXKHAa BO3HHKATh In pas. Paccmorpum
cHauaaa cayuait In, = 1. Torna Ha6op BOJIHOBBIX BEKTOPOB, 06pa-
3YIOLIEX IPOCTPAHCTBO CHMMETPH30BaHHOTO KBajpaTa IpelcTaBile-
HHUs, MOJKHO 3anHucaTh B BuJe

ky-+k, o<t=1,...,s. (56.15)

IMepenniem (56.15) B Buge, cOOTBeTCTBYyIOIeM TabJ/HIE, KOTOpas
obcysxkaanace npu BuBoze (56.7)—(56.9). Torma nomyunm .-

ki +k =q,(k+o;'9k), o<t=1,...,s5 (56.16)

Slcno, uTo ecan B (56.16) ¢ = T, TO MOJNYUAIOTCS 3JEeMeHTH 3Be3bl
*(2k), roe 2k = k- k. Takum oGpasoM, 3anuiieM

Rk =*2k) Dk, + k), o (56.17)

Onnako B HaGope BekTopoB {kg¢ -+ k:}, BOsHuKawomux B (56.17),
BBHJY OTCYTCTBHS OrpaHHYeHHHA Ha HepaBeHcTBO B (56.17) naHuas
koMOuHauusa Ry -+ k. Bcrpeuaercsa nBaxnel. Hamporus, B (56.15)
BRINOJIHSETCS HepaBeHCTBO ¢ << 1. [loaTomy

{ks+k;} 1upu o=,
=2(k;+ k) mpu o<n. (56.18)

O6osnauasa uepes
[*El(2) (56.19)

CUMMETPH30BAHHBIH KBajpaT 3Be3inl *k, mpejcraBAsiomHi cobol
Ha6op BekTopoB (56.15), 04eBUIHHIM 06pa3om HMeeM

2 [*Hlp) = k@ *k D *(2K), (56.20)
Hau | )

[*E](o) = 5 [k *k D *(2k)]. (56.21)
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[ToBTOpsisi Temeps 9TH paccyxAeHus i obiero caydas im > 1,
MBIl HPOCTO CrpyniHpyeM B raGJHue cOOTBETCTBYIOLIHE BOJHOBHE
BEKTOPH H NOJYYHM CJleAVIOMHA Pe3yabTaT:

oKl = 5 [ R ® "2 D1, k)], (56.22)

9acTHBIM CJIydaeM KOTOPOro IHpH [n==1, OUeBHAHO, ABJAETCA
(56.21). KoappuuneHTs npuBeneHHs, COOTBETCTBYIOLLHE COOTHOIIE-
Hu1o (56.22), MOKHO 3alHCaTh B BHIE

([l Rligy | *E7). (56.23)

AHanorHyHEIM 0Gpa3oM MOMKHO IOJYYHTHE CHMMETPH30BaHHYIO
TPETHIO CTEeNeHb 3Be3/bl B BUAE

Ukl =5 {5 k@ k@ kD3 k@ "N D" (3K} (56.24)

CootBeTcTByIOIIHE KO03( (HUINEHTE MPHBEeACHHS 0003HAUHM
(ULm*El ) | R7). (56.25)

Poab ko3¢ ¢duuueHTOB NpHBENCHHS AJs1 BOJHOBLIX BEKTOPOB H
npaBua 0T6Opa AJsA BOJHOBHIX BEKTOPOB COCTOHT B TOM, 4TO OHH
BBIJEASIOT TOJIbKO Te 3Be3/bl, KOTOPHE BO3HHKAIOT IPH HAXOKIECHHH
npAMOro INPOU3BEJEHHA NpeicTasidenuii. IpyruMu CJAOBaMH, NpH
pasinoxennn npoussegerus DM @ D*#m) crenyer aume naiTa
yaenst D¥"™) x71a  KOTOPHIX BBLIIONHAETCA COOTBETCTBYIOLIEE
npasuio or6opa. Heo6x0nuMbIM, HO He JOCTATOYHBIM YCJIOBHEM IPH-
CYTCTBHS NpelcTaBieHHs D(*#")(m" B NPOU3BELEHHH SBJISIETCS He-

paBeHCTBO
: C*k*E | *k”) = 0. (56.26)

AHaJOTHUHBE YCAOBHS MOXKHO BHINHCATH HJISi OGBIYHBIX H CHMMeT-
PH30BAaHHBEIX CTelleHeH AaHHOro mpejcraBjleHus. Pasymeercs, Hpu-
CYTCTBHE JIaHHOH 3Be3lnl *k'/ sBjsercsd HEOOXOIMMBIM, HO HE JOCTa-
TOYHHIM VCJIOBHEM IOSIBJICHHS B DPa3J0XKEHHH OIpefeteHHOro m',

Kos¢ddunuenTsl NpuBeAeHHSA AJd BOJHOBOTO BEKTOpa, HJAH K03(d-
(hHUHEHTH NpHBeJeHHA [JA 3Be3l, aHAJOTHYHLI Koa(dHuHeHTaM
npuBenerus s psanoB Kieb6uia — I'opnana. JleficTBUTeqBHO, pAX
(56.3) mpexcrasisier coboii aHasor psaxa KaeGiuia — lopaana s
HeNpepHBHOA TPYNNE INOBOPOTOB INPHMEHHTE/IbHO K JRHCKPETHHIM
KOHEUHKIM TPyIIIaM, , ‘

§ 57. Onpenenenne KoapPUUHEHTOB NMPHUBEIEHHS.
Merog JUHEHHBIX ajdreGpanyecKux ypaBHeHHIl

" [oaHEe KO>(GHUIMEHTH NpPHBENeHUs IS MPOH3BEJEHAN Hempu-
BOJMMEBIX NpeJCTaB/ICHHA MPOCTPAHCTBEHHHX TDYNN OMNpeNeNeHH B
(56.1), u Temepp MOXKHO OOpaTHTbCA K STOMY YDPaBHEHHIO, YTOOH
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3aBepIINTb HX omnpenefeHue. SIcHo, uto cooTHowenus (55.7) u
(55.9) uMeOT 0JHHAKOBYIO CTPYKTYPY, H IIO9TOMY IIPH HX paccMOT-
PEHHH MOXKHO HCIIOJNb30BaTh OJHHAKOBLIE METOHL

ByzeM cunrath, uto comHoxutean DB m y p*&)m) g (55.1)
3aganbl. [Ipennosnaraercs, 4To ONpeaeseHb COOTBETCTBYIOLLHE KO3d-
¢buiHeHTH NpUBejieHUus a5 3Be3x u3 (56.3), Torna ans KaxJaoh
3Be3arl *k”, takofi, 4TO -

(B*E | *k") £ 0, (67.1)

. * 20
JeHCTBUTE/BHO BO3HHKAIOT IIpeACTaBJeHHs D*e) m,

Hpennonome, qT0 HJIs 3TOH 3BE€3bl HMEETCS fk” JOMYCTHMBIX
HepUBOAHMBIX NPEACTaBJAEHHH, Kaxjoe C PasMepHOCTBIO [p7mr.
Torza, ecin, KaK H npexne, 4ucjio Jyueli B 3Besne *k” pasno s”, TO
NoJHasi PA3SMEPHOCTb BO3HHKAIOLIEr0 HENPHBOLHMOTO IIpencTaBJie-
HUSA co 3Be3nol *R” paBHa .

(*E*EK | *R") 5", (57.2)

Kpome TOro, M3 YCJIOBHA COXPaHeHHS DPAa3MepHOCTH CJEAYeT, 4To
koahduunentsr (*km *R'm’|*k”"m”) RONKHBI YHAOBJIETBOPSITH COOT-
HOILEHHIO N
rp”
Z (ikm*k/mll *k”m”) Lormr == 8" (*k*k’ I *k”). (57.3)
m”=1
Jlasee, ecam UHCIO PasiHuHBIX (T: €. HESKBHBAJEHTHEHIX) 3Be3J
*k'/, Bxogswux B Koabduuuentsl (*k*k’|*k”), paBHo t”, T0 umcso
pasIuYEbIX Ko3(D(HUHEHTOB, KOTOPHIE CJAENyeT ONMpeleaHTh, PaBHO

&,’
k”ZI rar. ‘ (67.4)

TTosTomy ypaBHenus (55.4) anHnMaloi‘ BHUJ

2B ({g, 1 £ (@,3) 2% ™) ({9, 1 £ (@,)}) =
= Y Cen™®m’ |"km”) yC¥) ) ({g, 1 (9,)}).  (57.5)

*k”m”

Vpapuenus (57.5) npencraBasioT coboR JHHefHEIE ajare6pauyeckue
ypaBHEHHsI, B KOTOPHX HEH3BECTHHl TOJBKO KO3(h(UUHEHTH MpHBe-
nenus. Muaue roBops, LJsi KaxkJOTO 3J€MeHTa HPOCTPaHCTBEHHON
rpynnsl @ u3BecTHH Bce XapakTephl, sxozsuwue B (57.5). Xors B
IIPOCTPAHCTBEHHON rpynne HMeeTcsi goN 37leMeHTOB, YHCJAO HEH3-
BEeCTHBIX K03 dHuuneHToB NpHBegeHus (57.4) HaMHOrO MeHBHIE,
Onaa pewenus (57.5) caemyer Tenepr BHGpaTh CTOABKO pas-
JAMYHBIX 3JeMEHTOB NPOCTPAHCTBEHHON T'PYNNHl, O OAHOMY M3 Kax-
Aoro Kiaacca rpynmbl &, CKOMIBKO HMeETCA HEH3BECTHHX Kodddu-

N
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LUUEHTOB NpHUBejieHHsT B CcooTBeTcTBHH ¢ (57.4). DaemeHtn mpo-
CTPaHCTBEHHOH TPyIIBI MOTYT BKJIOYaTh B ce0s KakK IpeICTaBHTE-
Jell CMeXKHBIX K1accoB {@p|v,}, TaK ¥ 571eMeHTH 0O0liero Buzua
{@o|v, + R.}, BXoAsiHMe B IpOCTPaHCTBeHHYIO rpynny. JIerko BH-
LeTh, 4TO €C/IM I/l OTPaHHUEHHS YHCJAa BO3MOXKHEBIX KO3 HIHEHTOB
OpHBeJeHHSA JJf 3aJaHHOrO JAONYCTHMOIO 3HaueHHss R’ ucnoJb-
ayeTcs cooTHoileHHe (57.3), TO 3ajaua pelleHHs JHHEHHHIX aJjire-
Opanueckux ypaBHeHu#i (57.5) cymiecrsenHo ynpouaercsi. Hakonen,
4To6Hl HCKAIOUHTD BO3MOXKHOCTh MOSIBJEHHS peIleHHH YpaBHEHHH
(57.5), He HMeIOMHX CMBICAA, CJIeAyeT HCHOIb30BATh TOT (PaKT, YTO
Ko3(h(UIHEHTH IIPUBEeHHS PaBHLl MOJOXKHUTEIbHEIM YHCJIAM, BKJIO-
yas HyJb.

IT1or MeTox HaxoxkJieHus K03(hdUINEeHTOB [IPHBeIeHHS, OCHOBAH-
HBEIH Ha HCXOJHOM ONpeie/ieHHH K03(dguiuneHToB npusenenns (55.1)
uau (55.3), o6nagaer mosHOM OGUHOCTBIO, H €r0 MOYKHO IIPHMEHSTh
IJs 1000l NPOCTPaHCTBEHHOH TPYIIH, KakK cUMMop(dHOH, Tak H
HeCUMMOPGHOHA. DTOT METOL MOXKHO Ha3BaTb METOLOM JHHEHHBIX
anrebpauvuecknX ypaBHEHHH, M ero MOXHQ C TakuM Ke YCIeXOoM
HCIIOJMb30BATh B CJyuae, Korja OAHA H3 3Be3l, WM BCe 3Be3jbl B
PaA3JOKEHHH HMEIOT BBICOKYIO CHMMeTpHIO (T. €. KOTHAa rpynma
G (k) Brlcoxoro mopsAnxa) Aubo KOrja OHH HMEIOT HH3KYIO CHMMET-
puto. CorJyacHo ofuiell TeopemMe eIHHCTBEHHOCTH Da3/IOKEHHS Tpel-
CTABJAEHHUS HA HENPHBOAUMEBIE COCTABJASIOLIHE, PelleHHe YpaBHEHHH
(57.5) u (B7.3) aABnsieTcs eAHHCTBEHHBIM H TOUYHBIM. JlJis mpoBepku
pesyJbTaTa YHCJIEHHOrO pacdeTa MOXKHO HCIO/Ib30BaTb YpaBHEHHe
(567.5), mojcraBiasis B HEro sJeMeHTH IPOCTPAHCTBEHHOH TDYIIH,
OTJIHYHBIE OT 3JEMEHTOB, HCIOJIb30BAHHLIX B HCXOJNHOM Pa3iiOoxKeHHH,

Mgpr npumennm stot Mertox B § 129, 130 maa noaydenus kosd-
(GUIHEeHTOB NPHBENEHHS AJIf [POCTPAHCTBEHHOH TPYNIB KPHCTAJ1a
¢ cuMMeTpHeli KaMeHHOH cosu. UToOB NpPOAEMOHCTPHPOBATH NpakK-
THYECKOE yH0OCTBO 3TOr0 MeToza, OyneT pacCMOTPeH KOHKDEeTHHIH
npumMep.

§ 58. Onpenenenne KoathuuueHTOR NpuUBEaEHHS.
Meroa rpynnel npuseleHHs

Meton JuHelHBIX ajreGpauuyecKHX ypaBHeHHH, H3JIOXKEHHLIH B
npenblAyLieM naparpade, sBASETCS, MOXKHO CKas3dTh, NPSIMBIM Me-
TOZOM ompeneneHust KoadduunenToB npuseneHns. O6paTHHA MeTOx,
OCHOBaH Ha CyMMHPOBaHHH IO BCefl rpymme, NOAOGHOM CyMMHpOBa-
guo 8 (17.8), koTOpoe Temepb BHINOJMHASTCA [0 BCeH NPOCTPAHCTBEH-
Hol rpymnme, kak B (55.5). CyMMupoBaHHe IO BCeH Trpylne MOKHO
BRIIOJIHHTH TOJBKO B TOM CJydae, KOT[Ja pPaccMaTpHBAKOTCA HEKOTO-
pule IpeACTaBIeHHs AOCTATOUHO NPOCTON CTPYKTYpHI, TaK YTO MOX-
HO HCNOJIBb30BaTh 3Ty CTPYKTYPY AJs Hepexoja K PacCMOTPEHHIO
HEKOTOPHX (akToprpyiil.
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B wacTHOCTH, /Il 3Be3], BBICOKOH CHMMETPHU MaTpHuHas rpynna
D*®)m)  gpngercs roMOMOPGHEIM OTOGpakeHHeM a0CTPaKTHORN
rpynnse ‘@, Ttakum, uto A4po roMoMopdHaMal) & mpercraBiaseTr
co6oft Tpymnny BLICOKOTO nopsiika (T. e. nopsaka N), a HHIeKC NOJ-
rpynnsl & B rpynime DU*E)em gpagercs ManmM 4HCIOM (. e. mo-
pAnka gp). [Tonobuoe obcyxAeHHe OMKHO PasbsICHHTb 3TO YTBEPK-
JleHHE,

Paccmorpum coBoxymroceTh BeeX Marpun DY) m) pxoxsmux B
AP0 roMOMopdHuaMa:

K& m {D*B)em) ()}, tae DB (v) =D ({e]0}).  (58.1)

Ha6op snementos {Y}, oueBHAHO, 06pasyeT HOpMANbHYIO NOArPYIIY
rpynnsl @. [103TOMy MOXKHO NOCTPOHTL (aKToprpynny rpynnsl @ mno
3TOH HoArpymne. PaccMOTpHM NOArpynmy

ER{Y} = {Y}’ (58.2)

ofpasyeMyl0 COBOKYIHOCTbIO abCTPAKTHHIX 3JeMeHTOB Ipynmnel @,
TaKuX, 4YTO KaXKAOMY 2JieMeHTY Y B JaHHOM HENPUBOLHMOM IIpe-

craBieHuu (B MarpuuHoil rpymne) D(*#) ™ coorpercTByeT MaTpHma
DU m) (v) == p(*&) tm) ({g| 0}). (58.3)

OO6nuHO OKA3bIBAETCS, YTO 3JAEMEHTH rpyminl Ny; NMpeacTaB/sioOT
co60l 4HCTHIE TPaHCHSMHH, XOTd Nyy=7< TOJBKO B TOM cayuae,
korna 3sesga *kR=T. [losTOMy MOXHO paccMaTpHBAaThb PasJo-
JKenue rpynnsl Tpancaguud T no moxarpynne Ny, KOTOpoe paer
Habop npencTaBHTEJell CMeKHBIX KJAacCoB B BHiE

TRy ={el0}, {elt}, ..., {elta ). (58.4)

OTMeTHM, YTO paccyxIecHHe NOJHOCTBIO COOTBETCTBYeT 6ojee mpo-
CTOMY paccyXJAeHHI0, NPHBeAeHHOMY B § 39 npn H3/I0KEHHH METona
majof rpynnsl. B ToM cayuyae B (39.9) paccmaTtpuBaJsack rpymma
I1(k), pasnas ¢akroprpynne & (k)/T(k), rae rpynna (k) ompe-
JeJsaach KaK Habop TaKHX a0CTPAKTHHIX 3JeMEHTOB IPyNNe £, 4T0
B JaHHOM IIpefcCTaBJeHHH MaTpPHUBl 3JeMedToB rpymnsl £ (R) Gniin
paBHBI MaTpHIE, COOTBETCTBYIOIIEH TOXAECTBEHHOMY 3JEMEHTY
{e]|0}. TlosToMy MaTpHIbl, COOTBETCTBYWOUIHE 3/JeMeHTaM TpYIIIH
T (k), BXoZAT B HEHTP MAaTPHUHON TPYNNH, oGpasyioiliell KOMYyCTH-
MOe HENPHUBOJAUMOE INpeacTaBleHHe rpynne &(R), 1. e. BXOZAT B
nentp rpymne D™, B paccmaTpuBaeMom 3zech cilyuae HMEHHO

1) Ipn BesikoM romomopdnoM oTo6paKenuu rpynnm G Ha rpynny H enu-
muna rpynnu, G nepexoauT B eausuny rpynnn H. COBOKYNHOCTb BCEX JEMEHTOB
rpynnbl G, MepexXOASIHX B €IHMHHLY Ipynnsl H, sasuBaerca sAPOM LAaHHONO ro-
momopduama (cm. [117], crp. 253).— ITpun. ped.
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noJRast rpynna @ onpegenser yepe3 HeNPHBOAHMEIE NMPEACTABJICHHSA
D*E) m) moarpynny RNy u, Takum o6pasoM, piax B (58.4).
Hcxonsa u3 storo, obpasyem dakroprpynny

G/Ny;. (58.5)

Ona pas6uBaercs Ha Psil CMEXHBIX KlaccoB. KakAbH He3aBHCHMBLH

CMEXHBIH Kiace rpynnsl 3 (58.5) mpeicrasasiercs mMaTpuuel rpyn-
. ,

net D *®) ), HaGop stux marpuu 3aMKHYT, T. €. OH 006pa3yer Mar-

puuHylo rpynny. PaccMoTpuMm Temepb TIpencTaBHTENEH CMEXKHBIX

KJI1aCCOB -
€10}, ..o, o1t} {0alO) oo fug, |2} (68.6)

Ec/u paccMaTpHBaTh HENPHBOHMOE NpescTaBierne D' e) m) rpyn-
net @, T0 Habop H3 gpn; NpencTaBuTeNell CMeXHBIX KJIacCOB obpa-
3yeT COBOKYIHOCTb «HE3aBHCHMBIX» 3JIEMeHTOB rpynnn @.

CoBokymiocTb 3/1€MeHToB (58.6) Mbt 0G03HaunM uepes R(R) u
Ha30BeM «TrPYHIIOH NpHuBejeHHs AJa Bekropa k». OQueBHIHO, mIpe-
crasrenne D)™ gpusercs muimb. FOMOMOPGHBEIM OTOOpakeHHeM
rpynnsl @, HO yacTo nIpesncTasaseT cobolt nzoMopdHoe 0TOOPaKeHHe
rpynnsl $ (k). Tak, nabop matpun pD(*& ) (7) rpe Z — sgement
rpynnsl R (k), ob6pasyer MaTpHUHYIO TPYNNY, 3aMKHYTYIO OTHOCH-
TeJBbHO MAaTPHUHOTO yMHOXeHHSA. [lasee, HaGop D(*#) (m) (Z) szapaer
MAaTPHUHOE NPeACTaBJICHHE NI COBOKYNHOCTH aBCTPAKTHEIX 3J/eMeH-
toB R (k), onpenenennoit 8 (58.6). IlosTromMy cooTHOLIeHHE

2 @ =gN, (58.7)

B KOTOPOM CyMMI/IPOBaHHe HpOH3BOﬂHTCﬂ o BCEM 3JIeMeHTaMm prﬂ'
nbi @, MOZKHO HpI/IBe(;TH K 6OJIee HpOCTOMy BH}lY

2 1)

> [y (Z) [ = g,n,. (58.8)

ZesN (k)
CootHowmenue (58.8) mpencraBisieT co60fi COOTHOUIERUE MOJIHOTHI,
caefyollee U3 CBOHCTBA MaTpPHI D*# e paccmarpuBaeMHEIX B Ka-
YecTBe HENPHBOAMMOrO MpeAcTaBleHHs rpynnsl &.

TouHo TakuMm xe 06pa30OM MOXKHO Temnepb ONPENEeNHTh SAAPO
npencrasienns D*#)m); o6osnauum ero uepes & (*#) ™). Moxno
Tak ke paccmorperb u rpynmy R(k’). TpaHcasuuu, BXOAsiHe B
rpynny R(k’), MoryT aubo coBnanaTh, 60 He COBINAAaTh ¢ TPaHC-
asupsMu u3 rpynnsl R (k). MoxHO, HaxOHell, NOCTPOHTb TPyIIy
®(k’’), COOTBETCTBYIOLUYI0  HENPHBOJHMOMY  TNpPEACTaBJEHHIO
p*#)mn, B TakoM Clydae MBI IIOJYYMM TPH OTAE/NbHLIE IPYIA
MaTpHL, KaxJas M3 KOTODHX 3aJaeT IPeICTaBJIeHHe COBOKYNHOCTH
aBerpakTHbix aieMentoB R (k), R(R) uin R(kK”). Dru MaTpuunbe
IPynnsl HECyT CYIIECTBeHHyIO (He H3OLHITOYHYI0) HHDOPMALHIO O
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k

noaHsix MarTpunkx rpynmax D)  pw)m) g p(*#) . [lep-
Beie ase rpynms D*®) e g D*#)m) pxonst coMmoXHTENSIMH B
IIPON3BefieHHE, KOTOPOE CIENyeT PasoXKuTh, a TPEThbd NMpelcTaBiaseT
co6oii npencTaBieHHe, Hajuune Kotoporo (T. e. m’’) B mpousBele-
HUH Tpebyercsl yCTAHOBHTH, €cJH MBI 3HaeM,uto 3Besga *kR” pefict-
BHTEJIbHO BXOAHT B IPOH3BefeHHE (3TO ONpeneasieTcsi COOTBET-
CTBYIOUIUM KO3()(QHIHHTOM NpPHBEAEHHS IJ BOJHOBOLO BEKTOPa).

O6pasyem tenepp u3 Tpex rpynn R(k), R(R) u R(K”) oxnny
rpynny R caepywolunm o6pasoM. PacHIEpUM KaXKIyil0 u3 THX Tpex
COBOKYNHOCTEli alCTPaKTHBIX 32/eMeHTOB, N06aBifsl 3JeMEHTH H3
HX COOCTBEHHOTO HeHTpa. TakHM crmoco60M Mbl HalZeM o06IIyio
rpynny R HauMmeHblllero nopsigka. Ecsam, HanpuMep, fiIpOM npen-

L Y ” x g ”"
craBaenns D#¥) " gpugercs K7(¥) 1 g sjpementamu rpymmbr

* ” "
7)) gpnaores saementsl Y (rak uto T/Ny. cOmEPKHT 1]
npeacTaBuTelell CMEXHBIX KJAACCOB) H Bjw > Ryy Ay >0y, TO B PALE

clIydyaes MOXKHO OnpeneluTb 0o6myio rpynny R, KaK COBOKYHHOCTb
a6CTPaKTHHIX 3JIeMEHTOB H3

&/Nyy = (B/Nyy) Ry Riy), (58.9)
&/Nyy = (B/Neyy) (Reyr/Neyn). (58.10)

MoxeT okasarthes, 4T0 vJeMeHTH rpynnsl Nyy/ Ny BXOAAT B HEHTP
*
rpynasr DB 0m) g ajementer rpymmer Nyy/Ryn — B LeHTp rpynnbt
x4, ’
D*#)m), B rakom cJydyae MOXKHO HeMmelNJIeHHO BHINOJHHTDH NpH-
BejeHHeE.

Onpenenus rpynny R, Mbl nosydum oO6LLyI0 TPYNIY [PHBELEHHS.
TodHee roBopsi, 3TO rpynna aGCTPAKTHBEIX JEMEHTOB, KAaXKJIOMY H3
KOTOPBIX COOTBETCTBYyeT MaTPHYHOe NpeAcTaB/eHHe H3 IpeicTaBJe-

o w . * Xy, ’
anii-comuoxutenelr DA m gy DO®)n yip w3 npencrapienus-

L Y v
npoussenenust D(*#)m’}, Bejencrsue ux HEIPHBOAUMOCTH HMeEeM
I/ Ka)KJAOrO NPEeJCTaBJEHHS COOTHOIIEHHE JiJs XapaKTepoB

a TaKx¥Ke H3

Z |x(*") m)(7) !2=g n.,=nmnopsanok rpymus ®, (58.11)

4 TaK¥Xe

Zé:m o) m) (Z) o (F#) ) (Z)" == 8,81 1. (58.12)

[Ipu s1OM COOTHOLICHHE OPTOTOHAMLHOCTH M HOPMHpPOBKH (58.12)
NPHMEHHMO B patCMaTpHBaeMOM cJaydae K J0GOH mape H3 Tpex
3Be3n *k, *R’ m *R’/ ¢ cOOTBeTCTBYIOIIUMH HHAekcamu m, m’, m”;
Z — IPOH3BOJILHEIN 3/eMeHT rpynnu R, Temeps, HCMOAB3YS COOTHO-
meHHe OpTroHOpMHpoBanHOCTH (58.12); MOXKHO 3aBepUIMTb IpolecC
NpUBENeHHs, PaccMaTPHBas COOTHOILEHHe, KBHBaJdeHTHoe (55.5).
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Takum o6pasoMm, uMeeM
(*km*k/m, l*k”mll) -
= ! Z KB ) (7) BV ) (Z) L EV (), (58.13)

g in
P gew

Coornowenue (58.13) 3axkanuuBaer npusenienne. Onpegesus rpyniy
npuBenenus R, obwmyio AAS Tpex paccMaTpHBaeMBIX - MATPHYHBIX
I'PyIIN, MBE NPHBOJHM CYMMHpoBaHHe B (55.5) K TaKOH ¢dbopwme, yto-
OBl €ro MOXKHO OBIJIO BHIIOJHHTbL TOUYHO. - .

JLOCTOHHCTBO 3TOrO MeETOAA, HCNOJb3YIOLWIEero rPyNny IpHBeae-
HUSI, COCTOMT B NPSAMOM BBIYHC/ACHUH HHTCPeCYIOLIHX Hac Koahdu-
HHEHTOB IpHBeleHHs 0e3 HCHOJb30BAaHHA MeTojaa Ipob H OIHGOK.

Ecau sjementsl rpynn TyyNyn B Ny /Ny~ He BXOAAT B IEHTPH
COOTBETCTBYIOUIUX [pejicTaBJeHHH, To HeobOXopuMasi NMPH 3TOM MO-
NUQHUKALAS MeToja B NPHHUHNE NpocTa. Kaxknas A3 TpexX HCXOAHDLIX
rpynn Oy, ®Nyy 1 Ry~ DonosHsgeTcs 3neMeHTaMH X0 TeX
nop, noka He ofpasyeTca obmas rpynna npuseneHua R. agee
MOXHO HCIIOJIB30BATh U B 3TOM caydae coorHomenue (58.13) u rem
CAMBIM BHINIOJHUTDL NpHBeAEHUE,

IToxBonss WTOr, MOMKHO CKas3aTh, YTO MeTOJ INPHBEJEHUS Npej-
craBjasieT coGOH CTPOryw IIpOoueaypy, B KOTOpPOH /s BhIMOJHEHHS
cyMMHpOBaHHsi B (H5.6) wHchmoJab3yeTcs TOMOMOPGH3M TPYIIH
D(*#)(m) 1o OTHOWIEHHIO K NMOJHOM IPOCTPAHCTBEHHOMN rpynne @&, a
TaKXke TOMOMODP(pH3M OCTaJbHBIX NpEeACTaBAeHKl, BXOAAIUX B cO-
OTHOIIEHHe INpHBeleHHA JlOCTOHHCTBO 3TOro MeTola (B cJayuasx,
KOTZa BO3MOXHO ero NpHMeHeHHe) COCTOHT B TOM, YTO OH HONYCKAaeT
IIPOBEPKY KO3GhOHHIHEHTOB ¢ MOMOILIBIO COOTHOUICHHS OPTOHOPMHPO-
BanHocTH. Kak # B caydae GoJjiee IPOCTOTO MeTOAa MaJIOH IPYIIEI,
COCTOSIIILETO B ONpeNeeHHH HelpHBOAUMBIX NPeACTABACHUA TPYIIEL
G (k) no HempHBONMMEIM npejcTaBJeHHaM rpynnsl I[1(k), oKaszm-
BaeTcsl, YTo METOJ TpYINbl HpHBEeAeHHs IoJe3eH B caydyae 3Be3f
BHICOKOl CHMMETpDUH, T. €. KaHOHUYECKHX BOJHOBEIX BEKTOPOB BHI-
COKOI CHMMETpHH.

Mertoa rpynnbl npuBejeHHs WiAOCTpupyercs B § 132, rge mo-
JaydaoTcs Ko3(PQHUHeHTH NpHBeJeHMs IJA NPOH3BeldeHHH mpen-
craBJieHHA BBICOKOH CHMMETPHH IPOCTPAHCTBEHHON TPyHIE ajMmasa.

§ 59. OnpeneneHne K03 (PpuLHEHTOB NPUBEAECHAS.
Hcenonb3osanue 0a3sucHeIX GyHKUmii

[TpuMeHAst METOA MNOJHOH TPYNIBl K HCHOJAB3YS HOJHHEA Habop
6a3ucHBIX (QYHKUMA AJs1 00HOd 3Be3bl, MOXKHO UYaCTHYHO OIpene-
JUTE KO03(hPHUHEHTH INpUBEASHUA JJIF [pelicTaBJeHUH, COOTBET-
CTBYIOIIHX 3Tofi 3Be3fe. IlHaue roBops, NPeANOJOXKHM Teleph, 4TO
MBI OIpeleNHM JJf PaccMaTpHBAeMOro NPOH3BeNEHHS, KOTOpOe
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clenyeT pasJoxKHTb, Bce KOaQOHIHEHTH IPHBEAeHHs 1Js1 BOJHOBBIX
BEKTOPOB (MJu Aas 3Be3n). VMes 3Tu kosdduiuenTs, MOXKHO pac-
CMOTPETh PasJOXKEeHHe COOTBETCTBYIOUIHX NPOCTPAHCTB. SICHO, 4TO
pasjoKeHHe NPOCTPAHCTBA MPOH3BENeHHS 3aMHCBIBAETCA 4epes
KOvGbbHuueHTs npuBenenns (*km*k'm’|*k”m”) past nonHON rpynmsl
B BHIE

Bm @) m = ¥ @ Ckm B m | k7 m”) SFE)I ), (59.1)

* B m”

Hcnonpsys Tenepb cOOTHOLIEHHE /I Pa3MepHOCTH MpelCcTaBJeHHIH,
BpIpaxkaemele B (57.3) mpaBugaMu oTO60pa AJs1 BOJHOBHX BEKTOPOB,
MOXKHO CYHTAThb H3BECTHOH NOJHYIO pPa3MepPHOCTb BCEX NPelACTaBJe-
HHH, COOTBETCTBYIOIMX 3Be3fie *k”; OHH BOSHHKAIOT IIPH DPasiloxe-
HUY NPOH3BENeHHs BHIA

p*e)m) g p(*#) (m),

IlpennosoxuM, 4T0 y HacC UMeercs NMOJHBIH HA60p GYyHKUHA u3
(69.1). Bribepem u3 storo HaGopa BCe IapHble NPOU3BEEHUA, I
KOTOPBIX

4 t/4
ks + ky = kor, (59.2)

I4 o
rae Ry — 100608 u3 BekTOpoB 3Be3ant *k. Takum cnoco6oM MEl
(opMaabHO cobepem Bech BO3HHKaouuli HaGop QpyHKUHE, 06pa3ylo-
WHH Bce MPOCTPAHCTBA {2(*k") {m 3}, COOTBETCTBYIOLIHE 3Be3jie ¥R
H Bcem m”.

Ecan npuMeHHTh K 3TOMY Habopy coGcTBeHHBIX (YHKUHA Bce
onepanuH NMOBOPOTHOH CHMMETPHH (IpeACTaBHTENH CMEXKHBIX KJjac-
coB rpyniu @/€), To MH NOAYyYHM IIOJHOE IPHBOAUMOE IIpeACTaBJie-
Hue 0aa 3roli 38e306l. JIpyruMH CJIOBaMH, PacCMOTPHM INPOCTPaH-
¢TBO, 06pasyemoe HalopOM (PYHKUHH, BEIGpaHHBIX H3 2(*#) caenyio-
M obpasom:

(*2) = {qp((l"a) (m)q)gffs') W’}, (59.3)
ks -+ Ry =k, a=1,..., 1, o&=1,..., L
Torpa .\ .
Pioyeop2™*) =D ({g] ¢ (¢)}) 2*#). T (59.4)

Ho B o6wem ciayyae (ecau B cyMMy B (59.4) BxoauT Gojblle Of-
Horo sHaueHus m’’) marpuna D ({@|t(¢)}) npusoauma. Uto6u BHI-
MOJIHATb NPHBEJEHHE, CJAeNYeT BBIUACAUTL CJI€J MaTPHIH

SpD({plt@})=x{e!t(@)}). (59.5)

Torna, umes cucreMy npuBOZHMHX xapakrepoB (59.5), a Takxke
cucremy xapakrtepo x(*¥) ™) nja  nomycTHMbIX HeNpPHBOZHMBIX
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npeacTaBleHAH 3Be34bl ¥R/, MOXKHO BHINONHATL PA3JOKEHHUE HPHBO-
IUMOH cHCTeMBl XapakrtepoB (59.5) u onpefeaHTh KO3 OHUUHEHTH
CCkm*kR'm I*k” ”). B 3TOM cilyuae MOMKHO TaK¥Ke€ HCIOMb30BATh
MeTon JHHeHHHIX aJrefpanuecknx ypaBHeHuld (§ 57) u meroxn
rpynnel npuBenenus (§ 58).

HOJIHOCTbIO 3KBHBAJICHTHBIH METOA OlpeZe/eHHs] BO3HHKAIOUIMX
3HaueHHH m’” MOXKHO CHOPMYJIUPOBATL C NMOMOLILIO HAEMIOTEHT-
HBIX ON€pAaTOPOB NMPOGKTHPOBAHHSA, CBA3AHHBIX C HENDHBOIHMBIME

npexcraBienusamu DF)m | Eegy xapakreps X(*#") w0 ({¢gp | 2,})
H3BECTHBI, TO ONEPATOPbl NPOEKTHPOBAHUA IJs XapaKTepOB [T e.
crable onepaTops MpoekTHpoBaHHA PV, ompenenentne B (16.5)]
MOKHO HAHTH 1O GopMmyaaM

1 -

P v — Ve, (EVm (9| 8,0) Pro e,y (59.6)
® .

[Ipu npuMeHeHHH 3TOTO 6neparopa ¢ 3agaHHBEIM m’”’ K. QYHKUKH
(59.3) . mosryuaercss aub6o Hy.lb, ecau.m’’ He cojgepxkutca B (59.3),
au6o npaBHiabHaf GyHKUHA. ClenyeT OTMETHTb, UTO HOJyYEHHBIH
TakKuM crnocobom HaGop q)yHKuHH OTHOCHTCSl KO BCeMY HelpuBoiu-
MOMY IpEACTaB/ICHHIO D*#)m npocTpaHCTBeHHON TPYHIB, a He K
OTHAENbHOR CTpOKE.

OueBnpHo, 6as3ucHHe GYHKHHH H ONEPAaTOpPHl NPOEKTHPOBAHHS
KeJAaTeNbHO HCHNOJb30BaTh B CJayuasdx, Korpa TpebyioTcs TOUHBIE
BHpaxeHus 41 (YHKuHH, 06pasyiomux mpocrpaHcTso (&) "),
Kak npaBu10, 4aCTHYHBIN (HENOJHBIA) XapaxkTep NpUBeleHHS, IO-
Jy4aeMblll 3THM MeTOAOM, JeJaeT ero NOJesHeM JAu6o AJ1s cle-
UHAJBHBIX CIydaes, JHOO 114 IPOBEPKH Pe3YIbTAaTOB, IOJYUEHHBIX
IPYrHMH MeTOJaMH. DTOT METOJ BecbMa TPYA0eMOK, TaK Kak INpH-
X0AHuTCA ONpPeleNsaTb OTHeNbHO CHCTeMBl XapakTepoB IocienoBa-
TEJbHO [Js1 BCeX MONYCTHMEIX KOMIOHEHTOB 3Be3ABn *k”, KOTOpHIe
MOTYT BO3HUKHYTb INIPM NPUBEJEHUH. 3aTeM IJf KaxkAOH KOMIO-
HeHTH OTAEJbHO BHIIOJHAETCH NpHBeieHHE, B NpOTHBONOJOKHOCTb
3TOMY OCTa/JbHBIE METOJH Jial0T Bce KOa(PGhHUHEHTH IPHBeICHHS
cpasy, a He noouepesHo. Jlajee MH OTMeTHM, UTO TaKoe XKe 3ame-
yaHHe CJAeAyeT c/leJaTb B OTHOLUEHHH METOJOB NOATPYIIHL.

§ 60. Teopus kosdpduuuentor Kuebwa — Fopaana
AJS MPOCTPAHCTBEHHBIX rpynn ')

Kak Gbi1o orMeueHo B § 18, HaxoxjeHHe KO3 (OHIHEHTOB NpH-
BejeHHs COCTaBJfAeT TOJIbKO YACTh 3aJaud O Pa3fIOXEHHH NPsIMOro
ApousBeJeHHs ABYX HENPHBOLHMEIX NpencTaBJeHHI. 3axmoqmea\b-

1) 3nauuTe/]bHAs 9aCTb 9Toro naparpada Hapucana P. Bepencow; cm. § 18
n 134 o ~ :
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AY .
HEIl STAN COCTOHT B Hax0XJeHHH Kosddunpentos KieGuwa — I'op-
JaHa.

HecmoTpst Ha TO 4T0 KpHCTaJumqecxne IPOCTPAHCTBEHHLIE TPYII-
Ibl H3BECTHH yike B TeueHHe Gosee 80 aser [13—15], samaua o Ha-
X0XJeHHH KO3(hGhHLHEHTOB IpHBeleHHA H Kosdduumentos Kieb-
ma— I'oprana 6bl1a 1OCTaBJAeHA CPABHUTEJALHO HEIaBHO. B 3TOM
naparpade Mbl H3J0KHM HEKOTOPHIe H3 IHOCHEJHHX pe3yJbTaTOB B
5ToH o6Jsactu. [TockoabKy cienyeT OXHUAATh, 9TO paboTa B 06JAaCTH
TEOPHH, PacueTOB K INpHJONKeHHH Kospduuuenros Kaebua — Top-
aHa AJsi IPOCTPAHCTBeHHHIX rpynn 8yzer B GauxaliuieM GyayieM
GHICTPO PAa3BHBATBCH, UHTATENI0 PEKOMEHAYeTCH O3HAKOMHTBCH C
COBDeMEHHOH HayyHO#H JHUTepPaTypoH Io 3ToMy Bonpocy. Paccmorpe-
Hue B § 134 nocBsuieHO BBIYHCJAEGHHIO HEKOTOPHIX H3 3THX K03 -
HHEHTOB JJIsE CTPYKTYPHl ajiMasa.

B sTom maparpade mul 6ynem clegoBath pabotam Hinrtkana [51]
u Bepencon [52, 53]. AnanoruyHoe o6CyXKIeHUE COAEPKHUICH B pa-
6otax Jinteuua n 3aka [b4], Caynesnua, CBupugoBa u CmupHOBa
[65, 56], Cararul [57] u Kopusesa [58].

a. Onpenenenne xoatduunenros Kaebwa — Fopaana pas npo-
cTpancTBeHnoil rpynne. Kospdnunenttt KneGma — Iopnana nis
IPOCTPAHCTBEHHOH TIPYINEl ONPEAEdsOTCs M0 aHAJOTHH ¢ HX Olpe-
nenenneM B (18.4) u (18.5) njsf npOH3BONBLHOH KOHEUHOH PYHNHL.
Ham notpebyercss KOHKpeTHBIH BHJA MAaTPHIl NPeACTaBJeHHH, KOTO-
pbre Mbpt BrinmmieM, cjaenysl (36.18). B uacTHocTu, a1 sJeMeHTa
(*2) ) umeem

DD O (| )oars = DB ({95] o}~ {01} {@c1 T})aps  (60.1)

rae D®® — genpusoxumoe npeacrasienue rpynnst ® (k), a {g4] ts}
0 {g.| T} — opexcraBuTe M CMEXHHX KJacCOB B pPas3jJOXKeHHH
rpynnsl & no moxrpynne ® (k); manomMuum, uTO OmpejeseHHe Ma-
TpUUB ¢ TQuUKOH Jauo B (36.4). IlpsiMoe npousBepenHe mpexpcra-
BJIEHHH MOXHO 3alHCaTb B BHJE _

arb

~

prawgpe) i =Y @ (k™K1 | *k717) DI, (60.2)
& .

Koadpdpuunentsr Knebma — ['oprana onpeaensioTcss COOTHOLIEHHEM

'lbgf’g”) (I”"y — Z Z (k l k’ l/ ) kll l// Y ) 'll)gkq) (l),lbgg/) l’. (60-3)

4 7. 174 /i
e v \O a o a"|o” a”

Yno6uo BBecTH 0603HaUeHHE
4 74

kll lll
U gao’ = Uagqd’ k”l”o” sl T . .
a’, 6”a” ao’a’, - o a 0,/ . al // all )
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Bocnpoussons BuiBox ko3dhdHuuentos Krae6ma — loprana naasa
Koneunsx rpymna B § 18, NOJIyuHM ClefylOliee ypaBHenHe, aHaso-
ruunoe (18.23):

§ : v Y* R
chaa’a’, o7aU gas’a’y 6"a¥ = .

lll x , ,
= 2 DUD O (1) 100 DT# O ({9 £:3) g X
X DBV (g, [ ) rgrgra (60.4)

rge [” — pa3MepHOCTb INPENCTaBJIEHHS p*#)ur a g — nopsinok
HPOCTPAHCTBEHHOH TPYyIONEL. ™

Corsacuo (6.33), IpOCTPaHCTBEHHYIO Tpynmy MOXKHO pa3buTb
Ha CMeXHHeEe K/JacChl II0 MHBAPHAHTHOH NOATPYIINe TpaHcaauui L:

=T+ {gl} T+ ... +{gsl 7} L. (60.5)

IMTosTomy npoussoJbHBEE 3JjemeHT {@|¢} MOXHO 3anucarb B BHIE
NpOU3BENeHNs] MPEACTaBHTEsT CMexHOro kJaacca {@|T} na qHCTylo
rpancasumio {&|R;}, Tak uTo

DB O ({g, | t N oas @ = é DB ({g,] " Voass DB 0 ({e Ri)goss=

= D(*k) D ({o | rx})oaﬁbiéﬁﬁébﬁ exp — ik * R =
— exp— iks - RIDCDO ({1 7,)

4

(60.6)

casa’

CremoBartenbHO, cooTHoueHue (60.4) MOXHO Hepenucarth B BHJE
Z anoa o”a"Uoﬁé'a' §ra”r =—
v —i (kg+kli—kZ) R * .
=Eze L( orte G) LZD( k)(l)({q)xlrx})aaﬁdx
* '] ’ X 5, ”
X DRI ({0 1D D)@ (i | TxDgrgugrger (60.7)

Hcnoansyem Ttenepb cootHomenus (49.12), (49.13), coruacHo Ko-
TOPHIM

; exp — ik - R, == NA (k), . (60.8a)
L
rxe
| . npu k==2nBy,
A (k)= (60.86)
0 B gpyrux caydasx,

a8 N — nopsagok rpynna .
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2

CaenosarenbHo, Ko3hduuuentor Kaebma — [opmana paBHE
HyJ/O0, 32 HCKJIOUEHHEM C/yuas, KOrza

ks -+ ks — k= 2nBy. (60.88)

Ecau coornomenne (60.88) BHIIOJHEHO, TO

E Ucaﬁ’a 0”a"U6d6’a §a” =

i Z D *k) (1) ({q)xl Tx})o'aa'd D(*k/) (@ ({(Px I "x})o"a'ﬁ"ﬁ' ><

>< D(*k”) 1) ({(pxl rx});"a”é”d”' (60.9)

6. BoraucaeHie O6aoka Koathpuuuenros ¢ wuuzexcamu (111).
Tak kak BbHGOP KaHOHHYECKUX BekTopos Ry =R, R =F 6 k] =FRk"
Ka:KI0H 3Be3nsl MPOH3BOJEH, YI03H0 C4iTaTh, 4T0 ki + R — R =
=2nBy. Torza umeeM 0=0=¢ =§ =0"=§G"==1. CootHo
meHue (60.9) npunuMaeT BHUL

. " *
Ulala'. laﬂUldld' 15 = — Z D( k (l) {(Px I Tx} lala

x

X DRV (i [ 1) 00 D) (e .} i =
l’, . . 7 r
= Y DM (g 1 Ty DP (i Td) g X
X

. X DE M (o 1T g (60.10)

rie CyMMHPOBaHHE IO X BEJETCA IIO0 3JeMeHTaM, BXOJNSANIHM OJHO-
BpeMeHHO B rpynnel G(k), (k') u @(k”). Touku Hax MaTpHUAMH
oGecneuynBaiOT 3TO OrpaHHyeHHe.

Hast opocrorel 0603naueHuit cootHoleHue (60.10) sammcano
AJ15 cydash KPaTHOCTH, PaBHOH enHHHIe. AHAJOrHYHO MOXKHO TakK-
sKe MpoanadusHpoBaTh cayuall 6ospmel KpatHoctH [51, 52], ogHako
3TOT0 aHAJM32 MBI 37ech He npupoamMm. Haszosem KoadduuueHTH
Kne6uia — lopnana, onpenenenssle coorHolenueM (60.10), 6aokom
Kosdpunmenton ¢ uugekcamu (111). VIx MOXHO NOJYYHUTH TEM Ke
merozxom, uto H B § 18 [cm. (18.15) un nasee]. Ilpm stom crenyer
BHOpaTh HEKOTOpHE d=a=ao, @' =d =a, 1 a”"=a" =aj,
TakHue, yTOGH npaBasg yacTh cooTnouenus (60.10) 6vna oTauuHa OT

uyas. 3ateM cleayer gukcuposars pasy senuunn Uy, -0 xa{{ cuH-
Tas HX [IeHCTBHTEJBHEIMH, TONOXKUTh & = @o, &' =a; n 4" =aqa

H PaccMOTPETh Bce BO3MOXKHEIE 3HaueHHs BeauuuH a, a’ a”. Eciu

RIR'L | R717) > 1, s
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TO cjleyeT NOBTOPATb 3Ty IPOURAYpPy XO TeX HOp, Noka He OyZeT
Haijen 6J0K KoadduiuerToB ¢ uanekcamu (111).

B. Boiuucienne 610ka koadpunuenros ¢ uupekcamu (o, o’, o7
Urobbl BBIUHC/HTD K03ppuunents Kine6ma— I'opiana Gioka ¢ HH-
JeKCaMHu (cr o, o”), HocTynuM clenyiomuM o6pasoM. Bribepem
HEKOTOPEIH OTIMYHEIE OT HyaAA ajeMeHT Ugssa, o7a» M 0003HAUHM
ero uepes U, Torna HMeeM

u” Usa, & ‘o, o"ar == N Z D(*k) (l) {‘Px I ‘l.'x} oaoa

>< D) ( (CTAES ) W D) ({1 T4}) g vy (60.11)

rae CyMMHpoBaHue 10 X BBHIIOJHSETCS IO 5JIeMEHTaM, BXOLIWHAM
onHoBpemerHo B rpynms & (R;), ® (k) n-O (kg), T. e.

q)xkc = kc’ q)xkt;’ = k;” kg =k,

x o —— Mo

(60.12)

r7ie 3HaKOM == 0003HaYaeTcs PABEHCTBO C TOYHOCTBIO L0 CJarae-
Moro, pasroro 2nB.
PaCCMOTpHM Tenepb 3JEMEHT @y, NepeBoAsAmui 6J0K C HHJEeK-

camu (111) B 610k ¢ uHmercamu (o06’c”), T. e.
o=k, @k =k, @k =k, (60.13)
Torma
P30 sk =k, @3¢k =k, o7'ee;k"=Fk". (60.14)
CienoBaTeNbHo, 3JMEMEHT @F'Q, Py NPHHALJNEKHT ONHOBPEMEHHO
rpynnam ® (), () u OG(F&”). Ilyers ¢, = ©3'9,py HIH
9, =¢59,95". Torna

DB ({‘Px 1) e = DUDO({qy| T2} o, 7,} {0 rz}"‘)wmi —
=D® (o, 7} ™" {0z | 75} {0, | 7} {0z | 75} {0 ] tc})qﬁ' (60.15)

Ho rak kak qzk=k , siement {(pzlrz} JOJIKeH NpHHAMJIEXATh
CMeXKHOMY KJaccy, ONpee/sieMOMY 3JE€MEHTOM ¢ B pasCHeHHH
rpynnet ® nmo noarpynne ® (k), Tak 4uT0 MOXHO 3amHcaTh {q)zl )=

={@, | 7o} {0, | 1:}, Tre {9,]t,} = ® (k). Toraa coornomenue (60. 15)
IPHHHMAET BHJ

D( #) @) ‘{'Q‘x I Tx})craoa = D(k) @ ({(Pk !tk} {q)li I tll} {‘P-ki tk}_l)aa =
=[D% 0 (g T43) D® © (g, 17,3) DO O ({au | £) '], (60.16)



Koappuyuenrot npusedenus. Merod noanoil epynnst 159

Ho nas npencTaBJAeHHH HPOCTPAHCTBEHHOH TIPYIUIB BHIIOJHSIETCH
COOTHOUIEHHE

D@ O ({‘Pk l tk}—l) =0y, (D(k) (1)‘({% l tk}))_l == D® O ({‘Pk l tk})—l

. (60.17)

[MTosToMy, TaK KaK COOTBETCTBYIOUIMH MHOMXHTEJNb H3 CHCTEMBI

(aKTOPOB ®,,~1 = 1, 0J1s] TPOCTPAHCTBEHHBIX TPYNN MOXKHO HalH-
caTh ' -
N -

DB O (g, 1% s00a= D® O ({0, 7))z, (60.18)

rie D® (O — rpaHchOPMHPOBAHHOE HpexcTaBieHHe D@ (),
Vcnonbays Ty e nponenypy Ans npencrasiaenuii D)) ({q. |
|7,}) 1 DU#) 0 ({g, | 7,}), mepemumen cootromenue (60.11) B Brae

% " 3]
U, ana'a’, o”q” = —g— ;D(k) @ ({‘Py [ty})aﬁ ><

X D@ ({1 Ty D" (17 ({o,1 7oz (60.19)

TakuM 06pa3oM, MBL IOJTYUH/IH yDaBHenne A1s 6J0Ka Koadpduunen-
toB ¢ uHpekcamu (L11) nuas TpaHC)OPMHPOBAHHEIX MpencTaBJIe-
qni D® O DEY ) g DEYWD, DTH K03DBHULHEHTH CBI3aHH C 6J10-
KOM KO03bduuuentoB xas D® O, D& &) y DE) ) coorHomennem
(18.29) u3 rua. 18: .

Upnarer = 5 [0 ({0 63)® D O (ay [B])],,,, X
XUlbIb’ 1D € ({‘Pk"ltk"})b,, o (60.20)

HJIHN

rr7

UGG’O’” — D(k) (03] ({‘Pk I tk}) ® D(k') () ({‘Pk’ l tk'}) U D(k”) un ({q)k” l tkr/})—l,
(60.21)

npudem aneMenTH {@, |t} {9y |?,} B {«pk”ltk,,} ROJNIXKHE  yLOBJe-
TBOPATL COOTHOIUCHHAM -

{0s] 72} = {961 o} {0 | #e}:
{0z |72} = {00 | 7o} {0 |}

, 60. .
. {0zt = {00 T} (e | B (60.22)
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[TogBoAs HTOrH, MBI BHIMM, YTO NOJHHIA HAa60p K03 GdUIIMEHTOB
Knebwa — l'oppana AJA NpPOCTPAHCTBeHHOH TPYNNH ONpefeseTcs
¢ momouiblo cooTHomlenust (60.10) paa 6aoxka ¢ mHpekcamu (111)
H ¢ IOMOILbIo cooTHoWmeHns (60.21) pia ocTaldbHEX OJ0KOB, IpHUEM
3JIEMEHTBI {(pk[tk}, {q)k,]tk,} i {(pk,,[tk,,} OIpeneaslIoTCA COOTHOIIe-
ausmu (60.13) u (60.22). OrMeruM, 4TO B 3TOM MeTORe He Tpe-
OyeTcA 3HaHHSl MpejcTaBJeHUN D*B) ) peer IpPOCTPaHCTBEHHOH
rpynnol, [ocTaTouno sHaTh npeAcTtariends rpynn G (k), (k) n
& (k’). CnenoBaTebHO, 3Ta NpoleAypa NOJMYUeHUs KO3¢h(HIHEHTOB
Kneb6ma — l'opnana 6auM3ka K MeTOAAM NOArPYHNH, ONHCAHHBIM
Huxke B § 61-—65. MoxHO peKOMeHIOBATb YHTAaTeJI0 BHOBb ofpa-
THTBCS K MaTepuajy 3TOro maparpada mocae npoyrenus § 6.
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KoadduuuenTsl npuBeseHus s
' MPOCTPAaHCTBEHHHLIX FPYMII.
MeTon noarpynmel

§ 61. Beenenue

Tenepb MBI paccMOTpuUM APYroHl Bo3MOKHBIN, Goslee TpagHIHOH-
HbIH METOZX MOJy4YeHHA K03(DPHINEeHTOB NpPHUBeleHHs AJd NpPOCTpaH-
CTBEHHBIX I'PYIN. DTOT MeTOA Ha3bLIBAETCS METOXOM HOArDYIIBL.

OcHOBHOE pasjnuHe MeXAY METOAOM IOJHON IPYOIE U METOLOM
NOArpPYNNE KacaeTcst Tof HaubGoJee cylliecTBeHHOR yacTu npeobpa-
30BaHui, KoTOpada HeobXxoguMa JJAA HAXOXKIEHHS KO3 GdUIHEHTOB
npuBefienus. B merome nosxo# rpynmnsl, o6cyxaaeMom B § 52—60,
paccMaTpHBaeTCsl MOJMHAS NpocTpaHcTBeHHast rpynna @ u ee Hempw-
BOIUMBIE NPEACTAaBJAEHHS D{*E) m) Dy IpedCTaBJeHAS] W HCHOJb-
3YIOTCA AJS HaXOXKJAEHHS COOTBETCTBYIOIMX KO3((HIIMEHTOB NpH-
BefleHHsi. MeTO HOATPYNIE CBOXMTCH, HACKOJIBKO 3TO BO3MOXKHO, K
H3YUYEeHHIO TOJAbLKO opHOH moxarpynnel & (k) u ee HONyCTHMBIX He-
NPUBOLUMEIX INpeacTaBiaeHuit D®) ¢ TlockoabKy NpeRcTaBIeHHS
DU#)(m)  MoHO HalTH MeTOZOM ‘UHAYKLHH H3 IpelNcTaBJIeHHA
D® m 06a meToda AOMKHH NPHBOLUTb, €CJAM OHM HCIONb3YIOTCH
OPaBHJbHO, K 5KBHBAJEHTHHIM pe3y/bTaTaM.

B nocaepyoowmux naparpadax MB JeTaJbHO HCCAEAyeM METOJ
HOATPYNNB W CPaBHHUBaeM ero 3aTeM ¢ METOJOM NOJHOH TPYIIIH.

§ 62. Monnas cucreMa xapakTepoB MOATPYMMbI

MeTon nmoarpynmsl OCHOBAH Ha paccMOTPEHHH onpedeneHHOL
3Be3qs *k’/, Bo3HHKawllell B pesyiabTaTe pasjioxkeHus, H, Gojee
TOro, Ha PacCMOTPEHHH OTAEILHOrO BOJIHOBOIO BEKTOpa 3Be3lH *k”.
[Tycte 3Be3na *k” sapana kaHoHHYeckKnM BekTopom k”. Cnpaumid-
BaeTcA: Kakoe 3HadeHue m” BO3HHKAeT NPH BLINOJHEHHH NpHBeje-
HUS sl HaHHOro K”, eciayW 3afaHbl COOTBETCTBYIOIHE YacTH ABYX
npencrasaennit D(*®) m) y p(*#) ) qpasomuExcs cCOMHOKHTENAMU?
Hro6bl npoaHa/iu3upoBaTh 3TOT BOMPOC, Tpebyercs NpPHBECTH BCe
paccMoTpeHHMe HpeaBAyIIuX naparpados K dopme, B KoTopoil oc-
HOBHYI0 posib GyAYyT HWrpaTh OTAeAbHbIE NOArpyinsl rpynnsl @ u
oTAenbHble OJIOUHbIE MATPHIUE, & TAKKe XapaKTepbl H OTAENbHBIE
BEKTOPHBIE NMOANPOCTPAHCTBA.

Urak, paccMotpum npeactabierne D(™#) ), [TockonbKy npu mo-
JyYeHHH MpaBu OTGOpPa MH OrPAHHYHMCS PACCMOTPEHHEM Xapak-
TepoB, HaM TpefyeTcs DacCMOTPeTb JMJAA 3TOr0 NPEeACTaB/AEHUSA

N
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TOJIbKO AHaroHa/hHble 6J0YHEIE MaTPHIE. 3aMeTHM, 4TO AJs AaH-
HOTO IPOH3BOJIbHOrO 3JeMmeHTa {gp|f,} rpynnsl @ AxaroHagbHbe
6J/104uHEIE MATPHIB COBNAJAIOT ¢ MATPHIAMH C TOUKOM:

DU*®) () (op 1 t})0s = D ({‘Pol ta}—l {@, 12} {@s ta})' (62.1)

Takum 0B6pasoM, mMatpuma D@ ({p,|¢,}) <«OpHHAAIEKHT» TeM
CTPOKaM H cToN6HAaM, KOTOPHIM COOTBETCTBYET 6/10X0BCKast DYHKUHUA

¢ BOJHOBHIM BEKTOPOM K, TOoria Kak Marpuma D® (m ({g, It}"I
{0,112} {%Itc}) «TMPHHAJLJIEKHT> CTPOKaM H cToab1aM, KOTOPHIM
COOTBeTCTBYeT OJIOXOBCKas ¢GYHKIHSI ¢ BOJTHOBHIM BEKTOPOM ks D10
YTBEp:KACHAe OTHOCHTCA K IHOJHBIM [PEACTaBJICHUAM p™* k') m’) g
D) m" | AHajormuHO MOXKHO CUMTATh, UTO JIOGON uieH (Xapak-
Tep) B (37.3) OTHOCHTCS K ONpedeJIeHHOMY BOJHOBOMY BEKTOpY.
TakuM crmoco60M MOXKHO paccMaTpUBaTh pasiuiHbie GOpME 3amaH-

HOTO HeNPHBOXUMOrO npepcTaBienus D#) (M  y 1o, Kak oHO
IIPOEKTHPYETCsI» Ha MOANPOCTPAHCTBA PA3HBIX BOJNHOBEIX BEKTOPOB,
OpHHAMIEKAIHX 3Be3fe *E.

Paccvotpum panee rpynosl (k) u @(k”), cooTBercTBYyIOLIHE
BOJIHOBHIM BeKTOpaMm R’ u R” COOTBETCTBEHHO H3 3Be3n *kR' u *R”,
3anuurem

GER)=T4+ ... —I—{(p,h,ltlw}%—l— —l—{cp,k,ltlk,} z. (62.2)

Paso6beM rpynny ® ma cmexuble kjaacce no moarpynne O (R'):

O=O0 %)+ ... + {@, | T} GE)+ ... + {q)s,l LML) (). (62.3)

AnanoruuseiM 06pasom ,
® (kl/) =3 + ... —I‘ {(plh” I tl;‘”} < +.,',' .+ {(plk”lrlk”} z (62.4)

H

G=0E&)+...+ {®s | T, O ®") 4+ ... + {05 ] 75} © (R"). (62.5)

ObpaTtum BHUMaHMe Ha NpHHATHE B (62.2)—(62.5) o6o3nadenusn, a
TaKXe CPaBHHM 3TH cooTHomeHud ¢ (36.1) u (36.2). Ilycts

k, u kj— moOble 1Ba BOJHOBHIX BEKTOpa, NPHHAJA/IENKALlHE CO-

OTBETCTBEHHO 3Be3faM *k u *k’, mpuueM
k, +k =k" (c Tounocteio 10 2nBy). (62.6)

(BooGuie roopst, BeKTOpH R, H kj, He ABIAIOTCH KaHOHHYECKHMH
BOJIHOBLIMH BEeKTOPaMH CBOHX 3Be€3[ B Cayyae, KOTAa BeKTop R” sB-
JeTCd TaKUM BEeKTOPOM.) PaCCMOTpHM Jajee BCIO COBOKYIHOCTH
HE3aBHCHMBIX BEKTOPOB Ks H Kgr cyMMa KOTOPHIX NPHBOLMT K 3a-
JaHHOMY R/, DTH BEKTODHl MOXKHO NQJYYHTH, AeHCTBYS Ha AaHHBIHA
BeKTOp kg u3 (62.1) Bcemu noBoporamu u3 rpynne &(k”). Torna
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NOJTYYHM COBOKYNHOCTb BEKTOPOB
) (plh” . ko’ 2 = 1, .... &”. ) (627)

OnHako AJs1 KaxKJA0ro 3jJeMenTa {‘PW [ tlv}’ ofSwero aJjsa rpynn ® (&”)
1 © (k;), umeem
¢;,,* k,=k, (c TounocThIO 10 2nB ), (62.8)

g 3
TaK 4TO BHILEJCHHOrO BEKTOpa By He MOJYTaeTcs.

OueBHAHO, TOCKOABKY A7, corsnacHo (62.7), npurnMaeT 3Haue-
aust 1, ..., R”, mbl nmoayunm lgfAgr,  pasnuduHBIX BekTOpoB. M3
(62.8) caenmyeT, 4TO Ka)KAOMY TAKOMY BOJIHOBOMY BEKTOPY 3BE3JbI
*k JOJIKEH COOTBETCTBOBAThL BOJHOBOH BEKTOp 3Besfhl *R’; Torma
uMeeM
R B = b

®y,, k), =k (c Tounoctsio 1o 2xB), (62.9)

o’
NpHUYEM 3JIEMEHT {‘plmltlm} BxoRHT Takxe B rpymny © (k).

UHCI0 ng7k, PABHO MOPAAKY TPYNNb!, 06PasoBaHHON mepecedyeHHeM

dakroprpymn & (R”")/T u O (k,)/T. Huaue rosops, OHO PaBHO
YHCJY TMOBOPOTHHEIX 3JeMeHTOB, o0mHX NJa ofeux GakTOpPrpymi.

Paccmorpum cuoBa BeIpaxKkeHHe (53.8) nas xapaktepa mnpex-
CTaBJEHYS TPSMOIO TPOH3BelIeHHS, BHIUHCIEHHOIO AJs 3JeMeHTa

{@o|%,} rpynnn @:

(2@ *E) mem) (e, 1t,) = x ("B ({g REAE x (%) ) ({@, 1 2,3).
(62.10)

Bxonsmas B (62.10) Tpancaauusa ¢, MoxeT OLITb TpaHcasinuel 06-
[Iero BHJAA, COCTOSIIEel M3 TPAHCAALHH HA BEKTOP peLIeTKH U He-
tpuBHadbHOll TpaHcaauuu. CootHomenue (62.10) MoxkHO mepemnu-
caTh yepes XapakTephl ¢ TOUKOH:

(B ({g, 18,3) xT#) ) ({1 8,}) =
= 62__;} 0’2;’1 ')'C(k) tm) ({q\o [ to}—l . {@p | tp} : {(pa‘ to}) X

XA (o 1437 (0,15} o |£))- 62.11)

PaccMOTpHM Tellepb TOJBKO Te npoussefieHust B (62.11), nas
KOTOPLIX CyMMa BOJIHOBHIX BEKTOPOB Y/IOBJETBOPSAET COOTHONIEHHIO
(62. 6). DTy COBOKYNHOCTb NPOH3BeJeHHH MOXKHO 3amucaTh, HallpH-

Mep, B BUIe .
; ;. X(k) (m) ({q‘(;‘;}).x(k’) (m” ({qjg,}) 8 (k// —_ ko — k;,), (62' 1'2)
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rae
{5} = {@, | tc}_l : {q)p |25} {e, | to} (62.13)

AHaJorHuHOe COOTHOLUIEHHe MOXKHO BHIMHCATBL H Lisa o’. B (62.12)

d(k" —k, — k)=

_; { 1 nas k4 k), =k’ (c TouHOCTHIO 1O 2nBp), -

(62.14)
0 B ocTajbHHIX CayYasX.
3amnuwewm (62.12) B Gostee ynoGHo#t mast mac dopme

kll

( : ) 20 @i ™ (oY 62.19)

fLyn
k k(] Al

rre (nk,,k )— onpefe/eHHEl paHee MHOXKHTENb, YUHTHIBAIOILIUA Ha-
. .
JHYMe JHUIIHAX YIEHOB, a BeJHYHHA

{q’lp}v”c} = ({(Plx" |#130} * 1] t) " {0, 1 1} {o, |t} e tc}) (62.16)

npejacraBaser co6ofi, Kak BugHO U3 (62.16), conpsi:KeHHBIN 2JeMeHT.
Cymma B (62.15) BniumciseTcs 10 BCeM NOBOPOTHHIM 3JieMEHTaM
rpynnu &(k”)/E.

Cymma B (62.15) oTHOCHTCSI K cHCTeM€ XapakKTepoB, KoTopas
SIBASIETCH <«IOJNHOH» [0 OTHOWIGHHIO K ToArpynmne. B BupaxeHun
(62.15) . conepkaTc BCe BKJAJB B XapakTep BceX NpencTaBJeHHH
m’’ ¢ 3aJlaHHBIM BOJIHOBEIM BEKTOPOM k’/, KOTOpble BO3HHKAIOT NpH
BBIYHCJEHHH TPSIMOTO MPOM3BeAEHHS COOTBETCTBYIOLUHX YacTelt

NpeACTaBIeHHR p*&)im) g p(*#) (m),

§ 63. Koaddpunuentoi NpHBEACHAS s NOATPYNNbi

Tak Kak Belpaxenne (62.15) naet moaHyio cHcTeMy XapakTepoB
AJis OpSAMOH CYMMBI MONYCTHMBIX HENPHBOAUMBIX IIpEeACTaBJICHHH
rpynnst (k’), TO, corntacHo Teopeme MailKe, 3Ta CHCTeMa Xapak-
TepoB mpusoguMa. UTOGE NMOXUEPKHYTL OTAMYHE 3TOTO CJAydas oT
paccMaTpUBABIUMXCA paHee c/Ay4aeB PasJOXKeHHs INPSIMOrO MPOH3-
BeJCHUS TOJHHIX NPEACTaBJAeHUN, ME BBeJeM clelHaJbHOe 0603Ha-
uenne ({k; + k) mm’ | R"m”) nas ko QuuHEHTOB NPUBEAEHHS ANs
noarpymnn. Ux onpenenenne caenyet us (62.15):

k’l

o XA (A (D =

nk”ka P
=, (&, + Eymm 1¥'m") x®) ) (o, |£,}). (631
” ‘ o . :
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O6osnauenue ({k; 4k} mm’ |k"m”) RoMmKHO OTpaxaTh TO 06CTOS-

TeNbCTBO, UTO JJ/IS TOJIYYEHHS 3aJaHHOro BeKTopa R MH cocTaB-
JgsieM KoMOHHAI MK BCceX BeKTOpOB B; M ky. Kax v B MeTOne MOJHONA
rPyNIbl, MOXKHO HeNOTPeACTBEHHO pelnTb ypaBHenue (63.1), pac-
CMATPUBasA COOTBETCTBYIOLLYIO CHCTEMY JIHHEHHBIX HEOJXHOPOLHEIX
ypaBHeHHA (MO OQHOMY YpPaBHEHHIO JJS Ka)KAOrO sJeMeHTa) M Ha-
xons ee pemtenne. C APYyroft CTOPOHBL, MBI MOMKEM HCIOJB30BaTh
YCJIOBHSL OPTOHODMHPOBAHHOCTH M IOJHOTH CHCTEMH XapaKTepoB
st rpynnet @ (k) wim @ (R7)/T(kR”). Torza nomyyum

({k, + k{’j} mm’ | k"m" ) =

o
1 ! y ” . (B)) (m e
=gy 2 2 (e A (D) X
XAE ) ({13, (63.2)

B coorsoureniy (63.2) CyMMHPOBaHHe 1O p MOXKHO BBINOJHHTH
o BceM 3JeMeHTaM rpynnet @; Torna xapakTepel ¢ Toukoi#t oGecme-
YuBalOT BHIIOJHEHHE BceX HEOOXOMHMBIX OrpaHHuYeHuH; g(k”)— mo-
pagok rpynnst @(k’) uin rpynnsl @(k”)/T(R”’) B 3aBHCHMOCTH OT
TOrO, BKJIOYEHH! JIH B CYMMHPOBaHHEe TPAHCJHALMH. )

OTMeTHM HeoOHIYHBIA BHJ aPIyMeHTOB (2JeMEHTOB CHMMeTDHH),
BXOJAALMX B XapakTepH B (63.2). BaXXHO OTMETHTB, UTO COOTHOMIE-
gre (63.2) BBIBOAMTCHA M3 COOTHOLUIEHHS A5 MAaTpHL, Kaxpxas H3
KOTOPHIX COOTBETCTBYET ORHOMY M TOMY Ke a6CTPAKTHOMY 3JEeMEHTY
cuMMeTpiu {@p|t,}. DTH MaTpHLB OTHOCATCA K NOJHOM Ipymie, a
HX XapaKTephl YIOBJIETBOPSIOT COOTHOLIeHUAM THHA (37.3).

3aganum Tenepb ciexyiowinil Bonpoc. IlycTh BuGpaH HEKOTOpPHIH
ApYro# BOJHOBOH BEKTOD 3Be3Abl ¥R/, OTIMYHEHIA OT TOrO, C KOTO-
poro HayHMHAJOCh Halle paccMoTpeHHe. Kakxas cBfAsb CyllecTBYeT,
MeXAY TMOJNyYaeMBIMH IPH 3TOM KO3GbOdHULHEHTaMH NpHBeIEHHS IS
nOArpynmel # Koaddunventamu u3 (63.2)? PacemorpuM BHIGpaHHBIR
BOJIHOBOI BeKTOp K/, = ¢, + B”, BXOnAmuUi, OUeBHLHO, B 3Be31y *k”.
Torxa, ecnu k, u kj, npeAcTaBAsioT coGOH Napy BOJHOBHIX BEKTO-

poB, ynoBaetBopsiownx (62.6), To

q)o-” * (kG + k(l)-l) = q)cr/ ¢ k” (63.3)
HIH
b, B =R (63.4)

Jlanee, ecau 3JeMeHT {(p,m
COOTHOLIEHHA '

t,m} Bxoput B rpynny ® (k”), 1o ns

@, k'=k" (c tounocteio %o 2nBy) (63.5)

L
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caenyeT '
Py By, " O3 - O K = - K’ (c Tounoctso no 2nBp). (63.6)

W nave roBops, 3JeMeHT
{q)G” l tG”} * {q)l}// ' tlhll} * {q)G”I tG”}—l = {(p(l-j;:,,} (63'7)

Bxomut B rpynny ® (k). '
CrnenoBaTenbHo, MOXKHO mpeoGpaszoBartk (63.1) Takum obpasom,
9TOGH OHO COOTBETCTBOBAJIO HOBOR IOCTAHOBKe 3afaun. MmMeem

— Z . (B) (m) (Z—l {q)p l tp} Z) X,(k ) (m') (Y—I {q)p { tp} Y)
T ,

—Z (o + Bopo mm’ [ Rm) 30 ™) ({6573, (63.8)

rae 7= {(p‘l—’;:,} . {q)o” ] to”} ) {(polt }

V= {of} {0e[to} - {0s [t}

a BeJHYUHDI {q)?x} onpeneasioTess corsacHo (63.7).

Hrolbl J0KasaTh He3aBHCUMOCTb KO3 HUIUEHTOB IpHBENeHNS
AJs1 MOATPYINB! OT TOrO, JJIA KaKOro M2 BEKTOPOB 3Be3An *k” mpo-
BOAUTCA paccMOTPeHHE, HeoOXOAHUMO [OKa3agyhb, UTO MJs 060
BeJIHYMHE 0’/ BLINOJIHAETCH COOTHOIIEHHE

({k, + K} mm’ | 7m") = ({kyp, + Eloey mm’ | ") (63.9)

CpasunuBas (63.1) u (63.8), Bugum, uTO

” = " 63- 10
- e kg nkc,,k " ( )

T4K KaK IMOPANOK NepecedeHUsl TPyMI (Sﬁ(k”)/% n ® (k;)/E copna-
MaeT ¢ MOpsAAKoM mepecedeHus rpynn ®(k])/E u G (k,,)/T. (Ot
NOATrPYNNEl SIBJSIOTCS IOMapPHO-CONPSIAKEHHbHIMH.) Boiuncass 3atem

npousseneﬂue sjeMeHTOB B (63.8), mosyuaem

Ty D () 0 () =

! y ¥4

= Z ({fgeq + R} mm” | ELum™) 30 @) ({@27), (63.11)

rie

{{(p,, }ZMG} [{‘PLM

£, {mt}]“{«» }[{‘Pz,‘,‘tw {mf}]
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Onnako npu cpasrennu (63.11) u (63.1) ciexyer nOMHHTB, YTO
B KauecTBe IIPOHM3BOJIbHOrO 3jeMeHTa B -(63.1) BHOGpaH saeMeHT
{pn]t;}. BmecTo Hero TOUHO TaK Ke MOXHO OBIIO GBI B3fATb 3Je-
MeHT {@¢'}, n03TOMy coOTHOWEHHs (63.1) u (63.11) TOXKAECTBEHHHI.

Cire10BaTeJNbHO, MH YCTAHOBHJIH, YTO BO3HHMKAIOT OJHHAKQBHIE
K03 PULHEHTH NpUBEIEHAT IS NOATPYIN He3aBHCHMO OT TOrO, Ka-
KO M3 Jydell BXOAfAlUeH B pe3yJbTaT 3Be3anl Oui1 BeiGpad. st
TAKOTO PacCMOTPEHHUsI OUeHb BaXKHO 3HATb, KAKOH BHj HMeeT HeIPH-

BOJUMOE HpEJICTaBJIeHHe p*&)m g pas3JHyYHBIX MNOATPYHNax
@(k), G(ks), ..., B(ks).

Mbl SaKOH‘{HM 9TOT naparpadg cJaegyolUluM sameuanuem. Hame
10Ka3aTeJbCTBO cooTHomeHus (63.8) ocHoBaHo Ha mpsiMOM cpaBHe-
wun ypasHenu#l (63.1) u (63.11), onpenestromux ko3¢ U HEHTH
NpHBEAEHUS JJig MOArpynn. MH He xesand HAKaAKHX NPERIIOJ0XKEHUN
0 PaBeHCTBE OTHENbHHIX XapakTepoB (Hanpnmep, g #) ) ({q)l;v‘tlx})

- (k -1 . .
n g )(m)({q)o!ta} {(P’xlt’x} {(pclto}), NOCKOJIbKY, KaK MOKa3aHo
cpasy nociae cooTHomeHus (37.5), oTAeNbHbIE XapaKTeph MOT'yT
ObiTb H HE DaBHBI APYr APYTY.

§ 64. CpaBHenue ™MeToma MNOJAHOW TIPynmbl H METOHA MOATPYMMBI

I[Tpu onpepnenennun Ko GuunenToB npuBefeHus (*em*k’m’ | *k”’m”)
METOJI0M IOJIHOH TPYNNbl clAelyeT IpefBapHTeNbHO NOCTPOUThL Tal-
JIULLBE XapaKTepoB moJHo# rpynnel. Takum oGpasoMm, mMb Oyaem pac-

nosaraTb xapakTtepamu y(#) (m ({go|t:}) Kaxmoro smementa npo-
crpaHCcTBeHHOH rpynnul & asas g060ro HEenpHBOAMMOrO HpesCcTaB-
Jgenus. Torga pasioxeHue IpsiMOro IPOU3BeJeHHST ABYX HEIPHBOAH-
MBIX OPEACTABJEHHH IOJHOH NPOCTPAHCTBEHHOH IPYNNEl HA HENpH-
BOJHMBIE COCTaBJAfIOLlHE MOXKHO BHIOJHHUTD TaK K€, Kak AJIs
J000# KOHeuHOH rpynnbl. KoadhdunnenTs npusBegenus A MoJaHol
TPYNNBl MGXHO NOJYYHThL TPAMO H3 cooTHomeHuit (55.4) unau
(55.5). B nepBoM ‘ciiyuae HeH3BECTHBLIMH SIBJISIOTCS KO3 PHUIHEHTDI
(55.2). Bo BTOpPOM C/Iyuae S CYMMHPOBAHHS IO BCEM 3JeMeHTaM
TPYNNbl MCNOJb3YETC «rPYNNa npuBeleHHs». Merox rpynmet npa-
BeJleHHsT OpeCcTaBiasieT cofoi HeKOTOprH CTPOrHil IIpHEM, HCHOJb-
ayiomuii MaTprunble rpynnsr D*®) m) p*#) )y p(*e)onn)| ropo-
MopdHbie rpynne @ ITHM MeTOAOM HpOBOlIHTCH CyMMHpPOBaHHe MO
BceM asieMeHTaM rpynns &. Bruiuncrienue > IPUBEJIeHNs N0 GopMyaam
(55.4) u (55.5) He MOXKeT AaThb HEOXHO3HAUHHLIN Pe3yabTaT, TAK Kak
Bce CYMME, TaK )K€ KaK M OCTajbHble BEeJHUYNHH (XapaKTepHl, sJje-
MEHTHl TPYNN) B 3THX CyMMax, onpeneneﬂm OJQHO3HAYHO MO OTHO-
LIEHHIO K TOJHOH rpynne @. .

B MeTomge moJsiHOA TpyNnbl Bece cCOCTOSIHUSL (DH3HUECKOH CHCTEME
graccuHIUPYIOTCS 10 HENPHBOAMMEIM IIPeACTaBJeHUAM NOJHOH
IPOCTPAHCTBEHHOH TPYNNE, KOTODHE OHH OCYILECTBJSIOT, T. €. Bce
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BO3MOXKHBIE COCTOHHI/Iﬂ paCCManHBaIOTCH B HEpUBOJHMOM JIMHER-

HOM BEKTOPHOM NPOCTPAHCTBE (*%) (),

IMpuMenenne Ko3(GHUIHEHTOB TNPHBEAEHHUS IS IOJHOH [pYyIIHI
03HayaeT, YTO MBI HCIIOJAB3yeM IOJHLEIE HeMPHUBOAMMBIE NpeicTaBJle-
Husl rpynnel @, B 4YacTHOCTH, 3TO 3HAUMT, YTO INIPH BBEINOJHEHHU
Pa3/oXeHHs] MOXKeT BO3HHKAThb U OOBLIYHO BO3HHKaeT GoJiblle yeM
oaHa 3se3na *k”.

BrinosHeHnne pacuera MeTOLOM IOJHOM TPYONBI BKJIOYaeT HO-
cTpoeHue no ¢opmyaam (37.3) uam (49.3) nmabopa Tabauum xapak-
TEpPOB NOJHOH rpynmel, DTO ApenoJaraer, YTo BHIOJHEHO HpHBe-
JeHde B Kaxjaok rpynne @ (k) kaHoHHdYeckoro BeKtTopa B Kaxkaoi
3Be3fHl. [locse TOro Kax NocTpoeHbl TAGJHMIE H BLINOJHEHO PasJo-
JKeHHe, Mbl NOJyuNM Bce HeNPHBOJAMMELIE TPeACTaBJeHHs, COfepKa-

muecs B npsMom npoussegennu DY) m @ D(*#) . B oGwem
c/yiae KOHCYHHIl Pe3y/JbTAT COJEP:KHUT NOJHBE NpeICcTaBIeHHs, OT-
HOCsAINECS K HeCKOJILKHM PasHBIM 3BE3JaM.

HenocraTok meToma cOCTOMT B TOM, UTO IPHXOAHTCH CTPOUTH
3apaHee NOJHble TabJAuIB XapaKTepoB, a TaKke B TOM, YTO MJs
NOJYyueHHsd KO3(()UUHUEHTOB MpHBeZeHUS HeoOXOAUMO TNPOU3BECTH
no/HOe pasyoxkeHHe. K TOCTOMHCTBAM MeTOJa MOXKHO OTHECTH BO3-
MOXHOCTb IIPOBePKH peayJdbpTaTa (T. e. moJHoro Habopa Kosddu-
IMeHTOB), HCNO/Ib3Ysl CTAHJAADPTHEIE COOTHOIUIEHHS OPTOHODMHPOBaH-
HOCTH, niosnydyeHHBle B § 48 u 49.

B npoTuBONO/IOXKHOCTL 3TOMY NIPH pacueTax MeTOAOM HOArPYR-
0Bl CJleyeT NOCTPOUTH BeJMUMHBI, BXOASIHE B BHpaxeHHe (62.15).
DTo Te Xe XapaKTephl ¢ TOYKOH, KOTOpLle BO3HUKAIOT B Tabaume AJs
TIOJIHOH TPYINLL, OXHAKO B NpHHUUINE He Bce OHM BXomAT B (62.15).

Tosbko conpsizKeHHBIE 9JE€MEHTH {cpl"”"} [em. (62.16)] rpynnu @ (k)

HMEIOT XapakTepbl, OTIHYHBEE OT HyJAs, W BXoAAT B (62.15). Ux,
‘pasyMeercs, MeHblle, ueM 3jeMeHTOB B rpynme @. ITostomy B
(63.2) cymmupoBaHMe BeleTCa N[O MeHbIIEMY WYHCHY 3JEMEHTOB.

B MeTome noAarpynnsl OCHOBHOE BHHMaHHe COCPEfOTOYEHO Ha
BBIGPAHHOM BeKTOpe K’/ M pacCMaTPHBAIOTCS TOJBKO COOTBETCTBYIO-
e eMy MHOXHTeNH M KoadpduuueHTsl. CilenoBaTelbHO, B CyMMY
(63.2) BXOOMT MeHbillee YHC/IO 37eMeHTOB, yeM B (55.2). B sTom
CMBIC/IE MeTOJ MOATPYINH OKa3piBaeTcs (ojiee SKOHOMHUYHLIM, 4eM
MeToA mnosHofi rpynnsl, EcTecTBeHHO, ecad MeTOJ NOATPYNNH HC-
NOAbL3yeTCs AJst MOJNYYEeHHST BCEX HENPUBOAMMBEIX IPeACTABACHHH

L TN
D(*#") (m"), BO3HMKAIOWHUX IIPH BHYHMCJICHHM NPSIMOro NPOH3BefeHHS

V4 '
BceX map D(k") ™ D(k"’) (m ), TO 00beM BBHIUMCJAEHHH U KOHEUHBIE'
pe3y/abTaThl OKasbIBAIOTCA TeMH Ke, 4TO H AJAS MeTofa MNoJHOH
I'PYIIHL.
[Tpu cpaBHeHun cTPyKTypw Bhipaxenufi (63.2) u (55.5) nemen-
JIEHHO BBIABJAsETCS 0oJsiee CepbesHOe 3aTpyJHEHHe, BO3HHKAOIIee
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TOJIbKO B MeTOJe MOArpyuninH. Ijis Merojma moArPYNNH COBEPIIEHHO
Heo6XOMUMO, UTOOH, HAampHMep, B cjaraeMHX cymMmbl (63.2) Gblin
HCNOJIb30BaHEl NPaBUJIbHElE YACTH NOMHLIX mpejcTaBiednii. OoHaKO
BCJIeICTBHE CJAOXKHOCTH CTPYKTYPH NpEACTaBJeHH BHeJleHHe Ipa-
BHJIbHEIX YacTeil, KOTOpHe GYAYT 3aTeM HCIOJAb30BaHHL JLIsI IOJNyYe-
HHSl <«IIOJIHOH» CHCTeMBl XapaKTepoB, fokasaHHOl B (63.2), coBceM
He TpuBHMasibHO. MHade roBOps, HENPHUBOAUMOE MNpPeACTABJIEHHE
*
D*®) ) rpynmu @, coraacuo (33.1), conepxut G6a0K c UHAEGKCAMH
6=1, 1=1, papanit (D*®) m), ="pw ) COOTBETCTBYIOIHUN
JHONYyCTHMBIM HeNpHBOAMMBIM NpefcTaBieHHsiM rpynns @& (R), rae
k — KaHOHHYeCKHH BOJHOBOH BeKTOp 3Be3fnl *k. Ecau paccmaTtpu-
BaTbh TO XK€ IpeJCTaB/eHHe MO OTHOILIEHHIO K BeKTopy K, (mpyromy
Jydy TOH »Xe 3Be3/lbl), TO CTPYKTypa 3TOrO NpeACTaBJIeHHs] CTaHoO-
BHUTCSl CJIO0XKHOM BBHUAY HeOGXOZMMOCTH Npeo6pa3oBaHus TeMeHTOB
CUMMETPHH, BXOAAIIMX B MarTpuun Buua (36.14) B KauecTBe apry-
MEHTOB. B npuHuyNe BHINOJHEHHe TAKHUX BHIUUC/ICHHH B MeTOJe MOJI-
TPYNML He BLI3HIBaeT 3aTpyAHEHH, HO HA MPAKTHKe BajKHO HCIOJb-
30BaTh NPAaBHJbHBIE IJAEMEHTH H NMPAaBHWIbHYIO (DOPMY MATpHIL.
MeToAB TOJHOH rpynnel ¥ NOATPYIIBEl MOXKHO CONOCTABHTD
apyram crmocofoM, cpaBHHMBas COOTBETCTBYIOIUME BEKTOpPHLIE MpO-
cTpaHcTBa. MeToa moJIHOR TpPYNOE HCHOJMb3yeT MOJIHBIE HESKBHBA-
JIEHTHBIE HENPHBOAHMEIE BEKTOpHBIE NPOCTPAHCTBA M UX MPOU3Befe-
HUS, HAIpUMep :
S(*e) (m) @ $(*#) (m), (64.1)

[Tosnoe mpocTpancTBo mpousBefeHusi (64.1) pasnaraerca Ha mps-
MYI0 CyMMY HOJHBIX HENPHBOAMMLIX BEKTOPHBIX IpPOCTPAHCTB, T. €.

M) @ )= Y @ (Ykm*Rm’ |k m”) (%) (m), (64.2)

*k mr

B MeTOe MOATPYNIE paccMaTPHBAIOTCSA TOJNBLKO Te MOAMPOCTPaH-
CTBa, NpOHM3BeleHHe KOTOPHIX JaeT TpefyeMoe MNOANPOCTPAHCTRO.
Hnaue, HCIIOJIbSYﬂ npexHue o603HaYeHHUS,

Z (z("’m o) ™ g s(*wFe) ))

(nk»k },” \

=" ({k, + k) mm’ | R’m”)y S, (64.3)
mll

[IpeamonoXuM Tenepb, YTO NPH KOHKPETHOM MNpHMeHeHHH
MeTofa MaJoii TPYINH OUIMGOUHO TPOTYINEHEH HEKOTOPHE W3 MIpo-
u3Befenuii [B Jepofi yactu (64.3)], KoToprle mnpuBoaMAH OB K
nosiHoOMy npeictasiaennio (momnpoctpanctsy) =¥ #7, drta ommbka
MOXeT OCTaThCsl He3aMeUeHHOH, TaK KaK e[MHCTBEHHBIN HMelouuAcs
A5 5TOP0 MeTOAa Cnocof NPOBepKH NOJHOTH 3aKII0YAETCS B TOM,
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4TO [pe[cTaB/eHHs NPOH3BEJeHUH, BXOAAMMEe B JIeBYID 4acTh pa-
BeHctBa (64.3), MO/KHBEL TaKKe BO3HMKAaTb M B IIPaBOH wYacTH
(64.3). Pasymeercs, eciim 6Bl Bce BBIUHC/IEHHS BBINOJIHSINCH Oes-
* oIn6oUHO, 00 3TOM He CTOMJIC Gbl. B yNOMHHATh. B MeTone moJHO#H
TPYOnOb cieaTh TaKyl OWHOKY, T. €. NPONYCTHTb 4acTb BEKTOPHHIX
IPOCTpaHCTB, abCOMIOTHO HeBO3MOXHO. Ha kaxpof craguu BeluKC-
JIEHHH COOTHOILIEHHA NOJHOTE U OPTOHOPMHDPOBAHHOCTH ANS NOJIHEBIX
HeNpUBOANMBIX NpeAcTaBJ/JeHHA OXHON U To#l e rpynnn @ oGecne-
YHRAIOT MPOBEPKY NPAaBHJABHOCTH NOCTPOeHHA TabJHIB! XapaKTepoB
H IPaBUJABHOCTH pas3JjoxeHHa? lelo o6CTOHT TakuM ke 006pasoM,
KakK M AJ HAPOKO U3BECTHLIX KOHEUHBIX TPy

HaxoHel, MOXHO CpPaBHUTb METOABI NOJHOH TPYyHNE H IOA-
IPYONB, JXeMOHCTPUPYS OYEBHAHYIO CBSI3b MEKAY COBOKYIHOCTBHIO
K03 HIHeHTOB NpHBeleHHs A/ NOATPYNNH H Ko3bdunHeHTaMu
NpUBeJeHNs NJs NOJHOH rpynnbl. fcHo, 4To mpH (DUKCHPOBaHBHIX
*k'm” kosppuuuenter (*km *k'm’|*k”m”) NOKa3LIBAIOT, CKOABKO

pas mpeicTaBieHUe D(*#) " pxonur B pasJsoxenne. OXHAKO eCJaH
B Das/IOKeHHH COREP:KHUTCS MOJHOE NPeACTaBJeHHe, TO CTOJNBKO ¥Ke
pas BXOIMT H mpexcTaBienne D®*?) " noxrpynnn @ (k7). [Tostomy
K09 OUIMEHT AJis NOACPYIINLI, CBSI3bIBAIOINIHNA BCE BO3MOKHBIE Mpel-

& ) (m) k) (mh)
craBiaerns p(*o) H D( o » KOTOpble MOTYT faTh AJs BhIGpaH-

Horo k” Bce pe3yJIbLTHPYIOIIHe NpefcTaBaeHusi D®) M nomken
OBITP paBeH COOTBETCTBYHOWEMY KO3(PHLUMEHTY s MoJaHO# Tpyl-
nbl. Tagkum 006pa3oM, HCTOJKOBBHIBAA KaKAHH H3 K03 PHUUHEHTOB
COOTBEeTCTBYIOIHM 06pasoM (Kak Ko3(PGHUUHERT NpHBeleHHS IJd
NOArPYNNH HJIHM AJS NMOJHOH TPyNNH), MOXKHO 3aNHCATDh

j*km*k’m’ | *&"m”) = ({k, + k}} mm’ | k"m”).

§ 65. Kospdunuentol npusenenus. MeTom manoil rpynmbi

B § 40 oTmeuasoch, 4TO 3alpellleHHLE HePHBOAMMBE INpen-
cTaBjgeHusa DWW yajof rpynnm II(R) npeacTaBasioT coGoil
NpeACTaBAEHUs,, COOTBETCTBYIOmHe HaGopy BOJHOBBEIX BeKTOPOB

(40.7) ..
- k2, ..., iR (65.1)

3T0 06cTONATENLCTBO OBIO BIEpPBHIE OTMEUEHO B CBA3H C BONIPOCOM
0 K03 dHIMeHTaX TPUBEIEHHS I NPOM3BeJEeHHs NPOCTPAHCTBEH-
HeIX Tpynn dsnotoM u Jlaymonom [34]. B Hacrosiem naparpade
MBl BCJEJ 3a STHMH aBTOPaMH OTMed4aeM BaXKHOCTb YKAa3aHHOIO
BBHIIle OGCTOSITEJbCTBA [AJsl DPasJoXKeHHs NpPSIMOTO NPOH3BeAeHHS
HeNPHBOAHMEBIX MNpeACTaBJIEHHH, COOTBETCTBYIOIIHX BOJIHOBBIM BeK-
Topam u3 HaGopa (65.1). dnuotr v JlaynoH NMPeANOKHIN HCIONB30-
BaTb METOX MAaJOH TpyNIs Takxke H AJds aHAIH3a NPAMOro NPOHU3-
Be/leHHs] MPEACTABJCHAA C BOJIHOBHIMH BEKTODAMH HS PasHHIX Ha-
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Gopos. Teneps scHO, 4TO 3Ty 3ajauy cjAeAyeT paccMaTpuBaTh GoJiee
OOIIHMM METOAOM HOAIDYIIIbI, H3M0KEHHHIM B npenmecmyxomux na-
parpadax, HJIH METOAOM NOJHOH-TPYMIIHL.

Tak ke Kak u B § 40, GyzeM cuuTaTh, YTO NOJHEHI HaGop Hempu-
BOJIHMBIX HpelICTaBJIeHHﬁ DY tm) Dt rpynns I1(k) u3sBecTeH.
ITyctp nam TpebyeTcsl oNpeNeJNHTb NpPEICTABJCHHS, BXOASIIHE B
INpou3BeAeHne INpeAcTaBaeHnit D®) ¢m) @ D) (m)  eno, 4TO  3TO
npeicrasjenne 6yjeT cOmep:KaTh NPeICTaBJIeHHS ¢ BOJHOBHIM BeK-
TopoMm 2k. HHade roBops, BeKTOPHBIE NMPOCTPAHCTBA

OO =L, Y (65.2)

Sk (m') = {q)f(k), ‘Pz' n(z’f) ) 65.3)

IpHA TEePEeMHOXKEHNH NAaKT BEKTODPHOE MPOCTPaHCTBO
14 4
Sk @k (mOmM) == {lpik) - P ® ., ‘Pﬁk A (k)} (65_4)
“.
OUeBHAHO COAEepxKamee QyHKIHUHM U3 NPOCTpaHCTBA 28 ITosTomy
NpeACTaBJIeHHE

DB (m) @ D& (m') (65.5)
H COOTBeTCTBy}OLU.aSI CHCTeMa XapakTepoB
() () @ () () (65.6)

OPHBOJHUMBL.

-Haligennsle npenctrasienusi Majtol rpynnb I1(R) cocTaBisior
TNOJHHIA HAaG0p HEeSKBUBAJEHTHBIX HENPHBOAUMBIX MNpelCcTaABJCHUM
9TOR TIpPyNNbl, HEKOTOPble M3 KOTOPHIX COOTBETCTBYIOT BOJIHOBHIM
BekTopaM 2k, ... . [lpexcraBaenuss D® ® rpynnut I1(R), oTHOCS-
IMecs K BEKTOpy 2R, JIerKo BLIJENMHUTH U3 NOJHOH CHCTEMB XapakTe-
POB, Tak KakK, €CJIH BHIIOJIHSIETCS] COOTHOLIEHHE

A8 W ({e | Ry, (B)}) = exp — i (2k) - R, (B), (65.7)

TO cJeLyeT CYHTaTb, YTO BCe MpeAcTaBjeHHe DW® W) cooTBeTCcTByeT
Bektopy 2k. IlpoBepsis anajsorndnbiMm o6pasoM ApyrHe XapakTephl
A5l TaHHOH TPAaHCJISLHH, MOXHO BBIAENHTL NPeACTaBJEHHS, OTHO-
camuecss K APYTHM BeKtopaMm H3 Habopa (65.1). CrenoBaTesbno,
/IS KamjJ0ro HHAEKca p xapakrepa x® ®) MOKHO NpOBECTH COMO-

cTaBJeHHe BHAA ,
w2k, ..., u,~tk (65.8)

Torna pasnoxkeHue npousBeneHus (65.6) MOXKHO BHIIOJHHTHL cile-
ayomuM obpasoMm. OnpenenuM Ko3d(pHUKHeRTH NpHUBeAeHHs ,U,Jm
{65.6) cooTHomIeHHEM -

%) (m) ® yl#) (m") — Z (mm/ |p)yx®®, -~ (65.9)
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rje CyMMHpPOBaHHe BBINOJIHSETCA 110 TeM HHAEKCAaM W, KOTOphle CO-
OTBETCTBYIOT BEKTOPY 2R, T..e. HMEHHO [0 3alpEIleHHbIM 3HAYEHHAM
p opu BoaHOBOM BekTope k. Torma sTH KO3(pGHIUHEHTH MOKHO
3alUCaTh B BHIE

(mm’|p) = -—E x® ™ ({2 (9)}) x® ) ({g | (@)}) X
II (%
() Xx®®{elt(g)})". (65.10)

CymmupoBanue B (65.10) BHINOJIHSETCS 1O BCEM 3JeMEHTAM IPYIIbI
II(k), a mHEEKC u cooTBeTcTByeT BekTOopy 2k. IMopsizok rpynmwl
I (k) oGosnauen yepe3s gy;. ITockoabKy B 5TOM MeTole MPHHHMAETCH,
4TO Mbl pacmoJsiaraeM noJHOH Tabauuefi XxapaKTepoB, BHIUHCJEHHS
no ¢opmyae (65.10) npoctsl.

[Toce Toro xak Kosdduuuentsl (mm’|p) HalgeHB, ocTaercs
CBA3aTh HX ¢ JONYCTUMBLIMH HeNMPHBOXHMHIMH IIPEACTaBICHUAMH Ma-
jgoit rpynns I1(2k). [ToctapaemMcs GHITL TOUHBWMH B 3TOM BOIPOCE.
ITockombky mnpeacraBienus D m y D@ W oTHocATCs K OXHOM H
ToH e rpynme II(R), MOXHO MOCTPOHTL CHCTEMBI XapaKTepOB
g B m g oy Wy HemOCPeACTBEHHO HCIOJAb30BATh HX [IJS PasJo-
JKEHHUs] TPSMOro HpOPISBelIeHHﬂ [TosTOMY TIO OTHOWIEHHI® K TPyINNe -
II(k) xkoadpdunnents (mm’|uw) onpenesensl BnodHe tTouno. OxHAKO
yCTaHOBJIEHHe CBHSH npexcrasiaenuss  D® Wy cjenoBaTennHo,
Ko3bbdunuenTos (mm’|p) ¢ DONYyCTUMbIM HENPUBOAMUMBIM NPEICTaB-
aennem DPP ") ¢ BOJTHOBLIM BEKTOPOM pk BO3MOXKHO TOJBKO TOTAZ,
Korna npeficTaBienne D® & gpiasercs HeNPHBOAMMEIM NpelcTaB-
aenuem DR (™) ppynnet II(pk). B sToMm ciydae KosbHUIHEHTH
(65.10) mpenctaBasioT coGoit  KOA(DGDHUUHEHTH NpUBEREHHS IS
TOATPYNIE Y, OYEBHIHO, OKA3bIBAIOT, CKOJIBKO pPas JOMyCTHMOE He-
NPUBOAUMOE NpeAcTaBiaenue D®@F) (M) conep:kUTCA B NPOH3BECHHH
(65.5).

Ecim mpexncraeienue D® M), paccmaTpuBaeMOe KaK TpeacTaB-
Jdeune rpynnel Il(pk), He sBAsleTCa HENPHBOAHMBIM HWJH €CJH Tpe-
GyeTcsi MOAYYUTH METOAOM MNOATrPYNNH K03()(HIXEHTH NpHBeeHHUS
IJs1 TpOH3BefeHUs NpPeACTABJIEHHH, COOTBETCTBYIOMUX BeKTOPOB U3
pasayuHLIX HaGOpPOB, TO HeOOXOAMMO HCHO/Nb30BaTh Oosee obuime
METO/B], H3JI0XKeHHBle B IpeXblAyLiHX naparpadax.

TpuBefeHHas Bhlllle WIMOCTPAllHA METONA MM CIyYas, KOTAa
npousBejleHne NPeACTaBIeHHH COOTBETCTBYET BEKTOPY 2k, oTHOCHTCH
TakkKe K PasjOXKeHHI0 [peacTaBaeHuit Bujga [D® (m)] H T. IL
U cHoBa, 3a HCKJIOUeHHeM Cjyuasi, Korha IlpeicTaBieHme D® M
HEMpUBOAUMO, cleAyeT NMPHMeHATh GoJee obLiHe MeTOALI Toarpyn-
TEl, PacCMOTPeHHLIE B NpeABIAYWIAX naparpadax.
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[IpocTpaHCTBEHHBIE TPYIIH
M KJlaccuueckast Teopust kosaebaHui
KPHCTaNJIMUECKOH peLUeTKH

§ 66. Beepenne

dTa ryaBa COAEPKHUT NPHUMEHEHHs TeOPHH INPOCTPAHCTBEHHBIX
rpynn K KJacCHYeCKOH TeopHH KoJsieGaHUH KDHCTaIHYecKOH pe-
meTtky [4—6, 59—64]. OcHOBHOH 3pPeKT OT HCNOJAb30BAHHS TOJHOH
HMPOCTPAHCTBEHHON I'PYNIE CUMMETPHH COCTOUT B YNPOLUEHHH peLle-
HHS CeKYJIIPHOTO ypaBHEeHHS JJIS OmpefeseHHsl 4acToT HOPMaJbHHEX
KoJieOaHHA ¥ COOTBETCTBYIOIIHX COOCTBEHHBIX BeKTOPOB B FapMOHH-
yeckoM Tpubanxenud. CekyJaspHOe ypaBHeHHe OKa3biBaeTcsl (ak-
TOPH30BaHHHIM COIVIACHO HeNPHBOJAHMBIM NpeACTaBJEHHAM paccMar-
puBaeMoO#l NpocTpaHCTBeHHOH rpynnm &. PakroOpusauus Mo Npo-
CTPaHCTBEHHOH CHMMETPHH NMPHBOAHT K MOABJIEHHIO NPOCTPAHCTBEH-
HBIX KOOPAHHAT, 3aBHCAHIMX OT BOJIHOBOI'O BeKTOpa Kk HeNPHUBOAH-
MOTQ TpeJcTaB/JeHHf. Y4eT NOJMHOH CcHMMeTpHUH obecneunBaer
JnanbHellllee YTOYHEHHe CBOMCTB OTHENbHHEIX cOOCTBEHHLIX BEKTODOB,
npeo6pasyoluX CcOMIaCHO HAONYCTHMEIM MpeacTaBieHusm D® M)
rpynnsl @ (k), T. e. N0 onpegeseHHOH CTPOKe HENPHBOAMMOro Npex-

crapaennss DU®) ) rpynnn .

Ecnu cBoficTBa cOGCTBEHHBIX BEKTOPOB KJIACCHGHULIHPOBAHHL CO-
IVIaCHO HEMpPHBOAUMBIM TpeACTaBieHHAM rpynny @, To aTH peayJb-
TaThl MOXHO CPa3y NPHMEHHUTb I/ BHIYUCJIEHUS JIOOHX (PyHKIHH
3THX COOCTBEHHBIX BeKTOpPOB. TakuMu (YHKIHAMH MOLYT OBITDb
peiieTOYHEle HHBADHAHTHL M KOBAapPHAHTHl, MNOCTPOSHHBIE H3 ITHX
BEKTOPOB, HAlNPHMeD aHrapMoHHuYecKas MOTEHHHa bHAS JHEpPrus
KpHCTaJja MJH 32JeKTPHYECKUH JUNOJbHBIH MOMEHT KpHCTasana
Goslee BHICOKOTO nopsaaka. Mcmoansyst pesysabraThl TeOpHH Trpynf,
aTH QYHKIMH MOXKHO 3aMeTHO YNpPOCTHTh. 1 GyHRUME, MMEomUX
BUJ, Pa3JIOXKEHHS MO CTEleHAM 3THX COOCTBEHHLIX BEKTOPOB, MOXKHO
YCTaHOBUTD CYLIECTBEHHOe MHUHHMAaJbHOE YHCJO OTJAUYHEIX OT HYJs
HezaBHCUMBEIX KO3 duunenToB. TakoBO MaKcHMaJjbHOe YTPOLIEHHE,
KOTOpOe MOXKHO IOJYYHTh C HOMOIIbIO TEOPHH TPYIIL

Eule onna BaxHas KaaccHueckas QYHKUIHS cOOCTBEHHBIX BEKTO-
pPOB, KOTOPYIO MOXKHO B H3BEeCTHOH Mepe ONpepeNHTb C MOMOIIBIO
TeOpHH TpyHIl, —3To yHKUua ['puHa, HcTONb3yeMas NpH aHaJdH3e
CBOHCTB KaK HJAea/bHBIX, TaK U HeHIeaJbHHIX pelleTok [8, 9, 66, 67].

Ilpn ananu3se cBofCcTB CHMMETPHH B 3a1aue Ha cOGCTBeHHbIE 3HA-
YeHHsl KJ1aCCHYECKOH AMHAMHKM PelIeTKH Mbl BCTPETHMCS C OTlepaTo-
poM npeobGpasoBaHusi obpalueHnss BpeMenu. i yueTa 3TOro ome-



174 Faasa 8

patopa Heo6XoJHMO pPAaCHIHMPHTb IPYNNY CHMMETPHH (U3HUECKOH -
CHCTEMHl IO OTHOLUGHHIO K HCXOLHOH rIDylNle OnepaTopoB npeolpa-
30BaHuM, KOTOpass H30MOP(dHA MCXORHOH NpPOCTPAaHCTBEHHOH rpynne
@. CooTBeTcTBeHHO H3MEHHTCS H Becb NPeJIeCTBYIOIHHA aHaIu3.
MozkeT BOSHHKHYTb YABOCHHE CYILECTBEHHOIO BHIPOXKAEHUs, 06y-
CJOBJIEHHOEe JOTOJHHUTENbHOH CHMMeTpHeH; MOryT TaKKe HaMe-
HHTbCS1 KO3GhOhUUMEHTH IIPHBENEeHHS U, CJelOBaTeJbHO, NpaBuja
oT6opa. Heobxoaumasi 3pech TeOpHS KONpEeACTaBAEHHH H3J0XKeHA
B . 9. N

Hakonen, Hy:KHO OJ4ePKHYTh, YTO 3HAYHTEIbHAS 4acTh pe3yJb-
TATOB IJI. 8 MPUMEHHUMAa U B OTCYTCTBHE OTPaHUUHBAIOILETO NIPeNIo-
JIOJKeHHA O NPHUMEHMMOCTH TrapMOHHYecKoro npub/u:kenus. Takoe
06001eHHe 10 HEKOTOPOH BO3MOXKHO# B HacTOsllee BpeMs CTeMeHH
-6ypeT O6CYXAaThbCA NPH H3JAOXKEHHUH o0mel AMHAMUKH PEHIETKH |
TEOPHH MHOTHX Tell.

§ 67. YpaBHenns: ABHXKeHHS B TrapMOHHYECKOM HPHOIHKEHUH

PaccmoTrpuM KpHCTaLI, B KOTOPOM MOKOAL(KECS ATOMBI pacio-
JIOXKEeHHl B TOYKaX C KOOPAHHATAMU

rt=R 4r, (67.1)
rae, Kak u npexae (cM. § 4), BeKTOp pewmeTkH paBeH
R, =lLa, + lya, + lsas, [; — uenvie yncaa, (67.2)
M 6GasucHBIE BEKTOPH HMEIOT BHJ
1= + 2oy -+ Hats, 0y < 1. (67.3)

MoKHO0 c4uTaTh, YTO BEKTOp R onpefenseT moJoKeHHe dJIEMeHTap-
HOH s4eHKH, B KOTOPOH DacloJioKeH AAHHBIHA aTOM, a ry JaeT HoJo-
JKeHHe 3TOr0 aToMa BHYTPH SJeMeHTapHo@l siuelikd.. Eme ojHo
ynorpebasiemoe 0603HaueHue aasg (67.1)

o (:) | (67.4)

rie MHAEKCH [/, x UMEIOT TO Ke 3HadeHue, yto u B (67.1), a ¢ =1,2,3
0603HaYaeT JIeKAPTOBH -KOODAMHATH; HHIeKCH (1, 2, 3) MOXKHO
TaKXKe 3aMeHHTh Ha (X, y, 2).

OGo3nauyuM cMeLleHHs aTOMOB, nepBOHaqaano TOKOMBIIKXCS] B

l l
TOYKax r (% , M3 HX IIOJIOXKEHHH paBHOBECHsI 4yepes # w)
Torma MrHoBenmoe IOJIOXKeHHe KaxKJIoro atomMa MOXKHO 3alHcaTh

TaK.
r(i)—}-u(i)sp(:‘) . (67.5)
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CMmeulenns u (%) B (67.5) cienyer cyuTaTb MEHSIOIMMUCA BO Bpe-

MEHH He3aBHCHMEIMH BEJIHYHHAMH, ARJISIOIIHMHCA OCHOBHBIMH IH-
HaMUYeCKHMH TlepeMeHHEBIME B Hamell zajmave.
[ToTennuanpHas 3Heprust KpUCTAaia ABAseTCs QpyHKuUMeld o6ilero

BHA OT MTHOBEHHHIX TOJIOXKEeHHH aToOMOB @ (%) Hasosem ee O.

OGbiuHOe K/acCHYecKoe PACCMOTPEHHE OCHOBAHO Ha NPeNO0JoXKeHIH

MaJia, a HCXOJHble 1IOJO-

O TOM, 4YTO BeJIMYKHA CMeElleHUs |u (%)

KEHHUS PaBHOBECHS COOTBETCTBYIOT YCTOHUMBOMY paBHOBecHmo. Toraa
nepBble ABAa OTJIHYHBIX OT ‘HyJs WwieHa B pasnoxkKeHud @ 0o oTKIO-
HEeHHMAM OT MOJIOXKEHHH PAaBHOBECHS HMEIT BHA

o=o({r (W) +3Z Tl )oa (s )nl) oo
(DGB(% %’) (aua ( )auﬁ( )) ”a(:)=0.
\ w5 (4)-0

[TepBriit unen 8 (67.6) ompenessieT Ha4aJg0 oTcYeTa HOTEHUHANbHOM
9HEDTUH PeIleTKH H COOTBETCTBYeT 3HayeHIfI0 (D, B3ITOMYy OpH ycJIO-

rne

/

(67.7)

BHH PaBE€HCTBA MIHOBEHHBIX KOOPAHHAT YaCTHIL {p " Koopou-

!
HaTaM TOJIOXKEHHH paBHOBecHS {r(N . Takum o6pasom, 3Ta

BeJIYUHHA sABJAsAeTcA KoHcTaHTo#. OOGOOGIIeHHEIE CHJIOBBIE MOCTOSIH-
HBle AMHAMHKH KDHCTAJINYeCKOH pelleTKH B rapMOHHYECKOM MpH-
GaHKEHUH onpeflefAoTca BhpaxkeHHAMH (67.7). OueBugHo, B psje
(67.6) MOXHO y4ecTb C/JeAYIOIIMe YJeHHI PAa3JIOXKEHHS W TMOJYIHTDb
aHrapMOHHMUeCKH#l BKJald B NOTEHHHAJLHYIO SHEPTHI0 KpHCTAJla.
Huke MBI IpHBefeM HEKOTOpDHIE pPe3y/abTaThl, OCHOBAHHBIE HA YUETE.
aHMAPMOHHYECKHX YJIeHOB, HO CeHiyac MH uMH npeHeGpexeM. Tak
Kak KOHGurypanus aTOMOB, COOTBETCTBYIOIIAs Haualy oTcuera
SHeprud, fipjasercd. ycTOHUHBOH paBHoBecHo#l Koudurypanuefl, pe-
JIUYHHA

veo—o({r()}) -1 Ze( )l )n(,) era

' /
- . )
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JAOJI2KHA OBbITh MOJOKHTEJAbHOM, ecjid uMeeTcsi XoTd Obl OJHO OTJIHY-

l l
HOEe OT HyJISl 3HAUeHHe ua(M , M paBHa HYJIO, €CJH BCe ua(%

TOXKJeCTBEHHO paBHBI HyJs0. Takum o6pasoM, (67.8) aBiserca He-
OTpULATeNbHOH KBaApaTU4YHOH (opMoil:

V>0 (67.9)

Tak Kak nopsiaok auddepennuposanus B (67.7), oueBHIHO, He-
CYIEeCTBEH, CHJOBHE IIOCTOSHHBIE YAOBJETBOPAIOT COOTHOMIEHHIO

[ v U
(Daﬁ(% M,)=(Dﬂa(%, L) (67.10)

Onpenesum MaTtpumy-cronfen, umeromyio 3rN CTpPOK, 3JeMeH-

)
TaMH KOTODOH SIBJASIOTCS He3aBHCHMEIE BEKTOPH CMelleHHH ua(%).

3neck N —uuc/o 3JeMeHTApHBIX sfYeeK B KPHCTaJdje, YAOBJETBO-
pAlolieM TrpaHHYHBIM ycJaoBHsIM DBopra — Kapmana, r— 4uciI0
HOHOB (aTOMOB) B 3JeMEHTapHOH fiyeiike, Tak 4T0 3rN — nOJHOE
YHCAO MeXaHHWYECKHX CcTeneHelt cBoOOAn KoJebamoulerocs Kpi-
crania. O6o3HaylUM TaKyl MaTpUiy-cTosGer yepe3 [u]:

(1)

= - . (67.11)

.

()

TpancnonupoBaHHO# 1O OTHOWmEHHI0O K Hel Oyler MmaTpHla-

crpoka [u]:
[;T=(ul(i) ug(jf)) (67.12)

Ecin MH 0603HauuM Matpuily ¢ pasmepamu (3rN) X (3rN), ane-

MeHTaMH KOTOpoit ABAAOTCH gy v ) B3 (67.10), uepes [®@],

TO (67.8) MOXKHO 3anHCaTh B BHAE ‘
V =+ (] [0] [u]. (67.13)

Takue coxpalleHHBEle 0003HAYEHHS HHOTHA OKa3bIBAalOTCS [OJIE3-
HBIMH, . T T - '
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l .
JleKapTOBE KOMIIOHEHTH CMeIlleHHiH ua(% HE3aBHCHMBI, TaK
YTO KHHeTHYecKas 3SHeprus KoJjebiaomniefics pelIeTKH paBHA
2
T ———ZM ( ( )) , : (67.14)
Ina ’

rie M, — macca x%-ro0 atomMa B 3JeMeHTapHoH smueiike. Torma
JarpaHxkuaH paBeH ,

u1d B o6osnayenusx (67.13)

=%[~u‘] [M][4] _\12_{;] [@] [u],  (67.16)

. . l
rie [¢] — marpuna Tuna (67.11), aMeMeHTH KOTOPOH paBHH ua(%)
H [M] — nuaronasbHasi MaTpHila, COCTaBJIeHHAs M3 MacC aTOMOB:

[M][ = Muéll’émc'éaﬂ' (67 17)

'
aB

B (67.14)—(67.16) Touka, Kak Bceria, 0Go3HaYaeT MOJIHYIO MPOH3-
{
BOAHYIO TO BpeMeHH. BriGupas ua(%) B KauecTBe 0000ILeHHOMH

e
KOOPAMHATH, a i, (%) B KauecTBe 0606IIeHHOA CKOPOCTH, HalieM

YPaBHEHUA ABHIKCHHA H3 COOTHOLUEHHSA
d

d 02 3z
TR =)

I
YpaBHeHHsi NBHKEHHS IJA AHHAMHYECKHX IE€PEMEeHHBIX ua(%)

=0. (67.18)

6ynyT HMeTb BHI

\ M,,iza() Z@aﬂ(l l') (f:,)=o. (67.19)

‘r”/
= A
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~

YpaBHenne (67.5) nOKa3bIBaeT, YTO MeHSIOMHKECS BO BpeMEHH

He3aBHCHMEBIE HepeMeHHHe u (%), KdTOpre ABAAKTCA OCHOBHLIMH

—

JMHAMHYECKHMH IepeMeHHHIMH B 3ajaue O KOJeGaHUsIX pelleTKH,
MOXKHO paccMaTpHBaTb KaK BEKTOPHOe Iose #(r), 3HaueHHe KO-
l .

TOPOr'o OIpelreJeHO TOJNBKO B Y3JaX peleTKH (%), T. €. B [I0JIOXKe-

HHUSIX paBHOBecHa aToMoB. C JPyroil CTOPOHbI, CONVIACHO YPaBHEHHIO

(67.5), KaxKa10MYy BEKTOPY CMELIEHHUA COOTBETCTBYET CBOE HecMelleH-
!

HOoe MOJIOKEHHe Y3/7a KPHCTAJJJIUYeCKOH pelieTku r (%) i ypaBHe-

HUS JBHXKEHHS 3alHCHIBAIOTCA TOTAA 4Yepe3 3TOT OCHOBHOH Habop
nepeMeHHHX B gopme (67.19).

§ 68. TpancasuMoOHHass CHMMETPHS H CMeElleHHsa aTOMOB

Mu paCCMOTpHMv OTAEJBHO BJHSHHE TpaHCJIﬂIlHOHHOI':I 1 Bpallia-
. /
TeJbHOH -CHMMETpUH Ha CMellenue u( U Ha MaTpuuy (677)
¥4 .

B stoM naparpade MBl H3YYHM TOJBKO CJIEACTBHS CYLIECTBOBAHHMS
TpaHCAAMNOHHON cnmMeTpun {e|R,} B pemerke.
Oneparop npeoGpasoBaHusi, COOTBeTCTBYOLHH sementy {e|Rf},

0003HauUM P{%IRZ—}- IlpumeHuM cHagana 3TOT ONEpPaTOp K BeK-
TopHOMY 1oJ1I0 # (r). OueBHAHO,
(P{p, [ RZ}u) (r)=u (r — RZ)‘ (68.1)

OTCIORa BUAHO, UTO AefCTBHE ONepalHy TPAHCAAUMH KPUCTANIA KaK
1eJIOro, XapaKTepusyeMoll BeKTopoM Ry, Ha BEKTOD CMENIeHHA 4

JlaeT cMellleHHe B TOYKe, KOOpANHATA KOTOPOh cnBuHyTa Ha R;-. Ilpn

TaKOH «aKTHBHOW» UHTeplipeTallMy ONepalMil CHMMeTPUH MHl CIBH-
raeM ToJie cMemlleHHH H AepkKUM ¢GHKCHPOBAHHEIMH Y3JH KPHCTAJI-
JUUECKOH pelleTKH. DTH «HOBBIE®, WIH CABHHYTHE, CMeEIleHHs CBSi-
3aHH CO «CTapbIMHM¥», HUJH HeCABUHYTHIMH, y3naMu pemeTKH. Ecian

B3aTb (68.1) npu r w = Ry + rx, TO TOJYYHM

! 1—1
e (r,)=e(7) e
Unnexe r.B (68.2); oueBHAnoO, sSBASETCS JHIUHUM, IOSTOMY BMECTO
(68.2) M1 Gynem oGBIYHO NHCATb

pom()=('T)
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§ 69. TpancasiuMoHHas CUMMeTpHS
M MaTpHua CHIOBBIX MOCTOSHHBIX

I/Icnom,sysa npeoGpa3oBaHue cCMellexuit (68. 3) noayvyaeM H3
(67.8) BHIpaxeHHe N/ NOTEHIHAJBHOH aﬂepmu

N (E0]) S
N G N DN G T

na

B
rae us (67.7)
o (l-—l-l,——Z)__ 92d
ANEE T 4 =[ I—1 r—1 ]
aua( M )auﬁ( - )

Taxk kax npy TpaHCadnHK BCe aTOMLI CABHUIarmTCAd B SKBUBAJICHTHEIE
NOJOXKEeHus1, Mbl UMeeM AJA CHJAOBBIX NOCTOAHHBIX

1—iv—1 I —r
cpaﬁ( . 2@%(% %) (69.3)

Teﬂsop CHJIOBEIX HOCTOHHHI:IX ABJSIONHACH HHBAPHAHTHBIM
noJieM TeH30pa BTOpOro paHra HOJI2KE€H O0CTaBaTbCA HEN3MEeHHBIM
[Ipl/I gnepanudax CHMMETPHUH peLIeTKH. CJIelIOBaTeJIbHO, nonaras

{=={', monyuum
I—7 0\ v
(U - =(DGB(% %,). (69.4)

v
Taxum o6pa3oM, CUJIOBLE NOCTOSHHEIE (Dm[5 (% %,) 3aBHUCAT TOJBKO

. (69.2)

OT Pa3HOCTH BEKTOPOB pelleTKH Ry W R 1 He 3aBHCAT OT HHACKCOB
oTdenbHbix AUEEK.

AHanornyHeii BHBOJ MBI MOXKeM TOJYYHTb HPH <«TAaCCHBHOH»
UHTepIipeTanuy JTeAcTBUs npeoOpas3oBanuil cuMmerpun. ByxeM cuu-
raTh HoJle cMelleHHH # (r]) PHKCHPOBAHHBEIM, a Y3JIBl PeIleTKH GyneM
cMewlaTh Ha BeKTop pemleTkH Ry. Torpa-ysen pewerku Ry nocae
cmenennst 6yaeT HaXoAuTbes B yaie R, — Ry, a ysen R,, nepefi-
xer B R, —Rz,

Tak kak H3MeHeHHe NOTEHUUAJIbHON SHEPTHH KPHCTaMla LOTXK-
HO 3aBHCeTb TOJbKO OT CMeHleHHHA OTAeJbHHIX aTOMOB, Mbl CHOBA
NPHXOAMM K BHIBOLY, UTO A0GaBJeHHe OJHOrO H TOTO e BeKTOpa
pellleTKH KO BCeM HMHAEKCaM Y3JI0B B KaxKAOH CHJIOBOH NOCTOAHHOH
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OCTaBJseT ee HHBADUAHTHOH B cMuicae (69.4). Huxxe B HeKoTOPHIX
4

l
cIyyasx Mul OydeM OOJb30BaTbCA TEM, UTO (D“ﬂ(n L/ ) SaBHCHT

TOJBKO OT pasHoctH [ — I’. Tormga uMmeem

on( )0 ") 005
TaBN a o/ )T TN g o’ )’ ()

rae Rn= Ry, — R;.. Hecummerpuinoe ofo3nayenne B {69.5) momx-
HO IOJYepKHBATh, YTO CHJOBBIE IIOCTOSHHBIE 3aBHCAT TOJBKO OT
ONHOTO HHAeKca s4efKH, a UMEHHO OT OTHOCUTEJIbHOTO HHJEKca.
B npyrux cayuasx, Koraa oOKaseBaerc yAoOHBIM dopManbHOe
BKJIIOUEHHe BCeX COBOKYIHOCTEH HHAEKCOB, OHM OYAYT COXPaHEeHHI
BCE.

§ 70. O6mas cMMMETPUs U CMENEHNsT aTOMOB

Paccmorpum gmefictBue omepaTtopa Hpeobpa3oBaHHs O0Lied mpo-
CTpaHCcTBeHHON cuMMeTPud Pp|g Ha mosde cmemeHuii u(r). Ilog
LeHCTBHEM 9TOrO Mpe0oGpa30BaHuA 06Ul CUMMeTPHH BeKTOPHOE
noje cMmellleHuHi u# npeobpasyeTcs B BEKTOPHOE IIOJE CMelleHHH
U}, TLE

‘ g = Pg ol (70.1)
W3 Toro, 4To @ siBAsieTCS BEKTOPOM, ¢ HeH3GeXHOCTBIO CHeRYeT
| (Pt = {mla = X, Gaglty (70.2)

B (70.2) ,
Pop = ((P)ag (70.3)

ecTb (of)-KOMIOHEHTa NMOBOPOTHOH MaTpHIH @, ONHCHIBAIOLIeH mo-
BOPOT B omepauuu oGuieli mpocTpPaHCcTBeHHOH cumMerpuH {g@]|f}.
B nocreayouieM H3gI0XeHHH YAOGHO HCNOAL30BATh clelyioniee 060-

3HauYeHue:
Popg = D ((P)aﬁ- (70.9)

B (70.4) Mu ofo3naunsu yepes D) MaTpHuy npeoGpas3oBaHHMs, 1O
KOTOpOMY Npeo6pasyercsi OOBIUHBIN MOJAAPHBIM BeKTOp. Takum obpa-
30M, aHAJOTH4HO § 5 MBI MOXKEM Hamucath

r’'= rg=@ -r=D" (@) r, (70.5)

n (70.5) caenyer temepb cpasHHTH ¢ (5.9). Bosspamasich Hazald K
(70.2), BnauM, yTO KOMIOHEHTH # MpH NOBOpoTax npeobpa3syiorca
IpYyT Yepe3 APyra aHaJOTHYHO KOMIIOHEHTAM NPOH3BOJIBHOTG MOJSD-
HOro BeKTOpa, HalpuMep paluyc-Bekropa. ¥paBuenne (70.2) torza
yCcTaHaBJANBaeT NUHefAHOE OJHOPOJHOE COOTHOMeHHE MeXIy KOMIO-
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HEHTaMH BEKTODHOH (QYHKUHHM # H KOMIIOHEHTAMH BeKTOPHOH (yHK-
uHH #g. Ho, kpome Toro, MoxHO cKasaTb, 4To Hpeo6pas3oBaHHE
Py TPOH3BOLMT TaKXe OAHO-OLHO3HAYHOe OTOoGpaxeHHe. Ciaexo-
BATe/bHO, MOMHMO MOBOPOTa KOMIIOHEHT BEeKTOPHOT'O IOJS # OHO
MOKa3blBaeT, YTO NOBEPHYTHE KOMIIOHEHTH CJlelyeT 6paTh B mpeob-
pa3oBAaHHEIX TOYKAX mOMs. OKOHUATENbHOE NONHOE MPABHJIO, OIHCH-
aioliee JeACTBHe OIepatopa Hp606p330BaHHH Ha u, WMeer cae-
JYIOLHA BHA:

(Pig 1 gt2)e (r Z%ﬁuﬁ({cplt} r). (70.6)

B kpucTrajnHuecKofl pelieTke # ONpPEREJEHO TOJBKO B y3Jax pe-

meTKkH, Tak 4ro (70.6) caexyer sanucath maf r =(%) B BuJe

- (um)a( ) Z%ﬁ [5( ) (70.7)

B (70.7) M HCHO/Ib30BAJH YCJI0BHOe 0603HaueHHe

{fplt}—l'f(i)zfp"'f(i)—-rp“l-t (70.8)

folf™ {i}s(i‘:) ~ (70.9)

C mpyro#t CTOPOHEI, €C/TH ONPENEJHTb

(;:)E{""t}"(i)» - (010)

TO MOXHO 3amHcaTh npeoGpasoBanue, oGpaThoe (70.7):

(o ( ) Z%ﬁ f,( ) (70.11)
M3 oproroHalbHOCTH NPeofpasoBaHus ¢ CAELyeT
Z PruPav = Z PuoPvs == 6p.v (70.12)

Henonbsys (70.12), MH MOXEM 3amHucaTh IpeofpasoBanusi, obpart-
wuie (70.7) u (70.11). Us (70.11) umeem

Z%v Z%s a( ) Z%y (um)a( ) (70.13)

HJIHU
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uJH, dcnodbsys (70.12),

N u” (olc)/: ; Poy ("m)_a(,l;) ' (70.14)

”v(i) = ; @ ay (uw;)a(ii)'. (70.15)

{13 ypasuenus (70.7) umeeM

ub(i:) = Z Pus (um)a(i). (70.16)

Ucnonssys (70.4), Beipaxenus (70.14)—(70.16) MmoxKnO 3amucaTh
yepes D),

| He 6osicb OBHTb MHOTOCJAOBHEIMH, HOABITOXHM Telepb pPe3yib-
taTth. [Ipeo6pasoBanue koopauHaT {¢p|f} MOXHO 3amucaTb B Buie

{1ty ={oI7v (@) + Ry}, (70.17)

rae Ry — BeKTOp pelieTkH M T(¢)-— HETPUBHAILHAA TPAHCIAIMS.
Tlon gmefictBueM Takoro npeo0pas3oBaHHg paJHyC-BEKTOP TOUKH

{
r (%) = R; -+ r, npeobGpasyercss caenyomum o6pasoMm:

wiger()=o-r(,)+e (70.18)
HJaAa _
(i)"’(iﬁ,) (70.19)
- ! @R+ Ry
(%:,)E(cp-rM +t(q)))~ (70.20)

BamxHo xopouio mpeAcTaBasTh cefe, 4TO coKpaileHHOe 0003HAUeHHe
B JIeBO# cTopoHe paBencTBa (70.20) 3KBHBaJEHTHO NOJHOMY BHIpa-
XEHHIO, BHIHCAHHOMY cmpaBa. JlpyrEMH cjoBamH, clipaBa NpOCTO
SIBHO BLIMHCAHO BCE TO, YTO IOApa3yMeBaercd cjaeBa. B uacTHocTh,
BBHIMHCAHBI MO OTHEJBHOCTH YHCTO pelleTOYHOe INpeo6pasoBaHHe
¢-R.+ Ry n HeTpHBHA/IbHAA TPAHCIANMS @-Ty -1- T(Q) KOOPAHHATHI
TOYKH, YTO YAOGHO JJIS MOCJEAYIOUIUX CCHIIOK.
AHaJjiornuno a7 cootHouwenus, o6pataoro (70.17), umeem

@ty ' ={o | —g~ -t (@) — o™ Ry ={o~ | —¢~"' - £}. (70.21)
Torga ' -

B ‘{cplt}"‘.'(;) =q¢~!. '(i) — g7t (70.22)
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. (i)ﬁ(i‘:) (70.23)

ly @7 R—q7 Ry
=| _, . , (70.24)
%o QT 1y — 7 - T (g)
rie CHOBa BHINHCAHBI SBHO BK/JIaAbl TPAHCAANHHN Ha BEKTOP PEIIeTKH
H HEeTPHBHAJBHONH TPaHCAANUH.
Kak B (70.20), Tak u B (70.24) peuletouHble TPAHCISUMH U He-
TPHBHAJBHEE TPAHCIANMH BHIUcaHW aBHO. C/eldyeT, OMHAKO, OTMe-

THTb, YTO BO BKJAaZJax, COOTBETCTBYIOIIHX HETPUBHAJLHON TpaHC/s-
unu B (70.20) u-(70.24), MOXKET COAEPXKATbCS elle HesBHO BEKTOP

TPAHCJIALKH
ry =@ ry+ 1(Q), (70.25)
g =@~ r,— ¢~ - T(q). (70.26)

Jlio6oe U3 3TUX Npeobpa30BaHHi Aaxe Npu T = 0 MOxkKeT npeobpa-
30BaTh aTOM %-T'0 COPTa B TOXKAECTBEHHBI aTOM %-r0 COpTa B APY-
roft ajeMenrtapHoit suefike. [Ipu 3TOM nepBoHAYaJIbHOE MOJOXKEHHE
aToma Ipu 4o0aBJeHuH BEKTOPa pelleTKH (aKTHUECKH CABHUIAeTCH,
yTO SIBHO He mHokasaHo HH B (70.20), Hu B (70.24). Hecomuenno,
YTO BEKTOPH

9 R+ Ry (70.27)
@ 'R+ 7' - Ry (70.28)

ABJISIOTCA BeKTopamHu pemerkd. Opnako oGosnawenus (70.20) w
(70.24), BooGmie roBops, OUeHb YROOHBIE, MMEIOT TOT HEJOCTATOK,
YTO B HHMX He BMJHA SIBHO BO3MOXKHOCTb TOro, 4YTO, HampHMep, B
ypasueHnusix (70.25) n (70.26):

T, = Ry (%, ®) + o, (70.29)
ruy= Ry (g, #") + Fur, (70.30)

H

rie Ry (%g, ®') 0 Ry (%, ”)— BeKTOpH peuieTkd. Ham nmpumerca
BeDHYTbCS K OOCYKIEHHIO 9TOH Bo3MoxHocTH B § 80 u mocriexnyto-
wux naparpadax. ‘

Hs Toro, uto {¢@|f} ABIseTCs OmepauHed CHMMETDHH, CJIELYET,

4To (’pnanecxne CBOHCTBA B TOUYKe %) TOXXE€CTBEHHDBI CBOﬁCTBaM

o1 .
B TOUKe (: ) JlpyruMu caoBaMH, B 9THX IBYX TOYKaX HaXOAATCA
: o . .
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OJMHAKOBblE aTOMElI HJIH HOHH H, CJ€IOBaTENbHO, (PH3HYECKHE CBOM-
CTBA B HUX TOXE OJXHHAKOBBHL

Haxoxnen, none3sHo y6eXHTbCS B VHHTAPHOCTH ONlepaTopa mpeol-
pasoBaHusl Py |s. CocTosnHe KpHucTaaaa NpH (PHKCHPOBAHHBIX CMe-
HIeHNAX ATOMOB H3 IOJIOXKeHHH DaBHOBECHS OTPeAe/I€HO, ec/d 3aiaH
3rN-Mepunifi Bektop [u] u3 (67.11). HopMy, miu KBaApar AJTHHHI
3TOro BEeKTOpa, MOXKHO ONPeleNHTh ClAefyiouuMm o6pasoM:

[u)2=[4] - [u] = (u, u)=Z(ua(i))2. (70.31)

) %ig
OueBHIHO, YTO
[ul? >0, (70.32)

rfe 3HaK PaBeHCTBA OTHOCHTCSl TOJBKO K HYJIeBBIM CMeEIeHHSIM.

PaccMoTpuM COCTOSIHHE KDHCTA/ia, 3aJ1aHHOE COBOKYITHOCTHIO
cMellleHu#l [Py ) o], KOMIOHEHTH KOTOPHIX 3afaHsl B (70.2). Hopma
5TOTO BEKTOPa PaBHA

1N\\2
(P a®, Puyatt) = (4, ucp)—— ((P(‘vmu ( )) =
%l

— ; (Z maﬁuﬁ( )) (Z %Buﬂ( )) = ;m (uﬁ( iz ))2

[Tpu BEIBOZE 3TOr0 COOTHOLIEHHSI MH Hcnoab3oBaau (70.12). Has
safansoro {@|f} Mel MoxkeM uaMeHHTb B (70.33) MHAEKCH CyMMu-

POBAHMSA:
Z—» Z , (70.34)
<T><T>

TaK K4aK CYMMHPOBaHHMe HAeT MO BCEM aTOMaM KDHCTAJ/Ia OLHH H
TOMbKO OZMH pa3. OTciofa, HcnoJb3ys o6o3nadeHus (70.2), mno-

Jyuaem .
(u, u) = (ug, uy). (70.35)

OueBHJHO, YTO 5TO BePHO A9 Bcex Py g B IPYNIe ONepaTOPOB Hpe-
oGpasoBanuft @p, H30MOppHOR mpocTpaHcTBeHHOH rpynne &, Ilo-
3TOMY ONepaTop P s, ONpeleseHHbll cooTHouenvem (70.7), yun-
TapeH.

[Tocae cMeuleHni [#] BeulecTBeHHO. PaCCMOTpHM Telmepb olnepa-
top K, COOTBETCTBYIOIHH KOMIIEKCHOMY CONPSXKEeHHIO:

Ku, ( i) =u, (i ) . : - (70.36)
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M3 BeulecTBEeHHOCTH (PU3HYECKHX CMelIeHHH chelyer

Kua(i)= ua(i). (70.37)

Corqtacto (70.7) u (70.37), umeem
! ! - !
KP |t (wytta (%) = Po18Kuq ( ) = Pig1 glla (%) (70.38)

[TocneHee paBeHCTBO cneﬂyeT 3z (70.37). OKOanTeJIbHo H3 Be-
1IeCTBEHHOCTH CMellleHH# caenyer

(Ku, Ku)= (u, u). (70.39)

§ 71. O6waa cuMMeTpHsi M MATPULA CHUJAOBBIX MOCTOAHHBIX

CIJuane‘c‘E‘Hﬁ cMulea cootHowenu#t (70.7) m (70.11) cocrout B
TOM, UTO B“pe3yabTaTe npeobpasoBanusi P B y3Je pelleTKH

1
(% BO3HHKaeT npeoCpasoBaHHOe CMelleHHe -4, KOTOpPOe MepBo-
) l
Haya/JbHO OTHOCHJ/IOCH K SKBHBAJIEHTHOMY y3Jy PelIeTKH .
%o
l
BuiGepem um( : )us (70.11) B KayecTBe OCHOBHBIX AMHAMUUYECKHX
P

nepeMEeHHHX B 3afaye O KOJeOaHHSAX pellleTKH. B 3THX mepeMeHHBIX
BeipazkeHne (67.8) mas V umeer Buf

=_2. > (4a), ( )(D’,B,(l l,)(m)ﬁ,(l,), (71.1)

4
H Hg?
r s 7

l(puq)ﬁ

TA€¢ B HOBHLIX IHICPEMCHHBIX

’ lq’ l; ' G0 7
CDa,ﬁ, o )= L 1cp . (71.9)
%o Yo Owe \ ,, )9O o)y 1o

Jas (PHKCHPOBaHHOTO 3HAYeHHS {q>} CyMMHpOBaHHe mo lx, u lw 0
B (71.1) MoxHO 3aMeHHTb Ha CyMMHpOBaHHE HO Ix H [x. Jlad
cpaBHeHHs ¢ (67.8) mpeo6pasyem (71.1) caeaywomum o6pasom. Ilo
npaBuay AMd¢epeHIHPOBAHHA CJHOKHON QYHKIHH HMeeM

o Z a"“(l) Z »
oo, (1) ot () o () (,‘)'

(71.3)
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B (71.3) kaxjas KOMIOHEHTa NpeoGPa30BAHHONO BeKTOpa CMellie-
HHf CYHTAEeTCsl 3aBHCAlleH OT BceXx 37N KOMIIOHEHT NepBOHAYaJb-
HbIX cMellennii. 3artem, noacrasassa (71.3) B (71.2) u wucnonas3ys
(71.7), naiinem

p v
(Da B’( cp cp ) Z Z cPaa’q)BB' af ( ) (71'4)
I, L s ]
(D;'ﬁ' (: % ) Z ((P_I)a ‘o aﬁ( — )(pﬁﬁ' (71 .5)

IToncraBum rtenepp (70.11) B (71.1) H 3amulIeM CyMMy 1o Ix u ['%;

TOrAa NOJYUHM
’ [ 4
¢
=5 2 Y gt ( ) ,ﬁ,(fv ,)cpﬁﬂ,uﬁ(%,), (71.6)
g (D

Ina’ af
Uuf

HJIH

3areM, meperpynnupoBaB 4JeHbI, Halhnem

1 ) , l(p lc,p %
R g (- ol o

Ina
w3

CpasnuBast (71.7) u (67.8), Buaum, uTo Tak Kak V sBJseTcs
MHBAaPHAHTHOH BEJHYHHOH, TO

v l;
( ) Z q)aa o ﬁ/ / q)Bﬁ/- (71 .8)
%o

Wu ecmn Mb Bo3bMeM npeoOpasoBanue, o6patHoe (71.8), To ¢ mo-
moutpio (70.12) HOJIy'-IHM

fD;,B("’ ) 2. ¥ (, l/)%ﬁ: (71.9)

L r
= Z (@™ Do Pap ( u %,)@Bﬁ,. (71.10)
af _

Us (71.1)—(71.10) BHIHO, 4TO MATpuUA CHJIOBEIX IOCTOSTHHBIX
CO LITPHXOM COOTBETCTBYeT NOJIO MPeoGPA30BaHHBIX cMelleHH#. Ta-
KuM ofpa3oM, Mbl MOXeM CYUMTATh, 4YTO MTPHXOBAaHHAs MaTpHUA
CHJIOBHIX INOCTOSIHHBEIX TIQJyyeHa npeofpasoBaHHeM HEIITPHXOBaH-
HOfl Marpuupl, HanGosee mpocTo 3TO MOXKHO YBHAETb ¢ MOMOMIbIO
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MaTpuuHOR samucH (67.13). Mrak, o6osnauum depes [u)] maTpHuy-

cronbern H3 5JeMEHTOB (u{q,}a( ) Torna, B3sB

= 2 [2]1®] [a], (71.11)
I 1~y = - .
V=5 [u] Pi1aPsi o [®] PRl aPs) 4 [u] (71.12)
B YYHTHIBasA, 4YTO %
) P g [u] = [uw], (71.13)
MoJyyYaem
[#] Pl = Pio o [u[= (71.14)
= [u@). (71.15)
Torpa | — .
V=15 [ug] [0] [ug], (71.16)
rie
[@] =Py 14 [®] PR} 4- (71.17)
Ecain o6o3nauuts KoMmoHedTnr [@’], KaK H paHblle, depes
L1
CD;,ﬁ, %(p T, , T0 (71.16) u (71.1) OKasbLIBAIOTCA OXHHAKOBLIMH.
H

Ho (71.17) o3nauaet Takxe, 4T0 MaTpuna [®] mox neiicTeHeM one-
pauuMit CUMMeTPHM KpHCTa/Jia npeo6pasyeTcs KaK TEH30P BTOPOro
panra. Te xe coofpaxeHus, KoTophle mpuBenn Hac K (69.4) H
(69.5), npuroans u aas [@']:

(L (% 0
cpa,ﬁ,(%w Ny cp,ﬁ,( v ) (71.18)
rae
R%ERL(D“‘RL:D. (7119)

BocmogbayeMcesl Tenepb SIBHO CBOHCTBaMH NpeoGpa3oBaHHuil CHM-
MeTpHM KPHCTAJ/Ia, EPeBOAAIINX KPHCTaLA caM B cebs. DTo o3Ha-
waeT, 4T0 NpeobpasoBaHHe TOYeUHOR CHMMETPHH P|s CBA3BIBAET
IBe TOUKH r U "{w B KOTOPHIX KPHCTAMLI o6/1ajaeT OAMHAKOBHIMH

N3uueCKHMH CBOMCTBaMH. ECHH MH 6y,z1eM CYHTATh, YTO TEH3OPH
(f ®] u [®'] omuchiBaloT (pu3HUecKHEe CBOHCTBA B JAaHHOH TOYKe, TO
TpefioBaHHEe CHMMETPHH osﬂaqaeT 4TO

" L lfp )
W(L D)ol ). o
Ko “w Ko %o

@I
HJIH
{ l' - v , .
(Dn;’ﬂ’ ( = (Da'ﬂ’ (% %, i . (71 .21)
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BaxuO moHHMaTh, uto u3 (71.20) u (71.21) crenyer, uro mpeoGpa-
30BaHHEM CHMMETDHUH #BJfeTcs Takoe NpeoOpasoBaHHe, KOTOpoe
coxpaHsieT (YHKUHOHAJbHYIO (opMy TeH30PHOrO (MaTpPHYHOrO)
noast [@®]. B 9THX COOTHOLIEHHSX MBI NPHPABHHBAEM OAHHAKOBHIE
KOMOOHeHTH (WHIEKCH of) INTPUXOBAHHON M HeUITPHUXOBAHHOM
(mpeo6pa3oBaHHON M HCXOAHOH) MaTpHI, B3sAThle B OXHOM W TOH
ke TOYKe mnossi. COBOKYIHOCTD JABYX TOUEK INOJIS MOXKET PaBHHIM

1
0o6pasoM ONHCLIBaThbcA Kak (% . ) B KaK npeofpa3oBaHHOe BLIpA-

Ly o
xeuue \ , s )+ HaoGopor, cooTHoweHHs (71.4) n (71.5) ycra-
¢ 0

HaBJHBAIOT COOTHOILIEHHE MEXKAY MATPUIAMH CHJOBBIX MOCTOSIHHEIX
B ABYX pPA3AU4HbLX COBOKYIHOCTSX TOUYEK, CBSI3aHHHIX MpeoGpasoBa-
Hiuem cumMerpuu {¢|f}. Coornowenns (71.20) u (71.21) gmemon-
CTPHUPYIOT UHBAPHAHTHOCTb (DHU3UYECKOTO TeH30pHOro moJas [@].
Onyckasi KOOpAMHATHBIE HHIAEKCH, MOXHO Iepenucats (71.20)
u (71.21) B BHIe

Dop = Do (71.22)
HJIH
Piot+ o3 [®] Pig |« oy =[] = [®]. (71.23)

I'Ion.c'raBmm (71.9) B (71.20), umeem
, L0
q)a g ( ) Z Z q)aa’ af ( )q)ﬁﬁ' =

A
=(Da’ﬁ’ ( ¢ q; )' (71‘24)
%y ¥

s (71.8) u (71.24) MoOXHO NOAYYUTH COOTHOUIEHWe, OGpaTHOE
(71.24). dusuueckass unTepupeTanus (71.24) cocToHT B TOM, 4TQ
3TO COOTHOIIEHHe YCTaHABJHBAET CBSI3b 3HAUEHHH OJHOrO H TOTO ¥XKe
TeH30pa, a UMeHHO (HH3UYECKOTO TEH30pa CHJOBHIX IOCTOSTHHBIX
[®], B ABYX COBOKYIHOCTSIX B5KBHBAaJEHTHHIX TOUYEK, CBSI3aHHEIX
omepainysiMH NPOCTPAaHCTBeHHOH cummerpuu. Ucnoawssys (71.24),
MOXKHO ONpeAeJHTh MHUHUMAJbHHIE Ha6Op HeHYJEeBBIX 3JeMeHTOB
MaTpHIEl CHIOBHX HOCTOSHHBIX (mapameTpPoB CBSI3H) 148 Jdo6odh
3aJJaHHOH TNPOCTPAHCTBeHHOH TrpynmH, NPUNAaBas Omepaldy CHM-
merpun {¢|t(p)} sHauenns au6o Bcex a/1eMeHTOB rpynnu @, mu6o
mo MeHbllel Mepe TeX 9/JeMEHTOB, KOTOPble [ai0T He3aBHCHMBIE
pesyabTaTH. dTOT Bompoc o6cyxaanca JIn6dpunom [5,6] B JIak-
com [68].

W3 onpenenenus moreHuHaabHOH sHepruH (67.6) c.rle,u.yeT uTO
Mannua CHJIOBLIX MOCTOAHHEIX [®] BewectBeHHa. DTo CBOHCTBO
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MOXKHO 3amHcaTh AJS HalMX HeJedl ¢ MOMOUIbI0 AeHCTBYIOLLEro Ha
[®] omepatopa K (ananormuno (70.36) m mociieAyOIUHM ypaBHe-
HHSAIM) :

K[® K =0"'=. (71.25)

§ 72. Peluenne ypaBHeHHil IBHKeHns.
CoGcrBeHHbie BEKTOpHI [ej]

B HecKONBbKHX Caeqyomux Iaparpadax 6yaeT NOKasaHO, 4YTO
Gaarofgaps INPOCTPAHCTBEHHOH CHMMeTPHH B KOHOMHIYDalHOHHOM
NPOCTPAHCTBe pelleHusl ypaBHeHW# JBukeHHs (67.19) crpositest B
HeNMPHBOAHMBIX BeKTODHHX MpOCTpaHCcTBax. Kaxaoe Takoe HempH-
BOJUMOe BEKTOPHOE NPOCTPAHCTBO siBasieTcs GasHcoM (S-/,)-Mep-
HOTO HeIlPHBOAMMOrQ NpeiacTaB/eHdss & H CBA3aHO ¢ oNpelefeHHOR
coO6CTBeHHON yacToTo ypapuenus (67.19).

‘Uro6u pemtnts (67.19), mpl moctynuM oGBIYHBIM crocoGoM [4].
Onpenenum HOBble KOODAMHATH W CHAeAylOHIHM 006Da3oM:

()=vma(l)

3aBHCHMOCTD OT BpPEMEHH MOXKHO B34Tb B BHJE

(D))

!
rae §a(% — He 34aBHCALIHe OT BPEMEHH AMIJIHTYALL, Eciu MBI

ompeneauM

D (l z')=__,_® (l l,) (72.3)
BA\n o) A/ MM, B\ w /)’

TO ypaBHeHHs ABuxeHHs (67.19) mpuMyT BHA

—o(L)+ T 0 (l 0 )s(L)=0 e

'
Uro6bl 3anucaTh 3TH YPaBHeHAS B cxkaToi dopme, BOCMONb3yeMCs
dopmoit sanmucu (67.11)—(67.18). asa sToro ompefleiM MaTpPHLY-

l
cronben [E], aeMeHTaMH KOTOPOH sABASIOTCA &, W) B MaTpuny

v
[D] c xommonentamu Dy (% %,)- Torpa (72.4) MoxHO mepen-

[D] [§] =[] [§], : (72.8)

roe [I] — epunnynast MaTpHud, ®®— coOGCTBEHHBIe 3HAYeHHS B 3a-
Aaue NHHAMHKH DeLIETKH, KOTOPHeE MoJJjexaT ONpefeleHHIO.

caTh B ¢opme
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Cucrema (72.5) paspemiuMa, e€clH COOTBETCTBYIOULHH BeKOBOH
onpeleNHTe]b PaBeH HYIIO:

v
DaB w ¥ ) - (’)26u66!l’6wx’

3armcaHHoe B Takoit dopme ypaBHeHHe (72.6) nmeetr 3rN xopHefi
, i=1,..., 3rN. .
PaCCMOTpKM HEKOTODHH COOCTBEHHBIE BEKTOP, ABJAAOLIHHCH

MaTpuuei-cTon6uoM u3 37N a/1eMeHTOB U OTHOCALIHNCA K COGCTBEH-

HOMY 3HaueHHI0 ©; ypasHeHust (72.5). OGosHAYHM 3TOT COGCTBEH-

Huft BekTOp uepes [e;], u Toraa (72.5) mpumer BHA
[D][e,|=oi[e,]. (72.7)

—0. (72.6)

i)- Torpa mas

3Toro coberBeHHOro 3HaueHHs ((DUKCHPOBAHHOIO [) ypaBHeHHe
(72.7) npunuMaeT BUJ :

o) L0

B

l
KomnouenTs [e;] yio6HO ofo3HauaTh Kak em(M

])- /(72.8)

!
OueBHIHO, KOMIIOHEHTA ea(% ]) marpuns [e;] fBAsleTCA yMHO-

seHHolt Ha 4/M, O-KOMIIOHEHTOl He 3aBHCALlel OT BpemeHH

aMIIMTYAB CMelleHHs 4aTOMa, KOTOPHIH MepBOHAYaJbHO ObLT pac-
(1 . :

[oJ0XKeH Br(% ), KOTAA B pelleTKe BO3OYXKIEHO j-e HOpMaJbHoe

KoJsefagpe ¢ 4aCTOTOH ®;. ,
W3 (67.8)—(67.10), (71.25) u (72.3) cre;yeT, 4To MaTpHia
[D] HeoTpumaTenbHa, BellleCTBeHHA M CHMMeTPHYHA:

. [D] >0, (72.9)
_ [DI=IDT, (72.10)
: [D] = [D]. (72.11)

Jlasi Tago#i MaTpHLB C06CTBeHHbIe 3Ha4YeHHS BelleCTBeHHH H
HEOTPHILA Te/TbHDL:

2>0. , (72.12)

CoG6cTBenHble BeKTOPH! Takot Martpunsl [D] o6pasyior noannil
HaGop; HE3aBHCHMO OT BEHIQOXKAEHHS HX MOXHO B3ATh BellleCTBeH-
HBIMH H YAOBJIETBOPAIOUWAMH YCJAOBHSIM OPTOrOHaJLHOCTH U HOPMH-
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POBKH B OOBIYHOM CMBHICJIE: ~
L. L, '
Zea(% J)ea(% 1)=6ﬁ1, 72.13)
®la : .
> (11) ('ll ) 880 - 72.14
jea " ] eﬁ %/ ] }=0qs ll'émc’- ( . )

Uro6L yuecTb BO3MOXKHOE BHIDOXKIEHHE, HaM MPHAETCH BBECTH
ellle onuH HHAeKC. EciH nuHefiHO-He3aBHCHMHBIE COOCTBEHHHIE BEK-

TOPHI
\ [er ] oo [l o o] (72.15)

YAOBJIETBOPSIOT YPaBHEHHIO (72.7):
[Dle; |=ai[e; ] (72.16)

TO YC/IOBHA OPTOTOHA/JbHOCTH H HOPMHPOBKH (72.13) u (72.14)
MOYKHO B3SITb B BHJE

. [

]p)e“(%

'Zea(i
Z]:;ea(i Jp)eﬁ(i,,

Yrofsl MOJMYYHTH YCJIOBHS OPTOrOHAJBHOCTH H HOPMHPOBKH (72.17)
H (72.18) npH HAaJHYHH BHIPOKJEHHS, MBI AOJXKHE BHOpaTh MPOH3-
BOJIbHYIO JIHHEHHYI0 KOMOWHALHIO BHIPOXKIEHHEIX COOCTBEHHBIX Bek-
TOPOB. DTO BCeTAa MOXKHO C/A€NAaTh, HCIOMAb3Ys NPOIeLypy OPTOro-
Haausanuu lmuara — Fpama.

PaBHHM 006pa3om, MB MOXKeM pacCMaTpPHBaThb HEKOTOPH BeK-
TOP [e, ] kak Marpuny-crosiben, ¢ 3Nr cTpokam, Kaxpaas KOMIIO-
HEHTa KOTOPOTO HMeeT Tpu HHAeKca xle. Torma (72.17) MOxKHO
HHTEPNPETHPOBATL KaK YCJIOBHE OPTOrOHAJBHOCTH B CMEICHAE CKa-
JISPHOTO NpPOH3BElNeHHs ')

[ej"] - [ejc:’] ~ (e’p’_ e’;') =88y (72.19)

AHAJOTHYHO MOXKHO ONpeNeNHTb MaTPHIY-CTPOKY leq;] H3 3Nr
CTO/IGNOB, T'le KaXXAbA H3 CTONGLOB XapPaKTepPH3YeTCs HHAEKCOM
jo. Torna (72.18) omnpenensieT eme oqHO CKaAsipHOE MPOH3BeAeHHE 2)

[€ai] : [€pr] = (€arns o1 M’)—éaﬂbll’axw- (72.20)

1} Cranspnoe mpoH3BejeHue ¢ ONHOH TOUKOH ABJSETCH CYMMO# o uloc
%) CransipHOe mpOHM3BEfCHHE C ABYMS TOUKaMi ABAAeTCH CyMMoH mo j.

iy ) =80 (12.17)

io ) == 808011 0. (72.18)
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TMoaunift HaGop cOGCTBEHHBIX BEKTOPOB-CTOJGILOB
i=L . e=1...,1

les,)s

(72.21)

MOXHO PACIONOXKHTL B BHAE MaTpHuH ¢ pasMepamu (3Nr) X (3Nr).
AnajiorHuHO NOJHBEIE HaBop COOCTBEHHBIX BEKTOPDOB-CTPOK TOXKe
-MOKHO PacloJIOXKHTb B BHAE MaTpHUH ¢ pasMepaMHu (3Nr) X (3Nr):

[ealn]’ azl:---, 3; l=1,...,- N,

3TH MaTpuipl (IOCTPOEHHBIE JHGO H3 TAKHX CTPOK, MHGO H3 TaKHX
cTo1610B) ofHHaKOBH. Hasosem 31y marpuny E. Torza crpoku mar-
puusl E HyMepylOTCS TpeMsl HHEEKCAMHU x/a, a CTOAOLB — HHIEKCOM
jo. 3amnHcaHHas 1o TaROMy mpaBHay, marpuna E c pasmepamn
(3Nr) X (3Nr) umeeT BHL

()
D

€
€y

ea(]:\/;—ljl)eg(]\/.;—l

(]2
()

o
o

0
1
0
1

=1, ..

[anr )
)

N—1
2)... 63( r

~

3Nr )

o I

N

(72.22)

(72.23)

BrimuceBasi (72.23), mpl npHusiaH, 4to | MeHsiercst ot O no N—1
TOABKO H3 COoGpaKeHHH yao6GcTBA. YCJI0BHS OPTOTOHAJNBHOCTH H
HOPMHPOBKH (72.19) n (72.10) nokaswBaioT, 4TO CTOJIGIE U CTPOKH
MaTpuusl E fBASIOTCA OPTOrOHAJBHBIMH BekTopamu. CiepoBaTesib-
Ho, E — BemecTBeHHas, yHHTapHasf HJH OPTOroHaJbHAA MaTPHIA:

Hcnoabsys (72.24) r (72.16), Mbl nmoayuaem

(72.24)

(72.25)

rle A — AuaronanbHas MaTpuua, cocrabJgenHaa U3 co0CTBEHHBIX

SHAUYeHHH:

E'=E.

E~'[DIE=A,
@ 0 0 ..,
0 w?

0 mf.

0 o3

(02

. ’

(72.26)
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Kazxaoe cobcTBenHoe 3Hauenue MaTpuusl [D] noasasercs B (72.26)
CTOIBKO pa3, KaKoBa €ro CTelNeHb BHIPOXKAEHHA., 3aMeTHM, YTO
KOHKPeTHBIH BuA (72.26) caelyeT u3 yCa0BUHA OPTOrOHANBHOCTH H
HopMHpPOBRY (72.17), (72.18).

M3 ceoficTBa mnosiHoTel HabGopa (72.15) caeayer, 4YTO ecaH
[£7,] — mpousBoabHENi cOOCTBeHHBI BekTop Marpunel [D], coor-

BeTCTBYIOLLHI 3HAYEHHUIO ], TO HEOOXOAHMBIM 00pasom
— 2 .
[D] [va] = o [siv]. (72.27)

Toraa [€;,] MOXHO BEPasuTh B BHAE JHHEAHOA KOMOHHALMH e
MEHTOB COBOKYMHOCTH (72.15):

di
[e;,]= 02;1 (010)[e;,] (72.28)

B xomnouenrax (72.28) sanuchiBaercss B BHAe

o, i )= T 0190ea(, |1 ): (72.29
Y

Koathpuumuenter (p|v) onpepensiiorT 4hclIo pas, KOTOPoe COGCTBEH-
HBHIH BEKTOD [e,p] Bosuukaer B [¢; ] Hcmombsys (72.17), (p|v)

MOMKHO ONPEAENHTb CJeLVIONHM 0GPasoM:

lo)=) ea(i io )Ea(i jo )2 (e 21,)  (72.30)

®lia
OtMeruM, 4TO COBOKYHHOCTH (72.15) oGpasyeT HeKOTOpOe HeNpH-
BOAMMOe JHHeHHOe BEKTOPHOe mpoctpaHcTBO Y(*z)(m) rpymne &
(310 yTBepkIeHue OymeT nmokasaHo Huxe). VHZexcH j, p Hacrosd-
mero naparpada Mbl A0JKHLE OyZeM CBfizaThb C HHAeKcaMd R, mi,
XapaKTePH3YIOIMMH 5TO HEINPUBOAMMOE TNPEACTaBJeHHe, CHOCOGOM,
KOTOpHIH OyJeT yCTaHOB/IEH HHIKe.

§ 73. BemecTBeHHble HOPMaJdbHble KOOPAHMHATHI § i

Yto6Bl BBeCTH COBOKYIHOCTb HOpMaJIbHBIX KOOpPAMHAT, ClefyeT
sanucath cMeliieHue (72.1) depes NMOJHBIH HaGOp COOGCTBEHHBIX BEK-
TOpOB. [pyruMu CJ10BaMH, MBI JOJIKHBH B3STh

w“(i)zzf:;ea(iifp)qu- (73.1)

3xech g; -— BelleCTBeHHAs, 3aBHCAILAT OT BPeMEHH NMepeMeHHaf,
KOoTopylo, corslacHo (73.1), MOXKHO NOHUMAaTh Kak KoabdHuumenT
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Pas3JoKEeHHs BEKTOpPa w MO COGCTBEHHBIM BEKTODAM [_e, ] Hcnons-
aysi (72.19), o6patum cooTtHowenue (73.1):

%;=g;%(% g)wa(i), (73.2)
95, =1e;,]- w. (73.3)

Taxum o6pasom, g, sBasercs mpoexuueh w Ha [e; |. Ml Moxenm
Takxe nepenucatb (73.1) B dopme

w = Z]j zpj [es,141,: (73.4)
Bepsi BpeMeHHYI0 HPOH3BOAHYIO OT (73.4), HmMeeM
w = }7‘, Z [er,]" 41, (73.5)

KuneTnueckasn sueprus (67.14) samucniBaerca uepes cKaJdsapHoe
nponaBeJ:LeHne (72 17) B BHIe

r=4 = ZZ[e J[er ] s, = ;zﬁp, (73.6)

jo i’

rie MH ucnodbsosann (72.19). Has notennuanbuofl sueprun (67.8)
naa (67.13) torna umeem

V= [u] (@] [1] = 5

[w] - [D] - [w], (73.7)

rae [D) onpeneseno B (72.3). Tloacrasass (73.4) B (72.16), nonyyaem
[D] | 2le. 1q, . .
(Dl [w] = 2 X of[e; ]q; (73.8)

CuaenoBaresbHO,

V=g Z Z o e/p,] [e U1, (73.9)

i i

Zm,qj . (73.10)
COOTBETCTBEHHO KJACCHUECKHH TaMHJIbTOHHAH HMMeeT BUI

1
S\ £2 022 . '
%(qu’ qu) 9 ;{qu + jqu} (73.11)
COOTBETCTBYIOIIHE YPABHEHHS NLBIKEHHS:
07

. A
p,p qu aqu col.qu. (73.12)
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CJlenoBaTeJbHO,
('i]p_l_(,)?qip::(), j=]’.__; p=1,,..,ll. (73.13)

Bo3MOXHOCTb NMOMYYHTb He3aBHCHMble ypaBuenus (73.13), oue-
BUJHO, ONPABBIBAET HA3BAHHE HODMAJbHHIX KOOPAMHAT IS ;.

[Tpu HopManbHOM KosMeBaHHu BO36YxKJaeTcss KOOpAHHATA Gjy Bpe-
MEHHAasl 3aBHCHMOCTb KOODAHHATH HMEET BHJ

) = g5 ¢ (0) { sinof, 73.14
qu()_qu ( cos (Djt. ( . )

LA Kaacciueckoro Kpucradia, B KOTOPOM BO3GY:KAEHO OJZHO HOD-
MaJbHOe KoJseGaHue, cMellieHue (73.1) pasHO

o()-Gi)-()aro{ it o

cos @t

B sToM cayuae Bce aTOMBI OCHUJIUPYIOT ¢ YacTOTOH ®;; OTHOCH-
TeJbHble AMIVIMTYAB CMEHleHUHl aTOMOB OIpelessiiorTcss KOMIOHEH-
TaM# COGCTBEHHBIX BEKTOPOB [e,-p]. O6riyno GHIBaeT HEBO3MOXKHO
BO30YAUTh OTAEJbHOE HOPMaJbHOe KojdeGaHHE, MOKHO TOJILKO
ClelHaJJbHO PacCMOTPETh MPOU3BOJbHOE CMEUIGHHE HA YacTOTE ;.
Hau6osee 06iyio cHTyalHio TOTAa MOXKHO OIHcaTb Kak cylepro-
SHIIHIO BEIPOXKIEHHBIX HOPMAJBHBIX KoJMeGaHHH ¢ 4acTOTOH ®;:

()~ L]0 (% oo

cos o f.
Benuyuner q?C(O) ABJSIOTCA KOHCTaHTaMH, KOTOPHE MOXHO HalTH
o

H3 HaYaJbHBIX YCJAOBHH.
BriGpaB coOcTBeHHble BEeKTODH BellleCTBEHHEIMH, MBI I[OJYYHM

{
BelleCTBEHHBlE U, ( L ) ecTH qf’C(O) BHIOpaHH TOXe BellecTBeH-
o

HBIMH. B mocseyiomeM H3J0K€HHH Mbl 6yIeM CUHTATh, YTO 3TO YiKe
cnenano. Hdas obuiHocTH GulIo 6B HeoGxomuMo B3siTh B (73.14)—
(73.16) ¢asy B Bugme (0;f-+§;), HO 06BIYHO MBI 6yZeM NPHHHUMATH

8) = 0.

§ 74. Kpucraminyeckags CHMMeTpHs
u coGcTBeHHble BEKTOPBI [e;] mMarpuusl [D]

OcHOBHOe CBOACTBO MOJHOTH COGCTBEHHEIX BeKTOPOB [e; ] nu-

HaMHYeCKOH MaTpHUH IJ15 3aJaHHOR YacTOTH ®;, Kak H B (72.28),
IONyCKaeT NpHMeHeHHe TeOPeTHKO-IPYNIOBOrO aHa/i u3a. Boaspa-
masach K ypaBHeHusM nsumxkenust (72.7) nam (72.16), mnl npeoGpa-
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3yEM HX C NOMOLbIO OmepaTopa npeo6pas3oBanus Pgig:

-1
PgiyD1Pgy- {wm[e;p]—“’ Pwm[e,p] (74.1)
Onuako u3 (71.17) u (71.23) cumenyer
P 41D Pgl 4= [D']=D]. (74.2)
ITosTomy
[D] Pigig [e] ]’—(’) p(q:lt}[ ] (74.3)
ITO 3KBHBAJEHTHO BBIPpAXKECHUIO
[D][e /p] =0j[ey jp]' (74.4)
rae
[e@1,)=Pwig [ ] (74.5)

Jlanee BO3MOMKHE JiBa PA3HBIX mogxona. Bo-mepBhbix, 3aMeTuM,
uTo GJaaronapsi MOJHOTE COBOKYIIHOCTH [e,-p] us (72.15) npeoGpa-

30BaHHHIA COGCTBEHHBIA BEKTOD [e( ;p], SIBJISTIOIUICSA COOCTBEHHBIM
BEKTOPOM IJIsi HACTOTH ®%, MOXKHO 3aNHUCaTh KaK JHHEHHYIO KOM-
OnHanUuIo BEKTOPOB Oasuca:

g

[eas,] = 2, D €t 18D o1, ] (74.6)

Wuneke j B (74.6) coxpaHeH, 4TOGH yKa3aThb, YTO COGCTBeHHHE
COCTOSTHHSI OTHOCHTCH K co?. CJen0BaTeJILHO, l]. COOCTBEHHBIX BEKTO-

pos u3 (72.15) sBasworcs GasucoM nJs npexpcrasaedus DU rpynnpt
onepatopoB ®p. JloxkasaTeabCTBO MOXKHO mpocsenuts B § 14, 15.

l
C npyro#l CTOPOHBI, BEJHUHHBI ea(% ]O) SIBJSIIOTCS KOMIIO-

HEHTAMH BEKTOpa [e,p] H HMewT (GH3HYECKHH CMBICA AEeKapTOBOH

[
Q-KOMIIOHEHTBHl CMEHICHHSI aToOMa B Vy3Jie (%) Ha 4acTtore o;.

Beauuuna [e,p] TOTHA FBJSETCH (PU3HUECKHM BEKTOPOM (TE€H30pOM

[epBOTO DaHra) W NORUHHSIETCS COOTBETCTBYIOIUMM MpaBHJaM Ipe-
o6pasosannsa. Takum ob6pasoMm,

. ly
== e
]p) zﬁ:%up, ﬁ(%q,

3ametumM, uto (74.6) ycraHaB/IMBAeT CBA3b MeXAY CAMHMM COG-
CTBeHHBIMH BeKTOPaMH — NPe00Pa30BAHHBIMH ¥ HCXOIHBIMH, —
TOrza Kak (74.7) paeT cOOTHOUIeHHe MeXIy KOMIOHEHTAMH 3THX

(ew)q

jy ). (74.7)
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BeKTOpOB. Ec/iiH B3ATb KOMIIOHEHTY ypaBHeHus (74.6) u NOACTaBHTH
(74.7), TO mONyUHM i

L, ly],
(e(‘l)})a(% 19)2;@0‘686(%@ ]p)=

g
i
= Z DY ({q [ #)/, € ( )

o =1

I ) . (74.9)

Ormerum, uTo B (74.8) BXOASAT 3HAYEHHS COGCTBEHHHIX BEKTOPOB
B Pa3HBIX TOYKAX TOJS.
Anementst DY ({g [#}),,, MoxkHO mosyuuth 3 (74.6) ¢ momomuIbIO

COOTHOWIEHHH OpTOroHasbHOCTH (72.19) caenywinum ob6pasom:

Ly, H, L. lo| .
Z(e{‘v))a(% ]p)ea(% ]p')_—: Z ea(% ]p')(paﬁeﬁ(%@ ]p)E
ino

Inap
= DU ({9 [#}),, (74.9)
HJIHn
DD ({@ 18y, = (e 1,5 ©1)- (74.10)

CoGcrBeHHBI BEKTOP [eg)s,] MOXKHO HHTEPIPETHPOBATH KaK
HOBepPHYTHH HJIH Upeo0pa3oBaHHBIH COGCTBEHHEIH BeKTOP [e,—p].

Tak Kak COBOKYNIHOCTh HOBEPHYTHX COGCTBEHHHIX BEKTODOB JJIfA
¢dukcuposantoro {¢|t}

[e{q;)jl, R CY NIy e(q:}jt]] (74.11)

AIBJSAETCS TOJNHOM, TO YCJOBHS OPTOTOHAJNBLHOCTH M HOPMHPOBKH
(72.19) u (72.20) npuMeHHMBI TaKXKe B JJs cOBOKymHoctH (74.11),
T. €. MOXKHO 3amnucaTh 00a TuIa CKa/JIsiPHBIX NPOH3BeJeHUM:

[€ ip] ' [em 10] == 8,005 (74.12)

L€ anl - (€ prrwr] = 8080110 (74.13)

HanmoMuum onpeje/ieHHe CKAJISIPHBIX INIPOU3BEJEHHH NBYX THIIOB:
¢ onHON Touko# B (72.17) u (72.19) u ¢ neymsa Tourkamu B (72.18)
u (72.20).

§ 75. CymecTBenHoe BbIpOXKJeHHe COOCTBEHHbIX BEKTOPOB [e/]

Ilpencrasienue DY) rpynne @ onpegeneno dopmyaol (74.6)
HJH 3KBUBaJeHTHEIM o6pasoM dopmynaoir (74.10). D10 dusnueckoe
NpeJCTABJEHHE, COOTBETCTBYIOIIEE BHIPOXKJIEHHOMY COGCTBEHHOMY

sHauenuto o} MaTpuus [D]. OHO mocTpoeHo Ha COBOKYMHOCTH €OG-
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CTBeHHBIX BEKTOPOB (72.15), KOTOpHle MOXKHO B3SITb B Kauecrse
Gasuca JuHefiHOro BeKTOpHOro npocrpancrea ). CorsacHo Teopeme
Mamxe, DY) Moxer 6HTb JHGO TPUBOJUMBIM, NHOO HENPHBOIHMEM

(§ 15).

Janee u3 husnuecKux coobpakeHBH MB NPEANOJOXUM Hajauuyue
cyutecTBeHHOTO BEIpOXkAedus. M3 (70.36) u (72.10) Ml BUAHM, UTQ
6J1arofaps BelIeCTBEHHOCTH COOCTBEHHBIX BEKTODOB

les, I =Tes,] (75.1)

AR AN (75.2)

TOXJECTBEHHO TNPOCTPaHCTBY
Kz““_-_z”’*:{[e,l]*. o [ey, ]*}: 0, (75.3)
i

[TosToMy BellecTBEHHBIM ABJSIETCS U NpejcTasjenue DU), 3anaHHoe
B mpocTpancree I(:

IPOCTPAHCTRO

D(f) — D(j)*. (754)

Cnenaem chaenyioluee yTeep:Kienne: ecan DY) — npencrasiaeHue,
COTJIACHO KOTOPOMY npeoGpasylorcd JHHeHHO-He3aBHCHMBIE CO6-
CTBeHHBIE BEKTODH [e,p] np# (HUKCHPOBAHHOM 3HAYeHUH YaCTOTHE

co%, TO

DY sBisieTcst BelteCTBEHHEIM HENPHBOLUMBIM
upeicraBJeHHeM rpymus ®. (75.5)

BelllecTBeHHOE HENPHUBOAMMOE OPEJCTABIEHHE MOXKHO TaKKe
Ha3bBaTh «(pH3HYEeCKHM» HENPHBOLHMHM MpencraBieHneM. Torzaa
yTBepxAeHue (75.5) sBaAeTCH YTBep:KAE€HHEM O HAJHUHH Cylle-
CTBeHHOTO BrIpoxJenusi. [lpu caydaiinom sripoxaerun DU) mpuso-
JHMO, ¥ MBI PACCMOTPHM 3TOT CJAYUall nosxe.

Ecan HenpuBosumoe mnpexacrabienne DY) rpynnm ® He Beule-
CTBEHHO, TO OHO He COOTBETCTBYET (DU3UYECKOMY COGCTBEHHOMY
3HAYeHUio. B 3TOM ciaydae (pH3HUECKHM HENPHBOJHMBLIM IPENCTAB-
JEHHEM SIBJSIETCS .
D(]) — D(i')@D(]')*. (75.6)
droT cayuaht rakxke OyaeT ClIelHaJbHEO PACCMOTPEH HUMKE.

Cnenyer cunenuasJbHO OTMeTHTB, YTo (75.5) um (75.6) mnoxrasmi-
BAiOT, UTO COBOKYIHOCTb BCeX BHIPOXK/JEHHHX (H3HUECKHX COOCTBEH-
HBIX COCTOSIHHH, SBJSIOUIHXCS BHIPOXKAEHHBIMH COGCTBeHHBIMH BeK-
TOpaMH AHHAMHUECKOA MaTpuub, obpasyeT 0asuc AJS BeuieCTBEH-
HOro HeNPHBOAMMOrO INpejcTaBiaenus rpynns @ OGpaTHoe yTBepxk-
JleHHe, OYeBH/IHO, He BepHO. MHadue roBops, He Kaxka0e HeNpPHBOAH-
Moe mOpelcTaBjeHue Tpynnsl & cooTBeTcTBYeT (PU3HUECKOMY cOB-
CTBeHHOMY cocTosiHnoo. OgHa M3 NpHUMH OIIHG0YHOCTH 0GPaTHOrO
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- yTBEPKAEHHR COCTOUT B TOM, YTO He Kaxk[AOe HENPHUBOJHMOEe Hpej-
crapienne D*®) ¢ rpymmm @ semecrsenno. dra npobiema Belie-
creennocty D*#) ()  Gojee moapoGuo Oyzer obcyxzpatses B § 92.
Bropas npuyuHa Toxke OyaeT o0bsicHeHa HuXe, Koraa B § 82 Gymer
NI0Ka3aHO, 4TO (DH3NYECKUMH HENPUBOJHUMBIMH TpeCTaBJICHUSIMHU
D®™_ orpamaomuMu cBONCTBA CHMMETPHH HOPMAJBHHX KoJe-
GaHull, ABJASIOTCA Te HPEACTABJCHUS, KOTODHiC BO3HHKAOT (B Clle-
IHAJBHOM, OOBACHEHHOM HHIKE CMBLICJIE) H3 BEKTOPHOIO HpeAcTaB-
JIeHHs, T. €. U3 INIPeACTaBJieHUs, IO KOTOPOMY mnpeoGpasyiorcs ae-
KaPTOBB KOMIOHEHTH BeKTODOB.

[Ipennosokenne o CyuieCTBEHHOM BLIPOXKAEHUH [TO3BOJSET yCTa-
HOBHUTH CBfI3b MEXIY HHUCTO MATEMAaTHYECKHM AaHAJH30OM B IVaBax
2—7 HENPUBOJHMBIX TNPEJNCTABAEHHH NPOCTPAHCTBEHHOH rpynnu &
H (hU3UUECKHM CMBICJIOM CBOHCTB CHMMETPHH COGCTBEHHBIX BEKTOPOB
u AnHaMuyeckol Martpuusl [D]. Torma ueAexkcH j, XapakrepHsyio-
1iHe coOCTBeHHBle BEKTOPH B (75.1), MOMKHO CONOCTAaBHTb C HH[EK-

camu (*R) (m) npencraieHHi D*&) (m).
30 (L, (*#) (m) 75.7)

HJAH OJs1 KaxJAoro 0asucHOTC BEKTOpa
, = q(*a) (M)
[e!p] [eka: m; 7»] _- 'll)g‘ o) : (758)

CrenoBaresqbHO, MOMKHO YCTAHOBHTL CBSI3b COGCTBEHHBIX BEKTO-
pos [e; | 1 GJOXOBCKHX BEKTOPOB

w&ka)(m), o=1,...,8 AiA=1,...,1 (75.9)

m*

OueBHIHO, [e,p] MOXKHO BHIOpATH TaK, YTOOH MJs IPaBHIbHBIX

JviHefHHX KOMOHHAUM HMeJH MecTo cooTHowerus (75.8), (75.9).
Dta mporpamma OyAeT peanu3oBaHa jgaJnee, HauuHas ¢ § 80, rie
BBOAATCA KOMIIEKCHLIE HOPMAJIbHEIE KOOPAHHATHL.

§ 76. Kpucrannuueckas cHMMeTpHS
W mpeoGpasoBanHe HOPMAJbHBLIX KOOPIHHAT ¢

Bosspatumcs k obcyxzaenutro § 73. HopwmaapHast koopawHara
qy, ABaseTCS MpoeKIHel W Ha COOCTBEHHBIH BEKTOP [e,p] aHaJI0-

ruuso (73.1) u (73.4):

()-zze(!

jp)q]p' (76.1)
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Paccmorprum 1nofle HOBePHYTHIX cMelienuit w,,. Ero mMoxHo Bbipa-
3UTD 9epe3 NOJe HCXOJHBIX COGCTBEHHLIX BeKTOPOB [e; T:

Wiy = Zi: ; EALCTR (76.2)

B (76.2) HoBHle, NOBEPHYTHIE KOMIOHEHTHl (g, , HIH W, OIpe-
Y

LeJIAKTCH KaK NMPOEKIHH MOoJA MOBEPHYTHIX cMelleHHH Ha [em;p]

Papupiv 06pasoM Mbl MOXeM BLIPDA3HTh [OBEPHYTHE CMere-
nus [wy, ] 4epes moBepHyThie COOCTBEHHEIE BEKTOPH! [ e ,p]. Jlerko

BHIETb, 4YTO B 3TOM cJy4dae
wg =2 X [ew;, ]9 (76.3)

rie g;, Te Ke, UT0 H B (76.1). Cpasuusas (70.7), (74.7) u (76.1)

HMeeM
Io ) 9jp,=

wee( ] )= ) ooy, )= WIS (.
= Z }DJ (e(‘P))a( |10 ) G (76.4)

VpasHenue (76.3) BrIpaxkaeT TOT XOPOLIO 3HAKOMBIH H3 BEKTOp-
HOTO AaHaJHi3a pe3yJbTaT, YTO KOMIIOHEHTH IIOBEPHYTOTO BEKTOpA
B TOBEPHYTHIX OCHX Te XK€, YTO U KOMIIOHEHTH HEIIOBEPHYTOTO BeK-
TOpA B HCXOZHBIX 0CAX. B HamleM c/ydae KOMHNOHEHTaMH INOBEPHY-
TOTO BEKTOPa ABAAIOTCS BENHHHHBL Gy

HYroGrl OmpenennTh g, ; H3 (76.2), Mb BOCnOMB3yeMca (74.6).
0

Hs (76.2) u (72.19) caenyer
U1, = [erp] [ogl=
= IZ‘, [eip] ) [em fp] U, =
=2 [er,]r 22 DV o1t ey, =
= 2 DV (@ By &y, =

= ; D ({0 1))y 4, (76.5)

.
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OTMeTHM TO CyHICCTBEHHOE 06CTOATENbCTBO, UTO JJISL MOJTYUeHUs
(76.5) npu nepexoze OT BTOPOH CTPOKH K TpeTbell MBIl BOCHOJb30-
BaJiHch cooTHomeHHeM (74.6).

BaxHo noxHumatp, 4t0 H3 (76.5) MOXHO BHIBeCTH NPAaBHUJIO, 110
KOTOPOMY <«IIpeo6pasyroTcsly KOOPAUHATH g, Tak Kax q;, ABIA-

10TC a6CTPAKTHLIMH ANHAMHYECKIMH NlepeMeHHLIMHU, He HUMeOIHMH
npocTofl ¢BsI3M ¢ OOBIYHEIMH (DU3HYECKUMHU CMelIeHUsIMH, HeobXo-
IUMO YCTaHOBHUTb CII€HMaJbHble IIpaBHJa HX npeoGpasoBaHus OpH
JAedcTBUH onepaTopa P g. DTH IPaBHIa MOXKHO HAHTH, UCIOJB3YSH
TpancHopManUOHHEIE CBOHCTBA (GYHKIHHA (CKANSADHBIX, BeKTOPHBIX
H TEH3OPHBIX) KOOpJAHHAT B KOH(MHIYPAanMOHHOM IpocTpancTBe. Bo-
oftite TOBOPS, 3TH gy, camu 1o cebe He SIBJSIOTCH (DYHKIUIMHU KO-

OPAMHAT KOH(DUTYPAHUOHHOTQ INPOCTPAHCTBA, DTo 06CTOATENBCTBO
MOKeT ObITb NPHYUHONW HelODa3yMeHHUll, H BaXKHO pasiuyaTh Ipa-
BHJIa IpeoGpas3oBanuil PU3HIECKHX BeJHUUH (HAIpUMep, cCMeELIeNHI)
OT TpaBuJ NpeobpasoBaHMs], YCTAHOBJIEHHBIX MaTeMaTUYeCKHM CIIO-
cobom. Mbl MoKeM TorJa HamucaThb

P

w10® =y =2 2 [e; 10, = 2 X [ey W19, (759)
Piiody, =mi, = 2 D" (@18 ;0 (76.7)

CHoBa ormeTuM, uTo DU) gBJsieTCsl BEILeCTBEHHBIM HeNPUBOAUMBIM
npejpcTaBaeHneM @, onpenejeHHeM B (75.5).

CuegyeT noJuepKHyTb, 4TO HCIOJIb30BaHHe (74.6) sKBUBaJIEHTHO
IpeANoNOKEeHHI0 B HalleM aHaJu3e O CYUIECTBeHHOM BBIPOXK IEHHH.
DTo nposBJsSeTcs INPH HCIOJNb30BAHHM YCJOBHs IMOJHOTH Habopa
cOGCTBEHHBIX BEKTOPOB [e,p] NpH (PHKCHPOBAHHOM 3HAUEHUH &F.

C apyroil cTopoHsl, ofllee Pas/ioxkeHHe TOBEPHYTHIX HOPMAJBHBIX
KOOp/JHUHAT B PAJ IO NOJHOH COBOKYIHOCTH [e,p] JJIF BCEX 4acToT

uMeJsjo OB BHI
. l
Io ("”m)a(% =

!
4<mp=Zea(%

-2 e,

wlaf ['¢f
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ATo BHIpaKeHHE NOJIKHO GBITH TOXKAeCTBeHHbIM (70.5), uTo He ode-
sunHo. JdefictBuTenbHO, cpaBuuBasa (76.8) ¢ (76.5), aMeem

a a, 4 4
ot o »® Q - %&) o fo/
{ ¢ (l I )(P ¢ ( lq} j, )}q
o p ) Vap e
j'or \nlof % P - %o ° o

=2 (DY (1) 8y} 0y, (76.9)
i’

H, TpOM3BOAS comocTtasJienue ¢ (74.9), moayuaem

! lg
Z ea(% lo JPages

nlaf
Buano, uto (76.10) BupaxKkaeT OPTOrOHAJbLHOCTH COGCTBEHHEIX BEK-
TOPOB, OTHOCAWIMXCS K Da3JHUHBIM MHOMKECTBAM (PasjHYHBIM 3Ha-
YeHHUAM w?), aHAJOTHUHO omnperencuut (74.9) anasa KosdhdunuenTos

npeofpazoBaHAs H3 ONHOTO MHOsKecTBa. Vcrosbaysl onpeneneHue
oGpaTHOTO TNOBOPOTA, MOXKHO, MO-BHIHMOMY, YCT2HOBUTb, YTO
{76.10) monHocTbIO 2KBHBaJeHTHO (74.9). DTOT BHIBOL TOJYYeH
Tenepb ABYMS Da3JMYHBIMH, HO CBSI3aHHHIMU crnocobaMu. Kopoue
rosopd, (74.9) u (76.10) maroT NpPOCTO MaTPHUHBIE 3JeMEHTH MaT-
pue DY) ¢ noMombio KOTOpOH COGCTBEHHBIE BEKTOPHI, HJIH HOP-
MaJibHBle KOOPAMHATH, mpeoOpas3yloTcesl uepes JuHelHble KOMGHHA-
Uy KOMIIOHEHT MpeoOpa30BaHHBIX U HCXOZHBIX COOCTBEHHHIX BeK-
TOPOB.

e ) =D ({p|#)), 8, (76.10)

§ 77. NpeoGpaszoBanue Pypne

Paccmorpenne B § 68—76 nokasaJsio, 4TO COBOKYIHOCTBH BCeX
HODPMAJIbHBIX KOOP/MHAT ¢; HABJSETCS caMa Mo cebGe GasncoM noJj-

HHIX HEMPHBOAUMEIX HpencTaBieHufi p(*& ) rpynne @. [Ipeamno-

JA0KeHHe O CYIeCTBEHHOM BLIPOK[EHHH OHJO BeCbMa BasKHHIM B
3TOM aHanuze. Cjenywowufi mar B HalleM PAcCMOTPEHHH COCTOWT
B OmpelleJleHHH MPABHIbHBIX JIHHEAHBX KOMOHHAUME gy, KOTOpEHe

ABJAIOTCA Ga3uCOM HENPHBOAMMBIX NpeicTaBiaeHufi D® ™  rpynnp
@ (k). B HeckoJbKHX cJHefyHONHX naparpadax MH IOCTpouM O6a-
3UCHBIe GJIOXOBCKHE BEKTODH, KOTOPBle OCYLIECTBJAAIOT NMPHBEJEHUE
€. MBI yCTAHOBHM HX CBfA3b ¢ Qyphbe-KOMNOHEHTAMH CMelleHul, au-
HamuyecKofl MaTpumeli H COGCTBEHHHMH BEKTOPaMH AUHAMUYSCKON
MATPHIBL. DyayT onpeseseHsl BO3HHKAWOLIHE B TAKOM PacCMOTPEHHH
KOMILIEKCHble HOpMaJbHble KOOPAUHATH, AJI KOTOPHIX OYAYyT ycTa-
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HOBJEHbl [p4aBM/aa MpeoOpasopaHus nod JeHCTBUEM OnNepaTopoB
us G(k).

Hanomuum Bmipaxkenus (24.7) u (24.10), KOTOpHE MH Telepb
nepenHlleM B TAKOM BHJE:

expiRL-k) exp iR, -k \*
— e = / 77.1
;( i Wi ) Oz, & (77.1)
L
H
exp k- R, exp ik-RL,)*_
Z ( Wik ) ( i = 0.1, (77.2)

Pasee 3TH COOTHOLIEHHS ObLIH MOJYYEHB H3 COOTHOLIEHHA OpTOrO-
Ha/JbHOCTH M HOPMHUDOBKU JJIA CTPOK U CTOJNGHOB HENPUBOJHMBIX
NpeacTaBAeHUN TpaHCAAIUMOHHON rpynnel E. OHH Takxke MOTYT pac-
cMaTpuBaThes Kak HA0ODP COOTHOWIEHHH NMOJHOTH AJNs COBOKYIHOCTH

dyHKUUT
I

VN
KOTOpEIe OIpedeleHbl 415 Bcex R B 30He (IpH (UKCHPOBAHHBIX Ry)
HJIH 1Ji51 BceX BeKTOpOoB pelieTkH R, (npu duxcupoBanunx R). Kak
i pasblie, N = 8N |NoN3 ectb nopsAnok rpynns .
Tlnockue BosHel (77.3) siBASIOTCA Ga3UCHBIMU (PYHKUHAMHA IJIs1
TeopHH NpeobpaszoBaHuit Pypbe HHTEPECYOUIHX Hac (PUIHIECKUX
BeJIHYHH.

exp ik - Ry, (77.3)

§ 78. MpeoGpazoanne dyppe Nas cMelleHH
M MaTpHUa CHJOBBIX NOCTOSHHBIX:
nuHamudeckasi marpuua [D(k)]

BHIMOJMHUM Telepb clefyiolilee Pa3ioXkKeHHe AeKaPTOBBIX KOMIO-
HEHT 3JeMEeHTaPHBIX CMellleHHH:

rjge % XapakTepH3yeT COPT aTOMOB B siuelike, a k— paspelleHHbIH
BOJIHOBOH BeKTOP. OueBUAHO, Wy (%|R)— KOMNJIEKCHBIE epeMeHHble,
H MBEL MOXKeM IOJOXHTh

ol (x| B) =w, (x| — k), (78.2)

!
Tak 4ToOHI ua(%) ObLIM BelliecTBeHHHIMU. PaccMotpuM w, (%] k)

KaK HOBblE He3aBHCHMBIE NepeMeHHbIe.
UTo6bl 1OJYyYHTh yPaBHeHHS ABHMKEHHS AJs 3THX NMEPEeMEHHHIX,
3anuIleM CHayajga uepe3 NepeMeHHble W, (x|k) KUHETHUECKYIO H
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noTeHnuasdbuyo sHeprud. [oacrasnsa (78.1) B (67.8), Halizem

=3 2 200 (o ) sty

Ino kR
'wp

Xexpli(k-R,+ ¥ - R.).  (78.3)

Tenepy, ucnoindys (77.1) u (77.2) U cBOHCTBO MAaTPHUL CHJIOBLIX
nocToAHHLX (69.7), mosayuaem

1 k ,
V=-2-Z Zwa(xl—-k)DaB(m,)wB(x | B), (78.4)
" |
roe )
_— A exp (— ik Ry)
D“B(mc’ )E;(D“B(ux’) N M, (78.5)

Marpuna [D(k)], marpuunbie 3jeMeHTH KoTopo#l naun B (78.5),
siBJaferca JuUHaMuuecko#t martpuued kpucraana; [D(R)]—a3to ¢y-
Pbe-KOMIIOHEHTa MATPHIB CHJOBHIX NocTosHHbIX [®]. IInmamuue-
cKas MaTpHIa, KOTOPYIO CJelyeT CYUTATh KOMILIEKCHOM, 3PMUTOBA:

k kN
D“ﬁ(w%’ )::Dﬁ“ (x’%)

nJaug

[D (k)] = [D (®)]" = [D (R)]". (78.6)
3to caeayeT H3 CUMMETPHYHOCTH MATPHIB CHJOBBIX ITOCTOSIHHBIX:
v 71
q)aﬁ 0 ) = q)ga ( o %) (78.7)
HJIH
o (l——l’O) @ (l’-—-lO)
ap % %/ — o %/ " (78.8)

cM. (69.4)]. Torza (78.4) npeoGpasyercsd K Buay

V=t 33 w8 Daﬁ(%’;,)wﬁ(x’lk). (78.9)

Auajsorauno N1 KUHETHYeCKOH SHepruH, nogcrasndsa (78.1) B (67.14),
Haiaem

T=g 30 ) @ (| ) @ (] ). (78.10)

noa &
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LIepes 9TH KOMILJIEKCHBIE T[I€pEMEHHHE JarpankuaH 3aluiuercsa
B BHIE

L NILE NI ) WNAT N () PN
(78.11)

Ecan Mbl HasbiBaeM @, (% |K)"® KOOPAHHATOH, TO COOTBETCTBYHO-
HHH CONpPSIKeHHBIH UMIYJbC PaBeH
o0& .
g, (% Ik) =‘W = Wy (%lk). (78.12)

Wz ypasuenuft [amusabToHAa MBI TOTZa HMeeM [7]

k
:r'ca(xlk)=dz')a(x[k)=—ZD%(%%,)wﬁ(x’lk) (78.13)
HJIH MB

k
W, (x| k) +ZDaB(W, )wﬁ(x’lk)=0. (78.14)
bS]

OTMeruM, YTO MH HCNoNBE30BadH (78.2), uTo6b HCKIIOUUTL MHOKH-
Teqap 1/2; oTMeTHM TakKikKe, YTO KOODAHHATA W, (x|R)* u ummysbc
Wy (%|k) aBJAAOTCA CcONPSAXKEHHBIMH NepeMeHHbIMH. [3-3a KOMI-
JEKCHOH 3KenoHeHnTol B (78.]1) BO3HHKaeT CJI0KHOCTb B BHIUHCJIE-
HUAX, CBSI3AHHAS C KOMIUIEKCHHIM noJieM cMeltesnil @ (|R). YxoGHo
paccMaTpuUBaTh NepeMeHHble W, (%|k) KaK ox-KOMIOHEHTH BEKTOp-
Horo moJisi w(|k). OueBunHO, MMeeTcs BCero 3r TaKHX KOMIOHEHT:

we |k, a=1,...,3 x=I1,...,r, (78.15)
TaK 4TO
w (k) (78.16)

ISl GUKCHPOBAaHHOTO R ABJSeTcA BEKTOPOM B 3r-MepHOM IpOCTpaH-
cTBe. MH HpeANoOJIOKHM Jajiee TapMOHHUYECKYH) 3aBUCHMOCTb CMe-
[leHHH OT BpeMeHH:

Wy (%[ R) =E, (x| k) exp io (B|])1. (78.17)

IMopcraBnas sto BHpaxeHue B (78.14), nosayuaem sagauy Ha co6-
CTBeHHBle 3HAYEHHA:

k
— 0" (k1)) B (x| k) + ZD%(W, )gﬁ(x'lk)=o. (78.18)
%8

B crepyomem naparpade Mu pemum (78.18) u Haligem coGcTBeH-
Hble 3HaYeHHS H COGCTBEHHLIE BEKTODHL.
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§ 79. CoGcTBenHble BeKTOpHI JuHaMHueckoi Matpuun [D(k))

3r coGCTBeHHBIX BEKTOPOB JAHHaMuueckoii MaTpuubl (78.18) obo-

3HAaYMM uepes
k

e( j)' j=1, ..., 8r. (79.1)

Kaxapi rakoit Bexkrop (79.1) nMeeT 3r KOMHOHeHT AJsi (HKCHPO-
BaHHOIO j:
k

N

CoorsercTByloiine coGCTBeHHble 3HadyeHus MaTpuubsl [D(R)] o6o-
3HAYHM depe3

), a==1,,..,8 x=1,...,r (79.2)

ok, j=1,..., 3r. (79.3)
Torza anas ¢ukcHpoBaHHEIX B H j 2TH BEKTOPH YAOBJETBOPSHIOT
ypaBHeHHIO
k |k . k
gD“ﬁ W,)eﬁ W )= ke x ,-)' (79.4)

Ecnn BHIpOXKIEHHS HeT, TOTAa cOGCTBeHHble BEKTODPH (79.2) MoxHO
BLIOpPATh YAOBJAETBOPSIOUIHUME KOMIJIEKCHBIM (3PMHTOBBHIM) YCJO-
BHSIM OPTOTOHAJBHOCTH H HODMHPOBKH [4]:

k

. ) =8y, (79.5)

ol nl. Je, |l %
£ iJ ]
Z i ( , k ) ( k
, }eq
]. epl % j ke

]. )=6aﬁ6xx’. (79.6)

OHH CleayloT H3 PMHTOBOCTH AMHaMuieckoll Matpuuwm [D(R)].

IIpn wajsuuuu BLIpOKAEHHUS COOCTBEHHBIM BeKTOPaM MaTPUIH

[D(k)] caeayer npumucaTh AONOJHHTEJNbHBIH UHAEKC, HYMEPYIOLLNH

BLIPOXKAeHHHEe cobcTBeHHble BeKTOPH. Hanniem ans Bcex [,-KpaTHO
BLIPOXKAEHHBIX COBCTBEHHEIX 3HAUEHHH

) A=1, ..., 1, (79.7)

k k

o @)-e(|; J=ar@ine(
I I
Kak u pasbme, B (72.17) u (72.18), 119 BHIPOXKAEHHHX COG-
CTBEHHBIX 3HAYEHHH MOXHO COCTaBHTh COBOKYIHOCTb COGCTBEHHBIX
BeKTOPOB, KOTOpPhble OPTOHOMHDOBAHH B CMBICJE SDMHTOBOTO CKa-
JISDHOTO IpOU3BeleHHA. JIBa CKaJApHBIX mpousBeseHus (79.5) wu

(79.6) MOHO TOrja NepenucaTth, HCHNOAb3Ys CKajAAPHBlE NpOou3Be-
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AeHHs ¢ OZHOA M ABYMA Toukamu (72.17) u (72.20):

AN
e ( . ) . e( .7 ) = 6”/6}\,1/ (79.8)
A ¢
k *
e | ) ea(r|®) = dusbrer (79.9)

HJIH B KOMIIOHeHTax

k k
> ea( )ea ( wl. ) — 8,80, (79.10)
Mo, !}" Tn
. k
z Z eﬁ(%, . )ea( )-—6(1[36%% (79.11)
7 A ]}. ]A,

Ns-3a spmutosoctd [D(k)], momobuo (78.6), coGcTBeHHHIe 3HAYe-
Hus (79.3) YAOBJETBOPSIOT YCIOBHIO

o*(k|j) BemecTBeHHH. (79.12)

Baaromapss ToMy 4TO MaTpHIa CHJOBBIX HOCTOAHHHX [®] He-
OTpHUATENbHA, AUHAMHAYecKasd Matpuna [D(k)] asasercd Toxe He-
OTPUIATEJNBHON H MBl HMeeM [4]

@’ (R|j)>0 ycaoBue yCTOHUUBOCTH. (79.13)

Kak u B npegpaymux cayuyasx (72.23)—(72.26), u3 cobcTBen-
HBIX BeKTOpPOB MOXKHO NoctpouTh matpuny E (k). B stom ciayuae ato
MaTpHua ¢ pasMmepaMu (3r X 3r) B omauume oT MaTpuun E us
(72.23), xoropas umeer pasmepn (3N: X 3Nr). Toraa

)G

E (k) = I I . (79.14)

() (o]l

Us (79.8) u (79.9) caenyer, uto marpuua E (k) yuurapha:

—

E(k)™'= E(k)" =E (k)" (79.15)
Torna ua (79.7) u (79.15) nosayuaem
E(%)™' (D (R)E (k)= A (), (79.16)
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rie A(k)— duaroHaJbHas MaTpHIa C BelleCTBEHHBIMH COOCTBEH-
HBIMH SHAUGHHAMH, 3aBUCAIIUMHU OT K:

o (k|l) 0 ... 0
0 @ (k|1)
A (k) = 0 0 (79.17)
0 0 ... o (klin

B (79.17) xaxpoe co6CTBeHHOE 3HaUeHHe BCTPeuaeTcsi CTOJIbKO pas,
KaKoBa CTelleHb ero BuIpOXAeHHs. [Ipw HaMuuuH cAy4alinozo 8bi-
poxcOentis HeKOTOpoe COGCTBEHHOE 3HAaUeHWe MOXKeT NOSIBUTBCH Ite-
JIOE KPATHOE UHCJIO Pa3 ¢j ero CTENeHU BHIPOMKACHUS [nm.

Conocrasasia (79.4) u (72.8), Buaum, 4TO ¢ MOMOUIbIO Npeolpa-
30BaHust QPypbe MBI CBeAH 3aJauy K CEKYJSPHHM YPaBHEHHSIM ¢
pasmepamu (3Nr X 3Nr) kK N pasiuuyHBM CeKY/sSPHEIM yPaBHeHUSIM
¢ pasmepaMu (3r X 3r) Kaxpoe. Kaxpgoe wu3 3THX YypaBHeHHI
(79.4) zanucano npu GUKCHPOBAHHOM 3HAYEHHH KBAa3UBOJHOBOTO
BEKTOpa R, MPUHUMAIOWIErO pa3jHuHble 3HAaueHHs B 30He Dpusiio-
sna. Takum o6pasom, MH moCTpousH H3 matpuns [D] (72.8) N
spunToBbIX MaTpul [D(k)] c pasmepamu (3r X 3r).

k
i ) u3 (79.4) cBsizanu

¢ BellecTBeHHBIMHE [e;] u3 (72.8) cooTHo!WeRneM

k 1 —ik-R [ ,
ea(x i :';/—N._‘.—ZL:Q Lea(% ]) (79.18)
CoorHourenue, o6patHoe (79.18), umeer Buj
l

OueBupno, (79.18) MOXKHO NepenucaTh C IOMOLIBID OllepaTopa
TIPOEKTUPOBAaHHS, AeHCTBYIOWEro Ha cmenienns. Onpenenss

Kommnexcibie cOGCTBEHHBIE BEKTOPH e(

i)z:}TZe*"*'RLea(x f) (79.19)

k

0 I
P{tl—-RL}ea(% f)= ea(% I), (79.20)
MH MOXKeM meperdcath (79.18) B BHze
k 0].
ea(w i )=P(”)em(M 1), (79.21)

rge P (¥ — pieMnoOTeHTHHIH ONlepaTop npoekTHpoBaHus (25.4), naw-
wui 6J70X0BCKHe (VHKIHH ¢ BOJHOBHIM BekTopoM K. OTMETHM, 4TO
IPH BHINMCHIBAHWH HHEKCOB BHIPOXKJIEHHS j B 0OeHX 4acTAX COOTHO-
weHust (79.18) Hy:KHO co0/04aTh HEKOTOPYIO OCTOPOKHOCTD,
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§ 80. Komnaexcanie HOpMadbHble KOOPIHHATHI

Beenem Tenepb COBOKYIHOCTL KOMINVIGRKCHHIX HOPMaJbHHIX KOOp-

k
JUHAT Q(]. , 3amMcaB aMIVIATYAH Wy (%|R) us (78.1) B Buge

D) e

Ucnosbaysa (79.8), Ml MoxkeM Ha#TH of6paTHOe COOTHOMIEHHe
k k
e(; )dez(“

i
Mopcrasisn (80.1) B (78.9) u ucnoubsys (79.4), Ml moJyuum
AJI1 NOTEHIHAJbHOH 3HEPTHH B TADMOHHYECKOM IIPHOIHKEHHH

RN\ k
=1 2(k|] ( ) ( ) 80.3
Qka(H)Qi el ) (80.3)
[Mpoussonnass no Bpemenu ot (80.1) paBHa

Ne(t) e

IMopcrapasa (80.4) B (78.10), HafigeM njs KMHeTHYeCKOH 3HepTHH
(kN .[k
] v 0
T=p§ZJ Q(j)Q(j). (80.5)

Tostopsas mpoueaypy (78.9) — (78.14), MOxKHO TOJYYUTH CIAYIO-
OIUA TaMHJIbTOHHAH!

H=T+V=
5nfel!Y o(eewna(!)e(!)) ws

¥ BBHITEKAONIHe H3 Hero ypaBHEHUdA ABUMKEHUH NJA KOMIIJIEKCHBIX
HOPMAJIbHBIX KOOPAHUHAT

o} )+eraine(})=o, 807

3r

wa(w|k)=2ea(%

j=1

) 1. 80.2)

3r

wa(xlk)=2ea(w

i=1
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onpaBABIBaoIlde HAa3BaHHE ,,HOPMAaJIbHBIE KOOPAHHATHL 151 Q( j )

Peurenue ypaBHenus (80.7) nmeer BHR

o( ;)=o) emiziowina, (80.8)

rie QO( ].) He 3aBHCHT OT BpeMeHH,

OTMmeTuM CHOBa, YTO H3-3a KOMNJEKCHOTO BHIA Q( . | oHeprud

(80.6) ne mpeacraBsnsieTcss B BuAe CyMMH kBajapatroB. B (80.3),
(80.5) u (80.6) cymmupoBaHue HAET 1O BCeM BEKTOpaM Kk B 30He
BpumiosHa u no BceM j ajg Kaxjoro K.

) .
dHauYecKHe CMEUleHHUs ua(%) TOTJa MOXKHO 3anucats B Gopme

(D)= 2ne (ot won

CooTnomeuue, o6patnoe (80.9), umeer BHI
- k ) 1 @l —~i{k-Rp * ( k
, )= — e Leg | %
Q( i VN ZL' ;a: ¢

{ —
)u( %)VMM. (80.10)
N3 coornowenuit (80.9) u (80.1kO) MOXKHO BHIETb, YTO KOMILIEKCHHIE®

!

HOpMAJbHBIE KOODAHHATH Q ] ) ABJAKTCA AeKapTOBBIMH KOMIIO-

HEHTAMH CMeIIeHHH, YMHOXeHHHMH Ha 4/M, ¥ CIPOEKTHPOBAH-

k
ik *
HbBIMH Ha BeKTOp e ' RLea(x ].). DTOT BEKTOp fBJsAETCS NMPOH3BE-

peuneM coGCTBEHHOro BeKTOpa Ha MJIOCKYIO BOJHY. Takum o6pasoM,
ofUIUl XapakTeD paccMOTPEHHUA B 3THX maparpadax HaXQLHTCS B
COOTBETCTBHH C paccMOTPeHUWeM HOpPMaJbHHX KoopauHaT B § 73

§ 81. Kpucraaauueckass CHMMeETpHs,
anaamudeckans marpuna [D(k)] u ee coGecTreHHBIE BEKTOPDI

Tlokaxem cHadana, 4TO0 3r COGCTBEHHHIX BEKTOPOB

k
e( ), i=1, ..., 3r,

i
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ABJAAIOTCA GJOXOBCKHMH BEKTOPAMH, COOTBETCTBYIOIMMH BOJIHO-
BoMYy BekTopy k. M3 (79.18) noayuaem

ea(x l;)—_“ﬁrge—ikw"ea(ilj):

. 0
. =T/lﬁ { |Zz'e }D"’“({El*RL})*P{“-RL}‘?“(%‘j)z
el-Ry,

0
=P\'”’ea(% j). (81.1)

CpaBHuBas cTOsLME NOJ 3HAKOM CyMMul BhpaxeHus B (81.1) m
(25.4) u unenTuduUHPYs, corvaacHo (23.2), BeaHUHHY PR
D¥({g| — R.})*, Mbl MOMKeM OTOKAECTBHTH p*ns (81.1) c coor-
BeTCTBYIOINM onepatopoM n3 (25.4). [lepenumem (81.1) B BEeKTOpP-

HbIX 0003HaUeHUsIX
k 0
e( ].)=P"”e( j)' (81.2)

0 0
rae e( j — BEKTOD, 0x%-KOMIIOHEHTa KOTOPOTO paBHa | , |/ J-
DTOT BEKTOP SBJAETCS aMILIUTYROH CMEIeHHs aToMa, HaXoAsAllero-
cs B auefixe [ = 0 u j-M KoneGanuu. HeiictBue orneparopa P |- gy
Ha CMelleHHe CIelyeT NOHHMAThb B OOBIYHOM CMBICJE:

Percree 3| 1) =, ]1): @19

TaknuM cnoco6oMm cMellleHHe aToMa B HyJeBo# adefike (/= 0) Mox-
HO Pa3J/OXKHTb Ha KOMNOHEHTH, ABJAIOLIHECS PA3JHYHHIMH GJIOXOB-
ckuMH BekTopamu. Toraa, ucnoab3ys cBolicTBa omepaTtopa P, mo-
JdyuuM anajoruido (25.6)

PR yP® = D ({g | R.}) P, (81.4)

TakK 4ToO

Piiryjea (% \I: ) = D® ({e | R} eu ( %\f) (81.5)
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[lna npoBepku y6eaumcsi, 4TOo NpsMoe NODHMeHEHHe ollepaTopa
(79.18) nmaer ToT XKe pe3yabTat:
)-

lk 1 N kR l
1 —ik-Ry, (l-—[')=
Y zl;e b

-0
-—zk Ry ik-( L"RL) (
e .

L

)=

f) (81.6)

— D (el Re}) 2

Urolut mosyunth (81.5), Mbl 3aMeHUIHN CyMMmy 10 L 3kBHBaJeHTHOR
cyMMolt mo L — L', 4To BO3MOXKHO Gaarofapsi TPAaHUUHEIM YCJIOBHIAM
bopna — Kapmasna.

Taxk Kak BeJUUYHHE €, (%

k .
].) SIBJAAIOTCA OJOXOBCKHMH BEKTO-

paMH, COOTBETCTBYIOUIHMH 3aJaHHOMY BOJHOBOMY BekTOpy R,
MOXKHO BOCIIOJIL30BaTbCcA peayibraTaMu § 34-—44 ¢ HeKOTOPHLIMH
ponosiHeHussMu, PaccMorpum GasucHefi Bektop (81.1). Torpa pis
(GOUKCHPOBAHHEIX 3HAYEHHH R H j ero KOMIIOHEHTH HyMepyloTCsl HH-
geKcamMu ox. BosbMeM Temepb mnpeofpasoBaHue KOOPIHHAT
{|t} = {@|t(¢)} us (70.24) mpu Ry ==0, KOTOPOMY COOTBeT-
CTBYeT OnepaTop npeoGpasoBanus Pyg|g, H pPACCMOTPHM

k k
i)E"“”(

(P18 e)( i ) (81.7)

Corsracuo § 30, sTa BesinuHHa siBasieTcss OJI0XOBCKHM BeKTODOM, CO-
OTBETCTBYIOIHNM BOJIHOBOMY BeKTOpPy ¢-k. B omepartopHoit dopme
3TO MOXKHO 3alHCaTb TakK:

P{‘l RL’}P{qslt):P{w)t)P{e)q>~l.RL,}_ (81.8)

ITpumeHsis npaByio 4 JAeBYIO yacTH cooTHoweHus (81.8) x (81.1),
noJayyaeMm
k _ k
P{GIRL}e(‘P)( j )= D® ({e|e~! - Rr}) e:q»}( i )=
k
== D% ({g| R[,')} e(q) (l j ) (81.9)
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Busox (81.9) npsaMo B xoMmmoHeHTax norpeGoBas OH A0OBOJIBHO
rpynoeMkux Buuucaendil. Coornomenne (81.9) moxaswiBaer, 4TO
(81.7) aBasieTcst GJIOXOBCKHM BEKTOPOM, COOTBETCTBYIOLLUM BOJHO-
BOMY BEeKTOPY ¢-k. PaccMOTPHUM cHavaja BeJHYHHY

1 .
Py oP® = —= Y. D@ ({fe|— Re}) P igPrei-ry =

{el=Rp}
S > D®({e— Rp))*P P (81.10
Wi L) Piei~e-rpyPloy o .10)
{#1-RL}
IIycthb
(P'RLERL(p H RL———‘(p_l‘RL(p; (81.11)
Torna

D ({8 | — RL})* = D& ({g | — (p-! . RL(p})* =
=D"B({e] — RL(p})*. (81.12)

3aMmensas cyMMupoBaHue 110 — R; CyMMHDOBaBHEM IO —RL(p, mno-
Jgyyaem

7% Y, D0 ({el— Re)) Peior yPorson (8119
i)

Opuako B (81.13) unpexc Rch IBJISIETCS HEMBIM HHJIEKCOM CYMMH-

poBaHHsI, KOTOPHII MOXKHO NepeofO3HAUuThb, HANpuMep, Kax Ry;
KpoMe TOro, CTOSIIIMH cIpaBa ONepaTop He 3aBHCUT OT HHIEKCa
CYMMWDOBAHUA. YUUTHIBAS 3TO, HMeeM

-,\7]7 D(‘P'k) ({8 I — RN})* P{el—RN}P{‘P]t (@) =
{2 1Ry}
== P(‘p'k)P{.ph @) (81.14)

HJIH
Pgix @yP® = P® B P (q). (81.15)

Yrolbi MOJYYHTH SIBHOE BhHIDaXKEHHE, KOTOPOe MOXKHO CPaBHUTD
¢ (79.12), mnt npumenum oneparop (81.15) x [ef]:

, ~ 01.
’)—Pw k)z‘ﬁ "’aﬁeﬁ(% ])_—

— pl(9- k) i
P Z; cpaﬁeﬁ((p_]rx_q)_lt((p)'])- (81.16)

0
Uro6m mnoayuuts (81.16), MB BOCHOJbL30BAJHCh COOTHOLIEHHEM
(70.24). IMoacraBass onepaTop P@* n posspamasch AJs yA0G-

0
P(‘P'k)P(q, je )}€a ( "
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¢TBa K ©0003HAYEHHAM, B KOTODPHIX BEKTOp pelueTKH o06o03HauaeTcs
HHAeKcoM [, noayuum aias (81.16)

1 N i (@-k)-Ry, ( l ‘)
«/W%'e 253%9‘3 ¢er—emr (@]’ ) ®1.17)

Boimosnsis CyMMHDOBaHHE, MBI MOJIYYHUM pe3yJabTaT AelCTBUSA
onepaTopa (BpalleHHe NJAOC HETPUBHAJBbHAA TPAHC/ISALHS) Ha cOO-
CTBEHHBIA BeKTOP:

k ¢k
j)=Z%%(‘P"‘m—w“‘r(m)l i ) (81.18)
B

/)

g-k
; ) ABJAIOTCA TeH30PaMM [IePBOr0o paHra (BeKTOpaMn),

Pwj« @y Ea(%

W3 370ro cooTHOIIEHUS BHAHO, 4TO COGCTBEHHLIE BEKTOPLI 'e(

HJn e(

a TaKkKe 4TO OHH fIBASIOTCA OJO0XOBCKMMH BeKTOpAMH NpPH 3a-
AAHHLIX 3HAUEHASX BOJHOBOTO BEKTOpa (COOTBETCTBEHHO R wuau
¢-k).

Kak 6n10 orMeueno Burdepom ([l], crp. 106), B noxoxem, HO
HECKOJIBKO OTJIMYAloLeMcsl cJaydae CYIIeCTBEHHO MCIOJb30BATh
cBoficTBa Py, Kak omeparopa, geficTBymollero Ha (QyHKouH. 3a-
ObiBasi 00 3TOM, MBI MOXKEM COBeDIIHTh cepbe3Hyl OLIHOKY, mpHMe-
HSIsSl ONEpPATOPHl NPSIMO K YHCHAAM, T. €. K ONpeJefeHHEIM 3HAYEHHSIM

k
coBCcTBEeHHBIX BEKTOPOB e( ) B ((y3JIaX>> HJIH KOOpAHHATaX Ino

H T. I, D10, KaK NpaBHJIO, PHBOAHT K HEBEPHOMY pe3yJ/bTarTy.
Hccanenosap TpaHc(OpManUOHHBE CBOHCTBA COOCTBEHHBIX BEKTO-

poB, mepelfeM Telepb K H3YueHHIO CBOACTB npeoOpa3oBaHHE caMHX

vpaBHeHH] ABuKeHuA (79.7). Jas aToro MBl fIPHMEHHM OlepaTop

)
]A.

Pio1< oy [D (B)] Pig\s @)Pto | « (w»e(
=0’ (k| ]) me»e(

k :
ix)' (81.19)

PaceMoTpHM NpeoGpasoBaHHYH AMHAMHYECKYH MAaTPHILY
(D’ (k)] = Poy+ on D (B)] P&« on- (81.20)
Haun6o/1ee IPOCTO 3TO MOKHO CAeIaTh, IPHUMEHss ONEPATOPH NPoeK-

TuposaHus (78.5), aHAJNOrHYHO TOMY KaK Mbl 3TO AeJaJH NP npe-
0o0pasoBaHul BeKTOPOB cMeluenufi. 3ametuM, 4T0 (78.5) MoxHO
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3anucath no tuny (81.2) yepes onepatop OpoexTHPOBaHHS P#:

exp— ik Ry, A
D“f’( ) Z ’\/MM ““(%%’)=

0
R?\.}) P{e! Rh}cpaﬁ( ), (81.21)

,\/MM

rie aHaJOTHYHO (81 3)

0 A
P{e |..RA}CDQB ( ! ) == (DOLﬁ ( sl ) (81.22)

D ()=
B\ wn’ ) ’\/MuMu'

WJd, B OmepaTtopHOit dopme,

[D (k)] = POM ™" [@ (0)] M™%, (81.24)
rae [M]™" — KopeHb KBapaTHBIA H3 AMATOHAJBHON MaTPUIH, OIpe-
Jenennofi 8 ypasHeHuu (67 17). Torpma (81.23) cueayer moHumarthb
kaKk af; xx’-kommnonenty (81.24). Temepp ¢ momomibio (81.24) wmul
MoxkeM BuuncauTh (81.20). OuerugHo, u3 (81.15) u (81.24) caenyer
Pioy« oy [D ()] P&l oy = Pioy oy (PO M~ [@ (0] M™") PG\« oy =

= PPy M@ (O MT5PG oy, (81.25)

Ho {¢]|t(¢)} — 310 onepanus cuMMeTpuH AMHAMHYECKOH MaTpPHILbI,
TaK YTO MH MOMXKeM HCIoAb3oBaThb (71.23) m moayuuts uz (81.25)

Pioi« oy [D (B)] P&\« o = PP [M]™" [@ (0)] [M]™" =D (¢ - k)).
(81.26)

Ry}

Torna

0
P®D,, ( o ) , (81.23)

Marpuunnit saement [D (¢ - k)] us (81.24) u (81.23) paBen
¢k _ expi(p-k) Ry ( 7‘)
Daﬁ( nx )_—Z A/ MM, Dag wx' )’ (81.27)
Py iy
Hcnoanays (81.26) n (81.19). umeen
, ) (81.28)

k k
[D(‘P'k)]P(¢lr(¢)}e( i )="32(k”)P\wlr(q>))e(
A In

JduHaMHyeckie ypaBHeHH$t AJS1 COGCTBEHHHIX BEKTOPOB H c06-
CTBEHHBIX 3HaUeHHH NpH (PUKCHPOBAHHOM 3HAYEHUH BOJHOBOTO BEK-

Topa @-k UMeIT BUJ
-k
(pfu )=m2(cp-kljh)e(

@k
[D (- k)]e( i ) (81.29)
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CpapHuBas 3To ypaBHeHHe ¢ (81.28), BuauM, uTO

k
P(‘plr(.p);e( . ) €CTb COOCTBEHHBIH BEKTOD AJd
I (81.30)
BOJIHOBOTO BeKTOpa ¢+ K
H
o (k) =0o?(p - k|])). (81.31)

Takum oGpasom, oOKaspiBaercs, uTO s KaXJ0oro ollepaTtopa
B rpynne @ ¥ B YAaCTHOCTH AJS NIPeACTaBHTENEeH CMEXKHOro K/iacca

{olt(e)}
o’ R|j)=0(gs- R|j)= ... =w2((pgp-k|jh), (81.32)
A'——l, sy lj.

Torma nmeficTBHe omepalyy MOBOPOTA COCTOUT B INpeoGpasoBaHuu
YPaBHEHUH NBHIXKEHUS K 3KBHUBAJEHTHHIM YPaBHEHHAM, cOGCTBEeHHLIE
3HaueHHs KOTOPHIX CBSISAHBI C HCXOQHBIMH COOGCTBEHHBIMH 3Hayge-
HUAMH coOoTHOWeHHeM (81.32).

MEr paccMOTpeaH OJHO U3 NPOSIBJAGHUI CYIECTBEHHOTO BHIPOXK-
JeHNs B 3ajaye JUHAMHMKH DelleTKH, CBA3aHHOe C IPYyNmofl mpocr-
paHcTBeHHOHA cuMMeTpHu ©.

HakoHen, oTMeTHM, YTO 1As KaxXaoro ornepatopa P{q,lhlflx} B

rpymne &(k) mbpl MoxeM noayudtb u3 (81.26) cooTHoweHHe
P{cpl KN [D (B)] P{‘”z rlh}=[D(k)]. (81.33)

Takum o6pasom, BejquuyuHs [D(k)] HHBapHaHTHE OTHOCHTEJNBLHO
npeobpasoanufi (k). Tax kak aTo uHBapHAHTHEIA OmepaTop, H3
ero coGCTBEHHBIX BEKTOPOB MOJKHO ITOCTPOUTh 6asHc HEIPHBOLHMBIX
npefncrasaenuit G (k).

§ 82, CoGcreenHnie BekTopnt Matpuun [D (R)] xak 6asuc
Aas npexpcrasiednit D® ) rpynnm G (k)

Tax gax BeJUUHHH e( !.) 3 (81.1) sBasitoTcs GJIOXOBCKHMHU

BEKTOpaMH, OHH MOTYyT OLITb HCHOJb30BAHB B KadecTee Oasuca
HeNPUBOAUMHIX TpeJcTaBIeHHA rpymnmu &. Mpt cefiuac mokaxem,
Kakde IpeACTaBJIeHUs IPU 3TOM Bo3HuKalT. OrpaHuyuMcs 3r cob-
crBeHHBIMU BekTOpamu (81.1), sagaHHbIMH Tpu (DHKCUPOBAHHOM &.
Onn npeoOpa3dyioTcs Kak (PHU3HUECKOe BEKTOPHOE MOJIe.

PaccMOTpHM COBOKYTIHOCTL ONePaTOPOB P{“’z,‘!'zh}Ps’ KoTopas

prmoyaer @ (k) ananornuno (36.1). Jlaa kaxaoro omnepatopa 3Toit
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COBOKYITHOCTH HMeeT MeCTO cooTHowenue (34.4); TakuM oGpasom,

@, +k=Fk-+2nBg. 82.1)
CoorBetctBenno u3 (81.17)
k k
P (<] ) = e (] ) -

A CR st

= e Tl — g

(01,)ap % %1, @, %,
B

3ameTuMm, uto HoGaBieHHe 2By K BeKTopy K He U3MEHsieT omepa-

)
]

Cle/IaH Pa3 U HaBcerga BHIOOD KOHKPETHHIX KAHOHHYECKHUX WM (HK-
CHpPOBAaHHBIX 3HadeHui ox. CiexoBarTe/]bHO, (DHKCHPOBAHH JeKap-
TOBBl OCH KOODJHHAT, cOOTBeTCTBYWOWHKE oo = 1, 2, 3. Taxxke ¢urcu-
poBaH HaboOp aTOMOB B aJeMeHTapHoH sidefike x=1, ..., r, 10
OJHOMY aToMy B KaxAOH moipeweTke Bpass. Bce oHH, HanpuMmep,
MOryT ObITb B35TH B 3JdeMeHTapHON suefike ¢ /= 0. HanoMHuM
rTakxke obosnavenus (70.29) wu (70.30). [lpu npeoGpasoBanuu
{(P’A!rlx} B BuIpaxenun (82.2) xooppuHaTa atomMa B syefike Ipe-

o6Gpasyertcs, coraacHo (70.30), kKak
ry—> ru% = Ry (%@l;h%”) 4 1w, (82.3)

’;) (82.25

[pex e uem obcyxpats (82.2), oTMeTHM, YTO NI BCEX e(

rIe CHOBA Frys — KOOpJAHMHATA aToOMa B sjaeMeHTapHOH sAvefixe. Ona
mepeBOAUTCH TpeoOpasoBaHUeM CHMMeTPHU {(P’A“lx} B 3KBUBA-
JIEHTHYI0 KOODAMHATY r,, KOTOpPas MOXKeT H He OTHOCHTbCA K TOM
XKe nojapelterke. TO 03HayaeT, YTO HE3aBHCUMO OT TOTO, PABHO Ry
HYyJI0 HJI¥ HET, KOOPJMHATA F,, MOXET COBIAJATh C Iy, 8 MOXKET

1 He coBnagath ¢ Hell. OueBHAHO, 37eChb UMEIOTC YeTHIPe Cjaydas:

ry =Ty, Ry (%(TJIA’ %”) = 0’ (82'4)
ry=ry; Ry (N(i)lh, N”) #0, (82.5)
rwrw;, Ry (%@,x, w’) =0, (82.6)
russrui Ru(a,, @) #0. (82.7)
3nech
Ry (v, »') = (p,‘h‘ A (pl;l ", (82.8)

rze CHOBA Iy — DAJHYyC-BEeKTOP aToMa B 3JeMeHTapHOH suelike,
a Ry — BekTOp pelleTKH.
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Takum 00pas3oM, yCJHOBUE 3aMKHYTOCTH CHUCTeMB! COOCTBEHHHX
BEKTODOB

k
e( j)’ i=1,..., 3r, (82.9)
¢ KOMIIOHEHTaMHU
k
ea(% j)’ a=1,..., 83 ==1,...,r, (82.10)

tpe6yer, 4T06n B nmpaBofl cTopoHe paBeHcTBa (82.2) KOMIOHEHTH

eﬁ(% f) (82.11)

TaKKe BHPaXKaJHCh uepes KaHOHMUECKue NepeMmenubie r,. OTciona,
ucnoabsys (82.3), (82.8) u (82.11), umeem

7)

i )=

k k
k
:D(k)({el—RN})ea(rx” ] ), (82,12)
rie Ry onpeneneHo B (82.3). Takum o6pasoM, nas (82.2) umeem
k * . k
P{.pl“,lh}ea(% j =§ﬂ:(%)a50 (el — Ry}) eﬁ(u j)‘ (82.13)

Tenmeps B (82.3) o6a 3Hauka x u %’/ NPUHAAAEIKAT KAHOHHIECCKOMY
Ha6opy (82.10). Orcroma BuaHo, uto (82.13) saBastercs ofiUM co-
OTHOIIEHHEM MEXAY KAHOHHYECKUMH KOMIIOHEHTaMH OJHOTO H TOTO

)Ke BEKTopa e( j ) npH (HKCHPOBaHHOM j. 3aTeM, eCau mjis QHK-
CUPOBAHHOrO j Mbl paccMoTpuM 3r KoMmOHeHT (79.2), To KaxK1y1o

TaKyl0 KOMIIOHEHTY MOXHO NOMETUTb ABYMA HHACKCAMH o U X!

k
ea(w ].), a=1,...,3;, =n=1,...,r. (82.14)

Torpa coorrnomenne (82.13) MOXHO 3anmucaTh B MaTpuyHol (dopme:

k — 5 14 k
Pro, |epy)e0 (x i ) ZS‘ Z D® @ ({e, | 7,}),,. Bx”eﬂ( '\ ),
n”

a=1,.,.,3 x=1,...,r (82.15)

Huasi duxcupoBanHHX 3Havennfi B u j marpuma D () gpjgerca
3r-MepHOH, HMelledl 3r CTPOK U CToA0LoB. MBl MoOXeM JierKO Bbl-
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YHCJIHTL KOMIIOHEeHTH D® (@ M3 (82.13) umeem

DO O ({01, 76,1, gor = (P12)ag D (21— R (ay, 2)}) g o o7
(82.16)

rie

{ 1 nJs map aTOMOB, CBSI3aHHBIX cooTHolueHudeM (82.3),

F —
“op, " 0 nJst Bcex NMPOYHX map aTOMOB.

4y
Tenepb Ba)KHO YCTAHOBHTb, uYTO MaTpHua D® (@ ge zapucHT
ot j. CaenoBarteanno, onpenesienue D @ nanpoe B (82.15), MoxkHO

k
3amUcaTh uepe3 COGCTBEHHBIE BEKTOPHI ea(%, :

P e (] *) = ZE P (0115 e s O 181 6217

Hanomuum 3meck paccyxpenue uz § 79, B uactHoctu (79.9)
n (79.14). OGosnauass 3r BeKTOPOB, 0Opa3yIILUX CTPOKY, uepe3

ea(%fk); o=l 3 w=l .10 (82I9)

pacnosioxuM ux mo obpasuy (79.14). Toraa (82.17) moxuo nouu-
MaTb K4K COOTHOIIEHHE MeKAy IeJBIMH CTPOKaMH BEKTOPOB, BHI-
HOJIHSIIOINHeecs IpH (PUKCHPOBAHHOM j.

EcrecTBenHo, 4yTo AN CTPOKM, Kak © AJds cronbma, HyxKHa
UMeHHO mapa uHAexkcoB. B sanucm (82.13) marpuma D®en  gp-
JsieTcsl TNPSIMHIM I[IPOU3BefeHHeM INpenacTaBienus D™ no korto-
poMy mpeoGpasyercs MOJSAPHBI BEKTOP, Ha NMepecTaHOBOUHOE Npell-
CTaBJEHHe C TOUHOCTbI) A0 COBOKYIHOCTH (pa30BHIX MHOMXKHTEJEH
Tuna D® ({e|{ — Ry}). Takum o6pasom, D("ereeT) ocymiecTBASET me-
pecTAaHOBKH B T[penenax KaHOHHYecKoro GasucHoro Hablopa
cx=1, ..., r ¢ y1eTOM JONOJHHUTEJLHHX (HPa30BHX MHOKHTENEH,
KOTODLie, €CJAH HYXKHO, H06aBAfIOTCS: B MATPHUHBIE 3JIeMeHTHl
H B 33aBHCUMOCTH OT KOTOPBIX PEasu3VIOTCS pas/iiuHble BAPHAHTH
(82.4)— (82.7). Tloatomy

D) (€) = D(r) @ Dinepect), (82.19)

MarpuuHble s/eMeHTH IpelcTaBaeHus DY uMeloT WHARKCH af,

Hanpumep DY), a maTpuunbe sjeMeHTH D(1€PeCT) yMeloT HHAEKCHL

ux/, HanpuMep D™, SlcHo, UTO KaskaABH H3 5THX MATPHUHBIX

2JIeMeHTOB MOXKHO B SIBHOM BHZe moayuutb u3 (82.16). Mu ue Oy-
€M NO0JIb30BATbCA TAKHM SIBHHIM BHIpAXKeHHEM H XOTHM TOJbKO MO-
ICHHTb, 4YTO TaKoe IIOCTPOEHHE BO3MOXKHO B mnpuHuune. Torxa
MOKHO HalHCaTb

(D™ @), .= DEADEPe", (82.20)
B
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Baxuyio posis urpaer caepr marpuusl D® (@), D10 sicHO BHAHO
u3 (82.13). Briuncaum sTOT caen:

S DO (g, |y }) = @ ({a, [ 71,}) =
= 2 (= (1+ 2cos 9,,)) D (fe| — Ru(xg,, x")}) Sugy, » %" (82.21)

PV

B (82.21) 8yu»=1 npu x==%". D10 cooTBeTCTByeT cayuaam (82.4)
u (82.5). Mlpu % 5= %" 8w =0, urto coorBeTcTBYET (82.6) M (82.7).
Kpome Toro, sesnunHa

+(1+2cosq,)= %: (q)’h)aa (82.22)

ABJIsieTcsl CeoM MATPHIE ¢ COOCTBEHHBIX H HeCOOCTBEHHBIX Bpa-
IIeHuf B cyMMa crpaBa 0epeTcsl IO BCeM aToMaM x” B aJeMeHTap-
Holt siueiike. Tak Kak D®(€ gmisercss npencTaBieHdeM TPyIIIb
®(k), To ero MOXKHO TIPeIACTABUTL B BUME NPAMON CyMMBI JONYCTH-
MBIX (H3HUECKH HENPHBOIHUMEIX NpejcTaBieHuil. MHB Bo3BpatuMcs
K 3ToMy Bonpocy uHuxe B § 103.

Haxosen, Hano oTMeTHTb, uTo Ipefcraniaende D* @ gpngercs

VHUTAPHBIM. DTO CJEAYyeT H3 YPaBHCHUS
e“(%l k) : eﬁ(%' k)= P{"’lxl'lx}ea(%, k) : P{"’lxl'lx}eﬂ (%' k)’
(82.23)

KOTOpOe BhIpakaeT YHHTAPHOCTh olepatopa P 1o OTHOUIEHHIO K cKa-
JSIDHOMY Tpou3BeneHuio (:), ompenesneHHomy B (79.9) u (79.11).
Torza

D ({01, | 7)) =D (o [ 1), (6220

T. €. ofparHas MaTpPHLa SKBHMBAJIEHTHA 3PMHTOBO-CONPANKEHHOH.

§ 83. CoGcreennpie BexTopnt D (K) kak 6asuc mpeincTaBieHHs
D®D rpynnm G (k)

Boseparumca Tenepb K (82.17) u (81.28). Hdas moGoro asJe-
MeHTa {(Plhlrl)»} rpynusl ® (R), ocrapasiomelt HUBapHAHTHOR puHA-

MHUYECKYI0 MATpPHLY, MMeeM
[D (@1, - k)] =1D (¥)]. (83.1)

Torna croomomemle (81.28) npeoGpasyercss K BULY

k 2
iu)=‘° (kmp{"txl'tx}e(

(D (B)) - Pey, ye,,3 "(

Z). (83.2)
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Otciopa CaepyeT, YTo BeJHYHHA
k
. ) (83.3)

P{wme( i

aBJsieTcss cOGCTBEHHBIM BEKTOPOM, OTHOCSIIMMCSE K (DHKCHDOBAHHO-
My 3HAUEHHIO BOJIHOBOTO BeKTOpa k. Ho COBOKYIHOCTH BBHIPOXKIEH-
HBIX cOGCTBEHBIX BEKTODOB

; (

. e, e

]u. ’ ’

1)

COOTBETCTBYIOUINX OTHOMY H TOMY Xe cOOCTBEHHOMY 3HAYEHHIO, SIB-
JISIETCSt TIOJIHOI 110 OTHOILIEHHIO K NPOCTPaHCTBeHHOH cumMerpun. [o-
3ToMy coOcTBeHHEI BekTop (83.3) MOXKHO NpencTaBUTb B BHIE JIH-
He#iHo#i komMOuHAUMH BeKTOpOoB (83.4):

B\
L) 000 (0 e
B y=1

l.L'—'—-’l, oy l].

¢ ), (83.4)

jl]

Pa,, |,,h}e( ;: ) (83.5)

OtMeTHM, UTO 3TO UHCTO BeKTOpHoe cooTHolleHHe. Kak oGbuHO,
MOJIHOTA COBOKYIHOCTH WM npoctpancrBa (83.4) mHo3BoJser olpe-
nequTs MaTpuny D® () ocymecTBIsOIYI0 NPeACTaBIeHHe B PO
ctpactee (83.4) (§ 102). 3artem, ucnoabsysa (83.5), MOXKHO omnpe-
NeJUTh MaTPUIY ¢ pasMepoM [j, OCYLIECTBJISIOULYIO HpeNCTaBIeHHe
rpynnn @ (k).

Yro6rl HOJMYUHTL MATPUUHBIE 3ieMeHT D® () MBI BO3bMeM ox-
KOMMoHeHTy ypaBHeHHa (83.5); Torma mosyyum

I

k B ()
L )= 200 ) e

v=1

P{"’lx |71, }6a ( s

IToncrasasia (82.15) u (82.13) B sesyio cropony (83.6), mosyuaem

k
; Z D® @ ({qy, | T‘x})an, 5 B ( ®” i ) =
= 3 (01)ep D ({1~ R (e, # )5 ( N
B

;: ) (83.6)

)
W/

;i ) (83.7)

L
= 3 D0 (g, |51}

y=1
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3arem, HCOOJB3YA YCJAOBHE OpToroHanbHocTH (79.8), maiimem

DB D ({q, [ T’x})vu‘:

=3 3 (e[ ) o o s (]}, ) =
=3 Ya(x]

an Bn”

X ({1 R G )} gt (o

Yo D

;eu ) . (83.8)

Mu moayuu/su fBHOe BBIPAMKEHHe AJISl SJMEMEHTOB MaTpuus D® D
yepes aseMeHTHl D® ©, Mgy Bo3BpaTuMcs K o6cyxaenuo (83.8)
B § 85, rie MBI paccMoTpHM cooTBeTcTBYIOMYy0 [D (k)] rpynny cum-
metpun G (k) W BHITEKalolllee U3 Hee CYIIECTBEHHOE BBLIPOKICHHE.

§ 84. Co6cTreHHbie 3HaueHnst MaTpun DX (&) g D&) ()

3aMeTuM, uTO MBI paboTaeM C BeJHUHHAMH, KOTOPEIE MOXKHO pac-

CMAaTPHBaTb KaK 3f KOMIOHEHT 3r-MEPHOTro BeKTOpa e( j ) HJH

paBHBEIM 06pa30M Kax 3¢ KOMIOHEHT 37-MEPHOTO BEKTOPA e, (% ‘k) .
B Hamem paccMOTPEHHH 2TO OOGCTOSITEJNBCTBO MPOSIB/ISETCA ABYMS

)

j ) mox-
k ) p
j Jn6o

). Mexny coBoKkynHocTbo 3r

pa3HEIMH, HO CBA3aHHBIMH crocoGamy. KommoHeHTy ea(%

HO paccMaTpHBaTh Kak (ax)-KOMIIOHEHTY BeKTOpa e(

KaK j-KOMIIOHEHTY BEKTOpa ea(%

o

H COBOKYHIHOCTLIO 3r BEKTOpOB

ea(%’k), a=1,....8 =1 ... r (84.2)

BEKTOPOB

k
i

)) j'”zl)---’ar) (84-1)

IpH 3TOM JOJIXKHAa CYIIeCTBOBATHL JHHeHHAs 3aBHCHMOCTh. Tak Kak
o6e cosokynHoCTH (84.1) u (84.2) ynOBJIETBOPAIOT COOTHOLIEHHUSM
OPTOrOHAJLHOCTH U HOPMHMPOBKHM (79.8) — (79.11), Mexnay numu
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MOXKHO YCTAaHOBHTB CBsI3b C NNOMOUIBIO YHUTAPHOIO npeo6pasosaﬂuﬂ

ea(xlk)=[U]e( f) (84.3)

[Tpu atom B cooreTcTBHE ¢ (84.3) aJsemenTn marpuubl [U] momx-
HbHl MMETbL acHMMeTpHYHble HHJEKCHI, COOTBeTCTByIouHe (84.3):

Wi, - (84.4)
CBOHCTBO YHUTADHOCTH TOTJMA 3allUCHIBAETCS TaK:
(U]~ =[U]*. (84.5)
Bnarogaps yuurapuoctu [U] cootHolienue, o6patHoe (84.3), MO~
HO 3allUCaTh B BUIE .
e( ;‘)=[U1+ea(%'k). (84.6)

Ouesuano, [U] — marTpuila nepecTaAHOBOK ¢ €IHHCTBEHHBIM OTJIMY-
HBIM OT HYJISt MaTPHUYHBLIM JM€MEHTOM, PABHHIM | B KaXIO#H CTpoOKe
H B Ka)aoM crojodue. Taxk kak 6a3uchkl COOTBETCTBYIOUIUX NPEACTaB-
JIeHH}l CBA3aHbl YHHTapHbIM npeobpasoBaHuem [U], To u3 dopmyi
(82.17), (83.5), (84.3), (84.6) caenyet, uro D (e y DE () nojx-
HH OBITh 9KBHBAJIEHTHBL. TakuM ofpa3om,

D® W =[U]~" D® @[], (84.7)

ILJISI CJIeN0B 3THX MATPHLl HMCEEM
SpD® () = Sp D (@, (84.8)

Mub moxem noayunth (84.8) mpsamo u3 (82.21), u mBl Bocnosb3yem-
Cfl 9THM HHXKE,

CorsacHo teopeme Mallke, nokasaunoit B § 15, npencrasienie
D@ @ yap D® W) gu6o HenpuBoAMMbI, 160 npuBoguMHL. [Toxuepk-
HeM eilie pas, uto D¥® ) — 3To mpexcrapieHue, IO KOTOPOMY Npeol-
pasyercs noAHOe MHOXCECT80 BCeX BEHIECTBEHHBIX COOCTBEHHEIX BEK-
TOpOB MJsi Bcex 3r BeTBeH. Amnasoruydo D® (& ectb (3r)-MepHoe
npeACTaBjieHHe, 10 KOTOPOMY NIpeolGpa3yeTcsi MHOXKECTBO Beex 37 cob-
CTBEHHBIX BeKTOPoB, OHAKO B 3TOM [10OC/Ie JHEM CJIyyae OCHOBHOE Ipa-
BHJIO NpeoGpa3soBaHHs OCHOBAHO IPOCTO Ha CBOHCTBAX BEKTOPHOTO
Hosist cMellleHHH. A ¢ (H3HUECKHM COOCTBEHHHIM 3HaueHHeM w?(R]j)

k
CBASAH MMEHHO BEKTOpP e( ] . Mm BO3BpaTHMCHd K 3TOMY B cJlle-

AylomeM maparpade, B KOTOpoM Mbl Ha#igeMm matpuny [U].
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§ 85. CywecrBenHoe BbipoXKaeHHe Kak caeactBue G(k)
H coGcTBeHHble BeKTOpbl MaTpuusl [D(k)]

B stom naparpage MB CYMMHDYEM NOJIYUEHHBIE B HPEABIAYILHX
naparpadax pe3yJabTaTel U YCTAHOBMM COOTHOINEHHS MeXnuy cobCrT-
BEeHHEIMH BeKTOpaMy AuHAMUuYecko# maTpuiut [D(R)] v cymectsed-
HBIM BHIDOXKJAEHHEM, 00yC/JAOBJIEHHLIM I'PYIICH cuMMeTpHH &.

Hunamuueckue ypasHeHus (79.7) MoXKHO 3amucaTh B BHJE

fu)=co2<kme( ‘

) u=1,..., . (85.1)
N

DEne(

[TpeoGpasyeM Tenepb 3TH ypaBHEHHsi ¢ HOMOLIbIO ONeparopa mpe-
o6pasoBanus P{‘pm,lh} us ® (k):

")

W)

P{"’lx 113} D ()] P{q’l’x | ’IA}P{"’IA 1*1,}° (

k
— 2 i
=0 (k“)P{wl}v]rl}v}e( ]u) (85.2)
Cornacuo (81.33), aty ¢opMyay MOXKHO IlepenHcaTbh B BHIE
k . k
— 2 {
[D(k)] P{‘pl;vl‘l;w}e( ]-u)—&) (kl!)P{q}l“vlh}e( ]u) (85.3)
BosbMeMm marTpuuHbf ajgemeHT (85.3)
()., (Penrpeo(#11))
g; ' Jag (o I*n Y% * i)
k
— a2 {
= (klj)P{wl;NI‘l;w}ea(% ]u) (85.4)

H, noxcrasjasas (82.17), mosyuaem

kR
Z Z b ( nn’ )%D(k) @ { @, | 7)), o & (u

Bx yx”
— 3 D% ({01, | 1)) 50 (¥
pr

I

)
’

L Jerein. @55
u »

_

Hs (79.4) u (85.1) umeem

W)=Z0 (), « (]
In —W’ w, ® Bvev ) !

mQ(klf)eB(a‘c’ .u). - (85.6)
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TToncraBJisia 3arem (85.6) B (85.5), moayuaem
ZZD k D® @ ({qy,] v e w” kY _
1 vy a (plhl l}\'})BM’vYKII Y ju =1
B’ YR

k kR
= Z Z D(k) (e ({‘fl 'Tl?ﬁ}/u% ( _,%”)B eY("'ll ]

Y 5 ) (85.7)

Brr m

UroOHn NPOABUHYTHCH [aJbllie, HAM HYXKHO BOCIOJAb30BATLCA
CcBOMCTBOM 3PMHTOBOCTH  JAHHamuueckoil wmarpuns: [D (k)] =
= [D (k)" unn B KOMIOHEHTaX

k kN
D( ) ==D( , ) . (85.8)
X% Jag %% Jaa

Torpa nJa (85.7) umeeM
W)
in/

k *
Z Z D®® ({ar, | Tl’v})ﬁx i b ( %% )Ba % ( w

Bn yn”
* k
=ZZD( )vﬁ DO ({gry | T}) y(% ju) (85.9)
s
HJIIH
D(k). D® (e ” k .
Z( (k) - ({‘Pl I'l;v}))w,, LA e i =
v
k
=3 (D@ ({41, ] 71,})) - D B, o ey(ﬁ” ]. ) (85.10)
R L
ITpupaBuuBass Ko3QQUUHEHTH TNPH OAMHAKOBEIX KOMIOHEHTaX

k
ey (u j ) B 00eux yacTax ypaBHeHus (85.10), sumum, yto (85.10)

"
ABJISIeTCA CJEeACTBHEM MAaTPUUHOTO ypaBHEHUSA

D ({ar, (71,3)- D () = D () D@ (fu | ). @5.11)

Taxum o6pa3oM, MH NOKasaslyd, 4YTO [HHAMHYecKas MaTpHNa
KOMMYTHPYeT ¢ Ka)K[IOH M3 MaTPHI npeacTaBjeHus D) (&) rpymms
& (k). Qopma marpuusl D(k) sagana coorHowenuem (78.5). dra
BeJIHYHHA He SIBJISIETCS CKaJApPOM, TOUHEe, He SIBJISETCHA eIHHHYHON
Matpuuel, yMHOXKEHHOH Ha cKa/lap, Tak Kak He CBOAAIIAsCA K KOH-
cragTe Marpuua [D (k)] KOMMyTHpPYeT CO BCEMH MaTpHIAMH MNpei-
crapiedua DW® (@ rpynnm @(k), uz nemmu Illlypa caenyer, uto
D @ ppupogumo. Utobu mnpexcrasuts D€ p pune npsamoi
CYMMBI HENPHUBOJUMBIX IIPEACTABJIEHHHN, MBI B MEPBYI0 Ouepenb
noaxHb npuBectd [D (k)] K AHaroHaJbHOMY BULY.
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[MTockoabky [A (k)] BemectBenHo, us (79.14) — (79.17) caenyer,
YTO yHHTapHAsi MaTPHLa H3 coGCTBEHHBIX BeKTOpOB [E (k)] npeobpa-
ayer |[D (k)] Kk gMaroHaJbHOMY BHAY:

[E (&)™ [D (R)] [E (k)] = [A (R)]. (85.12)

dukcupyem apryment (onepatop) martpuust D® (9 u npeoGpasyem
(85.11) ¢ momompio [E (k)]; Torpa moJayuum

[E (8] [D® @] [E ()] A (§) = A (k) [E (#)] ' [D® @] [E (B)).  (85.13)
IpeoGpasosannyo Mmatpuiy D* (€ o6oznauum
D®@ = [E k)]~ D® @ [E (k)] = [E (k)]" D® @ [E (k)]. (85.14)
Takum o6pasom, u3 (85.13) umeem
D) (DA (k) = A (k) D) (), (85.15)

Tepenuuem A (k) u3 (79.17), cobupas BmecTe BHIPOXKIeHHEIE OG-
CTBEHHLI€ 3HaueHHud:

Lo (k| 1) I, 0 ... 0... 0
0 0?(k|2)10, .

A () = , |, @56
. o’ (k| j) I,

0 ... o (k| n) I,

\
3necs M; — [;-MepHaa exmnuuHas MmaTpuua. Tenmepp u3 (85.14) n

(85.16) MoXHO 3aK/IOYUThL, 4TO, TAK KaK Kax/aas Marpuma D& e
KOMMYTHPYeT ¢ OZHUM H TeM Xe OJOKOM AMaroHa/AbHOH MaTPULIBL

(85.16), Jmo6Gasn D®® pjsi KammIOro sHauEHHs {(plxltlx} IPHBO-
AUTCA K 0J0YHOMY BHAY B COOTBeTCTBHH ¢ (85.16):

(DWW g 0 ... ]

0 D®W® 9

(&) (&) — 1| . .
D . o pwa _ (85.17)

' pw @ |

Kaxnpift u3 6a0koB B (85.17) sipasieTcs OTJIMUHOMA OT HYJIS MaTpH-
ne: DWW ¢ pasmepamn (g X 1), « .., D@ ® ¢ pasmepamu (I, X /o),
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e

gpuYeM KaxJas M3 HHUX COHOCTaBJsercs CBOeMy COOCTBeHHOMY
gaauenuio @ (k|1), ..., o*(k|n).

3anucas (85.14) B KOMNOHEHTaX, MBI MOXE€M yCTAHOBHTBH CBSI3b
¢ (83.8). Hanomuuw, uto crpokn Martpunsl [E(R)], kKak ykasaHo B
(79.14), HyMepyloTcs HHAeKCaMu ax =1, ..., 3r, a CcTOJGUH —
uupekcom jy =1, ..., 3r. CoorBercreenno [E (k)]* umeer oGpar-
HYI0 HYMepDAamMio CTPOK H CTOAONOB. B3fAB MaTpuUuHBIH 3/eMeHT

D® (& ¢ yupexcamu (juj;), noiyuuM mast (85.14)

k
N, " ;
(D (e))’u’; — Z Z e ( | ) (D®©) 0. o €p ( ®

Br” an
CpasuuBas (85.18), (85.17) u (83.8), Mbl MoxeM HamucaThb
(D® (e))juj‘,, = (D® W) 8. (85.19)

;1). (85.18)

CaenosartesbHo, npeo6pasosanue [U], npexacrasistiiomee D® (€
B BHAe Npsamolt cymmst, pasHo E (k) = [U].

Caenaem Temepb MNpPELNOJOKeHHEe O HAJHUHM CYIECTBEHHOTO
BHIPOXKAEHHsI, 00yCJIORJECHHOTO I'DYNNOHA ONGPATOPOB NPOCTPAHCTBEH-
HOH cummerpuu @ (k). Dyiem cuuTaTh, YTO KaAXKIoe NPEeACTaBJIeHHE
DW® () sanucanHoe B GJjouHON dopMe M COOTBETCTBYIOIEE PA3JIUU-
HBIM 3HaUeHHsIM w?(R|j), ABasieTcst GU3HYECKUM HONYCTHMBIM HENpH-
BOAMMBIM TpenctasaeHueM rpynnkl @ (k). Ciuenyetr oTMeTHTh, uTO
Kax10€e AONyCTHMOEe Tpeacrasjenne D® 0 rpynnn @(k) Moxer
nosaBasthest B (85.17) HeckoabKo pa3. Huxe ™ ofcyxkpaerca crnocob
ONpele/ieHHs TOro, KakHe HMEHHO MOMYCTHMBIE INpeACTaBJeHHUst
D) () go3HUKAIOT B AeHCTBHTEIBHOCTH.

3aMeTuM, uTo B HalUel TEOPHH He INPEANOoJNarajoch 10 CHX HOp,
UTo JaHHOe mnpexcraslenue D® (M poznukaer B (85.17) TOJBKO
onun pas. OnHaKo, yTo6kl BOCNOJBL30BATHCA COOTHOWIeHHeM (85.18),
HYXHO CHAYaJsla PeliuThb 3ajayy Ha coGCTBeHHBIE 3HAUEHHUS M HaHTH

QOGCTBEHHEIE BEKTOPHI ea(u j ) 3arem mis Bolyucsaenus (85.18)

ciepyeT B3ATh /; cCOOCTBEHHBIX BEKTOPOB JJ/Is JAaHHOH BeTBH w?(R|j)
1 Hcnoab3osath B (85.19) 8-cumpos. as npyroffl seTBu ¢ To# Ke
cumMeTpueil s nosydeHus (85.18) moryr OHTH HCHNOIBL3OBAHB 3TH
ke coOO6CTBEHHEIE BEKTODHL.

Yro6el BHEIABUTL BCE CJEICTBHA CYIIECTBEHHOTO BEIPOXKIEHMS,
06yC/IOBJIEHHOTO NPOCTPAHCTBEHHEIMH ONEpPaTopaMu U3 MOJHOH Hpo-
cTpaHCTBeHHO¥ rpynnsl @, HyXKHO N0 HafiTeHHOMY IpH pelueHHH JH-
HaMUuecKOl 3ajauy npejctasieHuo D® ™) noyyuuth COBOKYNHOCTD
npencrasaenns D*®) M nonxof rpymmsl.

[losmHoe cyliecTBeHHOe BHPOXKIEHWe B 5Tofl 3anmaue CBSI3aHO ¢
NOJIHOR TPOCTPAHCTBEHHO-BpEMEHHO rpymnoit &, kotopas Oyner
aHa/IM3UPOBATLCA HHXKe.
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§ 86. KomniaekcHbrie HOpMAaJdbHbie KOOPIHHATHI Q( j ) Kax 6asuc
"

Aas npeactasaeHus D® U) rpynnn O (k)

Tak xe kak B § 76, cefiuac xejaaTeJbHO IOJYYHTb NPaBHiIa Hpe-

. k
06pa30BaHus KOMMNJEKCHBIX HOPMAaJbHBEIX KOOpPAHHAT Q(j . Bax-
[

k
HLIM 0OCTOSITEIBCTBOM OKAa3BIBAETCS TO, YTO BEJHYHHBI Q(]. ) fB-

3
JAITCE JTHHAMHAYCCKNMH INEPEMEHHBIMU B 3ajaue AHHaMHKH pelleT-

ki [em. (80.7) u (80.8)]. MBI MoXKeM pacCyxaaTh TaK XKe, KaK B
k

§ 76, n BuBeCcTH TIpaBusaa npeobpazoBaHuy Q(]. ) U3 OpaBUN IIpe-

. n
obpa3oBarus QU3HUECKHX CMELleHUH.

UTo6H yuecTh BHIPOXKACHHE, TePennuieM (80 9) B BUlE

ua( )—W—&—FFZexp(zk RL)ea( )Q(i) (86.1)

OGpaTHOEe COOTHOLIEHHE CJeLyeT M3 YCIAOBHH OPTOTOHAJBHOCTH H

HOPMHDOBKH
Q(?v)=—17‘721‘: ;exp(—ik.RL) e;(u ;ev )ua (;)VE (86.2)

k

j ), a/x-KOMIIOHEHTa KOTOPOTO
v

[Toneano onpenenuTs BeKTOp '0(

(1
Y %)y

k 1
) )z— M exp(ik-R,_)ea(u
Torna us (86.1)

paBHa

:.ev ) . (86.3)

D) e
u u3 (86.2)

()5l )e(Jum

Ina
(L )onm((2) ). oo

rAe B NocaenHefl CTPOKe MBI HCNONb30BaJH CKaJsfpHOe IIpoH3Bejle-
Hae (79.8).

u( )=Zv(

jvk
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e

k
[TokaxeM, BO-NIEPBHIX, YTO BeJUYHHA Q(]. ) staisieTcst 6J0X0B-
v

CKHM BEKTOPOM, OTHOCAIUMMCS K BOJIHOBOMY BEKTOpY k. DT0 Han6o-
Jjgee npocto yBuzers ua (86. 2) paccMoTpeB BJHMSIHHE TPAHCISIHA
Ha noJe (PHU3MYECKHUX CMeIleHHH

P{u | RM}u = u{RM}. (867)

DTO COOTHOIUEHHE MOIKIO HEepenucatb B BHE

k
) = 2, Uik ( ) (1) (86.8)

ive

Ry = Z v ( l f ) Qr,p ( i ) (86.9)

ivk

HJIn

k
rae (86.9) ompeneasier npeofSpasopane Q(}. ) Ho

v
[k [—ml&
("’{RM})G(% i =Ua( "

v

")
%jv—

)=exp (it Ry |

=R o (|} ): (86.10)
Orciona , .
R,y =D® ({2 | Rys}) Z (I )Q(jv), (86.11)
eCcJIn Ive

Peing@(; ) =0 (; J=po@ R (). 612

: kR
Torpa Q(]. ) MOJKHO B3$IThb B KauecTBe GJOXOBCKOro BeKTOpa, CO-
v

OTBeTCTBYIONIEro BOJNHOBOMY BEKTODY k.

PaccMoTpum neficTBue omepaTtopa npeo6pasoBanus Py g, He
oTHocamerocs kK & (k). VI3 cooGpaxennfi, npusefeunx B § 30, cies
Ayer, 4TO

Pe14Q ( i ) (86.13)

ABJIAETCH OJIOXOBCKHM BEKTOPOM, COOTBETCTBYIONIHM BOJHOBOMY

BeKTOpY @ - k:
kR ¢-k
P(wmQ(- )=Q( - ) (86.14)
]V ]v . .
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Mpl MOmeMm CUMTaThb 3TOT BEKTOP OTHOCALIMMCS K TOA XKe CTpOKe,

4yTO H Q(i)

Uro6n paccMOTPeTb JefCTBHe omepaTtopa P{.pl“.lh}, BXOSIEr0

B G(k), Heo6X0AMMO BO3BPATHTECH K onpenesnenusm (86.1) —
(86.6). Torma noJse NOBepHYTHIX (H3HUECKUX CMEIEHHH HMeeT BHJ

u{.plh} == P{.pliL ’,lk}u. (86. 15)
Mu moxeM 3anucath (86.15) B Buge

oo=Zrea([Do(}) o

k k
o) =20 (17 )ewn () 86.17)
O6pamas (86.17). nonyqnw 13 (86.6)

Qo) ( i ) ) u {¢l yM, = (86.18)

( ) {‘plx})( ) =
% ( )(‘M)%"s(l?l’”)Mxv (86.19)

K
‘plh
lg,

HJH

=)
=X

ina

A
), BOCIIOJIb3yeMCs coOTHoeHueM (86.1)

A
kl) (k)
7))

l@l )
A 1
u J=—7=—== ) exp(ik' ‘R, \e (%
’ ( oy, ’\/M("mN 1;' ( %v) AN
(86.20)

Ho
exp ik - RL¢1 ==expi (s, * k) Ry (86.21)
A
TToxcraBass (86. 20) (86.21) B (86.19) u ucnomsays (86.3), noayunm

ZZ Z ,\/M M exp (iR. - (@1, ¥ —k)) X

“a § i V'R’
v ) ( Vv ) ( v ) ( )
i B %‘plz '// ’,

Uro6sl BHIUHCJIHTH uy
M@l

X ((pll)(lﬁ e ( *
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KpoMe TOro, HMeeM
1 . ’
> exp(iRe- (a1, - ¥ — k) =05 (qi, -k’ —k). (86.23)
!
Tak Kak @, sBisercs ﬁOBOpOTOM, BxonAmuM B rpynny O (R),

n3 (86.23) caenyer, uro k=~Fk. Orciona cymma no R cBogutcs

K eIHHCTBEHHOMY UJIEHY, H €CJIN MHl elle BO3bMEM M“—_—M”‘T’z , TO
A

;2 )Q ( Z ) . (86.24)

k
j(’, 6x®lh.x".

(86.25)

(86.22) ympomiaercs W NPHUBOAUTCA K BHALY

kR

ST T (% ),
Torna, ucnoabaysa (82.12), umeem

kR
eﬂ( Rag, | i, )= D® ({8 | — Ry (%%, %")}) 2 (%”
s ypasueHuit (86.25) u (82.16) naxopum nasa (86.24)
— o e . k . kR kR
% %00 ([ e (4] )es(#] 3, ), ).

no ®B IV
(86.26)
3arem H3 (85.18), (85.19) moayuaem pas (86.26)

k
Z (DB D (far, | T1,})),,., 6,,,Q(j ) (86.27)

7
i LV

Haxonern, u3 (86.18) u (86.27) nosayuaem

k k
Q{%} ( i, ) = VZ D® O ({qu, | Tlh})v'vQ ( i, ) (86.28)

910 mpennocaennuii pesyaprar. Ecin Temepb NOJOXKHTb

P{‘plx ['IA}Q ( :: ) = Q{mlx} ( :: ) ! (86.29)

TO Mb ToJyyaem B (86.28) xesaemoe mnpaBuiio IpeoOGpa3oBaHHs

HOpMaJibHBIX KoopAuHaT Q| . noJA JAeHCTBHEM HEKOTOPOTo 3Je-

MeHTa rpynnel @ (k). Kak H cjaenoBano oxuzarb u3 (86.1) u
(86.17), 310 To e camoe MPaBWJIO, IO KOTOPOMY Npeobpasyrrcs
kR

i ) Yro6sl onucaTth BJAHAHHE CHMMeT-
v .

coGCTBeHHble BEKTOPHI e(
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PHH Ha pelIeTKy, OCYNIeCTBJAA «I0BOPOT» (mpeobpasoBaHue) KOOP-

JHHAT U CUHTAS <OCH» U j )(pHKCHpOBaHHbIMH, HauboJjee ynol-

v
HO wucrnoan3oBaTh (86.17) u (86.29). HamomuuMm, yro, coraacHo
(85.20) u (85.21), D®W  ecTpb (u3kueCKoe HENPHBOAHMOE AONY-
cTHMOe mpeacTaBJiente rpynnn (k).

Mpl yCTAaHOBHAH, uTo Q i uMeer TpaHchOopMalUUOHHBIE CBOH-
A
cTBa 0J0X0OBCKAX BekTOpoB. Tarkum o0pa3oM, Mbl MOXKEM CBECTR

(86.14), (86.28), (86.29) B eansoe mpasuio. IIyctn Ple j¢(o )1 —

oaHa u3 onepaunii rpynnsl &; roraa us (36.17) u (36.18), nenas ne-
CyIIECTBEHHblE H3MEeHeHHs B 0003HAYEHHAX, HMeeM

k. k. k,
pegten@()=Pene(;7) = (57)=
k

5 lm '
:a; u; DB D ({p, 1 (9p)) gy oy @ ( i, ) (86.30)

HanoMHuHM, uTO HHAEKCH (0T) HyMepyioT §/049Hbple MaTPHIBI, COOT-
BETCTBYIOLIHE GJOKY ¢ BOJHOBbIMH BeKTOpaMK Ry M %, Toria Kak
WHAEKCH (V) HYMepYIOT CTPOKH H CTOOLb KaxKKo#H GJI0YHOH MaT-

pHILBL.
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[TpocTpaHCTBEHHO-BpeMeHHast CHMMETPHS
M KJIACCHUECKas NMHAMHKA pPeulleTKH

§ 87. Beegenue

B 3To# rraBe Hapsiny ¢ npoCTPaHCTBEHHOH, HJH reOMETpHUCCKON,
cUMMeTpHeH MLl PACCMOTDUM BJHSHUE CHMMeTpuu obpailieHus Bpe-
MEHH Ha KJACCHYEeCKYIO AHHAMHKY pelieTkd., 3afgaga COCTOHT B TOM,
yTOOB H3JIOKHTh TEOPHIO, U3BECTHYIO IIOJ Ha3BaHHEM TeOpHH KO-
npencrasaenuil Burnepa [1] B npumeHeHun K npobaeme IMHAMHKH
peleTku ).

B oTsauuHe OT NPOCTpAHCTBEHHOII CHMMETPHH, KOTOpAas BXOAHT
B TEOPHIO «CTATHUECKH», 00palleHHe BPeMeHH Kak dJeMeHT CHMMET-
PHH BXOMUT B TEOPHIO «IMHAMHUECKH® B CMBICJIe «o0palleHus ABH-
JKEeHHA» BO BpemenH. CyleCTBEHHO TO, UTC onepallus odpalleHHd
BPEMEHH ABJSETCH aHTHUYHHTAPHBIM JeMeHTOM CHMMETPHH, coXpa-
HAOWHUM al0COMI0THOE 3HAUeHHe MOAYJS CKaJdsipPHOrO NPOU3BEIEHHS,
HO He COXPaHSIOIIMM CaMO CKaJlspHOe [POU3BefeHHe.

TyaBa HaunMHaercs ¢ TPAZHIHOHHOrO PacCMOTPEHHUSI CHMMETPHH
obpamenusi speMmeru B § 88—94, 0CHOBAHHOTO Ha OTOXKAECTBJIECHHH
ollepaTopa o0palleHHs] BPEMEHH ¢ KOMIIEKCHBIM conpsikeHueM, I1pu
3TOM omepaTop obpalneHuss BpeMeHH JeHCTBYeT Ha HHbIE NepeMeH-
HBl€, yeM IPOCTPaHCTBeHHble npeobpasoBaHusa. KoMilmekcHoe comps-
JKeHHe COCTOUT B IpeoOpasoBaHHK (OTOOpaxKeHHH) KOMIJIEKCHOTO
nmosisi (B KOTOpOM 3ajaHsl COOCTBeHHBIE BEKTOPH) Ha caMo celd,
TOrJa Kak NpOCTpPaHCTBeHHBe MpeoOpas3soBaHUs OTOOPAKAIOT TOUKH
KOH(pUTYpALHOHHOTO NPOCTPAHCTBA HAa camo cebs. Tax KakK OCHOB-
HBIMY NepeMeHHHIMM AMHAMHKH pelieTKH SIBJAAIOTCH BelleCTBeHHBIE
cMemeHus, «(usHuecKHe HeNnPUBOAMMEIE» MNPENCTABJCHHS TaKke
JOJKHBl OBITh BelleCTBeHHBIMH. KpuTepufi Xeppusra BellecTBeH-
HOCTH HENPHBOLUMEIX NPeICTaBAeHUHA NPOCTPAHCTBEHHEIX TPYII 06-
cyxpaercs B § 93 [69]. B § 94 mano oGobiuenne GoJiee NOME3HOTO
KpuTepus BemecTBeHHOCTH, XaHnoe Opeu [70]. Hcnoabsys stor no-
clenHui Kputepuil, MOXKHO ONPeNeJHTh HE TOJbKO, ABJSETCH Ji
JaHHOe NpenCTaB/JeHHEe BEIIECTBEHHBIM, KOMIUVIEKCHDIM HJH INICeBJO-
BELIeCTBECHHBIM, HO B ¢Jyyae KOMIUIEKCHOIO NpPEeACTABJEHHS yCTAHO-
BHTE CHMMETPHIO KOMILIEKCHO COIIPSI3KEHHOTO MNpeaCTAaBJEHHUS.

B § 95—100 pasBuBaercs Teopus KOIpeACTaBJeHuH, naomas o6-
Uiee paccMOTpeHHe, NpHUMeHuMoe B (U3UKe TBepjaoro reda, B uacr-

') Crmmerpus ofpalleHHsl BpDeMEHH NPHMEHHTeNIbHO K 3ajJayaM 3JeKTPOHHBIX
CHEKTPOB TBEPAHX TeJ NOAPOOHO paccMoTpeHa B KHure Bupa u IMukyca [115].—
Mpun. peg,
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HOCTH, AJs1 IOCJTelYIOHIHX NPUIOZKEeHHHA NOoJKHA OKasarbea MNOJes-
HOIl TecHasl CBSI3b C PA3HBIMH THIAMH KO3BE3Z.

[Tocse obmwelt Teopun B § 101—104 narTcs KOHKPeTHBEE NPHJIO-
JKeHUs] K 3aflaue olpejeseHHs] CHMMETDHH COOCTBEHHBIX BEKTOPOB H
(haxTopusanuKM JHHAMHUECKOH MaTpHIbl OJIsA J1060r0 3aJaHHOIO
KpHCTAJLIA.

OTMmeTHM B 3aKJOYEHHE, YTO COAepKaHHe ITOH FJIaBbl IPeACTaB-
JISIeT, ¢ OJIHOH CTOPOHBI, OOLIH HHTepec (KPUTepHH BeIleCcTBEHHOCTH
U KaIacCHGbUKAauUsa HENPHBOAMMBIX INIPEACTABJEHUH NPOCTPAHCTBEH-
HBIX TPYIN), a ¢ Apyrofl CTOPOHE, KacaeTCs PACCMOTPEHNsA KOHKperT-
HOTO (PH3HUYECKOTQ raMHu/AbTOHMAHA /18 AMHAMHKH KPHCTaJJIH4eCKOH
pellleTKH. B 3ToM ¢MBIC/Ie OPOCTPAHCTBEHHO-BPEMEHHAs Tpynna CHM-
METPHHU SB/ISETCS rPYNNOH AMHAMHUYECKOH CHMMETDHH.

§ 88. AnTHAVHEAHLIH AHTUYHUTADHBIA omepaTop
npeo6pasopauus K u cummerpus oOpamieHus Bpemenn [71]

B HalleM pacCMOTPEHHH OYEHb BasKHO KJIACCHPHUIKPOBATH Npe-
cTaBaeHHs, 6a3ucoM MJiss KOTOPHIX SIBJISIOTCS BELIECTBEHHBIE HOP-

MaJIbHble KOOD/HHATLI Q(]. ) ITC MOXKHG CAeNaTh € NOMOMIBIO
[

onepatopa npeo6pasoBaHuss K, KOTOpHI mpeobpasyer GYHKIHIO B
KOMILICKCHO CONPSI?KEHHYIO W UTPaeT CYLIECTBEHHYIO POJIb KaK OJHH
M3 OllepaTOPOB CHMMETPHUH gHHaMuueckoll Mmatpunsl [D(k)]. dtor Bo-
npoc paccMaTpuBaeTcst HoapobHO HuxKe. B sTOM maparpade Mmbl 06-
CyauM cBolicTBa npecbpasosaHus K.

Onpeneaum onepatop K ciaenyiomum odpasom:

Ke==¢", (88.1)

rae e — A60K HHTEPeCYIOMMA Hac coGCTBeHHBIN BekTop. g Be-
[ECTBEHHOTO COOCTBEHROTO BEKTOPA HMEEM

Ke® = e®, (88.2)
a IJas MHHUMOTO COGCTBEHHOTrO BeKTOpa
Kel) = — ¢, (88.3)
ITycts @ u b — KOHCTAHTH, TOrpa
K (ae + be’) =a’Ke + b*Ke’. (88.4)

)
i/’

VIAOBJETBOPSIIOMMI YCJAOBHIO CKaJisipHoro npousBefenuss (79.8), 1o

(e[ (o3 ) =L))o

Eciin e — KoMIieKCHEIT COOCTBEHHBIN BEKTOD, Hanpnmepe(
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TorZa 0o OTHOWIGHHIO K SPMHTOBY CKaJdsipHOMY NPOH3BeJEHHIO
(79.8) K saBaseTcs omepiTOpoM aHTHYHHTapHOro npeofpas3oBaHHS,;
K siBlsieTcs onepaTopoM aHTHYHHTAPHOro npeo6pasoBaHUsl TaKike
0 OTHOIIEHHIO K 3PMHTOBY CKaJ/IsIPHOMY mnponsseldeHuio (79.9) u
(79.11). Taxkum obGpasom,

(Ke“(%‘k)*:Keﬂ(%'lk))*ze“(%‘k)*:eﬂ(%’

Cueayer MOJAYEPKHYTH, UTO CBOMCTBA AHTHYHHTAPHOCTH H AHTH-
JUHEHHOCTH, BEIpaXKkeHHble cooTHouleHusiMu (88.4) — (88.6), xenaior
omepaTop K KaUeCTBEHHO OTJHUHBIM OT ONEpaTopoB mpeobpasoBa-
HHI Pig;g, C KOTODHIMH MBI HMeJH €0 paHee. B stom Mbl ybenuy-
Cfl cpas3y e NpH JIOOLIX BLHIUHCJAEHUAX W aarebpanuecKnX BBIKJAJX-
KaX, CBSI3aHHBIX C 5THMH ONEpaTopaMH, ¥ NPH NOCTPOEHHH TEOPHH
KOIIPeACTaBJeHUH (TEOPUH MaTPHYHOIO roMoMopdusma).

PaccmartpuBaemblll Kak abcTpakTHBIH onepartop, K neficTByeT Ha
HHBIE IepeMeHHble, ueM OneparTop Mnpec6pPas3soBaHUS KOOPAUHAT
P 5. [TosTomy aberpakTanle onepatopsl K U Py gy KOMMYTHPYIOT:

KPy| =P sK. (88.7)

CoBOKYIHOCTE ONEpaTOPOB, COCTOSINAT TOJNBLKO H3 ONEepaTopoB Ipe-
0o6pa3oBaHus KOOpANHAT, 06pasyeT NPOCTPAHCTBEHHYIO IPYNNY CAM-
meTpun Kpucraiia @. [lo npuuuHaM, KOTOpHEe OyAyT BBISICHEHH
HuXKe, a0CTPaKTHYIO TPyIIy &, onpeneleHHYIO KaK

G=0+ K®, (88.8)

k). (88.6)

MBI GyfleM Ha3BIBATb NPOCTPAHCTBEHHO-BPEMEHHON rpynnoil cuMMer-
puu &.

[Tosnnoe, saBuCALIee OT BPeMeHH pelleHHe AHHAMHYECKOro ypas-
HeHus (79.4) wau (85.1) mosyunTesl, ecjy MBl yuTeEM MOJHYIO Bpe-
MEHHYIO0 3aBHCHMOCTDL CMEIeHHH, ycTpaHenHyio B (72.2). Torma oxa-
3BIBAETCS], YTO 3ABHCHIIUNA OT BPEMEHH cOOCTBEHHBIH BEKTOD g, COOT-
BETCTBYIOLIHI BOJHOBOMY BeKTOpPY R, PaBeH

(I ])=<(];
el(. [ |=e]l |,
Ju In

H YyNOBJAECTBOPACT YpaBHEHHIO

) exp — i (R|j,)¢ (88.9)

Dk (k‘z)+"2£(kt) 0 88.10
.8 . —_ . =V, .
CIORI(M ;. (88.10)
Ipumenum tenmepdb omepatop K k ypasuenuno (88.10):
K[D(k)]K"l-Ke( i t)+Kai:2—K—l~K8( i t)=0. (88.11)
B »
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Ho oneparop 8%0/ BeulectBeH, TaK uTo

K (aﬁ) K™= ( az?) (88.12)
K[D R K™ =[D®], (88.13)

MBI TIOJIYUHM, HCHOJAb3Ysl onpemeseHne (78.5) H BeniecTBEHHOCTDb
CHJIOBBIX TIOCTOAHHEIX [®],

[D (&) = [D (— )] (88.14)

Cpasnum (88.14) ¢ ycaosuem spmutoscctu (78.6) nna [D(k)].
Vs (78.6) BeITeKaeT, yro aMHamuueckas matpuua [D (k)] npu dux-
cupoBaHHOM k ABJsieTcs spMuroBoit matpuuei, M3 (88.14) nody-
yaeTcst COOTHOLIeHHe MexKAY AuMEAMHueckoi wmatpuled [D (k)] npu
ABYX pasiuuHbx sHaueHusix k. Torma us (88.12), (88.14) u (88.11)

HMEeM k
02
)= o) ‘K"'( i

n

BasiB sarteMm

z). (85.15)

k
D(—F)- Ke( i

PaccmoTpuMm teneps noJiHblil Ha00p 3aBHCALIMX OT BpeMeHH cob-
CTBeHHDLIX BEKTOPOB INPH 3aJaHHOM 3HAYeHHH —K:

—k
8( , |t ) = e(
Ia
OHU YAOBJETBOPAIOT ypaBHEHHIO

k :
1)+

N

—k
, )exp (—io(— R|j)1). (88.16)
I

k

I,

t ) =0. (88.17)

k
A ) CBd-

CpaBHuBas (88.15) u (88.17), BUAHM, uTO BEKTOD Ke( i
u

ISR

3aH HeINOCPEeACTBEHHO ¢ 8( { ) . Uro6ul yCTaHOBHTDL COOTHOLIE-

I
HHE, Mbl BO3BPATHMCH K He 3aBHUCSIIHM OT BPEMEHH YDABHEHHUAM

JABHKEHHud. Hpn 3a/laHHOM 3HauYeHHH B aTu YPaBHECHHS HMEIOT BHJ

D)=c@ie(];

) u’zli ---,,lj, (88.18)
fu

(D o) -

8 ypaBHeHHs [Jid BOJHOBOrO BeKTOpa — B 3amHCEIBAIOTCSl TaK:

‘?if)-.:@z(_kme(

—k .
- ). A==1,...,1; (88.19)
Ia

()
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[Ipumensas oneparop K k obeum ctopoHaMm ypaBHeHHs (88.18),
uMeeM ¢ ydeToMm (88.14)

(D (— k) Ke z)=m2<kmxe( k) w= 1, oo 1 (88.20)

Orciona CJeAyeT, 4TO He 3aBHUCSLNE OT BPEMEHHU BOJHOBBIe BEKTOPH

k
Ke( j ) VIOBJETBOPSIIOT TAKHM K€ YPABHEHHSM AJs COOCTBeHHDIX
23

3HAUYEHHH, YTO ¥ e

¢ nuHaMuyeckod matpuueit [D(—k))

A

Hasnee, uz (78.6) mosyuaercst, uro [D{(k)]} u [D(k)]* = [D(—*)]
HMEIOT OMUHAKOBHIE Habop coOCTBEHHBIX 3HaueHUH, HelCcTBHTENbHO,
(D(k)] u [D(k)}]* — 3xBHBaAJEHTHH H HX MOXKHO B3fTh BEHIECTBEH-
HBIMH. DTO 03HauaeT, YTo CYLIeCTBYeT yHHTapHOe npeofpasoBaHHue,
¢ NOMOUIBbIO KOTOPOro MOxHO npeo6pasosats [P (k)] B Bemecrsen-
Hyto marpuuy. Hcecaeayem s10 yTRep:kAeHHe noxpobuee. Hs (79.16)
HMeeM

E (k)" - [D(®)]-E (k) =A#). (88.21)

Tpanchopmupys ¢ nomombio K npeobpaszosanue mnofobus (88.21)
HJH, UTO TO e caMoe, B3IB KOMIIEKCHO CONpPSMAKEHHO® BHIPa’KeHHe
or (88.21), nonyyaem

E®) ™ - [D®] - E (k) =A* (k) = A (k), (88.22)

rje mocjieHee PaBeHCTBO CledyeT u3 BellleCTBeHHOCTH A(R). 3arem
us (79.15), (88.13) u (88.14) mmeem

E() - [D(— k)] -E®)™ =A). (88.23)
[TpupasuuBas (88.21) n (88.23), mosyyaem

E®R" DK -Ek)=E® -D(—HK]-E®™". (88.24)
Torna .

(Ek) - E(B)™" - [D®)]- (E®)-E®)=[D(—k)]. (88.25)
Orcioga BHAHG, YTO CHMMETPHUHAS MATpHILA

——

S(ky=E k) -E (k) (88.26)
ocyuecTsaseT npeobpasoBanue nogobus ot [D (k)] k [D(— k)]:
Sk -[D(®)]- S (k)=[D(— k). (88.27)

W3 (88.26) u (79.14) moxHO HaifiTh saeMeHTH S (R). OHH DaBHBI

(S(k))ﬁxf,gﬂ;;eﬁ(w ’]‘) (% b

; ) (88.28)



238 Trasa 9

Otmerum pasnuuue MexAay (88.28) u ycaoBHSMH OPTOTOHAJLHOCTH
1 HopMupoBky (79.6) wun (79.9), (79.11). Ecan orAenbHbill cober-
BeHHBI}l BEKTOp BemecTBeH, To (88.28) rtoxaecrseHHO (79.9) nau
(79.11), taxk uro

k
eCc/Iu e( j) seulectaenno, to S (k) =11, (88.29)
rue I3, — (3r)-MepHas enquMuuyHas MaTpuua. Toraa sICHO, 4To B CJy-
yae BellleCTBeHHEIX BekTopoB (88.27) u (88.14) noxaseiBaroT, yto
[D (k)] BemecTBeHHo u, Takum o6pasoM, pasHo [D(—k)]. Ho B 06-

meM cjyuae 370 He Tak.
Hcnoaesys (88.22) u (88.14), naxonum

[D(— k)] = E (k)" A (k) E (&). (88.30)
BosbMem A(k) B xaHoHHueckoli dopme (79.17) u moayuum (88.30)

*
HRAC
R
Jns BLIUMCJEHHS CKaJsIPHOTO I[POM3BEAEHHST BOCIOJL3YEMCS elle
BhIpaKeHHeM /sl COGCTBEHHBIX BeKTOPOB MaTpuusl D(—k) H nomay-

yum u3 (88.19) u (88.31)
. Jesl % . )=
/8 In

ZZZ%(“ ;)oﬂ(k]j)eﬂ(%’
A P
—F 4 —k - —k
=;D(%}¢’)aﬁeﬂ(% ]_n )=m2(—k|])ea('x, = ) (88.32)

i

IlpenBuist pesyabTar W HCHOJAB3YSA CKaJApHOe TpOH3BeleHHe
(79.10), Bo3pbMeM B KauecTBe YCJOBHS OPTOrOHAJbHOCTH AJasl 6.o0-
XOBCKHX cOOCTBEHHBIX BEKTOPOB IIpH 3aJaHHOM R cielyioliee COOT-

HOLUeHHe:
k ) ,
. Je.|
i/ ®

4
Zeﬂ(“
B’
MBI Takxe BOCIOJNB30BAJUCH 3MeCh NPHUBEAEHHEIM HHIKE BbIpaxKe-
nvem (88.37). Ilpu artom sepasi ctopoHa ypaBHenusi (88.32) mpunu-

MaeT BHI
. k
e | »

—k
?_ ) =08+ k) 6]767@' (88.33)
i

. )m2(k|j)=m2(-k|7)ea(u _ ) (88.34)
Ia ia

Tak xak pelllecTBeHHble coGcrBeHHBle 3HaueHusi [D(R)] u
[D(—k)] = [D(k)]* onuHaKOBHI, TO HE3aBHCHMO OT MOPSAKA COMHO-
KuTeJgeld Mbl MOXKeM II0JIOXKHUTD

o2 (k] j) =02 (— k) (88.35)
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—k
_ (88.36)

e‘;(x Z);—ea(u -
Ke( z)-:e*( j’i)= ( ;_ﬂk)_ (88.37)

Cnenyer ykasath, uto B KHure [5] [crp. 174, ypaBHenne (49.4)]
JIubdpun yxe mcnoab3oBas cooTHollenust tuna (88.37) B oTCyT-
crBue BhipoxaeHus (I; = 1w [;=1) n Gpan

e*( ’.e)=——e(‘—;e). (JTa6dpun)

J

Qopmyaa Jlubobpuga cormacyerca ¢ HawleH Oaaronaps BEHOpaHHOH
HaMu (opme cooTHouIeHHH opToroHaabHocTH (88.33). Ilpu asTom
(88.37) okaswiBaeTcsl cHPaBeAJHUREIM U B OTCYTCTBHE BLIPOKIEHMS,
Otmerum, uto, BoOGILE rOBOPS, ; H i, B (88.36) pasmuuHB; HX
cBA3p Oyner ycTaHOBJeHa B ypaBHeHuu (94.22) u B nocjedytollem
paccMoTpeHnH, a Takxke B § 95—100.

Bosspamasich K 3aBHCALIUM OT BpeMeHH cOBCTBEHHBIM BEKTO-

pam (88.16), umeem
¢ )= s(

e ( ¢
el |.

"
CrnenosaTtenbHo, onepatop npeobpasosanusi K mnpeobpasyer cobcer-
BEHHEI/i BEKTOp, COOTBETCTBYIOUIMH CMEIIEHHIO € BOJHOBEIM BEKTO-
poM kB B MOMEHT BpeMeHH f, B COGCTBEHHBIH BEKTOP, COOTBETCTBYIO-
A CMEUIEHHI0 C BOJHOBBEIM BEKTODOM —R B MOMEHT BpemMeHH —I.

k
»t) obpa-

[
[IeHHBIM BO BPEeMeHH WJH obpanieHHBIM N0 Apuxenuto. M3 (88.37),
(88.35), (88.20)HaxonuM, 4TO He 3aBUCALIHe OT BPeMeHH COGCTBEH-

uJau

—k

— t). (88.38)

In

[ToaToMy MOXKHO Ha3BaTh COOCTBEHHEI!l BEKTOp Ke(

k k
HbI¢ BEKTOPH e( . ue — ] OTHOCATCA K BHIPOXKIAEHHOMY co6-
]U- ]g
CTBEHHOMY COCTOSHHUIO. HOSTOMy Jaxe OJi1 He 3aBUCAIHUX OT Bpe-
k
— MOZKHO yn0Tpe6Jme TCPMHUH

i

MeHH COGCTBEHHBIX BEKTOPOB e*(

«0o0panieHHble BO BPEMEHHY.
Ananornuno TOMy KakK MH IOCTYIaJH C ONepaTOpOM IIPOCTpPaH-
CTBEHHBIX Npeodpa3oBaHui Plg|gy, MOKHO ONpeNeddTb AeHCTBHE
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k
K Ha KOMIIEKCHY10 HOPMAJbHYIO KOOPAMHATY Q(]. ) [cm. (88.37)]:
b

w(t)-o(t) =) o

3amerum Takxe, uto (88.39) MOXKHO MOJYYHTH HPSIMBIM NIpHMEHe-
HueM K k Bhipaxkenunio (86.2) ¢ ucnosnnsosanueM (88.37). Crosa or-

METHM, 9TO TOYHOE€ COOTHOHICHHE MeXAY HHACKCAaMH jv H ]'\-, HyxK-
JaeTcqd B OIpeAeJeHHHN H 6y11€’1‘ OéCY)KJlaTbCSX HHIKE.

§ 89. llonnan npocrpaHcTBeHHO-BpeMeHKAs rpynna ¥

BepHeMcss K PacCMOTPEHHIO MATPHIB CHIOBHIX HCCTOSHHBIX [®]
u3 § 71. HanoMHuM cBOICTBO HHBapuaHTHOCTH [®] Mo oTHOLIeHMIO K
npeobpasoBaHuaIM obuled NPOCTPAHCTBEHHOH CUMMETPHH:

P n[®] Pig) o =[D]. (89.1)

B mpenpinyumiem maparpade Mbul cOpMyJHpPOBAJaH TaKxkKe I[PABHIQ
HHBADHAHTHOCTH IO OTHOLUEHUIO K 00pallleHHI0 BPEeMEeHHU:

K[® K™! = [®]. (89.2)

CaepoBaTelbHO, NOJIHAs TPylla CHMMETPHH NOTEHUHAJNbHOH 3Hep-
rud V H KuHeTHuecko#l swepruum I, ramuabroHHana H u, cienosa-
TeJbHO, KPUCTAJ1a, COCTOUT U3 CYMMBl KPHCTAJMJIHYeCKOH IPOCTpaH-
crBeHHOR rpynmsl @ n cMexHoro kiacca K@:

G=® -+ KO. (89.3)

Mpb GyneM HasbBaTh ¥ NOJHON NpPOCTPAHCTBEHHO-BPeMEHHOH rpyn-
nofi CHMMeTPHH KpHCTaJJja.

Of6paTuMcs Teliepb K DAaCCMOTPEHMIO JHHAMHYECKOH MAaTpHILH
[D(k)]. U3 (81.26) Mbl nmeeM s omnepartopa npeo6pasoBauus, co-
OTBETCTBYIOLIEr0 IIPOCTPAHCTBEHHON CHMMETDHH,

Pio1< @y D (B)] Py« oy =1D (¢ - )]. (89.4)

Uro6u BeiBecTn (88.13), (88.14), MoxHo ucnoanzosath (81.23), on-
penenetne K 5 (88.1) — (88.4) u csofictBo (88.7). Torna

H KID®]K'=KP® M ™ [®@©O][M]"*K™'.  (89.5)
O

KP® =K, exp ik - RPpei-ryy =
A

= }2; exp — ik« Ry - Ppi-ryK=PMK.  (89.6)
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Tak Kak [@®(0)] # [M]™" BellecTBeHHH, OKOHUATEJbHO HMEEM
K[D(R] K™ =[D (— k). (89.7)

BcaeacTBHe aHTHAMHEHHOCTH H aHTHYHHTAapHOCTH omepaTtopa K ero
0oOLIYHO pacCMATPHBAIOT OTAENLHO OT OIepPaTOpPOB MNPOCTPAHCTBEH-
HOH cHMMeTpHH. DTa BO3MOXKHOCTb BHIAHA B (89.7) u (88.37), Taxk
kKak K oGpamaet BOJHOBOH BekTop k. OaHako eciau kB — BOJHOBOH
BEeKTOp B 30He DpHIIIOSHA, TO m —R OTHOCHTCS K 9Tol 3Ke 30He.
TakuMm 06pa3oM, B yKa3aHHOM cMblc/e K ycTaHaB/JHBaeT COOTHOLUIe-
HHe MEXJAY BOJHOBHIMHK BEKTOPaMH, KOTOPBlE MOTYT OHITh JUBO CBS-
3aHb, JUGO He CBA3aHBL omMepaTopoM Preys. [lpn takom moaxone K
HMEET CMEICJ AOTOJHHTEJNBHON ONMEpalHd CHMMETPHH, He BKJIIOUYEH-
HO# B rpynmy mpocTparcTBeHHO# cuMMerpuu &. I[lostomy MoKHO
pPa3BUTh eJAHMHBI NOAXOA, IPH KOTOPOM BCE OIEpaTOphl paccMaTpi-
BAIOTCH Ha DAaBHBIX OCHOBaHMAX. Tako# mnoaxox chopMyaupoBad
muxe B § 95—102.

)

i

H HOpMAJbHBIE KOOPIHHATHI Q(j ) Kag 0a3uc npencraBieHHH
A

pzl

©Ux

90. CoGcTBeHHBIE BEKTOPHI e(

rpynnni 9

UTo6nl paccMoTpeTh AOCTAaTOYHO MOJHO HeficTBHe omeparopa K,
HYKHO paboTaTb ¢ H400POM HENPHBOAUMEIX IPeJCTaBJIEHHH
p{*#) (m) mOJHOA MpocTpaHCcTBEHHOH rpynns. B § 77—86 mur orpa-
HUYHJAHCH pAacCMOTPeHHEM TOJNBKO JONYCTHMBIX HENPHBOJUMEIX
npelcraBienuii D® ) rpynun & (k) u nodanet HaGop D(*#) (m)
Gpin monyuen uHAyKnue# us DWW Im. Ho onepatop K He sBasiercs
JNHHEHHBIM onepaTopoM THHA Pgg)g. I[losToOMy Hy:KHO npOSBAATH
HEKOTOPYIO OCTOPOXKHOCTh IIpH aHajlH3e Pe3yJAbTATOB, OJYYEHHHIX
H3-3a Hajuuus oneparopa K cpenu onepaTopoB CHMMETPHH 3aJaun.

[Moaunit #Ha6op cOGCTBEHHBIX BEKTOPOB, ONPENSJSIONIHX JHHEel-

*
HOe BEKTOPHOe IIPOCTPAHCTBO H fABJSIOUIHXCS 6a3HCOM I D(*#) (m),

MOXHO B3siTb B BUJE
it yeres € fz, s eeey € jl; . (90.1)

S(*e) () = { e(

Cornaceo (86.28), (86.29), COBOKyIHOCTH (s [;) KOMIIEKCHBEIX HOp-
MaJbHBIX KOODJAHHAT

soanafa(!). ot ) a(l)) o

{




[
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TaKXe MOXHO B3fiTh B KadeCTBe (asHca HeMepEeBOIHMOIrO mpex-
crapaenna D)), rak kak gas (90.1) u (90.2) umeem
P 4208 ) = Z*B DD 1) ({g | £}). (90.3)
Teneps paccMoTpuM JHHeHHOe BEKTOPHOE NPOCTPAHCTBO

Kz(*k)(f)=2(*k)(i)*={e*( k) e*( ks )} (90.4)
I ]1,

W3 (88.37) umeem
Ks*a)(y — 3(* -2 @, (90.5)

3anuceiBad 3TO BhIpaKeHHe uYepe3 HOPMaJbHHE KOOPAUHATH, MBI
noJdydaeM

KE(*k)(i)_—-:{Q( k )*’ L Q(’fs ) }=2(*_k)(ﬂ). (90.6)
I Iy

Hcnoabsys npocrpauctso (90.6) B xadecTBe (Gasuca mJsl IpeicTa-
BJAEHHH, TOJAYYUM

Pro qKZ(*”) ()= Pyg, t}z(*—k)(m == S(*=r) (M p(*~£) @) {pl£}). (90.7)

M3 (90.7) M BHAHM, uTO HpOCTI’)aH‘CTBO KB ) gpnsercs Gasu-

COM TpejicTaBJIeHHS D*~# W rpynnsl &, roe cBA3b [i ¢ J elle He
yCTaHOBJEHA,

TlpuMenvuM Tenepn omepatop K K ofeum croponaMm (90.3) n
pocroJbayemcs (88.7); Torga moaydum

KPy1 gS0B) ) = Py aKZB) () = KN OD*B D ({@ | £})". (90 8)
Otcrona

DR i = p*—r) @), (90.9)
[Tonyuaercs, uto noJHullt Habop coGcTBeHHBIX BekTOopoB (90.1) nan
KOMILIEKCHBIX HOpPMadbHBIX xoopiHHAaT (90.2), asaswoomuxca 6Gasu-
COM HeNPUBOAMMOIO IIPEeACTaBAEHHA DB rpynne @, wmoxer
CJAYyXHTb TaKke (a3uCOM HEelPUBOAUMOTO IIPEACTABAEHUS DB 4y
rpynnsl @, ecad 3ToT 6asuc npeobpasoBaTh ¢ MOMOUIbIO oliepaTopa
o6pautenns BpemeHH K. OTciojga cpasy cjieiyer, 4TO €CJaH pre @
ABJsieTCs HEIPUBOAMMBIM TNpejcTaBjieHHeM rpynns &, to D*#) o
TOXKe fIBJSETCHA TAKOBBIM.

§ 91. CymecTBeHHOe BBIPOXKIEHHE KAK CJAeXCTBHe MOJHOM
NPOCTPAHCTBEHHO-BPEeMeHHOH rpynnel CUMMeTpHH KpHcTamia

IMonHo# rpynno# cMMMeIDHH B 3ajade AMHAMHMKH KpHUCTaJJaHge-
CKOMl pellleTKH ABJSETCA TPyNlia & — NOJHaa NPOCTPAHCTBEHHO-BpE-
Mmennas rpynna (88.8). Ilox cyumiecTBeHHBIM BHIPOXKJeHHeM Mbl Gy-
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JZeM [OHHMaTb BLIDOXKJAEHHe, CBA3aHHOE ¢ CYLIECTBOBaHHEM Halbopa
BEKTOPOB, 06Pa3yIoLUlUX HENDPHBOAMMOE MO OTHOMIEHHIO K & JHHEH-
HO€ BEeKTOPHOe NPOCTPaHCTBO. Bce aTu BeXTopH MOryT GHITh JHGO
coOcTBeHHBIMH BekTopamu tHna (90.1), (90.4), 1u6o KOMIJIEKCHBI-
MM HOpMaJbHBEIMH KoopauHaTamu (90.2), (90.6).

Tax kak omneparop K sBiasieTcsl OlepaTopoM CHMMETPHH, TO Ha-
60p coOcTBeHHBIX 3HadeHu# MaTpuust [D(k)]

{mQ(k{jl), 032(k|jl ) eees o’ (k1) ..., mz(k|j;i,)} (9L.1)
TOXIECTBEHHO paBeH COBOKYNHOCTH cOBCTBEHHBIX 3HAYeHHH Ma-
mpuist [D (R = [D (— k)]

(O (=R, s @ (kL) L, 0 (— R o7 (— R )Y
(91.2)

Hanomuum B cBs3u ¢ stuM cooTHoueHHe (88.35). Otciona caexpyer,
4YTO TPOCTPAHCTBO, 0OPA30BAHHOE COBOKYMHOCTHIO BCeX COBGCTBEH-
HBEIX BEKTOPOB HJIH HODMaJbHBIX KOOPAHHAT MpPH 3aJaHHOM K:

§,(k)((i)>_.-——'{e( jl)y-.-,e(i]‘.[ )’-.-’ (]; )}’
i 4
E(k)(m) { (j])’n Q(][ )'.“, (]l )}
‘? ]/

BBIPOXKEHO C NPOCTPAHCTBOM, 00pa30BAHHBIM COOTBETCTBYIOLUHMH
HaGopaMmu NMpH 3ajaHHOM —R, T.e.

S(=8) () = F(B) (D* = K2 WD, (91.4)

\ k
SR (T = e*( k}, ) é*( 7 )}’
h \I7%47)
HJIH (91.5)

k) (I *( k ) * (k
—‘{Q ]-] 3 se ey Q ]:,)}
R Nt

[IpennonokeHne O CyLleCTBEHHOM BBIDOXAEHHU TpebyeT, 4TOObI
«(H3HYecKoe HeNnpHBOAHMOE IIPeJCTaBJledtesy rpynin &, BOSHHKAKO-
Iiee B 3ajade NMHAMHKH DeUIeTKH, OblJIO BelleCTBeHHBIM IpelCTaB-

nenuen. Toraa, ecan npocrpanctso U4 () pemectsenHo:
SRR ) = KR 0, (91.6)

TO OHO MOIXKeT CJOYXKHThb 6a3ucoM AJis (I)I/I3I/I‘IeCKOI‘O HEIIPpHBOIHUMOIO
npejacraBJeHusd B 3ajade JIHHAMHKH KpHCTaJJja, 06J1a 12 10411eT0

HJH
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npocTpanctBerno rpynmoli . Ecan 2B e apasercs semect-
BEHHBIM, TOTJA CYylLlecTBYIOUIHe HepH3HUeCKHE HellpPHBOAHMBIE Belie-
CTBEHHLIE INIPEICTaBJEHHs] HMET CBOMM 0asucoM NpIMyIo CyMMy
060HX [POCTPAHCTB

S8 @ gk=*R 0, 91.7)

Taknm o6pasoM, BO3MOXKHE TONbKO Takue Gu3HuECKHe HENpu-
BOJHMBIE TIpEACTaBJ/eHHs, §a3ucOM KOTOPHIX SBJASETCA BellecTBeH-
Hoe npocTpaHcTBo X. HanoMHuM, 4TO OCHOBaHHMEM mJisi 9TOrO Tpe-
foBaHHsa fBJAAETCH BEUleCTBEHHOCTh MOJs (DH3HYECKHUX CMeIleHH
U, ONMHCHIBAKIINX OTKJIOHEHHe ATOMOB KPHCTA/WJid OT MHOJOMKEHHH
paBHoBecHs. PaccmarpuBaeMoe ¢H3HyecKoe NoJe AOJKHO OBITH Be-
IeCTBEHHBIM, T. €.

Ku=u=u. (91.8)

Yro6L1 # 0CTABAMOCh BELIECTBEHHBIM BCEr/ia, JOJIKHE CYLIeCTBOBATh
YCJOBHS, HaJdaraeMble Ha IIpeJCTaBJeHHA, [0 KOTOpBIM fpeoGpa-
3y10Tcsl COGCTBEHHbIe BEKTODH H KOMIIJIEKCHBIE HOPMaJIbHEIE KOOD-
JHHATH, Y6enuMmcsl B 3TOM Ha npumepe (86.1):

e()=a(0)-
~r L Tentkni (o[} )e(f) mo

Coornowenns: (88.37) u (88.39) nospoasior 3anucats (91.9) cie-
AYIOIUM 06pasoM:

(1 _ —k\ [ —Fk
(DB pmrnn (1)
(91.10)

Bommoanas 8 (91.10) cymMupoBauue mo j, ¥, —k u cpaBHuBasg pe-
syapTat ¢ (86.1), Buaum, uto (91.8) Bepno. Heo6xoaumas aas fo-
KasaTeJbCTBa 3aMeHa HHAEKCOB CYMMHDOBaHHA ZONyCTHMa, TaK Kak
3TH MHIEKCH HeMBble.

Janee MBl moJjaraeM, uTo Joboe HOpMaJbHOe KoJeGaHHe, BO3-
HHKaollee B IN¥HaMHKe peuleTkH, Oyler mnpeo6pasoBbiBaThcs Kak
Gasuc IS BEleCTBEHHOrO HEIPHBORHMOrO NPEACTaBJACHHA HOJHOM
NPOCTPAHCTBEHHO-BpeMeHHOH rpynns §. OueBHIHO, eciu

D*&) ) = p*ehur, (91.11)
TO HeMpHBOAMMOeE MpejcTaBieHde rpynnbl @ semecrsenHo 4, TAKUM

o6pa3oM, mpHeMJeMO B Ka4yeCTBe «(H3HYECKOTO» HeNPHBOLHMOTO
npeicrasiedns rpynnsl §. Ecan

. . DR () 5= p(*R) Uy, (91.12)
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1O «(pH3NYECKOe» HENPHBOAHMOE [IpeAcTaBlIeHHe Pyl § spaser-
¢ npAMoil cyMmMod

D8 i@ p*e o (91.13)

K@Topas W MpejcTaBiaseT cobofl B 3TOM cJyuae BelllecTBEHHOE He-
IIPUBOLHMOE IPelcTaBIerue Ipyns @,

Ecun umeer mecto cootHomenue (9.12), to yyer cummerpun oo6-
palleHud BpeMeHU He MeHsieT pe3y 1bTATOB aHAJH3a, OCHOBAHHOIO Ha
ydyeTe YHCTO NPOCTPAHCTBEHHOH rpynmbl cUMMmerpun @ B cayuae
Koraa pmeer mecto (91.13), m3-3a yuera onepatopa ob6pallieHHS
BpeMeHH K NPOUCXOAMT YABOEHHE BHIPOXKAEHHUS,

CaenosaTesbHo, YTOGB Yy3HaTh, yBeJIHUMBAETCsl JH KpPaTHOCTb
BBIDOXKAEHUS NIpH yueTe NOJHOH rpynlel cuMMeTpun @, oueHb BaxK-
HO HCCJeJ0BaTh BEUIECTBEHHOCTh HENPIBOAMMBIX [peAcTaBjIeHuH
rpynnsl &, K aToMy Bonpocy mul elile BepieMcs,

Caenyer cpaenaTh ellle OAHO, mochejtee zameuanne. OueBHAHO,
BECh HpPERUIECTBYIOUIHI aHaMu3 [POCTO yCTaHaBJauBaer Heolxodu-
Mble YCIOBHSI BEIIECTBEHHOCTH MPEACTARJACHHH, IO KOTOPHIM rpech-
pasyercd U600 HNPOCTPAHCTBO COOCTBEHIIBIX BEKTOPOB, JHGO TIpo-
CTPaHCTBO HOPMaJbHHIX KoopauHaT. Takum obpasoMm, ecau cyule-
CTBYET MNpeACTaBJeHHe IPYINe &, 1O KoTopoMy npeofpasyercs
IPOCTPAHCTBO COGCTBEHHBIX BEKTOPOB WJM HOPMAaJbHBIX KOODAHHAT
Kosne0GaHuil, To OHO AOJIKHO HMeTh (puaHueckuil cMpica. O6paTHOe yT-
BepXKJeHHe HEBEeDHO: [pPH 3aJaHHOH NPCCTPAHCTBEHHO-BPEMeHHON
rpynne & He Bce HENDHBOAHMMBbIE MpPeNCTAaBJEHHS TPYIIB, HMEIOUIKE
(dusnyeckufi CMbIcaA, BCTpeUaloTcsd B AHHAMUKe perreTku, Otpepne-
JeHHe TaKux (PH3H4YECKHX HENPHBOAMMbLIX NMPENCTABJECHHH AJd KOH-
KpeTHHIX KPHCTaJIOB paccMatpupaercsa B § 103.

§ 92. Kpurepuii BemecTeenHocTn npencrasienust D(*#) ()
rpynnnt G

Kax Op10 oTMeueHO B IpeAbAylieM maparpade, BOIpoC O Cy-
I[eCTBEHHOM BHIPOXKAEHHH NP HAMHUMU IPYNNL & HENoCpencTBEHHO
CBfI3aH C BellECTBEHHOCTbIO NpeicraBiaenuit D(*#) () rpynmsl npoct-
paHcTBeHHO# cnMMmeTpHn & kpucraana. B stoM nmaparpade Mbl 1o-
CTPOHM TEOPHIO, KOTOPAA MO3BOJAeT yCTAHOBUTb KPHTEPHH Beliecr-
sennocty D(*#) () . TIpeamosioxuM, 4T0 BCe HENPHBOMMBLE npen-
crasaenns D0 npocrpancTBeHHoN rpynnsl & ussectuw. Torga
AICHO, YTO €CJH AONYyCTHMOE MaJioe HeNpHBOLMMOE IIpeicTaBleHHe
D®m  rpynner @(k) BellecTBeHHO, TO M HHAYUHPOBAHHOE Npes-

(*&) (m)
crapJjeHne D rpynnsl @ Toxke BelecTBEeHHO. DTO JOCTATOYHOE
yCROBHe BeLIECTBEHHOCTH, KOTOpOe B IEeHCTBHTENBHOCTH SBJSETCH
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CJAMIIKOM cuJabHbIM, M3 Hero cJeanyer, 4yTo
0 ({01, | ) =20 (G | ) ©.1

IJI8 BCEX B3JEMEHTOB {cplx]t} rpymner ® (k). Onmako, kak Gyuper
[I0Ka3aHO HHXKe, JaKe IpU

£ ({0, ) # 15 (o, | ) 922

npencrasacane D*®) (" yMoxer GLITb BeluleCTBEHHHIM.

UToGsl HCCAEROBATh 3TOT BOMPOC AOCTATOUHO IIOJHO, HeoOGX0u-
MO BOOOIIe TOBOPS, H3YYHTh HEHNPUBOAHMEIE IPeACTABICHUA NIOJHON
rpynnel. Torga nocie cOOTBETCTBYIONIEro aHaJH3a OKA3LIBAETCS, 4TO
BOIIPOC CBOAHMTCA K H3YUEHHIO HeNPHBOAHMEBIX TpencTaBJeHHH
Dw m) rpynne © (k).

B 3azavye AMHAMHKH DEUIETKH MbI HMeeM [eI0 TOJbKO ¢ Ipej-
cTaBAeHHAMH NPocTol Ipymmosl &, Tax 4TO BCe C/IOXKHOCTH, CBS3aH-
Hble ¢ YYETOM CIIMHA, MOXKHO OIMycTHTb. M3 3TOro, B uacTHOCTH, cJae-
AyeT, 4To

ecau ( k) (M) == D(*k)(m

(*8) (92.3)
TO DV'RN (M) MOoXHO caenaTh BelleCTBEHHBIM.

O6cynnM Tenepp NoAPOOHO KpPUTePHH BelleCTBEHHOCTH, KOTOPHIH
*
MOKHO TPHMEHHUTb K HENPUBOAMMBIM HpeJCcTaBJAeHHIM D(*r)m)

rpynns &.
B stom paCCMOTpeHHH CYILIECTBEHHYIO DOJIb HIPaeT MaTpHua

MR () = ZD(*k ) ({@] £1). (92.4)

Martpuna MOB m 3 (92.4) sBasieTcss cyMMofi O BCeM 3JEMEHTaM
{@|t} rpynmnsl @ MaTpuL, NpPeACTaBASIOMIAX 3J€MEHTHl

{1t ={¢’lg-t 4t} (92.5)
B HENPHBOJUMOM NIpeACTaBJeHUH D*#) m)_ Bo- -NePBHIX, JIETKO BUIETh,

uto M*®)m gommyTupyeT co cemu marpumamu D) genpugo-
JHMOT0 NpejcTaBJAeHH . HyCTb {go]to} — mpousBoNLHBIE 3iMeMeHT
rpynnel @; Torga CONPSKEHHBIA 3J€MEHT MOXHO OIpPelesHTh Kak

folte} - {011} - (ool 2™ =01 1)". (92.6)
Cure0BaTeNbHO,

DR (g to}) - MU® ™ = 3 DOV ({20 - (] £17 - (ol #0)) =
= (Z D9 (ol 7 g1 7)) - DI ) (G ) =
= M= @DUR ™) ({qq| t5}).  (92.7)
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3aMeTHM, 4TO cyMMa B OoJbluux cKo6kax paBaa M(*#) (m. y3
cBOMiCTBA HHBADHAHTHOCTH CYMMBI, B3sTOH mo Bceit rpymme [1, 50], .

uMeeM
= > . (92.8)
® W[ L)ool £}

YpaBHenus (92.8) BblpaxailoT HHBAPHAHTHOCTb CYMMBl 11O TpYIie 110
OTHOIIEHHIO K BHYTDPEHHHM aBTOMOPdH3MaM, T. e. cymma Oepercs
[0 BCEM 5JeMeHTaM TPYIIbl He3aBHCHMO OT TOTO, HAa3bBAKOTCA JIH

onu {qo|to} uiu {@|t}°
Tak xaxk (92.7) umeeT MecTO AJA BceX 3JeMeHTOB {q,|fo} B @,
MBl MOXKeM NpHUMeHHTBb JeMmmy [Ilypa u 3akmounTh, uTO

MR (m) = H(*k) I, ., (92.9)

(*#) (m)
rie I, — enquHnuEas MaTpuna c pasmepaMu (s-lx), a u —
KoHcranta. Bass (a, B)-maTpuuyHbf 3meMent (92.9), umeem

(M(*k) (m))aﬁ — P«(*k) (m)(gaﬁ_ (92.10)
[Tonarast a =0 u CyMMHDPYsi, NOJYIHM

Sp MR m =3y (8 ({@] #)2) = p(*® ) (5. 1,). (92.11)
®

Cuenymollei 3asaueil aBJasdeTcs OnpeJeseHne BO3MOKHLIX 3Haue-
o *
auii p(*#) (M, KOTOPHe BOSHMKAIOT B KAXKAOM KOHKPETHOM caydae
*
AV BeLIeCTBEHHOro npeicrapienns DI k) (m),

o * *
PaccMoTpuM cHadasta caydalr, korga D) m gy D*#) )y geok.
BHBaJeHTHH. COOTHOlIEHHe OPTOTOHANBHOCTH AJs HeKBHUBAJEHTHHIX
HEMPUBOAUMBIX NpEACTaBJIEHHI HMeeT TOTAAa BHJ

20D (g8, (DR (gl ))y), =0, (92.12)
HJy
> pU*e) m) ({@] #})e D*E) (m) (@] }eu=0. (92.13)
[6)
Cymmupyst (92.13) no t u W, NOAYUUM

2TEm (g |12 =0, ecan DB m % DA umr. (92.14)
®

Otcroga BuaHO, 4To B (92.11) 1715 HeaKBUBAJIEHTHBIX TPEACTABICHHR
u(*k) (m) — 0. (92.15)

Teneps paccMorpum caydait (92.3) skBHBaJEHTHBIX NpeEACTa-
paennit. Ecan D® @ sxpupanmentno D*#) m*, 10 cymectsyer
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YHUTapHAsad MaTpulla U, YAOBJACTBOPpstoHlass COOTHOLIEHHIO

U~ D*e) imp = p(*#) m)*, (92.16)
HJu
DB ) — yp(*e) (my*, (92.17)

BosbMeM BbIpaXkeHue, KOMIJIEKCHO conpsixkeHHoe (92.17), m yMmHo-
JKHM Ha

UD*®) ¢ = gy Di*e) m), (92.18a)
Wcnoassyst (92.17), monyuum oTcroona
D8 U = Uy D*E) ), (92.186)

(%
CuenoBateanto, UU* koMMyTHpyer co Bcemu Matpumamu D(™#)um
HenpHsoAuMOro npexcransienus. Orciona, coraacuo Jemme lypa,

UU*=yH(s.zm), (92.19)

rie y — KoucTanta, a Il y-— eAHHHUHAs MaTPHua C pasMepaMH
(s - 1,). M3 (92.19) nmeem

' U=yU™". (92.20)
Taxk xak marpuna U yHutapHa, TO
U'=0"=U", (92.21)
HIH R
Ur"=r. (92.22)
Haxkoren, u3 (92.20) umeem
U=yU. (92.23)
Beps BHpaxeHue, TpacnoHupoBaHHoe ot (92.23), nmoayuum
U=yU. (92.24)
Tlopcrasass (92.23) B (92.24), nMeem
U=y4U. (92.25)
ClenoBaTtenbHo,
yr=1, (92.26)
y==1 (92.27)
Torna u3 (92.23) noayunm
U=U. (92.28)

D10 ye/a0BHE CHMMETPHYHOCTH Martpuubt U. JIu6o
U=—U0. (92.29)
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D10 ycaoBHe aHTHCHMMETpPHYHOCTH Marpuubl U. J[Ba COOTHOLICHHS
(92.28) u (92.29) xapakTepu3yiOT JBa Pas3JHYHBIX CJIyuas, [pHYeM
06a COOTBETCTBYIOT 3KBUBaJeHTHOocTH pD(¥#)(m) y p(*#)m)?*, Pac-

CMOTpUM CHauaJja ciayualy (92.28).
*
PaccMoTpum cuTyanuioo, Korjia D*#)¢m  MoxHO B3ATH BellecT-

o *
BeHHBEIM, DTO 03HAYaer, 4yTo AJIs 3aJaHHOH MaTpHUbI D*#) cy-
lIeCTBYeT Takas YHHTapHad Martpuna S, 4To

S™Ip*e) mS = D(* ) (m), (92.30)
rie D(*#) M gemectrenno: '
D*e) (myr — H(*#) (my, (52.31)

Beps BrIpaxeHue, KOMIIEKCHO comnpsixkenHoe (92.30), mogyuum
STp*E) gt = P(*a) mi* — P(*&)m) = §™ID(*R)mS,  (92,32)
CuaenoBaTeqbHO,
§*S™'p*R) mg g ! — p(*#) iy, (92.33)
Tak Kak S yHHTapHO, Mbl MOXKEM 3JeChb TOXKE BOCHOJb30BATLCH

(92.22):
(S§ ~1 p(*r) (m) (Sg) = D{F&) im, (92.34)

P b4
Marpuna (SS), ouesnzso, npeoGpasyer D #)(m) B KOMIUIEKCHO CO-
IpsiKeHHoe BhIPaXKeHHe M, TAKHM 00Da30oM, AOJMXKHA OHTh OTONKje-
cteaesa ¢ U w3 (19.16). CregopareabHo,

(§§) =SS (92.35)

# a"ajoruuHo (92.28) (SS) sBasieTcs CHMMeTPUIHOA MaTpuLedl.
$IcHo, uTo cyllecTBOBaHHe OTIHUHOH OT HyJsi YHUTApHOH Mart-
punnl S, ynossaersopstioniedt (92.30), coorsercryer (92.28). Takum
* * &
o6pasom, ecan D*®)™ skpupamentno DBy Momer 6GwiTh
B35TO BeLIECTBEHHBIM, TO TOTJA MOMKHO BOCHOJIb30BaThed (92.28)
u cyutath U cumMmeTpuunoi martpuuei. Haob6oport, eciun cymecTsyer
*
cuMMmerpHuHas martpuna U, to D) mowxuo BHIOpATh Belilect-
BEeHHBIM.
BosspaTuMcs K Bepaxenuo (92.17), xoTopoe Mbl npeo6pasyem
TaK, 4ToOn Oblia BuAHA cBA3b ¢ (92.14). YMHoxkas (92.17) =a
*
DB m  y prmuchiBas sBHO BCe apryMeHTHl (3JeMEeHTH IpPoCTpay-
CTBEHHO!l TPYIIBI), NOJYYHM

DC®) m) (g} £) DU®) ) ({g] #}) U =
= D& m) ({@| £}) UD*® m ({@[ £})".  (92.36)
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BhinosiHas maTpHuHOe YMHOXeHHe B JeBodl cTopone (92.36) u Gepsa
MAaTPHYHBIA 3JeMeHT ¢ HHAeKcaMu (o, B) OT pe3yJbTHpYiolled MarT-
PHIBL, IIOJYYHM

2 DUR ) (] ) ay Uyg = X DB ({1 #))as UseD™® ™ (@] £1).

(92.37)

Tenepw nmpocymmupyem (92.37) no &. Torza ¢ momougso (92.10)
JeBylo uactb (92.37) MoxHO npeo6pa3oBaTh K BHAY

%“ % DB em ({g| 1120y Uy = %“ (M(*#) (m))(W U=
— 2,,:‘ u(*#) 8, Uy = p(*2) MY ge.  (92.38)

PaccMOTpHM Temepb NPOCYMMHpOBanHy0 no @& mnpasyio wacrb
192.37):

¥ Use ) DER ) (g £}),, DO im0 ({1 8)); =
de ®
oN
'—ZUG&; - 6&866(3 U -——) _(92.39)

Urobpt noayuuts (92 39), MBl BOCIO/Ab30BAJIUCH COOTHOIIEHHEM Op-
TOrOHAJIBHOCTH JJIS 9KBHBAJ/EHTHLIX HENPHBOJAUMEIX NpeACcTaBJIeHH

D*#)m g p*E) . Torpa us (92.38) u (92.39) HmeeM

W8 ) — Zﬁﬁ)( £, (92.40)

Ho otnomenne Upy/Uqp, coraacuo (92.28) u (92.29), moxeT umerhb
TOABKO [Ba 3HaueHHA =*=1. llajee, B uHTpecyiollleM HAac cayuae,

* *
gorna DB y D(*B) (m* skBuBaleHTHE K MOTYT GBLITH B3SITH Be-
mecteeHnbMy, (92.28) cHoBa NMPHUMEHHMO H, CJIE€IOBaTeJbHO,
gpN
Selym

u(*”) (D J—

(92.41)

IJiq TOJHOTH HM3JI0MKEeHHs MBl BBUIMILIEM COOTHOLIEHHE, COOTBETCT-
Byloulee cayuawn (92.29):

N

u(*k)(m)—;——- g

Sy’

(92.42)

Tenepr MOXHO HCHOOJNB30BATH pe3yJbTaTHl BCeX TPeX paccMOT-
PeHHBIX clydaes, coorBeTcrByolnx (92.15), (92.41) u (92.42), n
NOJACTaBUTh 3TH cooTHOWeHusd B (92.11), Uro6w pasiuuuTh yKasaH-
ibie TPHW cayuasi, BOCHOJAb3yeMcs NpuHATOH TepMunosorued '). Ecan

'y Onpeaesciiie HCMOMb30OBAHHOH TePMHHOJIOIMH J4aHO, HaNnpumep, B KHUTE
Buincpa [1], ctp. 340. — Hpun ped.
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*
D*A)im)  MOKHO B3ATH BEIIECTBEHHBIM B CMEIC/eE (92.30) u (92.31),
To Mbl 6yJeM Ha3bBaTh €ro MOTEHIHAJbHO BellleCTBeHHHIM. Toraa

%: (R (] ) = g, N

AJs1 MOTeHIMaJbHO Beutecrenporo D(*#)(m), (92.43)

Ecau D*#)(m xommaekcuo, kak B (92.14), To

2y ({@ 8}) =0 nas kommiexcnoro Di#)um. (92.44)
®

Ecan D*®)m  sxpupanentno D*®)m* g cvpicae (92.17) u ne
MOKeT OHTb B3STO BeUIeCTBEHHBIM, To MaTpuma U mosikuHa OHITH
AHTHCUMMETPHYHOH H IPHMEHHUMO cooTHOMIeHHe (92.42). Dror cay-
yal Has3bIBAeTCs TCeBAOBENIeCTBEHHBIM. Torla

% (*B) (m) ({p|t}}) =—g,N IJa nCeBAOBELIECTBEHHOrO DU*#) m),
(92.45)

B puHaMm¥Ke pemleTKH BO3HHKAIOT TOJbKO caydan (92.43) u
(92.44). Kputepuu (92.43) — (92.45) aBaAfloTCA OGUIMMH, H, HC-
MOJb3ys1 COOTHOWeHHe (49.3), MBl MOXeM YCTaHOBHTb, K KaKOMYy
CIyuan OTHOCHTCS Mio6oe IpeicTaBieHHe. B Halllem pacnopsikeHHH
uMmeercs Bcs HeoOxoAuMas HHGOPMANHSA, H OCTAaeTCs TOJbKO BBITIOJ-
HUTb CYMMHDOBaHHe 110 MoaHo# rpynne B (92.43) — (92.45). $cHo,
YTO Takas Ipoleaypa He caulikom yno6Ha. [TostoMmy B cleaywomiem
naparpade Mpl MOJMYYHM YHPOLULIEHHBIH KDUTEDHH, NpPeAI0KeHHBI
XeppuHroM [69]. DToT KpUTEpHUH MO3BOJSAET IPH HCCJAEIOBAHUH
coficts D(*#) ' pagorats Tonbko ¢ rpynmnoit @ (k). Crenyer oTMe-
THTh, YTO TAKOE YIpPOIUIEHHE BO3MOXKHO MOTOMY, UTO HO CTPYKTYpE

D*®) ) gpgercs HHAYIUDOBAHHBIM [PeACTaBJeHHeM, NOCTPOSHHBIM
Ha npencrasjgenun D® (M rpynnn (k). OnHako, kak yxe oTMmeya-
JIoCh paHee, B 9TOM naparpade Mbl He MOIMNIM 3apaHee OTPAHHUATHCH
tonbko rpyunoit @&(k). Iloapo6Hoe wucciaefoBaHHE KPHTEPHEB
(92.43) — (92.45) mokasmiBaeT, YTO MOXHO 1aThb (oJiee KECTKHH H
foJlee yNOOHBI KpHTepHl BellleCTBeHHOCTH IIPeAcTaBaeHul. DTOT BO-
npoc obcyxaaercsa B § 93, 94.

§ 93. ¥YnpomeHHblil KpuTEepHil BeleCTBEHHOCTH AJSA D(*#) (m)

Hexkotopoe ynpolieHHe KpHTepHeB BelllecTBeHHOCTH (92.43) —
(92.45), npenpnoxennoe Xeppunrom [69], MoxeT GHITH HOJY4YeHO C
TIOMOIUbIO BbIpaXKeHua (37.3) A5 XapaKTepoB, BXOASAUIUX B 3TH KPH-
Tepuu. I1pu 3TOM xapaKTephl BHIPaxKalOTCs Yepe3 XapaKTephl «C TOU-
KaMu», oTHocsuHecs K rpynme @(k). [las ajleMeHTa CUMMETPHH,
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ABJsiIoUlerocs aprymeHToM B (92.43) — (92.45), MOXHO HAIHCATh

{olt}={e,| v, + R} ={e|R;} - {g,]7,}. (93.1)
Torna

{(plt}2={3|RL} ’ {q)p'Tn} * {EIRL} * {(Ppl‘li'p}=
={e| R} {0, 7,} - IR} - {w, | T} {o, | 7, =
={e|R.+ @, R} - {9,]7,}" (93.2)

Us (37.3) mul Bunum, uro tpebyercs elle BHDaAXeHHE JJs COmMps-
JKEHHOTO 3JeMeHTa

{0l 7o} ™" (Bl R+ @, - R} - {0, [T} - {0 T} =

= {@o | o} (eI R+, R} {5 | T} - {06 | T} 7 - {ap, | T, {ip, | T,} =
={la;  RoF a7 0, R {0, 77 {0, |7, - {7} (93.9)
Torna (37.3) npuuumaer BHI

KB ({1 )% =

8

— (&) (1) ~1, ~l.q - . = 2. 00 |

= 2 A0 (el0; R+ 00, R (0,77 (0, [T 7))
(93.4)

Mmb BUZIMM, 4TO CTPYKTypa aprymenta B (93.4) npexcrapiser cofoi

NIPOH3BENlEHHe YHCTO TPAHC/ASIHOHHOTO ajeMeHTa Ha TosopoT. Ho

xapaxTep ¢ Toukofi B (93.4) OyAeT OT/IHYEH OT HYJS TOJBKO B TOM

cayuae, eclH BBHIIOJHeHo ycaoBHe (37.2). DTo ycJoBue HAJIOKEHO

Ha NOBOPOT, T. €. HAa BTOPOH MHOXHTeJb B (93.4). YciaoBHE COCTOHT

B TOM, UTO

{os! T} " {0, 1 7,} - {9,1 7} ormocutes k. ®(k), (93.5)
WM, HHAUE,

@t 9%, - k=k+ 2nB,,. (63.6)
N3 (93.6) crenyer
@@, k=g, k+ 2B, (93.7)
HIH
¢ - ky =k, + 2B}, (93.8)

Toraa, eciu (93.5) srHImOMHSeTca A (PUKCHPOBAHHOIO p M 3aJaH-
HOr0 G, MBl MOXEM BBIIHCATb B XapaKTepe ¢ TOYKOH COMHOXKHTeb,
COOTBETCTBYIOIINE YHCTOH TPAHCJIALLMA B BHIE

exp—ik(9;' R+ o7 9, R )=
=exp-—i(q>0-k-RL+q>;1-q>0-k.RL)_-=
=exp—I(k;+ o, - k,) R,  (93.9)
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Orcrona nas (93.4) umeem
xR (g1 7y) = Xexp— i (k, + ;1 - ky) - R, X

X ).(,(k) tm) ({‘Pa | ta}_l * {q)p | Tp}z : {(901 ta})' (93. 10)

Tenepr osspatumces x (92.43) — (92.45). CymMy no BceM aue-
MeHTaMm rpynnel @ sanuiueM B BHIe

& N
Y= . (93.11)
® p L

3xech cymMa 1o p Gepercs mo BceM Hafopam 3JeMeHTOB CMeKHBIX
kJaccoB B rpynne @/, a cyMmMupoBaHue mo L uper Mo BCeM TpaHc-
adnuay B €. CHauvajia BBHIUMCAHM CYMMY 10 § npH QHKCHPOBAHHOM
p:
0 npu & + q;;’ -k 2nB,,
r —— ] -1, —
;(e,\p i(k,+ @' k)R,) N np b+ 'k, =2aB,
(93.12)
CrnenosateanHo, cyMMa (93.12) oTanuna OT HYJd, ecau
Q, k= —Fk;+ 2nBy. (93.13)

OneBufHo, ecan BBUIONHeHO yeadoede (93.13), To GyAyT VAOBIEeTBO-
pensl u (93.7) u (93.8). CaenoBareasHo, (93.13) 6osee cuabHOE Y-
JIOBHE.

PesioMHpys, BUIMM, 4To Mbl HecHenyeM npeacrasiaenne D(*#) om),
JJIST KOTOPOTO, KaK OGBIYHO, HEKOTODPBIH BOJHOBOH BeXTOD R BHIGpaH
B KauecTBe KaHOHHYecKoro aektopa. WHuexkc o: mpepcrasureas
CMexKHoro Kjaacca (UKCHPOBaH, Kak 3To ykasauo B (36.2). Muumekc
p npousBoJieH M npoferaeT 3HAYEHHS, COOTBETCTBYIOLULHE JIOGLIM
IpeNCcTaBUTesIM CMeXKHHX Kiaaccos B rpynne @&. Torpa ana dukxeu-
POBaHHOrO k ¥ COOTBETCTBYIOLIEro Hafopa ¢ BKJIaX B CYMMYy B
(93.11) nawoT TOJABKO Te MPEACTABHTENH CMeKHBIX KJA4cCOB C HH-
IeKcoM p, AJsi KOoToprix npuMeHHMo (93.13). Torza uz (93.11) mno-
JyuuM B 3aBHCHMOCTH OT PaccMaTpPHBAeMOro ciyuas

2" (g 1Y) =

®
s & ! 2
= NGZ:I pé ).C(k) (m) ({(Pal Ta}— * {(Ppl Tp} * {q)a[ Ta})APG:: (ing» 0).
(93.14)
B (93.14)
1, ecan k= —Fk_ - 2nB,,
Apoz { 0 Py (4 a"l" H (9315)
BO BCEX IpoOvYHX caydasx.
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OTcoma B 3aBHCHMOCTH OT paccMaTpHUBaeMoOro cJjydas HMeeM

s &

2 2 0™ ({9 T} {@n | 7« {01 Ta}) Apo = (£ £, 0). (98.16)

O=| p=

Teneps moxaxkeM, 4T0 Kamjoe cJaraeMoe B CyMMe IO ¢ B
(93.16) nmaer oAMHAKOBBLIH BKJal B pesy/bTaT. DTo 3HAYHT, 4TO
Kaxji0oe G COOTBETCTBYET Jyuy 3Be3iAbl *R ¥ BCe JYYH 3Be3Ab HAIOT

OAVHAKOBBIl BKJIAA B CyMMmy. PaccMoTpuM o = | M BBIIMUIEM TeX
npejcTaBHTesIell CMEKHBIX KJAACCOB {@p|Tp}, Wil KOTOPHX A, =1:
{(pfxlrl'x}’ rie (pi}“-k=—k+2nBH_ (93.17)

Torma
{%Alrl_x}g npunapiaexur  ® (k). (93.18)

Boo6uie rosops, Jwo6oe Br6paHHOE 3HaueHHE
o () (m) N 12
i@ (fer 71,17 (93.19)

MoxeT OHTh JUGO paBHO, JduGo He paBHO Hymio. OJHAKO ecsau
HMeeTcst 0 KpafiHeHd Mepe oAHMH xapakrtep Tuna (93.19), oTanunblH
OT HyJisA, TO

O, @@ k=—g;' g, k+21B, (93.20)
! (% o, ®; ') k= —k,+ 2aB,. (93.21)
HasoseMm
7 = e (93.22)
Torga
(cp;j =@, cp,%h X o (93.23)

daeMent, cooTBeTcTBylomul (92.23):
1 {0 5 g =y o2
npunagaexur ® (k;), a saement
ol {4,

npasanaexutr ® (k). Bosspaumasacy K (93.16), Mul BHAHM, uTO Be-

JHYUHa
8 (m) ({‘Po | Tc}_l ) {% l T;A.}2 {0, rc}) (93.26)

tlf;,} {(po l ‘ITG} (93.25)
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TOKECTBEHHO PaBHA COOTBETCTBYIOIIeMY XapakTepy ¢ ¢ = I:
B M) (S v, 12 3.27)
X ({‘p’x ’ T’A} ) ©

CrenoBaTe/NIbHO, KaxXAblll HEHVIEBOi 3jeMeHT B BhpaskeHHH (93.6)
¢ 6 = | 6YJeT COOTBETCTBOBATH OTIHUHOMY OT HYJ 9JIeMEHTY B BH-
paxennn (93.16) gaa kaxzaoro ¢ = 2, ..., s. Takum o6pasoM, s
(UKCHPOBAHHOIO ¢ BCE CYMMB! PABHHL H

gp
lem ) ({ ol o} ™1 {@p | T} {9 To}) Apo = (2= g,fs, 0).  (93.28)
=

TlosToMy MBI MOXeM nJa ynoOCTBa paccMOTpeTh cayual ¢ = 1.
Torpa mnonydeHHBI TepBOHAYaJbHO XepPPHHrOM KpuTepHH Belne-
CTBeHHOCTH AJIfl TPeX BO3MOMKHEIX CJAyyaeB HMeeT BHJ, aHAJOTHUHBIH
(92.43) — (92.45):

&y
v 2 J—
2 40 (ap | 7¥) Ay = il (93.29)
*
JJISE NOTEeHIMAJbHO Beil[€CTBEHHBIX D k)("”,

&p

2 AP ({0, T} ) Ay =0 (93.30)

p=

*
st kommaekcHpx DR 0m g

&p
240 (| 78 At = — gyl (93.31)

*
nas ncesrosemectsenusix DA M rpe

I, ecin ¢, k=—Fk+ 2aBy,
Ap]’:

0 BO BCex MPOYHX CIY4asX. (93.32)

Yno6etso dopmyn (92.29) — (93.31) cocrourT B TOM, YTO BCE Xa-
pakTepnl ¢ TOUKAMY OTHOCATCA K eAMHCTBeHHOH rpynne @ (k). On-
Hako HaJuuHe MHOXKUTeJs A, naeT B (93.32) orpanudenue, Ipuso-
Isillee K 3aTpydHeHulo. B qo6om caydae HeoOxozuMas 1poieldypa
coctouT B npuMesenun Gopmya (93.29) —(93.31), Tak KaK HAM HU3-
BeCTHH TaBJHIEL XapaKTepoB JONYCTHMBIX HENDHBOAUMBIX HpeJ-
crapiaeHuit rpynns @ (k). Oanaxo, xora dopmyanr (93.29) —(93.31)
NO3BOJAIOT YCTAHOBHTH THN npeictasiaeHus D(*®) (), onu me pampor
BO3MOXHOCTH ONpEeeNHTb, B KAKOE HENPUBOAHUMOE INPeACTABJICHHE
(/1) npu —k npeobpasyerca JaHHOe AONYCTHUMOE IPELCTaBJIcHHE
D(*&) (m) npu AefcTBuu onepanyu obpalleHus BPeMeHH HJH Olepa-
TOpa KOMIIEKCHOro conpsxenus K. Dta sapmaua peinaercs B § 94,
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§ 94. Kaaccupukauus DB (m) ¢ pomompbio HOBOrO
KpHUTEPHA BelecTBEHHOCTH

Kpurepuun (93.29)—(93.31) MoryT GHITb IPSIMO HCIIOJb30BaHLI
B AMHAMHKe KPHCTAJJIHYECKOH peIUeTKH [Js aHajlH3a BellleCTBEH-
HOCTH onpeledennsx npeicrasiennii D™ 1 nposepxu Toro,
ABJAIOTCS JH OHM [IPEeICTABJIEHHSAMH, IO KOTOPBIM IpeobpasyioTcd
(dononnl. OyeBHAHO, €CAH NpelCTaBJeHHe YIOBJIETBOPSEeT YCJAOBHIO
(93.29), T0 OHO BelIECTBEHHO M MOXeT OKa3aThCsl CPeau MpeicTaB-
JIeHHH, 10 KOTOpHM npeobpasyioTcs (OHOHE B NaHHOM KDHCTaJie ¢
cuMMetpuelt @ Caydali npejcraBleHu#l, YAOBJIETBOPSIOUINX KPHTe-
pmo (93.30), Hyxpaercs B clenuajbHoOM paccMoTpeHHH. Ecan
umeer mecto (93.30), To mpexcrarienne D®)0m gpngercs komi-
JEeKCHBIM H, corjacuo aHaausy § 87—93, B KauecTBe (u3HUECKOro
HeIIpHBOJAMMOrO IPeLCTaBJASHHS CJelyeT B3sThb D& tmy gy DX} (¥,
B srom ciyyae B KOHKDETHOH 3ajlaye AHHAMHKH pelleTKH IIPOUCXO-
IHT yABOEHHE CYLIeCTBEHHOTO BBIPOXKIEHHS: OT BBIPOKIEHHS, obyc-
JIOBJIEHHOr0 IIPOCTPAHCTBEHHOH rpymmofi @ u XapakTepH3yeMoro
npexcrabienner D(*#) ™),k BEIposK RenIIO, CBA3AHHOMY ¢ IIPOCTpAH-
CTBEHHO-BPeMeHHON TpyHno#l cuMMeTpun & W XapakTepH3yeMOMY
npSAMOl CyMMOM npeacTaBaeHHH DU*#) m) @ p(*#) (¥,

Ecau npexcrasaesne D*® ™ penpusogumo, 10 D*®) m* poxe
HenpuBopumoe mpeacrasienne. Coraacuo (90.9),

DR (m* = p(*—#) (7, (94.1)

rne D*—#)(m) — penpuBogHMOe TIpeiCTaBIeHHE, COOTBETCTBYIOLLEE
3sesfie (*—k). OnHako B mpedbIAyLINX HMaparpadax Mu yKe oipe-
NEJUJIH BCe HeNmPUBOJAMMEBle TpeAcTaBiaenus rpymnsl &. I[TosToMy Te-
Iepb MOXKHO KJacCH(HUIHDPOBATH D*~B ™ 1 e 0TOXIECTBATH 3TO
IpejcTaBJAeHHe C OHHM H3 paHee HaflieHHBIX.

Cnenys pabore ®pen [70], Oymem pasiuyaTh TPH KJAaCCa BOJ-
HOBHIX BEKTOPOB k u 3Be3n *k:

Knace I:  k=—k-+ 2nBy; *kR=*—k, (94.2)
Kaace II: k%= —k-+2aBy; *k=*—k. (94.3)
Kaace III: k== —k--2nBy;, *k=*—k. (94.4)

Kaxabit u3 stux Tpex kjaaccos I, 11, 111 Tpebyer cmenuanvuorc
paccMOTPeHHs] Ha PeiMeT HecJael0BaHus BelecTBeHHocTH. Haur mo-
cleAylOUINA aHAJAH3 OTJHYaeTcs OoT HmpejJoxeHHoro ®pew.

[ BOJHOBBIX BEKTOpPOB KkJjaacca I, cormacHo (94.1), uMeem

D&) )t = p(*#) (m), (94.5)
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Tak Kak s aroro kKjaacca —R 3KBHBAJEHTHO R, MBI MOXeM CUH-

* -
TaTh, 9to mpeactasienne D2 HHJYIHPOBAaHO HEKOTODHIM He-
NpPUBOAUMBEIM IpeAcTaBienueM DWW rpynmne @ (k). Torza, co-
raacHo (90.5), B KayecTBe Gasuca jaas DM MokHO B3ATH

(k) () = KSR (), (94.6) |

IIycth Tenepb P{q,l“tm} — oneparTop orHocsuuiics K rpynne ® (k).
Torna

P {0, |t (q,)}z(k) () =— ;(k) () [y () (7) ({‘Plx |t (q))})_ 94.7)
U3 (94.6) umeeM OTHOIIEHHE
18 ({ar, [ (@) =x® ™ ({o, | (@)})", (94.8)

B KOTODOM BCe BXOJsliHe BEJIHUMHBI MOXKHO B3ATb W3 Tabuaul xa-
paKkTepoB JONyCTHMBIX HeNPHBOAHMBIX mpejacTaBjeHuit D m),
CooTBeTCTBeHHO AJ7 JAI000r0 BOJMHOBOTO BeKTOpa Kiaacca | mpsiMoe
CONIOCTaBJeHHE ¢ TabaHIAMH Xapakrepos Aas rpynne & (k) mno-
3poJisier HafiTy mpeacrasjeHue D® (M) BaxHo nowuMmaTthb, YTO B
IPHHIHIE C/IefyeT IPOBEPUTh Ka’KABIH ONepaTop P{.p,hlr(q,)} H TaK-

K€ COOTBETCTRYIOUIMe XaPAaKTephl. PacCMOTPHM UMCTYIO TPaHCAAIMUIO
{e|R.} u3 g. Coranacuo (94.2),

Knace I:* k===nBy. (94.9)
CJlefl0BaTeJIbHO,

'x(k)(m) ({3[RL})=exp-—-inBH ‘R;==+1. (94.10)

CooTBeTctTBeHHO BhIGOp n3 Tpex cayusaes (93.29)—(93.31) moxHO
clenaTh, HCHOAB3YS TAGJMHIB XaPaKTEPOB TOJBKO 3JeMEHTOB TPyl
P(k) wmau TI(R). 3axmoueHHe o JONOJHHTENBHOM BBIPOKAEHUH,
o6yc/oBaeHHOM o0palleHHeM BpeMeHH, JJs BeKTOPOB KJjacca I mo-
Jy4aercd TOTAa oueBHIHBIM o6pasoM. Ecau

D) (m)  penecTBeHHO, TO M=1m (94.11)

B HET HHKAKOro JONOJHHTEJbHOI'O BBIPOXKNEHHS.
Ecan - -
D® (m goMmmaeKCcHO, TO m == (94.12)

n D®m y D& @ o6peannsoTca. B cryuae (94.12) momycTuMBIMH
GUBHUECKHMH HeMPUBOAHMBIMU MPEACTABACHHAMH IJsi (GOHOHOB fB-
JAITCS  npeAcTaBaeHus D&M @ D® (R guepiIHO HMEOWHe VA-
BOEGHHYIO Pa3MEPHOCTh II0 OTHOLIeHMi0 K D® (™, DTo npakTHYecKH
BaxKHBIA ciydafl, TaK KaK OH COOTBETCTBYET JIOKAJbHOMY YABOEHHIO
cTeleHH BHIPOXKIEHHs N0 'OTHOIIEHHIO K BHIPOXKAEHHIO, 06yC/IOBIEH-
HOMY YHCTO NMpPO€TPaHCTBeHHOU rpynnoi &,
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PaccmoTpuM Tenepb BOJIHOBHE BeKTopbl Kaacca II. B stom ciy-
yge —R OTHOCHUTCA K 3se3fe *k, HO He skBHBaJeHTHO k.. [Toatomy B
OTJIHYHe OT NpelBbIAYIIero caydyas He OueBHAHO, YTO AJA ONpejere-
HHs THMA IPeJCTaBJeHHH JOCTATOUYHO MPAMO HCIOMB30BATH TAaG/IHIL
xapaktepos Mmauofi rpynnel P(k) nan II(k). Onnako Mbl MOXeM
NoKasaTh, 4TO H B 3TOM CJydYae C NOMOIIBIO TOJbKO 3THX TabJHIL
MOXKHO cHesaTb ONpeleseHHOe 3akiaioueHwe. Ho cHavana MH Ha-
NOMHHM ofui¥e IPUHIHINE, [0 KOTOPHM YyCTaHABJAHBAETCS COOTHO-
lieHHe MeXay Ipynnofi u mpeicTasieHHsMH B Toukax R u —R. Pac-
CMOTPHM NPEICTABHTENb CMEXKHOrO Kiacca {@g|%;}, Aasi KOTOPOro

gs k=—k+2aB,. , (94.13)

Toraa mMoXHO Pas3sioKHTb MOJHYIO NPOCTPAHCTBeHHYI rpynny & Ha
CMexHble KiaaccH no @(k), rae mpeacraBHTeNb CMEKHEIX KJAaccoB
HMeeT 3HAUOK C 4epToli Ju60o 6e3 UepTh:

B =0+ {057} O B+ ... +{0g]|T}O®) + ...  (94.14)

DneMeHTH €O 3HAuYKOM Ge3 4epThHl NepeBoAAT B He B —R, a B HEKO-
TOpHI xpyroft Bektop B *k. ['pynmna @ (—k) pasra A

® (— k)= {o; | 7, } ' © (k) {0, | 7). | (94.15)
Aprymentanua § 91—93 ¢ oueBHIHOCTbIO NMOKA3bBIBAET, YTO MOXKHO
YCTAaHOBHTb CBfI3b MEXJAY Pa3HBHIMH XapakrepaMH. TakuM oGpasom,

Xapakrep o
2B ({1 7,3) (94.16)

HeNpPUBOLUMOro mnpefctaBienns D® (™ nag oneparopa Pre|y BH-

k
YHCJ/ACTCS B NPOCTPAHCTBE s#m) TIpeoGpasyeM Teneps 3T0 Mpo-
CTPAHCTBO, HCTOJB3YH HpeAcTaBuTeNell CMeXKHBIX KJIaCCOB, HMeE0-
IIMX 3HA4Y0K ¢ 4epToH:
(3 -~k

{‘PC;IT&} 3¢ )(M)=E( W) (94.17)
Bripaxkenue B mpaBol yacTu paBeHcTBa (94.17) 3amucano B coor-
BEeTCTBHH ¢ comepxkauumcs B (35.3) yTBepKAeHHEM, YTO YHCTO
TIPOCTPAHCTBEHHOE Ipeofpa3oBaHHe coxpaHAer uHAeKc m. Ho ame-
MEHT
P ~1=P 5
{91 v} (%] 77} % | "o} VI (94.18)

HMeeT XapakTep, BHUHCJeHHBI B mpocrpancrse (94.17):

- =0 (g 7,)°). _ (94.19).
Toma ¢ yuetoM (94.18) n (94.17) umeeMm. .

Honm (g w)) =gt gl vl (9420)
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Caenyer uMeTb B BHAY, 4To xapakrepsl (94.16) u (94.19) Bosnm-
KalOT KaK OTHAENbHBE KOMIOHeHTH BuIpaxkenus (49.3), B KoTopoMm
IS TMOJYYeHHs NMOJHOIO XapakTepa MPOCTPAHCTBEHHOH TPYNIBI A
smeMeHTa {@|T} HyXHO BBHIIOJHHTL B COOTBeTcTBHH C (94.14) cyMm-
MHpOBaHHe 110 ¢ H G

A0 (G 1) =7 i (0ol 7)™ il 7 {1 Td). - (942D

*
CnegosateanHo, (94.16) u (94.19) ssasioTcs «uactsmuy x{*#) ™
AN OXHOTO H TOTO e HENPHBOAHMOIO MPEICTaBJEHHA NPOCTPAaH-
o *
crBenHoi rpynns DE) @),
PaccMoTpuM Tenepb IPOCTPAHCTBO, HoJaydaeMoe o6palileHHeM BO

BpeMenn nmpoctpanctsa I ™:
KB ) __ 8 (m)* _ 5=k () (94.22)

H MPOCTPAHCTBO, NMOJYYeHHOe B Pe3yJbTaTe MPOCTPAHCTBEHHOIO Mpe-
o6pasoBanusa (94.22):

{0 |7} KZ® ™ = (| 7,} TP — 50 (), © 4_'23)

ITpaBasi cropora (94.23) cHoBa noJyuaeTcss Ha OCHOBAHHH COJep-
Kaulerocs B (35.3) ycaoBust coxpanenus unjexca fi. Clenyer onsith
OTMETHTb, YTO BCETAa MOXHO B35iTh aHaJoruuto (35.3)

Py, ey 2 ™ =20 ™, (94.24)

rle uHAeKc m B 00enx cTropoHax paBseHcTBa (94.24) oxunaxos; Ho
IJIsl aHTHJIHHeHHOro oneparopa K, geficTBYIOLEro B BEKTODHOM NIpO-
CTpPaHCTBe, MBI IOJIKHBI OJb30BATbCH COOTHOLIEHHEM

K@ — t=h ), (94.25)

TJe NPaBHJIO ONpejeieRus M GyNeT MOJNyueHO HHXKe. _
Xapaxrep 3JeMeHTa P{"’zl*z}é’ neficTByiollero Ha Ga3ucHBeE

¢GyHKUHH (JNHHeHHOTO BeKTOpHOTo mnpocTpaHcTsa) (94.20), pasen

x®® ({0 11°)" =1 ™ (g 71}). (94.26)

Coornomenne (94.26) no3BoJsieT NOJHOCTBIO ONPeNeIUTh HHLEKC /7
KOMIIJIEKCHO COMPSXKEHHOro NMpelCcTaBJ/ICHHS H HPOCTPAHCTBA MO Tal-
auinaM npexcrapienui D® O rpynner @ (k), 4TO mOJHOCTBIO pellaeT
sagauy B sToM caydae. CootHowlenne (96.26) oxasmiBaeTcsl GoJee
cHJBbHHIM, ueMm dopmyad Xeppunra (93.29), (93.30), Tak KaK OHO He
~“TONBLKO KJacCHGHUMPYET NPeACTaBIeH s, HO B YCTaHABAHBAET CBA3E
HHJIEKCOB M H m AN KOMIVIEKCHO CONPSIKEHHBIX NpeACTaBJIeHHH.
Conocragaenne  (94.26) n (94.13) mas BrisicHeHHS ToOTO, peaH-
-3yeTcs JIH PABEHCTBO m == fM; B 3TOM CJIydae CJAYXHT IPOBEPKOH
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s (93.29) u (93.30). st BOJIHOBBIX BEKTOPOB, OTHOCAIIUXCH
K kaaccy II, MBl MoXeM CHOBA MOJYYUTb HECKOJIBKO CJEACTBUN:

fl=m AONOJHUTENLHOrO BBIPOKIEHUS HET, (94.27)
msEm D®m g DI oGLefHHAIOTCA. (94.28)

B cayuae (94.28) Mbl CHOBa HMeeM JOKaJbHOe YABOEHHe IO CPaB-
HeHHIO ¢ pe3yJabTatoM AJs ojgHol rpynnsl . 3amerum, aro (94.26)
0cofeHHO yI00HO TOTOMY, UTO BCE BXOAAIHe B HEro BeJHUYHHE Ol-
perendioTcst 4451 ofHOH rpynnbl @ (k).

HaxkoHen, n/is BOJAHOBHIX BEKTODOB Kacca IIT ¢ oueBHIHOCTDLIO
caenyer

D*&)(m) g p(*e) (), (94.29)

Cresosarenbio, noausie npepcrasaenus DU m g DO*=8) @) nomx-
HLl paccMaTpHBAaTbC BMeCTe KaK OAHO Hpeicrap/enHe. Takoe yA-
BOCHHE ABJISETCS «IJ00aJbHBIM»; OHO OT/JIHYAETCS OT <«JIOKaJbHOIo»
O00BbeIHHEHHS NPeJCTABACHUH IPH 3aj1aHHOM BOJHOBOM BeKTOpe K.
CyuiecTseHHOe BLIPOXKJICHHE B STOM CJyuae CBS3AHO C YABOEHHEM
4MCa MPeACTaBJCHHH NONHOR NPOCTPAHCTBCHHOA TPYMNEL 3a CueT
. yyeTa NPOCTPAHCTBEHHO-BPEMEHHOH TPYHIH

ITuM 3aKaHUWBAeTCsH Haw 0630p paqume TUTIOB HETPHBO-
AUMBIX TpeicTaBieHuH rpynnbl & Kak BO3MOXKHBIX (H3HUECKHX
HENPUBOAMMEIX MpeicTaBieHu#i rpynnsl & nis GHoOHOHOB.

§ 95. dusnueckHe HeNPUBOJHUMBIC MpPeACTABACHHSA
rpynnsl @ Kak KonmpeacrasieHus rpynmnb &

B necroabkux crepviomux naparpadax Mbl HOKa)KeM, Kak mepe-
CTPOHTE NpeAllecTBYIOINUY aHaan3 TaK, yToOH onepaTop o6palleHns
BpeMenn K paccMaTpuBaJics Ha PaBHBEIX IPaBax ¢ IPOCTPAHCTBEHHBIM
oneparopoM Pp rpynnst @. 10 MOXKHO cIesaTh METOJOM TaK Ha-
3LIBACMBIX KONPEACTAaBJAECHUA IPOCTPAHCTBEHHO-BPEMEHHOU TIpyNnbI
@. Usnaraemas Huxe TeOpHS KONPEACTABAEHUH CYUIECTBEHHO OTJH-
yaeTcs OT paHee PACCMOTPEHHOro MOAXCJHA, TAe NMPOCTPAHCTBEHHLIE
onepaTopwl Pp yuuTHIBa/IUCh HHAue, 4eM omepaTop ofpalleHus Bpe-
Meru K. XoTa OCHOBH TeODHH KONPEACTAB/JEHHI H3JI0XEHHE B paboTe
[1}] (rnaBa 26), nam Kaxercs, 4yTo B 5Tofi Mororpaduu Inenecood-
pasHo NoApoGHO PacCMOTPeThb 5TOT BONPOC, UMes B BHAY IpHMeHe-
HHg K IHHaMHKe pemleTk#, Hallle H3/oXKeHHe HECKOJBKO NepeKpHI-
Baercss ¢ paGotoir [1], HO MEI crapajiuch CBecTH IepeKpHITHe K
MHHIMYMY, HeOGXOAMMOMY AJS TOro, 4ToObl KHHrA Obljia IOJHOM.

BosBpamiasice K pacCMOTDeHHIO MOJIHOH NPOCTPAHCTBEHHO-BpeE-
menuGl rpynnsl § u3 § 89, Mbr BumuM, uT0o § onpenenena B (89.3)
. Kagx ¥ = @ -+ K& uepe3 mpoCTPaHCTBEHHEle YHHTADHHIE ONePaTOPH
' mpeo6pasoBaiuil Pjg rpynnel @ u aHTHYHHTAPHBIE ONEPaTOPH
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KPgu|gy cMexHOro Kiaacca K@. Urobw moayuuTh CyuwlecTBeHHO BhI-
poXeHue B cUCTeMe, LIt KOTOpoil & aBasieTcs rPyNIoOH CHMMeTPHHY,
HY2KHO WCCJAe[JOBATL HHBADHAHTHOE W HeNPHBOAHMOE BeKTODHOE
IPOCTPAHCTBO, TOUHEE, MHHHMAaNbHOe HHBAPHAHTHOE JIHHEHHOe Bek-
TOpHOE TPOCTPAHCTBO, oGpa3oBaHHOe COGCTBEHHBIMH BEKTOPaMH,
WIH HODMaJbHBIMH KoOpAauHaTaMu (usHvyecKod 3ajaun AHHAMHKH
pewetkn. IIycrs 8U) — unBapuanTHOe HempHBOAMMOe (H3MUECKOe
npoctpascTBo. Torna onepatopsl rpynnbl & 6yayT npeoGpa3oBHBaTh
6asucHele BeKTOPH S8) apyr uepes apyra. [Iycrsb

S = {yih, ..., p, ...}, (95.1)

[TpeoGpasosanne 8Y) B camo cebsi onpenensierca matpuiei DU p
obbiuHoM cmplcae. Caenyer HOMHHTb, OJHAKO, o6 aHTHYHUTADHOM
npupoie onepatopos B K@ Hazorem D) cucreMy HENPHBOLUMBIX
MaTpHUI, ¢ NOMOCLIbIO KOTOPHIX npeo6pa3yeTcs HENPHBOAUMOE MHBA-
pranTHoe npocrpancrso 8. Torna nmeem

Pig) St = SND () ({¢ | £}), (95.2)
KP 48V = §WDla D) (K {¢| £}). (95.3)

[TocnepoBatesbHOe NPHMEHEHHE NBYX TaKHX ONepatopoB K Ipo-
crpaunctBy SY) naer

P, 1 £3Pre,1 g8 = SDDCO D ({y | £} DOV ({q | 2}) =

= SDEID ({qg| 25} - {11 1}) (95.4)
u

Pty » KPg, 12y« S = SDDCID ({g] 2,}) DI (K {g; | 2,}) =
= §NDCI D ({g,| 8} K {q11#1}).  (95.5)

IMoacrasasa (88.4), monyuaem

(KPie,1 1) Po,122SD = SDD D (K {gg| }) - D ({qpy | #,})" ==

= SUDCID(K {qy] 85} - {1 2,})  (95.6)
" i .
(KPo,1£2) (KPgg, 1) 8 = SWDCEI D (K {qpg| £5}) - DD ({gp( | £,})" =

= SPDE D (K {8} - {mi[#)).  (95.7)
YroGul mOAYEPKHYTh BaxKHYI0 poiab cooTHomenni (95.4) — (95.7),
Mbl BBeJeM COKpAIlIeHHOe 0Go3HAUEHME AJIs1 YHATAPDHHEX 5JIEMEHTOB
rpynna ®

P{q,“ ] tu} = u“ (958)

‘M IJI1 aHTHYHHTapHHIX 3JeMeHTOB rpynne K®

Kp{wultp.} = au. | (95.9)
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Toraa martpuunoe ymHoxeHue B (95.4)—(95.7) MOXKHO 3amucaTh

e D (u2) D (uy) = D (uptty), (95.10)
D (u43) D (a;) = D (uoy), (95.11)

D(ap) D (w))" = D(auy), (95.12)

D (ay) D (a))" = D (ay), . (95.13)

rie D ofo3Havaetr MaTpHIy KONpEACTaBJeHHS. f
CyThb TeopHH KONPEACTABJCHUE COCTOUT B TOM, UTO ONpefeneHHe
HEIKBHBAJECHTHHIX HENPHBOAUMBIX TpefcTaBieHUll NPOCTPAHCTRBEHHO-
BpeMeHHOH rpynnsl & naer MOJHOE pelleHHe 3a4aYH O CYLIeCTBEHHOM
BLIDOXKJAEHHN B AMHaMuke pemetkn. Ms (95.13) caenyer, uto 06-
PaTHBIE 3JEeMEHTH B 3TOM cJyuyae 00JaJaloT HEKOTOpPOH ocobeH-
HOCTDBIO, KOTOPas BH/IHA, €C/IH B3ATh @, =a,'; Torja NoNyduMm

D (a,) D (a;') = D (a,a;') =D (e). (95.14)
U3 (95.14) caenyer ’
D (a,)™ =D (a;'y. (95.15)

Cnenyer HAmOMHHTb, OIHAKO, 4TO MAaTPHOBl KONpEACTaBJEHHH,
ynosaetBopsiionmide (95.10)—(95.15), yHuTapHel H3-3a KOHEUHOCTH
IPOCTPaHCTBeHHO-BpeMenHOl rpynnu ¥. Otciona

D(a)™' =D (a)' =D (ay* (95.16)

uan ¢ yyerom (95.15) N
D(a;Yy=D(a,), (95.17)

Cosoxynsocts matpu D (u,), D(ay,) cootBercTByer HaBopy 3ie-
MEHTOB B &, HO 3TO COOTBETCTBHE He O3HAYAeT, YTO TPYNHA MATPHUL
D) romomopdrua rpynme onepatopoB %. Ilyctb & coctont u3 co-
‘ BOKYIHOCTH YHUTAPHBIX ¥ aHTHYHHTADHBIX ONEPAaTOPOB:

{u} = {Pr}, {a}={KPr} ’ (95.18)

TOTAA CYIECTBYeT COBOKYNHOCTb MATDHL D{®®), no OXHOH MJis Kax-
IOro omnepaTopa, HaxoaAliascs B CJAeAyIOIiEM COOTBETCTBHU ¢ F:

D« ()= u,, (95.19)
Dt (a) = a, _ ~  (95.20)

 H yHOBJETBOpPSiONias mpaBuiaM yMHOXeHns (95.10)—(95.13). Dra
COBOKYITHOCTb MaTpiIll, ONpefelsieT noayauxelinoe npedcrasienuc
rpynnsl §. TepMHH «nOJy/IHHENRHOE» CYMECTBYET B MaTeMaTHUeCKOf
autepatype [72], Ho Burnep npeanoues emy TepMHH Konpedcrasie-
Hue [1], koTopuifi 1 yKOpeHHJICA B GH3HYeCKOH JHTepaType AJsa o6o-
3HaueHHs MaTpHI co cBoActBamm (95.10)—(95.13). Tarum oGpa-

*
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30M, 5TH COOTHOLIEHHS ONpEAEJAIOT KOMpPeACTaBJeHHs rpynns ¥,
Tenepb mnosesHo mpusectn moxuduuuposanunyio Jgemmy Llypa,
APUTOAHYIO AAa KompeacraBaeHu#. Ilycts SU) — HenpuBoanMoe npo-
CTPAHCTBO (95.1). Ilycts S8’U) — HenmpuBoanMoOe IPOCTPAHCTBO, K-
puBajiedTHoe SU), pyrumu-cioBamu, nycrts $'() jinHe#iHO CBA3aHO
¢ SU) ¢ momoub0w MaTpRUB YHATAPHOro- npeoGpasosanus V. s
BeKTOpOB B 8’) umeem

P = Zﬂ: Vea W (95.21)

HJH
S =Vy8W, } (95.22)

Torna u3 (95.2), (95.3), (95.8), (95.9) u (95.21) crexnyer
”‘l"m_zvﬁau =ZVBaZDvB(u)¢j=
- Z‘, Vea Z D (1) Z Varbs =2 (Z 2 Ve Dy () Vo)

(95.23)
n

a0 =a, 2,3: Ve b = Z Va0 =
O NILICA Z Varth" =3 (33 VirPus () Vi) %

(95.24)

K '
ROACES ; D’ (1,0 B3, (95.25)
a, b, = Z D’ (a,),, ¥s. ‘ (95.26)

Ouepnfino, D u D’ ABAAOTCA SKBHBAJEHTHHIMH NPeACTaBASHHIMH.
OHM cBsi3aHBl COOTHOLIEHHAMH

D'(w)=V'D)V, (95.27)
D' (a,)=V~"'D(a,) V"  (95.28)

Bynem cunrats (95.27) n (95.28) onpenesieHHeM SKBHBAJACHTHBHIX
Konpencrasiennfi, OtMeruM, uto B (95.28) BXOAHT KOMIJIEKCHOE CO+
HpsKeHue,

O6o6uiennas seMMa [llypa yuynuTeiBaeT Hajiiuue 3TOr0 KOMILJIEKC:
HOro conpsixenus B (95.28). Takum o6pasom, nycts D u DU)— pBa
HEeINPHUBOAUMEIX KONPEACTABNEHHsl rpynmnsl. Ilycts M — spMuTOBa
Marpuia, ynos.nemaopmomaﬂ COOTHOIIeHHAM : \

MD® (1) =D® () M, - (95.29)
MD(‘)(%), D (a,) M' - C o {95.30)
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Torna 6o A .
M=0 (nyneBass marpuna) n D ne sksuBasentHo DIV, (95.31)

6o
M CYLIECTBYET H DY sksusanentao DY, (95.32)

Kpome Toro, ecoau D) — genpuBomuMoe MNpejCTaBJeHHe H Cylie-
CTByeT Takas spmuroBa Marpuua M, dro

MDW (y) = D® (u) M, (95.33)
MDW (a@) = DW (a) M*, (95.34)

TO
M — nocrosiHuas MaTpuia. (95.35)

Kak noxasasn Hummoxk [73], cymecreenno BeGHpath M B BHIe
IpMuTOBoi Matpunbl. Jpyrie aBropul [1] He oTMeuasnm 3Toro 06-
CTOSITENbCTBA.

B caenyoniem nmaparpade Mb NpoAoJKHM UCCJIEAOBAHHE CTPYK-
TYpPhl MaTpHLl KONpelcTaBAeHu rpynnsl §. Byayr BHISIBJEHB HEKO-
TOPbie CYWIECTBEHHBE OTAXYMA OT MaTPHI oOHUHEIX NpeAcTarieduil.
Mot 6ynem pasnuuath cayuail, Korma obpalieHHe BPEMEHH IPHBO-
JUT K «II06aNbHOMY® BHPOXKAEHHIO, W ClAyyafl, KOrZa BO3HHKaeT
«JI0KaJIbHOe» AONOJTHUTEIbHOe BRIpOKAcHUe. [locnenHee ripOHCXOLHT
B TOYKAax AOCTATOUHO BBEICOKOM CHMMETDHH, HanpuMep Korgza —R
OTHOCHTCS K 3Be3Je B HJIH KOraa —kR IpOCTO 9KBHBAJEHTHO K.

Mu BBeeMm mOHSITHe KO3Be3[AH CO*E; ‘rorja cHOBa MOXKHO pas-
JeMWTh BOJHOBble BEKTOPH Ha Tpu Kjacca apanaornuso § 94. Kax
i B § 36, MBI yCTAHOBAM CTPYKTYPY MATPHI HHAYHHPOBAHHBIX NpPEJ-
CTaBJIeHHH, IPHBOAA HX K OJouHoMy Buny. MceiaenoBanune aToro Bo-
npoca mokasblBaeT, yTo B HaunOojee MHTEPECHOM CJyiae MBI JOJK-
HBl pacCMaTPpUBaTh HeNPHBOJHMBbIe IIPOCKTHBHEIE NPeACTABJEHUS
HeKOTOPO# TOYewyHON rpymmel, H3oMopdHOH dakToprpynne /.
B 3TOM H cOCTOMT caMge IJlaBHOe OT/IHYMe OT HpeABIAyLIEro pac-
CMOTpeHHsl, Tle BO3HHKaJa (akroprpynna @/T, 3atemM MH ompeje-
JAMM cHCTeMy (HAKTOPOB W YCTAHOBHM OTJIHUHE OT cJyuas OOBIYHBLIX
IPOCKTUBHBIX IPEACTABJICHHUI.

7 § 96. Crpykrypa KOmpejacTaBJeHHil rpynmsl 9: xo3Besga co*k

ITpocTpaHCTBEHHO-BPEMEHHYI0 TPyNny & MOXKHO 3alHcarh, CO-

raacio (89.3), B Buze ,
' : 9=0-+KG. (96 .1)

Tak kak @ nmeer HongJIbexﬁ zequteab $, oyeBUIHO, $ SIBJIAETCS U
HOpMaJIbHOR noArpynmoft rpynnnl &. OTcioga caepyeT, YyTo mpoCT-
paHCTBEHHO-BPEMEHHYI0 TOYEHHYIO TPyANly HIPOCTPaHCTBEHHQ-pPEMEH-
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HO# rpynnbl § MOXXHO NPeACTaBUTbL B BHIE ,
P =93, (96.2)

P=P+KB. (96.9)

OueBHAHO, UTO rpynna & COREPKHT YHHTAPHBIE W aHTHYHUTapHBIE
s7eMeHTE. UToOBI NPOABHHYTLCS Aajblie, TNOCTPOHM HOPMAJbLHYIO

‘HNOArpynmy
, =T + KT, (96.4)

COCTOAILYI0 M3 YHHTApHBIX U aHTHYHUTADHBIX TpaHcaauuli. Tak kax
K xommyTnpyer ¢ saeMeHTamu £, 1o 00e rpynnsl § u I ABAAIOTCS
HOpMAaNbHBIMHK MOArpynnaMu &.

Mmb #HayHeMm Hcciel0BaHNe HENpHBOAUMBIX NPEACTaBJeHHH rpyI-
e % c npuseienus 7 . Scno, yro npusenenue (amaJjoruyso § 29)
MOTYT OCYILIRCTBJAATh 6/I0XOBCKMe BeKTOpHL. Toraa

Ppiryy¢® =D® ({e| R.}) $*® = (exp — ik - Ry) ¢®.  (96.5)

BaoX0BcKHe BEeKTOPH ONPEAENA0T TAKKe HENPHBOAHMOe IPOCTPaH-
ctBo Aasi rpynnbl I . [Tockombky Kp® = &* 1o

K - Pl gyb® = KPpey oy - K - Kp® = D® ({e] Rp})® Kp® =
' = DU-® ({e| R}) K™,  (96.6)
rae Mbl BOCHOJIL30OBAJINHCH COOTHOIiIeHPIEM
D®@* = p(-#), (96.7)

roe AJss # HMeeM

CoorsercrBenno P&* = p(~#, Pasymeercs, 370 COOTHOLIeHHe BHI-
NOJIHSIETCs TOJMBKO [/ HHIEKCA, SBJSIOUIErocss BOJHOBHIM BEKTO-
.pom k. Kak Onliio nokasano B § 87—94, B ofmem cayuae ciaenyer
NOJIOKHUTD

Ko () = (=) (), (96.8)

Ifie WHAEKCH (M, o) Mojnexar onpenenesunto, Takum oGpasom, aH-
THYHUTAPHBIH omepartop K HepeBonuT R B —R, HO ero peficTBhe Ha
Ipyrue uHAeKCH, XapaKTepH3ylol[He HOBeleHHe Gasnca npu IpHUMe-
HeHHH ONepaTopoB I'Pynnsl ¥, AOMKHO GBITh HCCIACLOBAHO HOMOJIHH-
TEJIBHO,

[TpencrapnsieTcsi NMOJe3HBEIM B KayecTBE IPOCTONO BBEAEHHS B
TeOPHI0 KOIpeACcTaB/IeHHN OOCYAHTb HENPHBOAHMEIE KONpeACTaBJe-
HHS TPYNNOBE I, HCHOJIB3Yys MeTOA HHAyKuuu u3 rpynns £, [lyers
BekTop ¥ obpasyer HenpupsoAuMoe npoctpatcTso misa T, Urobni
II0JTYYHTL HENMPUBOJAHUMOE NMPOCTPAHCTBO AN J, Mbl JOJIKHBI BKJIO-
YBTb elle NpocTpaHCTBO KP¥ = ¢#”*  PaccmorpuM  Teneps
NPOCTPaHCTBO MpeACTaB/ieHHs, 06pa3oBaHHOe ABYyMs (YHKOUAMH:

i
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»
\p(") " no.nyqeuuoﬁ H3 Hee ofpalienneM BpeMenn K@),

2((:0 k) — {'ll)(k) K,ll)(k)} . (96.9)

B stom NPOCTPaHCTBe YHUTAPHBIEC ONECPATOPH 3allUCBIBAIOTCH B BHIE
D® 0

D ({e|Ry}) =( 0 D=» ) (96.10)

re MH BOCHOJb30Baauch (96.7). AHTHYHHTapHBIE ONEPaTOPH MOXK-
HO TIPeACTaBUTh CAEefYIOUHM 06pa3oM:

0 D®
D(K{SIRL})_:(D(_,,) 0 ) (96.11)

B (96.10) u (96.11) Mbi He BHINHCHIBaeM (OYEBHANUBIX) apryMEHTOB
marpHl,. Jlerko npoBepHTh, uTo (96.10) u (96.11) yRosaerBOpsIOT
(95.10)—(95.13). CuenoBaresapro, (96.10), (96.11) onpexensitoT
KONpPEACTaBICHHs] POCTPAHCTBEHHO-BPEMEHHON Tpymmsl T

M=l nposepum cBOfcTBO HempusoaumocTH (96.10) u (96.11) ¢ no-
mompio Jemmn Ulypa ananmormuso paccMmorpenmio (95.33)—
(95.35). IMycts '

My m
M=( ! “") (96.12)
My Mgy
SIBJISIETCS SPMHTOBOH MaTpHuel, Tak uTo
My =y, My ==, m,= . (96.13)
Hs
MD({e|R})=D{e|RHM (96.14)
ME HaXOLHM .
: k D8 = D), (96.15)
CaenosarelabHo, aubo
D®= DD gm0, (96.16)
au6o .
D@L D=8 gy m,=0, -(96.17)
Ecnu nmeer Mecto (96.16), To - -
~  k=—Fk+42nBy w mpv0. (96.18)
Ecan mmeer Mmecro (96.17), To
ks —k42xBy u m;,=0. (96.19)

s cooTHOLIeHHSA

MD(K IR =DK{IRNM  (9620)
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A

uMeeM , .
my D® = my,D®), (96.21)

D=0 = g, DO, 1(96.22)

Ouesuano, (96.22) BHINOJNHAETCS TPHBHAJBLHO KaK aasa (96.18), rax
u gaa (96.19). Ms (96.21) u (96.13) crenyer

my =My =m, (96.23)

rpe m — BellleCTBeRHAs KOHCTaHTA.
Korna npumeHuMo (96.19), nmeem

10
M=m(0 1). (96.24)
B stom cayuae D HenpuBogumo. B cayuae xorza NPHMEHHMO
(96.18), numeem . -
, m m
M= ( S ) . (96.25)
mi, m

Tax xak sTa MaTpulla He sIBJiseTCs KoHcrauTo#, T0 D nmpusopumo,
Urak, ecau kR He 3KBHBAJEHTHO — R, TO. HENIPHBOXHMOE KO-
npeacTapjeHde rpynns g paBHO

D® 0
bRy ="y pew) . (6620

0 D
) (96.27)

DK EIRD=( e b

Ecou k sxeuBajentno — R, 1o (96.26) u (96.27) nmaior coorser-

CTBEHHO
D(")(l 0) D<”’(0 l) 96.28
01 H to) (96.28)

Ho (96.28) — BemecrBeHHble cuMMeTpHuHBe MaTpHIE. WX MoxkHo
AHArOHAJIH30BaTb, MPOU3BOAA NpeofpazoBanue NOROGUS C MOMOHIbIO
BELIeCTBEHHON K OPTOrOHAJTbHOR MaTPHILHL,

s=v_L(_i i)  (96.29)

B npuseneHHoli (OpMe KONpPeACTABJIEHHS LA ManHn, COOTBETCT~
BYIOLUHX YHHTAPHOMY SJIEMEHTY, PaBHBI

D® 0 -
D({s|gL})=( ) D(k)}’ : (96.30)
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a NJasi MaTpHI, COOTBETCTBYIOUIHX aHTHYHHTApHOMY 3JE€MEHTY,

D® 0
pkeiRN=("y _pw): (96.31)

IMosHoe npusenenne (96.30) u (96.31) MOXKHO BBINOMHUTD € MO-
MOLIbI0 OIpefieJieHHs SKBHBAJEHTHOTO KompeicTaBieHHsa (95.27) u
(95.28). Torza mui yBuauM, uto (96.30) n (96.31) pacnazaworca Ha
NPAMYIO CYMMY ABYX 3K8UBQANEHTHOLX KOIPEICTaBIEHHIL,

Urobel yOeguthes B 3TOM, Bo3bMeM Matpuuy V us (95.27) g

(95.28) B BHIE
(1 0)
V= 0i)

- _ (DW({eI R} 0
4 D({SIRL})V—( 0 D ({e] RL})) (96.32)

Torgma

u
D#® (K {e| R 0

B s10M cilydae HENPHBOAHMbie NPEACTABJICHHS SBAAIOTCS OAHOMEp-
HHIMH ¥ BBLAEIAIOT NpeiacTaBienus D® rpynnut € ABaX bl JTOT 10-
BOJILHO TPHBUAJNBHBEIA NpuMep OyAeT [oJe3eH HAM HHXKE KaK HJ-
JiocTpanus K (98.52) u nocneayomum GhopMysiaM.

Mpl MOXeM IPOJABHHYTbCS AaJjbllle, aHAJOIHYHO TOMY KaK MBI
nenand musi yHutrapHo# rpynmel @. Ilpeanosoxum HaJjHude HEKO-
TOPOro HeNPHBOAUMOTO KONPeACTaBJIEHHUs MPYNIH &, KoTopoe B HoJ-
HOCThIO MPUBeAeHHOR dopMe copepxuTCca B 7 . BCIOMHHM paccMoOT-
penne B § 30—32, mpuMeHHMOe 31ech H3-32 TOrO, 4T0 K KOMMYyTH-
pyer ¢ [OPOCTPAHCTBEHHBIMHM YHHTApPHRIMHM onepatopamu. Torpa
MOXHO cpa3y CKa3aTbh, yTo JI000€e HeNpHBOAMMOE INpeJCcTaBJEHHE
xapaxrepH3yercsi HabopoM BOJIHOBHIX BekTopoB. OaHako B 3ToM
ciayvyae B Ha6Ope NOMHMO KajkJOTO BOJIHOBOIO BeKTopa K Oyamer co-
gepxateest B Bektop —k. Tlosdyuarollyiocs npu 3TOM COBOKYIHOCTh
sHaueHuii R naswbBaioT KozBe3nofi. Ompenenum ee caeayomuM o6-

pasoM:
co*k={k, —k, ..., ky, —kJ}. (96.34)

Ko3Be3na COCTOHT H3 pasJIHIHBIX HEI3KBHBAJEHTHBIX BOJIHOBBLIX BEK-

TOPOB.
OueBuHO, HMEETC HEeCKOJbKO K/acCOB BOJIHOBBIX BEKTOPOB; AJIst

KOTODHIX aHajornyHo § 94 umeem -
1 k=—k+2aBy,; *k=co™*k. (96.35)
11 k£&—Fk+2aBy; *k=co*k. (96.36)
Il k#%=—Fk+42xBy;, *ks~co™k. (96.37)
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B (96.35) BexkTOopH kB u —k SIBASIOTCS 3KBHBAJEHTHBIMH BOJ-
HOBBIME BekTopamH; B (96.36) £ m —k He 5KBUBAJIEHTHE], HO OTHO-
CATCS K ORHOH Hu TOH xe 3Be3lle. Tak KakK B 3THX CAyYasdXx 3Be3da
yxKe TOREPKUT —R, TO KO3Be3ga cosmnajaer co 3pe3goil. B (96.37)
HY OfMH M3 3THX CJAyuaeB He peafu3yercsi H KO3Be3[4a COLEDIKHT
YABOEGHHOE YHCJO BOJIHOBLIX BEKTOPOR [0 CPABHEHHIO CO 3Be3AOH
32 cyer TOrO, YTO OTPHIATEJbHbIE BOJHOBBLIE BEKTODH BCE TOXKE BXO-
AT B 3BE3LY.

§ 97. Konpencrasnenus rpynnol &: ko3sesma kaacca 111

s ko3Beanel co*k knacca 111 u3 (96.37) HeT TaKuX yHUTApHBIX -
MIOBOPOTOB, KOTODhle MepPeBONHIH Obt Ry B ~Ry, rie Ry — NMPOH3BOJIb-
HEIA BeKTOp u3 *k, OGo3HaumM paccMaTpuUBaeMoe KOIPEACTaBJIEHHE
rpynnsl § gepes

Dleo*#) (m) (97.1)

H NPeAIIONOKHM, YTO COOTBETCTBYIOLIee NoArpynie @ orpaHnYeHHOR
NpEACTABJEHHe ABISETCH AUATOHANBHBIM. Torpa u3 paccmMoTpeHus
§ 96 caenyer

Dleo*®)tm) || p(*#) (m gy p(*~2) 3, (97.2)

CuMBOJI | HCIONB30BaH 37eCh AJs 0603HAUEHHS OrPaHHUEHHUS C
rpylnsl & Ha ee moarpynny @&: seBast CTOpPOHA COOTHOUIEHHS
(97.2) ornocurcs k rpynne &, a npasas — Kk rpynne . JIpyrumn
CIOBaMH, MOXKHO CKas3aTth, uTo Gas3HcoM JJs TnpeAcTaBJeHHs
D(co™®)(m) cnyuT BeKTOPHOE NPOCTPAHCTBO Sco *&) (m), KOoTopoe
COCTABJIEHO B BHAE NPSIMOH CYMMBI '

2o *#) (m) = 5(*#) tm) @ K (*®) (m) = 5(*&) M @ S*~B) @, (97 3)

s nonyuenug (97.8) Mbl BOCHOJB30BaJHCh COOTHOLIEHHEM
K2(*E) () = 3(*&) (myx — 2(*~#) (), (97.4)

Ouesnnuo, moGo#t ynurapunwit onmeparop {@;/7;} B ® (k) coaep-
XuTCA Takxke H B rpynmne & (— k), Tak uro o6e rpynmsl TOXKie-
CTBEHHB M MO3TOMY HMEIOT OAHHAKOBbie HENPHBOAHMBLIE MpejCcTa-
BJieHus. Bosbmem

D#) tmy = p(*—#) (), (97.5)

Ile MHIEKC fM COOTBETCTBYeT uHAekcy — k. Tax kak D(#)m*
SIBJIAIETCS HENPHBOAMMHM mpejcTaBieHneM ®, To, crefoBaTesbHO,
D®m* nomxHo ObTb HenpUBOZWMBIM npexcraBienneM ® (k) npm
sagaunom k. Onmnako D®M* ppeoGpasyerca kax D=RI®), f, e,
Kak HeNpUBOAHMOE npexacTaBjeHue B Touke — K. OTtciona cpasy xKe
C/IefyeT HesKBUBAJMEHTHOCTb D (™™ y D (M), 3nech HeT mpoTHBO-
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peuns.. HempuBoaumoe npeicrapienwe rpymnsl ®(k), coorser-
) ’
creyiomee Gasucy ™", neskpupasenrno npeacrasienuo ¢ Ga-
k — k) (A

sucom =™ o omo sksmsanentno DITF® HENPHBOLUMOMY
npencrasienuio rpynmnt ®(— k). Uuratenp moxer yGemuthes
B 3TOM CaMOCTOSITENbHO.

Mbl OCTPOHM KONPEICTAaBJEHHS FPYNNH ¥, HCXOAs H3 mpex-
craBJjenuit rpyunsl ©. Hanomunm, uto

G=0 -+ K®. (97.6)
Konpencrapaenne ¢ 6GasucoM (97.3) sl YHHTADHBIX 3JeMeHTOB
rpynnst ¢ paBHO )
D) (m) ({q | T}) 0
D(co*k)(m) T =( ) 97.7
(tel=h 0 DU=R)@ ({g| 7}). o)

,UJ]H AHTHYHHTAPHBEIX 3JEMEHTOB OHO HMeeT BH[
0 D& ) (£ | %
. | (e })). ©7.8)
DU =8 ({g] 7}) 0 |

Us uesksuBanenrnocrn D*®)(m y p(*#) (m)*=D(*"‘)('ﬁ), COrJIACHO
aemme lllypa, cpasy BumuMm, uto (97.7) u (97.8) dBjas0TCA Henpu-
BOJAUMBIMH [PeCTABJEHHAMH, DTO J0KA3aTeNbCTBO HE CIAOXKHEE, yeM
B § 96.

- CaenosartenbHo, MJIsi BOJHOBHIX BeKTopoB kaacca III omepaums
obpalleHnsi BDeMeHH NPHBOAUT K YJIBOEHHIO KPATHOCTH CYIeCTBEH-
HOTO BLIPOXk/EHHS OT 3HAUeHHAA (ln-s) m0 3HaueHusa (20n-s). Mar-
puubl KonpeAcrasneruit (97.7) u (97.8) orpaxaioT NOJHYIO NPOCT-
PAHCTBEHHO-BPEMEHHYI0 CHMMETPHIO M HX CTPYKTypa BaykHa B
Hoc/AeAYIONieM DACCMOTPEHHH IpH HOJYUYEHHH IIpasms otbopa AJst
MHOTO(OHOHHEIX NMpoIeccoB. Pe3loMupys, BUAUM, UTO IIPOUERypa 1o-
JY4YeHNs HHAYUUDPOBAHHHIX HpeAcTaBieHuB u3 rpynmst (k) He za-
BHCAT OT omeparopa oGpamenus Bpemenu K. I'pynma @& (kR)— ato
rpynna YHCTO YHHTAPHLIX ONEPATOPOB, H CHAYAJIA Mbl MEPEXOAHM OT
npepcrapnenuit D® ) rpynnel @ (k) K npeAcTaBieHHAM D(*#) (m)
rpynmnel @ u  TOJBKO yiKe 3aTeM IoJyyaeM INpejCTaBJeHHs

Dlo™8)um rpynnu 9.

Dlee™8)m (K {g| 7)) = (

§ 98. Konpeacrasaenns rpynnsl §: ko3sesna kaacca Il
u obmas Teopust
[Ipexje uem NepefiTy K aHAJAU3y 3TOr0 HauGoJjieg BaXKHOLO CJy-
yasi, paCCMOTPHM CHadaJja CTPYKTypYy 3Be3nbl. IJis BQJIHOBHIX Bek-
TopoB Kjaacca II us (96.36) sBesga *k yxe couepkHT BeKTOp —&,
HO kB M —F He3KBHBaJieHTHBI. To;‘Aa YHHTapHYI0 IPOCTPaHCTBEHHYIO
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TPYINy MOXKHO IIPeACTaBHTb B Bujle pas.nomeﬁnst
O=0)+ {0, 7} B® + ..., (98.1)

rie {¢;|T;} — 3JEMEHT CMEeXHOro K/acca, MOBOPOTHAA uaCTh KO-
Toporo YXOBJIETBOPSIET YCJIOBHIO
@ k=—k+ 2B, (98.2)

OueBHAHO, YHCJIO BeKTOPOB B *R B 3TOM CJyyae YeTHO W UHCJIO
HOJIOXKHTENbHEIX BOJHOBLIX BEeKTOPOB paBHO s/2. Takum of6pasoM,
Xt K

k=*—Fk. Jlna mo6oro mpoCTPaHCTBEHHOTO 3JeMenta {§ |%;},
NepPeBOASILEr0 kB B BOJHOBOH BEKTOD, 3KBHBaJEHTHHH — R, NOBO-
DOTHYI0 4acTb MOXHO 3amHCaTh B BHJE

@5 = P35 @y, ' (98.3) ‘

rie ¢; — NOBOPOTHas wuacTb 3Jemenra rpynnnt ® (k). Toraza oxa-
spiBaeTcsi, uto (@' q,) OcTaBJser k MHBaDHAHTHLIM H NOJIKHO

conepxatbes B ® (k). [l mpocTpaHCTBeHHO-BPEMEHHOH rpynnsl ¥
TOrna MMeeMm
=0k + K{o; |t} OB+ .... (98.4)

OTciora MBI MOXKEM ONPENENHTb NPOCTPAHCTBEHHO-BPEMEHHYIO
FpYNIIy BOJIHOBOI'O BEKTOpa Kak \

Gk)=6(*) + K {0, [T} O (B) + ... (98.5)

Coornomenne (98.5) ompepessier rpynmy ¢ aHTHYHHTAPDHBIMH 3Jie-
MeHTaMH. ¥ {oGHO OnpelesuTh HENPHBOAUMbBIE [PeACTABJIEHHS I'PyN-
no % (k) m nmonayunth M3 HHX HeNPHBOAMMEIE KOIPeACTaBJCHUS
rpynnst &. Ilpu sTOM ciegyeT OTMeTHTb, UTO He Bce NPOCTPAHCTBEH-
HEIe MPYNIEl HMEIOT BONHOBhIE BEKTOPHI ryracca II: 1ast 51010 HyXHO,
yTOOH OBHlIa ONepalys {malr} NOBOPOTHASl 9aCTh KOTOPOH npaer
BOJIHOBO! BekTop £ (98.2).

3aMeTHM, 9TO NPH PA3JOKEHHH § 110 HMEMEHTAM CMEKHHIX KJ1ac-
COB TPYINIIHI g (k) a/eMeHTaMH CMEXHEIX KJacCOB fIBJSIOTCS TOJIBLKO
YHHTapHBElE ONlepPaTOpHL:

g=5®+ ... +{eslt}I @+ ... + {g;| 7} F (k). (98.6)

Coornomenne (98.6) Becbma moJiesHO MJISi NMOCTPOEHHS HHAYILHPO-
BaHHHIX TipeacTaB/JeHu#l rpynnsl & no npencrasienusiv (k). dtot
noc/AefHHH 2Tan NMOCTPOeHUA MHIYNHPOBAHHEIX NpeACTaBleHHA Ta-
KOH ke KaK /i OOCYXIaBILIEroCst YHCTO YHHTAPHOTO CJyyasd.
PaccMmoTpum tenepp rpynny & (k). Hafimem ee HenmpuBOAHMBIE
npeficTaBJeHUst H HCNOJAb3yeM A 3Toro 0GOOUieHHYIO NMPOUEAYpY.
Paccmorpuym cTpyKTypy BhlpaxkeHus (98.5) [cM. ¢opmynt (95.8) —

—
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(95.35)], koTOpOE MOXKHO COKpallleHHO 3aNHCATL B BHIE ,
G (k) = O (k) + ay® (k), (98.7) -

a, =K {@, |7}, (98.8)

H ol —roxe siaemeHt rpymmnet ® (k). Ilycrb y Hac umeercs mpo-

&
CTPaHCTBO SEHm - gpasiomeecss  GasHcoM HEIPHUBOAMMEIX IONY-
CTHMHIX mpexacraBjienuii D® W rpynuet ® (k). Paccmorpum- npo-

CTPaAHCTBO ae2® ™. Y3 o6piunoro ceoicTea YHATApPHOTO Oleparopa

rpe

uz(k) (my __ E(k) (m)D(k) (m) (Ll) (989)
caenyer
ueaS® ™ =0 a7 u - qZ® ™, - (98.10)
Ho compsmennsifi smeMeHT
a;lug, =us (98.11)

TOXKe ABJAAeTcd 3J4eMeHTOM rpynnsl & (k), u, cleroBaTesbHO, OH
yuutaped. Toraa

U- aoz(k) (m) — aoz(k) (m) N D(k) (m) (uao)*. (98 12)
Ha6op maTpuin, HMeOIHX CBOMM GasHcoM
(0B (m) _ 5(#) (m) 4 (8 (m) (98.13)

IJI YHUTapHOro 3JeMeHTa U uMeer BHIL"

D) (m) (1) 0
D (u) =( 0 DT (g’ ) (98.14)
Ecnn @ — aHTHYHHUTAPHBIA SJeMeHT
a=u-a, (98.15)

TO
ax(k) (m) __ aoaa'luaoz(k) (m) =aq, (E(k) (m)D(k) (m) (uao)) ——
- — g, S® ™  p@m (4=1) (98, 16)
HJIN
a- aoz(k) (m) =y agaOE(k) (m) — Z(k)(m)D(k) {m) (uagag) =
=3B WpP ™ (qq5).  (98.17)

IIpy BuiBoZe (98.16),  (98.17) mu, Kak ¥ cJdeoBajo, NOACTAaBHIIH
14 a BHpaxenue {98.15). Uz (98.16), (98.17) Mm nosayvaem Tu-
MHYHYI0 MATPHILY JJIst aHTHYHHTADHOTO 3JeMeHTa rpynmsl &

o D\#) (m) (aao))
0 '

D(a) = ( DE (g ay (98.18)
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Jlerko yGenntbest B ToM, uTo (98.14) n (98.18) yromaersopsior co-
orHomeHusiM (95.10) — (95.13) u, Takum 06pas3oM, SBIAIOTCA Kolpej-
crapieHusivd. Tenmepb MBI 3afiMeMcsl CBOACTBAMH HEIPHBOAMMOCTH
npeacrasiennii (98.14) u (98.18). 3xech MOXKHO yKa3aTh HECKOJIb-
KO Cl1yuaes: :

Cayuafi A" D@ (y)= D& (m) (ya0)*, (98.19)
Ciayuait B D® (m) (1) g= D) (m) (yao)*, (98.‘20)

Hmes B Bupy (98.19) u( 98.20), y6enumca B HENPUBOAUMOCTH
9THX npejcTaBieHuil ¢ nomompbio gemmsl Llypa. Ilyers M — spmu-
TOBA MaTpulla ¢ pasMepamu (2/-s):

M (m“n m""n) (98.21)
gL my, 1) .

rae
my H My, — BemlecTBeHHble uncia, I — egunuunas -matpuia
¢ pasmepaMu (I, - s) X (I, s). (98.22)
PaccmoTpuM cOOTHOIIEHHS

MD Ww)=D ) M, (98.23a)

MD (@) =D (a) M" (98.236)

H yCTaHOBUM, KaKast MaTpuua M coBMeCTHa ¢ 3THMH COOTHOLUEHHUS-
MH. .
B caysae xorna sumoassercss (98.20), cpasy HaxomuMm, uto D
HenpusoauMo., Takum ofpasoMm, B cayuae B, Korja orpasHuyeHHbIC
NpeACTABIEHHST HeSKBHBAJEHTHH, MHAYIHDPOBAHHLIE NPEACTABAEHHS
haxTHYECKH HeNPHBOIUMEL

Tenepb paccmorpum cayuait A”: sgece DE ™ (y) g D (m) (ya)*
AIBJAIOTCS 3KBHBAJIEHTHHIMH npencraBaenuamyu rpynnst ® (K). Torna
cymecTByeT yHHTapHasd Marpuuma P ¢ pasmepamu (I, X In),

Taxasi, 4To
B~ D™ () g = D™ (Y, (98.24)

[MoxcraBum
u=ajua, , (98.25)

B BhIpaxkeHue (98.24) u Bo3bMeM KOMIIJIEKCHO COTPAXKeHHOe BLIpa-
xkenue, Torga umeeM

g~ *D® ™ (o5 a) BT = D® ™ (a5 %ui03). (98.26)

ToacraBum (98.24) B JeByio cropony (98.26) m pas/oxHM NpaByio
CTOPOHY 3TOTO PABEHCTBA, YYHTHIBAS, YTO Of YHHTAPHO:

ﬁ—l*ﬁ—lD(k) (m) (ul) Bﬁ* =D(k) (m)\ (a(;-Q) D(k) (m) (lt;) D(k) (m) (ag). (98.27)
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ATo BHIpaXKEHHE MOXKHO IepenucaTh ¢ yYeTOM PaBeHCTBa
D® m (g=2y= D®) m (g2)™! - (98.28)
B BHAE ) ’ N
D@ ) (y)) pp* D) (m) (ag)" = " D (m) (ag)“\DU*) ) (), (98.29)
Ho D% penpuponumo, H, cordacHo gemme llypa,
Bg"D® (m) (a2)™' = c1, (98.30)
rae I —enunuunas marpuna, a ¢ — uncno. [lonoxum u,=a? n
nogcraBuM B (98.26); Torma moayuum
p="*"DW ™ (gf)"g" = D™ ™ (af). (98.31)

" Ecun (98.30) moxgcrasuts B (98.31), To moayunm
(BB o BB
b (5 =1

CiegoBaTennHo, .
c=c" : (98.32)
Tak xak Bce MaTpHUBI yHHTabnm, n3 (98.30) umeem
le]l=1. (98.33)
Torma u3 (98.32) u (98.33) mosiyunm
c==1;
H Aas ciayuass A’ umelorTcsi fBe BO3MOXKHOCTH:
Caysait A D®m (p2) = 4 fg* (98.34)
! Cayuait C D®m (gf) = — ", (98.35)

OTH ABa ciyyas MO3BOJIAIOT PA3jHYHTh ABa PAa3HBIX THNA HElPHBO-
IUMBIX npeAcTaBieHult. Uro6s ybeanTbcs B 3TOM, IpeoGpasyem
(98.14) u (98.18). Onpenennm martpuny V c¢ pasmepamu- (20m)X
X (2{m), AaBnsoNyIOCa NPAMOA CYMMON BHAA ]

V'_ (1 0 ‘

v={q ) (98.36)

H BBUIOJIHHM NpeoGpa3oBaHHS , ]
Dw=VvV'DwV, S (98.37)

b@=v'D@v, - (9838
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HaHOMHHM, uTO B VHHTApHO, H 3aTeM, cho.nbsya (98.15) u
(98.24), monyunm

b= (cl) x(s) ( s “ D® m% (e ) : ﬁ") =

D® m) () 0
( 0 DB @m) (1)) ) (98.39)

H
— 10 0 D® (m) () D@ ) (g2)N (1 0
510 )y ()
D (yy pUB m) 2y g=1e
‘ ( D) (m) (u 0 ) (98.40)
Tloacrasass (98.34) n (98.35) B (98.40), nonyuaem
— 0 4 D@ (m) (1) B
D(a)=(D(k) ™ () 0 ) (98.41)

rie, Kak W paHblie, a = ua,. Takum obpasoM, (98.39) u (98.41)
onpefesfioT KONpeACTABJEHAN AJsi ABYX BO3MOJMHBEIX CJIy4YaeB,
UTo6r YCTAHOBHTb HENPHBOAMMOCTbL, HpuMeHuM Jemmy Llypa
M BOCHOJIb3yeMcsi a3pMuToBoil Matpuiie M us (98.21) u cooTHomIe-
uuamu (98.23), (98.24) mas D. Hac unTtepecyeT TONbKO ciyuai

] MD (a) =D (a) M", . (98.42)
KOTOPHH HaeT
e DE ™) (1) f = o4 m,D*) M) (1) (98.43)
’ asD® ™ (1) B = 1y D® ) (1) B, (98.44)
Uz (98.44) caxenyert, 4to B moGOM M3 CAy4aeB )
My == Moy = m,. (98.45)

Ho m3 (98.43) cienyioT JaBe BO3MOMKHOCTH. Ec.rm B3sITb OTpHIA-
TeJbHEIA 3HAK, TO, TaK KaK D®m y B oTAHUHBL OT HYJS, NOJTYIHM

Cayuait C  myy==mg =0. - (98.46)
Ecau B (98.43) B3aTh mosoxkuteNbHHA 3HAK, TO MOJIYYHAM
Cayuat A  my=my =my+0, (98.47)
‘T. €. B 9TOM C/Iy4ae HMeeM OKOHYATeNBHO ,
mI m, I

Crysal A M= (98.48)

fn2[[ mlﬂ
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H, CJEXOBATEALHO,

_ 701
b@=bwmwse(, ,)- (98.49
mo |
Ciayuait C M=m(0 II) (98.50)
H, CJAeNOBaTenbHo,
_ 01
D (a) = D®m (u)[5®(__1 0). (98.51)

Sleno, aro B cnyyae C xompencrasieHne D sABJseTca HempUBOIH-
MBIM, TaK KaK eIMHCTBEHHAss MaTPuUNd, KOTOpasi «kKOMMYTHPyeT» ¢ D
IB o6o6meHHoM cmpicie (98.23), (98.24)], — sTo KoHcTaHTa.

B cayyae A konpenmcrasienne D mpupoaumo. O60611ast BEBOA
(96.28) — (96.31), MOXKHO BBHIIOJNHHTbL NPHBEJACHHE C HOMOIILIO Be-
IeCTBEHHOl OPTOTOHANbHOH MaTpHUBEl COOTBETCTBYIOIIEH pasmep-
HOCTH

1 II II)
rie Il —exuHuYHas MaTpHIa HYKHOH DasMepHocTH. B pesyabTate
NpUBEHeHHs MOJYYHM '

DRy (m) (u) B

Dla=9"Dz= ( (98.53)

— D@ (1) )
[Ipn BHIIONHEHHH Npoueldypnl npuseieHus ot (96.30), (96.31) «
(96.32), (96.33) mocaeannii mar or (98.39) ¥ (98.53) MOXHO BH-
[OJHUTL npeo6pa3soBaHHeM K 3KBHBAJEeHTHOMY IpeAcTaBieHnio. Boc-
noJa63yeMcsl CHoBa MaTpHiel

_ (M0
V=(0 iII) (98.54)
A Haitnem .
V'DwV, (98.55)
VD@V (98.56)

aHaJorHuHO (96. 32) u (96.33). B sTOM ciayuae mpuBeJeHue AAeT
HEPHUBOAUMBEe (ZONYCTHMbIE) KOMNpeAcTaBaeHus rpynnu G (k):

Dico ) (m) (1) = D (m) (1), (98.57)
e
Dico B (m) (g) = D®) (m) (gq1B), (98.58)

TIpeano/fioxXum Teneph, UToO HMEETCH AONYCTUMOE KOMpeacTaBJe-
Hue D rpynnn & (k). DTo KompexcraBaeHue, CONVIACHO TOJBLKO UYTO
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BBINOJIHEHHOMY HCCELOBAHHIO, OTHOCHTCS K OJHOMY H3 TPeX CJy-
yaeB: _ .
tx k = k -1 *
Cayualt A D& (m) ()= D (m) (a; ua,)
"
Db ) (a) =
rie .5
p=ID!® ) () g ptB) () (a{;lua). (98.59)

3mecb D(u) onpenenens B (98.57), a D(a)— B (98.58).
Cayuait B D®m (i & DW ™ (g-lyg ) (98.60)
3aeck D (u) onpenenenn B (98.14), a D(a) — B (98.18).

Cayuait C  D® ™ (y) == DI M)(aglua )
)74
D@ (g2) = — Bg*, (98.61)
‘Tae
6-—1D(k) (m) (u) 6 — D(k) (m) (ao_luao)*-

3necy D(u) ompenenenn B (98.39), a D(a) —8 (98.51).

AHanoruyHo TOMy KaK Mbl paccMaTpHBajgd OOBIUNLE TPeACTaB-
JeHus rpynnel @, mnonydyeHHble H3 TpeAcTasiaenufl rpynin & (k),
HafileM KONpEeACTaBJeHHs IPynnbl & H3 KONPEACTABAEHUH TPyIHLI
Y (k). Pasnoxenue & mo (k) nauo B (98.6). 3ametuM CHOBa, 4TO
BCE 3JeMeHTH CMeXHBIX KaaccoB B (98.6) yuutapuwl. [lefictBuTenb-
HO, OHH OBbITH BHIOpAaHBI B COOTBETCTBHU C 3JeMeHTaMH CMeXKHBIX
KJIaCCOB, KOTOpHle BO3HHK/IM Obl AJs TOro e 3HadeHus k B pasJo-
xenun G no G(k). ‘

ITosToMy MB MOXKEM BOCIOJIL30BaThCA BCEH apryMeHTanuef,
npusenied x (36.7) u (36.8). OcHOBHYI0 pPOJIb B NPUBEIEHHH WI-
paJio onpeneneHue (36.6):

oalgbe =, (98.62)
[Mpu HanMuynu aHTHYHHTAPHOrO ONepPaTOpa TaKKe HYKHO BHIGpPATh
HeKoTOpHIH Gasuc. PaccMOTPEM cOOTHOLIEHHe

(R) (m) _ £_) (m)
Pig jrgdo¥e’ ™ = ag - ) ™, (98.63)
rae . .
\ 0 == Piogr | 0P {5 [ v} (98.64)
71 qng‘d)(’") onpeneseso B (98.62). Ecau Mb BOsbMeM B KauecTse
Gasvuca pJis 3afaHHOrO Ry -

oy Izc)‘(in) = 3(*a) ™ @ oI5(#5) ™), (98.65)

¢
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}

2t ™ = Lyt ™, ., gt ™1, (98.66)

rape

TO MBI MOXEM JIErKo OPOJABHHYTbCA AaJblie, Mpl npencTaBuM moj-
*
Hylo MaTpHiy Kompeacrtasienns D(co*#)m p Grounom BHze, cooT-
BETCTBYIOILEM pPa3JIOXKEHHUIO 10 CMeXHBIM KiaaccaM (98.6), oGo3Ha-
YUB 9TH OJOKH
*
Dfco *#) im), (98.67)

rpe , KaK o0bIYHO, HHAEKCH 61 6epyTcsl B cOOTBETCTBHH ¢ HHAEKCAMH
3JIEMEHTOB CMEXHBIX KaaccoB B (98.6). Kak Bceraa, 6a0uHast Mart-
pHIA mNOKaswBaeT, Kak mnpocrpanctso 3(° W)™ pepepogutcs B
3(¢0#a) ™ HeKOTOPHIM OIEPATOPOM, SIBJISIOMHMCA APIYMEHTOM
y
maTtpuubl. Tenmepb GyldeM CieHOBaThb apryMeHTaluH, HCHOJb30BaH-
HOH Ipu BhiBome (36.7), (36.8). Oriuunble ot Hysna Gaounsie MaT-
pHILl B NepBOfi CTPOKE HJH B NMePBOM CTOAOIE TOrLa Cpasy 3amucH-
BAlOTCSl B BHIE

Do ™) ({q, |7}y = E, (98.68)
D(co *k) (m) ({(Pc | Tc}-])la =EFE, (9869)

rae E — enuHnunas MaTpulla ¢ pasmepaM an6o Im, au6o 2l.. 3a-
METHM, YTO BHIpaXKeHHEe, KOMILTeKCHO compsizkeHHoe (98.68) n
(98.69), ToxKe ABJIAETCH eAUHHUHON MATPHIEN. .
BosbMewm Tenepb siemenT (1,1) 6uounoii marpums g Dico ™#) (m)
B BHJe )
* *
Difo ™ = pleo8) (m), .(98.70)

Ilanee onpefeauM MaTpunmy ¢ Touko#

0, ecau X me npunapjiexur 9 (k),

D(co k) (m) (X) —_— { D(co 8 ) (98.71)

ecan X comepxurca B 7 (k).

|

ITycrs {@o| 15} — nponsBosbHBIH YHUTADHBIH 3/1eMeHT rpynns . Pac-
CMOTPHUM OJIOUHYI0 MaTPHIY KONpPeACTaBJeHHs ¢ HHAeKcaMu (o, T)

Dleo*#) ™ ({apg | 6} « {@p |75} * {0 | 7 _1)01 =DP™ ((g,]7,)).
(98.72)

BoabMeM Tenepb NPOU3BOJbHEIR aHTHYHHTAPHLIA aieMeHT K {@p|to}.
Toraa 6J0uHasi MaTpHla ¢ HHAeKCaMH (0, T) NOJHOIO KONpencTaB-
JIeHUSl UMeeT BHH

Dco *2)(m) ((‘Pa [T} Kt {‘Pp | 17p} (2 Tr}—l)o'r=
=DPO (K {gl7}).. (9879

-
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O6a cootHomenns (98.70) u (98.71) noayyaloTCs NpH paccMOTpe-
HUH COOTBETCTBYIOUIUX JEMEHTOR wmarpum ¢ moMollbio (98.68) x
(98.69). .
TloBTopssi 3TO e pacCyXIeHHe B o8paTHOM NOPAMAKE, MOJY-
yuM, KaK ¥ npu BeBoAe (36.10), Ana mpousBosLHOrO yHHTapHOIO
ajeMenTa {@p|tp} H NPOH3BOJBHOrO AHTHYHUTAPHOrO HJEMEHTA

K {@o| %}
Dfco *2) (m) ({‘Pp I Tp})m =

= DB (o gyt {@,17,} {@:17}) (98.74)-
H

D(co *&) (m) (K {(pp |-‘l'p})ﬂ ==
=DH " ({gal %} ™ Ky |75} - {0el 7). (98.75)

Beipaxkenuss (98.74) u (98.75) paior peueHHe NOCTABJIEHHOR
sagaun. MIx mpocToll BHA SIBASETCS TPSMEBIM CJIEACTBHEM Pa3ioXKe-
HUS_ N0 cMexHbIM Kiaaccam (98.6). Eciu Gbl uCHOJB30BasOCh APY-
roe pasJjoxKeHHe, TO MBl IOJNYYHIH OB SKBHBAJEHTHOE HHAYIHPOBAH-
HOe NpeACTaB/eHHe. B 4yaCTHOCTH, BMEeCTO § CMEXHBIX KJAaCCOB B
(98.6) pasnoxkeHHe no cMexXHbM kaaccam @ (k) comepxano 6ul 2s
CMEXHBIX KJAaCCOB, COIEPXKAUIUX AHTHYHUTAPHBIE 3JeMeHTH CMEXK-
HBIX KjaaccoB. Torga Gbuio GBI BO3MOMKHO NPSIMOE onpefiesieHHe HH-
LYUHPOBAHHBIX MPeACTaBIeHUA rpynnsl & no npeacrapiaeHuam & (k)
BMECTO HCIOJIb30BaHHON HAMH ABYXCTYNEHUATOH IPOLUEAYPHI, BeLy-
mefi or G(R) x (k) u sarem yxe K &. flcHO, uTo Bce CmOCOGH
paccMOTpeHHS AAI0T OAMH U TOT XKe pe3yJbTar.

§ 99. KonpeacraBaenns rpynns &: Ko3Be3ga kaacca I

BoJsiHoBbIMu BekTOpaMu Kiaacca I, coraacHo (96.35), sBasiorcs

BEKTODH
k= nxB,. (99.1)

t
JLJIst TakHX BOJIHOBBIX BEKTOPOB BCe NPOCTPAHCTBEHHHIE ONEPATOPEI,
nwanpumep {@:|t} u {gs|ts}, conepxarcea B rpynne G(k). B stom
ciaydae NpPOCTPAaHCTBEHHO-BPeMEHHasi TIPYNNa BOJNHOBOIO BeKTOPa

HMeeT BHJ
: SR =06k 1 KO F). (99.2)

CJref0BaTeJIbHO, B 3TOM ClyYae aHTHYHHTAPHBIR S/EMEHT CMEXHOrO

KJlacca Qg fAIBJASETCA olepanued 9ucToro oOpauienus spemeHH K.

CrenctBre ofpallleHHs BPEMEHH AJSi STOTO CAydas JIErKO NOJMYYHTh

no anajoruu ¢ (94.11) u (94.12). :
Bosspariimcsa x cayqao A. Ecan

D® (m () == DB () (4", | (99,3)
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TO,” OUeBHAHO, D (™ gpigeTcs BelIECTBEHHHIM TNpelACTaBJIeHHEM.
Torpa u3 (98.34) u paBeHcTBa @y == K HMeeM

BE" = D®) () (E), (99.4)

H HenpusoauMoOe IIPENCTABJCHHUE B 3TOM c/lydyae sBJSIETCSA COBOKyIN-
HOCTbKO MAaTpHIL

D® ) (), D® () () g = D () (q), (99.5)
U3 (99.4) m us toro, 4ro f YHUTAPHO, HMEEM
p=p. (99.6)

.

Taknm o6pasoMm, B 3TOoM cjayuae B ABJASETCS CHMMETPHYHON YHH-
TAPHOH MaTpHUeH.

B cayvae B Mmul pocmosibayeMcs obcyxaennem § 98, tak 9ro
MaTpHUaMH KonupenacrasaeHnH 6yayTt (98.14) u (98.18).

B cayuyae C 2KBHBaJIEHTHOCTD NpeACTABJCHUM

D®) (m) () == DU (m) (4)* (99.7)

He o3Hauaer, uro D® (M pernjecTBeHHO, a 03HAYAeT JHWb, YTO OHO

UMeeT BelleCTBEHHBIH xapakrtep (ciaexn). Toroa mMaTpHIBl HelpPHBO-
IHMOTO TpeAcTaB/leHns aHagoruunsl (98.39) u (98.51). B stom cay-

gae
pp* = — D™ (m (E) (99.8)

B=—¢, ' (99.9)

TaK YTO MAaTPHIla P aHTUCUMMeTpHYHa. Tak Kak B TaK¥ke YHHTApHA
(T. e. UMeeT onpene/HTeNb, PABHLIH efnHune), pesyabrar (99.2) no-
Ka3LIBAET, UTO P JAOJKHa ObiTh MaTpuULEel ¢ YeTHON Pa3MepHOCTHIO.
STo oueHb BAXKHLIH cJyual, TaK KaK 3Be3fa kjacca | cooTBercTByer
TpaHullaM 30HBI DpH/HIIOSHA M [IOSTOMY YacTo paccMaTpHBaeTcd B
KOHKDETHBIX 3aJayax.

[MoJyuente HHAYIMPOBAHHHIX KompeicTaBienmii Dico ™) um o
JOTNYCTHMBIM HeNPHBOANMBIM KoNpencTasieHnsy D{eo#) ) ppyp.
nsl G (k) suinosnsiercs aHasoruuHo (98.74) u (98.75). °

)1

§ 100. JonycTtumble HeNnpUBOLHMBIE nNpexncTaienuss rpynnsl G (k)
KaK MPOeKTHBHbIE NMPeNCTaBJIEHHUS

Eule 0MMH aCleKT HeNPHBOAMMBIX NpeAcTaB/eHUl rpynnsl & (k)
MOXKHO YBUIETb, €ClNH PAacCMOTPETh UX KaK TPOEKTHBHbIE NPEJCTaB-
JeHyusi HEKOTOPOH TOYeyHOH TPYINIH, colepiKauiell aHTHYHHTAPHBIA
onepartop {74]. Hanomunm, uro B (41.11) mH onpenesnsu Kpucrani-
JIHIeCKYI0 TOYeYyHYIO IPYNNy B TOouke R Kak (axToprpynmy

® (kyT=$®), - (100.1)
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KOTOpasi H30MOp(HA HEKOTOPOH KPHCTaJ/IIHYeCKOH TOYEeUHOH rpymne
PR)=¢e, ..., @, ..\, @y (100.2)

B cayuae BOJIHOBBIX BEKTOPOB, oTHocsimuxca K kiaaccam 1 u I, maa
KOTOPHIX B u —FR /1HOO 3KBHBAJIEHTHBI, JHGO OTHOCSITCS K OJHOH H
TON Xe 3Be3/le, HPEACTABIACTCH €CTeCTBEHHLIM pacmuputh P(k) 3a
cuer f00aBJEHHA HEKOTOPHIX aHTHYHHTApHBIX 3/eMeHTOB. PaccMor-
p¥M Tenepb paCUIHPEHHYIO TPYNIY

P (k) =c¢, @preees By Kgg, oo es K(p(.,q)l}v, ces K%(pzk’ (100.3)
HJIH NPOCTPAHCTBEHHO-BPEMEHHYIO TOUEUHYIO IPYIIY
P (k) =P (k) + Ko, P (k). (100.4)

Takum o6pasom, rpynna P (k) sBmasercs pacluuPeHHOH I'PYNINOH, B
KOTOPYIO BKJOUeHH KaK YHHTAapDHblE, TaK W AHTHYHUTAPHBEE 3Jie-
meHTH. OdeBHIHO, )

P (k) =9 (B)/Z. (100.5)

Ananornuno § 41 Kaxmuift saeMeHT rpynns % (k) COOTBETCTByeT
NOJHOMY CMEXXHOMY KJaccy B & (R):

e>Z; @< {0, |7} T .
K(pﬁﬂK{(Palfﬁ}z, PP

Fpynna %P(k) comepKHT Bce NMOBOPOTHBIE 3JEMEHTHl, KOTOPHE OC-
TaBJAAIOT R HHBAPHAHTHBIM, IJIOC TaKue IPOH3BE/eHHsI omnepartopa
obpauieHHst BpeMeHH K Ha IIOBODOTHI, KOTOpble [EepPeBOAAT R B
—k 4 2nBy. .

PaccmoTpuM Teneph 3aKOH YMHOXKEHMR [JI1 TeX MaTPHL KoUpen-
crapiaenuil B & (k), koTopHe yCTaHABIAHBAIOT COOTBETCTBHE 3JEMEH-
TOB CME@XKHBIX K/IaccoB rpynnsl & (k) u aneMentoB rpymnsl . UMeer-
€Sl yeTHIPE 'THNA NPABHJ [/ TOCTPOEHHsS NapHOro MNPOH3BeAeHHs
YVHHTADHOTO H aHTHYHHTAPHOrO 3JeMeHTOB [cM. (41.2)]:

\

for, | 1o} - o 7} = {1 Ry, 3+ {or, |7 ), (100.7)
for |7} Koo} = IR, Y- Kfo, |7, J. (1008)
Kiws %o} - {80, |7} = {£1R;, o} - K{05,] %,a}>  (100.9)
K{wg] to} - K {7 = fe 1R,y 3+ {a0,0] %, o) (100.10)

B (100.10) mwmr ompefesiujH BTOPOH AHTHYHHTAPHBIH 9JEMEHT
cmexnoro Knacca kak K {@.|t.}, xoTopmit, mampumep, paBeH

[cM. (100.3)] ; ~ |
- K{o |t} =K{og| %} {o, |7} (100.11)

(100.6)
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Ceftuac HaM 3To HecyulecTBeHHO. [loBTOpHM Temnepb pacCyKieHue,
Benyiee ot (41.2) k (41.9) npm paccMOTpeHHH KaXIOro u3 Cay-
yaes (100.7) — (100.11). B aToM paccyxKaeHHH HAJO y4ecTb TO, YTO
MBI pacCMaTpHBaeM KoNpelcTaBJjeHHs rpynnbl & (k), n nostomy s
TeX MeCTax, rle B NPOH3BeJEHHH COMHOXHTeJeM CTOHT K, HYXKHO
6paTth B COOTBETCTBYIOLLEM MECTe KOMILIEKCHOE COIPSIKeHHe,
"Tenepp B Do ®m ypr umeem gas (100.7) no amansorun ¢ (41.7)

Do B ({g |7} for, [11,}) =
= exp — ik - RL}\,,uD(co %) (m)({‘p’h,u | T, u}) =
— Do) (g i) - D62 (g, [y ). (100.12
Has (100.8) moayuum
DeoBm (b |7} K fo |7} =
—exp—ik-R,  -DoRm(K g 1, 4=
= Do B ™ (fg, |7, 1) DB ™ (K. {g,|7,}).  (100.13)
HNanee, naa (100.9). '
Do B (K {5 75} {8y, | 71, }) = :
=exp — ik RL;,, ZDEB ™ (K {@g | Toa}) =
= Do R (m) (K {, ] 7,}) - Dleo # () ({or, | Tan})™ (100.14)
Haxkonen, aas (100.10) ‘
Dleo®) (m) (K {q; [ 7o} K {@: | T)) =
=exp—ik- Ry DR ({g 1, V)=
= DB (K (g, 7,) - Do P ™ (K {q, l v}).  (100.15)

$IcHO, 4TO H 3fech MBI HMeeM HAeJ0 C NPOEKTHBHHM OTOGpa~
kenneM. CucreMy GaKTOPOB 1Jisi 3THX CJIydaem ONpeleNHM TaK:

r(n, p)=exp — ik -R,% w (100.16)
r(, G)==exp —ik- Ry, ) (100.17)
r(e, M) ==exp—ik- Ry ,, {100.18)
r(s,%) =exp—ik-Ry; .. ’ (100.19)

HanomMuuM Tenepb CBOACTBO ONEPAaTOPOB MOBOPOTA C UEPTOI:
oHn npeo6pasyior k B BeKTOp, sKBHBaJeHTHhH —&K. Ilpoussenenue
K Ha MOBOPOT ¢ UepTOfl OTHOCHTCA K INPOCTPAHCTBEHHO-BPEeMeHHOH
TodeyHOl rpynne B Touke k. IToBropuM Tenepb coo0paxkeHusacco-
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IMaTHBHOCTH, KOTOPHle npuBesu Hac K (41.18) mia umcro ymHTap-
HBIX omepaTopoB. Torxza Mu Haflgem Te TpeGoBaHHs, KOTOPHIMH Ofl-
peneJisiercs cucTeMa (aKTOpoB B NPOEKTHUBHEIX MNpeAcTaBICHHSX:

r(A, x)r(Axy, x)=1r A, x1%5) 7 (x1, %) (100.20)
u 4
r (@, x)r(6xy, x) =r (3, x1%) r* (%1, xp); (100.21)

B (100.20) u B (100.21) x; u x, 0603HAYAIOT NIPOU3BOJIBHEIH 3Jle-
MeHT (YHUTADHBIH WJIH AHTHYHHTADHHIA), A SBJASETCS 3JEMEHTOM
THNA @,, & G COOTBETCTBYeT AHTUYHUTApHOMY 3JeMenTy THna Kg;.
Mub po/kHbl y6eautbest, uro Boibop (100.16) —(100.19) He nporu-
sopeunt (100.20) u (100.21) aHaJOrHYHO pACCMOTPEHHIO B
(41.19) —(41.23). IMpaBuabnocts (100.20) caenyer us (41.23); uro-
651 npouJsitocrpupoBaTe (100.21), paccmoTpuM cayua#, Korza x;
H Xy SIBJISTIOTCSl MHACKCAMH WL H V. :

ITo anaJoruu ¢ (41.6) wanuuem

T {8 IRLEI, w + R Gu, v} = {8 I Ps RLu, v + RLB, uv}" (100'22)
orpa

r (g, wr(Gp, v)=exp—ik- (RLB, n + Ry, uv) = :
=exp — ik - (q)a . RLu, v + RLa’ M). (100.23)

Ho .
k gy=q;'-k=—k-+2aB,. (100.24)
[lostoMy (100.23) nmpunumaer Bux |
(exp—ik-Re, ,)(expik- Ry, ), (100.25)
uro B oGosnavenuax (100.16) — (100.19) maet
r (@, uv) r' (u, »), ~ (100.26)

yto ¥ TpeboBasoch OKa3aTh.

[Tepeuncinm pesysabTaThl 31010 naparpada. onyctumele Henpu-
BOJHMBbIE NIPEACTaBJICHHA Ipynnbl & (k) sABAAIOTCS HenPHBOIHMBIMH
NPOEKTHBHBIMU TNPeACTaBJCHHAMH DACUIHPEHHOH NPOCTPaHCTBEHHO-
BpeMeHHOH rpynnsl P (R), colepkamieli aHTHYHHTADHBIE 3J€MEHTHL.
[Tycrs 3ajana cOBOKYNHOCTh MATPHI, MO OJHOH AJs KaXOOro 3Je-
MmenTta P (k):

D), ..., D(@,) ++ v D(Kas), .. .» D (Key@,,) (100.27)

H cucreMa ¢axTopoB . ~
r 1), e r o n), e, (@A), .., r (@, 1), - (100.28)

N
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TAKHX, UYTO BBINOJJHAIOTCA COOTHOIUEHHS

D (@) D (@) =r (&, 1) D (qsy), (100.29)

D (Kgs) D (v,)" =r (3, W D(Kqy,), (100.30)
D (4,)D (Kgz)=r (%, ) D(Kg, 5), (100.31)

D (Kg,) D (KoY =r1(5, %D (9, 1) (100.32)

Cucrema Qaxrtopos 3amana B (100.6)— (100.19) u ynosJersopsier
coorromenusm (100.20) u (100.21). Torpa 3KBHBaJEHTHOCTb CO-
BOKYNHOCTH MaTpun D u Konpeacrasiennit Do ® (M nokaszana:

D = Dieo ) (m), (100.33)

AHanus JONYCTHMBIX HENPHBOAMMBIX [POEKTHBHBIX KONPEACTaBJIe-
HUH DaCIIHPEHHBIX KPHCTAJ/JIHYECKHX TOUEYHBIX IPYIN GbIJ BHIIOJ-
HeH HeCKOJbKHMH aBTOpaMmu [74—76). HekoTopsle U3 3THX aBTOPOB
M0JIb30BAJHCh HECKOJIBKO  OT/HYalmledcss CHCTeMOR (akTopos
(p-3KBUBaJEHTHHIX). MOXKHO nyMaTh, 4TO B naJjibHEHIIeM Da3BHTHE
HCCJIeIOBaHUH B 3TOH 06J1aCTH NOKazKeT elMHbIA XapaKTep MOJyYeH-
HBEIX pe3y/bTaToB. ‘

§ 101. KomnuekcHble HOpMaJsibHble KOODJAHHATBE Kak Gasuc
' HeMpPHBOJAMMBIX MpPEACTABJEHHH rpynnsl &

Axasus, senoniHeHHbd B § 87—100, naer BO3MOKHOCTH 3apep-
muTh pacemorpenve § 86. [lo ompenesennio $usnyeckKUM HeHmpuBO-
JHUMBIM NPeACTABJCHUEM SIBJASETCS HEIPUBOAMMOE KOIpPeACTaBJeHMHe.
B (86.28) u (86.30) OBy mnoJayueHb MpaBHJaa IpeofpasoBaHHs
KOMIIJIEKCHBIX HOPMAaJIbHBIX KOODAuHAT ((hypbe-KOMIOHEHT):

P {vzhm}Q(f’:) {m}( )= xp "””({‘%l'ln})w‘z(zv)
(101.1)

Tak kak D"  menpuBogumo, o06pazoBaHHOe COBOKYIHOCTBIO
HOPMaJIbHBHIX KOODILUHAT NPOCTPAHCTBO

so0mfol(}). o))}

ABJSAETCS! MHBAPHAHTHBIM H HENPUBOAMMBIM IIO- OTHOIUEHHIO K Tpym-
ne @(k).

VHBapHaHTHOe MPOCTPAHCTBO, B KOTOPOM cymecrnyxoT HelpHBo-
IHMbIEe TIPeACTABMeHHs - Dico ® ()| ogaspiBaeTcs pasHbHIM B 3aBHCHMO-
CTH OT TOTO, K KOTODOMY H3 KJIACCOB OTHOCATCH BOJHOBBIE BEKTOPEHI
A KaKoi CcJayuall HeNPHBORUMBIX NpPeACTABJeHHA. PacCMaTpHBaeTCH.
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Ipocrefimuum aBJsieTcs caydai BOJHOBBIX BEKTOpoB Kiacca III,
onpenesenHu#i B (94.4). B sToM cayuae yuer obpaiuieHHs BpeMeHH
yABaHBaer «riob6aabHoe» BHPOXAeHMe, [109TOMY CHaya/sa MOCTPOHM

Z(*k) ) = Z(k) (j)EB . @P{‘PU l ’U_}E(k) (f)@ o @P{‘Ps ll's}z(k) (f)’ (101 3)
a 3areM IMOCTpPOHM
D 0 = g3 D) = 3-8 D, (101.4)

OO6benuHeHHOE NPOCTPAHCTBO fABJAETCS Ga3UCOM HENPHBOIHUMOrO
npencTaBJIeHUs] Ipynnu ¥:

Sco *8) (D =30 D P KZ® D@ ...
B P g ED D L. BKP | B D, (101.5)

Kopoue rosopsi, KOMIJIEKCHO conpsiKeHHas KOOPAHHATA M3 COBOKYH-
Hoct# (101.2) okasblBaeTcsl BBIPOK/IEHHOH C HECONpPSIKEHHOH, MPH-
YeM OHHM JIMHEHHO-He3aBHCHMBL.

k k
B ciyuae JIHHefHOH He3aBHCHMOCTH Q(f ) u Q ( )

v ]‘V

=Q( A HaCTO BBOJAT BelleCTBeHHBIe HOPMAaJbHLle KOOpJAHHA-

v
TBl NepBoro poga [cM. [18], ypaBHerue (38.33)]. 1o npeobpasona-
HHe ONpefeJsieT ABe BellleCTBeHHble BEIHUHHBL CJAEAYIOUHAM 06pa3oM:

o(D=ro( e o
o(D=rir(o(D)-a(71)  aorn

B stom ciayyae Mbl HOJIXKHBI TakxKe Pasfe/IdTh «IOJdOKHUTEJIbHble H
OTpHIIaTeNbHble» BOJHOBBHE BeKTOPH OOPAaTHOrO NMPOCTPaHCTBA, IO-
CTPOHB JJifl 5TOr0 MJIOCKOCTb B oOpaTHoM mpoctpaHctee [18]. Ipe-

k —k k k
o6pasoBaHHe OT Q(. ), Q( , ) i ql( ) fh( ) yHu-
]‘V ]'V ]‘V ]'V

TapHO, H, CJeioBaTeJbHO, OHO QaeT 3KBHBAJeHTHOe KONpeJcTaBJje-
mne. Ho 310 Konpencragsenne He OYIET UMeTh NPOCTOH, MOJHOCTBHIO
npusefieHHOH Qopmer  (94.7), COOTBeTCTBYIOUleH OrpaHHYEHHOMY
NpeJCTABJNEHHIO, BRAEJEHHOMY YHHTapHOH noarpynmoft @, tTak kak
OpeACTaBJAEHHs], COOTBETCTBYIOIIHEe B H —k, 3Jech NnepeMellaHH.
JLJas nosiyyeHHs BelleCTBEHHBIX HOPMAaJbHBIX KOOPAHHAT BTOPOrO
poZa 4YacTO HCHOJb3yeTcs elle ofHa MeToxuka [cM. [18], ypaBHe-
Hue (38.38)], Tpebytouas xaHoHHuYeckoro mpeobpasoBaHHs. Mbi He
6ynem o6cyxaaTh 3T0 NpeoO6pa3oBaHHe 3/ech, TAK Kak, 10 MHEHHIO
aBTOpa, HEKOTOpHe TOHKHe BONPOCH,, KacaloliHecs COOTHOLIeHHH
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MeXAy BelleCTBeHHBIMH KoopuuHaTaMH H Teopuel KoIpejacTasJe-
HHH, He HaULIH elie Y ROBJICTBODUTEJILHOTO PeiieHHs. OG6cyxnenue
3TOr0 BOIIPOca MOXHO HafiTn B pabote [77] u B § 114 HawieH KHHTH.

CyMMupys pesyJabTaThl LJsi caydasi 3se3isl Kiaacca III, Mbt npu-
X0ZMM K BHIBOIY, YTO HpocToe 06belHHeHHe ABYX INPOCTPAHCTB
tana (101.5) ob6pasyer 6asuc ans ¢H3HIECKOro HenpHBOAHMOIO

*
npencrasienus Dico A @ rpynnn 9. BoipokaenHble cCOOCTBEHHEIE
3HAYyeHHs, HIH KBAAPATH HAaCTOT, CBA3aHHBLIE ¢ BEKTOpaMu Ipo-
crpanctea (101.5), paBHE

mQ(kl]-l)y ey m2(k|jh), ooy m2(ks]jl])’

- ? . (1018
O (—kIT), ...y 0P (—RIR), ..., 0% (=Kl Ty).

[Mosnoe 4MCIO 3THX BHIPOXKIACHHBIX COGCTBeHHHIX 3HAYeHMil paB-
HO s(l].-{ﬂl]f)———Qljs. WHpeke | caenyer ONpeneduTb CONOCTaBJe-

HHeM c TabJHnaMH XapaKTepOB HJIH BBINOJHSA sIBHO NpeoGpa3oBa-
HHE HOpPMAaJIbHBIX KOOpAMHAT aHajsoruuHo (94.26). Tpebysa or cob-
CTBEHHBIX BEKTODOB HJIH HODMAJILHBIX KOOPAMHAT, YTOOH OHH OBLIN
BellleCTBEHHHIMH B COOTBETCTBHH ¢ npeo6GpasosaHuaMu (101.6) u
(101.7), Mpl MOKeM HapYIIHTL CBOHCTBA npeoOpa3oBaHH# nox Aeh-
CTBHEM NPOCTPAHCTBEHHHIX ONEPaToOPOB IPynmsl ¥.

Jlasi BoIHOBBIX BeKTOpOB KJaacca I, onpenesnenneix B (94.3)
(cM. Taxxe § 98), nosoxKeHHe CyuleCTBeHHO oT/iHdaeTcs. Mbl fLOMXK-
Hel O0CYJHTb TpPH BO3MOXKHOCTH — caydau A, B, C anajoruyso
(98.59) —(98.61). asa cayuas A 6asuc

() I ) MY () R

TOKZECTBEH (101 2) I[ononHuTeJleoro BHIpOXIeHUsA, 06ycaOBJIeH-
HOTO CHMMeTpDHeH 0 OTHOLICHHIO K OOpaleHHi0 BpeMeHH, HeT HH B
«r7106aIbHOMS, HE B «JIOKAJbHOM» CMBICJIE 3TOTO CJIOBA.

B cayyae B umeercs mONOJHHTENbHOE JIOKAJbHOE BBIPOXKACHHE.
Henpusonumele konpeacrapierus rpynnst ¢ (k) uMeror cBoum 6a3u-
coM OObeAHHEeHHOe NpocTpancTso anajoruudo (98.13). Ms (101.1)
H (95.62) MOXHO HOJNYUHTD

P{vam}Q( ) ( ) Q( ]v) (101.10)

KP{M,U}Q( ) (_]vk ) (1'01.‘1'1)
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CrienoBaTesbHO, NPH STOM ISt Qg == KPe; | 15}

00— {o( *). o))+
+{Q(—jlk ) ...,Q(?j )} (101.12)

u peanndyercs cayuafi 11B (98.60) ans HenpuBOAMMBIX KOmpen-
craBieHdR rpynns & (k).

B cayuae BosiHOBHX BekTopoB Tuna IIC (98.61) mMu MoxeMm
CHOBa BOCIIOJIb30BAThCA BEKTOPHHIM npocTpaHcTeoM (101.12).

Torpa B o6oux caywasx IIB u IIC noayuaemoe mupu srtom
npexcTaBjeHHe yHHTapHo# rpynnu (k) Oyner ananornyo (98.14) -
u (98.18), a ne (98.39) u (98.51). Uro6nl MONYYHTh NpelCTaBeHHE
@ (k) B o6biuHOl hopme (98.39), (98.51) mas cayuas II C, HyxHO
HaiTu matpuny P us (98.24). Torpa c¢ HaknenHon u3 (98.24) yuu-
TapHOH MarpHued f HIpocTPaHCTBO .

E(cok)(!)={Q(j’j), ey Q(].lj])}—l-
, +{Q(—hk)é(—h,k)} (101.13)
()prall) o

ZaerT B JABYX DAacCMaTPHBAaeMBIX CJIyuasX HPEACTABJICHHS TPYNNbHI
@ (k) B dopme (98.39). '

ITo (101.9), (101.12), (101.13), ucrosb3yst npoUEAYPY HHAYIH-
pOBaHHS, MOMKHO I[OCTPOHTb TOJHOE BEKTOPHOE NPOCTPaHCTBO
S(co *#) (), D10 moOsHOE mpocTpaHCTBO Gyser Gasucom pds Dico *&) (),

B cayvae I A, B u C npuMeHuMa Ta e apryMeHTallus, HO Te-
nepb aHTHYHHTapHbIA 3JeMeHT paBeH ap == K. Ilpu atom (101.12)
UMeeT BHJ o o

o) a( o2 (1))

~ . (101.15)

3xech MOXHO BOCIOJbL30BAThCA TEMH e PACCYXACHHSIMH, uTO H
npu BuBoze (101.13) u (101.14), o Temepr MaTpHua B yxke H3-
BeCTHAa M ee CBOACTBA omlpelesennl cooTHomenusaMu (99.6) u (99.8).
Ee moxno nafiTn u3 (98.24) c¢ yyerom (99.6) u (99.8). )

Tae
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§ 102, CoGcTBennnie Bexropnl matpuust D(ER) kak 6asuc
HEMPHBOAHMbIX MPEACTABJEHUH rpynnb &

Iocie paccMorpenuss .§ 87—100 Bepuemcs kK § 83 u o6cynum
B PaMKaxX TeOPHH KCIpeACTaBJeHHH CBOHCTBa Nmpeobpa3oBaHHs COO-

k
) 3 (83.4). Uro6u mosayuuts (83.5),
i i

MBI MOJb30BAJHCh INOJHOTOH Ha60pa BLIPOXKIAEHHBIX COOCTBEHHBIX
BeKTOPOB JuHHaMuyeckoit MaTpuus! [D(k)] npu ¢ukrcupoBanHOM K.
DTta NoJHOTa ONpeleseHa TOJbKO N0 OTHOMIEHHIO K IPOCTPAHCTBEH-
HOM CHMMETPHH, T. €. IO OTHOUIEHHK K YHHTADHbIM OlepaTopaMm
rpynnst G (k). '

PaccmaTpuBaemasi IPOCTPAHCTBEHHO-BpeMeHHas rpynmna ¥, fs-
Jgqpoliasica MOJHOR rPymnofl CHMMeTpuUH IJsi HanleH 3ajauH, uMeeT
HENPHBOJHMBIE KONPEACTaBJIeHHs. B uacTHOCTH, TPOU3BOJIbHBIH COO-
CTBEHHLIA BEKTOp IPH (PHKCHPOBAHHOM R, OTHOCAIHMICSA K COGCTBEH-
Homy sHauenuo o?(k|j,), KoMKeH BXOAUTb B HA0ODP BLIPOKIASHHBIX
COGCTBEHHBIX BEKTOPOB MaTpuun D # (), [Tostomy (83.5) caenyer
3aMEHHTb Ha \

k k
Pogne(| ) = Zoe e ). ooz

B cymmy no v B (102.1) HyHO BKJIIOUYHTb BCE COGCTBEHHBIE BeK-
TOpHI, BXOAsLIHE B Ga3HCHOe MPOCTPaHCTBO X(°# () pig Hempuso-
JIAMBIX KONpeACTaBJeHHH. DTH COGCTBEHHBle BEKTOPLI B TOYHOCTH
COOTBETCTBYIOT PA3JIHYHBIM JIHHEHHBIM BEKTOPHLIM IPOCTPAHCTBAM,

k)
, | Ha Basuc
I

CTBEHHLIX BEKTOPOB e(

o6eyxaabwumea B § 101, Ho ¢ 3ameno Oasnca u3 e(

;)

U3
Coornowenne (102.1) umeer cyliecTBeHHbIe NMPAKTHUECKHE NPH-
MeHenusi. Yacro B pe3y/bTaTe YHCACHHBIX DPacyeroB MHOJydaercs
k
coBCTBEeHHEIH BEKTOD e( i ),CHMMeTpmo KOTOPOro Haj0 yCTaHO-
w
uth. Ecam anasoruuno (102.1) ucmoab3oBaTe nJis 3TOr0  HHUCTO
NPOCTPAHCTBEHHEE OTEPATOPH, TO BaXKHO NPEACTABASATH cebe, yTO
noJlyueHHble JIHHeHHble KOMOUWHALMH XapakTepH3YIOTCS He TOAbKO
marpuieli D® (), Ho Takke MaTpHIe# KONpeiacTapleHus D& o),
TakuM o6pa3oM, 4TOOH YCTAHOBUTb THI KOTIPEACTABJIEHHS, HALO
[OJHOCTBIO ONPEIeNUTh CHMMETPHIO HEKOTOPOTO COOCTBEHHOrO BEK-
TOpa, MPOU3BOJS Npeobpa3oBaHHe STOr0 COOCTBEHHOro BeKTOpa C
[OMOIIBI0 BCeX oONepalliii MOJHOH IPOCTPAHCTBEHHO-BPEMEHHOR
rpyons §(R). . S : . o
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§ 103. Onpeneneune CHMMETDHH - HOPMAJIbHbIX KoseGanui
. hpncwdmnqecxon pemieTKH

Tenephb MBI MOXKeM 3aBepIUHTH pellleHHe 3afauu, KOTOpoe ObLIO
IpepBaHO ImocCJje § 82, 83. ,IlJm AAHHOTO KpHCTaJja C HPOCTPaH-
CTBEHHO-BPEeMEHHO! rpynnoit & MOXKHO ONpeAeNHTb CHMMETPHIO
BCEX CYLIECTBYIOIIHX HOPMAaJbHBIX KOJeGanulil KpucTalinuecKol pe-
IIEeTKH.

[TocMoTpum, ueM MBI paclosJaraeM JJisl PEIUEHHs 3TOH 3a/avH.
Mer uMéeM NOMHLIH Ha60p HeNPHBOAKUMBIX IPEJCTABACHUH rpy s,
B uacrHOCTH, MMeEIOTCA HENPHBOAHMBlE JONYCTHMEIE NpeAcTaBJe-
uust rpynnsl & (k). Eciu Bektop B pas kaxporo (k) oTHOCHTCA
K knaccaum I, 11, 111 w3 (94.2), (94.3) u (94.4), T0 MBI MOXKeM ycTa-
HOBHTb, OTHOCHMTCA JIH JaHHOE HENPHBOIMMOe KONpEeACTAaBJIEHHEe K
tuny A, B, C u3 (98.59), (98.60) u (98.61). Torma Mb MoxeM ycC-
TAHOBUTD, BHIAE/ISET JIH HEeOPUBOJIHMOE KONPeACTAB/IECHHE OLHO He-
NpHBOAMMOE IpeACTABJIeHHe YHHTApHON NMOArPYHIHl JuGo xBa. Bo
BTOPOM cjlyuae, KOrna uMeeTcs HENPHBOLHMOE KONpeACTaBJIeHHE
tena B uau C, BHeasiouUiee NPIMYIO CYMMY IBYX HENPHBOIAMMBIX
npeicTaBleHHH, YCTAHOBJIGHO, KaKHe HMEHHO ABa MpPeJCTaBJeHHs
06beIMHAIOTCS (HaanMep, B cayuae C npexacrasienne D (m) Bxo-
IAT ABaXKAbL, B cayuae B BXOAST ABa HEIKBHBAJEHTHBIX IperCTaB-
Jdenuss D& (m)),

[Tycte Teneps, xak u' B § 82, HaM ZLaHB TaKKe NPeACTaBJAeHHS
D® @ rpynno @ (k). das xaxgoro anementa B (k) cucrema xa-
pakrtepoB mias D® @ onpenenena B (82.21) u (82.22) caenyroumum

obpasoM:
x<”’ () ({cp,x [ 'lx})' {103.1)

Ho Tax kax Ha6op COﬁCTBGHHbIX BEKTOPOB sABJsAeTC (asHcoM J0-
NyCTHMOFO HENPHBOAHNMOTO KONpeICTaBJAeHHs rpymxbl @(k) MBI
JOJKHE BHIIOJHATL PasJsoKeHHe

(8 (€) == Z ylco B) (m)g . (103.2)
m

rae Cm-— YHCIO Pas, KOTopoe Mm-e HeNpHBOLHMOe KOIpencTaBJcHHE
Dteco & (m) rpynnm & (k) nosipsisieTcst B npencrasieHuu D) €) Hasu-
COM KOTODOTO CJy:KaT COGCTBEHHHIE BEKTODHL.

OGosnaunM xapaktep Do) ™ yepeg y(co# (™, Uro6r ycrao-
BHTb HaHGoJsiee MPOCTHIM CNOCOGOM, CKOJIBKO Pa3 MOABJSETCS j-e He-
NPHBOAHMOE TipeficTaBJjeHne rpynnsl & (k), MOXHO BEIIOJHUTL TOMb-
KO pasnogxeﬂne,no yHuTapHo#t noarpynne. Toraa- -

=g Z xR @ ({q”;. ‘ r‘a}) x® ({‘p’A' ). (103.3)
iy §
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CymmupoBanue B (103.3) Hier mo yHHTADHHIM 3J€MEHTaM IPYIihi
® (k).. Xapakrep y® @ no.nyqu B (82.21). BunuueM 5TOT pesyib-
TaT 34eCh; - :

- -

1@ ({or, [71,}) =
== (1 4+ 2cos ¢y,) ; D® ({e | — Ry (M@lh, x”)}) 6“@‘1{ xy  (103.4)

rue
Ry (%a,,, %) (103.5)

€CTb HEeKOTOPBIH BEeKTOD TPAHCAALMH peweTkH u3 (82.8), saBHcAmul
OT MOJIOXKEHHS ABYX aTOMOB DeIUeTKH, CBA3aHHBIX NOBOPOTOM @,.

Beauyuna

6“¢[h’ ®” ( 103.6)

onpenesnena B (82.16) u (82.3).

Taxum o6pas3oM, MbI MOKeM BHIIOJHUTH NPOUEAYPY DPasJoxe-
HHA Tpencrasjenus D® @) Gazucom KOTOpPOTO SIBASAIOTCS COGCTBEH-
Hble BEKTOPLl, Ha HENPHBOAHMMBEIe NpejcTaBjeHus D®#{m rpymnmbl
G (k). 3nan, x kakoMy u3 THnoB A, B, C npuHaae}xHT MHAYILHPO-
BaHHOe NPeACTaBJEHHUE, MBl CPa3y »Ke MOXKEM BLINMOJHHTL Pa3Jjoxe-
HHe D®(©) Ha HenpuBOJMMBle KONPELCTABJIEHUS rpynns ¥.

BaXHO OTMeTUTb, UTO NOMHMO OOLIHX CBeIeHHH O CTPYKType
NpPOCTPaHCTBEHHO-BpeMeHHOH rpynnsl mias nodyuerus (103.3) mu
HCNOJIb30BAJMH CBeJEHHA O KOHKDETHOH JOKaJH3alHH ATOMOB, O
CTEXMOMETPHYSCKOM COCTaBe, 0 CTPYKTYpe KpHCTANIHYecKHX Gasuc-
HBIX BeKTopoB. CTpPYKTypa 3JeMeHTAapHOH sueHKH OIpelelifeT Be-
audnesl Ry # 8 B (103.6), cienosaTenbHo, 3Ta CTPYKTypa onpene-
JsieT H PeastbHyI0 CHMMETDHIO KOJeOaHH{ PelleTKH.

dra nporpamMma Oymer peasHzoBaHa Huxe B § 138, rpe 6y11eT
yCTaHOBJIEHA CUMMETPHS (JOHOHOB B KPHCTaJJaX ¢ CHMMETPHeH Ka-
MeHHOH COJIM W aJjiMasa.

/)
i

u3 cBoilictB cummerpuu. Onpepnenenue COGCTBEHHBIX 3HAYEHHI
JAMHAMHYECKOH MaTpHIbI

§ 104. Onpegenenue coOCTBEHHBIX BEKROPOB e(

Kak noxasano B § 103, nia koHKpeTHOro KpHucTania (T. e. AJs
3aJlaHHOTO COCTaBA M 3aJaHHOM IPOCTPAHCTBEHHO-BPEMEHHOH TIpyl-
nul &) usBecTHO, KaKHe HENPHBOAUMbIE NPEACTABJEHUSI CYIIECTBYIOT
npu 3ajaHHoM sHaueHuu k. Popmysn npesefenns (103.2), (103.3)
JaloT HaM oTy HH(bOpManHio,
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OnpenennM Tenepb cOGCTBEHHBIE BEKTOPEl KOJMEOaHHH peIIeTKH

e( ] ) B TOH Mmepe, B KOTOpOfI 3TO JONyCKaeT TeOpeTHKO-FPYNIIOBOE

paccmorpenre. OueBMAHO, €CJH HAaM [JaH OAMH M3 BBIPOKIEHHBIX
COGCTBEHHHBIX BEKTOPOB, HANPHMED OTHOCSILMHCS K NMPEACTABJIEHHIO
k

D® ) pexTop e(]. , TO NPHMEHEHHEM ONEepaTopoB CHMMETDHU
rpynnsl & MOKHO L;IoJIylme Bce ocCTaJbHBle BeKToprl. Kako#-in6o
].k ) MOXKHQ ONpeje/uTh BMe-
CTe CO BCEeMH NPOYHMH BprO}KJIeHHbIM; C HHM BeKTODaMH YHCJEH-
HBIM pellleHHeM IHHAMHYECKOro ypasHeHHs. [IpuMeHeHue omepanuit

k ) i
i npen-

w

H3 TaKHX COOCTBEHHBIX BEKTOPOB e(

CHMMeETPHH II03BOJISIET IIPH 3TOM ycTaHdBI/ITb, Jaet Jin e (

craBjenne DU, rpynne @ (k).

Bonee ypobHo, BooOlIe roBopsi, HCIOJMb30BATh HEKOTOPHIA 3KBH-
BaJIGHTHDbIH, 3apaHee sajaHHbLII 06a3uc, uHepe3 KOTOPBIE yIOGHO
ONIpefenuTh COOCTBEHHDBIE BEKTOPH, OTPAKAWIHE CHMMETPHIO, T. e,
KOOpAHHATHl cHMMerpuu. McxoAHBIM 0a3licoM OpPH 3TOM SBJSETCS
IIPOCTO COBOKYIIHOCTb 3aMMCAHHBIX B AeKapTOBBIX KOOPAHHATAX efiH-
HHYHBIX CMEIIeHHH, O ONHOH KOMINOHEHTe HA KaXAYI0 MeXaHHYe-
CKYIO CTeneHb CBOGOAB KpHCTada (II0JHOE YHC/IO CTeNeHeH cBOGOH
paBHo 3rN). KompeacrasieHHs Ipynnst &, NoJyYeHHBIE C MOMOLIBIO
Takoro 0a3uca, OOLIYHO HA3HBAKT «MEXAHHUECKHMH» HJAM <NOJ-
HeIMu» TnpencraBieHusaMu [49]. Beexem caenymomue o6o3HaueHus
JJis eAMHHYHBIX JEKApPTOBBIX CMeEILIeHHII:

o () () sz ()} o wn(1), emrza

(104.1)

1
Besuununa AXa(%) SIBJISIETCS CL-KOMITOHEHTOW AMIIMTYABI €JHHHY-

HBIX JI€KAPTOBBIX CMellleHH#I, OTHOCUTEIbHO NOJIOKEHHSs paBHOBeCHA

l
r"( . [Tosuwifi Habop 3rN TakWx CMeLIeHHA OXBaTHBaeT Bce
%

BO3MOXKHBIE HOpMaJsbHble KoJieGaHHsT KPHCTAaJLIA.

IMocTtpoum Temepb GJOXOBCKHE BEKTODH € BOJHOBHIM BEKTOPOM
k, cooTBETCTBYWOIIHE 3THM 3JeMeHTapHBIM cMeuieHHsM. Iasi storo
BOCIOJb3yeMCsl ONepaTopoM IpPOeKTHpoBaHHs (25.4):

it [ '
'Axa(xlk)=:jﬁ2ek”LAxd(%), a=1,28 x=1,...,r
- £ - . (1049
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SlcHo, 9To AJs 3aJaHHOrO k HMeercs 3r TAKHX Gnoxoacxnx BEKTe-
poB. I/ICHOJIBSYH HX B KayecTse 0asnca, Mb MOXeM HOCTPOHTD
3r-MepHOe npecTaB/eHHe MaJofl rpynmsl H(k) = @ (k) /T (k), ompe-
nenennoft B (39.9). CnenosarellbHo, ecid P, ¢,3 ABJISETCS 3ile-
mentoM @(k)/T(k), TO MOXHO HAaWTH pe3yNbTAT NPHMEHEHHS! 3TOTO
- omeparopa K cymMe (104.2). Tax kax 3r cymm (104.2) ob6pasyior
MOJIHOE N¥HefHOe BEKTOPHOE [IPOCTPAHCTRO JJ/I5i BCeX HOPMaJIbHEIX KO-
neGanuft ¢ BOJHOBLIM BEKTOPOM k, a Takke sABJAIOTCA NOJHBIMH 110
OTHOIIEHUIO KO BCEM BO3MOMHBIM €JHHHYHBIM CMEHIeHHSIM, TO pe-
3y TbTaTOM NeACTBHS Pyg | :) Ha TaKyl0 CyMMY OyneT BOSHHKHOBEHHE

JHHeliHOH kKoMOuHaluH Bcex 3r Beauunn (104.2). Takum cnocoGom
MB TOJYY4HM TpencTaBjeHyue D (A 6azucoM KOTOPOro ABASIOTCT
e/IMHHUHEIE N€KAPTOBEI CMelleHHsl. DTO NpeJCTaBJeHHEe TaKXKe HA3H-
BalOT <NOJHHM» npeicTaBieHneM. Korxa D'® (4 mnpeoGpasoBaHo
B NIIPSIMYI0 CyMMY JIOMYCTHMEIX HENPHBOAHMEIX NPEe/ACTaB/IeHUH rpyn-
ne G (k)/T(k), Mb mMoxeM HafiTH crhenuajibHble NPeICTaBJIeHHS,
BO3HHKAWOUINE B 3ajaYe O HOPMaJbHHX Ko/aeOaHufAX, T.e. CHMMeT-
PHIO BCeX HMEIOLIHXCsi HOPMAJBHBIX KOjeGaHui. .

[Tosesno OTMEeTHTH 3M1eCh BaxKHOoe o6croATesbcTBO. Kak mnpo-
CTPAHCTBO

30 O = {AX (1|k), ..., AZ (| k), (104.3)

TaK H MPOCTPAHCTBO

k k
(%) (&)
pX _{e(ljl),...,e( j;])} (104.4)

06a SIBJAIOTCS NOJHEIMY JHHEHHEIMH BEKTOPHHIMH IPOCTPAHCTBAaMH
JUI COGCTBEHHEIX BEKTOPOB AMHAMHYECKOH MAaTpHOH NpH (uxcupo-
BanHoM k. Bo-nepBrix, (104.3) mocTpoeHo u3 37 NeKapTOBHIX KOM-
IOHEHT eIMHUIHBIX CMellleHHH aToMOB; Bo-BTOpPhIX, (104.4) moctpoe-
HO M3 HOJHON COBOKYMHOCTH 3r COGCTBeHHBIX BEKTOPOB JHHAMHYye-
ckolt MaTpuubl npH 3anaHHoM R. Ofe COBOKYIHOCTH NOJHHE, MO~
9TOMY OHH 5KBHBAJNEHTHB Apyr Apyry. C/eloBaTe/]bHO, CyLIeCTBYeT
yHUTapHast MaTpuna S, Takas, 4To

. STz Mg — sk @), (104.5)

Torpa ¥ npexcraBieHusi yHHTapHOH noarpynnul ©® (k) Toxe poa-
JKHH OHTH 5KBHBAJECHTHLIMH:

s“p""“”s:w"” @, (104.6)

V6enamca B cnpaaennunocru (104 6), HCHOJIbSYH onpenenenue
XapaKTepoB
8Sp D*) () gz y(®) (), ’ (104.7)



s

Cummerpua u xagccuueckas GUHAMUKA pelleTKU 293

Kak 06ruHO, MOAEHCTBYeM omepaTopoM P{";;I‘z,} Ha eJHHUYIHbIE

. "N
JIeKapTOBH CMelleHus (AXa)(%) L

(Pyey | 153 AX), ( w ) = (AX{‘?}A)a ( w ) = ;cpm'3 (AX)ﬂ( %o ). (104.8)
Torxa nosepHyTHA 6J0XOBCKHH BeKTOp 6yaeT paBeH

AX(o By=—— Y e* R px ) (1
(M) (e 9= 2 (8em,), ()

! . ! |
-— ; (@1)ag ; et RL (AX)ﬂ(%: ) (104.9)

IlpousseneM Takyw 3aMeHy HHIEKCOB CYMMHDOBAaHHS, YTOGH
CYMMHDPOBATh N0 BeJHYHHAM

’ RL%Eq);‘ R, —q;t-t,, (104.10)

Ri=q,- RI“M + £, . (104.11)
Torna
(AX{"A,})UL (H' l k) =

1 i (B Ry bhoty s, -
_«/ATZﬁ:(%)aﬁ%e A .)(AX)B(W)
=" (Bidag (BX)y (g, | B).  (104.12)
. B

[Mpu nonyuenuu (104.11) Mb1 BOCHONB30OBAHCE TeM, uTO {@;|f} oT-
nocurcs K rpynne @ (k)/T (k). Tak kak {g,|?,\} aBasgercs onepaunen
CHMMETPHH KPHCTaJa, TO HHIEKC %g, OTHOCHTCSH K OLXHOMY H3 f
aTOMOB B 2JIeMEHTapHOH siuelike.

Eciim MHIEKCH % H X, OTHOCATCS K aTOMaM, 3aHHMAIOILHM
OJMHAKOBOE IIOJIOXKEHHe B 31eMeHTapHol syefike, T. e. OTHOCATCS
K OIHOH TpaHC/SIMOHHON peluetke BpaBs B KpHCTaJ/ie, NOCTPOEH-
HOM H3 HECKOJBbKHX SKBHBAJIEHTHHIX B3aHMONPOHHKAMUINX PellleTOK
Bpass, 1o (AX)g (%e, | k) == (AX)g (x| k). Caenosareasro, B (104.12)
COMePKUTCS OTJIHUHBIA OT HYJISl BKJAJ B Xapakrep NpelCTaBJeHHS,
6a3nucoM KOTOPOro SIBJIAETCS 37-MEPHOE BEKTOPHOE NPOCTPAHCTBO
(104.3). U3 (104.11) scHo, 4TO MH Cpasy NOJYYHM Xapakrtep (cjaex)
npexcrapaenusa D® A, Iing onepauud {q,|f;} oH paseH

, ;
Sp DA B) Qa1 6)) = == eik-fl (14 2cosqy) Zl Ox, xg, * (104.13)
. ’ . Y
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3neco
1, ecau x ¥ %p, OTHOCATCA K OJHOMY H
TOMY XK€ aToMy AdYelkH, © o (104.14)

O n. =
N
0 BO BCexX NPOYHX CJydasix. .

CyMma naer 4HCJIO aTOMOB B 3JeMEHTAapHOH suelike, JHGO OCTalo-
IMXCSl HeM3MeHHBIMH, au60 npeobpasyeMblx B aTOMBI TOH Ke pe-
wetku bBpass. Ocrasnbable MHOXHTeJqH B (104.13) Bo3HUKAWOT H3
TpaHcAdIHoHHOro haszoBoro MHoxkutTesas B (104.12) u us caena mo-
BoporHo#t MaTpunpl. [Ipumenss (104.13) ang kaxgoro sieMeHTa
HJIH TIPeJCTaBHTeJsl CMexXHoro kjaacca B @& (R)/T(R), Mp NOJIYUHM
NOJIHYI0 CHUCTEMY XapakTepoB % {», Drg cucTeMa 3KBHBaJeHTHA
(103:4) u, caenosarenpno, (82.21), uTo coBceM HeyAHBHTENBHO, TAaK
Kak ofe cHCTeMBl NOJY4YEHH ORHHM W TeM ke crnocoBom. OmHako
6asucuoe npoctpancrso 2PN Gosee yno6HO Ha 5TOH CTaiuu BhI-
YHCJIEHHS KOODIMHAT CHMMETDHH.

Hanomunm, uto B (82.19) 66110 nokasano, uro D®® ecrs nps-

" Moe npousBeserne; cieoBaTenbro, D¥ ) toxe sBasercs NPSIMBIM

HPOHN3BeJeHHEM:
D(® (8) == D(r) & D(nepect), (104.15)

Cuenyer oTMeTHTh TakKe, 4To DePeeT) gmysercss 0606meHHONA MaT-
puuei nepecraHoBok ¢ siaeMeHTaMu D® ({e| — R,}), pacnoJioxen-
HEIMH B BHJE CTPOKH HJIu cronbma.-OHa ycTaHaBJHBAaeT CBA3b C
BOJTHOBBIM BeKTOopoM k. UTOOB! NOIYUMTD NPaBHJIbHO JHHEHHBIE KOM-

6UHALIMH OCHOBHBIX IeKaPTOBHIX cMelieHuil B mpocrpamcTee 3P &)

HYKHO BBUIOJHHTb IDHUBEIEHHE D®™ y onpeneants Ads 3TOrO
Takyw Martpuny U, 4ro
UT'p® Wy =pW A, (104.16)
rae D® ™) pveer nosHOCTBIO NpUBELEHHYIO dopmy:
D(k) 4y __ D(k) (i)@ @D(k) (V) (104 17)

npuueM (104.17) CcOmepHT Bce HENPHBOAMMEIE NpeCTaBJICHHS
rpynnst & (k). [Ipeo6pazoBanHae Ha3ucHOe NPOCTPAHCTBO, COOTBET-
creyloutee (104.17), torna uMmeeTr BUI

UTis® @y 3@ Dy - gys® 0, (104.18)

3anaua cBoAMTCS HPH 3TOM K onpexestexur U.

Hanomuum, uto u3 dopmyn (103.2), (103.3) nam usBecTHo, Ka-
KMe THIbl HeNnPHBOAMMEIX npeacraBieHuii D U) moryT nosBHTbCS
IpH BBINOJIHEHWH mpuBeneHus (104. 17) Ins xaxjoro tHna j He-
npunonnmoro NpeACTaBeHns, 1/ KOTOPOro

=1, (104.19)

N
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Mbl MOXKEM Cpasy HallTH NpaBUJbHLIE JHHEHHbHE KOMOWHAUHH, NPH-
MeHsIsl OllepaTop NMPOEKTHPOB&HHS MJisi j-rO AOMYCTHMOro NpeicTaB-
jgenus rpynnel @(k). Eciau Mbl paccMaTpuBaeM 3JeMeHTH TPYTIE
G (k), To aTH omeparophl MOKHO B3ATh M3 (16.3) mau (16.5). Ha-
30BeM 3TH omepatopul P* (), Torpa

P(k) (i)z(k) (4) s Z(k) (]). (104.20)

Onepatop npoekTHpoBanus p® () ecTeCTBeHHO, H3BECTEH M3 BCEro
NPENUIeCTBYIOUIEr0 TEOPETHKO-TPYNIIOBOrO aHaJ/H3a.

Ecan ¢; > 1, T0 npuMeHenHe oneparopa npekrupopanuss P*) U
K DasJHYHbIM GasMcHbBIM BekTopam B X¥ (A (1, e, K pa3NHYHBIM
JeKapTOBLIM KOMIIOHEHTAM eIMHHUHBIX CMELleHHI aTOMOB) HaeT He-
CKOAbKO JIHHEHHO-He3aBHCHMBIX NPOCTPAHCTB OXMHAKOBOH CHMMET-
puu Z® ), Wx npaBHJbHbE JHHEHHBle KOMGHHALMH

@EO D g 3@ L (104.21)

MOYKHO HaWTH TOJbKO MPH pPeuleHHHM JAHHOTO XHHaMHueCKOro ypaB-
HEeHHs, 32 HCKJIIOUEHHEM HEKOTOPLIX NPOCTLIX, HO BAXKHHIX CJyd4aes.

IlpuMepoM Takoro oco0oro ciayuas MoxeT ObITh TeUKa R =T =
= (000), ecau aMeeTcst Gosee UeM OAHO KoJeGanHe aKyCTHUECKOrO
THIA C OAMHAaKOBOH cumMmerpueh. Toria akycrnueckoe kosnebanue
(0? = 0), OUYEBHAHO, ONpEENSAETCS TPeMsl BEKTOPAMH GO CJAeAylo-
LIEMH KOMIIOHEHTAMH:

Zg)(A)={AX\(1|IT)» 0, 0, AX(2|T), ...},

(104.22)
3P @ =10, 0, AZ(1|T), ..., AZ (r|D)}.

Eute onno KosneGanne tHna I' ¢ Takol ke cummerpuehi u 0?(I']j) 50
MOXKHO NOJHOCTDBIO OIPENEJHTh C NOMOLIbI0 ONEepaTopa MPOeKTHPO-
BaHUs H Tpe6oBaHHSA ODPTOrOHAJBHOCTH pAa3JHYHBIX KoJebaHuH
(anajqoruuno § 47).

BosmoxHa ellle ogHa noJe3Has npoleaypa onpeneierus U, oc-
HOBaHHAs Ha TOM, 4To DI(F€PeCT) gpygercss MaTpHLeH ¢ pasMepaMH
r X r [78—80]. IlosToMy MBI cHauaJja HmeM MaTpuny S’ u!ocy-
mecTBaIseM IpuBeleHue D(ePeCT) Tak 4T

S/-—ID(nepecT)S/ —_ D(nepeﬂ)’ (10423)
3aTeM Haxoaum Marpuny S”, Takyw, 4TO
§""'pgr = p*, (104.24)

rae MaTpHua C 4epTOH ROJHOCTBIO NPHBEJIEHA N0 OTHOIIEHHIO K
rpynne @(k), u, HakoHel, HaxoauM (104.16). Takoe nociesoBaTeNb-
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Hoe HpﬂBeILEHHe oyeHb y1106HO B ‘!aCTHOCTH MOXKHO 3allHCaThb
Dtnereen) — D@ Dy ... @ e T (104.25)

yepes HENPHBOMMMblE KOMNOHEHTH No oTHomeHuio Kk & (k) (cHoBa
HCIIOJIb3Ysl H3BECTHLIE BeAHUMHEI ¢35~ () M 3aTeM HPAMBIM BEIYHCITE-
HHeM HalTH MaTpuuy S, ocymeCTB.Hmomy}o npuBejenre. Tax Kak
BEKTOPHOE INpeicTaBjenHe D) oxasbiBaercsi NPHUBEJCHHBIM JUIst
G (k), T0 mosyueHHE OKOHYATENbHOTO- HEIPHBOLHUMOTO MPEACTARIIe-
aus D™ yixe spasercs coBceM mpocTofi 3ajaueli; B KpaitHem
cayuae MOXKHO BOCHOJIb30BaThes kosthdunuentamu Kiebma — op-
JlaHa, ecJH OHU HaBeCTHH [51—54, 58]. B sTofi kHHre nMeercst 00-
cyxkIeHue Kosdpdunuenros Kiebura — lopnana s § 18, 60, 134.

Meron npsMo#l NpoBepkH TakXe fBISETCH BO3MOXKHBIM CIIO-
co6oM ompeneiennss U. Tak kak U — maTpuma ¢ pasMepamu
(3r X 3r) u Tak KaK M3BeCTHH ¢; H fiBHad HopMa KOMIOHeHT D& ),
TO omnpeneneHHe KoMnoHeHT U MOXKHO BHINOJHHTL NPAMOH INpo-
BepKoi,

[1pu BEINONHEHWH NPHBeACHHS, BEPOSITHO, I0Je3HO OOpaTHTh
BHUMaH¥e Ha ABHBA Buj D®(A), A uMeHHO: BBHIOODOM NOPSIKA, B
KOTODOM II€peuncJeHbl HOMEpAa aTOMOB B JIeMEHTaDHON suelike,
MOXKHO B3sTb D(# () B yacTHYHO AMArOHAJHU30BAHHOM BH[e, T. e.
B ¢OopMe DACHOJIOKEHHBIX BHe AMATOHAMH OJOKOB, YTC MO3BOJIfAET
rHanta U.

ITopBenem utor. PaGoTy mo BBHIYHCACHHIO NPABU/IbHBIX JIHHEHHBIX
KoM6uHanui gas D® ) yoxHO 06JerunTsb, JHOO HCIOJL3YS onepa-
TOpbl MPOEKTHPOBAHHS, JHO0 NPAMEIM onpeneeHuem U. Mu npoua-
JIOCTPHPYEM 3TO HHKe, KOTZa B T. 2, ri. 3 (B uactsocTy, B § 20)
OyneM aHaJH3HPOBATH OPOCTPAHCTBEHHYI0 Tpynmy a/jMas3a H Ka-
MEHHOH COJIH.

Uro6rl 3aBepIIHTb 3ajavy onpeaeJIeHuﬂ NpaBUJAbHEIX JIHHEHHBIX
KoMOHHALWH, HeOOX0HMO paccMOTpeTh oliepanyio obpalieHHs Bpe-
MeHH. 3MeChb MBI CHOBA HCIIOJb3YeM TOT (paKT, YTO THN KollpejcTas-
JIeHHsl, KOTOpOe COAEPKHT Bce BO3HHKawiune D® ) (1, e. mjis Ko-
TOPOrO B paccMaTpuUBaeMoM KpHcTaslle ¢; = 0), HaM ussecTeH. [laa
KONpEACTABJEHHS THIIA A, Korjia OrpaHvueHHBIMH NpelCTaBJeHHAMH
aBagiorea D® U), 6a3ucoM. HENPHBOAUMOrQ IPeACTABJICHHS CJIYMXHT
@D g ronpepcrasieHnil Tuna B u C pesyapratsl § 98 noka-
3BIBAIOT, 4TO fasucoM HempHBOJNMOrO npeacTaBieHUs CAYXKHT NpO-

CTPaHCTBO
TP D 30 D gy P =@, (104.26)

Jlerko yBeJMUYHTH YHCJIO COGCTBEHHEIX BEKTOPOB, COCTAaBJSIOLINX

P @ no6abnennem HafifieHHQro ¢ NOMOWbIO P, NPeoGPasoBaH-

Horo Habopa. [Ipumep Gyner npuBefeH HHXKe.
" ' B 3akiioueHde NOAYEPKHEM, UTO OCHOBHOR 3ajayefi sABJsETCS

onpe,neneﬂne coaoxyrmocm xoomeHaT CHMMETPHH Ads G (k). Eum-
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Bce ¢; == |, TO 3TO MOXKHO cleJaTh g0 KoHua. Ecam ¢; > 1, T0 cob-
CTBEHHBE BEKTOPH MOXHO ONpPEJeJHTb ¢ TOYHOCTBIO JO JHHEHHOH
KoMOuHauuyu., B kaxaoM H3 3THX cayyaeB AJA ONpeleeHHs 4Yuc-
JICHHBIX 3HAUEHHH YaCTOT HJH OCTAJbHBIX MapaMeTpoB HeoOXOIHMO
peliuTh AUHaMuuecKoe ypaBHenue. Ecau Bce ¢j= 1, T0 3Has Bce
COGCTBEHHBIe BEKTOPHI, MOXHO moctpouTh mMatpuuy E (R) us (79.14)
M 3aTeM HaHTH Bce COOCTBEHHBIE 3HAYEHHS TaK, KaK 3TO CHEJIaHO
B (79.16) u (79.17). D10 oueHb YIOOHO NPH HCCAENOBAHWH BJUSHUS
H3MEHEHHUS CHJOBBIX MOCTOSHHBIX HA COGCTBEHHBle 3HAUEHHS, TaK
Kak npu atom u3 (79.16), (79.17), (85.12) u (85.13) moxHO moJy-
YHTb SBHOE ypaBHeHHe A1 w?(k}j).

B HEKOTOpHIX HCCAeNOBAHHAX (HANpUMED, B TeOPHUH 3JEKTPOH-
pelIeToOYHQro B3aHMOACHCTBHA) HYXKHBI TOJBKO <«ToJble» COOCTBEH-
Hble REKTOPBl IHHAMHYECKOH 3ajadyd [Jis NAaHHOrO KpHcTakna, Mul
BHIHM, UTO HCNOJNb30OBAHHE OLEPATOPOB NPOEKTHPOBAHHSA NO3BOJISET-
cresaTh 3TO NPH ¢; == 1. B ocTaJbHBIX cayuasix NPHXOAUTCA peliaTh
NOJHYI0O JAHAMHYECKylo 3anaudy.

[1pu HesicHOCTH B HAeHTH(HKALINH BeTBell IO CHMMETPHH, Koria
HEeM3BeCTHA TOYHAs MOJeJb CHJIOBBIX INOCTOSIHHBIX, 3a744Ua BCe XKe
MOKeT OBITH pellleHa ¢ IOMOLIbI0 aHAJH3a MHOTO(OHOHHHIX' ONTHUE-
CKHX CIEKTpOB WH(GPAaKPACHOrO0 MOIVIOUIEHHA H KOMGHHANUOHHOTO
paccesiHus cBera. MHaue roBopsi, NpUMeHEHHE TEOPETHKO-TPYIIOBHIX
METOJI0B MO3BOJISIeT NOJYYHTb HEeCKOJbKO BO3SMOXHEX pelleHHH 3a-
Jauu, 4 3aTeM HaOJI0eHHe Pa3pelleHHbIX ONTHUECKHX NPOUECCOB B
(DOHOHHOM CHEKTpe KOMOHHALIMOHHOTO PaccestHHS aeT BO3MOMKHOCTb
HalTH SHePryuio OTHEJbHBIX (POHOHOB COOTBETCTBYIOIIEH CHMMETPHE
H, CJleJOBATENbHO, OTHeCTH ¢OHOHBI K ONpeNeIeHHEIM ONTHIECKHM
BETBSM.

Takum o006pascMm, uCHOAL3YH eLHHHYHLIE NE€KAPTOBL CMeEIICHHS
A5 TOJNY4YEHHS BCIOMOTaTe/JbHOrO BeKTOPHOFO IPOCTPAHCTBA
=® (A B KOTOPOM JIETKO BHIOJIHACTCS NpPHBEAEHHE, MOXHO NOJ-
HOCTBIO ONpeNeJHTh CHMMETPHIO KoJebaHH#. SICHO, uTo Takyio npo-
HeAYPY MOXKHO PEKOMEHIOBATH BHE 32BHCHMOCTH OT TOTO, HaHJeHH

)

H3 pelle-
w
Husl AHHaMHuYecKoH 3ajgayn. C Apyrofl CTOPOHBI, T€OPETHKO-TPYNMO-
BOf aHa/ M3 He MOXeT YCTAHOBHTb OTHOCHTeJbHOe pacloJioKeHHe
BeTBEH [0 BeJHYHHE SHEDPTHH; 3TO MOXHO CHeJaTh TOJBKO YHCJEH-
HeIM. MeTogoM. Ecin 1715 HeKOTOpPHIX 3HAUYEHMHA Kk OKa}eTcs, 4YTO
¢;>1 (r. e. paBHO 2 uiu GoJiblle), TO 3aBeAOMO OYAeT HeKoTOpas
HeOJHO3HAUHOCTD B MAeHTH()HKALHK BeTBefl N0 CHMMeTpHH. B 3TOM
cllyuae TaKXKe TEOPETHKO- rPYNNOBOA aHANH3 CJIEAYeT NONOJHHTH

pelicHuEM JHHAMHAYECKOH 3aga4H.

¢

JIH YHCJCHHBIE 3HAUeHHs] COOCTBEHHBIX BEKTOPOR e(
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[TpuMeHeHHe TeOPETHKO-TPYNNOBOTO
aHajn3a K cOOCTBEHHBIM BEKTOpam
B KJIaCCHUECKOH AMHAMHUKE PelUeTKH

§ 105. Beenenue

PesysbraTel Npeasyuiedl 171aBbl HMEKT MHOrO (hH3HUECKHX NPHU-
MmeHeHul. OueBuAHO, 4TO KJAacCHPHKanus CoOCTBEHHHIX BEKTOPOB
II0 CHMMeTPHH SBJsieTCs MOJIe3HOH caMma N0 cefe. 3aTeM CBOHCTBA
GHMMeTpPUH cOOCTBEHHBEIX BEKTODOB MOXKHO HCIIOJIb30BATH B Pa3HOTO
poAa «TeH3OpDHBIX» BBIUHC/JIEHHAX AHAJOTHIHO 6OJjiee H3BECTHOMY
KBaHTOBOMEXaHHUECKOMY CJy4alo, KOTOpPHH 6yieT ob6cyxmaTbes
HHXKe B Ivi. 11, rae HYKHO BBIYHCJIMUTD MATPHYHBIE 3JEMEHTHI, SIB-
JSOIIHECs HHTerpaJaMH OT IpousBeleHHH ¢(yHKuuA. B Knaccuue-
CKOH MHHAMHKE DelIeTKH peaJu3yeTcsi Noxoxas cuTyanusi. B He#t
OpH ONpeJesNeHHH CBEPTKH ONepaTopa ¢ COGCTBEHHBIMU BEKTOPaMH
BO3HHKAIOT BeJMYHHB], HANOMHHAIOIIHE MaTPHUHBlE BJEeMEHTH. Ta-
Kasi CBePTKa INOX0XKA Ha CKaJsIpHOE NPOH3BeleHUe, H IOJYy4alTCs
COOTHOILIGHHS, HaloMuHalouHe dopMmyay Burnepa — dxapra. Takoe
paccMOTpeHHe [oNycKaeT MAKCHMAaJbHOE MCIO/Mb30BaHHEe CHMMeET-
PHH, B YaCTHOCTH €CJIM HMEIOTCS B PACHOPAKEHHH COOTBETCTBYIOLIME
koshdunuents Kiaebuwa — 'opnana. Kak caeayer us § 18, 60 u
T. 2, § 16, xosdodunuents Kiebma — 'opiaHa aas NpocTpaHCTBEH-
HBIX TPYNI cTajd NyOGJHKOBATHCS TOJBKO B NOC/Ae[qHEe BpeMs, HO
MOXKHO HaNesiTbCs, YTO OHU OYIyT BHIUHCJIEHBH B OOJBHIOM KOJHYe-
cTBe B OunxahueM 6ynyuiem. Menosb3oBaHHe TeH30PDHOTO aHaJsly3a
yHnpollaeT pacueThl TaKOro poja M NOKa3HBaeT, YTO pacCMaTpHBae-
Mble METPHUHEIE 3JieMEHTH MOKHO NMPEACTABHTb B BHAe NPOH3Bele-
HHA <«NPUBEJEHHBIX» MATPHUHBIX Je€MEHTOB HA MHOXHTENH, NOJ-
HOCTBIO OnpefensieMble CHMMeTpHEH.

Tensopunif aHaJH3 TNOJe3eH IPH ONpelesIeHHH KPHTHUECKHX
To9ek ¢YHKIMH pacnpefeseHuss 4actoT ¢oHoHos. [Ipu sToM mnpu-
MeHSIeTCS TeOPHsSl BO3MYIIEHHH AJs BBHIPOXAEHHOTO cJAydYas, MpPHBG-
LAlasi, Kak Bcersa, K CeKyJspHOMy ypasHeHHro., OCHOBHEIE MarT-
PHYHLIE 3JIEMEHTHl B STOM yPaBHEHHM MOXKHO ONPeNeJNHTh C IOMO-
HIbI0 TEOPETHKO-TPYIIIOBOTO aHAJH3a.

CyliecTBYIOT MHOTHe ApYr#e NpUMEHEeHHs TEOPHH CHMMETDHH B
3ajaue KJACCHYECKON AMHAMHKH DeleTKH; HeKOTOpbie H3 HHX MH
KpaTtko ofcyiuM (HanpuMep, BBIYMCACHHE CHJIOBBIX OCTOSHHHIX, KO-
TOpOe MoAPOOHO BLINOJHEHC B paforax [4, 68]; Beluuc/eHHE IPYrHX
KpHCTa/IJIHYeCKHX MHBAPHAHTOB W KOBapHaHTOB). B uyacTHOCTH,

‘
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9JIEKTPHUECKH MOMEHT H IOJISIPH3YEMOCTb NMOHARO6ATCS HaM NpH
paccMOTpPeHHH HHQPAKPACHBIX CIEKTPOB H CNEKTPOB KOMOHHAIMOH-
HOrO paccesinus cBeta B T. 2, § b u 6.

§ 106, TensopHblfi aHAAu3 B JHHAMHKE pDeLIETKH

Mbl OyjgeM paccMaTpuBaThb BeJHUMHH, NOXOXKHe Ha BO3HHKAlO-
1Me B KBAHTOBOH MeXaHHRe MaTPHUHBIE 3JEMEHTH ONEPATOPOB H
BOJTHOBBle (YHKIMH. [l 3TOr0 MBI HalieM COOTHOLIeHHs, aHaJG-
I'HYHble TAaK HasbiBaeMo#l ¢opmyne dkapra — Buruepa [1, 2, 81].

B dopmynax (79.8)—(79.11) 6blan ompejeseHs 1Ba BHIA CKa-
JAPHHX NPOH3BEIEHUH paccMaTpPHBaeMBIX COOGCTBEHHBIX BeKTOPOB.
B HecKOJbKHX MNOCJAEJHUX naparpacdax Mbl JAOKa3ajdu, 4TO 3TH
COOGCTBEHHble BeKTOPH SIBJASIIOTCA 0a3HCcOM UM HENPHBOAHMEIX
KONpeAcTaBienuil rpynnel &. dTo NO3BOJISET PAa3BUThL TEOPHIO He-
CKOJIbKO JaJjbile. PaccMOTpHM CHauaJa YHUTADHble 3J€MEHTH CHM-
METDpHH, T. e, BHadaJie "Mbl 6yaeM cuuTaTb, 4TO COOCTBEHHble BeK-
TOpHl 006pa3yloT HeNPHBOAMMOE Npe/cTaBJeHHE Ipynnsr &.

a. Poap ynurapHeix asemMeHToB. PaccMOTpUM jeficTBHE YHHTAp-
HBIX ONepaTOPOB CHMMETDHH Ha MaTPHUHBIE JEMEHTHl HJIM CKaMasp-
Hple NPOH3BeJeHHS BEJHUHH, CBOHCTBA NpeoOpasoBaHHsT KOTOPHIX
onpenesiensl rpynnamu & u & (k) a, cienosarensho, rpynnamMu @
@ (k). Hama 3apmaua — HayuuTbcs ONPENENATb B TAKHX CJydasx
OTJIHYHBlE OT HYJIl MATpWYHBIE 3JeMeHTH. EciH OHH He DaBHH
HYJI0, TO Mbl HaHAeM MHHHMAJbHOE YHCJIO HE3aBHCHMBIX <OCHOB-
HBIX», WJIH «IIPHBEJEHHBIX», MATPHUHBIX 9JIEMEHTOB, Uepe3 KOTOphle
BEIPAXKAIOTCS HYKHBle HAM MaTpHYHble 2JeMeHTH [82].

PaccMoTpum Tenepb npou3BOJIbHBEI BeKTOP X B 3r-MepHOM mpo-
cTpaHcTBe (o, %); Takas BeJIHUMHA HMeeT 3r KOMIOHEHT, HyMepye-
MbIX MHAeKcaMu o= 1,2 3 ux=1, ..., r. Toraa, ecoiu X u g—
IBa TAaKHX BeKTOpa C KOMIOHeHTaMH X,(x) u Yy (%), To MH ompe-
JleJIHM 3PMHTOBO CKAaJSPHOE NMPOH3BEJeHUE

(X, V)= X, %)Y, (x)=X V. (106.1)
% a
B yacTHOCTH, pacCMOTPHM
((1%)- «([2))
el|. ), 11, .
i) \|i, (108.2)
rie . . :
h e( j ) otHocuTcss K DWW (N (106.3)
v .

1 sBadgerca GasucHoll ¢yHkuued A v-fi CTPOKH HEHPHBOAMMOIO
npexncrasienysi, PaccmMoTpuM npeofpaspBaHHe CKaJSPHOrO IpPOHs-
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BeneHns (106.2) mpH npeo6pasoBaHuu COOCTBEHHOTO BeKTOPa IOJ
IefdCTBHEM YHHTapHOrO oliepaTopa P{"’l;.ltlx} u3 rpynne @ (k). Tax

KaK npeofpasoBaHue ¢ NOMOIIbI0 YHHTADHOTQ ONepaTtopa COOTBer-
CTBYeT reoMeTpPHUYeCKH NpecOpas3soBaHHI0 K 9KBHBAJEHTHOH KOOpIH-
HATHOH cHCTeMe, TO CKaJspHOe NpPOU3BEAEHHE, KOTOpOe $BJAACTCH
YHCJAOM, IOJ/DKHO OCTaBaTbcs HeuaMeHHbIM. PaccMoTpuMm cHauaJa

YHCTYIO TPAHCJSAIHIO
k / 4
(P{”Rt}e( i) P{”Rﬂ"( j',))’: ‘
v v
, k 4
=D®( {e]RL}) D(”)({e]RL}( ( ) ( ” )) (106.4)
]1) ]v’
Teneps npocymmupyeM o6e dactu (106.4) no BceMm sseMeHTaM fpyn-
ol €. Tak Kak Nopsaaok € paBeH N, To, corjiacHo (24.8), umeem -

NZ(e( f)e( k)) ZD”’({SIRL}) D® ({e | R7}) X

8
%(e([5)- ([ D =mae=m(e(];)- (] ) aoss

CuaienoBaTesbHO, CKassgpHOe npouasenenue (106.2) ne pasro Hy.Jo,
TOJIBKO €CJIH

Rk, me k=K -42mB,  (106.6)

MMycty torna k= k’. PaccMOTpHM InpeobGpasoBaHHe COGCTBEHHBIX
BEKTOPOB NOBOPOTHLIM 3JeMeHTOM rpynnsl G(k):
; ))
. 1)
Iy

(e( Z) ’ e( ff,)) =(P{"”h | tliv}e( fv) » Py | nye (
(106.7)

WUcnmoab3ys (83.6) u cyMMupya pe3yJibTaT IO BCEM SJeMeHTaM
rpynns (%), nociie npaMeHeHHsl YCIOBUH OPTOTOHAJILHOCTH W HOP-
MHPOBKH AJ1 HenpnBonanxx npexncrasieHuit rpynne &(k) mno-

Jydaem
el
. ). e
1,/

g @(e(
AR

s

Iy ,
k 'k -
,,’ ))=’gl(1 ) 611,2 (l évvl

=((

Iy
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l,(e( Z),e( Z/))=o,,,aw};(e( :)e( f)) (106:8)

U3 (106.8) cnezxyeT', 4TO CKaJ/fipHOe nponss'e,ueﬂne (106.7) He paBHO
HYJI0 TOJbKO NPH j==j u v ="' u, KpOME TOTO, He 3aBUCHT OT V.
O6venunas (106:8) u (106.5), monyuuM B oflueM caydae

(e( f) e ( f;',))zA(k—k')aﬁlavmk, i, (106.9)

[ (&, f)E(e( Z), e'( Z )) (106.10)

—l‘IpHBeﬂeHHbII'/'I ManHquII'"I sjJeMedT. B cOOTBeTCTBHH ¢ OOBIYHBIMH
. k )
Ju

k
j ), IJIsl cayvasi, pacCMOTPEHHOro B
®

ycaoBuAMu HopmupoBku (79.10), (79.11) mas BeKTOPOB e(

T. €. JJHHH BeKTOpa e(

(106.2) —(106.8), noayuaem f(&, j)== 1. Obiee paccMoTpeHHe CKa-
JDHOTO NPOW3BE/ICHHUs THIIa (106.9) npuBoaut K (HOpMyJe, Halo-
MuHatoniei ¢opmysay BurdHepa — DKapra AJds MaTPHYHOTG 3JeMeH-
Ta. B atoMm- caydae f(k,j) urpaer poJib NpHBEEHHOTO MaTPHYHOrO
3JieMeHTa, KOTOPHH CJelyeT ONpenesuTh.
PaccMOTpHM cKaJsipHOEe NPOH3BeleHHE

EE (1) 2 (e )l

g ) , (106.11)
an B’ ¢

v

KOTOPO€ MOXHO 3anucath B BHIe

(7). e

].;I)) : (106.12)

€CJId yuecCTh, 4TO

(D(k) e( kv,))wag;gaﬂ( %;)eﬁ(%,' ;‘) (106.13)

Ecan (106.12) npeo6paszoBaTh C NOMOILLIO OHepaTopa P{q,mr,x} ,
rpynnn ® (k), To, yuurmBas (81.33), (106.9), (106.10), mosyunm

\(e( i), D(k)e( f

. )) = 8 0uve (ks ). . (106.14)
v o .
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CornacHo ypaBHemHsiM ABHUKeHHs (79.7), npHBeJeHHHH MaTPHYHELH
anement B (106.14) pasen

: ¢ (k; ))=0?(k]]). (106.15)
Ecnn P{"l;,]'lz} oTHOCcUTCH K rpynne & (k), To OH He 3aBHCUT OT v,

gro cootBercTByet (81.32).
fcho, uwro xapakrTep pesyabTartoB, coGpaHHBX B (106.10),
(106.14), 3aBHCHT OT BBIYHCJIEHHS CKAJSPHOI'O NPOH3BEJEHHS

(e(]%)- (|2 ). w0610

rae O — oneparop tuna [D(R)], uHBapHaHTHBEIR OTHOCHTEJNBHO Olle-
panuyu cHMMeTpud rpynnb & (&):

—1 .
Peoy, [7,3OP o, 1) =0+ (106.17)

Cootnomenue (106.17) onpepessier oneparop, HHBapHAHTHHIHA OTHO-
cHUTesbHO npeobpasoBanuil rpynne & (k).

O6o6masn (106.16), M MOKeM paccMOTpeThb KOBapuaHTHbm Ha-
Gop omepaTopoB

kll
O(mu)’ p=1,..., ln (106.18)

KOTOPHIH NPHHAAMEKHT K W-H CTOPOHE HENPHBOAHMOTO NPEACTABJe-
Husgs D®Y @ rpynoer © (B):

1% A 1%
P{e { RL}O(mu )= D) ({e |R}) O (’nu.’)

44 »

"l o iy 27 " ol )

Ha6op onepatopos (106.18) onpeaesieH 1o OTHOLIEHHIO K Hpe-
obpasoBanuam rpynnel (k). Ilpn awo6om Boibope Gasuca HaGop
onepaTopoB (10618) JIOJJKeH paccMaTpHBAThbCAd B NPHHUHIE KaK
4yacTh NOJMHOM COBOKYNHOCTH ONEPaTOPOB rPYHIH

4 14 4
O(k )’..., O(kar/)’...,o(ks'/).’ u;—_:l’..., lm’
My, - nty, _ m

/

B

rje BOJIHOBLIE BEKTOPHI TMPHHUMAIOT 8Ce BO3MOXKHEIE 3HAYEHHS He-
9KBHBAaJEHTHEIX BOJIHOBBIX BeKTOPOB B *k”/, B H3JI0XKeHHOM HMXKe
aHaJju3e Mbl OyfeM pa6oTaTh B PaMKaxX MeTofa NMOArPyNmsl W orpa-
HuyuMcA COBOKymHOCTbIo (106.18). 3xech uHTaTeli0 MOXKHO NOCO-
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BeTOBAaTb MPOCMOTPeTh OlpefeneHne KO3GGHIHEHTOB HPHBeJeHHS
B § 17 w' 57—>59. Yuurrias orpannyense (106.18), MoxkHO mpoaHa-
JIN3HPOBATh CKaJspHOe NpoH3BeleHue .

() o(E)(5)  wem

0

aHanoruuyno (106.2) n (106.12). Ilpexje Bcero sicHo, YTO MaTpHU-
HbIfl 2JeMeHT 6yJeT OTJIHYEH OT HYJs TOTAA M TOJBKO TOTAa, KOriaa
KO3 HUIHeHTh NPHUBEACHHS COOTBETCTBYIOIIER MaJjod rpynnsl 5y-
AYT TaK Ke OTJINYHBI OT HYJS:

(kj |R"mR|") %= 0. (106.21)

B (106.21) caenyer pasiuyaTh ABa caydasi, OTIMYAIOUIHECH TEM, UTO,
Ko3thpHUMeHT IpHUBeaeHNs JAUO0O paBeH eANHUIE, JHGO OKasHBaETCs
quCaOM, GOMBIIHM eJUHUILEL

Korzna xos¢pduinvent npuseleHns paBeH | H BOJHOBBHE BEKTODHI
TakoBe, 410 G (k)= @(k')= G(k), npumMeHHMa npocras INpo-
penypa. B sToM ciayuae Bce IHOBOPOTHBIE 3JIEMEHTHI ¢, OAMHAKOBLI

IJs TpeX BOJIHOBBIX BeKTOPOB M NIPOH3BeAeHHe NPe/CTaBdeHHHN
D®" (m) & D®) (i) (106.22)

comepXuT npeacrasiaenue D® () ronsko oxuH pas. Torma us I ue-
3aBHCUMBIX Ga3HCHBIX BEKTOPOB MOXKHO TOCTPOHTbL eRHHCTBEHHOE
lj-MepHOe BEKTOPHOe mpocTpaHcTBo I#) (),

L (L L B(/;)(i)}, (106.23)

R
rae 0% ' — cummerpusoBannas Bequunma, crosmas B Vv-i CcTpoKe
npeacTaBaenus D® )

k//
k
9&; y () = Z Z Uk”mu: IV k]vo ( m ) e(
woov ’

Torna [; mpousmemeHnit 0PN v=1, ..., l;) moryr paccmarpu-
BaTbCcs B KauecTBe Oasuca. Marpuunnie aneMeHTH Uprpmy, #7p7v', kiv
ABJAAIOTCA 3JeMeHTaMH Matpuiel KuaeGia — I'opmana, npepcras-
AsilolmMMH npousBedenne (106.22) B BuAe ONpPSIMOH CYMMEL, B KOTO-
poii Hac HHTepecyer TOJBKO mpeicrasjeHHe D® (), B paccmarpu-
BaeMOM CJyyae MBI TpPeLmOJaraeM, YTO TOJBKO OHHH 3JeMEHT
npeo6pa3oBaHHOR MAaTpPUIE! OTJHYeH oT HyJasd. IloBropsa paccy-
JKAeHHA, Koropele npuBean Hac kK (106.9), nonyqaeM BHpaxeHHe

(el

iv)’ "’””) i’ (&, 7) 7(106.25)

4

k
v ) (106.24)

v
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JUISE 5TOrO €QHHCTBEHHOTO OTJHYHONO OT HYJ MaTPHUHOIO 3/eMeHTa.
UToGH BRIYHCIHTL CKajsapHOe mpousBefenve (106.25), HaM HYyXKHE
epaxenns aas (097."),.. VIx moxuo momyunts, Cmoabsys cie-
AYIOIee COOTHOLIEHHEe AJI KOMIIOHEHT

(002~ Zown (5 ol [1). cosm

noacrasass sateM (106.26) B (106.25) u yuuThiBas COOTHOLIECHHE
OpTOTOHAJBHOCTH W HopMupoBk# (79.10). CinemoBaTtenbHO, omepa-
k

TOp O( .
Iv
HUTD B 3r-MEepPHOM MPOCTPAHCTBe KOMIOHEHT BEKTOpA CMeLlleHHs
e( o ) B GosbIiMHCTBe MPAKTHYECKH BCTPEUAIDIIHXCH cJyyaes
v .
TaKOe PA3JOXKeHHe Ha KOMIOHEHTH ¢ HHIeKCaMM ox, a =1, ..., 3,
®=1,-..., r, OKasnpBaerci BO3MOXKHHLIM., B NpPOTHBHOM cJayuae
NpUILJIOCh OBl BOCIOJb30BATHCA pas3joKeHHeM HAa KOMIIOHEHTH C
UHIEKCaMH My, KOTOPHIX TOXe 3r, H 3alHCaTh CKaJsApHOe MPOH3Be-
JeHHe ¢ AByMs Toukamu THnma (79.9) nau (79.11).
B cnyuae xorma kosthopuunent npusegenus (106.21) paBern 2 uin

GoJibHieMy YHCAY, OTJAHYHBIMH OT HYJsl OKa3hBalOTCA HeCKOJbKO
MaTpPHUHBIX 3jeMeHTOB. Mul OyjneM NOHUMATB 5TO CJAEAYIOUIHM 06-

pasom. Pacemotpum #abop (I, + ly/) npoussesenuii

) Jo/KeH OniTh TaKHM, YTOOHI ero MOKHO 610 pasiao-

o(k”)(k,) 1 z f=1 Ly. (106.27
mu é ]‘:” o =Ly 000ty V=1, 00, Wy ( . )

[Ipennonaraercsd, 4to atot HaGop (/- ly) Npou3BeNeHUH CONEPIKHT

GYHKUMH, KOTOPBIE MOTYT CJAYXKHTb 0A3HCOM M5 HECKOJbKUX JiH-
- Hel{HO-He3aBHCHMBIX IpocTpaHeTs 3% ) yncno KOTOPHIX PaBHO YHC-

JIEHHOMY 3HadeHHIo - Kos(pdunuenta npuseienus (106.21). Hampu-
Mep, NpeANoJoXKuM, 4TO Koadduunent npusemennsa (106.21) pa-
e 2. Torpa wumeloTcs ABe pasauuHble JuHefiHble KOMOHHauuu
bynxkoui (106.27), apaswmuecs 6asucoM AN xa#doil CTPOKH v B
npeigTasiaeHuy D ),

ITo6Bl ycTaHOBUTR 5TO HaunboJjee NPOCTHIM cnocoGOM clenyer
TIOCTPOHTH ONEpPaTop HPOeKTHPOBAaHHS

pRo, ~ (106.28)

KOTOPHIL BbifenseT J00yio GYHKIHIO, Npeobpasyoulylocd no v-ii
CTPOKe npencraBienus D® (), Tlpouexnypa nocTpoeHHs ONepaTopa
tuna (106.28) yxe ofcyxaanacy B § 16, u pesyabTaT npHBenéH
B dopmyse (16.3). IloxuepkHem, YTo MH Ha caMOM Jele pacmo-~

N
4o
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JlaraeM BCEMH 9JieMeHTaMH, HeoOXoJuMbIMU LA nocrpoenus (106.21)
o6oumu MeToAaMu, obcyxaasumuca B § 16: aubo uncro anarebpan-
4eCKHM MeTOJOM, 3aBHCSILHM TOJBKO OT CTPYKTYPH IpPYHNH, JHGO
C HCTOJIb30BaHHEM MATPHIL NOJHOTO Npeactasienuss D® () rpynnu
G (k). HefictBys onepatopoM (106.28) ua 6asuc (106.27), nosyyaem

. k//
2ol )

(1

K’ .
g ) (106.29)
i

[IpumaBag wHOIeKcaM W H V' JONYCTHMBIC 3HaUeHHs, MBl MOJYYHM
JBe Pa3JHYHLIX JHHEHHO He3aBHCHMBIX (YHKLHHU:

pm g™ (106.30)

Ecnun o6pasoBaTb cKaJdsApHBIE IIPOU3BeAeHHs 3THX @YHKUHE C
k

e(]

, ), TO Kaxpas M3 HHX JNacT JHHeHHO He3aBHCHMble MaTpHY-
Hble 3J1eMeHThl KO3 (HLUHEHTOB NPUBEIEHHS, & HMEHHO

v

k
/ (e( ]) g ‘”)Ec(k; ) (106.31)
- k‘\r’ .
(e( ; ) BL‘k)(’))Ec'(k; ). (106.32)
v

3zech CyliecTBeHHO, YTO KOHKpeTHRIE JHUHEHHO HesaBHCHMblE 6a-
suCHBEEe (DYHKIHMH NoJHOCTBIO ompegfesenn B (106.30). Ilpoussogs
HeoOXOAHMEBIE H3MeHeHHA, MOXKHO DaccMOTpeTh cJyda#i, Koraa
(106.21) Boapute 2.

PaccmoTrpuM Temepb caydal, Korga Bce HOBOPOTHI ;, He BXOZAT

0JHOBpEMEHHO BO BCE TPH I'PyNNEbI BOJIHOBEIX BeKTOpOB. Tounee, ecan
JaHHOe 3HaueHHe R YIOBTETBOPSAET YCJIOBHIO
= k=~k" 4k + 2aBy,

TO ﬂ.HH omepauui cuMMerpuH, BXoasmux B ®(R) u me BXOmAMX
B @ (k") u ®(K), umeem

k=g, k' +q, -K+2mBy, |, (106.33)
HIIH , , I
k=k;, + ki, + 2aBy. (106.34)

UTo6H NOCTPOUTD Telepb 104Ky 6a3HCHYI0 GYHKIMIO, MBI AOJKHEL
NPHMEHHTDb ONepPaToOp NPOEKTHPOBAHUA AJi51 ONpPeAe/IeHHRIX 3HAYCHUR

-
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k” k’ v .
Pi,’i,“”o( ’x)e( .,IA)' A=1,..., (106.35)

m, i%

pHV

M 18 6Cex 3Ha4YeHHH A, N7 KOTOPHIX MOBOPOT @, CONEPIKHUTCA B

B(k) u nHe comepxurca B R(R”’) u R(R’). 3areM, cobupas BMecTe
Bce (pynkuud u3 (106.35) ¢ GHUKCHPOBAHHLIMH 3HAaYEHHUSIMH K H V/,
MBI 1I0JYy4aeM TOT 6a3uC, KOTOPBIH HYXKHO HCNONb30BATH NpPH BLIUHC-
JeHHH 5JeMeHTOB «TPHUBEJeHHON» MaTPUIHL:

oR (i { p®) (g ( ki) ) e( ’i%)} , (106.36)
m Iy ‘

w

B, v — GUKCHpPOBaHel, A==1, ...,

) . ' k// k/
0, "’={P‘J’J mo(m’x)e( ].,’“)}, eo. (106.37)

(] ¥

Slcno, uto mpofieMa, ¢ KOTOPOH MBI 3/eCh CTaJKHBAeMCHl, CBf-
3aHa ¢ TOJHOTOH TIPOUEAYpH INpHUBeJEHHS B MeTOJe NOArPYIIHL,
MoXHO peKOMEHJOBATh YHTATENK BCIOMHHTb CONOCTABJIEHHME METO-
JIOB MOJHOH TPYNIBl ¥ MHOAIPYNIBl M NPH pelleHHH KOHKDETHOH
3ajaul y6eiuTbcsl B NOJHOTE JAIOOBIX Ga3HCHBIX GVHKUHMA, NOJYyUeH-
HBIX HamuM cnocoboM. MoxkeT oxasaThes, YTO Takas Npoieaypa
noTpefyeT pelleHHs Bcell 3ajayu MeTOAOM NoOaHOH rpymnsl. I[lpu
3TOM HYXKHO HAYaThb C NOCTPOCHHUSA HOJIHOTO Habopa GyHKUHE, OTHO-
camerocs K INpeacTaB/jeHUSAM MOJHONH INPOCTPAHCTBEHHOH TPYMIH

% ¥
o(mu)e( ].;’), (106.38)
R =k, ..., Kl w=1,...,1; '
K=k, ... k; v=1,..1

s i

3aTeM, MPHMeHSA ONEPaTOp NPOEKTHPOBAHMS K 3TOH COBOKYIHOCTH
dOyHRUMA, MoxHO Hafitn Habop GYRKUHH, npeobpasyromHXcs Kak
$(*) (m, Kak o6cyiK1a10ch B § 64, BasKHO, UTO MBI HMeeM €0 C

MOJIHEIM BEKTODHBIM NpOCTPaHCTBOM. [IOJIHOTY ciefyer TinaTe/bHO
nposeputs B (106.35)—(106.37).

Bo3MOXKHHE 3KBUBaJEHTHBIX MeTOX PpacCMOTpPEHHs 3JeMEeHTOB
«NIpUBeJieHHOR» MaTpHuH [54] oCHOBaH Ha onpejelleHHH KO3(H-
IHeHTOR NpeeGpa30BaHMA BEKTOPOB, T. €. MaTPHI, KOTOPHE MPOH3-
BOJAAT pasJoKeHHs NPAMOTo NPOH3BeNeHHs B IpaAMyio cymMy. Koraa
nucasach 5Ta KHATA, K43aJ10Ch, YTO 062 METOA2 HE HMEIOT fipenMy-
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mecTB Apyr nepen ppyrom. [Ipobiema sra Ao cux NOp u3yvaercs, #
MOXKHO OXKHJAATh JaJbHeALINX Pe3ybTATOB H Pa3biCHEHHIL.
[ToxBenem utoru. B aTom maparpade MH paccMOTpenH AeHCTBHE
YHCTO YHHTADHBIX OMepaTopoB u3 rpynns @ (k) Ha GasHCHblEe (YyHK-
UHA H, CJejoBaTe/bHO, Ha MaTpPHyHble 3sjemeHTH THma (106.20).
Ec/in MBI XOTUM YCTaHOBUTDb -KOHKPETHb6LY BUJ MaTPHUHBIX 3JIeMEHTOB
(106.20) ¢ ¢pUKCHPOBAHHBIMH HHpeKcaMH (v, p, v'), KOrAa BHINOJ-
HeHo cootnoitenne (106.21), To B 3aBHCHMOCTH OT paccMaTpuBae-
MOrO ¢Jyuyasi MBl HLIEM TOYHOE YHCJIO He3aBHCHMBHIX JHHEHHLIX KOM-
Gunauud tuma (106.24), (106.30) uau (106.36), (106.37).
O6pauwas pasaoxenue (106.24), MOXKHO NOJAY4IUTD

44 4
o ( m, ) e( i, ) = 0® U)/Uk”mu,k, 1wy (106.39)
Torma ckansipHoe npoussefenne (106.20) oxasniBaeTcd 3allHCAaHHBIM
yepes 3JEMEHTHl HCXOAHBIX mpuBegeHHbXx MaTpun (106.25) ¢ mpa-
BHJILHBIMH. YHCJIOBBIME K02 HuHeHTaMH, KaK, HanpuMep, (106.39).
Takas :xe npoueaypa . npEMeHseTCs, KOTAA I NOJTYYeHUsl NIPaBUJIb-
HHIX NHHeHHBIX KoMOHHAIHH HCHOABL3YIOTCS OHepaTopsl MPOEKTHPO-
BaHHs, INIpH 3TOM [0 CYLIECTBY ONPeleJATCS MaTpUUHbBle 3Je-
MmeuTh U.
B no6oMm cayuae HMCKOMble MaTPHUYHBIE 3J1€MEHTHl BHIPAKaloTCH
yepe3 HaGop HeHYJ/eBBIX 3JeMeHTOB «IpHBeNEHHbIX» MaTpHl, UYHCIO
KOTOPHIX oNpejensercs KoadduuuentoM npusenenus (106.21).

6. Yuer aHTHYHHTapHBIX 9JE€MEHTOB. PacCMOTDHM Tenephb, Kak
VIUTBIBaeTCS AeHCTBHe aHTHYHHTapHOrO oNepaTopa CHMMETPHH Ha
MaTpuyHble 3JeMeHTH. OCHOBHOH BOINPOC ONSATH COCTOHT B TOM, KaK
BLIPA3HTb 3aAaHHbIe MATPHYHEIE BJIEMEHTH Yepe3 HauMeHbIee YHCI0
He3aBHCHMHIX HJIM NpHUBEJAEHHHX MaTPHYHBIX 3JeMeHToB. B mnocie-
AYIOILEeM H3JOXKEeHHHW MpeAlloJaraercs, 4TO OTpPaHHYeHHd, CJAeLyIo-
lIMe W3 HaJHYUsg YHHTaPHBIX 9/7eMeHTOB, y:Ke yureHb. Hac nHTepe-
CYIOT JOMOJIHUTEJbHEIE OTPAHHYEHHS, CBA3aHHbBle C HaJHyHeM Kak
VHHTApHHX, TaK ¥ aHTUYHHTAPHBIX 5J€MEHTOB CHMMETPHH.

PaccMoTpHM cHagajia cay4al, KOrja aHTHYHHTapHLIE 3J€MeHTH
BxoaaT B &(k), 1. e, ME paccmoTpum 3Besanl tuna I u I Has
aHTHYHHTaPHBIX 3/eMeHTOB OCHOBHOe cooTHowenue (106.7), BEipa-
¥} arollee HHBAPHAHTHOCTD CKaJISIPHOrO MPOU3BeAeHHs, HEPUMeHHMO.,
OHo 3aMeHseTCH COOTHOMIGHHEM, YTBEPKAAIOIIHM, YTO CKaJspHOE
nponsseleHne COGCTBEHHBIX BEKTOPOB, Npe0GpAa30BAHHEIX AHTHYHH-
TAapHBIM 3JIeMEHTOM, fBJAETCH KOMIIEKCHO CONpSKEHHBIM HCXO[-

HOMY CKaJSIPHOMY NPOH3BEAEHHIO:
k , | AN
. ), Pae( ; )) . (106.40)
Iy

((]5,)- «([5 )= (eee( ,:,
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3nech. P — aHTHyHUTapHHA onepatop u3 rpynnnl & (k). Tak kak
k
COOGCTBEHHHBIH BEKTOP e( i ) OTHOCHTCA Telepb K v-H CTPOKe KO-
) hi . ’

‘npeacraBieHus Do B cormacno § 101, 102 mnpaByo wacTh
(106.40) moxHO NpHBECTH K BHIY :

k ) * _

i, .

. AY
k
(; Dico B () (a)_ e ( jv) , VZ D(lco B (a)we(
o k E\Y
=35 peoniay, seon i, (o [* ). o4 ) s
i £ Is. Iy

Jasblle MOXKHO NPOCTO NOBTOPHTH BCe MIard, NMPUBOAsILIHE K
IIOJIYYeHHBIM BHILIE Pe3yJbTaTaM JJIsi YHUTAPHHIX OINEPaTopoB. D10
BeCbMa TPYAOEMKHe BLIUHCJAEHUS, # BMECTO TOTO, YTOOH AeIaTbh HX
NOJHOCTBIO, Mbl TIOJIYYHM HECKOJILKO Pe3ybTaTOB AU NPOCTHIX cKa-
JIIPHBIX IPOH3BeldeHui; 0oJiee CIOKHBIE ciayyau MOZKHO HafiTH B JH-
Tepatype [84].

Ilpn paccmMoTpeHHH Aa)e NPOCTOTO CKaJsPHOTO NPOH3BEAEHHS
(106.40) u (106.41) ny:XHO pas3ivyaTh HECKOJbKO PasHHX cJdyuaes
IJIS BOJHOBBEIX BekTopoB kijaccos I 'n II. IloatoMy paccMoTpuM ciy-
yafl, Korga cOGCTBeHHBIE -BEKTODHL OTHOCATCH K HeNPUBOAHMOMY
npexcrasjaenuio D® ™ ppynnut @ (k) 1 KonpeAcTaBIeHHe OTHOCHTCS
K Kjgaccy A, B UX MaTpHIB YAOBJAETBOPAIOT cooTHOlIeHUuaM (98.57)
u (98.58). Torna (106.41) MOXHO YNPOCTHTb C NOMOLIBIO COOTHO-
HteHnh

Do) (g), = 3 D@D (1), B, (106.42)
" R
Dicor) () (a)", = Z D® D (@), . B, (106.43)

Moxcrasum (106.42) n (106.43) B (106.41), mpocyMMmEpyeM mo
YHUTapHoiM 3JeMeHTaM Ipynnsl & (k) W BocnoJib3yeMcs COOTHOLIe-
HHSIMH OPTOTOH&JbHOCTH H HOPMHDOBKH. TorAa MOJIy4nM

e (+(];, ) ([, ))-
—ﬂzzzz%%”mm(q (7)) -
- T(—ZZo,,,pMpm(( )e( )) (106.44)
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Ho P — ynrrapnas MarpHua:
B =0y (106.45)
nosromy (106.44) mpeoGpasyercsi K BHRY

k £\
éﬁ’-‘liaﬁlawv (e( . )e( ) )) =  (106.46)
h & Is

Is

z k EVY

ICRY Z(e( ' ) e( ‘ )) (106.47)
] 5 ]\‘; ]\'7

Caenosatesbno, u3 (106.47) He3aBHCHMO OT HHAEKCa v NOJyYaeM

()N =)L) s
e].v,e].v e‘jv,e].v.(.)

CkansipHOe TNpOHW3BelleHHE B 3TOM CJydYae OKasbiBaercsl Beile-
CTBEHHHIM ¥ OTJIMYHBIM OT HYJS TOJbKO M (GYHKUHH, OTHOCSIIMXCS
K OJHOH M TOH e CTPOKe HENPHBOAUMOrO NpeAcraBieHnst. Takum
o6pasoM, B cilydyae A HajJyyue aHTHYHHTApPHOTO ONepaTopa CHMMeT-
pHH AeJaeT cKaJspHOe NPOH3BeeHe BelleCTBEHHBM, JTO0 ele 0QHO
JOMNOJIHUTENbHOe YCA0BHe, HakdaasBaeMoe Ha f(R, j), kpome (106.9).
Ecau 6b1 Mbl HadaJii BBEIUHC/JAEHHS C JBYMS COGCTBEHHBIMH BEKTO-
paMH, OTHOCAIIMMHCA K OJHOH H TOH Xe CTDOKe IIpeJCTaBJeHHS
Dwo® D 1o yacTH BHIYHCIeHHH, NpuBoasiiux K (106.48), MoxKHO
6p1s10 OBl H36eXKaTh.

JList cOGCTBEHHEIX BEKTOPOB KJjacca B HamOMHHM pesyJbTaThl,
noJiyueHHble AJ8 yHHTapHOH rpynnel. MarTpuub kmacca B parorcs
BeipaxkenusaMu (98.14), (98.18). ITosTomy B (106.40) u (106.41) Mul
O6yzeM pasjugaTth ABa Cilydan:

k k
(e( , ), e( , )) (106.49)
Iy Iy :
mpa v=1, ..., l; u nmpuv=[L+1,..., 2,
Uz (98.18) mast v=1, ..., {;, =1+ 1, ..., 2l; umeem
Dee® () (), = D® W) (ao—luao)';v, - (106.50)

apna v=L+1,..., 2 v=1, ..., |; nonyuaem ]
Do B () (g), == D® ! (uag)w_ © (106.51)

OTcrona Caeayer, 4TO CKaaspPHOE NPOH3BeleHHe

(¢(3)-<(]:))
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npu v < [; 3aNHCHIBaeTCA 4epe3 CKajfpHOe NPOUIBENEHHE IPA ¥ > I

(Cli)-<(LL.,

= Z Z D® 0 (a7luay)’ DWW (a5ua,) , X
vV

kN E\Y
X(e( ; ), e( : )) (106.52)
Is Iy 7 Js>1,
CyMmmupys no yHuTapHuiM sqaementaMm ® (R), nonyuzaem
o(e([5)«(]2)
. ], el | =
gk)le i, e,
k E\Y
=3 g® (17 ) ef !, (106.53)
ly I Iy
v hY v \7>[]
81948
o(e[7)- (D), =2 GO «(2)
el . ). el . = el{. ).el].
! ' ]v ]V V<lj ) ]\7 lV \'7>l.j

AHAJIOrHYHO AJIsl BTOPOTO BO3MOXKHOTO cayuas B (106.49) nonyuaem

)<, =22 ()

v V<l
(106.54)
Hs (106.53) u (106.54) Mbl noJsayuaem,
( k k ) P
(1) ()=
v=1, ..., !, (106.55)

(<([5.)-<([s, .. )=

Otmeruw™, uto (106.55) He 3aBucHT OT uHAekca v. TakuM 06pasoM,
'KaK TOKAa3aHO B cJyyae B, CKajsipHbIE IPOM3BEAEHHS AOJIKHLI GHITDb
KOMIVIEKCHO COTPSIKEHHBIMH.,

[Mepefizem k cayyaio C u ucnoaesyem (98.51), (106.40) u
(106.41). CHoBa orpaHuuHMCs AHArOHAJbHEIM Ga3HCOM, CAeLYIOLHM
H3 PacCMOTPEHHS] YHHTaPHHIX 3JIeMEHTOB. B 3TOM ciayyae mOJyYHM

DM W (@), = D@ O @), v=1,..., L; y=L+1,..., 2
(106.56)
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D(Co R)(/) (a)vv —_ (_ D(k) ) (u) ﬂ){;v’
'V=lj+1,..., 2l]; \-7=1,..., ll'

(106.57)

TlopcraBass stH cootHouienus B (106.40) u (106.41), moayyum

(e( ?v), e( .]kv)) v<l]
=3 25 0" @ b0 i (o [1): ¢([1)) -
W . ’ (106.58)

Beps cyMMmy IO YHHTapHBIM 3jeMeHTaM u rpynnel ®(k) tak xe,
KaK Mbl fenajd npu noayuennn (106.55), MEl ycTaHOBMM aHaJo-
ruano (106.55) cooTHOMIEHME MeKAY CKaJdsDHHIMH NPOU3BEACHUSIMH
npu v <<l Hv >l

CyMmupyeMm pesy/abTathl. Hajuuue 3/71eMeHTOB aHTHYHWTapHOM
CHMMETDHH B Ipynme # TOT (akT, 9TO COGCTBeHHBIE BEKTOPHl OTHO-
CATCS K HENPUBOAMMBEIM TIPECTaBJIEHUSM PPYNNLL, NPHBOIAT K YCJO-
BHSIM BeIMeCTBEHHOCTH MAaTPHYHBIX 3JeMeHToB Tuna (106.48) u
(106.55).

Uro6nl NpOABHHYTbCA Aalbliie, Mbl JOJKHB! PaccMoTpeTh 6oJee
o6utuii MaTpHyHEIH ajeMenT tuha (106.20). 3artem kaxkaw# us
comuoxuresae B (106.20) nosken paccMaTpuBaTbCs B KadecTBe
fasnca COOTBETCTBYIOLIETO KompeicTaBJenns. Takum o6pasoM, Npo-
u3BejeHUe

!

pleo#”) (m) ® Do FIN (106.59)

JOMKHO GBITh MPHBEACHO K NPAMOH cyMMe Komnpeactasienuli (0606-
nieHHas teopema Mamike). Korjga nosydens npaBunbHuie JAnHeHHbe
koMGuHauuu Ju6o ¢ noMoibio Kosdhdunuentos Kiuebia — loprand,
au6o ¢ MOMOILLI ONepaTOpPOB NPOEKTHPOBAHUS, MOXKHO Ha¥iTH CKa-
JApHOe Ipou3BejleHHe, KOTODOe H ABJAeTCS NPHBEJLEHHBIM MaTpHU-
HBIM 3JeMeHTOM. BO3HHKaeT TONbKO HEKOTOPOe OTPaHHYEHHOe YHCJIO
NPUBEXEHHBIX MATPHUHBEIX 3JE€MEHTOB, KOTOPHE PaBHB KO3 (hHIHEeH-
TaM TpHUBeJEHHS:

(cokjlcokR”m, cok’j’) 0. (106.60)

IlpaBuna BHUNCAEHHS TaKHe Ke, KAK B CAydae YHHTaPHHIX dJeMeH-
"TOB, HO MH He O6yAeM OGCYXAaTh NoAPOOHO pasHHle CJAYYau o
COUITEMCS Ha COOTBEeTCTBYIOULYIO JHTepaTypy ' [§4]. Hcmoabsys
CBOMICTBa KOMpeJCTaBJeHNH, moJaydyeHnrle B § 98, MoxHO paccMoT-
peTh BCe CJIy4aH. ~

CHoBa cJjeayeT NOAYEPKHYTb, YTO INPH BHINOJHEHHH IOJHOrO
aHa/lu3a MaTPUYHBIX 9/IEMEHTOB METOX NOATPYNNH  MOXeT
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NPHEMEHATbCA TOJBKO NMPH cOGMIOAEHHR COOTBETCTBYIOUIMX NPEAOCTO-
poxHocTel. D10, B 4aCTHOCTH, Hal0 UMETb B BUAY, Pa3BHBas TEOPHUIO
Konpefcranienufl. besonacuee, xota u 6onee TpyAoeMKo, paboraTk
METOJOM TOJHOH TPYIIIHL.

HeKkoTOpble IpUMepE! ACTIOAHUTENbHEIX NPaBud oTéopa, 06ycaoB-
JIEHHBIX aHTHYHHUTADHBIMH 3JIeMeHTaAMM CHMMeTDHH, GYAyT npHBe-
JeHbl HHXKe. ' .

§ 107. KpuTnueckue TOuKn

a. Teopusa npeacraBaeHHii aJa KPUTHUYECKHX TOUYEK, 00YCJIOBJEH-
HbIX CHMMeTpueil. B npenuiecTByomemM paccCMOTPEHHHM MBI HHTEpe-
COBaNHCH COOCTBEHHBIMH 3HAUEHHAMH H COGCTBEHHBIMH (YHKUMSMU
JVAHAMHYECKOH MAaTpHUBI IPH ONpeJeseHHBIX 3HAYEHHSX BOJHOBOIoO
BekTopa B B 3oHe Bpuamosna. B sasucumoct oT GoJsiee BHICOKOTO
nin GoJsiee HU3KOro nopsigka rpynn & (k) u & (R), cCOOTBETCTBYIOIULHX
JAaHHOMY Kk, IPH PacCMOTPEHHH CYLLeCTBEHHOTG BBIPOXKIEHHS, TPH
‘TOJYYeHUH CHMMEeTPH3OBAHHBIX COOCTBEHHBIX BEKTODOB H MaTpHY-
HBIX 3JEeMeHTOB CHMMETPHUECKHX OIepaTopoB ¥ T. L. OKasaJjoch
BO3MOXHBIM BHINOJHHTE Pa3JUIHble YIPOUIEHHS H YCTAHOBHUTDL KJac-
cHdHKaALHIO.

B 3tom naparpade paccMaTpPHBAIOTCH BONPOCH, CBSA3aHHEE €
pacnpejiesieHneM COGCTBEeHHBIX 3HAYEHHH B 30He, 7. €. C IJOTHOCTBIO
coctosuu, IlnoTHOCTE cocToAHME npu 3ajaHHOl 3Heprun E pasua
YHCAY PasJHUHBIX COOCTBEHHEIX BeKTOPOB AMHAMHYECKOH MaTPHIb!
B WHTepBaJe 3Heprun Mexay E u E -+ dE. [lnoTHOCTh COCTOSHHUI
saBHcHT ©0T K. KpUTHYUeCKON TOUKOH IJIOTHOCTH COCTOSIHHEA
Ha3bBaercs 3Heprud E WM BOJHOBOH BeKTOp B, NIPH KOTOPHIX MJIOT-
HOCTh COCTOSIHHI MMeeT CHHIYJISIPHOCTb. B 4aCTHOCTH B KPHTHUECKOH
TOUKe TIPOH3BOJHAS IJIOTHOCTH COCTOSHHA IO 3HePTHH obpaujaercs
B GecKoHeyHOCTh. KpaTKoe pacCMOTPeHHe KPHTHUECKHX TOUeK JaHO
B kuure Koxpana u Kayinu [8]; 3TOT Bonpoc ofcyxiaercs Takxke
B paborax [63, 85]. ,

B aroMm maparpade meMOHCTpHDYyeTCs NpHUMeHeHHe MeTOAOB Teo-
DHH TPYNI AJs ONpele/eHus KpuTuueckux touek. C camoro Havaja
c/aeayer NOAUEPKHYTb, YTO yYeT CHMMeTDPHH He AaeT BCeX KPHTHUe-
¢KHX TOYeK (PYHKUMH pacHpeaesneHHs 4aCTOT AJs JaHHOTO KPHCTaJl-
Ja ¢ OIpeneJeHHOH CHMMeTpHef, a TOJbKO BHIAEJSET HEKOTOPYIO
COBOKYNHOCTb KPHTHYECKHX TOYEK, KOTODYI0 MNPHHATO HAa3LIBaTh
¢KPHTHYECKHMH TOYKaMH, 06yCJIOBJIEHHEIMH CHMMeTpHel» [86]. Ho-
HOJIHHTe/IbHBIE KPHTHUECKHE TOUKH BO3HMKAIOT NPH ONpeAeseHHLIX
3HAYeHHUAX CWIOBHIX INOCTOAHHHEIX [/ JaHHOTO Marepuasia; CyHie-
CTBOBAHHE HX HHKaK He CBA3aHO ¢ cuMMerpueli. Takue KpUTHUeCKHe
TOYKH MOXKHO HasBaTh «JAHHaMuiecKuUMu». Kpome TOro, cCymectBo-
BaHHE KPUTHUECKHX TOUEK CJeAyeT W3 TOMOJOrrYecKHX cooOpakennii

[87]. Tlpamenenue Teopru Mopca (aHanH3a TOMOJOrHYECKHX MHO-
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1

roobpasuil) NMOKa3blBaeT, 4TO CYLIeCTBOBaHHe HEKOTOPHIX KPHTHYeE-
CKHX TOYeK MJIOTHOCTH COCTOSIHMH, KJ1acCU(pHLHPOBAHHBIX COrVIACHO
HX HHIEKCaM, TpeGyeT CyIeCTBOBAHUSA ONpee]eHHOro ucia APYTHX
KPHTHYECKHX TOYEK C ONpeAeJIeHHBIMH HHAeKCAMH U YTO TOIOJIOTH-
yecKHe CBOHCTBA «iIPOCTPAaHCTBa», B KOTOPOM OIpeaeseHa IJIOT-
HOCTb COCTOSIHHi, TPEOYIOT CYIIeCTBOBAHHS MHUHMMaJbHOTO Habopa
TaKuX KPHTHUECKHX Touek [63, 85]. ,

B sTom naparpade MB HOJNYYHM OCHOBHHIE COOTHOLICHMH, CO-
[JIACHO KOTOPLIM ILIOTHOCTD COCTOSIHHH 3alHCHIBaeTcA B (hOPME,
YAOOHOH AJ BEHIOJHEHHS aHaJMW3a 0 CHMMETPHH H INOJYYeHHS
KPUTHYECKHX TO4eK. B 3Tom maparpacde Mbl orpannyuMmcs paccMoT-
peHueM npeicTaBieHHH rpynmne @ (k).

' YpaBHeHMsl [BHAEHHS B AMHAMHKE KPHCTaJJIHYeCKOH pelieTKH
umeroT BUA (79.7) wan (85.1):
- k
; ) (107.1)

Vo e ji)=m2(kif)e( ]u

W3 cucrembl ypaBrenu#l (107.1) B npHHuHMIE MOXKHO ONpeNesHThb
noJHuH HaGop 3rN udacror. A8 KaKAOro UYHCAEHHOTO 3HAUEHHS
kBazpara yacror B (107.1) He3aBHCUMO OT 3HauyeHuil B H j, MOK-
HO paccuuTaTh YHUCJAO PasjJHYHBIX COOCTBEHHBIX BeKTOpoB. Tak Kak
KaXJIb# COOCTBeHHBIH BEKTOP COOTBETCTBYET ONpeleeHHOMY KoJe-
GaTeJbHOMY COCTOSIHHIO, YHCJAO TaKUX COOCTBEHHBIX BEKTODOB, COOT-
BeTCTBYIOILEE AAHHOMY YHCJIEHHOMY SHaYeHHUI0 02, ABJAETCA YHCIOM
COCTOAHUM ¢ 5TOH sHeprueli. XoTa 5TO BIOJHE TIpHeMJEeMBH H 4acTo
ynotpebisieMBblil coco8 uncaeHHOTo pacyeTa IJIOTHOCTH COCTOSHHE,

_OH HeyZoOeH C TOUKH 3DeHHS aHaJu3a N0 CHMMeTpuil. HamoMuum
[4], uTo NpH HANUYHH BLIPOKAEHHA YAOOHO OTHOCHTH HHAEKC j HJIH
ju K onpesneneHHON BeTBM KoJeGaTeJbHOro cnekTpa peinerkd. Ilo-
5TOMY J1060% BetBH (NPH QUKCHDOBAaHHOM j) coorBercrByer N co-
CTOSIHHH, MO OJHOMY AJS KaKAOTo s3Hauenus R B 30He DpuitiosHa.
B cxeMe npuBeJeHHEIX 30H, KOTOPOH Mb OyAeM N0ab30BaThes, PyHK-
nus w?(k|j) MHOrosHauHa: KaxkJAOMy R COOTBETCTByeT 3r 3HAaUEHHH
HHJEKCa BeTBH.

[Tycth yacTOTH peleTKH YHNOPAAOYEHB TaK, YTO MB MOXKEM BHI-
AeJiuTh j-10 BeTBb (j=1, ..., 3r). Wnnekc j-#i BerBH, BOOGIIE ro-
BOps, OJHO3HaueH, 3a MCKJIOYeHHeM TOYEK, B KOTOPHX BeTBH mepe-
cekaroTcsl. B TOYKax mepecedyeHHsl HesICHO, KaK NPHNHCHIBATH HH-
flekcH 10 o6e CTopoHH OT nepeceuenusd. Cnenys @uauncy [86], M
GyneM TPOBOAUTb HyMepaUHIO TaK, YTOOH B OTCYTCTBHE BBHIPOXKJIe-
"HHS- AJI9 .j*f BETBH C 3aJaHHBIM R, 4acTOTa KOTOPOH 0OO3HaAuaeTcs

kak w?(k|j), 66110 ' i
' o? (k| j) > o? (k1)) (107.2)

“ecan j' > j. BHe TOUKM BHDOXHEHHSI Takoe IPaBUJIO MO3BOJSET
IIPOHYMEpOBaTh BCe COCTOAHHA €IHHCTBEHHHM oOpasoM. IIpn atom
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B TOYKe MEPECCYCHHST BETBEH . MOXKeT BOSHHKHYTb 0000LieHHAs KpH-
TH4decKas TOUKa, 00yc/I0BJeHHAst GecKOHEYHO GOJbLINM M3MeHeHHeM
[IPOM3BOAHON OT 4YacTOTH MO KBAa3MBOJHOBOMY BeKTOpy. B Takof
THHIYJAPHOR KDUTHUECKOH TOUKe OfiHa WJIH HECKOJbKO KOMIIOHEHT
NIPOU3BOAHOH OT ®? MO K H3MEHSIOT 3HAK CKauyKOM, NPHYEM OCTaJb-
Hble KOMMOHeHTH o6pamaiorcs B Hyab. Cama dacrora o?(k|jf)
OCTaeTCsl KOHEHHOH. .

Tax kak k MeHsfeTcsl HeNnpepbIBHO BO Bcell mepBo#l 3ome Bpua-
JI03Ha, PH GUKCHPOBAHHOM | 0?(k|j) siBAsfeTCA TOXKe HENpPEPHIEHON
dyukupelt. Eciu N — 00oJHOe YHCAO 3JeMEHTapHBIX f4YeeK, COOTBeT-
CTBYIOLIEe TPaHUyYHBIM ycaoBuaAM bBopua — Kapmana, To umeerca N
TaKUX KBaADAaTOB 4acCTOT AJs KaxJoH BeTBH. OTHOCHTEJNBHAS L0/
3THX 4acTOT BETBH j, KoTopas JexuT mexay o?(k|j) u [0?(k]j)+
+ Aw? (k1))], pasua |

i .

G (o) Aw? = v [N; (@ + Ao®) — N; (@%)], | (107.3)
rae N;(w?) — noaHoe YHeaO KBAapaTOB 4acTOT BO BCeM HHTepBaJe
ot 0 1o 3aganHoro 3HaueHust o?(k|j) j-i BerBu.

OnpezesnM  GYHKNMIO — paclpefeeHust KBaApaTOB  4acTOT
G, (0 Aw? caenyomwnm o6pasom:

G, (0) Aw? = Zk‘, b (02 (R]]) — @), (107.4)
o? (k1)) <o <@ (k] )+ Ao® (k1)) (107.5)

Ecau MBI XOTHM paccMaTpuBaTh R Kak HEINPEPHBHYIO MepeMeHHYIO,
MBI MoxeM nepenucath (107.4) B dopMe uuTerpasia no otwemy
(MHOXKHUTeAb (27) % 34ech He BHINHCAH SABHO):

G, (0 Ae? = S S S dk, (107.6)
Te HHTETPHPOBaHHE HAET N0 06bheMy
o (k] ) <0 <@ (k) )) + Ac? (k1 ). (107.7)

Cnenyer OTYeTJIHBO MpEACTaBAATb cebe, 4TO OrpaHHYeHHe
(107.7), nmeromeecst B (107.6), aABnsgeTCAd peanbHbIM OrpaHHYCHHEM
06J1aCTH HMHTErpHPOBAaHHA MO R: 3TO 1O CYLIECTBY rjaBHOE ypaBHe-
ane a9 k(0?), HanHcaHHOe, KOHEUHO, TOJbKO A1 ONHOH j-#I BETBH.
Ouepupno, uto (107.7) omucuBaeT o6beM, 3aKAUEHHBIH Mexay
noBepxHOCThI0 o2 == w?(k|j) u mnoBepxuocThio 0 = 0?(R|j)+
+ Aow?(k|j). Temepp mbl mMoxXeM mpeoGpasosaTh (107.6) B mosepx-
HOCTHBLIA HHTErpaJ Mo OXHOM M3 THX NOBePXHOCTEH.

[Iyctb dS — sjeMeHT NOBepXHOCTH w?(k|j)= 0? rie o®— He-
KOTOpOe TOCTOSIHHOe 4uCa0. Toraa eAWHHUHHIE BEKTOD B Hanpas-
JeHUH BO3pacTaHuA @? MOXKHO 3amHcaTth B BHIe ’

7= Va2 (k] )/ Ve (k] ) | (107.8)
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Tenepyr MoxkHO 3amucath (107.6) uepes o6mem B R-nmpocTpaHCTBe,
3aKJIOUEHHBIH MeAy ABYMs YKa3aHHLIMU Bblllle TOBEPXHOCTSIMHU:
V,0?

G, (@) Ao = § 2 AR dS, (107.9)

V| Veo? |

rne Ak — mpupaienue &, cOOTBeTCTBYyIee npupauenuo Ao’ (k|J),
o — nosepxnocth @ =0?(k|]). Ecan pasnoxure @ (k- Ak) B pan
Tefinopa, TO MOJYYHM

o (k+ Ak|)=o® (k| ]) + Vo (k|)) - AR+ ..., (107.10)
nin
Aw?(k|j) ~ Vo? (k|]) - Ak. ' (107.11)
CaenoBaTenbHO, 2o (811
0} ] )
G, (0% Aw® = ) st' (107.12)

Tax xak A@?(k|j) — nocrosiunoe mpupameHHe, To

G, (@) Aw? = Aw? (k| j) S S ds

o

310 BaXKHHIA pe3yabTaT: GYHRUUSA paclpeeneHns 4aCTOT HJAH 1A0T-
HoCTb cocTostHul () (w?) Aw? nponopunona bHa NOBEPXHOCTHOMY HH-
Terpany

ds ‘
{§ vearr (107.14)
(o)

B KOTOPOM HHTETpHPOBaAHHE BeAEeTCA IO IMOBEPXHOCTH O, COOTBET-
CTBYIOLLEH NOCTOSIHHOMY 3HauenHo ®?. [IpencraBasercs OueBUAHBIM,
qTo obsacTd B 3CHe BPHJUHOEJH&, B KOTOpPBIX

| Ve0® (R11)1==0, (107.18)

BecbMa CYIECTBEHHBI, TaK KaK OHH JAIOT OOJbILIOH BKJAAJ B NOIHH-
Terpanbuoe Beipaxenue B (107.14) u, caexoBartesbHO, B TMPOH3BOJ-
nyio dG;(0?)/do? B 3aBHCHUMOCTM OT TOrO, BCe JIH KOMIOHEHTHI
V.w?(k|j) obpamanTci B HyJb HJIH TOJbKO HEKOTOPHE H3 HHX,
BO3HHKAIOT pasHble caydan [8, 85].

Tax kKak B 3Toif MOHOrpaduH MH B OCHOBHOM HHTEpecyemcs
TEOPETHKO-TPYNNOBEIM aHAJH30M ONTHUECKUX MPOLECCOB, CBS3aH-
HEIX ¢ KOJeGaHUsAMH DelieTKH, MH He OyjaeM nmoapobHO obcyxpaThb
aHaJUTHYECKHH BKJaJd B NJIOTHOCTh COCTOSIHHH OT KPHTHYECKHX TO-
Yyex pasHoOro Tuna. Takofl aHanus COAepKHUTCH, HaNpHMep, B paboTe
Koxpana u Kayan [8]. 3aech mMp o6cyauM 6Gosee y3KHH BOIpoc o
TOM, K4aK YCTAHOBHTb T€ KpHUTHUEecKHe TOUKH, KOTODhle CBA3aHH C
Tpe6OBAHUSIMH CHMMETPHH.
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Mu npumenum K ypaBHeHuwo (107.1) Teopuio BoaMmMymeHHE R
YCTAHOBHM CBI3b CHMMeTPHH COOCTBEHHEIX BEKTOPOB HOPMaJ/bHBIX
KoseGaHu# ¢ BOBHHKHOBEHHEM KDHTHUECKHX ToueK. Ilycth HMeercs
peilenne ypasseHHs (107.1), cooTBeTcTByIOUIEE BOJHOBOMY BEKTOPY
ko. Tak kak oO6yc/oBJleHHOe cUMMeTpHeli CyIIeCTBEHHOE BHIPOXKJe-
HHUe UrPaeT BajKHYI0 POJIb B TEOPHH, MHl BHIMIIEM YpaBHEeHHA AHU-
HaMHKH DelleTKH, COOCTBEHHble BEKTOpLI, COGCTBeHHEIe 3HaYeHUs CO
BCeMH HHAeKcaMu. HamoMHuM paccmotpenue § 75, 85, 91.

Ilycth B TOUKe ko ypaBHEHHS ABHKEHHS UMEIOT BHA

o (e[ ) =owine |
;;D“B(m' e}, = w?(ky | /) e, | % i) n=1,...,1,
(107.16)

rie BHIPOXKIeHHbIe cOOCTBEHHBIEe BeKTOpH ¢ w==1, ..., /; oTHOCATCA
K /;-KpaTHO BBHIPOXKJAEHHOMY COGCTBEHHOMY sHaueHH0 o?(k|j). Huas
JAPYTHX COOCTBEHHBIX BEKTOPOB MH 06yjaeM 0603HauaTb MHAEKC BETBH
JaTUHCKOR 6ykBOfl, HampuMep m: ~

ou(2)4<[2) =i

im
re m == |, OTHOCUTCA K HeBHIPOXKZeHHHIM BeTBAM. [lycTb Bektop R
HMeeT 3HayeHHe, 6JU3KOe K Ry, TaK 4TO

' k— ky=§, (107.18)

f") ms~p, (107.17)

rne § — MaJbifi BekTop. Y paBHEHHE ABHKEHUS B TOUKE R HMeeT BHJ

5ol )= wnao]2). o

g
rie rpevecKufl WHAeKC | OTHOCHTCS K OXHOR M3 BeTBeH, BHIPOXKIEH-
HEIX B Touke kp, corsiacHo ypaBHenusim (107.16). Hnst sTof BeTBH
clenyeT TIPUMEHATb TEODHIO BOSMYLIEHHR 1Jisi BHIPOMXKAEHHOTO
yposusi. Paanoxum 8 pan Te#nopa gunaMudeckyio MaTpuuy ¥ coG-
CTBeHHHE 3HAUeHHs M OCTaBHM B Pas3JoxeHHH TOJBbKO JHHelHbIe
wiensl. Torga nonyynm

’

Daﬁ(xi,)=0a5(£:’,)-+(§~Vk)D§ﬁ ;;)+ oo (107.20)

(k| =0 (bl )+ @ Vi) o (bl W)+ ..., (10721)°
AAH ’ ' s o
| @ (k| B) = 0 (ko | )0+ 0* (o | W ..oe (107.22)
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ByzeM HckaTh BOSMYIEHHHIH COGCTBeHHBI BeKTOP B BHAe-JHHEHHOA
KOMOHHAIYH HEBO3MYIIEHHEX COGCTBEHHEIX BEKTOPOB:

(k
eo| %

k,
].v). (107.23)

Iy
; ) = Z B,,eq ( %
]“' Vel

B (107.23) Mpl orpaHHuYHJHCh JWHEHHOH KOMOHHALHEd TOJbKO BbHI-
POXK IGHHEIX COGCTBEHHBIX BEKTOPOB, TaK KaK MBI IPEANOaaTaeM, 4T0
HMEeHHO OHH AAI0T HanGoJbIIHA BKJIaA 3afaya COCTOHT B ONpejele-
Huu BY, ¥ OAHOBpeMEHHO MONpaBKH NepBOro nopsaka kK o?(&|j).
Iopcrasasa (107.23), (107.21), (107.20) B (107.19), noayyaem

Z{Daﬁ(k) - V,,O)D,,ﬁ( )}ZBueﬁ( )=

% B
ko ,
jv). (107.24)

— (@ lho )+ &~ Vo) a? (o |1} Y Bugea

YuurteiBas (107.16), MBl HCK/IIOYaeM ujieHB HYJI€BOTO NOpAAKa H
roJydaeM THIHYHOE ypaBHeHWe TEOpHH BO3MYILICHHI HepBOro NO-
psAigka JJsA BBIPOXKAEHHOrO YpPOBHA (HAalOMHHM, 4TO0 MH GepeMm
TOJBKO MHOXKECTBO BEIPOXIEHHBIX COOCTBEHHBIX BEKTODOB):

> T 6 Wu( 0 )a( ] )= -

=&V 0 (a1 1) Y Busea

k,
. ) (107.25)
Jv

2
YMuoxuM Teneps ckaaapao (107.25) na ea(x ].0), CHOBa HMes
. (o)

B BHAY, 4TO O OTHOCHUTCH TOJBKO K BBIPOKACHHBIM BETBIAM. Torna

MeeM
)& Dw( 1, )ey (w ;‘:)=

%5 5o (s
NECHE

%o B v
= (% ' Vk) o (ko | i) Z Byudyo. ' (107.26)‘
] _

= (8- V3) ¢ (ki) Z:Bw;e:‘(”
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CrneépoBaresibHO, YPABHEHHS HJIS ONpeleNeHHs] Ko3$ buuneHToB B,
(NpaBHJILHBIX JHHEAHBIX KOMOHHAIMA) HMEIOT BHI

ko)

iv /

Z Z ;Bvu[ez(% jq)(g‘vk)DaB(:.;,)eﬁ(x’

%o wB
— & Va0 (kolju) dys|=0, o=1,..., 1. (107.27)

Ora cucTeMa MMeET OT/IHYHbIE OT HYJAS PELICHHs, eC/IH ee ONpedesH-
TeJb paBeH HYM0. JOCTaTOUHBIM YCJAOBHEM OGPAlUEHHS B HYJb BCex
kopHeil ypasHenus (107.27), 1. e. Besuuunnl (- Vi) @®(By| 1), aB-
JsieTC YCJIOBHe PaBeHCTBA HYJIO BCeX MATPHUHBIX 3JIEMEHTOB:

% e[y ) e woa(,g o[}

x| )=o. (107.28)
Iv

TakuM 06pa3oM, HaM HYKHO BBIACHHTL YCJOBHS OOpalueHus B
nyab Beauvunbl (107.28). Mmes B Buny paccmorpeHue § 106, mnepe-
numeM (107.28) B ¢opme ckansipHOTO NPOM3BEAEHHS, KOTOPOE TaM

omnpeaeaeHo:
k0 . kO
» B ° VxD (k)koe . . (10729)

(el .

CpasHuBas 3T0 BeIpaxeHHe ¢ (106.20) u HocjedyOIHUMH BbIpaKe-
HASIMYW, HAXOAHM, UTO OHO HMMeeT BHJ MATPHYHOrO 3/eMeHTa Heko-

TOpOTO oNepaTopa
O (k)= (- V:D (k)),, (107.30)

B3ATOT0 MO BHPOXKAEHHHIM COGCTBEHHHIM BeKTOPaM, OTHOCHILHMCS
K coGCTBeHHOMY 3HaueHHIO o2 (Ro|j). B (107.29), (107.30) ummekc
ko y rpaaveHTa JUHAMHYeCKOH MAaTpHUNBl O3HayaeT, YTO 3Ta BeJil-
YHHa JOJKHA BBHIUUC/ASATBCA B TOUKE Ry,

B nepsyio ouepeib Mbl JOKHB yCTAHOBHTb TPAHCGHOPMALHOH-
Hble cBo¥ictBa onepatopa (107.30). [dJst 5TOro NOCTPOHM BeJHUHHY

Pwiy @ - VeD (k) Pio| (107.31)
KOTOpas paBHa
Poig &« V) Pilg - P oD (k) Py (107.32)

B (12.1)—(12.5) Mub onpenenunu onepatopsl Py, AeHCTBYIOUIHE
Ha QyHKLIMH B KOHGHTYpauuoHHOM nNpocTpaHcTBe; 3aTeM B (30.1)—
(30.10) MBIl ycTaHOBUMH HeHCTBHE TaKOro onepartopa Ha 0JI0XOBCKHE
¢yukunn. Tak kak omeparop (§-Ve) He 3aBHCHT OT 7, MOKHO Ha-
nucaTh

Pota & Vs) Pty =6 Va). (107.33)
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" 3arem u3 (107.33) u (81.26) mosyuum
P19 G- VeD () Ploi =& - V&) D (9 - k). (107.34)

[Ipex e ueM NpOABHHYTHCA Aanblile, HAIOMHHM, 4T0 B paje Tef-
nopa (107.20) npousBoaHEE CAeAyeT BBIUNCISATL B TOUKE Ry, KaK 3TO
W YKa3aHo B aprymeHTe. KpoMe TOro, Mbl HMeeM

Velexp—i@p-k-R)=Vi(exp—ik- ¢ 'R)=
=(—i¢p”' - R)exp—ik-¢~'- R =
=(—i@ ' R)exp—ip-k-R,. (107.35)
Hagnee, Tak kKak B (81.24) — (81.26)
D(g-k)="P"" M7 [@ )] (M)
noJiydaem
.. @& VoD(g-k=GE V) PP [M [0 (0)] [M]". (107.36)

Torpa us (107.36), (107.35) u wus omnpemenenus omeparopa ple-k
B (81.14) umeem

(g Vk) P(q} #) = (k kg) Vkp((p-k) -

=(k— ko){”Z.N(— i7" Ry) D ({e| — Ry})* Ppei—ryy= (107.37)

=(k—Fk)- ¢~ ‘{ !Z;q }(—- iRy) D*® ({e] — Ry})" Ppi-ryy.  (107.38)
E|— N -

Ho rpamuent B (107.36) cienyer BUMCAATH B TOouke Ry Cueno-
BATENBHO, NOA 3Hakom cyMmbl B (107.38) Mel MoXeM B34Th
D@k _y D@k,

Iycts Teneps Pmt} — HeKOTOpH# 3JdeMent rpynmns ® (ky). Torna

D@ k) = (ko) (107.39)
Ipu stom (107.38) mpeobpasyercst K BUAY

(- (k— ko)) - {ﬁm (— iRy) D® ({e] —Ry})* Pye1—ryy. (107.40)

Ho cymma B (107.40), oueBnnno, pasHa
(VeP®), . (107.41)

‘CnenoaaTeano, u3 ypasaenu#t (107.31) — (107.41) nna anemenra

P(oj s rpynnbt ® (k) monyyaem

Pgin(5- (VD (R),) Pl n =
=(§.(p~l.(V,,D(k))ko)=((p.g.(V,,-D(k))ko). <(107.42) :
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MBI sakJ/0udeM, YTO NOJ, NeHcTBHeM omepaiuun cuMMeTpun u3 ® (k)
TPH KOMIIOHEHTBl CKaJsPHOTO NPOH3BELEHHS

§ - (VeD (k)),, (107.43)

npeoﬁpasymTCﬂ KaK KOMIIOHEHTH OOBIYHOTO HOJIHpHOI‘O BEKTOpa.
B kommonentax (107.42) umeeT BHI

Pioio (& VD (8),, Pt =) & @ )y [(557) D®)] . (107.49
vé d

HyxHo yuuTHIBaTbL, 4TO Temepb «HOBOPOT» ¢ AeHCTBYeT Ha JeKap-
TOBH KOMIOOHEHT: rpaguenta Ve B HaiieM pacCMOTPEHHH MBbl
‘CMOIVIH TlepeHeCTH [eHcTBHe omepatopa Ha ¢(yHKumio ot R 3Irta
npouenypa aHajJoruuHa suinmoanexHo#r B (30.1)—(30.10) npm pac-
CMOTpeHPIPI 6s10X0BCKHX BeKTOpoB ((pynruuit). Tarum obpasom,
(3s)? komnonenT D (k) ocraoTcsi HeHU3MEHHBIMH, H NPH BHYHC/IEHHH
cKaJasipaoro npoussenenus (107.28) ux mocle yMHOXKeHHS Ha coO-
ko) ( ky
. Jue

o Iy
OTOT pes3yabTAT MOXKHO 3amHcaTh YXOGHEIM CHOCOGOM, eciH

0603HauuTh npeoGpasoBanue omepatopa Tina (106.18) caenyromum
o6pasom:

CTBEHHLIE BEKTODHI e( ) npocTo MpOCyMMHPOBAThL.

k
&- V4D (k) ~ D ( o ) , (107.45)

ky .
rae D('>(a)—— npeAcTaB/eHne, N0 KOTOPOMY IpeobpasyioTcss TpH

KOMIIOHEHTH MOJASIPHOTO BeKTopa r NOJA HeACTBHEM IOBOPOTOB H3
rpynnsl @ (ko). JpyruMu cjoBamu, eciy paccMaTPHUBATh HOBOPOTH ¢,
oTHocsimuecss K rpynne ©(k,) nan $(ky), 10 oneparop, cTosILUE
cneBa B (107.45), npeofpasyercst Mok fAeficTBHEM 3THX IOBOPOTOB
KaK OGBIYHBIA BEKTOD.

CrenoBatelbHo, MoxHO npumeruTs (106.20) u (106.21), T. e,
uTo6b yOeAHTbC B OoOpalleHMH B HYJb MaTPUYHEIX 3JEMEHTOB
(107.28), nocTaTouHO MOJY4uTb KO3(Q(PHUHEHTH NPHBENEHHS, COOT-
BeTcTBylomne (107.28). B o6osnaueHHsix paccMaTpuBaeMO# MOA-
TPyNNbl OHH HMEIOT BHJ )

kol By - 7+ Foly). (107.46)

Kak Bceria, npH 3ToM BaXKHO YCTAHOBHTB, 4TO 6a3HC, COOTBETCTBYIO-
UIHH DPOH3BENCHHUIO, ABJIAETCA MOJHLIM.

SToMy pesy/bTaTy -COOTBETCTBYET NpOCTOe MPaBHIIO. ,llocmToq-
HBIM YCJIOBHEM CYLIECTBOBAHHS KPHTHYeCKOH TOYKH (YHKIHH pac-
npelejieHus 4acToT NmpH Ry sBIseTcss oOpalieHHe B HYJb KO3(¢H-
uuenrta npuseienns (107.46) u, cnexoBaTesbHO, OTCYTCTBHE KaKOIo-
aubo JiMHEAHOTO 4JjeHa B psife Teopuu Bosmyluenu#r (107.21),
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(107.22). IpyruMn c/IoBaMu, MOXKHO CKa3aTh, 9TO Mbi BHIIOJIHSEM
NPHBeJcHHE NPSMOT0 NPOHU3IBEAEHHUS

D) ()" @ Dtks) (1) @ Dk (), (107.47)

4TOGEl YCTAHOBHTD, COAEPKHT JIH OHO eNHHHUHOE NPEeICTaBleHHE.
Tak xak npousBoiHasi 3aBHCHT TOJbKO OT CBOHCTB OQHOH BeTBH
(T. €. OT ee CHMMETPHH H TONOJIOTHH), OJHO H TO Xe IpeiCTaBIeHHe
D®) ) posuukaer B (107.47) B AByx coMHOXHTensix. Ecau D% ()
BeutecTBeHHo, 1o (107.47) MoxkHO 3amucaTe B hopme

[Dtk0 1] o) @ Diko) ()| (107.48)

HMeIoLleldl BHA NMPOH3BefeHHsi CHMMETPH30BaHHOTo KBajiparta D) ()
Ha D) (),

Takoe Xe paccyxkieHHe MOXHO HCIOJAb30BaTb [Vl NPOBEPKH
TOro, 06pallaloTes JH B HYJb OAHA WJH JBe KOMIOHEHTH ollepaTopa
rpajuenta. Tak, 4ToGH YCTAHOBHTbL 00palleHHe B HYJb O-KOMIO-
HEeHTHl (Hanpumep, ky) Vz0®(k|j) npu k = Ry, -HyXHO HCCIe10BATb
noBejieHue X-KoMIoHeHTH omepatopa (107.30). B stom ciaydae BMe-
cro (107.47) GyneM uMeTb pou3Be/leHHE

D& (9 @ Dika) (r33@) Dk () (107.49)

ABJAIONIEECS  NpPOH3BeJleHHeM  CHMMETPH30BAHHOTO  KBajpaTa
D)) ga gommouedty (D& ),. 3amerum, uto B rpynmax P (ko)
¢ ToueyHO# cuMMeTpHeH HuxKe KyOuueckoit O pasiuyHbIE KOMIO-
HEHTH MOJISPHOTO BEKTOPa r MOTYT Npeo6pa3oBLIBATLCA MO PASHEIM
HeNPUBOAHMEIM IPeACTaBJAEHHSIM.

Ilposepka (107.47) u (107.49) naa xaxpnoli KOHKDeTHOH HHTe-
pecylolieil Hac BeTBU IO Bcell 30He Bpuimosna mossoJseT ycTaHo-
BUTb 3HAUeHHs Kk, B KOTOPHIX MOXKeT ObITL KPHUTHYeckas Touka. [lis
Kax 0¥ TaKol TOUKH MOXKHO YCTAHOBHMThb, ABJAETCH JH OHA TOYKOH
MHHHMYMa, MaKCHMyMa HJIM CeLJIOBOH TOYKON. IT0 MOXHQ yCTaHO-
BHTh, onpefiessis o0paniaouipecs B 3TOH TOUKe B HYsb KOMIIOHEHTHI
rpaauenta. TN M HHAEKC KPUTHYECKOH TOUKH ONpeAe/sIoTcs Xapak-
TEpOM CHHTYJISIPHOCTH IJIOTHOCTH COCTOSIHMEA /ISl (POHOHHOTrO pac-
npefiesieHuss BOJIH3H KPHTHUeCKOH ToukKM. JTa kjaccudukauua ol-
cyxnaerca B paborax [8, 63, 85].

B 3ak/ioueHyve HaNOMHHM, 4TO Hallle PacCMOTPEHHe IT03BOJSET
YCTAHOBHTb TOJbKO KDHTHUeCKHe TOUKH, 00yCJOBJEHHHe CHMMeT-
pueii. OctajpHble, ciydalHbie, KPHTHUeCKHe TOYKHM BO3HHKAIOT H3
KOHKDETHOTO XOia (POHOHHEIX NHCNEePCHOHHHIX KDPHBHIX, 00YCJOBJIEH-
HOro BHJIOM CHJ/IOBHIX TOCTOSIHHBIX JIJIA JaHHOTO KpHcrajia. Takue
IHMAMHUECKHE KPHTHUECKHE TOUKH H3 Coo0pa)KeHHH CHMMETDHH
paiiTh Henb3s. ONHAKO OZHOBDEMEHHO C KPHTHUECKHMH TOUKAMH,
06yClIOBJEHHBIME CHMMETPHE!N, OHH TOXe OOJ/IKHBEI YIOBJIETBOPSATDH
BceM cooTHolniieHusiM Mopca,
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6. OnpeneneHHe BO3MOXKHBLIX KPHTHYECKMX TOYEK MO TOYEHHO
- CHMMeTpHH. B npenmipyiiem myHkTe Mbl yOeLHJHCh B TOM, 4TO JO-
CTaTOYHBIM YCJIOBHEM CYyLIeCTBOBAHHS HYJEBOTO HAaKJIOHA HJIH KpH-
THYECKOH TOYKH NpH ko [JIsi NOBEPXHOCTH ¢ cUMMeTpuei D))
ABaseTca obpauieHre B HYJIb K02(QpDUIHEHTOB NPUBeLeHU MOATPYI-
nel (107.46). Ilopsinox BBIYMCHAEHHH [/ KOHKPETHOTO KPHCTAJJa
npu sToM siceH. HyxHo HccnenoBaTh KO>PGUNNEHTH NpUBENEHUSA
IJIs1 BceX TOYeK 30HH DpHIIOsHA ¥ 479 BceX BO3MOXKHBIX NONYCTH-
MBIX HeIPHBONIMEIX HpPeACTABAEHHH, COOTBETCTBYIOIHX KOHKPETHOH
cuMMeTpHH (JOHOHOB JaHHOTO KpDHCTaJ/a, T. €. CeiyeT NPOBEPHTH
Bech Ha0Op KO3 (PHUHEHTOB MPUBEAEHHS.

B npurnune sTo n0BOJIbHO TpympoemKas sajaua. Utobwl cokpa-
THTb PaboTy, HYXKHO BHISICHHTb, He/Ab3s JH PacCMaTPHBATb B 30He
- bpunniosHa TOJNBKO HEKOTOpPHE ONpeleseHHble TouKH Ko YUToOmn
pasobpaTecsi B 3TOM BOIpoce, MbBl CHOPMYyJHpPYeM 3ajfady uHaYe
[88]. Hanomumum, uto u3 (107.1) caeayer, 4To ¢usuveckue cob-
CTBeHHBle 4acTOTH ®?(Ro|j) mpu Ry ABIAIOTCS COOCTBEHHHIMH 3Ha-
YeHHSIMH AHHAMHYECKOH MATPHILEL

[D (k)] (107.50)

Hanee, us (79.16), (79.17) 'Mbl 3HaeM, 4To YHHTapHas MaTpHIA
E (ko), chOKn H CTOJNOLB KOTOPOH fIBJAIOTCS COGCTBEHHBIMH BeK-
topamu [D(ko)], npuBonutr [D(Ry)] x nmaromaaseHomy suay. [To-
3TOMY BOCHOJB3yeMCsl coOTHoueHHeM (79.16):

E (ko)™ [D (ko) E (ko) == A (ko). (107.51)

BoabmeM cien oT o6Geux uactei MaTpuuHoro ypasHerms (107.51),
Tak kak cien MaTpHubL HHBapHaHTeH NPH YVHHTApHHIX Npeobpaso-
BaHHUSX, NOJYIHM

Sp [D (k)] = Sp A (ke) = -
=kl )F ... +0?(Ro|im) =
=Zjlc,l,co (ko| /) =T (ko), (107.52)

rie ¢j— 4HCHO COGCTBEHHHX 3HaueHuit o?(ko|j) u I;— KpatHOCTH
BHIPOXKAEHHS (eC/H ciaydaiiHOro BHPOXKIEHHS HeT, To ¢; = 1), 3xmech
BaXHO, 4To crosiias B (107.52) cymma gBasercsd cKalsipHOH (pyHK-
IHell BoJiHOBoro BeKTopa ko Huxe Mu 6ygeM cuurath ¢; = 1.
BepHeMmcs K cooTHoweruio (107.51) u mepemuuleM ero B BHAE

[D (ko)) E (ko) = E (ko) * A (ko). (107.53)

PaccMoTpuM Tenmepb OmepaTop npeodpasoaanna P, H3 rpynns
® (k). Hpnmemm ero k (107.53):

- Py [D (k)] Pisy » PiogE (ko)"""P(%lE (ko) A (Ro).. - (107.54)



ITpumenenue reoperuko-2pynnosozo enarusa 323

M3 (83.5) MH BHAHM, 4TO KaXZAbl cQb6cTBeHHHA BeKTOp (cTosben).
B E(ko) MoxeT clyxHTb 6a3HCOM HOMYCTHMOIO HENPHBOXHMOIQ
npejcrasiends rpynns @ (ko). CiienoBaTtenbHo, NefiCTBHE onepaTopa
P, na E(ky) maer (3r X 3r)-mepuyo marpuny D ({go}), KoTopas
nojydaercs yXKe B IOJHOCTBIO IPUBEAEHHON (opme

PoyE (ko) = D ({9o}) E (ko), (107.55)
e DEW 0 ... 0
D ({@o}) =( 0 Di*a) (1) 0 ) (107.56)
0 0 D& ()
Ho u3 (81.26) umeeM (ecsn moka He YUHTHIBATD, UTO - Ry == k)

Py [D ()] Piay = [D ({@o} - ko)- (107.57)
W3z (107.55) — (107.57) ME MOXeM NOJMYYHTb

A (ko) = D" ({9o}) [D ({90} - *o)] - D ({wc})- (107.58)

Hcnoassys yuuraprocts D ({¢o}) (3T0 OpaMas cymMma YHHTapHHIX
matpun) H Geps ciaen or abeux cropoH paseHcrBa (107.58), mo-

JYUHM
A (ky) = Sp D ({qo} ko) = Sp A ({qo} * ko) (107.59)

HiH, BBOAS oGo3HaueHus u3 (107.52), moayuaem ans Bcex {go}
f (ko) == [ ({@o} - ko) (107.60)

Tak Kak {qo} oTHOcHTCS K rpynne @(ky), To (107.60) no oueBUAHBIM
npuYHHAM ToXe oTHocHuTcs K @ (ko). UTOGE ycTaHOBHTD, sIBJsIETCS
Jin Ry BEPOSITHOH KPUTHYECKOH TOUKOH, MOXKHO BOCIOJIB30BATHCS BHI-
paxenneM (107.60), mpencraBasiomuM co6ofi CKaNSApHYIO (yHK-
nuio K.

Ecau 6n1 ko He OKasajoch KPHTHYECKO# TOUKON, TO Kakoi-muGo
U3 KBaAPATOB 4acTOT (He3aBHCHMO OT TOr0, KAKOH KOHKPETHO) HMeJ
61l B pasJ/ioXeHHH BOJMH3U ko JvHeHHEBlEe 9/IeHH

o (k| J) =0 (k| ) + (Vo0® (k1)) o, (k — ko). (107\61)

CoOTBeTCTBEHHO B OKPECTHOCTH TAKOH TOUKH CKaJAPHYIO (QYHKIIHIO
f(k) MoxHO 6ELIO OBl MpEACTABUTbL B BHIE

[ (R) = (ko) -+ (VI) (k — ko). (107.62)

Oxnako B Touke ko (107.60) DOMKHO BHIONHATBCA AAS BeeX {go}
u3 rpynns! & (k).

H3venuM Tenmepb NOpsaaok paccyxueHuil. Bosbmenm ko 3a HauaJo
KoopauHAaT. . Torga, u4Tobb 3JeMEHT CHMMETDHH {@o} u3 rpynmnsl
G (k) OBLT COBMECTHM ¢ HaJAMYHEeM JHHEHHOro 4/eHa B Pa3JOXEHHH
¢ynxuun f(k), 9TOT 3/MEMEHT ROJKEH OCTaBIATh HHBAPHAHTHEIM
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(107.62). Ho Boanosoli BekTOop k mpeobpasyercs Ipu NOBOPOTAX
KaK oObIuHBIA MOJADPHEIE BeKTOp (X, y, 2). CllenoBaTeIbHO, COBMECT-
HeME ¢ (107.62) oka3HBAIOTCH TOJBKO Te MOBOPOTH {@o}, KOTOpbIE
OCTaBJAI0T HHBAPDUAHTHEIM K.

OT1croga MBI nosyyaeMm NPaBHJAO: TOJbKO Te TOUYEYHHE IPynnbl
SIBJSIOTCS paspelleHHEIMH B © (ko) /T, 1751 KOTOPHIX COmeprKalpecs
B HUX BpAalleHUS He OCTABJAIOT Ry MHBAPHAHTHEIM:

{@o} + ko==qo ko 7~ k. (107.63)

DTO COOTHOLIEHHE HAKJAaAbIBaeT OrpaHWYEHHEe OJHOBPEMEHHO H Ha
BOJIHOBOH BeKTOpP Ko, ¥ Ha BO3MOXKHEIE NMOBOPOTH {go}, T. €. Ha
BO3MOXKHBIE KPDHUTHUECKHE TOYKH.

Hanpumep, nycTh ¢o ectb i (vEBepcusi). Ho HasHune HHBepcHu
B rpynne P (ko) HecoBMecTHMO ¢ JauHelHEM unenoM B (107.62). as
TOUEYHKIX TPYIIN, He COHEePIKAIUMX HHBepPCcHH i, HeoOXOAHMO NpOBe-
puTh npeobpa3oBaHHe KOMIOHEHT (X, y, 2) MOJ AeACTBHEM IOBOPOTA
u3 P (ko). Eciiu nubo x, nmubo y, mubo z octaercss MHBAPHAHTHEIM TIPH
Bcex omepauusix ¢o u3 B(ko) (¢ ocsimu, BEIOpaHHEIMU JIOOEIM yH00-
HEIM crnioco6oMm), To P(ky) COBMeCTHO ¢ HaJqWuHeM JIHHEHHOro 4jeHa
B (107.62) u k¢ He MoxeT OBHITb KpuTHueCKON TOYKOH. EcTecTBeHHoO,
3TO TOJIBKO BOIIPOC [POBEPKH: Jerde BCEro BHIACHHTL C MOMOMILBIO
CYIiecTBYIOINHX TabJul HeNPHBOAMMEIX IIpelcTaB/JeHHA KPHCTAJIO-
rpadHuéCcKHX TOYEUHLIX TPYNI B TpeX H3MepeHHsX, mpeobpasyercs
JH XOTb OJHA H3 KOMIIOHEHT BeKTopa [0 eAMHHUHOMY [pejcTaBie-
HHIO paccMaTpuBaemoft rpynnst (ko).

Toraa BuaHO, uTO ToueunbHIMH rpymnamu R (kp), KoNycKamIHMH
CYLIECTBOBaHHe KPHTHUECKHX TOUEK, SiBJAAIOTCA

mo6eie rpynnsl P (ky), comepxkauye i, (107.64)

H, KpoMe TOro,
rpynnst Ty, O, T, Doy, D3y, Dy, Sy, Cyy
H ux noarpynnsl Dj, Dy, Sy Cs. (107.65)

Bce rpynnsl, nepeunciesnsie B (107.64) m (107.65), HecoBMeCTHH
¢ auHeHHpM useHoM B (107.62) u, Takum o6pa3oM, MOryT OHITb
TpynnaMy TOUeUHOH CHMMETPHH B KPHTHYECKOH TOUKe.

JIerko BHIETb, YTO MOXHO OTPAHHYHTLCS PACCMOTPEHHEM TOJb-
KO VHHTAapHHIX omepaiuii: yueT aHTHYHHTAPHHIX onepauuii (T. e.
y4eT NOJHOM NPOCTPAHCTBEHHO-BPEeMEHHOH Tpynnbl) He H3MeHseT
pesyabtatoB (107.64) u (107.65).

IIpn /moOBIX NPUMEHEHHSIX ITUX pacCyXieHHH, 9TOOH ycTaHo-
BHTb, Ha KaKOH BEeTBH NPH 3aJaHHOM Ko JIEXKHT KPHTHUECKas TOUKa,
Heo6X0LNMO BO3BPATHTHCA K PACCMOTPEHMIO NpeABIAYNIero myHKTa.
Tlerko y6eluTbCsd, 4TO AAHHOE PacCMOTPEHHE HAXOJAHTCS B IOJHOM
COOTBETCTBHH C DPAacCMOTPeHMeM INpejplAyllero myHkra. Mcmomssys
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TOJLKO CKaJspHbI uHBapHauT f(ky), onpenenennpt#i B (107.62),
MOXHO TPEIBAPHUTENbHO YCTAHOBHTh BO3MOXKHYH KDHTHUECKYIO
TOUKY: LJIS1 KPHCTAJJI0B C IPOCTPAHCTBEHHOH IPYNION BEICOKOH CHM-
METPHH 3THM MOXHO 3aMeTHO COKpaTHTb paboTy, Heo6XOAHMYIO
/ISl YCTaHOBJEHWS NOJAHOrO Habopa KPHTHUeCKHX ToueK, 00ycJoB-
JEHHBIX CHMMeTpHel. .

§ 108. Teopus COBMECTHOCTHM mpejncTasJeHHUi

OnHOBpPeMeHHO ¢ CHMMeTpueN H paclioOlKeHHeM KPUTHUYECKHX
TOUEK AOJIKEeH paccMaTpUBaTbCsl BOIPOC O COBMECTHOCTH MpeRCTaB-
jgennfi. Mel UMeeM B BHAY aHAJH3 TOro, Kax chaelyeT KiaccHpHUIH-
poBaTh NpejACTaBJdeHUs, KOraza Mbl HeHNPepLIBHEIM 006pa3oM Iepexo-
IHM OT TOYKH, JHHHH HJIH IVIOCKOCTH GoJiee BBHICOKOH CHMMeETPHH K
TOUKe, JIHHHH HJIH IJIOCKOCTH OoJsiee HH3KOH CHMMETPHH.

PaccmoTpuM Touky k GoJiee BBICOKOH CHMMeTPHH: OHa XapakTe-
pH3yeTCsl MPOCTPAaHCTBEHHO-BpeMeHHOH rpynmoii ¥ (k). Henpusonu-

. *
Mble mpeacTaBieHus Deo® () g D™ () onpcHBaiOT BO3MOXKHBIE

k
npeo6pa3oBanns (U3HIECKHX COOCTBEHHBIX BEKTOPOB e( i)

Ilycte k' —Touka, 6iuskas K k. Ilpu mepexoge oT k K k' npo-
CTPaHCTBEeHHO-BpeMeHHas rpynna & (k) MoMKeT NOHH3UTLCH IO CHM-
meTpuH g0 & (k). OueBUaHO, eC/IH 5TO HMEET MeCTo, TO

G (k') asasiercsa noprpynnolt ¥ (k). (108.1)

Torza ans KompeacTaB/JeHHH Mbl [OJyduaeMm, YTo IIpeCTaBJeHHE
Do &) rpynnuel & (k), orpanuuenHoe Ha rpynny %(k’), okaswl-
BaeTcsl NPHUBOAMMHIM. J[PYTHMH clloBaMH, NpeacTaBieHHe Dico# ()
paccMaTtpuBaeMoe Kak KOHpeILCTaBJIEHPIe rpynnua % (R'), HBJISIeTCSI
NPHBOLUMBEIM:

Dot ) pz G (k) | =DV 4o 4 ple®) (%) y3 g (k). (108.2)

4 Y4 4 4

Tpencrasaenns DD, ple#) (1) yaaynapres cosmecr-
HBIMH C mpeiactaB/ieHHeM Do) ynn cBs3aHHBIMH C HEM, TakaM
oGpa3oM, eCaM MBI ABHXKeMCS OT Touku R K B/ ¥ cUMMeTpHS INpH
9TOM TMOHHXKAETCA, TO KOMPEACTABAEHHS MOTYT DPACHICNJAATbCH Ha
CYMMY OpeACTaBJeHHH MeHblIeH pPa3MepHOCTH.

HaoGopor, npu nepexoie oT GoJsee Hu3koit cuMmerpun ¥ (k')
K GoJiee BHICOKOH cuMMeTpun & (k) npencTaB/jieHnsi B NPaBoil gacTH
(108.2) o6wenuusiorca u Aaot DA, Dror cayuad OTHOCHTCA
K TeopeMe B3amMHocTH PpobeHnyca, Tak KaK IpejcTaB/eHHe

D(o™#) () yoxHO paccMaTpHBAaTh KaK MHAYLHPOBaHHOE H3 J0GOro
U3 npeAcTasiaennil cnpasa B (108.2), ecin HaM maHo pasnoxeHue 1o
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TIPEACTaBUTENAM CMEXHbIX KJIaCCOB: )
“ GR)=9 &)+ {eITVYE)+ .... (108.3)
IlonBenem mntor. CoBMeCTHOCTb NpENCTaBJEHHA SABAAETCA NOJ-
HOCTbIO paspemnMoil mpoGiemofi, TpebOywoulell 3Hanus rpynn % (k),

% (k') Bo Bcex TOuKax (B YaCTHOCTH, B COCEJHHX TOYKax) 30HHI
bpunnozna. Ilpu KaxgoM sHaueHuu R Bce usHUecKHe COOCTBEHHHE

k
BEKTODH € j ) H3BECTHB! U NOJHBIA HaGop BCEX KOMpeACTaBJeHn

Dteo B} y3pecTen Toxe. Toriaa, HCHOAB3YSt NPOLEAYPY OrPaHHUEHHS
(108.2), MBl MOXKeM VCTAHOBHTb COBMECTHOCTL NpeACTaB/eHHH
rpynns 6ojiee HU3KOH CHMMETPUY ¢ IpeJCTaBiAeHUAMY Ipynny GoJjee
BBICOKOH cHMMeTpHH. DTa IIpoleaypa HCHoAb3yeTcst B T. 2, § 18,

Ha npaxrike npu uaeHTH(HKALHHY BeTBeH HA OCHOBE TEOPETHKO-
TPYNNOBEIX coo0pa)KeHHH MOTYT BO3HUKHYTb TPYAHOCTH, TaK Kak
HEKOTOpHle orpaHHYeHHble IPEeACTaB/eHHst MOTYT BCTPETHTbCA B
(108.2) mecrosnbko pa3s. OAHaKO, HCHOJB3YR HAPSAY C TEOPETHKO-
TPYNNOBEIM aHAJAH30M CHMMETPHH cOGCTBEHHBIX BEKTODOB TaKXe pe-
3YyJbTaTH pelIeHHs NHHAMHYECKOH 3a1ayH, NO3BOJSAIOLHE MOJAYYHTD
OTHOCHTEJNbHOE ylopsaodeHue cOOCTBEHHBIX BEKTOPOB, MOXHO MO~
HOCTDbIO PelIuTh NnpobaeMy HUAEHTH(PHKALUH BeTBel.

§ 109. Mocrpoensie KPUCTANIHYECKHX HHBAPHAHTOR

B KBaHTOBOH Teopuyu KPUCTAJJIHUECKON peIIeTKH, B JaCTHOCTH
IPH pAacCMOTPEHHH ONTHYECKHX CBOMCTB, CYIIECTBEHHYIO pOJb
UrpaloT pasiuuHbie GH3udecKue BeJHYHHE], KOTOPbIE 3aBHCAT OT CMe-
IMIEHUH HOHOB M3 WX [0JOXKeHHH paBHoBecHsl. MBI paccMOTpHM
3leCb TP XapaKTepHble BeJHUHHB: V — MOTEHIHAJIbHYIO HEPTHIO
Kpucranna; M — sjeKTpuueckufi MOMEHT Kpucra/ia;, P — nojsipu-
3yeMOCTb KpHUCTajAjdd. DT0 THIHUHHE HHBapHaHTHHIE H KOBapuaHT-
Hble BeJIHYHHBL, CBOHCTBA NPe0o0pa30BaHUA KOTOPHIX Mbl H3YUHM,.
B nuHaMudeckoi Teopud 3TH BeJHYHHBL WIX CBSI3AHHblE C HHMH
KBAHTOBOMEXaHHUECKHEe BEJHUYHHHEl HCIOJb3YIOTCS HENOCPeICTBEHHO
"IpPH NOJIydeHHH KOJMUYEeCTBEHHBIX BBIpaXKeHHH 1451 KosddHumueHTa
HH(PaKPACHOIO TNOIJOLIEHHS WU ceYeHHS KOMOHHALHOHHOTO pac-
cessHust cBeta. OGCy:KIeHHe HCIOJNB30BAHHA 3THX BEJIMUHH B TakoH
Teopun npuBefeno Huxe B § 120, a Takxke B paborax [8, 67].
3nech MBI H3YYHM BO3MOXKHOCTL NOJYYeHHS] MaKCHMaJbHOH HHGOD-
Manue 00 3THX MHBAPMAHTHEIX M KOBADHAHTHHIX KPHCTAJJIHYECKHX
BeJHYHHAX ¢ NOMOIIbI0O TPYNIE NMPOCTPAHCTBEHHOA cHMMeTpHH @.
B stoM naparpade KpHuCTaJJHYeCKHe HHBaDHAaHTH 00CYXIa0TCA
TOJILKO Ha OCHOBAaHHH TEOPHH NPEACTaBJEHHH, T, €. pacCMaTPUBAETCS
IelicTBHe TOJbKO yHHTapHO#U rpynnu (k).

B xauecTBe THNHYHOrO HHBAPHAHTA paCCMOTpHM NOTeHUHAIBHYIO
sHeprui Kpucrajingeckofi pemerkn @. Haa ynobcrBa NOBTOPHM
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HEeKOTOpbie H3 pe3y/]bTaToB, H3JOxeHHHX B § 71. Benuunna @,
OYeBHJHO, AB/AsieTcs (yHKUMEH COBOKYIHOCTH MIHOBEHHHIX MOJIOXKe-
HHH HOHOB B pellleTKe

o )mr (D ra()

Paccmorpum asemeHT Py rpynnel @. [To ompeneneHuio 3JjeMeH-
TaMu rpynnsl @ ABJAA0TCA Te npeo6pa3oBaHHs KOH(QHIYPALHOHHOTO
MPOCTPAHCTBA, KOTOPble NePeBOAAT KPHCTAJI B €r0 PelJIHKY B Ipef-
NOJIOXKEHHH, YTO BCe HOHBl B KPHCTaJJe MOKOsTcs. [oBopsa marTeMa-
THYECKHM SI3HIKOM, Npeofpas3oBaHHe ONpeje/sieT BHYTPeHHHE aBTO-
MOp}H3M MHOXKECTBA aTOMOB, COCTABJSIOUIMX KPHCTA/LI. 3amuiineMm
Telepb KPHUCTANJINUECKYIO NOTEHUHANBHYIO Hepruio @ ana caydas,
Korja BCEe aTOMBl HAXOAATCA B CBOHX MTHOBEHHHIX MNOJIOMKEHHSIX

{0 e
o({o()})

Tlon nmefictBHeM npeo6pasoBaHus CHMMETPHH P, rpynust ® xa-

e
KIHHK BeKTOp p(u) npeobpasyercs cjeAyiOliEM 06pa3oM:

lo+-t l
P(wlt)ﬂa(,;+t)=2%‘;pﬂ(u)- (109.2)
B

‘ 1
Taxk, aToM, mepBoHaYaJbHO HAXONUBLIHUHACS B NOJOXKEHHH ( ” ) , nepe-
lo+t
7 -+t

oeficTBHeM omnepaTtopa cuMMeTpuu. Kpome Toro, cmeliesne B 3Toil
npeo6pasoBaHHON TOuKe SIBJAETCS NOBEPHYTHIM CMeELUEHHEM @- L.
Takum 006paszoM, COBOKYINHOCTb MTHOBEHHBIX IIOJIOXKEHHH &TOMOB

XOIOHT B nonomenne( ),HOBepHYTOE H TPpaHC/JHUPOBaHHOE IIOX

l .
p( npeoGpasyercss B COBOKYNHOCTb MIHOBEHHEIX MOJIOMEHHIH
%

Po=p,. Kak o6mbuno,
{ / Is
R ' pw}a(%)=§¢aﬁpﬁ(%¢)’ ‘ (109.3)

l
TAK YTO MFPHOBEHHOe NOJIOXKeHHe aToMa B yaJje ( nocse TpeoG-
pa3oBaHHS COIEPXKHT MOBEPHYTOE CMelleHHe, KOTOpoe paHblie GO
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l
B y3le (: ) C mpyroft cTOpOHE, 3TO NpeoGpasoBaHHe MOMKHO pac-
: ®

cMaTpHBaTh KaxK nNpeobpas3oBanue K MOBePHYTOH CHCTeMe KOODIHHAT,
CBS32aHHON C HCXOJHOH CHCTeMOH KOOpAMHAT omepauuelt {g|f}-l.
B 3T0ofi nOBepHYTOH cHCTeMe KOOPAMHAT paccMaTpHBAeTCS! BecCh
KPHCTa/L1, B KOTOPOM BCe aTOMBl 3aHUMAiOT CBOH MTHOBEHHEIE INOJIO-
*kenus. OueBUAHO, IOTEeHIHAJbHAS 3HEPTHS He 3aBHCHT 0T cnocoba
onxcanuf. Onpenenum npeo6pas3oBaHHYI0 NOTEHUHAJBHYIO SHEPTHIO,
T. €. NOTEHUHAJBHYIO 3HEPrHIo Hoc/e NPeoGpa3oBaHHS MTHOBEHHHX
nonoxeHni, kKak @ = P®. Torma no onpeieieHU0 HMeeM

Pg® ({p)) = @ ({0}). (109.4)

Ho ecin Py — omepaTop CHMMETPHH, TO IO NPELNOJIOXKEHHIO Ha-
Gopbl MrHOBeHHbIX 3HaueHull {p} n {0} SKBHBaJEHTHH, TaK 4TO

3HAUYEeHHs [IOTEHUIMaJbHOH 2HEpPrHH JH0 U 1ocjde npeoGpa3oBaHMS

OJIHHaKOBHI.
@ ({o}) =D ({p(}). (109.5a)

CpaBruBas (109.52) u (109.4), nomydaem, 4To NOTEeHIHAJbHAR
5Hepris MHBapHAHTHA:

Py®=0. : (109.56)

Ouesugzo, (109.5a) u (109.56) npuMenumul nif Jjiobolt onepa-
nav w3 rpynnsl . Takum o6pasoM, paccMaTpHBaeMas Kak 0606-
HieHHafi (YHKIHUA [POCTPAaHCTBEHHEIX IepeMeHHBHIX, Ha KOTODHIe
nefcTByeT B KOHGUIYPaIHOEHOM IPOCTPAHCTBE onepartop P, noTeR-
uuHasbHasi sHepruss @ mpeoGpasyercs IO eIHHHYHOMY NpeAcCTaB/e-
HMIO, T. €. O NpeaCTaBJeHHIO, AJs KOTOPOro BCe 3JeMeHTH TPYINbI
@ npexcrasieHn uncaoM 1. Jas yaobersa 0603HAYHM €IHHHYHOE
npenctasnenne kKak (I')(1-+4+). Ilpm paccmoTpenum KyOuuecKux
TPYNO HHXKE MBl YBUIMM, YTO I/ €JUHHUHOIO NpPeACTaBJEHHS YIo-
tpebasiercs cumBon (I') (-+1). Kax npasmio, k=T=(0, 0, 0)
oGo3Hauaer HyJeBOH BexTop B 30He Bpuaitosna, a m =1 + yao06-
HBIfl CHUMBOJ AJs efHHHYHOrO IipeicTaBienus rpynnst @ (). Ta-
KuM obpasom, (109.5a) u (109.56) MoXHO nepenucaTh B BHJIe

Pigy® = D0 ({g}) @ (109.62)
® ~ DT (4, (109.66)

HJIH

Buigenum Ttenepp B aprymenTe @ NoJiOXeHHe pPaBHOBECHS aTo-

l
MOB {r(M U monbiTaeMcsl npeactaButh O B BHAe CTelleHHOIO

pafa mo cmemennam ul  J. Mpl yxKe feqaju Takoe pasiioXeHHe B

-
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l
(67.8) BmJOTH N0 KBaApaTHUHBIX UYJIEHOB MO u(%) Pacemorpum

Tenepb GoJiee NMOJAHOE Pas3/oXKeHHe

(I)({p( l)})=qa<°>+®<2>+cp(s>+q><4>+ cer OO 4
b

: (109.7)
rie nJis paBHOBECHOI'O KpPHCTAaJ/aa, B KOTODOM aTOMBl HaXoAsITCd B

l !
JOJIOXKEHHNSIX PAaBHOBECHS], TaK 4TO p(u) =r(x), O =0, Cropa
0

o6pasyeM pas3HOCTb

V=<D({p(i)})——®(°), (109.8)

Kotopas OymeT CyMMOH OAHOPOAHBIX (YHKUHH pasHHX CTeneHel
l

OTHOCHTE/JIbHO KOMIIOHEHT CMeIlleHHH Uy %) Hanpnmep, BEeJAHUYHHA

R / ! "
OO = _Z 2 “‘W(%u %" ) “(x)uﬁ(%')uv(%")
Ino l,ﬂ'ﬁ lllull
(109.9)

ABJsSeTCS OLHOPOJHOH (QYHKuHeH TpeThbefl CTeMeHU OTHOCHTENbHO
KOMIIOHeHT. MBI TOJBKO 4YTO yCTaHOBHJAH, uTo D sBJIdeTCAd HHBA-
puantom B cMblcae (109.6). Tak Kak HM oAHO U3 npeoGpa3oBaHUM
He MOKeT CMelUHBaTh pas/iuusble creneHu B (109.7), xaxpoe caa-
raeMoe B Pa3/OXKeHWH AOMKHO ObITb HHBapHaHTOM, IIpuMenuMm Te-
nepb npeobpasoBanne Py rpynns @ Ecau BeIpasuM 4ieH TpeThelt
CTelleHH B MOTeHUHanbHOH 3Heprun O® yepes KoMnoHeHTH npeolpa-
30BaHHBIX CMelUeHH! U, MEl MOXKeM Hamucatb ajas O®

o
o=t 3 3 Yoy i)

I/ YN

1GneB Igeg

I, l' [
X (), ( )(um)ﬁ( )( Uia)y (u ) (109.10)
@ @ P

Mu BBesn 3fech HOBOoe o6osHaueHHe @', 4TOGH YuecTb BO3MOKHYIO
HOBYKO (VHKIHOHAIbHYIO opmy kKosdduuventa pasnoxenus DO
BOSHHKAIOIIYIO IIPH INpeoOpPA30BAHHH K [OBEPHYTHIM NepeMeHHBIM
U IloBrOpss paleyxaenns (71.1)—(71.10), moayuaem

, (el fe - o (l v z") ool
. e "o % %o aﬂvcpaacpaﬁq)w v\ %. %" w’ /)’ (109. )
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l i/ lll

' TaK YTO KOMIOHEHTHI CD%V( M,,) npeo6pasyioTcs NPH NOBO-

7
% %
poTax Kak KOMIOHEHTH NOJIsi TeH3opa TpeTbero paHra. ITo mpeano-
JIOXKEHHIO P — npeoGpasoBaHHe CHMMETPHH, M03TOMY ¢opMa
(OYHKUHHE He JOMXKHA MEHSTHCS IIPH 5TOM NpeoGpa3oBaHMH:

, v 1
(I’aﬂv " %1 %,, =¢’uﬁv \% ‘M' u”)

Wik, MeHsisi 0003HaYeHuUs apTyMeHTOB,

I, I I, U
@éﬁ(w ’ ““):cpdﬁv(“’ y “’) (109.12)
X, %(p ‘M(p %(P ‘Mw M(L‘

Coornomenune (109.12) kpatko BHIDAXKAeT CBOACTBO HHBADHAHTHO-
CTH 3TOT0 TeH30pHOTO noJjd [cp. (109.6)]. M3 (109.11), (109.12) mo-
JYYUM COOTHOIIEHHe, AalOllee MNPABHJIO NpeoOpPasOBaHHS CHAOBBIX
NOCTOSIHHEIX B WieHe TPeThero Nopsiika NpH npeoGpasoBaHUsIX NO-
BoOpoTa:

b lo lg Z Ll Iy |
(I’('X.Bv %(D %(,p Mg q)(lﬂq)ﬂﬂq)'VY afy %Q M;)%g ' (109'13)
3anuiem Marpuny, OCYUWECTBAAKILYH I[IOBOpPOT BEKTOpa r CoO-

riaacHo rpynne ®
DO ({@})gq = @40 (109.14)

Ouesunno, (109.13) TorAa MoXHO 3amécaTb B BHIE

(I, lq) l' l” ZD (l llz/,) 1
aby Ry Ko Ko prd (@D apv: apy Papy s o} (109.15)
rie _ A
D ((WDapg; opy = PacPisPsy (109.16)

€CTh MaTpDHYHHIH 3JeMeHT NpSAMOro NPOH3BeAeHHs MaTpuu obiuero
THNA, ABJA0MErocs Ky6oM NpeACTaBJIeHHs, N0 KOTopoMy npeobpa-
3yeTcsl MOJSSPHEIA BeKTOp:

D ({g}) = D" ® D" ® D" = [D"];. (109.17)
C.nenosaTeJleo, omron,ahmeem '
l l, l l l/ lll
‘Daﬁv(: o ) ZND‘ "1abs: oy aﬁv( N) (109.18)
? 9 "9 .

”—



Npumenenue reopeTuro-zpynnoso2o arau3a 331

{ I T
Ecan 3neMeHT cHMMeTPHH P(.pm HEe MeHSEeT (%), (%,) H (%,,),

(2)-C) (2)-(2) = (2)-(2)
TaK 4To = , 1=l ,] =n 1=\ _, ), mo
%, % % % % %

. @
(109.18) orpanuumBaeT 4YHC/JIO HE3aBHCHMEIX OTJAHYHLIX OT HYJS

CHJIOBHIX INOCTOSIHHEIX TpeTbero nopsaxka. M3z (109.18) e cpasy
BHAHM, 4TO -CHJIOBbIe MOCTOSHHEE TPEThEr0 MOPAAKa, ONpedeseHHbIE
B (109.9), npeobpasyoTea mpu MOBOPOTAX KaK 2JeMeHTHl TeH30pa
TpPeThbero paHra B A€KapPTOBEIX KOOPAHHATAX, KOTOPHIH BCJAEACTBHE
CHMMETPHHU ABJAETCS UHBAPHUAHTOM.

a. FaMUAbTOHHAH KPHCTadia B TapMOHHYECKOM H aHrapMoOHH-
yeckoMm npuoammenuu, UroObl BHINONHUTD KBAHTOBaHHE B AMHAMHKE
KoJe0aHull pellleTKH, HeOOXOAUMO 3aMHCAaTh TaMHJABTOHHAH CHCTEMHL.
BosBpamasce K § 67, MBI MOXKeM BBIIIOJNHHTbL 3TO.

JMHaMHuecKHMH NepeMeHHEIMH B 3ajaue JHHAMHKH peLIeTKH

!
ABJAAIOTCH 3rN J1eKapTOBHIX KOMIIOHEHT CMeLeHHH ua(% , o=

=1, 2 3 I=1,..., N, =1, ..., r. Kuernueckas 3HepTHd

pelleTKy paBHA
l 2
- T=%ZM%-(12G(M)). (109.19)
Hao

'C TOYHOCTBIO [0 KOHCTaHTH B TapMOHHYECKOM MPHO/IHKeHHH IO-
TeHIMaJbHAs SHEPrus pellleTKH PaBHA

. ! LV z')
V=5 Zua(%)(l)%(% %,)uﬁ(%, . (109.20)
na I'nB

ITonb3ysch HM3BeCTHHIM [paBHWIoM Opeobpas3oBaHusi OT cMelleHHH
B JIeKapPTOBBIX KOOPJAWHATAX K KOMILIEKCHBIM HOPMaJibHBIM KOOp-

auHatam Q| . ), ypaBHeHHEM AHHAMUKA H COOTHOUIEHHSIMH OpPTO-

/)
i) NOJYUHM cJle-

roHAJBHOCTH /51 cQOCTBEHHBIX BCKTODOB e(%

Iyiollee BBIpa)KeHHue [Jis1 KHHEeTHUECKOH SHepruH:
1 LR\ . [k
, r=1x5e(*Yo(*) 0921)
5 }’;;Q i) e (109.21)
Jas moTeHuuajbHOH dHepru# anajornuHo (80.3) umeem

V=-é—ZZm2(klj)Q(?)*Q(?). (109.22)
% ] ‘
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k
Hz (109.20) n (109.21) BunHo, uTO, TAK Kak Q(]. )— KOMII-

JIEKCHble KOODIMHATH, 3HeprHs He siBJAAETC MPOCTO CyMMOH KBajf-
paToB.
FaMunbLTOHMAH KpHCTaMIHUeCKOH PEmeTKH pPaBen
H=T-+V (109.23)

H, OYeBH/HO, ABJIAETCA On1uHe#HOH 3pMUTOBOH (HOPMOA KOMIJIEKC-

HBIX JHHAMUYECKHX IMepeMeHHBX Q ].). 3anucuiBag (109.23) ¢

nomouleio (109.21) u (109.22) u mobasass, kak Bcerza, AJs yuera
BLIPOXKIEHNS HHIEKC BETBH, NOAYUHM

=LY Y lz"'l}jj{Q(f:)*c'z(fj)+w2<ko'f>Q(f:)*Q(?:)}'
(109.24)

3dech cyMMa IO j, PaKTHYECKM CBOAUTCA K CyMMe O IPejiCTas-
JeHHAM, KOTOPble COOTBETCTBYIOT CHMMETDHH KOJeOaHHH pPelIeTKH.

ITosesHo ynocToBeputhest B ToM, uTo (109.24) maBapuaHTHO HpH
npeo6pa3oBaHUAX CHMMETPHH NMPOCTPAHCTBEHHO-BPEMEHHOH TpYIIb
kpucramia &. OdepuaHo, # MHBApPHAHTHO MO OTHOIUEHHIO K OMNepa-
udH obpalleHnsi BpeMeHH, 5KBHBA/IGHTHOH KOMIIIEKCHOMY COIps-

HKEeHHI:
M= " = KHK™, (109.25)

rle B NOc/JeqHeM PaBeHCTBe BHAHO, 4TO 74 — omepaTop. Mbl MoxeM
3aTeM HCCIeA0BaTh, Kak OpeobpasyeTcs 74 mnoj AeHcTBHEM IMpo-
CTPAHCTBEHHEIX YHHTapHHIX npeobpasoBanuli rpynnu @,

Corniacuo § 86, HOpMa/JibHHE KOOQPAHHATH Q( ° ) npeoGpa-
fa
3yI0TC HeNPUBOAHMEIM 0GpasoM NpH AeHCTBHH oNepamyi ¥3 rpyim-
s @. IloaToMy MEI MOXKeM OTpaHHUHMTLCA PACCMOTPEHHEM OLHOTO
HeanBOJ.lHMOI‘O npexcrasiendd. Takum o6pasoM, Bo3bMeM

—522{ ( ) ( )+m(°mQ(f:)Q(?:();o}9:2e)

Tak Kak MH paccMaTpHBaeM €JHHCTBEHHOe HENpPUBOIWMOE Ipes-
cTaBjieHHe, CYMMHpPOBaHME IO BCceM BOJIHOBHIM BEKTOpaM OTCYT-
ctByeT. [Ipeo6pasyeM HOpMaJbHYIO KOOPAMHATY ¢ IIOMOLIbIO omepa-
TOpa CHMMETDHH; TOTJa, IPOH3BOAs He3HAUHTE/JbHblE H3MEHEHHs
corqacHo (86.30), nmeem

Pee( )= om0 o105 ) =@ (57)- woman
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Ecau (109.27) momcrasuth B (109.26), TO MBl NOJYYHM TaMHJBbTO-
HHaH B LITPHXOBAHHBIX MEPEMEHHEIX

78, ({Q}, {Q7)) = 8; ({Pie 0Q}, {P wlt)Q}) (109.28)

Hanucas k, cupasa B (109.27), Mbl yunThiBaeMm BO3MOXKHOCTH TOTO,
uto Pie; s He BxoauT B rpymny ® (k). Toraa KBanpaanuaﬂ (popMa
(109. 26) npeo6pasyercs K BHAY

=t Y S Y YT S DD (] 8)) g, DHD (] ),y X
6 uw v o v o
x{e()e(()+emme( ) o(7)} o

*
Tlo npexnosoxkennio npeicrasienne D80 gpaserca yuurap-
HuiM. OTciona

(D*®) (j))+ = (p(*» (f))'—l . (109.30)
HJIH
(DB 1Y = (P& 1)~ (109.31)
B MATPHUHBLIX 9/JEMEHTaX 3TC COOTHOIUICHHE HMEET BH]
(D(*® m);v = (Dm0 (109.32)
HJH

* * -1

D ({1 8}y, = DO D ({@18}7") e (109.33)
Orciona cymmy mo p u ¢ B (109.29) MoXHO 3anHcaTb B Buje
; % DD ({g] 3) I DB O ({g] t}—l)o';w’\” =

=D ({g1 £} {¢] 71 e = N
= DB ({2 0}) == §yryA (R — Bor). ~ (109.34)
Torna pas (109.29) moayumm

mm3 (o4 o) romana( Yo )} s

B xauectBe cieayiouniero mara Mel MoXeM IIPOCYMMHPOBATh IO
BceM KojebaTeNbHEIM BETBAM j, KOTopsie BxoaaT B (109.24). Takum
0o6pa3oM, Mbl yOeIMJIHCh B TOM, UTO TFaMUJIbTOHHAH IpH AeACTBUH
onepanuii CHMMETPHH BeJeT ce0s Kak CKaJspHBI HHBapHAaHT.

Hame n10KasaTeJbCcTBO HHBADHAHTHOCTH J XOTHA H NOJE3HOe, He
sBasieTcss MOJHEIM. OHO NO/IXKHO CJI€0BaTh M3 SIBHOTO BHAa 6 U
HMeTb (pH3NYecKHe NMPHYHHE. HamoMmauM Teopemy, COMVIacHO KOTOPOH

o'’y
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IJISl KOHEYHBIX IDYNN MOZKHO NOCTPOHTb 3PMHTOB KBajJpaTHUHHIA
HHBADHAHT N0 3aJaHHBIM HENPUBOJIUMBIM TNpeNCTaBJIEHUAM eIuH-
cTBeHHHIM 06pasoM, a uMeHHO B hopMe OHINHEHAHOrO OPOH3BE/ICHHA .
6a3ucHHIX BEKTOPOB caMHX Ha cefs (3pMHTOBa KBajpaTHuHas ¢op-
ma), oTkyAa caenyert, uro (109.24) noxHO GHITb CKa/JsipoM. DTHM
CBOHCTBOM MH BOCHoJb3yeMcs B § 116, Tak yTo BaXXHO HOKa3aTh
€ro 37€ech. ‘

Uro6bl BBHIATH 32 paMKH rapMOHHYECKOTO NpUOJHKEHHS, HYKHO
BKJIIOUHTb aHrapMoHuueckuil moreHunana (109.9) B 5. Takum-o6pa-
30M, HOJHLIA K/J1aCCHUeCKHH TaMHJABTOHHAH PelleTKH paBeH

%HOAH= 7 - VA, . (109.36)
V=004 ... + OO+ ..., (109.37)

Psap (109.37) cocTouT M3 CyMMBl WJIeHOB, HMEKOIMUX BHA COOTBETCT-
ByloUIHM 06pasoM CHUMMETPH30BAaHHBLIX CTeNEHEH HOPMAaJbHHIX KOOp-
aunat, OH JOJIKeH YAOBJETBOPATE BCeM TpeGOBaHHAM CHMMETPHH B
npo6JaeMe nuHaMuky pelleTkH. [locse He6GOJBINOrO OTCTYNJIEHHS MBI
BepHeMCs K ero 00CykKIeHHIO.

roe

6. Cunossie nocrosiusie, [1pu KOHKPeTHHIX BHUHCJIEHHSX UACTQT
(hOHOHOB B AMHAMHKE pelIeTKH YacTO HHTEpPeCcyloTCs INoJydeHHeM
BhIpAXKeHHS JJI1 IOTEHIHANbHOH SKePriH KPUCTA/Ia V Yepes MHHH-
MaJibHBIH HaBop HeH3BECTHHIX CHJIOBHIX HOCTOHHHbIX B BHIpaXKeHHAX
n1s P gag 310 BHAHO, Hanpumep, u3 (67.8). IIpm 3TOM noren-
HHAaJbHYIO SHEPTHIO V HYXKHO BHIPA3HTb B BHIE 0GPE3aHHOTO PAa3Jjo-
JKeHud, CojepKauiero KOHeYHoe 4uCJI0 uieHoB B cymMe (67.8). OG-
CYAHM Teleph KPATKO NPUMEéHeHHe CHMMETDHH [J51 ONpeje/eHHs
3THX CHJIOBHIX NOCTOSIHHEIX (cM., HampuMep, [6], cTp. 286—288).

PaccmoTpuM Hcnosb3oBaHde INpeoOpasOBaHHH CHMMETDHH aJd
aHaJH3a YjeHa BTOPOTo MOpsiKa (rapMOHHUECKOro 4JeHa):

. l l’ , -
M ! 1 ]
(Daﬁ ( %o 'x ) ’ZB’ qjaa’qjﬁﬁ'@ ’ﬂ’( o ): (109.38)

TAe B KauecTBe Py B3AT ONEpPaTop KPHCTANIHYeCKOH CUMMETPHH,
HOBOPOTHAS 4acTh KOTOPOro paBHa ¢. PaccMOTPHM Tellepb COBOKYI-
HOCTb ollepanui B rpynne &, KoTopule OCTABAAIOT HHBADHAHTHHIM

r(i)-—r(f;,). | (109.39)

3Ta COBOKYNHOCTbL o6pasyeT MOArPynmy rpymmEL @ B CHMMOP(HEIX
rpynnax 3Ta NOArpynma siBAsieTCs NOArPYHMOH rpynnsl P, T. € To-

4eyHON rpynmsl Kpuctaada. Ilycrs sra moarpynna ® v ) OF
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peneseHa Tak, 4yto AJs Ji060ro sjeMedHTa ) $TOH TPYNIH HMeEeM

%,'(r(i)—r(:,))=r(i)—r(f:,). (109.40)

Torma pJisi m06Oro sjeMeHTa ¢, 3TOH TPYIIbL

lo, Loy G
D, . , =(I)_—( ,) (109.41)
BN %, % B %

% T

HIau

CDaB(i l’) Z(tpx)w (1), aﬁ(; i) (109.42)

L
TZe @) NPHHHMaeT 3HAYEHHsl BCeX 3J/eMeHTOB rpynns ® (u W )

MOXKHO TIOJIYYHTD p33H006pa3HbIe COOTHOILUEHHUA MeXKAY CHJOBBIMHU
NOCTOAHHBIMHY, OTHOCSLIHUMHCA K CpPIKCHpOB&HHOﬁ nape HHJEKCOB

1
(u W ) Takum cnoco6om MOXKHO MOJYUHTh NMOJHLIH HaOOp He3aBH-

CHMEBIX CHJIOBBHIX NOCTOSIHHBIX, CBSI3aHHBEIX ¢ BHIGpaHHOH NapoH WH-
JIleKCOB.
Ipynny @ MoKHO pas/ioXHTb 110 CMEXHLIM KJaccaM OTHOCHUTEJb-
7

HO @(W u')' [Tycte Ttemepn {@|#} — s7eMeHT cHMMeTpHH, He

4
npHHaaaexKamui x ® ( “ %,). Torna pis sroro anementa (109.38)

6yaeT COOTHOIIEHHEM MEXAY CHJIOBBIMH NOCTOSHHHIMH OAHOH «000-

11
Joukuy», Takum obpasoM, eciu (% ,/ ) COOTBETCTBYET OmpejelieH-

4

HOH Tape BTOPHIX cocelel, To (“’ “’) GyaeT coOTBeTCTBOBATDb ApY-
- %

%,
rofi SKBUBAJEHTHON Nape u CPIJIOBQ)bIeerOvCTOHHHbIe 6yayT CBsI3aHBL CO-
OTBETCTBYIOLINM 06pa3om gepe3 (109.42).

ITpasuya ompejie/leHHs: COBOKYIHOCTH HE3aBHCHMBIX CHIIOBLIX 1O
CTOSIHHBIX, COOTBETCTBYIOIIHX HEKOTOPOH «060s0uke» cocenell B OP,
scHbl, [IpoH3BOAs He3HayHTeNbHblE H3MEHEHHS B DAacCyX/eHUSX,
MOXHO ONpeJeAHTh MUHHMAaJbHEH HA00P CHJOBLIX NOCTOSHHBIX AJIS
MPOU3BOJIbHOA «000/I0UKH» B UJeHe JI0OOro NOPAAKA B Pa3IOKeHHH
(109.7). OnHako sTO He sBJsAeTCs Hallei IIaBHOH 3ajaued, ¥ UH-
TaTeqst MOXHO QTOC/ATE K pacOMoTpeHHIo, fanHoMy JIn6dpugowm [5],
JIn6ppunom u Jliogsurom [6] m taxkxke JIskcom [68], koToph# 06-
Cy&pan rpymiy XHMHYECKOH CBSA3H.
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B. AHrapMOHHYECKHE YJeHH B NMOTEHUUAJbHOR sHeprud. UroGw
YCTaHOBUTL OTPaHHMYEHHsA, KOTOPble CHUMMETPHs HaKJajJbhBaeT Ha
koo dunuents pasnoxenus V, Mb npeo6pasyem (109.9) ot seipa-
JKEHHS, 3aBHCAILEr0 OT AEeKAPTOBHX KOODAHHAT CMEUIEHHH K KOMI-

k
JIEKCHBIM HOPMaJbHHIM KOOPAHHATAM Q(]. ) U3 (80.9) noayunm

()=t LT () )e e aomao

IMogcrasum (109.43) B (109.7) u ympocTuM NosyuyeHHOe BEIpazKe-
HHe. PaccMOTpHM THUNHUHBIA KyOWUeCKuil aHrapMOHHYECKHH u.ed
(109.9), B kotopmili moncraBieHo npeoGpasosanne (109.43). Mu
MOxeM INPOAOJIKHTb OfCcyxIeHHe ABYMA clocobaMyu. BBINOJIHHM
CHAauaJa NpAMYo nojAcTaBoBKy, HamoMHuMm cBofictBa nmpeo6pasonan-
HBEIX CHJIOBBIX MOCTOSIHHBIX IPH NPOCTOH TPaHC/SIMU HA BEKTOD pe-
meTkn Pyg,y. [Ipu 1akoM npeofpasoBaHuM cMeElUeHHe 4 OKaghl-

BaeTCA npeolpa30BAHHBIM B Ur:

(ur)a(l_uz)=ua(i)_ (109.44)

Torennuaapnas sgeprug ®P Ttorna mMmeer Bul

=1y Ty ((I)T)am(l—;l z;z 1”Mjl)><

=1 -1 1"=I
%o w,B n,y

1—1 r—1i " —i
X tar)o )(ur)ﬁ( , )(um( ) ) (109.45)
% % % /
rie, Kak OOHYHO,
I—iV—T1—i
((DT)GBY( % 7 " )=(Daﬁv

% %

L ’) (109.46)
®

n %

Ho O6unaronaps TPaHCASUHOHHOA HHBADHAHTHOCTH pEIIETKH NpHU
TPAHCJSAIMA HA [POUSBOJIbHBIA BeKTOp peureTkH Ry

4 I—ir—ir—i
‘Pam(” g )=¢>am( P ) (109.47)

R % '

Bo-nepsuix, MH TpeGyeM, uTo6n KyGHuecKHH AHTrapMOHHYECKHH
yjaen O©© O6bla, Kak OO6bYHO, HHBAapUaHTeH INPH TPaHCAALHAX
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pemerkn. Baxuo, uro u3 (109.47) mm mosyuaem mpu I=1I (1. e.
RZ=RL)
rrr 01 —11—1
Q)af’v(% ' w” :q)aﬁv (% 0 w” . (109.48)

PaBubiM 06pasoM Mbl MOIVIH Obl IMOJIOXKHTb NPOU3BOJIBHYIO BeJH-
yuny [ pasuoit I’ wau [”, Tak uro

A 0!'—1 1"—1 = or-r
(I)afw(%%/ %”)=®a5v(x w G )=®aﬁy( w W w =
[— 11— 170

=CDGBV( " o %,,). (109.49)

UYrobs ycTaHOBHTH Ra/lbHefiliHe OrpaHHYeHHs HA CHJIOBBIE [O-
CTOSIHHBIE HEKOTOPOro KPHCTaJMa ¢ MPOCTpPaHCTBeHHOH rpymmoil @,
MBl MOXKeyM NPHMEHHTbH OlepalHi CHUMMeTPHH u3 & ¢ HoMOlbio
(109.17) u (109.49) u taxnM crocob6OM YCTAHOBUTH COOTHOLIEGHHS
MEKAY CH/IOBBIMH MOCTOSHHBIMH. HesaBuCHMBlEe CHJIOBBIE IOCTOSH-
Hble, KaK NPaBHJIO, OKa3bBaloTcd COOpPAHHBIMH B TPYNNEL, OTHOCH-
L{HECH K OIlpelesgeHHHM «000/0uKamM». ITOCKONIBKY pacecMOTpeHue
9TOr0 BONpPOCA He SIBJASIETCS Hallell 11eJbi0, MBl CHOBA OTCHLJI2eM
ynrateas K kuure JIu6dpuaa u Jloasura [6].

Boaspatumcs k o6cyxaenunio Beipaxenus (109.9) u noacrasum B
nero (109.43), (109.47) u (109.49); torma noayuum

o= GN%ZZ ZQ( )Q(k,) (k”)

kj krj/ P

1 OV—11"—1
XZ Z Z W(D“ﬁv(% w W )X

Ina U'nw'B "w"y
4 /4
p )\

k 4
j)eﬂ(” i

Xexp{i(k+R,+k + Ry + k- R} (109.50)

Xea(%

B (109.50) ME yMHOXHM HOpaBYIO CTOPOHY (MOX 3HAKOM CYMMHI)
Ha eNHHHLY, 3alHCaHHYI B Qopme _

exp{i(] -R,— K -R,+k"-R.—F'-Rp)}. (109.51)
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3areM, NPON3BOAS 3aMEHY pPeIIETOYHHIX MHJEKCOB CYMMHPOBAHHS,
NOJIy4HM B AEBATHKpaTHOR cymme cmpaBa B (109.50)

{Zexpi(k-R,_-l—k’-R(_—i—k” -’R,_)}X
1
. 0/—11"—]
X Z Z Z (MuMwMu")% (D“ﬁv(x w w” )X

wal'~1 wBl" =1 n"y
k | F . k”
i egl I ) - ey (x , )VX

Xeg ( % i”
Xexpi{k - (R — R+ Rk + (Rp»— Ry)}.  (109.52)

Cymmupopanue mo [ maer pemerounyio A-¢pyuxumio A(R+k +k”),.
rie
1, ecan B+ &k -+ k" =2nBy,

7 1/ A Y-
Ak+E +k )_'{ 0  BO BCeX NPOYHX CJIYHAasX. (109.53)

Tak Kak BexTOphl R, R”, B” onpenesiens: B nepBo# 3oHe BpuimosHa,
orpanudenue (109.53) Tpebyer, uTo6bl HX CyMMa DaBHAJIACH HYJIO
uin 2nBy. Torga MoXHO ONpeletHTh (ypbe-KOMIIOHEHTY CHJIOBHIX
NOCTOSIHHBIX CJIeAyIoiiuM o6pasom:

4 - 0 # ,
q)(] j, j” )=Z Z Z (Daﬂy(% 747 %”) (MuMuIMWf)l/z X

wo AP Nty
k 7’ k, /4
]. eﬁ % eyl ¥

4
]
CrienoBaTesbHO, MBI Ternepb MoxKem 3anucatb ®® B Bupe

w8 oY ) )o( ol

&
"X AR+ K + k7). -(109.55)

kll
i )exp i{k' - R+ & - R},
(109.54)

Xea(%

10 cranjaprHas Gopma CHIOBHIX NMOCTOSHHEIX, H (109.55) Toxze-
CTBEHHO COBIIajfiaeT C H3BECTHHIMU pe3dyiabTaTaMH [cM. (4], ypaBHeHue
(39.2)). IIpu monygennn (109.55) Mbl HCMOMB30BAAH TPAHCIALHOH-
HYI0 CHMMETPHIO KPHCTAJIa, H GTpaHHYeHHe, CBA3aHHOe C NpPHMeHe-
iHem A-QyHkuuH, cienano sanuchk Goaee cxatofi. OaHako 3amuch
(109.55) neymoGHa Aaf HCCNENOBAHUA MOJHOR CHMMETPHH KpPUCTaJ-
Ja (TpaHCAALUHMH H NOBOPOTH).
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Mu onpegesnm culIoOBHe nocTtosiHHble, npeobpasosas (109.11)
¢ momompw (109.10):

=g 2 550Gy v )e(7)e(r )elin)

TR TR
(109.56)
rae

kK R v |
V(i i )zg; ,27; l,,zw;v@“ﬁ"(x %’ %”) (Mo My M) x
k | ® L&
Xea(” f)"’ﬁ(” 7 )eV(” i )X
Xexp{i(k- R+ ¥ R+ k Ry} (109.57)

PaccMoTpuM BhipakeHHe MIJA aHTapMOHHYECKOrO ujieHa O®),
KOTAA B KayecTBe IHHAMHYECKHX NEPEMEHHBIX B HEM HCIOJb30BAHLI
JeKapTOBbl KOMIIOHEHTHE CMEIeHHH HOHOB, NpeoGpa3oBaHHLIE C II0-
Molbio Npeo6pa3oBaHus P{Q,p} u3 rpynnsl ®. IpyruMu cioBamu,

Mbp Hanuiiem Bmecto (109.11) Buipakenue nas ®® uepes mepe-
A
MeHHbIe (u%)a(u) HT I
1 - (v l
(D'(3)='3TZ Z Z (Daﬁv(% o (uq,p)a " X

Ino, I'n'B 1™y
v 4
X(u‘pp)ﬁ( ’)(u@p)v ( //)- (109.58)

HITpHxoBaHHbIE KOMIOHEHTH CHJIOBBIX NOCTOSIHHBIX, COTJIACHO
yeaoBui0 HHBapHaHTHOCTH (109.56), paBHBH HEIUITPUXOBAHHEIM KOM-
[IOHEHTaM, TO €CTh

@O = Z Z Z GBV(M: :’ )(u%)a'(i)x

Ina W8 ity ’
X (u w,,)B(l )( w,,)v(i”)- (109.59)

BocnesibsyeMcsi cOOTHOILIEHHEM, CBA3HBAIOLIEM IOBEPHYTHIE CMe-
IIeHHs HOHOB 4epe3 HCXOJHble MJIOCKHE BOJHHE M HeNOBEPHYTHE COG-

CTBE€HHBIE BEKTOPHI:
j _{Wp} j'v ’ ( ) )

(ump)a(;) =\/M1:1V ; % e*Rip (%
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Torna, ucnoJabsys (86.30), no.nyqaeM

Q{w,,}( ]v) ZZD(*" ‘“({(pp})(,,mm)Q( ) (109.61)

o=l p=l

Toxcrasass (109.60) u (109.61) » (109.59), mueen

k. Ek, k],
-2 2 2 i)
3/2 /4
ANT Lt 7 i, i i
Xy Z 3 DD O () gy DF U ({9} grrery X
o o'n’ o"pn”

. kN (KN (R
>< D( kl) " ({(pp})o”um;”v” Q ( ]' ) Q( jl ) Q ( ]‘// ) ’ (109‘62)
H/ ull

u

rae V onpefienero B (109.57). B pesysnbrare BHIOJHEeHHOro npeos-
pas3oBaHyug mepBoHauaJbHO BXojHBIIHE B O usleHH MepenyTHIBAIOT-
csi' n -00pasyior anHelinbie xoMmbunannu (109.62). Taknm obpasoMm,
3T0 npeofpasoBaHHe NPHUBOAHMT K CMEIIHBAHHIO APYr € APYroM
(s+1;)(s" +Iy)(s” « Ijn)-uneHOB, OTHOCSIUXCS K HOJHOMY IIPOCTPas-
CTBY NPOH3BENEHHS

58 0 @ 2(*) 1) @ (*#) (17, (109.63)

TIpumecu cocrosTHuil, CBA3aHHBIX C JPYTHMH HNDPOCTpPAaHCTBaMH, He
posHHKaeT. SIcHO, uto B npocTpaHcTBe upousseaeHHs (109.63)
HMEIOTCS NTpefcTaBAeHHs

D*E) (0 @ D*#) 4 @ pe) (M, (109.64)
Ho u3 npuBeleHHHX paHee cOO6pPaKeHHH HHBAPHAHTHOCTH CJELYET
D' = OO, (109.65)

HanomHuM, uto i 06O3HAUEHHS EAMHUYHOTO NPEACTABJAEHHUS ME
BuGpaan cuMmpoa (I') (1-4); rtoraa

DB ~ DO U, (109.66)

CuefloBaTe/bHO, UJEHB], COOTBETCTBYIOL[HE IPOCTPAHCTBY IIPOH3Be-
nennsi (109.63), GyAyT BO3HHMKATb, TOJLKO €CJAM IIPH BHINOJHEHHAH
NPONeAYpPH MPHBELEHHs] NPSMOTQ NPOH3BeieHH BO3HHKAeT eNHHUU- .
Hoe npexcrasiende DM +), Takum o6pasom, B (109.56) 6yayr mo-
ABJISITHCSA TOJBKO TaKHe NPOH3BEJLECHHS HOPMAJBHBIX KOODAHHAT, OJIs
KOTOpHIX K0s(D(HIHeHTH IIPHBENEHHS OTIHYHBI OT HYJd, T. €.

Ckm*Em*k’m” [T (14)) # 0. (109.67)
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Jlerko 3aMeTHTb, 4TO 3TOT PE3yJIbTAT COAEPKHT B cebe HapALY
C TPAaHCASUHOHHONH H [OBOPOTHYIO CHMMeTpHw0. Tak, HanpumMep, npa-
BuJIo 0T60pa AASt BOJIHOBOrO BeKTOpa

2nBy

k+k’+k”={ 0

clepyoolllee H3 TPAHCAAUHOHHON CHMMETPHM, OYEBHAHO, fABJAeTCHA
caencteuem rtoro tpeboBauns, uto I'(l+4) momxHO coxepKaThCcs B
(109.67). Koneuno, orpainuenue (109.67) eue GoJee xeCTKOe, TAK
Kak OHO YYHTHIBAeT Takke Npeo6pasoBaHHe NpH IOBOPOTAX.

Mu MoxeM 0806UIMTL 3TH pesy/bTaThl Ha JIOO0H ujieH pspa
(109.7). PaccMoTpuy i npuMepa 4jeH $-ro NOPARKA B Passoxe-
HUH, KOTOPHI MOXHO 3alHCaTbh B BHAE

kRE .
L DI M (R X

KR gls)(s)

XQ(?)Q(?’},) Q(ﬁ()) (109.69)

3xecy no amaJsoruu ¢ (109.57) umeem .

ER ... kS A C,
V(j] (S))EZ Z Z (Daﬂ"'v(u %'...%(S))X

na I'%'B H{OMO
4 E(s)
e N N U )
X(MM,...Mns)'/’ a( ]/-) Y( ](s) X

k 4
- Ve
“Wexp{i(k-R,+k -R,+ ... + £ Ry)}. (109.70)

Tpoussenenne (109.69) npeo6pasyerca B COOTBETCTBHH C IIPeJCTaB-
JEHUAMH NPAMOTO NPOH3BENEHU

DN @D*H) g ... @ D) (1), (109.71)

OueBujiio, NpPOH3BEAEHHE (109.69) MOXHO [peiCTaBHTh B BHIR
CYMMBI N0 HpocTpaHcTBaM, M yTBepxaeHue (109.71) skBuBageHTHO
YTBEPXKAEHHIO, UTO NPOH3BefeHUe

k 4 ks
o()e(y ) o(jw) - {10872)
siBAseTcss 0asHeoM BEKTODHOI'0 mnpoCTPancTBa AJaA ‘Hpo‘H3BelIeHPIH

RN DR g ... @n(*E) (), (109.73)

Heo6x0gUMBIM H JOCTATOYHBIM YCJIOBHEM TOr0, 4TO KOHKDeTHBHIH
HaGop npou3BefeHHH HOPMAJNbHHIX KOODIMHAT BO3HHKHET B (D),

¢ TOYHOCTBIO M0 2nBy, (109.68)

1
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COCTOMT B TOM, YTO COOTBETCTBYIOLIHE KO3 HIHEHTH NPHBeAeHHS
XapaKTepoB He PaBHHI HYJIO, T. €,

(CRi*KJ ... *ROjO |T (14)) == 0. - (109.74)

B rex ciiyyasx, Korxa 3To HYXHO, OGEIYHbIE POH3BeIEHHS cnenyer
3aMEHHTb CHMMETPH3OBAHHBIMH.

TpusnasnbHoe ciegcraue (109.67) wiu (109.74) no.nyqaercn H3
COOTBETCTBYIOMIHX NpaBHJa 0T6Opa AJA BOJHOBOrO Bekropa. s
ciayuas (109.67) oHo nmeeT BUJ

(kAR R |T) 5= 0, (109.75)

HAKH A8 HEKOTOporo Hafopa BOJHOBHIX BEKTOPOB (M0 OAHOMY H3
Ka)XIoit 3Be3fHl)

k, + k., + k=0 (c TouHocTblo 10 2nBp). (109.76)

Bo Bcex HauGoJiee BaXKHBIX MPHJIOKEHHAX CYLIECTBEHHO DPasjio-
xkenne (109.7), 3amucaHHOe wuepe3 HOPMAJbHble KOOPAHHATH -

k ~

Q(]. ) ¥ COIepXKalliee B KaXAOM uJieHe ONPelesieHHYIO CTeNeHb
v

HOpMaJbHBEIX KoOpjaHHaT, kKak B (109.69). [losromy uawe Bcero

NpoCTo BHIIIHCHIBAIOT 3apaHee pasgoxenue tuna (109.7) mns ra-
MHJIbTOHHAHA (HAIpuMep, /s NOTEHIHAJbHON 3HEPruH) HAU O
Kakoro-aunbo ApPyroro KpHCTAJJIHUYECKOTO MHBapHaHTa. 3ajauya, KO-
TOPYio ClefyeT PeliHTh, ABJSETCs TelePb 0OpaTHOH 3ajxaueil mo o7-
HOIIEHHIO K 3a/iade ONpefeseHHA COBOKYMHOCTH HE3aBHCHMBIX CH-
JIOBBIX JIOCTOSIHHBIX B KOODAHHAaTHOM IPOCTPAHCTBE, peIUeHHOH B
(109.41) u (109.42) (cunoBHle MOCTOSIHHBIE BTOPOrO NOPSAKA) WJH
B (109.56), (109.59) u T. A. (cHJIOBHe NOCTOSHHEIE TPeTbero H Gosee
BBICOKHX NOpAAKoB). B pasnoxenun tuna (109.69) moxuo ycrano-
BHTb, KaKHe KOMOWHAUHH HJIH [POH3BeleHHs HOPMAaJbHBEIX KOQPAH-

k - .
Har QLy) 6yayT uMeTb OTJIHUHBIE OT HYJA KO3pQUUHEHTH

k...
vV (]. ) Orser naetca opmyoft (109.74). Ecnu M Heenenyem

usen B (109.69), B KOTOPOM AaHHOE HOpPMasbHOE KoJeGanue Q(j

BCTpPeuaeTcst p pas, TO COOTBETCTBYMOLiee npoussenende B (109.74)
OKa3hIBAeTCH CUMMETPUBOBAHHbIM TIPOU3BEIEHHEM MaTPHI, HaNpH-
mep [p(*#) (n] u 7. L. ONHAKO eC/H UMEIOTCH 1BA Pa3/HYHBIX (lzjxe-

3aBHCHMBIX) HopMaJIbeIX KoJe6aHHs ¢ ONMHAKOBON cuMMeTpHef, 10
B (109.74) BXOAHT 06br4nOe TpOU3BeneHHe [ D(*E) (/)]p

O6cyxIenue CBOACTB KPHCTA/JVIMYECKHX WHBAPHAHTOB JO CHX
IOp MPOBOIHJIOCH B PAMKAX TeOPHH MPelCTaBJeHHH YHHTapHOM 1po-
cTpaHcTBeHHON noarpynnel @. Kak Hu3BecTno, clleayeT y4YuTHIBAaTh

Py
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TaKXe CHMMETpHIO 06pallleHHs1 BpeMeHH. DTO MOXHO CAeJaTh ABYMS
cnocofaMu aHaJIOryuHo paccmorpenuio § 88—94 (wam § 95—102).
Tax, Mbl MOXemM paccMOTpeTb omepaidio K KOMIJIEKCHOrO CONpsixkKe-
Hus, onpejeneHHyio B § 88 [ypasuenne (88.1)]. Torza tpeGoBanue
HHBAPHAHTHOCTH OTHOCHTEJIbHO Oo6pallleHHsi BPeMeHH AaeT BelecT-
BEHHOCTb NMOTEHIHAJIbHOH 3HEePTHH: e

K'OK =" =, (109.77)

Yeaosue (109.77) MOXHO NpHMeHHTb K KaxjaoMmy uiaeHy (109.7),
TaX KaK YJEHH C PAa3]HYHBIMH CTENEHSMH HE -CMEIIHBAITCA MOJ
HelICTBHeM olepaluy KOMILIEKCHOTO CONpskeHHs. MoxHO yBelnTb-
Cf B TOM, 4TO KOHKpeTHOe npuMenenne (109.77) npuBoAHT K paBeH-
CTBY HeKoTOpbIX Ko3pduuuentos B (109.69), obecneunpamoiueMy Be-
mectBeHHocTh (109.77). Kaxk el cayuall foJKeH paccMaTpHBaThCsA
OTAEABHO.

Bropoii BO3MOXKHBIA NMOAXOX OCHOBAH Ha PAaCCMOTPEHHH HOP-
MaJbHBIX KoJeGaHuil kak 0asuca aJas HeNPHBORMMEIX HpencraBnJe-
Hui. MMes 370 B BHAY, MOXKHO NOCTPOHTb PEHIETOYHBIC HHBAPHAHTHI
Bufa (109.7) u (109.69). Takok nojaxon Tpebyer 3HaHud Ko3ddu-
IIMeHTOB [IPHBEAEHUS IJIS KONpPeICTaBJEHHH, aHATOTHUHEIX KO3PPH-
uuenTam (109.74) pas npocrpaHcTBeHHBIX rpynn. Ho ofin go cux
mOp €lle He TMOJAy4YeHH. B mpuHIUIeE, OfHAKO, TaK0e PACCMOTpEHHe
BO3MOXHO — OHO COBIajaeT ¢ pacCMOTPeHHeM HACTOSIIero mnapa-
rpada ¢ Tofi pasHuLeH, YTO BCIOAY TEOPHIO NPeAcTaBJeHHH clexyer
3aMeHUTh Ha TeOPHI0 KONpelacTaB/ieHUH. B pesysapTaTte nosyuurcs,
4TO ecjau AJS NMPOCTPAaHCTBEHHO-BpeMeHHOH rpyuns & koabduunent

(co*kjco*k’j’ ... |T14)=£0, (109.78)

TO COOTBETCTBYWOMIMH uieH 6yner BxonuTs B (109.74).

31ech ciieAyeT OTMETHTb, UTO B AONOJIHEHHE K TPeGOBAHUSIM HH-
BAPHAHTHOCTH NO OTHOLIEHHIO K NPOCTPaHCTBEHHO-BpeMeHHOH rpyI-
ne kpucrasia 0506lIeHHEe CUJIOBBIE NMOCTOSIHHEIE TaKXe M0JIKHBL
OLITb MHBADHAHTHB OTHOCHTEJBHO OOLIHX OAHOPOXHHIX Npeobpaso-
BaHHA NPOCTPAHCTBa (MOBOPOTA M TPAHCAALMH KPUCTAAAA KakK lLie-
Joro). DTOT BONpoc NMOAPOoOHO obcyxiaaeTcst B paGote [4].

§ 110. IMocTpoenne KpUCTANNHYECKHX KOBAPHAHTOB:
3JIeKTPHYECKHH MOMEHT H MNOJAPM3yeMOCTb

Mbl paccMOTPHM Tenepb KOHKPETHO HBAa KPHUCTAMJIHYECKHX KO-
BapHaHTa, HIPAIOIINX CYLIECTBEHHYIO0 POJb B KPHCTAJIMUECKOH OIn-
THKe. DTo 3JCKTPHYEGCKUH JUNONbHLINA MOMEHT KPHCTA/NJ1a H 3/JIeKTPH-
ueckas mnosApu3yemMoctsh!). Jlio6as H3 9THX BeJHYMH MOKeT

) O6cyxaenne orpannqenﬂﬂ HaJlaraeMuX~ 0Auof Tpaﬂcnﬂnﬂox-moﬁ cHMMeT-
pueil, cm. B pabote [4], dopmyan (39.11)—(39.18).

-
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CYUHTAThCH 34JaHHOH, eCJH YCTaHOBJEH IOJHHIA Habop cMelleHHH

l
HOHOB ua(%). Beegem caepywinue 0603Haqeauﬂ:
. / '
M( Uy (x )— 3/MeKTPUYECKHH NUIONBHEIH MOMEHT, (110.1)

!
P( {ua (%) } ) — 3/1eKTPOHHAS NOJSIPH3YEMOCTD. (110.2)

OJIeKTPHYECKHH AUIOABHBIH MoMeHT M sBAsieTcss NOJAPHBEIM BEKTO-
pOM, a MNOJAPH3YeMOCTb P — CUMMETPHUHBIM TEH30POM BTOPOro
panra'), B nekapToBHX koOpAuHaTax M uMeeT TP KOMIOHEHTH

Moy Mg M, (110.3)

KOTOpHle HpPH OGBLIYHHIX ITOBOpPOTax (¢) mpeolpasyioTcsi Kak
My — 2 9, M, (110.4)
a

rie, KaK H paHblle, @, — KOMIOHEHTH MaTpuusl nosopora. Ilpe-

oopasosaHue (110.4) cooTBeTcTByeT mNpeoSpas’oBaHHI0 NOJASPHOTO
BeKTOpa. B oOBYNOH COKPAlleHHOH 3alUCH OHO HMEET BHA

PoM = D ({(p})M, 7 (110.5)

rne D — matpuna c pasmepamu (3 X 3), no xoropo#t npeoGpa-
3yercs nossipHelfi Bekrop. s onpenelenHol rpynnkl @& npexacras-
JeHHe DY) MoxkeT 0KasaThbes JAHOGO NPUBOLHMBIM, JHOO HENPHBOLH-
MEIM. Xapakrep, WiH ciel, 3TOr0 NPejiCTaB/leHHs PaBeH

Sp D ({¢}) = =+ (1 4 2 cos 9), (110.6)

rle @ — YroJ HOBOPOTa, COOTBETCTBYOIHH onepauuu {@}. Jiaa Ky-

7 5
GHYECKHX MPOCTPAHCTBEHHBIX I'PYIIN, TaKuX, Kak Ok (anmas) uan Op
(noBapeHHas coJib),

D) = ['(15-), (110.7)

T. €. OK23BIBAETCS HEMPHBOLHMEBIM.

Jsi TeH3opa noasapusyeMocTH P 1npaBuHIO, COOTBETCTBYIOMHIEe
(110.4), nonyuaeTcs . ipy paccMOTpPeHHH Npeol6pas3soBaHUA KOMIIO-
HeHT P,g. OHO HMeeT BHJ

Pip= 2 X ®a®ePos | (110.8)

) B6ausu pesonanca B pacCesiHH¥ CTAaHOBATCA CYUIECTBEHHBIMH RHTHCHMMeT-
pudnnie xoMnowents P (1. 2, § 6). OTH Xe KOMNOHEHTH BO3HMKAIOT NPH PACCMOT-
PeHBH ABJICHHHA BO BHEIUHHX MOJIAX.
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H [I0Ka3eiBaer, ytro P — TeH3op BTOoporo paHra. TeH30p noJspHsye-
MOCTH OOBIYHO GepyT cHMMeTpPHUHBIM [4] (cM. mpHMeuaHHe BRILIE):

Pog=Pgq. (110.9)
Torna (110.8) moxHO 3amucaTh B Buie .
PP = D' ({¢}) P = [D) ({¢})] ) P, (110.10)

rae DM — npeAcTaBieHHe, MO KOTOPOMY NpeoOpasyeTcs CHMMeTPHY-
HHI TeH30p BTOPOTO paHra. B 3aBHCHUMOCTH OT KOHKPETHOH T'pYIIH
@ npejacrasienvie DV moxer GbiTh JHGO NPUBOAXMBIM JHG0 HENpH-
BOAHMEIM.

Inst mpoctpaucTsennsix rpynn O u Of npencrasaenne [D0],,
IPHBOAHMO IO NIPABHJIY
[D(r)](2) —_ F(I-H @ F(lz-{-) @ I"(25+)‘ (1 IO-I I)

ITonesHo mopueprHyTh, uTo BhpaxkeHua (110.3), (110.10) wnnm
(110.11), (110.8) pmator npeoGpasoBaHue BekTopa M u TeH30pa BTO-
poro paHra P xak nesnoro. Kaxjaas u3 3TUX BeJHIHH ABJSETCS MHO-
FOKOMIOHEHTHOH, ¥ KOMTOHEHTH Npeofpas3yioTcst APYr uepes Apyra
npu npeo6pasoBaHUsAX KOOPAMHAT. B uacTHOCTH, ec/i J100y10 #3 Be-
apuinyg M uau P pasioxuth B psij Teljopa mo KOMHOHEHTaM CMe-

I
HIeHH ua(% , TO KaXIblH ujleH, SABAAIOUWIHACA OXHODOIHOH

(dyHKUHell HEROTOPOH CTEleHH cMelleHHf, MOJMXEeH NPeoOpa3oBH-
BaTbCA IPH [OBOPOTax, TakK ke KaK nosaHas BeauwuuHa (110.1) uam

- (110.2).
PaccMoTpum Telleph 3JeKTPHYECKHI QHIOJABHBIA MoMeHT M Kpu-

!
cranana, 3anuilem aas M pasjoxeHnue B psag Teisiopa mo u, ( M )

Toraa A/dst KaXKA0H KOMIOHEHTHI HOJAYYHM

Mo=MP+MP 4+ ... + MO+ ..., (110.12)
e l !
Mg)=lZﬁMa‘ﬁ(%)uﬁ(%). (110.13)
A
31ech

Ma_ﬂ(i)=[-¢;‘iz%@,—5] ) (110.14)
%/

Huas sroporo unena B (110.12) umeem -

I4

L 1y (1
Mg>=ZZMG,M(% %,)uﬁ(%)uy(%,), (110.15)

B 'ny
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rae

{ l/, _ M !
oo oo ) =[momrry] - 00

0

AHasiOrnuHEle BHIDAKEHHS MOXKHO HaludcaTh MJs 4JeHOB 6oJee Bhi-
coxoro nopsanxa. ITockonbKy BednunHa M Kak uejnoe npeoGpasyercs
Kak D, 1o Tak e XOJIKHBI ce0si BECTH M APYrue UJEHH pasioxke-
ana (110.13), (110.15). Ynenn paga (110.12) moxHO, Kak u paHb-
e, 3alKCaTh B BU/E PAAA 10 HOPMaJabHBIM Koopauuatam. CaefoBa-
TeJbHO, MOXKHO HallucaTh

MY = ZM( ) (}kv) (110.17)

kiv
rae
k ! : k _ N
Ma(jv)ElZﬁMa,ﬁ(%)Weﬂ(% jv)exp(zk~R;_). (110.18)
H
Haree, - kK k k
2)
=35 (* o(Fe(F). s
; ,;,,;,,“JM,QJVQJV (110.19)
rae

. k , k
k k/ l l, ] eﬂ ('}C } ) ey (X ]./’ )
“Niy Iy IEWI;IZ;‘Y AR N A/ M, M,

Xexpi(k-R,+k-Ry) ur n  (110.20)

TpebGoBanusi CHMMETPHH IOJHOH NPOCTPAHCTBEHHON TPYNNH OrpaHH-
k
-ypBaT Habop JONYCTHUMHX Q i) KOTOpLIE MOTYT BO3HHKATH B

v
pasnoxenusix (110.17), (110.18) u 1. 1. -

PaccMmoTpum Telepb BHIPaxKeHHe NJs YieHa NePBOrO NMOpsijgKa B
M, gorza B KaUeCTBe OCHOBHOro Habopa DUMHAMHUECKHX MepeMeHHbIX
BHIOpaHH NOBEPHYTHIE AeKapPTOBblI KOMIOHeHTH cMemeHuit. I3 pac-
cMoTpeHus, anasoruudoro (109.71)—(109.74), umeem

MP = § Pp MO, (110.21)

HO OJHOBDEMEHHO

% N
MO = Y M, B( y )(u“’)ﬁ ( " ) ~ o (110.22)
: np 4 -
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Tpeo6pasoBanne koadpuuuentos B (110.13) u (110.22) umeer

BHJ, |
( ) Z%s as(l®) (110.23)

TaK uTo npeo6pa3oBaHye 3THX BEJHUHH ﬂBJIﬂeT‘Cﬂ npeoGpa3oBaHHeM
NOJSAPHOTO BeKTOPa. AHA4JOCHYHO TOMY, 4TO GBLIO /IS COOTBETCT-
BYWOMHUX KO3(D(DHUNEHTOR B PAasyOKeHHH KPHCTaJJIW4ecKoH HOTEH-
LuadbHOH 3HePrun, Tpe6oBaHre HHBAPHAHTHOCTH «(DH3UIECKOTO TEH-

sopa» My, B(%) JaeT yCA0BHe MHBADHAHTHOCTH 3THX BeJHYHH NPH

npeofpa3oBaHUAX CHMMETPHH KPHCTAJIA:

N M;’B(i)=M%(:). (110.24)

BripasuM Telnepb NOBEPHYThIE CMelleHUs (“‘Vp)a(%) yepes HOP-

MaJ/bHEle KOODIHHATHL H BOCHOJb3yeMcs yC/IOBHEM HHBapHAHTHOCTH
(110.24); rorna us (110.22) noayuum
i )aea()
jv Q{Wp} jv

l .
) ’ 1 iky Ry (
M Z;MB()—VMNZZ e
T v
(110.25)

HJIH
=Y LT ( ), (k ). atoze

L2

Ilpu sTom, chonbsyfi (86.30), nmeem

M’“) . Z Z Z Ma( )Z Z p*e) ({(pp})wa(,;:). (110.27)

DT0 BHIpaxeHHe N Npeo6pasoBaHHHIX @&-KoMmmoHentr MU, Ho
OCHOBHO€ NpaBHJio npeobpasoBanns (110.21) u Berpaxkenue (110.17)
LaioT -

) ke _(k
0= YoMy =Yoo, ¥ Yo )o( ) arozs
. [ [+4 ky 1y ) v v

Tak kak npeo6pasosammsi (110.27) m (110.28) mosKubH KaBaTh
ONlAHAKOBBIE Pe3y/bTATH, TO MbB MOXeM NDPHPABHATb HX. YuTeM,
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Kpome TOro, 4T
Pp0 =D ({¢p})54- - (110.29)
Torna N

ST (5 )o(};)-
B ; Z,: Zv: ; Zu: DI (@Yo Ma(?: ) Q (’;) (110.30)

v

Jlerko BHAEETH, YTO 3TO paBeHCTBO BBINIOJHACTCHA, €CJOH NPEACTa-

k
paenne D*® O, 1o xortopomy npeoGpasyercst (oOHOH Q(].T),
v

TOXKLECTBeHHO paBuo DW. Ho 3T0 BO3MOXKHO TOJBKO B TOM CJY-
uae, ecJH, HanpuMep, B KyOHYeCKOM KDHCTadJe

k

Q( .‘)~D<FH15->. (110.31) -
v/

CaenoBaTenbHO, eAMHCTBEHHBIMY HOPMAJbHBIMH KOJeOaHHAMH, AJIS
KOTODHIX CYLIeCTBYeT JIMHeHHbIH usleH B pasnoxennu (110.17), saB-
JSTIOTCS TPU KoJebaHus, npeolpasyiolivecst Kak HOJSIPHBIH BEKTOD

r ,
Q(15 ) B xyb6uueckoM KpHCTaJ/e, OUYEBUEHO, HMEIOTCS TpH

KOMIOHEHTH TPEXMepHOT0 BEKTOPHOTO NpeJcTaBJIeHusd.
[ns1 ujleHoB BTOPOro mopsifika AOKAas3aTelbCTBO NPOBORUTCH aHa-
Joru4Ho. Torxa #eo6xoxuMoe M JOCTATOYHOE YCJOBHE CYLIeCTBOBA-
HUS OTJIMUHOrO OT HyJd uneHa Broporo nopsaka (110.19) wumeer

BHI
p*a i @ p*#¥) 47 comepwur DO, (110.32)

Heo6xoZuMBIM yCIOBHEM MNOSBJIEHHS HapH ONpeNeJeHHBIX KOJe-

6aHMl B PAle MO CTENEHIM U s) s M gBisieTcg, OUEBHIHO,

HeHyJeBOe 3HayeHHe KO3hdHUMEHTA NpUBeIeHHS:
(*kj*kj’ |T'r) 5% 0. (110.33)

B (110.33) cuMmBoJ BekTOpPHOro npeAcTaB/ieHHs 3anucaH B Bujie I'r.
B Ky6uueckoM KpHCTaJJe oH paBed I''5™), AHains MOXHO BHIIOJ-
HUTh KaK METOJOM MaJjol rPyfilel, Tak ¥ METOAOM IIOJHOH rpynmml.
SlcHO, uTO mJf KPHCTAJNJOB, rPyNNa CHMMETPHH KOTODBIX COXEPXKHT
HWHBEPCHIO, HODMAJIbHBEIE KOJIe6aHHs ONHOH M TOH Xe 4eTHOCTH He
MOTyT NMOSIBJIATECA BMeCTe B NPOH3BeNeHHH, BxoaslleM B M®. [lpy-
IHe TakKpe e IoJe3HHe ¥ NPOCTHE NPABHIA MOXHO HOJYYHTH 1O
H3BeCTHBIM KoadduiueETaM NOpUBeleHHSA KakAOH NPOCTpaHCTBeH-
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HOJi rpynnsl, Huxe GyAyT npusefiensl npHMepH TAKOTO aHA/IH3a IS
IPYIN CHMMETPHH ajMa3a U KaMeHHOH COJIH.

YseHwl Gosiee BBICOKOTO MOPANKA MOMKHO PacCMOTPeTb TaKHM XKe
cnocobom. Tak, unen s-i cTemeHu M) Gyjer conepxkaTb NPOH3Be-
JeHue s MHOXKHTeJeH, ABASIOWHKUXCH HOPMAJbHEIMH KOOPAHHATAMH

k
Q(].). Heo6xoauMoe ¥ J0CTaTOYHOE YCJIOBHe CYLIECTBOBAaHHS

paccMaTpHBaeMoro NnpoH3BedeHHs COCTOHT B TOM, YTO IIpAMOe IIpO-
H3BCACHHE

DD g ... @ D) () (110.34)

conepXKHUT npeacTasierne D), Ecau aTo mpejpcraBieHne COXEPKHUT-

€A, TO C MOMOIUBLIO OTePATOPOB NPOEKTHPOBAHKA MOXKHO ONpeAe/IHTh
JuHelHyl0 KOMOMHanMI NPOU3BeldeHUH, 00pasyollyw JUHeHHOe
BEKTOPHOe NPOCTPAHCTBO 2(’) DT0 3KBHBAJIEHTHO TOMY YCJOBHIO,
4TO CHJIOBAY MOCTOAHHAs S-H cTeneHH, coorBercTBytowas (110.15),
He pasna Hyao. [losHoe ROKa3arenbCTBO AJs 4ieHOB 6oJee BRICO-
KOTO MOpAJAKA TaKoe XKe, KAK AJH WIEHOB HH3KOIO HOPSAKA.

Tpe6oBanue, uto6u (110.34) copmepxkano D, sKBUBaJEHTHO
Tpe6OBaHHI0 OTJIHYHS OT HyaAs COOTBETCTRYMOUlero KozbbuuneHTa
npuBereHHa. B paccmarpuBaeMoMm cayuae 1/ KyGHYeCKHX KpucTaJ-
JIOB OH HMeeT BHJ

(RET ... RO |T15 —), (110.25)

Jns onpelesneHus NPaBHABHBIX JUHEHHBIX KOMOMHAUMH HYXKHO HC-
NOJb30BaTh ONEPATOPH NPOSKTHPOBAHHA HJIH, e€CAH OHH H3BECTHHI,
koahpnuuenTsr Knebma — I'oprana nis BO3HUKAIOUWIMX B TEOPHH
TEH30DOB.

AHanornyHoe paccMOTPeHHe ¢ COOTBETCTBYIOLMMH H3MEHEHHSIMHU
MOXKHO IPUMEHUTh AJiA MOCTPOEHHS OTAeJbHEIX 4JIeHOB PasjoKeHHs
nossipuayeMoctu P mo creneHaM cMeLIEHHE HIH HOPMaJbHEIX KOOP-

JUHAT:
P=PO4+PO4 | L P4 .. (110.36)

Uto68l cOOTBETCTBYIOLNEE NPOH3BeNeHIE COMHOKUTENEH, IBASIOLINX-
csi HOPMaJIbHBIMH KOOPAHHATAMH, BXOAH/IO B Pas/oKeHue (110.36),
KaxX/Ablll WieH NPOH3BOJBHOH CTENeHH B OTAJBbHOCTH JOJIKEeH OHITH
TEH30POM BTOPOTO paHra.

ITepexons & o6osnauenuam (110.10), mMu BHJIHUM, 9TO HeoOXx01u-
MbIM M JOCTATOYHBIM YCJIOBHEM IOSIBJEHUs U/eHd ONpeleleHHON 3a-
LAHHOH CTeNeHH B DA3J/OXKeHUH IOJNAPH3YEeMOCTH SBJISETCS Hepa-
BEICTBO HYMIO KO3(hbHIMeHTa NPHBeJeHHS:

(RI*E] LNDO) =00 T (110.37)
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B cayuyae kyOHueckoro KpHcTagja 310 03Hauaer, 4TO N0 KpaHHed
mepe AisA oxHol kKomnorents (110.11) KO3 OHUHUEHTH He PaBHH
uymo. [leranu noxasarenbcTBa TakHe ke, KaK B cOOTBETCTBYIOIIEM
cilydae JJis ollepaTopa AHIOJNBHOIO MOMEHTA.

B saxmiouense ykaxem o6ulyio cxemy. s awboft du3Hueckolt
BeJTHYKHBL, KOTOpas npeobpasyercst KOBapHAHTHO NPH OOLIHX HOBO-
pOT&X, HYXKHO cHauyaja HaiTv IpeicTas/eHHs rpynnst @, T. e. npo-
CTPAaHCTBEHHOH TPYNNBI, MO KOTOPOH npeo6pasyloTcss KOMIOHEHTH
KOBapHAHTHOH (u3nyeckol BesuuHMHB. UTOO6H B Pa3NOXKEHHH 3TOH
(bu3HYeCKOl BeJHUHHBI [0 HOPMAJBHBIM KOODAMHATAM BO3HHKJIO
HeKOTOpoe KOHKpeTHoe npoHu3BeleHue, HeoOXoAMMO, UTOGH 3TO KOH-
KpeTHOe TMPOU3BENEHHe CONEPKaJO0 JHHEe#HOe BeKTOPHOe MpOCTpaH-
CTBO, COOTBETCTBYIOIIEE TeM Ke NpeAcTaBjAeHHsM rpynmu &, uto u
npu npeo6pa3oBaHUAX KOBAPHAHTA Kak WeJoro. TaK KaK HOPMaJb-
HEle KOOPAHHATHI, cordacuo (86.30), asasoTrcsa 6asHcoM AJAS HeNPH-
BOAHUMOTO JAHHEHHOro HEKTOPHOIO NPOCTPAHCTBA, BO BCEX CAYHANX,
4yToOB BHOpAaTh KOHKPETHOE NPOH3BejeHHE, HYKHO HCIOJIb30BATh
npaBHja NPHBedeHHs OOBIUHOrO ¥ CHMMETDH30BAaHHOr0 NPOH3Bede-
HUfl MaTPHI ¥ cTeneHell HeMPUBOAUMBIX NpeACTaBJeHUN MPOCTPaHCT-
BEHHHIX TPYIIL.

B stom maparpade MBl OTPAHHUHJHCH KCIOJAL3CBAHHEM TEOPHH
npeACTaBACHUHA YHHTAPHOH MOArPYNNHl, HO B NPHHIHIE CJAEL0BAJO
Gl pacCMOTPETh NOJHYIO IPYNNy NPOCTPAHCTBEHHO-BPEMEHHOH CHM-
merpun §. Kak yrRasano B kKoHlle § 108, cummerpuio oOpauieHus
BPeMEeHH MOXHO Y4YeCTb, HCHOJb3Yys olepatop K Aas samucu ycijo-
BMS BElleCTBEHHOCTH (PH3HUYECKHX BeJHUYHH, HapuMmep

K 'MK = M= M.

HHTepecHo 6blyi0 OBl BLHINOJIHHTL BCe PAaCCMOTPeHHe ¢ HOpMaJb-
HBIMMH KOODAMHATAMH, SBJISIOUIHMHCS 6a3sHCOM XA KONpeacTaBsle-
Hufi, 1 COOTBETCTBYIOIIMMHE KO3(pGhHUHEHTAMH NpHBeAeHHH. TakoH
NOAX0J, 0OAHAKO, elle He PeasH30BaH.
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[IpoCTpaHCTBEHHO-BPEMEeHHass CHMMeTpPHs
U KBaHTOBas JMHAMHKA peLUeTKH

§ 111. Bsepenue

Ara raasa Kauru (§ 111—118) mocBsiuleHa OCHOBaM KBaHTOBO-
MeXaHHYeCKOT0 pacCMOTPEeHHs KpUCTaJ/IMuYeCKOH cucremel. Hac HEH-
TepecyeT, B 4aCTHOCTH, NOJNYYeHHe ITOJHOTO KBAHTOBOMEXaHUYECKOTO
ONHCAHHS COOTBETCTBYIOL[HX 9/JIeKTPOHHBIX H HOHHBIX (HMJH sfAep-
HBIX) CTelleHeli CBOGOAB H30/5iTOPa, UTOOBH B KOHIE KOHLOB ITO-
CTPOUTH KBAHTOBOMEXaHHYECKYI0 TeOPHI0 HH(pPaKpacHoro HorJouie-
HUSL 1 KOMOUHAUMOHHOIO pACCesiHHs CBETa KPHCTAMJIOM. DTa TEOPHS
6yneT pa3BuTa BO BTOPOM ToMe 3ToH kuurn (§ 1—8).

OTMeTHM npekJle BCEro, 4TO HeKOTOPHe CTeNeHH CBOGOJH, HJH
KBAHTOBBle NTepeMeHHbIe, 10 CHX NODP OTCYTCTBOBaJu B HallleM pac-
CMOTPEHHH, TaK KaK OHHM HeCYHIECTBEHHE NPH HCCJIeJOBAHHH ONTH-
YeCKHX CBOHCTB KOJe0aHHi KpHcTadanuecko# pelletku. Hamnpumep,
HAaC He HHTEPECYIOT 32/]eKTPOHHBEIE M SAEpPHBIE CHHHBI HJIU JEeTadH
3JeKTPOHHON 30HHOH CTPYKTYPH TBepAbIX Tesd. OfHaKO MH MOJb-
ayeMcs HajHuueM 3alpeHIeHHON 30HB B 3JeKTPOHHOM pacrpejele-
HHH KaK BaxKHOH XapaKTePHCTHKOH H30.15TOpa cHavasaa B § 113, 114,
a zateM B 1. 2 (§ 2—6).

Haxe npm Takux nensx jwo0oe PaccMOTPeHHE HHTEPECYHOUIHX
Hac 3JeKTPOHHBIX H pelIeTOUYHBIX cTeneHedl CBOGOAB NOMXKHO OHITh
Mo HeoOXOAUMOCTH NPHUOIMKEHHBIM, TaK KaK 3JEeKTPOHHO-ilepHas
CHCTEMa SIBJASETCH CHCTEMOR MHOTHX TeJj, /s KOTOPOH B HacTosllee
BpPeMsi HeT TeOpeTHueckoro omxcanus, Haubosee BaskHBHIM npuOIH-
JKEHHEM, KOTOpOe HOJIOKEHO B OCHOBY M Halllero PacCMOTPEHHS, SiB-
asietcsi agunabaTnyeckoe npubiamxenne bopua — OnneHrefivepa [89].
CaMbIM BaXXHBIM B 3TOM IPHOJHXKEHHH sBJAsSETCS cnocol, KOTOPEIM
pasgensiorca 3JeKTPOHHLIe ¥ SAAEeDHBIe HepeMeHHBIE, TaK YTO HX
MOXHO paccMaTpuBaTh NMopo3Hb. PaslencHHe NepeMeHHBIX He HAB-
JasieTcsl NOJAHBIM, TaK KaK HMeHHO AedopMalns MeKTPOHHBIX COCTOS-
HHH, cO31aBaeMas IBHXKEHHeM sifep, 06YyC/A0BAHBAET rapMOHHYECKHH
41 aHrapMOHHYeCKHH NMOTEeHUHAN, B KOTOPoM ABHXKyTcs siupa. [Toka-
3aHO, YTo NOTeHUHaJbHAsi SHEPTHS SAep, KOTOPash B KJIACCHYECKOM
paccMOTPeHHH MHpeinoJsarajach rapmonHdeckolr (§ 67 u 109), Bos-
HHKAaeT BCJAEACTBHEe 3aBHCHMOCTH MOJIHOA 3HEPTHH MHOTO3JIEKTPOH-
HOM cHCTeMnbl OT cMmelleHHl sgep. Oua paBHa 3JeKTPOHHOH HEPTHH,
onpenesieHHON NpH (HUKCHPOBAHHOM NOJIOXKEeHHH sifep. BosHOBIE
$YHKIME Bceli CHCTeMHl SABJAAIOTCA NPOH3BelAeHHSIMH pPelHeTOUHOH
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BOJIHOBOH (YHKUHH Ha MHOTO3MeKTPOHHYIO BOJHOBYIO (YHKIIHIO,
WMeHHo Takag 3allHCh BOJHOBOH (YHKIHH B BHJE MNPOH3BedeHHus
N03BOJISIET YCTAHOBHTb CHMMETPHIO COGCTBEHHBIX COCTOSIHHH pelleT-
KH, TAK KaK Halle pacCMOTpeHHe NPpOCTPAHCTBEHHO-BpeMeHHOH IpyI-
OBl CHMMETPHH & M ee HENPHBOAMUMEBIX NPEACTABJEHHH H KONpel-
CTaB/JCHHH MOXHO NePEHECTH W Ha KBAHTOBHI caydah (cm. § 116—
118). Ecan MH 3HaeM CHMMETPHIO COGCTBEHHBIX COCTOSHHE pemleT-
Kd, TO ¢ IOMOLIbIO TeopeMel Buriepa — DkapTa M Halllero PaccMmor-
peHHsT KO3QQHUUHEHTOB NpUBeAEHHs A NPOCTPaHCTBEHHBIX TPYNN
n Koabodunuentop Kaebma — 'opaada msl MOXKeM IIPOaHAIHU3HPO-
BaTb MATPHYHBle 3/JeMEHTH, OTBeTCTBeHHble 3a HH(ppaKpacHoe IO-
[JICIICHHE H KOMOUHANHMOHHOE pacCesHHe CBeTa.

Kax Gyaer nokazano muxe, Ji066le KojMebaTeabHble COOCTBEHHEE
COCTOSIHHS B TAPMOHHYECKOM MPUOIHMKEHHH MOTYT OBITH ONKCAHBI
TO4HO, B036YK/AeHHBEe COCTOAHUSA, BOOGIIE rOBOPS, ABAAIOTCA CJAOK-
HeIMH COCTOSTHHSIMH, COAepKalUUMH o00epTOHB OJHOTO ¢OHOHA |
KOMOUHANUU BCeX NMPOUHMX (POHOHOB, IIPHCYTCTBYIOLIHNX OXHOBDPEMeEH-
wo. s NMoJyYeHHss CHMMETPHH COCTOSIHHA HYXKHO BBINOJHHUTDL NpPH-
BeJeHHe NMPAMOTo NPOU3BENeHUSA COOTBETCTBYIOUIHX CHMMETPH30BaH-~
HBIX M NPAMBIX NPOU3BeAeHHfi MaTpuu. Takod aHaau3 o06epTOHOB
H KOMOHHHMPOBAHHBIX 4aCTOT OKa3aJCs OYeHb NPOAYKTHBHEIM IpH
NPHUMEHEHHUH TEOPHH TPYIN AJMA aHaJH3a M NIPefCKa3aHus CIEKTPOB
MHOTHX KDHCTAJJIOB; MPUMepHl paccMaTpuBawTcs B T. 2, ri. 3.

3anuch BOMHOBOH (DYHKIHHM B BHAE HPOU3BeAeHHUs B axualbarHue-
CKOM NPHOJNXKEHHH HMeeT H JAPYroe BaXKHOe CJAeACTBHE IJIsi pac-
cMoTpeHna B T. 2, . 1. TTocko/abky 3Ta QyHKUHS HMeeT BHA IpO-
U3BeleHHST MHOTO3JIeKTPOHHOR (YHKHIMH Ha BOJIHOBHE (DYHKUIHMH
kosebaTe/bHBIX COCTOSIHHIL, 0Ka3bIBaeTCs BOSMOXKHEIM B paMKax ajua-
faTHieCKOro mpUOJIHKEHHs OIPEAeJUTh ONEPATOpP 3JAeKTPHUYECKOTO
MoMeHTa A, UCTOAb3YeMBIH B T€OPHH MH(PAKPacHOro NOTVIOUIEHHS
(1. 2, § 2), u onepaTop moJSIPH3YeMOCTH P, KOTOPHIA NPUMeHseTCs
B TeopHn KOMOHHALHOHHOrO paccesuus csera (T. 2, § 3). Takum
o6pasoMm, o6a acnexTa aguabaTHUECKOro pacCMOTPeHHs CyLIecTBeH-
HBl JJIs Halllero ONUCaHHus. B 1. 2, ra. 3 6yaer mokas3aHo, uTo 60Jb-
Ioe YHCJAO NPEACKas3aHuil, OCHOBAHHEIX HA anuabaTHyecKoM mpuOIn-
JKEHWH, ONPAaBALIBAETCS NIPH CPaBHEHHH ¢ KCIIEPHMEHTOM.

OxHako ajguabarudeckoe npubJAHKeHUE He OXBATHIBAET MHOTHX
o4eHb CYLIECTBEHHBIX 3(D(eKTOB 3/1eKTPOH-QOHOHHOTO B3auMOAENCT-
BHSI, H, KPOMe TOTO, OHO OCTaBJsSeT HeJOKa3aHHEIM NPeiloaoXKeHHe
0 TOM, 4TO JexKaliee B ero OCHOBe pasjoXeHHe B DAL TEOPHUH BO3-
MyuleHui! cXoauTca. [Tosromy cpepn mpouux HCCAefOBaHHH HexaB-
HO NOSIBUJIOCH OOJBIIOE YHC/A0 pafoT He MBKDOCKONHYECKOH TeopHH
KPUCTA/JIHIECKO pellleTKn ¢ TOYKW 3PeHHS COBPeMeHHOH TeOpuH
MHoOrux tes. OTH 6GoJiee COBpeMeHHBle TEeOPHH KPaTKO paccMaTpH-
Batotes B § 113. Takas coBpeMeHHass JHHAMHMKA DelieTKH NOAPOOHO
usJjoxena B pa6ote [8]. Teopus uHPpPaKpPacHOro NOIVIOUIEHHS H KOM-
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GMHALMOHHONO PaGCesiHHs CBeTa KpPHCTaJiaMH MOXeT GHTb TOxe
noctpoena 6e3 aauabaTuueckoro npubuamxkenus. ILas 3TOro npHme-
HAIOT COBPEMEHHBIE METOAL TEOPHH MHOTHX TeJs, OCHOBAHHBIX HA BhI-
YHCIEHHH [HM3J1eKTPHUECKOH mpoHuuaeMocTH. HekoToprie M3 3THX
pabor KpaTko o6cyxpamTcs B T. 2, § 6; Godee nogpoO6HO NAHHEI
BOITIpOC paccmaTpHBaeTcs B paboTe [9].

B § 112, 113 usnoxeHa TpanuuuoHHas Teopus Bopma — OmnmeH-
refimepa. HeCMOTpH Ha TO 4TO OHa OOBIYHO U3/araercsi B yueOHHKaX
[4], ona nHeoOxonHMa HaM 31eCh, UTOGH BBECTH eJMHEle 0B03HAYCHHS,
a Takxe AJS CCHUIOK B AajbHeHlleM Ha 3T naparpadsl. B § 114
Mbl 06CYXJdeM NepeXok OT KJAACCHYECKHX K KBAHTOBHIM HOpMaJb-
HulM KoopauHaTtaM. B § 115—118 paccmarpuBaeTcs cuMmMeTpus co6-
CTBEHHBEIX COCTOSTHHH pellleTKH B TapMOHHUYECKOM NpHO/IMMKEeHUH.
B sTux maparpagax npH BEINOJHEHHH NPOUEAYpPH NPHBEAEHHSA CHM-
METPH30BAHHBIX CTeNeHel HeNPUBOIHMBIX HPeJNCTaBAeHHH NIPOCTPaH-
CTBEHHBIX I'PYNN NOJYYeHH XapakTepHCTHKH 00ePTOHOB U KOMOHHH-
POBAHHBIX YACTOT N0 CHMMETPHHU.

HapyweHne anguabaTHYHOCTH B CJAydae KH30JATOPOB MOKHO CBS-
3aTh ¢ B3aHMOJAeHCTBHEM SH-TeJNJIEPOBCKOTO THIA PelIeTKH C 3JIeK-
TPOHAMH, KOTOPOE MOXeT NPOABAATHCS JHOO NPH HEKOTOPHIX (aso-
BHIX mepexoaax [90], aubo B Taxkux M30/5TOPAX, e WIMPHHA 3allpe-
L1€HHON 30HBI TOTO XK€ HOPSAKa BeJHUMHH, UTO H IHEPrHA (pOHOHa
Ho aror uHTepeCHBI 1 BakKHEL BOTIPOC BBIXOJAT 3a PAaMKH NAaHHOH
KHUrH ¥ 60Jblle 06Cyx/aThcq He Oyjer.

§ 112. N'amMnabTOHHAH CHCTEMbl MHOTHX 4YacTHH,
cocrosilled U3 HOHOB H 3JEKTPOHOB

O6o3Hauum KHHETHUECKYI0O 3SHEPrHI0 CHCTEMBl 3J€KTPOHOB #

noHOB uepes T, rie
T=Ty+ T (112.1)
3nech | |
Ty=v%) MX=) - P (112.2)

~— KHHEeTHYeCcKast 2HePrust saiaep, a

TE=%Zm:é2=Z(-2%)p2 (112.3)

~— KHHETHYECKasi 3HEePTHs 3JeKTPOHOB.

B sroM naparpage Mbl CHauasa He OyAeM BBIIHCHIBATH HHIEK-
CH, TaK KakK Mbl ge OyAeM paccMaTpPHBATh KOHKDETHHE OXHOUACTHY-
Hble cBoitcTBa cucteM. Ilyctsb X ¥ X 0603Ha4aOT COOTBETCTBEHHO
KoOpAuHaThl fifep u sjekTponoB. Cymmn (112.2) n (112.3) caenyer
BHIYUCJSITD 110 BCEM CTEMeHAM CBOOOJBI 3JeKTPOHOB U snep. Tak Kax
3TH YaCTHIBl 3aPAXKeHH, NOTeHUHaibHas sHeprus cucreMu U(X, x)
HMeeT BHJ MOJHOH KYJOHOBCKOM 3HEPrHH B3aHMOJAEHCTBHS MeX1y
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3JIRKTPOHAMH H AApAMH.

Z7Z'e? e? . Ze?
UK, =) Tx=oT + L TresT— > s (1124

rie Ze—3apsan sjnpa, a —e— 3apsz 3JeKTpoHa.

KBaHTOBOMeXaHNYECKU]I TraMHJbTOHHAH B LIPeJHHIePOBCKOM
npejcTaBaeHny noaydaercs samerolt B (112.2) u (112.3) punamuye-
CKHX ITePeMeHHBEIX Ha COOTBETCTBYIOHIHE OIEepPaTOPHL:

”'*,E-(T%f)’ ' p_)ti(.‘%). (112.5)

Bynewm canurats, uto B Ty ¥ Tg Takas 3aMeHa yxe BhilosiHeHa, Torpa
MBI JOJIKHH pelIHTh KBAHTOBOMEXaHHYeCKoe MHOTOYacTHYHOE ypaB-
nHenue Ulpenunrepa

# (PX; p, x) ¥ (X, x)= E¥ (X, %), (112.6)
Tae % _— KBaHTOBOMexaHH‘{eCKI/Iﬁ oneparop ’
' HB=Ty+Te+ U, (112.7)

a W — mHorouacTuuHas coScrBenHas GyHkuus. CiaenyeT OTMETHTh,
YTO MOKa He cHeNaHO HHKAKHX INIPellOJNOXKeHHH O CyLleCTBOBAaHHH
PAaBHOBECHON PeIUeTKH HJH KPHCTadaa. MoXHO, KOHEUHO, MOCTYJH-
pPOBaTh CYLIECTBOBaHHE IPOCTPAHCTBEHHOH pelleTKH &, TakoiH, 4TO
eC/JH BCe COBOKYMHOCTH KOODAHH3T ONHOBPEMEHHO MOABEPTHYTH JH-
HefiHoMy npeo6pasoBanuio U3 @, T0 FF npm 3TOM OCTaHeTCs HHBA-
puanTHeiM. CylecTBOBaHHe Takofl rpynnel @ mo cux nop euie He
YyCTAaHOBJIEHO M3 YHCTO KBAHTOBOMEXaHHYECKOrO PacCMOTPeHHS.

§ 113. AauaGatuyeckoe mpubanxenne bopna — Onnenreiimepa [4]

N HOJI‘HbIﬁ raMuJIibTOHHAH CHCTEMBI 3aliHilleM B BHIE
6= 36,4+ Ty, (118.1)

rae, aajsoruuno (112.2), Ty — KuHeTHYecKaa 3Heprua siep. Toraa
o ecTb TaMHJIBTOHHAH BCEX 3JEKTPOHOB, ABHXKYUIMXCS B TOJe Axep,
MTHOBEHHBIe NOJIOXKEeHHs! KOTOPHIX 0603HaueHH uepes {X;}. Tornma

Hg="Tg+ U. (113.2)

~
a. Teopus Boamymeﬂnu BopHa—OnneHreumepa [Tycts Ham
H3BECTEH NOJHHE Ha6op pelleHHH AJs 3JCKTPOHHOH 3aJauH

oDy X, x)= (TE +U) Py X, x) = w, (X) Py (X,"X). (113.3)

B (113.3) ¢y(X, x) — co6crBennas dyHkumsi snekrponos. Oua ss-
Jasercs QyHKIMed 3JeKTPOHHHX KOOPAHHAT {x} H 3aBHCHT OT MOJIO-
KeHns safep {X} kax or napamerpoB. CobCcTBeHHAs! HEPrus ekK-
TpoHoB W, (X) Takxke 3aBucuT oT {X} Kak or mapamerpos. KsaHTo-
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Bble uuCaa {v} HYMEpYIOT 3JeKTPOHHHE cOCTOsHuA. Dynem cunmrats
NOJIHBIE HAa60D @y YAOBJETBOPSIOLIHM yCJIOBHﬂM OPTOHOPMHPOBAH-
HOCTH AJis1 J1060ro 3ajaHHoro Habopa {Xi}:

(0 @), = &xa (X, D)0, (X, 9 =8, (113.4

OnpeneJmM BEJHYHHY y
%= (%) ‘, (113.5)

SBJASIOHIYIOCA TAPAMEeTPOM TeOPHH. 3j4ech m n M — MaccH 3Jex-
TPOHA H HoHa. IIPEeRno/IoKHM, 4TO LA KaXK[AOro HOHAa CyLIeCTBYIOT

MOJIO}KEeHHsi paBHOBecHS X§, 1 PACCMOTPHM MaJble OTKIOHEHHS OT
3THX NOJIOXKEHHH paBHOBecHs. TOraa Mbl MOXKeM 3aHCATh

Xi= X} +wuy, (113.6)

rae » onpefenedo B (113.5), a u — gUHaMH4YecKasi epeMeHHad, Co-
OTBETCTBYIOMIAs B KJIACCHYECKOH TEOPUHU OTKJIOHEHHIO aTOMOB OT I10-
JIOXX@HHH PaBHOBECHS.

Teneps Mbt MOxKeM 3anucatb (113.2) B BuRe

Ho (X0 + wu) @, (X0 + wut, x) =W, (X° 4 %) @, (X0 + xu, x). (113.7)
Pasnaras Bce ujeHsl B (113.7) B psx mo xu, mojydaem

36, (X° 4 wut, x) = ; ® 6% (x), (113.8)

@, (X°+ xu, x) = D wok (X0, x), (113.9)
1

W, (X0 + %u) = 2, »W 3 (XO). (113.10)

N

[Moxcrasasas (113.8)—(113.10) B (113.7), noayyaem uneH s-# cTe-
IeHHd MO %X B BHAE : ‘

s=1 :

W (65— W) @y =— X (5~ — W), (113.11)
OTMernM, uTo KaxJAOe M3 3THX YPAaBHEHHH SBJSETCS OLHOPOLHEIM
ypaBHeHHeM s-ii cTeneHu no NepemeHHON u. Bynem cuurats, 4To Bee

pewerust (113.11) usBecTHH B JM1060M HYXKHOM NOpPSAKE.
Bepremcs k obcyxaennw Ty. M3 onpenenenns (112.2) u (113.6)

BUAHO, UTO
TN(X)——M?Z( )( )==u2H1(u) (113.12)-

Tarkum oépasoM KHHeTHYeCKas HeprHA sfep KakK QYHKHUHS HOBOM
zmﬂamnqecxou TIepeMeHHOH & OKa3blBAaeTCsl BeJqHYUHOH BTODOrO
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nopanka. Bepuemca Tenepb K HCXOAHOf 3ajzade MHOrux rteq (112.6)
7 (X, x) ¥ (X, x)=E¥Y (X, x), (113.13)
(Ho+Ty) ¥ (X, x)=EVY (X, x). (113.14)

PassioxxuM sfech TOXKe Bce BEIWUHHB B PAJ [0 MAJOMY IlapaMeTpy
». Torga moay4um

W (X, x) =W (X4 xu, x) = 2. x*¥O (u, »), (113.15)

WK

E=) «E" (113.16)
e

Toma oémee ypaBHeﬂne nJsg 4Je”Ha §-ro HOleIKa o ¥ MUMEET BHA
w (65— E) W = —3° ¥ (o5 4 Hibs—s, 2 — EC™M) g
A
(113.17)

B (113.17) uxen, comepxamuit H;, clelyeT YyYHTBIBATb HapALy C
APYTHMH UjJeHaMH BTOpOI‘O HOPARKA IO % Cieayer OTMETUTD, 4TO
E® —goncranta, a WY comepxkur #°. CpasnuBas (113.7) u
(113.11) nouseHHO, NMOIYYHM XOPOIIO H3BECTHOE YCJIOBHe paspe-
IWHMOCTH ofuero MHorogacTuysoro ypasHenus (113.13) npu ycjo-
BHH, YTO H3BECTHH pelleHust ypaBHeHus (113.11):

-EO=w?, (113.18a)
E'=w=3 ‘Wv) X— X") 0.  (113.186)

Taxum o6pasoM, (113.186) onpexensier pasHOBeCHBIE MOJOXKEHHS
HOHOB, TaK KaK ycJOBHe '

oW.
O—X”)Xo=o (113.19)

onpefdensieT nosoxenne paBHoBecus {X%. C Tako#i TOYHOCTLIO MOJ-
Hast BOJIHOBas cobcTBeHHan dhyukuna ¥ uMeeT BHA

¥ (x, ) = (@ (X° %) + o’ (X°, x)) %D (w). (113.20)

Yro6u onpefeuTh HeHsBecTHble dyHkuuu ¥ (1), Ham noxanobsT-

cs1 wieHsl BTOporo nopsaka no u? Cpasrusas (113.11) m (113.17)
C TaKo# TOHUHOCTBIO, MBI INOJYyYaeM ypaBHeHHUe [ OlipeaesieHHA

2 (u):
[H +W2@u—EYxw)=0 (113.21)

(14 () ey i E2) 0 =0, (1922

nJH



Cummerpus u K8aHT08a8 GUHAMUKA petlieTKY 357

OueBupno, uro (113.22) — o6niunoe ypaBHenue Ilpenunrepa
IJIS CHCTeMEB! CBSI3aHHEIX TAPMOHMUYECKHX OCUMJLISTOPOB. 3lech XO-
pouio Buino, 4to (113.22) MoxKHO mpuBecTH K AMarOHAJBHON KBal-
paTHyHOR (opMe, 3aMHCAHHOH B MepeMeHHEIX

{a‘i;} {u). (113.23)

Torma pewenne ypaBHenus (113.22) Gyzer mpousBeleHueM (YHK-
UHA NPOCTBHIX TapMOHHMYECKHX OCHMJISATOPOB. Mbl 3TUM BOCIOJb-
3yeMcsl MO3Ke.

Honb3yscy Teopuell BO3MYIIEHUH, MOXKHO JAaJjblle Jerko noxa-
3aTb, YTO C TOYHOCTBIO N0 X MBI MOXeM 3anucaTb MNOJHBIE BOJHOBHIE
(hYHKIMK B BHIE

D (X, x) =@ (X% x)x (). (113.24)
3neco y(u) ABasieTcs pellleHHeM ypaBHEHUS
(Tw (—é‘-’u-) + W, @) — E) %@ =0, (113.25)

rae

W, =WO+ 200, )2+ 2 3 > 09, W, w")f3 +
uu’ T o
+ X2 D 00w, o, u”, w4 (113.26)
u ul ull u”’

UJieds TpeThero u yeTBepToro nopsizka B (113.26) sBiswoTcsa aHrap-
MOHHYECKHMHY ujJeHaMH. X014 pacCyXIeHHH 31eChb fiCeH: MOJAYyyaeTcs
yXe H3BECTHOe afHabaTHueCKoe pasje/icHue MHOPOUACTHYHOH CHCTe-
MB Ha 3JeKTPOHHYI0O H HOHHYIO YaCTH, CBSI3aHHbBE B YyPaBHeHHH
(113.26) uepes nmoTeHUHAJNBHYIO SHEPTUHIO NBHIXKEHUS fAAep.

Ecin rtemepp INpeRNONONKWHTb, 4YTO I[OJOXKEHHS PaBHOBECHS
X° aBifl0TCA TaKMMH pABHOBECHBIMH IOJIONKEHHSIMH, B KOTOPBIX
HOHBI HAXOAATCS B y3JdaX KPHCTAIJIUYIECKON PEUIeTKH:

A
X0 = r(")(%), (113.27)

TO IEepeMeHHBIM # MOXXHO NPHEHCATH HHIAEKCHl YK€ H3BECTHHIX Xe-

KapTOBLIX KOMIIOHEHT CMelleHH#H 4, %) Torma (111.26) npunu-
Maer BHA ,
v, w=wo+Y Y o (l l') (l) (l) (113.28)
V= v+ma o) gl o JHe\n )%\ w ) )

DTo BrHIpameHHe IOJNHOCTbIO TOsAcHseT ¢uandeckuid cmuica W, (u)
Kag TOTeHUHAJbHOH SHepruu ABHXKeHus sgep. Orcioga, ¢ apvro
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CTODOHHI, BHAHA TECHAA CBfI3b 3TOH MOTEHIUMANBHOH SHEPrHU C 3JeK-
TPOHHBIM COCTOSHHEM cHcTeMbl. CaMBEIM CyllecTBEHHHIM B aaHabaTH-
9€CKOM NPHOJHKEHUH ABJsEJCS TO, YTO MEKTPOHHEIE COCTOAHHSA He.
MEHSIOTCSl NP ABHXKEHHW sAep, TaK UTO XapaKTepH3YIOIMUH 3JjeK-
TPOHHOE COCTOsIHME HHJIEKc v ocTaeTcs GukcupoBaHHBIM. [1puBeneH-
HOEe pacCMOTPeHHe OTPAB/HIBAET BbiNesieHHe H3 IBUKEHHA BCEH MHO-
royacTHYHOH CHCTEME! He3aBHCUMEIX KOJieGaHHH sep KpHCTadJnue-
cko#l pemwerksn., ONHAKO NPH 3TOM TOAUEPKHBAETCH TecHas CBS3b
9JIEKTPOHHBIX COCTOSHHHA ¢ 3TUMH KosebaHUAMH.

. 6. Merton BopHa. Kax BHAHO H3 TpeILIeCTBYIOIEr0 paccMoTpe-
HHS, HCIOJb30BaHHE TEOPHH BO3MYIIEHHH 3[ech ONPaBRAHO TOJBKO
A0 4eTBepTOH crenenu 1o x [4, 89]. D10 o3nauaer, uTO B TaKOM pac-
CMOTPEHHH Helb3si yUHTHIBATH B MOTEHUMANbHON 3HEPTrHH yJeHBl -
TOro H 60Jiee BHICOKHX NOPAIKOB.

Boamoxken neckoabpko uHo# moxxox ([4], mpunoxenne VIII), B
KOTOPOM 37eKTpoHHoe ypaBHeHue (113.3) cauraercst yxKe pelleHHBIM
u cobcrBenHble 3HaueHus Wy(X) u cobcrBeHHBle (YHKIHH 3TOTO
ypaBHeHus @y(X, ¥) paccMaTpHBAIOTCS KaK HM3BeCTHHE. Pasnoxum
Tellepb TOYHYIO COGCTBEHHYIO QYHKIHIO B PAX MO @y (X, x):

V(X, x)= 2 ¢y (X, x) % (X). _ (113.29)

HaGop BOMHOBBIX GYHRUMA @y(X, X} sBAAETCH MNOJHBIM; HaM#
BHUIMCAHO 00llee PasOXKeHHe, H BCA MPOHedypa CBOAUTCH Tenepb K
onpefenerno koahouunentos xv(X). Iloacrasasas (113.29) B Tou-
Hoe ypaBHeHue (113.1) u HMcnosb3ys ycjoBHe OPTOrOHAJbHOCTH H '
HODMHPOBKH pelueHu ypasHerus (113.1), noayuum

(o, x, 9o, »ax=s, (113.30)

rae (113.30) He 3aBHCHT OT siflepHBIX KOOpllHHaT X. IMocae noncm-
HOBKH NOJIyYHM ypaBHeHHe A ¥v(X):

(Ty (X)+ W, (X) — E)x, (X) + vaI Coy (X, Py, (X)=0, (113.31)

rae .
Cov = Z (31) (A%« + B (113.32)
anech P, — omepaTop HMIyJibca SIAEp: |
) P=22 (113.33)
0 @)=, X »Po, QX %) &, (113.34)

B =5 {o(x nP cpv,(}(, xdx. . (113.35)

N
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Ormetuwm, uto B (113. 34) u (113.35) omepatop rpajueHTa HoO
ANEPHBIM KOOPIHHATAM ACHCTBYeT Ha co6GCTBeHHBle QYHKUHH JJIeK-
TPOHHOI 321244, KOTOPLIE COAEPIKAT KOOPAUHATH SiAEP KaK mapaMmer-
psl. Ecau Ilpe,ZHIOJIO}KHTb YTO pas/juyHble 5JIEKTPOHHEIE COCTOSIHI/IH
He cBsi3danwl Ipu v 55 v/, torga Cww=0 npun v v’ Ilpu v =v'
LIS CTaluOHapPHBIX COCTOAHHI BEIIECTBEHHOr0 TraMH/JIbTOHHAHA

Ai,’i,’= 0. CaenoBatenbHo; (113.21) moxHO 3amucaTb B BHIe

A Ty (X)+ U, (X) — E) %, (X)=0, (113.36)
rAe noJHafd NOTECHUHAJIbHAA SHEPrUud UMeEeT BHI -
Uy (X)=Ws(X) + Y 5 BY. (113.37)
¥

Ypasuennsa (113.36) u (113.37) sABAsAOTCS NONHBIMH ypaBHEeHHUS-
MH IBHXKEHUS fJep B NPENIOJIOKEHHH, YTo YIeHaMHu ¢ v 7 v/, onu-
CHIBAIOUINMH MEX3/JeKTPOHHHE RePexo]bl, MOXKHO IpeHeOpeub Jubo
OHM TOYHO PaBHH HYJI0, B,aT0OM ypaBHeHHH HMeEIOTCA aHrapMOHHUe-
CKHe WIeHH BCeX cTelleHel, Tak YTO NOTeHUHANbHYWO 3Hepruio Uy (X)
3TOTO maparpada MOXHO OTOXKAECTBHTEL C NOJHOH aHrapMOHHYECKOH
noTeHUHaNbHOH sHeprHefi @ u3 § 108.

Ilpeanonarasi, uTo CyHIeCTBYIOT HEKOTOPHE IMOJNOXKEHHS YCTORYH-
BOr0 paBHOBecHs, AJisi KOTOPBHIX MOXKHO HaiTH HaGop BeauunH XO,
MBl MOeM paccmatpuBath Tx(0/0u) u Uy(#) xakx GyHKuuu nexap-

i N -

TOBBIX KOMIIOHEHT CMellleHuH Ug % H 3anucarb

Uy() =Dy () =00 + 0P + ... -|—d>‘55. (113.38)

B Halllem paccMOTPeHHH HHIEKC v, XaPaKTePH3YIOUIUH 3JeKTPOHHEIe
COCTOAHHSA, He HrpaeT HUKakoH POJIH U ero MOXKHO He NHCaTb. DT0
NpeNno/IoKeH e, IPHMEHUMOCTb KOTOPOTO A/Isi H30JATOPOB KaXKeTCst
B HacCTosllee BpeMs OlNpaBIaHHOM.

Heanuna6GaTuueckue 4Y/eHEl, ONUCHIBAIOLLHE a.neKTpoa-(pOHOHHoe
B3auMOJeficTBHE, BO3HHKAOT B TEOPHUH OJHHM H3 JABYX 3KBHBAJIEHT-
HEX cnoco6oB. B passoxennn teopun Bosmymenuii (113.8) u B mo-
CJIeLyIOIIUX YpaBHEHHSX 3TO B3aMMOJeHCTBHe BO3HHKaeT B IATOM
nopszaxe. B mMerone (113.29) u B mocaeAyOIHX ypaBHEHUAX,Te HC-
[OJb30BAHO NpsAMoe pasoKeHHe, HeaguabaTHUeCKHE YJIeHBH BO3HH-
KaioT U3 HeJHaroHaJbHHX wieHoB Cyy ¢ v v [4].

Huxe My nenosb3yem agHaGaTuueckoe NpUOJIHKeHWe A Ha-
med cucTeMbl (3JEKTPOHH IVIIOC HOHBI) M OyxeM CUHTATb IIPH 3TOM,
YTO MOJHAA cOOCTBeHHAs] (QYHKLHS CHCTEMBI COAEPHKHUT Bcerd OXUH
uleH pasjoxeHnus (113.29):

¥, (X, x)=0, (X, x) Kv (g (XD (113.39a)

I Wanxadar) == I lPl!i.uem'ponn \prelqerxa>o (1 13-396)

T -
HJIA
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BaHo yuHTHIBaTb, 4To 3TO 3JEKTPOHHOE COCTOSIHHE NPeACTaBJSET
co6oli B JeHCTBHTENbHOCTH MHOTO3JEKTPOHHOE COCTOSIHHE, 3aBHCS-
nlee OT MOJIOXKEHHH BceXx sijep. B kKauecTBe pafouero BapHuaHTa Ta-
KOe 3/IeKTPOHHOe COCTOSIHHe MOJKHO HHOTAA 3amucaTh B Qopme cas-
TEPOBCKOIO ONpejeNuTe/sl, COCTaBJeHHOr0 H3 OJQHO3JIEKTPOHHBIX
(GYHKUHME, WIM CYMMH CJA3TeDOBCKHX omnpefennteneit. CooTserct-
BEHHO COOCTBEHHHle (PYHKUHMH pelleTKH OTHOCATCS KO BCEM HOHAaM.
Eciu Tenepp paccMorperb cOGCTBeHHble (PYHKLHH PElIETKH B rapMo-
HHYECKOM NpHOJIMKeHHH, TO 3HEPrus KPHCTaJJa, COOTBETCTBYOLIAS
coctosiHuio (113.29), 6yner nuMeTb BHA

E,=®0 + x2EQ,. (113.40)

31ech mepBeEI useH SABJSAETCS MOJHOH 3JMeKTPDOHHOH 3Heprueft npu
(bUKCHPOBAHHOM PacCloJIOXKEeHUH HOHOB, a BTOPOH 4JIeH paBeH cyvMme
SHePrufi Bcex agep. B rapMoHHUecKOM NMpUOJIMKeHHH

REG, = (n+ ) ho. (113.41)
{n}

CaenoBaTenbHO, 3Heprus pelleTKH BJISETCA HOPOCTO CyMMOH 3Hep-
THH rapMoHHYeCKHX ocuuaasTopoB. Cymma mo BceM {n} osHauaer
CYMMHDOBaHHKe N0 BceM Habopam KoseGaTe/IbHBIX KBAHTOBBIX 4HCEJ
peleTKH.

B panbHetiiem [T. 2, ypaBHernue (3.37)] HaM moHazoGuTCS BHI-
pakeHHe /sl PA3HOCTH 3HEPTHH ABYX afnabaTHYeCKHX cOOCTBEHHBIX
COCTOSIHMH paccMaTpuBaeMod cucteMH. O603HAaUUM 3TH JBa COCTOSA-

Husl cilefyioutum o6pasom [em. (113.39a)): W, =y, v ¥, =
=@y, (m- 1OTAA Pa3HOCTb 3Hepruil paBHa
E,—E,=(OQ — O —»? (EQ, — EQ). (113.42)

n{m} v{n}
Vimes B Buay nallle na/ibHelllee paccMoTpeHue B T. 2, § 3, 3ametum,
o 2 2
4TO PasHOCTh IHEPTHI (Eﬁ}m)—Ef,()m;) SIBJIETCS PA3HOCTBIO 3Hep-
THf ABYX Pa3/JHYHBIX COOCTBEHHBIX COCTOSIHHH pellleTKH — OJHOrOo,
CBSI32HHOTO C 9JeKTPOHHEIM COCTOSIHHeM W H C HaDOpOM KBaHTOBBIX
yucesa {m}, u APyroro, oTHOCSIIErocs K 3JeKTPOHHOMY COCTOSIHHIO v
¢ HaGopom {n}. OObluHO MPH MaJOH Pa3sHOCTH 4HCeN (POHOHOB B CO-
crostuusax {m} u {n} 3Ta pa3HOCTb HEPrHil MHOTO MeHbIle PA3HOCTH
3Hepru (CI)fL — CD%”) MexKIy 3/MeKTPoHHbIME cocrosiHusamHu. Cienosa-
TeJIbHO, Pa3yMHO B paMKax aaualaTHYeCKOro NPHOJNHKEHHS IpH-
HATh
0 0

Ey— Ey~ (@) — @7) (113.43)
AJs Clydasi MaJoli sHeprHH (poHOHHHIX Bo30yxueHui. Kak craner
SICHO HHXKe, Ba)KHas poJib TaKOro ajna6aTHUECKOTo NPHO/IHKeHHS
onpeneasieTcsl TeM, yTo npasas yacTb (113.43) He 3aBHCHT OT KoJe-
6aTeJbHBHIX KBAaHTOBBLIX YHCEJ. .
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B. FapMonnyeckoe apuabatuyeckoe npubammenne. I'apmoHHue-
CKOe annabaTHuecKoe NpPHOJHIKEHHE MOJryYaeTcss IO aHAJOTHH C
KJaCCHYeCKHM rapMOHMYECKHM TpHOJHKeHHeM, KOria B psine
(113.20) ocraBasior Tonbko wiEHH BTOporo mopsiaka @®@. B arom
cnydae ypaBHenue lllpenmHrepa n/1si sAepHOrO [BHXKEHHS HMeeT

e (T y (0/0n) + DO + O (w) — E) x, () =0. (113.44)

3lech BBeAEH MHIEKC v, 4TOOBl HOAYEPKHYTh, 4TO CAMO CYLIeCTBO-
BaHHe 1 cneuuduueckas GHopma NOTEHUHAJBHON 3HEPTHU SIAEP 3a-
BHCHT OT 3JIeKTPOHHOTO COCTOSIHHSI CUCTEME!, ONPEAeSAeMOro HHAEK-
coM v. B mpusenenso#t snecs dopme ypasHente (113.44) omucuiBaer
JIBHXKeHUe fifep KaK JABHXKeHHe 3rN CBSI3aHHBIX rapMOHHYECKHX OC-
IHAAATOPOB, UT0oGH paciuenuTh OCHU/IATOPH, HYXKHO IPOBECTH Ipe-
- o6pasoBadie K KOMILJIEKCHHIM HOPMaJIbHHIM KQOPAHHATAM aHAJNOTHY-
HO (80.9), (80.10). ro yuuraphoe mpeofpas3oBaHHe NPHBOIUT IO-
TeHIHa/JbHYI SHEPTHI0 K AMaroHaabHOR ¢opme (80.3) m ocraBasieT
KHHETHYECKYI0 3HEPIHIO @Y B ee auaroHaibHOM topme (80.5).
B knmaccuueckoit Teopun [4] nocse npeoGpaszopaHis K KOMIJIEKCHBIM
HOpPMaJ/bHBIM KOODIHHATaM MOJKHO NepeHTH JIOOHM H3 ABYX CIOCO-
BOB K BElIEeCTBEHHBIM HOPMAaJbHHIM KOOpAHHATaM. DTOT BONpOC 06-
cyxnaaerca Huxe B § 114

r. Hoeble TeopeTnueckde pesyabrartbl. HenaBHo Obl0 mpeAnpi-
HATO HECKOJbKO HNOMBITOK ellle pa3 paccMoTpeTb annabaTHyeckoe
npub/aHKeHHe, HCNOJAB3ys  ammapart GyHKuu# ['punHa u apyrue Me-
TOAB!, OTJHUAIOIINECS OT HCIOJb30BaHHEIX HaMH. MH npocto ymo-
MSTHEM 3JeCh HeKOTOPHIE H3 9THX paboT, yTOOL 3aHHTEpPEeCcOBaBILHACH
YHTAaTeNb MOT O3HAKOMHTbCS C JHTepaTypoH, BKJHOUas AHUCKYCCHIO B
pa6ote [9]. JlHarpaMMHEle MeTOAbl BHIUHCJEHHS SHEPTHH H JIPYTHX
¢bu3HYeCKNX BENHYHH, CBASAHHHIX ¢ KODPeasSUHOHHEIMU (DYHKIHIMH
I/ CMEeHleHHH (CM. B CBSI3H ¢ 3THM KpaTKoe oOCyxKJeHHe B T. 2,
§ 6), Gl MpHMeHeHH HeCKOJbKHMH aBTopamu [91—93] Ha ocHOBe
dopmasu3Ma, npefnoxenHoro Befimom [94]. ®opmanusm 0606-
[IeHHOA MHOr0YacTHYHON IHIAEKTPHYECKOH NOCTOSHHOM, YYHTHBAIO-
[IMH OTKJAHK CHCTEMH 3JEKTPOHOB Ha ABHKeHHE HOHOB (COTJIacHO
anHabaTHUeCKOH TeOpHM, UMEHHO 3TO §IB/IseTCA IIPHUYUHONH BO3HHK-
HOBEHHsI CHJOBBIX NOCTOSIHHBIX), HpeAcTaBleH B paborax [luka,
Maptuna u Kosua [95--97]. Dra Teopus Oblia npumeHeHa Mapru-
HoM [96, 97] x HeckoubkuUM caydasMm. DopMaJjusM MaTPHIH NJIOT-
- moctd 6bla1 passut Jxkouconom [98]; mo-BmAMMOMY, OH OJaHXKe BCEro
COOTBETCTBYET TEOPHH BO3MyLleHHH MeToga Dopua — Omnnenrefime-
‘pa. Buan u Tauce [99] BHmOHHAM pacyeThl, B KOTOPHIX MBITAJHCh
YCT2HOBHTb CBfI3b C pacyeTaMy JHHAMHKH pelleTKH B MoleJH o06o-
Jouek. Jlpyrde mombITKH BLIHTH 3a PaMKH afHa0aTHYeCKOro MmpH-
OnmKeHHs: OBUIM MPEANPHHATH C NOMOMBI PAA2 KaHOHHYECKHX
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npeo6pasoBaHufi MOAHOIO FaMHJIbTOHHAHA!) W HAa OCHOBE HOBOTO
MHQMOYacTHUHOro BapHanHoHHOro meroxa [100]. Kpatkuit 0630p mo-
JyUeHHBIX pe3yabTaToB natu Pamxaroman u Kosu [101]. 3tu pabo-
TH OOCYXKJAI0TCA TaKXKe B HECKOJBKHX CTaThsiXx TpyaoB KoH(pepeH-
IHHK 1o (poHOHaM ?) u B cTaTbe [102].

Hns neneit nalelt KHUrH afgHadaTHyecKasi TEOPHS MPEACTAB/IAET-
csl BIIOJIHE aJeKBATHOM M AONYCKAIOilleHl COMOCTaBJAEHHE C 3IKCMEPH-
meHTOM. [losToMy MBI TOJIOKHJIH ee B OCHOBY PacCMOTpeHHsd, 3a
MCKJIIOUEHHEM CIellHajbHO OTOBOPEHHLIX CJIyuaes.

§ 114. HopmasbHble KOOPAMHATBI H KBAHTOBAHHE

IMpocnenum Teneps nyTh nepexona or ypasHenus Lllpenmurepa
(113.44) x Gosee ymo6HOMY i 3HaKOMOMY ypaBHeHHIO [4]. 3aMmeTny,
uTo, kKaK BuAHo u3 (113.12), xuHernueckas aueprus B (113.44)
HMeeT QHaroHa/JbHBIA BUJ OTHOCHTeJbHO IPOH3BOJAHBIX MO AEKapTo-
BBIM CMeI{eHHsIM, T, €. OHa IpeIcTaB/ifeT cofolfl CyMMY KBaapaToB.
Ho nortedunanabHast sHeprusi B (113.28) uMeer Bujg obiiero xBajpa-
THYHOT'O BbIPAxKEHHS OTHOCHTEJILHO JHHAMHYECKHX IIeDEeMEeHHEIX
{u;}. HaGop {u;} comep:KuT Bce 1€KapTOBBHI KOMIIOHEHTHI, TAK UTO
MBIl MOXKEM Telepb BOCCTAHOBHTb BCE WHIEKCH, OINYLIEHHbBE B
(113.6), ecam caenaem HOLCTAaHOBKY

l
u,aua(%). - (114.1)

Toraa notenuuanbuas sHeprus B ypaBheHuu lllpenunrepa (113.44)
COOTBETCTBYET KJIACCHUeCKOMY BblpaxkeHHio (67.8). CJenoBaTelbHO,
onpenenenusle B (67.7) MHKPOCKOIHYECKHe CHJIOBBle IOCTOSIHHEIE
MOJIYYHJIH 06OCHOBaHHE: CH/IOBBIE MOCTOSHHEE SABJISIOTCS BTOPBIMH
MpOH3BOJHBIMH MOJHOH 3JEKTPOHHOH 3HepruH (B aanabaTHUECKOM

l
NpHO/IHKEHHH) N0 CMELleHHAM SIAep U, ( %) Onnako paxe B rap-

MOHHYEeCKOM ajaHabaTudeckoM npubsmkernuu ypasBHeHue (113.22)
He SIBJSETCA paspelluMbIM, TaK KaK H3-32 HAJHYHs HePeKPecTHHIX
wienoB B (113.28) MBI HMeeM JAesNo €O CB3aHHOH JHHaMHUYeCKOH
CHCTEeMOH. A

ITepBHlil sTan pewenns tpebyet, uro6u (113.28) Oblio npupene-
HO K JHaroHajbHoRl dopme (Homyckarolleil pasae/nenue). s atoro
HY2KHO BBECTH HOPMaJbHbie KOODAMHATBL. JTa NpOuUeAypa B TOU-
HOCTH COBIajgaeT C y:Ke BBINOJHEHHOH HaMmu B . 8 u 9. Bo3aMoxkHo,
MOJIE3HO TOBTOPHTL 3Ty NpONeAypy, HauHHas, HallpUMep, C ypaBHe-
yua (73.1) u T. A, THAe BBOIAATCHA BellleCTBEHHble HOPMAaJbHEHE

1y X. Buan, E. 3ubes, neony6aukoBanHas pa6ora.
2) Proceedings of the International Conference on Phonons, Rennes, 1971,
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KOOpAHHATH q,p:
! 1 1, )
Ha (w)= M, Z_: ;eu(% Io )41, (114.2)

uau (80.9), (86.1), roe BBOAATCS KOMIJIEKCHHE HOpMaJlbHbIe KOOPIH-
v

(l) «/Mu Zzzk‘,e xp ik - RLea( fv)Q(;i)' (114.3).

O6a atu npeofpa3oBaHus NPHBOAAT KJAaCCHYECKYIO MOTEHIHANBHYIO
3HepPrHI0 K AMATOHAJbHOMY BHAY H, CJ/1eJ0BaTe/NbHO, DPACLEMJSIOT
uneHsl B (113.22),

B § 101 6110 ycTaHOB/EHO, 4To YAOGHBIA cnocol yueTa MOJTHON
TPYINbl IPOCTPAHCTBEHHO-BPEMEHHON CHMMETPHH & COCTOHT BO BBe-
JeHUH B KayeCTBe JAHHAMHMUECKHX MepPeMeHHBIX KOMMJEKCHHIX HOp-

MaJbHBIX KOOPIHHAT Q(] ), TaK Kak HMEHHO OHH SBJsioTCH 0Oa-
v

3HCOM HENPHUBOJAMMEIX Npeicrapnaenuit rpynnel . Takum ofpasom,
JJIS yieTa CHMMETDHH KPHUCTajlja KOMIJIEKCHble HODMaJbHbIE KOOP-
JIMHATH ABJISIOTCH Gosee YAOOHBIMH.

C npyroit cTOPOHH, B KBAHTOBO! MeXaHuke 0oJee yAOOHBIMH sIB-
JSIIOTCS BeLIeCTBEHHBIe OCHOBHBIE IlepeMeHHEIe, TaK KaK KOMILIEKC-
Hble KJIacCHYeCKHe KOODAHHATHl B HMIYJbCH NPH BBIIOJNHEHHH IIPO-
1edyPHl KBAHTOBAHHUS [AIOT JOKaJbHBle CTeNeHH cBoGOabl, 06YCa0B-
neHHble Kaaudposkol ([103], ctp. 12). Ilpu obbluHOM paccmoTpeHHH
[4] BBoAAT G0 BelnecTBeHHBle HOpMaJbHble KOOPIMHATH IePBOTO

ponra 1 Y s
o{ 14
q(]i)=%[Q(ft)+Q(—fi)]+
C Gmmle()-e(T] aus

BoJblnoe NMPeuMYyIIeCTBO HOpMaJbHBIX KoopAuHaT (114.5) cocrout
B TOM, YTO OHY ONHACHBalOT Oerymixe BOJIHEL [4], a mocne kBaHTOBA-
HHUS ONMUCHIBAIOT (HOHOHHI.

HaTH @ i ): ;

(114.4)
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ConocrasAeHue TpeX Ha6OPOB BELIECTBEHHLIX HOPMaJ/IbHBIX KOOP-
RuHAT ToxasmBaer cielyiowee. Habop {g;,} ¢ jo=1, ..., s-/,
OﬂpeJ:LeJleHHbIﬁ B (114.2), He saBnsierca Gasucom HerI/IBOlIHMbIX
npeacTas/JeHufi rpynnn @ uam KompeicTasieHH# rpynnsl &; Habop

k
BellleCTBEHHEX HOPMAaJbHBIX KOOPAHHAT HepBOTO poja { gh(j )}
v

cA=12nj,=1, ..., l; Toxe He siBJseTcss 6a3UCOM HENPHUBOLH-
MBIX [peACTaBJeHHH BO BCeX CJayyadX, KpPOMe BelleCTBEHHBIX

k y “(k
Q(], ); Habop BellecTBEHHBIX KOOPAHHAT BTOPOro poAa q(] )

4] [
¢ p==1,..., [;, onpenenennnfi B (114.5), Toxxe He sBJIserca Oa-
3HCOM HeNPDHBOJAMMHIX IIPEACTaBJGHHH BO BceX caydasx, KpOMe Be-

k
IEeCTBEHHHIX Q(]. ) Tax kKak ycJoBHe BellleCTBEHHOCTH, BOOGIle

roBOPS, He BHINOJHSETCS, MOXHO CJeJaTh BBIBOX, UTO OOEIYHAS NpO-
nelypa KBaHTosaHus [4, 63], mpuMeHnMast K BelIeCTBEHHBIM HOpP-
MaJIbHBIM KOOpAHHATaM, He COBMECTHMAa C BHIIOJHEHHEM CBOHCTB
CUMMETDHH HOPMaJIbHEIX KOODAHHAT.

B nocseayioliieM pacCMOTPEHHH MBI BOCHOJb3yeMCsi OOBIYHOH
npouesypoil ¥ MpoCTO npennonomnmé 4TO MOXHO BHIGpPaTh COBOKYIM-«

HOCTL HODMAJbHBIX KOOpAHHAT t](] ), KoTOpas, c oaHOH CTOpO-

. ]
HEI, ABJdeTCsA 6asucom HENIPpHBOAKNMOrO IpeACTaBJCHHSA yHI/ITapHOﬁ

rpynnsl @ u MoxeT OBITH HCIOJNB30BaHA B KauecTBe 6asnca Kompel-
crapleHufl rpynnsl %, a ¢ apyroft CTOPOHH, MOXET KBaHTOBAThCS
OGHIYHBIM cllocoBoM 6e3 MOSIBJIEHHS JIOXKHBIX cTelleHeH cBoBonml. [la-
Jiee, MH NPEINOJIOXKHM, 4TO NPH npeobpasosanud Py, Tie U — yHHU-
TaprIﬁ oneparop {(plt} U3 rpynns @, uMeeM

puq( ) ZD(*")U)(”)W mq( ).. (114.6)

Torza, HCOJB3YS oﬁmqnoe HpaBHJIO

p(ﬁ) ( ) | (114.7)

ypaeHnenus (113.22), copepskamiee KBaHTOBomexaanecxnﬁ TaMHJIb-
.TOHHAaH, MOXHO npmsecm K. c/Ie[lyIolleMy BHAY: .

ZZZZ (ko)? +‘°(ka|f)67(k) +®‘°’-E}X |
(oo sn
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VpaBHenue (114.8) sapaserca ypabhenHeM Ilpegunrepa nas
RBIMCHHA SAEP B  IapMOHHYECKOM axnabaTHuecKoM npu6aR-
JKEHHH. ’

§ 115. CobctBennbie yakiuu KoaeGaHuil pemieTKH
B FapMOHHYECKOM aaHabaTHyecKOM NPHOIHKEHHH

Ypasnenne (114.8) comepkHT cymMMy ujleHOB, H HOSTOMY Ilepe-
MeHHble B HeM pasaessiorcs. OTKaxkeMmces Ha BPeMs OT IPeATiOoNoXKe-

k;
HHSL O BHIPOXKAEHHH KoJebauufi ¢ (]. ), KOTOpOEe ABHO COMEPIKHTCA
w

B (114.8), Tak Kak ©?(k,|j) He 3aBucHT oT u. Torxa Kaxayw U3
3rN KOOpAMHAT MOXHO pacCMatpHBaTb KaK HesaBuchmyo. Ilpu
aToM pellleHne ypasHenus (114.8) sanuckiBaerca B BHHe NPOH3Be-

HeHusa
3rN

i) =T} ), (115.1
Mlle Kaxnas QyHKOHS SaBHCHT TOJNLKO OT OfHOH KOOPAHHATHI

k
q(].o). Torna kampmas QyHKUHS YAOBIETBOPAET OTHRILHOMY
n

ypaBHEHUIO AJISI I'apMOHHYECKOTO OCHHIATOPA

k 2
N alj) —ga(a,)lx
(lu) ‘7( ) . ) ;

X ¥a (q (?:)) =0. (;1 15.2)

& o (to1) = [ty + | P (ks | ). (118.9)

Taxk Kax /; HOpManbHHIX KoJieGanuit 11 3alaHHEX 0, | BHIPOX/EHH,

To ®®(R;|j) He 3aBHCHT OT mHAekca p. Torsaa y BOJHOBHX OYHK-
LHY OTAEJbHHX OCUH/JISTOPOB MOXHO ONYCTHTh HHIEKC @ M 3a&IH-
caTb HX B BHI®

(ol 1) q(?u))==
= Cexp — [}2- Yo, j(q (f:)2)] H,,G'](Yo. 1{7(?:)), (115.4)

Vo1 =5 0 (ks ]), - . (15)

R

31ech

rue
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a H,(yq) —noaunoM DpMmHTa NOpAIKA #; C—Hopmupoaoqﬂaﬁ

NIOGTOSTHHANAS
C= (—-—YG’ ! )l/’ 7 1
& 2°0,i,u (n

0, ],M)l

]V’. . (115.8)

[Tonnas koneGaTenbHass JHEpPrus B rapMOHHYeCKOM anuabaT-
yecKOM MpHOIHKEHHH IoJyuaeTcs CYMMMDOBAHHEM IO BGEM OCHHJI-

Jsatopam
=Y (fout4)h00). (118.7)

k0, f 1

[Tonnas sHeprus CHCTEMH, BRJKOUAMOUlas KoJe6aTeNbHYIO H 3JeK-
TPOHHYIO YaCTH, paBHA

E=00+ Y (n,,,+3) ko), (115.8)

koo, [, 1

rne Y — SMeKTPOHHAS SHEPrHs, a HHJEKC v /s 4acTOT OTGpPOLIeH.

[Tonusle konebaTeJbHble cOOCTBEHHBIE (DYHKIIHHA CHCTEMBI CTPOAT-
ca u3 pysruuin (115.4) B rapMonHuecKOM UpHONHMKEHHH B BHIE
Ipou3BeeHus: . '

: 2
%, (g) = const X exp — [—;— Z v(,,,z q();:)]x

k,0,]
X H Han.,u(vch(k )) (115.9)
k0. W

DTH rapMOHHUECKHE BOJIHOBBIE (YHKIHH OyAyT HCIOJb3OBAHE HAMH
HUXe B KOHKDETHOM aHaau3e. [1o-BUAMMOMY, clefyeT OTMETHTb, UTO
rapMoHnueckoe npexacraBienne (115.9) sBasieTcsl ciexcTBHeM rap-
MOHHMUYECKOT0 raMusibToHnaHa, CobcrBeHHble ¢yukuuu (115.9) He
COCTABJSIIOT NOJHOTO Hafopa, TaK KaK HYXKHO ydecTb elle oBULYIO
CHUMMETDHIO, CBS3aHHYI0 C HEPa3JHUMMOCTBIO OCHU/ISTOPOB, COOT-
BETCTBYIOLIUX OZHOMY H TOMY € HEIDHUBOIHMOMY IIpeiCTaBJeHHIO.
Takas ecTeCTBEHHAsi CUMMeTPH3alusi, oOYCAOBAEHHAS CTATHCTHKOH,
. 6yner oGey:knarbes Huxke B § 116.

BoJsiee o6uiumM ypaBHeHHeM aaHabaTHUECKOH TEOPHH, ONHCHIBAIO-
UMM JBHXXeHHe sinep, asiasercs ypasHeHue (113.25). Xots Ham 06-
IHH TEOPEeTHKO-TPYNNOBOH aHalW3 HpaBHI1 0oT6OpA H CHMMETPHH
cOOCTBEHHEX COCTOSIHMi He 3aBHCHT OT NPHMEHHMOCTH rapMoOHuue-
cKoro apnabaTHyeCcKOro MpUOJNHKEHHs, KOHKpeTHOe '00CyXIeHHe
Pa3gHYHEIX IPOIECCOB NOTJIOILIeHHS] M paccessHHS GyJeT BBIIOJHEHO
?i{l}}ée C TOMOUIbIO BOJHOBBIX (YHKHHH B BHZe NPOH3BELEHHS
) 9).
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§ 116. CuMMeTpus BONHOBBIX (GYHKIHMI KoJeGaHull peuieTKH
B rapMoHuueckom npubGamxennu. Beegenue

B cootnomenun (114.6) mMbl cuHTa/H, 4TOo HOpPMaJbHBEEe KOOPAH-

HaTbI q,(]. ) npeo6pasyioTcst APYr uepe3 JApyra B HEKOTOPOM He-
i :

NPHBOAKUMOM JMHEHHOM BEKTOPHOM mpocTpaHcTBe. MaTpuma npeo6-
pa30BaHUs MNPH 3TOM SBJAAETCS XapaKTepHCTUKOH HENPHBOLHMOIO
NpeACTaBJIeHHA YHHTAPHOH KPHCTaNA/NMUYeCKOH HpOCTPaHCTBEHHOH
rpynnel . PaccmoTpuM cHauasna npeofpaszoBaHue BOJHOBHIX (PyHK-
Ui KoJeOaHH peIeTKH, MMEWLIHX BUR npousseienus (115.9),
noj neficrsHem omnepaliit {¢|f} npocrpancrsensoll rpynnsl. Oxasbl-
BA€TCs BeCbMa CYLLECTBeHHBIM, uTo npeo6pasoBanue (114.6) sB-
JIA€TCs JHHEHHBIM ¥ OAHODOJAHBIM. IIpHMEHUM JleMMy O CyILUIeCTBeH-
HOM BBIDOXKJEHHH, H3 KOTOPOH cJelyeT, UyTo KaacCH(PHKALUA COCTOA-
HH# BCerjla TAKOBA, UYTO COCTOSIHHS C Da3HOH CHMMeTPHEH MOXKHO
paccmaTpuBaTh NOPO3Hb. [lasNee, MBI YCTAaHOBHM CBfI3b MNpelbIAY-
LIEeNo pacCMOTPEHHsl C Teopuefl CHMMeTPHU /1-MEePHOr0 H30TPONHOIO
rapMoHuYeckoro ocum/istopa [104]. Tpu mnaparpada, § 116—118,
3aKaHUYMBaOTCA OOCY:KAeHHeM CHMMeTpHH oO0llefl aavabaTHuecKOH
pelleTOUHOH BOJHOBOH (YHKIHH, ABJSAIOLICHCA pelleHHeM ypaBHe-
nug (113.18) u nosanoli BosHOBOH (yHKUMH KpucTaaja (113.11) B
annafaTHUECKOM MPHOIHKEHUH,

Eute oxMH BO3MOXKHBIA cHocO6 3almMCH  BOJHOBHIX (PYHKLUHH
(115.9) cocTouT B 32AaHHM YNOPSIAOYEHHOro MO BeJMUYHMHe Habopa.
IEJIBIX YHCEJ, COOTBETCTBYIOUIEr0 YIOPSANOYEHHOMY PacHOJIOKEHHIO
pasiuuHbiXx MHOxHTeJell B (115.9). Takas 3amHCh FapMOHHYECKHX
coOCTBEeHHEIX (YHKUHA 0coGeHHO ynoOHa, KOHeMHO, Koraa obcyxie-
HHe CBOHCTB DEIUETKH BeJeTcsi B NpeACTaBJEHHH YHCeJ 3all0OJHeHHS
uau B N-IpeAcTaBjAeHHH BTOPHYHOTO KBAHTOBaHHA. BoaHoBas ¢GyHk-
IIUSl B 9TOM NPEACTaBJIEHHH UMEEeT BHJ

(A CR)), ..., nC*R'J), ..., n CR7J7), ... (116.1)

Korna oaHoBas ¢ynkuusa (115.9) samucana Takum crnocofom, cie-
AyeT oOpaTuUTh BHHMAaHHe Ha TO, UTO B MHOIOOCHHJJISATOPHOA BOJ-
HOBOH (YHKIHH CYLIECTBEHHAa He 3aHATOCTb JIO60r0 KOHKPETHOTO

yuacTBylowero B npeactasiaenun D(*#) () cocrostnus, a moamoe yme-
7o KBaHTOB #(*Rj), KOTOpoe HOJIKHO YYHTHIBATH BCE YYacTBYIOLIHe
COCTOSTHHUS.

CorsacHo oOmHM NpHHUMIAM KBAaHTOBOH MeXxaHHKH [105], co6-
cTBeHHas QyHKuusa a060ro ancaMfJ/si 0AHHAKOBBIX (OHOHOB (6030-
HOB) m0Ji)kHA OHITb CHMMETPHYHOH 10 OTHOLIEHHIO K NMEPeCTaHOBKe
OJMHAKOBHIX YaCTHI, BHIPOXIeHHOHA coBokymHOCTH. [ToaTomy (115.9)
HYXKHO CHMMETPH30BAarb [0 OTHOLIEHHIO K INE€PECTAHOBKE HACTHIL.
[Iycte & o603HauaeT cuMMeTpu3annio. OueBHAHO, YTO IS KaXKZOTO
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npeacraBJieHusA & MoxHO NnpeACTaBUTL B BHAE
P= q P.(*kj): - (116.9)
k

Torzna CHMMeTPH3OBAHHYIO BOJHOBYK (YHKIHIO MOXHO 3alHCaTh B

BHE
x5 (q) = P, (9), (116.3)

rae yv(q) onpeneieno B (115.9).

PaccmoTpum Tenephb ofutyio onepauuio cuMMetpun {@|f} yxurap-
HO# rpynns @, koTopoli, corsiacHo (114.6), cOOTBeTCTBYeT HPEACTAB-
nenme D™O0. Us ananmsa HHBADHAHTHOCTH KJ1aCCHYECKOTO rap-
MOHHYeCKoro raMuiabTonuana B § 110 cienyer, UTo SKCNOHEHOHAD-
Heli MHOXKHTedb B (115.9) 3aBHCHT TOJABKO OT CYMMBl KBaJpaToB
HOpPMAJbHBIX KOOPAHHAT:

} T Ya,jZ[ ( )]2 (116.4)

Oi,

Us (110.10)—(110.15) nHemocpeACTBeHHO BHIHO, YTO KBaJApaTHYHAA
dopma (116.4) sBiseTcss KBaAPAaTHYHBIM HHBAPHAHTOM INpPH IIPe0s-.
Pa30BaHHUAX ¢ C NOMOLIBIO YHHTAPHBIX NpeobpasoBaHuil H3 rpynns &.
CuenoBatenbHo, uTOOH YCTAaHOBHTb, Kak npeobpasyercs NoJHas
co6cTBeHHas QYHKUHS KoJeOaHuil pellleTKH NMOA AefCTBHeM YHHTap-
HBIX IPOCTPAHCTBEHHBIX NPeo6pas30oBaHHi, HYXKHO HCCIEA0BATL TOJb-
Ko mpeoGpasoBaHue BTOPOro MHoxureas B (115.9).

§ 117, Mpeo6GpasoBanue NPoU3BeeHAA NOJIUHOMOB JpMHUTa:
CHMMETPU3OBAHHOE MPOU3BEACHHe NPeACcTaBICHHIH

Yro6L YCTaHOBHTb NpaBh/a NpeoOpa3oBaHMS CHUMMETPH30BaH-
Hoil BoJHOBo# ¢yHknuu (116.3) mpu npeoGpa3oBaHusiX NpOCTpaH-
CTBEHHOH CHMMETDHH, MBI NPOBeJeM paCCMOTPEHHE B HECKOJIBKO
sranos. Bo-nepsblx, Bo3ppamasce kK (115.9), Me uayunm npeobpa-
30BaHHe BCEX YJEHOB HEKOTOPOH LENOYKH COMHOXKHTeJell, OTHOCH-
IHXCs K 331aHHOMY HelpHBOAUMOMYy mpeactasaennio D)), Tpu
3TOM H3 NPOH3BEACHHHA (115.9) okasbiBalOTCH OTOGPAHHBIMH S:Im
MHOXHTeNell ¢ (uKcHpoBaHHEIM K, BeeMH ks (0=1, ..., 5) u3
*k W BceMH CBSI3aHHBIMH ¢ HUMH [, (n=1, ..., [j). CHaanIa MBI
paccMOTpPUM mpeobpasoBaHue TaKoﬁ LeNOYKH COMHOXHTeJeH, a 3a-
TeM BELIOJHUM CHMMeTPH3AIHUIO. .

lenouka comuoxuredeil, oTHOcAWasACT K D*B) (), cocrout us
JIBYX MHO)HTeJefi: 3KCIOHeHTH ¢ nokasaredeMm tuma (116.4), He
saBUCALlleli OT YHCeJ! 3amoJIHeHHs Mg, j, 4, H NPOH3BeAcHHs NOJHHO-
.MoB Idpmuta. Kax ykasaHo B Tekcre nocie opmyars (116.4), skc-
NOHEHTa BeleT ce6s TPHBHAIbHBIM oépaSOM Hamwa sanaua cocTout
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B BLISICHEHHH TOBeleHHs «HeTPHUBHaJbHOro» MHoxuteas B (115.9).
Hnurepecyroliee Hac npousBeileHne HMeeT BHI

k

().

kg
Tle g, 4, — KBaHTOBOE YHCJIO OCHHJIATOPA q(]. ) (amcs1o BO3-
"

OyxkIeHHBIX (OHOHOB). UTOGE HeCKOIbKO YMPOCTHTh 0603HAUEHHS,
B NoCJeAyoolleM H3/10XKeHHH Mbl ONYCTHM WHAEKC j, KOTOpHH CYH-
TaeTcsl GHKCHPOBAHHBIM, H 3alHLIEM .

fig, 1w —> 1 (0, 13).

Hanomnnm, yto nosudove dpmuta H,(E) 9BAs0TCS NOJTHHOMA-
MU CTeneHu n OTHOCHTENbHO E [106]. B mpoussenenun (117.1) Takue
MOJHHOMEl NEPEMHOXKAIOTCA W YJeH CTapuleli cTemeHd B NPOH3Be-
JeHuH uMeeT BUJ (MBI CHOBA yNPOCTH/IH 0003HAYeHH)

n n n
!
gll’ 222, sees gsls]]s
roe

bt g =2 n (o, W =n (k)

s ou

eCcTh MOJHOE YHCJI0 KBAHTOB, KOTOPOE pacCnpefeseHo MO BCeMY MHO-
KeCTBy COCTOSIHHM, OTHOCSLIHXCS K DB, [Tocnenywouué umeHst
npoussenenus (117.1) npu 3ToMm JuHefiHoM nmpeo6pasoBaHuu npeol-
pasyioTcs B uJeHH TOH ke cTemeHH. Torza okaswBaeTCs, uTO MBI
MOKeM OTPAaHHUYHTHCS TOJNBKO ORHOUJEHAMH HAHBBHICLIEH CTeleHH,
BBHIMHCAHHBIMH BEIIlle B KaUeCTBe THIHYHOTO mMpHMepa. DTO MepBHIM
Ilar Hamled nmporpaMMbl, paspa6orannoli Tucua [107]!). Takoit xe
pe3yJbTaT MOJYYHTCS, €CJAH 3alMHcaTh NMOJHHOM DPMHTA 4Yepe3 mpo-
H3BOJALIYI0 (YHKIHIO ‘
H, € =(—1)"e"d"e"¥/o8".

Torna H, npeobpasyercs mo OTHOIIEHHIO K &" KoBapHaHTHO. DTO
BEPHO /e KaxAoro H,, BXOAALIET0 B PacCMaTPHBAEMYIO LENOYKY
comHOXHuTeNeH. [T053TOMY 1 MOXKHO paccMaTpHBaTh TOJLKO ORHOUYJe-
Hbl HauBhICUIEH cTeleHH 2). ’

- Bo-BTOpHIX, Mbl 3allyilleM YHHTapHOe NPOCTPAaHCTBEHHOE -Ipeol-
pasoBaHHe B TO#l npeo0pasoBaHBON KOOPAHHATHOR CHCTEME, B KOTO-
polt omo auaroHauasHO. Ilpum TakoM Inpeo6pa3soBaHHH OLHOUJIEHBI
TOJIbKO YMHOXKAIOTCS Ha HEeKOTOPHE CTelleHH AHArOHAJIbHBIX MaTpHU-
Heix agemeHToB. Cieayolinii mar cocToHT B CHMMETPH3alHH 1O

1y Mu cneayem pabote [107] ¢ HeKOTOPHIME H3MEHEHHAMH.
%) Do paccyxaenne-6uio npeanoxero soxropoM H. K. Yo.
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BCeM COCTOSIHHSIM, OTHOCsInEMcs K oAnolt marprme D(*®) @, Bror
1mar, XOTsi ¥ HEeTDUBHAJBHBIA, MOXHO BHIIONHHTbD B SBHOM BHJE.
Mbl NpoLeMOHCTPHPYEM €ro Ha NpHMepe TaK Ha3biBaeMbIX «IIpo-
cTeHlINX» CHMMETPHYHBIX MOJHHOMOB.

Haxkonen, Gyxer BHuHC/AeHO npeolpasoBaHHe MOJHOH COGCTBEH-
Holi dyukuun (116.3): oHa aABIAETCAd MNPOU3BELEHHEM OTHeJbHHIX
COMHOXKHTeJIeHl, KaXXIHH H3 KOTOPBIX OTHOCHTCA K ONpeleJeHHOMY
D*#A) () y gaxAHH H3 KOTOPHIX CHMMETDH30BAH HE3aBHCHMbBIM
o0pasoMm.

UTo6bl BHIMOJHATH NEPBBIA NYHKT HaMEUEHHOH IPOTPaMMBbI, MBI

*
paccMOTpHM ToJbKO npencrasienne D(*#) () Gasuc kortoporo pasen

{q(ﬁ)q(i’)q(ﬁ)} (117.2)

Paccmotpum aaement {@|¢} rpynnsl ®, npeacraBiaeHHbll MaTpHieH

D*®) 0 ({@|#}) ananoruuto (86.40). IycTs 3Ta MaTpHIA NpHBEAEHA
K AHAaroHa/JbHOMY BHAY C NMOMOINbI0 HEKOTOPOIO YHHTAPHOTO Ipe-
o6pasoBanus V:

v='DP D (o1 8) V=D D ({g|8}), (117.3)
rae
DY D (] g, vy = A5 P88 (117.4)

Torza V naer skBUBa/JIEHTHHH OGasHc

N U W | R

B KOTOPOM AJs BHIODAHHOTO HAaMH 3JeMEHTa CHMMETPHH KaXKjas
IITPUXOBARHAS HOPMaJIbHAsi KOODAMHATA yMHOXKaeTcs Mpu npeol-
pasoBaHHU Ha KOHCTAHTY:

k ; k
P ,,q'( ;. )= d{f’-‘”q'( ) (117.6)
Ju Iu
BeslenacTBHe cBOMCTBA MHBaPHAHTHOCTH ciena u3 (117.3) umeem
(R0 (o] 8)) = X, d? . (117.7)

Ons p-# cremenn, BooGie roBops, COTIACHO (117.6), umeem
ADO (@] £)7) = 02; (a P, (117.8)

TTonesHo orMmeTHTh A8 JanbHehllero, uto (117.7) u (117.8)
MOXHO paccMaTpPHBaThb KaK 3alHCb CTOAIIHX clpaBa CyMM (OTAeJb-
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Hele 3Havenns dy’ ) z0 cux mop me ompeneseHs) uepes cTosILIMe
clleBa H BHIYHCJIEHHMe 1o of0ueMy npaBuay (37.3) XapakTepbi.

BosBpatumest k o6cyxaenuo (117.1). PaccMOTPEM Te MHOXH-
tequ B (117.1), KoTopsle oTHocsaTes kK KoopauHataM (117.2). Omm
HMEIOT, HallpHMep, TaKoH BUI:

Hpuq, 1)(0(?}))X XHn(c,u)(Q(;Tj))X
X H,,(S.,])(q(is])). (117.9)

(OnmycTuM Ha HeKOTOpOe BpeMs 3HAYOK [ M He OVAeM BBLINOJHSATH
cummerpu3danun.) Lenouka comuoxurened (117.9) onucheaer co-
cTOsiHHE, B KoTopoMm uMeeTcs n(l, 1) donouos [n(l, 1)-e cocrosinue
rapMOHHYECKOTO KBAHTOBOTO OCHMJIATOPA] OCUMIAIATOPA C KOOPIHU-

k
HaTOMH q( . ), naoc ..., e 7o, p) GOHOHOB OCHHJISITODA

I
k

b ‘
q (].0) , mmoc n(s, j’i) (hOHOHOB OCLHUJAIATODA q(js ) ITonHoe
n L

YHCJI0 DOHOHOB BO BCeX COCTOSIHHSAX B mpocrpancTse (117.2) pasno
n(*kj)= . n (o, n. (117.10)

ap.

OueBnzHO, cUMMeTpu3anus, nogobuas crenauHoft B (116,2), u oa-
HayaeT ¢ (PU3HYECKOH TOMKH 3DeHHd, 4TO MOJHOE 3aJaHHOe YHCJIO
¢ononos (117.10) mo/mxkHO OBITH pacupefne/eHO BCEMH BO3MOMKHBI-
MH clmocoGaMu IO COCTOsIHMsAM mpocrpaHctsa (117.2). PaccMoTpum
oA npumepa mpoussefenue (117.9). Hccaenyem noBefeHHe COMHO-

KHUTEJAA 4
Hy, m(q(]:)); (117.11)

Usten uausbicilell erenexn B (117.11) sBasercs onHOUJeHOM CTe-

neHu n(o, p) OT HOpPMAaJNbHON KOODAHHATH ¢ ].U). [pennonoxum
"

Tellepb, 4YTO MBI paccMaTpHBaeM B3KBHBAJIEHTHOE NPOCTPaHCTBO
wTpuxoBaHubX GyHKmu# (117.5). Toraa npumeHeHue npeobpasoBa-
nusi {p|t} TOJBKO yMHOXKaeT YHNOMAHYTHIR OJHOUY/NEH HaHBLICIIEH
CTEeleHH Ha MHOXKHTENb

(g 0y, (117.12)

KOTODHI ‘gBJseTca (0, n)-# CTeleHbI0 AHArOHAJbHOIO SJIEMEHTA.
Torza paccmaTpuBaemoe npousseleHHe (117.9) ymHOXKaercs Ha
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npoussezneHue
TI (a2 @y @5, (117.13)
g, 1 :

TaKk KaK OT Ka)X[Oro COOTBETCTBYyWLlero comHoxuteas B (117.9)
HOSABJSETCA [0 OLHOMY MHOMKHTEJIO.

Torma, ecam 61 3amaHHOe npousBefenne (117.9) Owio enuu-
CTBEHHBIM 4JIeHOM B KoJsieBaTe/bHOH cOOCTBeHAON QYHKIINH, TO IPOHU3-
BeJeHne (117.13) 6bw10 Gp1 xapakrepom ais {@|t}. Ham neo6xonu-
MO CHMMETPH30BaTh npousselente (117.9) c yuetom TOro, 4To BCero
umeetcs: n{*kj) GoHOHOB. DTH (POHOHH MbI AO/KHBEI paclnpelenuTh
CHMMeTPHUHBIM 00pa3om mo BceM cocrosuusM, Hanpuwmep, Bce do-
HOHBI MOTYT OTHOCHTBCS K OLHOMY OCLHJJIATODY, KOTODHIA Gyner
HaXoAuTbcsd mpu 3ToM B n{*kj)-m cocrosHuu. Ho us skBHBajeHT-
HOCTH BCeX OCUHJIJISITOPOB CJeAyeT, UTO B TAKOM COCTOSHHH MOXKeT
okasaTthca J000H M3 HUX. B 3TOM caydae ciel NOJyYeHHOTo Npef-
CTaBJICHHSl BBIYHCJAETCH B IIPOCTPAHCTBe (PYyHKIKH

k ky
oo (1(5)): oo om0 ()
2
cesy Hn(*kl)(q(]‘l])) (117.14)

n x>
> (g oy, (117.15)

(nepect)

H paBeH

3/ech CyMMa Mo NMepecTaHOBKAaM 03HauaeT CYMMHpOBaHHe IO BCEM
3HauyeHHsIM (IepecTaHOBKaM)- (0, ) HPH YCJAOBHH, UTO COXPaHAETCH
dopma onHOUWIEHA, BO3BEAEHHOTO B CTelleHb, DaBHYI 4YHCJIy (OHO-
HOB. B o0wieM ciaydae HaM HYXXHO PacipeflesHTh ONpeJeleHHOe YUC-
Jio GoHOHOB 7 (*kj) HeKOTOPHIM 3aflaHHBIM cmocobom {7 (o, p)}. Tor-
ga cob6CcTBeHHON (YHKUHEH okasbiBaeTcs mnpoussenenue (117.9) u
COOTBETCTBYIOIIHH CHMME@TPHU30BaHHMI ¢/Ieq AJS 3TOr0 KOHKPETHOTO
TIPOU3BEJEHUS NMEET BUA

Y T (@0oy ey, (117.16)

{nepect) O, U

rne )osﬂaqae'r CYMMHpOBaHHe [0 BCeM WJeHaM, B KOTOPHIX CO-
nepect -

XpaH;Ieg‘eéﬂ tdopMa. Ipou3BeZieHHs, HO HHAEKCH MePecTaBAsIOTCS BCe-

MH BO3MOXHBIMH cllocobaMmH. .

Ho Tak KaK MOTYT HMETb MECTO 8C€¢ BO3MOXHHE paclpeleseHHs],
clel AoJxkeH OLITh CYMMOH BCeX BhIpakeHHi tHna (117.15) npu ye-
JIOBHH, YTO KaXJ0e KOHKpeTHOe pa3bHeHHe COOTBETCTBYET IOJHOMY
yucay ¢oHoHOB: n(*kj).
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BosbMeM HekoTOpoe KOHKkpeTHOe pasGuenHe, g OPOCTOTH
BO3bMEM pa3bHeHHe, [ KOTODOTO COOTBETCTBYIOUIMH WIEH HMEeT
Bua (117.15), Torma cymmy (117.15) MOXHO paccMaTpHBAaTL Kak
IOJIHOCTBIO CHMMETPH30BaHHYI0 CyMMy n(*Rj)-X cTemeHell kaxmoro
H3 uaeHop d@)  MoKHO BHIIOJHHTb [Pyroe pasbueHHe ¢

[n{*Rj)— 1] kBanTaMu A/ OAHOrO OCUHJIATOPA U OAHHM KBaHTOM
AJs IPYTOro OCUHIIATOPA. DTO MPUBOAHT K CHMMETPHUECKHM IOJIH-
nomam repsofi crenenn or di®” mias ogmoro ocummasiTOpa M moTH-
Homy crenenn [n(*kj)—1] or dfﬁ)(” U1 BTOPOTO OCLMJIATOPA.
[Tpu 3TOM mosHas cremeHb MOJIMHOMA, €CTECTBEHHO, QUKCHPOBAHA H
paBHa n(*Rj). AHajsoruunrle pe3yJpTaThl HOJAYUAIOTCA A APYTHX
BO3MOXKHBIX pa3OHeHHH.

Torza npexacraB/ieHde CHMMeTPH3OBAHHOrO NPOH3BeAeHHS C Oa-

3HCOM
sem [ ew(we () o

SIBJSIETCS CHMMETPH30BAHHOH # (*Rj)-H CTeHeHbIO NpefCTaBJIeHHS
x

D(*#) 0, no koTopomy mpeoGpasyercs cosoxymHocTh (117.2). Cue-

JLOBaTeJbHO, COOTBETCTBYIOIHM CHMMETPH30BAHHBIM XapaKTepoMm

ABJAETCS BeJHYHHA

DO (@), ke =S % IL(@PP)*¥,  (17.18)

(nepect) G, u

rie S oGosHayaer cyMMy 00 BceM pa3bueHHAM.

Tenepp Mbl MO/KHBI BRHIPa3HTb (GYHKUMIO, CTOSILUYIO CcIpaBa B
(117.18), uepes usBecTHble Beangunn (117.7), (117.8), xotophie 3a-
BUCAT OT H3BECTHBIX XapaKTepoB cTemeHH npeobpasosanus {¢|t}.
Urolel cAenaTh 9TO, MBI JOKHBL OGPAaTHTBCS K TEOPHH CHMMeTpHYe-
ckux ¢yHkuui [108, 109]. Ham nyxHO BHpasuth (117.18) uepes
NOJIHYI0 COBOKYNHOCTh TAKHX 3/1€MEHTAPHBIX CHMMETPHYHBIX (YHK-
uufl 3a4aHHOTO YHC/Ia IepeMeHHHIX. DTo MOXKHO, Boobmie roBopf,
caelath HenocpeacTBerHo [108, 109], Ho MBI IpHUBeneM $Aech TOABKO
pe3yJbTaT U OJHH NPHMEP.

Paccmotpum cayuafi n(*Rj) = 3. Torga MBl HMeeM [eJo CO BTO-
pbiM 06epTOHOM (CHMMeTpH30BaHHHI Ky6 Nipencrasnenuit). meercs
TPH 3JleMeHTapHbIX CHMMeTPHYHHIX NOJHHOMA TPeThell cremeHu. Ms
(117.7) u (117.8) umeeMm

K yCR D ({@| 8} = (Z dy o, (117.19)

G, 1,

Oﬁosnaqnm .
(Z d "’)3-_-P1. - (117.20)
op



374 Tarasa 11

DTO, OueBHAHO, CHUMMETPH30BaHHBI TOJHHOM TpPeThbel cTenenH. Ele
OJHHM JIHHEHHO-He33BUCHMALIM I[IOJMHOMOM SIBJSIETCH IPoU3BeACHHE

(U‘ZEL df,,a) (l)) (GZ;L dff) (i))z =P, (117.21)

HaxoHen, mnocaefHHH MOJHHOM
> (@@VP = p, (117.22)

op

Coraacuno (117.18), xapakTep cHMMeTpPH30BaHHOTO Kyfa HMeeT BHJ

x(*k)(i)({(p[t})(3)=( 3 (g9 0y 4

nepecr)

+ Z’ (dgl) (i))2 (dl(xq,) (f)) + (m;;) "(dl(f) (i)) (dl(f{’) (l')) (d;&(”'”) (i"))‘ (1 17'23)

(nepect)

/ .
3anaya, KOTOPYI0 HaAO0 PeIIHTb, COCTOHT B OINpeie]eHHH TakoH
auHefino#t kom6uHanun (117.21), (117.22), kotopasi paBHa NOJHHOMY
(117.23), 1. e. B HaxoxaAeuuu Takux KoHcraHt C;, C,, Cs, 4TO

CiPy 4 CoPo+ CsPy =[x ™ (g )] (117.24)
Us nepsoro urexa (117.23) momyuaem
Ci+Cy+ Cy=1. (117.25)
CpaBuuBafd 4ieHH B pasaoxenusx (117.20) — (117.22), naxoaum
Ci=4, Co=, Ci=7. (117.26)

Torna
[af* e Gol ] = [T (o )T +

+ 3D ™ ({1 8) 1) ™ (@] Y + 2 ™ (o1 A7) (117.27)

IMpouenypy, mpusoasiuywo K (117.27), MOXHO NPOAOJIKHTD H
npeo6pasoBaTh oOulee Bepaxenue (117.18) k cymme npousseneHH
XapaKTepoB, OTHOCAIIHXCH K OTHEJNbHBIM 3/1eMEHTaM, TOYHee, IPOU3-
BelleHU# xapakTepos Ju6o gaHHoro snementa {@|#}, 1ubo ero cremne-
Hefi. OCHOBHas TeopeMa, KOTOPas MOxKeT OBITb IDH 3TOM HCIOJb30-
BaHd, COCTOMT B TOM, YTO CHMMMETPH30BAaHHBIH NOJHHOM MOXKHO 3a-
nucaTh KakK CyNePNO3HIMIO OCHOBHHIX «2JeMEHTapPHBIX» [0JHHOMOB
[106] omHHM u ToNBKO OAHHM CHOCOGOM. DTHMH OCHOBHBIMH 3Jie«
MEHTAPHBIMH [NOJHHOMAMH fBJISIOTCS NOJHHOMHE Pj, mepeuuc/jeHHble
Bhllle KaK Py, Py, P3. OGo6uienne (117.27) Ha cuMMeTPH30BaHHYIO
N-10 cTedeHb MOXKHO NMOJYYHTHL TAKHUM JKe CHoCcoO60M; MO CBeAeHHAM
8BTOPa, 3TO ellle HHKeM He. OblIo cheqaHo. CBssaHHHI C TaKuM
paccMOTpeHHeM APyroi merox ucnoabsosas Tucua [107]. On npusen
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K PeKYPPEHTHBHIM COOTHONIEHHSM I/ CHMMeTPH30BaHHHIX cTeleHeh
mpeAcTaBJIeHH,

Ente oauH merox OCHOBaH Ha CBOHCTBAX CHMMeTPHYeCKO#l rpyn-
npr [49]. Tak Kak Mbl He H3yYaeM 3JeCb CHMMETDPHUHYIO [Pylly, He
Gynem NMPHBOAMTL JieTalH A0Ka3aTeJbCTBA M NMPOCTO BHIIHIIEM pe-
3yanbTatT. Xapakrtep {@|f} 017 CHMMeTPH30BAaHHOH A-H CTeleHH Hpo-
H3BeJeHUsl MaTpHIl paBeH

[0 (Gl )] =Y. G (o am) "L GO0 (1919)

rl (gt o el (gy)™
(117.28)

Cymma B (117.28) Gepercst mo BceM BO3MOXKHBIM pacmpereneHHIM
ypcsa n, TakAM, 4TO

n=rgi+ ... +ry (117.29)

rfe r; U ¢; — leJble Yucja.

OTo ¥ eCTb pellieHHe 3a7aYH, NOCTaBJEHHOH B HauaJje 3TOro na-
parpada. flcHo, uto (117.28) u (117.29) mpuMeHuMBl K KaXXA0My
KOHKDETHOMY pacnpele/ieHHIO IJ1si CHMMETPH30BaHHOM IeMOYKH
coMuoxuTeselt {(117.1), cBA3aHHOR ¢ HEKOTOPHIM HEIPHBOIHMBIM
npencrasiennem D*#)(), TIpamoe pasnoxenne (117.28) npu
n = 3 cosnagaer ¢ pesyabratom (l117.27), mOJydeHHBIM MPAMBIM
BBIYHCJIEHHEM.

BelunC/IeHHe CHMMETPHU30BAHHOrO KBajJpaTa H JPYTHX CTemeHel
HENPUBOAHMBIX IPEACTaBJeHHH NPOCTPAHCTBEHHBIX TPYNN METOA0M
MaJjiofi rpynnsl uccienoBanad bpagnmu u Iasuc [IIOF. Bcaenctere
9KBHBAJEHTHOCTH METOJOB NMOATPYNNH H MOJHON TPYHMH AJs 1O~
JYUeHHs U OpHBefeHus NPOH3BeldeHus npeAcTaBleHul (§ 64) merton
MaJiofl rPynIsl MOXKHO NPHMEHHTDL AJA NPUBeleHHs JN060# 00buHON
HIM CHMMETPH30BaHHOM cTeneHu npeicTasieHHd. Yucto mpakruye-
ckHe co6paxeHuss MOI'YT 3aCTaBHTb OTJAaTb NpelANOYTeHHE TOMY HJIH
oMy MeTony. OnHako Ha CerofHAIIHHH 1€Hb, NO-BUAUMOMY, JHIIbL
MeToJ IOJIHOA TPYNNBl yiKe NPHMEHSJCS AJs NPHBELEHHS CHMMeT-
pH30BaHHOTO Ky0a NpeacTaBJeHHuH.

§ 118. MpeoGpasoBanre coGCTBEHHbIX HyHKUMI KoaeGaHul
pemeTKu: pe3yJabTaThi U HEKOTOpble 0606menns

[MomBenem uroru. Pe3ysbTaThl moc/ieqHero maparpada NoKashl-
BAIOT, YTO CHMMETPH30BaHHOE NPOH3BefeHHe cOBCTBeHHEIX (DYyHKIuH

semess=[4 Zon (V| L (ra0()) e

npeoGpasyercss MpH NPeoBpasoBaHHUAX OMEPATOPOB NMPOCTPAHCTBEH-
*
HBX TPyOIn XaK CcHMMeTpHsoBamHas n(*kj) cremems D(*#)¥),
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B (118.1) Bce XoOpAHHATH OTHOCSTCA K NPOCTPAaHCTBY, B i{OTOpOM

* .
sagano D)), n (*kj) — mosxoe YHCJO KBAaHTOB BO BCeX COCTOSA-
HHMSIX 3TOTO MpeACTaBJeHHs. IDTO NpeACTaBJeHHE MOXHO 0603Ha-
4T

‘ LDCBYD] xyy)- (118.2)
IMonnast BosnHoBas ¢yHkuus (116.3) mpeoGpasyercs no mpeacTa-
BJIEHHIO

[DC® 0] @ (D) ]y @ ... @[D#) ], (118.3)
rae
n=nk,j), #'=nC*k, ) nr o

ABJAIOTCA NOJTHBIMHK 4YHCJIaMH KBaHTOB nJid ONpeneJE€HHbIX rpynn
BBIPOXKAEHHBIX ocuuanastopoB. llpeacramsnenne (118.3) sasasercs,
BOOOHIe TOBOPsi, IPUBOJAMMBIM K CyMMe HENPHBOAUMBIX IIpeACTaB-
JeHuii. IIpoueaypy npuBeldeHHsT MOXKHO 3aMHCATh TaK:

(DB W),y [D* @ ... Q[D*#) (] n =
— Z ( [*kj](n) L. [*k”j”](n”)l *k///j///) D(*”"') 0, (118.4)

B m

rae ([*kfl,, ... [*R"]"] 0| *R”""") — cootBeTcTByIOIIHE KO3 (U-
[HeHTHl MPHBELEHHS, KOTOPble MOXKHO NOJYYHTh METOI0M, H3JIOXKEH-
HBIM B § 52—60.

CorsacHo jieMMe 0 CyLIeCTBEHHOM BBIPOXKJAEHUH, KaXKA0€ COCTOA-
HHe B HENPHBOAUMOM IIpeAcTaBieHHn cnpaBa B (118.4) monxHO pac-
CMAaTpHBATbCA OT/EJbHO; TOrAa cooTHolleHue (118.4) maer mpaBuia-
otbopa s (puU3MYIECKHX IIPOLECCOB HH(MPAKPACHOro NOTJOUIEHHS H
KOMOKHAIIMOHHOIO PacCesdHus CBeTa.

Ilpu ofcyxnednn MHOrO(QOHOHHBIX HPONECCOB B T. 2, IM. 3 MH
pPAcCMOTPHM 3TO COOTHOIIIeHHe.

MoxHo clleslaTh 3aMeuaHile 0 AONOJHHTE/ILHOR CHMMETPHH, BO3-
HHKAIOL[el u3-3a TOIO, YTO TAapMOHHMYeCKHH raMuabToHHaH (114.8)
pas3buBaeTcss Ha MOATPYINBI rapMOHHYECKHX raMHJIbTOHHAHOB, OTHO-
CALIUXCS K BellleCTBEHHBIM HOpMaJbHBIM KOOpAHHATaM (s-/;)-mepHo-

IO HENPHBOAMMOrO BEKTOPHOI'O MPOCTPAHCTBA 2(*#) (), Tpu stoM MH
JOJIKHEL paccMaTpuBaTh (S-/;)-MepHBIA H30TPONHBIA I'apMOHHUECKHH
OCHM/ISTOP MJIS KAXJONO TaKoro BeKTOPHOro mpocrpancrsa. I'pyn-
na cuMMmeTpHH (S-I;)-MEPHOro H3OTPONHOrO OCHHJJISATOPA He3aBH-
cHMo OT paccMaTpuBaeMol (Gu3HYECKoH NPOCTPAHCTBEHHOH CHMMeT-
PHH, sBJsieTcs TPYNNoH SU(S.IJ), T. €. CHeyuaJbHOf YHHTapHOH

k
rpynnof o (s-/;) BeJuuuH ¢ ( ].\6)», SIBJISIIOHIMXCS B JaHHOM CJIyyae
1

KOOpJiHHATaMH BHPOKAEHHOrO OCHH/JIATOPA. OueBHAHO, YTOQ atoboe -
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(s-1;)-MepHoe yHHTapHOE NMpeobpasoBaHue

ko ky
- q ( ) == UO"B q( ) y
la ‘ ; oo lB .

U(}—'é, cm=U;a. 0’8 B (118.5)

ABJIsIeTCA oNepanued CHUMMeTPHH raMuJbTOHHaHa (S-[;)-MepHOro
H30TPONHOro rapMOHHY€CKOro OCHHJIATOpa. Torga MIf KaxkJIoH
TaKOH COBOKYNHOCTH KOOpPAUHAT, OTHOCSLIEHCA K OJHOMY H TOMY Xe
HEeNPUBOAUMOMY NPENCTABACHHIO DB, nomxua CyUIeCTROBATL A0~
HOJIHUTe/IbHAST CHMMETPHS YHHTapHoi rpynmel. Kaxnas BoJIHOBas
GYHKIHS HOJKHA OXHOBPEMEHHO. Npeo0pa3oBhiBATbCA HENPHUBOLH-
MBIM 00pa3oM u npu npeoGpa3oBaHHSIX YHHTApHOH IPYNNBl, H MO
CHMMETPH30OBAHHBIM CTeNeHAM [pelCcTaBJAeHUH TPYNNH HOPOCTpaH-
CTBEHHOH cuMMmeTpun @. DieMeHTH yHuTapHo# rpynnsl (118.5), mo-
BHANMOMY, He HUMEIOT NPoCcTOll (hPH3MYECKOH aHa/JIOTHH, XOTA Ceiyac
BeJYyTCS HMHTEHCHBHBIE HCCJeJOBAaHHsS BONPOCOB, CBI3aHHBIX CO
CBOHCTBAMH A-MEPHOT0 H30TPOIHOTO I'apMOHHUECKOT0 OCHHJ/IATOPA
[111—113]"). MOxHO OTMETHTb, UTO HENPHBOAUMOE BEKTOPHOE Mpo-
CTPaHCTBO TPYHINHI SU(s.zj) uMeeT cBouM OasucoMm [108] cummerpuu-

HBle TEH30DHl, KOTOpble NAIOT HENpHBOAMMBie NPeACTaBJEHHA pas-

MepHOCTH
(n(*kj)—}—s-l,—l)
S'll—l ’

I‘Ilé

(118.6)

DTo U eCTh KaK pa3 pa3MepHOCTb IPeJACTaBJIeHHS CHMMETPH3OBaH-
Ho# cTenenu n(*kf), xapakrep KoToporo paercs B (117.28).

B 3ak/ioueHne OTMETHM, UTO rapMOHUYECKOe MPHOMMKeHHe AaeT
BoJiHOBYI0 GyHKmmio (116.3), KoTOpas ¢ TOYKH 3DPEHHS MHOIo4a-
CTHYHOR TEOPHH BepHa B HyJeBoM npuOaH:Kehuu. [lonpasku Gogee
BBICOKOTO NMOPSIAKA AOJKHE COAepXKaTb JHHelHble KoMOUHaLuu 6a-
aucuoro Habopa (116.3). Ho ecan nopsigok npubamxeHns yKe ycTa-
HOBJIeH, TO B paMKaxX NPHMEHHMOCTH JIEMMHl O CYILIeCTBEHHOM BHI-
poxkAeHHu Ja000e MHOTOUACTHYHOER COCTOSIHHE JO/KHO IIpHHAAJNe-
KAaTh HEKOTOPOMY OIIPele/leHHOMY HeNpPHBOJHMOMY NpPeACTaBJIEHHIO
D(*#) () rpynnst @ uau xonpeactasaennio rpynnsl §. Kak 6bl10 yxke
OTMEUeHO BHIIIE B HecKONBLKHX MecTaX, CHHTe3 TeOPHH TPYHI H Teo-
PHH MHOTHX TeJ — 3TO IIOKa BOIpoc Oyayuiero.

B T, 2 Mbl yacTo GydeM BECTH PacCMOTPeHHe B PaMKaX rapMOHH-
9eCkOro NpubJHKeHHs, TaK KaK OHO TMO3BOJseT B BHOH (opMe He-
cJ1eg0BaTh U BHIYHCHAHTL CHMMETPHIO COGCTBEHHLIX COCTOSIHUM, a Cie-
LOBATEIbHO, ¥ NMPOLECCH NMepexoAa MeXAy HHMH. STH NpeiCcKasanus

1) Cwm. raxxe [114] u nuTHpyemylo TaM JUTEPATYpY.
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JONYCKaloT cpaBHeHHe ¢ 3KcnepuMeHToM. IlpenckasaHusi rapMoHu-
YEeCKOH TEOPHH OKAa3blBAIOTCS OYeHb YACTO CIPABENJIHBHIMH: B Kaue-
‘cTBe IpHMepa HHXKe NaH aHaJn3 KPUTHYECKHX TOUEK ABYX(POHOHHBIX
CNeKTPOB KOMOHHAILHOHHOTO paccesiHUs AJSl KPEMHHUS M repMaHus,
HMELUX CTPYKTypy anmasa (r1. 2, § 24) u ana NaCl um NaF,
HMEIOLIUX CTPYKTypy KaMeHHo# coun (T. 2, § 27), a TakxKe npuBe-
JN€HBl Pa3JIHYHBle NPeACKa3aHusi CBOHCTB NOJSAPH3aLHH NMPH KoMOu-
Hal[HOHHOM paccCesiHHu cBeTa. Korza rapMoHuuecKoe NpHOJIMIKEHHE
0Ka3blBaeTCsl HENPHMEHHMBIM, 3T0 OOBIUHO O3HAuaeT, YTO BO3HH-
KaloT HOBHle WHTePeCHBie fBJEHuUs, HampuMep obcyxkaaeMoe B T. 2,
§ 6, m.4u§ 28 0 2 aByxdoHOHHOE CBA3aHHOE COCTOSIHHE B aJMase,
KOTOpOe 00yCNOBNEHO aHrapMoHHMYecKnMH shdextamu. B pesowm,
KpOMe BO3MOXKHEIX C/IyiaeB, KOrJa HEOOXOAHUM yieT aHTapMoHHUe-
CKHX uJIeHOB, TaPMOHHUECKOe MPUOJHKeHHEe OKa3bIBAeTCS XOPOLIUM
MeTOJIOM aHaJ/H3a ONTHYECKUX CBOHCTB pelIeTKH,
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