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B xHuze u3AQ2QI0MCA OCHOBHblE C6E0EHUR U3
sexmopHOil & MeN30pHOL a{teeépbt, noMAmus meu-
30pHblx n0Aetl U MEN30PHbIL anaus, ex/m%amuéuu
UHMe2PaNbHbE MEOPEMb; co@epofcuénm pAad 3ada4
MEH30PHO20 UCHUCAEHUR 8 NpUMEAenuu K mexa-
HuKe CRAOUWHBLY Cped U 9AeKMPOMASHEMUIMY.

Bce onepayuu nodpobro pasofpanv 6 Op-
MO20HAALHLIX CUCMEMax KoopOuram u dano 0606&
wienue Ha caywaldl npouseoabHou KpUBOAUHEILHO

bl KOOpOuHam.
cuche{;tmea ngeanasuaqena das cmydenmos, usy-
walowux a3p0eUdpOMeXanuKy, meopuio ynpyeocrzg
u Opyaue npedmemol, UCROALIYIOUUE MEHIOPH

annapam.

Ilpeducaosue k 1-my uszdanuro

HeobxonnumMocTh NpuMeHeHHs TEH30DHOIO HCYHC/IEHHA B COBpe-
MeHHOH (U3HKe BbI2BaHa He CTOJbKO YJI06CTBOM H HarJAJHOCTbIO
MaTeMaTHYeCKHX (OPMYJHPOBOK 34KOHOB, CKOJIBKO OGLEKTHBHbIMH
CBONCTBAMH H3yyaeMblX siBJeHHH.

HUTo kacaeTci NpeiMeTOB, H3yyaeMbiX B TeXHHYECKHX By3aX,
TO B IEPBYIO OY€pe/b B M'MJPOMEXaHHKEe, TEOPHH YNPYrOCTH H 3J€K-
TPOTEXHHKE BEKTOPHOE UCUHCJ/IEHHE JaBHO YKe LIHPOKO NpHUMeHsercs.
Yenexu TeXHHUeCKHX HayK, YIiyGJeHHe HX TeOpeTHYecKol Gasbl
TPe6YIOT 3HAHU S OCHOB TEH30PHOr0 UCUKCJEHHS, 0OCOBEHHO TOM YacTH,
KOTOpas CBsi3aHa € PAaCCMOTpPEHMeM AeKapTOBOA CHCTeMbl KOOPHHHAT.

CoBpeMeHHas ~ Hay4YHO-TeXHHYeckas JwuTepaTypa  M306MJIyer
npuMepamyu MHPOKOro HCNO/Ab30BAHHS TEH30PHOIO H BEKTOPHOTO
ucuucsenun. Jlyumve yueGHHKH IJs BTY30B M0 ClenuaJbHHM
AMCUHMINIIXHAM YYHUTHIBAIOT 3Ty TEHAEHLHIO COBEPIHEHCTBOBAHUSA MaTe-
MaTHYeCKOTI'0 allapaTa COBPEMEHHBIX eCTeCTBEHHbIX HayK.

[Iporpammbl no MaTeMaTHKe HallMX BTY30B BK/IOYAOT HeQOXO-
AUMBH MaTepuas [0 BaXKHOMY pasjiely OCHOB BeKTOPHOH aareGpbl
H BeKTOPHOro ananusa. OfHaKO MHOTAA H3JI0XKEHHe 3THX Pa3jeJloB
HOCHT OTHOCHTeJbHO (GopMaJbHbIH XapakTep, H 3TO eCTECTBEHHO,
u60 Gusnyeckoe colepKaHHEe STOr0 MaTeMaTHYECKOro afmnapara
HauboJsiee MOJHO MOXKET ObiTb PACKPHITO B TeX crellHaJbHbIX AUCUH-
NJHHAX, KOTOpblE UCHOJb3YIOT €ro.

[lpakTuka npenogaBaHusi BO BTy3e NpHBeJa K BbIBOAY O JKeJa-
TeIbHOCTH CBA34Tb H3J0XKEHHE TeOopeTHYeCKOR TI'HAPOMEXAHHKH
C CHCTEMAaTHYECKHMM O3HAKOMJIEHHEM C TEeH30DHBIM HCYHCJIECHHEM,
B NEpBY!O oOdepeib C BEKTOPHBIM,

B stoit kHure co6panH MaTepuas, KOTOPHI MOMKET NMOHaZOGUTHLCS
CTYJIeHTaM HHXEeHEPHBIX ClenxaspbHOCTeA. ABTOpaM MpPHIIJIOCL HATH
N0 MYTH HEKOTOPOTO PacIUUpEeHUs u3JjaraeMbiX CBeJleHHH, 4ToGbl He
TEPATL M3 BHAY (H3HYECKHX OCHOB alnapaTa H He CTaThb Ha NYThb
penofneceHds roJibix npasua v npuemoB. Ocofoe BHUMaHue obpa-
IWeHo Ha (usnuecKoe COAepKAHHE TEH30PHOIO MCUHUCJEHHSA.

IlosTomy kHura BNIIOYaeT HeKOTOpble CBeJeHHSl, KOTOpbie
ABNAIOTCA MpeJMETOM H3YYeHHS Ha (U3HYECKHX M MeXaHWYeCKux
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I peduicaosu s

oTAeJeHHAX YHHBEPCHTETOB. DOJBLIKHCTBO 3THX CBEAEHHH (‘{aCT:l
TeH30pHOH aJrefpbl) HaneuaraHo neruToM. B TO Xke BpeMs aBTopﬂ.
COBEpUIEHHO He kacaJuch OOIIEro onpeleneHuns TEH30pOB, OTHOCM
erocs K Mpou3BOJAbHBIM CHCTEMaM KOOpJHHAT, U CBA3aHHOIO € HH6
MOHATHS KOBapHaHTHOTO AudpepeHLHPOBAHNA. TH CBeeHH, Heo 14
XOAHMBIE B 3J1€KTPOJIMHAMHKE H APYyTAX pa3fenax cospemeﬁﬂuo
hU3NKH, 4HTaTelb CMOMKET HaliTH B 60Jee CrelHaNbHbIX NOCOOUAX.
ABTOpbI CYHTAXT CBOMM JOJIOM BbIPa3HTb [J1yGOKYIO ?/Jllarﬁm;ig:
nocts npocdeccopam 1. T1. Baauky, B. JI. Tepmany, ['. K. pym
dpeabay u A. L. Mpikucy 3a clleNiaHHble WM HEeHHbIE 3aMeuaHus,
3HAUHTEAbHO YJYULIHBIIME TNepBOHaualbHbIH BapHaHT KHHTH. .
Oco6yio  NpH3HATENbHOCTb ~ aBTOPbI BblpaXKaioT npo@ec.cﬂ;;)é
H. U. Axuesepy, nposiBjisBlIeMy MOCTOAHHbH MHTEpEC H BHUMA

K KHHUre.

Ipeducaosue Ko 2-My u3danuro

TIp# NOAroTOBKE 2-TO H3JAHAR, (OMHMO nepecMoTpa W yTOUHE-
nus (POPMYJIHPOBOK, OBIIH MPUHATH BO BHHMaHKHe 3aMeyaHds H
fNoKeJaHHA Yualluxcs W TpenojaBaTesied H, yUHTBbIBAA Bce 60Jb-
llee pa3BHTHe M NpHMeHeHWe TEH3OPHOTO aHaJu3a, A00aBJEHbI
cBefeHHs O KOBApMAHTHBIX M KOHTDaBaPHAHTHBIX COCTaBJAICIIAX
pekTOpa M TeHsopa, O AuddpepeHUHPOBAHHH H HeCKOJIbKO paciInpeH
pasjen 06 onepauusx C TEH30paMi: 3TH pasjeJibl, HaneyaTaHHbIE
HETHTOM, NpH NEpPBOM YTEHHH MOMKHO NPONYCTHTL.

CymecTBeHHblE 3aMedyaHns MO NepBoMy M3JlaHHI0 KHUTH TPO-
deccopa I1. K. PaueBckoro u npopeccopa B. A. MapueHKo NpUHATH
¢ 6aroflapHOCTbIO BO BHHUMAaHHE. _

Mpeducaosue K 3-Mmy u3oanuro

B TpeTheM H3JaHHHM CYLLECTBEHHBIX H3MeHen#i{l He BHECEHO.
Jl06aB1eHO HEeCKONbKO 3ajai W MPHMEPOB, Gonee TuiaTeJbHO OTpe-
JaKTHPOBaH TEKCT, YCTPaHeHbl HETOUHOCTH W oneyaTku. ABTOpHI
6aaronapubi npod. H. B. Edumosy 3a MPOCMOTP KHHTH 2-T0 H3JAHUA

W 3aMeyaHus.
Asmopol

I'aasa nepsasn

OCHOBHbLE CBE0eHUSL U3 BEKMOPHOU
anzebpol

B sToit rsaBe paccMaTPHBAIOTCA OCHOBHble aJire0panuecKie
AeficTBHA HaJl BEKTOPaMH, OCHOBAHHbiE HA IIHPOKO pacnpocTpaHeH-
HOM onpejeneHuy BekTopa. B AasbHefiem OyjaeT AaHO eCTeCTBEHHOe
oboblieHHe 5THX JefACTBHA U OCHOBHBIX TOHATHHA, COCTABAAIOUIMX
npenMer TeH30pHOH asrebpbl.

1.1. Bekmopo. u cxaaspol

Beauuunbl, AJ8 ONpejeseHHs] KOTOPHIX JOCTATOYHO 3HATb OAHO
qHCcaA0 (MOJOXKUTeNbHOE, OTpHLATeNbHOE HJAM HYJb), Ha3biBAWOTCA
ckasapamu. TakoBbl—TeMnepaTypa, NJOTHOCTb, ~Macca, pabora
cusapl. CpaBHHBATBCA MOTYT CKaJfipbl OJHHAKOBOH pPa3MEPHOCTH.
Jlpa ckasnapa OLAMHAKOBOH pa3MepHOCTH PaBHBI, eCJH HX 3HAKH
H YHC/eHHble 3HAayeHds, MNoJyvaoluuecs NPU H3MepPeHHH OAHOH H
TOl XKe elMHULEH HU3MepeHHS, OJHHAKOBHI.

YacTo npUXOAUTCH HMeTb JeJIO ¢ BeJHUYHHAMHU, AJs OnpelelieHH
KOTOPHIX, KPOME YHCJEHHOTO 3HaueHWs, HeoOXOAMMO YKa3aTh Ha-
npapJjeHue B InpocTpaHcTBe. TaKoBHI—MepeMellleHHe, CKOPOCTb,
YCKOpeHHue, CHJla, MOMEHT CHJIbl, Halpsi)KeHHe 3J1eKTPHUECKOTo MoJH,
JH3MEKTpHYecKasl NoJsApU3alua U T. N. PaccMOTpeHune Takoro poja
BENHYHH NPUBOAUT K HOHATHIO BeKTopa *.

HeficTBHsT Haj ‘BeKTOpaMil NOAYMHAIOTCA NpaBHJAM BeKTOPHOH
anre6pel, KoToppie 6YRYT paccMOTpeHbl HHXKE.

Ckanfip ¥ BEeKTOp He MCHEpIbIBAIOT KJacChl BeJHYMH, paccMar-
pHBaeMuIX B MaTeMaTHKe U (H3HKe. MHOrHe BeJHYUHBI HMEWOT GoJee
CAOXHYIO CTPYKTYDPY, YeM BEKTODbl H CKaJsAPbi, H A/ ONpejeseH st
HX HEAOCTAaTOYHO 3HATh 4YMCJOBHIE 3HaueHUs W HanpaBJeHusa. OHH
Ha3kBaOTCS TeH30PaMH (BTOPOro M BbICIHMX paHroB). Tak, paccMmo-
TpPeHHe COBOKYIIHOCTH BEKTOPOB YNPYTHX HaNpsixKeHUH Ha BCeBO3-

MOXHBIX NJOMWAAKX, KOTOPble MOXHO NpPOBECTH 4yepe3 HEeKOTOPYio

*
'rv;wy(w) BekTop —uanpas/enubit 0Tpe3ok, OT NATHHCKOIO CAOBA Ughere —Bieyb,
b.
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I'aasa nepsas. Ocnosnble csedenus ua sexmopHol anrzebpol

TOYKY B yIPYroM Teje, NPHBOAHT K MOHATHIO TeH30pa (2-ro paura)
yNpYTUX HAaNPsKeHWi, paccMoTpeHHe JedopManud NPOH3BOALHOTO
9J1eMEHTapHOro 06’beMa yNpyroro Tesia NPUBOJAUT K MOHATHIO TEH30pa
JedbopManui.

OrkJanpiBaf paccMOTpeHHe TEH30pOB Ha JajbHelillee, OCTaHO-
BHMcA GoJee MOAPOOHO Ha BEKTOpax.

Bextop A n3ofpaxaeTcsi OTPe3KOM NPAMOiH, HanpaBjeHHe KOTO-
pOrO COBMNajaeT C HanpaBJieHHeM paccMaTpHBAEeMOH BeJHUHHB, a
LJHHA B BHIGpaHHOM MaciiTabe XapaKTepuayeT ee YHCJEHHOE 3Haue-
Hue (MoayJb BektTopa A=]A}).

HyneBbiM BEKTOPOM Ha3HIBAETCH BEKTOP, MOAYJb KOTOPOro paBeH
Hymo. TakoMy BeKTOpY HeJb3f NPHIHCATL ONpelesieHHOe Hanpas-

z o)‘

Puc. 1.1.

a) CBOGOAHBH BekTOp MOMXeT OBITH NepeHeceH NapaJJesbHO CaMOMy cebe;
6) CKOJMB3AUKME BeKTOp MOXeT OhTh NMepereceH M0 JIHHHK ero AeHcTBHA; B)
CBSI3aHKBIH BEeKTOP

JieHue, eMy MOXKeET ObITb MpUNHCaHo nwboe HamnpaeJeHue B IPOCT-
pancre. Jlas ofosHaueHus HYJEBOFO BEKTOpa MPHUMEHAETCH o6blg-
HblH HYJb.

CpaBHl/IBaTb MOXKHO TOJIbKO BEKTOpbI, HMEIHIHE OAHHAKOBY1O
pa3MepHOCTb, T. €. OAHHAKOBHIH pu3MYECKHil HJIH TeOMeTPUHecKuit
cMbica. [lpu cpaBHEHHH JABYX BEKTOPOB OJMHAKOBO CYLIECTBEHHBI
KaK BeJJMUHMHbI, TaK ¥ HalpaBJeHHA HX. :

[lsa sexmopa A u B 00unHaKogod pasmeprocmu paswol, ecau
MoOyau ux 00UHAKOBLL U HANPABACHUS IMUX BEKIMOPOE cosnadarom.
Toraa nuwmyr A=B5B. '

BekTopbl CBOGORHHeE, cKOAb3flye, cBA3aHHbe. MHOTA a3/ INuaioT BEKTOPLI
cBOGOAHLE, CKONMb3fllHe H CBA3aHHbIE. -

Cs0600Hbil BERTOpP MOXHO I€PeHOCHTb MapaJjiie/ibHo camoMy cefe W NpH-
naraTh B JioGoi Touke (HanpuMep, CKOPOCTb NOCTYNAaTe/IbHOTO ABHXEHHUS TeJa).
CeoGonupili BexTop (puc. 1.1,4) B npocTpaHCTBE NOJHOCTbLIO ONpenesdercH
TpeMs YHC/aMH, HAalpHMep, TPeMs ero NpOeKUHAMH Ha OCH NeKapToBOl CHCTeMH
KOOpAHHAT; €ro MOXKHO 3alaTh BeqHYHHOH (1NKHOH OTPE3Ka, MOLyJIeM BeKTOpa)
¥ ABYMS He3aBHCHMBEIMH YrJaMH, OGPasyeMeIMH BEKTOPOM C OCAMH KOODAHHAT
HT. I . -

CKoab3AuUe BEKTOPH MOXKHO NEPeHOCHTb 1O npsaMoil,- onpepexswomnei
HanmpaBJeHie BeKTOpa (HalpUMED, BEKTOP CHJHL, NpHJAOKEHHON K TBepAOMY

6 —

1.2. Caomenue u sviuumanue eexmopos. Ilpoexyusn eexmopa na och

Teny). Cxonp3suiuii BexTop (puc. 1.1,6) tpebyer ans ceoero onpefeneHns B
ApOCTpaHCTBe MATH YHCEN, HAanpHUMeD, KOOPAUHAT TOUKH M nepeceuenus npsmoi,
Ha KOTOPOHl JIEXKHT BEKTOP, ¢ KaKO#-1160 KOOPAMHATHON NJIOCKOCTHIO (ABA YHcaa),
nmmb; BekTOpa (OJHO YHCJO) M JIBYX HE3aBHCHMBIX YTNoB a H P c ocAMu (4Ba
qucaa).

Csa3annoul BEKTOP OTHOCHTCR K ONpefesieHHON TouKe (HanpuMep, CKOPOCTb
¥ ycKopeWHe TOUKH TBepjolo Tena, ABHXKYUlerocs MPOM3BOJBHLIM 06pa3oM).
CesasauHuft BekTop (puc. 1.1,8) onpesendercs WecTbIO YHCJAAMH, HampHMep
KOOPAMHATAMH HauaJia M KoHlla BexTopa (Toukn M n N).

CsoGonHnie BeKTOPH SBASIOTCH HanGosee oOWHM crydaeM 3alaHHs BeJIHYHH,
onpefeIfeMHX UHCNAEHHHM 3HaueHueM H uanpasienneM. Hsyuenne ckonbsdauinx
¥ CBA33HHHX BEKTOPOB MOXHO CBeCTH K H3YYeHHIO CBOGOAHHIX BEKTODOB,
TlosToMy B nanbHefimieM M GyleM H3y4aTb TONbKO CBOGOAHLIE BEKTOpHI.

1.2. Caoocenue u sotuumanue 8eKmopos.
Ilpoexuusn sexmopa na oco

Caoxenune BeKTOpPoB U ero cBoficTBa. OnpeleneHHeM BeKTOpHOTo
CAOXKEHUS CJYKHT CJelyiollee IPaBHJIO.

8
a) ) 8
¢ "t
A 8
¢
4"84-0
Puc 1.2.
a) Cymma ABYX BexTopoB A4 B=C: 6) CymMMa HeCKONBbK
A+4+B+C.. =N; B) acCOUHaTHBHOCTDH BeKTogHOFO cuomeHHﬂH'xA f%l;?gggl‘o-

+(B+C)=A+B+C

- Cymmoti Osyx sexmopos (A u B) asasemca mpemudi sexmop (C),
uzobpancaemott OuazoHasblo RAPAAICAOPAMMA, NOCMPOCHHO20 HQ
cageaemoix gexmopax (puc. 1.2, a).

CheactBueM 3TOro omnpejieieHus SBASETCA OPABUIO CYMMHPO-
BaHHA HECKOJIbKHX BEKTOPOB:

Cymmoil neckoavkux sexmopos (A, B, C, ...) asasem:a sexmop (N),
npedcmasnsouull 3aMOIKAIOUYI0 MHO0Y2UABHUKA, NOCIM POEHHOZ0 Ha
caazaembix sexmopax (puc. 1.2, 6).

7o npasuso npuobperaeT ACHbIA (PU3MUECKUH CMBICI, €ClH 0]
cllaraeMbIMi BEKTOPaMH NOHHMATh NOCAEJOBaTe/NbHble NepeMelleHys
HEKOTOpOii TOYKH B MPOCTPAHCTBE. TOTJA HX CyMMa fABJfAeTCs pe-
3YJAbTaTOM 3THX [NOC/JeJoBaTeJqbHBIX IepeMeileHHA W XaeT ofiiee
nepeMeuieHyie TOYKU.¥

- Hs onpenenenns BekTOpHOro c/IOKeHHs clefyeT, 4TO nelicTBUe
CROXeHus BeKTOPOB OGJMaldeT XapaKTepHLIMH ¢BOHCTBAMH OGBIYHOTO
aarebpanyeckoro CyMMHPOBaHHSA, @ HMEHHO:
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Faaea nepsas. Ocrosuue ceedenusn u3 eexmoproi anzefpot

1) kommymamuanocmero, T. e.
A+B=B+A4,
2) accoyuamuenocmero, T. e.
(A+B)+C=A+(B4+C)=A+B+C.

Takum o6pasoM, npu 6eKMOPHOM CAONHCeHUU pe3ytbmam He 3a8Ucum
OT NOpAJiKa cJjaraeMelX U cyMMy OoJjiee 4yeM JBYX BEKTOPOB MOXHO
nucatb Ge3 ckobox (puc. 1.2, ).
Urto KkacaeTcsi CJOMKEHHA JOGOTO BeKTopa ¢ HYJeM, To crpa-
BeJJIHBO 1PaBHJIO
A40=A.

TO, YTO BeJHYKWHA XapakKTepusyercd UYHCJEHHBIM 3HaueHHEM
K HanpasJeHHEM, ABJAECTCH HeoOXOAKHMBIM, HO OTHIOAb He JOCTa-

aj z 4

» o,
o
'zf’//

\ 13
QW

N
25

SN

Puc. 1.3. TloBopoT cpepn BOKpYr HekoTopofi ocu:
8) HANPaBJEHHbHA OTPE30K @y He MEXHT B IUIOCKOCTH OTPe3KOB @; H @,y 6) ABa crocoba
nepeBofa Ayrn M2 nonoxeHusa A,B, s A,B,

TOYHBIM IPH3HAKOM TOTO, YTO AaHHas BeJHUHHA SBASETCH BEKTOPOM.
Ona o06si3aTeJbHO [JO/KHAa MNOAUMHATbCA AefCTBHAM BeKTOPHOM
anrefpol, B YaCTHOCTH BEKTOPDHOMY (T€OMETPHUECKOMY) CJIOXKEHHIO.

B xauecTse npHMepa, HAMIOCTPHPYIOUIErO 3TO MNOJNOXKeHHE, DPACCMOTPHM
NMOBOPOT TBEPAOro TeNa BOKPYr HEKOTOPOH OCH; OH MoXeT OblThb INpejcTaBJjeH
OTPE3KOoM, DPaBHHIM [0 BEeJHYHHE YraAy [0BOPOTA H HANPaBJEHHHM MO OCH
BpalleHHS, HanpuMmep, B TY CTOPOHY, OTKyAa INOBOPOT BHAEH NPOTHB Xoja
4acoBo#l ctpenkn. OHAKO MOXKHO MOKAa3aTh, YTO TaKHe OTPE3KH He MOJYHHAOTCA
NpaBHAY BEKTOPHOTO CJIOXKEHHf, I[pHYEM HX CYMMa 3aBHCHT OT NOpAAKa
CJlaraeMblX.

A. Ilycte cthepa (puc. 1.3, a) nosepuynace Bokpyr ocu Oy Ha yroa @, Tax,
4TO HEKOTODa# TOuka cepu H3 monoKeHus A, nepeMecTHIach B nojoxenue A,;
H300pa3nM STOT MOBOPOT B Bule Hanpas/jeHHoro oTpeska a,. [lyctb BTOpOK
MOBOPOT cephl coBepuaeTcs BOKPYr ocit Oz Ha YroX Gy, TaK UTO TOUKAE Nepeiizer
u3 nojoxenus A, B Az sToT nosopor TOraa H306pPASHTCA HANMPABICHHHM

8 =

1.2, Caowenue u eviiumanue sekmopos. Ilpoexyun eekmopa Ha ock

OTpPe3KOM Gg. TOrAa Mo ompejiesieHHIO BBeAeHHHX HaMH HallpaBJEHHBIX OTDPe3KOB
nosopot cdepsl, HepeBofAWME Touky H3 nonoxesns A, B A;, A0OJKeH GHTb,
¢ omHoft CTOPOHH, cymMolfi OTPe3KoB @, ¥ O3, a € APYroH —u3o6paxeH oTpe3-
KOM O, neprenguxyaspusy mirockoctH A;04; [lockodbky oy He JIEKHT B
niockocTn zOy, 3TOT OTPE30K He MOXKeT OblTb CymMMoli @; M @3 ITOT NnpHMep
CTRHOBHTCA 0COOEHHO HAlJAAHEM AJf cJyyas

B. MMoBopoT cdepsi, NepeBoAsulli HEKOTOPYWw AYry Ha Hel W3 NONOXKEHHS
A, B, B nonoxenne A,By, MOXET 6bITb OCYWECTBNEH ABYMS NyTaMu (puc. 1.3, 6):

a) NoBOPOT BOKPYTr OCH 0A, Ha yrox a, (Bemop al)—{—noaopm BOKPYT
octt OB, na yrona, (BekTop @,);

6) nosopor noxpyr ocu OB, na yroa «,(Bextop @,)--mosopor  BOKpyT
ocu OA, Ha yron a, (sextop @) .

HecMOTpA Ha TO, 4TO cMaraesble MNOBOPOTA P4BHE 110 BedHUMHE H U3Me-
HeHHe MX HOC/AEXOBAaTeJbHOCTH He MeHSeT peayabTata (ayra us A, B, nepeiiger

8 A,B,), HETPYAHO BileTb, 4TO n306paXeHHe [10BOPOTa B BHAE BEKTOPOB
BJeyeT 3a coboil HeKOMMYTaTHBHOCTb CyMMH BEKTOpOB, T. €.

a'l +a, #a,+a,.

B I'lpOTHBO]'lOJlO)KHOCTb KOHEeYHHM MnoBOpOTaM TBEpjoro TEena, GeCKOHeYHO
Manple TOBOPOTH SBASIOTCA BEKTOpaMH (cM. 3anauy 11 sToft rmasm).

BuiuuTaHHe BEKTOPOB M HyJeBo#l BekTop. PaccmMoTpum jeicTBHe
BHIYHTAHHA BEKTOPOB.

[Tox BekTopoM — A (MuURYC A) MojpasyMeBaeTcsl BEKTOp, UMeiO-
WU BeJHUHHY, PaBHYI0 BeJHuHHe BeKTopa A, a HanpaBJieHHe
npaMo NpoTHBONoJOMKHOe. bynem
cd4uTaTh B 9TOM cJjydae, 4TO BeK-

TOpel A 1 —A npPomusonoroNCHL. 8

OueBHAHO, BeKTOD, PaBHBIH CBOE- A
MY [pOTHBOINOJIOXKHOMY BEKTOPY,
€CTb HYJIEBOH.

BriunTanue Kak aeficteue, obpar- A-8
HOE CJIOXKEHHI0, CBORHTCA K Olpe-
IeJIeHHIO OfHOro U3 cjaraeMbix (X)
o u3BecTHOW cymme (A) 4 Apyro-

My craraemoMy —BexkTopy (B): Puc. 1.4. TlocTpoeHre pasHOCTH ABYX
B + X=A. BEKTOpPOB

Ucnonbays noHsiTHE NPOTUBONOJOXKHLIX BEKTOPOB, OTCIOLA HETPYAHO
NOJYy4UTh

X=A+4(—B)=A—B.

TakuM o6pasoM, 6LI4UMAHUE 6eKMOPOs CBOOUMCR K CAONEHUID
YMEHBUIAEMO20 € 6EKMOPOMy  NMPOMUBONOAINCHOIM — BbIXUMAEMOMY
(puc. 1.4). ‘ .
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I rasa nepsasn. Ocrosnoie ceederus u3 eexmoproll arzebpol

[Ipoekuns Bektopa Ha ocb. [Ipoexyued A, sexmopa A Ha ocb (1)
(puc. 1.5) nadetgaemca Oauna ompeska, omcekaemozo Ha 3moli ocu
nepnenHouKyAapHoMy K Hetl NAOCKOCMAMU, NpPogedeHHoIMU  4epe3
KOnUYbt éexmopa A, 83AMAR CO 3HAKOM NAOC, eCAU HANPABAEHUE OM
NPOCKYLUU HAYOAQ 8EKMOPA HA OCb K NpoeKyuu e20 Kouya cosnadaem

J
) 8,
\
! \
I \
U otz ' A
AN W8
Puc. 1.5.
a) npoeKuHﬁ BeKTOpPa HA OCh; 6) NpoeKUHA OAHOI'O BEKTOPA HA HAlNDPaBJ/EHHe
Apyroro

C NOAONCUMENLHBIM HAN PABACHUEM OCU, U CO 3HAKOM MUHYC-—8 npo-
MUuBHOM cayuae.

Opmom ocu (1) HA3LIBALMC BEKMOP Wy, HANPABAEHHHIL 8 NOAO-
HUMELHYO CMOPONY OCU U PasHuill No eeaudune eduHnuye, T. €.

ug==|y|=1.

O603HauuM yroa* Mexay BekTopoM A u #, uepes ¢ =(A, #,).
Mpoekunio A, BekTOpa A Ha OCb (u) MOXKHO BHIYUCJAATHL IO
dopmy e
A,=Acosgp=Acos(A, u,).

IleficTBUTENIbHO, JETKO BHAETb, 4TO |[A cos@| Bceraa jpaer AJHHY
oTpe3ka OCH (4) MeXAY MJOCKOCTAMH, NPOBEAEHHBIMH Yepe3 KOHUbI

1
BeKTOpa MeprneHAnKYAspHO K ocd. Ecan ¢ <5, TO Hanpasienue

OT NPOEKUHH HAYaja BEKTOPa K NMPOEKWHH KOHLA BEKTOPA COBNAAaeT
¢ TNOJIOKHTEJNbHbBIM HampasieHHeM (&), B 3TOM CJAyd4aé cos¢ >0

Tak, uro 1 A,>0. Ecim @>%, 10 cosp<<0, u A, <<0 B coor-

BETCTBHH € ONMpEJE/IeHHEM MPOEKUHH.

CniefloBaTeJIbHO, : NPOEKYUA BeKMOopa Ha Kakyio-aubo oce pasua
npouseedenuto OAUHbL 6EKMOPA HA KOCUMYC yeaa MexcOy 6eKmopom
U NOAOKHCUMENbHOIM HANPASAEHUEM OCU.

HeTpyano nokasaTb, YTO NPOEKYUA CYMMbL 8EKIMOPOB HA KAKYtO-

Aubo ocb pasna Cymme NPOoeKUUl CAQ2AOUWUX 3MOL CyYMMul KA Imy
ace oco (ynpaxuenue | 3T0# raaswi).

Yron Mexuy BeKTOpaMH Bceruaa Gepercd B mpeiesas or 0 jo @,

g —

1.3. ¥ muoxcerue eexmopa Ha ckarnp. JTunednas 3a8Ucumocms 8eKmopos

1.3. Ymnooncenue sexmopa na ckaarnp. Jluneinan
3asucumocms sexmopos. Pasaoocenue sexmopa

YMmuomenne BexTopa Ha ckaasp. [lpoussedenue gexmopa A Ha
ckaasp m npeicraBaser co6ok BeKTOp B, MOxy b KOTOpOro B | m| pas
6oblle MOAYJAs BekTOpa A, a HanpaBJjeHHe COBNanaer ¢ A B cayyae
m>0 u npaMo npoTuBonosoxHo A B ciyuae m<0.

TakuM 06pasoM,

mA=B; |B|=B=|m|-|A|=|m| A.

B uwacTHOM caydae m=— |, BeKTOpbl B u A NpPOTHBOMOMOXKHbL.
Bektopni A H mA(m=0) napaniesbhsl Mexny coboi. Onu

NpefcTaBAAOT NpocTednfl cayyah JHHEHHO 3aBUCHMBIX BEKTOPOB.
VYMHOXeHHe BeKTOpa Ha YHCJO YAOB-

JIETBOpAET npaBu/jaM: y/g

m(nd)=(mn)A,
m(A-+ B)=mA + mB, mA
(m-+n)A=mA-+nA.

JluHefiHasi 3aBUCHMOCTb BEKTOpPOB. A
BEKTOpHI KOJMTHHEapHbie U KOMIIaHAPHbIE.
Bexmopot A, B, C... (Bcero n) Haseiéa-
IOMCA AUHELIHO 3a8UCUMBIMU, eCAU CYlye- 0
CImeyom CKaAfpol €y, Cy, Cgy +ovy C,, HEBCE
pasHele HYMo, makue, 4mo

n8

pc 0

Puc. 1.6. JlioGo#t Bektop D
Mo¥eT OBITb €AHHCTBEHHBIM
A+ cB+¢,C+ ... 4, N=0, 06pa3oM DAsJNOKEH 110 TpeM
HEKOMIIIaHAPHBHIM BeKTOpaM

’ s

T. €. €CJIM CYIIECTBYeT JjuHeHHad KOMOH-
Hauusi BEKTOPOB, 06pamanmascs B HY db.
Jlea AuHEHO 3QBUCUMBLX 8EKMOPA NAPAAAEAbHbL MY co6od.
IefictBHTeabHO, NYCThb ¢, A+ c,B==0, npuueM, no kpaiHeH

c
Mepe, ¢, = 0. Toraa, o6os3nauas El' =-—m, noayuuM B=mA. Orciona

caelyeT napaliesbHOCTb BeKToSOB A u B. Takue BeKTOpPbl Ha3bl-
BAIOTCH KOAAUHEAPHOIMU. ' ‘

Tpu Aunelino 3asuctimolx eexmopa iexcam 6 OOHOU naocKocmu
(M4 napajelibHbl OJHOH IJIOCKOCTH).

JlefcTBHTEABHO, TYCThb ¢, A + ¢,B+¢3C =0, npuuem, mo Kpainen

o] C
Mmepe, ¢ 0. Torma, ofosHauas c—‘=—m,—2-==—n, NOJNYYHM
3

2 Cy
C=mA-+nB.

Orciona caenyer, uto BekTop C JIEXHT.. B .OAHOA MJIOCKOCTH
¢ BekropaMu A u B (160 C sBjseTcs CYMMOH BEKTODOB mA v nB,
KonauHeapHbuix A 1 B). Takne BeKTODH Ha3bBAIOTCS KOMNAAHAPHOIMU.
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Taaea nepeas. Ockosnoie ceedenus’ us eeKmopHOL anzebpol

PaanoxeHnue BekTOopoB. PacCMOTPHM JABA NPHUHUHNHATLHO BaXKHbIX
YTBepXKJEeHHUs, KacaloWUXCA MpelCTaB/IeHu aio6oro BeKTopa B BHJE
AMMeNHON KOMGHMHAUMH ABYX HJM TpeX APYTHX BEeKTOPOB (pasiio-
XKeHue BeKTOpa M0 1BYM HJH TpeM JpyruM BEKTOpaM).

. Ecau dsa eexmopa A u B aunelino nesasucumel (He SBJAIOTCA
KOAJMHeapHEIMH BeKTopaMu), mo aoboii eexmop C, Komnaanaproil
¢ A u B, moxcem Goimo eQUHCMBEHHUIM 00 paA30M PA3AONEH NO SMUM
gekmopam, T. e. clipaBeaauBa ¢opmyaa

C=mA+nB. (1.1)
Mockoabky Bexktophi A, B, C KOMIJaHADHH, TO HMEET MECTO PaBeHCTBO
ciA+ cyB+c,C=0. ™

Tak kak BektTopol A » B 1o YCJAOBHIO JIHHEAHO HE3ABHCHMbL, TO cy # 0.

¢ c

Pasgenns {*) Ha ¢y 4 o603Ha4duB e, <R = —p, n03VHNM padIOKeHHE
3 C:j C:i 2 :

(1.1). Tlokaxen, uTo OHO e€IHHCTBEHHO. Myceys napaay ¢ (1.1) uneer mecto

Apyroe pasjomeHHe:
C=m"A+n'B.

Buuuras 3To pasescrso 3 (1.1), noxysmu (m—m'y A4 (n—n') B=0.
Orciopa caepyer, uro m=m’, n=n', n6o 1o ycrosuio A ¥4 B nuxefino nesa-
BHCHMBIE BEKTOPHI.

TakuM o6pasom, pasnoxenue (1.1) erHHCTBEHHO.

\l. Ecau mpu eexmopa A, B, C auHedHo He3agucumbl (ne #AB-
JHOTCA KOMIJIAHAPHBIMH BeKTOpaMiu), mo awbod eexmop D moocem
6oime eBuHCMBeHHHM 00pA30M PA3A0NCER NO IMUM 8eKmMOpaMm, T. €.
cnpaBeaauBa dopmysa

D=mA+nB+pC. (1.2)

OrtjoxuM deTwpe Bektopa - A, B, C, D or obuero Hauana O
(puc. 1.6). Yepes koHeun BekTopa D mpoBeaeM IIOCKOCTH, napaJ-
feJbHbe TJocKocTsM BektopoB A u B, A u C, B u C; ot
TPH MJOCKOCTH BMecTe C MJIOCKOCTAMH BEKTOPOB AuB AuC,
B u C obpasywot napannenenunen. OnHoH u3 AdaroHase#l 3TOro
napaJjjenendneaa sBJsercsa Bektop D. Bekrophl A, B u C, ucxo-
Asimide M3 Havaga O, HanpabJieHbl COOTBETCTBEHHO IO TpeM €ro
pe6paM. B cuJy KosHHeapHOCTH BEKTOpOB A, B, CumA, nB, pC,
MMEIOWUX MOAYJH, PaBHbIe AMHHaM peGep napaJJesenunena, MOXHO
noKasartb cnpaselanBocTb dopmydsl (1.2).

Ecan napapy c pasioxendeM (1.2) uMeeT MeCTO TaKXe M pas-
JIOKEeHHe

D=m'A+n'B+pC,
TO
(m—m')A+(n—n)B+(p—p') C=0.

Orciona m=m’', n=n’, p=p’, 160 N0 YyCJOBHIO A, B, C— nuuehino

He3aBUCHMble BEKTOPHI. -
Takum obpasom, u3 (1.2) caenyer: ~obbie dembipe 6eKmopa e

MPeXMEPHOM NPOCMPAHCIMGe AUHEHO 3aeucumvl (CM. 3.10, cTp. 126).

12 —
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1.3, Y unonenue sexmopa na ckarsp. Jluneiinas sasucumocms 8exnopos

BexTopHblit 6a3uc. Cucmema aw0bLx mpex AUHELIHO He3a8UCUMbLY
6exmopos €,, e,, ez obpasyem, no onpedesenuio, 6asuc mpexmepHozo
npocmpancmea.

Tpofika 6a3HCHLIX BEKTOPOB, B CHJYy AOKa3aHHOTO BhIlle, ob.a-
faeT TeM CBOMCTBOM, 4TO AJf BCH-

KOro BekTopa A CylecTByer pasio- xs
KeHue / xe

A=me,+ ne,+ pes,, (1.3

npuyeM KO3hDHUHEHTb PpasJioxke-
HUSl ONpefessioTCsA eNMHCTBEHHBIM [/ AL ———
00pa3oM. .
[TogdepkHeM, 4TO B KauecTBe
Gasuca MOryT ObiTb BbOpaHb TpH
M06bIX HEKOMNAGHAPHBLYX 8EKMOopa.
OtknanbiBas TPOHKY Oa3uCHBIX
BEKTOPOB &, (k=1, 2, 3) or obuero
uagana O ¥ oGo3Hauas uepes Ox* Pmc. 1.7. Koopauuatuuh Gasuc
npsAMbE, HA KOTOPHIX Jexar 6asuc- “°°°y’°’"’“°‘f‘0§e“i$‘;‘3°" CHCTEMB
Hule BeKTOpbl (k—HHAeKc, a He P&
cTeneHb, YJAOOCTBO TaKoro
0603HaUeHHs CTaHeT ACHBIM
U3 gaJbHelero), NoJy4YuM
KOCOYTOJIbHYIO  A€KapPTOBY
cucTeMy KOOpAHHAT € OCf- L
mu Ox!, Ox%, Ox® n Hauva- /
nom O (puc. 1.78: Ga3ucHbie /

/7

BEKTOpbI €, Ha3biBaloTCs Ma- r_’ 3 /1, X3, Xs)
]
|
|
|
i

e o

3

KOHIbl 3THX BEKTOpOB, OT-
JOXEeHHHIX OT Hauana Koop-
RHMHAT, —eQURULNLIMU MOY-
Kamu ocefl KOOPIHHAT.

Ecnil GasucHbie BeKTO-
pbl €,, €,, €3 B3aNMHO Op- 7

TOFOHAJbHB U MOAYMH HX — p, . = g KoopannaTtHuii Gasuc npamoy-
paBHBI €IMHHUE, TO OHH HA-  rompuofi pexaprosoli CHCTEMH xoopzmﬂa'ryu
3bIBaXOTf:H opmamu rzpmvroy- npeacTasjiende paauyc-BeKTUPa TOUKH
roJMbHOH JIeKapTOBOH CHCTe-

MBI KOOpAHHAT M o6o3nauaiorcsi uyepes {,, &, iy Ansa oced Ox,,
Ox,, Oxs (puc. 1.7).

[Monoxenne TOUKH M B TPOCTpPaHCTBe onpejensiercs ee paduyc-
sexmopom r. D10 BeKTOp r (M), 1npoBeleHHbIl U3 Hauaja KOODAWHAT
B Touky M (puc. 1.7 u 1.8). KoopaunaTamu TOYKH M B mpsMoy-
FOJILHOM A€KapTOBOfH cHCTeMe KOOpAWHaT OyAyT paccTofHHSA (cO 3Ha-
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I aasa nepeas. Ocnoghbie csedenus u3 sexmopuoii arzebpot

KOM) X;, X4, X3 RO nJjockoctefi x,0xs, x40x,, x,0x, ¥ nosromy
r=ix,+ix,+izxs.

OpnHuM . U3 BaXHeHHIMX JOCTOUHCTB BEKTODHOTO HCUHCJEHHA
ABJSETC TO, UTO ypaBHEHWs, OINCHIBaOUMe TO HJH HHOe (H3H-
yeCKOe fiBJEHHEe, MOXKHO (GOPMY/IHPOBATb GE€30THOCHTEJbHO K KOOp-
AnHAaTHHIM cHcreMaM. OjHaKO Npu pelleHHH KOHKPETHbIX 3ajad,
Beerjza CBA3aHHbIX € BHUYHCJEHHAMH, KaXAyi 3ajayy OObIYHO
npeo6pa3oBLIBAIOT K BHAY, COJEpXKALIEMY CKa/fpHbie BeJHYHHBI.
OTo MOXKHO cjaesaTh, MOJb3YsACh NMoAXoasmel (yA0OHOH) cucTeMon
KOOPJHHAT, KOTrJa BeKTOpHOe (TeH30pHOe) ypaBHeHHe pasJjiaraercs

X2

9 _—~\"

Er e (]
"

Puc. 1.9. Kpusosinuefinple CHCTEMB KOOPAHHAT Ha NJIOCKOCTH:

a) noNsApHAs (KOOpAHHATHBIE OCH --JIyd# H KacaTelbHble K OKPYXKHOCTAM); 6) o506uieHHasn
nonfApHas (KOOPAHHATHBIE OCH —JlyyH H KacartelbHble K 3JJAHMCaM)

Ha 3KBHBAJIEHTHYIO CHCTEMY CKaJsPHbBIX ypaBHEHH, COJepXKaulux
TOJbKO CKaasfpbl (4dcja), MOAYHHSAIOUIMecH NpaBHJIaM apupMerH-
4yecKoro cyera.

Kaxjoe Takoe pasJjoXKeHHe CBA3aHO C BHIGODOM MOAXONALLErO
Ga3uca, KOTOPHI CTPOUTCS B COOTBETCTBHH C BHIODaHHOH cuCTEMOH
KoopauHaT. B nogasisomeM 60JibIHHCTBE NPaKTHYECKH BCTpedaio-
HMXCA CJAy4aeB MOJAb3YIOTCH NMPAMOYTOJbHbBIME CHCTEMaMH KOODAH-
HaT—NpPAMOJNMHENHON (1eKapTOBOMA) MM KPHBOMMHEAHBIMH: LLHJHH-
LPHUECKUMH, cepAUECKUMH, 3JUIMNTHYECKUMH K T. n. B npamou-
HEAHON cHCcTeMe KOOpAMHAT Ga3iCHble BEKTOPHl ONWHAKOBbI BO BCEX
TOYKAaX [0 BeJHYHHE H HAlNpaBJeHHIO, B KPHBOJHHEHHBIX —HalpaB-
JeHusi 6asUCHBIX BEKTOPOB MeHSIOTCA OT TOYKH K TOYKe.

PaccmorpuM cHauasna AJIs NPOCTOTHl TOYKY Ha MJIOCKOCTH-—ee
NoJIOXKeHHe NOJHOCThLIO OfpelensieTcs PajiiycoM-BEKTOPOM 7 OTHOCH-
TeJbHO HEKOTOpo# (HKCHPOBaHHON TOuKH (momoca) O, KOTOPHIA,
KOHEYHO, He CBA3aH W He 3aBHCHT HH OT KaKOH CHCTeMbi KOODAHHAT.
UroGbl NMPOU3BOAWTL BHIYHCJEHHS, HYMHO BHIOpaTh Kakywoo-au60
cucTEMY KOODAMHAT, ¥ TOrfa MNOJIOXKEHHE TOYKH Ha NJOCKOCTH
6yner OnpeneNsATbCA ABYMS YHCJaMH-KOODAHHATaMH: Ha3oBeM HX
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1.3. Y munoxenue sexmopa na ckaafp. JunedHas 3a8UcUmMOCmby 8eKMOPOE

p v g. Dtu uucaa yxe OYyAyT 3aBHCeTb OT NPUHATOH CHCTEMH
KOOpPAHHAT, OT NMPUHATON CHCTEMB OTCYETa. :

B npaMoyroabHO# JexkapTOBOH cCHCTeMe KOOpAHHAT, Hanpumep,
3T0 6yAYT paccTOAHUA (CO 3HAKOM) p=x; H =X, 10 JABYX
B3aUMHO NepNeHAUKYJAPHBIX NMPAMBIX, NPOXOAAIIKHX Uepe3 HayaJjo
KOOpJHMHAT.

Ecau coXpaHATb NOCTOAHHBIM 3HAaYeHHe ORHOH KOOpPAUHATHI,
Hanpumep, p= const, U W3MeHATb HeMPEPLIBHO APYTYIO, MNOJYUHM
KDODAHHATHYIO NUHHIO. Yepes KaXkAYI0 TOYKY Ha MJOCKOCTH IPOXO-
AAT 1Be KOOPAMHATHHE JHHHH. B UpAMOYroJbHoi JeKapTOBOW
clicteMe 310 OYAYT npsaAMbie, NapaJJesibHble OCAM KOODAHHAT.

- Ecan onpegensth nosoxeHde TOYKH Ha NJOCKOCTH ABYMS TaKHMH
gHcnaMu — paccTosiHHeM R (0<<R <C+ 00) 0T HEKOTOPOH (PHKCHPOBAH-
Hofi Touku O Ha nJockocTd (nowoca) U yraom 0 (0 < 6 << 2n) Mexny
fApsamMofi, npoBeleHHOA U3 nomoca O B paccMaTPUBaEMy10 TOUKY U QHK-
CHPOBAHHOH MNOJYMPAMOH M3 N0JI0CE (MOJAPHON OCHIO), TO MOJYYUM
TAK Ha3biBAa€MYI0 MOJAPHYIO CHCTeMy KoopauHart. KoopianHaTHble

JHHUU-—3TO OKPYXKHOCTH paluyca R=]/x§+x§ M MOJyNpsMble
(nyuu) 6==arc tg?, H o6paTHO: X, =R cos0, x,= R sin0 (npexno-
1

Jaraercd, 4YTO HayaJoO JeKapTOBbiX MPAMOYTOJbHbIX KOODAMHAT

COBNajaeT ¢ IOJIOCOM H OCb O,x1 ¢ moJasipHOit Ocbtw). B 3TOH cHcTeMe

KPUBOJNIMHEAHbIX KOODAMHAT HAnpaBJieHHs OGasHCHbIX BeKTODOB B

KaXJIol TOYKE pas3JHuHbl, HO [EPeceKaloTcAd BCe OHU MOJ NPAMBIM

yrJaoM—noJspHas CHCTEMA KOOPAMHAT OpTOroHajbHa (puc. 1.9, a).
KoopauHaTHEIMH JHHHAME 0606meH-

HOM MOJIAPHOHA CHCTEMBbl KOOPAMHAT sIBASA-
2 2

X X
0TCA SIMHNCH ui=-—3 4 o3 u  Jyun

4 =arctg —Z— % (0<< u<<+ o0, 0<O<2m;
)

a >0; b> 0; a=%b), o6paTHO x, = au cos O,
X,=busin G,

[Tonpo6ro KpuBoJHHefiHbIE KOOPIH-
HAaTBhl PaCCMOTPEHH B ClEUMAJbHOM pas-
leJsie BTOPOH rJaBbl.

[NopuepkneM ewe pas, uto npu pe-
IIeHUH KOHKPeTHHEIX 3aAad OOBIYHO MOJb-  Puc. 1.10. Pasjoxenue Bex-
3yIOTCAd ODTOTrOHAJIbHLIMA CHCTEMAMH KO- TOpa e; no BEeKTOpaM e,
opaunar. OaHakKo MHOrude CBOHCTBa ux . €5
CTAHOBATCA 3HAYHMTEJBHO SCHEe, €CJH
paccMaTpMBaTh HMX Kak NpelesbHbl# cayuail 0000uUleHHBIX KPHBOJH-
HeHHBIX KOOPAHHAT, Gasic KOTOPHIX He NMPSAMOYTrOJbHbI, a KOOpAU-
HaTHbie JIMHHH He NpAMbie JuHuA. [loaToMy B fasbHefilleM OCHOBHbIE
CBOMiCTBA BEKTOPOB (TeH30pOB) OyAyT pacCMaTPHBATLCH TVIaBHBIM
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T rasa nepeas. Ocrosubie csedenun ua sexmopnod anseebpot

06pa3oM B [1€KapTOBOA NPAMOYTOJbHOA CHCTEME KOOPAMHAT, XOTS B
HEKOTOPHX MecTax GYAyT NpHMeHeHbl HEOPTOroHaJbHbe 06a3uchl.

Npamoe u ofpaTHoe mpeoGpa3oBaHHE BEKTOPOB JBYX NPOH3BOJIb-
HbIX GasucoB ¢ o6muM Hauaaom. IlycTb B Hexorlopgﬁ touke O BH-
GpaHbl jBa BEeKTOPHBIX 0asuca (e;, €,, €3) U (e, e, e,). Jlio6oi u3
BEKTOPOB MepPBOro iasuca MOXKHO Pa3JOXKHTb 110 BEKTOpaM BTOPOro
Gasuca u HaoGopor (puc. 1.10).

OG6o3Hauum uepes o, &, & (WAdPb BBEPXY —HHAEKCH) KO-
(UIHeHTH pa3JoKeHHA BeKTOpa €; N0 BekTopaM 0asuca ey, e, e,
GyaeM HaswniBaTb 3TH AeBATH (=1, 2, 3) BenuuuH Kospppuyuenmanu
npamozo apeobpasosanusn, Tak 4TO B cooTBercTBHH ¢ (1.3)

3
! ‘ 1 2 3 ) .k
61 =O&1'el + a,»ez + a1'e3 = kz‘ al’ek,
=1

3
. 3 k
e.=ase, + 1€y + 0yrly = kz o€y,
=1

3 (1.4)
. k
es=az-€, + ag’ez +aye,= kz x3€p
=1

Wau, B obOuleM Buue

3
: k
e[ = kz a[’ek-
=1

AnaJioruuHo, Ko3(dUUUHEHTH pPa3JokKeHHs BEKTOpa €, Mo BeK-
TopaM e, ,e,, e; OoBo3HaunM vuepes aj , aj, o] (j=1,2,3)HstH
IeBATb BeqWuHH OyleM HasbBaTb Kodpduyuenmamu obpamuoeo
npeobpazoeanus

3
e;,= 2 ot.7 €. (1'5)
7=

Mexay Koa(puuxeHTaMH npsAMoro u ofparHoro npeob6pasopa-
HHl CYlIecTBYeT cBA3b. [10ACTaBHB Pa3JokKeHHe KaXA0ro BEKTOPA €y
u3 (1.5) 8 (1.4), mocjie meperpynnupoBKH CjaraeMbix Hanl1eM

6= abe, - ate,+ole;=al(o] e +ai e+ ay e)+
+ot(al e, +...)+ab(a; €4 +...)=

—(atal +at o) +atad) e + (abal+...) e +

o

3
, . . 1 ‘ ‘ L 92
aboi +...)e,=e 2 wal +e 2 oo +
1 -

=1

3 3 3
, , v
+ey 2 oia =k2 ex X cuor . (1.6)
i=1 =1 =1

16 —
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AHAJOTHIHHM IyTeM MOKHO Ha#TH

3 3 3
I 1 U 2 1’ .3
e;=e, D o al+e, X o op+eg X o al =
l=1 =1 i=l
3

3
=k§1 L 1“31 o o (1.6a)

Orciofa ACHO, YTO AJISA KaXKAOro 3HaueHds HHpekca { (i=1, 2,3)
HMeT MecTo cJjepylomue 18 coorHoulenui:

}Ea'-»a}"= 0, ecan i =4/,

Pecll 1, ecniu i=]. (L7)
3, 0, ecan i=~]j, )
Yol al=

™ 1, ecan i=j.

ITH COOTHOWEHUA OYAYT HCMOJb30BaHbl B JAaJibHeHIeM.

1.4. Cxaanproe u 8eKmopHoe npou3sedenusn
08yx 8exmopos

CkansipHoe npousBegerue. Ckasapuom npoussedenuem AeB dayx
eekmopos A u B Ha3swmigaemcsa npousseerue ux modyaeti Ha KOCUHYC
yeaa mexcdy sexmopamu.

Takum o6pasom,

AeB= ABcos(A, B).

Orciona Takke CJeAyeT, UTO CKAJspHOe MPOM3BEleHHE pPaBHO
HpPOH3BEAEHHIO MOJAYJs OAHOrO BEKTOpa H NPOEKUHH JAPYroro Bek-
TOpa Ha HanpaBJieHHe NepBOro (pHC.
1.5), 1. e

AeB= A B=AB,.

CkanspHoe Npou3BeleHHe BEKTO-
poB 06J1ajaeT KOMMYTaTHBHOCTBIO H
QHCTPHOYTHBHOCTHIO:

AeB= B+ A (KOMMYTaTHBHOCTb),

Ae(B4-C)=A+B+ AeC (muc-
TpHOyTHBHOCTB) (puc. 1.11). :

Heo6xonvmoe u  pocraTouHoe Puc. 1.1l JrcTpHOYTHBHOCTD
yCJoBHe NEPNEHANKYJJAAPHOCTH JIBYX  CKansgpHoro MNPOH3BeieHHA. [To-

BeKTODOB u BB . ckoabky ON = OM 4 MN, 1o
I xomgw ‘taeﬂcmoilapamaemﬂ & A[ON=|A|OM+|A| MN, 1.e.
yiouuM p B0 A(B+C)=A-B+A.C

Heo6xoaumocTh H ROCTAaTOYHOCTHL 3TOFO YCJAOBHS OUEBUAHA (€CJH
A ] B, 1o cos(A, B)y=0; ecau oauH BEeKTOP eCTb HyJb, TO eMy
MOXHO NPUNUCATb HanpaBlieHHe, NEPNEHJUKYJAsPHOE KO BTOPOMY
BEKTOpY).
92—3aka3 Ne 3610
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I'aasa nepeas. Ocnosubie c8edenus u3 gexmopHol arzebpol

I1 poekyus exkmopa Ha 0Cb Pasha CKAAAPHOMY npousgedenuto opma

ocuU Ha 8eKmop:
A,=Alty= Acos(A4, u,).

7o caelyeT U3 oNpedeneHHs NPOEKUMd BEKTOPA HA OCb.
Ecau (x,), (%g), (x3)—o0cH NpAMOYTOJIbHOM 1eKapTOBOi CHCTEMb

KOOpAMHAT, TO /060 BEKTOP A MoxkeT ObiThb pa3/ioxeH MO OpTaM
i,, i, iy aTHX ocedl, ¥ MOXHO

0=Ax8 HanucaTe (cM. popmyay 1.2):
A=A+ Ayl + Ayis.
B cuJy B3aMMHOH nepleH-

AUKYJSPHOCTH KOOpAHHATHBIX
ocell MMeeM:

Puc. 1.12. BekToptoe nponsBeleHHe

. 0, ecant |~k .
i‘."‘={ 1, ecn L=k (1.8)
Toraa .
A.i1=A1; A.i2=A2; A'i3=A3.
Takum o6pasom, A4,, A,, As CyTh NPOEKIHH BEKTODA A Ha

KOODAHHaTHbie OCH.
Urak, moGoit BeKTOp A MOXeT ObITb 3amucaH B BHAE

' A= (Aviy) iy +(Aviz) iy + (Aeds) ds. (1.9)

CkansipHoe NpOHM3BelleHie BEKTOPOB MOMKET GbITh 3aMTHCAHO Yepes
npou3BefieHus NPOEKLHA 3THX BEKTOPOB H& OCH NnpsMOYroJbHOHA

IleKapTOBOﬁ CHCTeMB! KOOPAMHAT.
AeB= (Al + Ayl + Agiz)e (Bidy + B,i, + Bsis)=
— A,B; + A,By+ A3Bs. (1.10)

3jech HCMOAB30BAHb CBONCTBA AHCTPHOYTHBHOCTH CKaNApHOrO
npoussejenus, popmyJaa (1.9) pasnoxenus Bekropa IO OCAM Je-
KapToBOfl CHCTEMbI H YCJIOBHSA (1.8).

BekTopHOe npon3BeleHUe. BekmopHoim npoussederuem A x B 0syx
8eKMOPO8 HA36I16AENICA 8eKMOP C= AXx B (puc. 1.12), HanpasieHH oLl
nepnenouKyAApHO NAOCKOCMU 8eK MO POB-COMHONCUMenel 6 My CMOopo-
Yy, omkyda noeopom Om nepeo2o COMHOJNCUMEL KO amopomy Ha
menowuli yeoa euden npomus xoda 4acosod cmpeiku, u pasHoti no
geAudUHe NAOWAOL NAPANILIOZPAMMA, NOCMPOEKHOZO HA FMUX  6EK:
mopax, m. €.

|C|=|Ax B|= AB sin(A,B). (1.11)

Takum o6pasom, Hallpas/ieHHe BEKTOPHOrO NpOH3BEAEHUs COOT-
BeTCTBYeT ABHIKEHHIO NMPaBOTO BHHTA NPH €ro BPAIEHHH orA Kk B..
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1.4. CraaapHoe u eexmopnoe npoussedenus dsyx sexmopos

B omauuue om ckaaaproeo npouseedenusn gexmopnoe npoussede-
Hue ne obaadaem KoMMYManmueHoOCHIbI0, HWMEHHO:

AxB-=—BXA,

HO, KaK u cxaaapHroe npoussedernue, ydosie
y , meopsiem 3aKorYy ducmpu-
b6ymusrnocmu, T. e. (puc. 1.13) Y P

AX(B-C)=AxB+AxC.

Heobxo0umoe u Oocmamounoe ycaosue naparsesbHocmu 08yx eex-
mopos A ¥ B umeeT Buj

AxB=0.

Heo6xoanmocTb 31010 yea0BU A C/IeAYeT #3 TOro, uTo sin (A4, B) =0
ecid Al B, a npu YCTaHOBJNEHHH AOCTATOUHOCTH CJjelyer H’OMHl/lTb,
YTO BEKTOPY, PABHOMY HYJIO, ’
MOXHO mpunucath Jwoboe Ha- NG
npaBJ/ieHHue. '

Eciu npuHATH Bbillenpu-
BefleHHOe oNpejesieHie BEKTOP-
HOTO IPOM3BEAEHHA, TO AJs
optoB i,, i, i; npasoii cuc-
TeMbl KOODAMHAT, B KOTOPOH
OCH pacnoJjioXeHsl, Kak MOKa-
3aHo Ha puc. 1.14, a, nMeeM

iy Xig= fo X ig=1
1 X ¥ iay' '2>.<’3 & Puc. 1.13. IucTpuOyTHSHOCTL BEKTOPHO-
iy x iy = iy r0 NpOH3BEJEHHA
AX (B+C)=AXB+AXC.

I Xl =1, xi,=1I3xi;=0, Cnpoektnpyem BekTopH B, C uB--C
Wi Kopoue: Ha IJIOCKOCTb P, NepreHjHKyIApHYIO K
A. CropoHst NMO.Jy4eHHOro TpeyroJbHHKa

ikxil__:im; i,,Xi,,=0, (1.12) Och yeeanuun B | A| pas u noeepHem
: nosayyenusii TpeyroaeHuk Odl Ha yroa

Tle HHAeKCH K, [, m coctap- W2 TaK, uTOGH Hanpasaexwe noBopoTa

JHIOT 1L P 1 HanpasiedWe A COCTaBJAMM MpPaBblil
LUHKAYECKYIO™ (YeTHY10) BHHT, 10 nojaoxenns 0d,e,. BBene.w? BEK-

nepecraHoBKy uucea 1, 2, 3. 1opw Od,, QOe,, e,d,. Hz Toro, uro

MoxHo Obio 66 unaue O@y=AX(B+C), e,dy=A X C, O,
ONPeZie/UTh HanpaBieHue Bek- A X B, 08,=0e +ed,,  caeayer
TOpHO]"O npguggeneﬂng_npo- H.HCTpH6yTHBHOCTb BEKTOPHOTro IpOH3BE-
THBOMOJIOXKHO BblILEN PHBEIEH- e

gl(‘)::li,“'r(.nehng IZ;BPEI'}KeHmO HE NMpaBero, a JeBOro BHHTA NpH Bpa-
e T 4 m{‘ oraa CbOpuMyJIbl (1.12) umenu Obl MecTO B JeBO#
o e 1 14p.g I_?T, B KOTOPOH OCH PACTOJIOKEHH Tak, KakK [0Ka3aHo
na puc. 1.1, 6. pPH 3TOM BeKTOpHOe MpoH3BeleHHe UMeJio Obi Ha-
PaBJieHHe, NMPOTHBOMOJOKHOE TOMY, KOTOPOE OnpefeNeHo AAs
MpaBon cuCTeMbl KOOPAHHAT (puc. 1.14, a). 8

" .
HUnkanueckue nepectanoskn wucen 1, 2, 3 cyTht 123, 231, 312.
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I 2asa nepsas. Octoswbie c8edenus U3 sexmoprol aaeebpbl

Takne BEKTOpH, HalpaBJjeHHe KOTODBIX yCTaHaBJlHBaeaTBC:e:;)é
rnalleHHeM W KOTOpble B CHJY 3TOTO H3MEHAIOT cBoe Halp erie
npH 3ameHe NpaBoii CHCTEMBI KOOpDAHHAT Ha neBym,n Hasl;’:ei?ropm
aKkcuabHoLMy (MOMEHT CHJIbI, yriloBas CKOPQCTh M T IL). CMbICJlOb;
HalpaBJeHHe KOTOPbiX OMpEAe/IAeTCA TOJIBKO (pnanqecxmgmm oM
(cuna, cKOpOCTb H T. 1.) H KOTOpbie B CHJy 3TOTO HE M :

X3 d)

Xy
is i
&2

b X,

8
IL'A
AxB

Puc. 1.14. BekTopHoe npousBeleHue BEKTOPOB
AX B B nesoii W npaBoil cucremax KOOpJAHHAT.

ero HaﬂpaBJIEHHH npu H3MeHeHHH CHCTeMBI KOOpAHUHAT, Ha3biBaloTCH

nOAAPHOIMU.
11’;;; onpexenennsi Npupols BekTOpa MO
B 3epkaie, MepeHIHKVJAPHOM K HEMY. Ecan

a)

7)
F -
w

Puc. 1.15.

i a
a) Cuna— nonspHbifi BEKTOD. Ha%%iﬂgfg:)ie:fmn:‘;iﬁ:}a-
010 HOE
yaMedsaeTcs Ha OpoTILRON el Lt
— aKcHanbHBI} BEKTOD; BP
sne;, 6) Yrjosas CKOpOCTb Hue
coxpa)ﬂﬁeT cBOe HAMpABJeHHE NpPH OTPAMEHHH 8 3epk

JKHO TpeACTaBHTb OTPAKEHHE €ro
W OTpaeHHe COXpanfeT Hanpas-

10 BEKTOp aKCHa/bHbIf (PHC. 1.15).

i ABJEHHE
neHye BeJHYuHbl, ONucChiBaicmed , (nceBnoaexTopax) (pne. obnitx

Bosnee nospo6HO 06 akCHAAbHRIX BeKTOpax

JAuYHHAX OGYyNeT CKasaHo B rnase 3. 3
" Bg %a/zbuemz;em gciody Mot Oyoem N0Ab308AMSCA  MOABKO Npasou

i KoopOuwnam.
Cuagebflﬂgfﬁ%;M ?poexunn BeKTOPHOTO NPOH
COMHOMKHUTEJEN: .
C=AXB=(A|il+A2i2+ A3i3)x(3111'+:3212+33i2)=
:i1(AzBs—AaBz)+iz(As‘pl—AlBs) +ig(ABy—A:By)-

3BeleHHA uepe3 NnpoeKuHHu
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1.4. Craarapnoe u sexmoproe npoussedenus 08yx 6eKmopos

TakuM obpa3som,
Cy=(AXB), = A,By— A,By;
Cy=(AXB),= A3B,— A, By
Cy=(AxB);=A,B,—A,B,, .

HJH, KOpOue,
CizAkBl_AlBk) (].13)

rae (i, k, [) COCTaBJAOT [HKJHYECKYIO NEPECTAHOBKY UHCEJ
1,2, 3. :

OrmetHM YAOOHYI0 3aNmHCh BEKTOPHOTO NpOW3BeleHHs B BHAE
ompenenutens, koropad caesyer us (1.13): ‘

iy i, i
C=AxB=|A, A, A, |. (1.14)
B, B, Bs |

BeKTopHOe # CKaJsipHOe MPOH3BEJEHHS TECHO CBs3aHbi CO MHOFHMH H3H-
YeCKHMH NOHATHAMH.

Pa6ota cuabl, NPUNOKEHHOH K TOuKe, H3MEPAETCHA NPOH3BEACHAEM BeHUHHE
nepeMelleHHst TOYKM W [POEKUMK CHAH Ha HanpasieHnHe nepeMmemeHus. Cuna,
NeprneHANKY/AADHAS K IEPEeMeuleHHI0, KaK TroBOPHAT, «paboThl He COBeplLIaeTs.
B cBfI3M ¢ 3THM, eciH F—cuna, a §—lepeMemerne, pa6ora A cuabl 1o onpe-
HREeNEHHI0 paBHa

A=Fs=Fscos(F, §)=F-s.

Ecau cuna v nepemenieHyue cOCTaBJHIOT TyNOf yroJt (CHJIbI CONPOTHB/IEHHS),
TO-MX pabore NPHNHCHBAIOT 3HAK MHHYC, YTO MOJHOCTBIO COrAacyeTcs ¢ olpe
JeneHueM paboOTBl KaK CKaJfAPHOrO NpoH3BeleHHs, :

flpocreiiiinmM ¢usnueckud 06pa3oM BEeKTOPHOrO [POH3BENEHHA sABJSETCH
MOMEHT cHJbl F OTHOCHTE/bHO HexoTopofl ToukH O

My=rXF,

rae r—BeKTOp, fpoBeAeHHbdl u3 Toukn O K Hawany BekTopa F.

- Hanpasaenue sektopa M, BeiGHpaeTcs YCJOBHO, TOYHO TaK Xe, KaK H
HafpaBjieHHe BEKTOpPa Yr/IOBOH CKODOCTH BpalleHHf, BLI3LIBAEMOr0 3THM
MOMEHTOM CHAH [1010XUTENbHOE HaNpasieHHe ONpPeAesseTcs B 3aBHCHMOCTH OT
BHfOpa CHCTEMbl KOOPAKHAT.

Ecan E — nHanpsxKeHHOCTb 3JEKTPHUECKOrO M0/ B TOUKe, rle PacroJioKeH
9JeKTPHUECK Uil 3apAd e, TO cuia, AeficTBYomas Ha 5TOT 3apsald, paBHa Fy=ekE.
Ha saexkrpuueckuit 3apsjg e, ABHXYWHKACA CO CKOPOCTbIO ¢ B MarHWTHOM TiOJie,
Hanp sXKeHHOCTh KOTOPOTro B TOUKE, TA€ PAaclonoXeH 3apsi, pasHo H, neflcTyer

e o
cHuna FM=—C— (X H). Takam 06pa3oM, nonHag cHJIa AeHCTBHA 3NEKTPOMArCHHT-
HOro Mons Ha 3apsa:

F=cE+= (vxH).
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[rasa nepsan. OcHosnoie csedenusn u3 sexmoprotl aszeGpol

Ecau 3a spema df 3apfj mnepeMeulaercs Ha paccrosune dr, TO pabota
5J0eKTPOMarHUTHOro NOo1f Oyaer

F-dr:F‘%’—; di =F.vdi= [eE +% (va)J ‘v dt.

Pa6oTta 3ta HAeT Ha H3MeHeHHe KHHeTHueckoll sHepruu U 3apsama. Tak xak
cnna FM MarHUTHOTO NOJIS B KamAblid MOMEHT neprneHAMKy/afpHa CKOPOCTH O,
10 pa60Ta MATHUTHOrO IG/AA paBHa HYMO H Bcs paloTa 3JIEeKTPOMArHHTHOrO
noas onpezensercs paboroil TONLKO SJAEKTPHUECKOTO no.as, PaBHOHl 3a eQUHBLY

BpEMeHH

dU
d—t—_eE-'a.

MarHuTHOe MnoJe, He H3MEHAdA BeHURHB! CKOPOCTH, HaMeHnser TOJIBKO Ha-
npagJjeHHe ABHXKEHNSA S.HBKTPH‘IECKOI‘O 3apsana.

1.5. [Ipoussedenus mpex 8eKmopos

3pech MH OTMeTHM JBa THNa npou3BeAeHuH.
BekTOpHO-CKaAsipHOEe NPOH3BEREHHE (AX B)sC. B cuny omnpeje-
JeHHA CKaJSAPHOTO NPOH3BENEHHs MOXHO 3alHCATb:

V=(AxB)sC=|AxB|Caxs=|AxB|h.

3nech Caxp= h—I1poexuus BeKTopa C Ha HanpaBJeHHe BEKTO-
pa Ax B (puc. 1.16)—saBasercs BHICOTOf NapaJiejenunena, nocr-
POEHHOro Ha BekTopax 4, B u C. Tockoabky |A X B|—nJjomanp
AxB ocliOBaHM S 3TOr0 MNapajesenuneaa, TO
-~ =~ pBeKTOPHO-CKa/sipHOe NPOH3BEACHHE npeji-
craBadeT coboii ofbeM napaJuiesenynena
co 3HaKOM (- ) uau (—) B 3aBUCHMOCTH
oT Toro, OyZeT JH OCTPbIM HJH TYNbIM
yros Mexay BeKTOpamH C v AxB.
Wcnoabaya npexctaBienua (1.10) u
(1.14), moayunM yAOOHYIO 3aNHCh BEK-
TOPHO-CKa/SPHOTO T1POH3BEJleHus uepes
NpOeKIMH COMHOXKHTE/ed Ha OCH NIPAMOY-

Puc. 1.16. BexTopHo-cxaaap-
Hoe nmpoH3BeneHWe Tpex

BEKTOPOB roJibHOH leKapTOBOH CHCTEMbl KOODAHHAT.
i, @, s Ci C, Gy

(Ax B)eC=|A1 Ay Ay |o(Cyiy+Coly + Csls) = Ay Ay Ayl (1.15)
B, B, B, B, B, B;

22 —

1.5. MMpoussedenus mpex e6exmopos

Or1clona BHITEKAeT BaxHOe CJEACTBHE O HEU3MEHAEMOCTH 3Haude-
HHA BEKTOPHO-CKaJddapHOTO NMPOU3BEACHHA [PH UHKJIHYECKOH nepe-
CTaHOBKe €ro BEKTOpPOB:

(Ax B)eC=(Bx C)sA=
—(Cx A)B. (1.16)

Ecnu nBa BekTOpa B BeK-
TOPHO,CKaNsPHOM. IpOU3BeJe-
HUHM OAHHAKOBH (MJAH Mapads-
JeJIbHEl), TO 39TO Npeunssele-
HHE paBHO HYJIO

(A< B)eA=(AX B)eB= Puc. 1.17. IlBofinoe BexTtopHOE
(AxA)eB=0. npousBejleHke TPeX BEKTOPOB

n.naECgH T)pn BeKTﬁopa A, B u C nexaT B OAHOH NJOCKOCTH (KOM-
HapHbl), TO o0beM mNapa/lieienunena, 0 A
J OCTPOEHHOT
paBeH HYJIO. ’ P o
Orciona HeoGXoAMMOe H, KaK HETPYAHO BHJIeTb, AOCTATOYHOE
yCJIOBHe KOMIJAHAPHOCTH BeKTOPOB A, B u C MOXHO 3alucaTb
B BUje:
Ay A, A
(AXB)'C= Bl Bz B3 =0, (117)
Cl CZ C3

Urak, ecau Ae(Bx C)=£0, mo eexmopsr A, B, C obpasyrom 6a-
?Zc.;]pg) 3TOM, N0 onpexeneudio, ecau A+(Bx C)>0, mo 6a3uc
, B, Ha3eisaemcs
(A, B, C) naa npasom, ecau Ae(Bx C) <0, mo 6asuc Ha-
- Tpoiika OpTOB MpaBOA CHCTEMBl JeKapTOBbIX KOOPAHHAT Ofpa-
3yeT npaBbiii 6as3uc, a TpofKa OPTOB JIeBOH CHCTEMbl— JieBbIH
JBoiiHoe BekTOpHOEe npou3BeaeHne A X (B xC). 2ro npons}seue-
HHE TPeX BEKTOPOB NpeicTaBJ/seT coGOf BEKTOP, KOTOPHIH JEXHUT
B NJOCKOCTH BeKTOpoB B u C u nepneHAukyJspeH K A.
IMockoabky BekTopol B u € HekoJJHHEapHHI, TO Ha OCHOBa-
HuH (1.1) cymecTByeT eAMHCTBEHHOE NpEACTaBJEeHHE Buja

AX(BxC)=mB+nC. (1.18)

OnpegenuM ckagsipHble MHOXHATENH m H N.
O6o3Hauum

E=Ax(BxC), D=(BxC).

Briuncium NPOEKLHH Ey, E,, E, Bekropa E Ha ocu mnpsimo-
yroJibHOH AeKapTOBO# CHCTEMbl KOOPAWHAT, BBEJEHHOM NPOU3BOJbHO
Coraacho (1.13) noayuum |

E,=A,Dy—A,D,.
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[aasa nepsas. Ochosnoie caedeHus us 6eKmMOpHOL anzebpol

Ho B cBOI0 ouepelb HMeeM:
D,=(Bx C),= ByC,—B\Cy;
D3 = (B X C)3 = BICZ—BZCI'

Takum o6Gpa3oM,
E,= Az (Blcz"'Bzcl)“' As (Bacl—BICS) =
= Bl (Azcz + A3C3)_C1 (A-sz + AsBa)-

JHo6apasis # BbuMTas cupaBa Beauuuny A,B,C,, "ONYYHM,
yuutsiBas (1.10),
El =B, (Alcl + Azcz+ A3C3)4—-C1 (ABy + A232 + Asza)_=
=B, (A«C)—C,(A-B).
AHajoriyHO NOJYYHM:
E,=B,;(A+C)—C,(A+B),
E,=Bg(A+C)—C;(A-B).

CrnenoBatesbHo, m=A+C 1 n=-— A-B.
TakuM 06pa3soM, OKOHUATEJbHO MoJydyaeM (HOpMYyJy

Ax(BxC)=B(A.C)—C(A:B). (1.19)
KaK cJeacTBaue, OTCiO].l_a MOXHO HOJYUYHTb
(AXB)x C=B(A+C)—A(B+C). (1.20)

®opmyna (1.19) Momer 6uTbL NoayueHa M Ge3 BBEAEHHS KOOPAUHATHOH CH-
crems {cM. nanpumep, H. E. Kounmn «BexTOpHOE HCUMC]EHHE H Haduana TeH-
S0DHOTO HCYHCJEHHUS).

! 3amMeyaHue O eJieNeHHU» BekTopos. Pe-
| lIeHHe ypaBHEHHUH OGbIYHO CBA3aHO C AEHCTBH-
J €M JleJleHusd, KOTOPOe B BEKTODHOM HCYHUCE-
HHH Onpeaeadaercs HEORHO3HAYHO. ﬂeﬁcmu-
TeJbHO, oOnpenessad IeJeHHe Kak ueﬁcmue,
—>, 0o0paTHOe YMHOXEHHIO, pe¥xae BCEro HYKHO
l paccMaTpHBaTb €ro OTIeJbHO AJA KaxXAoro
M3 TpHUBEeJeHHbX TunoB npousperedufi. Ho
naxe B HpOCTeﬁIHeM cJayyae CKaJasipHoTo npo-
| H3BEJlecHHUsl ypaBHEHHE, ONpefeJsAiollee HEUs-

Puc. 1.18. Ypasuenwe BECTHBIA BEKTOD X,

x-a=ax,=m. ) a-x=m (a=0),

310 ypaBHReHue oflpefeas-
eT TONbKO NpPOEKLHIO He-

MIBECTHOrO BEKTOPE % W2 yyieeT GECUHCJIEHHOE MHOMKECTBO PellieHuH.
AHaauTHUECKH 3TO YpaBHEHHE Qlpesenser
TOMILKO OJHY NPOEKIHIO HEM3BECTHOTO BEKTOpa X Ha HanpaBJeHue
BekTopa @ (puc. 1.18). TloaTOMy B BEeKTODHOM HCYHCJEHHH NpeAro-
YHTAIOT BOBCE OTKa3aTbCsl OT ONepalluH JeJeHds Ha BEKTOp.
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1.5. Ilpoussedenun mpex exmopog

1.6. B3zaumnoie 6a3ucos sexmopos. Kosapuanmueie u
KOHMPABAPUAHIIHbIE COCMABARIOWUE BeKMOPQA.
Corxpawennoie 0603navenun

BaaumHbie Ga3uchbl BekTOpoB. OnpesesieHHe NPOEKIUH HEKOTOPOro
BeKTOpa A Ha OCH NPAMOYrOJbHOH CHCTEMbl KOOPRHMHAT C OpPTaMH
i, i,, i; cBOAMTCA K OMpeneJeHHIO CKaNAPHBIX NpousBenenult A-1,,
A.l,, A-i;. 31u cKkaasapbl ONpeResifAiOT pa3JioKeHHe 3aJaHHOTO BeK-
TOpa MO TpPeM 3aJlaHHBIM B3aHMHO NepNeHJHKYJAPHHIM HanpasJe-
HUAM, OTpejelsieMblM BEKTOPaMH @y, @,, @,, eCJH MOJOXKUTb
i,=a,:ay; i,=a,:0,; i3=4ay:a;, nocae yero

A=§<{-%’E) a,. (1.21)

3azaua pasjiOXKeHH# 3alaHHOTO BeKTOpa B no TpeM npoussons-
HboiM HEKOMINJaHapHbIM BekTopaMm b,, b,, b, CBORAHMTCA K omnpepete-
HHIO TpeX HeusBeCTHbx B!, B2, B?® (uucna 1, 2, 3— uHJeKCHl, a He
CTeneHHu *) U3 CHCTEMBbI TpeX CKaJIAPHBIX YypPaBHEHHH, MOJyYaeMHX
NpoeKTHPOBaHHeM Bhipaxkenus B=Bb, 4 B%b,+4 B3b, Ha ocu Ka-
KO#l-1M60 CUCTEMBl KOOPAMHAT.

IMpamoii nyTb pellleHHs 3TON BaXHOH 3ajauy — HCIOJb30BaHHE
B3aHMHEIX 6a3HCOB BEKTODOB.

IIBa Gasuca (e, e,, e,) u (€', e, e®) Ha3nBaOTCA B3aMMHBIMU
(6MOpTOT OHANIBHBLIMH ), €CJIH HX BEKTODH Y IOBJIETBOPSIOT COOTHOLIEHUIO

. _{ 0, ecan i=%k; 1.99
€= 1, ecan =k, (1.22)

IMonuepkHeMm, uTO €, pacnofioXeHsl APYr K APYry noi MpPOH3-
BOJBHBIMH YrJaMy (KOCOYToJbHas CHCTEMa KOODAHMHAT) ¥ MORYJH
HX MOTYT OTJIHYaTbCA OT €AUHHLUBL.

W3 storo onpenenenusa BUAHO, YTO KaxKAbli BEeKTOP OAHOro 6a-
3uca MNepneHAUKYJspeH K ABYM BeKTOopaM B3anMHoro 0Oasuca, a
C TpPeTbHM BeKTOPOM, HHJIEKC KOTOPOrO HMEeT TO Ke YHCJIeHHoe
3HaYeHHE, COCTABJAET OCTPHIH yroJa **,

TakuM o6pa3oM, ecad Ha ABYX B3aUMHbIX 0as3Hcax NOCTPOHTHL
napanjesenuneasl ¢ obvemamu |V |=|e,-(e;xez)| u |V'|=
=|e'-(e?*x e?)|, To pebpa OAHOro U3 HHUX OYAYT NEePNEHAUKY s PHbI

‘TpaHAM ApYyroro, M Hao6OpoT.

* Bepxuuli nuneKc o 0603HAYEHHAX KOOPAHMHAT, a BIOCAEACTBHH H BEKTOPOB
€® He o3MauaeT noxkasaTens cTemeHH. YJOGCTBO TaKOro O603HAueHHS CTaHer
SICHHM 1103Xe, IIPH PaCCMOTPEHHH KOHTDaBAPHAHTHHX COCTABMASIOUIHX BEKTOpa.

** Hanpumep, Tak kak |e;|-]el|cos(e;, €1)>0, 10 cos(e,, e1)>0 u,
C/1e40BaTeNIbHO, YrOJ MEeXLy €; H el—OoCTpHi.
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Taasa nepeas. OcHosrbie ceedenuf u3 sexmopHoll anzebpuo

Yenosne e;-e®=1, HanpuMep, O3HaYaeT, uTo .
1 1 ;

Te,| cos (€8, €3)

(puc. 1.19), T. e. MOAY/IH BEKTOPOB OLHOr0 Gazuca paBHbI 06pat-
HBIM 3HAYeHHAM NapannesbHBIX UM BHICOT NapaaJjesennneia B3auM:
Horo Gaswuca.

PaccMoTpuM nocTpoeHue Gasuca, B3aHMHOTO JaHHOMY.

[lyets faH Gasuc (e, €y, es).
BekTtep e! BaauMHOro Gasuca JOJIKeH
G6HTh NepNeHANKYJAPEH K BeKTOpaM
e, u ez T.¢e

el =mi(e, xe;3).

Ckaasp m onpeleisercs H3 yc-

JIOBH S
el‘ el = 1,
T. €.
me,-(e;Xeg) = 1.

[MocKoJbKY e,-(eyXes) 7= 0 (Bek-
TOpHl €, €, €3 COCTaBJsIOT 6asuc),
noAy4uM

1. egXes =93Xeg.
e, (esX €3) v,

3nech |V,|=o6beM napasiesenuneia, MOCTPOEHHOTO Ha BEKTO-

pax Gasuca (&, €,, €;). \ .
AHaJIOTHYHO CTPOATCA BEKTOpbI €° H €%

Puc. 1.19. B3auMHbsle CACTEMH U
HX Tapajijienenunensl

ez_eaxe, . ea=elxe2
_.—--————V H s,

OTH COOTHOINEHHA MOXKHO 3alHcaTh Kopoue:

i Xk 1.24
€ = e tenxed’ (128

rae (i, j, k) u (I, m, n) COCTaBJAAOT [HKAMYECKHe [1epecTaHOBKH
gyucea 1, 2, 3. Lo
[lonyuenuble GOPMYbl AZIOT BblpameHHd i BeKTOpOB €', €3,
e® yepe3 BEKTODHl €;, €, €. AHAJOTHYHO MOXKHO MOJYUHUTh Bbipa-
JeHus BEKTOpoB mepBoro Gasuca yepes BEKTOPhI BTOPOTO:
e?xet etxé
elze‘-(ezxﬁ): v
elxel
82= Vv ’
elXe2

3Ty
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1.6. Baaumnbie Gaaucbl sexmopos

rae |V’ |—o6veM napaJnenenunesa, MNOCTPOEHHOrO Ha BeKTopax
Gasuca (e!, e?, e?).
CokpamneHHas 3anucb 3THX COOTHOLUEHHI HMeeT BHJ
e/ x e

ei:el'(emXen) . (1.25)

OTMeTHM /Ba BaKHbIX CBO/CTBa B3aHMHBIX Ga3HCOB:

1) Ecau e,, e,, €3— OpTbl NPAMOYTOAbHO# CHCTEMbl KOOPJAMHAT,
TO B3aWMHBIH K HeMy OGasuc (e, e?®, e®) coBnajaeT ¢ OCHOBHBHIM,
T. €.

e, =e'=1; e,=e*=1i,, e,=e’ =1,

ﬂOKa?aTe.1bCTBO cienyer uz csodiers (1.8) u (1.12) opTos npsamo-
YyrOJbHOH CHCTEMbl KOOPAHHAT.

2) Baaumupie 6asticbl ;6o o6a npashie, AHG0 06a JeBbie. ITO
caeayer u3 toro, 4to V, V' =1 (10Ka3aTeNbCTBO 3TOr0 yTBEPKAeH s

npejocTassiercs autaresio). Takum obpasom, ecan V' >0, oV, > 0.
[as onpegesenus Bk 13 BEKTOPHOIO ypaBHeHHSH

3
B=B'b, + B, B'b;= ), B'b,, (1.26)

k=1

rae b,, by b;— HekomNanapHble BEKTOPH, YMHOXKHKM CKa/lfgpHO B Ha b'— Bex-
TOp B3aUMHOrO Ga3Hca.
Torpa

3

B-bi= )| B*b,b'=B'. (1.27)
k=1 '

910 ¥ ectb HcKomoe peweHue. Tak, Hanpumep,

B'(bsza)

1 Bopl o — 2 2297
Bl=B-b =yt (1.28)

TaxknM o6pa3oM, pasaoxkeHHe BeKTOpa MO 6asucCy BepaxKaercs yepes npo-
eKLlHH BEKTOPa Ha B3auUMHBIH 6asHuc, T. e.

3
B=" (B-b*) b,.

Hcnonb3ys nocTpoenHe B3aWMHOrO 6a3nca, MOKHO JIerko PelHTb 3ajayy
06 onpeleneHHH BeKTOopa A, yAOBJIETBOPSIOWErO TPEM YPaBHEHHAM

A-a,=my;, A-a,=my;, A.-az=m,, (*)

rae a,, a; QG;—HeKOMNJAHAaPHbE BEKTOPHI, My, My, My—-CKANAPH.
ENHHCTBEHHOE peleHHe 3TOH 3ajaud HMeeT PHA

A =m,at + mya® + myad.

HerpyaHo nposepuTh, 4TO 3TO peiedue yAOBJETBOPSAET 3ajaHHON CHcTee.
Ecnn A’ —BTOpOe peiletie, T. €

Aa,=my; A-a,=mg A ay=my, (%%)
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I'aasa nepeasn. OcHosnole ceedenus ua 8eKmopHoil arzebpol

TO, BLIYHTAA H3 KAKJAOrO YPaBHEHHS CHCTEMBl COOTBeTCTBYIOUlEe ypaBHEHUE CH-
cTeMBl (#%), NOJYYHM

(A—A').a,=(A—A')-ay=(A— A')-az=0.

Bektop A~ A’, nepneHiHKyNAPHBIA BCceM BEKTOpaM Gasvca @y, dg, Oy, MO-
*eT OHTbh TONbKO HYyJEeM, T €. A=A u unalijeHHOe pelleHHe eJHHCTBEHHO.

Cokpamennpie 06o3nadenns. B coBpeMeHHON (u3HuecKOd H Ma-
TeMaTHYeCKOH JUTepaType NPUHATO CUUTATh:

1. Kaxnapit 6YKBeHHBIH HHAEKC, BCTPEYAIOUIMACH B BbIPAXKEHUH
ONMH pa3, MOXeT NpHHMMaTh 3HaueHus 1, 2, 3.

[Ipu 3ToM, MOCKOJbKY I/ OGO3HAUEHHA KOOPMMHATHBIX oceil
BoiOpaHbl GYKBbl C HHAEKCAMH (HANPHMEp, X, Xp, X3 HJIH x1, x2 x3),
nox sanuchio A;, nanpuMmep, 6yleM NOHMMaTb COBOKYIHOCTb..TPEX
seanuun A,, A, Aj  3anuck A, o3Hauaer COBOKYNHOCTDb 32=9
peavuni: Ay, A, A Aw, Agg Ajg, Agy, “Asy, Aggy 3amHCH
Ai* __COBOKYMHOCTb feBATH Beqyuun: AU, Az, ... A3

9. IMo xgBaXkAw MOBTOpPSIOUIEMYCSA B OAHOUJIEHe HHIEKCY TMOApa-
3yMeBaeTcs CyMMupoBaHue oT 1 no 3. '
Takum o6pasoM, Hanpumep, Bbipaxenusn A;, A;B' AB*C' o03-
HayaloT :

.. )

a
Ali= tz A,-,-= A11+ Azz + Asay

=1
3

AB =X AB =AB'+ 4,B* 4+ A,B°,

.
AB*C' = 3*12 A,C'=B* (A,C' + A,C*+ ACP).
A=1 ]

~ PasencrBa (1.4) u (1.5) MOXHO MosTOMy 3anucaTb B BHAE
ei=afe,:
e,=af e
A1 0603HAYEHHSA PACTIPOCTPAHAIOTCS ¥ HA GoJiee CIOKHbIE CYMMB,
HanpuMep pasenctsa (1.6) MOXHO 3amucarb B BHIE
e;= o al e
e;=a, aje,.
VHaekcH CyMMupOBaHHA 4acTO Ha3blBAalOTCA «HEMBIMH» B TOM

CMBICJIE, YTO CYyMMa, OYEeBHJHO, HE MeHseT 3HaueHus, €CJH 3ame-
HHTb «HEMOH» KHAeKC ApYyrofi 6yKBoO#, T. e.

Ay=Apy=Au+ A+ Asg
H T. II.

KpoMe 3Tux O6LIENPHHATHX 0003HAYEHHH, YCAOBHMCH, HTO €C/H
’
uMeloTCs Be cucreMnl KoopauHar (K) u (K'), TO KOOPIAHHATH Ka-
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Baaumneie 6asucer sexmopos

Koil-To Touku -B cucreme (K) 6ynem o6o3Hauath depes x; (uau X',
ecan cucreMma (K) He siBAsercd AeKapToBOH NpAMOYIOJbHOH cucre-
MOt KOODAHHAT), a KOOPAMHATHEI Mol sice camod ToUKH B cHcTeMe (K')
6yaem ob6osnauatb uepes x; (Uau x”, ecau cuctema (K’) e ABaseTcs
JekapTOBOH NpsMOYroJbHOH CHCTEMOH KOOpAHHAT). _
~ Auasoruynbix ofo3naueHu#l OyneM npuaepKUBaTbCA U AJAA KOM-
TIOHEHT BEKTOPOB (U TEeH30pOB, BOOOIIE).

YcnoBHOCTE 37echk 3aKJiouaeTcss B TOM, 4TO, Hanpumep, A, H

A; CyTb KOMIOHEHTH 00H020 U mo20 Jsce 8exmopa A no nepsofd OCH
cdcreMul (K) u no nepsoit ocd '
cucreMbl (K') cOOTBETCTBEHHO,
a OTHIOZb He KOMIIOHEHTH ABY X
pa3HbHIX BEKTOPOB B KAaKOH-TO  Ale?
ONHOH cHCTeMe,

KoBapuaHTHble U KOHTPaBapH-
aHTHHC KOMNOHEHTH BEKTOpa. an
paccMOTPEHHH BOMpoca o B3aHMHBIX 2
6asncax OHJO 110KasaHO, YTO OAMH A
H TOT Xe BeKTOp (puc. 1.20) MoxHo [Z]
NpeacTaBUTh PAa3/IOKEHHBIM KaK no
E€KTOpaM OCHOBHOroO Gasuca

A= Alel“i‘ A283+A383=

3
= Y Altey= AFey;  (1.29)
k=1
Ak=A. e,
TaKk W MO BEeKTOpaM B3auMHoOro 6a-
3uca
A=A e' + A+ Aye3=

4 Puc. 1.20 KoBapHaHTHBIC H KOHTpPaBapu-

aHTH {0M . -

- 2 Aget = Age®  (1.30) HTHblE KOMNOHEHTHl BEKTOpPA HA MLTOCKO
k=1

CTH.
KoBapuaHTHbBE KOMIOHEHTH . A;, A, MOTYT 6BIThH
Ak =4. e Haftfleusl 1400 no cocTaBAAIOMAMA, €t |, A, | el
BeKTOpa A TO HampasJeHH®M B3aHMHOTrO Oa-
(nocefHHe 3aMUCH PaBEHCTB XaHBl ... 1460 no mpoeximuam —ot.. A enro-
B COKpaueHHbx o6o3HaueHU #X). Te 1 1€ |

B . pa Ha ocH ocuogHoro Gasuca KoHTpasapuaHt-
Uncna A% naseBaTcs Kowm Hble KOMHOQHeHTH A}, A? moxHo HaliTH u3 coc-
pasapu anmubimu, auncna Ak Koea TaBAAIOUHX Al¢; Ale; no HanpagleHHsaM oc-

puanmanu KOMIIOHeHTAMH BEKTO- HOBHOIrG 6asnca. a Takxke H3 lnpoeku,gﬂ Ha OcH
pa A : s3aumMuoro Gaauca ——— A,
UnraTeno cJAeAyeT O6paTHTL let let!
BHUMaHue Ha pHc. 1.20, rie wu3o-
GpaxeH BexkTOp A, JeMawuil B NJIOCKOCTH BEKTOPOB €, H €, H €ro KO- H KOH-
TpPaBapUAHTHEIE KOMIOHEHTBL
Haspanua KOMIIOHEHT BEKTOPA CBH3aHH C TeM, UTO NPAMOE Npeobpa3oBanue

KOBAPUAHMHALIX KOMIIOHEHT BHIIOJIHSAETCS NPH NoMOmMH Kodpduuuentos a'f, npa-

Mozo npeobpasoBanus, T. €.
A;=af A, (1.31)
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l'rasa nepsas. Ocnosnor ceedenus u3 eexmopHold aazebpol

a KONMPasApUanmHbLX KOMIOHEHT — IIPH NoMOLLE KosdduuuenToB @) ofpamwozo
npeofpasoBaHus, T. €.

Ali=a A% (1.32)

Uro kacaetcs ofpatuofo npeoOpa3oBaHHf, TO HMEIOT MECTO «o6paTHbie»
dopMyanl :
Aj=af'A,; Al=d Ak (1.33)

JeflctBHTe/IbHO, NYCTb B CHCTeME KOODAHHAT, onpepessemoil 6asHcou (e,
€y, €3), Mbl MMeeM KOPapHaHTHble KOMNOHEHTh A; H KOHTpaBapHauTHee A’ Bex-
Topa A.

Onpenennn: B ApPyrot KoopAMHATHOH cHcTeMe ¢ 6asHcom (e;, e;, e;)

,
KOBapHAHTHHIE KOMIIOHEHThH A,. (mozo ae eexmopa A!) uepe3 ero Komio-
HedThl A; W KOHTpaBapHaHTHBE KoMmmoHenTn A'! uepes A’

3aMetuM, npexje Bcero, uto #3 (1.4) u (1.5) § 1.3 caeayior enipaxenus
Ads Kos3pdHILHEeHToB NPAMOro H o6paTHOro NpeoOGpa3oBaHHA:

k_ . ok B _ k
o =e; e a; =e;-e'” (1.34)

YMHOXKHEM ofe 4acTu paioxennsi A= A,ef CKaJfApHO HA BeKTOp e;. [Tony-
, ,
4uM A-e,.=Akei-ek.

B cuny (1.30) u (1.34) nonyuaem 3akoH npeob6paszosanusa (1.31).

AnajoTHuHO, yMHoXas pasjoxende A= A%, cxkanspuo Ha €'!, B cuay
(1.29) u (1.34) noayuaem saxon (1.32).

UuraTeqio MPeJOCTaBJAETCH CaMOCTOATENBHO MNoAyuuTh ¢opmyan (1.33)
ofpatnoro npeobpasoBaHHi.

B cBA3n ¢ NOHATHEM KOHTPAaBaDHAHTHBHIX KOMIIOHEHT BeKTOpa BaXKHO OTMe-
THTb, UTO KOCOYZoAbHble Oexapmogs: KOOPOUKAMG. TOYKH CAEZYET NHcaTh C HHU-
nekcom BBepxy x!, x2, x3. JTO CTaHOBHTCH SCHBIM, €CJIH Y4ECTb, HTO 3TH KOOp-
AHHATH ABAAIOTCA KOHTPaBapHaHTHBIMH KOMIIOHeHTaMH pajuyca-BekTOopa 3TOM
Touku (cM. pue, 1.7) Tak, 4TO

= xle, + x%e, + 13e; = xPey,.

du3nueckue KOMNOHEHTH BekTopa. CrelyeT OTMETHTb, € TOYKH 3peHHS
dH3UKa ¥ MHXKeHepa, NOBOJLHO CYULECTBEHHbIH HaKT, UTO Pa3MePHOCTH Komno-
wedt A' n A; onHoro u Toro xe sexTopa A= A'e;= Ae' pasinunbi: OHH onpe-
JEJAAIOTCA Pa3MEPHOCTAMH Ga3HCHLIX BEKTOPOB H COOTHOUIEHHeM &;-e =],

[lpu ompeleteHHH oONepaunii BEeKTOPH pPACCMATPUBAIOTCA [EOMETPHUECKH
KaK HampaBJ/ieHHBe OTPE3KH C AMHHOH, NMPONOPUHOHAJILHON BeAHUYUHe BEKTOpa,
M (uapueckas pasMepHOCTb WX He TNpHHHMaeTcs BO sHuMauue (3a HckJuode-
HHeM OCHOBHOTO NMpaBHJa, YTO BCe BEKTOPHl, BXOAfllMe B YypaBHeHHe caarae-
MbiMH, AOJKHB HMETb OJHHAKOBYI (PH3HUECKYIO Pa3MepHOCTb).

MoxHo, 0QHAKO, BBECTH TaK Ha3biBaemble «pu3uueckue» (HHoraa «daktuue-
CKHe») KOMIIOHEHTH BEKTOpPa, PasMepPHOCTH KOTOPWX OyayTt coBmajarb C pas-
MEpHOCTSAMH pacCMaTpHBaeMoro BexTopa. [lns 3TorO onpenenuM 6exmopHbid
eduruunbil basuc e; #, COOTBETCTBEHHO, €My B3auMHHI €*' npu NoMomH coort-

HolleHHil
- é;

£ e—— *[= i i 1y 135
€ =Tar e*'=¢|e;| (1.35)
H TOTAa

A=A*e  =Ae*, : (1.36)
rpe A%, A: — Qu3HYeCKHE KOMITOHEHTh BEeKTOopa A.
30 —

1.6. B3aumnote 6asuco. 8exmopos

CBA3b QU3NUECKHX KOMIIOHEHT C KO- H KOHTpaBapHaHTHHIMH KOMIlOHeHW-
TaMH Hafigercs 6e3 Tpyna:

. . : .
A¥=Ale;i ], A =|7‘_\ (HeT cyMMHpoBaHuS 00 i). (1.37)
; )
Kak BugHo (puc. 1.21), A* sasaaioTca Komnosenmamu (0apal.ie/ibHbiMi
L)
npoeKUHsiM) BeKTopa A NpH Pa3jOkeHHd ero A0 OpTavM e, OCHOBHOro 6asuca,

*
a A; —npoekyuu (OpTOrOHaNbHbIE) 3TO-

Fo Xe BekTopa A Ha OCH TOro XKe Xa
Gasuca.

MoXHO 32 OCHOBY INPHHATE B33a- ,¥%2
HMHBIH 6a3uc H OoNpefeNHTb eAWHHY- \
Huft BeKTopHBLA 6a3uc cooTHOWweHHaAMA:  @*2 \

k
[ -
=i e, =gl
| e¥|
310 paer
e**k—p*k cos (X, &),
*
et _ €,
cos (e*, ep)
»
(1) Ak

¢ T s (& o)
As*k— AR co5 (k) e,),

T. . 06a onpejejJeHHs pPaBHO3HAYHBI
B BCe CBOAATCA K BhGOPY MacumTaba
A8 eAHHHIBL.

[NonuepxHeM, 4TO BCE BBIYHCAEHHSH
NOYTH BCerja TPOU3BOAATCH C OObIU-
HHMH KO- H KOHTPAaBaDHAHTHBIMH KOM-
NOHEHTAMH M TOJIbKO B KOHUE, ECJ]H
HYXHO, jejaeTcsi nepecueT Ha ¢usu-
yecKkHe KOMDOHEHTHI.

* CBA3b MeXAy KOBApPHAHTHBHIMH H

' KOMTpaBapHaHTHHMHM  KoMnoHentamm PHC. 1.21 «DusHueckne» cocTasisio

BekTopa. BhlpakeWse KoBapHaHTHHX mue BEKTOpa

KOMIIOHEHT BEKTOpa 4epe3 ero KoHTpa-

BapyaHTHble KOMIIOHEHTH H Hao60pOT MOXHO [MONYUYHTb, €CJH pPa3NoKeHHd
(1.29) ymHOXHTb cranspHO Ha e;, a (1.30) yMHOXuTb Ha e

A.e;= A% (ey.e),
. ! 1.38
A-ei= Ay (et e) } -5
B Besem o6o3nauenus
ek-ei_=g{k=gkg»
e*ei=gh=ghi, (1.39)

gk sk 0, ecau i #k;
e”-e,._gl__b‘.__{ 1, ecan i=¢k
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T'aasa nepsasn. OcuosHvie ceedenusn ua sexmopuod ascebpst

Toraa u3 (1.38) creayior dopmyns
k
A[=g,kA , (1.40)
Al=gita,, (1.41)
" KOTOpHE H J3ai0T HCKOMBE BHIpaKeHHH.

Hessts Bennunn g, (4 coorTBercteeHHo g* n gfs==08F), kak B janb.
HefilleM 6yJeT NOKAa3aHO, COCTABJASAIOT TEH30p BTOPOr0 paHra —TaK Ha3blBae-
Mbill Mempudeckul men3op. 3Jecb Mbl PacCMOTPHM HEKOTODHIE CBOMCTBA 3THX
BeJIHYHH, HOO OHH ABJIAIOTCH OCHOBHON XapaKTEPHCTUKON NIpocTpaHcTBa, apug-
MeTH3W POBaHHOrO BBefleHHOR cHCTEeMOR KoopauHat ¢ GasucoM (e, €, €3).

PaccmoTpHM kBagpaT ANMKHE AyrH As meXay ABYMS GeCKOHEUHO GNH3IKHMY
toukamu x' u x4+ Axf B chcteme KOOpPAHHAT ¢ Ga3ucoM (e;, &, &3).

foayunm:

A =| A7 P=Ar Ar=e;Ax'. epAxk = e;Ax' . e*Axy = e'Ax; e*Axy.
Henonpsys oGosnauenns (1.39), umeewm:
As® =g, AxiAxk,
As? = g*Ax;Axy,
As?=Ax;Axt, I
rae Ax;—KOBapHaHTHHE, 2 Ax' —KOHTDaBAPHAHTHHE KOMIOHEHTH BexTOpa Ar,
Gopmynnl (1.42) onpenensiior KBazpaT s.aeMeHTapHOK Ayru B Budpauu%ﬁ
CHCTeMe KOopAHHaT Hepe3 g; (unu g®). T'osopar, uto BENIMUHHH g;p (HaH g'F)
OMPEASNAIOT MeMpUKy npocmpancmsa, apudMeTHUECKHe CBONCTBA KOTOPOToQ
yCTaHaBJAWBawTCA BBefieHHON cucTeMoli KoopauHat x1, x3, x3.
CBAi3b MEXJY BEAMUHHAMH gip U g'° MOXHO yCTAHOBHTb, €CH DPACCMOTDETH
BLIPAXKEHH s % :
A=gpd® (i=1,2,3)
KaKk CHCTEMy TpeX JHHeHHHX ypaBHeHHE oOTHocHTelbHo A!, A2, A3, PeweHne
8TOM CHCTEMBl HMeEeT BHJ

(1.42)

3
Z Gl‘kAk Gl’kA
Ait lG == Gk’ (1.43)
rue
&11 &12 13
G=det gig=| g2 829 Las |+
&31 K32 &s3

G —anre6panueckoe NONOJHEHWE, COOTBETCTBYIOWEE UMeHY g;; AETEPMH-
HAHTa G, MOXeT GHTb 3alHCaHO B BHje

8ps &pt
&rs &rt

rape wnuMuekcol (i, p, r) u (k, s, f) COCTaBRAIOT UHKJIHYECKYIO NlepecTaHoBKY
uncent 1, 2, 3. Takum o6pasoM, Hanpumep, uMmeem

Gik =

G| 82282 . Gl 821 €21 Gl = g1 Qa2
832 833 &as &3) 831 832
CpasuuBas teneps (1.43) c (1.41), nosayuum HCKOMYIO CBH3b.
, ik
g'kzg— (1.44)

Py
& -

1.6. Bsaumnoie Gasucet sexmopos

AHanoruyusm nyTeM MOXHRO NOJNYIHTE BhIpaxeHue

Gi
k=77 (1.45)
rae
s ypt
’ ik gp g
G =dEtg‘ ’ Gik= grs Q‘rl .

C npyrofi CTOPOHH, HENOCPEACTBEHHHM BLIMHCAECHHEM, Y4UTHBAfA (1.39)
H (1.24), noayumn

€p€s €,
e.e. e,-e

8ps 8pt
&rs 8rt

1

V2

. . 1 1
glk=ef'ek='v_2' (evxer)'(esxet)':W

’

. 3neck ncnonbsosaHo csoletso (1.15) BekTopHo-cKanspHOre nponsBegerus
n esipaxkenne (1.19) ans gBoitHOro BexTopHoro npowu3sefeHHS.
paBuuBag 370 Bupaxenue aas g% ¢ (1.40), nonyunm

G=V% V,=+ VG. (1.46)
B cOOTBETCTBHH C NMPHHATHMH ONpEAENEHHUAMH (CM. § 1.5), 3HaK y kopus

B Clyyae npaBoii cHcTeMH BHOGHPAETCH MNOJNOMHTENbHEIM,
[TocKOMbKY aHAJOTHUHHM IyT€M MOXHO MONYYHTH

V=t VG, (1.47)
:rb, yunteBas V,.V' =1, noayunum, Kak cleicTBHe
G.G'=1. (1.4)

Takum ofpasom, o6beM napannesenunena, NOCTPOEHHONO HA BEKTOpaX

OCHOBHOro 6asuca, paBeH VG,ana BeKTOpax B3auMHoOro 6asuca —pasen VG,
Cayuait oproroHaabHbix 6asucos. Ciyuail OpToroHanbHHX Gasucos pac-
CMOTPUM 0C060, NOCKOJNBKY OPTOroHa/bHHE CHCTeMH KOODAMHAT HanGojee pac-
NpocTpaHenH B NMPHIOKEHHAX.
Kax yxe OHJO oTMeYeHO, OPTOTOHaAbHHE 6asuc COBMAjaeT CO CBOMM
B3aHMHEM. B atoM cayuae w3 Bennuun g, corxacuo (1.39) oTaHUHH oT Hyas

TOJIbKO g1y, £a22, &33-
~Torma us (1.40) u (1.41) cnenyer

Ay=gnAly Ap=ggAl Ay=guA } (1.49)
Almglid; MB=gi?d,; AP=gh4,
CnepoBatenbHoO,
gll:gﬁi; g42=§l—,; Qas=él§3 (1.50)
H, Kpome Toro, umeeM As?= g;, (Ax!)? + go, (AX2)2 4 gqs (AXP)2, (1.51)
Kospduunentnt H;= ¥ g;; (ue cymmupyeres o i) (1.52)

HOCAT HasdBaHHe kospguyuenmos JAams.
B cayvae opTOroHaabHHX KOOPIHHAT (H3HUECKHE KOMIOHeHTH A% y A,'

cosnajaioT. B npamoyzorsnod Oexapmosod cucrmeme Koopduram Qusuueckue,
K0BAPUAHMHAHbBIE U KORMPABAPUGKMHOIE KOMNOKEHmbl co8nadarom.
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[ rasa nepeas. OcrosHoie ceedenun ua sexkmoprod aizebpus

3aMeuaHre 10 NOBOLY «BEPXHHX» M «HHKHHX» HHAeKCOB. B cBaAsu c eBejeH-
MBIME O06O3HaYeHHAMH CYUIeCTBYeT NpPaBHJIO, HOCAulee B HeKOTOpoH cTeneHw
MHEMOHHUECKHH XapaKTep, KOTOpOe MOXET CJYXHTb NS KOHTPOJXS HaNHCaHHS
¢opmyan. 3T10 NpABHNO TNACHT: CYMMILPOSQHUE MOXEM NpPoUBOIUMLES MOALKO
no pasHoumenHsim (BepXnul U HUNCHUL) cHembim» UHOeKCaM.

Hanpumep, dopmyns A;BY, g’*A, n T. N. 03HAUAOT NpaBHJLHO HAMHCAH-
ne cymmpl, Ho Bupaxenns AFBE, g®AF ne mmeior cmuicna Kak CyMMBL.

B cBsi3n ¢ 5THM, o BHpaxennu A'=gi¥A, nHorga rosopsT. Kak o6 ome-
pauKH «NIOAHATHS HHAEKCa», a O BHpPaXeHHH A;=g;,A* —xax o6 onepa-
LM ¢ONyCKaHHA HHzeKca» (ONMepaTop—cCOBOKYNHOCT 9 KOI(PHUHEHTOB g
unu g,

Sﬂz 3aMeuaHust MOJE3HO HMeTb B BHAY W B JajibHelimieM, OCOOEHHO [pH
aare6panyeckux JeficTBHAX ¢ Tewsopamu. Bce BhilieckazanHOE OTHOCHTCHA K
KOMIIOHEHTaM TEH30pOB B CHCTeMaX O0O6uLeHHEIX KoopauHar. B NpAMOYTOJIbHON
AEKAPTOBOH CHCTeMe, KoHeuno, AonycTuMbt 3anucH A;Bj Ci,Ap u T. 1. (CM. TaK-
xKe crp. 100).

1.7. Ilepemennovie sexmopoi

BexkTop-(yHKUMS CKanspHOTo aprymMeHTa. BeKTophl, TaK e Kak
H CKaJAspbl, MOTYT H3MeHATbCA B NPOCTPAHCTBE OT TOUKH K TOUKe
U ¢ TeueHHeM BpeMeHu: A = A(r, t).

3nech paccMaTpPUBAIOTCA BEKTOPHI, 3aBHCSAULNE TOJIBKO OT ORHOH
CKaJIADHOA BEJHUYHMHBI—8EKMOP-PYHKYUU CKAAAPHO20 apeymenma.
Ee onpejenennde CTPOMTCH aHAJOrHYHO ONpeNe/EHHIO CKaJspHON
(QYHKLOHH CKAaJSAPHOTO apryMeHTa.

Ecau KaXaoMy JONYCTHMOMY UHCJEHHOMY 3HAYEHHIO CKassp-
HONl BeJHUYHHBI ! COOTBETCTBYET OfHO BIOJIHE ONpelieJieHHOe 3Hade-
Hue BekTopa A, TO rOBOPAT, 49TO 3ajlaHa BeKTOP-QYHKLUSA OT CKa-
AspHOro aprymesta f: A= A(f).

[lpu atoM, BoOGme roBOps, Bce KOMNOHEHTH SBJAAIOTCA (yHK-
uusamu 1 A, = A; ().

N3MeHeHue BeKTOp-QYHKIHH O3Ha4aeT H3MeHeHHe KaK BeJu-
YHHE, TAK W HalpaBJeHWs BEKTOpaA.

Hsmenenve BeKTop-QYHKLUHH OT CKaJsAPHOrO aprymenta rpadgu-
yeckH H3o6pakaercs eodoepagom eexmopa.

TogorpadoM BekTOpa A Ha3bIBaeTCsd reOMETPHUECKOE MeCTo,
06pa30BaHHOe KOHIAMH BEKTOpa NPH H3MEHEHHH [, eCJH BEKTOp
OTKJaawiBaTh (puc. 1.22) M3 HEKOTOPOA (HKCHPOBAHHOH TOYKH
(noJoca).

Ecnu BekTop MeHsieTcs TOJMbKO MO BeJHYHHE, TO €ro rogorpag
npaMasi (puc. 1.23), ecau BeKTOp MeHSeTCA TOJbKO IO Hanpas-
JeHHIO, TO ero rojorpagom sABJAseTca chepuyeckas KpuBas
(puc. 1.23).

Ecau BekTOp HMeeT rogorpadom npsAMyio, TO B ofweM cayuae
OH MOXET MEHATbCS KaK MO BeJHiHHe, Tak H [0 HANpaBJeHHulo
(puc. 1.23), HO Bceraa MOXeT ObiTb MpPEACTABJEH B BHAE CYMMBI

34 —

1.7. Hepemennvie sexmopo

NOCTOAHHOTO BeKTOpa H BeKTOpa nepemeHHoro TOJb KO 1O BeJHUKHHe:
A(t)=c+a(s),
a
rape c, WT‘,——-HOCTOHHHI:IC B&JIUYUNHbI,

Bexktopras npoussonnas. Eciu 0aa nepemennozo eexmopa A(b)
npu t—t, cyujecmeyem maxoil nocmosnwnoui eexmop A,, 4mo

lim | A (t)—A, | =0,

t—>1,

mo eekmop A, Haswgaemcs npedesom npu t—t, 8eKmop- -
qiea A () p ) p-PyHK
dA

ﬂponsaonﬂona— OT BeKTOP-QYHKUHH 1O CKajJsipHOMY apry-

o 5 8
A=Aﬁ) A=A(t) AcAlE) et
A=A[t)
A ¢
Puc. 1.22. Feo- Puc. 1.23.
METPHYECKOH Xa-  a) Fomorpad BexTOp-OYHKUHH, meHmOWEHCs TOMLKO MO BeHuHHe

PakTepUCTHKON A:] A |=const; 6) rogorpad BEKTOP-GyHKIHH., MeHsio

H . we#csa ToabKO
BeKTOp-(byHKuHH Hanpasnenuio | A [=const; B) BekTop-pyHKUHSA, HmeloWast rvorpacbgla
CHYKHT ee Fojo- NpAMYyI0, MOXeT ObITb 0OpefcTanieda B BHAe A(f)=c+a(i), rpe

c¢=const u a:|al=const

rpa¢p—xpueas,
ondceBaeMas
Konuom BEKTOpa

MEHTY (BEKTODHOH IPOH3BOJHOM) Ha3biBAaeTCH Mpejes (ecau OH Cy-
LeCTBYeET)

AU+An—A® _
—_—— === |lm
At At—>o0

a4 _da

lim g =22 (1.53)

At =0
[TockoJbKY BeKTO A4 1
y P A; HampaBieH MO cekywed K rogorpagy,

dA .
TO BEKTOp —=, ABJAIOWMACA MpefesoM %té npu A¢ — 0, Hanpas-
JieH MO KacarteJbHOH K roxorpady Bektopa A (f) (puc. 1.24).
d
Bexmopuas npoussodnas ETR scez0a Hanpasiena no Kacamens-

Holl K 2odoepaghy sexmopa A(t).
Ecnu Bri6paTte nocmosnwele, He 3aBHCSmUE OT U3MEHEHHS apry-
MEeHTa f, ocu Oexapmosotl NpPAMOY20AbHOL CcuCmemst Koopdunam, TO

A(t)=A, ()i,

rae i,—nocTOAHHbIE BEKTOPH,
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I'aasa nepsas. Ocnognvie ceedenus u3 sexmoprol arzebpot

Torpa
A, e (1) _ddy
df ~ CRTdt  \dt Jr dt
KoMnoHeHTH BEKTOPHOH NPOH3BOAHOH % ABJAIOTCH MPOU3BON-

HHIMI OT KOMOOHEHT BekTOp-GyHKuUHH A (f), ecan KOOpRUHATHAA
cHCTeMa He MeHsercsl ¢ TeueHuem apryMenta f. Ilpu sToM BenH-
yyHa BEeKTOPHO# MPOU3BOAHON MOXKeT GhiTh BHUKC/EHA MO popmyne

dA| dA N2 [dA;\2 . [dA,\?
=V (@) () + (@) (1.54)
Ecan r-—pajiuyc-BeKTOp MaTepHasJbHOH TOYKH, a f-—BpeMsi, TO
JABUKEHHEe TOUKH B caMOM ofiieM cJaydyae XxapakTepusyercs ee
ypaBHeHHEM [BUIKEHHS WM BeKTOpP-(yHK-
uuelt r=r(¢).
HeriuHHO#R ckopocTbio V' B MOMEHT Bpe-
Menu ! ABJseTcs BeKTOp-DYyHKIHA

d
Vity=5,

a UCTHHHBIM ycKkopeHHeM W — BekTop-dyHK-

Puc. 1.24. lpomssopHas ,ugq
BeKTOP-PyHKIUHA CKaNAp- v @
HOTO apryMeHTa fBAfeTcs W(t)="5%" 8T
BEKTOPOM H HampasJeHa dt — dt?
no KacaTteJbHOH K rofo-
rpacdy 3Tofl GYUKIHH [MpaBuaa audpepeHUpOBaAHKHSA BEKTOD-
GYHKUHH  yCTaHaBJUBAIOTCH M3 Onpe-

JeJleHHA NPOH3BORHOW BEKTOP-QYHKUUH H HMET BHL:

d dA | dB,
1) a‘t(A:I:B)=gg‘:|:dT,

d d dA
2) 7 (94) =FA+eg
d dA dB (1.55

d dA dB
4) GAXB)=F xB+Ax .

paCCMOTpHM, Hanpumep, A0Ka3aTeJbCTBO ITpaBuaa (4)’
€ (A B)=lim AN X BIAB=AxE

At >0
— i (AA x B)+(A X AB)+(AA X AB)
= lim =
At—>o0 At
. AA . AB . AA
= i (— B hm< ~> lim -= =
Jim (57 % B)+ Jim (Ax37) + lm 55 x AB

dA ' daB
——E' x B+ A Tt
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1.7. Hepemennnie sexmopo

3aMeruM, 4TO NpPH HCHOJb3OBaHHU NpaBUJa (4) crenyer Bceraa
YUHTHIBaTb HEKOMMYTAaTHBHOCTb BEKTODHOTO MpOH3BEAEHHS.
Heonpenenennwii uurerpan ot BekTop-hyHkuuu. Heonpederen-
HoM unmezpasom om eexmop-pyuxyuu A (1) Hasvieaemcs sexmop-
pynxyus B(t)= SA(t)dt, BEKMOPHAA  NPOU3600Has  KOmopoll
pasna A(t), m. e.
dB
d_t_A(t)‘
Taxkum o6pasoM,

B(t)=SA(t)dt+C, (1.56)

rie C—nOCTOSAHHBIH BEKTOD.

Ecau Bh6pana HensMeHHas (He 3aBHCsUlasg OT f) CHCTEMa Koop-
JAMHAT, TO KOMIOHEHTbl HEONpPEeAeJNEHHOr0 HHTerpaja MOJNHOCThIO
onpenessioTCs  HEOonpene-

?
. JJEHHBIMH HHTerpasiaMu OT 1) X3

KOMIIOHEHT  BeKTOpP-(PYHK-

B;={ A;(tydt +C, (1.57) "

Benununubl B; saBasworcs i
KOMIIOHeHTaMHi BeKTopa.

AHaJOTHYHO MOXHO
BBECTH MOHSATIE ONpeneneH- (K) %
HOTO MHTerpaJa. i 0 i i

3adauun c¢ pewenusmu 4
z, Z

3apaua 1. [Tonyunts popmy- Puc. 1.25. [TpeoOpasoBatHe JieKa pTOBHX
AH JHHeRHOI'O OpTOroHaNbHOro KOOpAHHAT
npeofpa3oBaHud KoopAWHAT.

Pewmenne. [lycTs B npocTpaHCTBe BBejeHbl JBe NPAMOYroJbHHE AeKap-
tolul cuctemul KoopauHat (K) u (K') (prc. 1.25). 3amaua coCTOMT B BhIpaxe-
HMH Koopzmlﬂar,(xl: Xa, X3) npousBosbHOH ToukH M B cHcteme (K) uepe3 Koop-

nunath ( x,, X,, %5) B cucreme (K') u Hao6opor.

flycTs 7 u 7’ —COOTBETCTBEHHO pajHyc-BeKTOpH ToukH M B cuctemax (K)
i (K'), optat Kotopux (&y, iy, ig) u ( &y, iy, ;). MMonoxenne nauana Oy cn-
cremu (K’) B cacteme (K) onpegensiercsi pajdycoM-BeKTOPOM Fgp, @ TOJOXeE-
nHe Hauana cuctembl (K) B cucreme (K')-—paanycoM-BeKTOpoM r;, TAK Y4TO
ru==—r:,. [lycts, naxoHen, @, KOCHHYC yrila MeXay i-il OCBIO CHCTeMbl (K’)
n k- ocwio cucremn (K), Tak, uTo

@ =cos ( x;, x,) =11, *)
Toraa (puc. 1.25)
r=r’-+ro;
r@=r+r.’,.
-~ 37



laasa nepsas. Ocnosnoe ceedenus us sexmoprod aszebpor

Hcnonssys Belpaxkenne pis pajHyca-BeKTOpa, HOJYYHM *;
Xelp=xp L+ 23" 1 **)
. ‘o o
X lk—xkik-{—xk L. (**%)

YwuHoxas (**) ckaaspHo Ha {;, a (***) na i;. W Hcnoinsys (1.8) u (¥),
o yYHM:

—{ i ’ 01 ’ 01,
xp=( - 4;) 1y + 5] =y Xp X7

C e o '
xy={ 8 1)) 2, +x; =0y X, + 1"

OTH BHpaXeHMs H MNPeaCTaBASIOT GOPMYJH JAHHeHHOro OPTOroHaJILHOTO

npeo0pasoBaHHs KOOPJHHAT.

Kosgdunuents stux dopmya YAOBNETBOPHAIOT YCAOBHAM OPTOrOHANLHOCTH,
OTH YCNOBHS MOXKHO NONYUHTD, ucnosbays dopmyny (1.9) mas pasnoxenus

opToB i, cuctemnl (K) no opram i, cucremn (K’) v opros i; no oprtam ij.
Monaras & (1.9) A=1i;, nonyuum
L=a,, i,
Ananornuno nonyuum
=0y, 1.
YMHOKasi nepBoe pas/OMKeHHe CKAAPHO Ha i;e, a BTOpoe —Ha I, NoNyuuM:

L dy=a; oy,
i i,=0,,a,,.

Hcnonbsys (1.8) u BBOozs cumeon Kpotexepa

s 1, ecau i =k;
o=
¢ 0, ecan ¢ # &,
noNy4 HM:
0oy Oy = g,
&y Oy =0y
3apa4a 2. /lokasathb TeopeMy KOCHHYCOB 8 TpeyronbHuKe.

Pewewnne. Hzobpasum croposn Tpeyrodniuka ABC B BHJE BEKTOPOB
AB=c¢, AC=b, CB=a.
Torna

a--b=c.
BosBsoas B kBappar, nosiyuum
a®4-b%4-2a.b = 2.
Hcnosnays noHsTHe CKasipHONO Npov3BejeHus, noJyuuM

a-b=abcos (a, b) =ab cos (N —o) =—ab cos o,
rae a= / ACB. :

* CsiegyeT NMOMHHTE, 4To
3

Xply = Z Xplp = x10y + Xolg 1 Xgl5.
k=1

38 —

_ 3adauu c pewenuamu

Takum ob6pa3sowm,
?=q® 4 b? —2ab cos a.

3apaua 3. [JokasaTh, 4TO
cos (o —f)=cos & cos P {-sina sin f.

Ykasanune. [lpumennts dpopmyny

ab
cos (@, b) =+——r—
lallb]
K LByM BexTOpaM |@|=|b|=1, JexaluM B IJIOCKOCTH (Xy) U COCTABASIOUIHM

yrael o u f§ ¢ ocbio (x).

3apaua 4. BepasuTb cxansapHoe NPOH3BEJEHHE ABYX BEKTOPOB Hepes KO-
BapHAaHTHHE H KOHTpaBapUaHTHHE KOMIIOHEHTH.

Pewenue. [lo onpegenenno

A-B=Aie,--Bkek=Aie‘-Bke”=Aiei-B”ek=A’e,--Bke”=g,~kA‘B"=-
.—_'gikA,'Bk“—‘AiBi:AiBi,
u6o B cuny (1.39)
- 0, is#k
k-— k= .
&= { 1, i=k

Tak kak Monynb BexTopa A, Hampumep, paBeH

A=A =Vﬂ = Vg,-kA"A”= Vgi"AfAk= Vm,

TO yrojt MeXAy Bektopam# A H B Moxer OHTb HalilleH 1o ojHoll M3 cleAyio-
wHxX $popMy.:

ginA' B _ g*AiBy ___ AB
VenAiatV g8V g#a,4,V ¢¥8.8, V 4,47V BB
(4ucnHTENb W MOJKOPEHHOE BhHIPa)KeHHEe 3aNHCaHBl B COKpalleHHHX 0GO3Haue-
HHUSX).
3apaua 5. BeipasnTb BeKTOPHOE INpon3BeleHHe JABYX BeKTOpoB B KoCO-
YyroJIbHOR CHCTEMe KOOPAHHAT.

Pemenmne.
ITo onpenenenuio

(C=A X B=Ale; x Ble;= (Ale, -+ A%e, 4 Aleg) X (Ble, - Bley X Bley) =
= A1B! (g; X e;)+ A1B? (¢; X e;) - A1B3 (e, X €3) -i—-AzBAl (e2Xe€)+...+
+ A3B3 (e; X €;) = (e; X e;) (A'B/— A/BY).

Ho no (1.24) u (1.46)

cos (A, B)=

Vet=e; x e V,=VG.
TTostomy
C=AX B= C,,ek,
rue
Cr=V G (A'B/— A/Bi)
Tak Xe MOXHO MOKasaTb, UYTO
1

“Va

Cc* (A;B,—ABy).
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[rasa nepsas. Ocnosnule céedenun us eekmopHod arzeBpoi

3apaua 6. Bosecrnu ocnosuee Gopmyav ciepuseckod mpuzoHomempuis.

Pemeunne.

BoabmeMm na cdepe epxuHuuHoro pagmyca coepuieckuft Tpeyroswuuk ABC
(puc. 1.26), enicexaemuilt Tpexrpanmbim yriom OABC. [ycms o, B, y—yrau
STOTO TPEYro/bHHKA, a NMHHE ero CTOpoH paB
HH @, b,c. [lockonbky pagnye chepbl paBen egu-
HHUE, TO @ paBHO naockoMmy yray BOC, b—
nnockomy yray AOC u c—nnockomy yray AOB.

YCTaHOBHM 3aBUCHMOCTb MEXAY YIAaMH ,
B, y cdepuueckoro Tpeyronxbuuka u ero cropo-
HaMH a, b, ¢ (NJIOCKHMH YTJaMH TPEeXTpPaHHOro
yrna OABC).

BBegeM edunu4nse BeKTOPH e€;, eg, €3
(puc. 1.26), uanpaBneHHble H3 ILeHTPA Chepu K
BepIUHHaM cdepHUECKOro TPeyronbHukKa,

Yron wmexay nnockoctamu OAC u OAB
(yron @) paBeH yriay MeXAay HOPMAaXsIMH K 3THM

nnockoctaM. [lostomy
Puc. 1.26. O6o3nauenns yr-
108 coepuueckofl TpuroHo- cos quem €1 X €3) (61 X &)
MeTpuH ler X eg]-1e4 X e,

MepecTaBads B CMEWAHHOM TIPOH3BEACHHH UHCIUTENS COMHOXHTENH H pac-
kpuBas no (1.19) nsofinoe- BEKTODHOE IPOM3BEAEHHE, a4 TaKXKe YuHTHBAf, 4TO
ley X ea|=sinb; |e, X es|=sinc, '
nonyuuM
e1-les X (61X e3)| _e1-ley (e9-€5) —e3 (92'9x)l=

cos 0= : : - -
sinb.sinc sinb-sinc¢

COs a—cosc-cos b
= sinb.sine
Orciona UMeeM
€os a==cos b cos ¢ -} sin b sin ¢ cos a.
CoBepiIeHHO aHAJOTHYHO MOAYHAOTCH POPMYJIH:
cos b=cos ¢ cos a'+sin( sin a cos f§;
€08 ¢=c0s acos b--sina sin b cos y.
Bropyio rpynny copMmys NojiyunM, BBYHCASS CHHYCH YI/OB @, B, v.
Hanpnmep:
|{e1 X e3) X (1 X el

sing==
ley X egl-ler X e

HutaTemo npepiaraerca nojyddTh COOTHOLIEHHS
sina_sinf _ siny
sina” sinb  sine¢’
3apava 7. Cocmasums ypasxenue npamod & eexmopHold Gopre.

PaccMoTpum Heckosbko cryuaes onpeneNeHHs ypaBHEHHs NpSMoil B npo-
CTpaHCTBe. ~

1. CoctaBuTb ypamHenne npAMoil, npoxoasmef uepes ABe 3ajaHHHe TOYKH
A u B (puc. 1.27) B npoctpancTse.

Pewenwue. IlycTb @ H b -—paiuycul-BeKTOPb 3aJAHHBIX TOYEK OTHOCH-
TeNIbHO MeKOTOporo Hauasna. Torga ycnoswem Toro, 4To mobas Touka M (ee

40 — '

3adawu ¢ pewenuamu

paguyc-BeKTOPA £) NeXHT Ha NpAMOH, sBafAETCA YCJOBHE INapan/eNbHOCTH
BEKTOpPOB F—a H b—a, T. e.

r—a=\>:(b—a)

TakuMm o6pasom, ecnu paccMaTpuBaTh A Kak mapaMeTp, TO YypaBHEHHe
npaMoit B napameTprHueckoil opME MMEET BHIL

r=a-+h(b—a).

Pnc. 1.27.

ay Tpaman, npoxoAamas qépea ABe aafaHHHe TOUKH; O) TpaAmasn,
ans KOTopoi 3ajlaHbl TOYKA K HanpaBJeHue; B) K HopManbHoO#t dopme
ypaBHeHHsa NJOCKOCTH

Us storo ypasueHHS, yMHOXHB €ro BEKTODHO Ha § —a, MOXHO HCKJIOYHTb
napametp A. Toraa nonyuum

(r—a) X (b—a)=0,

HJH
’ rx o—ay=axb

2. CocraBUTb YypaBueHHe npsAMofi, ApOXOAfulel uepes 3aNaHHYI0 TOUKY
A (a) napannenbHO JAHHOMY BEKTOPY €.
Pewenne. Hcnonb3osaB ycnoBHe NapaiNeNbHOCTH BEKTOpa 7-——a W BeK-
TOpa €, NOJYUUM
r=a-Ae,

rge A —napamerp. ITOT napaMerp MOXHO HCKJIOUYHTb, YMHOXKHB ypaBHEHWe
BEKTOPHO Ha é:
rxe=axe.

3. CocragnTh YypaBHeHHe NpsMoifl, NpoXonfuleil 4Yepe3 3aNaHHYIO TOUKY
A (@) nepNenAMKyNSPHO ABYM 3ajaHHmM BekTopam N, H N,.
OTBET.
r=a+hi(N; X Ng);
(r—a) X (N X Ng)=0.

3agaua 8. MMonyunts ycnosue Toro, uto Toukk A (a), B (b) » C(c) nexar
na opnoil npsamofl. .
PeweHue. Micxond us pemeHns Npeapiaymed 3agayt, 5T0 YCJAOBHE MOXKeT
6HTb 3aMHCAHO B BHAE
€1—0; _ C3—0y _ (303
b,—a, by—a, by—ay’

rae a;, b;, ¢;—AEKApPTOBH KOODPAKHATHI COOTBETCTBYIOUIHX TO4YeK B HeKoTopoii
cucTeMe ¢ Hayanom B touke O.
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[lokasarts, YTO HCKOMOE YCJOBHE MOXKET OHTb 3aMHCaHO B BHJAE
(aXb)+4(bXec)+(c X a)=0,

H BHACHHTb FEOMETPHYECKH{l CMBIC/I 3TOrO YCJOBHA.
3apaua 9. Cocrnagumo ypasHewue nAocKOCmuU 6 6eKMOPHOL ghopme.
PaccMOTPHM HECKOJIBKO CJ/ly4aeB OfpefeNeHHs MJOCKOCTH B NPOCTpaHCTBe.
1. CocTaBHTL ypaBHeHHe MNJOCKOCTH, INPOXOASIWEH Yepe3 TPH 3ajgauHHeE
Toukn A (a), B (b), C (¢).
PeweHue YpaBHeHHE ONOCKOCTH NOJNY4YaeTCHs M3 YCAOBHA KOMIJaHAp-
HOCTH BeKTOpOB r—a, b—a, ¢—a ¥ HMeeT BH] B NapaMeTpHYecKofl gopme

r—a=»h(b—a)+uc—a),

rie A, u—mnapaMerphl.
I8 HCKMIOYEHHS NapaMeTpoB YMHOXKHM 3TO ypaBHEHHE CHauaJja BEKTOPHO
Ha ¢—a, a 3aTeM CKaaApHo Ha b —a. Tloayuum

lr—a) X (c—a)]-(b—a)=0.

OT0 MOXHO GBI HanHcaTbh cpasy, ecJH yuecTb HeoGXOAMMOE H NOCTAaTOU-
HOEe yCcNOBHe KoMInaHapHocTH Tpex Bektopos (1.17).
2. CoctaBHTb ypaBHeHHe MJNOCKOCTH, npoxonduel uepes nse Touku A (@),
B (b) napannesbHO 3ajaHHOMY BEKTOPY €.
OTserT.
{(r—a) X (b—a)]-e;=0.

3. CocTaBuTb ypaBHeHWE IJIOCKOCTH, Npoxoadmeid uepes Touky A ()
napajnenbHO ABYM BEKTOPaM €, H €.
OTserT.
[(r—a) X e,]-e,=0.

4. CocTaBHTb ypaBHeHHe NJOCKOCTH, €CJNH 3ajaHO ee PAacCTOSIHHE p OT
Hauasia O (puc. 1.27) u Hanpaenenne neprnewgHkynApa ¥ Heil (OpT m HopMany
K IJIOCKOCTH).

Pewenne. Ecin n—o0pT HOPMANH K NJIOCKOCTH, HanpasJ/ieHHHH B cTO-
poHy, rae He JXeXHT Hadano (0), To njid J1060f TOUKH 7 NJIOCKOCTH CHpaBej-
Jaupa dopmyJa

r-n=rcos(r, n)=p.

3To WM ecTb ypaBHEHHe IVIOCKOCTH (HopManbkad QopMma ypasHeHHd MO~
CKOCTH). .

3apgaua 10. Ilyctb B TeTpasape ¢ nAowWanAMK rpaueil S;, Sy, S, S 1POBENEHE
yeTelpe BEKTOpPa Sy, §;, S5, §y TakHe, UTO HX a6COMIOTHHE BENHYHHB PABHM
COOTBETCTBEHHO MAOWAnsAM rpauedl | §;|=s;, a nanpasneHHs NepPNeHAHKYNAPHMH
K 3THM rpausam. [lokasatb, uTo

Sl +Sz+33+34==0-

¥'xasanue. Vicnonp3oBaTh MNpeicTaBJeHHE IJOWAAH 4epe3 BEKTOPHOE MPo-
H3BeeHHe.

3apgaua 11. [loxasaTb, 4TO GeCKOHEYHO MaJibie MOBOPOTH HABJAIOTCH BeK-
TOpaMH.

Pewewuwne Paccmorpum nepsuit npumep 1.2 (puc. 1.3, a).

Beenem sextopu OA,, OA,, OA, f[lepenit nNOBOPOT cHEPH MOKHO 0XapaKs«
TEepH30BAThb CMELlEHHEM TOYKH ee M3 mojoxeHus A; B Aj, a BTOPO# —u3 noso-
wenns A, B Az Ecan cuvraTe yriau «,, G, ¢, MaJbiMH, TO MOMXHO 3alKCaTh:

0Ay=04;+A;A;=0A,+4 (0, X 04)).
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JeficTBuTeNbHO: |a1xOA,]:arOAl:A\Jz:]A‘Az] H, KDOMEe TOrO,

BexTOp Oy X OA; Hanpas/eH B Ty Xe CTOPOHY, 4TO M BeKTOp A A,
Ananornuno

O_Agzms‘]‘m:a—xz‘]‘(az >/< 04,).
floacTasaaa cioga nosiyuensoe Buiue Bmpaxenue Anf OA,, noayumum
0A4;=04, + (o, X OA4y) +a, X [04, + (a; ¥ 04))] =
=04, + (a1 +@,) X 04y +-0, X (0 X 04,)=
=04+ (a;, + ;) X 04, +a, X (a, x O4,). *)

C apyrofi CTOPOHH, ec/iH BBECTH MOBOPOT Og4, IlEPEBOAAMIUA TOURY H3 A,
B Az, nosyunm

0A;=04,+a; X 04,. ")

Ecau @, a5, 03—6eCKOHEUHO Ma/ible BeJIKUHHEl, TO TOrAa (M TOJNbLKO TOrja),

oT6pachiBasi GecKOHEYHO MaJible BTOPOro IOPHAKA M CPas-
HuBas (*) n (**), nonyunm

O3 =0 + O =0; }-0;.

Taknum o6pa3om, GecxoHeyHO Manble MOBOPOTH ABJIAIOTCH
BEKTOpaMH, HO6O OHH NORUHHAIOTCH 3aKOHaM BeKTOpHOM
anre6pbi (pe3syNMbTHPYOWKA TNOBOPOT SBASETCS TFeOMeTpH-
4ecKOH CyMMOH ciaraeMmbiX, BeJHYHHa KOTOPOH He MeHseTcd
OT HM3MEHEHHMH TIOPANKA cJaraeMbix).”

3apaua 12. Hailtu pacnpegfestende cKopocTell TOueK
TBEPJOTO T€/14, HMEIOLEro HeloABHKHYI0 TouRy O (puc. 1.28).

Pemwenue CMecTHM T€70 H3 HauaibHOrO MONOXKe-
HEA B ONH3KOE Tak, uTO €ro HekoTopas Touka M (r) mepeii-
IeT B nosoxeHne M;. DaemeHTapHOe cMemerue AF TOYKH Puc. 1.98. Cko-
M wmoxer OhTb BbHIPaXeHO, COTJAacHO npefupymedl 3apaue, U O
yepes BEKTOp OeCKOHEYHO Majioro MOBOPOTa A ClefYIOWHM
o6pasoMm:

w

POCTb H OcecTpe-
MHTeNbHOE  yC-
KODeHHEe Touek

Ar=Ag xr. TBEPAOro Tena,

Pasgesus na Af (Bpems Nepemewenns Toukn M B M,) u  HMMeioulero nemo-
nepefins K npegenay npu Af — 0, noayuum NBHXHYIO TOU-

K
V=0 xr, y
— e AP im A®
rpe V= lim — —ckopocte Touku M, a @= lim 2%® _mruosenuas yriosas
At >0 At At >0

CKOPOCTb BpAlleHHs TBEPAOTO Tena.

Ira dopMysa HOCHT HasraHHe gopmysst Jdaepa.

3apaua 13, Jdaeposor ya.oi.

Kak crepyer u3 Qopmyn nuHelfHOro opToroHanbLHOro npeo6pasoBaHus
KOOPAHHAT, MoJioKeHHe cHcTeMbl (K') Mo ortHowenHio k cucteme (K), wMeiome:
¢ Helt ofllee Hauano, MOXKHO ONDEACNHTbL MpPems HE3ABHCHMBIMH TapaMeTpaMu
(neBsATb KOCHHYCOB yrnoB Mexny ocamu (K) w (K') LROMKHB YIOBXeTBOPATH
IIeCTH YCJOBHAM ODTOrOHa/MbHOCTH). B kauecTe Tpex napaMerpoB R KHHeMa-
THKE 3a4acTyio BHOHpaoT yraw Jinepa.

" CrcreMy (K) 8 cuctemy (K') MOXKHO nepeBECTH NPH NoMOmH Tpex nosopo-
ToB (pHc. 1.29): l& Ha yroj P BOKPYT OCH (x3) (Yrom npemecchu); 2) na yroa
0 Bokpyr auHEH ON (nnHus yanos ¢ oproM m), rae O-—yroa wyraumus; 3) Ha
yrost ¢ BOKPYr OcH (x,) (Yroq YHCTOTO BPAWEHH?).

Hesasncumuie napamerpsl P, g, ¢ HasblBAWOTCA yriaMH Dinepa.
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Tpe6yerca BHPa3HTh OPTH i'l, t;, i; cucreMbl (K’) uepes opTh i, Iy, I,
cucreMsl (K) n yras Jitnepa.
Pemedne. B 3agaue | 370l rnaBul GblIO NOJYYEHO:

1= 0yl 0y ly 0yl
l;=a2,1ll+a2,2l,+a2,3i3;
ly=0g b+ 0y 0+ 0y s
W3 cpepuueckoro TpeyroibHHKa, ofpasyemoro ua ennuuunoft cdepe KoH-
[aMH OpTOB {,, n W I,, COTacHO QOpMyJaM, NOJNyYeHHHM B 3ajade 6, nosyuum

0171 ==COS (l'l, i) =cosy cos ¢ +
+sin ¢ sin cos (—0)=
=cos ) cos ¢— sin ¢ sin P cos 0.

M3 gpyrax cdepnueckux Tpe-
yroJbHHKOB IOMXYYHM, BHOGHpas

KaXzbli pa3 ofHy BepIIHHY B KOH-
e OpTa 7 JHHHH Y3JO0B:

@y 1g= c0s (i}, )=

n
= COS ¢ COs (—5 —-q,) +

U

5 ——\p) cos b=

-+ sin ¢ sin (

=cos ¢ sin P --sin ¢ cos P cos 0;

Puc. 1.29. dfinepoBnl yris

a,.,==CO0S (i;, i3) =cos (pcos—’-;— +-sing sin— cos (l—ﬂ) =

2 2

1’3

= sin ¢ sin 6.
Takum o6pasom,

i; =={; (cos  cos ¢—sin ¢ sinmP cos 6) 4
+ 1, (cos @ sin P sin @ cos P cos 8) -+ I, sir @ sin 6.
OctasibHble QOPMYNB HMEIOT BHA
i; == {; {—cos } sin ¢ —sin cos ¢ cos 0) 4-
-1, (cos P cos ¢ cos 8 —sin i sin @) 415 sin O cos @;
i; =1, sin { sin 8 —{, cos ¢ sin 047, cos 6.
3apaua 14. lokasaTb, uTo (CM. YCJNOBHe npeaniayuiefi 3apaun):
1, = (cos P cos ¢ —sin ¢ sinPpcos 0) i; + (—cos P sin ¢—sin P cos ¢ cos 0) i; +
+i'3 sin { sin 8;
i; = (cos @ sin P+ sin @ cos P cos 0) i; +
+ (cos W cos @ cus B —sin § sin @) £, —i; cos § sin 6;
fy= 1 sin @ sin 8+ 7, sin 6 cos ¢ + 7 cos 0.
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3agaua 15. MomeHr My chHan F OTHOCHTe/NBLHO TOUKH O onpegensercs

BhIpaKEeHHEeM
My=r x F,

rie r—pajHyc-BeKTOp Hauana BekTopa F OTHOCHTEJBHO TOUKH 0.

MowmenToM CHAM F OTHOCHTEABHO OCH (1), npoxoasumedi uepes Touxy O,
HasmBaetcs npoexuus M, Ha och (¥), T. €.
- M,=My-ty=(r X F)-a,,
rae Ho—opT ocH (u). '

MokasaTb, 4To BeauunHa M, He 3aBHCHT OT pacnonoxeHus Touku O ua

ocH (u).

3agaua 16. [lycte B TouKax, oIpejeNsieMHX panHyCaMU-BeRTOpaMH Fy,
P24 ..., Fgo ..., I OTHOCHTE/JbHO HEKOTODOro Hnatana 0, pacnonoXenr
sapsfs, paBHble COOTBETCTBEHHO €y, €3, «.. . €k, ... Ep:

JunoarHHM MOMeHTOM 3TOH CHCTeMbl 3apffoB OTHOCHTEJbLHO HauaJa 0o
Ha3hBaeTcs BEKTOD
n
p= Z eprp.
k=1
HasoBem IleHTpoM 3apsjoB (N0 aHAJOFHH C LEHTPOM Macce) 3TOfl CHCTEMB!
Touky C, onpeaensieMyio pajnyc-BEKTOPOM,
mn

R p ;1 erls

n = n‘
kE e Z ek
=1 k=1

n
3Ty TOUKY MOKHO ONPeleNHTb, ecai 2 ep # 0.
: £=1

n
1
Ecau z, ep=0, TO cHcTema 3apsnce HekTpanbHa.
k=1 ’
1. [Toka3aTh, YTO AMMOJbHHI MOMEHT HeHTpanbHOH cHCTeMHl He 3aBHCHT
OT Hayana, OTHOCHTEJBHO KOTOpPOro OHM BHUHCAfAETCH.
2. BupasnTb AuNOJbHHE MOMeUT uepe3 IEHTPH CHCTEM MOJOKHTENBHHX
¥ OTPHIATeNbHBIX 3aPANOB, COCTABAAIONHX HEHTPAJbHYIO CHCTEMY.

n
Pemenue, |. [lyets p= 2 eyl —IHTONbHEIH MOMEHT OTHOCHTEJ/bHO
k=1 .

n
- 3 ’ . —— .
Hauana O, a p' = 2 eyr, —OTHOCHTE/IbHO HauaJa O, npuuem 00" =r,.
k=1

Torpa r,=rp+r, ChaenoBatensHo,

n n n n
. Y \] -y
p’== 'Zlek’k—kz ek(’k f ’0)=kzlek’k+’o 24 ek
) =1 = 1

. n
Tak Kak cHcTeMa 3apsajoB HeHTpanbHa ( Z ek=0> , TO}
=1

n
p= ;1 eprp=p.

. n .
2. Ilycts 2 ep=0. Torga B cucTeMe eCTb OTDHLATE/]bHbE 3apAAHl &, H
k=1

MONOXKHTENbHEE e;. Pa3obbem BCi0 CyMMy 3apsj0B Ha CyMMB MOJIOKHTENbHBIX
H OTPHLATENbHHIX, T. €.
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lrasa nepsas, Ocuosnsie csedenus us 8eKMOPHOL anzebpot

n
> = ¢; + X ef =0.
k=1
Torpa o6o3nauum
et = — e, =0Q.

[To onmpepesenmio, weHTPH MOJMOKHTENbHHX H OTPHUATENbLHBIX 3apfnos
HAXOAATCA B TOYKAX, PANKYCH-BEKTODH KOTOPHIX paBHBbI

R 2% Tk R-o D TE
e

e’

Torna aunoJbHBI MOMEHT CHCTeMb paBeH
raa
p=2 =i ri+Y e ri =R+ Y ef +R Y er = Q(R+—R").
£=1 .

3apaua 17. Cmoaxnosenue wacmuy. [lyctb gBe 4acTHUB OJKWHAaKOBOH Macchl
N0 CTONKHOBEHHS HMeNH CKopocTd V| u V,, a nocjie cTONKHOBEHH 4 npuobpenu

ckopocts V, u V, (puc. 1.30). [NocKoMbKY CcTO/IKHOBEHHe uyacTHL [POHCXOAHUT
nox AeficTeueM UEHTPAJILHEIX CHJ, TO, KaK K3BECTHO H3 MexaHHKH, WX TpaeK-
TOpUH 6yayT AeXKaTb B OQHOH MMOCKOCTH B CHCTeMe KOOpPJAHHAT, Tae NMOKOHTCS
UeHTP nHepuHH. [l TaKOTO CTOJKHOBEHHS CIpaBeAMHBH 3aKOiibl COXpaHeHHS
KOJIKYEeCTBa JBHXKEHHS H KHHETH-

Z, 4eCKOl sHepruu CHCTemul (noTeH-

Ha/IbHasd SHEPrus 40 H 110C/e CTOM-

KHOBeHHSl paBHa HY.10); AO3TOMY

Vit Va=V,+V,,

. . *
VitVi=Virve )

":., Z, 1. Bbipasutb cKopocTs nocae
cronkHoBenns V. u V, uepes a-
yajnbHble CKopocTH V, u V,.
2. IMoxas3aTb, 4TO OTHOCHTE/b-
Hble CKOPOCTH
U= b’2'—",11
Z U=V,—V,

Puc. 1.30. CrosxHoBenne uacTuu 1o (U) u nocne (U') cToiKHOBEeHus

paBHH Mo a6CONMIOTHON BesiKuHHe.
Pewenwue 1. Cucrema (*) npescTaBasieT coboii CHCTEMY yeThipex cKa-

AAPHHX ypaBHEeHHH OTHOCHTENLHO LIECTH KOMMNOHEHT CKopocTell V, V,. Takam

oGpasoM, seHOe Bulpaxetine V., V, uepes V, u V, MOXeT 6uTb OCYuecTBIAEHO
BBEJACHHEM ABYX [OMOJHKTE/IbHBHX NapaMeTpPoB, XapaKTEDH3YIOUWHX TEOMeTpHIO
CTONKHOBEHHA [MoJloXenHe NNOCKOCTH TPaeKTOPHH B HEKOTOPOH CHCTeMe
(x1, X3, x5)]. OTo oamauaer, 4TO CTOMKHOBEHHE ABYX 4ACTHI MOXKET GbTb NOJ-
HOCTbIO OXapaKTEPH30BAHO 3HAYEHHUEM NBYX reoMeTpHUYECKHX [MapamMerpoB. STu
FEOMETPHUECKHE NapaMeTPsl Mbl BBejeM MpH momoulh opTa k(| R|=1) no na-
[paB/IeHHIO H3MEHEHHS CKOpocTH nepBo#t wacTuuw (puc. 1.30), 1. e.

V,—Vi=kA. **
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Jisa He3aBHCHMHBIX yraa, KOTOpHE COCTaBASET B C OCAMH CHCTeMbi (xy, Xg,
Xg), MOTYT ObITb MDWHSATH 33 rEOMETPHUECKHE NApPAMETPH CTOJKHOBEHH .
Torga W3 nepBoro ypaBueHHs cCHCTembl (*) crexyer

V,—V,=—kA. (**¥)
IMoncrasaas V; H V; u3 (**) u (***) Bo BTOpOE ypaBHEHHWEe CHCTeMmbl (*),
nonyuuM Beipaxenue ans A. Hmeem:
Vi+Vi=(Vi+RAP +(Va—kA) =
=V2424 (V,-k)+ A4 VE—24 (Vo k) + A
Oreona A=k (V,—V)=k-U.
Torpa u3 (**) u (¥**) nmeeM
V=V, +kkU); V,=Voa—k(k-U).

(***#)

3t dopMynH M AAOT ABHOE BHIDaKEHHe KOHEUHbX cKopocted V. n V,

BeKTOD R.
yepes ckopoctd V; H V; 10 CTONKHOBEHHS H
d 2. BuluuTas u3 BTOPOTO ypaBHEHHs CHCTeMb &****) nepBoe, monyuumm

U =U—~2k (k- U). (*****)

BosBoad B xBajgpaTt, NOAYUHM ,
U*=U2,
T. e. U'=U —BennyHua OTHOCHTE/NBHON CKOPOCTH HaCTHL COXpaHAeTCs IpH

CTONKHOBEHHH. ,
Hetpynuo nokasaTb, 4To BekTop k jenut yroi mexay U u — U’ nononawm,

JleficTBHTENbHO, YMHOXHB (****¥) cgaispHO Ha R, NOJNY4UHM
U.k=—U-k
3apgaua 18. PaccMOTpeTh CTONKHOBEHHE YaCTHIL C PA3HBIME MAaCCaMH my H M,.
Moxa3aTb, 4To BeJHYHHAa OTHOcHTenbHOH ckopoctH U= V,—V, coxpandercs
Npd CTONKHOBEHHH. ) L ’
Pewenne [lycte py=mVy pa=maVs; p,=mV; p2y=m2V2, rae
P
V,, Vi—CKOpPOCTH HaCTHU 10 CTOJKHOBeHus, a V,, V, —rnocie CTONKHOBEHH .
- 3aKOH COXpPaHEHHS KOJINYEeCTBa ABHXEHHS M KHHETHUECKOH SHEPrHH HMeeT
-
BHA
. ,
Pr+pPe=p,+ P,

2 .2 2 =_"ﬂ)‘ *

BBoas opT kB COOTHOLEHHAMH
PL—P =kA, p,—pr= —kA
u onpejenss A U3 BTOpOre ypaBHEHHHA (*), nonyunm
2 2m,
A =-l—+—'—n k- (mpz—pl) = 1—_}7" (k U).
CrenoBaTebHo,

, 2
Pr= Pyt [y B Ll (mp = po)) =y + o, - U
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. 2 2
Py=Pr~ T kik-(mps—p)l =0, —-l—_:'—;n k(k-U).

Orciona nmeemt
mp, —p, =mpy—p, —2k [k+ (mpa—p1)),
HJH
U =U—2k (k-U), **)
rne o603HaueHo
U'=V,—V,.
BosBsoas sunpaxenue (**) B KBappart, MOJyYnM
U'=U.,

3apaua 19, Iloxkasath, uTo ecau cHJA, JeficTBywoulas Ha MaTepHAaNbHYIO
TOYKY, HanpaBJieHa Bcerja MO KacaTeNbHOR K TPAaeKTOPHH, TO TPAaeKTOPHA
TOUYKH eCTb npaMas.

. d*r -
Peweunue Cuna panna F=mW=m 8" Ecsin oHa HanpaBdjeHa uo Ka-

. dr
carteJbHOH, T. e, Mo v=d—t, 10 aVe=mW, unu

&cr dr
wmtoa=’
Hurterpupys, noayunm
dr
a—;+ar=b.

PemenHe 5TOr0 ypaBHEHHS MOXKET GHTb MPEACTABNEHO B BHJE
. b
f=0f,(t)+—a-v - *

rae ¢— nocTosiHHHA BekTop, a [ (f) —bYyHKIHA, YROBJETBOpPAIIAA YPaBHEHHIO
" (&) +af (£)=0.

Y paBHenue (*) noxkasmBaer (cM. 3anauy 7), YTO TPaeKTOPHS TOYKH aeficTsu-
tejqbHO npamad; [ (f) onpeiensier 3aKOoH [BHXeHHS MO ITOH NpPAMO#.

3amaua 20. [loka3aTb, 4TO TPAaeKTOPHS TOUKH SBAAETCH NJIOCKOA KpHBO#,
eC/lH ee ypaBHeHHe [ABHXKEHHH r==r ({) TakoBo, 4TO

dr [(d3r dr
a’ (dt_’ X a'ﬁ) =0.
Peme HHe. M3 ycnoBHA 3anaun umeeMm:
d3r d’r  dr
am=ar g
rge a, b-—noctTosuHbie,
Hurterpupys, nonyuum
d—2£-=ag:+br+c
de3 dt '
Pelenne 3TOro ypaBHEeHHS MOXeT GblTb IpeACTaBJNEHO B BHIe

r=—geth OBt () **)
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3adauu ¢ peweruamuy

rae By, B;—nDOCTONHHHE BeKTOPH, a f; M f,—ABa HESaBHCUMHX peweHHs

ypaBHeHHuS
" ==af’ +b.

Ypasnenne (**) sBnserca ypaBHeHHeM MJIOCKOCTH (cM. 3apady 9).
3apaua 21. [lokasaTs, 4TO TPaeKTOPHS MaTepuasbHOl TouxW, ABHXKYymedics
noa neficteneM HbioToHOBCKOR cHMIB NPHTSAXKEHHS, €CTh KOHHYECKOe ceueHHe,
PeweHHe. YpaBHedue ABHKEHHS TOUKH HMeeT BHA:
av r ro

a——==——a;;,

T T n
dr r
rie a=const, V=E—t » Fo=1—- —ODT PajHyca BeKTOpa TOUKH.
YMHOXKHB 3TO ypaBHEHHE BEKTOPHO HA 7 W NPOWHTErpHpPOBaB N0 f, MoJy-
YHM nepBH WHTerpaJ ypaBHeHHs ABHXeHud (cp. ynp. 14,3):

rxXV=h=const.
Besnuuna B MoxeT GHTb NpejacTaBieHa B BHJE

dr d dr dr
hﬁrxv"‘_"xﬁ:’roxa(”'o)‘—‘f"oX(azfo"" Et-g) .

Torna umeeM, mcnoabsys ¢popmyny (1.19)

av ary _ dry dry
Ei_t'.x Re= - X Bh= —ar, x (rox a—)::(zd—t-.
Tak kak h=const, T0
dro_ d
a7ﬁ--a?(V5<hy
Hurerpupys, HMeem
VXh—_—aro"-P:

rie P=const —nocTofHNLI{ BeKTOP.
Orciona nMeem

(VXh).-r=ar4rP=ar4rPcosb,

rie 6—yros MeXjy nepeMEHHHM pajHyCOM-BEKTOPOM TOUKH F==7 ({) H MOCTO-
SIHHEM BeKTOpoM P. .
Tak kak, BcnenctBHe (1.16) nmeem

(VXB).-r=h-(rxXV)="h-h=H,

TO €10JIyuaem
h®=aqar-4-rPcosh
OTciona
h3/o
f=-——P*
B — ¢os 0

4TO M NMpeicTaBiser cofol, KAK MSBECTHO H3 aHANHMTHYECKON FeoMeTpuH, ypas-
HEHHe KOHHUECKOro CedeHns (3aaunC, runepbosia, napabosa) B NOMAPHHX
KoopAHHaTax.

Ynpaoxrenun

1. loxa3aTb, 9T0 NpOEKIHA Ha AOGYI0 OCh CyMMbl BEKTOPOB paBHA CymMe
OpoeKUHl caaraeMblX Ha TY Xe OCh.
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Taasa nepead. OcHoBHbie ceedenus u3 eexmoprol arzebpo

2, JlaHu BeKTOPHl

A=1iy4-2i;1+3Ls; C=3i; 4-2i5+13;
B=4i, 51, + 6iy; D =6{, 51, + 4is,

rae iy, {5, {;—OpTH AEKapTOBOH CHCTEMbl KOOPHHHAT (X, X3, X3).
afTH:
1) cyMmMB B Pa3HOCTH BeXTOpPOB:
A+B+C+D; A+B—C—D; A—B+C—D; —A-+-B—C+D;

2) yrami, KOTOpPHe COCTaBAAWT BekTopu A, B, C, D ¢ ocAmH KOODAHHAT;

3) monynn Bektopos A, B, C, D.

3. HaifiTm cyMMy Tpex BEKTOpOB, HMEIOUHX LJIMHY @ K NMPOBEeJEHHbIX:
1) us BepwnHH Ky6a no Tpem ero pebpawm;

2) W3 BeplIMHb NPaBHAbHOA TPeyroNbHOH NHpPaMHAsl MO TpeM ee peGpam.

4, 3uas, uto LeHTp Macc C CHCTeMB MaTepHalMbHLIX TOUEK onpejensiercs
PasnyCcOM-BEKTOPOM F,, MMEIOUHM BH] :

rjae m;—Macch Touek,
r;i—HX PajuHyCH-BeKTODH,
n—YHUCNO TOUEK, ONpeAeNHTh: '

1) LeHTp MacC CHCTeMH TOYEK, DPAaCNOJIOKEHHBIX B BeplKHAX KBajpaTta
(annHa cTopoHH a), ¢ maccamu le, 22, 3e, 4¢;

2) meHTp MacC CHCTeMbl TOYEK, PAClOJIOKEHHbX B BepIWKHAX NpaBHJbHOrO
TpeyroJbHHKa (ANHHA CTOPOHH a), ¢ Maccamu le, 22, 3e;

3) UEHTp MacC CHCTeMH TO4EK, DACIIOJIOKEHHHX B BepwHHaXx Ky6a (gruHa
cTOpoHH a), ¢ Maccamu le, 22, 32, 42 (HHXKHee ocHoBaHue) H be, 62, Te, 82
(Bepxuee OCHOBaHHE).

I'ne 6yner HaxXOAMTBCSH UEHTP Macc Kyba, €c/id B €ro NMPOTHBOIOJOXHBIX
BEPIIHHAX COCPEAOTOUEHH ONHHAKOBBiE MacChl?

o -
5. B napaanenorpamme oCTpBIii yron paBel 5 2 cTOpoHH a=3 ¥ b=5.

M3obpaxas ero CTOPOHH B BHAE BEKTOPOB @ H b, OMPElEeNHTH:
1) BexTopnt @+ n a—b (NOCTPOHTH);
2) nnowasnb NMapannenorpamma;
3) npoekuMIo Kaxjofl CTOPOHH NapaJijiefiorpaMMma Ha HanpasJ/ieHHe pyroft
CTODPOHHI.
6. [l BeKTopoB, MPHBEJEHHHX B YNpaKHEHWH 2, ONPEnesHThb:
1) cKanspHOe IPOH3BEACHHE CYMMBl ABYX HEePBHX BEKTOPOB Ha CyMMY ABYX
nocefyoULHX;
2) yras, KoTopbie 06pa3yloT BEKTOp A C OCTa/bHuHMH BekTopamu B, CuD;
3) npoekuuo Bektopa A Ha HanpaBjeHHe BekTopoB B, C ¥ D;
4) BekTopHble nponssefeHus A X B, A X C, B X C u yrjo, KOTOPHE OHH
o6pa3syioT ¢ Bextopom D;
5) naomapM napanJenorpaMMOB, NMOCTPOEHdAHX Ha BexTopax Au B, Cu D,
HaHTH AJMAHB AHaroHanell 3THX NapaJinesorpamMmos,
7. Tlokasats, uTo Bce BekTOpH A, B, C, D (ynpaxHenne 2) jiexat B OfHO#l
NNOCKOCTH.
8. Jlansl BEKTOPHI:
A=1i, 42,4315
B=4il +512;
C=31, +2i,413.
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Ynpasrenus

Kakyio cucTemy (npaByio HJIH JIeBY10) 06pasyiOT STH BEKTOpPH?

OnpepenuTts:

1) obbem napannenenuneja, NOCTPOEHHOTO Ha STHX BEKTOpax;

2) BexTOpH, H306paxaomue xBe (HCXOAAWHE H3 KOHIOB BeKTOpa A) pna-
TOHa/Id DapajjeNenyvnena, INOCTPOEHHOrC Ha 5THX BEKTOpPax, ¥ HalTH LAWHB
9THX JHaroHaJjefi;

3) AMOWanb AHATOHANBLHOTO CeYeHHs napaJuiesenunesa, npoBee HHOro uepes
BeKTOp A.

9. flokasaTh, 4TO €C/lH COENHHHTL CEPEAHHB CTOPOH NPOH3BOJLHOFO YETH-
PEXYro/sibHKHKa NPAMBIMH JHHHAAMH, TO TNoJlyueHHass ¢urypa 6yaer napanseno-
rpaMMoM.

Ykasaune. CTopoHe HCXOZHOTO YeThIDEXYroJbHHKAa H306pa3iTh B BHje
BeKTOpoB a, b, ¢, d Tak, uto a--b-Fec4d=0.

10. Tlokasats, uTo ecnn @, b, ¢ ¥ d—CyTb PagHyCc-BeKTOPH YETHIPEX TOUEK
W cnpaBeannso paseHcTBo [(d—a) X (¢—a)] - (b—a)=0, To ToukH JexaT
B OAHOH MNJOCKOCTH.

p 11. ITpoBeputb, MOryT JIE CleAylouide TPOHKH BEKTOPOB 06Pa30BHIBATH
asHuc:

Ay =1, —4i, by = 2i, —4i, —1,

{ a,=2i, +iy—3i, by =1, —3iy+ 21,
ag=4i, + 31, —i, { by =3i, 1 2y —i,.

3pech 1y, i3, {3—OpPTE NPAMOYroJNbHON KEKAPTOBOH CHCTEMB KOODAWHAT,
‘..2' Ecnu by, bs, by —sektopu (cM. ynpaxHeHue 10), npoBeputsh, 6yayT An
JnHefHO He3aBHCHMBIMH BEKTOPH B,, B,, B,:

B,=2b, —3b,-- b,
B,=3b,—5b,--2b,
B,—=4b, —5b, 1 b.,.
13. JokasaTb, uto : ! 20

d da dB_ . dc
Z(A-Bx )= 2. Bx C)+A-<d—t><C>+A-<B><Et—).

14, lokasaTb paBeHCTBa:

d dA  d%A dA _ d%A
D—{A{ x-S\ )=A.[{22x 22
)dt(A (dt X dl2>) A (dt X dt3)
dzA dA
2) SA X Wdt:A X E‘I-C, (C=C0ﬂ$t)
dar d2r
3 rx a-t—=c, ecJu W:rf ).
15. Ucnoabsys dopmyny Diinepa V= X r, onpeneauts JHHeliHy0 cKo-
poctb ueHTPa NPAMOYrofibHHKA, BPawaloulerocs BOKPYT OAHOH M3 BEPIUHH H
HMEIOWEr0 CTOPOHW a=2 cu ¥ b=4 c# B Te MOMEHTH, KOTAa MIHOBEHHAs yrio-

1
Basi CKOPOCTb HMeeT BeJHUHHY SEE ¥ HanpasJjieHa 1o MeHble# U Mo 6osiblel

CTOpOHe NMPSMOYroJsibHAKA,

16. OnpenensTs MOMEHT CHJIbI, BEJHVHHON B 5 W, HanpaBaeHHOR 1o oHOMY
H3 pefep xy6a, OTHOCHTENbHO BCeX €ro BepuIHH ¥ ocefi, NPOXOASIIHX yepes
peGpa (nnuHa peGep Ky6a paBHa a ca).

17. KuneTHUeCKHM MOMEHTOM OTHOCHTeNMbHO ueHTpa O (MOMEHTOM KoJite-
CTBA [BMKEHHSA) CHCTEMBl 72 MATEPHANLHBIX TOUEK HA3HBaeTCs BEKTOPHASA CyMMa

n
L0= 2 r, e m,-V,',
i=1
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rae r;—panuyc-sekTop i-fi Touknm, nMelonlell maccy ¥ CkopocTs V.
Onpegenntb:

1) kuHeTHYecKHE MOMEHT ABYX TOYEK C MaccaMu my=1e, my=2e, Bpa-

WAOWHXCA ¢ YTNOBOK CKOPOCTBIO co=5$c BOKPYT OCH (Xg) H OMHCHBAIOLUIHX

oxpyxHocTH paanycoMm 3 u 6 cu;

2) kuHeTHgecknkt MoMEHT Touek maccoi |2 u 2 2, ABMKYWHXCA B IPOTHRO-
MoNOXKHBE CTOPOHM CO CKOPOCTbIO 3 cM/cek MO
ABYM NpOTHBOJEXAamuM pe6pam KyGa, OTHOCH-
TeJbHO BCEX ero BeplIHH (anuHa pebep xy6a
paBHa a cM).

18. flycts a, b —pBa BekTOpa, oNpenedio-
uipe CTOPOHH NapasienorpaMma ¢ AHaroHaJIAMK
a-+b u a—b; nokasate, 4TO:

1) cymMa KBajpaToB puaroHalledl = paBHa
CyMME KBaJpDaTOB €ro CTOpOH;

2) nuaroHaJIH mapaJienorpaMma neprnespu-
KYJAPHH TOTAA H TOJbKO TOTAA, €CJMH 9TOT Ma-
pananenorpamm —pom6;

3) nnowaas napaJjienorpamMma (4), mocrpo-
€HHOro Wa JHaroHajfix Apyroro napasnjienorpaM-
Ma (B), B aBa pasa Gonblie NJaoujaf# STOro Ina-
paasienorpamma (B).

Puc. 1.31. 19. B rtoukax M;, M, ..., M, s3akpen-
JeHHl MPYXHHB C XKECTKOCTAMH COOTBETCTBEHHO
C,. Ca ..., C,, coemuusiowuecs B ofmell Touke M (pHc. 1.31).

OnpenenHTs MojoXewne TOUKH M npH paBHOBECHH.

Omeem.
- n
2 Ciry
_i=1
T n
2 Ci
i=1
rie r;—paauychH-BeKTOPH Touek M;
7 p—PanHyc-BEKTOD TOUKH M.
20. TIpoBepHTb cNPaBeAAUBOCTb TOXAECTBI
aX (bXe)+bX(eXa)+eX(aXb)=0;

@Xb)- (¢ X d)y= a-c a.d’.

M

b.¢c b.d
(@aXb)X(eXd)y=bla(eXd)—a(b-(cXd)=
=c(a. (b xXd)—d(a-(bXc)).
(@xb)-(eXd)+(Xc)- (@axXd)+(cXa) (b Xd)=0.
21. Jan Gaszuc
Ui =—4i -2y l=3i431y =21,

rae Iy, 3, {g—OPTH NPAMOYrOJbHOA AEKaPTOBOH CHCTeMH KOOPAMHAT.

HafiTh Ko- W KoHTpaBapHaHTHHE COCTaBXAIONIHE BEKTOPa, MPOBeJeHHOTO H3
HauaJsa xoopauuat B Touky (1, 1, 1)

22, HafiTn BHpaxeHHe BEKTOPHO-CKAaJSPHOTO NPOH3BEJCHHR 4epes KO- H
KOHTPaBapHaHTHble KOMNOHEHTH BEKTOPa.

T'rasa smopasn

ITonsamue mex3opa u 3QKOH
npeobpa308anus €20 KOMNOHEHM

2.1. Komnonenmot meHn3opos u ux npeobpasosanue.
Pasunonpasnocmos KOOPOUHAMHLLX CUCMEM

B npexbiaymei raaBe GblaM paccMOTpPeHBl NPHMePbl CKasfipoB U
BeKTOpoB. CKajiip uMeeT OHY KOMIMOHEHTY, BEKTOp—TpH KOMIIO-
HeHTH. MHBIMH c/loBaMH, KaKylo 66l Mbl HU BbIOpaJiH cHCTEMY KOOp-

CRUHAT, AJA [OJHOTO ONMHCaHHMsA CKaJjasfpa JOCTaTOWHO ORHOrO 4HUCJa,

a 1A% TAaKo# BeJWUHHB, KaK BeKTOp, HeoGXoXmMo TpH uucaa. Bonee
CJOXKHble 0O0BeKTH TpeOyloT LJAs CBOEro onpefeseHHs GoJbuiero

.qucna komnoHeHt. Tak, ans onucaus aepopMallHy ynpyroro tesa

B TOUKe HeoGxoaumo 3% =27 uuces, a ynpyrue CBOACTBa aHH30TPOIN-
HOTO Tesna TPeSylOT AAs NOJHOR XapakrepucTuku 3*=81 uucao.

Yucaa (uru pynkyuu), Komopoie NOAHOCMbIO- Onpedeasiom eeau-
QUHY 8 KAKOU-mo cucmeme KoOpOUHAM, HA3LIBAIOMCA KOMNOHeHMamu

._smozi BEAUMUHYL.

Mui yXe FOBODHJIHM, YTO C 3TOH TOYKH 3peHHs YLOOHO paccMart-
pHBaTh TaKue BeJHUYMHbI, KaK TEH30pbl DA3JHYHbIX DAHIOB: CKassp
(3° = 1 xoMnonenra)—TteH3op panra 0, BeKTOp (3! = 3 KOMIIOHEHTH) —

“feH30p paHra 1, BeauyuHa, uMeomas 32=9 KOMNOHEHT —TeH30p

panra 2 u T. 1. TeHsopsl Moryr ObITb CaMOro pas3JHYHOrO paHra,
H, BoOOIle, TeH30p paHra n uMeer 3" KOMIIOHEHT.
KoMnoHeHTsl MOTyT GbiThb (YHKUHAMH, HanpuMep, BpeMeHH H

" koopauHat. Ho He 3Ta 3aBHCHMOCTb, Ha KOTOPOH Mbl ClelHaNbHO

OCTaHOBHMCH B IJ. 4, CeAYac HAac MHTepecyer.

B stoii rsaBe Mbl paccMOTPUM MpaBHJa, MO KOTOPhIM Ipeobpa-
3YIOTCSl KOMIIOHEHTH TeH30pPOB pa3JIHYHbIX PAHTOB B 3aBUCHMOCTH
OT H3MeHeHHs CHCTeMbl KOODJHHAT. '

Benuunsn MOXHO pacCMaTpHBaTh B CHCTEMax KOODAHHAT C pas-
JUYHBIM HavyaJoOM H Pas3JUUHbHIM 06pa3oM OPHEHTHPOBAHHMIX. Igom-
MOHEHTHl ORHOH W TOH ke BeJHUHHH (TeH30pa) MOTYT HMeTb pas-
NYYHbBE 3HAaYeHWs B pasHBIX cucTeMax KoopjauHat. ORHaKo, B CBf3H
C TeM, YTO KaXJblif pa3 3TH KOMIIOHEHTEl OmpenendaioT OfHy H Ty
Ke BeJIHYHHY, 3aKOH npeoGpasoBaHHsl KOMMOHEHT IpHU [epexose us
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ONHOH CHCTeMbl KOODAMHAT B JAPYIYi0 He MOXKeT OblTb NPOH3BOJIb-
HbIM. DTOT 3aKOH JOJIKeH BBHITEKaTb KaK W3 NPUPOAbI paccMarpu-
BaeMOH BeJMUHHB! (AJ5 CKaJfApa OAMH 33aKOH, JJsA BeKTopa—ApY-
rofi 1 T. 1.), TaKk U U3 CBOHCTB NPOCTPAHCTBAa, B KOTOPOM BLIGH-
paloTCd CUCTEMBI KOOPJMHAT.

[TpousBoabROCTh BRIGOpa HauaJa ([1ePeHoC) KOOPAWHATHBIX CHCTEM
ABJIAETCH ONBITHLIM (PAKTOM M OTpaKaeT TaK Ha3biBaeMYIO ORHODOA-
HOCTb NPOCTPAHCTBA.

PaBHonpaBHOCTE M0G0 opuenTauuu (MOBOPOT) KOOPAMHATHBIX
CHCTEM TaKXKe fABJAETCA ONLITHbiM (GaKTOM M 03HAYaeT H30TPOMHOCTh
N POCTPAHCTBA.

Takum 06pa3oM, B ORHOPOJAHOM H H3OTPONHOM NPOCTPAHCTBE BCE
KOODJMHATHble CHCTEeMbl PABHONPaBHbl B TOM CMEIC/IE, YTO ONUCAHHSA
BeJHYHH HJH ABJEHHH (3aKOHbI) He 3aBHCAT OT HacTHoro (Booluie
roBopsi, NPOHU3BOJbLHOrO) BbIfOpa CHCTEMBl KOOpDAHHAT.

dto o3Hauaer cjepviomee. [lycTb B OAHOPOJIHOM H H3OTPOMHOM
npocrpaHcTBe BbIOpaHb JiBe NPOU3BOJIbHbIE CHCTeMbl KoopauHaT K
i K’, koropble MOI'yT HMeTb pa3JjIMYHble Hayaja M pPasJHYHYIO
opHeHTauM©. Toraa 3akoH, CPOPMYJHPOBAHHLIH B cHcTeMe K uepes
KOMIIOHEeHTHl BeJHYMH, OTHOCALLHECA K 3TON CHCTEeMe, NOJIKEH HMETh
TOT XKe BHJ, YTO H TOT Xe 3aKOH, cPopMYyNNpPOBaHHbIH B cucTreme K’
yepe3 KOMMOHEHTHl, OTHocsulfecs K cucreme K'.

I10 Tpe6OBaHHe K NPaBU/IbHO CHOPMYJHPOBAHHBIM 32KOHAM HO-
CHT Ha3BaHHe TPeOOBAHHH UHEBAPUAHMHOCMU.

Tak, Hanpumep, ecsau AJIMHA KAaKOrO-TO OTPe3Ka, BbIUHCJEHHad
B CHCTeMe KoopauHaT K, paBHa As, TO, BHIUHCJAAA AJHHY 3TOTO XKe
OTpesKa uepe3 KOODAMHATH €ro KOHILA U HauaJja [0 OTHOLIEHHIO
K Jmo6ofi apyrofi cucreMe K', Mbl NOJYYHM TO K€ CAMOE YHCJIEHHOE
3HaueHHe €ro AJuHbl. MaTeMaTH4YeCKH 3TOT (HakT MOXkKeT GbiTb BhIpa-
JKEH TeM, YTO Be/JHUHHA

As®= Ax] -+ Ax;+ Ax; (2.1)
HMeeT OJMHAKOBOE YHCJEeHHOe 3HaueHHe He3aBHCHMO OT TOro, B KaKOi
H3 NPAMOYTOMbHBIX AeKaPTOBbIX CHCTEM BbIYHCIeHB! Axy, Ax,, Axy;—
Pa3HOCTH KOOPJMHAT KOHIl@a U Hayaja OTpe3Ka.

IToapo6Helt Bonpoc o6 WHBapHaHTHOCTH OyZeT paccmorped B 2.7.

He3aBBECHMOCTb ONHCAHKESA OT BHIGODA CHCTEMBI KOOPIHHAT HE ABJIAETCS eAHH-
CTBEHHHM TpeGOBaHHeM, NMpeAbAB/REMBIM K BeJlHYHHAM u 3akoHaMm. B xauecTse
ApYroro Takoro ofuero TpeGOBaHUA YKaXieM Ha IUKPOKO H3BECTHOEe ycaodue
HE3ABUCUMOCTIU POPMYAUPOSKU 3aKOHO8 om sbibopa cucmemor edUNUL u3mepenus.

®u3nyeckHe BEJHUHHB HMelOT pa3MepHocTb. OfHaKO BHIGOD eAMHHL H3Me-
PEeHHA 3THX BeJHYHH OCTAeTCHs NpPoH3BONbHBIM. TakuM 06pasoM, OTHOIEHHe
ABYX 3HaueHHH oAHOH K TOM Ke BeJHUHHH He 3aBHCHT OT TOFO, B KAKHX elH-
HHlaX 3Ta BeNHUYHHA H3MepeHa (3T0T (aKT HCHOAb3yeTcA B TEOPHH PasMepHO-
cTeil NpH BHiBOJe OCHOBHOH $OPMYJIbI Pa3MEPHOCTH).

JIwboil 3akon HOpMyNHpYETCs TaKkKe HE3aBHCHMO OT BHIGOPA CHCTEMbI efH-
HHIl H3IMEPEHHS N5 BeJIHYKH, MeXAY KOTODbIMH OH YCTaHaBJHBAeT COOTBETCTBHE,

Kax u3BecTHo, He3aBHCHMOCTb (OPMYJAHPOBKH 3aKOHA OT BHOOPA CHCTEMBI
eJHHHL U3MepeHHSA obecnedrBaeTcs 00URAKOBOU PASMEPHOCMOIO 8EAUYUN, KOTOPbIE
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2.2. Tensopor HYyAesozo paned (cKaafpo)

BXOAAT B GOPMYJ/HPOBKY B BHue cnaraemuix. B panbHefiiem (cm. 2.7) Mbi yBH-
MM, 4TO He3aBHCHMOCTb GOPMYNHPOBKH 3aKOHa OT BROOpA CHCTEeMH KOOpAHHAT
ofecreudBaeTCss 00UHAKOBbIM pPan2oM 6cex meH30pos, KOTOPHE BXORAT B 3aMHCh
3aKOHa B BHAE CJaraeMnolx.

B caeayomux naparpagax Mbl PacCMOTPHM NOCJEROBATENbHO
TEH30pbl pPa3JHYHLIX DAHFOB B CBfA3H C 3aKOHOM IpeoBpa3oBaHHs
HX KOMIIOHeHT, ofecreudBalOUIMM BO BCEX CAYYaAX PaBHONPABHOCTD
KOOPAHHATHLIX CHCTEM NpH OMUCAHUH BEJHUIHH.

OcHoBHbie onpejedeHuss H GopMyaupoOBKH GYAYT AAHBI 1O OTHO-
IIeHHIO K NPAMOYTOJbHbHIM AEKaPTOBBIM CHCTeMaM KoopAuHaT. TeM
He MeHee, Tjie 3T0 NoTpebyercs MO XOAY H3JOXeHHs, OyayT pac-
CMOTPeHbl TaK¥e KOMIIOHEHThl TeH30POB M HX CBOHCTBa B CHCTEMax
00061eHHBIX KOOpAHHAT. :

2.2, Tensopor Hyae8020 paHza (CKAAAPLL)

Beillle yXe OTMeuaJioch, UTO TAKHE BEJHUHHBI, KaK TeMIieparypa
o6beM, AaBJeHHe W Jp., HasblBaloTCA cKajspaMu. [IpuBenem ompe-
JejleHHe CKaJaAapa B CBA3H C 3aKOHOM ero :
H3MEHEeHHA Npu Npeobpa3oBaHUAX KOOPAH-
HaTHOH CHCTEMHI.

CKraaap—amo 8eauduta, NOAHOCMbIO ON-
pedeasemasn 8 m060i KoOpOUHAMHOL cucmeme
o0num 4ucaom (uau ¢yuxyued), Komopoe
He MeHAeMmCA npu USMeHeHul NpoCmpaxc-
BEHHOL cucmemol KOOPOURAM.

Ckansap HMeeT OAHY KOMIOHEHTY. -

Takum o6GpasoM, ecau @-—3HaueHHe &,
CKa/lsipa B OAHOM CHCTEME KOODAHHAT, 8 puc 2.1, Husapuaut-

¢’ —B ApYyTro#, TO HOCTb AMHHH oTpe3ka AB
JIEKHT B OCHOBE BHIBOAA

?
P =0. $OpPMYNH OPTOTOHAILHOTO
. npeo6pa3oBaHHsi KOOPHAH-
PaCCMOTpHM npuMep CKaJsApHOH BeJu- HaT

YUHBI.

Mpamep. Tlycts A u B — 1Be TOUKH B MPOCTPAaHCTBE, KOOPAMHATHL KQTO-
phix 8 cucTeMe (K) ZeKaproshix KOODAMHAT cyTb x4, xf (k=1 2, 3), a B apy-
roii jeKapToBoi cucTeme (K’)—x;A, x;za (k=1, 2, 3) (puc. 2.1). Tax kKax
AnEHa As oTpeska OpsMOH NO CBOEMY ONpejeNeHHI0 ABAAETCH CKanADOM, TO
As =CelsP:AOBaTeJ!bH0, AN MoGbiX ABYX CHCTEM J€KapPTOBHX KOOPAWHAT HeobXxo-
AHMO BHIIOJNHEHHE DaBeHCTBA ™

3 3
D Axd= D Ax'E. 2.2)
k=1 k=1

* 3nech H BCIOAY B AanbuelilleM MH SyneM CUHTaTh, 4T® eJUHHUB MacluTa-
60B B CHCTeMaX OCTalOTCH HEH3MEHHHIMH.
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I raea smopas. INonamue mensopa u saxon npeoBpasosanus €20 KoMNoHenm

3xech _
Axk=xf—xf; (=1, 2,3);
Ax'k=x;a-—-x"4. (=1, 2, 3).
Kak H3BecTHO H3 aHanuTHYecKOR reoMeTpuu (CM. Takxke samady l, ra. 1),

dopMyH npeo6pa3oBaHHA AEKaPTOBHX KOOPAHHAT UMEIOT BH (IPHMEHAS COKpa-
weHHHEe 0603HaAYeHus); .
01,

4 ’0- , ,
Xym== Oy Xp+ X0 X==0k's Xpt+x7
Xy =0, Xp+ 2% xg=0k'a X, +x°1;

2 2’k R T Xy X2=OR2 X, 2 ?

o ‘0, — ’ 01
Kg=0grpXpt %53 X3=0Qp., Xpt X3,

HIH
im0
Xp=ay, xp 1) 2.3
(i=1, 2, 3).
Orciona
Ax;=a,., Axy. (2.4)

14
3pece @y, =cos (x,, Xp)—KocHHYC yria mexay i-k uosofi ocbio u k-l cra-
poit ocswlo.
Bee koappHuments o, 3TOro OpTOroHasLHOrO JMHHeRHOrO NPeo6pPa3oBanHUs

He SaHHCAT OT KOOPAHHAT, 3 MEXJy HHMH CYLIECTBYIOT COOTHOIUIeHHUN:

8 1, ecam i=k;

O O =0k ™\ 0, ecnu i#k;
(2.5)

5 1, ecnn i=k;
4%t =%=Y 0, ecan ik,

Oproronaneiue nHHefinble Npeo6pa3oBaHusl OGECHEYHBAIOT BHIONHEHHe
yeaosus (2.2).

3
’
Heficrantensio, suuncanM Y Ax,?, ucrnoassys (2.4):
=1

3 3

‘g S .

2 Ax” = Zai,k Axpy Axy=Axp Ay oy ety
i=1 =1

B cuny cootHowenHi (2.5) nmeem:

3 3
Y Ax® =Axy Axdy= ) Axl.
i=1 k=1

Takum ofpasoM, saxon npee6pasoBaHHs koopauHar (2.3) olecmeumsaer
HHBAPHAKTHOCTD ANMHBL OTPe3Ka NPAMOK MO OTHOWEHHIO K MOGHM ODPTOrOHaJb-
HHM H3MeHeHHAM KOODHMHATHON CHCTeMB.
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_aJAbHOrO rasa TOYHO Tak,

" CHCTEMDI IpoCTpaHCTBER~

2 8 Tensopo 1-20 panaa (eekmopo:)

2.3. Ten3oper 1-z0 panza (8exmopoi)

BekTopHble BesHuHHB! (IepeMellieHHe, yCKOpeHHe, CHI3 H Ap.),
KaK Y¥e YyKasbiBaJocb, TPeOYIOT RJA CBOero OlnpefeseHHsi Tpex
JeACTBUTENbHBIX YuceJ HAH QyHKuuit. BeKTopni— BeJqHUHHBI Gogee
BbICOKOTO paHra no CpaBHEHUIO €O cKalspaMH; OHH MOI'YT OHITH
HasBaHbl men3opamu I-20 panea.

CaenyeT noguepKHYTb, UTO 6eKmMOp—3Imo He Habop mpex cKa-
ApHbtx  eeausun. JIByMa umcaaM# (NJIOTHOCTR M TeMnepaTtypa)
MOXHO NOJHOCTBIO OXapak- ) z
TepH30BaTh COCTOSHHE HJe- Z, r’ A

Kak AByMAa 4HcaaMu (pas-
HOCTH abcuuce ¥ OpAMHAT
JABYX TOUEK) MOXHO OIH-
caTh NepeMeleHue B NJOC-
KocT. Ho npu usmenenuu

HBIX KOODAMHAT NJOTHOCTh
H TeMnepaTypa He MeHSIOT-
cs, U060 OHH ABAAIOTCA CKa-
AApaMu, i NOTOMY He -MOTYT
06pa3oBbiBaTh BEKTOp, B TO
‘BpeMsl KaK pa3sHOCTH KOOp-
IAMHAT H3MEHIOTCS NP U STOM
no olpejeSIeHHOMY 3aKOHY.

Tpu uucaa ua¥ QYHKUHM, ONpefensiouide BEKTOpP, MEHAIOTCS

Puc. 2.2. Hameuenme KOMMNOHEHTa BexTOpa
NPH H3MEHEHHH CHCTEMBl KOOPJIKHAT

1P M3MEHEHHH MPOCTPAHCTBEHHOH CHUCTeMbl KOODLHHAT, HO M0
‘TAKOMY 3aKOHY, 4TO B /060 W3 KOODAUHATHBLIX CHCTEM OHH Onpe-

IeNAtOT OLMH H TOT XK€ BEKTOp.

3akos mpeo6pas’oBaHHs KOMIOHEHT BeKTOpA. 3aKOH Npeobpa3opa-
HHSl KOMNIOHEHT BEKTOpa yCTaHaBJHBaerci Ha OCHOBaHWU npeoBpa-
30BaHHA Tpex 4uced Ax; (cM. 2.2). Ecau Ax;—pasHocTH seKapTo-
BbIX MNPAMOYTONbHEIX KOODAMHAT KaKHX-JH60 JABYX TOYeK B CH-
creMe (K), TO pasHOCTH KOOPAHHAT 3TUX TO4eK AXx; B APYroi ze-
kaproBoii cucreme (K’) onpeneasiortcsi cornacuo dopmyae (2.4):

A)Q =iy Ax,,,

Tae oy, —KOCHHYC Yyrja Mexay i’-i oceio cuctemnl (K') 4 k-f
ocplo cHcteMl (K).
. Ecau B npocrpaHcTBe 3ajaH BEKTOp ‘A, TO ero KOMIOHEHTH 4,
onpefessiTcs, ecaAd BHOpaHa Kakas-To cucreMma (K) AeKapToBBIX
KOOpAHHAT.

B npyrof cucreme KOOpAHHAT (K’) (puc. 2.2) ero KOMIIOHEHTHI,
eCTeCTBEHHO, OYAYT ApyruMu A, Xors caM BekTOop A ocTaercs
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HeU3MeHHLIM B TOM CMbicje, yTO A; ONpeRessAOT TOT Ke CaMbli
BEKTOp (HanmpuMep, CKOpPocTb Touku M).

Tak Kak KaXJOMYy BEKTODY MOXHO COMOCTaBHTb ONpeleJeHHbii
OTPe30K B MNpPOCTPAaHCTBe, TO KOMIIOHEHTaM BekTopa OyAyT COOT-
BETCTBOBaTb PA3HOCTU NPAMOYTOJbHBIX AeKapTOBLIX KOOPAMHAT Ha-
yaJa ¥ KOHlUa 3Toro. otpe3ka. [losroMy, uto6bl MOHATHE BEKTOpa
KaK HeKOTopo#l BeJHYHHBl He 3aBHCEJO OT BhIfOpa CHCTEMbl KOOp-
AMHAT, HeOOXOAUMO, YTOGbI €ro KOMIOHEHTh MEHAJUCh TaK XKe, Kak
YyNOMSIHYThie Pa3HOCTH KOOpJHHAT.

Torga B COOTBETCTBHU C 3aKOHOM (2.4) WMeeM AJIA KOMIOHEHT
BEKTOpa B NPSMOYTOJIbHBIX JE€KapTOBbIX KOODRAHHATax

A,‘ = Oj'p Ak‘

DTOT 3aKOH M JeXKHT B OCHOBE aHAJHTHYECKOTO ONpefeJieHHs BeK-
TOpa.

Bexmop—amo seaudura, onpelensiemas 6 Mo6od cucmeme KoOp-
duwam mpema wuciamu (uau pynkyusmu) A;, Komopee npu usme-

HeHUL NPOCI PAHCMEEHHOL Cucmemol Koopdunam npeobpasyromes 8 A;
no 3aKowy

A = A, ' (2.6)

Tpu BenuuuHbl A; ABJAIOTCA KOMIIOHEHTaMH BEKTOpA.

OGpaTHO, €cJiu NPU U3MEeHeHHH NPOCTPAHCTBEHHON CHCTEMbl KOOD-
AMHaT TpH uucaa A; u3MeHsOTCA NO 3akoHy (2.6), TO 3T uHCHa
onpenensoT BEKTOP.

Ecau KOMIOHEHTbl BEKTOpa 3aaHbl B OHOH CHCTeMe JeKapTOBBIX
koopauHat (K), To, ucnosb3ys 3akoH (2.6) npeoGpasoBaHHS KOM-
NOHEHT BEKTOPa, MOXHO ONpeleUTh KOMIIOHEHTHI A; B mo6oii apy-
rofi cucTeMe, OCH KOTOPOH COCTABJSAIOT C OCAMH MepBOH CHCTeMbI
YIJIbl € KOCHHYCAMH Qjrg.

Ecau TpH KOMIIOHEHTHl BeKTopa ofpauaioTcs B HYJb B KakoH-
Ju60 CHcTeMe KOODPAHHAT (BEKTOP paBeH HYJO), TO OHH DPaBHbI
HyMo u B 060 APyrofi cucreMe, BCIEACTBHE OAHOPOAHOCTH 3aKOHA
npeoGpasoBanus (2.6).

OTMeTHM, 4YTO 3TO OMNpejieJieHHe BEKTOpa 3KBHBAJIEHTHO OlpefeJe-
HHIO, laHHOMY paHee. OIHAKO OHO TNO3BOJIAET €CTECTBEHHBHIM Ofpa-
30M IllepefiTH K NMOHATHIO BeJHUHHBbI §OJiee BBICOKOrO PaHra-—TeH3o-
poB 2-TO M BbICLIHX PAHrOB H C eIUHOH TOYKHU 3pEHUA OCTAaHOBHUTLCA
Ha TeH30pPHEIX CBOHCTBaX (PM3HUECKHX BEJHYMH.

Mpumep. Tlycts B crcreMe (K) KOOPAHHATHI TOYKH X; MEHSIOTCS
C TeyeHHEM BpeMeHH {, TaK 4TO

;=X ().

Torna 3a BpeMs Af Toyka NPOABHHeTCHA MO ocsAiM cucreMbt (K)
Ha paccTofiHue

X+ At)—x;(8).
o8 —

2.3. Tensoper 1-20 panea (eexkmopet)

OT¥ TPH BeJHUMHBI ONPENeJAOT BEKTOP (BEKTOP TNepeMelleHHs
TOYKM), HOO, YYHTbIBasA 3aKOH Npeobpas3oBaHus (2.3), B Apyroh
cucreme (K'), noayuum

Xi(t+ At)—x; (£) = atrg [%, (F + AD—x, (1)),

PaccMoTtpum otHoweHust '

X (At —x; (1)
— (*)

Tpu Takux orHowenus (i=1, 2, 3) cocraasT BekTOop. [ehi-
CTBHTEJLHO B cHcTeMe (K') uMeeM:

X (AL Y—x (1)
At '
TToCKOMbKY ' =t ¥ X;= & X,, TO

X (A —x; () o SaE A —x, (1)
At Tk At ’

4TO ¥ JOKa3blBaeT BeKTOPHbIA XapakTep OTHOLleHHH (*). Bekrtop (*)
Ha3bIBAETCA CpelHed CKOPOCTbIO TOYKH 3a NPOMEXYTOK BpeMeHH Af
B cucreMe (K).
CoBOKYNHOCTb TpeX Npeje/oB (ecad OHH CYUIECTBYIOT)
X (EAL)—x (8
V.= lim i( i)—x; () (**)
At—>o0 At
TaKxe onpejesneT BeKTOP.
JIeHCTBUTENLHO, MOCKONBKY Gie HE 3aBHCAT OT £, TO, Nepexofs
K npejgeny npu At —0, noayuum
b (A —x (!
V[= llm l( + ,) i( )=a,'k llm xk(t+At)_xk(t)
At’ >0 At At >0 At

= a['k Vk'

"~H3 3toro sakona npeofpa3oBaHus NpeResoB CJelyeT, YTO OHH
onpenessioT BekTop. Bektop (**) HasbiBaeTcst HCTHHHOM CKOPOCTHIO
TOYKH B MOMEHT BpeMeHH ! B cucteme (K). '

AHanorvyHo, onpefensis HCTHHHOE YCKOPEHHE TOYKH B MOMEHT
BpeMeHd { B cHcTeMe (K) KaK COBOKYIHOCTb TpPeX [PeleJiOB:

Vi (t+ Aty —V;
W,— lim i (t+ A V,(t),
At >0 At

MOXKHO YCTaHOBHTb, YTO OHHU TaKXKe ONpenesasioT BEKTOP.

Torpa, npunuaMas, 4TO BO BCeX KOOPAMHATHHIX CHCTEMaXx BHINOJ-
HsieTcAd BTOPoH 3akoH Hbiotona

”lWi=Fl"
MOJYUYUM, 4YTO CHJAa SABASETCS BeKTOpHOI'/'I BEeJHUKHHOH.
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2.4. Ten3opsr 2-20 panza

Kak yxXe orMeyasoch, HEKOTOphle TeOMeTpHUecKue OOBEKTHI,
a TaKike neablii pal (QHU3MUECKHX CcBOHCTB, Tpebyor A cBOeH
XapaKTepHCTHKH OoJblle Tpex 4uces (WM byHKUUH).

10 NPHUBOAMT K MOHATHIO BEJHUHH, TEH30DHble CBOACTBA KOTO-
peiX CJOXKHee, 4eM Y BEKTOPOB H CKaJsipoB. OTH BeJUUHHB, TeH-
30pbl 2-ro0 paura, He Moryr ObITb cOCTaBJieHbl B BHJE IpoOCTOro

HabGopa BEKTOPOB HJH CKafs-

‘o, =p(r.n,) Dy =p(F, ny) pOB. JTO—KauyecTBEHHO HO-

. Bbie BeJMYHHBI, OTBedatoline

$H3HUECKOMY HJH TeOMeTpH-

yeCKOMY CMBICJY OMHChIBae-
MBIX OOBLEKTOB.

Tensop nanpsixenuit. Pac-
CMOTPHM TNpUMEp, CBA3AHHBI
¢ ONHcAHHEM HampsiXkeHHOTo
r > COCTOAAHHA Cpelbl B TOUKe,

. KOTOpOe NpHBEJO K NOHATHIO
z TeH30pa HanpsKeHHd *.

Hanpsi:xkeHHOe cOCTOsIHHE
cpeflbl B TOYKE CUHTAETCH H3-
z BECTHHIM, €CJH H3BECTHO Ha-

npsixkeHue Ha Jioboii nJuouan-

Puc. 2.3. HanpsXenne B CIVIOMHOA CPE-  po npoxonﬂmeﬁ yepes JaH-
Ie 33aBHCHT He TOJMBKO OT TOUKH, HO H OT

opHenTaunu maomankd, W notomy He s 1Y TOUKY.

ndeTcs ofHO3nauHol ¢yHKuMeR TOUKH BeKkrop HaflpAXeHUs p B
cpeie  aBaserca  (QYHKuued

TOYKH ¥ OpHEHTAUHH nJjomankud, Ha KOTOpOI'/'I paCCManuBaeTCH

HanpsKeHue, T. €. :

p=p(r, n),
rie r—pajiuyc-BeKTOP TOYKH, m-—OpPT HOpMasu K TJOUIANKE.
3aBHCHMOCTb BEKTOpa HallpAXKEHHs OT OpHEHTal U NJIOMAaKH 06BbITHO
OTMeuyaeTcs HHAEKCOM BHH3Y, YKasnlBaiolllUM HarpaBjeHHE HOpMaJH
K paccMaTpyBaemoil NJouanke.

BekTop HanpsikeHHs p TPHHUKIHAJIBHO He rOLMTCA MJA Xapak-
TEPHCTHKH HATNPsXKEHHOTO COCTOAHHA CPEIbl B MOUKE, u6o MpH 3TOM
HAaZO paccMaTPHBaTb GECKOHeYHYIO COBOKYNHOCTb p Ha BCEBOIMOK-
HBIX MJIOMIaAKAX, TPOXOAAMHKX dyepes TOUKY (puc. 2.3). Oka3sanoce
BO3MOXKHBIM ONPEAEJHTh TaKyio BeJHUHHY, KOTOPas fiBJASETCA ONHO-
3sHauyHo# (pyHKUHMEHd TOYKH, T. €. He 3aBHCHUT OT OpHEHTALHH IJI0-
WajJKd H B .TO Xe BpeMs [103BOJIAeT BBIYHCJHTD HampsXKeHHe Ha
aob6ofl nJoliajke ¢ HOpPMaJblo M.

* BpipameHWe «TEH30D HanpskeHHH» ABAATCA raBTosiorned (temsio, nart.—
HanpsxeHune).
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2.4. Tensopvr 2-20 panea

PaccMoTpuM Bhbipe3aHHbI B cpefe Y TOYKH M 3sneMeHTapHbA

TeTpasap, TPH peGpa KOTOPOTO HamnpaBJieHbl 110 OCSM JEKapTOBOH
cucTeMbl KoopauuaT (puc. 2.4). O6o3nauuM nJjowajd rpaxei, nep-
NEHJHKYJAPHHIX K OCAM (X;), (X,), (X3) cucreMbl (K), COOTBETCTBEHHO
yepes dg,, do,, dos, a HaKJOH-
HOH TI'paH{ C HOpPMaJbiO 1B 4epes
do,. eficTBHe cpelibl Ha 3TH rpa-
HH TeTpasjipa BHIpaxKaercsl €oOT-
BETCTBEHHO B HaNpsXKEHHAX P_;,
P-s P-3s Pn TPUIOKEHHBIX
K TpaHaM. 3lecb MHHYC B HHJe-
Kcax y HanpsXeHuli o3Hauaer,
9TO pacCMaTPHBAIOTCS HaMpskKe-
HHSI HA HapyXHBIX CTOPOHAX
rpaHe#i TeTpasapa, BHEIIHHE HOP-
MaJIi KOTOPbiX HanpaBJeHEl I1po-
THBONIONOXKHO OCAM (X), (X,), Puc, 2.4. Hanpaxenuns Ha rpamsx
(x3)- Bentencraue paBeHcTBa fedt- TeTpasapa
CTBHSA U NPOTHBOAEHCTBHUSA, CHJIHI,
JeficTByiollde Ha BHYTpDEHHHe CTOPOHBI TpaHed TeTpasapa (p, do,,
p.d0,, p;dos), paBHbH MO BeJHYHHE U NMPOTHBONOJOXKHBEI 10 Ha-
NpaBJeHHIO CHJaM, JeACTBYIOWMM Ha HapyXHble CTODOHBI rpa-
neil. Orciofa HMeeM: .

Pr1=—P-1; Pr=—P-95 P3=—P_3
Ecan W-—ycKopende LEHTpa HHEpUMH TeTpasapa, f-——BeKTop
MacCOBBIX CHJI, OTHECEHHBIX K eJHHHIE MacChl, TO 10 3aKOHY ABH-

MeHus LEeHTPa WHEpUMH TeTpasipa, Maccy KOTOPOro 00603HauHM
yepes dm, NONYIHUM

Wdm=fdm+p,do,+p_,d0,+p.,d0,+p_sdo, =
=fdm+ p,do,—p,do,—p,dc,—psio,. -
B npenene, npu CTArMBaHWM TeTpasapa K Touke M, mojyuum*
(BcaecTBHE TOrO, YTO UJeHbI, COfepiKallde 3JIeMEHT MacChl, npo-

NOPLUHOHAMLHOH 06beMy, SBJAIOTCA MaibiMH GoJiee BHICOKOrO MHO-
PAJKA 10 CPaBHEHHIO C UJIEHAMH, COAEPKALLUMH BJIEMEHT IIOUALH):

3
pado,=p,do, + p,do, + pado, =121 p;do;.
[Tockoabky

de;=do,cos(n, x;)=ndo,,
TO :

3
p"=z§1 pny=pn;.

* B 3THX BHpaxeHUHX MO WHAEKCY n CyMMHDOBaHHA HeT.
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Ilpoekuun BekTOpa HaNpsXKeHHs P, Ha TNJOLLAJIKE ¢ HOPMAJbIO
n Ha ocH cHCTeMbl (K) paBHbI:

P = Pigh;-

3necb p;,—COBOKYMHOCTb A€BATH HANpPSAMXKEHHH, HOPMAMbHbBIX
(npy i=k) u KacaTeJbHbIX (NpPH i< R) HA Tpex B3aUMHO NepeH-
RUKYJAPHBIX IMJIOWMAJKAX Y Tod-
ki M (puc. 2.5.). 2tu geBATH
BEJNINYHH, OYEBHAHO, HHKAK He CBfA-
3aHbl C OpHEeHTalHeH IJIOUWARKH,
Ha KOTOpO# onpepe/nsercd Hanps-
XKeHue p,, a Jullb C JJAHHOH TOYKOH
Cpelbl; B TO Xe BpeMs 3HaHHe p,,
MO3BOJISIET BHIUHCJHTL HaNpsiKeHHe
P, Ha N0GOH nJjowajke, ecjad us-
BeCTHa ee OpHeHTauus n. B kaxmuo#
TOYKE Cpejibl ORHO3HAYHO ONpeje-
JeHa OJHa ¢u3uvecKass BeJHUHHa,
onpenensieMas AeBATbIO  YUCJAAMH
P, KOTODAast W CJAYXHT Hcuep-
nbiBaloMledl XapakTepUCTHKON Ha-

Puc. 2.5. TeH3sop HanpsKeHnw#t KaK  TIPAKEHHOrO COCTOSIHUS cpenbl B
COBOKYNHOCTh TPeX BEKTOPOB HA  r1oyge
NpsXeHHs Py, Pa, P3 HA B3aUMHO §
NepreHAKKYNAPHLIX TJIOU2AKAX. COBOKYITHOCTb 3THX BEJIHYHH P,

Mpoekunn sTHX BekTopop na ock mpea-  ONIpeJieisier TeH3op 2-ro pawra,
CTaBJAIT 0AeBATb KOMIIOHEHT TEH30pa 7
B KOTODbIH HOCHT Ha3BaHWE MeN30pa
Hanpaxceruy.

PaccMOTpUM 3aKOH NPeo0pasoBaHus NEBATH BeJNHUHH p;, TPH
H3MEHeHHUH CHCTeMbl KOODAHHAT.

He orpanununBast OOUHOCTH, MOXHO CYHTaThb, YTO i-f OCb HOBOH
cucTeMbl KoopauHaT (K') HanpaBJena no HopMaau n (k6o npu
ONpeleNeHHn p;, HHKAKHX OrFpPaHMYEHHH Ha 7L He HAaKJaJbIBaJOCh).
Ecan i, i,, ig—opTh cucrembl (K), a i, i;, {3—OpTbl CHCTEMEI

(K"), To

n=i[.

,
o .

ITpoekuust n Ha l-10 och cucTembl (K) paBHa n,=n-i,=i;-i,=0;,,
rae oy — KOCHHYC yrJa MeXay i-ii ocbio cucreMbl (K') # [-f ocbio
cucreMbl (K).
TakuM obpasom,
Pr=Pi=pPy=wip= 0l P,
CrnipoekTHpYeM 3TO PaBeHCTBO Ha k-0 ocb cucteMbl (K'):
Pirde=0y (i, 1) pyp
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2.4. Tensoper 2-20 paxea

HJau
Pip=0lri OCp'm Py

TakoB 3akoH npeoOpa3oBaHHs JeBATH BeJUYUH p;, NPH H3Me-
HEHHUH JeKapTOBOH CHCTeMbl KOOpDAMHAT.

Tensop 2-ro pasra. [lpexie ueMm jaaTb olpejeseHne TeH3opa
2-ro panra, OCTaHOBHMCs ellie Ha ABYX INpHMepax o6pasoBaHHs
3TUX BEJHUUH.

[Mycrb naubt JgBa JnHefino 3aBHCHMHX BekTopa A u B, Torza
AX KOMIIOHEHTBbI NPONOopHHOHAJJbHbDL:

A1= ABi’

T. €, 3TH BEKTOpPbl KOJ/JIHHEapHBHI.
B camom ofueM ciaydae JdHeHHas 3aBHCHMOCTb MeXJAY KOM-
MOHEHTAMH ABYX BeKTOPOB, OAMH M3 KOTOpHIX (Hanpumep, B) npous-
BOJIeH, B HekoTopo#i cucreme (K) MoxeT ObiTb BblpaxKeHa IIpH
MOMOIIH [eBATH Ko03POhHUHEHTOB [Mbl OyaeM HX 0603HauaTh Yepes
ay (i, k=1, 2, 3)] bopmynamu:
Ay =ay, By +ay,B, +a;3By; !
A,=0a, B, +a,,B, 4 ay3By;
Ag=:a3 B + a3,B, + a338,,
HMJH COKpauleHHO
Ai=ayB,. (*)

B npyroit cucreMme (K') 6yayT JApyrue KOMMNOHEHTH Yy BEKTOPOB
M Jpyrue yucjaa a,, Tak uTo 8 cucreMe (K') umeem:
A;=ayB. (**)

PaccMOTpUM CBfA3b MeXAY YHCJAAMH Gy, W 4.

Y MHOKHM Kaxjoe H3 ypaBHeinii (*) Ha o, ¥ NPOCYMMHDYeM
no i, [lonyuum :
OL['[Ai=a,-ka1'in.

Torpa caeBa, coraacyo (2.6), nojyuum [-i0 KOMIIOHEHTY BeKTopa A
B cucreme (K'). TakuM ofpasom,
A[ = a‘-ka[’lBk.
[Tockoabky (cMm. 2.3)
Bk"—‘-‘am'kBm,
TO
A=ay am’kaikBm,
HJIH, YTO OJHO H TO Ke:
Air=ay Om Q;,,,Bk-
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Taasa emopas. ITonamue mensopa u 3aKox npeobpasvsanus €20 KOMAORENM

CpaBuuBafi 3TO BhipaxkeHne c (**), moayuuMm B cuay npous-
BOABHOCTH BekTopa B

Qp =0yt Ob'm Q.

HanomuuM, 4To crnipaBa CTOMUT ABOMHaA cyMma no /u mor 1 po 3.

TakoB 3aKoH npeobGpa3oBaHus AEBATH UHCeN 4, NPH H3IMEHEHHH
NPOCTPAaHCTBEHHOH CcHCTeMbl KoopAauHAT. WX CoBOKynHOCTb, omnpe-
JeJieHHAasi B KaKoR-au60 cHCTeMe KOOpAMHAT, BCerja onpeleseHa
¥ B M0G0 ApYTOfi CHCTeMe.

Hpyro#i npumep.

13 KOMMOHeHT JBYX HE3aBHCHMEIX BEKTOPOoB A H B MOXHO
COCTaBUTb A€BATb NMpPOH3BeNeHHHA BHAA

AB, (i, k=1, 2, 3).

ITpn nepexope x Apyro# cucreme koopauHaT (K') 3TH npousse-
JeHust 6YRyT MMeTb Apyrue 3HaueHus. BhipasuM nx uepes crapbie
3HauyeHHus. DTo Bcerga MOXHO CResaTh, HOO Mbl 3HAaeM 3aKOH mpe-
o6pa3oBaHusi KOMIOHEHT BekTopoB A 1 B. Hcnoapsys (2.6), nonydum

A[Bk = 05,-'1141 ak’mBm =CQ  OCp'm Ale‘

Takum o6pasoM, Beauuunsl A;B, npeobpasyioTcs npu H3MEHEHHH
CHCTEMBl KOOPAMHAT 10 TOMY e 3aKOHY, UTO H YHCJIa a; U3 npe-
IbIAYIIErO NpHMepa.

Beauuuuu a;,, A;B, npeacTaBasioT NpuMepH TEH30pOB BTOPOro
paHra. ]

Tenzop 2-20 panea—3mo gesuduHra, onpedessemas 6 aw0bol cu-
cmeme KoopOuxam Oesamoio wucsamu (uiu gyukyusamu) A, Komo-
poie npu usmenernuu cucmemst KoopOunam npeobpasyromcs 8 Ay no
3aKOHY

Ap=0u OpmA - 2.7)

Benuuunbn A, ABJAOTCA KOMIOHEHTaMH TeH30pa 2-r0 paHra.
Ecau Komnorentn (A,) TeH3opa 3ajaHbl B ORHOH JeKapTOBOH
NpAMOYroJbHOH CHCTEMe KOOpIHHAT, TO MO dopmyae (2.7) MOXKHO
onpeAeaHTh KOMIOHEHTH (Asz) TeH3opa B mo6o# npyroi nekaprosoh
np AMOYroJIbHON CHCTEMe, OCH KOTOPOfi COCTaBJAIOT C OCAMH NepBo-
HavaJbHOH CHCTEMBl YrJbl C KOCHHYCAMH Q. i
Ecny Bce KOMMOHEHTH TeH30pa o6pamaiTcsi B HYJb B Kakoil-
Au60 cHcTeMe KOODAHMHAT, TO OHHM pPaBHBI HYJIO B M0G0 Apyroi
cHCTeMe BCJEACTBHE OINHOPOLHOCTH 3aKOHa npeobpasoBanus (2.7).
HHorza yno6HO 3amuchHiBaTh TeH30p B BUAe TAOMHUIBI (MATPHIH):

Au Am A13
"Aik”= Azl Azz Aza . (2-8)
Aal Asp Ass
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2.4. Tensops: 2-20 panza

PaccMoTpuM  Heckoabko npuMepoB, us- KOTOPHX BHIHO, KaK

HEKOTOpule reomerpuvecKHe M (HU3HUeCKHE oObeKTH TpeSYIoT Aas
CBOETO ONHCAHHS TeH30POB 2-FO paHra.

lipuvep 1. IlycTh x,—KOMNOHEHTH BEKTOpa, HalpaBleHHOro
M3 LCHTPa NOBEPXHOCTH 2-TO TOPSAKA, HAXOAAWIErocs B Hayae
CHCTEMEl JIEKaPTOBbHIX KOOPAHHAT, K TOUKAM STOM MOBEPXHOCTH.
Torna ypaBHeHHe NOBEPXHOCTH HMEeT BHJ

A,-kxixk——-'- 1.
Yucaa A, noanoctsio  onpegeasior 3Ty MOBEPXHOCTb, NpPHUEM
Aik=Aki' ,
Ecnu (K')—cucteMa, noBepHyTas OTHOCHTENbHO (K) Ha yram
C KOCHHYCaMU Q,p, TO : ‘
x,=am,x,,.
Ypasnenne nosepxuoctd B cucreme (K ') umeer Bup
A,,,x,x,, =1,
W3 3akona npeo6pasoBanus Benuuun X;, HaXORHM
s - ’ ¢ 7
A XX = A Oy XiCrm X = (A O (O XX = 1.

CpaBHuBas sty dopMmyay ¢ npennaymel, noayuum 3aKoH npe-
06pasoBaHus NeBATH Beaudun A,

Aik =0y ak’mAz,m

43 KOTOOrO 3aK/iO4aeM, YTO BeldHUHHb A, 06pasyoT Tensop
2-ro pamnra.

llpumep 2. Tensop momenmos umepyuu.

Bektop MOMeHTa KO/MMYeCTBA ABHMKeHHsi CHCTEMbl MaTepHaabHBIX

TOUEK OTHOCHTEJBHO Hadaja KOODAHHAT HEKOTOPOH CHCTEMBl KOOp-
auratol (K) paBeH

N

m,(r,xXV,).

L
. n=1
3neck m,—mMacca n-i Toukm, r,—ee panuyc-BekTOp,
V,—ee cKopoctb.

Ecau paccrosinus | Fa—r,| MEX1Y TOUKAMH He MEHSAIOTCH (CHCTe-
Ma OPEACTaBJIAeT TBEPAOE TENO) W eCAH HX DACCTOSTHHA JO Hadaja
KOOPAHHAT TaKXKe HeH3MEHHBl (TBEplOe TeJO WMeeT HENOJBHIKHYIO
TOYKY B Hauaje KOOpAHHAT), To 1o popmyne Dfaepa (cM. 3agauy 12,
rA. 1) AX CKOPOCTH MOTYT GbiTb BHIpaXKEHH Yepes MTHOBEHHYIO
YIJI0OBYI0 CKOPOCTb CHCTEMBl :

V,=oxr,
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T rasa emopas. ITouamue men3opa u 3aKOH npeoépaaoaamm 220 KOMNOHEHmM

Toraa, yuuteBas (1.19), nonyuum
N n
L= Z mg, [rnX((')Xf,,)]"——‘ Z m,,[(o(*',,-r,,)—r,,((o-r,,)],
n31 n=1
¥ B MPOEKUHAX (x{™ —koopaAMHATE n-i TOUKH)
S (0 )
I
L= X m, (058" %77 —xi" 0pxi”).
n=1
TpencraBuB ;== 8,,0,, 3anuuem

N
) (ny ,.(m) (m) Ay
L["__'_O)k Z m"(aikx[ )/\[ —xl' xk )_mklfk’
n=1

rje
< () (1) (my ()
n -
lip== X om, (8t X1 —xi" xk). (2.9)
n=t
JlepiiTh BemHuH [;, BbHIPAXKaWTCs uepes MOMEHTH HHEPUHH
Iiiv,s Ixixas oov s CHACAYIOLIAM o6pasom:
N
(n (M2 .
zy la= 2 my (67 4 (047 = s
! =
“ 3 (n) ()
n .
lyy= 2 m, [(x 2+ (x3 )2 =1 aprns
&y n=1
! S ) (n)
n .
loa= 2 M [({")2+ (")) = Laumsi
Z, n=1
’ S (m (1)
ny (n .
lypy=1pn=— 2 mpX, X =— [z
n=1
@, ' N
(ny (n) .
“ Lig=13=— 2 mnx3” x1 ==l xp
n=1

Puc. 2.6. 'Kaxjo#l TOuKe N

TBEPAOrO TEla MOXKHO CO- W .

NOCTaBHTb TEH30P MOMEH- [23 = 132 = —— 2 myXx; Xg =— [xrw
TOB HHEPIKH n=1

[TokaxeM, 4TO [eBATb BeJHYHH [, ABJAIOTCA KOMIOHEHTaMH
TeH30pa 2-TO paHra. DTOT TeH30p Ha3biBaeTCHA MEH30POM MOMERMOY

uHepyuu CHCTEMBI. ,
B kakoii-nu6o apyroit cucreMe (K') npsMOYTO/IbHbIX 1eKapTOBbIX

KOOpAMHAT MOMeHTH HMHepUHH HMeioT Bui (puc. 2.6)

N

’ ooy () ny ()
1[k= Z m"(ﬁikxl X —Xi Xp )'
n=it
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2.4. Tensoper 2-20 panea -

PaccmoTpuM 3akoH npeobpasoBanus [;, B [y NpH H3MeHeHHH
CHCTeMBbl KOOPAMHAT.
Hs s3akona npeo6pa3oBaHus BeKTOPOB HMeeM:
‘(ny n (n) (n),
X[()Xl )le Xi '
1™ g™ = oty e xS
U3 onpenenenns Beanuunr O, noaydum, uto B cucreme (K)

o1 Qe =10y, a B cucreMe (K')—aysops=08;, (cM. 2.5).

Z,

Puc. 2.7. Jedopmanus ynpyroro te.a

YuutbiBasi, 4T0 Oyrs=0lx,O,., MONYYUM
O =t e, O, (2.10)

Takum 06p830M, BCJIEACTBUE HE3ABUCHUMOCTH &;-p OT KOODJAHHAT,
HMeeM:

N
! () () ny . (n
lip= 2 m, (G5 ey 5S,x1 Xi _a[’sak’rxg Xr ))=

n=1

N
=05 ey 20 My ot xf" — X ") = g ey 1
n=t
IT0 JOKa3biBaeT, UTO AeBATb BeJHUHH [, 06pas’yloT TeH30p
2-ro panra.
3akon npeo6pasoBanun (2.10) nokaswiBaer, 4TO BeJHUHHbI 0,
TaKxXe 00pasyioT TeH30p 2-ro paHra. BceJaejctBue ero ocoforo
CTPOEHH® OH HOCHT Ha3BaHHe elMHHYHOro TeH3opa. Ero wmaTpuua
HMeeT BuJ
100

10fl=]0 1.0 .
00 1‘

Mpumep 3. Tensop Oegopmayuii. PaccMOTPpUM B ynpyroMm TeJe
ABe mpousBoJbHble TOUkH A U B, KoTOpHIe B pe3yJbrate AedhopManuu
Tena 3aufajau noJoxesnue A’ u B’. Tlpun sToM j0 aedopMauns ux
panuycbi-BeKTOpH Onlau paBHBE! (cM. puc. 2.7) r ur+ Ar, a nocse
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nepopmanun r+u(r) u r+Ar4a(r+ Ar). Bekropu u(r) u
‘0 (r + Ar) Ha3pIBalOTCA BEKTOPaMH CMelleHHsi TOUeK (A uB).
OTHOCHTenbHbIH pajnyc-BeKTOp TOdeK Jo aedopmanuu Gbla Ar,
nocje pepopManud cTan paBHEIM Ar’. BbUHCIHM H3MEHEHHE ero
BeJMUHHE B pe3yJbTate jgeOpPMauHMu, T. €. ONpeleJdM pasHOCTb
(Ar)2—(Ar)2. TIpu 3TOM MBI NpEAMNOJIOKHM, YTO BEKTOD CMELEHHS
Il ABASieTCS HENpephIBHOH (QYHKIMEHA TOUKH, T. €. u;= U; (X, Xy, Xg)-
Us puc. 2.7 umeeMm:

Ar'=Ar+u(r+ Ar)—u(r),
1M B NMpPOeKUHAX
Axp=Ax;+ u; (X, + Axy, Xq+ Dxy, X5+ Dxg)—u;(xy, X, Xg).
[TpeneGperas MaJbIMH BTOPOTO NMOPAJKa, NOJYUHM

BosBoas B KBajpaT 4 3aMedas, 4to Ax;Ax;=(Ar')’ H Ax;Ax;=(Ar)?,
NOJyYuM s O :
, u; u; ou;

(Ar')2—(Ar)t =2 &—; Ax;Ax, + 87:1; a—é Ax,Ax,.
Mensis HHAEKCH CYMMHDOBaHHs i H [ BO BTOPOH CyMMe M 3a-

nuchlBass NEepPBYI0 CyMMy B BHAC

au; __Oy; Ou;_ —-
2 a-k— Ax,-Axk ——-5}: Ax,-Axk«l— 9xx AxiAxk—

ou; dug
- =%, AxiAx,,-{—gZ AxiAx,,
MOJNYYHM
na Ar)i= ou; , Oup , Ouy Ouy Ax-Axe = Q1. A, A
(Ar' P —(Ar) =gt 5 Ta%, 3z, ) A% %= 24X A%,
TAe

1 (Bu; | Oup , Ouy Juy
un=7 (Gt s o)

Wtak, u3MeHefine PACCTOSHHA MeXAY J/IOGBIMH ABYMS TOUKAMH
LEJAUKOM OTpeAeJsieTcs, €CJH HM3BECTHBl JAEBATb BENHYHH Uy

TTokaxeM, UTO u;, OGpa3sylOT TeH30p 2-ro paHra. DTOT TeH30p
HasbiBaeTcs mex3opom Oepopmayud.

B zpyro#l KoopaunaTHO# cucteme (K') umeeMm:

.y [Ou;, oOu, +6u2 au,
b=\ttt 757/
) dx, + dx, = dx, Ox,
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24. Tenzopw 2-20 panza

Hcnonvays ¢opmyay (2.6) ans npeo6pasoBaHusi KOMIOHEHT
BeKTOpa #£ U ¢popmyan (2.3), noayuum ‘

’ 170 ox, , 0 ,_ dx
= | ox; rm ) o + 5 (o ) 52+

k {
i} ox, 0 Ox
— (s b)) —%—— (05 ) —B | ==
+ax"( (A s)axkaxm( l’s s)ax,[]

1 [du du dug du
= Qirm Qe g [ﬁ'i‘a—x"; 6x: ai] = Qlirm Ol e

Sra popMyJia NpeO06Pa3OBAHUS U, B U, NPH H3MEHEHHH CHCTEMB
KOOPAHHAT M JOKashlBaeT, YTO BEJHUMHBl U; HABJAAIOTCH KOMIIOHEH-
TaMH TeH3opa 2-r0 paHra.

OG6riyHO B JUHEeHHOA TeOpHM YNPYTOCTH NpeHeGperaioT 4JAeHOM
Quy Ouy TOrAa
Oxp 6x,-

_ 1 au,- au,,
“n=z (a0t )

Mpumep 4. Tensop cxopocmedi degpopmayuil.

Coraacro TeopeMe ['enbMrosbua *, Ha BbIBOJe KOTOPOA Mbl 3A€Ch
OCTaHaBJAUBATLCA He OyaeM, [ABHXKEHHe YacTHUB XKHAKOCTH HJH
rasa MOXHO pa3/IOXXHTb Ha KBasUTBepAoe JBHKeHHE (ABHKEHHe
YacTUIE, KaK YacTHIBl TBEPAOro Tesaa) U AedopMalMOHHOE ABHIKE-
nue. [lpuueM nepopManHOHHOE JABHKEHHe OnNpepéssiercsi TEH30POM
ckopoctefl peopMan Ay

1 (Ve OV,
Va=7 (G2 +52): @2.11)

B TOM CMbICJe, UTO CKOPOCTb TOYKH M HacTHHH MO OTHOILEHHIO
K Touke O, ABJIAOUIAACH HMCKJIIOYATEJbHO CAEACTBHEM CIOCOGHOCTH
gacTHipl fedopMupoBathesl  (AeopMamMOHHAS CKOPOCTh), paBHa
(cM. puc. 2.8)

V' (M)=V4(0) Ax,, (2.12)
rae Ar=V (8% + (Axy)® + (Ax;)® —paccTosiHe MEXAY TOUKAMH
M u O;

VA (M)— nedopMaliHoHHasA CKOPOCTbYac-
THUB B TOuke M;
V., (0)—3nauenue TensopaV , B Touke 0.
Herpyano npoBeputb, uTo AeBATh BeAudHH V), 06pa3yioT TeH30p
2-ro paHra (cM. NpeRbIAYUIAHA NPHMEP).
OcraHoBuMca mnoapoOHee Ha (QHU3HIECKOM CMBIC/E KOMIIOHEHT
TeH30pa cKopocTeHl aepopManHu.

* Cum, J1, I, Jlofiunuckrii. Mexanska xuakocTu n rasa, M. FUTTJI, 1957,
c1p. 48-51,
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B yacTulle KHAKOCTH (puc. 2.9) OTMETHM JBe€ TOUKH: AuB—
f0 JedopManuu YacTHIH: Tnocle JedopMauyy, copepLuyBLuefics 3a
BpeMs Af, noJjioxkeHde 3THX TOUEK NyCTb 6yaer A’ u B'. [lonoxkeHue
Touek A # B mo orHowenuio K Touke O g0 gedopmatliii ONpeneanM
COOTBETCTBEHHO pajHycaMu-BeKTOpaMu Ar u AR, a nocne gedopma-
uuH — pajuycaMu-BekTopaMn Ar' u AR’. IaMeHenune 1/HH BEKTOPOB
Ar, AR u yria Mexay HHMH XapakTepu3yioT JedOpMalliI0 YaCTULLbL.

Puc. 2.8. CropocTb ge- Puc. 2.9. Jedopmauns xuakoh
¢dopMauBH KHAKOA vac- Y4aCTHLH
THIB

Cwmewenus touek A (Bektrop AA’) u B (Bektop BB’) B pesy.n-
TaTe jehOpMallWH UACTUlL COBEPUIHJIUCH MO HANpaBJIeHHIO Reop-
MalUMOHHBIX cKopocTe# sTHX Touek VA (A) n VA(B). [losromy

A4 =V (4) At
BB'= V™ (B) At.

Torza us BekTOpPHHX TpeyroabuukoB OAA’ u OBB' uMeem:
Ar' = Ar+ VR (A) At
AR = AR+ VA (B) At.

Bhipaxas AehopMauuOHHble CKODOCTH Huepe3 TeH30p CKOpocTedt
Zedopmaunu 1o (2.12) 1 nepexols K KOMIOHEHTaM, OTCIOAA MOJAYUHM:
Ax; = Ax; 4V, Ax AL
AXi =AX;+V, AX AL

3necb Ax;—i-f KOMMOHEHTa pajHyca-BeKTOpa Ar, aHaJOruyHoO
Ax;, AX,, AX;—i-e KOMIOHeHTbl paauycoB-BekTopoB Ar’, AR, AR'.
3naueHus MPOH3BOAHBIX B V, Gepyrtea aas touku O.

CocTaBiM ckaaspHoe npoussefleHde Ar'-AR’. YuutbiBas CHM-
MeTpHuHOCTb TeH3opa Vi, T. e. V=V, NONyudM € TOUHOCTbHIO
JO 4JEHOB NepBOro nopsjika MajoCTH OTHOCHTEJLHO At

Ar'-AR = Ax;AX;= Ax;AX;+ 2V, Ax, AX; At (2.13)
70 —
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2.4. Tensopor 2-20 panea

Tenepp oxapakTepusyeMm AeOpMaLHiO YACTHUBI.
IMycte m—opT Bektopa Ar, a N—opr BekTopa AR, T. e.
Ar _ Ar, N AR __ AR

=187 TR =TaR]_AR"

Mo onpejeneHnio, OTHOCHTeJIbHOE yMHHEHHE UACTHIbI (3a BpeMs Af)
B HanpaB/IEHWH 1 PaBHO

a CKOPOCTb OTHOCHTEJBHOTO YAIMHEHHA B TOM XKe HalpaBJeHUH
paBHa
. . g . f—
g,= lim 2= lim Ar—Ar
sto>o A ar, ATt
[lycts @ —yroa Mexay Bektopamu Ar ¥ AR no pepopmauum,
a @'—rmnocie jgehopManHu YacCTULBI.
Be/siuuuHbl &, XapakTePH3YIOT CKOPOCTH JHHEHHOH AehopMaunu
’

yacTUlbl, & BEeIHUHHB y= lim (Pth) —CKOpOCTH yrJoBo#i  Jedop-
At >0

Mallgnd YacTHIUBbI.
Pasgenus (2.13) ra ArAR, monyuum

(14¢,) (1 +ey)cos g’ =cos e+ 2V;,n,N;At,

u6o
AXL‘AX:‘ __Ar'AR'cos @',
ArAR T ATAR ’
. Axk . _ AXk
m=%: Ne=Fg -

OcTaB/sis B NOJYYEHHOM BbipaxeHHH Y/eHbl NepBOTO Mopsiika
MaJIOCTH OTHOCHTEJbHO &, MOJYUYHM

(1 +¢e,+ey) cos @’ =cos ¢+ 2V,,n,N,AL. (2.14)

PaccMoTpuM uacTHble CJydyay 3TOrO COOTHOLIEHHA.
1. ITycTb Touka A coBnajaer ¢ TOYKOH B u JeXHT Ha OCH (X)
Ao pedopmauun. Toria
p=¢'=0;
Ar=AR=1i;Axy:
n=N=i, (Ny=n,=1; Ny=Ny=n,=ny=0).

Hs (2.14) B aToM cayuyae mnosyuaeM

1‘]‘81‘1‘81 - 1 +2V11At,
OTCl0Aa
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Taasa emopasn. ITonamue mensopa u saxox npeobpas’cBanus €20 KOMMOHEHM

BuiGpas Toukn A u B fo peopmanuu, coBnajaiomHMH BHadgane
Ha ocH (x,), a 3aTeM Ha OCH (Xj3), NOJAYUHM [OCJIeNOBATEbHO:

- v, Vv,
82 — Vﬂﬁ - ax—z ax—s .

Hmax, duazonaivuble Komnoxenms: men3opa cxopocmet Oegop-
mayuti (Vyy, V,,, Vag) npedcmasasrom cobod ckopocmu omHocumens-
HO20 YOAUHeHUR wacmuybl 6006 mpex KoopOuxamuolx oced.

2. [lyctb Touka A JeXuT 10 mepopManMu Ha ocd (X,), a TOUKA
B—mna ocu (x,).

Torna

; Eg=Vgy=

@:%; n=i,; N=i,; Ar ] AR.
Ha (2.14) B atoM cayuae noayuum
(148,48,)cosq =2V ,AL. - (2.15)

k13
O6o3nauum y12=7—(p’—usmeueuue NpAMOro yria B 4acTHUe

MeXAy OTpe3KaMH, HalpaBJeHHBIMH O AeOPMalldy BAOJb OCeH
(x,) u (x;). Torjga, paccmMaTpuBasi MaJjble BEJHUHHBI Y;g, MOJYTHM

Y1, & siny;, =sin (%—(p') =cosq’.

Or6pacviBas B (2.15) BeIuUHHKl 2-r0 MOPSJAKA MAJIOCTH, NOJYIHM

le = 2V lgAt.
Orciona
S 2 ’ _ _ oy, oV,
Y“_AltlTo Al “2V12""a—xz_+§§-
'CoBepIIEHHO aHAJOTHYHO MOXHO MOJYYHTDH
<oV, , Vs . (2.16)
Y13 = 3%y T ox, 2V 18
C oV, Vs
Y13 = 3y, + % 2V g5

UTaK, HeduazOHAAbHbIE KOMNOHEHMb. men3opa ckopocmed Oegop-
mayuii (Vig="Va1, Vig=Va, Va3=Vs,) npedcmasrsom cobod noio-
8UHY CKOPOCMEL) USMEHENUS Y2A08 MEHCOY OM PESKAMIL, HANDABAEHHbIMU
do Oehopmayuu no COOMBEMCMEYIOWUM OCAM, UAL, KOPOYE, NONOBUKY
ckopocmedl yenosoll depopmayuu wacmuybl.

2.5. Ten3opwt 8vicuinx panzos

BuinuileM 3aKoHb Tpeo6Gpa3oBaHHs KOMIIOHEHT TeH30pOB HYJe-
BOTO, NEpPBOrO H BTOPOro0 PaMroB.

o= Aimap A Ao Gom A
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2.5. Tensoper ssicuinx. panzos A

dopmyna npeoGpasoBaHus CKAAAPOB He CONEPIKHT KONpPHUHEH-
TOB 0, B (GopMyay npeoOGpas3soBaHHsi KOMIIOHEHT BEKTOpa Koxpdu-
LUHEHTHl O, BXOAAT JHHeHHO (ONHOpOAHAsA QYHKUHUS NEPBOH CTENEHH
OTHOCHTEJbHO @vp); hopMysa mpeo0pasoBaHUst KOMIOHEHT TeH30pa
2-ro paHra sBJsfeTcs yme OLHOPORHOW (yHKUHeH BTOPOH cTeneHH
OTHOCHTEJbHO &;rp.

Kak o6o6menre, MOXKHO 1aTh OlnpeReseHHe TeH30pa n-ro pawra.

Ten3op n-20 panea—ismo GeAuduHa, Onpedessemas 8 KascOol
cucmeme Oexapmosbix KoopduHam cogokynnocmeio 3" wucer (uau
dynxyui) Ay ... (n—uucso undekcos), Komopble Npu U3MEHEHUU
cucmemst Koopouxam npeobpasyromcs no 8aKoHy

’
Ao oo =g Oprr Oprse o o A e (2.17)

CymMma cnpapa siBJsieTcs OAHOPOJAHBIM MHOrodJeHoM ((opmok)
CTeneHd N OTHOCHTEIbHO KOCHHYCOB YTJIOB Qg *. Ayy,. . .—KOMIO-
HeHTH TeH30pa. Ecsau OHHM BCe paBHB HYJIO B KaKOH-TO CHCTeMe
KOOpAHHAT, TO TeH30p TOXAECTBEHHO paBeH HYJIO.

PaccMoTpuM HECKOJbKO MPHMEPOB TEH30POB BLICUIHX . PaHTOB.

Mpumep 1. Ecau A, B, C—rtpu Bektopa, To 3%=27 BeqHYUH

Dim"—'-' A,-B,,C,

COCTaBJISIIOT TeH30p 3-r0 paHra.
Iloka3aTelbcTBO 3T0r0 haKTa NPeRocTaBAAeTcs YHTaTeo.
Mpumep 2. [lycte A, u B;,—ABa 1€H30pa BTOPOTO paHra, OAHH
‘U3 KOTOpbiX (HampHMep, B;,) NpouU3BOJIeH, H NYCTb MEXAY KOMIO-
‘HEHTAMH 5THX TEH30pOB CYHIECTBYeT JuHeHHAs 3aBHCHMOCTb. JTY
JIMHEHHYIO0 3aBHCHMOCTb MOXHO 3anucaTh B BHIE

Aik= AiklmBlm’ .

roe Aju,—COBOKYNHOCTh 3* =281 KO3(pdHIHEHTOB.
MOXHO NOKasaTb, Ha OCHOBaHHH 3aKOHa npeoGpasoBanus Ay
H By, 9TO A, 0OpasyioT TeH3op 4-ro pamra, T. e.

’
Minim == Qlitn Ol p Obgre Cms 7\,.,,,,-

Jloka3are bCTBO MOXKHG NPOBECTH aHAJOrHUHO NpuMepy 1 npe-
AbAyllero naparpada. _

KoMmoneHTsl TeH30pa 2-r0 paHra, 00GpasoBaHHOrO PaccMOTpEH-
HOfl paHee COBOKYMHOCTbIO J€BATH npousBegenuit  A;B,=Cy

* dopMaMu  NEPeMEMHHX Xy, Xy, ..., X, HA3BBAOTCA BB PaXKeHH )

1 noo2 ,
epx; (= Qyex;)— - cremenn, cipX;xy (= P CiaxiXp) —2-R cTenenn,
i= =1 k=1

n n n
Cine®iXaXy (ﬂ z ‘2 ‘Z c,,ux,x,,x,)—(i-ﬁ CTeNeKH H T, &,
im L]
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Trasa emopas. Ilonsimue Men30pa U 3QaKO0H npeoépaaoeauuﬂ €20 KoMnoHeHm

(¢, k=1, 2, 3) komnonent A; u B, BekTOpoB A u B, uHoria
sanuceBatloT B Buge C=AB (6e3 3Haka YMHOXeHHd), KOTOpOe
HasblBaeTCH Oualdnoim npoussederuem. DTO TPOii3BejeHHe He 06Ja-
JaeT CBOHCTBOM KOMMYTATHBHOCTH, II MaTpula npousBeleHns BA
ABJAeTCs] TPaHCNOHHpOBaHHOR MaTpiiued TeHsopa AB. Tlo anano-
FHil C 3aMicbio BeKTopa B BHie A=A, onpejesenHblll TakIM
o6pa3oM TeH30p MOXKHO 3anucaTb B BHJE

C=ABee"=C,ée* (i, k=1, 2, 3)

O6o6uian 310T crocof 3anucu Ha cayyai TeH3opa JoGoro pasra,
MOXHO 3amucaTb TeH30p N-TO paHra B Buje '

T=T; r-ee" . . .ee,... Gy kyoooy Py g, ...=1,23)

rjaecy MMHPOBaHHe POH3BOAMTCA 11O BCEM HHIGKCAM [, &, o Prdy s
HallOMHHM, YTO B KaX/IOM OJHOUJIEHE NpoH3BeleHue e'e"...e.e, ...
¥MeeT onpefeseHHbIH NOPALOK *. :

2.6. Illpeobpa3zosanue KOMNOHEHM BeKMOPO8 U
MmeH30p08 npu nogopome KOOPOUHAMHOE NAOCKOCMU
80KpY2 nepneHOuKyYAAPHOL OcCu

HHorga npuxojutcs paccMaTpHBaThb 4YacTHBIA cjyuyai npeo6pasoBanus
KOODAHHAaT —IOBOPOT CHCTEMb BOKDYr OfHOH H3 XoopAauHaTHbIX ocefi. Ecuan
BEKTO Dbl HJIH TEH30Dbl 3ajaHbl B MJIOCKOCTH, TO TaKoe npeo6pa3oBaHue sBAseTCH

€JHHCTBEHHO BO3MOXHBIM H ONpelesNseTCs OLHKM

y' ¥ napametrpom. BriGepem B kKauecTBe mapamerpa yrox
, @, KoTopuii cocTaBasieT HOBas ocb (x') co crapok

z OCbi0 (X}, KOrjaa NOBOPOT KOOPAHHATHOH CHCTeMB

coBepliaeTcss BOKpyr ock (2) (puc. 2.10). Torna us

4 z o6wrx ¢opmya (2.3) caeayer:
Puc 2.10. [loBopoT oceii X =xcos g —ysin g,
KOODAWHAT g, :: sttt @ -y cos ¢,

Orciopa A1 KOMONEKC HOMO 4HC.13 XLy, ONpPEeJENSIOWEro Painyc-BEKTOp,
pacnonoXeHHu B MMOCKOCTH (xy), NOJAYYHM (HOPMYJY Npeo6pasoBaHusA cile-

AyIOmero Buja: i
L, B
X 4y = (x - iy) e'¢

a 114 CONpAMEHHOro KOMMAEKCHOFO YHCAa X —iy GopMyay
X —iy = (x—iy) e,

Ecau sagau sektop A(A,, Ay, A,), To nonyumn creayowre GopMmyas
npeo6pasoBaius aas seqnunH A iA,, A, —iA,, A

A 1A= (A, +iA)) e;"-". ]
Ay—ily= (A —iA ) e~ (2.18)
A,=A,

* Cm. Jlaraaan «BextopHoe scunciaexnes M. 1936 u JI. U, Cexon «Beege-
Hie B MeXaHHKy CIIOWHLIX cpeyr M, ®@uamartrus, 1962,
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2.6. IIpeo6pasosarue KOMMOHENNT GEKMOPO8 U MEH30p08

Bsenenm ofo3naueHus:

A, +idy=A4,
A—iAy=A_,
AZ_: Ao

Torza hopuy/n npeo6pasoanus (2.18) MOKHO 3anuCaTh KOPOTKO B BHAe

A= Ae™ (Mo @ 1e CyMMIpOBaTb!)
7

rAe @ NpUHHMaeT 3HadeHns —I, 0,+1
B cayuae A,=0 BeKTOp WUBJIHKOM JIEWHT B IUIOCKOCTH (Xy) H €ro Komno-

HeHTH TNpeo6pa3yloTCA TaKkKe COrjacHo (2.18).
DTH POPMYNB MOXKHO [NOJYYHTb H HHaue, eCJaH 3alHCcaTh KOMMJIEKCHHE

YyHCJla 4yepes MOAYJb H apl‘yMeHT: 4
Ay, =Aell,  A_,=de”'W.

[lpu nosopote oceil Ha yroa ¢y KOMM/JEKCHBIX BEeAHUUH MEHsercs apry-
MeHT, HOBHIi apryMeHT y paBeH
Y =y+9¢
Torpa

K A Al A

A =AWV =pemile = A_ ™"

Ecnu 3ajgaHs iBa BekTopa A (A,, Ay, A,) u B(B,,By, B,), To cnpasen-
JauBb (OPMyJBE Npeo6pa3oBaHUA:
A,=Ag", B =B, (1o a He cymmnposars!).
Torpa anf Beau4uH AaB'S YCTaHABIMBAOTCA Clleayioulie GopMy bl
A;Bé-——-AaBBe" ©+3% (no « u P He cyMMHPOBaTH!), (2.19)
rpe HHJGKCH «, p moryr npunHuMaTh NMOPO3Hb OAHO U3 asHauennii: —1,0,41.
Mpn stom seinunnbi A, By CBA3aHbl ¢ KOMIOHEHTAMH BEKTOPOB CAEAYIOMHM
oGpasom:
AB,=A4,B,;
4+lB+1:(Ax+“Ay)(Bx‘I'iBy):AxBx_AyBy+
+i(AB,+ A By);
A__lB_l=(Ax——iAy)(Bx——iBy)zAxBx—AyBy—
—i(A.B,+A4,B,);
AOB.H».—-AZ(Bx+iBy)=Asz+¢Asz;
AOB_1=A,(Bx—iBy)zAsz—iAsz; (2.20)
AHB(,:(A,C-{-:'A},)BZ:AXBZ+{AyBZ;
A—xBo=(AxTiAy) B,=AB,—iA B,
AB_ =(A,+iA))(B,—iB)=A,B;+A,B,—
—i (A B,— A,B,);
A—lB+l=(Ax'—iAy)(Bx+iBy):AxBx+AyBy+
+i(AxBy-—-AyBx).

Hs popmyan (2.19) crenyor ¢opmynbl Npeo6pasoBaHHS BeJHUHH, Mpei
CTABNSIOM X HEKOTOPhle KOMOHHALMH KoMroHenT BekTopos A u B. Tak, B ua-
cTHOCTH, NpH ==+ |, f=—1 noayunn

A B_,=AsB_,
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Trasa smopan. Ilowsmue mensppa u 3aKon npeobpasvanus ezo KoMnoHenm

HIH
AB,+AB,—i(AB,—AB)=AB, + A B, —i(AB,—A,B,).
[IpupaBHnBas geficTBUTENbHHE H MHEHMble qacm,. nonyqru.‘m
AB.+AB,=AB.,+AB,
AB,—AB,=AB,—AB,.

[epsoe u3 s ; B,=
P HX COOTHOUeHHH coBMecTHo ¢ A,B,=A,B,, noayuawowemes

u3 (2.19) npu a=P=0, osnauaer, uto ckanspuoe npon3BefeHHe BEKTOPOB
NpH JaHHOM NPeoGPa3OBAHHH OCTAeTCS HEH3MEHHHM, KaK W NpH 1w06OM Npe-
06pa30BaHHH KOOpPAHHAT, ) PP

Bropoe cooTHollleHHe BHIPAXKaeT HEH3MEHHOCTh NPOEKIHH BEKTOpPHOro npo-
H3BefieHns AXB Ha oCb (2). IT0 MOXKHO GHJO NpeBHAeTb, HEO NpHu paccMaTpHBa-
eMOM npeo6pa3soBaHHH KOOPAMHAT OChb (2) OCTAeTCH HeH3MEHHOR.

Awuanornunbie BulBOAH NMOJYYHM, paccMaTpuBas cayualt a=— 1, f=4 1

Teneps, paccMoTpHM CHMMETPHUHHNA TEH30p BTOPOro paHra ¢ KOMIOHEH-
TaMB Pyuxs Pyys Pzzi Pxy="Pyxs P2x=Pyzs Pyz= P2y '

BCAU pgp,==p,,==p,,=0, TO 0 TAKOM ‘TEH30Pe rOBOPAT, UTO OH 3ajaH Ha
nnockocT# (xy). Takum "TeH3sopoM MNONHOCTHIO ONHCHBAETCH IMOCKOE HaNps-
;::::::H;:g;roauue ynpyroro Tena, KOrja HANpPSXKEHHS B TeNe Me 3aBHCAT OT

Z n BCE BEKTODH HaNpsKeHHH '
AP P PAXeHHA AT Ha och (2) npoexumo,A paB-

Us xoMnoneHT 3TOro Temsopa NOCTPOMM BeXHUHHH P.g anajoruuto (2.20):

p+l+l=’pxx_pyv+2’pxy; Poo= Pzz;
p~1—l=pxx—pyv—‘2ipx‘y; po+1=P+1o=sz+iPyz;
P+1_'1'='Pxx+Pyv=P-1+1§ Po_1=‘P_m=pxz-—-ipyz;

_ Torga, npumeHss $opMy.sl npeobpasoBaHHd KOMIIOHEHT TeuaopéAB‘rbporo

paHra B pacCMaTpHBaeMOM Cly4ae NJIOCKOrO BPAulEHHS CHCTEMB BOKDYT OCH. (2)

:::zu;o ‘HOJIy'-lHTb cleiyomyio yaobHyio ¢opMyay npeo6pasoBanHsA BejH-
af

Pap=¢"*+P% . (o a u B ue cymmuposaTs!).

®opvyna Takofi Ke CTPYKTypH
CrpaBeAnHBa 4 AN MJAOCK
ao6oro pasra, T. e. ’ ore Teusopa

: £( ’
Pog, ... =¢ a+B4v+ )mpaﬁv... -(2.21)
(no o, B, y... ne cymmupoBars!),

NPHYEM BeJIHUHHB p.g ., CBA3aHH C KOMNOHEHTAMH TEH30pAa TaK Xe, Kak
BeJIHUHHE A,,BBC CBA3AHE C KOMIIOHEHTAMH BexTopos 4, B,C, aa,B,y,... Mo-
ryT NpHUNMaTh sHaveHus 41, 0, —1. e

H3 sToit obmelt popmynn (2.21) umeem:

p+‘-—1=p+1—l; Poo =Poo
’ 21" . ’ j
p'+1+1ﬂ6 vFp+]+l) po+1—e‘?po+1;
-3l . ’ -
Pyemy ==t q:p-l--p Py ™=t "PPo-1

2.7. Husapuanmuocmo meN3opublx ypasrenuil

HJAU, pacnucan, NMOJYUHM:

p;x + P;,y'-"‘Pxx + Pyys
Piex — Py + 2iP sy = (P —Pyy -+ 2iDsy) 4%
Pox —p;/y —2ip ;y =(Pxx—Pyy —2iPsy) e,
p;z =‘P:z;
P;z + ip;z =(py,+ ipyz) e,
P;z - ip;z = (pxz "'ipyz) e—i‘?

Mepasie Tpn GopMyasl MHPOKO H3BeCTHH M HMewT Oonblioe 3HaUeHHe
B naockok 3ajase Teopnu ympyroctu.* Ms sTtux ¢opMyn, sanucaB
83%==cos 29 -}- i sin 2¢ u oTnenAN MHUMBeE H JeHCTBHTEJbHBlE YaCTH, MOJNYUHM

BHDAKEHAS IS p . —P,, ¥ p,, Yepe3 CTAPHE KOMMOHEHTH. KomGuuupys STH
BBIPA)KEHHSA, NOMYYHM:

4 '+ - H
pxx=Pxx : Pyy +Pxx - p}'}'_cos 2(P‘_'ny sin 2;
p;y =pxx';pyy ___Pxx;‘Pyy cos 2q>+pxy sin 2q); )

o Pxx—Pyy .
Pry= iﬁl sin 29 + p,, cos 2¢.

2.7. Husapuanmuocms meH30PHOLX YpaBHEHUL

3akoH npeo6pa3oBaHHA TEH30POB MNpH H3MEHEHHH CHCTEMBI
KOODAHHAT CBA3aH C MOHATHEM UHBAPUAHMHOCMU YPaBHEHHH OTHO-
CUTEJbHO KOODAHMHAT.

[Toj MHBapHAHTHOCTBIO YpaBHeHHs OObLIYHO MOHHMAeTCs Heus-
MEHSIeMOCTb ero BHAa IIPH Nepexofe OT ORHOH CHCTEMBI KOOpAHHAT
K <Apyrof.

[Ipeo6pasoBanue KoOOpIMHAT CONPOBOXAaeTcsi — npeobpasosa-
HHeM (QYHKUHA N0 3aKOHY, BIIONHE OlNpeleNeHHOMY IAst Kaxpoh
GYHKUHA: JJA CKaJaapHOH QYHKUHUH OAHH 3aKOH, A4 BEKTOPHOH —
qpyrofi 1 T. 1.

ConocTaBasieTcsi HauyaJbHHIA, A0 npeoOpa3soBaHHA KOOPAMHAT,
BHJ YPaBHEHHs C KOHEUHbHIM BHJOM ero, nocje npeoGpasoBaHUs
KoopiuHaT. Booflle roBopsi, HOBbie, NpeoOpasoBaHHbIE ¢yHKUHH
6yAyT YROBJETBOPATb HOBOMY YPaBHEHHIO, ONHUCHIBAIOMIEMY TO
Ke caMoe siBIeHHe B HOBo# cHucreMe KoopiauHatT. Ecau sto HOBoe
ypaBHeHHE HMeeT TaKo e BHA B HOBHIX KOODAWHATaX, KakK H

* Cm. H. Y. Mycxeauwsunn. HexoTopHe OCHOBHHeE 33Ja9H MareMaTnve-
ckofi teopun ynpyrocr, ra. I, § 8, AHCCCP, 1954.
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I'aasa smopasn. [Tonamue mensopa u 3aKon npeo6paszesanus €20 KOMNOHEHM

nepBOHayYaJibHOe YypaBHeHHE B CTapblX KOOPAHHATAX, TO TaKoe
ypaBHEeHHE Ha3blBAETCS WUHBAPUAHMHOIM,

VnBapuantHOoCTb ypdBHEHHH, ONHMCHIBAIOWMUX TOT HAH HHOM
du3HYeCKUA 3aKOH, SIBJIACTCH HX HeNPEMEHHBLIM CBOMCTEOM, HG60
3aKOH JOJIKeH HMeTb OAHY W Ty Ke (QOpMyJHPOBKY B JioGoii
CHCTEME KOOPAHHAT BCJEACTBHE OJHOPOAHOCTH H H30TPOIHOCTH
peasbHOr0 MPOCTPAHCTBA.

Jaa unsapuanmruocmu ypastenul Heobxo0umo, wmobol ece met-
30pol, Komopole 6xo08m 6 eude caG2aemblx 8 Mo ypasHerue. 6Gbiau
meH3opamu 00HO20 panea.

BekTop He MoxXeT OHITh CJOXEH CO CKaJsipOM. TEH30p 2-ro
paHra—cC BEKTOpDOM H T. M.

ATo mnoJoXKeHHe HMeeT TaKOH Ke YHUBepcasbHbli XapaKtep,
KaKk 1 TnoJoxXeHHe of OJHHAKOBOH pPa3MEPHOCTH CJaraeMbiX B
ypaBHeHUAX.

YpaBHeHHe npsiMOA B cuCTeMe JEKapTOBHIX KOOPAMHAT HMeeT
Bua (cM. 3agauy 7, ra. 1).

x,—a,—Ae,=0.

YMHOXKHM KaxIoe H3 3THX YypaBHEHHA Ha o, U NPOCYMMH-
pyem 1o k:

Gy pXyp— onifkak—lon,-:kek = VU.

Tak kaK x; a; e;—KOMIOHEHTbl BEKTOPOB, TO, BCNOMHHaS
3akoH (2.6), noaydum ypaBHenue npsmoil B cucreme (K'):

X, —a,— Ae,=0,

rie X, 4, e;—KOMNOHEeHTH BEKTOPOB B HOBOH CHCTeMe KOOpAH-
Hat (K*).

YpaBneRHe NpAMOH HHBapuaHTHO, W60 Bce cJaraeMble B HEM —
BeKTOPbl—TEH30Pbl OAHOTO paHra.

Bropoit 3akon HbioToHa #iMeer oaMHAKOBYI0 cHAy B J0GO#
M3 JIeKapTOBBIX CHCTEM KOOpAMHAT *. ((J1ef0BaTe/bHO, €ro (opmy-
JUpOBKA JOJ/KHA ObiTh WHBapuaHTHa. MnuBapuanfrocTb obecneuu-
BaeTcA TeM, YTO CKOpocTh M CHJIa—BeKTOp, a BpeMs H Macca
(BooOIE, nepeMeHHas) —CKaJsiphbl.

Hwmeem B cucreme (K):

d
a7 (mVy)=F,,

* 3mech cnpaseannso GoJee oflee mnosioXenne: 3akoH Hpiorona cnpasej-
JHB K HMMEET CHJIY W OJHHAKOBYI (OPMYJNHDPOBKY BO BCEX HNEPUHAMbHEIX
cucrew)lax (mBHKYywHXCA DAaBHOMEDHO H NPAMOJHMHERAHO ADYr OTHOCHTENbHO
apyra).
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2.8. Kpusoauneiinoie Koopdurainsi

B cucreMe (K') monyuaeM COBEpLICHHO aHAJOTUYHYIO 3allHCh
d , ,
a‘t-(mvi)—Ft

B CHaYy TOTO, 4TO
—~— m= m’ Vl = 0 'ka.t
:t' F;.=oc,~'ka.

Hneapuanmuocmoto o6aadarom  6ce NpasuAbHO chopmyauposan-
Hble hududeckue 3AKOHbL.

2.8. Kpusoauneiinvie K0OpOuHambol

KoopauHa1Hbie NOBEPXHOCTH M auHuH. [losoXKeHHe TOUKH M
B NpOCTPaHCTBE, KaKk OblIO CKa3aHO, MOXHO ONpElenuTh ee pa-
AHYCOM-BEKTOPOM F, OTHOCHTEJIbHO ~HEKOTODOH prikCH pOBaHHOM
Toukd O. DTOT BEKTOp, He 3aBHCAWME, KOHEUHO, OT BHIGpAaHHOH
CHCTeMbl KOODAUHAT, B MPOCTPAHCTBE TpPeX H3MepPeHHH Onpeje-
aseTcs TpeMs uncaamp ¢', ¢, ¢® (uucaa 1, 2, 3-—HHAEKCH, a He
cTemnenH), KOTOpbie Y¥e 3aBMCAT OT YCTAHABJIHBAEMOrO cnocofa
onpejieJeHHst WX, T. €. OT NPUHATOH CHCTEMbl KOOPAMHAT.

Heckonpko o6obman cKkasanHoe B 1.3 OTHOCHTEIbHO KOOpAHHAT
Ha MJOCKOCTH, MOXHO YCJOBHTbCH, HalpuMep, 3TW Tpu UHCJIA
onpeiensiTb KaK paccTOSHHA, C COOTBETCTBYIOWMMH 3HAKaMH, A0
TpeX B3aUMHO NEPNEHIMKYJSPHbIX NJOCKOCTEH, MPOXOAAUUX HEPES
Touky O, TOJOKHB q'=X;, G*=x,, ¢*=X W TOTAa TOBOPAT
0 MpAMOYTOJbHOH AEKAaPTOBOH cHCTeMe KOODAMHAT. »

Ecau noJjomxende Toukd M onpelenaTb KOODAHHATOH 2z MO OCH,
npoXoAsAllell uepes TOUKY 0, paccTosHHEM R ToukH OT ocu H
yIJioM @ MeXay (HKCHPOBAHHOH MOJYMJAOCKOCTHIO, npoxogﬂmﬁe/ln
yepes OCb 2, H NMOJYMJIOCKOCTbIO, MPOBEJEHHOH Uepes 2 i Touky M,
TO MOJYYMTCS [MJIMHAPHUECKAs CHCTeMa KOOpAXHAT 2z, R, ¢
(puc. 1.9, a). . '

OueBUAHO, €CJH 3ajaBaTh LJs OJHOH M3 BeJHYHH ¢, Ha-
npuMep

q! == const,

4 M3MEHATb HeNpepHBHO JBe JApyrue ¢* H oq3, TO MOJy4eHHbIe
ToukH O6YyAyT NpPHHAAJIEKATb HEKOTOPOMY CeMeHCTB]y H(;BerHOCTEI/I.

TakuMm e o6pasoMm, ypaBHeHusn q°=const(q', g¢°—mnepemen-
Huie) n g®=const(q!, g*—nepeMeHHbie) ONpeAeJAOT, COOTBET-
CTBCHHO, elle JABa APYrux ceMeidcTBa MOBEPXHOCTEH. [Monoxum,
yTO 3TH MOBEPXHOCTH TAaKOBbl, YTO 4Yepe3 KaXKAylo TOUKY M upo-
CTpaHCTsa NPOXONMT OAHA H TOJBKO OJHA MOBEPXHOCTb KAKAOrO

— 79



T'2aea smopas. Ilonamue mensopa u 3axon npeobpasosanus ezo Komnoweum

ceMefictBa. Torja mnoJoMeHHe TOYKH BHOJHE ONHO3HAYHQ onpeje-
JSI€TCS MepeceueHHeM STHUX TpeX MoBepxHocteA. OHM HOCAT HA3Ba-
HHE KOODLHHATHHIX MOBEPXHOCTeH, a BeauunHH ¢!, ¢%, ¢® Kpueo-
aunednox (0606uentbix) Koopdunam mouku M. Bup KOOPJAMHATHLIX
MOBEPXHOCTEH 3aBUCHT, KOHEUHO,
OT cnocoba onpejeseHHsi BeAHUHH
q' (puc. 2.11). .

B npsMoyronbHoii cucreme ko-
OpAWHAT, K&K JIeTKO BMJAETb, KO-
OPAMHATHEIMK MOBEPXHOCTAMH $iB-
JAIOTCA TPHA B3aHMHO IepneHAu-
KYJAPHBIE NJOCKOCTH. _

B uuannapuueckofi cHcTeMe
KOODJIHHAT, KOOPAMHATHbIE MOBEpX-
HOCTH CyTb:! 2= const -~ /a10CKOCTb,
NepneHAHKYJAAPHasi ocH 2, R=
const—kpyrosoi#t unanHAp paguyca
R ¢ o6pasyromnmu napasneabHLIME
Puc. 2.11. Koopannatuse noBepx- ocu z; (p=const—n0.nynnocxocrb,
HOCTH, JHHHH H OCH B ofo6mennok [1POXOAfllasg uyepes ocb z MOX yr-

KOODAMHATHOR cHCTeMe JIOM @ K GHKCHPOBAHHOH MOJYII0C-
. KocTH (puc. 2.12),

B cdepuueckoit cucreme koopaumar R, 0, ¢ (cM. puc. 2.13),
KOOPAHHATHEIMU MOBEPXHOCTAMH CAYXKaT MOMAYIIOCKOCTL, NPOXOAS-
Mas qepes OCb z mMOA YrJOM @ K MJIOCKOCTH OTcuera, cdepa pa-
auyca R # Kouye ¢ yIJIoM pactBopa 20.

Puc. 2.12. Llunuuppuueckas cucrema KOOpAHUAT: KOOPAHHATHHE
TOBEPXHOCTH: KOOPAHHATHHE JIHHHH (@, R, 2) H 6asuc HX oceli

TMepeceuenne 1BYX noBepXHOCTEfl naeT JHHHIO. OueBupno, Ha
STOH JIMHMH 3HAYCHHs JBYX KOODAMHAT [MOCTOSHHB, a TpeThbsi
MeHseTcd. ITH JUHHH H3MeHeHHUS O].lHOﬁ H3 KOOpAHMHAT Ha3biBa-
1oTcsi Koopunamuoimu aunusmu (puc. 2.11). '
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2.8. Kpusosunednsie Koopduname:

‘B npsimoyronbHOK cucTeMe KOODPIHMHAT 3TO GYAYT nNpsiMble.
B uMnuHIpUYECKOH cucTeMe KOOpAMHAT 310 GyayT: nNpsMas
(R = const, @=rconst), npsamas (¢ = const, z=rconst) u oxpyx-
HocTb (R =const, z=const).

B chepuueckoit cucteMe KOOpAHHAT KOOPAMHATHBLIMH JIHHHSIMH
ABASIOTCA: OKPyXHOCTb (R =const, ¢=const), okpyxuoctb
(R = const, 8 =const) u npamas (¢ = const, 6 = const).

%

)

Puc. 2.13. Cpepuueckas cuHcTeMa KOOPAHHAT: KOODAHHATHHE
NOBePXHOCTH, KoopannaTHHe auHHH (R, 0, @) u BekTopHHR Gashe
HX ocell

YecnoBuMcst MOJMOXKHTENbHLIM HalNpaBleHHEeM Ha KOOPAMHATHOMH
NHHUM ¢' HA3HIBATb HanpaBjeHHE, B KOTOPOM MepeMellaeTcsi TouKa
npu yBeJHYEeHHH ¢'.

Hanpasaenus KOOpAMHATHBIX JuHUA onpepeasioT (puc. 2.11)
npyd noMomu KoopAHHaTHoro OGasuca (e, e,, €;). Bekropul storo
6a3uca KacaTeJbHbl K COOTBETCTBYIOIUHM KOODAUHATHBIM JHHHUSM
H HanpaBJeHb B CTOPOHY BO3pacTaHHf COOTBETCTBYIOHIHX KOOP-
IMHAT. Jrtor 06asdc Ha3bIBaeTCs A0KAAbHOIM (MECTHbIM) 6asucoM.
BaxHo oTMeTHTh, uYTO B OOueM cJaydYae BeKTOphl 6asnca He
B3aHMHO TMEPNeHAHKYJAPHB U He SABJAAIOTCA opTaMH (|e|=%1).
KacarenbHbie K KOODAMHATHBIM JHHUAM, Ha KOTOPHIX YCTaHOBJEHO
NOJNIOXKHUTENbHOE HanpaBJeHue OA3HCHHIMH BEKTOpPAaMH, Ha3blBaiOTCs
KOOPOUHAMHbIMU OCAMU KPUBOJNHHENHOM CHCTEMbl KOOPAHHAT.

Cnenyer OTMeTHTb, 4TO 8 cay4ae OeKapmosoll cucmemsl KoOOp-
Juxam (NPSIMOYTOMbHOA M KOCOYTOJNbHON), 6a3sucHeie eexmopot
cosnadarom OAS 6cex mouek npocmpaHcmea. ITHM CBOHCTBOM o6Ja-
IaeT TOJbKO JieKapToBa cucTeMa KoopauHart. [as aobod kpusoau-
Hellnoli cucmembt KoopOuunam, OQ3uUCHbie 8eKMOPLL PA3AUYHL. 0aR
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T'rasa smopas. [Tonamue mensopa u 3axon npeobpa3osanta €20 KOMNOKENM

pasauunbix modex npocmpancmea (cM. puc. 2.14). B stoM cayqae
KOODAHHATHBI 6a3uC Ha3LBaOT MOABHXHBIM, HO0 OH MeHsercs
OT TOYKH K TOHKE,

Ecnu BexkTopbl (asuca B3aWMHO MOepHeHAHKYJSPHH, TO CH-
cTeMa KpHBOJHMHEHHBIX KOODAMHAT HAa3biBAETCH OPIMO2OHANbHOU.

1
|
]
!

Puc.- 2.14. Mectunii Gasuc. TonbkO B EKAPTOBHIX CHCTEMAX
KOOpAHHAT MECTHbI 6Aa3HC OJHHAKOB AJI% BCEX TOUEK NPOCTPAaHCTBA

B OpPTOTOHAJDbHBIX CHCTEMAaX KacaTejbHbie K KOOpAHUHATHBIM
JHHHAM B KaxXJAOH TOYKe I[epeceKkaloTcs TMnoj NpAMBIMH  yTJAaMH.
Unauuapuyeckas U cheprHyeckass KPUBOJHHEHHHIE CHCTEMBI KO-
OpAHMHAT HABJAOTCA OPTOTrOHAJbHbBIMH, Kak Y¥Ke yIOMHHAaJA0Ch,
OPTOrOHaJIbHble CHCTEMbI Haubosiee pacnpocTpPaHeHbl B NPHJIOKE-
HHAX, XOTA, KOHEYHO, YCJOBHE OPTOrOHAJbHOCTH CHUCTEMBI He 06-
3aTeJIbHO JAJIS O0OOIeHHBIX KOOPAMHAT (qy, s, ¢3).

OCHOBHOK  XapakTepHCTHKON /060 O6OGUEHHON CHCTEMbi KOOPIHHAT
ABJAETCH €e METPHKA, T. €. BbipaXKeHHe KBaapata sneMentapHoit ayru (cm. 1,6)
ds* = gindq iqu~

3nece gip=¢; €, — KOMNOHEHTE MeTPHUECKOro TeH3opa (cM. 2.9).

Tpn noMould KOMIOHEHT METPHYECKOTo TEeH30pa MOMKHO Ofpene/HTb OCHOB-
zu,lxe znexg)embx NPOCTPaHCTBA, apHOMETH3HDOBAHHOrO CHCTEMOfi KOOpAMHAT
g g% 6¢7)

DJJieMeHT AYFH BAOJb KOOPAHHATHON JuHnU g; Gyper:

ds,'=[ei!dq"=]/gfidq[ (uer cymmupoBaHus no il). (2.22)

SneMeHT NJIOUIAAH B KOOPAHHATHOH MOBEepXHOCTH gl= const

doy =] e;Xeq | dg?dg® =V (e3X€5)- (€5Xey) dgdg?=
= V (e2-e3) (e3-€3) —(e2- ;) (€5-€5) dgdgd =

= 1/ 822833 — €54 dgdg®.
Auasioruusio Hafijgem

d02=]/g33gu—g§3 dqddq?,
d03=]/ 1182087, d9'dg?,

2.23)

HUan koporko:

do,-=]/§/jg,,k—g—;f'kdq/qu (HeT cymmupoBaHus!) no

j v k, npuuem, f, j, k COCTaBJAAIOT HETHYIO NEPECTaHOBKY
yucea |, 2,
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2.8. Kpusoauneiinove koopdunamo!

Snement ob6veMa NosyynM, Hcnoabayq (1.46) us 1.6:

dtv=V G dg'dg*dg?, 2.24)
rae
G=det|gpll.

B cnyuae oproronanbHoll CHCTeMbl KOODAHHAT, OCHOBHBIMH €€ XapaxTe-
PHCTHKaMH SIBASOTCH koagpuyuenmor Jam3, onpefejiiembie paBeHCTBOM

ds?=H? (dg")?*+ H? (dg*)? + H? (dg®)
Kak 6uso nmokasado B 1.6:
Hy= Vgll; Hy= ngz; Hy= Vgsa'
B atoM cayuae (2.25)
ds;=H;dg (HeT cyMmHpoBaHHs!),
do;= H ;H,dg’/dg®  (ner cynmmposanusl),
dt = HyH,H,dq dg?dg?®.

COOTBETCTBEHHO /st ACKAPTOBOH CHCTEMBbl  NIPAMOYTOMbHBIX
KOOPAMHAT, ANA UHIHHAPHYECKO# H JAaa cdepHUYecKOf CHCTEM
nMeeM

ds? = dx? 4 dx? 4 dx?,
ds? = dR*®+ R*do?4-dz2?, (2.26)
ds® = dR?*+ R2d0% - R? sin? Bdg2.

Orctofia BHIHO, YTO AJs NPAMOYTOAbHBIX AEKADTOBHIX KOOPIH-

Hat Bce Ko3pduuveHTH JIAM3 paBHBH elHHHIle, AJIA LUJAHAPHYE-
CKOM CHCTeMbl KOODAHHAT HMeeM

Hy=Hp=1, Hy,=H_ =R, H;=H;=1, (2.27)

a jns cepudeckon _
Hy=Hp=1, H,=Hy=R, Hy;=H,=Rsinb. (2.28)
Ecau HenocpeacTBeHHO ONpeleJHTh KBAaAPaT 3MeMeHTa AyrH
NpeJCTaBaseTcs 3aTPYAHHTENbHbIM, TO MOXKHO HCXOJHTb H3 GoJee
obuux coobpaxenuit. ConocTaBuM KaXAo#i TOUKe NPOCTPAHCTBa

Tpu 4HCJaa ¢', g%, g% 3TO O3Hauaer, YTO ee PaJAUyC-BEKTOP MOXKHO
paccMaTpHMBaTh Kak BeKTOD-QYHKIHIO apryMmeHtoB ¢!, q%, ¢3, 1. e.

r=r(q', ¢%, ¢°.

Torna npoekTHpys pPaiHyC-BEKTOP HAa OCH KAaKOH-TO JeKapTo-
BOM CHCTeMbl KOODAHHAT, MOJNyYHM TPH CKaJsApHble GyHKIHH, yCTa-
HaBJMBalOLMe COOTBETCTBHE MeXAy X; U §°:

Xy =x (9% 4% %), X, =x,(4", ¢% %), x5 =x5(q", ¢°, q%). (2.29)
IIpu stom, npeanonaras, uto AkoOHaH

I = det ||-2%]
dgt
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Taasa emopas. Monamue men3opa u 3aKoH npeobpasosanus ezo KOMNOWEHmM

He paBeH HyJI0O WAH GeCKOHEYHOCTH, Mbl MOJYYHM B3aHMHO OJHO-

3HauHOe COOTBETCTBHE MeXAy X; M ¢%, TaK 4TO B JONOJHEHHe

K (2.29) cymectByoT QYyHKUHH

q1= l(xlv xz» x3)7 q“‘::qz (xlv x27 x3)7 q3=q3 (xl’ xnr xs)- (2'30)
Hanpumep, B ciaydae UMJIMHAPHYECKOH CHCTeMbl KOODAHHAT

HMeeM

o s X . . . ‘,
R5q1=1/x§+x§, q>Eq2=arctg—x-f-, 2=q%=x,; (2.31)
X;=Rcosgp, x,=Rsing, x3=2,

a B cayuae cgepuueckoi CcHcTeMbl Bbipaxenus (2.29) u (2.30)
HMEIOT BHJ

R=¢'=y/ ATATH.

]/ P . (2.32)
————— (p_=_q3=arctg7’;'-,

X3
%, = RsinBcose, x,=Rsin@sing, x3=Rcosb

0 = q?=arc tg

Buuucngs nonHoe GecKoHeYHo Majoe H3MEHEHHe pajHyca-BeKTopa,
noJiy4uM .

. Or or , ;
d¢* + — dg*= — dq¢".
a3

or or
2 aqt

dr=— dg* +—
g d dq
O1cona, MeTpuka:

or Or . ;
ds® = (dr .dr) = — . =—— dg'dqg*.
( ) o9 ogt q'dg

Takam o0pa3soM, BEXTOPH JNOKalbHOro 6asKca paBHH:
or

=— 2.33
57 (2.33)

e;

ChegoBatenbHo, KOMIOHEHTH METPHYECKOrO TEH30Pa MOTyT OHTb BHYH-
c/ieHH no dopMynam
or or ax, axl
Bik="T5 " T T T T
dq* 0qg*® dq' d¢

rae x;=x; (g%, ¢* ¢° ectb dyuxuun (2.29), npuuem

r= ilx] +i’x2+i3x3.

(2.34)

B cayuae oproroHanbHex KoopiauHaT KospoHuHenTe Jlams moryr GmTh
BHUHCJIEHH [0 QopMynam

.H‘.zl/(g_:_;>”+(%f)z+(g$§)z. s

YuraTenio npeanaraercs camocrtosiTesNbHo nHoayuuTe (2.27) H (2.28)
Henosibayd BHpaxeHue (2.35).
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2.9. Tensopo 8 cucmemax 0606ujennuix Koopdunam

2.9. Tensopot 8 cucmemax 0606uennsx Koopounam

KosapuaHThbe, KoHTpaBapuaHTHBE H CMelIaHHbE KOMIOHEHTH TEH30DOB,
B cucTeMe ofofienHbix KOODPAHHAT, onpepeisieMoli NPOHSBOJALHBLIM HEOpPTOro-
HanbuHM Ga3ucoM, BeKTop (TeH3op 1-ro paura) noauocTbIO onpeaensercs XHGO
€ro- TpeMs KOBapHAHTHBHIMH KOMNOHEHTAaMH A;, NH6O ero TpeMms KOHTPaBapHAaHT-
HHMH KoMnoHentamu A'. Bennunuol A; oTanuaiorcs ot A’ 3akoHoMm npeoGpa-
30BaHHA NPH H3MEHEHHH NPOCTPAHCTBEHHON cUCTEMH KoOpaHHAT (cm. 1.31—1.32).

[ i _ A sk
Al—ailAk, A l-—akA .

Tem He MeHee, 9TH BeJHUMHMbBl He ABARIOTCH HE3aBHCHMHMH; CBA3b MEXAY
HHMH ycTaHaBruBaetcs gopmynamu (cm. (1.40), (1.41)).

ITpn stoM kosdbduumeHTH g(g'*) onpenensior 6a3uc cucteMbl 0606uEHNHX
KOODAHHAT, B KOTOPHX paccMaTPHBalOTCA KOMIIOHEHTH BekTopa (cm. 1.3).

Auanoruuuo, oTHOCH TEH30PH BTOPOrO H BhlE PAHTOB K OGIKHM CHCTEMaM
KOODAHHAT, MOXHO pacCMaTPHBaTb pPA3NHYHOTO pOJa HX KOMIOHEHTH. ITH
KOMINOHEHTH OT/IMYAOTCA APyl OT ApYra 3aKOHOM Npeo6pa3oBaHus NpH H3me-
HeHMH MPOCTPAHCTBEHHON cucrembl KoopanHat. CymecTBYIoT Takxke GopmynH,
CBASHBAIONINE PA3NHYHOTO POJAA KOMIIOHEHTH MeXAy co6oil.

[IpuBefiem omnpeneneHHe TeH3opa 2-ro paHra, KOTOPOE He OFpaHHUHUEHO
NpHMeHEHHEM TONBKO eKapTOBOK CHCTEMB MPAMOYroMbWHX KOOpAHHAT.

TeHsop 2-ro paWra—sto BenuuuHa, MOJHOCTBIO ONpefenseMas B moGof
cHCTEME KOOPAHHAT 32=90 uncnhamu (WAH GYHKUHAMH), Ha3LIBAEMHMH KOMIO-
HeHtaMH. KoMnoHeHTH TeH30pa MoryT OuTo KOBapHaHTHHMH A;;, KOMTpaBa-

pHaHTHBIMH A% cuemannsivg A;.k, Afk. ITpr n3meneHuH npocTpaHCTBEHHOR

’ : .
CHCTEMH KOODAMHAT STH KOMNOHEHTH mpeoGpasyotca B A4,,, Arik, A; k A:,‘,
N0 3aKOHY:

’
Aik=af' ag‘,A,m,

A'tk— ol of gim }
‘. 7 4.
At =dl, of 4",

' ) 2.36
Al=al'al Al (2.36)

3neco a;’,, af'—xoacpcpuuuemu npamoro H o6parHoro npeo6pa3oBaHUS
(bopmynn 1.4—1.5).

KoMnorenTH TeH3opa, pacCMAaTPHBAaEeMHe B CHCTEME KOOpIWHAT C MeTpH-
Kokt ds? =g dx'dx®, cBasann memny cobok dopmysamu

AR giltghm p, o Ap=Qu8en A™, App=guA}'=guA',,
A =ghay, AF=guA®, (2.37)
Aly=gthy, Al =gyAt, AR=gilak=gta!,

Touka B o0603HaueHHSAX CMellaWHBIX KOMIOHEHT Noj4YepKHBAaeT NOpAnoK
C/elloBaHHA Huaekcos. Tak B A}k nepBHN MHAEKC «KOBapHaHTHHHA», a BTo-

poit ——«KOHTpaBapHAUTHHY; B Afk NopAnoK CJaenoBaHHA HHAEKCOB o6 paTHLIM,

Mpumep. [lokakkeM, YTO BENHUHHH g, g, g,"’, onpejenexnusie B 1.6,

ABASIOTCA KOMMOHENTaMH TEHSOpa BTOpPOro paHra. JTOT TeH30p Ha3hBaercs
MeMpPUYECKUM MEN3OPOM. ’

" Tpexae Bcero, ucnoansys (1.4—1.5), 1.3 n onpegesenne (! 39), noay-
YHM 3aKOHH IPeoOpa3’oBaHUA 9THX BEJHYHH NDH M3MEHeHHH [POCTPaHCTBEH-
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T aasa smopas. [Tonamue men3opa u 3aKOH npeoGPA30BAHUA €20 K0AtNOHENM

Hofl cuctemb KoopauHaT. HmeeM

’ [ ! m l .m i m
Lip=0; €, =08 0p€n=0p ) 61 € =0 Xp.8ym,
R Gl om i (R Glm
m€ € =% G,

e 1 k'
=a; O

. . i
g”k:g".e'k—;a; a

'k ’
g =¢-¢

m__ ol R et
ep-e”=4a, 0, g .
CJlelloBaTe.lleO, gl'k——KOBapHaHTHble KOMIOHEHTb HEKOTOpPOTO TeH30pa,
gik—KOHTpaBapHaHTthe KOGMIOHEHTH, g}k——cmemaﬂﬂme KOMIIOHEHTHI.
HOKa’IKBM, YTO STO KOMIIOHEHTbl OJHOro H TOTO Xe TEeH30pa. ﬂ.ﬂﬂ 3TOr'0

NOCTAaTOUHO I0Ka3aTh, YTO OHH CBA3AaHB MeXny co6oil dopMynamH BHAA (2.37).
Ho wn3 onpejeneHns g, B CBOHCTE BEeKTOPOB OCHOBHOrO H B3aUMHOrO

Ga3uca ciaeiayer
—g.el
e =g .

Toraa umees
. , _ ;
gin=6-r =gt Grme™ =&itBrme €™ =gi8rng "

Giv= 28" er =8i8}-
HT AL )

Takum o6pasom, BeAHYHHH gk, g'*, g;" AefCTBHTE/]bHO HBJSIOTCH KOMIO-
HeHTaMH OJHOTO TeH3opa (MeTpHueckoro TeHsopa). Ero cmewaHHbie Komno-
HeHTH COBMAjaloT MO 3HaueHHAM ¢ cumBosoM Kpouexepa O

MousaTHe TeH3opa 2-ro paHra MoxeT OblTb 06OGUIEHO Ha NOHATHE TeH3opa
n-ro paHra, OTHeceHHOro K NpOH3BOJbHON cHcTeme KoopauuaT. Teusop n-To
paHra onpejenseTcs KaK BeAWumHa, onpejensiemas 3" uHC/IaMH, KOTOphie
MOFYT 6HTb Ak60 €ro KOBapHAaHTaMH, JHMOO KOHTPaBapHAHTHLIMH, JHGO pas-
JAKYHOTO POAa CMeLIaHHBIMM KOMIIOHEHTaMH.

Tak, HanpeMep, TeH30p 3-T0 PaHra MMeeT BCero 27 KOMIMOHKEHT H ero cme-
IIAHHHE KOMIIOHEHTH MOFYT ObiThb BHjAa A};}l’ A’,',f u T. A. 3axoH npeoGpasoBa-

HUA HX caefytoulnii:

k

e _ o om om0 aeer
Ay t=oag, a A,

ril it ) oamer
AL =oyap a AT

TIpu sTOM roBopsaT, uTo A;;! —CMellaHHbE KOMNOHEHTH OAWH Da3 KOHTpa-

BADHAHTHble H ABaXKAbl KOBapHaHTHbE H T. A.

[TpaBn/io WHBaPKHAHTHOCTH TEHSODHBLIX YpaBHEHHH, paccyoTpeHHoe B 2.7,
Tenep,, OYEBHAHO, AOJPKHO OHITb AONO/AHEHO TpeGoBaHKeM, YTOOH Bce TeH-
30pH, KOTOpHe BXOJAT B BHAE CJaraeMblx B YpaBHeHHe, NO/KHH KMeTh
He TOJNbLKO OJHHAKOBHIE paHr, HO H OJMHAKOBYI0 «KOBapHaHTHOCTbY. Huaue
roBOp#s, KOBapPHAHTHbIE KOMMOHEHTHE HE MOTYT CKJajBBATLCH C KOHTPaBapHaHT-
HBIMA, 4 CMellaHHbie KOMNOHEHTH MOrYT CKJAajnlBaThCsl TO/NbKO TOrja, Korja-
onn nuewr ognnakosoe crpoenne (A;¥ w BF w1 n.).

«PH3MveCcKHe» KOMNIOHEHTH Ten3opos. Ciyuali oproroHaabHbix 6asncos. [lous-
THe «DH3WYECKHX» KOMIOHEHTOB BEKTOPOB eCTECTBEHHO of6ofiiaercs n Ha
«pH3AHECKHE» KOMIOHEHTH TeH30POB 2-r0 if BRICHHX paHros. B o6mem cay-
yae 3TO CJAELYET H3 TOro, YTO KOMIOHEHTH JIIO6OTO TEH30pa fn-ro paHra Moryr
6biTh NPEACTABNEHH B BHAE CYMMbl NpOH3BEJEHHH KOMNOHEHT TpeX B Tpex-
MEepHOM MpOCTPAHCTBE BeKTOPOB (CM. 3ajauy 5 srtoil riass). Ecas cuuntats
$aKT pA3NOXKEHHS TEH3OPOB HAa CYyMMY TDOH3BEJEHHH KOMIIOHEHT BEKTOPOB

b :
YCTAHOBJEHHHM, TO, B UAaCTHOCTH, «pH3HUECKHe» KOMMOHeHTH A7, u A** Ten-
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30pa 2-F0 PAaHTa OMpeAe/sIOTCS BbIpAMKEHH MM
A*it— | g .| ep| A=V giigue A¥® (wer cymmuposannsl), (2.38)
A"‘k: Al’k — Afk
¢ Ieil',ekl ngigkk

At dopmyan ABngOTCH oboSuennem dopmya (1.37).
B cayuae oproroHajbHeXx Gaszucos u3 (2.37) u n3 (1.39) noayunm

(HeT cymmupoBaHHsA!). (2.39)

Ak = glighk g, oo Aig (HeT cymmupoBanus!),
H2H?

Ajp=gigmmA*=HH} A* (uer cymmupoBanunl).

Toraa us (2.38) u (2.39) caeayer, uto o06Ga BHAA (QH3HYECKHX KOMIOHEHT
Tensopos cosnagaior A, = A** u pash

A, = ik
ik Ht'Hk
Onepauus MORHATHA H ONYCKAHHMA WHAEKCOB. B cas3y ¢ BblpaKeHHAMH
(1.40), (1.41), (2.37) n uM nopo6HLIMH B ajare6pe TEH30POB roBopAT 06 one-
pallHH MOJHATHS M ONYCKAaHHA HHJEKCOB Yy KommoHeHT TeH3opos. Ilox sTuM
NOHKMAIOT NPABH.IO MONYYEHHH OJHHX KOMIIOHEHT 4epe3 Jpyrue [pH TOMOULH
onlepaTopa —METPHYECKOro TeH3opa. [1paBua0 3aK/IOYAETCH B TOM, YTO «NOA-
HHAMaeMBblii» («OMyCKaeMbiil») HHAEKC MePeXONHT B MeTpHUecKH#l TeH3op, a Ha
TO MeCTO, Kyja OH JO/DKEH ObiTh MOAHAT (ONyilieH) CTAHOBHTCH «HEMOH»
HHIEKC CYMMHPOBaHKS; BTOpbIM «HeMHM» HHIEKCOM CYMMHDOBaHHHA ABJAETCH
cBOGOAHLIA MHAEKC MeTpHUecKOro Tensopa. Hanpumep,

n mn
Aikl = gimA.kl =&im8kn A..[ =&im8rn8ir
MHOr}lﬂ O TOKJAECTBEHHOM ﬂp806p33OBaHHH BHJa

A®H:Hy (1er cymmupoBauus!). (2.40)

Amnr

Aie=g' A

roBOpAT KaK 06 onepauuu «nepeHMEHOBAHHA» HHJIEKCA.

KomapuanTHbie, KOHTPaBapHaHTHHE H CMellaHHBle TeH3opel. Muorga npu
flepeoHavaJLHOM ONpEJe/eHHH TEH30Da Kak (H3HYECKOH uJIH TeoMeTpHueCKoH
BEJHUYMHB YAO6HO HKCXOIANHTb H3 KAaKHX-TO oOfpejesleHHbX €rc KOMIIOHEHT,
yanpuMep K3 KOBapHaHTHLIX. B 3ToM CMBIC/IE MOXHO TOBOPHTb O TAKOM TeH-
30pg, KaK O KOBADHAHTHOM TeH30pe. AHaJOrHYHO PacCMaTpPHBAIOT KOHTpPABa-
pHAHTHBE # CMemaMHbie TeH30pb. OnHaKO K3 KaKHX Obl Mbl KOMMOHEHT He
HCXOLHMH, TEH30p A-TO paHra, Kak ejHHAs BeJHYHHA, BCEraa onpeje/ifercs
Tonbko 3" HesaBHCHMHIMH uHC/IaMu. C Apyro#l CTOPOHH, ec/li OTpene/ieHbt
KaKne-nu60 KOMIOHEHTH TeH3opa, TO INo ¢opMy/aam, axajornuunmm (2.37),
BCEra MOXHO HAaATH €ro KOMIOHEHTH .I060r0 APYroro cTpoeHus. 3TO ABJjs-
eTcs ClejcTBHEM TOFO (hakTa, UTO B NPOCTPAHCTBe C 3ajaHHOH METPHKOH BCH-
Kas (u3nueckas HAH reoMeTpHUecKas BeJHYHHA MOXeT GbiTh IpeiacTaBieHa
KOMIOHEHTaMH JM1060ro CTpOeHH.

Hanpumep, paccMOTPHM cKatsipHy©o ¢yHKuHio (X', ¥*, x%) o06o6uieHHbX
koopannat x°, x°, x3 BBIACHEM 3aKOH Npeo6pa3oBaHHA ee TPeX YaCTHuIX Mpo-

H3BOAHBIX é—’ TpH H3MEHEeHHH CHCTEeMbl KOOpPAHWHAT.
X

Yuuteigasi, 4t0 x' M X! ABJASIOTCH KOHTPABAPKAHTHBIMH KOMOOHEHTAMH
pajHyca-BeKTopa oiHoil H Tofi Ke TouxH, nojyusm no (1.32)

k

xf=af x't,
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Torpa
0f __ of ox* e O}

» ", — a t .
i axkaxi U oxk
F)
TakHM 06pasoM, MOXKHO CKa3aTh, HTO TPH BeJIHYHHH a—ﬁi, npeo6pasyio-
X

UlHeCH NO 3aKOHY KOBAPHAHTHBIX KOMIIOHEHT, o6pa3yloT KOBApHAHTHHIMH Bex-
Top. B gpeficTBHTENBHOCTH, KO-
HeyHo, STOT BeKTOop (rpamu-
eHT—cM. 4.4) uMeeT Kak Ko-,
TaK M KOHTDaBapHaHTHbE KOM-
NOHEHUTH.

Mamoctpanueit nosasnenns
NOHATHH KOBapHAaHTHHX H APY-
THX TEH30POB MOXeT CHYXHTb
npuMep TEH30pa HanpskeHult B
o6o6uieHHEIX KOO pAHHATAX.

Mpumep. TeHsop Hanpsgxe
HHil. PaccmoTpuM B CHcTeMe
KOO pAHHUAT, OompejiensieMoii npo
H3BOJIbHEIM PaBLEIM OasucoM (e,
€, €3), 3NeMeHTapHull TeTpasap
Puc. 2.15. Teusop nanpsxenuii g o6o6uien- (cM. puc. 2.15) c peGpamu

HBIX KOOpAWHATax | e, ]dx!, |e,|dx?, |e;|dxs, cxo-
AAHMACS B HAayale KOOPAHHAT,
H C ¢IOHHMKOM» miomaabio do, OpT HOpManH K NOHHIIKY 0603HAYHM yepes
M, a nAoWaAd rpauefi 4epes do,, do,, do,.
Torpa uMmeem

do, =| e, Xe; | dx* dx3,
do, =) e;Xe, | dx®dx?, ™
dog==| e, Xe, | dx* di*,

Kpome toro (cM. puc. 2.15), nmeem:
ndo, = (e dx’ —e, dx*) X (e; dx3 —e, dx?) =
= (3 X €3) dx® dxB - (e3Xe,) dx® dx! + (e, X ey) dx! dx*.

Bons BekTopH €' B3aumHoro Gasuca u yuntwsas (1.24), (1.46) u dopmy-
aet (*) sToro npuMepa, NMONYYHM, HanpHMep,

esXes=e'VG.
H, CJIELOBAaTE/BHO,
1
(eyXeg) dx* dxd = l—:ﬁ do,.

Toraa

8 &t
ndon = 2 _l-el—l do".

i=1

Orciofa, BBOAA KOBapPHAHTHHE KOMNOHEHTHI n; BEKTOpa n, NONy4NM
do;
ndo, = —L | **)
| e}
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3adauu ¢ pewierusmu

Kak u B npumepe 2.4, BeKTOD HaNpAKEHHS HA «IOHHIUKE» TeTPasfpa P,
HMeeT BHPaxeHHe

3
’ 1
Pn"'zp,' do; a—(,; .
i=1
IMoacTasass cofa 3HauseHus do; us (**), HMeeM

3
Pa=2 pile'ln.
i=1

[Tockoabky B CyMMe CnpaBa CTOAT KOBapHaHTHHeE KOMDOHEHTH 7; BeKTopa 1,
TO MpH paccMOTpeHHH KOMMOHEHT BexTopoB p;|ée'| (i=1, 2, 3) mu obs3a-
7TeNbHO JOMKHH OpaTh HX KOUTPaBapHAHTHHE cocTaBasioune. TOnbKO B 3TOM
cnysae (*) KOMNOHEHTH Bektopa p, OynyT npeo6pa3soBHBaThCS APH H3MeHe-
HHH CHCTeMH KoopaHHAT No 3akoHam (1.33). FiMenHo B 3TOM CMHC/E MH MOXKeM
FOBODHTb, 4TO BekTOPH p;|é‘| ABASOTCH KOHTpaBapHaHTHHMH, OGosHauas
3TH KOHTDAaBaDHaHTHHE KOMIOHEHTH 9STHX BEKTOpPOB Hepes p®, Tak wutO
pil € 1= pte, (cymmHpoBaHHe TOJbLKO Mo k), monydHM

3
Pn= 2 pesn; (2.41)
& T=1

Orcioa KOHTpPaBapHaHTHHE KOMIOHEHTH BEKTOpa HanpfXeHus p, PaBHH
.
pE=pitn,. (2.42)

Heeats BesnumH p® ABAAIOTCA KOHTPABAPHAHTHHMH KOMIOHEHTAMH efi-
Holt (H3MUecKol BeJHUHHH —TeH30pa HanpsXeHni. OHH MOSBOJAIOT B BHOpPaH-
Hofi CHCTeMe KOOPAHHAT oOnpexejuTh B Touke O HanpsikeHHs Ha JoGol
MJIOWAagKe ¢ HOpManbio 1.

KoBapuauTusie, CMmellaHHHE H «(pH3HUECKHE» KOMIOHEHTH STOro TeH3opa
MOFYT OHTL onpeneieHH corsiacko ofuwum dopmynami

Pik=giulenP'™ Pi*=gup'™ ... u T. L

3ad0aun ¢ peuwleRusmu

3apaua 1. HafiTe BHpaXeHue AN MOMeHTa HHEPHHH CHCTEMH MaTePHAMb-
HHX TOYeK OTHOCHTENbHO OCH (4) C OpTOM X. ’

Pemeune. DTy Ssajauy MOXHO PelIHTb AByMs NyTAMH.

Ecnir He MCNO/AB3OBaTh MOHATHA TEH30Da MOMEHTOB HMHEPIHH, 4 HCXOLHTB
W3 3JEMEHTAapHOr0 ONpejlefleHHS MOMEHTa HHepUHH MaTepHANbLHOM ToUKH KaK
npousBejieHNst Macch Ha KBajpaT pacCTOSHHS [0 OCH, TO

N
lyg= 2 my (rp X8y,
n=1%
rape N —uKC/IO0 TOYeK,
m,—macca n-f TOYKH,
r,—PagHyc-BeKTOP A-fi TOYKH OTHOCHTeJIBHO HEKOTOporo Hauana O, Bag-
Toro Ha ocu (u) c oprom # (Jul=1), npu stom |r,Xu|—paccros-
Hne n-# TOUKH OT OCH (u).
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[1peo6pasyem BhipaxenHe ans /,,, ucnoassys (1.16) u (1.19),

N N

lpy= Z My (FpXu) (1, Xu)= 2 Ml - X (Fp X 1)] =
n=1 n=1
N N

= 2 m,,r,,-[r,,—u (rn‘u)]—_‘ 2 my [rf,—(u-r,,)z].
n=1 n=1
Ecan seects cuctemy (K) c nauanom 8 0, 1o nojiyuny Bbipakenue [,
g o (B) pm) ) (p () (n) (g y.
epes xoopauHath Touek X;V, x,V, x V(7= x Vi, 42V, + x{Vly):

N
—_ (n ,(n) n)
Ly = Z My {5 %) —-(xﬁ- ;) *
n=i .
3710 XKe BRIPaXKeHHe MOMHO NMOJIYUuHThb, eCaH B (K) H3BecTHbI KOMMOHEHTh Ly
TeH30Da MOMEHTOB WHEDIHH.

(K,)lleﬁcmm(ezn;)ﬂo, €C/I NPHHATE OCh (4) 3a OCb (X,) HEKOTOPOH CHCTEMbI
("), 10 no (2.7) umeeM:

Ho

[TosToMy
luu = 1 it ;. (**)
[loactasue ciofa eblpaxenne (2.9) aas [y, noavuum Gopuyay (*).
3anaua 2. [lokazaTh, u4TO KHHETHYECKasl SHEPrHs TBEPAOTO TeJa, HMEo-
UIero HEMOABHXHYIO TOUKY H BpaulalOlerocs ¢ MIHOBEHHOR YrJ/OBO# CKo-
pocTbio ®, paBHA

-—1 2

wn?

rae /., -—MOMEHT WHEDUMH TeJa OTHOCHTENbHO MFHOBEHHOH OCH BpauleHHS
(ocH, coBnanaioumell ¢ ®).

Pewmenwue. Hcnoassys dopuyay Diizepa (cM. 3agauy 12 ra. 1),
oYUM

N N N
! ! 1
T=_2_Z m,,Vfl=§ Zm,,(mxr"f:?Z My (@XF ) (@ XPp).
n=1 n=1 n=1
Yuurtoiean (1.16) u (1.19), nosnyunwm
P& ;&
T='§ Z mnm'[an(er,,)]=§ Z Mm@ -10(r,) ~r, (r 0)]=
n=j n=1t

_ 1
=3

V=

m, [co%f,—(m-r,,)z].

n

n

o o
BBoxs opr MrHoBeHHO# ocH Bpawmeunit ‘”0:‘5‘ i YUHTHIBAfl BhIpaXkenue
ana l,,, nonyueHnoe B npeablAyuledl 3ajade, nOAYyYHM
: I, e 1
== 2 2 — 2
T= 9 w Z mulr,—(w". rn)zl'_i'm lww'
n=1
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3adadu ¢ peweruIm

HUcnonbays opMyny (**) npemsiayuiedl 3a4aud, MOXKHO MNPEICTABHTL T
yepe3 KOMIIOHEHTb TEHSODA MOMEHTOB HHEPUHHM OTHOCHTE/IbHO HENOABHAHOM
TOYKM H KOMIOHEHTH! BEKTOpa ®:

1 ®
2

3agaua 3. BHUHC/ANTD MOMEHT HHEePUHMH CHCTEMb OTHOCHTE/bHO OCH (v)
¢ opToM ®, ecad och (v) napaanenbHa OCH (4), KOTOpash MPOXOAHT Yepe3
LeHTP MacC H OTHOCHTENLHO KOTOPO MOMEHT HHEpUHH CHCTeMH paseH Ly

Pemenne. Bubepem Ha ocu (v) HeKOTopoe Hauano 0, OTHOCHTE/IbHO
KOTOpPOro MOJIOXKEHHe LEHTPA Macc, MaxXojsmerocs Ha ocH (u), ompesessiercs
pagHycoM-BeKTOpoM R. .

Ecan r,—paguyc-BeKTOp TOYKH C MacCOH m,, OTHOCHTEJbHO Hauaja o,
a r:,—panuyc-BeKTop Toll e TOUKH OTHOCHTE/bHO LieHTPa macc, TO

1 1
T=—o' 0 ;40] 0f =5 00

o ? 2

’
rp,=r,+R.

Torja umeewm:
N

N ’
Iyp= 2 My (FaX0)* = 2 m, [(r,+R)Xol*=
n=1

n=1
N N , N ,
= 3 m, (RXOP+ X My (FpX0) 42 X my (RX0)-(r,X0).
n=1 n=1 n=1
Ho
N N ,
X M (rpXo) = N ma(rpXuyt =1
n=1 n=1
N N ,
3 My (RX0)-(ryX0)=(RX0)-[( X mury)xo]=0,
ne1 n=1
N
H60 v=u (OCH napaajenbHbi) H 2 m,,f;,zo flo  onpejeseHHIo  UEHTpa
n=1

macc. CnepoBaTeabHo,
lyo= Iyy+M |RXv %

anech | RX©|— pacCTosiHHe MeXpy OCAMH, a M—wmacca BCeil CHCTeMSL
3apaua 4. Hafitn HaunGonee oOui¥fi BHJ JHMHEHHOU 32aBHCUMOCTH MEKAY
KQMIIOHEHTaMH TEH30pa HanpsKeHAH H TeH3opa cropocTed Aedopmannii, ecan
cpeja H3OTpolHa.
Pemwenne. OOmas nuHelinas 3aBUCHMOCTb MeXay pgp H Vip MOXer
6biTb 3aMucaHa B BHJE
Pir = NikemVim:

FA€ Vipsm —TEH30D 4-T0 DaHra, ONKCHIBAIOWHH CBOACTBA CpEH.

[TockoabKy cBOHcTBAa cpefsl JOJKHB ObiTb ONMHAKOBH B Da3/IHUHBEIX
HanpaBJAeHUAX, TO KOMIOHEHTb 3TOTO TEH30Pa AOJUKHbI COXPAHATh CBOM 3Ha-
yeHHs NOpu J00OM MOBOPOTE KOOPAHHATHOK CHCTEMH. TeHsopoM, coxpaHsio-
mHM CBOHM KOMIOHEHTH BO BCeX KOOPAHHATHHX CHCTeMax, sBJsercd
(cm. 3, 5, 3.6) waposod TeH3Op, KOMIIOHEHTH KOTODOTO MMEIOT BHJ Ab;p, rae
A —ckanap.

CnenoBaTeNibHO, B CAy4de H3OTPONHOK CPenbl TEH30D Mgy, AOJKEH OHTb
NpeACTaBHM uepes. WapoBhle TEH3OPH. HaunGonee obuiee npeicTaBieHHEe HMEET
BiJA (B NPEANONIOKEHHH ero eIHHCTBEHHOCTH)

Nikim = Aéikﬁlm + Bai.lﬁkm +Caim6kl-
— 91
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Sadauu ¢ peweruamu

Torpa
pirx=A 6l'kslmvlm + Bsilskmvlm + CB,',,,GMV“, =
= A8V + BV, +CVy,.

Tockonbky Vig="Vy;, To, 0603Havast B4+C=2 u A= W, nonyuHm
Pir=20Vx+ 1 8V

Kosdpuumentt p, u' (koadpuuments BASKOCTH) oOnpemensioT CBolicTBa
usoTponHoll cpenni. IlonydenHas 3aBMcuMOCTL sBASETCH oCHOBHOH Bo BCeli
THAPOMEXaUHKEe, NPH ITOM TEHSOP p;; ONpefe/iseT TOJNbKO HANPSXKEHHS OT CHA
BSISKOCTH, HO He JaBJeHus.

3apaua 5. IToxasaTth, uto MOGOM TEH3Op 2-r0 paHra Moxer OHTbL pasno-
®eH Ha CyMMy NONapHHX NPOH3BENEHHH KOMMNOHEHT TPeX BEKTOPOB.

Pewewnne Bseiem TpOHKY BSaUMHO OPTOrOHaJBHHX OPTOB #,, n,y, Uug.

)
OGosnayum uepes ug,;, U(q)——KOBAPHAHTHHE M KOHTPABAPHAHTHHE KOMIO-

HEeHTH BEKTOpA #, B paccMatpHBaeMoll cHCTeMe 060GIEHHHX KOOPAHHAT.
Ilycte 8 s70#t Xe cucTeme ompenesieHbl, Hanpumep, KOBapHAHTHHE KOMIOHEHTH
HeKoTOporo TeHsopa T'y.

PaccmoTpHM cKansph

T py=Titt{a) 4l - (2.43)

YMHOXKHM KamAuf US 9THX CKa/fpoB Ha Umpligyg ¥ NPOCYMMHPYeM IO
anf

3 3 s .
D Tepbm Hee= X T 2 Hotmpt(pae  (2.44)
a, p=1 l k=1 a

. B=1

Onxako mo ompenesieHuio opTos #, MMeeMm
s 3
é
ua'uﬁ=2 Uy = Bog.
i=1
VYMHOXKHM 3TO paBeHCTBO Ha u‘(’m H npocymmupyem mo §

3 3 3
1] l
X Bagully = ulgy X ity
a=1 i=1 B=1
HUnn
3 8

(1] {
Uiy = 12 ) 62 it - M.

=1 =1

C apyroft cropoun, mo onpepesennio
: {
a B
Wy = 2 & gy
i=1
Hostomy H3 cpaBHeHHs 3Toro BhpameHus c (*), moayuaem

3
g,'k =82 u(@),-u fﬁ)' (245)
. =1
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Torna, ouesnpHo, B (2.44) crosmas crpaBa CymMma paBHa
8
d .k
D Tty 8 =Ty
i, k=1
Cneposatennuo,

) 2 T o) pliprg- (2.46)
1

a, p=

3ra ¢opMyna W LOKA3LIBAGT YTBEPKAECHHE O TOM, uT0 Jiobolt Tensop 2-ro
paHra MOXeT GHTb NPEACTaBJEH B BHIE CYMMb NONapHHX Npou3BeleHui Ko-
MoHEHT TpeX BexTopoB. M3 Hee nerko noayuuTs pasjoxenue ais T# p T}k.

Mexay npouuM, Buipaxenue (2.45) sBAfeTCHS pasNOXKeHHEM CMemlaHHBIX
KOMIOHEHT METPHYECKOrO TEH30pa NO BeKTOPaM.

CoBepllleHHO aHaJOTHYHO AJA TEH30Pa 7-ro paHTa MOXHO MOJY4YHTb pas-
JIOXKeHHe

Tty o (= > T 0y 0y ... ) %@y) iy Ban)iy * ** H(0n) in*
@y, Uz, +0s =1

3anaua 6. Haflta pasnoxenue KoMnoHenT g** u g, meTpHYecKoro TeH30pa
[o BeKTopaM.
Pemenwue. Ha ocHoBanun (1.40) nmeem

&t {a) = Yok

YMHOXKas KaXjpoe H3 3THX COOTHoweHud (=1, 2,.3) Ha U(,,; H CyMMH~
pys 1o o, NMONYYHM

3 3 3
2 g/ikz “fa)“(a)i== 2 Wikt (ayi*
=1 a=1 a=1

Ho, yuntuBas (2.45), nonyunM

3 ) 3
> ene J= D tirbiic
=1

i=1
Hann

3
gin= 2 Uimprl(ayie
a=1

AHANOrHYHO MOJNYYHM

3
ik { k
g% = Ul
a=1

3apaua 7. B pekaprosoft cucteme koopauHaT K (I, {3, I3) naHH Kommo-
HeHTH TeH30pa 2-ro paHra

‘ 213
UAR = AR = ALl =.“Aik|l=”? g ‘11“
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. , . .
Basucuele BekTopbi- Koop guHatiibix cuetem K # Ky BhipaxaioTcs uepes
6asucHbIE BeKTOPhi JEKAPTOBOH CHCTEMB NO CJAEAYIOUIHM opmyJam:

D=1 ) ;= —i,+1;
=141, ey=1iy I3
e;=1,+i, 13 eg3=2{,

OnpejenuTb KOBApHAHTHBIE, CMEINAHHbIE U KOHTPAaBAPHAHTHLIE KOMIOHEHTH
’ ’
Laxuoro TeHsopa B cHcremax Ky m K, .
PeweHnne.

Ona cayuwasa I To dopmynam (2.36)

’
A’-k——"af, a;n;A[m,

rie «;,, o, —KospduunenTn npamoro npeoSpasosanns (I), 7. e.

1 2 4

aj. =1, ay, =0, a?, =0,
a;. =1, al.=1, a3, =0,
a}, =1, ay, =1, aj, =1,

TakuM ofpasom:

” At"k ” =

2 3 6
4 815”.
511 19/

A% . uaxoamm nd dopmysam (2.37), BbIpaKalOUIHM CBASb MEXAY CMeLIaH-
HBIMH, KO- H KOHTpaBapHaHTHbLIMH KOMIIOHEHTaMH TEH30Da C [IOMOULbIO MeTpH-
YecKoro TeHsopa:

AlikzgiigkmA’lm,
ok ,
At =gtAy,
Al =g"A,.

flo ¢opmyaam (1.44) g'® onpenensercs uepes gy

A _ 2 —1 0
haiwll=leiesli=)1 22, Qg®l=ji—1 2 —1I
123 0—1 1
. Tenepn
2 —1 —1
A=l 0 —2 3;
-1 1 1
’ 0 —2 —3 , 1 -2 3
fa®= 1t 2 5| |AL4ll=]] 0 —37
I3 4 —-1 -28

Ona canyuyas 1l. Pewenue pekoMeHAYETCS NPOBECTH UHTaTeNo.
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Y npascrenus

Ynpaocuernusn

1. flycts cuctema (K’) ¥3 Haya/bHOrO IOJIOKEHHS, B KOTOPDOM OHa coBna-
n no
aAana ¢ (K), nosepuyta na yroda § BoKpyr oci (x3), a 3aTevM Ha 5 BOKpYT
, .
ocH (x,) Tax, uto ocb (x,) conapaer ¢ (xg) (puc. 2.16).
Haiitu:
1) KoMnosexTs BekTopos

B cucreme (K’').

2) KacaTte/ibHbie W HOPMaJibHple HAaMpSAXKEHHS HA NIOULAAKAX, MepUleHAUuKy-
nsipHeix ocsam cuctembl (K'), ecan B cucteme (K) TeH3op HanpsXeHHH p;p
HMeJ MaTpHLY

pp 00
Npmll= 0 p, O
0 0 py

3) Hafith wanpsixende Ha [A0OulalKke, UpoXxoasuledi  uepe3 OuccekT-
pucy TepBOrc KBaipaTta IJIOCKOCTH
. T X
(%1, ) OOX YrJIOM 7 koc (x3) B cH-
creme (K). 2
2, TeH3op HHePUHH NPAMOro Kpy-:
roBOro UHJIKHAPA CTHOCHTENbHO OCEH,
NPOXOASIMX Hepe3 ero UEHTP THKECTH
[och (x3) mapannesibHa o6pa3youLEM],

~W

nMeeT BHR xz
Iy, 0 0
I Il‘k[ =||0 10- 0
0o 0 I
HaliTy MOMEHT HHEDUKH HH/WHAPA
OTHOCHTE/ILHO GHCCEKTPUC KOOPAMHAT- Puc. 2.16.

HBIX YTJOB.

3. Ecnn Ay, —KOBapHAHTHBIE KOMIOHEHTH! Tewsopa 3-ro panra, a BPI™" —
KOUTPABAPHAHTHLIE KOMMOHENTL TeH30pa 4-ro paura, NoKa’aTh, YTO BENHYHHH
Ay BF™" 9BASIOTCA CMEIIaHHLIMA (OZHK Pa3 KOBAPHAHTHRIMM, 4BA Pasa KouTpa-
BapHAHTHLIMH) KOMMOHEHTAMH TeH30pa 3-ro paHra. _

4. Ecam V;—xoBapHaHTHble KOMIOHEHTH BeKTOpa, X' —0GOGULEHHbIE KOOP-

oV}
AWHATH, TO NPOBEPHTH, ABJAAETCHA JIH COBOKYNHOCTb JA€BATH BENHUYHH 5——; TeH-
X

30poM 2-ro paHra.
5. Jas npeo6pasoBanus KOOPAKHAT

ql=x1+x,, g2 =xy—xyq, g% =2x3,,

rie (xy, Xz, Xg) —NPAMOYroblibie AEKapTOBbI KOOPAKHATHE
1) nokasats, uto (¢!, ¢%, ¢3)—cucTeMa JeKapTOBBIX KOOPAMHAT:
2) nafiTy 6a3HCHbie BEKTODHI;
3) naliTé KOMIOHeHTH g;; MeTPHYECKOro TeH30pa.
4) HafiTy KO- ¥ KOHTpPaBapHaHTHHE KOMIMONEHTL BEKTOPOB,

20, A=+, B=2i,-3iy
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6; BHIYHCIHUTDL AeTepMHHaHT G=detJ‘| grll
6) BuuHCAHTE mpoexuuu AXB B TOH B APyroll cHCTeMax KOOpAHHAT,
8. lna chepuyeckolt cucreMbl KOODAHHAT MOKa3aTh, YTO BEKTOPH, KOHTpa-

BapHaHTHBE KOMNOHEHTH KOTopuiX pasuu (1, 0, 0) (0, %. 0) (0, 0, Rs%ﬂ) R

06pa3yioT TPOHKY OPTOroHaJbHLIX BEKTOPOB.
7. lns cHcTeMu GUDOJIADHHX KOODAHHAT (g, ¢%), cBA3aHHHX c AeKapro-
BLIMH NPSMOYTOJILHEIME (X3, X3) COOTHOIUIEHHUSAMH

ash gt a sin ¢2

N thgFeos@’ T ChglFeosg®’

(a=const),
HaliTH: )

1) Gasucuuie BeKTOpH e, £, (OPTOroHajibHEE JH OHM?P);

2) KoBapHaHTHLIE KOMIOHEHTH MeTPHHYECKOro TEH30pa gix)

3) KOBapHaHTHHE H KOHTDABADUAHTHHE KOMIOHEHTH OPTOB iy, I,

8. B npAMOyroabHeX NeKapTOBHX KOOPAHHATAX (X1, X3, X3) TeH3opH A H
T uMeoT KOMNOHEeHTH

A= xyx, X, xgx; 0
Ag=2x, —x§ Till={x1xa x5 1
A3=xlx3 0 1 x:

Halitn xoBapuauTHhie, KOHTPBapHaHTHHEe K «pH3NYECKHE» KOMIOHEHTH
BTHX TEH30DOB B CHEPHUECKHX M UHJMHADHUYECKMX KOOPAHHATaX.
9. [Tokasarb, uTo yranl 0,5, 053, 0;3 MeX1y KOOPAHHATHHMH ocAMH 0606-
UIeHHHX KOOPAHHAT ONpPEee/IfiOTCS BHPAaKEHUAMH
o8 Big= —S1 | cosOy=—22 ., cos Oy =—SR -
Venuga V 2aass V gssgu

Halitn yrau, kotophie ofpadyer BexTop ¢ KoMnoHenTaMn A’ ¢ KoopawHaT-
HHMH OCAMH 0600LleHHBIX KOOPAHHAT.

3D
;) xk

10. BuAcHHTL, 06pa3yloT J# BEJNHUHHH TeH30p, eCH D=

= D (2, x2, x3)—cxanapHad QyHKUHSA.

T'aasa mpemon

Ten3opran aazebpa

B 3toM pasfiene Mbl OCTAHOBHMCS HA OCHOBHBIX aJre6paHyecKux
leficTBUAX Haj TeH3opaMu (CJOXKeHHe W BblUHTaHHe, YMHOXKEHHe,

CBeprlBaHHe) H Ha HEKOTOpbIX cBoficTBax TEH30DPOB.

B cucreMe o6o0mieHHBIX KPUBOAWHeHHHX KOOpAHHAT K ajre6pe TeH30pOB
OTHOCHTCSl eWe oNnepalnus MepecTaHOBKH HHIACKCOB H ONepauMs NONHATHA H
ONYCKaHHS HULEKCOB, paccMOTpeHHas pasee B 2.9.

Tak kak TeHsop onpenensieTc CBOHMH KOMNOHEHTaMH, TO ONpegesieHHe
feficTBHi HaJA TEH3OpaMH CBOAHTCS K TOCTpPoeHHI0 (OPMYJ, . BHPaXKaIOUIHX
B KaXnofi cHCTeMe KOODAHHAT KOMIOHEHTH Pe3ynbTaTa AeHCTBHS uepes KOMMO-
HEHTH TeHSOPOB, Haj KOTOPLIMH NpPOH3BOAATCA AeHcTBHA.

3.1. Caoxcenne men3opos

lyers A, u B;,—KOMIOHEHTH JBYX TeH30pOB 2-r0 paHra.
CocraBuM udcaa C;, B BuJe CYyMM COOTBETCTBYIOIIHX KOMIIOHEHT
TeH30pOB:

Cin=Ap+ By

Uucna C,, obpasyior TeHsop 2-r0 panra. JlefcTBure/bHO, rak
Kak A; ¥ B;,—KOMIOHEHTH TeH30pOB, TO

Ap=ay Qerm Aim;
B = a1 mBim

Cio=App+ B = 01 Qprm (Aim + Bim) = oyt OrmCim,

T. e. C; 06pasyloT TeH3op 2-ro paHra.

Tenszop c¢ koMnoHenTaMd C;, Ha3bIBa@TCA CYMMOU TeH30POB
¢ koMnoxHeHTaMu A; u B, a onepauus oO6pa3oBaHHUA ero KOMmo-
HEHT — CAOMCeHUEM STHX TeH30POB.

[paBua0 CAOMKEHHS OTHOCHTCH K JIOO0MY YHCAY TEH3OPOB JIO-
6oro panra.

Cymmold men30po8 00HO20 PAHeQ HA3LIBAEMCA MEH30D mMOo20 oce
PaH2a, KOMNOHEHIMbL KOMOPOO PABHLL CYMMe COOMEEMCMBYIOUUX KOM-
NOHERM. CAQ20EMbLX.
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Trasa mpemoa. Tenzopras aseebpa

Takum obpasom, ckradoisamo MONCHO MOALKO MEHI0PLL 00HO20
panea.
AHaJoruuno cymme ABYX TEH30DPOB ONpejeasieTcst pasHOCTb ABYX

TEH30pOB ONHOro paHra #“, COOTBETCTBEHHO, onepanusd BbIYUTAHHA.

B ciyuae oTHecenus TeH30poB K 0606UEHHBIM KOODAHHATAM, IPH CJOXKEHHH
¥ BHIYHTAHHH TEH30POB OJAMOrOo pPaHra Heo6XOAHMO ONEPHPOBATH KOMOOHEHTAMH
O/MHAKOBOT0o cTpoeHHs. TakuM o6pasoM, [IPaBHJALHbIMKE Oy1yT, Hanpumep,
3aIHCH

Atk+ Btk Ctk A;k -{-B}k: C;-k,
ik { Lk
Al..[ -+ B.’:’[= C..[
H T Il
BcneactBne Toro uto ¢opMyJn npeo6pa3oBaHKS KOMIOHEHT TEH30pOB

npy H3MEHEHHH KOOpAHHaTHOﬁ CHCTEMB K B caMoM ofuiem cJjlydyae OCTaioTcs
OJHOPOJAHBIMH OTHOCHTENbBHO KOSQ)Q)H[IHBHTOB npeoﬁpasosaﬂnﬂ H NHHEHHBIMH

OTHOCHTE/IbHO KOMIIOHEHT TEH30POB, BEJHUYHHB Cik, C;k H T. A 0pegnaywux

Bupameﬂuﬁ ABNAIOTCA KOMIIOWEHTAaMH TEH30POB TOlO Xe paHra H CTPOEHH4,
YTO H cJaraemMnle. .

3.2, Ymuoxncenue men3opos

Iycrs A;, u B;,,—KOMNOHEHTH ABYX TeH30DPOB 2-ro paHra.
CocTaBHM B KaXJOH KOOPAMHATHOH CHCTeMe BCEBO3MOXHbIE MpPOH3-
BEeleHH KOMIIOHEHT OJHOTO TeH30pa Ha KOMIIOHEHTHl JApYroro.
St npousBelieHHs GYAYT 3aBHCeTb OT HHAEKCOB, YHCJO KOTOPbIX
paBHO CyMMe paHroB TeH3opoB A; u B,. OGoszHauum

Ciklm = Akalm'

Uncaa Cy,, ob6pasyrorT Tensop 4-ro panra. [lefictBuTefbHO,
Tak Kak

Ape=apri0mAim;
B = 010 mBy
TO
Cirtm= AirBim=0yn QrpQyrQim’s A,,ths =
= Oyt Qbp pQUt r A s Cnpr.s-
1o pokasbiBaeT, 4T0 Cy,;,, —00Pa3yiOT TEH30p 4-ro paHra.
TeH30p ¢ KOMINOHEHTaMH C,,,;, HAa3bIBAeTCS NPOM3BEJEHHEM TeH-
30poB ¢ Komnonentamu A, u B, a onepauus o6pasoBaHHs ero
KOMIIOHEHT —— YMHOXEHHEM (HHOI‘na BHEIIHAM YMHOXeHUEM HUJAH

TEH30PHBIM YMHOXEHHEM) 3THX TEeH30pOB.
Herpyaso Buaerb, 4TO

Ciklm = AikBlm # Clmik = AlmBik'
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3.8. Ceepmoieanue men3opos

TakuM 06pasoM, MeN30PHOE YMHOMCeHUE HEKOMMYMAamusHo,

[IpaBusio yMHOMEHHS OTHOCHTCS K JOGOMY UHCTY TeH30pOB
Jaoboro panra.

I1poussederiiem HeCKOANLKUX MEH30P08 HA3bIBACMCA MEH30D, KOM-
NOHEHMbL KOMOPO20 PABHLL NPOU3BEOCHUAM KOMNOHENM COMHONMCUmMe-
aet. Pane npousseOenus meH30p08 pAGeH CYMME PAH206 COMHONCU-
meaei.

B camom OéuleM cJlydyae KOODIAHHATHBLIX CHCTEM [1POH3BejeHHEM ABYX TEH-
30pOB, oOnpejessieMbix, HanpHMep, KOMIOHEHTaMH A’:kl # B¥* nasusaerca
TeH30p C KOMIIOHEHTaMH, ONpPeAeasieMbINMHP MO APABHIAY

ie-mn __ al mn
Clp™" = A, B

Hcnonb3ys obmie 3aKoHb NPeo6pa3oBaHHS KOMIIOHEHT TEH3ODOB, HETDYAHO
nokasath, 4to Besuunus C',/™ o6pasyioT TeHsop.
Takum o6pasowm, ﬂepeMHO)KaTb MOXHO TEH30pHl JIO60F0 PaHra H CTPOEHHH,

3.3. Csepmoisanue men3opos

B TeH30pHOM HCUHMCJIEHHH 4acTO MPHMEHseTcA oNepauus cBep-
TEIBaHUA TeH30POB. (BepmolBanuem HA3bIBAEMC CYMMUPOBAHUE KOM-
nOHexm men30pa no 08ym KAKUM-aub0 uHOeKcam.

CBepToiBaH{e MOXHO MPOBOAUTb HaJ TEH30paMH, PaHr KOTOPBIX
He MeHee IBYX.

[Myetv A, ofpa3ytoT TeHszop 3-ro paHra. [lpouspegeMm cBepTol-
BaHHWe ero no ABYM HHAeKcaM—I{ U R, T.e. BO3bMeM TOJIbKOQ Te ero
KOMIIOHEHTEl, Y KOTOPbIX HHJEKChl [ MU k2 paBHbl, U COCTABUM H3
HUX CYMMHBI:

3
= 2 Ay = A+ Aggr + Asaye

(=1

B pesyJbraTe cBepThiBaHHA TeH30pa A;,, MO APYrdM HHAEKCaM
nojyuum cyMMmbl A, A;,. Takux cymm KaXJ0ro BHA2 fyner Tpu.
Hanpuwmep, ana A;;, uMeeM:

ta(=Fan) An(=Z4n): An(= ).

HokaxeM, uto aw06Gasi Takas rpynna u3 Tpex CYMM, Hanpu-
mep A;,, ofpasyer TeH3op l-ro paHra, T. e. BeKTOp.
Tak kak A;, o6pa3yioT TeH30p 3-ro paHra, TO

Agp1 = 0y m Cn®urr A .
Orciofia, CBEpPTHIBas MO WHAeKcaM i H R, NOJy4uM, yuuThiBasi ¢op-
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Trasa mpemos. Tensopras arsebpa

MyJay aHaJoruuHyo (2.5):

A= Qi'mQt'n az'rAmn, = 6,,,,.051"A mnr = a:r,A,,,,,,,.

M3 aroft dopMynbl npeo6pasoBaHus CJEAYET, YTO BENHYHHBH A
onpenessioT BEKTOP.

"~ CdopmynupyeM obuiee npaBujo OTHOCHTEIbHO CBEPTHIBAHHUS.

[Ipu ceepmoganuu no dsym unOekcam mew30pa paHea n noay-
waemcs mew30p panea n—2.

Onepauuio cBepTHIBAHHA MOXHO NPHMEHATh K TEH30PY HECKOAbKO
pa3, RO TexX MNop, IOKa ero paHr He CTaHET MEHbLIHM ABYX.

Tenzop uemnoeo parea moscem Obimb csepHym 00 ckarapa, a
MeH30p HEeHeMHO20 panea —moasko 00 8eKmopa. :

Y MHOXeHHE TEeH30POB C MOCJELYIOWHM CBEPTHIBAHHEM (10 HHEK-
caM, OTHOCAIIMMCA K Da3JIHYHBIM MHOXKHTENSM —TeH30pPaM, Hasbl-
BaeTc MHOIAa CKaJAPHBIM HJH «BHYTPEHHHUM» NpOH3BENeHUEM TeH-
80pOB.

Mbl yXe nNpUdBOAMJM NPHMepPbl «BHYTPEHHHX» NPOH3BENEHHH
(cM. ra. 2):

iit

ayBy= A,
}“lklmBlm = Aik'

CKaJIHpHOC NPOH3BEAEHHE NBYX BEKTOPOB SABJAETCA I1pOH3BeJe-

HUEM JBYX TEH30POB l-ro paHra ¢ nNOCJeAYIOUIUM CBePThIBAHHEM.

[Ipn cBepTHBaHHH TeH30POB, KOMIIOHEHTH KOTOPHX DACCMATPHBAIOTCH B 06-
OGLIEHHHX CHCTeMaX KOOPAHHAT, BAXKHO MOMHHTb, UTO CeepmMuiéaHue MoOKem
npoussoduUmoscs MoAbKO NO NAPAM PASHOUMEHHLIX uHOeKcos, T. €. OAMH CBEpTH-
BaeMHIfl nHIEKC NOJKEH G6biThb «KOBAPHAHTHBIM?, a APYrofl o6s3aTeNbHO ¢KOHTDA-
BapHAHTHHM». 3T CjefyeT #3 TPeGOBAHUS O TOM, YTO PE3y/BTAT CBEPTHBAHHSA
TEeH30pa MOJKEH OCTaBaTbCH TeH30POM.

DeficTBuTeNbHO, NMYCTh, HANPHMEP, MH NIPOH3BENH CBEPTKY TEeH30pa A,‘kl
flo HHAEKCAM { W R; TOrJa BEJHYHHH Al‘” 6YLYT KOMNOHEHTAMH TeH30pa (BEK-
Topa), u6o B cuay (2.36) u (1.7) umeem

' ) n i I’ pmr U gonr
AP =afo,0 A" =a A

Ceprka xe A;k‘ no HHAEKCAM k ¥ [ naer BenuuuHH, 3aKOH npeoGpasosa-
HHS KOTOPHIX
: ‘okR nR R A-mr
A =afaral A

yKasplBaeT Ha TO, YTO TPH BeJHUHHBH Ai'kk He 05pa30BHBAIOT BEKTOpA.
«BhyTpeHHee» npou3BejeHHe TEH3OPOB, OTHECEHHHX K IPOH3BOJBHHM CH-

CTeMaM KOOpAMHAT, MOTYT GHTh 06pasoBaHH TOJNbKO H3 KOMIOHeHT C pa3Ho-
HMEHHHMH HHaekcaMu. Hampumep,
AikBk= Al;
“m .o om lin
M "B =M BT = hig i B em Ay,
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3.4. Ceodcmso cummempuu men3opos

3.4. Ceolicmso cummempun meniopos

ITonsiTHe CHMMeTPHH OTHOCHTCS K TEH30paM paHra He MeHee
IBYX. '

Tensop S;,, ... Ha3bIBaeTCA CuMMEMPUUHBIM [0 Tlape HHAEKCOB,
HanpuMep i U R, €clM KOMIIOHEHTHI, MOJYYaiOUlHecs: IPH MepecTa-
HOBKE 3TUX HHJEKCOB, PaBHBl APYr ApPYry, T. €.

. Sikg oo =Spiy oee -
Taxum obpasom,
Sigr =803 Syg =83, ... B T. L

Tensop A, HasbiBaeTCs GHMUCUMMEMPUYHBIM TIO Tape HHICKCOB,
€CJH NPH MX NepecTaHOBKE KOMIOHEHTHl MeHSIOT 3Hak, T. e,
. Al'kl"'=_Akll"" .
Takum o6pasom,

Al?l"'=—A211 ver 3 A23l"‘=—A321 ... H T. H.

Y AHTHCHMMETDHYHOrO TEH30pa KOMIIOHEHThl C paBHBIMH HHJEK-
caMy, NO KOTOPbIM HMEEeT MeCTO AHTHCHMMeTDpHA, paBHbI HYJO.

Ecan Ay,,...=— A, ..., TO, HanpuMep,
Ajy=—A4;..., 1. e. Ayy...=0.

Ceolicmeo cummempuu urL QHMUCUMMEMPUL He 308UCUM OmM 8bl-
Bopa cucmembi kKoopOunam.

TakuMm o6pasoM, TeH30p, CHMMETPUUHBIA (AHTUCHMMETPHUHBEIH)
B KaKoil-1u6o CHCTeMe KOODAMHAT, OCTaeTCsi CHMMETPHUHHIM (aHTH-
CHMMETDHYHHIM) B JI000H ApPYrofl cHCTEMe KOOpAHHAT. .

HlokasaTenbcTBO 3TOr0 yTBepkJeHHS cJelyeT H3 3aKOHa Iipe-
06pa3oBaHus TeH30pa.
" HehicrButenbro, ecau tensop T, cumMeTpuueH B cucreMe (K),
T. €. Tik=Tki7 TO

Ty= at’zak'mTz,,.=at'z Qp'm T,,,z = Ths.

AHaJIOTHYHO NOKa3biBaeTcs HHBapHAHTHOCTb CBOACTBA aHTHCHM-
MeTpUH MO OTHOIUEHHIO K BbIGOPY CHCTEeMbl KOOPAHHAT.

CumMerpuunblfi S;, ¥ aHTHCHMMETPHUHHH A;, TeH30pbl BTOPOro
paHra MMelOT MaTpHIb! CJEAYIOWEro BHAA:

S11 S1z Sus 0 Ay Ay
ISill=|S12 Saz Sasfls NAull=||—A4 O Ags i
13 Saa Sas "'Als —‘Azs 0

AHTHCHMMETPHUHBIA TeH30p 2-rO paHra Ha3blBaeTCsi GHBEKTOPOM.
Jloboii menzop T, mooxcem Ooumv npedcmagren 8 6ude Cymmol
CUMMEMPUUHO20 MEH30PA Sy, U AHMUCUMMEMPULHO20 Ay,
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T'rasa mpemos. Tensdopras aszebpa

JlokasaTesbCTBO CJeayeT M3 OYeBHAHOrO paBEHCTBA
1 1
Ti=5 (T +Tw)+ 5 (Tu—Tg). 3.1)
Tensop
1 o
S =g (Tix+ Ty;)—CHMMETPUYHBIA TEH30D, HOO S;p=Sy;.
Tensop
1 o
Ay = 5 (Ty—T,;)—antucuMMeTpUunbIll, U0 Ay =— Ay
YTBepxkjeHne A0Ka3aHo.
l'lepec*rauosxa HHAEKCOB, CUMMETpHpPOBANHE H a&nbTCPpHHpPOBaHHE. Komno-

HeHTH TeH30pa, HanpuMmep KoBapHuaHTHOro T;,, MOXHO paccMaTpHBaTL Kak
SNAEMEHTH KBajJ(PaTHOH MaTPHIb!

Tl 1 T12 T13
T21 T22 T23
T31 T32 T33

Ecau B TeHsope T, MOMeHATb MeCTaMH HHAEKCH, TO TOJYYHTCH HOBBIH
ren3op T;, MaTpHIA KOTOPOro
Tll Tﬁl T3l
Tyy Ty Ta
T13 T23 T83
6yneT TPAaHCNOHHPOBAHHOA 1O OTHOWEHHIO X MaTpuue T;, (cTon6uel cramyr
CTPOKaMH); COBOKYMHOCTb BetHUHHH Tp; Gyzer npeo6pa3oBbBaThCs Mo ¢op-
Mmynam (2.7).

TakuM o6pasoM, npocTefiiasi OMepalis —IepPecTaHOBKA HHEKCOB —IpH-
BOJAHT K IIOCTPOEHHIO HOBOro TeHsopa. OueBHAHO, 4TO AN CHMMETPHUUHOrO
TeH30pa MepecTaHOBKa HHAEKCOB NPHBOJHT K TOMY e TEH30pY.

CrMMeTDHpOBaHHEM Ha3bBaeTcs onepauus NepecTAMOBKH Napbl HHAEKCOB
H noc/lefyioliee CAOXKeHHEe NOJyYEHHOro TeH30pa € HCXOAHHIM Ten3opoM. B pe-

8yMbTaTe MOJIY43eTCH TEH30D, CHMMETPHUHHI OTHOCUTENLHO TNPHHATOR napu
MHAEKCOB.

AnbTepHHpOBaHHEM Ha3bBAeTCH OMepanHs NEPEeCTAHOBKK Napht HHAeKCOB
H nocjienyiouiee BHYHTAHHE MOJYYEHHOTO TEH30pa H3 HCXOAHOTO; HpPH 9TOM
MONYYAeTCs AHTHCHUMMETPHYHBI TEH30D OTHOCHTENAbHO NPUHATOH napH HH-
JIEKCOB.

Ms (3.1) caeayer, uto cumMerpuuHas wacTb S;, TeHsopa T, paBua
TOJIOBHHE OT Pe3dy/ibTaTa CHMMETPHPOBAHHSA, a aHTHCHMMeTPuuHas A;,— noso-
BHHE OT Pe3yNbTaTa aJ/bTepHHPOBAHHUSA.

Haaunuue Y TeH3opa CBOHCTBa CHMMETDHHN YMeHblllaeT YHUCJI0 ero
HE€3aBHCUMbIX KOMIIOHEHT.

Yucno  He3aBHCHMbIX  KOMMOHEHT CHMMETPHYHOrO  TeH30pa
2-ro _panra paBHO 6, aHTHCHMMETPHYHOro 2-r0 paHra paBHO 3.

[TpuMepoM CHMMETPHUHOrO TEH30pa 2-TO paHTa MOMKeT CJYXKHTb
eIUHHYHBIH TEH30D §;,.

Hpnmepou AHTHCHMMETPUHYHOTO TeH30pa 2-ro paHra MOXert cJay-
KHUTb TEH30p
Cik= Ain—Aka’
rae A,- 54 Bi—-KOMHOHeHTbI ABYX BEKTOpPOB,
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3.4. Ceoiicmso cummempuu meN3opos

CsoficTBa CHMMETPHH ¥ aHTHCHMMETPHUH TEH30POB, OTHECEHHBX K CHCTeMaM
0606UIeHHBX KOODAMHAT, YCTAHABAMBAOTCA NO MapaM OJHOMMEHHBX (KOBa-

PHAHTHEIX MM KOWTPaBapHAHTHHX) HHAeKcoB. Tax, TeH30p A;,;l —CHMMETpH-
4eH, a B},;l—aurucnmmerpuqeu. ecJin

vl . ol .
Ak :Akll’ By =— Bm’l :

Bce ocTanbHbie ONOKEHHS 3TOr0 naparpada HMEIT CHAY H ANS TEH30pOB,
pacCMaTpHBaeMblX B CHCTeMaX OGOCULEHHBIX KOODAHHAT.

9KBMBAJEHTHOCTb aHTHCUMMETPHUHOTrO TEH30pa aKCHANbHOMY BekTopy. Haau-
yye y aHTHCHMMETDPHYHOrO TeH30Pa TOJNbLKO TpeX HE3aBHCUMBIX KOMIOHEHT H
crnenugUuecKuil 3aKoH HX Npeo6pa3oBaHHs [O3BOJISIOT CONMOCTABHTL TaKOMY
TEH30 Py HEKOTODHIl aKCHa/bLHBIA BEKTOp, OonpefessieMbfi STHMH TPEMs Komno-
HeHTaMH.

lMokaxem, uTo QOpPMYyJb NpPeo6Pa30BaAHKA KOMIIQHEHT AHTHCHMMETPHYHOTO
Tensopa cBoaATca K ¢opmynam npeoGpa3oBaHHs HEKOTOPOro AaKCHAJNLHOrO
BEKTOpA.

Mycts uMeem aHTHCHMMeTpHuUHEI Tewsop A, Torza B HOBOH CHCTeme
KOODPAHHAT €ro KoMnoHeHTH A, OynyT:

A =00, ALy =0, G, Ag+ 0y, Oy An +0p, 0 Ayt 0,y 00 Agy
0, g Ay 0y OpryAge.

1y GOPMyNY MOKHO 3anHCaTh, HCMOMAb3Ys PaBeHCTBA A, =— A, B BHIe
A= (% %prm —%rm St ) Ay (3.2)

rjge MHAEKCH ! H m B cyMMe ClipaBa MOTYT NDHHHMATb TOJNbKO LHKJIKHYECKHE
nepecraHoBkn: 12, 23, 31. :
BeegeM o6o3HadeHHs i/ KOMIIOHeHT TeH3opa:

Ap=—Ay=A4; Ay=—Ap=A4y Ap=—A»An=4

HXH Kopoue
AlmgAm
rjge HHJAEKCH {, m, n COCTaBAAIT INHUKJHUECCKHE MEPECTAHOBKH.

AHaJIOTHYHO B HOBOH CHCTEME KOMMOHEHTH TeH3opa 0603HauYHM ClelYIOUIHM
o6pa3soM:

Aik EE.Ar'
rje HHIEKCH i, B, r COCTaBASIOT TaKXKe IHK/JIHYECKHE NepecTaHOBKH.
Torza ¢opmyay (3.2) MOXHO 3amHcaTh
Ar = 2 (o’i’lak'm_ai’mak '1) A, (3.3)
, m, n)

3nechy uHAexcH (r, i, k) 0 (I, m, n) cocTaBAAIOT UHKJHYECKHe mNepecTa-
HoBKH uncen (1, 2, 3), a cnpaBa CTOHT CyMMa MO UHK/HYECKHM II€PECTaHOB-
KaM uujgekcos (I, m, n), T. €. BCEro TPH CJaraembiX.
,

Packnaasisasn oprhl i, nosok cucreMmnl (K) no opram crapoil cuctemsl I,
nonyuum I;=a,.i,

MosToMy, BHuHCASS BEKTODHOEe npoH3seleHHe opToB cucTeMu (3.3), mo-
JYUHM: -

X = 0y Qe (i, X )
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Taasa mpemovsn. Tensopuas areebpa

rae CnpaBa CTOHT CyMMa IO HCeM sHaueHHAM [ B m. YMHOMAS 3TO BHpAKeHHE
ckansipHo: na I,, NOAy4HM

(i; Xi’k)'i"gai'lak'm (‘fxlm)'im

npuyeM npH ¢HKCHpoBaHHOM HHAEKCEe n 3jecb COpaBa CTOHT TOJMbKO napa
cnaraeMelx (ecas cpeau I, m, n HeT OAHHAKOBHX HHJEKCOB), OTJHHAIOUIHXCSH
$HAKOM) .

Ecau crapas cucrema (K) 6Hna npasok *, To

’ ’
(ll xik).in=ai',ak,m——al,mak,[’ (3.4)
rne nuaexcu (/, m, n) COCTaBAAIOT LHKJHYECKYIO NepecTanoBKY.
Ecau noras cucrema (K') Toxke npasas, kak u (K)**, 1o
I, Xi,=1,
NpH IUKJHYECKOH NepecTaHOBKE HHAEKCOB (7, ¢, k).
Ecau xe HoBBA cHctema (K') sesas, To
' ,
NpH UHKAUYECKOH Ke NepecTaHOBKE HHAEKCOB (r, i, k).

Wrak: 1) ecnn paccmarpuBaeTcs npeoGpasoBaliie KOOPAHHATHON CHeTeMBl
TaKOe, YTO NpaBas CHCTeMa MEPexOJHT B NPABYI0 XKe, TO

(5 X 8y) -lg=i,-l,=a,.,

npH HUKJIHYeCKHX NepPeCTaHOBKAX HHIAEKCOB (r, i, R);

’
2) ecan npeoGpasoBanme cHcTeMu (K) B (K') Takoe, uto nmpaBas cucrema
nepexojuT B JeBylo, TO

(i}Xl;) A= ""(i;'in): 0y
Taxkum o6pasom, ¢opmyay (3.4) MOXKHO 3anucaTe B Buje
Opon= (g Opry — 0y Oy,
rae nHRexCH (r, i, k) u (s, [, m) cocTaBNAIOT UHKJIHYECKHE MEpPECTAHOBKH

uncen (1, 2, 3).
Bosspamasce k ¢opmyne (3.3), tenepb noxyunm

_ .
Ar= + at'nA” (a + 2 at’nAn)~
A=1

HUrak, npw npeoGpasoranusax mnpasol KoopaWHATHOA cHCTeMb B npaBylo
HMeeM:

Ar=ta,,4,,
a npu npeoSpasoBaHHAX NpaBoil KOOPAWHATHOK CHCTEMH B JeByio ***
’
Ar = —Q’I”Au.

* Hnan nesofi, B koTopoil HampaBieune BeKTOPHOTO NpOH3BefeHHS onpe-
AeNieH0 0 NP3BUNY Jeporo BUHTA (CM. § 1.4).

** Wau «Toxe nesad, kax u (K)» (cM. Mpeuayuyts CHOCKY).
*** Har nesoft crcTeMw B MpaByio.

104 —

8.5. Edunuunbil }nenaop. Mempuueckud mensop

C TakuMp BeKTOpaMH Mbl yXe BCTpeuallich B [/laBe MepBOK NPH paccMoT-
peHHH BEKTODHOTO NMPOHSBejeHHS; STO— 3KCHAJbHEE BEKTOPH.

Takum 06pasoM, KoMnONeHmbl GHMUCUMMEMPULHO20 MeN30pa npeobpasyromes
KBK KOMNOHEHMbL GKCUAAbROZ0 8eKMOpa

EcTe cKansps H TeH30DH GoJee BEHCOKHX paHros, ¢popmynsl IpeaG6paso-
BaHHMS KOMIIOHEHT KOTODHX MEHSIOT 3HaK IIpH peoGPasoBaHHAX, MepeBOARLHX
npaByio cHcTeMy B JeByio. Bce 3TH TeH3OpH Ha3bBAaOTCA [CEBIOTEH30paMH;
HA cBOfiCTBAX NCEBAOTEH30POB MH noapoGHO ocTaHoBHMES B 3.9.

3.5. Edunuuneuli mensop. Mempuueckuii mensop

B npeabinymeii raaBe Obio nokasaHo (cm. 2.4, npumep 2),
YTO H3BeCTHbIA W3 aare6pbl cuMBoad Kponekepa §;, sBasercs TeH-
30pOM 2-ro paHra ¢ MaTrpuled

100 0, ecaum (s4k;
||5m||= 010 ’ 6[k=al'lal'k=
. : 1, ecau i =k&.

Tensop §;, HOCHT Ha3BaHHe e€JHHHYHOTrO TEH30pa.

o cMbICAy onpefiesieHHsi €JMHHIHONO TEH30PA €ro KOMMOWeHMbi
pasubi au6o nymo (i==k), aubo eOuHuye BO BCeX KOODAWHATHBIX
cHcTeMax. 7o caenyer us onpegenenus O, u 8; (cM. 2.5).

YMHOXeHHe O;, Ha TeH30p ¢ MOCHeAYIOWHM CBEepThiBaHUEM
4acTo HcroJb3yercsi B anarebpaudeckux BblKJagkax. Hanpumep,

AyBy—Bi= ApBy—b,B,=(Ay—0b4) B,

(H6O Bi——_E-ﬁ,-kBk). '
B onpenencHHOM CMbicjie METpHUECKHH TeHsop sBaseTcs ofobumeuueM mo-
HATHSA efUHHuHOro Tensopa O;p. [Ipexne Bcero sameTHM, YTO KBaapaT juuel-

HOF'O 3JieMeHTa B MNPAMOYrONbHHX JEeKAapTOBHIX KOODAWHATAX MOXeT OBiThb
3anuHcaH B BHAEC

ds? e 5,-;, dx,- dxp,
B TO BpeMs KaK B IPOM3BOJNBHEX KOOpAMHATaX HMeeM
ds® e gy, dx! dx®,
Kpoume Toro, #3 onpenesneHus
Op==i;e by

cnenyer, UTO KOMIOHEHTH §;p NpeACTaBAAOT COGOH KOCHHYCH YINOB MeXyy
ocaMH onnofi KAKOH-TO KoopaWHATHOR CHCTEeMH (feKapTOBOH [PAMOYTOMbHOM).
Tenzop 6;, MoXeT GuiTb ONpejleneH uepes a;., —KOCHHYCH YIJOB MeXAYy oCAMH

AByX NpOU3BOJILHHIX NEKAPTOBHX NPAMOYFONbHEX CHCTEM (cMm. 2.5), npHuem

‘o [’k"il'ik‘

B cayuae BBejeHdS MpPOH3BOJALHHX G6a3HCOB, ONPeAeNSIOMHX CHCTEMb
0606UIEHHHX KOOPAWHAT, KOMIOHSHTH METPHYECKOro TeH3opa Oonpejensiorcs’
uepes BCEeBOSMOXKHHE NPOH3BeJeHHA BEKTOPOB OCHOBHOIO K B3AHMHOro 6a3ucos
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Trasa mpemos. Tenzopuas aazebpa

OJHOR U TOH e CHCTEMH KOODAHHAT:

gir=¢;-ep=|e;||ey|cos (e, e);
gh=el.ek=| el || €*|cos (&, €*);

gt=e;-e=|¢; || €| cos (e, €).

[Ipu 3TOM, MOCKOABKY BEKTOpH €; M € He ABAAIOTCH OPTAMH, KOMIIOHEHTH
2%, g, g;.” onpeaensloT KOCHHYCH YTJIOB MeXay oOcAMH 06a3HcoB TOJMBKO
C TOYHOCTBHIO A0 MHOXHTeNei.

Yro KacaeTcs Ko3(hpHUHEHTOB MPAMOro af, u ofpaTHoro a,’f‘ npeo6paso-

BaHu#, TO OHH TaKXe C TOYHOCTBIO [0 MHOXHTeNell ONpenensiloT KOCHHYCH
yTJI0B MEXKAY OCAMH Pa3sHOHMEHHBX 6a3HCOB ABYX Pa3NHYHBIX CHCTEM KOODLHHAT}

a’i‘,=e;-e”=|e'.” ek|cos(e;., ek,
I_c =é;-e —‘let I e ]COS(B,’, e,k)-

Yepes 5TH KO3PPHIHEHTH MOFyT ObiThb BhipaKeHbl cMelIaHHBIE KOMIIOHEHTH
METpPHYECKOro Teu3opa:

kol
gi*=d ak. *

3710 cneayer, nanpumep, u3 (1.5) u onpenenennit (1.39).
Yuuoxns (1.5) na e, nonyunm

3
. [ L4
e,e—,;_:lal e

OTKyJaa — paBeHcTBO (*). .
W3 onpepeneHnit efHHHYHOTO ¥ METPHUECKOro TEH3OPOB ClAeAnyeT:

1) eaunuuHblfi TeHsop camMeTpHuHBIl (8;,=208,;);
2) MeTpHYeCKHH TEH30p CHMMETPHYHbLH (g’k—g"' gin=8ni)

3.6. ['rasnble ocu men3opa.
Ilpusedenne men3opa K 2AQBH6IM OCAM

Bonpoc o rJaaBHEIX oOCsX TeH30pa HMeeT BaXHOe 3HaUeHHe
B (u3HKe.

PaccmoTpum npousBoJabHuIE TeH30p 2-ro panra Ty. Eciu ator
TEH30D YMHOXHTL Ha BEKTOp A W TNPOH3BECTH CBEPTbIBAHHE TO MH-
JeKCy BeKTopa W OIHOMY HHJEKCY TeH30pa, TO B pesyanaTe no-
JyuaeM HeKOTOPH#l BekTOp B ¢ KOMIOHEHTaMu

Bl'=Tl'kAk'
Moxno rosoputb, 4TO Ter30p T, OyAY4H YMHOXKEH CKaJAPHO
Ha HEKOTOpHi BekTOp A, npeobpasyer ero B HOBbi BekTop B

B TOM CMBbICJIe, YTO H3 KOMIOHEHT BeKTopa A OnpejesNeHHbiM jeficT-
BHEM TIOJIYYAIOTCH KOMIOHEHTHl JPYroro BeKTopa—BekTOpa B,
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3.6. Taasuvie ocu mensopa. Ilpusedernue men3opa Kk 2A06HLIM OCAM

Bektop B BooOue OTaHueH OT A N0 BeJHYHHE M HaNpPaBJEHHIO.
Takum 06pa3oM, TeH30p NpH YMHOXKEHHH Ha BeKTOD U3IMeHsieT
AMUHY 3TOTO BEKTOpPa W MOBOPauuBaeT ero.

[ToctaBum 3ajauy oThIcKaThb AJMA 33JaHHOro TeHsnna T, Takue
BEeKTOpH A, KOTophble Obl He MOBOpa4YHBaJHCh 3THM [I€H30pOM, a
TONLKO  H3MEHsJIH  JJIHHY.
Torpa

TikAk = AA[,

rae A-—ckagaap.

®dusnyeckuil  CMBICA STOH
3afjaud MOSACHHM Ha HEKOTO-
pblX NpHMepax.

Hanpsxenue uHa niomaj-

Ké ¢ HOpMaJbio 72 PaBHO (CM.
ri. 2)

Prg == Piplis

npuueM, Boofiie BEKTOp p,,
He mapaJjujiesieH OpTy M, T. €.
Ha KaXJOR TJIOHIafiKe €CTh
XaK HOpMaJIbHble, TaK H Ka- pyc 3.1 Tjasuble ock TeHsopa Hanps-
caTesIbHBIe HanpsdKeHUs!. MeHull p;p B Touke M; Ha naowAankax,

MuTepec mpeacTaBAAIOT Ta-  nepnenamkyaspumx K ocaM x,, X, %,
Kue INIOIlaZIKH, Ha KOTODBIX KacaTefbHble HanpsKeHAS DAaBHB HYJIO
€CTh TOJILKO HOPMAaJibHble Ha- .
IpsiKeHUs, a KacaTelbHble paBHb Hyaio (puc. 3.1). Has stux
InJoma ok

pn“n LB A'n'=pn=pini'
Torza opuentauus 3TuX NJAOWAAOK (OPTH 1) ONpPENESHTCS M3 CHC-
TeMbl ypaBHeHH#H
}"nk=piknt"

Ecan fusnextpruecKne CBOACTBA Cpejbl ONPEeASNslOTCA TeH-
30pOM &, TO BOSHHKAeT BONPOC, KaK cJelyeT HalpaBHTb 3JEKTpU-
yeckoe noje E, utofbl 37ekTpuueckas MHAYKUHA D Gblia Hanpas-
JieHa 10 BeKTOpY Hanpsixennoctu E?

O6wuit Bua 3aBucuMoctd D or E wMeeT juHeifiHblli XapakTep,
TaK 4TO

[TocraBnennas 3ajaua TpeGyeT OTHICKaHUA BeKTOpoB E, yjos-
ZGTBOPAIOUIHX YDPABHEHHAM

AE‘- = EikEk'
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Taasa mpemos. Tensopras areebpa

Ecan cymecrnyior ans tensopa T, BexTopn A, YIOBJETBOPS-
IolllHe YpaBHEHHAM

A; =T, A, (3.5)

TO HanpaBJeHHd, oOMNpefiesiieMble 3THMH BEKTOPaMH, Ha3BIBAIOTCS
2rasnotmu (cobcmeernbimu) Hanpasenusmu meusopa T,,. Ocu srux
HanpaBJeHdl HOCAT Ha3BaAHHUS
2AaBHBIX Ocetl meH30pa.
3HaueHHs KOMIOHEHT TeH-
30pa B KOODAMHATHOH CcHCTeMe
FJIABHBIX OCed  HasblBalOTCH
2AQBHBIMU SHAMEHUAMU.
[Ipexne wem nepexoputh K 3a-
Jaue OTHICKaHHS TNaBHHX ocelt u
TJaBHEIX 3HaYenuit KOMINOHeNT TeH-
30poB B o0meM cayuae, pacCMOTPHM
npocredmnfi npHMep TeHsopa 2-ro
panra Ha NJOCKOCTH.
, [Tycte I;,—TeHsop moMeHTOB
om oy HHepUHH (OTHOCHTEJbHO ocefi ¢

nasanoM B Touke () CHCTEMB! Ma-
Puc. 3.2. [nasuee ocu TeH3opa MOMEH- TePHANbHBIX TOYEK € MaccaMu my,

TOB HHEPURH NJIOCKOA CHCTEMH MAaTePH-  Dacro/OXKEHHHX B MIOCKOCTH (1),

anbHHIX TOYEK ¥3) (puc. 3.2). DroT TeHsop sABag-,

eTcs MJIOCKHM, OH HMeeT TOMBKO
JeThipeé KOMNOHEUTH . ManHllﬂ 5TOT0 TEH30pa HMeeT BHJ

I s e
Hl‘k”_l lgy 1y |’
rae
N N
Iy = zm”(x;n))z s lg,= 2 m,,(xl("))’ ;

n=1 n=1

N
Ip=— X mpx® x{M =1,

n=1

Ecnu BexTOop A wanpaBnen no riaBHOl OCH 3TOrO TeH30pa, TO COTIACHO
(3.5) ero xomnoneuts A;, A; ROMKUE yYNOBNETBOPSTb CHCTEME OAHODORHBIX
ypaBHeHulit

AA e 11A 41154, *)
KA2—112A1+122A1-

Sta cucTeMa uMeeT HeTPHBHANbHOE (OTAHUHOE OT HyJA) PelleHHe TOMBLKO
B TOM cJy4ae, ecJH -

lu=h hs  |_,
In lgg—2 '
HJn
M—A’(lu+ln)+lulzz—’22'=‘_o- (“)

Cnenosatensho, cucTeMa (*) HMeeT OTJMUHOE OT HyAs pellleHMe TOTAa H
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3.6. T'aasnvie ocu mensopa. Ilpusedesue mensopa K 2AQ6HUIM OCAM

Tonbko TOraa, ecnu A==XA; HXH A=Ay, Ie A, H Ag—KOPHH ypaBHEHHUS (**), T. e.

xl=__-___lll-+2_122 + V(lllglga)a-}'l?ﬁ H

I

xz__:lu‘;‘!zz_ ‘/(_In"" !3)2-}-1?‘.

Ecan [,=0, 10 Torna ucxomusle ock (x;) H (x;), KaK 5To caeayer u3 (*)
u (3.5), ABNAOTCA yXe TJIaBHHMH.

[lockonbky uMeeTcs 1Ba pas/HUHBX A, YNOBJETBOPAIOUHX CHCTeMe OpH
Ay 0, 5T0 3HAUHT, UTO HMeeTCs JBa pasJHuHBIX JIaBHHIX HanpPaBJeHHS, Oflpe-
nensieMbix sekTopamu A® u AP HanpaBieHus 3THX BEKTOPOB W olpeje/is-
I0TCH H3 cHCTeMBl (*):

(1)
tg =——A21 =%1—Ill= 112 4
1 AL I h—1Ty '
)
tg @ LAY Ml I
? A(lz) I3 hyg—lgg "

3xech @; M Qp—YyIB, KOTODHe COCTAaBASKT TIJIaBHHE OCH TeH3opa [
¢ OCBIO (X}).
IMoacTaBnss cionAa 3HaueHHs Ay H Ap M BeUHCAAA tg 2¢, U tg 2¢,, NONYYHM

11 —.,22
a
Orcioaa q>2=q>1+7 , TaK 4TO I'JIaBHule OCH B3a#MHO MEPHNEeHAUKYJ/IAPHH.

tg 29, =tg 29, =75

B cucreme raaBmbix oceli Tensop /;, uMeeT KOMIOHEHTHI:
.
111 = )"l;
1y, =Ry (***)

I,=0,

4TO MOXHO NPOBEDPHTb HEMOCPEACTBEHHHM BBIYHCJEHHEM. IJTO CJlledyel M u3
cooTHolleHu# (*), 3amHCaHHUBIX B CHCTEME TJIaBHHX ocefl:

A =1 A1 A
A = A LA,
A A A
hA =1 A (A
Tak kak AV =|4W|; AW =0, A =0; A?)’=|A“’I , TO NOJyYHM

supaxkenns (***). Hcnonpsys srtoT ‘akT, MoXHO B JAHHOM cayyae mpoule

noJiofiTH K 3ajaue OTHICKAWHA rJAaBHBIX ocedi Tewsopa /.
3Had, 4TO TrJaBHble OCH B3aHMHO MepNeHIHKYJAPHH H 4YTO B CHCTeMe
;

rJIaBHHX oceit I'12 =0, BuepeM HOBYIO cHcTemy ocelt (x,, xg) TaKywo, uToGH
B Heli KOMIOHEHTH Tensopa /,, o6pamanHch B HyJb.
[lo oGuieit popmyne (2.7) umeem:

Iln:a:’l“n'kllh'
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Irasa mpemos. Tensopras arzebpa

Bce kocurycH @, MOryT 6biTh BhpameHH duepes QYHKUHH OHOTO napa-

MeTpa-—-yraa ¢, XoTopufl cocTaB/seT HOBAas oCb (x,) co cTapoft ocbio (x).

Heitctsurensuo (puc. 3.2):
Q. =CO8Q; a, =sing;

Qyrg =COS Q5 Qyuy — —sing.

Takum o6pasom (cp. § 2.6),

L=y 0 ly+o, e, ln+a a0 lynta.,a,,1y=
= —sin@cos @/ 4 sin @ cos @/, + (cos? 9—sin? @) [ 4=
A1y

=5 sin 2¢ 4/ 5c08 2¢.

YT06b! 1'12=0, Heo6xoqHUMO

21
tg 2([)=————-—12
111_122
OTHM NOJMOCTbIO ONpejesnseTcs NOJOKEHHe [AaBHBIX ocell TeHaopa /.
[nasuble 3nauenns storo Ttensopa [, w l,, paBHb:

. 1+ 1 iqg o1 2
Ill=al'1al’kllk=%+]/(%) +I¥2(=Al)7
’ Ii,4+1 I, —1 2
I, =a,, a,,kI,k=_u2_n_ V(L?_M) + 13, (=MAy).

Tak#M 06pasoM, B CHCTeMe TJIaBHHX ocedt (x,, x,) Tensop /;, HMeeT maT-
pany

I, o

1My = 0 /

,

22

PaccMoTpuM Bonpoc o6 onpejeneHWH TJIaBHBIX HanpaBJeHHH
¥ MJIaBHBIX 3HauyeHH# TeHsopa T .

CorsiacHo (3.5), KOMNIOHEHTB BEKTOPOB A, ONpeAe/AiOnHe JaB-
Hple OcH TeH30pa T, yROBJETBOPSIOT CHCTEMe TPeX OAHOPOAHBIX
ypaBHEHHIA: :

TypAr—hA;=(Ty—Ady) A, =0,
HJIH
(Tu—A) A+ T4, + T34 =0;
Tyl +(Tyy—A) A+ Typdy, =0,  (3.6)
TyA, + T:;zAz +(Tg3—A) A, =0.
OTa ONHODOAHAS CHUCTEMA CHYKHT M5 onpefenenus A,, A,,
Ag. [lpn 3TOM HuIeTCA OTJIMYHOE OT HYJs, HJH, KaK OBOPAT, He-
TPUBHAJbHOE pelleHHe 3TON CHCTEMBI.

Kak usBecTHO u3 am‘e6pbl, OAHOpOJHaA CHCTEMa WMEET HeTpu-
3HaJibHOE peleHHe TOJbKO B TOM cJyuae, €CJAH OnpeneuTedb ee
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8.6. I rasuvie ocumensopa. [Tpusedenue men3opa K 2AQ8HbIM OCAM

papeH HyJIO, T. €.
Tu*}‘ le Tla
Ty  Typo—h Ty |=0. (3.7)
T31 T32 T33—7\

PaBenctBo HyJsi0 onpenenurtens (3.7) npeActaBJser cof0of Ky-
6uyeckoe ypaABHEHHE OTHOCHTEIbHO A. DTO ypaBHeHHe Ha3blBaeTcs
xapakmepucmuyeckum ypasrernuem mensopa T .

TakuMm o6pasom, 4TOObl yIOB/IETBOPHTb cucreMe (3.6), Heobxo-
IAMO H ROCTATOYHO, UYTOGB A OBIJIO KOpHeM KyGHUeckoro ypas-
Henus (3.7). KopHu 3TOrO0 ypaBHeHHS, MOXKeT CJAyYUTbCA, He Oy-
AyT Bce AEHCTBHTEJIbHBIMH, H TOTJa €ro pelieHue He MO3BOJUT OMnpe-

JeJIUTL TPEX [JaBHBIX HanpaBneHnﬁ.

[Ipy oTHeceHHH TeH30pa K CHCTeMaM OGOGUieHHBIX KOODAHHAT MOXHO HC-
N0JNb30BaTh €ro MoGbie KOMIOHEHTH AJsi ONpejeseHus ero rJ1aBHBIX Hafpasie-
Hufi n 3HaveHudi. Hanpumep, ecnu onpeneseHsl KOBapHAaHTHBIE KOMMOHEHTH
T;» TeHsopa, TO ypaBHEeHHEe, ONpefessiollee COGCTBeHHHE BekTopa A TeH-
3opa T, umeer A (cm. 3.5):

A =T A% (3.7a)

Otciopa B cuny A;= {-kA” nonyyaeM CHCTEMY JAHHEHHHX OZHODPOAHHIX
ypasHenuit otHocutennHo A! Buna (cm. 3.6)1
k
(Tir—Agir) A®=0.
OnHaKO, 4TOGH NpHBeCTH 3Ty cucTeMy K BHAy (3.6), Heo6xopuMo M0./b30-
BaTbCsl CMEIIaHHBIMK KOMIIOMEHTaMud TEeH30pa. YMHOXHB NpelblyliHe YpaBHe-
uus (i=1, 2, 3) Ha g” , ApocyMMHpoBae mno i, nonyuuM B cuny (2.37):

(T!, — Agly) AR=0 (376)

Torpa ans onpejencHus COGCTBEHHBIX 3HaueHuil TeHaopa NMonydyaem Xapak.
TepUCTUYECKOe ypaBHEHHe BHAA:

TL—A T, TY

T T —L T3 =0. (3.7 B)
T2 T3, T3, —h

OcTanoB¥MCS Ha PacCMOTPEHHMH TOJBKO CHMMETPHYHBIX TeH30pPOB
BTOPOI'O pPaHra, OTHECeHHBIX K MPAMOYTOJbHBIM 1eKapTOBbHIM CHC-
TeMaM KOOpAMHAT, TakK 4TO T ;=T,.

B 3toM cJdyuae Bce KOPHH Ay, A,, A; XapaKTepHCTHUECKOTO

ypaBHeHu# (3.7) BelnecTBEHHbBIE.

HeficTBHTENBHO, NYCTh A-—Kakol-1460 W3 KopHell ypaBHeHus (3.7)n nycThb
€My OTBEYaloT B cuiy ypaBHeHHs (3.6) Kakue-TO BeMHUHHH A;, Boobuie KoMI-
JIeKCHbIE.

Torza, yMHOXUB Kaxpaoe (i==1, 2, 3) u3 ToXnecTs

AA"ETI'kAk
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Taagsa mpemos. Tensopras arzebpa

Ha BenHUHHM A, KOMIJIEKCHO CONpPfAXeHHbe C A;, B NpOCYMMHpPOBaB NO -, no-
JAYyYHM

A A =T A LA, ™
Tak kak Tip=Ty;, TO

- 1 - - | - —
TipdpAi=5 (TixAp A+ TipApAi) = 5 (TigAr A +TridpA i) =
1 -

=7 Tir(Asdi+ 440
Orciona BHAHO, 4To cymma T;,A,A; BemectBernna, n6o sce T, BelleCTBEHHH

W BHPAXEHHE B CKOOKax BewecTsenHo. ITockoapky H A;A;=|A;|?+| Az|® +
4| Ag|?—ToXe BellecTBeHHas BeJuduHa, To H3 (¥) caepyeT, 4T0 KOpeHb
BeliecTBEH. [IPH 5TOM, KOMEYHO, BCE KOMIIOHEHTH A, TOXE BeulecTBEHHH (3TO
caenyer H3 AA;=T;A.).

Hrak, Ay, A, Az—BellecTBeHHbE YHCHA.

3amernM, uTo ecau T';,-—KOBAPHAHTHHE KOMIIOHEHTH TEH30pa, TO, HCXOAH

us (3.7a), ymuoxas ero Ha A; cymmupyd mo i n ucnonmbsys T =T, ana-
NOrMYHO MPEHJIYILEMY NOJYYHM BElUECTBEHHOCTb XapaKTePHCTHYECKOro ypas-
nenusa (3.78).

PaccmoTpuM cayual pasjMuUHBIX KopHeli A, ==X, %15 Torza

s 8
KaMIOMy M3 CKansipoB A, oTBeuaer cBos cucTema umcen AP, AL,

AY —komnonent Bektopa A, KoTOpBIE C TOYHOCTHIO AO NOCTOAH-
HOTO MHOXHTeNs ONpeNessiioTcs U3 CHCTEMB! ypaBHeHu# (i =1, 2, 3):

(Ti— 1 B;) AP =0.

Hanpumep, ans AV, AP, ALY nmeem
(Tll'_'}"l) A(11>+T12A(21)+T13A§”=0;
TuAY +(To—2) AP + Ty A" =0;
T31A(1”+T32A(2”+(T33—7‘1) A§1)=0.

Orciofa noJy4uM

A(ll) _ A(zl’ _ A(:*.l)
. Tz!l""}vl T23 ' I T23 T21 Tﬁl T22~}” . (3,8)
TS? T33_}"l T33_}"l Tzl Tll Tss

Ori paBeHCTBa OLHO3HAYHO ONpeAeNsioT JHLIb HaNpasjieHue
BeKTOpa A® T, e, nanpaBieHue nepBOi TJAaBHOH OCH TeH3opa.
OcrasnbHble ABa TAaBHLIX HanpaBJeHds TeH3opa T, onpelensioTcs
BekTopamu A¥, A'®, :

Basichoe 3unauenue umeem mom (QaAKm, 4mo ece mpu 2AaBHHIX
OCU MEeH30Pa 63AUMHO NePreHOUKYASPHbL. ’
© Jlna ciyuas paalduHbiX KOPHeH Ay =% A, 5% Ay 370 nOKasbiBaercs
npocTo. ,
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3.6. rasnote ocu mensopa. IIpusedenue men3opa K 24Q8HbIM OCAM

JleficTBHTeIbHO, ecaAM KOPHiO A, orBeuaer BekTop A'Y, a

- KOpHIO A,—BekTOop A‘®, TO

TRAD = 4, AP,
T AP = A,

YMHOXKHUM MepBylO rpymniy 3THX PaBeHCTB Ha A

@®  BTOpyIO —Ha

A{", npocyMMmupyeM no i ¥ BBUTEM ORHY CYyMMy M3 ApYroil:
TRAW AP — T AP AV = (A, —1,) APV AP,

Tak kak T;,=T,;, TO oTcIOA4
nMeeM: ‘

0=(A,—A,) AMAP.

Ecaun A, == A,, 10 AMAPY =
—AD.ADZ0, 1. e AV | AD,

Ecnn cpegn kopuelt xapakrtepuc-
THYeCKoro ypaBHeHHs (3.7) unmeiorcs
KpaTHble, TO CYUleCTBOBaHHE Tpex
B3aHMHO MNEpHeHgHKYNAPHBX TNIaBHEIX
HanpaBJ/leHHH 1oKasbiBaeTcs CcJ/enyto-
ULEM NyTEM.

[Mycts A;-—Kaxkofi-nu60 KopeHb
ypasuenns (3.7) v AW —pekTop, on-
peleNsioWHA rjlaBHOe HallpasJieHHe,
COOTBETCTBYIOIEE STOMY [J/IaBHOMY
3HaYeHHIO TEH30pa, T. €.

IAY = TiAD.

zy
A“)
ot ‘r*
A(J)
(M) 0
AIZ)
I*

Puc. 3.3. Tpu B3aumHo nepnenguxyasp-
Hble TNABHBE OCH CHMMETPHYHOrO TEH-
3opa. Mx cywecTBoBanne ycraHaB/u-
BaeTCH HE3aBHCHMO OT KPAaTHOCTH KOp-
Hell XapaKTePHCTHYECKOrO YpaBHEHHS

Pacemorpum niockocts M (pre. 3.3), nepneHpHKyAspHYio BekTopy Al
Ecsu Opate BeKTOpH H3 naockoctH M, To teHsop T, NEPEBORHT STH BEKTOpH
B JpyrHe, KOTOphIe JexaT B Tofl ke mjockocTd M. [efictButesbHo, nycTs

P—pekTop B MJOCKOCTH M, Tag 4To

P AY=P ANV =0.

Toraa

TipAL P =2 3, AV P, =0,

Orciona cienyer, uto Bektop Q ¢ KomnoHentamn Qp=T;,P; oprorona’nen
k A (wn6o QkA(k”=0) H, 3HAUHT, JIEXHT B TOH XKe naockoctd M.

* L] L]
BeeneM aeKapToOBY CHCTEMY KOOPAHHAT (x,, X,, X,), TaK 4TO OCh (x;) Ha-
npaejeHa no AY,'a Be Apyrue ocH JeXaT B NAOCKOCTH M.
B sToff cuCTeMe KOOpPAHHAT BeKTOpb P u Q HMET TOMLKO -0 ABE KOM-

*

oy - -
nonenti: P /- P, u Q,, Q,, a Tensop T;, HMeeT KOMIIOHeHTH, onpepense-

MHlE MaTpHues,

» *

21T

T T
I Tz‘k“=u Lo

8 3akas N 3610

22

*

21>

; T

12

=T
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Taaga mpemos. Teunsopuas aneebpa

Tak Kak P ¥ Q nexat 8 TKIQEROCTH M, d BMECTO ACBATH KOMNOHEHT CHMMETpH-
HOTO TeH3opa T';, Mbl BlpaBe pPaccCMaTpHBAaTb TOJMbKO UeThHlpe €ro KOMIOHEHTH
(Tensop Ha naockocTH M), KOTOpHE K OCYWIECTBASIOT NEPeBO] BEKTOPOB M3
NAOCKOCTH M B BeKTOpPH, JeXaulWe B Tof Xe MAocKocTH (maockocte M —Ko-
. *
OpAWMAaTHas MNOCKOCTb (X, x,))-
Teneps GyneM HckaTh B IIOCKOCTH M TaKHe BEeKTOpn P, KOTOpHe 6ul He

L
NOBOPAuMBANNUCL TEH30POM T, 2 JIHLUb H3MEHSJH CBOWO LJHHY. Torpa nonyunm -

CHCTEMY ABYX YypaBHEHHH

. 7"_'4_;=T;k'4;e
H XapaKTepPHCTHYECKoE ybaBHeHHe BTOPOro nopanka
T;l_}" T:z

T21 Tzz""

=0.

[ycTs Ag-—KOpeHb 3TOTO ypaBuenus, a BexTop A®) cOOTBETCTBYeT Ay, T. €.
y 2
(2)* __ pr* 4@
AAP =T, AL .
Toraa Bektop A® onpegensier BTOpoe IJ1aBHOe HanpaBJeHHe TeH3opa H,
NOCKOJBKY OH JNEXHT B MaockocTH M, 10
A® | AW,
[Moctpoum Bextop A®, nepmenamxyadapuuifi & A® u A%, [Tokaxkem, uto
A® onpenennt TpeThe riaBHOe HanpasJieHue TeHsopa T .
» * .
Heticrsutensio, sekrop T;,AP)" nepnenauxynspen A, (motomy uro on
. * - »
neXHT B MiockocTH M) u meprnensukynspen xk A%, (Tak Kak T,kAﬁ"’ Agf{ =
Ld » .
= AgA{"° 4" =0, nockonbky BexTops A2’ u A®) B3aUMHO NePNEHANKYAAPHE).
» .
CnenoBaTenbHO, BEKTOP C KOMIOHEHTaMH TikAf."') KOMJHHeapeH BeKTopy A®,
L] *
H Torpa, yuurtwBas T, = T,;, nMeeM

* . L
7»3145-3) =leA$zS) :

9’;‘0 ¥ oamauaer, uro A" onpesender TpeTbe T/IABHOE HaNpaBJeHHe TeH-
sopa T

d ﬂp:ak TAKOM IOCTPOGHHH TNAaBHHX Hanpasnenufi A, A®, A® rensopa T,
HHT e He TPe60BaNOCh, YTOOH Ay Ay Az ORI PA3NHYHBIMY. "TaKHM o6pa3oM, cyuiecT-
BOBaH} e TPeX B3aBWMHO NMEpleHANKYAAPHEX TNaBHBIX OCeHl Y CHMMETPHYHOrO Teu-
sopa T;, NOKAa3aHO HE3aBHCHMO OT KDAaTHOCTH KopHeli XapakTepHCTHYECKOro
ypasHeHns (3.7).

BhissicHUM CBSI3b MeXAY KOPHSMH XapaKTePHCTHYECKOTO YpaB-
nerus (3.7) A, Ay, Ay ¥ KOMIOHeHTaMH TeHsopa. [las 3Toro npu-
BeleM TE€H30p K TJIaBHBIM OCAM, T. €. HaiineM BblpaXXeHHE KOMIO-
HeHT TeH30pa B CHCTeMEé KOOPAHHAT, OCH KOTOPOH SABJAOTCA
TJaBHLIMH OCAMH TEH30pA.

IMycte N'U, N'® N'8—oprThl raBHbIX OCEH TeH30pa
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3.6.- Trasuoie ocu mensopa. [1pugedenue men3opa & 2AQ6HSIM OCAM

"Ecanm (X,), (X,), (X,)—raaBume ocu (puc. 3.4), 10!
' TN =M N,
TNY =N,
TikNSeS) = 7‘3N1§3)~
3anuwem 374 paBeHCTBa B CHCTeMe KOOpAHMHAT (X;, X., Xg)

T. €. B CHCTeMe IJIaBHbIX Ocefi TeH30pOB.
Hmeem:

C ) .
TuNY =0 NM,
vy 2)’
Tiste) =K2N§ )';
’ 3)’ 3y
. Tiste)=7V3N§' : .
Orciona, nodaras (=1, 2, 3, nory4uM JAeBATb paBeHCTB (yuu-
teiBas, uto NV =N =N =1 u Ny’ =0 npu m + n):
T1i=2,; Ty1:=T3=T13=Ts =Ty =Ts=0; Tn:xz; T33=7V3-
CJaefoBaTeIbHO, TEH30p B CHCTEMeE
CBOMX TJIaBHBIX OCEH HMeeT MaTpHly x;

A, 0 0
“T;k”= 0 }‘20

3

Taxkum obpasom, KopHu Ay, Ay, A4
Xapakmepucmu4eckozo YpasHeHus npeod-
cmaeasiom  OuazOHAAbHbIE — KOMNOHEHMb
(edurcmeennoie omaudnbie om Hyas) men- I, X/
30pa 8 cucmeme eAQBHLIX OCel; OHH H
NAOT 24a8Hbie  (cobcmeeHHble) 3HaveHUS
mex3opa.

Hdns teH3opa HanpsiKeHHH ero rJaBHble 3Ha4eHHsA HOCST Has-
BaH¥e 2Aa8HbIX HANPAXCEHU.

[lyctb BekTOp P MepeBOAUTCS NPH NOMOILK TeH3opa T, B BeK-
TOp @, TaK 4TO

Puc. 3.4. I'naBunie OCH CHM-
METPHYHOT'O TeH3opa

Qi=TikPk'

’ ’ i
B cucteme raaBuuix oceit (X;, X, X,) Tensopa T, 3TO ypas-
HeHHe HMeeT BH]

Q;= Tz"kPr;,
UJAH
Qi =TuPi=AP;;
Qi=TsuP,=X,P,; . (3.9)
Qs= Ty Py=AyP,.
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I'aa8a mpemosa. Tenzopnaa arzebpa

Ecau A, %4, ;exs, TO y TeH3opa T, He CYUIECTBYET APYrux
rJaBHBIX HanpaB/eHHH, KpoMe TexX, KOTOphIE Onpenesiorcs Kop-
HaMu A, A,, A, [lpu srom us (3 9) caepyer, 4TO ecau P He
coBNMajeT HH C OAHMM H3 TJAaBHbIX HanpaBJeHHH, TO TeH30p T
He TOMbKO H3MeHseT JJMHY STOrO BEKTOpa, HO W MOBOpavyHBaeT
ero. Ecan xe, wanpumep, P||AY, 1. e. P,=P;=0, 10 Q=
= A, P —BeKTQp P He NGCBOpPayHUBaeTcs, a TOJbKO H3MEHHET CBOIO
JJIHHY . o

Puc. 3.5. Bua TeHsopHOro 3/JHICOKJA CHMMeTPHuHOro Tessopa. [aBHhle ocu
TEH30pa-—3TO TJlaBHblE OCH TEH30DHOrO SJJIKMCOHAA:

3y cay qaﬁ pasnKuHBX KopHel Ay A, %Ay MaTpnua teH3opa 8 [IVaBHRIX OCHX
1 0 0
”Tik”_ A, 1 6) cayuall ABYX paBHBX KopHed Ay = A, #A;. Marpuna Tedsopa
3
, Ag 0 O
B [MIaBHBIX OCaX ”Ttk”= 0 A O ’; B) chyuad paBHbX KopHe#l — maposo#t TeHsop
0 Ag

00
hy=A,=hz=A. MaTpuua TeH3opa B JIOObHX OCAX ”T[k”=7” H 0 ‘
0

10
01

Ecau A=A, A; (OHH KOpPeHb XapaKTePHUCTHYECKOro Ypab-
HeHusn KpaTHbi), TO U3 (3.9) caenyer (A, =A,=A):

Qi=AP,; Q,=AP;; Qs =A4,P;.

. ’ 7
Orciona BHAHO, 4TO mo6ofi BekTop P’ U3 NJOCKOCTH (X;, X,)

(. e. korna P% =0) ToabKO H3MeHSeT AJHHY NDH YMHOMKEHHH
Ha TeH30p T,k, HO He noBopauuBaercs, 6o npu sToM Q =AP°,
3HauuT, ABOMHOMY KODHIO XapaKTepHCTHUECKOTO YpaBHEHUS OTBe-
uaer uenas cobcmsennas naockocms (X, X,), nepnenaukyJspHas
TpeTbeMy [JABHOMY HallpaB/ieHHI0; B 3TOH MNJOCKOCTH Jio6oe Ha-
npaBJeHde OyZeT rJaBHbHIM. TakKuM 00pa3oM, eCaud OJHO TIJaBHOE
HanpaBJleHUHe ONpefeJieHO (KOPHEM Aj), a JABa JAPYTUX KODHA COB-
nafaloT, TO JABa JPYr¥X Tr/aBHbIX HANpaBJieHHst ONpelesIoTCs
JIOObIMH JIBYMA HalnpaBJeHHsiMH, NePHeHJUKY/IADHbIMA K EPBOMY.
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3.6. lrasuoie ocu mensopa, I1pusedenue mensopa K 2aG6HLIM OCAM

Ecnu Ay =A,=Ag=QA, Bce KODHH XapaKTepHCTHUYECKOrO ypaB-
HeHHs coBnajaiot, To w3 (3.9) An MOGOro BeKTopa P nMeeM:

Q:=APy;
Q; =AP,; 0l Q=
Qs =AP;.

TakuM oOpasom, B 3TOM cjayuae w0604 GeKmop NpH YMHOXe-
HUM Ha TeHsop T, TOJbKO H3MeHseT CBOIO NJHHY, HO He To-
BopauuBaetrca. CsenoBaTeJbHO, B 3TOM cJayuae Jio6oe HalpaBJeHHe
y TteHsopa T;, fABJAeTcA TIJaBHBIM. TakKoH TeH30pD Ha3biBaercs
waposem (puc. 3.5, 8).

Tensopuuiit sanuncoua. JlioGoMy BekTOpy A; MOXHO OAHO3HAY-
HO COMOCTaBHTb IJIOCKOCTb Buja Aer=Ax'=1 B TOM CMHCIe,
YTO TPH KOMIIOHEHTHl BeKTOpa- A; NMOJHOCTbIO ONpeaensioT NoJo-
KeHue 3TOH MJOCKOCTH B JM060H CHCTEME KOOpPAMHAT.

JloboMmy cummempuunomy * tensopy T, =T,, MOXKHO OfHO3HAY-
HO COTMOCTaBHTb NMOBEPXHOCTb BTOPOTO f0PAjKa BHAa

T,-kx’xk= 1.

KounorenTol Tensopa T;, ORHO3HAYHO ONpeReJsIioT OBEPXHOCTh
2-ro nopsaka B JMi60A cucTeMe KOOPAHHAT. DTa NOBEPXHOCTb HO-
CUT HasBaHue men30pHol (puc. 3.5).

HerpyaHo Buzietb, 4TO rJaBHbE OCH TeH30pa SIBJSIOTCH [JaB-

HBIMH OCAMH T€H30pHOI'/'I OBEPXHOCTH, KOTOpadA B CHCTEME TrJaB-
HblX OCell uMmeer YpaBHEHHUE

To(X0)? + Toal Xa)2+ Ta (X3)? = Ay (X;)2 44y (X2)2 4 45 (X;)2 =1
HJIH

X'y X )2 Xy

G A CH

&) & &)

Ecaun A;, A,, A; nojoxuresbHe (cayuai#i Hambosge BaKHLIA
B NpPHUJOXKEHHWAX), TO TEH3OPHas MOBEPXHOCThL SABJAETCH 3JJUICOHU-
1

1
VE VR 7

TEH30PHO# MOBEPXHOCTBIO.

JIOM, a

— OTPE€3KHU, OTCeKaeMbi€ Ha rJTaBHbIX OCAX

* Ecnn T, —He CHMMeTPHUYHHH TeH30D, TO OJHO3HAYHOrO COOTBETCTBHS
MeXJy TEH30POM U MoBepxHOCTbio He 6yaer J[leiicTBuTe/bHO, coracHo (3.1),
BCErja MOXKHO 3anucaTtb

Tik=Siu+Aixs (Sie="Sris A= —Aki)-
Ho Ttorpa
. T,-kx’xk=S,-kx'xk+ A,-kx’x”=S,-kx’xk=1.
TeH30pHAasn NOBEPXHOCTb OAHO3HAYHO ONpefefsieTCs TOABKO CHMMeTPHYHOI
4acTbiO TEH30pa.
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Faasa mpemos. Tensopnas aseebpa

Ecas A, =A,, TO TEH3OPHHIA 3/JHICOHUA SBJAETCA SJJIHICOHAOM
BpalleHHs . . L

Ecau A=A, =A, (rensop T, —I1apoBOii), TO TEH3OPHbIA 3.-
JAUNCOXA —HIap.

3.7. Husapuaumot men3opa

KOoMNoHeHTH BeKTOpa A; MeHSIOTCA [1PH HU3MEHEHHH CHCTeMb
KoopAuHAT. OfHAKO NpPH NMOMOWM 3THX KOMIOHEHT MOXHO COCTa-
BHTb BeJHMYHHY, KOTOpas OCTaeTcsl HeH3MeHHOW NpH H3MEeHEHHsX
NpsSMOYToJbHOA JeKapTOBOH CHCTEMbi KOOPAWHAT, a MMEHHO:

2 2 2 oA’
AiA,-=A1+A2+ As=Ai A
DTa BeJHUYHHA HOCHUT Ha3BaHue uUHsapuaxma eexmopa, T. €.
A‘-A" == ] _ 1I1V.

VnBapuanTbl MOXKHO COCTaBHTb H H3 KOMIIOHEHT TeH30pa Jo6o-
ro pasra.

s nosyuenusi HHBapHAHTOB TEH30pa BTOPOro paHra B oOumeM
BHJe pachHIleM XapakTepucTHueckoe ypaBHenue (3.7), pacKphiB

onpenequTeNb:
+K( )— Ty Tay Toys|=0.
T,, T Ty T
12 T2 13 133 Tyr Tag Tss

[TockoabKy A, A%, A® ABJAIOTCA CKaJspaMH ¥ NOTOMY He 3a-
BHCAT OT BHIGOpa CHCTEMbl KOOPAMHAT, KO3(DGMHIMEHTH 3TOro ypas-
HeHUSA TaKiKe He JOMKHBI MEHSATbCH NPH H3MEHEHHH CHCTEMB! KO-
OpAMHAT.

TakuM 06pa3oM, Beau4MHBb *:

.11=T11+T22+T33(=A’1+A’2+A‘3):iHV;

M—A (T + Ty + Tys) +

« [TuTwT
Tyy T3 T Toy Tiu Tay 11 L12 L3

_l.-
T23 T33

12: T_zz Tsz Tu Tzl Tu Ty
Tos Tosl [Tio Topl 1 Ths Tasl
(=hdy+Mhy +Ayhg) =inv,
Ty Ti Tos
I3=|Ty Ty Tos|(=2A,A5) =inv
Ty T3y Tas

ABJAIOTCA UHBAPUAHMAMU TEH30pa BTOPOrO paHra.

“* Buipaxenns I, I,, /5 uepe3 Ay, Ay, Ay CJIEAYIOT K3 H3BeCTHOH TeopeMkul
ajre6pn —T1eopems Buerra. - :
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3.8. llpusnak mensopHocmu 6eAUHUH

Ucnoabsysa 3TH uHBapuaHThl (/,— nUHeAHbA wWHBapuaHr, [, —
KBaJpaTHuHblfi, /,—MHBApHAHT 3-TO NOPSAAKA), MOMKHO COCTaBHTh
GecyHCEHHOe MHOXKECTBO APYrHX HHBAPHAHTOB, MNPEACTABJAOLHX
BCEBO3MOXKHBIe KOMOunauu# Iy, I,, I,.

Hanpumep,

2
=21, =TTy
2 _ 2
Ii=(T,)
i T A :
Ucxopsl M3 XapaKTEepHCTHYECKCro ypasHeHHs (3.7B), MOXHO MOMYYHTb

YHBapHaHTH TeH30pa BTOPOTO paHTa yYePe3 ero KOMIOHEHTH B 0GOCULEHHOH
cucteMe Koopauuat. OHH HMEOT BHA:

IL=T};
1 o ke l].
12=7[(T,.‘)2—T, T}
fy=det] T
Te TeH30pbi, Y KOTOPbIX JHHEeHAHHA uHBapuaut [, =0, Ha3u-
BaloT Jesuamopamu.

Jlio60ii men30p MOXCHO pasiosxcums Ha Oesuamop u waposod
men3op: '

1 ! 1 ’
Ti=Tyu— 3 Ty6; + K} Ty 8=Dy+ 3 8ikT_u-
Tensop D;,—AeBuarop, u60
1
D;;j=Dy;+ Do, +Dy5= Tii"? Tu3 =0.

Teﬂsop—neBHaTop B cucreMax o006mENHBIX KOOPAHHAT HMEeT KOMIIOHEHTH
BHAA

1 1
Dip=Tix—5 &ieT/
Dik — Tik___;;_ g* T,

. NIRRT
Drk=Tik—‘—3‘gi Ty.

£
11pH 3TOM. KakK J1erko BUAETb, €r0 CBepTKa Di =0,

3.8. Mpusnax men3oprHocmu eAUHUH

B fonosiHeHHe K BbilIENPHBEJEHHOMY ONDEleIeHHIO TeH30pa
KaK BeJHUH AR, TPeobpasyiollelcs 110 ONpeaeJeHHOMY 3aKOHY, MOXHO
jaTb Apyroe olipefeleHHE TeH30pa. 3TO onpeaeeHuHe o6bIyHO pac-
CMaTpMBaeTCsl KaKk NpPH3HAK TEH30PHOCTH BEJNHUHH.
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aasa mpemos. Tewsopras arzebpa

ChopmynupyeM npH3HaK TEH3OPHOCTH AJs JeBATH BeJH4HH,
ABJAOUMACA OnpejeseHHeM TeH3opa 2-To paHra.

Hycmo A;, B;—Komnonenmor 08yX npou38OAbHHLX 8eKMOPO; eCAU
npu nomowyu Oegamu eesudurn T, moxHo 06pa3oeams UHBAPUAHM
suda

TikAin= il’lV, - (3.10)

mo Oesameo seauuun T, obpasywom mensop 2-20 panea.
JleAcTBUTENbHO, B CHJly WHBapUAHTHOCTH BHpaxends (3.10) u
3aKoHa npeo6pa3oBaHUs KOMMOHEHT BeKTOopoB A; u B; npu nepe-
Xole K APYTOH NPOU3BONBHOH cuCTeMe JeKapTOBbIX KOODAMHAT
AMeeM: ) , o
TikAin = TlmAle = Tlmai'lak'mAin
HJTH

( Tik—ai'lak'msz) A/B,=0.
Orcioga B cujly NpOU3BOJBbHOCTH BEKTOPOB A u B nmeeM:
’
Tir=oiemT .

dra ¢opMmysa npeobpa3oBaHHs BeJHUHH T, JAOKasbiBaeT HX
TEH30PHOCTD.
Anrasnoruuyno Qopmysnpyercs U JA0OKa3biBaeTcsi NPU3HAK TeH30p-

HOCTH, HBHHDMHﬁCH onpenesieHHeM TEH30pa Jo6oro paHra.
Kpowme Toro (B cayuae cHcTeMnl 060GuIEHHBIX KOOPAMHAT), €CJIH, HAallPHMED:

TiAB*=inv, T*A;By=inv, T;*A'B, = inv,

rae A;, B;—koBapuantuble, a Aé{, B'—gouTpaBapuanTHHeE KOMIIOHEHTH IBYX
NpPOH3BOJILHLIX BEXKTOPOB, TO Beandnust Ty, T, T,Zk ABJSIIOTCH, COOTBETCTBEN-

HO, KOBapHAaHTHBIMH, KOHTPABapHAHTHHIMH K CMelJAHHBIMM KOMIIOHEHTAMH TeH-
30pa 2-ro paHra.

' 3.9. Icesdomensopot

[lpu paccMoTpeHnn BEKTODHOTO MPOH3BEAEHHS Ml OTMEUaJdH HEKOTOPYio
HeoNpeae/eHHOCTb B HANpaB/JeHKN BeKTopa AXB: nanpaslieHHe 5TOro BEKTOpa
yCTaHaBJHBAETCA YC/IOBHO, B 3aBHCHMOCTH OT BBIODAHHOW.CHCTeMbI KOQPAHHAT
(npaBas Hau neBas). Buno nmokasano (cum. 3ajauy 11, ra. 1), uro GeckoHeuto
Manble NOBOPOTH, a CJeACBaTeNbHO, H YrjoBas CKOPOCTb TBEPAOro Teda
ABNSIOTCH BEKTOPAMH; OAHAKO HANpaBJEHHe STHX BEKTOPOB BLIGHPAETCSH YCAOBHO.

B 10 xe Bpems HanpaBNeHHS TaKHX BEKTOPOB, KaK CKOPOCTb, yCKODeHwe,
CHNa, He B3aBHCAT OT TOrO, ONpPeAeNsioTCA JMH OHH B NpPaBoil CHCTeMe HAH
B JeBofi.

B cpa3n ¢ 3THM 3aKoH npeo6pa3soBaHHA KOMIOHEHT MEePBOR FPyNNH Bek-
TOpOB (BEKTODHOE MPOH3BeJleHHe, YIrJIOBasf CKOPOCTb) OYAET OTJHYATLCHA OT
3aKoHa NMpeo6pa30BaHHA KOMIIOHEHT BEKTOPOB BTOpOil Tpyfnns (cHia, CKOPOCTD )
NpH TakHX Npeo6pasoBaHHAX KOOPAHHAT, KOrja CHCTEMa NpaBas NepexopuT
B JIeByi0 HJH Hao6opoT (cM. 3.4).
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Bce nuueiinble opToronanbHee Npeo6pasoBanHs KOOPAKHAT:
. ,
x;=@., x,+x? (npaMoe npeobpasosanne);
Xj=0p; Xy +xi° (o6patHoe npeo6pasoBanue);
Gy ey =0pp
+  (opTOroHaJbHOCTb NpeoGpa3oBaHui)
Gy Qpeyp = Oy
MOXHO KNACCH(HUIHPOBATL MPH MOMOIIH 3HAUEHHS ONpenetuTens
Gyry Gprg Gyryg
det Noppll=A=]ay, @, Qyr gl - (3.11)
az’1 %37 %303
JToT ompenenuTeNb, COCTABJAEHHHH N3 KO3(PHIHEHTOB OGULEro OPTOTOHAMb-
HOTo . Ipeo6pa3cBanHs KOOPAHHAT, HMeeT TONBLKO [Ba 3HAYEHHH, a HMEHHO:

A= +1, A= —1.
JeficTBUTENbHO, HCTONB3YS COOTHOWeEHHS (2.5) MeXAy KOCHHYCAMH H Teo-
peMy o6 ymMHOXeHHH onpeaenurteneii ¥, nonxyuum
3

det || 84/ = det|| 3" a;y @y, || =det|ja, ||-det ||ay, ||=
=1
={det |ja;, || j2 =A%
flockosbky

aet [, ][0 18] =1,

TO KMeeM:
Al=1, A= £ 1.

B cBs3u ¢ sTHM Bce NuHefiHHE OPTOroHa/bHbie Ipeo6pasoBaHs KOOPAH-
HaT MOrTyT OuiTb Pa3GHTH HA ABa KJjacca.

1. Kaacc npeo6pasoBaHun ABHXeHHS (HernpepuiBHble nNpeo6pasosaiiig).
HenpepwiBuoe mnpeo6pa3oBaiue (nmpeoGpasoBaHHe JABHKEHHS) KOOPAMHATHBIX
CHCTEM COCTOHT B HeNPEepHIBHOM CABHre H BpameHHH cHcTeMbl (K') u3 cosme-
weHnHoro ¢ (K) nonoxenus B mio6oe ppyroe. [Ips 3TOM HCXOAHAs CHCTEMA
u moGas npeo6pa3oBaHHas CHcTeMa MOryt OHITb JuGO obe JneBwe, anbo obe
npasble. [IpaByio cucTeMy He/b3d NOJYYHTb HellpepPuLBHHIM 1peo6pa3oBanHeM
u3 Xepoli, kaKk ® jesyw H3 npasoii. Jijis 3TOro KJacca npeo6pasoBaHHil Ko-
OpAHHAT HMeeM:

A= 1.

* Eciu aj,—sneMenTs OJHOTO ONpejesuTes (TpeTbero nopsgka) u by, —
APyroro, TO SJXEMEHTH C;, ONpelenuTeNns A, NpeicTaBAAOUWEro co6ofi Npo-
u3senenne AByx nepsux (det(lc;pll=det|a;,||-det|l b;x|l), obpasyiorca mno
ONHOMY H3 CHEAYIOUIHX NPaBHIL

Cin=igbpgs Cin=aibyrs Cin==0a;ibps; Cip=2;by
3 -
.<HOMHHTb, 4TO a,-,b,,,az a,-,b,,,), cM. A. K. Cymkesuu. OcHoBH sHCLIEH

i i=1
aarebpul, § 20, ra. 1L
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‘ ’ ’ ’
LeficTBHTENIbHO, TOXKJECTBEHHOE NPeoSpa30BaAHHE X;==X;, Xp==X,, X=X,

zaet A= +1. [Ipu HenpepuiBHOM NpPecGPasoBaHHH CHCTEME (K) B (K') Bcaen-
CTBHME TOrO, uTO onpenenuTens A ==det il a; .|| ABageTcH HelpepHBHOR QYHK-
uHelt OT KOCHHYCOB G ,, YTNIOB MEXKAY OCAMH, €0 3HAUEHHE HE MOXKET MeHATb-

ca cxkaukom or 1 K —1.
TIpuMepoM npeo6pasoBanis ABHKEHHS MOXET CHYXKHTb TaKoe npeoGpasoBa-

HHe (cM. puc. 3.6):

. . ’

X, =Xg, X, = —Xy, X4

1 2 =Xy

2. Kzacc npeo6pasosanus orpaxenus. [ise cncremu (K) (K’), ocyuwe-
CTBAAIONIKE NPEOGPA3OBAHHE OTPAXKEHHA KOOPIHHAT, HE MOrYT GhlTh COBMEIIEHH
APYT C APYTOM HeNpEPHBHEM HX JBHXXEHHeM; JBE HX ONHOMMEHHHE OCH MOXHO
COBMECTHTb TaK, 4YTO HX [NOJOXKHTENbHEE HaNpaBAeHH COBMANYT, 3 TPEThbW
NpH 5TOM OKaXyTCs 3epKaJbHBIM OTOGPaKEHHEM OfHa APYTOH. Mpn 5TOM eciH
cuctema (K) npasas. 1o (K')—.eBast, n HaoGopoT.

a) ) 0 X3
Z3,Ls
T, z,
x, :
z, z,
< : z,
Puc. 3.6.
a) [Ipeo6pazopanune BpauweHHs det “ Q;p ” =41 6) npe~
o6pasopanne orpamenna det|la;p |l =— 1

Jlnsi 3TOTO KJjacca npeobpasosaHnii KOOPAHHAT HMeeM:
A= —1I.

TpumepoM npeoOpasoBaHHS OTPAKEHHA MOKET CHYXHTb TaKoe npeo6pa-
soBanue (cm. puc. 3.6):
X =Xy, X, =g, Xy ==Xy

B 34BHCHMOCTH OT 3aKOHA [peo6pa30BAHHA KOMIIGHEHT N0 OTHOWIEHHIO K
5THM JBYM KjaaccaM JHHEHHBIX OpPTOTOHAJBHLIX npeo6pas3oBaHHi BCE TeH30p-
Hble BeJIHYMHB MOXKHO pa3je/IiTh Ha WCTHHHbIE TEH30pbHl, HJH NPOCTO TEH3OPH,

H NCEBAOTEH3ODHI. . .
Tceedomensop —STO BeJMuHHA, KOMIOHEHTH KOTOPOH NpeoGpasyioTca mo

3aKOHY,
”:’kl...=ai'm O’k" al's "'”mrs...A' (312)
rae. A==det |} a |- .

3axon npeo6pasoBanuf 3" uncen, ofpelesAOMHX B Ka¥jo#i cCHcTeMe KO-
OpAHHAT INCEeBAOTEH30p n-ro paHra, CoBAajaeT ¢ 3aKOHOM npeo6pasoBaHus
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2.9. Hcesdomensopoi

_KGMMOHEHT HCTHHHOIO TEH30pa TOFO JKE PaHra -ToJbKO NpH npeo6pasoBaHHH
KOODAMHAT, OTHOCAUIMXCA K KJaccy npeo6pasoBaHHil ABHXKeHHA (HENipephHiB-
HBIX npeobpasoBarufi). B cnyuae npeobpasoBaHnfi, nepeBONSIWHX NPaBylo
CHCTEMY KOOPAHHAT B JIeBYIO, HJH Hao60POT, 3aKOH npeo6pa3oBalHs OTMH-
4aeTcs 3HAKOM.

Jljif HCTHHHOrO TEH30pa 3aKOH 11peO6pascBaHHsd KOMIIOHEHT COXxpaHsfercH
npH JIOGHX JHHEfHBX OPTOrOHaJ/bHKIX NpPeo6pa3oBaHHAX KOOPAWHAT H HMeeT
BHI : -

/
Tint,. = O Oprg - Ty

Uro xacaercsi ajreGpel IICEBJOTEH30POB, TO H3 3aKOHOB npeobpasoBanusn
IJIl TeH30pOB H TNICEBJOTEH30POB MOXKHO YCTAHOBHTL CJEAYIOMHE MOJOMKeHHS:

1) cyMMa gBYX NCeBAOTEH3ODPOB OJHOTO paHra ABJAETCH NCEBIOTEH30POM
TOr'O XXe Panra;

2) npousseseHHe ABYX IICEBJIOTEH30DOB HABJIAETCS TEH30POM (HCTHHHBIM),
paHT KOTOPOro paBeH CyMMe PaHrOB COMHOXHTeNeH;

3) npousBejeHHe ICeBAOTEH30pa Ha TEH30p HABASETCA IICEBAOTEH30POM;

4) cBepTHBaHHe NCEBJOTEH30pa NaeT NCEBLOTEH30D HH3Wero paHra.

PaccMOTpEM HECKOJIBKO NPHMEPOB NCEeBAOTEH30POB.

Mpumep 1. Ecan onpepenenneM o6beMa CAYXHT HHTerpan

T= S S S dx dxadxs,

TO B gpyro#l cHCTeMe KOOpJHHAT, HCNONL3YS TEOPEMY O NIpeo6pa3oBaHHH nepe-
MeHHHX B TPOHHOM HHTErpalje, Nojlyuysm

v = SSS dxl'dxz'dxs’ = S s‘s‘ (;(( 1o ¥ x3)) dxydxydxs.
J X1 Xg, X3

3pech AKOGHAH paBeH

Ox, 0x, 0x,
0xy Oxg Oxg G .. @
a{x, x, x’) ax. 0x, dx,. 11 1z s
__(‘#'__3_._ 208 T2 ) Gy Oy Uyl | =A,
O (xy, X, x3)  |0x; Ox30x
1 42y A3 1 2 3
Uyry Cygoy Gy

Oy 0%, Oty
axl aX2 6X3
OHn BHuKCHfieTcss Ha OcCHOBaHHH (2.3).
MosTomy

T =1-A.

Taxum o6pa3oM, COrJacHO ONpejesieHUI0, BeNHUYHHA T ABJAETCA ICEeBAOTEH-
30pOM HYJIEBOFO paHra, HJaH INceBaockanaspoM. Ero HasbiBaioT HHOrJa OTHOCH-
TeJILHBIM HHBAPHAHTOM.

TO e BpeMsa, ecaAK 3a OfpejejeHdHe o6beMa B3ATL |T|=

=’ SS S dx dx,dxg

yeHHS NP Jo6OM OPTOroHa/LHOM JHHEAHOM nNpec6pa3soBaHHH AEKAPTOBHIX
koopauHat. Orpesok npsMofi ds?==Ax;Ax; TaKxe He MeHseT CBOEro 3HayeHHs
npu mo6oM Npec6pa3soBaHHH KOOPAHHAT. 3TH BEJHUHHL ABAAOTCA CKanApaMmu,
HX Ha3BBAaOT KHOTAA aGCOJIOTHRIMH CKANAPaMH, HAH a6CONIOTHHIMH HHBapHaH-
TaMH.

Mpumep 2. PaccmorpuM komnoHeHTH C; BEKTOPHOro . NPOH3BeAeHHS ABYX
BekTopos A W B. B Heroropofi cucreme (K) neKapTOBBIX KOODAHHAT MOJYyYHM

Ci= ApB,— A;By,

, To obpem GleBT CKaJiaspoM, He H3MEHSOULKM CBOEro 3ma-
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npHueM HHAeKcH (i, k, !)06pas3yioT UUKJNUYECKYIO NepecTanoBKy uucen i, 2, 3.
B apyrofi cucreMe nekaproBhiX KoopAaHHAaT (K') HMeem
’ ’
A, =0 nAp  By=0,,B,
ITosTomy ]
C,;=0,,0,,AnB,—0.,0 ., A,B,=(0, 0., —0, a.)A,B,.
CnpaBa CTOHT CyMMa 1O BCeM 3HAYEeHHAM WHIEKCOB M H n, NPHYEM TIPH
m=n chaaraeMble paBHB HY/0. 3anHOleM 5Ty CYMMY B TakOM BHAE, YTOGH
HHAEKCH m H 1 NepBOro 4neHa B CKOOKax, T. €. Gr’m0{’n, COCTABASANH ILHKJIH-
ueckylo nepecranosgy, T. e. (12), (23) n (31). Torna
Ci=(Cprpy Qo =0y Qo) (A By — A B ). (3.13)

3necy uHpekcw (m, n), XaK u HHuexkcH (i, k, l), cocTaB/fAOT WHK/NHYECKHE
nepectaHoBKy uncen 1, 2, 3.
Mul yxe nonyuann (cm. 3.4)

Cprn Q== O Qo = (8, X By) By
rae HHAEKCHl (m, n, r) cOCTaBASIOT LHKJAHUYECKYo NepectaHoBky. Ho npu stom
MBI MOXKEM 3allHCaThb
A,B,—A,B,=C,. (3.14)
Ecau HoBas cuctema (K’) npasas, Kak u (K), To,
’ ’ ’
lkth= iii
a eCcqH— JieBasi, T. €. Npeo6pa3oBaHHE KOOPAWHAT ABAAETCA Npeo6pasoBanHeM
OTpaXKeHHS, TO
ikX il = _ii

IpPH LHKAHYecKofl mepectaHoBKe nHmexcos (i, R, /).
Takum ofpa3oM, MOXeEM 3anucarh

i, Xi,=1iA,

rae A—onpegenuTtes (3.11).
Toraa

(I, X 8)elp=(l;+ 1) A=0, A.
[TosTomy, yunthieas (3.14), ¢opmyay (3.13) MoXHO 3amucaTe B BHJIE
C,=a.,CA.

Takum o06pa3oM, BeKTOPHOe NpPOH3BeJAeHHe ABYX BEKTOPOB NpejacTaBJseT
co60fl NCeBAOBEKTOP.

Enunuunnit ncesgotensop. Epunuunbiii TteHsop §;, nwveer Bo Bcex nexap-
TOBBIX CHCTEMax- KOODAHHAT ONHH ¥ Te Ke KOMIOHEeHTH! (HYJb i elHHHIA).

CyuwecTByeT ejuHHUHGLI NCEBROTEH30D €, AHTHCHMMETDHUHHI Mo Mobok
nape H3 ero WHIEKCOR, KOTODHl He MeHSeT CBOHX KOMIIOHEHT npH npeobpa-
30BaHHH [BHKEHHS, a npH npeo6pa3’oBaMiH OTPAXKEHHA Te KOMMOHEHTH ero,
KOTOPble PaBHH EQHHHIE, MEHSIOT 3HaK.

JBajpuath cemMb KOMIIOHEHT TEH30pa €;; ORPEJeNRIOTCH KaK BCEBO3MOXKHHE
CMemanHble NPOU3BENEHHA OPTOB KOOPAWHATHBIX ocedl.

B cucreme (K) ¢ opramu I, f,, I3 €ro KOMIOHEHTH PaBHbl

&ipr=(1; X 1g)- - (3.15)
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3.9. Icesdomensopet

Kak crenyer u3 onpepeneHsus,

41, ecn i, k, 1 cOCTaBAMIOT LUHKJIHUECKYIO nepecTaHOBKY;

. —1, ecau i, k, | COCTAaBAAOT HEUWKJIHUECKYIO N€PECTAHOBKY;
k=

0 BO Bcex OCTa/fbHBIX C/ydasx, T. €. €CJH CPenw #, k, I
. ecTb OAWHAKOBhHIE yHCJIa.

Taknm 06pa3omM, OT/IKUHbIE OT HYJd KOMIOHeHThi eLHHHUHOrO [ICEBOTEH30pa
paBHBbE:

£123= By = E3y0=1,
B139==EBgqy =&, 3= —1.

[Tokaxew, 410 BenUuHHbI € O06pasyioT AceBlOTeH30p. B cucreme (K')
HMeem:

B = (X 1) ). (3.16)

PacknanpiBasn opthi cucrembnt (K’') 1o opTam cTapoi cHCTeMHl (K) v nog-
cTaB/ifs 370 pasnioxeHnue B (3.16), nonyuum

i = O @ o Oprp (U X 2y) o

Ecau cuerema (K), xak u (K') npasas (npeo6pa3oBaHHe KOOpAHHAT OTHO-
CHTCA K Npeo6pa3oBaHHAM ABHKEHHH), TO

(InXip)ipr=2pp,.

Ecnu cucrema (K)—neeas, a (K')—mnpasas (npeoGpasoBanue KoopgHHaT
OTHOCHTCA K TDyNNe OTPa)eHHs), TO

(imXin)'ir= ~&mnr

(MHAeKCH M, n, r COCTABJIAT IHKJHUECKYW NEPECTAHOBKY).
Taxum o6pasoM, MOXKEM 3alHCATb

(pXiy)edr=2py A,

rae A—onpegenntens (3.11).
CregoBaTensHo,

,
Eipt = Cprp Oy B A
B0 f0Ka3HBaeT, 4TO 27 BEJHUHH £ O6PA3yiOT NCEBAOTEH30D TPETHEFO paura.
OGpasoBalue nCeBROTEH3OPOB pPas/iMuHBX PpauroB. [Ipu noMomy efuHHy«
HOro ICeBJAOTEH30Da MOMXHO 06pasoBaTh MCEBJOTEH3OPbl DPa3/IHUHBIX PAHIOB.
Eenn Tip—HCTHHHBEIH TeH3op 3-ro paHra, TO BejHuKHa
M=¢e;,Tiy
ABnferca ncesjaockasispom. B 3ToM MOXHO y6eauTbca, pacCMaTpHBAs 3aKOh
npeo6pasoBanusl BeJHYHHH [T.
Ecan Tjp—HCTHHHBIA TeH3OD 2-T0 paHra, TO BEeJIHUHHB!
[Ti=guTy
o6pasyior ncesgotensop. [Ipn stom, ecan Tp= ALB,, TO Bennunuml
I1;=¢;A,B,

ABJISIOTCH KOMIIOHEHTaMH BEKTODHOro NpoH3BejeHHA AX B.
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JeificTBHTE/ILHO, HMEEM: .
My= e ARB;=8,3343B5+ 8152A3By=A,Bg—AyB, 1 T. 1.
Ecnn @ —HCTHHHBIN CKaasip, TO BeJIHUHHEI
igy=2in9

o6pasyioT ACEBIOTEH30p 3-ro paHra.

AHaJIOTHYHO TPH NOMOULH TEH30DHOrO YMHOMEHHS ;5 HAa HCTHHHBIE TEH-
30pHl pasJHYHLIX PaHrOB MoXHO 06pa30BaTh [MCEBJOTEH30Pbl BCEBO3MOMKHEIX
PaHroB.

3.10. Jluneiinoe n-meproe npocmpancmeo.
Bexmopo: u men30pbL 68 n-MepHOM NPOCMPAaHcmEe

B mareMaTHKe 3a4acTylo MNPHXOAHTCR HMeTb JeA0 C COBOKYNRHOCMAMU
(MHOXECTBaMH) HEKOTOPHIX O6BEKTOB. OJTH OGBEKTH MOTYT HMETb CaMyio
pa3HoO6Pa3HY0 NPUPOLY; HX HA3HBAIOT JAeMENMAMU COBOKYITHOCTH!

Touka ABJAfETCH 2/1EMEHTOM [PHBHYHOFO TPeXMepHOro MpoCTpaHCTBa.
CoBOKYMHOCTb BCEBO3MOXHHIX TOYEK 06pa3yeT TpexmMepHOe NPOCTPAHCTBO.

Touka TPexXMepHOrO NPOCTPAaHCTBA Onpeje/NfieTCs TpemMsa He3aBHCHMBIMH
napamMeTpami (KoOpAHHATaMH). B To xe BpeMs BO MHOTHX pasfiejlax MaTema-
THKK (AuHefiHass ajare6pa, reoMeTpus, Teopus ¢yHKuHH) H TEOpeTHdecKoH
¢u3uKK (CTaTHCTHYECKAs (PU3HKA, TEODHA OTHOCHTENBHOCTH) NPHXOAHTCH pac-
CMAaTpPUBaTh MHOXeECTBA TaKHX OOBEKTOB, KAXAbifl H3 KOTOPHEIX OApEjensieTcs
He TpeMms, a, B ofuleM cjyuae, n napaMeTpamu.

CoBOKYNMHOCTH TakHX OCBEKTOB, OKa3bBaeTCs, o61ajaloT TeMH Xe CBOil-
CTBAMH, YTO H TPHBHIUHOE TPEXMEPHOEe NPOCTPAHCTBO, 4 OTIHYAIOTCH OT Hero
NHMbL TEM, YTO HX 3JIEMEHTbl HMEIOT He TpH, a 7 KOODAHHAT.

Tak, ANA 3J1EMEHTOB TAKUX COBOKYMHOCTeil HMEeTCS nPaBHAC CHOXKEHHS
H NPaBHAO YMHOMKEHHS HA UHCJHO. OTH nNpaBuU/ia YJOBJETBOPHIOT TEM Xe
yCJAOBHAM (aKCcHOMaM), HYTO H MpaBH/Ja CJOXeHHA BEKTOPOB H yMHOXEHHS
BEKTOpa Ha CKangp: KOMMYTaTHBHOCTb, ACCOLUATHBHOCTb, RHCTPHOYTHBHOCTHL
u ap. (cm. 1.2, 1.3). B takofi COBOKYNHOCTH MOKHO BBECTH OOHATHR HyJe-
BOrO 3JIEMEHTA, NMPOTHBOMOJOXKHOrO 3JeMeHTa H T. 4.

Takast COBOKYNHOCTb OOBEKTOB HA3biBAeTCH AuUMelHbim (apdHUHBIM) npo-
CMPARCMBOM.

IpuBeaeM HECKOMBKC NMPUMEPOB JIHHEHHBIX MPOCTPAHCTB.

1. COoBOKYNHOCTb pelleHK# OJHOPOAHOK CHCTeMBl JHHEAHBX anrebpau-
YeCKHX ypaBHeHHIl o6pa3yeT JiHHefiHOe NpPOCTPAHCTBO (CYyMMa ABYX MNPOH3-
BOMbHEIX pelleHHHl CHCTEMH eCTb CHOBA peleHHEe TOH XKe CHCTEMbI, PoH3Be-
JeHHe pelleHHs Ha NpPOH3BO/IbLHOE YHCJO JaeT CHOBA pelleiue).

2. CoBOKYIHOCTb BCeX MHOTOU/IEHOB CTElleHH, He ApeBbllialouiel HEKOTOpOro
HaTypaibHOro 4YHCAA 7, ¢ OOLMHLIMH NPABH/IAME CJOXKEHHS H YMHOXEHHS
HX Ha YHcyo ofpa3syeT AHHEHHOe MpPOCTPAHCTBO.

3. CoBoKynuocTs CBOGOJHLIX BEKTOPOB Ha MJIOCKOCTH.

- 4. CoBOKYyNHOCTb CBOGOJHBIX BEKTOPOB B MPOCTPaHCTBE.

5. CoBOKYNHOCTb BCEX CHCTEM X==(X;, Xp, Xg, ... , X,) BEUIECTBEHHBIX
yucen o6pasyer nHuefiHoe NPOCTPAHCTBO, €CAH [MOJOXKHTb, YTO M1 TaKHX
CHCTEM HMET MecTo akcumoMmul 1) Ax=(Axy, Axy, .. ., Ax,), 2) x4y=(x;+
4y XatYa oo 0 Xpbyy) rIE y=(U;s Yz --. » Yn)

SnemMeHTH JHHEHHOro NpOCTPAHCTBa HA3LIBAIOT BEKTOPaMH, XOTH IO
cBoefi npupose OHK MOTYT OHITb COBEPIIEHHO MENOXOXHMH HA NMPHBHYHHE
BaM HalnpaBAeHHHeE OTPE3KH. ;
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8.10. Jluneiinoe n-mepH. npocmpancmso. Bexm. u men3 8 n-MEPH Npocmpancmse

- Teomerphueckue NpeacTaBNeHHS,  CBA3aHHLIE CO CIOBOM «BEKTOD», nomo-

‘faw0t Tloctpoerud obmel (a6cTpakTHOR) TeopHH JHHeHdBBIX npoctpaucts. B

KauecTBE MpHMEPa MOXKHO TNpPHBECTH BBeAEHHE NOHATHA O JuHeHiHo# HesaBH-
CHMOCTH 3JIEMEHTOB NPOCTPaHCTBA K O Ga3nce NPOCTPAaHCTBA, KOTOpHE aHa-
JNOTHYHH BBENICHHHM BHIIe A% O0ObLIYHOrO TpPexMepHOro MPOCTPAHCTBA (CM.
1.3).

)Maxcnmanbﬂoe YHCNO JNKHeAHO He3aBHCUMBIX BEKTOPOB B JHHeHHOM Ipo-
CTPAHCTBE ONpPEAENSET ero Pa3MepHocme: B n-MEePHOM JHHEHHOM NpOCTpancTBe
BCErja uMeeTcs TOYHO 71 JHHERHO-He3aBHCHMBIX BEKTOPOB K Jio6ble n-- 1 BeKTOp
CBS3aHB! JUHEHHHM COOTHOLIEHHEM.

Bnaronaps pesyabtatam 1.3, 0 pa3s;oXKeHHH BEKTODOB B OGLIYHOM Tpex-
MepHOM NpOCTpaHCTBE, TaKoe OMpejejeHHe pa3MepPHOCTH ApPOCTPaHCTBa npef-
CTaBAseTcq €cTeCTBEHHbIM 0606IEeHHeM.

IMocae 3Toro MOXHO TOBOPHTbL H O Ha3uce B n-MePHOM JuHelHOM NpoCT-
paHCTBe, KaK O COBOKYNHOCTH 7 JHHeHHO-He3aBHCHMBIX BEKTODOB H3 3TOro
NPOCTPaHCTBA, U 06 €JUHCTBEHHOCTH pA3A0XceHUs M060ro BeKTOPa N0 BEKTOpaM
6asnca, ¥ o KkoopOumamax BEKTOpa, Kax Kos(hPHUHEHTAX pPasNOXKeHHS ITOrO
BeKTOpa no BexkTopaM Gasuca. Kcrtary 3aMeTHM, uTO-3TH 4HC/Ia (KOOPAHHATH)
NOJIHOCTBIO M EJHACTBEHHHM 06Pa3oM ONpefensioT 3TOT BEKTOP B 7-MEpPHOM
EpocTpaHCTBE B KaxaoMm Gasuce.

Ecnu B nHHEeHHOM n-MepHOM INpOCTPaHCTBe B JONOJHEHHe K NpaBHJIaMm
COXKEHHS M YMHOXEHHS ONpejesIHTh CKaJIfPHOE NPOH3BEJEHHE JBYX BEKTOPOB,
TAKOE NPOCTPAHCTBO Ha3bBAETCH n-MEPHBHIM eskaudosmsm npocmpancmsosm B
€BKJKHJOBOM [POCTPAHCTBE MOXHO pPacCMOTPeTh TaKHe MNOHATHA, KaK AJHHA
n-MEPHOTO BEKTOPa, YroJ MeXJy BEKTOpaMH, OPTOTOHaNbHBI 6asHc, B3aHMHHE
6asHChl B T. .

KpoMe n-MepHBIX BEKTOPOB, ONpeensieMblX IONHOCTHIO 7 JeHCTBHTENBHEMH
4uCNaMH, HMEeT CMHCJ pPacCMaTpuBaTh Gojee CJMOXKHhe OGBEKTH, KOTOphle
B KaxjaoM Gasuce Tpe6ywT Ans cBoero onpepeseHns n? uncen, nd uucen, nt
YyHcen ¥ T. A :

31 nousTHA (TeH30pHl 2-ro panra, 3-ro paHra ¥ T. 1.) He eCTb OTBJIeYeHHOe
TeopeTuyeckoe obobuieHHe, HO ABARIOTCH HEOOXOAWMbIMH IJisi ONHCAHHA MHO-
FHX peaNbHO CYWECTBYIOULKX BENHYHH H gBJeHHH B u3HKe.

Yucna (KOMIIOHEHTH), KOTODHie ONpefensioT AaHHBHA O6beKT B KamaoM
Gasuce, MEHSWOTCA NpH Nepexojge OT ojHoro Gasuca k apyroMmy. OgjHako, no-
CKOJbKY COBOKYIIHOCTb 3THX YHCe/ KaXAulfl pa3 onpeje/sieT OIAHH H TOT e
o6beKT, 3aKou KX INpeobpa3oBaHHs HMeeT TakKHe XKe OCOGEHHOCTH, Kak H B
cayyae 3-MepHOro MpoCTPaHCTBA.

Tak, npu wu3MeHenun Ga3Hca KOMMNOHEHTH Bexrtopa x; (t=1, 2, ..., n)

’
nepexofdr 8 x;(i=1, 2, ... , n) ¥ 3akoH npeo6pascBaHKA KMEET BHA:
n\
xi=k2=,l o, x (=1,2 .., n)

"rae |laik||-—wmatpulla, onpejessiomas npeo6pasosaHHe [1epPBOHAYANBHOIO

Gasuca.
KoMmnoHeHdTH TeH3sopa 2-ro panra B n-MepHoM NpoCTpaHCTBE upeoﬁpa
3yloTcd TNpH H3MeHeHHn O6asuca no 3aKOHY

] A
mzl o, 8, A i, k=1,2 ..., n)

M=

Alk='

1

Taxux KOMOOHEHT TeH3op 2-ro paHra B n-MEpHOM NpOCTPAHCTBE HMeel
Bcero nl. '

—_—1Y

s

~J



T'aasa mpemos. Tensopras arzebpa

Haxonen, Boo6ue, TeH3op m-ro paHra B n-MeDPHOM NMPOCTpPaHCTBE HMEET
n™ KOMIOHEHT, KOTOpHE NpH H3MeHEeHHH G6a3nuca Npeo6pasyloTCs 10 3aKOHY:

n
’

N . = e
Iydg. . iy K2 *

o
uM’

’ ’ ’
. G, ky 0,[2 Ry oo aimkm Tk;k,...km‘

Takum ofpasom, Ha n-MepHoe 3IBKJHAOBO MPOCTPAHCTBO IN€PEHOCHTCSH
nouts 6Ge3 uaMeHeHH#l Oojblias uyacThb * mocTpoeHHH 3-MepHOro npocTpan-

cTea.
Mu He npeanmonaraeM CreuxajdbHO H3Jarath B 5Toil KHHre QakThl, OTHO-

CAWHeCH K TEH30PHOMY HCUHCJAEHHIO B 7-MEPHOM INPOCTPAHCTBE, YTOGH He
yBennuusath o6beM KHuru. lViHTepecylomufica uutatenp Hafiner 3TH QakTh
B psAle BLINYWEHHBIX y HAc CMeuHaJbHEX NMOCOOHE **.

3adaun ¢ peutenusmu

3apaua 1. BulpasuTb cKajgspHOe NMPOH3BEJeHHE TEH30POB (AHCCHNATHBHYIO
$YHKIHKIO B THAPOMEXaAHUKE) . :

-5
D"'pzk 'é?k ’
rage
Pik =20V ], + L8V s
1 /aV;  dVy ! . av,
V?k=—2-(-ax—;+m)——§6ikvu, V”=af,

uepes KOMNOHEeHTH TeHsopa VY, u uepes V.
JeweHHne 3aMeTHM INpexje BCero, urto Teusop VY, — neBuatop, H6o
0
V=0
Hmeem

D=5ik6V,- t (A av;

_ LAY
T Pika_m?'{'pfk‘g};)—‘

L[~ vV, - aVy
=~ (Prka—xk+ Dkigg_) .
Tak Kak I),-k= 5k,~, TO
D=piy Vi
rae
oy

1 [oV; 1
V=g (S +52) = Vit 3 Suva

* Takve BeKTOpH, KaK BEKTOPHOe IpOH3BejeHHE, POTOp, KaK NMOHATHSH,
CBfi3aHHble CBOUM OlpeAeneHHeM C 3-MepHOCTbIO MPOCTPaHCTBA, He Mepe-
HOCSTCH HA N-MEPHOE NPOCTPAHCTBO H 3aMEHMIOTCS TeH3opamu (cM. 3.4).

*% Cm. K. M. Tenvpann «Jlekuun no nuuefinol anarebpes; I'. E. llunos
«BBeneHue B TeODHIO JiHHeHHHX NPOCTPAHCTBA.
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3adauu ¢ pewenuamu

Toraa umeem aaJee:
~ - -]
D=puVip=0uVh+pru 7 V=

1 -
= VRV L8 Vi Vi + 5 Bt Vi

8 VO =V =0;

Pii =20V 4+ 18 V= 3LV,

[losToMy okoHuate/bHO HMeeMl
0
D=2V Vi + ViV =20 (VY P+ (V)2
B cayuyae Hecxkumaemolt XKupkoctu (Vy;=0) nonyuum:
D=2uVyVip=2u (Vip)2.
3apaua 2. Beipasuth cBOGoAHYIO 3HEprmio ynpyroro Tena
t
Fe=z ppup
Yepes KOMIOHEHTH TeH3opa u%, u uepes u,,=%‘-’, ecan
Xy
p['k‘:?hu(}k‘i"Kullsik'

o fou; | dup |
Uip ?(5"74-5;;')’

0 1
Wi =tir =3 Bip ug.

rje

OTser.

0 40, K
F =huj, uik+7 Uythyy,

3apaua 3. ITokasats, uTO OCH CHMMETPHH CHCTEMB MaTEPHANbHBIX TOuYEK
ABAMETCSH [JaBHOH OCbIO TEH30Pa MOMEHTOB HHEPUHH AN KaXKAOH TOuKH
STOH ocH.

Pewenue. INycTs och (x;) SABJSETCH OCHIO CHMMETPHH CHCTEMH. Bo3bMem
na 570# ocn mobylo touky O M mpoBejeM ABe OCH (X3) M (x3) Tak, 4TOGH (x,),
(x3), (x3) cocraBasnu cuctemy (K) NPAMOYT'ONBHHX JEKAPTOBHX KOOPAHHAT.
Hokaxeu, uto ocb (x;) cucremu (K) ABAsieTcs raaBHOR ocbio and Tensopa /.

Ecau (x,) sBaseTcs OChbio CHMMETDHH CHCTEMb, TO STO 3HAUHT, 4TO AV

kaxnofl Touku ¢ maccolt m; u koopannatamu x{, x (0, x{D B cucreme naiinercs
TOuKa C TOH e Macco m;=m;, koopaunath Kotopoht 6yayT x{ =x{"; x{) =

=—x0; x'=—x®. Torna umeen:
N

N ( ( 2 v N

_ ny ,.(n) ) L f
D R U R )
n=1 i=1 . N
i=7+1
9 3akas Ne 3610 ‘ — 12



[ aasa mpemoa. Tenszopras aazebpa

3gech MH BCIO CYMMY PasGuAy# Ha JBeé CYMMbl MO TOYKaM, CHMMETPHUNLLIM
OTHOCHTENbHO OCH (¥;). B CHIY BHIIECKA3aHHOTO STH CyMMbl PaBHH MO BeJH-
upHe # ofpaThh No 3Haky. [lostomy /33==0. AnanoruyHo noayunMm: I,3=0.
TakuM o6pasom, B ualleli cucreme (K) Tensop 1;; umeer MaTpuRy

i1y 0 O
“ Il-k“:_.- 0 122 123 ’
132 133

9TO yKa3WBaeT Ha TO, uTO OCh (X;) CHCTeMbI (K) aBasiercsi raaBHOR OCbIO
rensopa I ;.

3apaua 4. [loxasath, uro Mmobas oCb, NepleHAHKY/SpHas K MJOCKOCTH
CHMMETPHH CHCTEMbl MaTepHa/bHbIX TOUEK ABIAETCAH raaBHoOl OCbio TeHsopa Ang
TOYKH MNepeceveHHs 3TOH OCH € NJIOCKOCTHIO CHMMETDHH. _ )

Pemenue. [Tyctb ocb (x;) Mepecekaer B Touke O NJI0CKOCTb CHMMETDHH
Tesa. BufepeM Hayano CHCTeMb NPAMOYTOJAbHHX AEKapTOBHX KOOPARHAT (K)
B sToli Touxe. [TOCKOMBKY NOCKOCTD (X3, X3) ABAAETCA MJIOCKOCTBIO CHMMETPUH
CHCTEME, TO AAS KaXpol Toukw ¢ Maccolt m; # KOOPAHHATAMH x(li), x40, x(:’

HalizeTcs TOuKa ¢ Maccol m;=mn; W KOODJHHATAMH

20 = D, xD = 2D, = .
Torna .
N
N 2 i [ N . (.
la=— 3 mux{ D =— ¥ oD~ ¥ mpDx =
n=1 i=1 . _N
I=—2- +1
N Ny
2 2 ]
e 3 04 B a0 =0
=1 (=1

AuanoruyHo noxkaxem, uto [y3=0.
Takum o6pa3oM, B 3Tofi CHCcTeMe HMeeM

I;; 0 0
M h=110 Iy Ios||-
132 133

Ecau Tenepb chcreMy (K) noBepHYTb BOKPYr OCH (X;) Ha yrona {cm. 3.6)
215

1
‘P=7 arctgm_—l;’a s

To B HoBoil cucteme (K'), ocb ( x;) KoTopok coBnanaer ¢ (xy), moAyuHM

’

r, o o
lall= 0 4 o]
0 oI,

1. e. cucreMa (K’) sBnsercs rviaBHoOf.
3apaua 5. ITycts cuctema (K) ecTh cucrtema raBHHX oceli TeH30pa MOMeR-
TOB HMHepIIHM, NpPHueM Hauajno STOH CHCTeMbl COBrajaerT C LeHTpoM Macc.
[TokasaTb, 4To AJs M0G0l TOUKM 3THX oceil TyaBHble ocH coBmapawt ¢ (K).

130 —

3adawu ¢ pewenusmu

PemeHnne Tak xak Haua/lo CHCTeMHl (K) cosnanaer ¢ LUEeHTPOM Macc, TO

N, & N
n
» V=3 mu= ¥ MV =0, *)
n=1 n=1 n=1

INockonbKy och cHeremul (K) raaBueie, To
Iipg=1l13=133=0. (**)
Pacemotpum cnctemy (K') ¢ mauanoMm B Touke (x;=a, Xg=x3=0), ock
Kortopofi mapansesnhbl ocam (K). Torma B cucreme (K'Y mueewm: '

N
Lp=— 2 mx{™ x’ {t # k).

n=1
Ho
X(ln)’=x(1n)""a}
(n)* n).
2P =

(n’ n
=,

INoacrasnss ’ s
3l 5TH BHpaXeHud B [, u yuntusas (*) u (*%), NONYyYHM

I, =0 (i #£ k), 1. e. ocu cHcTeMH (K') ABASIOTCA r/IaBHBIMH.
AHanoryquo MOKa3bBaeTcs, 4TO CABHI Rayana CHCTeMH [0 HaNpPaBJeHHIO
,u,pyrsnx ocedt cucteMu (K) MPHBOLHT K TOMY e pes3ynbTaTy.
. afaua 6. Mcxons M3 reoMerpuuecKoro o6pasa, CBASAHHOTO ¢ MOHATHEM
HMMETPHYHOrO TeH3opa 2-ro paHra T';,-—N0BepXHOCTH
Tigtixp=1,

na'rbpreome'rpnqecxoe HCTONKOBAHWE HWHBADHAHTOB Tensopa Iy, Iy, I3 (cu. 8.7)
ewenne [lyers a, b, c—rnasuue NOJYOCH SMTHICOMAA o
Tipxixg=1,

MOBEPHYTOro MPOUSBONLHHM 06Pa3sOM OTHOCHTEBHO OCel CHCTeMH (Xy, Xy, xg)

1' Haxoll“M Be“”‘""y IIOleoceH 3NNHNCOHAA
oceﬁ ("1)’ ("3) H ("3)'

. — -
Mpr x3=x3=0 umeem x,=4g u Tnat=1.

a, b, ¢ B Hanpas/enHn

Orcioga a= Vi AHajiornyno
11

Y

1
— == C=a
VT Tas
CnepoBatesnnuo, ® 4 ’
I=T SR SO TP SR T
1=T11+ T+ Ty ;2+32+?§—;§+ﬁ+g=iﬂv-
Wrak, cymma obpamnwx kead
, pamos mpex 63auUMHO nepne
noayoceld SAAUNCOUGA He 3a6UCUM OM NOAOKHERUR o6paaye,uoeg uﬁuk&;uugg::

u pa;uaynepeomy UHBApUARMY MEH30pa, Onpededalouie2o Nosep XHOCMb AAUNCOUD A,
- YPaBHEHHe BJINDTHYECKOTO CeyeHHS Xz=0 IINUNCOHAZ HMeeT BHA

Tax} 42T 195109+ Tgpx2 = 1.
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Taasa mpemos. Tensopras aizebpa

1
1

. . ) -
['1aBHBe NOJAYOCH 3TOTO 3JJIHNCA PaBHH V——;_—-}:_ H i rae A, 0 Ag —KOpHH
1 2

aBHEHHnA
P ATa—=h  Tu |_g
Ty Tn_‘}" '
TaK 4TO
7\1%227‘1;7‘22—7‘?2.

[Trowags 3TOro cedeHus paBHA
n
Fy=—ze—= .
SV
O603HauuM BeJHYHHB IJomaned OCTaNbHBIX ceuennit (¥, =0 H wy=0)

uepes F; H F,. BuuHCASA HX, NOMYYHM BHIpAKEHHE uHBapuanrta I, uepes
FI’ sz F3:

1 1
Ia=xakz+7"17~s+7"17~2=“2 <—+'—

1 1 1 1
73 F2+;)=m‘s+;@+b—e§r
1 2

3

HUrak, cymma obpammbix xkeadpamos naowaded  saauncos, 00pa30BANHELY
MpeMs B3AUMHO NEPNEHOURYAAPHOLMY NAOCKOCMAMLL, nepecexalouyumucs 8 YErMmpe,
He SaBUCUM OM UX NOAONEHUS U Onpedeisemcs 8EAUNUNOL 8MOPOZ0 UNBapuanma

men3opa.
3. O6beM TEH30DHOro SJJIHICOHAA PaBeH

V=‘%n abc.

Onpenennuteb {3 B T1aBHHX OCAX HMEET BUA
1

FOO

00 5

N3

Urtcioaa
16n2

Iy= 577 -

Wrak, mpemuil ungapuanm mensopa onpedessemcs geauqunold o6sema men-
s0pro20 sasuncouda, Komopas O00UHBKOBA & PASAUNGX cucmemax Koopounam.

3agaua 7. HaflTH pasnoxeHde CHMMETDHYHOrO TeH3opa 2-ro paHra no
opraM cOGCTBEHHBIX (FJaBHBIX) ero HanpaBJeHHH.

Pemenue. IlycTo @, 43, a;—OPTH TNaBHHX HANpaBieHHll TeHsopa,
KOBapHAHTHBE KOMOOHEHTH KOTOporo pasHM Ty

Torza MO ONpeneJeHHMI0 TNAaBHHX HanpasjeHnit u3 (3.7,8) HMeeM 9 ToX-

zects (a, i=1, 2, 3): R
(Tir—Mw€ir) 4@ =%

rae ‘A, —COBCTBEHHOE YHCJIO, COOTBETCTBYIOWEE BEKTODY Gy
Viluoxkas KaMAyio rPYNny ypaBHeHHR HA @y H CYMMHDYA 110 &, MOJIYHYHM

3 3
k - ok
Tip 2 FlayHay = 2 LARY T
a=1 a=1

132 —

Y npaxcuenus

-YuuthiBag (2.45), monyuuMm OKOHYaTeNbHO
3
Tie= 2 Motmklis
a=1

4To H npexpctasaser co60oi HcKoMmoOe pasjoxKeHue.

Ynpascrenun

1. O6GpasoBath cKansipsl yTeM CBEpThIBaHHS TEH30POB, MAaTDHIE KOTOPHX
HMEIOT BHJI:

1 05 5
0 6 3(; 3 .
2 4 3 4

[1 IR =7 R =]

3 5 3
4 4 4
3 2 6

> o -

2. Haiitn BexTOp, 0oOpasoBanHHifl ymHOXeHHeM TeHzopa T';, Ha BexTop A;
C TOCJENyIOUIMM CBEPTHBAHHEM [0 HHIEKCY BekTopa u: |) nepeomy wHuekcy
TeH30pa, 2) BTOPOMY HHIEKCY TEeH30pa, ecl]H

1 0 2
NTill=||3 4 || A=i+2i,-+31,.
1 3 4

3. HafiTn cka/iap, o6pa3oBaHHBi yMHOXeHHeM TeH3opa T, Ha BeKTOpH A
H B ¢ nocjenyiownM cBePTHIBAHHEM IO KHAEKCY BeKTopa A W IlepBOMY HHIEKCY
TeH30pa K 110 HHAeKCcY B W BTOPOMY HHIeKCY TeH3opa, ecid T, 0 A 3ajannl
yCjoBHeM npeawiaywied sagaud, a B=4i, | 5iy -+ 6;.

4. lano:
1 2 3
HTipll=|| 4 5 6; A=i;+42i,43i;.
789
Pasnlchmb TeHsop Ty, Ha CcHMMeTpHYHHIA S;; H aHTHCHMMETPHUYHBIR
K'k=— Bi*
l.-Hai:]m:l

1) TipAps TipAps TipA A
2) KigTips KipSins KinAprs KipAiAg:
3) Tindi; Kinbin; Sindin:

1 | . 1
4) Tip—-3 SiTus; (Tik_ 3 5ik7'u) An (Tik -3 61’le!> AjAy

5) nokasaTb, 4To ec/H Sj —CHMMETDHUHB TeH30p, a K —aHTHCHMMET pHY-
HHf, TO SikK”.=0.

5. Halitn unHBapHanTe TeH3opa ynpaxkseHu#t 1 u 4.

6. Halitn rnaBuble 3HaueHHs M TJaBHHE HaNpaBJeHHs TEH30POB.

1 00 1 20 0 0t
0 2 3; 2 2 04; 02 11]; ;
0 3 4 00 3 Ittt

4 1 2
1 50
2 00
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Taasa mpemos. Tensopras areebpa

7. [lokasats, uTo ecAH Ay, Ay, Ag—TIJIaBHHE 3HaueHHH CHMMETPHUHOrO
teusopa T, TO

3 3 _— 3
. 3 _ Tkt m
2 h,::g'uTk,; 2 x’:zT’dT}u, 2 A 1= T TlmT s
i=1 =1 i=1

8. IMokasats, uro ecan A’ affc; —ckansp npn NpPOH3BOJLHHX BEKTOPaX

a b, e 10 A?kl ABJAOTCA KOMIIOHEHTaMH TeHsopa 3-ro pamra.
9. ITokasaTb, Y4TO eclH CKansp Ajppdxidx®dx* =0 npu npou3sBoJBHHX
andpepeHiinanax, To

Agas+ Aggr+ Agia+ Arae + Agor + Aqig =V

T'aasa ywemsepmasn

Bexmopnetii u men3opnslii anasrus

dusuueckue cBOACTBA, HMeOUIHe TeH3OPHLIH XapakTep, MOTYT
MEHAITbCA KaK C TeYeHHeM BpPEMEeHH, TaK H OT TOYKH K TOUKe
B HEKOTODOA YacCTH NMPOCTPAHCTBA.

310 NpPUBOAHT K PACCMOTPEHUIO TeH30P-PYHKIHUA CKaJsipHOro
apryMeHTa M paAuyca-BeKTOpa TOUKH:

T=Tu(r,1).

Paccmotpenne AnddepeHIHaIbHBIX H HHTErpasbHBIX onepanui
Haj TeH30p-QYHKUHAMH COCTAaBJfeT NpeAMeT TEH30DHOTO aHanu3a,

4.1. Tensoproe nose. Luprkyrauus

Teuszop-pyHKuMH ckanapHoOro aprymenra. Ecan kaxkzioMmy nomy-
CTHMOMY UHCJEHHOMY 3HaUeHHIO0 CKAaJAPHOH BeJHYHHBI [ COOTBET-
CTByeT ONHO BIIOJIHE OnpefeseHHOe 3HadeHHe TEH3OPHOH BeJHUYHHBI
T,, TO roBOpAT, 4YTO 3ajaHa TeH30P-QYHKUHA OT CKaJsApPHOro
apryMmenra ¢: : :

Ty=Tu(t) '

. YactHbIM BHJOM TeH30P-QYHKUHH sBASETCS ' BeKTOP-QyHKUKSA
CKaJIAPHOTO apryMeHTa, paccMOTPeHHas paHee.

- B HeKOTOpHX cJydadX NPHXORHTCA paccMaTpHBAaTb TEeH30PHI
BTOPOrO U Gosiee BLICOKHX pAaHIMOB KaK GYHKIMH CKaJfapHOro
apryMeHTa.

Ecnu HanpsixeHHOE COCTOAHHe CPeAbl MEHSeTCA ¢ TeyeHUeM
BPEMeHH, TO B KaXAOH TOYKe HARO PaccMaTpHBaTh JAeBATH
dyHKURA BpeMeHH p;, = P, (f), KOTOpbIe AJsi KAXAOTO 3HAUEHHs !
o6pasyioT TeHsop. [lo onpepeneHHio, IMPOU3BOAHOK no ¢ OT
TEH30pa C KOMNOHEHTaMH p;, Ha3blBaeTCsi TEH30P, KOMMOHEHTbI
KOTOpPOro (B HeM3MeHs eMOH ¢ TedeHHeM ! CHCTEME KOOpHHHAT)
BBIUHCJAIOTCA KaK npejenbl:

Wit . im

pir (L + A8 —pu ()
dt At-—»o—-__r—_. (.1
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[TpaBuna juddepennupoBaHUs TEH3OPOB  GoJiee  BHICOKOTO
paHra, 4eM BeKTODHI, MO CyHIeCTBY HHUeM He OTJIHYAlOTCS OT npa-
BUJ, TNpHBeReHHbHIX AJA BeKTopoB. OHH Bceraa MoOryt OHTb
YyCTaHOBJIEHb H3  ONpefeJeHdss TeH30pa, ero aJjrefpanueckux
CBOACTB ¥ NMPOU3BOAHON MO CKAaJSIPHOMY AapryMeHTy.

Hupgepenyuposanue mensopa no CcKAAAPHOMY apeymenmy He
MeHsiem e20 paHe.

Ten3oproe mone. Ecam Kaxaol TOYKe NpPOCTPAHCTBA MJH ero
yacTH (06JacTH) OAHO3HAYHO COMOCTABJIEH HEKOTOPHIA TEH30p, TO
roBopAT, UTO 3aZaHO MOJie 3TOrO TeH30pa (HJH mMmeH30pHOoE Noe).

YacTHble BHJb! TEH30DHBIX MOJel—CKaAAPHOE HJIH BEKTOPHOE,
KOTJla XapaKTepUCTHKOH MOJsi IBJASETCs CKaJsipHas HWJH COOTBET-
CTBEHHO BeKTOpPHAas OAHO3HauHasd (QYHKUHA TOUKH! Q=@ (r)
win A=A(r).

B atmocdepe MBI UMeeM JAeJO CO CKaJsfipHBIMH TNOJISAIMH JaBJe-
Hus p=p (r), temnepatypel T = T (r), naotHoctH p=p (r).

IIBuKeHHe Tasa HUAH KHUAKOCTH NPHXOJUTCH XapaKTepH30BaTb
BEKTOPHHIMH mnoJsaMu ckopoctu V= V(r), yckopenus W=W(r).
[lTpn H3yueHHH HANPSKEHHOTO COCTOAHHA cpeabl HeoOXOZHMO
paccMaTpHBaTh TEH3ODHOE M0JI€ HANPSXKEHHH Py, = py, ().

Jlio6oe TeH30pHOe mMoOJEe XapakTepusyercss OJHO3HAYHOH (YHK-
uKel TOYKH, (PyHKUHeA pajuyc-BeKTOpa TOUKH F.

Tensopuble mno/f, KOTOPble MEHSIOTCA € TeUeHHEeM BPEMEHH,
Ha3bBaOTCA HecmayuonapHomu (HeyctaHoBubmuMuca). Ux xapak-
TEPUCTHKaMH CJYXKaT TeH30pbl, ABaAUHec (YHKIHAMH TOYKH
H BpeMeHH:

e=@(r, ), A=A(r, 1), pp=pyp(r, ) u 1. I

Ecau TeHsop, xapakTepH3syoouHil moje, HMeeT OAHHAKOBOE
3HadeHHe AJA BCEX TOUYEK, TO roBopAT 00 odHopodwom noJe:

e=0¢(f); A=A(l);, pp=py) a T 0

Berogy B panbrefiiieM Mbl OylleM paccMaTpPHBaTh JHILb Henpe-
poierole  mengoproie noas Ty =T, - (r). ITO 3HAYHT, UTO
pa3HoCTH

Tt (r+AP)—Tipr--- (1)

no abCOJNIOTHOA BeNHUYHHE MOryT ObiTh cleJaHbl KaK YroaHo
MaJbiMH NDH AOCTaTOUHO MaJioM |Ar|.

. TensopHnifi aHanu3 siBAsfercs HauGosiee BAaKHOM 4aCTbiO TeH-
30pHOTO HCUncseHns, u60 HMeHHO TEH30pHbe NOJA, a He OTAEJb-
Hble TEH30Pbl, BaXXHHl B NPHJOKEHHSX. TeM He MeHee, KOHEUHO,
BCe Onepanyl TEH3O0PHOH ajare6phl cnpaBelJUBbI H AJAS TEH30DOB,
00pasyouuXx TNOJsf, ec/H CYUTaTh, YTO asreGpanueckue onepauluu
NIPOU3BOAATCA HAL TEH30paMH NOJIA B Kascdod mouke npocmpaxcmea.
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4.1. Tensoproe noase. upkyanyus

Hanpumep, cioxeHue TEH30POB ABYX NOJEH ORMHAKOBOro paHra
H PasMEpHOCTH B KaXKAO¥ TOUKe NPOCTPAHCTBA MPUBORHT K NOCTPOE-
HUIO HOBOTO TEH30PHOTO NOJSA TOTO Ke paHra, sABJSOUIErocs
cyMMO#i ABYX NOJEH cJlaraeMblX TeH30pOB. AHAJIOTHUHO NPOH3BOAATCA
Haj TeH30paMH NoJeH B KaXAOH TOYKe IMPOCTPAHCTBA M Apyrue
anre6pandeckue onepauuy (Hanpumep, yMHOXKeHHe, CBePTbIBaHHE H
T. R.), KOTOpbie MPHBO-
IAT K HOBBIM MOJSAM.

Hupkyasiuusi BeKTOp-
#oro nossi. B BekTopHOM
noje A BO3bMeM HeKOTO-
pylo Kkpusyilo MM,
(puc. 4.1) u pasobbeM
ee ¢ [OMOILBIO TOUEK ',
ry, ..., r, Ha MaJjuie
y4acTKH:

Ar;=r;—r;_;.
CocTaBuM CyMMY

> Puc. 4.1. KpuBonunefinniit HHTErpas ¥ UHDPKY-
2 A;-Ar,, JIAUASA BEKTOPHOrO HOJA
=1

rie A;—3HaueHHe BekTOpa NOJA B KaKOR-TO TOUKe ydyacTKa Ar.

Ilpepen 3TO# CyMMBbl, eCJIM OH CYUIECTBYeT NPH HeOTPaHHYEHHOM
BO3DAacTaHWM 4YHC/Aa 37eMeHTOB Ar; u yObiBaHHH A0 HyJs AJHHB
BCEX 3JIEMEHTOB, Ha3biBaeTCl KPHBOJHHEHHBIM HHTErpaJjioM BAOJb
M,M, u obosnauaercs

n

lim Y A Ar= { Addr= § A de,+Ade,+ A, dy,

Parif=0i=7 MM, MiM,

3nech BeKTop dr HanmpaB/eH B KamJOH Touke KpuBod M, M, no
KacaTeJbHOM, a ero MOAy/b paBeH Auddepenunany AYrd KPUBOH:

ldr | =V dx?+dx? +dx? =dL.

Ocobuifi HHTepec MpPEACTaBJAIOT KPUBOJHHEHHble HHTErpaJsl,
KOTOpbie GepyTcs 10 3aMKHYTOMY KOETYpy (Hamnpumep, L na
puc. 4.1)

r=9§A-dL. (4.2)

3nech dL —HanpaBJeHHBIH 3JeMeHT KOHTypa, T. e. dL=tdL
(t—opt xacaTesbHO#, dL—nauddepeHunas Ayr1 KOHTypa).
Huterpan (4.2) HasbiBaercs yupkyadyueldl BekTopa A TO KOH-
Typy (L).
— 137



Taaea uemeepman. BexmopHuidl u men3ophsill anasus

Ecau Bektop A npeacTaBafieT Cuay, TO UHPKYJALHA 3TOTO
BEKTOPa N0 /MOGOMY 3aMKHYTOMY NyTH JaeT paGoTy CHJb NpH
nepeMellieHHH MaTepHaabHOA 4acTHUBI [0 3TOMY 3aMKHYTOMY IyTH.

TlonsATHe UMPKYJALHH BEKTOpAa TECHO CBSI3aHO C MOHATHEM
TaK Ha3bIBAEMOro BHXDsl BEKTOpPa (MJH pOTOpPa BEKTOpa)—3TO
6yaeT MOKa3aHO HHIKeE.

4.2. Teopema Ocmpozpadcxozo u meopema Cmoxca

B 3roM naparpage Mbl paccMOTPHM JBe OCHOBHbiE TeOpeMbl
MaTeMaTHYeCKOro aHaju3a, yCTaHaBJMBAIOHE CBA3b MEKAy HHTEr-
pajoM 10 HEKOTOpOoH o6JacTH W HHTErpajoM 0O TpaHHUe 3TOH
obJacTi.

Teopema OcTporpanckoro aaetr BuipaxeHne HHTErpasa 1o 06beMy
yepe3 HUHTErpaJ 10 [OBEPXHOCTH, OTPaHUUMBAIOUICH 3TOT OGBEM.
Teopgma Crokca cBAsLBaeT HHTerpaj IO MOBEPXHOCTH C KPHBO-
" TMHeHHLIM HMHTErpajioM MO KOHTYPY, KOTOPHIA CJyXHT rpanuueh
3TOH MOBEPXHOCTH.

Bekropnasi (GopMyJHpOBKa 3THX TeOpeM, Ha KOTOPOH Ml
ocraHoBuMcA no3xe (cM. 4.4), ZesaeT WX OCOGEHHO HATJAAHBIMH
M B TaKOM BHJAE OHH [IIHPOKO HCHOJb3YIOTCH NpH nsyqeﬂuyf
CKaJIADHBIX U BEKTOPHBIX IOJel.

Mul paccmoTpuMm TakXke paf dopmyn (cM. 4.9), TPHMBIKAIOHIHX
k teopemaM Ocrporpaickoro u Crokca ¥ npeacTaBJsIOMUX HHTEpeC
Npy H3YUEHHH MoJied CKajiapoB, BEKTOPOB H TEH30POB 2-T0 paHra.

Teopema Octporpamckoro. Ecaum - dyHkuun P (xq, x,, x3),

oP 4 dR
Q (x4, X5, X3), R (x4, X5, X3) ¥ %, %, 3x, Nenpepbistv. erympu

06vema 1 u Ha 3amknymod nosepxnocmu S, ozpanudusaloweld T, mo
JI5 (32 +32 +32) e

=SS [P cos(m, x,)+ Q cos(m, x,) + Rcos(m, x5)]dS, (4.3)
20e n——opnf Hopmaau, éHewreld K T (puc. 4.2).

Hdunsa fokasaTesbCcTBa cnpaBelJuBocT hopMmyan (4.3) nocraTouno
JOKasaTb, HanpuMep, 4TO

({5 av={{Pcos(n, xas.
T S

JokasateapctBo. Ilycte mo6as nupsiMas, napaiaienbHas
OCH X;, BCTpeYaeT NOBEPXHOCTH S He (oJlee, YeM B ABYX TOyKax *

*
DT0 orpaHHyeHUe HECYWECTBEHHO, K OT HEro JIErKO MOKHO 0CBOGOAHTHCH
{cM. 3ameyanye 3). :
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4.2. Teopema Ocmpozpadcrvzo u meopema Cmoxca

M’ u M” (puc. 4.2), B KOTOpHX ONpejeJieHbl OPTH BHeLIHeA HOp-
Manud n(M’) u n(M"). Torna, eciu Sy3—MNPOEKUHS MOBEPXHOCTH S
Ha IVIOCKOCTb (X,Xg), MONyUHM Aaas Todek M’ u M”, nexawux Ha

TakoW NpsaMoOi .
135617 (§ 300 -

=‘§S [P(M")y—P(M")]dS,;.
S

23

Puc. 4.2. K teopeme Octporpanckoro.

Teopema OCTpOrpajckoro chnpasefiusa Axs obnacteit . OFpasu-
YeHHBIX KYCOUHO-TNaAXUMH MOBepXHOCTAMH 060 Gopmbl. O6anacts
MOXKEeT COfiePXkKaTh «IOpH» (cM. T’}

Ho snement dS,; npoekuud MOXKHO BbIPa3dTb yepe3 3JIeMEHTH!
nosepxHoctd S y Touek M’ u M™

dS,; =dS (M’)-cos [ (M), x,]=—dS (M")-cos [n(M"), x,}.
[Mostomy

55525 - P o st o),

S

rle Touka M—TeKkymas To4Ka Ha NOBepXHOCTH S.
AHaJOTHYHO YCTaHaBJHBAOTCA (GOPMYJIbL:

3553—’2 "= SSS Q dS-cos (m, Xq)i

Sgg%g dv= SSS R dS-cos (n, xs),‘

Teopema OcTporpaackoro JIokasaHa.

3amevanun k teopeme OCTporpaackoro.
1. TloBepxuocTh S, OrpaHHuHBawpwas ob6beM T, Npepnojaraercs raankof,

1. e. obaanawouell HOpPManbio, KOTOpasd HENpPEPHBHO MeHfeT CBOE HaNpasaelHe
OT TOUKH K TOuKe.
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Teopema INpHMEHHAMa 4 B CNyuae, eciin S —KYCOUYHO-TIajKas, T. €. CKJeeHa
N3 KOHEYHOro 4YHKCNa MMajkHX KYCKOB (HalpHMep, NOBEPXHOCTb NMPH3Mbl, NHpaMH-
Abl, UHJHHADPA C AOHBIIKAMH M T. 0.). B 3ToM ciyuae TeopemMy MOXXHO NpHMe-
HUTb K KaXJOH uacTé ofbeMa T, OrpaHuuyedHoli riagkodl NOBEpPXHOCTbIO, H
nojyueHHbe pe3ysabTaThl CJOKHTbL *. AHANNTHYeCKH Kaxjblii TMafknli Kycok
KYCOUHO-HeNpe phlBHON NMOBEPXHOCTH NPH MOAXOAfALIEM BHGODE CHCTEMBI KOODH-
HaT MOXHO 3aJaTh ypaBHenneM xXg=f (x;, X3), rae f—QyHKUNAs ¢ HeNpepPHBHLIMHE
YaCTHHIMH NIPOH3BOAHHMH |-ro nopsaxa.

2. IMoBepxHOCTb S npeanoJaraeTcs ABYCTODOHHEH, T. e. MOXKHO ONPEAENHUTH
MOJIOXKHTENbHOE HalpaBJ/eHHE ee HODMaaH TaK, YTO OPT 7, HAYUIHA B 3TOM
HanpasJIEHHH, YKa3blBaeT Bce BpeMfl OAHY H Ty € CTOPOHY MOBEPXHOCTH.

3. OrpannuenHne, cocTofilllee B TOM, YTO NMpAMHE, NapasJieNbHEle KOOpPAH-
HaTHHM OCfM, MepecekaioT S He Gojee YeM B JBYX TOYKaX, HeCcYulecTBeHHO.

JeficTBHTe/IbHO, ecnH Becb OO6bEM T He YAOBJAETBOpAET 3TOMY YCJOBHIO
(HanpuMep, T, Ha pHc. 4.2), To ero Bceraa MOXKHO Pa3GHTb Ha KOHEUHOE YHCJIO
0o6beMOB, YAOBNETBOPAIOIIHX 3STOMYy ychoBuio. Toraa, npumensis ¢opMmyny
OcTporpaickoro K KaxAOMY H3 TaKHX 06BeMOB W CKJaanbiBasi pe3ynbTaThl, I10-
JNYYHM CJieBa HHTErpan no BceMy of6beMYy T,, a ClipaBa —HHTerpat TOJAbKO TO
NOBEPXHOCTH S,, OrpaHMuMBaiomeld 3ToT o06neM, HOO KHTErpajbl N0 CMEXHHIM

ANA COCTaBAALUIHX o6beMoB nosepxHocTAM (S, S Ha puc. 4.2) B3aMMHO YHH-
YTOXKAOTCA, TAaK KaK OHY BHLIYUCIAAIOTCH [BaXKAB, HO C NPAMO NPOTHBOINOJOX-
HBIM HanpaBJeHHEM HODMAaJH.

4. TeopeMa crnpaBeAsiBa TaKXe B afs OOBEMOB C «OpaMH», T. €. B cay-
yae ofpeMa (Hanpumep, t©’ Ha puc. 4.2), OrpaHMYEHHOr0 HECKOJIbKUMH 3aMKHY-
ThiMH fiosepxHoctamu (87, S”, §’’'). CnpaBenjidBOCTb TEOpPEMb! HETPYAHO yCTa-
HOBHTb, NpPOBEAA BHYTPH T’ NOBEPXHOCTb, pacCexaiomyio o6beM T’ 110 «1OpaM»
(vanpumep, naockocTb Ha puc. 4.2), u npumeHss ¢opmyay OcTporpasckoro
K COCeJHHM 06beMaM, KOTOphle yXe He COAepXaT «Hop».

[lycte BekTOpHOE none A(r) B cucTeMe KOOPAHHAT (X, X,, X3)
HMeeT KOMIIOHeHTHI:

Ay = P (x1, x4, X3);
Ay =Q (%, x5, X3);

A= R (x;, X4, xg).

Torza ¢opmyna OcTporpaackoro npumer Baz
0A, |, 0A, | dAg\ .
5 (G +amvae) ar=

T

= S S {A,cos(n, x,)+ A, cos(n, x,)+ Agcos(n, x3)}de.
S

Ecan yuecTb, UTO KOMIOHEHTHl OpTa BHeLiHel HOPMAJH M CyTh:
ny=Ccos(m, x,); ny=cos(m, x,); ny=cos(n, x3), TO dopmyay
MOXHO 3anucath B BHJe

SSS‘(ZT?“‘%*L%;”) dv={{ A-nds. (4.3a)
T S

* Cm. 3aMeyaHue 3.
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4.2. Teopema Ocmpozpadckozo u meopema Cmokca

Buipaxenue, crosimee B OOBEMHOM HHTerpase, TakXe HMeeT
BeKTOPHYIO MHTepIpeTaldio, Ha KOTOPOH MBI OCTAHOBHMCA HHKe
(cMm. § 4.4).

Teopema Crokca. Ecau dJymcquuaIf (X1, X3y Xa)s Q (Xyy X3, Xg)y

oP 0Q 0Q OR " OX  enpepoisner wa no-
R(xvxz’xs)um,&‘;,gz,axa, 3%, O VPP
gepxrocmu S 8 3AMKHYMOM KOHMYPe L, xomopbill A8Afemcs eparu-

yell S, mo
({4 (R 32 cos (m, v+ (55— ) costm ) +
s
+ (3—2——%) cos(nm, xa)}dS =\2§ Pdx, 4 Qdx, + Rdx,, (4.4)

rje m—opT HOpMaju K MOBEPXHOCTH S (puc. 4.3). y

Tlp# 5TOM BAXKHO YCJOBHTbCA OTHOCHTEJBHO HANPABJIEHMH 0O-
Xona KOHTYpa L M IOJIOXKUTEJbHOrO HANpaBJCHUA HOpMAJn 7.

TloBepxHOCTh S mnpeinosiaraercsi ABYCTOPOHHEH, & MOJONH-
Te/bHOe HANpABJEHUE HOPMajJH Mn Ha HeH CBA3AHO C MOJIONH-
TeJbHBIM HampabjeHueM 06X0jia ee rpaHHlbl— KOHTYpa L. TTonoxu-
TenpHbIE 06X0A KOHTypa L BhiGupaercs Tak, uto6bl MOBEPXHOCTh

Puc. 4.3. K Tteopeme Croxca.

Teopem a CTOKCa clpaBefyiHBa AN KYCOUHO-FAdRKHX nosepxuoctef,
OrpauHueHHBX JUGO OfHHM KOHTYPOM (CM. MOBEPXHOCTH S), aH6o
HECKONBbKHMH KOHTYpaMu (cM. IOBepXHOCThL S'). IMonoxuTeNbHOE Ha-
npabneHHe HopManu BmbHpaerca B mo6o# Touke NMOBEPXHOCTH TaK,
9To6b ¢ HanpaBJeHHeM MOJOKHTENbHOTO 00XOfia 9jieMeHTapHOro
KOHTYpPa Yy STOH TOYKH COCTABJATH NpaBbiff BHHT

ocTaBajiach Beceria caesa pis HaGmonareas, 06GXOAsuIero KOHTYP
TaK, YTO MOJOXKHUTENbHBI/ OPT ;2 B TOYKAX y KOHTypa L nanpaB-
JleH OT HOT K ronoBe Ha6mopatensi. B /10o60H TOuke MOBEPXHOCTH,
TakKuM 06pa3oM, MOJOXKHTEJbHOE HaNpaBjieHHe HOPMAJH 72 C 1Moo
KUTEIbHEIM 06XOA0M 3JeMEHTapHOro KOHTypa y 3TOH TOUKH COCTaB-
AsieT npaBulfi BHHT (puc. 4.3).
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acg{%ex(ne UeM NepexOnuTh K AOKa3aTe/ibcTBY Teopembl Crokca
gﬁn CTTpHM Cyd9ad, KOTAa NOBEPXHOCTBIO S sABASETCH MIOCKas
acth (0). ITokaxeM, 4TO B 3TOM ciydae HMeeT MecTo dopmyaa

aQ aP
SS (ax—l—ﬁg)d0=9§del+ Qdx,. (4.42)
[ !
Ora (opMysla HMEET CaMOCTOATENbHOE 3HAYEHHE H BHIPaxkaer
z meopemy I puna.

} 3nece P (x), %), Q (x,, x,), agg’

JaP
3, — HempephiBHELe bynKuuH, a [—3a-
MKHYTBLIH KOHTYD, ABJAIOWMACA IpaHu-
Lie# TJIOCKOH o6s1acTd ¢ (puc. 4.4).
[TpernonoxuM cuauana, uro KOHTYp
| nepecekaeTcss NpAMBIMH, nNapainennb-
flx_blun (*3) TONMBKO B ABYX TOYKax.
y — Oraa B NPEANOJOKEHHAX  TEOpeMsl,
KaK H3BeCTHO U3 aHaJu3a, JBOHHOH HH-
Puc. 4.4. K Teopeme Tpuna  TErpajl MOXKer OhITb NpEACTaBJieH B BHje

X2 =3 (%4)

b
P , (P oP
S ——ax2 do = Sgéz—dxl dx2=de1 S .07 dx2=
o o a X3 =Py (X4) ?

b
= S [P (%2, @2 (5))— P (%y, 9y (x2))] dx,.

Ho kaxawii uHTerpan B mnpaBoit 4YacTd npeacraBaser coboit

KPDUBOJNIHHEHHBIA HHTErpaJ QyHKUuH P (x
X3) MO KPHUB
1) X2 b

ABB. TlosToMy MOXKHO 3amucaTh o Pt Ao u

apP
S @d(r: S P (xy, x,)dx,— S P (x;, x,) dx,.
[+

ABB AaB

S§%dc=-—B§AP(xl, x,)dx, — S P (%y, %) dx, =

AoB

=—_9;P (xy, x5)dx,, (*)

rje cnpaBa CTOUT KDPUBOJHHEHHBIH
AHBIA HHTETPaJ N0 3aMK
. : HYT
KOHTYDY [/, KOTOpbifi OOXOAHTCH MPOTHB YacOBOK CTpesiKH yrowy

142 —

4.2. Teopema Ocmpozpadckozo u meopema Cmokca -

“AHanorHYHO NpeaAnosaras,. 4ro NpAMEIE, napaJuienbHble OCH (Xy),
nepecekalT KOHTYp [ TOJbKO B ABYX TOYKaX, YCTaHOBHM dop-

Myay
d
122 - G2, =
[ 1
Boiuutas us (**) ypasHenue (*), mosyuuM QopmyJay T'puna
(4.4, a).

TlepexouM K ROKa3aTeJbCTBY TeODEMBI Crokca.

IIpeanonoXuM, 4TO NPSMbe, NapasjelbHble OCH Xg, Mepece-
KaloT NOBEPXHOCTb S TOJbKO B OfHOM TOUKE (PHC. 4.3). Tlpoek-
4 TOBEPXHOCTH S Ha TJIOCKOCTb (X, X5) AacT [JIOCKYIO 06-
nacTb O,,, a NpOEKNHs KouTypa L jpacT rpaHuuy 06/1aCTH Oyy —
3aMKHYTHIH KOHTYyp /. 3a NOJOXKHTeIbHbIA 06x0; KOHTypa ! npu-
HHMAIOT HalpaBJeHuHe 06XOAa NPOTHB YacOBOH CTperkH, TaK dTO
C MOJOKHTENbHHIM HalpaBJeHHeM OCH Xz 9TOT 06X0A COCTaBJsier
cHcTeMy npaBoro BHHTa. COOTBETCTBEHHO yCTaHABIHBAETCA o6xon
KOHTypa L, a nonoxurenbHOe HanpasjeHHe BHelIHeli HOpMaJiu Ha
noBepXHOCTH S TaKOBO, 4TO ee OpPT n COCTaBJACT C OCBIO {xs)
ocrpuiit yroa. Toraa

do,, =dS-cos (1, X3),
cos (n, x3)>>0.

[peoGpasyeM uHTerpai

_95 P (xy, x5, X5)dxy,

L

uClob3ys TOT (aKT, UTO KOHTyp L NpHHAJJENHT NOBEPXHOCTH S,
ypaBHeHUHe KOTOPOA MOXeT ObTb 3aMHeaHO B BHAE Xp= (Xy, Xg)-
[Tostomy, eciH 3aMEHHTb NMOA 3HaKOM HHTerpaja X Ha [ (%1, X4), TO
noasiHTerpanbHas GQyHKuAs P [x;, X, f(x,, x;)] Oyner coaepxartb
TOJIBKO TEPEMEHHbIE X, H X,, KOTOpbie 1Js IePeMEeHHOH TOUKH Ha
KpHType L HMeIOT TO ke 3HaueHHe, YTO H B COOTBeTCTBY 0L TOUKE
na xourtype [. TlostoMy HHTerpupoBaHue IO L MOMXKHO 3aMeHHTb
Ha WHTerpUpoBaHHe 1o [, T. €.

, 9§P (%10 X35 x3)dxlz‘¢‘P [%2, X2, [ Xy, X)) dxy.
L i

[IpuMensis K TOMy HHTerpay opmyJy ['puna (4.4, a) u yuu-
THIBAsi, UTO X, BXONUT B Bhipaxenue AIsi P KaK HENMOCPEACTBEHHO,
TaK 4 uYepe3 NMOCPEACTBO Xg= f(X;, X,), HakIeM:

‘¢‘P [xp Xos f(xlv xz)] dxl=
{

_ oP ) ’ f( ' opP ! d 2 0
[l s g,

O3



T'aa8a wemeepmas. Bexmopuoiil u mensopreui anasua

Buipaxasn sjement do,, uepes dS u nepexoAs K HHTerpaJam
N0 KOHTYpY L u noBepxuoctd S, noayuum

‘¢‘P(x1, Xg) X3)dxy =
L

=__§S [aP (%1, X3, x3)+6P (x1, X3, x3) Of (x4, X3)
s 0x, 0xg dx,

] cos(n, xg)dS. (***)

Kak H3BeCTHO*, KOCHHYCbl YIVIOB, KOTOpbIE COCTaBJIfACT BHell-

HAA HOpPMa/lb K TMOBEPXHOCTH Xz=f(x,, X,), C KOOPAWHATHBLIMH
OCAAMH HMEIOT BblpaxKeHHUS:

. 14
cos(n, X)) = —=——=;
(7, %) + VIifpEf g

q
cos(n, X,) = ——m==re—e——;
( ) +Vifp+ @

1
cos(n, xX3) = ————cee—,
5 = e

rae
of of

P=5x 9705

Orciona, BrGupas B GopMysax HUKHHEA 3HAK (160 cos(n, x5) > 0),
HMeeM:

9
3x, COS (B, x3)=—cos(n, x,).

Torna dopmysna (***) npumer Bun
Pdx _S [ap_ oP
‘f L= SS ax; €08 (n, x,) ~ %, €08 (n, x3)] ds.

PaccmarpuBas apyrue dynkuun— Q (%1, Xg, X3) 0 R (x4, x4, X3) —
M COBEpUIAA UHMK/IYECKYIO MePeCTaHOBKY KOOPRMHAT X,, X,, X5,
NOMYyYAM ABe aHAJOrMYHble HOPMYJIbL:

QS‘Q dx2=§sS [(%91 cos (1, x3)—a—6§ cos (n, xl)] ds;
‘?‘Rdxa=SsS [;{—I: cos (n, xl)-—g; cos (n, xz)J ds.

- CKkJajbiBasi NoJydeHHbIE Gopmyasl, mosyuuM opmyay (4.4).
Teopema Crokca sokasana.

B 4.9 mu RaliM  GoJlee HArJsiAHOE, XOTH Y He TaKoe CTporoe,

AOKa3aTeqbCTBO TeopeMbl CTOKca, HCXOAS H3 €€ BEKTOPHOM bopmy-

JUPOBKH. 371eCb Ke Mbl TNpPHBEAEM elle HecKOJbKO 3aMevaHuH,

*Cwm., nanpumep, B. 1. CMupuos, Kype Buicweit maTeMatuky, 1. 1, § 155,
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4.2. Teopema Ocmpoepadckozo u meopema Cmoxca

OTHOCAIMXCA B PaBHONW cTeneHW Kak K ¢opmyse [puna, Tak u K
dopmysie Crokca; 3Tu 3amedaHHs, B YACTHOCTH, CHHMAIOT OTpaHHYe-
HHS OTHOCHUTEJbHO YCJIOBHH nepecedyeHHs NMOBEPXHOCTH S u 06aa-
CTH O NPSAMbIMH, NApa/eNbHbIMH KOOPAHHATHEIM OCAM.

3ameuanus k TeopeMe CTokca.

1. TToBepxnocTs S npeAnosiaraeTcs rAARKOH WJIH KyCOYHO-rNajKoH.

2. TMoBepxHocTb S MoXeT 6bTh KaK YrOfHO PAacroNoXKeHa OTHOCHTENbHO ocell
CHCTEMB KOODJHHAT (X1X5X3) (cM. Sy Ha puc. 4.3), a TakKXKe MOXET UMEThb Fpa-
HHLY B BHAE HECKONBKHX 3aMKHYTHX KOHTYDOB (HampHMep, HOBepXxHocTb S’ §a

ne. 4.3).
P [loBepxHocTs S, Beerga mMoXeT GbiThb paspesaHa Ha KoWeyHOe YHCJIO non-
XOUAIMHX KYCKOB, K KOTOPHIM IpumeHfetca Teopema CTOKca, 3aTeM pe3ynbTaThl
cKnappiBaioTcst (Cp. sameuanne 3 k Teopeme Octporpapckoro). [losepxuocts S'
MOXHO paspesaTh, Hanpumep, no AB W cunTaTh 3a ee rpaHANsl KOWTypu L, I/
H nBa Gepera AB. Torja K Takoll MOBEPXHOCTH MOXKHO NPHMEHHTDb tdopmyay
Crokca. [Ipy «cknensannu» no AB kpuBonuHefiHbE WHTErpajiH mo AByM Gepe-
raMm AB B3aHMHO YHHUTOXAIOTCH, K60 OHH BHUHCASIOTCH B I1POTHBONONOKHEX
HanpaBJeHHAX, W OCTAHYTCH TOJbKO WHTerpais no L u /',

IlycTb BekTOpHOe NoJe A (r) uMeeT B cucTeMe (X, X,, X5) KOM-

MOHEHTHI:
Ay =P (xy, X4, X3);
Ay =Q (%1, X5, Xy);
Aa =R (X1, X3, Xg)-
Torga dopmyna (4.4) npumer BHA

SS {(%‘%_5‘%) cos (n, x;) - (g—':f—gf:’) cos (n, x,)+
N

A, @
+ (g}f—%) cos(n, xs)}ds=‘2§A1dx1+ Agdxy + Agdxs. (4.5)

Eciu o6osnauute puddpepeHuuan panuyca-BeKTOpa BAOJIb KOH-
Typa L uepes dL=1,dx,+ i,dx,+i;dx;, TO npaBas uacTb 3TOfi
(dopMyJibl MOXKeT OHITh 3anmuCaHa B BHIAE

$AdL.
L

BekTopnyio uHTepnperauuio JeBo# yacTi GopMyJibl MBIl IPHBELEM
nosxe (ctp. -166).

CsasnocTs o6nactu. I1peoGpasys MHTerpaJ no KOHTypy B HHTer-
pan no noBepxnoctd no ¢dopmyae CTokca, Hago Bceria NOMHHUTD,
9TO M KOHTYp L, n nmoBepxHocTb S, s KoTopo#i koutyp L cay-
XKHUT IPAHUUEH, ROJIKHDI LIeHKOM JleXXaTh B paccMaTpuBaeMofi o6Ja-
CTH, rlle BbINOJIHEHB YCN0BHs TeopeMbl CTokca. OnHaKo MOryT GhiTh
Takue 006JacTH, YTO He ANA KaXAOro KOHTypa L, jJexamero nesu-
KOM B paccMaTpuBaeMoOd 06J1acTH, MOXHO BHGDATE-€0OTBETCTBYIO-
Iy noBepxHocTh S.

Hanpumep, ecan ofnacts npeacraBaser u3 ce6s BHYTPEHHOCTb
TOpa, To And KoHTypa L, (puc. 4.5) Henwn3s nomoGpatb Takyo
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I'aasa semeepman. Bexmopnoul w mensoproul anarus

NOBEPXHOCTb, KOTOpas Obljla Obl OTPAaHHYEHA 3THM KOHTYDOM H
JexaJa UeJHKOM BHYTPu Topa. Ecau paccMarpusaercs 06JacTb BHe
TOpa, TO AJA KOHTYpa L, Henp3s BoIOpaTb MOBEPXHOCTD, AJS KOTO-
pOH TrpaHHLEH Ccayxua OH TOJbKO
3TOT KOHTYP H KOTOpas He nepece-
Kana Obl TOpa, T. €. HaxojauJjach Ue-
JuKOM B o0JacTé BHe TOpa.
O0nocBa3H0I HasbiBaeTcs 06J1aCThb,
B KOTOpPOH /t000f 3aMKHYTBI# KOH-
Typ MOXeT ObiTb CTAHYT B TOUKY
HenpepuBHBIM 06pa3oM, He nepeceKas
rpaHull 3T0H ob/nacTd, OZHOCBA3HBIMH
o6J1acTAMH ABJSIOTCA: BCe INPOCTPa-
Puc. 4.5. HCTBO, BCH [WIOCKOCTb, 4YacTh MJO-
HByxcBapHasn ofnactb BHe TOpa Mo- CKOCTH, OrpaHHUEHHad OI[HOI'/'I 3aMKHY-

xer OWTR CAENAHE ORHOCBA3HOH, o H
ecau K ce rpauuuam fobaButs mepe. TOH KPUBO#, 06/1aCTh BHYTPH (UJIK BHE)

NoHKy (3), 3aKpWBaOIYI0 OTBEpCTHE
Konbua.zﬂayxcsﬂanaﬂ o6nactb BHY- mapa’ Kyéa H T IL

TP TOpa' CraWeT OEHOCBASHOM, ecily Ecnu BhipesaTb M3 BCEro NpoCT-
e D oty (@) T PET panCTBA HEKOTOPYIO KPHBYIO, 3aMKHY-

TYI0 MJH NpocTHpaouLyocs Ha 6ecKo-
HEUHOCTb, TO B TAKOM NPOCTPAHCTBE MOXKHO HaWTH KOHTYp, KO-
TOPbI HeJb3s CTAHYTb B TOYKY, OCTaBJIsAisi €ro Bce BpeMs B pac-
cMaTpuBaeMoi ofjactd. Takoe NMpoCTPaHCTBO jaer NpuMep 08yx-
cgasnol obaacmu (puc. 4.6). IIpocTpaHcTBO BHYTpH (u/H BHE) TO-
pa—JByxcBA3Hoe (puc. 4.5).

%)

Puc. 4.6. OnHo- W MHOrocBsi3Hble o6nacTh:

a) ofnacTh BHe Wlapa ABASETCH ORHOCBA3HOR; noGoH KOHTYp L moxuo

CTAHYTL B TOYKY We BLIXOAN 8a Npejesbl o6nacTH; 6) ABYXcBs3Hble ofaacTH:

o6sacTb BHE TPYOKH, NMAOCKOCTh BHe BHpe3a — KOHTYp L HeBoamoxno crs-

HyTb B TOYKYy, He nepecekas TpyOkH (BHpesa); B) TPOXCBA3HbIE 0OnacTH:
o6M1acTh BHe ABYX TPyOOK, INIOCKOCTb BHE ABYX BHPe30B

MoryT GuiTb TpexcBsAsHble obsacTu (puc. 4.6) u BooOe obJa-
c¢Td n-it cBaAsHocTH. O6JacTb n-# CBA3HOCTH MOXeT OniTh npeBpa-
leHa B OAHOCBfi3HYIO 00JacTb NPHCOeNHHEHHEM JOMOJHHUTENbHBIX
TpaHHl, <«3anpemaoliX» Te KOHTYphl, KOTOpHie He MOTYT GOHTb
CTAHYTHl B TOUKy. Hanpumep, o6sacTb BHYTPH TOpa MOXKeT GbiTh
cieslaHa OZHOCBSI3HOM, ec/M MPHUCOSAUHUTb K Hell TpaHuly B BHUJE
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4.3. Craaspnoe nose. [1pouseodnas no nanpassenuro. Onepamop v

neperopoakd ¢ (puc. 4.5); ob6aactb BHe Topa OyleT ORHOCBA3HOM,
€M K ee rpaHduaM Jo6aBuTb NOBEPXHOCTb ), 3aKPHIBAIOLLYIO
OTBEpCTHE KOJblA.

4.3. Craanpuoe noae.
Ilpou3sodnasn no nanpasaenuro. Onepamop v

[losepxHocTH ypoBHs. I'eomeTpuyecKoii XapaKTepHCTHKOH CKa-
JAPHOTO NOJSA ABJSIOTCA NMOBEPXHOCTH YPOBHA. _
- PaccmoTpuM cKanspHoe mo/e BeJHYMHBI @ B CHCTeMe JeKap-
TOBBIX KOOPAHMHAT (X, X5, X3), TAK YTO

Q=0 (r)=0(x;, X3, X3).
Te Touku, AJMsi KOTOPHX CKa/isfp ¢ NPUHAMAET HEKOTOpOe OfH-
HakoBoe 3Hauenune C, o6pa3sy-
IOT MOBEPXHOCTb T3

@ (%4, Xy, xg)=C.

Takass NMoOBepXHOCTb HOCHT
Ha3BaHHE N0BepXHOCMU Y POBHA
HJH K30IOBEPXHOCTH.

[lpupaBas pasnuunbie 3Ha-
venud C, Mbl noayuum HaGop,
CeMeHCTBO I1oBepXHOCTElH ypo-
BHSI, HAa KaXJOH H3 KOTODPHIX
CKaJsip TpPUHUMaeT MNOCTOAH-
Hoe 3HadeHue (puc. 4.7).

CemeficTBO  1mOBepxHOCTE z,
YPOBHAA B HEKOTOPOH CTemneHu
HArffg HO XapaKTepusyer cKa-
JaapHoe none. Mecra c6imxke-
HHA H30MOBEPXHOCTEH YKa3bi-
BalOT Ha OBICTPOE H3MeHeHHe 37iech QYHKUHMH ¢ B NOMNEPEUHOM ,Ha-
npaBJeHHH.

M30n0BepXHOCTH /I8 OAHO3HAYHOTO NOJA @ He MepeceKaioTCs,
H6O B 3TOM c/yyae B TOYKAX MepeceueHdss (QyHKUMA @ UMena GObl
HECKOJIbKO 3HAYeHHH, UTO HEBO3MOKHO.

Haunbosiee cymecTBeHHOM XapakTepHCTHKOHR CKaJAsPHOrO moAs
AB/IseTc AuddepeHunanbHas ero xapakTepucTHKa — 2paduenm cKa-
AAPHOEO NOAR.

I'pagueHT CKaasApHOTO MONS W NPOU3BOAHAS MO HampaBAEHHIO.
Hubdepenunaibias XapaKTepUCTHKA CKa/NAPHOTO MNOJS ABJSETCSH
06001eHHEM IPOU3BOJHOM N0 CKaJspPHOMY apryMeHTy.

Ilpu anaiuse nosegenus odynkuun f(f) ckaaspHOro aprymenta
B HEKOTOPOH TOuKe M (f=1,) riaBHyi0 pPOJb HrparOT 3HAYEHHS
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Trasa 4emeepman. Bexmopubill u mex3opHbll anaius

df d?f
dt ' di?
Has (%)t=tn, ecqd OHa CYlEeCTBYeT, MO3BOJIsieT CyJHTh O TOM, KaK
6bicTpo u3MeHsieTcsi QyHKuus [(f) npu cMmeilenud u3 Toukd M mno
OCH apryMeHTa { B HNOJIOMHTENbHOM HampaBjenud 3T0# ocd. Kak
M3BECTHO, 3Ta MPOU3BOAHAs ABJAETCS YHCJEHHBIM 3HauyeHueM Obl-
CTPOTHl H3MeHeHHst (YHKUHH 6 mouke M BLOJb MOJOXKHUTENLHOTO
HanpaB/eHHUs OCH apryMeHTa !.

B ciyuae CKansipHOro MoJsA, OnpelensieMoro QyHKuued ¢ Tpex
NepeMeHHBIX X;, Xy, X3, COCTABAAOUIMX BEKTOD = ;X - Iy, + I3X,
MOXHO OXHJAaTb, YTO COBOKYMHOCTb 3HAYEHHH TPeX NPOU3BOAHMBIX

’

o a¢ ¢ o9
B HEKOTOpPOH TOUYKE nonad : (——) , (-——-——) s (—) — no -
Kotop M 35) o \3%s ) a’ \xs 3BO

JHUT ONpefe/iTb, KaK OBICTPO MeHsieTcs noje @ (X, X5, X3) =@ (r)
NpH CMeuleHuH U3 Touku M no awobomy wranpassenur B NoJe.

Ecau 8 Kamdot mouke noin @(Xq, Xy, X3) CYU4ECMBYOM npou3eoo-
3 o ad
Hole X , a. ] , 22 , MO UX COBOKYNHOCMb COCIMABAREM 8EKMOp U N0360-
O0xy ' Oxy ' 0xg

Aemn Haldmu Golcmpomy USMEHEHUA NOAS N0 AM060MY HANPasieHuro.
d
Pasee (cTp. 95) 661710 TOKa3aHO, YTO TPH BEJIHYHHBL 6;3- o6pasyior
i

BEKTOP.
OTOT BEKTOp HaspiBaeTcsi 2paduenmom NoJs @ ¥ 0603Hadaercs
grad 9. Eca# i, iy, i;—opTbl JeKapToBOA cucreMbl (K), TO
oy g dp . d¢
gradq>——ilal—+i25g+i3m—tkm. (46)
PaccmorpuM Tenepb, Kak npu noMomd grad @ MOXHO ompe-
JeauTb ObICTPOTY H3MeHeHus noJs no jqoboMmy Hanpassenno. Cpen-
Hfif OBICTPOTA H3MeHeHus MOJs
@ TpH CMEnleHHH HU3 TouKu M B
M’ 1o HekOTOpOMY HampaBJe-
HHIO, onpelenfeMoMy oOpToMm I,
XapaKTepH3yeTcs OTHOLIEHUEM
@ (M) —@ (M)
M'M !

NPOU3BOJHBIX W T. . B 3Tofl TouKe. [Ipu aTOM npousBoj-

$
!
Puc. 4.8. Tpoussoguas no Hampas- LAC M’M —BennuiEa CMemeHs
neuuo ¥ no xpusok. Ilo manpasne- 10 HanpaBJEHHIO I (puc. 4.8).
HHIO [, ToNe MeHsercs OHcTpee, ueMm SIcHO, YTO 3TO OTHOLIeHHE
no I fyner ApyruM JJjis HanpaBJIeHHS
: I, (cm. puc. 4.8), ubo xorsa
o M)=¢(M") (toukn M’ u M" HaxoxaTcs Ha ojHOH mOBepx-
HOCTH YPOBHA), HO M'M %= M"M.
TaxkdM 06pasoM, N0 HEKOTOPHIM HaNpaBJeHUAM NOJe MeHSeTCs
GhICTpPee, M0’ HEKOTOPHIM — MeJIeHHee.
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4.8, Crarsproe noae. IMpouseodnasn no nanpassenuto. Onepamop §

TIpenest sTOro OTHOMEHHS, €C/H OH CYIIECTBYyeT, KOrjaa Touka M’
npubnukaerca no npsiMoit I K M, HasbiBaeTcst npoussodnod om @

d
& mouke M no nanpassenuo | W o6osnauaercs of :

dl
do__ 1. 9(M)—g(M)
ar = Jm =

SOra npousBoAHas U eCTb UHCJEHHOe 3HaueHWe OLICTPOTHI H3MeHe-
HHsi 1018 @ B Touke M B HanpaBJieHHH [.

Ecan @ (M)==9(x,, X,, X3), TO

‘ o (M)=
=@ [x,+M'M-cos (3, x;), x,+M M-cos(l, x,), x5+M'M-cos(l, xs)].

Pasnaras ¢ (M’) B panp Teitnopa, noay4um
7 a a
@ (M)=09(M)+ [5,%605(1. x1)+3%cos(l, x,) +
+ 3 cosl, xa)| M'M+0 (M'MY),

rze O(M’'M?)—BeanunHa BTOPOro NOPsAAKA MAJOCTH OTHOCHTENbHO
cMemtenna M'M.

de
Toma, BBIYHCJIAA a noJIiy4uM

d 0 0
B =gecos(l, 1)+ g cos(t, 1) +
op =19
+m cos(l, x5)=1, o%, (4.7)
3t0 BhipaKeHue MOKeT ObITb 3alucadHo B BHJE

do __
al-—l-grad Q. (4.8)

Clef0BaTeNIbHO, Npoudgodnas om ¢ no Hanpasaenuro ) pasua
npoekyuu 2paduenma @ Ha MO Hanpasierue.

TakuMm o06pa3oM, ecay B TOUKe MOJAA oOnpepeseH grad g, TO
BCera MOXKHO HaHTH OBICTPOTY W3MEHeHud Mnojas BJOJb noboro
3ajlaHHoro HanpabJjenus. IlosTomy roBopAar, 4TO grad ¢ siBJaseTcs
MepOH HeOXHOPOAHOCTH CKajJsipHOro noJjd .

Kak Buano, BekTop grad @ B J060# TOYKE MNOJA Onpenenser
GeCKOHEUHYI0 COBOKYIHOCTb MPOU3BOAHBIX [10 HANpPaBJIEHHIO byHK-

d
udd ¢. B Bripaxeruu Ans d_(lp XapaKTepHCTHKA noas (OfHO3Ha4-
Hasi BeKTOp-pyHKuHs TOukH grad @) U XapaKTepHCTHKA HalpabJe-
uus (opT I, He 3aBHUCAWMHHA OT NMOJS @) pa3je/eHHl.

flponssofHas no xpusohi. [loHATHe NpPOH3BOANOK MO HanpaBleHHIO TeCHO
CBSI3aHO C MOHATHeM NPOH3BOAHOK NO NWMHH WIH TPOH3BOAHOH N0 KpHBOH.
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'aasa uemegpmasn. Bexmoprod u mensoproid anaaus

PaccMoTpum Kpusyiw s, npoxoasmyilo yepes Touky M, B koTopoft Hanpas-
JeHHe K 3TOR KpuBolt coBnapaer ¢ manpasnenueM [ (puc. 4.8).
EcnH BHIUHCAHTL Npeped

do_ ym @) —o (M)
ds MM As ’

rae M' —T1ouka Ha KpuBofl (S), a As—anuHa AyTH M'M 1o KpuBolt (8), TO
HONy4YnM
dp de¢

HeficrButencHo, ecnd ypaBHeHHe KPHBOH (S) 3anncaTe B BHje (s-—Napa-
MEeTpP, NpeACTaBAAMWHA ANHHY AYTH KPHBOil):
xp=x1(s);
Xg=X3(8);
X3=X3(8),

TO Q=0 [x,(s), x2(8), x3(s)]. [TosTomy, ncrnonb3ys mnpaBuio Audpdeperuupo-
BaHHA CNOXHBIX QYHKUHH, nonyyum *

de _O¢ dx, | 09 dxy 09 dx;

ds 0x, ds ' 0xy ds ' Oxg ds
dp op el0) do
=5}—lcos (!, le--gx—zcos(l, x2)+a—scos(l, x3)=7ﬁ.

d .
Tpoussonuas £ MasbiBaeTcd NpOU3BOJHOA mnond ¢ no JuHHM s. OHa,

CJenoBaTEJIBHO, YHCAEHHO paBHa' HpOHSBOJlHOﬁ 110 HanpaBJeHHIO, KacaTeanOMy
B paccMaTpnBaeMofi TOUKe K JaHHo#l KpHBOM.

CpoiicTBa rpagveHTa CKaasgpHoro nojsi. JLjas BLISICHEHUS CBOMCTB
rpapguenTa noJas 3anuuem (4.8) B Buge

%(1'3 =|grad @ |cos (I, grad ¢).

Orciofa caepyer:
1. Buecmpoma udmeHeHUs NOAS umeem Hauboavilee 3HadeHue
8 nanpasaenuu grad @ [Koraa cos(l, grad¢)==1] u pasna

(5 ) =lered ol =V (3" + ()" + ()"

2. Bexmop grad @ nHanpasien no HOPMAAL K NOGt PXHOCMU YPOBHA
8 CMOpPORY 803PACMAHUSL (YHKYUU .

HefcTBUTeIbHO, ecau opt } JeXHUT B IJIOCKOCTH, KacaTeJbHOM
K NOBEPXHOCTH yPOBHSA, TO MO ONpeleseHHIO 3TOH MOBEPXHOCTH
[@ (%1, X5, x3)=const] ana m060A KPHUBOH, Jexaued Ha NOBepx-

HOCTH YPOBHA H Kacawouleficad [, nMeeM Z—;P=0, a BcaeacTeue (4.9)

dx;
* OTHOCHTEJILHO paBeHCTBA E;‘:cos (!, x;) cm. sapauy 1, ra. 4.

150 —

1
4.3. Cxaaapnoe nose. [1poussodnas no nanpasaenuto. Onepamop v

B
\

HMeeM Z—T=0. 3naunt BekTop grad @ (|grad ¢ |=%0) HanpaBjeH no
HOpMal# K [OBEDXHOCTH YpPOBHs, a BCJEACTBHE (‘;—‘f)max=
=|grad@|> 0—8 cTopoHy Bo3pacTaHdsi 3HaUeHH# ¢ (puc. 4.9).
Orciona caefyer, 4YTO €CJH M-—QPT HOPMalH K NOBEPXHOCTH
YPOBHS, HanpaBleHHbI 6 CMOPOHY pocma @, TO
:—Z’=lgrad(vl H grad(v=n,d;§- (4.10)
Onepatop V u apyroe ompenenenne grad @. BektopHoe noJje
rpajpeHTa CKalsipa @ HMeeT PAA OCOGEHHOCTeH, Ha KOTOPBIX Mbl
cnenuaabo ocranosumcsa B 4.10. rad
Cefiuac HaM BaXHO OTMeTHTb, 4TO f 4
IJs ero IMOCTPOEHHS Hajo NpoAesaThb \ dp
Hag QyHKUHel @ PpAL onepauui: n \d
B3ATb YaCTHbiE NpPOH3BOJHLIE OT @, >
YMHOXKHTh Ha COOTBETCTBYIOLUHE Op-
Thl U CJOXKHTH-—TOTAA NOJYUUM BeK-
top grad ¢. OGBIUHO COBOKYMHOCThH
STHX onepauuii 0603HAYAOT OAHUM
cuMBoJioM —onepamop V (xabaa), Ko
TOPHBifi, TAKMM 06pasoM, B IPSIMOY I0Jlb-
HEIX J€KapTOBbIX KOOPAUHATAX HMEET pyc. 4.9. [pagwent ckanspHOR

BUJ GYHKLUHA HanpasjeH no Hop-
3 P P MalMH K MOBEPXHOCTH YpOBHH
V= il a_x;.{_;z a_xz'*"a a_xs . (4,11) B CTOPOHY BO3pacTaHHd ¢

Bydyu NpHMeHeH K CKaispy @, STOT OMepaTrop AaeT BEKTOP-
HOe noJe TpaideHTa @, TaK 4YTO B MNPAMOYTOJbHBIX AEKaPTOBBIX
KOOpAHHaTaXx

a
v(p=_=grad(p=tk3§’;. (4.12)
Bekrop grad ¢ MoxeT OuTb OnpejesieH HE3aBACHMO OT CHCTEMH

xoopauuar. [Tpumenum ¢opmyay Ocrporpagckoro (4.3, a) ans cre-
[HaJbHOTO BHA2 BEKTOPHOTO IOJS

A= P (xh Xg» x3)’

rje ¢-—BEKTOp NpPOU3BOJbHbIA, HO NMOCTOAHHBIA.
[MoacTaBass 310 Boipaxkenue AJs A B (4.3, a), noJy4yuM Beaef-
cTBHe MOCTOAHCTBA €

C(S§S grad(pdt—gsgtpnd8> =0.

TToCKOMILKY BEKTOp ¢ MPOH3BOJIEH, TO PABEHCTBO HYJIO CKaAAp-
HOTO NMPOH3BEleHHsl Ha JPYrofi BeKTOD O3HAyaeT pABEHCTBO HYJIO
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STOro BEKTOpa, T. €.
§§§ grad 9 av={{ gnas. (4.13)
T S

~ Hycts Tenepn v manbiit 06beM, OKPyKAOWUA HEKOTOPYIO TOUKY
M ckansproro noast ¢. Bo3bMeM KaKyi0-1u60 us KoMnonenT grad ¢,

HanpuMep a—ax? Torga no TeopeMe o cpelneM HMeeM
99 4o [ 99
$S = (3w
T

-
rie Touka M’'—Kakas-To cpefHss TOYKa obbeMa T.
CaeloBaTeNbHO,

(32), =+ o costn, myas.
S

Bynem tenepn craruBath 06beM T K Touke M Tak, uTO6H ero
NOBEPXHOCTb S TaKxe CTpeMHsaach K HyJdwo. Torla cpelnss Touka

!’ a
M’ coavercs ¢ M B CHJly HenpephiBHOCTH =% ¢

0x;
ap\ _ 1
(BE)M_SH_’PO - Sj‘(pcos(n, x,)dS.
t>0 S

Tak KakK aHaJoruyHble COOTHOLIEHHS CIPABENJIHBH I APYTHX
KOMIIOHEHT, TO

. 1
(vhu= (grad @)y = jm, + {{ gnas. (4.14

/T 0

OTo paBeHCTBO, ec/i Npefes CNpaBa CYWECTBYeT, MOXKeT CJay--

KUTb ONpelesieHHeM TpajHeHTa CKajasapHoro noasd. [lpenMyinectso
3TOr0 ONpejfe/ieHHsI COCTOHUT B TOM, UTO OHO He COJePKUT HHKa-
KOro yKasanufl Ha KOODJHHATHYIO CHCTeMy H NOTOMY MOXeT GbiThb
HCIIO/Ib30BAHO AJIA ONpefeseHus NPOEKIUH TPajyeHTa Ha OCH JIi0-
6ofl cuCTeMbl KOODAHHAT (KOCOYrO/MbHOH JeKAPTOBOH, KPHBOJHHEH-
HOM 4 T. m.).

4.4. Bexmopnoe noae. [Jusepzenyns 1 suxpo
sexmopnozo noan. [ugdepenyuposanue sexmopa
no Hanpasaenuro

BexropHbie uuuH. [eomMeTpHYecKoll XapaKTEPUCTHKOH BEKTOP-
HOTO MOJIA MOTYT CJYyXKUTb 8eKMOPHbIE AUHUU.

Bexmoproimu aunusamu noas A (r) Hasvieaiomca Kpussie, 8 Kaxc-
dod mouKe KOMOPbLX KACAMEAbHAS UMeem HAnpasienue 6eKmopa
8 amod mouke (puc. 4.10).
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Bektopunie nuuun nons grad @ npeacTaBAAOT co60H KpHBLIE
OPTOTOHAJbHLIE B KaXJIOH TOUKE K OBEPXHOCTAM YPOBHS ¢ = const;
STO—JHHHUH ObIcTpelfiiiero usMeHeHHss QYHKIHH @ (r).

BekTopHble JNHHHH NOJA CKOPOCTEH BpallaloOWerocs TBEpAOro
TesJa NPEACTABJAOT KOHHEHTPHUYECKHe OKPYIKHOCTH C [eHTPaMH Ha
OCH BpalleHHsi, a BEKTOpHbE JHHHH
MoJIsSl CKOPOCTEH TBepAOTO Teja, ABHXKY- Alr)

Erocsi NPsAMONHHEHHO— IPAMBIE JHHHHU. ar

BekTopHEIE JHHHHM TOJSi cKOpocTefl
IBUXKYIEACS KUAKOCTH —AUHUL MOKA —

B 06IleM cJydae HMeIOT pas3JuuHbIA BHJ

B pa3Hble MOMeHTHl BpeMeHd [V = V(r, /—o-*(
t)]; B cJayd4ae CTALHOHADPHOrO MOJSA CKO-
pocteil [V=V (r)], T. e. KOTAa ABHXKe- /A\
HHe XHAKOCTY yCTaHOBHBIUeeCH, BEKTOP-
Hble JIMHHHM MMEIOT HEeH3MEHHBH BHA M puc. 4.10. BeKToDHMe MHHHH
NpPEeACTaBJAIOT TPAEKTOPUH YaCTHI, KHJ- nons A(r)
KocTd. B Tex Mectax, rpe JUHHH TOKa
CTyuIAIOTCH, JABMIKEHHe XHUIKOCTH O00Jee HWHTEHCHBHO, CKOPOCTbH
ABHXKEHUSA 3JeCh BO3pacraer *.

Ecnu 3azano BekTopHOe noje A=A(r), To, no onpejeneHHio

BEKTODHOH JIHHHH, ee 3JeMEHT dr, HanpaBJeHHBIN [0 KacaTeJbHOH,
KOJIJIMHeapeH ¢ BeKTOpoM A B JaHHOHA TOuKe, T. e,

dr x A=0.

910 ecTb BeKTOpHas (opMa JAuddepeHnHaJbHOrO ypaBHEHHS
BeKTOpHHX JuHui. OTciofa, YUATHBASA PONOPIHOHAILHOCTD KOM-
MMOHEHT KOJUIMHEAPHbIX BEKTOPOB, HOleun B ﬂeKapTOBOﬁ CHCTEeMe
KOOPJHHAT

dx, _ dx, _ dxy
A (%, X9 X5) Ag(xy, xa %3)  Ay(xy, Xg, %3)°

(4.15)

[TpounTerprpoBas 3Ty cHcTeMy ABYX adddepenuuasbHbIX ypas-
HeHHH, MOJYYHM CeMeACTBO BEKTOPHHIX JHHHA noas A(r).

B cayuae RectaumoHapHoro noas A(r, t) puddeperunagbHOe
ypaBHeHHe BEKTOPHBIX JHHMH HMeeT aHAJOTHUHBIA BHA: OPH 3TOM
BpeMsl [ HajoO paccMaTpHBaTb Kak (GUKCHPOBAHHBIA napamerp, omn-
peReNstOIIUEA B KaXKAblfl MOMEHT BpeMeHH BhJ ceMeHACTBa JHHHA.
TOKA.

Ecniu A=40%** B HeKOTOpOH ToOUKe, TO uepe3 Hee NPOXOAHT
OfHa U TOJLKO OJH3 BEeKTOpHAsA JHHHA, KacaTelbHas K KOTOpOH

* B cBepx3BykoBOM NOTOKe —Ha060pOT, CKOPOCTH B MeCTax CTyHmIEHHs
BEKTOPHHX nuHH{ yCuBaer.

** Teopema cymecTBoBaHHS pemeHust cucremsl (4.15) TpeGyer, kpome
A # 0, ewie ¥ HenpepuiBHocTH A, Ag, A3 BMeCTe ¢ HX NEePBHMH NPOM3BOJHHMH
no KOOpAHHATaM.
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B JaHHOH TOUKE HMeeT onpeje/leHHOe HalpaBJieHHe, T. €. COBNajaer
N0 HANpPaBJEHHIO C BEKTOPOM MOJIf; ypaBHEeHHEe KaKOH-1u60 JHHHH
TOKa BHIReJaseTcd W3 CeMefCcTBa oOnNpejeseHueM MOCTOSHHBIX HHTe-
TPUPOBaHHUA W3 yCJOBHA NPOXOXKAEHHS uepe3 NaHHYIO TOUKY.

Ecan B kako#i-to Touke A=0 (Bce sHamenareau (4.15) obpa-
WAOTCS B HyJb), TO HalpaBJjeHHe BeKTODHOH JHHHHM B 3TOH TOUKe
CT2HOBHUTCA HeONpene/eHHbIM; Yepe3 3Ty
TOYKY MOXKeT IMpPOXORHTb GecKOoHeuHOe
MHOXKECTBO JJHHHH, MOXKeT U He NMpoXxo-
AWTH HH OfHOH. TakHe TOUKU SABJAIOTCS
0COOLIMH TOYKAMH CHCTEMbI YpaBHEHHM
(4.15).

BekTOpHbIE JIMHHAM MOTYT AaTbh HEKO-
TOpble CBEAEHHA O CTPYKType BEKTQPHO-
ro noas. BoJsee cyuectBeRubt Judie-
peHunaJbHble XapaKTepHCTHKH BeKTOp-
Puc. 4.11. IloTok BektOpHO- HOTO IOJIA.

To nosf yepes NOBepXHOCTh MMoTok BekTOpHOro noas. Ilycrts aBy-

CTOPOHHAA W KYCOUHO-T/IaJKaf MOBepX-
HOCTb S, 3aMKHyTas HJH He3aMKHyTas, IOMellleHa B BEKTOpHOE
nojge A=A (r). PaccMotpuM ee sneMeHT dS ¥ onpejequM B HEKO-
TOPOH TOYKE 3TOrO 3/MEMEHTA MOJOXKHUTENbHLIE OpPT HOPDMAJH I8 H
BekTop noas A (puc. 4.11).

[TotokoM BekTOpHOro moss A(r) uepes ajeMeHT dS HasbiBaercs
BeJMYHHA

r

A-ndS=AdS.

ITomoxom eexmoproeo noas A (r) uepes BCIO NMOBepXHOCTb S Ha-
3LIBaeTCsl MOBEPXHOCTHHIH HHTErpal

{{ a.nas=({ a,4s. (4.16)

S S

STOoT MHTerpaJ onpeaenseTcs KaK AJds 3aMKHYTOH, Tak H RJad
HesaMKHyTOH mnoBepxHoctu S. TloBepXHOCTHBIH HHTerpan MOHH-
MaeTcs KaK CyMMa COOTBeICTBYIOMIMX MHTErpajoB Mo TIJaaKHM
KyCKaM, COCTaBJSOUMM MoBepXxHOCTh. CkajsfpHoe NPOU3BeleHHe
A.n BblpaxaeT NPOEKIHIO BeKTOpa NOJA Ha IMOJOXKHUTEIbHOE Ha-
npaBJjeHHe HopMmanu n. IToHATHe NMOTOKAa BEKTOPHOTO NOJA Onpe-
JeNeHO He3aBHCHMO OT CHCTEMBbl KOODJAHHAT, B CHCTEME JeKapPTOBLIX
KOOpAMHAT MOTOK MOKeT ObITb 3anucaH B Qopme

SS A-ndS = SS {A, cos (x;, m)+ A,cos(x,, m)+ Azcos(x;, n)}dS.
S S

CMHIC/1 MOHATHA MOTOKA BEKTOPHOro MoJifl yepe3 MOBEPXHOCTb NOACHHM Ha
XapakTepHOM IlIpHMEpeE,
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[TycTe B NpocTpaHCTBe 3ajaHO CTAallHOHApHOe [BHXKEHHe HeCXKHMaeMol
KHAKOCTH, 3anoMNHswouiedl HepaspH3HO JAaHHOe NPOCTPAHCTBO, TaK 4TO BEKTOP
CKOPOCTH TeueHHS XHAKOCTH V=V(r) ects HenpepuBHas $YHKUHA TOUKH.

Onpegennm KOJNHIECTBO XHAKOCTH, NPOTeKaiowedl B €AUHHLY BpeMeHH ye-
pe3 HEKOTOPHIH KYCOK ryiaakodi nosepxHOCTH S (pHc. 4.12).

PaccmoTpuM Ha MNOBEPXHOCTH HeKOTOpbil sxeMeHT dS ¢ BHewrHe#d Hop-
Mmanpio n. KoHTyp 9Toro sneMeHTa onpejensier sneMeHTapHyio mpybky moka
AB-—noBepXHocTh, 00pa3oBaHHYIO
BEKTOPHHIMH JHHHAMH, TpOBEJEHHbI-
MH Hepes TOYKH He6o/bIIOro 3aMK-
nytoro Kontypa. Hepes nioGoe no-
nepedHoe ceyeHue TPYOKH MNpoXo-
AWT B eAMHHLY BpeMeHH OJHHa-
KOBOE KOJHYECTBO XKHAKOCTH. UTo6H!
MNOACYHTATh 3TO KOJIHUECTBO, 3aMe-
THM, YTO 33 €fHHHUY BpemeyH dif
uepes dS npofiner o6beM KHIKOCTH,
paBHblii 06bEMY LHJIKHADA C OCHOBA-
uneM dS wn obpasywoweil |V |dt, a
BHCOT3 A 5TOro LHJIHHADA, OUEBHA-
Ho, paBHa INpOEKUHH Bektopa Vdi
Ha HopMaJlb K OCHOBAHHIO, T. €.
h=|V]dtcos(n, V)|=|V-n|dt.
CrnenoBarenbHO, B eIHHALLY BPEMEHH
yepe3 sJaemMeHT dS npofizer B Ha-
npasieHHd 1 of6beM XuakocTH, Puc. 4.12. [ToTok BekTopHOTO NOMA CKo-
paBHbiil POCTH [BHKeHHS KHIKOCTH 4epe3 [o-

= — V. BEPXHOCTb YHCEHHO pPaBeH OOBEMY Kuf-
dQ=|V|cos{(n, V)dS=V.ndS. KOCTH, NpOTEKAOMER B CIMHHLY Bpe-

MeHH Yepe3 3Ty NOBEPXHOCTb

TMonuuil o6beM Q KHAKOCTH,
NpOTEKAOUIHH B EAHHHLY BpeMeHH
yepe3 BCIO NIOBEPXHOCTh S, nojyuaercs HHTerpupoBaHHeM dQ 1o Beeil mosepx-
HOCTH, T. €.

Q= SSS V-nds.

Takum o6pa3oM, nomoxk sexkmoprozo noan ckopocmu V Hecocumaemod ocud-
Kocmu 4epe3 sfemenm nosepxnocmu dS 4ucaenno paser o6vemy mcudkocmu, npo-
mexeroujell 6 eOuUHUYY BpEMENU Yepe3 coomeemcmeyowyio mpybKky moka, a nomox
V uepes nosepxnocmb S (3aMKHYMYyw uAL HE3AMKHYMYIO) 4ucaenHo paeen 06%-
emy ocudxocmu, npomexarowel 6 eQuNULY BPEMENU 4Yepes smy nogepxHocme,

Ec/ii XHAKOCTH HECXKHMaeMa, TO AJf IIOACHETA MacChl JKHJAKOCTH, MNpOTe-
Kaiouteft yepes noeepxuoctTs S B eJHHUUY BpEMEHH, JOCTATOYHO O6BEM YMHOXHTD
Ha NOCTOSHHYIO BCIOAY IIOTHOCTb XHAKOCTH, T. €.

m=pQ=p SS VendS.
S

B cnydae HecHMaeMoOfl XHAKOCTH HeOOXOAHMO 1Jisl NMOACYETa 3ajaTh CKa-
JipHOE MoJe IMOTHOCTH, T. €. P=p(r). Toraa Macca XHAKOCTH, NPOTEKalo-
ed B eMHKILY BPEMEHH Yepe3 MoBepXHOCTb S, paBHA NOTOKY BexTOpa p (7) V (r)
yepes 5Ty NOBEPXHOCTb, T. €.

m={{ ov.nas. (4.17)
S
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Beanunra A.ndS nonoxkurtenbHa, ecad A u n# o6pasyioT ocr-
puifl yroa, M OTpuuaTe]bHa, €CAH STH ABa BekTOopa 06pasyioT Ty-

noit yroa. Cnefosatenbho, B HaueM lpuMepe Q = SS V.ndS npen-
S
crasasier co6ofl u306imoKk KHAKOCTH, NpoTekamomel B CTOPOHY

N0JI0XKUTEILHON HOPMaad 7, a He abCOMIOTHOE KOJHYECTBO XKHJ-
KOCTH, Npomefiel yepes S He3aBUCHUMO OT HalpaB/ieHHs TEUEHHS.
B cBA3u ¢ 3THM 0COG0 OTMETHM cjaydall 3aMKHYTOH 1OBEpXHO-
ctu (S, na puc. 4.12), orpanuuuBaioledl HEKOTOPHHA 06bEM T.
Yea0oBHMCSE BCerja HanpabJsiThb f# BO BHEUIHIOO YacTh MPOCTpaH-
CTBa TaK, YTO JBHIKEHHE XHIAKOCTH B CTOPOHY IOJOXHTE/IbHOH
HOpMaJH n O3HaYaeT «BbiTeKaHde» H3 oO6beMa T, a B CTOPOHY
(—n)—«BTekaHne». Toraa BenWyuHA NOTOKA Q, BHIYHC/EHHAs AJIst
3aMKHYTO!l MOBEPXHOCTH, AACT pPa3HOCTb MEXKAy MXHAKOCTbIO, Bbl-
Tekawuieil ©3 o6beMa, OrpaHHUYeHHOH 3TOH NOBEPXHOCTHIO, H XKHUA-
KOCTbO, INocTynamowefi B 3TOT o6beM. PaBeHCTBO HYJIO MOTOKa
CKOpPOCTH JKHJKOCTH yYepe3 3aMKHYTYyIO MOBEPXHOCTb O3HaYaeT, clle-
JN0BaTeNbHO, UTO B 00beM T BTeKaeT XKHIKOCTH CTOJNbKO, CKOMBLKO
U BhiTeKaeT. ECaH NOTOK Q NMONOKHUTENEH, TO B of0beMe T €CTb
HCTOYHHKH, T. €. TakHe MecTa, Ijle XKHJAKOCTb Kak-TO CoO3jaercs
(sanpumep, TpyOGOUKH, M3 KOTODHIX BbIGpAchiBaeTCs AOMOJHHTE/IBHO
AKHUJIKOCTb, KYCKH Tawoulero Jbfa # T. n.). Ecau nmorok Q orpu-
naTeJeH, TO B o6beMe T ecTb CMOKU, TAe XHAKOCTb KaK-TO «yHHY-
ToXKaeTcs» (3aMep3aeT, ucnapsercsd ¥ T. IL). ,

Ecau XHAKOCTb CHKHMaema, T. €. IJIOTHOCTb P =P (F), TO poOJb
HCTOUHUKOB AJI IOTOKa CKOPOCTH MOTYT BHITOJHATL MeCTa pas-
peXeHHS, yMeHblIeHUs MIOTHOCTH, a POJIb CTOKOB—MecTa yIioT-
HEHHst, yBeJuUeHHs MJIOTHOCTH. JIeACTBUTENHHO, MOCKOJbKY Macca
WHUIKOCTH OCT4eTCsi HEH3MEHHOH W yMeHblleHHEe MJIOTHOCTH O3Ha-
yaeT yBeJluyeHHe o0beMa, 3aHHMaeMOro XHAKOCTbIO, TO H3 MeCT
paapekeHHs MOABHTICA NOTOJHUTEJbHBIA MOTOK XHJKOCTH, yBeJd-
qyBAOHA €€ CKOPOCTh.

TaxuM o6pa3oM, BeJHYHMHA IOTOKa BeKTOpa Yepe3 3aMKHYTY!O
NOBEPXHOCTb NMO3BOJISeT HEKOTOPbIM 00pa3oM OLUEHHTh NOBefeHde
noas B 06sacT, OrpaHHueHHOR 31Ol noBepxHOCTbIO. ONHAKO TaKas
OlleHKa JJIsi KOHeuHOH 06/1aCTH MOXKeT OKa3aTbCsi BecbMa npubiu-
weunofi. Hanpumep, paBeHCTBO HYJ/I0 NOTOKa NOJA CKOPOCTH
KHUIKOCTH Yepe3s 3aMKHYTYIO IIOBEPXHOCTb MOMKeT O3HauaTb HJH
OTCYTCTBHE BHYTPH 00beMa, O'DAHHYEHHOrO €10, HCTOUHHKOB # CTO-
KOB, WJ¥ HalHuyMe HMCTOYHHKOB H CTOKOB DABHOH MOMIHOCTH *,
HJIH, MO KpafiHe# Mepe, Ha/IM4HE TAKOrO pacnpeneseHdsl UCTOUHH-
KOB H CTOKOB, YTO X ofllas MOWHOCTb pPaBHA HYJIO.

* [lon MOWHOCTHIO MCTOYHHMKA (CTOKa) MOHUMAETCS KOJHYECTBO XKHJIKOCTH,
KoTopoe Bu6pachiBaeTcs (3a6upaeTcs) B EAHHHLY BPeMEHH HCTOUHHKOM (cTokoMm).

156 —

4.4. Bexmopnoe nose. [Jueep2enyus u 6uxpb 6eKmMOPHOZO oA

B cBsisy ¢ 3THM OKasbiBaercs YJOOHHIM BBeCTH B paccMOTpe-
HHE A0KQALHYI0, TOUEUHYIO XapaKTePHCTHKY Dacnpefe/eHusl HCTOY-
HHKOB M CTOKOB B JaHHOM I0Jie XKHAKOCTH, TaK HasbiBaeMyio Ou-
gepeenyuio * CKOPOCTH.

PaccmMoTpuM nofpo6Hee MOHSATHE AHBEpreHUHH BEKTODHOrO noJs.

JluBepresunsi BeKTOpHOro nonsi. BekTopHas ¢opmyaupoBka Teo-
pembl Ocrporpaackoro. [luBepreHnus BeKTOPHOrO noJas A(r) sB-
AsieTCA CKa/lApHOA (yHKUHeHd TOYKH M, TakuMm oBpasom, oGpasyer
CKaNfipHOE ToJie, MOCTPOEHHOe MO [aHHOMY BEKTODHOMY TMOJIO.

®HKCHPOBAHHYIO TOYKY M BEKTOPHOrO TOJIA OKPYXKHM IpPOHU3-
BOJIbHOW 34MKHYTOH TOBEPXHOCTBIO S, BBIYHCJMM TMOTOK BEKTODA
A uepes S ¥ pasjelHM Ha BeJUYHHY O6beMa T, OTPAHUYEHHOTO S:

HSSA-nds.

[pu ruipoAHHAMHUECKOA HMHTepNpeTauxyd MNOTOKA BeKTOpa 3Ta
BeJvuMHA MOXKeT ObiTb Ha3BaHa CpejHeH MOHIHOCTbIO HCTOYHHKOB
H CTOKOB B 06BbeMe T, NpUXOjsllelics Ha eAHHHUY o0beMa.

MozKeT OKasaThCfl, YTO CyHIeCTBYeT Iipejesl 3TOTO OTHOLHEHHS,
KOTla o6heM T CTATHBAETCs MO NPOHU3BOJbLHOMY 33KOHY K Touke M
TaK, 4TO NJOWAaAb OBepXHOCTH S, orpaHuuuBalomei 3ToT 00BEM,
H BeJHUHHa O6BeMa T CTpeMATCA K Hy/mo. Torja aToT npefes Ha-
asiBaetcst Ougepeenyueti nons A B Touke M u o6osnauaercs (divA)y.
Takum 06pasoM, NO ONpeAesEHUI)

(div A),, = lim %ﬁ A.ndS. (4.18)
T>0 ’
@-M S

SuaueHue 3TOTO Npefeia He JOJNKHO, MO ONpeleJeHHI0, 3aBHCETh
OT BHJa NOBEPXHOCTH S.

. He ana BCAKOrO BeKTOPHOTO MNojsfi A MOXKHO IOCTPOHTbL MOJE
auBeprediuu div A.

Jlusepeenyus eexmoproeo noas A cyuwecmeyem 6 KancOoll mouke,
ecau komnounenmor noas A, A,, Ag Henpepvigno. emecme ¢ 4acm-
HOIMU NPOU360OHbIMU NO KOOPOUHAMAM. '

JloKa3aTeJbCTBO 39TOTO yTBEepXKAEHUA CJelyeT H3 TeOpeMbl
Octporpaackoro. B n{;)e.uno.nomenmx CyMIECTBOBaHHA M HeNpepbiB-

Hoctd A;, A,, A, aix:, 3712’ %‘:‘—lj’ u3 ¢opMmyJbt (4.3,a) uMeeM:

Lff s =L (T (e

* divergentia (nar.)—pacxonuMocTb.
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Ecau obnacte v crarmBaercs K HEKOTOpOH CBOell BHyTpenHell
TOYKe M, TO mHTerpasn cnpaBa WMeeT MNpelies, PaBHbIM

(6.41 0A, GAS')
o

9x, ' 3x, | dxy

Toraa, caepoBaTenbHO, HOJKEH CYLIECTBOBATb H Ipelies JeBOH

9acTH, KOTOPHHA 10 onpegesnenuio (4.18) paBen muBepreHuuu noJs
A B Touke M.

Takum o6pasom, div A B 1eKapTOBHIX KOOPAHHATAX BbIYUCIAETCS
no gopMyJe
04,

— 04, | 9A, _ 04,
div A =%, +ax2 +6x3 =0 (4.19)
| 72
< ]
”:—L’- | AS, n.’=2’
=g e
/ ,//L_____ .
T 4 = A(z,+0%,,2,,%,)
A,z 7,) : -
0, T
%

Puc. 4.13. Buiuncnenne divA 8 npsmoyronsHuix Aekap-
TOBBIX KOOpAHHATax

S10 ke BHpaKEHHE MOXKHO MONYYHTb HENOCPEACTBEHHO, eCAHM NOACUHTATH
MOTOK BeKTOPAa A uepe3s NOBEPXHOCT> GeCKOHEUHO Masoro napaJnenenHnena
C rpaHfiMHu, NapainelbHHMKE KOODAHHATHBIM N0CKOCTAM. BuGop Takoi nosepx-
HOCTH He OTpaHHYHWBaeT o6WHOCTH onpeneneHns div A, u6o npepen (4.18) He
SaBHCHT, NO OMpesg/eHHIo, OT hoPMbl NOBEPXHOCTH.

[lyete AS;, AS;, ASz—nnowann rpaHeil 6ecKoHeYHO Manoro napannene-
nenepa (puc. 4.13), nmepneHAUKY/IAPHBIX COOTBETCTBEHHO OCHM X1, X3, %¥3. Ha
NPOTHBONONOKHHX TIpPaHAX OPTHL HopManelt pasubl , W —i,, rae I,—opr
ocu (x). Torna

diva=lim L{{ 4 45 -
s

T-2>0 T
1
=t1{‘)“0 Tl A 4 Axy X, x0) =1y A (xy, Xa, x3)] AS;+...}=

1
=tlil::) '.E{[Al(xl'l'Axp X2, X3)— A, (xy, x5, x4)] ASl-}-...}:
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[Tockonbky
AX AS1=Ax,ASy; =AxgAS; =T,
TO
0Ay_0A, 04y 04y

div A=G " =ox, Tox, Tox, '

Crenyet, OJHAKO, NMOAYEPKHYTb, UTO cKajsipHoe noJge div A Bee-
JIEHO HE3aBUCHUMO OT KOOPAHHATHOH CHCTEMBl 4 B BeipaxkeHuHd (4.18)
npaBas 4acTb, OYEBMAHO, He 3aBUCHT OT BHIOOpa CHCTEMbl KOOp-
JAMHAT.

s toro utobbl nmoayuyuTb Bblpamenue divA B moboit apyrofi
CUCcTeMe KOOPJHHAT, MOXKHO BOCIOJb30BaTbCH onpeiencHueM (4.18),
fle B KayecTBe GeCKOHEUHO Majiofi MoBepXHOCTH S BhiGHpaTh No-
BEPXHOCTb, COCTOAIYI0 U3 KYCKOB KOODAMHATHBIX MOBEPXHOCTeH.

HUcnonp3ysi noHsATHe AMBepreHUHMH, BBeR€HHOE HE3aBUCHMO OT
KOODAMHATHOH CHCTeMbl, MOXHO 3anucatb (opmyay Octporpazn-
ckoro (4.3, a) B Buae

divAdi=\\ A.ndS. (4.20)
51 i$

S

B takoM Buze ¢opmysaa OcTporpaickoro MMeeT LWIMPOKOE MPH-
MeHeHHe BO MHOTHX pasjiesiaX TeopeTHUecKOH ¢usuku. ‘

Takum o6pasom, teopema OcTporpaackoro MoxeT ObiTh cop-
MyJHPOBaHa Tak:

Humezpaa no o6vemy om Ousepeenyuu 8eKMOPHO20 NOAA PABeH.
NOMOKY NOASL 4epe3 NosePXHOCLb, 02PAHULUBAIOUYI0 dImom 06vem, ecau
KOMNOHEHMbL NOAS B8MECE € UX HACMHbIMU NPOU3BOOHBIMU Henpe-
poigrbt 8 0bBeme U Ha NOGEPXHOCMU.

HUcnoansysa Bhipaxkenue (4.11) paa onepatopa V, MOXKHO 3aIH-
catb divA B BuZe

a4 04 . 0
leA —'m'—tk axk

-A=V-A. (4.21)

TakuMm 0Gpa3oM, B 3TOM cJay4Yae TNpHMeHeHHe oneparopa V
K BeKTOpy A o3HauaeT CKaJsApHOe yMHOXeHHe CHMBOJIHYECKOro
BeKTOpa V Ha JaHHbI/ BekTop A.

PaccmartpuBas BoipaxkeHus (4.14) u (4.18), Mbl MOXeM mpuaath
onepatopy V Bu, He 3aBHCAHIHH OT CHCTeMbl KOOPJAMHAT:

v(..)=lim %SSn(...)dS. (4.22)
T—>0 &

Ora cuUMBOJIHUECKasi 3aNuCh YCTaHaBJIMBaeT, 4YTO NPHUMEHEHHe
onepatopa V K HEKOTOPDOMY BblpaxkeHHio (...), CKaJapy ¢ HJH
BeKTOpDY A O3HauaeT BHYHCJEHHE ONpeAeJeHHOro npepena, CTosi-
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mero cnpaBa B (4.22), a uMeHHo:
. )
o= lim < || mods

: 1
VA= lim — Sn-AdS.
T—>0 T s

Paccmotpum HecKonbKO NMPHMEPOB, PasbACHAOWHX PH3HUECKHN CMHCK OH-
BepreHunH BeKTOPHOro noJs. :

1) JluBeprenuus moas CKOPOCTH XHAKOCTH. PaccMOTpuMm cTausoHapHoe
nosie ckopoctd V(r) xuakoctn. BuGepem B HeMm HekoTOpY® Touky M u ok-
PyXuM ee noepxHOCTbIO S, orpaHuunBaouyo o6vem T. Ecaiu norok ckopoctu

1
uepe3 3Ty MOBEPXHOCTb IIOJIOXKHTENEH U, CAENOBATENbHO, —SS V.ndS >0, 1o
T
S

3TO 3HAYHT, YTO M3 OGNACTH T yepe3 S BHITEKJO XHAKOCTH 10 o6beMy Gonblue,
ueM gowno. Ecnv B 06nacT T HET HH HCTOYHHKOB, HH CTOKOB, TO TOTAa M
JOJIKHBl 33aKJIOYHTB, UTO B 06J1aCTH NPOHCXOAHMT paclUHpeHHe JKHAKOCTH, T. e.

yMeHbllleHHe ee MAOTHOCTH. Benuunna FSS V.ndS xapaxtepusyer B cpeanem

S
3TO 06BeMHOe DACUIHpEHHe KHUAKOCTH B OGMACTH T B EAHHHLY BpEMEHH, T. €.
OH3 NpejCTas/ifeT COGOH CPEeAHIO CKOPOCTh OGBEMHOTO paciIMpeHus (HaH

CXKaTHf, eCJH OHa OTPHUATENbHA) JKHUAKOCTH B 06-
aacte 1. CrepoBatensHo, npegen

(div V)= lim _’_SS V.nds,
120 T
()M S

€CJIH OH CYWEeCTBYET, XapaKTePH3YEeT CKOPOCTb H3Mme-
HeHHd 06beMa XHAKOCTH B Touke (M). 3To o3nauaer,
UTQ eCJIM YaCTHUA XHAKOCTH B Toyke M umesa o6bem
A1, 70 wepes exmHHUY BpemeHH ee o6beMm Gyzer AT,
npuyem

AV =AT (1 +div V).

EcTecTBeHHO, 4YTO B NOJME TeyeHHS HeCKHMae-
MO JKHAKOCTH, JIHIIEHHOH HCTOYHHKOB M CTOKOB, B
Ppnc. 4.14. Buneaewne  gaxpgofi Touke div V=0.
0oco60it TOYKH B Haua- 2) Ypasuenne HepaspuBHOCTH. B cayuae crapuo-

Jie KOOpAHHAT HapHOro JABHKEHHS KHAKOCTH B Jw00Y0 3aMKHYTYIO

of/lacTb B eHHHIY BpeMeHH BOHjeT 1o Mmacce cTofb-
KO XHAKOCTH, CKOJLKO H BHLET, eciy BHYTPH 3Tolt 06NacTH HeT HCTOUHHKOB
H crokoB. Taxum o6pasoM, yuutmBad (4.17), moayusM pjas moGoli samxuyroht
NoBePXHOCTH

SSS o V-ndS=0.

Eciu NAOTHOCTL M CKOPOCTH JKHAKOCTH B KaKJOH TOUYKEe MOXKET MeHATbCA
C TeueHHeM BpeMeHH, T. e. p=p(r, ), V=V (r, f), 10 B ofnactu 7, orpa-
HHUYEHHOH NMOBEPXHOCTHIO S, B eAHHHLY BPEMEHH NPOHCXOAHT MSMeHeHHEe MACCH

KHJAKOCTH, paBHoe
7§)] e
ot par.
T
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[lockosbky o6nacTb T aHHMaeT HeKOTOPWH dHKcHpoBaHHHN 06bEM, TO
0 _ ap
a7 55§ pan= {85 5 e
T T

dTo u3MeHeHWe MacChl KHAKOCTH BHYTDH HEMOZBHXKHON BOBEPXHOCTH
AOMKHO OHTb paBHO TOfl Macce, KoTopas Mpouina B 06JacTh T “epe3s losepx-

HocTe S, T. e.
dp
Sﬁﬁi dr:-SS pV.ndS.
T S

(3H3K (—) 3mecy nocTaBjeH B CBSI3H C TeM, 4TO +SSn-deS onpejeJsser
S

Maccy, BbITeKaiomyio H3 T, TaK Kak m — OpT BHelune#l K T HOpManH

BocnoassoBaBuince ¢opmyJtolt Octporpanckoro Ang npeo6pa3oBaHkfl mpa-
BOH YacTW 9TOro BHPAMEHHA, MONYYHM

555 (gte"'di" PV) dr=0.

Tax Kak 3To ypasHeHHe uMeeT MeCTo AJf MoGoro o6beMa %, TO MpW Hempe-
PHIBHOCTH MOABLIHTErPajIbHOrO BHIPa’KEHHS HMeeM: .

g%)—}-div pV=0. (4.23)

2T0 —H3BECTHOE ypaBHEHHEe HEPA3PHIBHOCTH 33POMEXaHHKH.
3) MoJse ucTOUHHKOB M CTOKOB. PaccMOTDHM BeKTOpHOE NoJe BHAZ

A(r)== L

8’

rae g ==const, r=11x;+4 f3xy-} i3x3—paauyc-sexTop. BBHIYHCANM ZHBEpreHUHIO
storo noJasl. [loayuumi

0A, ¢ (r"' —-Sxf)

O

04, q(r*—3x3) )

0xy rs '

04y  q(r*—3x3)

dxg 76 )

Orciona, BO Bcex Toukax, KpoMme Hauana xoopAwHAT (r =0), nmeem:

A 0A; 0Ay 0As g 3
div A='-a"x—1'+a;+m—3r3— 78 0.

B npauane koopannat divA (Bnpouem, kax M cam BexTop A) He onpefe-
JIeHa; 3Ta TOYKAa HE MNPHHAAMEXKHT IOJIO.

HerpynHo suaets, uTo anfl Jwboil o6nacTu, He BKJIOUaouleldi Hadano KO-
opAHHAT, NOTOK Yepe3 ee MoBepXHOCTh S paBeR HyJo, H60 BO BCEX TOuKaXx
obnactn divA=0, H, cirepoBatensuo, no Teopeme Octporpaackoro (4.3, a)
H NoToK uepe3 S paBeH HY/IO. o
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Buiunc/auM noTok BekTopa A Yepe3 3aMKHYTYIO [OBepXHOCTb, OKpYyXaio-
Ly} Hayano KOOpAWHAT.
Ecnn noBepxHoCTh S OKPYXaeT Haua/lo KOOPAWHAT, T. €. 06MacTb T BKJO-

A

4aeT TOUKY, rae HH A, HH a—i‘ He omnpejeNeHbl, TO HeNOCPeACTBEHHOE INpHMe-
&

HeHne TeopeMn OCTpOrpajckoro HeBo3MOXHO. [ind BHYHCJIeHHS [OTOKA BeK-

Topa A uepes S onulEM H3 Hayaa KOOPAMHAT cHepy pajHyca p C NOBEPXHOCTHIO

e (puc. 4.14), npamennM teopemy OcTtporpaackoro K 06/1acTH T, 3aKJ/iOUeHHOH

mexay S u £. B stoft o6nactu Bcioay div A=0, nostomy

SS A-ndS-- SS A:-nde =0.
S e

Mo Ha cdepe (g) nmeem:
Al =Alr=¢=qp/p%

nf,=—p/p.
CaepoBatenbHo,
SS A-ndS=— SS A-nd8=SS g p/p®-p/p de =p—‘2 SS de=4ng.
S e & £

Takum OGPZSOM. MOTOK BEKTOPHOro MmoJas A gepe3 0OBePXHOCTb, OXBATHI-
Baoulyo Ha4aJ/Jio KOOpPAHHAT, OTMAHUYEH OT HYJA H paeeH 431,(].

Puc. 4.15.

8) HCTOUHHK; 6) cTOK

STo BeKTOpHOE I10JIE HA3LIBAETCs MOJIEM TOYEYHOro HCTOYHHKA (¢ > 0) Han
cToka (g < 0) (cp. sapauy 24, ri1. 4). O6wull xapaktep BEKTOPHHX JHHUH TO-
Jieil ToueyHOro HCTOYHHKA H CTOKa NokKasaH Ha pHc. 4.15. O6bYHO NoNe HCTOU-
HHKA 3aMHCHIBAIOT B BHJE

Qr
A=> L 4.24
dnr3 ’ ( )
rie Q —MOWROCTL (OGHABLHOCTD) UCTOYHHKA MJH CTOKAa, paBHas IOTOKY Bek-
TOpa A uepes MoBepXHOCTb, OXBATHBAOULYIO MECTO HCTOYHHKA. Taxum obpasom,

MOLLHOCTb HCTOYHHKA (CTOKa) onpejessiercs OOBEMOM MHAKOCTH, KOTopas
Bbi6pachHBaeTcs (3a6HpaeTcs) B €HHELY BPEMEHH HCTOUHHKOM (CTOKOM).
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4.4. Bexmopnoe nose. [ueepeenyus u BUXPL 8EKMOPHO20 NOAR

HBprllHO NoKa3aTb, 4YTO IOJIeé HCTOUYHHKOB, PacronoXeHHBX B TOYKAX,

Ofpefie/iseMEIX DAaNHYCAMU-BEKTOPAMK Fy, Fy, ..., 7, C MOWHOCTAMH Qy
Qg ... . Q, umeer BuA:
1 r—r r—r r—r
a=z-(q : SR el SR
T\ r=np Tt +Q"Ir—r,,)9

n
=1 r—re
_Ekz_le r—rgl®’

Buxps (potop) BektOopHoro moas. Bektophas dgopmyamposka
teopembl CTokca. Hapajy c amBepreHuuell BekTOpa BaxHOe 3Haue-
HHe uMeer Apyras AndpepeHiinaabHast XapaKTEPHCTHKA BEKTOPHOTO
nojsa—poropa * BekTopa A, MJAM BHXpb BekTOpa A. DroT BEKTOp
6ynem o6o3nauatb rot A.

BekTop rot A B Touke M onpepensiercsi Kak npejes OTHOLWEHHS
HHTerpaja M0’ MOBEPXHOCTH OT aKCHAJIbHOTO BEKTOPa K 06BeMy

—}SSS (nx A)dS

npu CTArMBaHUU ofbeMa T K TOuke M.
TakuM o6pa3om, BekTop rot A sIB/sIeTcs aKCHAJbHBIM BEKTOPOM

(nCceBAOBEKTOPOM), pPaBHHIM IO ’

omnpejeseHUIo )

(rot A), = lim %SS (nx A) dS.
' oM S (4.25)
CrefoBaTe/ibHO, (POPMaljibHOE

OANANNANANAY .
————— ; P

A\NNN
‘e 3

THYHO OMNpeJe/eHUI0 rpajHeHTa
cKaJapHoro noas (4.14), ausep-
FeHUHH BEKTOPHOro nojs (4.18)
B TOM CMbIC/E, YTO OTBICKHMBa-
eTCA npejie/l OTHOUICHHS BeJH-

SONNNNNAN

YHHbl HEKOTOPOro MOBEPXHOCT-
HOro MHTerpasa (B KaxjoM cJjy-

Puc. 4.16. Onpezenenne rot 4 B Touke;
MOJIOKHTE/IbHHA 0o6Xon KoHTypa L n
Hanpasjende I ofpasyior mnpasyw

qyae cBOero) K Be/JHYHHe OfBbeMa, cHCTeMy
OTPAaHHYEHHOTO  MOBEPXHOCTHIO .
MHTETPUPOBAHHSA, NP CTATHBAHHH 06/1aCTH T K HEKOTOPOH BHYT-
penneit Touke. [lpegesn 3ToT, mo onpepedeHuo, He 3aBucum om
gopmor Geckoneuno manoli nosepxrocmu.

Mu BOCnONb3yeMmcst  3TUM  OGCTOATENHCTBOM At BhIACHEHHSA
TeOMETPHYECKOTO cMbic/la rot A W BO3bMEM B KayecTBe NOBEPXHOCTH
S N0oBepXHOCTh GeCKOHEYHO MAJOro MPSAMOro uusanHApa (puc. 4.16).

* rotare (s1aT.)——Bpauiats.
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O6pasyomas 3TOr0 WHJHHAPA HMeeT LnuHy Al ¥ OpHEHTHpOBaHa
no opty ! HekoToporo HanpasJjendus (puc. 4.16), 60koBast OBepX-
‘HOCTb S,, a NOHBILIKH S, ¥ S, HMET paBHyw mJowagb (S, =
= 8, = Ac). Tlyctb, HaKoHel, Ha GOKOBOA NMOBEPXHOCTH OPT BHELI-
Hell HOpPMAJH My, a Ha JOHBILKAX—M, U Ny, NPHYEM [=1, = — ;.

PaccMoTpuM npoekuuio rot A Ha HanpaBienue obpasyiolled
uununapa I. Ot6pachiBasi uugekc M B Bulpaxenuu (4.25), monydum

. |
l.rotA=rot,A==tlirr;m{S§ 1.(n,x A)dS, +

_I_SSSI1.(n2xA)dSZ—|—S§S;l-(no><A) dso} .

Tak Kak |=m,=—n,, TO HHTErpalnl IO NOBEPXHOCTAM S; H
S, AalT HyJb.
B unrterpase no 60KOBOH MOBEPXHOCTH S, BOCNOJb3yeMCs CBOJ-
CTBOM HHKJ/IHYECKOH NepecTaHOBKH CMELIaHHOIO NPOH3BENeHUS.
l'(n(,XA)=A-(l>\'n0)=A'(n1Xno). ‘
Torpa, 3aMeuasi, 4TO
dS,=AldL,

(nyxny)dL=4dL,

rae dL-—mnanpaB/ieHHbIH 3JeMEHT KOHTypa OCHOBaHHS UHJMHAPA,
noay4uM o .
' 1 Al
mSSL(nOXA) ds.,_mifA.dL.
Se

OTMeTHM, 4TO B 3TOM BbipaXKeHHH B KadecTBe L MOXHO Opatb
KOHTYD NMOMEPEYHOro CeyeHHs HHUAMHIPA, COAepKallero paccMaTp-
BaeMyio TOYKy M. ‘

CreloBaTebLHO,

forot A=lim o § A-dL. (4.26)
AG—>0 L

310 BbipaxKeHHe MOMKET CJIyXKHTb ONpeleseHHEeM NPOEKLUHH BeK-
topa rotA Ha J/oGoe HanpaBieHde [. 31eCb CleflyeT OTMETHTb
COOTBETCTBUE NOJOKHUTENLHOTO HanpaBJerus [ HanpasJeHuio 06-
xofa kontypa L (puc. 4.19), a uMeHHO: HanpaBJeHHe o00xoAa
KOHTYpa L u nosioxuresbHoe HanpabJ/eHue I MOAUHHSAIOTCS NPaBHIY
npaBoro BHHTa (AJs HaGmogaTens H3 BepituHb [ 06x0n KOHTypa L
COBEpINAETCS NMPOTHB YacOBON CTPEJKH).

Hrak, npoexyus rot A na Kaxoe-aubo nanpasaenue 1 8 Kaocdol
mouKke noAs pasHa npedery OMHOWEHUA YUPKYAAYUU no epanuye
naockoli naoujadku, npoxodawet yepes smy mMouKy, nepnenouKyipHo
k 1, k naowadu amod naowadxku, Kozda epanuya niouwadku cmaeu-
gaemcsa K paccmampusaemold mouxe.
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Tak kak npoexkuus I-rot A 6yaer naumGosbue# Ttorga, Koraa I
cOBMajaeT 1o HanpapJeHHo ¢ rot A, TO W Npefes OTHONIEHUA IHP-
KYJAUAYM 10 TpaHulle MJIOWARKH K MJOWAAK 3TOH nJomanky 6yner
HauboJIbIMM, ecJaH MJouajaka NepneHAnKyaspHa rot A; sto Hau-
GoJibliiee 3HaYeHue Npejesa paBHO Moayaio rot A.

IMpoekunn BeKTOpa rot A Ha OcH AeKapTOBOH CHCTEMEI Yepes
NpOeKIHH BeKTOpa A MOXHO MOJMYYUTb ABYMf CIOCOGaMH.

[epBuIfi c1OCOG COCTOMT B BhHIGOpE MOBEPXHOCTH S B BHJe Napas-
Jejenunela € TPaHAMH, NapaJielbHbIMH KOODAHHATHBIM IJIOCKO-
CTAIM, W TOJACYeTe NpaBOi uYacTd BhipaxkeHnus (4.25). B kauectse
ynpajKHeHHsS UMTaTesto NpeAJaraercss NoJyyuTh 3THM IyTeM NpoOeK-
uuu rot, A, rot, A, rot, A.

Bropoit cnoco6 COCTOMT B HCNOJb30BaHHH Bhipaxenus (4.22)
Ias onepatopa y. Onpepenenue (4.25) Bekropa rot A nokasmiBaer, -
yTo rot A noJyyaercs TakiM NpHMeHEHHEM OnepaTopa v K BEKTOpy A,
KOTOpPOe COOTBETCTBYET BEKTOPHOMY YMHOXKEHHIO CHMBOJHYECKOro

BEKTOpa V=ikm Ha BeKTOp A, a UMEHHO:

.1
rotA--tlirr;7S§ (ndSx A)=vy X A.

Orciona
il iy .8 -
0 9 0
rot A= a—)—c—]‘ 5_9(2 5}; .
A A, A,
CenoBaTesbHO, % (4.27)
rot, A =24 04
127 8xy  Oxy '
0A 0A
roty A=-"1—3"2;
[ =g
ro‘taA--axl %,

CoKpalleHHO i-10 KOMIOHEHTy IceBaoBeKTOpa rot A MoxHo 3a-
nucath B BHIe
0A; 04,

rO'[,-A=5x—k axl N

npuuyeM HHAEKCH (i, 2, [) COCTaBAAIOT LHKJIHIECKYIO NEPeCcTaHOBKY
gucea 1, 2, 3.

Te TOYKH MoOJIsi, B KOTOPHIX BHUXDPb He paBeH HYJIO, Ha3LBaIOTCA
suxpesoimu. OHH MOTYT 06pa3oBbIBaTh HeNbie O6NAaCTH —BHXpEBbE
JUHHH, TPYOKH U T. m.

Buxpb moasi CKOpOCTeHd BpALLAIOMIEroCsH TBEPLOTO Tesla PaBeH
yABOEHHOH YIJIOBOH CKOPOCTH BpalleHHs.
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HehCcTBATENbHO, KaK H3BECTHO, M0JE CKOPOCTeH TBEPAOTO TeJa,
BpAUIAOUIETOCS BOKPYI HEMOJBUIKHOH TOYKH, HUMeeT BUJ

V=oXxr,

rjle @ —MrHOBeHHas yrjoBas CKOPOCTb.
Boiyncaum
rot V=rot(oxr).

Ias npoexuud Ha ocb (X;), y4uThiBas, 4YTO @ He 3aBUCHUT OT
KOOpAHHAT, HMeeM:
oV, v d
royy V=222

Ox,  Oxy  Oxg
d
9%, (03%,—0,X3) = 20,.

AHaJIOrHYHO NMOMYYHM
rot, V=_20,; rot; V=_2u,.
CaenoBaTesbHO,
rot V=_2a.

B cBsi3W C BBejenHeM NOHATHA BHUXPA NOJS U OnpejeseHus
€ro He3aBUCHMO OT CHCTeMbl KOOPJAMHAT NPEJCTaB/AETCH BO3MOXK-
HBIM JaTh HarjsiiHoe TOJKOBaHHE BEKTOPHOH (HOPMYJIHPOBKH Teo-
pemb Crokca (4.5).

YuureiBasi Boipaxmenns (4.27) xas mpoekunii rot A, gopmyay
(4.5) MOXHO 3anucaTb B Buje '

Ssgn-rotAdS=i§A.dL. (4.28)

B Ttakom Buge dopmyna, Buipaxkawouas TeopeMy Crokca, Hauula
mupokoe npuMeHenue. Cama xe teopeMa CTOKCa, HCXOAA M3 3aMHUCH
(4.28), moxer ObiTb chopMy/HPOBAHA TaK:

[Tomox suxpa rot A eexmoproeo noasa A 4epes nosepxwocme S,
02PaHUMEHRYI0 3aMKHYmbM KoRmypom L, pasen yupkyrayuu eexmopa
A no amomy KOHmMYpY, ecau KOMNOHEHMb, NOAS 8MECIe ¢ UX 4acm-
HOLMU NPOUSBOOHbIMU HERPEPBIBHLL Ha nosepxHocmu S u Ha Konmype L.

Huddepenunpopane BeKTOPHOrO MOJS MO HanpasieHuo. Pac-
cMoTpHM AubdepeHUHaNbHYI0 XapaKTePUCTHKY BEKTOPHOTO MoJs,
NOROOHYIO TPajMeHTy B CKaJsAPHOM IoJe.

BekTop rpajueHTta cKajaspHOro NoJs, 3alaHHbBI B Kako#-1u60
TOYKe, onpepensier GeCKOHEYHYIO COBOKYMHOCTb NPOU3BOAHBIX CKa-
JIipa MO BCEBO3MOXHBIM HAlpaB/ICHUAM.

B BeKkTOpHOM mnoJje noA NPoM3BOAHOH BeKTOpa A Mo Hanpas-

Jenuo I (puc. 4.17) 6yjneM noOHUMAaTb BEKTOP %’;, onpejeaseMbiil

npejenoM
dA .. A(+AD—A()
@A
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rae [-—KoOpAHMHATa, OTCYWUTHIBaeMas IO NPAMOH, onpee/iseMok
oprom k. CiepyeT oxujaTh, 4YTO BeJUYHHE, NO3BOJsOMAs Onpe-

dA
ReJATh B TOUKe GECKOHEYHYI0 COBOKYNHOCTb 6eKMOPO8 -, Gynet 6oJee

BLICOKOrO paHra, 4eM BeKTOp (TpajfiMeHT), Onpeienfiollul COBO-
dy
d_l .

PaccMotpiM B BeKTOPHOM I0JIe MOBEPXHOCTh S, OKPY KAIOULYO
HeKOTOpylo Touky M. B Kaxi0# TOYKe 3TOH I0BEPXHOCTH OTHiIEM
OpPT n BHellHeldl HOpMaad 4 BekTOop moas A (puc. 4.18).

KyMHOCTb CKaJasapoB

Puc. 4.17. Puc. 4.18.

B kaxpo#t Touke M BexTOpHOro noas A B kaxpolt Touke M sgekTOpHoOro nons

MOXHO paccMarpHBaThb 6ecKoneqHy}0 COBO-

()
J1 -
KYNHOCTb [IPOH3BOAHHX BeKTOpPa 10 BCEBO3- MOMHO ONpPeASTHTB TPH BEKTOpa Rl fpe

MOXKHBIM Hanpasienusm (I, 1. 1" v T. 1.) fiesibl KOTOPHIX NpH S —» 0 R4l0T BEKTOPH
grad A;, a npoeknud HX O6pa3yi0OT TEH3OP
2-ro pasra

JIJIH KaXjaoh us TpeX KOMIIOHEHT BEKTOpa A coctaBuM BEKTOp

R = js { Anas,

rle T—O06DbeM, OTPaHHYEHHbIH TNOBEPXHOCThIO S.
Jlerko npoBepHThL, UTO AeBATh BeJHUHH (IIPOEKIHH 3THX Tpex
BEKTOPOB) COCTaBJAIOT TEH30p 2-r0 paHra:

R =~ SS An,dS.
S

BekTopnt R{® 3aBucAT OT nmoBepXHOCTH S, HO HX NpeReibHbIE

3HaYeHMHA, eC1H OHH CYLIECTBYIOT, 1O OMNpele/leHHto mnpepesa, He
3aBHCAT OT BHAa GeCKOHeYHO MaJioli NMOBEPXHOCTH S, CTATHBAIO-
welics K Touke M.
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Taasa demsepmasn. Bexmoprel u mensopruil anaus

Hmes B Buay Beipaxende (4.22) 1A onepatopa V, 3TH Ipe-
IeJbHbIE 3HaueHHs Mbl GyjeM o6osHayaTb depes VA;(i=1, 2, 3).
Takum obpasoM,

vA,= lim R{® = lim —SS AndS.
) S

1
T—>0 T=—=>0 T

Creayer, oqHaKo, MOMHHTb, 4TO YV A,—TpH BeKTOpa, a He OJHH,
KaK 3To ObjIO B CJydYae NPHMEHEHHs oOnepaTopa y K CKaJ/sipHOH
¢yHKHMH. B npsMOyroJbHBIX AeKapTOBBLIX KOODAHHATAaX NpUMeHe-
HHe onepaTopa y K TpeM KOMIOHeHTaM A, ompefensercs cjeayio-
muM obpasoM:

, 0 . 9 ., 0 . 0A; |, 0A; . 0A; ., 0A;
VAi=('1§;l—|‘lzg—“x2—|-lsm)Ai=h gx, Thg T (Wg'='k T

Orciona onpejensioTcsi KOMIOHEHTH BEeKTOPOB Y A;; Hampumep,
. JA:

nepBas KOMIOHEHTa i-r0 BeKTopa V 4, paBua z—* u T. . Hetpyano
1

: 0A;
noKa3aTh, 4TO JAeBATbL BEJIHYHUH 5}-’:, ONpENEJEHHBIX B NPAMOYToOJib-

HOH JEKapTOBOH cHCTeMe KOODAHHAT,— KOMIOHEHTH TpeX BEKTOPOB
VA;—cocTaBasoT TeH30p 2-ro paura (cM. ra. 2).

HefcreurensHo,
aArg_a 0A, o 04, Ox P 04,
—_— == fry == '] Ao T = Oy ’ —_——
ax, ! axk ' laxm ox, kim 0xp
OA,- y o
Ins BHISACHEHHS CBA3H MEXAV 3z, ' TPOHM3BOAHOH BeKTOpa
k

dA
o HamnpasJEHHIO ar BOCITOJIb3YEMCSl TEM K€ NPDUEMOM, KakK H IpH

onpeneseHud npoekuud rotA Ha nanpaBienue [ (cM. ctp. 163).
Buibupas B KauecTBe noBepXHOCTH (S) 6eCKOHEUHO Ma/blii UHJHHAD
¢ obpasyromeii no opry J, mpoektupys VA; Ha I ¥ npoussoas
Te Xe BBIYUCJEHHA, YTO H NpH onpepesendu l-rot A, momyuum

_da;
OTH TPH BEJHYHHBI COCTABJAIT BEKTOP — POU3BOAHYIO BEKTOP3
A 1o nanpasaenuo I. Ee MOXHO 3anucaTb B BHJe
' d
LyA=(.y)A=32 (4.29)

HUcnonbsys orpenenenne v A;, HafiieM npoekiuu ?1;!:,
gi‘.__- _ dA; 0A; 0A;
o =bVA=L gt Lt %,
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‘MonyuMB npupauleHue ckopocTH dV.

4.4. Bexmoproe noae. Jlusepeenyus u 6UXPb 6EKMOPHO20 NOASR

BenomuuM, uto npousBofHas CKajasipa MO HalpaBJeHHIO HMeeT
BBIpaXKeHHe :

do _ =1 %9
ﬁ—l-grad(p-—-l,, axk .
B ckansipuoM noJe GeCKOHEUHYIO COBOKYMHOCTb NPOU3BOMHBIX
99
CKaJsipa MO HanpaBJEHHIO OnpelensieT BEKTOp ika‘k—rpanueﬂ’r

noJisi — OH, KaKk OBbJO CKa3aHO, AIBJIAETCH MepOH HEORHODPOAHOCTH
CKaJsipHOTO NMOJA Q. ‘

B BeKTOpHOM mnoJe OeCKOHEUHYI0 COBOKYMHOCTb TNPOH3BOJHBIX
BEKTOpa [0 HanpaBJIeHHIO ONpeJesisieT TeH30p BTOPOro pamra yA

dA;
C KOMIIOHEHTaMH W—’——-ero MOXHO pacCMaTpHBaTh Kak Mepy Heol-
k

HODOJHOCTH BeKTOpPHOTo noJas A. ) ,

Kag npuMep HCNONL30BaHHS NPOH3BOJHON BEKTOpAa MO HanpasjeHHwo, pac-
CMOTpHM MoJie ycxopenuit apuxyuefics xuaxkocru. Ilone ckopocteit V=V (r, f)
B ofuieM CAyuae HeoJHODPOJHOE H HeCTallHoHapHOe.

MycTe yacTHIA KHAKOCTH 3a df vedv
nepemectuiace H3 M B M’ (puc. 4.19),

IMpupauleHye CKOPOCTH HaCTHUH CO-
crout {puc. 4.20) us:

1) uactu dV,, onpenensemodi He-
TAllHOHAPHOCTBIO MOJS  CKopocTei;
gxogocrbp YacTHUH  [o HCTpequHH Puc. 4.19. [lpn nepemeutennn vacTHUA
Bpemend df, us M B M’, mname- H3 M B M’ ee cKOpOCTL MeHSAETCH Kak

HHTCS Ha BCNEACTBHE HECTAaIlHOHAPHOCTH, TaK H
v BCJIEeACTBHE HEOQHOPOLHOCTH MOJIA CKO-
dV,= —dt. pocreft
1ot

3ro’ oKaNbHOE, MECTHOE H3MeHeHHe cKopocTH (puc. 4.20);

2) uyactH dV}, onpeienseMOll HeOAHOPOAHOCTHIO NOAS CKOPOCTEH, CKOpPOCTH
yacTHuH TpH nepexone #3 M B M’ mameHnTcs Ha BenHunHy dVp, KoTopas
onpefenseTcs NPOH3BOAHON MO HaNpPaBJEHHIO TIEPEMEWIEHHA YACTHUH, T. e. NO

Puc. 4.20. JloxannHoe M KOHBEKTHBHOE H3MEHEHHS CKODOCTH
4acTUUH XKHAKOCTH

HanpasneHuio Bekropa V (BH0ONb TPAEKTOPHH); STO KOHBEKTHBHOE (EpeHocHoe)
H3MEHEeHHe CKOPOCTH paBHO
av

de=d_1' dlv
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T'rasa uemsepmasn. Bexmopustl u men3opHbul anaaus

npuueM OpPT HanpaB/ieHHs, 10 KOTOPOMY GepeTcs npou3BofHas oT V, paBen |_:;| .
Mo ¢opmyne (4.29) umeem:
dV_( 4 N
= V)V = Vo V-
Tak kak dl=|V|dt, To
dVy=(V.y) Vdt.
Taxum ob6pasom,
%
AV=dV +dV,= i dt +(V-y) Vdi.
ChenoBatenbuo, MoJje YCKOPEHHH B KHAKOCTH HMeeT BHA
av _ v
a o +(V-a v,
HJH B KOMIOHEHTax
dv; av; v, (4.30)

T T Ry,

4.5. [loae men3zopa 2-20 panuza.
Ilomox, Ousepzenyus u npou3eoonasn
no HANPABAEHUIO MEH30PHO20 NOASA

PacemorpuM nose Ttensopa 2-ro panra T (r), uMewiiero Kommno-
Hentl T, =T, (r). llpumepamu nosefi TeHsopa 2-ro paHra MOryT
CAYXKHTb MOJIe TeH30pa HanpsXeHH# B YyNPYrofl cpefe ¥ moJe
MOMEHTOB HHepUHii B TBepJOM Tele.

MMorok TensopHoro nons. PaccMOTpUM ABYCTOPOHHIOID KyCOUHO-
I1ajKyl0 MOBepXHOCTb S, NOMelleHHyl0 B TeH3opHoe mnoae T (r).
Ias Kaxaoro snemeHTa dS 3TOH NMOBepXHOCTH ONpeAESHM MOJOKHU-
TeNbHBI OPT HOpMaJH. :

Iomokom meH30pHO20 NoAA uepe3 [OBEPXHOCTb Ha3bIBaeTcs Mo-
BEDXHOCTHBII HHTErpaj, B3fTHIH OT CKalAPHOTO NPOM3BeleHHs
TeH30pa Ha BeKTOp HOpPMaJH:

W=SSS T -ndS.

[ToTok TeH30pHOro mnOJS SIBAAETCA GEKMOPOM, B OTAHYHE OT
NOTOKa BeKTOpHOro mnojs (4.16), saBasiomerocs ckaaspo. Kowmro-
HEHTH TMOTOKA TEH30PHOrO MOJs PaBHbI '

W, = SSS T e dS = SSS (Tiany+ Tighy + Tigna) dS.  (4.31)
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4.5. oae mensopa 2-20 panea

Ecnu CBepThIBAHNE NMPOUCXOAUT NO IE€PBLIM HHIAEKCAM, TO

W, = SSS T,m,dS.

YKakeM HECKOJbKO TNPUJIOXKEHH M[OTOKa MoJs TeH3opa 2-ro
paura.

1) Ilyets Ty ==p;,—T€H30p HanpsXKeHHH B YIPyrom TeJe.
BbifendM B 3TOM TeJie HEKOTOPYIO MOBEPXHOCTb H ONpelesHM
paBHOAeficTBYouylo P BCex CHJI HANpsiKeHHs, NPHUIOKEHHbIX K
3TOH NOBEPXHOCTH (3aMKHYTOM HJIM He3aMKHYTO#). Ecau p, —Hanpsa-
XKeHue y 3/eMeHTa dS ¢ HOpMa/biO 7, TO PABHONEHCTBYIOMLAS

P={{p.as,
s
a ee KOMITOHEHTH
P,= SS pnde'
S
CoraacHo (2.7), umeeM:
Pre= Pirlti-
CuaepoBarte/ibHO,
Pk = SS pikl’l.l-dS.
S

Mrak, MOTOK TeH30pa HanpsikKeHHH uepe3 NMOBepXHOCTb, B3ATYIO
B ynpyroii cpejie, paBeH PaBHOACHCTBYIOIEA BCEX CHJ HANPAXKEHUH,
NPHUJOKEHHBIX K 3TOH IOBEP XHOCTH.

2) BLiUHCJANM NMOTOK eXMHHUYHOro Tensopa 8, yepes 3aMKHYTyio
nosepxHocTb. [loaydum

s $
HJIH
W= SS ndsS.
N
[Mockoneky SSndSzO (cM. 4.8), TMOTOK eJMHUYHOIO TEH30pa
$
yepes 3aMKHYTYIO NOBePXHOCTb PaBeH HyJIo.

JluBepreHnusi TeHsopHoro noas. JluBepreHuus noJs TeH3opa
2-ro panra, Kak ¥ MOTOK 3TOTO INOJsA, AABJAETCHA 6EKMOPOM H Olpe-
JenseTcs CAeAYIOUIHM MPeleoM:

. .1
div T= lim = SS T .ndS. (4.32)
§

T—>0

3aecb MOBepXHOCTb S, OrpaHuuuBalomlas 06beM T, CTATHBAETCH
K pacCMaTpuBaeMoOii TOUKe TaK, YTO €e MJIOMAab BMeCTe C BeTHUH-
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I rasa wemeepmasn. Bexmopuoul u meHSopHbUL GHAAU3

HOH o6beMa T cTpeMuTcs K HyJ 0. Ilpeaen He 3aBHCHT OT BHZAa
6eCKOHEUHO MaJo# MOBEPXHOCTH S.

Komnounentsl Bektopa div7 mnosaydaioTcs mnyreM AHdepeHLHpo-
BaHUA KOMIOHeHT Tensopa 7T, 1O KOOpJHHaTaM H CBepThiBAHHS
10 TeM HHJAEKCAM, IO KOTOPHIM NPOU3BOAUTCS CBepThlBaHHeE CNpaBa
B (4.32). TakuM 06pasom,

. 0T 4o 1
(div T); =52 = lim {§ Tumas, |
S
i } (4.33)
. My vy 1
(div T); = = lim SSS TunidS. |

I/ICHOJIbE}yH BoipaxKeHHue AJadA omnepatopa y, AHBEPreHLHI0O TeH30pa
BTOPOr0 paHra MOXHO 3anucaTb B BUJE

divl=vy-T.

JindpdiepeHuypoBaine TEH30PHOro MOAs O HanmpasaeEno. OTHICKHU-
Basi IPOU3BOLHYIO TeH30pa 2-T0 paHra 10 HeKOTOPOMY HanpapJeHHO,
onpefensieMoMy oproM [, HCROJNb3ysl Ppe3ysbTaThl [PeAbAYIIEro
naparpada, noayyeHHble MpPU ONpeReNeHHH NPOU3BOAHOA BEKTOpa
no HanpabBJeHHio, nmoaydyuM (cp. 4.29)

aT
del.VT'

KOMIIOHEHTH 3TOTO TeH30pa B NPSMOYrOJbHOH [eKapTOBOH
chcreMe KOOPAHHAT MOJYYHM, €C/IH yuecThb CHMBONHYECKYIO 3alIUCh

vl = (imaxim)‘T’
B BHIe

dTy, . 0T _ 0T p
R UL it B raell

beckoHeuHass COBOKYMHOCTb [POU3BOAHMX dTig TeH30pa 2-ro

dal
paHl‘a Mo HanpaBJCHHIO onpeaensercs KOMITIOHeHTaMHu TEH30pa 3'[‘0
0T ;ip
panra gz 18

Onepanusi, cOOTBeTCTBYyOIasA 06pa30BAHHI0O BHXPS BEKTOPHOTrO
noAs, K TeH30PHHIM MOAAM 2-TO paHra He npUMeHuMa BooGlie.
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4.6. Kosapuanmuoe duchpe pesyuposarue men3opos

4.6. Kosapuanumnoe ouggpeperyuposanue meH3opos.
Kosapuanumuas npou3soonas sexmopa.
Cumsonst Kpucmodppensn

Paccmotpum BuipaxeHnHe auddepeHunana BeKTopa Hepes auddepernanb
€ro KOMIIOHEHT.
B nexaproBofi cHCTeMe KoopAaMHaT HMeeM

dA=d (Ad)=1dA,

Kak yxXe oTMeuajoChb B }EKapTOBBIX CHCTEMaX KOOPAHHAT (M TOJMbKO B
JekapToBHX), BeKTODHHl 6asuc 0dumaxog N4 BCEX TOUEK NPOCTPAHCTBA, no-
sToMy Ans MoGoro GasHcHoro BexTopa di;=0.

OnHako B cayuae OTHeCeHHS BEKTOpa K cuCTeMe OCOOUIEHHBIX KOOPAHHAT
BeKTOpHBH 6asnc (e, &, €5) ABJIACTCA A0KAALHLIM, TaK HTO Kaxau# Gasucueilt
BeKTop, Booblle roBopA, sBAseTCd BeKTOP-PyHKUKEH of6o6uwennbX KOOpAHHAT
(MBl GyzeM HX 3lecb H B janibHefillem o6o3HauaTh uepe3 x1, x%, x3), 1. e.

e,=e,(x, 22, 3); ef=ef (s, X% X3).

BenencTBHE 3TOr0 MMeeM
dA=d(Ag')=eldA,+ Ade),
dA=d (Ale;)=edA* |- Alde)).

Takum o6pasom, aGcosoTHHI AngdepennHan BeKTopa, KpoMe 4YacTH, OTpa-
Kawomeil H3MEHEHHE KOMIQHEHT BEKTOpa IpM Nepexoje OT TOUYKH K TOUKE,
coflepXHT eme uacts A,def, Alde, csasamnyio c Tem, uto Ga3nc BBenenHolt
CHCTEMH KOOPJHHAT TaKXe MeHfiercs OT TOUKH K TouKe.

Tak kKak

0A

dA = —— dxk,
oxk

(4.34)

. To Ha ocmoBaHuu (4.34) uacTmas npoussoaHas BekTopa A no o6obmeHHolt

KoopaHHaTe X umeer BHA
0A_0A, , , d¢' oA

L=t ==

de
19¢
axk  oxk axk 6_x—kel+A dx* (4:35)

axk
oA
KoMnoHeHTH (KO- HJH KOHTPaBapHaHTHHIE) STHX BEKTOPOB b——k(k= 1, 2, 3)
X

06pa3yioT AeBATb BEJNHYHH, COBOKYNHOCTb KOTOPHX HasblBaloT Kosapuarmrol
(abcomoTHOMR) npoussodnol eexmopa (KOBaDHAHTHOrO WJIH KOHTpPaBapHaHTHOro).

JIns cCOBOKYNHOCTH KOBAPHAHTHbIX KOMIIOHEHT BeKTOPOB ——-a ; Mbl BBElEM
x
ofo3Hauenne
/A

= A (4.36)
P

¥ GyleM Ha3HBaTb €€ KOSQPUAHMHOL NpPou3soOnold KOBAPUARMHO0 éeKmopa.

CoBOKYNHOCT KOHTPAaBaPHAHTHHX KOMMOHEHT BEKTODOB o 0603HauHM
x
yepes A%, T. e

—.é=A, (4.37)
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Iaasa wemsepman. Bexmopnolil u meN30pHbII anaiu3

W Ha30BEM €e K06APUANMHOL npoussoONol KOAMPABAPUAHMNO20 GeKmopa.
B nanvHefiem Gyser nokasano, uto Aj; g4, Afk IBNIAOTCA KOMIOHEHTaMu
TeH3opa 2-ro paura.
Hafinem siBHOe BHpaKeHHe KOBaPHAHTHHX MPOUIBOAHKIX YEPE3 KOMIOHEHTH
BEKTOPHOrO MOAS.
B coorsercteuu ¢ onpenesenvuem K3 (4.35) mosyuum
4 JA . 04; 4 oe’
Rl = — -8
. axk axk " g o }
. . i de, .
A{kz—aA -e':‘y— . AL el
’ axk oxk axk

(4.38)

YuuTeipan, 4To KoMmumoHenTw g, =e;-e/ pagnb an6o Hyao, Ao exunmue,
NoNyUHM

d
a,—g(e,--e’):O,

Orciona, anddepeHunpys, umeem:

e--.(?ff= _g/.gﬁ 4.39
" axk oxk’ (4.39)
BBenem o6osHaueHue:
. de
T, =gi. L. 4
ik dxk ( 40)

T BeamuMHH (HX BCero 27 B TPeXMEPHOM MPOCTPaHCTBE) HOCHT HA3Ba-
uHe cumsoros Kpucmogers 2-20 poda. Torpa, B cuny (4.39) u (4.40), dopmy-
A (4.38) npumMyT B

awk TR
3 At
Al =2
H:3 ax”

J9A: .
Ajp=——AT! )
} (4.41)
i
+ AT, J
W3 stux dopmyn crepyer, uto abconioTHas (KOBapHaHTHAs) MPOM3BOAHASA
BEKTOPHOFO MOJS YUMTHIBAET HE TOMLKO ObLICTPOTY H3MEHEHHA CaMoro noas,
KaK TaKOBOrO NMPH MepeMelleHHH BAOMb KOOPAWHATHBIX JMHHH (qneuu a—A’f ,
. Ox
JdA!
dxk
B (4.41)). Ecan KoopaunatHbifl 6asuc He MEHAETCH OT TOUKH K TOuKe (feKap-
TOBH CHCTeMH Koopamrar), To u3 (4.40) caenyer, 9tro Bce cuMBojn Kpucro-
¢ens BTOPOro pona paBHEl Hymo. B sToM ciyuae KosapuHaHTHbE NPOH3BOJHHE
o6pawaioTcst 8 HaGOPBl YaCTHHIX NIPOH3BOAHBIX KOMIIOHEHT 110 KOOpPAWHATAM.
Takum o6pasom, cnaraeMb:e—A]F{.k 1% +A/l";k 0GSi3aHB CBOHM IIPOUCXOXK-
LeHHEM HCKJIOUNTENbHO BBEACHHIO MeCTHOro, MOABKXHOFO KOOPAKHATHOTrO 6a-
3uca. Ilostomy cumeonsl Kpucropdesss 1o/KHb BbIPAXaTbCA uepes npoOH3BOL-
HHIE OT KOMIIOHEHT MeTpHuecKoro TeHn3sopa. Haiigem nx siBHoe BhIpaxeHne.
[pexne Bcero 3amerum, uto H3 (4.40) caepyer

), HO TaKkXe M OHCTPOTY H3MEHEHHS JIOKAIbHOTO 6a3uca (BTOPHE UJeHH

;%
eirik=3x—k . (4.42)

174 —

4.6. Kosapuanmnoe Ougpepenyuposanue men3opos

Takum ob6pasowm, I‘;k aBasioTca KOohHIHEHTAMH Da3JIOKeHHsS BeKTOPOB

de
—L 1o BEKTOpaM OCHOBHOro 6asiuca.

xk
Beenem cumsoasi Kpucmoggeas 1-20 poda Tt jr, aBASOUIHECH Koatduun-

€HTaMH pa3JIoOXKEeHHS BEKTOPOB 5——; 1o BEeKTOpaM B3aWMHOrO 6asuca, T. e.
X

. de,
eTie=7%" (4.43)
Torna u3 (4.43) 1 (4.42) nmeenm
de;
Tije=eir (4.44)
Top=eully  Tu=8"Tr e (4.45)

3aMeTunM Tenepb, 4tc B cHay {cM. 2.33)

=2 A= = —k (4.46)

oxE  9xEax/ ox/axk  ax/

U3 onpesenenuft (4.40) u (4.44) cienyer, 4TO CUMBOAbI Kpucmoggpeasn cummem-
puanst no deym Huscnum undexcam (y T; ;o 9TH HHIEKCH OTie/ieHH 3ansitoft),

T. €.

Ll
Fi,jk='Fi. Ry Fik_Fki'

Torpa, yuntbiBast cumMeTpuo I; g, 1o j H k u csoficta (4.46), mosyunm

Oe 1 Oey de
SR ALY PR APl )
Frje=ei axk 2 (e, axk ‘i ax/)
1 {a d de; e
= L_j—x‘k(ei'e/’)‘i"éz;(ei'ek)—ej'gx—k e | =

" k

1 [agi/ %8, ek, -a—"l] =
axk xS oxt oxt

_1 [6g_j ogin _

i(e -e )]
T2 ok Tow ad NI

Takum o6pasoM, OKOHYATE/NbHO HMEEM!

| (98, | %%k Ogk\ .
=g (G + o= 5t ) T @
T, =gT, j,=T% (4.48)

Cumeoant Kpucmogpgpean ne ssastomcs mensopamu. D10 crejyeT H3 3aKOHA
npeo6pasoBanus cumsonoB Kpuctoddens npH n3MeHeHHH NPOCTPaHCTBEHHOH
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CHCTEeMH KOOpJAHHAT:

’ ’ aei ] g n M_—
Ui, je=er 5o =0ver grm(end) g™

‘60.;.‘.
ax™

ol amn de, {1 .m
_a,.,ak,ai,e,-m-}-ai,ak,(e,-e,,)

da’
=apapall, . +alaf Ex—l”r i (4.49)

Ananornyno HmeeM
da”,
Y iom npl om 1
F[‘k= a; ak,ai,I‘nm+anak, ax—m . (450)

Koeapuanmnoe npoussodnsie 8eKmMoOpa AE6AROMCA KOMNOHEHMAMU MEN30pa
8TOpo20 paHea.
HefictBuTenbHo, yunTHBas (4.50), nonyunm

.

04, .,
Al;k::a—x,k—AiFik:
n
0 ] ox™ r i pe .
= 2 ™ al. 1" MM L)
=6x’”(a"A’)ax'k ai A, “n'“k'“rrim‘*'“n apr o =
oA
RPN R ! n ol oM
=0 {W,—A,,F!m =0 QoA g

wOA
e=5op T AT =

n

=9 (a'A‘)Qi‘Z+ai'A’ o ama® Tl 4o o Y\
L Togxm 6x,;, r © CRTYi T am n R’ ox® |

i om aA! A"Fl I o4 .'nAl
= ak/ (W—i- nm ——0.[ Gk; .m*

» 9o, i daf’
3nech HCNOJNb30BAHO COOTHOLEHHe af gy = —C 5ym - KoTOpoe noxy-
uaetcs npu AuQPepenilpoBaHHK BHpaXeHns of aj=g" (cM. ctp. 106).
Taxnm o6pa3oM, BenHyHHH Ap , Npeo6pasyioTcs Kak KOBapPHAHTHHE KOM-
NOHEHTH TeH30pa BTOPOro PaHra, a BeNHUHHB A;,-— KaK CMewaHHble KoMMo-

HeHTH. .
U3 onpepenennk (4.36) u (4.37), yunrtusasn, uto e'=ge,, caenyior coor
HOlleHH A

Apr=guAly Al =gldg, (4.51)

Takum ofpasoM, H Ap, M Al, ABASIOTCA KOMNIOHEHTAMH (KOBAaPHAHTHH-
MH H CMEWIaHHHMHU) 00HO20 U Mo20 Jice MeN3opa, KOTODPHH M Ha3wlBaetcs abco-
aomnol (kosapuanmuod) npoussodrod eexmopa. )

KosapuaHTHas mnpou3soaHas TeH3opos. EctectBenHnM ofobuieHnem ¢op-
MyJ s KOBapHaHTHOH npoH3BojHOR BeKropa fABJAeTCA onpejeAeqHe KoBa-
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4.6. Kosapuanmnoe dugpgepenyuposanue mensopos

PHAHTHOrO AnddepeHUHPOBAHHA TEH30pa 2-TO paHra;

oT;
Tipu= ‘(lek —’karzl “Tt'm[‘;n[v

(4.52)
i

)
Tz'k__aT"k pmkpi o pimpk l
;I—E'XT'}' mi+ ml* }
ar’, ; "
Tfk;l:'—ax—[ +Tf';ermz—7‘,m Z‘l- J

,
. MoxHo nokasaTh, 4ro 3TH BeJHUMHH INPeoGpasyloTC INPH H3MEHEHHH
CHCTEMbl KOOPJHHAT, KAaK COOTBETCTBYIOU(HE KOMIIOHEHTH TeH3opa 3-ro pamura

T;p:;—KaK KOBapHAWTHbIE KOMIIOHEHTHI, Tk _kak  cMewanHble — ABaXAH
ikl il

KOHTpPaBapHaHTHHE, OfHH pa3 KOBapHAaHTHHE H T. A.).

KoBapuaHTHHeE TPOH3BOAHEE TeH30pa Ji060ro paHra ofnpenenstorcs aHa-
JIOTHYHO: NEpPBOE C/laraeMoe —3TO YACTHHE NPOH3BOAHLHIE KOMMOHEHT TeH3opa
IO KOODAMHAaTaM; OCTaJbHBE cjlaTaeMblie (HX YHCXO paBHO paHry TeH3opa) sB-
JAIOTCS CyMMaMH M3 KOMNOHeHT TeH3opa H cuMBonoB Kpucrodgena 1-ro popa,
npuUYeM HHIEKCOM CYMMHDOBAaHHS SIBJASIOTCS MOOYePERHO HHAEKCH KOMIOHEHT
TEH30pa ¥ TPOTHBOMOMOXKHBIN (BepXHHH HJIH HHXKHHH—B 3aBHCHMOCTH OT
«HEMOTO» HHJEKCA TeH3opa) HHAekc cHMBoJoB KpHucToddenss; sTH nocieanue
cjaraeMble BXOJSIT C MHAHYCOM, eCJH «HeMOH» HHJEKC KOMIIOHEHT TeH3opa fB-
NAETCH «KOBapHAaHTHHIM» (HHXKHHM), H C NJNIOCOM-—€CJIH GHEMOH» HHJEKC Y
TeH30pa —«KOHTpPaBapHaHTHHN» (BepxHHil).

Hanpnwmep,

i . u
A';’}zl;m=5}77f_A'nlteI‘lrrl'_"}"x"nlrkm'i"}"ilienrinn

Kosapuanmuas npousgodHas om Men30pa n-20 PAN2A ABAREMCA MEH30POM
panea n+1.

B 4acCTHOM cltyuae TeH30pa HyJeBOro paHra (cxanafipa), ero KoBapHaHTHad
Ipou3BOJHAA COBNAjaeT ¢ YAaCTHHIMU MPOM3BOAHHMH MO KOODIHHATAM

-l
e i
ox!

KoBapnaHTHAA MPOU3BOZHAA OT cKansfpa ABJfeTcd KOBADHAHTHHM BEKTO-
poM (KOBapuaHTHble KOMINOHeHTH FpajHeHTa cKajaspa).

Ilpn TakoM onpeleneHHH ONepPalHH KoBapuanTHoro audpepeHunpoBaHusd
HETPYIHO BHIBECTH [MpaBH/Ia KOBAPHAHTHOTO AHQPEepeHIHPOBAHHA CYMMH H
npou3BeJeHHS TEH30POB, KOTOpHe COBNAjaioT ¢ NpPaBHAaMH oObuMOro audde-
pefiunporanun. Hanpumep, And TeH3opa 2-ro paHra umeem:

(Aie+ Bir);i= A+ Biip»
(AiBmn)i= Aikiian + AiB i

CnpapepnHBOCTh STHX (OPMYJN MOXKHO NOKa3aTb MNPOCTHM BHYHCIEHHEM
npaBelX M JIeBBIX YacTell H cpaBHeHHS peay/bTaToB BhUHC/IERUH MeXKny coboft.

Teopema PHUUH: KOBAPUAHMHAR NPOUSBOONAR MEMPUHECKO20 MEHIOPA PABKA
nyao. Teopema nokasbiBaeTcst NpocTHM BuuHcaeHneM. Cornacho (4.47) u (4.48),
HMeeM: . 3

og; Sir
ez B g P pm_ T8k P
8iry o 8imt p—8mkt iy 2l ikl kit
=%&-L(%ﬁ+%ﬂ_%ﬂ)_
axl 2\ a3 axk axt
1 (6gfk Qgﬁ_ag_u)=o

T2\ T axi ox*
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T'rasa wemsepman. Bexmoproul u men3oprsill anaaus

OTCKOJla, KaK CcxelcTBHE, WMEeM 4aCTO HCIoJb3yeMoe€ COOTHOLIEeHHe

d
ag‘ =T 5+ Thyip (4.53)

AHanordyHo MOXKHO MOKa3aTh, YTO
ik_
g, =0

dakT paBeHCTBA HYJMIO KOBAPHaHTHOH NPOH3BOAHON OT METPHYECKOrO TeH-
30pa nosBoJiseT 06pamaThCA ¢ ero KOMIOHEHTaMH KaK C NOCTOSHHBIME NpH
KoBapuaHTHOM pHddepenuupoBanuil. Tak, HanphuMep, cNpaBefIHBH COOTHolUE-
HUA
! N, —
gizA;k'z(gitA Yie=Apr
im lmy, __p.m
8T =@uT " )se=T;},
imykn __ im  kiy, mn
Tinig"g™" =(Tirg"g*" );,=T7;
HT WL
OgxHopogHoe BexTOopHOe moje, [lapasieabnbifi mnepeHoc BekTopa, Bektop-
HOEe Nnofe A Ha3wBaeTcs 00HOPOOHbIM, €CJIH OHO He MEHJeTcs OT TOYKH K Tou-
ke. KoBapnantHad npousBoaHas oJHOPORHOTO INoJjsi paBHA HYJIO.
JeficTBUTeNILHO, NYCTh B 6eCKOHEYHO GMU3KHX TOUKAX X! H X +dx' BeK-
TOP A MMeeT OfHY H Ty JXe BeJHYHHY H Hanpas/eHue, T. e. A (x%, x%, x%) =
= A (x}-dxt, x2-dx?, x3-}dx®). OnHaKo KOMMOHEHTH BeKTOPa B 3THX TOUKAX

6yayT, Boofuie roBOpH, Das3/iM¥HB, KaK DasjHuHBl B HHX H MECTHble KOOpIH-
HaTHele G6asucH. [TosTOMy MOXKHO 3amHcaTb

A= Ale;= (A +dA")(e; + de)).
Orciona noayuum
e dAl 4 Alde; -+ dA'de; =0
uaH, ¢ TOYHOCTBW A0 6eCcKOHeyHO MaJIbix nepBoro nopsajgka, HMeeM

e, dA - Alde;=dA=0,

rne dA—a6conloTHH#t aHddepentnan Bextopa A.

Torza
a—A- dx =0
axk
MR
Al dxk=0.

Tax xak npupamenuss dx*-—NpPoH3BOALHE, TO HMeeM I OAHOPOAHOTO
BEKTOPHOro noas A

Al =0. (4.54)

Moxuo paccmaTpuBaTh OJHOPGAHOE BEKTOPHOE Nojie KaK pe3y’anTaT nepe-
Hoca BekTopa A napananenbHo caMoMy ce6e Bo Bce ToukM nonasi. Torpa o6
yciaoBHH (4.54) roBopAT Kak 06 YCJAOBHH napaisessnozo nepeHoca 8exmopa.
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4.7. pumenenue dupdepenyuarsnox onepayud

4.7. Ilpumenenue OJughgbepenyuanvuvix onepauyuii
K pa3iuunozo 8u0Q BEKMOPHOIM U CKANSAPHBIM

dyuruyuam

MuddepenntanpHple oriepaTopsl B KPHBOMHEHHBIX KOOPAHHATAX.
B npenbiaymux naparpagax Ouinn BBefeHbl guddepeHiuasbHbie
onepanyy MepBOro NOpAAKa Haj CKandpaMH H BeKTOpaMH

ve=grad g;
v -4 =div 4;
vxA=rot A.

[lpuMeHss 3TH ONMepalHH BTOPHYHO K NOJyHeHHBIM B De3ylb-
Tare nepBoro AudipepeHUHpPOBAHNA (GYHKUHAM, NOJYYHM CAEAyHO- -
mue AudpepenuualibibEle ONepalld BTOPOro NOpAjKa:

v (v-A)=grad div A4;
v Ve =divgrad 9 = y2p= Ag;
'V Xyo=rotgrad p=0; ‘ (4.55)
v-(vXxXA)=divrot4=0; (4.56)
v X(vxXA)=rotrot A,

B atiux QopMyJax CHMBOJIHuecKHii- omepartop «Habsa» HmeeT
BbipaxeHie He3aBUCHMO OT CHCTeMBl KOOpAMHAT (cM. 4.22)

v(..,)=mﬂg n(...)ds,
S

a B JI€eKapTOBOH NpPAMOYrOJbHOH —

V=ika‘;;.

CnpaBeannBoctbh ToxjaecTB (4.55) u (4.56) B nekapTOBHX KOOp-
AMHATaX MOXeT ObITb NPOBepeHa HemocpejCTBEHHBIM BHIYHC/ICHHEM,
Onepatop V-V = A—oneparop Jlanjaca (YnTaeTcs «Jaljacuan»).
B nekapTOBHIX NPSMOYTOJbHBIX KOOPJAMHATaX OH HMeeT BHJ
., 0 . . 92
A=V'V—ik§;"15;l—(’k"z)m—

2__2 2, 2 (4.57)

Takum ofipasom,

ox3 ~ 9x}

Benenctsue c¢Boed JIMHEHHOCTH BCEe PAacCMOTpPeHHHIE Onepanuy
AN CyMMbl (pasHOCTH) (QyHKHMHA NpUMEHAIOTCS K KaXaoMy cJa-
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Frasa wemsepmasn. Bexmopubiil u mensopHotl anaaus

raeMoMy oTHesbHO. TakuM o6pasoM, HMeeM

V(e+H)=Vo+V;
div (A + B)=div A+ div B,
rot (44 B)=rot A 4 rot B;
grad div (A 4 B)=grad div 4 +grad div B;

A (@+%)=A9+AY;
rotrot (A + B)=rotrot A +rotrot B.

Yrto KacaeTcq npuMeHenus AuddepeHnHaJbHBX Onepaunuii K npo-
u3BejeHu0 QyHKUHHA

oy; 9A; A-B; AXB, (*)

TO X HYXKHO MNpPUMEHATb K KaXJOMy COMHOXHTEIIO OTAe/bHO,
cudTas APYroH NpH 3TOM NOCTOSIHHBIM, [lpH 3TOoM Ouyenb yaoGHO
N0J1b30BaThCH ONEPaToOpoM Y, CTaBs ero BCerAa rnoc/je MHOXKHTEIA,
KOTOPHIH B JAQHHOM CJIaraeMOM NPHHHMAeTCsl MOCTOAHHBIM, H Mepej
MHOXXHTENEM, KOTOPBIA cuMTaeTcs NepeMeHHBIM,

Honyqeﬂﬂue TaKMM CHMBOJHUECKHM MeTOAOM, MNyTeM onepn-
pOBaHHA C «BEKTOpPOM» V, BBHIPaXKEHHd, C OJHOH CTOPOHH, He
JOMXKHB NPOTHBOPEYHTb MpPAaBHJAM TEH3OPHOH anre6ph, ¢ APYyroi
CTOpPOHbI, Bcerga cjaejayer NOMHHTL O AudipepeHnHaJbHOM Xapak-
Tepe onepatopa V H O TOM, 4TO €ro MNpHMeHeHHe CBOAHMTCH, 1O
CYTH feJa, K BBIUHCJECHHIO YACTHHIX MPOU3BOJAHBIX NO KOOPAHHA-
TaM H CJOXKEHHIO 3THX NMPOH3BOAHMBIX (IOCJE YMHOXEHHS Ha COOT-
BeTcTBylomue OpPTh). TakuM oO6pa3oM, TaKue BhIpaXeHHA, Kax
oV, A-V, A-(BXV) u T. n., ecau nocje HHX HET BeJHUYHHBI, Ha
KOTOpYI0O JefcTByeT Omepartop V, HMEIOT CMBIC/ TOJBKO KaK oOIe-
paTophl.

[loAcHUM 310 nmpHMeHeHHEM Omepanuii KO BCeBO3MOXKHBIM MpO-
H3BefeHusAM (*), OTMeuas MHOXKHUTeIb, pPacCMaTpPUBaeMbill NMOCTOfAR-
HpIM, HHJeKcOM C:

1) grad p=vo= Ve P+ Vop. =@ VP + P Vo =
=@V +PVo=gpgrad ¢+ Pgrad ¢;
2) divpA=V-9A=V-9, A+ V-9A =0,V - A+
+A,Vo=0V-A+A-Vo=¢divA+ A.gradg;
3) div(AXB)=V-(AXB)=V-(A,XB)+
+V-(AXB,)= —A,(VXB)+B, (VX A)= - (4.58)
=—A-(VXB)+B-(VXA)=B-rot A—A-rot B;
4) rot A= (VX @A) = (VX9 A)+(VXpA,) =
=@, (VXA)+(VoXA,)=¢(VXA)+ (Vo X A)=
=g@rot A4 (grad p X 4).
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BeiBoa cheayowux ¢opMmysa npegocTaBasieTcss cAejaTh 4uTa-
Temo (CM. Takxke 3amaud 11, 12 ra4):

5) grad(AXB)=(A-V)B+(B-V)A+ ‘i
+ (A Xrot B) +(Bxrot A);
6) rot (AXB)=(A-Vv)B—(B-v)A+Adiv B— } (4.59)
—Bdiv 4;
7) rotrot A =grad divA4A—AA. I

J
BecbMma pacnpOCTpaHeHHbIM B NPHJIOXKEHUSX fABJAETCA cJydah,
Koria GyHKUHH @ 4 A ABAAIOTCA CJOXHHLIMH (QYHKUUAMH OT £,

T, €,
p=q(f(r))
=A(f(r)),

rae f(r)—Hexoropas ckajsipHas ¢yHKUHSA,
Toraa npuMeHeHHe omepaldil K Takoro poja QyHKUHAM Jaer

dopmy bl
grad o ( (r) =57 grad f, ‘,
div A (f r))—gradf df : } (4.60)
rot A(f(r)) = grad f>< }

PaccMoTpuM  JIOKa3aTe/bCTBO, HANpHMep, BTOPOH (HOPMYJIH,
Hmeem no onpejeneruto

. T . N
(div A) 1{1—13;T SSSA ndsS. . ()
Pasjiaras Moj MHTErpajoM BEKTODp A B OKDECTHOCTH TOuKu M
dA
A=+ (F), =)+ - .

H TOJCTaBJsAs €ro Bbipaxkenue B (*), MOJAYYMM, YUHTHIBaA

SSndS:O;
(de)M_hm‘( ) ng ndS = ( )Migr; SandS

Orcmua, BCITOMHHasd onpeneneﬂne rpaadeHTa, HMeeM:

divA= E -grad f.

JAuddepeHunansiple OnepaTopsl B OPTOTOHANLHBLIX KPHBOJMHHEIH-
HbIX KoopiHHaTaXx. Kax yiKe oTMeuanocb, B IPaKTHUYeCKUX BBbIYHUC-
JEHUAX [PUHXOJAUTCA TOJL3OBATHCH CKAJADHBIMH BbiDaXKEHHAMH,
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AB/AOUWHMHACA Pa3/I0XKeHHAMH COOTBETCTBYIOUIHX TE€H30OPHBIX ypaB-
Henuft. TlpuBenenncie Bhme auddepeHuHanbHbie ONepaluy MOTYT,
ObiTh 3allHCcaHbl B NPOEKIHAX Ha OCH KOOPAHMHAT, ecJH H3BeCTHHI
NPOEKIIMH OCHOBHbIX JudibepeHIHaJbHEIX ONepaTopoB (rpajueHTa
H poropa).

PaccmoTpuM BHauane BbipaXKeHUs rpajueHTa cKaJjspa, AHBep-
TeHIHH BEeKTOPa, pPOTOpa BeKTOpa M Jal/lacHaHa B OPTOrOHaJbHBIX
KPUBOJUHEAHBIX KoopauHarax. [lpu atoMm Hamu 6ypyT ucnosbso-
BaHbl OCHOBHbIE CBelleHHst 2.8, Kacawuiiecs OpPTOTOHAJbHBIX
CHCTEM, .

Ipaguent ckaasapHoll ¢yHKuuM D KaK BeKTOp Xapakrepusyer
BeJHYHHY W HanpaBjeHHe Hau0OJblIero H3MeHeHUs 3TOH (yHK-
uun, Onpejensis nNpoeKUHH 3TOrO BeKTOpa Ha KOOPAMHATHBIE OCH

(npou3BOjHbIE CKanApa @ MO HanpaBJeHHIO KOOPAUHATHHIX OCef),
9 _obdg; 1

noay4dM B cuay (2.25) =— 35 = o ds, — ;00 (6e3 CYMMHpPOBaHHA 110
{). CaenoBaTenbHO,’ o
I 0@ 1 0@ 1 0@
V¢——aq 1 +Hzaq2e “'LTTa el (4.61)

B unuaMHApUUECKON CHCTeMe KOODAMHAT
| 0d
Vo= aReR+ & g & +5 e

Yepes e° ¢ COOTBETCTBYIOMUM HHAEKCOM OGO3HAueH OPT KOOPAH-
HAaTHO# OCH.

Ilas onpenenenust Bhipaxkenus div A B KpUBOMMHEHHBIX KOOp-
JUHATaX BOCNOJNb3yeMcsl OlpeleseHueM

divA=v-A=1im-tl—SSn.AdS.

>0

OnemenTapHbil 0o0beM dT (B npexblayuieM BblpaXkeHHH OH 060-
38HaYeH yepe3 T) HMeeT BhIPAKEHHe

dv =ds,ds,dsy = H H,H , dg,dq,dq,.

Hna onpepenenuss nHTerpasa SSn-AdS Ha#ijeM cHavajaa 1o-
s
TOK BeKTOpa A uepe3 mapy NpOTHBONOJOXKHLIX rpaHeft, Hanpumep
uepe3 rpaHH, NepneHiUKyJaapHEE (g,) (puc 4.21),

Ha rpanu M345 HopMasb n=—e; U No3TOMY MOTOK BeK-
TOpa uepe3 Hee OyleT paBeH
- —ey - Adsgds, = — A, H,H,dg.dq,. (4.62)
3nech ueped A, o60o3HaueHa MNPOEKUHs BEKTOpa Ha Ocb (q,), T. e.
A =A-e;.
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Ha rpauu 1276 Bupaxenue (4.62) nomyuur npupauieHue,
CBAI3aHHOe ¢ MNpHpaneHdeM KOODAMHATHI ¢, Ha BeJMUHHY dg,, H
TaK KaK HalpaBjieHHe HOpMaJH OyjeT e], TO TIOTOK BekTopa A ue-
pe3 3Ty rpaHb paBeH

(A H,H, +5(_A£_”_

2) dq, ) dq,dq,.

, Al3rdg 909

]
Puc. 4.21. Boyucaenne nOTOKa BEKTOpa 4epes Mo-
BEPXHOCTh 3J/leMEHTApHOro ofbhema B KPHBOJIHHelHbIX
KOOpAHHATax

Onpegensis TakuM xe o6pa3oM NOTOK depes maphl JPYTrux rpa-
Hell U CKJajbpiBas BCe NOJy4eHHble BhIpaXieHHd, HaHAeM, pasje/uB
HX Ha 3JeMeHTapHb o6beM,

. 1 0 i}
divA = g [@:(A1H2H3)+T%(A2H1Hs)+
i}
+ - (AsHyHy). (4.63)
JLns HUARHAPHYECKOH CHCTEMBI Koop,uuﬂaT

div A = [aR(ARR)+ S+ R%z].

TakuM xe caMbM o6pa30M, NOJIb3y SICh ONpeaeseHHeM BeKTOpa
BUX DS

rot A=Ilim — SS (nx A)dS,

>0

Ha#aeM .
rot A= e gl [ (AsHa)— 2 (AsHy)] +
+ €8 g [ (A — 52 (AsHy) | +
+ €8 oo (AuHy) — o (AyHy)]. (4.64)
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JlJ'Iﬂ uHJIHH].lqueCKOﬁ CHUCTEMbBI KOODAMHAT
(LA, 94\ o | (0Ag__ 34, o
ot A= (g G =5 e+ (55— G ) ea+
dA
+R(6R (A,R)— R)ez

Ias onpegenenud JanjacHaHa CKaJsipHOH (QyHKUHH 3aMeTUM,
qT10

AD=V.yP=div grad @,

[IpuMeHas nosTOMy HalJeHHble BhHIIHEe BblpaxKeHUS HJA - dlvA H
grad @, HafifieM

1 '[9 (HHy 0D 0 (HH; 0®
o=l (B4 22 (42
A H HH3| 99, Hy dq, +a(lz Hy 0qq +

Fon (B - (4.65)

B uunuHApHUECKOH cHCTeMe KOOpAHMHAT

9 »Po 9P
A¢_’§oR (R aR>+ R® 9¢® + 5 -

[1pu onpenenenun npoekuHH BeKTopa AA Ha OCH KPHUBOJHHEN-
HOA CHCTeMbl KOOpJIHMHAT HeOOXOAMMO HCIOJb30BaTh BhIpameHue,
KOTOpOe FOZHUTCA Aas MOOGOH CHCTEMbl KOODJHMHAT:

AA=grad divA—rotrot A. (4.65,a)
Onepatop A, npHMeHeHHBIl K CKaJsApHOH (GYHKUHH, B UHJHE-
JIpUYECKOH CHCTEMe KOOp)IHHaT HMeeT BHUJ
i 0%
A= kR op+ agt Taa- (4.66)

[Tpoeknun BekTopa AA Ha  OCH UHMIHHAPHUECKOH CHCTEMBI
KOODAHHAT paBHbI:

(Ad)r=AAr— T — 7 5
_ A 2 94
— 9y L 94Rr,

(AA)Z = AA,.

3pecp omepaTop A onpejensercs BbipaxeHueM (4.66), a mnpoek-
Iusi BeKTopa AA BBIYHCJeHa Ha OCHOBaHHH (opMmyabl (4.65, a).

ITpuBenem Beipaxkenve OCHOBHBIX AHddepeHUHATbHBIX Onepaiuii
B chepudeckolt cucreme Koopaunar R, 0, ¢ (puc. 2.13). Koopau-
HATHBIMH TIOBEPXHOCTAMH CJYXHT IOJyNJOCKOCTb, NPOXOAAILas
uepes OCb (x3) MOA YIJIOM @ K MJIOCKOCTH OTCYera, cepa paauyca R
H KOHyC ¢ yrioM pacrtBopa 20,
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B 310/ cHcTeMe nMeeM:
=dR? 4 R?d0% + R?sin®0de?

ol op 1 09,
vq§=eRaR+ee R 00 te q’Rsmea(p

. o 3 0/1(?.
d1vA=’R_20—1§(R2AR)+m,%(Agsme)_}_mw’
1 [2 4 o4,
rOtRA_=R—s'TﬁT)[(T9(A sme)_.a_q)e] :
i l dAR l .
Rsme B ?a—I—Q(RA(P)’

rot, A== [aR (A,R)— ‘“R] ;

AP = R? smB[dR (Rz sin a(b) +66 (sm 0 T) +6cp (-s:n_eg—ﬁ)] :

Takum o6pa30M B cpepHuecKHX KOOpAMHATaX omnepatop A,
pHMeHHeMbIH K cxa.nﬂpy, UMeeT BHUJ

! 2
A= N ORR 6R+R25m966

roty A=

62

sin 9 30 + REeinEn R? sm“‘e gt

(4.67)

IMpoekunn BekTopa AA Ha ocu cq)epnqecxon CHCTEMBI KOOp-
JUHAT HMEIOT BHJ!

24p 2 04, 24, 2 04,
(BA)g=AAg— "R — 7 5~ — 7 I8 O—roip e

2 dAp A, 2cos0 04,
(AA)B—AA + 00 ~ RZsin®®  RZsin?d aq) '

A, 2 dApR 2cos§ 04,
?_stin26+stine op +R*sm29 atp *

(AA),=AA

OTd NpOeKUHH BBHIUKCAEHB HA OCHOBaHHH (POPMYJbI
AA=grad div A—rot rot 4.

Juddeperunaibibie onepaTophl B 06MHX KPHBOJHHEHRHHIX KOOpAHWHATaX.
Mo ATHSA KO-, KOHTPABaPHAHTHHX H «DH3HUYECKHX» KOMIIOHEHT TEH30POB, a TaKXKe
npaB/a KOBaPHAHTHOro AKthdepeHILNPOBAHHS T03BOJISIOT NONYUHTb BblpaXKeHKs
AndoepeHIHaNbHBEIX ONEPaTOPOB B IIPOK3BOABHBX KPHBOJIHHEHHHX KOOpHHATAX.
T'paduenm cxarnpa @ (x!, x%, x3) onpeje/seTcs Kak BEKTOD, KOBapHAHTHEIE

0D
KOMITOHEHTB KOTOPOro paBHBI -é-—- (x!—o606uleHHEIE KPHBOAUHENHHE KOOP-
xt

aunatel). Toraa B HpOHSBOJ!bHHx CHCTEMAX KOOPAWHAT MOXKHO BECTH onepartop
«Habna» Y

ye=e 2, (4.68)
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TaK 4YTO
VO=¢' —- o0 (4.69)
axt’

oD
KoBapuanTHbie KOMMNOHEeHTH BeKTopa V@ paeHol _5—1" a «pu3HIeCKHE»
X

KoMIoHeHTh B cuay (1.36)
A

(V(D)*—_:‘?T (ser cyMMHPOBaHHKA 1o ,,i%). (4.70)
1]
B ciydae oproroHa/ibHHIX KOOpA#HAT OTCIOfa NoayuaeM
P [
(V D), = — ——.
L H; gyt

Bce ceoficTBa rpagueHTta, ycraHosjeHHbie B 4.4, 0CTaioTcs B CHJE H HET HYXKJAH
uX nepedopMynHpoBaTh B CHCTeMe OOOGUIEHHBIX KOODIHHAT. 3aMETHM TOJbKO,
yto ecan D=0 (x1, x% x3), To B cayuae cambix o6uwHX KOOPAKHHAT:

d@:-g—q: dxi= y®-.dr, rae dr=—e;dx".
%

[lusepzenyua gekmopa’onpesensieTcs KaK CBepTKa TeH30pa BTOPOro paHra —
KOBapHAHTHOH NMPOX3BOAHON KOHTPaBAaPHAHTHOTO BEKTOPA (NUHEAHbI HHBApHAHT
TeH30pa KOBapUAHTHO NMpPOH3BOAHOI):

divA=A}; -—ﬂ +A/

HaijigeM BpIpaeHHe CyMMBbl I‘ ; 4epes KOMINOHEHTH METPHUeCKOro TeHsopa.
VuutnBas (4.45) B cUMMeTpHIO g‘k, nUieM:

Tj; =g*Ty, z'/=7g"k(1‘n, i+ T k) (4.71)
npuuem, no reopeMe Puuun (cm. 4.53)

Ui ij+Ti = g,,, ) (4.72)

Passnaras mo H3BecTHOHl TeopeMe M3 anre6pu onpegenutens G=det|] g;z|| no
3eMeHTaM (-f CTPOKH, NOJYYHM!
G=g;,G* (no i ne cymmupoBars!),

rie G*—anre6panueckoe AOMOJIHENHE, COOTBETCTBYIOWEE SNEMEHTY g
Otciofa, nockoabKy G He 3aBHCHT OT gjgt

aG

__Gtk
agtk
Ho, B cHay (1.44)
»  G* 1 a6
i 2 - T
g G G Jam (4.73)

IMostomy, yunteBas (4.71), (4.72) u (4.73),
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4.7. Ipumenenue udpgepenyuarsnbix onepayull

H, CJlejoBaTeJbHO,

divA= ‘ZA' a1 0VE_ 10 iye)
X X

o AL
=l 0 (gitd, Vo) =0 <—’ VG>, (4.74)

-
rae A; —c¢n3HuecKkHe KOMIOHEHTH BeKkTOpa A.
B cayuae oproroHanbHEX KOODAMHAT,
Vs *
19 A,-H1H2H3>

divAd=—rr—r —
v HyHoH;3 gyt H;

Jdanaacuan ckaraprod ynkyuu MOXHO NONYUHTH H3 BopaxenHs AQ =
= div grad ®. YuuteBas (4.69) n (4.74), umeem:

1 20 '
AD= e (g VG- k) (4.75)

B cayvyae oproroHa/JbHBIX KOODJAHHAT,

19 <H1H2H3_6_(2>

0= — -
A HH3Hg 9y H; axt

(4.76)

Pomop eexmopa Momer OuTb onpefie/ieH KaK BEKTOPHOE I1poH3BepeHHE

BEKTODA v-—=elF Ha BeKTop A. YuHTHBas 3TO 3aMeyaHHe U pe3yJabTaTH
x
rsaBp nepBofi, noJyuyHM

rot A=y X A= e‘———xAkek (' e®) _‘?ﬂg__& =
axt  axk

=§3: Z aAk_aA,.>
P VG\ ax oaxk)’

rae HHAeKcH (f, {, k) cCOCTaBASIOT LUHMKAHYECKYIO MepecTaHOBKYy uucea 1, 2,3,
Otciona noJtlydaes KOHTPABAPHAHTHHEIE H «PU3MUECKHE» KOMIOHEHTH! BeKTOpa

rot A
1 04, 04;
e o [ Z8k 980
(rot 4) V3 < Py It ) ,
(l'OtA)'-I= ¥ &ii < af‘lk __%) Vgu [a (Ak ngk) a(Al Vg”)
VG \ axi oxk 144 axt axk

(HeT cyMMHpOBaHHA Mo { H &f).
B cayuae opToroHajsbHHX KOOPAHHAT HMeeM

H, [a(Aka)_a(Afo)] :

(rotA) =g | " ox, Fym

(4.77)

(HeT cyMMupoOBaHHA no { H k).
B ofo6uteHHLIX KOOpAKHATaX BMECTO eJHHHUYHOrO ICEBAOTEH3QPA &4,
paccMoTpeHHOro panee B 3.9, BBOAAT TeH30p TPeThero PaHra C KOBapPHAaHT-
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HBIMH KOMIIOHEHTAMH €;p;, ONpele/SeMEMH CHERYIOmMHUM o6pa3oM:

€123 €331 == €312 VG’
€133 =€313= €391 = — VG,

e,'k,=0 BO BCeX OCTaJlebiX cayyasx.

KOHTpaBapHaHTHHB KOMIOHEHTH! 3TOTO TEH30pa Onpene/AloTCA CAEeAY O HMHA
paBeHCTBaMu:

193 — 231 _ (312 __1__

G

2182 — g213 . 821

V

e® =0 Bo Bcex ocTaabHHX cryuyanX.

Torja, BeKTOpHOE TIPOH3BeaeHHe JAByX BekTopoB C=AXB HMeeT Ko- H
KOHTpaBapHaHTHHE KOMNOHeHTH (cM. 3apnauy 5 ra. I).
C/—e,'k A'B,
Cl—e”‘fA B,

rae (j, i, k)—unKjHuecKas NepecTaHoBka uucea l, 2, 3.
Tenepb KomnoHeHTH fot A MOXHO 3ankcath B BHje

(rot &)/ =e*/A,.
(rot A)jngﬂ (rot A)’=gﬂe””Ak; .

4.8. Humezpaasvroie meopemo. 8eKmoOpHOZO
Il MEH30pPHO20 AHAAU3aA

HuterpasbHble TeOpeMbl YCTaHaBJHBAIOT BaXKHbe COOTHOLICHHS
MeXJy 3HaUeHHsIMH TEH30DOB BHYTPH INOJISI M MX 3HAUYEHHSAMH Ha
rpanunax noas. OHH ABAsOTCA 0600uEHHEM H3BECTHOH Q)opmynbx
HmeOHa——JIen6Huua

X = (b)—A (a)r

a

BHIpaXKaWllell HHTErpas OT NPOH3BOJHOH (YHKUMH Yepe3 3Haue-
HHA 3TOH (yHKuMH Ha rpanuuax objgactd (B MNpPeANoJoOKeHHH
CyUIECTBOBAHHS W HENPEPHIBHOCTH IPOH3BOJHON).

B 4.2 Mbl yXXe OCTaHaBJMBA/IMCh Ha JBYX BaXHEHHX HHTer-
paJbHBHIX TeOpeMax BeKTOpHOro aHaausza—rteopeme OcTporpagckoro
u Teopeme Crokca. Mx BekTopHbie GOPMYJIHPOBKH HMEOT BHJ

((§divage=( a.nds; (4.78)
S

T

SSS n-rot A dT=\?A‘dL. - (479)
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4.8. Humezpaaonole meopemsi 6eKMopHO20 1 MEN30PHO20 GHAAU3A

OTH TeopeMbl HMEIOT NPHHIHUIHMAMBHO BaxXHOE 3HAaueHHe B
TEH30PDHOM aHa/ju3e. OHH ILIHPOKO MPHUMEHAIOTCH BO MHOTHX
pasfiesiax TeopeTHYecKOil (U3HKH, OCOGEHHO B THAPOMEXaHHKe,
TEOpUH YNPYroCTH U 3jlekTpoauHamuke. Huxe Mbi npusegem ne-
CKOJIbKO NPHMEpPOB HCIIO/Ib30BAHHS 3THX TEOPEM.

dopmyibl, Bepakapoumue teopembl Ocrporpagckoro u Crokca,
NO3BO/SAIOT HEMOCPEACTBEHHO CHOPMYJHPOBATL NPH ClenHaNbHOM
3ajlaiid nois A pAA JAONOJHHTENbHHX TeOPeM, NPHUMBIKAIOMHX
K teopemaM Octporpajckoro u Crokca.

Teopemsl, npuMbikaomue B Teopeme Ocrtporpapckoro. M3 ¢op-
MyJibl OCTPOTpascKoro MOXHO MOJyYHTh PAX HHTErPaJbHBIX GopMy.JI,
CBA3LIBAIONMX XapPAKTEPHCTHKH I0JS Ha HEKOTOPOM 3aMKHYTOMH
NMOBEPXHOCTH C XaPaKTEPHCTHKAMH MOJA B 00beMe, OTPaHHUEHHOM
9TO# noBepxHOCTbIO. Bce orpaHuuenusi, Hak/ajbiBaeMble Ha MoJe,
noxuuHAonleecs TeopeMe OCTpOrpaickoro, nepeHocsiTcss C COOTBET-
CTBYIOUIMMH H3MeHEeHHSIMH B NOJydaeMble GOPMYJIbL.

[losoxuM nocnenosartenbHo B (4.78):

1) A=¢C;

2) A=BxC,

3) A=C-T(A;=C,T,),
rae C—noCTOSAHHBIA NPOU3BOJILHBIN BEKTOP.

Torxa nonywum noc/ef0BaTeNbHO

1) A-n=C-gn, divAd=C-veg;
2) A.n=C-(nxB), divA=C.rotB; (4.80)
3) A-n=C-(T-n), divA=C-divT.

[Mockonbky BekTop C npeanosnaraercss MNOCTOSHHBIM M IIPOH3-

BOJIbHBIM, TO TNOJY4YHMM *, NMOACTABJASA MOCJEJOBATEJbHO BHIpAiKe-
nua (4.80) B (4.78):

{§ onds= §§§ voar (4.81)
(§(nxayas =S rot aar; (4.82)
S T .
{§7.nas=({{ divras (4.83)
N T ’

HJIu

SSS T, dS = SSS 66Lx: d.

T

* Mm noJiyunM BbipaxeHHe Bupa C- {SS dS—SSS ...dT}:O. ITo-
S T

‘CKOJbLKY C—'HPOHBBOJ!beIﬁ BEKTOp, TO 13 paBEHCTBA HYJI0 HallUCAHHOTO

CKanspHoro Npou3BegeHus Cjeayer: .. dS——SSS veodt =0,

T
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Bce »3TH ¢GopMysE MOXHO 3amucaTh COKpalleHHO B BHAe
PaBHO3HAYHOCTH JleficTBMS JBYX OMNEPAaTOpPOB Ha OJHY H Ty Xe
BeAHuuHy (...):

((nc.yas={{fv(.)an
s T
Ot onepaTtopsl NPHMEHSIOTCA K CKaaapy, BeKTOpy (cKaasp-
HbiM 4 BeKTODHBIM YMHOXEHHEeM) H TeH30py 2-ro paHra.
PaccMOTpHM  HECKOJNbKO YaCTHHX BuA0B c¢opmya (4.81),
(4.82), (4.83).
1. Ecnin none A takoBo, uto divA=0 Bcioay B obaactu T,
10 u3 (4.78) cieayer paBeHCTBO HYJIO NMOTOKa MOJS dYepe3 JioOyio
8aMKHYTYIO J10BEPXHOCTb:

{§a-nas=o.
S

2. Eciu BHyTpu o6jnacTH T JMBepredHuus MOA# paBHa HYJIO
BCIOAY, KpOMe HEKOTOpOH TOYKH (Iie JAMBepreHuHs Ju60 He
cyuiecTByeT, J460 OTJAMYHA OT HYJS), TO NOTOK MOJA He 3aBHCHT
OT BHJa NOBepXHOCTH S H OyleT OAMHAKOBHIM IJfi BCeX MOBepX-
HocTell, OXBaThIBAOMIMX 3Ty TOYKY, H PaBHBIM HYJIK AJ]A BCeX
NOBepXHOCTEH, He cojaep:Kaulux BHYTPH ce6A 3TOH TOUkH (CP.
npuMep 3 Ha ctp. 161).

3. Depsa @=const, noayuum u3 (4.81)

{{nas=o0

S

AJMA J060f 3aMKHYTOR mnoBepXHOCTH S.
4. Ecau none A takoso, 4to rot A=0 Bciolly BHyTpu 06/1acTu T,
to u3 (4.82) cienyer:

{§(nxayas=o.
S

Teopemsl, npumbikawouue k reopeme Crokca. M3 reopembl Crokca
MOXHO [MOJYUYHTb pAJ (OPMYJ, CBH3bIBAIOWIMX XaPaKTePHCTHKH
NoJifd Ha HEKOTOPOH He3aMKHYTOA NOBEPXHOCTH € RAHHBIMH TOTO
Ke T10JI Ha KOHTYpe, KOTOPbIil CAYKUT TPaHuLell 3TOH MOBEpXHOCTH,

BBHz[y BaXXHOCTH TEOpEMBl Croxca Mul NpHBeAeM emie OJHO ee [0Ka3aTenb-
CTBO, MEHee CcTporoe, no Gostee Harasjauoe. .

PaCCMOTpHM SZMKHyTblﬁ KOHTY P L, CTATHBAOMHH NPOH3BOJILHYIO IIOBEPX-

Hocte S (puc. 4.22). .
[pepnoJ/iok KM, 4TO BO BCEX TOUKaX 5Tofl TOBepPXHOCTH 3ajaHhl M Henlpe-
PHIBHBL KOMMONEHTE BeKTopa A BMecTeé € HX YacCTHHIMH NDOH3BOAHBIMH —(WL .
&
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4.8. Humeepaabnble meopembt 8eKmMOPHOZ0 U MEH30PHO20 AHAAU3]

Paso6bem moBepxHocTs S Ha N JOCTAaTOUHO MaJblx dacTell S;, orpauuueH-
HbIX 3aMKHYTBIMH KOHTypamu L;.

Ha kaxkpom u3 s/leMeHTOoB S; BO3bMEM BHEIIHIOO HOPMasb #; H yCTaHOBUM
HanpasJjieHHe 06X0za KoOHTypa L; cooT-
BETCTBEHHO HalpaBJeHHIO M.

Torpa pns kakoil-to Touku M us S;
corjlaco (4.26) wMbl MoKeM oNpefesiHThb
NPOEKIHIO BEKTOpa BHXPH;

. 1
(n;-rot A)y,= lim — 4 A;.dL;.
i I3 Si— 0 Si\?{ i i

Otcwaa
(mp-rot A, S; =  Ap-dL;+eS;,
L;

rpe € MoXeT ObiTh CleslaHa CKodb yrogHo Puc. 4.22, VYuactks S; nosepx-
Masiofl 1o a6conloTHOH BelnuMHe nyteM  HOCTH S, HMeioulell rpaHuny B BHIe
yMeHblleHHst gHameTpa saueiixy S;, Ilpy- KOHTypa, HMeoT o6uHe 4YaCTH KOH-
HUMasf, 4TO 3jeChb KMEeT MeCTo paBHo- TypoB L; KoTopwe obxopsarcs
MepHAs CXOAHMOCTb, HafieM pjifi JoGoro  ABaXKael B IIPOTHBONOJOXKHEIX Ha-
e > 0 Takoe pasbuenne S Ha N uacref, npasJleHH X

NpH KoTOpoM max {e;} < e.

Torpa moayunMm, cymmupys no scem sueiikam S;t

N N
2 (mirot A $;— 3, 6 AL | <es, (4.84)
=1

i=1 L;

rae € —0, Korpga N —» o0,
Ho -

M=

{

l‘fA,--dL,-:_-‘fA-dL,

H0O B 9TOH CyMMe HHTErpa/ni, He OTHOCSUiKecHd K FPaHHULE NOBEPXHOCTH S —
KoHTYpYy L, nonapuo B3auMHO YHHYTOXKAIOTCA. DTO BH3BAHO TeM, YTO KOH-
TYpHl, pasrpaHHYHBaOmHe AuedkH S;, 06XOAATCS ABAXKAH B IIPOTHBONONOKHKIX
HanpaBlMeHHSAX,

« Torna, yseauuuBas uuciio N g0 GeCKOHEYHOCTH W yMeHbas S; no Hyns,
MoNy4yuM, 3aMEeHAA CYMMY B JeBOH 4acTH Beipaxenus (4.84) noBepxHocTHHIM

HHTerpanomi
SSS n-rot Ad8=‘f A-dL,

Teopema Crokca poxasaua,

Tenepe paccMOTpuM psij HHTerpasbHEIX (GOPMYJ, MOJyYaeMBX
U3 OCHOBHOW (4.79) ompepeseHHbIM BHGODOM BekTOopa A,

[losoKHMM nocJe0BaTeIbHO:

1) A=¢qC,

2) A=BxC,
rie C—NOCTOAHHBIH NPOU3BOJBHLIA BEKTOP,

Torza noayuum:

1) n.-rotA=n-rot (C)=C-(nx V¢); A-dL=C-q@dL;
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2) n:rot A=n-rot(Bx C)=((nx V)X B)-C;

A.dL=(BX C)-dL = (dL x B)-C.

IlopcraBasis 3t 3navenuss n-rotA u A-dL B (4.79) u cokpa-
was noJyueHHbie BHIPAKEHHSA Ha IMPOU3BOJIbHBIA MOCTOAHHbBIH
BekTop C, nmoayuuM ciaepyiomue GopMmybi:

SS (nthp)dS=fq>dL; (4.85)

S L
§§(nxv)xa)ds=§ @Lx A). (4.86)
S L

3ametuM, uto ¢opmyay Crokca (4.79) MOXKHO Nepenucarb,
BBeJs omnepatop V B BHJE

{{as(nxv).a=faL A, (4.86")
S L

dopmyan (4.86°), (4.85), (4.86) MOXHO OGBERHHHTb B OJHY
CHMBOJIHYECKYIO (DOPMYJy, ONpefesOuyo AeifCTBHA pa3HLIX Ofe-
paToOpoB Ha OJHO H TO e Bhipaxkenue (...):

(5 (rx9)(..)ds = $ (... ar.

Bripaxenue (...) MOXeT OuiTh cKaisipoM (cM. 4.85) uam Bek-
TOPOM, Ha KOTOpHIH omnepaTop JAeAcTByeT cKaJfApHO (cM. 4.79) uiu
BEeKTOPHO (cM. 4.86).

OTMeTHM HeKOTOpLie cJeAcTBHA H3 TeopeMbl Crokca,

1) TToToK BUXPS HENPepHIBHOTO MOJsSI UYepes 3amKHymyw To-
BEPXHOCTb PaBeH HyJm0, Jloka3aTelbCTBO 3TOTO cjefyeT U3 (akTa
NPOU3BOJbHOCTH IMOBEPXHOCTH S, HMeouledl TrpaHHUY B BHAC
KoHTypa L.

2. B opHocBsisHOM noje, ecau rot A=0 Bciogy, UHPKyJasuus
no MoG0My 3aMKHYTOMY KOHTYpPY paBHa HYJIO.

dopmyant T'puna. U3sBecTHoie B aHanuse Gopmyan ['pura Moryr
OuiTb NOJNYUeHBH Kak cJegcTsde u3 TeopeMul Ocrporpajickoro,
BBHAY X BaXKHCCTH Mbl paccMOTPHM 3TH GopMY/nl ocofo. Bosbmem
B (4.78) BekTOp A B BHje

A=V,
rae @, Pp—cKagaspHbie PYHKUHH, HelpepbiBHbie BMecTe CO CBOMMH

YaCTHLIMH MPOU3BOAHBIMA 1-TO # 2-ro NMOPSAKOB,
Torpa umeem:

div A=div (pV¥P) =AY+ Vo V¥,
A-n=(pn¥vq;=tp%% .
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[logcraBnsis 3T BbpameHus B GopMyay OcTtporpaackoro,
NOJyYUM

SSS (PAY+Vo- V) dr=S (p—g:f—ds_ (4.87)

S

910 nepsas ¢opmyaa I'puna.
[Monoxum B dopmyne Ocrporpagckoro

A=¢VY—YVe,
Toraa nonyuum smopywo gopmysy 'puna

S @av—vanar=(f (¢ 20—y 2)as.  (4s8)
i S

U3 3TX OCHOBHBIX (OPMyJ CJAEAYIOT NPH YacTHBIX 3HAYEHHAX
¢ ¥ Y HEKOTOpbie BaXKHbie COOTHOLIEHHS.
B cnyvae ¢y =¢ dopmysaa {4.87) paer

§§§ loa0+(vorjan={( ¢ 2as. (4.89)
v S

B. enyuae ¢=const popmyna (4.87) naer
S { S apar =S¥ as. (4.90)
T S

Us ¢opmyas (4.90) caepyer, uto onepatop A=V.V MoxKer
ObiTh MpejCTaBlieH B BHJe CJEAYIOILEro nepejena:

A(...)=3E%SS§H—(...MS. (4.91)
S

CaenctBue, Bropas cdopmyna Tpuna umeer opHo BamkHoe
CJIRICTBHE, K BBIBOJAY KOTOPOTO MBI TEPEXOiUM,

[lycmo 6 obveme v, .ozpanudennom nosepxnocmow S, 3adaua
HenpepoisHas  eMecme €O  BMOPLIMU  HACMHOIMU  NPOU3BOOHBIMU
Pynkyua @ (xy, X5, Xs).

Tozda moxcro onpedesume 3nauenue ¢ 6 0606 BHYmMpenell
mouxe Mg (Xyg, Xg9, X30) 00eMA T, eCAU U3BLCIMHOL 3HAHEHUR @ U 8
HOPMAALHOU nPOU3BOOHOL g% Ha epaHuuye amozo 06vema U 3Haye-
Hue A@ 8 xaxcdoid e20 emympentel mouxe,

Ilycts r—panuyc-BekTop, npoBeleHHbI!t U3 M, B nepemexHyio
Touky M.

Torpa

r= V(xl—xm)2 + (Xg—X0)® 4 (x5 —X30)%

I/, 13 3axaa Ne 3610 p— 193
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HenocpencTBeHHBIM  BhIYACJEHHEM I\l/IO}KHO yGeauTbes, 4TO
l ) —
(YHKUHS -~ YAOBJETBODSET YCJIOBHIO A —=0 Bo Bcex TOYKaX T,

kpome Touku M,, rae r=0. .
OkpyxuM TOYKY M, Chepod ¢ NOBEPXHOCTbIO & paguyca p
(cm. puc. 4.23). Torma aas obnacTd (t') BHe cgepbl, COrJacHO

sropoit dopmyne ['puHa (4.88), uMeeM, TNOJOXKHB YP=—:
535 () e § ok (2) 485+
-
+§§ (o3 (3)—73r) = (499
&

3nech t'—obaacTh T 33 poideToM o6jacTd cdepbl, HCK/AOYAL0-
meit Touky M,, T. € T =T—T,.

[MockonbKy BHELIHAA JAAsl cdepbl &
(BHYTpEHHAA /A MOBEPXHOCTH 0G/IaCTH ')
HOpMa/lb COBMajaeT C HalnpaB/ieHHeM pajH-
yca r, noJayuunM

0
=SS (r_q;_; 9%) de.  (4.93)

Puc. 4.23. Bugeaenne
ocoboil Toukr M, e

BLudC/AMM NIpefes 3Toro BelpaxkeHnus, koraa p —0, T. e. Koraa
chepa & crarupaercss k Touke M, Hmeem: :

i (5 32 o=

. Te(M) 1 (39 ]4 2 — dng (M,).
- Im (2 — - () |40 = a9 (M)
M’ >M,

Torpa u3 Bhipaxenus (4.92) umeem:
o Mo)=— § {§ + aoar—({ (057 (£)—152)ds. oy
T S

Ara popMmysa AOKasbiBaeT CHOPMyJHPOBAHHOE Bhlllle CACACTBHE
u3 teopeMul I'puHa.

AHaJIOTHUHOE CJeACTBHE, Kacaiguieecs BbiPAaXKEeHHS SHauyeHHsd
HEKOTOPOTO BeKTopa A BO BHYTPEHHeH Touke ofbeMa T uepes AA
AAs BHYTPEHHHX ToueK H MPOW3BOAHYO A NO HanpaB/eHHO N

194 ~
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AJsl TOYeK MNOBEPXHOCTH S, MOXKHO MOJYYUTb, €CJH BOCHOJb30-
BaThcs (opMyJiof (4.83):

S S ?T:fdz = S S T ,,1,dS.
T N

[Monoxum B 3TOM BbIpaKEeHHUH
Ty (L) L2

iaT,, r r axk

Torna, nostopsas paccyxlenus, npusepmue K dopmyae (4.94)
ANs cKanaspa @, MOJAYYHM A/ HENPepPHIBHOrO B 06heme BMecTe
C ABYMS NepBbiMH YaCTHBIMU NPOU3BOAHBIMH BeKTOpa A:

anA, (My) = — SSS L AAd—

T
()8 s
ana (My)=— [ ([ 5 2 ad—

T

“SSH"‘ 5671 (%)——:- (n-V)A}dS. (4.94a)

3mech BeKTOp AA MOXKer GITb BhIpa)KeH no gopmyJae (4.65a).

AN

MpuMepn. TeopeMH BeKTOPHOro W TEH30DHOro aHa/M3a HAXOAAT WHDPOKoe
NpHMEHeHHe B MeXaHHKe CIJOWHBIX cpej. PaccMOTPHM HEKOTOPhle XapaKTepHHE
nIPAMEPH HCIIONb30BAHHA HHTErpaibHbIX TEODEM TEH3OPHOro aHanusa.

TipuMep 1. [Jupdepenyuarouoe ypasuenus 08udcenus cnaouwinotd cpedol
Y pasrenus dsuxenun mudxocmu.

B aBmxymefica cnaowmHoll cpeie BHAETHM ee 4YacTb, HMewoulyio o6beM,
orfanuueHHHR noBepxHocTbio S. [IpH gBHXKeHHH cpelsl 06beM T K TOBEPX-
HOCTb S Booflle MeHATCH, HO Macca OCTaeTcs MOCTOAHHOA, TaK uTo

d . i .
a pdt=0. K BHzenenHol uacT¥ cpeisl NpaMeHHM BTopoli 3axon Hbio-
T

TOHA, BHUHCAAA KOJMHUECTBO ABHXKEHHS €€ W BCe NPHIOKEHHBE CHJBL.
KonnuecTBo ABHKeHHs (WMNYJbC) BhifeneHHOH yaCTH paBHo

Sgg pVidx.

Ecnu Ha KaKnyio elHHHLY Macch feficTByer cunfa f, To I'IaBHHA BEKTOD
BCEX MAacCOBHIX CHJI, HPHJOKEHHBIX K BbIAENEHHOH YacTH CPeAiH, paseH

51§ 00

Y 13*
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T ra8a yemsepmasn. Bexmopuel u mensopHsil anaaus

3jech f— HATEHCHBHOCTb MAcCOBHIX CHJM (B TIOJIE TAXeCTn f=g, rae g—ycko-
PEHHE CHJB TAXKECTH).

K noeepxHocTu paccMaTpHBaeMOM YacTH CpeAbl NPHJIOKEHH €€ 00BEpX-
HOCTHBIE CHJIb, HalpsKeHHe KOTOPHIX Ha SjeMeHTe MopepxHocTH dS c BHem-
Hell HopMajbio m paeHo p,. Toraa raasHbil BEKTOp MOBEPXHOCTHHX CHI,
NPHIOKEHHBX K 3T0# YaCTH CPelbl, paBeH

SS p.dS,
S

H ypaBHeHHe JNBHXeHHA €€ NMEeT BHI

= S g\g Vit = Sgg ofdr + SSS' p,dS.

IMockonbky Macca Jio6oro o6beMa AT B CHJY YyDaBHeHHS Hepa3phIBHOCTH

. d
ocTaercd MOCTOsAHHOH, TO m—(pAr):O. CiepoBaresibHo,

ar §{§ over=§{f o e
SS o2 ar =S§Sfp dw.l.SsS pads.

YuuteiBas nonydyeHHoe paHee BhipaxKeHHe AJd p,, NOJNYHYHM

S S S P %," dv =SSS of dT+SS Priy dS, (4.95)
T T <

uny B KomnoHeHtax (i=1, 2, 3)

5358 = 5o pams
T T

rae p;p— TEH30p HANpPAXEHHH. .

YTto6bl mogy4HTb AutddepeHuHa/]bHLle YDaBHEHHs ABHKEHHS CHJIOWHON
cpefnt, Npeo6pa3yeM NOBEPXHOCTHHIH HHTErpas B o6beMHbI; cornacHo Teopeme
Octporpaackoro (cm. 4.83), nonyuum

a .
s 575 22

S T

ZV__i___ . Opip
35 {o Gt —otim i ax=o
T

Tockonbky ofbeM T NMPOH3BOALHHIN, TO B NPEANONOKEHHH HENpPePHIBHOCTH
NOABHTET PANbHOrO BhIPAKEHHS MONYUHM

avy . Opip
P'&T-—P[1+m~

Takum o6pasom,

Toraa

dv;
3nech Fti-nomiaﬂ npoussofHas, Koropas, Kak Oblo noxkaszano B (4.30),
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Bbipaxaercs B Buze:
dV,'_@V,'+ v;
dt 9t " 'Rax,”
Takum ob6pa3oM, OKOHHaTelbHO AHddepeHUHaJbHHE YpaBHeHHA (HX BCero
Tpu paf i=1, 2, 3) aBHKeHUA CMJIOWHOA cpeabl HMEOT BHA

aV; Vi ., Opiy
T +PVk——'axk —Pfri-———k . (4.96)

INpeameToM FHAPOASPOMEXAaHHKH ABJAAETCH H3yUeHHe ABHKEHHS KHAKOCTell
u rasos. [lag 3TOro KJjacca cn/OWHBIX cpej oObiMHO NMpPHHEMaeTcs JuHeliHas
3aBUCHMOCTbL MEXAY TeH30poM HanpsKeHHHl u TeH30poM CKopocTeil xedopma-
uMit (cM. 3ajauy 4, rj. 2) c BblgesleHHeM [IAapoBOro TeH3opa, OTBEYAIOLLEro
ruppocrarHueckoMy paaejeHHo. Takum o6pasoM, B rujpoMexaHnKe CYHTAIOT,
YTO BHINOJHAETCH Chaejyloliee OCHOBHOE COOTHOWIEHHE!

Pir=""p8p+aV;p+bd;tVy
3necb p—ruapoeratHueckoe AasjeHsie (CKanfp), a H b—Ko3hHHIHEHTH
oV, _ vy aV, oV,
dx; 0x; ' Oxp Oxg
AeopManHii, KoTOpas, OUeBHAHO, paBHa AHBepreHuHH ckopoctH (Vy=div V).
O6LiYHO B ruApOMEXaHHKe 3TO COOTHOWIeHKe (MHOrJa ero HasnBaioT 0600«

wenHofl runoresoii HbioToHa) 3anHCHIBAIOT B BHAE

pONOPUHOHANBHOCTH; V= ~— cBepTKa TeH30pa ckopocTefi

2
Pig="—p0ip+20V;— T pdixV s

TaK 4TO
P11+ P22+ pas=—3p,

rae P —KO3(hQHUHEHT BASKOCTH MHAKOCTH (KO3POHUHEHT Tak HasHBaemolt

BTOpOH B3KOCTH NPHHAT PaBHLIM HyJo*).
B cayuae Hecxkumaemoli xuakoctn umeeM (div V=0)1

pir=—p8ip+2WVip
a B CAyuae XHIKOCTH, Haxonswelicd B NIOKoe H B C/lyyae HAealbHOH XHAKoCTH
(MWeHHON TpeHnd), HMeeM:
Pir=—pdip.
[MozcTaBaAs DPa3/inuHHE BHpakeHHS AAf p;p B ypasHeHHs (4.96), nosyunm

ybaBHeHHS ABHKEHHS:
a) HleaJbHOH XKHAKOCTH—

v, vy . _0p
ParTPVe 5x—k—sz 3% *
HJIH B BEKTOPHOH 3amucH
av ,
p 5T (V-v) V=pf—vp; (4.97)

6) B3KOl Hecxkumaemoli xumkoctH (ypaBHesne Hasbe—Crokca) (npu
g =const)—
awv; Vi O oW,
=5t TV 0%, =0l ox; Th Ox,0xy,

* lMogpo6uee cm. JI. T. Jlofiuanckud. MeXxaHuka xujgkocTw u rasa,
TUTTJL, 1957, crp. 463—466.
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Tra8a demeepmasn. Bexmopnoid u MeHS0pHOI GHAAUI

HAH B BekTOPHOHl samucu

av '
P35t (V-v) V=pf—vp+pAV. (4.98)
(Sﬂecb yateHo, uro div V=%YL‘-=0) H
Xk

B) BA3KO# cmumaemoﬁ mu,u.xoc'm (npn p=rconst)—

ov; _ o pl, L
rry oVt ax obi— ax,“‘ xroxg T3P Oxy 0%,

UJIH B BEKTOpPHOH 3amHCH

14 1 .
P57 e (V- v) V=pf—Vp+pAVt—-pv div V.

B cnydae 0606meHHBX KOODAWHAT yPaBHeHHE NBHKEHHS JOJKHO OHIThH
cOPMYTHPOBAHO OTHOCHTEJIbHO KOMMOHEHT BEKTODPOB.

ITycte noje cxopocrefi ecTh ¢yHKIHS BpeMeHH { M 0GOOLIEHMHBIX KOOPAH-
HaT x1, x3, x3, 1. e. V=V (x%, &2, 43, {), Torpa npupameHHe cCKOPOCTH yac-
THUH xmzlxocm IPH NepeMelleHHH M3 TOYKH C KoopauHataMu x! B TOuKy
x' +dx! pasho

6 dV=dVyox+dVyoms PYY
rae dVge= dt—.noxanbnaa qyacTbh H3MeHeHHS CKOPOCTH, a dV"°“‘_6 dxk—
Kouaexmauaa 49acTb HSMEHeHHSH cxopocm, T. €.
oV - 6V
o= +

dx®
3neck VEe 4 — KoHTpaBapuauTiHe KOMNOHEHTH . CKOpOCTH.

Orciopa, yuuTHBad onpeneneHHe KoBapuaHTHOH npoussoaHoit (4.37), moay-
YHM KOHTPaBaPHAHTHHE KOMNOHEHTH ycxopeuua

dVidViGV, ,-kav" .
T r( I ) + x" §+V Vg (4.99)
Takum o6pasom, B ciaydae o606LIEHHHX xoop;mua‘r BMecTo (4.96) monyunm
avi
o =7 +OVHV i =l +piks (4.100)

rne p:i—cBepTKa KOPRDHAHTHON NMpPOW3BOAHOH TCH30pa HampAXeHHH,
B cayuae BA3KOH KHUAKOCTH HMeeM

Pl — pg<ik+2uvik__?_'ugikvlw (4.101)
me KOMNOHEHTH TeH3opa ckopocTeil aefopManHH HMEIOT BHpPaKeHde
Vit gligtmy, . — gitg ’""—-(Vtm+vm»z) (4.102)
Mpu sTom Vu—,zmseprenuua BEKTOPa CKOPOCTH.

Briuncrum p;k—nHBepl‘eHquO TeHsopa HanpsixeHnd.
quTbIBaﬂ, YTO KOBAapHAHTHAd NpPOU3BOJHAA OT MeTpHUecKOoro TeH3opa
paBHa HyJIO, IOJXYYHM
ik 1.3 __ ik
pike= — puag+2V 1} —2- g™ (VL))
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Ho
; . 1 . : 1 T
Vip=gigtm 5 [Vembet Vil = - 2" (Vim)s +5 g (V)
52V 2yf
Mpepnonaras 5(17‘;?:(%1%;5' NONYYHM (V:’;);km(ka);,. Teneps mog-

crasnas p.”,: B (4.100), moxHo 3amucaTh ypasuenne Hasbe--Crokca B 0606-
UleHHBIX KOOPAHHATAX B BHAE

avi :
Pé-t"‘i'PVkak:Pli‘—g'k ap + ugtk » k(vll)_i__”gkm (Vi )k (4.103)
I/I.HH, nepexozm K KOBapHaHTHblM KOMIIOHEHTaMm:
av ap 1 d
—Lk oV Vip= ol — Bt = (Vi) g™ Vi (4.104)
ot~ 3 "oy

3pecs Bupakenne g¢” (V;;,);, IPEACTaBASET CO60H KOBaDPHAHTHHE KOMIIO-

.HEHTH BeKTOpa AV

Monbsydace ¢opmynoit (4.103)- u (4.104) ¥ BBORA ¢PH3HUeCKHE» KoMNO-
HEHTH BEKTODOB, BCEr]a MOXHO II0JIy4HTb ypaBHeHHe Hasbe—Crokca B moGoft
KOHKPETHOH CHCTeMe KDHBOJHHeHHBIX KOOPAHHAT.

Npumep 2. 3akon Apxumeda. Cnna, neficTsyiomas cO CTOPOHEE XKHAKOCTH
Ha MorpyxeHHOe B Hee Tejo C NOBepXHOCThiO S, paBHa

R= SSS prdS= SSS PphpdS.

Orcrona -
R;= SS Pirs dS.
S

Ecau xupkoctTs nokoures (V=0), 1o (c1p. 197)

Pir=—pbis
Vp==pf=pg (MaccoBble CHIH PaBHH cHNaM TaxecTH). (*)
Toraa Ri=— {{ pn;as,
HIH )
R=— Ss pn dS.
s

Hcnonnsys Teopemy Octporpaackoro (4.81), mmeemi

R=— SSS pn dS =— SSS vpdr.

T

Mopcrasiag Vp H3 ypaBHeHus pasHoBecHs (*), nmojyunm

=—-S§Spgd1:=—-g$§5 pdr=—gm=—G@.
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Takum 06pasoM, cuna, aeficTBYiouas co CTOPOHB XXHAKOCTH Ha MOTpYIKeH -
Hoe B Hee Teso, Mo BesHuMHe paBHAa ( —Becy KHAKOCTH B ofbeMe Tela—H
nanpasaeHa B o6paTHYIO CTOPOHY.

Tipumep 3. Teopema umnyascos 8 2udpoaspomexanuke. ITa TeopemMa 3aHH-
MaeT BaKHOe MecTe B a3pOTHAPOMEXaHHKe, 0COOEHHO B 3KCIepHMEHTaJbHOM.
OHa Mo3BoJSeT ONpPeAe]HTh CHIY, AEHCTBYIOmMY Ha Bhje/eHHEH ofbem
XKHAKOCTH, 3Has TOJbLKO ee CKOpOCTb (M NNOTHOCTE B cAydae CKHMaeMOf
KHAKOCTH) Ha MOBEPXHOCTH 3TOTO ofbema, a Takike CHAy, AeHCTByloulyio Ha
noMeueHHOe B ABHKYIYIOCH MKHAKOCTB TBEpjOe TEJO, 10 HanpsKeHHAM H
CKOPOCTH (M NJIOTHOCTH) KHJKOCTH Ha onpejeneHHOH NOBepXHOCTH (TaK Hasbl-
paeMoll KONMPOAbHOU TOBEPXHOCTH). .

Ko/inuecTBO ABHKEHHS JKHIKOCTH, HaXOAfmedCs B MOMEHT BpeMeHH
B HEKOTOPOH gpuxcuposannod npocTpaHcTBeHHo# 006/1aCTH T, PaBHO

[(§ovar.

T

C TeueHHeM BpeMEHH 3TO KONHUYECTBO JBHXeHnsl meHsercs, n6o qepes v
npoxoadaT pa3nHuHbE Macchl XHJIKOCTH. CKOpOCTb H3MEHEHN S ero paBHa

d
—_ Vdr.
i §i5e
T
IMockoAbKy ofjacTb T fBjfeTcs QUKCHPOBaHHOM, To
d 0
— Vdir= —— (pV)dr.
g §§§eva={{§aen
T T
Iepexoas K KOMNOHEHTaM, NOXYUYHM

3§ via=§ a8 (1 o)

Bygem cuWTaTh, 4TG MaccoBhle CHab OTCYTcTBYIOT (f=0). Torza onpene-

nas g—? ¥3 ypaBHEHHsS HeDa3pbiBHOCTH (4.23) H p—a—t—[ 13 ypaBHeHHS JBHKe-

Hus (4.96), monyuum
0 0 av;  dp;
—_— V;dt= —_—V; —_ At iad 4 =
ar §§oviae= (f§ [~ vigg ovo—ova G+ 3|
T T
=,_SSS-—‘3 (OVVe—pip) 47
0%, OViVe—pip) dr.
T

flpeo6pasys umTerpa, cTosuuil B npasoil yactd, no gopmyae OcTporpas-
cxoro (cMm. 4.83), nosayuum

d
EFSSS pV; dT=— SS(pVin—p[k) n,dS=— SS O;,n,dS, (4.103)
T S $

Hp=pVVrp—pir.

rie

CneBa B (4.105) cTouT cKOpocTb W3MeHeHHs i-H KOMMOHEHTbl KOJAHueCTBa ABH-
KeHHA KULKOCTH B pacCMaTpPHBaeMoll HeNoABMKIOH o6nacTH. ITa CKOPOCTb
onpeaesseTcs Tol XKe i-il KOMNDOHEHTONl MMOTOKa Ten3opa I, yepes samxHyTyw0
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noBepxuocTh S, orpaHHuMBalowywo o61acTe (T). TaxuM o6pasoM, BelHYHHA
Il;,n, dS paBua i-fi KOMIOHEHTE TOrO KOJNHUECTBA ABHKEHHSH, KOTOpoe B enH-
HHLY BpeMeHK YHOCHTCH Yepe3 3/eMEHT MOBEpXHOCTH dS, npoTexawoulell uepes
T KHJKOCTbiO. Torma, oueengHo, 4to BeaHunHa Il ectb /-1 KomnoHeHTa
KOJIHYECTBA ABHKEHHS, YHOCHMOrO B eJHHHIY BDeMEHH UYEPe3 ELHHHUHYIO
NJOMAAKY [OBEPXHOCTH S, nepneHAHKyaspHYio k-B ock. Teusop II;, Hasm-
BAETCH mMEH3OPOM NAOMAHOCMU nOMOKa umnyassca. Bechb INOTOK KOJAMUYeCTBa
IBHKeHUS depe3 IOBEPXHOCTb paBeH NOTOKY TeH3opa Ii; uepes Hee, T. e.

{§ mn, as.
S

CnegyeT OTAMYATb nOMOK uMnyasca OT nomoka eexkmopa pV, KoTopbiii
PV, p

aBeH V-ndS. Tlotok BekTopa pV, Kak yXe OTMevyaJjoch, oOfpeie/fier
P Y pa p y p

S
Maccy XHIKOCTH, YHOCHMYIO Yepe3 T MOBEPXHOCTb S B €AWHHIY BPeMeHH, Npo-
Texaouel yeped T XKHUAKOCTbIO. BekTop PV (KONMHYECTBO JBHKEHHS eNHHHIH
ofbeMa MHAKOCTH) 10 BeJIMUHHE DPaBeH Macce XHAKOCTH, NpoTekawulell B enu-
HHLY BpeMeHy depes EARHHUHYIO NJIOMAAKY NOBEPXHOCTH S, pacno/oXeHHYIO
nepleHguKy/dsipHO K cKopocTH. [losToMy Bextop pV HasuBaiOT nA0mHocmoio

" nomoka xudKocmu.

Ecau aBHXeHHE XHAKOCTH CTallHOHApHO ((%-—:-0) , To 13 (4.103) mosry unm

SS T4y dS = SS (OVVs—pix) Ny dS=0. (4.106)
S S

3To ypaBHEHHE BhHIPaXKaeT TeopeMy HMIyJhCOB, KOTOPYIO MOXHO cdopmy-
NUpOBATb TaK:

Mpu cmaguonaprom OBudiceruu HuUOKOCMU & PABEHCMBE HYAIO MACCOBbLX CUA
nomox mensopa = pV;Vy— p;p uepes a06yro 63amyro 8 HudKocmu 3aMKRYmyo
nosepXHOCMb PABEN HYAM0.

TeopeMa MMIYALCOB 1103BONsET HENOCPEACTBEHHO BHIPA3UTbL CHJY, AeHCT-
BYIOIYI0 Ha BhieNeHHHA OOBEM KHAKOCTH, Hepe3 CKOPOCTb H IJIOTHOCTB
AKHAKOCTH Ha NOBEPXHOCTH 3T0ro ofvema. JefcTBATeNbHO, TIOCKOJ/IBKY MaCCOBHE
CHJ/IBl OTCYTCTBYIOT, TO

S S PighxdS
s

AaeT i-10 KOMIOHEHTY TJIaBHOrO BEKTOpa BCeX CHJ, JeHCTBYIOLIMX Ha Bhle/EH-
HHil o6beM XHaxocTH. O6osnauum ee yepes F;. Takum obpasoM ua (4.106)

HMeeM:
Fi= S S ViV g dS
N

HJIH B BEKTODHOH 3anHCH

Fe SSS pV(V+n)dS. (4.107)

. d )
ITycTs B CTanHOHAPHHI NOTOK XHAKOCTH (W::O NPH OTCYTCTBHH Mac-

copbix cua (f=0) nomeweHo TBepaoe Te/0 ¢ noBepxHocToio S (puc. 4.24).
BriGepeM B JKHAKOCTH «KOHTPOJIbHYIO» NIOBEDXHOCTL Sy, MPOH3BONLHYI0, PHKCH-
pOBaHHYI0, HO TaK, YTo6bl OHa MOJIHOCTHIO OXBaTHBaja TBepjoe Teno. [1pume«
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HHM K O0BeMY XHIKQCTH MEX]y MOBEPXHOCTBIO TBEPAOTO Tesa S W «KOHTPOJbe
HOll» MOBEpXHOCTbIO S, Teopemy uMmnynascos (4.106). IToayuum

S S PirndS + SS PirlgdSo— SS pViV pnpdS— S S PViVnpdSy=0.
S So s So

IMepBuiii HHTerpan naeT BuPaKEeHHe AN KOMIIOHEHTH CHJIHI, JeRcTBy o el
CO CTOPOHHI TeNa Ha paccMaTpHBaeMbifi 06bEM XHAKOCTH; B3STH CO 3HAKOM
MHHYC, OH JacT KOMIIOHEHTY
R; cunwl, peiicTByome# co cTo-
POHH XHAKOCTH Ha TeJjo, T. e.

Ri=—{{ piwre ds.
S

Tpetuit uHTerpan paseH Hy-
JI0 B CHJNY OTCYTCTBHSl IpoTe-
KaHHA XKHAKOCTH yepes MoBepX-
HOCTb TBepporo Tena (V.n=
=Vpn,=0 na nosepxuoctu Tte-

Puc. 4.24. na §).

Cana, seficTpylomas B NMOTOKe XHAKOCTH Ha TeJo, CHBROBaTe”bHO’
NMOBEPXHQCTH KOTOpOro S, BHpaxaercs vYepe3 none
cxopocTelt H AaBneHdH Ha KOHTpOAbHOH MOBEPXHOC- Ri= SS (Pik“PVin) ng dSo

S
T 2o 55 (4.108).

Hrak, uToOl onpefenuts cuay, geficTyioulyio Ha TBepjoe TeJo B CTALHO-
HapHOM NOTOKE XKHAKOCTH, AOCTaTOYHO HA HeKOTopofl IOBepXHOCTH S, KOTO-
pas MoXeT OHTb ynOGHOH n/1S1 SKCMepHMeHTa, H3MEPHTb HaNpsKeHUs NoBepx-
HOCTHHX CHJl, CKOPOCTb H MJAOTHOCTb KHIKOCTH. :

Ocofenno npocTyio ¢oOpPMYJNHPOBKY NpuoGpeTaeT TEOPEMA HMIYJIbCOB,
€CcNH MOXHO NpeHeGpeub CHIaMH Bf3KOCTH. B 3ToMm ciyuae, Kak yXe oTme-
4anoch,

Pir="—pOis,
H Buipaxenue (4.108) npuo6petaet BHA

Ri=—{ { (pn;+ oVi¥np)as,
Se
HJH B BEKTOPDHO# 3amnHCH

R=— SS [pr+oV (V-n)]dS,. (4.109)
: S

0

Takum o6pa3om, B 3TOM CJaydae AOCTaTOYHO HA KOHTPOJIbHON NOBEepPXHOCTH
[POH3BECTH 3aMepbl [aBJEHHA K BEKTOPa CKOPOCTH KHAKOCTH, 4TOGH IoOJy-
YUTb CHJY, AeHCTBYIOmYi0 Ha TBEpAOe Teao. JTOT NPHEM YacTo HCIOAb3YeTC
B a3pOAHHAMHYECKHX 3KCIIepHMEHTaX.

B caepylomeM npuMepe Mul MOKaXeM, KaK IIPH NMOMOIMH TEODEMB HMIYJk-
cos (4.109) MoXHO noOJMyuHTh (yHAaMeHTaNbHY10 TeOpeMy THADOaspoMexa-
HHKH —TEOPEMY O .MOjBLEMHOA CHJE NJOCKOrO KOHTYpa, INQJYUYEHHYIO
H. E. JXykoBcknum.

Tipumep 4. Teopema H. E. )Kyxosckoeo. [peABapHTENIbHO PaCCMOTPHM OfHH
W3 cJlyyaes HHTErpHPOBAaHHA YypaBHeHHil ABHXEHHA XBAkocTH (4.97).

TlycTs BCIOAY B KHAKQCTH, ABHXKYuieics 6apoTPONHO (IJIOTHOCTb ABAAETCH
¢yHRnHeR ToNbKO pnaB/ieHHs p=p(p)), BHNoJHeHO ycjaosue rot V=0,
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a MaccosHe cHabl f umetor morenuHan (f=— yI). Ilpu stux ycrosuax
ypaeHerusa (4.97) wHTerpHpyloTcd.
Hefictertensuo, u3 ¢opmynn (4.59), Ne B npr A=B8 umeem

grad V2=2(V.y) V-2V Xrot V.

CrenoBaTensHo, ypaBHeHHe jBHxeHHS (4.97) MoXeT GHTb 3amHcano B dopme
(¢opma I'pomexn)

ik 1% vp
0V —(Vxrot V)+grad (_2_):. -2,
z,
[ N
N T~
Pl I AN
) n v
Yoo y v
—— §
)t : v

o (N iy S
=S

T3

Puc. 4.25. K rteopeme H. E. )Xyxosckoro o cuue, gefictyio-
med Ha TBepABH KOHTYD B CTAUMOHAPHOM NOTOKe HjeasbHON
KHIKOCTH

IMockonsky rot V=0, To V= y¢, a BcaeacreHe $apoTPONHOCTH
p pip)-
CnegoBaTesibHO, ypaBHEHHe IBHKEHHS MOXeT OHTL 3amHCaHO B BHJE

dp V32 S dp)
-t 11 e ) =0,
(3Tl
Orciona BUZHO, YTO OHO MMeeT HHTerpas
op V2 dp
<5+t + 0+ ap—)=¢(t),
rae P (¢)—Herotopasd PyHKIUHA BpeMeHH, ompeiesiseMas U3 HAYAJBHHX yCJIO-
BHi, DTOT HHTerpaj Ha3mBaeTC B TUapoMexaHuKe HHTerpanoM Jlarpanxa.

Orciona B c/yyae CTanHOHAaPHOTO JABHKEHHA HeCXHMaeMol xKHakocTH (p = const)
OpPH OTCYTCTBHH MAaCCOBHIX CHJ MOJYYHM

‘%ﬁ-kp:C, (4.110)

rie C—mnocTosaHHad,
Tlepefinem Tenepe k paccMotpenHio Teopeml H, E. JKykoBckoro.
PaccmoTpuM  nnockoe  (3aBucsliee TOJbKQ OT KOOPAHHAT ¥; H  X3)
CTauKoOHapHOE TeYeHHe HeCKHMaeMoH MXHAKOCTH, ob6Texawmeld MJIOCKHH KOH=
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Taasa wemeepman. Bexmopwuoidl 1 mensopsii anaius

Typ L (prc. 4.25). Tlyers ckopocTs KHAKOCTH BAaJH OT KOHTY pa MOCTOsAHHA
H paBHa Vw, a Beioay B KugkocTn rot V=0, T. e. TeueHne KHIKOCTH GeaBux-
pesoe. ITycTs, HaKoHeu, Maccoswe CHIB OTCYTCTBYIOT f=0).

ITpumennm Teopemy wumnyancoB B dopme (4.109) K obwvEMY KHAKOCTH,
SaK/MOUEHHOMY B LHJIHHAPE C 'BHICOTOH, paBHOl efMHHue, K € AOHBLIUKaMH
B BHJE 4aCTH NJOCKOCTEH MeXAy KoHTypamd L d Ly, rme L,—oKpyXHOCTb *
HexoToporo paauyca r. Toraa noayunmM cuay, pefiCTBYOUIY!® Ha eZHHHIY
AMHHB GeCKOHEYHOro UHJMHHAPA ¢ HanpaBasiowell L B eupe **

R=_g§ P dL.,—prV(V-n)dLo-
0 0

B sTo Bhpaxenue noacrasum p us (4.110). Tak kak C © TOCTOfIHHBIE,
TO MOJNYUHM

R=§ ¢‘ Vzndlo——pgg V(V.n)dL,. (#)
0 LO
Mpencrasum BekTOp V Ha KoHType L, B Buge (cM. puc. 4.25)
V=Vo -+ V.

3necs V’'—ckopocTs BO3MyuleHH R, KOTOpasd CO3JaeTcs B MJI0CKONApaie/isHoM
NIOTOKE MHIKOCTH TBepAbM KOHTYpoM L,. OTHOCHTe/NLHO 3TOH CKOPOCTH MHI
6yzeM npepronararh, 4T0 oHa yOuiBaeT ¢ pacCTOSHHEM r OT Hayala KOOPAMHAT,

1
rae noMemeH KOHTYp, Kak e

[MoactaBuM passioxenre V Ha Ve u V' B (*). Honygum
2

Ve
R=T°°‘¢’ndt.o+p¢‘(vm.V')ndLﬁ% fV'mdLo—pvw 9§(v'.n)dL0-
Lo L, Lo Lo :

—p¢‘ V' (Vo -n) dLo—pgs V' (V'-n)dL,.
L, Lo
Tlepsrifl MuTerpan, Kak H3BeCTHO H3 KypCa aHaJH3a, paBeH HyJi0. YeTBep-

Tl WHTErpan paBeH HY/IO B CHAY YCNOBHA HeCKHMaeMOCTH KHIKOCTH, 6O
O NpejCTaBifeT MOTOK XKHUAKOCTH yepes 3aMKHYTHH KoHTyp. TpeTnit n wectod

1
HHTerpansl HMEIOT NOP 0K — 3 BX CyMMY M o6o3HaunM yepes O -;-)
Torpa

R=p § [(Vw-V’)n—V'(Vm-n)] dL,+0 (}) :
L,
B cnny popmyas a1 xBOfHOrO BEKTOPHOro NpoH3BefeHHS (1.19) noayuum

R,,zpf Vo X (nX V')dLy+0 (71) .
L,

* BuiGop L, B BHje OKPYXHOCTH yIOGEH TOABKO C TOUKH 3peHHd CoKpa-
IEeHHA HEKOTOPHX NaNbHEHUINX paccyXaeHui.
** WnTerpansl No NOHHWEKAM WHJAHHADA nponajawT, W6o Ha HHX V.n=0

(Vln), a SSpndS Ha JIOHHIIKAX HMeeT DasHHA 3HAK H OZHHAKOBYIO
BEJUUUHY.
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4.8. Humezpasonoe meopembl 82KMOPHO20 u MEH30PHOZ0 GHAAU3DL

INockoabky

G Vo x(aX Vaydlg=Va X (ﬁndL0 X Vo ) =0,
L, L,

TO
1
R:pf Voo X (n X V) dLy+0 (7)_—.
L.

1
=meX9§(n)< V)dL,+0 (T) .
L,

Beegenm opT i3 mo ocu ¥; H OpT ¢ 110 KacaTenbHolt X KOHTYDY L, (puc. 4.25).
Toraa (cM. 1.12): n=¢ X i3

X V=(t X i) X V=is(t-V)—t(iz-V)=1i3(V-£).

O6o3nauas dl,=tdL,, nojyuum

1
R=pVa X isHS V-dL,+0 (T) .
Ly

Beenem Bexktop I'= 1395‘ V.dL,; ero BenHuHHa paBHa UMDPKYJAIHH CKOpO-

L,
CTH MO KOHTYpPY L,, @ HampaBiaeH OH mep-
NEeHAHKYJAAPHO IJIOCKOCTH KoHTypa. Toraa

1
R=pVs Xl"-}-O(T). (%%)
Mocko/bKy aBHXKEHHe Ge3BHXpeBoe, TO

LHPKYNSUHA N0 KOHTYpY L, paBHa NHpPKY-
JALMH 00 JMI060MY APYroMy KOHTYPY, OXBa-

THiBaouleMy KOHTYp L. ,
CitepoBaTesIbHO, NEPBOE C/IaTaEMOe B (#%) p £.96
He 3aBHCHT OT Be/IHUHHB pajuyca R OKpyX- He. 4.206.
HoeTH L. KpuposiuueAubiit HHTerpas OT NOTEHs

UHAJIBHOrO BeKTOPa He 3aBHCHT OT
Teneps Gyzem ypansts KoHTYP L, or NyTH UHTECPHPOBAHUA H,eCAH KOHTYP

HavaJa KoopanHar Ha 6eCKOHEYHOCTh. HHTETDHDOBAHMA SaMKHYTHH, paBeH
Teopema HMIIyJbCOB OCTaeTCA Cnpaseian- HyJHO
Bofl, W60 yacTb HHTerpayoB (R u pVo XTI

oCTaeTcs KoHeuHolf, a wuacThb O — | HEer x HyJo. Taxum obpa3owm, npu
r — o HMeeM:

R=pVs XT;
r=i; Q v-dL.
y

Ora ¢opmyna u Bmpaxaer 3HameHuTyio teopemy H. E. )Xykoscxoro
0 noaveMHoH Cumie nnockero KoHTypa., [lo BesnulHe sTa cuia paBHa PVl
H Hanpasieda BCerja nepnesguxy/aspHo BeKTOPY V.
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T2a8a uemsepman. Bexmopuoll 4 mensopruil anaius

4.9. Ilomenyuarvnoe sexmopnoe noase.
Craanpuoui nomenyuan

BekTopHoe nose HasbiBaeICH NOMEHYUAALHOIM, €CTH €O BEKTOP
A siBisieTcss TPajJMEHTOM HEKOTOPOH CKaJspHOH (GYHKIHH @, T. e,

A=gradp=Vvg. : (4.111)

Benuunha ¢ HasbiBaercs nomenyuasom nons A, Iorenuuan
BEKTOPDHOTO INOJs Onpefenasercs C TOYHOCTbIO JO agfHTHBHOM
MOCTOSIHHOM, 4YTO Caspyer H3 (4.111),

[lotenunanbHel BEKTOP A B CHCTeMe NpPSIMOYFObHHX AeKap-
TOBhIX KOOpAHHAT HMeeT NPOEKIHH:

_0g o9 ap
Al_ax,’ A“"’E—xz’ A3—a‘£'
TMoTennuuanbHoe noJe fBJASETCA OAHHM H3 HauboJee NPOCTHIX
BEKTODHHIX noJiedd, W60 OHO NOJHOCTHIO OMNpefeNAeTcs OfHUM
CKaJIi pOM — NMOTEHIHAJIOM,
OTMeTHM OCHOBHOE CBOMCTBO NMOTEHUHAJBHOTO MOJIf.

Ecau nomenyuar @ noss A ecmov odnosnaunasa gyuxkyus, mo
3Ha4erlle KPUBOAUHEHO20 UHmMezpasa

M
SA-dL
M,
He 3asucum om nymu uumeepuposauuﬂ, a AUlb 0OM KOHEUHbLX

mouex nymu My, u M (puc. 4.26).
Jle#AcTBUTENIbHO, ecid A=V@, TO

M M M
dL = L= { (%9 29 o9 =
{a.a= { vo-dL= { (a—x;dxl-i-a;;dxz-f-a;dxa)_
M, M, M,
M

= { do=o (M)—q (M,).
M,

Otciona cilenyer, 4T0 6 cayuae 0OHOBHAUHOZ0 NOMENYUALR UNMeZpPaL
Om NOMEeHYUANLHO20 8eKMOPA NO 3AMKHYMOMY NYMU PAGeH HYyMo, T, e,

fA-dL=5Lﬁv(p-dL=(p(M.,)—(p (M,y)=0.

OTOT hakT uMeer GOJbLIOE 3HAUEHHE B TEOPHH MOTEHHHAJbHBIX
nojiedl H 3a4aCTyl0 NPHHAMAETCS 3a ONpelesieHHe MOTEHHHANb-
HOro noJs.

Brijesenne Kiacca NOTeHHHAJbHBIX mojell oueHb BaxHO, Ecsu
CHJIOBOE '1OJIe HMeeT OJHO3HAUHBLIA NOTeHUHaa, TO BHUHC/IEHHE
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4.9. ITomenyuaavroe sekmopHoe nose. Crarspuoil nomeryuan

paGoThl cuJ mnoJs CBOZMTICA NpPOCTO K ONpefesieHHI0 pPa3HOCTH
NOTEHIHa/NOB B Ha4yaJbHOH H KOHeYHOH Toukax nyru. [ToTenuuasp-
HOCTb CKOPOCTHOTO NOJISI XKHAKOCTH 3HAUHTENbHO YNpOIlaeT 3afadd
THApOaspOMeXaHHKH, MO3BOJAET NPH H3YUEHHH IIOCKHX IIOTOKOB
HCIIOJb30BaTh TaKOH Xopowo paspaGOTaHHBIH MaTeMaTHUeCKH N
annapar, Kak TeOpHsi (PYHKUHH KOMIJIEKCHOTO NepeMeHHOTO, mpe-

-o6pa3oBanHe rogorpada, Merof XapakTepHCTHK H Jp. B cBssu

C 3THM BaXXHO ONpPefeJHTb KPHTePHH NOTEHUHAJbHOCTH MOJS,

HeobxoOumoim u Oocmamounbim ycaosuem mozo, 4mobbt 8 0OHO-
C8A3HOL obaacmu eexmopHoe nose A 6bLA0 NOMEHUUAAOHUM, ABAACINCH
8bINOAHEHUE PABEHCMEA

rot4 =0,

Heobxodumocms 3TOrO yCJNOBHS ycTaHaBauBaeTcs npocro, Ilycts
A=vVg. Toraa cTOUT TOJbKO NMPEANONOKHTb, UTO MOTEHUHAJ NOJS
¢=@ (X, X3, X3) HMeeT HeNpephIBHbIE MepPBble U BTOPble YACTHLIE
NpOU3BOAHLIE, T. € 4YTO BuUXpb TrotA cyulecTByeT M paBeHCTBO
rot A=rot yp=0 npoBepsercs HenocpejCTBEHHHIM BBIYHCJEHHEM.

Urak, ecaxoe nomenyuaioHoe noie fgasemcs Hoaem Ge3suxpesoim,
HEe3a8UCUMO Om c8A3HOCMU obaacmu.

Hocmamounocme ycnoBHA MOXeT OBITb YCTaHOBJEHA TOJBKO
AJSl ONHOCBA3HOH oGJjactd, [eficTBuTeNbHO, ecad o6/acTh Moss
OJHOCBAI3HA, TO 40004 3aMKHYTHfl KOHTYp B 3TOM NOJie OTPaHHYH-
BaeT HEKOTOPYIO MOBEPXHOCTb, JeXKaMylo LeJHKOM B 3TOM MOJe,
Wuaue roBopsi, Kako#i Obl 3aMKHYTHIi KOHTYP Mbl HH B3fJH
B TAKOM BEKTODHOM 1OJie, BCerZa Ha 3TOT KOHTYP MOXHQ «Ha-
TAHYTb» [OBEPXHOCTb, KOTOpas OyjaeT LEJHKOM OCTaBaThCA
B Hawel ob6nactu noasi, Ho Torza mas npoussossnozo 3aMKHYTOTO
KOHTypa L u orpaHuueHHO! MM moBepXHOCTH S mnpuMeHHMa ¢op-
myJaa Crokca

$a-dL={{ n-rot Ads.
L S

B cuay yenopus rot A=0 ans awbo2o 3aMKHYTOro Konrypa L
MoJf HMeeM PaBeHCTBO HY/IO HHPKYJ/ALHH:

$ a.dL=o.
L

Orciona caepyer, 4TO KpUBOJHHEHHBIH HHTerpasn

M
{ AL

M,

He 3aBHCHT OT NYTH WHTErPHPOBAaHHA W HPH (HKCHPOBAHHON
Touke M, 3aBHCHT TOJIbKO OT NMOJIOXKEHUS TOUKH M, T. e. sBaAeTCH
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T'aasa wemeepmas. Bexmopuuil u mensopHol anaaus

dyHKOMeA ee KOOpAMHAT. ITO MOXKeT GbiTh TOrAa H TOMLKO TOrAa *,
€CJY BoipaxKeHue A.dL apasercs NOJMHbLIM AupdepeHUHANOM HEKO-

TOPOH GyHKUUH, T. e, A-dL==d¢

i} 0 g
WIR - A dx, + Aydx, + Agdxy =a—% dx1+£§dx2+a~%dx3.

Orciona
Ai_?_?_ (l=11 27 3)1

_ax,-
T. €.
A=Ve.
Ilpu stom
M (xy, X3, X3) M (x4, X2, X3)
O (5, Xy %)= | de= A G & E)dE +
M, Mo

M (xyy x2, X3)

F AR B Bl + A (5, By B dE= | AddL.
M,

Sta dopmyaa jaer cnoco6 NOCTPOEHHs OJHO3HAYHOTO TMOTeH-
IMajsa B OJAHOCBA3HOH 0f/acT# Ge3BHXpeBOro BekTopa A.

Nraxk, scakoe be3guxpesoe nose a84s1emca NOMEHYUANOHOIM MOALKO
& 00noceaA3Hol obaacmu.

Tenepb paccMOTpUM c/Iyua#, Korga o6/1acTh NOJAA He ORHOCBA3HA.
B 3tOM ciyuae, mo caMOMy Onpele/eHHI0 HEORHOCBSI3HOH 00/1aCTH,
B HeH CYHIECTBYIOT 3aMKHYThle KOHTYpPH, KOTOpble He OrpaHu4H-
BalOT HHKaKOH IMOBEPXHOCTH, T. €. KA TaKHe KOHTYpH He/lb3s
(HaTAHYTh» MOBEPXHOCTb, UEJHKOM Jiexamyio B ofsgacTd MOJaA,
CrepoBartesibHO, B 3TOM CJy4Yae yKe HeJb3sl OCTPOUTb OJHO3HAUHYIO
GYHKIHIO TOTeHLHata B Kaxjao# Ttouke. [lostoMy B 3TOM ciydae

HHOT' & TOBODAT O MHOCO3HAYHOM ITOTEHI HaJse NOJA.

PaccMoTpum mpuMep wMHOrossauHoro noTeHnnada. HanpsxenrocTs mar-
HHTHOTO 1oAsi GeCKOHEYHOro NpAMOJHHeHOro NMPOBOAHHKA, PacloJOXKeHHOro
Mo ocH (x3), HMeET BhipaXKeHHE

21
H—':;g_(is XI‘),

. e P 2, .2 .
rie I —cuna Toxa; r=1{x;+ ixxs; r===Vx1+x2. Hnmeem:

Hy=—2] 21—
)cl-]--x2
xl-i--x2
H3=0.

BexTtop H (puc. 4.27) onpenesnen Bciogy, kpome ocH (x3), rae r=0. Ilo-
3TOMY BEKTODHOe Iojle 3aHHMAaeT ABYXCBH3HYWw o6jacTs (BCce [1POCTPaHCTBO
C BLHIpe3aHHOH OCbIO x3).

* Cm., nanpumep, A. 9. Xurunn., KpaTkuil Kypc MaTeMaTH4€CKOro aHa-
nusza, § 124—125, THUTJI, 1953.
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4.9. ITomenyuarsroe sexmoproe nose. CKaagpubid nomeuyuan

MoXHo npoBepuTs, 4TO BCiofy B node rot H=0; na ocu (x3) rot H, xak
B H, He onpepeneH.
[NoTenuuasn sTOro nond

¢=21Iarc tgfE
1

0 . 09 . Od9
(5;1—”1, ax—2—~Hz, 673—1'13)

ABAsieTcs MHOTO3HauHOH QyHKIHeH.
Ecau BbIUKCAKTb KPHBOJHHEHHHA HHTErpan SH-dL 0o KouTypy L, oxsa-

THBAIOWEMY OCb (Xg), TO H3MeHeHHe MoTeHuHaja GYJET onpelensiThCs U3MeHe-
X . N

HHEM yraa (NoXsApHOro) arctg;—g. flostoMmy, Bblizd u3 HeKoTopoil ToukH M,,
1

Mbl TTOCJIe HHTerPHpoBaHuf, 06ofas BOKDYF OCH (X3), NpHAeM B 3Ty TOYKY He

¢ HauaJbHEIM 3HaueHHeM NOTeHUHana, a co 3HaueHHeM Ha 2/.2; Goablwuwm.

Taxkum o6pa3oM, HecMOTpS Ha To, YTO BCiogy B note rot H=0 cymecTsyior
TaKHe KOHTYpH, N0 KOTOPHM UHPKYJXAuHs fﬂ-dL;é 0.
MHorosgayHocTh NOTEHI HANA OTpaxaeTrca Ha BEKTODHHIX JIUHUAX

nona (puc. 4.28). Ecaum mnoTeHuuan OAHO3HAYeH, TO BeKTOPHbIE
JUHHH ero rpajMenTa He MOTYT ObITb

.23 3aMKHYTbiMH, néo TOrpa 110 TaKuM
D JHRHAM SV(p-dL #0. ¥ MHOrosHau-
HOro noTeHu#HaJa BO3MOXKHBLI 3aMKHY-
pd ) Thie HEKOTOpHle JJMHUH ero rpajinenra.
Hyo— ¢
é &y
. ]
4 i \(2/ ﬂ.', 142 ve
e u . o 7o
z, | ///&/— (o)
|
I T —
) .
Puc. 4.27. Tlorenuman wmar- Puc. 4.28.
HUTHOTO TMOAS 6ECKOHeuHoro a) OANO3HAUHBIA mOTeHUHaJs He MOMKET MMeTb 3aM-
NPOBOJIHEKA $IBJISIETCA HEOji- KHYTbIX BEKTOpPHLIX JHHHH BEKTODHOro NOASI CBOEro

rpaguenTa; 6) rpajHeHT MHOrO3HAUHOrO NOTeHUMala

HO3HAUYHOH ¢yHKuHeH HMeeT 3aMKHYTble BEKTOpHDbIE JIHHHH

MoxHO u36aBHTBCA OT MHOrO3HaUHOCTH [OTeHIHA/la IyTeM
BBEJEHUA JIOMOJHHUTEIbHBIX TpaHHU 06/1acTH, npeobpasys 3THM
ee B OJHOCBA3HYt0 o6jacTb. JlOmMoOMHHTe/NbHBIE TIPaHHLbl JOJKHEI
HCKJIIOUYaTh Te KOHTY Pbl, KOTOPLIE Helb3sl CTAHYTb B TOUKY (pHc. 4.5).
Torza MHorocBasHas ofJacTb OyAeT OJHOCBA3HOH, B KOTOPOH
paBeHcTBO rot A =0 Baeuer 3a cofoli NOTEHHAJbHOCTb BeKTOpa A,
T. ¢. A=V¢, ¢ OJHO3HAYHBIM MOTEHUHAIOM @,
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Faasa wemeepman. Bexmopuuiii u Mmewsopueld anaius

4.10. Coaenoudasvroe sexmopHoe noae.
Bexmopuoui nomenyuan

Bekmoproe noae Ha3vi6aemcs COAEHOUOQAbHBIM, ecAU e20 @eK-
mop A sgasemca suxpem Hexkomopozo dpyz020 eexmopa, m. e.

A=rot W,

Bektop W HasbiBaetcst eexmoproim nomenyuasom nons A. CoaeHon-
AaNbHBIH BEKTOP B CHCTEMe NPAMOYTOJbHBIX J€KapTOBHIX KOOPAHHAT
HMeeT NPOeKIHHU:
4, —3Vs_ W,
177 0%, dx;3'

A, —Vi_ Wy,
27 Oxg 0%y !
oW, aw,
A3-——-a-z—'a—x;.

BekTopHbii moTeHuHaJ NOJA ONpefessieTcsi ¢ TOYHOCTHIO A0
rpajieHta NPOU3BONBLHOH (QYHKUHH, T. e. ecin W-—BeKTOpHHI
notenuuan noas A, 1o W’'= W 4 grad f—ToXe BEKTOpHH NoTeH-,
Hajk TOro XKe nojs, H60

rot W' =rot W-rotgradf=rot W.

HeobxoOumeim u Oocmamounbim Yycaosuem COAEHOUOQAAbHOCMU
noasl ABAAEMCS PaBeHCMEo Hyao e20 Ousepeenyud, T. e. divA =0.

Heobxo0umocms 3TOr0 yCJI0BHS NPOBEPAETCS HENOCPeNCTBEHHBIM
BuuuciaeHneM. HelctBuTenbHo, ecan A=raot W, 10

oA 0 (oW, oW,
d1VA_dlvr°tw_&:(FE_M)+
i(%_% 9 (W, Wi\ _
0xa \ 0%, 0xy +0x3 ox, axg ) "

Yto xacaercss Odocmamownocmu 3TOTO YCJOBHSA, TO LA CcJayyas
10Jisi, 3aHMMAIOUEr0 HeOrpaHHdeHHOe NPOCTPAHCTBO, OHa - Oyjer
ycTanoBleda mno3xe (cM. 4.12). Tlpu stoM Hago noTpeGoBath
cymectBoBanua rot A yOwBanus [rotA| Ha OGecKOHeYHOCTH Kak

rzl_w e e>0 u r=V 0 fxltxi

Torga MOXHO NMOCTPOUTb OAHO3HAYHO BEKTOPHHIA MOTEHUHAJ
W nons A tak, uto rot W=A. B cayuae, eciu nosne A sanumaer
OrpaHMYyeHHOe NPOCTPAHCTBO, AJs OTHICKAHHA BEKTOPHOIO MOTEeH-
uuaJsa storo nojsa npu ycjaosudu div A=0 Bcioay Hago norpe6oBaThb

. 0A;
JONOJIHUTENbHBIX YCJAOBAH OTHOCHUTEJbHO NPOU3BOAHLIX a—;—t‘ Harpa-
k

HHLE ToJd,
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4.10. Coagnoudasbroe ee kmopnoe nose. Bexmopubiii nomeryuan

MoxHO nokasaTh HemocpejiCTBeHHHM HHTErDHPOBAHHEM CHCTEMH

A1=%¥f—%; *
A3=%Y12—%¥;1 (rex)

NPpH YCNOBUH
div A=‘%’l+%ﬁ.’? %’%i__. (ree)

BO3MOXKHOCTh NMOCTPOEHUs BeKTopHOro moreHunata W noas A.
Bynem uckate W, B BHAae QYHKOHH OT Xy, T. €.

Wy=1[(x).
Toraa n3 (**) umeem:

W3=_ S Az dxl+q) (x21 xa)’
a us (***)

Wa=’g Az dxy 4P (%3, %3).
3pecs ¢ ® Pp—INpoH3BOAbHHE G(GYHKURH OT Xy H X3, KOTOpHE A0JIKHH

OHTb noAYMHEHB YCJOBHIO, BuTeKawuleMy u3 ypasHeHus (*). [loacraBasg
B 3TO ypaBHeHue HafizenHble BulpaxeHus mia Wz v W,, moayuyHM

04, o9 04, o
) A1=-—- a—xzdxl—l-w— -a-z xl—a—xa.
Ho H3 (****) umeewm: . 5
12 3
| b [ g, ( s,
ChegoBatenbHo,
o0 _ 9% _,
dxy  0x4

Taxum obpasoMm, [(X1), @ (X1, X3), P (X, X3) NPOHU3BOJBLHHE, HENPEPHBHO
auddepenur pyembie GyHKUHH (mone A HenpephBHo). YcioBHe, HakIajsBaeMoe
Ha,Q n P, ABIAETCHA CJIeICTBHeM TOro, 4To pemleHne CHcTeMH (*), (¥*), (***)
onpejensiercA C TOUHOCTBIO A0 rpajHeHTa NpPoH3BoJbHOH QyHKUHH.

Npumep conerorganbuoro nois. B njockolt 3ajaue ruapOMeXaHHKH HeCKH-
maemolt xkuakocTH (div V=0) BeKTOpHHM NOTEHIHAJIOM NONA cKopocTedl cay-
KHT BEKTOD, PaBHHH II0 BeMuyHHEe (YHKLHH TOKa.

dyHKuusg ToKa P (x5, X3) onpepesfercd Kak QyHKIHA, KoTopasd BAOJb
BEKTOPHHX NUHHA Noafd V-—BAOAb JIHHHH TOKa—COXpaHAeT MOCTOAHHOE SHa-
‘'deHHe. YpaBHeHHe cemeficTBa JHHuH TOKa, CJEOBaTeNbHO, MOXKET OWTb 3anH-
caHo Takl P{x;, x;)==const. [updepenunanbHoe ypaBHEHHE JIHHHH TOKa
B IJIOCKOM cayuae (cM. 4.15) umeer BHA

Vl dX2'—"V2 dx1= 0.

Ins Toro 4rolu JNeBag yacTb 3TOT0 ypaBHEHHH Ohaa MONHHM auddepen-
nuanoM HekoTopol o¢yuxumn (PyHKIMH TOKA), KAK U3BECTHO, HEOOXOAUMO
H JOCTATOYHO, YTOOH

v, v,

9%, dxq "
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Faasa wemsepmas. Bexmopwoul u men3opwoli anasus

A 3710 ofecrneunBaercs ypasHeHHeM HelpepHBHOCTH
vV, , WV,
9%, ' 0xy

Taxum 06pasoM, MOXKHO BBECTH (YHKUHIO TOKa P (X;, Xz) TaK, 4TO
=22, oy,

= § == — =

Oxy dxy °

div V=

B 10 Ke BPeMf MOXKHO 3amHCATh:
V=rot W, rie W=1i,yp, Tak uto

i, i, i,
d d d
V=\o% o5 o
0 0

OTMBTHM, 4YTO B 3TOM cnyqae noJie V MOXxeT ObiTb 34arucaHo B Byje
V=v{ X3,

a moJie BHXps CKOPOCTH B BHJAE
rot V=—i3A}.
PaccMoTprmM HeKOTOpble XapaKTepHbie CBOACTBa COJIEHOHIalb-
HOTO MOJIA.
1. Humencusnocmo 6eKmopHotd mpybKu COAHOUDAAGHO20 NOAS

eCcmo 6eAUYUHA NOCMOAHKAA 8004b
scetl mpybxu.

BosbmeMm B noie A HeKOTOpHIA
3aMKHYTHH KOHTYp L (puc. 4.29)
H NpOBeJieM yepe3 ero TOYKH Bek-
TopHbie JuHuHH Toas. OGpa3osas-
masncs NMOBEPXHOCTb HOCHT Has3pa-
Hue BekTOpHOH Tpy6ku. HHTeH-
CHBHOCTbIO BEKTOPHON TPYOKH Ha-
3bpiBaeTCA NOTOK TNOJSA Yepe3 ee
nonepeyHoe ceyeHue (KOHTYp 3TOrO
CceyeHHsl nepecekaeT BCe BEKTOP-

N Puc. 4-29-ﬁ ] Hble JIMHHU TPYOKH).
HTE HBHOCTB BEKTOpPHO T KH €O«
JIEHOHJAJIBbHOrO hons %OCTOﬂP‘:Zﬁ BAOJb BblﬁepeM npOHSBO'anO IlBa nno-

Bcell TpyOGKkH. BekTopnas Tpy6ka coneno-
l!Aa-ﬂng[‘O noJsa He pMO)KETpOyKBH‘lHBa:bCﬂ nepequIX ceuenus prﬁKH—Sl
HJH HAagHHEATBCSA B MOJe U Sz—lfl NIpUMEHUM TEODEMY OCTpO-
rpajickoro K ofbeMy, OrpaHu-
yeHHOMy S, # S, M TOBEpPXHOCTbIO O TpyOKH Mexay S; u S,.
Hmeewm:

(s div Adv = {{ n-Ado + {{ n-AdS,+ (( n-Ads,.
T . (] S, S,

Hnrterpan caesa pased Hydwo, u6o div A=0; nepseiéi unre-
rpaj cnpaBa TOXe paBeH HYyJ0, W60 HAa TOBEPXHOCTH TPY6KH
Al n, tak uro A-n|,=0. [Ilepenocs uHTerpas no S; BJEBO H
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4.11. Jlanaacoso eexmoproe noac. [apmonuteckue Gynkyud

MeHSis B 3TOM HHTerpa/e HanpaBjeHde 7 Ha NPOTHBOMOJOKHOE
(toraa notok uepe3 S; H S, GyAer BbluuCJeH B OJAHOM Hamnpasie-
HHH), TOJMYUHM

§§ n-AdSl=S§n-Ad82,

4TO ¥ Tpe(OBaJOCh NOKa3aTh.

2. B coaenoudaivHom nose eeKkmopuwie mpybku He moeym HU
KOHYQMbCA, HIU HAYUHAMOLCS SHYMPU NOAfL, CAe008amMeAbHO, OHU
Aubo 3amKHYymoL, AUBO UMMM KOHYbL HA 2paruye Nnoas, aubo umewm
Geckoneunoe semeyu (B cllyyae HEOTPaHHUEHHOrO NOJs).

10T hakT ClHelyeT M3 MePBOTo CBOACTBA TPYOGOK COJNEHOHAANb-
woro noast. JleficTBUTeNbHO, eca¥ Kakasi-nub6o TpyOxka 3aKaHuH-
Baercsi B Touke M (puc. 4.29), TO B 3TOH TOYKE BEKTOp AOJKEH
npUHAMATL GecKOHeuHO GoJbliloe 3HAueHue, HOO HHTEHCHBHOCTDH
TPyGKH TIOCTOSIHHAR, a ee MOMepeyHoe ceuenne B Touke M paBHO
nyJo. A 3toro GbiTb He MOXKeT, MGO A HenpepbiBeH (MO MpeAno-
JOXKEHHIO) BO BCeX TOUKax IoJs,

Ecau npeAnosoxHuTb, 4TO TpyGKa 3aKaHYMBAeTC# B M0JIe KOHET-
HEIM ceueHHeM S, TO B TOUKAX 3TOTO cedenus noje A Oyzer pas-
PBIBHBIM, 4YTO HCKJIOYEHO.

4.11. JlanaacoBo eexmopHoe noae.
Fapmonuueckue ghyurxuyuu

Bexmoproe nose A(r) Haswigaemcsi AQNAGCOBHIM, eCAl 6 Mo6Od
220 MOUKE BLINOAHAIOMCA PABEHCMBA

rot 4 =0;
div A =0,

TakuM 06pa3oM, JanjacoBo MoJe fABJAETCS OXHOBPEMEHHO H
NOTEHUHAIbHBIM, H COJIEHOUAAJbHBIM,

JlansnacoBo noJie B OAHOCBA3HOH o00JacTH TMOJHOCTbIO ONpeje-
AsieTcs CKaJSiPHBIM [OTEHLHAJOM @, KOTODPHIH SBJsETCS pelleHueM
ypapuenus Jlanjaca, T. e.

Ap=0.

Aro cieayer u3 Toro, uro ecau rotA=0, To B oanocBA3HOM
obaactd A=y u toraa div A=divygp=Ag.

Wsydyenue noTeHLHasa Janjacod BEKTOPHOrO MOAf OCHOBbI-
BaeTcsl Ha CBOHCTBAX 2APMOHUMECKUX (QYHKYUA.

Tapmonuueckue ¢yHkuuH. DyHKUMA ¢ HENpepbiBHas BMecTe
¢ NMPOM3BOJHBIMH MEPBOro H BTOPOrO MOP#AKA, YIOBJIETBOPAOMASA
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Taasa wemsepmasn. Bexmopuoid u mendopoid anaius

ypasHeruwo Jlangaaca

Ha3bIBAETCS 2aPMOHUMECKOL.
[Tpumepamu rapMoHHuYecKHX QYHKIUHMH MOTYT CHyKHTb (QyHKIHH:

@=0 Q=ax+bxy+ Cxg; Q=X]—X3 P=1x1Xp;
k
Q=X XpXg; @ =(x]+ x3)°* {as'in (karctg%)-{-
1

-{-bcos(karctgﬁ)l.
%1/ f
Ocofibi#i uHTepec TNpeAcTaBJfeT rapMOHHUecKan GyHKUHA —:—,

riae
2 2 2 ___
re= ‘/)Cl + x2+ x3=1/x[xl.

HelictBuTenbHO, AJA IpOH3BOAHBIX IO X;, HMeEeM:

é (1) x & (l) 3x}—r3

0—xi PV AR ox? VA

! 2 /1 ? /1 N/l
Al=)l=—=(—)+=(=)+=(—)=

(D)= *m()+a()

_ 3x% +3x5 + 3x3—3r2
Fa]

TToaTomy

=0.

1
(DyHKlll/Iﬂ 7——-rapMOHqucxaﬂ BCIOAy, KpOME€ HauaJa KOoopaH-

HaT (r =0). PyHKUHA lnl/x§+x§ TaKXe ABJAETCA rapMOHHYe-
ckofi yHKuMeA BCIOAY, KPOME Hayaja KOOpJMHAT.

OcTaHOBUMCH Ha  HEKOTOPHIX CBOACTBAaX  TapPMOHHUYECKHX
GyHKUHH,

1. Humeepaar no 3amkHymou nosepxHocmu S Om HOPMAAbHOU
npoussudHoll eapmonueckol yrkyuu pasen Hyo, ecau 6 obracmu,
oepanuqennold S, QyHKyUA 6CI00Y 2aPMOHUHECKAS.

1o cBoACTBO caedyer u3 Bhipaxenus (4.90). Ecam yp—rapmo-
Huueckan ¢yHkuus (APp=0), 10 u3 (4.90) umeem:

SS%‘%dS=O. (4.112)
S

2. Ecau @,  2apmonuveckue pyusyuu 6ctody 6 obracmu T, mo
BHAYEHUS IMUX PYHKYUL U UX HOPDMAALHBIX NPOI3BOOHLIX HA 2pa-
Huye S amod obaacmu c8A3aHH COOMHOWERUEM

Ssswj—j’dsgs;gxp%%ds.
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4.11. Jlanaacoso eexmopnoe nose. lapmoruueckue pynkyuu

10 CBONCTBO CcJellyeT W3 BhbipameHus (4.88).

3. Gynkyus 2apmonudeckas exympu obaacmu <, moderm Ovimb
nabdena 8 awbod moyke 3moii obaacmu no 3HAUEHUAM IMOU PyHK-
YUu U ee HOPMAAbHOL npoudsodHoll Ha epanuye obaacnu no gop-

myae
4n¢(M0):—SSS<wain(%)—-:—%> ds. | (4.113)

Dra QopMyaa cielyeT 3 Bbipamenus (4.94), TpHMEHEHHOro
K TapMOHHYeCKOH (QyHKIHH Q.

4. B npuMeHeHHH K NMoBepXHOCTH Sp cdepsl paiuyca R ¢ LeH-
TpoM B Touke M, ¢opmyiaa (4.113) naer

!
@ (Mo) =37 | 94, (4.114)
SR
160 no nepBOMy CBOHCTBY -

[+ [ 205 -o

Sr
9 (1 a1
on 7> Sp = on \7)

dopmysa (4.114) BbipaxaeT TeopeMmy, yTBepxAaioulyio, 9TO
BHauEHUE 2aPMORUYECKOLl (yHKyuu 6 Hexomopold mouxke M, pasno
cpeonemy 3HadeHure dmot GPyHKyuL Ha a06ol cepe Sp ¢ yermpom
8 M, UeAUKOM PAcoA0KeRHOE 8 0bAacmu 2apMOHUYHOCTIU PYHKYUL.

5. Tapmoruseckan PYHKYUS He MOJCen umemo HiU MAKCUMYMA,
HU MuHumyma sHympu obaacmu 2aPMOHUMHOCTIU.

JleficTBHTe/IbHO, €CJH B KaKo#-J16o BHyTpeHHell TOouke M,
QyHKUAS @ AOCTHraeT MAKCHMyMa W ec/li ¢ He sBJAeTCA MNOCTOAH-
HO#1, TO Haiijercst Takoli Jyd, NpPOBEREHHbIH H3 M,, B HEKOTOPOH
tpuke M, KoToporo 6yieM umeTs @ (M,) << (M,). Ilapy Touek M,
H M, MOXHO 3aMEeHHTh aHAJOTHYHOH MNapOH TOueK, JMeXalluxX Ha
TOM IKe Jlyue H TaKuX, 4To chepa ¢ ueHTpoM B M, npoxoasuas
yepe3 M,, 1€JHKOM JIEXKHT B paccMaTpHBAeMOk 0GJacCTH. Ho toraa
Ha HeKOTOpol uacTH (0) 3Toit cdepbl MO HenpephIBHOCTH CyleM
umetb @ (M)|, <@ (M)

Tpumenss dopmyay (4.114) k sroit cepe, nonyunm

1
(p(Mo)= dn (M My)? SS q)(M)dS-
leM:

- L
f=R— Rﬂ'

Orcopa crenyer
¢ (M) <max ¢ (M)=¢(M,),
4yto abcypiaHo.
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Faasa 4emeepmasn. Bexmopuoul u mensopnodl anaaus

AHaJIOrHYHO MOXKHO 110Ka3aTb, YTO ¢ He MOXKeT AOCTHraTb MH-
HEMyMa Ha BHYTPEHHHX ToukaX OOJaCTH TapMOHHYHOCTH.

6. Tapmonudeckas pynkyus, NPURUMAOWAA NOCMOAHHbIE 3HAYE-
HUSL HA 2paHule HEKOMOPOL KOHEe4HOL obaacmu, RoCmosHHA 6HYMPU
acett obaacmu.

HeficTBiTenbHO, €CX Ha rpaduue o6/1acTd @ =¢, TO, COIJIaCHO
npejpiylieMy CBORCTBY, 1O Bce#l 06JacTH MakKCHMaJbHOE M MHHHU-
MaJibHOe 3HauyeHHE ¢ PaBHO ¢, u6O BO BHYTPEHHUX TOYKaX (PyHK-
I{A @ He MOXKET NPHHHMATb 3HAauYeHHB HYW GOJBLIUHX ¢, HH MeHb-
MUX ¢. 3HAYAT, @ TOCTOAHHAA MO Bcell 06/7acTH d BCJEACTBHE
HEeNpPephIBHOCTH @ = BCIOAY B 3TOH OGJAcTH.

7. ¥pasnenue Jlansaca Ap=0 umeem eduncmoennoe pewerue
8 obracmu, Ha epanuye Komopod ¢ npuHumacm 3a0aHHble 3HA-
4eHus.

HonyctuMm, 4TO @; H @,—JBe pasjHyHbe rapMOHHYecKHe (yHK-
H{H, NPHHUMAICHIHE OJMHAKOBLIE 3HaueHWs Ha rpaHuie ofJacTH.
Toraa QyHKUHA @=@,—@, B CHAY JHHeHAHOCTH YypaBHenus Jlan-
Jaca Toxe OyJler rapMOHHYeCKOH, MNpHHUMAIOmEd Ha rpanuie
NOCTOSIHHOE, PaBHOE HYJIO 3HauyeHHe,

Torga, no ceolcTBy (6), hDyHKUHMA ¢ NOCTOAHHA, a B CHJIY He-
NPepbBHOCTH— PaBHa HYJIO BCOAY BHYTPH o0O6JacTH, 3HAUHUT,
¢, =@,, T. €. TapMOHHYecKas (YHKIHA MOJHOCTbIO ONpelensieTcs
€e 3HaueHHAMH Ha rpaHuue o6/1acTy.

3apaun Jupuxae u Heiimana. [locnelnee CBOMCTBO rapMoOHHYe-
CKMX OYHKIHH M[03BOJIAET T'OBOPATb O €IHHCTBEHHOM pelHeHHH
3adauu 06 onpedesenuu 2apmonudeckoli 8 obaacmu pyHKkyuu no
3a00HHbIM ee 3HA4eHUAM Ha epanuye obaacmu. DTa 3a3ja4a HOCHT
Ha3Banue 3afaud upuxse, OHa 3aKJ/IOYAETCA B OTHICKAHHHM B 06-
JaCTH T peleHHs YypaBHEHHS

Agp=0
Npy IPAHUYHOM YCJIOBHH

P !S=f(x1) x2y X3),
rie S—rpanuua obaacTy.
Ecan B dopmyne I'puna (4.87) npu @ =1 cuntars, 4To %% =0

Ha rpanune S o61acTd T, TO NOJYYHM, 4TO rapMoHHYecKas QyHK-

HHsA ¢ OYAeT NPOU3BOJBHOH IOCTOSHHON BHYTPH 00/1aCTH,
Orcioa caepyer, uTo JBe rapMORHMYecKue GYHKIHUH, HMeloniHe

Ha rpaHuue OJHOCBSI3HON 06JacTH ORMHAKOBLIE HODMaJ/bHElE TNPO-

d
H3BOJAHbIC (—q’=%——%=0), OT/IMYAITCA Ha TMNOCTOAHHYIO Be-

JUYHHY,
TakuM o6pa3oM, HOpMaJbHas TNPOU3BOJHAA apPMOHUYECKOH
(QDyHKIIMH Ha TpaHuune OJHOCBA3HOA ofijacTd onpegeaseTr (C Tod-
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4.11. Jlanaacoso sexmopnoe nose. I'apmonudeckue GYRKHUL

HOCTBIO 1O MPOHU3BOJBHOTO MOCTOAHHOTO CJaraeMoro) 3HaueHHs
3TOH (PYHKUHH BO BCeX BHYTPEHHHX TOYKax o6jacTd.

CrenoBareslbHO, MOXKHO FOBOPHTb O EJIHHCTBEHHOCTH pelieHHS
3adauu onpedesenus eapMoHueckoll 8 00HOC8A3HOU obaacmu yHK-
Yuu no 3a0aHHOIM 3HAUEHUAM ee HOPMAAbHOU npoussodnol Ha epa-
Huye obaracmu. ra 3agaya Hasbipaercs 3afadell Hefimana, Ona
3aKJ/l04aeTCsl B OTHICKAHHH DelHeHHS ypaBHEHHs

Ap=0
IpH rpaHUYHOM YCJOBHH
J¢
'a'ﬁ S =F (xb Xg, x3)-
Ecan xe ofaacTtb FapMOHHqCCKOI'/'I (pyHK[IHPI MHOrOCBfI3Ha, TO
li]
HalO0 3HATb Heé TOJIbKO b%)- Ha rpaHuue 06J13CTH, HO H 3HayYeHue

UHPKY/ASALUN TpajueHra noJs SV(p-dL no TeM KOHTYpaM, KOTO-

pbie He MOTYT ObITb CTAHYTH B Touky. Ecau Bce 3TH KOHTYpH
HMeIOT NUPKYJAALHNIO, paBHYIO HYJMIO, TO B pewleHud 3agaud Heii-
MaHa HHKaKHX HOBLIX 3aTpyAHeHHH He Bo3uukaeT, Ecam sapanm
GTJHYHbIE OT HYJS 3HaueHHA UMPKYJALMU N[O THM KOHTYpaM, TO
NOTeHUHAT 3TOro nojs OyaeT MHOTO3HAYHBIM, YBEJHYHBAIOMIUM
CBOE 3HaueHHe HAa MOCTOAHHYIO (LUKJHYECKYIO) NPH KaxaoM obxojne
no koHtypy. Ho Tem He Mmenee 3ajaua Gyler UMeTh eJHHCTBEHHOE
pelIeH”e,

HeficTBUTeNIBHO, NYCTh @, @,—JABa MNOTEHHHANa, YAOBJETBO-
pslonde ypaBHeHHIO Jlanjaca ¢ 3aJaHHbIMH Ha T'paHHIe HOpMaJb-
HbIMH npousBoaHbiMH. Ho Toraa ¢ = ¢@,— ¢@,—o00no3naunas ¢yHK-
usA, YAOBJETBODPSAIOUIAA ypaBHeHui0 Jlanjgaca d umewouas Ha
rpaHuile 06/aCTH HOPMaJbHYI0 NPOM3BOAHYIO, PABHYI0 HYJIO.
[NockonbKy 3ra PyHKIUA ORHO3HAUHA, TO U3 dopmyant I'puna (4.89)
CJeRyeT, UTO ¢ MOCTOAHHA BCIOAY M, CJAefOBaTeNbHO, @; H @, OT-
JHMYal0TCA Ha TIOCTOAHHYIO,

Yimes B BHAY TO, uTO rapMoHuyecKas (YHKUMSA SBJSETCS MO-
TEHLHAJOM NaMnjacoBOro BEKTOPHOrO MoJsS, Mbl Telepb MOXEM
yTBEPKAATb CAeAyloumee: .

Jlanaacoso sexmoproe nose noanocmoto onpedeasemcs 8 Kaxcood
mouke 00HOCBA3HOU obracmu aubO 3HauEHUeM €20 CKAAAPHO20 no-
menyuara, Aubo 3HAYeHUPM HOPMAAbHOL NPOU3800HOU nOmeHyuaiq,
3adaHHbIX Ha epanuye 3mod obaacmu; 8 CAYHAe MHO20C8A3HOL
obaacmu GONVARUMEALHO K HOPMAAbHOU npoussodxod Ha 2panuye
o6iacmu  Heobxodumo 3a0amb 3Havenue yupKyaayuu zpaduenma
noas Nno meMm KOHmMypam, Komopele He mozym Ooime cmaHymeol
8 mouKy, He 8vtxo0s 31 noJe.

PaccMOTpHM HeCKOMbKO rHAPOJHHAMHUYECKHX NPHMEpPOB, CBASAHHBIX C Teo-
puefi rapMoHHYeCKHX PyHKuKi.
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Tarasa wemsepmasn. Bexmopuoul u men3opHblil anaaus

Mpumep 1. 3anauu Hefimana u J{upux/e—sTo ocHOBHHE 3ajauH Oe3BHX-
PeBEIX CTAallHOHAPHBIX [TOTOKOB HECKHMaeMOH HjaealbHOH MXHMAKOCTH.

Ecan p=const, rot V=0, To, KaK H3BeCTHO H3 rujipoMeXaHHKH, ypaBHe-
HHS IBUXKEHHS JONYCKAlOT HHTerpan Jlarpanxa ais CTauioHapPHOTo cJiyuas
(cM. Takxe 4.8, npumep 4)

2
p 14
~— 4 —=cons!
P t3
(3zecv p, p, V— COOTBETCTBEHHO JaB/IeHHE, MJIOTHOCTb W CKOPOCTb KHJKOCTH),
YpaBHelHe HePa3pHIBHOCTH HMeeT BHJ
) div V=0.
B cuny rot V=0 umeem V=yg.

<0 Y
g
w

—~
p=const
Puc. 4.30.

Ha TeepZoM KOHType, 00TeKaeMOM HEBA3KOH KHAKOCTBIO, HOPMAJBLHAR KOMIIO-

const

¥

HeHTd CKOPOCTH V"=6_(5=0; caM KOoHTyp fiBNsercsd nNHHuel ToKa P=0

[Torennnan cKopocTa ¢ ABAAETCA rapMoHHYecKoll QyHkuueit B cuay ypas-
HeHHA HePa3PHBHOCTH

divV=divyp=Agp=0.

Ha Teepabix KOHTypax HOpMa/ibHas cocTas/fiouias CKOPOCTb obpauiaercs
B HyaAb. OTciopa rpaH@4HOe YC/I0BHe /8 ¢

Vo=V-n=n-yp= g—(,'i:O-——Ha TBEPAHX KOHTYpax.

Tak kak divVe=0, To V B naockoM ciyuae uMeeT BeKTOpHHI HOTEHmHall
BHzA

W=i31~|’r
rae P—¢yHkuns toka (cm. crp. 212), tak uro
A %
Vlz‘a—x;, Vz——'—‘a-l'.
W3 ycnosus rot V=0, noayuum |
AP =0,

Ha TBepabix KOHTypax \ APHHHMAcT NOCTOSIHHOE 3HAYeHWe B CHLY TOro,
9T0 OHH SABJAKTCA JHHUAMA TOKa, T. €. VY==¢ Ha TBEPABIX KOHTypax
(puc. 4.30). .

Wrak, an1a ¢ umeem 3apauy Hefimana, a gna ¢—3agauy Aupuxie.
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4.12. OcnosHGA meopema 6eKmMopHO20 AHAAUSE

B rugpomexanuke asaa peweHus 3afnay Hefivana w [lupuxje wHpoko
HCIIOb3YeTcst MeToA KOH(MOPMHEX OTO6paXKenni,

B naockux 3ajauax FHAPOMEXAaHKKH 33Jlal0TCH TBepAble KOHTYDH (0AnH
HJAW HecKOAbKO) B GesrpanuuHofl ofjacTH noToka. Ha GeckoueudocTu noTox
AB/AETCH OAHOPOAHBM, TaK 4TO

VO o=V
9

Ha tBepanlx KOHTypax }'ﬁ=0'

Kaxpblfi TBEpaH# 3aMKHYTHlil KOHTYD B NJOCKOM IOTOKE yBeNHYHBaeD
CBA3HOCTL 00J1aCTH TeYeHus XKHAKOCTH Ha exvHuny [TosTomy ans onpesesten-
WocTH 3ajaus Hefimana neo6xoaAuMo 3anaBaTh 3Ha4YeHHe LHPKYJMAUHH CKO-
pocTH V=y@ BOKPYT KaX1O0r0 M3 TBePAbIX KOHTYPOB; 3HaYeHHe 9TOH UMPKy-
JdsuHH BmiOHpaeTcsas corjacHo wussecTHomy noctysnaty H. E. JKykoscxoro
u C. A. Yanawrusa TaK, 4TOGb OCTPHE KPOMKH NDOpH/IEH O6LNH JHHHAMH
pasjena cTpy#.

Mpumep 2. llycTs ¢-—noTeHunas 6esBEXPEBOro TeYeHHs HeCKHMAaeMON
KUAKOCTH, T. €.

V=yg,
div V=0, Agp=0,

rot V=0

Toraa ¥3 CBOHCTB rapMoOHH4YeCKHX QYHKuHMH caegyert
1. ViHTeHCHBHOCTD TPYOOK TOKa (BEKTODHLIX TPYGOK) NOCTOSIHHA MO KX
JJIHHE; CAMH TPYOKH He MOTYT HH HAYHHATLCS, HH KONYATbCH B TIOTOKe (CM. 4.10).
2. B opHocBsi3HOi 06/1aCTH, TOJIHOCTBIO OF PAHHYEHHOH TBEPABIMH CTEHKAMHU
d
(Ha HHX (—.,%:0 , HE MOXET BO3HHKHYTb HelpephiBHOe (e3BHXPEBOE TeueHwHe.
3. Kunernueckass SHEpruss HEKOTOPOro o6bema KUJKOCTH T, OrpaHuved-
HOrO MOBEPXHOCTbIO S, MOXKET 6biTh BHuHcAeHa (cM. 3apauy 17, ra. 4)

.y 99
T ?\S‘\S‘(P andS.
S

910 caepyer 3 (4.89) u onpejesenusn

T= -g— ‘S‘SS Vidi= —% SSS (vo)? dr.

4.12, OcrosHasn meopema 8eKMOPHO20 AHAAU3A

B BekTOpDHOM aHa/u3e uMeer OONbLIOE 3HAYeHHe reopeMma
Crokca, 0COGEHHO 4acTO MpuUMeHsieMas B a3pOMeXaHHKe W 3JIeKTpo-
JMHaMHKe, O paclenNeH’H BeKTOpHOro mnoJsst A ua gBa: MOTeH-
unajspHoe A, W coseHonjanbHoe A,. Peub wujgeT o moasix, onpege-
JeHHBIM O0pa3soM HCUe3awllnX Ha OeCKOHEUHOCTH,— uMeHHO |Al

ofpawiaercs Ha OECKOHEYHOCTH B HYJIb KakK ;%?, a |JdivAl u
. t
jrot A|—Kkak g race > 0. Kak Oyaer BupHO U3 AOKa34Te/IbCTBA,
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4.12. Ocnosnas meopema ee
[ 2asa wemeepmasn. Bexmoproul u mensopHuil GHAMUS 1 P KMOopHO20 aHaIu3a

970, Npeanonoxenne HeoGXOLUMO M; CXOAMMOCTH HHTErpaJos,
- epe3 A.

20X - BHpaxkenue A, u A, 4

8 Teopema. JlwoGoe HenpepbigHoe 6eKmopHoe noae A (r), 3a0anHoe

rae C,—nocToAHHbINA BEKTOD, @ @-—OJHO3HAYHBLIH [OTEeHIHAJ
(ecnu  obsacte onpegesiendss A, MHOTOCBA3Ha, CyfTaeM, uTO
NpOBEJEHB JOMONHATEIbHbIE TPAHHLbI, IPEBPALLAIOIIUE 3Ty 06/1aCThb

80 aceM Npocmpancmee U ucuesarouiee uaééecm%equg;rz;t stcrggpg?
/4 mogcermn bovimos eduH

ceoumuy Ousepeenyued u BUXDEM, . 6

som (¢ mouul:)cmbro do eekmopHOl NocmoAuHOl) npedCmasaeHo 8 ;uaee

CYyMMbL NOMEHYUANOHOO A, (r) u conenoudarbrozo A,(r) nosed, m. e.

A=A, (r)+ Ay(r),
rae ‘ 4.115)
A rot4,=0; (

div 4, =0.

CpenaeM NpelBapuTeNbHO 1Ba 3aMeyanus, a 3aTeM nepefigeM
K H0Ka3aTENbCTBY TEOPEMbI.
1. TlockoabKy

div A=divA, u rot A=rot A, (4.116)

TO NpHd pasJIOKeHHH N0 (4.115) nonyqaercsi,h:;(:o;zzngcrzq-
¢ B NepBy 4YacTb 1
HHKH ¥ CTOKH BKJIIOYaioOT DO
— vacth A,. TakuM 00pazoM, TP
a BCe BHXpH—BO BTOPYIO 2 pYE
THBHBI pesyJbTaT TeOpPEMbl (Boipaxenue A, U /:I%nt;epzs divd
p rot A) nosBossieT pewuTh 3ajady onpenenggn:_e(r) L
. JanHOMY paclpelefieHHi0 ero JuBepresiun div.a=
=Q(r). o
rotg Mbl( })xasbmaeM none A, NOTeHUHAbHBIM, a nonetAAz__OcoPl
JeHOWAANbHLIM, XOTS HaM H3BECTHO TOJbKO, HUTO TO I“Bex-
div A,=0. B npoluecce JA0Ka3areJpCTBa Oyaer ﬂcag, 4TO e
TOP 3!1 peerfia MOXKHO CYMTaTb MOTEHUHAJBHBIM, nocc)Bﬂchnouﬁ o
r
o BeKTOpa OKaXercsa MHO ,
JlacTb OnpeneieHdst 3TO 10T OC RO
OMOJIHUTEbHBIE ee CPAaHHUBL, Y
BCerja MOMKHO MPOBECTH 1 .
KalollHe MHOTOCBA3HOCTb; AJS BEKTOpa A, Oyzer noc;é):g:n;;i-
TopHBIfi MOTeHUHas, TaK 4TO A,— 1elicTBHTEJbHO CO
Jie.
Hoellnoorcasame/tt;cnmo Jlas 1oKa3aTeJabCTBa  Mbl nompomé Tgﬁf,ﬁ
: yT
g0 A, a 3aTeM IOKaXKeEM,
AN e aauo ! 0 NOCTOAHHOTO BEK-
onpefienenue ORHO3HAUHO (C TOUHOCTHIO
opa). )
! pﬂ)ocmpoenue A,. Ilna HaxoxJeHus A, umeem 3 (4.115)
(4.116) ypaBHeHHs!
rot 4,=0; (@.117)
div A, =div A.

Hs nepsoro ypaBHEHHH cJeRyeT, UTO
Al = Vq) + Cp
220 —

B OAHOCBSI3HYIO).
Torna Bropoe ypaBHeHue (4.117) naer

div (Ve -+ C,)=div A,
HJIH

Ap=div A.

Mocrosunasn C Ana onpeneienns NOTEHWHana @ POAH He HIpaeT.

U3 sroro ypaBueHus (ypaBuenue [Ilyaccoma), ¢ u3BecTHOl
NpaBOA 4YacThiO, MOXKHO BBIYHCIHTb @, HCNOMB3YA CJEACTBHE
(4.94) u3 teopemn Tpuna. ITpumenns dopmyay (4.94) k Heorpa-

HHYEHHOMY o6beMy T, Ile OTHICKHBaeTcsi QYHKUHS @, Mbl TOny-
UMM, YTO NOBEPXHOCTHbIH HHTErpaJ

5 (o (1) —230) s

0
obpaliaercss B HyJb, €C/AHd CUUTATb, YTO @ H 5% cTpeMsATess K

d
HyJ/i0 Ha GeCKOHeYHOCTH, MpHYEM 5%’ CTPEMHTCA K HYJIO0 GbICTpee,
1

4eM — .,
r

Torga, nockosbky 3Havenne A@ BO Bcex TOYKAaX MPOCTPAHCTBA
HaM 32JaHO, 3HaYeHHWe ¢ MOXKeT ObTb NpeACTaB/IEHO (BOPMy/IOH

=— = 1{ S 4, (4.118)

TA€ r—pacCcToAHHe OT TOUKHU (X;, X, X3), B KOTOPOH BhIYHCJAETCH
3HaueHHe ¢ J0 Npou3BONbHOH Toukn (&, &), E;) o6aacTu uHrerpu-
poBanHa, B KOTOPO# Bhiyucasercs divA p pacmoJsaraercsi 3/e-

Mentapubiii ofbeM dt. HuTerpuposanue pacnpocTpansiercs Ha
BCIO o6nacTb onpepenenns div A.
Torna

A1=V(p+Cl=-—£?gradSSSdiVAd'c+Cl. (4.119)

r

Ilpoekuns sToro BekTOpa BhHUMCSIOTCH MO GOPMy.Ie
Alxz(xh Xy, X3)=
SRR || 7T NATY N
4m Ox; V(xl —E1)? - (r—Ep) 2 (x3—E;)2 v
(i=1, 2, 3).

14—3akasz Ne 3610
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Trasa vemsepmasn. Bexmopuoil u mensoproil anarus

lTocmpoenue A, Bektop A, kak 370 cjexnyer u3 (4.115) u
(4.116), onpefiessieTcs CHCTEeMOR ypaBHeHHH

rot 4, ==rot A;
div 4,=0. (4.120)
Bynem uckaTbh pelueHxe 3TOH cucreMbl B BHJE _
AZ:rOtW"l-Cz, (4.121)

npHueM BeKTOPHHH noredtnas W NOAYHHHM JONOJHUTENTbHOMY
yCJIOBHIO

div W=0. (4.122)

Takoe OrpaHdueHHe, HaJOXKEHHOE Ha BEKTODHbI NOTeHuHal,
HeCyuleCTBEHHO, HGO OH oOnpellejleH € TOYHOCTbIO A0 TpajueHTa
npousBosbHON ¢yHkKuuH. Tak urto ecau cuurath, 4ro divW =
=%0, To MOXHO paccMatpuBatb BMecto W Bektop W' =
=W+ Vf, kotopbli Takxke Oymer BEKTOPHbIM TNOTEHLHAJIOM
noas A, (u6o rotW’' =rot W) npu npousBoibHOR (yHKUHH f.
Ho renmepp Bcerza MOXHO n0A06paTh TakK GYHKUHIO f, 4YTOGbI
divW’'=0. [as storo RocTaTouHo [ OMpeiAesuTh H3 YypaBHEHHA

div W’ = div W + div vf =0,
HJIN
—d=Af. .

Htak, Mbl MOXKeM Bcerja cuuTaTb, 4TO BEKTOPHBIH ITOTeHIHaJ
COJICHOMJA/MIbHOTO 110/ TAaKiKe eCTb COJIeHOMJanbHbiil BexTop. Ho
TOrZa 3TOT BEKTOP ONpejenaserci M3 YypaBHEHHA, IOJYYEHHOTO
noacraHoBkoil (4.121) B nepBoe u3 ypaBHeHu# (4.120)

rot (rot W+ Cy)=rot 4,
HJIH
rot rot W= rot A.

Ucnonwsys Beipaxenne ans rot rot W (cM. 4.59) u yuuthiBas
(4.122), noayunm

— AW =rot A.

Bripaxenue W uepes rot A MOXKeT GbiTb MOJYYEHO NMPH MOMOUIH
dopMyanl (4.94 a) TouHo TaK Ke, Kak OBbLIO TOJYYeHO YacTHOE
peulenue ypaBHenus [lyaccona (4.118) npu nomoumu dhopmyast (4.94).

ITocrosinnas C, He urpaeT HHKaKO{ pouu npH onpegenenun W.

Hrak, umeeM:

wnﬁﬁj_‘“_ﬂdr. (4.123)

r
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4.12. OcHogna meopesa eexmoprozo anaiusa

Torna

A= rotSSS 4 gy, (4.124)

Orciona, HanpuMmep, NpPOEKLHA 3TOTO BEKTOpPa Ha 0oCb (X;)
paBHa

Asx, (X4, X5, X3)=

P ~ l'Otxa A (El’ Ezv ES) 4
a_x—z Ls V@V V(Xl —E)2+ (xy—8y)% - (x3—Ey)? dgl dgz d§3—

rOtx A (glr gz, §3)
—_— 2 d
0x; UVL(Ls‘ V=507 + (63— E)2 F (x— )2 S dg, dE:,] F G

WurerpupoBanne pacnpocTpaHsieTcs 3JeCb Ha BCIO 06JacTb omnpe-
neneHus rot A.

Tak¥m 06pa3oM, OKOHYaTe/NbHOE BbipaMKeHHE NS DPAa3NTOKEHUS
BEKTOPHOTO 1o A HMeeT BHA:

= —grerad ({( S0y L rot { ({24 dr. (a.125)

[Toctrosiunbie C; u C, 3mech otbpoiuenb, u6o nose A no
YCJIOBHIO JO/IKHO HcYe3aTh Ha OeckoHeuHoctu. Popmynaa (4.125)
AaeT BbipaxeHWe LA BOCCTAHOBJEHHS MOJNA MO €ro BHXPAM H
AHBEPreHUHH, T. €. KOrla H3BecTHbl TONbKO (yHKIHH

divA=0(r),
rotA=Q(r)
U Tpeyercs ompenesuTb nose A (r).

Oonosnaurocmo  pasaoscenun noas. TlycTb wmapsagy ¢ pasio-
KeHHeM

A=A,+A4; 1ot A, =0, div4d,=0
CYIIeCTByeT ApPyroe pasjoKeHue
A=A, +A,; rotA;=0; divA,=0.

'Torna, nockoabky div A =div A, = div A, TO div(Al-—-A;)=0.

Crenosatenbno, Bektop A,—A; o6pasyer .amiaacoBo noJqe, u6o
rot(Al——A'l)=0,
div (4,—A,)=0.
Ananornuno sektop A,—A, TaKkke obpasyer JanJacoBo
nonae, u6o
rot (A, — A) =0,
o div (4, — 4,) =0.
14+ — 223



Faaea wemsepmas. Bexmopneui 1 meusopwbil anaius

CornacHo (4.119) u (4.124), aTH BeKTOPH MOTYT ObiTb TOJBKO
MOCTOSAHHbIMH, T. €.

AI—A'1 = comnst,
Ag—A'2 = const.

HTBK, Halue pasjoxKeHune JeHCTBHTEILHO OJAHO3HAYHO € TOY-

HOCTbIO A0 HpOHSBOJIbHOﬁ NOCTOAHHOMH.

3ameuanne no mnOBOAY OXHO3ZHAYHOCTH B CJyuyae KOHewHOil o6aacTH.
MoxHo mnokasaTh, 4TO HellpepHBHOEe BEKTOPHOE MoJe B KOHEYHOM oObneme
OHO3HAYHO onpejensieTcs AMBepreHuHedi H BHXPeM BO BHYTPEHHHX TOYKaXx
H HOpMaJjibHOR KOMIIOHEHTOH Ha rpaHulie o6/acTH.

JefcTBUTEIbHO, AYCTH CYUleCTBYET pellleHHe CHCTeMbl

div A=0(r),

rot A=Q (r),
NpH TPAHHYHOM YCJIOBHH

A-njs = [(r),

rae ¢yHkuuu 0, € onpegenenb aas Bcex TOYeK o6aacTH, a f—nas Touexk
rpanunb. PyHknun 0 w f, ecTecTBeHHO, AOJIKHH OHTb IOLYHHEHH YCJAOBHIO,
cjaexnywoweMy n3 teopeMnl [aycca—Octporpaackoro:

SSSBM':SSMS.

T S
Taxoe pemenye egHHCTBEHHO.
JefictBaTenntio, nycTb A’ —BTopoe pelueHHe Toil e cucTembl. Torpa numeem;

div(A—A")=0;
rot (A—A")=0;
(A—A').njg=0.

Bextop A—A’ o6pasyeT JanjacoBo mode, T, €.

A—A =vo,
Ap =0,
dg "
mpuueM o =0 Ha rpanunue noas. B cuay csoficTB rapMoHu4ecKHX dyHRIHH
¢ = const Bciogy. CaegoBarensho, A=4".

Oas Toro utc6el pasnoxenue pid OeckoHedHOH 06/1acTH, npuBejeHHON
BhlILe, OLIJIO CNpaBeAJUBO Jas KOHeuHOH ¢6JacTH, Heo6XogMMO 3a4atb COOT-
BETCTBYIOUIMM O6PA30OM rpaHHuHbIE YC/OBHsE Ha NMOBEePXHOCTH S.

MpuMep. InexkTpoMaruuTHoe mnone. YpapHeHus MakcBenna., YpaBHeHus
Makcsenna, onuHcelBaouiHe 371eKTPOMarHuTHLIE $BJEHHA, HrPaioT B SJMEKTPO-
INHaMHKe TaKyio Xe G60JblIYI0 poOJb, Kak, Hanpumep, ypaBHenHe HbioToHa
B MeXxaHHKe. Be/nunHb, KOTOphle XapaKTepH3YOT 39JeKTPOMaTHHTHOE MoJje,—
3TO BEKTODH HANPSKEHHOCTH 3JeKTPHUECKOro H MarHutHoro nonefi £ u H,
KaXAbfl H3 HUX aBAgeTca ¢QyHKuHel TouKH H BpeMenu, T. e. E=E(r, ) u
H=H/(r, {). DnexTpoMarHHTHOe ToJie cO3jdaeTcs 3apAfaMH u TOUKaMH, pac-
npejenende KOTOPBIX XapaKTepH3yeTcst CKaJgsipHoH yHKuHeHdl NJMOTHOCTH
pacnpepesedns 3sapspos p=p(r, £{) 0 BekTopHoli {YyHKUHeHd NJOTHOCTH
Toka f=j(r, t).

PaccMoTpHM 2J1eKTpoMarnuTHOe moJse B Bakyysme. HesaencuMmo or pacnpe-
heleHus IJIOTHOCTH 3apAOB O H TOKa J BEKTODHl HanpsKeHHd 9JeKTpomar-
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4.12. Ocnosnan meopema eexmopHoze anaausa

HHTHOTO nonist £ 8 H cBA3aHB COOTHOMEHHAMH, HHTErpajibHas ¢dopMa KOTOPHX

HMEeT BuI;
Lo Hnds=— §Ea
cq{Hnis=—— g M
SL L
{§#nds=o (1)
ST

Muoxutens ¢=3.10' cm/cex paBen BeJHURHE CKOpPOCTH CBETa B BaKyyMe.
¥Ypasuenue (I) yrBepxnaer, 4To H3MeHeHHe BO BPeMEHH NOTOKA MATHHT-

Holo noas SS H.n dS 4epes nosepxHocts SL, onHpaowyiocs Ha KOHTyp L,
St
PaBHO UHUPKYJNALMH 3/EKTPHYECKOrO 045 ‘¢‘E-dL Bro/ib KouTypa L. 3rtor

L

HHTErpan B QuU3MKe 4aCTO HA3LIBAIOT «3jeKTpojBHKymelk cunoii». [lepsoe
ypaBHeHHe BHpaXKaeT H3BECTHHH 3aKOH SJeKTpOMAarHHTHOR wuHAyxuMn Oa-
pazes.

Ypasenne (I1) nokassisaer, uto NOTOK MarHATHOrO NOJA Yepe3 3aMKHYTYIO
noBepxHocTb S NpPoH3BOJbHOA opmbl Beeraa pased Hymo. O6a ypasHeHus
CNpaBefNinBE HE3ABHCHMO OT KOHKpeTHoro BHia L u Sj.

[Ipumenss ¢opmyny Crokeca (4.28) k mHTerpa/ly npaBoil 4acTH ypaBHe-
Husa (I), MoxHO HanHcaTh

I 9
=32 SS HndS—— § E-dL=— SSu-rotEdS,
SL L SL

| OH
SS <—c—5?-+rot E) .1 dS=0.
sL

H, B cuny npoussosbHocTH Sf,

UJIH

%’;:—crot E. 1y

[Ipeo6pasoBuiBas KHTErpaj 0 NOBEPXHOCTH ypaBHeHns 11 B HHTE:pau
no o6reMy no gopmyse Qcrporpaiackoro (4.20), Haiinem

SS H.n dS=S§S div H dt =0,

S
T

OTKyJAa, B CHNY ﬂpOHSBOJleOCTH‘Oﬁ‘bEMa T,
div H=0. (I

Ypasuenus (1-—I1) n (I'—I1") HasuiBawoTca 00HOPOONOL napolt ypaBHeHUit
MakcBesa COOTBETCTBEHHO B HHTerpanbHol # JAudepennnanbHod dopMax.
Cpssb BekTOpoB Hanpsxenns E W H ¢ NJOTHOCTBIO pachpeleieHus 3apf-
AoB p u Toka j onpenenserca neodwopoOwod napoil ypasuenuli Makcrenna,
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I aa8a 4emeepmas. BekmopHoui 4 meHsopHolil anaius

KOTODHE TaKKe CJEAyeT PaccMaTpUBaTh KAK ONBITHMA (hakT:

a% gs E-n dS=c‘fH-dL—4n Ss‘§j~n ds, (1)
SSE-ndS——-tmgggpdr. (1v)
T T

Vpasuenne (111) yTBepxpnaer, 4To H3MeHEHHE BO BPEMEHH [I0TOKA 3JEKTPH-
yeckOro MO/ uepes IOBEPXHOCT, Sy, OMHpPAOWYyOCs Ha L, paBHO LHPKYASALHH
MaTHHTHOTO NOJXS BROJb KOHTypa L (yMHOXeHHO#l Ha ¢) MHHYC MOTOK NJOT-
HOCTH TOKa j (yMHOXEHHBIH Ha 4iT) uepes 3Ty e NOBEpXHOCTb Si.

YpasueHue [V nokassiBaeT, uTO NOTOK 3J€KTDPHUECKOTO NOJAS HEPE3 33aMK-
HyTyl0 TNoBepxHocTb S,, orpatuunBaioulyio ob6weM T, paBeH 3apaay (yMHO-
KeHHOMY Ha 4m), HaxXopsmeMycst BHYTPH o6weMa t. O6a stu ypasHenus (11I)
u (IV) cnpaBeanyBb NPH NMPOH3BOMbHHX L, S B T.

Tak Xe Kak ¥ MNpH paccMOTPEHHH OJHOPOXHON mapul ypapHeun#, TpH-
Menss ¢opmyy Crokca, MOXHO HanHcaTb Aast ypasenus (III):

(% SS En dS=cSS n-rot HdS—4n SSj-n ds
Sp S S

H B CHJIY IpOH3BOJbHOCTH Sp:

%f—:crotﬂ—-‘inj. (111)

Ilns ypasuenus (IV), npumenss d¢opmyay Ocrtporpaicxoro, nojsyuaem

SSS E.nd8=S§S div E dt=4n S§S o dt

T
H Tak Kak o6BEeM T IpOH3BOJIEH,
div E=4mnp. (vm

Vpasnenns (1) n (IV’) HassipaiorT HeojHOpojHofi napod ypaBHeHud
Makceesna B AnddepeHunanniolil popme; cuctems (I—IV) u (I'-—1V’) npea-
CcTaBAAOT coBOf crcTemy ypaBHeHHA Makcasessla COOTBETCTBEHHO B HHTETpajib-
HOH W HNu¢pepeHnHanbHO# Popmax.

dra cHcTeMa ypaBHeHHH OMHCHIBaeT 3J/IEKTPOMATHHTHOE MoJe B BaKyyMe.
Ecau yuuTBIBATH BJHSHHE CPejbl, TO BOHAYT AONOJIHHTENbHO €we ABa BEKTOpa:
BEKTOD, oll pele 1Al Hil N0 A pH3yeNocTb e HH HIB 06beMa ¢ pellbl (BEKTOP MoJIApH3a-
uun- P(r, {)), ¥ BeKTOp, XapAKTEPH3YIOUHH MarHuTHble CBOHCTBA Ccpeln —
BeKTop HamarHuunsanusa M (r, f). I pas/HYHBIX KJACCOB Cpel '3aBHCHMOCTB
sTHX BekTopoB oT E u H noapo6ro HK3ydaercs B Kypcax SJ/EKTPOAHHAMHKH
¥ TeoperHueckofl Qu3nky.

B nurepatype, HapsAy ¢ BeKTopami P u M, yaCTO BBOAATCA BEKTOD CMe-
weHHs (SneKTpuueckoll HHAYKuuH) D= E - 4nP n BEKTOp MarHMTHOH MHAYKUHH
B=H-4nM. Tlpu stom ypasHeHus Makcsenna nis Cpeab NpHOGPeTaioT BHA

JoB

b—t—=——.crot E, (1)
- divB=0, A
Lecroth—sy, . (1)

div D= 4np. (Ivh
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IpuBesentan cucTemMa ypaBHEHHH SJEKTPOMATHHTHOrG Mo/ ANA CPeAH
He fBNfeTc 3aMKHYTOHl, TaK KaK B Hee BXOAAT JOMOJIHHTENLHO ABa BEKTOP-
HHX 1o P (7, t) w M(r, ) nan D(r, t) u B(r, t). lo6aBnenne KOHKpeT-
HHX ypaBHeHHfi, onpejenfilOmMUX ANA JAHHOFO KJjacca Cpej 3aBHCHMOCTH
P(r,t) s M(r, t) van D(r, {) u B(r, {) cooTBeTcTBeHHO W j(r, {) oT no-
nefit E, H, nonoJjHfeT paccMaTpHBaeMylo cucTemMy H 00pa3syeT HCXoIHVIO CH-
cTeMy ypasHeHuii /18 HccjejoBaHus jJaHHOro Kaacca cpep. Tak, Hanpumep,
BbIPaXKeHHEe LJI8 INJOTHOCTH TOKA j=0F (0-—351eKTPOAPOBOJHOCTb) AaeT jo-
NOJIHHTeIbHOE YpaBHEHHe—3TO TaK - HaswBaemblii 3akoH Owma. AHaJOrHYHO
AJSl cpeabl ¢ NU3JEKTPHYECKOH TPOHHIAeMOCTbI0 € K MarHUTHOH L ycTanas-
?ﬂaa?{ﬁ;‘ sasucumocts D=¢eE u B=pH, KoTophle JOMOJHAIOT CHCTeMy

CkanspHblfi ¥ BeKTOPHMII ROTEHIWANH 3NEKTPOMArHWTHoro moxs. Bechma
BAXHYIO pOJb B 3JEKTPOAHHAMHKE HFPAIOT BCIIOMOTaTe/bHble (QYHKIHH —TaK
HA3bIPAEMBlE [IOTEHUHAMAB: CKaXapHuHE @==@ (7, {) 4 BekTOopunill A=A(r, ?).
M= paccmoTpHM cnyuall Bakyyma W BBeleM IOTeHIHAJH TakK, 4ToObl 3HauYeHHH
HX YLOBNETBOPHAJIH Ipexje BCero OAHOPOAHOH mNape ypaBsHeHHil Makcaesia

oH /
6—t+crotE=0, e
divH=0 . (1)

Tak Kak AuBepreHnHs OT pOTOPa MPOH3BONLHOTO BEKTOPa paBHA HYJO,
TO BTOPOMY YPaBHEHHIO MOMKHO YAOBJETBOPHTb, €CJIH MOJIOKHTDH

H(r, t)y=rot A(r, ¢). (4.126)
Teneps, noactasisns (4.126) e nepsoe ypasHeHue, MONYYHM
1 0A )
rot (?6_1_ +E)_0. (4.127)
Taxk KaK pOTOpP OT rpajideHta Jo6of (yHKUHH paBeH HYJ/O, TO ypaBHe-
nuio (4.127) MOXHO YJOBJIETBOPHTb, ECAH TONOKHTD E+? 7= Ve, rae

@ —INpon3BoJibHas QYHKUHSA OT 7, { H, C/eN0BATEAbHO,

E=——"—v9. (4.128)

3ameruM, uto 3amesa A Ha A-4-Vf B onHOBpeMEHHO 3aMeHa ¢ Ha

| §7)
&..? a—i HEe H3MEHSIOT BEKTOPOB HaNpPfXKeHHS 3/IEKTPOMArHHUTHOr O 11015 Eu H.

HeiictButensio, H=rot A=rot (A4 vf)=rot A-frotgradfj=rot A u
1 04 1 J(A 14

c 0t - c ot
___toea 1V _of 1 _of 1 0A
=—Za e Ve "t VuT"ca V"

MNoncrapasa (4.126) u (4.128) g HeogHopoRHylo mNapy ypasHenuit Max-
ceenna (I11') u (IV’), noayusM ypaBHEeHHSA, KOTOPHIM MOJKHH YLOBJETBOPATH
cKanspHufl @ H BeKTODHHH A NOTEHLHa/bl:

0 1 0A ’ '
3 (——C- W—ch)——-c rot rot 4 —4nf, - (4.129)
./ 1 0A
div (—2‘— —a—t——-v(p)_—4np. (4.130)
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He orpanuunBas o6mHOCTH, MOXKHO BOCHOJBL30BAaTbCH OTMeYeHHON BHIIE
¢opmfynox’l npeofpasoBauus Ajs NOTEHUHANa BBeAECHHEM NDPOH3BOALHOM (YHK-
UHY [ B HAJOXKHTb HA ¢ ¥ A JONQ/HHTENbHOE YcaoBpe (ycnosue JlopeHua):

divA—}--l—a—q): . (4.131)
¢ 0t

HefcTBuTe/IbHO, NOCKOJBKY BEKTOpP A ONpejesed ¢ TOYHOCTHIO [0 rpa-
AHEHTA TNPOH3BONBHOM QyHKUHH, TO NOAYHHAS ero ychosuio (4.131), moxno
HanucaTtb

div (A+ vz) %37"’:0, (4.132)

¥ Gyuxuns Vf, OuBWAas X0 CHX HOp INPOM3ROAbHOK, ONPENENHTCA H3 ypas-
HeHnsa (4.132):

1dp .
Af=— —5F —div 4. (4.133)

WUcnonbays Boipaxenne (4.59)
rot rot A==grad divA—AA

n cootowenne (4.131) n (4.133), noayuum us (4.129) u (4.130) ypasuenns
AJjsl onpefesiends A n ¢, a caeposatensto, £ u H:

1 024 4n y
AA——'C-§-'01—2‘=—C—j' (4.!34)
1 9%
Ag —EE= 4np. (4.135)
Ecan seecTH onepaTop (Aestambepruan)
1 02
DEA—gat—g. (4.136)
To ypaBHeHus (4.134) n (4.135) npumyT sun:
4
A==y (4.137)
o =— 4np. (4.138)

ITo —BOJIHOBHE ypaBHeHHs 115 NOTEHLHANOB; OHH NOLPOGHO WSYUaAWOTCA
B Kypcax MaTeMaTH4ecKoil (H3HKH.

JHEPrus u BeKTOP MOTOKA SHEPTHH 9/EKTPOMArHHTHOTrO mnoas. PaccMoTpum
cuauana ypasHenns (I-I1V) pas Bakyyma. ¥Ymuoxum ckaaspuo (I’) ma H
¥ (ITI') wa E ¥ cAoXuM nonyueHHEE NpOH3BeseHHS.

E%EE: +H - %’—t—1=cE-rot H—E.-4nf—cH-rot E.

3awmeuas, uTo div(EXH)=AH-rotE-—-E-rot H, nepenuiuem sTo paseH-
CTBO B BHIE

9 E*+HD .
a—-—;_n————=-—-d1v [l,‘%(fxﬂ)]—j-b‘,

HIH, KHTErpHpys

5‘3? SES 52;”2 dt=— SSS div Rdt— SSS J- Edr, (4.139)
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rjie NoJIOXKeHO .
4
R= L (EXH). (4.140)

Vcnoasays teopemy OcTporpagckoro, paBeHcTBo (4.139) mokHO 3anucath

8 opye
%SS‘S‘ f—%'f d'c=——SS R-ndS—SSSj-EdT. (4.141)
T

T ()

Ecnn j=0 n R=0, To senuunHa, croflas B JeBoll yacTu pasercTBa
(4.141), coxpaHseTcs: oMa HrpaeT poJib IHEPrHH 3JEeKTPOMArHHTHOro Nonfl,
EY L H?

8

NAOTHOCTb KOTOpOf pasxa . BekTop R, omnpeneneHuuifi paBeHCTBOM

(4.141), na3piBaeTCAd BEKTOPOM NOTOKA 3JEKTPOMATHHTHOMH 3HepPruM (HJd BeKTo-
poM Ymosa-—[lofiuTunra).

B o6wem cayuae paseHctBo (4.141) ycrauas/iuBaer, UTO H3MeHEHUHE 3JEK-
TPOMAarHHTHOH 3HeprHH B HeKOTOpoM of6beMe paBHO NOTOKY BeKtopa [loiiH-
THHra R d4epe3 noBepxHocTs S., OrpaHHYMBalomyo sToT ofiem T, H paboTe
3/71eKTPOMarHUTHOrO NOJAsS Haj TOKOM B 3ToM ofBbeMe,

[Tpu j=pV B BHpaxeHHu, cTosSweM NOJA 3HAKOM IOCJAeJHEro HHTerpaJa
(4.141), Besqnunna p Edtv npeactasiser co6ofi CHAY 5JXeKTPOMATHHTHOrO 1oJ,
AeficTBylowyto Ha 3apaj Pdt; yMHOXKAs ee CKaJsPHO HA CKOPOCTb V, moaydnm
paboTy B efHHHIY BpeMeHH; OHAa COOTBETCTBYeT NOTEPAM Ha JKOYJEBO TelJo.

PaccnatpuBast ypasHenud (I"—IV”) MakcBenna B cpeje W CooTHOWeHUs

D=¢E, B=puH n j=o0H, (4.14.)

MOXHO MMOJIyYHTb anaJJOTHYHBIM NyTeM ypaBHeHHe SHEDTrHH 3NEeKTPOMArHHTHOro
noJa /s 3THX KJaacCoB cCpej B BHJE:

O0(§ B e (s —([[orr 10
T Sz T

eE2-pH®
Bripaketue 11 N/IOTHOCTH SHEPriu HMEST BHL ——z——— ; 11 BAKyyMa

g==1, p=1 u (4.143) cosnapaer c (4.141). Ponxb noToka BeKTOpa SHEPIrHH HT-

¢ .
paeT no-npexHeMy R=4_n EXH; nocnepHuii uuTerpasl COOTBETCTBYET noTe-

2
PgM Ha JUKOYJIEBO TEmJo: j-E=GEZ='—j&-—K0J!quCTBO Telljla, BHAE/NSEMOE B

efnHKUe 06HEMA Cpejll B eAHHHIY BpeMEeHH.

3adaun ¢ pewenusmu

3apaua |. Popuyavt Ppene. Ecin ua mpocTpaucTBeHHOR KpHBOK BHOpaTh
Hauano OTCYeTa M YCTaHOBUTb NOJIOXKHTENbHOE HalpaBJeHHe OTCYeTa fyr, TO
paauyc-BexTOp JioGo#t TOUKM Ha KPHBOH GyneT BekTop-pyHKUHeH ayru s
- r=r(s).

[TycTe ans kaxnofl TouKM KPHBOH MOMKHO ONPEACNHTb OAHO3HAYHO TPH
B3aHMHO NepHeHAHKYNsipHEle OCH eCTeCTBEHHOro TPEeXTPaHHHKA: OCb KacaTesdb-
#ofl (0pT ¥), OCb r1aBHON HOPManu (0pT 1) M ock GuHopManu (opT b) (puc. 4.31).

dr
Opr v pasen =7
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. dr : Ar .
dto caenyeT u3 Toro, uto | = |= lim |[="l=1, a no wmanpassenno <
dS As—>0 As
dr dr "
H a?’ramxe coBnajaior, H60 a—s— HanpaB.neH no KacaTe/bHOH K ronorpatpy

r=r(s).
OpT n neprneHiuxyasipeH K T, HanpaejeH B CTOPOHY BOFHYTOCTH KPHEOH H
JICXKHT B conpuxacaiomei’mﬂ nJjioc-

b KOCTH.
— ]
S
b(b)w T(S) b(skAS)
9 N
J)) M'
/1
p
/‘\/—J
Puc. 4.31. Oprthl oceft ecTecTBeHHOrO Puc. 4.32, Yrael cMeXHOCTH Kaca-

TPeXrpaHHHKa KPHBOH TeNbHBIX Ae W GHHopMaJell AY.

l'lpeAe.nbl-'mM MOJIOKEHHeM NJocKocTH P,
Koraa M’ —» M, aBasieTcs HOJIOKEHHE CO-
fpHKacamomefcd NAOCKOCTH

Conpuxacaomascs MJIOCKOCTb —3TO [pefesbHOe MOJOXKEHHe NJI0CKOCTH,
npoeeseHHON uepe3 KacaTelbpHyi0 B JaHHO#l Touke M napaijefbHO KacaTeldb-
Hofi B cocennell Touke M', korga M’ npubauxaercas Kk M (puc. 4.32). [Tnockas
KpHBaf JIEXHT B CBOEH colpuKacaoueics NJ0CKOCTH,

Yroa MeXay AByMs CMeXHHIMH KacaTeNbHHMH AZ Ha3biBaeTCs YTJAOM
CMEXHOCTH KacaTeAbHBIX.

Opt b onpegensieTcs BEKTOPHLIM ITPOH3BELEHHEM

b=1tXn.

IMockonbky B KaXjoR ToYKe .KPHBOA HMeeMm cBOH 3HaYeHHs OPTOB 7T (s),
n(s), b(s), To 3TH opTHl MOryT OBTb paccMaTpHBaeMH Kak BEKTOP-QyHKUHH
CKa/IfiPHOro apryMeHTa —AyrH .

Onpenenutsb
- dt dn db
ds’ ds Cds
PeweHnue
1 dt=n_}_
. a: -
JHokaxem ato. Mmeem (puc. 4.32):
. C oprysin 2%
4 fm Y gim 2 gime e 1
ds As—>o0 AS As— 0 As As—>¢ AS p
dra BennuuHa Id |—— HOCHT ' Ha3BaHHE KPHBH3HHI- KDHBOH (p-—pajuyc
KPHBHBHH) .

. . , _ . ;
BEKTOp A TEHHT B IIOCKOCTH P, npepenbnoe noJoxkeHHe KOTopoll ABaA-
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. dv

ercs conpukacawouefica nnockocTsbio. [lockoabky | Tl =const, To, a—'_l__“t B
s

Hampas/ieHo, KaK BHAHG H3 puC. 4.32, B CTOPOHY BOTHYTOCTH KPUBOH. 3 HauuT,

dv
~~ HanpasjeHo Mo OpTy 1.

ds
IMepBas dopmysa ®peHe ycTaHOB/EHA.
) .
KprBHu3na kpusoil E MoxeT OHTb BhIUHCAEHA Mo dopMyae
1 |dv d’r __1/ d2x\? d?y\? d?z\2
0l ld @ |~ (E) +(¢T) +(E;>
__1,
ds -~ T
Hmeem (puc. 4.32):
. Ay
21b|sin 5%
a = lim IAbl lim ____2_.= lim é_=_1_.
ds| As—>o As  As—o As As—o As T
3pece AP —yront cMmexHocTH GuHopMaJeil, a Benﬂquﬂa% HasuBaeTcs

KpyvyeHHeM KpuBoi#l (7 —pagHyc KpyuyeHus).
Kpowme Toro,

b d dv dn dn
£=£(TXH)~(EXH)+(TXE> ™o

db
CnegoBatenibHo, BEKTOp 75 RomKeH 6biTb NEePNEeHAHKY/IAPed TH b(udo 16]=1)
OJHOBpEMEHHO, T. €, HAaNpaBJ/eH Mo OCH BeKTopa n.

db
Ha napannenbHOCTH BEKTODOB M H d_S cjlenyet, 4YTO COlpHKacawuwadca

NJXOCKOCTb KPHBOH [OBOpaunBaeTcsl OKOJMO KdcaTeNbHOH K KPHBOH NpPH aBuXKe-
HUH TOYKHM 1o KpuBofi. Mul GyseM NpHNHCHBATL KPyYEHHIO 3HAK AJIOC, ECJH
NpH BO3PacTAaHHH § CONPHKACAWINAACH NMJNOCKOCTL NOBOPauUKBAETCA B Hanpasne-
HUHM OT 1 K b, ¥ MHHyC, ecan BpaweHHe npoHcxoauT oT b X n. Toraga

o__ 1,
ds~— T
Bropas dopmyna ®pene yc’rauoaneugl

dn vt b
3. ﬁ=“—9_+77

Sra ¢opMyJa ycTaHaBIHBaeTCH npocmM BHIYHCJEHHEM!?
dre - -d
ds

3apaua 2. 3Haﬂ ypaBHeHHe KPHBOH r=r(s), rae s—ayra, HafiTH prqe'-

(b><r)==db><-:+b>< T (axT) + - (bXn)=-__%"

HHe KpUBOH = .
p T

Pewen ne. Hapropoil popmyn Ppene (cm 3anaqy 1) HMeeM %-—-—:-—- % .
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) : dr d?r
Ho b==tvXn. Nockoasky T=g HA=p o5, To
dr
b ds " ds? dr d°r
25??=P£“@)~
ds

dst
Torna umgemt '
s 1 dr d (dr dr dr (d*r d°r
——-p’—o.—— —— =p2.—. — N\
T dst " ds\ds ds ds " \ds* "ds8 )
3apawa 3. HafiTh npoekumy yckopeHns Toukm ua ocu €CTeCTBEHHOTO Tpex-
FPAHHHKA ee TPaeKTOPHH.
Pewenue. IlycTs ypasuenue 1BKeHHS TOuKH uMeeT Bua:
’ r=r{t).
OTo ypaBHeHHe ABASETCH NapaMeTpHUECKHM yPaBHeHHeM TpaekTopuHu (na-
paMeTp {—spems).
Torna ckopocte V u yckopenne W Touku paBHui:
d
dt dez  dt
Ecnu 3agado r=r (), To Bcerga Moxuo ONPEACIHTL SaKOH ABHKEHHS

: TOYKH 110 ee TPaekTOpHH, T. e. S=s(f), rae

3 § -—ZAyra TpaekTopus. Toraa MoXHO paccMaT-
pHBaTh

X

r(t)y=rs(t)]
Orciona nonyunm

t 909 . podr _drds

ds
rae V=Et—-—-cxamlpﬂaa CKOPOCTb.
9.9

Henonbays nepsyio popmyny ®pene, nony-
. 4yuM

Puc. 4.33. Kpyrosue W,,V_gn_*_ﬂ/_t
BeKTOP-pYHKIINH p dt ™
HTtak, yckopeHHe TOUKH LEJHKOM JIEKHT B collpuKacaomefics NA0CKOCTH
H UMEET HA OCH eCTeCTBEHHOro TPEXTPAHHHKA MNPOEKILHH
dav v
W1=‘az-; W"=F; Wb=0'

3apaua 4. Kpyzoswe eexmop-ghynxyuu. B NAOCKOCTH (X3, X;) 3ajaun jpe
equHH4Hble BekTop-pynxunu g1(9) n g2(¢) B Bage opToB (| g, I=lgl=1,

COCTABARIOWHX YIAE @ H (p—}-i;- ¢ ocbl Xy (puc. 4.33). Hafith ux pasnoxe-

d d
HHA 0O OCAM Xy H Xy H BHPAa3HTb -d%)’- H % depe3 gy H g,

Pewenne HUs onpenenchun g, n g, umeen:
£1(@)=licos @ +izsing; g(P)=—i sing-i;cos.
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Orciona nonyuum, AnddepeHunpys Mo ¢ H yunTHBast, UTo iy H iy —HOCTONHHEE!

dgl dg'z *
Bl gy LBy *)
d(P gﬂ! dq) gl

3apaua 5. Haifitm npoekuuH CKODPOCTH M YCKODEHHS TOYKH, aBHKymefics
B NIMIOCKOCTH, Ha HanpasJieHue pajHyca-BeKTopa (pajHalbHble COCTaBASIOULHE)
H Ha OeprneHiMKy/nap K HeMmy (TpaHCBepcajbHBIE COCTaBJAOUHE), ecaH ypas-
HeHHA JBHXeHHS TOYKH HMEOT BHJ

r=r(t); @=9(),

roe r=|r}, a ¢ —yroX, KOTOPHH COCcTaBAfeT PajHYC-BEKTOP C OCBLIO X;.
Pewenune. Bpegem kpyrosbie BekTop-¢pyHKUUH £7(¢) B g5 (P) Tak, 4TO
r=rg (¢). Toraa

_ar ag . _, ;
V_dt— &1 (®) - dp =rg(9)+r9&; (9),
rge
._dr. _si_q_)
=a Y=g
___dV_.. d_g}_ . . .s(_Lg',=
-W—E—rgﬁrdq, ¢+ +r)&+r9* 5o

=(r—r@?) g, +(2r9+79) &
OTC!OAa HMeeN HCKOMBIe npOBKllHH:
V,=r; W,=7r—ro¢2

. . . 1 d .
Vo=re; Wo=2r9+rg=— = (7%¢).

3apaua 6. Hafith ypasHense BuHTOBOH JMHHHM, KOTOpas MpeacTasJiser
co6ofl TPaEeKTOPHIO TOYKH, ONHOBPEMEHHO YHacTBYIO-
uiedl B JBYX paBHOMEPHBIX JBHXKEHHSAX: BAOJMb OCH X3 &£
i BO BpalUleHHH BOKpYr 9Tto#t ocH. Hailith nnuny
AyFrH BHHTOBOR JIHHIIH.

[Toxasatb, 4TO OpPT KacaTe/bHONl K BHHTOBOH nu-
HUH 06pa3yeT MOCTOAHHBIA yroJi C MAOCKOCTLIO (X;X,).

Pemenne Bsenen xpyrosywo BeKTop-yHKUHIO
gr(p), wHayulyo 100 NpPoEKUMH Ha  IJIOCKOCThH
(x1, %3) pagHyca-BeKTOpa 7 mMepeMeHHON TOUKY BHH-
Topo#i suuuu (puc. 4.34). Toraa -

r=Rg (p)+a(9) i,

rie R—-pagnyc oKpYXHOCTH, B KOTOPYIO NDOEKTHUDPY-
eTcs BHHTOBAf JIHHHA Ha MJOCKOCTb (X1¥s), a a(9)—
NpoeKuHs 7 Ha OCb Xj. .

ITo onpeneneHH0 BHHTOBON JHHUM

Puc. 4.34. BuuroBas
JNHNUA
o=wt; a=Vi,
rge V—ckopocTs JBHXKeHHS TOUYKH, OIMCHIBAiomed BHHTOBYI0 JHHHIO, BAOAb
OCH X3 @ W—YrjoBas CKOPOCTb BpalleHHs 3TOH TOUKH BOKpYr Toft
Ke OCH, .
Toraa nmeem:

r(9)=Rg (¢)+—Z— Pls.
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310 M ecTv ygasueﬂue BHHTOBOH JHHHH.
’ Ipu V=0 noayuum

r(9)=Rg (9)

— YpaBHeHHe OKPYKHOCTH B NJIOCKOCTH (Xy, X3) C LUEHTPOM B HayaJje KOOPAHHAT.
Haftnem anuny ayru s suHTOBOH JHHHH, T. €. nyTsb, KOTOPBIR npoHjer no
BHHTOBOH JIMHHK TOYKa, NOBEPHYBMNIKHCH BOKPYTr OCH xz Ha yroa ¢. [loayuum

9 [ B
i dr V\2 V \2

S=j @!dq):f ]/f?*%—(—(ﬂ—) d(p=(P]/R2+<E).
0 [

OpT KacaTensHold T K BHHTOBOH JMMHHH paseH

Himeenm:
i Vie
=
VREF(Viop'
T. €. ODPT T COCTaBJISIET C OCbI0 X3 (H C IJIOCKOCTBIO (X1X3)) MOCTOSHHEI yroJ.
3apaua 7. [lokasaTh, YTO KPHBH3HA W KpYUeHHe BHHTOBOH JAUHHH CyThb

NOCTOAHHBIC BENHUYHHB.
OTser,

[ R S A
P REI(VieE’ T RF(V:eR

3apava 8. Haiite rpaguent nons @ =¢(r), rae

r:Vx?-i—-xg-i-xg.

Pe weiye. Henoabsy s (4.60), nosayuun

grad ¢ (r)::j—;E grad r==¢'grad r,
do '

grad r =i, ;_xrk—_:ikfrﬁ_-:_’r'_.

TaxuM o6pa3sowm,

grad ¢ (1) =9’ () = .

Echrn He ofpamaTtscs k rotoBoil dopmyne (4.60), To, HenocpejacTBenHo
paccmatpnBast @ (r)= @ {r (xg)], noxyuum, Hecnoib3ys BelpaxkeHHe A1s grad P
B JeKapToBofi CHCTeMe KOOpAHHAT: :

00l el _dpor o xe T
gfadq?(')——ik—a—xk- =l a_x’;-ik(P (=9 (r) .
.3apaua 9. Hafitu auBeprenumio nonsn A=rg(r),
PeweHue. 3amerus, uro
div A=divre=¢ divr{r.grad ¢ (r)
¥ HCrnonb3oBaB (4.60), noayunm )
divA=3¢+r¢’,
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STy 3ajany MOKHO peliuTb, HCOO/IL3YSA [MpeAcTaBJeHHe B Z[BKapTOBOﬁ
CHCTeMe KOOpAHHAT:

99 (r) _

divirg ()= (x4 ()] =30 + x5 2L

XpX , ,
=3¢+ =3¢+

3apaua 10. Hailtu Buxpe noas A=rq(r).
Pewenne, Tak Kak
rot A=rot ro (r)=¢ (ryrot r—rXxgrad (s} u rot r =0,
T0 no (4.60) umeem:

rot A= —r X —:— ¢ (r)=0.
3apaua 11. Hafits v (A.B).
Pewmenne.
V(A-B)=V(A;-B)+V (A-B,).

[To ¢opmyste fBOMHOrO BeKTOPHOrO NPOKH3BEAEHHA HMEEM:

c(a-b)y=b(a-c)—a X (b Xec),
HJH .
c(a-b)=(a-c)b4+a X(cXb)
[Tonoxnm
a=A,; b=B;, c=V.

v (A08)=(Ac V)B+Ac X (V X B)
CnejgoBaTenbHo, H
V(A-B)=vV(B.-A)=(B,-V)A+B, X (Vv X A).

Torna

OKoHuYaTeNbHO NOJNYUHM
V(A:B)=(A. V)B4 (B-V)A+A X ot B4 B Xrot A

3agaua 12. Haiitn rot (4 X B).
Pemw enne Hmeem:

rot (AX B)=v X (AX B)=V X(A, X B)+v X(AXxB,).

PackpuiBas gBofinble BEeKTOpHble IIPOH3BEJEHHS B TAKOM BHje, 4TOGbi onepatop
V AeHCTBOBAJ TOJILKO Ha BEKTOP, MPHHHUMAEMbi NEpeMEHHBIM, NMOJY4UM;

VX (A XB)y=A,(V-B)— (A, V) B;
VX(AXB)={(8:V)A—B.(V-A).
OKoHUYaTEeNbHO TOJYYHM
rot (A X B)=(B- V)A-—(A- V) B+Adiv B—Bdiv A.
3anaya 13. [lokasaTs, uto ecaun P rapmonuueckas c¢yuxuus (Ayp=0), 1o

g2 a(r
BeKTODP 7\ yIOBJNETBOPAET YypasHeHHO! AArp= P Ary =3 (ry)
: [ e} ¢

Ox;0x,0%;
(6urapMoHHUYECKHH BekTop).
Pewenue. [NocnenoBaTensHo BbIUKCHAEM]
d d o op |
EP ("‘P)=a—x—k (Ixpp)=tpb 4+ r b
02 ay a¢ oy . 0y %y
Oxy0xp (ry)=1s ax, Tk Oxp, +r Oxg0xy 2 Oxp +r Oxp0xy -
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wiH A (r)=2v¢ -+ rAp.
Tak xak mo yciaoBuw Ayp=0, To

A(r{)=2vy.

32
Bhiunesifig or 5TOro BEIpaMEHHN ellie pa3 oNepanuio AEW H YUHTHI-
kYR

i}
Bas, 4To onepauHu A o V;—ikﬁ nepecTaBUMbl, MOJYYHM
k

AA (r ) =2AT ) =27Ap=0,
H6o Ay =0.
3anava 14. [lokasaTs, 4TO AyuH, npoBeieHHHBe U3 OKycoB F; u Fy saaunca
B nio6yio ero Touky M, o6pa3syioT ¢ KacaTelbHOH B 3TOH TOYKe OAHHAKOBHE
yrasbt,
Pewenne. [lpexae Bcero 3amMeTuM, YTo FPajiHEHT MOAYJS BEKTODA 7 4,
npoBedeHHoro u3 ¢uxcHpoBaHHo# Toukd A (x, x3, xJ) B m06yio nepemennyio

Touky M (x;, x5, X3), PaBeH ENHHHUYHOMY BeKTOpy, NpoBefeHHoMy of A Kk M,
3T0 nposepseTcs HelOCPeACTBEHHBIM BBIUHCHACHUEM:

Vram=V (1/("1—"‘?)2 +(x2—x2)2+(x3~x§)2)=
__"(xl—xg) il+(xe—xg)iz+(x3—x§)is_ ram
V(=20 (g— 202 (rg—x0)p | T4

Tenepb, 3aMeTHB, 4YTO 3SJJIHIC €CTb reoMeTpuuYecKoe MeCTO TOYEK, CyMMa
paccmsmnﬁ KOTOphIX A0 ('bOKyCOB €CTb Be€JAHUYHHA MNOCTOAHHAA, HMEEeM:

rF,M+'F,M=C°nSt'

Tak kak grad (rp,m-+rF,m) HanpasJeH M0 HOPMaAH XK SNAKICY, B Touke M,
TO, Gepsi OPT KacaTeNbHOH B TOH Xe TOuKe, NOJYYHM

v (rplm)'tﬁlz —V (’F’IH)'TM
HIAHU
Trm ™ _ _Tr.m%m
| .
e ml (e, ml

OTclona ¥ chenyer, 4TO Yrabl MEXAY Tom ™ Ty W e ¥ —7T, OLHHAKOBH.

Ecin sanunc npejcrasaser OTPaXKawmylo MNOBEPXHOCTb, TO Jyu CBera,
BHIIAS 13 oanoro Qokyca, OTpPasHBLINCH, MPHAET B APYrofi ero Goxyc.

3agaya 15. MlycTs S—mo6as 3aMKHyTas NOBEPXHOCTb, a P~ PALHYC-BEK-
TOp ee TOYKH OTHOCHTe/IbHO HEKOToporo Hauasia 0, He nexamero Ha S.

r
BuiancanTs noTok sekTopa ;# Yepes MOBEPXHOCTS S.

Pemwenwue, 3gecs Hago pasnu4aTe Asa caydasi
1) Touka O HaxopuTcs BHe S, Tak uyTo BCIOAY Ha S uMeeMm r # .

B sTom cayuae, npHmensis Kk o6macTH T, OrpaHH4YeHHOH NoBepXHOCThIO S,
reopemy OcTporpanckoro, Hmeem

r o
: SS n.% ds =SSS div 2 ds=o,
S T
r

w6o div ;;z();
2) touka O HaxoauTcs BHYTpH S,
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B stom cnyuae, okpyxaa oy O coepoil & foCTaTOYHO Manoro panuyca
7, ¥ NpuMensis Teopemy OcTporpasckoro K o6jactu v Mmexay S H Hosepx-
HOCTBIO cepu S,, HMeeM

r r T
SS n 5 ds +SS n. % ds =SSS div 5 ds=0,
S S‘ T’

6o B T Takke 7 # 0,

r r
SS n-fds= —SS n.% ds.

Ho Ha noBepxHocTH cpepul S, nmeem:

r
—=-1n; r=r =const.
7

CﬂeI[OBaTeJ[bHO, nonyvaem
(§n Gas=ffnnLas=2 [(as=t sartoun
& s, e Te S Te

r - o
Hurerpaa S‘Sn‘—s dS mMeeT npocTofi reoMeTPHUECKKH CMBICJ: OH mpes-
r
S

Takum obpasom,

CTaBJseT COGOM TeNeCHHE YroM, Nox KoTopuiM #3 ToukH O BujHA NOBEPXHOCTb S.

. v
3apava 16, ITokasaTe, 4TO NONE YCKOPEHHH MHAKOCTH Js HMeeT nore-

unan @, ecnn noxe cxopocrell NoTeHUHANbLHO (D= V).
Haifity noteHuuan yckopenmii.
Pemenue. [Tone ycxopeuuit

dy Jdo
i =a TlorV)o
MOXHO 3anucartb B suie (dopna H. C. T'pomexn)
dy Jv v
i =atVy
eCclns yuecTs (opMydty, noayueHuywo B 3agaue 1l 37ofl raame. koTopas upn
A=B=10 umveer Bua:

—9 Xroto,

vV (©)=2(p-v)v+}20 Xroto
Torpa, nockonbky o= y¢, Hmeem

dv 0 v2 dp  v?
E“EV¢+V7=V<E+?)'
dy
Otciona cirepyer, 4To no.ne 5 WMeeT moTeHuwan @, pasHuil
a9 |, v?
C=5 7

3apawa 17. BbipasnTb KRHETHUYECKYIO SHEPrHi0 Ge3BHXPEBOrO NBHKEHHS
HECKHMAEMOH XKHIKOCT : B OAHOCBA3HOM 06beme

T [ emg §ff crones
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yepe3 MHTerpaj Mo rpaHuue 3Toro obbema— nosepxHocTH S. [lokasats, uTo
ecjid Ha rpanHue S o6beMa T MHAKOCTb MOKOKTCH, TO €AHHCTBEHHO BO3MOKHLIM
6e3BHXpeBbIM JBHXKEHHEM fBJAETCH MOKOM.

Pewen ne Hcnonbays yclnoBHS HeCHHMAEMOCTH

divV=divve=A¢g=0

u dopuyay
divpd=vg-A+ ¢ div 4,

T=§SSS Vo Vo dTZ%SSS div (¢ V) dt —
T T
-——g— SSS ¢ div yedr =% SS‘S div(pve)dr.
T T

[IpeoGpasys o6bevubifl HHTerpaa B noBepXHoCTHu# no dopmy.te Ocrporpan-
CKOTO, IO.TYYHM

NnoAYy4HM

=P : —L 9% .

1= [{ ot veras=£ (o5t as. *)
S S

Ecin Ha noeepxHocth S XKHjiKocTh noxoutcs, T.e. Vig=0, To

gg S=V-n}s-—:0. Torpa u3 (*) noayunm T =0, T. e. XHAKOCTb B 06beme T

HAXOAHTCA B [OKOe.
3apaua 18. YpaBHeHUe PABHOBECHH KHIKOCTH HMeeT BHj

of=vp, (**)

rie f—HKHTeHCHBHOCTb MacCOBEIX CHJ (B noJje TAkecTH f=g).

[Toxasath, uTO paBHOBECHE XXHAKOCTH MOXeT HMeTb MeCTO TO/IbKO B TaKOM
CHAOBOM roJie, rje CHJIOBHE AHHUM (BEeKTOpHble JHHHH 0013 f) opToroHalbiul
K BeKTOPHBIM JuHUAM rot f.

PeweHxue. Bo3pMer omepaunio rot or o6erx yacreit (**). lNoayunnm

rot pf=vp X f+prot f=0.
YMHOXasn cKadsdpHo Ha f H CoKpamas Ha p, NMOJYUYHM
f-rot f=0.

Takum o6pazom, B KamA0H Touxke BexTOp f AO/IKeH ObITb AepreHIHKYJIA -
ped rot f. Tak 6yaeT B NAOCKOM CHJOBOM NoJje (Korga f pacnoJaraiorcs B na-
paajietbHbiX NJa0CKoCTAX). OueBHAHO, PaBHOBECHE BO3MOXHO H B IIOTEHIHAJb-
HoM node (rot f=0); ApKH 3TOM 3KBHIOTEHUHa/JbHBE MOBEPXHOCTH TAKOrO 0O/
ABJISIOTCA M NOBEPXHOCTAMH OJMHakoBoll naorHocTH (H6o yvp X f=0), u no-
BEDXHOCTAMH OjAHHaKosoro jaasjeHud (u6o yp X f=0). .

3apaua 19. [Toae cxopocrell ABUKeHHs BA3KOH XHAKOCTH MeKAYy ABYMSA
napajilelbHBIMH GeCKOHEUHBIMH A/JaCTHHKAaMH HMeeT BHJ

, . 1 dp, , Uy —Llig
V=iV,=i [———(xz—hxg)-‘r———h—-xr]-u, ’
g 1
rle ocb x; HanpaBjaeHa BJOAb HHKHeH INJIACTHHKH; h —pacCTOSHHE MeXay
NJacTHHKaMH, H3 KOTOPbIX BEPXHAS HMeeT CKOpPOCTb Uy, a HHXHAS iy
d
W, d—g-—HOCTOHHHble BSI3KOCTb H rpajHeHT AaBJIEHHA.
“t1
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OnpefentTh UMPKYASAUKIO CKOPOCTH MO OKPYMKHOCTH paguyca R, ueHTP
KOTOPOH HaXOAWTCA OOCPENHHE MEKAY NAACTHHKAMH.

Pewenune. Dry 3ajayy MOXKHO pellHTb ABYMa nyTsavu. Henocpeicrsenuo
HMeeM:

A vy L dp 2 .
I‘—ﬁ hd).,—g—“dxlgs (x5 —hxy)dxy 4+
Lp Le

Uy —u
—i——l—rz-}ﬁ Xg dxl-{-ugﬁ dx;.
Lp Lz
Bhipamas x; U Xy 4epes NMOJASPHH Yroa @, NojgyduM

,

f
xy=Rcos ¢; x2=7l+Rsin Q.

Toraa:
2T
95dx,=:—R S sin g do=0;
Lp o
2n
95 h . . .
Xs dxy=—R —2—+Rsm(p sin ¢ dp= — iR
LR 0 /
27
ﬁ x5 dyy =— RS‘ (‘% -+ R sin q}>- sin ¢ dg = — R*Am.
LR 0
Takum 06pasom, MOJgyUYHM
Uy —Uiqy

nR2,

[N e
h
ITOT e Pe3ysbTaT MOMKHO NOJYYHTh [IPOLLE, C/IH BOCHOAb30BATLCH TEOpE-

moit Crokca v B KayecTse MOBEPXHOCTH S B3ATb KpYr, OrpaHuueHnbil 3alaH-
HOfi oKpyxHoOCTbO. Toraa

‘=SSrot3 VdS=— §S%d$=
2
S

=_§S [Lf_”-l(Qx2—h)+”—Ch'—”i] ds=

R 2m :
_ 1 dp . Uy —us Uy —Us pa
= SS[QH(!T_](h-{-Qrsmcp——hH-—-—h—— rdrdcpa—--—-h—nR.
(L]

3apaua 20, Buxpeso#l nuHuell HasHBaeTCH BeKTOpHas JAHHHs noasa rot V.
Buxpesoit Tpy6Kofi KasbieaeTcs NOBEPXHOCTb, 06pa3yeMas BHXPEBLIMK JHHHANM,
IIPOXOASULHMH Yepe3 HeKOTOPhlil 3aMKHYTHIl KOHTYD.

[Toxasatp, uTo NOTOK BHXpsA rot V uyepes ceueHue BuXpeBoll TPyOKH ojuHa-
KOB Ans BCeX ceyeHH# TpyOxu (Teopema [esbMrodniua).

Yxkasauue Hcnoabsys ycaosue coJeHOHAanbHOCTH nods rot V, pac-
CMOTpeTb NOTOK rot V 4depe3 3aMKHYTYIO [OBEDPXHOCTb, 06pa30BaHIyi0 ABYMs
Npon3BOJIbHBIMH CeYeHUAMH BHXpPeBOH TpPyOku u ee GoKOBOH MOBepXHOCTbIO.
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3apaua 21. VIHTEHCHBHOCTLIO BHXPeRo TPYOKH Ha3blBaercs NOTOK BHUXPS
gepes ee nonepeyHoe CeyeHHe.
ITokasaTh, 4TO WHTEHCHBHOCTb BHXPeBOH TPYO6KH paBHA NMPKYJAALUHH BeK-
TOopa 110 3aMKHYTOMY KOHTYpy, MepeceKkaiolleMy Bce BHXpPeBHE JHHHH TPyOKH,
T. €. OXBaThBawooueMmy TpyOKYy.
@_0 ¢ 4 Ykasanue. [lpumeHurs
teopemy CrTokca K KOHTYDY,
4/’@ oXBaThlBaluleMy TPYOKY, WU K
OBEPXHOCTY, OFPaHH4eHHON MM
(K ceueHHio TPyOKii).

A/@ 3ana-¢ua 22, PaccMoTpHM B
ABHXKYyUEHCS XHAKOCTH, HMel-
uieft none ckopocrell V==V (r,
), BeKTOpHbI® JNHHHH ApYroro
BeKTOpHOro nons A=A (r, {).
/ Oto wmoryr OHTL BeKTOpPHHE
Pz MMHHH N0JA yCKOpen#uH, moun

M 3 BHXpell ¥ Ap.
Ha#tu HeobXoaumoe ycho-
BHEe COXPaHAEMOCTH 3THX BeK-
TOPHBIX JIHHHHA, T. €. yCJOBHe,

e HP“C' 4.35‘,4 Npd KOTOPOM OSTM BeKTOPHHE
CJH BEKTOPHBIE JNHHHK 1017 B KHAKOCTH COX- -
pansgioTCA. TO YACTHUBI, COCTaBAAOIHE BEKTOPHYIO JIHAKH GyRyT BCe BpeMﬂ cocTo
nusuio MN 8 MOMEHT Bpemewd {, pacnosoxatca ATb K3 OQHHX H Te€X Xe€ 4acTHI
8 JMIOGO#A Apyro# MoOMeH1 BpeMeHH {’ TaK, 4TO RaAyT KHJAKOCTH, He pa3pyluafchk (‘re—
BHOBbL BEKTOpHYy!o JHHHI0O M’N’ Toro xe nons opeMa (Dpumwaua).

PemweHue. [Tycts MN—BeKTOpHasA JHHH A—B MOMEHT BpeMeHH { (PHC. 4’.353)
OCTaeTCs BEKTOpHOW JHHuedl u B moment ¢ =1 Af, aedopMHpyscb B M'N’.

Taxum o6pa3omM, A ABYX [POH3BOJbHBIX HACTHL /77, H My HMEEM!

8r x A=0 B MOMEHT BpeMeuu f,

8r' X A’=0 B MoMeHT BpeMenu ¢’ ={4Af. Mmeem:

A'=A+%;;‘ AL,

W3 BexTopHOro uernipexyrosibHuka abed (puc. 4.35), ot6pacniBast GeckoHeyHo
Manble BTOPOro MOPSAKA W Bhillle, HMEEM:

8 =8r+V(r+8r )Ml =V (r, t)At =br4 gyv- 8x, At == br 4- (8r.y) V At.
k

Taxum o6pasoMm, ecan M'N’—pekropHas JWHHSA, TO
dA
‘H’ﬂAt) X [8r4(6r-v)V Af]=0.

PacxpuiBas BekTOpHOE NpoH3BejeHHe, oT6pachiBafl MaJjbe BTOPOro NopAaKa
u yuuthiBags A X 6r=0, nonyunm

(‘;—f X 6r)+[A X (b7.v) V]=0.

YuurtnBas, uro 67 {| A, nonyduM HCKOMoe HeOoOXOAHMMOe YCJNOBHE COXpaHse-
MOCTH BEeKTODHHX JHHHHA ans nons A(r, t):

{%—(A.v)v] X A=0.
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Bo sropoit Teopeme PpuamaHa * ycraHaBIHBaercs Heo6XoLuMOe H N0CTa-
TOYHO® YCJNOBHE COXPAWSEMOCTH BEKTODHHX MuHHA A(r, {) H HHTEHCHBHOCTH
BEKTODHHX Tpybok. OHo HmeeT BHA

e (A-V) VA divV=0. ™

3apgaua 23. Teopema 06 uamenenuu yupKy-
ARYUU 1O HUCKOMY KORMYPY.

PaccMoTpuM B ABHXYuiefiCH XKHAKOCTH vac-
THIH, KOTOpHE B MOMEHT ! 00pa3syloT 3aMKHY-
THi KOHTYp Ly Uepes spems Al 9TOT KOHTYP
afiver nonoxenue L, ,, (puc. 4.36). ITyctp
B ABHK ylleficsl XHAKOCTH ONlpejiesieno feKTopHoe
HecTanwonapHoe noje A(r, t). Takum noaem
MoXeT GuITb NoJie cKopocTelt, yckopeuu u T. 0.
TorAa B Kakiui MOMEHT BpeMEHH MOXHO
pacCMaTpuHBaTL LHPKYJAAUHIO 3TOrO IoAA 1O
KHIKOMY KOHTYPY, T. €. BEeJHUHHY

r(t)afA(r, t)-dL.
, L

Puc. 4.36. K Tteopeme o6
H3MEHEHHH LHPKYAsuHyd 1o
KHAKOMY KOHTYPY

PaccMOTpHM MNOJMHYIO  MPOH3BOAHYI® MO
BpeMeHH OT 3TOfi BeJMUHHB, YUHTHBAs 3aBH-
CHMOCTb OT BpeMeHH KaK KOHTYpa KHTErpHpOBAHHH, TAK M NOAMHTErpasibHOi
¢yunknuu. Umeem

f A(r, t+A1).dL —fA (r, t)-dL
ar _ o Lirae Ly

— =l —

dt pt-o At o

.=Altim0A—lt-{ f [A(F, t+At)—A(r, t)]-dL+ ‘¢‘ A(r, t).dL—

t+AL Loiar
—fA(f,t)-dL}= 6~A-dL-|- lim L{ ‘¢‘ A(r,t)-dL—
gt At—»oAt
2 ?
t+AL

—fA(r, t)-dL}. *)
L

Jns BHYHC/IeHHS TpejeNia B BLlIU@HAIHCAHHOM BHPaMeHHH 'PACCMOTPHM
noTok BeKTopa rot A yepes 3aMKHYTYIO MOBEPXHOCTb, O6Pa30BAHHYIO «AOHBIIKA-
MH» Sy, S; o, HATAHYTHIMH HA KOHTYPH Ly, L, ,, ® OGoxoBoil mnoBepxHo-
cTbio S,, obpasyeMoit 3a Bpemfi ‘A OTpe3KaMH TPaeKTOPHA vacTHU XKHAKOC TH,
o6pasyomHux xuAkH# KOHTyp. Tak KakK BekTop rot A —BeKTOp COJEHOH1aMb-
HBi, TO B3 TeopeMbl OCTPOTPaJCKOro HMeeM

SS n-rotAdS—}—SSn-rotAdS+SSn-rotAdS=0.

t+ At S Se

IpuMenss k nepswm gBym uuterpanam ¢opmyny Crokca (cm. 4.79) u yun-
THIBaf, YTO Ha JOWuIUKe S; BHYTPEHHSs K IIOBEPXHOCTH HOPMalib COCTaBJSeT

* CM., Hanp., Knbesap, Kount, Pose « Teopernueckan ruapomexanukar, T. L.
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¢ HanpasJ/iendeM 06XOJa KOHTYpa NpaBblil BHHT, NMOJAYYHM

f A(r, t).dL—SﬁA(r, t)-dL-:—SS n.rot Ads.

Lt+Ar L So

3aveuasn, yTo Ha GokoBOfi NOBEPXHOCTH Sy CYyLIECTBYET COOTHOMWEHIE
ndS=dL X V At,

¥ yuuTuiBas CBoficTBo (1.16), oKOHuaTesabHO nOAYYHM

95' A(r, t).dL-fA(r, t)-dL=At S(rotA X V)-dL.
I‘l

Lt+At L

INoactasaas 370 BHipakesHe B (*), NoOJyuHA
ar 0A
E-X{(_Y—HrotAXV)}-dL (**)
Ly
Ipuvenss suoBb Gopmyay Croxca (cm. 4.79), nueenm

ar 0
(F=SS {—a-t rot A-+rot (rot 4 X V)}-ndS.
Sy

O6osnauaa rot A=B, pacnuceiBas pPOTOP BEKTOPHOTO NPOH3BEAEHHH H
YuHTHIBAA BRIpaMenHe (4.59), mogyuum

dr dB .
ZT'"SS {&T" (B-¥) V+Bdiv V} . nds.
S

Crciona, yuWThiBasg, uTO KOHTYp L; (¥ nosepxHocTb S;) NPOH3BOJbHH,

AMeeM: %:0, I'=const Ttorga » Toibxko TOrAA, ecan — —(B. ¢) V4

dt
+ Bdiv V=0.

Benovwunaa Bropyio Teopemy PpuamaHa (cM. npembiiywlyio 3amauy), no.ay-
uuM (GOPMYJTHPOBKY TEOpeMHI:

Heobxodumorm 1 docmamodnoim ycAoBUeM COXPErSeMOCMU YUPKYAAGUL n0AS
no abomy HUdKOMY KONMYpPY ABAREMCA YCAOBUE COXPAMEHUSN BUXPEBbIX AUNUL
U UHMeHCcUBHOCTU suxpesstx mpybox amozo noaf.

Kax vacTunii caynafi sTou Teopemni, nosydaem teopemy TomcoHa —Kenb-
BUHA}

[1pousgodras no epemeHu om yupKyaayuw CcKopocmu no KOKmypy pasua
UUPKYAAYUL YCKOPERUS 10 MOMY e KOHmYypy. .

Ileficteutenvuo, nostaras 8 (**) A=V u supaxasn V X rot V 43 dopMyan
(cM. 4.59, Ne 3)

v (§>=(V.V)V+(V>< rot V),

ar av yr _pdv
i f{aT'i‘(V-V)V—V(?)}'dL— E'dL'
{, L

V2
n6o 95‘ v (2—)~dL=O KaK WHTerpajl OT OAHO3HAUHOH QYHKLUHH N0 3aMKHYTOMY

L
KOHTY Y.
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3anaua 24, [Tycts nojsie V cKOPOCTH Hec:KHMaeMol KHAKOCTH 3aHHMaeT He-
orpaHHyenHoe pocTpaHcTBO. BejeacTsHe HeckuMaemocTd Bciofy div V=0,
[ycTb B HEeKoTOpPO#H ob6AacTd 3TOro noad —ua JauHuM L umeem: rot V # 0, tak
YTO UMPKYJANMA (0 JIOGOMY KOHTYpY, oxBaThBawouwemy L, pasna ['. Torla
JIHHHIO L MOXHO paccMaTpHBaTb Kak 3JeMeHTapHY0 BHXPeBYo TpyOKY, HMeio-
ulylo ceuenne dS. Tpebyercs OTbICKaTb noJjie BHe BHXpesoil Tpybxu (puc. 4.37).

Pemenwue. CornacHio ocHOBHOH TeopeMe BEKTODHOrO aHa/diH3a HMeeM

1 rot ¥V
v=Lorot [{[ e »
T

(n6o div V=0 scioay).
Ecau dr —sneMeHT BHXpeBOH TpPyGKH, OpHEHTHpO-
BaHHbi no rot V, To

rot Vdi=rot VdS|dri=dr(n.rot VYdS=drT,

u60 HHTEHCHBHOCTb BHXpeBOHW TpyGku n.rot V dS pasna
3agaHHoil uMpkyasuun I ¥ AOCTOAHHA BAOAb TPYOKH.

Torzaa
r ‘dr T dr
V(M) ~In rotS ~ =% rotT .
L L
TMocKobKY
dr 1 !
rot = v (7) ><dr+7rot dr =
. 1 arXr Puc. 4.37. Tlose
=V (7) Xdr="—5—, BHXpeBO# TPYOKH
TO HCKOMOe MoJe onpegensercs dopMmyoit
T pdrxr
vim=g\ 55,
L

rie KpHBOJHHeHHHIH uHTCrpan Oepercs BjOJAb 3ajaHHOW JWHHE L.

3apaua 25. Mcnoabsys pesysbTaT npeaoiAyuleii 3amauu, HalTH mofde nps-
Mo/iHHefiHOH BHXpeBOfl HHTH M noje KoJAbueBoll (KPYroBoi) BMXPEBO# HHUTH.

3apaua 26. Onpejenuts noteHusassHoe noje V (rot V=0) sciody, ecan
div V=0 ecopy, Kpome Hauasa KoopAuHaT. [Ipu 3TOM cuuTaetcss 3ajfaHHBIM
norok BekTOopa V, paBHEA Q " uepe3 HEKOTOPYIO 3aMKHYTYi0 NOBEPXHOCTb,
OXBaThiBaIOULYI0 Haya/lo KoopaHHaT. Takoe noJjle HasbBaeTcs NOAEM TOYEUHOTO
HcTouHHKA (cM. 4.4).

Pewenne. Tak xak rot A=0, To A=Vg¢.
B cuny cummerpud nons @=¢(r). Torpa

do 7

A:: r)— —— —
Ve (=g
Tax xak div A=0 Bciogy Kpome Hayana KOOpAHHAT, TO H3 Teopembl OcTpo-
r'paackolo c.aepyeT, 4ToO NOTOK qepes JllOﬁle 3aMKHYTY10 TOBEDXHOCTb, OXBAThbI-

BalOlly0 HA4aJO KOOPAWHAT, paBeH 3ajaHHO#l Beanukne Q. Toraa, BHyHCAAST
norox V 4epes coepy paguyca r. MONYYHM

)
[ vnss-fJsenssn [t £-Lusmtimnmc
S
L
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OTtciona
de _ Q. -
dr  4nr?’ 4dnr °
CnepnoBarennHo,
Q r
A= 4 18 "

3apaua 27. OnpegennTh NPOEKUHH CKOPOCTH M YCKOpPEHHS TOYKH Ma OCH
OpPTOTOHANBLHOK CHCTEMBI KDHBOJHHEHHHX KOOPIHHAT.

Pewenue. Ecam saMeturts, uTo mnoauoe Npupalente pajnyca-seKTopa
TOUKH r=r(¢;, §2, §3) MOXeT GHTb 3aNHCANO (cMm. 2.8) B BHpe

or or ar
dr = 3, dg, +3?]; dqz-l-a—qs dqs=H,e,dq, + H 3e5dg, + Hze4dqs,,

TO BHIpAXEHHEe aAng CKOPOCTH MOXXHO INpPeACTaBHTH yepes NPOHM3BOJHHE KPHBO-
JIMHEeRHBIX KOODAHHAT MO BpeMeHH:

dr . . .
V=d_t=Hl g16; + Hagaes+ Hyqqe,. (*)

Otciofa, Haupnmep, TPOEKUWH CKOPOCTY HA OCH LHJIMHAPHYECKON CHCTEMHL
KOODJAHHAT paBHBbI:

Vi=HR=R; V,=Hy@=Rp; Vx,=Hyxy=1,

Hns onpenenenns npoexkuuit W,, yckopenns W, Hanuwewm

av 1 dr
W= W.ekx-d—t. . H_k:d?’;
Orciona (no k ue cymmupyercsa!)
av or d or d (or
”k‘”k*d—t'm—d‘f(”'aa‘;)—”'a(m)' %)
Ho, nudgepenunpys (*) no gy, noyuum
ov or
—=Hpep=z—
oqp kok 0gp

Kpome Toro,

3 3 3
d or a(6r>-._ 6(6r>-_6 r . 9 dr dy
dt anriz__Zlaqi 99 q'_fgaqk 3;) "= aq, Z—-.q[._—___m_,

i=1
[losTomy, samenssn B (**) g;; Ha Z_V H g}(ar
k '}

k
HkW,,_—_1<v. 2_"_>_v.91=‘1_f3_ (Vz).__"_ (‘.’_2) ,
dt gy, Oqp  di dgp

HIH

W =L(£‘21_5_T_>
dtog, dqy/’

TR
1 )
rie T=7=7 (Higi+ HZq2 4+ H3 g3) — KuHeTHYecKast sueprus enuHuunol
Maccei.
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3adauu ¢ pewerusmu

3agaua 28. MokasaTte, 4TO ecn® s —paccTrosHue oT ToukH (x', x2, x3) g0

P(&ly g’y &3, t—":T
(%, 2, B%), 1o dymxuns [(x', 1%, £%) = ~ , YIOBJNETBO-
psiet ypashenuio [Jf==0, rape B omepaTope [ Gepercs auddepeHinposane
no x', x3, 13,
Pemewu ne. Buuncaum Af. Hmeem:

1 1
v£=7 Vp+pV .

Ucnonbsyn (4.60) u o6o3nadas uepes p’' MNPOU3BOAHYIO MO apryMeuTy

r
14 -2 NoJly4HM

1 ' ' r

er ' or? cr'r
Teneps
. ; P [ A PP
A[-=d1v Vt:a-—-lef (g-r—z+—r‘§>=-—(c-r2- ;—s) divr—r.v <Z‘T+ﬁ)z
w3 P\ (0 2 o _3p\_p
-~3(\c72+r3) r-—'—( 22 ord T crd r‘)—czr'
Ho
" Pp 9 _ 0%
p'—a ;¢ 298~ gp
a
1@
Orciona A[._-c; 573 Mam Of=0.

MoxHo noxasatb, pacCyXaas aHaJIOTHYHO ToMY, KaK 3TO jenaeTcs NpH
nonyueHun pellenus ypasmenus [lyaccona Af==p, 4TO pemweHue ypasHeHns
Of= —4np (x;, X3, X3, {) B HEOTPAHHUENHOM IIPOCTPAHCTBE INIpH KOHEYHOM
pacnpenesieHHu P (x;, X, X3, ) MOXKeT GbiTb NMpPENCTaBJ/IEHO B BHie

o glv g ’ g» t“'L
Fxy, Xg x5 t)=S§§ ( i ‘) dt, dt, dt,,

r

rhe r== V(xl —E&1)2 + (xa—Eg)® + (xg—8;)? u uuTerpan pacnmpocTpaHed Ha BCiO
o6nactb onpeneneHus Q.

Takum o6pa3oM, pemeHus ypasueHnk (4.137) u (4.138) moryr Ouwth 3anu-
CaHdl B BHJE .

et (e —2)
A(xy, x5, X3, t)=F dg, dt, d&, (4.144)

r

p (Ep £a & t"‘%)
P(Xy, Xa, Xg, {)= dE, dEg dEs. (4.145)

r

OTH peluenHs NOKa3HBAIOT, 4To sapaAx u Tok B Touke (&, £y, E3) Bamswor

r
Ha NOTEHUHANW B TOUKe (x;, Xp, Xg) C 3anasguBaHHeM Ha BpeMs ?-.ﬂeﬁ-

CTBHe HOTEHUHAJIa 3alna3jbiBaeT Ha BpeMms, 3a KOTOpoe CHIHaJj, paciipocTpa-
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I rasa wemsepmas. Bekmopuottl u men3opwoii anaius

HAOWHACH CO CKOPOCTHIO ¢ NMPOHAET paccTOAHHe ¢ MeXAY TOUKAMH. OITH pe-
IIeHHS HA3BIBAIOTCH pEIIEHHAMH B BHAE 3ana30bi8aniux NOMEHYUaN0s.”
3apaua 29. [loxasaTte, uTO NpH OTCYTCTBHHM CBOGOAHHX 3apsnos (p=0)
B ansjexTpuxe (f=0), CKOpPOCTb pacnpocTPaHeHUs 3/EKTPOMarHHTHHX BOJH
c
Ve
Pemeunwne Hcnoassys ypasrenns Makcseaaa (I"—1V”) npu j=0 u
p=0, noayuun, Geps, wanpumep, rot oT TPeTbero M3 HMX:
e JE e 0

rot rot H= r rot F =9 rot E.

paBHa

(11, € — nocToAHHkIE).

YuuTbiBas NepBoe H BTOPOE ypaBHEHMs, MOJYyYHM

e 0°H
s=E 57 (4.146)
AHAJOTHUHO MOMXHO MOAYYHTH
e 0°E
AE=% I (4.147)

M3 sTuX BOJHOBHIX YpaBHEHHHA CJjefyeT, 4TO €c/iM B KaKOK-TO MOMEHT
BpemeHu fo GyayT sapans ¢yukuwn E,_, =FE,(r) v H ,_, =H,(r), 10 Bo
. j
BCe MOCJEAYIOUlHe MOMEHTH BpeMmeHH OyneT Ha6/i01aThCs BOJHOBOH INpouecc,
c

Ven'

npu4eM CKOpPOCTb paclpoCTpaHeHHS BOJH paBHA

3apaua 30. TNokasaTtb, 4TO HYHKUHA
H=Hye ©~%"  (H,=const) (4.148)
yAOBAeTBOPACT ypaBHeHuio (4.146) npu |kl=(#"f.
Pemendne. Bruucnenus pawTt
iiz_l'l:(,'w)z He @i=-kn — _ gepg ol @t-ker) . __ opy
ot [ 0 ’

AH= Herl' (O)t—kd'): Hoe[mtAe-ik.r.

YuuthiBas BbipakeHHs LJS CKaJsIDHOTO NPOH3BEfeHHSA R.r =ik, x™ W rpapneHra

vV=e, W , HaxoauM

Ve—i (ker) _ ve~ ikmx™ _ e, (_3% e—ikmx’" - ie,,k,,e—ik"‘xm= — ik (k.r)‘
Teneps
Ae~t N oy ye= B0 = (ih.ik) e~ B o (ko) e B0,
AH= —(k-R)Hye ©—F"— _(k. k) H.
0%H \
CnenoBaTenbHo, [MOACTABJSA 3T ¥ AH B ypaBHeHue (4.146), noayuum
we 0°H _ BE —

AH_? 3~ ~—k- k-i—F o | H=0,
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Otcioga uMeeM
(k=2 Ve

Bektop R HaspiBaeTcs BOJHOBHIM BeKTOpOM. Be/inuuny BONHOBOrO BexTopa
MOXKHO BHpasuTh uepe3 AJHHY BOJAHL A-—pacCTOfHKE 0O Hanpasienuio &,
onpeseasiomiee ToukH, rae H B J1060# GUKCHPOBaHHBIA MOMEHT BpeMEHH ApH-
HHMaeT OfHHAKOBHE 3HaueHHs. JlefiCTBHTe/bHO, AJHHA BOJHH A ompeje/ifieTcs

43 paBenCTBa
T 8]
e k1 — = ¢lRTeitk,

Otcioga Ak=2n 1 7»=2k—n.

PacciioTpeHHoe pelleHHe HOCHT HA3BaHHE NAOCKUX MOHOXPOMAMUYECKUX
604H. B HuUX BCE BEJHUHHH FABJASIOTCS APOCTHIMH TapMOHHYECKHMH (GYHKIUAMH
BpEMEHH, H NO5TOMY JIOGYI0 BOJHY MOXKHO NMPEACTaBHTb B BHAE COBOKYNHOCTH
MOHOXDOMAaTHUYECKHX BOMH C PA3JAHUHBIMU YaCTOTAMH © H BeKTopasu k. 310
npefcTaBAeHHe ABJAAETCA HU UEM HHBIM, KaK fpeAcTaBjeHHeM B BHie paja
niau uHTerpasna dypsoe,

BosnHa Ha3mBaeTcs mJocKo#l, K60 ee ¢poOHT (MOBEPXHOCTb MOCTOAHHOI
$aspl) ABASETCH NJIOCKOCTbIO H3 ceMeiicTBa R.r==const. Jtu miockocTu (cw.
sagauy 9 rai. 1) nepneHAHKYJSpHH BOJHOBOMY BeKTOpy R, Tak 4To miocKas
BOJIHA BCerja pacnpocTpaHs{eTcd B HAaNpaBJEHHH, ONpefeasieMOM BOJHOBHIM
BEKTOpPOM K.

3apaua 31. HafiTH sakoH pacnpocTpaHeHHS NJIOCKHX MOHOXPOMAaTHUYECKHX
BOJIH B [IPOBOJAHHKE C KOHEeuHOH IPOBOAKMOCTLIO.

PemweHne. BHYTpH MPOBOAHHKOB HeT cBOGogHHX 3apsinos (p=0),
a MJOTHOCT, TOKAa Ha OCHOBAaHHH 3aKoHa OMa MNpoNOpIHOHAJbHA HaNpsKeH-
uwoctu noas E, 7. e. j==oF, rie o-——yneabHas npoBOAKMOCTb NPOBOJHHKA,

YuuTeieas 9TH 3aMedaHus, Ha cacteMbl (1" —1V”) nonyuum (e, p—nocrosu-
Hule).

rot=2 0120 divE=0  (3)
¢ o ¢ (4.149)
__bona ; —
rot E= Py (2) divH=0 4)
Beps rot oT nepsoro ypaBHEHHSA, MOJYYHM
g 0 4n0
rot rot H—-c— a—trot E+—c— rot E.
YuuTelasi BTOpoe M TpeTbe ypaBHeHuS (4.149), nonyuum:
pe OH_p 470 OH _
2 32 A+ =55 =0.
AHAaNOrHYAO AOJNYUKM 5
pe O\ o\ 4oy OF _
c? o1 AE + ¢z ot =0.
Huem pemeHue, Hanpumep, ypasHeHus aad E B Buie
E= Ey e’ @ -kn, (4.150)

INToacTaBasis 3TO BhIpaXieHHWe B ypaBHEHHe, MOJYYHM ANS BOJHOBOFO BEK-
TOopa ypaBHeHHe
4o ue
—k‘k—“cT tm+—g ®?2=0. (4.151)
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[1asa 4emeepmas. Bexkmopnuid u mensopneil anaaus

Orciona a¢Ho, 4ro Besnumua |R| AosoKHa OHTb KOMINEKCHOR, NO3TOMY
BexTop R 6yneM HCKaTbh B Buje

k= Rk, ik,
Noacrasasa 310 swpaxeune B (4.181), moayuum
ue npown
H—tl=F ot bh=—Tt0

rxe cos 0=cos(k,, k,), Tax uro %<9<n (u6o kky > 0).

Onpenensia orciona BenHYHHH £y ¥ ky, NOXYHHM

1
® Ie dno  \2 B
kl""z:' 5 ]/1+<m> -I-l] )

i
) E_é l/ 4ng  \2 )
ko= 1/2 ‘ !+<amcose) —IJ )

Hcnonvsys Buipaxenne aas &, pewenue aan E u H MoXHO, 3amucaTb
B Buje
E= Eoe(k:-r) el' (ot— k,-r)'
H= Hoe(k,-r) ei (Ot—Rk;.7) .

Tak Kak BekTop k, HanpasjieH B CTOPOHY pAachHpOCTpaHeHus BOMH M
cos (R, Ry) <0, To mockonbky k-7 >0, umeeM By.7 < 0.

TakuM o6pasoM, B pacCMaTpHBAEMOM cJyuae KOHEYHOH MPOBOAUMOCTH
NPOBOAHAKA MJIOCKHC MOHOXPOMAaTHUECKHEe BOJHHE NMDEACTABATOT coBol G0AHb
samyxarouue.

Ynpascnenusn

I. Matepuasibuas TouKa ABHIKETCH COrNACHO YPABHEHHIO KBHKEHHS
r==qcos of 1+ b sin wt?,

rre @, b, ®—nocTosuHbEe; 7 —pafHyC-BEKTOP TOUKH.

[Toxasats, 40 cHna, selcTByowas Ha Touky, sBAsercs HenTpasbHOR
(HanpasnenHoll BCe BpeMs K Hauany KOOPNHHAT).

2. Tlokasats, uTto

r
1) gradrn-r-; 4) grad (a-r)=a;
2) grad r®=nr"* "2 5) grad [a.r¢ (r)]=
(n#2); ’
=ag (r)+(a-r)”ir(~rl;
k k r
3) grad —=—r 6) grad In r=-3,
Fle @, n, k—nocTosgnHke,
3, MokasaTk, uro; 3) divre=nr""2(r.c)
1) div r=3; (n #2);
2) div ar =3a; 4) divrle=2(r.c),
248 —

Y npancrenus

5) div (e X r)=0; 9) diva (¢-r)=dive(a-ry=a-c;
. r
6) div 7§=0;

7) divr*r=(n+3) r";
8) divr(c.r)=4(c.r);

10) div(r X a) X e= —2(a-c);
1) div(r X a) X ra=—2(a-r).

4. NokasaTb, uTo:

1) rot r=0; 4) rote(a-ry=a X c;

2) rot r(c-r)=c Xr; 5) rot[(¢c X r) X a]=a X ¢;
3) rot (¢ X r)=2¢; 6) rot[(e X r) X r]=3¢Xr.

5. HaliTu nuBepreHuuic H BHXpb nonsl ckopocTed V u Nonas yckopeHui
W Teepporo Tesia, Bpallaiolierocs BOKPYr HENOABHKHON TOUKH, 3Had, 4TO

V=ow Xr; W=eXrdoX(oXr),

rie ®, & —TMOCTORHHBE BEKTOPH.
6. IMoxasaTb, 4YTO INOTOK pajHyca-BeKTOpa 7 uepes JMOOYI0 3aMKHYTYIO
IIOBEPXHOCTb, OTPaHHUHBaLOIWyi0 o6beM T, paBeH 3T.
7. BHIYHCAHTD IHPKYJAALMIO 10 OKDYXHOCTH pajHyca R C LUEHTPOM
B Hauajle KOODAHHAT BEKTODHHIX moJed:

1
A=-2‘ ( —xgiy 4+ x,05);

x?
B=(x1xz+1)iz+(71 +x,+2> Iy,

8. Ilokasatb, aro nong
A=3x) k2l +4x3 231, —3x x3l,  B=vopX vy,

rne ¢ W Pp—cKansipHule PYHKIHH, ABASIOTCA CONEHOHAANbHBIMH

9. Ha#itn o6wuit Busg ¢yuxunm [(r) Takol, uto6u noje A==f(r)r Guno
CONMCHONAANBH BIM.

Omeem: [ (r)=c/r3,
rae ¢—TIpoHSBONBHAS MOCTOSHHAL.

10. I'ona.sarb. 4TO noJis

2 2
A= (bxyxg +x3) 1 + (355 — x3)ly+ (Bx,x5 —x,4) I, B=¢vo,

rIe @ —CKanapHas QYHKLHA, ABASIOTCH 6€3BHXpEBHIMH.

Hafitn notenunan nons A :

Omeem: A=Y (3x3x;3+ x,X3 —Xyx; 1 const).

11. [loxasats, uto ecam nonsl A n B cyTh Ge3suxpeBue noas, TO IoJie

AXB aBnsgercs coneHOHAAJbHBIM.
12, BoluHCAHTbL NOTOK BeKTOpa

A= dx,xd, — 03y 4 Xoxgly
depes MOBEPXHOCTb eJWHHYHOro kKkyba, o6pasyeMoro NnJaOCKOCTAMH
x=0, x;=1, x9=0, xo=1, x3=0, xg=1.
Omeem: 3/,.
18. BriuscnuTth MOTOK BHXPR NoJS

A= (x4 xg—4) §y + 301008y + (2x,%5 + x2) 13
yepes INOBEPXHOCTb nHoJIycheph xf+x§+x§’= 16, Haxomamedcs w©ag  1JO-
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CKOCTbIO X Xj.

Omeem: —16m,
14. lloxa3satb, utoO
' 98ij agﬂ _r
dxk dx" bk kg

15. TokasaTe, uTo 2% OPTOrOHA/LHEIX KOODAHHAT HMEIOT MeCcTo BhIpakKe-
HHU Al F =0, ecnu 3naveHus i, j, k—pasanussie,

;19 ) 1 04,
M= " InH; F——-—lH L
M2 gy : i o Tii “OHiox
npuqu 3JleCh He npennonaraercn CyMMHpOBaHHﬂ no JlBa)KllbI ]'lOBTOpﬂlOlH,HMCﬂ

HHIEKCAM [ £ f.
16. TToxasatsp, uTo

F.) . .
(g AR —
ax”(g'/A B)= A, ,B'+A'B,,
17. [lokasaTh, 4TO KOBapuaHTsas nponspoaHas or abCo/OTHON BeJH-

YHHbl BEKTOpPa paBHa

1
|A |N=m A“ A

Ozarasarenue

TIPERHCAOBHSA . + o o v v v v v o v e v e s s s s v b v v o v v v eas 3

[ nasa nepsaa
OcHOBHble cBejeHHsi W3 BEKTOPHOH aare6pul

1.1. BexTopbi #u cKaaspsl . . . . . . . . e e e i i e e . D
1.2. CioxeHne ¥ BblYHTaHHe BEKTODOB. npoexunﬂ BeKTOpa Ha ok . .. 7
1.3. YMHOXKeHHe BekTOpa Ha ckaasap. JluHefiHas 3aBHCHMOCTb BEKTOPOB.
Pasnioxenue BekTOpa . . . . e e e e e S O
1.4. Cka/nsipHOoe U BEKTODHOe nponsaenexm;{ By X BeKTopOB I ¥ {
1.5. [Tpou3sBeaeHns Tpex BeKTOPOP . . . e e e e e e e e 22
1.6. Bsanmubie 6askHCbl BEeKTOPOB. Koeapuamﬂue 1 KOHTpaBapHaHTHble
cocrasiasomue gekTopa. CoKpauleHHble 0603HAYEHHA . . « » « + . . 25
1.7. TlepeMeHHbIE BEKTOPB + - + « o + + 4 o s v v v v o v o v o o .o 34
3aaUH € DPEUIEHHAMHE . v v 4 4 v 4 o o o o v v e e e e e e 3T
VHPAaMHEHHT .« . v v vt v v v v e v e e e e e e e e e e .. 49

[ ra6a emopasn
NougTue Tensopa Hu 3aKoH Npeo6pa3oBatng €ro KOMMNOHEHT

KoMnoHesTH TeH30pOB B HX NpeoGpasoBaHie. PaBHONPABHOCTE KOOP-

2.1.

LHHATHHIX CHCTeN . . . . U s 1
2.2. TeHsopH HyJleBoro paura (CKaJlﬂpbl) O 3
2.3. Teusopnl 1-T0 paHra (BEKTOPHI) . + « « « o « o « v o o o v o o+ o D7
2.4. TeH30pbl 2-T0 PAHTA . . . v v . « . . i v v v v v v v v v . ... 60
2.5. TeH30pbl BHICWIMX PAHFOB . . . . . . . . . S 4
2.6. TlpeoGPasoBatiHe KOMIIOHEHT BEKTOPOB H TeHBOpOB npd nosopoTe

KOODAHHATHOIl NJIOCKOCTH BOKDYr [eplleHAuKyJsapHO#t ocH . . . . . 74
"2.7. IHBapHaHTHOCTb TEH30PHBIX YPaBHEHHH . . . . « « v v o« . o . 17
2.8. KpuBoauHefiHble KOOPAHHATHL . . . . o . . « v o o o o o o o oo 19
2.9. Tensopnl B cucreMax 0606uleHHBIX Koopzmna'r O <

33298 C PELUGHHAMH . + + & v v 2 v v 4 v s e e e e e e e e .. 89
YOPAKHEHHS . . . . v v v v v v v e i e e i e e e e e e B

I rasa mpemosn
TeH3opuasa aare6pa

3.1. CHAOXKEHHE TEHSOPOB . . + « « « « ¢ « v v o v e v v v v v oo 97
3.2, YMHOKEHHE TEH30POB . . . . & v v - « v o 4 o o v v o v o v o . 98
3.3. CBepTHIBAHHE TEH3OPOB . .« . . v ¢ . . « v o v v v v v v o 0o+ 99
3.4. CpoiicTBO CHMMETpHH TEH30POB . . . . I (1)
3.5. ExvHHYHLIE Tensop. Merpuueckui TeHaop S 1]
3.6. T'naeuble ocu Tewsopa. [IpusesenHe Tensopa K raasHuM ocaM . . . 106
3.7. Wneapuante TeHzopa O B £
3.8. TTPH3HAK TEH3OPHOCTH BEJHUHH . » 2 v v v « o o o o o v o o - o o 1€
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VopaxueHus . . . . . . . . . . . . . T KX
Taasa 4emsepmasn
BexTopHBI# H TeH30pHWA aHaAH3
4 1. Tensopuoe mone. LHPKYJAAUAT . . . . . o & v v v v v 0 0 o e . . 135
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O6rem 15,75 ned. a  Yu.-usg. Jg. 15,23,
Mag. Ne ®M-256. 3axas Ne 3610.
Tupaxk 25 000 sx3. Lena 63 xon.

TeMaTuuecKHii NaaH u3x-Ba «Bricasg wxona»
(BY3H 1 TeXHHKYMu) Ha 1966 . [Tosnuna Ne 44.
W3patenscro «Bhicinas Lixosa»

Mockea, HM-51, Hernnuuasg yn., n. 29/14

QOTneyaTaHo ¢ MaTpHLL

Mepsot O6pasuoBoit THnorpadun

umenn A. A. )Xnauosa nasnoanrpadnpona
Komurera no nesatd npu Cosere Munu-
crpos CCCP, Mocksa, )K-54, Banosas, 28

B THnorpauu u3a-8a «BomKckas KOMMyHa»,
Kyit6oines, Cuspanckas, 201,



