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YK 512; 519.46

KHura BXOIHT B 3aBOeBaBUIYIO MHPOBOe NpPH-
3HaHUWE SHUHKJIONEIHIO COBpPEMEeHHON MaTeMaTHKe
wOMEMEHTE MATEMATHKH, CO3aHRYIO0 Tpynmo# ¢paH-
LIY3CKHX YUEHBIX, BHICTYNAIOUIUX NOJA KOMJEKTHBHLIM
ncesporumom H. Byp6aku. Pax tomoB stofi suum-
RJIONENHH YKe BbIIEN B PYCCKOM NepeBoje U no-
JYUMJ 3aCJYXKEHHO BEICOKYIO OlGHKY uYHTATeJef.

dra xHura noceslleHa OPEeHMYIECTREHHO Ipyn-
naM, MOPOKIEHHHIM oTpaxeHHamu. Oua comepiHT
ofmupHbA MarepuHan nmo Teopuu rpynm JIn, ux am-
CKPeTHBHIX NOArpynm, anreGpafmuecKHX H KOHEUHHX
rpynm, aare6p JIH, Teopan npencTaBaeHui.

Kuura npejnasHaueHa JJsi CaMoro [MuPOKOTo
Kpyra MarT€éMaTHKOB PasjJHuHbIX ClenuasbHOCTel, OT
CTY/EHTOB J0 HAYUYHHIX DAGOTHUKOB.

Pedaxyus auteparypel no MATeMATULECKUM HAYKAM



OT PEJAKTOPA NEPEBOJA

Hosass xuwra H. DByp6axm ,Tpynnet u aJare6pel  Jin¢,
OTHOCSILIAACH KO BTODOI 4aCTH €ro M3BECTHOrO TPaKTaTta ,JJe-
MEHTH MaTeMaTHKH®, BBIXOAHT B CBET DPa3pO3HEHHBIMH BHIUIY-
ckamu. B 1960 r. 6bi1a u3gana (a Lecsith JeT CIYCTs llepen3faHa)
raasa I ,Auredpn JIu“, B KOTOPOH H3/10XKeHbl OCHOBH TEODHH,
He Kacaioluecsi BOMPOCOB KJacCuPUKanuy NPOCTHX aare6p Jiu;
B DVCCKOM NepeBoje 3Ta IJaBa elle He nosiBasjack. ['saasu 11
u Ill noxka He ony6/iHKOBaHbI.

[Tpn sTHX oOGCTOATENHCTBAX NEPEBOL Ha PYCCKHH SI3BIK H30-
aupopaHubiX raaB IV —VI mor 6bl N0Ka3aThCA HECKOJBKO MpeXK-
IespeMeHHLIM. Bece cOMHeHN, 0AHAKO, PACCENBAIOTCA IIPH CaMOM
6er;ioM O3HAKOMJEHHH C COAEpP)KAHUEM HACTOALIEro BHIIYCKA,
K KOTOPOMY BIIOJIHE IIOHOIUJ0 6Bl obuiee HassaHue ,,JIHCKpeTHbe
FPYIIB, NOPOXKJEHHbIe OTpakeHHAMH“. B MUpOBOH MaTemaT-
YyecKkol JMTepaType HO CHX NOP He OBLIJIO CBA3HOTO H CTOJb
HCUepPILIBAIONIErO H3JM0KEHNS 3TOR yBJeKaTe/JbHOH TeMBl, Ipen-
CTaBJAOLEH 3HaUNTeALHBIH HHTEpeC AJs BecbMa LIHPOKOTO Kpyra
MaTeMaTHKOB, 12 H HE TOJbLKO MaTeMaTHKOB. ABTOpCKOe BBeje-
HHE M [OYYHTEJbHHH (XOTS M HEMOJHHH) HCTODHYECKHIH ouepk
IOMOT'YT H2XK€ HECIIeUHaJHCTy BOCCO3[aTb TOT €CTeCTBEHHBIH
doH, Ha KOTOPOM NIPOXOANJIO CTAHOBJEHKE ¥ COBEPIICHCTBOBAHHE
TEOPHH KPHUCTAorpaduueCKUX TPYNI, CHCTeM KOpHei, TIpymmn
Beiins, rpynn Kokcrepa, cucrem Turtca (BN-map).

HachleHHas KOHKPETHEIMU pPe3dyibTaTaMH, B TOM YHC/IE CIpa-
BOYHOI'0 XapaKTepa, KHUra pacCydTaHA HA IOCTATOYHO KBaJH-
¢unuposanHoro wuratens. Ho ona uenmkom Oasupyercs Ha
MarepHaJie paHee H3JaHHHLIX (M HMEIOUIMXCS B PYCCKOM IIepeBOJLE)
KHUT ,DJEMEHTOB MaTeMaTHKU*. Bo BCAKOM Cayuae, HIENETHIb-
HOCTb aBTopa B COOGJIO[EHHH CXeMBl JOTHUECKOH 3aBHCHMOCTH
OT/eJbHBIX KHUT H IV18B TpakKTaTa HAaIlLJja 37eCh CBOE JOTOJHH~
TeJlbHOE MOATBEPXKJEHUE.

A. Kocrpukus






BBEIEHHE

Msyuenne NOJyNpPOCTHIX TIpynn (aHAJMTHYECKHX HJH aJjre-
G6panveckux) u ux aare6p Jlu OPUBOAMT K PACCMOTPEHHIO
CTPYKTYp cucTem Kopreii, epynn Kokxcrepa w cuctrem Turca.
Hacrosimue raaset 1V, V u VI Kak pa3 ¥ NOCBAIEHb 3THM
CTPYKTypaM.

YTo6H OBLJIO NOHATHO, O YeM HAET Deyb, MpHBEAEM HECKONBKO
IIPHMEPOB.

I. IlycTe ¢ — KOMIJEKCHass mnoJynpocras aJareépa Jiu u
b —ee momaare6pa Kaprtana!l). Koprem aare6pbl § OTHOCH-
TeJbHO 0 HasbiBaeTca HeHyJepas JHHefiHas ¢opmMa a Ha b,
Takasi, YTO BHINOJHEHO cooTHomeHHe [h, x]=ua(h)x naa Heko-
TOPOro 3JeMeHTa X a/are6pbl §, OTJAMYHOrO OT HyJd, U AJd
Mo6oro h < B. KopHu 06pasyloT B BEKTOPHOM NpocTpaHcTBE b,
AyaJnbHOM K b, NpHBeJeHHYyIO cuHCTeMy KopHeH R. 3amanue R
onpejeJsieT aare6py ¢ ¢ TOUHOCTBIO 10 H30MOp(U3Ma, U BCAKAS
NnpHBEeHHAS CHCTEMA KOpHell H30MOp(PHA CUCTeMe KOPHEH, oJy-
YeHHOH ONMHCAaHHBIM Ccrmoco6oM. ABTOMOPGH3M ajre6pwH ¢, ocra-
BJISIIOIIMA YCTORYMBO#A momaare6py Y, oupenensier aBToMOpU3M
Ha §*, ocTaBJsIOIIKE HHBApDHAHTHOH cuCTeMy R, H TaKHM 06pa3oM
noJiyyaeTcs KaXKAsli aBToMopdu3M 3Toi cucrembl. I'pynna Beils
CHCTeMbI R COCTOUT M3 aBTOMOP (hH3MOB IPOCTPAHCTBA §*, KOTOPBIE
onpejeseHs BHYTPEHHHMH aBTOMOpD(H3MaMu a/are6phbl , OCTa-
BJSIIOIHMH YCTOHYHBOH nojpaareépy 9. dra rpynna spjasercs
rpynnoé Kokcrepa.

ITycTs G—cCBsi3HAg KOMILIEKCHas rpynna Jlu ¢ aare6poit J1u g,
u nycte ' — moarpynna B b, cocrosiuasi H3 TAKUX 3JEMEHTOB A,

uto expg (2nik) = 1. IlycTsb RY — cucrema KopHe# B D), nyaspHas
k R, Q(RY)—nonrpynna B 0, NopoxaeHHas CHCTeMO RY,

U NyCThb P(RV)—nozu‘pynna, KOTOpasi acCOUHHpPOBaHA C HOA-
rpynnoit Q(R) B B°, nopoxnaeHHoi R (T. e. MHOXeCTBO h & § Ta-
KHX, uTo A (k) — yeaoe uucno pas kaxmoro A = Q(R)). Torxa

P(RV):)I‘:)Q(RV). Hanee, uenrp rpynnst G KaHOHHYECKH
) B stom Bmenenmum Mut OyieM cBOGOJZHO NOJb30BATBCS KaK TPaju-

4IMOHHOHA TepMHHoJoOrMed, TAK ¥ HOHATHSMH, ONPeLCJeHHS KOTOPHX HOABATCS
TOJBKO B HACTOALIEM BHHOYCKE.
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H3oMopden P(RV)/I‘, a ee (yHzaMmeHTaJbHasi Tpynna u“so-
MopdHa I‘/Q(RV). B vyvacrroctu, T' coBnanaer ¢ P(RV), ec.H

G — npucoenunennas rpynna, u I pasua Q(RY), ecan G oxo-
cBsi3Ha. HakoHen, Beca KOHEUHOMEPHBIX JHHEHHBIX NpeACTaBJe-
Huli rpyniel G CyTh 3J€MeHThl MoArpynnel 5°, accouuuposah-
noit ¢ T.

I1. Tlycte G — BeluecTBeHHasi CBA3HAad KOMMAKTHAs TM0.Tv-
npocras rpynna Jlu u g — ee aare6pa Jlu. [Iyers T—MarcHMa.Tb-
Hbiii Top B G ¢ anare6poit JIu t u X — ero rpynna xapakTepos.
[Tycte, nanee, R—MHOXECTBO HEHYJIEBBIX SJIEMEHTOB O IPYLIbi X
tTakux, uTo {Adf).x=a(f)x a9 KaKoro-HUGyIb OTIMYHOTO OT
HyJsd 3JeMeHTa X aareOpnl ¢ 4 moboro t < T. Oroxaectsum X
C pelleTKOl B BeUeCTBEHHOM BeKTOpHOM npoctpatctse V=X®;R.
Torna R Oyiger npuBemenHoii cucreMoli kopHed B V. Illycrs
N — nopmanusarop topa T B G. Hdedictane N na T onpeneaser
u3omMopduam rpynnst N/T ¢ rpynnoii Beitnsa cucremn R. ViMeem
P(R)> X> Q(R), npuueMm X =P(R), korna G 0OJHOCBA3Ha,
1 X=Q(R), xoraa neHTp G CBOJHTCS K €UHUUHOMY IJIEMEHTY.

Komnaekcuduranus ajare6pbl § ecTh noJaynpocrast anretpa
Jla g, u 1 — ee monaire6pa Kaprana. CymecTByeT KauOHH-

yeckufl u3omopdu3M NpocTpancTBa Vc) HA NPOCTPAHCTBO, AYadb-
HOe K t ), KOTODBIH NePeBOAUT R B CHCTeMY KOpHeH aJre6phl i,

OTHOCHTEJIbHO t(c).

II1. lycte G—cBA3nas nosaynpocras airebpaudeckas rpynmna
HajJ KOMMYTAaTHBHLIM NoJseM k. I1ycTe T—MakcuMabHER 5/ie MeHT
MHOXeCTBa TOpPOB B (G, DasJOXUMBIX Haj kR, u X —rpymnna
XapakTepos T (romoMophu3MOB T B MYJIbTHIVIMKATUBHYIO TpYNIY).
OroxkaectsuMm X ¢ peiieTKofl B BELIECTBEHHOM BEKTODHOM Hpo-
crpanctee V=X ®zR. KopusiMu rpynnet G oTHocHTesdbHO T
SIBJISIOTCST HEHyJeBble 3JEeMEeHTH a Ipynnsl X, jJsi KaXmoro us
KOTOPHIX CyLIECTBYET OTJMYHBIA OT HYJA 3JeMeHT X aJjreGpnl
JIn @ rpynnel G Taxkoil, uro (Ad?).x=a(f)x, xakoBa Ol HM
6bia Touka f u3 T. TakuM 006pa3oM MhI NOJY4YaeM CHCTEMY
KopHeil R B V, xoropas, oqHaKo, He 00si3aHa ObITb NPUBEIEHHOH.
[Myets N — nopmaansatop u Z — neurpaausarop topa I B G,
# nyctb N (k) v Z (k) — ux Tpynnel palMoHaJbHBLIX TOYEK HAJ K.
HeiictBue N (k) na T onpenesier usomopdusm rpynnet N (k)/Z (k)
Ha rpynny Beiisa cucremnl R.

Ilycte U -- MakcuMalbHBIH 3J€MEHT MHOMXCCTBA YHHIOTEHT-
HBIX HoArpynm B G, onpefie/IeHHBX HAJA R U HOpMaJau3yeMbx Z.
HNoaoxum, P=2Z2.U. Umeem P(k)y=Z(k).U (k)yu P(R)N\ N (k)=
= Z (k). danee, cymecrsyer 6asuc (a;, ..., @,) CHCTEMBI R
TaKoii, yro pecamu Topa I’ B U GYAYT NOJNOKHUTENbHBIE [JI51 3TOrO
Oasuca xopuu cucremni R. IlycTb S — MHOXKECTBO 3/1€MEHTOB
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rpynobl N (&)/Z (k), x0TOpble COOTBETCTBYIOT NPH ONpeie/eHHOM
Bhillle U30MOPDH3Me CHMMETPUAM 8q,E W (R), accolHupoBaHHKIM

¢ kopHsaMHu a;. Torma uyersepka (G (k), P(k), N (&), S) ecTs cu-
ctema Turca.

1V. B Teopuu aareGpaHyecKHXx HOJYNpPoCTHIX TPym HaL JoO-
KaJIbHBIM NI0JIeM BCTpeyaioTes cHeTeMbl THTCA, y KOTophIX rpynna W
ecTb adduHHas rpynna Beftis cuctemnl Kopue#. IlycTs, manpu-
Mep G=SL(n+1, Q,) (n=1). Ilyctb B —rpynna maTpHu
(a;))=SL(n+1, Z,), y Kotopux a;; EpZ, pna i <j, u N—
noarpynna (, cocrosmiad H3 MaTpHll, Y KOTODHIX B KaXJAOM
cronfne H KaKAOH cTpoke He §oJiee OJHOIO OTJIHYHOTO OT HY/d
ssnemeHTa. Torma cyulecTByeT TakKoe NOAMHOXeCTBO S TIpynibl
N/{(BN\ N), uto uetsepka (G, B, N, S) 6yner cucremoit Turca.
Ipynna W =N/(BN N) ects apdunnas rpynna Beias cucTeMBl
kopHelt Thna A,. 3To — Geckoneunas rpynna Koxkcrepa.

IHlpu nanucanuu 3Tux Tpex 2448 HEOUECHUMYO NOMOULL OKA-
3aau HAm mHOzouucaeHnbie Gecedbt ¢ JK. Turcom. Mer Opyace-
cKu ezo 6Gaazodapum.



TJIABAIV

rpynimbl KOKCTEPA H CUCTEMbI TUTCA

§ 1. Fpynnst Kokcrepa

Bciony B sToM mnaparpade uepes W obGos3nauaercs rpynna,
3anHCHIBAEMas MYJbTHILJIHKATHBHO, C €HHAYHBIM 3JeMeHTOM 1, 1
yepe3 S — mopMHOXecTBO obpasyiomnx rpynnel W, Takoe, uro

—i o
S=8" un 1&S. Kaxnnii snement 8 W ecth npounssemenne
KOHEUHOro uucjaa sJjeMeHToB u3 S. Haumnaa ¢ n°3, npexmosa-
raetcs, 4TO KaxKIblff 3jeMeHT MHoxkecTBa S uMeeT NOPSLOK 2.

1. Jauna u npusedennvie pasznoxicenus

Onpreneqenue 1. [Hycre w = W. Haumenswee yeroe 4ucio
g=0, raxoe, 4ro w ecrs npousgedenue ¢ 3remenros us S,
Ha3slgaerca OAuHOU saemeHTa @ (OTHOCUTEABHO MHONCECT8A 06-
pasyrouux S) u ofo3Hauaercsa yepes I (w) uauw npocro [ (w).
M pueedennovim pasaroscenuem srementa w (oTHOCUTEAbHO S) HA-
3b180€TCS BCAKASL NOCAEI0BATENBHOCTS § == (S, - .., S;) INCMEHTOE
uz S, 048 koropoti w=S, ... s, u q=1[(w).

Takum oGpasoM, | — enuucrBennbil ajgeMenT mJauHn 0, a S
COCTOHT U3 3JEMEHTOB AJHHHI 1.

[TpEpnoxXEHUE 1. JJag awboix Osyx ssemenros w u w' us W
UMEIOT MECTO COOTHOUWECHUS

How)) <I(w) 41 (w), (1)

H{w™")=1[(w), (2)

[ () — (@) | <! (ww™") (3)

Mycers (Sp oo Sp) B (S, - ooy $7) — npHBeeHHble PasIONKe-
HHA @ # @’ cooTBeTcTBeHHO. Torma [(w)=p, [(w’)=¢, ¥ no-
CKOJIbKY Ww'==§, ... §,s] ... S;, T0 l(ww’)<<p-+ ¢, 4T0 Raer
nepasenctso (1). Tak kak S=8' u w'=s"... s 10
l{w )< p=I(w). 3amensin @ Ha w~!, moayuaeMm oGpaTHoE

-1
HepaBeHCTBO, OTKyna chenyetr (2). 3amensis w Ha ww’ B (1)
H (2), noayyaeMm COOTHOLIEHHS

L(w) — (o) <! (ww' ™), (4)
Hwe' ™ )=I(o'w™"); (5)
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MeHAsd MecTaM# @ U w’ B (4) 1 npuMensa (5), noayvyaem [ (w’) —
r—l(w)<l(ww’_l). OTcioga BbiTEKaeT HepaBeHCTBO (3). -

— Y G 4 4
Cnencrsue. lIycre s=(s), ..., s jus =(s}, .- st)—
Jge nocneaoeare/zbuocru saeMeHTO8 u3 S, w=S8, ... S, n W' =
=8 ... 8. Ecau noc.aedo8areabHocT 6 (s,, cen sp, STy ee, s;)

ABAALTCS npueeaeﬂubm pas.ioenuen saemeHTa ww’, To § 6yder
npueede;mbm pazaoxceHuem w u § —npueedeuﬂm,u pasaoxce-
Huem w'.

[To npennonoxenuo {(w)<<p, [(@w)<<qg n [(ww')=p + ¢,
nostomy B cuaty (1) [(w)=p u [(w’)=g¢g, oTKyla ¥ BhHITeKaeT
yTBEpXKIeHHE CJeJCTBHA.

-1
3amewanue. dopuyaa d(w, w’)=1I(ww’™") onpenenster pac-
croauue d na W. CoorHouienus (1) u (2) DOKa3BIBaWOT, YTO OHO
MHBAPUAHTHO OTHOCHTE/bHO NpPaBBIX INePeHOCOB.

2. Husdpanronvie 2pynnot

OnpeaededuE 2. Juadpasshoii epynnoti (uau epynnoi Ou-
a0pa) Hadeleaercs 6CAKas epynna ¢ 08YmA pasaudnbimu obpa-
ayroujumt nopadka 2.

IHpumep. Ilycte M — MynbTUINIMKaTHBHAA rpynna {l,— 1} u
u m —1ueaoe uYucjao =2 (cooTB. m=oo). 3acraBum M pei-
crBoBaTh Ha Z/mZ (cooTB. Ha Z), mogarasg (—l).x=—x, u
o6o3nauuM uepe3s D, cBu3aHHoe ¢ STHM HelicTBHeM moay-
npsamoe npoussenenve M ua Z/mZ (coots. M na Z). Dnemen-
taMu D,, 6ynyT napel (e, x), rie e==+1 u x=Z/mZ (cooTs.
xeZ). T'pynnoso#i 3akon B D, sapaerca QopwmyJoi

(&, x). (¢, x')=(ee’, e’x + x'). (6)
OG6o3HauuM uepe3 t Kjaacc 1 mo monymo m (cootB. v==1) u
. TOJIOXKUM

p=(—L10), p=(—14, w=(, 1) (7)

rorna pP=p" =1 u n=pp'. Dopmyas

at=(l, m), pu*=(—1, m) (8)
mokasmBawT, yto D, —rpynma nusnpa, mopoxkIeHHAT MHO-
skectBOM {p, p’}.

TIPENJIOKEHUE 2. Hpednomofcum yro S cocrour u3 0syx
PasAuyHbLX NeMEeHTO8 S u §' nopadka 2.

(i Hodepynna P=W ¢ obpasyroweil p=35s" HOpHaAILHA
8 W u W ssaserca noaynpametm npoussededuem nodepynn
T=A{l, s} u P, npuven (W :P)=2.

(it) Tycre m — nopadox (koHeuHslii uau GeckoHeuHsll) zae-
serra p. Tozda m—z=2 u W umeer nopadox 2m. Cywecrsyer
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edurcreennoui usomopgusm ¢ epynnet D, na W, raxoi, uro
e(p)=s u @(p)=s"

(i) meem sps~!=sss’s=15"s = p~!, oTkyna

sp"s~!=p~" (9)
aas moboro uesoro uucya n#. [pynna W nopoxkpaercs mapoit
{s, s’}, a Ttakxe mnapoil {s, p}, Tak yro P — HOpMaJibHAA IO~
rpynna B W. CuenoBareanrHo, TP — noarpynna B W, a tak kak
OHa COAEPXKHUT S U §'=s5p, To W =TP=P|}sP. Ilostomy aas
nokasaresancrtBa (i) mocratouHo yGeautbcst B ToM, uto W == P,
Ecan 6n W=P, o W Onsa 65 KOMMYyTaTHBHA, OTKyjla
p2=s2s’2= 1. Tpynna W =P comepxkana Ob TOJNbKO IBa 3Je-
MeHTa | M p, BONpeKH HpejnoJoxKeHHo, UuTo B W uMeloTcs mo
KpaiiHeli Mepe TpH 3jeMeHTa 1, s W 8.

(ii) Tak Kak s #* s’, TO p#l otkyna mz=2. Ilockoabky P
uMeeT nopsaaok m ¥ (W . P)=2, nopanok W paBen 2m. Ecun
m KoHeuHo (CooTB. 6ECKOHEYHO), TO CyllecTBYeT H3oMopdhusv ¢’
rpynnst Z/mZ (cootB. Z) Ha P, nepesonﬂumﬁ n B p. Hanee

CywecTByer nsoMopdusm @’ rpynnet M ={1, —1} na T, mepe-
Bonsimuilt —1 B 5. 'pymna W gsasierca moaynpsiMbiM IIpOH3Be-
genueM T n P. CDOpmnya (9) u cootHouieHue prtpTl= "

IIO3BOJSIIOT NOCTPOHTh H3 ¢° M @7 Taxkofi H3oMopDH3M ¢ Tpymnnsl
D, ua W, uto 9 (p)==s u ¢(n)=p, orkyna ¢ (p’)==s’. Enun-
CTBEHHOCTb ¢ caejpyer u3 Ttoro, yro D,, mnopoxkmaercs {p, p’},

3amewanue. PaceMorpuM nu3apanpHylo rpynny W nopsigka 2m,
NOPOXKIEHHYI0 JBYMS PasjHYHBIMH 3JeMeHTaMH S H § no-
psiaka 2. O6o3HayuM uepe3 §; (COOTB. §7) THOCJENOBATEBLHOCTD
AJHHB ¢, 4YeTHHMHM (COOTB. HeUeTHHIMH) UJeHAMH KOTOPOH
ABJAIOTCA s, a HeueTHBIMH (cooTB. ueTHHIMH) — S. [lycrp w,
(cooTB. W) — NPOH3BeACHHE 5JEMEHTOB IOC/EOBATENbHOCTH §,
(coots. s) Nmeenm

Wop == (ss’ ) » Wopy1 == (ssl)k S5
whe = (s"s)" = (s5")7*, @l =(s's)* s’ =(ss")"* 's.
Ecau s=(sy, ..., S;) — NpUBEEHHOE pa3oxKeHHe (OTHOCHTEJIBHO

{s s’}) snemeHTa wEW TO, OYEBHJHO, s,#s,‘Ll st 1 <Ci<g
< g — 1. CnenoBatenbHO, § =8, HIH §=4¢).

B cayuae m= oo 3neMeHTH (ss’)" u (ss’)'s nas neZ Bce
pasauunel. CrejoBaTe/bHO, 3JAeMEHTH w,(g=0) 1 wq(q>0)
BCe Pa3JMYHbI, H €CJH S—TNPUBECHHOE Pa3J/IoKeHHe W, (COOTB. Wy),
TO ¢ HeOOXORHMOCTpl0 Oyaer §=8§, (cooTB. §=28;). Orciona
caenyet, 4to [ (w,)=1(wy)==q ¥ uTO MmHomeCcTBO npusedeHHoix
pasaroscerull asemenros epynnot W coenadaer ¢ mHoxecrsom
noc.cedogaresvrocrell 8§, u s, Kpome Toro, Kaxinbi 3J€MeHT
u3 W pnenyckaeT elHHCTBEHHOe IPHBELEH’.0€ Pa3siokKeHHe,
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Tlycts Temeps m KoHexno. Ecin g==2m, T0 w,=w,_y, H
Wy = Wi—om. Econ m<g<{2m, 1O wq = Wim—gy Wq= Wom—g-
CJlef0BATe/IbHO, NPH ¢ > M HH S;, HH S; He SIBJISIOTCS INpHBe-
JEeHHBIMH pa3joxkeHHAMH. OTclona BbITeKaeT, 4TO Bce 2m 3Je-
MeHTOB rpymnnsl W comepiKaTcs CpefH 3JE€MEHTOB W= Wi, Wg,
vow, s 1<<g<Km—1 0 wnm=uw). Takum obpasom, 3TH
9m 5/1€MEHTOB pas3JHUHBl H H3 BBIIIECKA3aHHOrO CJIEIYeT, UTO
Lwg)=1I1(wg)=¢ LI < m H YTO MHONMECTEO NPUBEICHHbLY
pasaodcenuti 3aementos epynno. W cosnadaer ¢ MHOMECTEOM
nocaedosareavrocrell s 1 Sg 1aa 0<Cg <{m. Kaxapil ajiement
rpynnsl W, OTJIMYHBIE OT W, AONYCKAeT EIHHCTBEHHOE NpHBe-
IeHHOe Pa3JolkKeHHe. DJEeMEHT W,; NOIycKaeT ABa TAaKHX pas.o-
JKEHHS.

3. Ocnosnsie ceoiicrsa zpynn Koxcrepa

HamnoMHHM, 4TO HAYyHHAA C 3TOrO MecTa MBI IIpeimnoJarae,
YTO BCE 3JEMEHTHl H3 S HMCIOT HOPSIIOK 2.

Onpeaeaenue 3. ITapa (W, S) rasesaercs cucremori Kok-
cTepa, ecau 8uiNOAHEHO Caedyoujee ycaosue:

(K) Jasn aoboix Osyx saementos s u s’ u3 S obosnauun
uepes m (s, 8’) nopadox saemenra ss’. Ilycre I — muoixcecrso
nap (s, s’), 018 Koropewx (s, s’) kowewno. Toeda cucrema
obpasyrouux S emecre ¢ coornowenusnu (s8’)* =1 daa
(s, 'Y=l 6yder 3adanuem epynnee W obpasyrouumy u onpe-
Oeasirougu My COOTHOUECHUAMY 1),

B cayuae korma (W, S) — cucrema Kokerepa, TO, HONyCKasf
BOJILHOCTh PEYH, I'OBOPAT Takke, uTo W — epynna Koxcrepa.

[Tpumepor. 1) ITlycTs m —uenoe uueao =2 HIM ©© H
W — rpynna, onpeneJeHHasi MHOKECTBOM 06pasyomux S=(s, s’)
H OTpele/ A0 MH COOTHOIIEHHAMH s?=g"=1, korma m= oo,
i ke s2=g""=(s¢/Y" =1, xorma m koueuno. [lasee, pac-
cMOTpUM rpyuny nusapa D, (n°2, npumep) u 3jJeMeHTH p H 0
B D,, onpeneseHusie paseHcTBOM (7). TlockoJbKy p?=p’z=1
u (pp’Y" =1, Korga m KOHEYHO, TO CYIIeCTByeT OLHO3HAYHO

1) 310 o3nayaer, yro napa (W, S) yioBJIeTBOpsteT CaeLyIOIIEMY YCIOBHIO

YHHBEPCAILHOCTH: KAKOBH OBl HU Oblaiu rpynna G W BJaoKeHHe f MHOXKecTBa S
’ 4 o

B G, rtakoe, uro (f(s), f(s))™® V=1 pra (s, ') ua I, mafizetcs romo-

Moppuam g rpymnst W B G, npomoskawomuit f. D10T roMoMopduaM eaHHCTBEH,

HNocKobKY S mnopoxpaer W. DxpupanentHas $opMa Hallero onpeleneHus

sakmouaeTess B caepylomem. ITyers W — rpymna, f — roMomopduam W na W
W h — otobpaxenue S B W, Takoe, uto [ (A (s))=s, (h(s)h ()™ =1
ans (s, s) m3 I w o6passt h(s) (mn s=S) mopoxpawr W. Torma f—
HP'beKTHEROE oToGpamenne (i TeM CAMBIM H3oMopduam W Ha W).
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onpefeseHHbll TOMOMOPdu3M f rpyunst W wa D,, Takoii, uTo
f(s)==p u f(s’)=9p’. Tak Kak pp’ uMeeT mOpANOK m, TO S§’
Toxxe umeer mopsgok m. Cuaegosarennho, (W, S)— cucrema
Kokcrepa, W — pusnpanbHast Tpynna mopsinka 2m # f-— u30-
mMopdu3dm (npenjoxenue 2).

ITyTeM nepeHeceHust CTPYKTYDPH IOJy4aeTCs, YTO KaXpaas
rpynna Ausgpa siBaserca rpynnod Kokcrepa.

2) Tlycte &, — cuMMerpuuyeckas rpynga cTeleHuH n, n =2,
s, — rparcnosuunst i w i+ 1 gas 1 <<i <n, v nyes S ={sy, er, Sp=—1}
Mowxuo nokasars (§ 2, n°4, apumep u § 1, yup. 4), uro (S,, S) — cu-
crema Kokcrepa. .

3) Knaccudmramusi koHeuwnX rpynn Kokcrepa mnpuBesena B § 4
ran. VL

3ameyanue, Tlycrs (W, S) — cucrema Kokcrepa. CyuecTByer romo-
mopdusm & rpynnsl W B rpyuny {I, —1}, xapakrepuayiomuiics TeM, uTo
g(s)=—1 ana Bcex s& S. Udcao € (w) HasnIBaeTCst cu2Harypoi ane-

MeHTa @, OHO PaBHO (—I)l (W) Cnegosarensio, dopmyaa e (ww’) =
=¢(w).e (w’) Bupaxaerca cpasHenneM [{ww’)=[(w) + [ {w’) mod 2,

TTrepnoxenue 3. Ilpednoaomum, uro (W, 8) — cucrema Koxk-
crepa. Jlan 1020 4T06bl 08a aaementa s u 8" us S bviau conpa-
scennr ') 8 W, neobxodumo u docrarouno, 4Tobbl BbILOAHAAOCE
credyrowee ycaosue:

(I) Cywecrsyer Taxas KOHEYHAR NOCALOOBATEABHOCTD (S|, ..., Sq)

94eMEHTO8 U3 S, 4TO S| ==S, S, =" U §;S;;| UMeeT KOHedHbLil
HewerHoil nopadox Oan 1<j<q.

IMycth s u 8" u3 S TakoBwl, YTO IOPSIAOK p =SS  paBeH
2n + 1. B cuay paseHctBa (9) umeem sp~"==p"s, OTKyAa

pispTt=ptps=pls=s'ss =+, (10)

u s’ conpsieH C S.

Has mo6oro s 3 S nycth A;—MHOXECTBO 3/eMeHTOB §' & §,
yiosaersopsiiomux yeaosuio (I). CornacHo 3TOMY YyCJOBHIO H
TOJILKO YTO CHEJAHHOMY 3aMeuaHHIO, 3JeMeHTH $§; H Sjip,

{ <<j< g, conpstkeHbl, OTKYyMa CJeiyeT, YTO BCe 3JIeMEHTH §
u3 Ag conpsixensi ¢ 8. [Tycts f — otoGpasxkenne S 8 M={l, —1},
pashoe | Ha A; u —1 Ha § — A;. Ilyctb anementnl 8" u §” us §
TaKOBB!I, YTO §'s” WMeeT KOHeuHbIHd NMOPSILOK m. B ciayyae xorza
s’ u s” 06a nexar B A; uau B S — A, umeem f(s)f(s”)=1.
B nporuBHoM cuayyae [(s)f(s”)=-—1;, HO m ueTHO, TaK uTO
Bo Becex cayyasix (f (s)f (s”))™ = 1. [Tockoanky (W, S) — cucrema
Kokcrepa, cyuecrsyer romomoppusm g rpynnsl W B M, HHRY-

'y Hanomuum, 4t0 nBa 3jeMerta (COOTB. ABa mMOAMHOXKecTBa) rpynmu W
HA3BIBAIOTCS COMPSIKEHHBIMH, €CIu CYHIECTBYeT BHYTpeHHU# aBroMopdhuam W,
nepeBofAuUME  ONUH dAeMewT B Pyroft (cooTB. OXHO NOAMHOXECTBO
B Apyroe).
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nupytoumit f wa S. Ecam s’ compsixen c s, TO mpuHaiJex-
HOCTb § SIAPY £ BJeuYeT NPHHANJIEKHOCT S’ 3TOMY Xe sAnpy.
3uauut, f(s)=g(s’)=1 u tem camuM s’ = A,. U. T. .

4. ITpusedennovie pasaoxcenun 6 zpynne Koxcrepa

[ycts (W, S) —cucrema Koxkcrepa u T — MHOKeCTBO conmpsi-
JKEHHBIX € 3jeMedTaMi u3 S sjaeMenToB rpynnsl W. [as moGoi
KOHEUHOH I10C.1e0BaTe/IbHOCTH § =(S;, ..., S,) JIeMeHTOB H3 S

o6o3naunm uepe3 @ (s) mocaenosaTesibHOCTb (¢, ..., f,;) 2JaeMeH~
toB u3 T, onpenejieHHBIX POpMyJioH

fr=(s ... §-) 8508 ... s0) 7, 1<i<q (11)

Torma t,=s, 1 8 ... 8, =1t ... . Jlasg xaxxoro snemeHta

t= T o6o3uauuM uepe3 n(s, f) yHCAO HHAEKCOB j, TAKHX, UTO
1<{j<{g u t; =1 B D(s). HaxoHeu, noJ0:xuM

R={l, =1} XT.

JIemma 1. (i) Hycre wesW u teT. dynxyus (s, H)—>
—> (—1)"* " umeer 0dno u ro e snauenue w(w, t) O0an ecex
nocaedosaressHocrelr §=(s;, ..., S;) 3AEMEHTO8 U3 S, rakux,
uTO0 W=S8, ... §,.

(ii) ras ws=W nycre U, — oro6paxcenue R 6 cebs, onpe-
Oesentoe Gopmyaoi

Uple, h=(n(w™,, 1), wtw™!) (==x1, t=T). (12)
Orobpanenne w+—> U, ssaserca zomomopgusmom epynnor W
8 zpynny nepecranosox muoxcecrsa R.

HOas s S onpegeauMm orobpaxenne U, MHoxectBa R
B cebs dopmyaoi

U,e, h=(e.(—1)’ 1, sts=)) (e= =1, teT),  (13)

2
rne 8, ; —cumBoa Kpouekepa. Jlerko Bumersb, uto Us=1Idp,
a 3To mokaswmBaeT, uto U aBaseTcs nepecranosxkoii Ha R.

ycre  s=(s;, ..., §;)— HOCJIENOBATEIbHOCTb 3JIEMEHTOB
u3 S. lomoxum w=s,... 8 H Us=Usq ... Us. NHnykuneit
IO ¢ MBIl XOTHM NOKa3aTh, 4TO
ot -
Us(e, t)=(e. (=" ?, wtw="). (14)

dro oueBnaHo max ¢g=0, 1. Ecam ¢g>1, TO MNOJOXKHM
"=(Syy -vss Sg—y) H

’ —
w '—Sq—-l eoe Spe



16 rJ1. 1V, TPYIIbl KOKCTEPA U CUCTEMH THTCA 4

1cno.1b3ys MpPEANOJOKeHHe HHAYKUHH, NOJyuyaeM
Yt -1
Us(e, ) =Us (e (=)' " w'tw™") =

L +6, , witw ™! -
=(8.(_1)n(s 140, witw . wtw l)'

Danako O(s) = (D(s), 0 7 's,w’) un(s, H)y=n(s’, 1) + 8 -

oTKyna H caenyetr ¢opmysaa (14).

Mycts s, < S TaxoBwu, 4TO0 p==s5§’" HMeeT KOHEUHBHIH mNO-
ps1ok m. Ilyete s=(sy, .... Sy,) — NOCJEAOBATENLHOCTL 3Jie-
MeHTOB H3 S, B KOTOPOH §;==§ 1,11 HeYeTHHX j H §;=35§" njd
derHnix j. Toraa Sum...s,=p~™=1, u popmyna (11) maer

L=pi~ls, 1<j<<2m. (15)

ITockoaBKY p HMeET HOPSAOK M, BCe 3JeMeHTH £, ..., f, pas-
JHUHB H by, =1t aaa 1 <<j<Km. Jas kaxnoro t< T uedoe
ypcao n(s, £) pasHo nostromy 0 uam 2, W paseHncrso (14) noka-
soiBaeT, 4to Us==I1dg. Unaue roops, (UsU¢)" ==1dg. Ilo ca-
MOMY oIpeleseHHI0 cHcTeME Kokcrepa cymiecTByer, CaemoBa-
TeJabHO, roMomMopdusm w—> U, rpynnst W B rpynny nepecra-
HOBOK Ha R, npu xkoropom U; Bamaercs npaBoH 4aCTsIO
dopmyast (13). Torna U, = Us nasa mo6oit nocjaexoBaTebHOCTH
§=(S, ..., Sq), TaKOH, UTO W==§,...S;, H YTBEPKAEHHS]
JeMMsl 1 cpasy caeayior H3 paBeHcrBa (14).

JlEmma 2. ITyere s=(sy, ..., sp), D) =(, ..., &) u
w=s, ... 8, HMycro T, — mnoxecrso siemenros te=T, Odan
xkoropox n(w, £)=— 1. [laa 1020 410661 § 66110 RpUBEIEHHbIM
pasaowcenuem w, Heo6xo0umo 1 QOCTATOUHO, 4T0bbL BCe t; Gbrau
pasauuner. Toeda T,={t,, ..., t,} u Card(T,)=1(w).

Kak serko Bupers, T, <{f, ..., t,}. BafAB s npuBeneHHbIM,
HaxonuM cHaugaaa, uyro Card T, <CI(w). Hanee, ecaum [; Bce
pasinune, To n(s, )=1 B cayyae, Korga ! UPHHALJCKHT MO-
CaenoBaTedbHoCTH {f), ..., £} u n(s, £)=0 B npoTHBHOM ciydae.
Orciona Ty={t;, ..., t,} u g=Card(T,)</(w), wro Biaeuer
npiusegenHocts s. IlpegnosioxuM, Hakowew, 4ro f;=1; npu
i <j. IlpencraBasis s; B BURe S; =uS;u™', rae u==8;,; ...8;_y,
HoJAyuaeM

A
Sqw

W=38) oo 8;1Si41 -+ Sj1Sj41 - Sq,

4 3TO o3Hayaer, 4YTo § He fABJAETCSA NpHBEACHHBIM pa3JjoxKe~
HHEM 3JeMeHTa w.

Memma 3. Mycre weW u s&8, npuven [(sw)<I(w).
Aas aw0boii  nocaedosarensnoctu s =(s,, ..., S;) 34eMeHTOB

us § ¢ w=s, ... s, cywecreyer j, 1<<j<gq, 041 Koropozo
SSp v 8j =81 ... 51180
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[ycte p—aauHa w H w’ =sw. BBuny 3amesanusn B n°3
l(w')=1(w) + 1 mod 2. 3 ycaoBus [ (w’) <!/ (w) 1 COOTHOmEHHS

() — () |<U(ww™)=I(s)=1
caenyer Toraa, uro !(w’)=p — 1. BuiGepem npHBeneHHOEe pas-

JIOXKEHHE
7 7
(S], v ey Sp_l)
sneMenTa w’ H TOJNOXKHM 8§ =(s, S|, ..., Sp—1) H D(s)=
==, ..., tp). HcHO, uTO § — NpHBelIeHHOE PAa3JOKEHHE W H
yto #=35. B cH1y NeMMBI 2 3s1eMeHTH 1, ..., I, BCe Pa3/MuHH,

H Mbl HMeeM n(s’, s)==1. Tak Kak w — NpoH3BeJeHHE 3IEMEHTOB
[OCJeIOBATEABHOCTH S, TO H3 JeMMBbl 1 BbiTeKaer, 4To n(s, s)==
=n(s’, s) mod 2, orkyna n(s, s) % 0. CnexoBaTesbHO, § PaBHO
OJHOMY H3 3JeMeHTOB I; mocJepoBaTejbHocTH @ (s), OTKyna H
cjaeqyeT YTBEDKAEHHE JEeMMbl.

3amewanue. MHoxecTBo T, onpenesieHHOe B JeMMme 2, CO-

-1 o
CTOHT K3 3JEMeHTOB w”sw” ', COOTBETCTBYIOIIUX TPOHKaAM
(w’, w”, s)=W X W XS, rakuMm, uro w=w'sw’ u [(w’)+

+ (@) + 1 =1(w).
5. Ycaosue samenst

[Ton ,yciaoBHeM 3aMeHH IIOHHMaeTCH cJaefylouee yTBep-
xknenue o (W, S):
3) Tycre wsW, s=S u l(sw) [ (w). JIan scakozo npu-

8e0eHH020  pa3A0NERUA (Sts - .+» S,) oaementa w cywecrsyer
raxoii undekc j, 1<<j<Cq, uro
8$ ... Sj_1==8 ... 8; 8. (16)

B sTom nyuxkTe npeamoaaraercs, yro (W, S) ynosaeTBopser
ycJa0BHIO (3); TaKOBHMH sIBJASAIOTCH 0o JeMme 3 cucTeMbl Kok-
cTepa, K KOTOPLIM NPHMEHHMbl, CJeJOBAaTeJbHO, BCe HAINH pe-
3yJIbTATH.

[MrennoxERKME 4. lTycro s<S, weW n s=(s, ..., §)—
npusedennoe pasaodcere 0aa w. Boamoxrsr Toavko dsa cayuas:
a) lsw=Il(w)+1 u (s, s, ..., S;) — npusedennoe passo-
deeHue 3AeMeHTa Sw.
6) I(sw)=1I(w)—1 u cywecrsyer undexc j, 1<j<q,
Takoi, 4T1o

(S, « -y Sj—1y Spq1y «ves Sg)
6yder npusedenHbiM pasioNcEeHUEM BdAEMEHTA SW, 4 nocaedosa-
TeAbHOCTE (S, Siy v vy Sj_yy Sjp1y «o-» Sg) — NpUEEOEHHOLM PA3-

Aooeruesn w.
[Monoxnm w’ = sw. CorsnacHo ¢popmyne (3) n°l,

[(w) —L(@)|<I(s)=1.
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PaccMOTpuUM OTAEJNBHO IBa CJaydas:
a) [(w”) > [(w). Ctano Ovith, [(w)=qg-+1 u w’ =ss,...5,
TaK 4YTO
(s, 81, ...5 8,)

— NpHBEIEHHOE pa3jioxKeHHe w’,
6) [(w')y< I (w). ITo cBofictey (3) Torga Hafimercs uHAEKC f,
1<<j<{g, nna xoroporo BHIOAHeHO paBeHCTBO (16). Mmeem

w=SSI “ e Sj_181+1 “ e Sq, OTKyﬂa
Lg—
w _Sl .0 Sj_ISj+1 e Sq.
Tak xax ¢ — 1<l (@w)<{q, 10 [(w)=q—1 " (515 vy Sj—p»
Sigls o oe» sq)——npnBeueHHoe pasnoxeHue mas w’.

JIEMMA 4. ITycre w e W — aaement Oauno q =1, D — mro-
sicecTeo eeo npusedernnoix pasaonceHutt u F —0T06pa9fceﬂue D
8 Hexkoropoe mHoxcecteo E. [Mpednoaoxcum, uro F(s)=F(s'),

Koab CKOpo S§==(S,, ..., Sq) u & =(sl, ..., Sg)— s2eMmeHnTOL
muoxcecrea D, ydosaersopsioujue o0HOMY U3 caedyroujux
ycaosuii:

a) sy ==S1 uau s;==sg;

6) Oan j HewerHo2o u k 4eTHO20 CYweECTBYOT TAKUE S U S
8 S, uro sj=Sp==5 U Sy=s5]=¢".

Tozda F nocrosuno,

’

A) Ona s, 8’ =D nonoxkuM £ =={(s], S1, ..., Sg—1). [Tokaxewm,
uTO eciH F(s)-,—&F(s’) TO teDn F(t)aéF(s) B camom nene,
w=3s] ... 8; 3HaUAT, slw=35% ... s, HMmeer uauny < g. Co-

rJ1aCHO IpepJoxeHuo 4, cyumectByer uumeke j, 1 <<j<{q, Takof,
YTO MOCJENOBATENBHOCTD 8 =(S], S;» +-vs S;_1» Spyp -« -» sq)
npuHagnexutr D. Ycnosue a) naer torna F(u)= F(s’). Ecau 6nl
j¥=q, 10 Mo Tem Xe coobpaxennniMm F(s)=F(u), oTkyna
F(s)=F (s’), Bonpekn NpenNOJIOXKEHHIO. 3HAUHT, j= g, OTKYLa
t=usD u F(t)=F(s)5= F(s).

B) Tiycts s 1 & —3aementnt B D. Jaa JmoGoro uemnoro
ucaa [, 0<{j<{q, ompeinennM IOCJIeA0BATeNbHOCTb §; H3 ¢
SJIEMEHTOB MHOXKecTBa S caenylomuM obpasom:

So=(S, +++s S7),
§;1=(Sp, -.-» Sph

Soir=(Sp S{s -y S, S, S, 8, e, 8) (17
ans g —k vetHoro u 1 <Ck<{q

S, ==(51 Sp -+ Spp Sy Sis Sy - oey )

naa g — k HeuetHoro u 1 <Chk<{yq. J
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O6o03naunm cumBojiom (H;) yrsepxnenne ,s;<D, s;,, =D
u F(s;) # F(s;j1)¢. U3 (A) caenyer, uro (H;) = (H;,,) naa
0<{j<g; Ho ycnoBue G) mporuBopeuut yTsepxienuio (H,).
CaepnosatennHo, yTBepkaenue (Hg) HecnpaBelsMBO, W Tak Kak
so==¢"u s;==8, 10 F(s)=F(¢).

ITrEpn0KEHNE 5. [Tycre M — monoud (¢ eduHuuuom 3re-
senronm 1) u f— orobpanenue S 6 M. Ilycte m(s, s’) — nops-
0ok npousgedenusn ss’ 0aa nobotx 08yx ssementoe s u s us S.
iloroxcun

a(s, s’)y=
(F(s)F (s,  xoeda m(s, s’)=2l, | koneuno,
=1 (F(s)F(s)'f (s), ko20a m(s, s’)=21+ 1, [ koneuno, (18)

1, koz0a m(s, s’)= oo.

Ecau a(s, sy=a(s’,s) 0in scex ss=s’ ua S, ro cywecrsyer
orobpascenue g epynnot W 8 M, raxoe, 4ro

g@)=F(s)) ... f(sp) (19)

o0aa ao0b6ozo ssemenra w =W u mobozo ezo npusedennozo
pasionenuss (S;, ..., S,).

Mycts D, — MHOXeCTBO NpPHBENEHHLIX PAa3JIOKEHHH Npou3-
BOJIbHOrO 3saeMeHTa we W u F, —oroGpaxenue D, B M,
onpejeJieHHOE COOTHOIIEHHEM

Fw(sl’ e Sq)=f(sl) o f(sq)'

JlokaxeM HHAYKUIMei N0 AJHHe 3JeMeHTa @, uTo F,, OCTOAHHO,
OTKYAa OyleT ciefoBaTh yTBepiKIeHHe npensoxenusa . Cayuan
[(w)==0, | TpUBHAJNbHBI, H Mbl IPELNOJONKHM, UYTO ¢ >=>2 U UTO
yTBepXKAeHHe [0Ka3aHO JJsd BCeX 3JeMeHToB w ¢ [(w) <g.
ITycts nauna w paBHa g u s, s’ — ajeMenTs u3 D,. CorJacHo
JeMMe 4, NOCTAaTOYHO A0Ka3aTh, uto F,(s)=F,(s’) npu ycjo-
BUAX a) ¥ 0), cHopMyHPOBAHHEIX B 3TOH JeMMe.
a) U3 dopmysns

Fw (sh se ey Sq)=f(Sx)Fw”(32, recy SG)ZFW'(SI! AL sq—l)f(sq)

Bt w'=S$; ... 8,0y H W’ =5y...5, ¥ U3 IPELIOJOKEHHS]

HHLYKIHH cienyeT, uto F,(s)=F,(s), ecan §,=s| wuau
T 4

S, =S,

0) Ilycrs cyuiecTByioT TakHe ABa 3JeMeHTa S, &’ & S, uTo
§;=S5,=S5, S,=8,=35' nas Heuernoro [ u uerHoro k. JlocTa-
TOYHO 0OCYNuTb TOJBKO CAyuYall § 5= S’. B 3ToM cayuae mocie-
ZJOBATEJIbHOCTH § U §' Oy yT IBYMS Pa3JHUHLIMH IpHBENEHHBIMH
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Pa3JIOXKEeHHAMH w B JH3IpajbHOH Ipynne, MOPOXKAEHHOH s H §’.
B cooTBeTCTBHH C 3aMeyaHHeM H3 n° 2 moOpAAOK M 3JieMeHTa Ss’
0653aTe/IbHO KOHEYEH U B 0603HAYEeHHSIX 3TOTO 3aMeYaHUs § == §,,
u 8’ =s, . CaenosarenbHo, F (s)=a(s, s') n F_(s)=al(s"s,),
OTKYZAa

Fy(s)=F,(s").

6. Xapaxrepusayusa zpynn Koxcrepa

TeoreMma 1. Jas ‘Toco 4rober napa (W, S) 6etaa cucrevois
Kokcrepa, Heobxo0umo u AocTaro4uo, 4T06sL 8b6IM0.1HII0CH
ycaogue 3amenst (3) uz n° 5,

Jlemma 3 u3 n° 4 mokaseiBaer, 4T0 cucrembl Kokctepa vio-
BJETBOPSIOT ycJjosuio (3).

O6paTHo, nNPenmoJoOXHM, uro YCJjoBHe (3) BHIIOJHEHO.
ITyetb G —rpynna u f—oro6paxenne S B G, 141 KOTOPOro
(F(s)f(s")" =1 BmBesaxuit pas, korna s, =S8 u ss° HMeer
KOHeuHb# mopsmok m. M3 mnpexnnoxenus 5 ciexyer CyecTso-
BaHue otobpaxenus g rpynnst W B G, Takoro, 4ro

g@)=f(s)) ... [(s,), (20)

KakoB Obl HH OBIJI 3JeMEeHT w =3, ... S, nauHbl ¢. dasa toro

uToObl J0Ka3aTh, yto napa (W, S) asasercs cucreMoi Kokerepa,
LOoCTaToyHO yOGenuThCss B TOM, UTO g — roMoMopQH3M, a 3ro
cjaenyeT U3 QopMyJIsl

glw)=[(s)g(w) s=S§, weWw, (21)

nocko/IbKy S nopoxxnaet W. Ipennoxenue 4 u3 n°5 ocrapiager
TOJLKO IBE BO3MOXKHOCTH:

a) [ (sw)=I(w)+1; ecau (s, ..., S;) — npuBeseHHOE pa3-
JIOXKeHHe @, To (S, Sy, ..., S,) — NpPHBEJEHHOE pAa3JIOKeHHe
3JeMeHTa SW, OTKyna M cJjemyer (21).

6) {(sw)=1[(w) — 1; nosoxuM w©’ =sw. Torga w=sw’ u
[(sw)=1(w)+ 1. Ilostomy Hu3 a) caenyer, uyto g (w)==
=f(s) g (sw), otkyna f(s) g (w)= g (sw), uéo (f(s)?=1.

7. Cemedicrea pasbuenud

Myets (W, S) — cucrema Kokcrepa. Ilas so6oro s us S
0003HauuM 4epe3 P, MHOXKECTBO 3jeMeHTOB @ & W, Takux, 4To
I(sw)>[(w). Torza HMeT MECTO CJeAyIOUIHE YTBEPKIEHHS:

A) ) Ps={1}.

SESS
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HedctsuTeabio, nycete w==1 8 W u (s, ..., S,) — npu-
penennoe pasnoxeune. Torna g1 u (sy, ..., S;) — OpHBeleH-
Hoe pas/oxkeHHe ajgeMeHTa sw. ITostomy [(w)=g¢q, [(s,w)=
=¢qg— 1 n TeM caMBIM W €& P;,.

(B) Jas awboeo s u3z S wmHowecrea P, u sP; obpasyror
paséuenue epynnor W.

Mycte weW u s S. Bsupy npemioxenus 4 us n°d
caenyer pasnuanb TOJIBKO ABa cJjyuag:

a) [(sw)y=I{(w)+ 1. Torna w & P;.

6) [ (sw)=1I(w)— 1. Tloso}KHM w’'=sw HJH, UYTO TO ¥Ke
camoe, w==sw’, MeeM

Hw’) <L(sw’),

nostoMy @’ & P, u TeM caMbM w < SP,.

(B) Hycre s u s’ —0ea saemenra uz S u weW. Ecau
we P uws&EP, To Sw=uws".

Mycts ¢ — pavHa w. Tak xak weP, 1o [(sw)=q-}1;
Tak Kak ws’ & P, To [(sws’)=I[(ws’)— 1<{qg, a NOCKOJIBKY
[(sws’y=1(sw)=*1, MBl NPHXOINUM K 3aK/JIOUEHHIO, uTO [ (ws')=
=g+ 1 nl(sws)=yq.

ITycts (sy, ..., §;) — NPHBEleHHOE PA3JIOXKeHHEe W H S, = §'.
Toraa (sy, ..., S; S,;41) — NPHBENEHHOE  Ppa3/I0XKEHHe 3Je-
meura ws’ pauHel g+ 1. CorJjacHo YCJI0BHIO 3aMeHbl, Cylle-
ctayeT HMHEexkc j, 1<{j<{q¢-+ 1, naa KoToporo

SS; ves Sjo{ =81 «.. S} (22)

Ecan 6w 1<{j<{g, TO DaBEHCTBO SW =S5 ... S; 1S4 ... S,

npoTuBopeunsio Obl  cooTHomenuwo [ (sw) = ¢ -+ 1. 3uauur,
j=¢-+1 n dopmyna (22) npuuumaer BHI Sw = ws’.
O6paTHO, MMeeT MeCTo CJAeAVIOLMHA pe3y/abTarT:

IMrepsoxkERNE 6. [Tycte (Ps), o o — cemeticTao nodmuoxcecrs

epynnot W, ydosaersopsawuwux (B) u dsym credyowum ycio-
suam:

(A) 1= P, 0as acarkoeo s S.

(B’) Ilpu scex s =S muookecraa Py u SP, He nepecexarorcs.

Toeda (W, S) ssaserca cucremoti Kokcrepa u Py cocrour
u3 ssemerrod w W, daa Koropex I (sw)> [ (w).

Ilyete s& S nu w = W. BosMoxHH ABa cayuas:
a) we P, Ilycrs Torma (sy, ..., S;) — NpHBeleHHOe pas-
JIOXKEeHHe @ H
wi==Sl...Si
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nas 1< j<<g. Honoxum, Kpome Toro, w,=1. Tak Kak w e P,
no yciosuwo (A’) B @ = w, He NpUHALJeXKHT P, TO CylleCTByer
ungere j, 1<{j<{g, Takofl, uro w;_ & P, a w;=w;_;S; He
npunagiexut P;. M3 yciosus (B) moayuaem Ttorma
SWi_1— W;i-1Sj.
Takum o6pa3oM, Mbl OOKa3ajau GopMyay
§S; ... Si—1=51 “en S]'_IS]‘,

OTKyla CJelyer, UTO SW=3S8| ... 8§;-18j41 ... S, ¥ [ (sw) <[ (w).
6) w & P;. Tlyers w’ =sw u Tem caMblM BBHLY ycJoBHs (B')
w’ & P;. Torna, coraacuo (a), [(sw’)<I(w’), mam, 4TO paBHO-
cuasHo, [(w) <[ (sw).
CpaBHeHne cjaywaeB a) H 6) moxa3blBaeT, 4TO P, COCTOHT
n3 tex w W, nas koropux [(sw)>{(w). Yciaosue 3ameHsl
cJelyeT U3 PacCy:KIeHHH, HCHOJMb30BAHHLIX B CJIyyae a), MOITOMY

{V, S) —cucrema Koxkcrepa (teopema 1 u3 n°6).

8. Hodzpynnot epynn Koxcrepa

B srom mnymkre mnpennosaraercd, uro (W, S)— cucrema
Koxcrepa. Hasi mao6oro nogMHoxKectBa X MHOxecTBa S 060-
3naunM uepe3 Wy noarpynny B W, nopoxnennyio X.

IMeennoxeunE 7. Hycre w — sasemenr us W. Cywecrsyer
nodmnoxcectéo S, =S, rakoe, uro {s,, ..., s,}=3S8, OJdan
4106020 npugedennozo passoxncenus (S, ..., S,) 24eMEHTA w.

O6Go3unauuM uyepe3 M MOHOHI, COCTaBJeHHBIH H3 1OA-~
MHOKeCTB MHOXKecTBa S, ¢ 3aKoHOM KoMmmo3uiuu (4, B)y—= Al) B.
EnunuuusiM sjeMmentoM B M Oyner @. IlosoxuMm [(s)=={s}
nasi s S. Tlpumenny k M u [ npensnoxenne 5 us n°5. Torna
a(s,s")={s, s}, ecan s, s’=S u m(s, s’) xoHeuno. 3Haumr,
cymecTByeT oTobpaxenne g: w+—> S, rpymns W B M, Takoe,
uro g(w)={(s)U ... Uf(s,). Mnave rosopsa, S,={s1,..., s,}
nns w €W u 060ro 1pHBENEHHOTO Pa3NOKeHH: (Si, -..y S,)
3jleMeHTa .

Caencrsue 1. Jaa amboeo nodmwuoxecrsa X < S nod-
epynna Wy epynnot W cocTout u3 siemMenTo8 w TAKUX, 4TO
S, < X.

Ecom w==s,...5, rae S; ..., S, —3aeMedTsl Hu3 §, To
w™l'=s, ... 5 H, 3HauHT,

S 1=S._ (23)
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Ipennoxenne 4 u3 n°H mnokasbiBaeT, 4To Sgp C{s}U Sy nas
s=S uw =W. Orciona HHAIYKUHEH [0 gJAHMHE W@ TNoJydyaeM

Sww < Su U S (24)

Hs coornomenutt (23) u (24) caexyer, uto MHoxKecTBo U Tex
we W, nasa xoropeix S, <X, daBagercst noarpymnmoii B W.
Urak, Xc U Wy, orkyna U=Wy.

ChaEncTBHE 2. a8 awboeo nodmuoxecrea X < 8

Aro BoiTekaeT U3 caenctsust 1 u bopmyant S; = {s} naa s S.

ChegctBME 3. MuogxcecTso S A8488TCA MUHUMAAGHBIM MHO-
gicecreom obpasyruux epyanet W,

Ecin X =8 mnopoxpaer W, to W=W, u B cuay crien-
ctBugt 2 X=SWx=S.

CaencrBuE 4. Jlasa scsakoeo nodmuoscecrsa X S Oauna
a60eo sarementra w =Wy OTHOCUTEAbHO cucTembl 06pasyro-
wux X epynnot Wy pasua lg(w).

IMyecrb (sy, ..., §,) — NpUBEIEHHOE pa3JoKeHHe @ Kak 3Je-
menta us W. Torma w=s ...s, u s;&X naa 1</<yq
(cnencrBue 1). Kpome Toro, mo ompexpeneruio ¢ =1I,(w) sme-

MEHT @ He MoxkeT OHTb npousBeneHHeM ¢ < ¢ 5JEMEHTOB
s XcS.

Teopema 2. (i) [Jduas wwboeo nodmuoxecrsa X < S napa
(W, X) ssaserca cucremoii Kokcrepa.

(ii) fMycro (X;),.,— cemeiicreo nodmuoxcecrs 8 S. Ecau
X—n Xy, ro Wy=[) Wx,

iel
(111) lTycte X u X' —dsa nodmnomecrsa & S. Toeda
WycWyx (cootB. Wx=Wy) 8 rom u TOABKO TOM CayHuae,
ecaw X = X’ (cootB. X =X").

Kaxznpiii saeMeHT MHoxectBa X HMeeT HOpPSIIOK 2, W

X nopoxpaer Wy. [Tycts x= X, we Wy v [y (x0)<Ix(w)=gq.
Torma u3 caexncTBHA 4 mnpensoxxeHusi 7 BHITEKAeT, YTO

ls(xw) <ls(w)=g.

Ilyere x,, ..., ¥, — saeMeHTH U3 X, Takue, 4T0 @ =X ... X,

Tak xak (W, S) VLOBIETBOpSET YCJOBHIO 3aMeHbI (Teo-
peMa 1 n°6), To cymectByer uuaekc j, 1<j<{q, nas KoToporo
XXy ... Xj_y=2% ...x;x;. CaenosaresibHo, mapa (Wy, X)
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YAOBJIETBOPSIET YCJAOBHIO 3aMeHbl U siBJseTcs cucTeMoil Kokcrepa
(reopema 1 n°6). Tem cambim fokasano (i).

Yrepxaenus (ii) n (iii) noayvaTcs HemocpenCTBeHHO HpH
oMol ciaencTsus | npenJsoxeHus 7.

9. Marpuys u zpagpo. Korcrepa .

OnpPenenenuE 4. [Tycre I — nexoropoe mroscectso. Marpu-
yei Koxcrepa tuna | Hasweisaercs 8cAKkas cummerpudeckas
keadparnas marpuya M==(my;), o, 94emeHToL KOTOpPOU —
yeavle HUCAQ UL ge cumson -+ oo, y0osaeTgopaouLe cOOTHO-
wieHuaM

my=1 0aa scex il (25)

miiz=2 oan i, j=I, i+]. (26)

Hasosem (donycxkas soadbrocTs peuu) epagom Koxkcrepa
runa | napy, cocroswyio u3 epagpa’) T, y xoropozo I — mro-
aHecTeo eepuuH, U oTobpancenus [ mHOMecT8a pedep 3T020
epaga 8 MHONECTB0, COCTOAWEE U3 CUMBOAG -+ 0O U yeabix
uucen = 3. Byden eosopurs, yro I' — epagh, noduurennoiii epagy
Koxcrepa (T, f).

Kaxnao#i matrpuoe Kokcrepa M tuna [ caepyromium oGpasom
conocraBasiercs rpad Kokcrepa (T, f):

rpad I' nMeeT B KayecTBe MHOXeCTBA BepIIHH /, a B KauecTse
peGep — mapw {i, j} u3 I, nas Kotophx my; > 3. OtoGpaxenue f
conocrtasasier pe6py {i, j} snement m;; marpuups M.

QuesnaHo, uyTO TAKHM 06pasoM ycTaHaB/HBaeTCA GHEKTHBHOE

COOTBETCTBHE MEXIAY MHOXKECTBOM MaTpHI KOKCTepa Tuna I u
MHoxecTBoM rpados Kokcrtepa Ttuma /.

Jast npocrorst Bocnpusitud rpadg Kokerepa tuna [ sauactyio npen-

CTaBAAIOT CXeMOH, H3o6pakaolell NHOXYHHEHHHA rpad, npHuEHCHIBAd

ele Hajg KamziboM (HaH psaoM ¢ Kaxpubim) pe6pom {i, j} uucao f({i, j}).

OOH4HO ONyCKAaloT NPUIHCHBAHKAE T€X H3 9THX YHCEN, KOTODHE PaBHH 3.

Ecin (W, S8) — cucrema Kokcrepa, To wMartpuma M=
— 4 ’
=(m(s, '), yeg TAE m(s, §’) —nopsagok 3jementa ss’,
asasgerca Marpuuei Kokcrepa Tuma S, Ha3miBaeMol MaTpHUel
cucremb (W, S). He#crsarensno, m (s, s)==1, nockoabky s?==1
I Bcex s<S, u m(s,s)=m(s’,s)>=2 B cayuae s=z*ys’,

-1

NOCKOJIBKY sS" ==(s’s)” = 1. T'pad Korcrepa (T',[), acconun-
posBanubli ¢ MaTpuueii M, HasmBaerca rpadpoMm Kokcrepa cH-
crempl (W, S). 3ameruM, uto nxse Bepmnubl s u s’ rpadba T

!} Oupepenenne H ncnoansyembie 3sech CBOACTBAa 2pagoé naun B Ho-
TOJAHEHHH.,
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coeJMHeHbl TOrJa M TOJBKO TOrjga, KOrmza S 4 s’ He KOMMYTH-

pyoT. Hanpumep, ManP:Lleﬁ Kokcrepa nusnpassHOR rpymmm
m
nopsagka 2m sABJsgeTcs (m 1 ), a ee rpad Koxcrepa usobpa-

KaeTcd cxeMoH

m
o——0
Korna m >3 (uam
O——0
Korna m=23), u
0 o

Korna m=2.
* Tpap Koxcrepa cummerpuveckoii rpynmsi &, wusobpa-
xKaerest cxeMoft

{n — 1 BepuinH). 4

TMoaxe (ra. V, § 4) Mbl mokaxkeM, uTo, 00PAaTHO, KAXKAad MaTpHLA

Kokcrepa siBisercss MaTpulell HekoTopoil cHeTeMsl Kokcrepa.
T'oBopsaT, uto cucrema Koxkcrepa (W, S) wenpusoduma, ecan
rpa¢ I', xoropwlii monuunen rpady Kokcrepa, accounHpoBaH-
Homy ¢ (W, S), censen (monosuenue, n°2) u Henycr. DTo0 COOT-
BETCTBYET TOMY, 4TO S HelycTo M He cymecTtByeT pasbHeHusd S
Ha nIBa MHoxkectBa S’ M S”, orJuuHBle OT S W TakHe, UTo
KaXJIHH 3JeMeHT H3 S’ KoMMYTHPYET C KaXIBM 3JeMeHTOM
us S”. Bosee o6mo, nycts (I';),., — ceMeACTBO CBA3HBIX KOM-
noHext rpada 1' (gonoaHenue, n°2) H S; — MHOXKeCTBO BepIHH
xomnonentsl I';. Tlyets W; = W, — noarpynna 8 W, nopoxnen-
Haa §; (cM. n°8). Torza Bce (W, S;) cyTb HenpuBOAHUMEIE CH-
crembl Kokerepa (¢M. n°8, Teopema 2), HasbiBaeMble Henpuso-
Oumotmu xomnonwenramu cucremol (W, S). Kpome roro, W
ABJISIETCST O2pAHUYCHHOLM LPpAMuLM npoussedenuenm ') nodepynn W,

) Tpynna G HA3LBAeTCH O02PAHUHEHHOIM NPAMBIM NPOL3Bedenuem ces
mefictsa (G;);o; cBOMX MOArPYNI, €CJH VISl JIOGOrO KOHEUHOLO IOIMHOXKE-

ctBa J </ rpymna GJ, nopoxaenHas G;, i & J, Gyaer npaMbM NPOH3Beae-

nueM rpymn G, i</, w ecau G — obvepnnenue G, IDTo osHauaer, uto

Kaxnaui sneMeHT u3 G; KOMMYTHpYeT ¢ KaXjinM 3JeMeHTOM u3 G Aag

i j u moGoft ajseMeHT rpynnst G OQHO3HAYHO 3aMMCHIBAETCH B BHAE Npo-

H3BeAEHUA 1] gp TRe g, € G ug, =1 aas BceX HHJEKCOB, KPOMe KOHEYHOro
iel
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ana i< [. D70 BHITEKaeT M3 ciaeaywulero 6oJiee o6IIero yreep-
KO EeHHUS:

IMpepnoxeruE 8. Iycre (Sy),., — raxoe pasbuenue S, uro

KawcOolli 3NeMEHT U3 S; KOMMYTUPYET ¢ KAWOOIM INACMEHTOM U3
S; npu i+ j. Han ecakoeo i<l nycre W;— nodepynna, no-
poxcoennas S;. Toeda W asaserca oepanu4eHHoLM ApImbLM
npouseedenuen cemelicrea (W), o,

SlcHo, uTo ans i =/ nonrpynna W/, nopoxpeHHas o6benn-
HeHueMm Bcex W, The j7= [, NOPOXKIAeTCs TAKKE MHOKECTBOM

Si=J S;. Mo reopeme 2n°8 umeem Toraa
i
’ Wi Wi=Wo={1}.

TTockoabky W nopoxkpaercd o6benmHeHuem noarpynn W;, npen-
JIOXeHNe N0Ka3aHo.

§ 2. Cucremn Turca

Ha nporsascenuu scezo sroeo napaepagpa cumsosst G, B, N,
S, T, W umerwor o0un u TOT xe cmbica, Onpedessemviii Huxce
8 n°l.

1. Onpedenenue u ocHOBHbBIE CBOHCTEA

IMycte G —rpynmna u B —ee mnoprpynma. Torna rpymma
B X B netictsyer na G mo npasuay (b, b').g=bgb’”", rae b,
b’=B u g (. Opburamu rpynnel B X B B G 6YAyT MHOXe-
crBa BgB, g & G, KOTOpHle HAa3HBAIOTCH OBOUHOIMU CMENHELMIL
Kaaccamu (uau npocTo dsodnmmu Kaiaccanu) G mo B. Kiaccu
obpasywoT pasbuenue rpynnel G. CooTseTcTBYyIOIIEe GAKTOPMHO-
}KeCcTBo obo3uavaercs cuMmsosoM B\G/B. Ecom C un C’ — gBa
JBOMHBEIX KJacca, To MHOxkecCTBO CC’ GymeT o6vedunenuem NBOH-
HBIX KJIacCOB.

Onpenenenue 1. fTycte G — epynna, B u N — ee nodepynnet
u S — nodmuomucecrao 8 N/(B(\N). Cucremoii Turca nHa3svigaercs
yergepra (G, B, N, 8), ydosiersopsrouas ciedyrouum axcuo-
Mam:

(T1) Muosecrso BUN nopowmdaer G u BN ssanerca
HOPMAAbHOU nodzpynnot 2pynnst N.

upcsa. ITO NOCJAeHee YCJOBHe SKBHBaJeHTHo caexylomemy: G mopo-
HAaercs obbeauHeHHeM Gt H GiﬂGJ={l} ans Beex i €1 u moGoro Ko-

HeyHoro noamHoxecrsa J < I, Takoro, uro i & J.
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(T2) Mnoxecrso S noposcdaer epynny W =N/BN) u
COCTOUT U3 3AeMEHTO8 nopadka 2.

(T3) sBw — BwBUBswB dan s=S u weW)).

(T4) sBs & B 0as arwbozo s & S.

Tpynny W = N/(B(1N) nxorjpa HaswBaioT epynnoi Beiis cucreMu
Turca (G, B, N, S

3ameuanus. 1) B n°5 (cmenctBue Teopemsl 3) OyneT Hoka-
aaHo, uTo MpH 3agaHHuX (G, B, N) cymecTByer He GoJsiee 01HOro
nonmuoxectsa S B (N/(B Y N), nas koroporo yetBepka (G, B, N, S)

o6pasyer cucrtemy Turca.
2) Tlyets (G, B, N, S) —cucrema Turca u Z — HOpMaJbHas

moxrpynma rpymmsl G, comepxawmasics B B. Ilyets G'=G/Z,
B’ =BjZ, N =N/(Z(1N), n nyctb 8" —o06pas S B N'/(B' 1 NV').
Torma Jerko BugeThb, uto (G’, B’, N’, §’) 6yner cucremoit Turca.

Jlasee scrody e srom napazpagpe uersepka (G, B, N, S)
o6osnauaer cucremy Turca. Moaoxcum, Kpome roco, T=BON
u W=N/T. I[To0 dsoiinbim Kraccom mot 6ydem nodpasymesarsd
dsoiinoil cmexcnwi kaacc epynnet G no nodepynne B. [as
rxamdozo w =W noaomun C(w)==BwB. Jro dsoiinoii Kiacc.

BriBereM HeCKOJBLKO 3JeMeHTapHHIX CJEeICTBUA M3 aKCHOM
(T1) — (T4).

Mycts @, @', ... —37ements u3 W u s, 8/, ... — 3JIeMeRTH
u3 S. OueBUIHH COOTHOIIEHHUS

Cy=B, Cww)cC@w).Cw), CH)=Cw)™". ()
Axcuoma (T3) samuchiBaeTcss Tak:Ke B BHIE
C(s).C(w)= C(w)UC (sw). 2

Hs (1) caenyert, uro C (sw) = C(s) . C (w). Kpome Toro, C (s) . C (w)—
o6benuHeHHe ABOHHBEIX KJAcCcoB. [103TOMYy HMEIOTCA TOJbKO JLEBe
BO3MOKHOCTH:

C (sw), ectn C(w) £ C(s).C(w),
C@)UC(sw), ecmn C(w)=C(s).Clw). O
B cuny akcuowmnl (T4) Bs=C(s).C(s). IToacrasasia w==s B (3)
U HCIOJB3ys COOTHOIIeHHWe s’==1, mojyuaem
C(s).C(s)=BUC (s). 4)

C(s).C(w)={

'} Kampuii saement rpymnet W ecTs CMeXHHA Krace mo MOATpyIne
BNN, me noavHoxecTBo rpymnsl G. D10 MpUA2ET CMHCT NPOH3BEIEHUAM
BHza BwB. Boofwe mms kaxjoro nopMuHoxectsa A rpymnnt W oGosHauum
uepes BAB nogmuoxectso U BwB.

weA
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Sra dopmyna nokasmisaeT, uyro BUC(s) —moarpynna B G.
YMuoxkas o6a ujena B (4) cnpasa na C(w) u HCnoJb3ys ¢op-
My.ay (3) H COOTHOLIEHHE
B.C(w)=C (w),
nosyyaem
C(s).C(s).C(w)=C(w)UC (sw). 5)

3aMeHAfl Bce MHOMKECTBA, BXOAsuIHe B cooTnouenus (2), (3)
1 (5), Ha o6paTHue, a 3aTeM @ Ha w~!, MBI Hoayuum opMy.isl

C(w).C(s) =C(w)l)C(ws); 2
C (ws), ecan C(w) & C(w).C (s), ,
C(w)'c(s)z{C(w)UC(ws), ecan C(@)c=Cw).Cls). &)
C(w).C(s).C(s)=C(w)UC (ws). Gy

JIemMa 1. Tycro sy, ..., 5,8 u w=W. Toeda

Cs...5).Clwye Y C(si, -+ 81,0),

(i‘, “eey ip)

ede (iy, ..., ip) npobezaer MHONCECTBO CTPO20 BO3PACTAIOUYK
nocaedosareasrocreii yeavlx uicen us unrepsasa (1, q).

Cayuait ¢ =0 TpuBHajseH, H MH IpOBeJleM HHIYKIHIO IO (.
Eciu g1, 10 C(S) ... 84).C(@) =C(s1).C(sy ... Sg).C(w).
ITo npennosiokennto MHAYKumH C(S, ... s,).C(w) comepxures
B ofbeauHennu Kaaccos C (s, ... sjpw), rae

2 < .. < jp<y.
Coraacno (T3), maoxectso C(s,) . C(sy, ... s,pw) COAEPHKUTCSH
B obvernHenud C(sisy ... s;@) u C(sy ... s;,@). Otciona
caeayeT yTBEPIKIEHHe JieMMbl.

2. Hpumep

IMycts k — nose, n — nesoe uyucao >0 u (e;) — KaHOHHue-
ckuit 6asuc B k". Ilycts G = GL(n, k), B — BepXHAsl TPEYyroJb-
gas moarpymnma B ( (cocTosllas M3 MaTpHil € HYJSIMH HHKe
raBHOM pnuaronasu), u nyctb N — noxrpynna B G, cocTosiuiast
M3 MaTpHl, Y KOTODHX B KaJOM CTOJOIe H KaXIOW CTPOKe
TOJABLKO ONHMH 3jieMeHT oTJnueH or 0. DuemeHTn rpynns N nepe-
CTABJSAIOT NpsiMble ke, MNO03TOMYy CYIIECTBYeT CIODBEKTHBHBIH
romoMopdusm N —E&,, aIpoM KOTOPOro CJOYXKHT HOArpymmna
T=B{]|N nnaronajbHbIX MaTpHI. TeM CaMbBIM MBI MOXeM
otoxknecTButs W = N/T n&,. O603nauum uepes s; (1<j<in—1)

anemeHT H3 W, cOOTBeTCTBYIOWMMEl TpancmosHuuu j H j+ L
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Ilycts S — MHOXKecTBO Bcex s;. Torma wersepxa (G, B, N, §)
6yder cucremoil Turca.

IHefictsuTenpHo, cnpaBeaauBocts akcuoM (T1) u (T4) mocrta-
TOYHO OUYEBHILHA.

Axcuoma (T2) nokasana B Auze,, ra. I, yop. k § 7.

Ocraercsl mpoBepHTb, uTo HMeeT Mecto (T3), T.e. uro

sjBw < BwB ) Bs;wB, 1<i<n—1, wesW,

HJH, YTO TO e CaMOe, 4TO
s;B< BB’ Bs;B’, rne B’=wBw~.

Ilyers G; — moarpynna B G, ocTapisiowias HeNOABHXKHBIMH BCe
e, i5=j, J+ 1, n ocraBasiomas yCTOHYHBOH IJIOCKOCTb, HATS-

HYTyIO Ha e; H e;y,. Dr1a rpynna usomoppua GL (2, k). SlcHo,
uro G;B=BG;. Tak kak s; = G, 10 5;B < BG;, u 10CTaTouHO
noka3aTtbe GopMyay

G,=(BNG)B' NaGHpUBNG)s;(B'NG)).

OroxnectsuM G; ¢ GL(2, k). Torna rpynna B[] G; oroxnect-
BHTCA € BepxHell TpeyroJasHoil nogrpynnoii B, rpynner GL (2, ).
I'pynna B’ G; oroxnaectsasercs ¢ By, koraa w(j) <w (j+1),
a B ApPyrHX cAydasx —— C HHKHeH TPeyrosibHOH MOATpyNIoid By
(MaTpuu C HyJAfMH Bbille JHaroHa’ax). B nepsom cayuae dop-
My./1a, KOTOPYIO Halo JoKasaTb, HPHHHMaeT BHUJ

GL (2, k)= B, By,sB,, rue s=<? é)

Ona csenyeT, Hanpumep, H3 TOro, 4to B, — CTalHOHAapHAsS MO~
rpynna touku npH Aefictud GL (2, k) Ha npoeKTHBHOH NpsimMoi

P, (k), TpaH3uTHBHasd Ha JAOMNOJHEHHH K 3TOll Touke. Bo Bropom
cayuae TNoAasexanias JOKasaresabCTBy dopmyaa

GL (2, &)= B:B; U BasBy

noJyuaeTcsi M3 mpeablaymeidl GopMmyJs yMHOXKEHHeM CcHpaBa
Ha S, NMOCKOJBKY Bz == sBss.

3. Paszaoxcerue G na 080LHbBIE KAACCH

TreorEma 1. Hwmeer mecro pasencrso G ==BWB. Coorsercr-
sue wr—> C(w) sasasercs Guexrugnoim oToOpaxcenuem W Ha
mrosxcectso B\G/B dsolineix kaaccos G no B.

$IcHo, uto BWB ycTOHUNBO OTHOCHTEJILHO ONEPanHu X —> x~ 1,
a Jjemma | mokasbIBaeT, YTO' OHO YCTOHYHMBO H OTHOCHTE/BHO
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npoussefiens. Tak Kak BWB conepxur B u N, To oHo co-
Bnagaetr ¢ G.

Hawm octaetest npoBeputs, uto C(w) 5= C(w’), ecau w = w’.
I sToro MBl gOKakeM HHIYKIHMEH N0 ¢ CJeiylolliee yTBep-
SKAsHUE:

(A, Ilycrb nmaubl nBa pas3viuyHBIX 2jeMenta w 4 »’ us W,
npHYeM ls(w)>ls(w’)—q Torna C(w) = C(w”) (onpenenenne
I¢(w) em. B § 1, n°1).

Ato YTBCPHIEHNE OUCBHIHO MpH g =0, MOCKOJLKY B 3TOM
cayyae w’ =1 n ws~1, oTkyna C(w’)—B u C(w) s~ B.

[TycTs Tenepb ¢ =>1, a w U W’ yIOBJAETBOPAIOT MPEAINOIOKe-
unsaM (A,). CylecTByeT sJjeMeHT s & S, TakoH, uTo sw’ HMeeT
Igouny g — 1. Torpa

ls(w) > Is(Sw’), (6)

nostoMy w 7 sw’. Ilanee, sw 5= sw’, u no ¢opmyse (3) us § 1,
n°1, umeeM

Is(sw) =15 (w) — 1 =ls(sw)=q— 1. (7)

IMTo npexnosoxenuto uupykuun C(sw’) orauven or C(w)
C(sw). Uz dopmyan (2) nmonyuaem

C(sw’)1C(s).C(w) = @. (8)

Ho Tak kak, kpome Toro, C (sw’) < C(s).C(w’), TO OKOHUATEJLHO
C (w) 5= C(w’).

3ameuanue. Axcuoma (T4) B mpenmayilieM AOKAa3aTeJbCTBE
He HCIO0Jb30BaNach.

4. Ceasv ¢ cucremaxnu Koxcrepa

TeopEmMA 2. IlTapa (W, S) nsaserca cucremoii Koxcrepa.
Hanee, 0aa s=8S u we W coornowenus C(sw)=C(s).C(w)
u lg(sw)> lg(w) sxsusasenTHL.

Onsn kaxnoro S&S nyetb Py — MHOMXKECTBO 3JIeMEHTOB
w < W, Takux, 4To

C(s).C(w)=C (sw).

Mbl cefluac npoBepHM, YTO MHOXeCTBa P; yIOBJETBODPSIOT yCJ/I0-
pusaM (A", (B’) u (B) uz § 1, n°7. O6a yTBep}KILeHI/IH TeOpeMBbI
6ynyT cJenoBaTh Torga U3 npelmox(e}mﬂ 6§1,

Yeaosue (A’), oueBUIHO, BBHIIIOJTHEHO.

[Tposepum (B’). Ecau 681 P; u sP; obmafaan oOmWuM sJe-
MeHTOM @, T0 w & P, u sw & P,, oTkyna

C(s).C(w)=C(sw), C(s).C(sw)=C(w).
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Caenosatesabuo, C(s).C(s).C(w)=C(w), u uH3 dopmyan (5)

puiTekano 66 C(w)=C (sw), uro NPOTHBOpEUHT Teopeme 1.
I'Iposepww yeaosue (B). HyCTb s, =S u w, w W, npu-

yeM w’ = ws’. o npeanosoxenu w < P, a w’ & P, OTKy[1a

C(sw)=C(s).C(w), (9)
u sBuLy (3)

C(w) < C(s).C(w). (10)
Vi3 ¢opmyans (9) u cooTHolIeHH w = w’S” moJyuaeMm

C(s)w's’B=C(sw). (1D

Mo popmyse 2) C(w)C(s'y= C(w)UC(w’s’), otkyza cpasy
caenyet
C(w)s’B< C(ws)U C (w). (12)

Tak kak C(w’) — o6beguHeHHe JEBRX CMEXHBIX KJaccoB gB H
TaK Kak
C()C(w)=C(s)wB,

To hopmyna (10) nokaswiBaet, yto C(s) w’ mepecekaercs ¢ C(w’)
u TeM Gosee C(s)w’s’B nepecekaercs ¢ C(w’)s’B. V3 ¢op-
mya (11) u (12) Torpa caenyer, uro nBoHHOH kJjace C (sw)
coBnanaer sau6o ¢ C(ws’), mu6o ¢ C(w). [Tockoabky sw = w,
TeopeMa | no3sBoJifer cueJsaTh 3aKJUYeHHe, 4TO Sw = ws’.

Cneacrere 1. Hycre wy, ..., w,&W 1 w=w, ... w
Ecau
ls)y=Is(w)+ ... +1s (wq)’
Cw)=C(wy) ... C(w,).

PaCCManl/IBaH npuBeleHHDBIE PA3JIOXKCHUA 3AEMEHTOB W;, MhI
CBOAUM BCe K CJAYy4alo IPHBEACHHOIO pas3JiOXeHHHd

g

TO0

w=5 ...5 ¢ §;=8.
Ecom u=s, ... s, 10 w=su u lg(s;u)>Ig(u). Orcrona 4 us
TeopeMmbl 2 ciaenyer, uro C(w)=C(s;).C(u). TpeGyemass dop-
MyJia TOJIyYaeTCsl TelNepb HHIAYKLHEH 1O r.
Cunencreue 2. Iycre w =W, u nycre T, — nodmuoxecrso

8 W, accoyuuposannoe ¢ w onucannoim 6 remme 2u3 § 1, n°4,
cnocobom. Ecau t=T,, 10

CHHc C(w).C(w™Y).

Ecau =T, TO N0 onpeneseHHIO CYILECTBYIOT 3JI€MEHTHI W',
w’eW u s S, paa KOTopHX

w=uw'sw”, Ilgw)=Ilg@)+Ils@")+1, t=uw'sw "
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Beuny cuaencrsust 1
C(w).C(w™")=C(w’).C(s).C(w”).C(w"™").C(s).C(a’7").

Orciona
Cw).C(w )2 C(w).C(s).C(s).C(w ™).

B coorsercTBHH ¢ (popmydoit (4) C(s) = C(s).C(s), Tak uTto
Cw@).C(w~)DC(w’).C(s).C(w™ ") C.

Caencreue 3. lIycre we W, u nycrs H,,— nodepynna ¢ G,
nopowcdennan muosxcecrsom C(w).C(w™"Y). Tozda

a) daa Kawdozo npusedennozo pasioxcenus (i, ..., s,) sae-
MEHTA W UMeeM

CpcH, 1<i<g;
6) epynna H, codepxwcur xaacc C(w) u nopoxdaercsa un.
HoxaseiBaeM a) uuaykuueil no j. Ilycrs C(s;) comepxures
B H, nna k <j. Tlonoxum
f==(S; ... 5;-1)8; (5 .. 85-1) "

DnaeMenT ! npuHANJIEKHT NojaMHoxecTBy T, W, onpenenen-
HomMy B aemme 2, § 1, n°4. Caencrsue 2 npaer C({)< H,,
otkyna C(s;) = H,,.

Cornacno caexcrsmo 1, C(w)=C(s)) ... C(s,), mostomy
C(w)< H,, oTkyna BbiTekaer 6).

IIpuuep. Teopema 2, nmpumeHeHHas k cucreme Turca us
n°2, mokasplBaeT, UTO cummerpuieckas epynna ©, ¢ ONHCAHHBIM
TaM MHOXECTBOM 00pasyloliuX (TPaHCHOSHUHH PSIIOM CTOSIUIMX
cuMBOJIOB) siBJgeTcs rpynnoil Kokcrepa.

5. IHodzpynnwt epynnvt G, codepwauue B

Jas aio6oro noiMuoxectBa X S ob6osnHauum uyepes Wy
noarpynny B W, nopoxaennyio X (cp. § 1, n°8), n uepes Gy
o6bvenunenne BW yB nBoiinpix kJjaccor C(w), we Wy Tlo
onpeneteHuio Gz=B u Gg=0G.

TeopemA 3. a) [[as awboeo nodmnomecrsa X < S muoxce-
creo Gy ects nodepynna 8 G, nopomdennan U C (s).

s=X
6) Orobpamcenue X —> Gx asaserca 6uexyuets P(S) na mro-
- aecrgo nodepynn 8 G, codepxawux B.
B) [lycre (X;),_, — cemeiicréo nodmnoxecrs & S. Ecau

X"———-nXg, T0 nGXi_—_GX'

i’ ie=]
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r) Ilycte X u Y —0sa nodmnosecrsa 8 S. Brawouenue
Gy < Gy (coors. pasencrso Gy = Gy) umeer mecro roeda u
roasko Toeda, koeda X =Y (coors. X =Y).

fIcHo, utO GX=(GX)"1. Jlemma 1 n° 1l noxkasuBaer, uto
Gx.Gx =Gy Otcrona u u3 ciaeacTBHs | TeopeMbl 2 noJiyuaem
yTBepXKJIeHHE a).

HMHbekTuBHOCTL OTOOpaxKeHHs X — G x CiefyeT U3 HHbeKTHB-
noctu orobpaxenusa X —> Wy (§ I, n° 8, reopema 2). Hanee, nycrs
H — noarpynna B G, coaepxautas B, u nyctb U — MHOXeCTBO
we W, takux, uyto C(w)< H. Torza H = BUB, nockoanky
H — o6benuHenne ABOHHBIX kJsaccoB. Ilycts X = U S. IToka-
xeM, yT0 H = Gy, OuesunHo, utro Gx < H. C ppyroii cTopoHhl,
nyetb ue& U n sy, ..., §;) —ero INpHBeJeHHOE Da3JOKEHHE,
Cnenctere 3 Teopemb 2 Baever C(s;) = H, otkyaa s; = X nas
1 << j<{q. Ml umeem Tenepb u & Wy, u Tak Kak H ecTb 06mne-
aunenne C(u), ue U, 10 H < Gy, yeM 3aBepliaeTcsi JoKasa-
TeJbCTBO YTBEDKAEHHS 6).

YTBepKAeHHSI B) H T) CiledYi0T H3 aHaJOCHYHHLIX CBOHCTB
rpynn Wy (§ 1 n°8, reopema 2).

Caencrsue. MHoxmecrso S cocrour u3 sremexros we W,
w 5= 1, daa xoropux BUC (w) asaserca nodepynnoii & G.

diemenThl w € W, aas kotopuix B C (@) — noarpynna 8 G,
XapakTepH3YIOTCAd TeM, 4YTO AJf KaXAOro W3 HHX CyUlecTByeT
XS ¢ Wy={l, w}. Ecan, kpome TOro, @ = 1, 70 Heobxonumo
Card(X)=1, 1. e. weS.

3ameyanue 1). Ilpeapiaymee cJejcTBHe IMOKa3blBaeT, uTo
MHOXKeCTBO S ompepedsercs Tpoiikoil (G, B, N). Ilo stoit mpu-
yyHe HHorjga cucTemoii Turca HaswmeawT Tpoiky (G, B, N);
roBopsar ewe, 4to (B, N) — cucrema Turca & G.

MeennoxkennE 1. ITycre X — nodmuoxecrso 8 S u N’ —nod-
epynna 8 N, obpas koropoii 8 W cosnadaer ¢ Wx. Toeda
(Gx, B, N’, X) nsanerca cucremoii Turca.

Hmeem Gy = BW yxB==BN’B. Orcioga caeayer, uro Gy no-
poxpaercs mHoxecTBoM B U N’. Brinonnenne akcnoM (T1)—(T4)
JIEFKO TPOBEPHTb.

ITeeanoxenne 2. llycre X, Y<S u we=W. Toeda
waGy=BWXwWyB.

Mycts 8, ..., s, &X u ¢, ..., ;&Y. Jleuma 1 nokass-
BaeT, 4TO

C(si...5).C(w).Clty...1) = BWxwWyB,

2 3ak. 61. H. Byp6aku
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OTKYZAAa
GxwGy = BW oW, B.

O6paTHOe BKJIOUEHHE OYEBHIHO.

3ameqanue 2). O603naunMm uepes G x\G/G, MHOXKeCTBO MHOX-
muoxkects B G BHma GxgGy, g = G. AHanoruunbsiM oGpa3’oMm
onpeneanM W x\W/Wy. Ilpenpinymee npensoxenne nokasbiBaer,
uyTO KaHoHHyeckass Ouekuusa w-— C(w) rpynust W na B\G/B
onpenesieT NOCPEACTBOM (arTopU3auUM GueKkTusHoe oTobpadce-
nue W \W/Wy,— Gx\G/Gy.

IlpeanoxkeHuE 3. [Tycte X =8 u ge= G. Toeda ua coorno-
wenua gBg~'< Gy caedyer g < Gy.

IMyets g = C(w) nas kakoro-to w & W. llockonbky B — mox-
rpynna B Gy, yeaosue gBg~! < Gy Baever C(w).C(w™") = Gy.
Tenepb caencreue 3 teopembl 2 naer C(w) <= Gy, u ¢ NpUHAA-
JexuT noarpymnme Gy.

6. Iapa6oruseckue nodzpynnot

Onpenenenue 2. [Todepynna epynnot G na3vsaercs napa-
Goatueckoll, ecau oHa codepicur nodepynny, conpaicennyio ¢ B.

dcHo, uTO BCAKAs MOATPYIIIA, CopepIKalias napaboanueckKyio
MOATPYNNy, caMa ABJseTCst napabosuuecKol.

TlpenaoxesUE 4. I[Tycre P — nodepynna epynnet G.

a) /{asa roeo 4robur P Gbina napaboaudeckor, Heo6xo0umo
u docrarodno, wrober P Ooina conpamena ¢ nodepynnoi Gy,
20e X — nexoropoe nodsnooecrso 8 S (onpegenenne Gy B n°b).

6) ITycre X, X’ =S u g, g G rakosst, uro P=gGxg~'=
=g’G_\vg’"1. Toeda X=X u g'g~'=P.

VTBepKIeHHe a) cjelpyeT U3 TeopeMnu 3,0).

B yc/oBusIX NMyHKTa 0) HANIETO NPeNJIOKEHHS HMeeM

g'g’Bg’ g =g 'g’Grg " g =Gy,
W mpensoxkenne 3 nokaspiBaeT, uto g-!g’ & Gy. Ilostomy, co-
raacuo TeopeMe 3,6), Gx-= Gy u X’'= X. Hakonel,
ggl=g.g7'¢ g =glxg,
OTKyZla cjenyeT yTBepiKienue 6).

Ecau napaGoJsinueckass moiarpynma P conpsixxeHa ¢ Gy, rie
X < S, to P unasnBaeTcs noxprpynmo#t runa X.

Teopema 4. (i) Hycre Py u Py, — dse napaboauueckue nol-
epynnu 8. G, nepecedenlie KOTOPuIX TOXe ABAALTCA napaboau-
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yeckol nodepynnod, u nycre gP,g=' < P, daa nekoropoezo 3.e-
menra ge=G. Toeda g= P, u Py P,.

{(il) [Jee pasauunsie napaboauyeckue nodzpynnot, nepeceye-
HUE KOTOpPbIX — napaboaudeckas nodepynnd, He COnpaceHsl.

(iil) [Tycre Q, u Q, — Jse napadoauxeckue nodepynnot, co-
depacawuecs 8 nodepynne Q < G, Tozda sce saremenrst ¢ < G,
048 koropbix gQg~" = Q,, npunadiexar Q.

(iv) Kawoas napaboauqeckas nodzpynna cosnadaer co c8ouUM
Hopmaausaropom ).

Yreepxuenue (i) ciaenyeT H3 OpensoxeHdit 3 4 4 U Baeyer
yreepxkuenne (if). B ycaosusx (iii) gQ,g~! = Q. Orciona 1 u3 yTeep-
xkjeHus (i) caenyer temepb, 4TO g = Q.

Hakouei, yTBep:knenue (iv) BeiTekaer u3 (iii), ecuau noJo-
xUTh Q=0 =0Q.

[Meenaoxenne 5. [Iycre P, u P,— dse napaboauueckue
nodepynnot 8 G. Toezda P, P, codepxur nodepynny, conps-
oennyro ¢ T.

[IpumeHnsis B cayyae HAJZOOHOCTH HEKOTOPHIH BHYTPEHHUH
apromoptdusm rpynns G Kk P, H P,, MOXHO NnpeAnosararthb, 4To
B < P,. Ilycts ¢ = G — TOT 3JieMeHT, 15 Kotoporo gBg~ ! P,
ITo Teopeme 1 cymecrBylor n=N wu b, b’ = B, rtakde, 4TO
g=>bnb’. llockoabky moiarpynna I HopMasarHa B N, nmeeMm

P,o>gBg ' =bnBn b D bnTn b = b7

P> B> bTH ™,

OTKyZa ® CJelyeT NpelokKeHHe.

7. Teopema npocroro

JIemma 2. [Tycte H — nHopmaasras nodepynna epynno G.
Cywecrsyer raxoe nodmHoocecreo X 8 S, uro BH =Gy u xamx-
Oobuli saemenT u3 X KOMMYTUpYET ¢ KANCObIM 3AeMEHTOM U3 S — X,

Tax xak BH — noarpynna B G, comepxkawmas B, To cyuwe-
CTByeT ejHHCTBeHHO€ moiMHOxkecTso X B S, nJs KOTOporo
BH = G (teopema 3).

[lycte s, =X u s,=S—X, a ny 4 ny— NPEJCTABUTENH §,
H s, B N. Umeem n, = Gx= BH, u cymecTByeT aneMeHT b = B,

') HopmanusatopoM B G nozrpynna H < G HasmBaercss moarpymna
N (H), cocrosmas ua saeMenton g & G, aas Koropux gHg="'= H. Tosopsr,
uro noarpynna H’ wopmamusyer H, ecan H <R (H); toraa HH ' =H'H
6yaer moarpynuoii B G ¢ HOpMaabHOM mOgrpymmofi A,

2‘
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TaKol, uto bn, = H. Tak kax noarpynna H HopmaJjabHa B G,
10 3neMeHT h=n,bnn;' npunagaexur H. C gpyroit cTopoHsi,

heC(sy). C(sy).C(sy).

Ecan nJauHaA 3JeMeHTa S,5;S, paBHa 3, To cjaexcrsue | Teo-
peMH 2 BJeYeT

C(89) - C (1) C (53) = C (545,59),

H, 3HauuT, h = H (1C(58,8,). TTockonexy H (] C(s,s,8,) nemyero,
TO 858,85, = W . ITocnenoBaTebHOCTD (Ss, S;, S;) SIBAsIETCS NpH-
BeNeHHHIM pa3saoxenueM u mnotomy (§ 1, n°8, caeacrsue |
npenJiokeHus 7) S, X, uTO NPOTHBOPEUHT NPENNOJOKEHHIO.

ITycts Temepb [g(598,8,)<<2. Ecuu lg(s;8,)=1, 10 55, &= S
H (58,2 =1, oTkyna s;5,=58,5;. Ecan xe [s(s;8,)=2, To u3
cofictBa (3) § 1 caemyeT, uTO 8,8, =S5,5,, NOCKOAbKY S§; F= Sy

B Teopeme 5, xoTopas OYAeT moka3aHa HHKe, GUIYDUPYET
ciaenyiolee csolictso rpynnsl U.

(P) Jdas awboii nopmaasroit nodepynner V< U, orausnoll
or U, kommyranr (cM. Aaze.,, ta. I, § 6, n°8) epynnet UN
orauyen or UV.

Kaxnasi paspemumasi Tpynna ynosseTBopsieT cBofictsy (P).
B wacTHOCTH, KOMMYTaTHBHEE IMpynnel yrosJaeTsopsioT (P). To xe
OTHOCHTCHI H KO BCHIKOH HEKOMMYTaTHBHOH mnpoctoit rpynne U,
eCId HCKJAIOYHTE cayvaii V ={l}. Moxuo nokasatsh, uro (P)
BEINOJIHEHO [1JIsi cHMMeTpuueckoll rpynnsl ©, npH JoGoM n
(cum. yop. 29).

TeoreEMA 5. IMycre Z — nepeceyerue nodepynn, conpsascen-
Howx ¢ B, U —nodepynna 8 B u G — nodepynna, noposxdeH-
Haa conpawennumi ¢ U nodepynnamu e (. llpednoaaearorcs
BLINOAHEHHOLMU CAedyroule YCA08H S

(1) U nopmassna 6 Bu B=UT;

(2) U ydosaereopaer ycaosuto (P);

(3) G, cosnadaer co csoum KOMMYTAHTOM,

(4) Cucrema Koxcrepa (W, S) nenpugoduma (cm. § 1, n°9).

Toz0a awbasn nodepynna H epynnw G, Hopmasusyemasn
nodzpynnoii G, codepmurcs e Z uru codepxcur G.

Hoxkanen cuazara, 4ro G=GT. Ipynna G,T coxepxur B
H NO3TOMY COBNAfaeT cO CBOHM HopMasu3aTopoM (Teopema 4).
Tak kak N Hopmasusyer G; u T, To ona HopmaJausyer (T,
orkyna N < G;T. Tlockoapky G mnopoxpmaercs B u N, umeer
Mecto paBeHcTBo (= G|T.
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oaooxcum Teneps
G'=GH, B=BNG, N=NNG,
T'"=TNG =B NN u W =N'[T.

Tak xak G’ cogepxHT G, T0 G=G'T u nostomy N=N'T.
Takum o6pasoM, BJoxeHne N’ B N omnpejmenaser nocpeicTsoMm
dakropusauun usomoppusm o W —W. Ilycrs S’ =a~!(S).

HMoxkamem, uro (G’, B’, N’, 8’) asanerca cucremoi Turca.
Tak xak G=BNB u B=TU =UT, 10 G = UNU, a nocko/bKy
U — mozarpynna B G/, npUXOAMM K 3aKJI0UeHUIO, 4To G/ = UN'U.
3ro naer (T1), mockoasky U < B’. Axcuoma (T2) Beimonnena
BBHILY TOTO, 4TO 0. — H3oMoppu3M. [lyets w € Wn w’ = o~ ! (w) —
coorBercTByomui saement B W', Toraa

BwB = BwB’ = Bw’B’, nockoabky B= B'T.

Orciona Mbl 3akaiouaeM, uto G’} BwB= B’w’B’. Jlpyrumu
cJ0BaMH, BJoXKeHHe (' B G onpegensieT mocpeacTBoM (akTo-
pusauun OHekTuBHOe oToOpaxkeHne B\G’'/B’ ma B\G/B. 3To
cpasy jpaer akcuomy (T3). Akcuoma (T4) caemyer u3 paseH-
crBa B=B'T. :

Tloarpynna H wuopmasasHa B G’. Jlemma 2, npuMeHeHHas
x (G’, B’, N’, §’), yrBepxkjpaer CYIIeCTBOBAHME IMOJIMHOXKECTBA
X’ < S8’, rakoro, uro B’H = G%, npuueM KaXIbl 3J€MEHT
B S’ — X/ KOMMYTUpPYET C KaxXKIbIM 3/71eMeHTOM B X’. ¥Ycaosne (4)
OCTaBJsIET TOJLKO JBE BO3MOXKHOCTH:

a) X'=¢g, T e. BH=B"uw H=B <B. Eciu g= G, T0
g=gt rae g0, teT n H< g Bgr!, u6o G, nHopmanu-
syer H. Tlostomy H < gBg~!. Taxk xak Z ecTb mepeceueHHe
gBg~!, 1o H= Z.

©6) X’=S8’, 1. e« BBH=G’. B cuay pasenHcrsa G=G'T
uMeeM
G=B'HT=HB'T=HB.

Tax xax B mopmamausyer U, To Beskas rpymmna, COnpsKeHHAs

¢ U, numeer sux hUL™', rae he H. Taxue NOArpyNNsl Copep-
xkatest B rpynne UH, orkyaa (mo onpepenenuio () G; < UH.
Tlonyuaem u3oMopdu3MbI

UNU N H)~ UHJH = G,H/H ~ G,/(G, N H).

ITo yeaosuio (3) G,/(G,} H) coBnanaer co CBOUM KOMMYTaHTOM.
Yenosue (2) moxasmBaer Ttorpa, uro rpymma U/(U (1 H), u3o-
mopdHas G /(G H), COCTOUT TOJIBKO M3 €AUHUUHOrO 3J€MEHTA,
CaenoBateabno, G, H=G,, T. e. G, = H, u [00Ka3aTeJasCTBO
3aKOHYEHO.
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CUENCTBUE. B npednoaosicenunx reopemot 5 epynna G,((G, () Z)
AU6O ABAACTCA HEKOMMYTATUBHOL npocrol, aubo csodurcsa
K eOUHUYHOMY IAEMEHTY.

CorsiacHo Teopeme 5, rpymna GG, Z) nu6o upocra, Ji60o
COCTOMT TOJILKO M3 enuHuusl. Ho ycmoBue (3) tpebyet, utoGnl
OHa coBIazana co CBOHM KomMmyraHToM. OTCloga BbITeKaeT
yTBEPIKIEHHE CJeICTBUA.

3ameyarus. 1) Ycaous (2)—(4) He HCNOAB30BAJUCL INpH
JloKa3aTejnCTBe TOro, uro (G’, B/, N, S’) saBnserca cucreMoi
Turca.

2) Mpexnonoxum, uyro Z(1U ={1}. Tak kak Z u U Hop-
MaJbHbl B B, TO Kamblil s71eMeHT U3 Z KOMMYTHPYET C Jo0bIM
sjeMeHToM M3 U, a TeM caMbIM M ¢ moOblM 37eMeHTOM H3 (.
Beuny npegblLIyIlero CJAeACTBUS 3TO o3HadaeT, uto G,(1Z —
yenrp Tpynnel G.

3) IlpennosioxeHne (3) BHTekaeT u3 cneny}omero yCJOBHAL

(3') U nopoxdaerca kommyraropanu b 'u"'bu, 20e us U
u be B G,

Hpumepor. 1) Tlyers k£ — nmoae, ‘n —Ueaoe  UHCJIO =0,
G=GL(n, k) u (G, B, N, S)—cucrema TuTca, onucanuas
8 n° 2. Tlycro U — BepxHAs CTpOrO TpeyroabHas rpymna, T. e.
noarpynna B B, cocTrosiias U3 MaTpHU C €JIMHHUAMH HA IJaB-
HOHt puaroHasd. Ycaosue (1) Teopevbl 5 mpoBepsieTcsl Hemel-
qenno. To ke oTHocHTCA K ycaoBHIO (2), Tak Kak U pa3spewusa.
Ycaosde (4) BBINOJHEHO, ecad n>2, MOXKHO [oKasaTb (CM.
Aze., ra. 11, 3-e usnp., § 10, ynp. 13), uro ycnoBue (3) BblmoJ-
usercs, ecad n =3 uiau n=2 u Card (k) >=4. Ilpn stux yc.o-
BHAX 3aKJiodaeM, yro rpynna G,/(G, 1 Z) npocras v uro G, (1 Z —
ueHTp rpynner G (cM. 3amexanue 2).

Koraa k£ xomMmyTtatusHo, To Gy = SL (n, k), cM. Aze., ra. 111,
3-e u3m., § 8, n°

*2) Hyects ¢ — npocras aJreGpa JIu Hag C u G —rpynna
ee BHyTpeHHHX aBToMopdusmoB (cM. ra. III). Hcnoawsysa teo-
peMy 5, MOXKHO noKasaTh, yTo (0 -~ HealejsieBa npocTas rpynna.,



onoanenue

FPA®bI

1. Onpedenenusn

OnpeneneHuE 1. Kombunaropreim epagom (Mau npocTo epa-
¢pom, KOTZA HCKJIOUEHB Kakue-nH00 HeAOpasyMeHHs]) Ha3ol-
saerca napa I'=(A, S), ede S — mnowmecrso u A — nodmro-
aecrso 8 P (S), 06pasosannoe mrodcecTeamu U3 08YX INeMEHTOS.

MMycts T'(A, S)—rpad. dnementst 3 A HaskBalooTcs peb-
pamu, a 3neMeHTH H3 S — gepuwunamu rpada I'. T'oopsT, uTo
JlBe BEPHIMHH X H Y coelunerst, ecau {x, y} ecTb pe6po. Bep-
HIMHA Ha3bIBAeTCs -KOHYegol, eCJH OHa coelunHeHa He Oojee
yeMm C OXHOH BepHIHHOH, M TOuKO# 6erTeéaeHls, €CJH OHA COelHu-
HeHa 10 KpafiHeH Mepe ¢ Tpemsi BepIIMHAMH.

CoraacHo o6muM onpenesnenusm (Teop. mnoax., CBonka pes.,
§ 8), usomoppusn rpadpa ' na rpadp I'"==(4", §’) ectp Guex-
THBHOe oToGpaxkenue { MHoxkecTBa S Ha S’, KOTOpoe mepeBo-
nutr A B A’. Tpadp IV=(A’, S’) uaseBaerca nodepagom B T,
ecaiu "< S u A’ <= A. Tosopar, uro IV — yeasui noarpad B T,
ecan S’ =S n A =ANPB(S’). fcHo, uto J060e NOAMHOKECTBO
MHOXKECTBA S COBIIANAET C MHOKECTBOM BEDIIUH OJIHOIO H TOJBKO
ofHOro 1eJqoro noarpada rpada T.

Hast HarasgHoCTH rpad m3oGparkaioT GUTYpOH, KOTOpAs CO-
CTOHT H3 TOYCK, COOTBETCTBYIONIMX BepIUHHAM, H K3 OTPE3KOB,
CBA3BIBAIOIIUX JB€ TOYKH TOr'Aa H TOJBKO TOrxa, Korja mpen-
CTaBAsieMblE MMH BEPIIMHBEI COeJHHEHH B Tpade.

Hanpumep, ¢urypa

d

a b c e

u3o6paxaer rpad ¢ BepHIMHaMH 4, b, ¢, d, e u pebpawmu {a, b},
{b, ¢}, {c, d} u {c, e}.

2. Cesnasnvle KomnoHeHTsl 2paga

Myers '=(A, S) —rpad. Ecan a 0 b — nBe ero BepUIHHH,
TO AYTesm, CBA3BIBAIOUINM @ H b, HA3LIBAETCA BCsKas MHOCJENO-
BaTeJibHOCTh (X9, ..., Xp) BepumiuH rpadpa I’ ¢ xp=a, x,=20,
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B KOTOpOH BepinHH X; m X;., coemuHeHn npu 0<Ci<n. Lle-
snoe uncjao n =0 HaswBaeTcss JauHOI paccMaTpUBAEMOro MYTH.
ITyTe HaswiBaeTCs UHBEKTUBHOIM, €CHH Xy 7= x; Aas i+ j. [1yTe
(Xg» --+» Xn), CBASHIBAIOUIHA a ¢ b W O6aanammwHii MHHHMAaJb-
HOH JJIMHOH, 00653aTeJbHO HMHBEKTHBEH! B MNPOTHBHOM cCJyuyae
Hawauch O i W j ¢ 0<Ti<j<{nm W x;=X;, TaK 4TO NOCJEI0-
BaTeJbHOCTh
(xOr ey Xpy x]+|, “eny xn)

6pi1a 6B myTeM IJMHH < 71, CBSISBHIBAIOLIMNM a C b.
OTHOweHHe ,CYlLIeCTBYeT NyTh, CBASHBAOLINAA a ¢ b* Mexay
nByMs BepmuHaMun a u b rpadba I onpenensier oTHouleHnue
SKBHBAJIEHTHOCTH R B MHOXecTBe BepluHH S. Kuaccw skBuBa-
JIEHTHOCTH TI0 R Ha3HIBAIOTCA C8A3HbIMU KoMnoHeHTamu rpada T.
TFoBopsar, yto rpad I' cssasen, ecaH OH COCTOMUT M3 OXHOH CBs3-
HO! KOMIIOHEHTH, T. €. ecuH Jio0ne pBe BepmuHB B I' MoryT

6HITH COeIHHEHB N0 MEHbIIEHl Mepe OXHHM MyTeM.

IMrepnoxenue 1. Ilycre T'=(A, S)—epagp u (S,),., — ce-
meiicTeo ez2o csa3Holx KomnoHent. O6o3nayum uepes T yearoiit
nodepagp 8 T ¢ mrooecrgom S, 8 Kasecrse MHOINCECTBA 8ep-
WUH,

(i) Jdaa xamdoeo a= L epagp T, csazen.

(ii) Ecau TV =(A’, S’) — csasneui nodepagh 8 T, To naiiderca
rakoe o u3 L, uto 8’ < §,.

(iii) fTpu a 5P wnuxaxod ssemenr u3 S, He coeduHen Hu
€ Kakum 3aemenTom us Sy (HHaue roBops, Kaxaoe pe6porpapa I'
sABJasseTcs pe6poM B ogHoM H3 ['p).

(iv) Mycro ( ;)xeM—raxoe pa3buente MHONmecTsa S, 4ro

npu A= p Huxakol ssemeHT u3 S; He coeduHen 6 T' Hu ¢ 00-
Hum 3semenrom u3 S;. Tozda kawdoe mnowecrso S, ecrs

06ve0uHentue C8A3HbIX KOMNOHEHT epada T.

(i) lyectb a=L u a, b S,. CymecrByer, cJel0BaTebHO,
nyTe ¢=(Xy, ..., X,) 8 T, cBaAsuBaomwui a ¢ b. {aa mawoboro i,
0<<i<n, nyts (xy ..., X;) cBsA3pBaeT a ¢ x; B I', orkyna
x; & S,. TakuMm o6pasoM, ¢ sBaserca mnyTeMm 8 Iy, CBA3bIBalO-
mwuM a ¢ b. 3naunt, rpad I'y cBasen.

(ii) Ilycts I'"=(A’, S’) — HenycToii cBs3Hbll noarpad B I,
a -—sjaemenT u3 S’ u S, —cBA3Has KomuoHeHTa B I, comep-
x)amasa a. las mo6oro b us S’ cyulecTByeT myTh €, CBA3bi-
BawwHi a ¢ b 8 I'V u rem 6osee 8 I'. Caeposatedrvho, S” < S,.

(iii) Ilpn 3amaHHelXx pasaHuyneiX @ H § H3 L u BepuHuax
aesS, u beSﬁ He cyluecTByeT NyTH, CBs3blBawllero a ¢ b,

H, B UaCTHOCTH, He CyliecTByeT pe6pa, coeiuHsiollero a H b.
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(iv) Tlyets a = S} u S, —cpasnas komnonenta B I', comep-

xkamas a. Jag moboro b u3 S, cymectByeT nyTh (¥g, ..., X5)
cBsaspBatomnit @ ¢ b B I. Eomm 0<Ci<n m x, &8;, 10

%, € S), MockoIbKy x; coenuHsercs ¢ x,,,. CuenoBaTesbHO,
Mo HHAYKIIHH xl.ESQ ot 0<<iCn M, B 4YacTHOCTH, b=x,
npunagiexur S;. Orciona S, < S;.

Caenctere 1. Jlas Tozo urober epag T (A, S) 6vir ceasnoim,
Heobxo0umo u GocTATOYHO, 4TO0bL HE CYWECTB08aA0 PA3OUEHUS
(S’, 8”) muomecrsa S Ha 0sa HeRYycToLx NOOMHONCECTBA, TAKUX,
YTO HUKAKOU 3aemenT U3 S’ He C0eO0uHeH HU C KAKUM 34 MEH-
Tom u3z S”.

[Iycts I' He cBsiseH M S’ —oQHa H3 ero CBA3HBIX KOMIO-
HedT. [lo npepsoxenuw 1 (i) S”=3S8 — S’ Henycro u HHKaKOH
saeMeHT u3 S’ He coeguned B I’ Hu ¢ ogHHM 3jemeHntoM u3 S”,
KaK 3TO yTBepXKaaeT mnpenJsoxeHne [ (iii).

[Ipeanonoxum teneps, uto I' cBsizen u uto (S, $”) — pas-
61eHHe C yMOMSIHYTHIMH cBoHcTBaMH. B cuay npepsoxenus I
{iv) MHOXecTBO S’ coHepXHT 10 KpaHHell Mepe OxHy CBA3HYIO
xoMiloHeHTy. 3Hauut, S'=8 u S”=(J, BONpeKH NPeANOJO-
JKEHHIO.

CneactBHE 2. JJaa 1020 4106ot nodmHoxcecrso S’ mHo-
gcecraa S 6vta0 06BEOUHEHUEM CBAZHBLX KOMIOHEHT, HE0OX00UMO
u JocTaTo4HO, 4TOOb HUKakas sepuwuna u3 S’ ne coedunsrace
Hu ¢ Kaxkod eepuiunold u3z S —S’.

3To ycaoBHe AOCTATOUHO TO mpenpsoxenHio 1 (iv) u Heobxo-
IHMO B CHJy yTBep:KneHHa (iii) mocjemHero mnpensioxeHHs.

3. Jeca u Oepeson

Myers I'==(A, S) —rpad. Hukaom B I' Ha3bIBaeTCs BCAKas
noc.1e10BaTeIbHOCTh
(xl’ cr ey xn)

pas3JuuHbIXx BepmuH rpada I, B koTopoH n >3, BepliHHA X,
coefMHeHa € X;.; npu 1 <{i<n u BepiiuHa X, cOelHHeHa C X|.
Ipap TI' uasbiBaeTcs secom, eciH OH He CONEPIKHT IHKJIOB.
Jlio6oit noarpad B I' Torna Toxe Oyner JsecoMm. CBA3HBIA Jec
HaspiBaeTcst depegom. TakuM o6pas’oM, CBAA3HBIE KOMIIOHEHTHI
JieCa SIBASIIOTCH JepeBbAMH.

[MrEpnoxeunE 2. ITycre TI'==(A, S) — sec ¢ xoneunwm uu-
CAOM BEPUIUN,

(i) Ecau T ob6aadaer xora 660 00HOU SepuiHol, TO Y He2o
€CTb KOHUEBAR BEPUIUHA.
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(i) Ecau T umeer no xpaiuei mepe 0se eepususl, TO CY-
wecrsyer pasbuenue (S’, S”) mnomecrea sepwun Ha 08a He-
AYCTHLX NOOMHONCECTBA, TAKUX, 4TO 06e pA3AUH4HbIE BePUILHbL,
npunadaexcaujue odnospemenno K S’ uau k 8”7, e 6yodyr co-
e0uHeHbL.

[MpennosnoxuMm, uyro I' umeer no kpaiHelr Mepe onxHY Bep-
wuny. Ilyets (xp, ..., X,) — HHBEKTHBHHI NyTh MaKCHMaJbHOH
anuHn B I'. BeplmiuHy x, Henb3sl COeIMHHMTb HH C KakKo#d Bep-

INHHOH ¥, OTJIMYHOH OT Xy, X, ..., X,, H0O TOrAa B I' cymecTso-
BaJg Obl OyTb NJMHB A - 1, a umeHHo (y, x¢ ..., X,). Bep-
IIHHA X, He CoellMHeHa HH C KaKOH BepIUHHOH x; 2<Ci<(n,
B NPOTHBHOM cuayuae (xg, X, ..., X;) 61 Obl nuxaOM B Jecy F.
3HaunT, BeplUHHA Xy — KOHLEBAas.

HoxaxeM (ii) mHAykuue# mo uucay m BepwuH B I'. Cayvait
m =2 TpusuaneH. ITycte m >3 u yTBepxkaeHue (ii) moxasano
njs rpadoB ¢ m— 1 BepwuuHamu. IlycTe a — KOHueBasi Bep-
wuua B I' (cMm. (i)). [IpuMeHuM npexmoJiokeHHe MHAYKLUHH K Lie-
Jomy moarpady, nonyudawoomemycs u3 ' BhGpachHBaHMEM Bep-
muHb @. CyllecTBYIOT, CJAENOBAaTeJbHO, 1Ba HENYCTHIX [OAMHO-
xectsa S{ u SY B S ¢ STUSY =S — {a}, npuuem HuUKaKas mapa
BepwHH H3 S (cooTB. ST) He coenunena. Tak Kak a coequHeHa
He Oosee ueM C oxHOH BepwuHOH B I', TO OHA He CoenumHeHa
HA C Kakoll BepIUMHON OHOrO M3 MHOXKECTB, Hampumep SY.
Torna pas6uenune (Si, STU{a}) muoxkectBa S obmnagaer Tpebye-
MbiMu cBoiictBamu., Y. T. II.

Has mo6oro wesoro uucaa n > 1 o6o3nauum yepe3 A, rpag
¢ BepmuHamu 1, 2, ..., n u pebpamu {i,j}, rne i—j==1:

i 2 3 n-1 n
Qe Qe e 8 6 ¢ & 88 & o Jmemmmemmsmn()

Tosopsr, uto rpad I' ects yens Jaunst m =0, ecau OH H30-
mopdeH A,,,. DTO 3KBHBANEHTHO CyIEeCTBOBaHMIO B I' HHDbek-
THBHOTO TyTH (Xg, ..., Xp), COAepikalliero BCe BEPIIMHEI, MpH-
yeM BEpIUMHBl X; M X; He COedMHeHH mpu |j—i|> 1.

TMpegaoXEHHE 3. Jasa 1020 4T06s6l epagh Oven yenoro,
Heobxo0umo u O0CTATOHHO, 4T06bL OH UMEA KOHEHHOE HeHly.e-
80e uucao eepuiiy u Oovia depeson Oe3 TOHEK BeTBACHUS.

IMpeanonoxum, uro rpadp I’ —uemp (xg, ..., X,) C nepe-
yHCJeHHBIMH CBoMicTBamu. Kaxmas BepiunHa coeHHeHa He OoJsee
yem ¢ aByms ppyrumu. Jas (<] Kycok myTH (x; ..., X;)
ABJsleTCsl MyTeM, CBs3bIBAIOIIHM X; ¢ x; 3HauuT, [ cBsiseH.
Haxosen, aycTs (xp , ..., Xp,) — UHKL. TIycTb p, — HaHMeHbllee
CcpeaH pas3JHYHBIX LEJHX YHUCE] P, ...; Py- JLOMKHB CyLIECTBO~
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BaTh Da3JHUHBIE [ W | TakWe, UTO BepUIHHA X,, OyneT coenn-
HEHA C Xp, H C Xp,. 3To caeayer Hu3 ompepeJeHHd uMkaa. Tak

Kak pp, < p;i U pp < p;, TO 06s3aTeabHO p;=p;=p,-}+ 1, uro
NPOTUBOPEUYHT TOMY, UTO BC€ Py, ..., P, Da3jJuuHbl. 3HAYHT,
B I’ HeT UMKJOB.

O6parno, myctb I' — nepeBo 6es Touek BeTBJEHHS C HeHy-

JeBHIM KOHEYHBIM uHCJOM Bepud. ITyets (xq, ..., X,,) — HHDBEK-
THBHBIH mYyTh MAakcHMaJnabHOH aauHe B I' u T — mHOKecTBo
BepIUKH, OTJIHYHBIX OT Xp, ..., X, BepmuHa b T He Moxer

ObiTh COEJlMHEHAa HH ¢ Kakoii BeplunHOH £;. JleHCTBHUTEJLHO,
UMEIOTCA TPH BO3MOXKHOCTH:

a) i=0, uwo Torza (b, xg, ..., X,,) OBLT 686l HHBEKTUBHBIM
nyteM AaHB m 41 B T

b) i=m, Ho TorAa (Xy, ..., X;p, D) OB Gbl HHHEKTHBHBIM
nyTeM muuubl m -+ 1 B T

¢) 0<i<m, HO TOTAA BepHIMHA Xx; Oblsia Obl CoeqHHEHA
C TpeMsi BepUIHHAMH X;_j, X;41 H b.

Tak kak I cBasen, To T nycto B cuiy caenctsus | npen-
goxenust 1. Iasee, ecan Obl CyIIeCTBOBAJH i M j Takue, uTO
j—i>1 u x; u x; coenuHeHb, TO OYyTh (X5 Xiy1- ..., X
6uvla 6bl nukaom B I'. CrnegoBaresbro, I' —pens. Y. T. I1.



YAPAKHEHHA

§ 1.

1) a) Mycrs (W, é) — cucrema Kokcrepa ¥ 8y, ..., Sy — 9J€MEHTH MHO-
xectBa S. IMonoxum © ==§, ... §,. IJokaszats, uTC ecjH ls(w)<r, TO Cy-
WeCcTBYIOT JB4 TAaKHX NeJHX uHcjda p H g, 1Kp<g<{r, U0 w=
=81 ... Sp—1Sp+1 «++ Sg—~154+1 + -+ Sr. [IOKa3aTB, UTO CYmECTBYET CTPOrO BO3-
pacraomas nocjenoBaTelbHOCTh yHcea j (1), ..., j(k), sakmouennas Mexay 1
M r, W TaKas, 9TO0 (Sj() ++-» Sj(p)) SBIACTCS INPHBEACHHEIM Pa3OKeHHEM
SJIeMeHTa W.

6) ITycry (W, S) — cucrema Kokcrepa m X, Y, Z — Tpn nozmuoxkectBa
B S. ITokasats, yto

Wxl(Wy W) =(WxNWy).(WxNW,)
(nokasaTh, 4TO J0GOH SiNeMENT W S W, .W, nomyckaer npuBeieHHOE Da3fo-
JKeHue
(s oo S £y cees £i)s

rue s; € Y, tI.EZ, H BOCNOJIb30BATLCS cAeAcTBHeMm | nmpensoxenns 7, n° 8)’
IMokasaTs, aTO
Wy WylWa)=Wx - WyIN(Wx-Wy)
2) Tlyers (W, S) — cucrema Kokcrepa u X — nogmuoxecTso B S. [To-
Ka3aTh, yTo jast Toro utoGW mnoarpymna W, Gbuia HopMaibHOM B W, Heob-
XOZHMO H JIOCTATOUYHO, YTOGH JIOGOH 9jaeMeHT MHOKecTBa X KOMMYTHPOBAT
¢ JIOGHM 5j1eMeHTOM MHoXecTBa S — X

3) Myere (W, 8) — cucrema Kokcrepa u X, Y — nBa nOpMHOKeCTBA
B S. Iycrs a< W. Ilokaszarh, uTo CyuiectTBYer,  HPHTOM eAHHCTBEHHLIH,
9JEMEHT W € WXaWY MHHHMMAJbHORA IJHHBL M TaKOH, uTO BCSIKHH 27eMeHT

4
w e WXaWY

SanucHBaeTCs B BHAe © = xwy, rie reW,, yeWy,n I(w)y=1(x)4
+ (w)+1(y) (Bu()paTb B WXaWY 5JEMEHT MHHMMAaJbHOR JUIMHBL M BOC-
H0b30BaThes ynpaskHenueM 1), duement w = W mnaswmpaercs (X, Y)-npuse-

OeHHBIM, €CJAH OH SIBJSETCS 3JEMEHTOM MHHHMAJBHOH MJHHH B JBOTHOM
CMEXHOM KJacce WXwWy. [Tokasats, yTo ecan aaemenT @ (X, (7})-npuseae,

to [(xw)=1(x)+[(w) mas Bcex x& W, u uto mo6oit saement uz W
OJHO3HAYHO 3ANMCHIBAETCS B BHAE xw, rie x&W,, a w ecTh (X, @&)-npn-
Bezennnit sieMent. Ilokasats, uto sJjement w & W sBasercs (X, ()-npu-
BEJICHHHIM B TOM H TOJBKO TOM cayuae, Korga [ {(xw)>I(w) nmas Becex
reX (3am1ca'rb w B BHAE yw’, rie ye& WX u w’ aBasgerca (X, ()-upu-
Befennnm). Ilokasars, uro pas (X, Y)-npuegenHoctH 3aeMenra we W
Heo6XOIUMO M H0CTaTouHO, uToOn @ Obl ogHoBpeMmenHo H (X, (J)-npuse-
AEHHHM, H (), Y)-npuBeleHHRIM.
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4) Mycts n —uenoe uwucao =2. ObosnaunM uepes s, 1<<i<n—1,
rpancnosuimio i u i + 1 B nocregoparensuoct {1, 2, ..., n} u vepes H; muo-
xectBO W € &y, aaa koropux w1 (i)<w—1(i + 1). [Tyerb S={s, -. ., sp—}.

ITokasath, uto (&S,, S)— cucrema Kokcrepa n uro H; coBnmanaer ¢ MHo-
eCTBOM JeMeHToB w &€& , anda KOTOPHX l(w)<l(siw) (MCcmoaB30BaTH

npeasoxenue 6 us n°7).

n?

91 5) IIycte X — Henycroe MHoxecTBO M W — HeKoTOpoe MHOKeCTBO
nepectaHoBoK Ha X. ITycts 3ananbl MHOXecTBO P OTHOIIEHMH SKBHBaJEHT-
HocTH B X, sMeMeHT Xo & X u orobpaxenne ¢: H —> §y; MuoOXecrsa PsW.

O603HayuM yepes 9’0 MHOXecTBO Tex H &P, aas KOTOpHX SH(XO)E
= x,mod H npun Bcex H' = H nz P, n uepes S, MHOXeCTBO BCex Sy

¢ H, npusagnexawnmp Po. [IpeanosoxkuM, 4T0 BHIMOJHEHH CJaejylolHe
yCJIOBHA:

(i) duast moboro He& P cywecTsyoT 1Ba Kiacca 3KBHBAJIEHTHOCTH 110
moaymo /1, KOTOpbIe nepecTaBAAIOTCA SMEMEHTOM Sy H s?.,= 1.

(ii) Ona moGoro H & $ u moboro w & W oTHolleHue 5KBHBAJCHTHOCTH

w (H), nmonyuawoineeca us H npu nepectaHoBke w, NPHHAIJIENHT MHO-

xecTBY P U1 S, (g) =wus—l.

(iii) dns ao6oro w = 1 ua W MHoxectBo H & P TakuxX, uto w (Xp) &
= xo mod H, xoHeuHO H nepecexaercss ¢ Py

a) Hokasats, yro (W, S;) aBaserca cucremoit Kokerepa (ucnosbzosath
npennackesne 6 n3 n°7).

6) JloxasaTb, HTO HAJAMHA lso(w) paBHa uHcay sJaemeHToR H &P, nas

KOTOPHIX
w (xp) =& xo mod H,

B} llyerb FE — Koneunoe MHoxecTBO H X — MHOXECTBO OTHOMIEHHI CO-
BepureHHoro nopaixka Ha E. O6osnaunM vepes W rpymny mepecraHoBox MHO-
wectBa E, oueBHAHHM O6pasoMm jaeiictBytomyio Ha X, I[lycrs i w j — pasnuy-
Hule sneMenTsl 3 E, Haszorem pma anemenra R u R’ muoxecrsa X sxkBuBa-
JEeHTHBIMHM 1O MOAyJMio H;j, ecinm uMeloT MecTo onHoBpemeHHo Ju6o R (i, j)

n R°(i, j), m6o R (i, i) u R’(j, i). O6o3uauum uepes §;; TPaHcno3HUHMIO
n j. Ilycts % — MHOXeCTBO OTHOIIEHHH SKBHBAJEHTHOCTH BHAA Hijno—
orobpaxxesde MHOXectBa £ B W mo ¢opmyae q)(Hii)=Sii' Hakownen,

nycTh Xo — KaKOH-HUOYIb sjeMeHT MHOxectBa X. Ilokasarth, 4TO 3TH JLaHHBHE
VJIOBJIETBOPAIOT npeanonoxenusm (i)—(iii), ¥ 3aHOBO mOMy4HTh pe3yJbTaThl
ynpaxHnenus 4.

6) Ilyetb E — MHOXecTBO H3 II€CTH 3JeMeHTOB u F — MHoXecTBO
CTPYKTYP NPOEKTHBHOH npamoit B MHOXecTBe E OTHOCHMTEILHO mOJs Fi.
OGosnaunyM uepes '@E rpynny nepecraHoBok MHoxectBa E. Jlas moGoro
3JIeMeHTa O € @E o0o3HaunM yepe3 G nepecTaHoBky Ha F, MOJYUeHHYIO H3 O
NoCPeACTBOM NMePEeHeCeHHA CTPYKTYphl. [lokasaTh, UTO cyliecTBYeT OMeXuasa u
MHOkecTBa E Ha F n wro oroGpaxenue o b~> y~'§u ABafercs BHEIIHHM
asToMoppusMom rpynmt . (ecan s — Tpancnosnius, To u~'Su uMeer TPH
OPGHTH mo ABa 3JeMeHTa).

7

7), [Mocrpours rpynny W ¢ pBymMs noaMHOXecTBamH S B Sy Takumi,
uro (W, S) u (W, ') asasorcs uzomopdHuMU cHcremamH Kokcrepa, so W
He ofJajaer BHYTPeHHHUM aBTOMOPGH3MOM, mepesoasiwumM S B S’ (HcHoJb30-
BaTh ynpaxHeHds 4 u 6).

8) IMocrpouts rpymny W u apa moavuoxectea S n & B W Takue, uro
(W, 8) n (v, s) Gynyt HeH3oMOpGHbIMH cHcTeMamH KokcTepa, oima u3
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KOTOPHIX HENpuBOLMMA, a Apyras — HeT (B3sATh B Kauectee W AN3NPANBLHYIO
rpynny mopsjka 12, nopoxkIeHHYIO MHOXeCTBOM {s, s}, rae § u s ~ 3JIeMEHTHI
nopsaka 2 H s %= §, u NOAOKNTE S={s, s}, a §" = {s5)? 5", s’ (s5)%}).

9) Iyers (W, S) — cucrema Kokerepa ¢ marpumeii (m (s, s)) u W —
noarpynna B W, cocrosimas H3 3JeMeHTOB uertHoit afamusl [Iycts so = S.
IMonoxuv gg=ssy. [lokasaTp, uro cemeilcTo (gs)s=s—{su)‘” COOTHOWIEHHSA
gms Sd—1 g m (s, sp) #= © (gsg"')’" (= qaa s¥ =S~ {50}

+
u m (s, §') % oo 0o6pa3yioT 3ajaHde (WA KOUPeisCTaBJeHHe) rpynnst W' .
{Iycrs HY — rpynna, 3alZaHHas ONHCAHHOH BhINE CHCTEMOH 06pasyioidXx o
onpejeasiouHX cooTHomenud, [TokasaTh, 4YTO CyllecTBYeT aBToMOpP(pH3IM

o -1

rpynnst HY ¢ KBaApaToM, paBHBIM 1, KOTOPsifi MepeBORHT gy B gy IA
Bcex s & S — {so}. Onpeneaurb B3aHMHO oGpaTHble FrOMOMOPHIMEL Ha—> W
u W->Hg, rae Hg — noayupsamoe npousseaenue rpynn {I, —1} u HY oruo-
CHTEMRHO O Hoxaaam, yTO €cad 3JeMeHTH MHoxecrsa S conpsikeHnl (cM.
npeasoxenne 3), TO Wt asasercs kommyranurom rpynnst W (3aMeTHTb, uTo
B 3TOM cJyuae 3JeMeHTH g¢ GYAYT KOMMYyTaTOpamH).

10) ITycrs A, — 3HakonepeMeHHass rpyiiia CTeNeHH M, COCTOSUIAS M3
nepecrauoBok w & &, ¢ curhatypofi 1. [Tokasats, uto «A, — xKoMMyTaHT
rpynnss &, (Mcnoas3oBath ynpasxkuenus 4 u 9). Ias JoGoro ue’aoro i,
I<<iKn—2, noaoxum U; == 8,5, (B o6osuaweHuAX ynpaxkHenus 4).

INokasaTtb, uyro cemeidicTBo {n;} u cooTHOWeHHs u?=l, u%=1 st i =2,
(uu; )3 =1 nas I<iKn—3u wp, ==, 1 3<i2<i<n -2
ofpaayior 3aganue rpynns Y, (ucnoassoBarth ynpakiedite 9).

*11) TMyers (W, S) — cucrema Kokcrepa. [lyers ', —rpad ¢ muoxe-
CTROM BepuigH S; aBe BepwuHB S M S CBs3aHb PeGpPoM TOrLAa # TOJRKO
Torga, koria m (s, s’) 5= oo. IlycTb Sy — cBsisHble KOMOOHEHTH rpada [

TMoxasats, uto W MOXHO OTOXKIECTBHTBL CO Cc80600ubia npousgedenues
rpynn W . B uacrthocTH, M060i syemedT w & W oano3HayHO 3amuchiBaeTcs

B BHIE nponaseueunﬂ W .s Wy, wi:#l, rae wiEWSai H d, q&aZ_H

aas | <<iKh— 1. IlokazaTsh, yTo A.JHHA 3JEMEHTAa @ PaBHA CYMMe AJHH
3MEMEHTOB @;. 4

12) Myets (W, S) — cacrema Kokerepa ¢ uerHnIMH m (s, §7) pas s 5= §,
n nycth X — noamHoxecrso B S. [ToxazaTh, 4TO CYiecTByeT, NPHYEM TOJNBKO
OIHH, rOMOMOpP(hH3M fX rpynnat W na W, Tako#, uto fy (s)=samaseX

nofy (s)=1 nasx s 8 — X. Busecry orcioga, uto W ecth nmoaympsmoe
npoussejense rpymunl W, u sapa roMoMmoppusma f. [MokasaTb, uTo ecau
XcY<S, 1o cymecTByeT eAHHCTBERHENT roMomopduam f. o rpynus Wy
na W x» AT KOTOpOro f,(—fx y ° [y u uto W oToxaecrsasercs ¢ non-
rpyrmou MPOEKTHBHON CHCTEMBI, COCTABJeHHOH n3 W korna X npoGeraet
GUIBTPYIOiIEECS MHOXKECTBO KOHEWHHIX MoAgMHOXcecTB B S.

a1 13) INycts (W, S) — cucrema Kokcrepa. Ilas s, s’ S onpegeanm
nOC/Ie10BaTeNBHOCTh @ (s, s”), pYKOBOACTBYSCH npaBHIAMH:

(i) ecau ss” umeeT OeckoHeuuHl#i MOPSIAOK, TO @ (s, s") — MycTas mocJe-
JIORATENBHOCT;

(ii) ecam ss’ mmeer OGeckomeyHbk MOPSXOK /M, TO TNMOCJIENOBATEJBHOCTD
a (s, s’) HMeeT AJHHY M H ee YeTHbIE WIEHB PABHH §’, a4 HEYETHHE §.
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O6osnaunm uepe3 a(s, §’) npouaBeneHHe 5AEMEHTOB MNOCJEN0BATENb-
HocTH a(s, s').

a) [TokasaTh, 4TO MHOXecTBO ofpasywnowux S n onpegessioniie COOTHO=

p ;
wesns =1 u a (s, s)=a (s, s) obpasyoT sajauue rpynaon W.

6) Ilycrs ¢ — nenoe yncao =1, I, — MHOMECTBO nocJegoBaTe bHOCTER
u3 ¢ sJeMeHToB B S, M nycth R, — HanGoJee TOHKOe OTHOUIEHHE 5KBUBA-
JIGHTHOCTH B 4, NP KOTOPOM nocJeloBarensHoctd Buaa (A, a (s, s7), B) u
(A, a(s,s), B) (rne s, s =S8, a A n B— noclesoBareabHoCTd 5JeMeHTOB
u3 S) osksusajtertHel. [lycrs EZ—MHO)KCCTBO nocaegoBarespHocTell § =
==(sy, ..., Sg), Takux, uTo w (8) =s; ... s; UMeeT ymuHy ¢. [Tokasars, uro

7’
NOCJAeROBATENLHOCTH 8, § & I/ 5KBUBANEHTHH 110 MOLYJIO Ry B TOM H TOJBKO

ToM cJayuae, korza @ (8) = w(s’) (DpoBECTH HHAYKIMIO O ¢ H nPUMEHHTH
upenanoxesune 5 nz n°5).
B) [Tokasarsb, 4To, A4 TOro YTOOH NOCAeNOBATEILHOCTE § & T, HE NPHHAL-

Jexasa 22, HeoOXOOMMO W JO0CTATOYHO, uTOOB § Obl1a SKBHBAJEHTHA no
MOJYJI0 R; n0OC/en0BATENbHOCTH C ABYMS PAaBHHIMH PSIOM CTOSMMMA 4YJe-
nami. (Paccyxkaas 1m0 HHOYKUHMH OTHOCHTEJBHO ¢, CBOAUM BCe K CIy4aio

NOC/IEA0BATEAbHOCTH (), ..., §,), He nNpuHaLTeKamed )32, HO TaKefi, 4To

o P 4 -
(o - sq_l) H (S -++» 8;) npunantexar X, ;. BocnosbsosaBues ynpa
KHeHneM I, LIOKA3bLIBAEM, UTO Sy, ..., Sq—{ =8y ... Sg, M NpUMeHsiem ynpa-

Kienue 6).)

*14) Tiycte (W, S) — cucrema Kokerepa, (T, f) — ee rpad Koxkcrepa,
M nycth k —uesoe uueao >3, a a-— pebpo rpada I [Mosoxum f, (@) =
=f(a), ecmu [(a) % oo, u f,(a)=F, ecmn [(a)=oco. [lyets (W, §)—
cicrema Kokcrepa, onpeiensiemasn rpadpom Kokerepa (T, [,) (ra V,§4.n°3,
caenctsne npeatoxenua 4). Ilokazats, uTo cyumecTByeT efUHCTRCHHLIY
romomopduam @, Tpynan W na Wk, MHAYIMPYIOWHA TOXAECTBEHH0E 0TO-~
Opaxenne nHa S. [lokasaTb, uTo ecan k [eauT K, TO CyllecTByeT eluH-
CTBEHHDBIl TOMOMOPDH3M @ .. rpynnm W, Ha W,, 119 KOTOpOro @, =

= Qp, g © P~ [lOKa32TH, 4yTO romomopduaM (p,) rpynnsl W B npoexTuBHbIR

npenen rpynn Wy sBAsIeTCS HHBEKTHBHHM (UCMOML30BATL ynpaxeerue 13,
B)), HO, BOOGIIE FOBOPS, HE CIOPBHEKTHBHLIM (Kak, HaiupHMmep, B cayuae Oec-
KOHEYHONl AHDIApaJbHOR Tpymmet). . .

15) 1) IMycts A — muoxkectBo v & — noamuoxecteo B P (A). DaeMeHTH
n3 ¢ paswBalTCA kKamepamuy wmHOXKecTBa A, a noavHoxectBo F kavepm C
Hasmpaercs aueixoid. Kopasmepnocrs siueitky F B C ecTb MOWHOCTb j0n0a-
wennss C — F. S$luefika F uaspiBaercess nepezopodxori Kamepn C, ecan F
umeer B C xopasmepHocTh . JIBe kamepsl C u C’ Ha3biBAOTCS CMENCHOILMY,
ecau oHH HMeloT ofumylo neperopoaky F. [asepeeil anuHBL n Ha3bBAETCS
nocaepoBatenbHocTe I'=(Cy, Cy, ..., C,) n3 n-+ 1 xamep, takas, uro C;
H Ciqpy cmexHp 0aa 0<Ki<Cn — 1. Kamepn C, u C, Ha3bIBAIOTCH KOHYAMU
rajepen I'. Tanepes T wasniBaercs wuwwexruswoul, ecan C;== C;yy pas
0<<i<{n—1; oHa Ha3MBAETCH MUKUMAAbHOH, €CAH HET Tajeped MeHbinei
JAJMHHEL ¢ TeMH JKe KOHLAMH.

') Ynpaxuenus ¢ 15 mo 24 B sToM naparpade, a takxe ¢ 3 no 17
B § 2, Goabmied wacThio nurge He onyGJanKoBaHmble, ObIH cooblIeEL Hau
K. Turcom.



48 TJ. 1V. TPYIINBl KOKCTEPA U CHUCTEMBI THTCA § 1

MuoxectBo A (crHabxkeunoe &) HaszmBaercs aucambiem '), eciH Kax xbiit
aneMent n3 A NpUHALNEKNT KaKOH-HHGYAL Kamepe u ecsH Jo6hie JBe Ka-
Mepul ABASIOTCA KOHIAMH HEKOTODO# raneped. Paccrostuesm Mexiy AByMsi
xamepamu C u C’ HasuBaercs anuda d (C, C’) MHHHMaJbHOM rasfepeHd ¢ KOH-
uama C u C7,

Cexyued ancaMbas A HasublBaeTcs HogMHOXectBo D < A, Ttakoe, uto
ectn D cmabzath cucremolt €SP (D), To moayuures aHcam6ib,

a) [Tokasatb, uTo B aHcambme A mo6Gas suefika MMeeT OQHY H TY Xe
KOpPasMepHOCTh BO BCeX Kamepax, B KOTODHIX OHa COjepKHTcA. ITO jaer
BO3MOKHOCTb FOBOPHTb O KOP23MepHOCTH A4eHKH WJH meperopogku B A Ges
ykasauua vyacTHOH Kamepul. Mopdusmom ancambns B B A uaseiBaercs 0TO-
6paxeune f: B-> A, Takoe, uto cyxeude f Ha mobyw xamepy C ancambia B
ecth Oumexkuuss C Ha xamepy f(C) ancam6ns A. ITokaszaTh, ygo o6pasom
Aveidkd aHcamGasn B npu otoGpaxennH f sAsasercs suedika ancambas A
To# Ke KOopa3MepHOCTH.

6) AucaM0Oab Ha3HBAETCH QnAPTaMenTOM (HIH NAOCKUM aHCaMbaem), eclld
Kaxjas ero [eperopojKa COZEePKHTCS TOWHO B JABYX KamepaX. IToxasars,
uyto Mo6oli asromopduam amaprameHTta A (T. e. moGas NePeCTaHOBKAa MHOKe-
ctBa A, coxpausowan ), ocTapasOwWHA HEeNOZBHKHBIMH BCE TOUKH KaKoH-
uubynb kKamephl, ToxpecTBeH. Bosee ofuro, mycTh ¢ — 3HIOMOPHH3M MHO-
wectsa A W C —xamepa B A, takad, uto @(a)=a amaa mcex a<C.
Ilyets (C, Cy, ..., Cp) —ranepes B A. Ilokasatb, uto nuGO ranepes
(C, 9(Cy), ..., 9(Cpn)) He HHDBEKTHBHA, NH60 @ (a)==a puas JOGOH Toukd a
3 obbenuHedns scex C;.

16) ITycte (W, S) — cucrema Kokcrepa. s moGoro snemesra s < S
0603HauuM uepes wes) HOATPyNny Ws-—(s) rpynosl W, uepes A — Muoxe-

¢TBO mHOZMHOXKECTB rpynon W BH1a WS rre weWuseS, yepes

G — MuoxkeeTBo moamHoxkecTs B A Bupa Cy = {wW(S) = S}, w <= W, xoro-
peie OynyT HaseiBaTbhesi Kamepamu B A (ynpaxkuenue 15).

a) ITokasars, 4To w > Cy ecTb Guekuus MHoxectsa W ua G.

6) ITokaszaTb, uTO AJA TOrO 4TOOH JIBE Pa3NHUHLIE KaMEDH C,nCy,

OblH  cMEXHEIMH, Heo6XOIMMO M JOCTAaTOYHO, YTOGHI CYLIECTBOBAJ 3JEMEHT
se S, anxs koroporo w’ = ws. Busectu orciona, uro A (co crpykrypoit €)
fABJfAeTess anmapramedtoM (ynpaxkuenue 15), HasmBaeMbIM amapTaMeHTOM CH-
cremn (W, S). ITokasartb, 4to ANUHA MHHHMANLHONH raieped ¢ KoHuaM# Cgy
u C,. pasna Ig(w—'w’).

8) Iyets §& — muoxectBo sueek ancaMbas A u F= §. [lokasats, yto
CYLIeCTBYIOT OHO3HauHO onpesesenHoe MHoXKecTBo X B S M saement w & W,

Takue, ytro wW i. Tomopar torma, uto F — suefixa runa X. IToka-

x =
ieF
3aTh, 4YTO KoDa3MepHocTh suefiki F paBHa mommuoctH muoxecrBa X. IToka-

3aTb, 4T0 oTOOpaxkeHHe j: F b—> n ectb crpo2o ybusarowjas (110 BKMOUe-
ieF
HHIO) Ouexyua ¥ Ha MHoxXecTBo noamuoxeets B W BHza wa mawsW

i X < 8. Tokasarb, uTo mJaa Jo6oro MHoxecrsa Y, Takoro, uto X <Y < §,
Kaxpas sivefika THma X comepXKHUT AuchKy Twma Y, W NPHTOM TOJIBKO OJHY.

) Mimeercss B BHay apXuTekTypuulii asmcamOanr (cHcTeMa 37auuél Mo
zoM — immeuble), 4yTo HaxoZMTCS B COOTBETCTBMH € HarJfgIHO TE€OMeTpH-
ueckO TepMHHOJOruedt, NPUHATON B ynpaxseHusx 3Tof xHHrH. Hrorza
ancam6nb, accounsposanunti ¢ unapoit ((7, B), rze B — nogrpyma Turca B G
(cM. ynpaxHeHHs K § 2), HasHBaeTCA TaKKE OCHOBOE COOTBETCTBYIOIIEH
cucremsl Turca. — Ipum. ped.
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r) Fpynna W peficTByer Ha A nocpeicTBoM JeBbix nepexocos. [lycrs
C = C,. Tlokasars, uro W peficteyer Ha € npocro tpamsurusuo!). IMycrs

Cy, ..., Ch—xKameps B A. VYCTAaHOBHTH SKBHBANEHTHOCTH CJEAYIOMIHX
yCI0BHH:

(i) nocaenosateabsocts I'=(Co==C, Cy, ..., Cy) ABAACTCT HHBEKTHB-
HO# Tafnepeef;

(ii) cymecTByeT NOCAeAOBATEJBHOCTE 8= (S, ..., Sp) 3JEMEHTOB Hu3 S,

rakast, uto Cj=1£;(Cy~) nas [ <i<{n, rre {; — sjeMeHTH NOCTE10Ba-

reabnocty @ (8), onpeiesennsie dopmyaoit (I1) s n°4.
TTokasaTh, YTO €CAH STH YCJOBilsl BHIIOJIHCHH, TO NOCJACLOBATEILHOCTL §

eanHcTBeHHa H Cp =35, ... 8, (C). Tlokasars, uto raJjepes T MuwuMmaJbHa
B TOM M TOJBKO TOM CJlyyae, Korfga rnocjgenoBaTejsHoctb 8 (I') =S5 ectb npu-
BejleHHO® PA3I0KEHHE 3TeMEHTa W ==5; ... Sy

n) Myers T — ofbenuuenue MIOXKECTR, conpsikenHnx ¢ S. Hum fT
o6o3Hauuv yepes L; H Ha3oBeM c¢Tewkod, OnpeneseHHOR sJAeMeHTOM 7, MHO-
KecTBo ToYeK M3 A, uHBapuHanTHbiX oTHOoCHTesbHO f. [lokaszath, 4TO L; ecThb
ofbenvHene NEPeroponok H uTO HeoOXOIHMOe H I0CTATOYHOe YCJOBHE MPH-
HalaexxHocTH meperopoaki F creHke Ly 3akJiouaetcs B ToM, uTo i (F) nmeer
B wW{s), rae {=wsw—!. BuwBecTu orcoza, uTo maJgs JOGOfi nepero-

ponkn F cyuiecTByeT, ¥ IIPUTOM efnHCTBeHHbIH, adement f = { (F) & T raxof,
yto F = Ly Tlpu arom L; nasuiBaercst nocureaem neperopoiku F.
[Mokasate, uto ecan w (L) =1L; (nna we W), 1o w=1 uin w={.
e) Qua @', "W nonmoxkam C = w’ (C), C”=w"(C). MNyers T'=
=(Cy=C’, Cy, .... Cp,=C") — uubexTuBuas rajepes c xkoHuamu C u C”.
Ilyctb ¢; — snement H3 T, onpenensiomuil CTEHKY, — HOCHTeNb TEPEropPOIKH

CiNCj-y, 1j<<n. Tlokazate. uTo nocnrepnosarenshocts W ()=

=(w"lt1w’),<,<n coBmanaer ¢ moctezosategvuoctoio O (s (w'_l(I‘))).
Oass t =T obosnauum cumBosom n (I, {) uucyo BXOXKIenud sjeMeHTa

" tw B W (T'). BuBecTu u3 gemmu 1, n°4, 4T0 uHncno (—l)'”r' Y sapucur
todeko oT C' u C”, a ue or I OGosuayum ero uepes 4 (C, C”, f). Tloka-
3aTh, uTo cooTHomenne n (C°, C”, t)=1 onpenenser OTHOWIEHHE SKBHUBA-
sneHTHOCTH MexAy C’ u C” o 4TO COOTBETCTBYWOUIME KJAACCH HKBHBAJEHT-

HOCTH nepecTaBastioTcst ageMeHToM f. OGosHauum uepes ¢t (£) ToT M3 3THX
IBYX Kiaccos, Kotopuit comepxut C, a uepes G~ () — npyrofi

Mokasats, yTo 1% w =W u s S xavepa w (C) npuuagaexnt G (s)
B TOM H TOJBKO TOM cJyuae, korza [ (sw)>{{(w).

&) IMyctb At ) (coors. A~ (f)) — o6bennnenne Kamep, NpHHAIIEKA-
wux G&* (7)) (coors. G~ (f)) (znn { = T). Tokazats, uto AY ()N A~ (H)=L,.
(Ins moxasateanctBa Bkaowenus AY (£)() A~ (1) = Ly cmemem Bce K Cay-

gaw, korga te 8. Ipy a& At ()N A™ () nonoxum a=wW® ¢ s=Sn
c (5, 8 — {s} )-npuseneuuum sxementom w (yupaxuenue 3). Ecn w(C) &

e 7 (t), o [ (fw)y<Il(w), n w="s, ... S, THE S]ES, Tak uto [ (w) =

==¢ + 1. Tlockonsky ae A~ (f), cymwecTsyer SJeMeHT X & Ww'® rakoit, uto
wx (C)e G (/). Hmeem Torza

[(twxy=14+1(wx)=1+41(w)+{(x).

1) Ilycte H — rpynna, neficTByiomas Ha HenyctoM MuoxecTse E. el
creue f HasuBaercs npocro Tpansurusatim wa E, ecntu npH JoGoM x € E
oToGpaxenne h+—>h. x ecth Ouexuuna A Ha E. MuoxectBo E Ha3amBaercs
eie eaasnoim 00HOpOdnsIM MuowecTeoM A H.
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m
-

Ho twx=1=5; ... sgx, uTO TNpPHBOMMT K nOpotuBopeunto. TakuMm obpasowm,
w(C)e () u l(tw) =14 {(w). Ecan x — snement 3 W, gan roro-
poro { (fwx) <! (wx), TO NPH MOMOIUH YNPamHeHUs ]| BLIBOAUM, uTo fwx=wx’,
!
rae ¥ € W), Orciona ta=a n acsL,)
+ —

MHonmuoxecrsa A~ (f) u A~ (f) HasnBawTCA nosogunamy MHOKecTBa A,
onpejeleHHbIMH cTeHKOH Ly Mel ckaxeM, 4yTo nBe TOukH MHomecTRa A4
JexaT no OAHY CTOPOHY (COOTB. CTPOro NO Pa3HHe CTOPOHH) OT Lj, ecaH
oHu ofe nIpHHAANEXKAT OAHOA M3 3TUX NOJOBHH (COOTB. He MPHHAILIEKAT
oGe nn opHoft W3 Hux). Kaxnaa sueiika JeXuT B OJHOH H3 NOJOBHH, Oipe-
penennbix creHkofl Ly Ecan pnbe Aueliky cogepxarcs B pasHuX TNOJNOBHHAX,
TO MB CKaXKeM, UTO OHH /JIekKaT 0 PasHee CTOPOHH OT Ly uan uyro creuxd Ly
HX pasjesser.

®) Ilycrs w = W. Ilokasars, uto [ (w) paBHO YHCAY CTEHOK, pasie.si-
wux kamepsol C u w(C).

3) TMokasath, uTo oTOGpaxenue @, xoropoe mnososuue A7 (f) (coors.
AT (1)) conocrasasier mapy (1, f) (coorB. (~—1, t)), ectb OHeKius MHOMKe-
ctBa M noaosuH MHoKecTBa A HA mHOXKecTBo R =={l, —1}X T (cp. n°4).
3aumcTByst nOHsATHA JeMMbl | u3 n°4, nokasars, uro @ (w (M)) = Uy (@ (M)),
KaxoBbl Obl HH Obin w= W n M = 9IN.

17) CoxpanuM oOo3HaueHHs ynpaxHenus 16 ¥ npeanoJoxmuM, YTo
rpymna W koneuna. IlycTe § — muoxecTBo cTeHok B A. Kaxknofi crenke

+
H e 9 conocrasaM nodoenHy H~, onpenenennyio H u comepxaulywo Ka=
mepy C. [lokazaTb, 4TO 3/eMeHTH H3 P MOKHO MPOHYMEpoBaTh TaK, YTC

otohpaxenue |—> n H?' Oyner cTporo yOHBaIOWHUM Hd HHTEpBajle
i<

i1, Card (D). (PaCCMOTpuM cemellcTBO {§ nepeceueHHl MHOXeCTB H*, yno-

PSANOYCHELIX 110 BKAKYEHHIO, ¥ CTPOTO YOHBAIOWIYI0 NOCAEA0BATeNLHOCTD

(Fo, ..., F;) makcamManbHOR AAMHHL 3JaemeHToB H3 . Hag aoGoro H € H

cyllecTByeT { Takoe, 4TO HY = F; upn jz=in H 2 Fi-,. Ilokasats, uro
Fi=H"\ Fi_y)

18) Iycrp A — apaprament (ynpaxsenue 15). /Tepezubon anapramenra A
H430BeM Takoi ero sHpgoMopduaM m, uro mZ=m W Kaxpas KaMepa B A
aBpaserca oGpasoM npa ; aubo 0, mubo 2 kamep.

a) flycth n— neperu6 anapramenta A u C — Kkamepa B A TaKasd, 4TO
7 (Cy=C. Ina moboi cmexuolt ¢ C kamepn C’ Mu umeeM aubo n(C)=C",
anbo n(C)=C, Ecan a=C, 10 n{a)==a. [lyers (Co=C, Cy, ..., Cp)—
ranepes. [lokasath, uro Ju6o 7 (C;)==C; nas Bcex i, aubo (Cq, 7 (C}), ...
.., 1 (Cp)) HemHuHMaAbHA (M HMEIOTCSI JBe ONHHAKOBLIE IOCJe0BaTeNbHbIe
kamepn). [ToayunTb oTciona, uTo MHHMMAaAbHAs ragepes C KOHUAMH, HiBa-
PHAHTHEIMH OTHOCHTEJABLHO T, caMa HHBAPDHAHTHA OTHOCHTEJIbHO . Ecau
(C=C,, C,, ..., Cp)— muaumanbias raiepes # n(C,) 5% Cpn, TO Cywmecr-
ByeT Takoil nuxekc i, 0<Li<n, yto n(C;)=C; npn 0<Lj<imn(Cy) = Cy
nmpu ( <ji<u. . ,

6) Nyers C,, C,— pBe paaaWyHHe CMEXKHBIE KaMepel H 7, I — nBa
neperuGa anapramenta A, ITpeanonoxuM, uro m(C,)=C, n ' (C,)=C,.
Hyers C — kamepa. PaccMOTpHM TPH CHAEAYIONIHX YCAOBHS

(1) a(C)y=_C;
(2) d(C, Cy))<d(C, Cy);
(3) 7' (C) #* C.

ITokasatb, uro (1) = (2) => (3), 4 NOAYYHTH OTCIOA@, YTO 3TH TPH YCJAOBUR
skBuBaseHTHH. IlokasaTe, 4To ; (COOTB. T') — eAHHCTBEHHHHA nepernd MHO-
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x)ectea A, nepesojsmuii C, (COOT,B. C)) B C, (coors. Cp). (ITyers ycao-
guc (2) BHIOOJHEHO, H MYCTh (C,, Coreniy Cn=C)—- MUHHMAJIBHASA rafepes.

14 7
TTokazats, 4TO T (C]-+])-—611HHCTB6HHB$I KaMmepa, OTJIHYHAS OT n'(C;) H

coiep:Kamas Meperopolxy n,(C;-ﬂC;H).) Hokasats, uto = (6) u o’ (€)
o6paaylT pasCuenue muoxkectsa € kamep B A u yto nn(a) =n'(a) =a man
scex a e n(A)Na (A). [Mokasats, uTo oToGpaxenne A B ceba, coBnagaw-
mee ¢ nn” Ha n(A) u ¢ ; Ha 7' (A), ABAACTCA HHBOMOTHBHHIM AaBTOMOpPHU3-
mom mHoxectBa A. Ou HaselBaeTcs OTpajxerues OTHOCHTENBHO MEPEropPoIKH
C,NC, Tloxasare, 4TO 9TO — €AHHCTBEHHHIH HETPUBHAMBLHLIA ABTOMOpPGHU3M
MHOXKeCTBA A, OCTaBJAfOWHUA HeMOABHKHMM Bce Touku C;(1C, (Hcnoabso-
BaTb ynpaxuenue 5,6)).

B) ITycts A — amaprameHT, accoUMMpOBaHHBK ¢ cucremoil Kokcrepa
(W, S). Bepuemcst x o6osHauennsiMm ynpawnenns 16. ITycte C; u Cy — ape
CMeXKHble KaMepnl u f — Takoii 3jseveHT u3 T, uTO cTeHka Ly siBasteTcs HOCH-
TeqeM neperopoakn Cy1C,. Ilycrs My — nonoBuHa A, onpenenenHas L; u
cozepxawas C; (mra j==1, 2). IToxasaTtb, 4T0 oTo6paxeHHe m, ompeseei-
HOe paBeHCTBOM N (a) = a, eciu a = M), H n(a) =1 (a), ecin a & My, ecTs
neperuf anapramenrta A, aas kortoporo m(Cp)==C;, u 4TO OTpaxkeHHe OTHO-
cuteanyio neperopoaku C;NC, ectb ortoGpaxeHue a >t (a).

19) IMycte A — anaprameut. IlpeanosioxKHuM, 4TO AJIS TPOH3BOJLHBIX Pas-
anynpiX cmexHeix kamep C; u C, cywecTByeT mepern6 (ynpaxHeHue 18)
smuoxkecrsa A, nepesoguunii C; B

[Tycts C —xkamepa B A u (C;); o ; — cemelicteo kamep, cMexHbX ¢ C

u ortauunx ot C. OGo3HawnM uepes s OTPaXKeHHEe OTHOCHTEJBHO nepero-
i

poaxu C(1C; (ympaxuenne 18, 6)). [Mosoxum S={s;!i eI} u oGo3nauum
yepes W rpynny astomopdu3MoB anapraMeHta A, NOPOXKIEHHYIO JIE€MEH-
TaMu §;.

a) [Mokazars, uro aJs JoGoft kamepw C’ uafinercs Takoi anement weW,
qro C’= w (C) (nposectn mHaykuuio no paure d(C, C’)).

6) Tloxkaszats, uro (W, S) sBasercs cucremolt Kokerepa, (Huas i/

O JOXATH
P, ={weW|u(C)cmx;(4)
H

rne sy — neperu0, nepeBOASIUHA Ci B C, I 10Ka3arthb, YTO YCJOBHA NpeaJo-
xenus 6 Boinosmensl. JJst gokazarenbcTBa BHnoauuMoctd ycaosus (C') cae-
AyeT 3aMeTHTh, 4TO €CIH @ & Psl_ " wsjsé Psi, TO

@ (C)N ws,; (C) = (AN s, (A)

Tax xak xamepol w(C) u ws;(C) — cMexHbe, TO MH NOJAyyaeM OTCIOAa,
aro ;= wsjw—! (ynpaxnenue 18, 6).)

8) ITycts F — sauefia kaMepw C. Tlokasats, uro craGugnsatop W
sueiikn F B W nopoxpaercs saemenrtamu §; & S, pas kotopuix FUC(Cy.
(yers w = WF el (w) > |, u nycems i & [ Takoso, uro @ = §,@’ ¢ I (@)=
==I{(w)—1. B cuay npeatoxenus 6 umeem w’ =P, orxyna w(C)c

i
<=1, (A), Faen, (A sm(A) n s; < W .) B uacrnocrn, w (C)=C rorna
H TOJbKO TOrAa, Korga w == 1.

r) IMTokasate, ur0 oTOGpaxenue at—> W, sBjserTcs H30MOpHUIMOM
anapramenta A Ha anaprameHT, accouuuposanusiit ¢ (W, S) (ynpaxuenue 16),
H YTO 3TOT H30MOP)H3IM COBMECTHM ¢ HeficTBHeM rpynnm W

20) ITycts A — ancambap u S — MuoxecTBo. Mu ckaxeM, uro A npo_
HYymepoean muOKecTBOM S, ecqau 3agaHo oToGpaxkeHue | MmuoxecTsa A B S,
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Tagoe, uTo 1Ja Jjqio6oit kamepel C aHcaMbas A cyxeHue f na C ectbh Guek-
yus xamepsl C Ha S. Ecan F — saueiika B A, To [ (F) nasbiBaercs ee runom.
Iycts A — npoHyMepoBaHHH ancaMOub. Dujpomoppusm ¢ ancambis A Ha-
ablBaeTcs JORYCTUMbIM, €CAH @ ¥ ¢ (a) MMEIOT OIMH I TOT XK€ TUN npd
Beex a € A

a) Iyctb @ — sujgoMopbusM avcambian A. [Tokasarth, uTo ecau B 4 ecTh
kaMepa C, Takas, 4T0 @ H @ (@) HMEIOT OIMHAKOBHA TUn npH Beex a & C,
To @ — ponycTHMEA sunoMopdnam. flokasaTs, uTo ecin A — anapraMeHT H
7t — ero mnepern6 (ynpaxHenue 18), To m — ponycTuMedi 3HAOMOPGH3M.

6) lMonMHoXecTBO D < A HashHBaeTcs auinyKasnim, ecau pas moboro
acs A — D cymecTByeT ZOOYCTiHMbIN sHAOMOPDNIM @ ancaMbas &£, Tako#, 4To
@(x)=x npu Bcex x= D u q(a) % a. TlokasaTth, uTo nepeceueHue BHI-
NYKAHX MO AMHOXECTB BCerla BLITYKIO H 4TO IJ# JIOGOro MmoAgMHOXKECTBA
D c A cymecTBYeT HaHMeHblliee BbINYKIOE MHOXECTBO, €ro COLEpiKaliee.
3710 BHINYKAOE MHOXECTBO Ha3HBaeTCHd 6unyKkaol 060.104Koii MHoXecTBa D
u o6Gosnauaercs cumsogaoM I' (D).

21) Mycts (W, S) — cacrema Kokcrepa nm A — accouuupopanumii ¢ Heit
amapraMedT (cM. ynpaxkueHue 16, 0603HaueHHN KOTOPOTO MHl TIPHAEDPIKH-
BaeMcs).

a) MoxasaTb, 4TO CyulecTBYeT, H IpPHTOM €IXHHCTBENHAs, HyMepauus
(Ha3mBaemas KaHOHHYECKON) MHOXecTBa A, naa Kortopoil THn sueitkn F co-
BnajaeT C THIOM, OnpeleJeHHbIM B ympakueHuu 16, B). Mu O6ynem Bceraa
paccmarpuBaTh A ¢ 3TOi HyMepauHei.

6) ITokasaTtp, uTO JONYCTHMBIMH AaBTOMOP(H3MaMH anapTamedTta A
SBJAAIOTCH JieACTBHA saeMmeHTOB rpynnn W.

8) Mycte D — nomMuokecTBO B A, conepxamee XoTs Gl OXHY Kamepy.,
YCTaHOBHTb 3KBHBAJEHTHOCTh CJEAYIOHIHX YCJIOBHIL

(i) D ectb nmepeceuenHe moJoBHH MHOXecTBa A (ynpaxuenne 16, é)),
cogepxamux D;

" (ii) D BHINyKa0;

(iii) xakoBl Ol HM OHTH suefikn Fy m Fy, comepxammecs B D, pu-
nykaast ofonouka muoxecrsa Fil F, comepxurcs B D,

(iv) kakoBul 6 HH GpitH Kamepa C; M suefika F, coxepxkamuecs ‘B D,

M KakoBa 6nl HH Obuia ramepest (Cy, ..., Cp), o6nanaomasn HauMeHblieil Bo3a-
MOXHOi AJuHOR M Takad, uro F < Cp,, wmeoT mecTo BKaouenus C; < D,
1<<in.

(Oas nokasaTenncTBa uMmankammu (iii) = (iv) HCNIONTb30BATh Yl pakKHe-
nne 15, 6).) Ilpu nokasaTenbcTBE HMIIMKALHH (iv) = (i) nposectu paccy-
JXJAeHHE OT TPOTHEBHOrO. nyCT,b D’ — nepeceuenne nostoBuH anapramenta A,
conepxamux D. Tlyctb ae D' —D, Cy — KaMepa B Dn (CopCy, ..., Cp)—
rajepes HanMeHBLIEH JUIHHBL, AT KoTopoit a & Cp. Torpa C; < D' zast Beex |,
IMokasaTb, 4TO CylIeCTBYeT Takoe netoe uHcao j, 0Kj<n,uto C;=D g
Ci+1 & D. Tyete M (coors. M) —mnonxoBuna A, onpejesieHHas CTEHKOH —
nocurenem neperoponkd CjNCj+1 ¥ conepxaman C; (coors. Cjy,). Tlo-

4
ka3aTs, uro D& M. Ilycte b= DN(A=M) u I‘=(Cj, C{, ceey Cp) — raje-
o 7
pes MHHHMAIbHO!M BO3MOXHON JJIHHM, IS KoTopoit b & Cp,. Torna C; <D,

1<k p, n C; M. IMycts 7t — neperu6 anapraMeHta A ¢ o6pasom M’
(ynpaxuenne 18, B)). Torpa J'C(Cj)=cj+l, u ranepes = (I') HeuwbexkTHBHA

(ympaxuenue 18, a)). Ecom T/ =(C,-+1, CYy.nns C;,’_2, C;,)— ranepest, KoTo-

pas nonayuaercas ua wn(T) ynaremueM ogHO# H3 jBYX NOCHELOBATENbHBIX

/4 V74 4
ojuHakoBex kamep, To raxepes (C, C;yy, Corevny Cpo Cp) 6yper yxe
MIHEMAAbHOM, coracHo onpegenennio raitepen I'. Ma ycaosus (iv) Bhirekaer

roraa, ytro C;y, < D. IlpoTHBOpeuse.)
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92) Coxpanum o6Go3HaueHUss ynpaxkHeHu#t 16 u 21,
a) Tlyers t T u w e W. Tokasats, uro kamepu C H w (C) pasneaeHbt
cTenkoii L; B ToM ¥ Toabko TOM cayuae, korna [ (tw) <! (w) (Bocrnoabso-

paThCsl neperu6oM Ha MNOJOBHHY A+(t)).
6) Iycts wy = W. YcTaHOBHTb 3KBHBAJEHTHOCTb CJAEAYIOUIHX YCIOBHHA:
(i) [ (wwo) =1 (wo) —I(w) pnsa Bcex weE W;

(ii) I (fwo) < I (wy) ana Beex t =T,

(iii) xaxoB 6m Hu Obl1 saemeHT t € T, Kameps C 4 w, (C) pasgeasioTces
creHkolt Lg.

Jlns nokasarenbcTRa ummmmkaumu (iii)=»(i) Bocmoab3oBaThes ympax-
HenueM 16, x)).

ITokasaTh, 4TO 3JeMEHT W, C OMHCAHHHIMH CBOWCTBAMM ONmpejEJieH OIHO-
3HAYHO M CYLLECTBYET B TOM H TOJbKO TOM cJjydae, Korja rpynna W xoweuna.
Torpa ¥M dBifeTCsl 3JeMeHT HauGoabuwied naunbi B W, xapakrepuayemuiii
TeM, uTo

(iv) I (swy) < I (wp) ans Beex s S.

Kpome Toro, ws =1, woSwy =S n I (wg) = Card(T).

B) ITycrs rpynna W koHeuna. Ilokasats, uTo aasa JMoGo#t kamepsl Cp
CYIleCTBYeT, U NPUTOM €JHHCTBEHHas, kKamepa — Co, Takas, uto CyU(— Cp)
HEe CONEPXKHTCS I1eJHKOM HH B Kakoil nosnosuHe anaptameHTa A. ITokasars,
YTO CYLIECTBYET € AUHCTBEHHHH MHBOMOTUBHHA aBToMODU3M (He obs3aTesbHO
JNONYCTHMbIH) @, Takofl, uto @(Cy)==— Co pmus moGo#t kamepu Cp, u
¢(Ly=L pnsa moGoit crenkun L uza A. Hdas a &< A noroxum ¢ (a) = — a.
Ecta F — suefika, 10 — F = @ (F) HasuBaeTcsl npOTUBONOAONKHOH K Heh
fAyeHKoH.

r) Ilyers Co—xamepst B A u F — ee meperopojka. Ilokasars, yTo:

BHNYKJIOH o6osmoukoit Coll (— F) siBasieTcs noJjopHHa amapTaMeHta A, onpe-
JeneHnas ctenkoéi L ¢ HocuteneM F u cogzepxamas Co.

23) CHoBa ucnoabsyeM obosHaveHust ynpaxnenus 16. Ilycts Aut (4) —
rpynna aBTomoppH3MOB anapraMenta A. Ilokasat, 4To aBTOMOpP(hA3IM
¢ = Aut (A) nepecraBiseT cTeHKH anapramentra A u yro ete—'eT s
Beex ¢t & T (Bocnonb3osaTeesl ynpaxHendem 16). [loayunTs orciofa, uto W
(oToxaecTsiennas ¢ noarpynnoii B Aut(A4)) sBaseTcs HopMmaapHOH moArpyn-
nofi u uro Aut(A) — nonyupsMoe mnpoHaBefeHne noArpynnn E aBTOMOp-
¢u3MoB, coxpaHsomux kamepy C, Ha W. JlokasaTh, urTo geficteue Aut (A}
na W onpenensier usomoppusM rpymnsi E Ha rpynny aBToMOp$H3MOB cH-
crempt Kokcrepa (W, S) wm, uro To xe camoe, rpadpa Kokcrepa cucTembl
(W, S) (cm. Takxe ynpaxuenue 19).

24) Mbl HazsoBeM CTpYkTYpHoiM axcambaem ancambin I ¢ cueremoin ¥
CeKUHii, YNOBJETBOPSIOEH CACAYIONIMM YCHOBUAM:

(CA 1) Cekuun A ¥ sBasmorcs anapraMeHTaMH,

(CA 2) Ise kamepw B I conepxarca Ho KpaiiHel Mepe B OIHOM H3
anapTaMeHTOB CHUCTEMH

(CA 3) Kakosn 6w uy 6eutn A, 4, = ¥, Takue, aro nepecevenne A;{] A
CONEPXHT KaMepy, CyliecTByeT HaoMopdusm A; Ha A, ocTaBASIOLMS He-
HONBHAKHEIMHE ToukH H3 A [} A,

Mycrs (I, W) — cTpyKTypHeldl aHcamGib, DnemeHTH cuctemul ¥ Hasw-
BaloTcst agnapramenteny napu (I, %) wan npocto aHcambas [.

a) TlokasaTh, 4yTO amapTaMmeHTH ancamGas / nomapHo naomopdusl ITyeTs
C —kamepa B [/ u A — anapramenT aHcamb6as [, comepxammit C. ITokasaTs,
YTO CYLIECTBYET, H TOMBKO ONHH, 5HAOMOPpH3M p ancaMbis / (HaspBaeMbIH
perpaxyueii I na A ¢ yenrpom C), takohi, uto p(a)=ga aaa Beex a < A
W AN Besikoro amapraMenta A’, comepxamero C, cyxeHue p Ha A  ecThb.
usomoppusm A’ ua A, (Mcnoansys yerosne (CA 2) u ynpaxenne 15, 5),
OTMETHTb TO OGCTOATEALCTBO, uyTo AAs Jioboro amapramenta A, cojepxa-
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giero C, cylfecTByeT eRMHCTBEHHBI #30MopduaM p A OCTABJASIOIME Heno-
ABHKHBHIME Bee Toukn Kamepot C.) ITokazarts, uto p?==p u p~!(C)=C.

6) Ilycts A — anapramentr B I, Co — kamepa u F — siweflka, comepixa-
masges 8 A. Iyete (Co, Cy, ..., Cp) — ranepes naumenbleii BO3MOXXHOM
anuHel, Takad, uro F < Cp,, Ilokasats, uro C;c A aas 1 <<i<n (paccy-
xpenne oT npotusHoro: ecan C; < A n Cyypy & A, paccMOTPeTh peTpaKILUIO
-aHcaméaa [ na A, ueHTpoM Kotopoil siBisteTcss Kamepa B A, otamunas ot Cj
# coxepxaman C;1Ciyy).

B) llycts A — amaprament b [, C — xamepa B A, F — neperopojka
8 C, C" —kaxas-to apyras xamepa B [ u I'=(C,, ..., Cp = C’) — ranepen
HanMenbwe#d Bo3MOXKHOM ANNHB M TaKas, uro F < C,. ITokasats, uto perpax-
una p ancambas [ na A ¢ nenrpom B C nepesoant I' B rasepen

(Ch ... €, =p(C)

I
‘TAKyI0, 4TO NJHHA ee MuEHAManbHa u F < C; (paccmorperb amaprament A’,

cozepxamuii C’ m F, 1 ncnoassoBath 6) H TOT ¢akT, yTo cyxenHe p na A’
ABaseTCs M30MOPDHHIMOM).

r) yets A — anaprament, C; 1 Cy, — gpe Dasjuynble CMeIKHBIE KAMEDH,
conepxatmnecss B A, C’ — Kamepa, comepxamas {1C, u ormynasn ot C,

# Cy, Aj— anaprament, cogepwawmii C;, u C (man i=1, 2). Iycrs g,

(coots. ;) — petpakunn [ ma A (coots. A}) c uenrpom C; (coors. C’), n
nycTs P, — CyXeHHE @, Ha A. Ilycte C — kamepa B A. Ilokasats, 4To

ec.1n
d(C,C)<d(C, Cy),

10 0y (a)=a pas Becex a=C n d(C, Cy)<d(C, Cy) (paccmoTpeTs MRHHU-
masbhylo rajdepeio I' ¢ kouuamm C u C; a NPHUMERHTH B) AJIs  [JOKA3aTe/h=
-ctBa MuuumansHocte p, (T'); ucnoapsoBath 3arem ynpaxkHenne 15, 6)). ITo-
kasath, uro ecmn d(C, Cy) < d(C, C)), 10 p;(C) # C n i (C) =p, (C)
(B3ATh MHHUMaJBRYIO rasepeio I' ¢ Konuamua C u C, U ¥CHOJB30BAaTh Bz AR
JiokasateabcTBa Toro, uro o, (I') — rasepes MuHUMasbuO# BO3MOXKHOH HTHHHL
M Takasl, YTo OLHIM ee KoHUOM cayxnt p; (C), a ppyraM — Kamepa, cozep-
xkawas Cy[]1Cy; BeBecTH oTCORa, uTo d (Cy, 1 (Cy)) << d (Co, p1 (C1))).
[Tokasarb, uro p; — nepeeut (ynpaxmenue 19) anapramenta A (noxasars,

qto A =p, (A)Ups(A), ¥ onpesesuTs HHBOMIOTHBHWI aBToMoppu3M G anap-
TaventTa A, nojoxus o (A)=p,(a) npn a=p,(A) v o(a)=0p,(a) npu
a < p;(A); nokasars, uro ecau C — Kamepa, cogepXamasncst B p; (A), 10
prH(C)={C. p2 (C)}).

1) Ilyete [ — npocrpancreennoi (Ana emecTurensHoii) CTPyKTYPHBIH aH-
camGab, T. €. Takoft aHCamGJlb, YTO JMio6ast Ieperopoxa CoAepKUTCs 1o Kpaitnei
mepe B TpeX KamepaX. [TokasaTb, uTO Cyle€CTBYeT, H-C TOUHOCTHIO IO H30MOp-
¢H3Ma ToabKo onna, cucrema Kokcrepa (W, S) takas, gto amaprameHTH B [
n3oMopdHH anapramenty Ao, accounnpoBannoMy c cacremoit (W, S) (acmonb-
3»path ) u ynpaxkuenne 19). ITycts A — anaptamenr B /[ u @ — H3oMOp-
¢usm A, ma A, IlokaszaTb, YTO CYLIECTBYET OAHO3HAYRO ONPEAESeRAas
HyMmepauns awcambast [ co 3HaveHHsmMu B S, Takast, 4To THOH a H @ (a)
coBrNajalT anas BceX a & A, (Bubpate Kamepy C B A ¥ 10Ka3aTh, HCNOJH-
3ys 6), uro ecan A" u A” — ppa anapramenta B [, copepxaumue C, To mny-
mepauun A" n A”, npoponxaromye HyMepauuio na C, cosnagaiot na A’} A”).

Mu ckaxewm, uto cuctema Kokcrepa (W, S) m nymepauHs, noayyeHnnie
“TakuM o6pasom, rpucnocobaennt K 1.

Iiokas ate, uTO BBegeHHhe B a) PEeTPAaKNHH SBJAIOTCH AONYCTHMBIMH
suroMopdhusmamn. ITokazaTh, 4TO NOAMHOMecTBOo B [, conepxameecs
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B anapramente A ancaMm6as /, aBaserca BunykamM B / Torna ¥ TOJAbKO TOrna,
Koria ono Bunykao B A (ynpaxuenue 20).

e) B o6o3nayenusix A) NycTb 3 — MHOKECTBO NONYCTHMHX H30MOPHhi3-
moB A, Ha pasnnuibie anapraMeHnTs H3 /. TlokasaTb, yTo ecan @, Y < QJ #
C — xaMepa, a F — sAueiika us /, conepmamancx B (p(Ao)ﬂ'll)(Ao) 'ro cyle-
crayer siaement w & W, aas koroporo P~ "C)=we 1 (C) n (F)-—
= wo~' (F) (paccmmpe'rb usoMophuaM A anapramenta ¢ (Ap) Ha P (Ao) ocrta-

BJASIOWNA HEUNOABHIKHLIMU TOLIKH B ¢ (A)) N1 (Ay), n npuMenuts ynpaxHe-
uue 21, 6) K nzoMophbusmMy P~ °2\,° - anapramenta Ap).

25) TTycTs | — MHOKeCTBO H {§ — MHOKECTBO KOHEUHHX MOIMHOMKECTB
B 1. Las moboro A & § nonoxuMm & (A) = (— 1) Card (A). Mycers G — Kou-
MyTaTHBHA# rPyNna, 3anncsiBaemasl ajRuTHBRHO, a @ W 1 — nBa orToGpaxe-
Hus % B G. [Mokasats, uto c/enyomue ABa ¢BOfCTBA 3KBHBAJEHTHHL

(i) (A=, (B) a1a modoro A< ;

Bc A
(i) $(A) = | e(A=—B) @ (B) naa mooro A= .
B<A

26) Ilycts (W, S) — cuctema Kokcrepa ¢ KoHeyHHIM MHOXKecTBOM S.
Jan moGoro noamuoxectsa H rpymnst W oGosraunM uepes H (f) dopvanb-
HBlfl psg ¢ ueanMy KosdduitenTaMH

Hiy= 3 W,
we H

a) Ilyers Card S =2. [TokasaTh, 4To B 3TOM cJayuae

14t —m— gl

W)= , ecau W uMeer KOHeyHHId NOPANOK 2m;

1—t¢
1
W(t)—-——tﬁ—, ecan W Geckoneuna.

6) Ilpeanonoxum, uro rpynna W xowuewna. Tlycts w, — 3Me€MeHT Hau-
Gosbwed anunut B W (ynpaxnenwe 22) u m =1 (w,). [Tokasats, uto Toraa

W () =t"w (+~")

(BocnosbzoBarbes ynpaxkHenueMm 22).
B) Ilycte X — noamuoxkecrso B S. O603Hayum uyepes Ay MHOXECTBO:

(X, @)-npuBenenunx snementor B W (ynpaxnense 3) n qepes W mon-

rpynny B W, nopoxnennyio MmHoxecrBoM X. Mu snaem (ynpa)xﬂemle 3),
uyTo s/aeMenT @ & W npuHAaLJIeKUT A B TOM H TOJbKO TOM cJyuae, Korja

I (xw)=1I(w)-+1 gz Bcex x<= X, uro .moﬁou ajeMenT w < W ORO3HauHO 3anu-
ChIBAETCH B BHIE @ == LW C U € WX, ve A u uto torna ! (w) =1 (u) + [ (v).

Busecrn orciona dopmyay
W(t)=W, (). Ay (1)

r) Coxpanum npeamaymue oGosnauenns n o603HauNM yepes B, muOXe-

CTBO w & A,, Takux, uTo /(sw)={(w)—1 nas moboro s S — X, IToxa-
8aTh, uto

Ay)= 3 By(®).
XcYacS
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IToayuuTs OTCIOKA, YTO
By(t)= 3 e(¥ —X)Ay(®), rae e(Z)=(—1)cd@
XcYcSs

{dcnoab3oBars ynpaxheHnue 25).
n) Mpeanoaoxum, uto rpynna W koweuna, ¥ onpefesuM m H wy, KaK
B 6). ITokasars, uto By = {wy} 1 uro

W ()
1M = e (Y)

{HCIOIB30BATH B) H T)).
e) Ilycte W Gecxoneqna. ITokasats, yto By == u uTo

e (Y)
0= E W, ()
Yes

¢é) IMokasats, uyto ¢Qopmanpauii pag W ({) saBaserca pallHOHAJIBHOA
dyukuneit ot ¢ (ucnoab3osats €) M npoBectH HHAYkUuio no Card (S)). Iloxka-
3aTh, u4TO S5Ta paudoHaabHasds OGYHKUHS o6paiaeTcs B HYJAb TOJbKO npH f,

|
ABJAOIIUXCA KOPHAMH H3 €JHMHIH; IT0Ka3aTh, YTO ‘—‘V—W-—uenoe YHCJIO0.

{loxasats, uyro = Z [[¢1]

_t
w(=h
§ 2

1) Mycrs G — rpynna, B u N — gse noarpynust B G 1 S — noaMHOXe-
<180 B W==N/(BNN). Qaa moGoro w & W nosoxum C (w) = BwB. Ipex-
1010%KHM, 4TO BenosaHenb! ycaosust (T1) m (T2) onpemesenns 1 n° 1, uro
npu Jgiodbx s S u w = W cnpaseqiHBo no KpaiHelt Mepe oLHO H3 ABYX
cootHoureHnlt C(8).C(w)=C (sw) unm C(s).C(sw)=C (w) H urQ
B BUC (s) sisasiercst moarpymnnoft rpymnst G upu Beex s & S. ITokasats, uto
Toria Bunoaneno ycaosue (T3). Ecam, kpoMme Toro, umaexc noirpynns B
B BUC (s) 6ymer =3, to (G, B, N, S) — cucrema Turca.

2) yers G — rpymna, B u N — jnBe noarpynnst B G 0 S — moaMHoXe-
ctBo B W =N/(BNN). llycts Z — HopMaabHast moArpymna rpymis G, co-
nepxamascs B B. ITycts B” 1 N” — kanonnueckue o6pasu B u N B G = G/Z.
Tlokasath. uTo kaHoHHuecKoe oToGpaxeHwe N Ha N’ onpejenser @30MOp-
dusm W una W =N/(B'NN’). Iycre 8’ — 06pa3 mHoxecTBa S np# 3TOM
usomopduame. IToxasars, uro (G', B’, N’, §’) 6yner cucremoit THrca Toraa
ToJwnko Toraa, korza (G, B, N, S) — cacrema Turca.

3) Mycte G ~ rpynna, B — noarpynna s G u (C (w)), <y — cemeiicTBo
JBOHHBIX CMeXHHX kaaccos G nmo B. I'osopar, utro B — nodepynna Turca
rpynunl G, ecsn cyuiecTsyeT yoiMHoxecTBo S < W, Takoe, uTo BHITOJTHEHH
CJIe/IVIOUIHE YCAOBHS:

(1) o6benunenne xaaccos C (s), s S, mopoxpaer G;

. (2) npn Beskom s & S muoxecrBo BUC (s) ssasercst moarpymnofi 8 G
# uaaexc nogrpymnu B 8 BUC (s) He meHbmie 3;

(3) pas moGoro s =S u moboro w = W cyuectsyer 3iaeMedT w’ & W,
-rakoit, uto C (s).C (w) = C (w)U C (=)

Bupeas Gymer upenmosaratbes, ut0 B — noarpynna Turca rpymnst G u
S — noamuoxectao 8 W, yaosaersopsiomee ycrosusim (1)—(3).

a) Tokasate, uto C(s) '==C(s) u uro C(s).C(s)=BUC(s) nan
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Bcex s e S. Ilokazars, uto aas Jjioboro s€ S n awboro w e W cyie-
cTByer sjeMenT w” & W, tako#, uro C (w).C (s) = C (w) U C (w”).

6) Hazosem daunoi snemenra w & W u o6osHauuM uepes / (w) HHKHIOW
rpaunpy ueabnx uucen 7 =0, TakuX, 9TO CYIUIECTBYeT MOCAEAOBATENALHOCTD.
Sty oo, SpE S, nas xoropoit C(w)=C (sy) ... C (sy). [okasarts, uto [ (w)
KoHeuna Ajga Jioboro we W,

Iyers u, o= W, [(u)<l(v), n nycrb s S. [lokasarb, 4TO ecJtu
Cv) =C(u).C(s) (coorB. C(v)=C(s).C(u)), o C{v)=C(u).C(s)
(cootB. C (v)==C (s).C (u)). (IlpoBecTH MHAYKUHIO NO IJAHHE 3AEMEHTA I
Ecau C (v) %= C (u).C (s), 10 C (u).C (s) = C (4) UC (v). Ucnoansys npen-
NONOXKEeHHe HHIAYKIAY, N0Ka3aTh, 4TO cyuiecTByioT (€S 0 w e W, rakue,

uTo
Cu)=C(@¢).C(w) ¢ l(w)=1I(u)—1.

M3 coornowennit C(v) = C(u).C(s)=C (t).C(w).C(s) u C(1).C (w)=

= C (u) # C (v) BHBecTH CylIECTBOBauNE 3JeMeHTa @ % W, AN KOTOPOro

Cw)cC(w).C(s) n C(v)cC(t).C(w'), Ttak uro I (w) =1l (v) — 1>

> [(u) — 1 =1 (w). [Tpeanonoxenne MHAYKUMH 1AeT TOTJa

C(w)=C(w).C(s).
KpoMe Toro,
C).Cw).C(s)=C(t).C(t).C(w).C(s)=
=C{).C(w).C(s)UC(w).C(s)=C(u).C (s)UC (w') =
=CWUC(n)uC(w),
a Takxke
CH).Ca).C(s)=C (). (C()UC(v)C(t).C(t).C (w)=C (w),

UTO NPUBCAMT K NPOTHBOPEUHIO, NOCKOALKY W = 4, v, w'.)

B) IMokasartb, yro asaa moGoro w e W u moGoro s & S cywecrsyer
OJMH H TOJbKO OIHH S5JeMeHT, oGo3HauaeMBlil uepes s.w (COOTB. w ),
OTJAUYHBIA OT @ M TaKoH, YTO

C(s.w)cC(s).C(w)=cC(w)UC (s.w)
(coote. C(wwrs) C(w).C (s)= C(w)UC (w=s)). (ITokasarthb uHpyKuHei
no I(w), yro C (s).C (w) #= C (w). Ias sroro sandcarh
C(w)y=C(u).C (1),
raete S, ueW u l{w)=I1(u)+ 1. Ectu C(s).C (w) = C (w), 10
C(s).C(u).C(t)y=C(u).C (1),
H, YMHOXKasl 9T0 PaReHCTBo cnpasa Ha C (), caenats sakmovenne C (u) U C (w)=
=C(s).C(u)UC (w). Tax kak no npeanoscxeHnd nHAyKunu C (u) 7=
7 C (s).C (u), T0 B cootBeTcTBHU ¢ 6)

C(s).C (u)=C (w),
Cu)ycC(s).C(s).C(u)y=C(s).C (w)=C (w),

2 9T0 HeBO3MOXHO.)
r) lyers s = 8. Ilokasats, yto oTOOpa)eHue pg! wb—>$§.w (COOTE.
gg Wi w+S) SBIAETCH MEPeCTaHOBKOA Ha W m uro p§=Id (COOTB.

q§ = Id). MMokasars, uro npu s, t €8 Syner pg°q;=q,°p, (Hccnenonars.
npouseenenne C(s).C(w).C(f) ¢ we W u nokasarb, uto (s.w)xte&
={w, s.w,w=+t, s.(w 1)}, nokasath, yT0 (s. W)+t & {s.w, w * £} H 4TO ecau
(s.W)st=w, T0 S, w=wst H w=35.(wst))

a) Mokasatb, yro nopoxpeHHas 3JdeMeHTaMu pg (COOTB. ¢5), sE S,
rpynna nepecranoBox P (coorB. Q) aeficTBYeT npocTO TPaH3UTHBHO Ha W.

0K\ aa
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{11 xokasaTenbCTBA TPAH3UTHBHOCTH P ucnoassoBate ychaosHe (2) u pac-
cyX&nath, kak B Jemme | w3 n°l. Jaa pokasaresbcTBa OLHOKPATHOH TpaH-
3UTHBHOCTH H4cnmogb3oBatk r).) Buisectd orcioga, uto wa W cywectsyer
OIHO3HAYHO ONPesfeJSeHHas CTPYKTypa rpymns, Takas, uTto ortobpaxeHne
pr+—> p(e) (rne e — anement u3 W, nns koroporo B =C (e¢)) ecTb usoMop-
pusm P Ha W). Orob6paxenune g+ g(e) Ttoraa Ttoxe uszoMmopdusm. ITpu
ITOM S.W=wW*S=SW AJs Bcex s&8S u Bcex welW, a C(w)"=
=C (w—]).

e) Mokasare, uro napa (W, S) seasercs cucremoit Kokcrepa, n 0606-
UIHTh Pe3y/bTaTsl n°4.

€) Mycrs X — noamHoxecrso 8 § n W, — noarpymna B W, nopoxaen-
uass MEoxkectsoM X. Ilokasars, uTo MHOKECTBO GX-——OG’beLLHHEHHe KJac-
cos C (w) pas we W, —ecTs nmoarpynna B G # uyTo ewe copaBenauBsa

Teopema 3 u3 n°5. Ilokasare, uro B asaserca noarpynnoit Tutea rpymus G,.
‘Q0o6wHTh npentokennss 2 U 3 Ha n°b, onpepeneHue 2, npernoxenue 4
u Teopemy 4 u3 n°6. [loxkaszate, uto S coBnagaetT ¢ MHOMKECTBOM 3JeMeH-
ToB we W, rakux, uto BUC (w) ecte noarpyuna B G, oTanuHas ot B.
Cucrema Koketepa (W, S) u rpynna W (kotopas HaswiBaeTcs 2pynnoii Belias
napu (G, B)) 3aBucst, cnegosarensHo, Todabko oT maps (G, B). :

x) Myere N — noprpynna B G, takas, yro BN wopmaneHa B N u uto
BCAKHE ABOHHOM cMexHuit Kaace C (w) oTHocuteadho B nepecexkaercs ¢ N
no cMeXHOMY kaaccy otHocurenbho B[)N, Tlokasars, yto rpyuna N/(B1N)
oroxzaecraasercss ¢ W u uto (G, B, N, S) asasercs cucremoft Turca.

4) Myers (G, B, N, S) n (G’, B, N', 8') — nBe cuctemsl Turca ¢ G=G"
B =B’ v rpynnamu Beifings W u W’. Ilycte j — Guexkuus W Ha W', onpeze-
JIEHHAs! COOTHOIUEHHEM

BwB = Bj(w) B.

Tlokasath, uto j sABAseTcs HzomopdusMom rpyunsi W wa W’ u uro j(S)=S".

§) Iycrts 2‘,=(q, B, N, S)— cucrema Turca., [lonoxum T =B[N
u o6Go3uayuM yepes NAHopmanH:«xaTop rpyonst N,

a) Ilycts b 6\ N. Tlokasats, uro bnb~'n! = BN npu Bcex ne= N
{MOMOKATL b ==n'b W HCNOAB30BaTb Teopemy 1) U UTO b NPUHANJIEKHT He-

pecevenHio T conpskeHHBX noIrpynn nBn~' pist neN. Tlokasats, uro
TAN=T.

Cucrema ¥ HA3LIBAETCH HACHIUYEHHOU, KOrna T=T.

6) Tlosoxum N =N.T. Tlokasats, uro N — uoarpymma B G, comep-
wamas T B KauecTse HOPMa/bHON HOArPyHOB, H 4YTO NﬂB:f. TTokasats,
uro Baowenne N B N onpenenser H3oMophusM j rpynnsl Beins W cueremst X
aa N/T.

B) IMokasate, uro (G, B, N, j (S)) — Hacwitennas cHerema Turca, Hasw-
BaeMasl CUCTeMoll, accoyuuposannoll ¢ X

6) Buosb ucrnoss3yem oGosnauenuss us n°2. Ilycrs Ny — nogrpynma B N,
.COCTOALAS H3 MaTPHI, BCe 3JeMeHTH KoTopux pasHel O uau 1. ITokasars,
uro BINy=TNNo={l} u uTo kaHoHHueckoe oToGpaxeHue j rpymmu N,
B W = N/T asaserca Hiomoppusmom. IMTonowxnm Sy = j"1 (S). ITokasatk, yro
(G, B, Ny, Sp) — cucrema Turtca u uto (G, B, N, S)— accounHposanHas
¢ ueil HacwieHHas cuctema Turca.

7) Mlyers G — rpynna, Aeficteyiowas Ha mHoxectee E. ITo onpepesnenuio
opymia G peiicrsyer wna E Osamdor TpawsuTueno, eciad A JIOGHX ABYX
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nap sJ1eMeHTOB X, Y, X, y eEc x% Yy, ¥ = y cyumecTByer Takoii 3.1e-
Meutr g G, uto g x=x"nu g.y=y.

a) Nycts (G, B, N, S) — cucrema Tnrca, rpynna Beiias xoTopofi nveer
nopajgok 2. Ilokasate, utro G aBaxAel Tpam3nrtHBHa na (/B

6) [Mycrp G — ABaxkanl TpaH3uTHBuas rpynna Ha muoxectBe E. ITpet-
nonoxum, uto Card E 2 3. O503nayum uyepes B crabuansarop KaKoH-HUOYIb
Toukn e &= E. [lycth x € E, x %= e, U nyctb n — saement 23 G, a1s KoTO-
poro n(e)==x u n(x)==e. Ilyctsb, nanee, N — nonrpynna rpynmst G, nopo-
WKeHHAs 3JeMEHTOM £, a S — KaHOHHYecKHR ofpa3 aneventa n B N/T. ﬂo-
Ka3arth, yro (G, B, N, {s}) — cucrema Tutca ¢ rpyunoii Beiina nopsanka 2.

8) Mycrs (G, B, N S) — cncrema Turca. TMosoxum T=BNN n W=
= N/T. Tlyets G — rpynna, copep:kauas (G B KauecTBe HOPMaJbHON nmOX-

rpynne. IpegnosnoxuM, uto aiaa moboro h & G cyuecrnyer saevedt g & G,
rakoil, uto ABh = gBg™! uw ANA™! = gNg~\. Tycms B (cooTn. N) — nop-
ManusaTop MoArpynns B (coots. N) B G. IMonoxum I = BN, N=T.N
uT=N N B. N

a) Tokasath, yr0 G=T.G, B=T.B, TNB=TNGu T=(TNB).T.
Ipynnm Q@ ==T/(T' N B), G/G n BJB, cnenoparebno, KaHOHHGECKH HIOMOPHHHL.
Eeru ® < Qu H—noarpynna B (i, cogepxamas ' B, To o6o3nauny
yepes OH oOvennuenne Muoxecte ¢H ana ¢ .

6) Tokasars, utO F— HOPMaJbHAs noarpynna s N (1 poxasaresscrpa
BKJUIOUEHHA Nyn a7 npi it & Nu vy < 'l B ucnoas3oBats ynpaxuesne 5,a)),

4TO Nﬂf—T Huto 'NT=TNB. Baoxenne N (cooTB. I‘) B N nozso-
AsieT, ClefNoBaTelbHo, oToknecTsHTs W (cooTs. ) ¢ nekoTOpOW NOArpynnoi
rpymite W = N/T. Mokaszars, uto Q HOpMAJH3YyeT S H uTO W ecrs noay-
npsMoe rxpousaeueuue Qu W.

B) [Tokasarb, yto

BsBuB — (BuB)U(BsuB)

npu Bcex S& S u Beex u = W.
r) Tlokasath, wTo #+—> BuB ccTb GueKTHBHOE OTOGpakeHHE TPYINbl o W
na B\G/B (ucnoabzosath Teopemy 1 u 7ot dakr, uro I' mopmamuayer B).
a) TMyets B — muoxecrso rap (D, X), rae <D——-n011rpynna rpynisl Q
u X — noamuoxectso B S, mopmannusyemoe rpynnoft @. INonoxuM Gg, )=

-..(D(’ = BOW B (B o6o3nauyenusix n°H). [lokasare, uTo oTOGpaxKeHHe
(D, X)l——}(i(q,_ x) €CTb OuUEKUHSA MHOXeCTBa ‘B Ha MHOXECTBO NOArpynu
B G, cogepxamux B. O506muts yTBepxaenHs 6) u B) teopemut 3 H npex-
NoXKeHHst 2 H3 n°5,

lokaszath, yro HopMainsatrop uoarpymmsl Gq, x B G apaserca noa-
rpyanoff Buaa G(q,,_ xp TAe @’ — MHOXECTBO 3/ieMeHTOB B Q, HOPMAMH3YIO-
mee kak @, Tak 1 X,

¢) ITokasars, uro G(q,, xy Oyaer MakcHMaibHON moArpynnod B G B TomM

H TOJNBKO TOM CJiyyae, KOTAA BBHINOJHEHO OfHO M3 CJAEAYIOUIHX ABYX YCJIOBHH:
(i) X=8 u ® — makcumannHas noarpynna B Q;
(ii) ®=9Q n O peiictByer TpansutupHo Ha S — X (KoTopoe He mycTo).
[Tokasatb, uro (’(4, X) OyneT MaKcuManbHOW B MHOXeCTBe NOArpyni

rpynny G, me cogepxawnx G, B TOM H TOJbKO TOM cayuae, KOria

(iii) X # S n O — nopmanuzatop MHoxecTBa X H Q, TpaH3HTHBHO aeft-
CTBYOIHA Ha S — X.

é) Mycts © — popmanbnas nogrpynna B Q. [Momoxum G/ =G, B =

=OB, N=ON u T' = B’ (|N". Mokasars, uro I" =OT u uro T’ sBIsercs
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HopMaJbHOA moarpynmo#t B N Torga u TOJbKO TOrja, Koraa JuoGoil sJeMeHT
rpynnsl @ koMmyTHpyeT ¢ so6ntM ajdeMentom u3 W. Tlokasats, uro Torsa
G" — nopmasbmas noarpynna B G, 4TO BJIOMKEHHE N B N° onpegeasier H30-
mopdusM j rpyunst W Ha W = N’/T" u uro (G’, B’, N, §') (rne S’ =j(S))
siBaisiercst cucremoll THrca.

9) Iyets (G, B, N, S) — cucrema Turca u X, Y, Z — TpH NopMHOXKecTBa
B S. Ilokasatk, uto

Gxﬂ(Gy. GZ)=(GXn Gy).(GXﬂ GZ)
{Rocnosb3oBaThest ynpaxuendnem | k § | u npennoxennem 2 uz n°5).

10) IMycte G — rpymma u B — ee noarpyuna Tutca. Bepuemcs k 0Go-

suaueduaM ynpaxuenus 3. Jus s S oGosmaunm uepes G'S) noarpynny
Gg s (ynpaxuenne 3, &)). Ilycrs [ — mHoxecTBO noamuoxects B G BHaa

g6 (uageGuse S), € — muoxectno moamuoxecTs B [ Buga Cgp=

= {gG(s)[ se 8} nn g = G. Mnoxecrra C, nasmBaioTcs kamepamu B-/ - (§ 1.
ynpaxnenne 15). I'pynna G pefictByer Ha / npd moMomy JIeRHIX IepeHOCOR.

a) Iycte & — mHoxecTRO stueek B [ (. e, uactefi kamep; cm. § 1, yo-
paxuenne 15). MTycts F = §F. INokasats, uTo cyMecTBYIOT OAHO3HAUHO OfNpe-

AereHHoe nmoamHoxectBo X < S H ajement g = G, Takue, uTo gGX = na_

aesF
B sroMm cayuae rosopsr, uto F-— saueiika runa X. IMoxkasgrs, uto toraa F
COCTONT H3 gG(s) ast s &S = X u umeer kopasmepHocts Card X B modoit
cojepxkaued ee kamepe. IToxasarh, uto oro6paxenue j: Fi—> n a ectb
asF
CTporo yOnBaomas OHeKUHS, COBMECTHMAsi C JIEBLIMA [1€DEHOCAMH, MHO-
HeCTBA ¢ Ma MHOXECTBO MOAMHOXECTR rpynns G Buja gGX e g= G
u X < S, Ilokasarb, uro upn X =Y << S saueiika tuna X CogepKHT ejHH-
‘CTBEHHYIO stuefiky Tuna Y.

6) ITokasats, uro G TpPaH3HTHRHO jaeficTBYeT Ha MHOXecTse Kamep &
H uro cTabuix3atop kamepn Cg (g & G) pamen gBg~l. Takum o6pa3zom,
oroGpaxenne g+—> C, onpegesnsier Gueknmio G/B na &

B) IMokasaTsk, yT0 ABe KaMepwl Co,u Cy (g, g =G)cmexcun (§ 1, ynpa-
JKHenHe [5) B TOM W TOJIBKO TOM cJiyude, Korjaa CyUIeCTBYeT S & S, AJA KO-
Toporo g’ < g (B BsB).

r} Ilyets Cy, ..., C, —kamepst B 1. Tonoxum Co= C,. YCTaHOBHTH
9KBHBAJIEHTHOCTh CJEAYIOMHX YCJORMI:

(i) nmocaenomaremsrocts I'=(Cy, Cy, ..., Cy) $BIASIETCA MHBEKTHRHOI
ra’aepeeft;

(i) cymecTByroT MOCJEAOBRATENBHOCTE §==(S{, ..., S) 5JEMEHTOB H3 S
¥ pociegoBatensHocts (by, ..., by) 3aeMenTOoR n3 B, Takwe, uTo Ci=
==0,5;by5y ... b;5;(Co) (rae §; — naunwlii snemeHr ABoHHOro Kiacca Bs;B)
aaa 1 <Cj<n.

ITokazaTb, 4TO ecJau 3TH YCJAOBHH BHLINOJIHEHH, TO MOCJEJORATEJBHOCTL §
epnncreenna, HasoneM ee runosm rajeped I' w o6o3Haunm uepes s (I'). ITo-
Ka3aTh, YTO MHBLEKTHBHAM rajiepess MHHHMAJbHA B TOM M TOJIBKO TOM CJyuae,
KOrja ee THN fBJIAETCH NPHBEJEHHHM paasoxeHueM. [TokasaTb, 4TO RHIOJ-
HeHbl CILYIOUIHE YCJOBHA!

(WI 1) xaxosnr 66 nu 6otau xamepsr C u C’ a8 I, cywecrsyer odno-
aHauno onpedesennvii sremenr t(C, C') epynnot W, raxod, 410 muoxecTso
TUNOB MUHUMAALHBIX 2anreped ¢ konyamu C u C’ Gyder muoacecraom npu-
6edennsix pasaoncenuit dan t(C,C’);
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(WI 2) 841 woboii kamepu C orobpamenue C' +—>t(C, C’) muomecrea
kamep uz I 8 W croopvexrusno.

1) [Mokasath, YTO JBe MHHHUMAJbHHE rajeped OAMOro M TOTO Ke THHA
¢ OAMHAKOBLIMHM KOHIIAMH cOBOAajaioT. (dto CBOAMTCH K L0Ka3aTeJbCTBY TOro,
yto ecax (S, ..., Sp) — UDHBEJEHMOE pasJjoXeHue u ecin by, ..., by,
b;, ey b,’l — sseMenTH M3 B, 1as KoTopuix 5,8 ... b,5, Ebﬁ, v b;s:LB. TO
b§ = b;§lB. 3aMeTHThb, UTO ecau Obl §1_lb'l'lbf 3, ¢ B, 10 3TOT 3J1eMeHT npu-
Hapaexan Ou Bs B, oTKyna bySy ... b,5, & b3,'b55, ... b,5,B ¢ b, b’ = B,
Bonpeku caenctBuio | Teopemnl 2 n° 4.)

e) MokasaTs, uto [/, cHaGKeHHOE MHOMXKECTBOM &, o6pasyer ancambas,
HaspiBaeMbiil ancambiem, accoyuupoeanusim ¢ napoit (G, B). IMoxkasath, uro
cymecTByer enuucTBeHnas symepayus (§ |, yupaxuenue 20) ancam6as [,
npH¥ KoTOpofl THN AYefiK¥ COBMAjaeT C THIOM, ONpefeJeHHHM B a).

&) Mokasare, uto | — npocrpancreennsiti ancaMOJib, T. €. YTO Kaxjaf ero
Neperopolxa cojpepXurcs 10 Kpaiue#l mepe B Tpex kamepax (em. § 1, ynpa-
kuenne 24). TlokasaThk, uTO BHIIOJHEHO CAEAYIOIIEE YCJAOBHE:

(G) kaxosot 66t nu Ooiau nepezopodrxa F, xamepa Co, zarepea T'=
= (Cy, ..., Cy) munumarsnot 8oamoxcuoi Orunst u raxas, uro F < Cy,
a raxxce xamepsr C' u C”, codepmawjue F u orauunse or Cp, cywyecreyer
anement g = G, 0an koropozo g(Cy)=C; npu 0LiKu u g(C)y=C".

(Bce cponures x cayuaio, Korga Co=C. llycts u & S — Takoit 3aemenr,
yro F 6yger aueiikoit tuna S — {u}, u nmycrts s — run ranepen I'. ITokasats,
uTo (8, #) — NpuBelenHoe pasnoxeHHe. B3aATh sgemeutr h = G, and KoTOpOro
C, = h(C).Cymectayior b’ u b” & B, takue, uro C’ = ho'u (C)u C”"=hb"u (C).
Hcnoabsosate, naznee, caefcreue | Teopems 2 1° 4, oGoGiienHoe ua cayyait
noarpyniust Turca (cM. ynpaxueune 3, e)), Aaf [L0KA3aTes bCTBa CYMIECTBO-

Banns b= B, Taxoro, uto bhb’uB= hb”uB. Toraa b=hBuBu~'Bh~' =(hBR™')
U(kBuBAh=1). Ecnn b= hBuBh—1, 10 BhB < BhBuB = BhuB (tam xe),

a 370 HeBosmoxHo., Cuaepoparteanro, b(Cp)=C,, ¥ u3 na) cienyer, 4TO
0 (Ci) =C; nas moboro i.)

11) [Mycrs (W, S) — cuctema Kokerepa u [/ — aHcaMGib, IPOHYMepPOBAUHELiT
muoxkectBoM S (§ 1, ynpaxuenue 20). HazoBeM 7unom aHbEKTHBHON rasnepex
[ =(Cp ..., Cp) u oBosuauum uepes s(I') Ttaxylo nocaenoBaTe bHOCTDb
{81, « <+, Sp) dneMeHTOB H3 S, uTo neperopoaxa C;—; 1 C; uMeer Tun S =— {si}

(ansa 1 <i<n). Tosopar, uro I ecrs (W, S)-ancambab, ecnu BumoJHeub
yeaosusn (WI 1) u (WI 2) ynpakuenus 10

[Mycts I — npocrpancternnit (W, S)-ancambun (cM. ynpaxuerue 10, 8)),
n nycte G —rpynna ero gonycTUMBIX aBTOMOPOH3MOB, YIOBJETBOpSOMWAS
C/ICAYIOHIEMY YCAOBHIO:

(Go) 04 mobux Tpex pasauunsix xamep C, C" u C”, codepycawux o0uny
u (75/’)}/66 ézlgpeaopoarcy, cyuecrayer raxoil drement g G, uro g(C)=C u
g =L

BuiGepem kamepy C aumcambas I u oGosnauuM uepes B ee crabuiu-
satop B G.

a) ITokasare, uto G peficTByeT TPAH3UTHBHO HA MHOXECTBE KaMmep
ancam6as I,

6) Mycts C’ u C” — gBe kamepu. Ilokasats, uto ¢ (C, C') =1t{C, C”")
B TOM H TOJBKO TOM Ciyuae, Korja CyumiectBYeT sjaeMeHT b & B, pgas Ko-
Toporo C” =5 (C"). (Ecan t(C,CYy=1t(C, C”")=w, TO paccMOTpeThb OPH-
BeJEHHOE PasioKeHHe § 3MEMEHTa W H MuHuMajbHyio rarepeo I (coors. I'")
¢ xonuamu C, C’ (cootB. C”) u tuna s, Ilposects mHaykuuio no ! (w), uC-
nongi)éﬂ/gcnosne (Go) ¥ a).) MoayunTs Teneps GueKuHO W t—~> B (w) rpynnuo W
HA X
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8) Iycrs F — neperopoaka kaMepnl C tuna S s}. Moka3aTh, uTo cra-
6unusatop Aueitku F B G pased BU B (s) (ecau g(Fy=F, 10t (C, g(C))=1
uan s). [oxasats, uto B < B (s) B (s) (ucnonbsorary (Go)).

r) ITokazats, uto B — moarpynna Turca IPYiy G u uro cucrema Kok-
crepa napu (G, B) xaHOHHYeCKH H30MOPbHA CHCTepe (W, S). (IMycth w = W
H s S Takosbl, uTO ls (sw)=ls(w) + 1. Myers g B(w) u ue B (s).
INyets s == (s, . .., $p) = NPUBENEHHO® PA3nOKEHHe sneventa w u (C = Co

1 eos Cp==g(C)) — MuHUMaNbEas rajlepes Thna s. BuGpaTh aieMenT
§;< B(sy)- Hcnoabsys (Go), M0Ka3aTh, YTO CYWIECTRYIOT DMEMEHTH b, = B,
e koropux C, =55 ...5,5,(C). [Homoxurs C; = ”(Ci—l)- W 1OKa3aTh,
yro ragepest (C, u (C), u(Cy), ...,u(Cp)) umeeT Tun (s, 8) 1, CIe1ORATEABHO, MH-
HuMa/ibHa., BuiBecTH oTcoia, uto ug & B (sw)’ " yro B (s) B (w) = B (sw).
Ecan reneps [(sw)=!(w)— 1, nOn0KHTL @’ = gp Torpa B (s) B(w') =
= B(w), oTKkyna

B(s)B(w)=B(s)B(s)B(w')Y< B(w)JB (s) B (w') — B(sw)U B (w).
Haxkoueu, nocxosky B < B(s) B (s), BHIOMHENO Takke pxmiouenue B (w') =
= B (sw) < B(s) B(w).)

1) [TokasaTb, 4TO cyuleCTBYeT OmHO3HAauHo Olipepe/ieHHblll H30MOpPPHUIM
aHcamsas, accouuupoBadHoro ¢ (G, B)u(ynpa)xuelme 10} ua /, coBmecTuMH
¢ peiicTsuem rpymb G M nepeBonsiui KaHOHHYeckyjo kamepy Cp B C

12) Tlyers (G, B, N, S) — cucTema Tn'rca,u W —= N/(B(\N) — ee rpynmna
Beitng, I — (W, S)-ancambib, acCOUMMPOBAHHLIR ¢ (G, B) (ynpamuenue 10),
n C =C, — xauoHuueckass xamepa aHcambas [, Ilycts ) — adapTamenT,
accouuuponannuit ¢ cucremoit Kokcrepa (W, S) (§ [, ynpaxuerne 16). Tast
Joboro g & G nycTb @g — oTobpaxenne A, B /, KoTopoe Touke @wW u3 4
(wes W, s & 8) craBuT B COOTBETCTBHE TOUKY gw('S) agcambas /.

[TokazaTh, uto npnu Beex g = G otoGpaskeHue ®g ecTb H3oMOPhH3M npo-
HyMepoBanHbX ancamGiaed Ao Ha Cexuuio aucaméas J, COCTOSMYIO H3 O6beH-
HeHus1 Kamep gn(Cp), n<N. IMokasats, uro I ¢ yyoxecteom BeEX
¢g (Ap) ana g = G ecTb CTPYKTYPHBIE aHCaMOab (§ 1, ynpaxuerue 24). (JLas
nokasareancTsa ceofictea (CA 2) 3aMETHTb, UTO ecuy g, g =G, 1o cyume-
creyior b, 0" =B u nesN, TaKHe, uTO "~lg” — p'nb”. Monoxus Torza
g = g'b'n, nokasars, uto g’ (C) u g”(C) cogepkurey p g (Ao). Tlaa noxa-
sarenbcTBa csolictBa (CA 3) cBecTH BCe K caywaip JBYX anapramenrtos A =
=‘Pe(/40) u A”=gq,(A) c b= B u, ucnomaysn npenjaoxenue 2 n° 5, no-
Ka3aTh, UTO OTOGpaxenue ab—>b () OCTABAAET HepogBHIKHLIME TOUKH nepe-
ceuennst A'() A”). Tlokasarb, 4YTo CHCTeMma KOKCTepa (W, S) u mymepauus
aucam6ast I npucnocobrenn x (I, ) (§ 1, ynpampenye 24, 1)) u uTO MHO-
JKECTBO 3 NONYCTHMLIX H3OMOP(H3MOB amapraMenta 4, ua pasauuHbe 3ue-
MeHTH B Y CORNANAET C MHOXKECTBOM Qg 111 g & (.

13) Bepuewmcs k 0603HaueHIAM YNPaKHEHUS 24 5 § I+ (/, %) — npocTpan-
CTBEHHBIA CTPYKTYDPHbII aucamOJb, cHaﬁmeHHmﬁ cucremolt Kokcrepa (W, S)
U MPHACNOCOGIEHHON uymepauuel; <3 — MHOKECTRo pomyCTHMHX H3OMOp-
¢u3moB aunapramedta Ay, acCOmHHPOBAHHOro ¢ (W, S), ma pasauuHbe anap-
tamenTsl afncambas (/, A). Ilycts, kpome Toro, G — rpynna LORYCTHMBX
aBTOMOP(H3MOB ancambas /, coxpahmomux E. Tpynna G pefictsyer Torpa
Ha {3, H MBl MPEJIONOXKHM, UTO OHA AelicTByeT Tay T PUHIUT UBHO.

[ycTs, Hakonen, C — kamepa B I, A — anaprayeyr 5 91, conepxauui C,
@ — nonycTumblil u3omoppusm Ao Ha A, nepemopgumii KaHoHuueckyio ka-
mepy C, anaprameura 4; 8 C, B -- crabunnsarop xamepn C B G u N — cra-
6nan3atop anapramenta A 8 G. .

a) [lokasars, ato ecan A" n A” — 1Ba anaprayenra us %, comepxanse
OMHY M Ty e KaMepy, TO CYWECTBYeT g & G, naq koroporo g(A)= A"
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n g(a)=a npu Bcex a& A’(1A”. Ilokasars, uto G TPAH3HTHBHO NeHCTRyeT
ua MuoxecrBo nap (A, C), rne A= ¥ u C — kamepa B A.

6) IToxazats, uTo oToOpaxeHHe 4> @¢—loneq ecTb CIOPLEKTHBHBIN
romoMophusm N na W ¢ aapom B()N. OtoxgecTButh 3ateM N/(BN1N) u W.

8) ITokaszars, uro ycaoBua (WI 1) u (WI 2) ynpawuenus 10, T) Bbi-
no/fHeRs (UCIOJb30BATh Cleaylouuii GakT: ecau anapraMeHT B [ cogepKut
nBe kaMepel C* u C”, TO OH COJAEPHKHUT H BCIO MHHHUMANbHYIO FaJepeio ¢ KoH-
uwamu C’, C” (§ |, ynpaxuenue 24, 6))).

r) Mokasats, uto ycaosue (G) yupaxuenus [0, &) (a Tem caMbiM H
H ycaosne (Gy) ynpaxuenus: 11) Bunonnens. (B oSosnauenusnx ycnosus (G)
paccMotperh anapraMent A (coors. A”) B [, comepxamuii C, u C’
{coors, C”). Ucnosbsys ynpaxHenne 24, 6) u3 § 1, nokasats, yro T = A A%,
¥ (PHMEHUTbL a).)

n) Mokasars, yto (G, B, N, §) — cuctema Turca u uto (/, A) kanowHu-
gecKu H30MOpheEH aCCOIUUPORAHHOMY € HeH [pPOHYMEpNBANHOMY CTPYKTYp-
#omy ancaMGaio (ynpaxuenue [2).

14) Iycrs (G, B, N, 8) — cucrema Tarca, (/, ¥) — accouunponaHHubiil
€ Hedl MHPOHYMEPOBAHHBI CTPYKTYpHbifi ancamdnn (ynpaxuenue 12). Tloka-
3aTh, u4TO (i, paccmartprBaemas KaK rpyuna aBTOMOpgu3MOB aHcambas [,
yJioBIeTBOpPAET ycaobuaM ynpaxHedud [3. B obosuayenusix ynpasuenusn 12
nonoxuM A=, (Ao) 1 C =q.(C,). Iloxasarp, yro B — craGuinzarop xa-

mepsl C B G. Mlyets N — cradumusatop A B G. [lokasaTth, uTo NI(BN )

otoxkaecTBasierca ¢ W u uro (G, B, N, S) — nacouyennas cucrema Turtca,
accounupoBannas ¢ (G, B, N, §) (ynpaxuenue 5).

15) Bepuemest k ycsaoBusmM H ofosnayenusm ynpaxuenus 10. [Tpeanodo-
KHM J0NOMHHTEAbHo, 4To rpynna Befias W napw (G, B) xoueuna, u o6o-
3HAYNM uepe3 w, NeMEHT MakcumaabHol aaunnt B W (§ |, ynpaxuenue 22).
TosopaT, uro aBe kamepnt C u C’ nporugonoaowruvt, ecan t (C, C') = w,,.

a) ITokasatb, yto ecmu C u C’ npoTHBOMNOMOXKHE, TO KaMepu C’ u C
TaK:Ke NPOTHBOMOJAOXKHHL. TTokasaTs, uTo Mmobasi Kamepa C nMeeT npoTHBOMNO-
Joxiylo kamepy. [lokasaTte, uyto crabn.iusatop kamepsl C B G pefictyer
TPaH3UTHBHO Ha MHOMNCCTBE Kamep, MPOTHBOIOJIOKHHX C.

6) Myere € u C’ — 1Be nporusomosoXkHuie kKameph, [ToxasaTth, yTo aas
aoboro w & W cylecTsyer, 4 nNpHTOM eAHMHCTBeHHas, kaMepa Cy, obaanaio-

AR CJIE1YIOWHM CBOACTBOM: ecau (S, ..., S;) (COOTB. (s{, e, sjl))—npn-
BeJIeRHOE pasfiokeHHe dJeMenTa @ (COO0TB. @ = woew™1!), TO cyluecTByeT mu-
aumansias rajdepen (Co=C, Cy, ..., C,=C") tuna (s, ..., S, Sf, -~ -, §7)

(rae n=~h+ k), rakas, uto Cy = Cp (ucnonb3oBath ynpaxunenue 22 us § |
s ynpaxuense 10, r) u n)). Ilokasare, yto Cy 0 Cww, TPOTHBONONOKHDL.

B) [Iyctp M — MHOKECTBO map MPOTHBOHONOKHMX Kamep, [lpu m =
=(C, C')= M o6o3nayuM uepe3 A,, obbennneHue kamep C,, NOCTPOEHHBIX
Boine, [Tokasath, yto [, cHabxeHHoe muoxectsoM ¥ Bcex A, ana me& W,
€CTh CTPYKTYpPHoIl awcaMoab (§ I, ynpaxuenue 24) 1 yro cucrema Koxcrepa
(W, S) u nyMepauns ancamGas [ npucnocofiens k (/, ). Onpenpendrs Kano-
HHyeckylo Ouekudio M Ha MHOXKecTBO, oB803mayaemoe B ynpaxnenun 24 K § 1
CHMBOJOM 3. OTOXKAGCTBHTh 3TH ABA MHOXKECTBA.

r) Oyete m=(C, C)eM ¢ C=C, u nyctrb N — crabususatop Am,
8 G. lokasarb, yto N/(BNN) oroxpecrsaseres ¢ W u uro (G, B, N, S)
fiIBJfleTcst HaculmeHHol cHcremol Turca (Bocmoss3oBaTbes ynpaxuenmem |3),

16) Coxpauum npeamosoxeHust H 0G03HAYEHHS YIpaxHeHHs 15.

a) Mycts C u C’ — nse kawmepnl. [TokasaTs, uto CyliecTByeT kKamepa C”,
nporusonosoxnas Kak C, Tak H C’. (Bsare C”, npotuBonoioxuyio C H Takyo,
4To0n sJement f(C’, C”) HMes HAuBoOJBIIYIO BO3MONKHYI0 RJuHY. Ecau
(C’, C”) == w,, 1o cywmecrByer kamepa C,, cmemxmas ¢ C” u Taxas, uTo
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1{$(C, C)>1(t(C, C"). Hcnoabiys yeaosue ((G) ynpaxuenns 10, moka-
sarh, YTO MOXHO npexnosarats C, & A ¢m ¥ uto torna €, 6ymer npoTu-
BonojoxHa k C.) :

6) INycts A = A. Tlokasath, 4TO CYiIeCTBYET OHO3HAUHO ONPeleselHulil
HHBOJIOTHBHHI aBTOMODOHU3M (1€ 06s3aTeJbHO AONYCTHMBI) jA, KOTOPHI#
HepeBOMNT KaMAylo KaMepy u3 A B MPOTHBOMOIOXKHYIO KaMePy ({HCIOMb3O-
parh ynpaxHenne 22, B) kK § 1). Tlyers F n F’ — npe syeiiku B I, TokazaTs,
uro ecan F'=j,(F) nas nekoroporo A e 9, comepxamere F n F, 10
TO e caMoe BepHo M aas kaxporo A e ¥, conepxamero F u F. (Eciu F
FeANA n A, A= ¥, pacemorpers Kavepy C (coots. C') B A (coors. A'),
conepxawyio F (coors. F’); paccmorpers A” =¥, conepxamuit C n C' u
ncrnoan3oBath ycaosue (CA 3).) Mut ckaxem Ttoraa, uro sueiikn F w F npo-
Tu80n0A0KHbl. [loKasaTh, uTo ATA TOro yrobul JBe sueiikH HMefn obumyio
IPOTHBONOJNOXHYIO, HeOOXOXHMO H ROCTATOUHO, YTOOH OHM OLIAH OXHOTO H
Toro ke ThHna T, 1 YTO syeiika, NPOTHBOMONOXKHAA K syeilKe Tthna T, ecTh
syeiika THOa wOTwO—l.

B) IlycTs A, — anapraMenT, acconnnpoBaHHul ¢ cHcteMmolt KokcTepa
(W, S) (§ |, yopaxHenne 16), u nycTb J} — MHOXECTBO LONMYCTHMBIX H30-
mopthHamMoB anapramenta Ay Ha pasnuunnie saementsl B A, Ecan o — xaxas-
To mnoJsoBuHa A, onpenesennas cteHkoit L (§ |, ynpaxuenne 16), u ecan
@ E 3, TO MH CKaxeM, uTO @ (@) — noayanaprament aucambas I co crenxoi
@ (L). Tokasarh, uro @ (L) 3aBHCHT TOMBLKO oT @ (@), Ho He oT napsl (@, a).
Tlyets Dy v Dy — [Ba PasinyHuHIX TOJyanapTameHTa ¢ OLHH M TOH Xe cTeH-
xoii L. Tlokaszats, uTO CymecTBYiOT @ = M crenka Ly B Ay, Takue, uTo
L=y (Lo), a D; 6ynyr ofpasaMu OTHOCHTEJbHO (¢ ABYX MOJOBHH anapra-
Menta Ao, onpeneneHHsix cremKoid Lo (BuGpaTe neperopofky F, aexauyio
B L, n nee xamepu C, un C,, OnHa H3 KOTODHX JeXHT B D), a npyras —
B Dy, takne, uto C, comepxuT F, a Cy; — neperopoaky, NPOTHBONOJONKHYIO
K F 8 Dy (kotopas Takxe nporuponojoxHa F B D,); paccMoTperh amapra-
ment B /, conepxamuit C, u C,.)

17) Coxpanum ycnosus n 0603HaueHHs ynpaxHeHwi 15 u 16. BoiGepem
3JeMeHT @ & 3, nepeBORAWMHNA KaHOHHuecKyio KaMepy C anapramenra Ag
(§ 1, ynpaxuenne 16) B KaHOHuueckyio kaMepy C. aucaMmbas /, H ofo3naynM
uepes N, kak B ynpaxuennu 15, r), craGuanzatop anapramenta @ (4=
B rpynne G. las mo6oro noamHoxectBa D amapramenrta A, o603Haynm
uepes B, noarpynny B G, OcTaBasiomyio HEMOABHAKHEIMH BCe TOUKH H3 @ (D).
Hmeem B=BC " BﬂN=BA°‘

a) Tlycts o — nojioBuHa anapramenta Ay, comepxawasn C. Iokasats, uro
By neficTByeT TPaH3WTHBHO Ha nNoJdyanapraMeHTax aHcamb6as I, MMmeowux
B KayecTBe CTeHKH cTeHky L B @ (o) # orxmunux ot ¢ (a). (ITycts X —
TakoO# noayanapramedT, F — neperopoaxa, cojepxamasics B L, H C' —
kaMepa B @ (o), cofepxawas F. Mcnonbsys ynpaxuenue 16, B) n ynpaxne-
uue 13, a), mnokasars, urto !cymecrByer sjemeHT g G, A KOTOPOro
g(XUog(a)) =@ (As) B g(C’)==C". llokasarp, uro g (F)=F, u H3 ynpax-
Henus 22, B) K § | BuBecTh, uTo g € Bg.) [Noayuurs orciofia, uto BL nefi-
CTBYeT HABax/AM TP2H3UTHBHO Ha nOJyanapraMeHTax co cTeHkoit L u uro
(B,, B, B,NN) sBaserca cucreMod Turca c rpymnoft Bejins nopsika 2
(cM. ynpaxkHerze 7).

6) llycte D, u D, — nBa BHNYKABX NogMHOXKectBa B A, Takux, uTto
C < Dy c Dy, upuyem cymecTByeT OXHO3HawHO ompeaejieHHas MOJOBHHA o
B Ay, nas koropoit Dy, =a u Dy a. Torpa Dy ==D,Nla (§ |, ynpaxue-

e 21, B)). [Tokasats, uro BD‘=BGBD2 " BuﬂBD2=BﬂN. (PaccMmorpes

rajeperd MHHMUMAJBHOM BO3MOXKHON JJHHH C OLHHM KOHUOM B C, a npyrum,
cofiepxalliM TOuky a & Dp — Dy, 1IOKa3aTh, yTO CYUIECTBYIOT ABE CMeXHHE
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xamepst C) 1 Cy B Ay, Takuwe, uto Cy <D, Co <= Dy C4# Dy u C]NCh
cofiepxuTea B cTedke L nonosunn a. Iloxoxum C; =@ (C;), F=g¢g (C{ N Cé)
u L=g¢(L). Toxasats, uTo BHNyKIas oGoaouka MHoxecTsa D, U Cy
paena D, Ilycts b & By Torpa b (C\)=C,, otkyma b (F)=F u b(C,)#C,,
TToayunTb 0TCiOXa, 4TO BHIMyKJaa o6oJouka MHoxkecta b (C,)l L sBanercs

nojyanaprameHtoM X co cTenkoi L, oTaHuebiM oT @ (@), H 4TO CYIIECTBYeT
saeMeHT b = By, AIH KOTOPOToO

b (9 (40)) =XUg (a).
Mokasats, uto b'b (a)=a nas scex a < (D, UCy) u uro b'b & Bp.)
B) Hyctb (“i)lgggq'_m”o”}m anapramenta Aj comepxamue C n
NPOHYMEPOBAHHHE TAaKUM 06pa3om, UTO OTOOpakeHHE

j— n a;
I<iy
spasiercst ¢Tporo yO6mmawium (§ 1, ynpaxueune 17). Ilokasatsh, yto B =
— — ! 4
_B‘li Baq H yTo ecau b, biEBai’ npuueM b ... bq——bl bq, T0
b= b, (BON), 1<i<q.

18) BepHemces k o6o3uavennam H nonatuam u3 n°2. [lycrs V; — sekropnoe
NOANPOCTPAHCTBO B k™, NOPOXK1eHHOE 3JEMEHTAMU e, g (IiKn—1),

a) ITokasath, uTo AJs A106Oro NOAMHOXKecTBa X MHOXKeCTBa S moarpynmna
Gy (n°5) cocrour 3 saementos g & G, takux, uro g (V;,)=1V, npu Bcex i,
KOTOPHM OTBeuaiT §; & X,

6) [yctb I — ancam6ab, accounnposanunit ¢ cucremoll Turca (G, B, N, S)
(ynpaxuenns 10 u 12). Ilokasars, uto oTo6pa)ieHHE j, KOTOPOE TOuKe gG(‘)
ancam6as [ (3mecdb G o60snauaer noArpynny GS—{si} rpynnsl G, 1. e. cTabu-
AM3aTOP MOANPOCTpancTBa V;) CTABHT B COOTBETCTBHE BEKTOPHOE NOANPOCT-
pancreo g (V;), aBasercs 6uexkyued aucambas I na muokecTBo B BEKTOPHBIX
nognpoctpancts B k" (5= {0} u = k™), cormacosanHoii ¢ neficreiem rpynnu G.

B) HasoBeM ¢prazom BekTOpHOrO npocrpaHcrBa £ coBeplieHHO YNOPSAO-

YeHHoe IO BKJIOYEHHIO MHOXXECTBO BEKTOPHHX noxnpocrpancte B E. Tloka-
3aTh, UTO DJEMEHTH 4y, ..., 4, aucamGau | npunagpexar oiHoll H TOH xe

sueiike B TOM H TOAbKO TOM cayuae, xorna {j(a,), ..., j(a,)} — daar B k™

r) HoxkasaTs, uto G geficTByer ABaX1H TPAH3HTHBHO HA MHOXECTBE BEK-
TOPHBIX TMOANPOCTPaHCTR pa3MepHocty | B &” Ilyerb n>2, u nyers Ny —
noarpynna B G, NOPOXKAEHHAs 3JeMEHTOM, KOTOPHI NepecTaBiser e; U ey,

0CTapJAsl HETOABHXKHHIME 1pyrue ¢;. [Toxasats, uro (G, G(l), N;) — cucrema

Turca ¢ rpynnofi Bejinu nopagka 2.
1) Hpennonoxum, yTo none k xoMmyraruBHO. ITomoxum

G'=SL(n, k), BB=0GNB, N=GNN u T"=NNB=TNG".
Tokazate, utro N’/T’ oroxnmectanerca ¢ S, u uro (G, B', N, S) spasercst
cucremoit Turca (paccyxnaTh, Kak B n°2).

19) IMycrs £ — KOMMYTaTHBHOE MOJe XaPaKTePHCTHKH 7 2 u Q — Kpaj-
PaTHuHas ¢opMa xlx3+x§ na k3. Tlokaaats, uro rpynmna SO (Q) mBamnn

TPaH3HTHBHO AEHCTBYET M2 MHOKECTBE H30TPONHHIX NpsmbiXx B k3. CpaBHHTH
COOTBETCTRYIOIYI0 cHcTeMy Turca (ynpaxHenne 7) ¢ cucremofi, MoCTpoeH-
HOW B n°2 nas n==2 (cp. Aae., ra. IX, § 9, yup. 18).

3 3ak. 6l. H. BypGaku
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20) BroBs ucnoss3yeM o6o3HaueHHs H3 N°2, npeanonaras AONOJHHTEALHO
nofte k koMMyTatuBHHM. HMmeeM ogun H3 clenyiomux caydaes:

(B;) n=20+1, rge /> 1, xapakTepHCTHKA noia k OT/IHYHA OT 2, a HA
k™ sanama kpagpatnunas ¢opma Q=1ixyx, + ... +xx; .+ xl?+1;

(C;) n==21 ({>=1), a na k" 3ananma spaxonepeMeHnuas Popma @, Takas,
uto D (e, ej)=0 wma 1<<iKn, 1<j<<n v i<, Hckmouan cayvait
i<l j=n+1—i xoraa ® (e, e))=1;

(D;) n=2! (I>2), xapakTepucTHKa noas k # 2, a na k" 3amanma xBa-
aparuynas dopMa Q = xx, + ... + %) .

O6o3naynm wepes () cnelHalbHYIO OpTOroHadbHYIO rpynny SO (Q) B cay-
gasix (B;) u (Dy) 8 vepes Sp (®) cumnnreKTHYecKy0 rpynny B cayvae (C;). [To-
JIOKUM

By=GNB, N\y=G,NN v Th=GNT=BNN,.

a) Ilokasats, uro jefictBue rpynnel N; Ha MHOXeCTBe NPIMBIX ke,
onpeneaser romoMopdusm rpynnsl Ny ¢ anpom Ty Ha noarpynny Wy rpynust &,
nosBoasomuii otoxiectsute Wy wu N,/T;. Ilokasars, uro W, — noarpynna
rpynns. &, nopoxaenHas:

B cayusae (B;) aaemenramu O =85,_p» I<ji<, u 0= 5,155}
B cayuae (C)) sseMeHTaMu O;=$;8,_p I<j<l nwoy=s;

B cayuae (D) snementamn 0; = s;5, _;» V<j<Lmo,=m%,_,5,5,_15.,5-

6) Ilycts S| — MHOXECTBO 3JEMEHTOB 0; s I < j< L Tokasarts, yto

Gy, By, N;. 8)) npasiercs cucremoit Turca. ([oxkasareabctBo Toro ¢akra,
uto moarpynna f rpymnnw G,, nopoxpenHas noarpymnamd B, u N,, coBna-
naer c G, mpoBoautest TaKk e, kak B Alg., chap. II, 3¢ éd., § 10, n° 13,
H OCHOBHIBAeTCst HAa JBYX 3aMeyaHUsX:

1) H comepXnT Goabmyio HHKHIOI TPEYroNbHYIO NOATpynmy rpynmbl Gi;
2) nns moGoro HaGopa §; € k (2< i<Cn) cymecTnyer MaTpuna b = (b;;) = B;,
B KoTopol by, =1, by;=8 ana 2<<i<n~—1, a byp =§, B cayuae (Cy),
bin==0 B cayuasx (By) u (D;). 3arem paccyxxarb Tak e, Kak B n°2, BBOAS
noarpynnel Gy, ;=G,N(Gj-Gp—;) nra 1<j<! n noarpynmy G,  sne-
‘MEeHTOB B (;, KOTOpPBE OCTaBJSIOT HEMOABHKHBIMH:

B CJyuae (Bl) BeKTOpH e; ana i 7=, [+ 1, [+ 2 n noanpocrpanctso,
NOPOXK 1eHHOE BEKTOPAMH €, &, 4 H € o

B caysae (C;) Bektopbl e; aas i7=l, I+ 1 # niockocTs, HOPOKACHHYIO
BEKTOPAMH €, H ¢;_;

B CJyuyae (Dl) BEKTOPH e; /s i<l—1 w1t i>1<+2 1 ape NJIOCKOCTH,

‘MOPOKJEHHbIE COOTBETCTBEHHO BEKTOPAMH el—l’ el+l " el, eH_?.

Mokazats, yto @,; orTompAecreasercs uax ¢ GL (2, k), win ¢ SL (2, k),
HJI CO creuxaJsHOH OPTOroHaJ/sHOM TPymnoil u3 ynpaxsenus 19.)
* B) Ilokaaats, uto rpad Koxcrepa rpynus W; npuHApJeXUT COOTBET-

-creenno tHny (B;), (C;) uan (Dy) (ra. VI, § 4, n°1).,

r) ITokasats, uto AJs BesAKOro moaMpoxectsa X < S; moarpymna Glx
COCTONT M3 3JeMeHTOB g € (G, Takux, uto g (V;) =V, npH BCeX i, KOTOPLIM
‘0TBevawT 0; & X, 3a uckawouenuem cayqas (D;), korna To Xe camoe yTBep-
JXKIeHHe OCraeTcsi BePHLIM, eC/IH NoA V,—; NoHHMaTh 0OANPOCTPAHCTBO, HO-
POXJAeHHOE BEKTOPAMH €, ..., €r—y H e€ry;. llOXYyuHTb OTCIONA, KK H
B ynpaxHenun 18, 0), GHeKuUnio j accouMMpOBaHHOrO ¢ cucremoXt (G, By)
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ancaMOis Ha MHOXECTBO BIOJHE H30TPONHLIX NOANpOCTpaHcTBs %0 B cay-
yasx (B;), (C;) # Ha MHOXeCTBO BHOJIHE H30TPOMHHIX MOANPOCTPAHCTB pas-
mepuocts 0 n s=r—1 B cayvae (Dy). IToxasars, uro TOUKH @, ..., q,
s | upunagnexar OAHOA H TOR iKe siuefiKe B TOM H TOJLKO TOM clAyuae,
koraa {j(a;) ---» i(ag)} — duar.

21) Myecrs A — anckpeTHo HopMupoBanHoe Koabwo (Kom. azez., ra. VI,
§ 3, n°6), m — MakCuManbHBIl Hpeast, y —ero obpasyiomas n K — noJe
ornomennit koastla A. Ilyets G —rpymnnma SL (2, k), B — noarpynna 8 G,

cocrosiulas H3 MAaTPHL < E TaKHX, 4T0 a, b, d &= A H c =m (npuueM
c

ad — bc=1), ¥ N — noarpynna rpynns G, cOcTOSIAst H3 MATPHI, ¥ KOTO-
PHIX B KaXXa0M CTOJd61e H KaXofl CTpoKe HMeeTCH TOJBKO ONHH OTJHUHBIH
OT HYJIS SJEMEHT.

a) Iloxasate, uro T =B[}N —nopmanbHas noarpynna B N u uro
W = N/T — GeckoHeunasi [i3npanbHas rpylNfia, NOPOXjeHHas KaaccaMH §

, 0 1
H s’ MaTpHI ( L o
AY

6) IMokasars, uto (G, B, N, S) (rae S ={s, §'}) asasercs cucremoi Turca.

B) Iycers H =SL (2, A) — noarpynna rpynus G, cOCTOMIMIAR H3 MATPHIL
¢ xoshbuuuenramn B A. Tlokasarts, uto (H, B1H, N, {s)) — cacrema Turea.
CpaBHuTb ee ¢ cHCTeMOH B ympaxueHun 18, x).

r) [lycts A — nonosenne xomsua A, n nycTh é, B, N, ?—rpynmﬂ,
ompejenenKbie, KaK BHIeE, HO € 3aMeHOH Kosbla A Ha A. Tokasats, aro
Braoxenne G B G onpeneasier H3oMopduM | accounuposanHoro ¢ (G, B)
ancambnst | (ynpaxuenue 10) Ha accouuuposaHmblfl ¢ (6, B) aucamGan 1.
Mycts (I, A) (coorr. (f, QAI\—CprrcTypude ancambsib, aCCONHHPOBAHHBIN
¢ (G, B, N) (coors. (6, B, N) (ynpaxnenne 12). IToxasats, uro j(¥) =%,
Ho uto j (%) % ¥, econ A 5= A. (3ameruts, uro anapramentst 3 I (coots. )
B32HMHO O[HO3HAuHO COOTBETCTBYIOT MOATPYINaM, COMPSKEHHHM IIPH OMOLIH
saeMeHTOB ¥3 G (COOTB. 5) ¢ T (coors. T).

0 Y
H 1 0 _COOTBeTCTBeHHO.

22) Tlyers G — rpynna s B — ee moarpynna.

a) YCTaHOBHTb 3KBHBAJEHTHOCTh CAELYIOMIHX YCJOBHI:

(i) BN gBg—"! umeer KOHeyHHA HHAeKC B B 111 mcex g = G:

(ii) moGoit InBofinoit cMexHwi Kiacc BgB ortHocHTeabHO B spasercs
KOHEYHBIM O6'beﬂHH6HHEM JeBHX CMEXHBIX KJlacCOB OTHOCHTEJLHO B.

Bonee ToOuHO, MOKa3ath, uTo Ias dob6oro g € G uHAEKC q, NOArpymmH

BNgBg—! B B papeH unCay JeBHIX KJAaCCOB OTHOCHTENbHO B, copepKaiinxcs
B aBoitnomM kmacce BgB. Tlokasarp, uro qgh<qg.qh s Beex g, he G.

Mu Gynev npeimodaraTo B nanbHefimeM, yTo ycaosus (i) m (ii) Bu-
nosHeHH, M OGO03HAaYMM yepe3 £ HEeKOTOPOEe KOMMYTAaTHBHOe Ko.buo. Jlas
t= G/B (coor. te B\G/B) o0603nauum uepes a, orofpaxenie G B &,
ompefeseHnoe caegyouM obpasom: 4, (g) =0, ecin ge&&t, u a, (g)=1,
ecit gt Ilyers L (coors. H) — k-monynb, mopoxaeHubiit @, nas Bcex
te= G/B (coors. t e B\G/B). ,

6) IMokasars, YTO CYUIECTBYET, H IPHTOM eJHHCT BeHHas, MuHelnas popMa B
Ha L, Ttakas, uTo p,(at)=l nas Bcex te= G/B.

B) Ilycts 9 e L u ¢ = H. Tlokasars, aTo npH Bcex ¥ & G otoSpaxeHne

Be: yr—=>0 (1) ¥ (y~'%)
npuxagnexkur K L u uro oroGpaxkenue @ +¢: x —> 1 (0,) rtoxKe npunapg-
Jdexxutr x L. Ecau, kpoMe 7toro, o= H, To @+ = H, Ilokasatb, yTO

3*
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oto6paxenue (@, Pp) —> ¢ = Hageaser I cTpykTypo#t aare6psl Hag &, go-
nyckaiomell a, B KauecTBe eIMHHYHOTO 3JEMeHTa, W Onpejender Ha L
CTPYKTYpY mnpasoro H-monyas.

Anre6pa H wuassipaerca aacebpoii I'exxe rpynnst G OTHOCHTEALHO NOA-~
rpynne B n o6osnavaercs uepes Hp (G, B).

r) ITokasats, uto npu f, ' = B\G/B nMeer MeCTO COOTHOLICHHE

agsap= X m(t, t';t") apm
o
rge m (¢, ¥'; 1) — uMCI0 CMEXHBEIX KJacCOB OTHOCHTENLHO B, cogepxamuxcs
—1
B tNgt’” pas moboro get”,
n) Cpynna G peficteyer ma L JeBsiMu nepenocamu. ITokasarts, uTo

neiicteue H wa L onpepensier usomopdusm anare6pst A Ha KOMMyTaHT moay-
qalerocd NIPH 3TOM JHUeHHOro mpejgcrasienus G B L.

*e) Ilpepnonoxum, uro G — KoneyHas TPYNNa H 4TO XapaKTEPHCTHKA
Koamlla k£ He AeanT nopagox rpymns G. IToxasars, uro komwuo Hp (G, B)
a6comoTio noaynpocto Hap k (Aae., ra. VI, § 7, n°5) (BocnoassoBarses
TeopeMoii Mamke (ra. V, Jonoawenne) u mpepiioxennem 3 u3 Aae., ra. VIII,
4§ 5, n°1).,

&) IlpeanonoxumM, uro G — TomoJiorHyeckas rpynna H B — ee orKpwitas
KoMmnakTHas noxrpynna. IToxasars, uro ycaoBus (i) u (ii) Bmmoadeus u uto,
xorpa k=R wnan C, npouspesneune @ =*1p coBnagaer Co CBEPTKOH OTHOCH-
Teapu0 uparofi Mepn Xaapa na G, HOPMHPOBaHHOMH ycaoByeM p(BY=1 (cMm.
Hureep. ra. VIII, § 4, n°5).

23) Hycrs (W, S) — cucrema KoxcTepa H k - KOMMYTaTHBHOE KOJIbIO.
TIpenno/oXuM, 4TO Npu Bcex S & S 3agadbl JBa 3MeMEHTA As U [Ls KoJbua &,
TaKne, 4To A;=Ay H pg=pn,, Koraa s u s* conpsaxens B W. ITosoxum

E =" u o6osnaunm yepes (eg) KaHoHuyecku# Gasuc B E.
a) ITokasare, uro Ka E cywecTByeT OZHO3HAYHO OnpejieleHHas CTPYyK-

Typa anreGpnl Hag k, Takas, uTo mas Mobux sESSnwe W

{ esw» ecan I (sw)>1(w);

es.ly =

Asew + Bstsw, ecan [ (sw)<I(w).
(Beectn npn mnomowd STHX ¢opMyn sumomopduam Ps npocrpascrea E,
nonarasi esey = Pg(w), u supomopdusm QS=jPSj_‘, rne j o6osHauaer
apromopbusm npoctpancrBa E, onpejeieHubl COOTHOMICHHEM j(ew)=ew_. .
ITokasaTs, uto PgQi= Q:Ps nns s, I & S, 3aMeTHB npu 3TOM, YTO YCJIOBHA
I(swt)=1I1(w) u Il(sw)=1[(w!) BIeKyT pamencrBo sw = wf. [amee pac-
cyxpgarth, Kak B ynpaxnenun 3,1x).) Moaymb E, cHaGxeuumil 3Toll cTpyx-
Typoil aare6pu, GyneM ofosmauarh uepes Ep ((Ag), (Ws)). ITokasats, uro
E ((0), (1)) ects rpynnoBas aare6pa & [W] rpymner W (Alg., chap. III, 32 ed.,

2, n°6).
6) IMokasarh, uTo cemeficTBO 06pa3syiomuX (es)y<g U COOTHOLIGHHH

2
eg=he.+p, wa seS;
(ese;)) = (ese5)” nna s, £ & S ¢ nponsBeneuneM st
KOHEYHOro ueTHOro NOpaaxa 2r;
r J— r
(eset) es—(etes) e, Las S, t =S c npousseneuuem st
KOHEUHOTo HeueTHOro mopsgka 2r + 1

ofpasyer 3anadne amre6poi E (paccyXaeHus amaforHuHbl J0Ka3aTeabCTBY
Teopemul 1, n°6, § 1).
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24) Ilycte G — rpynna, B — ee noarpynma Turtca (ynpaxkxenne 3, oT-
Kyna MH GepeM oGosnauenud). [IpennonoxuM, uto fas Kaxporo s & S nBofi-
Hoit Kaace C (s) ecTb obbefuHeHHe KOHEUHOro 4YHCHA g JEBHIX CMeXHBIX
KaaccoB oruocutesbuo B. Menonb3yn oGo3nauenuss us ynpaxuenus 22, nomo-
KUM @y, = Qg () TPH BCEX W & w.

a) Tlokasath, uro yciosus (i) u (ii) yopakuenmn 22 yROBAETBOPAIOTCH.
CueioBaTesbHO, MOXHO roBoputh 06 anredpe [ekke Hy (G, B) (B — xoMMyTa-
THBHOE KOJblLIO), B KOTOPOil (@y)w'e W 06pasyior Gasuc.

6) Ilycts s= S u w e W. Tlokasats, uto azeas==(gs — 1) as + g5 Ilo-
Ka3athb, uto ecmu [ (sw)>[(w), T0 as*ay = Asy.

B) IlokasaTh, utTo auuelinoe oToGpamenue anredput Ep ((gs— 1), (45)),
acconunposannoil ¢ cuctemoit Kokcrepa (W, S) (ynpaxuense 23), B Hy (G, B),
KOTOPOE TNEPEBONUT €4 B dy AN BceX w & W, aBaserca naoMopdusMoMm
aJaredp.

25) BepueMca K o6GosznauenusM ynpawkuenus 8. IIpeanosoxum AononHu-
TeNLHO, UTO IPH BceX § & S munekc gg nozrpymnsl B(1gBg—! B B koneuen
Anas moboro g < BsB. -

a) Tlokasars, uto napa (G, B) ymosaetBopsier yeaoBusim (i) u (ii) ynpa-
XKuenus 22.

6) TokasaTh, uTo npu Jaw6oMm y & ' orobpaxenne x> yxy—! onpe-
zenser aBToMopdusm o aaredpe Iekke Hp (G, B) u uTO O 3aBHCHT TOJBKO
or kaacca @ anementa y B Q=T/(T'(1 B). OGosnauum ero uepes Cgq.

8) Iycts & [Q] — rpynnoBas anreSpa rpynne Q, (ep) — KaHOHHUECKHH
Gasuc. ITokasath, uto JuuefiHoe oroGpakeHHe | TEH30PHOTO NPOH3BENEHHUHA

£ [Q] @k H: (G, B) 8 Hi (G, B), onpenenentoe dopmyaoit j (e, ® ap, )=
=ap .p (B o6oanauenuax ynpaxuenus 22) qad o = Q u w & W, ecTb Guek-
LA ¥ YTO HMeeT MeCTO COOTHOUIEHHe

\ (i (e, ® %) i (e ® 4)) = ey @ T, (1) y

e 0, 0 =Q u x, y= He (G, B).

91 26) Ilycte E — aBcomoTHo noaynpoctast aaredpa KOHEYHOro paHra uap
KOMMYTATHBHHM ToneM k. HasoBeM uucaennoim unsapuantom anre6pel E
TaKYIO I10CJI€N0BATENBHOCTD LHeJbX 4HCeN (My, +-vs By)y UTO Ny 2= ..o 20,20
u aare6pa k @y E nzomoppua anreépe HMn.(k) nag moGoro anredpauye-

L

CKOro 3amuiKanua kB nonas k.

IMycrs V — koabuo unesoctuoctd, K — ero noJje oTHOLIeRHH, @ — romo-
MopdusM kKoabua V B KoMMyraTHBHoe noje k2 u E — Hekoropas V-anreGpa.
TpennonoxuM, uto E — cBoGopuniéi V-mopyan Koweuhoro panra. Ilycts
E0=E®Vk H E1=E®VK.

a) TIpennonoxuM, uto Guaunefinas dopma (x, y) > Trg (xy) na E,
HeBbpoxkaena. Ilokasats, uto Ey u E, aGcomoTHo noaynpocrs (eM. Aae.,
ra. IX, § 2, ynp. 1).

6) Ilpeanonoxum, uto Ey n E; aGcoaoTHO noJaynpocthl Hag k& u K coor-
BetcrBenno., Ilokasath, uro Eg v £, HMeOT OOHH H TOT € YHCJAeHHBIA HHBa-
puant. (JocTatouno paccmorpeTh cayuadl, xoraa k u K aireGpamuecku 3am-
KuyTH. Ilycts (e;) — Oasuc anreSpet E man V u (X;) — nepemennsie. Hyxuo

AOKas3aTth, 4yTO xapaKrepHcquecxnﬁ MHOTOUJiIeH 3JeMeHTa Z Xiei u3
i

E®, K[(X))] (cootn. Eq ®r k [(X:)]) nmeer Bun P = 11 P;lf (COOTB. Q=
1

= Mp "
= H Qp %), rae (n1, «uvy 1r) (COOTB. My, «u., Ms) €CTh YHCTEHHBIA HHBAPHAHT
k
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-

anre6psr E, (coors. Ep), npuuem deg P;=n; (coorB. deg Qg == ms). Jasee,
HYXHO mnokasaTh, uro Pye& V [(X;)] u uro Q=¢ (P). Ilonyunts orcioaa,
YTO CYLIECTBYIOT LeJbie UHCAA €\ >0, Takue, urto

my, = 2 Cighy M n;= )_:_, cikmk‘)
i

*27) Ilycre (G, B, N, S) — cucrema Turca u £ — KoMMYTaTHBHOE MO/,
TpeanonoxuM, uro rpynna G koHesya W UTO XapPaKTEPHCTHKA MNoAs £ He
nenut nopaaku rpynmn G B W. ITokasate, uro anre6pu Hp (G, B) (ynpasmHe-
gue 22) u kW] a6comoTHO HMOAYNPOCTH H UMEIOT ONHHAKOBLIE YHCJICHHBIE
WHBAPHAHTH, OyLyYH TEM caMblM H30MOPPHEIMH B cJay4ae, Korga monae k anre-
Gpanuecku 3amkuyro. (IIycTs ¢s— uHaexkc noarpynna B()gBg—! B B nas
g BsB, seS. Hyxno pacemorpeTs anre6py Ep (x (X (9,—1), (1+X (g,— 1),
nmocTpoeHHylo o o6pasuy ynpaxHenus 23 no cHereme Kokerepa (W, S) u
Koabuy muoroutenoB k[X]. Jlamee Bocmosb30BaThCS ynpaKHeHHeM 26, a) H
6), samerus, uro rno reopeme Mamxe (ra. V, Honoasenue) 6uinnefinas dopma
Try (Wlik (xy) HEBHPOXIEHA.),

28) Ilyers G — rpymna, M — MakcuMaabHas noarpymna 8 G v U — Hop-
manbHast moxarpymna B M, ynoeaeTsopsioutas ycaosHio (P) ma n° 7. Ilpen-
OJNIOXKHM, uro rpynmna G coBmasaeT co CBOHM KOMMYTaHTOM, YTO OHa HOpo-~
K71eHa OOGbenUHEeHHeM compaXeHHnX ¢ U mogrpynn W yro nepeceueHue moji-
rpynl, CONDPSXEHHHX ¢ M, COCTOHT TOJILKO M3 efnuHuHOoro snemesra. [loka-
3aTth, 4To G — mpocras rpynna. (PaccMorpers HopMaubHyl moxrpymny N
B G, o-xvm)-mylo or emmHuuHof. [lokasath, uro G=N.M u 3arem uTo
G=N.U.

29) Ilycte H — nmpocras HEKOMMYTaTHBHAfA rpymna, 6 — ee arTOMOpHH3M
npocToro mopsaxa p, m nycrs U — mosynpamoe mnpoussegenne 2/pZ ua H,
coorBercrryiouee 0. ITokasarb, yro ecau O He AB/AseTCA BHYTPEHHHM aBTO-
MOpbH3MOM, TO eJMHCTBEHHHIMH HODMajibHHMH moArpymnamu B U 6ynyr
{1}, # u U. Busectu orcioga, uto U Hepaspemnma, HO VIOBJETBOPsieT ycao~
suo (P) H3 n° 7, I[IpumMeHHTb Bce 3TO K CMMMeTpHuecKoi rpymne &,.



FrJIABA V

TPYHIbI, MTOPO)XAEHHBIE OTPA)KEHHAMHU

§ 1. MunepnjocKOCTH, KaMepsl H AvefikH

B stom mnaparpade Mbl 6yZeM o0o3HauaTh cumBojoM E
eewecTeennoe ahUHHOe IPOCTPAHCTBO KOHEUHOR pa3MepHOCTH d
¥ cuMBosoM T TNPOCTPAHCTBO NepeHocoB mpocTpaHcTBa E (cM.
Alg., chap. 11, 3°éd., § 9, u Ton. sexr. npocrp., ta. II, § 2).
Ilas mo6HX HBYX Touek a ¥ b u3 E oGo3HaymM cuMBoJoM [ab]
{coots. lab[, lab]) 3aMkuyTHIH (COOTB. OTKPHITHIH, OTKPLITHHA B @
H 3aMKHYTHIA B b) oTpe3ok ¢ koHuamu a u b. Ha T ogHo3HauHO
BBOJHMTCS TOMNOJOIUSI OTAEJHMOrO TONOJIOTHYeCKOro BeKTOPHOIO
npocrpaucrsa (Ton. eexr. npocrp., . 1, § 2, n°3), u B aToit

TomosoruH oHo usomopodHo RY. Ha E omHO3HAUHO BBOZHTCA
TONOJOTHUS Takas, 4To AJs Joboro e & E oToGpaxenue t—> e ¢
npocrpaicTBa I Ha E sBAsieTCd FOMEOMOPQOH3MOM.

O603HauuM uepe3 9 .10KANBHO KOHEHHOE MHOXKECTBO THIED-
nJaockoctesi B E (O6wy. ron., ra. I, § 10, n® 12).

1. Ocnosnole nonarus u 0603HAYeHUA

Iycts H — runepnJaockocts B E. Hanomuum, uro E—H
pacrnajnaeTcss Ha JiBe CBSI3HHE KOMIIOHEHTB, KOTOpble Has3bl--
BAlOTCH  OTKPLITOLMU  NOAYNPOCTPAHCTEAML, OrPAHHYeHHBIMH
runepniockoctbio H. MX 3aMblkaHHSI HASHIBAIOTCSA 3AMKHYTbIMU
NOAYRPOCTPAHCTBAMI, OrPaHHUYeHHBIMH THIOepIJIocKocTbio H.
ITyets x, y = E. ToBOpsT, uTO x B y JexaT cTPo20 no OOHY
cropony oT H, ecaum OHH comepxkaTcsi B OJHOM H TOM Xe OT-
KPHITOM TNOJYNPOCTPAHCTBE, OTpaHHYeHHOM M, MM, 4TO TO Ke
caMoe, eCJIH 3aMKHYTHIi OTKPHITHI OTPE30K C KOHLAMH X H Y
He mnepecekaetca ¢ H. ToBopar, uTo X U y Jexar no pasuse
cTopoHsr 0T H, ecqm x mpuHALIEKHT OLHOMY OTKDBITOMY NOJY-
NpoCcTpaHcTBy, orpaHunuenomy H, a y— apyromy. [osopsar
Takxke, yTo x & E u t & T nexaT CTpPoOro no ojHy CTopoHy or H,
€CJIH 9TO BepHO LJis x U h -} £, kakoBa 6u HY Oblja TouKa h < H.

Ilyers A — cBsi3HOE HemycToe monMHoxecTBo B E. Jlas Jno-
6ofi runepmiockoctd H B E, He mepecekawuiefi A, 0603HaAUNM
yepes Dy (A) orpaHnueHHoe THIepPIJIOCKOCTbio H enHHCTBeHHOe
OTKpHITOE MOJYNpOCTpPaHCTBO, coipepxkaiee A, ITonoxum

Dx(4)= [} Du(A), (1)

HeR
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rie M — mo6oe MHOXKeECTBO rumepnsockocreli B £, He mepece-
kaiomux A. Ecou A COCTOHT H3 OOHOH TOYKH 4, TO Mbl 6yIeM
nucatb Dy (a) v Ds(a) BMecto Dy ({a}) u Dy ({a}).

2. Hueiixu

MioxecTBO Touek B E, He nguﬂannemamnx HUKaKol rumep-
naockoctd H u3 MHOXecCTBa ¥, OTKpHTO B E, NOCKOJbKY 9
JIOK2JIbHO KOHeYHO. BoJlee ToyHO, MBI HMeeM Ciejyiouiee yTBep-
KIeHHE!

IMeeanoxenue 1. Mycre a —rouxka 8 E. Cyuwecrayer soi-
nyxaas OTKPOLITAL OKPECTHOCTb TOYKU 4, KOTOPAS He nepece-
Kaer Hukaxoi eunepnaockoctu H us ), ne npoxodaweii uepe3
TO4KYy a. Jlasee, Cywecreyer TOALKO KOHEHHOE 4UCAO0 eunep-
naockocreii u3z 9, npoxodawux uepes a.

Muoxectso R runepmiockocreit H, Ttakux, uro H=9 n
a & H, nokanpHo KoHewHo, H60 OHO copepxkutcs B 9. Caenona-
TeJIbHO, MHOX)ecCTBO U Touek B E, He mpHHaAMexalnX HHKAKOH
THNEpPIJOCKocTH M3 MuoxectBa N, otkpuiro. Tak kak a< U,
TO CYIIECTBYeT BHINyKJas OTKPHTAas OKPEeCTHOCTb a, Coaepixa-
masicst B U. KoHen npeasoxKeHHs Ou4eBHIEH.

ITycrs nanb aBe ToukH x H y B E. O603HaunM yepe3 Rix, y}
OTHOILIEHHE:! .

»Jas moGoit runepnaockocTs H e 9 6o x= H n ye= H, xubo xu y
<

JIeXAaT CTPOro 1o OgHY CTOpOHY oT H“.
$IcHo, uTO R - OTHOILEHHE 3KBHBAJEHTHOCTH B E.

OnpepeaEHuE 1. fueiikoi 6 npocrpancree E orHocureasno
MHONeCT8a aunepnaockocteti § Ha3618aeTCA KAACC IKEUBANEHT-
HOCTU NO onpedeseHHOMY 8bluie OTHOWEHU R.

TTrEanoxKEHUE 2. MHOMeECT80 A4eeK AOKAALHO KOHEYHO.
A1o oUeBHAHOE CJEACTBHe JIOKAJbHOH KOHewHOCTH 9.

IMycrs F — siuefixa W a — Opunaagexamas ei touxa. Iast
Toro uto6nl rumepmjockocTs H € $ copmepxana F, Heo6XOAMMO
H JOCTaTouHo, uTo6nl a & H. [losromy MHOXKecTBO § Takux
CHOEpHJIOCKOCTe KoHeyHo. Mx nepecedeHue ecTp adpuHHOE
nopnpocrpancrso L mpocTpancTBa E, xoTopoe Mbl OyneM Hasbl-
BaTh aQPUHHLIM HocuTesem suefkM F. Pa3MmepHOCTb mpocTpaH-
cTtBa L HasbiBaeTcss pasMepHOCToro siueHKH F.

Ecan M — MHoxecTBO rumepuicckecteil H & 9, He comep-

kamux F, 10
F=1n [] Dx@. 2
Hen
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Mbl X0THM [0Kas3arb, u4TO 3aMblKaHHe fyelikd F 3agaercss ¢op-

MYJI0H _
F=Ln ] Du(a. @)

HeR

SIcHo, 4YTO JeBast YaCTh pPABEHCTBA CONEPXHUTCS B IPaBOM.

O6parno, nycrs x & L(] [} Dy(a). OtkpuiTit 0Tpesok ¢ Kou-
HeR

naMu @ H X couepxurcs B L H B KaxiaoM Dy(a) nas He R,

a TeM caMbiM H B F. 3HAYdT, X NMPHHANJECKHT 3aMblKaHHio F,

OTKYyJa H CJefyeT CIpaBeJJHBOCTh (POPMYJIHL,

TIPEpOKEHHE 3. [Tycre F — agedra u L — ee adpgunnbii
HocuTeab.

i) Muoxecrso F ssasiercs OTKpuTOL U 8LINYKAOL 4ACTHIO
agpunnoeo nodnpocrpancrea L 8 E.

il) 3amoikanue aqeixu F ecte ob6sedunenue F u saveex pas-
MEPHOCTU, CTPo20 MeHbuwel, uem pasmepHocTs F.

iii) B rTonoaoeuveckom npocrpancree L mnoscecrso F sas-
ASETCA BHYTPEHHOCTHIO CB0€20 3AMBIKAHUSA.

Tak KakK OTKpbITOe IOJYIPOCTPAHCTBO H J06asi rUIepIio-
CKOCTb BbINYKJb B FE, To dopMmynaa (2) nokasbiBaeT, 4to F
SIBJISIETCS TIePeCeYeHHEM HEKOTOPOTO CeMEHCTBA BBIMYKJIBIX MHO-
JKEeCTB U TeM CaMbIM caMo BbIIykJao. CBepX TOro, mycTb @ ——
Touka B F u U — ee CBsA3HAsi OTKpPHITasi OKPecTHOCTb B £, He
nepecekaioliass HUKAKOH THIEPIJIOCKOCTH H3 ceMeiicTBa N Takux
He 9, yro a& H. 1aa mo6oi runepniaockocts H = R umeenm
torna U < Dy(a), otkyna LU < F u, caegoBatennho, F oT-
KPbITO B TONOJIOTHYECKOM HPOCTpaHCTBe L.

Mycrs b —Touka u3 F — F, npunandexamas sudeiike F/,
u N — muoxectBo runepniockocrei H &M, npoxoasmux
yepe3 b. Tlomoxum M”=N—N'. Naa mo6oii Trunepnaocko-

ctu H u3 N” umeem beE H 4 be= Dy(a), otkyna b < Dy(a)
H, caenoBaTeabno, Dy (b)= Dy (a). Tlostomy no onpexeseHuio

AUEeHKH
F=Ln ) H ] Dula (4)

Hew Hew

a M3 paBeHcTBa (3) caexyer, YTo

F=Ln N bx@n N Da@, )

Hew HeR”

orkyna F’==F., Caywaii M= (J HeBo3MOXKeH, HG0 TOrKa H3
paseHctB (2) u (4) caenoBano G, uT0 F=F’, Bonpekd npei-
noJsioxkeHdio be& F u be F/. Hocurenem sideiiku F’ gBasiercs
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MHOXeCTBO L' = L{] n H. Hoas=Luwa&gEH qna H us W,
Hew

OTKyZa caenyer, uro L’ L wu, Hakomeu, dimL’ <dimlL;

uraye rosop#, dimF’ <dimF. 3DTtuM [oKa3zaHo yTBEpKIe-

Hue (ii).

[Tyers H —runepniockocts u3 N u D — orkpeiTOE MOAY-
IPOCTPAHCTBO, orpaHHuyenHoe H u orauusHoe or Dy(a). Toraa
be HNL n D(]L —noaynpocrpaHcTB0 B L, orpanHdueHHOe
ranepniaockocteio (L B L. CrenoBarenbHo, JmoGasi oKpecT-
HOCTb TOukH b B L mnepecekaer D)L, a mockoanky D[] L ue
nepecekaercst ¢ F, xak BugHO H3 (3), TO MBI noJayyaeM, 4To

Touka b u3 F — F He MOXKeT GHTh BHYTpeHHe#l Toukoii F B TO-
NOJOTHYeCKOM IpocrpahcTBe L. Tak kKak F ofkpeito B L, TO
Mb noJayuyaem yTBepxknenue (iii). Y. T. .

Caencrsue. [Ilycre F u F/ — 0se sueiiku. Ecau F=F, ro
F u F’ cosnadaror.

ITo BHTeKaeT U3 yTBepkuenus (iifi).

[TPEnnoXEHUE 4. ITycre F — sueiika u L — agpurnoe nod-
npocTpancTes  npocrpancrea E — nepecewenue HekoTopoeo
muoocecTsa eunepnaockocret usd 9. Obosnawun wepes N muoxce-
crgo eunepnaockocreii H <9, ne codepwawux L. Toeda
caedyroujue Ycao8US 3K8UBAACHTHDL:

(i) cywecrayer ageiika F' ¢ nmocureaem L, nepecexarowjas F;

(ii) cywecreyer saueixa F’ ¢ Hocuteaem L, codepxca-
wasca 8 F;

(iii) cywecreyer Touxka x 8 L\ F, He npunadaexauas Hu-
Kakod eunepnaockocru us N.

Ecau sru ycaosus soinoanenst, 1o L) Dy (F) — edurcreendas
ayelika ¢ Hocuteaem L, codepocawjasnca 8 F.

(i)=(ii). Tak kKak F — o6benuHenune sueek (IpennaoxKeHue 3,
(ii)), To moGast siueiika, mepecekamomwasi F, nmepecekaeT HEKOTO-
pyio suefiky, cofepxamywocs B F, H, 3Ha4uT, C HeHl CoBmasaer.

(ii) =» (iii). Has moGo#t Toukm x u3 F’ yreepxknuende (iii)
BRIIOJIHEHO, HGO THIEPIJNOCKOCTb M3 9, comepxkaimas x, CoO-
nepxut F/ u, cnegosaresbro, L.

(iili)=>(i). TIlycrb x -—TOuka, yrnoJeTBopsiomast (iii), u
nycrs F/ — sivefika, cogepkamas x. Slcuo, uro F/ nepecekaer F.
IMycrs H= . Torma x& H, ecin H =N, u oueBUIHO, 4TO
x=H, ecau H e R, . CaenosarTenabHo, HoOCHTEAb sitdedkH F7/
eCTh IepeceyenHe rumepiaockocreil ua $ — N u cosmanaer ¢ L.

Hakounen, nycts F/ — sauefika ¢ HOCcHTeneM L, copepxamiascs
B F, u nycth x —Touka B F’. Tak KakK HHKaKasi THIIEPIIOCKOCTh
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3 M9 He npoxoauT uepe3 x, TO NpeinoOKeHHe | MOKa3H-
BaeT, UYTO CYIHeCTByeT BBINYKJ/as OTKPHITa#s OKpeCTHocTh U
TOYKH X, KOTOpas He IepeceKaeTcsi HH ¢ OLHOH M3 THNepNJO-
ckocteit cemesictea N. [ToCKOABKY X NPHHALJEKHT 3aMBIKAHHIO
auedikn F, U\ F 5= 2. Haiee, N cyTb MHOKECTBO THNEPILIO-
ckocreit He= 9, ue cozepxaumx F/, u aas moboin H u3z R
umeeM Dy(x)=Dj(U)=Dy(UNF)=Dy(F)., Tenepr dop-
MyJsa (2) maer paBeHCTBO

F'= L Da(F). q. T. O.

3. Kamepu

OnpenenEHHE 2. Kamepoil npocrpancrea E oTHocuressno 9
(1M TIPOCTO Kamepoii, eCau sICHO, uTO 3a § MMmeercs B BHAY)
Haswgaerca aobas aueixka e E ornocuressno §, xoropasn e
npuHadseHUT Hukaxol eunepnaockocru ud §.

ITycts U — oTkpbiToe MHOXKecTBO B E, cOCTOsllee H3 TOYEK,
KOTOpble He JeXkaT HH Ha Kakoi rumepniockoctd us 9. Tak
KaK THIEPIJIOCKOCTh H3 § He MOKET Ilepecekarh sueidiky U ee
He COJepxkaTh, TO KamepaMu OyAyT sdyefikH, COJepixaluvecs
B U. Jlio6Gass kaMepa sBJsieTCsl OTKPBITBIM H BHIIYKJHIM (a Cie-
LOBaTeJbHO, M CBH3HBIM) INoIMHOxecTBoM E no mnpeasnoxe-
Huo 3, (i), Tlockosabky kamepbl 006pasyioT pa30HeHMe MHOXKe-
ctsa U, OHH cOBmajgawT ¢ cgasHomu Komnoseriramu B U.
Jlio6oe BHIMykaoe mnoamHoxkecTBo A B U CBs3HO H, CjlefoBa-
TeJbHO, COZEPIKHTCH B KakOH-HMOynb kaMepe, BNOJHE OIpese-
JIeHHO#, ecan A Hemycro. SICHO, YTO KaMmephl — 3TO fuYeHKH
¢ HocurteseM E, u npejpnoxenue 3, (iii) nokasplBaeT, YTo Kaxnuas
KaMepa fIBJsIeTCSI BHYTPEHHOCTHIO CBOero 3aMbikaHus. HakoHern,
nyctb C — kamepnl H A — Hemycroe mnoamHoxectBo B C. U3
dopmya (2) u (3) noayuaem

C= [] Da(4)=Ds(A), C= [] Dy(A), (6)
H=9 Heg

nockoasky Dp (A)=Dy(a) 1aa awodoit Touky a & A.

IlpenaoxeduE 5. [lycre C — nenycroe nodmuoxcecrso 8 E.
IIpednoaoncum, 410 CyujecTsyer ROOMHONeCT80 ' mHoxcecTsa 9,
obaadawujee caredyrouunt 08yma C80LCTBAMU:

a) kawmcdod eunepnaockoctu H u3 §° momHo conocrasurs
orkpoiroe noaynpocrpancrso Dy, o2pasuuensoe eunepnio-
ckocrero H u rakoe, uro C= () D

Hed'

6) mnoacecrgo C He nepecexaercs ¢ 2UneprnAOCKOCTAMU U3
4
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IIpu srux ycaosuax C sasaserca kamepoii 8 E orHocu-
reavno 9 u Dy==Dy(C) 01 amoboii eunepnirockoctu H e 9.

Ceofictea a) u 6) nokaseiBaloT, Yro C BunykJo B U. Craco
6biTh, cymecTByeT KaMepa C’ ¢ C = C’. Tak kak C < Dy, T0
Dy=Dy(C) nna moGoii runmepmiockoctu H u3 §’. Orcwoia
nonyuaeM C = Dg (C)D Dg(C), nockoaprky $ <. Ilo dop-
myiae (6) Dg(C)=C" n C>C’, tak uto C=C_",

TlpEnnioKERHE 6. Jlrobas Touxa npocrpancrea E npunad-
AEHCUT 3AMBIKAHUIO XOTSL Obl 00HOU Kamepsi.

Ecnu E cocTouT M3 OjpHOH TOYKH, YTBEPKAEHHE OUYEBUJHO.
B nporusHoM cayuae nycers a< E un Hy, ..., H, —runepn.o-
ckoctd H3 9, comepxamue a. Tak kak 9 JOKaJIbHO KOHEUHO,
TO CyIIECTBYET OKPECTHOCTb V' TOUKH @, KOTOPYIO He MepecekaioT
TUNepnJoCcKOCTH H3 §, orauuusie ot Hy, ..., H,. Iycre D —
npsiMasi, IpoxXoAsilasi Yepe3 a H He cOfepKaulasca HH B Kakoi
u3 runepnjiockocreit H;. Ecuan x & D, x5=a, U x NpUHALIEKHUT
JOCTATOYHO MaJiofl OKpPECTHOCTH TOYKH 4, TO OTKPHTHIH oTpe-
30k ]Jax| comepxurcs B V U He mepecekaeT HHKakoi H.

B rtakom cayuae Jax[c< U. Beupy cBssHoctH ]ax[ comep-
JKHUTCH B HekoTopoli kamepe C, orkyna a & C.

NMeennoxenue 7. Hycre L — agpunnoe nodnpoctpaucreo
8 E u Q— orkporoe nenycroe nodmuosxcecrso 8 L.

(i) Cywecreyer Touxa a 8 Q, uepes KOTOpyrw He npoxodur
HU OOHA 2UnepnaocKkocTe u3 9, xe codepocawasn L.

(iiy Ecau L — eunepnaockoctes u L& 9, 10 cywecrsyer ka-
Mmepa, nepecexaroujai Q.

(iii) Ecau L — eunepnaockocte u L9, ro cywecrsyer
TO4YKa a 8 Q, He npunadsenawyads HUKAKOL 2eunepnaocKocTu
H=~1L uz 9.

O6o3unaunM yepes N MuoxecTBo runeprockocreii Hc H <= 9
H LZH n uepe3 & — MHOXeCTBO THIIEPRJOCKOCTeH 8 agpun-
Hom npocrpancree L suma LN H, rone He N, Scuo, uro & —
JOKAJbHO KOHEYHOE MHOKECTBO THIepIJoCKocTeH B L, M mpej-
JoxeHne 6 ToKasHBaeT, uto Q mepecekaeT HeKoTopylo kaMepy I
B L otHocutesbHo {. Ecau a—Touka B I'[1Q, T0 a¢& H nas
Bcex H, oTkyna cjaenyer yrBepxienHe (i).

Ilpennonoxum, uro [ — runepujaockocts. Bedkasi runepnsio-
CKOCTh, cojepxauas L, ¢ Hefl coBnagaer. TakuM 06pasoM, Mul
LOJIXKHBL pa3jnuaTth JABa CJyyas:

a) L& H. Torna R=9 u a& H nns scex H=H. Cueno-
BaTeJbHO, @ NpHHAJJIeXHT HeKoropoli kamepe B E oTHOCH-
TeapHo 9. Orciona caenyer yrBepxkaerue (ii). ‘

6) L 9. Torna N=9 — {L}, orkyna crenyet (iii).
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4. Crenxu u z2panu

Onpenenenue 3. [Tycre C — xamepa 8 E. Hasosem epansio
kamepor C arobyro aueixy, codepmawyrocs 8 3amvikanuy C u
uMerowyto 8 Ka4ecTee HOCUTeAR eunepniockocrs. Hasosem cren-
Koii xamepor C at06yr0 2UNepriOCKOCTb, KOTOPAs ABAAETCA HO-
curenem epanu kamepo. C.

Kaxnasa cTeHka xamepn C npunamsiexuT 9. IMpexmosoxe-
HHe 4 TMOKas3biBaeT, 4TO THUNEPIJOCKOCTh L = § saBisiercs cren-
Ko#t Kamepsl C B TOM H TOJIbKO ToM Cayuae, Korga C+ Dg_ 1 (C).
Jlanee, Bcsikasg cTeHka Kamepsl C fABJIAETCS HOCHTEJEM €LHH-
cTBeHHOH rpaHu Kamepn C.

TTrennoxEenuE 8. Jwbas eunepnaockocre H u3 9 asasercs
cTenKol xora 6ut 00HOL Kamepyl.

[To npensoxenmio 7, (iii) cymectyer Touka a B H, He
Jexalnas HH B Kakoil runepmjockoctd H’ = H us $. Ilo npen-

Joxenuo 6 cyuwectByer kamepa C, takas, uro a< C. [lpen-
JOXeHWe 4 moKasnBaeT Torga, 4Tto H sABJAseTCA CTEHKOH Ka-
meph C.

ITpEnnoxenue 9. [ycrs C — xamepa u M — muooecrso ee
crenox. Toeda C=Dg(C) u awboe nodmuoxcecrso L mHO-
secrea 9, daa xoropoeo C==De(C), codepwur M. [Has To2o

41066t nodmuoxecrgo F samwvikanus C 6110 f4eiikoil, Heobxo-
dumo u docTaroyro, 4Tobst OHO 6bLA0 A4elikoli 8 E oTHocureasHo
cemeticraa M.

a) [lyerb £ — nmonMHOXectBo B 9, Takoe, uro C=D; (C).
PaccMorpuM runepmaockocTs L u3 §, vo He u3 ¢ Ilyets N —
MHOXKeCTBO runepmniockocreii H=%=L u3 9. Torna £ =N, otkyna
C=Dg(C), u L He mnepecekaer Dy(C). Tlo mpemnoxenuio 4
(umnaukanus (i) =» (iii)) runepmaockocTs L He ABJAETCS CTEHKOMN
KaMeprQC. CrenoBaTesbHO, KaxAas CTeHKa kKamepol C TpuHan-
Jexur £

6) ITo-npexueMy npegnogaraeMm C==D¢(C). [lycts H —ru-
HepIJOCKOCTh U3 &, KOTOpasi He SIBJSETCS CTEHKOH xaMmepu C;
nosoxum ¥ =& — {H}. CornacHo npensoxeHuo 4 (HMIIHKa-
uusa (iii) = (i)), Bunykaoe mMHOxecTBO De-(C) He mepecekaer A,
3Haunt, Do ()= Dy(C) u C= Do (C). [IpoBenss HHAYKIHIO
0O UHUCJAY 3JEMeHTOR MHOXKeCTBa {, MOJYyUUM, UTO ecau §F — KO-
HeUHOE TIOMMHOXECTBO B ¥, He comepxKallee HH ONHOH CTEHKH
Kamepw C, 10 C=Do_;(C).

B) [IycTh a—Touka B C. Torna oueBuxHO, uro C=Dgla). [Tycts
a’ — touka B Dy (a). Tlockonbky 3aMKHYTHII 0Tpe3ok [aa’] KOM-
IaKTeH, MHOXKECTBO § runepmiockoctefl A = 9, mepeceKanuux
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|aa’], koneuno. Tak Kak a u a’ Jjexar CTPOrO MO OIHY
CTOPOHY OT Ka)KJAOH CTeHKH kKaMephbl C, TO HHKaKas CTeHKa Ka-
Meps C He npunapjexur §. Ilostomy us 6) cuaenyer, uTo
C=Dg_5(C). Tak kak a' & Dg_g(a), 10 a’ =C. Takum obpa-
30M, MBI y6eqHJHCh, 4T0 Dy (@) = C, a 370 H0KasplBaeT NePBYIO
YacTb NPeJIoxeHHs.

r) Jlas goxasaTesasCTBa IOCJIELHEr0 YTBEDKIEHHS TpPeNJo-
XKeHHs NOCTaTOYHO, OYEBHAHO, NMOKa3aTb, YTO NOAMHOXKeCTBO F
u3 C, spasiouleecs syelikoit B E oTHocuteanpHo M, Gymer takke
siyefikofi B E OTHOCHTeNbHO ¥ uau 4ro mo6as rumeplaoCKOCTb
H = 9, nepecexawuasn F, cogepxur F. I[IycTs, TakuM 06pasom,
H — runepmuockoCTh, nepecekamwinas F, HO He conepxaias F.
ByayuH OTKpHITHIM B cBoeM addHHHOM HOcHTene, F He jexuT
LEeJHKOM 10 OXHY CTOpPOHY oT M. 3Hauut, u C He JexHT ie-
JHKOM TI0O OZHY CTOpPOHY or f{, H, clefoBaTesIbHO, THIEPHJIO-
ckocTh H He mnpuHanJexHT . DTHM 3aKaHuHBaeTCs HOKa3a-
TeJbCTBO.

3ameuanusn. 1) ®opmyna (6) H npensoxeHHe 9 NMOKA3HBAIOT,
4TO 3aMblKaHHeM kamepbl C C/IyXHT NepeceyeHHe 3aMKHYTBIX
TIOJYyNPOCTPAHCTB, OrpaHHYEeHHHX CTeHKaMH Kameps C u comep-
wamux C

2) Mycrs F — avefika ¢ rHNepIJIOCKOCTBIO L B KayeCTBe HOCH-
Tesnd. MBH XOTHM IIOKa3aTb, YTO CYILIECTBYIOT ABe KaMepbl, s
kotopeix F —rpaub. IIycTs M — MHOKeCTBO rumepmiockocteit

Hs=L ns 9. MNonoxum A= Dy(F) u oosuaunm yepes DF

u D7 oTKphiThIE NMOJYNpOCTpaHCTBa, OrpaHHYeHHbie L. MHoXe-
¢TBO A OTKpbITO H colep:xkHT F < L, a mOCKOJIBKY J06as Touka

M3 L NpHHAAJeKHT 3aMblKanuio moaynpoctpacts DV u D7,

muoxectsa CT = A1 D" u C” = A} D™ uenycrthi. OnH gBJSI0TCH
xamepamu. [aJgee, runepmjockocTs L mnepecekaeT Dg(F)=

= Dy(CT). Tlpennoxenne 4 nokaseiBaeT, 4TO L — CTeHKa Ka-
mepsl Ct, a sueiika F, nepecekatomas L} Dx(F), asasgercs
rpanbio Ct. Tlo Tem xe coobpaxenusm F — rpanp kamepu C ™.
Hakonen, nyers C —kamepsl ¢ rpaHbsio F, H NpeAloJOXKUM,
uanpumep, uro DT =D, (C). Cornacuo npeasoxenuio 4, MHo-
xecTBo Dg(C) nepecekaer F H, cJjenosaTellbHO, COBmajfaer
¢ Dy (F). Umeem

C = Dg(C)= D, (C) Dx(C) = D* (1 Da(F) =C*.
5. Hsyzpannsie yaav

Hanomuum (Alg., chap. II, 3° éd., § 9, n°3), uro nma
abdurHBIXx mopnpocTpaHcTBa P u P’ npoctpancTBa E Hasw-
BATCA MapaJ/iuleJbHBIMH, €ClIH CylecTByeT Bektop ! B T, Takol,
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yro P’ =1t P. SfcHo, uro oTtHomwenue ,P u P’ nmapaJsienpHb”
SIBJISI€TCS OTHOIIeHHEeM SKBHBAJIEHTHOCTH HA MHOXecTBe addus-
HBIX MOANPOCTPAHCTB HpocTpaHcTa E.

JIemMa 1. Jlge nenapaissessrbie 2unepniocKoCTu UMEIOT He-
nycroe nepeceuenue.

IMyere H uw H’ — nBe HemapaJljiefbHble THIEPIJOCKOCTH H
ae H, o/ = H'. Torga uafinyrcss nse runepmiockocty M u M’
BeKTOpHOro mpocrpanctea I, nus kotophlx H=M+4-a u H' =
=M’ a’. Tlockoabky H u H’ Henapasreabub, M = M’,
orkyia T==M -+ M’. B rtakoM cayuae cyulecTBywT u <M u
u' =M, takue, uT0 @’ —a=u—u’', ¥ Touka U+ a=u’+4a
npuHannexur H N H’.

JlemMMma 2. Tycre H u H' — Ose pasaudHble 2unepniockocT
8 E u f, [/'—0se apiunnoie ¢pynxyuu na E, raxue, 4o H
(coots. H’) cocrour us rouex a = E, 6 koropex f(a)=0 (coors.
’(a)=0). Haxoney, nycre L — eunepnaockocte & E. IIpedno-
AOKHCUM, 4TO BLILOAHEHO OOHO U3 CAeOYIOUUX YCA0BUL:

a) eunepnaockoctu H, H' u L napaarservnol;

6) eunepnaockoctu H u H' ne napaasreasnor u H()H < L.

To2da cyuecTsyroT 08a BewecTgenHulx 4ucia A, A', He pas-
Hble 00HO8peMeHHO HYyaw u Takue, uro L cocrour usz a € E,
8 KOTopoulx 06pauaercs 8 Hyasb agp@uunas pyukyus g=2» J+
+ AL

V1BepKAeHHEe JeMMbl TPHBHAJBbHO, ecyii L= H, H Mbl MOXEM
NpeNNoNOKHTb, YTO CYLleCTBYyeT ToHka a Ha L, a ¢ H. Iloso-
KAM A={"(a), M =—f(a) u

g=AJ+N.T.

Torga A # 0, nockoJabky a & H. Jlanee, BBuay H == H’ cyme-
cTByeT TOYKa b = H, ue Jexamas Ha H’, u, 3mauur, [(b) =0,
f/ (b) %= 0, Tak uro g (b)= —f(a).f’ (b) orMuHO OT Hyas. MHo-
KecTBO L, TOYeK, B KOTOPBHIX ofpamaercs B Hyab adduHHadA
byukuusa g 5= 0, 6ymeT rumepmjockoctbio B E, mpuuem a € L,
u6o g(a)=20.

a) Ilpennosoxum, uto H u H’ mnapangenbHsl. B ao6oi
Touke mepeceuennst L) H o6pamatorcs B HyJIb QYHKUHH g H [,
a caegoBaTeJabHO, H [/, mOCKoJbKY A 5= 0. 3HauuT, 3Ta TOUKa
npunanjexur 1 H’. Ho tak kak H u H’ napajjesbHe H pas-
JHUYHB, TO OHH He mepecekaloTcs H, crano 6wmte, L H= .
Jlemma 1 nokaswiBaer, uto [, mnapasiesbHa H. Ho a=L u
ae L), nostomy L=1L,.

6) IIpennosoxum, uro H u H’ ne napaJuensnsl. Ilo nemme 1
cyulectsyer Touka ¢ B H (1 H’. CHabnuMm E cTpyKTypOH BeKTOD-
HOTO mpocTpaHcTBa, BHIGpAB B KauecTse HayaJsa Touky ¢. Torpa
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H(H’ 6yner BEKTODHLIM TNOANPOCTPAHCTBOM KOpa3MepHOCTH 2
B E H, nockoabky a ¢ H, BekTopHOe mopmpoctpaHctso M B E,
nopoxjaennoe N H’ u a, 6ymer rumepmiockocthio. Tak Kak
HNH' clLfilLinaseLNL,tToMcL\L,otkytaM=L=1L,.

Irennoxeuue 10. Hycre C— kamepa, H u H’ — dse ee
crenku u L — eunepnaockocrs, nepecexarouas Dy (C)N) Dy (C).
IIpednosoxum, wro H orauyna or H' u uro esnoasmeno ooHo
u3 caedyrouux Yyciosui

a) eunepnaockocru H, H' u L napasrsessru;

6) eunepnaockoctu H u H’ ne napaanesshor u HNH < L.

Tozda L nepecexaer C.

ITycts b (cootB. b’) — Touka Ha rpanH KaMepnl C ¢ HocH-
TeneM H (coorB. H’). CoBeplienHo Ou€BHHO, UTO J106as TOUKa
orpeska [bb’], orvinunas oT b u b’, npuHagTexuT Kamepe C.

Paccmotpum addurnyio ¢yHKuHML f, 06palanmylcs B Hyab
Ha H u rakywo, uro f(x)> 0 nast x us D (C). Beegem anaso-
rHuHyio aduuHylo dyHKumio [ mas runepniockoctd H’. IMpu-
MeHss JeMMY 2, Mbl MOXeM HaiTH 4Hcaa A, A ¥ adduHHyIO
¢byHKUHIO g, obsajaloliie yKa3aHHbBIMH TaM cBoiictBamu. Torga
A, A)y=#(0,0) n gna mmoGoi Touku x U3 L1 Dy(C)() Dy (C)
6yrer f(x)>0, /(x)>0, a A.f(x)+A.f"(x)=0, orkyna
A <0. Ceepx Toro g(b)=»2a'.f'(b) u g(b')=Axr.[(b’), a Tax
kak f(b)>0, f/(b)>0, To g(b).g(b’) <0. Touku b u b’ je-
XaT CTPOro IO pa3Hble CTOPOHB OT I'HIEPIVIOCKOCTH L, H Cy-
mecTsyeT Touka ¢ u3 L, Jexawas Ha [bb’] u oTanunas or b,
b’, a moromy mpunannexawmas C.

6. IIpumepoi: cumnauyuarorole KORYCH U CUMNAEKCH

a) Ilyctb @ — Touxka mpoctpaucrea £ u (e, ..., ;) — 6asuc

B T. JlioGas Touka u3 £ 3anuchiBaeTCAd TOrZa OJHO3HAUHO
B Buje

x=a+E.e+ ... FRFE )

rae &y, ..., §; — BellecTBeHHHEe uncna. OGo3naumm dyepes e}

adpduunylo ¢ynxkuuio Ha E, KoTopas mpu JoboMm x & E, 3anu-
caHHoM B Bufe (7), npunumaer 3nauenne §;. OGo3HauumM, najee,
uepes f; runepmjocKocTb, COCTOAMIYIO H3 TeX X, AJS KOTOPLIX
ei(x)=0, a uepe3 $ MHO)ecTBO runepmiockocreii H,, ..., Hy.
Hast JoGoro noamuoxecrsa J Muoxectsa [={l, 2, ..., d}
nojqoxkumM H,;= n H;. Haz #aw6ofi nocneioBaTebHOCTH
i)
(e, ..., &) uHcen, paBEbix 0, | mim —1, oGo3Hayum uepes
F(e, ..., &g5) MHOXeCcTBO Tex X & F, fas KOTODHIX €;(x) uMeeT
ToT ke 3Hak (O6w. rom., ra. IV, § 3, n°2), uTto u g;, npu
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Bcex i u3 I. SlcHo, uro siwefikaMn B E orHocHTeJbHO § GymyT

MHoxecTBa F(e, ..., €4) ¥ 4TO 3TM MHOXKeCTBa MNONApHO pas-
guunet. Hocurenem siveiiku F(e;, ..., ;) cayxur H,, roe J —
MHOXecTBO [/, Takux, uro e;=0. B uactHocTH, KamepaMu
6yayT MHOxectrBa Buiaa F (e, ..., &), Ile KaXJ0e H3 uucCes g;

paBHo | nam —I1.

Muoxectso C=F(l, ..., 1), cocrosiniee H3 x c €;(x)>0
npu JwboM i<, sBasercs KaMepoi, KOTOpas Ha3biBaeTCs
OTKPOITHIM CUMRALLUGABHbBIM KORYCOM C BepuuHtoll a, onpede-
AGHHBIM Ga3ucom (e, ..., ;). Ero 3ambikande npu dZ>=1 co-
CTOMT M3 TOYeK X, TaKHX, 4To €;(x¥)>0 nuaa Joboro iel[.
B npoTHBHOM cayuae 3aMblkaHue nycro. Has maoforo noaMmHo-
kecrBa J </ o6Go3nauuMm uepe3 C; MHOMKECTBO TOYEK X TpPO-
crpanctsa E, nas gotopwix e;(x)=0 npu i< J u e;(x) > 0 npu
iesl—J. Torpa C;— sidefixa ¢ HocHTeseM H,;, sABJsIOLAACH
OTKPBITHIM CHMILIHIIHAJbHBIM KOHYCOM € BepINHHOH a B a(pPuH-

HoM mnpocrpaHcTtBe H,. [anee, C = U C;. B yacTHOCTH, CTeH-
Ja 1
kaMu Kamepsl C cayxar rumepniockoctd H; aaa i<, a ee
rpaHsb, cojepxailasics B H;, cosmanaer ¢ Cy.
Hu omHo w3 Muoxkects H;, H;, C, C; u F(e, ..., e5) He
H3MEHHUTCH, ecau nepeiditu or Gasuca (e, ..., &;) K Gasucy
(Aeg, -.., Agey) ¢ A >0 npH Beex .

6) Ilyctb tenepr B E 3azaHa adpduHHO cBOGOAHaAsl CHCTeMa
TOYEK, CKaxkeM (a, @, ..., az). VI3BeCTHO, 4TO Kaxaast Touyka
B E onHo3HauHO 3anuchiBaeTcsa B BHAe x =2E&3.a0+ ... +E4. Q4
roe &g, -.., g — BelmeCTBeHHBle uYucaa H E,+ ... +E&,=1
(Alg., chap. II, 3° éd., § 9, n°3). Onpenenum adpduHHbE PYHK-
uuu fy, ..., [, Mosarasi, 4To QYHKRUHA f; CTABHT B COOTBETCTBHE
KaX[0# Touke x uHcJo §; u3 npexaminyueil dopmynsl. OGosHa-
yuM uepe3d F; runepmjockocts B E, onpeleseHHYI0 ypaBHe-
HueM f;(x)=0, a uepe3 9 MHOKeCTBO runepmiockocreii Hy,
H,, ..., H;, Hakoneu, nomoxum I={0, 1, ..., d}. Hasosem
OTKPOLITOIM CUMNALKCOM C BEPULUNAMU Oy, ..., Gy MHOXKecTBO C
Touek x u3 E, Takux, uto f;(x)>0 nas Jmoboro i l. dro
ofHa u3 kaMmep B E orHocuresbHo 9. 3ambikanue C Kamepnl C
COCTOHT M3 Touek x € E, Takux, uto f; (¥) =0 naa moboro i /.
D10 BHIMyKJast 06OJOUKA KOHEYHOro MHOMKeCTBa {ag, ..., agh
H JIeTKO BHIETh, 4YTO 3SKCTpeMaJsbHeIMM ToukaMu C  6ymyT
ao, “ ooy ad.

Huaa moboro moamHoxecrBa J <[, oranu”oro ot [, moJo-
K¥um H,= n H; n o603Hauum uepe3 C; MHOXKECTBO TOUEK X

e’
H3 E, takux, uto f;(x) >0 npu ieKu fi(x) <O mpuicsl—1.
MHoxecTBo C; fIBJASETCS OTKPLITHIM cHMIIeKCoM B adduHHOM
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npocrpauctee H; c¢ BepmuHamu a; aaa il —J. Hmeem
Cp=C, C= ] C, uw C;Cy nna I=J. Nanee, C;,—

] +1
siueiika ¢ nHocuteseM H,. B uacrHocts, creHkamu kKamepn C
cayxart runepnaockocta Hy, ..., H, a Cy— rpaub, Jexamas

B Hi'

Has Beskoro Hemyctoro nojamHoxectsa K </ o603HauHM
yepe3 By MHOXeCTBO Touek x M3 E, Takux, uto f;(x)> 0 npu
ie=Kun f(x) <0 npu i =] — K. Muoxecrsa B, 6ynyT Kame-
pamu B E oTHocutenbHo $, mnpuuem B;=C. Jlerko BuUIETb,
uro C komnaktHo. Hanpotus, ecau K — orauuyHoe oT [ non-
MHOXecTBO B [ MOIIHOCTH p, TO KaMepa By comepxuT noc.e-
JIIOBATeJbHOCTb TOYEK X,, ONpeAeJeHHYI0O MpH =2 yCJAOBHAMH

{n s ik,
fi(xn) = (1—pn)d+1—p) nas isI—K.

ITHM Jl0Ka3aHo, YTO BI( HE SABJIACTCSI OTHOCHUTEJBHO KOMIAKTHLIM.

§ 2. Orpaxenus

B sTom naparpacde cuMBosoM K o60o3HauaeTcd KOMMYTaTHB-
HOe TOJle, XapaKTepPHCTHKA KOTOPOro HauuHas ¢ n°2 6yzer npen-
noJjaraTecst OTaAHYHOH oT 2. O6o3Hauum uepes. V BexkTOpHOE
npocTpaHcTso Hapl K.

1. Ilcesdoorpaxcenusn

OnpEnenEHME 1. Iudomopdusm s 8exTopHo20 npocrpaH-
eraa V naswigaerca ncesdoorpaxceruem, ecan sHOomopdusm
1 —s umeer pane 1.

Ilycte s — nceBnoorpaxenune B V m D —ob6pas | —s. Ilo
onpene/JeHuto pasmepHocTs D pasHa 1. Ilostomy NpH 3a/1aHHOM
BekTOpe a = 0 u3 D cymecTByeT HeHYJleBas auHeliHad dopma a*
Ha V, rtakasg, uro x—sS{x)=(x, a’).a mas awoboro x u3 V.

O6parHo, nycTb 3anaHbl BekTop a7 0 B V u JauHediHad
dopma a*5= 0 na V; dopmyaa

Sa, v (X)=x—(x,a").a (xe=V) (1

onmpefesisieT MNCEBLOOTPa)KeHHe S, ,+. OO6paz sHAOMOpbH3IMA
} — 84,4+ mopoxknaercs BEKTOPOM @, a SIpOM CJAYKHT rUmep-
IJIOCKOCTL B V, cocrostmast W3 x, Takux, uro (x, a’)=0. Ecan
V*— nyaabHoe K V npoCTpaHCTBO, TO SICHO, YTO 3HIOMOp-
&HU3M Sg+ 4 OpocTpaHcTBa V', cONpsieHHBIN C Sg, %, ABJAACTCH
NCEBROOTPaKEHHEM, ONpENeJIEHHBIM MO (popMyJe

S a(X) =2 —(x" @) .a" eV 2)



1 +§ 2. OTPAXKEHUS 83.

HasoseM ncesdoorpaxenuem (800ab) HeHyie8020 8eKTOPA Q
JmoBoe NCeBROOTPAXKEHHE S, /1A KOTOPOro @ NPHHAAJEeKHT o0pasy
1 —s. lunepnaockocreio ncesdoorpaxenus s Ha30BeM SAPO
sHaoMoppusmMa 1 —s, T. €. MHOXecTBO BEKTOPOB X, TaKHX,
yTo §{X)=1<x.

Mrennoxeune 1. [Tycre G —epynna u p—ee auHelinoe
Henpusodumoe npedcrasaenue 8 BEKTOPHOM npocTpancrse V.
Il pednonoscun, 4ro cywecrsyer siement g epynnot G, Takod,
410 0(g) — ncesdoorpaxcenue.

(i) JTro6oii andomoppusm npoctpancrsa V, Kommyrupyrouud
¢ o(G), ecTe eomorerun, u p abCOAOTHD HenpusoduUMO.

(ii) Hpednosoxmum, uro V umeer KOHEUHYIO pPAZMEPHOCTS.
Mycre B — nenyaesan Guaunednas gopma na V, unsapuaur-
nas ornocureasno p(G). Toeda gpopma B nesvipoxrcdena, cum-
METPUYHA UAU e QHTUCUMMETPUYHA U Arodas OuauHernas
gopma na V, unsapuanrras ornocuressno p(G), nponopyuo-
HaasHa opue B.

IMycts u — sunoMopdu3m npocTpancTsa V, KOMMYTHPYIOMIHH
¢ p(G). Tycts, cBepx Toro, g — saeMeHT rpymnnsl (@, Tako#,
gro p{g) — nceBgooTpaxkedue, H D —o6pa3 sHIOMOp(DH3IMA
1 —p(g). IMockoabky D wumeer pasmeprocts 1 w u(D)<= D,
B K cyulecTByeT TakOH 5/€MEHT @, UTO 4 —a.l paBHO HYJIO
ua D. fnpo N sunomopdusamMa u —a.l Oyner Torxa BEKTOD-
HbBIM MOANPOCTPAHCTBOM NpocTpaHCTBa V, YCTOAYHBHIM OTHO-
cuteqibHo p(G) ¥ HeHYJIEBHIM, TNOCKOJbKY OHO COHEepXKHT D.
A Tak Kak npeiacTapJenHe p HenpHBoguMo, TOo N =V nu=a.l.
Bropaa uyacTh yTBepXAeHHs (i) BbITEKAaeT H3 TNepBOH B CHJY
caeicTBUS TpepJoxeHus 5 u3 Aze., ra. VIII, § 13, n° 4.

Iycte N (coors. N’) —moampocTpaHcTso B V, cocrosluee
U3 x, Takux, 4to B(x, y)=0 (cootB. B(y, x)=0) aaa mo6oro
BekTOpa y M3 V. Beuny unBapuanTHocTH B 0THOCHTENBHO  (G)
0o6a mnognpocrpanctsa N u N’ ycroiiuuBel oTHocuteJbHO (G)
u orauuas! oT V, nockoabky B == 0. Ho p Hempusonumo, no-
stomy N ==N’=0, u, Takum 06pa3oM, popMa B HeBHIPOXKIAEHA.

Tak Kak V uMmeeT KOHeYHYI0 pa3MepHOCTb, TO BCAKas OHJH-
He#Hag ¢opMa Ha HeM HMeeT BHUI :

B’ (x, y) =B (u(x), ), (3)

rae u — HajJdexamuii sHIOMopdu3M mnpocrpancrsa V. Ecau
¢dopma B’ uuBapuanTHa oTHocuTeabHO p(G), To sHAOMOPHU3M 1
koMmyTHpyeT ¢ p(G). ILeHCTBHTEJBHO, MYCTh X, Y —— 3JCMEHTH
u3 V u g — anement rpynnsl G. MuBapuantsocts Gopm B u B’
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oTtHocuTenbHO p(G) BieueT paBeHCTBA

B(u(p(g)(x), y) =B (p(g(x)), y) =B’ (x, p (g~ ) () =
=B(u(x), 0(g7") () =B (o (g) (& (x)), 9)s

OTKyna BBHAY HeBBIpOXneHHocTH B moayuaem u(p(g)(x))=
= p(g) (u (x)). CornacHo (i), B K HaiineTcst 3JeMeHT a, AJs KO-
Toporo u=a.l, 7. e. B'=qa.B.

ITpumenast 3ToT pesyabTaT, B 4YaCTHOCTH, K OuJIHHEHHOH
tdopme B’ (x, y)=B(y, x), noayuaem B(y, x)=ua.B(x, y)=
=0?.B(x,y) 04 nobbx AByX BEKTOpPOB x, y u3 V, a mo-

CKoJbKY (Oopma B Henynepas, e’=1, oTKyna o=1 uaun xe
a=— 1. Takum o6pasom, dopma B nnbo cuMMeTpHuHa, J1uGO
aHTUCHMMETPHUUHA.

2. Orpaxcenun

HanoMHuM, uTO BHOpelb, €CHH CHELHAJBHO He OrOBOPEHO
NPOTHBHOE, XapaKTepHCTHKa moast K mnpennoJaraercss OTJIMUHON
or 2. Orpasenuem B UpocTpaHcTBE V' MBI HasbiBaeM JioGoe
NCeR00TpaXKeHHe §, Ais Koroporo s?=1, Eciu s — Kakoe-uu-

6viab OTpakeHHe, TO 0603HAUHM Uepes VS anpo snnomopdusma
s—1, a uepes Vs sanpo suzomopdusma s+ 1.

TTPERJOKEHUE 2. I[TycTs s — sndomoppusn npocrpancrea V.
(i) Ecau s — orpasicenue, To V — npanas cymma eunepnio-

cxoctu VI u npamoi Vi,

(ii) O6parno, nycre V — npamas cynuma eunepnaockocru H
u npamoti D, npuuem s(x)=x u s(yy=—y 012 x=H u
yeD. Tozda s — orpascenue u H=V{, a D=V . Hakoney, D
cosnadaer ¢ o6pasom sndomoppuina 1 —s.

(i) Ecu s — oTpaxeHnue, TO V$ — runepnnockoets. Ecu x

TpUHAILJIEKHUT Vinvs, 1o x=s(x)=—x, otkyna x=0, u6o
XapakTepUCTHKA NOJsA K OTJMYHA OT 2. Hakonen, ang mawo6oro x
n3 V Bektop x'=s5(x) 4+ x (coorB. x” =s5(x) — x) npuHaLIe~
xut VI (coots. Vs_), HOCKOJIBKY =1, U MB uMeeM 2x=
= x’ — x”. Tlostomy V ecTb npsimasi cymMa mommpocTpancts Vi
u Vs, npuuem Vs umeer o6s3atesbHO pasMepHOCTb 1, u6o
V{ — runepmiockocTs.

(ii) B cOOTBETCTBHH C CLEJAHHBIMHA NPeANOJOKEeHHUSIMH KaK-
B 3JIEMEHT NpOCTpaHcTBa V elMHCTBEHHHIM 00pasoM 3amuchi-
BaeTcs1 B BUge v=x-ty, rne xeH, ysD n s(v)=x—y.
OTciona HeMe[LJIEHHO BhHITEKaeT yTBepxkaenue (ii).
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CagnctBHE. Ecau npocrpancrgo V rouewnomepuo, To onpe-
Jeaurens 8CAK020 OTpaNceHus paged —1.

Ilycte s — oTpaxkenue B npocrpaHctBe V. CorsnacHo npemJso-
xkenuio 2, (i), cyumecrsyer Gasuc (e, ..., €,) npocrpancrsa V,
IJsi KOToporo s(g)=ey, ..., s(e,—))=¢€,-; H s(e,)= —e,,
oTKyna cJuenyet, 4to dets=—

IMpEpnoxeEHUE 3. [lycre S — orpaxcenue 8 V.
(ii) [asn To20 urobur noonpocrpancreo V' npocrpancrsa V

66110 YCTOUYUBO OTHOCUTEABHO S, HEOOX00UMO u JoCTATO4HO,

- +
yrobet aubo Vg < V’, aubo V' < Vy.

(i) Jan roeco urober andomoppusr u npocrpaucrea V
KOMMYTUPOBAA € S, HEOOX00UMO U OOCTATO4HO, 4TOOBL NOO-

npocrpanctea V& u VI 6oiau ycToliuuss. OTHOCUTEABHO U.

(i) Ecan V' <V{, 10 s(x)==x nas Bcex x u3 V', oTkyna
s(Vy<V’. Npexnonoxus, uyro Vg < V’, nas moGoro x us V’
6yneM umerb S(x) —x=Vs <V’ otkyna s(x)=V’ u cHoBa
s(V')ycV’. O6parno, npemnosoxuM, uro s(v’)cV’. Ecuan
|44 ¢Vs+, To cyuwecTByer x B V’/, mas kotoporo s(x)==x. Ot~
JHUHBIA OT HYJSL BEKTOP @ =S (X) — X TpHHaIJEeXHUT npsmoit Vg
H, cjelloBaTeJibHO, ee mopoxnaaer. Tak kak a<V’, o Vy <V,

(i) I'Ipennomxmw[ CHayajia, yTo 4 KoMMyTupyet ¢ s. Ecun
X — BEKTOp, Takoil, 4to s(x)=¢.x (Tae e= = 1), 1o s(u (x))—
u(s(x))==e.u(x) u, cienoBaTeJbHO, MORNPOCTPAHCTBA Vinvy
ycTOHUMBH OTHOCHTeNBHO u. O6paTHO, MpeanosoxuM, yto V
u Vs ycTOHYMBEL OTHOCHTEJBHO «. $ICHO, YTO TOrAa HAOMOpP-
¢usM us —su pasen umymo Ha VI m V7, a rak xak V — nps-
Mas cymma VI u VT, To us —su=0.

CHREACTBHE. Ja8 T020 4T06bL 08Q PASAULHBLY OTPANCEHUS S
U4 u Gvlau nepecTAHO8OYHbL, HEOOX00UMO U O0CTATOYHO, 4TOOBL

VicViuvycvi
TeiictButeasto, ecan Vs Vi u Vi<V, 1o HpenIo-
xeune 3, (i) nokasmiBaer, uro VI u V. ycroiumeel oTHOCH-

TeJbHO §, H TeM CaMBIM Su =4S B CHay yTBepxieuus (ii}
HpenJoXXeHus 3.

O6parHo, ecan su=us, To B cuay (ii) noxnpocrpancrso Vs
YCTOHYHBO OTHOCHTEJBHO «; yTBepxKueHHe ke (i) TokasblBaer,
YTO 31ecCh BO3MOKHH TOJIBKO NBa CJyudasi:

a) V, V. O6a stu npoctpaHCTBa, UMess pas3MepHOCTb 1,
COBNafaioT, H nosromy Vg Z V. Tak kak Vi YCTOHYUBO OTHO~
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cuteapHo s, To Vi <V, u stu THNEePIJIOCKOCTH COBOAAAOT.
Ho Torga s=u, a 370 N0 YCJOBHIO HCKJIOUYEHO.

6) Vy = Vif. O6pas sumomopduama | — s Torza comepKHTCH
B sjape sugomopdusma I —u, otkyna (1l —u).(l —s)=0. Tak
Kak 4, $ KoMMyTHpyioT, To H (1 —s). (1 —u)=0,T.e. V, <V{.

3ameuanue. Tlyete a0 B V u a° — HeHy/1eBasi JuHeHHas
dopma na V. U3 dopmyaer (1) moayuaem

$2 () =124 (a, a")y —2){(x, a).a,
H, CACNOBATEJBHO, S, o+ ABALCTCS OTPAXYCCHUEM 8 TOM UL TOALKO
8 Tom cayuae, ecau {a, ay==2. Ilpu s10M $, ,+(0a) = — a.

3. Oprozonaabvuvie OTpANCEHUS

IMpenmosnoxuM, uto V kouneyHoMmepHro. [lycts B — HeBbIpO-
kaennasn 6uaunefinas dopma Ha V. CorsmacHo npensoxenuio 4
3 Aaze., ra. IX, § 6, n° 3, gasg toro utoObl oTpaxenue s B V
ocraBasago popmy B HHBapHaHTHOH, HeOOXOMHMO H JOCTATOUHO,

yro6sl mogmpocTpancTsa Vi u V; mpocrpamctsa V  Owlau
B3aHMHO OPTOT'OHAJIBHBI OTHOCHTeJbHO B. B sTOoM cuayuae OHH
O6yayT HemsoTpomnHel. [lanee, nas J000H HeH30TPOMHOH THmep-
njockoctd H B V cyulecTByeT, U mpHTOM eIHHCTBEHHOE, OTpa-

JKEeHHe s, coxpausmwilee B M ToxaectBeHHoe Ha H. DTo me yTo
HHOE, KaK cummerpus otHocuteasrno H (Aaxe., ta. IX, § 6,
n°® 3). Ecau a — HeHysneBO#l BeKTOp, OpPTOrOHAJBHBIN K H, TO
B(a, a) =0, u oTpaxeHnue s 3amaeTcsa GOpMyIoH
_ (B (x, a)

s(x)y=x—2 Bla ) a pas Jioboro xV, (4)
yro caeayeTr u3 ¢opmyas (6) B Aze., ra. 1X, § 6, n° 4. Ilpe-
o6pa3oBaHde § HAa3BIBAIOT TAKXKEe OPTO2OHAALHBIM OTOOpase-
HUEM OTHOCUTeAbHO eunepnaockocTu H.

[MpennoxeHuE 4. Ilycrse V — KoHeuHOMepHOE MPOCTPAHCTEO,
B — Hegoipoxdennas cummerpuseckas buunelnas gopma HaV,
X — nodnpocrpancreo 8 V u X°—oproeonarsroe donoanenue
& X orHocureasno gopmer B. [lycre, narkoney, s-— opToeo-
HAAbHOE OTpaJcerue OTHOCUTEAbHO Heu30TPONHOL eunepnio-
croctu H 8 V. Toeda caedyroujue ycaosus 3K6UBAACHTHOL:

(i) X ycroiiuuso OTHOCUTEABHO S;

(ii) X° ycroiiyuso orHOCUTEABHO S;

(iiiy H codepwcur X uau XO.

Vmeem Vi =H, a no YHOMSIHYTHIM Bbilie cOo6paxenuaMm Vg
€OBMajaeT ¢ OPTOroHadbHbM pAomosanendem H® k H orHocu-
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TeabHo B. JIng ycTodunBOCcTH X OTHOCHTENBHO § B CHJY Npen-
aoxenus 3, (i) Heo6xoaMMo H mocraTouHo, urobu X < H uan
H%c X. Ho, cornacHo caeiacTsuio | npemyoxenusi 4 u3 Aaze.,
ra. IX, § 1, n® 6, BkaoueHHe H®° X 3KBHBAJEHTHO BKJIO-
yennio X% H. TeM caMblM J0Ka3aHa 3KBHBaJieHTHOCTb (i)
u (iii). dxsuBanentHoCcTs (ii) u (iii) moaywaerca, ecam NOMEHSTb.
mecraMu X n XO nockoanky (X9°=X.

4. Oprozonaarvrvie orpaxcenus 8 apdunnon esxrudoson
npocrpancree

CoxpaHnM o6Go3HaueHns npejbiayullero nyHkra. Ilyers E —
ad(dnHHOE TNPOCTPAHCTBO, JHJfd KOTOporo V — mpOCTpaHCTBO
nepenocos. 3ananue dopmer B Ha V nageaser E crpykrypod
esxkaudosa npocrpancrsa (Aaz., ra. IX, § 6, n° 6).

Ilyctes H — HeusorponHasd runepmiaockocts B E. Cummerpus
otnocuteabno H (Aae., ra. IX, § 6, n° 6) nasniBaeTcs Ttakxe
OPTO2OHARGHOIM OTpaxceHuem oTHocuressro H. Mu 6ynem
o6o3nauaTh ero uepes s,. Torma s% =1 U s, — eNHHCTBEHHOE
nepemewenue (ram oge, onpenenenne 3) npocrtpaHcrsa F, or-
JHYHOE OT TOXIECTBEHHOrO H OCTaBJSIOLlee HA MeCTe BCE 3Je-
MeHTH Trunepmiockocth FH. AsroMopduam npocrpancrtsa V,
acCOUMHPOBAHHHA C Sy, €CTh OPTOFOHAJBHOE OTpa)XKeHue OTHO-
CHTeJbHO HanpaBasfolied runepmjockocTd aas H  (koTtopas
ABJSIETC HEHW30TPOINHOHA runepniockocTsio B V).

Jlioboli snemenT x & E 0OAHO3HAYHO 3allUCHIBAeTC B BHIE
x=h+vcheHuveV, oproronaisiubim K H. HMeem

syh+ovy=h—uv.

IMeepaoxeuwE 5. Mycre H u H’ — Ose napaianressnole u
Heuzorponnele eunepnacckoctu 6 E. Tozda cywecrsyer edun-
creennsii gekrop vV, oproconaaemwii x H u raxoi, uro
H' = H +v. llepemewenue sys; ecTe nepeHoc Ha 8eKTop 20.

CyuiecTBoBaHHe H €IMHCTBEHHOCTb BEKTOPA ¥ OUYEBHIHHL.
AsromopdnaM npocTpancTsa V, acCONHHPOBAHHHIHA C S,.S.,
TOMKJECTBEH, TO3TOMY S, 'S, — nepenoc. C xpyroilt cTOpOHHI,
eci as=H, 7o a—veH n

SysSyla—v)=s,(@a—v)=a+v=(a—v)+ 2o,

a 3TO IOKAa3biBaeT, YTO S,,S, — MePEHOC Ha BEKTOp 2v.
Caencrsue. [Tycre H u H’ — 0se napaasessnvie eunep-
naockocru, orauunele Opye or dpyea u Heuzorponnvie. Ecau

xapaxrepucruka noas K pasna wyao (coors. p >0, p = 2),
To epynna nepemewenuii npocrpancrsa E, nopoxcdennas Sy



38 I'J1. V. TPYIINDbI, NMOPOXIAEHHDBIE OTPAKEHHUSIMU &

i Sy, ABAALTCA GECKOHEYHOl (cootB. nopsdxka 2p) Ouadpans-

Hoil epynnoii.
B caMoMm jeJje, COTJiacHO mpenjoxkenuio 2 u3 n°2, §
ra. IV, 10CTaTo4HO TNIPOBEPHTb, UTO .S, HMeeT 6eCKOHEYHH

nopsinoK (COOTB. MOPSAOK p), & 3TO OUEBU/HO.

3amewanue. BepHeMcs K O0O3HAUCHHAM IpeIJiOKeHHS 5 M
npexnoqoxum Bro6asok, uto K=R. Ilycts s=s, u s'=s,..
Tlycts, nanee, H, — runepmiockocts H -+n.v u C, — MHOXe-

cTBo Touek u3 E Buga a-}-§.v, raie a=sH u n<ig<n+1.
Torga C, — OTKPHITHIE CBsi3Hble MHOXECTBa, obpasywoomue pas-

6uenne wmuoxecrsa E — |J H,. Caenosateasno, sto xamepot,

1
i

n

onpenenennsie cucreMoi H = (H,),., B E. Tlepenoc (s's)" mepe-
Boautr kamepy C==C, B KaMepy Cy,, a TaK kaK s(Cy) =C;, 10
(s’s)" s (C) = Cyp—~;. Takum o6pas3oM, duadpassvras epynna W,
nopoxcoennas asemenramu S u ', dedcreyer npocro TPAH3U-
TugHoLM 06pasom Ha Kamepax C,. IloxaxeMm, nanee, uto ecau
rkamepsr C u w(C) sewmar no pasuslie CTOPOHBL OT 2UNEPNAO-
ckocru H (s weW), ro l(sw)=I(w)—1 (nauna paccma-
“TPHBAETCA OTHOCHTEJNLHO CHCTeMH o6pasyomux S=f{s, s’}
(ca. 1V, § 1, n°l). HeiictureasHo, Toraa w(C)=C, ¢ n<0.
Ecau n=——2k, To w = (ss8')" u sw = (s's)* %57, otkyna [ (w)=2k
u l(sw)=2k—1 (ra. IV, § 1, n°2, samewanue). Ecan n=
=—2k — 1, T0 w=/(ss")*s u sw=(s's)?, otkyna [ (w) = 2k + 1,
a Il (sw)=2k.

5. Jonoanenus 0 épaujenusx HA nAOCKOCTU

B stom n° uepe3 V OyneT 0603HauaThCsl BeLICCTBEHHOE BeK-
TOPHOE NPOCTPAHCTBO Pa3MepHOCTH 2, CHAGXKeHHOe CKAAAPHLIM
npougsederuem (T. e. HeBbIPONCOCHHOIL TIOJOKUTENILHOH CHMMe-
Tpudeckoll GuiuHeiliHOH (opMoil) U opueHrayued. Mepsl yrios
GynyT 6paThCsi OTHOCHTEJHHO OCHOBAHHS 27, NOSTOMY IVIABHOM
Mepoil yria MexAy MNOJyNpSIMBIMH (COOTB. NPSIMBIMH) SIBJISIETCS
BelIecTBEHHOe UHCMo 0, Takoe, uTo 0 <0 < 2x (cooTn. 0 <O < )
(O6wy. ton., ra. VIII, § 2, n°3 u 6). daa ao6oro BelecTBeH-
HOTO uYHCja O Ha30BEM, MONYCKAasl BOJBHOCTb peYH, yrjoMm 0
yroJ, Mepa KoToporo paBHa 6, u 0603HauuM uepe3 p, Bpauie-
HHe Ha yroa O (Ase., ra. IX, § 10, n°3).

TTrensoxenuE 6. [Tycro S — OPTOCOHAALHOE OTPAINCEHUE OTHO-
cureabno npamotd D 8 V. Ecau A u AN — 0se noaynpamoie
¢ Havaaom 0 (coors. dse npameie, npoxodauue uepes 0) npo-
erpancrea V, to

(s), s (%)) = — (K, &) (mod 27) (cooTs. (mod ).
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IlycTb u—spauienune, nepesonsamee A u A’. Tak kak su—opro-
roHasJbHOe npeoGpasoBanue B V ¢ onpenesureseM —1, To 0HO
6yneT oTpaxkeHHeM H mosToMy (su)’ = 1. CuenoBaTe/bHO, U~!==
==sus~! mepesogutT s(A) B s(A’), oTKysa M cJenyeT mnpex-
JIOXKEeHHe.

CneactBuE. ITycto D u D’ — dse npameie 8 V u 6 — mepa
yera (D/,\D’). Tozda s;,Sp,= Py
Hasectno, uTo Sp,,S,— BpalleHHe, IIOCKOJbLKY €ro Ompeje-
autess paser 1, Ilyete A m A’ — nmosaynpamue ¢ Hauajsom 0,
coxepxkamuecs B D u D’. Torpa
//\\ T e~ T~
(B, spsp Q) =, s, (A)=(A, A)+ (D, sp.(B))=
A B
=4, A) + (sp, (&), s, (A))=

= (&, D) — (&, 8) =2 (& &) (mod 25,
uTO W HaeT CJEACTBHE.
[Tycts Temeppr A n A’ — nBe noJaynpsiMble B V, TakHe, uTO
A£=N u A#%=—N,

M IycTb S M S’ — OpPTOrOHaJIbHEIE OTPAXKEHHs] OTHOCHTEJNBHO
npaMux D u D', comepxamux A u A’. Ilycrb 0 —raasHas
NN

Mepa yraa (D, D’). Ecin 6 = nQ, To 0603HayuM yepe3 m Hau-
MeHblllee nesgoe yucao =1, Aas kortoporo mb = nZ. Ecan
0 & nQ, To HoNOXKUM m = co, [Iyetb W — rpynma, nopoxaeHHast
OTPaXKeHHsIMH S U §’.

ITpepnoxenuE 7. I'pynna W — ouadpassnasn epynna (ra. 1V,
§ 1, n°2) nopadka 2m. OHa cocTouT u3 8paweHull Pong U
npoussedenuii Pyngs 048 n < Z. O6pasvl npanvix D u D’ orno-
cureavro epynnoe W cosnadarwr ¢ obpasamu npanoti D orno-
CUTeAbHO Bpawjerull p,g 048 n& L.

CioencTBue mpelsiokeHHs 6 mOKa3bIBaeT, YTO HOPSAOK §'S
paBeH m, OTKyAa BLITEKAaeT NepBO€ yTBepiKAeHHe. 3HAUHT, dJe-
MeHTH rpynnsl W uMeoT Bua (s's)” = 00,0 nin (s's)" s = pyppS.
Orciona mosiyyaercst mocjeiHee yTBep:kKAeHHe, MOCKOJbKYy D=

==pg (D).

Crnepcreue. Tycrs C — orkpeirsiii y2a080i cexTop — 06vedu~
HeHue orkpoiTbix noaynpamsvix Ay ¢ navasom 0, 048 KOTOpPHIX

0< (A/,\Al) < 0. [Jaa To20 urobur obpaset npansix D u D’ orno-
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cureasno W ne nepecekaau C, neo6xodumo u QoCcTATOYHO,
4T0OBL M 6OBIAO KOHEUHBIM U 4HTOObL

0 = m/m.

Ecan m==o00, To o6pa3 MHoxecTBa uucej n0 (n<=7Z) nnorten
B R/2nZ (O6u. ton., ra. VII, caencrsue upemyoxenus 11).
ITosToMy oO6benuHenue o6pasos D otHocutenpbHo W mnorHo B V
u nepecekaeT C. Ecau m xoHeuno u 8=rkn/m, 1 <k <m, rae
Lesble £ U m B3aUMHO TIPOCThbI, TO CYIIECTBYET LeJIOe UHCJOo A,
Takoe, uto hk=1 modm. Torma (D, p,s(D))==n/m (modn) u
Pro (D) nepecekaer C. DTo NoKa3biBaeT, UYTO YCJOBHS CJEACTBUA
HeoGxoguMbl, OOpaTHOe yTBepIKIEHUE OUEBHAHO.

3amevanue. Tlyets m xoueuHo H 0 =n/m. Tlpu n=Z obo-
3HauyuM uepe3 C, OOBeJHHEHHe OTKPHTHIX HOMYIPAMBIX A,
¢ navaJjoM 0, Takux, uTO

nd < (&, &) < (n41)6.

Torna C, nnas —m<Cn<m CyTb CBA3HBIE OTKPHITHIE MHOXKe-
<TBa, 00pa3syioltie pa3bHeHHe MHOXECTBa E—UDn (MBI mosia-

n
raeM D,=p,4(D)). 3unauur, 310 KaMepsi, onpeneneHHBle B E
cucreMoit m upamux D, (1 <n<{m). NmeeMm C,, =9 (C) u
Cop—y = PopeS (C). Kpome TOro, C,=C TOrga u TOJBKO TOrja,
Korja n&2mZ. CnepoBatenbHo, epynna W OQeicteyer na ka-
Mepor C, NPOCTO TPAH3UTUBHBIM 06pA30OM. ]
Joxaxem, HakOHel, uTO ecau aiement w W rakos, 4ro
xameper C u w(C) aexmar no pasnoie cTopons ot npamoit D,
to [(sw) =I(w)— 1 (a1¥Ha GepeTCH OTHOCHTEJILHO CHCTEMBI
S ={s, §’}). De#tictBuTensuo, Torga w (C)=C,, rae —m<<n < 0.

Ecau n— — 2k, T0 w = (ss')" 1 sw—s’ (ss')e71, orkyna I (w)=2k
u l(sw)=2k—1 (rn. IV, § 1, n°2, 3amevanue). Ecnu n=
==—2k+1, 1O

w=_(ss')"""s u sw=/(s’s)*"",

otkyaa [(w)=2k — 1 u l(sw)=2k—2. Y. T. II.

§ 3. 'pynnel mepeMemennii, NOPOKAECHNBIE OTPAKEHUIMH

B srom naparpade uepe3 E o6osnauaeTcs seujecrsenuoe
abd®dUHHOE TPOCTPAHCTBO KOHEUHOH pa3MepHocTH d H uepe3
T — ero npocTpaHCTBO nepeHocos. Ilpeanonaraertcs, uto T cHaG-
JKEHO CKaJIIPHbIM TIpOM3BEeJAeHHEM (T. €. Hesbipos#AeHHOd TOJO-
JKHTEJbHOH CHMMeTpHYecKOH Oununeiinoii Qopmoii), oGosHa-
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yaeMbsiM uepe3 (f]?). Huas moGoro BekTopa teT TOAOKUM
N¢l=(t18)". dyukuns d(x, y)=|lx — y|| ecTb paccTostiHue Ha E,
onpeneJswllee TonoJoruio npocrpancrtsa E (§ 1).

O603nauuM uepe3  HEKOTOPOE MHOMKECTBO THIle PIJIOCKOCTENH
B E u uepes W rpynmy nepeMelleHHs eBKJMAOBAa NMPOCTpaH-
ctBa E, NOpOXKIAEHHYIO OPTOTOHAJBHEIMH OTpayKeHUSIME Sy OTHO-
‘cuTesbHO runepriockoctelt He& 9 (§ 2, n°4). Ilpeanosoxum,
YTO BHIMOJIHEHBl CJELYIOLIHE YCJOBHS:

(T11) daa awbozo w =W u aroboii eunepnaockocry H = 9
aunepnaockocts w (H) npunadaemur muosxcecrsy 9;

(T12) epynna W, crabmcennan duckpernoii Tonoaoeued, oOeii-
creyer 8 E cobcreenno paspeisro.

ITockoabky E JioKaabHO KOMNakTHO, 3amexanue B § 4, n°b
kuuru O6wy. ron., 3-e usn., ra. I11, nokasusaer, uro ycaosue ([12)
SKBHBAJEHTHO CJELYIOHIEMY: -

(TV2) kakxosor Ovt Hu Goiau komnaxrTHoie nodmHosecrsa K
u L npocrpaucrsa E, muoxecrso sremenros w & W, 08 Koro-
potx w (K) nepecexaerca ¢ L, xoreuno.

1. IIpedsapureavnvie pe3yavrars

JIEMMA 1. Mroxectgo eunepnaockocrets 9 10KarbHO KOHEUHO.

JleficTBHTEIBHO, NyCTb K — KOMIaKTHOe NMOAMHOXKeCTBO B E.
Ecau runepnaockocts H & $ nepecexkaer K, To MHOXKeECTBO Sy (K)
TOXe NepecekaeT K, NOCKOJAbKY Jdio6as Touka u3 K[| H ocraeTcst
Ha MecTe TpH neHCTBUHM Sp. IlosToMy MHoxkectBo H & 9, mepe-
cekalomux K, MOakKHO OHTb KoHeuHo B cuay ycaoBus (I172).

Takum o6pasoM, K E u 9 MOXKHO NpUMeHSTh onpeleseHuss H
pesyabTathl § 1. Mel GymeM Has3wBaTh MPOCTO KaMmepaMu, sueii-
KaMH, CTeHKaMM u T. L. OTHOCHTeqabHo W Kameperl, fAueiikH,
CTeHKH W T. L., onpenenaeHHnie B E MHoxecTBoM 9. Ilepeme-
menve w & W nepectaBisier Mexny co6oii kKaMepbl, siuelku,
CTeHKH U T. I.

JIEMMA 2. ITycte C — xamepa.

(i) Aas 06020 x = E cywecrsyer ssemenr w & W, raxoii,
uro w (x) = C.

(i) Han aroboit kamepor C’ cywecreyer srement w =W,
rakoii, yro w(C’y=C,

(iii) F'pynna W noposcdena MHONCECTBOM OpPTO20HANBHOLE
OTPAaXceHUli OTHOCUTEAbHO CTeHoK Kamepsr C.

[Tycts MM — muoxecTBo crenox kameps C u Wy —rpynna,
NOpOXKAEeHHAs OTpaxKeHHSIMH OTHOCHTEeJbHO CTeHOK KaMepn C.
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JHokaxeM yrBepxkneHue (i). Ilycte x & E u J — opbura TOYKH x
otHocHTesasHO rpynnbl Wg. Hocratouno gokasats, uro J mepe-

cexaer C.

ITycrs a — Touyka Kamepnl C. CymecTByeT 3aMKHYTHIA wap B
C 1eHTPOM a, nepecekaomuit opbury J. Tak xak wmap B xoM-
nakren, 1o yciaoBue (I1'2) us n°l mnokaswiBaeT, uTO MHOXKe-
ctBo B[]/ xoueuno. ITosromy cyurecTByer Touka y & J, rakas, uro

d(a, yy<<d(a, y’) nns Bcex y wus J. (1)

MRl XOTHM H0Ka3aTb, uTo y & C. [lJg 3TOro m0CTaTOYHO MOKa-

3ath, uro ecnu 1 —crenka kamepol C, 10 y < Dy (C) (eMm. § 1,
n°4, npensoxenue 9). Tak kak s, =W, 10 5,(y) =J, oTkyna

{puc. 1)
d(a, y*<d(a, sy()y (2

B cuay HepaseHcTBa (l). CymectByor Touka b = H u gBa Bek-
Topa ¢ H u, Takue, YT0 a=b +1{, y=> + u H BexTOp U OpTO-

Su(y)

/s

Puec L

toHased Kk H. Torma sp(y)=0>b—u u HepaBeHCTBO (2) 3KBH-
BaJieHTHO HepameHcTBY (f —u |t —u)< (4 ult + u), uam, uro
PaBHOCHJLHO, HepaBeHCTBY (f ]u)>0 W3 storo HepaBeHCTBa
caenyer BKJoueHue y < Dy (C).

(ii) Myets C’ — kakasi-ro KaMepa u o’ & C’. Tlo TOJNBKO YTO
JOKa3aHHOMY cyllecTByeT w & Wy, s Koroporo w~!(a’)=C.
Caeponartennno, Kamepa C’ nepecekaercs ¢ w(C). Ho Tak
kax w(C) ectb o6penuHeHve Kamepbl w(C) ¥ fAveeK ¢ mycroil
BHyTpennocteio (§ 1, n°2, npennoxenue 3), To C'=w(C).

(ili) YUro6er pokasats paBeHcTBO W = Wy, J0CTaTOYHO HOKa-
3aTh BKJOUeHHe Sy, & W, nas scex H' 9%. Ho H” —crenka
no kpaiiHeii mepe ognod KaMepst C’ (§ 1, n°4, npenjoxeHue 8),
¥ cyuwectByer w e Wy, aas koroporo C’=w(C). CaenoBa-
TeJbHO, CyllecTBYeT crenka H kamepnt C, Takas, uro H'=w (H),
OTKyNA Sy, =w.Sp. . w™'E W
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2. Ceasv ¢ cucremamu Koxcrepa

TeorEma 1. Iycte C — kamepa u S — muooecreo orpaxe-
HUll OTHOCUTEAbHO €e CTEHOK.

(i) Tapa (W, S) ecto cucrema Koxcrepa.

(ii) Hycre we=W u H —crenka xamepsr C. Coorowenue
1 (syw) > I (w) o3nauaer, wro xamepo. C u w(C) Haxodarcs
70 00HY u Ty Jce CTOPOHY OT 2unepnaockoctu H.

(iii) Jan awboii kamepor C’ cyu;ecmyer eduncTeentbli 31e-
nent w =W, rakod, 4ro w(C)=

(iv) Moscecreo eunepn/zocrcocreu H, 31 koropuix sp=W,
cosnadaer ¢ 9.

Kaxapil sJeMeHT MHOXeCTBa S HMeeT NOpPSAOK 2, a Mo
aemme 2 rpynna W MHoxkectBoM S mopoxkpaercst. Has moGoit
crenkn H xamepws: C o6o3nauum uepes P, MHoxectBo w & W,
TakuxX, uto kamepa C u Kamepa w(C) (xoropasi He mnepece-
kaer H) aexar mo ofHy cropoHy oT H. Mul JOJ/XHB MpO-
Beputh ycaoBus (A’), (B’) u (B) us ro. 1V, § 1, n°7.

(A’) 1 = Py. D10 oYeBHIHO.

(B’) Py He uMeeT OOIHX 3/J€MeHTOB ¢ Sy.Py B camom
nene, w(C) n syw(C) HaxomaTcs IO pa3Hble cTopoHbt oT H,
H, 8HauuT, ecad @ (C) JeKUT 1o Ty XKe cropoHy ot H, uro u C,
TO Syw (C) — o Apyryro.

(B) ITycre we= Py u H — crenka xamepor C, 041 Koropou
wsy, & Py. Ham nysxno doxasars, 4T0 WS, =Ss,w. Ilo upex-
nogoxenmo @ (C) JexutT mo Ty ke cropoHy ot H, uro k C,
a ws,,(C)—mo npyrywo cropony. 3uauut, ws,(C) u w(C)
6yLyT 10 pa3HLIe CTOPOHH OT H 1 cooTBeTCTBEHHO KaMephi S, (C)
1 C Jnexkar no pasHele CTOPOHH runepmiockoctd w~! (H). Iycrs
a —touka rpanu KaMepst C ¢ Hocuresem H’. Touka a==s, (a)

NPUHAJJIEKHT 3aMblKaHMAM IBYX KaMep C u s, (C), KoTophe
COOTBETCTBEHHO COAEPIKATCA B JABYX OTKPHITHX NOJYHPOCTPaH-
crBax, orpanuyeHHsix w~!(H). [Tostomy a <= w~'(H) u, SHAYHT,
H’—w“(H) [Tpuxomum K 3aK/MOUYEHHIO, 4TO Sy, =— W~ 's,w,
OTKyJa WS, = S,W.

Kosib CKOpo 3TO ycTaHoBjeno, yrtBepxaenuss (i) u (ii) cue-
AyoT 3 npensioxenus 6 ra. IV, § 1, n° 7. Kpome roro (tam xe,

ycaosue (A)),
N Py={1. 3

Hen

JlemMa 2 mnoxasesiBaer, uro W meficTByeT Ha MHOXKeCTBe
Kamep TpausutHBHo. EcJH, nagee, anement w & W taxos, 4TO
w(C)=C, 10 w = Py naa mob6oi crenku H xamepn C, OTKyAa
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B coorBeTcTBUH C (3) w==1. TeMm cambiM fq0oKa3aHO yTBepiKie-
nne (iii).

Ilycts, HakoHel, H — rHUNepnaockoCcTb, A KOTOPOR sy,=W.
Ecau 661 H & $, T0o cymectsoBana 651 nmo kpaiiHeil Mepe onxHa
kamepa C’, mepecekawomas H (§ 1, n® 3, npeanoxenue 7).
Kaxnas touka nepecevyenns H (1C/ nuBapuanTHA OTHOCHTE/BHO Spy
¥ TeM CaMbiM NpHHAAJeKUT KamepaM C’ u s, (C’). 3nauwr,
C’ = sy (C’), uro nporuBopeunt (iii), MockoabKy §; 7= 1.

CaenctBue. [Tycre £ — mHoxecrso orpaxcexui, nopo-
adarwee epynny W. Tozda scaxkoe orpaxesue, npunad.ae-

gcatyee W, conpareno ¢ KAKum-Hubyos 34eMERTOM MHONCECT3A 2.

[MycTs ¥ — MHOXKecTBO runepnaockocrefi Buna w(H)c w=W
u He 9, rtakumu, uro sy 3. Ilockoasky W nopoxmaercs
ceMelCTBOM (SH)Hesv H MHOKeCTBO §’ yeTOHUnBO OTHOCHTeAbHO W,
Mb! MOXeM NMpHMEeHHTh K €’ Bmecto § Bee pedyiapraThl 3TOrO n°.
Ho Teopema 1, (iv) mokasniBaer, 4To BCAKOe oTpaxenue rpynnsl W
uMeer BHA Sy ¢ He 4§/, oTkyaa u BHTEKaeT yTBEpKIECHHE
CJI/ICTBHS.

3. Pyndamenrarvrnan obaracre. Crabusuzaropo

Hanomuum (Haureep., ra. VII, § 2, n° 10, onpenenenne 2),
yTO MHOXeCTBO D npocTpancTsa E HaswiBaeTCs hynOamenTa.1b-
roi obaactero nas rpynnet W, ecau Jjo6asi opbura B E orHO-
cutebH0 W nepecekaer D B onfHOH M TONBKO ONHOH TOUKE.
DTO SKBHBAJIEHTHO CJEAYIOLIMM JBYM YCJOBHSM:

a) 0an mobozo x < E cywecrsyer asement w W, raxod,
yro w(x)<= D;

6) ecau x, y=D u w =W rakross, uro y=w(x), 7o y=x
(no so3moxncro, w 7= 1).

JokaxeM TpH CJEAYIOUHX YTBEDXIAEHHS.

TeorEMA 2. Kakosa 6b1 hu 6viaa kamepa C, ee 3ameixanue C
fa8aReTca yHoamenTasbHotu obaacteio dan epynnet W, deiicr-
syrowed na E.

IMeennoxenne 1. Iycre F — aueiixa, C — xamepa, raxas,

wro FCC, u nycro weW. Caedyrouue yciosua aKeUBANCHTHbL:
(i) @ (F) nepeceraer F;
(i) w (F)=F;
(iii) w (F)=F;
(iv) w ocrasaser nenodeusicrnoii xors 6v. 00HYy TOuxky u3 F,;
(v) w ocrasaser nenodsuncnoii kasdyrwo Touky F aueixu F;

(vi) ©w ocrasaser nenodeuxcreimu ace TouKu 3amvikanusi F;
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(vii) @ npunadaexcur nodepynne 8 W, noposwdennoii orpa-
JCCHUSAMU OTHOCUTEAbHO cTeHOK kamepwl C, codepacawux F.

Jdas mo6oro noaMroxectsa A < E o6Go3nauum uepe3 W (A)
noarpynny B W, cocTosmyio H3 3JieMeHTOB, KOTOPble OCTaBJSIOT
HeMOJBHXKHHMH BCEé TOUKH MHOXecCTBa A.

IMpepnoxenuE 2. ITycte A — Henycrce nodmwuoscecrso 8 E,
$ , — mHowecrgo eunepnaockocred H &9, codepwawux A,
A" — nepeceuenue eunepnaockocred He 9, u F — aqeika 6 E,
orkpatras 8 A’ (§ 1, n® 3, npemjoxenune 7). Toeda W (A)==
=W (A)Y=W(F) u W (A) nopoxdaercs orparenusmu oTHOCU-
TeabHO eunepnaockocreil ud P ,.

Hpe)xne BCEro JOoKaxkeMm cClenymrollee yTBepKIeHHE:

(I) ITycre C — kamepa, x u y— 06e Tousku u3 C u w — sae-
ment epynnot W, 0as koropozo w (x)=y. Toeda x =y, a w npu-
Hadaencur nodepynne Wy, 20e ® — muoacecrao crenox kamepst C,
coodepraux x.

[poBeneM HHAYKUHIO MO MJIMHE ¢ 3jaeMeHTa @ (MO OTHOIIe-
HHIO K MHOXKecCTBY S oTpaxeHHKH OTHOCHTeJIbHO CTeROK KaMephl C).
Cayualt ¢=0 tpueunanen. Ecau g =1, To cymecTBylor cTeHka H
kaMepsl C u ajeMerT w’ & W, rakue, 4yto w =syw" ¥ [(@w')==
=g — 1. Tlockonbry [(syw) <!(w), kamepnt C 1 w(C) no Teo-
peme | u3 n° 2 nexaT mo passsle cropoHst ot f. ITostomy
CNw(C)c H, orkyna y=H. Torpa y=w’(x) 1 no npexpno-
JIOXKEeHHI0O HHAyKuMH x=y, a w’ Wy Tak kak y= Hf, to
noayuaeM Hed n w=syw’ =Wy, ueM K 3aKaHUHBaercs
JoxasaTeabcTBO yTBepxknaenus (I).

JlokasareabcTéo Teopemst 2. DTO yTBEpKAEHHE CJedyeT
#u3 (I) u u3 nemmo 2,

Jloka3areascreo npediomenuss 1. MB 3HaeM, YTO IBe pas-
JIMUHbIE fiueHKH He NepeceKaioTcsi M HX 3aMBIKaHHA He CoBHa-
naiotr (§ 1, n® 2, cnemcrsue mnpexsoxkeHHA 3). DTO NPHBOAHT
K 3KkBHBaJstieHTHOCTH (i), (ii) u (iii). C npyrofi CTOpOHHI, ACHO, YTO

(vii) = (vi) = (v) = (iv) = (i),
a yreepxkaeHue (I) noxasmBaer, uto (i)=> (vii).

Ilokazareascreo npedaomenus 2. Ilyers A” — addunnoe
HOANMPOCTPAHCTBO NpoCcTpancTBa E, nopokaeHHoe MHOXeCTBOM A,
QOuesngno, uro W (A)==W (A”). Ilo npennoxenuw 7 u3 § 1,
n° 3, cyuiecTByeT To4Ka x < A”, He Jiekaulas HH B Kaxkoi rumep-
njockocth He $ — 9,. Ilyers F, — Aueilka, cogepikauiasg x;
©OHa oTKpeiTa B A”, W npefJoxeHHe 1 noxaseiBaer, uTO

WF)cWA) WA =WA) W (=W (),
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otkyna W (A)=W (A')=W (F,). 3amenuB A na F, noayyaeM
W (4) =W (F),
OTKyAa ¥ CJjefyeT Halle NpeiJoiKeHHe,

3amewanus. 1) Vs reopems 2 cmenyer, uto ecan C — KaMepa,
a F — sueiika, T0 cywecrsyer, u roa6k0 0dna, codepiauasca

8 C auedka F’, xoropas nepesodurca e F aremenrom uz W.

2) U3 npepyoxenufi 1 u 2 ciegyer, uTO 1Js BCSIKOTO He-
nycroro noaMHoxecrsa A B E cymectByer Touka a & E, takas,
utro W (A)= W ({a}). Ceepx toro, rpynna W (A4) sBasercs epyn-
not Kokcrepa (reopema 1). .

3) Ilyetb C —kamepa B E m S — MHOXeCTBO OTpakeHH#H
OTHOCHTEJIbHO ee cTeHOK. Ilyers weW u (sy, ..., S;) — npu-
BeJleHHOe Pa3JoKeHHe 3JeMeHTa w oTHocuTesbHo S. Ecan xe=C
HHBADHAHTHO OTHOCHTEJbHO W, TO §;(Xx)==x mJas Bcex j. DT10

BHITEKAET M3 NpejsioxeHHss | ¥ u3 ciencrsus 1 npeggoxeHus 7
ra. IV, § 1.

4. Marpuya u zpagp Koxcrepa zpynnee W

ITycts C —kamepa, S =S (C)— MHOXKeCTBO OPTOTOHAJBHHIX
oTpaxeHuil oTHOCHTe/IbHO cTeHOK C U M = (m (s, §8’)) — matpuna
Kokcrepa cucremnl Kokcrepa (W, S) (ra. 1V, § 1, n° 9); Ha-
nOMHHM, 4TO M (S, §”) ecTp nopsizoKk (KOHewHHId HJANM GecKOHeu-
Hblit) aneMenTa 8§’ rpynnsl W (gas s, s’ = S). Ecan C’ — gpyras
KaMepa, TO eLHHCTBeHHHH a/JeMeHT w W, pfast KOTOpoOro
w (C) =C’, onpexensieT GHEKIIHIO

S+—>f(s) = wsw™!

muHoxectBa S Ha S’=S8(C’), npuuem m (f(s), f(s")=m(s, s’).
Orcona craenyeT, 4To €cau 3anarth peictsne W Ha MHOXKecTBe X
nap (C, s), rne C —xkamepa u $ < S(C), nomnoxus w.(C, s)==
=(w (C), wsw™!), To Kaxpmast op6ura { rpynuet W B X Gyner
nepecekatbcst € KaxaweM u3 MHoxectB {C} X S(C) B oxHOH M
TOJIBKO OJHOH TOUKe, KOTOPYI0 MBl oGo3nauuM uepes (C, s;(C)).
Ilycts B Takom ciaydae | — MHOXecTBO 3THX opOur. Huas i,
jel uwucao m;;=m(s;(C), s;(C)) He 3aBuCHT OT BHIGOpa Ka-
mepst C. Marpuna M(W)==(mi,)l,je, SIBJISIETCSI  MaTpuue
Kokcrepa u maswBaercs marpuyed Kokcrepa rpynust W, T'pad
Kokcrepa, accomumpoBaHuuii ¢ M (W) (ra. 1V, § 1, n° 9), na-
sniBaeTCsl epagom Koxcrepa rpynnel W.

ITycte C — kamepa. [Has aio6oro ie .l 0003HauuM yepes
H;(C) crenxy kaMepun C, Takyio, uto §;(C) OyxeT orpakeHueM
orHocuTeabHo H;(C), a uepe3 ¢;(C) — exfHHHUYHBIR BeKTOp, OPTO-
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ronaJbhpifi K H;(C) n Jexawnit no Ty xKe CTOpoHy or H;(C),
yro u C. Ortobpaxenye [—> H,;(C) HA3LBaAeTCA KAHOKU4ECKOL
undexcayuei crenox Kamepol C.

TeeraoxeEHKE 3. [Tycre C —ramepa u i, j=1, i j. Ilo-
aomcum 8;=8;(C), H;=H;(C), e;=e;(C) u anarocuuno onpe-
Oeaun s;, H;, e;.

(i) Ecau H; u H; napaaisersnol, 10 myy=o0 u e;=—e;.

(i) Ecau H; u H; ne napaareastst, T0 my; KOHe4HO U

(e; |ej) = — cos(m/my;). (4)

(iff) (e le) <O

Ecan H; n H; napaanenvuw, 10 s;5; — nepenoc (§ 2, n° 4,
npepJoxenue 5), orkyaa m;; = oco. [anee, aubo e; =e;, Jubo
e;= —e;. Mexny TeM cCymecTByeT Touka a (cOOTB. a’) B 3a-
mukauun C, nexamas B H; (coots. H;), HO He qexamas B H;
(cootB. H;). Torpa (a’ —ale)>0 u (a—a’le;) >0, uem uc-
KaoueH cayuail e;=e; u nokasauo (i).

TMpennonoxuM Tenepn, uto f; u H; He nmapanjenbunl. Bei-
fepeM B KauyeCcTEe HauaJbHOH TOuky a& H;1H; m oroxze-

creuM T u E npu nomouy Ouekuvn {+—a -+ ¢ Ilyers V — mao-
CKocTh, OpTOroHanpHaf K H;{1H; wn npoxopawas uepes a.
IMTonoxum =V DH )n DH (C) (me Dy (C) — orxpuiTOe moay-
IpOCTPAHCTBO, orpaﬂuqenﬂoe mnepmocxoc*rmo H uncopepxalee
kamepy C (§ 1, n°1)). Ilycts D (coots. D’) — noaynpsamas s V,
aexawmas Ha H;V (coors. H;NV) u comepxamasncs B 3aMbl-
kanuu . Tlpr BuiGope noaxopsilefl opHeHTauMH Ha V MHOXKe-
ctBo I' Gyner obbeanneHHeM OTKPHITHX noaynpamux A B V,
TaKHX, 4TO

0 < (D, A) < (D, D).

IMycte W’ — noarpynna 8 W, nopoxpaennas s; u s;. Has
Bcex w & W’ runepnaockocty w (H;) n w(H,) npunagnexar 9,

conepxkaT H;(1H; n ne nepecexaior C. [Tostomy oHH He mepe-
cexalor ' (§ 1, n°5, npensnoxeuve 10). CaencTere upeasoxe-
Hust 7 u3 § 2, n°5, Bjaeuer toraa (ii).

Hakouen, yrsepxaenue (iii) cpasy noayuaercs us (i) u (ii),
MOCKOJIBKY My =22 ans i == j.

3amewanue. PopMyna (4) uMeeT CMHIC]I Ha caMOM Jese NpH
Mmobuix i, je&l. e#cTBATenbHO, m/m;;=0, ecTb my; = oo,

aecmn i=j, 10 my=14u (ele)=1.

4 3ak, 61, H. BypGaku
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5. Cucrempvl 8eKTOpO8 ¢ OTPUATEABHLIMI CKANAPHOIML
npouseederuant

JIEMmA 3. [lycre q — noaowurensnan keadparuunas gopma
Ha BewecTBeHHOM BeKTOPHOM npocTpancrtee V u B — accoyu-
uposanHan ¢ Hetl cummerpuueckas Ouaunelinas gopma. Iycre
Qi, ..., Gy —8exkTopor us V, rakue, uro B(a;, a;)<<0 npu i+j.
(i) Ecau ¢y, ..., ¢, — Bewecrsennsle wucia, 048 KOTOPLLX

g (Z c,-ai)=0, 70
q(glcil.ai)=0.

(ify Ecau q neswmposcdena u ecau cyuwecreyer AuHedHAR
popma [ na'V, raxas, uro [(a;)> 0 npu ecex i, To 8exropsl
Aly «ooy Ay AUHEIHO He3a8UCUMbL.

CoorHomenne B(a;, a;)<<0 npu i< j Tortuac jaer Hepa-
BEHCTBO
(ZIC [ a) (20101)

oTKyZaa cjaenyer yrBepxpaeHnue (i). IlosTomy B csayuae HeBbIPO-
o N
KIEHHON (OPMB ¢ paBeHCTBO X ¢;a; =0 BJeuer
i

2;1c,~|.a

OTcionma lIJIﬂ moGoft  JuHefinot dopmel f wa V mosnyuaem

el f(a)=0, a ecnn ceepx Toro f(a;)> 0 npH BCEX I, TO
¢; =0 nas moboro i, DTHM goKa3aHO yTBepxkiaeHHe (ii).

JEMMA 4. ITycre Q==(q;;) — cummerpuueckas ksadparunan
MATPULA NOPAOKA N € BEUECTBEHHBIMIL KOIUuyUueHTany, TaKa,
470

a) qi; <O npu i 5= J;

6) He cywecrsyer pasbuenus muoocecrea {1, 2, ..., n} Ha
dsa wHenycrotx nodmuoocecrsa 1 u I raxkux, 4ro ecau (i, j)=
e1X/J, 10 ¢;;=0;

B) Ksadparuunas gopma q(xy, ..., X,)= _qu”x,-x,- Ha R"
i

NOAOHUTEAbHA,

Toeda

(i) A0po N ¢popmer q umeer pasmeprocrs 0 uau 1. Ecau
dimN =1, 70 N nopoadeno sexTopom, y KOTOpo20 8Ce KOOp-
dunaret > 0,

(i) Haumensuiee cobersennoe 3nauenue marpuyvt Q obaa-
daer xparHocTero 1, a cooT18€TCTBYI01UT COOCTBEHHDLL BEKTOPD
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umeer AU6GO 8ce NOAOHCUTEAbHble KOOPOUHATbHL, AUbO 8ce oTpu-
yareabHoie.

BBuY HOJOXKHUTENLHOCTH KBaApaTHUHOH QopMbl g ee agpoM N
ABJISIETCS MHOMKECTBO H3OTPONHBIX OTHOCHTEJBHO ¢ BEKTOPOB
(Ase., ra. IX, § 7, n°l, cneacrsue mnpensoxenus 2). Ilyctp
a,, ..., a, —KanoHuueckuit 6asuc B R”. Ecam XN ca; =N, 1o

i

no JeMMme 3 # Zlcil.aiEN, OTKyZa 2q,~,~.|e,-|=0 OJIA JIIO-
i i

6oro j. IlycTp Tenepnr / — MHOXKECTBO Tex i, AJs KOTOPHIX ¢;5=0.
Ecin je& !, 10 gilc;|<<O nmpu i1 u gple;|=0 npu i&l,
oTKyAa ¢;;=0 aas je& ! u i<l Ycaopue 6) maeT ToOraa, 4TO
abo =, mubo [={l, ..., n}. CaenoBareasHo, y moboro
HeHyJ/leBoro BeKTopa H3 N HH ojxHa u3 KOOPAMHAT He paBHa
ByMo. Ecam Obn dim N Z>2, To nepeceuenne aapa N ¢ rumnep-
IJIOCKOCTbIO, 3ajlaBaeMoil ypaBHenueM x; =0, uMmeso O pas3s-
MEPHOCTE =1 BONpPeKH TOMY, UTO MBI TOJNbKO HTO IIOIYUHJIH.
Kpome Toro, u3 NpenblAyIIHX PacCYXKAEHHH ciaeayeT, UTO eC/H
dimN =1, 10 N ComepXUT BEKTOp C HOJOKHTEJbHEIMH KOOp-
IHHATaMH. DTUM JoKa3aHo yTBepxkaeHue (i).

C npyroii cTOpoHBl, HM3BeCTHO, UYTO COGCTBEHHHIE 3HAYEHHA
maTpuubl Q BemectBennsl (Aze., ra. IX, § 7, n°3, npemao-
sKeHHMe D) ¥ MOJIOKHTEIbHBl, NOCKOJNbKY hopMa ¢ NOJMOXHTeNbHA.
IlycTs A — HanMeHbee cpenu HuX. Torga matpuua Q' = Q—Al,
GypeT MaTpuued BHIPOXKAEHHON MNOJOXKHTeIbHOH ¢opMer ¢,
y KOTOpOH HefHaroHa/bHEle SJMEMEHTH TaKHe Xe, Kak H y Q.
C/lenoBaTesqbHo, Q TOXe YHOBJIETBOPSIeT YCJOBHAM a) — B).
Tak xkaxk saapo N’ dopmu ¢’ — coOcTBeHHOE NOAPOCTPAHCTBO
Marpuiubl Q, COOTBETCTBYIOllee COOCTBEHHOMY 3HaueHHI0 A, TO
yTBepxkjenue (ii) Boitekaer us (i).

JIemMa 5. Ilycre sexkropel e, ..., e,, nopoxdarowue T,
TAKOBLL, 4TO .

a) (e;le)) <O npu i+ J;

6) He cywecTsyeT pasbuenus muoxcecrsa {1, ..., n} na dea
Henycrox noOmuosucecrea 1 u J ¢ (e, e)=0npuicslujes/.

Tozda 803MONMCHbL TOABKO O8a cayuas:

1) (e, ..., e,) — 6asuc npocrpancrea T}

2) n=dim T 4 1; cyuecrayer cemeticreo (o¢)1<i<n seuyecT-

gennoix wticea > 0, Takux, 4o Xy c;6;=0, U 8CAKoe CemelicTs0
1

'4 lo —
(Ci)1<i<n gelecTeeHHbLY Yucen, 9 KoTopexy 2 cle, =0, npo-
b= i

nopytonasono (Ci); < ; < -
[MonoxuM ¢ ==(e;le;). Marpuna Q=(q;;) yZOBJETBODAET
BCEM NpEANOJOXKEeHUsIM JeMMB 4: ycnoBusi a) H 6) JeMMH 4

4*
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coBnafamT € YCJOBHSMH a) H 6) Haumlell JeMMbl, a B) BHIIOJ-
HeHO mno TOfl NpPUYHHE, YTO Zq”xix,-=2]l[x,-e1112. Slipo N

i f i
KBanparuuHoit GopMel ¢ Ha R" ¢ marpuueil Q ecTb MHOKECTBO
Beex (¢), ..., Cs) = R", 1as xotopux X c;e;=10. Korna N = {0},
i

BEKTOPBI &; JHHEHHO HEe3aBUCHMBI, W HMeeT MecTo cayuail 1).
Korna xe dimN >0, nemma 4, (i) noxashiBaer, 4To HMeeT
Mecro cJaydait 2).

Jemma 6. IHycre (e, ..., e,) —6aszuc 8 T rakoil, uro
(e;le;) <O npu i ~j.
(i) Ecau x== Z c.e; — aaement us I', 0a8 koropoeo (x |e;) =0

npu gecex i, 7o ¢; =0 npu ecex i.

(ii) Ecau x u y— 0sa aaemenra npocrparncrea T, das koro-
poix (xle)>=0 u (yle)=0 npu scex i, o (x|y)=0. Ecau
(xle)>0 u (yle) >0 npu ascex i, 70 (x|y)> 0.

B ycaoBusx yreepxkjaeHus (i) mpenmoJioKUM, YTO CylIeCT-
Byer i, ais Koroporo ¢; < 0. ITyers [ — nuuefinas dopma ua T,
onpejenelnas paBeHcTBamu f(e)=1 n .

f(ej)=——0,-/<k§l Ick|> npH  jE L.

BekTopsl — X, €;, ..., &, Y/LOBJETBOPSIOT BCEM NPELNOJ0KEHUIM

aemmul 3, (ii) (B xadecrBe ¢ B3ATh MeTpHuecKylo ¢opmy Ha T).

Onuako BhHITEKawlIlee OTCIONA 3aKaIlodeHHe 00 HX JMHeAHOH

HE3aBHCHMOCTH abCypAHO, YTO M NMPHBOXHUT K yTBepkAeHHIo (i).
N

Nanee, econ x= Nce, =T u ysT, 10 (x|y)= X ¢,(e; ),
i i

i
Tak uro (ii) cpasy cmemyer us (i).

6. Teopemst KoHeuroCTU

JIeMmA 7. Ilycre A — muoxcectso edunuutibix gexropos 8 T.
Ecau cyujecrayer takoe seujecrsennoe wucao b < 1, uro (a la’)y<<h
028 moboix a, &’ = A u a 5= a’, To nHoxecTso A KoHedHO.

Has a, a = A u a5~ a umeem
la—a P=2—2(ala’) =2 — 2A.

Onuako, Gynyuu KoMmakTuoil, enunuuuas cdepa S B T pomy-

1
CKaeT KOHeYHOe NIOKPhiTHE MHOMKECTBAMHY AuaMerpoM < (2—2A) "
B KkaxIOM TaKOM MHOXKeCTBe COAepkKHTcA He Oojee OJHOrO
Bekropa u3 A. Orciona caenyer yTrepxkpaeuue Jiemmbl. OGo-
sHayum vepes U (w) aBroMopdusm mpocrpancrsa T, acconunpo-
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panublil ¢ adodHHHLIM oToGpaxkeHueM w & W mnpocrpancrsa E
B cebs. Hmeem

wx+H=wx)+Uw).t nna t=T u x<E.

OnpenesieH, Takum ofpasom, romomopdbusMm U rpymmm W
B OpPTOrOHAJBLHYIO rpynny npocrpaHcrsa 7. Slapom romomop-
¢usma U aBASETCA MHOKECTBO INEPeHOCOoB, NpPHHAML/IEeXKALIUX
rpynne W.

TroreMA 3. (1) MuoocecTso cTeHOK 00HOI Kamepst KOHEUHO.
(ii) MHoxMcecTB0 Hanpasaerull eunepnaOCKOCTel U3 ) KoHeYHO.
(iii) F'pynna U (W) roue4na.

Yreepxaenue (i) cpasy chaenyer H3 npenioxenus 3, (iii)
u3 JeMMut 7. JoxkaxeM (ii). [Iycts C — kamepa u W — mMHoOXKe-
CcTBO ee CTeHOK. MHOkecTBO stueeK B 3aMblkaHun C (oTHOCH-
TepbHO ) COBIALaeT C MHOXKECTBOM siyeek OTHocuTesnHO M
(§ 1, n°4, npennoxenue 9). Tak kak M KoHEUHO, TO YHCIO
syeek koHeuHo. [lockosbky Kaxpnas siiefika nepecekaeTcs He
GoJee ueM C KOHEUHpIM YHCJIOM FHNEPIJIOCKOCTell U3 , MuHOXKe-

CTBO THNEPIJIOCKOCTeH, NpuHamjexamux § u nepecexamomunx C,

KOHeuHo, TaK ke Kak u muoxecrso A(C) eqUHHYHHIX BEKTOPOB
B T, OpTOrOHAMBHHX 3TUM rumepnoeepxuoctsM. CrezorsarenbHO,
CylIeCTByeT BeliecTBeHHoe uHcao A <1, Takoe, uTo (ala’)<{A
g a,  =AC) u a*=a’.

[Iycts Teneph A — MHOXKECTBO eJIHHHYHBIX BekTopoB B T,
OpTOTOHAJBLHBIX THOEpIIocKocTsM u3 D. IlyeTs 0, 0’ = A, a £ a’.
Ecam a u o’ napanneibHs, 10 a =—a’ u (a}a’)=—1. B npo-
THBHOM CJy4ae mnycTb Bekrop a (coorB. a’) oproroHaneH Kk H
(coors. k¥ H’). Torma HNH' = &, u ecau x= HNH’, 10

cyuiectByeT ajneMeHT w = W, mas xoToporo x & w (C). Bekropht
U@).a u U(w).a" npunanjexar torna A(C), #

(@lay=(U(w).a|U(w).a") <A,

Tak yTo MHOXKecTBO A KoHeuHo 1o JjeMMe 7. DTHM JKoka3aHo (ii).

[Tycte Tenepb 3aeMeHT w & W Takos, uro U(w).a==a gis
Beex a = A. Torma U(w).t=1 aaa moboro ¢ ¥3 nomnpocrpan-
crea B T, mopoxienHoro sekropaMu u3 A. C zapyroit cTopoHs,
ecain t =T oproroHanen K A, to U(sy).t=1% gas Bcex H = 9,
orkyaa U (w).t==t, u, Hakonen, U (w)=1. Tak kKak U (w)(4)=A
g moGoro ssnementa w W, to rpynna U (W) uzoMmopdua
Tpynne NepecTAaHOBOK KOHEUHOro MHOXKecTBa A, OTKyna clenyeT
yreepxknaeHHe (iii).

[penaoxeuue 4. IMycre C — kamepa u (M) — mnoxecrso ee
crenok. IMycre Wy — nodepynna epynnoe W, noposcdennasn
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OPTOZOHANBHBIMU OTPANCCHUAMI OTHOCUTEALHO 2UNepPRAOCKOCTeLl
us M. Jan He N obosnauum uepes ey edunuunbili eekrop,
oproeonansnsii Kk H u aexcawuii no vy we cropony or H, uro
u C. Caedyrowue ycaoBus IKBUBAANCHTHOL

(1) epynna Wa Koneuna;

(ii) cywecrsyer Towka npocrpancrea E, unsapuanrnas oTHO-
cureabHo 8cex saementos epynnot Wy,

(iii) eunepnaockoctu uz M umetor nenycroe nepeceyenue;

(iv) cemeiicreo sexTopos (ey),; <y €680600H0 8 T.

ITpeanono:xkuM, uro rpynna Wy KoHeuHa ¥ MMeeT TOPsLOK d.

Torza xas JM06oii Toukn a u3 E Touka b= 2 d~'.w(a)
wEWy
HHBapuaHTHa OTHOcuTeabHO Wy, mostroMy u3 (i) caenyer (ii).

Corsiacuo csoiictBy ([12) (cM. mawamo § 3), crabusmsaTop
B W Beakoit Toukn u3 E koHeued. CiegoBaresnHo, (ii) BaeueT (i).

Beuny Toro uro rpynmna Wy nmopoxzaeHna MHOXECTBOM OTpa-
XKeHHH OTHOCHTe/bHO rumepmiockoctel #3 M, HemoaBHKHbIE
TOYKH OTHOcuTe bHO Wy — TO TOUKHM mpocTpaHcTBa E, NpHHAI-
Jexamue Kaxznol runepriockoctw H &M, otkyna caenyer
aKBHBaJeHTHOCTs (ii) u (iif).

[IpennosoxumM, 4TO CylieCcTByeT TO4UKa a B E, npuHaniexa-
mas rceM rumepmiaockoctsM H & M. Tlyers t & T — Bekrop, A4
kotoporo a-+teC. Tak xak (eyley)<<0 mna H, H =X,
H 5= H’ (npemjoxenue 3), a (f|ey)>0 nas Bcex H=R, o
gemma 3, (ii) BJeueT JHHEHHYI HE3aBHUCHMOCTb BEKTOPOB ep,
H = R. Tlostomy 3 (iii) caenyer (iv).

[TpeanoJoXuM, HaKOHel, YTO ceMeHCTBO (€x), o, CBOGOLHO.
Iycts a—touka B E. Jas mwoGoit runepmiockoetH H &M
CyIeCTByeT BeleCTBEHHOE YHCIO Cp, Takoe, yTo H cOcTOMT H3
Touek a-+t B E c (t{ey)=cy. Tak Kak ceMeiicTBo (ey) CBO-
6onHO, cylecrByer Bekrop ¢ T, tTako#, uro (f|ey)=rcpy A%
Bcex He=M, u trouka a+ ¢ u3 E npuHaniexur mobGod rumep-
naockoern H =M. CaemosaresibHo, (iv) Baeuer (iii).

3ameuanus. 1) ITockonsky W mnopoxpeHa OTpaxeHHIMH
OTHOCHUTEJIbHO CTeHOK KaMepbl C, npensiayinee TpeAJOXeHHe
naeT KpuTepuil KOHEYHOCTH 3TOH Tpynnsl, Mbl BepHEMCH K 9TOMY
Bompocy B n°9.

2) Iyerp F — BeimnecTBenHoe adpduHHOE TPOCTPAHCTBO KOHEY-
HO# pasMepHocTH M G — ero rpymna asroMopéusmon. J1s
moboro g = (G o6GosHauuM dYepe3 U (g) accONHHPOBAHHBIA C &
aBTOMOP(H3M NPOCTpaHCTBA mepeHocoB V mnpocrpancrsa F.
TTpennosoxum, uro 06pas U (G) — koneynan noprpynna s GL (V).
Torma sa V cymectByeT ckajsipHOEe MpOM3Be/eHHE, HHBAPHAHT-
Hoe oTHocuTesbHO U (G) (Hwreep., ra. VII, § 3, n°l, npexn-
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goxeune 1). Ecam cBepx Toro G nopoxieHa OTpaKEHHSMH H,
cHafxeHHass [OHCKpPeTHOH TomoJorued, AedcTByeT Ha F co6er-
BEHHO DPa3pbIBHO, TO Mbl MOXeM NPHMeHHTb K G BCe pesy.b-
TaThl NpeAblAyUIero mnaparpada.

7. Pasnoxcenue auneiinozo npedcrasaenun zpynnoe W g T

[Tycte I — muoxectBo Bepiunn rpada Koxrerepa rpynnsr W
(n°4), m nmycts J-—mogMHOXecTBO B I, Takoe, WTO BEPIUHHBI
u3 J u [ =1J ne ceasaupl Mexny coboil. Ilyers C — kamepa,
§ — KaHOHHuecKas OHeKUHsa MHoXecTBa [ Ha MHOXeCTBO OTpa-
JXeHul OTHOcHTeJbHO cteHoK Kamepw C u W, . — moarpynna,
nopoxjaenHas o6pasom s(J). Torra ns npepnoxenns 8, n°9, § 1,
ra. IV, caenyer, uro W — npamoce npoussedenue ABYX CBOHX
noarpynn W; ¢ u W, _;, ¢. Ilycts C’— npyras KaMepa u s’ — CoOT-
BeTCTBYIOUEe HHbeKTHBHOE 0TOGp axkeHHe [ B W. Mer suzenu (n°4),
uTo ecin @ & W nepesonutr C B C/, 10 s’ () = ws(i)w~! npuiel.
Tak kak W, o — HopMaspuas moarpymna B W, 1o s’ (i)W,
ana Beex [eJ. Orcrona caepyer, uro nodepynna W, . He
aasucur or svbopa C. ITosroMy Besne B gasbHelllleM Mbl 6yneM
obo3Hauars ee npocro uepes W,

Onpenesenne rpynnst W, o roxutes aas JnoGoro NOJAMROKECTBa

J = I Ho ecian Kakasg-HUGYxb BepuiuHa u3 J coeduwmena ¢ BepuinHol
uz I —=J, ro WJ ¢ He Oygmer HOopMaJsibHOH moxrpynno# ¥ Gyaer 3aBHCETH

ot BHGopa KaMeph C.

0
[Tyers T;— noanpocrpancTso B T, cocrosiiee M3 BeKTOPOB,
WHBAPHAHTHHIX OTHOCHTEJHHO Bcex saeMeHToB rpynmet U (W),
0
M nycrb T; — mMOanpocTpancTBO, opToroHaashoe K Iy, Tak kak

0
W, — nopmanbuas noarpynna B W, To sicho, uro Ty, a cJeno-
BarteJbHo, U T, uHBapHaHTHH oTHocurespHo U (W).

Meennoxeuue 5. Mycre [y, ..., Jy— MHOdMcecTsa sepuiun
c8a3Holx  Komnonenr epagpa Korxcrepa epynnot W. [as
1< p<s noroxmun

’ 0 ’
Wo=Wi, Tp=T;, Tp=Ti, To= N T
I<p<s

(i) Fpynna W — npsasoe npoussedenue nodepynn W, (1 < p<s).

(i) Hpocrpancrso T — npamas cymma OPTO2OHOAbHbLY NOO-
apocrpatcrs Tg, Ty, ..., Ts, ycroduuswvix ornocureavno U (W).

e 4

(ili) MJas awbozo q, 1< qg<<s, nodnpocrpancreo T4 npo-
crparcrea T CocTOUT U3 8eKTOPO8, UHBAPUAHTHLIX OTHOCHU-
reavno U(W,). Ono pasaaeaerca 6 npamyto cymmy tex Tp, Oan
Koropoix OIp<<s U p ¥ q.
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(iv) ITyere C — xkamepa. IToonpocrpancreo T, (1 <p <s)
nopodsicdero sexropamu e;(C) dra i<y, (B 0603Ha‘leHPIHX n°4).
(v) Mpedcrasaenusn epynnot W & nodnpocrpancreax T,

(1 <<p<Cs) abecoaoTno HenpusoQumsl, HETpPUBUAABHBL U NORAPHO
He3KBUBANEHTHDL.

Y1Bepxkaenue (i) caenyer us pesysasratos ra. 1V, § 1, n°9.
C npyro#t CTOpOHBI, KaK Mbl y:Ke BHIeJNH, MORNMpocTpaHcTsa T,
HHBApHUAHTHBE OTHOcHTeAnHO U (W) m T0 Xe Bepuo nmas Ty
Ilycts C — kamepa. Tax kak W, nopoxxnena orpaxenusimu s; (C),

ieJ, To scHo, uto T, — MOANPOCTPAHCTBO, OPTOrOHAMLHOE
x ¢;(C) nast i J,, orkyna caeayer (iv). Ceepx Toro npu i <=/,
Ie] H ps=q Oyner m;;=2, nockoanky {i,j} He siBasgercs
pe6p0M rpada Kokcrepa, T. e. (e,le,)~——0 Orciona Hemocpen-
CTBEHHO moayuaeM (ii), a 3arem u (iii), n6o T OPTOrOHANBHO K T4,

Haxonen, nycts V — unpapuanthHOoe oTHocHTenbno U (W)
noxnpocrpauctso B T, Jlas moforo i< J, Bekrop e; an6o
npuHamiexur V, au6o oproronanen k V (§ 2, n°2, npennoxe-
ude 3). Ilycts A (C00TB. B) — MHOXECTBO Tex i € J,, 1A KOTOPHIX
e; &=V (cootB. e; oproronaner k V). OueBunto, uto (e;|e;)==0
npu i = A u j& B, a NOCKOJBKY J, CBSI3HO, MPHXOAHM K 3aKJIIO-
yeHHlo, 4To JH60 A= u V={0}, an6o A==J, n V=T,
Crenosatenbno, npencrasnenne rpynnsl W, B T, HenpuBoaumo,
a moToMy W a6cosioTHo HenpHBoguMmo B § 2, n°l, npensoxe-
HHe 1. OHO HeTpHBHAJBLHO MO CaMOMY ONpeJeJieHHIO NPOCTPaH-
crea T, Hakonmen, mnocnefnee yTBepXIeHHe B (V) cpasy cae-
Ayer u3 (iii).

Ipynna W Ha3wiBaeTcst cyujecTeeHHotli, ecqid MOANPOCTPaH-
cteo T, BeKTOpoB H3 T, MHBapHaHTHeIX OTHOCHTesanHo U (W),
ceomutest k {0}, T'pynma W HassiBaerTcs wenpusodumoii, ecau
HelIpHBOJHMO ee npejcraBnenne U B T.

Caencreue. ITycre W == {l}. Jan roeo urobw epynna W
6o1aa HenpusoOumou, Heobxo0umo u 00CTATOYHO, 4TOOLI OHA
6viaa cyuwecreennol u 4Tobol ee epagy Koxcrepa Goin cescen.

3amewanue. B ycaoBusx npemsoxkenus 5 noanpocrpancrsa T,

Aas 0 << p < S SBASIOTCA H30THIOHLIMH KOMIOHEHTAaMH JHHRHHOTO
npexacrasaenuss U rpynnet W B T (Aze., ra. VIIL, § 3, n°4).
Orciona caenyer (ram oce, npeinoxenue 11), 4To BCsiKOe Bek-
TOpHOe mopnpocrpancreo V B T, ycroiiunBoe oTHocHTeanHo W,
ecTb npsMas cymma mnojnpocrpancts V7T, maa 0<p<s
Kpome Toro (ram sce, npepaoxenre 10), soboft sngoMopdusM,
KOMMYTHpYIOIIHH co Bcemu onepatopamu U (w), w & W, ocra-
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BasieT YCTOHUHMBBIME BCe Tp, 0 < p <{s, H HHAYLHPYET Ha KakIOM
H3 HHX TOMOTeTHIO. B wacTHocTH, BcAKasa GuanHeHHasa dopma @
Ha T, uWHBapHaHTHasg OTHocHTenbHo W, 3agaercsd paBeHCTBOM

@ (; t % tl,z) =@, (tO’ t(,)) +1<§<s a, (tp’t;)’
rae Dy — Ouauneiinaa ¢opma Ha Ty H a, (1 <p<<s) — Bele-
cTBeHHHIe 4YHcaa. [leficTBHTeabHo, Takas ¢dopMa P oxHo3HAYHO
sanucoiBaercs B Bufe (f, {')—(A(f)|?), rae A — sunomopdusm
npoctpanctsa T, KommyTupywownit ¢ U(w) mas we W.

8. Pa3znoxcenue apdunnozo npocrpancrsa E 6 npouseedenue

Coxpanum o6osnauenus npegsnoxenus 5. Ilycrs £, ¢ 0

4
< p<<S — MHOXKeCTBO op6ut rpynmsi T, 8 E, u nycTe ¢, —Ka-
HOHHUeCKoe oToOpaxenue npocrpancrsa E Ha E,. Jle#crsue T
B E nepenocurcs Ha ¢akrop. B yacruocru, T, nciicteyer na E,,

H HeNOCpeJICTBEHHO nposepsieTcA (Hanpumep, nyrem Bui6opa Ha-
yaabHOll TouKH B E), uro E, GyneT ap¢HHHBIM NpOCTPaHCTBOM,

ponyckaioumum T, B KaueCTse NpOCTpaHCTBAa nepenocos. IloJo-

wuM E'=E;X ... X E;. 910 ectb adduHHOE NpPOCTPAHCTBO
c T=T7TD...0T, B KauecTBe NpocTpaHcTsa nepeHocos. [IycThb
¢: E— E’ — npousBenenne oTobpaxeHu#t ¢, Tak Kak ¢ Kom-

MyTHpyeT ¢ JeiictBueM T, TO 3To oToGpaxeHHe OyleT GHeK-
nued 1 usoMopdusMoM aduUHHLIX NPOCTPaHCTB. B nasabHe-
meM Mu OTOXAeCTBuM £ u E’ nocpencrsom ¢. OToGpakenue @,

OTOXAECTBJAACTCA TOT4a C KaHOHHYeCKO# mpoekuueil £/ na E,.

TMockoabky W octasaser ycrofiuusesiM T,, neficteue W na E
IepeHOCHTCS Ha (hakToOp M onpenensieT 3akoH pedictsua W na E,
O<p<s), a npu cyxenun — 3akon neiicteua W, wa E,.
Hanee, nycts C -—kamepa, i</, H p—TaKoe LeJOe YHCJO,
uro i< J,. Ilpu Bcex x & E nmeem

5;(Cy(x)=x—X.e;(C), rne A=R.
Tax xak e; & T npu g % p, 10
o (@) =¢,(x) a1 x=E weW, 0{g<s, ¢+ p.
CienoBaresnbHo, ecan w=w, ... o, =W, ¢ w,eW, 1
SP<s, TO
w ((xg, - -y X5))=1(x0, w; (x1), ..oy W (xy)), (5)

Kakosbl Obl HH Obln X, & E, 0 p<{s. JlpyruMu cjosBamH,
3aKkon dedicreun epynnst W na E=E’ ecre He 4T0 unoe, KAK
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npoussedenue 3arxonos Oedcreuii epynn W, na E, (Mb no.a-
raem Wy={1}). Takum oGpasom, W, neiicTByer TouHo Ha E,,

u W, moono oroxdectsurs ¢ epynnoil nepemewjenull esxau-
dosa npocrpancrea E, (npocTpaHCTBO mepeHocoB I, mpocTpaH-

crBa E, cHaGxeHO, €CTECTBEHHO, CKaJSpPHBIM MPOH3BEIECHHEM,
HHIYUMPOBAHHLIM CRaJNApHBIM Hpou3BeneHueM Ha T).

IMTeenaoKERKE 6. (i) I'pynna W, ecre epynna nepemewyenuit

eskaudosa agpunnoeco npocrpancrea E,; ona noposcdena or-
pasiceHuamu;, cHabokennas OuckperHol Tonoaoeued, oHa deils
creyer 6 E, coOCT8EHHO pa3pbiro; oHa Henpugoluma.

(il) Mycre $,— muoxecreo eunepniockocreii H 8 E,, das

koropeix sy e W, Mnoocecrso § cocrour us eunepnaocxocreit
suda

H=E,X E X ... X Ept X Hy X Epyy X ... X Es,

ede p=1,...,su Hy=9,

(ili) Kamdas ramepa C umeer sud Ey X C X ... X C,, 2de
0an gcaxoeo p muosecrgo C,—xamepa 8 E, ornocureisuo
MHoocecTea eunepnaockocred $, Kpome roeo, crenkamu ka-
mepor Cp, cayocar eunepnaockocru @,(Hi(C), i,

ITycts C — kamepa. ITonoxum H; = H;(C), e;=¢;(C) u s;=
== 8;(C) nns i =1 (o6o3nauenus u3 n°4),

() Oyers iesJ, Tak kak ¢ &T, u T —npamas cymma
NONAapHO OPTOTOHAJbHHIX moxmpoctpancre Iy, T4, ..., Ty, TO
rulepmnJockocTs B T, opToroHa/ibHas K e; uMeer BHA L;+ Tp,
rae L; —runepmiockocTs B 1, opToroHaspHas K ¢;. Abdunnas

runepmiockocts H; B E umeer Bup L; +T,+x, ¢ x=E,
H O3TOMY

Hi=EXE X ... XEpsi XHi X Epp1X ... XEs, (6)

rie Hi=Li+ ¢,(x)=¢,(H;). B TakoM c/ayyae sCHO, 4TO §;
ﬂeﬁCTByeT B Ep KaK OTpaXeHHe OTHOCHTEJNbHO THIEePMJIOCKOCTH

Hi; < E,. CnepoBatesncHo, rpynna W, ects rpynna mepeMenie-
HHJ, TIOPOXKJeHHAs OTPaKeHHsAMH B E,. JIerko mpoBepHTh KpH=

repuit (I12) cob6eTBennofl paspriBHocTH, HakoHel, Npepsaoxe-
nue 5, (v) nokasmiBaer, uro W, uenpuBoauma. TeMm cambiM

(i) nokasano.
(if) B cuny cnemcTeus TeopeMbl 1 MHOXeCTBO §, cOCTOMT

U3 rUnepIiockocTelt Buna w, (Hi)ci us J, uc w, us W,. HaJee,
e W =1w, ... Ws, e w, & W, naa Bcex p, T0O B COOTBET-
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creun ¢ dopmynaamu (5) u (6)

w(Hi)':EOXEIX- XE—lep(H)pr-HX . X Eq,
)
oTKyZ#a cpasy cJjaenyer (ii).
(iii) Myets i< J, Ilo dopmyae (6) OTKphHITO® TOJYNPO-
crpaHcTBo D, orpanuuesHoe H; u coiepxamee C, HMeeT BHA

Di=EyXEiX ... XEpmit XD X Epi X ..o X Eq,

rae D} — oTKpBITOE TOJAYIPOCTPAHCTBO, orpaHuuenHoe H; B E,.

Monoxum Cp,= [) Di. Tak kak C= [} Di, To HeMexTeHHO
iElp iel

noJaydaeMm

C=EXCX ... XC,

Crajo ObITh, Kaxknoe H3 MHOxecTB C, HemrycTo, a MOCKOJBbKY C
He mepecekaeTcs C mnepnnocxocmmn us 9, mHoxkecrso C, He

nepecekaeTcsi ¢ TUNEPIIOCKOCTIMH H3 9. Hpemomeme 5
u3 § 1, n°3, nokasmiBaer, uto C, — OfHA H3 KaMep B £, OTHO-
curesHo 9, BocnoabsoaBmuchk npeanoxenuem 4 us § 1, n°2,
Ge3 Tpyza YBHJIHM, uYTO CTeHKaMu Kamepo C, fBJASIOTCA THOEp-
miaockoetd Hi=q,(H;), i = Jp.

9. Crpoenue xamep

Myers C — kamepa, DM — MHOKECTBO ee CTEHOK M ey A7d
H =M —oproronansupti K H efHHHUHBIE BEKTOp, PAaCIOJO-
JKeHHBIH C TOH e CTOpPOHBI OT THNepmaockocTw H, uto u C.-

TIPEn/IOKEHNE 7. [lpednoasoskum, uro epynna W cyuject-
gerna u Kouewna. Toeda

(i) Cywecrsyer eduncrsennans rouxka a < E, unsapuanrnasn
orHocuteasrno W.

(ii) Cenedicreo (ep)y <y, cAyseur 6asucom 6 T.

(iif) Kamepa C sasaferca OTKpuiTbLM CUMNAULUANLHOLM KO-
HYcoM ¢ eepuunoi a, onpedesentoin 6asucom (h)y.q 6 T,

048 Koropoeo (em/eky) = Oup .

(i) Cormacwo mnpexpmoxenuio 4 u3 n°6, cCymecTByeT TOUKA
a < E, vpBapuanthHas oTHocuTeapHo W. IlycTe BekTop (&
TaKOB, YTO Touka f-} @ HHBAapHaHTHAa oTHOocHTeqpHO W. Torma
Jas qioboro w & W uMeem

U).t+a=w(t+a=t+a,
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orkyna U(w).t=t. BBuny cywecrpennocty W 3To BJacuer
t=0, ueM f0OKa3aHa eAHHCTBEHHOCTh TOUKH d.

(ii) Tak_kak W — cywecrBeHHast rpynna, To B 0Go3Haue-
Husix n°7 T=T; n upepjoxenue 5, (iv) nmokassiBaer, u4TO Ce-
MeHCTBO (e4)y 4 NMOPOXKIAET BeKTOpHOE mpocTpancTBO T. Cy-
UleCTBOBaHHe TOYKH B E, uHBapuanTtHOl OTHOCHTeNbHO W,
NOKA3bIBAET, UTO CeMeHCTBO (ey), o, CBOGOAHO (n°6, mpepio-
KeHue 4).

(iii) ITycTe @ — exuHCTBeHHAST HNIBAPHAHTHAS OTHOCHTeNbHO W
Touka B E. Tak Kak (ey)y., —Oasuc B T u ckansproe npo-
U3BeleHne eCTh HeBHIpOXKAenHass OWJHHeHHas ¢opma na T, TO
CylIeCTBYET, H IPHTOM TOJIbKO OJHH, Gasuc (&), o, B T, Taxoli,
uTo (ey/ey)=0,, naa H, H" us M. Kaxnas Touka x u3s E

eIMHCTBeHNLIM O00pasoM 3anuchizaercs B BHae X =1 -} a, rie
1= 2 Ey.el U Ey — BelecTBeHHble uMcaa. s TOro yToGHl
Hewm

TOUka x npunamnexkana C, HeoOGXORMMO H [OCTaTOUHO, YTOOHL
aTa TOYKA JiexKasaa mo Ty Ke CTOPOHY OT Jo60i# THNepIJIOCKOCTH
HeM, uro u ey, T. e. uTo6ul uHCIO (I |ey)=E, ObAO CTPOrO
noJoxurenbrpiM. OTciona ciaepyet (iif).

ITpEmsoKERUE 8. [Ipednososcum, uro epynna W — cyue-
creéenran, Henpusoduman u beckoneynasn. Toada

(i) B E ner unsapuanrHeix otnocuressno W rouex.

(i) Card M =dim T + 1 u cywecrsyror seuecreennsie wucaa
cy >0, 042 KoTOpbLX D cy.en=0. Ecau D cy.en=0

Hem Hen

C KQKUMU-TO BCLLCCTBEHHOLIMU HUCAQAMU Cl, TO HaLderca seue-
cTBeHHoe wucao §, raxkoe, uro cy=%tCy Oaa gcex H uz M.

(ili) Kamepa C snsasiercs OTKpOITOILM CUMAACKCOM.

YrBepxpenue (i) crenyer U3 npensioxenus 4. Jlanee, BBURY
cywectsenHocTd W BekTopnl (ey)y o, mopoxnaior T. MmeeM
(en len)<<0 n1s H, HHeM n H== H (npennoxenue 3),
a nockosabky W menpusBopuMa, M nean3s pasGuTh Ha [Ba He-
nycTeix MHoxecrsa M u M7, rakux, uto ecan H' =D/
u H”=M”, 10 (ey |ew)=0. IlosTOMy MOKHO IIPUMEHUTH
gemmy 5 us n°5. Cayuait 1) aroit neMMbl uckmoues, u6o W ne
HMeeT HeNONBMIKHOH TOYKH H BEKTOPBI €y JHHEHHO 3aBHCHMBI,
Orciona caenyer yreepxkienue (ii).

HokaxeMm (iii). ITponyMepyeM cTeHKH KaMmepnl C, cKaxeM

rak: Ho, Hy, ..., Hy, u nonoxum t, =ey . B cuny (ii) pekropnt
t, ..., t; ob6pasyior Gasuc mpocTpaHcTsa I, IO3TOMY THIiepIJO-
ckocty Hy, ..., H; umelor o6Uiyl0 TOYKYy @y H cyulecTByeT Ga-

auc (#], ..., &) npocrpancrsa T, ans -kotoporo (f,|#)=38,,.
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Jaaee, coraacuo (ii), Bcerma HafifyTcss TaKHe BeLIECTBEHHbIE
ydeaa ¢; >0, ..., ¢4 >0, uto

to=—(cl.tl+ ce +Cd'td)'

Tak Kak BeKTOp #;, OpTOroHaJeH THIepmjockoctH H,, To cylue-
CTBYET BellleCTBEHHOe YHCJO ¢, TaKoe, 4To H, COCTOUT H3 TOUEK
x=t+4ayB E ¢ (t|]t)=—c.
Kaxpnasa Touka npocTpanctsa E 0OJHO3HAUHO 3aluchiBaeTcs
B BUle x=1F-taqa, c t=E .{4 ... +§d.t; P BEUIECTBEHHBIMH
£, ..., Eq. Laa Toro uTo6n x npuHaanexana C, Heo6X0AHMO B A0-
CTATOYHO, UTOOH OHA JeXaJja [0 Ty }Ke CTOpoHYy oT H,,, uTo H f,,
0<<m<d. D10 BHIpaxKaeTca HepaBeHctBamu (¢])>0, ...
.oy (M) >0 u (tty) > — ¢ uam, uto pasHoCUabHO, E; >0, ...
vy E42>0, 81+ ... Fcgta<c. 3mees ¢ >0, nockoapky C

[
nwenycro. [losoxum am=a0+—c——-tfn ma 1<<Km<Cd. Ka-
m
Mepa C cocTOMT Torga u3 ToyeK npoctpancTea E Buma a; -4
d

+ z_]lxm.(am_ao), e Ay >0, ., Ay >0uA ...+ <]

ITosToMy C — OTKpHITHI CHMILIEKC € BEpLUIHHAMH dg, ..., Qg4
Y, T. O.

3amevanusn. 1)-OtoxnectBuM Ec Eg X E; X ... XE,aW —
c W, X ... XW,, kak 310 cmenano B n°8. Toraa no mnpenno-

x)eHHI0O 6 Kamepa C OTOXACCTBJIAETCS C
EgXCi X ... XGCs,

rie C,—xamepa B E, OTHOCHTeJBHO MHOXECTBA THIEPIJIOCKO-
creft 9,. Mo npensoxennsm 7 u 8 kaxgaa us kamep Cy, ..., Cs

€CTb JIHGO OTKPHITHI CHMIJIMIHAJBHBIA KOHYC, JU6O0 OTKPHITHIH
CHMIJIEKC.

2) Ipexnosoxum, uyro rpynna W Hempmsopguma ¥ cyule-
crBeHHa. Ecau H u H’ — nBe crenku Kamepbt C, TO Myp = - o0
B TOM H TOJbKO B TOM CJaydvae, Korpa ey=-— ey (npensoxe-
HHe 3). B cuay npemnoxenuit 7 m 8 3TO BO3MOXKHO TOJbBKO
torga, korma H u H’ — enuuctseunnie crenxd KaMmepol C u E
ogHoMepHo. TakuM 06pa3oM, eHHCTBEHHbIH cayuai, Korga ofHoO
H3 myp 6eCKOHEeuHo, — 3TO TOT, Koraa E oxHoMepro, a rpynna W
NOpOXKAeHa OTPaKeHHAMH OTHOCHTEJbHO ABYX Pas3/HUHBLIX TOUeK
(cm. § 2, n°4).

B ofmem cayvae y Marpunsl Kokxcrepa rpynnst W Gynyr
KOHeUHEie 3JeMEHTHl, HCKJ0uasd CHUTyalHio, Korpa no kpaliHed
Mepe omuo u3 Ej, ..., E; uMeeT ONHCAaHHBLIA BhLIIIE THIL.
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10. Cneyuaabtivie To4xu

ITyets L — MHOXKECTBO INepeHOCOB, copepxaumxcs B W, u
A — MuoxecTBO ¢ & T, Takux, YTo nepesoc x+—>1! - x NpHHAZ-
gexur L. OuesupHo, yto A ycrtofiunso orHocutessio U (W) u
uto L — HopmaJsibHas noarpynna B W. ITockosbky W nmeiicTeyer
B £ COOCTBEHHO pa3pbIBHO, TO K& BEPHO H jasf L, H oTCiOla
ICHO, uTO A — nuckpeTHas noarpynna B I'. OGo3nauum yepes W,
crabususatop Toukn r <= E 5 W.

ITPEpnoxEnUE 9, /fycte a<=E. Caedyrowue ycirosus skeu-
BANCHTHbL:

G wW=Ww,.L;

(ii) cymenue eomomoppusma U na W, ecte usomopgusm
epynnot W, na U (W),

(iii) 948 aroboii eunepnaockocry HE$ cywecreyer sunep-
naockocrs H' =9, napasrsessnan H u rakasn, 410 a= H'.

SleHo uro (i) & (ii), nockoabky L — sinpo romomopdusma U
u LONW,={1}.

[Tycts Boimosneno (i), u nyecte H= 9. Torpa sp=W,. L,
TaK 4TO CylUecTByeT BekTop ! & A, s KoToporo a =5y (a)+ t.

BekTop £ oproronanesn K H, n ecin H’=H+—21—t, TO Sy (X)==

=8y(x)+1¢ nna Bcex x=FE (cm. § 2, n°4, npeasoxenne 5).
Tak kKak t=A u sy=W, 10 spw=W, otkyna H' = 9. K tomy xe
a=sy (a) u, 3Hauut, a<H’. Takum o6pasoM, mu3 (i) cJxe-
nyer (iii).

[Tpeanonoxus, yto BunosueHo (iii) u yro runepniockocty H,
H' =% Ttakne ke, xak B (iii). Torma sy (a) =a, otkyna sy =
e W, Ilockoneky H mnapaanensHa H’, a71eMeHT @ ==Sy .Sy
rpynnsl W ecrs nepenoc (§ 2, n°4, npensoxenue 5), oTkyna
we L. Torna sy=sy-.w=W,.L. Tak xak W nopoxnena ce-
MeiicTBOM (SH)HE@, o W=W,.L, u us (iii) caenyer (i),

Onprenenenue 1. Touka a u3 E Haswsgaercs cneyuaasHoti
Touxol Oasn W, ecau oHa yodosieT80OpPAET IKBUBAANCHTHLIM YCAO-
suam npedaogcerus 9.

dlcHo, YTO MHOXKECTBO CIIENHAJbHBIX ToueK B £ yCTOiluuBo OT-
HocuteapHo W.

ITrennoxkenne 10. Cywecrsyer rouka, cneyuaavras ora W,

[Mpeanoxkenne 6 u3 n°8 paer HaM BO3MOXKHOCTb OTpaHH-
yuThCH cayvaeM, xorga W — cyllecTBeHHas rpynma.

Ipynna U (W) aBromopdu3MoB mpoctpaHcTBa I KoHeyHa
{(n°6, teopema 3) u U (sy) — opToroHanbHOe OTpaKeHHe OTHO-
cuteapHo runepisockoctd H. Kpome Toro, U (W) nopoxnena
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cemefictBoM (U (sp))yeq- [lo nmpensoxenuio 7 us n°9 cyute-
crByer Oasuc (e;), ., B T, Takoft, uro rpynna U (W) Gyner no-
POXKJeHa MHOXeCTBOM OTpaxeHnHit (s;),_, BHIa

s;)y=t—2(t]e).e.

CaencrBue TeopeMsl 1 u3 n°2 mnokasbiBaer, 4TO BCSIKOE OTpa-
xenne s U (W) umeer Bun s=U(sy) ¢ H=$. Ilostomy
B § MOXHO HallTH CeMeiCTBO rumepmiockocTelt (H;),_,, Aad

KoTOpbIX §;=1U(sp,) npu Bcex i, BBuny nuneiiHoli HesaBmCH-
MOCTH BEKTODOB e; cyulecTByeT Touka a & E, rtakasd, uto as H;
aas Beex i<l HmeeM sy & W, otkyna U(W)=U (W,), T e.

W =W,.L, nockoabky L — sapo roMomopdusma U. Cienosa-
TeJbHO, @ — CllellHaJbHast TOUKa.

B cnywae korma W — cymecrsennas KoHeumas rpynna, HMeercs
TOJILKO OJHAa cheumHadsHas jias W Touka, a HMEHHO eJHHCTBeHHad
TOYKA, HHBapuaHTHass orHocHTesbHo W. IToatoMy paccmorpeHue cne-
HMaAbHBEIX TOUEK MHTePEecHO I/IABHHIM 06pa3oM B cJayuae GecKOHeyHoi
rpynnet W,

TMeegnoxenE 11. [1pednosoxcunm, wro epynna W cyuye-
creenna. Ilycre a— cneyuaavnan O0as W rtouka. Kamepamu
orHocuteasno W, 6y0yr oTKpoiTole CUMAAUUUAAbHOIE KOHYCHL
¢ sepuunol a. Jlan acaxkold kamepst C' orwocuressrno W, cy-
ujecreyer, u npurom eduucrsenHnasn, kamepa C orHocureasro W,

codepoawjanca 8 C' u raxas, yro aC. O6wvedunenue w’ (C)
orn w' €W, 6yder samxnyroii oxpecrHocrsio Touku a 8 E.
Kaxoan crenxka xamepor C' ecre crenwka xamepst C. Ecau W
beckoneuna u Henpugoouma, To crenkamu C 6ydyr crewku C' u
agpunnas  eunepnaockocrs, He nNAPAAICNbHAA CTEHKAM Ka-
meposr C’.

ITycts §’ — Muoxkecrso rumepmiockocteii H =9, cozepxa-
mux a. [pynna W, nopoxieHa oTpaxkeHHsIMH Sy Aas He §
(n°3, mpemaoxenne 2). Kamepamm otHocutesnHo W, 6Gyayr
OTKPBITHIE CHMILIMIHAdbHble KOHYCH ¢ BepiuuHoi a (n°9, mpen-
Jgoxenue 7). [lyers C’ — takas kaMmepa n U — HenycTo#l oT-
KPHITHIA Iap C LEHTPOM @, He NepeceKalollHii rHNepIIOCKOCTeH
us §— 9. Tak kak a=C’, 10 cymectByer b= UNC'. Tlpu
5ToM B b&& H nasg Bcex HE 9, Tak uro b npHHALIEKAT HEKO-
Topoii KaMepe C ortHocutesasno . I[Tockosisky £ <9, BepHO
BKJMouenne C < C’. MuoxectBo U [)C’ He mepecekaeT HUKaKoOi
runepmiockoctds H & 9 u smnykio, nostromy U ) C’ < C. Crajao

6uth, a<C, OGparHo, nycTh C; — Kamepa oTHocuTeJbHO W,

comepxawasicas B C’ u Ttakas, uro a<C,. Torga C, mepece-
kaer U n UNC,cUNC'=UNC. Kamepu C u C,, nMmesn
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oblyl0 TOYKy, coBnapmawoT. [as awoboro saeMmenta w' & W,
6ynetr w’ (U)== U, K, c/ledoBaTe/bHO,

UNw CO)=w"(UNC)=w"(UNC)=UNw"(C).

ITockonpKy o6benuHeHue w’'(C’) ¢ w'eW, njorio B E,
oopeannenne UNw (CY=UNw'(C) asaserca naotueiM B U,
H nosToMy of6benuHeHne w'(C) ¢ w’ =W, comepxur U. Ha-
KoHel, ecau H — creHka kKaMeps C’, TO CYIIECTBYIOT TOuYKa
ce=UNH u otkpuitas okpectHocts V U TOukd ¢, TakHe,
uto V {1 C’ ectb mepecedenye V # OTKPHITOrO NOJYNPOCTpaHCTBA,
orpaHuuedHoro H u cogepxawero C’. Ilockoasky V 1C/ ==
=V nUNC'=vNUNC=VNC, mu BuauM, uro H — cTeHka
kaMepnt C. Ecau W GeckoneuHa u HenpuBoguMa, to C — or-
KpuiThifl cuMmnaeke (n°9, mnpepjoxenne 8) W MO3TOMY HMeeT
OXHON CTeHKOH O6oablle, YeM OTKPHTHIH CUMNJAMUUAJIBHBIA KO-
Hye C’.

Caencreri. IlTycre W — cyuiecreennan epynna.

(i) Ecau a=E — cneyuaassnan TOYKa, TO Ccyujecrsyer Ka-
mepa C, rakasn, 4ro a Gyler IKCTPeMAAbHOL TOHKOL 3AMbLKA-
Husa C.

(if) Ecau C — kamepa, 10 8 C cywjecrsyer 3KCTpPeMarb HAA
TOUKa, cneyuaasvnas oan W,

[TepBoe yTBepxkiaeHHEe cjenyer u3 InpeiJyoxeHus 11, a Bro-
poe — K3 TIepBOro ¥ H3 Toro ¢akra, uro W aeficTByer Ha MHO-
JKecTBe KaMep TpaH3UTHBHO.

HanpoTus, He BCsikas 3KCTpeMaJbHas Touka 3aMbikahusa C sBaserca
cnennanvHofi Toukoit aas W (cm. ra. VI, tabauna X, cucreMul By u G,),

3anmeuwanue 1), Tpennoaoxum, uto rpynna W — cymecrsen-
Hasl, HemnpuBoAuMmasi U OeckOHeYHas, H BepHeMCsl K 00603Haue-
HuaM npeanoxenus 11, Tak kax U — u3soMopdusm rpynnu W,
Ha U (W), to mn Buaum, uro rpad Kokcrepa rpynne nepeme-
wennit U (W) (nopoxnenuo#t orpaxenusMmu U(sy) nas H=9)
noayuaerca H3rpaha Kokcrepa rpynnu W sauepkuBanuem Bep-
IIYHBl [, COOTBETCTBYMIOLICH eAHHCTBeHHOH cTeHKe KaMepw C,
KoTopasi He ABJsieTcsi cTeHKoH kKaMepol C’,

HNeennoxenue 12. Hpednososun, uro epynna W cyue-
creenna. llycre a — cneyuanvuas rouxa, L(a)y— mroocecrso ee
obpasos ornocuresvro epynnst nepenocos L u C — nexoropas

kamepa. Tozda C nepecexaer L(a) & 00nodi u TO4bKO 00HO
To4Ke, Ira Touxa 6Gyder axcrpemaasvroil 6 samvikaruu C.

CymectByeT Kamepa C,, Takas, yTo @ OyJeT 3KCTpeMaJbHOMH
TOUKO# ee 3aMbiKaHHs C, (caeactBue npepsoxenus 11). Kaxnas
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kaMepa umeer Bux C=1{w'(C)) ¢ w' =W, u t & L, nockoJnKy

W=W,.L. B takom cayuae C uMeeT 3KCTPEMAJbLHYIO TOYKY
tw’ (@) =t(a) = L(a). C npyroft crdpousl, C He MOXeT comep-
KaThb ABYX PasAHUHBIX ToueK M3 L (a), Tak Kak C — dpyunamen-
rtajbpnas obnacrte At W (n°3, teopema 2).

3ameqarue 2), MHoxecto L(a) CoOmepXUTCHA B MHOKECTBE
cilellMaJbHbIX TOUEK, HO, BoOGIlEe I'OBOpS, C HUM He COBmafaeT
(em. ra. VI, § 2, n1°2, u rabauun I~ VI).

§ 4. Teomerpuueckoe npeiacraBienne rpynin Koxkcrepa

B sroM mnaparpade GyayTr paccMaTpHBaThCA TOJIBKO Beuje-
CTBEHHbIE BEKTOPHLIE MPOCTPAHCTBA.

1. @opma, accoyuuposannan ¢ marpuyei Koxcrepa

IMycts S —HeKkotopoe MHoxecTsBo . M =(m(s, §'); . os—
matpuua Kokcrepa (ra. 1V, § 1, n°9) tuna S. HanomHuum, uyto
BCce 3TO O3HauaeT Cjaelyloliee:

1) sseMents Matpuusl M cyTb uenbie yHCHA MM+ 00;
2) marpuna M — CHMMeTpHUECKaf;

3) m(s, s)=1 nas Bcex §;

4) m(s, s') =2 ona ss=s’.

Mycts E=R!Y, (e,), . — KaHOHUdeckuit Gazuc B E u By —
6ununeinas ¢gopma Ha E, rakas, uro

T

BM(es, es')= — Cos m .

®opma By — cummerpuueckas. ['osopsar, uto 3ra ¢opma
accoyuuposara ¢ marpuueii M. Mmeem

Byles, e)=1 u Byle, es) <0, ecan s=*¢s'.

Mycts s=S, u nycts f; — nuneiinas Gopma x+—> 2By (e, X).
OGoznauuM uepe3 O, ncesdooTparcenue, OIpeNeNeHHOe Napoi
(es, fs) (cm. § 2, n°1). Tlockomeky {e;, fs) =2, ar0 Gyner orpa-
xKeHue (§ 2, n°2). lmeem

o, (x)=x — 2By (e X). 6

H, B 4acTHOCTH,

og(ey) =ey + 2cos ‘g

_n
m (s, s')
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Tak Kak e, HEH30TPONeH OTHOCHTEJBLHG By, TO NMPOCTpPaHCTBO E
ecTh TNpsMas cyMmMma npsmoit Re, W runepnjockoctd g, opro-
roHajpHOH K e,. BBumy Toro uro o, pasHo —1 Ha Re, u 1
Ha H,, mcempooTpaxkenue 0, coxparnser ¢opMmy B,. IlousrtHo
NO3TOMY, 4TO, Korma S KoHeyHo, a ¢opMma B, HeBBPOXieHA
(x sToMy cJayyal Mbl BepHeMcs B n°8), o, 6yneT oproeoHais-
woum orpascenuem (§ 2, n°3).

2. Haockocry Es s u 2pynna, nopoxcdeHHas orparceruamu Cs
U Oy

B sroM nyHkTe uepe3 s u &’ 0003HayalTCs JABa 3dJeMeHTa
MHoxkectsa S, s s’. Tlonoxkum m=m(s, s’) u o603HaunM
cuMBoJioM Eg ¢ miiockocTh Res @ Rey.

IMpendoxkenue 1. Cyoscenue By na E, o sgaserca noaoscu-
Teasrol gopmoii. Ona nesbipoxcdena To2da u Toasko To020a,
Koeda m KOHe4HO.

Ilycts 2 =xe; + yey ¢ x, y&= R — aneMenT niaockoctn Es o.
Torna

2
By(=, z)=x2—2xycos—g—+y2v=<x—-y.cos —::7) +y2sin2%,

OTKYJa cJenyeT, 4To By mnojoxutenbHa Ha FEs ¢ ¥ 4ro oHa
P11
HEBHIPOXKIEHA TOrXA H TOJBLKO TOTRa, Korga sin—- == 0. IIpen-

JOYKEHHE JOKa3aHO.

OTpaxeHHusi 0y H Oy OCTABJSAIT YCTOHYHBOH MJIOCKOCThL L, .
OmnpenesuM NOPSIOK CYXEHHsl 3JjeMeHTa 0,0y Ha L, . 3xech
pasJuualoTcs ABa Cayyas:

a) m= -} oo.

Ilycts u=¢, + e,. Torna By (u, )= By (u, es)=0 u, cie-
JIOBATEJbHO, BEKTOp 4 HHBAPHAHTEH OTHOCHTEJBHO Oy H Oy,
Janee,

O, (Gs' (es)) =0y (es - 233’) = 3e, - 2ey =2u + e,
OTKYyHa
(0,04)" (es) =2nu + e, nas Bcex nelZ.
Takum ofpasoM, cyxKeHHe 2JeMeHTa 0,0y Ha Egy nMmeer Gec-
KOHEeYHBH IOPSLOK.
6) m Kowueuno,

®opma By Hapeaser Eg cTpyrrypoll esxaudosotl nao-
ckocru, Ilockonbky ckajisipHOe TIpOM3BEej€HHE BEKTOPOB € H ey

7 ki
pPaBHO —cos;=cos(n—r—n), MBI MOJKEM OPHEHTHPOBaTb Ess
TaK, YTO YroJ Mexjy noaynpsMbiMH R.es 0 R.ey Oyner pasen
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F11
= Ecmu D n D’ — monynpsiMble, OpPTOTOHAJIbHbIE K &
H ey, TO
T~ P T
(D', Dy=a— (D, Dy=-=.

‘OnHako cyxKeHdst G; H Gy /eMEHTOB O, U Oy Ha E, o sABJAIOTCA
OPTOROHAALHOIMY  OTpaxceHuamu otxocutensio D u D/, Tlo-
3TOMY, COLVIACHO CJEACTBHI0 INpegjioxedns 6 u3z § 2, n°5,

. 2n
86y ecTv spaujenue Ha yeor . B uyacrHoeTH, ero mopsLoOK

paBeH .
BepHeMcst Temepb K cayuam Bcero npocTpahcrsa E.

TMeensioxeEHNE 2. [Todepynna e GL(E), noposcdennas o,
U oy, ecTsd Qusdpasvran epynna nopacka 2m (s, s’).

Tak Kak 2/MeMeHTH G; M Oy IOpAAKA 2 H pPAa3JHUYHHI, TO
JocTaTouHo yOemuTbCst B TOM, UYTO NOPSHOK HX IIPOU3BEJEHHs
6,0y paBen m(s, s’). Korna m(s, ") GeckoneuHo, 3TO CJexyeT
K3 PaCCMOTPEHHOrO Bhlllie cayyast a). Ecau xe m(s, §’) KoHeuHo,
TO U3 mnpeiJoxeHus 1 BbITekaeT, uTo mpocTpaHcTBo E 6yner
ApsiMON CYMMO#R maockocTd Es ¢ 4 OPTOrOHAJABLHONO K HeH 10-
nonuenust V., . TToCKOJAbKY 6, M Oy HNeHCTBYIOT Ha V, ¢ TOXKIe-
CTBEHHBIM 00pa3oM, a CyxeHHe 0,0y Ha Eg ¢ BUAy 6) nMeeT
nopstnox m(s, s’), To MOPSIKOK O¢| Oy TOXKe paBeH m (s, §').

3. 'pynna u npedcrasaenue, accoyuuposannsie ¢ marpuyel
Koxcrepa

Mbl coxpansieM 06Go3HaueHdst NpeabiAyulux nyHkTos. Ilycrs
W =W (M) —rpynna, onpenesneHHas cemelcTéom 00pasyrouux
{8s);eg U COOTHOWECHUA MU ")

(gs’ gs’)m(s' * = 1’ 8, S, = S’ m (S’ S,) % + oo,
TTeenaoxEHUE 3. Cyujecrayer, u TOAbKO OOUH, 20MOMOPHUIM
o: W+~ GL(E),

daa Kortopoco o(g)=0; npu gcex S&S. Daemenror epynnot
o (W) coxpansror 6usuneinyro gopmy By.
Iast noka3aTebCTBA CYILECTBOBAHHUSE U €LHHCTBEHHOCTH ©

JIOCTATOUHO YGeAUTHES B TOM, uTo (050¢)™ &) =1 npu m(s,s") =
=-} oo, Ho smas S§=8" 310 CjenyeT U3 TOro, 4YTo O HMeeT

1} 3ro osmayaer, uto ecau Lg — csoGoxHas rpynna ¢ o6pasyiouumMu 03 S,
T0 W ecTs gakroprpynna Lg mo HauMeHbileH HOpMaJpHOH moAarpynme, co-

Zepxamedt (s8)™ ) pqaa m (s, ) % + oo.
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nopsiRok 2, a ana s~ s — u3 peadyaptatroB n° 2. Haxkowuer,
NOCKOJIbKY OTPa)KeHHsI G5 COXPaHSIOT By, TO XKe camoe BepHO
u jas moGoro sneMmenta rpymnst o (W),

3ameqanue 1). B n° 4 MH pnokaxem, 4ro OoTOOpaxeHue ¢

unsexrusno. TakuMm ob6pasom, rpynna W moxkeT GHTbL OTOXIe-
ctBseHa ¢ noarpynnoit B GL (E), nopoxaeHHOll OTpaxKeHHSIMH O,

ITPEnnoxEnuE 4. a) Orobpamenue s—> g, muoaecrea S 8 W
UHBEKTUBHO.

6) Kawcloui aremenr g, umeer nopadok 2.

B) Ecau s, s’ &S, ro g g, umeer nopsdok m(s, s’).

YTBepKieHHe a) caeayeT U3 TOro, UTO CJOKHOE OTOGpakeHNe
§S—> g —> 0,
mHoxectBa S B GL (E) uubexTHBHO.

Ilas nokasateabcTBa 6) (COOTB. B)) 3aMeTHM, YTO NOPSIOK
9JeMeHTa g; (COOTB. TpOM3BeneHHs g.g.) #e 6oabue 2 (COOTB.

He Boabwe m (s, s')). Ho xak Buxno u3 n° 2, nopsanok g, (CooTB.
050s’) paBed 2 (cooTB. m (s, §’)), TaK 4TO MBI MOJyYaeM HYKHBIE
paBeHCTBA.

Beuny a) MoxHO oroxmdecrteurs S € NONMHOXECTBOM
rpynnsl W npH noMolH oToOpaxKeHHS S+ gg.

Cnencrsui. [Tapa (W, S) asanerca cucremoii Kokcrepa ¢ ma-
rpuyeli M.

ATo He uTO HHOe, KaK mnepedpa3upoBka CBOHCTB 6) u B)
€ yJeToM onpefeJedus: rpynns W.

3ameqanue 2). Urak, MH noxkasaiu, 4To 8CAKAA MATPUUA
Koxcrepa .coorsercrayer nexoropoi epynne Koxcrepa.

4. Konrpazpeduenrnoe npedcrasietue

[Tycte E* — npocrpaHcTBo, nyanabHoe k E. Tlockosbky W
neficteyer Ha E mocpenctBoM roMoMop¢usMa ¢, OHa nelicTByeT
TaKke C IOMOIUbI0 NepeHeceHHs CTpyKTypw Ha E'. CoorBeT-
CTBYIOlllee NpeaCTaBJeHHE

o" W— GL(E)
Ha3biBaeTCst KOKTpazpeduentroim npedcragaeruem daa o. Umeem
o’ (w)="o (w~!) nas Bcex weW.
AHasornuHo 0603Hauum uepe3 w (x°) o6pa3 siaeMeHTa x = E*

OTHocHTeJbHO ¢ (@) ¢ w e W. CumsoaoM A npu s S o6o-
3HAYHM MHOXKECTBO TeX x’ < E*, nas xotophx x’(e;) > 0. IycTs
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C — nepeceuenne Bcex A;, s=S. B cayuae kKorza S KoneuHo,
C — orkpuiroii cumnauyuarsrodi konye 6 E* (§ 1, n° 6).

TeopeMA 1 (Tute). Ecav weW u CNw(C)# &, 70 w=1.
YkaxeM cpa3y HEeCKOJbKO CJENCTBHH 3TOH TEOPeMHI.

CaenctBue 1. Ipynna W Oeiictsyer npocto Tpaw3uTUBHbLM
obpazom na mHoxuecrse scex w (C), weW.

IT0 OYEeBHAHO.

CaenctBue 2. lIpedcrasrenus 6 U 6 UHBEKTUBHOL.

HedictBurenpio, ecau o (w)=1, To w(C)=C, oTkyna muo
tTeopeMe | w=1. VHbeKTHBHOCTb NpEICTABJ/EHHSA G BBHITEKAET
H3 HHBLEKTHBHOCTH NpejCTaBJjeHHs o .

Caencreue 3. Ecau S koneuno, ro o(W) — duekpernan nod-
epynna epynno. GL (E) (c kKaHOHHUecKO! CTPYKTypo#i rpynnst JIn).
9ro se cnpasediuso u dan ¢* (W) kax nodepynnot 8 GL (E").

IMycrs x* = C. Muoxectso U rex g = GL (E"), aas korophix
g(x")=C, ecTb OKpecTHOCTh eXHMHHYHOro 3/aemenra B GL (£7).

Ilo TeopeMe nmMmeeM .
oo (WynU={1).

CaenoBaTeanto, ¢ (W) — nuckpertnas mogrpynna rpynnsl GL (£7).
C noMoulbl0 NepeHeceHHsi CTPYKTYphl nosnydaeM, uro o (W) nu-
ckpetHa B GL (E).

Jlokasareabctso reopemor 1.

OGosnauum uepes [(w) Oauny saemenra w < W orHocu-
teasHo S (ra. 1V, § 1, n° 1).

Mbl HauHeM € J0KA3aTeNbCTBA CJENYIOIIHX YTBEPXKIEHHI,
B KOTOpbHIX n — ueJoe uucio =0.

(P,) ITycre w — asement uz W Oauner l(w)=n u s S.
Toeda

anbo w(C) <= Ag;

aubo w(C) =sA; u l(sw)y=1(w)— 1.

(Qn) Tycre wsW, l(w)=n u 5,5 €S, s+*¢s". llycro,
dasee, W ¢ — nodepynna 6 W, nopoxcdennas s u s'. Toeda
cyujecreyer sremenr u & W ¢, 028 KOTOPORO

w(C)cu(AsNAs) u L(w)y=I1@u)41{u"'w).

Dty yTBepkIeHHS TpHBHAAbHb Npu n==0. Mbl Gynem Bectn
JIOKA3aTeJbCTBO MHAYKLHeH 1o n, CJAeAyd cxeme

((Py) 1 (Qn))=>(Pasy) ¥ ((Ppyy) 1 (Qn) = (Qns1)-

Jlokasareascreo umnauxayuw (Pp) v (Qn)) = (Ppyi).
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Myers w =W, [{(w)=n-+ 1 1 se=S. Mn MoXeM 3anucaTh @
B Bulle w=sw’, rae s'&S u [(w)=n. Tlpu s’"=s yrBeEp-
xpeune (P,), npumeneHnHoe K w’, nokaswBaer, uro w’ (C) < A,,
otkyra w(C)=s(A4s), 1 Mpl umeeM [(sw)=I(w)=1(w)— L.
B cayuae s’ #% s yrBepxieHue (Q,), npuMeHeHnHoe K @’, moka-
3biBaeT, uro cymecTByer u & W, &, NI KOTOPOTO

W (C)Su(AsNAs) n [(w)=1I()+({u-'w).
Torna w (C)=s"w’ (C) = s'u (A;N As).

JIEMMA 1. ITycto s, ' =8, s # ', unycro ve=Ws, . Toeda
v(AsN As) codeprcurca aubo 8 As, aubo 8 s(A;) u 8o eropom
caynae l(sv)y=1(v) — 1.

JokasatesabcTBO JeMMB 6ymer gaHo B n° 5.

IIpuMeHsass sty JeMMY K 3JCMEHTY U ==§'t, MBl NOJy4aeM
JiBe BO3MOXKHOCTH:

aubo

s‘u(AsNAy) = As v tem Gosee w (C) < A,
6o
s'u(As N Ay) = s(As) u reM Goaee w (C) = s(4y).
Kpome Toro, Bo BrOpoM cayuae [ (ss’u)=1(s'u) — 1, oTkyaa
[(sw)y=I(ss’w)=1(ss'u .u—w)<I(ss’u) 4+ [ (u~'w')=
=)+ 'w)—1=I(w)—1,

a Kaxk HM3BeCTHO, OTcioma cJaexpyert, uto [(sw)=1[(w)— 1.
Hokasareascrso umnaukayuu (Ph.o) 2 (Qu)=(Qnio).
Myers we W, l(w)y=n+1us, <S8, ss*s’. Ecan w (C)

conepxures B As1 Ay, TO yrBep)kjeHue (Qpyq) CIpaBefsHBO

npu u=1. B npoTHBHOM cayuyae MpeANOJOKHM, HANIPHMEP, UTO

w (C) ne copepxurcs B A, Coraacho (P,.), w(C)c<s(4;) u

[(sw)=n. CoraacHo (Q,), NMpUMEHEHHOMY K S®, CYyUIECTBYyeT
sjeMeHT v & Wy &, LN KOTOPOTO

sw(Cycv(d:NAy) B [(sw)=I1(v) 4 (v™isw).

Torga
w (C) = sv (4sN As)
l{w)=1[(sw)=141(v) + [ (v-'sw) >
>1(sv) + 1 ((sv) " @) =1 (w),

“TaK 4TO BCe HEPaBCHCTBA 34€ch GYAYT paBeHCTBAMHM. MH BHIHMM,
410 (Qu41) CNPABEJMBO, HalpuMep, NPH U = SV,
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JloKQa3aTeAbCTBO TEOPEeMbL.

Mycts weEW u w 1. MoxHo 3anucaTh @ B BHIE Sw’
¢ seS unl(w)=I(w)—1. Cornacuo (P,) npu n=1[»(w’), npu-
MeHeHHOMY K ©’, umeeM w’ (C) = A, Tak kak cayyain @’ (C)<
s(A,) uckimouaercs paBeHcTBamMu [(sw’)=I[(w)=1[(w")+ 1.
Hrak, @ (C)==sw’(C) = s(A,), a nockoabry A; u §(A;) He mepe-
cekaored, CNw (C)=¢. 4. T. 1.

5. Hokasareavcreo nemmor 1

*
Ilycts Eg ¢ — nyansHas k Es, ¢ = Res @ Rey nimockocts (n° 2).
Oto6paxenue, CONpsKeHHOe K HHBbeKUHH Es ¢ — E, apasercs
CIOPBEKTHBHHIM OTOOpakeHueM

p: E - E; &

KOTOpOe KOMMYTHpyeT ¢ jpeiictBueM rpynnu Wy . $lcHo, uTO
As, Ay u As() Ay — npoobpasst OTHOCUTEABHO P COOTBETCTBYIO-
LIMX TOAMHOMECTB Ha MIOCKOCTH Ej ¢ (paccMaTpuBaeMoil Kak
[IPOCTPAHCTBO KOHTpArPEeIHEeHTHOrO IpefcTaraeHus rpynns Kok-
crepa W, ). Tak Kak nuamHa sgemeHTa rpynnsl W, ¢ OTHOCH-
teqanHo {s, s’} cosmamaer ¢ ero nauuol orHocuteasHo S (ra. IV,
§ 1, n° 8), To 8ce cB0dUTCA 8 KOHUE KOHYOB K Caywar, Kozda
S={s,s’}. Ecu m=m{(s, s’), 1o W — dusdpasbnas rpynna.
nopsaaka 2m.
ByneM pasanuate, aBa cayvas:

" a) m=- oo.
Ilyers (e, ¢') — 6a3uc, AyanapHuil K (e, €y). Torna
s.e—=—g+2¢, s .e=¢s,
s.e=¢ , 8 .8=2s—¢'.

Iycts D — adduunas npamas B E*, comepxamasn & u &',
TlpuBenennbie Bhle (GOpMYJLl MOKa3wBalT, uTo D ycroiiunea
OTHOCHTEJILHO § M §’ M YTO cyXeHHe S (COOTB. §’) Ha D ecTs
OTpa’keHHe OTHOCHTEJNLHO Touku & (cooTB. g). IlycTs

0: R—D

—addunnaa Guekuus {0 (f) =te - (1—1)e’. Ilyers I,—o6pas
OTHOCUTEJILHO O OTKphITOro HHTepBana )n, n—1(, u nycrs
C, — o6nenunenne Al,, A > 0. Torna Co=C. Jlanee, cor/jacHo
3amewanuro M3 § 2, n°4, npuMmeHeHHOMY K adduHHOMY NpoO-
crpaHcTBy D, HHTepBajn [, mnepecTaBJAslOTCS NPOCTO TpaH3H-
THBHBIM of6pasom rpynnofi W. Crano 6biTh, TO 3Ke CaMoOe OTHO~
curca u ¥ C,. Ecain v =W, 1o v(C) coBnanaer ¢ oguum u3 C,
H, CJefoBaTeNbHO, Comepxkutcs B Ag npu n=0 u B s(A4,) npu
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n < 0. Bo Bropom cnyuae [y u [, Jexar mo pasHble CTOPOHbI
oT Toukd &', oTkyga [(sv)==1[(v) — 1 (ram oxe).

0) M KOHEHHO.

B stom cayuae ¢opma By HesbipoxaeHa (n°2) ¥ nmosso-
Jasier otoxaectsuTs E° ¢ E. Mb BHeau, uTo MJIOCKOCTL E
MOKHO OpPHEHTHPOBATb TaK, UTO YrOJ MeXKAY MOJYIpSIMbIMH

I
R.e; n R,ey Oyner pasen m— . Ilycte D (coors. D) —
noJiynpsiMasi, moJsyuatomasnca u3 R e (coots. R e) BpalleHueM

Ha yron m/2 (cooTB. —-m/2), KaK 3TO NOKa3aHO Ha puc. 2.
D D'
esr
0 e
Puc. 2

Kamepa C ectb MHOXeECTBO TeX x = E, /15 KOTOPbIX CKaJsIpHOE
npou3BeneHue ¢ e M ey Oyaer > 0. DTo OTKPHTHI YIJI0BOMH
CEKTOp ¢ HauajgoM D’ u koHuom D. CorsacHo 3amewaruro
u3 § 2, n°5, moGoit snement v u3 W nepesoaut C B yrJoBo#
CEeKTOp, pacnosioxkeHHbH or D jubo mo Ty ke CTOpOHY, 4TO
n C (1. e. comepxamuiics B A;), qub0 N0 APYryio CTOPOHY
(r. e. comepxkawuiica B SA;), U B NocnefHeM CJydae

[(sv)y=1(v) — 1.

Tem cavbim A0Ka3areJsibCTB0 JIeMMBbl 3aKOHUYEHO.

6. Pynoamenrasvnas obaacrs zpynnot W 8 o6sedunenun Kamep

Mubr coxpausieM oGo3nauenus n°4. OGoszHauum uepes H,
s < S, runepmiockocts B E*, OpTOroHasbHYIO K €, uepe3

A, — mHOXecTBO Tex x° & E*, pas xorophix (x°, &) =0, u uepes

C — nepeceuenne Bcex Ag ¢ s = S. B caa6oit Tonosoruu o (E*, E),
onpenessieMoil aBoiictBennocTbio Mexay E° u E (Ton. eekr.

npocrp., ra. II, § 4, n°2), mHoxecrsa A, 6ynyT 3aMKHYTbHIMH

NoJynpocTpaHcTBaMu, a C — 3aMKHYTHIM BBIYKJIHM KOHYCOM,
Hanee, C Oymer samwvikanuesm C. B camom nere, ecnn x* =C
Hy' =C, 10 x"+1ty'=C pas mo00ro BeileCTBEHHOro YHCaa
$>0u £ =lim(x" + ty°).

t->0
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Haga X < S nonoxum

cx=( N Hs)n< n 4 )
seX se=S~-X
HUmeem Cx —=C, Cix=C u Cg={0}). Muoxectsa Cy c X = B (S)
ob6pasyioT pasbuenue C.

C npyro#i cropous, Hanmomuum (ra. IV, § 1, n°8), uro
cumBonom Wy Mbl 0Go3Hauasau noarpynny B W, NOPOXACHHYIO
mHO)ecTBOM X. OueBunHo, uto @ (x")=x" a1t we=Wy n x'=Cy.

ITrEnioxenuE 5. Mycre X, X' =S u w, w' =W. Ecau
wCHNW (Cx) =, 10 X=X, wWx=wWx u w(Cx)=
==’ (Cx').

Bce HeMenJieHHO CBOmHUTCSI K cJayyai, Korja @’ =1. Jloka-
3aTeJbCTBO NpPOBeleM HHAYKIHEH 1o JJHHe n 3JdemMenta w. I[1pu
n=0 yTBepxkieHue odeBnaHo. Ecau !/(w)>0, TO CywecTByer
s S, nas xoroporo /(sw)=1I(w)— 1, a Torna (cm. KOHeu n°4)

w (C) = s (4), otkyna @ (C) =s(A;). Tak kak C = A, T
CNw(C)=H,.

TMostomy s(x")=x" mas Bcex x'=Cw(C) u TeM Gouee
IJsi BCEX
PA= Cx Nw (Cx)

Taxum o6pasom, u3 coornomenus Cx[Jw(Cx)= & cuaenyer,.
€ onHO# cTOpoHH, uTo Cx () Hs 5= J, oTkyna s = X', H, ¢ 1pyroi
croponsl, uTo Cx [} sw (Cx) 5= ©. [To npelnoyoxKeHuo HHAYKIAK
torna umeeM X=X’ n soWx=Wx =Wy, otkyna sws Wy
n we Wy, nockoeky s & Wy, 3nauur, oWx=Wy n w(Cy)=
=Cx=Cyx.

CaenctBui. [lycre X — nodmHoxcecTso mHoxmecTsa S U
x" — saement uz Cy. Toeda crabuausaropom x* e W sgisercs
epynna W .

[Tyery Teneps U — oGneaunenne Becex w(C) naa weW,
U 1IycTh § — MHOXecTBO noxMHoxkecTB B U Buna w (Cy)c X< S
u we W, U3 ckasagHOro BHIUE CJaeyeT, UYTO § SBJIACTCSL
pasbuenuen U.

[Trennoxenue 6. (i) Konye U swvinyka.
(i) KaxcOoui samxnyreui orpesox 8 U nepecexkaer auws
KOHEUHOe 4UCAO 3NeMEHTO08 MHOKNecTsa .

(iii) Konyc C ecto pyndamenraronan obracte 0aa epynnoe W,
deiicrayroweit 8 U.

Jast nokasarenbCTBa yTBepKAeHHs (iii) noctaTouHo nokasats,
uto ecair w(x)=y" ana ¥, y'C n w=sW, 10 "=y". Ho
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B S CyleCcTBYIOT ABa TaKHX TojMHoXxecTBa X u Y, uto x* =C,
H y" =Cy. Umeem w (Cx) N Cy = & u mo npennokesuo 5 X =
n we Wy, otkyna caeayer, uro x* =y’

[Tycts Teneps x*, y" & U. TlokaxkeM, 4TO 3amMKHyTOLE OTpe-
30K [X"Y"] nepecexaer TOABKO KOHEYUHOE 4UCAO 3ACMEHTO8 U3 [,
LOKa3aB TEM CAMBIM CDasy H (i), u (ii). C TousocTbl0 gO mpeobpa-
30BaHHA x° W y' NpH TMOMOWM OJHOTO H TOTO XK€ 3JIEMeHTa
rpymnsl W MoxkHO mpegmosaraTs, uto x° & C. Tlyets w — site-
Meutr H3 W, gasi kKoroporo y*< w(C). IlpoBemeM HHAYKIHIO
no AJHHe sneMebTa w. Jaa s S cooTHoweHHe w (C) & A,
3KBHBAJIEHTHO cooTHoulenuio w (C) & A, u, cjlenoBaTennHo, He-
pasenctBy [ (sw) < [ (w) (cm. n°4). [TosToMy H3 OpeiyokeHus: 7
ria. IV, § 1, n°8, BbiTekaer, 4TO CYIIECTBYET JHUIb KOHEUYHOE
ypciio s S, maa koropeix @ (C) & A;. Cralno OblTb, MHO-
xkectBo I taknx s S, uro (y°, es) <0, koneuno. C jnpyro#
cropoHbl, nepeceyenne C()[x*y’} ectb 3aMKHYTHI oTpe3ok [x*2"].
Eciu 2*=y", T. e. ecan ¢ J‘EC TO CYIIECTBYIOT nogMHOXecTBa X
nYsS, AJIL KOTODBIX x*=Cyuy = Cy. Torga oTKpbITHI OTpe-
30K ]x* Y “I CONCPIKHUTCA B Cxny, OTKy & [XJ]CCxUCyUCXny
Ecu 2" 55 y*, to uafinercss Takoii sjemedT s T, uto 2' = H,.
Torpa w(C)Z A; v [(sw) <[ (w). CJIe,rmBaTeano, 0 Tpex-
YIONIOKEHHI0 HHAYKUHH oTpe3dok [2'y"]=s([z"(sw (¥*)]) noxpsi-
BaeTcAd KOHEUHHM uylcjaoM 3jdemeHToB #3 §. ITostomy u

* % * %*_ K
_ [y 1=[x"2" U=yl
ubo [x*2"]<C.

7. Henpusodumocro zeomerpudeckozo npedcrasienun
epynnot Koxcrepa

CoxpaHuM o0GO3HayeHHs NPENBIAYIMHX 1N° H OPEANONOKHM,
yTo S KOHeYHo.

IMrennoxEHUE 7. [Ipednoroscum, uro cucrema (W, S) ue
npusoduma (ra. 1V, § 1, n°9). llycre E°— nodnpocrpancreo
8 E, oproeonaasnoe k E no ornowenuro k gpopme By. Fpynna W
deticreyer Ha E° rpusuaasno, u awboe orauxnoe or E nod-
ApPOCTPAHCTBO, YcToluugoe OTHOCUTesvHo W, codepocutcs 8 E°.

Ecin x= E% 10 o,(x)=x—2By(e;, x)es=x JJaa Bcex
s & S. Tlostomy rpynna W, nopoxkaeHHass MHOXKecTBOM S, TpH-
BHaAbHO LeHcTsyer Ha E°.

ITlycts  E’ — nognpocrpadctso B E, ycroHuMBoe OTHOCH-
Teapno W. Tlyers s, s’ S8’ —jBa saeMeHTa, coeQureHHbie
B rpape Kokcrepa I' maper (W, S) (ra. IV, § 1, n°9). Ha-
TIOMHHM, YTO 3TO 03HayaeT BHIMOJHEHHE HEPaBEHCTBA m(s s'y=3.
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TipeanmonoxuM, uro e, E’. Torna og¢(es)=E’, a Tak Kak
KoahpuuueHT Npu ey B 0Oy (es) OTNHUEH OT HYJs, To ey < E’.
Beuny cBsisHoctu I' u3 storo caenyer, uro nomnpocrpancrso £/,
coiepxailee XOTs Obl OAHH BEKTOD &, CONEPXHT HX BCe H
coBnasaet ¢ E. JToT cayuyall HCKJIOYEH YCJOBHEM, H TNO3TOMY
no npexpnoxeruio 3 w3 § 2, n°2, nas Bcex s S mpocTpaH-
crBo L’ JOJKHO ColepkarTbCs B IMNEPIJIOCKOCTH H,, opTOro-
HalbHOH K e, Tak Kak nepeceuenne rumepriockocrel H,
conanaer ¢ EY% To TeM CaMBIM NpeIJOXKeHHe 0Ka3aHO.

Caencteue. [Tpednosomcum, uro cucrema (W, S) nenpuso-
duma. Toeda

a) ecau By nesviponclena, 1o W-modyas E abcortoTrho npoct;

0) ecau By eoporxcdena, to W-modyss E ssaserca noay-
npocTsLM.

B cnyuae a) npeasoxende 7 ToKa3wBaeT, uTO MOAYJb E
IpoCcT, a TeM caMbiM H abcosiorHo npoct (§ 2, n°l, mpexn-
JjoxeHue 1).

B cayuae 6) umeeM E°==0, E=%= E° (nocKoabky By == 0)
H NpejJioxkeHHe 7 MOKa3biBaeT, yro £ me Nomyckaer yeToHuUHBOrO
otHOcHTesqpHO W nomossenus. Caeposatesanno, W-monyab F£°
He siBJisleTCS] IOJIYNPOCTHIM.

8. Kpurepuii xoneunocru

CoxpaHuM o603HaueHHS NpPEJBIAYLUIMX N° U NPENNONOKHM,
uro S KOHeuHo.

TeoreMA 2. Cuelywoue yreeprcOeHus IKBUBANCHTHOL:

(1) W — koneunan epynna;
(2) By — nesoiposcdennan noaosxcutessnas ¢opma.

(1)=(2). Tlycrs S=US,~—pa3Jxo>KeHne MHOXecTBA S

t
Ha cBs3Hble KoMNoHeHTH (M. [V, § 1, n°9), u nyers W = H W,—

t
COOTBETCTBYIONlee eMy pasaoxeHue rpynnsl W. [Ipocrpancreo E

o o S;
OTOXKIECTBJisleTcA C HpsAMOH CyMMoH mnpocTpaHcrB FE;=R"i,
a By —c mpsiMoii cyMMOH COOTBETCTBYIOILUX (opM By, . Takum

o6pa3oM, Mbl NPHXOJHM K cay4aio, Korma cucteMa (W, S) wne-
npusoduma. Tlockoneky W npennosaraercs KoHeuHoH, E Gyner
noJsynpocTeM W-moznyJem (fomoJsiHeHue, npeiioxenue 2). Beuny
CJENCTBHSl NpPENJIOKEHHU 5 OTCIofla BLITEKaeT, U4To Moayab £
abcosiotTHo mpoct. Ilyers Torma B’ — HeBBIPOXKJEHHAs MOJOXKH-
TeJbHass Qopma Ha E, u myctb B” —cymMma ee 06pa3oB OTHO-
cutenbHo W. TlockosibKy »Ta cyMMa HHBapHaHTHA OTHOCH-
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TecbHo W, ona npomopunHoHasbHa ¢opme By (§ 2, n°l,
npenyoxenue 1). Tak kak By(e,, e)=1 nas Bcex s< S, to
Ko3(pHUHeHT mponopnHoHaapHOCTH >0, a Tak Kak ¢opma B”
nosioxXuTedbHa, TO H By obnamaer 3THM CBOHCTBOM, OTKyja
CNeyeT yTBepkIaeHHe (2).

(2)=>(1). Ec/iu B y—HeBHIPOXK IeHHAS HOJNOXKHUTEAbHAS (POPMa,
TO oprorouajsHas rpynna O (B,) komnaktua (Hureep., ra. VII,
§ 3, n°I). IMockomwky & (W) — duckpernas noarpymnna B O (By)
(cmencreue 3 TeopeMnl 1), orcioma caelyer, yto ¢ (W) KoHeyHa,
a suayuT, H rpymna W koueuyna. Y. T. L

B nponecce nokasartedbcTBa OB MOYYEH CJAERYIOUIHH pe-
3VJbTaT:

CaenctBHE. Ecau cucrema (W, S) nenpusoduma u xouewna,
70 E — abcoarorno npocroi W-modyas.

Kpurepuii, nocraBiseMbili TeopeMoii 2, mo3poJsfer Kjaccu-
dunHpoBaTs Bce Kouneuuote rpynnsl Kokcrepa (cM. ra. VI, § 4).
Mui orpawuuuMes 3gech OJHHM IpelBAaPUTEJbHBIM Pe3yJhLTATOM.

[TpennoKEHHE 8. Ecau epynna W Kounewna, TO epag cu-
cremot (W, S) asasercs secom (va. 1V, Jlonoaunenue).

JleACTBHTENBHO, B IPOTHBHOM CJyuae 3TOT rpad comepxaJ 6ol
HHKA  (Sy, ..., S4), n>3. Ecau nonoxuts #m;=m(s; Sy
1<i<n, u my,=m(s,, s}, TO 370 03HayaeT, UTO M; = 3 LJs
Beex i, Ilyers

x=e; + ... t+es,.

Toraa By(x, x)=n-42 X Bu(es, esj). Onnaxko!)
i</ 4

n 4 |
Bu(es; es,, )= —cosTI S<—csz < — 5,
~—] 4 3
1) Kopusimu ypasuennn 2% — | =0 asasiorest | u —-l—"’él—lﬁ [ToaTomy
27 I fut I
COS—a= = — = K, CJIe/0BATELHO, COS 7 = -, 3ameTuM 1O 3TOMY NOBOLY,
yro sin 2—“ = -3— a
3 =% » OTKYA
Fat VE 7 br 153 .7 . Bnm 1
31"—3—-—-'—2—, COS€=—COS~6———-—2, Slng—SlﬂT=?.
. I+i
AHanOrHUHO KOpUAMH YpaBHeHHSt 22 — [ =0 sBasioTCH * Vi OTKY 18
c05%=sin %= V2 H, 3HAYHT, sing—:=—cos?’—f =12_2—.
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H TO Ke caMoe BepHO It By(es,, € ). TIocKO/MbKY oOCTasbHblE
YJeHs DPAcCMAaTpPUBaeMOH CyMMBl Oynyrt <0, mosayuaem
By(x, x)y<n—n=90

B NpOTHBOpeYHEe C TeM, 4YTO ¢dopMma B, nosoxkuTejJbHa H He-
BHIpOXK/IeHa.

Caencrue. Ecau cucrema (W, S) nenpusoduma u rkoueuna,
TO ee epag aAsanerca depesoM.

[ eHCTBUTEJIBHO, CBSI3HHI JleC — 2TO HepeBo.
Cpasnenue ¢ pesyastaramu § 3.

IMyers cuauana (W, S) —xoueunas rpynna Kokcrepa. O6o-
snaunM udepe3 (x|y) copmy By(x, y). Ilo Teopeme 2 oma
onpeeJseT cKajspHoe npoussegeune Ha E. IIpu Bcarom s= S
nycts Hg — runepnjockocTh, acCOUHMPOBAHHAST € OPTOrOHAJb-
HHIM OTPaKEHHEM G5, M IYCThb § — CeMelCTBO THIEpIJIOCKOCTEH
w(H,) nast s= S, weW. Hycts C,— Muoxectso x = E, 1
KoTophX (x|es) > 0 npu Bcex s = S. Haxoueu, oroxaectsum W
(npu moMmowmn ©6) ¢ DOATpPynHo# opToroHassHO#d rpynnsl O (E)
eBKJIMIOBa NpocTpaHcTBa E.

ITrennioxkEMnE 9. B npedudyumyux obosnagenusx W ecre
nodepynna 8 O (E), nopoowdennas OTpajceruami OTHOCUTEABHO
eunepnaockocreid us 9. ro cywecrsennan epynna (§ 3, n°7)
u Cy—xamepa 8 E oTnOCUTEABHO cucTembr D

ITepBoe yrBepxkaenue TpuBHaapHO. C APYyroit CTOpOHLI, €CaH
BeKTOp ¥ & E uHBapuautreH oTHocHTeanHo W, To od opToroua-
JIEH BCeM e, W, CJiegoBareJqbHo, HyjeBo#. [Tostomy rpymna W
cywmecrBeHHa. HaxoHen, usomopdusm E-— E*, onpelenseMblil
dopmoit By, nepesoauT C, B MHoxectBo C n3 n°4. JlokasaH-
Hoe TtaMm cBoHcTBO (P,) moxasmiBaeT, uTo mJs Jioboro w W
H gwboro s=S wmHoxectso w (C;) He mnepecexaerca ¢ H,.
IMpuxoxum K 3ak/moueHuio, uto Cy comepKUTC B nononHeHun U
o0beIHHEHHsST runepIIockocTed u3 9, a nockoasky C, CBfA3HO,
OTKpHITO M 3aMkHyTo B U, To 3To ecTb kamepa B E orHOCH-
reapHo 9. U, T. II.

K W u C, MoxHO, CleloBaTeLHO, NPUMEHUTL BCE YTBED-

sKneHust, nokasauusie B § 3. B uwacruocru, Cy — ¢pyndamenrane-
naa obaacre pas nedicrBHs rpynmel W ona E (nHaue rosopd,
Konyc U, ompeneseHHHH B n°6, coBmagaer co BceM E).
O6paTHo, nycTs E — BeliecTBeHHOE BEKTOPHOE NPOCTPAHCTBO
KOHeYHOHW pasMepHOCTH €O CKaJsApHHM npoussenenuem (x|y),
H nycre W — cymecTBenHas rpynna IlepemelueHu#i B £, ocra-
Basiomast 0 HenmogBuxxHeIM. IIpeanosoxum, uro W nopoxcdena
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orpaxenusamu. Ilycts Co—xamepa B E orHocurteasno W (cu. § 3),
a S — MHOXeCTBO ODTOTOHAJIbHBIX OTPax(eHHH OTHOCHTEJbHO ee
crenok. Torma (W, S) — xoneunasn cucrema Koxcrepa (§ 3, n°2,
teopema 1). Jlanee, o6o3Hauum uepes H,, s&S, cTeHKy
kaMephnl Cy, COOTBETCTBYIOIYIO 06pa3yiomed s, U yepes e; — el u-
HHYHBIA BEKTOD, OPTOrOHaJbLHBIN K H, U Jjexawui 1Mo Ty Xe
cropory oT H,, uto u Cy Ecau (m (s, s’)) — marpuua Kokcrepa:
cucremet (W, S), To npegoxkennus 3 u 7 u3 § 3 nokasuBawT, UTO
aler) = —cos )
H uTo e¢; obpasylor 6asuc B E. Takum o6pasowm, ecrecrgenHoe
npedcrasasenue W e E oromldecreaserca ¢ npedcragaeruem &
u3 n°3.

9. Cayuaii, koeda popma By noaoxcuresvna u 6oipoxcdena

B 5TOM nyHKTE MBI NpesnoaaraeM, YTo MHOXECTBO S KOHeuHo,
cucrema (W, S) nenpusoduma, a dopma By noaoxcuressHa u
soiposicdena.

JIEmMMA 2. OproeoHnaasnoe ko ecemy E no orHoweruio K By
npocrpancreo E® umeer pasmeprocrs 1. OHo noposedeno sexro-

oM V== ve, ¢ v, >0 dan scex s.
14 ol UsCs s
S

3710 caeayer u3 aeMMul 4, § 3, n°5, npumMeHeHHON K MaTpHe
dopMBl By (es, es).
[lyctb v == D) v, — BEKTOP, YAOBAETBOPAIOWHAN YCJIOBHAM
s

JeMMbl 2 H Takoll, uto X vy = 1. Ilycts A — adpdunnas runep-
s

miockocTs B EY, cocrosmasi M3 Tex y < E’, AnA KOTOpHIX
(v, y"y==1. Ecau uyepe3 T 0603HAUHTL OPTOTOHAJbHOE HOTO.He-
HHe K v B E*, To A HajiensieTcss ecTeCTBeHHHIM 06Pa3oM CTPyK-
Typo#l adpHHHOrO NPOCTPAHCTBA € MPOCTPAHCTBOM IMeperocos T.
Ianee, popma By mpu nepexome K ¢GpakTOpnpoCTPaHCTBY OIpe-
JeJisieT HEBHPOXAEHHOe CKalsipHOe mNpoH3BeseHue Ha E/EC, a
3HAYHT, H HA AyaJbHOM K HeMy npoctpanctBe T. Tem campim
nosyyaeM CTPYKTYPY esKaudosa npocrpaucrea Ha adpPHHHOM
npoctpancTBe A (Aaze., i IX, § 6, n°6).

Hycrs G — noprpynna rpynust GL (E), cocrosiwiast 43 aBro-
MOp(H3MOB, KOTOpble OCTABJSIOT HHBAPHAHTHBLIMH BEKTOD U H
dopmy By. Kourparpemuentusii x g & G aanement ‘g~! ocra-
BJsIeT yCTOHUUBBIMH A u T H ollpefiessieT NpH CyxeHUH Ha A
nepemewenue i(g) npocrpaHcrBa A (cm. § 3). Cosepmenno
OYEBUJHO, 4YTO TAaKHM o0pasoM ToJgydyaercsd w30MOpPHusm
rpynnei G Ha Tpynny nepeMelleHuit mpocrpanctBa A. [asee,
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craGuaunsartop G, ToukH a & A OTOXKIECTBJAETCS C OPTOrOHAJb-
HOH rpynnoll ruabbepToBa NpocTpaHcTBa / M fABAsSeTCs, CJaefo-
BATEJNbHO, KOMRAKTHbuiM. B TO Xe BpeMss G — JOKAJbHO KOM-
[akTHas rpynna, cyeTHas B OeCKOHEUHOCTH, H A — mpocTpas-
cto Bapa, nostomy (Hureep., ra. VII, npuioxenue I, aemma 2)
otro0paxenue P: g+—> g(a) onpeneaser romeomopdusm G/G,
Ha A. CuejpoBatensno, G Oedcreyer na A coOCT8EHHO pPA3pvi8HO
(O6u. ron., ra. 111, 3-e usn., § 4, n°2, ciaeacTsHe npepaoxKe-
uus 5). Iockoawky W — noarpynna B G, OHA OTOXKAECTBJAETCH
¢ rpynnofi nepememenu# npocrpancrBa A. JokaxeM Temepb,
uTO 3Ta Ipynma YJIoBJAeTBopsAeT mpednodoxenuaM § 3. Bosgee
TOYHO!

IpEnnoxenne 10. I'pynna W ¢ Quckpernoi ronoaoeuei
Qeiicreyer na A cobecreenno paspeiero. Ona nopoosdena opro-
2oHaabHbIMI  OTpaxceruamu. OHa bGeckowedHa, Henpugoduma u
cywecrsenna (§ 3, n°7). Iepecewenue C(Q\ A ecte kamepa 8 A
ornocureavno W. Ecau o6osnauurs uepes L, eunepnaockocre
8 A, suicexaemyio Ha A eunepnaockocteto 8 E*, oprozonaasnod
K e; 10 8ce Ly ¢ s& S o6pasyror cemeiicreo crenok 0ara C A.
Ecau e, — edunuunoui sexrop 8 T, oproeonassuwii Kk L
u nexcaujuii no ry oace cropony or L, wro u CQ1A, 710
{(e; le,) = —cos (————m (:: 1)) (Oaa s, t=S8) u marpuya Korxcrepa
epynnot W (§ 3, n°4) cosnadaer ¢ M.

Coraacuo cJaexncrsuio 3 teopeMnt 1, rpymna W guckperna
B GL(E), a caemoparesabHo, ¥ B G 4 COOCTBEHHO Pa3pbIBHO
neiicteyer B A. Ilycts s & S. Tak xax Card S >2, to runep-
nnockocTh B E°, OpTOroHasbHas K €;, He OPTOTOHAJbHA K U U
ee nepeceuenne [, ¢ A Toxe 6yleT TuNepmIOCKOCThio. TakHM
ofpa3oM, mepeMelleHde, COOTBETCTBYIOMiee S, €CTh Nnpeobpaso-
BanHe MOPAAKA 2, OCTaBJAKOUlee HENOJBHIKHBIMH BCe TOUKH
THIIEPIIOCKOCTH Ly 3TO He 4YTO HHOE, KAaK OPTOroHAa/IbHOE
oTpaxeHHe, accounnporanuoe ¢ L, Tem campm W mopoxieHa
OpPTOTOHAJBHBIMH OTpamxenussMH. Teopema 2 moxasmBaeT TOTAA,
uyro W GeckoneuHa, a Npel/okKeHHe 7 — YTO OHA CYUECTBEHHA
H HenpHuBOJgHMa. '

Tak xak C — OTKPHITHIH CHMIIMIHAJbHBEIH KOHYC, CTEHKAMH
KOTOPOro sIBJAIOTCS THIEPIVIOCKOCTH C ypaBHeHHAMH (x*, e;) =0
(112 s = S), to nepeceuenve C () A BHIYK/IO M, 3HAUHT, CBA3HO,
OTKPHITO M 3aMKHYTO B JIONOJNHEHHH OOBEeJMHEeHHS TuIep-
mnockocteit Ly B A. Jlanee, C() A Henycto, motromy uto x"C

Breger (x*, v) = X v,(x", &)>0 u (x*, v)"' x*=C A Orciona

8
caenyer, yro C(1A sasasietcs KaMepoil B A OTHOCHTEJbHO CH-
creMbl rumepnsockocreil Lg;. Kpome toro, w(CNANL;=
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nast Bcex w = W (cMm. n°4, csoitcrso (P,)), u nostomy C(1 A —
Kamepa B A OTHOCHTEJbHO CHCTEMBI, NMOJYYeHHOH NPH LeHCTBAM
Ha TunepmaockocTH L BCeMu snemenraMu rpynns W. CorsacHo
caencteaio Teopembl 1 u3 § 3, n°2, orciola caenyert, 4ToO
CN A 6yner Kamepoil B A oTHocutesbHo W.

ITycts Temepsr a, — BepminHa cuMmiekca C (1A, He Jexalas

Ha L. Torpa ‘
(a,e)=0

aaa s, teS, ss£t, n
* = =1 * — g1
(a;, egy== v (a, v)y= v
IMycts & — BekTOp B T, ONpenesieHHbIH COOTHOUIEHHSMH
* — * — ___l
(e,|a;— a)=v' nan tES, ts.

BekTop & opToroHajeH K Lg M JIeXKHT IO Ty XK€ CTOPOHY OT Ly,
uro u C(}A. Kpome Toro,

(esla:— a:)=<es, a, — a;), KakKoBH OBl HH Oblyin s, I = S.

DTo MoKa3biBaeT, UTO & — 00pas3 KJjacca sJeMeHTa &g NPH H30-
Mop¢usme E/E°ua T, onpepesieHHOM KBalpaTHUHOM GopMOH B .
Orcioga cjienyer, uTo

(es &) = By (e, €)-

TakuM 06pa3oM, &, sIBJASETCSI Ha CAMOM [eJl€ efHHHUHBLIM BEKTO-
poM, ¥ TociejHee YTBep:kjJAeHHe npefyoxedus 10 pokasaHo,

Msu1 ckaxeM, uTo eBkJaHLoBO adduHHOEe NpocTpaHCTBO A,
cHabxkeHHoe rpynnoii W, ecTh npocTpaucreo, accoyul posarHoe
¢ marpuyeti Koxcrepa M, B 00603HauuM ero CuMBOJOM Ay.
ITpensoxenue 10 pomyckaeT ofpaileHHe:

[MpEnnoxkEHRE 11, [lycro W — epynna nepemewjenuii esx.iu-
dosa agpdunnoeo npocrpancrsa A, ydosaersoparowan ycao-
guam § 3. Ilpednoaoxum, uro W Oeckoneuyna, cyujecrsesna u
Henpusoduma. Toeda Gopma By, conocrasiennas marpuye
Koxcrepa M epynnot W, 8biposcdena u NOAOKCUTEALHA U CYHUie-
CTBYET eOUHCTEeHHbI U3OMOPPUIM accoyuuposannozo ¢ M
appunnozo npocrpancrea Ay ua A, kommyrupyrownl ¢ Oed-
creuem epynnot W. Jror usomoppusm nepesodur cKaispHoe
npouseedenue HQ Ay 6 HEKOTOpOe KPATHOE CKAASAPHO20 NpPOU3-
sedenus Ha A.

Myers Cy— xamepa B A u S — MHOXeCTBO OpPTOrOHAMLHLIX
OTpaXKeHUH OTHOCHTeJbHO cTeHOoK C, Ecau 1, o603Hauaer ean-
HUYHHA BEKTOP, KOTOpLI OpPTOroHajseH TrHOepmiaockoctH N,
aCCOLMHMPOBAHHOH C S, M JEXKHT MO Ty Ke CTopoHy of N, uTo
u Cy (§ 3, nmpennoxenue 3), To ¢opMa By obaanaer teM cBofi-
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creoM, uto Byle, e)=(n,In,) ana s, t=S. Cnerosaresyo,
oHa noaoxcuressha. Tak Kark m, JuHelino 3asucHMH (§ 3, n°9,
npenjoxenne 8), To oHa goiposdena.

TakuM o6pa3oM, MBI MOXKeM NpPHMeHHThL K M mpeiawbnyiine
nocTpoeHus. B Tex xe 0603HaueHHSX, UYTO H paHee, HMeeM
(e, |&) = (ngIm,), 1 CyumecTsyeT, npHuYeM eJAHHCTBEHHBIH, H30-
MopdHu3M @ runpGepTOBHIX NpOCTpanCTB, oroGpaxatomufi T Ha
npocTpaHCTBO IepeHocoB B A, Tak uto @ () =m, Ilyctp
a 1 b-— 1Be pa3nuuHble BepWiMHB KaMeph Cy H S, — oTpaxe-
nue us S, ana xoroporo a & N_. [IycTs, nanee, A=(nSG‘a—b)
1 P — abduHnas O6uekuus npoctpaHcTsa Ay na A, ompeneden-
Hasg QopMysnoi

Plag,+x)=a+vrp(x) naa x&T.
Otciona cpasy BuaHo, uto Pp(Ls)= N, npu Bcex SES un uro

1P NepeBOAHT CKaJsApHOe nNpou3BeleHHe Ha Ay B HeKOTOpoe
KpaTHoe ckaJspHoro npoussesenns Ha A. ToTuac npHxXoaum

K BbiBony 4TO, ¢ KOMMyTHpyeT ¢ neficteuem W. Hakonern,
€IMHCTBEHHOCTh ¥ OUEBHAHA, NOTOMY YTO d,, HANpHMeEp, eCTb

efMHCTBEHHAsl TOYKa B A,, HHBapHaHTHAs OTHOCHTEJBHO OTpa-
xenult t= S, s,

§ 5. UuBapuauTel B CHMMeTpHUeCKOH aarebpe
1. Psd Hyankape zpadyuposannoii arzebpor

[Iyetb K — KOMMYTaTHBHOe KOJbLO C eNHHHILeH, OTJIHUHOe
or 0. Tlyerb M —rpanyupoBaHHblt K-MoZyab THna Z H
M, — MHOXeCTBO OXHOPOIHLIX 3NeMeHToB H3 M cremenu n.
Tlpennonoxum, uro M, I KakAOro n eCTh €80600HbLL MOTYAb
KxoHeyHnozo Tuna. Torja paHr rgg(M,) onpeneneH mnpH Bcex n
(Kou. ase., ra. 11, § 5, n°3).

OnpenENEnME 1, Ecau cywecreyer ny< Z, raxoe, 410 M, =0

npu n< ng, T0 popmassusii pad Dy rgx (My) T, ssagowuiics
nzxno

saemenrom koavya Q((T)), wasesaerca padom Ilyankape

modyan M u o6osuauaerca cumsosom Py (T).

[Tycts M/ — npyroft rpanyupoBaHHbfi K-MOAyJab THIA Z H
(M},), = ,—ero rpanyupoBka. [Ipeanosnoxum, uro My pasHO Hy.TIO
ISl BCEX N1, MeHbILIHX HeKortoporo umcna. Toria

Pugw (T) =Py (T) + Py (T), (1)

u ecan cHa6auTE M ® x M’ noanoi rpanyuposkoii (Ase., ra. 11,
3¢ usn., § 11, n°H), T0

Pyem (Ty=Pn(T) Py (T). (@)

5 3ax, 61, H, BypOaks
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[MpensoxenuE 1. [Hycre S= @ S, — xkommyrarussas epa-
nz=0

Oyuposannasn K-areebpa, Koropas donyckaer cucremy o6pasyro-
wux (X, Xgy <« .y Xp), COCTORWYIO U3 00HOPOOHWLX anzebpau-
4ecKlU He3asuUCUMbLX 3NEMEHTO8, U nYycTs d; — CTEnenb X
I pednoaoncun, 4ro d;>0 dan ecex i. Toeda S, 6yoyr ceo-
600HBIMU MOOYAAMU KOHEeYHO2o panea Had K u

Ps(r) =11 — %)™ )

i=]

Jle#iCTBUTENILHO, S OTOXKIECTBJ/SETCT C TEH3ODHBIM IIpOH3BE-
neuneM K[x]® K[x,] ® ... ® K[xy], cHaGIKeHHBIM NOJIHOK Fpa-
nyuposkoit. Pap Ilyankape mopyas K[x;] coBmajaer c

D=1 —-T%"",

n=0
H OCTaeTcst NMPUMeHHTh (2).

B ycaoBusnx npenjioxenuss | 6yxeM roBopuTh, uTo S — epa-
Oyuposannas K-areebpa MHO204AEHOE.

Cuenctsui. Crenenu d; ¢ TouHocTsio 00 nopadxa onpedenenst
aneebpoti S.
IleiicTBuTenbHo, oGpaTHbiM pagoM K Pg(T) aBndercs MHO-

m
rouJeq N(T)=Il(1 — T%), KOTophifi TeM CaMblM OJHO3HAYHO
{=1

onpenened. Ecau g — pesoe uncao =1 u { & C — NPUMHTUBHBIA
KOpeHb ¢-ii cTeneHu u3 1, To kpatHocTh KopHfi [ B N (T) pasna
yHcay Tex d; KOTOpble KPaTHH ¢. DTO UHCJIO PaBHO HYJIO AJs
JoCTaTOuHOo GoJsbliux ¢. Uucio d; paBHHX ¢ TOXe OJHO3HAYHO
OnpefeAeTCs MOC/Ne0BaTeIbHBIM CIYCKOM.

Ileasle yHcna d; Ha3LIBAIOTCH XAPAKTEpUCTUHECKUMU CTene-
Haumu aare6psl S. Mx uxcs0 paBHO CTeneHH TPaHCUEHIEHTHOCTH
anre6pnl S Hag K B caydyae, korna K —moJie. Ero xe Mbl Ha-
30BeM CTeNmeHbl0 TpaHcueHAeHTHocTH S Hajx K ¥ B oflueM cCiy-
yae. D10 KkpaTHoCTh KopHa | MHorounena N (T).

[Mycts S= & S, — xoMMyTaTuBHas rpafyHpoBanHas K-aJj-
n=0
re6pa u R= @ R, — ee rpagyupoBanuas nogasreépa. [Iped-
n=0

noaoxmum, 4To Kamdas Komnonewra R, — c80600rbil moOyab
KoHeuHoeo Tuna U 4ro R-molyass S donycraer KoHeuHwil 6a-

3uc, COCTOAWUI U3 OOHOPOOHBLX IANEMEHTO8 2y, 29, +. -, 2y CTE-
neneti fi, fo, ..., fy. Torma, o6o3nauuB yepes M rpaayuposaH-
N

Helli K-momyab X K 2;, Mbl OpHIEM K BBIBOAY, YTO IpanyHpo-
i=1
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paHublil K-Mony/ab S G6yner naomopden R @M, ciexosarensHo,
Kaxjas KoMIoHeHTa S, — cBOOOJHBIH MOJY/Ib KOHEUHOrO THIIA U

PS(T)=PM(T)-PR(T)=<Z TfI>PR(T) (4)
I—-—-

TrEgoKEHHE 2. Coxpasum npedoidyuue 0603Ha4eHUs U
npednoaoscus, wro S u R — epadyuposannsie K-areebpor mMHO-
204.1eH08.

(i) R u S unmeror 00nY U TY e cTenens TPAHCYCHOCHTHOCTH
r nad K. .

(i) Hycre py, ..., p, (coors. qy, ..., q,) — xapakrepucru-
yeckue crenenu ascebpet S (cootB. R). Toeda

g(l —T"i)=<ZTfi )H(l —T*1),

i=l

(ii) Npips«vo Pr=0:92 - -+ G-

Bo-nepsbix, ¢popMmyJa (4) MOKAa3bIBAET, YTO KPATHOCTL KOpPHS
1 B muorounenax Pg(T)™! u P,(T)"! ommHarosa. BocnoJb3o-
BaBlIHCb paBencTBoM (3), moayuaewm (i), -a 3arem (iik

Uz (ii) caenyer, uto
1'11(1 FTHT24 .. T (Zﬁf)ﬂ (14 T+ T124...
i= j=
o7,

TMonoxus T=1 B sToM paBeHCcTBe, MHl HoJydaem fiii).
3amevanue. Tlyetb S=K|[X,, ..., X,] —rpaiyupoBaHHas

K-anre6pa MHOTOuW/IeHOB, d; —cremedb X; u F (X, ..., X,) —
OIIHOPOAHbLI 3/eMeHT creneHd m B S. Torza
Ed,X, 51 = mE- (5)

i=|
JleficTBUTETHHO, OYEBHI O, uTO K—:mneﬁx—xoe orobpaxerue D
aare6pol S B ce6s1, NepeBoAslee KaKbA OLHOPOLHBIA S/EeMEHT 2
CTeleHH p B pz, ecTb auddepeHuuponanue aare6por S.
CrenosaresbHo,

X dF . dF
mF(Xy, ..., X)) =DF Xy, ..., X)= ED(Xi)(—?T;—— Y diX 5

i=l i=1

2. Husapuanrer xoneduHOi auneinoid zpynnul: ceoicrea modyan

IMycts K — KOMMYyTaTHBHOE KOJIbIO C elHHHUeH, V — HeKo-
Topeil K-Monay.ab, G —rpynna, nefictByoutass Ha V. HssecrtHo,
uyTo J06GoH aBTOMOp(pHU3M MOZYJAS V OZHO3HAYHO NpoAO/IKAeTCH

5*
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O aBTOMOp(H3Ma CHMMeTpHUYecKOl anrebpsl S==S (V) u, crano
66T, G neftcTByer Ha 3Tol aarefpe. O6o3HayMM uepes gg. X,
rie x =S, g= G, obpa3 snemeHTa x OTHOCHTeJbHO g. Ilycth
R —nonanre6pa S¢ anrebpul S, cocrosuias U3 HHBAPHAHTHHIX
OTHOCHTENBbHO (G 3J1eMEHTOB.
IlpennmosoxxuM, uyTo ( KOHeyHa, V — KOHEUHOro THIIA H
K — nérepoBo. Torpa S ectp R-modyas romeunozo Tuna, a R
ectb K-asre6pa koxeuynoro tuna (Kom. ase., ra. V, § 1,n°9,
teopema 2). Ilpenmosoxum, uyto S — 06JaCTh 1EJCCTHOCTH H
N —ee mnone orHowenuit. ITose ortHomenmuit L aare6psl R
ABJII€TCH MHOXKECTBOM 3JeMeHTOB H3 N, MHBApHAHTHHIX OTHO-
cuteabHo rpynmnsl G (ram sice, ciefcTBUe npenJoxkeHus 23). Cie-
noBarteabho, N — pacwupenue Iasya noas L. BeskHi 37eMeHT
u3 N 3anucuiBaercs B BHze 2/t ¢ 2= S u t = R (ram xe, upen-
aoxenue 23). Corsacno crefctsuio 3 npensioxkenus 26 us Alg.,
chap. II, 3° éd., § 7, n°10, paur R-momyas S pasen [N:L].
ITpeanogoxkum, 9To G neitctByeT Ha V cBoGoano. Torpa rpynma
Tanya nmoqsa N wan L oroxjecrtsasercsac G H [N: L}=Card G.
Hrak,
rgg (S)=|[N: L}=Card (G). (6)

Has  moboit rpaxyupoBanuoit asarebpn A=A, P A, B ...
... DA, D... oboznauum uyepes A, umean O A,
n>0

Teorema 1. lycre K — kommyrarusnoe nose, V — sexrop-
HOE NpoCTpancTso KoMewHolil pasmeprocru nad K, S=S (V) —
cummerpuveckan areebpa npocrpancteaV, G — Koreynas epynna
asromopgusmos V u R — epadyuposannas nodascebpa 8 S,
COCTOAWANA U3 UHBAPUAHTHBIX OTHOCUTEAbHO G saemenTo8. [1ped-
noaoxum, 410 G nopomcdena ncesdoorpasenuamnu (§ 2, n°l)
u 4ro gq==Card(G) 83auMHO APOCTO C XAPAKTEPUCTUHECKUM
nokasaresem noan K. Toeda R-modyse S umeer 6asuc, cocro-
Awuii u3 g 00HOPOOHBIX 3NEMEHTO8.

a) Taxk kak Kaxawii nogMouayas monyas S/(R.S) ceo6oren
Hal R,=K, TO IOCTATOYHO MNOKa3aTh (BBHAY NpEeNNONKEHHUS 7
n3 Alg., chap.Il, 3%éd., § 11, n°4), yro KaHOHHUECKHH romo-
Mopdusm R, ®rS B S unnvekrupen. Has moboro R-moayaa E
cumBoom T (E) o6o3naunm R-monyans Ker (R, @ E — E) (*unaue
roBopsi, T (E)=Tor®(R/R+, E),). Eciu E, E' —aBa R-monyss
u ecan u—romomoppusmM E B E’, 10 romomopdusm 1 Q®@u
moayas R, ® E B R, ® E/ npu cyxenun Ha T (E) onpepessier
romoMopduam monyaa T (E) B T (E’), Kotopbil MH 0003HAYHM
gepes 7T (u). Ecam u’ —romomopousam E’ B R-moxzyas E”, 10
T@ou)y=T(w)eoT (u). CarenopaTesbHo, NpH R-JHHelHOM pedi-
creun G Ha E rpynna G pgeiicteyer u B T (E).
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6) HefictBya R-auneiino B S, rpymna G, caenoBaTeJbHO,
nefictyer takxe B T(S). Hamee, T(S) ecrectBeHHBIM 0Gpa3om
CHabxxaeTca CTPYKTYpod rpalyupoBannoro S-mony.s. [Toraxkewm
cHauaJga, uTo g& (0 1epeBONHT Kaxiud siaemedT x H3 T (S)
B 3J€MEHT, CpPaBHHMHIE ¢ x mno wmoxaymo S;T(S). [locratouno
NPOBEDHTL 3TO IJfA NCEBAOOTPa)keHHs g. B 3ToMm cayuae cyuie-
CTByeT HeHyJeBoH BekTop v &V, Tako#, yro g(x) — x = Kv npu
Bcex xe=V. HOCKOJIbe V nopoxmaer S, npHXOIHM K 3aKJIOue-
HHIO, UTO g¢ NeHicTByer na S/Sv TpuBHaabHO. ClleqoBaTebHO,
aas modoro y &S cymectsyeT saeMmeHt A(y) B S, TakKo#l, uTo

gs@)—y=nh(y)v.

DTOT 3JeMEHT ONpeldeNsieTcsl MO Y ONHO3HAYHLIM 00pasoM, mo-
CKO/MBKY S — 00/12CTh LEJIOCTHOCTH M BEKTOP U — HEHYJEeBOH.
Ouesuano, uto A —suioMoptusm crememn —I1 R-momyas S.
Urax, gg— lg==m, o A, rle Mmy—roMoTeTH B S OTHOCHTEJbHO U.
CaenosaredbHo,

T(gs) = lrsy=T(gs — 1s)=T(my)o T (),

H 00pa3 3Toro sHAoOMOpdH3Ma colepxkutca B vT (S), otkyna
cJelyeT Halle yTBEp)KIEHHe.

B) [Tokaxem rtemeps, uTo Kaxauil snement u3 T (S), uusa-
DHAHTHBIA OTHOCHTEJBbHO (I, paBeH HYJIO. JleHCTBHUTENbHO, NYCTh
Q — sanoMopdu3M R-Monyas S, ompereseHHHH COOTHOIIEHHEM

QW =g X g5
g=ea

upu Bcex y& S, Torma Q(S)= R, H MH MoXeM 3anucatb Q
B Bule Q=ioQ’, rne Q" —romomoppuam R-mMonyas S uHa R-
MOAYJb R, a [ — KaHOHHYECKOE HHBEeKTHBHOe oToOpakenHe R
B S. IToatomy T(Q)=T () T(Q)Y u T(Q)=0, tak kak T (R)=—
=Ker(Ry ® R—> R)=0. CaenoBareJbHo,

0=T@Q) =g X T(gy.
g=G

Ho ¢! X} T(gs) ocTaBaser HenonBHKHLIMH 3jeMenTsl u3 T (S),
g=a

HHBapHaHTHBle OTHOCHTeJIbHO (. CuienoBaTesNbHO, KaKAHH H3
HHX paBeH HyJIO. ‘

r) Ilpennoaoxum, uro T (S)s=0. Torna B T (S) cywecrtsyeT
OMHOPOAHLIA 3/ieMeHT U 7= 0 MuHHHMasbHOK cTeneHn. CorsacHo 6),
u uHBapuaHTeH oTHocuTesbHo (. Coraacno B), u=0. Iloay-
YeHHOE NpPOTHBOpeyHe Moxkasmsaer, uro 7 (8)=0. Y. T. [I.

3amenanusn. 1) Vssectno (Alg., chap. II, 3%éd., § 11, n°4
npennoxenne 7), uro ecan (2y, 2p ..., 2,)— ceMeHCTBO
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OJHOPOIHHIX 3JeMEeHTOB H3 S, KaHOHHYecKHe OOPa3Bl KOTOPLIX
B S/(R.S) ofpasyior Gasuc Momyas S/(R.S) Han K, to (z,
29, «.., 2,) €CThb Gasuc § Han R.

2) Ilycrb g — nceBpooTpa)keHue B V' KoHEYHOro NopsaKa
n>=>2, B3aUMHO IIPOCTOrO C XapaKTepHCTHYECKOH 3KCHOHEHTOH
noas K. Ilo teopeme MaumKe (gomogaHenune, mpeasoxenue 2) V
MOKHO pasnoxuTb B cymmy D@ H, rae H — runepnicckocTs,
cocTosiiiast U3 BeKTOPOB B V, MHBAPDUAHTHBIX OTHOCHTEJbHO g,
a D — npsamas, Ha KOTOpoil g AefiCTBYET YMHOXeHHeM Ha MpH-
MUTHBHBII KOpeHb n-it cremeHu u3 1. B cayuae korna K =R,
3TO BO3MOXHO TOJbKO NPH n==2, H TOTILa g — OTpaxceHue.
B sTOM cayuae rpynmmaMu, K KOTOPbLIM INpHMEHHMMa TeopeMa 1,
O6ynyr koreunoe epynnet Koxcrepa. (Hanporus, npn K= C Teo-
peMa | mpuMeHHMa K HEKOTODBHIM I'PYNIIaM, KOTOpble He SIBJASIOTCA
rpynnamu Kokcrepal).)

TeorEMA 2. [Tpednoaoscenus u o603HaueHUA Te ke, 4TO
u 8 reopexe 1.

(i) Cywecrsyer epadyuposarioe 8eKTOpHOE ROORPOCTPAHCTEO
8 S, donosHuressnoe kK R,.S u ycroiuusoe ornocureavro Q.

(ii) Tycre U — rakoe dJdonoanenue. Toeda rarnonuueckuis
ecomomoppusm U @, R 8 S asaserca usomopgpuamon G-mody-
aeti u npedcrasaenue epynnot G 8 U (coors. S) usomopgro
peeyaapromy npedcragaerurn epynno. G Had K (coors. R).

Hefcteurenpbio, nas Joboro nenoro n_>=0 BeKTOpHHE
K-upocrpancrsa S, u (R,.S)N S, ycroiuusbl oTHocuTeabHo G u
3 TeopeMb Malllke (ZOMOJHEHHe, INpeRsIoKeHHe 2) Cienyer,
ure cyuecrByer ponoaHenune U, x (R.S)NS, B S,, ycroiun-
Boe orHocuredbHo G, Torga ;ﬁ U, 6yner nononnenmeM K R.S

nz=
B S, ycToAuuBHIM oTHocuTesbHO (. OTCloa chaenyer yTBepxae-
nue (i).

[Mycts U — rpanynpoBanHOe BeKTOPHOE TOANPOCTPAHCTBO
B S, nononunteapdoe K RS B S u ycroiiunBoe oTHocuTe bHO G.
Cornacno 3ameuanno 1, mo6oi 6a3uc BexTOopHOro K-mpocTpaH-
crea U Oyner takke 6asncoM R-moxayas S M, cJaeloBaTeNbHO,
6asncoM noJs oTHoweHud N aareGpu S Hal noJseM oTHOMIeHHH L
anre6per R. Takum o6pasoM, BekTopHOe L-mpoctpanctBo N
oroxnecreasercss ¢ U ®, L. Beuay ycroitunBoctu U oTHoCH-
TeJpHo ( 3TO OTOXIAECTBJEHHe COBMecTHMO ¢ AelcrBueM G.
Anrebpa L[G] rpynnsl G nap L oroxpectBasiercs ¢ aare6poit
K[G] ® L. Pacuinpenne Fanya N Ham L pomyckaeT HOpMaJb-

1} Knaccubukanmio stux rpynn MoxHo Hafith B cratee: G. C. Shep-
rd, J. A, Todd, Finite unitary reflection groups, Canad. J. Maths.,

ha
6 (1954), 274—304.
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Hplft 6asuc (Aze., ra. V, § 10, teopema 5, u Aaze., ra. VII,
§ 5, n°7) — aKT, KOTOpHIA MOIKHO BBIpa3HTb, cKa3das, uTo N
Kak L[G}-Moaynb Hn30MOp(HHO MOAYJIO peryJsipHOro mpejacra-
preuuss rpymnsl G vag L. Tax kak npocrpaHctBo U KoHeuHo-
MepHo Hax K, TO H3 NpeitoxeHHa | JOMOJIHEHHS BHTEKAaeT,
yro K[G]-Mopyae U u3oMopdeH MOLYJIO peryJ/sipHOTO mpexcTa-
BaeHuss rpynnsl G Hajg K. Orcoga H cielyioT Halid yTBep-
KAeHUS.

3. Husapuanro: koHedHol AUReNNOU 2pynno
csoiicréa Koavya

TeorEMA 3. Coxpansarores npednosoxeuHus u 0003HAYCHUSR
reopemvr 1. B mHuoocecree cucrem obpasyrouux woeara R, < R,
COCTOAUUX U3 OOHOPOJHBIX INEMEHTO8, B8blOEpemM MUHUMANGHOLL
saement (o, ..., o). [Tycre k; —crenens o, [Ipednosowcun,
yro k; 83QUMHO NPOCTOL € XAPAKTEPUCTUHECKOU BKCNOHEHTO
nosa K. Toeda [=dimV, a; noposcdawr K-areebpy R u
AsA0TCA aazebpauqecky neszasucumoimy Hao K. B wacrnoctu,
R — epadyuposannaa K-anrcebpa MHO204NEHO8 CTENneHu TpaHc-
yendentrocty | #ad K.

YC./'IOBHC, HaJOXeHHOC HA ki, H3JHIIHE, HO OHO H HE SABJAAETCH CTe-
CHHTEJbHBIM [IPH IIpUMEHEHUH K KOHeYHHM TrPyrriav Koxcrepa, no-
ckoapky Torga K=R. CM. k Tomy ke n°5, rge Oyger JaHo gpyroe
JAO0Ka3aTeJbCTBO TEOPEMbBI 3.

Teopema 3 cienyer u3 mpenoxenus 2, (i) teopeMsl 1 u cie-
JAYIOIIEH JIeMMBI:

Jlemma 1. Tycre K — xommyrarusroe nose, S — epadyupo-
sannas K-arcebpa muocousenos u R — epadyuposannas nod-
anrcebpa Koneumoco tuna 8 S, raxaf, 4o R-modyas S dony-
ckaer 6asuc (2)), _,» COCTOAWul U3 OOHOPOOHbLIX 3.1eMeHTO8.

B mnooscecrse cucrem obpasyrouux udeasa R, 6 R, cocroauux
U3 OOHOPOOHBLLX 31eMEHTO08, Bblbepem MUHUMAAbHLLL 5.8 MEHT
{0y, «.., &) [Ipednoaoscum, 4ro npu gcex i crenens k; sisementa
Q; B83QUMHO NPOCTA C XAPAKTEPUCTUHECKOU JKCNMOHEHTOU p
noas K. Toeda a; nopoocdaror K-aarcebpy R u A84410TCA aqze-
6paunecky Hezasucumbinmu Had K.

Corgacuo npegnoxeruto 7 uz Aae., ra. II, § 11, n°4, ycao-
BHe, HaJIOXKEHHOE Ha ;, 5KBUBAJEHTHO TOMY, YTO OHH OIHO-
poxHsl H ux o6Gpa3bl B BekTopHOM K-nmpoctpaHcTBe R.,/(R,)?
of0pasyloT 6asEc 3TOr0 IPOCTpPaHCTBA. ITO YCJOBHE HHBa-
PHAHTHO OTHOCHTEJBLHO paciliupeHHil OCHOBHOro no.js. [Tostomy
Mbl MOXEM CBECTH BCE K CJyualo, KOrja IIOJIe CO8EPUIeHHO.

CemetictBO (o, ..., @) HopoxjaerT aarebpy R mo mpemso-
xkenuro | u3 Kom. ase., v 11, § 1, n°2. ByneMm paccyxiaath
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OT NMPOTHBHOIO W NPENMNOJIONKHM, UTO 3TC CEMeHCTBO aJjredpai-
YyeCKH 3aBucuMo Han K.
1) Mpt XoTHM NOKa3aTh CHauaJja, 4To CyHUIeCTBYIOT CeMeHCTBa

B)iciceor Wahicrer (dik)1<i<s,1<k<r

OIHOPOJIHEIX 3JIeMEHTOB H3 S, ofJafaiomye CJAeAYIOIAMH CROf-
CTBaMH: :

p; =R nns moboro [, n He BCe P; paBHH HYIO; (7)
degy, >0 nns mo6oro k; (8)
a;== >, dpy, Aaa Jo6oro i (9)
k=1
s
> Bidiy=0 nas moboro k. (10)
i=l]

Oycrs X, ..., Xs — nepemennsie. PaccMorpuM va K [X|, ...
..., X;] cTpykTypy rpaiyupoBaHHOH aJre0phl, HoJaras cCre-
nesn X; pasuoit k. B K[X,, ..., X] cymecTByloT onHopontbe
HeHnyseBbie aneMeHTs H(X,, ..., X,), nas koropuix H(a, ...

..., ag)=0. BeibepeM H Tak, 4To6m €ero cremnesnr OBLI4a MHHH-
manabnoii. CaenoBartenwsHo, ecau AH/AX;# 0, To MHorouJen

OH[dX;(a;, ..., @) SABASETCS HEHYJAEBLIM OJNHOPOIHLIM 3JeMEH-
oM B R. Eciu p=~1, To H He moxer Obtb dopmoit HY
¢c HieK|[X,, ..., X;]. Togoxum Torma
o
5i=ki7§(an cees Gg)
oH

Tak kak K coBepilieHHO, TO MHOTOUJEHH X, e[X, ..., XJ]

He BCe paBHH Hymo (Ase., Ta. V, § 1, n°3, npenynoxeune 4).
YcioioBHSI, HaJlOXKeHHHE Ha k;, HaleJsloT TeMH e CBOHCTBAMH
3jleMeHdTH P;.
Hanee, S oroxpecTBAsieTCst C TpaAyHpOBaHHON aJgreGpoi
MHOTO4J1IeHOB
Klx,s <oy %1,

rie nepeMeHHBIM X, ..., X, APHIOHCHIBAIOTCH HaAJeXKalile CTe-
nenn m; > 0. Ilycts D — yacTrOe pupQepeHNHpPOBaHHE 110 X,
B S. INonoxum dik=ki—]Dk(a1)' Torxa pasencrso (10) cnpa-
BeINBO, 0O ero seBass 4acTb paBHa D (H (ay, ..., a;)). C apy-
roil CTODOHBI, NOJIOKHB Yy ==Xy, ..., Y ==M.X,, MBI NpH HO-
MowH paBeHCTBa (5) w3 m°!l mosyunm (9),

2) I[lycte b-— unean B R, mnopoxjaenunii saementramu fy.
CyuwecTByer NMoaMHOMKeCTBO J B

1=1{1,2, ..., s},
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takoe, uto (f;),., OyAeT MHHHMaJIbHOR CHCTEMOH o6pasyiouiux

uneana b. Ilpu stom J =+ J, nockoanky b ==0. Mbl XOTHM mo-
Javunth u3 paeeHcTB (9) u (10), uro ecau i=J, To a; ecThb
R-aunefinas KOMOUHALUSI 3JIEMEHTOB @; [JA j 7= i. A 3T0 npoTu-
BOpeUHJ0 Gbl MHHMMAJLHOCTH CHCTeMBbl (G, ..., Gg) H 3aKaHYH-
BaJI0 OBl J0Ka3aTeJ1bCTBO.

CymecTBYIOT OfHOpOAHBIE 3MleMeNTH y;; B R (e ], j=—1),

TaKkHe, UTO
ﬁi=i§JVHﬁl (jsl—1. (1)
C yuetom (11) popmyaa (10) nepenucoiBaeTcs B BHAe
2,0 (d + 2 vidp) =0. (12)
TTonoxuM
Uy, =dy + 1527: JV/idlk- (13)
Torpa
2 Butty =0, (14)

3anuuiem uik=h2 8;1325, The Oy, npuHagnexat R. Coortno-
=Y

wrenue (14) BeueT paBeHcTBO X Pidiy =0 145 Mo6bIX £ u A.
sy

Ecnn 6n omHH H3 3JeMeHTOB 8y, WUMEJ] HEHYJEBYIO OXHOPOL-
HYI0 KOMIOHeHTy crenedd 0, TO mpejbiylilee paBeHCTBO O3Ha-
yajo Onl, YTO KaKoi-TOo aaeMeHT P;(i <<J) ecTh saHHeiiHass KOM-
6uHaLUst APYTHX, YTO NPOTHBOpEUUT MHUHHMaJbHOCTA (B;),. .
TlostoMy 8;;, & R, ¥, CJefoBaTeNbHO, Uy & RS 1npH Bcex i

u k. Takum o6pasoM, HaAfAyTCH Uz, S, LS KOTOPLIX Uy, ==
s

= 2 U0y HIH ¢ yueToM (13)
At
s
diy + 152—1 viidie =h§ Uy Oy (15);4,

YMHOXKUM 06e uacty pasenctBa (15),, Ha y, ¥ npu QHKCH-
poBanuoM i u3 J mpoBegeM cyMmupoBanuneno k (R=1,2,...,r).
Beuny (9) Haxomum

s r
4\
o+ 2{ vual——E Eumh!/k.%-
j&l-1 h=1 k=1

Bo3nMeM ONHOpPOLHbIE KOMIIOHEHTbI CTemeHH R; obeux yacrefl
pasencrBa. Ilockoabky degy,> 0, a; sBasercs S-auHeHHOH
KoMOHHauHell a; ¢ j = i. Tak Kak mMonyab S cBoGoneH Ham R
H 0, ..., ¢, & R, To Ha caMOM feJe q; Oynmer R-jHHeliHO/
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KoMOnHauued o; ¢ j¥= i, (Kosm. aze., ra. I, § 3, n°5,- mpeano-
xeHue 9, d)).

CneacTBHE. B npednoaodcenusax u o6o3natenusx reopemot 3,
npoussedente XapakTepucruyecKux crenewnerl aseebpot R pasHo
Card (G).

Hefictutensho, rgy(S)=_Card(G) (dopmyna (6), n°2).
XapakTepucTHueckue cTeneHu aare6psl S pasuel 1. Tlostomy
C/eCTBHE BhITEKaeT M3 mpejsoxkenus 2, (iii) B n°1,

JEemma 2. lHycre K — xommyrarusroe noae, V — xoueqro-
MepHoe B8CKTOpHOE npocTpancTso Had K, S= 620 S, — cumme-
n=
Tpuueckas aacedbpa npocrparcrsa V, s —andomopdusm V u
s\ — ganonuyeckoe npodoaxcenue s na S,. Toeda 8 Koasvue
K|{[T1l crenenrnotx pados or oduoii nepemennoii T soinoaneno
COOTHOULeHUE

2 Tr(s) T" = (det (1 — sT))™"
Paciiupsisi OCHOBHOE HOJIe, MBI MOXEM INpejmnosaraTb, uto K
ajare6panveckn 3amkuyto. Ilycts (e, ..., e,) — 6asuc BV, otho-
CHTeJIbHO KOTOPOroc MaTpHuia sHioMophH3Ma S ABAAETCA HUKHeH
TPEeYroJbHOH, U IYCTh Ay, ..., A, — JHArOHaJbHbIE SJIEMEHTHI 3TOH
matpuupl. OrtnocutenpHo 6Gasuca (ef) ... ef(n)
(Dt .0 Fi(r)=n

B S,, yNOpPANOUEHHOro JieKCHKorpadnuyeCcku, MaTpuna SHIOMOp-

¢dusma s OGyger HUKHEH TPeyroabHOH ¢ AMaroHalpbHBIMH 3€-
i t(r)

MEHTaMH A ... ITosTomy
TE= X a0
P+ . F i (=n
d, 3HAYHuT,
S T (") 7" (E T )(Z xf}T") (2 x’:T”>=
=0 =0 n=0 =0
=1 =D 0 =m0 o (=8, =

= (det (1 —sT)™".

JIEmMmA 3. IHyecre K,V u S — o6sexror u3s aemmet 2, G —
KOHeYHaa epynna asTomMoppusmos npocrpancrsa V, ¢ — ee no-
padok, R — epadyuposannan nodaazebpa e S, cocroauwas u3
UHBAPUAHTHBLX oTHOocuTeaso G saemenros. 1lpednoronum,
yro K umeer xapaxrepucruxy 0. Toeda padom Ilyaugape aa-

eebpot. R 6yoder
- X (det(l—gT))7.
g=q
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JlefiCTBHTENbHO, 3HIOMOphHIM [=¢~! 2 g™ sBasercs
g=aq

npoeKTHpoBaHUeM S, Ha R,, Tak uto Tr(f) = dimg S%. Ilosromy
psinoM Ilyankape anare6pul R 6yner

> (ﬁi (Tr g T">,

ge G \n=0
U IOCTATOYHO NPUMEHUTHL JeMMy 2.

ITPEAIOKERKE 3. B npednoaosenusx u 0003HAUEHUAX Teo-
pemvt 3 nycre H — unosxcecreo ncesdoorpaxcenuii 8 G, orauy-
uoix or 1. Mycre K — noae xapaxrepucruku 0. Toeda Card (H)==

I

=i2=1(ki'“l)'

Coraacio mnpelnoxeHuo 3 HONOJHEHHS, MH MOXeEM INpeJ-
mosarate noJie K aare6panuecku saMruyrtiM. IlycTs A, (g), ...
<.+, Aj(g) —coGcTBeHHBIe 3HAUEHHsI MNPOH3BOJBHOTO 3JeMeHTa
ge=G. Tak xak Bce g& (G puaroHajnsyeMn (JomnoJHeHHe,
npenjaoxenne 2), To g=1 B ToM H ToJbKO B TOM cJayuae,
kKoraa Bece A;(g) paBuu 1, a g H B TOM H TOJILKO B TOM
caydae, Korja uucao A;(g), paBubix I, ectb [ — 1 (Mu 0Go3Ha-
yuM Torjza uyepe3 A(g) co6cTBeHHOe 3HAauUeHHe, OT/HyHOE OT 1),
Corsacio mpepjoxenuro 1 u3 n°l u JemMe 3, cnpasensnubo
COOTHOIL eyHe

!
—1 _
qUU=7%"= 3 (det(1 —gT)™ (16)
B K|[[T]], a snauur, u B K(T). CaenoBaressto, B K(T) nmeem
Qg—-7n! 1 (1 =7)"1!
9 .. —l—T+E =A@ T 2 det (1 — g7) *
1 (1—7") gEH g+l gkt

i=1

YTO TIePENMUCHIBAETCA B PHIE
1

=[O +7+ oo #1777

i=] —

: -
=D J[G+74 ... 757

i=l

_ 1 (1—r1)~!
— Z 1—A(g)T + 2 det(1 —gT) *
g=H g#1, gggH
t
Bunso, uro ¢ — iHl Q+74+ ...+ Tki_') paBHO HYJIO IIDH
T =1, nostromy g =kiky ... k;, uTO MBI y3Ke 3HaeM H3 CIEACTBUSA
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Teopembl 3. 3aMeTuB STO,I o6o3nauum, jfanaee, uepes Q(7)

MHorounen (1 — T)_I (q — ;1;11 4717+ ... + Tki_l)>. Hudde-

pennupys pasencrso (1—T)Q(T) =g — H (l4+T+...+ T4

u monaras T ==1, MB BHJIHM, HTO —Q(l) PaBHO 3HAUYECHHIO
npu T'==1 pana

1 .
IO
i=T !
_2(1+2T+ oo = )T )=
i==] P
=[[G+7+ ... + 1%,

i#i
OTKyZa

o= 30528 T w =TT ) (345

i#i f=1 i==]

Bosspamasicb K paseHctBy (17), uMmeem, narnee,

o= ([14)(3, =)

=t 7/

2 H = ZH l—ll,(g)' (18)

ChnenoBaTesbHo,

i=l

Ho sneMentsl u3 G, oCTaB/siollide HENOABHKHBIMH TOUKH JaH-
HOH THIIePNAOCKOCTH, OCTABJSIOT YCTOHYUBOH NpAMYIO, LOHOM-
HATEJNbHYI0O K 3TOR THNEPIJOCKOCTH (NOHOJHEeHHe, HpelaoxKe-
Hue 2), 4, celoBaTeNbHO, 06pa3yIoT NUKANYECKYI0 ROATpynny (G’
B G (cMm. Aze., Ta. V, § 11, n°l, Teopema 1). Ilycte £ — nops-
Jok noxrpynnsl (/. 3Hauenus A(g) mias g<= G’ paBHn 6,
0% ..., 61, roe 6 — NpPUMHTHBHHIH KOpeHb {-i cTemeHu u3 I.

Himeem 1—16" + l—le“" = ]. 3Hawuur,

1 1 1 ,
Y T —st—D=3Card(HNG).

g=a, g+l
H3 paseunctBa (18) caeayer mostoMy mpelJioxeHHeE.

3amewanue. B cayuae xorga K =R, G —rpynna Koxkcrepa,
a H — MHOXeCTBO OTpaxeHH#H, NpHHajgiexawux G, 3neMeHTH
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MHoxkecTBa H HaxomsaTes, Kak ussectdo (§ 3), Bo B3aumHo
ONHO3HAUYHOM COOTBETCTBHH co crexKkamu B V.,

IMrensoKEHUE 4. B npednoaomenunx u o603nauenusx reo-
pemot 3 nycre K —nose xapakrepuctuxku 2. Jlai TO20
urobot — 1 € G, Heobxodumo u docrarouno, 4TobbL XaApaxre-
puctuseckue crenenu ky, ..., k; aacebpor R Ootau weTHoLMU.

[Tycts f — aBToMopdusm anre6pu S, NPoORO/IKAIOUIMA aBTO-
mopdpusm —1 Ha V., Torpa f(2)=(—1)4€22z gaa moGoro oxHO-
poaHoro sjeMeHTta z u3 S. [lostomy B ciayuae — | & G Bcakuil
OJHOPOJHBIA 3JIeMEHT HeueTHOH cTeneHU B R paBeH HYJIO H,
3Hauut, k; detHH, OO6parHo, ecau k; YeTHH, TO J000H 3Je-
MeHT U3 R HHBapHaHTEeH oOTHocHTeJbHO [ H mo Teopuu Tlanya
—leda.

4. AnTuuneapuanTrvie 5AemMeHTH

Coxpansis NPEANONOKEHHS H 0603HAUEHHS TeOpeMHl 3, OyleM
cuutath, 4To K -— moJje xapakTepuctuku 0. DaemeHT 2 us S
HA3BIBAETCH QNTUUHBAPUAHTHbIM OTHOCUTEJIBHO (, ecuu

g(2)=(detg)”' 2

ois Bcex g = G.

[Tyers H ~— MHOXKeCTBO NCEBAOOTpAXKEeHHH M3 G, OTJIUUYHBIX
or 1. [aa aw6oro g&H cyumecrywor e, &V u f, V",
TaKHe, 4YTO

g(x)=x-+f,(x)e;, xakoB Gm HH Gbn xeV.

HPEILJIO)KEHI/IE 5. (i) O6osnauum uepes D sasement || e,
eH
8 S. AnTuuHsapuaHTH&IMU OTHOCUTEABHO G 3/lemeu1amgt 8 S
6ydyr 8 TourocTu saementsr modyas RD.

(ii) /Ipednoaoscum, uro mer seibpasu 6Gasuc (X, ..., X))
6V u rem camem orosxdecreusu S ¢ ascebpoll MHO2OuAEHO8
K[Xy, ..., Xi). Hyero (P, ..., P)) — aseebpaunecku Heszasucu-
mole 00HOpOOHbIe 3aemenTbl 8 S, nopoxcdarowue aacebpy R

(reopema 3). Toeda saxobuan J=det(-§%) umeer sud AD,
2de A K",

a) B oGo3navenusx yTBepxkaenus (ii) umeem

dpl/\dpz/\ “oe /\dpl=JXm/\dX2./\ o /\Xm,
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OTKyZa HpH Bcex g0
gW)detg)dX, A ... NdX;=g()d(@X) A ... Nd(gX)=
=g(dP, A ... NdP)=dP, A\ ... NdP,=
=JdX, A\ ... NdX,.
CnenosartenbHo, J aHTHHHBapHaHTeH OTHocHTeJabHO (. [asee,
nojie oTHoumeHnu#t N anre6pol S ectp pacwupende [aaya moJs
oTtHoweHn#A E ee momaare6pel R (n°2). Beakoe muddepeHuu-
poBaiue A noasi E co 3HaueHHsAMH B HeKOTOPOM noxpmnoJje Q= N
apofosKaeTcs 1o AuddepeHnnpoBanus nojas N co sHaueHHAMH
B Q (Aze., t. V, § 9, npemsoxenne 5). Tak kak y mac P;
aqre6panueck#d HesaBucuMbl, T0 dP; A ... A dP; 0 u, cie-
JosaTeqasHo, J 5= 0.

6) Ilycts 2 — aHTHHHBaPHAHTHBIH OTHOCHUTEJBHO G 3JEeMEHT
u3 S. JokaxeM, uro z feautcAd B S Ha D. Ilyctb a — HeHy-
Jepoft BeKTop B V., DieMenTs! rpynmnel (f, oCTaBJAIIAE YCTOH-
uuBofi npsaMyio Ka, OCTaBJSIOT yCTOHYHBOH H JOTOJHHTEJbHYIO
ranepliyiockocTs L (DomosHeHHe, NpelasoxeHHe 2). as Toro
yTo6Bl 3JeMeHT H3 (, ocTamasdwmui ycroftumsoit Ka, Owia
au6o 1, aubo mnceBIOOTpa)keHueM BeKTopa ¢, Heo6XOAHMO H
IOCTaTO4YHO, 4TOObl OH HHAypHpomaa 1 Ha L. Crano ObiTs,
ACeBIOOTPaXEHHs BeKTOpa a, NpHHanJdexalie rpynme G, o6-
pasylotr BMecTe ¢ | UHKJHWeckyio noArpynny G’ rpynme G.
Ilycts t —ee nopsagok. Cyuwectsyer 6asuc (X, ..., X)) BV,
takoli, uto a=X,;, X,=L, ..., X;= L 1 MOXHO OTOXAECTBUTh
¢ MHorouseHoM P(X;, ..., X;) c¢ koapdupuestamu u3s K.

PaBenctBo g(2)=(detg)™'2 mas g = G’ nokaswmiBaer, 4T0 X,
Bxogut B P(X;, ..., X;) ¢ mokasatesneM, cpaBHUMBIM ¢ —I
no MoayJio f. 3nauut, P(X,, ..., X,) Aesadrca Ha X' =a""
Ho ¢ TOuHOCTBIO 10 CKa/sipHOTO MHOXHUTeJs D saBJaseTcd npo-
n3pejenneM 3JAeMeHToB ai~! gaa a <V, Taknx, urto {> 1, #
STH 3JeMeHTHl aarefpol S mMOmapHo B3aHMHO MPOCTHl. Tak Kak
S — (akTopHaALHOE KOJBLIO, TO 2 AeJATCA Ha D.

B) CornacHo a) u 6) sakoduan J mequtrcs B S na D. Ho

l
degJ == 2‘1 (k; — 1)=Card (H)
=

(npensoxenne 3), caeposatesapHo, deglJ=degD u J=AD
¢ A= K. Tak kak J % 0, To A= K". TeMm cameiMm (ii) nokasaHo.

r) B a) u B) Mbl y6enusuch B aHTHHHBapHAHTHOCTH D OTHO-
cutesqbHO (. 3HauuT, OpH BCex y & R sneMedT yD GyneT aHTH-
HHBapuaHTeH oTHocHTessHO (. HakoHel, ecau 2 =S aHTHHH-
BapHaHTeH OTHoCHTesqbHO G, TO, Kak MH BHAeaH B 0), cyle-
cTByeT y& S, aas koroporo z=yD. [locKoJbKy KOJbLUO S
LesJOCTHO, y & R. DTHM 3aBepllaeTcs L0Ka3aTeabCTBO YTBep-
KAenus (i).
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5. Jonoanenusn?)

JIEMma 4. ITycrs K — kKommyrarusnoe nose, V — kouneuno-
Mmeproe sekToproe npocTpancTeo nad K, G — Koueynas epynna
agromoppusmos V nopadka q, obparumoezo 8 K, S — cumme-
Tpuseckas aneebpa npocrparcrea V, R — nodasze6pa 8 S, co-
CTOAWASA U3 UHBAPUAHTHBIX OTHOCUTeabHo (G aaemenTo8. [ as
1020 471066l npocroii udear P goicoror 1 8 S 6win passersaen
nao p=PNR (Kom. aze.), neobxo0ume U HocratouHo, 410661
CYWecT808aML OTAUYMHDlE OT HYyasn asemenTo, a=V u f=V7,
raxue, wro P=Sa u ncesdoorpamncenue s, ; npurnadiexur G.
Ipynna pasaowcenus &7 (P) roeda cosnadaer ¢ nodepynnot
saementos 8 U, ocrasatiowux ycroiuusom Ka, a epynna uHep-
yuu O®T (B) — ¢ yurkauneckoir nodepynnoti H, = G, cocroaweii
uz ncesdoorpancenuii 8 G sexropa a. IToae Kaaccos goiweros S (F)
arecebpor S no modyaio B cenapabervro nad nosem Kiaccos
8oiteTo8 R (D) aseebpst R no modyawo p, u umldexc sersrenus
e (B/v), na 1 6oavwuii nokasaresn udeara P g dususope div(Ds/x)
Oudhpepentol, pasen Card (H,).

PaspeTsaennocTs P Hag R o3HayaeT, YTO €ro rpymmna HHep-
nuu ®T (P) He cBOAUTCSH K €IHHHUHOMY 3/eMeHTy. MHaue rosops,
B G CyllecTBYeT sJaeMeHT g 7= 1, a/1s Kotoporo g (2) = z (mod )
npu Bcex z & S. Tak kak S — daxTopuasbHOe KOJBLUO, TO L —
raaBHbl Mieast Sa M a JenuT Bce sieMmeHTH g(2) —z2 (2 &< S).
Ho nas ze<V 9tH sjeMeHTH OLHOPOAHEL CTemeHH | H He Bce
paBHBl Hyao (moToMmy, uTo g 5~ 1). CaenoBarespHO, a [AOJXKEH
ObTh OJHOPOJHHM 3JeMEHTOM cTemend 1, T. e. a<V, nosromy
cyluecTByeT JauHeiiHass dopMa [ na V, Takas, uTo g==S84 4.
Oo0patHo, ecau g — NCEBROOTpaXKeHue S, f, OTIHYHOE OT 1, TO
g (2)==2(mod Sa) nag Bcex 2 S, U NMOITOMY g HPHHALIEKHT
rpynme HHepUHH NpocToro mueana P==Sa. Tem camMbiM pOKa-
3aHO TepBOe yTBepXKAeHHe JeMMsl H omucansl GZ(P) u GT ().
HseecTHO, 4TO cTemeHp moast KJaaccos BuiueTobB [S(P): R(p)]
peaut Card (G)=¢ (Kom. ase., ra. V, § 2, n° 2). Tak kKax ¢
B3aHMHO IPOCTO C XapaKTePHCTHUECKOH SKCIOHEHToH p moJsa K
(a Takxe noas S(P)), To pacmupenne S () umanm R(p) cenapa-
GespHO. YCTaHOBJAeHO M paseHcTBo e (P/p) = Card (H,) (Kox.
as2.) TlockoabKy HHIEKC BeTJeHHs e(f3/p) B3aMMHO MpoCT C p,
nokasartejb auBudopa P B div(Dgir) pasen e(P/p) —1 (Koxu.
ase.), UeM H 3aBepluaeTcs LOKAa3aTeJbCTBO JEMMHL,

JIEMMa 5. [Tycre K — xommyrarusnoe nose, S — epadyu-
posannan K-aszebpa muO204seno8 U R — epadyuposatias

') B 3T0OM nyHKTE HCIOJAB3YIOTCS PE3YJAbTATH W3 HaXoXSuwHXcs B 1OA-
roTOBKe IyiaB KHurd Kommyraruenas ascebpa. Mel oTchnaeM K HHM COKpa-
LIEHHBIM CHMBOJIOM ,KoM. aie.*
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nodaazebpa 6 S. [l 24 7020 4r0bot S Oviaa epadyuposantsim c8o-
600HuLM R-modyrem (Alg., chap. 11, 3° éd., § 11, n° 2), neobxo-
oumo u JdocraroyHo, 4Tobbr Oblal 8oiNOAHEHbL Caedyruiue 0sa
ycaoeus:

a) R — epadyuposarnnas K-areebpa mMHO2044eHOS,

6) ecau (a;, ..., ag) — cucrema obpasyrouusx K-areebpo. R,
COCTOAWAR U3 OOHOPOOHBLX QA2e0pauUH4ecKy He3asUCUMBbLX 31e-
MEHTO08, TO 3TQ cucrema ssasercs S-pezyasaprot nocaedosa-
TeabHoCTbI0 1Y),

B cayuae koeda S ecrv R-modyas xoneurnoeo tuna, 6) cae-
Jyer u3 a).

JlokasaTeJsibCTBO cM. B Kom. aze.

TrorEMA 4. [Tycte K — xommyrarusuoe noase, V — koreyro-
MepHoe seKkTopHoe npocrparcrgo Had K, S — cummerpuueckasn
aaceépa npocrpancrsa V, G — Koneunas epynna asTomoppus-
mo8 'V u R —nodascebpa s S, cocToauan u3 UHBAPUAHTHOLX OTHO-
cureavno G asemenros. llpednoroscum, uro nopadox g =Card G
obparum 8 K. Caedyrouue ycaosusa 3K8UBANCHTHBL:

(i) G nopoadaerca ncesdoorpasenuanu;

(il) S — epadyuposannsiii £80600HbLI R-mo0yav;

(ili) R — epadyuposannas K-arceGpa MHO204AEHOB.

OkeuBasenTHOCTh (ii) u (iii) BEITeKaeT U3 n° 2 H U3 JeMMHl B,
Umnaukaunus (i)=> (ii) cnenyeT u3 teopems 1.

[Tokaxem, uro (iii)=»(i). Ilycts G’ —moarpynma B G, mo-
POXIEHHAs NCEeBIOOTPAXKEHHSIMH, NPHHALIeKaWuMH G, H NyCTh
R’ — mopaare6pa B S, cocrosauias M3 HHBAPHAHTHBHIX OTHOCH-
TeqapHo G’ sneMmeHtos. Torma R < R < 8. ITlo Jnemme 4
div (Dgr) = div (Dgyr-), otkyna div(Dryr)==0. IIpennosoxum
3aTeM, uTo R —rpaayupoBaHHad aJre6pa mHorousieHoB. Tax
Kak 3TO B paBHOH Mepe OTHOCHTCH H K R’ (mockoJeky G’ mo-
poxJeHa MNCeBIOOTPAXKEHHSIMH), TO No JemMme B R-Moxynir R’
JONyCKaeT OJHOPOLHbLIA 6asuc (Qy, ..., Q). [ycts g; = deg (Q;).
Tlosoxum

d=det (TI'R'/R (QLQ])) (A/ze., ra. IX, § 2)

PaBencrso div(®Dgyg)=0 nokaswpaer, yto div(d)=0 (Koun.
aze.), a s3To o3Hayaer, uro d npuuarjexutr K°. Ho, ¢ ppyroi

'} 910 osnauaer, yTo aaa moboro { {1, 2, ..., s} KaHOHUueckuil o6pas
24eMeHTa (ll B KOJble

S[(Se, + ... + Sa;_})

He fABJdAeTCHA ACAATECAEM HYJA B ITOM KOJbLE.
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ctopoHbl, Trpyr(Q;Q;) fABAAETCH OIHOPONHHIM 3/IEMEHTOM CTe-
MeHH ¢; -+ gy, a d — OLHOPONAHBIM 3/eMEHTOM CTeNeHH Qqu.
i

TakuM o6GpasoM, Zqi=0, T. e. ;=0 pgas Bcex i, OTKyNA
{

cnenyer, uro R’=R, a 3Hauur, no teopuu l'anya G’ = G. Tem

caMBIM J0Ka3aHo, 4To (G MopoXIAeHa ICeBJOOTPaXeHHAMH.
Y, T. HO.

3ameuanun. 1) B mpennosoeHHAX TeopeMbl 4 IpoOH3Bele-
HHE XapaKTepPHCTHUeCKHX crelleHed anare6pel R pasHo ¢ {dop-
myna (6), npemnoxkedne 2, (iii)), M, 3HAUHT, OHH B3AHMHO
IIPOCTE C XapaKTePHCTHUECKOH sKCNMoHeHToH noas K. dto paer
yTBepIKjeHHe, aHHOHCHpOBaHHOe B n° 3.

2) Ecan ue npepmoaarate OGoJsee, uto nopsamok Card (G)
o6patuM B K, 10 BCce eme (ii) & (iii) (aemma 5) u (ii)=>(i)
(ynpaxHenne 8). Onnako mMmnankauus (i) = (ii) nepecraer GniTe
BepHO#l (ynpaxHeHHe 9).

[TeEnnoxenue 6. [Tpednosomenus u 0603nayeHus rte e,
yto @ reopeme 4. Ilycre H — muosucecTeo ncesldoorpanceriii
6 G, orauaneix or 1. Honycrum, aro H nopomdaer G. [an

®
106020 g & H norowcum g (x) =x + [, (x) e, edee, =V, [, V"
[onoacun
D=1]] e, =s.

gsH

(i) Jugpepenra arzebpoe S nHad R agaserca zaasHuim udea-
aom SD

(ii) Tycre 8 V sot6pan 6Gazuc (X, ..., X;) u S oromde-
creaena ¢ aseebpoii KXy, ..., X,]. Hycro Py, ..., P, — 00no-
poOHele aaseebpauvecky Hesasucumvie obpasywoujue asrzebpol R.

Toeda axo6uan J = det (g—g) umeer sud AD, 20e A= K.

4
(iii) ;1 (deg (P;)) — 1) = Card (H).

(iv) MuoocecT0 aHTUUHBAPUAHTHOLX 3/eMeHTO8 8 S cosna-
daer ¢ RD.

Yraepxuenue (i) cnaenyer u3 jgeMMu 4. Ytsepxkaenue (ii)
chaenyer u3 Ttoro, 4ro SJ sBaserca puddepeHTolt aarebpu S
Hag R (Kom. ase.). Yteepxzaenue (iii) BhiTekaeT u3 TOro, uTO
OJIHOpONHBle MHOroujgeHol D W J MMEIOT OIMHAKOBYIO CTelleHb.
HokasateasctBo (iv) TaKoBO :Ke, KaK B N° 4 (10Ka3aTeJbCTBO
npensoxenus 5, sranu 0) H r)),
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§ 6. HpeoGpa3zosanue Kokcrepa

B stom maparpade uepea V 6yner ofosHauaTeCs Belle-
CTBEHHOE BEKTOPHOe NPOCTPAHCTBO KOHEYHOH pa3MepHOCTH [ H
uepe3 W — xoneunas noxarpynna B GL (V), nopoxaeHnnas orpa-
KeHHsIMH W sABJsomlasics cymectseHHod (§ 3, n° 7). Ha V
uMeeTcst CKajspHOoe NpousBenenue (x|y), MHBapHAHTHOE OTHO-
cuteapHo W. OGo3uauuM uepe3 § MHOXKECTBO THIEPINOCKO-
creit H B V, Takux, YTo COOTBETCTBYIOILIEE OPTOTOHAJNBHOE OT-
paxkeHHe Sy npunaglexur rpynme W.

1. Onpedearenue npeobpasosanuii Koxcrepa

HasoBeM ynopadouennoii xamepoti ornocuTensHo W mnapy,
cocTosimylo H3 kamepnl C, onpenesennoff cucreMod §, u Guer-
unu {—> H, wmuoxecrsa {1, 2, ..., [} Ha MHOMKECTBO CTEHOK
xaMeps C (§ 3, n° 9, mpennoxenne 7).

Onpenenenue 1. [Tpeo6pasosanues Kokcrepa, onpedesennoim
ynopadouennoii xamepoii (C, (H;), _, <1)» Ha3blBAETCA 948 MENT

¢= SuSu, +++ Si, ePYRNOL w.

Ilrennoxkenne 1. Bce npeobpasosanus Kokcrepa conpsa-
ocersr 6 W.

Tak xak W nepecrasasieT KaMepbl OTHOCHTEJLHO ¥ TpaH3H-
taeHo (§ 3, n° 2, Teopema 1), To HaM ocTaeTcs HOKasaTh, UTO
ecan (C, (H), ., .,)— ynopsnouennast kamepa u n<S;, T0

$,8, ...8, U S S .. 8 conpsizkens! B W. Bsu
,°H, H; Ha 1y Ha(o) Ha p Ay

npenaoxenuss 8 ua § 4, n° 8, 370 HemocpeACTBEHHO BbiTeKaeT
M3 ciaenyiomel JieMMbl:

Jlemma 1. [Tycre X — Koweuwstii aec, xv+—> g, — TAK0E OTO-
6pascenue X e epynny ', uto g, u g, xommyrupywor ecakui

pas, kozda x 1 y He coedunenvt 8 X. [Tycre T — MHOMECTEO
CTpyKTYyp cosepuiennvlx nopadkos wa X. [aa mobozo E& T
obosHauum cumsosom py npoussedenue 8 T' nocaedosaresoro-
cTU  2.4eMeHTO8 (gy), . 4 Onpedesennod nopadkom E. Toeda

anemenTol pg conpsascerst 8 I

1) IlposeneM unpyknuw no n==Card X. Beuiy TpusuaJb-
HOCTH cJayuast nn==1 mpegnoaoxum, uro n_>>2. B X cyuecrsyer
KoHeuHass BepuwHHa a (ra. 1V, nononuenne, n® 3, mpeusoxe-
nue 2). Ilyers b = X — {a} — BepuunHa, coefHHEeHHad C 4, €CJH
TaKoBasl CYLIECTBYeT; eCJH K€ a He COeJHHEeHa HH C KaKoi
sepmuHoil u3 X — {a}, To BO3bMeM B KauecTBe b NpOM3BOJLHYIO
BepmuHy B X —{a}. B mo6GoM ciayuae g, KOMMYTHPYeT C gy
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st x = b. [lycte nopsafok m& J Takos, 4YTO a — HaubOJb-
wuit aaeMenr B X u b — nauGosbmuilt siaeMeHT B X — {a}.
Ilycts § €. JlokaxeM, YTO p, U p, CONpPSIKEHHI.

2) IpennoJio:KUM CHAUaJa, YyTo AJs1 mopsinKa & a — Haubo/b-
wHi sjaeMeHT B X, a b — nauGoabmuit snement X — {a}. Ilycts
X’ — veanit moxrpa¢ B X — {a}, sBastowuiica aecoM. Ompe-
nesHM otobpaxieHue x+—> g, noarpada X’ B I, nonaras g, =8,
npu x#b u g,=g,g, Ilycre &, 0’ —cyxenus §, n Ha X'
ITo npeinoNoKeHHI0 HHAYKUHH p,, W p, conpsikent. Ho scwo,
UTO Py, = Ps» Py =P,y OTKYAA B 5TOM Ciyuae W CJeLyeT yTBep-
JKIEHHE JEMMEL.

3) IlpeanosoxuM, 4To a — HauGoJbIUIKI a/leMeHT B X g E.
ITycrs X, (cootB. X,) — MHOXecTBO 3seMeHTOB B X — {a} cTporo
Ma:KOpHPOBAaHHBIX (COOTB. MHHODHPOBAHHBLIX) 3J€MeHTOM b.
Tlycts E; —cyxeHue § Ha X;. Toraa

Py == Pt 8pP: 80 = Pe, 818 oPs,

a STOT 3/eMeHT CONpPsIKeH C p, p, g,8,. TeM camMbiM MH npH-
uLig K cayyaio 2).

4) B obuiem caydae mycrtb X; (cootB. X,) — MHOXeCTBO
3J€MEeHTOB B X CTPOTO Ma:KOpHPOBAHHBIX (COOTB. MHHODHPO-
BaHHBEIX) 3JeMeHToM a. [lyere E; — cyxkenne & na X;. Torna

Py =Py 8,P; — STeMenT, COMNpPSIKEHHEI C PyPe 8 H MBl TDH-
XOIHUM K caygawo 3).

W3 npensoxenuss 1 caexpyer, uTo Bce MnpeoGpa3oBaHHs
Kokcrepa uMeloT OAHMHaKOBLII mopsanok h=~h(W). dro uncio
HaswiBaeTcst ¥ucaon Koxcrepa rpynnb W.

3anexanue, Tlyets Wy, ..., W, — KOHeUHHe CYylieCTBEHHbIE
TpYIIiBl, NOPOKACHHBE OTpaKeHHSAMHU B IpocTpanerBax Vy, ..., V
C; — kamepa otnocuteabuo W; W=W, X ... X W, —rpynna,
neiicreyomtass Ha VX ... XV,. Torna C; X ... XC, Oyzer
xamepoii oTHocuTesbHO W. [Ipeo6pasosauns Kokcreparpynnu W,
onpelieieHHbe KaMepoit C, 3amucbBaloTCs B BHIe NpoH3Beje-
HHW €,Cp . .. Cp, THE €; — NpeoGpa3oBanue Kokerepa rpynnu W,

onpeneseHHoe kamepoit Cj.

2. Cobcrsennsie snavenun npeobpasosanus Koxcrepa.
Hoxaszarean

Tak kak Bce npeoGpasoBanus Kokcrepa conpsukens (n° 1,
npenioxkende 1), To y HHX OyJleT OIHH H TOT Ke XapakTepH-
cTHUeckHii MHorouaed P(T). Ilycts h —uuciao Koxkcrepa
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rpynnst W. Torpa
]

P(T) = H(T — exp Qizmi),

i=1

roe m;, my, ..., mM;—I1ejable yHcja, TaKHe, 4TO
0<m<Km,<C...<m < h.
OnpENENEHHE 2. lleavie uucaa my, my, ..., M; HA3bIBAIOTCA

noxasareaamu epynnet W.
TTycts C — KaMepa oTHocHTebHO 9, Hy, ..., H; — ee cTeHKH.
MNonoxum §; = SH, O603HayuM uyepe3 e; €IHHHUHBIH BeKTOp,

opToroHaabHbll K H; W nexaummii mo Ty Xe CTOpPOHY OT f;,
yto u C. CorJyacHo npepsoxeHuio 2 fonoadenus ra. IV, moxHo

npeanoJaraTb H; npoHyMepOBaHHLIMH TaK, 4YTO &, €, ..., &
M €41, €19 ..., € OYLYT NOMapHO OPTOroHaJbibl. Torpi § =
=885 ... §, — OpPTOrOHaJbHasd CHMMETPHS OTHOCHTEJBHO MOJ-
NpOCTPaHCTBA
Vi=H NH,N...NH,
$" =8,,18,42 ... § — OPTOrOHAJbHAST CHMMETPHA OTHOCHTEJLHO
Vi=H, NH N...NH

u ¢ =s’s” — npeobpasoBanue Kokcrepa. Tak kak (e, ..., ) —

Gasuc V, to V —npsamas cymma V7 u V",

OTcona caenyer, BO-TlepBulX, YTO 1 ne sigaserca cobcraen-
Hot M 3Hauenuem npeobpasoBaHus ¢. B caMoM jpedqe, ecau ¢ (x) =x
Jast Kakoro-to x&V, 1o 8 (x)==s"(x). 3HauuT, BeEKTOp
x — 8’ (x)==x — §”(x) oproronased K V' u V” u nosroMy papeH
HyJio, otkynra x=8(x)=s"(x)sV’/'NV”={0}. Taxum o6pa-
30M,

0<m<m<<...<m<h (N

XapaKkTepHCTHUYECKHA MHOrouJieH Inpeo6pa3soBaHHA ¢ HMeeT
BelllecTBeHHHEe Ko3dduumentn. [lostoMy aaa mo6Oro j MHOXKH-

Teap T — exp QIzm' BxoauT B P(T) c Tofi XKe KpaTHOCTbIO, YTO
n T —exp —2—1—@‘—) . Crano 6uiTh,

mp+mp-p=h (1<) @)
CkaafpiBasi TOYJIEHHO paBeHCTBa (2), nosayuaeMm

my+my+ ..+ m=lh. 3)

JIeMMAa 2. Coxpanum npedoidyuwue obosunavenus u nped-
noaoxcum, «ro epynna W nenpueoduma. Cyuwecrsyror dea au-
HellHo He3asuicumbvlx eexropa z', 2", Takue, 4To
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(i) naockocts P, narsanyras na 2’ u 2", ycroihwuea OTHOCU-
reasHo s’ u 8",

(if) s’IP u s”|P 6ydyr oprocOHAAbHBIMU OTPANCEHUS MU
ornocureasro Rz’ u Rz2”;

(iii) 2/, 27 =C, u P} C — mHomecTso AuHelHBIX KOMOUHAG-
yuii sexropos 2’ u 2” ¢ kosagppuyuenrany >0.

Iycrs (€', ..., e')—6asnc B V, rakoit, uro (¢'|e)=24;;.
Torga C siBiseTCS1 OTKPHITHIM CHMIJHIHAJbHBIM KOHYCOM, Ompe-
fenennbiM Gasucom {e'} (§ 3, n° 9, npennoxenue 7). lcuo, uto V*

nopoxzeno saemenraMu €*!, ..., ¢!, a V” — snemenramu
e's ..., . Ilyctb ¢ — snpomop¢duaM npocrpaHersa V, aas koto-
poro g(e)=e, ..., qg(e')=¢e;, Ero Marpunma OTHOCHTEJbHO
(¢!, ..., &) paBna Q={((e;] ¢;)). Umeem (e;]e;)<<0 i~ (§ 3,
n°® 4, npennoxenne 3). Ilockosnbky W HenpusoguMma, He Cyie-
cTByeT Takoro pas6uenns {1, 2, ..., [}=1I,UI,, uro (e;]e;)=0
mgiel;, n jel, Tlostomy (§ 3, n° 5, semma 4) Q umeer
cOGCTBeHHBIA BeKTOp (@), ..., @;), BCe KOOpAHHATH KoToporo =0.

Ilyctb a — cooTBetcTBYIOLIEe COGCTBeHHOe 3HaueHHue. Ilosoxum
z=aqe' + ... + af,
2’=aqe'+ ... +ae=V"(C,
Z=a, "+ ... +aetesV'C

H BO3bMeM 3a P mJIocKocTb, NOpOXKAeHHYIo 2’ u 2”. Torna P1C
Gyner MHOXECTBOM JHHeHHHIX KOMOGHHauHH z' H2¥ec Koaq)qm~

nuentamu > 0, CoorHomenue ¢(2) =az naer Z aje; = Z aa e .

YMHoxmB ero CKaJspHO Ha e (mJas k<r), no.nyun a; +

+ 2 a;(e;| e;) = aa,. TosToMy
j=r+1

(a—I)Z”=Zr<AZI+ a; (ejlek))ek 2 (Zr e;lek)e)

k=1 j=r+1 k=
2 a;(—‘f] +2(€i|€k)9)
1—r+
2 aje’ + 2 a,e,———z + 2 ae;.
]——r+l j=r+1
3uaunt, Bekrop (a — 1)2” - 2’ oproronasnen K e', ..., ', 1. e.

x mnpoctpaucty V”. Ilostomy s” ocraBasieT yCTOHYMBOH M0~
CKOCTb, TIOPOKIEHHYIO 2" ma—NDz"+2, 1 e P. Awnano-
ruyHo 8’ ocrasasger P ycroiuusod. Tak kak 2’ PNV’ n
2= PNV”, 10 s’| P us”|P OyryT OTpaKeHHAMH OTHOCHTEILHO-
Rz n Re”.
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TeoreMA 1. [lycre epynna W nenpusoduma. Tozda
(@) m=1, m=h—1.

(if) Card (9) =  [.

CoxpauuM npenwbayuue o6o3Hauenusi, CyxeHHe ¢=s's"

AN
Ha P ectb Bpamenuwe Ha yroa 2(2”, 2’) (§ 2, n°b, caeAcTsue
npenoxenns 6). Tak kak nopsiok ¢ paBeH A, T0 A 3JeMeHTOB
Le, ..., c"h‘l rpynnsl W nonapHO pasiuyHBL. DJaeMeHTH S,
s§’c, ..., §’¢"~! TOXe MOMapHO PA3HYHBL U OTJHUHBl OT Ipe]H-

AYUIRX, MOCKOJbKY c¢'|P — BpaiieHue, a s’c¢’| P — oTpaxenue.
MHuoxecTBO
L, c,..., "1, &, s, ..., s’c"1)

apasercs noAarpynnod W' < W, nopoxneHHo# ajeMeHTaMH s
u §” n uuayunupymomwel ua P rpynny W7, NopoXAeHHYIO OpTO-
TOHAJMbHBIMH OTPa:KeHHSAMM OTHOCHTeJbHO Rz” um Rz2”. O6pa3s
kaMepbl C OTHOCHTe/bHO djeMeHTa N3 W’ 6o He NMepecekaeTcs
¢ — C, smbo copnagaer ¢ —C, To e caMoe, caeloBaTeNBHO,
MOXHO CKas3aThb [0 noBoxy nepeceuenudt P1C u — (PN C).
IMosromy npu noxxonsiuedl OpHeHTAUHH MJIOCKOCTH P naiimercs

S n
nesoe uucjao m > 0, Takoe, 4yro (27, )= (§ 2, n°5, caen-

cTBHe TNpeaJoxenus 7). Csepx Toro Muoxectsa g’ (C) muas
g’ = W’ nonapuo He mepecekatorcsi. [losToMy nonapuo He nepe-
cekalorcad MHoxectsa g”(P(1C) naa g”=W”, u, 3suauur, Io-
pagok W” pasen 2k, orkyma m=h. Ilo onpenesenumwo, c|P —

BpallleHHe Ha yroJ QTn H JONyCKaeT, CJAelOBaTeJbHO, B Kaye-
€TBe COOCTBEHHBIX 3HaueHHH expE;li H exp E%i Srum
JoKkasaHo, uto m; =1, m;=h— 1,

O6pasaMu npameix R2’ u R2” ormocutennno W’ 6yayr A
npameix Dy, ..., D, naockocTy P, a Touky Muoxkecrsa P — (D, U ...
... UDy) 6ynyr W'-o6pa3aMu Touek u3 P()C. CjenoBaTeinbHo,
THIEePIIOCKOCTH ceMefictBa ¥ nepecekaloT P TOJBKO MO Npsi-
MbM D; u Kaxpass u3 Hux HAeficteueM W’ Moxer OuiTh Mepe-
BelleHa B THOEPNJOCKOCTh H3 9, cofepxamyio Jau6o RZ/,
Jnb6o R2”.

Ho mo6as runepniockocts H < 9, kotopasi coxepxutr Rz,
COBIajaeT ¢ OAHOH M3 rHNeplliockocred Hy, ..., H,. JeHdcTBU-
TEJbHO, IYCThb ey —~ eNMHHYHHHN OpTOroHaabHBIH K fI Bexrop,
Jiexawui 1mo Ty xe cropony ot H,urou C. Torgaey =Ae; + ...
... +Ae;, roe Bce A, =0 (§-3, n°5, nemma 6, (i)). Ho
0=(eyl2)=Ar 11811 + ... -+ A, mosromy

M= ... =M=0 0 eyg=he -+ ... +Ae.
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[IpeanosoxuM, YTO KaKHe-TO JABa A; He PaBHbl HyJI0, HallpH-
Mep A; H A, Tak Kaxk e, ..., e, IoMapHO OPTOTOHAJbHH, TO

silep)=—Mei+ ey + ... + Aoy,

H KOODJAMHATbl BEKTOpA S;&y He MOryT OhiTh BCE OJHOro 3HaKa,
a 3TO HeBO3MOXHO (Tam oce). TTosTOMY BeKTOp e, UPOHOPLUHO-
HaJleH OAHOMY U3 BeKTOPOB €}, ..., &, M Halle yTBepKJeHHe
nokasano. Touno rak xe Jw6ag runepniaockocts H e 9, co-
gepxamas Rz”, coBmajgaetr ¢ OJHOH ¥3 TrUHEPIJIOCKOCTEH
Hr+1v v Hl-

~ Hrak, yucio rumepniaockocredl 8 9, comepxamux aubo Rz’,
an6o Rz”, pasuo [. CaegoBaresbHo, €ClIH A YeTHO, TO Card ()

paBsHoO —gl. Ecan h neuerso, 1o Card(9) paBHO l+r,
a TaKxe ! 14+ (I —r). Orcioma umeem r=1[—r, TaK uTo
r=—;- u Card(9)= h——l —-h

Sameuanue. COXpaHHM 0603Ha'—IeHI/Iﬂ npeablAyLIero JaoKasa-
teabcTBa. [lycTh ¢/ — C-nuneiisoe npojoJxeHHe npeobpasoBa-
Huag ¢ HAa V ®grC n ¢” —cyxenue ¢’ na P @z C. H3 croficts
¢| P cnegyer, uTo ¢” nomyckaeT COGCTBEHHBIH BEKTOD X, COOT-

o 2im
BeTCTBYIOLIHMI COGCTBEHHOMY 3HaUeHMIO exp ——, H 3TOT BEKTOp:

He TMPHMHALJEXKUT HUKaKoMy Muoxectsy D[] C, rge D o3Hauaer
npaMyio B P (1nockoabky D e siBAseTcs yCTOHYMBOH OTHOCH-
Tesabno ¢). Ho sicno, uro H ([} P — npsMas aasa Jwo6Goi rumep-
naockoctn H & §. 3nauur, x & H @ C.

CaenctBui. [lycrs Ry— MHOMeCT8D eGUHUYHLIY BEKTOPOS
8 V, oproeonarsuoix saemenram usd . Ecau epynna W nenpu-

soduma, TO
2 (sluwp=h(xln)

ora ecex x=V.
ITosoxuMm f(x)= 2 (x]u)®. OueBugno, [ — NOJOKHTENb

us R
Hasi KBajapaTuysad ¢opMma, WHBapHaHTHas OTHocuTeJbHo W H
HeBHIDOXKEHHas1, MOCKOJIBKY e; ob6pa3yior 6asuc B V. Tak kak
rpynna W HenpuBOAMMa, TO CYyIHeCTBYeT KOHCTaHTa P, 14
kotopoit [(x)=B(x|x) (§ 2, n°1l, npennoxenne 1). Ecin
(%), < <, — OpTOHOPMaNbBLIH 6a3uc B V OTHOCHTENBHO CKaasp-
Horo mpowu3aBejenud (x|y), To
!

! l
Bl=2plnlx)=RAf()=2 X (uluf=
2 1=Card(Ry) =2Card ()= Al.

ueE R,
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Orciona B=Ah, ueM ¥ J[OKa3aHO paBeHCTBO (4).

IMeepnoxeHUE 2. Ecau h uerno, To eduncrTeennbvim 34emex-
Tom 2pynnot W, nepesodawun C 6 — C, aeasnerca ch2.

BepueMcss kK 00603HaueHMAM [OKa3aTesnbcTBa TeopeMnl 1.
2n 2 ’
Tockonbky ¢| P — Bpallenne Ha yron -, T0 ¢*? mepeBOIHT 2

B —2', 2" B —2” Y, 3RauutT, 2=2"+ 2" B — 2. Tak kak 2 =C,
To Kamepa c*?(C) cosnagaer ¢ —C.

Tpennoxenue 3. [Ipednoroxcum, uro epynna W senpuso-
Ouma. Ilycre uy, ..., U — OOHOPOOHDIE 3NEMEHTHL CUMMETpUHe-
ckoii arzebpor S =S(V), arzebpaunecku nezasucumoie nad R u
nopoxcoarouue areebpy UHBAPUAHTHbIX OTHOCUTEAbHO W 31emen-
ro8 8 S (§ 5, n° 3, reopema 3). Ecau p; — crenens ssementa uj,
10 nokasareaamu epynnst W 6ydyr p,—1, ..., py— 1.

TToaoxum V=V ®gC, S'=8S(¥")=8 ®rC u npoaoaKuM
ckaJaspHoe mpou3BeleHne Ha V mo spmurosoft dopmer Ha V.
Ecan ¢ — npeo6pasosanue Kokcrepa rpynner W, To cyuiecTsyer
OpTOHOpPMaJIbHEIA 6a3uc (X,-),<i<l B V’, cocrosmui u3 coO-

CTBEHHBIX BEKTODOB mpeoGpasoBanus ¢ ®@ | (Aze., ra. IX, § 7,
n°® 3, npeaaoxenne 4). Ceepx TOro MOXHO mpejnoJarats, 4ro X,
. 2inm;
ans 1 <<{j<</ cooTBeTCTBYET COGCTBEHHOMY 3HAYCHHIO eXp —
npeo6pasosanus ¢ @ I. $lcHo, uro 8’ OTOKAECTBJAAETCHA C aAre-
6poii C[X,, ..., X,] u moxno 3amucats u; ® 1 =f; (X, ..., Xy,
rae [; — onHOponHbI MHorouden cremedd p; B C[X,, ..., X|].

7]
TToJs0uM D,=5—)—(7 u J(X,, ..., X;)=det(D,f;). Hanomuum
(§ 5, n® 4, mpeanoxenue 5), uro J(X,, ..., X;,) mponopuuo-
HajseH npousseneHuwo s S’ Card () sektopos y, u3 V, kax-
bl 43 KOTOPHIX OPTOroHaJ/eH HEKOTOPOH THIepIIOCKOCTH H3 9.
Tak xak MoxHO mnpepnoJsarats, uT0 X, ¢ H ® C nna Bcex

H = 9 (sameqanue), 10 X,-KOMIOOHEHTH! BEeKTOPOB ¥, OyAyT 0.

Caeposateapto, J (1, 0, 0, ..., 0)0. IlpaBuno pasasoxe-
HUs OINpejesauTe sl I10Ka3blBAET B TaKOM cJaydae, 4YTO Cylle-
CTByeT MepecTaHoRka ¢ MHoxectsa (I, 2, ..., [}, Takas, uTo

(Do nf) (1,0, 0, ..., 0) 5= 0 nas seex j. Tak kak Muorowies D pf 4
OfiHOpOfieH cTeneHH p; — 1, To Ko3hdUUMEHT MpH X’l’i"Xo(,,

B f;(X,, ..., X)) ue pasen nymo. Ho f; (X, ..., X,) unuBapuan-
TeH OTHOCHTeJbHO ¢ ® 1, a

(c®l (Xf’—lXc m)= (eXp 2_t';t(p1 —1+ mG(i))) (Xf’—lxom)'

1o nokaswBaet, 4to p; — | + mgp==0 (mod k). Onnako A—ms
sABAsieTcd MokasareseM (popmynaa (2). Ilepecrasass uy, MOXHO,
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CJel0BATeNbHO, INpeAnoJarath, 4to p; — l=m;(mod k) naa

Bcex j. Tak kak p;j—1=20u m;<h, 10 pj—1=m;+uh

¢ ueaniMu p;>=>0. Jlajee, coraacHo npeanoxenuo 3 us § 5,
14

l l
Card (9) = X (p; — 1)=]_§lm,+hi§ll’«1-

j=

YuntniBass dopmyay (3) u Teopemy 1, (i), Mb nosyuaem
1

h 2 pn;=0; caenosatennHo, p;=0 1Js BceX j W, HaKoHe,
j=1
p;—l=m; nas Bcex |.
Cnencteue 1. Ilopadox epynnee W pasen npoussedenuro
(my+D(my+1)...(m+1), 20e (m) ., — 803pacrarowas
noc.aedosareAbHOCTs €e noxkasareaet.

DTo BBITEKaeT W3 COOTHOLIEeHHHA m; + 1 ==p; U U3 CJelCTBUA
reopeMsl 3, § 5, n° 3.

Cnenctsue 2. Ecau ¢ — npeobpasosanue Kokcrepa epynant W,
TO
2in 2im
exp ~n u expl— 7
ABASUOTCA €20 COOCTBEHHLIMU BHAEHUAMU KpaTHoCTU 1,

B npornBHOM cayuyae cyilecTBoBaJid Obl /Ba OJHOPOJHBIX
HHBapHaHTa cTeneHn 2 B S, a 3HAYHT, W [Be HENPOHOPILHO-
HalbHble KBaZpaTHyHble GopMHl Ha V*, UHBapUaHTHbie OTHOCH-
TegbHo W, uTO NpOTHBOpEUMT mnpeanaoxeHuio | n3 § 2, n° I,

CaeactBue 3. Jlaf To20 4T06bL 20MOTETUA OTHOCUTEALHO
—1 8 V npunadaexcara epynne W, neobxodumo 1 docrarouro,
yT06o. 8ce nokasareau epynnet W 6owan ueyernsr. B caywae
kKo20a aro rax, h uerno u c*?= —1 dan M06oeo npeobpaszo-
sanun Koxcrepa ¢ epynnot W,

IlepBoe yTBep:KjaeHue BHTeKaeT M3 npemjoxenus 4, § 5,
n°® 3. Ilpeanonoxum, uro nokasatean W wHeuetunt. Torza h
YeTHO, KaK 3TO NoOKaswlBaeT dopMyna (2), u

2inm, k2
(exp 5 ) = exp (inm;) = — 1.

3uauut, ch? = —1, NOCKOIBKY ¢ — NOJynpocToli aBTOMOphU3M
npoctpanctea V (Aze., ra., IX, § 7, n° 3, npeanoxenue 4).



Honoanenue

JOMOJIHATEJIBHBIE CBENEHHUSA
O JIMHEMHDBIX MPENCTABJIEHHAX

Creaywoliee NpemsoKeHUE CJYKHUT 000OLIeHHEM IpeLI0Ke-
Hug 13 u3 ra I, § 3, n°8:

IMeennoxeHME 1. ITycre K — kommyrarusnoe nose, A — He-
xoropan K-aazeopa, V u W — 0sa aesoix A-modyas, KOTOpoie
ABASIOTCA BEKTOPHbIMU NPOCT PAHCTBAMIL KOHEYHO PA3MEPHOCTU
nad K. Ecau cywecrsyer pacwupenue L noas K, rtakxoe, 410
(A®g L)-modyauw V&pL u WL usomoppue, ro u A-mo-
Oyau 'V u W usomopguot.

a) [IpexmosoxuM crauanra, uro L — pacuimpenne mnoas K
KoneuHoil creneny n. Byayun wusomopdHEMU KakK (4 ® g L)-mo-
aymu, VgL u W Qg L usomopodusl # kak A-moxyau. Ho kax
A-monynn ouu wu3omopoHu V" u W" coorsercrBenno. [asee,
V nu W cyrs A-Moaynu xoHeuno#t anuns. CrenoBaretbuo, V

{(coots. W) — npsiMasi cyMMa HeKOTOpOro cemeiicrsa (M;i)[

(COOTB. (Nj])l<]<q) noaMonysefi, npuuem M, (COOTB. N]) yiKe
HE pasyoXKHUME, a gBa M; (coor. N;) ¢ pasjMYHBIMH HHIEKCAMH
He usomopdust (Ase., ra. III, § 2, reopema 1). B Takom cay-
wae V" (coorB. W")—mnpsamas cymma moamoxyneit M)Ti
(COOTB. N;‘s!). [MpuxonuM K 3aKaioueHHO (Tam gce), uto p=gq
M 4TO ¢ TOYHOCTBIO JI0 BO3MOXHON mepectanoBku N; moayman M;
nsomopdpuer N; a nr;, pasrbl ns; aaa 1<<i<{p. Cuenosa-
TesbHO, V usomopopen W.

6) Ilycts Teneps K — 6eckoneunoe nose. [To ycaosuo V u W
HMEIOT OAUHaKOBYI0 pasMmepHocTs Hax K. [lycts (e,-)l<l<m,
) <i<cm—Oasucet BV u W nan K, (a)) — 6asnc anre6ps A
Hall K. Hsomoppusm u: V@xL—->W QgL ectp L-nuHeiinoe
GHeKTUBHOE OTOOpa)eHHe, KOTOpOe B TO K€ BpeMs fBJAeTCA

(A ® g L)-roMOMOp(h¥3MOM; HHaue TOBODS, BLINOJIHEHO CJELYIO-
ljee ycJoBHe:

<i<p

amu(e;) =u (ape;) nns a6eIx A U L. (1)
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4
TMonoXHM ahei=21,yhiiei, a,e; :Zi'Y;»iiei’ THE Yy;; H Vi, TpH-
nagnexar K, u u(e) =2,§iie;, rae &, npuHajiexar nomo L.
7

Ycaosue (1) mpuruMaeT BHJI
2}.' & VA= 21' YasiSin 2y

¢ NpPOH3BOJILHBIMHU A, i, k. Tlo mpeanonoxenuio cucTeMa JHHEH~

2
HBIX OJHOPOAHBWIX YpaBHeHuit (2) mMeer peineHue (§;;) < L™,
taxoe, 4to det (§;;) %= 0. TTockoabKy Ko3ddHuneHTsl cuCTEMH (2)

nprHaggaexar nomo K, 10, Kak Mu 3HaeM (Alg., chap II, 3% éd.,
§ 8, n°5, npensaoxenue 6), 5Ta cucTeMa XONYCKaeT HETPHBHAb-

Hble pellleHust U B K™. Tycts E — BeKTOpHOE MOMMPOCTPAHCTBO
2
B M, (K)=K™, He cBomsileecs K 0 ¥ cocrosillee H3 yKa3an-
Hbix pemrenufi. Ilyers (¢)), o, ., — 623uc B E. Tlonoxnm (&)=
=2mel nas  moboir  marpunsl (§;;) = E. Torpa det (%)
1

ABAfeTCs MHorouseHoM P(n;, my, ..., Mp) ¢ KosdpdHuKeHTaMn
B K. KpoMe Toro, u3secTHo (rax sice), 4To pelleHHs cHCTeMul (2)
2
B L™ uMeloT BUA 2?’;,(:,, Ha 3T1OT pas ¢ ;& L. Iaa ogHoro
1

takoro peurenus det(§;;) paBed P(§, ..., {p). Koab ckopo 3to
Tak, To0 B caysae P(n, ..., m,)=0 npm NPOH3BOJBHBIX
Ny --es Ny K KodbOuUMeHTH MHOrounena P -~ Onlan Obl

paBHu 0, mockoabky K Geckodeuno. Mbl uMenum Onl TOrAa
Py, ..y £p)=0 naa mobuix &, ..., L, € L, 4TO NPOTABOPEUHT
npexnoJoxeHHio. Takum o6pa3oM, Mbl MoOXeM HalTH MaTpuuy
(E;)) = E, nas xoropoit det(f;;) # 0, # cooTBeTCTByIOIlEE OTO-
6paxenue V—W Oyner nsomopdusmMom.

B) O6wuid cayqaid. Tlycrs Q — agre6panyeCKn 3aMKHYTOe
pacurnpenne noas L v Ky — anreGpanyeckoe 3aMblKaHue 10Ja K
B Q. Torna no npeanonoxenuio V@ ,Q u W ® (Q 6ynyt uso-
MopdHEMH (A ® x Q)-Monyasmu, Tak xak K, 6eckoHeuHo, To,
cornacao 6), usomopdubl Takxke (A ® x Ko)-Monymn V ® x Ky u
W ® x Ko B o6o3nauenusx us 6) cucrema (2) o6aamaer pemte-
HHEM (Ei,)eK(’,"z, maa kortoporo det(g;;) % 0. Ho §&;; nmpnuan-
JIeXKAT ONHOMY M TOMY Ke aJnre6paudecKoMy pacmupeHuio K;
KoHeuHol crtemedy Haj K. 3nauut, (A ® g Kj)-Monyiu V Q¢ K,
0 W ®, K; usoMopdHb, U MH NOJydaeM H3 a) TO, 9T0 HYXKHO.

[eepnoxenune 2 (Mamke). IMycre A — Koasyo ¢ efuruyed,
E — sesoui A-modyae, F — ezo npamoe caazaemoe, G — KoHeu-
Has epynna nopadka g, p — aunednoe npedcrasaenue G e E.
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Ilpednonoxcunr, uro arement q.1 obparumn 8 A u uro modyss F
ycrouqus orwocuresvro G. Toeda e E cyuwecteyer donoanenue
nodyan F, ycroduueoe ornocurersto G.

Ilyers p — npoekruposanne E na F. Ias jmoboro x& E
IIOJ0KHM

flx)=¢q"! s§0 o (s)™" p(p(s) x).

NmeeMm f(x)=F u [(y)=y nan Bcex y < F, nosroMy [ Toxe
apnsetTcsa npoektHpoBanneM E Ha F. C gpyroit cTopoHH, ecJu
ted, 1o

e =q"' B o(st™)" plo(s) )=
=gq-! sga p(s) " plo(styx) =
=f(p(®) x).

3naunt, f KomMmyrupyer ¢ p(G), tak wro Kerf, nonoaun-
TeapHoe K F B E, ycrofiunBo orHOCHTENBHO G.

CnexgcrBuE. [Tycte G — KoHewnan epynna nopadka q,
K — sommyrarusnoe nose, xapaxkrepucTuka KOTOpceo He Oe-
aur q. Toeda epynnosas aszeGpa epynnet G Had K asisercs
NoAYNPoCToLl.

HeficTBaTe/IbHO, 10 NpensioxeHHio 2 Jo60H MOAyab Haf
3TOH aare6poH MOJYNPOCT.

ITpERSIOKEHNE 3. [lycte A — kommyraruenoe koarvyo, M —
A-nodyars, G — koueunan epynna, Oeticteyrowas Ha M, u
A" — A-modynre. Ilpednoaoscum, uro nopadok q epynnet G 06pa-
Tun e A. IIycre MG — muoxecreo UHBAPUAHTHOLX OTHOCH-
rensrno G saementos modyarn M. Toeda Kanowuueckuil 20 Momop-
puzm MG® , A" 6 M® 4 A’ onpedenser usomopguzm M3 Q , A’
Ha modyas (M ® A’)8 unsapuantHoix ornocutensno G saemen-
108 8 M ®, A

B camom nese, mycrts Q — npoekrupoBaHne M Ha MY, onpe-
JeJeHHOe paBeHcTBOM Q(x)==g¢~! 2 g(x) nns Bcex xe= M-
E

Ecau { — KaHOHHYecKoe BJIOXKEHHe MO B M, to Qoz——Tomne-
cTBeHHoe  oroGpaxenne MG ma ce6a.  CaenoBarennHo,
{Q®1,)0(i ® 1) — ToxkaecTBeHHOe  OTOGPaAXKEHHE  MOLYJA

MG®AA’. Tak kak Q® ly=gq"' Za(g®1A), TO 06pasom
. as
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i ® 1y aBaserca (M ® A’)8. C mpyro# CTOpOHbI, 1O CKa3aHHOMY
Boile [ ® 1, MHBEKTHBHO.

3ameuanue. Ilpexbiayiiee HpelJOXKEHHe NPHMEHSETCH 0CO-
6eHHO yacTo Torxa, korga A’ ectb A-aaze6pa. B atoMm cayuae
ME® , A" 6yaer A’-nogmonyJeM Moayas M ® 4 A'.



YOPAKHEHHSA

§2

1) ITyere K — xoMMyTaTuBHOe KoJbuo ¢ eaunuuedt, F — A-moayib n
E* — nyanbunift x HeMy Moayab. O603HAyuM yepe3 @ KAHOHHUECKHH roMo-
mopdusm Monyas EQ E* 8 End (£).

a) HasoseM ncesdoorpamenuem B E noGo#t orauuHuit oT 1 siemeHT
u3 End (E) suna

' sx,y*=l—'(P(x®y‘):

rie x& F u y'< E*, Tagoll 3neMeHT s HA3WBAECTCH OTpaxceniem, ecau
MOXHO BHOpaTh x ¥ y*, cBssaHHbe cooTHomenueM (X, y*)=2. Ilokasars,
gro Toraa s?=1u s(x)=— x.

6) Ilycte x = E, y* = E rakoBb, urto (¥, y*)==1, B nycts s — oTpa-
JKeHue, coorBercTByiowee nape (2x, y*). IToxasats, uro E sBJaseTcs npamol
cymmolt mopmonynss Ky, DOPOXKAEHHOTO 3J€MEHTOM X, H ODPTOTOHAJLHOTO
nonoanenust 4 k y*. IMokasars, uro Kx — cBoGoaHmil MOzyab ¢ 6asucom x
H uto s paBHo | Ha A n —1 na Kx.

2) B Tex xe o0603maueHusX, 4TO H B yOpaXHeHHH |, MOKasarth, yTO
det (sx, g =1—(x y*), ecan E — cBobogHuii K-MOAYJab KOHEYHOro THIA,

91 3) Hycets V — koMmneKkcHoe ruab6epTOBO MPOCTPAHCTBO ¢ GasucoM
e, oo e Jaa 1<<i<! nmyeTs s; — yHMTapHOE NCEBJOOTPaXKeHHe BeK-
Topa ¢; (§ 2, n" 1), rakoe, uto s, (e;) =rc,e;, Tie e, F 1. DaemeHT NpocTpan-
cTBa V MHBADMAHTEH OTHOCHTENBLHO S; B TOM H TOJNBKO TOM CJyuae, KOrja
OH opToroHaldeH X e, Ilycts W — noarpynna rpynnst GL (V), mopoxnennas
BCEMH §;.

a) ITyets { — nenoe uueno >1. Ilokasatb, uTo J0Goi 31EMeHT npo-

1

ctpanctea AV, nHBali/uaﬂTHHﬁ oTHocuTenbHo W, pasen uysmo. (ITposectu
uHaykuuio no e, Ecan V' — BekTopHOE noampocTpaHcTBO B V, mopoxjaeHHoe
o . 3
€ ..y €_, U €CNH e — HeuyJeBoll BEKTOp, OpTOroHaubHHA K V', 3amHcarts
i i
kax el saement npocetpanctea AV B Buge a+ (b Ae)cas AV u
==
be A V. Eciu a+ (b A ¢) uiBapuanten otHocutenbHo W, 10 a u b 6yayr
MHBAPHAHTHL OTHOCHTeJbHO rpymnsl W', nopoxkneHHOR sy, ..., §;_;, K KOTO-
pol MOMKHO IPUMEHHTb NPENONOKEHHE HHIYKIMH.)
G) IlpennomoxkuM, uro rpyma W xouweyna. IlokasaTs, Hcmonwsys a),
4TO A4s1 BesKoro sHuaomopdusma A npoctpaHersa V uMeioT MeCTO COOTHO-
IeHus

> det (A —w)==Card (W).de' (A),

ws W

>, det (1 — Aw) = Card (W).

we W
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BriBecTH oTCloAa, uTo aasa moboro A & End (V) cywectByer sqement w € W,
TaKoH, uTo Aw He MMeeT HEHYJEBHX HENOJBHXKHHX TOYeEK.

B) Iyets T'—rpad ¢ wmuoxecrsoM Bepmun (1,7) u ¢ pebpamu {i, j},
rae i, j TaKOBEl, YTO €; H €; HEOPTOTOHAJbHEL Tlokasars, uro V samasercs
npocteiM W-MoxysieM Toraa M TOJBKO TOTAA, Koraa I' cBasem ¥ Hemycr.

t
r) [lyets V — npocro#t  W-moayae. Ilokasats, uto W-momynm AV
(0<i<l) oynyr npoctmvu. (Ilokasars, uro cymecTByer Takoe Iejoe
uucao j, uro rpadp I'—{j} csssen. IlpoBecTH HHAYKUHMIO 1O [ M TPHMEHHTH
npeanoaoKenue HHAYKIMH K ROnpocTpancTsy V', mopoxiaeHHOMY BekTo-
pamu e;, i # j.) Ilokasats, uTo 3TH MOAY/IH MONAPHO HeH3OMOpPDHH ).

§ 3.

1) Ilpu BBeseHHHIX B N°1 OGO3HAUEGHHAX U YCHROBHAX MOKA3aTh, YTO Ka-
Mepsl oTHoCHTeabHO W ABASIOTCH OTKPHTHMH CHMIJIEKCAMH B TOM H TOJBKO
ToM cayuae, korja W Geckoueyna M HenpuBoauma. ITokasars, yro E/W kowm-
NIaKTHO TOT'ga M TOJBKC Torma, Korga W — mpousmepenne GeCKOHEYHHIX He-
{IpHBOAMMBIX TPy

2) Tlycrs V — BellecTBeHHOE BEKTOPHOE HNPOCTPAHCTBO KOHEYHOH pas-
MEPHOCTH CO CKaJAPHHM MpOH3BeJeHueM, F — KOHeuHasa MOArpynna Oproro-
HATLHOM TPYNIisl HPOCTPAaHCTBA V, IOPOK neHHAS OTPAKEHUAMH, A — THCKpeTHaA
nogrpynna B V, ycrofiuuBas orHocHTeqabHo F, W — rpymna nepemeluenwit
npocTpaHcTea V, nopoxjenhHas nogrpynmo#t F U MepeHocaMM HA BEKTOPH
n3 A, TlycTh § — MHOXKeCTBO runepmiiocKocredt // B V, Takux, uro Sy EF,

IMycTs R — MHOXECTBO 3/71€MCHTOB H3 A, OPTOrOHA/IbHHX 3JEMEHTAM H3 .
a) Jdaa rtoro uro6u W 6HIa HOPOXKIAEHA OTpPAaKEHHAMH, HeoGXOnHMOo
# jocTaToudo, uTof6n R mopoxpano A.
6) B R? co ckanspuam npousseperneM ((x, y), (X, ¥)) > xx’ + yy’

{IyCTh V‘—
1 3 1 V3
el=(lv 0)3 32=('—§: 9 ): 33=(_'§" - 9 ): Ai=Rei1

F — pusapajpHas TPyIna, ROPOXKJeHHAs Sap A — nuckpeTHas nogrpynna

8 R?, nopoxiewHas e; — MOATPYINNa, KOTOpasd YCTOHUYMBA OTHOCHTENbHO F.
TTokasats, uro W He nopoXpewa oTpa’keHHSIMH.

3) Myers V — BewecTBennoe BeKTOPHOE MPOCTPAHCTBO KOHEYHON pasmep-
Hoctd M W — koueynas noarpynna 8 GL (V), nopoxknenmas oTpameHUsIMH.
TToxasars, uTo nMoGoft ameMeHT mopaika 2 B W ecTs npomsBeneHue oTpame-
Hull, npuHagiekamux W u goMMyTHpyowux Mmexny coGoi. (ITpomectn ua-
Aykumio no dim V, Bocnoib3oBasmiuch NPelaokKeHHEM 2.)

4) Mycrs V — BeiecTBeHHOE BEKTOPHOE NPOCTPAMCTBO KOHeuHOH pas-
MepuocTd, W — koneunast noarpynna B GL (V), nopoxjenHas OTpaKeHHs MY,
w — sneMent U3 W, V' — ycrofynBoe OTHOCHTENBHO W BEKTOPHOE NOANPO-
cTpancTBo B V M k— nopsigok cyxenus w |V’ aneMmenra w ma V', Ioka-
3aTh, 4TO CYUIECTBYeT 3JeMeHT x & W nopagka k, ocrasasowuit V7 ycrofi-
yUBHM H Tako#t, uto x|V =w| V. ([lycrs W’ — MHOKeECTBO 3/eMEHTOB
rpynns W, OCT@BIAIOMAX HENOABHXKHHIME Toukd B V. Dra rpymna mnopo-
MKIeHAa OTpaMKeHMsIMH, U @ NepecTaBiseT Kamephnl OTHOCHTeNsHO W', BriecTH
©0TCI0Aa, UTO cyllecTByeT aiement h < W’, rako#l, uro wh ocraeiasger ycroii-
YYMBOH HEKOTOPYIo Kamepy oTnHocutensho W’ IlokasaTh, uto MOMXHO nojo-
KHUTh X = wh.)

p 1) D10 yumpaxuedue, HHrA€ He onyG/aHkoBanuoe, HaM coobuma P, Creftn-
epr.
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41 5) Mycte V —KoHeyHOMEPHOE BeleCTBEHHOE BEKTOPHOE NPOCTPAHCTBO,
W — koneunas noarpynna B GL (V), nopoxnennas orpaxenuamy, C — ka-
mepa oTHocuTeabHO W u S — MHOMecTBO ee credHokK. Has J<S nycms

W ,—noarpynna 8 W. nopoxnentas s, ¢ H & J, u nycrns & (J)=(—1)Card),
[Tokasarts, uTo TOrga

& (J) *
Card (w) E Card(W,) * )

(Mycts (x| y) — ckansproe nponasenenue Ha V, uuBapHauTHOE OTHOCH-
treapo W, I — epunuynas cepa B V, B — noaoxHTeJIbHAass Mmepa Ha X, uH-

BapHaHTHAs OTHOcuTeawHo W wu ofwedt Macen 1. Ilyers D — otxphitoe
NOJAyIPOCTPaHCTBO, onpenesnenHoe crenkofl I/ & 8 u coxepxaumee C, u uycTs

E,=D,NZ Cnpasenuso cOOTHOWIEHHE
(=0nz=[] ¢-Ep)
HesS
OTKyﬂa
rar = €D = fﬂ(l—«pEH)du—E cn( N Ey).
Hes Jes Hel /

CpenaTh BHIBOJ, 3aMETHB, uTO n E}, ecTb mepeceueHHe HEKOTOPOH Kaje-
Hel
PR TPYNIE WJ ¢ Z o, 3HauuT, coOTRETCTBYlomas Mepa pasna 1/Card (W ).

Cnosa Hal#TH ¢GopMmyay (*) npu nomowyn ynpaxsenna 26, g) ra. IV, §1
(nosoxuTs ¢ ==1 B TOXIecTBe, JOKA3aHHOM B 3TOM YNPaXKHeHHH).

6) a) Ilycts K — komMyTatuBHOE noae, V - BeKTOPHOE NPOCTPAHCTBO
KOHeuHO# pasmepHocTd n Han K, ¢ — cuMMerpuueckas Ouauneiinas dopwva
Ha V, N —ee sanpo. ﬂpennonomuM, yro dim N = 1. Tloxasats, uyTto a1p0

n—
nponosxeHus ¢ Ha A V umeer pasmepHOCTb 12 — 1,

6) Mycre, nasee, K =R u popMa ¢ nosoxkureasHo onpegenexa. ITycts
ey .-+, €,)—Gasnc B V u a“.=¢,(ei, e]). MpennoaoxcHM, 410 ail<0 npu
i#=j n uro {l, 2,..., n} He ponyckaer pasbuenun [UJ, mas Koroporo
a”.=0 npu iel, je ] Tyem A” — ajreGpanyeckoe JONOJHEHHE 3Je-
MEHTa a;, B MaTphuue (a”). ITokasats, uro A;;>0, kakosw Gu Hu Onn {
u j. (TMycts &6y + ... -+ Lne, — BexkTOp, nopoxaaromuil N H HMeolH#A Bce
koopanHath > 0, TTokasaTts, urOo KaXnasi CTpoKa M Kaxnmil cronber ma-
TPHILK (A”) nponopuuonarsubl (£, ..., Cn). BriBecTu 0TCIOAE, UTO A”=u§£§}.,
rae | — HekoTopasl KoHcTanTta. PaceMorpeB Ay, mokasars, uto p>0.)

8) INokasatne, uro §, ..., {n nponopunonadsbut ¥V Ay, ...y V Aps.

7) Nyers ¢ Gp oo &)= Z a, jg gi a;; =an) — BHIPOX €HHAS 100~

XHTeJbHAs KBajpaTHYHAS (bopma Ha R” ¢ a, j<0 npu { == j. [Ipennonoxnm,
uto MHOXecTBO {l, 2, ..., n} He nonyckaer pas6uenus IlJ, pas xortoporo
aij=0 npa i1, je .

a) Ilokasarh, uTo ecau §'.=0, T0 TONy4aeTcss HEBHPOXKJEHHAs MOJO-
KHTEAbHA Qopma oTHOCHTEMBHO By, ..., &, gm, e B

6) Iokasars, uyTo a; >0 png moGoro i. (l'IyC'rb Ql, -ws [, — 37eMeHT
agpa ¢opMp ¢ ¢ >0, ..., {>0. DBocnoin3oBarscs paBeHCTBOM
apby + e "u,gn
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B) ITokasaTb, 4YTO €C/JIH MBl 3aMEHHM OJHH H3 3/€MEHTOB a;; Ha al{j<a”,
T0 HOBasA HopMa He O6YneT NOJOXKHTENbHOM. (Bocnonbsosarbcs{ PaBEHCTBOM

2 a;;£,8;="0.)

i ]
8) Ilycts (a“) — BELIECTBEHHAs] CAMMETpHYECKast MaTPHIA C # CTPOKAMH

A n cTonbuamir
n
a) Tleowsu s, = ) a;,. Kakoms 6u wn Guau §j, ..., £, =R, Bu-
i=1

NOJHAECTCS COOTHOLICHHE

1
2 a8k, = 2 S8k — 5 X i (& — &)

i, k k ik
6) IlycTts .’jl, ceny ;nER*. TTosoxum 2 Ciaik=tk. Torna
i
f5 1 NAY
i%“ikgz@k = ; T, T ;{ Ei%ety (? _g_k)
(samenutb B a) E. na §,/C, u a;, na L:800:5)-
B) Ecau cymecrsyor ynena &y, ..., Ln >0, aaf KOTOPHX 2 giaik=0
(k=1 2,..., 1), 1 eclH @i<<0 mpu i=f, 10 Kaanpamq:{aﬂ dopma

Z a;,E;E, MOMOKNTEIbHA M BHPOXAeHa (HCTIONb30BaTh 6)).
i, R
r) Ilycrs Zq”gigj — kBagpatuyHad dopma Ha R” ¢ q”<0 opu Is4].

i
IMpepnosoxnyM, uTo MHoxecTBo {1, 2, ..., n} He ponyckaer pazGuenus [ /J,

JUIST  KOTOPOro q”=0 npn il u jeJ. Huaa toro urobn ¢opva Gslia

HEBBIPOKNEHHON H INOJOXHTEJILHOH, HeoGX0JHMO H JOCTaTOuHO, uTOOH He
QJ

cymectBoBaao &y >0, ..., Ly > 0, Takmx, uto 2 8;0;,=0 (k=1,..., n).
i

§ 4.

B ynpaxuenusx uuxe (W, S) o6osnauaerca cuctema Koxcrepa. Ilper-
NOJOXKHM, 4TO MHOKecTBO S koueyno. Ero MoIHOCTb HA3HBARTCH pPaHIOM
cucremst (W, S). Otompecrsum W ¢ noarpynnoit B GL (E) npu nomomn o
(cM. n°3 u 4).

1) HIyers  E® — noAnpoCTpaHcTBO, OPTOroHasbHoe K E OTHOCHTENBHO
$opunt B, Tlokasars, uTo E® — paxugax W-mogyas E (Aaze., ra. VI, § 6,
n°2) u uro E/E° — npsivas cymMma aGcoqIOTHO NPOCTHIX IONApHO HensoMopd-
HBIX MOJIyJMeH B KOJMYecTBe, PaBHOM YHC,IYy CBA3HBIX KOMIOHEHT rpada cu-
cremet (W, S).

2) a) Iycts Ty — MBEOKECTRO 3KCTpeMaNbHHX ofpasyoomux kouvea w (C)
1 A— o6benunenne I'y, w & W. Ilokasats, uto A ¢ mHOXecTtBoM §=
={I'y| w = W} obpasyer ancamGiub (ra. IV, § 1, ynpaxuenune 15). ITokasars,
uTO oTo6paxeHue j anapramenta Ay, accounnpoBaHHOro ¢ cucremoit Kokcrepa
(W,C) (ra. IV, § 1, ynpaxkuenue 16), ma A, KOTOpoe mepeBOAMT TOUKY

eW® e A, (n weW, s=S) B obpasyomyio @ (Reg), ects nsomopdusm

6 3ak, 61. H. BypGaky
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A, mna A, cosmectumelit ¢ peitctBuem rpynnmt W. Ilokasats, uto ecan
t=wsw-!, rae w=W, s S, To 06pa3 OTHOCHTeJIbHO | CTEHKH L4 ompe-
JegeHHol a.emeHToM ! (COOTB. NOJMOBMHOH anapramenta Aq, OIpeneneHHOM
creHkolt L;) (Tam oce), eCTb MHOMKECTBO 3JeMEHTOB H3 A, COmepXAIMuXCH
B THOepHJIOCKOCTH (COOTB. 3aMKHYTOM IOJYyNPOCTPAaHCTRE), KOTOPAs sBAseTCs
o6pasom unpH ¢* (w) runepnIockocTh es =0 (COOTB. 3aMKHYTOTO NOJIynpo-
crpaHcTBa es 2> 0 nin es < 0).

6) [Tokasatb, uro rpynmna W koHeuHa B TOM ¥ TOJBKO TOM Ciyuae,
KOTJa CYWIeCTBYeT B3JeMEHT wo& W, Takoi, 4uTo wo (C) = — C. IroT 376"
MEHT W, TOT3a OJHO3HAYHO oNpeleJeH H HMeeT HaHOoJpwWylo AiuHy B W
(Bocnosbaoratscs ymnpakueneM 22 ra. IV, § 1). IdDoxasate, uTo TOrIa
j(—a)= — j(a) nas Bcex a A, (ynpaxuenue 22, B), ra. IV, § 1).

B) [lokasars, uto rpynna W koHeyHa B TOM H TOJBKO TOM CJyude, KOUAA
Kouyc U, sBasiomuficss oGbefHHeHHEM 3aMbIKAHAA KOHYCOB @ (C) gan wsW,
cosnagaeT co ncem npoctpaucteom E*. (Korga W KoHeuHa, BOCIOJNb30BATHCH
6) u Bunykaoctsio U. Korza U==E", paccmorperr aznemeutr w & W, pia
xotoporo w (C)1{(— C) 5% &, u nokasatb, uto w (C) = — C.)

r) Myers H — koHeugnas moarpynna B W. I[TokasaTte, uTO Cyuectayer
noaMroxectso X < S, rtakoe, uro W, KOHeuHa M COIEPXHT NOArpynmy,
conpskennyio ¢ H. (Tlpomectn muaykwmo mo Card(S). Myets x=C n
x= Z h(x). Ucnoapsys B), nokasats, uto W komeuHa, ecad ¥ =0. [Ipa
J'c;eif)clgymecrayror weW au YcS Y8, rakue, uro w (¥) npunan-
nexur Cp, (o6o3uauenns us n° 6), otkyna H < w—‘W},w. INpumenuts npen-
NOJOXKEHHe MHAYKUHHE K Y.)

3) Ipennonoxum, gro cuctema (W, S) HenmpuBoxmMa,
a) [Tokasarb, uro KommyTaHT W-monayis E cRoauTCcA K FOMOTETHSM.
6) ITokasarb, uto ueHtp rpynnsl W pasen {1}, korga W GeckoHeuHa wiH

worga W KoneuHa, a ee azieMeHT Wo HauGoJblled JUTHHH (ynpaxHeHue 2)

% — |. Ecau W koHeyHa H wo= — |, To ueurpom rpymnsl W 6yner {l, wo}.
B) Ilokazark, uyto aio6off saemeRT w1 rpymn W, nas kotoporo
wSw—!=3S, nepesogur C B — C (nokasarb, YrTo W (€5) = — € o=l CHa

yaja pJ1a Kakoro-Hubyms ofHoro s & S, a noroMm gaq aoboro s & S). IMoay-
yuTh OTCloAa (yupaxHeHHe 2), uTO TakoH 3JEeMEHT CYyLIeCTBYET, TOJBKO
ecau W xoHeuHa, W uTO TOTJAa OH COBNIAaJaeT C wq.

4) Honyctum, uto Card (S)=3. Ilpu s = S noroxum a(s) =mu, v),
rae {u, v}=38 —{s}. [Tyets A= 2 1/a (s). ITokasatsb, uTO
sES
a) ecta A >0, 10 dopma B ; HeBHPOXK/IeHA H MOJOKHUTEIbHA (8 xako-
BoM cayuae W KoHeuHa);
6) eciu A=1, To dopma BM HNOJMOXKUTEMbHA H BHIPOXIEHE;

B) ecit A <1, To popMa B, HeBHPOXKIEHAa H HMEET CHIHATYpY 2, 1)
(Aaz., tn IX, § 7, n°2).

ITokasate, uto B cilyuae a) nopanok ¢ rpynnsl W sapaerca dopmynoi
g =4/(A — 1) (Bocnosb3oBaThCH yupaxHeHuem 5 k § 3).

5) IMycts A — nopkoasno B R, nopoxpensoe uncaam 2 cos (n/m (s, ).
Tlokasare, uto A smasercd CBOGOJHHIM Z-MOAYJeM KOHEYHOrO THIA H 4TO
MATPHUH npeo6pasopauuil o (w) a1 w = W umeioT B Kauectne koaddu-
uneHToB asneMeHTH u3 A, [losyunts oTciopa, uTo KoapduuueHTH XapakTepd-
CTHYeCKHX MHOTOWIeHOB npeoGpa3oBaHuil -¢ (w) ABAMOTCA MebIMU anrebpan-
YEeCKUMH YHCJIaMH.
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9i 6) a) [Iycre m — nenoe sucao = 2 man -+ oo. [Toxasars, uTo yrBEp-

by
xueHne «4 cos? s & Z» 3KBUBaJEHTHO YTBepKIeHHI0 «me=(2, 3, 4, 6, + co)»,

6) Mycrs I' — pewerxka B E, T. e. auckperHas noarpynuna B E paHra,
pasHoro dim E. Ilokasars, uro ecanm I' ycToiiunsa otHocHTedabHO W, To
pesbie uncaa m(s, s’) npu s = s’ npuHamIexar MHoKecTBy {2, 3, 4, 6, + o).
(3ameruts, uro torpa Ir (o (w)) =Z nas Bcex w & W. [pumenurs srTor
pesyabTaT K @ ==sS’ M HCHOAb30BAThL a).)

B) IIpennonoxum, uro m(s, 1) {2, 3, 4,6, + oo} s s 5= ¢£. CemeilcTBO
(Xs);es TONOKHTENBHEIX BENECTBEHHHX UHCE Ha3HBAETCH PAdUKAALHOLM,
€CJIH OHO YIOBJETBOPSET CJELYIOUHM YCJIOBHAM:

m{s, t)=3 :%xs——=xt;

m(s, t)=4 :%xs=]/2_-xt Wi t=V2_-xs;

m(s, )=6 :%xs=V§-xt HIIH xt=]/3_-xs;

m(s, i) =+ cox =e, Wi x =2x, wiH x,=2x,

Ecan (xs) — Takoe ceMeHACTBO, TO NMOJOXKUM Qg == ¥s€s. I[0Ka3arb, urto
o (a,)=0,—n(sfla, rie n (s, t) = Z.

IMoayuuts orcioga, uro pemerka [ ¢ 6asucom (as); o g ycTodusa orHocu-
reavro W.

r) B ycaoBusix yupaxHeHds B) mpepnogoxnm, uro rpad caeremot (W, S)
apJiserca secom. IlokaszaTs, uTO TOraa CYUECTBYeT HO kpafiHed Mepe oxHO
panHkasbroe cemefictBo (%s). (TIposects HHaykumio mo Card (S)). [Tpume-
HHTb TPELNOIONKEHHE HHAYKIMR Kk S = {So}, rae Sy — KoHueBas BepLINHA
rpada S.)

A) B YCIOBHAX yupaxHeHds B) NPeANOJOKHM, uTo rpad cucremnt (W, S)
apasercs yuxiom. Ilyers ny (coorn. ng) —unciao peGep sroro rpada (s, £}
¢ koappunHenrom m (s, t), paBHEIM 4 (coorB. 6). IlokasaTh, uro nas cylie-
CTBOB4HHS pajHKalIbHOrO ceMeficrsa HeOGXOLUMO H LOCTAaTOYHO, uToOH 002
yucaa My ¥ fg OBLIH yerTnoiMu. IlokasaTe, uUTO e€cJH 3TO YCJIOBHE HE BHIMOJ-
HeHo, TO Boobwe He CYWECTBYeT Huxkakoi pewerkuy B E, ycroiduuboil
orHocHTesbHo W. (Ecam S={sy,..., Sx} # BepummHa s; coeguHena ¢ s;
npu | <iKn—1, a s, coefHHeHa ¢ 5;, TO MOJOXHM € ==§; ... S$p H 32~
meruMm, uto Tr (0 (c)) He sBJARETCS IEJIHIM UYHUCJIOM).

7) Mycts cuctema (W, S) HempuBoauMa, a ¢opma B, moaoxuTegbHA.

a) Tlokasartb, uTo gas BcsKoro noaMHoxecta I < S, oraHuHoro ot S,
rpynna W saBsieTCs KOHeuHOH (BOCTOJL30BAaThCsl TEOPEMOH 2, a TaKke JeM-
wmoii 4 usz § 3, n® 5).

6) ITokasats, uto ecan Card (8) =3, To Bce m (s, s’) KOHEUHHL.

B) IIpeanonoxnm, uro W GeckoHeyra. ITokasatb, uto mpu 7 < S, TS
rpynna o (W) ocTaBaser YCTORUNBOH HEKOTOPYIO PEUIeTKY B R". IToayunrs
orciona, uto ecan Card (S) =3, to Bce m (s, §), § 5= §', IPHHANIEKAT MIIO-
xecTBy {2, 3, 4, 6} (BocuoJb30BaTECH yOpaxHeHHeM 6).

8) ITycrs s&S u we W. Ilokasare, uro npn [(ws)>!(w) (coots.
[(ws) <l (w)) snemeHT w (e5) siBasercs JuHefino# koMGuHauned ¢ koaddu-
nuenraM >0 (cootn. < 0) BeKTOpoB ¢, mJs te S. ([IpuMeHUTH CBOHCTBO

P,) us n° 4 Kk w—' u pacCyXnaTh OT HPOTUBHOrO.)
n p P

9) ITokasarb, 4TO mepecedeHwe MOArPYNN KOHeuHoro uHpekca B W co-
CTOHT TOJbKO M3 | (Hcmomb3oBath ynpaxHeHue 5), IToayywtb oTciopa, uTo

6#
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CYIeCTBYET NOATPYNNa KOHEYHOTO HuAekca rpymnum W, He coxeprauas
HHKAKOr0 SJeMEeHTa KOHEYHOro Mopaiaka, Kpome | (HcHo/ib30BaTh ynpakue-
nue 2,r)).

9 10) ITycrs G — 3amkuyras noarpymna B GL(E), comepxawas W.
Tpennonoxum, uro G yuumonyaspua (Mureep., ra. VII, § 1, n° 3). Ilyers
D — nomynpsmaa B E* nexawas B C, n nycrs G, — craGuausatop D B G.

a) Ilycte A — mHoxecTBO 3jeMeHTOB g & (G, mas Kotopux g (D) =C.
ITokasaTp, WTO A OTKDHTO, YCTOMYMBO OTHOCHTEJbHO YMHOMEHHs cHpapa
Ha G, ¥ 9TO KOMMO3HHHA oToGpaxennii A —> G — W\G unbekTHBHa, rxe
W\G — oxnopogHOe NMPOCTPAHCTBO NPaBBHIX CMEXKHHX KJaccoB G no W,

6) ITycte p — Mepa Xaapa na G. IlokasaTs, uto ecam p (A) KomeyHa,
10 nofrpynna G, komnakrua. (ITyers K — KoMMaKTHast OKpPEeCTHOCTH eju-
HHOB, comepikamascs B A, ITokazaTe, 4yTO CYIeCTBYeT KOHEUHOE UHCJIO TAKHX
saeMenToB A, & G, 4T0 JM0Goe MHOKECTBO BHIA Kh, rpe he G mepece-

KaeTcst ¢ OJHHM U3 Khi. IToayunTs OTCIOfA, YTO GD COAEPKHTCA B O6BEnH-

Hennn Muoxects K~ « K- h; v, caegopaTenpHO, Komnax'mo.)

B) IlycTs v — HeHyJeBas nmoJoXurenpHas Mepa Ha W\G, WHBapHaHTHas
oTHocutensHo G. Ilokasars, uro ecsm v (W\G) < oo, To nmogrpynna G|, xom-
NaKTHA,

9 11) Tlyers H — nogmuoxkectso B R™, cocroslmee H3 Touek x ==
= (X0, --+» Xp—1), B KOTOPHX ¢hopma

Bx)=—xi4+ 04 ... +2x2_,

CTPOro oTpHuaTeNbHa, H nycTs PH — o6paz H B npoeKTHBHOM NpPOCTPaHCTBE
Pn—1 (R). ITycts G — oproronanshas rpynna ¢opmu B.

a) ITokasats, yuTo PH — oguopojuoe npocrpaucTeBo rpynnel G, uro cra-
6unuzaTop HEKOTOPOH Touku B PH komnakren H uto G geficTByeT HAa PH
co6cTBEHHO pa3pPHIBHO.

6) Ilyets © B Q — auddepennnassine Gopmbt Ha H, sapamHbie dop-
MyJaMH

n—1
i

o= (=D xydxg A ... Adx;_y Adxjq A oo Adx,_p,

i=0

®

(— B (x)"?
TTokasars, 40 @ — npooBpa3 OTHOCHTENLHO KAHOHHYECKOH npoeknun . H ->PH
HekoTOpol muddepenunansuoit dopmut Q Ha PH. TlokazaTs, 4TO MOJTOKHTENb~
Had Mepa v, accouuupoBaHHas ¢ ¢opmoit Q (var. diff., Res., 2° partie),
WHBapHAHTHA OTHOCHTeJbHO G M eJHHCTBEHHA C TOYHOCTBIO [0 CKalIspHOro
MHOMXHUTEJIS.

B) Ilyets C — oTKpuITHA CcHMIaHuHanbHHEA Konye B R™ ¢ Bepmunoil 0
(§ 1, n° 6). TIpenmonoxuM, uto C coxepxknrest B H, n o6o3znaunm uepes PC
o6pas C orHocuTenbHo oroGpaxeHHs n: H — PH. [Toka3ats, 4To ecau n 2> 3,

To v (PC) < 00, (Oroxpecruts PH ¢ nognpocTpaHCTBOM B R, cocromnium
n—1

U3 BEKTOPOB (Xy, ...y Xp—1) C 2 x%< 1, 0 ompenesuTh MEPY, COOTBETCTBYIO-
. =1

myK Mepe v Ha 5TOM noxnpoctpancTse,) ITokasats, uTo PC OTHOCHTENBHO

KoMiakTHo B PH B ToM u Toabko ToM caywae, koraa C cojgepxures B AL

9 12) Ipeanonoxuw, uro ¢opma x.y= B, (% y) neeupowdena u

auto W Geckoneuna. Ortoxpecteum E ¢ pyaasusiM npocrpamcteoM E* mpu
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*
nomomn B,. B uvacTHOCTH, 0603HauuM uepes (es) 6asuc B E, nyansHHi

Gasucy (es), u uepes C — BHYTPEHHOCTb CHMIVIHIHAILHOTG KOHYca C, Nopo-
XJeHHOro BCeMH ey IlycTs G — opToroHantsHas rpynna Gopmu B,, u nycts
§ — mepa Xaapa wa G. I'pynmna G sB/IseTCS YHHMOZYASAPHOH M COXEPNHT
rpynny W.

a) Tlokasarte, uto ecau v (W\G)<oo (rpe v — Mepa, HHBAPHAHTHAH OT-
#gocuteanho G), To dopma BM uMeer curuarypy (n—1, 1), rze

n=dim (E) = Card (S),

# yto x.x<0 psa Bcex x=C.

(Tlyets x & C — BekTOp, A KoToporo x.x% 0, u nyets Ly = CH-
MePIIOCKOCTb, OpToroHansHas K x. Hemosbsys ynpaxuenne 10, mokasaTs,
YTO cyXenue GopMal B, na L, 1nG0 NMOJOKHTEJBHO, JAHGO OTPHIATENBHO.

Bo BTOpOM cayuae dopma B, nmeer curnatypy (1, n— 1); nokasats, 4To

970 HeBO3MOXHO. [loayunTh orcioxa, uto x.x << 0 mas mo6oro x & C, or-
xyna x.x<0, Tak Kak KoHyc C OTKDHT.)

6) O6paTHo, NpPeINOJOKHUM, HTO B, umeer curratypy (n—11) u
x.x<0 ana Bcex x& C (B 5TOM cayuyae roBopsaT, aro rpymna W, paBHO
Kak ¥ cucrema (W, S) u coormercrBytomuit rpad Kokcrepa, umeer 2unepbo-
auseckutt Tun).

IMycte H — muoxkectBo x & E, aia koropeix x . x <0, u nycrs [ 4 — cBss-
HasA KOMIOHeHTa MHoxecTsa H, cogepxamasn C. Ilokasars, yto H — 06Bean-
HeHHe Henepecekawluxcs KoMnoHeHtT . nw H_= — H u uto H. copep-
KUTCA B CHMIVIMIHAJBHOM KOHYCe, HOPOXKAeHHOM f{es) ¢ (MCMOAB3OBATH
tor ¢(arr, uto H. o6patao x H ). TlokaszaTs, uto Hy4 u H_ ycTofunsu
oTHocHTe bHO W.

B) CoxpaHuM 0603HAYeHHs H TNpeANoJOXeHHs ynpaxHeHus G6). Ilycrs
f — nuneftnas Qopma Ha E, oupenpeseunas pasencrsaMu f(eg) =1 pas Bcex
se S. Ilpu x & H noaoxum @ (x) = f (x)2/(x . x). Ecain PH — oGpa3s konyca H
B NPOEKTHBHOM mnpocTpancTBe P (E), To dyHkuns ¢ onpepeisger QyHKUuio @
#a PH. ITokasaTh, 4T0 oTOGpaxeHse

¢ PH—>)— 00, 0)

fABAsieTc coOCTBeHHBIM. IloayuuTh OTCIONA, uTo AJA BCeX ¥ & Hy (yHRIHE
wr>@(w.x) H k> (®.x) UMEIOT MaKCHMYM NPH HeKOTOpOM @, H3 W
(ucnosb3oBarth TOoT GakT, uto rpynma G peficTByeT coGCTBEHHO DPa3pblBHO
Ha PH (cM. ynpaxuenue 11) m uro rpynna W puckperna B G). Ilokasars,
YTO 9TH CBOACTBA 3KBHBAJEHTHH TOMY, 4TO @, (x) & C. BumecTn oTciAa,
uto C)H4 aBasetrca yudamenrarsnoi obracrsro nas nefcteuas W B Ho
H uTo 0Gpa3s 3rod dyHnamenTadbuofl oGiacty B PH uMeeT KOHeUHYIO Mepy
OTHOCHTeJbHO HHBapHaHTHOH Mepel v B PH (BocmosnbaoBarbcs YipaxHe-
HueM 11). 3awmounTs orcioaa, yro v (W\G) < co. Ilokasars, uro W\G KoM-
NakTHO B TOM M TOJBKO TOM cJayuae, korga C comepxurca B ., T. e, Korja
»* *

e;.e,<0 1na Bcex s& S (Ml ckakem Toraa, yro rpymna W, paBHO Kak
cucrema (W, S) u cooTeTcTByomui rpadp KokcTepa, HMeeT KOMRAKTHOLE
eunepboauneckuii Tun).

91 13) MokasaTs, uTo nJs Toro yro6m cucrema (W, S) umena runepbo-
Juyeckuit THN (cM. ynpaxkHeHHe !2), Heo6XOZHMO H ROCTATOUHO, 4TOOH OBUIH
BHIITOJIHEHHE! CJIEAVIOUIHE [BA YCJAOBHH:

(H,) dopma BM HeIllOJOKHTENbHA;

(H2) ans moboro mogMHoxectea T < S, oTsimumoro oT S, gopMa By p
acconuuposanHas ¢ cHcremoli Kokcrepa (WT, T), TI0JI0 JKHTEAbH A,
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(Ecar cucrema (W, S) runep6oaMyecKOro THNa, TO, KAK Mbl BHIEJH,
* *
(es.es)<0 aast moboro s & S — B o6o3HaueHusx ynpaxuenus 12. Cyxe-

HHe Bj; Ha runepmiockocTb E (s), oproronansuyio e;, 6ynet nostomy =0,
Tak kak E (s) mopoxmena BCeMH e, t 5= s, TO MH NOJNyyaeMm (H2). O6paTtHo,

npeanonoxuM, uro (H;) u (H;) Bunomnenw. I[lyets x= 2 ases — 3JEMEHT

S
n3 E, gna xoroporo x.x<0, # myctb x4 (COOTB. X.) — cymMmMa TexX asés,
LISt KOoTOpeX as>0 (coorB. < 0). ITokasats, uTO TOrga JMu6o X4 . ¥4 <0,
an60 ¥—.x-<0. Ecoau V — OTKPHTHH CHMIJIMUHAJBHEIH KOHYE, MOPOKICH-
HEY BceMH eg, M [ — MHOXKecTBO x & E, Takux, uto x. x <0, To cymecTByer
cBsi3Has KoMmmnoHeHTa [, MHoxecTtBa H, nepecekawomasn V. Henoabsys (Hy),
nokKasatb, uTo f, He mepecekaer cTeHok xoHyca V, 1. e, Hy = V., Ioayuuts
orcioga, uro (opma BM (x, y) HeBrIpOXgeHa M HMeeT curnartypy (n— 1, 1)
1 yro C comepxutest B — Hy, orryaa caenyet, uto (W, S) umeer runep6o-
JMuueckufl THIL)

14) ITokasats, uto mas toro urobu (W, S) nmena xomnaxrtuwiii runepGo-
auuecKuii THO (cM. yrnpaxuenwe 12), Heo6XogMMO M KOCTATOUHO BHIOMHEHHE
CAeyoWUX gBYX YCJOBHA:

(H,) dopma B, HenonomuTeNbHE;

(HC) nns moGoro nopmuoxectsa T < S, ornwunoro or S, rpynna W,
KOHeYHa (T. e. dopma By (r) TOMOXHUTENbHA H HEBprO)K}JﬁHa).

(Ucnoabsosats ynpaxhenus 12 u 13.)

B uvacTtHOCTH, cucTemMa KoxcTepa runmepGoanyeckoro THma pamra 3 umeer
KOMNaxTHHH runepGosHyeckuf TUM B TOM M TOJABKO TOM CJayuae, Korga
Bee m (s, ') KoHeyHr (cM. ynpaxuenue 4).

9 15) * a) ITokasars, uTo caegyroline AeBsATH rpadoB !) HMEIOT KOMIAKT-
HBlff runepOONHYECKHH THI M UTO C TOYHOCTBIO 1O H30MOPHH3MA HMH Hcuep-
noiBaloTes Bee rpadu panra 4, ofaagaioluige aTHM CBOHCTBOM (HCIOMB3OBATH
x1accupuraumo, gannywo B ra. VI, § 4):

5 o o4 5 . o5 . >

4 5 4
4 5 4 | I 5 I l 5 I
6) Tor xe Bompoc B CJyyae pamra 5 NPHBOAMT K CJIEAYIOWIHM [ATH

rpalpam:

© O —s 5{) C4

50
P IO >_oio

1) B atux rpadax xaxjoe pe6po, He cnabGXenHOE UHCJOBOR OTMETKOH,
HMeeT na caxoM jeine koapdunment 3 (em. ra. IV, § 1, n°9).
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B) ITokasaTb, 4TO He cyulecTByeT rpadoB KOMIAKTHOIO runepGoJinyeckoro
THIA H paHra =6.,

16) * Ilokasars, yro 6ol rpadp Kokcrepa runep6oaduecKoro Tuma u
paHra >4, xota 6ul onHO peGpo KOTOPOro CHAGIKEHO YHCJAOBOH OTMETKOH 6,
H3oMOopheH OAHOMY H3 CAEeAYIOIHX ONMHHAAUATH rPagoB (HEKOMMAKTHHIX M
paura 4):

eﬂ>@LoI>(,“_<

*

17) * ITokasaTs, yTo rHnepSosuueckumn rpabamu KokcTepa HauBHICIIero
patra 6ynyr caeayiomHe Tpu (Y HuX paur paeed 10):

3

91 18) Ilpennoaoxum, uto cucrema (W, S) CHNep6oMHYeCKOro THOA M
uto W ocrasaser ycroiunsoit pewetky I' 8 E. Ilyets G — oproronanbHas
rpynna ¢opmel BM u G (T) — noxrpynna sinementos g & G, 18 KOTOPHX
gl =T. Ilokasatp, uro G (I') — nuckperHas nogrpymma rpymnst G. TToxasars,
uto W — noarpynma koHeuHoro unpekca B G (I') (ucmosp3oBaTh TOT akr,
4TO Mepa npocrpadersa W\G komeuna).

* ITokasath, 4TO eca cBepx Toro (W, S) — cucTema KOMIAKTHOIO THIeD-
GOMHYeCKOro THNA, TO COOTBETCTRYIOMHI rpad Kokcrtepa H3oMopdeH OnHOMY
H3 clelylomuX (MCNOJAb30BaTh yilpamuenus 4, 6 u 15):

4
oﬁ_oj_co_io_o_o(vi‘v‘n

IlokasaTh, uTO BCe [PYNNH, COOTBETCTBYIOINHE rpadam B yopaxHeHun 16
(3a MckmOueHMeM NOC/ENHHX HeTHpeX), OCTABJIMOT YCTOAuUMBON HeKoTopyio
peweTKy (BOCHONB30BATBCS METONOM YUpamHeHHs 6).
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19) Nycts (W, S) — cucrema Kokcrepa, cOOTBETCTBYIOWEAn rpady

o-——0—5--o——-o

310 cucTeMa KOMIaKTHoro rHmep6o/iHyeckKoro Tuma {(cM. ynpaxHedue 15),
Kosdppunuuenter Qopmbt B, oTHOcuTeJbHO GasHca (eg) mpuHapJIexar no-
Koablly A nouas K=Q(V5—), COCTOALIEMY H3 3JEMEHTOB 3TOrO [0.4,
nennx Hag Z.
a) Hycts 6 — norpyxenne noas K B R, xoropoe oroGpaxaer V5
8 — V5. Tlokasars, uTo ofpas ¢ (B w) Gopmbl BM IPH IOLPYXKEHHY O

AIBAAETCH HEBBIPOXKAEHHOHN MOJIOKHTEIbHONH GopMOLL.
6) Ilycts G — oproroHanbHast rpynna Gopmol BM' a G~ rakas xe

rpynna $hopMbl U(BM). Mycte G, — noprpynna rpynust G, cocrosias u3

3M€MEHTOB, ¥ KOTOPbIX MaTPUIH OTHOCHTEJbHO (e5) HMET KO3 HUHeHTH
B A. ITokasats, uTo ( , OTOKLECTBISETCA C NUCKPETHOH MOArPYNNOR B G X G,

a 3areM, HCIOJb3yd a), MOKa3aTh, YTO GA ABAAETCA AHCKPETHON NOArpyiiiol

rpynns G.
B) ITokasarteh, yro W — moarpynna KoHeYHOro HHAEKCa B G

r) JokasaTh aHaJOrHYyHble DE3yAbTaThl JJISA APYrHX rpaquB yrupaxHe-
Hua 15 (no.ne Q(VS) 3aMeHsIeTCsl ToJIeM Q(VQ )) 3a HcKJoueHueM rpacda

1 20) Jdas mo6oi naput {s, s} u3 S ¢ m (s, 8) = o0 nycts r (s, s’) — Be-
mecTBeHHoe uucio < — 1. BBenem Ha E Gununeiinyio dopmy B,, Takyo, uto

11 , .
Br (es, es,) = BM (es,es,) = — ¢0s m , ecaH m(s, §’) 7= oo;

B, (e, e )=r (s, s), ecaIH m(s, §’) = oo.
OnpenennM Tak Xe, Kak A1 B,, oTpaxeHue O BekTOpa e, ocTamusii:iee
HHBapHaHTHO# $opmy B,.

a) IToxasatb, 4TO CyleCTBYyeT, M INIPHTOM TOJBKO OJHH, TOMOMOPdI3M
o, W —>GL (E), 1ako#, uto O,(gs) coenajaer ¢ ONpPELeJEHHLIM Bhilue
OTpa’keHHeM Cs.

6) [NokaaaTh, YTO YTBEPXKAEHHA NPeIoXKeHHa 4 TeopeMHl 1, ee caencTBui
4 JeMmbl 1 ocTaoTcd CIpaBeIHBBIMU H OIS G

1) Kak mokasan 3. BunGepr, rpymna W, cooTBeTcTBYOWMAst 3TOMY NoCe)-
HeMy rpady, He sBJIseTca ,apHbMeTHueckoi“ noarpynnoé rpymmst G. To xe
BEPHO M /i1 HEKOTOPHX JpYyrHX rpadoB runepbosHyecKoro THHA (Ma 3TOT
Pa3 HeKOMNAKTHHX), @ HMEHHO AJs Iocjaejnell 4eTBeDKH H3 ynpaxHeHHs 6.
[MTepewit npumep Takoro poxa 6ulr mocrpoen B. C. MaKapOBb!M, HAH, 167
(1966), Ne 1, 30—33. — Peo.}
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§ 5.

1) Onucarb anre6py CHMMeTPHUECKHX HHBADHAHTOB KOHEUHOH IH31PaabHOM
TPy (/s ee KAHOHHYECKOrO MpeICcTaBJeHHs pa3MepHOCcTH 2 cM. § 4, n°2).

2) Ilycte A - KOablO TJIaBHHX upneanoB, E — cBoGoaHuill A-Moayis
KoneuyHoro pasra ! u G — KoueuHas noarpynna rpynnn GL (E). Ipegnonoxum,
YTO BHIOJHEHH JABa CJELYIOUHX YCJIOBHS:

(i) Ecau g ==Card (G), To anemeHT ¢ .l koasua A oGpatum;

(ii) rpynna G moOpoKJAeHa NCeBAOOTPAaMNKEHHSIMH Moayast E (T. e. TakHMH
adeMenTaMy s, 4t0 (§ — 1) (E) 6yayT MOHOTeHHHMH MOAMOAYATMH Monyast E,
cM. § 2, ynpaxkueHune 1).

Iycte S (E) — cummerpuueckast ajnreGpa wmoxyass E, ¥ mycTe S(E)C —
flonanre6pa »Todl aareGpbl, cOCTOSMAA M3 HHBAPHAHTHHIX OTHOCHTENbHO
G ssemenToB. [Tokasarh, 4To npu BestkoM romomopdusme A B moJe k aare6Gpa

S(E)G®k oroxaectsastetcst ¢ S (E ®5)G. IMpumensis teopemy 4, MoNy4uTh
orciona, uyto S (E)Y sBasercs rpapyuposaunuoil anreGpoit MHorousenos Han A.

9 3) Iycrs K — noje XxapakTepUCTHKH HYJs, V — mekropHoe K-mpo-
CTpPaHCTBO KOHeyHofl paamepHoctd ! u G — noarpymna rpynnet GL (V),
mopoxaeHHas ncespooTpaxenusmd, Ilosoxum ¢ = Card (G). O6o3Hauum
yepes S (cooTB. L) cHMMerpuuecKylo a/nreSpy (CoOTB. BHEIIHIOI aJred6py)
npocTpancTsa V, a vepes x (cooTs. x') KaHOHHyecKuit o6pa3 sjemenra x &V
B8 S {(coors. B L).

a) Tycts E =S ® L — teHsopuoe npoussenenue anre6p S u L. TToka-
3aTh, UTO CYIIECTBYeT OJHO3HAYHO onpeleidenHoe auddepenunposanue d
aare6pu E, Takoe, yto dx=x" 1 dx¥' =0 pas moGoro x V.

6) Ilycts SO® — anre6pa cHMMeTpHYCCKHX HHBADHAaHTOB rpymnu G K

Py, ..., Py — onHoponHble 3JeMEHTH B S9, rakue, uro SC=K [P, ... Pyl
Jlas moBoro nogmHoxectBa [ = {i|, ..., i;} uarepsaxa (1, !) npr i; < ... <i,
TI0.TOXK UM

'r

m1=dPil ...dP;

IMokasars, YTo @, JUHEHHO He3aBUCHMBHI Hajg S M yTO OHM NpPHHALJIERKAT

I
1o 1aarebpe EC MHBAPHAHTHLIX OTHOCHTeAbHO G 3iemeHToB B E. Tloayuurs

OTCI013, 4TO AJs Jo6Goro ® & ES CYWeCTBYIOT &, ;& $% ¢ a = 0, Takue,
470
av =, c,0,
1
i

B) IToxkasare, 4TO M0G0 3JjeMeHT U3 EG, cogepxawuiicas B S AV,
umeeT BUL ¢.dPy ... dP;, rre c = s, (TTpuMenuTh Npelioxenue 5.)

r) Ilokasars, uTo o, o6pasylor 6asuc SG-Moume S@. (B o6o3naveHusx

ynpakHeHHst 6) YMHOXHTb 00e CTOPOMEI COOTHOMIEHUS am=20[ml Ha @,
1
¥ IPHMEHHTb B). YCTAHOBHTH, UTO ecid MHOXecTBo | xomoanurenso K J, 10

a peaut ¢, Otciona caenyer!) ToT ¢axr, uyTo @, NOPOKIAIOT EG)
’

1) MoapoGHocTr MoxHO HafiTu B crathe: Solomon L. Invariants of
finite reflection groups, Nagoya Math. J. 22 (1963), 57—64.
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1) ITycts S, (cO0TB. Ly)—OnHOPOAHEE KOMIOHEHTH CTeleHH 7 (COOTB, 1)
anre6per S (coors. L). Ionoxum

En,m =Sn® Lm, Et?,m=EGnEn,m' ay, m..._dlmEn m
a(X, Y)= 2 ay, mX"Y™,
n, mz0
Hcnoabsys r), Aokaszats Qopmyay
1

Hl 1 xPi~
a(X, V)= _i___,
i=1 1 — X"
rae p; = deg (P;).

e) Ilycts Trp, m (€) — cien aBroMopdusama mpoctpaucTsa Ey m, onmpege-
JeHHoro aneMeHToM g & G. ITonoxuM

Tr(X, V) (@)= 2 Trn.m(g) X"Y™

n, m>0
Ilokazats, uto
det(14+7Y
Tr (X, Y) (g)='d_:£7§—;'

&) Ilycts g = Card G. Ilokasarts, uto

+ 3 T ) @ =a(X. V),

g=c

q det (1 — Xg)
gE

(HCHOJ‘!I:BOB&TB creaylowull peayabrar: ecan G pefficTByeT Ha KOHEUHOMEPHOM

1 det (1+7Yg) H 14y XN Xp‘

BeKTOPHOM npocTpaHcTse FE, TO pasMepHOCTb NMPOcTpaHcTBa BeKTopoB B E,
HHBApUAHTHEIX OTHOCHTENbHO G, paBHa % 2 Trp (g)-
g0
Yro naeT sra dopmyna npu Y =07
x) Jdna mo6oro uemnoro p =0 nycThb H, — MHOXECTBO 3/IeMEeHTOB g & G,

nonycxaioumx 1 B KauecTBe coéc’mermoro sHayenna KpatHocTH p. Ilycth
hp = Card (Hp). Iloxasa'r}. dopmyay

2 h T”—H(m—1+T)
=]

(B dopmyane ynpaxuenus &) samennts ¥ ua —1 -+ T (I — X) u B nosyueHHoM
BoipaxeHud nonoxuts X=1. Ecm ge H, 10 Tr(X, Y)(g) cranosutrcs
pasumyM T2))

“ 4)‘ HyCTb Gl =SL; (Fg) )

a) ITokasars, uro (; — npoctas HeaGeseBa rpynna nopaagxa 168, cozep-
xamaa 21 sjeMeHT HopsigKa 2.

6) ITokasaTe, 4TO cTEnEHAMHU HEHpHBOm/IMbIX KOMNJIEKCHHX 1 pesCTaB IeHuit
rpynnu G, siBagiores 1, 3, 3, 6, 7,
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B) Ilycte p: Gy — GL; (C) — HenpHBOgUMOE NpencTaBJAeHHe cTeneHH 3
rpynnu G, !). Tlokasats, yro nas saemeHTa y & G; nopsaka 2 uMeeT MecTO
paseHcTBO Tr (p (y)) = — 1. Ilonyuute otciopa, uto — p (y) — oTpaxeHnue.

r) Ilycrs G — moarpynna rpynnsl GL; (C), nopoxjpeHHast 3aeMeHTavu
— 0 (y) mus moGoro y nopanka 2 u3 Gy. Ilokasars, uto rpynna G HaoMophHa
G, X {l, — 1} u, caepoBaresbHo, uMeer nopsanox 336.

n) Ilokasars, uTo XapakTepucTHYeCKHe CTeleHH Ry, ky, k3 anredpH ciM-

MeTpHueckuX MHBapHaHToB rpynnsl G paBHH 4, 6 u 14. | BocnoabsoBarscs co-
OTHOHICHUAMHU H h; =336 n 2 (B — 1) =2l.

e) HoKaaaTIi, utTo G He HBtJmeTc;{ rpymumoit Kokcrepa. ,

5) *Ilycre K — noxe, u nycrs S =K [X,, ..., X,] —rpanyuposannas

K-aqre6pa MHOrowIeHOB, MOPOXKAECHHAR aIre0panyeckd HE3aBUCHMBIMH O1HO-
POIHEIMH 3jeMeHTaMH X; cTemeHu > 0.

a) Ilyems Yy, ..., Y, — oanoponuele sieMeHTH crenemn >0 B S, u
nyete R=K[Y,, ..., Y,] — noganare6pa B S, mopoKIeHHaA 3THMH 3JeMeH-
Tamd. J1oKa3aTh SKBHBAIEHTHOCTL CJIEAYIOLIMX CBOHCTRI

(i) (Y4, ..., Yp) ectb S-peryasipuast ocen0BaTebHOCTb;

(ii) S ueno Hap R;

(iii) umean B S, mopoxiennni (Y, ..., Y,), HMeeT KOHeunywo KopasMep-
HOCTh B S;

(iv) mas Joboro pacmupemm__l—(- noast K cucrema ypaBHeuwuit Y; (xy, .

ceey Xp)=0 (I1<i<<n, x;= K) HMeeT TONBKO TPHUBHAIbHOE petieHHE
©, ..., 0).
(xsuBanentHocTs (1) & (iii) crenyer u3 Teopemnl Makoaest (Kos. a.e.);
(iii) & (iv) — u3 Teopemnl 0 Hyasx (Kom. aze., ra. V, § 3, n°3, npenaoxe-
une 2); sxpuBanenwtHocTh (ii) & (iil) TpuBHanbHa.)

TTokasaTs, YTO ecay¥ 3TH CBOHCTBA BHIMTOJHEHH, TO Y; aarefpanuecky He-

sapucuMu Hag K B S — cBoGogamt R-MoayJab padra H deg (Yi)/H deg (X;).
i i

Iycts G — KoHeyHas rpynna asToMopdusMoB rpasyupoBaniod airefpo S,
sé— nopaireGpa MHBapHAHTOB OTHOCHTEJNbHO 3TOH rpymmel B Yy, ..., ¥y —

saementH u3 SC, VIOBJETBOPHIOILNE BhHIMIEYKA3aHHBIM YeaoBHayM (i) — (iv).
ITokasatb, yTo SG=K[Y1, ..., Y,l B ToM M TONBKO B TOM cCJaydyae, Korapa

Card (G) = H deg (Yi)/H deg (X;). .

4 6) *IIycrb 7 — ueqoe gucao =1, § — cTeneHb HEKOTOPOro MPOCTOTO
uricna K=Fg, V=K", G=GL (n, K) u G, =S8L(n, K). Oroxnecrsum G
¢ rpynnoit GL (V). danee, o6o3naunm gepes S aarebpy S (V) =K [X,, ..., X,]
H yepe3z R (cooTB. R;) nmomaare6py B S, cOCTOALLYIO U3 HHBAPUAHTHHIX OTHO-
cutensHo G (coomp. ;) 371eMeHTOB.

a) Myctb e*=2{ey, ..., ey) — nocaenoBateabHocTh yucen =0. IMoxoxum

e
Lo = det (X7 ’) :
Ato saeMent aire6pu S.
ITokasats, YTO

g.L,=det(g)L, npu Bcex g&G.

') OnHo U3 Takux nmpeacTaBaeHnd MoapodHo u3yueno B Keure: Weber H,
Lehrbuch der Algebra, Bd. II, Abschn. 15.
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(3ame1‘m'b, yto ecan g.X; —Za”Xj, 10 g, X] —Za”X7 ) B wuacr-

HOCTH, L,. npuHagnexur nonanrere R,
6) Mycrms | = (1, n). [Monoxum

Z,= 11 (Xi"' Z_atixt)’

(2i7) i>]
3BEeJIEH Ge i 0 BC emelicTBaM (a; 3J1eMeHTOB
rae npousBeneHHe OepeTci® IO BceM ¢ c (‘f)1<t<n
n3 K. Ilycte
n
r=1] z;
i=1
Moxkasars, uto saemenr I pemwt Bce L, Busectn orciopa, uro T=1L, ,
m
rue e, =(0, 1, ..., n — 1), u uto T wHBapHaHTeH OTHocuTeIbHO ;.

B) OGosHauum uepes e; (1 <Xi << n—1) nocaenosareapuocts (0, 1, .., i—1,

i+ 1, ..., n) nnonoxum Y; = 4TO SJeMEeHTH Y;
TIpHHajexkaT R H uro deg (Y,)—q — gt

r) I[Iyets s =K (Xp ..., X,), unycTs T Yl, ceey Y:l_z—-SJIEMEHTH
B §, onpenensieMnie Tak Xe, Kak T, Yy, ... Yn_, (c saMeHOl n Ha n ~ 1)

Mycts f: 8§ > 8 — roMoMopdusm, onpeneneﬂﬂmﬁ COOTHOIIEHHAMH

f(X)=X; (I<ig<n—1), [(Xn)=0,
IToka3saTs, uto

f(T)=0, f(¥)= Vorry=Y1", mm2<i<n—1.

n) Tlokasats, uto cemeiicto (7, Yy, ..., Yno—|) yHOBAETBOpsiET YyCJO-
Buio (iv) ynpaxnmenus 5. (Ilycte x=(xy, ..., ¥y) — HYJb cHucTems, (7,
Y1, ..., Yn—;) B HexoTopom pacmupeHud K noas K. Tak kak r aHHY.u-
pyer T, To X; yIOBAETBOPSIOT IO KpaiHeH Mepe OJHOMY HeTPHBHAILHOMY
JMHEHHOMY COOTHOINeHmi0 ¢ Koabpduuuentamu B K, C TounocTbio n0 npe-
o6pa30BaHHA X TIPH IOMOLILH 9/1eMeHTa U3 (G MOXKHO, C€Jl0BATENbHO, CYHTATD,
4TO X =0. 3aKOHUMTb JI0Ka3aTeAbCTBO, HCNOJAB3Ys YIpPaXKHeHHe I') H Npo-
_BOAA MHIYKUMIO IO 7.)

e) Iokasath, uto Ry =KI[T, Yy, ..., Yn—y] u uro T, Yy, ..., Ypoy
aqreGpanueckd He3aBUCHMH (,TeopeMa JnkcoHa“), ([IpuMeHuTh 1) H ynpax-
HenHe 5, 3aMeTHB, 4TO NopaioK rpymns G; pasen deg (T)= D) deg(Y;).)

i

/4(4

§) Mokasate, uto R=K[T9", Y, ..., Yuoul &
9 7) *Iycts R — peryasipHoe JokaabHoe Koabuo {Kom. ase.) ¢ makcu-
Ma/JbHHIM HI€a10M 3l H NoJgeM KaaccoB BHuetoB k. IIycte G — KOHeuuas

rpynna aBToMophu3MOB Koabua R H R = RC — nogxonsuo HHBaPHAHTUEIX
OTHOCHTeNpHO G 3JeMeHTOB. DTO JOKaldbHOE KOJBLO ¢ MAKCUMAaAbHHIM Hiea-
JgoM ul’=ut} R’. BeINO/HEHH CAeRYIOlHe YCIOBHS:

(i) xoapuo R’ HETepoBO, a KoJbuo R sBasercs R-Mopyaem KoHeu-
HOro THNA;

(ii) cnmoxnoe oTo6paxenune R'—> R—> k ClOpPBbEKTHBHO.

TMonoxuM V = ui/m2, D10 BeKTOpHOE k-npocTpaHcTBO. JleiicTBHE rpynibt
( Ha R onpepenser roMomopdusm e G — GL (V).

a) Ilycte p— npocroit uxeans Buicoth | B R (Kom. aaze., ra. VII,
§ 1, n°6), u uycrb ajeMeHT s G TaKoB, 4TO S(P) =) H S TPUBHAJBHO
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neficrsyer B R/p. [lokasats, uto € (s) — ncespooTpaxenne B V. (3ameruts,
yTo 06pa3s uieana p B m/m? uMeer pasmepuocts U uam 1)

6) ITokasarb, utTo ecan R peryasipHo, To noarpynna e (G) B GL (V) nopo-
skpeHa ncesgoorpaxennsaMu. (Ilyete H—mnogrpynna rpynnet G, nopoxne Haasi
sjaeMeHTaMy, oOPaskl KOTOPHIX NPH & SIBJASIOTCS NCEBIOOTPAMEHHSIMH, H NYCTh
R — nogkonbio B R MHBapHauTHHX oTHocHTenbHo H snementoB. Tlokasats
C noMoIubio a), UTO HHKaKoi HpocTOoH Hpeah BHicoTel | B R’ He pa3BeTBJeH

B R, Uenoab3yst ToT (aKr, uTo KOJbLO R eJN03aMKHYTO, BBIBECTH € IO-

V4
Mowbio Teopemsr 1), uto R = R u tem camuim H =G.)
B) IlpegmosoxuM tenepb, uTo HOPsia0K rpymmel G B3aWMHO [POCT
¢ xapakrepucTHKol moxst k. Ilokasatb, uTo oToGpa)keHHe € HHBEKTHBHO.

4 =
[TyeTs (mn)—CI.)HJIpraL[Hﬂ B R’, umpyunpoBamsas ni-agHuecKolf /b
tpaureir (%) xonpua R, H nycrb

ir gr(R)—>gr(R)

— KaHOHHYeCKHH roMoMop®u3M rpagyHpoOBaHHBIX KoOJe€l, AaCCOUMHPOBAHHBIX
¢ R u R (Kom. azse., ra. 111, § 2). Ilokasats, uto roMoMopdusM [ HHBeEK-
THBEH H 4To ero o6pas coBnajaeT ¢ DOJKOJABLOM gr (R)G B gr (G), coctosi-
IIHM H3 MHBAPHAHTHHIX OTHOCHTENbHO G 3JIEMEHTOB.

r) CoxpaHuM oGO3HAUEHHS] H YCJOBHS YIOpPaKHEHHS B) M NPeANOJOXKHM,
KpoMe Toro, yto nmoarpymna €{((G) mnopoxpmeHa nceBpooTpaxenusiMu. IIpu
{=dimV ugaycrs Py, ..., Pi— ogHopogHele anreGpanueckH He3aBHCHMEIE
o6pasyonHe k-anre6psl gr (R)G (Takne 3JeMEHTH CYmECTBYIOT IO Teopeme 4
BBHLY Toro ¢akrta, uto gr (R) oTOXgecTBJsIeTCA ¢ CUMMeTpHUecKoll anreGpoi
npocrpancrsa V). Ilyers p, ..., py—ux crenenn. CoraacHo B), MOXKHO

o 4
Halith X; mpi, IS KOTODHIX gr (x;) == P;. [loKasaTb, uTO X; MOPOXK AQIOT

upean M’ H BHIBECTH OTCIONA, YTO R’ PEryJsipHO. 4

1 8) * INycts V — KoneunoMepHoe BeKToPHOE IPOCTPAHCTBO Hax nodteM K,
S — cumMmerpuueckast ajre6pa npocrtpaHctBa V u G — KoHeuHas noarpymna
B GL (V). Hpennonoxum, uro anrebpa s¢ CHMMETPHYECKHX HHBAaDHAHTOB
oTHocHTeJ bHO (G ecTb rpanyHpoBaHHasi ajreGpa MHOrOUJIEHOB.

a) Tlycts u — sneMeHT pyaabHoro K V mpoctpamctia V* u G, — non-
rpynna B (7, cocrosmas H3 3JeMeHTOB, mepeBonsiux # B ce(s. [lokasars,
yro (G, mopoxpeHa ncesgoorpPaxenusMu. (Jlunefinas dopMa u mpomosmkaercs
no romomopdusma f,: S — K. Jlokanusauus S, Kosbua S oTHOCHTENBHO siapa
roMoMopdH3Ma [, SBJASETCS PEryJasPHHM KoJblHOM. 3aKOHUHTb paccyxieHue,
OpPUMEHHB ynpaxseHune 7, 6) K noarpynne G, paccMarpuBaeMolf Kak rpynna
aBToMopdu3MoB Koabua S,.)

B uactaocTH, G mopoxneHa MceBoOTpPaXKEHHSIMH,

6) Ilycts A — nogmuoxecTBo B V* u GA= n G,. Mokasars, uto GA
usA

nopoxneHa nceBpooTpaxkenusMu. (Pacumupss, ecnH HYyXHO, OCHOBHOE f10.1€,

MoXHO cunTaTb K GeckoHeudnM. [lokasaTh, yTo Torma B JuHEHHO# oGonouxe

MuoxecTBa A B V" cymecTByer sieMent v, gias Kotoporo G == GA. ITpu-

MEHHTb K U yTBePKAeHHEe a).),

9) IIyctb V — BeKTOpHOE MPOCTPAHCTBO Pa3MepHOCTH 4 Hajg KOHEUHBIM
noneM K XapakTepHCTHKH, OTJAMYHOH 0T 2, M NycTs ( — HeBBIPOXKIEHHAS
kpagparaunas ¢opma Ha V mupekca 2 (Aaze, ra IX, § 4, n°2). Ilyets

) Auslender M, On the purity of the branch locus, Amer. J. Malh.,
84 (1962), 116—125,
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G = 0 (Q) — oproronajsHas rpynna ¢opmsl Q. Drta rpynna KOHeyHa H mo-
poxieHa oTpameHusMH (Tam ae, § 6, n°4, npenmoxenne 5).

a} Ilycte E — MaKkCHMaJbHOE BNOJHe H30TPONHOE MOMIPOCTPAaHCTBO B V
H GE——nom*pynna B (G, cocTosmas W3 3JeMeHTOB g, TakuX, 4To g (x)=x
s Beex x < E. Tlokasats, uro Gp nsomopdHa afAWTHBHON rpynne mojsd K
H He COAEPIKHT NCeBROOTPa)keHH.

6) IMokasaTe, uTo anre6pa CHMMETPHUECKMX HHBapuaHToB rpynnsl G He
SIBAAETCS rPajyHPOBaHHOH aireGpol MHOrowrieHoB (Bocuosb30BaThCs Npeabi-
JAYUHM ynpa)KHeHHeM).

§ 6.

B croenyomux HuXe ynpaxHeHHAX (3a HCKIOYeHHEM yOpaKHeHHs 3)
ofo3HaueHHs M IPeJNOJIOKeHHs Takue xke, kak B § 6.

1) Npennonoxum, uto rpyana W wenpusoguma. Ilycte ¢ — npeo6pa3so-
panue Kokctepa rpynnst W, T — moarpymna B W, nopoxpeHwass ¢, |
A — MHOXKeCTBO eJMHHYHBIX BEKTOPOB, OPTOrOHAJIbHLIX 3JEMEHTaM H3 $.
Tlokasats, uro I' o6mapnaer [ opduraMH B § H 4T0 Kaxnaas H3 9THX opOuT
cogepxur h saementoB. (PaccyxmaTh Tak ke, Kak NPH J0KasaTeJbCTBe
npegsgoxenus 33, ra. VI, § 1, n°1l.)

a1 2) MpegnosoxuM, uyto rpyuna W wuenpusoguma. Ilycts € — kamepa
oTtHOCHTebHO W, (HI, . Hl) — ee CTeHKH, &; — HeHYyJeBOH BeKTOpP, OPTO-
rouanbrbit x M. ITpeanosoxny, 4to BeKTOpPH epveen @, (cooTs. Cyps v )
TIONapHO opTOroHakbHbl (eM. n°2). Hast moBoro ueZ onpeaenum H, u s,
CAeNYIOMHME PaBEHCTBAMH Hu:Hk’ ecan u == k(mod /), u $,=Spg .
u
a) I[TokasaTh, uTO SJIeMEHTAMH MHOXeCTBa § CIYKAT 883 ... Sy—1 Ty
g u=1,2, ..., ——

6) Mycts s’=s1 <. 8, W S"=35,, {...5 TaKOBH, 410 c=¢'s" ectb
npeofpasoBanue Kokcrepa, accouunpopaHuoe ¢ ynopsmoueHHoil Kamepoit C.
Iycts wy — suaeMent us W, nepesonsmuit C 8 — C (cMm. § 4, ynpaxuenue 2).
ITokasaTh, uT0 eI A HeyeTHO, TO

h—1 A1
wy = §'s"s §"s =s"ss" §s"=s"c 2 =¢ 2 ¢
h pas h pas
B) Iycts S={sl, .+uy §;). Tapa (W, S) ects cucrema Kokerepa. O6o-

3HAYUM uepes ls(w) LiauHy siementra we W otHocurtenswo S (ra. IV, § 1,
n°1). TTokasatk, 410

I (h=r, I(")y=I—r, (o)=L
BuiBectn orciona, 4To B NPEANIONOKEHHAK ynpamKHeHus 6)

h—1 h—1
lg(@)<r+—F—1 u Ig(w)<U—r)+—F—1

IMoxasate, ¢ ApPyro#l cTOPOHH, YTO ls (wg) = Card (9) = _/12_1 (Bocnosb30BaTLCS

!
ynpaxHenueM 22, ra. IV, § 1). BmBectn o71ciona, uTo r=- n uro
(S1» Sy «-., S0} — IPHBEIEHHOE DASJOXKEHHE IIEMEHTA W,

r) IMokasarb, uto ecau A ueTHo, TO (sl, A slh./2) ABJISETCS NPHBeAEHHBIM

PasioxeHlieM /MeMeHTa Wo= o2 (MeTopn, TOT Ke).
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9 3) Ilyers K — KommyraTuBHoe koabLo, £ — cBOSORHHE K-MOAyJb
¢ Gazucom (e o) H L il -— 3JeMeHTHl AyaJdbHOro K E npocTpascTBa,

TTosnoxum a;; —-fl (e ) Hpu 1<<i<<! nyems §; — HCCBROOTPAKEHHE §, o
(§ 2, ynpaxnenne 1). Torga '

8 (ej) =e;—a,e,.

IMonoxum ¢ = S .S H 2 =0¢ (ei).
a) Oan 1 <{i, k<! nosoxum

yh=s, S (e) moy=sy ...si__l(et)——yi_'.

0 !
Hance, y; =¢; u y; = 2,
[Tokaszarts, uto
e W, S
Yi Ji = %ridpe

[Moayunte dbopmyant
=4+ 2ol
E<i

=Y 2 Qpi¥p

6) Tlyete C — marpuua npeoﬁpasoBaHHﬂ ¢ oTHOcHTeNBHO Gasuca (o).
Myers U= (y; ) H V-—(vi ;) — MaTtpunsl, ONPENENCHHBIE COOTHOMICHHAMH
a;p ecm i<, 0, ecan i<j,
Uu;, = s s =
i i B NPOTHBHOM CJyvae.

0 B nporusHOM cayuae; a,

Marpuna I+ U ofpatuma u umeer onpeneautess 1. ITokasars, uro
C=(I—=V)I+V)"L
BuBecTu otciona, uro
det (M —=C)=det ((A — 1)1+ V +AU).

Hnaye roBops,

A—=1D+ay Aayy Aayg Aay

Qs (A. bl 1) + Qgo A«aza s kazl

det(A/—C)= a3 Q32 A—=1+as ... Aasy
a 2y Q3 --(A=1)+ay

B) Nycte T ==(I, S) —rpad ¢ muoxecrsom Bepmmu [ = (1, !} u Muo-
xecTBoM pebep S, cocrosmuMm u3 Taknx nap {i, j} saemenTos MHoXKecTBa I,
yTo 880 a; ; 7 0, ubo a; ; 7 0. B coryvae a = {i, s} = S ofoanauynm uepes o,

Tpax—xcnoammxo iwu (paccmarpnaae\qyxo KaK 2JeMeHT CHMMETpPHUECKOR
rpynnst &,) u OTOKAM Q== a;,a;.

[Tycts B — MuokecTBO moaMuokecTs B S, cocTosmuX ®3 pefep ¢ pas-
JHUHBIMH KoHuamu. OfosHauum uepesr € (X), X =5, MHoxkecTBo Tex i/,

KOTOpHE He ABAMIOTCA KOHUAMHM peGep u3 X, U NOTOKHM Oy H Oy

asX
— 11 a,

cseX
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Mycts 0 & 3y, u nycTh dg— UIH, COOTBETCTBYOIHA § B Pa3/oKEeHHH
onpenemurens marpuubl (A — 1)/ 4V + AU. Tlokasats, 4TO eC/H O HMeeT
BHI Oy C X%, ro

. Card (X)
dy=ayh H (A—1+aq,)
ieCX)

Mpeznonoxum teneps, uto I' — zec (va. 1V, pomoasenme, n°3). IToka-
8aTh, UTO €CJaH cE@l He HMeeT BHAZ O, C XeB, ro dc=0. BaiBecTH
orcioa Gopmyay

. Card (X) —
det(h—c)= 3 a,h I a—1+4,.
Xep iseC (X)
r) PaccMoTpuM MHOrouseH
X ag...ay

a

Py =| % X...al2

a, a,... X
K npegnonoxenusM ympaxHernust B) poGasum TpeGomanme, uTobH a,; =1

nna scex [. Ilokasath, uTo Torpa
det(A2—c)=alP(n +2~Y).

4) B o6o3ntaueHuAX M mpeanonoxeHusx n°l o6osxauHM uepes n;; no-
7

Sy, ¥ NOJOXKHM d,, = — 2 cos —, Hmeem q,, =2

CH; if » it

Hoa;; <0, ecn { %= | (eM. § 3). TTokasaTb ¢ NOMOWIBIO NPEABIAYILETO YNPAXK-

PAOOK NPOU3BEOEHUSA SH

HEHHS, 4TO
X ap...a .
a X ...a m;
2 2 =I|<X—2cos———‘,
i=1
ay ... X
rae my, ..., M, — HoKazatean rpyms W n.

1) IMogpoGuoctu moxHo maiiTy B cratbe: Coxeter H. S, M, The pro-
duct of the generators of a finite group generated by reflexions, Duke
Math, J., 43 (1951), 765—782.



F'ITABA VI

CHCTEMbBI KOPHEHW

§ 1. Cucremn Kopueit

B sroM maparpade k -—rmose HyJeBOH XapaKTepHCTHKH.
Hauunaa ¢ n°3, npennonaraercs, uro k=R.

1. Onpedeaenue cucremor KopHeii

JIEMma 1. [Hycre V — sexroproe npocTpancteo Had k,
R — koneunoe nodmnoscecrso 8 V, nopoxdarowee V. Haa awo-
6020 a = R, o # 0, cywecrsyer camoe 6oasuwee o0GHO OTpace-
uue s npocrpancrsa V, raxoe, 4ro s(a)=—a u s(R)=R.

IIyers G —rpynna aBroMopdu3MoB npocrpanctBa V. ocras-
asomas R ycroiuuseiM. ITockonsky R mopoxnaer V, rpynna G
u3oMop(Ha MOArpynme CHMMETPHUECKOH Tpynmbl MHOXKecTBa R
W TNO3TOMY siBJsieTcsi KoHeuHo#. [lycrb s, 8/ — ABa oTpaxenus
npoctpancTea V, mias Kotophx s(a)=s'(a)=—a, s(R)=R,
§’(R)=R. Torma t==ss’ npunaijexut G H HMeeT, CJAeLOBa-
TeJbHO, KOHEeUHbIH mopsmok m. C Apyrofl CTOPOHLI, HMeeM

t(@)=a u {(x)=xmod ko p1s Bcex x=V.

IMostomy Ha V cymecrByer Jauneiinas ¢opma [, rtakasi, 4to
t(x)=x+f(x)a naa scex x=V u f(a)==0.

Unnykiuefl no n nmoJayvaeM, 4To
"(x)=x+nf(x)a naa scex x=V.

ITonaras n pasnuiM m, BUAuM, uto mf (x)=0 naqa scex x =V,
otkyna =0, t=1 u s=s¢',

OmnpepkEnenuE 1. ITycre V — gexroproe npocrpancrgo Had k
u R — HexoTopoe eeo nodmuoxcecrso. Bydem eosopurs, 4ro R
ecTs cucrema Kopreil (UAu KOpHesas CUCTEMA) 8 NPOCTpPaH-
cree V, ecau svinoarenst caedyiouylie ycao8us:

(CK;) R — xoHeunoe mHONMcECTBO, He codepicaujee Hyae6020
gexropa u nopoxcdaiouiee npoctrpancreo V;

(CKy) 0an aobo2o o= R cywecrsyer saement oV Oyaas-
Hoeo Kk V npocrpascrsa V', yoosaersopaiowutl pasencTsy
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{a, aVY=2 u raxoil, 4ro oTpascenue Sq, qv (1. V, § 2) nepe-

sodutr R 8 cebs;
(CKy) aV(R)=Z Jan scex a = R.

Beuny JemMMb 1 oTpaxenue s, ,v (a 3HAUMT, H JuHeHHas
dopMa aV) OLHO3HAYHO ONpenessieTcs 3JEMEHTOM O, YTO OpH-
naet cMmpica ycaosuwo (CKyy). Iloaoxum s, ,v=s,, TaKk uTo

Sq(x)=x—{x, a¥)a naa Bcex x V. DieMenTH MHOXecTBa R
Ha3plBAlOTCH KOpHAMU (paccMaTpHBaeMOH cHcTeMbl). Pasmep-
HOCTb TpOCTpaHCTBa V HaspiBaeTcsl pAHESE0M CHCTEMBIL.

AsTomop¢u3sMbl npocTpaucrtea V, nHepeBojsAue R B cebs,
Has3blBaloTCcd aBToMopdusmamu cucTeMsl R. Onu o6pasyor
KOHeuHylo rpynmy, o6osnauaeMmyio cuMBojoM A (R). TToarpynna
B A(R), nopoxIoeHHass OTPaXkKeHUSAMH S,, HA3bIBAETCHA 2pynnot:
Beiinna cucrempl R u o6Go3snauaercsas cuMBoJoM W (R) wanm
npocto W.

3anmeuanue 1). Ilycts B’ — pacmuperve noas k. OToXAeCTBUM
KaHOHMYeCcKH V ¢ NomMHOXKecTBOM mpocTpanctBa V ® k' u V”
¢ TOAMHOXeCTBOM mnpocTpaHcTBa V' ® k' = (V ® k’)". Torna R
Oyner cuctemoit Kopueil B V ® &/, a aV O6ymyT TeMH Xe, uTO
H paHee.

JIEMMa 2. [Tyere R — cucrema xopuei 6 V, u nycre
(x |y) — nesoipoocdennan cummerpudeckas OGUIUHEINAS HOopMa
na V, unsapuantnas orunocuressno W (R). Oromcdecrsum V
c V* npu nomowu asroii ¢popmu. Toz2la arwboii kopens a = R

6Yyo0er Heu30TPONHLIM U
2a

~ (@la)”
dro caenyer u3 dopmyau (4) ra. V, § 2, n°3.

Ipennoxenne 1. [Tycre Vq (coors. Vq) — sekroproe Q-nod-
npocrpancreo 8 V (coors. 8 V), nopoxdennoe sexropamiu o
(coors. aV). Tozda* Vo (coors. Vg) sasaserca Q-cTpykrypoil
Ha V (coors. na V) (Ase. ra. 1, § 8, n°1). Cymenue na Vg XVy
KaHoHuueckoll OGuauneinol ¢gopmot npoussedenus V XV* no-
36045er oroxdecTsurs Kaxcdoe u3 npocrpancrse Vo, Vi ¢ yaas-
Hoim K Opyeomy. Muoocectso R asasiercs cucremoll kopreii 8'Vq.

Ecin k=R, To cymecTByeT cKaJjsipHOe MpOM3BENeHHE Ha V>
HHBapUWaHTHOe oTHocuTeabHO W (R) (Hureep., ta. VII, § 3,
n°1, mpenn. 1); neMma 2 yTBepxAaeT Torga, 4TO 1eMeHTH aV
nopoxnaoT V*. CorsiacHo 3ameuanuio 1), ¢V mopoxzawort V*
¥ B ciayuae k= Q. IlepexomuM k obmemy cayuawo. [lonoxum
E=Vq. Beuny (CK,;) kaxnbii saeMeHT aV oToGpaxkaer E
B Q, onpemeaas TeM caMuiM 3jeMeHT &< E'. YcHo, uTo
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R —cucrema KophHe#t B E u uto B E® sieMeHTy o COOTBeT-
cryer G. Kax ormeuasoch BhIe, & NOPOXKIAIOT BEKTOPHOE
l'IpOCTpaHCTBO E*. Paccmorpum KaHouuqecxuu romoMopu3m

i: EQok—V n conpsxenuwii k mHeMy ‘i: V*— E'®gqk. Tak
kak R mopoxpaer V, To i clopbeKTHBeH PI CJIeOBAaTebHO,

!} HHBEKTHBEH; Ho o6pa3s romomMopdH3Ma ‘i CONEpKHT 3Je-
MEHTHl @, noaToMy ‘i cropbexTHBeH. MBI NPHUXOIHM K 3aK./iOYe-

Huio, uro i M ‘i —usomopdusMel. [Ipu HX TMOCpPegCTBE OTOKAE-
crBuM V ¢ EQFkK, V' ¢ E'®Fk, a¥ ¢ @ u Vi ¢ E*. Takum
o6pasoM, Vq (cootB. Vg) cranoButcst Q-cTpykTypoii na V
(cootB. Ha V*). Cywxkenue Ha Vo X Vg KaHOHHYECKOH OHJHHEH-
Ho# cboprI npoussegenus V X V* oroxigecTBiasiercss ¢ KaHOHH-
yeckoft Ou/HHefHON cbopMOH Ha EX E", yeM ¥ JokasaHo npea-
JIOXKEHHUeE,

3ameuanus. 2) Baarogaps OpenJoxeHulo 1 H3yueHHe CHCTEM
KOpHell MOXHO CBECTH K cayyaiwo, Korga k= Q. 3ameuanue |
ofecrneunBaer, fajee, BO3MOXKHOCTh CBEJEHUA K CHCTEMe KOpHef
BellIeCTBEHHOrO BEKTOPHOro npocrpancTBa Vg ="Vq ® g R. Acco-
DHHPOBaHHBIE C 3THMH Pa3JHYHBHIMH CHCTeMaMH rpynnsl Beflas
OTOKJIECTBJSIOTCS KaHOHHYECKH.

3) Tax kax oV mopoxnatr V*, To rpymna W (R), paccmartpu-
BaeMasi Kak moxrpynna rpynns GL (Vyg), sBaserca cyuwjecrseu-
noi (v V, § 3, n°7). Kpome Ttoro, caexcrsde TeopeMsl' |
ri. V, § 3, n°2, noxasmBaeT, YTO eAHMHCTBEHHBLIMH OTpakKe-
HUSAMH, comepxamumucst B W (R), 6yayr s,.

[TPERNOKEHHE 2. Oaementor aV o6pasyior cucremy Kopueid
6 V' uavVV=aq 0an scex a = R.

CoryacHo npepJoxenyio 1, aV yrosieTsopsior yeaosuio (CKy).
Tak xak s — aBTOMOD()U3M BEeKTOPHOI'O INpocTpaHcrsa V,

o ¢ -1 .
HajedeHHoro cucreMod R, to (sa av) OCTaBJIsIeT YCTOAYHBBIM

a, aV

MHOXKecTBO RV AyaJbHBIX 3J€MeHTOB aV; HO t(sa' aV) I=sm\,’m,
a 310 H Joka3smBaer, uro RV ymosaerBopsier (CKy) # uro
oV V=aqa. Hakonen, {(aV, ) = Z, xaxoBul 66 HH GuJIH aVv & RY
u B R, nosromy RV ynoaerBopsier (CKyp).

CucTtema kopHeft RV nasbiBaeTca dyaasnoid (Hau 06parnoil)
K R. Bunxo, uro orobpaxenue a+~—> aV siBasgeTcs Guekuuel R
Ha RV, nasslBaeMoil xanonuuecxoli 6uexyueti R na RV. Cnenyer,
OJlHaKo, HMeTb B BHAY, UTO €CJH a, § — 3JeMeHTH u3 R, Takue,
uto o4 < R, 1o, BooGme roeops, (a4 B)Y s=aV - BV.

Tax xax s,(a)=—a, T0 B coorBercTBHH ¢ akcHomoi (CKy)
— R=R. Ouesunuo, 4to (—a)’'=—a¥ u — 1 A(R) (Xorx
He Bcerma — |l & W (R)).
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U3 paseHncrtsa t(sa' av)—l"—‘sav_a BHITEKAeT, YTO OTOGpaxe-
Hue uw—>‘y~! gBaserca u3oMmopdpusamom rpynnu W (R) Ha
rpymny W (RV). OtoxnecTBHM o6e rpynnsi NpH NOMOLIM 3TOrO
n3oMopduama; uHave ropopsi, 6ynem cunrats W (R) nefictBylo-
mefi kak B V, tak m B V*. To xe camoe oTHocuTca K A(R).

IlPEpnoXEHHE 3. iR x, y=V noaoxun
(lg)= 2 (a¥, x) (", y).

Tozda (x|y) — nesbiposicdennas cuMMeETpudeckas OUitHeIRAS
¢opua na V, unsapuanrnas ornocurersno A(R). Ecau x, y = Vg,
10 (x|y) = Q. Kanonuueckoe npodoasicenue gopmer (x|y) Ha

Vr=Vq®qR
6yder cHOBA HEBLIPONCOEHHOIU NOAONCUTENBHOL (hopMOLl,
SlcHo, uTo (x|y) —cuMMeTpuueckas OuJuHHeRHas ¢Qopma
na V. Ecmn g A(R), 10
) lg@n= 2 (g@v), x){g@v), y)=(1y),

aeR

nockoseky (*g)(RV)=RV. Ecan x, y =V, To, cornacuo (CKyy),
(xly)=Q. Ecan zeVy, 1o (2]2)= ZR(aV, 22 >0, u BBURY
e

npexnoxenns 1 (212) >0 mis 240, m03TOMy KaHOHHuecKoe
npononxkenne ¢Gopmpl (x|y) Ha Vi OyxeT NOJOXHUTENBHBIM
H HEBLHIPDOXJAEHHHIM. ByneT HeBHPOXJEHHBIM H cyxeHHe (x|y)
Ha Vgq. CrenosarensHo, ¢opma (x|y) Ha V gmasercs HeBH-
DPOXJLeHHOH,

Irennoxenne 4. (i) Tycre X — nodunoocecrso 8 R, V x — no-
poscdennoe um sexroproe nodnpocrpancreo 8 V, u nycrs
Vx — eexropnoe nodnpoctpancrso 8 V*,; noposOennoe sieren-
ramu oV, 20e a=X. Toeda V 6yder npamoil cymmoi Vy u
nodnpocrpancrea, oproeonaisnozo x Vx, a V' 6yder npamor
cymmori Vi u nodnpocTpancrsa, oprozonasbrozo K V x, npuven
Vx oromdecrsasercs c noonpocTpancTeok, Oyasbroim K V .

(if) [Tepeceuenue RNV x ssaserca cucremoil xopueii 8 Vy,
U KanoHuuecxoe buexTusroe orobpaxcenue R(\V x na Oyasvnyro

cucremy OToxdecrsasnercs ¢ orobpascenuen ar— oV, CYIEHHbLM
Ha RNVx.

Braronaps saMeuanuio 2 MOXXHO TNpeAamoJsarath, uto k =R.
OrtoxpectsuM V ¢ V* npu noMomu cuMMeTpHuecKoi OUIHHefi-
20

Ho#A (opMb M3 npepsoxenust 3. CoryiacHo JeMMe 2, oV == ———
. (ala)
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nas Bcex a< R. JlioGoe BeKTOpHOe MNORNpPOCTpaHCTBO B V
ABJSIETCS HEH30TPOMHBIM, H IPeAJOKeHHe CTABOBHTCS OUEBUIAHBIM.

Caencteue. [Tycre V| — sextoproe nodnpocrpancrsc 8 V
u V,— sekroproe nodnpocrpaHcTso, nopoxcleHHoe nepecedesuen
RNV,. Toeda RNV, 6yder cucremoii xopueii 8 V,.

DTo HEeNMOCPEeACTBEHHO BbITeKaeT H3 yTBepxkpaeHHs (ii), mpu-
MenenHoro K X=RNV,.
Jdaa o= R u f = R nonoxuM

(o, BV)=n(a, B). (1)
B uacTtrOCTH, HMeeM
n(a, a)=2, (2)
n(—a, p)=n(a, —p)=-—n(a, ). 3)
B cootserctBuM ¢ (CKy)
na, psZ. 4)
Ilo camomy ompenenernuo n(a, f)
sp(@)=a—n(a, B)B. (5)
Hs ¢opmyant (1) u npeanoxenus 2 cjaenyer, uTo
n(a, p)=n@v, av). (6)

Ilycts (x |y) — cuMMerpuueckass GuauHefiHas ¢opMa Ha V,
HeBHIDOXKJAEHHAss M HHBapuaHTHas oTHocuTeabHo W (R) (mpen-
aoxenve 3). Torma BBHAY JeMMBl 2

n(a, B="G k- ™

Jlerko BHAETH, YTO

n(a,f)=05n@,a) =0@|f)=0& s, n Sy H€PECTAHOBOYHBL.
(8)

n,a) _ BIB
(alﬁ)%o, TO n(a,ﬂ) - (ala) d (9)

2, Ipaman cymma cucrem Koprel

Ecau

Ilycts BekTOpHOE mpocTpancTBO V Hal k siBAsieTCs NpsIMOM
cymmoii cemefictsa (V) ;. BekTopHbIX noanpocrpancrs. OTo-

xpaectsuM V* ¢ mnpsaMo#i cymmoii mommpoctpanets Vi, dasa
mo6oro i myctb R; — cucteMa kopredt B V;. Torma R=[JR; —
i

cucteMa kopHe#i B V, a Ayaapnoit K Hell cucTteMoil Oyner

RV=UR}/; KaHoHuueckoe OHMeKTHBHOe OToOpaKeHHe R Ha RY
i
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CJIY JKHUT NPOAOJIKEHUHEM, IPH JMIOGOM {, KAHOHHYECKOH OHeKIuH R,

Ha RY. CucreMa KopHell R HasmBaeTcd ApAmMOl. Cymmot cu-
crem R;. Tlycte a = R;. Ecan j+=i, To V; cotepxutcsi B snpe
JHHeHHOK ¢dopMBl &Y, TaK 4YTO S, HefCTBYeT TOXKAECTBEHHBIM
o6pasoM B V; ¢ apyroi CToporH, ka — V;, 103TOMY S; OCTaBJsET

ycroiuuBbiM V. DTH 3aMeuanus nokaseBaiot, yto W (R) oroi-
r
Odecrgaserca ¢ iHl W (R)).

CucremMa koprefi R HasbiBaeTcs Henpusodumol, ecin R+
B R He sBiseTcs NpPAMOH CYMMOH ABYX HENYCTHX CHCTEM
KopHeH.

ITrEpnoXKERUE 5. [Tycre eexroprnoe npocrpawcréo V wad k
ABARETCS NPAMOU CYMMOL seKTopHbIX nodnpoctpancrs Vy, ..., V.,
u nycre R — cucrema kopueti 8 V. Horomum Ry = RNV ;. Toad
caedyroujue TPU YCAOBURL IKBUBAAEHTHBL

(i) komnonenrsor V; ycrotuussr ornocuressro W (R);

(ii) RV UV,U ... UV,

(i) R; npu aobom i — cucrema xoprei e V; u R —npamas
cymma cucrem R;.

(iii) = (i). DTO BRHITeKaeT M3 CKA3aHHOrO B HayaJje n°.

(i) => (ii). [Ipeanoaaras V; ycrofiunsbiMu oTHOCHTebHO W (R),
BO3bMEM HPOU3BOJbHBEIA 3jaeMeHT a & R u afpo H dopmu aV.
CoraacHo mpemynoxeruio 3 ra. V, § 2, n°2, kaxzaas KoMIo-
HeHTa V; AIBAsIETCST CYMMON HEKOTOPOro moampocTpascTsa B
¥ moanpoctpanctsa B ka. Ilostomy V; mpu HEKOTOpPOM i CO-
JIepxKHT ka, oTkyla e=V, UV,U...UV,.

(ii) = (iii). Ecan ycaosue (ii) Bemosneno, 1o R; nopoxpaer V,
npu Jio6oM i, cjefoBaTenbHo, R; —cucrema kopHed B V),
(npennoxenne 4). SicHo, uto R GyHeT npsAMoit CyMMOit cucTeM R;.

CnencrBuE. [Tycte R — cucrema kopwed 8 V. Caedyroujue
YCA0BUS IKBUBANCHTHOL:

(i) cucrema R Henpusoduna;

(ii) W (R)-mo0yss V npocr;

(iif) W (R)-modyse V abcoatorno npocr.

(i) (i). DTo BbITeKaeT HENOCPEACTBEHHO H3 NPeJIoNKe-
Hust 5 ¥ Teopemb Mamke (ra. V, nonoJuende, npepioxkenue 2),

(ifi)y&>(ii). docTaTouHo NpHMEeHHTh npeAJoxeHHe | ri. V,
§ 2, n°l.

Tlrennoxenue 6. Beakan cucrema xopued R 8 V sasaserca
apamot cymmoti nexoropoeo cemeicrea (R;), ., Henpusodumotx

cucTem KopHeil, OOHO3HAYHO OnpedeseHHoZo € TOXHOCTbI0 00
buexyuu MHOMECT8A UHOCKCOS.
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CyuiecTBoBaHHe R; N0Ka3piBaeTcs HHAYKIMEH OTHOCHTEJNbLHO
Card R: eciu R He mycTo W He HENPHUBOAUMO, TO R — npsimas
cyMMma [BYX cHucteM KopHe#t R/, R”, rtakux, uro Card R’ <
< Card R, Card R” < Card R, npuueM X R’ 1 R” npHMeHUMH
npennosiokennus MHAYKIMH., JI1s noKa3aTeNbCTBA €IHHCTBEH-
HOCTH [LOCTATOYHO YCTAHOBHTH, UTO ecau R — mpsmas cymma R’
u R”, To mobas cucteMa R; 006s3aTeNBHO cofepxkuTCt B R’
uii B R”. Ilyers V/, V”, Vi, V! — BexTopHble noanpocTpaH-
ctBa B V, mopoxpgennne cucremaMmu R, R”, R'(1R;, R"R;.
Tak kak cymMma V’ -4 V” — npamas, to u cymma Vi -4 V7 —npg-
masi. Ho R, < R’UR”, nostoMmy R;— npsiMast cyMMa CHCTeM
kopHel R'VR; u R\ R;, otkyna R'"(\Ri= @ Win R" (1R, = (),

yeM M J0Ka3aHo TpefyeMoe YTBEpIKIeHHUE,

CucTeMH R; Ha3BBAIOTCH HeNPUBOOUMBIMU KOMHOHEHTAMU
cuctemMol R. KaxoBwl OH HM OblIM HeHYyJEBHE CKaasapsl Aj,
ofbenHMHEHHe CHCTeM A;R; sBasercs cucreMoit Kophelt B V, nas

o o o -1
KOTOPOH AyaJbHOH cHCTeMOll 6yneT o6helyHEHHE CUCTEM A; RY,
a rpynnoi Beiing — W (R).

IIPEpnoxERUE 7. [ycre R — cucrema kopueii 8 V, (R;) —
cemeiicTeo ee HenpusoOUMbLX KOMnowewr, V;— sexropuoe nod-
npocrparcrso 8 V, noposcOennoe Komnoweurol R;, B — cum-
Mmerpudeckas Ouaunerinas ¢gopma, onpederennas 8 npedao-
acenuu 3, B’ — nexoropas Opyeas cummerpureckas Guiuneinas
popmua na V, unsapuanrnan orxocureavrno W (R). Toeda noo-
npocrpancrsa V; 0yoyr nonapro oproeoHasbHbL OTHOCUTEABHO B,
a cywenus B u B’ na V,; npu scex i 6Y0yr nponopylonaibHbL.

Ecmn v;eVy, v; €V, i, u ecnin w s W(R)), To
B’ (v;, w(vy)) =B’ (v, vy),

OTKyIa BHIHO, YTO BEKTOpH w(V;)—v; U U; OPTOrOHAJBHBI
oTHocHTesapHO B’. Tak xak moanpoctpaHcTBo V; HenmpuBomMMO
oTHOCHTeJbHO W (R;), TO OHO MOpOXKAAeTCs BeKTOpaMH @ (v;)—0;
H, CJeJOBATEJBHO, OPTOrOHAJBHO HOLHPOCTPAHCTBY V.

To, uTo cyxkeHHss B ¥ B’ ma Kaxpoe W3 noampocTpaHeTs V;
6y1LyTOHpOI]OpLLI/IOHaJIbeI, caenyeT M3 npeadoxenus ! ra. V,

§ 2, n°l.

3ameuanue. BrbepeM cKaaspHoe NpousBejeHHe Ha Vg, HHBa-
puaHTHoe oTHocuTenbHO W (R). OHO TNO3BOJUT HaM TOBODHThb
0 Jaure Kaxaoro KOpHsT U 06 yese MEXKAY ABYMS KOpHAMH.
CorsacHO TIpeRJOXKEHHIO 7, 3TOT yroJ He 3aBHCUT OT BHOOpa
CKaJIsIpHOTO NpPOU3BENEHHs; TO JKe €aMoe BEPHO M AJsl OTHO-
uleHMs AJHMH JBYX KODHeEH, KOJb CKOPO OHH NpHHAIJeXAT 00HOI
u Tol oKe HeNPUBONHMOH KOMIOHEHTE CHCTEMH R.
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3. Ceasu mencoy 0syma KOPHAMU

HauomuuM, uto snpeds npednosazaercs k=R (Mbl BO3.sa-
raeM Ha yuraTeas 3a60Ty O pacOpOCTpPaHeHHH Onpeje/eHHH
¥ pe3yJbTaTOB Ha OOWIMH CJay4yall MeTOLOM, yKa3aHHLIM B 3a-
Meyanuu 2 n°1).

B dansuedimen R o60o3nauaer cucremy Kopueil 8 6eKTOPHOM
npocrpancree V, Ha KOTOPOM 0OnpedeseHo CKaaiapHoe npousse-
denue (x, y)— (x|y), uneapuanrnoe ornocuressno W (R) (cM.
npejJokeHHe 3).

[Tyets a, p= R. [To dopmyde (7) n°l nmeem

n(a, B) 1 (B, ) = 4 cos? (o, B) < 4. (10)

CrenoBateqabto, nesnoe uucao #(a, f)7 (B, o) MoxeT mpuHHMATh
aumb 3Havenns 0, 1, 2, 3, 4. [lpuHumas Bo BHHMAaHHe cJel-
cTBHe npennoxeHus 6 u3 ra. V, § 2, n°5, u noxctpouHoe npu-
Meyanue B ra. V, § 4, n°8, MbH ODpPUXOMUM K 3aK/JIOYEHHIO, 4TO
€ TOYHOCTbIO O NepeMeHbl MecT o H f MMeloTCs JHIb CJefyio-
1IMe BO3MOXKHOCTH:

1) nla, B)=n@, a)=0;

(@ B)= 5 SuSp — MOpANKA 2;
2) n(a, )=n@, o)=1;

(6 p)= 5 lel=l8l; S48y — Mopsika 3;
3) nl(a, p=n@, o)=—1

(a/,\li) = 23_:;; fall=IB1l; $oSy — TOpsiIKa 3;

4) nla,p)=1, n@p a=2

(@, B)="5 IBI=V2lal; s,s,— nopsnxa 4;
5) nle, p)=—1, n(§, a)=—2;

(afﬂ):i—“; 1Bl=V2lal; $4Sg — Mopsuka 4;
6) n(a, p)=1, n@, a)=3;

(a/,\l5)=%: 18ll=V3lal; S48 — MopsiaKa 6;
7)n(p)=—1,n@ a=—3;

(. B) = %Ii; IBll=1V3lal; s, — nopsinka 6;

8) n(a,py=n@, a)=2; o =p;
9 nie, p)=nnP, a)=—2; o= — B
10) n(a, p)=1, n (@, a)=4; B = 2u;

11) n(a,B)=—1, n(@, a)=—4; Pf=—2a.
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B uactrocTH, cnpaBenJiHBO

[pepnoxennk 8. (i) Ecau 08a KopHs nponopyloHarsHst, To
MHOXMCUTEND NPONOPYUOHAALHOCTU MOMCET PABHATHCA AUWYL =1,

1
=+ o +2,

(i) Ecau a, p— 08a HenponopuyuoHarsHbIX KOpHA U ecau
Hell<<IBll, 7o n(a,B) npunumaer o0no u3 3nawenui 0, 1, —1.

1
KopeHb @ & R, mist KOTOPOro 4 @ ¢ R, Ha3uiBaeTcs nede-
AUMBLM.

Teopema 1. ITycre a, B — 0sa Kopus.

(i) Ecau n(a,p)>0, 10 o —P— Kopens, kpome ciyuas
a=04§.

(i) Ecau n(a,B) <0, ro a-+ B — xopenv, Kpome cayuas

o= —

B cooTBeTcTBHH C NpPHBEJEHHBIM BHIIIE CIIMCKOM B Ciyuae
n(o, p) > 0 uMeloTCs JHIIbL CJeAyIOLIHEe BO3MOXKHOCTH:

1) n(e, B)=1; rorna a —B=s5(a) = R;

2) n(,a)=1; Torna p—a=s,(B) =R u, cjieaoBaTeiibHO,
a—peER;

3) p=oa. .

Tem caMbiM nxoxKasaHo yrBepxkiaeHue (i), a (ii) noayuaercs
H3 Hero saMmecHo#t B Ha —P.

CaenctBuE. [Tycre a u B — 0ea xopus.

(i) Ecau (a|p) >0, 70 a — B — Kopens, kpome caywan o=4§,

(ii) Ecau (al|B) <0, 10 a-p— Kopens, kpome caywas
a=—§.
(i) Fcau a—PB&L RU{0} u a+B&ERU{0L 10 (a|f)=0.

Yreepxnenus (i) u (ii) BeiTekaioTr u3 TeopeMnl 1 um dop-
myas (7) n°l. B cBolo ouepenp (iii) moJsyuaeTcs NPH MOMOLIH
(i) n (ii).

Moxer ciayuuthes, uto a+ B R, (a|f)=0 (raba. X; cu-
cremMa B,). Kopun a u  HA3HIBAIOTCS CTPO20 OPTOSOHAAbHOIMU,

ecam o —BeE RU{O} u o+ pe& R U}

TTpepnoxEHHE 9. [lycTte o u f— 06a HenPOROPUUOHAAbHBLX
KOpHA.

(i) Muooecrso I yearvlx payuoHaibHBLX 4UCea |, TaAKux,
yro P+ jo — Kopens, asaserca uwnrepsarom (—gq, p) 8 Z, co-
depocawgum 0.

(ii) Hycro S — muoocecreo Koprei B+ jo dra je I, Tozda

5,(8)=S8 u 5,04 pa)=p— qo.
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(iii) Hmeer mecro coorHowenue p — q=—n(g, o).

Slcno, uto 0= 1. Ilyers p (cooTB. — g) — HauGoJsuit (co-
OTB. HauMeHbUHH) 37eMeHT M3 /. Ecau 6ul He Bce neJble 4yucaa
u3 uHTepBasta (— g, p) npuHamJexkann MHokecTBy [, TO
B (— ¢, p) Hamauce Onl NBa uucaa r, S, 06JafAl0NIKHE CJAeLYIO-
muMu cBofictBamu: s>r--1, s=l, resl, r+ k&£l pan
1<{k<{s—r—1. B o603HaueHHAX CJeACTBHS TeopeMnl l 3TO
nasano O (a|f -+ sa)<<O0, (a|f-4 ra)=0, uyro HeBO3MOXKHO,

K
TOCKOJIBKY (a 8-+ sa) > (alp+ ra).

Yreepxkaenne (i) nokasauo.

Ouesunno, ut0 S PB4+ joy=8—n@, o)a—jo=P8-4 ja
¢ f=—j—n(, o). INosaroMy s5,(S)=S u, cremosarebHO,
$4(8)=_S. Kpome Toro, noayuaem, yro j—> —j—n(B, a) 6yner
yOHBalIUM OHeKTUBHBIM OTOGpaxenneM [ Ha I. B uacrnocry,
j/=—gq paa j=p, 1aK 4T0 —g=—p —n(B, a). Tem campiM
JoKkasaubpl yTBepxkuenus (i) u (iii).

Muoxkecrso S Ha3sblBaeTcs a-cepuerl Kopueil, codeprcauyer B
B — go HaswmBaeTcAd wHawarom cepuHd, B4 pa-—ee Konyon,
a p -+ g — Oaunodl.

CnexctBHE. [Tycre S — a-cepun wopueid ¢ naxaron y. [au-
nott S 6yder — n(y, a); ona pasua 0, 1, 2 uau 3.

[Tepsoe yTBepkjeHue BelTekaeT H3 mnpexsoxenns 9, (iii),
IpuMeHeHHOrO K §==1y, €c/lH NPHHATL BO BHHMaHue, 4ro ¢ =0.

Jlanee, HOCKOJBKY ¥y He MpONOPHHOHAJEH KOPHIO «, H3
CIIUCKa, IIPHBENEHHOTO B HauaJe 3Toro n°, BUNHO, 4To | 1 (y, ) [<3.
CJleICTBHE JOKa3aHO.

3aneuanue. CoxpanMM O0O0O3HaueHHUs NPHBEJCHHOTrO BHINIE
caencreug. Torpa
1) Eciu pouua cepuu S pasra 0, To (a]y)=0.

2) Ecaun nauna cepuu S paBHa 1, To n(y, )= — 1, Tak uro
BO3MOXKHBl TPH CJydast:
1 S 25
n(e,y)==—1, @la)=(F1v) (aly)=—7(ala) (@, y)=55"
1 ~~
ae, y)==—2, (ala)=2(vly), @ly)=—5(ala), (o y)=%’i;

n(o, v)=—3, (ala)=3(v[v), (GIY)=——;-(a|a), (@ v ="

o o o

s
3

LT

x
3

i

Yro Y y+re Yy T+a
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3) Ecan pamHa cepud S paBra 2, To n(y, @)= — 2, oTkyia
1 ~~ 3n
n@y=—1 @lo=5Clv @lv=—C(la), (ov)=-7:
o
L4 EANY
434
v Y+o y+2a
4) Ecan pouna cepun S paBna 3, To n(y, a)=— 3, oTkyJa
1 3 .5
n(e,V=—1, @la=x5@ly), @) =—35@la), (&) =-73":
o
i s
[ ARAYS 6

Y Y+o Y+ 2a v+ 30

Mut y6exnaeMcs (raba. X, cHcreMbl A, B,, G,), ut0 BCEe 3TH
cjyyaH AeHCTBHTENbHO Peajii3yloTCs.

IIpEanoxEnHE 10. [Tycre a, § — 0sa HenponopyuorarbHoix
Kopus, raxkue, uro P-4 a rome 6Gyder xopuem. Ilycre p, ¢ —
yeasie qucaa u3 npedaoscenus 9. Toeda

B+olpta) g+l
B8 p ’

ITycrs S — a-cepusi, comepxawast f, H y-—ee Hayajlo; ee
JnnHa | 6yger > 1, nockoabKy P+ o — Kopenb. MoOXHO Bhige-
JIHTh CJedyIOollHe CJIyYaH:

1) I=1; rorma B=vy, =0, p=1, (ﬁ‘i‘alﬁ‘l‘a):l(ﬁlﬁ);
2) =2, p=v; Torna ¢=0, p=2, B+ alp+a)=5BIB);
3) 1=2,p=y+0; torma g=1, p=1, B+a|B+0) =2 B);
4) 1=3, p=1y; torza ¢=0, p=3, B+ ¢|p+ o) =5 (B 6)

5) =3, f=vy+ a; Tornag=1, p=2, (B+a|p+a)=B|p);

6) =3, p=1vy+2q; Torna g=2, p=1, B+a|+a) =3B B).

Bo Bcex »THX Cayuasix HyxHas HaM (GoOpMyJa HOLTBEp-
KAaeTcs.

ITregnoxenuE 11, Ipednoaroscum, uro cucrema R Henpu-
goluma. ITycte a u B— dsa kopua, taxue, uro |al=|B].
Toz0a waiiderca aaemenr g W (R), 0aa Koropozo g(a)=p.

OGpasbl KopHs a oTHocuteabHo W (R) mopoxpator V (n°2,
C/eICTBHE TNpeAJoKeHHs 5), mostoMy cymectsyer g W (R),
nas koroporo (g(a)|B) #= 0. MoxHo, TakKHM o6pasoM, Hpefno-
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Jlarath B HaJubHedmeM, uto (a|P) %= 0. Corsacuo dopmyae (9)
n°l, n(a, p)=n(P, o). 3ameHsns B cayuyae HeOGXOAUMOCTH P Ha
$5(B) = —B, moxuo cuurars #n(a, f) > 0. Toraa B cooTBeTCTBUH
€O CITUCKOM, NpHBEIEHHHIM B HauaJne atoro n°, 6ymer JgH60 a=2_§
(korga mnpejJioXkeHHe oueBHHHO), JauGo #n(a, B)=n(@, a)=1,
B TOCJELHEM CJayuae

(Sasﬁsa) ®) = SaSp B—a)=s,(—Bf—a+4p)=aqa.

4. Hpusedennvie cucremvt xopueil

Cucrema KopHeHl HasbiBaeTcsl npusedenHol, ecan mo6oi
KOpeHb CHCTeMbl HeZeauM (n°3),

IlrEnnoKEHKE 12, [Ipednoromum, 410 R — nenpusoduman
U npugedeHHas cucrTema Kopwed,

(i) Oruowenue ((E—IL% 01 ae= R, =R mower npunumars
1

1
TOABKO 3Hauenun 1, 2, 5 3, 7

(if) Muoaxcecreo 3naqenuii (a}a) a2 a & R cocrour He 6oaee
yem u3 08yx 3/4eMeHTo8.

[Tockonnky cucrema R HenpusoguMa, o6pa3sl J06Oro KopHdA
oTHOCHTetbHO W (R) mopoxknaior V (n°2, cnencTsHe mpenJoxe-
uusi 5). IToaToMy, KakoBH Obl HHM OblM KOpHH «, B, Hafimercs
KopeHn f’, Tako#f, uro (a|p) =0 u (f"I1p")=(@18). B coormer-

4 4

ctBuH ¢ dopmyaoit (9) n°1 u cruckom us n°3, “(@le) DpHHH-
1

_2—:
<reMa MNpeArnoJaraeTcss npuUBefeHHOH). YMHOXKad (x| y) Ha moi-
XOASIUMA CKaJfAp, MOXHO mpexno.ararts, uro (aja)=1 aaa
HEKOTODBIX KODHEH M yTo JNPYTrHMH BO3MOMHBIMH 3HAUCHHAMH
(B1B) max B R Gymyr 2 u 3. 3navenns 2 w 3 He MOTYT IO-
CTHrathcs 00a, MOCKOJIBKY TOrAa cylilecTsoBadu 6ut BE R, y E R,

3
lv) _ 3 B NPOTHBOpPEYHH € TeM, 4TO OBlJIO

@) 2

‘CKa3aHO BGhIlle.

o 1
MaeT OfHO W3 3HayeHHH 1, 2, 3, 7 (HamoOMHHM, 4TO CH-

MU KOTOPBIX

[Teenmnoxenue 13. [Ipednosoxcum, 4ro cucrema R — nenpu-
so0umasn, nenpusedennas u panea =2.

(i) Muoocecrso R, nedeaumvix Kopued ABAAETCA cUCTEMOL
kopreil 8 V; sra cucrema — nenpusodumas 4 npusedennas,
apusem W (R)=W (R).

(ii) MTycto A — mnomecreo xopuel a, dan xoropwuix (a|a)
npunumaer Haumensuiee 3nauenue A, Toeda aro6eie Osa unenpo-
NOPUUOHAABHELX 3AEMEHTA U3 A 6YOYr OpTO20HAABHLL,
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{iii) Mycre B — muoscecrao kopuei B = R, rakux, uro (B |f)=—
= 2A. Toeda B+ @, Re=AUB, R=AU B 2A.
' 1

Ecan a= R — R, TO —;—aER, HO —2—(-;— a)e‘:‘R (npennoxe-

1
Hue 8), mosTomy FeE R,. Orciona cienyer, yto R, y10BJETBO-

psier ycaosuio (CKy). Slcuo, nazee, uto s, v (Ry) =R, 1as Jo-
6oro a & R, nostoMy R, ynosierBopsieT ycaosusaM (CKyp) u (CKyy).

Tak kKak a = R — Ry BJeuer SOE Ro, a So==S8g9, To W(R)=

=W (R,). CnenoBarenbHo, cucrema R, — HenpupoguMmas (cuaem-
CTBHE MpeNJIoXeHust 5) W, OueBHAHO, TMPHBEAEHHAS,

ITockonbKy R He siB/IsieTCS IPHBEAEHHOM, CYILIECTBYET KOPEHD
o <= Ry, Takoil, uto 2a & R. [lockosbKy cucrema R — HenpuBo-
auMasi, a dimV >2, HeBO3MOXHO, uTOOb KOpeHb @ ObLI Mpo-
NOpUHOHAJIEH HJIM OPTOrOHAJIEH BCSKOMY KopHio. IIycTh KopeHnb
B = R, TakoB, uto n(f, @) %= 0, npuueM B He mpomopuHOHaJEH
KOpHIO a. 3aMeHdAd B cjaydyae HeoOXogHMocTH f§ Ha — f§, MOXHO

cuutath n (B, @) >0. Tak kax %n(ﬂ, a)=n@P, 200=2Z, 10

nP, a)=2Z. N3 coucka B n°3 BugHo, uro n(f, a)=2,
(BIf)=2(a|a). BBuny npuBefeHHOCTH R, MPUMEHHMO MpPeIJO-
xeHne 12, mokaseiBaouiee, uto (y|y)=(a |a) umau (y]y)=2(ala)
IJasi Bcex y e R, IIpenbinyiue paccyxJeHHusl MOKa3kHBAIOT, YTO

1
npu Jao6oM yE R — Ry BeKTOp 5 ¥ Oyner ajeMeHTOM H3 R,

T4aKUM, UTO (%vl%v)=(a]a). CuepoBaresnbHo, A= (a]a),

B+# 0, Ry=AUB u Rc AU BU2A. C apyro#t cTopoHml, eciin
y<= A, to nafinercss g W (R), nns koroporo y==g(a) (npen-
goxenue 11), oTkyna 2y =g (2a) = R. CnenoBaressvHo, 2A — R
u R=AUBU2A. HakoHeu, nycTb, y, Yy — JBa HENpPONOPILHO-
HaJpHHX 3jMeMeHTa H3 A. [lockoabKy Y M y' OfHOH H TOH XKe
JLJIMHBI, HMeeM

n2y, Y)=2n(y, v)=4n(y, 2v)=4Z un |n(y, v)I<I,
otkyna n{y, y)=0u (y|y)=0.

Heennoxeune 14. [1pednoaoocum, uro cucrema R — nenpu-
goduman u npusedennas u 4ro (a|a) npuUHUMAET 3HAYEHURL A
1w 27 012 a= R. llycte A — mHoxwcecT80 KOpHel @, TAKUX, 4TO
(ala)=A~A. Mpednoroxun, Oasee, uro a0bbie dsa HenponopyLo-
Haaorolx aaementa u3 A oprozonaaswel. Tozda R, = RU2A
ABALETCA  HenpuBedeHNHOl  Henpusodumoi cucremoll Kopueid,
@ R — mHoocectgom Hedeaumsix xoprel 8 R.
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OueBuano, uto R, ynosaertBopsieT ycaoBusiMm (CK;) u (CKy).
HoxkaxeM, uto (aV, By <Z anaa Bcex a, p< R,. DTO oueBUIHO,
ecan o, B R. YTBepxXJeHHe BepHO M B Cjayyae a, p< 24,
MOCKOJIbKY (2a)v=% oV s o < A. Bo3snMeM, HakoHen, B < R
Ha=2yc¢c yve A

1) Ecam y=+8, 10 {aV, B)= = é(yv, Vw==1

2) Ecom y He mnponopuvoHaseH Kopuio B u ecan B A, TO
B COOTBETCTBHH C YCJOBHAMHU, onpexensiomuMu A, (yV, B)=0,
otkyaa (aV, p)=0.

3) Ecimpe R — A, o BIB)=2A=2(y|y), mostomy (B, yV)
paBHo Jubo 0, m6o 2, qu6o — 2 B COOTBETCTBHH CO CIIHCKOM

u3 n°3. CaenoBateasbHo, u (B, GV>=*;‘(5, yyeZ

Takum o6pasom, R, —cucrema kopueidi B V. OcranwHbe
yTBepXKIeHHUS OYEeBUIHEHI,

5. Kamepor u 6asucot cucremvr KopHeii

[Ipu mo6oM e R nyctb L, — rHIEpmIOCKOCTL MPOCTpaH-
cTBa V, cocrosimast U3 TOUEK, HHBAPHAHTHHIX OTHOCHTEJIbHO Sg.
Kamepsnl, onpejesneHHble B |V MHOMXKECTBOM THNEPIIOCKOCTEH L,
(rr. 5, § 1, n°3), HasmBawTcas kamepamu cucremv: R. DBuek-
THBHOe oToGpaxkeHne V —V*, onpeneneHHoe CKaJsipHHIM IIPO-

2aVY
(@¥1aV)
TesqbHO, L, B L,y, a KaMepnl CHCTEMB R B KaMepnl AYya/bHOH

cucteMur RY. Ecsn C —xaMepa cucreMnl R, TO COOTBETCTBYIO-
mas xaMepa CUCTeMnl RY 6yner 0603HAYATHCA CHMBOJIOM cV.

Corsiacuo upemtoxenuio 7 1n°2, C¥ OfHO3HAYHO ONpeIeseTCH
KaMepoir C M He 3aBuCUT OT BhiGopa (x|y).

usBegenueM (xly), nepeBonHT a <R B H, CJeI0Ba-

TeorEMA 2. (i) [pynna W (R) Oeicteyer na mHoNCecT8e
Kamep npocTo TPAH3UTUBHBIM 06pa3om.

(i) Hycre C— xamepa. Tozda C 6yder ¢pyndamenranrsrol
obaacrero 028 W (R).

(ili) C ssaserca oTkpoiTOIM CUMRAUYUAAGHOIM KOHYCOM
(rn. V, § 1, n°6).

(iv) fTycre L,, Ly, ..., Ly—crenxku kamepst C. Jas arwo-
6020 [ cyujecTayer eUHCT8EHHbL Hedeal mutii KOpers oy, Taxkol,
4ro Li= Ly, npudem o; 6yder ¢ Toii ae cTopomst or L;, 4TO
u C.



$ § 1. CUCTEMBI KOPHEM 191

(v) Mnoosecrso B(C)={a,, ..., o} Asasercsa 6asucom npo-
crpancrea V.

(vi) C cosnadaer ¢ mnoxecrsom tex x &V, 0as Koropeix
{oy, xy>0 npu ecex i (uru, 4T0 PABHOCUALHO, C MHOMECTEOM
xeV, rakux, wro (x|a;) > 0 npu scex i).

(vii) ITycro S — muomecreo orpascenuii Sy, llapa (W (R), S)
aeanercs cucremoli Kokcrepa (ra. IV, § 1, n°3).

YrBepxkieHusa (i) u (vii) caenyior u3 teopeMmnl 1 ra. V, § 3,
n°2, a yrtBepxpeune (ii) —u3 TeopeMs 2 ran. V, § 3, n°3. V-
pepxkaende (iv) oueBwnHo. KopeHb @; OPTOroHaJjeH K T'HIEpNIO-
ckoctd L;, a o) oToXAeCTBAAETCA C Qai/(ai[ai). Tak kak rpynmna
W (R) cyutectBenHa (n°1l, sameuanue 3, To ytBepxkienus (iii),
{v) u (vi) BeITE€KalOT M3 npemaoxeHus 7 ra. V, § 3, n°9.

3amewanus. 1) YrBepxnenue (vii) nokasslBaeT, B YaCTHOCTH,
yro W (R) nopowdaercs oTpaKeHUAMH Sg,.

2) Ecu x, y=C, To (fly) >0 (1. V, § 3, n°5, nemma 6);

APYTHMH CJOBaMH, yroa (X, y) OCTpHIi.

3) Iycte m(a, B) — nopsajok snemeHTa S$;53 (@, B < B(C)).
Marpuna (m(a, B)) coenamaer ¢ marpuyer Koxcrepa (rn. IV,
§ 1, n°9) cucremn (W, S). Ecnin a5 f, To, Kak NokasbBaeT
npensnoxenue 3 ra. V, § 3, n°4, yrox (a, f) pasen ”—m_(gﬂ'
TaK 9TO 3TOT yros Tynmoi#t mau mpsimoll, u (a|B) << 0. IIpocma-

TpUBas CHHCOK M3 n°3, Mbl BHIHMM, 4TO NMoPsANoK m (e, B) pasen
2, 3, 4 nau 6.

Onperenenue 2. [Todmuoomcecrso B cucremor xopweil R na-
aoisaercsa 6asucom 8 R, ecau cywecrsyer xamepa C cucremot R,
raxasn, 4ro B=B(C). Ecau C — kamepa, rto B(C) Haseisaercs
6asucom cucremor R, onpedesennoim nocpedcrgom C.

Samewanua. 4) YrBepAeHHe (vi) TeopeMsl 2 NHOKa3HIBaerT,
yto C+—> B (C) AiBasieTcs OUEKTUBHBIM OTO6PANCEHIIeM MHOMXKECTBA
Kamep Ha MHOXecTBO GasucoB. CaenoBatennHo, W (R) gelicTByeT
NiPOCTO TPAH3UTUEHO Ha MHOXecTBe Ga3HCOB.

) Ilycts C — kaMepa cucTeMbnl R # B — cOOTBETCTBYIOLIUIT

6asuc. Ecam a= B, To mojoxum @(a)=aV npH 2a¢& R u
(p(a)=-;—a\/ B cayuae 2a= R. Torma @(B) Oymer 6asucom

IyanbHOl cHcTeMbl RY, onpedeseHnoin nocpedcTsom CY; ato
<JielyeT U3 TOTo, 4T0 CTeHKaMu KaMeps C¥ GyayT L,v, r1e ae B,

Omnpeaenenue 3. [ycre B — 6asuc cucremor R. Marpuyei
Kaprana cucremor R (ornocureasno B) Ha3seieaercs marpuya

'(fl (a» ﬁ))a, (=¥:M
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Mu 3naem, uto n(a, a)=2 nas Bcex ae=B. Hasa e, p= B
HMeeM

. (o | B) hal 7t

n(a, =2 =2 -

Ho B) =27 TSIk (1)
rae, Kak u npexnpe, m(a, f) — NOPSIAOK 3JeMeHTa Sq¢Sp. Ecam
a#f, 10 na, f)=0, — 1!, —2, —3 (cMm. n°3).

3amewanua. 6) He caepyer cmemnsaTh Mmarpuuy KapTana
(n(e, B)) ¢ marpuueir Kokcrepa (m(a, B)). OTrmeruM BRO6G2BOK,
uTO MaTtpHua Kaprana hHe o6s3aHa ObITh CHMMETPHUECKOMH.

7) Kawnonuueckue undexcayuu, Ecau B n B’ — nBa 6azuca
cHerembl R, TO CyumecTByeT eNHHCTBEHHbi aaeMeHT w & W,
Takol, uro w (B)= B’. Tlo omnpeneneHHIo,

n(w(e), w@)=n(a, ) 1 m(w(a), w@)=ma, f)

Ans e, B= B. CaenoBarespro, Matpuust Kaprana u Kokcrepa,
aCCOLMHPOBaHHbE C B, NoJyyaloTess H3 COOTBETCTBYIOIIHX Ma-
TPHL, aCCONUWUPOBaHHHIX ¢ B/, KoMnosuuueil ¢ OGHEKTHBHBIM
oToOpaxkeHueM

a— w(a)
B na B’.

BrnpoueM MOXHO onpeneauth MaTpHusl Kapraua u Kok-
cTepa KawoHuuecku caepyiomaM obpaszom. Ilyers X — muo-
»kecTBo nap (B, a), rie B — 6asuccucreMsl R v a< B, ['pynna W
JleficTByeT oueBHIHBIM oGpazoM Ha X, u ee op6ura B X mepe-
ceKaeT Kaxjaoe H3 MHoXKecTB {B} X B B TOYHOCTH B OJHO}
touke, Ecyu, Takum o6pa3om, | — MHOXKECTBO yKa3aHHBIX OpPOHT,
TO KaXJbli 6a3uc B [OmycKaeT KAHOHUYECKYH) UHOEKCALUIO
(o), o ;- Hanee, cymectsyer enuncrBennas Martpuna N = (n;;)
(coorB. M ={(my;)) t™na I X I, takas, uro marpuua Kaprana
(cootr. Kokerepa), acconvupoBaHHas ¢ IPOU3BOJLHEIM 6asucoM B,
Oyner moJayuartscsa U3 N (cooTB. M) KOMnosuuuei ¢ KaHOHH-
YecKOH HHJeKcanuHeilt B; OynaeM HasbiBaTh 3Ty MaTpHUY Kawo-
ruueckol marpuyeii Kaprawa (coorB. Koxcrepa) cucteMb R.

ITeepnoxkennE 15. lycre B — 6asuc cucremot R u o — He-
deaunoiii xopens. Cyuecrsyor p= B u we= W (R), rakue, 40
a=w (f).

Honycrtum, uro 6a3uc B =B (C) onpeneasiercs Kamepoii C.
Cunepmiiockocts L, fBAsSETCST CTeHKOH HeKOTOpOH Kamepn C’
chcTeMBl R, H cymecTsyeT sJemeHT rpynnel W (R), mepesons-
muit €’ B C. MOXHO, CJIelOBaTe/bHO, OrpaHHUUTBCS CJaydaeM,
Koraa L, — crenka Kamepnl C. Torja a nponopuuoHaJeH Heko-
TopoMy 3JeMeHTy § u3 B. Tak Kak o H B HeleJHMBl, TO @==
= +f. Ecan a=—§, 10 a=35;(B), uto H KokasbBaeT Npe-
JIOXKEHHe.
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Caencteue., [lycre R, u R, — dse npusedenmvie cucremo:
KopHel 8 gekropubix npocrpancreax V,u V,, a By u By, — ux
6asucet. [Tycrs, dasee, f: B, — By — 6uextuenoe orobpadcenue,
nepesodsuee marpuyy Kaprana cucremer R, 8 marpuyy Kap-
rana cucremst R, Tozda cywecrsyer usomopdpusn F: V-V,
nepegodawuil R 8 Ry, u a 6 f(a) 941 écaxoeo o & B,.

[Tycts F — usomop¢usm V, Ha V,, KoTopwii nepesogut o
B f(a) maa Beskoro ae B,. Torma F nepeBOIUT Sq B Siq)
u, caenosaredvio, W(R;) B W (R,) (reopema 2), a 3uauur, R,
B R, (mpensoxenue 15).

[MrennoxkERUE 16. [Tycre B — 6asuc cucremer R u G — nod-
epynna & A(R), cocTosuan u3 348 MeHT08, KOTOpbe 0cTABAAIOT B
ycrotwugoim. Toeda W (R) — nopmarsnasn nodepynna ¢ A(R) u
epynna  A(R) — noaynpamoe npoussedenue ceoux nodepynn G

u W (R).

Ecn a =R u t = A(R), 10 tsqt™ = s4(a); nockoabsky W (R)
NOpOXJIeHa BCEMH OTPAaXeHHUSAMH S,, fAcHO, uTo W (R) — Hop-
maJjbHasg noarpynna B A(R). C moMmoubio nepeHeceHHs CTpy-
KTypbl A(R) nepeBoinT OAMH 6a3uc cCHCTeMbl R B HEKOTODHIH
apyroit 6asuc Toit ke cucremel. Ho W (R) meficTByer mpocro
TPAH3UTHBHBIM OGpasOM Ha MHOXeCTBe 6a3HCOB, MO3TOMY MpPO-~
H3BOJibHBIA 3JeMeHT U3 A(R) 0QHO3HAUHO 3aNMHCHIBAETCS B BHIE
g8 The §1EW(R) n g, =0G.

3ameuanue 8). IlycTe Ry, ..., R, — cHCTeMbl KOpHEH B BEeK-
TOPHBIX mpocrpancreax Vi, ..., V,, R—rmpsamas cymma R;
B V=HVi, C; —kamepa cucreMsl R;, B;= B(C;). Ouesuggo,

i
yro C =[] C; 6yner kamepoit cucremn R u uro B(C)=] B..
i Y

_ 14
Kak cJoenyeT u3 TeopeMbl 2, Bce KaMepbl H _6a3UCHl CHCTEMH R
NOJy4aloTCsl YKa3aHHHM cnocoBoM.

6. Honroxcurenvrovie xopru .

[Tycts C —kamepa cucremmur R, a B(C)={ay, ..., o} —co-
orteeTcTBYloluil 6asuc. Ornowenuem nopsadxa, onpedeieHHbim
ramepoii C BV (coors. V*), HasbiBaeTCs COrNacoBaHHOE CO CTPYK-
Typo#t BeKTOpHOTO npocTpancrsa Ha V (coots. V) otHourenue mo-
psiIKa, IpH KOTOPOM aJeMeHTaMu =0 6yayT JuHeliHble KOMOGUHa-
1M KopHeit o; (COOTR. a}/) ¢ xosbpodunuenramu =0. DueMeHT,
TIOJIOXKHUTENbHBLH OTHOCHTEJIbHO OZHOTO U3 YKA3aHHBIX OTHOMIEH U
NOpsAAKA, HA3bIBAETCS €Ille NOAOHCUTEALHOIM OTHOCUTEAbH#O C HIH
noAOKHUTEAbHOM oTHOCUTeAsHo Ga3uca B(C). DT oTHOUIeHUSA

nopsika O6yIyT Takxke ONpelesaTbCs AyaJbHON KaMepoi CVY, uro

7 3ax. 61. H. BypGaks
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BIIOJIHE NMOHATHO, €CJH OTOXKIeCTBUTh V ¢ V™ npu noMouu ckanasp-
HOro NPOM3BeJIeHH s, HHBaPUaHTHOrO oTHocHTebHO W (R). TTo Teo-
peme 2 n°5 saemenT u3V* 6ymer > 0 torna u TONLKO TOT/La, KOTA4
ero 3HaueHus Ha C Oyayr >=0. DuaeMenr x npocrpanctsa V
6yner =0 Tornma W TOJIbKO TOTJa, KOrja ero 3HauyeHHs Ha cY
6ynyr =0, uau, yro TO Xe camoe, Koraa (x|y)=0 mas Bcex
y<=C.

dneMenTst u3 C 6yayr =0 orHocuTedpHO C, KaK 3TO Cje-
"Ayetr u3 Jgemmsl 6 ra. V, § 3, n°5. Ho, BooGuie rosopsi, MHo-
JKeCTRO 3JeMeHTOB, KoTopele == 0 oTHocutennHo C, otauuHo o1 C
(raba. X, cucteMsl A,, B,, G,).

TeoPEMA 3. JI1060ii KOpews 58ARETCA AUHELNOL KOMOUHA-
yueii ¢ yeavimu Koapppuyuenramu 00HO20 U TOE0 e 3HAKA
saemenros 6asuca B(C). B uactnocru, awboii Kopens aubo
noaoscute sen, AubGo orpuyaresen oTHocuTeivHo C.

Adnpo L_y saeMeHTa a &= R He nepecekaer CV, NO3TOMY @
oV

Ha CV 6yner qu6o > 0, qubo Bciogy <0, oTkyma u cjaenyer
BTOpOE yTBepxneHHe. OcraeTcsi NOKAa3aTh, YTO o COHEPIKHUTCHA
B moarpynme PV, mnopoxpeHHo#i muHoxectsoM B(C); npu
3TOM @ MOXHO NpejlnonaraTe HeZeJquMbiM. Ho rpynmna P, oue-
BHJIHO, YCTOHYHBA OTHOCHTEJbHO S, Inpu Bcex y& B(C), a mo
TeopeMe 2 OHA J0JKHA ObITh YCTOHUHBOM U 0THOCUTENBHO W (R).
Tak kak o umeer Bux w(B), rne w=W(R) u B=8B (C)
(npennoxenne 15), To a = P. TeM caMbiM TeopeMa AOKa3aHa.

O6o3nauum cuMBosoM R, (C) MHOMXKeCTBO MOJOXKHTEJAbHBIX
orHocuresbno C kopHe#l. Takum oGpasowm,

R= R+ (C) U (_' R+ (C))
— pa30uHeHHe cucTeMbl R.

ChnenctBuE. [lycre y — Aunelnas Kombunayus Kopueil ¢ ye-
AbLMU KO3puyuenTamy u a — nedeaumoiii kopens. Ecau y npo-
NOPYUOHAALHA KOPHIO O, TO Yy < Za.

Beuny mnpennoxkenus 15 n°5 MoxHO BeiGpaTh Takylo Ka-
mepy C, uro a = B(C). ITo Teopeme 3 nmeem

y= > np ¢ nBeZ.
B B(C) )
Ecau temepp KoMOHHAIMS Y NPOMNOPUHOHANBHA @, TO Y ==H,q,
YyeM M JOKa3aHO CJelCTBHE.

ITyers, manee, S — MHOXKecTBO oTpaxeHuil s, anas o < B(C),
¥ nycte T — o0benHHEHHe MHOXECTB, COMpsxKeHHnx ¢ S B W,
ITpn npoussospubx a& B(C) 1 we W aleMeHT {=ws,w™!
Gyner OpTOrOHAJBHBIM OTPAXKEHHEM S5,  ACCOLHHPOBAHHBIM

¢ KopHeM B=w (a); oOparHo, KakoB Obl HH Obl1 HeIEJUMBIH
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KopeHb f, naifigerca aneMeHT w & W, TaKoi, uto a=w ' (§) =
< B(C) (npensoxeHnune 15), u sﬁ=wsaw“ET. B pesyabTarte
MBI TIOJIyuaeM OuexkTusnoe oTofpaxcerue P MHOXKECTBa HeleJsH-
Meix KopHe#l Ha npousBegeune {x1} X T, conocraBaasd Helesn-
MOMY KopHIo f mapy (g, Sy), rie & ==--1, ecau kopeHb § noJo-
WHTEJbHBIA, U €= —1, ecqaH OH OTpUIlATEJbHbLIH.

C apyroit cropoun, (W, S) asagercs cucTemoit KokcTepa
(TeopeMa 2) m K Held MOXKHO IIPUMEHHTb Pe3yJabTaTH rJa. [V,
§ 1, n°4. My BHAMM B JaHHOM cJjydae, 4TO AJsf Jo6GOro sJje-
MedTa w & W pauusl ¢ (OTHocuTe bHo S) B T CyllleCcTByeT 1OA-
MHOXecTBO T, M3 ¢ 2JeMeHTOB, TaKO€, 4TO eCJd W =S§| ... S,
c §; =S8 u ecau MOJOKHUTH

l‘i=sl ces 81881~ .. 5

(mna 1<<i<<q), 1o Ty={{, ..., t;}. Hanomnum, uro B n°4
§ 1 ra. IV onpenenero Takke uucao N(w, f) (g weW u
t=T), paBaoe 41, econ t&T, n —1, ecin t = T. Hanomunm,
HAKOHEll, 4YTO ecJM OmpefesuTh oroGpaxkeHne U, MHOXecTBa
{£ 1} XT B ceba dopmyoit

Uy (e, ) =(en(w™!, #), wtw™),

To oto6GpaxeHue w —> U, 6yaeT eomomoppussom W B rpynny
nepecraHoBok MuoxectBa {£1} X T (ra. IV, § 1, n°4, nemma 1).

[Trepgnoxenne 17. IlTycte w =W n a & R, ede R — npuase-
JexHas clicTema.

(i) Cnpasedauso pasercrso P (w (a)) = Uy, (Y (a)).

(il) ITpednoaoncum, 410 o — noroxcuTesbHbll KOpers. Kopers
w (o) 6yder oTpunyareasHoim To20a U TOALKO To2da, Koeda

n(w—lv SCL): —lv

uau, dpyeunu caosamu, Koeda S, Tw_n.

(ifi) n(w, Sp)=—1 8 roM u TOANBKO TOM Cayuae, KO20a Ka-
mepor C u w(C) naxodarcsa no pasHele cTOPOH6L OT 2UNEPRAO-
ckoctu Ly Jpyeumu caosamu, muoxecrgo T, cocTout u3 or-
paxcenuii oTHocuTeasHo crenok, pasdeasromux C u w (C).

Iycth B & B(C); mostoxuM §=s,. OueBugHo, uro T,==1{s}
H, CJIeJl0BATE/LHO,

U, e, t>={

(e, sts~1), ecam t=%=s,
(—e, 8), ecnu t=s,

(12)

7#
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Y o
Haaee, nyctb p= 2‘, 1y (p) Y — MOJIONKHUTEJbHBIA KODeHb.
v B(C)

TTonoxum

sp)= 2 n,(s()y.

ve B(C)

Ecau p=£ B, To Haiinercd siement y < B(C), y % B, rako#, uto
n,(p) > 0. Torna u ny(s(0)) =n,(0) >0 (n°1, dopmyaa (5)).
CacnoBareabto, S(p) — nososuresbubiii Kopenb. Cpasy ke
mogyvaeM

(e, s5,571), ecam p 4B,

(—e, 9), ecaun  p=p.

w(S(e-p))={ (13)

Cpasuenne (12) ¢ (13) nokaseBaet Torza, uro U; (W (y)) =¥ (s (v))
IJsi 1io00ro KopHsi y d4 Jwoboro s &S. Otciona noayuaercs (i),
nocKoAbKY S nopoxjgaer W.

C zpyro#t cropoHsl, cKasaTb, 4TO @ (@) OTPHIaTeJeH, KBH-
BaJEeHTHO TOMY, 4To0bl CKa3aTb, 4TO (@ (a))—(——-l wsw™Y),
unn ke BBUAY (i) uro U, (b (a))=(—1, ws,w™!). Ecan, kpome
TOrO, a—nonommenbﬂmﬁ KOpeHb, TO 1p(a)=(+l, Sqg H
U, (p@)=(n(w"!, s5), wsgw™"), oTKyma BuiTekaeT (ii).

Haxkoweu, coraacho (ii), n(w, s;))=—1 B TOM H TOJbKO TOM
cayuae, KOrjna OZMH H3 KopHell «, w~!(a) MOJOXKHTeNbHbLI,
a Jpyroit oTpHmaTe/bHbIl, IDTO PaBHOCHJBHO TOMY, YTO
(alx) - (w1 (a)lx)=(alx) - (a|w (x)) <O mra Bcex x=C, oTKyna
caenyer nepBoe yrTBepkjaeHHe B (iii). Bropoe yrBepkiecHHe
B (iii) mosyuaercs HemocpenCTBEHHO.

CaencrBre 1. [Tycro B B(C). Orpaixcenue sg nepecrasaser
Mexcdy cobOLli nOAONUTEAbHbIE KOPHU, HE NPONOpYUOHAAbHbIE P.
Toruac XKe NoayuaeTcsl cBeJéHHe K CJyyalo, Koria R — npH-

BeJleHHAas CHCTeMa, a TOTa Hallle yTBepxKAeHue cnexyer u3 (ii)
H H3 TOro, 4To Tsﬁ={sﬁ}.

Caeacreue 2. [Ipednoaoxcum, uro cucrema R — npuseden-
nasa. [ycrs w — anement u3 W Oaunot q orHOCUTEABHO S

(ca. 1V, § 1, n°l) 4 w=s, ... s, — nexoropoe ezo npuseder-

Hoe pas.aoxcenue. ITycrs, danee, al, vooy 0y — asementor us B(C),

€OOTBETCTEYIOUUE OTPANEHUAM Sy, ..., S, [0n00cUM
9,;=8qu_1 v Si+1(a'i)) i—'_'—l, ceey (.

Kopnu 0; ece >0 u nonapuo paszauuret, npuven w(8;) <0,
u ecakuii Kopens o> 0, 041 Koropoeo w(aw) <0, pasen odnomy
us e,;.
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[Tyets X — MHOXKecTBO KOpHell o > 0, Takux, urto w (a) < 0.
B coorsercTBuE ¢ (ii) HMeeM

Card (X)=Card (T ,-1)=I(w~ ) =1 (w) =gq.

C apyro#t cropoHmn, AJas Jod0ro o< X HafiieTcs HHIEKC
i=({1, q), tako#i, uro

Sivr ov. Sp(@)>0 mo 85854y ... S, () 0.

[To caeacrBuio 1 370 BJaEUeT S;4y ... S;(@)==a; OTKyaa
o=0;. Takum obpasoM, MHOKecTBO X COMEPKHUTCI B MuOKe-
ctBe KopHeil B;. Tak xak Card (X)=g¢g, To X coBmamaer ¢ 3TuM

MHOXeCTBOM, a 0; 06s3aubl OblTh NMONAPHO Pa3/IHYHBIMH, UTO H
Tpe60oBaJOCh YCTAHOBHTb.

CrenctBute 3. [Ipednoaomum, wro cucrema R — npuseden-
nasa. B W cywecrsyer edurncreenmvili 3aeMenT wy Haub0abuel
Oaunel, Eeo Oauna pasna wucay noaoxncuTesvdelx Kopuel;, 3ae-
MeHT wy nepesoout kavepy C e — C. [axree, wy=1 u l(ww))=

==[(wy) — [ (w) Oasn scex weW.

Slcuo, utro — C — kamMepa. HafizeTcs nmo3TOMY €JHHCTBEH-
HEI 27eMedT w, = W, nepeBogsaunil C B — C. Torna wy(a) <0
JUIS BCSIKOT'O TIOJIOXKHTENBHOTO KOPHSI ¢, H MHepBbie ABa yTBep-
JKJIeHHSA CJAENCTBHUA 3 HEMOCPENACTBEHHO BRITEKAIOT H3 caelcTsHA 2.
Hanee, wi(C)=C, otkyna w?==1. Haxonen, ecmn w W, 10

mnHa [(w) (cootBercTBeHHO [(Wwy)) paBHa BBHAY INIPEAJIOIKE-
uust 17 (iii) umcay crenok, pasnenasiomux C u w(C) (coors.
wwy (Q)=—w (C)). Tak kak w(C) 1 — w(C) HaAxoAATCA HO
pa3Hble CTOPOHBI OT Kakoi 6bl TO HU OBIJIO CTEHKH, TO CyMMa
{(w) + I (wwy) paBia ofuleMy 4YHCJAy CTEHOK, T. €. LJHHE [(wy).

[lpEgnoxKEHHE 18. [lycre x = V. Tpu caedyouux ceotcrsa
KBUBANCHTHbL:

(i) x=C.
(il) x == s, (x) 042 scex a = B(C) (B cMbic/]e OTHOIEHHS IIO-

psiika, onpeneseHHoro mocpejpcrsom C).
(ill) x = w(x) 048 cex weW.

TIOCKOMBKY §q (X) =x — {(x, aV)a, a C sABAAeTCA MHOXKECTBOM
ajeMeHTOB x &V, Takux, uro (x, avV)>=0 nana Bcex a< B(C),
SKBHUBAJEHTHOCT, yTBepxaenu#t (i) u (ii) oueBnpua. C apyroi
CTOPOHH, fAcHo, uro (iii)=> (ii). ITokaxem, uto (i) = (iii). IlycTs
xeC, u nyers we< W. Ilposenem muiykuuio no pauhe [(w)
ageMenTa w. Cayuait [(w)=0 rtpuBnanes. Ecau [(w) =1, To w
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MOXHO 3amMcaTh B BHle W =w’S,, rle a=B(C) u l(w)=
=[(w) — 1. Torna

x—wlx)=x — w0 (x) + 0 (x — s, (x)).

W3 npeanosiokeHHs MHAYKUHH CJAEHyeT, YTO JIeMEHT X — @’ (x)
nogoxurespuslfi, C Apyroit cTopousl,

@ (x — 85 (¥)) = @ (54 (x) — %) = — (x, a¥) w(a).

Ho s, =T -1, n npennoxeune 17, (i) rapantupyer nam, uto
w(a) < 0. D70 naeT HyKHBIH pe3yJ/bTar.

CnegctBuiE. [[as rozo urobet x = C, Heobxodumo u Oocra-
TOYHO, 4TOObL Obin0 x> w(X) 048 8cex HECOUHUYUHBIX 31eMECH-
Tos weW.

MMeepnoxenne 19. [Mycrs (B),<; ., — nocaedosaressnocts

KOpHeli, nOA0NCUTEAbHbLX OTHOCUTEAbHO HeKoTopoil kamepst C u
rakux, uro B, +PB,+ ... + B, — xopens. Toeda cywecrsyer
TAKAA nepecTanosxka n <= S, 4ro Baiy T Buggy + -+ - By OyOer

Koprem 0as scex i{l, 2, ..., n}.

YuuThIBasi, 4TO NPeAJIOKeHHEe OYeBHANO IPH 1 < 2, paccymnaevvx
no HHlI,yKU.I/II/I otHocuresabHo n. [loJsoxum p= |31 . +B,.

Hmeem 2 (818:) = (B|p) > 0, nostomy Haiinercsa HHAEKC K, nJIA

KOTOpOI‘O (Blﬁk)> 0. Ecaun p=8,, 0o n=1, nockonasry B; >0
Ias Bcex {. Eciau ke 310 He Tak, TO ﬁ—ﬁk SIBJIsIeTCS KOPHEM
(n°3, caenctBHe TeopeMul 1); B TakoM ciaydae AOCTATOYHO IPH-

MeHHTb K B—PB,= > B; Npeano/oxeHue HHAYKIHH.
iEk

Cagpcrue 1. ITycre o< R, (C). daa tozo urobu o.¢& B(C),
HEobxo0uMO u 0ocTarouno, 41066l KopeHsv o Obia cymmori 08Yx
ROAOHCUTCAbHBLX KOpHel.

Ecin o — cyMMa ABYX HOJIOXHTENBHLIX KOPHEH, TO MO Teo-
peMe 3 ae B(C). Ecan a ¢t B(C), to cHoBa mo Teopeme 3
o= 25@ c = B(C) nna scex k u nz==2. Ilepecrasiss B,

n—1
MOJKHO JMOGHTBCA TOro, 4To B, Gymer KkopHeMm (mpenJoxe-
k=]

Hue 19) u, cienoBaresnpHO, o GyneT CYMMOH TOJIOXKHTEhHBIX
n—1

KOpHe# > B, 1 Ba-
f=

CaeactBue 2. IMycrs @ — orobpascentie R 8 KOMmMYyraTusryo
epynny I', obaadarowee caedyrougumu c80UcT8AMN:
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) 9(—0a)=—09(a) daa a = R;
2) ecau o= R, = R rakosst, yro a = R, 1o ¢ (a-+B) =
=g (a) + ¢ @)

ITycre Q — nodepynna 8 V, nopoxcdennasn cucremoii R. Tozda
Q MONCHO npodoaxurs 60 eomomoppusma Q 6 T.

Ilyets B — Kakoii-HuOyAb 6a3Hc cHcTeMbl R, W 1yCThb
W — eIHHCTBeHHbIH roMomopdusM Q B I', coBnagawmuit ¢ @
Ha B. JocTaToyHo AoKasaTb, 4TO Y(a)==¢(a) aJsi mo0boro
KOpHSt @, IOJOXHTEJbHOTO OTHOCHTeabHO B. HMeem a=
=B+ ... +B,cp; =B nnsaBeexi uf+4 ... +p =R nas
Jwoboro A (mpegnoxenne 19). Huaykuued nmo m HOKaxeM, uTo
P(@)=q(a). D10 oueBugno, ecau m=1. Tlpegnosoxenue
HHAYKLHH Jaet

VB 4 ... F B =06 4+ ... +Buo)

1 PB,)=q9@,), otkyna Vv(e)==¢(a), UeM u AOKa3aHO CJe]-
CTBHe.

Jast m060ro KopHA @ == Z nﬂf} cucteMsl R 06o3HayuM
B<B(C)

yepe3s Y (a) MHOxkecTtBo Tex P B(C), and KOTOpPBIX ng 0.
3aMeruM, pagaee, uro B(C) OTOXKIeCTBJSAETCA CO MHOKECTBOM
BepiinH epaga cucrtemsl KoKcrepa, cocrosmein u3 W(R) u

o6pasylomux Sq, (ra. IV, § 1, n°9, u ra. V, § 3, n°2).

Cneacreue 3. a) ITycre a = R. Toeda Y (a) sasanerca ceas-
Hotm nodmuoocecrson 8 B(C) (. 1V, IonoauneHdue).
6) Ilycre Y — nenycroe csasnoe nodmnoscecrso & B(C).

Tozda Z B npunadaemur R.
pey

Tlpu mokasarteabcTBe a) MOXKHO NpPEANOJAraTh O MOJOXKH-
TeJbHbIM. YTBepxkjeHue TtpuBHaabho, ecan Card (Y (a)=1,
HMO3TOMY JlaJee paccyXjaaeM 10 HHIAYKUHH OTHOCHTENBHO
Card (Y (a)). Buay npeanoxenuns 19 cymecrsyer p < B(C), aaa
Kotoporo a—f < R. Ilyctb p — nau6oupiiee peJoe yncao =0,
111 Kortoporo y=o—pB=R. Tak kak y—B &R, a yv+pp=R,
T0 (y|B) =0 (mpensnoxenue 9); caenoBaTesbHO, f§ COeLHHEHO
Mo KpailHe#i Mepe ¢ OAHHM 3JeMeHTOM MHoxecTBa Y (y). Ho
Y(@)=Y{)U{P} n Y (y) cBsizno no npesnosoXKeHH0 HHAYKIHH.
ITosromy Y (a) cBA3HO, YeM M NOKa3aHO a).

Mycts Tenepp Y — HenycToe cBsA3HOe noaMHOxKecTBO B B (C);

nokaxeMm uHaykpueit no Card (Y), uyro BZyB— Kopesb. Cnyuai,
(=]
koraa Card(Y)<<1, tpuBnanen. Ilpeanonoxum, uro Card(Y)=>2.

Taxk kak (W (R), S) — nec (ra. V, § 4, n°8, npenjoxenne 8), To
Y — depeso, o6Gaapawoiuee Kouuepodt BepmmHuoit § (ra. IV, Io-
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noJHeHHe), MHoxkecTBo YV — {B} CBA3HO, H e€ro sJeMEHTH CO-

enuHeHsl ¢ B. [To npenmoJoKeHuIdo HHAYKUHU o == E(B) YER,
veY-—

H Tak Kak {(a|p) <0, To umeem o + B<= R (reopema 1). Y. T. [.

7. 3amxnyroie muox¥cecrea kopHeil

Onprenenerue 4. [Tycre P — nodmnomecrso 8 R.

(iy P nasweisaerca 3aMKHYToLM, ecal yciosusi a =P, p = P,
a+BE R saexyr a+p=P.

(i) P naswsaercs napaboauveckum, ecau P zamxnyro u
PU(=P)=R.

(iii) P naswotsaercs cummerpudHsism, ecan P= — P,

Jemma 3. [ycre C— kamepa cucremst R u P — zauknyroe
nodmuoxecrso 8 R, codepwauwee R, (C) (ob6ozHaueHHs n°6).
Iycre, daree, E2=B(C)N(—P) u Q — mHomecrso xopuei,
3anucoigaemstx 8 sude AUHENHbLX KOMOUHQUUIL C yeavtmi KO3gh-
puyuenramny <0 saemenros u3 X Toeda P=R_ (C)UQ.

Hyxuo nmokasars, uro PN(— R, (C)=Q. Tlycrs —a Q.
Torza a Oyzer cymmofi n sneMeHTOB u3 X. Huaykuuef mo n
ybennMcd B TOM, UTO0 —a & P, DTO OYEBHIHO, €CaH n==1.
[pu n > 1, nonpsysce npennoxentem 19, n°6, MoxHO 3amucaTh
a=PB+7y, rile yE2 H f-—~cymma n—1 snementoB u3 2.
[To npeanonoxenuro HuUAyKuuu —Be P; Tak Kak —y &P n
P 3amkuyto, 10 M —a&P. Tlostomy Q< P (— R, (C)).
ObpartHo, nycte —a & PJ(— R, (C)). Torna a — cymma p sJje-
mMeHToB H3 B(C). Munykuueil no p y6eaumesa B ToMm, 4To —a = Q.
3to oueBMuHO mpH p=1, a npu p > 1, nosap3ysich mpenIoKe-
unem 19, MoxkHO 3anucath a=p-+vy, rae y = B(C) u p — Kopenb,
ABasiiolAiics cymmoir p — 1 smementoB u3 B(C). Tak xak
—y=p 4 (—a) H P 3aMKHyTO, TO — Yy < P Hu, clefoBaTesbHO,
vy X C apyro#i cropoub, —B=¢vy -+ (—a), caenoBaTegbHO,
—B & P, nockonpKy P 3aMKHyTO. 10 npennosoxennio HHAyKIHH
—B=Q, nostomy —a=—ff — y=Q, tak uto P} (—R, (C)) = Q.

IpEnnoxenne 20. Iycre P — nodmnoscecrso 8 R. Caedyro-
ujue 1yca08UL 3KBUBAAEHTHbL:

(1} P napaboiuuno,

(ii) P samxnyro, u P> R, (C) daa nexoropoii xameps C
cucrems. R;

(iii) cywecrsyior ramepa C cucremst R u nodmuoxcecrso
2 < B(C), raxue, uro P 6yder obwedunenuenm R, (C) u muo-
aecrsa Q KopHeil, ABASIOWUXCA AUHElHbIMU KOMOUHAWUAME
¢ yeavtmu KoaPguyuenranu <0 ssemenros us .

(ii) = (ii1). ITo aemme 3.
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(iii)=>(i). [Ipumem ycJjoBUs U o6o3HaueHus ycaosus (iii).
flcuo, utro PU(—P)=R. Ilycts a, B — smemedTH u3z P, pas
KOTOpHIX o - P& R; mokaxkem, uto a-p & P. 3T0 oueBHIHO,
ecad Kopeds o -+ P nmosoxureapuunil. Ilpennonaras Teneps o 4 B

OTpHUATEILHHM, Mbl 3amuueM o4 = > ny ¢ n,<<0. Ho
vy B(C)

B a H B Koahduuuent npu Jgio6oM 3jeMeHTe ye& B{C)—2
6yner >0; ecau, cremosaTedpdo, yE B(C)—2, 10 n,=0,
oTkyna a+pe=Q < P.

(i)=>(ii). [Ipegnosnaras MHOoXecTBO P nmapa6o/HuyecKuM, BH-
GepeM Kamepy C, naas koropoit Card(P(1R4(C)) nmpumumaer
HauboJbllee BO3MOXKHOe 3HaueHue. [lyets a = B(C) u a &P,
Tak uTo —a & P. Huraxkoi# siement B < P[1 R, (C) ne mpomnop-
yHoHaJsen o (160 u3 P =20 B cuay 3aMKHyTOCTH P cJe10Baso 6.l
a=2a + (—a) = P). [Tostomy s, ()= R, (C) (n°6, caencTeue 1
npennoxenust 17). Cragao 6wTh, nojoxus C'=s,(C), noay-
yaeM B = 5,(s;(B)) =5,(R.(C)) = R, (C’). Taxum o6pa3om,
PNR.L(C)= PN R, (C). Kpoume Toro, —a = s,(a) =5, (R4 (C))=
=R, (C’), caemoBarensHo, —a < PR, (C’) u mosTOMy
Card (PN R, (C)) > Card(PN R, (C)). Tak KaK 5TO HCKJIOUEHO,
To a=P, 1. e. B(O)=P wu, 3Hauutr, R, (C)c P coraacHo
npentoxenuio 19 u Tomy dakry, uto P 3aMKHyTO.

Cargcreue 1. ITycre P — noOmnoscecrso 8 R. Caedyrowe
CAOBUR IKBUBAAEHTHOL:

(i) cywecrsyer kamepa C, 0aa koropoii P=R (C);

(i) P samxnyro, u {P, —P} ecrsv pasbuenue cucremot R.
Ipu stom xamepa C, dan woropoi P= R, (C), eduncrsenna.

(iY=> (ii). Tlo Teopeme 3 (n°6).

(il)=(i). dro cuaencrBue ummaukanun (i)=>(ii) opensoxe-
Hua 20,

Ecan P=R, (C), T0 CY — 9T0 MHOXKECTBO TAaKHX 3JE€MEHTOB
eV, uro (x*, x)>0 nas Bcex x & P, oTKy/lla M BHTEKaeT
elnHeTBeHHOCTL C.

CaexncrBue 2. lIpednoaoncum, uro V craboceno Taxoll cTpys-
TYpoL Ynopa0O4eHHO20 BEKTOPHO20 NPOCTPAHCTEA, 4TO 6CAKULL
saemenT u3 R 6yler noAoMUTeAbHOIM UAL OTPULATEAbHBIM,
Ilycto P — MHOMECTB0 KOpHell, NONOHCUTEAbHbLX OTHOCUTEAbHO
aroil crpykrypet. Toeda cywecrayer, u npurom eOUHCTEEHHAR,
xamepa C cuctemor R, 041 xoropoii P=R,(C).

B camom jnene, P ynoBaersopsieT ycaosuio (ii) ciegctsus 1.

DTo cJencTBue NPHMeHHMO, B 4aCTHOCTH, TOraa, Koria pac-
cMaTpHuBaeMbli NOPSALOK — COBepIUeHHHIA; ycJjoBHe Ha R Oymer
TOrja BHINOJHATHCA aBToOMaTHYeCKH. HamoMHuM, 4TO MOXKHO
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HOJYYMTb NpUMep TakKoro TNopaika, BHOpaB KakKoH-HuOyIb
6asuc (e;),.;., BV u B318 Ha V sexcurozpapuyeckuii nopsanok:

x = 250,220, ecnu Bee §; =0, uau xe ;>0 109 HauMeHb-
i
nero nHpekca {, Takoro, 4to &; %= 0.

CaenctBHE 3. /124 To20 #T0ObL NOOMHOMNECTBO B cucremst R
66110 6asucom 8 R, Heob6x00umo u O0CTATOYHO, YTOObL BHINOA-
HAaUCh caedyrowle YcAo8US:

(i) ssenentor mHOMecTBa B aumeiino neszasucumui;

(i1) ar0boli kopewv u3 R 3anuceisaercs 8 8ule auweinot
Kombunauuu remenTo8 U3 B ¢ Koagppuyuenramu, Koropusie sce
=0 uau sce < 0;

(iii) sce xopHuu u3 B nedeaumpt.

ViKe uH3BecTHO, 4TO 3TH YCJIOBHSI HeobGxonumwmt (n°5, Teo-
pema 2, u n°6, teopema 3). IlpeanosoxuM Telepb, 4TO yCJIO-
Bust (i), (ii), (iii) semoansiioresa. Ilycte P — MHOXKecTBO KopHEH,
KOoTopbie SBJSIOTCS JNUHeHHBIMH KOMOWHALHMAMH ¢ KoddhdHlueH-
Tamu >0 saementos u3 B. [lockossky P yhossersopsier
yeaosuio (ii) caemnctBus 1, cyutectsyer kaMepa C, nusg KoTopo#
P=R,(C); nycts B’=B(C), u nyctb X u X’ — BuAyKJbie
KOHYCHl, TOpOXKAEHHbIe MHoXecTBaMu B u B’. OuesHiHo,

BocPcX uw B cPcX,

a 3710 o3nauaer, 4To Kak X, Tak u X’ HOpOXKAAIOTCA MHOKe-
cTBOM P u, cjejoBaTesbHo, coBlajgaT. Ho noaynpsiMsle, nopo-
JKIeHusle 3jeMenTaM# u3 B (coots. B’), OyayT 3sKcTpeMalb-
HBIMH ofpasyiowuMu konyca X (cootB. X’); Tak Kak Takas
NOJyNpsiMasi COMEPIKUT He GoJiee ONHOTO HELENHMOTO KODHH, TO
B=2F.

Canencreue 4. [Tycre B — 6asuc cucremor R, B’ — nodmuo-
acecteo 8 B, V' — sexroproe nodnpocrpancrso 8 V, nopoxcden-
noe B’, u R'=RNV’. Toeda B’ 6yder basucom cucremot
Koprel R’. '

310 UpAMO BHITEKA2eT M3 CJIEACTBUSA 3 U M3 CJEACTBHA Tipel-
JIOXKeHust 4.

l'oBopsT, uto R’ — cucreMa KopHeH, nopoxodexrnas nNol-
MHOXeCTBOM B’.

CaeactsuE 5. IMycre B—6asuc cucremot R, A, Aoy ..., A, —
nonapuo oproeoHasbHvie nodmroxectsa 8 Bu A=A, U AU ...
... UA,. Tozla rwboii kopens o, ABAAOUUICA AUHELHOL KOM-
b6unanueil ssemento8 u3 A, 6yder na camom Oese AUHEIIHOU
KoxMOuuyuel 1emenTos 00no20 u3 muowmecrs Ay B wacrnocri,
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ecaun cucrema R nenpusoduma, 7o He cywecrayer pasbuenus B(C)
HA 08Q OPTOZOHAALHLIX MHONCECTEA.

[Iyers E|, ..., E,, E—BekTopHabie noigmpocrpaHcrsa B V,
TIOpPOXKIEHHbIE COOTBETCTBEHHO MHoxectBamu Ay, ..., 4,, A.
Beuay cienctBusi 4 MoxHO HpeanoJsarats, uro £==V. Torma
no Tteopeme 2, (vii), n°d, E; Oyayr ycTOHUHBBl OTHOCH-
TeabHo W (R), Tak uro R — o6benuHenue cucreM R E; (n°2,
npenJoxeHue H).

CaepctBiE 6. B ycaosusx u obosnauenusx npedaomenus 20
nycro V, — sekroproe nodnpocrpancrgo 8 V, nopoxdennoe muo-
scecraom 2. Toeda PN(— P)=QU(—Q)=V R 6yder cucre-
moii xoprell 8 V, ¢ 6asucon 2.

Umeem PA(—P)=(R,(COUQN(—R.COYU(—QN=QU
U(— Q). Teopema 3 mokassiBaer, uto QU(—Q)=V,1 R. Ha-
KOHell, COIVIaCHO cJencTBuio 4, 2 — 6a3HC cHCTeMbl KOpHEH

ViR

[TrepaoxenuE 21. ITycrs C (coors. C’) — kamepa cucremnsot R, T
(coora. T') — nodmnoxcecrao 8-B(C)(coors. B(C’)), Q(cooTs. Q') —
MHOMCECTBO KOpHEl, ABAMOUWUXCA AUHEUHbIMU KOMOUHAUUAMIL
C yeawMU OTPUUATEAsHbIMU KOIPDHUYUEeHTAMI 318MEHTO8 U3 X
(coors. &), u P=QU R, (C) (coors. PP =Q" U R, (C")). Ecau cy-
wecrsyer aaement epynnot Beias, nepesodawun P é P, ro cy-
wecrayer u gaement epynnot Beiias, nepegodawui C 6 C' u 2
8 .

Toruac ke ToJyuaeTcst PefyKuusl K cayuaio, kKorpa P=P’,
Tycts V| — BekTOpHOE MHOZHPOCTPAaHCTBO B V, TNOpOXIAEHHOE
PN(—P). Torpa 2 u 2’ O6ynyT AByMsl 6a3HCaMH CHCTEMbl KOp-
reit Ry=PN(—P) B V, (cnencrsue 6 mnpennoxenns 20). Tlo-
sToMy Ha#fimercss g, < W (R,), mas koroporo g, (Z)=2". flcHo,
yTo g; HHAVuupyetcst anemMedToM g = W (R), KoTopHl AB/aseTcs
npou3seleHHeM OTpaxeHHll s; ¢ o & Z. Ilyers y== 5 ZB o o —

< B(

3JeMeHT MHoxecTBa P — R,. XoTsa Obl 0/ ojiHoro g e B(C) — 2
6yner ¢g > 0. C xpyroii croponsl, ecan 6 €5, 10 So(v) —v <V,
HO3TOMY V Sg(y) mo kpaifiHell Mepe oJHA KOOpDAMHATA OTHOCH-
TespHo B(C) 6ymer >0 (n° 1, ¢popmyaa (5)), otkyna S, (y) =
e R, (C) u B KoueunoMm cuere s;(y) =P — R,. Tloayuaercs, uto
P — R| ycTOHYHBO OTHOCHTEJBHO S5 O & X, a NO3TOMYy H OTHO-
cuTeabHo g, u g{(P)=P. TakuMm oOpa3oM, OcTaeTcs LOKa3aTb
npenJsoxende npu P=P u £=2'. B sroM cayuae Q=(’,
caenoBatensio, R, (C)=P—Q=P—Q =R, (C’) u noaromy
C=C_’ (cneacrue 1 npennoxenus 20).
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CnepcrBuie. llycre P, P’ — dsa napaboauuecxkux nodmno-
acecrea cucremst R, nepesodawuecs Opye 8 Oplye@ HEKOTOpPbLM
ssaemenrom epynnor Beidasn. Ecau cywecrsyer xamepa C cu-
cremot R, raxasn, wto R, (C)<=P u R . (C)= P, 7o P=1P".

3To BHITEKAET H3 JeMMH 3 H npennoxenust 21, NOCKOABKY
elMHCTBEeHHBIM 3iaeMeHToM B W (R), nepesoisimum C B C,
aBasercs 1 (eM. n® 5, Teopema 2).

IMrEnnoxREBME 22. [Tycre P — 3amkrnyToe noduromecrao 8 R,
raxoe, uro P\(— P)= . Toeda cywecrsyer xamepa C cu-
cremot R, 0an xoropoid P = R, (C).

1} Coraacno caeactBuio Teopemn 1 n° 3, ycuaoBus g < P,
peP, (a|P) <0 BaekyT o+ P P.

2) IlokaxeM, 4TO HuKakag cymma o;+ ... +o, (g=1)
9/IEMEHTOB MHOXKeCTBA P He paBHA HYJO. YTBepKIeHHe ouye-
BUAHO 1% ¢=1, TN0O3TOMy, paccy:Knasg no HHIYKLIHH OTHOCH-

TEeJbHO ¢, cuuTaeM ¢=2. Ecan o+ ... +a,=0, 10
—y =+ ... +ag
nostoMy (—a;lay-+ ... 4 a,) >0, oTkyaa 3ak/iouaeM o cyuie-

CTBOBAHMHU Takoro j & (2, g), uro (o, | a;) < 0. Beupy vactu 1) 10-

Ka3aTenbCTBA o -+ o; € P, 1 cooTHoeHue (o) -+ a;) +i 21 a; =0
#1,7
OPOTHBOPEUYHT MPEANOJNOXKEHHIO HHIYKIIHH.

3) HoxaxeM, uto B V Hafizercss TakoH OTIUYHHE OT Hy’s
ajeMeHT v, uto (yla) =0 naa Bcex a < P. B npoTuBHOM cayuae
pe3yJabTaT YacTu 1) ofecneynran OBl Cyil€CTBOBAHHe GECKOHEY-
HOH NOC/ACI0BATENLHOCTH TAKHX 32JAEMEHTOBR O, Oy, ... MHONKe-

ctBa P, uto
Bizal—{— ‘e +GiEP

A1 BCEX I; HAWAYTCS, OJHAKO, 1BA Pa3/iHYHBIX UEJAHX YHCJa I, f,
JVIs KOTOPHIX f; =f;, 4TO NpPOTHBOPEYHT BLIBOZAM HacTH 2).

4) UTo6Bl 3aKOHYHTH LOKA3aTEbCTBO NMPENJIOKEHHS, JOCTa-
TOYHO (CaencTBie 2 npepjokeHns 20) v6eguTbCsi B CYIHIECTBO-
Baunu 6asuca (a,), .., NpocTpancTsa V, Takoro, 4To OTHOCH-

==

TE.1bHO JEKCHKOrpadHyecKoro Mnopsigka, ONPEeAeICHHOrO 3THM
6asncom, BeAkuM sneMeHT u3 P G6ymer > 0. [TpuMeHum HHAYK-
n#io 1o [=dimV, cuuras npemsoxKeHne yCTAHOBJIEHHBIM I
pasmepHocTeilt </I. Ilycte vV, v==0 u (yla)=0 pas mo-
Goro aez P (cMm. 3)). IlyeTs, danee, L — rHOEPIIOCKOCTb, OPTO-
romanpHas kK vy, u V’-—noanpoctpaHcTBo B V, mnopokjaeHHOe

RN L. Torna R L 6yger cucteMoii kopHe#t B V'’ ¢ 3aMKHYTHIM
noaMHoxecTBOM P[]L. Ilo mpeanmosiomxeHHI0O HHAYKUIEM Cyllle-
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creyer Takoil Gasuc (B, ..., B,) mpoctpancrea V', uro oTHo-

CUTEJILHO OIIPeJleIeHHOTO UM JIeKCHKOTpa(HYeCKOTo JTopsiKa aJle-
MedT W3 P(1L 6ymyr >0. B TakoM cayuae o060l Gasuc
npocrpancTBa V, mepseiMu !’ -1 ajJeMeHTaMH B KOTOpPOM cCay-
xat vy, B, ..., By, a ocranbHble sJeMeHTH JexaT B L, Gyder

o6nanars TpebyeMbIM CBOMCTBOM.

IIpEgnoxennE 23. [Tycre P — nodmuomecrso 8 R u V,
(coors. T') — sexropnoe nodnpocrpancreo (coors. nodzpynna)
8 V, noposxcoennoe P. Caedyrouue Yycao8us 3K8UBANCHTHbL:

(i) P 3aMKHYTO U CUMMETPULHO;

(ii) P samruyro u ssaserca cucremoil Kopweii 8 V;

(iii) TN R=P.

Ilpednoaoxcum, 410 3TU Ycao8usl s8bvinoAHeHbl. JIas at06020
o< P nycro of —cymenue oV na V. Toeda av—>aY 6yder

KaHOHUYECKUM GUEKTUBHbIM OTOGpaNceHuem cucTemot Kopred P
v
na P°.

(iii) = (i). OueBungHo.

(i) = (ii). TlpeanosoxuM, 4uTO P 3aMKHYTO M CHMMETPHUHO.
IMpexne Bcero P ynosiserBopsieT yeqosuio (CK,)) B V). lokaxem,
yto $,(B) = P, KarkoBH 6bl HH 6wy @, f & P. 3TO oYeBHIHO,
ecau o M f§ nponopunoHa/JbHE. Ec/M e 3T0 He Tak, To §,(f)=
=f-—n@B,a)o u f—pa=sR pas J0O0r0 uHENOTO PaLHOHAJb-
HOTO 4YHcJa p, 3akJawueHHoro Mexjay 0 um n (B, o) (mpernoxke-
Hue 9, n° 3); ciaemoBaTeJBHO,

B_n(ﬂv G)GEP,

HOCKOJbKY P 3aMKHYTO H cuMMmeTpuuHo. Takum oOpasowm,
S, ,v(P)=P, u P ynoBaersopsier (CKy). fcno, uto P ynosie-
|

tBopsieT (CKiy). Tlostomy P ynosnersopsier (ii), u ojaHOBpe-
MeHHO JOKAa3aHO IocCJedHee YTBepiKjeHHe NpelNJOXKeHUs.

(ii) = (iii). Cuurasi BHIIOJIHEHHBIM yCJa0BHe (ii), ZOKaxkeM, UTO
I'NR=P. fcHo, uto P TN R. Ilyets =T N R. TlockoabKy
pel'uP=—P,umeemB=0o,F+a-+ ... +0ca,..., q,P.
Hokaxem, uto p& P. 310 oueBuano npu k=1, [lpumennm
HHAykuuo no k2, Tak kak

k
0<(l3|l3)=i§l(ﬂlai),

to {B]a;) > 0 mns vekoroporo uunekca i. Eciu p=a;, Tofp = P.
B nporusnoMm ciaydae B-—a; & R (caenctsHe TeopeMu 1, n° 3),
M03TOMY MO MpeANoJOXKeHHI0 HHAYKUHH B— q; P, 0TKyaa
B & P, nockonbky P 3aMKHyTO.
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Yenosus npennoxenus 23 MOryT peatu3oBaThCd 4 TOrAa, KOraa
Vi==V, Ho TemM He Menee P %= R. 3Toro MOXHO HOGHTbCA, HAmpumep,
B3AB 3a R cucremy THma G,, a 3a P cucremy tuma Az cm Taba. X.

[TrEnnoXERME 24. [Tycre nepecewenue R’ cucremor R ¢ ne-
KOTODbLM BEKTOPHOIM ROONPOCTPARCTBO M nPOCTpancTea V Takoso,
4T0 R’ A8asercs cucremod Kopuei 8 ROPONCOEHHOM UM BEKTOP-
Hom nodnpoctpancree V’ (cM. caencTsue mpensoxeHnus 4, n° 1).
ITycre B’ — 6asuc cucremor R’.

(i) Cywecrsyer Gasuc cucremot R, codepwcawuii B’.

(i) R” ecrs muoscecreo srementos u3 R, KoTOpsie aganorcs
AUHEURbIMI KomOunayuamu 3rementos Oasuca B’.

YrBepxnenue (ii) oueBunHo. [lokaxeM (i). [Iycts (g, &, ...
..., &) — TaKoit 6asuc npoctpancTBa V, uTo B’ =(€,1, €4
..., &). JlekcHKorpaduyecknit MOpAAOK Ha V, COOTBETCTBYIOUIU{
aToMy OasHcy, OmpefessseT HeKOTOpyo Kamepy C cHcTeMbl R.
SIcHo, uTO BCAKHA 3JeMeHT H3 B’ muuumanen B R, (C). Cieno-
BaTeqwHo, B” < B (C).

6. MaxcumanbHhoii xoperd

ITPEpnOXKERKUE 25. [Ipednoroxum, uro cucrema R Henpuso-
dunma. IIycre C — xamepa cucremsr R u B(C)={ua,, ..., o;} —
cooTeercreyrowull basuc.

]
(i) Cyujecreyer rTakoi Kopews & = > na;, 4To d2m a06020
i=1

!
KOpHS Zpiai 6Y0YT BBHINOAHATHCA HEPABEHCTEA Ny = Py,
=l

Ry =Py, ..., ny=p;. lpyeumu carosamu, R obiadaer nauboas-
UM INeMEHTOM (O OTHOCUTEAbHO NOPAOKA, Onpedesennozo Ka-
Mepoii C.

(i) a=C.

(iii) (@] @) =(o’| a’) dan npousgoavHoeo KOpHa o'. .

(iv) J[as arb020 noaroxureabrHozo Kopus o, He nponop-
yuonaarsHoeo , 6yﬂler n(a, &):lO uarn 1.

L
1) Iyets o= X ma;, P= X pio; — ABA MAKCHMAJbHBIX
=] i=]

KOPH OTHOCHTeJbHO mOpsafAKa, ompefeneHHoro C. [okaxew,
yTo o ==f, ueM ¥ OYAeT yCTaHOBJeHO yTBepxjeHHe (i).

2) Ecan 6m okasasnocs, u4to {(afa;) <0 mAns Kakoro-to
HHAeKca i, TO Mbl NMOJYUHJIH Obl, 4ro JHOO o - a; & R, aubo
a=—aq; (cmenctsue TeopeMmni 1, n° 3), HO 00e 3TH BO3MOXK-
HOCTH HCKJIOYE€HBl BBHAY MaKCHMAJbHOCTH o. [TosTomy (a| a;) =0
JAJad Bcex £,
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3) Us a <0 caenoBano 6w a < —0a, YTO HEBO3MOXKHO.
ITostomy n; >0 nasa scex i. Ilycte J — MHOXKECTBO i, AJd KO-
Topuix n; >0, u J*'— pomoJinenne K J B {l, 2, ..., [}. UmeeMm
J = @. Ecan 6bl J’ 66110 HENYCTBIM, TO CYLIECTBOBAJH OH [ &= J
u i’ =J’, takHe, 4T0 (a; ] a;-) < O (coencTBre 5 mpemyoxenus 20
n° 7); B TaKOM cCJyyae

(afar)= 2 ni(ai] ar) <0,

it

nockosbKy (a;| a,) <0, KakoBel Obl HH GBIIH pa3/HuHbe | ¥ k.
Ho sto nporusopeunt 2), tak uto /' = u n; >0 aaa Bscex i.

4) Coraacno 2), (Bl a;)=0 nas Bcex i. He moxer ObTh
(Bl a)) =0 nas scex i, nockosbky f# = 0. B coorsercrBuu c 3)
3aKJl04aeM, 4TO

(Bla) = §ni ®1a;) > 0.

Ecsin y=a—B =R, 10 a > vin B > a (teopema 3 n° 6), uto
NPOTHBOPEYHT MaKCHMasasHOCTH o U B. Crano GriTh, o =§ (cnej-
cteHe TeopeMmbl | n° 3).

5) Beuny 2) @ Eg. Mycts o’ = R. JokaxeM, uto (o] a’) <
< (@ @). [TockoabRy C — dpyHnamenTasbHas obaacts s W (R),
MOXK1I0 NpejnoJarars, 4to ¢’ & C. Mo ycaosuio & —a’ >0, no-
atoMy (6 — o’ | x) =0 nas Bcex x&=C. BuacruoctH, (@ —a’| @) =0
u(a@ —a’|a’) >0, orkyna (@] @) = (a’] @) =(a’| a’). Bnauur, n(a’, &)
MoxeT paBHATbCH aubo 0, saHGo 1, aub6o —1 (mpexgnoxenue 8
n® 3), ecau o’ He nponopuHoHajsen & Ecam o =0, T0, co-
riacHo 2), (@] a’) =0, crano 6uiTh, n(a’, &) > 0 1 noromy n(a’, &)
pasuo O uau 1. Y. T. I

3amexanue. Kopenn
0= 2 n;;
i

w3 ytBepklenns (i) naswBaercs maxcumarsHoim (MIH HaubOAb-
wum) Kopresm cucremor R (no ornoumenuio k C). 3aMerum, uro,
corJsacuo (i), n; =1 naa Bcex L.

9. Beca, paduxaasvtvie seca

Myers [=dimV. O6o3nauum uepes Q(R) mogrpynny B V,
nopoxaeHHyo R; ayeMenTH Q(R) Ha3bIBalOTCH paduxkaabHoIMU
secamu cucremni R. Ilo teopeme 3 n° 6 Q(R) aBnaseTcs nH-
cKpeTHoll noarpynno#i paura ! B V, u mo6oit 6asHc cHCTeMbl R
cyTs GasHc rpymnel Q(R).
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AHaJsoruyHo rpynna Q(RY) sBasercst amckpeTHOM HNOATpyI-
noi paura [ B V"

[TrennoxeHUE 26, Muoxcecrgo ssemenros x &V, rakux, 410
(e, e Z dan scex y* = Q(RY) (uau, uro ro me camoe, daa
acex y* = RY), cocrasaser Auckpernyio nodepynny G <V, co-

deprucawyyo Q(R). Ecau B’ — 6asuc cucremsr RY, 10 dyarswnoil
x B’ 6asuc 8 V 6yder 6asucom epynnet G.

[Tycts x V. Caenyouine TpPH CBOHCTBA 3KBHBAJIEHTHBL:

() &, yY=Z nas seex y" = Q(RY);

(ii) {x, y"Y=1Z npas Beex y" = B;

(iii) koopAuHATH 37€MEHTa X OTHOCHTeJbHO 0asHca, AyaJb-
Horo K B/, mpunamnexar Z.

Mbl ZesaeM BBHIBOX, uTO AyaJdbHbId K B’ 6Ga3zuc cayxur 6a-
sucom G. C napyroit cropousi, (CKjy) mokassiBaer, uro R < G,
otkyna Q(R)<= (C.

['pynny G us npexngoxenus 26 Mbl 0603HauuM cuMBoJaoM P (R);
ee 3JeMEHTHl HAa3BIBAIOTCS 8ecamuy CHCTeMbl R. MOXKHO Taxkxke
paccmorpers rpynny P(RV) BecoB cucreMnl RV.

Cornacuo Aaze., ra. VII, 2-e usn., § 4, n° 8, rpynnu
P(R)Q(R), P(RV)Q(RY)

CYTh KOHEUYHBbI€ TPYINBl, HaXOAsUHECS B JBOHCTBEHHOCTH HaJ
Q/Z, u noromy usoMopbusie. O6mul NOPAAOK 3THX ABYX TpyInn
HA3HBAETCA UHOEKCOM CB8A3HOCTU CUCTEMBI R (HJH CHCTeMBbl RVY).

Ecau R ecth mpaMas cyMMma CHCTeM KOpDHeH R;, TO rpynna
Q(R) (coorB. P(R)) KaHOHHYECKH OTOMKAECTBASCTCA C NPAMOH
cymmoil rpynn Q(R;) (coots. P(R))).

[Mpeanoxenue 27, Hycre Ry — nodmuoxcecrso 8 R, Q, — nod-
epynna 8 Q(R), nopoocdennas Ry, u W, — nodepynna 8 W (R),
nopoodennas orpamenusmy Sy, (@<= R,). Ecaw pe=P(R) u |
weW, o p—wip)sQ.

Ecin w=s5, c a =R, TO

p—wp)={(p, aV)as Za=Q,.
Wugykunss mo r mokaseiBaer, 4TO TakKike p — w(p)<Q,, ecau
wZSQXS(zz “ .. S(zr C CLI, c ey (l, ERI'

Ipynna A(R) ocrasasier nuBapuanTHeiMA P (R) u Q(R), ned-
CTBYys1, CAeN0OBATENbHO, Ha dakToprpynne P (R)/Q (R). Beuxy npex-
aoxenns: 27 rpynna W (R) neitctoyer Tpusuaabho Ha P(R)/Q(R).

daxTopusys, Mbl BUAUM, uTo gaktopepynna A(R)/W (R) (npex-
Jaoxenue 16, n°5) deicrsyer xanonuuecku Ha P(R)/Q(R).
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10. Pynoamenrasvnole 8eca, crapuiue 8ecd

IMpennoaoxum, uro cucrema R — npugedennan. Ilycts C—
KaMepa cuHcTeMbl R u B — cooTBeTcTBylomuil 6asuc. IlockoabKy
cucreMa R — npuBefleHHass, BY ={aV} _, Gyier Gasucom RV.
Hyarsuoui £ BV 6asuc (8y), . p 6Y/€T, Clel0BaTeNbHO, 6a3ucoM
I'PYNIB BECOB; €ro 3/JeMEHTH HAa3bIBAIOTCH (PYHOAMEHTANbHOLMU
secamy (oTHOcHTesbHO B uau C); B cjayuyae KOIZa 3JeMeHTH
6as3uca B 3aHyMmepoBanbl (a, ..., @), COOTBETCTBYyIolIHe byHIA-
MEHT4JbHbE Beca 0603HAYUM uepe3 (&), ..., @)

Myeth x = V. DieMeHT x npuHaadexuT C Toria H TOJLKO
Tora, korma {x, a¥)> 0 mas Bcex a < B. Orciona caepgver,
uyto C eCTh MHOXKECTBO JHHEHHbX KOMOHHaUMH ¢ £03(hgunueH-
TamMu >0 Becos ®, a C — MHOXeCTBO JHHEHHbIX KoMOGHHa-
uuii ®, ¢ koaddunuenramu =0.

IMpu pukcuposanHoM a saemMedTH 7 (a, B) = (a, V) MaTpuus
Kaprana 6ynyT KOOpAHHATaMH & OTHOCHTeJbHO Ga3uca (®;); < 5

a= 2 n(a, p)@a, (14)

BB
TakuM o06pa3oM, OTHOCHTeJbHO 6asucoB B u (d,), o, Z-MOLy-
Jeft Q(R) u P(R) marpuua Kaprana sBisercd TPaHCIOHHPO-
BaHHOH K MaTpHlle KAHOHHUECKOTO BJIOXKEHHSA

Q(R)— P(R).

Bec ® HasbiBaeTcs crapwuum (WA GOMUHATHbIM), €CJH OH TTIPH-
Han/iexHT C, T. €. ec/IH €ro KOOPAHHAThl OTHOCHTEJbHO (0g), o g
SABJAIOTCA [leJAbiMH uicaaMu =0, HJl, ellle, ecTu g (®) << H /4 Beex
g=W(R) (n°6, npensnoxense 18). Ilockoabky C — dpynnamen-
TagsHad o6Jaacts aasd W (R) (recopema 2), nas Jjwo6Goro Beca @
CYILeCTBYET, W MPHTOM TOJbLKO OIHH, CTapliuii Bec &', ABJO-
muiics o6pa3oM Beca @ orHocureabHO W (R).

KakoBur 6bl HH ObLIH 32JeMEHTH @, ff = B, uMeeT MecTo
COOTHOIIEHHE

_28 Y
18y) =S

(84g 0603:HaUaET CHMBOJI Kponekepa), otkyna

55 (0 = — 8B B (BuIB)=5BIBS,  (15)

(®q, BV) = {(Ba

JlpyruMu cJIOBaMH, &, opToronaJes k f nas f = a, u ero opro-
o o ! _ =
rosanpHoil mpoeknue#t Ha R, ABasercs s a. Tak kak &, &C,

P
TO (Bg |®5) =0 mast o, f & B, 1. €. yrou (®,, ®y) — IGO0 OCTPHIH,
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aubo mnpsivoii. CrapliMMH BeCaMH SBJSIOTCH 3JeMeHTH & &V,
ot KoTophix 2 (@ |a)/(a|a) npu Becex a & B cyTh neJsble 4HcIa
=0.

TTrennoxkeHUE 28. [Tycte B — 6asuc cucremor R, B’ — noo-
mHoxcectgo 8 B, V' — sexkroproe nodnpocrpancrso 8 V, nopo-
scdennoe B, R'= RNV’ (sr0 cucrema xopneii 6 V'), R’ —
dyaavras cucrtema Kopueli (0TOuOecT8ARCMAR C KAHOHUUECKUM
obpazom R’ @ RVY), V, — nodnpocrpancreo 8 V, oprozonaassroe
k R, u p—npoexruposanue V na V' napartessno V. Tozda
QRY=Q(R)NV’, P(RY=p(P(R)). MHoxecT80 cTapuux secos
cucremol R’ ssaserca o6pazom npu npoeKTUPOBAHUIL P MHOJNE-
cTéa crapwux eecoe cucremot R.

B camom nene, Q(R) ectr noarpynna B V ¢ 6asucoM B,
Q(R"Y — moarpvnma B V ¢ 6asucom B’ (n°7, caencrBue 4 npen-
aoxeuus 20), oTKyna HeMeRJeHHO HoJyuaeM Q(R)=Q(R)NV".
Ecmm @ P(R) u as= R, to {p(®), aV)={(a, o/) =Z, caejo-
BaTenpHO, p{@d)e= P(R) u mnortomy p(P(R))< P(R"). Ecam
o’=P(R"), To & npoRoJKAETCA 10 HEKOTOPoH JHHeHHOMH
dopMel & na V", o6pamaroniefica B HyJb Ha (B — B’)Y; npu stom
(&, a¥y e Z nas Beex o B, crado 6biTh, & = P(R) u & = p(a);
nostomy P(R’Y< p(P(R)). Takum o6pasom, P(R’)=p(P(R)),
a4 YTBEepXKJeHHe OTHOCHTEJNbHO CTaplIHX BECOB JOKAa3hiBAETCS
aHAJOTHYHBIM 06pPa3oM.

IpEnsoxERUE 29. [TycTe p — noaycymma xopred > 0.

(i) p= X ®, ecrs ssement us C.
ae B

(ii) sy (p)=p—a Oaa scex a e B.
(iii) (2pla)==(a|a) das 6cex a = B.
Tak Kaxk cucreMa R — npuBeneHHasi, 10 $,(R, (C) — {o})==

=R, (C)—1{a} u s {a)=—0a a1 a=B (n°6, caemcrBue 1
npensoxkenus 17), otkyna S,(2p)=2p —2a. Hanee, -

W= 1=/ Y & v
(0 ay=1=( X &, aV),
HNOCKONBKY S, (p)=p —{p, a¥)a. Orciona p=26)[,) u, caeo-
=~ O

BaTeJsHO, p& C. Hakonen, (iii) 3kBHBaJIEHTHO paBeHCTBY
(p, aV)y==1.

CaenctBHE. ITycro 6 — noaycymma saementoe > 0 clicresmor RY
(otHocuteavno BV). Cymma xKoopouuar 06020 sresmenra o=V
ornocureabno Gasuca B pasna (a, 6). Ecau o= R, 10 3710

CYMMQ pasHa TarKxce % E (o, B).

BeR, ©
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[Tomenas poasmMu R u RV B NIpeAbIAYIUHX pacCy:KACHHSX,
[OJyyuM IpH Jo6oM o & B cooTHoweHue {(a, 6) =1, 3KBUBa-
JIEHTHOE HallleMy CJieJCTBHIO.

11. HIpeobpasosanue Koxcrepa

[Tycts C — Kamepa cucremu R, {a;, ..., @;} — COOTBeTCTBYIO-
mui 6asuc B R, ¥ MyCTb ¢ =Sq, ... Sa. OJeMeut ¢ & W nassi-
Baetrca npeobpasosaruenm Koxcrepa rpynusl W, onpepmelieHHbIM
kaMepoli C M GHEeKTHBHHIM OTOGpaxeHueM i[—>q; {ra. V, § 6,
n°1). Ero mopsinox h naseiBaercst wucaom Koxcrepa rpynust W
(nan cucremnl R).

[TpEnno:xkERNE 30. [Ipednoaoamcunm, uro cucrema R wnenpuso-

Juma. [Tycre m — yeaoe wucao, saxawouernoe smexdy 1 u h— 1

2inm
u 83aumno npocroe ¢ h. Toeda exp 7 agasnerca coberaen-

HbIM 3HQueHUem npeoGpasosanus ¢ Kparuoctu |.
(B uwactmoctd, m —omuH u3 nokasareied rpymnst W; cp.
r. V, § 6, n°2))

ﬂOKa}KEM cHadaJla O4HY JeMMy.

JIEMMA 4. Xapaxrepuctuueckuii mrozouaern 1106020 e meHTa
weW umeer yeave payuonasvuvie KoaguyientoL.

Hssectno (n°6, teopema 3), urto noarpymnna Q{R)c<V mo-
poxmeHa Oa3ucHbLIMH 3JaeMeHTaMu {a,, ..., o} cucreMnl R. Tak
Kak w ocrtaBjsieT ycToHuuBoH Q(R), TO ero MaTpHila OTHOCH-
TesbHO {ay, ..., oy} OyHeT uUMeTb meJsle KOs3(hGhHUMEHTH; CTaJOo
OblTh, TEM K€ CBOHCTBOM of6JsajzaeT H XapaKTepPHCTHYECKHH
MHOT'OUJIEH.

ITycte P — xapaKTepUCTHUeCKHH MHOrOYJEH 3JeMeHTa C.
ToabKo 4To IpuBeleHHAast JeMMa I0Ka3biBaeT, UTO Koaddu-
ndeHTbl P ueJssle. B cOOTBEeTCTBHU € cJeICTBUEM 2 IpeioxKe-
Hua 3, i V, § 6, n°2 npuMuTHUBHBIN KOopeHb A-H CTEINEHH U3

o
eIHHUIBL 2 = ex] (%) OyIeT NpOCTHIM KOpHeM MHoroueua P.

Bce conpsawennvie ¢ z Hag Q OyayT Takixke IPOCTBIMH KOp-
Hamu P. Ho u3specTHo !), UYTO BCe MPUMHUTHBHBIE KOPHHU A-H CTe-
NMeHH U3 eIuHHNbl conpsixkenbl HaA Q. [TosToMy OHHU BCe sABJASIIOTCH
IPOCTBIMU KOPHSIMH MHOTOUJIeHAa P, YeM H 10Ka3aHO IPeJIOKEH e,

IMeepnoxkeHUE 3l. [Ipednoaoicum, uro cucrema R — Henpu-

sodumas U npusedennas, u nycre p=n + ... 4+ ma; —ee
makcumarvuoll kopens (eM. n°8). Toeda ny+ ... +n=h—1.

1) Cm., nanpumep, C. Jlenr, Aure6pa, ,Mup“, 1968, ra. VIII, § 3. —
Hpun. ped.



212 TJ. VI CUCTEMbI KOPHEN 1t

Ilyetr R, — MHOXeCTBO KOpHEH, NOJOXKHTEJbHHX OTHOCH-
reapno C. HMyeenm (n°10, crneactsue npeaoxenus 29)

n1+...+nl=-12—2 n(ﬁ,a)=1+-;~ E n@, )=

=R, oE=R ., a%B

— (a]B)
=1+ (ala)”
aER+.a

Bsuay npeadoxenud 25, (iv), n°8, n(a, )=0 uau | gmae=s R,
¥ a7 f, nosromy n(a, pP=n(a, p), T. e. 4(a|B) __ 2(z1P)

o BB Gl
Orcrona

. (@lf)?
mt bt 1=24+2 ¥ BIM(ela) —

aeR+ a8
Y (elf) -1 a 2
=2 24 TP (ara — @B Z (et |B) -
ER, =R
CoraacHo ciaefcTBHI0 TeopeMut | n3 ra. V, § 6, n°2,
SR 2
¥ (- [) =reip),
ae R
OTKyAa M+ ... +m+ 1=~h.

TTpEnsoENUE 32. Ilpednoaoscum, uro cucrema R wenpuso-
Ouma u 4TO BCe KOpHU umeioT 00y u Ty e Oauny. [lycrs
as=R. Tozda wucao asremenros cucremst R, ne oprozonaab-
Holx o, pasHo 4h — 6.

TlycTs R’ — MHOXeCTBO KOpHell, He TPOMOPIUHOHAJBHLIX H

He OpTOroHabHpX a. CorJacHo CIeACTBHIO TeopeMbt I H3 1. V,
§ 6, n°2,

@0+ (@l—of+ X (aIpf=hialaf,

D (@IpP=(—2)(a]a?
Be R’

1
Kaxk nokasmiBaeT cmucox u3 n°3, (a|f)== = —2-(a o) nng p= R,
CaepoBaresibHO,

TCard R =h~—2, CardR'=4h—8,

H 4HCJI0 KOpHeH, He opTOroHanbHbIX o, paBHo Card R’ + 2=4h—6,
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[IPERN0KEHKE 33. [Jonycrum, 410 cucrema R — nenpugooiu-
man n npusedennaf. ITonroxum s, =S, u ob6osuauum uepes I’
1

nodepynny ¢ W, nopoidennyro 1eMeHTOM C=S8| ... §|.
(I) ]IyCTb Bi = 81871 +.. 841 (Oti) (l‘: 1, feey l) Toeda B,- > 0,
c(8;) <0,

(ii) Ecau o— xopens >0, 0as Koropoeo c¢(a) <0, 10 a
cosnadaer ¢ o0num u3 6;.

(iii) Cemeiictso (9;), < , ecTo 6asuc epynner Q(R).

(iv) MTycre Q; — opbura saemenra 6; ornocuresvno I'. Mruo-
acect8a $2; NONAPHO He NepecekaroTCs W UCHepnsvlaardT 6ce
opburet I' 6 R; 6 xaxcdoii u3 nux h 31emenros.

3aMeTuM cHauana, 410 (Sy, ..., §;) — npusedennoe pasiso-
acenue anementa ¢ (ra. 4, § 1, n°1) oTHocuTeIbHO MHOXecTBa S
oTpaxeHui §;. JleficTBHTeNbHO, B IPOTHBHOM CJyduae HaillJioch Obl
nogMHoxkectBo X =38 — {j} u3 [ — 1 siemeHTOB, TaKoe, 4TO
c= Wy, Ho Torga 6uisio O §; ¢ Wy, 4TO NMPOTHBOPEUMT CJeNl-
cTBHI0 2 npenjioxeHus 7 u3 ra. IV, § 1, n°8.

[Tpumensisi K c=s; ... §; CAeACTBHe 2 npenstoxenus 17,
n°6, noayuaeM yrtBepxteHus (i) u (ii).

[Tyers Q; — noarpynna B Q(R), mopoxneHHass KOPHAMH a,
j> i. HemenneHno nposepsietcs, 4To (); HHBAPDUAHTHA OTHOCH-
TeJAbHO S§;, j> i, u uTo §;(w;)=a;mod Q; Anst j > i. CaenoBa-
TeJbLHO,

0;=s; ... 814 (a;)=q; mod Q;.

JpyruMu cJaoBaMH, CyLIecTBYIOT LeJible YucJaa C;;, TaKHe, 4TO
Bi=0; + Z CyjQj,
j>i
a 3TO He UTO HHOe, KaK yTBepikKJeHHe (iii).h 1
HakoHes, nycTb a4 — KOpeHb. DJEMEHT kéock (@) nHBapHaH-

TeH OTHOCHTEJLHO ¢ H, CJHeNOBATENbHO, paBeH Hyxmwo (ra. V,
§ 6, n° 2). 3naunt c”(a) He MoryT 6bITh BCe OJHOrO M TOrO JKe
3HaKa, ¥ HaHJeTcs TaKo# HHIEKC k, uTo ¢ (a) > 0, a ¢+ (a) < 0.

Corusacuo (ii), c"(a) coBnajaer ¢ oxHuM u3 6;. Crano OuiTh,
mobast op6uta mnoarpynmel I' B R Oyxer oxuolt u3 Q. Ilpo-
JoJkuM, Lantee, (x|y) Xo spMutoBo#l ¢dopMu Ha V & C. B coor-
BEeTCTBHU C 3amedanuem u3 ra. V, § 6, n° 2, cyliectsyeT Takoi

aeMedT 2=V ® C, uro ¢ (2)=-exp (2—;?—) z, npuueMm (v [2) == 0 maa

Bcex y= R. Ecan ¢? (@)=ua, TO

el) = (z1c” (@) = (7 (2) o) = exp( 2 ) (21,
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OTKyJa exp (—_%E-)= 1, 1 p=0 mod A. DT0 MOKa3hIBaET, YTO
opGHTA 3JEMEHTa o ColepXHT A snteMmeHToB. ITo Teopeme I, (ii)
ra. V, § 6, n° 2, obGuee uucao opbur I' B R Oyaer, Takum

hl
ob6pa3oM, paBHO 7=l. B wurore mosnyvaem, uto {; nomapHo
He nepecekailoTcd. TeM caMbiM 10Ka3aTesbCTBO (iv) 3aKOHUEHO.

12. Kanonuueckan 6uauneinas gopma

Kak Mbl yxe sHaeM (n° 1, npemioxkerue 3), cummerpuueckas GHiHHed-
Hadg (opmMma
- v
(x, ) > B (x, p)= D {(aV, x)(aV p)
ae=R
Ha V sABasfieTcs HeBHIPOXKJAeHHOA H WHBapuautHo#l oTHocuTeapno A(R).
ITomensB poassmu R u RY, Mbl BuauM, uTO cuMMeTpuuecKad GHJHHefiHas
* * N} * *
¢dopma (%, y*) —> BRV x* y*)= 2‘ {(a, x*) (@, y*) HAa V* TOXE ABAAETCA
CER
HeBLIPOXKAEHHON H HHBapuaHTHOH oTHocureabHo A (R).

OGparHas ¢opma pas BR\/ (coots. BR) Ha V (coots. V*) HasbiBaeTcs

KAHOHUHECKO Ouaunennod ¢opmoi Ha V (coors. V') u oGoznauaercs ue-
pes (DR (coom. (I)Rv). OHa HeBLIPOXKJEHA H HHBAPUAHTHA OTHOCHTEbHO A (R).

Iyers o — nsomopdusm V ua V*, onpeaenennstit popmoir B, daa x, y &SV
CIpaBe JHBO COOTHOMIEHHe
Op(x, ) =B,y (6 (x), a(y) = 2 (o 0(x) (e 0(y))-

aE R
Ho (o, o(x)) =BRV (o (0), cr(x))=(DR(a, x) Otcoza
Dp (1, y) = agk Dp (0, 1) ©p (0, 9). (16)

YuuthiBag npeptoXende 7, n° 2, Mu OPHXOJMUM K 3aKJAI0YEHHIO, YTO CDR —

€HHCTBEHHasd HeHYJeBasd CHMMeTpHyeckad OuiuHedHas GopMa, HHBApHAHT-
Hasf OTHOCHTeNbHO W (R) d ynoBieTBopsiomas toxgectey (16). Hus p& R
tdopmyna (16) naer

O (B, B)= ¥, Op (@, B2 = O (B B2 3, 7 (e B

ee R aeER

10, 6,87 = 3 n(ap)> (7

ae R

0TKYy 4

B 1o ke Bpems mo jemme 2, n° 1, gaa x, y = V umeem

A\ 2a 20 .
BR(X, y)= Z d)R (W’ x)(DR(W, y)__.

[ R=N

—4 2 @, (0, £) @y (0, ) Dy (o, 1) 72,

ce R
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Crano GbITh, e€caH cucTeMa R Henpugodusma, TO HafijleTess Takas KOHCTaHTa
Y (R)>0, uto
—2
ZR D, (@, 1) D (a, ) Op (@, @) "=y (R) D, (1, y). (18)-
[+ R =]

o onpexenennio y(R) umeem B (x, y) =4y (R)(DR (x, y), nostomy

© .y (7 ) =Gy (R)T By (£ y)
a8 X%, y* = V*. DtuM pokasano npexie scero, uto y(R) =y (RY). lanee,
nias B & R noayvaercs
O Dp (@, B)
Opv BY BY) =y R)™ Y, BY e =y Y m Dp (B, B
nan BBuay (16) aER neR
Dpv (Y, BY) =v(R)™ Dy (B, B) 2Dy (B, B);
OKOHUYATEeJBbHO
®p (B, B) @iy BV, BY) =y ()™ (19)

Ecou c¢Bepx TOro Bce KOPHM CUCTeMBI R OaHON ¥ TOfl Ke AnMHW A OTHO-
CHTEJIBHO (DR, To dopmyas (16) u (18) nokasmmrawoT, uTo

Y(R)=2"" (20)

Ecaun, panee, A — uucio Koxcrepa rpynnu W, To, Kak yTBepxjaeT Ciaen-
crere teopeMsl 1 ua ra. V, § 6, n® 2,

hCD 2‘ 0] (x, —7»—) I seex x = V.

ao=ER
CpasunBast sto ¢ dopmynoh (16), BuauM, uto
A=h""u y(R)=H. 21y

Hakounen, u3 dopmyasr (19) caenyer, uro KOPHH CHCTEMEL RV GyRyT TaKxe
JJHHHL A OTHOCHTEJBbHO (DRV.

§ 2. Apdunnas rpynna Beitas

B sroM naparpade (sa uckaodenueMm n° 5) yepes R obe-
3Ha4YaeTCs NpHBelleHHAsi CHCTeMa KOpHeH B BElleCTBEHHOM BeK-
TopHOM mnpocTpaHcTBe V. I'pynny Beina cucreMu R 0603HAauuM
caMBosioM W; oTOXZAeCTBHM ee ¢ HEKOTOPOH rpynnon aBTOMOD-
¢du3MoB nyasnbsoro K V mpoctpancrsa V* (§ 1, n°1) u cuaGaum V*
CKaJAPHBIM MpPOH3BeJ€HHeM, HHBADHAHTHBIM OTHOCHTeabHO W.
Ilycts E — addpunnoe NpOCTPaHCTBO, acCOUHNpPOBaHHOe cV*; o60-
3HauuM Yepes f(v), v € V7, mepenoc npocTpaHcTBa E Ha BEKTOP 0.
Hakonen, uepes P (COOTB Q) of6o3HayuM Tpymiy HepelocoB,
BEKTOpDBI KOTODHIX INPHHAMJIEeXAT rpvime secoB P(RVY) (cooTs.
rpznne[ga,uuxanbﬂbxx BecoB Q(RVY)) cucreMnr KopHelf RV, aya.ib-
HOlt K R,
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1. A¢punnan epynna Beidian

Oags ae= R u keZ nyctb Ly , — rHIepniockocts B E:
Lo ={x € E{a, x) =k},

H NMYCTb S, ; — OPTOTOHAJbHOE OTPAXkKEHHE OTHOCHTENLHO L, .
Tlo ompejneneHuio,

Sa. & (%) =x — ({0, x) — k) aV =S54, (x) + kaV
aaa Bcex x < E, Munimu cioBamy,
Sap =1 (ka¥) o 5, (1)

rie S, — OPTOTOHAJbHOE OTpaXKeHHE OTHOCHTE/bHO THIIEPIIO-
CKOCTH Ly==Ly, T. €. OTPa)KeHHE, aCCOUHMPOBAHHOE C KOp-
HeM «.

dopmyna (1) nmokaswiBaeT, UTO S, , HE 3aBHCHT OT BuiGpaH-
HOTO CKaJIAPHOTO IpPOU3BELEHHS.

Onpenenenue 1. Hagosen agppunnoii epynnoil Beiiars cucremot
xopHeii R u obosnauum cumsorom Wy (R) (uau npocro W)
epynny agppunrox npeobpasosanull npocrpatcrea E, nopoo-
OHAHYIO OTPACeHUAMU Sy, 048 o =R u k<=1Z.

IMpenaoxkenue 1. [pynna W, ss.isercs noaynpamoim npous-
sgedenuen W Ha Q.

[Tockosbky rpynna W nopoxpaercss OTpaxeHHAMH S, OHA
cogepxurca B W, Jlanee, {(aV)=s5, °S, €CTH A= R, a 3T0
¥ 10KaswslBaer, yTo Q = W,.

ITockonsky W ocrasasier ycrofiuusoii Q(RY) (§ I, n® 9),
rpynna ad@uHHBIX TpeobpasosaHuil (G, mnopoxpennas W u Q,
spaderca INoJynpaMeiM InpoussegeHreM W Ha Q. Ilo Toabko
yto cxasannomy G < W, u cormacuo (1) s, , = G, KaKOBH Gbl
HA 6bliH ¢ & R u ke Z. Tlpuxoaum K BeiBORy; uto W,=G.

Ipennoxenne 2. I'pynna W,, chabicennas OuckpeTHoil TO-
no.oeueir, delicrgyer cobcreenno paspsieHo Ha E u nepecra-
8aser mencdy coboli eunepnaockoctu Ly, (O a =R u k= Z).

[Mockoabky Q(RV) ects pauckperHasg mnoarpymma B V5,
Tpymnma @ nefAcTByeT coGCTBeHHO pa3phiBHO Ha E. Crajo GbITb,
TO Ke camoe oTHocuTes 4 K W, =W - Q, nockoreky W koHeuHa.
Jaiee, npu a,p=R u k=27 umeem

Sy (La, )= Lv. r C Y=S5g (a) E R,
[(B\/) (Lu., k) = Lu. k+n (a. g)»

riae n(a, B)= (Y, a) —uen0e, OTKyga CJeLyeT BTOpPOE YyTBEp-
KAeHHue.
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Wrak, k W, kak k rpynme, RefictBywoimeii Ha E, MoxHO
NpHMEHATb PesyvsbTaThl ra. V, § 3. Uro6nl u3bexarts cMellieHns
¢ Kamepamu rpynnsl Be#tasi' W B V7, Mbl 6yleM Ha3swBaThb a4s-
KO8aMU KaMepHl, Olpefie eHHbIe CHCTEMON THIEPIIOCKOCTEN L,
(ang e« & R u k= 1Z)B E. 3nauur, epynna W, dedcreyer npocro
TPAHIUTUBHBIM OOPA3OM HA MHONMCECTBE AABKOBOS8 U 3aMblKanue
2106020 a1bKo8a ssafercs phyndamenrarsroli obaacrsto 0aa W,
8 E (ra. V, § 3, n° 2, Teopema 1; n° 3, Tecpema 2). ScHo, uTo
rpynna Befys oToxnecTBaseTcs ¢ KAHOHHYECKHM o6paeoM UWw,)
TPy W, B oproroHaabHoil rpynme npocrpaHcTsa V' (ra. V,
§ 3, n° 6). I'Io.nyqaeM B utore, uto rpymna W, cyuwecreenna
(r. V, § 3, n° 7) u uro W, nenpusoduma TOraa H TOJIBKO
TOrZa, KOTJa TakoBOH fABJsieTcs cucreMa KopHei R (§ 1, n® 2,
caeicTBHE mpepnoxeHus 5). Ecau R HempuBoZuMa, TO KaK bl
aJbKOB OyleT OTKPHITHIM cuMmjekcoM (ra. V, § 3, n° 9, upen-
JoxeHHe 8). B obuieM ciayuae KaHOHHUECKOE DaasokeHue
adunroro npocrpanctsa E B mpouseenenne (ra, V, § 3, n° 8)
COOTBETCTBYET pPa3JIOXKeHHI0 R Ha HenpUBOAMMBIE KOMIIOHGHTHI
B uactHoCTH, aJ4BKOB GyAeT NPOHM3BENEHHEM OTKPHITHIX CHM-
IIEKCOB,

3aMeTuM elle, YTO, KaK NMOKAa3hBaeT CJEACTBHE TeOpPeMb |
3 ra. V, §3, n° 2, s, » OyAyT €IHHCTEBEHHHIMH OTDaMEHHSIMHU,
comepxkamumuca B W,

2, Beca u cneyuanbrble TOUKU

TlpEnoRERHE 3. Cneyuassnsimu Toukamu (ra. 'V, § 3, n° 10,
onpeaeneuue 1) daa W, asasorca seca cucremsr RV,

Ilyets xy= £ u o = R. T'nnepnjockocTs L, NapanjaesbHas
saapy Kera u npoxomauias uepes x,; 3aXaeTcs ypaBHEHHEM
(@, x) =/{a, xp). Uro6n ona coBnamana ¢ Lg ;, HyXHO, C OJHOH
CTOPOHBI, 4YTOOH @ H P ObliIk HPOHOPHHOHaJIbeI, HJH BBUAY
npuBeieHHOCTH R u4TOOB B== + @, K, C APYyro# CTOPOHHI, YTOGH
{a, xo) 6bl10 1eabiM. ToTuac mosyyaeM, 4TO X, SBJAAETCHA Cle-
I#agbHOM Toukoit mas W, Torma M TOJBKO TOrja, KOrza
(@, xo) =Z npun Bcex o= R, T. e, B TOYHOCTH TOrga, Korja
xeEPRYYE$ L, n°9).

Cuencreue. (i) Ecau & = P(RVY), 10 cywecrsyer Taxoil
aasko8 C, 4T0 & Oyder skcTpemaasHol Toukol 3amvikanus C.

(ii) Ecau C — kaxoii-nubyds airvkos, To nepeceverue C | Q(RVY
COCTOUT U3 OOHOI TOUKU, KOTOPAA ABAAETCS 3KCTPEMAAbHOL

Toukoi 3amvikanus C.
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DTo BHITEKAeT M3 NpefJOXKeHHs 3, ecJU NPUHSTb BO BHUMa-
HHe caencTBie npepsnoxedds 11 usra. V, § 3, n° 10, » npenno-
XeHue 12 oTTyna xe.

IMpepnoxenRuE 4. Hycre C' — kamepa cucrema RV.
(i) Cywecrsyer, u npurom roasko oduw, arekos C, codep-
ocawuiics 8 C’' u raxoii, wro 0 = C.

(ii) O6sedunenue w (CYno w = W ecro okpecTHocTs HYysn 6 E.
(iii) JTrobas crenxa kamepor C’ sagasercs crenxoi arsxkoea C.

3TO HenocpeACTBEHHOE CAeICTBHE NpefnoxeHHs Lk us ra. V,
§ 3, n° 10.

I pednoaoxun teneps, uro cucrema R nenpusodunma. Ilycts
(a;); <, — ee 6asnc (§ 1, n° 5, onpenenenne 2), u nyctsb (&), ,; —
LyaJnbHui 6asuc. Bece @®; 6yayr ¢yHIaMeHTaJbHBIMH BecaMu
cucTeMpl RV otHocuTeNbHO Kamepw C’, COOTBeTCTBylolle#d 6a-
aucy (;). Ilyers @ = Zlnia, — MAaKCHMaJbHBIH KOpeHb CHCTeMB! R

te

(§ 1, n°8), ¥ myers J — MHOXecTBO Tex [&J, IAsT KOTOPHIX
n; = 1.

[pegnoxeune 5. ITycre C — arekos, Koropol codepiurcs
8 C’ u sanmsikanuro koTopoeo npunadaexcur 0 (Ipennoxenue 4).

(i) C ecro muomecreo x < E, rakux, uro (o; xy>0 0dan
ecex i = [, npuuem (@, x) < 1.

(i1) Mrnoaxecreo C (| P(RV) cocrour u3 0 u secos ®, 0ani <J.

Iyers D — muoxkecrso x & E, anas xoropeix (@, x) < 1; mo-
JoxuM C,=C’(\D. Tak Kax 0= C, 10 C< D, orkyna C = C,.
JokaxeM Tenepb, uTo HpH Bcex a = R v k= Z muoxecrsa C
u C, 6yayT JexaTb HO OIHY CTODOHY OT THNEPIJIOCKOCTH L, j.
310 nokaxer, uro C; < C, H yCTaHOBHT CNpaBeIJHBOCTb yTBep-
xkaenust (i). Ecan k=0, 10 kaMepa C’ ueqMKOM HaxXoJHTCH IO
OJHY CTOPOHY OT Ly, ¢, UTO H JaeT HYXKHOE yTBepXJAEeHHE B 9TOM
ciayuae, Ecam xe k=0, T0O MOXHO, 3aMeHHB, eCjJH HYXHO, G

Ha — o, cyuTath, uro £> 0. Toraa (a, x)y<kmnac, NOCKO/IBKY
0 C. C 1pyroit CTOpPOHbI, & — @ MOJOXKHTEJEH OTHOCHTENBHO C”
(§ 1, n°8, npemsoxkenne 25). Crano ObiTh, (@, ¥)<(@, ¥) <
<1<k qna ye=C,, a 310 ¥ 03Hauaer, yto C u C; HaxOmATCs
no o;my H Ty Xe CTOPOHY OT Lg,p.

Mycts tenepp & & P(RY). Kak Mw 3maem (§ 1, n°10),
&=, pi®; ¢ p;<Z. Brmouenne & < C’ uMeeT MecTo Toria

1

H TOJbLKO TOT/la, KOrja IeJble UHCAA p; BCE NOAONCUTEAbHDbL.
Ecau @<=C’, To ®=C B TOM M TOJbKO TOM Cjydae, KOTAa
{&, &)= mp; 6ymer <I, a sro u nmaer (ii).

i
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CaeactBue. Aavkos C  A848eTCA  OTKPLITHIM CUMINAEKCOM
¢ eepwunany 0 u &;/n;, i<=l.
Jro suiTeKaeT U3 yrBepxaeHus (i).

3. Hopmaausarop zpynnne W,

B stoM n° Mb mpeamosioxuM, yro Ha V BriGpaHo cKa.sip-
HOe MpOH3BeleHHe, HHBADHAHTHOE He TOJbLKO OTHOCHTesabHo W,
HO W oTHocureasrno sceir epynnet A(R). Tpynnet A(R) u A(RY)
Mbl OTOXKIECTBHM.

[yers G —uwopmaausarop rpynnsl W, B rpynne InepeMe-
lWeHni eBKAMROBa addunnoro npoctpanctsa E. Ecau g — Heko-
TOpoe nepeMemnieHue E U S — OPTOroHa/bHOe OTpaXeHHe OTHO-
CHTe/IbHO THmepIJocKocTH L, To NepeMeuleHue gsg~' Oyner
OPTOrOHAJILHHIM OTpaXKeHHeM OTHOCUTE/IbHO runepnaockocTi g (L).
B utore nosyuaem, 4to G sBJsIETCS] MHOXKECTBOM MepeMelileHHH
npocrpaHcTBa E, KOTOpHe HepecTaBJslOT Mexay cobofi rumep-
NJOCKOCTH Ly, , (At a =R u k= Z).

Ho rpynna aBToMopdusMoB npocTpancTsa E sBasieTcs MoJay-
npsMbIM NpOH3BEJEHHEeM opToroHaJpHoll rpymnsl U mpocTpan-
crBa V7 w rpynnst T nepenocoB. [lpu neficTBun g==uo{(v),
rie ue U n v=V7, runepnaockocTs Ly, , TepexoddT B THllep-
IJIOCKOCTh, ONpelefsieMyI0 ypaBHeHHEM

(u=Y(a), ¥y =k + (a, v).
CnenoBaTesbHo, ¢ & (G Torjga W TOJBKO TOrAa, KOTJAa, BO-Hep-

BHIX, ‘U MepecTaBasieT Mexay coboil KODHH, T. €. MPUHALJIEKHT
A(R), 4, BO-BTOpHIX, {a, v) =Z 1as1 Bcex a = R, T. e. v = P(RV).
WnbiMu  cnoBaMu, epynna G A28486TCA HOAYAPAMBIM NPOU3-
gedenuem A(R) Ha P. Tlockoabky QP u W <= A(R), ¢axrop-
epynna GIW, asasercs noaynpamoem npoussedenuem A(R)/W
na P(RV)/Q(RV); cooTsetcrByiomee geiictsue A(R)/W na
P(RV)/Q(RV) 6yaer KanonuueckuM (§ 1, n°9), B ueM .jerko
y6eauThCsl HENOCPEeACTBEHHO.

O6osnauum cumBoaom W' mnoarpynny B G, siBaAstoulyiocst

HOJyHpSAMBIM npou3sefenneM W Ha P. OHa GyneT HOpMaJbHOH
noarpynno#i B G, u G/W/ xaHomHueckn usomopdua rpynme

A(R)/W; xpome Toro, Kanonnueckoe oro6paxenue P(RV)s W, /W,

daeT npu GakTopusauuu usoMoppuaM rpynmsl P(RV)/Q(RVY)
Ha W, [W .

[Mycts Tenmepn C — anvkoB B E, u nyers G — moarpynna,
cocTosimasi U3 3neMeHToB g & G, aas Kortopux g(C)=C. Tak
kak W, npocTo TpaH3uTHBHA Ha aabKoBax, To epynna G ecTe
noaynpamoe npoussedenue nodepynn Gc u W, CooTBeTCTBYIO-
wui  usomopgusm ¢akroprpynner G/W, wa G aocraBasier,
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B 4YacTHOCTH, KaHOHudYeckuii usomopdusm P(RV)/Q(RV) ua
rpymny ', =G NW,.

[IpeanonoxkuM, 49t0 CcHCTeMa R HENPHBOLHMA, U BOCHOJb-
3yeMcsi 0603HaueHHAMH nOpeftoxedus 5 Hu3 n° 2. [lonoxum
Ry=R, a uepes R; (i =[) o603HaUUM CHCTeMy KOpHefl, 1opo-
¥KIEHHYIO KOpHAMH o; aas j 5= i. [Ipu i =0 (cooTs. { 1) nycTs
w; — eIHHCTBEeHHbIA 3JeMeHT rpynnn W (R;) (0ToXKIeCTBAAEMOM
¢ HekoTopoll noarpynnoi B W), KOTOpHIl NepeBOIHT KOPHH CH-
cTeMbl R;, OJOXKHUTENbHbBle OTHOCUTENbHO 6a3uca (a,-)ia&‘., B OTpH-

uareqnible kopuu (§ 1, n°6, cuencrBue 3 npennoxexus 17).

ITrEpnoXKERKE 6. [Ipu awbom i J anemenr v; =1(d;) w;w,
npunadaewutr Te u orobpaxcenue iv—= vy, asanercsa Guexyueid J
na I'c — {1}

C camoro Havama OTMETHM, 4YTO KOpeHb w;(8) MMeeT BHE

n;o + 2 bi]-a]
i1

H SIBJAETCHA, CRENOBATENbHO, HOAOMUTEAbHbIM.

HokaxeM, uto ecsm i =J, to y; & T¢c. B camom xese, nycts
asCu b=vy;(a). Ilpn 1 <j<{! u j==i cupaseAJHBO COOTHO-
LreHune

(b, a;)={d&; + w;w,(a), a;) =(wy(a), w;(a;)) >0, )
nockoIeky wy(a)& —C/ u xopenr w;(a;) OTpHUATE bHLIH.
C npyro#i cTOpoHH,

b, ay =1+ (wo(a), w;i () =1+ (w(a), & >0, (3
NocKoabKy wy(a) & — C/, 6 — w; (a;) IpHHHMAET OTpHLATEIbHBIE
anavenus Ha —C’ u (wy(a), a) > — . Haxownern,

(b, &y =n; +{wy(a), w; (@) =14 (w,(a), w; (@) <1, (4)
TICCKOJBKY W, (a) & — C’ u w; (&) — noJoKuTeAbHbl# KopeHs. M3
coorHoueHul (2) — (4) BHTeKaer, uto b=C, otkyaa y; < .
sleHo, uTo oTOGpaXKeHHE [ —>Y; HHBEKTUBHO, TOCKOABKY V; (0) = &;.
Haxonen, nyers y&TFe, y5 |; nonoxum y=pw, rge p=P~P
nwEW. Tak kak T¢ N1W = {1}, To p 5= 1. Janee, p(0)=vy(0) =
eCNP(RY), u npenjoxenne 5 BJEYET CYIIECTBOBAZHHE TaKOro
ie], uto p(0)=o;. B rtakom caysae y;'y(0)=0, orkynma
y=1yv;, nockoapky I'c1W ={l}. DtuMm 3aBepmiaetcs moKa3a-
TeJLCTBO.

Caencrsue. ‘Beca (&;),., obpasyior cucremy npedcrasure-
aeti 8 P(RY) orau4neix or Hyas anremeHTO8 haKTopepynnst

P(RY)[Q(RV).

B camom mese, ecawm oroxaectsuts I'¢ ¢ P(RV)/Q(RV), TO
SJIEMEHT Y; COOTBETCTBYET Kak pas Kaaccy &; mod Q(RV).
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3ameqvanun. 1) Orobpaxenne yr—>vy(0) sBasercs Ouek-
unent T'c wa CN P(RVY).

2) Tpynna G coBnajaeT Takxe c HopManusatopoM rpynns W,
B rpynne aBToMopdu3MOB NPOCTpaHCTBa E, HaNeJeHHOro JHLIb
apGuHHON CTPYKTYypol (ympaxHeHHe 3).

4. Hpumenenue: nopadox epynnw Bedira

JlemMMma 1. Tycre X — 40KQABHO KOMRAKTHOE MPOCTPAHCTSO,
cuernoe 8 6Oeckoneunoctu, G — Ouckpernas epynna, OelicTalyto-
uiasn HenpepolsHo u cobcreenHo pa3poisno 8 X, u— mepa =0
na X, uweapuanrnas ornocuressno G, G' —nodepynna s G,
U u U’ — dsa orkpoireix nodmuomecrea 8 X, xaxdoe KoHe4-
Holl mepor 0. [Ipednoaoxcum, ato muoxecréa sU npu s G
(coors. s’U’ npu s’ = Q') nonapro He nepecekardTcs U 4TO UX
o6sedunenue ob6aadaer npenebpercumsin donoanentesn. To2da G
6yder roneynozo undexca 8 G u (G: G')=p(U’)/u(U).

ITycTe (8)), o o — CEMeHCTBO MpeACTaBUTe el MPaBLIX (CMeX-

HuX) KaaccoB G mo G/, Ilyets U; — o6penunenie MHOKeCTB S, U.
Tormpa mHoXectBa s'U, ¢ §' &G’ nomapHo He HepeceKalTcs U
ux oObeluHeHHeM Oyger M= U sU. Tlyete M = U s'U’.
sE=G s'e G’
O6wenunenne U’ (cooTs. U,) W Haajex)amero MOAMHOMKECTBA
B X — M’ (cootB. X — M) GyneT dynaaMeHTassHOH H, OUEBU]IHO,
u-u3mepuMoit o6aacteio At G’. CorsacHo cjencTBHIO TeopeMul 4
us Hnureep., ra. VII, § 2, n° 10, u(Uy=n(U,). DM noxa-
3ano, uro uuigekc Card A=(G:G’) koHeuen u uyto p(U/)=
==(Card A)p (V).

[TpennoXEBKE 7. [Ipednososcum, 4ro cucrema R nenpusoduna.
ITycre B={a,, ..., a;} — 6a3suc cucremot R, [ — ee undexc ceas-
wocru (§ 1, n°9) u a=nma, + ... 4 no; — MakcumarsroLii
Kopexs (oTHocureasHo nopadxa, onpedesennozo 6Ga3ucom B).
Toeda nopadok epynnet W pasen

(l ') Ay ... n,f.

MMycts (&, ..., &) — Gasuc cucrems P{RV), nyanresuuiil K B.
Beuay caelcTBUs NpenoKeHHus 5 oTKpuITHE cuMmieke C ¢ Bep-
wunamy 0, ni'e,, ..., n;'®, asaserca anpkosoM B E. BrGe-
pem Mepy Xaapa p ua apnutuBHoi rpymme V. Ilycts A — Muo-
JKecTBO 3JeMenToB B V' Buga £@,+ ... +§6;, ¢ 0<E <1
mas i=1, ..., [. Cornacso cJencTBHi0 2 mpenJoxkenus 15 u3
Hureep., ta. VII, § 1, n° 10,

(A=) mn, ... n. ()
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[Tycts, ¢ Aapyrofi cropoHb, A’ — MHOXECTBO 3JeMe. I1B
3 V* Buna
v v
goy+ ... +§a)

cO0<y <lmmai=1, ..., L [lockoabky (), .., o)) — Gasuc

Z-monyas Q(RVY), MoXHO puMerdTs semmy 1 c X =V*, G=W,,
G'=Q, U=C n U =4’ Tlonryunm

w(AYu(Cy=(W,: Q)= Card W. (6)

Hakouen, MoxHO elnle pa3 NPHMEHUTH JeMMy |, noaaras X =V,
G=P, G'=Q, U=A u U'=A’. Toayuum

n(AYu(A)=(P:Q)=(P(RV):Q(RV)=F]. (7y

[Tpennoxenne caexyer Temepb K3 cpaBHeHus dopmy.a (5),

6) u (7).

5. Cucremot rxopned u zpynnw, nopowdenusle OTPANCEHUANU

IMrennoxenue 8. [lycre F — sewjecrsennoe euabbeproso
NPOCTPAHCTBO KoHewHOU padmeprocTu |, § — mnoxcectso apun-
natx eunepnaockocreii 8 F u G — epynna, nopoxdennas opro-
2OHANbHBIMU OTPANCEHUSIMU Sp OTHOCUTEABHO 2UNePRAOCKOCTEL
H e 9. [Ipednoaoscun, uro ssinoaxenst ycaosus 2a. V, § 3
(r. e. uro g(H)= 9 0aa 8cex HEH u g=G u uro G Jeii-
crayer 8 F cobereenno paspeisno). [lpednoaoscum ceepx 1020,
yro 0 — cneyuaavnan touka 042 G u uro epynna nepenocos T,
codepaawjancs 8 G, umeer pane l. Toeda cywecreyer, u npuron
TOAbKO OOHQ, npuaedeuuaﬂ cucrema kopneil R 8 V= F’, rakas,
4T0 Kanonuueckul usomoppusm F na V' orobpascaer G 8 ag-
Qunnyro epynny Beiiaa W, cucremst R.

3ameTuM ¢ camoro HauaJja, YTO YCJOBHe, HaJoxeHHoe Ha T,
BJIeYeT Cyu,ecTeeHnocTs Tpynnsl (G: B NPOTHBHOM cayyae adhuH-
Hoe mpocrpaHcTBo F pasjarajoch Obl B mpousBeneHue Fy X F
¢ dim F; </, rpynna G oroxpecTsuasnack G C TPynmoi mepe-
MelleHHH, AeldcTByome#l co6CTBEHHO pa3puiBHO B F (ra. V, § 3,
n° 8, npensoxenne 6), u T He Owna Ob rpynnoit padra /.

nyCTb o — muokectso Tex He $H, aas xoropux 0 H,
Ona He 9, nycrs §, — MHOKECTBO 3/1eMEHTOB B 9, nmapa.-
aeapoix H. [Tockoanky 0 — crnenRaJgsnas touxka,  6yner odbe-
IineHneM MHOXecTB 9, ¢ H e P, Tlycs HE%)O. Tax kak
T-rpynma panra [, HafizeTcss v & F, nas KOTOPOro MNepeHOC Ha
BeKTOp 0 npuHajmnexHuT T, a ve H. Tumepnaockocth H + kv
Jas k& Z nonapHO pasnHYHB ¥ UPHHANJEXRaT MHOKECTBY 9.
ITycts Temepb a — vHWTapHH# BekTop W3 F, OpPTOroHasbHEIH
K H; torna H -+ (vla)a =9y, #, I0CKOJbKY P JOKAILHO KO-
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weyno (ra. V, § 3, n° 1, semma 1), cyllecTByer HauMeHbliee
BellleCTBeHHOe uHcJao A > 0, aaa koroporo H +Aaes $,. Mu
J0KaKeM, uTO £, ecTbh MHOXKeCTBO I'MOepmJocKocTed H - kAa,
rie ke Z. B camom gene,

H =H+hc 9y,

¥ 3JEeMeHT sH,os rpynnst G 6yjgeT mepeHocoM Ha BeKTOp 2Aa
(ra. V, §2 n°4, npenJsioxeHue 5). Cnenosarenbﬁo H+ 2nia ==
= (S,,Sy)" (H) u H—L(2n+1)7»a—( sy)" (H') npunaniexar 9y.
C ppyroft cTopoHsl, ecan L& . 10 cywectByeT £ & R, Takoe,
yro L=H -+ tha, u HalimeTcs MeJoe UYMCAO f, A KOTOPOro

anbo 2n <EL2n+ 1, aubo 2n—1 <E<2n.
B nepsom cayuae (s,s,.)*(L)=H + (§ — 2n)a, rae
0 <(E—2n)A<A

¥ M3 OonpejeJieHHss uucaa A BeITeKaeT, uTo £ =2n -+ 1. Bo BTO-
poM cJayuae

sH(sHsH,)"(L)=H+(2n——§)7»a c 0<(@n—5)A <A,

H U3 ONpejeseHHs A caenyeT, yTo §=2n.
B urore moJgyuaeM, 4TO ecJH Oy — JHHeHHAs QJopMa Ha F,
IJsA KOTOpO#H

H' ={x= F|{ay x)=1},

TO MHOJNCECT80 Dy ecT6 MHO%CeCT80 2unepnaockocTeld Lo, »=
={x<= F|{ay, x)=k} ¢ k=1Z, nmpuueM ay U —ay OyIyT
€/(MHCTBEHHBIMH JuHelHHMH ¢dopMamu, 0O0JajfalOUIUMH 3TUM
CBOHCTBOM.

Taxum oGpasom, NperioxeHne 6yxeT AOKa3aHO, KOJb CKOPO
Mbl YCTAHOBHM, UTO MuO%MCecT80 R sasementos us F suda =+ ay
asaserca npusedennol cucremoli Kopwei 8 V.

a) JloxaxeM, uTo BhinogneHo yciuaosHe (CK;). fcwo, uto R
KOHeuHO (MOCKOJbKY 9, KoHeuHo) u He cofepxut 0. auee,
R nmopoxmaer V. B camoM fese, ecaum BeKTop x & F opTtoro-
HaJeH K R, T0 x = H nas Bcex H = $, u nepeHoc Ha BeKTOp X
KOMMYTHDPYeT ¢ NpOW3BOJbHBIM 3JeMeHToM rpynme (. Ilo-
ckosabKy G cyliecTBeHHa, 3To BjeueT x = 0.

6) HNokaxeM (CKy). Kak u panee, paa vV u reR no-
aoxuM L, ,={x= F|{v, x)=r}; B cayuae o< R mNOJOXKHUM
H,=1L,, nu o6o3HauuM uepes s, oTofpaxeHHe, CONPSKEHHOE
K Sp,. CylecTayeT 0JHO3HAUHO olpeleeHHbl ieMeHT aV & F,
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oproroHaJeHHi K f, u Takoi, uro (aV, a)=2. Toraa Sy, =

=5, uns =5 . Jlaga f= R umeem
aV,a a a, o
Ly, 1 =51,(Ls) =9
u Haitayres yER u ne N, rakue, uro Ls @), 1= Ly,
3HAUHUT,

S, (Ly, ) =Ly, i

H, caefosartespHo, l/n&EZ. Hostomy =1 u s,B)=vy=R,
1o moxassizaer (CKy).
B) Hoxaxem (CKpy). Has a=R momoxum Hoe=1L; |,

TaK 4To
H:z= Ha + (1/2) CLV.

Ilepenoc f(a¥) Ha BeKTOp @Y, OYAYyYH NpoU3BeLeHHEM 8,8,
a a

(ro1. V, § 2, n°4, npensoxenue 5), npHHanJexuT noxrpynne T,
u oY ==¢(av)(0) saBaserca cneyuassroii roukoi nas G. Wraxk,
oas Joboro fe& R cymecTByer mpoxosnsmas depe3 aV rumep-
MAOCKOCTD Lg,  C LM k, 8 3TO H LOKA3bIBAET, UTO B, aVYe=Z,
T. €. ycnoBue (CKyp) Bumoansiercs.

r) Haxoneu, oueBuguo, uro R — npusedennas cucrema,
nockoabky u3 H, H' &, H s~ H’, BbTeKaeT HENPONOpUIO-
HAJbHOCTb JIHHEHHHX GOpPM a, H Q.

3ameuanue 1), Ycaosue, uro nmoarpymnna T — paura [, BHI-
NOJHSETCS, B YaCTHOCTH, Korga G nenpusoduma u 6eckonedna,
JleACTBUTe/bHO, BEKTOD!O€ NPOCTPAHCTBO, MOPOKIEHHOE BeK-
TOpaMH IepeHOCOB u3 T, MHBAPUAHTHO OTHOCHTEJbAO KAHOHU-
geckoro o6pasa rpynnel G B JuHeHHON rpynne mpocTpancrBa F,
Ouo ortanuuo ot {0}, ecin G GeckoweyHa, u, CTaJ0 BHITh, COB-
najpaer co BceM F, ecan G GecKoHeWHa M HEmpUBOIHMA.

KoHeunas rpynma, mopoxieHHas OTpaKeHUAMH, He Bcerna
6yner rpynnoii Befins xakoh-HHOGyabL cHcTeMbl KopHeH. Bogsee
TOYHO:

HpegnoxeHue 9. [Tycre V — gewecrsennoe sexroproe npo-
cTPancTeo Koueunod paameprocru I, u nycre G — KoneuHas
nodepynna e GL (V), noposxdennas orpasenuamu i Cyuecraen-
Haa. Cna6dun V craaaproim napous3gedeHuem, UHBAPUAHTHbBLM
orrocureasno G. Caedyrowyue ycaosus IK8UBAAEHTHSL:

(i) 8 V cywecrsyer duckpernan nodepynna panea l, ycroi-
qyusan orHocurersno G,

(ii) na V cywecrsyer Q-crpyxrypa (Alg., chap. 11, 3° éd.,
§ 8, n°1, onpenenerue 1), uusapuanrnan orunocuressuno G;
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(iii) 8 V cywecrsyer cucrema xoprell, epynnoid Beiirs Ko-
ropail agaserca G;

(iv) cywecrsyer Aduckpernas epynna G’ nepemewjenui npo-
crparcrea V, Oeiicreyiowas cobcreenno paspoisHo 8 V, nopo-
aco0enHas orpaxceHusimu u rtakas, 4ro G 6yder noaynps-
mom  npousgedenuem G u HeKOTOpoOil epynnot neperocos
pauea |

(iiy=(i). Ilycts V/ <V — HeKoTOpast Q-cTpyKTypa Ha V,
MHBApHAHTHAs OTHOCHTeJbHO G, A — KOHeyHOe NOAMHOXECTBO
B V’, nopoxaaioiiee sekTopHoe Q-npocTpanctso V', 3amensisi A

Ha U s(A), moxuo npeanosarath A yCTOHUMBBIM OTHOCH-
seG

teqapHo G. ITyets B — moarpymna B V, nmopoxpenHas A. Oue-

BHAHO, B yCTOHUMBZ OTHOCHTeJNbHO (F, KOHEUHOro THNa H Ge3

KPyueHHsl; OHa JOIycKaeT, C/eAOBaTe]bHO, 6a3uc Halx Z, KOTO-

peiil GyneT oaHoBpeMeHHO GasucoM V’ mam Q M, cTan0 GHITh,

6asucom V Hanm R.

(iii) = (ii). DTo BEITEKAET, CKaXKeM, U3 penaoxenus 1, § 1, n° 1.

(iv)=>(iii). IlyeTs G’ —rpynna, ynoOBJETBOpsiOIAs YCJO-
Buo (iv). [Toarpynna nepenocoB B G’ uMeeT paur [, a 0
SBJsIeTCS ClelHasnbHOH TOukoM Huast G’, KaK 3TO ciaeiyeT U3
npegioxenns 9 ra. V, § 3, n°10. ITpeasnoxenne 8 yTBepxnaer,
yTO CyNIeCTByeT NMpHBejeHHAasl CHCTeMa KopHel R, B V', Takas,
uto G’ oroxnecrasietcsi ¢ W,(R,); rpyrmna G 6yner Torja
rpynnoii Be#sist cucTeMu! KOpHeH, nyasnbHOH K Ry.

()= (iv). IIpenmosoxkum, uT0 G oOCTaBATET YCTOHYHBOMR
auckpeTHylo noarpynny M <V pawra [. s moboro otpaxe-
HHg S & G BKiOueHue §(x) — x & M crnpaBeiJHuBO, KakoBO Onl
HY Obi10 x & M, mostomy mnpsimast D, opToronassHast K H,
nepecekaeT M. Ilycts @, — a;— o6pasyoline UHKIHYECKOR
rpynnsl D (1 M. MHoxecTBo A BceX ag H — oy YCTOHYHBO OTHO-
cuTeqbHO G M, cleoBaTel]bHO, NOpoKAaeT moarpynny M’ < M,
YCTOHUHBYIO OTHOCHTesnbHO (F; AHCKpeTHast rpynmna M’ 6yzer
panra I, moroMy uro G cyuwecrtBeHHa. IlycTs G’ —rpynna
ap¢duHEHBIX mnpeobpasoBanuii V, sBASOMASCA NOJYNPSIMBIM
npouspefeHHeM G ¥ Tpynnsl NepPeHOCOB HAa BEKTODH, IpH-
Haanexamue M’. OGosnaunm uepes Gi mnoarpymny B (7,
NOpOXKIeHHYIO OTpakeHHssMH u3 G’. JlokasartesbcTBO 6yner
3aBeplIeHO, KoJab CKOpPO Mbl ycTaHoBHM, uTo G=G’. ITpexne
Bcero Gi o G, NOCKO.BKY Ipylna G nOpOKAeHa OTParKelHsIMH.
Hanee, nas mo6oro orpaxkenus s — G mycTh !, — nepeHoc Ha
BeKTOp 0. [Ipeo6pazoBanne sof, GyaeT OTpakeHuneM M s = ;& G7;
crajo ObITb, f; €cTb NpoOH3BeJeHHe ABYX OTpaxeHHA H3 (',
Byayun cnpaBegamBmiM Aasi mo6oro orpakenuws s G, 3To
3aMeuanHe INOKAa3blBaeT, 4YTO BCe MepeHOCH Ha BEKTOpbI, Nph-
Hazaexawmue M, cogepxatea B Gi.

8 3ak. 61. H. Bypbaku
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OnpepenenuE 2. Ipynna G, y0o84eT80pAOWAA IKBUBANCHT~
Holw ycaosuam npedaoxcerusn 9, HA3bL8AETCA KPUCTAAA02SPAPU-~
yecKol epynnoii.

3anexanue 2). Ilycte G — KoHeuHas rpynnia, NOPOXKAEHHASN
OTpaxeHHAMH H cyllecTBeHHas. Jiaa Toro uTo6nt G Owisa
KpucTaJyorpaduueckoii rpynnodt, HeoO6XOZUMO M [NOCTATOUHO,
uTOObl 210006 saemenT ee marpuyst Kokcrepa boia pagen 00HOMY
us uucea 1, 2, 3, 4, 6. B camMoM JeJie, B COOTBETCTBHH C 3a-
mewanuen 3) uz § 1, n°5, sro ycnosue nHeo6xommmo. Jlocra-
TOUHOCTb YCJOBUS BHITEKAET M3 K1aCcCHOHUKAUUN KOHEUHBIX IPYII
Kokcrepa, koropasi Gymer npuBenera B § 4 (HemocpeicTBeH-
HOe J[0Ka3aTesbCTBO CM. B ra. V, § 4, ynpaxuenue 6).

§ 3. dkcnOHeHUHAAbHbIE WHBAPHAHTHI

B stoM mnaparpade GykBoit A o6Go3Hauaercd KOMMYTAaTHUB-
HOe KOoJbllo, He cBojsmleecs kK O u obJsajgamulee eIHHUUHHIM
3JIEMEHTOM.

1. Anzebpa c60600HOI KomMmyTarusnol epynnoi

ITycte P — cBoGonHblll Z-MoAyab KoHeunoro panra [, O6o-
sHauynM uepe3 A[P] (rpynnosyio) aare6py Hamg A agJuTUBHOMH
rpynnsl P (Alg., chap. 111, 3° éd., § 2, n°6). daa moGoro p < P
0603HAaYAM CHUMBOJIOM &” COOTBETCTBYIOLIH{ 3/1eMEHT aareGphl
A[P]. Torna (e”)pep 6yner 6asucom A-monyas A[P] u npu
JIO6BX p, p’ &P GyAYyT BHIIOJHATHCH COOTHOLIEHUS

erer =ertP’,  (eP) T =emr, =1,

JIEmma 1. [Jonycrum, uro xoavyo A ¢hakropuassro (Kom.
ane., va. VII, § 3, n°1, onpenenenue I).

(i) Koasyo A[P] ¢paxropuassno.

(ii) Ecau u, v — HenponopyuonarsHele srementor U3 P, 1o
anementor 1 —e*, 1 —e” aneebper A[P] 83aumno npocret.

IIycts (py, poy -« -, p1) — Gasuc rpynnsl P u Xy, Xg0 ov., X;—
‘nepeMenuble. Torga A-nunefiHoe otoGpaxkeunue Koubvra A[X, ...

eeoy Xo, X7Y ..., X0''] Ha A[P], nepeBoxsmee XhXoe ... X[

(rae ny, g, ..., meZ) B TP gpngerca nsomopus-
MoM koJen. Ho A[X,, ..., X;] — ¢pakropuaabHoe Koabuo (Komn.
anre., ra1. VII, § 3, n°b), a Tak Kak 4 [XI, D 7. CLA X?’] —
KOJIbLO OTHOMIeHHit (apobeit) Koapua A[Xy, ..., X;], To u ouo
(pakTOpHAJBHO.

ITycte P’ (cooTB. P”) — MHOXKeCTBO 3JeMeHTOB M3 P, xpar-
Hble KOTOpHX nNpHHanjdexar Zu -+ Zv (cootB. Zu). Torpa P/P’
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¥ P’/P” OyayT rpynnaMu Ge3 KpyyeHHs, TaK 4YTO CYUIECTBYIOT
HeKoTopoe JonoJHenne K P” B P’ W HeKoTOpOe JomoJHeHue
K P’ 8 P. CyuecrBywor, clejoBaTeqbHO, 6asuc (2, 2y, ..., 2;)
Z-mopyas P W neJbie pallHOHaJbHblE YMCJIA j, M, n, LJS KOTO-
pHX u=jz;, v=m2,+nz,, j>0, n>0. Tonoxus X;=e"%
s 1<<i<</, 6ynem umets | —e“=1—X|, 1 —e° =1 — XX},
Ilyers K — anreGpandeckoe 3aMbIKaHHE TOJIST YACTHBIX KOJblla A,
tak uto A[P] OTOXIECTBJISAETCS C HEKOTOPHIM MOJKOJbLOM

—1 —1 P
KOJblia B=K[X|, . ¢, CH. ¢ ] Ias modoro KopHs
j-H cTemennm W3 eAMHMLB 2 3aeMeHT | —2X, aKcTpeMaJten
B K[X;, ..., X;]; KpoMe ToOro, wjeas, mopoxjeHunifi 1 — zX,,

HE COJEPXKMT HH OJHOTO OLHOYJEeHA OT NepeMeHHbix X;. Mu
JenaeM 3akaiuedde, uyro upgeaa (1 —zX,)B koasua B ecTb
npoctoft Hpeana BuicoTnl | (Komm. aze., ta. VII, § 1, n°6),
3HauuT, saeMent | —2zX; skcrpemanen B B. IlostoMy skcTpe-
MaJbHBle MHOXHTENH B B saeMenta 1 — X| umeror nug 1 —zX,.

Ho Hu oaWH M3 >THX MHOXHTeJedl He geaur | — XX B B
(n6o romomopdusm f: B— B, pas koroporo f(X,)=z"1, f(X;)=
=X; OpH {_>2, YLORJETBOPSET COOTHOUIEHHAM

Fl—2X)=0 wu F(1—XTX5)=1—2""X}0).

Urak, 1 — X} u 1 — X'X3 B3aumno npoctsl B B. Crano GLiTh,
obumit gemurenb B A[P] snementoB 1 — X| n | — XT'X3 o6pa-
TEM B B, T. €. ¢ TOYHOCTBIO [0 YMHOXEHHS Ha 3JeMEHT BHa
Xle’;Z Xfl paBeH HEKOTOpoMYy 3JeMeHTy a & A; BpoGaBok
a— feaurens 1 B A wu, 3uaynt, o6patiM B A. B KoHeunoM

cyere I—X{ H | — X"X? ©0Ka3bBalOTCI B3aHMHO NpOCTBIMHU
B Al[P].

2. Cayuaii zpynnvt 8ecos8; MAKCUMANBHbIE YAEHDL

Coxpanas 0003HAUECHHA NMPEABIYIUETO MYHKTA, Mbl PacCMoOT-
PHM npusedennyro CHCTeMY KopHell R B BElleCTBEHHOM BEKTOp-
HoM npoctpaHcTBe V. B stoM naparpade B KauectBe P Gynmer
B3sTa rpynna eecoe cucreMnl R (§ 1, n°9). I'pynna W =W (R)
neicTByer Ha P, a mosToMy Takxke W Ha aare6pe A[P]; nMmenno,
w(er)=e?? g w=W u p=P.

[Tyets C — kaxkas-ro xkamepa cucremol R (§ I, n°8) u B=
= (01), < ;«, — COOTBETCTRBYIOIHE Ga3uc. Beenem na V (a ciero-
BaTeNIbHO, H Ha P)CTPYKTYpY nopaaka, onpejienseMyto kamepoii C.
CoorHomenne p>=p’ naa sJeMeHTOB p, p’ &= P crnpaBeIHBG
TOTIa H TOJIBKO TOT/a, KOTAa p — p’ eCTh JuHeliHasg KOMOHHALHSA
C TIOJIOXHTENbHBIMH KO3 (QHIIHeHTaMH KOpHeH a;.

8*
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OnpeakeateHHE 1. [Tycre x = Z x,e° —anement arzebpor A[P).
peEpP

Muoacecreo S rex p & P, 0aa koropux x, % 0, nasvisaerca HO-
CUTEJIEM IAEMEHTA X, A MHOMCecTB80 X MAKCUMANBHBIX 3NeMEHTO8
u3z S —e20 MakCHMaNbHBIM HOCUTeseM. [080opAr ewe, uro xpe’
Oaa pe X ecTb MakCHMaJbHHH UNEH 346MEHTA X.

JIEMMA 2. [Tycre x = A[P], u nycre (xpe”)pex—cezwez'icreo
MAKCUMANBHBIX 4AEHO8 aaemenTa x. [Ipu Oanwom q <= P nycre
y — aaement uz A[P), dra koropozo e’ — eduncreetnstii maxcu-
maaekoul 4ren. Toeda cemelcT8OM MAKCUMANLHBIX 4ACHO8 MpO-

ussedenus xy 6yoer (x,e”*?), .

TMonoxum x= pre”, y= Ny u xy= Nze. To ycao-
P r t

BHIO r<{q NJs BCex r & P, Takux, uto 4, % 0, n 2= XpYr
p4r=t

Ecmnt t=p+g=p'+rcpsXu xpy,#%0, T0o r<g, oT1-

Kyna p’ = p u, ciaenopatensHo, p’ = p. IlostoMy 2,.,= X,y,=

== x, # 0. Oro mokasuiBaeT, uTo X - g COAEPKHUTCSA B HOCHTeJe

NIDOH3BENEHUS XY.

C npyro#i ctopoHH, ecau t=p’ +r ¢ xpy, ¥ 0, To HafgeTCs
aseMeHT p & X, Takol, uto p'<p, u {<p-+g. 3Hauur, Mak-
CHMaJIbHBIH HOCHTeNb TPOU3BeNeHHA xy comepxkurcd B X + g.
Tax kKak pBa saeMeHra u3 X - ¢ He CpaBHUME, TO NoOJayyYaeTcH,
uro X + ¢ ecTh B TOYHOCTH MaKCHMAaJbHBI HOCHTEJb NpPOU3Be-
nenust xy. Ho, kax MM yXe BHREJH BHINE, 2,4, =X, I pEX,
yeM Y 3aBepllaeTcs 10Ka3aTeJIbCTBO JieMMBL.

3ameyanue. Tak Kax MaKCUMaJbHBHIH HOCHTeJb 3JeMeHTa
x 0 He mycr, To JeMMa 2 mnokasmBaeT, uyro x = ( BJeuer
xy = 0 BCAKHH pas, Korga y objanaerT eJUHCTBEHHBIM MAaKCH-
MaJbHBIM 4YJeHoM BHzia e’.

3. Anruunsapuanrhsie ‘9remenTdl

CoxpaHsisi 0003HayeHusi NpEeABAYILEro NyHKTa, OyaeM oGo-
3uayaTh uepe3 &(w) omnpenenurenpb sineMenta @ &= W. Mwmeem

e(w)=(—1)'",

rie nauHa [ (w) Gepercst OTHOCHTE/IbHO ceMeficTBa oTpaxeHul Sa

OnPeEaeaEHHE 2. Iaement x = A[P] naswsaerca anruunea-
puanrnoim ornocuteavno W, ecau

wx)=¢c{w) x
oasn seex wes W,
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AHTHHHBADHAHTHBIE 3/]eMeHThl aare6pol A[P] oGpa3sywr A-
nogmonyab B A{[P]. Has mwoboro x & A[P] nonoxum

Jx)= 2 e(w)- w(x). (1)
weW

Kaxoent 6u HH Guiit x < A[P] 1 w = W, uMeem
w (] (x)) = ZW e(v) - wo (x) =¢(w) Zwa () v(x)=¢ (w)- ] (x),

ve
TaK uyTo J(X) — aHTHHHBADHAHTHHHA 3JeMeHT. C APYroil cTOpoHHI,
nycts g = Card (W), HJas n1:060ro aHTHHHBAPHAHTHOIO 3JeMeHTa
x & A[P] cnpaBegauso cooTHomenHe J(x)=gq - x. Otciona cie-
oyert, 4ro npu g, o6patiMoM B A, oroGpaxeHHe ¢!/ aBagercs
npoesruposanuen A[P] Ha MOAMORY/Ib AHTHHHBAPHAHTHBIX 3.1e-
MEHTOB,

Ilyers @y, ..., ®;— PyHZaAMeHTaJNbHBIE Beca, COOTBETCTBY-
omre kaMmepe C. daemenramu u3 P[1C (coorB. P1C) Gyayt
Beca Buga n®,+ ... +n®;, roe n; >0 (coors. n; >0) nas
1<i<<! (§ 1, n°10). Oanee,

p=a,+ ... + 8

€CTb MOJyCcyMMa IOJIOKHTEJbHEIX KOpHe# (ram oce), H 3eMeH-
TaMmH nepeceyenua P C 6ynyT Takxke BecaBunap -+ pc p=PC.
Hakonen, ecan pe PC, 1o w(p) < p nas Bcex w=1 (§ I,
n° 6, caencTBue mpejgioxenus 18) u, cienoBartenpHo, ef — enuH-
CTBeHHBIH MaKCHMaJibHBIH ujieH asjeMenta J(eP).

lMrEanoxeHuE 1. Ecau 2 we asrserca Oeautesem nyrs 8 A,
T0 aaementor J(e”) dan p=PC obpasyor 6asuc modyrs

AHTUUHBAPUAHTHOLX AeMenTo8 arzebpor A[P].

Tpy we=W u pe=P(IC Beca w(p) momapHo pas3JIHYHEL.
Orcrona cnenyer, uto agneMentsl J(ef) naa p = P()C auHeiiHO
He3aBHCHMEL.

! A
Mycets Temepb x= > x,e” — AHTHHHBADHAHTHBIA SJEMEHT

p
aareGpol A[P]. Ecan Bec p, npHHanJeKHT KaKOH-HHG VB CTEHKE,
TO OH HHBAapHAHTEH OTHOCHTEJIbHO HEKOTOPOro oTpaxenus s=W u

X = pre"= — 5 (x)=— X x,e5?,
P P
Tlonyuaem 2x,, =<0, orkyma x,, =0. Jlio6oi 3JeMeHT, He INPH-

HaaJexalnud HH OJAHON CTeHKe, 3aNHCLIBAeTCH OJAHO3HAYHLIM
o6pa3om B Bufe w(p) ¢c w=W u p< P()C. CnenoBarensHo,

Y .
X == 2.! Z Xw (p)¥ (P, (2)
pEPiCwew
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Tak Kak @ (x) = % x,,ew“”=e(w)2x,,e”, TO Xuw(p =8 (W) X, H
p p

3 (2) BHZHO, 4TO
x= x,d (€F);

pEeEPNC
TEM CAMHM J(OKa3aTeJbCTBO 3aBepIUEHO.
1
Paccmorpum Tenepsb ajemeHT d anareGper A [7 P], onpene-

JeHHH# COooTHOlleHHeM .
d= H (e%? — e—al?) =
as=R, a>0
=eP. |l —e %)= ‘
ae}lz;[a>0( ) (3)
=e- ] (e2—1).
aeR, >0

Tak kak p= P, to d < A[P].

Mpeepnoxxeane 2. (i) Jaemenr d, onpedesentsiii coornotue-
nuem (3), ecTo AHTUUHBAPUAHTHBLL 31emenT axeebpor A[P]; ezo
EOUHCTBEHHbIM MaKCUMAAbHoIM daeHom (n° 2, omnpenenenue 1)
agasercsa e, u d=7J(e°).

(ii) Hpu awbom p <= P asemenr J(€”) odnosnauno Oeaurcs
Ha d u Odpobs J(ef)/d sasaserca saemenrom asnce6per A[P],
unsapuantHoin ornocuressno W.

(iii) Ecau 2 ne sgasercsa Oeauresem nyaa & A, 10 ymrooce-
Hue Ha d 6yder OUEKTUBHBIM OTOGPAJNCEHUECM MHOIKECT8A 3Ae-
mentos u3 A|P], uneapuantuox ornocureasrno W, Ha mMHOdcecT80
AHTUUHBAPUAHTHBIX 34eMeHT08 aazedpsr A[P].-

MsBectHO, uto npm | i</ oTpaxkeHHe §;==$,, OCTaBJ]seT
YCTOAYHBLIM MHOXECTBO IOJOXKHTEJNbHBIX KOpHell, OTJIHYHEIX

ot a;, U uto S;(o;)=—a; (§ 1, n°6, caencrsue | npexyoxe-
uug 17). Ilostomy
=) B ()=
aeR, a>0, o a;
=—d=¢(s;) - d.

Tak kax s; nopoxnawT W, To 2THM H0Ka3aHO TNepBoe YyTBep-
xaerne B (i). Bropoe yTBepxneHue B (i) HEMEN/IeHHO BHTEKAaeT
U3 (3) 1 JeMMH 2 ¢ yueToM Tor'o ¢axra, 4To | — eqHHCTBEHHBIH
MaKCHMaJbHHIH YJeH 3JdeMeHTa | —e~® npH a= R, a > 0.
[Mpennosoxuv Ha Bpemsa, uro A =Z. Beuay npensioxennda |
uveeM
d= X c,J(e) cc,=L. (4)

psPNC
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C npyroii CTOpPOHBI, HETPYAHO BHIETH, UYTO

0 ’a
d=¢e" 4+ X che’. (5)
q<p
Ecan p= PNC ¢ p+#p, T0 p>p, H Ko3hduuueHT npu e’ B d
OyneT paBeH HYJIO, Kak 310 siBcTByeT m3 (5). IMostomy c,=0.
Hanee, cpaBHeHHe Ko3(hdunuenros npu e’ B (4) u (5) mnokasw-
Baer, u4to ¢, =1 n, ciegosatesbro, d =17 ().
[To-npexHeMy Mbl npexpnonaraeMm, uto A=2Z. [lycts p = P,
o & R u M—cucrema npefcraBuTesed NpaBbX Kaaccos rpynnsl W
no nomrpynne {1, s.}. MmMeem

J(") = 2 e(w)e”? + 2 (sqw) e°a® P,

weM

Ho s,w(p)=w(p) —(aV, w(p))a=w(p)+ ny,0, rne n,<sZ.

3HauHr,
J()= 2 e(w)e” P (1 —e"").
M

we

dcHo, uto 1 —e"®” npu n, =0 nenuTest na 1 — e”; To ke camoe
BEPHO U TPH nw<0 nockoJIbKy 1 — e"v® = — ¢"w® (] — ¢~ "o"),
Caenosareabuo, J (eP) nenurcst 8 Z[P] na 1 —e%

ITo semme 1 koabuo Z[P] ¢pakropuanbHo, a sneMeHTH | — e*
npu a = R, a> 0, nonapro B3auMHO mpocte. OTC0La ciaeayert,

uro J(e ") AenuTes B Z[P] Ha npousBegeHHe H (1 —e% n,

crajo ObiTb, HA d=e~° H (e* —1).

Ob6paruMmca Tenepp K oflieMy c/ayuaiko. Pacumidpsisi KOJbLo
ckagaspos ¢ Z po A, MH nosyuaeM M3 Tpefblayllero, 4to d=
=J (e°) u uto BCsIKHil asneMeHT J (e?) menurcsa na d. Iockoanky d
JIOMyCKaeT e® B KaueCTBe eMHCTBEHHOrO MAaKCHMaJbHOIO u/leHa,
3amedanue u3 n°2 noxkaselBaeT, YTO CyLIeCTByeT JHIIb ORHH
anemenT y < A[P], aas xoroporo J(e”)=dy. Otciojla TOTYAC
HOJyuaercsi, 4T0 Yy MHBapHAHTEH OTHOCHTeabHO W, mOcKoabKy d
n J(e”) antunnHpapuanTHel. DTuM aokasausl (i) u (ii).

Hakoneu, ecau 2 He siBasieTCs nenuTeseM Hyass B A, TO

sameyanue U3 n° 2 u npeanoxenue 1 saekyr (iii).

3ameuanusn. 1) Ecnu 2 me sBaseTcs jenuteneM Hyas B A,
TO, KaK JIer'KO IPOBEepUTh, d — e/[MHCTBEHHbI AaHTHHHBAPHAHTHHIH
ajeMeHT Konella A[P], jonmyckaioinil e® B KauecTBe MaKCHMab-
HOoro uJjeHa.

2) Jlemma 2, n°2, moka3biBaeT, YTO €XMHCTBEHHBLIM MAaKCH-
Ma/JbHBIM unenoM japobu J(e’)/d (nas pe= P C) Oyner e”P.
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4. Husapuanrnoie anemenTsl

w
IIycrs A[P]" — nonaare6pa B A[P], cocrosiiast u3 s.1eMeH-
TOB, HHBAPHAHTHLIX OTHOCHTeshHO W. O6o3Hauum uepes W - p

op6HTY TOuKH p = P oTHocuTesnbHO W, a uepe3 S(e?)= X e*
geW.p

CyMMY pa3JHuHbIX 00pa3cB 3zJeMeHTa e’ npu aeictsuu W; ato

6yieT HHBApHAHTHHI saement. Ecaum pe< P(iC, To wip) < p
paa Beex weW (§ 1, n°6, npernoxenne 18) u e” — eguuct-
BEHHBI MaKCHMa/ALHBIH usieH cymmbl S (eP).

w
TlycTb x=2xpe”EA[P] ; OYEBHIHO, Xy (p)=Xp, NPH Bcex
p

psP n pecex weW. C npyrod cropons, mobas opGura
rpyunel W B P nepecekaer P(]C B onHO# ¥ TOJNBKO ORHOMH
touke (§ 1, n°5, Teopema 2). CaepoBarenHo,
X = Z _XpS (ep). (6)
p=PNC

ITonyuaercsa

JIEmMMa 3. A-modyae A[PI¥ donyckaer 8 rxauecrse 6asuca
cemeticreo cymm S(eP) dan ps PNC.

Bousee o6mio, cnpaBenanBo

TIPENNIOKEHHE 3. [Jas Ar06020 p < P() C o6o3nauun uepes x,

aaement usz A[PI¥, o6.aadarouiuii eDUuHCTBEHHBIM MAKCUMANOHOLM
wrenom eP. Cemeticreo (x,) 6yder 6asucom A-modyan

APV,
JlorkaxeM CHayaja OmHY JeMMy.

pePNC

Jlemma 4. Hycre I — ynopsdouennoe mwuoscecrso, yoosae-
T8Op AU ee CAedYoUWemy YCao8UIO:

(MUH) Bcsakoe nenycroe nodmrnoxcecteo 8 I codepacur munu-
MANBHBLL 3ACMEHT.

Hycre E — A-modyas, (e),_,—ezo HeKkoropoui 6asuc u
(x:), o, — Taxoe cemeucreo siemenros us E, uro

xp=e; + Z a;e;
i<i

0an scex i1 (c a;; A u ¢ KOHedHBM HOCUTeaeMm cemelis
crea (a;;) npu gcex i). Toeda (x;),_, 6yder 6asucomn A-nodyaa E.

iel

Jast ao6oro noaMuoxectsa J <[ nyers E; Gyner noi-
monyneM B E ¢ GasucoMm (e;),_,. Ilycrh, naugee, © — MHOKe-
cTBO MoaMHOXecTB J &I, ofanajawluuX JABYMS CJeLyRIHMA
CBOHCTBAMHU:
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(A ecn I'Cinie], roi'el;

(6) (x;); o, — 6a3uc moamonyns E,.

HemocpencTBeHHO mnposepsgeTcs, 4To © ynopsgoueHo 1o
BKJIOYeHHI0, HHAYKTHBHO u HenycTo. CinenoBaTenbHo, OHO ofaa-
AaeT MaKcHMaJbHBIM 3jeMeHToM J. B cayuae J 5= [ BosbMmeM
3a i, MUHEMAJBHBIA 3jeMeHT B [ — J u nogoxum J' =7 J{iy}.
Besikuii anement [ & [, Takoft, uto { < i;, NPUHALJEKHUT TOrAa J;
oTCioNa 3aKJwuaeM, uto J' ynosiaeTsopsieT ycaosuio (a). Jaaee,
J’ ynosaersopsieT ycaosuio (6), u6o

CuenosaredbHo, J/ = ©, u Mbl IOJYUNUAH NpoTHROpEuHe, 3HAUHT,
J =1, 2 3T0 ¥ JOKa3bIBaET JeMMY.

Ioxkaxem Ttemepb npennoxenne 3. IlpuMmenum Jgemmy 4
k muoxecrsy /=P[Q1C. Ilycts g& I, u nycts [, — MHoXe-
crBo p<=/, Takux, uro p<Cq. Eciu p&l, 1O cooTHOmIEHU:
g—p=0, p=C, g=C
BJEKYT

(g—prilp=0 u (g—plg) =0,
OTKyLLa

Pin<(plg)<(glg).

CrenoBarenbro, MHoXecTBo [, oepanuueno. Ilockoawky I nmn-
CKpeTHo, 3TO 3HAYHT, 4T0 [, Koneuno, W ACHO, uTo / yAOBJe-
tBOpsieT ycqaosuio (MUH). C gpyroit cropoHsl, mpu Bcex pexl
ClpaBeqJHBO COOTHOLICHHE

x,=e’ 4 X Cpe’,
g<p

OTKyZa ¢ yuerom (6) HMeeM TaKxe
x=8()+ D c,S(.

a<p.ge]
ITpennoxkenne BriTeKaeT Temeps U3 jJemM 3 H 4.
Teorema 1. ilycre &y, ..., &; — ¢pyndamenrarsuole seca,

coorsercraywouue Kamepe C, u npu 1< nycre x; — srement

uz AlP)Y, donyckawwuir e® 8 Kauecree eQuUHCTBEHHOZ0 MAKCU~
Mmanevroeo waena. llycte

¢: A[Xy, ..., X;)]—=A[PY

— zomomoppusm areebpor muoeourenoe A[X,, ..., X;] 8 A[P]V,
anepegodaujul X; @ x;. Orobpaxcenie ¢ ABAALTCH L30OMOPPHUIMOM.
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U3z q1emMbl 2 caemyer, uro o6pa3oM omHouteHa X' ... X7F
npu orobpaxkeHHH @ OyAeT 3IJEMEHT, ﬂonycxalomnﬁ B KauecTBe
e IHHCTBEHHOTO MaKcHMaabHoro unena e™®1¥ ¥% Tlockonbky
NpPOH3BOJBHEN saeMent u3 P[)C ONHO3HAYHO 3aMHCHBaeTCs
B BHIe n®,+ ... -+ md;, upemnoxeHue 3 MOKa3blBAeT, UTO
o06pa3pl 0HOYJEHOB X;'l X;'l npu oro6paxeHHud ¢ o6pasyoT
Gasuc A-monmyasi A[P]¥, orkyma M BbITeKaeT TeopeMma.

ITpumePH. 1) MoXHO B34Tb x; =S (e%).

2) Buny sameuanns 2 B n°3 MOxHO B3ath x;=J(e""%)/d
(B oGo3nauennsx n°3).

§ 4. Knaccnugauua cucreM KopHeii

1. Koneunoie epynnot Koxcrepa

B stomM mnaparpade ™Mbl cobupaeMcsl OHMHCATb C TOYHOCTDLIO
0 M30MOpGH3Ma BCe CHCTEMbl KOpHEH H, cJelfoBaTes]pHO, BCE
kpucraanorpadudeckne rpynns (§ 2, n°5). Bonee o6uum o6pa-
30M Mbl HauyHeM cedYyac ¢ ONHCAHHA BCeX KOHEUYHBIX Tpynmn,
NOPOKAEHHBIX OTPAMKEHHSIMH B BeUWECTBeHHEX BEKTODHHIX MpPO-
CTpPaHCTBax KOHEUHOH pa3MepHOCTH; OHO cBomuTcs (ra. V,
§ 4, n°8) Kk omHCaHHI BceX KOHeuHnlXx rpynn Kokcrepa niam xe
(ram xce, Teopema 2) Bcex marpHi Kokcrepa KoHeyHoro nopsiika,
C KOTOPHIMH AacCOLHMHPOBAHA HEBLIPOKIEHHAS NOJOXKHTEbHAS
OusMHelinas gopma.

Iycrs M= (my;)
psanka [. Tlonoxum

i, jey — MaTpuua Kokctepa KoHeuHoro mo-

gij == — cos(n/m;;).

HanoMuuM, 4to ¢; =1 1 4T0 ¢;; = ¢;; PaBHO HYJIO HIH < — '/,
npu i == j. Ilonoxum E =R’ u BoiGepeM KaHoHHueckuii Gasuc
(e);<, B E. O6osuaunm uepes (x|y) Gununeiinyio ¢popmy Ha E,
accoguupoBannyio ¢ M (ro. V, § 4, n°1), a uepes g KBanpa-
THYHYI0 GopMy x—>(x|x) Ha E. dua x= '21 t,e; = E nmeem

IxP=qx)= X gt

i, jsl

CumBoJiom (X, f) o603nauum epag Kokcrepa matpuus M (ra. 1V,
§ 1, n°9). Ecin a — pe6po rpada X, To GyleM FoBOpHTb, UTO
f (@) — nopadok peGpa a.

Ha BceMm mnpoTs:KeHHH 3TOro NyHKTa Mbl OyAeM Mpeano.na-
rath, yro rpymnna Kokcrepa W (M), onpenesnennass Martpuied M
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(r. V, § 4, n°3), xowewna, Tak uto HOpMa ¢ HEBHIPONKIEHA
H MOJOXKHTeJibHa, a X ecth zec (ri. V, § 4, n°8, npeanoxe-
naue 8). Ilpenmosioxkum ceepx Ttoro, uro rpad X — ceasmeui
(npyruMHu cioBamu, uto rpynna Kokcrepa W (M) nenpusoduma),
TaKk 410 X ecTb depeso.

Bripaxkas Tor ¢axrt, uro dopMa g HeBHPOXKIeHA H MOJO-
JKUTENbHA, MBI NOJYYMM YCJOBHA Ha m;;, KOTOpPHE IO3BOJIAIOT
COCTaBHTb CHHCOK BO3MOXHOCTeH IJ151 COOTBETCTBYIOIIHX I'pad)oB
Kokcrtepa; 3areM ocraercsl JiHIIb yGeIuTCH B TOM, UTO 3TH
BO3MOKHOCTH IEeHCTBHTEJLHO PeaJsii3yloTcs, T. €. YTO COOTBeT-
CTByjone rpynnsl W (M) 6yAyT KOHEUHHL.

JIemMa 1. [pu ecex i cnpasediuso nepasencreo q?i <1
i

[Tyerh J — MHOXKecCTBO TeX [ < [, OTJIMYHBIX OT [, AJA KOTO-
pHX gi; =0, 1. e. naa xoropux {i, j} 6yner pe6pom rpada X.
Ecmu j, =71 u j=*=j, 1o {j, j'} ue 6yzer pebpom (B NpOTHB-
HOM cJayuae i, j, j* cocTaBaAH OHl LHKJ), NOTOMY (ejlej,)———O.
[Mycry F == .§,Ref‘ Torza (e;);, Gyaer opTroHOpMaapHBHIM Ga3H-

je
coM mnmoxampocrpaHcrBa F. Paccrosuue d or e; no F Bupa-

52 — 2__ 1 — 2 e 2
)kaeTcd popmyJiolt d?=1 —2 (ei ley=1 Z g;,=1 _Z‘q”.,
jel jel jF=i
M3 KOTOPOH M cJjlenyeT YTBepKNEeHHE JeMMBbI.

JIemma 2. Bepuwuna epaga X wne mooxer npunadiexars
b60see uem Tpem pebpam.

B camoM pese, ecom BepmMHA { coeguHeHa C A IpPYruMu
1
BepHIMHAMH, TO COOTHOLIEHHS ql?j>—1 JUIS 3THX APYTHX BepIUHH

h
BJIEKYT IO JeMMe | HepaBeHCTBO - < 1, mosroMy 7 <C3.

JIEMMA 3. Ecau i npunadaexcur rpem pebpam, 7o 310 6ydyr

pebpa nopadka 3.
7 2
B nporuBHOM cayuae, YHHTLIBASI COOTHOIIEHHE COS—- = 14

4« 2 ¢
Zq,, + +(V2) =1,

i1

MBI HMeJIH Obl

4TO HeBO3MOXKHO (demma I).

JIEmma 4. Ecau cyuwjecrsyer pebpo nopadka =6, o I =2.

B camom gese, mycTb TakuM peGpom spaseres {i, j}. B cay-
qyae I > 2 oana u3 BepuiuH i, j (Hanpumep, i) 6nlia 6l coelu-



236 V1. VI. CUCTEMbI KOPHEH r

Heda ¢ KakoH-HHOYyIb TpeThell BepHIMHOH j/, NMOCKOJALKY rpad

o 14 3
X —cBsi3Hblii. YUHTHIBAsA COOTHOIIEHHUE COS 55 » Mbl UMeJH OnL
V3 _
qlk ’
ks&i

uTO HEBO3MOXKHO (nemMma 1).

JIEmMA &. Huraxasa sepuuna epagha X ne modxer npunadae-
acare Osym pasauunsim peGpam nopaoka = 4.

Ecau 6b1 i Guina TaKoH BepIIHHOH, TO BHINOJHAJOCL OBl

COOTHOIIEHHE
2 2\
joEi
a 3T0 HEBO3MOXKHO (nemma 1).

[Tycte {i, j} — pebpo rpada X. Mul onpeneauM Hoswiii rpad
Koxcrepa, o KOTOpOM TOBOPSIT, YTO OH NoJyuaeTcs H3 rpada
martpuust M oroscOecrerenuem i u j. MHoxectBom [’ ero
BepUIMH GyZeT (QAKTOPMHOXKECTBO MHOXKecTBa [, moJgyvaiouleecs
IpH oToXJecTBaAeHHH [ H j. [lapa p=7{i, j} saBaseTca sjeMen-
ToM B [’; OTOXKJIECTBUM 3J€MEHTH MHOXecTBa [, OTJHYHbLIE OT
i H j, ¢ HX KaHOHHYecKHMH ofpasamu B [’. ITlycts kR, R" — 1Ba
pasauunbix 3neMenra u3 I’. Torpa {g, &’} 6yner pe6pom HoBOTO
rpada B CACAYIOLUIMX Caygasx:

1) R u k" oranuumt ot p, u {k, B’} sBasgercsa peGpom X;
B 3TOM CJyyae NOPSAROK HOBOro peGpa MoJaraeM pPaBHbIM M1,,,;

2) k=p, ¥ onHO u3 MHoxecTtB (i, k’}, {j, &’} saBasercs
pe6poM rpacda X; mosaraeM nopsinok pebpa {p, £’} paBHbiM m,,’,
ecau {i, &’} — peGpo X, H My €CIH pe6pom X siBnsietcs {j, R’}
(o6e BO3MOMKHOCTH He MOIYT BCTPETHTbCS OJHOBpPEMeHHO, MO~
cKossKy X — JepeBo).

[Iycte M'=—(mi;) —onpeleneHHasi TAKUM 06pa3oM HoBas

i, jelr
marpuua Koxcrepa; Ho0XKHM q;j=——cos—-$—. IMpu k#p
mi,]
HMeeM q;k=qik+q].k. CaenosatenbHo, ecau (§) R, To
o bt =, B Gubde 2 B (Gu0) 8,

[Tonaras §;=¢§; =§p, noJayvyaem
b= 2 Gwhide T8 — 82048 =
= Z qkkrEkEkI "_(1 +2fh,~) g?o (1)

k, kel

k. k
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JIEMMa 6. Ecau pe6po {i, j} nopadka 3, 10 W (M) — Ko-

Heunan epynna KoKcrepa.
1

B camom neuxe, g;;= — -, M03TOMy cooTHOlleHue (1) mpan-
HHMaeT BHJ,
4
4 4 = 4 4 2
‘. k’zer GenSrle 5 kZEI GorCrts (2)

M, CTal0 GbiTh, (gk)kel,»—>k 1;2 . G4 EsEs — HEBEIDOXKIeHHas
k=l

NOJIOXKHTeIbHast KBagpaTuyHas ¢opma. [losToMy mocTaToyHo
NpUMeHHTb TeopeMmy 2 u3 ria. V, § 4, n°8.

JIEMMA 7. Hmeer mecTo caelyoujan QabTepHATUBA:

a) X obaadaer rtouxoii sergaenusn (ra. IV, Honoauenue, n° 1),
npuuem TOA6KO OOHOU, u ece pebpa X umewr nopadox 3.

6) X sneaserca yensio u obaadaer He 6Goaee ueMm OOHUM
pebpom nopadka Z=4.

PaccyxxmaeM HO HHAYKIHMHM OTHOCHTEJBLHO [.

a) IlpeanosoxuM, yto X o6JsafaeT TOUKOH BeTBJEHHUs |,
Torpa i npuHamnexur tpem peOpam nopsaaxa 3: {i, k), {i, &k},
{i, ks} (memMbt 2 1 3). Ecnu [ =4, To neMma noxa3ana. Ecan xe
{> 4, To omHa W3 BepluuH, HampuMep k,, IpHHALIEKHT pelpy,
OTJIHYHOMY OT .MPEAHAYIIHX, NOCKOJBKY rpad X — cBA3HbIH.
OroxpnectsuM i n k; B rpade Koxcrepa matpuubt M. Ilonyunm
HOBHIH rpad, K KOTopoMy IO JeMMe 6 MOMKHO NDHMEHUTh Ipen-
noJoxeHne HHAyKuHMH. Ho o6pas p Touku i 6yleT TOUKOi BeT-
BJeHns HoBoro rpada X’. Ilostomy y rpada X’ Her Apyrux
TOYeK BETBJIEHM#, &4 Bce ero pelpa HMelOT NOPSAOK 3. 3HAYHT,
n y X Bce pefpa Oyayr mopsanka 3, u HHKakas TOYKa, OTJHY-
Hasg oT [ U k), He Oyler Touko# BerBJjeHus. Ecnn Obl k| Gblia
TOYKOH BeTBJEHHA B X, To p mpuHagsexasna 6ol IO KpaiHeH
Mepe yeTeipeM pebpam B X’, BompekH Jemme 2.

6) Ilpenmosioxkum, uro X He oOJajxaeT HH OAHOH TOUKOH
BeTBJaeHus, Torga X geasercs uensio (ra. IV, Honoauneune, n°3,
npennoxenue 3). Ilyers {i, j} — peGpo nopanka == 4. Econ [ =2,
TO JeMMa TpHBHaabHA. Ecam e 370 He Tak, TO, CKaxeM, Bep-
wuHa [ npuHanaexxut pebpy {i, k} ¢ k 5~ j (u3-3a cmsasnocru X).
D10 pebpo Oymer mnopsanka 3 (nemMa 5). OToxkgecTBHM [ H R
B rpate Kokcrepa martpuusl M. BBuay seMMbl 6 MOXKHO IpH-
MeHUTb IHPeANOoJOXeHHe HHIAyKunuH. IlycTs p — o6pas TOUKH {
B HoBoM rpade X’. Pebpo {p,j} B X’ uMeeT nopamok =4,
nostoMy B X’ HeT aApyru< pebep nopsaka =>4 H, crajo GHTb,
{i, )} — ennncTBenHoe pebpo nopAnka =>4 B X.
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Jlemma 8. [lycre sepuwunor iy, iy, ..., i, epaga X raxosot,
uro {iy, iy}, {iy, ia}s « .., {ip—iip} 6YOyT pebpamu nopadka 3. Toeda

q (E rei,\) = ;—p(p + 1).
r=1 4

L
2

Hnmeem (eir1eir)= L, (e, e
s> r -+ 1. CaenosartenbHo,

p p—1 p—1
q(Erei) Er —-22 : rir+ y=p? —2 r.

r=1 =1 r==]

r+1) H (eir’eis)zo Iipu

CorsacHo caelcTBUI0 npeinoxends 14 us Teop. muox., ra. 111,
§ 5, n°8, ato paBHO

P—5plp—D=5p0F+D.

JIemma 9. [Ipednosomcum, yro X —yens ¢ sepuunamu 1,
2, , L uc pebpanmu {1,2), 2,3}, ..., {{—1,1}.

(1) EC/lu o0no u3 pebep {2, 3}, {3, 4} y {1 —2, 1 — 1} umeer
nopadok =4, 10 310 pebpo 6yder Ha caMOM denre nopadka 4,
a epag byder caedyrouum:

4

e, O

(i) Ecau pebpo {1,2} umeer nopadox 5, To epag, 6yder
OOHUM U3 caredyrowux:

050 Csﬁ/‘O 0_5___0

Moxuo cuurate [>2 (nemma 4). JomycTuM, uTo peGpo
{i, i+ 1} ¢ 1 <<i<!— | umeer nopsgok =4. [Moaoxum

x=e + 2+ ... 4 e,
y=ez+291—1+l--- +(—Ne, u j=1—1i.

[To nemme 8 Gyaer llxlF=—;—i(i +1), ||ylF=%j(j -+ 1).- C nmpy-

ro#f CTO pOHBI, (xly)=ij(ei|e,-+,)=—ijcos% ¢c m=4 umu 5
{nemma 4). Hmeem
(e lyy <lxFlylf,
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| A . .0 19 b4
FHEH DG+ D> 2R eos
OTKyna
(i - 1) ( + 1) > 4if cos - > 2. (3)
dro paer ij—i—j—1<0, nau (i —1)(j—1) < 2. Ecan
I<igl—1,
0 H 1 <j<l—1, nosroMy i==j=2 n, Kpome TOrO,

7 7 7 1
9> 16 cos? —-» CJIe10BaTeIbHO, cos? —< cosQT ),

Tak 4ro m==4. Drtum nokasano (i). Ec.Jm i=1wu m=35, ro,

coraacuo (3), 2j-+2> 4j b0 j<VE+1<4

H, cTano OBTh, [ =] -1 <4. TeM caMBIM JOKa3aHO yTBepxkje-
Hue (ii).

JIEmma 10. Ecau X donyckaer Touxy sersirenus i, 70 yeavii
nodepagp X —{i} seasercs o0vedunenuem Tpex yenei, u ecau
p—1, g—1, r—1—0auner sTux yenei, To rpoiika (p, g, r)
C TOYHOCTbIO (O NepecTaHos8Ku coenadaeT ¢ OOHOLU U3 Tpoex
(1,2,2), (1,2, 3), (1,2, 4), (1, 1, m) (048 rarkozo-nubyds m =1).

Bepmuna i npuHamiexut tpem pebGpam (neMMa 2) H He
cyllecTByeT HHKaKof J[pPYrod TOuKH BeTmJeuus (Jemma 7), mo-
sToMy neastii noarpad X — {i} cocrour u3 rpex neneit X,, X,, Xs,
KOHLEBbLIE BepHIHHBI KOTOPHIX (Mo onHOfl B KawiaoMm X;) coemu-
weiwt ¢ ( B X. TIlyers {i}, ig}, {iy, is}, ..., {ip-1, i,} — pebpa

nenn Xh {jl’ j2}v Teey {jq—h jq}——peﬁpa B X2’ {kh k2}v seey {kr—h kr}'—'

") Kopun 5-% crememnm u3s 1, ommunbie 0T |, ARJIAKTCS pemEHHSME
ypasHeHust 2* 4 2%+ 22 424 1 =0. IIpn noncranoBke X = -;— (z + %) sTo
ypapHenuwe npuiumaer Bua (2x)2—2+42x 4+ 1=0, wm 4x24+2x— 1 =0,

—1xV5
B X = ———— . Orcrona
o V5—1 n _ 34+VE _5_ 9
2c0s? o — | — = = 2 2 =22 Y S0 T
cos 5 I = cos 5 — - st 3 > g > 6’
n 1+ V5§
COSK = —4——,
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pebpa B X3, rae i, j, # coeanHeHs ¢ i B X. MoxHo npej-
mosarath p=q=r>=1. Ilonoxum

x=eip+23ip_l+ oo Fopei,
y=ej, +2e; _ + ... tqe,
2=ek,+2€k,_, + ... -}—rek._

TTockoabKy Bce pe6pa B X nopanka 3 (remma 7), Jemma 8
1 1 1
naer xff=5pp+1), lyf=5q@+1 lzP=75r(+1.

Hanee, e; OpTOroHaJeH X ei, €i, ..., e, OTKyAa (e;|x)=

1 1 1
=pleile;)=— p. Ananoruuno (e |y)=—5 q. (&;[)) = —5 1.

BekTopsl Nxl™ x, llyn—1 Y, Ilzll'lz ABJAIOTCA eNHHHYHHIMH H
TIONapHO OPTOrOHABHLIMHU, U €; He TNPHHALJIEKHT NOPOXKIEHHOMY
STHMH €JHHHYHBIMM BEKTOpaMH NojmpocTpancTBy F. Ksagpar
paccTosiHHs OT ¢; Jo F paBeH

(e T);T)Z“(eilﬁ'u") ( nzu)_

Beipaxasi TOT ¢akr, yTo 3Ta BeaHyHHa > 0, NPHXOIHM K Hepa-
BEHCTBY

P+D "+ @+ D'+ +DT' > L 4)

Takum o6pasom, 3(r+1)_1>1, oTkyna r <2 ¥u, HaKoHel,
r=1. Tlostomy (4) maer

P+D"+ @+ > 5, (5)

tak uto 2(q+1)7' > %, oTKyAa ¢ << 2. Haxonen, ecan g=2,
10 (5) MPHBOAMT K

p+D'> %, oTkyna p<4.
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TeoremA 1. Ecau (W, 8) — nenpusodumasn Koneunas cucrema
Kokcrepa, 10 ee epag) Kokcrepa usomopgen odnomy us cae-
Jdyrowux epagos:

A OO s 41 mmm— ({21 sepuiun)

B oo oes —ots (122 sepuun)

D, o———o——o—-..—o-—o< (I=4 sepmuu) )
E¢ o—-o—]—-o—c

E; D—Q-T——o—-o—o

EB o——o—T—o—o—o——o

& O Qe O
G ofo

H, oio-——-o

Hi oo oo

I2(p) o-—p—o(p=5 uau p>7)-

Sru epager Koxcrepa nonapro neu3omoppuot.

B camom pene, mnycte M=(m;;)— marpuna Koxcrepa
cucremel (W, S), u nycts [ =Card(S). Ecau oxHo u3 uucea m;;
6yaer =26, To [ =2 (memma 4), u rpad Koxcrepa cucremet (W, S)
JoJKeH uMeTh TUN G, uan [,(p) ¢ p =7. Ilpeanosoxum Teneps,
4TO BCe ;< 0.

a) Ecau He Bce my; paBHH 3, To rpadom X cucremsl (W, S)
6yneT uenb, H JHUIIb OLHO U3 m;; 6yneT paBHO 4 UK 5 (1eMMa 7).
Ecnu ogno M3 my; pasHO b, TO, Kak NokaseiBaeT JeMMa 9, Bo3-
MOKHBI JHIb TUOB H3, H, umu [,(5). Ecau oxHo us uucen my;
paBHo 4, TO CH?Ba 0O JeMMe 9 BO3MOXKeH JHIOL OIHH H3

THIOB By, F,.

6) IpennosoxumM, 4To Bce m;; pasHel 3. Ecam X arasercs
uensto, To Ham rpad Koxcrepa umeer tun A;. B npoTtusHOM
caydyae Ha ocHoBaHuu JeMMbl 10 3akmaouaeM, 4TO OH HMeeT
tun Eg, E,, Eg uau D,

lMonapuas HensomopdHOCTL mnepeuHciaeHHbIXx rpados Kok-
cTepa OUeBHIHA.

O6patHO, HMeeT MeCTO

TeorEmMaA 2. [pynnoe Koxcrepa, onpedeaenuvie epagpamu
Koxcrepa Ay, By, ..., [,(p) u3 reopemsr |, Koneunbl.
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DTo oueBHIHO B cayuae [,(p), KOrma COOTBETCTBYIOLIAS IPYIa
6ymer musApaJgbHOil rpynmod mopsxka 2p (ra. IV, § 1, n°9).
Haa H, cooTBeTcTBylOUlell KBagpaTHUHOH GoOpMoH siBjsieTcs

B4 84—, — b, —2(cos T)gE, =
S U A U S PO SN L L

9 2
_—z( E‘____;_ga_) +(§4_1+]5 E’;) +

3 — e+ =2

Tak kak 7—3V5>0, To sTa QopMa HeBHpPOXIEHa H

NoJIOKHUTE/IbHA, a COOTBETCTBYIOIas rpynna Kokcrepa KoHeuHa.

To Xe camoe OTHOCHTCA M K rpynme H;, TOCKOJABKY OHa H30-

MopdHa HekKoTopoit noarpynmne npemsiaylted rpynnel (ra. IV,
§ 1, n°8).

Has tanos Ay, By, ..., G, mbl noctpouM B n° 5—13 cuecreMu

KopHel, rpynnbsl Beiaa KoTopeix OyAyT Kak pa3 HCKOMbBIMHU

rpynnamMu. Tem caMeiM GyoeT yCTaHOBJEHO, YTO 3TH TPYINH

ABJAIOTCA He HpOCTO KOHeYHBIMH, HO H xpucm/z/zoepafputteclcumt
(§ 2, n°5).

2. I'pagpor JQuinxuna

Honycxasi BOJBHOCTH PeYH, MH HA30BEM HOPMUPOBUHHHIM
epagpom napy (U, f), obaamaomyio CIeAYVIOIIUMH CBOHCTBaMHu:

1) T aBasierca rpadomM (UMeHyemuM rpadom, noduUHeHHbBIM
nape (T, f))

2) ecan E oGosnauaer MHOXkecTBO nap (i, j), Takux, urto {i, j}
GyneT pe6pom rpada I', To [ asnsierca orobpaxenuem E B R, mas
Kotoporo [{i, }f(j, )= 1, kakoBa On uu Obl1a mapa (i, )= E.

OueBUmHBM 00pa3soM ONpenessseTcss H30MOp(H3M HOPMHpO-
BaHHBIX rpados.

[lyeTb R — npuBeleHHas CHCTeMAa KOpHed B BEIIECTBEHHOM
BektopHOM mnpoctpaHcTBe V. ColocTaBuUM eH HEKHH HOPMHpO-
BaHubit rpad (X, ), HasviBaeMulil epagom [Jotnkuna cucTeMbr R.
BepmuHamu B X OVayT 3JeMeHTH MHOXecTBa | OpOHT rpynnel
W (R) B o6beannenun MHOxecTB {B} X B (¢ B, npolerawium
MHOXeCTBO Gasuco cuctemnl R). Ecan N=(n); ;, (coors.

M =(my;), ;o) — Kavonuyeckas matpuna Kaprana (CooTB. Ma-

TpHUIA Koxcrepa) cuctemnl R (§ 1, n°5, 3ameuauue 7), TO IBe
BepIHHE i U | B X OymyT cOegHHeHH Torxa H TOJbKO TOTHa,
Koria n;; % 0. B Taxom c/ayuae TOJIOXHM
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Tlockoabky n;;=0 Bjeyer n;;==0, TeM caMbIM BIOJIHE Onpe-
neqen mopMuposanusiit rpad (X, f).

Mycts (x|y) —crkansapHoe mnponssefeHHe Ha I/, uusapuant-
Hoe otHocutenpHo W(R), n B=(0y), ., — 6a3uc B R c kaHo-
HugeckoH Hugekcanuedt. ®opmyan (7) # (9) u3 § 1, n°1, noxka-
3BIBAIOT, YTO BepIIHHH [ ¥ | rpada X OyAyT coepumenu Toria
H TOJIBKO TOrja, Korja

(a; o) # 0,

(@; o)
(ajla;)”
[MpuuuMas Bo BHMMaHHe pe3yabtaThl § 1, n°3 # 5, MH BHIHM,
4YTO C TOYHOCTBIO [HO INEDPECTAHOBKH [ H | HMeTCA JHIUL CJe-
Lywoniye ' BO3MOXKHOCTH!:
1) i u | He coemHHeHH; Ay ==n;;=0; m;; =2;
2) G, N=FG, =1 nyy=np=—1; my;=3;
3) [, N=2, I(, y="V ny=—2, np=—1; m;=4
4 FC D=3, [, =" ny=—3, nyp=—1, my;=6.
3To 03HauaeT, CJeLOBATeNbHO, YTO 3HaHHe I'pacda JnHKHHa
cucteMbl R onpefenser ee marpuny Kaprana u Marpuuy Kok-
crepa, a crano OHTb, onpeleaseT € TOYHOCTBIO HO H30MOD-
¢dusMa u camy cHcremy R. Bosee TounmM 06pasoM H3 Ciaen-
crBust npegoxenus 15 § 1, n°5, BuTekaer caeayowui
pesy./bTaT:

U B TaKoM cJayuae

@, )=

Meennoxeune 1. ITycre R, u Ry, — 08e npusedennsie cu-
CTeMbL KOpHEl 8 BeujeCTEEHHDBIX BEKTOPHLLX npocTpancTeax V,
Vo Bl=(al)ie1, u By=1(0;);,., —6asuce. 8 R, u R, c kano-
HUudecKuUMU uHOeKcayuamu; A — uzomopdusm epagpa JIbinkuna
cucremor Ry na epagp [oinkuna cucremst R,. Toeda cyujecrsyer
eduncrsennoul usomoppusm V, na V, nepesodsuwuii R, 8 Ry
u a; 8 oy 041 scex (1.

Slecno, uro aBTOMOpGHU3M CHcTeMBl R Ompefe/sieT aBTOMOD-
¢u3m rpada JIHIHKHHA CHCTeMH R, 4TO NpRBOAHT K FOMOMOD-
¢usmy ¢ rpymnst A(R) B rpynny aBTOMOP(H3MOB COOTBETCT-
Byiloulero rpada JIBIHKHHA.

Cneactsue. [omomopdusm @ onpedersier npu hakropusayui
usomopgpuan epynnst A(R)/W (R) Ha epynny asTomoppusmos
epaga [loinkura cucremot R.

OueBugno, uto ¢ (g)=1Id paa Bcex g W (R). C apyroit
CTOPOHH, NpefJjoxKeHHe | MOKA3EIBAeT, YTO CYIIECTBYeT H30MOp-
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¢usm P rpynnbl aBroMoppusMoB rpada [biHKuHa cHcTeMbl R
na noarpynny E snementoB B A(R), OCTaBAAIOIIHX HENOJBHNK-
HpIM JOaHHBI Oa3uc B cucreMmbnl R, npuueM @o¢p=Id. Cuen-
CcTBHe BHITeKaer Temnepr u3 Toro ¢akra, uro A(R) asasercs
noaynpsMbiM npoussesenveM E u W(R) (§ 1, n°5, npennoxe-
Hue 16).

Ha mnpakrthke rpad Owuukuua (X, f) nzo6paxaior cxemoi
(nan OHarpaMMoil), COCTaBJICHHOH H3 TOYeK H OTDPE3KOB CJe-
nywoinM o6pasoM. TouKH COOTBETCTBYIOT BepulHHaM rpada X
NBe TOYKH, COOTBETCTBVIOLIHE ABYM pa3/JHYHbIM BepIIHHAM [
u j, coemmHsorcs 0, 1, 2 wuan 3 orpeskamu cooGpasHo
TOMYy, KaKOH H3 yKa3aHHBIX Bellie caydaes: 1), 2), 3) uru 4) —
HMeeT MecTO (C TOYHOCTBIO IO HepectaHoBKH [ M J). Kpome rtoro,
B cayyasax 3) u 4), T. e. B cJayvae, Korxa f(i, j)> 1, nam, uro
S5KBHBAJIEHTHO, KOTJIa KOPHH @; H (; He OpTOroHaJbHbl H He
oflHOH ¥ TOH e AJHHH, NOMECTHM Ha ABYX HJH TpeX OTpe3Kax,
KOTOpble CBASLIBAIOT TOYKH, COOTBETCTBYIOLIHe BeplIHHAM [ H |,
3HAK HepaBeHCTBA >, OPHEHTHPOBAHHLIH B CTOPOHY TOYKH, CO-
otBeTCTBYIOIEeA BepinuHe j (T. €. KODHIO MeHbilleH MJHHEL):

o= (npu [(, j)=2),

i J T

ESE}? (npu (i, )=23).

slcHo, 4TO 3ajaHKe 3TOH CXeMH MO3BOJAET BOCCTAHOBUTL rpad
Huiuknua (X, f).

3aMmeTnM, 4TO cXeMa, accouuHpoBanHas ¢ rpadom Kokcrepa
rpynnel W (R), mosyuaercs u3 CXeMbl, acCOIMMPOBaHHOH C rpa-
¢om J[IblHKMHA cHCTeMbBl R, NyTeM COXpaHEHHs TOYEK M IIpo-
CTBIX OTPE3KOB NPH OJHOBPEMEHHOH 3aMeHe JBOHHLIX OTPE3KOB
(COOTB. TPOHHBLIX OTPE3KOB) OTpe3KaMy C NPHOUCAHHBIM K HHUM
uypcaoM 4 (coorB. 6). O6GparHo, ecau 3Hate rpagp Kokcrepa
rpynnel W (R), TO NpOTHBOIONOKHAS Omepanus MO3BOJSET BOC-
CTAaHOBHTbL CXeMy, accouuupoBaHHy0 ¢ rpadom JIBIHKHHA CH-
cTeMbl R, 3a HCK/MoYeHHeM 3HAKOB HePaBEHCTBA HA NBOHHbIX
H TpOHHHX oTpe3kax. KoJb cKopo 3TO TakK, TeopeMa 1 memo-
CPeJICTBEHHO MPHBOJAHT K CHHMCKY BO3MOXHBIX rpados JIbIHKUHA.
A nMeHHO HMeeT MeCTO

Tropema 3. Ecau R — npusedennas u nenpusooumas cu-
crema KopHeil, To ee epad Honkuna usdomopgen odnomy us
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epahos, npedcrasAeHHLLX CACOYHOULUMIL CXEMAMU:

A, OO+ ¢ ¢ ———0 ({ =
Bj o—o—o0—vi—~o—a==> ({ > 2 8EpWUH)
[

C o

* 8 —O—reD
D, o———-—-o-—o——<>ﬂ< (! 2 4 sepuun)

E; o0—omm—— oo

ES L e I e e e *]

Fy o—a=—o—r

Gy gz
Aru epagor loinkuna nonapuo Heusomoppre, 1 048 Kaxdozo
13 HUX CYWecTsyer npusedennas U Henpusodumas cucTema
Kopneil, donyckawoujan e2o (¢ TOHHOCTbIO 00 U30MOpPPHUIMQ)

8 kauecrse epaga [[vHKuHQ.

C yueToM HpeIbAYLIHX 3aMeYaHHH HepBOe yTBepXKIAeHHE
HeMelJIeHHO BBITeKaeT H3 TeopeMHb 1, H3 Toro ¢akra, 4TO
rpynnst Kokerepa ¢ rpadamu Hy, H, u L(p) (ana p=>5 uin
p=7) He SABJAKTCA KpHCTa/anorpadpuyecKUMH, M, HaKoHel,
U3 TOro, YTO 1Ba BO3MOXKHBIX 3HAKAa HepaBeHCTBA HPH ABOHHOM
(coors. TpoitHOM) oTpesKe rpada [lbHIHKHHA, aCCOIHHPOBAaHHOrO
¢ rpajpom Kokcrepa F, (coorB. (,), NPHBOAAT K H30MOPGHBIM
rpajam [piHknHa. BTopoe yTBepkiehHe OYEBHIAHO, a TpeTbe
BHITEKAeT K3 SBHOTO MOCTPOEHMS NpPHUBEJEHHOH M HeNpHBOJAHMOH
CHCTEMBI KODHEH IJs KaxkJoro THIa B OTHeJBHOCTH — IOCTpoOe-
HHS, KoTopoe 6yIeT ocyiuecTBjeHo B n°5—13.

3aneyarnun. 1) Fpad A, cBOANTCH K €LUHCTBEHHON BeplIMHe;
ero o603HavYaOT Takxke CHMBoJgoM B, wm C,. 'padp B, ==

o6o3nauaercs u cuMsoJioM C,, a aas rpacda Ay > HCHOJb-
ayercsi Takxke o6GosHauenne D, HaxoHew, o6o3nauuM deped Dy
rpacd, COCTaBJEHHBH H3 JABYX HeCOeJHHEHHHX BepumuH. (ITH
COrJIallleHHs NPUHATH C YYeTOM CBOHCTB COOTBETCTBYHOLIHX CH-
cTeM Kopueit; ecm. n°5—8.)

2) Ecau (X, f)—rpa¢p [IbiHKHHA [OpHBEAEHHOH CHCTEMBI
KopHe#l R, To rpad JIBIHKHHA [AyaJbHONl CHCTEMBl OTOXIECT-

gastercst ¢ (X, f7'). MinpiMu cl0BaMH, cXema, acCOLMHPOBaHHAs
¢ rpadom [biHKHHA CHCcTeMB RVY, IoJy4aeTcs M3 CXeMbI, acCo-
nuupoBanuHoif ¢ rpajom JIbIHKHHA CHcTeMbl R, ofpalieHuneMm
3HAKOB HepaBeHcTBAa. EciH cucTeMa R HenmpuBOAHMA, TO, Oue-
BHJHO, OHA HU3o0MopdHA RY, 3a UCKJIIOYeHHeM CHCTeM R THIA B,
unmu C;, korga RV 6yner coorBercTBeHHO THma C; uam By
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3. Ajppunnaa epynna Beiian u nonoanennoui zpap doinxuna

[Tycts R — npHBeleHHass H HeNPUBOAHMMAA CHCTEMA KOpHed
< rpadpoM Juinkuna (X, f). MBI coGupaeMcs omnpeienuTs Apy-
roft HopMupoBaHHBIA rpad (X, [), KOTOpL Ha30oBeM NOMOAHEH-
Holm (HIH apunnsim) epapom [loiikuna cuctemu R. Muoxe-
crBo [ BepmuH rpada X CcOCTOHT H3 MHOxKecTBa / BeplIMH
rpaja X u oxHo#l BepmnHBH, 0603HavaeMoii cumsoJsiom 0, KoTo-

pas He npuHainexut K /. Uro6ul onpenenuts f, BuGepem Gasuc
B =(w;), ., cuctemb R u CKaJjsipHOe npousBeleHne (x |y), uHBa-
puauTHoe oTHocuteasHo W (R). IlycTe oy — Kopeub, nporuso-
NORONCHBIE MAKCUMAABHOMY KOPHIO TO OTHONIEHUIO MOpsaKa,
onpeieneHHoMy OasucoM B. J[Be pasnuyHble BepMuHH {, j [
COeIHHAIOTCS TOrJa M TOJbKO Toria, Koraa (o;|a;)¥=0. B stom

caydae MOJOXKUM
PG, D=ghsn.

ENCTIET))

ToTyac mnpoBepsieTcsi, 4To rpad X u oToGpakeHHe f, onpene-
JeHHble TakUM O6pa3oM, He 3aBUCAT HuU OT BuiGopa B, HH OT
BuIGOpa cKafsipHOro Npou3BejleHHS.

Ecnu panr [ cucremu R paBed 1, To [={{} u oy2=— a;
rtak uto f(0, {)=1. Tlpu [ >=2 KopeHbL @; He OpPONOpPIHOHAJEH
HH OJHOMY Hu3 o; u (0,|a;) 6ymer <0 (§ 1, n°8, npexnoxe-
Hue 25). Ilns npowssoapHO#l mapwl (i, j) pas/anuHbIX 37€MEHTOB
u3 / Bce jpomycTHMble BO3MOXKHOCTH — 3T0 1), 2), 3), 4) u3s npe-
AbLAylUero NyHKTa (HampuMep, npu Bcex iel, ny=n(ay, o;)
H My — NOPSOK NPOH3BEACHHS Sg Sq,)-

B cayuae />>2 Mul u3obpaxkaeM nolonHeHHHE rpad [biH-
KHHA cXeMofl ¢ TeMM e COTJMAlleHHsMH, YTO H B NpedblIylieM
NYHKTE, HCNOJb3Yys MHOrAA NYHKTHDP AJsi OTPE3KOB, CBsI3HIBAlO-
mux BepmuHy 0 ¢ ApYyruMH BeplluHaMu. 3aMeTHM, YTO 3HAK
HepaBeHCTBA >, MOMEIUEeHHLI Ha TaKOM OTpe3Ke, e€CJH OH
UMeeTCs, BCerja HanpaBjeH B CTOPOHY BEpPIIMHH, OTJIHYHOH
‘0T 0, MOCKOJBKY 0y — KOPeHb HauOonbileft BOSMOXKHOA FJHHH
§ 1, n°8, Npe/lIoKeHHe 25). Oroxpecrsum (X, f) ¢ noarpadpom

rpada (X, ), noayuaromumes ynanenuem BepluHb 0.
Heiicteue rpynnet A(R) na (X, f) npomoikaercss 1o aefcr-

Busi Ha (X, ), ocTaBssoulero sepunny 0 HemoasuxHo#; W (R)
neiicrsyer Ha (X, f) TPHBHAJIBHO.
BepueMcs k oGosHauenusM § 2. Ilpensnoxenne 5 § 2, n°2,

BMecTe ¢ Teopemoil 1 ra. V, § 3, n°2, nokasuBawoT, 4To rpad
Kokcrepa 2 atddunnoit rpynnm Beiis W,(R) noayuaercs u3
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(X, J) mo TeM ke mpaBmnaM, uTO WCHOJL3OBAJIHCH NPH Nepe-
xozxe ot (X, f) k rpady Kokcrepa rpynns W (R). Hdanee, nycTsb.
G — nopmaausatop rpymnsl Wo(R) (§ 2, n°3). Beskromy ane-
MeHTy g & G CcOOTBETCTBYeT aBTOMOD)HU3M ¢{g) cucTeMH X H
¢ (g)=1d, rorna g=W,(R). O6paTHO, BCAKOMY aBTOMODP}U3MY A
cucteMn I no npeafoxenuwoo 11 ra. V, § 4, n°9, coorsercrByer
OIHO3HAaUHO oNpelle/eHHbH 3JeMeHT g=19 (1), COXpaHAKILHI
nauHbi aspKoB C M Takoil, uto ¢(g)=A. Tak kak G sapJsercs
HOJNYNPAMBEM IIPOM3BeNeHHeM NOArpynin (. 3JeMeHTOB, CcOXpa-
gmomux C, u rpynnet W, (R) (§ 2, n°3), To MM npuxopum
K 3aKJIUeHHI0, UTO Hpd (aKTOpuU3auUdHd ¢ JaeT usomopdusm
epynner G/W, (u1u G¢) na Aut(X). Hemensnenno nposepsiercs,
YTO KOMIO3HIHUsA 3TOr0 H30MOp¢H3Ma ¢ KaHOHHUYecKHM oTofpa-
kenuem A(R)/W(R) B G/W, coBmamaer ¢ romoMopdu3MoM
A(R)/W (R) B Aut (3), nopox aaemeiM romomopdusmom A (R)/W (R)
B Aut(X, f), onpenenennnim Bnwe. B cooTsercrsun ¢ § 2, n°3,
rpynna Aut () wu3omopdHa HOJAYHPAMOMY IPOH3BENEHHIO
AWV (R) 82 P(RV)/Q(R"). a P(RJQ(RY) nzonopdua rpynre
Fe=GcNW, (B oGosnauenusx § 2, n°3); sJeMeHT TIpynnH
Aut(Z), coorsercrBylomwui sneMenty y; & T, [EepPeBOHT Bep-
mury 0 B Bepluiuuy i cCHCTeMHl 2.

3ameyanue. MoxHo TmoKasaTh, uTO KaHoHHuUecKoe ortobpa-
JKeHue

Aut(X, f) = Aut (3)
SIBJSIETCS] H30MOPbH3MOM.

TeopeMA 4. ITycre (W, S) — nenpusoduman cucrema Kok-
cTepa ¢ KoHewHuim MuodcecT8om S. JIas T020 4T00bL QACCOYU-
uposannan xkeadparugnas ¢popma (ria. V, § 4, n°l) o6sera noao-
HUTENBHOU U 86LpONOEHHOL, Heo6Xx00uMO U 00CTATOYHO, 4TOObL
epag Koxcrepa cucremor (W, S) 6via uszomopgen o0nomy us
credyrowux 2pagos:

-2

>t

(gura

.-'H‘-.
(t=2) 0\0_0/ cl+1

sepuiuna.mu)

- {t+1
B, ( —d sepuiun)

N 4 (1+1

C, >3) cp—o——o— —O_O_OBEPIHUH)

- {+1
D, (t=4 >°—'—°< Be(pLUUH)

t

&
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F, O——O——O———C———
G, o—-—oio

3tu epager Kokcrepa nonapro Heu3omop@uot.

CoraacHo cka3zauHomy B ra. V, § 4, n°9, u npeisoxennio 8
3 § 2, n°5, cucremamu Koxcrepa, KBajpaTHuHas d¢opMa Ko-
TOPBIX MOJIOKHTENMLHA H BLIDOXKLEHA, OYIYT Te CHCTEMBI, KOTO-
psie cooTBeTCTBYIOT addHHHBIM rpynnam Beiiisg npuBeleHHHX
H HeNpHBOIHMEIX cHcTeM KopHeii. IlosToMy Teopema BHTeKaeT
M3 ONHCAHHA NOMOJHEHHBX rpadoB JIHHKHHA, NPHBOJUMOrO
B n°5 — 13.

4. [lpedsapureavnan nodzoTo6KA K NOCTPOEHUIO cucrem KopHell

IlycTs V — BellecTBeHHOE BEKTOPHOE HPOCTPAHCTBO pa3Mep-
Hoctd [>1, cHalXeHHoe CKaJADHBLIM MpousBeneHueM (x|y),
L — nuckpetHas noarpynna B V, A — KOHeYHOe MHOXECTBO
yucel >0 u R — MHOXECTBO TaKuX G & L, A48 KOTOPBIX
(ala) = A. Tlpennosoxum, uyro R nopoxjgaer V u uyro mis

ao6oil napsl (a, f) Touek M3 R YHCIO 2?‘,’2; OyIeT MeJbiM.

Torna R — cucrema xopneii 8 V. B camom nene, R, oueBHaHO,
ynosaersopser ycaoBuio (CK;). Ilyete a& R, u nyers s, —

E;;Z)) a. Torra npu =R

=Z, tak uto S, (f) &= L; B TO ke Bpemsa || S, (B) “—-

=B H03TOMy s.B)=R. Crano Omrth, cucrema R leOBJIeT-
BOPsieT YCJAOBHSM (CKH) 1 (CKy). Ona siBisieTcs NpHBEIEHHOM,
ecJH A He COMepKHUT ABYX yucen BHAa A U 4A.

BossmeM 3a V mnogmpocrpanctBo B E=R". Tlycts (g, ...

., &,) — KaHOHHuYecKuii Gasuc mnpocrpaHctsa E. CHabaum E
CKanspHeIM MpPOU3BECHHEM, MJIA KOTOPOrO 3TOT Gasuc Gyner
GPTOHOPMANbHBIM, U otoxaectBuM E* ¢ E (coors. V* ¢ V) npu
[OMOIIY BBHIGPAHHOTO CKajasipHOTO Npou3BejpeHusa. Omnpepejaum
B E moxprpynmel Lo, Ly, L, L3 craepyomuM o6pa3oMm:

OpPTOTOHAJILHOE OTpaXKEHHE X+ X — 2

nMeeMm 2 (6 ‘ a)
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1) Ly ecto” Z-Monyan ¢ 6ashcom (g;). Mmeem (a|B) = Z npu
a, ps L, BeK‘TOpr ae Ly, naa Koropux (a|a)=1, cosnagaior
¢ x¢g (1<{i<n), a Te BeKTOpHl, 'Aas KOoTopuiX (a]a)=2, co-
BNAfalT ¢ =g eg; npu i <j (o6a 3HaKa * B = ¢g; g Bb-
6upamTCA He3aBHCHMO JPYr OT Jpyra; IOpHMeM aHaJOrHyHoe
corJailleHde BILIOTh o KOHIa 3Toro naparpada).

2) L, ects Z-nopMonmynbr Moayasi Ly, cocTOSHmIMA H3 Xx==
n n

— N & & Ly, AN KOTOpuIX cyMMa X & OyleT uyeTHoH; mo-
i==] i==l

ckoabKY &, W §2 onMHAKOBOH YETHOCTH, TO 5TO CBOJAHUTCS K Tpe-
GoBauuw, 4ToOH (x|x) 6blno weTHsbM. Ilyers L| — nopMozmyJib
n

B L,, DOpPOXKIeHHbIH BeKTOpaMmu ¢g; = ¢g;. KHmeem ZEiB,E
i==}

n
= (E,l §i> e, (mod LI), a MocKosbKy 2e, = (g,4¢€,)—(e,—¢, ) E L],

BuAHO, uTo Li==L,. Tak kak L; u g nopoxjawr Lo, T0 dak-
TopMonyab Lo/L, nsomopden Z/2Z.

n

4 n
1
3 Li=L,+2Z (7 2 ei) . ScHo, uTO a3JeMeHT X = E te;
i=| / i==]
npocTpancTBa V comepxurted B L, TOrga M TOJBKO TOTAR, KOrna

25,12, ¢ —E; &= Z, kakoBbl Obl HH OBIJIH [ H . (6)

n n
1 1 1 n
Tak xax | &, —2-231 == 5 NpH Bcex k U Tak Kak -Q—Eei =T,

==z / i=1
o {(a|f) = 5 Z nan o, BE Ly, koraa n 4erHo. I'pymna Ly/L,
usomopodua Z/2Z.
n ,
4) Ly=L,4+Z ( v i) . Ecsiu n kpatHo 4, T0 L; 6ynet MHO-

i=l
n
MEeCTBOM 3JEeMeHTOB O, &, KOTOphle YAOBJETBOPSAIOT yCilo-
i=1
n

Buio (6) H, Kpome TOro, yCJIOBHIO Zg,EQZ B srtoM cayuae

(a|B) &= Z, xaxkoBb OH HH GblaH a, BEL3

CoBepuienHO oueBHAHO, uTO moarpynna B E, accouuupo-
BaHHas ¢ Ly (cooTn. L, L2) ectb L, (coors. L,, L;). Tloarpyn-
no# B E, accouynHpoBaHnoil ¢ L;, 6yneT MHOXKeCTBO 3J€MEHTOB

L
X = Zl §ig; = Ly,
i=l
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ISl KOTODBIX (x‘—;—}_] ei)EZ T, €. TakKHux, uTo Eg,E2Z
i=1
CaenoBatensHo, npu n=0 (mod 4) ara acconuuposaHHas nox-
rpynmna cosmajgaer ¢ Ls.
KommyTatuBHas rpynna L,/L, uMeeT nopsijox 4 u noaTomy
usoMopdua Z/4Z wan (Z/2Z) X (Z/2Z) (Aze., ra. VII, § 4, n°
teopema 3). Ecau n HeueTHo, TO

i=]

n

p(—é—Eei)ELl(:)pEO (mod 4),

v i=1

nostoMy rpynna Lo/L; OyJeT nnHkiIH4yeckoi nopsiika 4. Ecin xe n
4eTHO, TO

p(é Eei)eL,<:>p_0 (mod 2),

i==]

M nosToMy rpynma L,/L;, coAepxauias jBa Pas3JqUUHBIX 3Jle-
MeHTa mopsanka 2, usoMmopdua (Z/2Z) X (Z/2Z).

Mbl HcnoJib3yeM 5TH 0003HaueHHSI B JeBSTH CJEAYIOUIHX .
nyHKTax M B Tabaunax. Jas kaxjgoro tuma rpada JIbHKHHA
H3 TeopeMbl 3 6YIYT SBHO yKa3aHBI:

(I) Cucrema kopHeHi R u uucsi0o KOpHeH.

(I1) Basuc B cucrtemMbl R U COOTBETCTBYIOLIHE [TOJIOMKUTENb-
Hble KOpHH. Basuc B Gymer HyMepoBaThCsl Ile/IbIMH YHCJIaMH
L ..., L :

(III) Yucao Kokcrepa A (§ 1, n°11).

(IV) MaxcumajbHBIH KopeHb & (OTHOCHTeJbHO HOpPAJIKa,
onpejesieHoro 6asucoM B) H nonodrerHbH rpa¢ JIbiHKHHa
(n°3). ITon kaxnoil Bepmuuoil OyAeT BbIMHUCAH COOTBETCTBYIO-
(Iu# KopeHb H3 B,

(V) Oyanbuas cucteMa RV, kanoHuueckas Guaureinas popma
u nocrosuHas y(R) (§ 1, n°12).

(VI) ®dynnamenTtaspuble Beca oTaocutesnHo B (§ 1, n°10).

(VII) Cymma nosioKUTeJbHBIX KOpHEH.

(VIII)) T'pynuet P(R), Q(R), P(R)/Q(R) u HHIEKC CBA3HOCTH
(§ 1, m°9).

(IX) ITokasaremu rpynnel W (R) (ra1. V, § 6, n°2, onpexne-
agenne 2). B cayuasix A;, B;, C; v D; 6ynyT yKasaHb cHMMeT-
pHYeCKHe MHBAPHAHTHI.

(X) TMopsimox rpynnst W (R) (a unorna u ee crpoeﬂue)

(XI) T'pynna A(R)/W (R), ee neiictBue Ha rpad JIbHKHHA
H 3jeMenT wy< W (R), nepesoaswmuii B B — B.
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(X11) Oeiicrue P(RY)/Q(RY) na nonouennnii rpap dsin-
Kkuua " pgeiicrsie A(R)/W (R) Ha P(RV)/Q(RV). Jas kaxaoro
rpada JIsHKHHA H3 TeopeMH 3 Bce 3TH JNaHHHE OObeIXHHEHH
B tabauusl 1 — IX ¥ ynopsmoyeHnl eAWHBIM 006pa3oM Mo yKa-
3aHHOMY BHIIIE o6pasuy. KpoMe Toro, TaM no6asJieH elle NyHKT

(XIII) Marpuua Kapraua, cmocob NoayueHHS KOTOpPOH H3
rpaja JpIHKHHA Obla pas3bsicHeH B n°2.

5. Cucremor Tuna B, (1>>2)

(I) Paccvorpum B V =R’ rpynny L, (n°4). Ilycts R — MHo-
XKeCTBO BCeX a & L), aas Koropux (ale)=1 wuan (ala)=2,
T. €. MHOXKeCTBO BeKTopoB *¢g; (1 <i<{l) n e g (IiK
< j<). Scuo, uro R mopoxnpaer V u urto 2(a|B)ala)=Z,
KakoBH 6H HH Ovan o, B = R. Crano 6uHTh, R — NpuBejieHHas

cucrema Kopue#t B V (n°4). Uucno Kopue#t n=2[-+ =1

2
=2/,
(IT) Tlonoxum
A =8 — &, U=E8Ey—E8E3 ev.y Oy =€ — 8, Qy=¢
Torna

er=otoyt ... to (1<i<),
ete=(m+au+ ... to)+(y+o,+ ... +a)
(1<i<igl)),
g—g=w+ou,+ ... o (I<IKiIKD.

Cnenosatedsho, (a, @y, ..., o) siBAserca Gasucom B R (§ I,
n°7, cneactsue 3 npennoxenus 20). Ceepx Toro |la; =2 npn
i<l o f=1, (o;la;)=—1 npn I<i<I—1, (0;le;)=0
npu j>i-+ 1. Tpad IwmHKHHa cHcTeMBl R HMeeT, cJeloBa-
TeNLHO, TN B;, a 3TO moxkaseiBaeT, uTo R HenmpusBoauma. ITo-
JIOXKHTEJBbHBIMH KODHAMH OynyT €; u € =¢; (i <j).

(IT11) Mo Teopeme 1, (ii) ra. V, § 6, n°2,

h=nll=21.

(IV) Tlyere G=¢; + g =0; + 20, + 205+ ... + 2a; 37O,
OueBHM/HO, — KopeHb, CyMMa ero KOODAHHAT OTHOCHTENbHO Oa-
suca (a;) paBua 2l —1=~h—1. Beuny npemnoxeunuss 31 u3
§ 1, n°ll, & sBasercd MakCHMaJbHBIM KOpHeM cHCTeMH R.
HmeeMm (@ ]o))=0 npu i==2 u (d]a,)=1. Tak kak a, uMeeT
aauny 1 (coors. V'2), koraa [ =2 (cootB. [>>3), TO NPUXOAUM
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K 3aKJIOUeHHI0, UTO MomnoJHeHHsM rpadom InHKUHA cucTeMpl R
Oyner

npu [=2 CZ=Ir—xTDO

mpr >3 .”—G::Eg‘l

O o3 &-1

: 2
(V) dopmyaa aV _(TTL?{)- RaeT njst RY MHOXKECTBO BeKTO-

poB =2 (I1Ki), e, e (1<i <) I‘pacb JlelHKHHA
dya/ibHO#H cucTeMbl RY mnogaydaetcsi M3 rpada JIbIHKHHA CH-
creMbl R crmoco6oM, H3JI0XKeHHBIM B n°2, M cpa3dy BHJIHO, 4TO
RV umeer Tun C,.

KopHsiMH, He oOpTOroHaJbHbIMM K P=eg;, GyAyTr =*e H
+ g + g npH 2<j<CI[; ux obumiee xonmyecTso paBHO 4] — 2.
Jlina Kaxporo w3 sTHX KopHeil a uMmeeMm n(a, B)= + 2. ®op-
myna (17) us § 1, n°12, nokasniBaer, uTo mo oTHouenuo K D,
KBajipaToM JUIMHBL KOPHsi P sBasietcs (4 — 2)”'. Craso GbiTh,
Op (x, 1) =(x1y)/(4l — 2). Hpumenum popmyny-(18) u3 § 1, n°12, .
¢ x=y=0_p. [Toayuum

2+ (= )=y (R) 5,

otkyla y(R)y= (- 1)(4l —2).

(VI) bes tpyna BuuucasioTcs dyHAAMeHTAJbHBE Beca @&
(I1<i<), mns voropuix (B, |a))=9,;:
O;=¢e 44+ ... }e=

=a1+2a2+...-}—(i——-l)ai_1+i(a~+a,+1+...+al) i<,
6 =&+ et . be) =+ 204 ... 1),

(VII) CymMoft monoxuTe bHBIX KOpHeli Gyner

%= (21 — 1), & (2 — 3)e, + ... 43¢, +e,=
=2 -, +2Q—2)a, 4 .. i@ —=Doy4 ... 4 Pay

(VIII) Q(R)=L, (n°4), a rpynna P(R) nopoxzeHa NOA-
rpynnoi Q(R) u BecoM ®; M coBnafaeT mnosToMy c L, (n°4).
CrenoBatennto, ¢akroprpynna P(R)/Q(R) wnsomopbua Z/2Z,
a MHIEKC CBA3HOCTH paBeH 2



5 § 4. RJIACCH®UKALIY CHUCTEM KOPHEM 953

(1X) u (X) OproroHajbHoe OTpaxeHHe Ssymr (i = |) nepe-
CTaBJsieT € W €& W OCTaBJsieT UHBAPHAHTHBIMH €, C HHIeK-
camy k, otandyHbiMH OT i ¥ j. OTpaxeHHs Se;—e; MOPOXKIAIOT
rpynny G,, usoMopbHyio cuMMeTpuueckod rpynne &;. Oprtoro-
HalbHOE OTPaXKeHHe Se, NEPEBOXMT €& B —e; H OCTABJIAET HH-
BAapHAHTHBIMM &, ¢ HHIeKcaMu k, orTauyHniMH or i. OTpaxe-
HUsl S;, MopoxAaioT rpynny G, u3zoMopdryio (Z/2Z)". Tpynna
Beting W (R) nbpoxknaercs G, u G,, npuueM rpynna G, Hop-
maabHa B W(R), Tak uto rpynna W (R) usomopdHa noaynps-
MOMY [pou3BeleHHI0 O; Ha (Z/QZ)‘. Ee nopsinok, caenoBateqanto,

pasen 2°- /1.
1
Cummerpudeckas agare6pa S(R’) KaHOHMYECKM OTOXIeCT-
BJsieTCst ¢ aJreGpofi nmoauHoMuaJsbHuX GyuruHiE P(E, ..., &)

na RY. Jlaa Toro utoGn Tako#t MHOrouJeH ObL1 HHBAapHaHTEH
otHocuTeanHO W (R), Hano mpexne BCero, 4Tobnt

p(gh Eor vy §1)=P(i§h *&, ..., x5,
KakoBpl Obl HY Oblim [ 3HAKOB B NpaBo# uaCTH, T. €. 4TOOGBI

P& s B)=QEh - ED),

rre Q — MHorodJjeH; 3aTeM Heo0xoauMmo, uToOH @ 3anxaBad

CHMMETPHUECKYIO MNOJMHOMHANBHYI0O (YHKLUHI, 3TH YCJOBHSH

ABJASIOTCA yXKe JocraTodnbiMu. Caegomatensuo (Aze., ra. V,
)

npunoxenne 1), SRHYY® ects anre6pa, MOPOXKIEHHAs ! noau-

HOMHAJbHLIMU (QYHKUUSAMH

ti = 1§@l§ (1)&1;(9) e g?;(i) (l )

Kpome Toro, cTeneHp TpaHCLHeHIEHTHOCTH HAZ R moJas oTHolue-
[0 W/

auii aare6psl S(RHY® ™ pasua [, mosromy f; aareGpaudecku

He3aBUCHMBL. TakK Kak f; — MHOTOUJeHb cTemeHe#t 2, 4, ..., 2/,

TO Mbl IPUXOAHM K 3aKJIOUEHHIO, uTo NoKa3aTeasimu rpynns W (R)

Oynyt (ra. V, § 6, n°2, npexnoxenne 3)

I, 3,5, ..., 2/—1.

(XI) EnuncrBenHniM asTomopbusmom rpada JIHHKHHA
SIBJAETCA TOXIeCTBeHHOoe oToGpaxenue. [Toaromy A(R)=W (R)
u —1 =W (R). ITockoneky -1 nepesomgut B B — B, MH IpHu-
XOJ¥M K BHBOJIY, YTO Wo==— L.

(XII) Fpynna P(RV)/Q(RY) nyanvua k P(R)/Q(R) n, crano
6uiTb, H3oMophHa Z/2Z. Ee HeTpHUBHAJBHBIH 5JeMEHT MNEpecTaB-
JsleT BepIIMHBI, COOTBETCTBYIOUHe C; H «;, H OCTaBJAET He-
HONBHIKHBIMU ADYyTHe BepIUHHBI,
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6. Cucremor Tuna C; (1=2)

(I) CymectBoBanue cucreM KopHe#l tuna C; GBLIO JOKa3aHO
B n°5, MOCKOJBKY, KaK Mbl BUAEJH, CHCTEMA, NyaJdbHas K CH-
cteMe Tuna B;, umeer tHn C,. Cucrema kopheii R Ttuna C;

noayuaercsi, TakuM obpasom, npu sriGope B R’ BekTOpoB ==2¢;
(I<i<h) n e +g (1<<I<j<!). Uneao xopueit pasuo 272

(II) ocTpoum 6Gasuc B R, B3aB o6pa3 npu oToOpakeHUH
a""’(_a% Gasuca cHCTeMH, paccMmorpeHHol B n°5. [Moayuum

(11:81—82’ a2=eé_83, ceey Q=8 —§& al=281.
TloJ10KHUTENBHBIMH KOPHAMH ABJAIOTCA 28; Heg & (i < ])

(I11) Yucao Kokcrepa TO ke caMoe, 4TO M y IyaJpHOH
cucteMb: h=2[.

(IV) Mycte & =2¢ = 2a; + 205+ ... + 20, + a; — quHel-
Has KoMmMGOunauus, saBiasioniasca KopueM. CyMMa KooppuuaTr
9TOr0 KOpHS OTHOCHTe/bHO (@;) paBHa 2/ — 1 =h — 1. TlosToMy
4 — MakCcHMAaJbHBIA KopeHb. Vmeem (&|o;)=0 nmpu iz=1,
(@ |a;)=2. Ortcrona nonyvaeTcs NOIOJHEHHHH rpad JIsHKHHA:

oy oy Qg M1

(V) Cucrema RV, umemomas TUI B;, vke omnpegeJeHa.
Mo ¢opmyse (19) us § 1, n°12, u B coorsercTBHH ¢ n°5, (V)
KBagpaT IJHHB KODHS 2¢; OTHOcHTeJnHO D, paBeH

@+ D=2 (-2 "=+ D74

nostoMy @ (x, y) =(x|y)/4(l + D).
TToayuyaem y(R)=vy(RV)=(+ 1)(4 — 2).
(VI) Bes tpyna Haxonarcst GyHIaMeHTaJbHble Beca:

0= te+ ... +eg=
—a+20,+ .. (= Do +ilatan+ .o +gu)
<D
(VII) Cymmoii mOJIOKUTEbHHX KOpHell GyneT
20=2le,+ (2l — e, + ... + 4e,_, + 2¢,=
=% + 22 —Day+ ... +i@—14+Dey+ ... +
=D+ oo +510+ Do
(VIIT) B cooteerctBuH ¢ n°4 u n°3, (VIII) Q(R)==1L,,

P(R)= Ly; daktoprpymna P (R)/Q(R) usomopdua Z/2Z, a uagekc
CBSIBHOCTH paBeH 2
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(IX) u (X) Dte BompoCH OTHOCATCA TONbKO K W (R), mosTomMy
peayJbTaThl OYAyT TeMH e, YTO M AJfA THOa Bi.

(XI) Takoe xe paccyxjJeHHe, KaK B n°H, MOKasbBaeT, 4To
AR)=W(R) n wy=— 1.

(XII) EnuHCTBEHHLIM HeeJHHHYHBIM  3JIeMEHTOM . TPYMIH
P(RY)/Q(RY) 3amaeTcs OZHO3HAYHO ONPeJlesICHHKI HeTPUBHAJb-
HBEI} aBTOMODP(U3M NONOJHEHHOTO rpada J[bIHKMHA; 3TOT aBTO-
MopdH3M MepecTaB/ieT BePLIHHH, COOTBETCTBYIOLIHE KOPHAM @;
H a;-; TIpH 0<]<l.

7. Cucremor Tuna A; (1 >=1)
(I) u (II) Ilyerp V — rumepnaocKocTb B E=R"", onpene-
I+1
JgseMas ypaBHEHHEM > &, =0. 3amenas [ Ha {[4+1 B n°5,
i=l

noaydaeM cucremy R’ rtuna B,y B E, ponyckawomyio 6asuc
Q==& — &, @8 & co., Q== &y, Opyy =81,y

Tak Kak a,, ..., @; nopoxnaawoT V, 7o R=R'|V Gyner cucre-
Mol KopHeit B V ¢ 6asucom (o, ..., a;) (§ [, n°7, cnegcrBue 4
npensoxends 20). M3 mpoBefeHHblx B 1n1°5 BHYHCJICHHH CKa-
JADHBIX HPOU3BeNCHUH HEMOCPeACTBEHHO CJefyeT, UTO R uMeeT
Tan A, DaeMeHTaMH cHcTeMbl R 6yayT g —¢; (5], 1<{iK
<I+1, 1<j<I+1). Ux obmee uucro paBHo n=[(+ 1).
[Tos0kHTE€ALHEIMU KODHAMH OYAyT €&; —¢&;, Tae I < j.

(I11) Umeem h=%=l+ 1.

(IV) JluneftHad KOMOMHANUA & = & —&;,, =0 + dp + ... + @
siBiseTcd KopHeM. CyMMa KOODAMHAT OTHOCHTeNbHO (@;) paBHa
{=h — 1. TlosToMy & — MaKcuMaJbHUHH KOpeHb.

[Tpu [ =1 umeem @ =a,, orkyzna (d|a;)=2; rpatdom Kok-
crepa rpynnosl W,(R) 6yner

O—(—n_o

o,

[Tpu [ = 2 BLINOJNHEHb! cOOTHOWEHUs (& |o) =0 n1a 0 < i < [
u (@ley)=(d]|a)=1, TaK 4TO nonosuenHnM rpadom JIHHKHHA
6yner :

% @y &1 oy

(V) Oroxpectsus npocrpaHcTso V ¢ AyaJbHBIM K HEMY TNpH
20
HOMOIIH CK2J/IIDHONO NPOU3BEJEHHUA, HNOJYUHM aV——=W=a

AJd BCeX a & R, Tak uto RV =R,
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OrHocuTeabHo dopmbl Oy AMHHA KOPHeH paBHA A= 1)7"
(§ 1, n°12); crano 6uTh, Dp(x, y)=(x|y)/2(I + 1).

[onyuaeM y(R)==(/4 1) (§ 1, n°12, dopmyna (20)).

(VI) Tlyets (8:), <<, — CEMEACTBO (yHAAMEHTANBHBIX BECOB.

TTonoxum
141

®; = 21 tie;, rae & ;=R
’=

Bripakast T0T dakT, uro (&,]|ay)=35, 1 &, V, noxyuaem

1+1
by~ =1, Eij—E& ;41 =0 mpu j¥i Zl?éi,i——‘O,
j=

a 3TO HEIOCPEACTBEHHO IaeT

6)1281“}- .o +8i_l__—+{—1(8]+ . e +8[+1):
=l =it D+ 2m+ ...+ = Do)+
+i(l—i+ Do+ (0—Day+ ... +a)l
(VII) CymMa noJloKHTe/bHBIX KOpHed TakoBa:

Qo=le, +(—2)es+(—es+ ... —(-—2)e,— ey =
=l +2(0—Dag+ ... +i(l—i+ Do+ ... +lo.
(VIII) Beexem B E=R"" nogrpviny L, us n°4. Ilycrs
p — opToroHa/pHOe MNpoeKkTHpoBanue £ Ha V. B cooTBeTCTBHH
c npensoxenneM 28 § 1, n°10,

QR)Y=QRHINV=LyNV wu P(R)=p(P(R));

NpUHHMAsi BO BHHMaHHe TOT (akKT, uTO MOCJEAHHH (yHIaMeH-

TaJbHHIH Bec B R’ oproronaJiet kK V, noayyaeM P(R)=p(Q(R’))=

=p(Ly). Takum oGpasoM, P(R) ectb rpynna, MOpOKAeHHas
I+1

KODHSAIMH & — &; H BecoM p(g) =g, — (I + 7' e, Tl
i=]

1+1
P(R)=Q(R)+ Z(Sx —(+ 17 Z} 8:)-

Ho /41 aBaserTca HauMeHbIIMM HEJAWM uHuCIoM m > 0, Aas

kotoporo mp(e;) = Q(R). Ilostomy ¢axroprpynna P(R)/Q(R)

usoMopthua Z/(I 4 1)Z, a uumexc cBsisHocTH paBeH [ - 1.

(IX) u (X) Iast BcsiKoro aBromophusMa g runepr.iockocta V
0603HaynM yepe3 ¢ (g) aBToMopdU3M mpocTpaHcTea E, KOTOPLIA
NPOAOJIKAET g W OCTaBJsIeT HHBADHAHTHBIM & —+ 8+ ... + &
Ecau B3ATh B KauecTBe ¢ OPTOroHAJbHOE OTpaxKeHHe SEL.-E,]V,

To @(g) OyldeT paBHO Se;~¢; H, CJELOBATEJbHO, GydeT mepe-
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CTaBJATb €; H €;, OCTABJAs HENOJBHXHLIMH &, C HHIeKCaMH &,
otauuHsiMu ot [ # j. Ilycts

X={e;, &, ...y &40}

Torpa oro6paxenue g—> @(g)|X Gyrer usomophu3MoM rpynusr
W (R) na cuMmmerpuueckywo rpynny MHoxectBa X. Takum oGpa-
3oM, W (R) m3oMopdpHa caMMeTpHUecKoi rpynmne &, H, €TA.I0
6niTh, uMeer mopdanok (I - 1)

CumMerpuueckas anare6pa S(E) KaHOHHUECKH OTOXAECT-
BJAETCA ¢ aarelpoit moanHOMuaAbHBIX GYHKIHE P (Eq, &y vvey E141)
Ha E. ITlyete G=¢ (W (R)). M3 ckasaHHOro Beille cJenpyeT,
uyto MHOXKecTBO S (E)Y uHBapHaHTHBEIX OTHOCHTeabHO G 3Je-
MeHTOB B S (E) aBJfeTCA MHOMXECTBOM CHMMETDHUYECKHX MHOTLO-
usneHoB (Aze., ra. V, npusoxenue I) H, cregoBaTteanHo (ram xe),
S (E)? ecTp aare6pa, NOpoXKAeHHAs (YHKIHAMU

= X Erieq) o0 Eey (UIIAD).

TEE4

N

Aare6pa S(V) oroxaecrBisieTcst ¢ aareGpol cyxeHui Ha V
noauHomuaabHbix GyHKuuHE Ha E. Cyxenune dynkuun P = S (E)¢
Ha V, oueBMJHO, HHBapuaHTHO oTHocuTeabHO W (R). O6parHo,
ecit QeSV)Y®, 1o cymecrsyer ¢yuxnus P S(E), mpo-
no/kawomas Q; 3ameHss P ¢yakuumer (( 4+ ny! ZGg(P)

ges

¢ TeM e cyxeHueM Ha V, 4to u y P, MB BHIHM, YTO MOXKHO

npeanoaarate P S (E)°. TakuMm o6pa3oM, S(V)Y® nopox-

naercs ¢yukuuamu s;=s;|V. Ho s,=0. Cpepx Toro cremens

TpaHCHEeHAeHTHOCTH HajA R moJssa oTHoweHH# aare6pwl Sy)Vw
paBua [. Craao 6biTh, §; (2<{i<{/- 1) aare6GpadyecKn He3a-

BHCHMB, a MOCKOJIBKY HX CTeNeHH cyThb 2, 3, ..., [+ 1, moka-
sateasmu rpynnst W (R) 6ynyt
1, 2,3, ..., 1L

(X1) TTpu I=1 umeem A(R)=W(R)=Z/2Z n wy=—1.
Tlpu [ =2 o6o3Hauum uepe3 & aBToMopduaM u3 A(R), KoTophiit
IepeBOAHT @; B 0y, ;. SIcHO, uTO aBTOMODP®HU3M rpada I bHKUHE,
HHAYIUPOBAHHEIA &, sABJfeTCHd eJAMHCTBEHHbIM HeTPHBHAJbHBIM
aBTroMopduaMom storo rpada. Tpynna A(R)/W (R) nsomopdHa
Z/2Z. Tak kak —1 ecTp saemenr rpynnsl A(R), KoTopHIi
B cootBerctBiu ¢ (IX) u (X) He nmpunapaexut W (R), To Mu
BHAHM, urTo rpynna A(R) usoMopdHa npsaMOMYy TIpOH3BELEHHIO
W (R) X Z/2Z. TloayuaeM wy= —-e.

(XII) I'pynna P (RV)/Q(RVY), Oyayun HMKJHUECKOH MNOPAIKA
{4+ 1, pmeficrByer Ha nomnojHeHHOM rpade JIbIHKHHA LHKJHUE-

9 3axk. 6l. H. BypGaxu
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CKUMH NepecTaHoBKaMmu. [1pu [ 2= 2 eAHHCTBEHHBIH HeeLHMHHYHbIH
aanement rpynnsl A(R)/W (R) neiicteyer Ha P(RV)YQ(RV) kax
aBTOMOPQUIM X —> — X.

8. Cucremot Tuna D, (1 > 3)

(I) Pacemorpum B V =R’ rpynny L, (n°4). MuoxkecTso
Tex o & Ly, A KOTOpHIX (@]a)==2, COCTOHT H3 BEKTOPOB
e xeg (1Ti<j<l). ScHo, yto R mnopoxpaer V u uto

2(a|f)/(a|a) = Z, kakoBbl Obl HH Obun a, B e R. ITostomy R
ABJadeTcd TNpHBeNeHHOH cucTeMolt Kopuedl B V (m°4). Yucao
KopHel n=2[(l — 1).

(IT) Ioaoxum

A =€ — &y, Ao==8 — 83, .o, Oy =—8& 1 — &, al=31_1+31.
HeMenJseHHO OPpHXOAHM K (pOpMyJIaM
gg—egr=otot ...t (<)),

gteg=a; 4o+ ... Faj g+ 20+ 2054 4 .

-t 20t oy (l<] [—=2),-
gitey=oto,+ ... 4o E<I=—1),
gte=utay,y+ ... oyt (<I-—1),

g+ e =aqy

KOTOpble noxKasbBaloT, 4To (e, ..., @;) €CTb 6a3HC CHCTEMB R

(§ 1, n°7, caencTBue 3 MpeAI0KEHHT 20) Kpowme Toro || a; |P=2

apu Beex i;(a;|a;)=0 npu {4 1 <j, 3a HCKJIIOUEHHEM cCJay-

yag z——l——2]-—l koraa (a;—ola)=—1; (o;|a;4;)=—1 npu

{ <! —2 u, uakonel, (o, [a;)=0; rpad [JHHKHHA CHCTEMH R

HMeeT, caefoBatesbHO, THOD D;. [los0XKuTeNbHBIMH KOpPHAMH

Oyayt e; +¢g; pasa i < j.

(I11) Hmeem h=7”=2(z —1).

(IV) Jluneitnas koMOMHauus & =g, -} ;= a, + 20, + .
-+ 20,9+ oy + 0, ABaAETCS KOpPHEM. Cymma KoomeHaT
OTHOCHTeJTbHO (a;) paBHa

20 —3=h—1.

Crajo GuITh, & — MAKCHMAJbHBI KOpeHb.
Ilpn [ =23 umeem

(@la)=0, (a|lay)=(a
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Tpu [ =4 umeem (d|a;)=0 nasa i5=2 u (d|ay) =1, Tak 4ToO
nomoJ/iteHHHIM rpadoM JIptHKHHA Oyner

[ -
1 e «y-1
[-2] Oq O3 Oy

- oy

(V) Tak kdk (a]a)=2 jg1q Bcex a=R, 10 RV =R. Hdauna
o -l —
KOpHell no ortHoweHnuio k @, paBHa A b= (20 — 2)7", IToay-
yaeM OTCi0/a

D, Yy=(x|P/4 —4) n y(R)=4(—1)

(VI) BuiyucaeHus;, ana orHuHble NMPOBEJEHHBIM B n°7, gamoT
(yH1aMeHTaJdbHBIE Beca:

Q=g+t ... +g= .
=a+ 20+ ... +E—Daj~, +
+ i(o; 4 e + - +‘11—-2+ i (g + o)
mpu i<l —1;
CT)1—12%(“314"32'{' +31—2+31—1—'31)=

— (a2t =2, gl + 5 (=2 a);
Sr=gletet oo Aoyt )=
=5 (m+20+ ... =D+ Do+ 5la).

(VII) Cymma nosoXHTeJAbHBIX KOpHell paBHA
20=2(—Der+2(0 =2+ ... +2¢,=

1—2
. ({41 I(1—1
=22(zl—l(l2+ ))ai—}— (2 )(a,_l-i-a,).
i=1

(VIII) Kopau +e; £¢; mopoxaaior L; (n°4), mosromy
Q(R)=L;. 3uauur, Q(RY)=1L, u, crefosatejpHo, P(R)= L,
(n°4). CoraacHo n° 4, rpynna P(R)/Q(R) usomop¢Ha rpynne Z/4Z
npu HeueTHoM [ u rpynne (Z/2Z) X (Z/2Z) npu yetnoM [. B mep-
Bom caydae P(R)/Q(R) HOpoxjeHa KAaHOHHUECKHM o0O6pa3oMm
Beca @; (a Takke oOpasoM Beca ®;_j). Bo BTOpoM cayuae
P(R)/Q(R) HOPOKAEHA KaHOHHUECKHMH o6Gpa3aMu BeCOB ®)_
H @;. B o6oux cayuasix HHAEKC CBA3HOCTH paBeH 4.

(IX) u (X) OproronambHoe oTpakkeHHe Sp—e, (i7=]) B R’

nepecrtaBasieT MeCTaMH €; H €; W 0oCTaBJ/sieT HHBAPHAHTHLIMH €

9*
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¢ WHAeKcaMu k, OTMHYHBIMH 0T i u j. OTpaxeHus Se;—e, TIO-

pox{,ualo'r rpynny G,, 130MopdHYI0 CHMMeTpHYecKoi rpynne &,.
C npyroii CTOPOHBI, S$ij== Se,—e Se,+e; MEPEBONHT & B —¢;, g

B —e; 1 OCTaBJIfeT HHBAPHAHTHLIMHU &, C HHAEKCAMHA R, OTJIHMYHHI-
MH OT i 1 j. DJeMeHTH §;; HopoxpaawT rpynny G, — MHOXKECTBO

aBTOMOp()H3MOB # BEKTODHOTO INPOCTPAHCTBA R!, nus xoTOpHX
L
ue)=(—1"e ¢ H (—1)'"=1. Tpymna G, wusomopdHa

(Z/22)""" u HopMaapia B W (R), Tak uyro rpynna W (R) uso-
MOpGhHA MONYNPAMOMY HpOHSBelIeHHIO ©, na (Z/2Z)l"l. Ee no-
PAAOK, cjaeloBaTes]bHO, paBeH 9=t 1.

[MoavHoMuanbHbe QYHKUMY f; W3 Nn°5 HHBAPHAHTHH OTHO-
cuteqabHo W (R), Tak Xe Kak H Q)yHKuHﬂ t=E& ... &; KpoMe

toro, t,=1¢. TIlycrs, nanee, P(E, ..., &) — MONMHOMHAMbHAS
(yHKuus, WHBapHaHTHas oTHocuTedsHo W (R). Tycts E1E)? ...

e 'é‘l’l—onmumﬁ B P oxHounen, N KOTOPOro v; He4yeTHO;
TOrja v; HEYeTHO NP Bcex j, IOTOMY 4To B §;; (P) BXOmuT
oxuounern (—1)"7Vighsls .. g, otkyma v, +v,=0 (mod?2),
i v;=1 (mod2). Crano 6wts, P=P,+tP,, rae Bce OnHO-
yjieHsl, BxoAsuve B P u P,, 06s1anatoT TOJBKO YETHEIMH NMOKa-
sateasaMyu. Tak Kak P uaBapHaHTeH OTHOCHTEJNBHO MHePeCcTAHOBOK
nepeMeHHHX £;, To P, u P, 00safaloT TeM Xe CBOHCTBOM H,
3HAYUT, 3aNUCHBAalOTCH B BHIe MHOrOusIeHOB OT &y, Ly, ..., ;.

W
Tem caMbiM JOKa3aHo, uTo aare6pa S(R?) (R) AOpoxkjaeHa (QyHK-
uusimMu fy, &, ..., t,—;, L. Kpome TOro, cremeHn TpaHCUEHJIEHT-

HOCTH TMOJS OTHOLUEHHH asre6pol S(R’)W(R) ectp I, Tak 4To
t, ty ..., t;_, t anre6panyeckn He3aBHCHMHI. an/IXOJlHM K 3a-
KJIOUEHUI0, YTO MOCJEOBATEJNbHOCTBIO MOKaszaTesell, Haxeka-
UM o6pas3oM yHOpPsil04eHHOH, OynAeT

1, 3,5,...,20—5,2/-3, I —1.

3ameTuM, uTo [ — 1 mosBnsieTcs 3Heck ABaXKAM, Korpa [ ueTHO,
¥ OIWH Pa3, Korga [ HeueTHO,

(XI) ABtoMopduaMbl rpada JleiHKuHA OymyT aBTOMOpGHU3-
MaMH NOJuUHHeHHOro eMy rpada. Ilostomy

1) Ecin [=3, 1o rpynna A(R)/W/(R) nsoMoppua Z/2Z.

2) Ecan [ =4, To BcAKasi nepecTaHOBKA KOHIEBBIX BepIINH
onpejessieT HeKOTophlii aBToMopdu3M rpada, Tak YTo rpynna
A(R)/W (R) usoMoppna G;.

3) Ecau [ =5, T0 nenu, BLIXOASIIINE U3 TOYKH BETBJEHHS Gy,
6ynyT uMeTs Aaubu 1, 1 1 [ —32>2. CnexoBaTeJsbHO, eQHH-
CTBEHHBIH aBTOMOPGH3M Tpada, OTIHYHHHA OT TOXKAECTBEHHOTO,
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cooTBeTCTBYeT aBTOMOpH3MY & & A(R), KOTOpHIH mepecTaBiser
;- H Gy, OCTaBJsAsl HeNOABMKHBIMH a; 0pu 1 i<l — 2. CraJuo
65iTh, rpymna A(R)/W (R) nsomopdua Z/2Z; 6onee TOrO, Ipylna
A(R) sBasieTcs MOJynpSIMHM NpoH3BeneHueMm rpymnn G, =S,
onpeneyentoit B (IX), Ha rpynny @, cocTosulylo H3 aBTOMOD-
($HH3MOB ¢ NIPOCTPAHCTBA R’, Takux, urto u(e;) = + &, Ipu Bcex L.

Ecau [ vetno, To — 1 =W (R), otkyaa wy= — 1. Eciu xe
I meuetHo, 10 — 1 & W (R), otkyna A(Ry=W (R) X {l, —1} u
Wo=——E&.

(XII) TIpn uetuoMm [ B P(RV)/Q(RV) vMeercsi TpPH 3J€MEHTa
nopsinka 2: @, @—; ¥ @;. IIOCKOJIBKY ®; (COOTB. @;—;) Mepe-
CTaBJsIeT BEPIINHE], OTBedalOIIHE KOPHAM Gy ¥ o; (COOTB. @),
OH NepecTaBJfeT BEPUIHHH, OTBeyalollMe KOPHAM & H O,
{coOTB. @;), a TaKKe BepINHHHl, OTBedaloliHe KODHAM o; H

Oy AJs
2<i<I—2.

TTonyuaeM @, = o;®;..,.

[Tpn HeueTHOM [ B P(RV)/Q(RV) HMeeTCSl Ba IeMeHTa ®;_,
¥ o; NOPAAKAa 4 H OAMH 3JIeMeHT MopsifKa 2, a HMEHHO ).
B camoM gefne, ®, MeHseT MeCTaMH ReDIIMHEl, OTBeYAlONHe
KODHSIM @y H ¢, HO9TOMY OH OCTaBJsieT HENMOABHXXHHIMH Bep-
IIMHLl, OTBeYalmue KOpHAM o; i 2<Lj</ —2, u Heobxo-
JAUMEIM 0GpasoM uMeeT nopsinok 2. CienoBaTenbHO, @; HMeeT
MOPANOK 4 W NepeBONHT BepIIMHY, OTBEUYAINYI0 KOPHIO o
{cooTs. a;, a;, 0;—;), B BepUIHHY, OTBEYaIOUIyI0 KOPHIO o; (COOTB.
ay, 0;_|, 0), 2 BEePLIHHH, OTBevalli¥e KOPHAM G; H G;—; AJ
2<j<<I—2, mensier MecTaMu. [Toayvaem o, = ! H o,_, = o},

[Mpu ! =4 ueenunnunnifi 3eMent rpynnu A(R)/W (R) me-
HsieT MeCcTaMH BepIUHHEI, OTBeYaloliHe KODHAM O;_; H o H,
CJ1eJIOBATENbHO, INepecTaBjJseT 3JeMeHTH @;—; ¥ ©; TPYNNs
P(RV)/Q(RV). Ilpu HeueTHOM [ moJsyuaplHiicd TaKHM 06pa3oM
asromopduam rpynnsl P(RV)/Q(RV) coBmamaer ¢ orobGpaxe-
HHEM X+ — X,

Npu =4 rpynna A(R)/W (R) oToxAeCTBJIsAeTCA ¢ I'Pynnof
mepecTaHOBOK MHoxecTBa {l, 2, 3} u nmeficTByeT mepecTaHOBKOH
HHIEKCOB Ha {0, 0y, ).

9. Cucrema runa F,
(I) Paccmotpum B R* rpymny L, (n°4). Ilycrs R — MHOXe-

CTBO TeX & L, n1s KoTopux (a|a)=1 wniu (a|a)=2; oHo
COJlePIKHT BEKTOPH

. 1
*e, xegkeg (<)), g(ieliszie3¢a4).
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OGpatho, ecan o & R, TO KOOpJAHHATHl BeKTOpPa o OPHHHMAIOT

332
5. *1 (HOTOMy q9T0 (3) >2); 9TH
KOOPAHHATH OyRYT JUOO Bce WedbIMiH, YTO MPHBOJHT K BEKTO-

JHIIL 3HaueHHs 0, *

pamM =eg;, ==¢€;*+¢g; Ju00 Bce paBHbIMH == YTO NPUBOAUT

_2— 3
K BeKTopaM %(i & k&, &yt g,).
Tokaxem, uro 2(a(B)/(o|a)=Z nast mwobux o, p= R. Ecau

1
a=cte w5 (Ee*tetee), 10 (@la)=1, a B n°4 mu

BHAEJH, UTO (alﬁ)e%l, HOCKOJIBKY @, P L,. Ecin xe o=

=g +e, To (ala)=2, W ONATL-TAaKH Ha OCHOBaHHM n°4
MBbl sakmcuaeM, uto (alf)=Z, nockoapky a<L, u =L,
CraJgo GbiTh, R sBJseTcs npHUBeleHHOH cucTeMOH kopHeir B R?

(n°®4). Yucsno xopHelt n =8 + ( ; \) 4 4- 24 =48,
(II) CHabnum R* sexcukorpaHuecKHM IOPSILKOM, olpeje-

JIEHHBIM TIPH TIOMOHIH Gasuca (g, &, €3, &) (§ 1, n°7). B uwacr-
HOCTH, & >> &, > &; > &4 1l0/I0XKUTEIBHBIMH KOPHSIMH GYVIYyT

s . 1
g, &xeg ([(<j), ‘2—(81i82i83i84).

HauMeHbIUM sBJseTCS KOpeHb a;=¢,. CpeAy NOJIOXKHTEAbHbIX
KOpHeH, comep:amuxces B Re; 4 Re,, HO He B Re;, HaUMeHbIIHM
OVEeT ay=g¢;—&,. Cpelu TMOJIOXKHTEIbHBIX KOpPHel, COfepxka-
muxcst B Re,+ Re;+ Rey,, Ho He B Re;+ Rey, HauMeHbuium
Oyner o, =g, —e&3. HakoHen, cpenu MNO/IOXKHUTEJbHHX KOpHeH,
He copepxkamuxcsi B Re, 4 Re;+ Re,, Haumenbuium Ovier

1 .
oz4=—2--(3I —e&,—e3—g,). HuU OOHH U3 a; He sBJAeTCA CyMMOR

IBYX IOJIOKHTeIbHBIX KOPHeH. Ilostomy (a;, @, a; @,) €cThb
6asuc cucreMol R (§ 1, n°6, caencrsue 1 npemaoxenus 19).
UmeeM | o, [P==| ay [P==2, || a; [P={ a, IP=1, (a, |ay)=(0y |a)=—1,

1
(a3 loy) = — o (o lag) = (a; [ay) = (0, [0)) = 0. Mbi BHIHM, 4TO

cHcTeMa R coorBeTcTByeT rpady J[imHKHHA THmHa F, H, craJjo
ObITh, SIBJSETCH HENPHBORHMOH.

(I1I) MiMeeT MeCTO paB2HCTBO h=%= 12.

(IV) Ilyets d=¢, + & =20, 4 30, + 403 + 20,. Cymma xo-
OpAHMHAT BekTOpa @ OTHOCUTeabHO {a;) paBHa ll=h—1, mo-

3TOMY @& — 3AakcHMadbislfl Kopedb. Tax Kak (G |a)) =1, (¢ |ay)=
={@ |o;) =@ | a,) == N, To NonosaHeHHBIM rp1 hoM JIpiHKHHA OyJeT
(o S & me e ¢ oY

G1 az O3 G4
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20
(V) Kak BuaHo u3 dopmyJnl av=ma—),
¢ MHOXKECTBOM BeKTOPOB = 2g8;, =g, +tg; g +& *g s,
Ipadp JlmimkuHa cHcreMbl RY nosaydvaeTes u3 rpada JlniHKuEA
CHCTEMH cMoco60OM, ONMCAHHHYM B N°2, 1 HeNoCcPeiCTBEHHO
BHAHO, uTo RY uMeer TN F,.
KopusimMu, He opTorona pHHMH K B==g;, OyayT +e&, g *¢g;

(=2 n %(ieliezie3is4); uncao n(a, B)=2(a|f) pasuo

+ 2 nna nepsnix 14 3tux KopHedA m =+ 1 aaa 16 ocTagbHBbIX;
3HAUHT, KBajapaT MAJHHH KOpHA B oTHocuTeqapHo @D, pasen

4(14-4+416-1)"'=—¢ u nosromy

Op (x, y)=(x] y)/18.
Ilpumensss teneps ¢opmyay (18) uz § 1, n° 12, ¢ x=y =4,
noJyyaeM

RY cosnagmaer

2124+ 16 —y(R).
OTKyZa
v(R)=2.3%

(VI) Broiuncsienne dyHaaMeHTaJbHBIX BECOB 374€Chb JAaeT
@, =g, + &, ==2a, + 30y + 403 + 20,=2aq,
©, =2¢, + &, + &3=3a, + 60, + 8a; + 4a,,
03 = % (3e; + &5 + &3 + ;) = 20, + 40, + 603 + 30y,
By ==g; =0, + 20, 1 a3 + 20,.
(VII) Cymma mosoxHTeNbHHX KODHEH paBHA
20 = 11g; 4 Be, + 3e; + e, = 160, + 300, + 42a; 4 22¢,.

(VIII) CnpaBeanuso pasenctBo Q(R)=1L, (n° 4), n, co-
raacHo (VI), P(R)=Q(R). IlosToMy HHAEKC CBS3HOCTH paBeH 1.

(IX) CemeiicTBo noKasareJiefi COCTOUT U3 4 UJIeHOB, a NOCKOJIBKY
h=12, ueawe uucaa 1, 5, 7, 11, B3aumHo npocreie ¢ 12, mos-
XKHB BXoAuTb B 3to ceMmeficteo (§ 1, n° 11, npexnoxenue 30);
MMM HCHUEDMBIBAIOTCA, CJAENOBATENBHO, BCE NMOKA3aTeNd FPYIIH
WV (R).
(X) n (XI) Eanncreennsim aBToMopduaMoM rpada JuiHKHHA
IBJISIETCS TOXKIECTBEHHOe OTOSpakenue, nosromy A(R)=W (R)
Hu wo=— l. Ilyers R’ — MHOXecTBO 2/7eMeHTOB B R Haun6oJb-
meft IJHHBL, T. €. *g; + &;; R’ ecTh cucrema KopHeii THna D,,

noctpoeHHass B n° 8. Bceskuil ssaement rpynnum A(R) 6yger,
oueBuIHO, 3]eMeHToM rpynnsl A (R’). O6partHo, sneMeHT u3 A(R’)
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OCTaBJsIET YCTOUYMBHIM MOAYJb L, (KOTOPHIH mopoxjpaercss cH-
creMoil R’), a Take acCOUMHPOBAHHBIH C HMM MOAYJb L, H,
caenoBaresbro, R. Iloayuaem orciona W(R)=A(R)=A(R").
Tloaromy, coraacuo n° 8, W(R) sBJisieTcss NOJYNPAMHM HPOU3-
BenenveM ©; u W (R’), a W (R’) B cBOl0 Ouepe/ib SIBJASETCS HO.Ty-
npsMuM npoussenienuem &, u (Z/2Z)%. Tlopsajok rpynmm W (R)
paBen 314123 =27. 32

10. Cucrema runa Eg

(I) Pacemorpum B R® rpymny L; (n° 4), Ilyctb R — MHOXKe-
CTBO TeX @& Lj, 1/ KoTOpHIX (@f@)=2; OHO CONEPKHUT BeK-
TOPHI

8 8 .
+e g (<)), -;—2 (— 1), (cyMMa Ev(i) — YyeTHas! | .

i=1 /

i=l

O6patno, ecau (aje)=2 nas KaKOro-to sjeMeHTa ¢ & L;, TO

1
ero KOOpIMHAThl MOryT INpHHHMATL JIHIIb 3HAUCHUA 0, i-Q—,

+1; cornacuo n° 4, 3TH KoOopAMHATH OYyAyT JHGO BCe LEJBIMH,*

1
UTO HNPHBOAMUT K BEKTOpaM = g; ie,-, aubo Bce PaBHBIMH == 3

H C YeTHOH CyMMOH, UTO NPHUBOJHT K BEKTOpPaM

8
%2 (—l)vmsi

i==1

8
¢ ueTHolt cymmoit 2 v (i).
, i—1
Mu Bujenu (n° 4), uro (a|lf)=7Z, xakossl 6 HU OblIH
a, p= L;. TlosTomy R aBasieTcss npHUBeleHHOH CHCTEMOH KOp-
o o 8
nell. Uncao Kopueh n=(2).4+27=240.

(ID) Ilycers p—ssextop (0, 1, 2, 3, 4, 5, 6, 23) u3 L;. Hu
OAHH 3/7eMEeHT B R He OPTOTOHAJEH K p (3TO SCHO 1Js g;+e;;

1 8
ecsid OBl BEKTOp -2—2(—1)”(” g; GbI1 OPTOTOHAJIEH K P, TO HUMCJO
i=1

6
661 Mecto pasenctBo X i(—1)V¢TY 41 23(—1)"® =0, uro wHe-
i=1

6
BO3MOIKHO, IOCKOJILKY 2i<23). Snauur (§ 1, n° 7, caen-

i=l

cTBYe 2 npemnoxkenns 20), BeKTopb a & R, Anaa KoTopsix (a]p) > 0,
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GyAyT IOJIOKHUTEJBHBIMH KODHSIMH OTHOCHTEJLHO HEKOTOpPOH
kaMepsl. K 3THM KopusMm oTHocsTeA *¢;+¢; (i <)) n

7
- 3 (35 + ¥ (=1 ei)

i=]
7
¢ uetHoit cymmoii X v(i). Umeem (alp)=Z nas Bcex ae R
i=]

(n° 4), npuyem (alp) paBHO | nas caexyloOmWUX KopHed:
a =‘12‘(31 +38)_‘;‘(82+33+34+35+85+ €7),
Gy=¢ 1 &, =88, O =g 8, =g —'33-‘
As==85— 8y, U=8 —8&, U3g=8 —&;

¥ 5TH BoceMb KopHeli oGpasyior Gasuc B R, B coorsercTBum

¢ caencreueM 1 mpemsioxenus 19 § 1, n° 6, (a;, a, ..., o) —

6asuc cucteMbl R, IS KOTOPOro IOJIOXKHTEJbHHIMH KOPHAMH
6VAyT Kak pa3 ONpe[eJiCHHhE BHIIE KOpHH. Tak Kax

(o, ias) = (as] ag) = (a5} ;) = (07| ag) = (a, | o) =
= (o, ag) = (a3] o)) = — 1
# (a;la;)==0 n1a APYrHX map HMHIAEKCOB, To rpad J[lbIHKuHA

cucreMst R mmeer Tun E;, a cucrema R sBAsieTcss HeNPHBOIM-
Moii.

(L) Mimeem h= 4= 30.

(IV) Jluneiinaa xomOMHALHAA
& =g, + g5 =2a, + 3a, + 4a; -+ 60, + Sa; + 4a, + 3a, + 2q,
aBasietcd KopHeM. CyMMa KOOpPJAHHAT OTHocUTeanHO (4;) paBHa

29=h —1, Tak 4TO & ecTb MaKCHMaJbHEIM KOopeHn. OH oprO-

ToHaJeH KO BCeM ;, 33 HCKJIOYEHHeM ag, HmpHueM (&|ag)=1.
OTcloa 3aK/ji09aeM, 4To MONOJHEHHLM rpatdom binkuHa GyneT

O O e OO O——0

* o3 Gy Gy 3 &7 oy

&2

(V) Tax xaxk (a|a)=2 nasa Bcex a =R, 10 RV =R.
o 1
Ilo ornomenHio k D KBajgpaT AJHHBI KOpHeH paBeH Tl

(§ 1, n° 12). Hostomy @Dp(x, y)=(x|y)/60 u y(R)=900 (§ 1,
n° 12, ¢opmyaa (20)).
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(VI) Briuucienne QyHZaMeHTaJ bHLIX BECOB JHdeT
o, == 2e5 = 4a;, + 5a, + 703 + 100, 4 8a; 4 6az + 4o, + 2a,,
By =5 (&) 4 & + & + & + & + & -+ & +- Beg) =

=5a, + 8a, + 10¢; + 150, 4 120, 4 9a; -+ 6@, + 3as,
6);=—flz—(—e, + et et e, e de5 8,4 Teg) =

=T7a, 4+ 100y, + 140; 4 20a, + 160, 4 12a; 4 8a; 4 4a,,
&, =63+ & + e+ & + & + Seg=
=100, + 15a, + 20a, + 30a, + 24a; + 18a; + 12a, + 60,
®; =g, + & + &5+ &, + deg =
= 8a;, 4 120, + 16a; 4 240, 4 20a; + 150; 4 10, + Sag,
B =¢5 + &5+ &+ 3eg =
= 6a; 4+ 9a, + 12a; + 18a, + 1505+ 12a; + 8a, + 4o,
O, =¢es+ e, + 2e5=
4a, 4 60, 4 8a; + 12a, + 10a; + 8a; + 6a; + 3ag,
®;=¢, g =
=20, + 30, + 4a; + 6a, + da; + 405 + 30, + 205 =a.
(VII) IMorycyMMa NMOJIOKHTE/IbHBIX KOPHell COBNajpaer ¢ CyM-
Moit (pyHAameHTaJsbHHX BecoB (§ I, n°® 10, npemyoxenue 29) n,
C/JIeIOBATEJIBHO, PaBHA
p =¢€, + 23+ 3e, + 4es + Ses + be; + 23e5 =
=46a, + 68a, + 91a; + 1350, + 11005 + 8405 + 57a; + 29as.

(VIII) Tpynna Q(R) mopoxkiaeTcsi KOPHAMH €; * €; U —;—}: g
i=|

u cosnagaer ¢ Lz (n° 4). Hoatomy rpynma P(R), KoTopas ac-
counnposana ¢ Q(RV)=Q(R)=L,; Ttoxe ectp L; (n° 4). Hu-
JeKC CBA3HOCTH paBeH |

(IX) CemeiictBo mnokasaTesnell COCTOHT H3 BOCLMH UJEHOB,
a NockoawbKy k=30, uneawe uwucaa 1, 7, 11, 13, 17, 19, 23, 29,
B3aHMHO mpocThie ¢ 30, JOJI)KHBEI BXOAHTL B 3TO ceMelicTBO; 3TO
Oyner, cJaenoBaTesbHO, IOJHAH COBOKYIHOCTH MoKa3aTeqel
rpynnn W (R).

(X) M3 (IX) u u3 ciemncrBusa 1 npepnossenus o ria. V, § 6,
n° 2, BLIBOAMM, uTO NMOpsanok rpynme W (R) paseH

2.8.12.14.18.20.24.30 = 2" .3".5°. 7.
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(X1) EnuHcTBeHHBIM aBTOMOp(GHM3MOM rpaha JIbHKHHA
SR.ISETCA TOXKAECTBEHHHH, TOCKOJBLKY TPH LENH, HCXOAALINE H3
TOYKH BETBJIEHHS, HMeIOT pasjHuHnle TjuHbl. Ctamao 6bith, A(R)=
=W(R) u W= — 1.

11. Cucrema Tuna E;

(1) u (II) ITycts £E=R3, u nycte Rz — cucreMa KopHed B E,
noctpoentas B n° 10. Ilycts V — runepnnockocts B E, mopox-
neHHas KOPHAMH @, ..., 0, CHCTeMbl R; OHa OpPTOrOHaJbHa
K BOCbMOMy ¢yHIaMeHTalbHOMY Becv o ==&, g; CHCTeMhl Ry,

[Iyete R=RyNV. Torna R Oyxer npuBeleHHON CcHcTeMOH
KopHeH ¢ Gasucom (o, ..., @;) (cM. cneactBue 4 mnpemaoxe-
Hua 20 § 1, n® 7); 3Hauur, 3Ta cucrema uMeer Tun FE, Ee
37eMeHTaMH SIBASIOTCA

+eg; + g (l i < j<6), =+ (&, — &),
6
=+ ; ( — &g + S‘( l)v(‘)s,-) ¢ HeueTHo# CyMMofi Ev(i).
t——l i=|
Uncno KopHed n=2 4 (S ) 4+ 926=126. T10JOXHTEJILHBIMH
KOPHSIMH SIBJISTIOTCS

e +e (1<<i<j<H), —&;+ &,

6 6
1
—2—(—~ e, + eg + E(— v ) C HeYeTHOHN CyMMOW S‘v(t

i==] / 1——1
(I11) Umeem h=-"-=18.

(IV) Jlute#inas KoMGUHanHus & == ey — &, = 20, + 20, + 303 +
-+ 4a, 4 305+ 205 + o, aBAETCH KOpHEM. CyMMa KOOpAHHAT
OTHOCHTENBHO (o) paBHa 17=h—1, Tak 4To & eCTb MakKcH-
MaJbHbI KopeHb, OH opToroHaJed K a; npu 2<Ki<C7, a (&|o))=1,
NO3TOMY TONOJHEHHBIM rpadoM JIbIHKHMHA 6yIIeT

o OO~ o)
Gy o3 oy Cg &g &7

Op

(V) Tak xak (aja)=2 assg Bcex a = R, To0 RY=R.
[To ornowennio k D KBanmpat AnHHB KOpHe#l pasen 1/18,

NO3TOMY
@p (x, y) =(x[y)/36 n y(R)=22.3¢
(§ 1, n° 12 ¢popmyaa (20)).
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(VI) Briuucsnenue ¢GbyHIaMeHTAJbHBHIX BEeCOB JLaeT
6)1 =88—87=201 + 2(12+ 3a3+4a4+305+206+a7=d,

_ 1
")2=_2-(81 +82+83+84+85+86_287+283)=
=% (40 + 7a, 4 8a; + 120, + 9a; + 8a; -+ 3a;),

- 1
(03='§(_81+82+83+84+85+86—367+388)=
== 3a; + 4a, + 6a; + 8a, + 6a; + 405 + 20,
O,=¢e+e,+e+e+2(e—e)=
=4a[ +6a2+803+ 12(14+9(15+6(15+ 307,

B; =28, ¢ +86+—Z‘(88—87)=

= 5 (6a, + 90, -+ 120, + 18a, + 1505 + 100, + 5a),

Og=¢+¢e—¢e,+ &=
— 20, + 30, + 4a; + 6, + 50; + 45 +- 2a;,

- 1
m7=86+3(“58"‘87)=

1
= 5 (20, + 30, + 405 + 60, + 5a; + 4a; + 3a,).
7
(VII) Cymma 2p noJioXHTeJbHBIX KOpHell paBHa 225, (§ 1,
i=l
n°® 10, npensoxenue 29), oTKkyna
20 = 2¢, -} 4¢; + 6¢e, + 8¢5 | 10e5 — 17e; 4 17e,=
= 340, + 49a, + 66a; + 96a, + 7505 + 5204 + 270;.
(VIII) Coraacuo n° 10, (VIII) u npenJoxenuto 28 § 1, n°'10,
QR)=QRe)NV =LsNV u P(R)=p(P(Rg))=p(Ly),
rae p o6Go3HauaeT OPTOrOHAJbHOE NpoOeKTHpoBanue £ Ha V.
Fpynna Q(R) o6aagaer 6Gasucom (a;, ..., @;); rpynna P(R)
nopoxiaercs rpynnofi Q(R) u sjeMeHTOM
1
p(“8)=(18_'§“)-

HmeeM o < P(Ry), —;—m & P(Rg), mnostomy 2p(as) = Q(R),
a p(oeg)ee Q(R). TMoayuaeM, TakuM oGpasoM, UYTO rpynna
P(R)/Q(R) nzomop¢pua Z/2Z u ropoxkjacHa, HanpuMep, o6pa3oM
Beca ;.

Hupeke cBaAstiocTH paBlel 2.
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(IX) TTocnenoBaTeabHOCTL NOKa3aTeseli rpynnel W (R) cocTouT
U3 ceMu uJeHoB. Ymeaa 1, 5, 7, 11, 13, 17, B3auMHO mpocTble
¢ h=18, BXoZAT B 3Ty HocJegoBaTeabHocTb. [lochenuuil mo-
Ka3aTeab M, CJIELOBATENLHO, NOJKEH OBITb TaKHM, YTOGEHL
m+m=18 (ran. V, § 6, n° 2, q)opMyna (2)) Crano OHITh,
noJHas IIOCJIE,U,OBaTe.JIbHOCTb noxkasaTeJeli TdKoBa:

1, 5,7, 9, 11, 13, 17,

(X) Vi3 (IX) u us coexcrBus 1 npenJyoxenus 3 ra, V, § 6,
n°® 2, BBIBOAMM, 4TO mopsanox rpynnsl W (R) paBen

2:6-8-10-12-14-14=210.3*.5.7,

(XI) EnuncrBennsiM aBToMopdu3mMoMm rpada IbiHKHHA
ABJAETCHA TOXKIECTBEHHOE 0TOGpaxeHue, nmo3ToMy A(R)=W (R)
u w0= —1.

(XII) Tpynna P(RV)/Q(RV) o6nagaeT efHHCTBEHHbIM Heemu-
HUYHBIM 3JeMeHTOM. OH mepecrapJsieT BepUIMHB, OTBevalolyue
KOPHSIM @y H @7, O; H O O3 H 05 OCTaBJAS HENOABUKHHEIMH
0y U Q.

12. Cucrema runa E;

() u (II) Myers E=RSE u nycrs Ry — cucreMa KopHeil B E,
nocrpoennas B n° 10. Ilycte V — BekTopHOE mognpocTpaHCTBO
B E, NOpoXIeHHOe KOPHSAMH G, ..., G CHCTEMBI Rg OHO OpTO-
roHaJbHO K ILJIOCKOCTH, MOPOXKACHHOH ABYMS HOCJIEIHHMH (QYH-
NaMeHTAJbHBIMH BeCAMH O =¢;+ e U T —=¢g;-} & + 2¢; cu-

cTeMH Rg.
Iycte R=Rg1V. Dro mpusBegeHnas cucreMa KopHei ¢ 6a-
sucom (ay, ..., @), UMeoOIIas, caefoBaTensHo, THO E; Ee sje-

MEHTAMHu ABJAAITCA
+ g € (1 i <] 5),

5 5
) : . . .
+ 5 (ss — e — g+ E (=1’ ms,-) ¢ 4eTHOH cyMMoii E v ().

i=l

Yucao KopHe#t n = ( g ) -4 4 2°=172. TlosoxuTeNnHHIMH KOp-

HAMU OynyT
e te (1<KI<iKh),

5 5
1 ; . . X
5 (83 —e, — g+ E (—l)v("e,-) ¢ YeTHO#l cyMMo# }J v (i).

i=l i=l

(I11) Himeem A =—”6—= 12.
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(1V) Jluueiinas KoMOHHauuUs
- 1
G=-(& t+etetete—e—ete)=
= a; + 205 + 203 -+ 3a, + 205+ o4
siBaseTcss KopHeM. CyMMa KOOPAHHAT OTHOCHTeJbHO (a;) paBHa
11=~h—1, nosroMy & — MakcuMmaJpHbii KOpeHb. OH opToro-

HajJeHn K a. a3, Oy G; O a (&|ay)=1. ITomonnennmii rpad
JIbIHKMHA HMeeT BHUI

o o3 og o5 g

&2

(V) Tak kak {(ala)=2 gas Bcex a=R, to RV=R. Tlo
oTHomleHuio K @p KBajpaT NJAHHBI KOpHeH paBeH !/, Tak u4To

Dy (x, y)=(x1y)/24 u y(R)= 144

(VI) Boiuncienne ¢yHZaMeHTaJbHBIX BeCOB JaeT
O, = % (e — €7 — &) =%(4a1 -+ 3a, + dag + 6a, + 4a; + 2ay),
5)2_—_112-(31 + eyt este e —eg— e+ g =
= q; + 20y + 203 + 30, + 205 + 05 =@,
Gy (ea— & —e) g (—eteate e +e)=
= (5¢; + 605 + 10a; -+ 120, + 8, + 40,

®,=¢3-t g+ & —g —¢g e =
=2a1 +3a2+4a3+ 6(1_, +4a~.,+20‘.

02

[\

(_05_—_

(3~ & —¢&;)+ & +e =
(4a; + 6a; + 8a, -+ 12a, + 10a- + Ba,),

3
1
T3
_ 1

O = 7 (83— & — &) + &=

= (20, + 30 + 40, + 60, + 5a, + day.
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VI TlosmycyMMa p NOJMOXHTENbHHIX KOpHE# coBlazaer

Al
ey
{==}

®;, OTKyIa

p=12t,+ 2¢; -+ 384+4E5+4(83—87.—-SG)=
=8a| + 11&2 + 15(13 ““ 21a4+ 1505-‘- 8(16.

(VIII) Coraacuo n° 10, (VIID) u npemaoxenuio 28 § 1,
n° 10,

QR)=QRYNV =LNV u P(R)=p(P(Rg)) =p(Ly),

rie p o0o3HauaeT OpPTOroHaJbHOEe TNpOeKTHpPoBaHue E Ha V.
HUseem

pla) = —gn+o pla)=05+r—20.

Ipymna Q(R) oGnazaer ©Gasucom (ay, ..., @g). I'pynna P(R)
nopoxjena rpymnmnoii Q(R) u »aeMeHToM p(a;), MOTOMY HTO
pla) = P(RYNV =Q(R)NV =Q(R). Tak kax 3p(a,) = Q(R),
a plo;) & Q(R), 1o rpynna P(R)/Q(R) usomopdra Z/3Z; ona
MopoX/aaercsi, HalnpHUMep, ob6pa3oM Beca .

HMunekc cBsi3HOCTH paBeH 3.

(IX) n (X) B coorBercrBum c npepjoxenwem 7 § 2, n°4,
nopsfiok rpynne Befns pasen 6!1.2.2.3.2.1.3=27.3*.5. Io-
CJAeJOBATENLHOCTL ITOKa3aTesell H3 IIecTH UJEHOB 3aKJI0UeHa
Mexny 1 u 1l u uMeeT B cBoeM cocTaBe nieqaele uyucaa 1, 5,
7, 11, BzauMHO npocTele ¢ 12, JIpyruMH nokasareasmu m, m’
OyIAyT LeJsle uHucjaa, TakHe, 4TO

m+m' =12,
m+D)m +DA+DGE+ DT+ D114 1)=27.3.5,

KaK 3TO yTBepxpaioT dopMmyaa (2) u caerncrsue | npemnoxe-
uust 3 ra. V, § 6, n1°2. Bropoe coorHourenue paer (m -+ 1)X
X (m" 4+ 1)=45, a Tak Kak m+m’ + 2==14, To mnosayuaem
m=4, m’"=_8. Crano GulTh, NOJHas MOCAEIOBATEJBHOCTb IOKa-
3aTteJsell ecTh

1, 4,5, 7, 8, 11.

(XI) u (XII) TTocko/bKY Bce KOPHH ONHOW W TOH e IJHHHI,
aproMopdusmamu rpadpa Heimkuna 6yiyT aBTOMOP(H3MH MOI-
ypHeHHOTO rpada. KpoMe TOXIeCTBeHHOTO, HMeeTcs ele OAuH
aBTOMOP(DH3M €, KOTODHI NMepeBOIUT «, i, O, 05, Oz O COOT-
BETCTBEHHO B G4, O O, O3 ¢,. o, CJjenoBaTeJbHO, Tpymna
A(R)/W (R) nsomopbHa Z/2Z; Tak kak — l & W (R) (ra. V, § 6,
n°2, caeicrBue 3 mnpegnoxenus 3), To rpviana A(R) H3oMop-
dna W(R)X{l, —1}, a w, oroxaecrsiserca ¢ —e&. Orciona
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cJenyeT, uTo HeeqMHHMuUHbH sseMeHT H3 A(R)/W (R) ompenensier
aBToMopdu3M x+—> — x rpynnu P(RV)/Q(RVY).

Hanee, B P(RV)/Q(RV) uMeercst ABa HeeJHHNYHbIX 3JEeMeHTa
nopaaka 3. O6a oHH onpeflensioT MO OJHOMY aBTOMOpPGHUIMY
nopsajaka 3 momoJiHeHHOro rpada JlsHKuHa.

13. Cucrema runa G,

(I) Myers V —runepnaockocts B E=R3, onpenenennas

ypaBHeHHEM
§1 + §2 + &= 0.

Ilyets R — MHOXecTBo Tex o & LoV, nas xoropux (ala)=2
HaH (a}a)=6. dieMeHTaMH MHOXecTBa R ABJAIOTCA

+ (e —ey), E(6 —eg) =(e,—ey), =(2¢ —e,—ey),
+ (28, — 8 —&3), =+ (285— 2 —&,).

2(a|B)
@I

o, B & R; 310 OUeBHIHO, Korna B= = (g; — &;) ¢ i 5= j; ecJH Ke,
Hanpumep, B=2¢ —e, —e3 TO (a|B)=3Z 119 Bcex a =R,
YyTO, KOHEeWHo, BJeiler Hame yTBepxkjeHue, IloatoMy R ecTs
npHBeneHHas cucreMa xopueil B V. Uucno Kopuel n=12.

(I1) TlosioHM ;=g — &y, Oy= —2¢, 4 & - &;. KopHu TO-
ria NPHHAMAIOT BHJ

ta, =(o+a) =Quta), =a,
+ (3a; + ay), = (Ba, + 2ay).

CaenoBarennslo, (o), a,) — 6asuc cucremu R. Tak kak [l q; |F=2,
lasP=6, (a;la)=—3, To R —cucrema tuna G, Ilojoxu-
TeJILHHMH KODHAMH SBJISIOTCH O, o) + 0, 20, 4 as, @y, 3a; —|—a2,
3a, + 2a,.

(1) Vimeem h=-=86.

(Iv) Maxcnmaanb{M KopueM Oyner & =3q, 4 2a,=
= — g, — &, + 2e,. [Tockoanky (@ |a;) =0, (&|ay) = 3, Hononuex-
HbIM rpadoM JInHKHHA Oyler

Tosromy R mopowxpaer V u & Z, Kakosb 6bl HH Oblin

0-1 Cg

(V) HyanpHas cucreMa RY coBmajaeT ¢ MHOXECTBOM cJe-
AYIOUINX BEKTOPOB:

Fa, =+ w), +=Q2¢-+ay) =

{ 1
= 5 (Ba; @), = 5B+ 2a,).

I
3 %
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Cywecrsyer 10 KopHueill, He OpPTOrOHaJLHHX K O HMeEeM
n(, a)=+1 nas 4 u3 srux Kopuedl, n(B, a;)=+3 gis 4
apyrux U n (B, o)) = +2 mias = =+ «,. [TosToMy KBanpaT AJHHbI
KOpHS @, oTHOCHTEABHO BDp pasen 4(4.1+4.942.4)7 =1/,
u Dp(x, y)=(x|y)/24. IIpumensiz Tenepn dopmyuay (18) u3s § I,
n°l12, ¢ x=y=aq,, Doay4yaem

245 4+47=vR). 3.

otkyzma y(R)==48.
(VI) m (VII) TlosycymMMa MOJOXKHTeNBHBIX KOPHefl paBHa
p = 5(11 —I" 3(12.

dyHlaMeHTaJIbHEIE BeCa ®; H @y, OPTOrOHAJBHLIE K Oy H O,
IPONOPUHOHANBHEL COOTBETCTBeHHO 20, + o, ¥ 3o, + 2a,. UMeeMm

@, + ®@,==p =>5a, + 3a,= (20, + a,) + (Ba, + 2a,).

CiieioBaTe bHO,

A Y

(B|=2(ll+(l2, (33=3(7.1—|-2(7.2=5..

(VIID) Q(R) mopoxpzaercss, HAUNPUMEP, KOPHSAMH & — g9 H
g —e&3 B cuay (VI) n (VII) P(R)=Q(R). Ungekc casti3HOCTH
paBen

(IX) CemeficTBO mokasaTesefl COCTOHT M3 JABYX UYJeHOB; TakK
Kak | m h — 1 —1okaszate/qH, TO HMH BCe H HCUEDIHIBAeTCH,

< 5n
(X) Tlockouseky (ay, @) =—5-, rpynna W (R) n3omoppua au-

3MpaJbHOf rpymnme nopsiaka 12,

(XI) EnpuucteenHHniM aBToMopdu3MoMm rpada [IbiHKHMHA
AB/IsIeTCA TOXJAeCTBeHHoe oToGpaxkenne, Tak uto A(R)=W (R)
H wy==—]1.

14. Henpusodumvie cucremot KopHeli, He ABASOWLECR npuse-
dennoimu

HemnpusoauMble cHeTeMbl KOPHEH, He SIBJISIOUIMECs ITpHBEJECH-
HBIMH, IOJAYYaoTCAd M3 HENPHBOLHMBIX IPHBelE€HHBIX CHCTEM IO
ofpasily, ollHCaHHOMYy B npejqoxeHusax 13 u 14 § 1, n°4. Hdna
KaXJoro 1neaoro uMcya /=1 cylllecTByeT ¢ TOYHOCTbIO JO H30-
Mop)H3Ma e€IMHCTBEHHAS HeNPUBOAMMAS M HellpUBeJeHHas CH-
cteMa KopHe#t panra [. HmMenHo nycte R — cHcTeMa XOpHei
THna B;, A — MHOXeCTBO KopHeH HaHMeHblleH IJHHH B R;
Bo3bMeM oObeluHeHHe MHoxecTB R u 2A4. IToavuum, B offjo3Ha-
deHHsIX N°5, BEKTOPHl

e, 2 =xegxeg (<))

B KoaunyectBe 2[(/ + 1).
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§ L

Bce paccmarpuBaeMble HHXKe CHCTEMHB KOpHefl CBA3aHH € 8ewyecT8eH=-
HbimMu BEKTOpHHIMH npocTpancrTBaMd. Uepes (x| y) oBGosnauaercy ckasasprnoe
TIPOH3BeAeHHe, HHBADHAHTHOE OTHOCHTEJNbHO rpymnn Befina (n® 3)

1) ITycrts R — cucrema kopueil, R =R, |} Ry — ee pasbuenne. [lpepno-
JIOKUM, UTO €CJaM X, y — jBa 3jeMeHTa U3 R; u x4y (cooTB. x — y) — KO-
penb, T0 U x 4 y = R; (cooTB. x — y & R;), npuueM 310 Bepro aJaa { =1, 2
Tornpa R Gyaer npamoit cymvoll cucrem R, u R, (ITokasarh, ucuoanays
clegcTBUe TeopeMbl I, n® 3, uTo ecan xRy, a y & Ry, 10 (x| y)=0)

2) Mycts R — cucrema xopueil, @ u § — gBa kopus. Ecau f — rakoit
ckaaap, uro B+fae=R, 1o 2=Z (M6o n(f+tia, a)=n(B, a)+ 2)
Eciu xopenb @ weneauw, 10 ¢ & Z. (B npoTuHOM ciyuae, HCIOAb3YA {1pei-
noxenne 9, mOKazaTh, YyTO HARAETCS OPTOTOHAJBHHH K O KOpeHb y. iad KO-

TOpOoro Y-I-%(ZER: TOr 12 (y+%a] a)>0, OTKYyza %GER.)

3) MMyers R — cucrema kopueil B V, HenpuBonuMmas ¥ HeNpUBeeHHas,
CywecTByeT HeBHPOXKAeHHAs cuUMMeTpHueckas Ouaunefinan dopma O na V,

Takas, 4T0 ecau oToxmectsBuTh V ¢ V* npu nomomw @, to R=RY {(He-
noJab30BaTh npepaoxkende 13.)
4) Tycrs T — croGonuntit Z-MOogynb KoHeuHOro pawra I, I'™ — gyaasistit
¥ o
Z-Mojynb, | — KOHEUHOE MHOXXECTBO HHIEKCOB, (xi, xi)ie] — ceMmeficTin aJae-

.
Menros H3 D' XT* miast KoTOpHX <xi, xi> =92 1pu BCcex { & [, §,=s_ .
T

IMycts V — BemecrseHHOe BEKTOpHOE NPOCTPAHCTBO, AYaJAbHOE K KOTOPOMY
mpocrpancTBo V™ ortoxnpecreasercs ¢ I'"®, R. OGosnaunm Takke uepes s,
orpaxenne s, ® 1 8 V. Ilyers R (coors. R’) — MHOXKeCTBO 5JEMEHTOB Y;
(COOTB. x:). Mycte E (coots. E’) — noanpoctpancrso B V (cooTs. V*), no-
poxnennoe mMuoxkectBoM R (coors. R). Tlpeanonoxum, aro s;{R)==R npu
Bcex i. Torma R sisasiercst cucTeMmoil KopHeit B E, E xkaHoHHIeCcKH OTOX/(e-
CTBJTETCA C nyaldbHHM K E mpocTpaHCTBOM, a x; —c xly npu Beex i Ecau F
(coorB. F’) — nognpocrpanctBo B V (coors. V), cocrosimee u3 HHBapHAHT-
HHX OTHOCHTENbHO BCEX §; (COOTB. tsi) toyek, To I'NF (coors. T*NN F’) no-
poxaaer F (coors. F). TMomomus T, =T NE)D(NF) (coom. I}=
= (T"N) E’)@(F*HF’)), npHaeM K u3oMOpHEM Koneunblm rpynnam /T
/e

5) [Mycts R — nenpusoaumas cucrevwa kopueir. [Ipn mobom B & R cmpa-
BEJJIHBO COOTHOIIENHE

16y (R) =( > e, ﬁ)z>( DA (A a)")

ce R ae R
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H, cJe0BaTeabHo, ¥ (AR) =y (R) RJs NPOH3BOJILHOIO HEHYJNeBOro ckatsapa A.
{HMcnoas3osars popmyas (17) u (19) n° 12)

6) a) INycts A — KOMMYTATHBHaN I'PYNNa KOHeYyHOro Tuna M I’ — KOHeuHOe
noamuoxecTso B A, ne cogepxamee 0. Cywectsyer noarpynna /f koneynoro
wnaekca B A, rtakas, yro HN T ==(3. (lycts ¢ &T. HUcnoabays crpoenue
KOMMYTATHBHBIX Tpyfnn KOHeyHOTO THA, NOCTPOMTH NOATPYHNY KOHEYHOro
uHpekca B A, He coxepxamyio {. 3arem npuMenuts uaaykuuio no Card T.)

6) MMycts R — cucrema kopHefl, P — 3aMKHYTO® CHMMETPHWHOE MOIMHO-
wectBo B R. Cymectsyer Takast noarpynna H koHeyHoro wHupexca B Q (R),
yro P =H () R. (ITepeiiTu x daxkroprpynne no noarpynne B Q (R), nopoxped-
yoit MHOXecTBOM P, a 3areM HCMOJB30BAaTL a) U Hpemioxkenue 23.)

7) Wunexc cBA3HOCTH cUCTeMbl KOpHeH paBeH ONpefesHTENIO ee MaTPHLEH
Kaprana. (Mcnoabsorars dopmyay (14), n° 10. [Tokasats, ¢ gpyroii cTOpOHHI,
YTO B BeUIECTBEHHOM BeKTODHOM INPOCTPAHCTBE, CHABKEHHBIM CKaTAPHBIM
nponsBeieHHeM, jxBa Gasuca (€y, ..., €,) (EL..., &), AT KOTOPHX

(&;| &}) =0, y1OBIETBOPSIOT YCIOBHIO det(el' ty) (ef, - -+ £7)>0)

8) MNycts R ~ npusenenHas cucrema xopHell. C — kamepa, 20 — cymma
anementoB >0 B RV, P"(R) — MuoxecTBo x& P(R), 115 KoTOpHX (%, 0) EZ.

Cnpasexansn Braovenus Q (R) < P’ (R) < P (R), npuuem P (R)/P’ (R) 6yzer
nopsiaka | wan 2. flyers (B, ..., B;) — Gasuc B RY, coorTBeTcTRYIOWMH Ka-
mepe C. TMonomum 20=n8, + ... +naf, rre n; —nerne wicaa >0
Has toro uro6u P’ (R)==P (R), HeoGX0oanMO M KOCTATOuHO, YTOGHW Bce 17,
6l YETHHIMH,

19 Hy(}:'rb R — cucrema xopueii, C — kamepa. ITonoxum B(C)=
={a1, ceer Uk

R, (Cy={a,. ..., @ [ ..., a}
(Bce @, TnonapHo passHuHel) ¥ G =0a + ... +a,.
a) ITycrs a"=sla] + .. teo, e g;==x1 npni=|1, 2 ..., s
Ecan (a*la)>0npu i=1,...,, To a"=a n & =1 npu Beex i. (Mycrn y
(coors. 8) —cymma @;, a7 KoTOpHx € =1 (coors. —1). Hmeem (vle)—

~(81e)>0, (viay) + (3 la)=(a| ;) orkyra

2(vla)> (o @)
TaK Kak 2 (v]a;)/(a,{ a,)EZ, To (v| a))>(o,| a;)) = (ala)), orkKyra y—a eC,
y=a, y=aud=0)

6) Das i=1,2,..., s nyets & ==®1. las T10ro 4T0GbH MHOXeCTBO
BCEX €,0; GBUIO MHOXeCTBOM KopHedi > 0 OTHOCHTeNBHO Kakofi-HH6ynb Ka-
Meprl, 5e00XOMMMO M IOCTATOUYHO, YTOOGHI BEKTOP a'=28ia, pHHAAMEXK Al

i

HekoTopoflt kamepe. (YTo KacaeTcs AOCTATOMHOCTH, TO CAEAYET B3ATh B, = =+ |,
Takune, yro (a’| u,0,)>0. CymectsyeTr 3aeMeHT w & W (R), koTopHi nepe-

BOJUT MHOXKECTBO BEKTOPOB [Li(li B MHOK€CTBO BEKTODOB (li, H, cTanaAo ébITb,

' —p a* = Z 8105y TAe O & @, [lpumenss a), nokasats, uto a** = a,
i
oTKyna Wg, = 1.)

10) ITycTs @ — MakcHMaJbHBIH KOpeHb NPHBe eHHOA HenpHBONHMOT CH-

¢TeMnl R OTHOCHTENBHO HeKOTOporo Gasuca. Jlas wmakcmmaubhocT kopns a
HeOGXOAUMO M JOCTATOYHO, NTOGB BC® KODHH Oblall OAHOH H Tos K& AJHHBL
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11) B o6osnauennax npegtoxenna 33 u3 n® 11 nokasars, uro 6;4-0;
He sIBAfETCH KOpHeM HM AJsi OZHoM mapsl mapu (i, j).

12) Mycte R —cncrema xopuelt B V pawra =3, (¢, ..., a;) — Gasuc
B R, V' (coors. V”)—noanpocTpanctso B V, nopoxieHHoe KOPHIMH
nas i =2 (coots. i >23), RR=RNV,R"=RNV”. Ilycrs d {(coors. d’, d”) —
onpenenntean MaTpuus Kaprawa cucrems R (coots. R’, R”). Ilpennonoxum,
uTO @, OPTOrOHaJZeH KO BCEM @, 32 MCKIOUYCHHEM Q,, H uTo || a, [|==] a, ||

[Tokasatb, uto d = 24" — d”.
13) ITycts R — npuBenenyuas CHCTeMa KopHed, (@, ..., @;) — 6asuc B R
¢y(e;] @)

(@] )

mo=co + ... +¢0, — HEKOTOPHI KODEHb. Torna eZ 118

Beex {. (PaccMOTpeTh LYalbHYIO CHCTEMY.)

14) ITycts R — HenpHBojguMas cucTeMa KopHell, A — HauOoJbINas ¥3 IHH
KopHefl, S — MHOXeCTBO NOIMHOXeCTB B R, COCTOSIIMX M3 IIONAPHO OPTO-
ronaibHHX Kopuell mauHbl A. Torma nBa MakcumanabHBIX 3jJeMeHTa B S GyayT
nepeBoRUThCST ApyT B apyra rpynno#t W (R). (Mcnonssosath npepnoxenue 11
1 npepyoxenne 1 u3 r. V, § 3, n°3))

91 15) Ilycte R — cucTema Kopneit paHra /.

a) Jast cnpaBealuBOCTH BRJovennss — | & W (R) neo6xoxnMo M pocta-
TOyHO, 4TOGH cHcTeMa R copepXkana [ cTporo NOmapHo OPTOTOHANBHEIX
Kopuefl. (Iaa pokasatesbcTBa HEOGXOLHMOCTH NPOBECTH HHAYKLHIO 1o [,
nuenoabayst npepaoxenue 1 ra. V, § 3, n°3)

6) Ias xkaxgoro saeMenta w < W (R) nopagka 2 cymecTByeT Takoe
MHOXECTBO S CTPOTO NONApHO OPTOroHaNbHHIX KopHed, uTo w Gyfer npbus-
BeJeHHeM oTpaxeHHil Sq (a = S).

16) Ilyctb R — cuctema kopmneit, B — 6aanc B R, R4 — MHOXecTBO
HOJOXHTEJbHHX OTHOCHTENIbHO 3TOro Gasuca kopHell. Jna w & W (R) no.to-
wuM Fy==R4 Nw(— R4). lMokasats, yTo oToGparkenne w +—> Fy, aBasercs
6uekuveli W (R) ma wmuoxecrso mogmuoxects F C Ry, Takux, uro F n
Ry — F 3zamkuyts. ([Tpumenuts K mnogmuoxecTsy P = (R, — F)U(— F)
cnenctBe | npennoxenus 20.)

91 17) Ilycrs R — upvBepneRHast cuctema KopHeft u B — ee Gasuc. Oas
mo6oro noamuoxecrsa J < B nyerb W, — noxrpynna B W (R), mopoxieH-
Hasg OTpaXeHusIMH s, C a=J, u w,— sneMeHT HauGoJabled AIHHB B WJ.
[ycts @ — MHOX)eCTBO BCeX W,

a) TlokazaTw, uTo gast Toro uto6n snaement @w & W (R) npunapaexan O,
Heo6XOAHMO M AOCTATOYHO, UTOOH

w (B) = Ry (BYU(— B).

(g poKasaTeNbeTBA ROCTATOYHOCTH 3TOro yeaoBHS 0603HaunM uepes J;
MHOXECTEO @ &€ B, paa koropux w (a) & — B, u noaoxum J=—w (J;).
Ecaw a7, 70 w(e)=—J n ij((l)EB; ecliH xe e B —J, 10
@ W (¢)=R,; B nporusnom caysae w(a) Obl1 Gl IOJOKHTENBHHM,
a ww () — oTpunaTeJbHHM, H3 uero caegoBalo OB, yro @ {Q) NprHAT-
JeKUT TMOJACHCTEME, NOPOXKJeHHOH KopHaMmH P& J, u uTo @ npHHARIEKHT
nogcucTeme, nopoxk neHHoll Kopuamu B = J), a 370 He Tak. BriBecTH oTclo1a,
uTo W ,w = 1.)

J

6) ITokasats, uto snemenT w & W (R) HMeeT Nopsigok 2 Torga i TOJBKO
TOrZIa, KOTJA OH COmpsiKeH ¢ OZHHM M3 @, (Laa nokasatelhcTBa HeoGXo-

JMMOCTH 3TOr0 YCJOBHST 3aMeTHThb, uTO 3JeMeHT @ mopsiaka 2 B W (R)
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ABJSETCS OTPa)K€HWEM OTHOCHTENLHO MOANPOCTPAHCTBA, NOPOXKIEHHOrO
HexkoTopolt sueiikoit F. C TouHOCTbIO A0 3a8MEHH @ Ha CONPAXKEHHEHH 3Je-

MeHT MOXHO npexnonarath, yro F < C, rpe C — xamepa, onpejeneHuas
G6asucom B. Slueiixa F B TakoM cuayyae OyneT nepeceueHHeM TrHIEPILIO-
ckocteli Ly ¢ a, npoferaouiuM HeEKOTOpoe NoaMHoOXKecTBo J < B, n w = wj.)

18) Ilycte R — cucTema KopHelt, u nycTb P — napaonnueckoe HOAMHO-
xectBO B R. ITokasate, uro nononnenne x P B R 3amkuyTo.

19) Ilyets R — cucTeMa KopHe#, H OYCTh X — HeHYJeBo# anemenT B Q (R)
MHHHUMaabHOM jiuHb. [lokasaTe, 4yto x & R.

M1 20) Mycrs {a,, ..., @;} — Gasuc npuBejedHod H’ HENPHBOMMOH
cHcTeMul KopHeli R. IlycTh r W p — B2 UeJNHIX YHCJ2 p = 2, TaKHX, YTO
(al lal)= z(ar ’ar)=p'(ar+l Iar+1)= =p’(al lal)'

a) Myers a=c + ... + ¢;0, —xopenb. ITokasarp, uTo (a|a)=

= (a; | @;) (MHBIMH CJIOBaMH, YTO @ ecTb JJIMHHHH KOpPEHb) TOrJa M TOJBKO
TOrAA, KOTAA P AEJHT €, (s +- - Cp

6) Mycte A — uucao Korcrepa rpymnnt W (R). Iloxasarte, uTo yHcio
KopHe#t )B R nauw6onpluedi (CooTB. HauMmeHpinefl) naunbl paBHO Ar (CoOTB.
h(l—r)).

21} Mycts R — cucreMa kopHell W B —ee Gasuc. Ilyete a, =B un
we W (R) takoBH, uto B = w (a). Iloka3zaTh, YTO CYLIECTBYIOT IOC]Ie10-

BATENBHOCTh O, ..., O 3JEMEHTOB CHCTEMH R H [OCJENOBaTE.ILHOCTD
Wy, ..., Wp—y 3JeMeHTOB rpynnet W (R), Takue, uTo

(1) a;=a, ap=4f;

(il) = wyp—y ... @

k4
(iii) w,; (al) =a; ., TpH IK<in—1;

(iv) nas mo6oro e (1,n— 1) cymecrsyer Takoii kxopenb f; =B,
uro w; GyaeT nmpuHasTexars, noarpynne B W, mopoxieHHOM OTpaKeHHAMH
Sai H Sﬂi. .

91 22) Ilpu rex ke ycaoBusAX H 0OO3HAUEHHAX, 4TO M B Npensoxenuyn 33
u3 n°!ll, o6osHauuM euie uvepes (I)l, . (I)l ¢yHnameHTampHblEe Beca CH-
cTeMH R.

a) IlokasaTs, uto ¢~'(®;)=&; —0,. Bumectn orciona, uto 1 — ¢ oro-
6paxaer P (R) na Q(R).

6) IlycTe f-— uHjeKkc cBASHOCTH cHCTEMB R, H NyeTh My, ..., H; —

nokasatemn rpynnsl W (R). Ilokasars, uto

i 1
f=det(1 — )= [ (1 = ™) =2" ][ sin (m msn),
=i

=1

rae w= ek,
B) [lycts p — mpocroe uMcao. 3anumem 2 B BHae A= p?H ¢ H, ne
peasmumcd Ha p. ITokasaTh, 4TO nJd Toro uytoBH p JAeJaHa0 f, He0GX01MMO

H I0CTaTOYHO, UYTOOH A neJHJo ONHO H3 yHCeJd mj.‘)

23) Mycets R — npuBejennas cHcTeMa KopHel, u nyctb X — noavuo-
xkectBo rpymne P (R). ToBopar, uro X naceyeno, ecau BHOOJHEHO CJe-
RYylolliee ycCJOBHE:

1) 3ToT pesyabTat, noKa Hurge He onyGaHKOBAHHBIH, GBI cOOBIEH HaM
P. CreiinGeprom.
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(H) KakosBst 6bl HM Obiin pe X, a &R u { & Z, Takne, 4To { 3ak/io-

yeno Mexay 0 u (p, aV>, CrnpaBeIHBO BKJIOYeHHE p — ia < X.

a) Tloka3aTh, 4TO BCSIKO€ HACHIIEHHOE HOAMHOXECTBO YCTOHUYHBO OTHO-
cureanyo rpynnsl Befing W cuctemsr R.

6) [lokasaTh, uTo paas JawGoro moxamuoxectsa A < P (R) cywecTsyer
HauMeHblilee HachllleHHOe noamHoxecTBo S (A) < P (R), comepxkaiee A

B) Ilycre C — xamepa B R, u nyetb pe P (R)NC — crapuuii Bec.
IMycte S (p) — HauMmeHblree HachileHHOE NoAMHOXKecTRO B P (R), comepxa-
uee p. Ilyctb, HakoHel, 2 (p) — MHOXKeCTBO TAKHX sjemedToB p' & P (R), uto

(i) p" = pmod Q (R);

(ii) a1 moGoro w & W BbINOJAHEHO HePABEHCTHO © (PY<<p (B cmbicae
‘OTHOLLEHHA NOPSIKa, onpepeeHHoro kamepoi C).

Mokazate, ut0 I (p) KOHEUHO, CONEPNKHUT p u HachiueHo. Cuenars BLIBOL,
uto S (p) coxepxkutcs B 2 (p).

r) [lokaszaTh, uYTO €CJAH O — 9JeMEHT H3 R MAKCHMAaJbHOH MJHHBI, TO
S(a)=RU{0}.

24) CoxpansioTcst 0603HayeHuS W YCJAOBHST MpPEBIYIHIEro YIpaXiHeHHS,

a) ITyers p= P (R), v nycte W.p — opGurta p otuocurenbuo W, IToka-
3aTh, YTO 3KBHUBAJEHTHHl CJAEYIOUHE yc.nomm:

(1) S(p)=W.p;

(i) {p, a¥y=0, | wan —1 upu Bcex a = R.

(Ecan (ii) He BHINOJIHEHO, TO CTPOUTCH 3jeMeHT g & S (p), Tako#, uTo
{g19)<(p|p), otkyna q& W .p.)

MMycTe X — HenycToe HachlleHHOE MoaMHoXkecTBO B P (R). ITokazarts,
yto X COREPKHT 3JIeMEHT p, VAOBISTBOPSIOIHA YKa3aHHsIM BBHILIE YCJQ-
BHsaM (i) 4 (ii). (B3aTe B kauecTBe p 3neMeHT N3 X MUHHMAJIbHON AJHHbL)

B) CucreMa R npepnogaraercs 3nech wenpusoaumofl, Ilyers C — ka-
Mepa B R, B={ai}t€=l—cooraercmylomm?l 6a3uc H

v = Z ni“:y
i

— MaKCHManabHH# KopeHp Ayanbhoif cucTemsr RV, [lycrs J — MHOXecTBO
Tex i/, man xoropuix n;= l. Ilycte p — crapmuit Bec = 0. [Tokaazats,

yto yeaosust (i) u (ii) u3 a) SKBHBANEHTHH KaXKAOMY U3 CAEAYIOUIUX YCAOBHHA:
* .
(iit) (p, ¥") =1 i
(iv) cyumecTByeT TakOH wuHAEKC [ & J, uTO p paBeH COOTBETCTBYOIIEMY
¢yn1aMeHTaIbHOMY Becy @,

Bec p, ymnoBIeTBOPSIOUMH STHM YCJAOBHSM, HA3LIBAETCA MUKPOGECOM.
ITokasaTb, yTO BCHAIKOE HENYCTOE HACLILIEHHOE MNOAMHOXecTBO B P (R) co-
JepxUT 6o 0, 1u6o MHKpOBEC.

§ 2
Uepes R o603HauaeTcst npHBejpeHHast CHCTEMa KOpHeHk B BeileCTBEHHOM
BeKTOPHOM mpocTpanctBe V.

1) Mycts x=V, u vyvers W (x) — noarpynna 8 W (R), cocTosuas H3
3JeMEHTOB @, A KOTOPWX
wl(x)—x= Q(R).
Mokasath, uto W (x) noposxaaetcs orpaxenusmu. (Mcnoabsosats addunnyio
rpynny Befis ayaiwuoi cacremn RY.)
2) Mpennoanxum, uto cuctema R wenpusomnma. Ilyets {a, ..., o} —

Gasuc, & == n,u, — vakcHMaaLuult Kopenb # f— HHIEKC CBAIHOCTH c-
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cremsl R. Tlokasats, uto f— 1 paBHO uHeny WHAEKCOB i, MJs1 KOTOPHIX
n,=1

3) Ipu Tex xe 0603HAYEHUSIX H YCJOBHSIX, uTO ¥ B n°3, NycTb 4 — aBTO-
mopdusm abbdunHoro npocrpanctsa E, KOTOpui nepecraBisieT MeXAy coboil
rUNepmIocKOCTH Lo p (0 € R, k= Z). Tlokasats, uTo u sBJAsETCS HepeMe-
iwevueM. (ITokasmBaeres, yto oTOoGpa)keHHe, cONpPsIKEHHOE K JHHeHHOMY 0TO-
OpaxkeHUI0 Iy, aAcCOUMHPOBAHHOMY € K, OCTaBJseT ycToiuuBod R M, crano
ObiTh, npuHagiexut rpynne A (R).) BeiBectn orcoaa, uro G ~— nopmaausatop-
rpymnst W, B rpynne astoMopduimor addurnoro npocrpancrsa E.

4) ITyets C’— kamepa otnocutessHo W (R) B V™, u nyets C — anbkoB
¢ sepmuHoii 0, comepxawmfics B C. Tlyers S, (cootB. S)— mHOXecTBO
OTpaXKeHU# OTHOCHTENBHO cTeHOK anbkoBa C (cooTB. kamepn C’). Ilapwt
(Wa» So) 1 (W, 8S) smasnorcs cuctemamu Kokcerepa, u S S, Ilokasars,
yto aas (S, J)-npusenernocty (rv. 1V, § 1, ynpaxuenne 3) agementa
w & W, Heo6XoIuMO H NOCTaTOuHO, uTobm w (C) =C.

9 5) lpennonoxuM, uTo CcHCTEMa R HeNpHBOAMMAE, H BHIGEpeM KaKyi-
HuGyap Kamepy C cucremsr R B V; o6o3HaunM uepes B cooTBeTCTBYIOIMHI
Gasue B R.

a) IMokazath, uyro wMmukposeca (§ 1, ynpaxknenue 24) cucremn R oGpa-
3yIOT cucTeMy npeacraBuTetefi B P (R) HeHyJeBHX s/1eMeHTOB (akTop-

rpynns P (R)/Q (R). (anMeHHTb K RV c/lejcTBHE NPeAIOKenns 6.)

6) Mycts X — HacomeHHoe noaMHokectBo (§ 1, ynpaxkueune 23y
rpynns Q (R). Ilpeanoaoxum, uto X Henycro u ue cpoautest k {0}. Ilycts
p — OTVMUABIA OT HyJas saemenT u3 X MuHAMMaAbHOH anuue. [lokasaTs, yto
p=R. (Beuay a) p se ynosaersopseT yeaosuio (ii) ynpaxnenus 24 k § 1;

O3TOMY CYIECTBYeT @ & R, a1 KoToporo (p, aV)>2, otkysa p— o & X.
Tak KaK p — o HMEET CTPOro MeHbIIYI0 MIHHY, ueM p, To p — o =0, oTKyna
pER)

B) [Iycts p — crapmnii Bec, ue npuvagnexawmnit Q (R). Ilokasars, yro
nacunnende S (p) Beca p (cm. § 1, ynpaxuenne 23) conepKHT MBKPOBEC, H
npuTOM TOJNLKO OnHH. (3aMeTHTh, uTo S (p) comepKuTcs B HETPHBUAILHOM
Kaacce no MoayJdio Q (R); cienarb Hy)Xubli BWBOJA, NPUMEHMB @) H ynpax-
Henue 24, B) k § 1.)

r) [lycts p — crapwuil Bec, He npuHamiaexamuii Q (R). Hokasats 3KBu-
BA/JEHTHOCTb ABYX CJAEAYIOUWHX CBOMCTB:

(i) p ectb MuKpoBec;

(V) Me cymecTByeT cTapiuero Beca ¢ #= p, TaKOro, uto p — g O6m10 G
JnHelBOH KoMOHHanueR ¢ neauMu koadhouunentamu == 0 saeMentoB 6Gasnca B.

(Ecau g ynoBiaeTsopsieT ycjioBusiM cBoficTBa (V), TO pacCMOTPHM MHKDO-
Bec py, npunagnexawnii S (g). Umeem p, = p mod Q (R), p, <p, ¥ a) noka-
3bIBaeT, 4TO p He siBAsteTcs MuKpoeecoM. CienoBarenbHo, (i) = (v). O6paruo,.
ecau p He SIBASIETCH MHKPOBECOM, TO paceMorTpuM g & S(p) — W.p; ¢ Tou-
HOCTBIO [0 npeoGpasomaHust ¢ npu nomomd W MOXHO mnpejnosaraTb, yTo-

g C; B coorBerctBuM ¢ ynpaxnueHnuem 23k § 1, ¢g<p, g#F=p u g=
= p mod Q (R). Mostomy (v) = (i).)

§ 3.

OG6o3HaueHNsT H YCJOBHS Te Xe, 4To H B n° 2—4.

1) a) INokasars, uto aas moboro I, sakmoueHHoro Mexay | m [, cyuwe-
CTBYeT, ¥ IIPUTOM TOJBKO ojHO, puddepenmuposanne D; koabua A [P], yro-
BJETBOPSIIONIEE CJAEAYIOUIHM YCAOBHSIM:

ay) D;  A-anneiino;

ay) D; (ed)f)-—: 6;1em/ (6;; — camBoa Kpomnexepa).
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6) MycTos i<t l—cemeﬁcmo 3JIEMEHTOB H3 A[P]W, yZ0BJeTRO-
pawoiee yeaosusam Teopemb 1. Iloxasats, uro
det (D, (x])) =d.

(Hokasars, uro det(D, (x])) ABJISIETCA AHTHHHBAPHAHTHHIM 3JEMEHTOM ¢ MaK-

CHM2JIbHBIM WieHoM e, OTKYA2 H BHTEK2eT HYKHHH pesyibTar, B cayuae,
Korpa 2 — He jenHTenb Hyns B A. B obwmem ciayuae Bocnoab30BaThes [PHH-
UMUNOM ITPONOJKEHHS aNreGpaHIecKuX TOXKAECTB.) ')

2) Myers P’ — noarpynna B P (R), coxepxaman Q (R). ITokasats, yto
P’ yeroiigusa otHocutensHo W. [Toctponts npumep, kKorma aaredpa A [P’V
He wu3oMoppHa anreGpe MHOTOwIeHOB (B3siTb B KaueCTBe R IPOH3BefeHHE
IBYX cucteM paura l).

§ 4

Cumsonom W+ (R), rme R — cucrema KopHefi, 0603HayaeTcsi MHOKECTBO
aneMenToB B W (R) ¢ onpepennresnem I,

4 1) Nycts R — cucrema kopueit tuna E,.
6 a) ITokasars, uyro ecau a, f &R cpasHumu ‘mo Moxyiio 2Q (R), To
= * Q.
0) BoiBectn H3 a), uto ecau @w = W (R) neficrByer B Q (R)/2Q (R), To
W=+l

1
B) B o6o3navyenusnx n°10 mokaszarTk, 4TO KBajgpaTHyHast Gopma — (xl.x)

Ha Q(R) onpenensier upu (GaKTOPHU3AUUH HEBHIPOKIEHHYIO KBaupaquy!o
$dopMy ¢s Ha BekTOpHOM Fp-mpocrpancree Q (R)/2Q (R). Iokasatb, uto
TCeBIOANCKPUMUHAHT GopMbl gy (Aae., ra. IX, § 9, ynpaxkuenue 9) pasen
HYJNI0O B 4TO gg HMeeT HHIeKc 4.

r) [Iycre O (gg) — oproronanbhas rpynna Ha Q (R)/2Q (R) oTHOCHTEABHO
aroll Gopmu. Onpenenuth NpH HomollH (aKTOPH3AUMH rOMOMOPGH3IM

h: W (R) > O (qs)-
ITokasaTe (CpPaRHHUB MOPAAKH), UTO MMOCJENOBATENBHOCTH
> {I, —1} > W (R) “2> 0 () > |
TOYHasL.
n) TTokasats, yro o6pasoM npH A rpynns w* (R) sBasercs HOArpYINa
ot (gs) rpymnm O (gg), onpenenennans B Auze., ra. IX, § 9, u° 5. Busectu

oTeioaa, uto W7 (R)/{1, —1} siBaseTcst HEKOMMYTATHBHOH upoCTOfl rpymmo#.

ﬂ 2) Ilyets R — cuctema kopHeit tuna Eg.
) Moaoxum E = Q (R)/3P (R). 310 — BekTopHOe Fj-npocTpaHcTBO pas-
HocTH 5. B oGosHaveHusnx 1° 12 mokasaTh, 4TO CKaJADHOE NPOH3BEJEHHE
Fy) onpeneasier Ha L HeBHIPOKAEHHYI0 CHMMETPHYECKYH OHIHHEHHYIO
q)opv[y ¢. ITokasare, uro 06pa3n B E gBYX Pa3AHUYHBIX 3/JEMEHTOB CUCTEMB R

Pa3/IHYHbL

6) Ilycts O (¢) — oproronanshas rpynma ¢opms ¢. CnpaBegiHBo pa-
BercTBO O (@) ={l, —1} X SO (¢). CnuHOpHasi Gopma onpenensieT clopbek-
THBHBH romomopdusM rpymns SO (¢) ma {I, —1}, szpo koToporo o6o3Ha-

yaercs cuMBogoM SOT (p). Tpymma SOV (¢) — npocras, mopsiaka 25920

') DTOT peasyabTar, mOKa HUrLe He OMYGIHKOBAHHEIA, GBUI coobwieH HaM
P. Creiiu6eprom.
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®daktoprpynna O (@) /sot (@) nmeer Tun (2, 2). BrBecTH orciona, uto O (@)
CONEPXHUT enHHCTBEHHY noarpynny  (p) Hunekca 2, oTymunyio or SO ()
H He coaepxamyio —l.

B) Beskuit snemest rpynne A (R) onpenessier npH dakTopH3aunu sJje-
ment rpynns O (9). ITokasarb (cpaBHHB NOPAAKH), UTO MPH STOM MOAYYAETCH
usomoppusm A(R) Ha O (). O6pasom rpynmnnt W (R) npu ToM H3oMmopbHaMe
6yaer Q(¢), a o6pasoM rpynmui W+(R)—SO+(€p). Caenosateabno, W (R)
aBAseTcs pacmuperneM Z/2Z npu noMowu npocTol rpynnu mopsaxka 25920,

r) Mycte F=Q (R)/2Q (R). DTo—BekTopuoe Fy-npocTpancTBo pasmepHo-
ctu 6. INokasats, uTo KBagparnunasg ¢opMa 5 (x| x) onpenexser npu dax-
TOPH3ALHUH HEBBIPOXAEHHYI0 KBanpaTHyHyw ¢opmy ge¢ Ha F ¢ nceBpoayuckpu-
muuantoM, pasubiM 1. TlycTs O (gs) 0G03HayaeT COOTBETCTBYIOUIYIO OPTOro-

HaabHyto rpynny. OnpeaejuTb NMPH NOMOMH (AKTOPH3AUHH TOMOMOPGHH3M
h: W (R) - O (q¢).

Tokasath, uTo romoMopduaM h nubekTHsed (o6paTHTb BHHMaHHe, YTO
—1 ¢ W (R)), a aareM, uTO OH #BJAdeTcA H30MOPDHH3IMOM (CPAaBHHTB mo-
pankn). Moxyunts orciona usomopdusm W7 (R) na OV (gq) (cp. Ase., o
1X, § 9, n°5).

1) Cpamnus B) ¢ T), nokasats '), uTo rpynna sot (@) n3oMopdra rpynne
0% (qe). : '

41 3) Ilycte R — cucrema koprefi tTHna Ej.

a) Ioaoxum E = Q (R)/2P (R). DTo—nBekropuoe Fj-npocTpancTeo pas-
MmepHocTH 6. B ob6osnaueruax n°l1l nokasarb, UTO CKaJspHOe NMPOH3BejeHHE
(x|y) onpenesser ua E HeBbIPOXJEHHYI0 3HAKONEpeMEHHYO OuinHelHyio

popmy.
6) BuipecTH H3 a) cyuiecTBOBaHHe TOYHOH NOC/eJ0OBaTeNbHOCTH

1->{l, —1}—>W (R) —2>Sp (6, Fy) > 1.
(Vcnoab3oBate ToT dakT, uto Sp (6, F;) nmeer nopaaok 2°.345.7)

B) ITokasaTh, UTO CYXeHHe A Ha wt (R) aBasieres H3oMophHIMOM Wt (R)
Ha Sp (6, Fa).

r) HMcnonbsys kBappaTHunyio ¢bOpMy ¢, Ha BekTopHoM Fp-mpocTpancrtee
Q (R)/2Q (R), noayyaomyocs H3 7(x]x) 0pH (aKTopU3alHH, AATh Apyroe
[0Ka3aTeJbCTBO YTBEPXKAEHHs G), a TakkKe YCTaHOBHTb H30MOP(H3M

O (q;) - Sp (6, Fo).

9 4) Ilycts R — npHBeleHHAas H HeNPHBOAMMAa CHctreMa Kopeelt B V,
(al, cewy Og) fasuc B R, @—MakcHMaNbibii KopeHb. [Toloxum @ = nya;+...
...+ n0, IlpenjaraeTcs nate ONHCAHHe CHMMETPHUHBIX M 3aMKHEYTHIX

DOAMHOXKECTBE B R, OTJHYHHIX OT R ¥ MaKCHMAaJbHHX OTHOCHTE/JbHO 3THX
CBOHCTB.

a) Mycte ie={1,2,...,0}, 1 nycte R; — MHOXKecTBO Kopheil a¢ &R,
ABJSIOIMUXCA JdHEedHBMH KOMOHHAIAMH o; AIn j # i. Tlokxasare, uTo Ri

M4KCHMaJIbHO TOFAa H TOJIBKO TOrAa, Korna f; == 1.

1) M. Kueszep nokasaj, UYTO aHAJOTHYHBLI METOJ MO3BOJIAET NOJYUHTH
BCE ,HCK/IIOUATENbHEIE" H30MOp(HHEMB MeXAY KA4aCCHYECKHMH TPYyNnaMu Ko-
HeyHoro nopsjaka; cm. M. Kneser, Uber die Ausnahme-Isomorphismen zwi-
schen endlichen klassischen Gruppen, Hamburger Abh., 31 (1967), 136—140.
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6) [yers i {1, 2, ...,[}; npexnoxoxum, 4to n;> 1. Ilycte St. — MHO-
i

KecTBO KopHeift '21 mia, ¢ m =90 (mod n;). Mokasars, uro S; MaxkcamanLio
]—':

TOrJid H TOJBKO TOrAd, KOrja f, — NPOCTOe YUCJIO. (Ecm{ n,==ab, rae a>1,

b>1, To paccMOTpeTh MOAMHOXKeCTBO S < R, cocrosiuiee H3 KopHeit 2 ma,

i
¢ m; = 0(mod a), u nokasats, 4ro S’ cTPoro comepKHT Si.) [Tokasars, uto
KopHH — &, a; (j#=i) obpasyor Oasuc B S; (pawra /). [Toryunts orcioga

rpadp JIHHKHHA CHCTEMB Si.

B) Beskoe 3amkuyToe, CHMMeTpHYHOE H MakcuMmaabHoe B R NogMHOXKe-
CTBO IlepeBOAHTCS KakUM-HHGYnp saementoM rpymnst W (R) B ojgxo u3 nog-
MHOXKecTB, onucaHusix B a) uaum 6). (ITycts £ — takoe nogMuoxkecrtso. Toraa
Y= RN H, rnpe H — noarpynna xoHeuroro ungexca B Q (R) (§ !, ynpaxue-
ue 6, 6)); MOKHO npenitonararb, 4to Q (R)/H — uukaunyeckas rpynna. Cyme-
CTBYeT, caefoBaTeabHo, Takoil Bektop #* < V*, uro ¥ Gyzer muoxecTsoM
KopHelt o = R, nast KoTopux (#*, o) & Z. MHOXKecTBO X He H3MEHHATCH, €CJIH

n06aBuTh K 4* 3JEMeHT u3 Q(RV). Hcnoaways W, (R), nokasarts, uto u*
MOXKHO B3ATb TaKHM, 4ToObI (4%, a;) >0, (u*, &)<l IIyets up=(u*, o).
Ecau nBa u3s u; 6ynyr %0, To ¥ He MakcuMa’abHo.)

r) IMepeuncauTs MakcuMaJbHple CHMMETPHYHbIE 3aMKHYTHE TOIMHOMXKeCTBa
B R nJsi pasnuuYHBIX THIOB NpHBeIeHHHX HENPHBOAHUMBIX CHCTEM KOpHef.

5) Ilyets R — cucrema kopueit u P’ (R) — nonrpynna B P (R), BBexe-
nast B ynpaxuenus 8 ¥ § 1. [Toxasats, uto P’ (R) == P (R), ecit R uMeer Tun
Ay ¢ vernmw /[, nau tan By ¢ (=0, 3 (mod 4), uan Dy ¢ /=0, | (mod 4), viu
G,, wan Fy, uan Eg, unnu Eg. IMoxazars, uto P (R) = Q (R), ecan R umeer
Tun Cy, uan By ¢ [=1, 2(mod 4), nan E;, nan A,. Ecau R umeer tun A;
< weuetHhM [>1, To P’ (R)/Q (R) siBasieTcsi e AMHCTBEHHOH Noarpymnofi wuu-
nexca 2 umkandeckofl rpynnnt P (R)/Q (R). Ecan, nHakoneu, R umeer Ttun Dy
¢ (=2, 3(mod 4), To P"(R)/Q (R) siBasieTcsl eIHHCTBeHHOH moxrpynuofi mno-
pagka 2 B P (R)/Q (R), ycroftunBoit oTHocureaso A (R).

41 6) ITycrs R — npuBenennass H HenpuBogMMasi CHCTeMa KopHefi,
(ap o o) —06asue B R, p, o+ ... +po— MaKCHMaJAbHEI KOPEHb, aa, + ...
... + a0, —cyumma nonoxnTENbHBIX Kopuell, m;, ..., m;— NoKasatean

rpynnst W (R), g — ee nopsanoK, f — HHAeKC CBSISHOCTH CHCTEME! R.
a) ITpoBepuTh B KaxAOM Caydae, YTO

Nppy...pmy...m =a0,...4,.

6) Ilokasare, uTo

grmmy...m=Ff-aa,...a.

{Ucnoawv3zoBars a) U npeanoxenne 7 uz § 2, n° 4.)
B) Has aw6oro nomoXKHTENBHOTO KOPHSA a=20¢ai nyers e (@)=
i

.=ZCi. Beiygcauts B KaxAOM caydyae MHOToOuUJIEH
i

P(fy= Y 1°,

a>0
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4
s— ]
Mposeputs, uto P (1) =t 3 (1414 ... 4™,
i=|
7) Ilyets R — npHBejeHHAas M HENPHBOIMMAR CHCTEMa KOPHEH.
a) IIpoBeputs, uTo KaHomnueckuit romomopbusm A (R)/W (R) B rpynny
aproMoppuamon rpynnu P (R)/Q (R) uubekTuBeH.
6) BbiBecTu oTciofa, uto — 1 npunagaexut W (R) toraa H ToJibKO TOTAa,

koraa Q (R) > 2P (R).

8) Ilycts Ry 1 R, — gBe NpUBELEHHLIE W HEIPHBOAHMBIE CHCTEMH KOp-
Hell, ITokasats, yro ecau rpynnbl W (Ry) u W (R,) oanoro u Toro xe no-
paiKa, To cMcTeMa R, uzomopdra Ry wiH RQ/. (Mcnoab3oBaTh Kaaccupuka-
wnio.) TlpogoJKaer JuM 3TOT Pe3yJbTAT OCTABATHLCH BEPHHIM, eCJH He mpef-
noJiarath, uTO CHCTEMa R, HempusoxHMa?

9) Ilycte R — cucrema KopHell paHra [, m mycTh p — IPOCTOE YHCJIO,.
neasmee nopajgok rpynnst A (R). ITokaszats, uro p<C!-- 1. (CBectu K He-
NPHBOLUMOMY CJIYYai0 H HCIOJb30BATh KJACCH(HKALHMIO,) '

10) a) ITycrs (W, S) — nHenpuBogumast koHeunad cucTema Kokctepa, [To-
JIOJKHM
W= tH®) (cn 1V, § 1, ynpaxuenue 26).

weWw

IMyers my, ..., my— nokasaread rpymnn W (ra. V, § 6, n°2). IIposepurL.
1151 HeGoJslbluuX 3uauenuil [ dopmyay

1
vy =IOt +™)

i=l

(ucnoap3oBats TeopeMy ! M ynpaxueHue 26 x ra. IV, § 1).2)

6) IMycts R — npuBeaenHast HenpHBOIMMas cHcreMa Kopueii B W (cooTs.
W,) — rpynna Bedtas (coots. abbnunaa rpynna Beiis) cuctems R, Hazeden-
Has cTpykTypoii rpynnst Kokcrepa (cooTBeTcTBYioulell BHGOpPY HEKOTOPOro
anbkoBa). Kak u Bmure, onpepeasiorcs W (£) m nokasartenu m;; HOJOXKHM.

TaKXKe
We(ty= 3 @,

wEWa

IMpopepute npu HeGoublunx 3HaueHusx [ hopmyy

1

{
Wa(t)=W (t) Hl—_]tm_; _ [I 1+ t1+__','rr't,.+ M

i=! i=l1

!} IlorasareibcTBO, He HCHOJb3YIOWee KJaCCH(GHKAIHIO, CM. B CTaThe:

B. Kostant, The principal three-dimensional subgroup and the Betti
numbers of a complex simple Lie group, Amer. [ Math., 81 (1959),
973—1032.

2) JlokasaTeJbCTBO 3TOH (hOPMY.IH, He HCMOJL3YIONIee KiaccuUKaLuo u
BepHoe MNPH BceX 3Hageuusnx /. cM B cTaThe:

L. Soltomon, The orders oi the finite Chevalley groups, J. of Al-
gebra, 3 (1966), 376 — 393.
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{4acnonb3oBate TeopeMy 2 u ynpaxuenue 26 k ra. IV, § 1). 1)

9 11) Ilyers (W, S)— cuctrema Koxctepa tana H; (cm. Teopemy I).
a) B Tex e o0603HAaueHHsX, YTO M NPH [AOKA3ATENbCTBE JeMMbl 2

B ra. V,§ 6, n°2, nokasats, uto (2’, 27) = n/5; BHiBecTH OTCI0AA, UTO YHCJO
Koxkcrepa & rpynnut W paBHo 10 u uto nokasatensmu rpynnel W Gynyr 1,54 9.

6) Hcnoapsys a), nokasars, yro Card (W) = 120 u uTo uncJIO OTpakeHHH
rpynnet W pasuo 15.

B) B}éOBb ycraHoBuTh dopmyay Card (W) = 120, npuMenuB ynpaxuenue 5
kra V, § 3.

r) Iycre Y5 — snakonepeMentas rpynna MuoXectsa {1, ..., 5); naa pas-
JHUHHX a, b, ¢, d u3 muoxectna {l, ..., 5} oGosHayum yepe3 (ab) Tpaucno-
3MUHMIO 3JeMeHTOB @ u b, a uepes (ab) (cd) npoHaBenenue TpaHcno3HuHi (ab)
¥ (cd). Myers

ry==(14) (23), ry = (12) (45), ry == (12) (34).

[MokasaTb, 4To (rirz)® = (ryr3)® =(ryr3)>=1. BHBecTn orcioga cymecTt-
BoBaHHe roMomoppuama f: W — U;, oroSpaxarowero S Ha {ry, ry, rs}; noka-
3aTh, uTO | CIOpPbEKTHBEH.

1) Iycts &0 W —>{% 1} — romMomMoppuam w l-—>(—l)“"’). ITokasats, uTO
(f, &): WA X{x 1}

ects nszoMopdusMm. (McmoabsobaTs ToT ¢$akt, uTo ofe paccMaTpHBaeMsie
CPYANE HMEIOT OJHH H TOT Xe NOPSIOK.)

1 12) Iyers (1, §, j, k) — kaHoumueckHil 6asuc Tena ksarepHHoHOB.H,
npu noMomH Koroporo otoxaectBasiorcst H u R4 Ha H BBoaurca ckaaspHoe

npox3BeJeHHe % (x7 + y%). lyers T — MmyasTHONMKATHBHAS TPynma Ksarep-

HHOHOB ¢ HopMo# I.

a) Ecan a T, 1o oproronansnoe orpaxenne s, B H, Kotopoe mepepo-
JHT @ B —a, coBnagaeT ¢ orobpaxeHueM x> —aXd.

6) IMycTs q=cos%-——;— i+(cos§5£)jel‘ 14 r=%(l + i+ j+ k)=t
ITycts Q — MHOXECTBO KBaTepPHHOHOB, noJyvalomuxcH H3 I, ¢, r ueTHbiMH
NnepecTaHOBKAMH KOOPAMHAT H H3MeHEHHeM 3HAKOB HEKOTOPHX KOOpAaHHAT.
Torna Q smaseTcsi noarpynnofi 8 I' nopsinka 120.

B) Iycts W — noarpynna B GL (H), nopoxpennas OTPaXKeHHAMH Sq
¢ a< Q. Ilokasars, uto W ocrasaser ycToiunBoi Q, sBJseTcsl KOHEUNoH,
HENPHBONMMOH, HO He gBJAETCS KPHCTaMJorpadHyeckoll; BHIBECTH OTCIOXA,
yro W nMeer tun H, (cM. Teopemy I).

r) ITokasate, uTo W nefictByer na Q rpausutusso. (Vcmoas3osats npen-
aoxenne 3 ra. IV, § 1)

n) Myers gy = Q, V — BekTopHoe mognpocrpadcTso B H, opToroHaasHoe
K Qo, B nycts Wy — crafuansarop Bektopa a9 B W. IlokasaTs, uTo cyxeHHe
W, na V ecrs HempuBoguMas Tpymna, NOPoXjeHHas oTpaxenuamu (ra. V,
§ 3, 1°3), Ho He sBAsIOMIAnCH KPHCTaMJIorpadHuecKoll. BbiBeCTH OTCIONE, UTO
W, — rpynna Kokctepa Tuna Ha.

') NokasatenscTro 5TOH DOPMYJH, He HCHOJIb3yOllee KJIACCHUKAUHIO H
BepHOe npH BceX 3HAYeHHHAX [, CM. B CTATbAX:

R. Bott, An application of the Morse theory to the topology of Lie
groups, Bull. Soc. Math. France, 84 (1956), 251 — 281;

N. Iwahori, H Matsumoto, On some Bruhat decomposition
and the structure of the Hecke rings of p-adic Chevalley groups, Publ.
Math. Inst. Hautes Et. Sci., Ne 25 (1965), 5 — 48.
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e) Iloxasare, uto Card (W)=2%.32.5% (ucnonb3oBats r), x) u ynpaxk-
Henue 11).

&) MokasaTs, uto uncao Kokctepa rpynnst W passo 30 u uro ee mnoka-
sateasmu G6yayr 1, 11, 19, 29

13) Mycrs V — runepmrockoets B RY, onpenenennas ypasuennem x; 4 ...
veo + x3=0, ¥ R — nogmHoxkecTBo B V, cocTosimee U3 TOUEK

(2,22 —1, =, =1, =1, =1, =1), (=2, =2 =2 L L L, L, L),
(3, —3,0,0,0,0,0, 0, 0)

H Y3 TOYeK, KOTOPHIE IOJAYYATCH MEPecTaHOBKAMHM KOOPAHHAT 3THX Tpex
rouek. [Toka3aTs, yTo R sBasercs: cucteMmofi Kopuelt B V tuma Ej.

14) B 06Go3xavyenusX n®7 nokasaTs, YTO aBTOMOPDH3M IMPOCTPAHCTBA RIFL
KOTOpH NMepeBOAHT €, B €y 8, B By ..., § B g HE B, HHAYULUPYET

npeo6paszoBaune Kokcrepa cuctemsr R tuma Aj.

15) Jdats onucaune mukpoBecos (§ 1, ynpaxuenne 24) s kaxjaoro
THIA HeopHBOAMMOH mnpuBeneunoi cucreMrl kopueit. (Haxogarcs dyvamaves-
TaJbHbIE BeCa @y, ..., @, 1A Al’ Bec &, ans B Bec @, man Cl’ Beca @,
®,_» ®, nasa Dt' Beca @, H @y A7 Es’ Bec @ A E7; st Es’ F4 " 62
HHYero HaXOAHUThb HE HYKHO.)

91 16) ITyers (W, S) — komeunas Hempusopumasa cucrema Koxctepa, u
nycts 1= Card (S).

a) Ilokasars, uro ecan (W, S) —He TtHma F,, TO CcyumecrByeT HOAMHO-
xectBo X < S u3s n— 1 asneMenToB, Takoe, 4TO (WX, X) Gynet tama An_l.

6) Ilpu noMoiuH  KaHOHMyeckoro npexcrasteuus (ra. V, § 4) W oro-
®aecteasercss ¢ moarpymmod rpynmsr GL (RS). ITokasars, uto cymecTayer
takoft Gasuc (e, ..., es) B R>, uto npu mwo6o#t nNepecraHorke o = S,
aBTOMOp(}hH3M NPOCTPaHCTBRA RS, nepesojAmuit e; B g (i 1 << i n, upu-
napaexur rpynne W (,reopema Bepucaiina“). (B clyuae xorfa Tul CHCTEMH
(W, 8) ornmnuen ot Fy, HcHONL30BaTH a); B CJayyae Xe Tuma Fy 3aMeTHTh,
yro W comepxur moarpynmy TtHma D, (eMm. n°9), a 3To CBOLHT 3amauy
K Mpeabymes.)

B) Ilycts E — Kaxkag-~TO MOArpynna TCPyOnsl aBTOMOPGUIMOB CHCTEMH
(W, S). Iokasats, uto noaynpsiMoe npousBepeune E-W cpynuw E wa W

MOrPyIKaeTcAd KaHOHHYECKHM 00pa3oM B GL(RS). [Toxasats, yTO OnpeneJcH-

Hasf TakuM oGpasoM moxarpymma B GL (RS) LHOPOKaeTCAd OTPaKeHHAMY, 34
HCKJIOUEHIIEM C/AEAYIOMUX YeTHpeX Cayyaes:

(i) (W,S8)—rtuna A,, n>=4; rpymna E — nopsanka 2;

(ii) (W, S) — runa Dy; rpynna E — nopsnxa 3;

(iii) (W, §) — tuna F,;; rpynna E — nopsnka 2;

(iv) (W, S) — rtuna Eg; rpynna E — nopsinka 2.

Moxa3ate, 4t0 B caywasx (i) #u (iv) Oymer £ -W = {x1} X W. [lokasars,
yro B cayuae (iii) rpynna E- W He ocrapaser ycrtoluupofi HHKaKoH peluert-
ku B RS,

r) Mycre Wy — koneunass noarpymna B GL, (R), nopoxmedHas orpamxe-
HUSIMH, HENPMBOJAMMAS H cCYIECTBEHHas, M mycTb G — KOHeyHas HOArpymnna
B GL, (R), copepxaman W,. Iloka3ars, uto G mubo mopoxmaercs OTpake-
HHAMY, Jau60 umeer Bup E-W, rae £ u W npuHajgaexar K OJHOMY
3 tunoB (i) — (iv) ynpawuenus B). (Ilycts W — rpynna, HopoxieHHast
OTPaeHHIMH, KoTopsie copepxarcd B (. I'pynna G nmepecraBiaser Mexay
codoll kamepni oTHocHTeqpHo W. Kak u B § 2, n°3, Bumecry, uto G umeer
yrasauusblit Bitg E+W.)



HCTOPHYECKHH OYEPK

K FJIABAM IV—Vi

(N. B. Pumckre nuodpn B ckofKkax oTChIAOT K GuGanorpaduu, noMmeen-
HOH B KOHUE HacCTOALIEr0 ouepka.) ]

I'pynnsl, u3yuaBliHecst B 3THX IJIaBaX, BO3HHKAJM B CBA3H
C PasJHYHBIMH BOHPOCAMH I'€OMETDHH, 2HAJH3a H TEODHH TPYNH
Jlu TO B BHIe Ipynm NepeCTaHOBOK, TO B BH/Je Tpynu HepeMe-
eHHH B EBKJUAOBOH HJH ruiep6osuiecKofl reoMeTpHH, HO
BIUIOTh JI0 HeJlaBHero BpeMeHHM 3TH pasHbie NOAXOMAbi He OblJH
COTJIACOBAHHl JIPYT C NIPYTOM.

HeropuieckHn BO3HUKHOBEHHE TEODHM HAMHOFO TpPejlUEeCTBO-
BaJIO BBeJIeHUIO TIOHATHS I'PyNnbl: ¢pakTHUecKU oHa GepeT HayajI0
B HCCJIeJIOBAHHH CBOHCTB ,peryJsipHOCTH® HJH ,CHMMeTpuu“
reoOMeTpHuYecKHX (GHrYp H OCOGEeHHO B ONHCAHHH TPaBHJILHBIX
MHOTOYTOJIbHHKOB M MHOTOTDAHHHKOB (BOCXOAsIeM, 6€3 COMHe-
HUs, K TudaropefiiiaM), kotopoe yBeHuuBaer ,Havana“ Eskauna
H ABJAsICTCS ONHHM H3 HaunOGoJsee OJIHCTaTeJbHHX TBOPEHHH rpe-
yeckoro renus. Ilosgnee, a MMeHHO y apaGCKHX aBTOPOB KOHua
cpelHHX BeKOB H 3aTeM y Kemsiepa, nmOsiBHJIHCHL 329aTKH Mare-
MaTHUYECKON TEOPHH I PABHJIbHBIX ,JOKPBHITHH" IJIOCKOCTH HJH
chepsl NOMAapHO KOHTPYSHTHHIMH (HO He 06s3aTeNbHO NpaBHJb-
HEIMH) MHOTOYTOJIbHHKAMH; TPOHCXOKAEHHE 3TOH TEeOpUH, He-
COMHEHHO, CBfi3aHO C pAa3JIMYHLIMH THIAMH OPHaZMEHTOB, H30-
6peTeHHbIMH AHTHYHOH M apabcKoi LHBHAH3ANHAMHY (YTO MOXKHO
C TOJIHBIM MPaBOM paccMaTPHBaTh KaK MOIJIMHHYIO YACTh MAaTe-
MaTHKH, CO3JaHHOH 5TuMH UHBHJH3auusimu [XII]).

B 1830—1840 r. uccaenosanusa mo Kpucraaaorpapun (Iec-
cesb, bpaBs, MéGuyc) npuBesH K H3yueHH0 NpobaeMul, KoTOpas
B TOUHOCTH COBIlanaeT ¢ NpoGJeMoil ONMHCaHHsI KOHEUHBIX TPy
MepeMelleHHH B eBKJHJOBOM [POCTPAHCTBE TPeXx H3MepeHHil,
XOTA YNOMSHYTHE aBTOPH H He I0JIb30BAJHCh €Ile S3HKOM
TEODHH TPYII; TOC/He[HUI BXOIHUT B yHOTpelbJeHHe JHUIL 0KO.JI0
1860 r., u uMeHHO 3aHMMafCh KuaccHpukauuell rpynn, YKopaau
B 1869 r. [VI] omucan nuCKpeTHbie NOATPYNIbL COXPAHSIOUIMX
OpHeHTALHIO NepeMenieHHH npocrpaHcTBa R (u, GoJsiee obmum
o6pa3oM, Bce 3aMKHyTsie TOATPYNNH TPyNn HepeMenieHHH,
COXPaHSIOMKUX ODHEHTAIHIO).

dtoT uuka uned passuBagcss B XIX Beke B HecKOJbKHX
HanpasJeHHAX, H3 KOTODPLIX OTMeTHM HauOoJee sipKHe.
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1° B COOTBETCTBHH ¢ TeHJAeHNMeH, NposiBMBUIeHicss B TeopHH
KOHEUHBIX I'PYNI C caMblX PaHHHX TMOP, CTApaJjuCh',3amaBaTh”
KOHeuHble TPYNOHE NepeMelleHHH 0OOpa3yOUHMH H COOTHOIIe-
HUAMH BO3MOXHO OoJiee Tpoctoro THma. Tak, B 1856 r. I'amuis-
To [V] mokasas, 4To KOHeyHHle TPYNNbl BPallleHHH B €BKJHIO-
BoM mpocTpaHcTBe R® mopoxxpatoTest ABymst oOpasytomuma S, T,
CB3aHHLIMH cooTHoweHHsAMU SP=T7=(SPP=1, npa uHanje-
JKalluX 3HaYeHHSX p H ¢.

2° JIucKkpeTHBle TpyHnb TNepeMellgHHH MOTYT CORepXaTb H
MOTYT He colepxaTh orpasenuti. Haunnas c 1852 r. Mébuyc
ONHCAaJ, MO CyIIECTBY, HOPONAeHHble OTPAdEHUAMU KOHEeUHbie
rPpYNNB NepeMellleHHH B CQepHuecKOdl reoMeTpHH (4TO 3KBH-
BaJeHTHO TOH e 3ajade AJNSA KOHEYHBIX TIpynil eBKJAHJAOBHIX
nepemenlennii B R%); on mawmea [III], uro, 3a uck.IOueHueM
IIHKJHYECKUX Tpynn, GyHAaMeHTa bHOH 06/aCThio TAKOH rpyNisl
CJAYXKHUT chepuuecKuil TPeYroJbHHUK € yraaMmu Bujia w/p, n/q, su/r,

1 1 1
rie p, §, r — TPH LeJbIX yucaa > 1, A8 KoTophIX > -}~ 7—[— -> |

{cM. ra. V, § 4, ynpaxuenue 4). OH ycTaHOBHJ Takxe, UTO 3TH
TPYNIB COJAEPXKAT B KaueCTBe NMOATPYNN BCe KOHeYHble TPYIIH
fiepeMelile HHii.

3° Dror nocneXHHE KPYr HAel MNOJYYHJ HOBHEH CTHMYJ
K pa3BUTHIO, KOria Beael 3a paforamu Pumana u lllBapna mo
TUNePreOMETPHUECKUM (GYHKUUAM ¥ KOHGOPMHBLIM IpelcTaBJe-
HUAM HauajoCh HM3yueHHe ,NOKPHTHH® KOMIJIEKCHOH NJIOCKOCTH
HJIM TIOJNYIJIOCKOCTH (UrypaMH, KOTOPhle OrpaHHYeHHl JyraMH
cKkpyxHocTell; Kuefin M IllyaHkape 3a/0XHJH 3[eChb OCHOBBHI
TEODHH ,aBTOMOPGHHX (QYHKUHHA® H paccMoTpesan (Ias cayuas
AyT OKPYXXHOCTeH, OPTOrOHaJbHHX K (DHKCHDOBaHHOH NpsMoi)
npoGaeMy, KBHBAJEHTHYIO npobjeMe HAXOXAeHHS AHCKPETHBIX
NOATPYNN TpyIIH NepeMelneHUH rHnepO6o/HYecKOod HeeBKJHAO-
BOH IJIOCKOCTH (OTOXKJeCTBJsteMo#l ¢ ,moJgyniockocTeio Ilyal-
rape“) [X].

4° B palore, KoTopas BOCXOIMUT npuban3uTensHo K 1850 r.,
Ho Gblia onyOaMKOBaHA MHOrO MNO3JHee H OCTaBanach J0Jroe
BpeMst B 3a6BeHuu, llluedan [IV] pacnpocrpanua noHsiTHs npa-
BHJABHOTO MHOIOTDaHHMKa M MOKPHITHS! IPocTpaHcTBa R® TakuMmu
MHOTOTPaHHMKAMHM HA BCe eBKJAHJOBH npocTpaHcTBa R". OH
TIOJIHOCTHI0 ONHMCAJ NpaBHAbHble ,NOJUTONH® B KaxjaoM R”,
TPpYONy MNepeMeljeHHH, OCTABJAIOUINX HHBAPHAHTHHM OJHH H3
TaKHX NOJUTONOB, ¥ (yHAaMeHTaJbHYI 006/acTb 3TOH Tpymibl;
KaK W B cayuae n==3, n3yueHHoM MéoGuycoM, sra obaacTs siBJs-
eTcs ,kKaMepoi“, ciel KoTopo#l Ha cdepe S, npencrasiaseT co-
6oil chepruueckuit cuMmniekc. OfHAKO OH He CTaJ 3aHUMATbCA
o0paTHOH 3ajaveil HaXoX[eHHS KOHEUHBIX TPYNI nepeMemieHHuH,
NOPOXKAEHHbIX OTpa)keHusiMH B R"; sra sapmaua Gwiia pellleHa
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gums MHoro mosfHee ['ypca [VII] nns n=4, a ana npous-
BOJILHOTO 71 ee pellleHHe AOJKHO Obljo xAaTs pabor 3. Kap-
tana [IX, )] u Kokcrepa [XIV], Ha KOTODHX Mb OCTaHOBUMCSH
HHIKE.

ES
* *

Ipumepro k 1890 r., ¢ nepsuiMu paboTamu Kuanudra u
3. Kaprana no rpynnam JIH, ohopMuJACA HOBHH UMKJI HIEH,
KOTOpPHI 10/TOe BpeMsl pasBHBaJscs 0e3 CBA3H C NMPEeALBIAVIIHM,.
Ilpu M3yUeHHH CTPOEHHS KOMIJIEKCHBIX MOJNYNPOCTHX anarebp Jlu
Kuanunr [VIII] u Kapran [IX, a)] cpasy ke ocosHajsu mepro-
CTeNeHHYI0 DOJIb HEKOTOPHX JIMHEHHBIX PopM @, Ha ,opaarebpe
Kaprana“ 0§ Ttakoit amreb6pm Jlu §; 3T0 He YTO MHOE Kak
,KODHU® OTHOCHTeJBLHO §), HasBaHHHEe TaK moToMmy, uto y Kun-
JIMHTa OHH MOSIBUJIHNCH KAK KOPHH XapaKTepHCTHYECKOrO ypaBs-
mennsn det(ad;(x) — 7)=0, neBas 4acTb KOTOPOro paccMaTpu-
Baerca Kak ¢yHRuus ot xe 0. CsoiictBa 3THX ,KOpHel“,
ycranoBsneHHbie Kuanunrom u KapraHoM, MOMXKHO BHIPa3HTb
Ha TeoMeTpHYECKOM #A3biKe ra. VI, ckasas, 4TO OHH 00pas3yioT
,IpUBeAEHHYI0 cucTeMy KopHeil“ (cM. ra. VI, § 1, n°4); naxee,
UMH OBITO MOKa3aHo, 4TO KjaccupHKanus KOMMOJIEKCHHX MO.IY-
npocThX anre6p JIu cBOANTCSA K KaacCH(UKAMH acCONUMPOBAH-
HBIX ,CHCTeM KOpPHe#“, KoTopasi B, CBOIO oOuepelb CBOLHTCS
K OMNHCAHUIO HEKOTOPHX MaTpHIl € NeJBIMH KO3(Q(HUHNEHTAMHU
(HasBaHHHIX BMOCJEACTBUH ,MatpunaMmu Kapraua“; cm. ra. VI,
§ 1, n°5). Kunnunr u KapraH gokasanu Takxke CylneCTBOBaHHe
ansi A1060r0 KOpHS ®, WHBOJIOTHBHOH MNePeCTAHOBKH S, MHO-
JKECTBA KOpHeil'); OHH HCIOJb30BAJH CYIIECTBEHHBIM 00pa3oM
npeo6pasosanve C =S4 Sq, ... Sq,— NpOU3BeNeHAe MNEPECTaHO-
BOK, aCCOIMHPOBAHHHIX C / KOPHSMH (DyHIaMeHTaNbHOH CHCTEMB
(HbIHe OHO HasmBaeTcs ,lpeobpasoBaHueM Kokcrepa®); oHH XKe
NPOAOIKUIN YKA3aHHYI0 NepeCcTaHOBKY /O JHHeHHOro mpeofpa-
30BAHUSI BEKTOPHOI'O HNPOCTPAHCTBA, MOPOKIEHHOrO (QyHAAMEH-
TaNbHBIMH KOPHAMH 0q, (I <I<C/), ¥ u3yunsn ero coGCTBeH-
uble 3nauenns: ([VIII, ID)], ctp. 20; [IX, a)], ctp. 58). Ho nuu
Kunnuur, Hu (Ha mnepBbIX nopax) Kapraw He JOrajibBasHCh
paccMOTpeTh Tpynny %, NOpPOXKAeHHYIO BceMu S,; M Koria
"HeckosibKO nmosanee Kapran [IX, b)] onucwiBaa rpynny Ianya &
XapakTepUCTUUECKOTO ypPaBHEHHUA

det(ady (¥) — T)=0

¢ ,06mHuM 3jeMeHTOM" X & B, orob6paxenus S, MM CHaua’da
He BBOAUJHCH B Mrpy; 30 JeT CnycTd, yXe 1OJ BAUAHHEM paboT

1) OGosuagennss ®g B Sg CTOTBETCTBYIOT HAaUIMM OGO3HAUCHMAM @ H Sg
us ra VI, § 1.
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T. Beiins, on nokasaa [IX, c)], uto & ectb HopMasbHas NOA-
rpynna rpynnbl &, u onucal BO BCeX CJyuasX CTpoeHue ¢ak-
Toprpynnsl 9/&’, KoTopas (njs npocToii anreGpnl §) HMeeT mOpsi~
Jok 1 wmim 2, 3a wuckmoueHneM cayyas D,, korga oxa
usoMopdua rpynne ©; HMeHHO B 3TOil CBS3H OH HHTepPIpeTH-
poBan Takxe ¥ Kak rpylnny, HHAYUHPYEMYIO BHYTpEHHHMH
aBTOMOp(GH3MaMH KOMIIEKCHOH noaynpocToift aare6pul Jlu,
ocTaB SO UMHE ycToiunBoll noxaare6py Kapraua').

B pab6orax I'. Befins, 0 KOTOPHIX MH TOJBKO 4YTO yHOMS-
HyJH, Oblia BIepBHE BBeJeHa TE€OMETpHYeCKas HHTepllpera-
nus rpylnst ¢’ (Ma3saHHOH BIOCJENCTBHM ,Ipynnoi Beias®
asre6psl q); B To BpeMa Kak Kuaauur u Kapran pa6oranu
¢ npeo6pasosauueM C, oH BHICKa3aJ HJel0 pacCMaTpHBaTh Bee S,
KaK OTpaKeHHss B BEKTOPHOM IIDOCTpAHCTBe JHHEHHHX (GopM
Ha §. B memyape I'. Beitas [XIII] Bnepsrle nossunacs Takke
byupamMenTanpHas obsacTs ,apbuHHOH rpynnsl Bedas“ (smpo-
yeM, CBS3b ee C ,rpynnoil Beias“ ¥ He 6blia sicHO yKka3sana);
Beiiin Hcnoap30Bas ee IS TOrO, YTOOGH YCTAHOBUTh KOHEU-
HOCTh (yHZAMEHTAJbHOH TpynNnH MOJYIPOCTOH KOMHAKTHOR
TPYIIH, YTO ORIIO, B CBOIO OYepellb, OCHOBHBIM MOMEHTOM B €ro
I0OKa3aTeJhCTBE NONHOH NPUBOAHMOCTH JIHHEAHEIX NpeiCcTaBaeHIHA
KOMILIeKCHOH nosympocToil anrebpn JIu. Bekope 3. Kapran ocy-
WEecTBHI cHHTE3 riaoGanpHoi Touky 3penus I'. Befias, ceoeit co6-
CTBEHHOH TEOPHH BeLIeCTBEHHBIX HJM KOMILIEKCHBIX 110Jy TPCCTHIX
aure6p JIM ¥ TeOpHH CHMMETPHYECKHX PHMAaHOBBLIX IPOCTPAHCTB,
KOTOpyi0 OH B TO BpeMs crpoumt. B memyape [IX, d)] ou 3a-
BEDPILHJ ONHcaHHe ¢YHILaMeHTAJbHAIX TOJHTONOB FpyInb BetJs,
o6niyHOH M apUHHON, H BBeJ pEIIECTKH BeCOB M pafHKaJbHHIX
BecoB (ra. VI, § 1, n°9); B [IX, e)] on pacnpocrpanua atoT
IoxX0){ HAa CHMMeETpHYECKHE INPOCTPAHCTBA M TaKHM HMEHHO
06pa3oM CTOJKHYJCA C NEPBHIMH INpHMEpaMH HeNpHBeLEeHHBIX
cucreM Kopued (ri. VI, § 4, n°1). Hakouen, B crarse [IX, )]
JaHo mnepBoe A0OKa3aTeJBCTBO TOro (pakTa, YTo BCsKAs KOHeuHas
rpyla, NopoxneHHas oTpaxenusiMmu B R® u spasolasics ue-
NpHBOJLUMOH, o6namaeT QyHIaMeHTaIbHOH 06.,1acThio cO chepH-
YeCKHM CHMILJEKCOM B KauecTse cjena Ha S,_;; B 3Toii pabore
KapraHn yCTaHOBHJ TaKKe reoMeTpPHuYeCKHMH CpeJICTBAMH eJuH-
CTBEHHOCTh MAaKCHMaJbHOIO KOpHs (OTHOCHTEJbHO NPOH3BOJIL-
HOTO JIEKCHKOrpaHyecKoro nopsjpKa Ha CHCTeMe KopHeH).

Cnycrsi HekoTopoe BpeMsi Bau nep Bapuen [XVI], onupasics
Ha pesyJeTaTel MeMmyapa [I'. Befiast, nokasan, uro KJaac-
cH(pHKaLHs KOMNJEKCHBX NONYIPOCTHX anre6p JIu sKkBHBaJEHTHA
KJjaccudnKanyy NpHBeIEHHHIX CHCTeM KOpHeH, KakoByK OH H

1) O6o3nayeruss ¥ u % cooTBercTBYIOT HalwHM o0osnauenusiv A (R) u
W(R) us ra. VI, § 1, n°1.

10 3ax. 61. H. BypGaxu
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OCYLIECTBHJI IPH NIOMOIIH 3/ieMEHTaPHBIX FreOMeTPHYECKHX COO0pa-
xeHH# (torna kak y Kmauuara m Kaprana sta knaccudukauus
CJefOBajla U3 CJOXKHBIX BHUYHCJAeHHN onpepesuresefi). Iloutu
B TO Xe BpeMst KokcTep omnmncaJ B SBHOM BHJe BC€ HeNpPHBO-
JMMBle KOHEUHble IPYNNb €BKJIHAOBLIX NepeMellleHHui, KOTOpbie
nopoxpaawoTcs orpaxenusMn [XIV, c)]; o monossusa rem caMbim
pesyapratl . Kaprana [IX, d)], koTopniit onucas jaums ,kpu-
craanorpadudeckne” rpynns (T. e. TPyNINE, acCCOUHHPOBAHHEE
C cucTeMaMu KOopHe#, uJH, elne, AONyCKalolliHe BJOXKeHHst B Gec-
KOHEeYHy0 MAMCKpeTHyi0 Tpynmy nepeMemeHwuii). B cienyomem
rony Kokcrep nokasan [XIV, d)], yTo koHeuHwle rpynmnsl, nopo-
KJeHHBe OTPaXKeHUsIMH, CYTb eIMHCTBeHHBIe (C TOYHOCTBLIO NO
H30MOp(dH3Ma) KOHEUHEle TPYNNH, NOTNYyCKaioliue 3afaHne HHBO-
JIOTHBHBIMH 00pasyiomHMMH R; u OnpeleJsiOUMMH COOTHOLUE-

HHUAMH BHJIA (R,-Rj)’"ii=l (m;;—uennie ynca); oTcI0La M Has3Ba-

uue ,rpynnsl Kokerepa“, npucBoeHHOe NMOTOM rpynnam (KoHeu-
HEIM HJIH GecKOHeuHLIM), IONYCKAIOLKM TaKoe 3ajaHue.

%
L L

ITepBrie CBsi3n MeXAy ABYMS LHKJAaMH HCCJAENOBAaHHil, ONH-
CAHHBHIMY HAaMH Bbillle, GRUIH OTMeueHH BIepBbe, NMO-BHIUMOMY,
Kokcrepom [XIV bis], a 3atem — Burrom [XV]I]. Ouu ycrano-
BHJH, YTO OeCKOHeYHble HeNPHBONKMBIE TpPyINbl eBKJIHIOBBIX
NepeMeleHull, MOPOXKIEHHbIE OTPaKeHUSIMH, B3aHMHO OJHO-
3HAYHO (C TOUYHOCTBIO NO H30MOp(H3MAa) COOTBETCTBYIOT KOM-
NJeKCHBIM MNpocThiM anre6pam Jiu. BHTT naa HoBoe onucazme
JHCKPETHHIX TPyNIN 3TOro THIA H, KPOMe TOro, oGo6iuA yrnoms-
HyTy!o BHIle TeopeMy Kokcrepa n3 [XIV, d)], oxapakrepusosas
nogo6ubiM o6pasoMm rpynnsl Kokcrepa, HsoMopgHbE Gecko-
HeYHBIM JHCKDeTHHIM IpyNNaM eBK/JMJIOBHX NepeMelieHHd. DTOT
pe3yJbTaT H TOT aKT, YTO aHAJIOMHYHbBIE TPyNNH B runepGosunue-
CKOH reOMeTpHH TaKXe fIBJsAIOTCH rpynnaMu Kokerepa '), npusenn
K TOMY, YTO CTaJH CaMOCTOATEJbHO H3y4yaTb STH INOCJAEIHHE
rpynnsl, cHavana (cp. ra. V, § 4) ¢ ynopoM Ha reoMeTpuue-
CKYI0 peaJsiM3alHIo (}[)XV], [XXV]), a satem, Bcaen 3a K. Twur-
coM [XXV], B uncro aJjre6panmyeckoM aclekTe, MPHHATOM H
B HacTosiueM TpaKrtate (ra. IV, § 1).

Hauunas ¢ pa6or BHTTa, Teopus moaynpocThix rpynn Jiu
¥ TeOpHA JAHCKDETHHX TPYIIN, MOPOXKAEHHHX OTpaKeHHAMH, He
npexpamaioT Bo3feficTBOBATh JAPYr HAa Jpyra HCKJIOYATENLHO
MJIOROTBOPHLIM oGpaszoM. B 1941 r. Ultudens [XVIII] sameTnd,
uTo rpynnu Befias cyTs B TOYHOCTH KoHeUHble TPYMIEL, NOPO-

!) 3t rpynns, ROCKOHATLHO HSyYeHHHE B CJAygae pasMepHOCTH 2,
He PaccMaTpPUBAMHCh, MEKAY NPOUYHM, B Pa3MepHOCTAX = J BOJIOTHh AO mOC/aen~
HHEX Jer.
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JKJAeHHHlE OTPaXKeHHAMH M OCTaBJAIOIHE HHBAPHAHTHOH HeKo-
Topylo peuetky. Hlesaae [XIX, a)] 1 Xapum—UYaunpa [XX, a)]
naau B 1948—1951 r. anpuopnbie HoKa3aTeJbCTBa B3aHMHO
OIHO3HAYHOTO COOTBETCTBHA MEXJAY ,KpHCTaJaorpadudecKkumMu’
IpynnaMH H KOMIJIEKCHEIMH HOJAYNPOCTHiMH asre6pamu Jlu; 10
TeX NOP MOIJIM TOJIbKO HPOBEPATh HAaJHUHE TOTO COOTBETCTBHA
OTHeJbHO JJ KaXIOro THMA MpPoCTHX ajare6p Jiu.

Hanee, x 1950 r. Gwsio 3aMeyeHoO, YTO MHOFOUJIEHBl, MHBa-
pHaAHTHEIE OTHOCHTEJBHO Fpynnsl Beifisis, HrpaioT BaXHYIO poJb
B TEODHH JMHelHBX TNipexcraBneHHii OeCKoHeuHof pa3mep-
HocTH [XX, a)] u B ronosorun rpynn JIu. Co csoeft cropouH,
Kokcrep [XIV,{)], Bo3oGHoBHB u3yuenHe TpeoGpasoBaHus
C — npousBejienuss (QYHMaMEHTaJbHBIX OTPaXKeHHH KOHEUHOH
rpynnst W, nopoxxaeHHo#l oTpaKeHHIMH, — YCTaHOBHJ (IPOBOAS
OTHe/ibHOe HCCAelOBaHHe JAs KaxAoro THma), uro aarebpa
MHOT'OYJIEHOB, MHBapHAHTHHIX OTHOocuTeabHo W, mnopoxmaercs
anre6bpanyecKd HE3aBHCHMBLIMH 3JEMEHTAMH, CTEME€HH KOTOPHIX
NPOCTHIM 06pa3oM CBA3aHbi € COOCTBEHHHLIMH 3HAYEHHSIMH Tpe-
o6pasoBanus C (cM. ra. V, § 5 u 6). Anpuopnsie poxasaresb-
CTBA 3THX pe3yJbTaTOB ObIH BIOCJAEACTBHH JlaHh CHavaJja
leBaane [XIX, b)], a satem Kosemanom [XXIII] u Creitu6e p-
roM [XXIV]

* * *

C paborni A. Bopens no JmHeHHHIM asreGpaudyeckuM rpym-
nam [XXII] nauascs HOBHIH sTam B pa3suTHH Teopuu rpyun Jiu,
KOTOpHI# HoJiXeH Obli NpPHBECTH K 3HAUHUTEJNHHOMY ee paciuu-
pennio. A. Bopesp NpoJeMOHCTPHPOBaJ BaXKHOCTh MAaKCHMaJib-
HHiX CBS3HBIX Pa3pellMMbIX NMOArpynn (Ha3BaHHBIX MOTOM ,M0A-
rpynnamMu Bopeasa“) B rpynme Jlu M cHesnad MX OCHOBHHIM
paGoYHM HHCTPYMEHTOM, NO3BOJISIOHIHM INepeHecTH OGIIHDHYIO
4acThb KJAcCHYeCKOH TEODHH Ha cJlydyaH aJreGpaHyecKHX Tpym
HaJZ TPON3BOJLHHIM asreGpaHdyecKH 3aMKHYTHM mnosieM (HO He
NO3BOJITIOMINM, ORHAKO, NOJYYHTbL KJACCHQHUKANMIO NPOCTHIX
aare6panueckux rpynn')). Ioarpynnu Bopeast (B cayuae Kom-
IJIEKCHBIX HJIH BEHIECTBEHHBIX KJIaCCHUECKHX FpYIN) BCTpedaJsHCh
yKe HECKOJbKHMH rofaMu paHbiie B paGorax lenbdaniga wu
Hafimapka 0o npejacTaBieHHAM GeCKOHeUHoN pasMepHOCTH;
a B 1954 r. ®. Bpoa OTKpHJ TOT 3aMeuaTeJnHH ¢akr, uTO
B CJyfuae KJacCHYeCKHX MPOCTHX PPYIN pa3sioXeHue Fpynme Ha

') AureGpanyeckas rpynna pasmepHoctH >0 HasmBaerca npocroi
(B cMbicae anreGpaHyecKofl reoMeTpHu), €cJd OHA HEe CONEPKHUT anreGpaH-
4yecKol HopMaabHOH momrpynnsl pasmepHoctd >0, oTaAuHof oT camofi cefs.
I'pynna nasmBaercs noaynpocrod, €CJH OHA M3OTeHHAR NPOH3BEREHHI0 HEKOM -
MYTaTHBHWX OPOCTHX rpymil

10*
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JIBOiHBIE CMEXKHBIe KJlacchl o moArpynne Bopesisi KaHOHHYECKUM
o6pasom mapaMerpusyercs rpymnnoii Befina [XXI]. Xapum-
Yangpa [XX, b)] nepeHec 3aTeM 3TOT pe3yJbTaT HA BCE KOM~
IleKCHble W BelleCTBEeHHBIE IIOJYNPOCTHIE I'PYHIIHL.

C zapyro#t croponn, B 1955 r. IlleBasne [XIX, c)] yzmanocw
COIOCTABHTb KaXKJIOH KOMILIeKCHOM IoJyipocroil asare6Gpe Jiu g
¥ Kaxdomy KOMMYTAaTHBHOMY NOJIO k MaTpHYHYIO Tpynny
¢ kosbdunuentamu B k, obaajaoiiylo pasioxeHneM Bpioa;
3TOT (aKT OH HCIOJb30BaJ AJA JOKa3aTesJbCTBa TOro, 4TO, 3a
HeGOJIBUIMM UYHCJOM HCKJAIOUHTENBHHX CJy4aeB, OIpefeseHHAs
TakUM of6pa3oM rpymnna GyldeT mnpoctodft (B CMbICJAe TeOpPHH
abcTpaKTHRIX rpynn). TeM caMbiM OH ,,0G6BSCHHN“ COBIajeHHe,
3aMeueHHoe ellle Bo BpeMeHa yKopaaHa u JIH, mpocTex rpynn JIH
(B cmbicste teopuu rpynm Jin) tunos A, B, C, D u knaccnueckux
IIPOCTHIX TPYIIN, ONPeJeseHHHX YHUCTO ajrebpaHyecKHM crocofoMm
HaJ NPOH3BOJbHBIM II0JIeM (COBNajeHue, KOTOpoe IO TOH IOPHL
yZaJoch PaclpOCTPAaHHTL JHUIb HA HMCKJIIOYHTEebHble THIH Gy
u Eg Ilmkcony [XI, b) u c)]. B uwacrHocTH, AJS BcexX THIIOB
KOMILIEKCHBIX TIPOCTHIX anrebp JIM B cayuae Kowexnozo moad k
KoHcTpyKuus llleBasle npHBOAHT K ceMeficTBaM KOHe4HbLX TIPO-

CTHIX TpyINI, colepxauuM OoJbIIYI0O YacTb H3BeCTHBIX ToOTJa
KOHEUYHBIX NPOCTHIX I'PYMNI, a TaKXKe K deTHpeM HOBHIM CepHAM
(cooTBeTCTBYIOMIUM INpOCTHM aJjre6pam Jlu Ttumos F,, Eg E;
u Eg). Uyrp Mmo3pgHee, HCIOJBL3YysA pasJHuHble MOIH(pHKALHH
MetonoB lllesane, psa asropos (Xepuur, Cyasyku, Pu, Creitn-
6epr u TuTtc), ¢ OXHON CTOPOHH, NOKAa3aJH, YTO AHAJOTHYHBIM
06pa3oM MOXHO IOJYYHTb OCTaJbHble KOHEUHbIE IPOCThIE I'PY LI,
H3BeCTHble K TOMY BpeMeHH, 3a HCK/IIOUeHHEM 3HAKOIepeMeHHBIX
rpynn u rpynn Martbe, a ¢ Apyroil CTOPOHH!, IIOCTPOH/IH HOBHIE
CepHH KOHEWHHIX IpocTeix rpynm (cM. [XXIX]).

IToutn B To Xe camoe Bpems lllesasne [XIX, d)], npuMensis
Ho-NpeX HeMy TeXHHMKY pasJioKeHHit Bpioa, B coueTaHHH C OJHHM
KJIOYeBbIM De3yJbTaTOM O HOpMaJH3aTope NoArpynns Bopess,
NPOJO/XKH/ H3y4YeHHe ajre6paHuecKHX JHHEHHBIX TPYINN M IpPH-
HeJ1 K Pe3ysbTaTy, UTO HAXL areebpauyiecKu 3aMKHYTbIM T10J1eM &
Apou3s0AbHOI XaPAKTEPUCTHKH TEODHS I[OJYNPOCTHX aJre-
OpanyeCcKMX JHHEHHBIX I'PYNI !) IPUBOJUT NO CYLIECTBY K TeM Xe
THIIaM, 4TO H B Kaccudukauuu Kumiuara—Kaprana gas k=C.
Brnocaeacteun JK. Turc [XXV, a) u b)], ananausupys MeToxsl
llleBane, Hallles] akcHOMaTHYeCKUA BapHaHT pasfoxeHuii Bpoa
(,BN-napn“), B 3aMeuaresbHo THOKOH (opMe, ¢ IpHB/IedeHHEM
OJHOH JIHLIb CTPYKTYDHl TPYINB; HMeHHO 3TO TOHATHE IIOK

') CyuiecTBOBaHHE GOJBUIONO YHCJIA ,TATOJNOTHYECKHX® NMPOCTHX aareGp
JIn Hap moasaMu xapakrepucTHkv p >0 Morjao Gbl BHI3BaTh COMHEHHE B YHH-
BepcaJbHOM Xapakrepe kJaaccupukauun Kuwiaunra — Kapraua.
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Has3BaHHeM ,CHCTeMBl Turca“ OblIo H3JoxeHo B ra. IV, § 2.
Bce npocrble TpyNsl (B pasiHYHEIX CMHCJIAX CJIOBA), O KOTOPHIX
mIJa peub BHIE, KaHOHHUeCKH HajesJeHH cucreMamu THTca,
u Turc cam [XXV, ¢)] Hokasas, 4TO HaJHYHe TAKOH CHCTeMBI
B abcTpakTHOH Tpynnie (, sMeCTe C HEKOTODBLIMH JONOJHHTEb-
HBIMH YHCTO TEOPeTHKO-TPYNIOBLIMH CBOHCTBAMH, I03BOJIAET
YTBepKAaTh npocToTy Tpynnbl G. DTa TeopeMa NOKpPhbLIa 60Jb-
IIHHCTBO JOKAa3aTeJbCTB ITPOCTOTHI, JAHHBIX paHee A/ paccMma-
TpuBaeMbix rpynn (cp. ra. IV, § 2, n°6). anee, B corpynun-
yectBe ¢ A. DBopesem o o6o6uua pesyasTaTh IllesaJjute
[XIX, d)], ycraHOBHB cyuiecTBOBaHHe CHCTeM THTCa B rpynme
PAUMOHAJBHLHIX TOUEK IMOJYNPOCTOH JuHeHHOH anareGpanyecKol
Tpynme Hajg npousgoasweim noseMm [XXVII]. ‘

Bce cucrems Tutca, BCTpeuaBlUHecs B 3THX BOIpocax, o6Ja-
AaJu KoHeuHo# rpynmoii Beina. I pyras kaTeropds npuMepos
6nina oTkpuiTa MBaxopu u Maunymotoit {XXVI]; onu nokasaun,
yro ecau B KoHcTpykKuun Illesanne [XIX, ¢)] B Kauectse £
B3ATh p-ajlHyeckoe I[O0Jie, TO MoJgydaeMas rpynmna o6Jaanaer
cuctemoii Turca, rpynmoii Befins koropoit OyHer agduunan
rpyuna Befinf mcxOmHOH KOMIIJIEKCHOH MOJYNPOCTOH anareSpht
JIn., CoBcem HemasHo Bprwoa m Turc [XXVIII] nepenecsu stor
pesyabTaT Ha BCe INOJYOpoOcThle aJjrefpanyecKHe TPyNnbl Haz
JIOKa/IbHEIM TI0JIEM.
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Mukposec VI, 1, ynp. 24

MHHEMasbHas ranepesa 1V, 1, ynp. 15
Mmopdusm ancambaen 1V, 1, ynp. 15

HauGoabiuii Kopeub VI, 1, 8

Hacbilllennas cHereMa Turca 1V, 2,
yup. 5

HachlUleHHOe MHOXecTBo Becos VI, 1,
ynp. 23

Hayaao cepuu kopuelr VI, 1, 3

HemeauMblit Kopenb VI, 1, 3

HEeNpUBOAKMAS IpyNna, MOPOXKIeHHAs
oTpaxeHusamu V, 3, 7

— cucreMa Kokcrepa 1V, 1, 9

— — Kopaen VI, 1, 2

HENPHBOAKMbBlE KOMHOHEHTH CHCTEMH
Kokcrepa 1V, 1, 9

— — — KopHeH VI, ], 2

HopMma:au3arop 1V, 2, 6

sopMHpoBauubit rpadp VI, 4, 2

Hocureas VI, 3, 2

— MakcuMaasHhR VI, 3, 2

— peperopoaku 1V, 1, ynp. 16

— syenku V, 1, 2

Hymepanus 1V, 1, ynp. 20

o6partHas cHeteMa Kopued VI, 1, 1
orpaHHueHHoe npsAMoe HPOH3BeleHHe

v, 1,9

OpTOroHasbHOe OTpaXKeume V, 2, 3
OTKphLITHIT cuMmieke V, 1, 6

— CHMIJIHUHAJbHBI Komyc V, 1, 6
OTHOIeHHe TOPSAKa, OfpeleseHHoe

kamepoii VI, 1, 6

orpaxenne V, 2, ynp. 1; V, 2, 2

— optoroHanstoe V, 2, 3

— OTHOCHTEJIbHO meperopoikd 1V,

1, ynp. 18

napabonuueckas noarpynna IV, 2, 6
napabo/inyeckoe MHOXECTBO KOpHeE#R
VL 1,7
neperu6 amapramenrta 1V, 1, ymp. 18
neperoponxa kamepu IV, 1, ynp. 15
nnockuii ancam6ap 1V, 1, yup. 15
ncespoorpaxenre V, 2, ynp. 1
noarpad 1V, Hon., 1
— uennit 1V, Hon., 1
noarpynna Turca 1V, 2, yop. 3
nojuuHenHufi (o rpade) VI, 4, 2
nokaszaTelH KoHeyHol rpynnn Kok-
crepa V, 6, 2
nojosHHa amapramenra IV, 1, ynp. 16
NONO¥KHTeAbHHIN KopeHns V1, 1, 6
noayanapramenr 1V, 2, ynp. 16
nonynpocrpanctso V, 1, 1
nonoadennbiii rpad Mumkuna VI, 4, 3
napaGoauueckas noarpynna IV, 2, 6
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nopsgok peGpa VI, 4, 1

npe/CTABJEHHe, acCCOUHHPOBAaHHOE C
marpuueit Kokcrepa V, 4, 3

npeo6pasosanne Koxcrepa V, 6, 1;
Vi 1, 11

npuBesenHas cucrema kopuein VI, 1, 4

npuBejenHoe pasaoxenne IV, 1, 1

npucnocobiensl (o cucreMe Koketepa
u mymepauun) 1V, 1, ynp, 24

npouymepopamuuit aucam6as IV, 1,
ynp. 20

NpOCTO TPAH3UTHBHOE HEHUCTBHE Tpym-
nel IV, 1, ynp. 16

npocTpaHCTBeHHBI aHcamban IV, |,

ynp. 24
NPOCTPaHCTBO, AaCCOUMHHPOBaHHOE C
matpuueil Koxcrepa V, 5, 9
npoTHBONOJIOXKHBE KaMepu IV, 2,
ynp. 15 :
— syefikn IV, 1, yop. 22; 1V, 2
ynp. 16
npaMas cymma cucreM kopuein VI,
ncepfoorpaxenne V, 2, 1; V, 2,

ynp. 1

— BHOJbL HEHYJeBorc BRekTopa V,
2, 1

Tlyankape paa V, 5, 1

nyts 1V, Homn., 2

— unbexTuBHb 1V, Hon., 2

paiuKkaJbHoe cemeficTso umcea V, 4,
ynp. 6

pamrHuKajbHbiil Bec VI, 1,9

pasMepHocTh Auedkn V, 1, 2

paur cucteMsl kopue#t VI, 1, 1

paccTosHHe Mexay Kamepamu IV, 1,
yap. 15

pebpo IV, Homn,, 1

perpakuus [ Ha A ¢ venrpom C IV, 1,
ynp. 24

pan Ilyanxape V, 5, 1

ceaznoctH uuaeke VI, 1,9

CBA3HBIE KOMIOHEHTHI ’
Hon., 2

eBaanwi rpad 1V, Hon., 2

cexuus IV, 1, vop. 15

cepust Kopueit VI, 1, 3

curuaTypa asjeMenra rpynnnl Kokcre-
palV, 1,3

CHMMETpPHUHOE MHOXecTBo Kopueil VI,

rpada IV,

cammieke V, 1, 6
CUMNJHALHAABEBI koHye V, 1, 6
cucreMa Kokerepa IV, 1, 3

— — HenpuBoxumas 1V, 1, 9

— kopueit VI, 1, 1

— — nyaJaeHas VI, 1, 1

— -— Henpupoammas VI, 1, 2

— — o6parnasa VI, 1, 1

— — npuseleHnas VI, 1, 4

— Turca 1V, 2, 1

-~ — accouunpopannaa IV, 2 ynp.5
— — HacuillenHas IV, 2, ynp. 5

cMexkHble kamepol 1V, 1, ynp. 15

coefuHeHnsle (0 BepmiHHAX rpada)
1V, Hon, 1

conpsixenHple 3JeMenTH rpynnut IV,
1,3

crenadbuas Touka vV, 3, 10

crabuaunsarop V, 3, 3

crapwhit sec VI, 1, 10 .

creaka IV, 1, yop. 15; V, 1, 4

cTporo oproronajbubie kopuu VI, 1, 3

CTPYKTYpHBIH ancam6an IV, 1, ynp. 24

CYIIeCTBEHHas Tpynna, NOpoXJeHHad
oTpaxenusamu V, 3, 7 !

Teopema DBepucafina VI, 4, ynmp. 16
— Mamke V, Hon.

— Turca V, 4, 4

— npoctorsl 1V, 2,7
THn raneped IV, 2, vap. 1

— sauediky 1V, 1, ynp. 20

Turca moarpynna IV, 2, ynp. 3

— cuereMa 1V, 2, 1

— teopema V, 4, 4

rouka perssaenns rpada IV, Hon, 1

yroJ MeXay apyms kopusmu VI, 1, 2
ynopsijouennass kamepa V, 6, 1
ycaosue 3amensl IV, [, 5

¢daar 1V, 2, ynp. 18

(dopMa, acCOUMHPOBAHHAsL ¢ MaTpHIeH
Kokcerepa V, 4, 1

¢yunamenTanpuas obnaactb rpynns V,

s

¢byusamenransheit pec VI, 1, 10

XapakTepHcTHUecKune cremenn V, 5, 1

nenawit noarpad 1V, Hon., 1
wens 1V, Hon., 3 )
uuka 1V, Hon., 3

uycJeHHHN HHBapHanT anarebpol IV,
2, ynp. 25
gucno Kokcrepa V, 6, 1; VI, 1, 11

suefika 1V, 1, ynp. 15; V, 1, 2
— mnpotuBonodoxkHas IV, 1, ynp. 22



TABJIMLIA I

Cucremu tHRA A, ({ > 1)

(D V — runepnaockocTs mpocrpaHcTBa E = RI*! cocrosman us TOUEK,
CyMMa KOODIHHAT KOTODHIX paBHa HYJIIO
Kopsu: ei——e (i #j,1<Ii<I+ ], <<l 1)
Yucao xopHeid: n=/{ (/4 1).

(II)  Basuc: Q=8 — 8, Oy==E — 8y oes, &, =28, — & .
Monoxurensuile KOPHH: &, — g, = .<§ ]Gk I<i<j<I+ 1)

i<k<
(IIl)  Yncao Kokcrepa: h=1[-} 1.

(V) Maxcumanbubiii KOpeHs: @ = g —g =0 + o, + o =06+6,
Honoanenunt rpadp Huukuna (I =>2):

@y o ®p-1 &g
ITpn {=1 rpapom Koxcrepa apdpuunoit rpynns Behns Gyner

o
o——o

(V) RV=R,

Op (v ) =5ty RY =+ 12

141
~ i
(Di=(61+ eee +6i)—-—l—_+—lZBl=
j=1
=l—_:_—l[(l—i+l)al+2(l-—i+l)a2+...(i-—l)(l-—i+l)a,_l+
Fil =i+ Do +i—da;, + ... +ia],
(VII) CymMma nonoxuTenbHbHIX KOPHEH:
p=le, +(—~Dey,+ (I —4)e;+ e —=(l—2) g, — gy, =

=lo, +2(— l)a2+ oo Fi( =it Do+ ... +la,
(VIII) Q (R): MHOXeCTBO BEKTOPOB C HYJEBOA CYMMOM LEJOYHCIEHHHX KO-
OpAHHAT.
P (R): nopoxzgena rpynnok Q (R) u Bekropom &, — (I -+ =t X
X (et et .- T epy,)

P (R)/Q (R) Hsomopq;x{a rpyane Z/(! 4 1) Z.
Hupeke CBSA3HOCTH: l+ L.
{IX) Ilokasaremm: 1,2, ..., L

(V1) ®yngamenrajibHBE Beca:
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(X) W (R)==;4,, OTOXKAECTBJAAETCA C CrpPYINoA nepecTaHOBOK BEKTO-
pos ¢, [lopanok rpynnu W (R): (I+ 1)L

(XI) I=1: A(R)=W(R);, wo=~— L '
1>2: A(R)=W (R) X{l, — 1} » w, nepeeonur a, B TR

(X11) Tpynna P(RV)/Q(RV) ects umkmmueckas rpynna nopsaka [+ I; Ha
nonoJfHenHoM rpade JIHHKMHA OHa HeficTBYeT LHKJIMYECKHMH lepecTa-
HoBKamH. Ilpu [ >2 enHHCTBEHHWH HeefMHHUYHHA SJeMeHT TrPynNH

A (R)/W (R) neficteyer na P (R)/Q(R) xak aBroMopdusm X+ — x.
(XIIT) Marpuua Kaprana ({ X I):

{ 2 -1 0 0...
-1 2 -1 0...

]

o
{
—_
N
|
.o 00 o
oo o o
.

,_
o
o
o
o

l
Y
-



TABJIMOA 11

Cucremu tHna B, (I >2)
() V=E=R.
Kopun: + ¢, (1 i<, =g = g 1<€i<jigli).
Yucsio xopuelt: n =2/
(II) Baauc:

O =8 —8, Uy=8 —&y oo, Oy | =8 | —¢, G =g¢,.

g = a, (I1<<i<)),

1<kl
ei—8i= Z ak (l<i<l<1)v
ITonoxurenbHble KOpHH: i<k<]
g+ e, = > gt+2 X oq
ik<j i<k<li
L <i<jgh.

(I111) UYucsao Kokcrepa: h = 2L
(IV) MaxkcuMasbHBIE KOpeHB:

G@=¢e, +e,=a +2a,+ 2+ ... +2a.

G=2®, npu [=2, G=>, npu [ >=3.
Hononvennsift rpad JrHKHHA:

mpu [ =2 oD
Oy
Hpﬂl>3 Xyl

(V) RV — mHOoXecTBO BEKTOPOB:
+2, (1<), xegre (IKIKi<D).

@, (1, y) = my;, y(R)=(+1)4—2).

(VI) dyunamenTanbHbe Beca:
(I)i=el+e2-}—...+ei (I<K<i<l)=
=a,+2e+ ... +(i"l)“i—1+i(“z+“i+1+ cee O
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N 1
ml=—2-(s] + 82+ +-at)=
1
=—2-(oz1 +2a,+ ... +lal).
(VII) Cymma NOJIOKHTENbHEX KODHEH:
20=(2A—~1)e + (2l —3)e,+ ... +3¢;_ &=
=@—-Do,+2@—=2o,+ ... +i@—Da,+ ... + %,

1

I I !
(VI Q (R)= ) Zeyy P (R)= D) Ze, +2 5 3 -

(IX)
(X)

(XI)
(X1I)

i=]

P (R)/Q (R) msomopdua rpymne Z/2Z u nopoxnesa o6pasoM Beca &, .
Unneke cBsisHOCTH: 2.

Ilokasatenn: 1, 3, 5, ..., 2/ —1,

W (R) ectb mnoaympsMoe npodaBeneHne rpynnel &;, neficTByroued
nepecTaHOBKAMH HA KOPHAX €, H TpYQIH (Z/QZ)’ oTobpaxenui
g, > (+1); &;. Ee nopsinox pasen 2 - I1. .
A(R) =W (R), wg==— L.

EnuHCTBEHHHH HEeAMHHYHBIA SJeMeHT rpymnbl P(RV)/Q (RY) onpe-

feisier eJMHCTBEHHHH HeTPHBHAJBHBIA aBToOMOP}HZ3M INOMOJMHEHHODD
rpada IHHKHHA.

{XIIT) Marpuaua Kaprana (I XI):

2 —! 6 J0... ¢ 0O
-1 2 -1 6... 0 O
0 —1 2 -1.. 0 O
0 ¢ —I 2... 0 0q-
0 0o 6 0... 2 =2
9 06 0 o0...~l 2




)

(11

()
(Iv)

v)

(VD)

TABJIMLIA I

Cucremn tanma C; (1 >2)
V=E=R.
Kopum: 2, (1<<i<<!), e % g (I<i<j<D.
Yucao xopueit: n =202

Basuc:
Q=g =8, Q=8 =8y ..., O =& =g, al==231..
g =t = Z e, (I<i<j<n,
ik<j
e, +te, = a, +2 a, +a
ITonoxuteabunie Kopuu: | ! ! i<§<l k 1<k2<l k ¢

(1<i<j<gy),

2;=2 ¥ a,+eq (1<i<D
i<k<i

Yucno Kokerepa: h =21
Maxcumanbubiin Kopenb: G == 2¢, = 2a, + 20, + ».o + 20, +ap

IMononnennsft rpag Jbinkuua:

O DO ¢ 0 o

* % -2 O-1 o
RV ecth MHOXECTBO BEKTODOB : e;, ke ke
__(xly) .
O, (x, y)———”H_ Ty YRy =(+1) (4 ~2).

dynnameHTaIbHHE Beca:
o, =e +e+ ... +e (<iK))

=a,+2a, + .o+ a;_+i (“i+"'t+1+ ‘.. +a‘_] +%al).

(VII) CymMa noJoxuTeJbHBX KOpPHeM:

20 =2le, + (21 —2) &, + ... +4,_ + 2=
=2, + 2@ =Na,+ ... +i@—I+Da;+ ...

e =D+ e+ iU+ Dy

(VIII) Q (R): MHOXeCTBO TOYEK € HETHOH CYMMO4 LEJIO'HiCJAEHHWX KOOp~

JAHHAT,
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(1X)
X)

(X1)
(X11)

P(R)= g_lal Ze,.

P (R)/Q (R) nsomoppra rpynne Z/2Z u nopoxaeHa oGpasom Beca @.
Hunekc cBasHocTH: 2,

IMokasatenu: 1, 8, 5, ..., 20 — 1.

W (R) ectp noaynpsMoe npousBesenne rpymusl Sy, AeificTBYouled
nepecTAHOBKAMH HA BEKTOPax €, H FpPynnu (Z/2Z)’ 0TO6paKeHH#
g, (£1), ;. Ee nopanok paseH 2t.n.

A(R)—W(R). wo=—1.

EnnHCTBeHHHA Hee HHHYHHA SNEeMEHT TPYNnH P(RV)/Q (RV) onpe-

JessieT eAMHCTBEeHHHWA HeTPUBHMATbHHIA aBTOMOPOH3M MNONOJHEHHOro
rpadpa JbHKHHA.

(XHI) Marprna Kaprana (! X {):

2 -1 0 0.




)

a1y

am
av)

V)

V)

TABJIMLIA IV

Cucremnr THma D, (1>>3)
V=E=RL
Kopum: * g, = g (I<i<j <k (si) — KaHOHHYeCKulk Gasuc B Rl),
Yucao gopuell; n=2{ (I —~1).
Baaue:

LUy =8 — 8, Q=g By ..., Oy e, — &, Q=g _, +¢.

1

g, — ¢ = 2 ¢, (I<<i<jgy),
i<k<j
ei-}—el:( ak)—f-al (1<i<y,

Monoxutespuble KOPHU: I<E<I—2

e, +e; = > a,+2 Y a,ta,_+o;
ik<j j<k<l=1
(I<i<<j<g.

Yucno Kokerepa: h=2[ — 2,
MakcumManbHui KOpeHb:

(‘i=el+s2=al+2(x2+ +2a1_2+al_l+al.

G=>&,-}+® nopu /=3 u G=>&, npu [>4 Ilononyenunit rpad
Huuguna ([ > 4):

oy [ 72X ]
eoee
&2 o3 Gi-3 -2

oy
RV =R
Oy (5. ) = s YRI=4U— 11
dyHaaMeuTalibHEe Beca:
&, =¢ ‘e + ... feg= I<ii—2)
=a+2+ ... +@—1e,_, -+
LR CP R PO R +“z—2)+';'i(“l—1+“1)’

_ 1
O =7 (&gt ... +et—2+31—1—“’z)=

(al+2a2+...+(l 2)al2+ lall+2(l 2)al),

(B tegt oo e, te  te)=

00|~ 20| to|—

(%+mfh”+u—m%ﬂ+%( ~2o,_ +5lo).
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(VII) CymMma DOJOXHTENbHHX KOpHei:

2=2(—1e +2(—2e,+ ... +2,_ —
=2(—Da+2(—3ar+ .

PG+ 1 11—
+2(il—L’;'——))ai+ +_L__(al +a).

(VIII) Q (R): MHOXeCTBO TOYEK C 4ETHON CYMMOMN HEJOHCACHHHX KOOPAHHAT

(Ix)
(X)

(XD)

(XII) IHefcTeue

]
l
P(R)= (D Ze, +Z (%2 ei).

i=l1

1 neverno: P (R)/Q (R) usomoppma rpynne Z/4Z u nopoxpena oGpa-
3oM Beca &, TpH 9ToM &, = 20, 1 &;_; = 3@, mod Q (R).
{ yetno: P (R)/Q (R) n3oMopthua rpynne (ZIQZ) X (Z/2Z): TPH 3JeMeHTa
nopsizka 2 SBASIOTCH 06pa3aMH BECOB @), @, _, H @
Wnneke csazHocTH: 4.
Moxkasatens: 1,3, 5, ... 2l —5, 24 — 3, I — 1 (nocaennufi noxkasarensp
noaBnaeTca JBaX Ibl Hpﬂ yerHom [ H OOMH pas npn HeueTHOM [).

W (R) ects monynpsmoe mnpousBeneHue rpymne ©;, aeficTyouiel
nepecTaHOBKAMK HA BEKTOpPax g; H IPYNNH (Z/2Z)l" omépax{etmu

g, —>(xl);g; ¢ ]_:I (=1); = 1. Ee nopsnok paseH g1

I+ 4 A(R)/W (R)=<Z/2Z, nefictByer Ha rpade Lbmkuza Tpamcmo-
suuuell BepUIMH O)_, H O

=4 A(R)/W (R) & S,, nmefictByer Ha rpade J{siHKHHA nepecTaHOB-
KaMH BepIIHH ), O3 H G4

wo==— |, ecqd [ yeTHO; wo==— g, ecaH ! HeueTHO; 37€CH € — 4BTO-
Mop®H3M, KOTOPHI NepecTaBIieT @; , H @, OCTAB/AA HEMOJABHKHEIMK

BCE JIPYTHE O

P(RV)Q(RY)=P (R)/Q(R) Ha nonosmemnwit rpad
Junkuna: ' .
! peueTHO: oal TepeBONHT @) B G;, 0; B @, @, B o, , H &) | B &;
npu 2 <Cj<C/—2 OH mepecTaBiseT MECTAMH O; ¥ @, _,.

I yerHo: @, (COOTB ‘°t—1) nepecTaBaseT G, H (COOTB a, 1),

a, Ha_, (COOTB. o H o;), a npH 2<j<l—2 NepecTaBaseT o,

o,

(XIII) Matpuua Kapranma (I X 1)

2 -1 0 0 0 0
-1 2... 0 0 0 0

0 0.. 2 -1 0 o1,

0 0... —1 2 -1 -1

0 0... 0 —~1 2 0

0 0. 0 -1 0




TABJIMIIA V

Cucrema tana E;

1) V — nmoxnpoctpancrso B E=RS, cocrosiee u3 TOueK, KOOPIHHATH
(E;) KOTOPHIX TAKOBHI, YTO fg=E&; = — 4
Kopru: e, x ¢, (1<i <j<5),

5 5
t—; (85—67—65+Z(_1)V(i) ei) ® ool eywol E‘V(i).

i=l

i==]

Yucso Kopuefi: n =72,
(IT) Dbasuc:

ﬂn=‘;—(81+Sa)—';-(62+83+64+85+85+67)a oy == €1 - €y

Og=28; — €1, Q4==€3 — €y O0O5=E8 — &3 Og==8E — &
TMonoxHreabHLe KOPHH:
e, te,  (1<i<j<h),
5 5

l i 3 .
= |es—e;—¢ ~1vH cqerﬂoﬁcmmoﬁyv:,

2(5 er— et Y (~1)" e, ywwo 3% (1)

\ i=| / i=l
IMonoxnrenbHHe KODHH, 06JafaolHe X0TA OH OJHHM KO3(QHIHEHTOM
>21) (cumsosom acdef oGosHauaercs KopeHs ad; - bag - coy 4

b

+ day + eas - fasg):
01210 11210 of211 12210 11211 01221 12211,
1 1 1 1 1 1 2

11221 12221 12321 12321.
1 1 1 2

(III) Yncao Kokrcrepa: h =12
{IV) MakcumanbHui KopeHs:

a=—.;—'(el+62+63+64+65-88-e1+88)=

=, + 2a, -+ 2a; -+ 3a, + 20 + a5 = By
TlonoaueHnHd rpadp JImHKHHA
O OO OO
oy o3 &y @5 Og

&2

') OcrampHHe NOMOXKHTENLHHE KODHH TOJYYATCH, €CJH NPHMEHHTH CJACK-
<TBde 3 npepsoxennsy 19 ra. VI, § 1, n°6.
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(V) R=RY.
O r, )= LDy (R = 144

') <I>yH11ameH'ram,HHe Beca:

©;

ll

(85 — &; — 8g) =

(4a; + 3a; + 5a; + 6a, 4+ 4a; 4 2a,),

“3‘
1
3
!

e teteste e —e—er+e) =
=a,+2a2+2a3+3a4+2a5+a5,

1
3=—Z‘(88—87—86)+§(—81+82+83+34 + &) =
=%(5a. + 6a, + 10a; + 12a, + 8as -+ 4a),

ll

2]

O, =¢e + 8+ 8 —8—8& + &=
=20, 4 3a, - 4a; + 6a, + 4a;5 4 2a,,

. 2
(')5='3—(88"'37"’36)+84+85=
=—;—-(4a1 -+ 6ag 4+ 8a; + 12a4 + 10as + 5as),
_ 1
@s=‘§'(33—87—86)+35=
1

=73 (2a; 4 3@, + 4a; + 6a, + Sas - 4ag).

(VII) CyMma noJoXuTensHHX KopHefi:

29=2(82+283+384+485 +4(88_87_86))=
=2 (8(1] + 11(12 + 15(13 + 21(14 + 15(15 + 8(16)-
(VIII) P (R)/Q (R) naomopdua rpymne Z/3Z.
Hupekc ceaanocTH: 3.
(IX) Ilokasaremu: 1, 4, 5, 7, 8, 11.
(X) Topsnok rpynns 14 (R) 27.34.5,
(XI) AR)=W (R)X{l, —1} wo nepesomur a, %2, aa, G4, U5, G COOT-
BETCTBEHHO B — Qg, — &, — G5, — Oy, — U3,
(XII) Heeapunuuunii saemeHT rpynnu A(R)/W (R) onpenemeT aBTOMOpPhH3IM
X +—> — x rpynns P (R)/Q (R)
I'pymna aBTomopdHamoB TIOTIO;HEHHOrO rpapa JInukuana usomoppua Ss;
ee 3JeMeHTH NOPAAKAa 3 HHIYUHDYIOTCA NBYMS HEeNUHHYHHIMH 3JIEMEH=

tavn rpymn P (RY)/Q (RV).
(XIII) Marpuua Kaprauna:

"

!
o
3~
I
o
N - O O O O



TABJIMIIA VI

Cucrema thna E,

I V — runepniockocTs npoctpanctsa £ = RS, oproronanmras x &; 1+ &.

Koplm:-!_-site’. (I<i<j<B), = (g;—¢g), i-2—(e7—33+

6 5
+ (—1)"“)si> ¢ HeweTHoit cymmoit X v (i).

i==|

i=l
Yucro kopueit: n == 126,
(II) Basuc:
1 1
a1=§(31+38)‘—§(82+83+64 +estesteg) ar=e ey

Gy =€y — 81, Uy ==8E3 = €y, Ug5=284 — €3, QUg==85 ~ &, Uy ==¢;— &5
HonoxuTesbHBIE KOPHM:

*e; -+ & 1<i<j<9), ¢ —£,
| / 6
5 ( 8 — €7 -+ v {(—1)v@ ‘) € HeyeTHON CyMMOH E v (i),
i=l / i==1

IMonoxuTeNbHEE KODHH, ConepKaIAe Gy # 06/1ANAI0MHE XOTS Gbl OJHHM
koappuurenToM == 2!) (cuMmBosom acdefg o6o3HauaeTCs KOpeHb aa, -+
b

+ bas 4 cas + day + eas + fas + goq):
012111 112111 012211 122111 112211 01%221
1 1 1 1 1

122211 112221 122221 123211 123221 123211
1 1 1 1 1 2

123321 123221 123321 124321 134321 234321
1 2 2 2 2 2

{115} Yucno Koxkctepa: 4 ==18.
{IV) Makcumaneusit KopeHb:

G =3 — g, = 2a, - 20, + 3a; -+ 4o, + 3as 4 206 4 a7 = 05
Tononnenunii rpap JninkHHA:

o——o0——0—0 O OO
oy o9 1“4 oy %s  O7

o2

1} HonoxurensHble KOPHH, He copepxamHe o, npuagnexar Es I[Mono-
KUTEeNBHBIE KODHH, Bce KOI(DOHUEEHTH KOTOPHX <{ I, moayuartcs, €CnH 1pH-
MEeHHTb ciencTBue 3 mpepnoxenns 19 ra. VI, § l n° 6.
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)

(V1)

RV =R.

g (5 ) =y (R) =324

QyHpaMeHTaIbHEIE Beca:

D) = &g — &7 =
= 2a; + 2a; -+ 3a; 4 404 + 3as + 206 + a;,
@ =%‘(sl+82+33+s4+85+36+2(5s—57))=

=—}4—‘ (4G] -+ Tas -+ 8G3 + 12a, + 9G5 -+ 6“5 -+ 30.7),

6)3=—;-(—-8|+82+83+84+35+86+3(38—‘37))=
= 3a, 4+ 4oy + 603 + 8ay + 6as 4 4as + 2a,

‘34=€3+S4+55+86+2(88—'37)=
=4a]+6a2+8a3+ 12G4+9G5+6G5+3G1,

D5 = —;— (2e4 + 285 + 286 + 3 (g5 — e7)) =
= (60, + 90 -+ 1205 -+ 18, -+ 1505 + 100, + Sas),

6)5=85+56—'e1+58=
= 2a, + 30, + 4a; + 60, 4 Sas 4 4ds - 2ay;

_ I
&7 =g + 5‘(88-‘87)"——-‘

= _;‘ (2a; + 3¢, + 4a; + 604 + Sas + 4as 4 3aq).

(VII) Cymwma TOJI0XHTebHBIX KOpHE:

29 =232 -+ 483 -+ 684 -+ 885 + 1085 — 1787 + 1788 =
= 340, 4 49a, 4 66a; - 960, + 75a;5 + 52as + 27a;.

(VIII) P(R)/Q (R) H30M0p<br»xa rpyune Z/2Z.

(1X)
(X)
(XI)
(Xi1)

ViHneke cBA3HOCTH:

ITokazarenn: 1, 5, 7 9 11, 13, 17.

Topanok rpymnst W (R): 910 34 57,

AR)=W (R), wo=—1.

P(RV)/Q(RY) obaapaer oisnM HeejHHHURHM SJeMEHTOM; OH ONpe-

neisieT eIHHCTBEHHBH HEeTPHBHAZLHEIE aBTOMOP(H3M MOMNOJHEHHOTC
rpada dnnkuna.

(XIII) Manuua Kapraua:

2 0 —t 0 0 0 0

0 2 0 -1 0 0 0
—1 0 2 -1 0 0 0

0 -1 -1 2 -1 0 0.

0 0 0 —l1 2 -1 0

0 0 0 0 —1 2 —l1

0 0 0 0 0 -1 2




0

an

TABJIMIIA VII

Cucrema tuna Eg
V == E == RS.

8
t .
Kopum: =+ g, & g i<, 7 E (—1)"(" €; ¢ yerHo#t cymmolt

i=]

D) v (i). Yneno xopued: n= 240.
=
Basuc:

1 1
o =5 (e +8s) — 5 (e + &1+ &+ &s F este7), dy=etey
Q3 == 8y — &, Oy == &3 — 8y, U5 =83 — 83,
Qg == 5 ~— B4, U7 == &g — 85, Ug == 87 — &g
TMonoxkuTeNbHEIE KODHH:
te; +eg i<p

7 7
—-;—(88-}- E (—I)V(i’ei) ¢ ueTHoft cyMMo#k E v (D).

i=1 =l

TMosoxurensHble KOPHH, COAepKawmue Og H ofxajpaomue
xota 6n oaHEM Koabbwuuentom =>2!) (cumBonoMm acdefgh
b

o6o3Hayaercs KOpeHb a0, -+ boy + cas -+ da, + eas + fag +
+ ga; + has):
Q121111 oOf22111 (12111t 0122211 1221111 11%2111
1 1 { { {

1222111 1122211 0122221 1232111 1222211 112222t
1 1 1 1 1 {

1232111 1232211 1222221 1232211 1233211 1232221
2 1 I 2 1 1

1233211 1232221 1233221 1243211 1233221 1233321
2 { 2 1

2 2 .
1343211 1243221 1233321 2343211 1343221 1243321
2 2 2 2 2 2
2343221 1343321 1244321 234332t 1344321 1354321
2 2 2 2 2 2

2344321 1354321 2354321 2354321 2454321 2454321
2 3 2 3 2 3

2464321 2465321 2465421 246543t 2465432
3 3 3 3 3

') ITonoxkuTeNbHBIE KOPHH, He COAEpIKaluHe Oy, npHHamaexar E,. IToao-

HHTEJbHEIE KOPHH, BCe KOS(OHUMEHTH KOTOpHX < |, MOAyuaTcs, ecam npH-
MeHHTb caexcTBHe 3 npepgoxenus 19 o VI, § 1, n°6,
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(111
(1v)

v)

4]

(Vi)

(VIIT)

(1X)

(X)
(X1) n (X11)
(XII1)

Uucao Kokcrepa: 2 =30
MakcumaldbHbIi KOpeHb:

& = e; + &3 =20y + 3a, + 4a; + 6ay + 5a5 + 4ag +

+ 3(17 + 203 = Ws.
ITononnenus#i rpadp Humkuna:

e O O O O————C

oy O3 oy Cg Cg oy o

C2

RY =R.

O ) =0 () = 900.

PyugameHTanibHbHEe Beca:
6)1 = 253 =
= 4a,; + 5a; + 7a3 + 10a, + 8as + 6as + 40, + 203,

(e e e ey e+ o e+ 5ey) =
=5aq, + 8a, + 10a; + 15a, + 12a;5 + 9ag + 6a; + 3as,
3='%(—‘81‘+32+83+54+85+96+87+758)=

=7a, + 100, + 14a; + 20a, + 1605 + 1204 + 8a, + 4a,,
g3+ e, +e;+es+ g + Seg =

= 10a, + 15a, + 2003 + 30a, + 24a; + 18as + 12a; + 6as,
@5 =g, -} &5+ 85+ &, + 4gg ==

=8a,; + 120, + 16a; + 240, + 20c; + 15a. + 10a, + Sag,
@5 =125 -} g5 -+ &, + g3 =

=6a, + 9a; + 12a; + 18a, + 15a; + 1205 + 8a; + 4as,
©; =¢eq + &; + 285 =

=4a, + 6a; + 8ag + 12a,; + 10as + 8as 4 6a, + 3as,
g = g, + gy =

= 2a; + 3a, + 4a; + 6a, + Ba; + 405 + 3a; + 20,
CyMMa MOMOXKHTeALHHX KOpHed:
20 =2 (e, + 283 + 3¢, -+ 4e5 -+ 5eg + Ge; -+ 2385 =

= 2 (460a, -} 68a, + 9lag -+ 135a, + 110as + 84as +

. + 57a; + 29as)
Q (R): MHOXKeCTBO TOwWeK ¢ TAKHMM KoopAmHaTaMH §,, wTo
8

%, =2 ¢, —8, =2 L =22

i=l
P(R)=Q(R).

WUunekc cBsisHocTH: 1.

Iokasarean: 1, 7, 11, 13, 17, 19, 23, 29.
TMopsagoxk rpynnn W (R): 2'4, 38, 52, 7.
A(R)=W (R), wo=—1

Marpuua Kapraua:

(02

(=]l

@4
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-1

2]

—1




)

(11)

(1
av)

V)

(V1)

TABJIULIA VIII

Cucrema tina F,

V=E=R*"
Kopuu:
+e; (1<i<Y), e xeg; (I <i<ji<d),

1
5(: €] £ &y k gyt gy

Uucsno KopHel: n =48,
Basuc:
|
O =g, — €3, Up==83 — &, O3 = &4, a4=5(e, — &9 — €3 — €,).

IMosoxkuTenbHEE KODHHU:
Si (1 <l<4), Si =+ 8! (l <l<]<4), '—;‘(81 gy ey = 84).

TlosoxuTeabHbe KOPHH, o0nagaouiie XoTd On oguum Koshdn-
uxentom =>2') (camBosom abcd o6osnaudercs KOpeHb aa; =

+ ba, + ca; + da,):
0120 1120 oO121 1220 1121 0122 1221
1122 1231 1222 1232 1242 1342 23492.

Uucao Kokcrepa: =12
MaxkcuManbubii Kopens: G == &; + &,=20;*43a,+40;42a,=w,.
TTonoaneuusit rpad sinKuHa:

[~ 2] Oy Oy Oy

Rv eCTh MHOXECTBO BEKTOPOB i?ei, isite!, *eg te,kegte,,

O (s ) =Ly Ry =162,

DyHgaMeHTaJbHEE Beca:

0y =e,; + e, =2a, 4+ 3a, }+ 4a; 4 204,

1) OcTanbHne NMONOXHTENbHHE KODHH II0OJY4aTCs, €CJH NPHMEHHTbL CJaeks

creue 3 upeproxennsa 19 ra. VI, § 1, n°6.



318 TABJINLIA VIII. CUCTEMA THIIA F,

@y == 28, + &, -+ &3 = 3a, + 6a, -+ 8a; + 4a,,
. |
(03:5 (3e; + &5 + &5 -+ &4) = 2a; + 4a, + 6a; + 3a,,

6)4 = g == () + 2‘12 + 3(13 + 2‘14.
(VII) CyMMa NOJOXKHTEJBHBIX KOpHeil:
2p = lle; -+ 5ey -+ 3e3 + &, = 16a; + 30a, + 42a; + 22a,.

(vIm) QR = ) Ze, +12 —‘-54‘8
=4 % T ed 1 )"
i=1
P(R)=Q(R).
Hnugexkc cesasrocT: 1.
(IX) IMokasateau: 1, 5, 7, 11.
(X) W (R) ectb noaynpsmoe npousBesenne &g na rpynny, Kkotopas
B CBOIO ouependb SIBASETCH NOJAYNPAMBIM nponsBenenneM &, Ha
(Z/27)3. ,
IMopsigox rpynnst W (R): 27. 32
(XI) 1 (XII) A(R)=W (R), wo=—1.
(XIII) Marpuna Kaprana:
2 —1 0 01
—1 2 -2 0
0 -1 2 —1}
| o0 0o -1 2



(D

(1)

(1)
vy

v

(V)
(Vi)

(VIID)
(1X)

TABJIMUA IX

Cucrema ™ima G,

V — runepiutockocTs npocrpanctBa E = R3, onpenenennas ypap-
Hentem §; +Ey + 8 =0.
Kopau:

* (8; —eg), = (g —g;), = (85— e3),
& (28, — €2 — 23), £ (285 — &) —e3), (285 — € — &y).

Uucao xopuelk: 12

Basuc: a) = g, — &5, Q= —2¢, + €5+ &3.
TTonoxuTeabuble KOPHH: @y, O, Oy Qo, 20y 4 @z, 3a; 4 @,
3“] + 2“2.
Yucxo Koxcrepa: h=6.
MaxcumanbHbll KODeHb: & = — &; — €3 + 283 == 3a,; 4 20y = @,.
IMononuenusifi rpa¢p Hboixuua:

(11 “2

RY ecTb MHOXECTBO BEKTOPOB =+ a;, = (@ + @5), % (2¢; + aa),
1

1 1
= 302, * 3 (Ba; +a5), = ?(301 + 2a,).

O v )= YRy =8,

®yHaaMeHTa bHBIE Beca:
@ =20, + a;, @,=3a; + 2a,.
CymMMa moJIOKHTENbHBIX KOPHeR:
2p = 2 (5a, + 3a,).
P (R)=Q(R).

Hupekc ceasuocTn: 1.
IloxasaTean: 1, 5.
): AmsppanbRas rpynna nopsaka 12

(X) W (R
(X1) u (XII) A(R)=W (R), wo=—1.

(X111

Marpana Kaprana:

(=5 ")



TABJIUIIA X

Henpusopumbie cuctemnl paura 2

Ha nepsnX TpPeX pHCYHKax npeicTaBJeHB CHCTEMBl KopHe R rtuna A,,
B, u G, 3awrrpuxopaunast o6jacTh H3o6paxaeT kamepy C, COOTBETCTBYIOLIYIO
6asucy (,, @,). Hltpuxosas jsuuust — 5710 npsimas (x |B) = 1, rae p — maxrcn-
MaJbHHA KOpeub ayansHOA cHCTEMB RY; mBaxnm samTpHXOBaHHAS 06.1aCTh
n3obpaxaeT ajpKOB CHCTEMH RY ¢ mepmmmo# 0, comepxamufics s C.

Ha mnocJiesHeM PHCYHKe NPeNCTaBJeHA eNUHCTBEHHAst HENDHBOJNMAS CH=
cTeMa KOpHel paura 2, we seasioujasca npueedennol.



CBOIAKA OCHOBHbBIX CBOWCTB CHCTEM KOPHEA

(B sTofi CBOJKXE MBI OTPaHHUHMCHA CJayuaeM MOJIg BellecTBEH~
Hb X 4HCes] M TPHBEJEHHBIMH CHCTEMaMH KOpPHEH.)

1) Iyers V — BelecTBeHHOE BEKTOPHOE NMpocTpaHcTBo. [Ipu-
8edennoli cuctemotlt kopweil (Wiu xopuesoli cucremoi) 8 V Ha-
3piBaeTea moAMHOXKecTBo RV, kotopoe obgamaeT cCiemyko-
UMK CBOICTBaMu:

(i) R xoweuHo u mopoxnaer V;

(ii) ana moboro a < R cyulectsyer BekTop a¥ &V’ Takoi,
uro (@, aV)=2 u 3HAOMODPDU3IM

S x—>x—{(x, a¥)a

npcerpancetBa V mepesoant R B R;

(ili) aV(R) = Z npu Bcex a <= R;

(iv) ecsiu a = R, T0 2065 R.

C vyueroMm (i) sneMeHT aV, CYLIECTBOBaHHE KOTOPOro yTBEPIK-
naeTcst CBOHCTBOM (ii), eAMHCTBEH; 3TO NpHAAeT CMBICI CBOH-
crBy (iii). OTo6paxKenue S, SBJAIETCA OTPAXKEHHEM, OCTABJISAIOUINM
HeoIBMKHBIMH TOUKM runepraockoctd L, = Ker(aV) u nepeso-
NillEM @ B —d.

DsieMeHTH cHcTeMH R HasbBawTCa KOopuamu. Pa3MepHOCTb
IpOCTpPaHCTBa V Ha3biBaeTCsl paneom CHCTEMBl KOpHeH.

2) 'pynna aBTOMOpP(H3MOB NpocTpaHcTBa V, ccrasadiomas
yctofiunBofi R, oGosnauaercss cumBoJgom A(R). OTpaxkedus S,
{(a = R) nopoxpaawnTt noarpynny W (R) B A(R), nHasbiBaeMylo
epynnoii Beiias cucremsl R; sTa moarpynma HopmaJgsua B A(R).
EXHHCTBEHHBIMH OTpa)KeHHsIMH, INpHHamaexamumu W (R), 6y-
IyT S, & R.

3) MuoxecTBo RY BektopoB aV (11 a & R) sBaAeTcs NpH-
BelleHHOl CHcreMol Kopueidl B V*, ma3bBaeMoit cuctemolt, dya.as-
roti (uu o6parnoti) K R. OtoGpaxenne ar—aV ecTb OHeRUHs R

Ha RY, KOTOPYIO Ha3HLIBAIOT KaHOHHYECKOH. [JOCKOMbKY (RV)V =R,
KaHoHHuecKne Guexund R—>RY, RV — R B3auMmuo oG6paTHHL
OroGpaxenne u—‘u~! onpepenser wusomopdusm W (R) Ha
W(RY), npu momoln¥ KOTOPOrO 5TH TPYMNIbI OTOXKLECTBIAIOTCH.

11 3ak. 61. I1. Byp6aku
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4) TlycTs BelieCTBEHHOE BEKTOPHOE MPOCTPAHCTBO V ecTh mpsi-
Masi cyMMa BeKTOPHbIX noanpocrpaucts V,, ..., V.. Hdas ao-
goro { mycTh R; — mpHBeneHHas cucrema kopHell B V;. Torzma
ofbennHeHHe R Bcex R; OyaeT cucTeMoit KopHeit B V, Hash-
BaeMofl npamoid cymmod cucrem R;. I'pynna W (R) oroxzecr-
BiaseTcss ¢ npoussenenueM rpynn W (R;). CucreMa R nasbiBaercs
Henpugodumod, ecad R~ (J u ecau R He pasjoxuMma B nps-
MYI0 CYMMY IBYX HENYCTblX CHCTEM KOpHel. DTO 5KBHBAJEHTHO
ToMy, uro W (R) sBasercs HenpHBoXMMOH rpynmoi. Beskas
NpuBeNeHHAs CHCTeMa KOpHed R pas/araercs B IPSIMYIO CYMMY
TpHBENEHHBIX HENDHBOAMMBIX CHCTEM KOpHell, ompele/eHHbIX
OIHO3HAYHO C TOYHOCTBIO AO MEpPeCcTAHOBKH H Ha3blBaeMblX He-
npusoduUMbIMU KOMNOHEHTaMU CHCTEeMH R.

5) ITycts R — npusexenHas cucrema Kopueii B V. B V cy-
IUECTBYIOT CKaJspHble NPOU3BENeHMs, HHBAPHAlITHHIE OTHOCH-
teapHo W (R). Bcioay B pagpuefiuieM cHMBoJoM (x|y) o6o3Ha-
yaeTcsi KaKoe-HHOYAb OJHO Takoe (HKCHPOBAHHOE CKAJspHOE
npouaseneﬂue Ecau oroxknecrsuts V° ¢ V npu nomoww (x|y),

T0 Q@Y = Orpaxenue s, eCTh OPTOTOHAJNBHOE OTPAKEHHE,

(a! a)’
KOTOpoe MNepeBOAHT o B — a. ['pynna Befinst TpaH3uTHBHA Ha
MHOXeCTBe KopHell ognHofl u To# ke IJuHE. Ecam cucreMa R
HENpHUBEOIMMA, TO C TOYHOCTHIO NO YMHOMXKEHHS HA KOHCTAHTY

CKaJsipHOe MpoU3BeleHHe (x|y) onpene/eHO OXHO3HAYHO.

6) Ilycts R — npuBeieHHas cuerema kopueii. Huast o, = R
BBOIUTCA 0003HauUeHHE

(@, B¥)=n(a, f) = Z.
CnpaBeAJauBL COOTHOLICHMS
n{a, a)=2,
sgla)=a —n(a, B)B,

2
o p=2E

C TOYHOCTBIO IO mnepeMeHbl MecTaMH @ H B Bce BO3MOXHOCTH
MCUEPHLIBAIOTCS CJAENYIOLHMH:

n(a, B)=n@, a)=0; (a/,\6)=—g—; $48¢ — TOpAAKA 2;

nla, H=n(@, a)=1; @h="2; lal=1l;
SqeSg — nopanka 3;

nta, f)=n@, o)=—1; @h=25 lal=Ipk

SoS3 — nopsaaka 3;
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n p)=1, n@ o=2 @H =25 IBI=VZlal

8,55 — nopsanka 4;
AN 3n

nia, ph=—1, n@, @=—2;  (@f)=-7: Ipl=V2lal;
Sy83 — nopaxka 4;

ni, p)=1, n@ 0)=3 @H =25 IBl=V3lal;
S¢Sy — mopsaika 6;
nie, =—1, n@ =—3 @H="Z; (Bl=V3lal

SqSg — MOpsALKa 6;
nia, B)=n(p, a)=2; a=§;

nia, y=n{f, a)=—2; a=—2§.

7) lyets a, B= R. Tipur (a|f) >0 pazgocts a —f OGynmer
KopHeM, 3a HckJaodeHdueM ciayuas o=_0. Ecau (alB) <0, To
a + P 6yner xopHeM, 33 UCKJAIOUEHHEM ciayuasd a==—f.

8) Ilyets @, f— nBa HenpomopuuoHaJbLHLIX KOpHA. MHOXKe-
creo [/ Tex jeZ, nnd koropeix Pf-+joe R, ecTb uHHTepBaJ
{(—4q, p) B Z, conepxamuii 0. VimeoT Mecro cooTHOLIeHHS

— e g+! __B+el|Btoa)
p q n (ﬁ’ a)y p (B l ﬁ) .
ITycrs S — mMuoXecTBo Kopueil B-kja ¢ j= 1. Torga s,(S)=S
n s, -+ pa)=Pp —gqga. ToBopar, uro S ecTh a-cepus Kopueil,
conepxamas f; f— ga HasnBaetcs wawarom cepuH, P+ pa—
ee KOHYOM, a p -+ g — Orunoil.
Ecou T — a-cepust ¢ HauaaoM vy, 1o paunoit T 6ymer — n(y, a).

9) ITyets X — o6benudenne runepnaockocreii Ker aV (a & R).
Casa3Hble KOMIIOHEHTH MHOXectBa V — X HashiBawTes Kase-
pamnu cuctreMnl R B V. OHH npepcTaBisioT co6oil OTKpHITHIE
cHMIIMIHaAbHble KOHycol. ['pynma Beiinsg gpefictByeT mnpocTo

TpaH3HTHBHLIM 06pa3oM Ha MHOXecTBe Kamep. 3aMmbikaHue C
KaMepsl C saBasercss dyunaMenraasgoii obGaacreio aas W (R).
Umeem (x{y)>0 nns x, y=C. Buekuus V na V*, coorser-
ctByowan (x|y), onpemeasier OHeKnuo MHOKECTBA KaMmep CH-
creMsl R B V Ha MHOXecTBO KaMep nyanbHOH cucreMbr RV
B V". Cumsosom CV o6Go3nayaercss o6pa3 KaMepsl C IpH 3ToH
GUeKIHH.

10) Tyers C — kamepa cucremust Ru Ly, Ly, ..., L; — cTeHKH
kamepnl C. Hdas mo6oro { CcylecTByer, ¥ NPHTOM TOJBKO OIHH,
KOpeHb @;, TaKoi, 4T0 L;= Lg, npHyeM @; JEXHT NO Ty Xe
cropony or L;, uro u C. CewmeiictBo (@, ..., @;) ecTb 0asuc
npoctpadeTBa ¥, a C coBnazaeT ¢ MHOXKecTBOM Tex x &V,

i
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IJs1 KOTOPbIX (a;/, x>> 0 npwe Bcex I, HJH, YTO PABHOCH.LHO,
(a;}x) >0 npu Bcex i. 'oBopar eme, uto {a, ..., @} ects 6a-
suc B(C) cucremor R, onpedesennsii kamepot C. Hmeem
(o;1a;)<<O npu i+ j. I'pynna W (R) neficTByeT npocTo TpaH3u-
TUBHHIM 006pa30M Ha MHOXeCTBe Ga3ncoB. Beakuit KkopeHb nepe-
BOAHMTCH KaKuM-HUOYAb »sJeMmentoM rpynnst W (R) B sjeMmeHT
6asuca B(C). Hanee, {aY, ..., o/} =B(CY).

11) IMonaras S, = S 0603HaYuM depe3 S MHOXECTBO
BCEX S;, @ Uepe3 my; NOPsAnOK npousseneHus s;8;. [Tapa (W(R), S)
ectb cucrema Kokcrepa c marpuuedt (my;); ADYTHMH CJOBaMH,
rpynmna W (R) onpelenena ceMefCTBOM 06pasyloluX (S;), o ; o
H COOTHOIIEHHSIMHU (sisj)mil= 1. Hast toro utobul S; m S; OblLIK

conpsxedsl B W (R), Heo6XoZHMO M AOCTATOYHO, YTOOH cyliie~
CTBOBAJa MOCJEJOBATeJbHOCTb HHAEKCOB (i}, iy ..., i) C i =1,

ig=], a KaXJoe H3 YHCe] My, 6bij10 pasHo 3.

12) Myers ny;=n(a;, a;). Marpuna (n;)), o, ; <, Ha3bIBaercs
marpuyetli Kaprana cucreMbl R. OHa He 3aBHCHT (C TOYHOCTbBIO
JO TNepecTaHOBKH HHmeKcoB 1, 2, ..., I) ot BmiGopa C. Cnpa-
BEJUIMBL COOTHOMIEHHss R;u;=2, n;{0, —1, —2, —3} nasa
i 5= j. JiBe cucTeMBbl KOpHe#l C OJAMHAKOBHIMH MaTtpuuamu Kap-
TaHa H30MOpGHBHL. -

13) Mycrs G — nonrpynna B A(R), ocrasasioliasi ycToH4H-
BbiM B (C). Torna A(R) sBjsieTcs NOJYNpPAMBIM IpoH3Bene-
nuem G u W (R).

14) Ornowenuem nopsadka, onpederennoim xamepoi C B V
(coors. B V*), Ha3biBaeTCsl COIJIACOBAHHOE CO CTPYKTYPOH Bek-
TOpHOro mnpocrpaHcTBa Ha V (coors. V') oTHolleHHe NOpsKa,
npu KoTopoM 3sjeMeHTaMH =0 OynyT JinHelHble KOMOHHANMH
KopHe# a; (cooTB. @Y) ¢ Kospduunenramu =>0. DTH dJeMeHTH

Ha3blBAIOTCS HOAONCUTEAbHbIMU OTHOCHTebHO C HJM OTHOCH-
teabHo B(C). YKa3aHHble OTHOUIeHHs IOPsANKA ONpenessioTCs
TaKKe pyanpHoH KaMepod CV. Diaement u3 V Oymer =0 Torza
M TOJIKO TOTJa, Korjga ero 3HaueHus na CV Oynyr =0. Muo-
JKeCTBO 3JeMeHTOB >0 oTHOCHTe bHO C conmepxut C, Ho, BoOGIIe
roBopd, oranuro or C. Tlyers x& V. Ias Toro utobh x < C,
HeoOXOAUMO M HOCTAaTOWHO, YToGbl OBHJIO X = w(X) NpH BCexX
we W(R). ILas toro urobsl x = C, HeoOXOIHMO H KOCTAaTOYHO,
uTo6bl OhJI0 X > @ (x) npu Bcex w < W (R), orauunnx ot L.

15) JlioGoli xopeHn GO MOJOXKHTENEH, JUOO OTpHILATENEH
orHocHTesbHO C. CumBoaoM R, (C) o6o3HauaeTcsi MHOXECTBO
NOJNIOXKHUTENLHBIX OTHOCHTeNbHO C KopHeii, Tak uto R= R, (C)U
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U(— R.(C)) ectb pasbrenne cucrembi R. OTpaxenue s; mepe-
BOAUT @; B — O; U MepecTam/sieT MeXINy coGOoil aJeMeHTH U3
R, (C), oranuuble OT a;.

16) ITyctb B — 6as3uc cucreMbl R. JlioGoil nosoKuTe AbHBINA
(cooTB. OTpHLATE/NbHBIH) OTHOCHTEILHO B KOpPeHb siBJsieTCs auHed-
HOl KoMOuHaUHeH 3/1eMeHTOB M3 B ¢ ueabiMu KospduiHeHTaAMHU
=0 (coorB. < 0).

17) Ilyers (B8, By, - - ., Bs) — TaKast mocJeL0BATEBHOCTh MOJO-
KHUTENbHBIX OTHOCHTENBbHO C KOopHe#, uTo B, 4B+ ... + B, Gyner
xopueM. CyllecTByeT nepecTaHoBka ne ©,, nas koropod B () +
+Bx @) + ... + By ) Oyaer Kopdem npu sobom i (1,2, ..., n}.

18) Myere a= R, (C). Huaa roro urodh a = B(C), neobxo-
IMMO M AOCTATOYHO, YTOOH O HeJb3sl OLLJIO 3amUcaTh B BHIE
CYMMBl JIBYX MOJIOXKHTEJbHBIX KOpHEH.

19) Ilyets C — kaMepa, (a;, @y ..., G;) — COOTBETCTBYIOLIMMA
G6asuc. dnsa /moboro nonmHoxkecrea J </ ={l, 2, ..., [} obo-
3HauuM cuMsosiom W, noarpynny B W (R), mopoxKieHHYIO OoTpa-
xkeuusamu §; ¢ i J. Ilyers C; — MHOXKECTBO JIMHEHHBIX KOMOH-
Hapuil ¢ Kosdpounuenramu > 0 KopHeil a; A je&J, Tak uro
C;— siyefira KaMepsl C.

IMyers J = 1, g & W (R). Caenyiolive yC/JOBHST 5KBHBAJIEHTHEL:

a) g ocTaBJ/ifleT MHBAPHAHTHOH HeKOTOpYIO TOUKY siuedkd Cj;

6) g ocraB/sieT MHBAPHAHTHOH J06YI0 TOUKY situeHkH Cj;

B) g OCTaBJisler HHBAPHAHTHON JIOOYIO TOUKY 3aMbIKaHUA Cr

r) g(C))=C;

)) g(CJ)=CJ;

e

HyCTb J, J'C{l 2, ..., u g, g =W(R). Caenymomue
ycnosuﬂ 9KBHBAJICHTHbIL:

a) g(C=g"(Cy)

6) ¢(C))Ng (C,) + B

B) gW,=g'W,;

r) J=/"u g =gW,. .

Oyers Jy, Joo ..., I nJ=JN...NJ,. Torna W,=
=leﬂ e MW, s moboro g = W (R) cyuwecrByer J <=/,

Takoe, uto C1g(C)=C, u g= W,.

20) IMycts P — noaMHoxkecTBO cucreMbl R. ToBopsr, uto P
3aMKHYTO, ecau ycaoBus a=P, =P, a4 =R BaekyT
a+f=P. TlonmHoXKeCTBO P HaablBaeTcst napaboiudeckum,
ecin P 3amMrHyro u PU(— P)=R. Cuelyolie YCJOBHA 3KBH-
BaJIeHTHBDI:

a) P napaGonuyHo;
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6) P 3aMKHYTO, M cCyllecTByeT TaKas kaMepa C, uto FD
DR, (C);

B) cyluecTBYIOT Kamepa C u noaMHoxectBo % < B (C), TakHe,
yro P Gynmer obbeauHeHneM R, (C) m MHOXecTBa Q KopHei,
SBJIAIOIUXCSA JIHHEHHBIMH KOMOHHAUUAMH € LeJHIMH Ko3ddH-
nuesraMu < 0 sneMeHToB H3 I

[TpeAnONIOKHAM, YTO 3TH YCJOBHS BHINOJHEHbl, U PACCMOTPHUM
BeKTODHOe HOANpocTpaHcTBO V|V, mnopoxJeHHOe MHOXKe-
ctBoM 2. HMmeeMm

PN(=P)=QU(—Q=ViNR,

u P()(— P) ectb cucreMa KopHefi B V| ¢ Gasucom Z.

Myers P/, C’, ¥ o06majal0T aHAJOTHYHBIMH CBOHCTBAaMH.
Ecau cyutecrsyer ajieMeHT H3 W (R), nepeBoasmuii P 8 P, 1o
B W (R) cymecrByeT 3JjieMeHT, nepesBoasawuii C B C/, 2B ¥ u P
B P.

21) Iyers P — noxmuoxectBo B R. Cienyomue ycJaoBHS
3KBHBAJIEHTHHI!

a) cymecrByer KaMepa C, Aas xoropoit P= R (C);

6) P samkHyTO, H {P, — P} ectb pa3bueHHe cHCcTeMb R.

Kamepa C onpefejieHa Torja oAHO3HayHO.

[MpeanosoxuM, uto V HaxeleHO TaKoR CTPYKTYypoH ynops-
JIOYEHHOro BeKTODHOI'0 NMPOCTPAHCTBA, UTO KaXAbH KOpeHb Oyner
A1n60 NOJICKUTeNbHBIM, JHO0 oTpunarebHuM. [Tyets R, — MHO-
JKEeCTBO MNOJIOKHTEJIbHHX KOPHell OTHOCHTEJbHO 3TOH CTPYKTYPHI.
CymecTByeT OXHO3HAYHO onpeleneHHass Kamepa C, AJs KOTO-
poit Ry =R, (C).

22) JIast toro uToOK HOAMHOXKecTBO B < R 6bl10 6a3ucoM
cucreMbl R, HeoGXOIMMO H AOCTATOYHO, uTOOHl 3JieMeHTH H3 B
OblIH JHHEHHO He3aBHCHMB M 4TOOHI J060fi KopeHn 6wl JinHel-
HOH KoMOHHanuel 3/1eMeHTOB H3 B ¢ kKosbduuHeHTaMH, KoTO-
puie onHoBpeMeHHo =0 man <0.

23) IMycts P — 3aMKHYTOe NOXMHOXeCTBO B R, AJA KOTO-
poro P\(—P)= . CymecrByer Ttakas kaMepa C, uro P
< R, (C).

24) IMoxmuoxecTBo P R Ha3HBAeTCHA CUMMETPUUHbIM, €CJIH
P=—P. Ilyctb P —Kakoe-T0O MNOJAMHOXeCTBO B R u V,
(cootB. T)— BekTOpHOE NOXNPOCTPAHCTBO (COOTB. ARAHTHBHAN
noxrpynna) B V, nopoxiaenHoe P. Cienywomue yClOBHS 3KBH-
BaJIeHTHH:

a) P 3aMKHYTO M CHMMeTDHYHO;

6) P 3aMKHYTO W sIBJSETCH CHCTeMoll KopHeir B Vy;

B) IR=P,
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25) llpeanonoxum, uTo cuctema R Henpusopuma, IlycTh
C — Kamepa; NOJIOXHM

BO)=\{ay, ..., a;}.

B R cymecTByeT makcumaroroui (RAH HAubGOAbuwLil) 37MeMeHT
(oTHOCHTE/IbHO MNOPSAKA, ONpefleneHHOro nocpeactsoM C), T. e.
T4KOH 3/JeMeHT &= + ... -+ 70, 4YTO AJs MOGOro KOpHs

piag+ ... +poy

CrpaBej/IuBE HepaBeHCTBA Ny = py, ..., n;>>p,. llpu stom G = C
ulla=llall ras awoboro KopHs a.

26) Cumso.aom Q(R) o6osnauaercss noarpynmna B V, mopo-
XKAeHHast cHcTeMoll R; ajeMentnl rpynnel Q(R) masmiBaloTes
paduxarbroiuu secamu cuctemsl R, I'pynna Q (R) ecth auckper-
Has noxrpynna B V panra/=dimV. Beakuit 6a3uc B R aB/sieTcst
6asucom 8 Q(R).

Cumsosiom P(R) o6osnawaercsas mnoxrpymnna B V, accoummpo-
BanHas ¢ Q(RV); saementst n3 P(R) HasuBawTCa secamu
cucreMbl R. I'pynna P(R) sBasiercss n1ucKpeTtHoll moarpynmoii s V'
panra [, coxepxaueii Q(R). Tpymnnet P(R)/Q(R), P(RV)/Q(RV)
KOHEYHBl H H30MODOQHE;, HX NOPsIOK [ Ha3elBaercs uUnOexcow
ceasnocrTu cucteMel R. B o6o3Hauenusx 25) nopsifok rpynns W (R)
pases [l mn, ... njf.

I'pynna A(R) ocraBasier ycroiiuusuiMu P(R), Q(R) u nosromy
neicteyer B P(R)/Q(R). Ipynna W (R) mefictByer TpuUBHAJbHO
B P(R)/Q(R), tak uro A(R)/W (R) neiictyer B P(R)/Q(R).

27) llycrs C — kamepa, B==(a,, ..., ;) — COOTBETCTBYIOLIHIT
6asuc cucremol R. Basuc (@5 «vns 6),), I yaJbHHI K (a}/, cen @),
ecTh Ga3uc rpynnsl P (R). dnementsl ®; HA3bIBAOTCA pyndamen-
TarsHoLmu secamu (OTHOcHTeNbHO C MM OTHOCHTEAbHO B). MHOKe-
CTBO JHHeHHBIX KOMOHHANH