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OT U3JATEJIRCTBA

Aprop »roii monorpadmu Huxonaii Iypoesuu Ueraes (1902—
1959) — sBujalomuiicas PyccKUH y4eHWH, KPyNMHeRUIMA chemmamcr
8 001acTH AHATUTHIECKOA MEXaHUKY, TEOPHMM YCTONIHBOCTH [BHIKEHNA
H KadecTBeHHOH TeopuH AuddepeHnuaibHex ypasHenuid. O BHec
OTPOMHHI BRJIA/L B PA3BUTHE TEOPHH YCTOMIHBOCTH ABMKEHNA, CO3/[aH-
uo#t reumancabiM A. M. Jlanynosem (1857—1918) B Konne npomnoro
CTOIETHA.

Hccaenonanua JianyHoBa o Teopun ycTrouMBocTy ONEpeuiIn croe
speMa. lIpnm ;ku3um y Hero He OWJI0 YYEHHKOB WM MocJegoBaTesied B
atolt obnacTn Hayku, ¥ TEOpPHMA ycTOHIMBOCTH JIAMyHOBA puHTeNBHOE
BPeMA MOCJIe ee CO3/[aHAA He TOJBbKO He Pa3BHBAJach, HO ¥ He IpHMe-
HAJNACh CKOJbKO-HHOyAs cephesno. M Toubko B komme 20-x romos
BO3HMK B Hamle#l cTpaHe HHTepec K JIALNYHOBCKOH TeopMH ycroiiumpo-
cru. [lo-pagumomy, H. I'. Ueraes oguum u3 nepsuix NoHAn Puamye-
CKYI0 CYmHOCTb Teopuu JlamyHoBa, yBHAe) ee OTPOMHOE NPHMHIMIINA-
aJbHOE 3HAYEHWE M BO3MOKHOCTM TeXHWYECKHX HpuAoeHmit. B ua-
qane 30-X rogos OH YCTaHOBHMJ CBOIO OOH[YI0 TEOpeMy O HeyCTOHYM-
BOCTM JBM/KEHHs U IOJIYYU] IepBHe moche JIAnyHoBa pesayabraTh mo
obpamenuio sHaMeHnTol Teopemnl Jlarpamka 06 ycrofitumoctn paBHo-
BECHA, OPraHMW30BaJ WMPOKWE HMCCIENOBAHMA JI0 DAIBATHIO TEOPHM
VCTOHYNBOCTH M NPHJOKEHUAM €¢ K PENICHUAM BAYKHHX TeXHUTCCKHX
3ajaq, CTaB, 10 CYIECTBY, HAYYHHIM IPEEMHMKOM M IIPOJOJIKATedeM
Jlanynosa. Boasmyio pospr B paspaGoTKe MeTONOB WMCCJELOBAHHA
ycroiuuBocTH, B ocobenHocTH MeTofa dpyurimit JIanyuopa, u pemennn
MHOTHX BKHHX 1IP0GJeM yCTOHYMBOCTH CHIpaja CO3AAHHAA M BO3-
raasnapmagca H. T'. YeraeBuM KasaHCKaA IIKOJMA MEXaHMKOB.

B 1946 r. 6mna ony6auxosana monorpagusa H. I'. Yeraena «Ve-
TOHYMBOCTE JABMKCHUA», ABMBUIAACA IPBOH B MMPOBOH JmTeparype
mocae JianyHoBa KHHMroff WO TeopmM ycTOHYMBOCTH ABM;KeHHA. He-
Oonpmwana mo o6beMy, JaKOHMIHO HANMCAHHAA, 3Ta KHHTA CONEDP/KHT
CHCTEeMATHYECKOE M CTPOrOe M3JIO)KEHWE TEOPMHM YCTOHYIMBOCTH H ee
MeronoB, B ocoGemnoctn Merona ¢pyukmmit Jlamyuosa. Ocuonnoe ee
CORePrKaHHe COCTABJIAIT HCCIEOBAHNSA N0 YCTOWIMBOCTH JBM;KeHWA,
HavaTthe JIANYHOBHM M IPOOJI/KEHHNE aBTOPOM mMPAMEHEHHEM B Pas-
BuTHEM MeToAa GyHKuuil JIanyHOBa, IPAYEM aBTOD OTPAHMYMICA JRMID
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TeMH WCCJCJOBAHHAMM, KOTODHE MMelT HauGoJbllee 3HAYCHHE [
npuiokenuii. BasHyio posb Arpanor B KHEMre MHOTOYMCICHHHE IPH-
MEpH, PAX M3 KOTOPHX HE TOJbKO HILIIOCTPUPYET TEOPHIO, HO M COJEP-
MHT ee paspuTHe.

Monorpadus Yeraesa sBMIACH LEHHKM HAYIHHM DPYKOBOJACTBOM,
HOJyYMBUIAM WHPOKoe npusHanme. Ilocie ee OnyGINKOBAHAA 3HAYM-
TEJbHO BO3POC MHTEpec K npobieMaM ycTOHYMBOCTH M HOABHJIOCD
Gonburoe gucio paGoT MHOTMX aBTODOB IO TEOPHM YCTOHYMBOCTH JABH-
JKeHMA 4 ee NPUJIo/KeHuAM K Texmmke. Bcien 3a coserckmmu yuge-
HHMHM pofJieMaMu TEOPHH YCTOHIHBOCTH MHTEHCHBHO 3aHAIUCH MHO-
rue 3apy0eskHble YYeHHIe.

Mupopas HaygyHas qaTepaTypa M0 yCTOHIMBOCTH ABMIKEHHA CONEP-
JKHT B HacToAlee BPEMA THCAYM nyOaMKandi, B TOM YHC/IE COTHH
MoHorpaduil u yveGHuKoB MHOTMX asTopos. OHa BechbMa GoraTa pe-
3yNbTaTaMM KaK II0 Pa3BUTHIO TeOpHH, TAK M II0 Pa3HoOOpasHLIM IIpn-
JIOIKEHU AM,

PaspaGoTka Teopuu ycToH4nmBOCTH JBM/KEHWA BEJETCA IO MHOTHMM
HanpaBJIeHHusAM. 3ech HaJ0 HA3BaTh Pa3BUTHE ¥ IIPHMEHEHWe IIePBOIo
7 0c00eHHO BTOPOTO MeTOXOB JIANYyHOBA, B TOM UHMCJIE METOa BEKTOP-
¢yuknuit JlanyHosa, ycraHopieHMe HOBHX TeopeM, paclMpAIOIMX
A yray0aaomux aTH MeTO[H; aHAJIM3 CYIECTBOBAHMA. $yuxumi Ja-
nyHOBa M MX d((EeKTUBHOTO OCTPOCHMSA; HCCAELOBAHAA YCTORIMBOCTH
[0 NEePBOMY NPHUOIMKEHNI0 M B KDHTHYECKMX CAYYaAX, a TAKKe IpH
MOCTOAHHO [eHCTBYIOIMMX BO3MYIEHWAX; WMCCICJOBAHHA YCTOUYHBO-
CTH NEPHOAMYIECKAX M HeYCTAHOBHBINMXCs] IBM)KEHWA ¥ YCTOHYHBO-
CTH Ha KOHeYHOM wHTePBaJie BPEMEHW; PA3BUTHE TEOPHH IIPUBOJMMBIX
¥ OPaBAJIBHBIX CHCTEM, a TaKke KadecTBeHHO# teopmm anddepenim-
JIbHHX ypaBHEHWI; MCCJIEJOBAHAA YCTOHYMBOCTH [BWKEHWA IO OT-
HOIIGHWI0 K JACTH II€PeMeHHHNX, YCTONIMBOCTH TaMAJBTOHOBHX CHCTeM
M yCTOMYMBOCTM B CJIyJae BHYTDEHHHX DPe30HAHCOB; padpalorka Me-
TOIOB MCCleloBaHMA ycroiiumpoctm Ha IBM; pacunpocrpanenme Me-
TofoB JlAmyHOBa Ha cHCTEMH, ONMCHBAEMHE ANMIAPaTOM, OTIHIHBIM
o7 OOHKHOBEeHHHX [updepeHnMaJbHHX ypaBHeHWH (ypaBHEHMA
¢ mocliefieficTemeM), Ha CHCTEMBl ¢ DPacipele/IeHHKMM IlapaMeTpaMy,
Ha CIUIONIHHE cpean M MHorme Apyrue. Meron ¢yuruuit Jianyuona
C yCIeXOM NPHMMEHAETCA TaK:Ke BO MHOTAX o0JacTAX aHajiW3a, Ha-
npuMep, B MOJYYEHHMH OIEHOK UPHGIMKeHHHX WHTeTPAPOBAHNMIA,
B TEOPHM ONTHMAJHHOTO YyNpABJIEHWA M ONTHMAJBHOH cTabmimsanmd,
B Teopum guddepeHnEANEHRX UID, B TEOPHH HEJMHEHHKX KojebaHuit
H BO MHOTHX JAPYTHMX o0macraX HayKH.

HecMorps Ha cymecTBeHHOe pasBuTHE TEOPMHM YCTOHUYMBOCTHM 32
[OCJIeflHYe COPOK C JIMUIHAM JieT, NpouiejliNe CO BPEMEHHM IEePBOTO
u3fnanna, kaara H. T. Yeraesa ne yrpatmiia ¢Boero Ba)KHOTO 3HAYe-
HHA IeHHOT0 HAYYHOTO PYKOBOACTBA, COAEPIKAMmEro KOMIIAKTHO®
H ACHO@ H3JI0KEeHNe OCHOB TeopwH ycroiumsoctn amxenun. Hapanxy
¢ «O0meii 3anaveit 06 yeroitampoctn asmxenna» A. M. Janynosa ona
HaBCcerja BONLIA B COKPOBMUHMIY HAYKM M CIAYKHAT M Oyaer enyxnartsh
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GoraTHM HCTOYHHKOM HIeH /I HOBHX NOKOJeHHi ydeHwx. Kmmra
MOeT OHTh HCHONB30BAHA B KauecTBe MOCOOMA 1O OCHOBAM TEOPHHA
YyCTOMYMBOCTE JABH)KEHMA JJIA AaCOAPAHTOB M CTYAEHTOB CTApPIIHNX
iyPCcOB YHUBEPCHTETOB.

Tperre naganne kunrn, sumequmee 8 1965 r., socnponssognio Ges
u3MeHeHMil BTOpoe, McIpaBieHHoe mafgamme 1955 r.

B macroamem, werBepTOM, M3JaHAM HCIPABJICHH 3aMEUYCHHHE He-
:HOTOYMCJIeHHNe onedaTkn. KypcuBoM BhiteneEn GopMyInpOBKHE OC-
HOBHHX Pe3yJbTaTOB M OnpefejifieMHe TePMHHEL.

CymecTBeHHYI0 IIOMOINs M3JATEJNbCTBY IIPH IOATOTOBKE HOBOTO
nanaHmA oxasan wreH-koppecnonmesr AH CCCP B. B. Pymaunes.
£IM TIOArOTOBIEHB HOMEIIeHHEE B KOHIlE KHHMTHM NPHUMEYaHWA, coep-
/Ralie HEeKOTOPhe NOACHEHHA U cBefieEmsA 00 o6pamenun 0CHOBHEIX
reopeM Merofa ¢yBknmil JIanyHoBa, a TakKe NONOJHEHHMA HEKOTODHX
U3JM0KEHHRIX Pe3yabTaToB, ony0IMKOBAHHKE aBTOPOM HOCJe BHIXORA
nepsoro wusgamma kHmrm (1946 r.). Ccebinkm ®Ha 2TH HpEMevaEmMsA
B TEKCTe .JaHBI 3BE3OYKAMM. '

NPEMNCJIOBHE ABTOPA
KO BTOPOMY M3IAHMIO 1955 r.

Bonpocu ycroifumBOocTH MMEOT NPMHENMINMAJbLHOE W MPHMKJIATHOE
onadenne. Ilepex rexHuKoit m Pmankoil Bce Yame BCTAOT 3a7aun 00 yc-
TOWYMBOCTH, MPHM PENICHAN KOTOPHX NPUXOAUTCA MPHMEHATH TOYHHE
Meroal JlanyHoBa, Tak Kak Goiee rpy0He MOAXONH K HAM He ABISA-
I0TCA yAoBJIeTBOpuTeNbHEIMM. J3yuenme meromos Jlanymomsa wm npm-
MEHEHWe 3THX MeTOJ0OB CTAHOBATCA Bce Oosee m 6oJiee HEOOXOAMMBIMM
/I TOBCEHEBHOH TEXHMYECKOH NPAKTHKH.

Yxazaunsie coobpaskenns 06GyCIOBHIE OHY M3 OCHOBHHX HeJel,
Hpecjae[yeMHX cofiep;kaEneM KHurM. B Heil manaraiorca Te Hcciaeno-
8aHEA JIAMyHOBA, KOTOpHE MHE NpEeCTaBIAITCA Haubolee BaKHHMEA
A% OPUMKAagELX 3afgad 06 ycroiumpoctd ABmKenmid. OgEaxko A He
CTPeMUJICA NPH DTOM K IOJHOMY H3JIO0KEHWI0 BCEX IOJYYEHHHX pe-
3yABTATOB.

S cTpemmica M3IOKHETH pe3ysabTaTH JIAnyHOBA NMpocTo, 6e3 Jok-
1OM MONlepHM3AaIMM; NpHBeJ HYKHBHE CBEeJeHHA M3 TEOPHU - CHCTEM
JAHeAHHX aAuddepeRNNaIbHNX ypaBHeHNH ¢ HOCTOAHHHMEA Kodddm-
NUeHTAMM; M3JI0/KNJ HEKOTOPHE cBoM peayiasTaThi. Hexoropue ua mpu-
MepoB (0 IPONONLHOM YCTOHYHBOCTH CaMOJIETOB M T. II.) HCXONAT H3
H3BECTHOT'0 MOJEJMPOBAHAA CHCTeM ¢ GECKOHEYHHM UHCJIOM CTeneHef
¢5000/H | NpHBeJeHH (e3 AMCKYCCHE 0 CHPABEJJMBOCTY MM HEcIpa-
BEAAMBOCTE MOJEAHPOBAHHS, '
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YroGH ynpocTMTh [ATHPOBAHME MCHOJNb30OBAHHLEIX MECT H3 COYMHE-
gna Jlanysosa «O6mas sagava o6 yCTOHYHBOCTHM JABWKEHHA», IOCIE
HOMepa naparpada mocraBieH B KBaAPaTHLIE CKOOKM HOMED COOTBETCT-
sylomero naparpada yxkasaHHOTO TPYAA.

Bropoe n3nande KHErM IIOBTOPAET NEPBOE; HCIPABIEHH 3aMEYCH-
Able OHeYaTKH ¥ HEKOTOphbie 33jlaYyd 3aMeHeHH JAPYTHMH.

Ycnexu, AOCTHTHYTHE B TEOPMM YCTOHUHMBOCTH ABHKEHHA IIOCi]e
HepBOT0 M3JAHHMA KHUTYM, He HANLIH OTPasKeHHA B HACTOAHIEM H3a-
Hun. J[AA UX IMOJHOTO omucaHWA Tpefyercs MHOTO KHHT M OHH HE HC-
4epNBBAIOTCA NpekpacHuMu kHAramMu B. B. Hemuinkoro m B. B. Cre-
mamosa '), WM. T'. Maxkmma %), A. H. Jlypse 3), I'. H. [[y6omuna %),
M. A. Aiizepmana °), @. P. l'anTmaxepa ¢), A. M. Jlerosa 7). Hccae-
posanus H. H. Boromo6osa, H. II. Ilepcuuckoro, H. IlI. Epyruna,
M. T. Kpeitua, E. A. Bap6aumna, H. H. Kpacosckoro u fp. sacay-
‘KABAIOT OTAENbHBIX KHHUI, HAMCAHALIX B CBOMCTBEHHOM aBTOPAM CTH-
1e M3A0KeHUA.

YHexnurni B.B.,Crenaunon B. B. Havecrrennas teopun gud-
depenuuaibHeX ypasHeHuil.— M.: Tocrexuapar, 1949.

) Maaxkud U I'. Metongu Ilyankape 1 JIanyHoBa B TEOPHH HelMHEHHRIX
ronedanuii. — M.: Tocrexmamar, 1949; Maxx mu U. I'. Teopma ycroitumpoc-
TH JABumkenus.— M.: Tlocrexmamar, 1952.

3) ypoe A. 1. Hekoropse HeTmHefiHNe 3agadd TEOPHH AaBTOMAaTHYe-
ckoro peryaupopaHusa.— M.: Tocrexmamar, 1951.

H Mybomun . H. OcHOBH TeOpHMH YCTOHYMBOCTH [BIKEHHEH.— M.:
Wsp-so MI'Y, 1952.

) Afizepman M. A. Teopua aBTOMATHYECKOTO pery/iMpOBAHHA JBH-
rateiaed.— M.: Tocrtexusmar, 1952.

®YTanrmaxep @, P. Teopua matpmi.— M.: Hayka, 1988.

yJletos A. M. VCroiiuBOCTh HETHHEHHHIX peryIMpyeMBIX CHCTEM. -~
M.: Tocrexmagar, 1955.



THABA 1
3ATAYH YCTONYHUBOCTHI

[Ba 3amevanus

1. /IlmHaMuKa SIBIAlETCA HAYKOH O JeACTBATEIHHBLIX PABHOBECHAX
1t IBIUKeHMAX MaTepraibHHX cucreM. ['axmieit m HelotoH oTKpHIN ee
HAYa/Ja ¥ IOKAa3aJH WX JOCTOBEPHOCTH ONKTAMH HAJ NafeHueM TiKe-
JbIX TeJ ¥ o0bsAcHeHneM JBu:xeHnit nianer. Ho He Kaskmoe cocronHue
MEeXaHMYIECKOH CHCTEMH, OTBETAONIee MATEMATHIECKN CTPOTOMY pellle-
HUI0O KaK ypaBHeHWil paBHOBecwA, TaK U auddepeHnHANbHHX ypaBHe-
HUA [BMKeHHA, HalxonaeTcsa B geficreurenpHoctTn. Hukro, Hanpumep,
He BUeN, 9TO0H TAMeNNH KapaHAaN CTOAN BePTUKAJIbHO HAa IAaJKOM,
ropH30HTAJHHOM CTOJE, ONMPAACH HA CBOH OCTPO OTTOYCHHHI KOHEII.
HenabaonaeMocTs cocToAHMi, OTBeYAOHIMX MONOOHHM CTPOIAM pe-
meHHAM, OOBACHAETCA HeYyYWTHBAEMHIMH MQJIIMA CHMJIAMH K He3HA-
4UTEJBHEIMY OTKIOHCHWAMM B HAa4YaJIbHOM COCTOSHAHM MAaTePHAJBHOM
CHUCTeMB, KaKue B AeficTBUTENBbHOCTH Hem3(e)xHO CYIECTBYIOT K BO3-
MyD[al0T PaBHOBECHMS M JBM;KeHWA B OJHMX ciydaax ciabo, a B fpy-
rux cmasgo. PaBHoBecusa u JaBwiKeHns, cialo M3MeHAOHIMECA IIpH
BO3MYNIeHNAX, OHJM Ha3BaHH YCTOUYMBHMHA, a IpoYHe HeyCTOHUYH-
BbIMH,

Obmero npmuuumna s Bubopa pemeHmii, OTBEYANINAX YCTOH-
MUBHIM COCTOAHMAM, B MeXaHWKe He OBLIO JaHO; OHA NPHMHAJA Xapak-
Tep HayKn 00 WAeaJn3WPOBAHHKX CHCTEMaX M JUJIA CBOEro CTPOTOro
npuMeHeHMA K Hamell mpmpoje NMPUHENMOKAILHO Ka:kAMi pas Tpebyer
pelrennd 3afad ycroitunsoctr. JIump Toppugennu B cratnre paceMar-
puBaeMHX B €ro BpeMs TAMKEJHIX TeJl Npejaraj NPWHIMII, KODHH
KOTOPOro TepAITCA B IIIyOOKOH APeBHOCTH M KOTOPHE jpaBaJl JHIIB
VCTOMYMBHE NOJOKEHNA PABHOBECHMA.

Hpurnany Toppmuennu o6asaH CBOMM NPOMCXOKACHAEM Apyrod
UPVHOMN, KOTOPHM BOCHOJIB30BAJINCH JIiA pelreHua ¢ Goublnoi Jer-
KOCTHI0 PA3jJHYHHX BONPOCOB CTATMKMA. JTOT NPHHIMI 3aKJII0YAETCA
B CHeIYION{eM: B CHCTEMe TAIKENARX TeJ, HaXOMAMMXCA B PABHOBECHH,
UEeHTD TAKECTH 3aHMMAaeT OTHOCHTEJbHO Haubojiee HA3KOE TI0JI0KEHNe,
KAKOe TOJBKO BO3MOKHO 1),

Iy Jlarpanmx K. Asaruruyeckas Mexanmaka. T.1: Ilep. ¢ ¢p.— 2-e
#31.-— M.: Tocrexmagar, 1950.— (Cm. u. 1, ormen 1, m. 16).
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B nusammke nofoGHOTo MpHMHNMNA AJA 0T6Opa CTPOTHX pemeHHH,
OTBEYAIOIEX YCTOHYHMBHM ABHKCHUAM, AaHO He OBLTO, X0TA 3ajadeit
yCTOMYMBOCTY 3aHMMAJHCh MHOTME BHAalommecsd Mexamuku — Jlar-
pamx, gopy HKeassmm, Payc, Hywosckmit, Ilyamkape. Jlarpamm
0Gobmun npuanun Topwyenam, noxasas Teopemy o6 ycroiiampocTn
A30IMPOBAHHOTO PABHOBECHA MEXAaHMUECKOH CHCTEMH, KOTJa CUIOBAA
PYyHKIUA AeHCTBYIOMMX HA CHCTEMY CHJ MMEET MAaKCHMYM B 3TOM IO~
JoseHMH paBHoBecHa. Payc, passmBas MeTO] MTHODHDOBAHEMA IWK-
IHYeCKHX KOOPAMHAT, NyTeM NPOCTOr0 IepeHoca YKa3aHHOH TeopeMHl
Jlarpas:xa Hamen KpHTepHil yCTOAYMBOCTM IJA HEKOTODPHIX IMEKJMYe-
CKHX JIBMKEHMH. o

O6myo 3amgauyy o0 ycTOMYMBOCTH J[BMKEHHAA B e€e Kiaccuiec-
Kol mocTaHOBKe paspewrmst JIAnNyHoB B cBOEM 3HAMEHATOM COTH-
geamn «OOmaa 3ajgada o0 ycroiiwmBocTm amxeHus» (XapbKos,
1892) 1).

2. CojepskaHne WHKEHEPHOTO MCKYCCTBA TAK:Ke CTABHT BOIIPOCHI
0 NeMCTBATENHHOCTH HAMEYEHHOIO K PEaNM3alu¥ IIPOEKTa, KoTopwid
onMpaeTcA N0 CyLIECTBY Ha HEKOTOpoe pelneHne jn6o ypaBHeHMi paB-
HOBecHA, aubo nuddepeHMANBHHIX ypPaBHEHWH [BMKEHMA 3aJyMaH-
HOlt MexaHWYecko# cucreMbl. HeoOXOMHMOCTH peleHHA 3THUX BOIPO-
coB Hen30eHO IPHBOAHT M TEXHHMKY K 3ajadaM ycTofYWBOCTH, IIO-
CKOJIbKY pealM3anusa IPOEKTa CONPOBOKIAETCA HEKOTODHIMH JOIyC-
KaMH B K3TOTOBJICHAH, & CAMO MHIKEHEPHOE COOPYIKEHME BHHYMKIEHO
paboTarb 1OJ BO3HEACTBHMEM CHJ, HE YYATHIBAEMBLIX IOJHOCTHIO
B IpOEKTe.

Hanpumep, eciim KOHCTPYMPYeTCA NACCAKMPCKHUA caMoJeT, TO ero
OPOEKTHHM JBHIKEHAAM HYKHO 00€CIIeYnTh M3BECTHOTO PONA YCTOi-
YHBOCTH, YTOOK TeM CAMKM IIOJIyYUTHh MAMIMHY, CIOKOHHYIO B mOJeTe
u GesapapmifHyi0 Ha Baiere M nocagke. HoneHuarwii BaJd HyKHO pac-
CYHTATh TAK, 9TO0H OH He II0JOMAJCA OT BEOpamuil, Kakue MOryT BO3-
HUKHYTHh B pealbHuX yciaosaax paGorm pasurarensa. YroGsr obecme-
9UTh APTHILIEPHACKOMY OPYAMIO HaMOONBIIYI0 METKOCTh B KYYHOCTh
60, HAZIO CTPOMTD OPYAMA, CHAPANB M MAHH TaK, YTO0H GHJIA H3BECT-
HOT'O POJa YCTOWIHBOCTH TPAGKTOPHMA M NPABMIBHOCTH IOJETA CHAPA-
OB,

MomHO NpHEECTH MHOTO NPUMEPOB, HO OHM HUYeTO He NIPHOABAT
K TOMY, 9TO IIPH PEIIeHHH BOIIPOCA O NEHCTBUTEJBHHX JBHKeHUMAX He-
06X0(MMO W3 BO3MOKHBIX pelICHWE ypaBHEeHMI MeXaHWKM OCTaHaB-
JAMBATHCA HA PEINEHMAX, OTBEYAIOHMMX YCTOWIMBHM COCTOAHHAM, M UTO
B TeX CIYYAAX, KOT/HA jKeJaTelbHO M30ekarsb B AeHCTBHTENBHOCTH Ka-
KOro-anbo pemeHvs, Pa3yMHO IyTeM HEKOTOPOrO M3MEHEHHA B KOHCT-
PYKIHA MEXaHWIECKOH CHCTeMH [eJIaTh OTBedaoliee 3TOMY DelIenHio
COCTOAHME [(BHKEHHUA HEYCTOWUMBEIM.

Y Tanyn o A. M. O6mana 3agava o6 ycroiuymBocTH ABH:KeHHS.— M.:
Tocrexmapar, 1950.
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ilocranoBka Bompeca

3 [11%). PaccmorpuM Kakyio-auGo TOJNOHOMHYI0 MeXaHWUECKYIO
cuctemy. Ilyers 91y« « - Gk 00603HA9AI0T €e HE3aBHCHMHEE JIATDAHKEBH
KOODIMHATH, & ¢y, . . ., gy — 0GoOmenHne ckopoctn. B puHaMmwe-
CKoOIl 3ajjaue, KOI/A CHJIN ompefeJeHHHM o0pasoM 3afjjaHmi, OepemeH-
HBIE ¢; YIOBIETBOPAIOT HEKOTOPHM & OOHKHOBEHEKM Anddepernmuans-
HEIM yPaBHEHHMAM BTOPOro mopsafgka. JacTHOMy peureHHI0 3THX ypaB-

HeHLil
=L@ (G=1,...k

COOTBETCTBYET uexw'ropoe onpejpereHHOe ABWKEHWEe HAINeHd CHCTEMHEL.
CpaBHMBas ero B M3BECTHOM OTHONICHAM C [PYTHMH JABM;KCHNAMH, BO3-
MOKHBIMHA [IISf Hee IPM TeX ke CHiIaX, ABHKeHHe 3To OyJeM Ha3HBATH
HEGOIMYUCHHBM, 3 BCe OCTAJIbHEE, ¢ KOTOPHMM OHO CpaBHHBAETCA,
803MYWYECHHBMU.,

Hycn, t, eCTh MOMEHT BPEMeHH, YCIOBHO NPUANMAEMHI 32 HAYAAb~-
HBIH, A g5 W q,,, 00o3HavaT HAYAIbLAKE 3HAYCHAS MePeMeHHOH gj
u ee mpom3BoAHO# no spemen® ¢;. Ilycrs s meBo3aMymeHHOTrO ABH-

JKeHAund
o =15 (te)y gio = fi(2),
a InA BO3MYM[EHHOI'O
Gjo = 11 (t) + &5 gio = i (to) + &},

rie €5, 8j CYTh HEKOTODHe BeHIECTBEHHHE NOCTOAHHEE, KOTOpHE yc-
JOBUMCA HA3HBATh 603MYUWeHUAMU. 3a[aHAEM 3THX HOCTOAHHHX BO3-
MYINeHHOE [BH’KeHNe IIOJHOCTHIO ONpeNeNfeTcs, TAK KAK JeHcTBYIO-
Imue HA CHCTEeMYy CHMJB NPEANOJATaloTCH HeM3MEeHHHIMH.

I'oBops 0 BOSMYIEHHHX ABWIKEHMAX, OJM3KHX K HEBO3MYI[EHHO-
My, OyneM pasyMeTh ABHIKeHWS, JJIA KOTOPHX BO3MYIICHUA UHCJICHHO
JOCTAaTOYHO MAJIHL.

lipu aToM niiA BO3MYIEHHOrO ABMKEHNA, OIM3KOTO K HEBO3MYIEH-
HOMY, PA3HOCTh MEH(ly BHAYCHHAMH KOOD[IMHAT ¢; M CKopocreil qj
B OTHX ABYX IBW:KEHAAX, Gy[ydd Maoi mo Onpefe/eHnio B HAYAIb-
Hbili MOMEHT H 1O HeNPEPHBHOCTH A 3HAUeHMH {, MaIO OTIMIHHX
OT 1,, MOKeT He GHTb MAJOH JAJA MOMEHTOB BPEMEHH, JOCTATOYHO Y/a-
JEeHHNX OT HAYAJHHOTO.

Orknonennsa BOIMYINEHHKX ABM/KEHHil OT HEBO3MYIEHHOTO MOTYT
OmTh 3aMedaeMH B JeHCTBMTEJBHOCTH Yepe3 PasHOCTE B 3HAYCHMAX
HEKOTOPHIX H3MEpAEMHX B HAGJIONEHAM WA OHKTe BEJIHIAH, 3aBHCA-
nux or aemxennii. Mmes B suay me omycruts cayuam, Korga mabio-
MaTcA BEJMYMHH, OTIMYHHE OT KOODAMHAT ¢; W CKopocTeil gj, pac-
CMOT[:MM HeKOTOpPHE JaHHHe HenpePHBHLE BemecTBeHHHe QyHKIEH
Qi . . ., Q, BenEUME g, ; W BpeMenn {.

}) Kak yme yKaauBanoch B NpPefBCIOBHE, HEPPH B KBAgPATHHX CKOGKax
03HaYaM0T CCHIKHA HA COOTBeTCTBYIOIfHE naparpadu coummenus A. M. JiauyHoBa.
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Jaa HeBoaMymeHHOTO ABMKeEMA ¢QyHRKuuE @, mocie 3aMeHH
q; = 1 (t) m ¢j = f; (t) oGpaTaTcA B HeKOTOpHe W3BeCTHHWE QYHKIAH
t, KoTopsie 0003HATHM COOTBETCTBEHHO wepe3 F,, . . ., F,, a nua Bos-
MYHIEHHOTO [BM;KeHuA (COXPAaHMM 3a HAMH IpexHee oGosnagenne Q)
omm OyqyT HEKOTOPHIMM (QYHKIMAME BPEMEHHA [ ¥ BO3MyIIEHH
£y 8;'. ,

Korma Bce BO3MYIeHHA €;, £ PABHH HYJIO0, PA3HOCTH

xszos'—’Fs

GynyT Tak:ke paBHB HyJi0 1as Beakoro t. Ho ecam Bosmymenna &g,
e;, He GyayIn HyJAMH, OPERNOJATAOTCA BCe HPOU3BOJHHO MAJIBIMM,
TO BO3HMKAET BOOPOC, MOKHO AU HA3HAYATh TAKHME NPOM3BOJLHO Ma-
JIple MOCTOAHHBIE, KOTODHX aGCcoNTHHE BeJUYMHH pPasHocTel 1, HH-
KOTJA He IPeBOCXOMMIN GBI

Mo 6yfeM 3aHEMATBCH HCKJIOYUTEIBHO TeMH CJHYYaAMH, KOTJA
pelneRure paccMaTpEBaeMoro BOIPOCA HE 3aBHCHT OT BHIGOpa MOMeHTa
Ly, B KOTOPHI cO0GMIAIOTCA BO3MYINEHHA.

Tlpumem ciepyomee onpepeienne JIAIyHoBa.

Iyers Ly, . . ., L, cyTh HPOH3BOJABHO 3aAaBaeMble ITOJOKHTEI]b-
gele yncaa. Ecau npn seakux L, Kak G MaJb OHM Hu GHIHM. MOTYT

f .
6LTh BHOMpaeMH ToJo:kATedNbHbe wncaa E,, .. ., E,, Ey, ..., E;
TaK, 9YTOGH IPH BCAKMX BO3MYIIEHHAX £;, £, YAOBIETBOPAOIAX yC-
JOBUAM

l Sj I < ij ‘ ej l < Ef’
H IIDH BCAKOM t, opesocxoaameM tO? BBIIIOJHAJHUCH HepaBeHCTBA
I Qs - Fs l < st

0 HeBO3MyIIeHHOe [BAKEeHHUEe N0 OTHOIIEHHWIO K BeJWIuHAM @, . . . @,
yomolinuéo, B HPOTHUBHOM cJydae — Heycmoliuueo *.
Mosker cayduaThed, 9TO YIOBIACTBOPAKIUX 3TOMY OUpPeHeIeHHI0

npefenos E;, E; Aeab3a HAUTH, ecaH paccMaTPHBATL BCAKHE BO3MY-
[MEeHuA, 1 YTO TAKHe IPefesibl BO3MOKHO HAUTH AJIA BO3MYIIEHHUH, Mof-
YMHEHHB X HeKOTOPhIM YCJOBHSAM BHJA

f=0munmmf >0,

rae f ecTh HekoTopas QYHKIUA BO3MYIIeHHH ¢€;, €;, oGpamalomascs
B Hy/Jb, KOT[a BCe BO3MYI[eHHA HOJATATCA PaBHHMHU Hyao. B rakux
caydaAax GyneM roBopuTh, 4T0 HEBO3MYINEHHOe ABUKEHHE YCMOUuueo
O0aa e0amywyenuli, MONYMHEHALIX TAKAM-TO YCJOBMAM.

B omnpepenennu ycroiiauBocTH JIANYHOB WMCHOJAB30BAJN ILOHATHE
qucaa, a He 6ecKkoHedHo Majoi Besuaussn. [loaTtomy cymecTBo nonarusa
YCTOHYIMBOCTHE 110 JIANMYHOBY JI€;KHT He CTOJBKO B XapaKTepe M3MeHe-
nuA eauund | Qs — F, | npm crpeminenuu posMymmeHmi# gj, &; K Hy-
JI0, CKOJABKO B OYeHKAT YUCACHHBLT 6eAUMUH BO3MYIIeHHH IIpHM 3ajaH-
HHX 9MCJICHHBIX ONEHKax pasHocrefl | Q. — F; | AxA ycroigmporo
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o OTHOIEEWI0 K PYyHKIMAM @, HeBOIMYImEHHOTro aBmuenus. Ciemo-
BATEIHbHO, HEJIb3A YyTBEDKAATH, 9TO YCTOMUMBOCTH B cMuicae JlanysHo-
pa HMeeT IpefleJbHH CMEICT MHQHMHMTe3UMAJNbHOH ycTORYMBOCTA NIpPH
GeCKOHETHO MaJIHX BO3MYIIEHHAX, KOTJQA YACAA €;, &; CTPEMATCA K
gyam *.

Y paBHeHHs BO3MYINEHHBIX [BH;KeHHIi

4, Peutenne Bonpoca o6 yCTOMYHBOCTH B3aBHCHT OT HMCCJEIOBAHWA
nudPepeHnHaMBHLIX YPaBHEHWHA, KOTOPHM YIOBJIETBOPHAIOT PASHOCTH
z; = Qs — F;. YpaBHeHMA 3TH YCJIOBAMCA HA3HBATh YDACHEHUAMU
B03MYULEHH020 OBUNCEHUR, A HX 09eBAHOE pemenne r; = 0, . . .,
= 0 — HeosMYyWeHHBM OBUNCEHUECM.

Ecam Bompoc 06 ycToifuMBOCTH HM3y4aercA mo OTHOUICHWIO K He3a-
BHCHMSIM IIepeMeHHBIM MeXaHW9eCKoOH cucreMH, 1o (uddepeHnnaibabe
VPaBHEHHMA BO3MYINEHHOTO [BWKEHWA JAI0T 3aKOH M3MEHEHHA OTKJIO-
HeHUH. MM BapMalMii, 3THX IEepPeMeHHbIX.

IpencraBum paA npuMepa HEKOTOPYI0 TOJOHOMHYIO MeXaHmue-
CKYIO CHCTeMy, HaXONAINYIOCA NOJ AeHCTBHEM CHJI, AONYCKAIOHMX CH-
aosyo pyrrumio. Ilycrs ¢y, - . ., g — ee RoopuAHATH, Dy, . . ., Py —
umny.abcel, a H (¢, q4, . . -, Qx, Py -« - -» Px) — Oyurmusa Tamaasrona.
VpapHeHWS [BMIKEHMA MOKHO B3ATh B M3BECTHOH KaHOHHYECKOH
dopme:

£

dg; oH  dp; oH
—_— = — T e -,
dt 9p; dt 6qj
HpellIIO.TIOH\‘PIM, 9TO Mbhl HAMEPeHbl M3yYdTh 110 OTHONIEHHIO K mepe-
MEeHHBIM ¢;, p; YCTONYMBOCTH [BW;KEHHA, OTBEYAIOM[ET0 HEKOTOPOMY
JacTHOMY DemIeHMI0 KAHOHWYECKMX YpPaBHEHHH

g; = q; (t), pj=p; ).

3HaveHNA KOOPAMHAT ¢; U MMIYJbCOB D; A BOZMYIIEHHOTO JABHIKE-
HHA NIYCTH OymyT

gi =¢q; () + &, pj=p; @)+ n;°

rae £, 7); CYTh OTKJOHEHHMsA, WMJM BapMany¥, COOTBETCTBEHHO ¢j, Dj.
Ofosnauan pan npocrorn dymknmm g; (t), p; (t) vepes g;, p; u 3aMe-
Has, 4TO BO3MYINEHHOE JBM;KEHWE IIPEeACTABIACT OJHO U3 B KeHMi
Hanie#l CHCTEMH IIPHM TEX jKe CHJIaX, MMeeM CJIe[YIONiue YPaBHEeHMA:

d(g;+8)  OH (g, +E b+ 1)

dt - dp; ’
d (p; -+ ;) oH (t,q,+ &, p,+1,)
J = e .
dt 9q;

Ille [1JA COKpaIeHus IT0JOKEHO
H(t, q; + &, Pi + W) =
=H(@ q + .- @ + Bk Pt + Ny -« o0 Pr + M)
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paszaras mpaBbie YacTH 3THX ypaBHeHuil B pAfn Teiiopa mo MaibiM
orkiaoBeEMAM §j, M; M MCIIONb3YA YPABHEHHA A HEBO3MYIIEHHOI'O
IBHKEHUA, MMeeM

dt; H 2H

— = ! PN
dt Z(apiangi ap;op, n) X
. i

dv; *H . OH
B S )
1

rie X ;, Y; o6o3HavaloT WIeHH, 3aBHCAIAE OT OTKJIOHeHHi §, n B cTe
MeHN BhIlIe IIepBo#i, JT0 — ypaBHeHHA BO3MYHIEHHOTO JIBYIKEHWA.

Ecniu 8 mociegHnX ypaBHeHHMAX orGpocurs gwieHs X, Y;, 1O oc-
TAIOHIEECH IIPH JTOM IIePBOoe NPUOIW;KeHWe HOCHT TAK:ke HA3BaHMe
ypasnenuii ¢ eapuayusx Ilyanxape.

Horpga crout Bonpoc 06 ycTOAYMBOCTH OTMEUEHHOTO HEBO3MYIEH-
HOTO JBH;ReHMS MEXAHWIeCKOH CHCTeMbl HO OTHONIEHWIO K HEKOTOPHM
dyaruuaM Qy, . . ., Q,, 3aBUCAINEM OT i, ¢, P ¥ T'OJOMOPPHLIM OTHO-
CHTEJIbHO ¢, p, TO M3 FABHOTO BHPa;KeHHUA DasHocTelH

90, 80,
g = Qs (6, i + & Pi + M) — Qs (8,95 p) = Z("@:gs -+ p. m)+- ..

cHAeRyeT

dz, /60 Q'
-E;Z . k E—{—ap )—{—...,

rae Qs 0603HagaeT MOJIHY0 IPOM3BOAHYIO 10 BpeMeHH oT PyHKIua Q,,
B3ATYI0 COIJIACHO YDABAEHWAM JBM/KEHWA:

Q'za_Qs.J_Z 90y oH _ 90y 0H )
s at ! : dq; Op; ap; 9q;

Ecnn $ynruum @ He3aBHCHMBI MeKAY c0GOI0 H MX YMCIO DaBHA-
erca n = 2k, 10, BHpawanA §;, 1); COTJIACHO HNPEAHAYIIMM COOTHOMIE-
HUAM uYepes I, MoskeM nuddepennuaibapie ypaBHeHNA BO3MYIEHHO-
I'0 JBU)KEHUA IIPUBECTH K HOPMAJIBHOMY BHAY

da:‘l
= =X
rage ¢yurmmm X,, YHAYTO;KAlOIEecsd, KOIJA MNEepeMeHHHe I, CyTh
Bce Hymum, Oyayr ronoMopdHHMH QYHKOMAMH BEJMYHH Iy, ..., T,
¢ Ko3pPuIUenRTaMH, ABIANIIMMACH U3BeCTHHME QYHKIMAMY BpeMeH:.
MoskeT cayaMTBCA, 9TO K HOPMAJHHOMY BHAY BO3MOKHO NpHBeC-
TH yPaBHEHHMA BO3MYIIEHHOTO JABMKEHHMA, €CJIH YUCIO I MCCIeAyeMHX
¢yaknnit Q; MeHblIe YABOEHHOTO YHCJA CTeNeHeil CBOGONH MexaHmge-
ckoit cucrembr. Mp GyjeM mpeamosararb 4Mcio n ¥ ¢yEkmum Q, Ta-
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KAME, uTO0H ypaBHEHHAA BOSMYN[EHHOTO JABMIKEHMA IPHMBONMINCH
X VEK33AHHOMY HOPMAaJbLHOMY BHIY.

5. [2]. B pansreitmem Mu GymeM 3ammMmarbeca muddepeHnMaIBHN-
ME YDABHCHMAMH BOBMYIIEHHOTO JBMKCHHSA

LER
T X, s=1,..0m), )

OTBJICKAACH OT KCXOJHHX YPaBHEHMH IBYIKEHMA MeXaHWYECKOH cmc-
TeMH i OT BEAA QyHKImi Q,, B NPEANOJIOIKEHNH, YTO BCAKOH cHCTEeMe
BeEeCTBEHHHX 3HAYeHMA BO3MYIeHMHE €;, €j, YHCJICHHO JOCTATOTHO
MaJBIX, OyZeT COOTBETCTBOBATH HEKOTOPAA CHMCTEMA BeHmeCTBeHHKIX
HAYATHHHX 3HAYCHHH MepeMeHHHX I, H, KaK On HEW ObLI0 Majgo maH-
Hoe NOJOKUTEJIbHOe 9Ncio A, 3TH IocHefEAe BCerJa Mo;KHO Oyner
cle’aTh yAOBIETBOPAIIAAMY HEPABEHCTBY

2 ‘7330 < ‘47

NONYEHAA BO3MYH[eHMA €;, £; YCJIOBHIO, uToOH OHM 10 aGComoTHOM
BeINYAHEe He INPEeBOCXOMWIN NOCTATOYHO MAJAHX, HO OTIHMYHHX OT
gyasa Ej, E;.

Mpr npegnonoskuM Tak:Ke, 9T0, Kak O Majan HA OHiHM JaHHEHe
n0:10;KMTeNbRNe uncaa K, E;-, BCET/a BO3MOKHO HAUTHM Takoe IOJIO-

skuTenbHOe A, YTOOM BenwumHe 23, + ... -+ 25, He NpeBHINAOIIEH
A, oTBeyanu ONHA MM HECKONBKO CHCTEM BEIICCTBEHHHX 3HAYeHMIH
€j, €;, abCONIOTHHE BeJIMYMBE KOTOPHX | e&; |, | &} | 6o 6m coot-

BeTCTBEHHO MeHpure F;, EJ Ilpm sToM yciaoBMM HavajbHLE 3HAYEHWUSA
NepeMEHHHYX s MOTYT HI'PATh TAKYIO ke POJIb UM PellleHHH BONpoCa
006 YCTOHYMBOCTM, KAK M BeJMYMHH g, gj, C/M TOJBKO 3ajaHHeM Tg0
nepeMeHHHe I, yAoBJIerBopAlomme ypasHeunaMm (1), ompepeasiorcn
BROJNE. JTO IIOCJHERHee yCIOBMEe MH OyleM IIpeanogararh Beerjga
BHIO;THEHHHM; II03TOMY jlajlee BMECTO BeJW4dH &;, €; GyaeM Bcermga
paccMaTPHBATh Iy, HEePEeHOCA HA IIOCJC[HAe ¥ Ha3BaHWe BO3MYIICHMIL.

Mur mpeamonosnm, 9to npaBhie yacTu AuddepeHnuaIbENHX ypas-
HeHull BosMymeHHOTro nBwxeHHA (1) mua Beakoro ¢, mpesocxopAme-
ro iy, pasgaraioTCA B CXONAMUAECHA CTEIIEHHHE PANHN IO IEJHM CTelle-

HIM DEePeMeHHBIX Zy, . . ., I,, KOTAA IOCJEJHNE YAOBIETBOPAKT yC-
JA0BEES
2
M A,
s
¢ xospdummentamn p,, P ™)) apasomuMECA onpepeneHHHME

BEIECTBEHHKMY HENPEepPHBHEMA QYHKUMAMA {:
— (my..om_) _my m
Xs"'pslxl'}‘""]‘psnxn‘l“zps‘ ol R M

Ile CyMMHPOBaHHWE PacopOCTPAHEHO HA BCE IeJibie HEOTPHIATedbHhe
THCAA My, . . .y My, YAOBJCTBOPAIOIAG YCIOBHIO

my 4+ ... +m, >1.
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Onpenenenne ycroitumpoctn Jlamynosa nepedpasupyerca B me-
PeMeHHBIX I ciefylomuM oGpasoM.

Ecam npm BeakoM mpousponbHO 3ajaBaeMoM umcie A, Kak 6o
MaJo 0HO HHU ObT0, MO;keT OHTH BHOMPAEMO HOJOKUTEIBHOE IACIO A
TaK, YTOGH MPU BCAKMUX BO3MYIIEHHAX Tyy, . . .. I,,, YAOBJIETBOPAIO-
WHX YCAOBHIO

2 x§0<}‘~

U NIpYM BCAKOM [, mPeBOCXOJAAIEM [,, BBHIIIOJHAJNOCH HEPABEHCTBO
2
Z x5 < A,
$

TO HEBO3MYIMEHHROe [BH:KEeHHe — YCTONYMBO, B HPOTUBHOM CAyiae —
HEeYCTOMIHUBO.

B onpepenennu ycTofYmBOCTH HpEAIosaraercs, UTO BO3MYINAL-
MUX CHA HET B TOM CMEICJe, YTO BOBMYHIGHHBIC JBH;KCHHMA IPOMCXO-
AAT DOJ ieHcTBMEM TeX jKe BHEIIHHX CHJI, KOTOPble YINTHBAIUCH LIPH
onpejieJIeAMH AeBO3MYINEHHOTO ABM/KeHHMA. & YUCIO0 A IIPOM3BONBLHO
M MOKeT OHTh CKOJh YIOJHO MAaJIkIM.

Ecam Hepo3MyuenHoe [BM;KEHHE YCTOHYHBO, TO YCJAOBHA, KOTO-
pbie MMEIOTCA B OIpPEJeJeHAH YCTOAIMBOCTH, OYAYT BHIOJHATHCH.
HaYMHAA, GBITH MOKET, ¢ MAJKX, HO BCe ke KoHedHHX A m A.

JIANyHOB He MHTEPECOBANCH BONDPOCOM, CKOJb BEAHNKO MOKeT
OnTh 3HaveHWe A, XOTA B /(0Ka3aTeabCTBE CBoell TeopeMmh 06 ycToii-
YMBOCTH OH JAaJ NPAKTHIECKH HOJE3HH# crmocol mocTpoemds A min
ONpefeJIeHHOro, OIPAHUYEHHOTO CBepXy 9duciaa A*.

3agava 06 yCcTOHYMBOCTH OpPH BO3MYLIAIOIIMX CHJAX He HMeeT
CMEICIA, ecJia NOCAeJHAe HuYeM He CTeCHeHm. Kcau posMyIqaiomue
CHIIBI MEHAKTCA OT CHyd9af K CJYyJalo TaK Malio, 9T0 HX H3MEeHeHme
He BIMACT HA JAHeHHbIe YJIeHH B QyAKIEAX X, TO BO3HAKAET NPAKTH-
9eCKM Ba)KHas 3aJada o0 yCTOWYMBOCTM IO MepBOMY IIPHOJIMKEHHIO
He3aBHCHMO OT YJIEHOB Bbillle EpBOT0 mopAaka B PyHKmuax X,
3anauy a1y paspemnn JIAnyHOB, npudeM B ee PelIeHHH OH BHJEN CBOe
TJIaBHOE [OCTHKeHHue.



T TABA 2
OBIME TEOPEMBI IIPAMOrO METOJA JIAIIYHOBA

HexoTopbie onpenenenusn

i, Passurhiil JIANyHOBHM MPAMO METOJ M3YUYCHMA YCTOHYNBOCTH
COCTOUT He B MHTerPHPOBAHMH IuQepeHUHAJNBHLX ypaBHEHHH BO3-
MVI[eHHOTO JBH/KEHUA, 8 B OTHICKAHUH HEKOTOPHX QYHKIHUi IepeMen-
HbBIN {, Ty. . ..y X,, NOJHHE NIPOU3BOJAHBICE KOTOPHX II0 BPEMEHH
n ci1y ypasHeHmit (1) o6aaganT HEKOTOPHMM CBOHCTBAMH.

Mo npusuanuio JianyHoBa Ha 3TO MeTOJ ero HATOJIKHYJIO H3ydve-
nue saskHoro memyapa llyamkape «O kpusmix, ompemensembix aud-
depeHMATBALIMA ypPaBHEHAAME) 1),

-7 (15]. Mun Gymem paccMaTpuBaTh BellleCTBeHHBIe (GYHKLMHE Be-
UICCTBEHHBIX MePeMeHHHX ¢, Iy, . ... Z,, NMOAIHHEHHHX YCJIOBHAM

t>tyn Do < H, )

rae {, u H cyth nmocroaunse, npudeM H Beerpa Gyaer npepnoaaratbea
otauyHoii or Hyada. Ipm arom My Bcerga OyiaeM npeamonararh, 4TO
YHKIMM ITH HENDePHIBHBI, OJHO3HAYHK M YHHUYTORAITCA, KOIAA
nepeyeHHble I; CYTh BCE HYJIH. _

Rorma mpu ycnosmsax (2). ecoim B HuX f, caenaTh AOCTATOYHO
foapimuM, a M pocratoumo .MambiM, paccMarpupaeMan QyHKua V
NPUHITMAeT, KpOMe HyJeBHX., 3HAUeHHA TOJBKO OJHOIO 3HAKA, TO
Taryio QyHrnmio GyfeM HaspiBaTh 3Hakonocmosnmoii. KHorpa ke mo-
/ke1aeM OTMETHTH ee 3HaK, TO GyJeM rOBOPHTH, 9T0 OHA HOJOKATENb-
Hasg HAM OTPHMIATEJbHAs.

Fean snakonocrosumas ¢yHruma V we saBuCHT OT {, a IOCTOAH-
nast fl Mosrer GHITH BLIGpaHa JOCTATOYHO MAJIOH IJIA TOrO, 4TOOH IIpH
veaosnax (2) ¢yukuma V ymamuto:kazack JMIIb TOrAa, KOTAA Bce
nepeMeHHBIe T, CYTh HYJAM, TO Takyw ¢yHKnuio V 6yaeM masmparp
WRakoompefeieHHo#, a jxenasa o6paTMTh BHMMAaHEe, HA €€ 3HAK,—
01 eV AEHHO-NOAONCUMEAbHOT HIH ORpedeseHH0-0mPUYAmeibHOll.

Myaknuio V, 3aBucamyio asHO OT ¢, GyneM Ha3HBaTh 3HAKOONpe-
€. (¢HFOM TOJIBKO IIPA YCJIOBMHA. €CJIH s Hee BO3MOKHO HAMTH TaKyIo

iilyanmkape A. O KpuBHX, onpejenseMnx (udPepeHnuaiLAHME ypaB-
aennnyit: Ifep. ¢ @p.— M.: Tocrexmapar, 1947. '
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He 3aBMCAIYI0 OT ¢ ONpPEeNeJeHHO-NOJNOKUTeAbHYI0 ¢(yHKnuio W,
9106H OJHO M3 JBYX BHIPaKeHME

V—W nm —-V-—-W

npeacTaBaAino QyHKROmO moxoskmreapHyo. Tak, kakman u3 QyHK-
i§3471
i + 25 — 2z, cos t, t(xf + x3) — 2x,x, cos t

nonxo;xurenbna. Ho meppas ecTh TONBKO 38HAKOIMOCTOAHHAA, & BTOpaA
Oyner K ToMy ke 3AAKOONpeeJeHHOH, eCIH B 3ajgade HET APYTHX,

: 2
KpoMe x, M x,, mepeMeHHHIX; 33 PyHERnumio W MoikeM npusAThs &) -+

+ 23, Tak Kak npwm #, > 2 W IPOM3BOALHOM NONOKHTeNbHOM H pas-
Hocth V — W npm ycaommax (2) Haxorja He Gymer orpmuarTeabHOM™.

B npocrpancTBe MepeMeHHHX zy, . . ., T, B 00JacTH, OrpaHHWYeH-
HOH BTOpHIM u3 HepaBeHcTs (2), ypasHeuma V == ¢ = const npej-
CTABJAKT HEeKOTOPhe HelmpepHBHHE IOBEPXHOCTH, MOABU;KHEE, €CJH
V 3aBucuT ABHO OT I; IPHTOM uEPE3 HAYANO, B KOTOPOM BCe TIepeMeH-
HHe I, Npejm0JaraloTcA PaBHHIMH HYJI0, IPOXOJAT NOBEPXHOCTH

Ecnu ¢yukuma V — sHAKoompe/ieseHHas W He 3aBHCAMAA OT f,
TO moBepxHOocTH V == ¢ 06afaIoOT TeM CBOMCTBOM, 4TO He CYLIECTBYeT
HAKAKOTO0 HENPEPHIBHOrO NYTH M3 HAYAJA B IPOM3BOJBHYIO TOUKY
cheprr (4)

2
dNai=A4 (A<H),
H

He HepeceKaol(ero MOBePXHOCTH V = ¢, eCiM 9MCIOBOE 3HAYEHME ¢
He IPEeBOCXOANT HaMMeHBIIero 3HaueHuA Moayua | V | ua sroit cepe.
T'eomerprueckoe MecTo mepBHIX TOYEK MOBEPXHOCTH V = ¢ Ha Bcex
BO3MOJKHEIX HeIPepHBHEX NyTAX W3 Havaxa (z, =0, ..., z, = 0)
K TouKaM cdeps (4) mpefcraBifer IPH 9TOM HEKOTOPYI0 3aMKHYTYIO
[IQBEPXHOCTH, KOTOPYI0 YCIOBHMCA HA3BBATh (n — 1)-Mepnuim yux-
aox V = c. Ilpn HenmpephiBHOM M3MeHeHWM ¢ K HYJI0 DMKJIW V = ¢
OpeiCTaBAT 3aMKHYTHE HOBEPXHOCTH, BJIO;KEHHBIE ADYT B Apyra u
CTATHBAIOIWECA K HAayaJdy B o0uacTH 9YMCJIEHHO [JOCTATOYHO MAJbIX
3HAYEHH MePEeMEHHBIX Tg. '

Ecan ¢yurmua V onpeneiieHHO-IIONOKHUTENbHA W 33aBHCHT SABHO
OT {, TO II0 ONPefeJEHAI) CYMECTBYeT He 3aBHCANIAA OT ! ONpeJelen-
HO-noJokuTebHad Pynknusa W rakan, aro V — W npegcrasmner
nonokureabHy0 ¢ynrimio. Ecam ¢ He IpeBOCXOoQUT IPM ITOM HAM-
MeHblnero 3uavenMa ¢yuxuun W Ha cepe (4), To n06oit Henpeprs-
HHii NyTH, IpPOBEJeHHK M3 HaYajia A0 IPOH3BOJIHOH TOYKH LHUKJA
W = ¢, obsnsarenpHo nm6o mo MeHbuied Mepe OIMH pa3 Iepeceder
HOBepXHOCTh V = ¢, 1uGo oH Ha Hell okowamtcsa. Haswmmas yuxaom
V = ¢ reoMerpmuecKkoe MeCTO NEePBHX TOYeK IOBepXHocTH V = ¢
A HEKOTOPOro ¢ > f, HA HEIPEDHBHHX HYTAX M3 HA4YaJa N0 TOYEK
mukaa W = ¢, 3aMegaem, 9ro npm 3ToM HUKX V = ¢ comepmurca
BHYTpH WJHM OXBarmBaerci muxiom W = c.
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Ecam npm ycaosmax (2) auauenus | V | He IpeBoCXOAAT HEKOTO-
poro XOHEYHOTO 4Hmciaa, To PyHkumo V OymeM Ha3HBATh 02DAHUYEH-
noti. 1lpm mocrarouno mManoM 3mavennn A tTakoi Gyger B cmiy Herpe-
PHIBHOCTM BCAKas He 3aBucAman or ¢ yuxmua V.

Ecam orpannuennan ¢yHxkuma V TaxoBa, 9TO ANA BCAKOIO IIOJO-
;KETeABHOTO I, Kak 6K Majo oHO HM OBIO BHIOpaHO, HaljeTcA Takoe
OTJIHYHOE OT HYJA 9UCIO A, 94TO NpH

t>t, m Nt A

GyIIET BRIIOJHATBCA HEPaABEHCTBO
Vi<l

To GyeM roBopHTh, 4T0 V donyckaem Geckoneuno maabiil éuicwuil npe-
dea. JToMy TpeGOBAaHMIO YIOBJIETBOPAET B CHIY HENPEPHBHOCTH BCA-
Kras He 3asucaman or ¢t dyuknua V. Ho ¢pyurnmm, sapucamme or ¢,
x0TA OH W OrpaHMYEHHHE, MOTYT eMy He yjaoBieTBopaTts. Hampmmep,
H3 PYHKIAHR

sin?[(z} ...+ 22)t], (2} + ...+ 27)sin?t

Iub BTOPAs AONycKaerT GeCKOHEYHO MaJIMi BRCIIMiF Ipefes; KCTaTH,
HE OHA M3 3TAX IOJOKHTEJbHKX QyHKIuil He ABJIAETCA 3HAKOOIpe-
neIeHHOH.

Ecam ¢pyuxmms V monyckaer OecKOHeYHO MaJIbIi BHCIIMI npefed,
TO B NOPOCTPAHCTBE NEPEMEHHHX & HH OJHA TOYKA HOBEPXHOCTH
| V| =1, ckoas 66 Mano I mm OrLIO, HEKOTRA AnA t > i, He Boiger
B obxacte

N,

rae A ecTh HEKOTOpas 3aBHCAIAA OT ! MoJouTedbHAas MOCTOAHBAA.

Ycaosre sHakooupeneseEHocTH GyHKImA V cofep:KUT M3BeCcTHOE
orpandYende [JAA W3MEHCHMs C TedeHWeM BpeMeHM IuKIa V = ¢
Hapy:Ky B TOM CMBICJIe, 9T0 uka W = ¢ HpeicTaBIAET HAPYKHYIO
rpapuny obaacry W < ¢ npocrpancrsa (zy, . . ., Z,), BHYTPH KOTO-
poit agexut muka V = ¢ B a0t MOMeHT BpeMeHu t > I,.

Ycrosne cymectBosaHMA OECKOHEYHO MAJOTO BHICHIEro IIpefesa
y dyaxknux V copep;KMT OTpAaHMYEHHE JIA W3MEHEHMH II0BEePXHOCTH
| V| = |l BOBHYTPH B TOM CMHCJE, YTO JJIA BCAKOTO MOJOMKATEIHHO-
re /, cKoJib OH Maji0 OHO HM OHLIO, CYH{ECTBYET OTJMIHOE OT HYyIA
IOJG:KATENbHOE YHCJIO A, ompefeisiomee 00xacTh

zxﬁgl,

BHYTDPH KOTOPO# HM IJIA KAKOro ¢ > {, HET TOYEK, NPHHAJJIEKAMUX
mosepxHocT® | V | = L.
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OnuonpeMenno ¢ ¢ynruueir V GymeM paccMarpuBaTh ee IOJHYIO
IPOM3BOJHYI0 10 {, B3ATYI0 B IIPEIIONOKEHUHA, UTO IepeMeHHHe I,
yROBAETBOPAIOT AU depeHManbHEIM yPABHEHNAM BOSMYIIEHHOTO JBH-
JKeHu A

av . v v
*Tt- g -0?1 = o0 im m——

Teopema Jlanynosa 06 ycroiiunsocTn

8 [16]. Teopema. Ecau dugpepenyuaivivie ypasreHus 603-
MYWEHHO20 OBUNCEHUA TNAKOSBL, MO B03MONCHO HAUMU 3HAKOORDede-
aennyio gyuryuio V, npouseodnas xomopoi V' e cuay smux ypaehne-
Huil 6vlaa 66 ual 3HAKONOCMOAHHOU PHYHKYUET RPOMUBOROAONCHO20
3naxa ¢ V uan moxcdecmeenno pasnoii Hyao, mo Hegoamyuenmnoe 0eu-
JCEHUe YCMOUUUBO.

Hdorxasareaspcerso. Ilyers V — onpegenexnno-nonoskn-
TeabHas QyHKuuA, a V' — orpunarenpnas wim Hyib. Ilo ompeneie-
HUI0 3HaKoOHpefeleHHOH (QyHKuuUM, HaHJerca He 3aBHCAMAA OT |
oIIpefieIeHHO-NOI0:NTebHAA dyuKnua W Takas, 4To npm A0CTATOY-
HO GoapiioM f, u jgocraroano Maxom H B obGuaacru, ompepeiaeHHoit
yeaosuamu (2), 6yIyT UMeTh MeCTO HepaBeHCTBA

V<0, VW (3)

Hapno nmokasarb. 4T0 [JA IPOM3BOJBHOIO IONOKUTEJBHOro yueaa A
HaiileTcA TaKoe HOJ0KUTEeNbHOE YHCJIO A, YTO UPH HAYAJBHBIX BO3-

MYIEHUAX I, VAOBJIETBOPAIIIUX HEDABEHCTBY ) Ti<L A, 3HaUe-
3

HHMA OePeMeHHBIX Iy, HaYaBliMe CBOe W3MeHeHHE COTJIAaCHO ypaBHe-
HHAM BO3MYHEHHOI'O JBH/KEHHA B MOMEHT [ = [, ¢ HAJaJBHBIX 3HA-
YeHHI Ty, AAA T11060r0 MoMeHnra t >> t, GYyAyT yAOBIeTBOPATH He-
paBeHCTBY

PESE

[Tycts A ecTh HeKOTOpOE OTIUYHOE OT HYNA, IPOU3BOJLHO MAJoe
[IOJO/KATEeJbHOe YUCjH0 (KOTOpoe BO BCAKOM clydae GynmeM mpejioia-
rath MeHbimuM H); nyeTs [ ecTh TOYHAA HA3INAA TpaHuna QyHKau W
Ha chepe (4):

z,xng.

Hucno | HeoGX0qUMO OTIAYHO OT HYJIA M HOJO:KUTENBHO, TAK Kak W
pejCcTaBIAeT ONIpefejeHHO-TI0A0AENTe bRy PyHKuzio. PaccMorpum
¢yakuuo V (t,, zy, ..., x,); OHA, KaK He 3aBUCAIAA ABHO OT I,
JonyckaeT GecKOHeYHO MANLIH BHCIHHE Ipefeld; H CJAEJOBATENb-
HO, gaa [ wnaiifilerca Takoe A, 4Tro AJAA 3HAYeHUH HePeMEHHBIX x,,
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yIOBICTBOPAKIIMX  YCJOBHIO a2 <A, 3Hauemma - yHKIMH
&

V (ty. T1se - .+ &,) OYAYT YAOBIETBOPATH HEPABEHCTBY
Vit 2y, - - .y x,) < L

Eciu HavYajabHble 3HAYeHHA I,, NMEPEMEHHEX &, BHOpaTh COIIACHO
HepaBeHCTBY

2 1'520< lw

TO 13 COOTHOIMEHUA

t
V—v,=\1a,
A

rae
VO = V (t()v Loy « « oy xﬂﬂ) < l‘

coriacHo (3) BHBOAUM, 4TO UEPEMEHHHE I, OPHM CBOMX H3MEHeHHAX.
B cuny pudpdepeHIMANbHEIX ypaBHEHME BO3MYNIEHHOI'O JBH)KEHUA
GyNyT YAOBIETBOPATH YCIOBHAM

WLrv, <L
a TeM CaMbBIM M YCJOBMIO

D as < A,

Tak kak ! ectb TOYHAA HM3wax rpammna ¢yukmuu W Ha cdepe (4).
Teopema pmoxasana.

DOyuxnuio V, ynoeieTBOPAOMYIO YCIOBAAM 3TOH TEOPEMH, YCJIO-
BHMCA HasWBaTh @ynkyueii Jlanyrosa ').

B noxasarexbcTBe TeOpeMH, BHIIOJHEHHOM B [yXe e€-J0Kasa-
TeNbCTB, CIEAYET OTMETATH NpPe/IOKeHHNH JIANYHOBHM NpaKTHIecKH
OJIe3HBIH €I10c00 HAXOKACHMA JJIA 3aJaHHOTO IOJOKMTEJIbHOTO IHC-
aa A. menbpmero H, ¢ nomompbio ¢pyrxumit V u W nonosxarenbnoro
q9mcia A, 001agaoIero cBOHCTBOM: €CJaM HAYAJBHBE 3HAUYEHMA I,
CTeCHeHH HepaBeHCTBOM

2 .’L'go < >‘13,

TO BO BCe IOCJeJyION(ee BpeMs 3HAYEHWA [EPeMEeHHHX X, GyAyT yAoB-
JeTBOPATH HEPABEHCTBY

2 a3 < A

') Bompoc o cymecTBoBaHHHE $yHKIHM JIANMYHOBA KA BCAKOTO YCTOHYHBOTO
HeBO3MymeHHOro fBmaenna paspemma mpogeccop K. II. Ilepcmuckmii (II e p-
cugcruii K. II. O6 ogmoii Teopeme Jiamywosa // JAH CCCP.— 1937.—
T. 14, N 9.— C. 541—544).
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JlanynoB wcmosib3yer JMNIb HY;KHOE €My OGCTOATENBCTBO, 9TO
A IPOM3BOJIBHOTO NMOJOMKUTEIBHOIC A, CKOJb Ob Majo OHO HH OHI-
10, COOTBETCTBYIOIIEE A CYIIECTBYET, M He OCTAHABJIMBAETCA Ha BO-
npoce 0 HauGOJbmIEM 3HAYCHWHM A JiA 3aJaHHOre A*.

Il pumep. PaccMorpum ypaBHeHHA BO3MYNIEHHOIO JBYIKEHUA
B BHIE

dz
dt
dy __ 22 2
4 =— +a2) (1 — aa®— by?)

= —(z—Py) (1 —az® —by?),

€ HOJIO’RUTENbHHIMM IOCTOAHHLIME @, [, @, b; mycTh AJAA onpenereH-

HoctH a < b, oo < P.

OnpeneaeAno-moJ0KATEABHAR PYHKIAA
V = ax® + By®

YR0BJETBOPAET YCJHAOBUAM TEOPEMBI; €€ IOJHaA ITPOA3BOAHAA IO BpE-
MEHH, COIJIAaCHO 3a/JJaHHBIM YPaBHeHHAM, ABIACTCA o'rpnua're.nbnoﬁ
B obaacTm JOCTAaTOYHO MAJILIX 3HAYEHMHA z, y:

V' = —2(az® + py®)(1 — ax® — by?).

3uauur, HesosMmymienHoe apwkenne r = 0, y = 0 ycroiiunso.

NaaoctpupyeM pokasatensctso. O6aacts x° + y* < H, rue pyuk-
nea V onpegeienHo-monoKuTeaLHa, a npomsBogHaa V' mMeer oTpm-
HaTeJbHLIE ¥ HYJEBHE 3HAYCHHS, ONPEREIACTCA COOTHOIICHUEM

1

=

PaccMoTpuM HEKOTOPYI0 OKDY:RHOCTB x% - y® = A; ee Kacaerca m3-
HYTPM 3JLIHIC

azr + Pyt = Aa.

Kpagpar pagmyca HauGouabmmeil OKpY;KHOCTH, BIMCAHHOH B 3TOT a1a-
amnc, ectb A = Aa/f. Ecim A < H, 10 ABmKkenne, HauyaBlIleecsa H3
[MPOM3BOJNBHOM TOUKHU Ty, Y,, A€aAUEH BHYTPH IOCHefHeHd OKpyHx-
HOCTH

z + ys < M\

He BHIBEJeT ABMKYMYIOCA TOYKY 7, J 3a OKPYKHOCTH 24yt =4,
TAK Kak B paccMaTpubaeMoii 00i1acTH 3HAYEHHA NPOM3BOAHON V'
OTpHMIATeJbHH M, CJAeA0BaTEJbHO, IIPH ABIKCHAN COTVIACHO 3aaHHKM
ypaBHeHuAM Touyka P (z, y) B 1oJe IMOZOOHEIX M NOROGHO pacmomo-
sKeHHHX ?arancoB V = const AONIKHA NEPEXONUTh HA BHyTPeHHME
3JamMIcH. A 9T0O H JOKa3nBaeT, 4TO, UCXOIA M3 YKAa3aHHOI'O HAYAIh-
HOTO [OJ0MKEHAA (T4, Yo), ABH/KYMAACH TOIKA HUKOT/A He [IOIIAjeT Ha
samane ax? + Py? = Aq, peKamuu BHYTPA Kpyra a2 4 y® < A.
Tak KaKk HpHBeJeHHOe OmpeAeIeHNe A BO3MOXHO mua Bcakoro A,
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ckoab OB MaJo IocxefHee Hu OnuIo, 3aKiodaeM o6 ycTofigmsocTm
geBG3MYIMMEHHOTO JBMKeHHA.

9 {16]. CaencrBue. Ecau dan dufgepenyuarvhnz ypasue-
Hull 605MYUEHR020 deuicerun cyuwecmaeyiom uwmezpaan Uy, . . ., U,
YHUNMONCAIOUUECR, KO020a 6ce nepeMeRHbe I, CYMb O00HO8PEMERHO
nyat, U ecau natdena gynryus V, ydoeasemsopaowas ycaosusm (3)
npu npealme.u anavenuu W moavko 0asn nepeMenhwzr, das Komopwr
Uy =0,..., Up =0, mo uu sarsiowuru 6o, umo Hesosmyujenoe
6eu9rw4ue YCmoliuueo npu G0IMYUEHUAT, CMECHEHHNE YPAGHEHUIMU
Uy=06, ..., Uy,=0.

YacTHHM caydaeM 3TOTO CJIEACTBHA ABJIAETCA OfHa TeopeMa Pay-
cal). B camom pexe, mycTh ¢y, ..., §; — HE3aBHCHMBEIE JarpaHKe-
BH KOODJAHMHATH HEKOTODPOH rOJOHOMHOHM MeXaHHYECKOH CHCTEMBI, s
goropod T — xusasa chaa, a U — cunosan ¢ymknua. Ilpeamomo-
JKAM, YTO NEPEMEHHEIE (giy, . . ., G (8 < k) ABAAIOTCH MAKAMICCKH-
MM B TOM CMHCJE, 9TO mm HHAX

s-+1,...
3qa =0 (@a=s+1,..., k),
rae I. .= T 4 U oGo3navaer Tak HasmisaemMyo Pynxyuio Jazpanca.
YpasncHNA JBAKEHHA TaKoH CHCTeMH

d (oL oL
(= =0 (i=1,...
i(57) =0 G=tuh
nMel0T kK — § MepBHX HHTErPaJoB
oL
7 ™ Por
9q,

rjae B, Cyrb HOCTOAHHBIE.
Ecxn sBectn pynkunuio R, onpefeiieHAYI0 paBeHCTBOM

R=L—§ﬁm,

H B Hell 3aMEHHTD ¢, Yepe3 X BHPaKeHusd, MOJyJeHHEIC U3 BHIHCAH-
HLX HCPBHX MHTETPAJoB, To0 Aiad R moayunMm BHpaskenune B BHJE

(by;mm‘(_n OT 2, Gyy o« oy Qss Qiy + + «5 9oy Botrs - - -, Px- Bapuanusa mo-
cnensel ecth, ecam j=1,...,8,a=s-+1,...,k,

= V2, 9R &y, IR sp.:
GR—‘};‘% qﬂL‘S:@q; Gq’+;aﬁa O

Bapranad To# ke pyrknuu R corixacHo dopMyie, ee onpenensomeit,

eCTh
aL 6L ’ ’
R = E g q; -+ E 7 6Q.’i - E _qaapan
~ j ~d 0 ;
] i i )

'Y Youth E.P. The advanced part of a treatise on the dynamics of
a system of rigid bodies; 4th ed.— 1884.
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CpapHenune KodQ(RIIHEHTOB NIPH ONHAAKOBEX BaAPHANMAX B 3THX ABYX
BHPKEHHAX TPHBONAT K COOTHOLIEHMAM

oL _9R oL _ 3R 0 oR

= g, — === — Qo = 53—+

99;  04;" ag;  ag; 9By,
COTJIACHO KOTOPBIM YpaBHEHUA JIarpaH;Ra OJA HEeUHUKIHYECKHX KO-
OpJAMHAT IpHHUMAOT BHJ

d (AR\ OR
7(@;‘) 7, =0 (j=1,....9):

@yurima R He 3aBHCHT OT INUKJAAMYeCKHX KOODAHHAT ¢, ¥ HX CKO-
pocteit ¢y. [locaexHune ypaBHeHHA KaK GH HTHOPHMPYIOT IMKIHIECKUE
KOODIAMHATH ¥ CBONAT [HHAMHAYeCKYIO 3afaly K 3afade O JBHKEHUM
MeXaHHIeCKoM cucreMul ¢ HoBoi Qpynrnuei Jlarpamua R u ¢ MeHBIINM
qucioM cTeneHeH cBoGonpl. 3HaUeHHA IUKJIWIECKHX KOODIAMHAT (q
mocie Toro, Kaxk NPOHMHTETPHPOBAHB NoCTefHNEe YPaBHEHHMA, olpeme-
NAIOTCA KBaJIPaTypaMn

o — {2t
a,,
IpencraBum ceGe, YTo NPy HEKOTOPHX 3HAUEHMAX P, ypaBHeHUHA
NBU;KeHHA NONyCKalT dacTHoe pemwenue ¢; = 0 (j = 1, .. ., s). Iro-

My PpeLIeHHI0 OTBe4aeT CTAfMOHAPHOe [BUEHUe, B KOTOpOM oyayr
E3MEHATHCHA OHM HEKJIMYECKHe KOOPHAUHATH ¢y. Y DPRBHEHHAMHA BO3MY-
IMEeHHOTO NBH/KeHnA (Ipu PUKCHPOBAHHEIX 3HaYeHHAX IOCTOAHHHX )
OyayT ypaBHeHuMA [ HEIHKINIECKAX KOOPAMHAT ¢; ¢ QYHKImeH
Jlarpamka R.

Ecam R He 3aBHCHT ABHO OT f, TO 9TH yPaBHeHUA MMEIOT IePBLIA
HHTErpaj, COOTBETCTBYIOUUH WHTEIPAaJdy KMBBIX CHJI:

—'2 ,q; R=h.

Teopema Payca cocrouT B TOM, 9T0 e€cau d)ynmmﬂ V=H—H,
GyneT 3HaKooIpeNeJeHHOM OT IePEeMEHHHIX ¢j, ¢j, TO (comacno Teope-
me Jlanynosa, tak kak V' = 0) cranmonaproe psmkeHne Oynaer yc-
TOHUABLIM IPH YCIOBAM, €CIH 3HAYCHHA HDOCTOAHHHX P. He Bo3aMymia-
1orea; H, oGosnagaer pyaknuio H, Korna B mocjeHeHd Bce HENHKIMIE-
CKHE KOOPJMHATH ¢; H UX CKOPOCTH ¢; TOJIOKEHH PABHEIMH HYJIO.
I/InTepecHo 3aMeTHTh, YTO CTANMOHADHOE [BM/KEHHE MoiKeT OHTH ye-
TOHYABHIM, KOTHA d)ymumn H — H, He sapagerca 3Haxoonpenenennon.

10. 11 pHMep. PaccMorpuM TsKel0e TBEPIOE TeXO ¢ OfHOH He-
noxemkHol Toukod O. Ilycrs nopsmskHbe ocu Koopmuuat Ozxyz co-
BIAJ{alOT ¢ TJAABHEIMH OCAMH 3JIHNICONA HHEDIWH Teja, IOCTPOEeHHOTOo
1A HeNoABH;KHOH TOYKM. MOMEHTH MHEDIMH Tejla OTHOCHTEIBHO OCeH
%, Y, 2 0603Ha9MM cooTBeTCTBeHHO 4epe3 A, B, C.
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Caygait Jlarpamxa npefcrasurca, xorfa A = B, a KoopAuHaTH
j(eHTPa THAecTH Teaa cytb £ =0, y =0, 2> 0.

lycrs p, q, r — NpoeKIHA MTHOBEHHOH YINIOBOM CKOPOCTH Ha IJIAB-
Hple OCH T, Y, Z DJUIANCOMAA MHepHHM; Y, ¥, ¥" — Hanpasagiomue
KOCHHYCH BeDPTHKAJIH Z; C NOABIKHEIMH OCAMH I, Y, Z.

ITpakTHyeckHil mHTepec MMeeT 3afada 06 yCTOHYNBOCTH BEPTH-

Ka.JbHOTO BpaleHHUA:
p.—_-O, q:O, r:rm ‘Y:__—O, ‘V':O, ‘V”:l_

Jroil 3aadYe MOCBAIEHO MHOTO HCCIeJoBaHui. MB H3y4uum Bompoc
006 yCTOHYMBOCTH [O OTHOIIEHWIO K IepPeMeHHWM p, ¢, r, ¥, ¥, v".
O6o3nauuM BapuanmMd NepeMeHHHIX UIA BO3MYILEHHOTO [BHKEHHs

TaK!:
p=8g=nr=rp+Ly=0 ¢ =49 =1+8

YroOnl pemiMTh mMOCTaBIEHHHIH Bompoc 06 ycroddmsocTu, GymeM mc-

Kath QVHKIMIO JIAmyHoBa cpeam HHTErpanoB YpDaBHeHMH BO3MYIIeH-
HHIX IBHReHuH.

B caygae Jlarpan:ka u3BeCTHB cJeNYIOU[HMe HHTET PaJhl:
A (p* + ¢¥) + Cr® + 2mgzy" = h,
A (py + ¢¥') + Cry" =k,
.Y2 +Y'2 +Yn2 — 1’
r = ro.

Otcwoia ypasHeHHA BO3MYIEHHBIX ABAKEHHH HMEIOT TAKHE HHTET PaJIbL:
Vi = A (8 + ) + C (2 + 2rol) + 2mgad,
Ve = A (Ea + np) + C (8L + rd - 1),
Vs = a® + B% 4 62 4 28,
V, = L.

BMynripno Jianynosa Gynem MCKaTh B KBaApaTHIHOH CBA3Ke HHTerpa-
Jd08

V.oV, + 20V, — (mgz + Cred) V; + uVi — 2 (Cry +CA) V,=
= AE® + 204 Ea — (mgz + Cryd) a® +
- AN® A 2hAn — (mgz + Crod) B* + (C + p) L*
+4- 2MCE — (mgz + Cryd) 82,
Yrvode mepsie nBe oAHoTHNHEE GOPME OBHIIM MOJOKHTEILHBIMH,

* el XONMMO M NOCTATOYHO BHOpPATh TaK, 4TOOH HX AMCKPUMHHAHT
Ol NONORATEJBHHIM:

A Al
A\ — (mgz -+ Crgh) >0,
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Aam
AN+ Croh + mgz << 0.

Hocnennee HEepaBEeHCTBO BO3MOKHO, €CJH NOJHHOM HMEET /iIBa pa3jnd-
HBIX BeleCTBeHHBLIX KOPDHA

Cr,
4 =
Cr, <O’
3 Mz

WM

Cry — 4Amgz > 0.
Hocaenaaa ¢opma OyKeT MOJOKUTEIBHOH, €CAH MIOJOKUTEJIEH ee
OACKPUMUHAHRT

-+ cA
| — (mgz - crpy | >0

nIHA

(CJ )A 4 Croh + mgz < 0.

YroGr 3TOT BOONPOC CBECTH K YiKe PaccMOTPeHHOMY, BhiGepeM M
TaK, 9To0H

C—{—u:A’
WK
C(C—A
M '(A )
Ilpn atom
C2

Hrak, ecan
Cry — 4Amgz > 0,

TO A MOMHO BHOpaTh Tak, 4To0H KBajpaTHYHKA mHTerpax V Guix om-
peleJIeHHO-NIOJIOKUTEABHEM OTHOCUTEABHO BCeX HePeMeHHHX p, (¢,
r, o, B, 6. A ato cornacuo  Teopeme Jlanynosa o6 ycrod9nBocTH 3acTas-
AseT 3aKINIATH 00 YyCTOHYMBOCTH BePTHKAJLHOTO Bpamelmﬂ BOJIYKA
Jlarpammxka *.

11 [16). lonoaxnnenne 006 aCHMOTOTHYECKOI
yeronausoctTn. FEcau smnakoonpedesennas Pyuryua V do-
nyckaem Geckoneuno Maawi ewcwuii npedex, a ee npouszeodnas V'
npedcmasasem snaxoonpedesennyio GYHKYUIO nNPOMUCONONONIHOZO 3HA-
Ka, mo ecaAKoe 6o3myweHnoe Osuxcenue, docmamouno Gauskoe K Hegos:
Mywennomy, 6ydem npubiuramucs K HeMY aAcCUMRMOMUNECKW.
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NNorkaszatrenbcrtBo. Ecmu dyakoan V u V' cyrb 3mako-
onpefieieHHLE, TO N0 ONpPefieJIeHHI0 CYIEeCTBYeT TaKoe [, H Takoe Mmo-
no;kuTeAbHOE Yuciao H, 9ro Xad t 2> {, 1 ANA 3HaYeHHH HepeMeHHHX
Z, YAOBICTBOPAIOMHX YCIOBHIO

Zx§\<__H,
8

CyIeCTBYIOT He 3aBHCAL[NE OT BPEMEHH OIpefe]eHH0-TI00KATEIbHEE
pynrunu W, W’ rakme, dro, ecinm V mojaosRHETeNbHA,

V—W>=0um —V — W >0. (4)

OnpeaenuM o6JacTh HAYANHLHHX BOSMYMEHHH I A, A
KOTOPBHIX 3HAYEHHA NEepeMeHHHIX I, He MoKHAAIoT obxactm Zx§<A,
KAaK YKa3aHo B /OKa3aTeJbCTBe OCHOBHOH Teopemsl JIanmyHosa o6 yc-
roitansocta (o. 8). Ilyers ! ects ToYHaA HE3uIaf rpaEnna QyHKOER
W na cdepe (A). Torma 3a A M BuGupaeM dYHCIO, onpeeadiomee

o6nacte D < A, B KOTOPYI0 He IPOHHKACT NH OXHA TOUKA nosepx-
HOCTH

Vty, gy - . cn ) = L.

Jlerko yGegurbesA, 49T0 MiaA MOOGHX BOIMYMEHAH I, JEHKATAX
B oGxacru (M),

21 $§o<7»,

0P yKasaHHHEIX cBoHcTBax QyHKummA V m V' Heapsst maliTH Takoro
O0JIO;RHTEABHOTO YHCa €, KoTopoe Opi1o Ob MeHbHie BCeX 3HAYeHHH,
nojyJyaeMHXx ¢yaknaes V B COOTBercTBYIOIIEM BOSMYINEHHOM J(BH>Ke-
Hun upn ¢t 2> t,. B camom gene, eciam Gm 1A HEKOTOPH X HAYAJIBHEIX
3UAYCHHH Ts9 CYMECTBOBAJNO TaKOe 9HMCJIO €, TO N0 CBOHCTBY QyHKIHA
V xax ¢ynkumum, pomyckaiomeii GeckoHedHo MaJHil BHCHME Tpefe,
cymecrnoBajo OB Takoe 4HCIO &, ompefieisawmee obiacts (e)

e,
8

Iasi A00KX ToYeK Koropol sHadeHmsa V Ghumn 6u Menbuie e. CiefoBa-
TeAbHO, eciH OH Takoe ¢ CyIIecTBOBaJIO, TO 3HAYCHHA NEPEeMEHHBIX
Z; gewanm Ou THe-1Go B obmacTm

e< a4

OGospaumm gepes I’ Tounywo Hu3myo rpaEuny PyExumm W B srom
3aMxeEyToH ob6macru. I'panmnma sra Hemabexmo OymeTr HeKoTOPHM
HoJioKUTeABHNM gHciaoM, nGo W’ npencrasiaser GpyHxkmmio ompene-
TeHHO-I0N0KATeNbEYI0. OTCIOfla, COrIacHo BTOpOMY H3 yciaopmii (4),
nua moboro £ 2> t, snavenna $ynkmum V' B aroit obaactu Gymyr



26 TJL. 2. OBIIME TEOPEMBI NPIMOTO METOHA JIAIIVHOBA

YAOBJIETBOPATH VCIOBHIO
V=W =U>0
H3 ypaBHEHHA
V—v,={vat
BbIBOAUM
VSV =t —ty).

A 3TO0 HeB03MO:kHO, NGO JieBaA YACTHh HEPABEHCTBA eCTh OHpeNeNeHHO-
noJo;kuTeNbHasd QYHKIUA I, a IpaBadA UPH JOCTATOYHO OoJbIOM !
HAejaercsa OTPUIIATETBHOM.

Hrakx, xak 6n MaJo Hu OBIIO 4MC]IO €, BCETAa HACTYNHT MOMEHT,
xoraa ¢yHrmud V cuenaercd MeHsie e. A Oyayum yOmiBawomeid ¢yH-
KuueH £, oHa 3aTeM Bcerfa Oyner ocrasathecd Menbune e, CleoBaTe]bHo,
eclIu 3a ¢ Mbl IpAMEM TOYHYIO HM3IYI0o rpaHuny ¢yakiuu W s obixa-
cTH

<< Daf < 4,

TO BCETAa HACTYIUT MOMEeHT, Korga ¢yaknua V cpenaerca u Gyner 3a-
TeM 0CTaBaThCA MEHblile ¢; HauMHaA [0 KpaiiHeli Mepe ¢ TOTO MOMEHTA,
3HAYeHHA MePeMeHHBIX I; OYyAYyT BCerAa OCTABATHCA B 00JAaCTH

§x§<p.

Orciona 3aMedaeM, 4To NpH BCAKMX HAYAJBHEIX BO3MYLIEHHAX Lgg, Je-
JKaAX B obnactu (M), 3HaueHus HepeMeHHHIX I, ¢ OecripefielbHBIM
BO3pacTaHHeM ! cTpeMATCA K Hyli0 *.

12, Ecau dudpepernyuaviiie ypagHeHus 803MYywennozo Oeumxcenus
makosw, ¥mo cywecmayem gynryus V (¢, z,, . . ., ) makas, wmo gyur-
yus V—0() W (0 (t,) = 1) asasemcs nocmosHHo-nOAOICUMELD-
HOU npu onpedeicHHO-NOAONCUMEALHOU U He 3asUCAUEll OM BDeMeHU
dynryuu W u npu monomonno eospacmarnweii 0o Geckonewnocmu eéMme-
cme ¢ pocmox t Pynryuu 0 (1), a ee noanas npoussodnas no spemenu V'
ABAREMCS NOCMOAHHO-OMPUYAMEALHOU UAU HYAEM, MO HEEOSMYWEHHOE
JsuNCEHUE ACUMNMOMUNECKY YemOliNueo, & 064GCMb GO3MONCHRT  3HA-

YeHULl NePeMENHBT Ty, . . ., T, ONPedesfemcs HePAGEHCMBEOM
Vo
W < _ﬁTt) .
6 Komopom V, o6oznauaem snavenue Gyrnryuu V 6 Havasbhwii momenm
ty NPU HAUAABHRT 3HAMCHURT NEPEMEHHBE Zygy . . «, Tpg.
Hau6osee npocrrie onpejeieHns 00JaCTH BO3MOKHHIX 3HadYeHUi
Zy, ..., Z, moayuaorca, ecau 3a QyHknuo W npmasra Qymkums

N (x? 4+ -73?}), rfie W — TOJOKATENbHAA NOCTOAHHAA.
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TeopeMa o HeycTolYMBOCTH

13, Uro6n oGHapy:RUTh HEYCTONIABOCTH HEBOSMYIIEHHOTO JBHIKe-
HuA. JIOCTATOYHO 33METHTH BCET0 OJHY TPAEKTOPHIO, BHIXOAAIYIO 3a
3alaHHYI0 00aacTh (2), HPH CKOJB YrofHO MAaJHX YHCIOBHX 3Hade-
HHAX BOBMYIDEHHH Zgq.

CoBOKYIHOCTH 3HAa4eHHH NepeMEeHHHX s, YAOBJAETBOPAIMUX TIPH
popennoioxenu (2) wnepaseHctBy V >0, yciaosumMcs HaamBaTh
o6aacmuio V> 0, a nosepxHocth V =0 — 2paruyeii nocaenueit. Ecan
¢yuxuma V 3asucar ABHO OT I, TO NpH M3MeHeHuu ¢t obaacrp V > 0
fyleT TaKKe M3MEHATHCH.

Ecam orpaumvenHas s oGmacte V > 0 dyuruua W rtaxosa, uro
A:14 BCAKOro IOJOKHTeIbHOro [, Kak 61 MaJio oHO HE GhlIo BHGpaHo,
HaiileTCA TaKoe OTAMYHOE OT HYJA IHCIO A, YTO HpPH

t=tp <A V=0
8

Gy/ier BHIIOJIHATHCA HEPABEHCTBO
W<l

10 Hy/1eM ToBopHTh, YT0 W nomyckaer Geckomeuno maawii ewcwuili npe-
dea ¢ obaacmu V > 0. Iromy TpeGoBaHHIO Y[OBIETBOPAET BCAKAA
AonycKalomaa OeckoHedno MaJXHi Becmui npefea dyakous W.

QOyaxkmmo W (t, z,, . . ., r,) OyAeM Ha3HBaTh 3HAKOONDEIeACHHOTL
B o6:1actm V> 0, ecom ona Moser ofpamaThesa B HYJIb B 3T0H o6aacta
auis Ha rpamine V = 0 B ecidm A NPOMSBOJHHOTO IOJOAHTENb-
HOl'0o &, KaK OBl MajJo oHO HH OpUIO BHOpaHo, HaHAeTCA TaKOe OT/IHY-
HOe OT HYyJA 49HcI0 [, 9T0 HpPH I;, YAOBJIETBOPHIOIINX YCIOBHIO
| V | > e, nm gaa BeAKoro ¢t > t, NMeeT MeCTO HePAaBEHCTBO

W=

(QuesnpHoO, YTO 3HaKoompefneaennod B obnactu V>0 Gyner Ppynx-
nuga

AV W,

eciu W npeficraBifeT GYHKOMIO IOJOKATSIbHYI0 HJIH TOMIECTBEHHO
PaBHYIO HYJNIO, @ A €CTh OTIMYHAS OT HYJA MOJOKHTEAbHAN IOCTOHH-
Han. Ecam V He aaBucHT oT ¢, To 3HaKoONpeneaeHHoi B obxactu V > 0
Oyaer BcAkana He 3asucAmad or ¢ Gynxnua W, ecam mociequsas Hurie
He yAnYro:kaercsa B obnacrm V °> 0, a na rpanune o6nactm, T. e. npm
V = 0, moxer yamuroxarsca. Beakan Qynxnmsa V onpefenenno-mo-
Jo:kuTeNbHA B cBoed obmactm V > 0.

Beaxaa anaxoonpefierennas ¢ynkuus U Gymer smakxoomnpeneneH-
Hoit B o6inactu V > 0, ecan pynknus V fonyckaer GeCKoOHeIHO MaJHi
BEcluniE npeftes B o6aacta V > 0. [leiicrButensno, ecau V pomyckaer
GecvoneuHo Manmii BHCHIEA mpefen B obxacru V > 0, To coriiacHo
onpeaeseHAI0 JJIA 3aJaHHOT'0 €, CKOJb OB MaJIo OHO HE OHT0, Haliflerca
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TaKoe 4mcio A, 9ro o6xactb V> e Gymer iexath BHe cdepH D) T: =
=\. Ecim U ecrp 3uakoonpepelenHas, IyCTb NIOJO/KHTEJbHaA,
$yHKIuA, TO Ho onpeneleHuio Gyner cymecTsoBaTh He 3aBHCAIAN OT
t oupeneneHHo-noJMokuTeNbHAA QyErkma W, tarkad, 4ro ¢yErOmaA

Uu—w

Gymer meorpuuarenpHod. llosToMy TouHaA HuM3maA TpaEMna (Heus-
OesxHo moJiokuTenbHaA) pyukuun W B obaacru

AW A< H

Gyner Huamed rpanuned nnd saadennii pyuxmau U B obaacta V > €.

Teopew™ma. Ecau dufdepenyuarvhiie ypasnenus 603MYyusenHozo
dsUdCeHUR MAK0SH, UMO 603MONHO Haimu Pyuxyuio V, ozpanuuen-
Kyt ¢ o6aacmu V > 0, cywecmeyroweii npu ecakom t = t, u 043 ckoab
Y200HO MAANT NO AOCOAIOMHOL GeAUMUNHE 3ZHAMEHUT NEePEMEHHNT s,
npoussodnas komopoii V' é cuay smux ypasnenuii 6vira Ov. onpedeach-
Ho-noaodxcumeavnoll e obaacmu V > 0, mo negoamywennoe dsuxcenue
Heycmotivueo,

Horxasatreasberso. Jaa orpannvenHoid ¢yuxnun V nHai-
IYTCS TaKue NOCTOAHHEE £y 1 /], 9To NpH BCeX 3HAYEHHUAX MepPeMeHHBX
zs B obsactn V > 0, ynoBieTBopAOIUX KpoMe TOTO YycaosmAM (2),
OyHeT BHNONTHATHCA HEPABEHCTBO

V<L (5)

Hano moxasars, 9ro mia takoro H He HalfercA CTOJAb MaJoro mo-
JORATEABHOro A, 9TOGH NpH JIOGHX HAYAJbHEX BO3MYMEHHAX Zsy,
CTECHEHHBIX pPaBeHCTBOM

2,1‘?0——- 7\4,

H¥ A Kakoro ! > !, Bropoe u3 HepaseHCTB (2) He GbuIO HapymieHo.

JlokasaTeiabcTBO GyAeM BeCTH OT IPOTHBHOTO, Npejfmojarasg, 4ro
Takoe A cymecTsyer. BrifepeM HauaJbHbE BO3MYIIEHHA Zs, Ha cfepe
(A) rak, 4To6m mauaipHOoe 3mavenme PyHKmum V, OhI0 oTiHMYHO OT
Hyas u nodoxuTteasHo. Kak 661 mazno V, um 6o, gas V', onpenenen-
HO-TIOJIO;KHTebHOH B obamactu V > 0, HaffleTcA TaKoe OTJIHIHOE OT
HYJsi 9ueio 1, 9To i NepeMeHHHX Zs, YAOBICTBOPAIOMHUX YCIOBHAM

V=V,

3Havenna Gynkmum V' 6ymyr ynoBieTBopATH HepaseHcrBy V' > .
IloaToMy, moKa He GhLI0 HapyIHeno HepaseHctso V 2> V, nia Bcex
3HadYeHmd f{, GoibmHX I,, COTJIACHO YDaBHEHUIO

t
v—v,={vat

(
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BHBOAAM
V> Ve+ U (t— t,)
HepaBeBCTBO 9T0 MOMKET CYIEeCTBOBaTh COBMECTHO C HepaBeHCT-

goM (D) TOJBKO NpH 3HAYEHHAX f, MEHBHIMX BeJHIHHAL

LV,
ty + =52

Hapyuienne ke HepaBeHCTBa (D) FOBOPHT B 5TOM CJIydae 0 Hapylie-
HAH BTOpOTO M3 ychaosmil (2). A 3TEM ofHapy:kmBaeTcsi HeycCTOWIH-
BOCTh HEBO3MYIICHHOTO JBHKeHHA *.

14 [16]. JlaoymoB npepmioKmia ABe TeopeMH o HeyCTOHYMBOCTH,
KOTOPHe BeCbMa IPOCTO HOJY4aloTCA M3 IPeNbyIieH.

Ileppan TeopeMa: ecau JugepeHyuasbrvie YpasHeHUus 603MyuseH-
HO20 OsudCEHUR MAKOGH, HINO 603MONHO Halimu dynkyuio V, komopas
obradasra 6w 6 cusy smux ypasrwenuii 3HaKOONPedeseHHOl NPOUIBOIHOT
V', npumon donyckasa 6vi Geckoneurno Maawii ewcwiuii npedea u 6uaa
0w makosa, WmoGw npu 6cakoM t, GoablueM Hexomopoli NOCMOSHHOL,
Hadaexcauyum 6uOOPOM BEAUMUH Ts, AGCOAIMHO CKOAL Y200HO Maablz,
€e MONCHO 6blao clesams 6eAUMUHOL 00UHAK06020 3HAKA C ee NPOU3Eod-
HOIi, MO Heso3MYWerHoe OsulceHUe Heycmoiuueo.

Jaa nokasaTeancTBa HOCTATOYHO 3aMeTHTh, 9To QyHENmA V aroro
npeqioKeHnsd YAOBJETBOPAET YCJIOBHAM, CPOPMYJIHPOBAHHKM B TEO-
peme n. 13, uGo sHakoompefiejieAHAas, NYCTh NOJOKHTEIbHAA, IPO-
ussonHasn V' Gymer ompefieneHHo-NosoKATebHOA B ofmacta V > 0,
TaK Kak V fonyckaer GeckoHedno MaJHil BHCIIAH nmpee.

Bropan Teopema: ecau dugddepenyuavubie ypasnenus 803myujeH-
HO20 D8UNCEHUS MAKOGH, MO 03MONCHO HAlimu o0zpaHUMeHHYl PYHK-
yuio V, npoussodnas komopoii ¢ cuay smuzx ypaswenuti npueoduracv
6w % eudy

av
S =AW,

ede A — noaoxcumenvras nocmosrkas, a W uiu moxcdecmeernno pasna
HYAl0, UAl npedcmaeisem HeKOMOPYIO 3HAKONOCTMOSHHYIW PyHKYUIO,
U ecau ¢ nocaednem cayuae natidennans Pynryus V maxoea, umo npu
6CaKoM t, 6oAbWEM HEKOMOPO20 HUUCAZ, HADACHAUUM ELLEOPOM GeAU-
YUK T3, CKOAbL Y200HO HUCACHHO MAAWT, €€ MONCHO clesambv eauniu-
Holo odunarogozo snaxa ¢ W, mo mnegosmywennoe deusxcerue neycmoti-
wueo.

B camom nene, nponssouan V' ecrs 3naKoonpeesenAas PyHAKIHA
B o6aact, TRe V umMeeT sHaueHMs sHAKa, COBHAAAIOMEro CO 3HAKOM
W, ecaa W e ects 1osaecTBenno nyas. Ecan W PaBHA TOMKECTBEH-
HO Hymo, To V' Gyner smakoompeneinenHoii kKak B o6mactm V > 0,
Tak ® B obmacte V << 0*.
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Bo Bcex cayuaax, Koraa 310 0yaer BO3MOHO, [JIA A0Ka3aTe]bCTBA
HeycTOW4YMBOCTH MHl OyleM IOJB30BaThCA TeopeMamu JlsnyHosa l).

15 [16]. TI p m am e p. Ilycrs ypasHenms Bo3MVINEHHOTO HBHIKE-
HUA CYTh

& Tor, G=h..n)

rae V ecth He 3apHcAmEaA OT ! rolomMopdHasa GyHKIMA NepeMeHHEX
Zs, Pasio;ReHHMe KROTOPOH HadYMHaeTcs WieHAMH He HH:Ke BTOPOTO
HOPANKE.

Hnmeenm

b (L ()
61«'1 ! 0.7:n

{loaromy Bcarmit pas, korpa V ects QyHKuUMA onpefeeHHO-OTPANA-
TeJbHAA, HEBO3MYIEeHHOE JBuMkeHne Gyjaer ycroinumsniM. Hanmporus,
oHO Gymer HeycTOHUMBEIM, ecaH V Mo/keT NPUHAMATE HOJO/KATEIBHEIC
3HAYEHHA B CKOJb YIOAHO MAaJOH OKpectHOCTH TOUKH z, = 0, .. .
. &y, = 0 M ecaM TOABKO MHB He mMeeM [elio cO cJydaeM, Korga
CHCTEeMe YpaBHEHHI
av
o= 0
8
BO3MO;KHO Y[OBJAETBODUTH HE PABHHIMM OIHOBPEMEHHO HYJIO Beliect-
BEeHHHIMM 3HAYCHHAMH IEDEeMeHHHIX Z;, CKOJb YrOQHO MaJbIMH IO
adcomorHo# BenuuuHe. Caydad dToT, HaBepHOe, He NpPegCTABHTC,

ec’Iy onpenejaInThb He 06pamaercn B HYJb, KOrja Bce NnepeMeH-

21"
6.t86:cr|
HHE Xs CYTh HYJH.

Il puymep. PaccvorpuM cucreMmy AnddepeRunaibHHX ypaBHe-
HU#

dxs .
ar Py + - o 4 P

TAe HempephBHEE OrPaHMYEHHbIe QYHKIMHA p,, (f) UpH r, HE PAaBHOM
s, o0JanalT CBOHCTBOM D5, = —p,s.

Ecnm npum sroM KosdpdunuenTr pgs auGo cyTh HyaH, Ha60 MoOryT
o6paTATECA B HYJb A HeKOTOPHX 3HadeHHi ! > t,, OCTaBasich MJIA
APYTUX 3HaUYeHHH OTPHIATEeNbHEMH, aubo 1A t >+ t, BCe OHA CYTh
OTpHIIaTeNbHLIE, TO YCTONIHBOCTh HEBO3MYINEHHOTO IBH;KEHHS CIELyeT

1
H3 TOro, 4YTO OIpexe/eHHO-NONOKATENbHAaA QYHKIuA V = E x2
HMEeT, COIJACHO 3afaHHHIM VPaBHeHMAM, OTPHIATEALHYIO WJIH

1) MoxHO OTMETHTL ellle OXHY TeOpeMy 0 HeyCTOHYHBOCTH, ¢ BBONATCH
ase pypxiun (Y etae s H. I'. O HeycToiiunBocTH paBHOBECHS, KOT/a CHIOBAR
dynkuua ge ecth MakcHMyM // Yuen. 3an. Kazan, yu-ta.— 1938.— T. 98, N\ 9)*,
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10/KAECTBEHHO PaBHYIO HYJI0 MOJIHYI0 NPOH3BOMHYIO WO £
’ 2
V= 2’. PskZsTy =2P331‘s-
8, K 8

Ecan pna mo6oro ¢t > t, AMEIOT MeCTO HepaBeHCTBA Pss < — h << 0,
rie I — nonokMrenbHas UOCTOAHHAA, TO NpoW3BofHam V'
GyxeT IpH 3TOM OmpefleleHHO-OTPHIaTeJbHOH; B 9TOM Ciydae HEBO3-
MymHEHHOE JIBH;KeHHe ycTOHUMBO, a GJH3Koe BO3MYIUIEHHOE JIBH;KeHHe
OYIeT CTPEeMHTHCH K HEMY acHMITOTHYGCKH.

Ecnm pss ynosaersopsor yciaosuam pss >k > 0, rne k — He-
KOTOPOe HOJO;KHTEJbHOe YNCJI0, TO B ITOM ClIydae HEBO3MYVIIEHHOE
ABUIKEHHE HeycToHdYuBO.

Npumep. YVcemoiuusoemv nocmoannuz epawgenui. Cruyuai
Jdilaepa B JBH;KeHUHW PBEPAOro Teja ¢ ORHON HENONBM/KHOH TOUKOH
TIPOACTABUTCH, KOT/la HeHTP THHECTH Tela CoBHafaer ¢ 3aKpellileHHOMH
TogK0A. M3yyuMm ycToH9mBOCTL YaCTHOTO pemIeHusA

Po=10,g,=0, r=1ry>0.
Bapnauﬂﬂ nepeMeHHHx 0603HaqﬂM AJIA BO3MYINEHHOTO JABM;KEHHA:
p=58g=mnwr=r,+¢L

YpasueRus BO3MYyUIEHHHX JBH:KeHHAH GynyT
d
AL —(B—O)n(ro+ 1)
dy ,
Bl =(C— A)(ry+ DE,
d
~£=M—Bﬁw
Bonpoc 06 ycrtoitamBocTH MOCTOAHHOTO BpAINEHHA BOKPYT HamGoJb-
meit (A 2> B > C) n nHanmensmelt (A < B << C) noayoceii ayaun-

COHa HHEPIHH PaspeliaeTcs M3 CYMECTBOBAHAA 3HAKOOIPefe]eHHOro
MHTErpaja ypPaBHEHHH BO3MYIIEHHOI'O JBIKEHHA

A—Cer  B—Copt [a + Byt 4 2Cr,t + COP.

Heycro#anpocTs Bpamenns BOKPYT cpefiHeii 0CH 3JUIHICOMA RHEPIMH
(A < C < B) pmokaamBaercs paccMOTpeHHEM (QYHKIHH

V=g
Ee npomssonman
’ B—-C C— A
V=D [P S5 e

Ecim § 4 r, ymmuromaerca, To HeycroiumpocTh odeBmpgHa. Ecam
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£ 4+ ry>>0, To V' Gyler ONpeIeIeHHO-NOJOKETNLHOK B 00aaCTH
V>0. V, rax He 3ABUCAIMAA ABHO OT I, J0UyckaeT GeCKOHEIHO
MaJEli BHICIIHM IIpefet; Ha OCHOBAHHAH TEOPEeMH (0 HeyCTOHYMBOCTH
(z. 13) BHBONEM, YTO BpAaIEHUE BOKPYI cpejlHell moJyoCH HeyCTOH-
9THBO.

Mpurmep. O6nacts V > 0 MoskeT pacnmafiathcs Ha OTAeJIbHEIE
noxoctu. [lna npumenenna Teopemsl n. 13 Hac Mojker mHTepecoBaTth
BCero Kakad-iu6o oama ceAsHag monocts C obmactm V > 0. Has
onpenesnenus C ogaum mepasencTsoM W > 0 1ocratouno paccMoOTpeTsh

HenpepusHyw ¢ynkipmio W, pasuyio V B mosocrn C u paBHYIO
—|V |sue C.
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YCTONYHNBOCTH PABHOBECHUM
P NOTEHIUAJIBHBIX CHJIAX

Teopena Jlarpan:xa

Topppmen.rm B d)opMmeponl(a\{ CBOEH SIOXH YCTAHOBHJI TeopeMmy
00 yCTOMYMBOCTH NOJOKEHHH PABHOBECHA TMKEIHX Ted, KOTOPYIO
Jlarpamx oGo0mumin pas P OM3BOJBHRIX MOTeHOMALHKX cmia. [lua
HapGosee DIEMEHTAPHHX ciydaes Jlfmynon AaJ oﬁpamenne TEOPEeMEI
Jlarpamika. Paccmarpusas ciydail, KOrma moTeHnuatbHas QyHKmus
3aBHCHT OT Hexoroporo napamerpa, Iyankape OQJIO;KAT HAYAIO Teo-
PHE pa3peTBjieHHA PaBHOBECHI.

16. Boo OpasHM MEXaHMYECKYI0 CHCTeMY, CTECHEHHYIO HEKOTOPhIME
rOJA0KOMHBMH ¥ He 3aBHCHIAMH OT BPeMEHU CBA3AMA H HAXONAMYIOCH
B HOJIOKEHHH PaBHOBECHA IOf [eHCTBHEM IOTeHIHaJbHKIX cua.

Odo3pauum gepes 15 - - +» Qi ©€ He3ABHCHMBIE JaTPaHKeBH , KOOP-
auparel. He ymembman o6nmoc'm, BCErIa MOKHO MPENUOJIOKHTS,
YTO A5 PACCMATPHUBAEMOTO MOJO/REHHA DPABHOBECHA MaTePHAIbHOM
CHCTEMB 3HAYGHAA BCeX NePEeMEeHHHX ¢s PaBHH Hymo. [Iycrs 7 06os-
Hava¢T ;KUBYyK cmiay, a U — cuiaoByo d)ynxumo ACHCTBYOIHX Ha
cucremy cmi. [IpH He 3aBuCSIGAX OT BPEMEHH CBA3AX ;KHpasa cuaa T
opejcTaBiser onpenenenno—nono,ﬁmenbnym KBaJpaTAIHy0 ¢opMy
OT CKOpocTedi qj, . . ., gx. CnuoBas ¢ynknua U npepmonaraercs 3a-
BHCAMEH TOJBKO OT KOOPAHMHAT (g, . . ., g, NPAYEM €e MH YCJIOBHM-
CA CYATATH PABHOH HYMIO AJA NMOJO/KeHHA DABHOBECHA. '

Ilpn sTHX npenumoxo:ReHAAX nﬂd)d)epemma.ubﬂuMn yPaBHEHHAMH
BO3MYMEHHOT0 BU;KeHAA OYyT yPABHEHASA BUKCHHA PaccMaTpHBae-
MO#l MeXaHHYeCKOH CHCTeMBI, €CJIH BONPOCH 00 YCTOHYHBOCTH HCCJIe-
AYIOTCA 0O .OTHOWIEHHIO K KOOPIHHATAM Gy, ..., §y B K CKODOCTAM
qu ey qh-

Teopema Jarpan:ka, Ecw ¢ ROAONCEHUU PaGHOBECUA
cusoean gdynryus U umeem u30uposanuuii maxcumum. mo maroe
NOAQNCEHUE DABHOBECUR YCTROTINLLEO.

HokxasatTenncrso. Ecam cmiosan ¢ynxuma U wumeer
B II0JIOKEeHHRA pannonecm{ H30JIAPOBAHHKNA MaKCHMYM H PaBHAETCH
HYII0, TO IO KpaiHeil Mepe B lOCTATOTIHO MaJdoH 061acTH AJA MaJIBIX
0 a6COMOTHOH BeJMYAHE 3HAUCHWUH NEPeMEHHHX ¢, 3HAYCHAR PyHK-

2 H. I Yeraes
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naE U GYAyT OTPALATENbLHE. JTO 3HAYHT, 9TO B 006,aCTH MaJBIX 3HA-
geHmit mepeMeHHHX ¢s QyHKnmua U upexcrasiaser onpeseIeHHO0-0T-
PHIATEABHYI0 QYHKIUIO JArpaH/KeBHX KOODIHMHAT ¢, . . ., gy. Io-
9TOMY NOJHAsA SHEPIHA MeXaHHIeCKod cucreMn H = T — U Gyper
HPeNCTaBIATL ONPE/IeNeHHO-I0NOKUTENbHYI0 (YHKIHIO 0 OTHOMEHHIO
K KOODAWHATAM ¢y, . . ., §x H CKOPOCTAM g1, ..., qx. Ee nomHas
TpoUsBORHAA IO BpPeMeHH paBHa Hymo, H' = 0, tak kak misa ypas-
HeHHH [BHKeHHA IPH He 3aBACAMHEX OT BPeMEHH CBHBAX CYIIeCTBYeT
HETErpaJ ;KuBeXx cuia. Creposarenbno, H YAOBJIETBOPSAET BCEM YCIO-
BUAM TeopeMu JlanyHona 06 ycroiumsocTm, 9TO W JoKasmBaeT Teo-
pemy.

17. PaccmorpuM Temeps caydaii, KOrga B o0JgacTH MAJBIX 1O
abconoTHOH BeJMIMHE 3HAYEHUH MePeMeHHHIX g; cymecTsyeT o06jacrs,
rge cmiaosasg pyHrnua U (o6pamasck B Hyab, Korga Bce gs — HYIIH)
HMeeT NOJoKuTeNbHEe 3nadenns. Canonas ¢pyurnua U nosskHa ompe-
MeAATH ACHCTBYIOIAe HA MATEPHANBHYIO CHCTEMY CHJIB, IIO3TOMY
OHA J0JKHA MMeTh BCIOJYy B pacCMaTpHBaeMoi oliacta (IycTh Hempe-
PHBHHE) 9aCTHHEC IPOU3BOHEE.

Angdepennnanbubie ypaBHeHAS BO3MYUICHHOTO JABH;KCHHSA BO3h-
MeM JUIA OPOCTOTH B QopMe KaHOHHYECKHX ypaBHeHHmH [ammanToma

Y _om dy__on
dat ap;’ dt aq;’
rjle HMDYIBCH p; ONpeNelsioTca GopMyaaMu
L
Pi = aq; .

YpaBHeHuA TH HMeIOT HHTerpax kuBHX cuai H = T — U = |,
Orpanmammes caydaem, Korua cmiosan Pyuknaa U npencrapiser
HEKOTOPYI0 ORHOPOAHYI0 (QYHKHHIO CTENEHH M OTHOCHTeJHHO Iepe-
MEHHHX ¢
U=U,

H KOT'a IIPH 3TOM JIIA CKOAb YTOJHO MAJINX 1o alCoNIOTHOH BejmImHe
3HaYeHHH NEPEMEHHEIX ¢s OHAa MOKeT NPHHHMATH IOJOKHTEILHKE
3HaYeHHA.
Hoaoxcenue pasnosecus seasemca npu smom HeycmoUHLEHM 1.
HeficrBaTebHO, paccMOTPAM (QYHKIHIO

W = —H X\ psq;-
3
B oGxacta maamix mo aGcosioTHOH BeamuMHE 3HAYeHHHA Koopam-
HaT ¢, . . ., ¢y W MMOYJIBLCOB Dy, . .., P; BHAEIAM CYHNIECTBYIOILYIO

OPH HANIAX OPEANOJOKEHHAX AJA CKOJb YroiHO MajHX IO abconiot-

) Yetaen H.T. Sur la réciproque du théorém de Lagrange // Comptes
Rendus.— 1930.— V. 190.

Yeraesn H.T. O meycrofiuuBocTd paBHOBeCHA, KOTAa CHIOBAA JyHKumA
#e ectb MaKcuMyM // YueH. 3an. HKazan. yu-ra.— 1938.— T. 98, N 9.
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HOH BeJHYHHe 3HAYCHH{l IEPEMEHHHWX ¢;, p; obxacts C, ompepgeien-
HYI0 TaKHMH COBMECTHHMH HEPaBEHCTBAMM:

HO = 'zp,qj>0-

Honnas IPOH3BOHAA 10. ¢ OT PyHKIUM W umeer B cuay paddepen-
IHAaNbHHX yPaBHeHHH BO3MYIIEHHOTO nnnmenm{ BHJ

w “”H[pr 71?+Z4 9 dt

IMogcraBaaa ciofa SBHHE BHPaKeHHA

H=T~—U, u p;="2%,

aqj
COTJIaCHO YPaBHEHHAM JBHKeHHA H TeopeMe Jiiyiepa o0 oqHOPOAHEX
OYHKIHMAX HMeEeM

W =—H [ZT 4 mUm—Z%qj] )
i

B paccmarpmBaemoii o6nactn C 3HaveHHs NoaHOM sHeprum H momx-
HH 61.111: OTPHIaTeJLHN 0 olpefiesieBnI0 ofaactan C; a Tak Kak H =
= T — Unm, To B o7o0ii o6nactn C gomxno 6urek U, > 0. Bexexcreme
TOTO0 4TO CBASH, HAJIOKEHHHE HA MaTePHAIBEYIO cHCTeMY, Ipefimona-
raoTCA HEe 3aBHCAIMMH OT BPeMeHH f, jkmBadg CHla cuCteMH I mpen-
CTaBAfAET ONPEAeJeHHO-NOJOKATEALHYI0 (YHKIMI0 OTHOCHTEIBHO
AMIIY 1BCOB p;

T = sZr‘g'srp.spr

¢ KoopunueATaMR s, ABJAIOMEMHCA HEKOTODHMH QYHKHHAMH
KOOPAMHAT ¢y, . . ., §;. JIJIA BCeX BOBMOKHHX 3HAYECHHH KOODIXHHAT
¢; BCe TJIaBHEIE [IMATOHAJLHEEC MAHODH AUCKPHMHHAHTA >KHBOH CHIH
| gvs || mOKHEN GHTL HOMOKATENBHHMH, B NOJOKeHAH PaBHOBECHA,
Tfie BCe KOOPJMHATH ¢; PAaBHH HYJIO, 3TH IJIapHEHEe MHHOPH PABHH He-
KOTODHM  NOJOKMTeJIBHHM BEJIHYHHAM, OrPAHHYEHHHM CHH3Y.
IlooroMy riaBHHeE AMaroHajJbHHE MUHOPH [UCKPHMHHAHTA KBajpa-
THIHOH OTHOCHTEJIBHO p; GopMH

g
2 (2gsr - 2 'a_;l' qj) PsPr
s r 7 J

AAdA [OCTAaTOYHO MAJHX 10 abconoTHol BelHYHHEe 3BaYCHHM
KOOD/{HHAT q,., Takxke OyayT Bce HmOJOKMTeAbHHMH, a caMa Qopma

27 —2 T 6ymer oOmpeaeNeHHO-IIONOKHTeALHON OTHOCHTEb-

HO pg. I/['rax, croamee B W’ B KBagpaTHHX CKoOKax BHpaKeHHe
B o6mactm C Oyler NOJOKHTENLHO; HHHIMM CJI0BaMH, B oOxacte C

2‘
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IR YACIEHHO AOCTATOMHO MAJHX 3HAYeHNH KOODAMHAT ¢ 3HaYeHUA
npoussoguoit W’ 6GyayT HONOKHETeNbHHM, T. €. OJHOro 3Haka ¢ W.

B o6nacrta C pynruua W yHoBIAeTBOPHET BCEM YCIOBHAM TeoPeMH
0 HeyCTo#YEBOCTH I. 13, 9TO M NOKa3bIBaeT HeYCTOHIMBOCTH pPaccMa-
TPHBAEMOTO NOJOKEHHA MaTepHaibHOH cucremsi. Tak ke mpocto,
HCXO[A M3 upe;kHero oupegeiennda PyHrumu W m obgactu C, MOKHO
JIOKA3ATD HEYCMOULUEOCTRL ROAONEHUS PABHOGECUS, K020a NOMEHYUALb-
nas dynxyus umeem 6ud '

U= Un + UnH—1 + o

npuiem das ckoab Y2000 maavr g, Pynkyus U moxcem npunumamo
nosoXUMe.bHBle SHateHUuR, U ¢ obaacmu C snar supaycenuii U, -
+ Upiy 4 .. cuomUy, + (m 1) Umnw + ... onpedeasemcs gop-
moti U,,.

Crxyuqait, xorja m = 2 H Korja 3HAK CHJIOBOMH édyuxnun U onpe-
neafercA YIeHAMH BTOPOTO mopanxa, 6e3 HeoGXOAMMOCTH paccMAaTpR-

BaTk YIeHH BRICIIMX NMOPAAKOB, G MccaexoBaH Buepseie JlamyHo-
1)%
BHM 1)*,

Ko»dpdunuentni ycroitunsocrn Iyankape

18. JlnA KOHKPETHHX NPHJIOMKEHHH TeopeMbl Jlarpamxa noxesno
3HaTh KPHTeDHH MHMHHMMYMa NOTeHHUaJbHOH ¢yHKmmm V = — U,

B obnactu, 61uskoifl K NOJOKEHMIO PABHOBECHS MATePHaJIBHOM
CHCTeMH, T/le HepeMeHHBe ¢s; BCe HMMEIOT HYJeBhe 3IHAYeHHs, Pasjio-
‘KeHne Qynxkmuu V B pax Makaopena maummaercss B obmeM ciaydae
¢ KBajgpaTHYHHIX YJICHOB

1
V :—2-2(1,”'(11(])--{— .y
i3]

TaK Kak csoGonumi wren V (0, . . ., 0) o6pamaercs B HyJb COIJIACHO
ycaosno n. 16, a JnHeHHme WIeHHM pasjioyKeHAA YHHUTONKAIOTCH
B CHJY yPaBHEHMH# DaBHOBECHS

(;{-)o —0.

CyMMApoBaHHMe pacmpOCTPAaHAETCA IO BCEM BO3MOKHHM 3HAYCHHAM
HHJeKcOoB i, ] = 1, ..., k; uepes a;; snech AJIA COKpaleHHAs NACHMA
0603HaYeHH BTOPHE YacTHHE NPON3BOXHME OT V B IOJOMEHAH pab-
HOBECHA

(v ) —a
%= 303, =

HJdXanynos A. M. O meycToliuuBOCTH pPaBHOBECHA B HEKOTOPHX cNy-
q9anx, Korjga QymEKIEA cuin He ecThb MakcuMyM //JlamyHoB A. M. O6masn
sanava o6 ycroitumsocTd psukenun.— M.: Tocrexuagar, 1950.



HKO3POUITUEHTHI YCTONUYMBOCTH IIVAHKAPE 37

JInuefinnM npeoGpasoBanneM nepeMeHHHX ¢; KBaPaTHIHAA PopMa
2f = ) a,q,q;
1,

mosker OHTh NPHBefieHa K cyMMe KBajpaTos. JleficreateanHo, B k-mep-
HOM BCIOOMOTaTeJbHOM EBKJIHJ0BOM IPOCTPAHCTBE NPOBEJEM BIAMMHO
OPTOTOHAJIBHEIE OCH ¢y, . . ., {x U PACCMOTPEM ypaBHEHHE KBaJpPHKH

2f = aijqq; = 1.

Ero neBaa "acTe Gyaer B BAfe CyMMH KBagpaToB, €CIH OCH KOODAH-
Har OyayT cosmagarb ¢ COOCTBEHHMME oCAMH KBagpuku. Ochlo KBaj-
PHKH, 0 OHPefeNeHNI0, ABISAETCA NPAMas, NPOXOXAIMAA IepPes IMeHTp
A BePIMHAHY, HJIH HHAYE Yepe3 TY TOYKY KBaJAPHKH, Iie PajHyc-BEKTOP
cOBIAZAET C HOPMAIbIO.

YcaosHe KOMIMHeAPHOCTH HOPMAaJH K KBajJiPHKE M Pajuyca-Bek-
T0pa HMMeeT BHJ

of .
T‘h—“q‘ (t=1,..., k),

rie X — HEKOTOPHI MOKa HeonpejxeJeHHHH MHO;KHTe/L; HIA B SBHOM
BHJIE:

;ati% = Xg; (l =1,... k) (6)

Jdra cmcreMa Gyner HMeTh OTIHYHOE OT HYJEBOTO PeHieHHe, €CJH Om-
pefieauTeNb, COCTABICHRAWHA H3 Kod(PHIHEHTOB, PaBeH HYJIO:

ay—% ... a4,

A@)=|+wueueeii|=0.

akl e akk——x

YpasHeHHe 3TO HOCHT HaszBaHHE 6¢K06020; OHO OmpejelseT k Bemect-
BEHHHWX KOPHEH %, . . ., ®, TecHeAmuM 00pa3oM CBA3AHHHX C BeJH-
YMHaMH NOAyoce# paccMaTpHBaeMoil KBaJpPHKH.

Teopema CumuassecrTtpa. Kophu eerosozo ypasnenus éce
Seuyecmeer ., )

Hoxasareuxsbcrno. Ecam % ABIAercd KopHeM BEKOBOTO
yPaBHeHud, To cucrema (6) umeer AuA ¢s pemenne, OTANTHOE OT HYyJe-
Boro. Ecim 5T0T KOPeHb % KOMIIEKCHHIA, TO KOMIIGKCHHME GYAYT H 5.
Ilycts §s oGo3Havaer BeqMYHAY, CONPMKEHHYIO C (s.

YMHO/KEM ypaBHEeHHs cHCTeMH (6) COOTBETCTBEHHO Ha §; H CTIOKHM:

Zlatiqﬂj = "2!%66
ij i
ConpA’KeHHOE BHPa)keHHe GYyXeT MMeTh BHJ

,Ejlau'q‘q-j =% gql’h'
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Orciona, eciaH y4ecTh CHMMETPHYHOCTL KodddnumenTon a;; = aj;
paccMaTpuBaeMod KBajipaTHYHOH QopMH [, HEmOCpPeACTBEeHHO NOTy-
Yaercs COOTHOIIEHHEe

Eauqﬂj . 2";‘:‘1;9}_—
=G A g,
Eqiq, quqi
KOTOPOe J0KA3HWBaeT BEI[ECTBEHHOCTh KOPHA X, HOO TOJBKO BemecT-
BEHHHE KOJHYeCTBa PAaBHAITCA CBOHM CONPHAMECHHRMM.

Yro6n ompese AT FeOMeTPHYECKHH CMBICH KOPHS BEKOBOTO ypaB-
HeHHS %, YMHO;KHM ypapHeHuA (6) CoOTBeTCTBEHHO Ha ¢, H CJIOKHM

2f =% qi.

Ecam xopeHp » moiokHTesNeH, TO (M3-3a TOro, 94TO pPelleHHA (g
cucTeMn (6), yjmoBieTBopsION{Me YPaBHeHWMIO KBaApukH 2f = 1,
NPe/iCTABIAAIT KOOPIUHATH BePIIMHK) BRIPaKeHHe D) g7 mpencTaBiser
KBaJpaT COOTBETCTBYIOIIeH Noayocm ksajapumku. Ecim Kopenn x or-
punaTeJeH, KOOPAMHATH BEPUIAHK, OTBEYAalONIeH NOJYOCH, B CHIY

HOCJXeHero COOTHomeHns, GyayT 9McTO MEAMEIMA, a ) ¢f Gyner mpesx-
cTaBAATh coGoH KBagpaT MHHMOH moJoycH Keappukm 2f = 1.

B obonx ciay%asx coraacHO NOCJEIHEMY COOTHOIHEHHIO YHCJIOBOE
3Ha4YeHHe %X PaBHACTCH 00PaTHOH BeJMYHHE KBAjpPaTa COOTBETCTBYIO-
el NMOJYOoCH KBAJPHKH.

Ilyers %, ..., %; — KODHH BEKOBOLO yPaBHEHHAA, a @, ...
.+ Gy — OTBEYAIOMHE UM MOJYOCH KBaJPHUKH, BEIIECTBeHHHE NJIA I0JI0-
KATeJIBHHX KOPHeH M MHHMBIe [JIf OTPHIATeNbHHX. M3 m3aBecTHOTO
KaHOHMYeCKOTO0 BH/A YDaBHeHHA KBajpHKH B €€ OCAX

2
iy

Py 2
i aj

BHITEKAaeT, YTO 3ajaHHYI0 dopmy f nmyreMm JuHeiHOro nmpeoGpasoBaHus
K HOBHM IepeMeHHHIM I; BOSMOKHO HPHBECTH K BHAY

2f = 2 %1.22%.

Hopnu BexoBoro ypasHeHHsi %,, ..., %; OIPENENAANT XapaKrep
dopMut f. Ecam oHm Bce mosoxuTenbHnl, To dopMa f, a BMeCTe ¢ Hell H
noTeHnHaJXbHasf 3Hepraa V = f 4 . . . GyAyT onpeneeRHO-NOJOKA~
TEAbHHMHE H OyAyT AMeTh MAHMMYM B NOJOKeHHH paBHOBecHs. Ecim
cpexM KopHe#l x HaHpnercss Xxor1a O OgHH OTPHIATEIbLHHH, TO NOTeH-
nuajabEas omeprua V = f -+ ... npu coorsercTsyiomem BrGope
YHUCJIEHHO CKOJb YyrOJHO MaJbiX 3HAYCHAH NePEeMEeHHHX ¢; MOXeT OHTh
cnenana orpmnarenbHodl. Jlyankape npefyioKHA HaabIBaTh KOPHA X
rosfppuyuenmamu ycmolinueocmu, a YACIO OTPHIATENBHHX Hs —
cmenenvio Heycmoiivueocmu.
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B atux tepMuBax Teopemu Jlarpanka m Jlanynmosa Mo;KHO BHCKa-
3aTh CJA0OBAMH: €CJAH B MOJIOKEeHMH DPaBHOBeCHA Bce KodddmmmenTH
YCTORIMBOCTH NOJOKHTEIbHH, TO PABHOBECHE YCTOMYHBO; €CJIH HMMe-
ercad Xorsd OW OfMH OTPHOareAbHHH Koa(dHument ycToHumBOCTH, TO
paBHOBecHE HEYCTOHIHBO.

19. I pume p. Onmoponnnil TAKENHHE TPEXOCHHH IIIHNCOMA
JIJKAT Ha TOPH30HTaJXbHOH miockocrd. Onpenennts Koaddunmenrn
ycrodunsoctn Ilyankape A% ero modosKeHm#l paBHOBeCHA. '

llycrp ypaBHeHHe 3JIMNCOMa OTHOCHTEABLHO ero ocein Gyaer cie-
Ayiomee:

Az* +~ By* + Cz2 — 1 = 0.

Ilo/okeHUAMA PAaBHOBECHA TPEXOCHOIO JNIHINCOAZA GYAyT Te Io-
JIOeHHA, B KOTOPHX HOPMaJb K 3IHNCOHMAY B TOYKe KacaHHA Oy-
JeT KOJJHHEeapHA C PajuycoM M3 HEeHTPa B TOYKY KacaHHA; APYI'AMH
C/0BAMH, NOJIOKEHAAMHA DPaBHOBeCHA OYAYT NOJOKeHHA, B KOTOPHX
TOYKA KAaCaHHA ¢ HENOJBI/KHOM NIOCKOCTHIO COBIAflaeT ¢ BepPHIMHOMH
Kakoii-1ubo m3 moJxyocei.

HacaTenbrad ImIoCKoCTh

AxzX 4+ ByY +Cz2Z —1 =0

B TOYKe KacaHHA (Z, ¥, Z) OTCTOHT OT HEHTpPa (TAKeCTH) Ha paccTof-
HAH

1
VA% - Bt 1 o8

Orcroga, ecam aTa KacaTeldbHas IJIOCKOCTh €CTh TA I'OPH3OHTAJIbHAA
NJI0CKOCTh, Ha KOTOPOH JIEIKHT DIIAINCOMI, TO HOoTeHIHANbHAA PyHK-
nufA B o6aacTH modo:keHus papHosecus (z = 0, y = 0) nMeer BufA

— ] — _ mg _
V=—U=mgb VAA=0O) 22+ B(B—C)p*+ C

gm0 2850 ) ],

¥ cAefoBaTeNbHO, KO3PPHUIHEHTH YCTOMYHMBOCTH NOJOMKEHHS PpaBHO-
Becndg z = 0, y = 0 cyrp
mg A(A—C) mg B(B—C)
“1:___"‘—0_’- %2=——————C——.
2Y7C 2y C

Orcioma, ecom saMHICOMA Je)AT HA BepIIHHe Madoll moayocu (A <
< B < (), 10 370 nosiokenme paBHOBeCHA ycroiumso (x; > 0, %, >
> 0); ecam 3MIANCOHJ JEKAT Ha pepmuHe cpeameit noayoc: (4 <
<< C < B), 10 TaKkoe paBHOBéCHe HEYCTOMIHBO C OHOH CTENEHBIO He-
YCTORIMBOCTH; ecId JJUIHICOMJ J€KHT Ha BepmmHe Goabmoill moay-

ocu (A > B > C), To paBHOBECHe HEYCTOMIHBO C ABYMA CTeNeHAMH
HeyCTOHYABOCTH.
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Kpurepuii 3HAKOONPE/IETIEHHOCTH KBAaAPaTHIHbLIX (opm

20. Jlna 3agad yCTOHUABOCTH MMEIOT 3HA4YeHHE He CTOJBKO BeJH-
guAN Kod(Puuumentos ycroiamsocT llyaHkape, CKONBKO HX 3HAKH.
Jlaa ompegejeHns ke 3HAKa KOpDHed Her Heo6XoAMMOCTH pa3pemiaTh
BeKOBOE YDABHEHHE; JOCTaTOYHO 3HATh HeOOXOXMMEIe W KOCTATOUHBIE
VCAOBHA, IPH BHIIOIHEHWH KOTODHIX HoTeHHuaJbHaA QyHKuus Gyner
olpe/e;IeHHO-TI010/KUTeTbHOMR.

Jlna peweHHA HocJeAHeH 3aaYdM MOKHO HCHOJb30BATh H3BECT-
HHi Kpatepu#d I'ypBuua oTPHIaTeTbHOCTH BemeCTBEHHHX JacTell Kop-
Hell aJrefpamdecKoro HOJIHHOMA, B JAaHHOM ciIydae HojmHoMa A (—A).
Hamn6o:1ee npoctsiv 1 ynoOubiM AJIA BHYACAEHNH ABIACTCA MeTOX Jlar-
paH:Ka, 3aKJA0YAIIAACA B NMOCTENeHHOM BHJeJeHHH HOJIHBIX KBan-
paros U3 ksajgpatudnoi ¢opmui. Mnrepecen meron Hponekepa mpuse-
JleHnA KBajgpaTHdHoH GopMBI K CyMMe KBaJipaToB, TAK KaK OH NPUBO-
IQHT K HEepaBeHCTBAaM, KOTOPHE BeChbMa IPOCTO CBA3AHHL C Kpumepuem
Cuaveecmpa.

Bewjecmeennas readpamuunas dopra

P = 2 cijxxj (Cij = cj)
ij

mozda u moabko mozda Oydem onpedeseHHO-NOAONICUMEALHOU, Ko20a
6ce eaasHble OUAZOHAAbHBE MUHODOL ee JUCKPUMUNARMA NOAONCUMEAbHY

Cly  + o C17

>O.‘"'y ..eg;.l >0.

Cnl oo Lnn

1 €12
C2y C2z

¢y >0,

Hoxasateanscrtso. [id cokpamenusa nucbMa 0603HAIUM
rJIapHbie IMATOHAJIbHBIE MUHOPH NUCKPHMMH&HTA Yepe3

a uepes C,; o6o3nauuM MpHOpP (co 3maKoMm) aucKpmmuuanrta C,. 0T-
BEYAIONIUIH 3JeMeHTY C,.
Ilpeo6pasosanueM NepeMeHHbIX

+

. in .
Ty == Uy + c_ Un (i <n), Ly == Uy,

nn

dopMy ¢ npuHBOAMM X BHAY

n-—1 v

C
3 n 2
= S CijUbilkj -+ 7 Uns
i i=1 n1

B 4eM MokHO yOeAuMThCA HemocpeNCTBeHHOH mnofcraHoBroil. Orclona
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C

OTHOIICHA® — Z_ paBHAeTcA ONHOMY N3 KO3GPHUHEHTOB YCTOAYHBOCTH

n-1
¢opMH @ B NePeMeHHBIX U, . . ., L.
IIpopomxan 3TOT mponecc Aanbmie Hax dopmoit
n—1

2 Cijiylljs
1

y0e:xaaeMca B JIOCTATOYHOCTH YCJIOBUH TEOPeMbl.
Heof6xonuMoctTs ycnoBmil TeopeMsl J[OKa3kiBaeTcA mHpocto. Ecam

popma
ul
2(9 == E '5‘;2 I,
1- 3

ABJIACTCH onpenenenno—nonomnrenbnoﬁ, TO YpPaBHEHUA

99 _

51" C”.’lij:O (i:i,..., n)

i

HeoOXOMMO KOMKHBL COBMECTHO YROBJETBOPATHCH JHIIP HpH HyJe-
BHIX 3HAUYEHHMAX BCeX mepeMeHHHX xs; == 0 (s == 1, ..., n); orcoga
Heo6XouMo, 4T00H ompefeNuTeNb U3 KO3QPHIHEeHTOB C;; mocaeAHeR
cacreMbl 6ui71 bt oramded or Hyaa: C, 5= 0. Ecau ¢ (x4, - . ., Tpq, Z,)
ABIAETCA ONPEACTeHHO-IIOI0KATENbHOH, T0 ONpPefeTeHHO-II0JI0MH-
TENbHOH N0 OTHOMEHHI® K I, . . ., T,—y OyReT TaKke m ¢Qopma
@ (Tyy .+ oy Ty, 0), a orciona exexyer C,; 7= 0. Ilpomomxana arm
paccy;KAeHHf, BHIBOAHM, YTO €CJM ¢ ONIpeje]eHHO-NOJOKATeNbHAN
dopMma, TO BCe riaBHBE JHArOHAIbHHE MHHODH €€ JIMCKPEMAHAHTA
Heo6Xonumo oramyuds ot Hyas: C, %= 0 (r =1, . . ., n), B TeM cCaMbIM
YKa3aHHoe npeo0paadoBaHne PopMbl ¢ K CyMMe KBajPAaTOB BO3MOKHO
Ha KayKAOM IIare; a M3 NPHBEEHHOH K CyMMe KBajJparoB olpesesreH-
HO-IIOJOKATENbHOA GopMEL ¢ caeflyeT HeoOXONHMOCTH YCHAOBHH Teo-
peMbl. ’

3ameuanwue. B pgansneiimem mMb GyaeM paccMarpuBaTh MHOI-
na Gonee o0mme KBafparndubie GOPMEL OT KOMIUIEKCHHIX IepeMEeHHHE
Z; ¢ KOMINIEKCHHIMH Koapdunmenramn

¢ = Z ciiflxjy
1) .
I8 KOTOPHIX ¢;; == ;. Takwe (OPMBI HOCAT HA3BAHHE 3PMHTOBHX.

YcnoBasA 3HAKOONPENEIEHHOCTH M HMEHHO HOJOKHTENBHOCTH (GopMmbl
¢ AMEIOT TOT Ke BHJ, 4To M B KpuTepun CuabpecTpa’l)..

1) JloKa3aTeanCTBO 3TOr0 IpEJJIOKEHHA YHTATENh MOMKET HAHTH B KHHIO
N.A .Ml npoxosa «Tensoproe mcuncaermes, u. I, § 25 (M.: I'TTH, 1934),
rae B § 20 MOXHO TaKKe HalTH H GoJlee pasBepHYTOe AOKABATENLCTBO KPHTEPHA
Caaspecrpa. )
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2. Ipumep. MarepmanbHad cucreMa ¢ TpeMA CTemeHAMH
cBoGOIB HAXOMUTCA IOA JeACTBHMEM CHJ, HOTeHOWalbHafd QyHKOHS
KOTOPBIX MMeeT BUX -

1,
V = =[a® (g1 + ¢2) + 2095 (4:+42) + b%3],

rae ¢, CyTh He3aBHCHMbie KOODAHHATHL MAaTePHUAJIBLHON CHCTEMHl, a, b,
o — HEeKOTOpHE BeNIeCTBeHHEIE IOCTOAHHEIE.

ITycts monoskenme, OAA KOTOPOTO BCE ¢s CYTh HyaHM, sABAAercA
H30JHPOBAHHEIM TOJIO:ieHMeM pasHoBecusa. TpeGyercs ompenenuts
YCAOBHA YCTOHIHBOCTH DTOr0 IOJO;KEHMA PaBHOBECHA.

CornracHo teopeme Jlarpanka 810 DoJoskenme paBHoBecms Oymer
YCTOHYHMBEIM, eciId B HeM NOTeHIMa bHad QyaKmus V uMeeT MUHHUMYyM.

s toro grobnt V Oblia ompenesenHo-TIOXORUTeIBHOH, ee XHCK-
PHMHHAHT

a* 0 «a
0 a* o
o o b

A0J:ed UMeThb BCe TrJidaBHble THATOHAJNIbHBIE MUHODB HOJOsRUTCIBHBIMN,
OTCIOJ.I& BBITEKAIOT YCJOBMS

a® >0, a**— 2a%7>0.
Il pumep. Cpoboguas MarepmanbHas TOYKA MACCHI /1 ABHKETCA
B IPOCTPAHCTBE NOJ JeHcTBHeM CUJ, DOTeHIMadbHad QyHROUA KoTo-

PHX B UANHHAPUIECKHX KOOpAauHarax r, 0,3 umeer g V = ¢ (r, z),
Awsan cuaa

T =2+ 0 2

W moreHmmnaJjibHan QyHRiuA He 3aBucAT ABHO or 0; mostomy O aBag-
eTca IMKJIMYecKoM RoopauHartoét (m. 9), KoTopo#l orBevaer mHTErpaJ

mr28’ —= f. Orcona dyurgua Payca nmeer Bug
m 2 9 52
R= (429 —¢—5-

ILJUI CTAOHOHAPHOIr0 ABHAREHUA NOJHIHBI BHIIOJAHATHCA YCJIA0BHUA

R IR

a=0 =0
NYCTh 3TUM YCJHOBHUAM YNOBIETBOPANT I' = Iy, Z = Z;. JTO CTAUMO-
HapHoe JBm:KeHne Oyler ycroduuBHIM corjiacHo Teopeme Payca, ec-
M M3MeHEHHAs NOTeHIUAJLHAA QPyHRIMI

sﬂ
W=0+zm
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umeer aasa Hero muHumyM. Ilyers r =ry + &, 2 =z, + %; Torma
- 1 3
W(r,z) —W (re. 20) = 5 [(prr§2 + 29,80 + @M% ;:(Prgz] T+ e

e §,, ¢,, — 3HAYCHAA YACTHHIX IIPOM3BOMHHEIX OT ¢ II0 YKa3aHHBIM
nepeMeHHBIM A pacCMaTpPHBaeMOro cTalfmoBapHoro Asm:kenms. Ilo-
3TOMY B CJIydae ero yCTOHUMBOCTH BCe IJIaBHHE AMArOHAJbHLEC MHHO-
PH IACKPUMHHAHTA

3
Prr +_r Pr Prz
[

(pT: ‘pll
JOJGKHBL OBITH IIOJIOMKATENBHHIMH. JTO JaeT JBA HepaBeHCTBa

, 3 3
Prr + ',._o'(pr>0v (\(prr +r_° q’r) (Pzz'—(P?z> 0.

IIpuwmep. Ilycrs wmorenumanbHad yExnma V HeKoTopoH Mma-
TepHAJLHOM CHCTEMBl 3aBUCHAT OT KOOPAHHAT Z, ¥, oIpeAeiaflOniEX
IONOKEHHE CHCTEMbI, M MMeeT MMHIUMYM B IOJIO;KEHHH pPaBHOBECHSA
Zos Yo

v av
Bsenem ofGosnagenna X = (Z) . Y = (E_y') , Iae uHIAeKcaMu
Y x
0003HAYeHsl BeTMYMHE], IIPH NOCTOAHCTBE KOTOPHX GepyTCA JacTHHIE
npoussonusie. M3 ycnaosua ycrofdmBOCTH pPaccMaTpHBAEMOro IOJO-
7ReHUsd PABHOBECHA B CANY Kpurepua CHIbBecTpa MMeeM B 3TOM II0-

JTOEeHHUN

7). 4 0X Yy X \2 Yy
(@), >0 (&), &) (&> (F).>0
BooGpaauM, 9To ycnosne paBHopecnss X = () HapymaercA 3a cuer
HEKOTOPOTO M3MeHEeHHA BeJIMYMHBI T; €C/IH IPH 3TOM BeJHYMHA ¥ OC-
TAeTCA IOCTOAHHON, TO u3MeHeHme X olpefeaserca IPOM3BONHOM
X
(55'
ypaBHenne pasHosBecusa Y = 0, To mameHeHne X npm 3TOM onpejend-
. (60X
eTCA IPOU3BOMHOM (—)Y :
=0

)y- Ecaun e BeamuuHa ¥ m3MeHAercs, BOCCTAHABIMBAA Ipyroe

ox
a(X,Y) X \2
2.8 _. 9X,Y) d(z,y) __(9X ('5.?7);
(T??)y=o“ a(z,Y)  9(X,Y) “”(T??)y’“ r\
9 (z,y) <_a—!/-)x
C X
JeloBaTeILHO, eCIN (a—y)x He paBHa HYJIO, TO

0<(FZho<(Z),

Hepanencrsa sTi BHpaKaoT HeKOTOPHE YACTHHI CaAydall NpHHIANA
Jle-Ilfaresse — Bpayna.
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Badypxaunsa pasHoBecHii

22, Bo MHOTEX 3aa9aX MeXaHHKM NOTEHIMAJbHAST JHEPTrHA Mate-
DHAJbHOH CHCTEME 3ABHCHT He TONbKO OT NePEeMEeHHHIX, ONpeAeAo-
MAX 110JI0KeHRe CHCTeMEl, HO emle H OT HeKOTOPHX mapaMerpos. Ha-
npumep, B 3ajaUe O CHKATOM CTep:KHe IOTeHHMAaNbHaA Qynkmma V
3aBHCHT He TOABKO OT HePeMEeHHEIX, ounpelendAlOmHX GopMy crep:kHA
B BO3MYUICHHOM COCTOSHHAM, HO H OT NPONONLHOH HArpysku P,

O6myo TEeOPHIO IOJOKeHMH PaBHOBECHA TAKAX MAaTePHAIBLHEIX
CHCTEM IIPH Pa3IHIHBIX 3HAYeHHAX MapaMeTpos npexioxun Ilyaukape.

IycTs moTemIumanbHaA 3HePTrHA V HEKOTOPOH MaTepuajdbHOH CH-
CTeMBI 3aBHCHT OT KOODAMHAT Zy, . . ., Ty, OIPENENAOMUX IN0JI0e-
HAe CHCTeMBI, H OT OJHOro IepeMeHHOI'o ImapaMerpa «.

Ilaa ¢aKcApoBaHHOrO 3HAYEHHA NapaMeTpa ¢ MOJO)KeHHHA PaBHO-
BeCHA oONpeAedATCA YDaBHeHHAMH

az =0 (s=1,....n)

IMycts
) = ol (@) ... 2 = e (@)

npeacTaBiAsAioT JHHeRAHbNe [DOCAeJOBATEALHOCTH BelleCTBEeHHBIX Kop-

Heil ypaBHeHEH PaBHOBECHA; Ml IIpejnojaraeM, Yro ¢yHKau o (a)
ABJNAIOTCA HenpepuBHEMU QYHKIAAMEA IHapaMerpa o.

B (n -~ 1)-MepHOM @npocTpaHCTBe NepeMeHHHX (x, I;, . .., T,)
nocJIe[HNe YPaBHEHHA onpefelAloT JuHEN C;, cOCTABAANIIAE B COBO-
KYIMHOCTH HEKOTOPYIO BEeINeCTBEHHYIO KpuBylw DB, pasimuHbie TOUKH
KOTOPO# OTBEYAIOT BO3MO;KHBIM DPA3JHIHKM COCTOAHHAM DABHOBECHHA.

Orgenvanie Bersn C; mepeceKaloTca MeRIy cobod B Toukax, Ine
MMeeTcA coBHAJCHHEe IO MeHbHIEH Mepe ABYX BeIECTBEHMHIX KopHel
ypaBHeHHiT paBHoBecuA. B OKpeCTHOCTH TakoH TOYKH ypaBHEHHSA

av
a—%-;O (s:l,...,n)

He MMEIOT OJHO3HAYHOTO pemeHHA; B TAKHX TOYKAX JO/KeH yHHY-
To:RAThCA QyHKOUOHAJIBHBIA oUpele nTe]b 1)

( av av )
A— dzy’ " T oz, RV
F (1 -0 0 ) dz,07;

Jlpyramu cloBaMH, ecE B HeKoTopoit Toure M kpusoil B reccman Io-
TeHIUaJbHOH sHepru® A ofpamaeTcA B HyJdb, TO TAKasd TOYKA MOKET

5 I ypca 3. Kype maremarrueckoro amanmsa. T. 1, u.1: Iep. ¢ ¢p.—
M.: TTTH, 1933.— (Cu. § 38).
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6uITh TouKoO# mepeceueHEA Berseil C;; ToUKH M HA3BLIBAOTCH Kpumuye-
exuML, BN moukamu Gugyprayuu (eemeseHus).

Hexoropae Toukn Kpusoit B 0TBeYaioT YCTOHUYMBHIM COCTOSMHH AM
paBHOBecHsA, a HeKOTODble — HEYCTOMYHBLIM. C(Mena ycmoiinusocmu
na eemsaxr C; moxem npouczodumes Asuws 6 moukar OGudyprayuu,
B camom nexne, nna onpenenennoit Bersn C; KOOPIMHATH T, ABAAIOTCH
HeKoTOPHMA QYHKIUAMA mapaMerpa o, I, = ¢4 (@) H, cJeoBaTeh-
Ho, JuA BerBH C; onpejlelnTeNb TaKiKe ABAAeTcA QyHKnmei o, ecim
B A 3amennth r, = ¢\ (z). IIpm nepexome mo Bersu C; ot TOUKH
K TOYKe OYRYT M3MeHATHCA 3HAYeHmsA A.

a1 onmpejieIeHBEOTO COCTOAHHSA PAaBHOBECHS, OTBEYAIONIET0 HEKO-
TOpoll TouKe BeTBH C;, YCTOMYMBOCTD OIpeNieNderca KoddnumentamMn
[lyankape, mim, mHaYe, KODHAMH OTBEYAIONIEr0 BEKOBOTO YpaBHe-
HHA

oW
61:‘61:].

A(x) = — ;%] = 0.

3necs m Bo BCeM natbHeitmeM §;; ectb cumBon Kponexepa; §;; pasus-
eTCA HYJIO, €CH { M j Pa3JHYHb, H PaBHAeTCA 1, eca|m [ M j paBHH.
Paanoxenne momumoMa A (x) Ha JuHe#iHBle MHONHTeam: A ()=
= (%, — %) . .. (%, — %) HEHNOCPEHCTBEHHO JaeT

A=AO)=%...%,.

Tax kak B Touxe OGudypxanmm A == 0, To B.Hell No KpaiiHeil Mepe
onun m3 KoadpmummentoB ycrodwusoctm Ilyamkape x; oGpamaercs
B Hy1b B HaoGopor. Ho xopum BekoBoro ypasuenna A (x) = 0 Bcerga
BemecTBeHHbl. IloaToMy Ha Bersm C; yCcTOHUMBOCTh JMHEHHOH nocje-
ROBAaTeJBHOCTH PABHOBECHH MO;KET NpoNafarh (HIM NOABJIATHCH)
JAHIb B ToYKaX Omdypranun, Tak KaK npu norepe (uam npuoSperennn)
VCTOHYHBOCTH 1O MeHbINed Mepe oguH M3 Koapdunmenros ycroitum-
BOCTH, MeHAA CBOE 3HAK, GyJer IPOXOAHTH 4epe3 HyIb.

Ilyets M ects Hekoropasa ToYKa GadypKammm; orBevaiomee ei
3HaYeHHe NapaMeTpa ¢ IPHMEM PaBHHIM HYJIO.

B pasnmuBEHX 3ajauaXx MeXaHEKH HHTEPECYIOTCH IpPemMYINecTBeH-
HO peaJbHHIMH BeTBAMHM KpHBO# paBHoBecma. OrMermm Ge3 Hoxasa-
TeIBCTBA [Ba NPEIJIOKEHHMA, OTHOCAIMECH ciofa '),

Ipencrasnm cebe, uro Kak-1m60 BHACHEHH peaabHble BeTBH C, . .
.« -, C; xpuBoii B, mpoxonsAmue Yepes paccMaTpHABaeMyl TOUKY GH-
dypranum M: IIposemem nse mmockocte ¢ — ¢ =0 m a + & = 0,
OpHYeM € NPeANoJaraeTca crolb MAJOH NOJOKUTEALHOR MOCTOAHHOM,

qro0n Kakgaa m3 sersedt C, . .., (), nepecekana NMIOCKOCTH o —
— &2 = 0.

YPoincaré A, Sur I'equilibre d’une masse fluide animée d’un meu-
vement de rotation // Acta mathematica.— 1885.— V. 7.

Yeraen H.T. Ueber die von den Ellipsoiden abgeleiteten Gleichgg-
wichtsfiguren // H3s. Kasan. ¢ua.-mar. o-sa.— 1929—1930.— T. 4.— C. £ —36.
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Hycrs uasectHle BerBH Cy, . . ., C; IepeceKamwT NIOCKOCTb 0. —
— ¢ = 0 B Toukax P;, a mnockocts o - ¢ = 0 B Toukax Q;. aa ro-
qek P; m (; M0:KHO ONpeleTATh 3HAKH reccHana A.

OxaspiBaercs, 9To ueped mouky M O00onoanumesbHO K GHLACHEHHHM
semeam Cy, . .., C, npotidym no menvweli Mepe ewe r peasbHux 6em-
seli Kpueoil paenoéecun B

r=x| Y an]— 3 (80|,

20e cymmuposarue pacnpoCMpansemcs N0 éceMm YKA3AHHBM MOLKAM,
a [f] o6osnavaem +1, ecau f > 0, u —1, ecau f << 0.

Pacnpenenenne ycTodduBHX M HEYCTOHYHBHIX IOJOEHHHE pPaBHO-
BeCHA JNA PUKCAPOBAHHOIO 3HAYEHHA o NOTUMHACTCH 3aKOHY CMe-
HH YCTOHYABOCTH, COCTOAINEMY B CJEAYIOINeM. ¥ PABHeHHA paBHOBe-
cus A PUKCHPOBAHHOTO 3HAYCHMA HapaMeTpa o = O ompegenAlT

B maockocTH @ — § = 0 mpocrpancrsa (o, 24, . .., &,) oOTBedalo-
MHe COCTOARMAM PaBHOBeCHA TOYKH P. Y pasHeHms
v /1%
a—-—a,_ 6_2:,'—0"""%-—

OIpefeNAloT HeKOTOPyIo JuHMI L, JeKamylo B IJIOCKOCTH o —
— 8 = 0 u mpoxoaamylo 4epes BCe TOUKE paBHoBecwd. BoiGmpan
Kakue-1200 HanpaBaeHAA o6xoa ¢BASHHX M (e3 ABOHHBIX TOYEK Yac-
el TuHEH L, Mbl MOKeM 3aHYMepOBAaTh TOUKH P;'B HopAKKe HX BCTpPe-
gu. Iyers P; u P, i npuHagaeRaT HeKoTOpo# cBsa3HOM, Ge3 NBOMHBIX
To4eK, vactu amuuu L,. OrassisaercA, aro

[Ap,] + [Apm] =0,

a TaK Kak A = %, ...%,, BAAMM, UTO RDU nepexode Om DasHO6ECUS
P, x pasnosecuro P, cmenend Heycmoiivueocmu MeHAEMCR Ha HEYemmu.oe
wucao.

23. Irtm ofimue TEoOpeMH 0 UMCJIE PeaNbHBIX BETBEH, IPOXOMAINMX
Yepe3 TOYKY OudypKamum, H O CMeHe YCTONUMBOCTH HMEIOT BeChbMa
TPHBHAJLHKA CMBICA IAA TOTO NPAKTHICCKH HHTEPECHOro CJaydaf,
Korpa B ofnactu ToYKM GadypramuM OTIHYEH OT HYJA OHpPEJeJHTeNb

(‘W v
A Nezm oz
1 6(9:,,...,xn) '

B aroM cayuae BOau3m Toukm Gndypranua BO3MOKHO Paspeminth of-

HO3HAYHO OTHOCHTEJILHO nepeMeHHHx $2, e ey IEn CKCTeMy ypaBue-
Hui
oV av
=0z =0
2 n
OJY4IHTH

x; = x; (1, @) E=2,...,n)
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M, DONB3YACH STHM pemeHMeM, HCKJIIOYHTh NepeMeHHHe Z,, . . ., I,.
Hocae Takoit 3amMens ME GyleM BMeTh BCero ONHO YpaBHEHHE paBHO-
BEeCHA

oV )
Pz = f (21 2) =0.

H3o6paskalomee BcroMoraTeaIbHOE IPOCTPAHCTBO GyAeT NPH 3TOM ILIOC-
Kocrelo (@, x;). Ha Kpusoit pasmosecmit B, onpemensieMoit B aroit
niockocTn ypasHenmeMm f — 0, 6mdypranuu ompeNensATCA TOYKAMH,
I'le YHHUTOKAEeTCH

Ilycrs nmpaMas a = const ceuer AAHA paBHoBecH# [ == 0 B TOY-
Kax P;, Kakne Mb 3aHyMepyeM NOCJIef0BaTeJbHO XPH 06Xo/e mpAMOR
o = const caesa Hampaso. Beipaskemme 6, oueBmmHO, MeHser cBoi
3HaK NpH Iepexofe oT TOUYKH P; X rouke P;,,, ecau HU OgHA U3 ITHX
TOYEK He ecTh ToYKa OmdPypKanmmd. CMbIca 0 HeTpyZHO ONpEReTHTh.
Korga MexaEmyecKas cucTeMa WMEET. BCeIo OJHY CTreleHb cBoOOJbI,
To § HemocpegcTBeHHO ABAACTCHA €JAHCTBEHHBIM KodPPAImeHTOM YyC-
toflumsoctu Ilyankape. B obmeMm caydae mmeem

n
2% PV oz

=21 1 2 ‘ OV e,
‘9’1 — dxy 6.1:8 dry

am a ; = Z; (r;, @) BCTABHTL 0OpaTHO B WCXOJHKHIE
Ec eHieERA X; = I; (I cTa Gpa X0/
VPaBHEHHA, TO HOJYYHM TOKIECTBA, KOTOPHE Bo3MOKHO Jupdepen-
NEPOBATL 0 HEPeMEeHHOH 2,:

n
v WV oz
0::—+ —_—8 i:2-.-n-
dzydz,; ;:2 dz; 02, 5z, ( ? ' 1)

ITpenmecTnylomee COOTHOMIEHHE M 3Ta CACTEMa ypaBHeHHHE OyayT
HMeTh HeTPHBHAJLHOE PpeHleHHe I

1312 axn
’61:1’...’ E:-l’

KOTa OIpeleNnTe]b, COCTABIEHHHA w3 MX KodpPuuueHTOB, paBeH
HYTIO

vy
N axi RN 22T

R S
% v

9z,971 """ 9t
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OTKYJAa
A
6= v

CoracHo IpHBeNeHHIO KBAAPATHIHHX GOPM K KAaHOHAYECKOMY BH-
ny no Merony HKpomexepa sameuaeM, 9ro § B cooTBeTcTBYIOIWAX mepe-
MEHHHIX paBHAeTcAa OfXHOMY H3 Koddpdunmentos yctolumsoctn. Ha
HpeAnoso;keHHOro cooTHomeHuA A, 7= 0 ciexyer, 4To Ka:kao#l ToYKe
Onpypranmm A = 0 B moaHOH cHCTeMe HepeMeHHHIX (a, &y, . . .
..., T,) oTBedaer TouyKa Oudypramuu 8 = 0 npuseseHHolt cmcTeMb
n HaoGopor. Ilpum atoM B rouke Gmdypraumu Gymer yHHUTORATBHCA
OJIMH M TOJbKo OJHH Koddpdmmmenrt ycroiumsoctu §. B camom jeune,
€C/IM YHIYTOKAITCA JBa Kodpdmimenra ycTORYHBOCTH, TO KAaHOHHYE-
CKEH BMJ KBagpaTHIHoil QopMel B pasnoskennn V IoJkeH CBONHTHEH
K CyMMe n — 2 KBajJpaToB, M HO3TOMY BCe MEHOPHI IEPBOro NOPALKa
onpeneaureas A noxHH Guiam Gb 06pamaThed B Hy b, 9YTO HPOTHBO-
pednt npeamoiaokenmio A; %= 0.

PaccMoTpEM mHTepeCHBIE NI NPHAOHEHHHA cayuail, xorga npu
OpHBe/leHAN KBaApaTniHo# dopMn V K e¢ KaHOHAYECKOMY BHAY IO
meroly Hpomexepa Bce Kosgdumments: nmpupefeHHOH (opMuI, Kpome
8, Bcerma moso:kuTeasnn. Torga ycToH4@BOCTD MM HEYCTOHYMBOCTD
paBHOBecHA GyJler 3aBHCceTh JHMIL OT 3HAKA 0; IPH O NOJIOKHATEIHHOM
PaBHOBeCHE YCTOHYABO, IPH OTpANaTenbHOM §—Heycroiauso. B mwioc-
KOCTH (74, @), Ile oCh I, HAET OPUIOHTAJLHO CJAE€Ba HANPaBo, & OChb
@ CHH3y BBepX, ycToHUYABHIMEH GyIyT Te BeTBH pasHoBecHit f = 0,
copaBa OT KOTODHIX 3HaueHEA | momxo:xkaTeasns (§ > 0).



TITABA 4

O JIMHENHBIX THOOEPEHIMAJIBHBIX YPABHEHHAX
C INIOCTOAHHBIMH KO3OOUIIHEHTAMH

YacTHoiE pemenns

Ecnim B ypaBHeHHAX BO3SMYIMEHHHX /ABH;KCHHH IPaBhe YacTH
3aBHCAT ABHO OT BPEMEHH, TO COOTRBETCTBYWIHNEe HEBO3MYINEeHHOE
nsm:xenne Payc npenanoskma HaswBaTh HeycmanoSuSWUMCR; KOTHA
’Ke OHH He 3aBHCAT ABHO OT {, HEBO3MYINEHHOE JBH;KeHHe Ha3bBAeTCH
ycemanosuswumcs. B mocienmeM ciayvae ypaBHeHHA B BapMALMAX
6ynyT mOMYy9aTHCA ¢ HOCTOAHHHIMH KOI(UIHEHTAMH.

24. PaccvoTpuM cHCTeMy amHeiini\ AAPPePEHIHATBHHX ypaB-
HEHHH# C IOCTOAHHHIMA Kodddmuentamu p;;

dz, .
5 = Pyt - PinTy ¢t=1...m).

ByneM- HCKaTh YacTHOEe PpeIeHHe BHJA

" gt At
Ty = (An ';‘,T!"}‘Azi”T__u‘*"""}‘Anwl,i)e )
rae A;; B A CyTh HEKOTOpHe IIOCTOAHHbIC; CPeJH HOCTOAHHMX A,;
HEKOTOpHie MONKHM OHTL OTAMYHEIMA OT HYJAA; HOJOKHTENbHYIO
neayw creneHb m TpebyercA ONpeleNHTh A Ka;KIOTO A BO3MOKHO
HanboabmeH.

Ecan 3ro BHpaskeHme mONCTaBHTH B 3aJaHHYI0 cHCTeMY mmdde-
PeHnuaNbHLX YPaBHCHHH, TO IOCAe COKpameHHMAa Ha ofmmit MHO-
EHTEADb eM momyymm

(A -1 A N (A m 4 -1 ' A .
vt Awi it of T e oyt Ama i) =
. M ML
= Zp”'(A”?nT + Agjm____ﬁ ‘i"‘ o _‘*‘ ATYH'I;i) *
3

CoorHOmeHnAs 9TH [O/KHH HMETh MECTO IpPH IPOH3BOJHHBIX
3HAYeHMAX I; mOo3TOMY KO03pPmimeHTH OPH OAMHAKOBHIX CTeleHAX ¢
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HOJKHBL OHTH PaBHBL MEKIY coboit:
3 (puy —8i4) Ay = 0,

‘S;_‘J(Pij‘_aijx) Ayj = Ay
)
%:'(Pii—aii}') Ay, i = Api

i=1,...,n)

Ilepsan u3 3rmx cucrem ypasHeHmEn (7) Oymer Torga MMeTh He-
TpHBHAJAbHOE pemieHMe Iias A,;, Korjga paBeH HYJIO oXpeleInTelhb
n3 ee KoadppunmenToB

m—»% pz ... P
—A ...
A (;") — P21 P22 Py = 0.
m Ppg pnn'—‘;"

Kopau aroro xapaxkTepuCTHYeCKOTO yPaBHEHHS ONpeNendlor 3HA-
9YeHAA HOKasareaa A.

Ilyers A = A, ecTh HEKOTOPDHI KOpeHb XapaKTepHCTHIECKOIO
ypasuenud. llepsaa u3 cacteM (7) oupefenser OJHO HeTPHBHAJIbHOE
penieHHe IJIA MOCTOAHHBIX A,;, ecld OTIAHYeH oT HYJA 1o KpaiHe#
Mepe OfHH H3 MHHOPOB NepBOro uopafgxa ompefemuTeas A (A,).
Ona onpefienser k JAuHeHHO He3aBHCHMBHIX pemeHHE Jns A,;, ecan
KopeHb A, ofpamaer B Hyah BCe MHHOpH onpemexmteas A (A,) mo
mopaxka k — 1 BKmouaTennHOo, He ofpam@as B HYJh IO KpailHeR
Mepe OJHOr0 M3 MHHOpPoB k-ro mopHaAKa.

25. CHavama OCTAHOBHMCA HA CJydae, KOIJla KOpeHb A = A,
He ofpamaer B HyJb II0 KpailHefl Mepe OJIHH 13 MEHODPOB IePBOTO IIO-
panka. He yMennmas o0mHOCTH, JOILYCTHM, 9TO XOCTEMHAR ecTh Ay,
Torpa pemenune nepsoit ua cacteM (7) Mosker GbITh 3ammcano (eciam
ydecTb, YTO HaC HHTEpeCyeT JacTHOe pemieHWe ¢ TOYHOCThIO 10 00-
mero BceM A,; MHOKHATeNsA) H3BeCTHHME (popMyIaMu

Alj = Alj (j = 11" . ey n)v (8)

rme A;; oGosnauaer Mumop (co 3HakoM) ompememmrens A (A), orme-
YalOIMAH 3JeMeHTY i-H CTPOKH H j-H KOJOHKM;, IPH 3TOM IOJaraercs
A = A,. Cpenu nocrosanHnX A,; HaiilercAd OPH CHAEJAHHBIX IPeuo-
MoKeHHAX XOTA OB ONHA OTJHYHAH OT HYJS, a MMeHHO A.

Ecan A ocraercsa nepeMeHHBIM IIapaMerpoM H He HNPUHAJIO 3HayYe-
HEA OTMEUYeHHOTO KOPHA A = A, HAM Kakoro-iubo npyroro ¢mrcm-
POBaHHOTO 3HAuYeHHsA, To coorHomeHus (8) ompemensmior A,; B BHAE
HEKOTOPHX moauHoMOB 0Ff A. Ecam 3T nmommmoMm A;; HOACTaBHTH
B ypasHenus (i = 2, ..., n) nepsoii u3 cucreM (7), TO HOAYIHAM COOT-

HOIIEHH A
;I(Pu‘ —8;;A) 4, =0,
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KOTOpHe OyAyT YHOBAETBOPEHH TOKAECTBEHHO OTHOCHMTEABHO A, TaK
KaK JIeBhe JaCTH IPEeJCTaBAAIOT ONPENeIUTeNH N-T0 HOPANKA ¢ JABYMSA
OJHHAKOBEIME cTpoukamM. ToklecTsa arA BosMOkHO auddepenmu-
poBath I0 A CKOOBKO YTONHO pas3.

JAndpdepenapyns ux nocuemosarenbHo k pas (b =1,2,...),
3aKII09aeM, YTO NOJHHOMAEI
1 k
Ap, =4 Aij), 9

!

TIe A§’§) obo3navaer A-10 NpPoM3BONHYI 0T A,; X0 A, YIOBIETBOPAIOT
ypasHeEHaM (i = 2, ..., n) moGoit cucreMn (7) He3aBUCHMO OT
3HaYeHHmH A.

Honcranoska ke moamuoMoB 4,;, onpexeneHHHX dopmyaamu (8)
IpA NPOM3BOJBHOM A, B HepBoe ypaBHeHMe IepBoHt w3 cucrem (7)

JlaeT COOTHOHIeHHE
;(Pli — 8,0 A=A ().

Corxacuo 3TOoMY -COOTHONEHHI0O nepBoll cacreMe (7) OyayT ynos-
7eTBOPATH 3HAYEeHHA IOJIHHOMOB A,; OpH A, PABHOM KODHIO XapaK-
TepucTHIeCKoro ypasBHeHua A (A) = (.

Ilyers A = A, ABIACTCH HPOCTHIM KOPHEM XAapPaAKTePHUCTHUECKOIO
ypaBrenna. Torma monmHoMm Ay, ompefienennsie dopmymamu (8)
u (9), npu 3HaAYeHHH A, COBIANAIOIEM ¢ KOPHEM A,, He MOTYT YHOB-
aeTBOpATH BTOPo#t cucreme (7), M, clefoBaTeNLHO, HAWBHICHIAM CTe-
IeHb m paccMATPHBAEMHIX HAMM pemeHMi pasHa Hymo. [leicreu-
TeIhHO, eCAM A = A, ABIAETCA NPOCTHM KopHeM ompepenmtens A (A),
TO 3HAYEHHMe NepBOH Npom3poJHOH mo A or A (A) momkHO OHTH IpH
A = Ay oramyuo or Byas. Iloaromy, ecam opuH pas npoxuddepennu-
poBaTh IOCJeJHee COOTHOHIEHHE M HCIOJAb30BATH oupefenenume A,;
no dopmyaam (9), moayumM mpum A = A,

A (ho) = ; (D17 — B1jhg) Agj — Ay % 05

TakEM 06pasoM, nepBoe ypaBHEHHe BTOpo#t cucreMsl (7) He yHoBje-
ropaerca. Ilyerp Temepp A = A, ABAAETCH KODHEM KPAaTHOCTH W.
Hpn TaxkoM npemonoc;eHWH 3HAUYEHMA BCEX NPOMIBOJHEIX oOlpege-
antena A (A) no mopsagka p — 1 BKaOuMTEARHO OYAYT HYJAMH IpH
A = Ay, a npoussofHas P-ro XOPAAKA OpH A = A, Oyler oramuua
or Byaa. Jnddepernmpys npemmocneamee COOTHOHIEHHE IIOCIENO-
BateabHo k pa3 (k =1, 2,...) m mcnoassaya omnpefenenns (9)

1
A )= )} (01— 818) Aus, 1 — Aui,
i

3aKTI0YaeM, 4YTO 3HA4YEHHA mojmHOMOB A,.; (r=1,..., n) mpm
A = Ay OynyT ynoBieTBOpPATH P mepBhiM cHcTeMaM (7) B He YAOBIe-
TBopaTh (u 4 1)-it. Creposarensno, mambonbimaa cremeHb m Oyner
B 3TOM CiyYae Ha eJEHANY MeHbHle KPAaTHOCTH KOpHA m = pu — 1.
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Haiifennase 3HA9OHAA HOCTOAHHKIX A; YIOBIETBOPAIOT He TOJLKO
monnoi cacreme (7), Ho M xi0O0OH ee YacTH, MOJAyYaOMEACH HCKIIO-
9eHAeM HEKOTOPOTo duciaa cucTeM cHH3Y. OGCTOATenLCTBO 3TO HOKa-
3HBAaET CYIECTBOBAHWE YACTHHIX PeHIeHHH HcCIeyeMOoro BHIA, B KO-
TOPHIX CTEIeHh BEKOBHIX WICHOB HAUMHAETCA C IPOM3BOJBHOIO YHC-
Ja, MeHbIIero ueMm m. HpyruMm cioBaMHE, OJHOBPEMEHHO ¢ MCKOMBIM
9acTHHIM pemieHneM HaWBHICHICH CTeNeHM /m [ OTMEYeHHOI'0 KOPHSA )

z; = f; (D)eM,
rae

t'ln
fil) =Ayor -+ oo+ Amigir
CYIECTBYIOT NPOUSBOJAHbIE OT HEro, UACTHHE pPemeHHA BHA
v LK)
Ly = fi (t)ekt’

rae f (t) oGosmawaer k-0 npowsBOAHYI NO ¢ OT HONHHOMA fi ()
(k=1,...,m). Takum oGpasom, Aa# pacCMATPUBAEMOI0 XapaK-
TEPUCTAYECKOTO KOPHA A == Ay KPATHOCTH p = m -+ 1 Mbl onpenennm
NOJHYIO IPpynmy M3 U 9aCTHHIX peHIeHmd, o4eBHHO, JHHEHHO He3a-
BHCHMBIX MEKAY co0o#f, HOTOMY 4TO HARBHICIIME CTEIEHH { B BEeKOBHIX
qJeHaX I3THX peleHHAN BCe pasJIMYHbI.

26. OcraHosEMcA Temephb Ha ofIEM CIydae, KOINA KOPeHb A = A,
obpamaer B HyJb BCe MAHODH oupefesanarens A (A) go mopanka k — 1
BKIIOUHTEJbHO, He ofpamas B HyJh 10 KpallHeH Mepe OXHOIC M3
MHUHOPOB k-ro mnopsAjka.

B atoMm cayuae mepsan u3 cmcreM (7) ounpenenser k amHeilino He-
3aBACAMBIX PeHIeHMH 1717 A ;. TH k JuHefHO HE3aBUCHMEIX pPeHIeHHi
MH ompefesnM caefyiomuM obpasom. [lyers (A — Ay)r aBaserca
MHO/KHTe/IeM HAHBHICHIEH cTemeHE W, HiaA obmero mamboabmero je-
amtens D, . MEHOpOB r-ro mopajgka oupefeaureaa A (A) (r =1, ...
. . ., k). PaccMaTpuBas npon3BofiHEE OT 3THX MHHOPOB O A H 3aMe-
4asg, YTO OHH BHIPAKAIOTCH JHHEHHO Yepe3 MMHOPH HA EMMHHIY BEHIC-
mero IOpAAKa, yGe:xmaeMcsa B CYMECTBOBAHHH HEPaBEHCTB

W2y > > ey > g =0,

rie p 0603HAYAeT KPATHOCTH KOPHA A = A, A XapPaKTePHCTHIECKOTO
onpepmesutens A ().
Cpegnn MHHOpOB r-ro HOPAAKA BHIEIMM MAHOP (Co 3HakoMm) 1)

Ail...zr, Jud

nojyvaomuica xocje BHYEPKUBAHHIA H3 oHpefe/uTeasl A CTpouek
igy « « «y I, H KOJIOHOK Jy, . . ., f,, KOTODHHA Ob mMea A = A, KopHeM

b Muro A, MO y4YeHHOMY BHYCDKHBAHHEM H3 oOHpefeJHTe-
iy p

vy Jrondy?
i) r
JIA CTPOK C YKA3aTeJNAMH Iy, . .., ir H KOJOHOK C YKA3JATEHAMH jy, ..., jp, YC-

[PESRR S A Y, P S
JIOBUMCA (PUIACHBATL 3HAK (—1i) ' i ™0 rpe 0 oGoaHauaer cyMMmy
HapyHIeHHH HOPAAKA B PAAAX ig, . .., i H jy, .. ., jr.



YACTHBIE PEHIEHUA 53

TOYHO KPAaTHOCTH [, & MEMHOP A; i ..., BEMex On A = A,

KOpHeM KpaTHocTE W, ,. IIpenmonaras A oTmmuHEIM or A, cocraBmM
BHIpasKeHHA

4, ,= ht’—]";'—lﬁ (s=r,r+1....,n). (10)
(A—2)"
Onm ompeneasior Ay (s=r,..., n) B BAge DOIAHOMOB OT A, H3
KOTOPHIX HO Kpailneit Mepe of@H M MMeHHO A,; He YHHYTO;Kaercd
npa A = A,. He pomenmme B 3to onpemesenme A, . . A,
HOJI0/KAM PaBHBIMH HyJ0. Buipasenma A,; (k = 2,3, ...) ompe-
JeduM IIpH 3TOM cormacHo d¢opmyae (9).

Tax ompefeneHHsle MOJIMHOMB A,; IHOJCTABUM B IEPBYI0 CHCTEMY
a3 cacreM (7)

2(1»,,-_6,,1)«4” _WZ%S 8uM) i i o doay

CrodAmasn 37ech B IPaBoit YacTH CymMMa OyNleT TOKIECTBEHHO HYJIeM,
KOJb CKOPO i = i), a k > r, motoMy uto Torfia oHa Gyaer mpomop-
IMOHANLHA ONpeJe/]UuTeNi0, Y KoToporo GyAyT XBe OJMHAKOBEE CTPOY-

ka. Ecawm i = i, a k< r, 10, ocraBaaa 0es BLIACHEHHMA 3HAK,
HMeeM

L P P RTIE S N SN
Z(Piki — 8;ik) Ay = ™ .
[ (A —2g)"

Corsacuo BHGopy! A,-l_._,l.r,j‘.,_jr B OPABOH YaCTH 3TOr0 COOTHOHICHHA
CTOMT HOJMHOM OT A, HMEmER A = A, KOpHEM KPaTHOCTH, IO Kpai-
Heit Mepe, He MeHbmeHd W,.., — WU,, ecan k < r, U TOYHO PpaBHOH
Wroy — By, €CHH Kk =

Hrax, npumATHME BHpakeHHMAMHE A,; B mepsoil m3 cucreM (7)
OGyayT TOMIeCTBEeHHO YAOBJAETBODEHHl BCe YPaBHEHHA i = i, He3a-
BACHMO OT 3Ha4eHUA A, eciu k¥ > r, a ypaBHenmA npe k =1, .. ., r
OyxyT YHOOBJIETBOPDEHHl COIrJACHO NOCJHENHEMY COOTHOHICHHIO, €CJH
TNOJOIKHM A = A,.

duddepeHnupya mo A TORAECTBEHHO YIOBJIETBOPEHHHE ypaBHe-
auA (i = iy, k> r) nepsoit us cucrem (7), 3ameuaeM, 4ro NPH HAIIAX
onpefeieHnAx BeauuymH A,; Oyayr ynoBaerBopeHs Bce MmOpoGHEe
ypaBHeHna (i = iy, k > r) BcAKo# H3 cucTeM (7) HE3aBHUCHMO OT
3HAYeHMA A. A TAK KaK IPaBhle YACTH NOCHEIHHX COOTHOHmICHMH (i =
= iy, k< r) HMeI0T A = A, KOpHEM BO BCAKOM C.Jygae KPaTHOCTH
He HAKE M,y — M,, TO 3HaYeHHA BCEX HPOM3BOAHHIX OT ITHX BHIpa-
JKeHWH o MOpANKA U,y — W, — 1 BRIOYATENBbHO GYXYT paBHH HYIIO
npu A = A,, a 3ro coraacHo (9) oGosHawaer, 94T0 ocTaBHIMECH YPaB-
Henna (i = iy, k < r) nmepmoii, BTOpOH, . . ., (B,—y — p, )it cHCTEMH
(7) OynyT yooBaeTBOPATHECA 3HAYCHH AMHA HONMHOMOB Ay;jmpr A = A,.
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B cmcreme ke (M,—y — U, + 1)-B He Oymer yNOBIETBOPATHCA HO
Kpaiigeil Mepe ee i = i,-e ypaBHeHHe, TaK Kak (W, — §,)-A mpo-
H3BOJ(HAA OT

A'i,...i,._l. jpnjr—]
(»— lo)ur

OTAMYHA OT HYJA Ipa A = A,.

Wraxk, npu saatnix onpenenaenmax (10) m (9) smauenus nosammuo-
MOB Ay; mpm A = A, YHNOBIETBOPANT W, ; — W, cucreMaMm (7),
M, CIe[0BaTeJIbHO, HAMBHICHIAA CTeNEHL m HNPH TAKAX ONpeeJeHHAX
Gymer m = p,y — p, — 1.

IlpuMmensas aToT npmeM K MuHOpaM mopagka r = 1, ..., &k, Mu
noMTyYnM Kk YaCTHHIX PelieHmil ¢ HAMBHICHIAMYA CTeXeHAMH M == M,y —
— n, — 1. Kampoe ma srux pemenmit, xaxk Ghiao 3aMedeHo pauee,
RXaeT Tpymmy ®3 W,y — W, pemeHHiEr myTeM auddepenmmposanus
Io ¢ XOJNUHOMOB, CTOSAIAX B NPOM3BOIAINEM PEeIICHHH MHOKATENAMH
npu eM. )

Urax, qna paccMaTpEBaeMOro XapakTePUCTHISCKOTO KOPHA A == A,
KPaTHOCTH | HafiieHo & rpyun pemenmit (r =1, ..., k), Kampgan
M3 KOTOPHX COCTOMT M3 M, , — M, pemeHmii. OOmee wncio HaiileH-
HHX DpemeHHi paBHO, OYEBHIHO, KPATHOCTH KOPHA

k
2 e — ) =

IllonydeHHbie pemieHMA JUHEHHO He3aBHCHMH Me;KAy coboil. B camom
AeJe, MB BHJEIH, 9TO pemeHHS KaKo#-i1uGo OTHe’NbHOH TIpyIIK
MEKIY co0010 TMHEHHO He3aBHCHMH, TAK KaK HMeEIOT pasiMdHbie Ha-
HBHICHIME CTENeHHM { B ¢BOMX BeKoBmX uneHax. Ilycrs memouxa mexon-
HHIX MHHODPOB

'il"'ir‘jl"'jr

ONpefeAeTCH KaKuMB-TH0O0 OMMHAKOBHIMM MHAeKcaMA pa r = 1, . . |
. . ., k. IlepeMennoe z;, BXO[A BO BCe PeHIeHHsA TPYNNbH, OTBeqalmeR
MEHODPY r = 1, Gyxer HyJeM 1o ompeeIeHHIO A BCeX APYTHX Ipynn
gacTHHX pemenmit. IloaToMy ecam cymecTsyer Kakasg-a1uo JHHeH-
HAaA 3aBACHMOCTEL MEKAYy HaWeHHHMH peIeHHAMH, TO CPefH OoCael-
HHEX He MO;KeT HAXOIMTHCH HO KpalHeHl Mepe HH OJHOTO pelleHHs
H3 rpynnsl r = 1, Tak Kak 0e3 3Toro ycaosua He OymeT cymecrBoBaTh
JHHEAHOH 3aBHCHMOCTH YACTHHIX peHIeHHMi [JIA IepeMeHHOH z;,.
IMopgo6upMH cOoOGpasKeHHMAMH MOKHO IIOKa3aTh, YTG B JUHEHHYIO 3a-
BHCHMOCTHh YaCTHHIX pelleHAH He MOKeT BXOJHTH TaK;ke HM OJHOIO
peHieHHs TPYNIB F = 2, TaK KaK Z;,, BXOJA B 3Ty I'PYNNY pelleHmit,
He BXOQHT IO onpejiejeHnio Hd B ofny u3 rpyun r > 2. IIpogomxran
3TO PaccMOTPeHHE [JaJbHie ¥ HMCKIIOYAA HIAT 3a HIATOM H3 IPeJIoao-
JeHHOH JHMHEHHOH 3aBHCHMOCTH Tpyums pememnit r = 1,2, ... k,
TeM CaMBIM JIOKa3HBaeM JHHEAHYI0 HE3aBHCHMOCTh MexAy co6oio
BCOH cHCTeMH M3 |\ HAfJIEHHHIX JIA KOPHA A = A, 9aCTHHIX PenieHHil.
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PaccmarpuBaa Tenepk BCe PA3IAYHHE H HEOAMHAKOBHE KODHH
XaPaKTePHCTHIECKOTO yPaBHEHHd, MB HOJYYHM YKA3aHHHIM IPHEMOM
CHCTEeMY M3 n YaCTHHIX PeHIeHHH, JHHeHHaA HE3aBHCHMOCTH KOTOPHIX
OYeBH[HA, €CJHU IIOCJe HOKA3aHHOIe oOpaTHT: BHEMAHHME HAa PAa3ljH-
que MHOKHTeNell et B pemieHMAX, COOTBETCTBYOIHX HEONRHAKOBHIM
KOpHAM A.

3aMeuaHne MoKHO IDHBECTH MHOIO JPYTrHX Ccnocoos on-
penenenas vacTHex pemenmit. He Hapymas upusenenmsix paccysx-
Menmi, MH MOKeM ompefiennTh moamHoMm A,; Bmecro (10) caenmyro.

muaMa  GopMyTaMu:

A-il...'ir. Jeerdpa dg

D 3.

n-—r

Aljs =
rae D,,_, ectb o0mumis HauboabmINA fAeqnTe]bh MUHODOB r-Io NOPAJKA.

JaeMeHTapHBIE AEIHTENR

271). lna onpenenenusa oOMHEX HauGonbmMAX HeTHTENEH MHHODOB
XapaKTepHCTHYeCKOTo onpenenntens A (A) supaGoraEm asneMeHTap-
HEle IPHEMH, Ha OJ(HOM M3 KOTOPHX MKl OCTRHOBHMCH.

JaeMeHMADHUMUL NPeo6DA306aRUAMY A-MATPHIEH 2) Ha3WBAOTCA
CHeyIOmMe ONeparuu:

1°. IlepecTaHOBKa [BYX CTPOYeK HJH [BYX KOJOHOK.

2°. YMHOieHHe BCeX 3JIeMEeHTOB KaKod-1u0o CTPOUKH (KOIOHKH)
HA OfHH M TOT K€ OTIMYHHHE OT HYJNS HOCTOAHHHLIM MHOKHTETh.

3°. CrnoskeHue 371eMEHTOB HEKOTOPOH CTPOUYKH (KOJOHKH), YMHO-
JKeHHBIX Ha OJWH M TOT jKe IIOJMHOM OT A, ¢ COOTBETCTBYIOIMMH 3Je-
MeHTaMH ApYyroil ¢cTpouku (KOJOHKH).

9TtH aneMeHTapHHe mpeoGpasoBaHua o6NaZAOT CIENYIOIMUM, Bask-
HEIM [JIA Hapoied 3ajJad¥ CBOHCTBOM: €CJH BC€ OIpeJeNHTeNH i-To
OOpAJKA A-MATPHOE, B YacTHOCTH MHAHODH ompefemurenn A (M),
HMEI0T MHOKHTeJeM HOJMMHOM ¢ (A), TO 9TAM MHOKHTedeM OyAyT
ofxajars BCe ONPENeTHTENN i-TO NOPANKA KaKIod M3 A-MATPHI,
oayYaeMoll M3 HAYAILHOH myTeM 3JIeMEHTAPHHX mnpeobGpasoBaHmil.
JeiicTBaTenbHo, AnA npeobpasosanmit 1° m 2° ato ofcroATeabCTBO
oueBupHO. UTOGH MOKAa3aTh, UTO OHO CIpaBEJJIHBO M JIA npeobGpaso-
paHMH 3°, NPHCOEMHAM K 3JEMEHTAM D-H KOJOHKM A-MATPHII COOT-
BETCTBYIOIHE 3JEMEHTH ¢-# KOJOHKH, YMHO)KCHHbiE HA IOJHHOM
¥ (7). Beaxmit onmpeneiaarend i-ro HOPARKA A-MATPHIN, B KOTOPbHIH
He BXOJHT p-A KOJOHKA, PABHO KAaK W BCHAKHWHA onpejeiurendb i-ro
HOPANIKA, 3AKJIYAIUA KpoMe p-il KOJOHKH TaKKe H ¢-10 KOJOHKY,
ocraerca (e3a uamenenmsa. Oupejenurens i-ro moOpagKa, 3aKAKYAI0-

;%)B oxep M. Beepenue B Bucmyio anrebpy.— M.: I'TTH, 1934.— (Cm.
ra. 12).

3) To ects MaTpHNB, IeMeHTAMH KOTOPOH ABIAITCA HOXHHOMH OT A.
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A p-310 KOJOHKY, HO B KOTOPHIA He BXOJHAT ¢-A KoJIOHKA, IIoc.1e Ipe-
ofpa3oBaHN NIPHEHEMAaeT BUJ

A = ¥B,

e A m B ABIA0TCA  oupeleJHTENAMH {-I'0 TOPAAKA HAYaJbHOl
A-matpans. OTcioNa HenoC peJICTBEHHO ClIelyeT CIpaBeliIABOCTE BHICKA-
3aHHOI'0 IPeIOKeHHM,

dneMentapusie npeo0pasoBaHAs He MOryT M3MeHHMTH ofmero Ha-
ubonpmero geautena [); onpelexwrtesei i-ro NOPAJKA HAYAILHOR
A-Matpunsi. CoriacHo mpeasyiHeMy, OHH MOTJE Obl JHHIE yBEJIHAUHThL
Ha HEKOTOPHH MHOKHTeAb o0mmmit HamGoJNBLIIMA [eluTexb OHpeXenn-
Temell i-ro mOpPAfKa B mpeo0Gpa3oBaHHOM A-MaTpHIe; HO yBEJIHIHTH
2TOT OGIMAHA e/ HTEeNb OHA HE MOTYT, TAK KaK 3dJeMeHTApHEIe olepanan
oGpatuMsl, a ofpaTrHoe npeobpa3osanue IpeoGpa3oBaHHON A-MATPHIIH
K HagaJabHOH Torma Jano O uWHOe Beipaskenwme aA D;. )

dneMeHTapHBC NpeofpasoBaHHA IEHHH TeM, 9T0, COXPaHAA oGmue
HanGoNpmAe [eJHTeNTH ONpefleMTenell i-ro HOPANKA A-MaTPHIH,
OHM MOIYT IPHBECTH IOCHETHIOW K TaK HA3LIBAEMOMY KQHOHUHYECKOMY
sudy, NAA KOTOPOTO He MpeJICTaBIAeT HAKAKAX 3aTPyRHeHu# ompeje-
JaTh ofmae HamboabmiAe JeauTENR oupefenureneil mo6Goro mopAaKa.

Ecan nepswit smement A-marpunsl f (A) He obpamaeTcsa TORIECT-
BeHHO B HYJb W He ABIAETCA MHOKHUTEJIEM BCeX OCTATBHBIX 3JIeMeH-
TOB, TO MO)KHO IOJYYHMTH 3JeMEeHTaDHHMEH HpeoOpa3oBaHUAMH TAKYIH0
MATPHUIy, UEePBHI JJMeMEHT KOTOPOH He paBeH TO:AECTBEHHO HYIIO
H 6yger Mennimel creneHH, Heskend f (A). JeitcTsuTennHo, mpexnoNo-
JKHM, 9TO B TepBOHl ke CTPOKe HAXOJATCHA HAa j-H KOJOHKE 3JIeMEHT
f1 (A), me menammizca wa f (A). Ecam f, () uMeer cTemeHh MeHbHIYIO,
Heskend [ (A), TO KeraeMoOro MOKHO JOCTHYH IPOCTOH IepecTAHOBKOH
neppofl m j-H KoaoHok. Bo Bcex Apyrux caydasx

fr @) = ¢ Wf () + r(4),

e r (A) mpemcTaBAmeT NOJMHOM CTeneHHM Hu3meH, He:xemm f (A).
Torma, UpHCOeTHHAA K JJeMEHTAM j-# KOJOHKH 3JIeMEHTH NepBo#
KOJOHKHA, YMHOMKeHHble Ha — ¢ (A), modydaem B mpeoGpasoBaHHOM
A-mMaTpune 3;jeMeHT r (A) B mepBofl cTpoKe W j-H KOJOHKE; eClIH DTOT
3JIEMEAT IepeMecTHTh Ha MECTO IMePBOro, TO IOJIyYaM TpeGyeMbii
pea3yiabTaT.

Paccy:KeHAA 9TH NEPEHOCATCH M Ea TOT Caydaill, Korga He Jejas-
muica Ha [ (A) aeMeHT HaXOHHTCHA B NepBodl KOJOHKe.

IHycts teneps e gensmuitcs Ha f {(A) smeMeHT cTOAT B i-H CTPOKE
H j-# KoaouKe. Ilycrs 3/eMeHT NMepBOMl CTPOKHM M j-# KOJOHKH €CTh
¥ (A) f (A). IIpucoequunan Torga 3AeMeHTH 1-l KOJOHKH, yMHOMKEHHbIE
Ha — ¢ (A), K 3;meMeHTaM j-i KOJOHKH, B 1-H cTpoKe H j-H KOJOHKE
nonywam 0. Ilpmcoemmmss j-10 KOJOHKY K mepsoit, moxyumm | (A)
B Ka4YeCTBE MEPBOTO HJIEMEHTA, a B NEPBOM KoJOHKe M i-H cTpoKe Oyaer
CTOATH 3JEMEHT, He AeJsmuHcsa Ha f (A), 0Ib3yACH KOTOPHM, MBI YiKe
yMeeM YMEeHBIIATH CTeEeHb IIEPBOTO 3JEMEHTA.
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TaxsM myreM MH BCerga MoKeM CHeJaTh IEPBHM JJIEMEHTOM
A-MaTpEIE dJeMeHT ¢ HAMHA3HICH CTelmeHbIO A M NPATOM He o6pamaro-
MAACA TOIECTBEHHO B HYJb, €CJH HCXOMHAf A-MATPHIA He COCTOAIA
cwroms B3 Byxe#t. Ecau 3ToT 3nemeHT He ABjaAerca oOmEM MHOKHTe-
JeM OCTAJBHBIX, TO NOBTOPSEM CHOBA YKa3aHHBIA HpoOIece, Kaskahli
pa3 INOHMAAA CTENeHbh NEePBOTO 3JeMEHTa, TAK 4TO IOCJe KOHEYHOYro
9HCIia oxepannil BO3MOKHOCTD IPAMEHEHN A YKA3aHHOI'O IPHeMa 0K~
Ha OPeKPaTHThCA (4 MMEeHHO, KOTAa IEPBHH 3JeMEHT CTaHeT o6mmM
MHO;KUTEIeM BCeX OCTaAbHBIX).

IlpeoGpasoBannamMa 3° Bce dMeMEHTH NEPBOH CTPOKM H IepBoil Ko-
JTOHKW MOTYT OHITH TOrJa NPHBEJEHH K HY.NIO, 32 MCKIOYEHHEM mep-
soro aneMenTa E,, m mHTepecyiomas Hac KpajpaTHas mMatpuna A (A)
paHra n UpUMeT BHUJ

Ey 0 ... 0
0 bw ... b,
0 b, ... b,

upu 3toM E,; (L) == 0 apaserca penamtereM Bcex b,
IIpomomxas 2T0T Upomecc Majbiie O OTHOHMICHHMIO K MaTpuIe
| b;; | M kK madpHeHmAM, MBI IPUBeAeM UCXOXHYI0 A (A)-MaTpHIy K BERY

Ey2 0 ... 0 i
6 E ... 0
o 0 ... &

160 paHT HCXOJHOH MarpHI B MHTEepecylOl[eM HAc ciydae XapaKre-
pucTAYecKoro oupememuredas A (A) pasen n. B rammoM noaummoMe
E; (A) xoopdrnmeHT mpH BHCHIEH cTeXeHM A CHeaaeM pPaBHBIM efid-
aane. Iloammom E, (h) corsacHo npoueccy cBoero o6pasoBaBHA
AsaseTcH pmequreneM E; (A), ecmm j > i.

28. OGmuit BanGoxbmui AEeAATENb ONpPeNeNHTeNet i-ro mopagKa
nocjexHed MATPHIB PpaBeH

Di(\) = E, (\). .. E; (M)

Ecam oxoHuaTtelbHas MATpPHLA NOJYIMIACH OT JJIeMEeHTaPHBIX
npeoGpasosanuii A (A)-MAaTPpHON, 710 KopHAME moamuoMos E; (M)
ABJAIOTCA KOPHH XapakTepHCTAYecKoro ypasHeHus A (A) = (), mGo
3HauenHe oupene.snrenan A (A), O4eBHAHO, NPOHOPIACHAIHHO HPOM3-
BEJICHHIO

E,(X)...E, ).
O0o3naumM vepes
) U

pasinUHbEe M HEOAHHAKOBHE KODHA XAaPaKTEPHCTHUECKOTO oIpere-
marexss A (A), a pasao:xenme poaamoMa E; (A} ua aneMeHTapHHe
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MHO;KETEAN 3anmmeM $opMymoi

E;(\)=(— xl)"%. . .(x—xs)"; i=1,..., n).

Bxonamue B dyarnun E; (A) MHOKATENH
j
(A —2)"

¢ OTJIHYHBIMH OT HYJA NOKa3aTeJaaAMH eﬁ Ha3HBaAIOTCA dteMenHmaprbL-

Mu deaumeanmu. J[aA KaKIOTO KOPHA A; OTBEYAlOIIHe IIOKa3aTesd e
YAOBIETBOPAHIOT HEPABEHCTBY

ee=e, ((=2,...,n),

TaK Kax npu upmsefieHuan A (A) K KaHOHHYECKOMY BHAY IOJHHOM
E; nonywancsa nemureneM BcAKoro Ej, ecam j > i.

JnemenrapHue gexuredd A (A) OIPeHeNANT CTPYKTYPY dYACTHHRIX
pemieHA# A AuHeRHHX AuddepeHuHaJLHENX YpPaBHEHHHE C HOCTOSH-
HEIMH Ko3pdmuuenrama. [lefcTsHTeNbHO, MycTh Hac HMHTEPECYIOT pe-
MeHus, OTBeYalol#e KOPHIO A = A;, AJA KOTOPOIC 3JeMeBTapHEE
JeXUTEeNH HUMeT BHN

(A — ).

Munop nopapgka 7 ABAAETCA OIPENENHTe]NeM LOPAAKA [ = n — T.
Orciona KPaTHOCTH U, KOPHA A = A, M o6mero HanGoAbHIETO JIeHH-
rens D, . MaHOpoB mopanxa r Gymer

W =2¢6 + ...+ ey

M, CHef0BATeNBHO, PAa3HOCTh W, ; — W,, onpefeamsmas B I. 26
YHCAO YACTHHIX PeIeHAH B COOTBeTCTBYIOIHEH Ipyume KopHA A =
= Aoy €CTB Pry — Wy = €4y .

ITHM YCTaHABIAMBACTCA, UTO NOKAAMEAL € IACMEHMAPHOLT Oeau-
Mmeaell DABHAIOMCR HUCAAM peuweHull € coomeemcmeylowell zpynne,
npunadaexcawyeii KOpHIO Aj;.

29. 11 p u M e p. 3anagamed cacTeMoit audepeHnHaIbHHX yPaB-
HeHHi

dz , dz’

F=% S =—z—2,
dy ;o dy /
E=Y, S =—y—2+pk-+2)

Ecam yrommo, npamep 3T0T BO3MOKHO MOIEIHPOBATH ABYMA MeXa-
HHYECKHMMH CHCTEMaMH ¢ YKAa3aHHHIMH CHJIaMM, K3 KOTODHIX IepBas
Yepe3 IOCPENCTBO HEKOTOPHX CHeNAIfUX CHCTEM CO3JaeT CHIH
p(z -+ '), neficTByOIHe Ha BTOPYK CHCTEMY.

Bynem caemosars mpasmay u. 25, 26.

1°. Cragana HYXHO BHIACHHTH JJIMEHTapHLIE JIETHTENH XaPaKTe-
pucTHYecKoH MaTpumsl A (A).
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2°. lan HEKOTOpPOro KODHA A = A,, HAYMHAA C OTIAYHOTO OF
HYJA IPH A = A, MHHOPA TOYHO HAHBHICHIEr0 HOPANKA k, oNpee Ut
OEeHoYKY MHHOPOB (CO 3HAKOM)

Ai‘..., B Groedy

¢ KakEMA-TEGO OJMHAKOBHIMH MHIeKcaMM upum r = 1, ..., k rax,
4To6R mpH mepexonie or ' kK r — 1 KpaTHocTh KopHA A = A, moBHIma-
Jach 1A JTHX MHHOPOB TOYHO HA BeJHIHAHY

Cn—r+1r i
H fajee JJIA KaxA0ro M3 smaueHuit r = 1, ..., k onpepenuts ne,_,,,
HOJHHOMOB
Aljs _ Ai,...ir, j,...j‘,‘._ljs . = A_%")_
(A—hoy " b
p=1,...,enpn—1; s=r,...,n); Bee 4,; npu s < r nono-

JKETH PaBHBIME Hym0. Ilo 3TAM HoTMHOMAM, IOMOKHB B HHX A = A,
ONpeeTUTL THCIA A M COCTABHTH NOPOKAAIOMee PelmieHHe ¢ HAUBHIC-
mel cTeNeHbI0 BEKOBHIX WIeHOB M = e,_.., — 1 rpymnst (r)

Ty = (Ali ;l—' + .. Am+1, i) eM (7\. = 7\.0).

s onpenenenns daeMEHTAPHBIX JeNATENEH MATPHI[H

—h 1 0 0

—1 —2—-A 0 0

AM =] o o _an 1
i i —1 —2—A

npu6aBEM K NEPBOH KOJOHKe BTOPYIO, YMHOKEHHYIO HAa A, M mepe-
MECTHM BTOPYI0O KOJOHKY Ha MeECTO IepBoii

1 0 0 o0
—2-A —(A-L1)2 0 0
0 0 - 1 |

w pA+1) —1 —2-)

Bce saemenTH mepBo#t KOJOHKH, KpPOMe HePBOTO, 3JIeMEHTAPHHMH
onepaiHAMA CO CTPOUKAMH MOKHO caesarh pasHbiMu Hymo. IIpenmo-
JIaras 3T0 BHIIOJHEHHHM, YMHOKEHHYI0 Ha A - 2 TPeTbi0 CTPOURY
npubaBEM K 4eTBepTof CTpPoUKe, Nocjae Yero mepeMeHHM MeCTaMH
BTOPYI0 H TPETBbI0O CTPOYKH, A4 UeTBEPTYI0 KOJIOHKY IepejBHHEM Ha
MeCTO BTOPOH, OTTECHHB TPETHIO KOJOHKY Ha MECTO UeTBepToi, a BTO-
PYI0O Ha MeCTo Tperbem:

0 0 0

1 0 —A

0 —(Aip 0 .
0 pR+1) —R+1p

SO O
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Bce saeMeHTH BTOPOH CTPOYKA, KPOMe BTOPOro, JelaeM HYJIAMH,
B wexanonusmpoBaHHO# YacTn MaTpunH A - 1 ABasercsa o6mEM MHO-
JKHTeJeM Bcex ee anemenTtoB. llpeamosaras p OTAMYHEIM OT HyJA,
. 9eTBEPTYIO CTPOUKY, YMHO:KEHHYI0 Ha A -+ 1/u, mpuGaBaMm K Tperheit
H IIOMEeHgeM HX MeCTaMH:

10 0 0
01 0 0
0 0 A1 0
00 0 (A 1)

CrenopaTeanno, snemenTapHbMu ReamrensaMa A (A) GymyT
(*+1), &+ 1)

XapaxreprcTaueckoe ypasHenme A (A) = (0 umeeT ogMH KopeHb
A== —1 |erseprofi KPaTHOCTH; KOTOPOMY, COLJACHO CTPYKType
9JIeMEeHTAPHBIX JleJHTeNel, B CHIY paHee M3I0;KEHHOro, GynyT oTme-
9aTh JBe IPYNIH YaCTHHX PeNIeHAH: of[HA ¢ OXHHAM, a APYras ¢ TPeMA
JACTHHIME pPeHICHHAMH.

PaaymeeTcs, B IPaKTHYECKAX BHIYMC/ICHHAX, KAaK TOJABKO BHACHEH
MHOKHTEND E,, MaTpHOy Hajgo cpa3dy COKPAINAThL [0 ee HeKaHOHA3H-
poBaHHOH vYacTH.

OmnpenesuM Teneps YacTHHE pemeHns. B COOTBETCTBHH ¢ BHACHEH-
HOH kamoHmYeckoll dopmoit maTpmum A (A) 3akaouaem, 4TO BCe ee
MHHODH IePBOTO NOPAZKA Oynyr YHHYTO:RAThCA npe A = —1i,
a cpenu MHHOPOB BTOPOro NoPAJKA HAHJeTCA OTIAYHHIA OT HY.dA
npu A = —1. Cpem MuHOpoB A (A) BEHAENHM IENOYKY o6IMX Ham-
Gonpmux pexmreseit (mpasuao 2°), mampmMep

A =1, Apg=—p @R -+1).

Ipynny wacTHhX pemeHMit r = 2, 0TBEYalOIIYI0 3JeMEHTaPHOMY
meautemio A + 1, Bwamcnsem cormacso 2°. Uucaa 4;; cyrh
All TR e 1, Al2 == 1, Al3 = 0, A14 - O;
OTCIOfa TPyNNA 7 = 2 COCTOMT M3 YACTHOI'O PeHIeHHSA
x=—€e' a'=¢" y=0,y =0.

Yro6n ompejenurs rpynny 9YacTHWX pemeHmi r = i, orsewaio”
Hyl0 3jeMeHTapHOMY fAemmremio (A + 1)%, caemyem npasmay 2°; mo-
JHMOMB A; ; INA 3TOH Trpynnbl MMEIOT BHJ

Ap=—@A+2)(A+1), Ay =»r-+1,
A13 = —‘lh A14 == —pl.

Orciona paddepennuposanmemM moayuaeMm
Ay = —20 — 3, Ay =1, 435=0, 43 = —p,
Ag = —1, Az =0, Agg =0, A5 = 0.

Honcrasnsa B 3tH nommmoMm A = — 1, maxomuMm mocTosHHEBIE Ay
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H CcoCTaB/AeM NOPOH3BONAINEEe pemeHHe IPynnu:

r=(—t—1)et, 2’ =te,
]

y=—nget, yi= (u - - ut) et

OcranpEne JBa IPOHSBONHHX YACTHWX pemeHAA PYNOH T =
noxyInM nyreMm JA¢depeRnHupPOBaHHA NOJHHOMHAJIHHKEX MHOKHTEIE
B IPON3BONAINEM PelmeHAR

1
)2
z=—e"', o' =¢', y=—ptet, y = (ut — p)e’,

z =0, =0, y=—pet, y = peth),

Kanonunuecknit Bujy nepsoro npuéamwxennn

30 [18]. Jlna msyuaemoil cucremMH amddepeRunaNBPHNX ypaBHe-
HHH ¢ DOCTOAHHNMHA KO3()PHIHEenTaMH
d:cs , \
@ Pa1Ty T - -+ 7 Psn®n
OyaeM HCKaTh n HE3aBECHMWX HHTErPaJoB BHJA
U=y, + ...+ yazn,

THe ¥; CYyTh HeKOTOpHEe QyHKIHH {. Y PaBHEHHAs, KAKAM YIOBJIETBOPAIOT
$yEKDAE y;, moayuaiorca namddepernmpoBaHAeM

dU dyl ) f H
T 2aTig T QoY Pty piz,) =
?

T
= £o%\gr F Pubr e F Pailn | =0

Tak Kak 3T0 TOMAECTBO IOJKHO HMETh MECTO OPH IPOM3BONBHBIX
HaYaJbHNX 3HAYCHAAX NEPEeMEeHHHX I;, a 3a HAaYaJbHWHE MOMEHT MH
BOJIbHH OPHHATL BCAKHA, B TOM YHCJe W PaccMaTpiBaeMui, To

ay; |
7 P1i¥y e DPuilfn = 0.

Jdra cAcTeMa auPPepeRnEaILENX VPABHEHHN Ha3hBAaeTCHA npucoe-
Ounennoll X mcxoxHOR cmcteme. Ee xapakTepucTHuecKoe ypapHeHHe
HMeeT BHJ

D (p) =l pji + 8pll = 0.

') HeoGxopuMo0 3aMeTHTH, WTO eCJH TIPeRiOKeHHBIi TIpEMEp pa3pelnath
HEpeAKO NPHMEHACMBEIM METOJOM OTYJALHOTO HCKJAKYEHHS NepeMeHHHX, TPHBOIH
d

d
CHCTEMY K ypaBHeHHIO A (?) v = 0, B KoTopoM cTelenn oneparopa 3¢ obos-

Ha¥ai0T HOPAZIOK NPOH3BORHHIX, TO HEeH3GEHKHO NpHAEM K OMHGOMHOMY pe3yib-
YaTy 0 CYIEecTBOBAHHH YaCTHOTO pelleHHS ¢ BCKOBHIM 4ICHOM !, KOTOpPOro B 3a-
fave HA CaMOM Jesie Her.
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C0BOM, XaPaKTePHCTHIECKHH OIpeNenTe b IPHCOCNAHEHHOH CHCTe-
MH TOJYyUaerca M3 Hcxoamoro A (A) 3ameHoil A Ha — B B 3aMeHOR
CTPOUEK Ha KOJOHKH, a KOJOHOK Ha cTpouxH. IloaTomy xapaxrepucra-
gecKHe KOPHHA IPUCOCIHHERHOR CHCTEMH |is OTJIMIAIOTCH JHIb 3HAKOM
OT XAPAKTePHCTHYeCKHX KOPHeHX A; MCXONHOR CHCTEMSL.

Hycts

B+A" G=1,...,k

fPeICcTaBAAIOT BCe JJIEMEHTADHHC NeJHTeIH XapPaKTeDPHCTAYECKOR
smaTpunsl D (W) AAA DPHCOGAMHERHOH CHCTEMH B HPeqnoJIOKeHHH,
9T0 Ka)KAK# KOPEeHb HOBTOPAETCA CTOJNBKO Pasd, CKOJBKO COOTBETCT-
ByeT eMy rpynn pemennii. CTeneEb n, cOOTBeTCTBYIOIETo dJXeMeHTap-
HOTO feanTeas o003HagaeT, KAK MK 3HaeM, YHCIIO PEeHIeHd# B rpyuue,
OTBeYaIoImell KOPHIO 4 = —Ag; UHcia n, DepefAPAIOT Bce MOKasaTesad
aneMeHTapHHMX naenadtenedr marpmuni A (A). Ilyets rpymma wacTHRX
pelIeHAE UPHCOONMHEHHON CHCTEMH AJA JeaHTeds (s) ecTb
m
(s) ()2 () —ht

Yi :(Ali TnT'{"""{‘ Am+1i>e 8 (m209.11"'vn3'—'1),
rae AL} cyrs nmocTosmmHe, onmpeneseHMe KoTopHX BHsacHeno. Ilox-
CTaBJAAA OTH YaCTHHE POMIEHHHA J; B BHPAKeHHe HCKOMOI0 HMHTEerpajia
U, naitneM ng caepyiolqaXx HHTErpajoB CACTEMb YPABHEHHH B BapHa-
AAX:

& _ ot () ) bt
§ 8 $ -
U :<zl W'&""‘*‘znwl)e 8 (m:()111""ns_1)y
tae z) cyrh anmeiinsie QOPMH OTHOCHTENBHO IEPEMEHHHX Ty, . . .
e+ T, ¢ DOCTOAHHKMH KO3(pPHIMEHTAMH:
b (s)
=N A%z (r=1,..., 1) (11)
1

Bce n = n, -+ ... 4 n; HATErpajJoB, KOTOPHEO HOJYYHM, 1aBaA $
sce 3Ha4YeHHuA oT 1 X0 k BRIYHATENHbHO, OyayT THHEHHO He3aBUCHAMHMHE
no nocrpoermio. Otciona HesaBmcAMBIMH Oyayr n JAHEHEHX dopM
7 r=1,...ns s=1,..., k), kxotopue, cle(0BATEJILHO, MOKHO
UPHHATH 34 HOBHE UEPEMEHHEIE BMECTO Ty, . . ., Tn. Jnddeperuupysn
gETerpaa UG ¢ mamsncmeil creueHsio m = ns — 1, HMeeM

-2

dz® ) ng1 ( dz) ) UM

-t 1 3] ¢t 2 (s) ) ¢

e — e R —— P

* [( dt hezi n,— 1l + dt hszy” + 21 n,— 2l +

(s )
e 5 — ?yszﬁfs) -+ zﬁ,?_l == (),

dt
OTKYHa
(s)
clzl — z(s)
dt st
dz (12)
——J—:)\'Sz(S)'—zgs—)l (S'_':ii.'°"k; j:27""n3)' .

at ]
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Nrax, upm nomomm mHeocoforo !) nmmeitHoro mpeoGpasoBamdA ¢ mHO-
croARRNMHE Kodddrumentamu (11) cmerema nuddeperyuanbanx ypas-
HeHHl B Bapmanmax npeo0pasyeTca K Kanowuueckomy eudy (12).
Karonnueckme nepemennme 27 pasémsaior IPoCTPAHCTBO (Ty, . . .
e..s Z,) Ha k mnoampoctpamcrse (27, . . ., zﬁf:), rie s=1,..,k

B TOM CMbIC/€, YTO HaYajJbHOe BO3MYINCHHE KaKoH-nuGo onHoH mepe-

MeHHOX zgs) He 3aTPaTHBAaeT HePeMeHEHX z) npH B, oramamom or s,

aupu H=s a<j.
B caygae cymecTBOBaHAA KOMIUIEKCHHX X3PaKTEPHCTHYECKHX

KOpHeit A; OTBeualOriMe MM KAHOHHYECKHE NePeMeHHHE z.) GyayT

TaK:Ke KOMIJeKCHRIMH.  EcliH jKejlaeM MMOTH [eJI0 ¢ Bel[(eCTBeHHHMH
HepeMEeHHEIMA, TO CJegyeT UPOM3BECTH HONOJHATONBHYI 3aMeHy
IHepEMEeHHBIX.

HonycTEM, 9TO CONPAKEHHBIM KOPHAM

M=h+pV—1 d=ht—py—1

COOTBETCTBYIOT CJAeNYIOmHe BeJAHYHHH 2!

&N Ry ¥
5 =u;+v; Y —1,
(2) V=T (i
P =u;—v; V=1 (j=1,...,n, =n,).
3a HOBHE IEPeMEHHEE BMECTO 25", 27 MOKHO LUDHHATH BEJHIMHBI

tj, V;j, KoTopHe OynyT AMHeiHHMA (OPMAMH BEJHAYMH Ts C IOCTOMH-
HBIMH  BemecTBeHHHMH  Koddpdmnmertamm. duddeperumannnne
YPaBHeHH, KAKHM YJIOBJIETBOPAIOT Lj, U, MONYYAIOTCA H3 (12) mytem
OT/le/IeHHA BEIeCTBEHHHIX M MHHMBIX dacTei:

du; . - .
= = Mg —
dvy .
—dT == 7\«U1 -+ puy,
du

;L .
=5 = My —prs —uj,

dv,
-# = }\'Uj + p,u,-——vj_i (] = 2a. vy nl)'

Taxue rpynnsr ypaBHeHRH HOJYYAM JJIA KasKHOH Maphl KOMILIEKC-
HHX CONPAKEHHHX KopHeH. [[1a BemecTBeHHNX KOpHei GyaeM mMeTH
rpyuns Buga (12).

f. Ipumep. PaccmorpuM ypasHeHHA

dxy dzxy
7 i 7 S U bl S ol P 1)

1) Ilopx HeoCOGHM NHHEHHHM Hpec6pasopamEeM HOHEMAETCH TaKoe, onpepue-
AATENb H3 KodQ@MNHEHTOB KOTOPOTO OTAHYEH OT HYJA.
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64
d.‘tg dJ!g
—d—t‘:-zz‘{‘xay, —E—=zl+x5+zd,
dl'a‘ d.’to
G =T T Ty o =T T — X 2z,.

Yro6m omnpeeIdTh KaHOHHYECKHE NePeMEHHHE 2.), BHIMIIEM

MATPHIY HPHCOENHHEHHOH CHCTEMB

[0 0 t 1 1
0 lip —1 0 0 0
I B T T B 0
Dw=|_y o 0 14p 0 e
0 0 0 —1 ttp —t
—~1 0 0 0 1 24p

JeMeHTAPHKE HeJMTeNH ITOH MATPHNH CYTh
B 2+ 2, (u® - 20 4 2)%

CJ/1eH0BATEALHO, XaPAKTEPHCTHUECKOE YPABHEHHE MHPHCOCAMHEHHOH
cucreMsl I () == 0 @MeeT B3 KOMILUIEKCHBIX CONOPS/KEHHKX KOPHA
p=—1+im p=-—1— i, Rakjgoe TpeTheH KPaTHOCTH; XapaKTe-
PHCTHYECKOE jie ypasHeRHe 3ajfaHHoi cucteMn A (A) = 0 Oyner
I03TOMY HMeTh KOopHH A = 1 — i | A = 1 4- i ToH ;Ke KpaTHOCTH.

JlaA onpefeieHHA I[OCTOAHEMX AL}, BXOIAIAX B BHPAKEHHA
KAHOHHYECKHX IePEeMEHHHX Zi) H B BHPAKEHHA DemeHAH HPHCOeNH-
HeHHOM CHCTEMB!, PACCMOTPHM TAKyl LEmOYKYy MHHOPOB

Dy, 55 = —n (2 +mn)y, Dyg=u (24 p (* + 2p -+ 2),

YAOBIOTBOPAMMX HOpaBHAY u. 29 miaa gJwoboro KopHA Xxapakre-
PHCTHYECKOI0 YPABHEHHA NpHcoeinHeHHOE cmcreMu D (p) = 0.
Cravaina onmpejenuM NOCTOAHHMWE A;;, CBA3AHHHE |B M3BECTHOM
CMBICE C NPOCTHM 3aAeMeHTapHHM jJermrteneM (u -+ 1 - i), Coraac-
a0 QopMmye
Ay = Dy

OupeneTHM MOJAHOMBE
Ay =0 A =p A +p) @2+ p) 45 =—p @ p)
4,,=0, 4,5, =0, A =0,
oTKyZa RiA BuOpaHHOTO KOPHA B = —1 — i AMeeM
A = 2i, Ay = 2,
M caefoBaTeabHo, coraacHo (Qopmyae (11)
2V = 2 (24 + izy).

OnpenernM Temeph KaHOHMYECKHE IEPEeMeHHH® [PYrod rpynns
toro ke KopHA. IlocKoabKy Bce MHHOPH OEepBOro Iopsfxa onpe-
neamtens D (u) mmeior o6muit MEOKETeAs PP + 2 -+ 2, MH MOMKeM
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onpeneJUTb MONHHOMH A,;, caexya 3aMedanuio B 1. 26, no Gopmyaam

. D..
_ aj
Ay = ui2p 20
Hnmeem
Ap = — @2 +p), Ay =0, 4,3 =0,
A =+ ) 420 - 2) Ay = p 2+ p), 4, =
= —2 (1 -+ p)
Orcona mo dopmyre (9)
Ay = —2 (2 - p), 4y =0, Ay3 =0,
Agg = (0> + 20+ 2) =21 +p)’, Ay =21 + p)y 4y = —2.
TlopcraBias B 3TH MOJMHOMB 3HAUGHHEE KOPHA § == —1 — i, MMeeMm
/411 = 2i. A12 == O, .’113 = Og
A4, =0, A = —2, A, = 2i,
A21 = —2 + 2i, -422 = 0, 473 = Q
Ay = -2, Ay = — 2i, Ay = —2,

OTKYA3 KaHOHUYECKWe NepeMeHAbe ATOH TFPYNOH ONPeeafloTca 1o
dopmynam (11)

z(f) = 2i (x; + x4 -+ ix;), Z?) = —2(zy + 74 -+ iz;) -+ 2i (z; - ix,).

Kamonuyeckne nepeMeHHBE JJis CONPAKEHHOTO KODHA HOJYISIOTCH
IepexoNoM K conpsmxeHasy Gopmanm I3, 730, 72,

32 [17). YacTHne pemenas ypaBHeHAH u. 24 HAH Jerko moay-
qaICIAeCA MOoc/e UX HOACTAaROBKH B ypasHewudA (11) pemenwms kamo-
augeckuX ypasHenn# (12)

28 = glMe’ (0 () — nosmmoMBI)
DPHBOAAT K HENOCPEeJCTBeHHHNM BHBOXAM 00 YCTOHYHBOCTH B mepBOM
upabanKesad,

Ecnm cpenm kopmeit A; = a, + i, XapakTepHACTHIECKOro ypas-
seHAA A (L) = 0 mmeerca xoTs OB OJAH KOPEHBH € IIOJIOKHTEJBHON
BeIECTBEHHORX YACTBIO, TO HEBO3MYI(eHHoe nsm:keHme (z, = 0, . . .
<+ vy X, =0) Heycroituuso B uepsoM npubamskenun. Ecam Bce atm
KOPHA HMEIT OTPHIATeJbHble BeIi(eCTBeHHEIE YACTH, TO HEBOSMYIHEH-
HOe [(BH:;KeHHe yCTOHYMBO B UepBoM IpHOIMkeHHH. Ecam gacTb Kop-
Heil MMeeT BemieCTBeHHBIe YacTH PaBHEIME HYJI0 IPA OPOYHX KOPHAX
¢ OTPHLaTeJIbHHIMH BeINECTBEHHHMH 4YaCTAME, TO HEBO3IMYOIeHHOe
npmxeAHe OyneT yCTOMYHBHIM HJIHM HEYCTOHYMBHIM B HepBOM upmbian-
JKeHHH, CMOTPA 10 TOMY, OYAYT JA BCe dJeMeHTaDHLIE AeJdTenH, OT-
BedaloIqHe HyJeBhM H YACTO MHHMLIM KODHAM onpeneautens A (M),
IPOCTHMH (¢ HOKasaTelfMH €, He NPeBOCXORAIDMMA 1) mam cpexm
HAX HAHIeTcA XOoTA Gbl ONMH He OPOCTOM (C mOKasaTedeM e;, 6OJIbIIHM,
ne;xeau 1).

3 H. T. Yeraes
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Jaa yopakHeHEHA BCe 3TO MOJKHO JXOKAa3aTh Tak:;Ke NPAMEIM MeTo-
noM, paccMarpuBad QYHKIHIO

V= S(a— &) (PR + (o — e 50+ - 4 (2 — &) VE0E),
8

rjae € — HEKOTOpasa OTJAHYHAA OT ¢, BeliecTBeHHasa mocToAnHaA. Ilox-
HafA OPOU3BONHAA N0 ! OT 3Tol QYHKUMA ¥V B CHAY KAHOHMYECKAX
ypasumenuit (12) ects

V' == 26V + D (a,— ) [2292Y + 2 (00, — £)227) + ... +
8
+ 2 ety — &)" V2020 — (g — &) (727 + HOZ) — .. —
— (et — &)™ (2h-aZh) -+ Znazn)]-

JnckprMumaHT KBafiparmuHO#l dopMH IpMuTa, CTOAMEHR B KBaj-
paTHHX cKoOKax moj 3HAKOM IOCJAeAHeHd CYMMSEI, ecTh

2 —1 ... 0
—1 2 ... 0
e o a2 s . LY ’

0 0o ... 2!

@CJH 3a HepeMeHHHE /A NIPOCTOTH NPHHATH (a; — £)* zin.

Taasane pumaroHaJBEHE MHHOPHE A, 3TOro AUCKPAMHHAHTA BCe
HOJIOKHTENbHH 1), HO3TOMY CTOAIAE B KBAaAPATHHX CKOOKax (pOPMHI
6ynyT OUPeNeJEeHHO-NOJOKHATEIbENMA KaKAas OTHOCHTENBHO CBOUX
epeMeHHKNX z.”, . . ., z%), a BeA cyMMa OygerT TeM caMmM ompefe-
JEHHO-NOJOKATEABHOH OTHOCHTEJHHO NEPEMEHHHX Iy, . . ., Zp.

Ecam cpegu ropmeit A, = o, + if, XxapakrepHcTHIECKOro ypas-
peruna A (A) = 0 umeerca xoTa OH ONAH, IOJOKHMM KOPEHb A4, C NO-
JIO}KHATEJIHHOR BelmecTReHHOH dacThio (ay > 0), To, BHOMpas & pas-
HHM HEKOTOPOMY HOJIOKHTEJbHOMY 4HCJy, He NPeBHMAIONeMy HaH-
MeHbIIEH NOJO0KUTEeJHHONX BOHIECTBeHHOH YacTH KOpHe#, 3aMedaeM.
910 ¢yrknEA V upm TakoM sBrGope £ YAOBJIETBOPAET BCeM YCJIOBHAM
BTOPOH Teopemu JIAnyHOBa 0 HeYCTOHYMBOCTH, TAK KaK HpH BhbOpe

UEPEeMEeHHHNX Ty, . . ., I, COrIacHO ycaopuaM z3) = 0 (s > 1) sma-
genun ¢ynxnmm V 6ynyr moxokdrenpnnMu. HesoamymieRHOe IBH-
KeHde Oyner UOITOMY HOYCTOHIHBHIM.

Ecam Bce Kopre A, = a, + iff; uMenT oTpUNaTeJbHELIe BeEIIecT-
BeHHNE gacTd oy < 0, To, BHGApaA £ COrJacHO HOPABEHCTBY Og <
< & < 0, samegaem, uro ¢ymxnma V Oyjer ompejeseHHoO-OTPANA-
TeJXLHOR, a ee HPOM3BOJIHAA OUpeJeNeHHo-noN0KATeAbHOR. CoryacHo
reopeMe JlAanyHoBa HEBO3MYIIeHHOE JBHKeHAe OyNeT YCTOHIHBHIM,
a 6aM3KAe BO3MYIEHHHO ABH)KEeHAA OyXYT CTPEeMHTHCA K HEMY acHM-
TTOTHIECKH.

1) Pagmomenue A,, eclI® r > 3, 10 97eMEHTaM NOCTeXEeH KOJOHKH IpPHBO-
AHT K COOTHOINEHHI0 Ar — Apy = A;; — A, OTKyAa IOCAEe BHTHCICHHESA
Ay = 2, Ay = 3 moayuaercs A, = r + 1.
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WspecTrnit npouspos B BHGOPe & yKa3HBaeT, YTO UPH MOCTPOSHHH
¢yaxumn V, paspemarnomei BOXPOcH 06 yCTOHIABOCTH HJIA HeycTol-
9ABOCTH B IeDPBOM OPHOJM/KeHAH, TOUHOE 3HAHHE KOPHel A, H KaHo-
HEYECKAX HePOMEeHHHX 2z He ABIAETCA HeOOXOXAMHIM. IIpakTuue-
CKOe HCHO0Jb30BaHAe 3TOro obcToATenabeTBA GyNeT MOKa3aHo HUKe.

Teopema C'ypemna

33. Bo mmorux sagauax, xoraga TpeGyerca HAalTH JHIIL YCJOBHA,
KOTOPHM ROMKHH YOBJIeTBOPATH KOdPPHLEEHTH p, ., ITOGH obecme-
9HTh YCTOHIABOCTh HJIM HEYCTORYMBOCTH HEBO3MYINEFHOTO ABHKEHAA
B NE€PBOM UPHOIMKEHAH, HET CMBIC/]A BHYACIATH KOPHA XapaKTepHC-
THYecKkoro ypaeHemmst A (A) = (; QmocTarodHo B8HATHL JAIIL 3HAKHA
AX BemeCTBeHHLIX dacTew.

HeobxoxnMuie B nocTaToOYHLIE YCJIOBEA OTPHIATENLHOETH BEINECT-
BeHHHX 9JacTedl BCeX KOPHeH NIOJMHOMA ¢ BeH(eCTBEHHHIMH Koa(du-
uuenTamMu Obiim Haiinens Bnepsnie Paycom. Boaee masectmm ycio-
BHA, HOpPeRio;xeHHble ['ypBuieM.

Moanuom

f@=2"+az"14 ... +a,

C BEINECTBEHHHIMHA KoaQPHIHeHTAMH a HA30BEM 2ypPEUYEEbLM, ECIAR BCe
€r0 KOPHH HMEKT OTPHIaTejbHEE BemiecTBeHHHE JacTu. B naockoctm
KOMIUIEKCHOT'O HePeMEHHOr0 2 == I - iy Bce KOPHH I'YPBHIEBA NOJHHOMA
aAeKaT BHYTPH obiaactm @, orpaEMYeHHOE MHAMOR OCHI0 y H JeBOMH
NOJIYOKPYKHOCTBIO [OCTaTOuYRO Ooasmoro paxmyca R ¢ meHTpoM
B HavaJie KOOPJHMHAT.

Iycrs

@ =2"—az"'+ ...+ (—1)"e, = (—1)"f(—2).
PaccmorpaM noamaoM cremernm n - 1
Fo = (z+ ) f(z),

rae ¢ ecTb HEKOoTopaA IOJOKHTEJbHAA IITOCTOAHHAA, €CJH MNOJHHOM

f(z) ABNAETCA T'yPBHIEBHM, TO TAKHM ;Ke OyleT, OYeBHAHO, M IOJH-
HoMm F.

INonmmom (n --- 1)-& crenenn
Fy = (z+ ¢ f(2) + pzf* (2)

Opd HenpepHBHOM H3MeHeHHHm napamerpa p or 0 po 1 damemserca
or Fy no moammoma F, = (z + ¢) f (z) -+ zf* (2).

Ecan monunom f (z) ects rypsmues, To noamroM F, mpm Hempe-
PHBHOM H3MeHeHmE napamerpa p o1 O no 1 Mosker mepecrarp GeITH
TYPBHLEBHIM, eCJ¥ A KaKoro-im0o 3HaYeNMs mapamerpa | Ha HH-
repsane (0, 1) mo kpafineit mepe opus u3 KopHei noxmaoMa F), nepeii-
IeT 4epes rpanany obnactu @ usmyrpm Hapy;ky. Ho npm yxasammbIX
3HAYEHMAX mapaMerpa | moimHoM F, He AMeeT KopHel Ha JeBOH HO-

3s
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JYOKPY;KBOCTH HOcTaTouno Goasmoro paguyca R. Tak Kag, moaaraws
Ha Heilt z = Re'®, mMeeMm:

p = (1 + p) R0

floaromy, ecam Hekoropsie kopam F, moxupaior obaacts ®. To ato
MOMKeT NPOM3ONTH JMImb NPH Hepexole KOPHA depe3 MHHMYI0 OCL.
Ho = aroro me momer 6uith npm O < p < 1. JleiicTenTeaBHO, pa3na-
rasa ooadpoM f (z) HA AMHEHHLIe MHOKUTEJH, OTBEYAIIIAE ero Kop-
HAM ¢z, & NONHHOM f* (z) — Ha nWHeHRBe MHOKHTEIH, OTBeYaOM{He

KODHAM ¢y = —(i;, HeNOCDEICTBEHHO YGeKaaeMCH. 4TO HA OCH Y
(ecam moamuoM f (z) ecTh TypBHIEB)
flz) | P2 -- Py -1
== x = 1
*{2) pyPs- - O}

rae
o =1z — oy |, Pf:'lZ—afl-‘:lz'fdkh
ubo Ha ocH Yy (z = iy) EMeeM py =

IIpn nammx ycaopEax ¢ >0 m 0 < p < 1 nonmaoM F|, He MoiKeT
65ITL HyJIeM HA OCH Y (z == {y), Tak KaK B TaAKOM ciayuae GHI0 OH

\(z-Lc)f(z) z+c
pzf* (z) ne
HIN
)y =

9TO0 HEBO3IMOKHO.
Hrak, ecan f (z) npegcrasaser rypsuiesB OOJIHKHOM, TO T'ypPBHIle-
BHIM OyNeT M [OJHHOM

Fy=(z4¢)f(2) + zf* (2) (¢ >0).

O6paTEnii nponecc HOKaseBaeT, Kak A TYPBHEIEB3a IOJHHO-
ma F, cremenm n 4 1 cTpomtesa rypmmier moamHOM f (Z) cTememm n.
B camom pene, paccMOTpAM MOJAHOM

= (z — 2a,) f (2) — paf* (z) (a3 > 0).

rie mapamerp p mamensaercaA or Hyaa no 1. Ecax f (z) npepcrasnser
IyPBUUEB NOJHHOM, TO IIOJHHOM @, = (z — 2a,) f (z} Gyner nmers
n KODHeH B JIeBOM HONYILIOCKOCTH IEPEMEHHOIO Z M OJHH KOPeHb
z = 2a, >> 0 8 npasoit. IIpr oroBopeRHOM HHTepBaje H3MEHeHHMA i
HE OXWH H3 noamHOMOB (D, He MOKeT MMeTh UWCTO MHAMBIX KOpHeR:
(noka3ssBaeTCH TOUHO TAK 3KE, KAK 3TO NOKA3HEBAJIOCH JUIA IOJHHOMA
F,). IIpu p — 1 noamnom

Dy = (1 —p) 2™ — (1 — p)az" + lay (1 — p) — 2a}] 2" .

6yner HMeTh XBAa BEIOECTBEHHHX H YRAJNAIOMMXCA B OeCKOHEYHOCTH

KOPHA BUA3 -+ a 2 {1+...), rie HeBHUHCAHHL® YJEHH IIPH
—a p—
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b, CTPEMAINEMCA K eNHHHIE, CTPEMATCA K HYXI0. ITH KOPHH DPa3HBIX
3HaKOB;, H03TOMY noxmAOM (n — 1)-# cTenenn

D, = (z — 2ay) f (z) — 2f* (2)

BCE CBOM KOPHH MMeeT B JIeBOH HOJYHJIOCKOCTH, K CTajd0 OHTL, ecad
f (z) mpexcraBider rypBENEB MOJMHOM, TO I'yPBHOEBHIM OymeT H mo-
aapoM @,
Temeps BO3MOKHO DepeliTH K H3jNo:KeHAIO Teopems I'ypeuna. Uz

ko3ppuumentos moamuoMa f (z) cocrasuM TaGaRUKy

ag 1 0 0 0 O

as dg Qi 1 0 0 e

as ag az a; a; 1 ...}’

L

B Kotopoil Bce a, — (0, ecim m > n. Ha ee rnapmoit nmaromanm

CTOAT LOCJAENOBATeABLHO a,, d,, 23, . . . LJaBHbIE AHATOHAJIbLHEIE MH-
wopH 3TO Tabiamukm 00O3HAUUM dYepes
— —|a 1 —
A] - aly Az b 4y ap r v ey An - anAﬂ—l'

Teopema F'ypsuuna. Heobrodumum u docmamounum yc-
A08ueM Gan mozo, wmobsl noauroM f (z) umes éce Kopru ¢ ompuyamens-
HUMU 6EUECTNBEHHBMU HACMAMU, RGARIOMCA HepaseHcmed

Ay >0, A >0,..., A >0
HoxrasateasctBo. Ilyers ¢ = 2a > 0. Torna

F,= 22 A zmer,
rae
24, = 1 4 (—1)1 a, -+ 2aa,_,.

O6osnaunm uepes A, ompepmexaurenn I'ypsana nns noammoMa f (z),
a uepes D, onpepeamrearn I'ypsuna aaa moammoMa %F . Hmeem

a 1 0 0 e
D, =| aay +az a 1
aay aag -} a; aay aay-+-az ... '
BHHBCBM H3 HEYETHBIX KOJOHOK MHOMKHATEJ b a,II0CJIe 9erc Ra:KAyIo a3ty
KO/IOHKY BHYTEM H3 YeTHOH Ha eNAHANlY 6OJII:HIBI‘0 HOMEpa; BLIHOCH
MHOKHATEJb @ U U3 4YeTHHRIX KOJ/IOHOK, GYIIBM HMEeTh

1 0 0 ...

DV = gV az ay 1 e e | — aVAV—],'
ay daz as ...

HeobxomuMpM B JOCTATOYHHIM yCIOBHEM TOro, 9TOOH IOJHEOM F,

OB OB TYPBANEBHM, ABJAAETCA YCJAOBHE, 9TO IOJHHOM f(2) asngerca
rypsunessM. [lonyctam Temeps, ato xpurepmit 'ypsuna cupasepmas
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IJIA DOAAHOMOB cTemeBH < n. Ecam A, >0 (v =1, ..., n), 710
noamaoM | (z) — rypsunes W, cJaefosaTennHo, monxmHoM F, Gyner
TYPBHOEBHIM, W JJIA HEro Keobrodumo GYXYT CYmeCTBOBATh YCJOBHA

D,>0 (r=1,... n+1).

Ecou D, >0(r=1,..., n+ 1), o orcioma A; >0 (s=1, ...
..., n) H, 3HAYAT, NOXHHOM [ () GyHeT TYPBMIEBHM COTJACHO I'HEO-
Te3e O CUHpPaBefJHBOCTH KpHTepHA ['ypBHI@ [JIA HOJHMHOMOB CTele-
au n. Ho ycaosme, 910 f (2) — rypsunmeB noamHoM, ssaserca docma-
mouHuM AXA TOro, 4ToOH rypemuesnM Oni1 u moamaoM F, (z). Crado
6urn, ecam Kpurepmit I'ypsHma cupaseinms QA HOJIHHOMOB CTene-
HE n, T0 oH Gyner cupasegaus (Dy = a > 0) # TONHHOMOB CTEeNeHH
n -+ 1, m6o Ka)KAKA IyPBALEB IOJAHOM CTENeHH 72 - 1 Mo:KHO moCT-
POMTh H3 HEKOTOPOTO IyPBALEBA IOJMHOMA CTEHEHH 72, KaK HOJH-
HOM F, crpomiaca u3 f (z). JilnA mOJRHOMOB NepBoil, BTOPOR CTeneHH
kpnreprit ['ypsrua, ouesmiHo, copaseRsEs; MeTOX MaTeMaTHYECKOH
HHAYKIHAH HaeT, 4T0 OH OyJAeT cOpaBefdmB Bcerga.

Ilpamep?l). Bonpoc 06 ycroiIuBoCcTR BEePTHKaJABHOLO Bpa-
IMEHAA TAKeJ0TO TBEPIOTO TeJd ¢ OJHOH HEeNOABHIKHON TOYKOH B CJY-
gae Jlarpamka 1O OTHOIEHMIO K yriay Hyranam 0 nmpumsopmTca K
H3yYeRrw AuddepeHnnasbHOro ypaBHeHHA I UL = cos O

[du\? 1 2 brou)? —

() =@—an) —ut)— @ —bra)® =1 @),
B KOTOpOM ¢, B, @, b cyTh HEKOTOPHe IOCTOSHHEHE, OPAYEM a4 ¥ b no-
JIO}KETEJNBLHN; Iy — NPOEKIHA Ha OCh Z HAYaJBHOH YIJIOBOM CKOPOCTH
BpaleHHsd TBEPROTo Teja. 1A MexXaHWYEeCKOM 3ajjaddm Bce KOPHH
gonuEOMa f () BemecTBeHHH, a4 3HAUCHHA NEPeMEHHOK u JekarT Ha
3aMKHYTOM HETEpBAJie MEKAY HARMeHbIOAMH KODHAMHE NOJHHOMA
f (u).

HaiigeM ycmosus, npm KoTropnx kopemE poamEoMa f (u) Oymyr
Goapme 1 — 6, rre 6 — upouM3BOABHO BafaHHAA MaJafd HOJOKHTENb-
HaAd BeAW9IUHA.

PaccMoTpHM TOJMRHOM

F@E)=—f(l —8—32)=az ‘f‘_aizz + @,z + as.

Ero KopHE OyAyT BCEe OTPMIATE]BHBHIMHA, €CJd KODPHHM moiamuoMa f (u)
Goarme 1 — &§;: u maobopor, ecam Bce xopum moamaoMa F (z) orpama-
TeJbHB, TO BCe KopHEM noamuoma f (u) 6ynyr Goarme 1 — §.

VYcaosas OTPHAOATENLHOCTH BCEX KOpHell moamnoMa F (z) moay-
9al0TCA COrJacHo Teopeme I'ypBHNA B BHJe HEPABEHCTB

a >0, aa, —aag >0, ag >0.
Jlns npaxrtaueckm HamGoJee mHTepecHoro caydaa 6, = 0, 6, > 0;
Yo =0, uma p — bry =0, 6, = o — a mepamenctBa 3T GyAyT

HYYeraen H.I'' O gocratounmx yCJAOBAAX YCTOHIHBOCTH BpAamaTeNh-
moro asmwxennsa cHapapga // Hpekn. mar. 1 mMexan.— 1943.— T. 7.— C, 81—-96.
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BMeTh CJeRyIOmMA ABHHMHE BHJ, €CJH BOCHOJb30BATLCA HEBHLINACAH-
HEIMH BHPQ)KeHHAMH AJA KodPHLHEeHTOR a,, a,, a,:

bri — 2a + 0.t + 3a8 > 0,
—2 (b — 2a + 6;°) 05 - 8 [2 (b%r; — 2a + 6;°)* — 4ab7’] -
-+ 8%8a (b%r; — 2a + 0,7 -+ 8a28° > 0,
—20,% 4 8 (brs — 2a -+ 0,%) + ad? > 0.
Hace HHTepecyeT HamMeHbIee 3HAYEHME 8, naa KOTOPOTrO HMEIT Mec-

TO 3TH TPH HEPaBeHCTBA; Takoe § OyNer HamHHW3IIeH BepXHeld rpaHm-
et naa ¢ymrmmm 1 — u. Ecam samac ycroiumsoctn s = b2y —
— 2a > 0 npuHATL YROBJIETBOPAKNINHM HEPABEHCTBY
(s + 66°)* — 4aby’ >0,
TO OpH
‘2
e
s —}—9(;2

BCe TPH HepaBeHCTBA GyAYT VIOBJIETBODEHH. A CIENOBATENbLHO, HPH
TAKOM 3amace YCTOHYMBOCTA OHH IO HEeOPEPHIBHOCTH OCTAHYTCHA YHOB-
JIETROPEHEHIMA ¥ Uil HECKOJBbKO MeHbIHX 3HaueHm# §. ITostomy npu
YKa3aHHOM 3HA4eHHH 3a1aca YCTOHYHBOCTH $

202

/2 .
s+ 0,
Il prmep. PacemorpaMm cayuyait, Korga B ypaBHEHHIAX BO3MY-
HEAHOT'O JABHIKEHHAHA
a‘xs
o =Paf1t -+ Psnn (s=1,..., 1)

{1—u<L

K03)PUIHERTH D, ABAAITCA HEIPOPHIBHLIMH, OFPAHUYCHHNME QYHK-
OHAMA BeH{eCTBCHHOIO NapaMeTpa o. PasinvBHM 3sHAYCHHAM ¢ MOTYT
oTBeYaTh pasJMYHEE HeBo3MymeHREHe ABmkenud. llocirexopaTtesnpno-

CTH HM3y4YaeMHX HEeBOSMYIEHHHX XBmkKenmil (z, = 0. ..., x, = 0)
0TBEeJaeT B IPOCTPAHCTBE HePeMeHHHX (&, Iy, . . ., Z,) 0Cb . Te T09-
KA mociefHedl, Iie XapaKkwePHCTHYECKOE ypaBHeHHe

A@Q) =1 ps — 8s;h | = {(—1)"(" + @A™ 4 ... ;- a,) =0

AMEeT BCE ‘KOPHH C OTPALATEJLHHMHA BeINeCTBEHHLIMH 9acTHMH, OT-
BEIAI0T ACHMIOTOTHYECKH YCTOWIMBHIM HEBO3MYINEHHMM IBHKEHHAM;
IpH 9TOM BCe ONmpelesuTejH ['ypBHOA AOKHH OHTh NOJOKATENb-
HBIMH:

ay

1
as a2\>0’ oo By = 0,8, >0

Onpeneanrenn A, GynyT HeKoTOpHME QYHKIAAMA ¢.. EcIm HeBo3-
MyOIeHHOe JABH;KeHHe, OTBEJAI0Iee ¢ = O, ACHMITOTHYECCKH YCTOH-~

Ay=a,>0, A=
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4uBO, TO OPH JajJbHe#IleM HN3MEHEHHH HapaMeTpa o B KaroM-iubo
HAIpasJeHHH, HAaYMHAA CO 3HAYEHAA Oy, YCTOHIHBOCTH MOIKET Te-
pAThcA Am00 Korja, mo MeHbINEHX Mepe, OQAH M3 KOpHEH XapaKTepHc-
THYECKOr0 YPaBHEHHS CTAHOBATCA PaBHKM HyJAI0, JuGo KOrxa HIBa
KOPHA CTAHOBATCA THCTO MHAEMEIMH; B NEPBOM CJY4Yae YHHUTOMKAETCH
KoadpPuIHERT a,, BO BTOpoM yHHITO:KaeTcsa A, ;. Ilepsoe yrsep:xne-
HAae He TpebyeT nokasareancTs. J{aA [oKasaTeJbCTBA BTOPOro pa-
306beM XapaKTEePHCTAYECKHA UOMHHOM HA CYMMY 4/IeHOB ¢ YOTHHIMH
H HEeYCTHSHIMH CTEHEeHAMH

(—1)"A (}) = (A" + @A™ . ..} + (e A" + g A3 4 . ).

CyMMa 9Hucia 9J1eHOB IEPBOTO U3 B3ATHX B KPYIibie CKOOKH BHpaKe-
R (mycts p -~ 1) m ymcna cnaraeMeix Bo BTOpo# ckoOke (mycTh
v -}- 1) pasuserca gncny n + { Bcex wienos moamaoma (—1)" A (A).
Orcona

wtv=n—1.
PaccMoTpEM BOJIHHOME!
(P(z) = gW + a2zu—1 4L . ‘p (Z) = a,zV o aazv-l NI

Eciu moammoM A (A) mMeeT YACTO MHHMHHE KopeHb A = if§, TO moam-
HOMHL ¢ (z) ¥ ¥ (z) OyAyT AMeTH DO MOCTPOEHHI0, IO MEHbINER Mepe,
OfiiH COBMECTHHH KopeHs W mMeHHO z = —f%. Ho moaumoMsl ¢ 7 $
aMeoT Oo0IMEe KODHH TOrJa H TOJLKO TOrJA, KOrJAa YHHUTOKAETCH
HX Pe3yJibTaHT

R - j:An—l'

Ilycts na ocm o Touke P, rae o = a,, OTBEYaeT ACAMUTOTHYECKH
yCTOHYHBOE HEBO3MYINeHHOE [ABH:KeHde M, CJIENOBATEABHO, Bce A,
mogo:xutenbusl. IIpm pajbHeliieM yBeaNdeHAH o oupeleidTenn A,
GYyXYyT KAaK-T0 HM3MeHATBhCH; LPH I9TOM NEePBHMH Hem3besxkHO OyqyT
VHAUTOKAThCA a, mam A, . Ecia npm nepsoM HapymeHHH Hepa-
BeHcTB ['ypBHIla YHHUYTO)KAeTCA d,, TO NJIA OTBedalme# Tourd M
YPaBHEHHA BO3MYMIEHHOr'O JBIKeHAR OYAyT EMeTh B CHIY KaHOHH-
geckoro Buja ypasuenmii (12), mo Menbmeit Mepe, OXMH JHHAeRHLIA HH-
TerpaJj HAM HOBYK IOCJEL0BATEJbHOCTH ¢PaBHOBECHi», HPOXOXAINYIO
gepes M, tak kak A (A) mmeer np® 3TOM, mO MEeHBINEH Mepe, OXHE
paBHbl Hymi0o KopeHb. Ecam ke Ipm mepBoM HapyIeHHH YCJOBAH
I'ypsuna ymmuroikaercd A,.;, T0 B oGiacta orsevanmei Tourn C
6y/neM mMeTh OfHOUApaMeTPAYecKYIo (IO MeHbIIEH Mepe) IociIexoBa-
TeJbHOCTh HEPHOAMYECKAX [BHKEHHH, OTBEYAKMYI0 KBaXpPaTAYHOMY
HATErpajy ypapHeHAH BO3MYHIEHHOTO JBHKEeHAs, HeH30e:KHOMY B CH-
1y KaHOHMYecKOro BHja ypapmenmit (12) mpm mape MHEMBIX KopHe#

A ).

1y Horga ypasHeHHS BO3MYIIEHHOIO JBHKeHHf He OTpAaHMIHBAIOTCA JHHEH-
HHMM WIeHAMH, BOIIPOCOM O CYIeCTBOBAHHH IIepHOJHYECKHX NBHKeHHIl 3aHm-
manca IT. A, Kyapmaa (HyasMum II. A, Jameuapre 0 cMeHe yCTOHYHBOCTH
yeranopusmaxcs gsukenni // C6. tp. Kazan. asman. me-ra.— 1939.—
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M3 cka3aHHOrO MK JOKHH TaK:Re 3AKNIOYMTH, YTO €CIAM upH ma-
MeHEHHH O OT O, 0 HEKOTODOTO 3HAUeHHA O He YHHUTOKalTCA
HE @,, HH A,_{, TO HEBO3MYINEHHOE [BH;KeHHe, OTBeYal0INee o = g,
GyfeT mpH 3TOM ACHMITOTHYECKH YCTOHYABHIM.

34 [19, 20]. Cornacmo npepioxermio m. 32, HepaseAcTsa ['yp-
pana (A, >0, s =1, ..., n), BHNHCaHHNE JJIA XapaKTePHCTHYe-
ckoro moamaoMa f (z) = A (z), nalor HeoOXofMMbie M JOCTATOYHKHIE
yCJAOBEA aCHMITOTHUECKOHR YCTONYMBOCTH.

CylmecTBYIOT MHOTOYHCJIEHHLIe airefpamieckme BHIOM3MEHEHHA
teopemsr I'ypsmua. MMu My 3amumaTbes He OyleM; samerud, Kak
aHAJOTHYHBIE NPEJJIOKeHA MOKHO MOJYYUTh IyTeM HemoCpPejCcTBeH-
HOrO pAacCMOTpeHHA B3ajad ycroiumsoctu. [lna sroro paccMmoTpmm
OXHY 3amady, BechMa HOJIE3HYI0 B JajbHeHmeM.

IlycTh KOpHH XapaKTePHCTHYECKOTO yPaBHEHHA Ay, ..., A,
HMeIOT NpocThie dJeMeHTapHbie Neamredn. HaskioMy Kopmio A; orse-
gaer TOTNA BCero OQHO PElIeHHe W OXHO KaHOHHYeCKoe NepeMeHHoe

2z, (s = 1, .. .,n). Ilpu aToM moamas NPOM3BONHAA MO ! OT BHIpaKe-
HHSA

U %) = gL 2%
rae G, . . ., &, CYTh HeJble HEOTPHIATeJbHbE UHCAA, UMEET B CAIY

KAHOHHYECKHX ypasHeHmit mepsoro upubamkenns (12) caenyommit
BEA:
dU(“x---aﬂ)
dt

N oty &)
(g A e Oh) U

MayuuM ypaBHenHe B YaCTHHIX NPOKM3BONHBIX HEPBOTO HOPANKa

av .
& =W, (13)

B KOTODOM HeHpephiBHafA, OTPaHMYEHHAA, YHHUTOKAIOMAACH, KOTJA
BCe T cyTh Hyau, ynknpua W B paccMaTpuBaeMoii o6iaacTn M3MeHe-
HA# TNepeMeHBHIX Z,, ..., T, pasiaraercA B PaBHOMEpPHO CXOAs-
mpicA PAR W0 TOIHHOMAM Ul %),

(G- .. &,)
W = EA(m,...an) U "
ByaeM mckaTh pelienne B BHAe

Aoy...2)

14 :EC(a,...mn) U .
Ioncrasaasa 3to Bepaskenme B ypasmenue (13) m cpasHmBag Ko3g-

$umuentst mpr U %) momyuaem
(a17"1 + LR + an}"n) C(m,...an) = A(a,...an)-

N 10), a BOIPOCH O MOBE/ICHHE TPACKTOPHIl KaK B o6aacTu Todex GEPypraLHR M,
TAK M B TOUKAX OTBETBJIEHHA NepHOpMIecKHX op6uT C paccMarpusan H. H. bay-

iH (Bay rar H. H. llosegenne fmEaMHIECKHX CHCTeM s6aua rpamny o0
nacTH ycroilumpoctn.— M.: Tocrexmagar, 1950).
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Snavenna C(,..q,) ONPENENAITICA ONHO3HAYHO, eC/]H
ah .+ ah, =0,

CrenoBsaTe]bHO, €CTM KOPHH XapaKTepHcTAYecKoro ypassenusa A (A)
KOHYyCKAalT n TIPYOR pelleRAR ® BeHpamenne aM 4 ... -+ aA,
HHKOIJ{a He HyJIb NPH HeJbX HeoTPHIaTeNbHEX O, TO ypasHernue (13)
Bcerjga HMeer ogHosHaunoe dopMalbHOE pellieHue.

Ecam KopHH A; B WIOCKOCTH KOMIUIEKCHOTO IePeMeHHOTO OTMETHTh
H300paKAICIIEME X TOYKAMA M HATPYy3HTh IOCIAeNHHE HEOTPHIa-
TeJbHLIMHM MAaccaMd Os, TO BHpakeHHe aA, + ... -+ a,A, Gynger
pasaATbes M (§ - in), rme M = &, -+ .. . + «, — obmaa Macca,
a §, 1 — KoopauMHATH NEHTPA Macc Harpy;keHHEHX TtoueK. LlemTp
Macc HHKOTAa He BRIXOJAT 3a INPeNesis! BHIYKIOH o6aactu, couep:ka-
imeit HArpy:KeHHKE TOYKH; MOITOMY, €CJIH BCe KOPHH A JeKaT 0 OfHY
CTOPOHY OT HeKoropoil nmpsMoii, nmpoxoadimed depes Hadalo, TO HH
npu KaKHX HeOTPHLATENbHBIX O BHpakeHue a,h, + ... + a,A, HE
MOXKeT OHTHE HYJIEM.

HanprMep, ecin BelmecTBeHHbe YaCTH BCEX -KopHeH Ay, ..., A,
OTPHIIATENbHK, TO DaBEHCTBO A - ... + a,A, = 0 He Moxer
CYmecTBOBAaTh HPH HEOTPHNATEJIBHHX ¢, ypasHeHme (13) umeer
B OTOM CJIyd9ae OJHO3HAUHOe pelleHHe.

Ecau e cylecTBYIOT Iejsle HeOTPHLATEABHEE YHCTA By, . . +, Py,
AJA KOTOPHX

ﬁl"‘l + ... + Bn;"n = O,
to ypasHerme (13) mMeer pellemme € TOYHOCTHIO [0 UJaeHa
C(B,_,_ﬂn)U(ﬁ“"ﬁ"’ c. npoussodbHeM  KodpdunmentoMm Cep, .5 ),
ecte A, .5, =0. Ecim e A, .p,) =0, 10 orpanmiemnoro
pemeHHs MCKoMOro BEAR Aax V He cymecrsyer, B QyHKUHE V wieRy
Ag,...a U B Gyner orsewars
(Bs-+.Bp)

(B:...8,)
[A(ﬁ,...ﬂn)t -4 C(Bx---ﬂn)] Ube--By
¢ HPOHM3BOAbHON IOCTOAHHOH C(ﬁ,...ﬁn)-

PaccmorpuM temepb obimuit caygai. ITycrs
s - v oy Mg

CyTh KOPHH XapPaKTePHCTHYECKOr0 YPAaBHEHHA B INPEANOJIO/KEHNH,
4T0 KamKIHi KOPEHbL MOBTOPAETCA CTOIBKO pa3, CKOJABKO COOTBETCT-
ByeT emy rpynn pemenmd. HamonwuecKue IepeMeHHbIe zgs) YAOBIOT-
sopaor ypasaemmam (12).

PaceMmorpum dopMmsl m-E cremeHH

© |
U, =17 (,25 o = m).
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Taxnx gopM Gyner KoHednoe umciao. QopMul 3TH 3aHYMEPyeM JIeKCH-
KorpadmuecKH TaK, 4UYTOOM NPOH3BEJEHHEe CTemeHed NepeMeHHBIX
pesko# rpymnn (s) (s = 1, ..., k) ¢ nokasateasaMu

(s) (s) (s) (s)
i "y o v oy Gj-1y U5 ,...,Clns
OTHOCHJIOCH K HOMeEpY T 60.m>memy, HEKEeJIn HOoMeD, OTBe‘laIOIILHﬁ oo-
Ka3ateaaMm

e, L, e — 1, aﬁfz

310 MOKHO JOCTHCHYTh pa3idmuuHMA cnocobamu. IIpenmomaras
rakylo myMepanmio U, BHIUOJHERHOH, PAaCcCMOTPHM YDaBHeHHe

av
-ﬁzzgmm,

r

rae A, CyTh HeKoOToDbie WocToAHHBe. PastickuBag pemeHHe 3Toro
YpaBHEHHA NOX BHAOM

vV =3CU,

W IOACTABIAA 3To BHpa)keddme V B mMHATepecyloljee HAC YpaBHemue,
HoJdy4HM, COIJIacCHO Tpou3BeXemHoH mymepauum U,

EQMMHﬁ“+%mm+§mWJ:§¢m,

THe O, . . ., G CYTh HEKOTOPHe HEOTPUIATENbHBIE UHCIR; &y - . . ,
et a =my ﬁf[ ) cyTh HEKOTODHE HeNOJOKATeAbHEE UYHCIA,
Korma p <<r, ® HyJIH, Korga p > r. CpaBHenune Koaddnumentos mpu
onurakoselx U, maer caexywomue aiarebpandecKme ypPaBHEHAA s
onpeneierns KodpduiHeHTOB

Cr(eghy - -+« + ohy) + D BPC, = A,.
P
dra cAcTeMa ypaBHeRHE OyxeT HMeTh OTIMYHO® OT HYJIEBOro PelieHHe
naa C,, ecad onpeneamrens [), cocTaBienHuH U3 ee RoadPanmenTon,
6yner oramuen or myad. Ho onpenexmrens D mMeer BHJ TPEYIOJIbHH-
Ka, TaK Kak B ero i-ii crpoKe BCe 3JeMeHTH Xo i-ro Oyxyr HyIAMH;
mo pguaroHajm onpeneaurens D OynyT cTOATh BEIHIHHE

o7y S S . P

IMoatomy oupeneamrens ) Gyner oTIMYHBIM OT HYIA, eClu He yHH-
9T0;KAeTCA HH OJ(HO BHpakeHHme oA, + ... -F ok’ mpu wmeasix
HEOTPHIATeJLHBIX ¢, NAWIEX B cymMme m. B atom caydae maTepe-
cylomee HAac ypasHenme Gynxer mMeThb AJA. V eXHHCTBEHHOE pemienue.

Ilepedpasapysa ator pesyibraT B HAYRJBHHX NePeMEHHHX Zs,
mMeeM teopeMmy Jlanymosa: kozda xopuu A, ..., A, Taparmepuc-
muueckoeo ypaswenus A (M) maxogw, wmo npu Oannom yesom
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NOAOHCUMEALHOM M 04 HUX HEEO3MONCHM HUKAKUE COOMHOULEHUR
suda

e + .. Fagh, =0,

8 KOmMOpux 6ce as Oblal 65 YeARMU HEOMPUUAMEAbHHMU HUCAIAMU,
darowyuUML 8 CYMMe M, Mo 6ce2da MONCHO HAUmMu U RPUMOM MOALKO
00y yeayw odnopodnyw Pynryurw V cmenenu m eeaunun ., yooéaem-
80DAIOWYIO Y PAGHEHULIO

, av
Z (pslxl e psnzn) Iz =U
= s

npu npou3soabho 3adanHol yeaol 00nopodnol Pynkyuu U eeaunurn
I, MOl e cmenenu m.

35. MomHO 3aMETHTB, YTO HE0OTOOUMBM U OOCMAMOUHBLM YCA0-
suem 04 mozo, wmobw Tapakmepucmuueckuil nosunom A (A) umea
8Ce KODHU C OMPUYATNEAbHBIMY 6EUECTIEEHHIMUIL UACMAMU, A6AAEMCA
onpedeieHHas nOAOHCUMEAbHOCMb Keadpamuunoll gopmw V, paspe-
wawwel. ypasHenue :

2 : , v
. (.pslxl 'l— s T psnxn) ar = U'
8
s

20e U npedcmasasem Kaxylo Y200no0 OnpedeseHHO-0mpuyameibrhyio
Keadpamuunyo PHopmy nepemMeHHuT I.

IeilcTBHTONBHO, AOCTATOYHOCTh JITOTO YCIAOBUA CJAEAyeT Helo-
cpeicTBeHHO M3 TeopeMbl Jlamyrosa o6 ycTOHYMBOCTH M JONOJHEHHA
K Hefl 006 acCHMOTOTHYECKOH YCTORYHBOCTH.

Heo6xoxuMocTh ycMarpusaetcss He Goaee cioskuo. Ecam Bce xop-
HHA A; HMEIOT OTPHIATEe/bHble BelleCTBEHHbIE JACTH, TO HH A KaKHX
HeAHX HeOTPHIATEIbHBIX YHCE ¢z, RAIMAX B cyMMe 2, He CYyDlecTBYeT
COOTHOIIGHUA BHAA

alxl’}‘..-_}"anxh:();

a 9TO IO NpejHAyimei Teopeme m. 34 o3Hadaer, 4TO HHTepecyiolgee
Hac ypaBHeane Oyner EMeTh eMHCTBEHHOE DeUICHHE B BHJe HEKOTO-
poit kBamparmumoii gopmet V nepememmnx zs. Ilpm sroM dopma V
GyxeT Taxosa, 4To BHIOOPOM 3HaUeHHil epeMEHHHX T; ee HeIb3A cle-
JaTh OTPULATENBHON, TAK Kak WHAYe OHA YNOBIETBOpHIa OB BeeM
yciaoBHAM TeopeMbl JIADyHOBa 0 HEyCTOHYMBOCTH; HO [(BHiKeHHE He
MOeT OHTH HeyCTOHYHBHIM, €CIH BCe KODHH XapakTePHCTHIECKOTro
yPAaBHeHHA HMEOT OTPUIATeIbHHE BemecTsemnsie JacTh. Mrak, V
HeobXxoxmmo Gyjxer mo kpaitHedl Mepe moiosuTenanHolt. Ecan mpeamo-

- 2 2
J0/KHTH ee NpuBeAeHHOR K cymme KBagpatoB V =11+ ... +VUn
rae v; o6Go3HAUAOT He3ABHCHMEE MeKAY colok auReHANe QOpPMHI
nepeMeHEHX T, 3aMedaeM, 9T0 /m He MojkeT OHTh MeHBIIE 22, TAK Kak

Torga mpoussonmas V', obpamasck B Hyab mpE v; =0, ..., U=
=0, me Moria Gb COBIAJATh CO 3HAKOONpeNeNeHHOM ¢ynrmueit U.
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IlokaszaHHOE mpejToKEeHNE HO3BOAAET YCTAHOBUTDH, B 3aBACHMOCTH
OT BHAA ompefejeHHo-oTpHHaTeabHo# Qopmer U, pax Kpmrepues,
pasHocHAbAKX Kpurepmioo ['ypsuuma. Kpmrepum st cocroar ua He-
paBeHCTB, KaKWe BEIPa/KaloT HOJO/KUTENBHOCTH BCEX TIIABHBIX JHATO-
HaJIbHEIX MHHOPOB MMCKPHMHHAHTA KBajgpartuunok ¢opmu V. Xora
OHH HAYYTH He Hpomie HepaseHncTs I'ypBuIa, oXHAKO UMCKHT TO yXoO-
¢TBO, 49TO HO3BOJAKT [0CJTe NPoJeJaHHHX BHYKCIEHHIH OPHA oupexe-
JeHH¥ HEePABEHCTB HENOCPENCTBEHHO NHCATh HY:KHYI (yHEuH V
NpAMOro MeTona.

36. Il pumep. PaccmoTpuM TBepaoe Teso MacCH m ¢ MOMEH-
tamg mEepuan A, A, C oTHOCHMTEIAbHO OCeE I, y, 2 LEHTPAJBHOTO
amnconna nHepuuu. Eciad u, v, w u p, ¢, r ¢cyTh HPOEKIHH HA ITH
0CH COOTBETCTBEHHO CKODOCTH LEHTPA MHEPUHH H YIJIOBOH CKODOCTH
RpALEHAR Teaa, To :Kusam cuiaa Oyper:

2T = m (u® + v* +~ w?) + (Ap? + 4¢* + Cr?).

BooOGpasuM, YTO Ha TeJd0 JeACTBYIOT: cHXa (—ou, —ov, —ow),
npuioskenHad B nocrosHHEOM Touke tena (0, 0,1), cuna (0, 0, Z),
NpHJIO/KeHHAA B LEeHTpe TAKeCTH, H napa cuix ¢ momentom (0, 0, N).
{Iycth i npocTOTH HOJOKHTENbHbIe QYHKUMM G ¥ Z 3aBHCAT OT
w, v, w, p, q, a yaknua N 3apucar oT U, U, W, P, q, T, uyctb A > C,

Mudpdeperumaibuple YDABHEHHA ABM/KEHMA TAKOIO Tela BO3bMEM
118 yxmoGersa B uasectHo® ¢opme Hupxroda

m dd_l: = (rv — qw) — o, A -‘% = (A —C)gr -+ alv,
d d .

m ..._dl.g_ -:m(pw——ru,)——cl«‘. ‘/173:; (C - /l)rp—(]lu.
dw - d

m—- = m(qu — pv)—ow - Z. C —st = N.

jlonycruM, 4T0 ypaBHeHMA ITH HMEIOT YacTHOe peuieHHe
u = O‘ v =0, w = 1170>O’ p = O’ q - O’ roo r0> O;
OHO CYHLECTBYET, eCJIH

Zy — Gy = 0 m Ny == 0.

dagagumMca BoHpPocoM o0 YCHOBHAAX, NPH KOTOPHIX ITO YacTHOE
pemrerne OyfeT acHMMOTOTHYECKH YCTOMYHBHM B NepBoM NpHGIMIKe-
HEM IO OTHOIICHMIC K NepeMeHHBIM u, v, w, p, q,T.

NnddepennuanbEbie ypaBHeHHA OePBOTO NpuOIMIKeHHA AIA
BO3MYHICHHOTO JIBH;KEHHA 00 OTHOUIEHHI) K HHTePECYIOIMM HAG Be-
JAAYHHAM U, U, W, P, ¢, F AMEIOT CIONYIOMUN BUN, €CIH BAPAANMH 3THX
nepeMeHHsIX CcoOTBeTCTBeHHO o0o3amatuTh ueped «, P, y; &, m, &

da. d
m — = m(r — wen) — opt. m -d—‘: = m (We§ — o) — Gof,
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m%:Q(Z;-tow)a_!ra(Z(;;ow)ﬁT
~’ra(za;0w)v+ (Z:a;ow) §+6(Z;;0w) ’

A dg = (A —C)ron - o,ip,

A "" — (€ — A) 1yt — a4l

Cd;_azv N o N _ oN., N _ oN

fhad G P B 0N — [ Azl
dt ou & [hzﬁ‘awy‘@pgl ﬁqn‘ ﬁrg’
rxe Bce 4YacTHbIE¢ IIPOM3BOJNHBIE B3ATHI OPH 3HAYEHHAX
u=v=p=q=0, w=uw,r=r,

JaA 3THX ypaBHeHMK B BapMAaNMAX XAapPAaKTEPHCTHUECKOE YPaB-
HeHHe HKMeeT BHJ

— ov
A(k):(Cl——-)( mi — L)) o
—0y, — mh mrg 0 —mwg
—mry —0y — mh mw, 0
X 0 0ol —AM (A—C)ry 0.
—a,l 0 (C— A)ry —A4A

OTcroa HenocpeNCTBEHHO BHITEKAKT JBAa YCJAOBHH
N a(
- <0

Z — ow)
— <0

AR OTPHHATEABHOCTH JABYX OYEBMIHHX KODHeH ypaBHeHHA
A (A) = 0. YcaosBusa oTpuIaTeIbHOCTH BEIHECTBEHHHX wacTell Apy-
rAX YeTHipeX KOPHeH ypaBHeHUA MOryT OHTH MOJYydeHH IO Teopeme
I'ypsana nyreM paspepTHBAHHA B IOJMHOM BEIIHCARHOIO ONpeXesH-
TelA 9eTBEPTOro NOPAJZKA M BHEYHC/CHAS [HArOHAABHBIX MAHODPOB A;
orsevamomeit Marpanu I'ypsuna. Ilocie HeKoTOpPHIX BHYHCJICHAH OPH
3TOM MO}KHO YCTAaHOBHTH, 4T0 A; M A, BCerna IOJTOKHTENBHH, yCIA0-
sae A, > 0 osxsmBaienTHo Hepapenctsy [ << 0, mpu KoropoM A,
HONOKHTEAbHO. JIpyruaMmu ciosaMm, BCe BEINECTBOHHBIE YAaCTH OCTaB-
HIAXCA YeTHPEX Kopmed GynyT orpmuateasanmn, ecam [ << 0.

Pesyarrar aror MOKHO moiayumth MHOr0 npome. Ompemermrenb
4eTBEPTOro MOPAAKA, KOPHH KOTOPOro HAC MHTEPecylOT, ABIACTCH
XapaKTepPHCTAYECKHM IJA NEePBHX YeTsipex ypasHeHHWH B BapHANHAX.
Ecam << 0, To B paccMaTpuBaeMoM caydae (w, >0, a4 > 0) pyrxmma

2V =m(a® + ﬁz)—MA(§2+ﬂ2)

6yner onpenejeHHO-IOIOMKATEIbHOR omocmenbno a, p, &, n. Ee
mIpom3BojHEAA U0 [ ABAAETCA OTPAIATE]bHOMH:

V' = —aq (o + B).
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CraegoBaTenbHo, eciH o HAA P OTAWMUHEI OT HYAH, TO 3HAYEHHA
¢yrxumd V npm mM3MeHEeHHM NePeMEeHHBX COlJACHO YPaBHeHHAM
B BapHanEAX OyAyT YMEHBIIATLCH; €CIM B HEKOTOPHIH MOMEHT O =
=0, p = 0, To B cAIy HepBHX ypaBHeHHI I0 KpaiHeil Mepe B cie-
XYIOIHE KOCTAaTOYHO MaJbli NPOMEKYTOK BpeMennm « u f Oyayr or-
JAYHH OT HyJA, ecad Hyasmu #e Ouinu §, 1; caosoM, V Gyner ymeRs-
matbes npd [ << 0, ckoab GH MaJjble 3HAUeHHS OHA HH HMeda. A 3ro
H [OKa3niBaeT HMHTEPECYOIHH Hac peayibrar.

I1 pu me p. Bonpoc o BHOOpe mapaMeTpoB yCTOHUMBOH MeXaHd-
gecKOH CHCTeMH HMeeT NPHKJIAafHOe 3HAdeHHe.

Yro6s AMETh CPaBHHMBIE MexIy co0oH JaHHEE, OrPAHMYHEMCH
PacCMOTPEHHEM PasiIMIHBIX CuCTOSHHN OMHOM U TOH jKe MEXaHHYeCKOH
CHCTEMBI, OUMCHIBAeMOil oHpeleleHABIMH NePeMeHHbIMH.

IIycrs B ypaBHEHMAX BO3MYHMIEHHBIX ABIKEHHH

dz
.d_: = Psy¥p v oe e - Dsaln (S = 1! vt n) (14)

K03 PHIIAEHTH D, TOCTOAHHLI M 3aBHCAT OT HEKOTOPHX IapaMeTpOR.
Bynem npegumosararth, 4T0 IPH DPacCMAaTPHBAaeMBLIX 3HAYEHHAX Iapa-
METPOB HEBO3MYINeHHOE [BH:KeHHe ACHMHTOTHYOCKH YCTOHYHBO.

Onpepenenno-nonoxkaTeabRyio pynrnuio JIanyrnosa V onpenenum
TIPA 3TOM YPaBHEHHEM

av ) 2 2
Zb?;(pslxl e oo psnxn) = (xl +oeee -T'n)' (15)
Hyets
2V = 2 ATy (A== Q)

Ikcrpemym ¢ymknux V ma chepe i + ... - zh = ¢ (¢ — mouo-
JKHETeNbHAA IOCTOAHHAA) oupenelsercA mo Merody Jlarpam:ka pac-
CMOTPEHHEM
2 1 2
VA4 ...+ a2z —¢)
Orcropna
Siay, —248,,) 7, =0 (s=1,..., n): (16)
ciefoBaredbHo, MuoRuMTeab Jlarpamra A moisKed OHITE KOpHEM BEKo-
BOI'O ypaBHEHHA
” Agy — 2}“68r “ = 0.
Tak rax V mpexcrapiasier onpegeienHo-NOJNO:RATEIbHY0 KBajgparad-
Hywo ¢opMy, TO BCEe KOPHH A; 3TOro ypaBHeHEA OYAYT NOJIOMKHTEIb-
aeME; nyerh 0 << A, <. .. <A,
YMmuoskan pasemcrsa (16) coorsercTseHHO Ha s M CKJIAJKBAA,
6yxeM mMeTh, uTO IKCTpPeMaibHHE 3HaueHnnma V* ma cdepe 2§ - . . .
... 2% = ¢ YKOBIETBOPAIOT pAaBEHCTBAM

V¥=Ac
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H, CIeNOBATENBHO.
M@ RV @), (1)

Orcioga B cuay ypasHenuk (15) B ypasuenmit Bo3MyDIeHHEBIX BHReHHH
(14) mmeem

av - . dF
—h g <V <=4, a0
HIAH
-1 -
Vee "<V Ve " (18)

Mur ROMKHBL OTCIOId 3AKIIOUHTDB, 9TO GePIHAA 2DAHUYA B03MOC-
HOLT naueHwl V 6ydem menbuie 0as moi cucmembi, das Komopoii A,
ecms MUHUMYM, ecal HavaabHble 3naueHus odumakoes.. Ecam ke Ha-

i

4anbAbe 3HAUEHHA I, Jekar Ha chepe 2 - ... - 22 = A, 10 B3
depapencTBa (17) Haiinem
' ALV h,A.
Beaencrsue Hepasenctsa (18) orcona snrexaer:
t t

. 7 . X,
Ahje "LV g dhe M.

Toaku (ry. ..., z,), B Koropwx ¢ynkuma Jlanynorna mMeer 3Have-
uue V, coraacho (17) maxomsarca BEYTPM mam Ha cdepe 77 4- . . .
2
e e - Tn = &, THE
4
v 1 i
e=—=—Vy—=e "
PRI !
#, CJefoBaTeNbHO, OfHO 3Hadenue V, B QUKCUPOBAHHOH TOYKe HpO-
cTpaHeTBd (Ty, . .., T,) He XapaKTePH3yeT BPeMEeHH TepeXoNHOTO
npouecca.
[Ipn HaYaNBHBIX BOSMYIHEHHAX, JeRAITAX HA cdepe
2 2
$1—§~.--+$n=A,
Oyner
f
A —— —
Y
e A—e ™.
S ™
Orciona BPeMa BXO:KAeHHA TOUKHA (Z,, . .., T,) co cepnt A B cdepy
e He Oolble
A\
Ay In—2.
n

Jror mpefest Gyner MMHAMAaJIBHEIM NPH 3aJaHHBX A H g, ecid mapa-
METPH CACTEMHl BHIGPAHBL COrJACHO YCJIOBHIO, 4TO

Ah,

EA.]

AqIn
ecTh MUHAAMYM *,



rJqdTABA S
JENCTBUE BO3MYHIAIOLINX CHiJ1 HA PABHOBECME

HopManbibie KOOPRHHATHI

37. PaccMOTpHM TOJOHOMHYK MAaT€PHAIBHYI0 CHCTEMY B IOJO-
/KEHHHM DABHOBECHM, [JAA KOTOPOI'0 3HAYCHHH BCEX €€ JarpaH;KeBnX
KOOPAAHAT Gy, . - -, §, OPERIOIATAIOTCH PaBHBIMH HYIIO.

VpasHeH#ES B BApDHAUMAX HJIA BOSMYIICHHOTG JBH/REHMA MOTYT
GLITH MOJTYYeHbE, ©CAN B BHIPAKeHUAX :KuBoH cmibl T M moreHnuanb-
Hoil dyuKuuuE V MBI OrpaHMYMMCH YIeHAMH HAHHEK3LIETO W3MEPEHHA
¥ npuMeM BOJM3H PAacCMATPHBAEGMOT0 NOJOKeHHA PABHOBECHH ITH
BHPaKeHHMA B BHJE BEUIECTBEHHHIX (CHMMETPHYHLIX) KBaAPaTUIAHIX
$opM ¢ mocToAHHEIMH KoddPUIEeHTAMH

2T :Za,,q;n; nu 2I’r :Zbijq,'q]'.
1] 13

the a;; = a; W by = bj;.
Ecan MaTepuasibHylo CHCTEMY BHIBECTH U3 NOJOKEHHA PaBHOBECHA

H IPeJoCTaBHTh caMoil cebe, To nuddepeHnmaabasie ypaBHeHAT BO3-
MYIIEHHOr'0 [ABHIKEHHMA B TepBOM NPUGTIKEeBHH OYAYT MMeTh BHJ
ypaBHeHuil Jlarpam:ka

d <6T ) 4

dt 3, - dg,
HAH

)’,‘J a;5q; - g bijg; =0

VYpaBHennn 3TH BO3MOKHO ympocTuth. IIycTh MBI mepexouM oT Koop-
AmHAT @4, ..., ¢, K HOBHIM HE3dBMCHMHIM IEDEMEHHHIM I, g%, . ..

-+« Qhy TmyTeM JMHeHHHX Npeofpa3oBaHMil ¢ MOCTOAHHHIMA KO03(-
PuumenTaMn

qi:mix+... (l.-:i,...,n).

JlarpansKmaH no uepeMeHHoﬁ Z B HOBBIX IIepEeMEHHBIX €CThb

() [ () )
dt \oxz'| " Oz "L dt \agg 1 dg; 1"
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Orciopa, 9rofbl TOJYYATH ypaBHeHme Jlarpam:ka [ mepeMenHoM I,
VMHOKAM YypaBHeHuS [BPKeHHA Ha NOCTOAHHHIE MHORATEARN m; H
CIIORHM:

(Z:miaf,-q,-)" + Z m;bi;q; = 0;
ij 7

3dajagjuMca  najgee HeJblo onpencJuTb MHOKHTENIH M; Tak, 9100
HMeJ10 MeCTO COOTHOIUeHHue

. 1
r = Z ma;iq; = —— Zlmibijq]'v
i)

ij
cnpaBennnBoe IIpM BCAKHUX 3HAYEHMAX nepeMeHme Qj; oTcIoaa
N
D (ha;;—by) m; = 0. (19)
1
Ipu sroM ypasuenue Jlarpasm:ka and x O6yAeT BechMa HPOCTHIM!
x" 4+ hx = 0. (20)

Ypasaennsa (19) 6yayr umerb HerpHBHAJbHOE DelleHHe AJIA MHO-
JRUTEdeH m; TOJXbKO TOoTAa, KorAa A OyleT KopHeM ypaBHEHHA

A () = | Ay — by | = 0.

ITo Teopeme CmibBecTpa, MOKasbiBaeMod M B 3TOM cjaydae mofo0HO
n. 18. Bce ropunm ypapHeaums A (A) = 0 GyxyT BemecTBeHHBHI.

Mampuya A (M) umeem npocmuie asemenmaphse Oesumeats.

JoxazaTeabCcTBO DTOTO NPEAJIOReHHA, BIePBHe IOJXMEYeHHOTO
BeitepmTpaccoM, BoaMokHO H3Ja0muTh Tak !). IIycTh A — HexoropHi
Kopenb ypasHenusa A (A) = (. Hesasmcmmo oT IPOCTOTH CBA3aHEHX
¢ A ameMeHTapHHX HeamTeneil cucrema ypasHeHmit (19) Oypmer mmers
o KpafiHe#l Mepe€ O[(HO pelieHne, ec]n NocaeHee CINTATL C TOTHOCTBIO
1o IPOHM3BOJNLHOTO M obmero BceM m, MHo:kuTeas. VM smauur, BO BCA-
KoM caydae, Gy[er cymecTsoBaTh o KpaliHe#l Mepe olHa IepeMeHHAA
z, INHeHHO CBA3 aHHAA ¢ MePeMeHHMMHA Jlarpamsa ¢y, . . ., ¢, M YROB-
dersopawman ypasHenuo (20). 3aMeHnmM nNepeMeHHBIE ¢, HOBRIMH
nepeMeHHbMHA Z, g%, . . ., §n-1 — H JJA DPOCTOTH NHCHMA HOBBE Ie-
peMenHHe g¥ sarmmenm Oe3 ape3qoiex: ¢, Ilocie Takoit saMeHE BHpa-
aenmA kuBof cuanl I # moTeHmuMaibHoit ¢ymxumm V HemaOe:RHO
HO/GKRHB MPHHATH BHJ

n—1 L, n—3
2T = 2 = 3 afigigi, 2V =ha® -+ 3 bigid;,
i=1 i, 5=1

TaK KaK ypasHeHme Jlarpamka, B3sAToe II0 IEePeMEHHOH z, AONKHO
coBmasats ¢ ypaBHenuem (20), Husaa cmaa I mo csoeMmy oupejene-
HHUIO IPENCTaBIsieT BCEIAa OIPeReJIeHHO-IOJ0KUTEIbHYI0 (GYBRIHIO

Y Jordan C.// Comptes Rendus.— 1872.— V. 74.— P. 1395.
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OTHOCHTEJIBLHO CKOPOC TeH; I03TOMY KBajpaTmiHag ¢opMa
n—1
2 * ’ ’
AR U]
1, J=1

ABJIACTCH OleOJIGJIOHHO-IIOJIO')KHTGJIBHOﬁ OTHOCHTEJIbHO

Qs - « «y Qn-1-
CaepoBaTesibHO, ypapHeHMa Jlarpamska, B3ATHeE 10 MOePeMEHHBIM
Qis -+ oy Qn-1s 6yayT 3aBHCETh TOJBKO OT CTOAIMX B MOCJEJHMX Bhi-

paskernax I m V cymm m 6ynyr nomyckaTh Io KpaiHeil Mepe ogHO
npeofpasoBaHne IePeMeHHHX, mofoGHo paccMorpenHomy. IIponos-
sKaA 3TOT mpoilecc Rajblie M 3aMedasd, 9T0 B NPeo0PA30BAHHHIX BhI-
PaKeHHAX KABOH CHJH Bcerxa M3-3a HX 3HAKOOMPe/IeIeHHOCTH oy-
AYT OCTABAaTbCA CYMMHI, COJeDsHaIme He3aMeHeHHHIE ¢;, NpPHBexeM
Tem caMuM T m V B mrore K BHAY

’ /2 2 2

2T =2 + ...z, 2V = Mah + .. At
A 3TO U OKa3uBaet, 9o ypasHenua (19) nMeor n HeTpUBHAIBHEX pe-
menu#t gaA m,, ..., M,, T. €. BCe BIEMEHTAPHLIC JCIMTEIH MATPHIIH

A (A) nmetor ctenenn, pasaue 1. OupepesneHme MHOKHMTENeH m,; mo-
no6HO m3no:KeHHOMY B II. 24 ompeneneHmio A,;.

IlepeMennsie Iy Ha3HBATCA HODMAALHLLMU  KOOPIUHAMAMU.
Ypasnenna Jlarpamka B HOPMAJABHHX KOODAMHATAX HMEIOT BHJ

Ty + My =0 (v=1,..., n).
YpaBHeHHA 3TH JErKO MHTErPHPYIOTCH:
zy = Ay cos (]/"}»_Vi + By) opu Ay, >0,
zy, = Ayt + B, opd Ay =0,

p —V Tyt
z, = Avey Avt o Bye VM opu Ay, < 0,

rae Ay, By oGo3HadawT mocroAHHHE wmHTerpuposasmsa. Orciona 3a-
KJII09aeM, 9TO ecjiM BCe KOPHM Ay 1A ypasHemna A (A) = | Aa,; —
— b; | =0 nponoxmrenbHH, TO B IEPBOM NPAGIMKEHAM DPABHOBECHE
YCTOAYMBO ¥ BO3MYIMIEHHHIMH XBHM/KEHNAMH SABJAAIOTCA TFapMoOHHIECKHe
KoJe0aHAA HOPMaJIbHHIX KOODJAHHAT Zy COOTBETCTBEHHO ¢ YacTOTaMH

V Ay. Jlaa npounx ciaygaes paBHOBeCHE B HePBOM IPHOIMKEHAR Oy-
TeT HeyCTOHYMBHIM, N HOPMAJLHAA KOODJAMHATA Z,, OTBEYAIOMIAA He-
HOJOKHMTeILHOMY KODHIO A,, OYNeT M3MEHATHCA ¢ TeUeHHEM BPeMeHH
60 wo AMHEeHHOMY, JAMG0 IO BKCIOHEHIHAJIBHOMY - 3aKOHY.
Crexyer mOfYePKHYTH, YTO NPH NPHBENEHMHM K HOPMAJbHEIM KO-
OPAMHATAM CYIIECTBEHHYIO POJIb MTPajia 3HAKOOIPEACJEHHOCTD sKUBOK
crau T. 310 03HaYaeT, 94T0 HPH CYMECTBOBAHMHM B MEXAHHYECKOH CH-
CTeMe HEKOTOPDHX IMKIMYECKNX KOODAMHAT, KOrfa ypaBHEHMA XBH-
’KeHHsA XOTH W NPHUBOJATCA MTHODHMPOBAHHEM NUKJIMYECKHX KOOPHH-
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HaT K BHJY ypasHeHmil Jlarpamxa (um. 9), ogHako piA 3THX mocaex-
HAX ypaBHeHmiél ¢ymrmma R He Bcerna Oymer onpefejeHHO-IIOJNOKHA-
TeIBHOH OTHOCHTEJBHO CKOPOCTeH HEIMKIMIECKHX KOODJHHAT W,
cleRoBaTeIbHO, B 3afadax YCTOHUYMBOCTH CTANMOHAPHEIX IBHKEHHH
MOKeT CAYIMTHCH, 1TO HOPMAJBHHE KOODAMHATH HE CYMECTBYIOT.

Bimanne momoit ceA3zn

38. HonyctnM, 4T0 Ha MATePMAJBHYI0 CHCTEMY HaJ0KeHA HOBaA
CBA3b, COBMECTHMAA ¢ PAcCMATPHBAGMBIM MOJIO/KeHHEM pDaBHOBECHHA.
B nepsoM npn6amxeRnu Opy MaJIBIX aGCOTIOTHHIX 3HAYEHHMAX HOP-
MaJBHBIX KOODAMHAT Zy, HOBYI0 CBA3bh MOKHO 3allMCaTh ypaBHeEHHEM

M Avzy =0 mm > 446z, —= 0,
v v

rae nocrogHHHe A, He Bce Hyim, a §xy, 0603HAYAIOT BO3MOKHBIE Ba-
pranum HOPMAJBHEIX KOOpAMHAT. Y PAaBHEHAA [BHKSHHA MOTYT OHTB
MOoJydYeHH Opu dToM H3 npuHnmna Jlanambepa, BHpaKaOHIEroCH
B HOPMAQUIbHEIX KOOPAMHATAX YPaBHEHHEM

o,
D@y + Aexy) bzy = 0.
~
YMHOkan ypaBHeHHe CBA3H HA HEONPEJeJeHHKH MHOKATENh W
W CKIAABBAA €ro ¢ MPeAAYH(AM BHPa:KeHHEeM, AMeeM
o, .
Dy + Ayxy + pA,) 8z, = 0,
v
OTKYHa

zy + Ay +pdy =0 (v=1,...,n).

[1s Tex u3 HOPMAaJBHEIX KOOPAMHAT, KOTOPHM OTBEYAIOT PAaBHEIE
Hyo mocrogHHuie A,, nuddepernuanpHHe yPaBHCHHA [BHAKEHHA
OynyT coXpaHATH CBOM NPE:KHAN BHJ W, cJe0BaTe]bHO, HOBAH CBH3E
He OKa3bBaeT BJIMAHAA HA 3aKOHH M3MEHEHHMA TAKMX I[ePEeMEHHHX.
3aTPOHYTHIMH HAJIO:KEeHHEM HOBOH CBA3H OKasHBAlOTCA JMINbL Iepe-
MeHHBIe, KOTODHE OTBEYAIOT OTJIMIHHM OT HYJA NOcTOAHHHM A..

Yro6r HafiTH XapDAKTePHCTHIECKHE MOKA3aTeNM JJA NepeMeHHHX
Ty, CTECHEHHHIX CBA3BID, IOJIOKHM

zy = ByeV*, p = MeVt
¥ TOACTAaBHM 3TH 3HAQYEHAA KAK B HOCJENHAE yPAaBHEHHS
Bv (}bv — }\«) + A\;M = 0¢

TaK W B yPaBHeHHE CBA3H
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Hceknwaaa B, H3 nocieqHero COOTHOINEHAA, MMeeM

A2
f(A)EZA_”M:o.

B aTo BHIpaienHue BOAAYT JMIKb Te Ay, . . .. Ay, M3 Ay, KOTOPHM OT-
BEUAOT OTJINYHEE OT Hyaa wuocroadHme A,. Pacemarpmeasg 3HaKm
¢yurnmu f (A) Ha matepsane (Ay;, Ay, ,) IPW 3HAYeHHMAX A, GIM3KAX
K KOHIAM mHTepBaja (KopHM A,, 3aHyMepOBaHH B IIOPAJKe Bo3pac-

TAIOMUX 3Ha9eHuil), 3aMedaeM, 4ro f (A) IpH M3MeHEeHHH A HA HHTEp-
BaJje (Mi, 7»\,1.“) Oymer mepexoauTh OT HOJOKHTEJLHHX 3HAYCHAH

K OTPDHIIATeJNbHHIM M, CJeoBaTelbHO, oHa OyJeT mMeTh HA BTOM HH-
TepBajle mo KpaitHe#l Mepe ofgmH KopeHb. OTCONa BHIBOAHM, YTO Ia-
paxmepucmuueckue nokasamesl. h O CUCIMEMB, CMECHEHHOL HOBOLL
843610, Gydym nepemexrcamvca ¢ KOPHAMU Ay, . . ., Ay Hdas nepe-
MEHHWT Ty, He CIMECHEHHBX C813bl0, wucaa A 6ydym cosnadamv ¢ omee-
HANWUMY  SHAUEHUAML Ay,

Ecam s = 1, 970 cAyYUTCA, KOrjga B yDaBHEHMH CBHA3H OTJMYHA
OT HyJA BCero ofHa moctoaHHAaA Ay, To 0aa A GYAYT BO3MOMKHH Bce
3HageHuA Ay, KpoMe A,. 3HaueHme Ay, Gyger Kak OH BHOaJaTh HPH
DTOM.

CnepoBaTenbHO, eclld HaYadbHOE TMOJOKeHMe PpaBHoBecHA OKLIO
yerofiqusuM (Bce Ay > 0), TOo mepeMme;kawmmeca ¢ A, 3HAYEHHA A
6yayT TaK)Ke BCe TMOJOKHTEIBHBI, TeM CAMKIM HPH HAJOKEHAH HOBOH
cBfi3n OyneT COXPAHATHCA YCTOMYHBOCTD WOJOMKEHHA PAaBHOBECHA.

Ecan paBHoBecme mMelo cTemedb HeycToidampocTnm Goabie 1 (ume-
JIO HeNOJIOKUTEJIbHHX Ay), TO HEYCTOHIMBOCTH PABHOBECHA COXPaHHUT-
¢ W UPH HaJIoKEeHHM OfHOM HOBOH ¢BA3M. Ecin e 4mcI0 HENOIO0KH-
TeAbHHX A, OBLI0 PaBHO 1, To HanosKeHmeM oHoM TmopxoaAmed HoBoH
CBA3M PaBHOBeCHE CHCTeMH BO3MOKHO YHPOIHHTS.

Bamanne pmccHnaTaBHBIX CHUI
39. Ilycrs f npemcTaBiaseT onpefleeHHO-IOI0KATeIbHYI0 BeIEcT-
BEHHYIO (CHMMETPMUYHYIO) KBaApaTuyHyI0 QopMy OT cKopocTed zy
¢ TOCTOAHHEIMA KO0d(OQHIUMEHTAMH Cup = Cpul
- .
2f =3 CopTolp.
B

Ob6o6utennse ¢ Xy, COCTABAAKLINE KOTOPHIX ONpeeifAlOTCA COOT-
HOINeHHU AMH

aopx HeabuH npepiioskmi HaswBaTh Juccunamuenbidu. K taxkuMm cm-
JIaM OpAHANJe;KaT OCHYHHEE CHAK TPeHHA, NCHCTBYIOIHAE HA TOYKHE
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MaTepHaJIbHOR CHCTeMH B HAIPABJIEHWH, IPOTHBOIOJOMKHOM MX CKO-
PoCTH, M NPONOPHMOHAALHNE BenwunHe mocaepued. Oynxkmmo f Ha-
3HBAIOT Pynxyuell paccearus NIM Juccunamushol Pynryuel Peaes.
Ecan s1a dyuxuua Peines f copepssur npomspoanbie Bcex HOPMAaJbHEX
KOOPAMHAT, TO KACCHANANNIO Ha3HBAIOT NOAHOL; B IPDOTHBHOM caydae —
wacmuuroil.

HomycTuM, 9T0 Ha MaTePHAJBHYIO CHCTEMY, KPOMe paccMaTphBae-
MBX NMOTeHNHMAJBHHX CHJI, ACHCTBYIOT NHCCHDATHBHEE CHJIH ¢ QYHK-
nueit Pesea f. YpaBHeHMA Manmx OBM;KeHHH TaKoH MaTepHaibHOH
CHCTeMH BOJINM3H ee HOJOKEHHA paBHosecHd Gyayr

dx , dz, af
-y __ i g — =L,
= v g Ayzy P (21)

Bamaane nuccHDATHBHEX CHJI Ha YCTOHYMBOCTDL ‘DABHOBECHA M3Y-
auin jgopx HeuabsmH; oH nokasan caeaylomme TeoPeMbl.

Huccunamusnble cuabl He Hapyuiaom YcmoiMusocmi.

B camMom pene, ecad moJio;keHHe paBHOBECHS YCTOHIMBO mOT jeict-
BHEM OJHHX IOTEHOHMAJbHHX CHI, TO Bce Ay moJjosmurenbHn. Iloanasg

3Hepl‘nﬂ CHCTEeMbI
1 ’ 1
H=— Y al+ 5 Y e
v v

Oymer onpeleeHHO-NOJOKATENbHON KBanpaTHYHoOH ¢opMoH cKopoc-
Teil Ty, M KOODAMHAT Zy. le moNHAA MPOM3BOJHAA IO BPEMEHH B CHIY
ypaBHenuit (21)

H = -2f.

NpPeACTaBIAeT NOCTOAHHO-OTPHNATeNbHYW ¢ynrmmio. CoriacHo Teo-
peMe JianyHoBa 006 ycTOMYMBOCTH, OTCIO/fa BRIBOJMM, 9TO NIPH KOIOJ-
HHTCJIbHOM NPHCOGAMHEHNHN JMCCHNATHBHEIX CHJ II0JIO;KeHMEe PpaBHO-
BECHA OCTAETCA YCTOMIABHIM.

Ecau pasnosecue ycmoiiwuso npu nomeHyuasbblr culax, Mo oOHO
CMANOBUMCA ACUMNIOMUYECKU Ycmolinuen npu dobasieHun duccu-
RAMUSHWZ CUA ¢ noanol Ouccunayuei.

JeficrBuTensHo, paceMOTPAM (YHKIHIO

W =H -+ B D .z,
v

Ilocroannylo f Bcerga Bo3MoKHO BHIGpaTh Tak, 4ro0bnl Pymkuma W
6ruta ompenesenHo-nonoKATeAbHOH. Imckpummnant W mmeer Bup

B850 1 1BSy; 1
1B;5 1 114851
Ecim Bce A; cyTh II0JIOKATE/NbHHE UMCJIA, TO BCETa BO3MOMKHO BH-

6pa'rb 6 CTOJIb MAaJIHM, 9T0OK BCE TJIABHEIE AMAaTrOHAJbHEIE MHHOpH
9TOTO JAHCKPHMMHAHTA 6bIJIII MOJIOKHNTEJIbHBL.
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[loanaa nponasonHas mo BpemeHu or dynkuuma W B cmay ypas-
menmit (21) ectn

- [% (ci.i IJB) .Zt;.f] + 52.1}“ ‘Zl + 52%%@] .
JHCKPHMUHAHT cToAMeH B KBafPAaTHHX cKOOKax dopMul
p
ey —8,81 l“'z' ¢
I_B_c
2
OpE NOCTATOYHO MAJIOM IIOJIO;RATENbHOM f§, KOrja mOpH onpeneseHnn
3HaKa TJaBHEIX AWAaroHaJbHHIX MHHOPOB BO3MO;KHO IpeHeGperarts
91eHAMH ¢ BHCHOIAMH CTENeHAMH [} 10 CPABHEHHIO ¢ WeHAMH ¢ HU3Ieil
cTeneHblo ), OyIeT AMeTh MOJIOKMTEILHLIMI BCe CBOM TJaBHEE jHa-
roHaJibHeie MAHODH, nGo xuccunarnsHag ¢yHkmuA Penesa f asaserca
onpejeeHHO-TI0J0KHTEIbHOM,

Wrax, opm gocratodHo MajoM monaoKuTeabHoM P QyHkmma W
Gyner ompefeJeHHO-IIONOKATENbHA; KAK He 3aBACHIAA ABHO OT f,
OHa jonyckaer 6eCKOHEWHO MAaJIHil BHICIIMH HDPemes; ee NPOM3BOAHAA
‘W’ upm yxasaHHOM BrGope P Gyxer QyHKnmeil ompeneseHHo-OTPHIA-
TeabHOH. BHnojHeHme sTMX ycioBHH coriacHo Teopeme JlamyHosa
06 acMMOTOTHYECKO# YcTOHUYMBOCTH JIOKA3HBAaeT HAIe YTBeP:KIeHHe.

Pasymeercs, ecam pmccmmanmmsA HeNOJNHAA, TO YCTOHUYMBOCTH PaB-
HOBECHA, CYMECTBYIOMAA IPH ONHUX IOTeHIMAJIBHHX CHIaXx, He Gy-
JeT yupoIHAThCA OT N0GaBICHAA TAKAX XMCCUUATHBHEX CHJI O ACHMII-
TOTHYECKOH YCTOMYMBOCTH.

Hsonuposannoe u neycmoiinueoe npu nOMeNYUAALHHI CULAT Pas-
.Hosecue ne Moxcem Guimb cmabuAusuUposano OUCCUNRAMUBHBIMUY CULAML
€ noanoti duccunayueii.

Jdoraszareansbctso. Ilycrs cpeam Ay cymecTByeT Mo MeHb-

mIeit Mepe OAMH OTPHUATEALHbN KO3)PHUUMEHT W HeT HE OJHOTO, PaB-
‘Horo mym0. Paccmorpmm $yrrnmuio

W =H + BZ;\,\,J]\‘.’[;.

Ee noanas npomssonnas mo Bpemenn B cuiy ypasrenmit (21) ects
W' =— [2 (cyw — GHVB}"V) :L‘u:l'\, 2 }W-Tv +B 2 chuvx;rrv] .
uv wy

HMuckpuvnranT kBagpaTHIHOil GOPME, CTOAIEH B KBAJPATHHX CKOG-
Rax, ecTh

Ieww— 8

Lol
ol |

T Cuvhy
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Ilpm mOCTATOIHO MAJIOM IOJOKHATENbHOM f, Korma Ipm oxpejejeHAN
3HaKa TJaBHBIX [HATOHAJBHEIX MHHODOB 3TOro JMCKPHMHHAHTA BO3-
MOKHO npeHe0peraTh YIeHaMH ¢ BEHICHIAMA CTeNeHAMH f o cpaBHe-
HAIO ¢ WICHAMH ¢ HH3IIAMHA CTelleHAMH [, BCe rTaBHEE MHHODH OY-
AYT IOJIOKHTEJbHE, €CJH JUCCHITANMA IOMHAA ¥ HH OfHO M3 A, He
ectb Hyxab. IIpnm TakoM BuGope P nmpomssonnaa W’ Gyner ompepmenex-
HO-OTPHIaTeNbHOH QYHKIMe# NepeMeHHHX zy, zy. ®yaxmua W no-
nyckaeT 0ecKoHeYHO MaJjui BHCIIMHA mpejesn, Kak (QyHKOouA, He 3a-
BHCAINAA ABHG OT f; npu 31oM dyuxumio W magae;xammMm BHGopOM
3HaYeHHi Iy, Zy B CKOJb YTOAHO MAJO# OKPeCTHOCTH TOYKH zy = 0,
zy = 0 MokHO cflenaTh cTpuiatenvHoi, ItaM Pyaxnma W, ynosaert-
BODAA BCEM YCJIOBMAM TeopeMul JIAmyHoBa o HeycToHYMBOCTH, NOKa-
3HBAaeT yTBEPKACHHE.

Cryd4am HeM30JUPOBAHHOTO IOJIOKEHHA DPaBHOBECHA BO3MOKHEL,
KOTJa HEeKOTOPHe M3 A, cyTh Hyan. Ecam Hedmyiesme KoPDHH Bce Io-
JIOKATENbHHN, TO HEYCTORYABOCTD HPH MOTeHIMAALHEIX CHJIAX CYy-
mecTBYeT 32 c4eT BEKOBHIX WIEHOB, HOABAAKIMMXCH B BHPAKEHUAX
IR nmePeMeHHHX Ty, OTBEJAMAX HYJIeBHIM KOPHAM; TARyI0 HeycroH-
9HBOCTH NHMCCHIATHBHEE CHIB MOI'YT CTa0WIM3HPOBATEL; HampaMep,
cmna X; = —kax; (k> 0) crabmamsmpyer papHoBecue B chaydae,
Korma A; = 0, a ocTaJbHBE Ay HOJOMKHTETLHE.

HdoxrasarenbcTBO HEyCTOMYMBOCTH HPH J00aBICHMHM [MCCHIATHB-
HHX CHJI B ciydae, KOTHa cpeim Ay AMeeTcA IO KpaiHe# Mepe OZUH
OTPHI(aTeJbHBIH KOPDEHb HW HECKOJBKO PAaBHHX HY/II0, IPHBOMHTCH
K PacCMOTPEHHOMY II€PeX0ofoM K HOBHIM IepeMeHHBIM

Iy = yvest’

rRe € ecThb HoAxonAnuM o0pa3oM BROpPaHHAA NOCTOAHHAMA.

Banaune THPOCKOIIHYECKHX CHJ

40, Cuam
Xy = % gvux;x (8vu = — &uvh

paboTa KOTOPHX HAa AeHCTBMTEILHOM IePeMeNieHHM Bcera paBHa Hy-
mo, aopn HeabBuH IpPensioKAa HA3HBATD 2UPOCKONUYECKUML.
Pasnosecue, ycmoiinusoe npu 00HUT NOMEHYUAALHBL CULAL, COTPA~
Haem ycmoiinueocms npu 006agAeHUL 2UPOCKORUYECKUT U Juccunamus-
HBLE cua.
B camom gexne, npm poGamienmm takmx cumia auddepeHnmaibHEE

YPaBHEHHA BO3MYIIEHHOTO ABHKeHMA BOJIM3H HMOJOKeHAS PABHOBECHA
HMEIOT BHJ

2

dz,, . drv

o = Te _E‘:—lvxv'—’—,—f—Xv'
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Ecam paBHoBecme ycToHYMBO IpM OJHAX NMOTEHIHAJBHHX CHJIAX, TO
Bce A, nonokuteabpHu. IIpm stoM monmas smeprma cmcremn

H= %(Z rl + ZMxﬁ)

OpeficTaBIgeT ONPeleNeHHO-TIONOKATENbHY0 (yAKnmio. Ee moaman
upoussonHaAd H' B cuay ypaBHeHHH BOSMYINEHHOTO ABH:KCHHA

H' = —2f

He GyNeT HOJM0KUTEIbHON, HE3ABHCHAMO OT TOr0, GYAYT 1M AMCCHIATHB-
HEle cHAB 00JafaTh MOJHON MM 9acTHUYHOM AmccHnanmedl HIm mMX
cosepiieHHo He Gyfer (f = 0). Orciona, coriacHo Teopeme JIanmyrosa
00 ycTodumBOCTH, HEMOCPeNCTBEHHO BHTEKaeT yTBep:kjaenme Henbsu-
Ha O COXPaHeHMH YCTOMYABOCTH PaBHOBECHA NPH N06aBJIeHMH THpPO-
CKONMYEeCKAX M JUCCANATHBHHIX BO3MYIAMMAX CHII.

H3zoauposannoe paswosecue, neycmoiiuugoe nod deticmeuem nomewn-
YUAABHBLT CUL, OCMAELMER HeYCMOUUUEHM npu 000asienulL 2UpOCKONU-
YECKUL cua U cua Guccunamugnblr, ecau nociednue o6aadaim nosnotl
duccunayueii.

HoKasarenbcTBO Jerko ODPOBOAMTCA PaccMoTpeHmeM (GyHKUHM

W =H -+ 5Z7~vﬂf;$w
v

KOTOPasA UPH OTIMYHHX OT HYJAA A U IPH HOJHOH Amccupanmm Gyner
HMeThb OIpeAeeHHO-OTPHIIATEIbHYIO NPou3BogHYI0 W', ecan nmoxoxm-
TeJbHasa mocTogHHaA P Gyper BuOpaHa mocrarouHo Manoi. Dymxuma
W, Kak He 3aBHCALIAA ABHO OT ¢, JONycKaeT GECKOHETHO MAJLIH BhIC-
@il mpesie; W CKoAb OBl MaJbl 1o abcoJIOTHOM BeJwmumHe Xy, Iy HA
GbLIH, mX MORHO nofobparTh Tak, uToGw W 6biia oTpEOarenbHol, u60
cpeam A, Gyjer cymecTBOBaTh N0 MeHbIIeH Mepe OfHO OTPHIATEIbHOE.
HeycroitamBocts cmenyer no teopeme Jianysopa u. 14,

Ecau neycmotivugocmov usoauposannoz0 noioxenus paswosecus nod
Oelicmeuem 00HUT NOMEHYUAAILHBE CUL UMEET HEYEMHYI0 CMeneHs, Mo
2upocKonu1eckaa cmaburusayus pasHosecus HegoaMoNCHa.

HeHcTBHTEIbHO, PR OTCYTCTBMA AHCCHIATABHHEIX cHa (4TO HeCy-
HIECTBEHHO M NPHHATO JAIUE AAA yHpomeHuA (opMys) ypaBHeHHA
OBMKeHAA CYTh

”

Ty = — ATy + ngu-r;x (8uv = — gw)-
n

lycrs wneno otpunarensHnx Ay, HederHo. 1A M30IMPOBAHHOTO HO-
J0}KEHUA DABHOBECHA BCE Ay OTJIMYHH OT HyIA. XapakTepucTHiecKoe
ypaBHeHHMe NJA 3TOH CHCTeMH YPAaBHEHHH BO3MYIIEHHOTO NBMKCHHA
ecThb
MbAT L —g
AM =] .. ... =0
b . by A

n o
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Nmeem
AO)=3,...04 1 Adrw > 0.

Ipn mewerHoM wmcie oTpHIaTe]bHHX A, Bupaxenma A (0) m A (oc)
Gynyr pasubix sHakoB. CienosareinbHo, ypasHeHme A (A) = 0 mmeer
IPH 3TOM L0 MeHbUIeHl Mepe OAMH IOJOKATEJILHBHIH KOPeHb I A.
ITHM HeyCTOHYMBOCTh KOKA3aHA.

IIpu usgecmuvix ycaosunxr pasnosecue, neycmolinusoe nod delicmsuem
00HUZ NOMEHYUAALHBLEL CUL, MONCHO YNPOLHUMbL UAU CMAabUAL3UPOsAMb
do6asaenuem no0rodAwpur 2UPOCKONUMECKUT CUAL, €CAlL CIMEeNneHb Heyc-
moiinugocmu He Guiia Hedemuol u npu smox ke dobagasiomces duccuna-
mugHyle cuabl, ofaadawupue noanol duccunayuer.

Yrolu qoKas3aTh BO3MOKHOCTE T'HPOCKONHYeCKOH cTabmimsanum
B TAKHMX CJYJaAX, BHAEJIMM IapH HOPMaJIbHEIX KOODAHHAT, OTBEJal0-
mue OTPUIaTedbHNM Ay. IlycTh onHa Takas mapa HmepeMeHHEIX HMeeT
clefyomye ypaBHeHHA ¢ JoGaBJeHHEM I'HPOCKOIMIECKAX CHUI:

”

" = —ax gy, y = —Py — gz’,

rae o 1 B orpunarenasHs. XapaKTepHCTHIECKOe yDaBHEHHEe TaKod cH-
CTeMH

M) =M + A (¢ + o+ B)+ ap = O

fyneT mMeTh YHCTO MHHEMBE KODHH, ecid A A’ oHO mMeeT oTPHOA-
reiabHele KOpHH. Ilocaenmee nmpomsoiiner, ecian

g +oa+p>0 (8 + o+ p)—4ap>0.

Ecaum mocroAnHas g ynoBjeTBOPAeT NOCIeJHAM HepDaBeHCTBAM, paB-
uosecue Oypmer crabmiamamposaHo. Ilpensosxenme noxasaano.

Ho ecam ma MaTepualJpHYI0O CHCTEMY AEHCTBYIOT CHJIEI C paccen-
BaHMEM OJHEPrMM npH JOHX NefACTBATEJLHBX IePeMemeHNAX, TO
THPOCKONMYECKAA CTa0MIMBAAA 1O JOKA3AHHOMY Bhilie HEBO3MOKHA.
A Tak Kak B ZeHCTBHTEABHOCTH MaJbieé AMCCHNIATHBHEE CHJIHN ¢ MOJHOH
NHCCHNAIHell BCerja CymecTBYIOT, TO THPOCKOIHMYEcCKas crabHimsa-
HHAA HMeeT [JA HallleH NefCTBHTeJILHOCTH BPeMEHHOe 3HAYeHMe M Ha-
PyINaeTcAa, KoJb CKOPO HA CHCTEMY IOJeHCTBYIOT JHCCHIATHBHEE
cuaH ¢ noiHoil pmccmmammeit. Ilosromy aopn KenssmH mpepiommi
HA3HBATH 8PeMeHHOl YCTOHIMBOCTL PABHOBECHHA, IOJYYalOMmyOCs OT
THPOCKONMYeCKOH cTabmimsanmm, a yCTOHYMBOCTH paBHOBECHA, CY-
MECTBYIOMYI0 HPA XEeHCTBMH ONHHMX NOTEHIMAJIBHHEX CHJ, OH Ipea-
JIOKHJ HA3LIBATH 6eK0601L.

IIpamep. Ilentp TamecTH apTHIEPHHCKOTO CHAapAjRa ABH-
FHETCH B BEPTHKAJNBHON NJIOCKOCTA CTPean0K £ BRXOJL 0cH §, KOTOPYIO
OpuMeM [JIA IpocToTH ropmsonraivHoit. Ilyers z — ock cmapAna;
v — DOCTOAHHAA CKOPOCTh €ro menATpa TasKectd; ] — mpoexnma ocH
CHapAfa HAa IJOCKOCTh CTPeablm; oo — yrox Me:kay I m z; f — yroa
Mesny & m I; ¥ — ropm3onranbHaf ock, { — BepTHKajJbHAdA, & 1| —
TPeTbs och Jepoit cucremn (En(). 3agawa sTa ABIAETCHA H3BECTHHIM
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gpubiMsKeHneM [JA JBH;KEHHS CHApAA II0 BeCbMa HACTHJIBLHOM
TPAEKTOPHH. :

Hopsmxuyio cacreMy oceidl (ryz), MMEIOMYX HAYAJIO0 B NEHTPE
THRECTH CHAPAKA, oIpefeldM KAHEeMATHYeCKHM, 9YTOOH TeM CaMBIM
IOKA3aTh TOJOHOMHOCTh IIEPEMEeHHHIX, KOTOpHeEe OYXYyT OIpeNelarh
H0JIOKEeHHe CHapAa OTHOCHTEJIBHO ero ieHTpa Taskectn. CHagana
noBepreM cucreMy (§nC) BOKpyr ocm 1 Ha yroa f Tak, 4rolH och §
pepeniiia B och I, HOBOe IOJOKeHHEe OCH [ Ha30BeM dYepe3 z, NOJY-
yuM cucTeMy (/1z); mociefHO LOBEPHEM BOKPYF OCH Z Ha YroX o
TaK, 4To0H och / mepema B OCh I, MOJYYeHHYI0 CHCTEMY Ha30BEM
(zyz). Hycrp @ oGo3nagaer yroJ moBopoTa CHapAAA BOKPYT €ro OCH I
B cucteMe (zyz). Vla KMHEeMaTHIECKOro OIpeJie/leHAA HeIOCPe/ICTBEHHO
cielyeT TOJIOHOMHOCThL INEePEMEHHHX ®, o, f.

MrHOBeHHAA CKOPOCTH BDPAIIEHWA CHAPANA ABIAETCH DPe3yibTH-
pyRIIet YrIOBHX cKopocreill @', o', B, COOTBETCTBEHHO HAaNpPaBJIEH-
HHX 0 TOJOKHTEJIBHHM OCAM I, Z, 1); OTCIONA ee NMPOEKOHA P, ¢, T
HAa OCH I, Y, z GYXYT PaBHH

p=@6 +p sina, g=p cosa, r=a’.

/HKuBasg cuia BPAmATeIbHOTO NABMKEHHST CHAPANA HMeEET H3BECT-

HHH BH]
2T = Ap* + Bg* + Crt,

rne A, B, C 0603Ha9aioT MOMEHTH MHEPIHH CHAPANA OTHOCHTEJIBHO
oceit x, ¥, z. A OOKYHKX HPOROJIrOBATHIX CHAPANOB, IPERCTABIAI-
mMUX TeJO BPAMEHHMA BOKPYT CBOeH ocH, Bce 3TH MOMEHTH HHepIHH
IpeJCTaBIAIT LNOCTOAHHHE Beiamymun C = B> 4.

MoMmenTt medicTByomeii Ha CHADAN ONUPOKHMJHBAOMEN maps Ha-
npaBied OPTOrOHAJBLHO IUIOCKOCTH, NIpPOXoxAmeH depes CKOPOCTH
meHTPa TAKECTH UV M OChb CHAapAJAa T B CTOPOHY, OTKYAAa BpameHde
OT U K I KayKeTCd NOJoKMTeabHEM. [Ipyrume mapu cma, geficTBylo-
mAX Ha CHAPAX, He NPHHHMAKTCA BO BHAMaHHe. Benmumna ounpoxm-
nsapomed nape K = a sin 9 3aBHCHAT OT IOJIORATEIBHOH BEJIMIHHE!
2 = a (V) H oT yria 9 Me;KIY CKOPOCTBIO IOJIeTa U M OChI0 Z; COS ¥ =
= cos ¢ cos B. Benmunus 0606mEHHKX JarpaH:KeBHX cmia @ moxy-
9aj0TCA HENOCPEJNCTBEHHO M3 BEIPDA;KEHMA BO3MO;KHOM PaGoTH oupo-
KHBBAIOmMe# mapsl

a sin p8y = —ab cos y = a sing cos P 8o + a cosasin B Of.

JladdepeninaIbHEIMA YPaBHEHHAMHA BPAIATeIbHOrO JBHKEHHA
CHapaA/a ABIAITICA ypasHeHdd Jlarpam:Ka JJIA IEePEMeHHHX ®, a, .
.Oano0 43 ypaBHEeHHI HEIOCPEJCTBEHHO IPABOJAT K IIePBOMY HHTErpajy

Ap = const, oTBeTaOMEMY NMHKJIMICCKOH KOODAMHATE ®; JBA APYrHX
uMeloT BHJ, ycramopiaeHmsit A. H. Kpnuosmm:

Ba" + BB sin a cos a — App’ cos @ = a sin a cos B,
Bp" cos o — 2Ba'f’ sina + Apa’ = a sin B.
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YMHO;Kaf 3TN yPaBHEHA s O[MH Paa cOOTBeTCTBEeHHO Ha &', B’ cos ¢ ,
a mpyroit — Ha sin B,— sin & cos P M CKIAgHBAA 1O OTACIALHOCTH
KaKQHH pas, mMocjie HEKOTOPHX HPOCTHX Npeo0pa3oBaHMil W HHTEr-
PHpPOBAaHHA DOJYYaeM [BAa NEePBHIX HHTerpaJa:

S (&% + p'?cos?a) + a cosacosf =k,

B (o’ sin p — B’ sin @ cosa cos B) + Ap cos & cos f =

3a HepoaMymeHHoe ABHKEHMe CHApAAA ME OPAMEM JacTHoe pe-
menne oo =0, f =0, o' =0, B’ = 0 guddepenumaibanx ypas-
Henmil aswrennd. [[1a TaKoro HeBo3MymeHHOTO ABH;KeHHUS ypaBHe-
HMAMA  BO3MYIEHHOTO JBWwKeHHA Oyayr nmddepeHImanbHEeE
ypasHenna A. H. Kpuosa. IlepBmii 3 mnTerpajioB ABiAeTCA HH-
rerpaizoM H = h, noxysaomumca no Metoay (n. 9) urHopupoBaHms
NUKIAYECKOH KOOPAMHATH ©; upm stoM OyvHRuus V = H — H, He
ABJIASTCH 3HAKOOIPeNeIeHHOM.

Jina pewreHuA 3aadd YCTOMYMBOCTH 11O OTHOHIGHHIO K IIeDEeMeH-
HEM a, P, o', p’ yMHoKMM nepBHH H3 HHTerpajoB Ha Ap, BTOpOi
Ha — 2@ W CIOKHM:

W = w(a"-" + P2cos?a) —
— 2Ba (@' sin p — B’ sinacosa cos ) — Apa cosacosf.
ITepsoe npuﬁnvm{enne aarerpaga W + Apa = W, + ... ec1b

BAp

W,= —2Baa’p + 280 g2y 2P pe 4 2Bapa 4 A2,

KBanpa'rmmaﬂ dopma W, cocTonT M3 IBYX OFXHOTHUIIHHIX KBaJpaTHI-
HHX $OpM; HOCTATOYHO PACCMOTPeTh ONHY M3 HHX

==~ a'*—2Baa’§ + Aga pe.

Gopma f Gymer Torga 3HAKOONPeNeJeHHOH OTHOCHTEJIBHO BXONAIMMX
B Hee NePEeMEeHHBIX, KOrfJa MOJO;KATeABHHIM OyAeT ee MHCKPHMHHAHT

BA
=
A ?
—Ba ga
T. €.
2 — 4Ba > 0.

910 — HeKoMoe yciaosue, Eeam omo ymosiaersopeno, To ¢dopma f
Gyner 3HaKoonpefeJeHHOM oTHocHTeNBHO o', P; BMecte ¢ ¢opmoit f
6yner nmpu 3TOM 3HAKOOIPE/IeeHHOM OTHOCATEIBHO o, B, &', ' dopma
W,, a tem camum u marerpan W + Apa. Takum oGpasom, W -+ Apa
YHOBIeTBOPAET BCEM YCIOBHAM CIEICTBHA M3 TeopeMs Jlamymosa



BIAHUAHHE THPOCKOIIHYECKHUX CH.I 93

00 yCTOMYHMBOCTH; OTCIORA BAKIIIOYAEM, UYTO eClH co0aI0eHo NocaeHee
HEPaBEHCTBO, TO paccMaTpHBaeMOe HEBOSMYMICHHOe [BW:KeHMe CHa-
paga (¢ = P =a’ = §" = 0) Gyner ycroHIMBHM.

PaccmoTpeHHan crabuian3anusa CHapAla MMeeT THPOCKONMHIECKYIO
IpHpody ¥ B COTJACHH ¢ Npeljo;keHnmeM HeabBHHa NoJKHA mpoma-
ATk NpH CYMECTBOBAHMY IOJdHOH [HccHnapmi. JleficTBHTeNbHO,
RoGaBAM K NepBHM npubimxenmaM auddepeRNHaILHENX ypPaBHEHHH
NBHKEHHMA MaJible NNCCUINATHBHBIE CHJBl, NMPOU3BOAHBEIE OT HEKOTOPOH
¢yrKnun Penesn

2f = ba'® + 2ea’p’ + cp’i.
rie MajJhe MOCTOSHHHE Ko3d@uumuents b, e, ¢ yIOBIETBOPAIOT yCJo-

BHIO OIpefeleHHo#l noAoKHTeNBHOCTH b > 0, be — e > 0. Bynmem
HMeThb

Bo" = aa + App’ — ba' — ef’,
Bp" = ap — Apa’ — ea” — cfp’.

Y106 [OKa3aTh BOOIHE CTPOro, 4T0 AUCCHNATHBHEE CHIB pas-
DYIIAIOT T'HPOCKONMYECKYI) CTalHAd3alui0, PACCMOTPHM KBagpaTHu-
Hyo ¢opmy

W= 5 B@ B — 5 (@ -+ ) — 2B (' + ).
Honosxnreabryo noctoaunyio & onpenenam mocie. Ilpoussommas or
W B cEny ypaBHeHHMH nepporo npubimxenus Oyiaer
W' =—[(b + 2¢eB)a"* + 2ea’'p’ — 2eba’a -+

+2(Ap —e)ea'B + (c + 2eB)p* — 2 (Ap + e)ep'a —
— 2cef'p + 2eaa® -+ 2eaf?l.
JArckpaMuaHaHT KBagpataunost dopmer — W' ecrs

b 4-2eB e —be (4p —e)e
e ¢ 2eB —(Ap-e)e —c€
—be —(Ap+e)e 2ae 0
(Ap — e)e —ce 0 2ae

Buuoca n3 Tperheit 1 yeTBepPTOH KOJIOHOK 3TOr0 oNpefleNTeN obmui
HOJIO;KUTeNbHBH MHOMKATENb €, B34KJAK0YaeM, YTO NPH AOCTATOYHO
MaJoM &, KOTa NpH ONpefeeHHH 3HAKA BCeX TIJIaBHBIX [HATOHAJIb-
HHX MHHODPOB JACKPHMAHAHTA BO3MO;KHO IpeHeGpeYh WIeHAMH ¢ BHIC-
MUMH CTENEHAMH € 10 CPABHEHHMIO ¢ WieHAMH ¢ HHBIIAMH CTEIIEeHIMHA
€, TH MHHODH GYAyT HOJOKATEJILHKEMHA; CIeI0BATEIbHO, OPH TAKOM £
paccmatpuBaeman ¢opmMa W' Gyner ompenmeseHHo-oTpHIATEABHOMH.
®opma W ponyckaer 6eCKOHEYHO MaJIKil BHICIIHHM Ipefes Kak
byuxknna, me 3aBucAmMAas 0T BpeMeHH; BHOOPOM YHCIEHHO CKOJb
yrogmo mMaamx a, §, o', B’ dopMy W Beerna Bo3MoskHO CeJaTh OTPH-
naTeapHo#, T. e. ogHoro 3HaKka ¢ W’. Orciona B cmay teopems Jlamy-
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HOBA O HEYCTOHYMBOCTH 3aKJII0¥aeM, 9T0 AHCCHNATHBHEIE CHJIKl Pa3-
PYIIAIOT THPOCKONMYECKYI0 CTa0MJIM3anMI0 CHAPAKA E 4TO THPOCKO-
nudecKas cTa0MINsamA CHAPANA ABJIACTCA BPEMeHHOH.

HexoTopbie BBIHYKIEHHDbIE [BHKEHHA

41. BoJaBIIMHCTBO BHIHY:KJGHHHX [BW/REHHH Kako#-i1m6o Mmexa-
HIYECKOH CHCTeMH (epeT CBoe HAYaJ0 B KOHEUYHOM CYETe B JBHIKEHHH
HEKOTOPO#l ApYroil CHCTeMBI, KOTOpas BO3JEHCTBYET HA NePBYH H
B CBOI0 OuepPe/lb caMa HAXOAMTCA Noj ee BoaneiicTBmeM. Hepexxo
ABMKeHHe BTOPOH CHCTEMB PACCMATPHBACTCA IPH 3TOM npuGIHKeHHO,
Kax 3afaHHOe ¢ HTHOPHPOBaHHEM BO3/EHCTBHA CO CTOPOHE! mepBoii !).

OcranosaMeca Ha ciaydae, Korga ofe cHCTeMbl HaXOAATCHA B BO3-
MVYIeHHOM [BMKeHHMH BOIMSM HX I0JO/KeHHA PABHOBeCHHA, M BH-
ydcjaeHde GYAeM BeCTH B HOPMAJBHHX KOODHMHATAX JAA BO3IMOKHO
Gonee npocroro ciaydas. Ilycrs asmxenma meyx cumcrem (z) m (y)
3a[aI0TCA YPaBHEHMAMA

" = —qx — xx’ + py',

v = —By.

Cayuait 9T0T MOsKeT NPEACTABATHCA, ecau B cucreme (y) upeneGpe-
raeTcs COCTABAAIONMEH THPOCKOINYECKON CHAB —MuI'; TUCCHOAIAA
asagerca gacTEaHo#. IlocToAHEKE % B P UycTh HOJIO/KHTENBHH.
PaccMorpam caygail, KOoraa o 1  OAHOBPEMEHHO NOJIORATEAbHE , —
MHEIMH CIOBAMH, ciaydail, Korja Ge3 npeHe6pe;KeHHA IrHPOCKONHA-
9eCKOM CHiIoM —puzr’ mMesa GBl MeCTO BeKOBas yCTOHYMBOCTD B CMEICIE
Keassuna. Ilyers mas mpocTorl a = n?, f = p?, Torna

(22)

-——-A—-sin t
y wp pt.

YpasHesue MJas cucrTeMol (r) HPH ITOM NPUHHMAET BHJ
2" +nx’ -+ n*r = A cos pt.
[Ipamem
= a cos (pt — ¢)

H DOXCTAaBAM B yPaBHEHHE
a (n* — p?) cos (pt — €) — upa sin (pt — €) =

= A4 cos ¢ cos (pt — &) — A sin ¢ sin (pt — &)
OTKYJA, NIpapaBHABaA Koaddpuanmentst npu cos (pt — e) msin (pt — ¢),

AMeeM
a(n? — p?) = A cos e, apx = 4 sin e,

)y Crperr Hx B. (nopy Paneit). Teopua ssyka. T. 1: Ilep. ¢ amra.—
2-e max.— M.: Cocrexmapar, 1955.— (Cm. m. 51).
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TaK 970 (YaCTHOE) pemeHme Mo:KeT OHITH 3aNMCAHO CAEAYIOMHUM of-
pasoMm:
Asine
T = ——cos (pt —e),
e

4
tge = <o

Taroe KoieGaHWe HA3KLBACTCH EBHYNOEHHWM; OHO ABIACTCH OT-
BETOM Ha BO3JEHCTBMe CHJIBL Py, OKa3aHHOe HA CHCTEeMY (z) maBHe.
AMninTyxa BHHY/KICHHOIO KoJe0aHHA NPONOPHHMOHAJBHA AaMILIH-
TyRe cHJIH A, a mepHoj TOT sKe, 9TO W TePHON CHJIEL.

PaGoTa Boamymaroigeii cHJIb HAa BHHYKIGHHOM JBW;KeHMH CHC-
TeMbl (Z) 32 HePHOJ CHJIBL BCeraa MOJO;KMTEILHA

27

PR
p Sy’x’dt:—é%a- \cos2ptdpt——
0

2 .
\ sin pt cos ptd pt ==

0

A%sinecose
DA

nA?sinle
Rl lihig
¥

un6o
T

1)

costudu = m,
]
2
S sinucosu du = (.
0

PaGora 3ta uMeer mamGoabmylo BeimuMHEy mpH sin e = 1, 1.e.
Korjga ¢asa BHHY;KIEHHOTO K0JeGaHMA OTCTAaeT HA YeTBEPTh HepHONa
OT QasH CHJIE, 9TO HMeeT MECTO, eCiM NEePHOJ BOSMYMAIOMEH CHIIBI
coBnajaeT ¢ CoOCTBEHHHIM IePHONOM KoxebaHmit cucTeMu (r), HHawe
n=p.

B cayuae pasnwx nepuodos mpenue doancno 6umb npunamo 6o
SHUMAHUE, KAK OBl MAL0 OHO HU OBA0 U Kak Gbl MU 6Wla Hesnayumeder
€20 pesysvmam npu n U p, He DASHBT dpye Opyey.

910 coobpaskeHne BHCKazano Peieem.

Ecan tpemme orcyrcTByeT M mepHOAH PaBHE 27 = p, TO OTBEYA-
mas XapakTepHCTHYeCKaA A-MaTpHna

ARLn?  —pd
70" el

EMEeT HenpocTOH JJeMEeHTAPHHI [eJMTenb

(}\'2 + n2)2’
H, 3HQYHT, CKOJb OH Maja HE OBHUIA aMILIMTYla KoJeGamuii y, HeoO-
XOMMO MOABATCA BeKOBHE WieHH. PapHoBecue cmcreMm (z) 6ymer
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HEYCTOAYMBEIM, YPaBHEHHSA B BAPHALMAX A BHHY/KIGHHOLO IBH-
KEHH A

I—‘—é-COSt x-~Atsint
y=rcospt, @=-tsing

6yayT TOTO ke THNA, JHINE BMecTo r, ¥ OyAyT €TOATH ¥X BapHAIHH;
aJeMeHTapHHe NeJIATeNA OYAYT TeMH ke, d, 3HAYAT, BHHY;KAEHHOE
ABH;KeHHe OYHeT HeyCTOHIHBHIM.

Horna ske mepmonmsl paBHH 7 = p H cymlecTByeT Tpenme x > 0,
3JleMEHTAPHbIe MeJIHTeAM [Jf XAPAKTePHCTAYECKOH A-MaTPHUIK CHC-
Tembi (22)

A® = xA-t-nd —pk
0 33 - n?

OYAyT DPOCTHIMH
(A% + n%), A* + xh + nd,

Crano 6siTh, Kak Obl MaJ o TpeHue HH OHINO, B pelleHun cuctTeMmsl (22)
y:xe He Oy/leT BEeKOBHIX YJeHOB: DaBHOBecHe CHCTeMBbl OyleT yCToi-
9EBHM B TOM CMBICJ€, UTO BCETJa BO3MOKHO HaliTH ¢T0Jb MaJjoe A,
9706 a6COMITHHE 3HAYEHHA I He NPeBOCXONHIHN 3aKa3aHHYI0 Ha-
nepen TPAaHb.

42, B HactoAmel ri1ape ycTaHOBJAEHH npenio:xenns jgopaa Hens-
BHHA, AMeomue 0oibimoe 3Hauenue. BoaMyimeHHble ABMKeHHA Mexa-
HA9ECKOH CHCTeMBl BOJHMBH YCTOMYHMBOTO NOJIO;KeHHA PaBHOBECHA,
rie HoTeHnHajJbHad GYHKUHA AeHCTBYIOHMX CHJI HMEeT MHHHMYM,
HMeI0T KoJebaTeJbHEIM xapakrep, H HaoGopor. [{oGapienme pumccm-
OATHBHSIX CHJI He HAPYMAaeT YCTOMYMBOCTH M HEyCTOMYABOCTH PABHO-
BecHA MAaTEePHAJbHOM CHCTEMBI, CYNIECTBYIOIEro MPH MOTeHIIAAJbHBIX
cuiax. J{oGaBienne ke THPOCKONMYGCKMX CHJI, He HApyIHag yCToM-
YABOCTA TAKMX TOJOKeHMA paBHOBeCHA, B HEKOTOPHIX CJay9aAX,
KOI'la PaBHOBECHE MMeeT HeyCTOMYHBOCTH YEeTHOH CTeNEHH, a JHCCH-
HaTHBHHE CHJIBI HE HMET HOJHCGH AMCCHIIAIAM, MO:KeT cTabmimaupo-
BAaTh HeycToHYMBOe PpaBHOBECHE.

ITepBoe w3 3TMX HpeAsOKeHME HMEET CBOE CTPOroe BHPAKEHHE
B TeopeMe Jlarpas:;ka o6 ycTOHYMBOCTH H30JMPOBAHHOTO HOJOMKEHHSA
paBHOBeCHMA OpHM MakcEMyMe cuiaoBodl ¢ymxkinmm. Yrto iKe Kacaercs
APYIrHX OpeNio;eHdi, ToO B CBASH ¢ HAMHA BO3HHKaeT Boupoc, OyayT
gan He OyAYyT COXPAHATHCA B JeHCTBHTEJIBHOCTH ABJICHHWA, HOXMETCH-
HHe JopmoM HeJbBHHOM W3 PACCMOTPEHM#A NEePBOTO OPHOIM;KEHHA
YPaBHEHHH BO3MYIEHHOTO JBHKeHHA.

K nmocieaneMy BOnpocy DPHBOXAT MHOTHe BajKHHE HH)KEHEDHEIS
3amaud.
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OcHoBHBIE TEOpEMBI

Ho pabor JianyHoBa B Hccle0BAaHAAX YCTOHYMBOCTH OIPAaHMIM-
BaJHCh PACCMOTPEHHEM OIHOTo mepBoro npubamxenus. B momobmmix
HCCIeNOBAHAAX MOKHO NPHMATH K omMMGOYHEIM BEBoAaM. Jlamymos
NOCTABHJ M Pa3penidil BOIPOC, KOTAAa YPaBHEHHMA NMEPBOro mpubad-
JKeHMA HOJHOCTBIO Pa3peIraioT 3agady o0 ycrofiumBocTH M Heyeroli-
YHABOCTH.

43 [24]. Mycrs nuddepennmanbubie ypaBHEHHAA BO3MYIIEHHOTO
NBI;ReHHA HMEIOT BHJ

dx
Tts = Psity + .+ Pan®n + Xs (8 =1... Il), (23)
rie X; cyts roiromMopduere GyHKUMH X4, . . ., I,, HAYOHAIOMHEECH

B CBOMX Da3Jio:KeHHMAX C YWIeHOB He HH/Ke BTOPOro IOPANKa, a p,,
CyTh HOCTOAHHBIE.

Teopema Jlanynosa. Eciu eeugecmeennnie wacmu 6cex
KOpHell hs IAPAKMEPUCMUYECKO20 YPABHERUSL NeP8020 NPUbGIUNCeHU
OMPUYAIMEAbHBL, O HEBOMYULEHHOE O8UNCEHUE ACUMNIMOMUYUECKU Yc-
moliuueo, He3a6UCUMO OM WAeHO8 6blule Nepeozo nopadka masocmu X ..

Hoxasarenspcrso. Ecin BemecTseHHbe YacTH BCex Kop-
Hell A; OTpAIaTe IbHEL, TO HE JJIA KAKHX HEOTPULATOABHEX My, . . ., My,
HMeIOIAX B cyMMe 2, He MO'KeT YHHITO/KMTBCH BHIPAKeHHE

mhy + ...+ myh,.
CrnenosatelbHO, CymecTBYeT OIpejeJeHHO-OTPHIATEIbHAA KBajpa-

THYHAA QopMa ¢ mMOCTOAHHHMA Kosdduumentamm W, ynosiersopsio-
mas ypaBHEHHIO

ow
Z(_?I—(pslxl et psnxn,) = le) + .o 4 37721'
s
Torga

dW _ o 1.2 w
_(F_xl—*—..'.' .’l‘n~}-zb—;;Xs

4 H. T. Yeraes
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GyneT ompejeIeHHO-NO/IOKHUTEAbHOM He3aBHCHMO OT X, 4T0 ® J0-
Ka3hBaeT TeopeMy.

44 [24]. Teopewma. Ecau cpedu xopret A, xapaxmepucmuwue-
CK020 YpasHeHus Haildemces no MeHbuleli Mepe 00UH ¢ NOAOHUMEALHOT
seugecmeenHoll Hacmbio, MO HeB03MYULeHHOe QsuNCERUE HeYCMOTUUEo,
HE3A6UCUMO OM UAEHO8 6bUle Nepeozo nopadka Maiocmu.

JHorasarteabcTtso. Ilycts KOpeHs A, AMeeT HaAUGOIBIEYID
HOJIO/KMTeJBHYI0 BEMECTBEHHYI0 9acTh M MYCTh X — IOJOKHTEIbHOE
qnciio, MeHbIee o, = Re A,. YpasHeHHe

1 oV
Zb?‘(psixi + oot Ponn) = 2uV - % —{—xi
s

MoskeT OBITH corilacHO Teopeme Jinepa o6 OXHOPOXHHX (YHKIHAX

ZVZZZ%I’

3amUCaHO CJeaymuM 06p330311
v o 2 2
E ﬁ[pslxl R (pss”" %) Tyt oo ok psnxn] =y oo T Tne
s

YpasHeHHe 3TO — M3YIeHHOT0 THHA; XAPAKTEPHCTHYECKOE ypaBHE-
HHe, CBABAHHOE C HHM,

A (P) = || psy — 6sr (x + P’)“ =0
6yneT {M€Th KOPHAMH BeJINYHHK
By = Ay — %,

3 KOTOPHIX 1O MEHBHIEH Mepe |, OyAeT MMeTh HOJOKHTEIbHYIO Be-
mMeCTBeHAyK dacTh. Kakmmm O KopHEM A, HE OLiIM, BCErJa MOKHO
HalTH Takoe x << Re A}, 4T0 HM 1A KAKAX HEOTPUIATEIbHHX My, . + «
.« . M,, HMEIOMAX B CyMMe 2, He GYHeT YHHUTOKAaTBCH BHPasKeHHe

ml;\.l + . o . +mnkn —"2)(-

A 310 3HaumT, uro QyHKumA V cymecTsyer m ee COOTBETCTBYIOHIHM
BHOOPOM MEPEMEHHHIX Iy, . . ., £ MOKHO CHeJATH IOJIOKHTEJILHOH.
Orcioma
,
%:2xV+<x§+...+mﬁ—i—22—‘;Xs\).
B cxofkax cTouT OnpenesieHHO-UOJIOKHUTEIbHAA GYHKOAA He3aBHCH-
Mo ot X,. Ilo Teopeme JlanyHoBa HemocpeqcTBEeHHO CleXyeT HEYCTO I
YQHBOCTb.
3damevanne. Ilpeguaymme TeopeMn JlanywoBa unpmioKu-
MH, KOHEYHO, HE K OJ{HOMY TOJBKO CJIy4Yal0, KOrga X, He 3aBHCAT SAB-
HO oT !, m6o mociexHee OGCTOATEILCTBO He HIpajio ocoboit pojm
B foKasatenbcTee. Hoaddumuentn p™-™w) g pynkumax X, Moram
OHTH HeNPEPHBHHMHA, OTPAHHICHHKHMHE, BEIEeCTBEHHEME QYHKINHAAME I,
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YAOBJIETBOPDAKIMMMH HepPpaBeHCTBaAM

(my...m ) M
| Ps P W v

rge 4 — HEKOTOPaA IMOJIOKATENBHAA IOCTOAHHAA.

45. Ipnmep. B mepsom mpuGamxednm auddepennmanbane
yPaBHEHHA BO3MYIIEHHOTO /BHKEHHA PEryJIATOpa C CEPBOMOTOPOM
HMET BHJ

T8 —m—§=0,
T + T’ 4 8 + &
T:scl - "I = 0:

re BCe KoapPuumMeHTH IPH BapMAanMAX HepeMeHHHX MaumigHH &, Pe-
TYJATOPA 1| ¥ CePBOMOTOPA { ABIAIOTCHA TOJOKHTEILHKMH IOCTOMH-
HHMH, H3BECTHHM 00Pa30M 3aBHCAIIAMHE OT KOHCTPYKTHBHEIX BJIeMEH-
TOB CHCTEMEI.

CmpamuBaercd, KaKEM YCJIOBHAM [OJKHE YIOBICTBODATH HTH
Koa¢dunmenTs, 9robhl OhlJIa YCTOMINBOCTH IPH BOSMYNIEHHM HAYAJIb-
HHX 3HaueHHH mepeMeHHHX §, 1, v, { He3aBmcuMo or pazpHedmmX
WIEHOB BTOPOTO M BHICHIMX NOPANKOB B TOYHRIX YDABHEHAAX BOBMY-
INEHHOI'0 [BMyKEHAA. AHAJOrMYHEE BOIPOCH BO3HMKAIOT BCAKMIL pas,
KOIla UPHHATaA Hamepel TOIHOCTL HE IIO3BOJIAET CTPOTO LOBEPATH
gieHaM BHIUE TePBOro IMOPANAKA.

CornacHo NOKa3aHHEHIM TeopeMaM, 9TOGH cCymecTBoBaja yeTo-
YUBOCTb DO NEPBOMY OPHOIMKeHHIO, XaDAKTEPHCTAYECKOE YDaBHEHHE

T T, ToA* + T, T TA? - 8T, TA* + T A -1 =0

ROJ/KHO HMETh BCe KODHHM ¢ OTPHIATEJbHHMH BemecTBeHHWMH YacTH-
MH, 1A 9ero TeopeMa I'ypeuma maer HepaseHcTsa !)

8T, T, >Ti n T, (8T,T, — T?) > T,T:.

I
L

llpumep. TImpockonmieckan crabuiamsanus HeycTOHIABOTO
OPpH OfHMX KOHCEPBATHBHHIX CHJIAX I0JIO/KEHHA DPABHOBECHA HMEET
BPEeMEHHEI XapaKTep, a paspymenne THPOCKONAYECKOTO yIpPOIHEHAA
OT NeACTBAA JMCCHHOATHBHHX CHJ ¢ HOJHOH JuccHnanmMedl He MOKeT
OuTe M3MeHeHO YieHaMH (ojiee YeM IEPBOTO MOPANKA B yPaBHEHHAX
BO3MYMEHHOTO ABHM:KEHHA, TAK KaK IepBoe NPHGIM;KeHHe RonyCKaer
¢yrknmo Jlanyrosa co 3HaKoonpepeNeHHON W MMeOIIeH BHJ KBaj-
parmunoil gopmm mpomasogHo# (m. 40). ITosromy rmpockonmmueckam
-crafEamsanua BPAMATENbHHX JBHM/KEHHH CHADPANA ABAAETCH BPEMOR-
HOH, HOKa Ha CHCTEMY He NeHCTBYIOT NHMCCHNATHBHEE CHJIH ¢ HOJHOR
AuccHOanue.

) Bosamecemckuii U. H. O mpuEnEmax u cxeMax aBTOMAaTHYECKOTo
perynuposauns // llpuka. mar. m mexan.— 1942.— T. 6.— (Cm. ¢. 109)

‘.
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Kparnueckne cayuam

46 1). JloxasaHHBE TEOPEMH OCTABJIAIOT HEBHACHEHHHMH CIY-
q4aW, KOrfa HEKOTOPHE M3 KODHEH XapaKTePHCTHYECKOro ypaBHeHHA
EMEHT OTPHIaTe] bHbE BeMECTBEHHHIE YaCTH, B TO BPEeMA KaK JApyrme
KOPHH HMMEIOT TaKHMe YacTd paBHuMH Hymw. Cilyuam 3TH ABIAAIOTCA
KPATHIECKMMHA B TOM CMEICJE, 9TO XA HEX YCTOHYABOCTH M HEYCTOH-
9YHBOCTP HE MO;KeT OHTHh BHACHEHA PACCMOTPEHHEM OJHOTO HEPBOTO
apubIM;KeHA A,

B raxkmx kpuTmuecKmX cayyamx faibHeitmime upmGameenns X,
MOryT JaBaTh KaK YCTOHIMBOCTH, TaK ® HEYCTOHYABOCTH. J[pyramm
cioBaMn, ¢pyHKigmE X, Bcerja BO3MOKHO OHBaeT IPH 2TOM HogoGparh
TaK, YTOGH MMeJa MeCTO yCTORYMBOCTH A1AG0 HEYCTOMYMBOCTE, 1O 3Ke-
AAHAIO |

He yMennmras oGmHOCTE, MOKHO OTPAHMIATHCH PACCMOTPEHHMEM
OJiHO# FPyNNH YpaBHEHMI, 0TBEYAIOMEH HENPOCTOMY 3JIEMEHTaPHOMY
AEJNTe]I0 KOPHA, BOmECTBEHHAA 4YacTh KOTOPOTO DPaBHASTCA HYIIO.

ITycts nna magana paccMarpmBaercA HYJIEBOH KOPeHb:

dz
& = Zv
dz,

771'-:——Zi-l+zi (i=2,...,m).

PaccmorpaM QYHKmEA ¢y, . . ., Pm, ONpeJeigeMbie IOCJIEXOBA~
TeJbHO M3 yPaBHEHMi

(Ps=Z§+(P§+1 (s=m,m-—1,...,1)
IPH YCAOBHA @y = 0. Ecam npmHATH!
Zy = 22441Q51; — Zef s

TO OIpeNeIeHHO-0J0KATeIbHAA [0 HOCTPoeHHI QYHKIMA ¢, GynxeT
HMETh CBOEH IOJHO#M NPOM3BOJHOH 10 BpeMenn GYHKIHMIO

’ 2 2 m 2
r = —2z1f; — 22Qyz7fy — 2%Qy95%3f3 — + - — 2"P2 « + . PrZmfm,

ONpPEeJeHHO-OTPHIIATeIFHYI0  MJH  OIpelesIeHHO-IOJI0KATEIbHYI0
B 3aBHCHMOCTH OT TOTO, BHOpPaHH Jn Bce f, onpe/es1eHHO-TI0I0KATedb-
HEMH HAHM OHH BHODAaHH BCe ONpeJejeHHO-OTPHNATeIbHHMH. B nep-
BOM CJIyd9ae HeBO3MYIIEHHOE ABH:KeHMe Gy/eT acCHMOTOTHYECKH YCTOM-
9UBHIM, & BO BTOPOM — HEYCTOHYHMBHIM.

J{nAa mape wmcTO MHEMHIX KOpHe#l A = +if paccMoTpmm rpynuy

dzl .

- = bz + 2y,

dz. X
dtl = iﬁZj——-Zj_l -+ Zj (] = 2, . .,m).

HYJlamyumos A. M. K Bompocy o6 ycroitumsocta ppmxents // Coobm.
Xapnk. Mar. o-ga.— 1893.— T.3//Jianynos A. M. O6man 3agasa of
ycroiiuuBocta pBmsxenusa.— M.: T'ocrexmapar, 1950.
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Hycrs ¢ysxnmmm ¢, ..., ¢ OHPEREIAIOTCA IOCIEAOBATEILHO M3
ypaBHEHHH

@, = 22, + (Piibl
fpH YCAOBHH
Pm+y = 0.

Ecam npurats Z, = 22,,,Q., — Z.f,, TAe f, AMeOT 3HaKOOUpE-
JileleHHEE BeIeCTBEHHHE YaCTH, TO OUPEAeIeHHO-I0JI0KATEIbHANA
$yuxnua ¢, 6yaer uMeTs HOJHYI0 HPOHM3BOAHYI0O IO BPEMEHH

oi= —2Z, (i + 7)) — 2027, (f +Fa) — ... — 2™ g, . ..
e (szmzm (fm +fm)

onpee/IeHHO-I0JN0KHTEIbHOR HJIH OUIpPeAe/eHHO-OTPKIATEILHOR B 3a-
BACEMOCTH 0T TOro, 6yayr am ¢yHknum Re f, Bce onpepgeneHno-orpn-
HATeJbHKEMHA HJIH OHH OyAYT oupeje/ieHHO-HOI0KATeNbHEME. Henoa-
MYOICHHOE JBH)KeHHe OygeT B mepPBOM cjydae HEYCTOHYHBEIM, a BO
BTOPOM Cjiydae ACHMNITOTHYECKH ycToHumBHIM. Taxkmm obpasoM, wiae-
HH 6ojiee BHCOKHX ZOPAAKOB MOTYT YUPOYHATH HEYCTOHUIHBOCTEH mep-
BOTO DPuOIMIKeHHA, CYNECTBYIOIYIO 33 CYET BEKOBHX WIEHOB B pPemie-
HAH ypaBHeHHMH B BapHanMAX.

Ecan ¢pynxnar X, crecHeRH HEKOTOPHMH CTPYKTYPHHMH OTpaHH-
9eHHAMH, TO BOIPOC 00 yeTOMYABOCTH B HEKOTOPHX cIydasaX paspemia-
eTCA NepPBHM OpHOam/KenHeM, HeCMOTPS HAa HaJIHIHe KPHTHYECKOFO
cayuaa. Hanpamep, ecainm ypaBHeHHA BO3MYIEHHOIO JABHIKEHHA HMe-
T $opMy KaHOHHYECKHX ypaBHeHmE I'ammipTOHA, TO YCTOHYHBOCTH
pasHOBecHA Oyaer BHMeTh MecTo, eciin B yHKiHn [aMAAbTOHRA HAMHHK3-
IHe KBAaJPATHYHHE WICHH HPEACTABIAIOT 3HAKOOHIpeAe/eHAYI0 PYHK-
IHIO.

47. Joxasamnke TeopeMil 00 yCTOHYMBOCTH 1O uepBoMY upHOau-
JKeHHMIO IO3BOJIAIOT HENOCPEACTBEHHO Pa3pemiaTh TaK:Ke BOHPOCH 00
YCTOHYHBOCTA HPH BOSMYIMAIOMIMX CHJIAX, €CJH NOCAeJHHE AAIOT
B nudPepeHnHaIbAHX YPaBHEHHAX BOBMYIIEHHOrO ABH:KeHHA (23)
9NeHH He HHKe BTOPOTo MOpARKa MajocTH. O6CTOATENHCTBO 3TO NPaK-
THYECKH BeChMa Ba’KHO, TaK KaK Hambojiee 9acTo BCTpedalomHecsH
B TeXHHKe 3ajgaud 00 YCTOMYMBOCTH UIPEANCIAralT CymecTBOBaHHE
He T0JAbKO OTKJIOHeHAR 0T HAYaJIbHKHX 3HAYeHWHE HepeMeHHHIX, HO H CY-
IMecTBOBAHME HEKOTOPHX BO3MYMAIOI(AX CHJ, HeOUpPeHeJeHHHX
B MaJHX WIeHaX.

3aflagMMCA HeNbI0 OFOBOPHTh B JOKa3aTe/JbCTBE, IPeJI0KEHHOM
AaA TeopeMH 06 ycroiuMBOCTH 1m0 mepBoMy upHGamkennio (m. 43), Te
cBoficTBa pynkumit X,, KaKHe TOJbKO K OGHJIM B HeM HCI0J/IL30BAaHLI.

Beegem Ty ke dymxnmio. Ecam Bce KOpHA XapaKTepHCTHYLCKOrO

noxauaoMa A (A) HMeT OTPHIATeAbHEE BelleCTBEHHHKeE YaCTH, TO ypaB-
HeHue

av
2(pslx1+"‘ +p8nxn)H’:xi+ ek xd
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fiMeeT pelICHHE B BHAE OUpPeNe/IeAHO-OTPHIATEAbHOH KBajgpaTAIHOR
dopmn V (u. 34, 35). Mmeem:

v a2 2 av
14 mxl+'”+l"+zsﬂzx”'

O6paTnyca Temeps K J0Ka3aTeasCTBY TeopeMbl I. 8 o6 ycToampocTH
# cobcTBeHHO K cunocoby JiamyHoma, mpefnoskeHHOMY AJsA IOCTpoOe-
HHA YACJIa A 10 3agaHHoMy uacay A. OupeenuM Tak:ke Te CTeCHEHHA,
KOTODHE JOCTATOYHO HAJOKKTH HA QyHKUHMH X, 4TOGH 3TO HmOCTpOe-
HHe YHCJa A HO 33 aHHOMY JOCTATOMHO MajoMy 4mciy A Grnio He 3a-
BHCAOIMM OT SIHCJIeHHHX 3HaveHWE X,.

Hama ¢yaxnusg V He 3aBHCHT OT { B ABJIAETCA OUPE/ACIACHHO-OTPH-
mareapnoit. [Iycte ! ectb TOuHam HE3mMAA IpaHAHA ee aGCOJIOTHHIX

snagennit Ha cdepe (A4)
> 2= A.

Jlna nmoso:kATeNbHOrO | HAHfieTCA, HO CBOMCTBY AOmyCKalomeR Gecko-
HEeYHO MaJjblil BpcHEE upegen ¢ynkumn V (u. 7), Takoe OTIHYHOE OT
HYIA YHCHO A. ITO IPH

RESGE
$
6yaeT BHIHOJNHATHCA HEPABEHCTBO
Vi<l
Bribepenm HauaibHble BOBMYI(EHHA Isy COTJACHO HEPABEHCTBY
REAYE
U3 cooTHOIEHHA
t
V—V,=\Vat (24)
1y
BLIBOAMM, YTO €CJIH B 06JIACTH E,z‘f < A pyarman X, OyAyT CTeCHEHH
HEepaBEeHCTBAMHA
[ X, [ <A (25)
TO
Viiveyl<l (26)

B caMoM fgene, upH A cToib MajoM, utobH mpH ycaosmm D < A
GHIIO YAOBJIETBOPEHO HEPABEHCTBO

5y

L]

>0,

v
z,

OPH CAeJAHHHX OpeAuoioskeHAAX (25) o ¢yHkmuax X,, Aaa 3HaTe-
HHH MOepeMeHHHX I,, YAOBJETBOPAIONAX YCIOBHAM

AL A4,



KPHTHYECKUE CIIVYAH 103

oynem nMeTh
oV

X1

L o DA

Vs ah b 3 X Y (,\1———;——)>0
3

,

HEe3aBHCHMO OT 9YHCJIOBHX 3HadeHHA X,. M3 mocxeguero ke mepa-
BeHCTBA U cooTHomeHmn (19) HemocpeacTBeHHO CiexyeT HepaBeHCTBO
(21), a TeM caMHM H ciaenylomee:

2
3 2t < A,
TaKk Kak !/ ecTh TOYHAA HU3Madg rpaHdmna aGCoOXIOTHLIX 3RadeHHit U Ha
cdepe (A).

Ecau 848 npoussosvrozo noaoxcumervrozo yucia A, ckoab 65 Maso
0HO HU OW0, Pyrkyuu X, mozym Gwme cimeckens kepagerncmeamu (25),
20e M 0603naraem wuca0, NOCMPOEHKOE NO ONUCAHKOMY cnocoby Janyno-
8a, Mo Hedo3MyUfeHHOe OsuxceHue Gydem Ycmoinuewm He3a8UCUMO oM
yucaennvir anavenuii X,.

B umpuBepeHHOM anaiM3e ClefyeT OTMETHTHb CIOCO(G HAXOMAMTH [JA
33JaHHOTO HOJIO;KHTEABHOTO 4Hcja A, MeHbIlero H m yloBieTBOpAIO-

v 2
mero ycaopuio 1 — E ‘—a;-— | > Onpn E rs < A, ¢ noMomp0 GyHKGHE
8
V pono:xuTessHOro gHCAA A, 06/13an0Mero CBOMCTBOM: €CJIH HAYAdb-
HEle 3HAYEHHA T, H QYHRUMA X, CTECHEeHH HepaBeHCTBAMHA

S <A | X<k (s=1,...,0),

TO BO BCe LOCJeyIomee BpeMs 3HAUYEHHA HEePeMEHHbIX T, OYAYT YAOB-
- IETBOPATH HEPABEHCTBY

DL A

PasBaTHeM HPHBEXEHHOTO AHAJW3a MH 3aHHMATECH He OymeM 1),

1) Bonpocami 06 ycTOHYHBOCTH IIPH HOCTOAHHO [ICHCTBYIOIAX BO3MYIEHHAX
sagumainnck I'. H. ly6ommn, H. A. Aprembes u H. I'. Manxkun. Cm.: [ y 6 o-
mur I'. H. K Bonpocy 06 ycTo#dMBOCTH JBH:KEHHA OTHOCHTEILHO NOCTOARHO
meficTpyonmx po3myienuit // Tpyaw CAUIE. — 1940.— T. 14, Ne 1; ApreMb-
eB H. A. OcymecrBamume gpmxennsn // Uap. AH CCCP. Cep. mar.— 1939.—
N 3; Manxkue H.I'. 06 ycroifuEBoCTH NIPH NIOCTOAHHO AeHCTBYIONEX BO3-
Mymenuax // lIpaka. mar. m MexaH.— 1944.— T. 8, Ne 3.



TIABA 7
CJAYYAN C OJHUM HYJIEBBIM KOPHEM

BenomorarensHoe npeoGpasoBaHue

48 [28]. Iyers xapakTepucTHIECKOE YPABHEHHME HMEeT ONHH KO-
peHb, PABHHIH HYI, IPA IPOYHX C OTPHIATEILHHIMH BeIecTBEHHE-
MH gacTAMH. B 9ToM ciydae ypaBHEeHHMA NEPBOTO UPHOIHKeHNA HMe-
0T OJHH JHHEeHHHH HHTErpaji, O4eBHHLIA H3 HX KaHOHHYECKOTro BHMA
n. 30. Ilpuruman ator WHTErpaJ T 3a HepeMeHHYW, MBI HPHBEIEM
YpaBHEHHA BO3MYIIEHHOTO NBIGKEHHHA K BHIY

dz
o =X
d.z's ‘
'&t—:pslxI'T‘"'“tL psnxrl+psx+Xs (321!"”’7’)’
rae X, X, cyTh roixoMopdusie yHKOHA HEPEMEHHBIX T, I, . . ., Ty,

HAYAHAIOMHAECA ¢ WIEHOB He HHKe BTOPOTO IOPANKA; IIOCTOSHHBIE P ;
TAKOBHI, UTO ypPaBHEHHe!

AN = I psi — 6s.il' | = 0

HMeeT BCE KOPHHU C OTPHIATEIbHHIMH BeIIeCTBeHHBIMH JACTAMH.

OGosnaunm gepes X, X, sHawenus ¢ynrumit X, X,, Korma B mo-
cleJHHX BCe IEPeMEeHHHE Iy, . . ., ¥, HOJOKeHH paBHEIMA Hymo. Ily-
TeM HOPOCTOTO HPeoGpazoBaHHA BCEI[a MOKHO AOOHTHCA, YTOOH HAH-
HA3mAaA crerens r B QyAKuuu X° Geljla He BBINE TAKOBHIX NJIA GYHK-
qai X0, ecoim X0, X He paBHH TOMIECTBEHHO HYJIIO, M 9TOOH BCe
THOCTOAHHEE P, GBI HYJIAMH.

JleficTBHTENBHO, PACCMOTPHM CJIENYIOI(YI0 CHCTEMY ypaBHeHHH:

Py + -« o F Penn +psx + X =0 s=1,...,n).

3ra cHCTeMa ypABHEHHI! Y[IOBIETBOPAETCA HYJeBHIMH 3HAYEHHAMH IIe-
PEMEHHHIX I, Ty, - - ., T,. Be QyHKIHOHAJLHKA Onpe/ienTeN b OTHOCH-
TeALHO HePEeMeRHBIX Zy, . . ., T, AJdA HyJeBHX 3HaYeHHH Z, 7y, . . ., T,
ornamuen or Ayaa 4 pased A (0). Ilosromy cymecrByer pemenne

s =ug{x) (s=1,...,n),
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rne Ug CYTh HEKOTOpPHe FoloMopdHEEe QYHKUUH 2, YHAUTOKAKIHAECH,
KOrpa IepeMeHHAas = PAaBHA HYJIO,

Ecam B HcxopHoit cucTeMe p, B X! CyTh HyJNH, TO PEINEHAN U, oy-
Ryt Tak:xe Hyaama. Ho B a1oM citygae cacreMa, yIoB/IeTBOPAA jKelae-
MEM CBOHACTBAM, He TpedyeT JOHNOJHUTEILHOTO NpeoGpa3oBaHuA.
Ecam aroro mHer, To BBeleM HOBHE NepeMeHHBE Z;, . . ., 2, COTJIACHO
paBeHCTBaM

T, = Z, + Us.

{Ipeo6pasoBannan cucrema GyAeT MMeTh BH[
dz

T =% )
dzs ( 7)
= Ps12y + « <+ =+ DenZy -+ Zs (S =1,.., "’)?

rae Z o6o3nauaer ¢pyHKumuo X 1mociie MOJCTAHOBKHA I, = 2, - U, a Z,
0003HaYAET BEIPAYKEHHE

du
Paly “IT‘ <ot Psnlin + Pst ’+‘ Xs__de

gocie Toit ;xe moxctanoBKn. OGosnauas wepes.Z°, Z° spavenns GyHkK-
auit Z, Z;, Korja nepeMeHHble Z, BCe HOJOKeHbl HyJAMH, H NPHARMAH
BO BHHMAaHHE YPaBHEHHS, OIPeEleIAINIHE U, BHBOIHM COOTHONTEHAH

du
2= — =20

H3 KOTOPHIX clefyer, 4To B pa3joxeHuax Z no crenensM r me Gymer
4jI€HOB, CTeHeHb KOTOPHX OhUIa Obl HHKe HAHMHU3INIEH CTeIeHH B pa3-
aoxkenun Z° no cremennm x. Ecau Z° TosKpecTBeRHO paBHO HYJIWO, TO
TakuMa ke 6yayT u Z). IIpm ykasanHoM npeo6pa3oBaHHE 3ajjada yc-
TOHYHBOCTH 110 OTHOINEHHIO K I, Z;, . . ., Z, PABHOCHJILHA 3ajJave yc-
TOHYABOCTH [0 OTHOINEHHI K X, 2y, . . ., 2,. 1103TOMYy NIpH aHaaH3e
YCTOMYHBOCTH BO3MOKHO HCXOAHTHL U3 ypaBHeHmi (27).

AHaNH3 Pa3IHUHbBIX CAyYaeB

49 [29]. Buauane paccMoTpHM ciaydal, KOTHa HAMHH3IIAH CTe-
HeHb 2 B pasioskenmu Z° ects deTHoe wucio. Ilycts miaa Havana aTo
9HCIO0 eCTb 2:

Z = ga*+ Pz +Q + R,

rae P — nmpeiinan, 'a Q — kBagparnuHas GOPMH NEPEMEHHEIX Z;, . . .

e ey B340 R ne mMeer wieHoB HUXKe TPpeTbero n3MepeHus; g — NOCTOAH-
HaA.

Pacemorpum ¢ynrmmo
V=ux-+4 Uz -+ W,
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tne U — nmmeiinas. a W — xBagpatuunas (QOpMBI IepeMeHHBIX
Zyy » + oy 2,. B cAdy ypaBHermit (27) umeeMm

& —ga? Pz Q- RAUZ+

ol ;
+ 2 T(pslzl S RRI ol Ny SN Zs) +
s
§
2 : oW ,
+ 9z (pslzl + <o - Dsnn -+ Zs)‘
s

]

Heonpenenennvie noka ¢ynkume U, W oupepennM Tak, 9toGn

U
2—0_2-([)3121 + e Pen2a) -+ P =0,
s
s

7144 , . ! 2 (.2
E (7.. (pslzl e PenZa) F Q = g(zl + e zn)'
b3
M3 n. 34 aakaiozaem, uTo TaKoe onpegenenue [/, W Bcerqa Bo3MoKHO,
TaK Kak Bce KopHH noimHoMa A (A) = || p,, — 8,A | umeror orprna-
TejdbHbie BemecTBennbe yacTH. [Ipn rakmx U 1 W mmeem:
av
=g @ at.. )+

rie S mMeer HOPAXOK HAMHU3MHAX YJIEHOB, 1o MeHbmreil Mepe 3. [Ipons-
dv
BOJHAA — NMpe/ICTABJIAET 3HAKOONPEJeleRHY0 QYHKIMIO 3HAKA, COB-

HAIAION[ETo CO 3HAKOM MOCTOAHHOM g; V He 3aBHCUT ABHO OT £, a OTO-
My aonyckaer GeckoHeIHO MaJjihi BucHuUH npenesn. Pyuxunio V MoxkHO
cIejaTh OAHOTO 3HAKA C g, 4 9T0 B CHAy TeopeMs JIamyHmoBa o He-
ycroiumBoctr (. 14) moKasHBaer, YT0 B 3TOM Cjlydae HeBO3MYIICH-
HOE NBH;KEHHE SBJIAETCH HEYCTOMYHBEIM.

Pacesmorpay temepsr ofmuit caygait:

Z = gz" 4 PWz + ... + POV 4 Q 4 R,
Z, = PPz ...+ P" U 47,

rae PP, P — nuneitune, a Q — xBaaparayHad QOpMBl NepeMeH-
HBIX 2y, « .« o 2}

R =pxr" + Zvi,-zizj, Zg = g™ | vaj)zizj,
i 1

rae v, 1, Uijs vﬁ? obo3HagawT roaomMopdusie PyHKOHA IepPEeMEHHBIX
Zy 2y o o oy Zyy, UPHYEM U, Uy; VHHYTO;KAIOTCH, KOTJA IOCIeJHHE BCE
nenaiorcsa Hyaamu. Ecam m npencrasifer ueTnoe 4ncao, PacCMOTPEM

dyEKIHIO
V = Z + U(l)z + .. + U(m'_l) :L.m—)f + W'
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rne U®) — jmneitnrie, a W — KBafpatHanas GopMEI HePEeMEHHHBIX zZ,.
HMeem coraacHo ypaeremmsaM (27):

m ~-1
& =g 4 PVz i PVt QR N iUz
r=1
m—1 m—1
+ 2 Z l:pslzl + .. ”“ psnzn + y P“)Il 4‘ Z J
re=1 8 \—1
oW m-—-1 B
+ N T [patt ot P+ Y P 2,
8 / rd
s =1
Oyuxuun U, W onpenenum mociefonareasso (r = 1, ..., m — 1)

COrjiaCHO YPaBHCHHAM

au ) U™ ,
S Gan b paz) Y 3G PP 4 PO =0,
8
8

3 a+p=r
aw A . 2
E 7z (pslzl + et p.mzn) + Q = g(Zi e+ zfn)
s
s

IIpr TakoM, B PaccMaTPpABAEMOM CJIydae BCeTAa BO3MOKHOM, BHOOpe
$yurnmin UW), W nMeem
av

2
- = (x"‘ - z otz S,
rae
S = wa™ 4+ N wijziz;,
ij
w, w,; 06034a9a10T roJ10MOPQHEEe GYHKIHA NEePEMEHHBIX T, 21, . + ., 2y,

VHHYTO;KAIOIMHAECA, KOIJa LOCIHeJHHE BCE XeIAIOTCA HYIAMH.
@Oyuxuusa V, Kak He 3aBHCAmAan oT {, AouycKaer GecKoHedno Ma-

JbIA BHICIIME TIpefiel B OpH HoaxofsmeM BHOOpe CKOJAb YrogHo Ma-

AKX mo aGcoIOTHOH BeJAYKHE I, 24, . . ., Z, MOKeT NPHHAMATH 3HA-

av
qenHusn j1060oro 3Haka. Ee nmponssopHas ~;~ MABJAETCH NPH ITOM 3HA-

KOOIpe/le/IeHHOH B3HAKa, COBUAJAIOMEro €O 3HAKOM HOCTOSHHOH g.
Caenosatennno, nmo reopeme Jlamynosa (1. 13) meBoamMymennoe gBH-
JKeHHe ABJIAETCHA B DTOM Ciydae (m — 4eTHOEe) HeyCTOMUHBEIM.
Tenepb JOIMYCTHM, YTO /N eCTh HedeTHOE UHCJIO.
®Oyuxguio V 6yneM uckaTh BHAA

V = %’.’E2 + U(l).'L'2 4 4 U(m—l)xm +W,

rae U — nuneiinne, a W — kBajpaTuunas $opMH IepeMeHHHX Z,.
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HNmeem
ﬂ_ =gzt 4 PWg2 L pUUm 20 4 2R -
m-—1
+ Y e+ vz 4 2wt 0y ot Puitn+
; 2 Z ( 141
m—1
Z P+ Z, )+ 2 7o (Pt ot PonZat Z,)-
i=1

BuiGepem kBagpatauayio W u nmmeiiante U() $opmbl nociegoBaTein-

g0 (r=1,...,m — 1) cornacao ypaBHeHHAM
au™ (@)
2 (pslz1 + o DenZn) + Z 2 ad P(ﬂ) 4. P" -0,
$ atf=r s

...+p,nzn)=g(zi+...+zz).

8

710 BCErga BO3MOKHO, TAK KaK BCe KODHM moauHOMA A (A) = || p,, —
— 84 | HMEIOT OTPHIAaTEIBEEE BemecTBeHHbIe gacTy (u. 34). IIpu Ta-
oM BuiGope UM, W

Zf =gt ) R S,

rae
S = vxml . Zvi,-ziz,,

5
v, v;; 0603HAYAIOT HEKOTOPHie rojoMopdHHEe (YHKIEH HepeMeHHHX
Zy 24y o+ +y B, YHHUTOKAIOMHAECH, KOPJA HOCASAHKE AEJNAITCA BCE HY-

) av “ .
asvu. IlpomssofiHas —- ABJAAETCA 3HAKOOUDeNe/eHHOR QymKumeit;

ee 3HAK COBHajaeT CO 3HAKOM NOCTOAHHOHR g.

Ecam upm 3T0M g IO0JO0KHTENbHO, TO W3-3a TOTO, UTO HOXXOAAMEM
BHGOpOM 3HAYEHHH NePeMeHHHX T, Zy, . . ., Z, QYHRnmIO V MosxHO
c/enaTh MOJOKATeABHON HJIM, APYTAMH CJOBAMH, OFHOrQ 3HAaKa CO

L dV
3HAKOM NPOU3BOAHOH a0 BRIBOAHM, YTO HEBOIMYIECHHOE IABH)KEHHE

HeycTOoHYHBO,

Ecan g orpmuareisHo, TO H3-3a TOTO, 4To KBajpatmuHasa dopma
W 6ymer (1. 35) mpm 3TOM ONpeAeACHHO-DOJIOKHTEILHOH OTHOCH-
TeABHO Z;, . . -, 3y, BHBOAMM, 4T0 $ymKnus V Oyaer oupepenenHo-
NOJGKUTEALROR OTHOCUTENbHO BCEX HEDEeMEeHHBIX T, 2y, . . ., 2, H,
KaK He 3aBHCAmAA ABHO or I, Gyaer goumycKath GeCKOHEUHO MaJHi
peicmmit npepea. Ha ocHoBammu Teopemsr Jlamymosa o6 acmmuororm-
geckoll ycrofumpocrm (u. 12) sakaiogaeM, 4To B 3TOM Cjydae HeBO3-
MyIIeHHoe [BH;KEHHEe ABAAETCH YCTOHIHBHM, a BCAKOe JOCTATOYHO
61H3KOe BOBMYINEHHOE [BHKEHNe CTPEMHTCA K HeMYy aCHMIOTOTHYECKH.
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Wrak, nesosmywennoe deuxrcenue 6Gydem HeYCmMouMusuM, ecau m
£cmb YeMmHOe YUCAO U eCAU M HewemHioe, @ g NOAOHCUMEALHO, ecAu m
ecmb Heuemuoe WucaA0, a NOCTMOAHKAR g OMPUYATMEAbHA, MO Heso3MYy-
wennoe GouUNCEHUE ACUMNIMOMUNECKU YCTMOURUEO.

50. II p m me p. Paccmorpum 3agavy, Koropag B H3BECTHOM
CMBICHE MO)KeT ABJIAThCA NPHOAMKeHWeM AJMA 3afaum 00 ycroHum-
BOCTH UPAMOJHHEHAHOro HoJjieTa HEATPAJbHOr0 CaMojera IO OTHONIe-
HEK K OPOROJBHEM JBHGKEHHAM.

Camoaer, jgerAmuiE B BO3AYXe, UIPEACTABIAET COBMECTHO C BO3-
RYXOM MEXaHHIeCKYI0 CHCTEeMYy, COCTOAIIYI0O H3 TBEpAOro Tejla H
CITOIHOHE cpefl. B IpaKTHIECKHX HCCAENOBAHHAX TARYI0 CHCTEMY
00HYHO YHOPOIMAIOT H PACCMATPHBAIOT OJHH CaMOJIeT, HAXOAAIMMIACH
HoX JelicTBHeM 33aaHHHX YcKopsiomuXx cmi. Mu GyaeMm npepmoxa-
raTh, 9YTO 9TH YCKOPAILHKE CHJIH ABHO HE 3ABHCHAT OT BPEMEHH B OT KO-
OPAMHAT IEHTPA THKECTH CaMoJiera, OO0 KpajiHed Mepe A Bcex
BO3BMYI[eHHEIX HBHKEHHH, NocTarodHo GIHM3KEX K PACCMATPHBACMOMY
NPAMOJHHEHHOMY II0JeTYy CaMoJeTa B OAHOPOAHOH, CHOKOHMHOHK at-
‘Mocdepe.

Ilycrs m — Macca caModera; v -— CKOpPOCTh €ro HeHTpa THaKec-
T8 G; J — uHeHTpanbHHE MOMEHT HHEPIHH; ¢ — Yroi, obpasyeMsri
CROPOCTHI0 U ¢ TOPH30HTAJIBHOH IJIOCKOCTBIO; 8 — yroa Xopamt KpH-
4 ¢ TOpH30HTAJABHOK INIOCKOCTBIO; @ = 0 — ¢ — yroa arakm.
Iycrb tara suara @ (v, ©) TpoXoAHMT Yepes HeHTp THmecTH G, HMeer
MOCTOAHHOE® HAUPaBIeHHE OTHOCHTEJBLHO CAMOJETA H COCTABIAAET Yroi
B co ckopoctsio v. IlogBeMHYIO CHILY, CHIIY COUPOTHBIEHHN ¥ Pe3yihb-
THPYIOI(HE MOMEHT (OTHOCHTE/IbHO HEHTPa THA:KeCTH) 0003HAYAM we-
pes c,1?, cu,v? u ¢ vt ByaeM cumrath, 910 ¢, He 3aBHCHT OT U K OT
yraa 0, Korga mepeMeHHHIME 3ajadH BHIGpPaHH v, &, 6, 0’ = . Huaa
TPOCTOTHL HOJIOKHEM, ITO Cq, Cyp 3ABHCAT TOJABKO OT .

EcrecrBennrie ypaBHEeHHS IPOJOJBHHX ABH/KEHHMH CAMOJIETA B €ro
WIOCKOCTH CHMMETPHH CYTh

d .
m—%— = M cos P —mg sin g — ¢, v,
d .
mv -;;f-* = @ sinf —mg cos ¢ + c 2,
a9
J W = Cmv2-

Bynem paccMaTpaBarh yCTaHOBHBIIMACA UPAMOJMHEHHHI moJer,
B KOTODOM HepeMeHHHE U, ¢, § HMeT DOCTOAHHHE 3HAYEHHA, YIOB-
_JIeTBOPAIOINHE YPABHEHHAM
® cos B — mg sin ¢ — c 0 = 0,
Dsinf — mg cos ¢ + ¢ = 0,
em = 0.
OGosnawas coorBercrseHno wepes &, v, {, {’ Bapnamun nepeMen-
#HX v, @, 0, 0', umMeem cxegyomyio cuctemy amEpdepennmanbHHY
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ypaBHeHHd B Bapuanmmax (n = O6u = 8f):

dt , 0P dc
mT:: <—~2CwL°T-5-I;—COSﬁ)—-‘T‘( 6; ——Ca>U2—-—

—tmgcos¢ -+ g'% cos .
F11 de, 9
my —= = §(—~ 2¢c,0 — <, sin ﬂ)——n(—-{;&—- 4 cw) v —
—Imgsing + ¢’ <m1;—~ % sinﬁ) .

Ia.
Ia)
o

at
dc’ 6cm o ’ m
B o Tm e —m 3
IS =M VT8 550

Mb Gyaem 3aEAMaThCH 3ajaveidl yCTOHMYHBOCTH YCTAaHOBHBIIEIOCH
IIpHMOJIKHeﬁHOI’O moJsiera JJA HeﬁTpaHhHOl‘O caMoJiera, T. €. TAKOro,
KOTOleﬁ B paCCManKBaeMOM HEBO3MYIEHHOM [IBHKCHHH 06]131139’]'

CBOHCTBOM

= =0.

da,

XapakrepucTndgecKoe ypaBHeHHE IPH 3ToM Gyner

acm
Ay = —h[Zm Ix) %
a \
Ko cosp — 2c, v — md —( ;"“ ——ca)v*
‘ oD’ ac i =0-
———aT—sinﬂ—2cav — (7.%—}— cw> v — moh

Orcofa Mbl OJGEHK 3aKIIOYHTH, YTO XaPAKTEPHCTHIECKOE YPABHEHHE
3allavd O WPOXOJBHOH YCTOMYHBOCTH HelTpajibHOro caMojiera Ha IpA-
MOJHHEHHOM NIYTH IPH CAEJAHHHIX AOOYIMEHAAX BCETJa HMeeT OJIHB
myineBoii KopeHb. Ilycrh gpyrme KopHEM mMelT OTpHIaTe/bREE Be-
IMECTBEHHbIE YaCTH, a HOCeMY YAOBJIETBOPHIOTCH HepaBeHCTBA ['ypBANa

' 70
b aca
v(—%—cosﬁ—chv)—-<W —}—cw)v2<0s
[ oD o

[ A e

Boupoc 06 ycrolumsocTH HoJ;KEH paspelilaThCsA 1o Merongy Jlamy-
HOBA C yJeToM 49/eHoB 0oJjiee BRICOKOro mopajaka Maiaocrd. Ilpensa-
PHTEIbHO CcllefyeT 3aMeTHTh, 4TO0 AJAA NPAKTHIECKOTO BHUHCICHHA
HOCTOAHHOR g, BBeAeHHoH B u. 48, 49, Her HeoGXoguMOCTH HEIpeMeH-
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HO HOJHOCTHI0 BHYHCJIATH (yHKIMH U,; AOCTATOYHO B 3THX HOCHET~
AAX OIpefeJHTh WICHH He Bhme (m — 1)-i cremennm z.
B paccmarpuBaemoit 3aage TaHeHRHBIA HHTErpAT & AJA YPABHEHHH
8 BADHANHEAX €CTh
S ] 2 acm 2
eIt

Yro6H mOMYINTH NPOCTHie BHIYMCIEHHSH, MCKJIOYHUM  IepeMeH-
Hylo { m GydeM paccMaTpmBaTh HOJHYI cmcreMy naddepermualn-
HHX YpaBHEHHH BO3MYIEHHOTO ABH)KEHHA B IePeMeHHHIX I, I, = [,
xy =M, 3 = ;. Umeem

dz . dc ,

- =X =@+ 10+ 1) (v + 2 — a(:,n vy

Hac unTepecyer BhipaskeHue
2O = X (2, v + uy, @ + Uy, © - ug).

llpupasruBas mya0 npaBy® yacth RAudPepeHNnAIBHOrO ypaBHEHHA
HIAA Ty, HMEEM

Cm (@ 4 Uy, © - ug) = 0.

MMycrs nas weliTpaibHOTO CaMoJieTa YHHYTOMRATCA BCE MNPOH3-

5"61)1 6pcm

—ji 10 mopanKa p — 1 BKJIOYHTEJIBHO, & TPOH3BOTHAN =
(¢4

da

BOJHBIE

OTJIHYHA OT HYJA.
W32 nocaegnero ypasHeHns uMmeeMm

ate
m
1 0ap P
Uy == —r up ...
3 p! e, 2 ;

Jo

CaenosateanHo,
Ic 3 '
) __ | . 2 P a0 m_ P
Z7 =0 (0 gy @ < ug) (U -+ uy) — g Vs “'*’,‘,T“@T”‘z 4.

Ecam u, = Az? + ..., 10 cremesp m pammmsmero wiema gz

B pasio:kenHn Qymknum Z©® B pag mo Bo3pacTAOmUM CTENEHAM I
ecTh m = pg, a Koadpduiumenr
o2 ¢

_ Y m_ AP,
g ! r?ap

Hdas ycToHYMBOCTH HEBO3MYMIEHHOTO IBH/KEHHA CTENeHb M RKOJUKHA
OHTh HEYeTHOH, a HOCTOAHHAA ¢ — OTPUIATENBHON; HO3TOMY d9HCAA

P ¥ ¢ N0/KAK GHTH ONHOBPEMEHHO HEYeTHHIME H J0JIKHO HMeTh MeCTo
HepaseHcTBO g << 0.
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Hapmmsmue yienn QyHKHUE U, ONpeleidATcs W3 CHCTEMB YpaB-
HeHHKH

b dec,, \ 08 @
(92 cos B —2e,0)uy — (St — ey v2u, 4 TEL2E 4,
—m
dw
on . d¢, 2 mg sin @
—_—f 8 R i e —_— =
( > 51nf)—§~2c,1v)u1 ( o —r«cw)u Uy + —= =0,
m l}2
do
OTKYAA
o . P mg
5 oS B—2cv)sing+ 5 Sinp 2cav> cos @ ?m_-
A
A = /10 v

o %y a0 (acw ;
( £ cosﬂ—Zcmv)< prols "w)“?( P smﬁ+20au> o __ca)

Rorma A moioKuTelbHO, 9TO MMeeT MeCTO HJA caMoJerToB ), ecim
YOOBJIeTBOPEHH Upefbiylide HepaBeHCTBA, TO IOCHAefHee yCJAOBHE
aPc

’; <0, p — HegerHoO.

YCTOﬁ‘IKBOCTH NPHHHAMAET BHI P
o

51 [30, 31]. Ham ocranocs pacemorpern caywait, korga Z(9, A
YHHUTOKAKTCA TOKIecTBeHHo. Torga ypasHeans (27) qomycKaor ode-
BHIHOE pelleHHe

r=c¢2=0,... 2, =0,
3aBHCAIIEE OT NPOH3BOJIHHON NOCTOAHHOM C.
CreraeM nomcraHosky
x = c¢ 4 z,

pasyMes HOX ¢ WUPOM3BOJLHYI) BEIMECTBEHHYW UOCTOAHHYW, abco-
AIOTHAA BeNHYMHA KOTOPOH He JAO/UKHA TOJBKO IPEBOCXOAMTH HeKo-
TOPOro A0OCTATOYHO Majoro gucia. lloxyaum

Zy = €2y 4 ...+ Conty + Z. (s=1,...,n),

rae ¢;, OyAyr roioMop@EHIMH (PYHKIHAME HOCTOAHHOHA ¢, YHHYTO-
Ralommvaca npa ¢ = 0, a Z, 6yayr roroMopHHMA GYHKIHAMA ue-
PeMeHHHIX Z, 2y, . . ., 3,, PA3JO/KEHAA KOTOPHX HAYMHAIOTCA WIeHAMH
He HH’Ke BTOPOT0 HOPAAKA # 00/aal0T ToXOMOPEHEIMH OTHOCHTEIbHO
¢ koodpdunnenramu. Tarol ke moxyanrca u GyRKFUAA

Z=cz + ...+ Cu2p + 2.

1) 910 KomONHEHME K H3JIO:KEHHOMY M3 MOMX JEKHWil IO yCTOMIHBOCTH CaMo-
neros, cjeliaBmee OecHpefMeTHWM paccMorpeHne caydas A <0, BHOOTHHI
E.Il. 'poccmar (T poccMam E. II. Ilpogonbmaa pEHaAMHYeCKasg YCTOHIH-
BOCTH HeliTpanbEmx camoieros // Tp. HATHU.— 1935.— Ne 217).
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PaccMoTpuM ypaBHeHHE B 9aCTHHIX HPOH3BOTHBIX

Z (Psi+cCs) 214 - o« + (Psu + Csn) 2n + Z;) —z;)—zz— -

» 1 ’
=2 e CuBy - Z

n Oymem ucKaTh A Hero roxoMopdHoe pelieHne BHAA

oc
%
z = 2] V’iv
i=1
rae V; obo3nader GopMy cTeleHH i OTHOCHTEIbHO HepeMenHmX. [[Jis
onpeneiienna $opMm V; cpaBHeHHe OTHOPOAHHX WIEHOB HAacT CJe-
AYOLIyI0 CHCTEMY YpaBHEHHI: ‘

v,
Z [(psl +Ca)2+ .-+ (psn -+ csn) zn] bz Ui,

;Ae U; 6yayr TPe/CTaBIATh M3BECTHEE OXHOPOJHSEe PopMbl uepeMen-
g®X %1, . . ., 2, CTeHeHH I, 3aBucAmme or gopm V; ¢ yKasarexem j,
x© TpesmmaiomuyM { — 1. Beaencrsme Haumero JXONYHIEHHA, 9TO BCe
opun ypasaenua A (A) = || p;; — §;;A | = O obnanaror orpmnaresnn-
HIMH BeImecTBEHHBLIMH YacTAMM, UPH ¢, 0o aGCoJIOTHOM BelHdYnHe NO-
TaTOYHO MAJIOM, BCe KOpHH ypasHenua D (A) = | p;; + ¢;; —
— 8;;A| = 0 Tak:ke GyayT HMeTh OTpHIATeNbHHE BeI[ECTBEHHBIE
gactu. [Ipu rakom ¢ ycnoBns TeopeMsl 1. 34 GynyT yIoBJIeTBOpPeHH, H,
C/Iel0BATEIbHO, IOCHeIHHE YPABHEHHN OJHO3HATHO OIpeNeNAT Bce V;
B HOPsAJIKe BO3PACTaHEA mBlekca {. Bce Koadduumentnt B fopmax V,;

Oynyr ronoMopdHEIMU QYHKIMAME IOCTOAHHOM ¢ IPH AOCTATOTIHO Ma-
AHX aGCcoNIOTHHX 3HAYEHHAAX HOCIeTHel.
Orcoga 3akiwgaeM, uro

z=c¢+2(z, ..., 2,¢)

OpeACTaBIAeT HEKOTOPHIH HepaspelueHHHIH OTHOCHTEILHO IOCTOSH-
HOH ¢ mHTerpat cucremnl (27), u, CIe0BATENLHO, HM MOKHO 3aMEHHTH
meproe n3 auddepeHIUANBHHIX ypaBHeHHH dTol cucremsi. Torxa
HpOYHE YPABHEHHA CHCTEMbHI NPHBEIYTCH K BHUAY

dz .
—Zi?s_ = (psl "i‘ c-sl) zl + A + (psn + csn) zn “’Y“ Zs’ (28)
rne Z; 6y11yjr roxoMopdaeIME QYHKIUAMA Z,, . . ., 2, ¢ KoddpduineH-

TaMM, ABJAMIOIMHMUCH TOJXOMOPPHEMM (PYHKUHAMH INIOCTOSHHOH C;
npuYeM pasiomenusn Z, GyNyT HAYHHATHCA ¢ UAEHOB He HE/Ke BTOPOTO
HOPANKA OTHOCHTEIBHO Zy, - . ., Zy,. :

Hama 3amaga 06 ycroifuspocTH IO OTHOIIEHWI0 K BeIHUWHAM Z,
%4y . . ., 2, PABHOCHJIbHA 3afade 00 ycToHIMBOCTY 110 OTHOWEHHIO K Be-
AMIMHAM €, Zy, . . ., Z,. [LeHCTBHTEIbHO, BCAKAM IHCIEHHO JOCTATOT-
“F0 MaJHIM 3HAYeHHAAM ONHAX BEJIAUMH OTBEUAIOT CKOJAb YIOXHO dHC-
‘JIEHHO MaJjibie 3HAYeHMA APYTHX.
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[Ipm BcAKOM ¢, AocTaTouHO MaloM Ho aGCoNIOTHOR Benmunne,
BOIPOC 00 YCTOHYMBOCTH IO OTHONIEHHIO K BEJIHYHHAM Z,, ..., 2,
NPHBOAMTCA K HCC.IefoBaHMIO ypaBHeHn# (28), xapaKrepmcTHYecKoe
ypPaBHeHHe KOTOPHIX

D@}) =l pij+cij— ;0| =0

HMEeeT NPH TAKOM ¢ BCe KODHH € OTPHIATENBHBIMH BelleCTBEHHBIMH
gacrAMA. BeseacrBue sroro npH BCAKOM ¢, JOCTATOYHO MAJOM 10 a6-
COJIIOTHON BeJWYHHE, JAJIHA BCHAKOIO NAHHOIO HOJOKHTEILHOTO @ Halk-~
JeTcA TakKoe IOJO/KHTEIbHOE UHCIO £, 4TOObl UPU BHINOJHEHHHM B HA-
YaTbHBIE MOMEHT BPEMEHM YCIOBHA

2
Z zi <€
?
BO BCe mocJedyiouee BpeMsA IBIGKEHHA BRIIOJHAIOCH Clegylomee:
N\
2_, 2 < a
i

n 9To0B HPH TeX ke YCJIOBHAX (QYHKIHE Z, ¢ GecupefesbHBIM BO3-
pacTaHHeM ! CTPeMHJIHCh K HYJIIO.

Onmaro orcioma MBI eme He HMeeM IPaBa 3aKJA0YaTh, YTO HEBO3-
MYHIeHHoOe JBH;KeHRe ycroifumpo. [[aa Toro 4ro6H Takoe 3aKiI0ueHHE
Obiio 3aKoHHO, Heo6XoquMo, 91005l UPH | ¢ |, HEe UPeBOCXORAMeEM He-
KOTOPOro YHcJaa, MOKHO OBIJIO BEIOHPATh € HE 3aBHCAL(AM OT C.

PaccmoTpuM ompefesieHHO-OTPHUATENBHYI0 KBAAPATHIHYIO op-
sy V, onpeneieHHYy0 ypaBHEHHEM

' . 14 2 2
Y (bats+ -+ Punta) g = B 2
8
85

[lonnas npoussognas Ho £ o1 Tako# Pyuxumn V, B3ATafA B CANY ypas-
Henmit (28), ecrh

dav 2 2 . o oV
e T o wge s (€12 4+ o v+ ConZp + Zg) —— .
dt 9z,

s

Iocrosnurie ¢;; ABAAIOTCA TOJOMOPPHHME (QYHKIHAMHE €, YHHYTO-
AAINMMACA OPH ¢, PABHOM HYJIO, 3HAYHT, AJA 3HAYEHHE c, gocTa-
TOYHO ‘MaJIBIX 10 aGCOMIOTHOM BeimYAHe, IPaBAA 9acTh HOCIETHErO pa-
BeHCTBA OGy/leT HPeACTaBJATH OUPEAENCHHO-NOJOKHTEIbHYI0 (YHK-
NHI0 B 06JaCTH ROCTATOYHO MAJHIX aGCOMIOTHHX 3HAYEHHE NepemeH-
HBIX 2y, ..., Z,, HE3AaBHCHMO OT 3HAYCHHMA ¢, MEHLIIEr0 HEKOTOPOro
AOCTATOYHO MAJOro YMcjia. ITo OGCTOATENHCTBO M JOKA3HBaeT BO3-
MO/KHOCTE BHODPATh YHCIO € He 3aBHCAmMMM ot ¢ (u. 8).

Takmm o6pa3oM, OUPEXOAMM K 3aKIIOYEHHIO, UTO 8 cayyae, Kozda Z°,
Zs obpawalomes 6 Hyab, HeEOIMYUWEHHOE FeUNCEHUE YCTNOUXLEO, a4 803~
MYyuyennoe deuxcenue, Jocmamowno 6u3K0e K HeeO3MYyuenHOMY, Oydem
ACUMNIMOMUNECKIL NPUCAUNCAMBCE K HEKOMOPOMY  YCMAHOGUEULEMYCR
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PEUANCEHULIO
r=c12 =0,...,2, =0.
52 [32]. Il pumep. [JJana cucrema
%:E— = az® -+ bry -- cy?, 3—}'/ = —y+ kzr +12° + mzy + ny*
¢ NOCTOAHBEIME a, b. ¢, k, I, m, n. U3 ypaBHenus
—y + kx4 lx* + mxy + ny? =0

HAXONHM
y = u(x) = kx4 By 4 Bgx® 4 .. .,
rae
B, = 1 +- mk + nk?,
By = (m + 2nk) B,, ...
Orciona
20 = aat - bau - cu? = Aa® 4 Age® - Azt 4 ...,

rjae
~ A, = a + bk - ck?,

Ay = (b -+ 2ck) B,
Ay = (b + 2ck) B, + cB, . . .

Ecam A, orauyno or HyAs, TO HEBO3MYNIEHHOE JBH/KEHHE HeyCTOM-
-9ABO.

IMycrs Ay, = a + bk +- ck* = 0. Ecam npn sarom B, == 0 (410 BiIE-
ger 3a €000 paBeHCTBO HY/II0 H BCeX OCTAJBHHX KodpPuimen-
T0B B w A), T0 HeBo3MymeHHOe ABH:KeHHE OyIeT YCTOHUHBHIM.

HouycraM, aro B, me uyan. YcroilumBocth Gy/er onpemeiAThCH
spaKoM A, korga b -+ 2ck orauuno or myas. A ecam b + 2ck = 0, 1o
IpH ¢, OTIIHYHOM OT HYJA, Kodpdumment A, Oyaer oTaH4YeHn OT HYAA
H, CJIefloBATeJIbHO, OyjAer HMeTh MECTO HeYCTOHIMBOCTE; upH ¢ = O u3
ypasHeHn#t b - 2ck = 0, 4, = 0 caegyer a = 0, b = 0, a Tem ca-
MuM Z(® - O; HeBO3MylleHHOe IBU:KeHHE OyJer yCTOMIHBO.
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IIpecGpasonanne ypaBHeHmii

53 [33]. Ilyrem oupegeneHHA BelMEeCTBEHHHX KAHOHHYECKHX IIe-
peMenHEIX (o. 30), 0TBeYalOmMX Uape YHCTO MHHMHX KOpHel --il,
cuctemy JHPdepeHIMaNbHHEX YpaBHeHHR BO3MYIIEHHOTO [BHIKeHHA
Mo:KeM npeobpa3oBaTh B TAKOM CiIydae K CleAyIOmeMy BHIY:

d d

= = —M+ X, =M+ Y,

: (29)

x
dts = Pyt + o o PsnTn - O - ﬁsy + X,
(s=1, ... n)

‘3pecs X, Y, X, cyrh rofioMopdHEe (YHKIAM BEI(ECTBEHHHX uepe-
MEHHHIX Z, Y, Z;, . . ., Ty, PA3I0OKEeHH’ KOTOPHX HAUYAHAIOTCA djeHa-

MH He HHK€ BTOPOTr0o HOpHAKA H oﬁnanam'r OOCTOAHHBIMH BeEIeCTBEH-

HHMH KO3QunmenTaMu; ps,, Qs, fs CYTh HEKOTOpPHE BeIECTBEHHL®
HOCTOAHHMEE, HPUYEeM BCe KOPHH YpaBHEHHH

” DPsy — 63,9( | =0

HMeEIOT OTpHUAaTe/bHEE BemecTBeHHbHEe JaCTH; KIS OUpeAedeHHOCTH
GyleM cumTaTh A TOMOKATENHHOH IOCTOAHHOMN.

Moo upenmonosxurs, uro ¢pyakuun X u Y obpamalorca B HYab,
KOTAa Z H Y aenawrca BHyaaMHu. [leficTBHTe/bHO, JOUYCTHM, UTO DTOTO
mer. OnmpemenmM z m y Kak roloMopdume (YHKOEE IepeMeHHBIX
Tiy o+ oy Ty, YROBJIETBOPAKINHE YPABHEHHAM

. a \
Z(pslxl oo o Doy A 0T+ ﬁsy +Xs) '6_.:-* = '_ky e X,
- P)
t ! a
Z(pslxl”r R +psnxn+asx“\“ﬂsy+xs)—a‘i£’ =hz+Y
- a
H COoJep:KalnHe B CBOHX PA3J/IOKECHBAX YAeHN He HHKe BTOPOFO no-

pHaAKa
ZZU2+u3+ ...,y=l)2-%-l}3+ o s ey
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e Ym, Uy CYTh ONHOPONHHE QYHKIMH CTEHEHH M OT NepeMeHHBIX
Ty, « + +» Tp. JIH HOCHEN0BATENBHOTO OUPENENCHAS Up,, Uy, HOJYIHM
ypaBHeHHA

du
2 (psrr] + e psn‘rn) axm = 'A"vm + Pma
s

dv
. m o__ s
E (pslxl e psuxn) Gz = Allp, 5 Om!
s

rae P, O — onHopogHne QYHKUMM Iy, ..., I, CTENEHHA /N, 3aBH-
camge ot Uy, vy (k< m).

Homycrum, 9ro Bce QyHRIMU Uy, vy, (k < m) onpeyenenst, Torga,
coxpaHaA o6o3nadenns m. 34, GyaeM HCKarhb U,,. U,, B BHIE

Uy, = 2 ArUn Up = 2 B.U,,

¢yaknun P, Q, npm sroM Gyayr M3BeCTHHMHA QYHKUMAMH I, . . .
o n ey Tl

X _
Pm = ZprUrv Qm = EQrUr'
HoacraBasa 3TH 3HAYERHMA B HpeALAYIIHe YDABHEHHA, HOAYUHAM IJIA
onpepeseHnd NOCTOAHHBIX A,, B, cmcremy anreGpamueckux Jmmeii-
HHX HEOQHOPOXHHIX YpaBHeBHH
. R \Y p(s) —
A?‘ (mlxl 4+t mn’cn) + }Jﬁt Aa - ABr + Prs

8

Br (mlxl + Mgy Zﬁ$S)Ba = }"Ar + Qs
s

rge m,, ..., m, —— KaKAe-TO HEOTPHIATeJbHBE Ielible 9HCIa, Aan-
HHe B CYyMMe M; %y, . . ., X, CYTh KOPDHH ypaBHeHus || p;; — §;% | =
= 0; ﬁ,(.'q’ CYTh HEKOTOpPHle HEemOJOKHTeNbHbie HOCTORAHHBIE, KOTAA
r <s, ¥ HyJH, Korpa r 2> s. Onpenesnnrenap 910l CHCTEME ypaBHeHHH
- eCTh

D == H [(myxey + -+ 0 =+ mp,)? + A2

-Tak xax COraacio UDeAHOI0KEHHIO BCe KOPHHA % HMEIOT OTPHIATeNb-
HHe BeHleCTBeHHBle JacTH, TO HA Aiafd KAKUX HEOTPHOATeJBLHHX UHCE
my, ..., m,, JAOMEX B CyMMe M, BHIpaKeHHe Mm%, + ... -- myx,
He MO;KeT DaBHATHCA --Al; Clle/l0BaTeJbHO, oupeneaureasr D He 06-
Pamaercs B HyJAb W W3 NOCHCJHUX YDaBHEHWH nocroAHsme A,, B,
Oynyr cupeaensTLCA OXHOZEAUHO.

Mycrs

T=u=ty tug o, Y=oy b

CyTh HalfieHALe yKa3aHHHM NyTeM pemreHus. Beoga BMecTo HepeMmeH-
HHX z, § nepeMesHbe Z, jj

z=u-42,y=v-+y,
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npeoGpasyeM 3ajaHHEE YpaBHEHHA K BHAY, B KOTOPOM WieHHW X, YV
6yAyT YHHYTOKATHCA, KOTAA £, J Aeaalorcs HYIAMH.

[MosToMy MH Tpeno/IoKAM, ITO UPH COCTaBJIeHHHM ypasreHmi (29)
BHIIOJHEHO YKa3aHHOe IpeoGpasoBanme (eC/iM B HeM OBJIAa HaNoGHOCTD)
¥ 4r0, cilefoBaTesibHo, PyHxnmm X ®m Y yHHYTO:KAIOTCA, KOTMA I, Y
neNaloTCH HYJIAMH.

54 [33]. Bmecro mepeMeHHHX r, ¥ BBefeM HOJAPHbE KOOPAMHA-
T™H F, O:

=rcos 8, y =rsinb.
Byngem uMern

= X cos0 4 Y sin 6. r%?— =Ar -+ Y cos 6 — X sin 8.

W3 pouymenma, aro X, Y yHHUTOKAIOTCA, KOTAA Z, ¥ AENAlOTCA
HYJAMH, BHBOJHM, MTO IpPaBHe YACTH LHOC/HeTHAX YDAaBHEHHH YHHI-
TOKAIOTCA, Korfla ymmuroskaerca r. IloaroMy mociae cokpameHns Ha 7
BTOpOE ypaBHEHHE JaeT

dt =A- 8,
rie © oGo3navaeT rosoMopdHYI0 GYHKIHIO HePEMEHHHX I’y Ty, . . . Ty,
VHHYTO'KAIOMYIOCA P  OJHOBPEMEHHOM DABEHCTBE IIOC/eJHA%
HYTI0 M HMEOIYK B CBOEM pa3jioKeHHH KospPmumeRTaMm Ieibie
panuoHaJbHEe QYHKOHHE oT sin 6 m cos 0. 13 aroro ypasaennsa suAHO,
4YT0 IIOKA BEJHYHHH |T |, l.z,g | ne UPEBOCXO/IAT HEKOTOPLIX IOCTOAH-
HBIX, 8 Gyzer meumpephiBHOK Boapac'ralomen ¢ynxnueir . Orcioga dc-
HO, 9TO IPH pelleHHAH 3aAa4 06 ycToHuMBOCTH HmepeMeHHas O Mosxer
HMrpaTth TAKylo :Ke poab, 4ro ® t. IIpuMem ee 3a HE3aBHCHAMYIO mepe-
menHyl BMecto . Torpa
dr’
@ — R’
30
da (30)

3

o = duts + oo+ Qeut, -+ (@ 0080 -+ by sin 0) r 4 Q.

rne R, Qs o6o3navalor QyHKLHH TaKOro >Ke Xapakrepa, Kak m O,
opa 3toM $yEKIHE (s B CBOHX DPa3jIoyKeHHAX He OYAYT COAep:KaTh
9JIeHOB HH)Ke BTOPOTO H3MEPEHHA OTHOCHTEIbHO BeJIHIHH T, Zs;

P o B
Gor =770 @=55 b=

Iepsoe u3 ypasnenuit (30) moxa3nBaeT, YTO €CIH HAYaJIbLHOE 3HAYEHHE
r eCTh HYJB, To I GyAeT PaBHBIM HYJIO JJIA BCAKOro 0. Cnenonarenbno,
r Gyner cOXpaHATbH 3HAK CBOEro HAYAJBHOTO 3HAYEHHA N0 KpaitHei
Mepe 0 TeX LOp, IOKA BEeJHIMHHE 7', s OCTAIOTCH BCE [OCTATOYHO
MajiMA 110 aGcoJIIOTHOH Be/MYHHE. Mt 6yneM npennonara'rb 910
r He HOJyYaeT OTPHIATENbHHX 3HAYCHHH.
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55 [34, 35]. [lam pemenms sagaum ypaBHeHms (30) upmaercs
NOABepPrHYTh HEKOTOPOMY HpeoGpasoBaHHI0, KaKoe HAXOHUTCH B CBH-
3 C BOLPOCOM O BO3MO;KHOCTH MJIA HAX NEPHOJMIECKOT0 pellennsH

ro=c¢ -4 u®c + u®e® -, , |

z = uMe 4+ uPe® 4 u¥e + . . |,

(31)

) I

rae ¢ — IPOM3BOJIBHAA LOCTOAHHAHA, a u®), ui” — He 3aBHCAINHE OT
Hee nepuopuueckne Gynkmmm 8 ¢ obmum meprogoM 2x. Takoe mepmo-
AudecKoe pelmeHde He Bcerga Oyaer BO3MOKHO.

Ilna oupenenenma dymxmmit u®, ul® cpemaenm nofcTaHoBRY (31)
s cucreMy nuddepenunanbHbiXx ypaBHeHmH (30) m cpaBHEM Koad-
¢uIEEeHTH OpH OXMHAKOBHIX cremenAx c. [Homyamm

du'®) 7
5 =U",
. duék) k) *) : Ky e
—g— = a1t T Ganlin + (a4 €0s 0 4 b, sin 0) utk) 4. U,

rae U®, U® CyTh H3BeCTHBHIe Ilejlble palHOHAaJbHBE QYHKIMH OT

rex u®, u® aaa KOTOPHIX W << k, ¢ Koaddaumenramm, npencrap-

AAIOMHAME IeAble palHonaabHele yHKIUN oT sin 0 m cos 8; npr k = 1
Bce yurmam U cyth wyam; k = 1,2, ...
Oyexnar ul’ scerma 6ynyT NepHOJMYECKAMH BHAA

u = A, cos 0 -+ Bs sin 8,

rae Ag, B; — Hekoropnie nocrosmausie. Hamboxee nmpocro ato MOsKHO
NoKa3aTh Yepes npmBeneHne ypasHemmi maa vl k KAHOHHYIECKOMY
puay (u. 30)
dog®) (k) *) ‘ o K o
g T KeUs | — Ogls1 + (ascos B + bssin B)u™ + Vi,

k k
rae {7, . . ., V') — kamommueckme nepeMeHHbHIE, & IOCTOAHHBE a;, b:

CyTh nuHelHble KoMOmHAHE KodPHUHERTOB @, by; HoBhE V(" 6y-
AyT TaKyKe H3BECTHHIMH HEJBIMH PAlMOHANBHLIME QYHKIHAMHE OT TeX

u), vg"’, AnA Koropex u << k, ¢ xoaddunmenramm, upencramidio-

HWAMH LeJxple panHoHaqbHble QYHKIHE oT sin 6 m cos 0; mpm srom
1
sce VY pasEn mymo; %y, « - oy %, HBIAIOTCH KOPDHAMH YPaBHeHHSA
I gij — 8 || = 0,

OOCTOAEHBIE Os cyTh Jaubo myxm, ambo 1; o, =0, s =1, ..., n;
k=1,2,...
U3 stux ypaBHeHmi mMeeM|

3]
v = e"® § [(a; cos 8 -+ b sin 8) w0 — g%+ V|,
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H, CIefloBaTE/]bHO, BCAKHH pas, Korja CTOSAIIHE 3[eCh B KBAJAPaTHBIX
CKOOKaX BHPa)KeHHs UPEJCTABIAIOT Liejble PanMOHAaNbHEEe QYHKIAU

sin O u cos 0, TakmMa: sxe GyAyT moxysarbes M GyHKIEE U, a TeM

k .,
cameiy u ul®, jumeiiHo 3aBECAmMEE OT MOCTKEXHUX b.
(1)

Han k =1 ¢yaxumm wugy’ noxydaorTcs YKasaHHoro Buaa, ubo
u® =1, a sce V¥ cyrs myam.

B03M0;XHOCTS MM HEBO3MOKHOCThL A-To mIara B nponecce mnocije-

foBarelbHoro onpenenenms Qynkuuit u®, v{F saBucur or BoaMOK-

HOCTH HJH HEBO3MOKHOCTH NEPHOAMICCKOIro pelleHusa I u(®
0
ut = {TMap.

0

HomycraM, 9ro Bce QyHEUME b, W s Koropmx ) MeHbINEe He~
KOTOpOTO YHCJa m, HalleHH H IPelCTABISIOT Hepuofndeckne QyHK-
e 0. Torma ¢yurmmoo U™ MoxHo Gymer HpeAcTaBUTh NoI BHAOM
KOHETYHOTO PAAAa CHHYCOB M KOCHHYCOB IeJBIX Kparsex Ayr 0, u ecam
B 3TOM DAY He OKa;KeTCA IOCTOAHHOTO 4ieHa, To QYHKRmA ul™),

a cienoarenbHo, 1 Bee ul™ Gyayr mepmonmiecKumu. B mporusHOM
cayyae Gyarngusa ul™ Gymer Bupa u™ = gb + v, rHe g ecTh HEKo-
TOpas OTIMYHAH OT HYJA NMOCTOAHHAA, & U — KOHEYHHIH PAJ CHAYCOB
m KocmHycos Kpatsbix ayr 0. Ilpum srom B dyuxmmm 1v{™ Boiinyr ve-
KOBBle UJeHH.
HdomycruMm, 910 HMeeT MeCTo 3TOT HOCIeXHHH caydaif.
[peanonaras, Yro BHYACIEHHE GHUIO BHIOOJIHEHO TaKuM oGpasoMm,

urobr Bce ¢ynxmumr u®, ul”, v (p < m) GeIM BellecTBEHHBIMH JJIA

BemecTrenHoro 0, npeobpasyem ypasmennsa (30) mocpeacrsoM IOX-
CTAHOBKH

ro=z-u®z ., b pMhZ"l Lop™,
1 2 m-1)_"M-1
xs:u“z—}—ug)z2+...+u§ )2 -+ zg,
THae 2, %y, .. ., 5, CYTh HOBHE NlepeMEHHEE BMeCTO IPEKHAX I', Ty, - - .
..., I,. lIpeoGpaszoBannrie ypaBHeHAA OYAyT HMeTb BUJ
dz
= =
2
ds (32)

8

=g = 4171t - QeaZn T Zg,
rige
rR—U®z_  —ym-bml_ (g _ g "
1420z L L (m— 1) w2 ™

H Typca 9. Kypc maremarmueckoro amanmsa. T.1, 4. 1: Ilep. ¢ ¢p.—
M.: TTTH, 1933.— (Cm. § 103).
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-1
Z,= Q,— U_i”z —_— . — U_(sm Ygm-1 “-(ascos0 -~ b_sin 0) vz™ —
— [ugl) - 2u§2)z e (m— 1) uﬁm»l)zm-zj 2Z.

Qyuruun Z, Z; ABIAA0OTCA roloMopPHHME QYHKUMAMH mepeMeHHBIX
Z, 33y - - -+ 2p € KoddduiumenraMu, 3aBHCAIMHMH OT BeIIECTBEHHBIX
anadeHni 0 DO BHIOM KOHEUHBIX PHIOB CHHYCOB M KOCHHYCOB I(€IHIX
gpatHocTedl 0. DyHKNUH 3TH YHHYTORKAIOTCA IPH PaBEHCTBE HYIIO
BCeX Zs U z; OpHYeM Z; He COAepsKaT B CBOHX Pa3io:KeHHAX 9JIeHOB
gepBoOro IopHANKa.

Ecau gepes Z(O), Zg‘” o6o3navurh Gyuknuu Z, Z;, Korga p mociaesn-
HEX HOJOKEeHO

z, =0,...,z, =0,

T0 pasioskenue Z(» 1o BOCXOAAIIMM IeJHIM CTeneHaM Z Oyner Haum-
garbc (m — 1)-i cremeHbi0 ¢ TOCTOAHHBIM KoaddunuentoMm g,
a pasiomenus pyukunait Z Gynyr CO/eP;kaTh Z B CTENEHAX He HIKe
m-i.

Takum oOpasom, ypasmeHus (32) ofmagaior BceMu CBOHCTBAMH,

K KaKHM MBIl CTPeMHJIACh IIPH MCCIEeJOBaHHU YCTOUUMBOCTH B CJydae
OHOr0 KOPDHHA, PaBHOIO HYJIO.

Kpurepnit yeroitunpocTd n HeycToitunBocTH

56 (37]. Ilyers

ZZ - gzm + P(l)z 7‘— R P(m_l)zm—x ’T‘ R,
) —1) m-1
Zy - POz - PV R
rae PO pY) CyTh naHeidHbEe QOpPMBHI MepeMeHHBIX 2y, . . ., 3, C Le-

puoguyecKuMu orHocurenbuo 6 koaddunuenramn; R — romomopdaasn
byHKNMA mepeMeHHBIX Z, Z,, Pa3Jio;RCHHE KOTOPOH mMeer TaKme iKe
KoapPuumenTh, mpudeMm RO copep;kur z B CTeNeHAX He Huyke (M -

+ 1)-#, a JguuefHBI2 OTHOCHTEIBHO 2, . . ., Z, WICHB COZEPIRAT 2
B cTeneHw He Huwe m-if; R; — roxomopdusie $yurnmu z. z,, pas-
JOKeHUST KOTOPHIX B UIeHAX, JAHEHHBIX OTHOCHTENBHO Iy, . . .. Z,.

MOTYT cojep:kaTh 2 TOJMBLKO B cTenedfAX Boine (m — 1)-i: npum z, =

=...=12, = 0 gyuruun R, cogep:kar z B cTeleHAX He HIKe m-ii.
HOaa pemenun zagaun 06 ycTOHYHBOCTE paccMoTpaM GyHRITMIO

'V =z + w - Wy 4. Py (m-1igm-1

rge WU cyrp amueitmore gopmbr, a W — kBajgpaTuunas gopMma oOT
HepeMeHHHX Zz,, . . ., z,,. Roapdunuentsr B W OymeMm mpeamonarath
oocroAuHbIME, a B W) — mexoropeiMu mepHofgpdeckuMmu GyHKImA-
9.

IMoerapaemcs koadduunentamu B Popmax W W pacnopsanurses
Tak, q9ro0sl moJsnas mpoudBogHan or Pynkuuum V mo 6 Oblia 3HAKO-
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onupenesennoi opu z > 0

av m ;
- — &z + 2 4. )+ S,

npaieM

- 113 N\
S=uvz 'JFZ UerZsZys
s, r

rie v, Uy, — KaKue-To roaoMopdnsie pynkuwn 2, 2;, . . ., 32,, YHAU-
TOKAKWIMEECH, KOrfa BCe NEePEMeHHbie Z, Z; HeJaloTCA HYJSAMH.
Cornacro ypasmenuam (32) mmeeM

Yz + WD - 2WDz L (m— )WV gm2) 27

do
! ow i 1 t t
B E oz (qslzl e T GenZa 1 Zq) -
m s

m-1

m-t
13 r aw(f) . ‘ \ 6W(') r
s Zz —_az:—- (‘Islzl e GanBn T Zc) s B8 z .

g r=1 r=1

Ecan copa nopcraButh 3mavenns ¢yaxkuuit Z, Z;, TO DOAYIHM

av - g
= WY 2W Dz s — YW
X (g2" + PYz 4 ... POpmet L R
oW . ,
- 9z (9s12y 4 - - - -+ GonZn + Z) +
- &
m-1
. oW ;
+ Z ZZ' _éz—(qslzl 4o et gsnZn +
&
§ r=
m-1 6W(’)
PPz PO R - 3
r=1\

CpaBEUBAaA 9TO BHPA;KeAHe C jKeJaeMBIM BHJIOM 3Toif HOJHO# Hpo-
A3BOJHOM, ToayumM pAnsA ompefenenuma ¢yakmuir W, WO rakme
ypaBHeHHUA

N oW \ 2
@zt - Qg = g (@ - 2
8

8

ow'" ow) ' "
50 2 5 @azs - - GenZa) + PO

oy WU -y oW
- V(PO P ) = 0
g

8

8

(r=1,....m—1).



KEPUTEPHI YCTOWYHBOCTH U HEVCTONYHBOCTH 123

®ynxnua W onpejenserca ofHO3HAYHO, TAK KAaK BCe KOPHA ypab-
geEn A
1 gij— 8k | =0
EMEIOT OTPHIATeJbHEIC BemlecTBeHHBle wactd (n. 34). @ymrnun
wa, oL, WY
oIpeAedAI0TCA NOCIe0BATEAbHO B IOPAKE BO3PACTaHUA yKa3aTeld r.

[Ipepmonaras, d4ro Bee mpefmecrByomme ¢yaxkmug WO paa me-
Koropoit W) onpenenens, mmeem pia ompenenennsa W) ypapmerme

W(') W) )
+ Z (9121 + - -+ + Qsn2n) = Alzl + oo+ Az,

$ KOTopoM A GYIyT M3BECTHHIMH KOHEeYHBIMH DANAMH CHHYCOB M KO-
CHHYCOB IelHX KparHocreit 0. Orcioma pns ompenenenna Koaddu-
gueHToB @ GopMH

W = qiz, + ... -+ a3,

UVIYIHM CIEXYIONYI0 CcHCTEeMY ypaBHeHuil:

da
'—d'e's" -+ €150 Tk dnspy = As (S = 1’ LR n)

Tak Kak XapaKTepHCTHYeCKOoe YDaBHEHHE 3TOH CHCTEMHI He HMeer
qUCTO MHHMHX KopHel, T0o CyI[ecTByeT ¥ IPHUTOM TOABKO OHHO TaKoe
pelleHue, B KOTOPOM Bce ¢ GyNyT KOHEYHHIMH PANAMH CHHYCOB H KO-
CHHYCOB HEJHX KpaTtHocreit 0.

IIpn takom ompenenenum W, W) penununna HaiifieHnoit mpoms-

. dV
BOJIHO# —& IPH yCI0BHH z 2> 0 npencraBut QYHKUHIO, 3HAKoOmpe-

nenennylo 00 OTHOLIEHWIO K Z, 2y, . . ., 3, OPHA JOCTATOYHO MAaJBIX
YACIOBHX BHAYEHHAX 2, 2y, . . ., 2, U HMEIOM(YIO 3HAK HOCTOAHHOM g.
Ecin g orpuuatensso, 1o npu 2 > 0 ¢yaknua V Gyaer oupenenenso-
WOJNOKUTENBHOH TI0 OTHOIEHHMIO K Z, %, . . ., 2,, TAK KaK COTIaCHO
n. 35 ¢pynxkuua W Oyner ompefeleHHO-NONGKATENbHON OTHOCHTENBb-
HO mepeMeHHHX Z,, . .., 2,. Hamporus, ecau g >0, 10 W Gyner
OnpefeeHHO-OTPANATEIPHOH OTHOCHTEIbHO NEPEMEHHBIX 2;, . . ., Zy;
ysrumio ke V BuibopoM z >0, z, =0, . . ., 2, = 0 MoKHO cfesaTh
WOJOKNTEAbHOR, T. €. OJHOTO 3HAKA ¢ g; pyukuua V gomyckaer Gec-
KOHEYHO MAaJIHH BHICIIMH mpeped.

Orciona ‘s cuny TteopeM Jlanynosa 06 ycToftImBoCTM W HeyCTOMH-
YHBOCTA MK NOJUKHH SaKIOUHTH, UTO B CAYNae OMPUYAMEAbHOZ0 £
Heeo3myuserioe GaulceHue YCmoUuvueo no OMHOWEHUI K 2, 24, o . ., Zp,
a mex CaMuM U KT, Xy, . .., T,, U 6caKoe docmamouno 6auskoe 603-
MYyuwennoe Oeurxcenue CMpPemMumcs K Hemy ACUMRIMOMUYECKU, a4 8 CAY-
402 NOAONCUMEALHO20 £ HeB03MYUieHHOe O8UNCCHUe HeYemolnueo.

57 [36]. {aa neiicTBHTeNBHOr0 BWIMCICHHA HOCTOAHHOH g HET
Heo6GXoMuMOCTH HempeMeHHO WATH YyKajaHHWM nyreMm. J{aAa sToH
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IeJH TNPEeANOYTATeNbHEe PACCMATPHBATH HENOCPE[CTBEHHO YypaBHe-
aua (29).
BBeneM HOBYI0 HE3aBHCHMYI0 HepEeMEHHYI0 T BMecTo I:

t—t, = —;-(1 - hyc? - hge 4 .. )

Ko3pdunmeHTH h 0CTAOTCA NMOKa HeoHpefejeHHBIMH; ¢ eCThb HeKOTo-
pad HoCTOAHHAA. JHAYCHHUAMHM INOCTOAHHHIX h pacHOPARAMCH TaK,
4yro0nl mpeo0pa3oBaEHEIM ypasHeHHAM (29)

=yt e ),
:z (x + { )(1 4 hoc® 4 .. ),

dz, X
d’!.: =(q31.’L‘1+. S 2 ntax’*‘by’L_'_)(l’L‘hzc’*" )

rae ¢, @s, bs WMeT HNpeRHuHe 3HaYeHHA 0. 5%, YNOBIETBOPAIA
PHAR

x = 2W¢ + 23 4 | . .,
y=yWe +yB ...,
x5 = V¢ + 2B .. .,

B KOTOpHX Bce OyHKmum zW, yw, ¥ ) 6him 6B TepHOAMHECKUME
GyHKOUAMY T ¢ 06muM mepuofoM 27 u He 3aBHCEIH OT NOCTOAHHOM C.

Jaa pocaemosareabHoro ompefeidenda ¢ yHkunmit ), y), P
OpPH 3TOM IOJYYAKOTCH YpPaBHEHHA

dz("
o £ X0
) ’
YD 20 hyaa® YO, 33)
dz{"

=gt e gl + X
(s:l,...,n;r:1,2,...),

rae X, Y GyayT HEKOTOPHIMH WU3BECTHHIMH I[eJBIMHA Pa{HOHANb-

HbME QYHKOEAME OT Beex x®, y®, z™ pmeomux sepxmmit sma-

90K M MeHmme r, W OyAyT 3aBHCeTb OT BCeX HOCTOAHHHIX hj, And
KoTophX j<< T — 1. Oyuknua X" momoammrensHo GymyT 3aBHCETH
or z(", y wu h, ,. Ilpu sToM caenyer monoxutb: hy = 0, by = 0,
XM =0, YO =0,

Ecan pmomyctuth, 4ro m3 ypasHenu# paa r=1,....m —1
BHUMCJIEHH NOCHEe0BaTeNbHO Bee Pymrmma zM), y), ¥ pasm ko-
TOPHX W < M, W BCe IOCTOAHHHE hj;, RAA KOTOPHX ]<m — 1,

TO %A ompefeieHusa Qymkumix z(™, y™), ™ @ nocrosEHOK Fy,
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OydeM mMeTh W3 ypapHenmit (33) cumcTeMy, oTBEHAlIYI0 I = m.
M3 nocnenneit BugHO, 9TO eciu MOKHO OyfaeT HAHTH HepHOZHYECKHE
™, y™), 10 dpyEKUEK z{™ Bcerma Bo3MokHO Gyner HaiiTH mepmOAM-
9YEeCKHMH, TaK Kak BCce KopHM YypaBHeHHA || g;; — 8;% | = 0 mmerwor
OTPUIATE]bHLIC BEIECTBCHHHE YacTH W, Clel0BATEeNbHO, yPaBHEHHA
(s=1,...,n r = m) OpA TAKAX HPeANOIOKEHAAX ne 6ymyr npm-
HajJieskaTh K CAyYamw pe3oHaHCa.

YpaBHeHuAM, KOTODHe NOJy4alOTCA RaAfA onpefemenus r() y)
"BCETia MOKHO YAOBJETBOPHTHL HPEALOJOKeHAeM

) = cos t, Yy = sin 1.

JHauanneiimue BHumcaenma z(®), y®) momxHO GymeT BecTH Tak, 4TolH
omd Jejxanuch Hyiaamm npm t = 0. OcramaBimpasich Ha TaKOM npep-
mojo:KeHuH, 3aMermM, ro X, Y™ npeacrasatca Torga B BHIe
YOHEYHHX DANOB CHHYCOB W KOCHHYCOB II@IbIX KPATHOCTEH 7T:

{(m) __ :
X" = A,cost + 4,sint4- ...,
Y™ = B,cost + Bysint+ ...,
rae A;,A,, By, B,, ... cyThb HeKoTopHe HM3BECTHHE HOCTOSAHHHE,
IIpennonaras
™ = a, 08T + aysint + .. .,
y™m =h cost + bysint ...,
43 ypasHenuit (33), oTBeqalOmWuUx r = m, AAS ONpeleNeHHA DOCTOAH
HHX a,, @y, by, by, h,_, TOAYYAM COOTHOHICHHA
ay + by = 4,, —ay + by + hpy = 4,,
—a; — by =By, —a,+ by — hy,; =B,
CoorHomennsA 3TH GyAyT COBMECTHHW TONBKO HpPH YCIOBHH
Al + Bz = 0.
Horga mocnensee swnomneno, $ymkumm (™, y™ mombo Gyaer om-
PefleuTh, TaK Kak Opm ompefenenn# Kosddunmedntos a, b B paAmax
™, y™ Mu BeTpeTEM 0COGEHHOCTD (B BHEE BO3MOKHOCTH WOSBIe-
HHA BeKOBHX WICHOB) TOJNBKO AJIA WICHOB, COACPIKAMHX CHHYC HIH

KOCHHYC NepBOd KpaTHocTH T. Jlns monHoro onpefesenns BeexX Koad-
unmenton pasiomenua x™, y™ mymHo GyIeT MCHOIB30BATH YCIO-
s (™ (0) = 0, y™ (0) = 0.

Ecam pnsn mexoroporo 3mauxa m yciaosme A, + B, — 0 He BH-
HOMTHACTCA, TO HCKOMEC peIlleHMA HeBo3MO:KHK. MomHO mOKasath,
MT0 B TAKOM CJyd4ae WACIO M H NOCTOAHHAH

4;+ B
g:’__;_f_

Brum 6w Te caMme, ¢ KOTODHMH Mbl HMEIH [0 B OpejsyieM ma~
parpade.
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Ha gpyrux Bo3MoHBX cnocofax oupefesieHnd 3HAKa MOCTOAH-
HOH g ocTaHaB/MBAThcA He GyeM.

58. Mpuwmep. llyers guddeperiizanbavie ypaBHeHHMH BO3MY-
({eHHOTI'0 IBM;KEHHWs UPUBOAATCH K ONHOMY YDPaBHEHHIO CJelyIOIero
BHIA:

d*x ; dr

— - = Flx —)

ar Fc\ Tdt J°
rae F ectr roaoMopdmas GYHKUMA YKA3aHHBIX apTyMEHTOB, HE €O-
Aep;RANIan B CcBOeM pAasiIosKeHHH 4YJIeHoB HWH;Re BTOPOTO NOPAIKa
dx
dt
BATCH BOHPOC 00 yCTOMYMBOCTH HEBOSMYINEHHOI'0 ABW:keHuA (z = (),
L= 0y,

B ¢yukunus F poigeanM YJIeHB ¢ HEYETHHIMH M YeTHBIMH CTCHeHA-
MH cKopoctH T’

OTHOCHTEJNLHO BEJHINH T M &' = 00 OTHOIHEHHI0O K KOTOPHIM (Ta
R

F = ar'f(z, 2'% - g(z, 2'%).

rae f, g — rosoMopdusie PYSKIUH CBOUX aPryMeHTOB; [ He COMeDIKUT
1JIGHOB HH€ MepPBOrc HOPAAKA, a g — HH/Ke BTOPOro HOPANKA OTHOCH-
TeAbHO . DyneMm mpepmoJaratb, 9To QYHKIHH | U g HE 3aBHCAT OT
HOCTOANHON a, a HauHu3mas gopma f. (z, z'%) B pasiaoiendun [ =
= fp b fray - - . . ABIAETCH MOJOYKUTEABHOR. Janada 3ra upes-
CTaBlIReT M3BECTHBIE MHTEpec: K HeH NPHBOAATCH HEKOTOPLIC HPAKTH-
9eCKHEe BOIPOCH H, B YACTHOCTH, BOIPOC 00 YCTOMUYHBOCTH IOJIOKEHU
papHOBecHa {2 = () MexamumdecKOd cucTeMbl, HaXOAAIECHCH MO
neicTBHeM TIOHATHOH ®3 ypaBHeHHA 00OOLeHHOHW CHJBIL.
Henan

r=rsinf, ¥ - rcos9,
BEIBOAKM M3 HAIer'c YpPaBHEHUS

dr , .
— 2 3
=5 = Bor® - Ryr® .
rpe Bce R osmavalor ¢pymkuuu omnnoro 0. [lpu srom Bce QyHKUHH
R, R, ... R R,iy — acos?8f, (sin 8, cos? 8)

ge Oynyr sasmcerb or mocrosmHo#t a. [losToMy mpu OTHICKAHEH pe-
meHKA HOCJHeJHero ypasHeHHS IOJ BHAOM pAXA

roese oA Ueet A uge® L.,
PacCIoJ0KEeHHOIC 0 BOCXORAN(MM CTemeHSM IPOH3BOJBHON MOCTOHH
HOE ¢, BCe QYHKIMM

8

T L N S cos? 8f, (sin 0, cos® 0) dO
o

OOAYyYaTCA He 3aBHCAIMMH OT a.



KPUTEPHUR YCTOUYHMBOCTH M HEYCTOAYMBOCTH 127

Ho ecanm 0pt a Gbli0 my7eM, TO HPeNIOkeHHOe ypaBHEHHe Jo-
pyckano Ol He 3aBHCAIMHA OT ! roloMopdHHN HATerpaa, ® KOTOPOM
COBOKYIHOCTb WJIEHOB HaWHHM3UIero uaMepenns Oyner z* ~ 2%, Jleficr-
BHT@JIBHO, M3 I0.yJalolerocsas NpPH 3TOM IOCJIe HCK.IIOUeHHA ! ypas-
HeHuA

d (2% =~ 277 ; s

i Calankai - =) 2g(x. 2%,
B KOTOPOM mpasas 9acth 2g (zr, x'%) = ¢ (z, 2% - z'*) npeacrasager
ronoMopdpHyI0 GyHKIOHI Beamduus z ¥ z'* + z%, B cHAY HM3BECTHOMH
TeopeMbl Haiiftem z° + z'?= ¢ + ¢ (z, ¢), rae ¢ Gyner roaoMopd-
Hoit QyHxumedt r m o, ywnuro:kalomeiica upu r = 0; ¢ npegcrasis-
eT 3HaveHEe I'’, Korga z ects HyJXb. llociefmee ke ypapHeHHe
HeIoCPe/ICTBeHHO 00HAPY/KHBAaeT CYMeEeCTBOBAHHE HHTErpaja VKa3aH-
HOLO XapaKrepa.

Hocratouno Maxbsie 1o alCONIOTHOW Be/mYHHe 3HAYEHHHA ITOLG
3HAKOOUPeNleJICHHOT0 MHTErpasa OyAyT OTBeYATh HEKOTOPHIM 3aMKHY-
THM Op6HTaM B DJIOCKOCTH Z, Z', WJIH HEKOTOPHIM HePHOTUICCKHM De-
DIEHASM 3aJlaHHOro ypasHeuus upm ¢ = 0. B cvimecrsosammm arux
OepUONMIECKMN pelleHu# BO3MOKHO yOEeINTHCH TaRKe HeIOCPeiCT-
BEHHO, TAK KaK ypaBHEHMA A T ¥ I’ He H3MEHHIOTCH NPH 3aMeHe
t va —¢t w 1z’ "a —a’.

IlosToMy wuHTepecyiolle HaC He 3asuCHImUe oFf ¢ (YHKIAR

8
gy tage v ooy Upy Uppq — a}cos’2 0f\. (sin 6, cos® 6) d
0

Bce OynyT NEepHOAMYeCKHMH, W, CJIEJOBATEIbHO, ecAH ¢ He HYadb,
HOCTOAIHHAA g Haljerca no dopmy.e

2n

b

\ cos? 0f, (sin 8, cos? 0) db.

a
2n

i

4

=

Ecnu f; nonourensno (k — werno), To npu a > ( HerosMymieHHO®
ABH;KGHMe HeycroHuumso, a npu a << (0 — yeroidumso.

MoskHO 3aMeTHTB, 9TO YCTORYHBOCTD HEBO3MYIIEHHOTO ABH:;ieHHSA
opu ¢ = 0 oweBnJHA, TAK KAK YKa3aHHBIA BhUIe 3HAKOONpEeJeHHbIR
HHETErpajl yAoBJeTBOpAeT YCIOBAAM Teopembt Jlamymosa 06 ycroit-
9YABOCTH.

ITpumep. PaccMorpum cucremy puddepennuanbubix ypasHeHBR

dz a P
T T YT @
dy a

= = (@ + )y,
de

o T T4 + (@ + ¥?).
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Hecnenopanne Gymem Bsectu corjacHo m. 37. [enas
t—to=(1 F hye® +hy®+ ..)7,

fyneM MCKaTh NepHOXMYECKOoe pelleHdEe B BHIE PANOB, PACHOJOKEH-
HHX [0 BOCXOMAI(UM CTeIEeHAM IPOH3BOJBHONH MOCTOSHHON c,

x = xMW¢ 4 % 4 ., .,
y = yMe + y®e* + ...,
r, = 2% + Ve 4 ...

OnucanaeM B O, 57 mOcHefoBaTeIBHBIM! INPOLECCOM ONIpeqeanM

z® =cost, y® =sint, i’ =0,
2@ = 0, y® = 0, P =1,
a gaa x®, y® monyuuMm ciepywomue ypaBHeHHA:
dx® .
-%—— = —y® —h,sint -———g—cosr,
dy(a) a .
= z(8) L h ———
o z® + hycosT 5 sin T,

A3 KOTOPHIX, KPOMe HEeBO3MOKHOCTH MCKOMOrO IePHOJHIECKOro peime-
HEA OPH OTIUYHOM OT HYJA @, JJIA NOCTOAHHOH g moJydaeTcs paBeH-

—a
CTBO g == ——. CnenosaTeapsao, HeBO3MYIIEHHOE [BW;KeHHe Oymer

VCTOMYABLIM NPH [OJMOKHUTEJIHPHOM ¢ ¥ HEYCTOHYHMBLIM IPH OTPHIIA-
TEXbHOM d.

Cnenyer npusectu ogHo saMedanue Jianmyunosa. Bompoc o6 yctoit-
YEBOCTH N0 OTHOIIEHHIO K NEePeMEeHHBIM r, J PaspellaeTcs Hemocpej-
cTBeHHO TeopeMaMu Jlsnymosa m. 8, 13 W paccMoTpeHHeM (QYHKIUE
V = 2% 4+ y2. Opuaxo 6eiro 6b1 ommGOYHO IOJIAraTh, 9T0 ITHM 3afa-
4a YCTOHUMBOCTH OYyHeT y:e IOTOMY paspelleHa, 4TO BCeTJa MO;KHO
HaliTH e[MHCTBeHHEI® PAAHN Iy = f, (Z, ¥), PACHOJOKeHHbIe IO I[eJIBIM
HOJMOKUTEIbHEIM CTeNeHAM I, Y ¥ He cofepsKaiide NOCTOAHHBIX diie-
HOB TaK, YToGBl (OPMAJIBHO YAOBJIETBOPAJNCH YPaBHEHHA JIJIA T
cecremnl (29). B mameu caydae ypaBHeHHe
[—y—Fe@+ ¥ |52+ |z — 5 v+ 2] o=

= —x; + 2* + y?
onpefieisieT GOPMAIBHO YAOBJIETBOPAIOMMA eMy PAX
(22 + 32 +a (z® + y?)? + 1.2.a% (2% + y2)® +
+1.23.a3 (2 +y 4+ ...,
PACXOAAMMICA OPH BCAKAX OTIMYHHX OT HYJAA T U Y.
59 [38]. B sagnMalomeM Hac ciydae OAapPH YHCTO MHHMEIX KOpHe#,
KAaK MB BHJeJHd, pelleHue Bompoca o6 yCTOHYMBOCTH CBA3AHO C BOI-
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pocOM O BO3MOKHOCTH HEKOTODPOTO NEePHOAUYECKOro pelieHWA AIA
cuctemn (30). Ho, x coxayenuio, Bce cmocoGni, KaKme MOKHO Ipe-
JOKATH AJiA PeleHdA WOCAeHere BONPOCA UPMBOLAT K IETH TOJBKO
B ClyYae, eClM Ha HEro JA0JGKEH HOJIYIHTHCA OTPHNATENbHMEH OTBET.
Ecau aro IepHONUIeCKOe pelleHne CYNECTBYeT, TO HEBO3MYMEHHOE
ABHKEeHHE YCTOHIHBO.

JonycTuM, 970 KaK-TH00 HAM YAAJ0Ch YCTAHOBHTH CYeCTBOBaHME
HHTEPECYIOMere NePHOANYECKOT0 DEelieHHA W TeM CAMBIM CYI[eCTBO-
pague ¥ cxopumocth paAnos (31). Torma mpeoGpasomamme

r=z - u@z® + u®z® “+ ...,
z, = 2z, + uMz + u®22 4 ...
gpuBefieT K ypaxmeﬂmm Bafa (32), B KOTOpHX GYAYT YHHITORKATHCH

dyuxmun Z©, Z®. Mu npaxonnmM K caydaio, no706HOMY pPacCMOTpPEH-
oMy B n. 91.

B atoM caygae cmcrema (32) mmeer mosHOe HMHTerpaJpHOE COOT-
HOHMIeRWEe ¢ ONHOH NPOU3BOJBbHON MOCTOAHHOR ¢:

2=c+ JRPWE (mk=1,2,...) (34)

rie P& cyms ommpomme d)opMm m-i CTeleHW NePeMEHHHX 2y, ..., 2,

a koadpdramumentr dopm P& Cy’l‘b KOHEYHHE PAJH CHHYCOB ' M KOCHM-
HYCOB IeJHX KpaTHOCTel 9.

JleficTBHTeIbHO, B ypaBHEHHH, ONpENEIAOMEM 2,

az 0z
Z(qslzl + e + anzn)a—zs+ 0 ==
s

B OpaBoil qacTH He Gy/ler WIeHOB, He 3aBHCAIMMX OT Z,, TaK Kak Z(%
Z® cyrp mymm. IlycTh pesyapTaT HOACTAHOBKE Z B OpaByI0 9acTb

Q(k) oﬁoanaqaer PopMy m-ii cTemeHM HepeMEHHHX Z,, 3aBHCAIYIO
OT Tex PJ A KOTOpHX i -+ j<<m -+ k.
Iina oupenenenus gopm P momywam ypaBHeHHA

p(k) p(k) ®
Z(qsizl+"'+qsnzn) Gz +_é_=_0 .
s

Iipepmonaras, 4ro HaiixeHW BCe (POPMH P§”, ST KOTOPHX § - f <<
< m -+ k, 1 9T0 OHH 0GIANAIOT ONUCAHHKMYA BHIIe HePHOLAICCKEMHA
OTHOCHTEJBHO O KoaddmmumeRTaMH, 3aMedaeM, YTO Q‘,’,‘.’ HpencTaBisgeT
dopMy ¢ rakmMum ke Kodpdunmmentamum. Orcioga AnA ompefeneHds

xo3ppunumentoB GopmMu P uum NOJAYIUM HEOXHOPONHYIO CHCTIEMY

§ H. I Yeraes
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OOLIKHOBGHHHX IIHWHEHAHBIX AuppepeHNMATbHKMX YpaBHEHHWH, y KOTO-
poii COTIACHO M3JIO:KeHHOMY B I. 34 XapakTepucTHiecKoe ypDaBHOHHE

GyneT MMeThb KODHAMH BHPpaKeHHA BHEA — (myx; + . . . + m,x,),
TAe M, — HEKOTOpHe HEeOTPUIATelbHHE IeJKe YHCIia, HMeloIue CyM-
MOH m, a %, ..., %, CYTb KOPHH ypasHemdsa | ¢, — O x| = 0;

H3BeCTHble WiIeHH OyAyT mepHonmuecKamu orHocHreapHo 0. Takas
cucremMa (H3-3a TOro, 970 BCe KOPHH X, AMEIOT OTPHiaTebHEeE BemecT-
BeHHHIC YACTH) BCerfa AOOYCKaeT (M TOJABKO OXHO) HePHOIHYIecKoe
pemeHHe.

Yka3aHHHIM O0CAEA0BATEABHEM HPOIECCOM OHpPeeJsTCA Bee Kodp-
U AeHTH Py pAnx ans z. JloRameMm CXOQUMOCTH IOCHE{HET0 &I
HOCTATOYHO MAJHX Io a0COTIOTHOM BelWUHHE €, Zj, . . ., Z,.

CucreMy nuddepernuanbuLX ypaBHeHnit 118 Koadduunentos Gop-
Mot P npusegem k kamommueckomy suay (n. 30). Koapdunumentsi
dopMu P 6ynyT cBA3AHH ¢ HOBHIMA KaHOHHYECKMMH BedmYEHaM# A
HeKoTopbiME $opMyJaMu JdHEHHOTo mpeobGpa3oBaHusd, Boobme ¢ KOM-
OAeKCHHIMH ¥ OTPAHRYCHHKIMY 10 MORYA0 Koadduumenramu. B mpo-
Hecce IMOCAEROBATENBHOTO oupefeieHus KospdunmentoB A Oynaem
HMMeTh Jle/l0 ¢ YPaBHeHHeM

dA
—5 g + -+ mx,) A= —B,

e B no gopMynaM ykasaHHOTO JHHEHHOro NpeoGpasoBaHUA 3aBUCAT
oT Ko3dpprnueHrTos GopMH Q%’ H eme, OBITh MO;KEeT, OT HPeAbAYIero
A B BHAe NOMONHHMTENRHOTO cjaaraemMoro. B Gypmer mepHopmiecKoi
¢yEKnmer 0 ¢ orpaHMIEHHHIM MOXYyJIeM..
Orcona
o0
A = g (moart . +m % )8 S plmpat e +mx)8 B 40,
8

W3 storo BuipaskeHda miasa A ciaefyer, 9TO MHl HOJYyYHM HEKOTOPHE
BHCHOIHE TPAHHNH A MoAxyiaeit Koaddmuumentos popm P romunie
B paBHO#l cTemeHH A Beex BemecTBeHHHX 3sHadenmit 0. Caeposa-
TeAbHO, 2z OydeT rosoMopdHoi GyHKnHeR BEAWYUH Zy, . . ., Z,, C OPH
AOCTAaTOYHO MAJHX 3HAYCHMAX HOCJHENHEX H JJA BCeX BeHIeCTBEHHBIX
snagennit 6.

OGpaTnMca X Hamedl 3ajaue. 3aMeHHM IepBoe M3 ypabHeHmit (32)
HONHLIM HMHTeTpadbHNM cooTHourendeM (34). OcranbHbe ypaBHEHHA
(32) moce 3aMenm z cornacuo (34) mpmMyT BHR

dzﬂ ’
"‘# = (qo1 + csl) zZp ..+ (QSn + Cen) 2n T Z,

e ¢, CYTh roldoMopdunie GyBKRHH DOCTOAHHOH ¢, YHHITORAIOMMHe-
cA, KOTJa ¢ PaBHO HyI0, Kod(PHIHeHTH KOTOPDHX HNpPeACTaBIAAIOT

BeIeCTBeHHWe mepuonmueckne ¢yaxnuda 0; Z, cyTh ronoMopdmrre
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$yHKUHM BeJMIHH 24, ..., Z,, C, PA3IOKEHNA KOTOPHIX HAYAHAIOTCH
¢ WICHOB He HIUKe BTOPOTO M3MEPEHAA OTHOCHTEJHLHO HEPEMeHEHIX z,
¥ MMeIOT NepHOfAvYecKAe OTHOCHTeNLHO O BemecTBenHbe Koadduinen-
. Bce Ha3BaHHbIe QYHKIHA ToAoMOPOHH [ BCCX BEMIECTBEHHBIX
amadeHnit 0.

ITono6uo m. 51 paccMoTpEM ompefesleHHO-OTPUIATENHbHYIO KBaj-
patmanyilo ¢opMy W, ompemenennyio ypaBHeHHEeM

ow
E (Qs131+---—}—anzn)—g;—:ﬁ—}—---—}—zi.
8

Bsatas B cHAy mocilegHAX ypaBHeHMHE NoJHAA UpoM3BOAHAA mOo O
ot aToit popMm W Gyner
aw 2 2
5 =&t e--+2Znt
W 14
+ E (€121 + -+ -+ CspZn) —5— + Zs .
0z, 9z,
8 8

Tak Kak ¢;, cyTb roqoMopdHHe GYHKIHA ¢ AJAA BCeX BemECTBeHHHX
sHadeHuit 0, yHmuroskarommeca npu ¢ = 0, To MOKHO HA3ZHAYHTH
HEKOTOPYIO IOJOKATEJBHYI0 HOCTOAHHYIO h, 4ToGH OpH ¢, YHCIEHHO
He mpesocxopsAmeM h, KpagpaTudHas ¢opmal

, E : oW
zi‘f“"'+z$1 '}— (cslzl_}_""’}'csnzn)"b—z_
s
s

6nia onpelledeHHO-NONORKTCALHCH OTHOCHTEABHO 2Z; JJIA BCEX Be-
mecTeHAN X 3Haq9ennit 0. Ilpu sroM maa mocraroamo mManmix mo aGeo-

o “ aw
MOTHOH BeawddHe 3HAYCHHH Z, (OYCTD ) 25 < R) npoussonnan vy oy-

IeT ompefeneHHO-IOIOKATENbHOR. A 370 B criy TeopeMu Jlanymosa
(n. 11) poxasniBaer, 9TO HEBOSMYIEHHOE NBH:KeHHe GyAeT yCTOHIH-
BHM 0O OTHONICHHIO K NEePEeMeHHKM z;, . . ., Z,, HE3aBHCHMO OT 3Ha-
YeHmit ¢, namb On aGCcoONITHHE 3HAYEHHA mocdeqHeill OHIA MeHsmie /,
NpuYdeM TOCTATOYHO GAA3KOe BO3MYINEHHOe ABH:keHHEe GyaeT acHMITO-
THYeCKH CTPeMHTBCH K JBHKEHHIO 2 =¢, 2, = 0, ..., z, = 0.
Onpepenenno-nonoxutensaan gynknua V = —W umeer me 3a-
BUCAIMUE OT ¢ HOCTOAHHEE KoagdmuumentHl. Ilycrs [ ecTh Tounmit BEpX-
Huit npemen ¢ymxumm V ma cdepe z; 4 ... -+ 25 = A. Oynxnas
V, Kak He 3aBHCAmas ABHO oT 0, fonyckaeT GecKoHeYIHO MalIMH BHC-
muit npesesx u, crano OwTh, Aad ] HaiifercAa WHclIo € TaKoe, 4TO ODH

N2 <e

G6ymer mMerh Mecto mepaBeHcTBO V << I. Tax oupeeJeHHOE THCIO €
He 3aBHCHT OT ¢. OTcl0fa OpH BCAKOM 3HadYeHMA | ¢ |, THMBb O OHO
6r10 Menbuie k, IaA BCAKOTO MoJoskdTeabHOro wmcaa A < R ompe-
_AelleHHOe BHIE He 3aBHCAIREE OT ¢ YUCHO € obaajfaer TeM CBOHCTBOM,

s‘
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970 OpH HAYAJIBHHX BO3MYIMEHHNAX, NOIHHEHHHX YCJI0BHIO
2
Z 230 < €,
s
anga n60ro BeMEeCTBEHHOTO 0 6YII8T BHOOJHATHCA HEPABEHCTBO

Zz§<A.

Imux dokasvieaemcs Ycmoiuueocme HeeOIMYUFEHHO20 DUNCEHUS NO
OMHOWEHUI0 K GCAUNUHAM Zq, . . .y 2y, €, WINO PABHOZHAYHO €20 Ycmoui-
YUBOCIRU TO OMHOWEHUI) K 2y Zyy .« . ., Z,, G MEM CAMBM U K HA¥AAb-
HBLM NEPEMEHHBM I, Y, Ly, - + - Tp.

60 [39, 41]. 11 p u Mm e p. Paccmorpum puddepernmanbabie ypas-
HeHHA BO3MYIIEHHOTO JBYKeHHA

dzr
dt
rie X, Y cyTp ronoMopdpusie GYHKIMA r, ¥, HATAHAMHECA B CBOHX

pasiloKeHHAX ¢ YIeHOB HO MeHbIIed Mepe BTOPOTO HOPANKA ¥ YROB-
JIeTBOPAIONHE YPaBHEHHIO

X aY
5 T =0

CoraacHo mnociefHeMy COOTHONICHHI CYmECTBYeT HEKOTOpad IoeJ0-
yMoppran dymxnua ¢ (x, y), HAUAHAKIAACA B PA3NOKEHUH € UIEHOB
TPeThero MOPAZKA, TaKad, 9TO

A A

= ——_—, e —,

dy dx

IIpesinosxennrie ypaBHeHRA ABIAIOTCA KaHOHATCCKAMA B GYYT HMETh
caelylomui WHTErpad:

By Y(ny) =o

rae ¢ — HeKOoTopasg NOCTOAHHAA, HEH30e;KHO WOJIOKHTeNbHAA IJIA
HOCTATOYHO MAJNX IO aGCONIOTHOH BenwuuHe 3Hadenmit r, y. Mexan
OOACTAHOBKY x = rcos 0, y = r sin 0 u paspemas NOJyYeHHHH HH-
Terpaj OTHOCHTEJIbHO I, HOJYYHM BHpa;keHHe r B BHJAe Hepuopaie-
ckoit ¢yuruumm 0.

CrienoBaTelbHO, HEBO3MYIMEHHOE [BH:KeHHMEe OYAeT YCTOHTABHIM
(n. 59), 9To MOKHO 3aMeTHTh TaKike B cmJay oOmeit Teopemm Jlamy-
HOBa 06 ycTroilumBocTH, ecam 3a Pyurpmio V HpHHATHL JeBYIO JacTh
VKAa3aHAOTO OUpeleieHHO-HOJM0KHTENEHOr0 WHTeTpala.

IMlpumep. Jagn ypaBHeHmsa

d dy d
—%—}—y = oyz, —— —Z = Pz, —%%—kz = YIY

B KOTOPHX k 0Go3nagaeT MOJOKHTEIAbHYIO, a o, B, ¥ — KaKHe yroa-
HO BemecTBeHHHE HNOCTOAHHHE.
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Ilepuonmaeckoe pemente GysieM HCKATh 10 CHOCOOY, M3IOKEHHOMY -
B m. 57. 3aMedasd, 9TO IpeJJioKeHHLe YPaBHeHHA He MEHAIOTCH HpH
3aMeHe £ HAa —Z M y HA —Y, HoJydaeM

= ¢cosT 4 @3} BB 4 ...,
y =csint + y®@cd® - y®cd ...,
z == z@¢c? Lzt ...
Jdna onpenenenus ¢yuxnmm z(» moxywaeM ypaBHeHHe

dz®
dv

+ kz® = —z—- sin 2T,
KOTOpoOe uMmeer neprogHiIeCKOoe penieHne
2@ = W%T)‘( (k sin 2t — 2 cos 21).

Has onpenencnua x®, y® nMeem ypasHeHdsn

dz® . .
——+ y® = — h,sint + az@sin,
dy®
T — T® = hy cos T + Pz cos .

IlopcTaBnAsa B npaBbie 9aCTH THX ypaBHeHHH HaiiieHHOe BHPaKeHRC
g z(®), uMeeM npH PasioKeHHHM MO CHHYCAM ¥ KOCHHYCaM KpPaTHBIX
Ryr BHpaskenmit X® = az® sinv m YO = Bz cos v caenyromme
HHTEepeCcymue HaC YJICHH:

® ayk 3) % ;
X :—4(IC+;4)COSI+'." Y( SWSIHT—*‘...,

OTKYJa
(o -+ B) vk

AN TG
Ioaromy (m. 56) ecam (o + B) y << 0, To HeBO3MYIIeHHO® [BHKEHHE
yeroiumso, a ecam (@ + B) y > 0, To HeBo3MyIIeHHOe [BH:KeHHE
HeycroitamBo. Ecau (o + B) y = 0, To npepiioskeHHas cucTeMa ypas-
HeHAR JoIyCKaeT HMHTerpaln

2% 4 y* = const,

H, CJef0BATENbHO, €C]H [eNaercd NOJNCTAHOBKA £ = rcos 0, y =
= rsin 0, To r Gyner nepuopmgeckoit Gpyuxnmen 6 (r = ¢). B m. 55
MH YCTAHOBWJIH, 9T0 ecad u(Y) GyayT HOJy4aThCH HePHOIAIECKUMH
(B paccmaTpmBaemoM cayuae Bce u™) = 0 mpm v = 2,3, ...), 10
ncxoMoe mepmopmueckoe pemenme (31) Gymer dopmanapHO Beerga cy-
MecTBOBATh (MOKHO JOKa3aTh, 9T0 NpHm atoM panm (31) 6yxyr cxond-
mumuca). My gomsxam 3akawIurs (0. 39), 970 HeBO3MYIMEHHOE [BH-
sxegne Gymaer mpm (o -+ B) y = O ycroiiauseiM,
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3amMedanue HKpurageckdil ciayvait, KoTAa ypaBHeHAA nep-
Boro npufimKeHAs MMEIOT NOCTOAHHHE K03pPHNMUEHTH, a XapaKre-
pPHCTHYeCKOe ypaBHeHHe WMeeT HyJeBOH KODeHb BTODO# KDPATHOCTH
¢ HeOpoCTHM DJAEeMEHTAPHHM JeimTeleM, Ohui paccMoTpen JlamyHo-
M Y) npaa n = 2. Jlpyrue KpmrTHdecKHe CJydYaHm HCCIeOBaJA
M. T.Maaknr ) u T. B. Kamenkos 3). Cnysau 3ta, Kak OpefcraB-
AA0Mue cOeNHadbHMH mHTEpec, MH pacCMATPHBATh He OynmeM.

HAanyuor A. M. Hecrenosanne ogEOro H3 0co0eHHHX clydaeB 3a-
nasm o6 ycroiumsocrm asmxenus // Mar. ¢6.— 1883.— T. 4, N 2// M an y-
moB A. M. O6man 3aga4a 06 ycroitamsoctd gemiennsn.— M.: Tocrexuamar, 1950.

) Manxmau A. T. Hexoropue BONPOCH TeOPHH YCTOHYABOCTH ABMKeHHHA
B cMmuciae Jlanymosa // C6. Tp. Kasam. asman. mE-ta.— 1937.— N 7.

Maaxunm U. . Hexoropwe OCHOBHHE TeOPeMH TEODHH YCTOHIHBOCTH
ABHKCHHA B KPHTHYECKHX caydanx // Hpukia. mar. u Mexan.— 1942.— T. 6, Nz 6.

3 Kamenxos I'' B. 06 ycroiampocra apmuenas // C6. tp. Hazawm.
asgan. ®E-Ta.— 1939.— N 9.



FTJIABA 9
HEYCTAHOBUBIIHNECA NBHKEHUA

Xapakrepucruunsie wncaa QGyuxisi

Merons mccieoBaHdA yCTOHYMBOCTH HEYCTAHOBHBIIMXCH JBHKe-
HE# paspaGoTaHb ¢ MeHbIIell DOJIHOTOH, YeM METOAH, NPEeNI0sKeHHKE
naA ycraHosmBmEXcA ABmenuid. Mmelommecs 3spech Teopemmr cy-
ImMecTBOBAHWA, He pemiadg Bompoca 3(PeKTHBHO, JAOT B H3BECTHOM
CMEbICHIe SICHOE MPEACTABJAeHHe O TOM, YTO MOKET HIH JOJKHO MMETh
MeCTO, a 3TOTO B OTAENBHHX 3ajaqax JOCTATOUHO AAA HX HOJHOIO
pemenns.

61 [6]. Bynem paccMatpuBaTh QyHKNHH r BEmECTBEHHOTO Irepe-
MEHHOTO ¢, onpefieJieHHNE AJA BCAKOro £, 00JAbHIEro Wil pPaBHOTO 1.
Ilpudem Gymem paccMaTpuBaTh TOABKO TaKHe QyHRImHE, Mjisa Moyneit
KOTOPHX NpH M3MeHeHUN ¢ 0T t, 10 KAKOTO YroAHo XaHHOTro 4dcaa T,
Goxpmero ¢, CyumecTBOBaJd OH BHCHIME I'DAHMIH.

(DyHKOAI HA3HBAIT O2paHuyenmoii, ecld ee MOXYAb UPH t > t,
0CTaeTCs BCETRAa MeHbINe HeKoTOpo# mocroaumolt. GyHKnu0, MOXAYIb
KOTOpPOH# MosKeT AeJaTbesd GONBMUM BCAKOH NAHHOH HOIORATENbHOM
BEIMIAAL, KAk OH OHAa BeJWKa HH OHIIA, HASKHBAIOT HE02PAHUUEHHOI.
Orpanuuenny0 QyHKIHIO, KOTOpas ¢ Gecupele LHHM BO3pacTandeM ¢
CTPEMHUTCHA K HYJIO, HA3HBAIOT Ucuesawujell.

HemnocpencTBenHo M3 3THX OmpefiesieHHH BHTEKAIOT MPeIOKEHAA:

Ecam z ects orpamudenHas ¢yEKnusa f, To zeM OpH BCAKOM
TIOJOKATENABHOM A ecTh QYHRIHUA MCIe3a0mMAs.

Ecin r "e ectp ucuesaomas ¢ysxknus ¢, 10 zet upH BCAKOM
OONIOKUTENBHOM A ecTh (PyHKIuA Beorpaﬂmeﬂﬂan

Jlemma. Ecau

2z = zeM

npedcmasgasem @ynryuio, ucuesaiowyio npu A = A; u He0O2PAHUNEHKYIO
npu A= 1", npuvem A, u A’ cymv HeKomopule selpecmeeHHBE ROCTLORH-
HBE, MO 6ce20a 803MONCHO HAUMU MAKOE SelfecmBEHHOe YUCAO Ay, ¥MO
Pynxyua z npu h = Ay -+ & 6ydem Heoepanunentoill AL 6CAK020 1OAO-
HUMEALHO20 NOCMOAHHOZ0 € U ucuedalougeli As 6cAKO20 OMpPUYaAmerb-
H020 nOCMOAHHO20 €.
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Hoxasartenscrno. Memny auciama A, m A’ BCerga MoK-
HO BCTAaBHTH ABa GECKOHEYHHX pAZa THCEN:

meyGuBalomuii: Ay, Ay, Ay, . ..
® HeBo3spactaiommit: A', A, A, .. .,

TAKAX, 9TOOH KaKJOe YHCJAO0 DEPBOTO pAfa OHIO0 MEHbIIe KasK{oTro
YHCIA BTOPOro; 4To0W GyRKmuA

xen!
A BCAKOro n Obina mcuesalomeit, a GyHKnua
xex(")t

AN BCAKOTO r GHJIa HeOTPAHHYEHHOH W, HaKOHel, 4TOGH pPa3HOCTDH
A — A,

A8 KOCTATOYHO GOABUIOro 7 GHia CKOJb YTOAHO Maloi. ITOTO MOK-
HO XOCTHYb HOCJHe[0BaTeJbHHMHM BCTaBKaMH NapH 4HCeJ HA WHTEp-
Bajax (A;, A®),

914 [Ba pAAA OmpefeNAIoT cedeHHe Ay, He MEHbUIee HH OJHOTO M3
9pcesi HepBOro psAfa ®m He GolbDiee HA OJHOTO M3 THUCE]A BTOPOIO.
"Upcao Ay ¥ GyfeT MCKOMMM. JT0 IACHO JIANYHOB TPEANOKAN HAZH-
BaTh TAPAKMEPUCIMUNHBLY YUcAoM PYHKIHHE .

Ecan zeM ectp mcyesaomas wiad HeorpaEMdYeHHasd GYHKIHUA npH
BCAKOM BENIECTBEHHOM A, TO YCIOBEMCHA B HePBOM CiIydYae XapaKTe-
PUCTHIHOMY 9HC/IY OPHOUCHBATH 3Ha4YeHHE -}-00, BO BTOPOM —oc.

IlpaMepH.

Jlaa BCAKO# OTAMYHON OT HYJA NOCTOAHHOM XapaKTePHCTHIHOE
9MCIA0 eCTh HYIb.

s scako#l orpammuenHolt QyHKIHH XapaKTePHCTUIHOE IUCIO
€CThb HYJb.

Jlna monuHOMA KOHEYHOH CTelleHW XapaKTePHCTHYHOE IMCJO €CTh
HYIb.

IIna dyakuun ettsint xapakTrepucTH4HOe 9HCAO paBHO —1.

N3 ompefenenus XapaKTepuCTAIHOTO dACJa ciaefyeT, UTO eCiIH
Hajae:RamEM BHGopoM ¢, Gonble HPOE3BOJBHO 3aJlaHHOTO YHCIA,
Benmuany | A — f (f)} Mo:xHO cxenaTh CKOJb YTogHO MaJiol W ecJud
npd 3TOM AJA BCAKOIO IOJOKHTEJIBHOTO HOCTOSHHOTO €, KaK OH MaJio
oHO HE OHIO, MOKHO HaiiTH Taroe gmciao I, ato A — f () < € ngasa
Bcex ¢ > T, To A ecThb XapaKTepucTHUHOe WMCA0 QyHKmmum e-/(),

62 [6]. B cnywae, Korma xapaKTepHCTAYHKNE YdcCHa JaHHHX QyHK-
.MEHE KOHeYHH, MOKHO [0OKa3aTh CieAyIOHe NpeJIoKeHus:

Xapaxmepucmuunoe wucao cyxmu deyxr Pynryuii pasno Haumensv-
uexy U3 rapaKmepucimuuKriT wucea smux Pynkyuii, xozda smu wucia
DA3AUNKBL, U He MeHblie UL, K020a OHU pasHb.

B caMoM fmene, mycTb A; ¥ A, CyTh XapaKTepHCTHIHHE InCHa QYHK-
ouit &, ¥ 2, 1 0yctb Ay < A;. Torna dpymkmusa

(z; + xp) ette)t = g elhtelt |- g elhsti,
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rme n= A — Ay + &, Gyner mcYesaomeil NJIA BCAKOTO OTPHIATENH
HOTO mocToAHHOTO £. Ilo3TOMy XapaKTepHCTHIHOE YHCIO CYMMH x; +
-+ Z, BO BCAKOM ciaydae He MeHbme A,. Ecam xapakrepucruansie
9rcaa A; ¥ A, He paBHH ME;KAY COGOH, TO [eMasA € MOJOKUTENBHKM A
YIOBACTBOPAIOMEM HEPABEHCTBY

0<8<)‘2_k17

aMeeM, 9TO IIPH TOM 1} GyfeT OTPUNATE]BHO H, CIeAOBATENBHO, mep-
BO€ cjlaraeMoe B npamBoii 9acTH DOCJHeAHero paBencTsa OyJer Heorpa-
HAYeHHHM, a BTOPOe MCYe3aI0MEM; HPM TaKOM YCIOBUH XapaKTepHC-
THIHOE YHCI0 CYMMH Z; -+ , PaBHO A,.

Xaparmepucmunnoe wucao npoudgedenus 08y Gynryull He MeHblie
CYMMB UZ TAPAKMEPUCIMUNHBLE Ylcea.

B caMoMm pfedie, nycTh cHOBA Ay H A, ABIAAIOTCH XaPAKTEPHCTHIHKIMH
gucname GyHKoud r, 1 z,. Oyarnus

)z erihate)t xle(h—l— %) tzze(l,-}— %) ¢

eCTh HCUe3al0mas A BCAKOTO OTPUNATENBHOTO €. JTO W JOKa3HBaeT
mpefioReHAe,

Uro xapaKTepECTHIHOE YACIO HPOM3BEJIeHHA MosKeT OHTb 6onbHIe
CYMMH XapaKTePUCTUUHHIX YUCEeJ MHOMKHTeNell, J0KasHWBaeTCA npm-
MepoM

T = etsint, Zz, = ~tsint

Kasknaa m3 9Tux ¢QyHEnmit @MeeT XapaKTepucTHuHoe umuciao —1,
a XapaKTepHCTHYHOE 9ACJIO MX HPOM3BelleHAA PaBHO HYJIO.
CneacrBue. Cymma xaparmepucmuunolx uuces PGyHRYUL z

1
U — He 6oablue HYyan.

Ecau
r = e‘(fﬂ'q’)"

20e i = V—L a fu @ cymb Hekomopwue dewecmeennbie Ppynryuu t,
mo das mozo, Wmoby cyMma TaparmepucmuuHbr wuces PYnKyui x

1 .
u— 6ulra pasnol. nyao, Heobrodumo u docmamouro, wmobu Pyrnryus

[ ¢ Gecnpedeavnuim eospacmaruem t nPUBGAUNCALACL K HEKOMOPOMY Npe-
deay.

JocraTouHoCTh OueBHAHA, 00 ecad QYHKNUA f CTPEMHTCA ¢ HEOT-
PaHHICHHKIM BO3pACTaHMEM ¢ K HEKOTOPOMY Hpefeny A, TO mocienmui
CIIy>KAT XapaKTepPHUCTHIHLIM THCIOM (YHKIHH T.

Heo6xoxuMocTh cnenyer u3 Toro, 970 ecam A ¥ —A cyTh XapaxTe-
pucTHYHHE qucaa QyHKnui r ¥ 1/, To OPA BCAKOM JAaHHOM HOIO0KH-
TeJIbHOM €, KaK OW MaJo OoHO HH OWio, PyHRnaMN

e—te-ht+f) y e-t(e+h-f)
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OyAyT HCuesaIMEMH, W HocjefHee BO3MOKHO TOJBKO NPH YCJI0BAHA
A —fl1<e

AAA BeeX sHadeHWH ¢, GoAbMMUX HEKOTOPOTO YHCA.

Ecau cymma zapakmepucmunnviz uwucea gynryuili r u 1/z pasna
HYAI0, MO XAPAKMePUCIUNHOE YUCAO NPOUIBLOEHUS PYRKYUL X HA Ka-
EYl0-au60 GYHKYUI0 Y PAGHACMCA CYMME IAPAKMEPUCTIUNHBLE YUcer
amux nocaednux.

Ilycrs A, p, S cyTs XxapaKTepHCTHYHHe dnclia QyHRUHH z, y,
z = zy. Torma, npuiaras upefno:KeHde O XapPaKTEPHCTHIHOM dHCIE
upoussefieHAA K QYHKIHAM

i

z=xY, Yy =2—,

HaueM
S>A+p p>8—»

S =A+pn

ITycts = ecTh unTerpHpyeMas QyHKIuA t. YCIOBEMCA PaccCMaTpH-
BaTh HMHTETpPa’a

OTHYy/Ia

t
u = Sxdt,

t

eclli XaparTepUCTUYHOE THCA0 GYHKIHH T OTPHIATENBHO RIH HYJH,
M HHTErpa

u = cgnxdt,,
t

€CJM 3TO YHCJO IIOJOKATEIBHO.
Xapakmepucmuuroe YUCAO UHIMEZPAAA HEe MEHBULE TADAKMEPUCIUY-
K020 YUCAR NOJHHMeZpatbHol BYRKYUU.
ITycTh A eCTh XapaKTepUCTHYROE YACJO NOABLIHTErpanbHOM (GyHK-
mur z. Eenm A > 0, paccMorpuM mHTErpail
o0
u = [zet-mr] -0-mtge,
t

rae 0 <y < A. Oynrmas ze®-W npu BCAKOH MONOKUTENBHOM MOC-
ToAEHOME 1 Oylder mcuesalomeir m, cJe/[0BaTelbHO, OTPaHAYEHHOH.
O6o3nauas gepes M BHCHmit HpeRex ee MONyIA WPH ¢ > ty, HMeeM

t . M
|u|<MSe"(’v e = 2

t

e—{A-n)t,

Cnenosarensno, PyHEOUA
M(k—e)‘
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Gynmer ucde3zawmei npu BCAKOM &, GouabmeM 1. Ho 1 MoxHO BHiGpaTn
¢KoJb yronHo MauwM. IloatroMy mociemnsaa ¢yHKNuA ecTh HcUe3aro-
Iad HPH BCAKOM IIOJIOKATENBHOM €. A 3T0 M AOKa3BIBaeT yTBep:kie-
HHe JJIA IMOJOKHATEIBHOr0 A.
Ecam A <{ 0, To 7715 npoM3BOABHOTO HOJOKATEIBHOTO 1)
t

lu l< M S e -t dt —

te

f’_ T e~ (-t 1 const,

OTKYyZa
ue-e)t

ecTh Hcuedaomas GyHKmusa npm BCAKOM €, GonbmmeM I, a clefoBa-
TEABHO, W TPH BCAKOM IOJIO;KUTEJNBHOM E.

XapaKkTeprCTHYHbIC TACIA pemieHmit

63 [7]. Mu GyneM paccmMaTpmBaTh 9acTHHIC PeHICHAA IUHEHHON CH-
cTeMbi JugpepeHnEANbHBX ypaBHEHHI

dz
'd_ts:Pslxl+"'+Psnxn (s:i,,...,n) (35)

¢ KoappuueHTaMH P, — BENM[ECTBEHHHIMHM, OrpaHUYCHHLIMH, Hempe-
PHBHHME QyHRIEAMHA {.
PaccMorpmrM Kakoe-nmuGo pemeH#e

Ty o o oy Ty

suueinnx gupdpepennmansuux ypasuennit (35). Ilog xapakrepucrua-
HEIM YHCJIOM 3TOTO PellleHHsA yCAOBMMCHA IOHAMAThL HapMeHbIIee U3 Xa-
PaKTePHCTHYHHX uWce] yHROUH, BXOAAMHAX B 3T0 peHIeHHe.

Beerna maiiferca cumcreMa n auHeiiHO He3aBHCHMHX peHICHHWIH.

T eopeMa. Bcakoe nempueuasvHoe peweHlUe cucmems Ougge-
penyuarbinxr ypaswenuli (35) umeem KoHewnoe xapaKmepucmuyHoe
Kucao.

HoxaszatTeanbcTno. CHaganma paccMOTPUM BeIMeCTBEHHOE
pemeHne, B KOTOPOM BCe x; CYTh BemecTBeHHbe Qyuxmun ¢.

BeeneM HoBHe mnepeMeHHEE

Z, = xz.eM,

rae A o6o3Hadaer HEKOTOPYHO BemMeCTBEHHYIO MOCTOAHHYI. Toraa 3a-
JaHHHe ypasHeHHA (35) mpeo6pasyoTcA B caeaymomue:

dz
_Eti‘:Pslzl+ °"+(pss+7")zs+ et + PsnZns

43 XOTOPHX BHBeEJeM

1 4d
3 Z 25 = Z (Psr + 8srA) 252,
s ST
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Bropas gacTh 3TOr0 paBeHCTBA HpeACTaBAAET HEKOTOPYIO BeIIECTBOH-
HYI0 KBaJIpaTHIHYI0O GOPMY BeawumH 2 ¢ KoapdunueHTaMu, 3aBUCAIHA-
Mu oT A ¥ ¢. B cuny mpemmososkennoit orpanugennocta pyHKImi p,,,
BCET/ia MOKHO HAHTH TAKHEe 3HAYeH¥A A = A’, IPH KOTOPHX Bee IiaB-
HHe AHAaTOHAJbHHE MUHODH JUCKPHMHHAHTA

" psr+prs +63 Y

GyNAyT HONOKHTENBHHIMH [Jf BCEX PpACCMaTpPMBAGMHX 3HadYeHHHE -
Jlns Takoro 3HageHus A’ 3Ta KBafpaTHIHaA popMa GymeT onpeaeseHHO™
HOJOKATEAbHOI.

HaiinyTca Tak:ke Takne 3Ha9eHHmA A = A,, IPH KOTOPHX TJaBHHE
JHAroHajibHKe MHHODH OyAyT 3HAKONEDPEMEHHH, HaUMHAA ¢ OTPHNA-
10/IBHOTO P4y -+ As; 71 TAKOTO Ay CTOAmMAA B IPaBOi JACTH HOCIEHETO
paBeHCTBA KBajpatmgHas (opMa GymeT ompefeneHHO-OTPHNATENABHOM.

&
Orciona, npe BCAKOM A = A - 5+ TAe & — NPOMBBOJbHAA WO-
JIOKUTENbHAA MOCTOSHHAA, HMeeM HepaBeHCTBO

d 2 2
T E 2s > E 25,
8 s
M3 KOTOPOTO HMHTETPHPOBAHHEM BHBOAUM
Zzi > Cest
8

Aas BCAKOTO paccMaTpHBaeMoro 3naueHusa t; C obo3HadaeT HEKOTO-

2 -
PYI0 TOJNOKHTEABHYI0O HOCTOAHHYO, He NPEBOCXOMAAIMYIO ) Zege~tl,
TAe 24, — HauaJbHHEe 3HAYeHAA TepeMeHHHIX 2,, OTBedalOmue Ha-
9aJbHOMY MOMEHTY i,.

Ilpu A = Ay — % uMeeM
d
ThA<—e
s 8

2. 2 < Ce®

IJIS BCAKOTO paccMaTpHBaeMOro 3HadeHmsA I; €' o603HaTaeT mOJIOKM-
4\
TeAbHYI0 MOCTOAHHYIO, He MEHBIIYIO eth 3| z5.

&
CaenoBarensso, maa A=A’ ~» TPH IIPOU3BOIBHOM MOJIOMKH-

OTKYHAa

TeJIbHOM &, cpefm QYHKnui z, HafiieTcs mo MeHbIIeil Mepe ofHaA He-

OoTpaHM4CHHASA, a AJA A = A, — % Bce pyHRIHAHA z, OYAYT HCUe3aI0NniH-

mu. Takum 0GpazoM, HAEMeHbHICE B3 XaPAKTEPHCTHIHHX Gdcen PyHK-
Iuil z, PacCMaTPUBAEMOTO BEI(ECTBEHHOTO HETPHBHAMBHOTO PemIeHHA
cacTeMH (35) He Meubmie A, ¥ He Goabme A’.



XAPAKTEPHCTHYHBIE YHCJIA PEIHEHH# 141

Yro6h 06HapyKUTH CHpaBeINBOCTH TeOPeMH Boobme, focraTou-
HO 3aMEeTHTH, YTO BCAKOE KOMIIEKCHOe JacTHOe pelneHHe

= u,—]-—]/_——_iv, s=1,...,m)

COCTaBJIACTCA M3 [ABYX BeHIECTBEHHBHIX YACTHHIX PeIeHH#A U, U Ug.
Ilpumeuaanmue. TeopeMa jerko pacHpocCTpPaHAETCA Ha CIYy-
gali KOMIDIEKCHHX pg,, AHIIb OK OHH OHAM HempepHBHHMH H OrpaHH-
9eHHHIMH 110 MORYJII0 QyHKUEAMH i.
Crneacreue. Ecau xosfpuyuenmu p;, Ougpdepenyuasvrinz
ypasnenuii (35) maxosw, wmo zaasube JUA2OHAILHBE MUKODY Onpedeslt-
meas

| Psr + Prs |

3HAKONEePeMeHHK, NpUNeM Diy OMPUYAMEAbHO 0af 8cexr 3navenul t,
npesuuLaAnWUL HeKOmOpYl NOCMOAHKYI t,, MO ITapaxmepucmuiHsie
UUCAA HACMHNE DeweRUl Maxol Cucmembl 8ce NoAOXCUmeabi *.

64 [8]. IIycrs maa ypasHennii (35) HaiineHa Kakam-1u6o cucTeMa
JMHeIHO He3aBHUCHMBIX PpeIeHHiH

Liky » » o9 Tpg (kzi,. . ey n).

Cocrapiass n3 3THX pemIeHA# Haflne;Kamuye JHHeiHbe KoMOuHAa-
IHH, MBI MO}KeM BHIBECTH BCAKYI0 APYTYIO NOJHYI0 CHCTEMY He3aBH-
CHMHX pelleHuii.

Kakgan cacreMa He3aBHCHMBIX PeIeHHH HMEET i XapaKTepPACTHI-
HHX 9YHCEJ, OTBEYAIOMMX BXORAIMMUM B Hee 7 He3aBHCHMBIM YaCTHBIM
pemenuam. Ecian Bce 3TH XapaKTepHCTHIHbE IHCAa PA3IHIHb, TO Xa-
PaKTepHCTHYHOE THCIO JI06OT0 APYyroro 4acTHOTO PeINeHAs, BHIPa-
JKAIOMErocs JHHEAHO dYepe3 3TH HE3ABHCHMBIC PpelIeHHNA, COTJIACHO
HPefJI0KEHHI0 0 XAPAKTePHCTATHOM ducie cyMMu (u. 62), 6yaer pas-
HATHCA KaKOMY-IH00 M3 XaPAKTEPHCTHYHHLIX 9HCE] TaKOH CHCTEMBL
HesaBucuMbix pemennii. IToaroMy cucrema ypapmenmit (35) He Mosker
uMeTs Gonpime n HETPHBHAJLHHX PeHICHHH, XapAKTePHCTHUHHE HC-
Jia KOTOPHX Onitm G Bce Pa3JiHIHEL.

Ecam cucrema He3aBHCHMHIX pemIeHM HMeeT OAMHAKOBHE XapaK-
TePHCTHYHBIE GHC]A, TO MOKET CIAYIHTHCH, 9TO MOYKHO HAATH HOBYIO
CHCTEMY He3aBHCHMHX 9YaCTHHIX PelleHH#l, CyMMa XapaKTepHCTHYHHIX
gAces KOoropoil Oymer Goiablle aHAJOTMIHOH CYMMBI AJIfl HAYaJbHOM.
Tak Kak 4dC/I0 XapaKTePHCTHYHHIX YHCeA OrPaHHYeHO (He MOKeT
6eiTe Goabmie n), TO cymiecTByeT MOJHAN CHCTEMAa 9ACTHHIX HE3aBHCH-
MHX peIleHHi, AAA KOTOPO#d CyMMa XapPaKTePHCTHYIHHIX 9HCE] BCeX
COCTABJAAIMUX DPEIIeHAH NAOCTHTAET CBOET0 HAHGONBINEro 3HAYCHHUA,
TAKYI0 CHCTeMY HO3ABHCUMEIX DONICHHH HA30BeM HOPMAALHOL.

CrcTeMa He3aBHCHMHIX pelIeHHi, XAPAKTePHCTAYHKE JACAA KOTO-
Poii Bce Pa3aMYHH, €CTh, OYeBMAHO, HOPMAaJbHAA.

65 [8]. PaccmorpuM ompefenuTenb, CocTaBIeHHHH M3 (YHKIHE
Z;, CHCTeMH HE3aBHCHMHX YACTHHIX pemeHui,

A = fzq |
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ITonmas mpousBogHas Do ¢ oT Hero B cHay ypaBHenuit (35) ecth

n
A=A 2 Pss-

§=1

Narerpupopanre fgaer gopmyny Jnysunns
A= Cel Zratt,

rae C — HeKoTopas IOCTOSHHAA.
OGosnagnm gepea

Y VO
XapaKTePUCTHYHHE 9HCAA CHCTeMBl HE3aBHCHMBIX DemeHHH i, . . .
e Zox (k=1, ..., n). llpegnoskenns 0 XapaKTePHCTUIHOM IHC-

e CyMMH H npouaBefeHHA (um. 62), mpuMeHeHHHe K dopmyire A =
= || z,, ||, IPUBOAAT K 3AKJIWYCHHIO, 9TO XapPaKTePUCTHIHOE THCIO A
HEe MeHbIIe CYMMH

M4t A

LpyraMu ciaoBaMM, CYMMa IAPAKMEPUCIMUMHBEL YUCeA CUCTEMB He-
3aeucummnr pewenull ypasnenuli (35) ne npesocxodum raparmepucmuy-
K020 wucaa GyHryuu

gS Z pssdt,

Cnepnctsue. Eciu zapaskmepucmuunoe wucio nocaedneti gynx-
YUl ompuyameivho, mo cpedu rapaxmepucmuirbls ducea hy 6ydem cy-
UPECTNB08AMb NO MEHbUWeEl, Mepe 00HO OMmpUYamMesbHoe.

CnepgctBue Beakas cucmema n He3aBUCUMME DeuleHUll, 04s
KOMOPOTL CYMMA TAPAKMEPUCIMULHIE HUCEL 8CET PEUWLEHULL DASHA Tapak-
mepucmuuromy uucsy @dyrryuu

gS pX pssdt,‘

ecmb  HOPMAAbHAA.
Caegyer umMers B BHIY, 4TO HEé BCErja HOpMaJbHaa cucreMa obia-
naer TakuM cBoicrBoM. Hanpumep, nns cucteMH ypaBHeHHH

-% = (sin In ¢ 4 cos In ¢) x,,
‘21;2 = (sinlnt 4 coslnt)x,

$dyaKIMA
eS E pssdt’

OyAydH MOCTORHHOH, HMeeT XapaKTepHCTHIHOEe IMCI0, PaBHOe HYJIIO,
a cHCcTeMa He3aBHCHMHKX pemeHn#

Zyq = et sinIn t, Ty = et sinIn ¢,

Tyg = e-tsin In t’ Loy = — e—tsin in t‘l
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ABIAACH, OYCBANHO, HOPMAJILHOM (TAK KaK BCHKaA HX JHHeHHasd KoM-
6uHauuA He MO)KeT yBenMumTh OGIMEro MM BCeM XapaKTePHCTHIHOTrO
9@cia), IMEeT cyMMY XapPaKTePHCTHYHHX dxce] (UMeHHO —2) MeHb-
me HynA. XapaKTePHCTHYHWE YHMCJAa pelleHH# ompeReadAloTcA 3Aech
nogo6HO mocaenmemy na3 npuMepos n. 61; mocTmsruMbie npu ¢, 60as-
mem m0GOr0 3aJaHHOTO Hamepejy 9YmcJa, BHICIHNE IpPeReNH QyHKEmi
=+ sinln ¢ pasam 1.

XapakTepuCTHIHHE YHCJI& CHCTEMH HE3aBHCHMHIX pelleHni#, om-
penxessas B M3BECTHOM CMHECJEe POCT QYHKIHHA T, IPH HEOrpaHHIEHHO
BO3pacTameM ¢, HeMOCPEACTBEHHO JalOT YCJIOBHA YCTOMUYMBOCTH HIH
HeYCTOHWYMBOCTH TPHBHAALHOT0 peMIEHMA X, = ... =, = 0 cu-
cremu (3D).

Ecau 6ce rapakmepucmunnble wuUcaAd CUCTIeMbl HE3ASUCUMMI peule-
HULL noAoOXcUmeAbHsl, mo ce PYHKYyuU ., 6ydym HcIe3alomuMH, a He-
BO3MYINEHHOE JBIKeHMEe (2, = ... = I, = () ycTOHYHBHIM.

Ecau cpegu XxapakTepHMCTHYHHX 9HCEJH CHCTEMH HE3aBHCHMBIX
pemennii Haiierca xoTd OM OXHO OTPHIATE]bHOES, TO cPefH QYHKiHi
Z,, HaHeTCA 0 MEHbIIeA Mepe ofHa HeorpaHMYeHHas, H, CIEAOBa-
TEeAbHO, HEBO3MYIIeHHOe ABIKeHMe Oyaer HeyCcTOHIHMBO.

Taxkum oGpasoMm, 3agada 00 YCTORYHMBOCTH HIH HEyCTOHIMBOCTH
AR AMHeMHHX ypaBHeHHMH ¢ mepPeMEHHEIMA KO3QQUIHEHTAMH CBOJUT-
¢ K BOIPOCY O BHYMCICHHM HO MeHLHIEH Mepe 3HaKa HamMeHbLIIEro
XapaKTePUCTAYHOTO IHMC/Ia KaKoil-1uG0 M3 HOJHEIX CHCTeM ee He3aBH-
CHMBIX JaCTHHX pemenunil. 3afada 3Ta He ABJIAETCA PaspellCHHOM.

Teopewma. Ecau s cucmeme suneiinnx ypasuenuti (35) xoagpgdu-~
YUEHMB CIPeMAMCS K OnpedescHKuM npedesam Co. Npu Heozparuien-
KoM yeeauuenuu t, mo ee HauHuswee TAPAKMEPUCIUYHOE HUCLO CO8NA~
Jaem ¢ HAUHUBWUM TAPAKMEPUCTRULHBIIM UUCLOM NPEJesbHOTL CUCTILEMN
ypasiernui

dx
d: =Coq¥y + oo FCnZy (s=1,...,n).

Horaszareanbctso. (neraeM HmoacTaHOBKY
2, = T LM,
e 1) 0603Ha9aeT HEKOTOPOe HOCTOAHHOE YUCJI0. 3afaHHHe yPaBHEHAA
(35) mpeoGpasyiorca mpm ITOM 8 CHCTEMY

dz
"‘a‘ts— = P2+ .-+ (Pss + M) 25+ -+ - + PsnZns (36)

a mpejgenbHaf CHCTeMa TEOPeMHl MPH TOH >Ke NOACTaHOBKe Ipeobpasy-
ercA » mpefiensHylo cucremy pas (36):

dz
—d—ti =Cqu% - (Css + "I) Zs - o o+ ConZn- (37)

OGosHaunM KOopHH XapaKTepHCTHYECKOTo YpaBHeHHA cHcTeMbi (37)
“csr_asr(x_n)“ =0
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gepes
iy - v oy Ko

Ecau ne cymecTByer HUKaKHX IeJHX HeOTPHUATOABHEX THCEN M, . . .
.« ., M,, AMEIOMHEX B CyMMe 2, JIA KOTOPHX YHHYTOKAJOCH GH BHI-
paskeHne

myxy + ...+ myx,

TO coriacHO U. 34 Gynmer cymecrBoBaTh KBagparndaaa gopma W ¢ noc-
TOAHAHMHA Kod3QPHUIHeATaMH, yNOBJIETBOPAKINAA yPaBHEHHIO

_(;azi[cslzl+"'+(css+n)zs+"’+Csnzn]:Zi‘*"---—}—zi.

3

®opma W Oynmer ompemeleHHO-OTPHIIATENBbHOH, €CIH BemIeCTBEHHEE
9acTH BCeX KOpHell %; orpunarenbmsl (1. 35); oma Gymer mas HeKoTo-
PHX 3HAYeHH# HEePeMEHHHX 2,, ..., 2, IPHHAMATH IOJOKUTEIbHHE
3HAYEeHHA, €C/HH CpefHu KopHeH %, ..., %, Oyger uUMeTbcsa XoTH OH
ONMH KOPEHh ¢ NONOKHTEALHOH BEMECTBEHHOH YacThIO.

Honnan npoussonnas mo t or Takoit ¢yuxuun W B cany ypasme-
auit (36) Gyner

aw 2 oW
~3 = i—*“[“‘ Zn+2(psr_csr)zr-,7—z:-'
sr

Tak kax W mpexcraBiser KpafpaTHiHy0 (opMy ¢ NOCTOAHHKMHU
Ko3(uINeHTaMH, TO HAHETCA TaKoe OTIANYHOE OT HYJAA IO0JOKATEeNb-
HOEe 9ACJ0 &, YTO IPH BHIOJHEHHH HEPaBEHCTB

'Psr—csr |<8

HpaBafg 9acTh IOCJEJHEro COOTHONIEHUA GyNeT HPeACTABIATH ompese-
JIeHHO-IIOJI0KATEABHYI0 KBAPATHIHYI0 POPMY IEPEeMEHHBIX 3y, . . ., Z,.

Ilo ycioBuo TeopeMn Koa(@UIHEHTH p;, CTPEMATCA ¢ HEOTPaHH-
9eHHHM poctoM i K 9HCaaM Cg,.. [l0aTOMy ANA NONOKHTENBRHOTO 9HC-
Ja &, cKoab 6N Mado oHO HH GBLTO, Hailifierca TaKoe f,, 9To HpH 3Ha-
9eHHAX ¢ > i, aGCOMOTHHE 3HATEHHA BCeX BEJHIMH D, — C,, OY-
AYT MeHbIIE € H, CJef0oBaTeNbHO, JJIA BCeX TAKAX 3HAYeHHH { mpoms-

BOgHAA —-

¢yRRIHUIO. -

A 370 B cnny o6mux TeopeMm Jlamymosa 06 ycroiiumBocTH M He-
YCTOHIABOCIN 3aCTABJIACT 3AKMIOYUTH, 9TO €CAU NPU COCAAHHOM nped-
ROAONEHULL O KODHAT %y, . . ., %, HAUOGOALWLAA U3 UT 6eUeCMEEHNNT
wacmei ompuyamebia, Mo HesOIMYUeHKNe GSUNCHUA KaK 6 cucmeme
(37), max u & cucmenme (36) ycmoiinuen; ecau e naubosvwas eeugecm-
6EHHAA HACMb KOPHElU %y, . . ., %, NOAOHUMEALHA, MO HEE0IMYUJEHHKE
dsuncenusn xax 6 cucmene (37), mak u ¢ cucmeme (36) Heycmoituusu.

Cnenannoe npenmosokeHHe 0 KOPHAX %y, . . ., X, He OyAeT BH-
HONHATHCA JNUML AJAA KOHETHOTO YACJ]a 3HaUeHHi 1). M3 suga npmme-

OyneT UOpeRCTABIATH ONPEAEACHHO-TONOKHTENbHYIO
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HEHHOH HaMH NOACTAHOBKH MH AOJJKHH 3aKJIOYATH, 9T0 HaHMEHbIINe
XapaKTepHCTHYHEIe Yncaa QYHKOMHE 2., ..., Z,, KOFAA Z,, ..., Z,
NPHEAMMAIOTCA 3a YACTHHE pPelleHHA KaK 3afaHHHX ypasHEHHH, Tak
H IpefeJbHOH CHCTEMH, MOT'YT DaBHATHCA HYJI0 OAHOBPEMEHHO LPH
OlHOM oONpefeJeHHOM 3HAYCHHH IOCTOAHHOHR 1. A 3T0 JOKa3HBaer
Teopemy *.

66. Eciuz xosddunuentst p,, UMEOT BHUJ

Dsy = Cgr + Efsrv

rie € ecrb HEKOTODHI mapaMeTrp, DOCTOAHHEIE €5, He 3aBHCAT OT &,
a fs;, — orpaHHYeHH, T0 K ypaBHeHHAM (3D) MO)KHO OTHECTH ypaBHe-

HHA ¢ HOCTOAHHEMH Koddduumenrtamu ¢,.. Jenana o Kopasax A; ypas-
HeHAA

I csr — 85,h | =0
npe;kHee JOMyINeHAe, YT0 OHA YAOBJIETBOPHIOT YCJIOBHIO
My F o mgh, =0

opu MOOHX UEJAHX HEOTPHUATeNLHHX 9HcIax m,, ..., m,, HAMelo-
IHX B CyMMe 2, H CTPOA KBajpaTHIHYI dopMy

1
V= _2‘2 %psZrZs (@rs = Qsp)s

YHAOBJIETBOPDAKOIYIO YPaBHCHHIO
1% ,
Z(cslxl + e + csnxn) a1 - .Z‘i + o + x:n.
2 s

3aMedqaeM, 9YTO HpPH JOCTATOYHO MaJOM | € | B NONOKUTEIBHOM M,
mensmeM 1, dopMa V' — p (4 4 ... - 23) moker GHTH crenaHa
HONOKATeNAbHOH [/ NPOM3BOJNBLHHX 3HaYeHHHA nepemenHHX. Ilpm
ITOM» ACUMNINOMUYECKAR YCMOUMUSOCMb UAU HeYCMmOLNUBOCTb Hes03-
Myuennozo deuxcenus (x, =0, . .., z, = 0) ypasnenuil ¢ nocmoan-
Humu koffuyuenmanu cg. omsewarwm maroesim cucmemvt (35); se-
AuqUHRA €, 048 KOMODOL MaKoe coomeemcemaue 6e3ycaosno cyuecmsyem,
onpedeasemcs n Hepasencmeamu *

ir

Dr:_ . . . . >O (r:1,...,n),_
h

2 S rr
2de

h,.s = 6,.3 -+ '3—2 (arifis + asifir)'

JlomOIHATeTBHO MOKHO 3aMETHTH, 9T0 OrpaHEYCHHHE (YHKIHA
fsr MOryT OBTH (QYHKIMAMH He TOJBKO f{, HO M HEPeMeHHHX

6 H. I'. Yeraen
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Lyy o o on Ty CTeCHCHHBIX BCErjga MOpPeJIoJaraiomuMaca yCJIOBHAMH:
npu t >t, Nt <A

B arom caysae ypapHemma (35) OyayT OpeiCTABIATH «JIHHEAapn3a-
oUIo» HEKOTOPHX HEeJWHeHHHX ypaBHeHm#, a HepaseHcTBa D, >
>0(r =1, ..., n)6yayr onpegeaars ¢ u A, IJId KOTOPHX YKasaH-
foe coorsercreue OeaycinopHO cymectsyer. Bo mmormx 3amauax On-
BaeT JOCTATOYHO 33 IOCTOAHHHIE C;, NPHHATH 3HAYCHHUA KCaddumuen-
TOB Pg, AJA HEKOTOPOr0 PHKCHPOBAHHOIO MOMEHTA BPeMeHH W 1A Hy-
JEeBHX 3HaY€HAH HepeMeHHHX I, *,

MoskHO yka3aTh elne OJUH IIpHeM AJAA PeHieHUs 3aa4d ycToHum-
BOCTH JIJIA JAHHeHHOro ypapHeHus (35) ¢ nepemenHnMH Ko3$dunuen-
TaMH P, (). [lna Ramkporo 3HaYeHHA He3aBUCAMOA LepeMeHHOH
ypaBHEHAE

A (t) = “ Dsp - 63,7» = 0

ompefeiaser n KopHe# A,, ..., A,, U3MEHAIOIIUXCA C HM3MEHCHAEM
speMeHu {.

Ecau Ha [as Karoro t > i, He CYMECTBYET HEeJsIX HeOTPHIATeN k-
HBIX 9Hcen My, . .., M,, PaBHHIX B cymMe 2, [AJf KOTOPHX YHHYTO-
KaeTcd BHIDA:KEHHE myA, + . .. -~ myA,, TO A TAaKHX 3HAYEHHH !
Oyner cymecTBOBaTH KBajpaTHIHAs QopMa

V = Zasrxsxr (as, = ars)

¢ OTPAHMYCHHBIMH KodddunmueHTaMHU a,,, 3aBHCAIMUMH OT i, y/HOBIe-
TBOPAIOIAA YPAaBHEHAKW B YaCTHHIX HPOH3BOXHHIX IIEPBOr0 HOPANKA

§ t wv X s 2
AT (psl',zl + e Psnxn) =X e Tns
s

B KOTOpOM t UTpPaeT poJdb mapaMerpa.

Mopma V OGyner oTpHOaTeNbHA, €CAM BENIECTBCHHbIE YACTH BCEX
KOpHEeH A, OTpHmaTeNbHH; JJA HEKOTOPHX 3HAYCHHH HepPeMEeHHBIX X,
ona OyJgeT NIpAHMMATH NOJOKUTEALHHE 3HAYCHHA, €CJIA CPEeRH KOpHe
Ay o v oy A, CymecTByeT XO0TH OH OZMH ROPEHB ¢ MOJOKUTEILHOH Be-
mecTBeHHoH 9acrthio. Ee monmas mpoussogHas 1o BpeMEeHA B CHIY
ypasHesui (35) ects

]
-‘fi—‘:-:xi—:-...+xi+—at£.
I'naBEMe guaroHaibHLIe MAHOPH AMCKPHMAHAHTA 3T0# KBaJPAaTAIHON
$opMH CYyTh

’ ]
ay, -1 ... ay,

D:: o v . - < e (r:’l,v...,'n),'
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e

IIycts pns scex paccmMaTpuBaeMBIX ! > {, IPOM3BOJGHBIE d,; OTPaHM-
9eHbl, a Bce [), He MeHbIIe HEKOTOPOro NOJOKHUTENbHOro YHC/a; Ipo-
nasogHan V, mo m3sectHoMy kKpmrepmio CmibBecTpa Oymer Torga
ONpejeIeHHO- IO OKUTEIPHOH KBafpaTHIHO# ¢opMOH mHepeMeHHEIx
Zyy oo oy T, pu 3THX ycHoBHAX ecau V npedcmasasem onpedenenno-
ompuyameibHy0 Keadpamuyunynw GopMy, mo Hes03MYywennoe 8udcerue
yemotinueo; ecau V ewe u donyckaem 6GeckonewHo Maawlii GHCWUIL npe-
dea, mo ycmoiiuueocmb He8OIMYUeHHO20 Jsuxcenus 6ydem acumnmomuy.-
ueckoli. Ecau xe gopma V donycraem Geckoneuno maaviii suiciunii npe-
dea U MONCEM NPUHUMAMbL NOAOKCUMELLHOE SHAYEHUE, MO HEeBOSMYULeH .-
HOoe Odsudcenue neycmoiinueo *.

He nmmme 3aMerdTh, 9TO YCJIOBHA YCTOHYMBOCTH MOFYT OHITE
B OTHEJBHBIX CJAY9aAX YJAy4meHbl OyTeM BappMpoBaHAA QyHKouH V.

IIpaBruabHbIE cHETEMBI

67. CornacHO NpejJOKEHAI0 O XaPaKTEPUCTHIHOM THCIE MPOU3-

segenua (O. 62) cymMMa XapaKkTepHCTHIHHIX 9Hced QyHKUmH
("\ DX Pyt H e .\ 2 Pyttt

He 6oabme Byna. [loatomy ecam p 0603HaIaeT XAPAKTEPHCTHIHOE THC-
A0 BTOpPOM M3 dTHX QYHKOHHE, TO cyMMa S XapaKTepHUCTUYHBIX 9HCej
pemennii HOPMaJAbHOH CHACTEMB He MOMKET NPeBOCXOIUTH YHCAa —.
[IpaToM paseHcTBO S == —p\ BO3MOKHO TOJBKO NPH YCJOBHH, 9To
CYMM3 XapaKTepPHCTHYHBIX YHCEJ DAcCMATPHBAEMBIX JBYX (yHKIMI]
pasHa HYJO.

Cucremy puddepeHumanbHELX ypasHeHUA (35) ycaoBMMcA Hadm-
BaTh NPASULLHOL, €C]N A Hee CYIECTBYET PaBEHCTBO

S 4+ u =0

B OPOTHBHOM CJIY43€ — HENnpasuibHoil.

YpaBHeHHA € HOCTOAHHBIMH KO3(QPHIHMEHTaMH HABAAIOTCH, OYe-
BHUIHO, NpaBHJABHEIMA. B panspmeitem Gymer M0Ka3a”HO upenIoKe-
mne JIAnynopa, 9To BCAKam cEHcTeMa ypasHeHHHE (35), B KoTopoik Bce
K03(QUNHEHTH CYTHh MepHOANYecKHe PYHKIOUA ! C ONHEM ¥ TeM ke
BeIeCTBEHHHIM IIepHOJ0M, €CTh IPaBHAIbLHAA.

ITycrs- mpepnoskena npasuasHas cucrema (35). Uepea A, o6osHa-
9EM XaPaKTePHCTHIHOE GMCJI0 PEHICHAR

Tyky o« oy Tnk

HOPMAJIbHOM CHCTEMbl e He3aBHCHMBIX pememnit (k =1, ..., n).
CornacHo ompenesieHNIO NMPaBHABHOM CHCTEMH cyMMa S = A, -+ . . .
« « . -+ A, paBHAETCA B3ATOMY C OODATHHM 3HAKOM XapaKTepPHCTHY-
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HOMY 9HCIY HyHKOUH
e S Z Pyt

OGoanauuM uwepes A onpeneaurenp, COCTaBJAeHHBIA H3 HyHKOUH
Z., HOPMAJBHOH CHCTeMHl pelneHH#E ypasHeHm# (35)

A= I zor 15

ero MEHOD (CO 3HAKOM), COOTBETCTBYWINHH 3JEeMEHTY I,;, 0003HAYAM
gepes Aj;.
Paccmorpnm pyEKIMHK
A
$
Vo= 3= (6 =1.-o0m).

HermocpencrBeHERM nuddepeHnmuposanmeM yOeskmpaeMca, dUTO INpH
BCAKOM (PUKCHDOBAHHOM I QYHKOUH Y, = Y, YAOBAETBOPAIOT OpH-
coeuHEHHOM cHcTeme nuHEHHHX nuQPepeHNUaTbHHX ypaBHeAUH

dy, .
— t Pt A Pasyn =0 (s=1,...,n).

Pemenunsa y,, npucoefuHeHHOX W X, 3aJaHHOK CHCTEMH YIOBJEGTBO-
PAIOT OYECBH/HHIM COOTHOHICHHAM

?xskysr = Oy,

OGosnaunM 4epes |1, XapPaKTePUCTHIHOE FHCIO PEINeHHA Yy, . . -
.« +y Ynr OpHCOCIMHEHHOM cHcTeMH ypasHeHHA. M3 mpepmpymux co-
OTHOmICHH# mpH k = r uMeeM

pr + A <O

Ecau 3agaHHasa cHcTeMa ypaBHeHH# ecTh NOpaBHJbLHAA, TO U3
dopmyInl
A
__Psr o ~\Zpat
ysr—‘—A——Ce S 88 Asr (3-—1,.-.,‘n)

COTJIaCHO TeopeMaM 0 XaPaKTepUCTUIHLIX YHCHAAX nponasenenm‘fl A CYMM
HMeeM:

Xap. wHMcdo Y, > —A, (s=1,..., n)

Hepasencrso sTo cupasenduso Opn J1000M HHEKce S, a CIeJOBATENb-
HO, M IpH €ro 3HAaYCHHH, OTBEYAIOIEM CPeRH Yy, . . -, Ynr QYHRIUH
¢ HaHMEHBINNM XaPaKTePUCTAYHHIM IUCJIOM li,, KOTOpOe o ompesee-
HH0O OPHUHEMAETCA 3a XapPAKTeDHCTHYHOE YACAO DEeMeHHA Yy, . . .
e oey Ungt

Wy = _}"r'

9T0 HepaBeHCTBO COBMECTHO C YCTAHOBJICHHHIM paHee IPHBOJUT K CO-
OTHOIIEHUIO
ur+ A =0 (r=1,..., n).
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Orcoga cymma XapaKTepUCTAYHHIX 9UCeT Wy + ... -}- u, IDPHCOeRH-
HEHHOH CHCTeMH paBHAETCA B3ATOMY C OOGpaTHHM B3HAKOM Xapak-
(TP, dt

TePUCTHYHOMY 9qHCIY (QYHKOUH & A 3To pgoKasHBaeT, uTo
CHCTeMa, OPHCOGAHEHHAA K NPABHJIBHOR CHCTeME yDaBHEHHH, ecTs
TaKiKe IPaBHJbHAA, & Y;, NPEACTABIAIOT HOPMAJBHYIO CHCTEMY pelle-
HUH OPACOEANHEHHON CHCTEMEL.

3aMevanue. Ecau cacrema (35) ects mpasmaspHas, 1o cymMa
XapaKTepUCTHYHMX Yuce] QyHKIMH

eS Z pgdt e S Zpggdt

o4
paBHAeTcA Hymo. Ho aro ycnoBHe ABIAETCA TOJBKO HEOOXOHMBIM
JUIA OPaBHJABHHX CACTEM, B 4eM yOeKknaer IpEMeD HeIpaBHJIbHOH CH-
cremsr 1. 65.

68. II p u M e p. PaccMorpnm cBoiicTBa ypaBHeHHH B BapHamuMAX
AN KaHOHHMYecKHX ypasHeHu# [ammnprona (m. 4)

dg; #H | oH

a Z< 9p09; S op0p; m) '

an, oH . | O°H (38)
)

rjae Koag@PUOmeHTH CYTh HeIpepPHBHbIE OTPAHHICHHBIE BELIECTBEHHbIE
¢yEKOUM f. YpasHEHHA 3TH MMEIOT CYINEGCTBEHHOe 3HaYeHHe B HCcie-
NMOBEHAAX YCTOMIMBOCTA [BVKEHHH KOHCEDBATHBHHIX MEXaHHYECKHAX
cucreM.

Ilyankape ycramoema, wro ecam &, w, 1 E;, 1; cyTh Kaxne-ruGo
AB& YaCTHHIX DelIeHHA ypaBHeHu# B Bapmamuax (38), To

§ (Ems — k) = C,

rage  — Hekoropasa HocToAHHaA. J[0OKasaTelbcTBO 3AEMEHTapHO H
ocymecTsiaaercs auddepeHquEpoBaEUeM nHo {.

Jaa xaxporo &, 7, BCErAa HaH[eTCA N0 MEHbINeH Mepe OfHO-
apyroe pemenme §;, 1, A1 KoTopore HocroaHHass C B MHBapHaHTe
IIyamxape 6yaer oramuna or myaa. B cavom pgene, aiA HeTPHBHAIL-
HOTO pemenus §;, W, KakaA-Iu00 U3 BEIHIHH g, 75, HAYRJABHKX 3Ha-
9eHui B MOMEHT ¢, Gyaer oraAM4YHa OT HYJA; TOrJa BTOPOE YaCTHOE pe-
IIeRUe BCETa MOKHO ONPENENHTh HAaYaJbHREMH BHAUYCHAAMH i, T
TaK, 9To0B MHTEpECYOINas Hac HOCTOAHHAaA OHJa OTIMYHA OT HYJA.

Oyers pnasa gpyx pemenn#t ypasHenmit B papmanaax &, Ne # &5, M5
3HaYeHNe HoCTOAHHOM { OTINMYHO OT HYJAA, a A A A’ CyTh OTBeYaloNue
9THM pemIeHHAM XapakTepuctudAbie dncia. Iloasaysacs mHBapHAHTOM
IIyankape, suBofaM HepaBeHCTBO

A+ A <O,
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CnegopaTteasHo, ecin ypasHeHHA B BapHamuAx (38) mmeror xorsa Ou
OJHO 9ACTHOE pPEMEeHHe ¢ OTJIAYHHM OT HYJIS XapaKTepHCTHIHBIM
qHCJIOM, TO JJA HUX OygeT cymecTsoBarh TOr[a 0 MEHSIIEH Mepe O{HO
peileH#e ¢ OTPHMATENHHHIM XapPARKTePACTHYHHIM YHCJIOM — HEBO3MY-
IeHHOe [BUKeHNe Gyner IpH ITOM HEyCTOHuNBHIM (B mepBoM mpmbiau-
KeHnu).

Hesosamywernrnoe dguicenue moxcem Olmb ycmolivushim AUlUb 8 CAY-
yae, K020a XApPAKMePUCMUYHbE YUCAA 6cex peluenutl cucmemnvt (38)
cymov Hyau.

Cex, TO €cTh ) Py NMA ypasHeHmi (38) Bcerna paBeH HYJTIO;
HO3TOMY, €CJM HeBO3MYINEeHHOe [BHMKeHmIl ycToiYuBO, TO CyMMa Xa-
pPaKTepHCTHIHBIX YHCRN JI000H CHCTeMbl He3aBHCHMEX PemIeHU# ypas-
nennit (38) paBHAETCA B3ATOMY ¢ OOpaTHHIM 3HAKOM XapaKTepUCTHY-

HOMY 9HCJIY BHpaKeHHUA
e 5 2 Pgs dt,

CrefloBaTeIbHO, 044 YCMOUHIUE020 HECOIMYUEHHOZ0 Doudcerus cucmema
ypasnenuil 8 sapuayuax (38) ecezda 6ydem npasuavroti (m. 67), a Bea-
Kaf MOJIHaH CHCTeMa He3aBHCHMBIX peleHHE ypasHeHH# (38) -~ Hop-
maasHOM (. 67 m 63).
O6o3naauM yepes
Berr MNer (r=1,...,2n)

CHCTEMY HE3aBHCUMHX peiienuit ypasaenmi (38), onpepenemnsx gias
t = {, 3HAYCHUAMH

0 0
sr 68,-, Nsr = 63, r-ne

Ecau meBoamymeHnmoe jBm:keHme ycTOMYHMBO, TO pemieEHA ., 1),
HMEIOT He TOJBKO PaBHHE HYJII0 XaPaKTePHCTHYIHHE dUcIa, HO ABIA-
I0TCA TaKKe U orpaHmYeHEHME. [loaToMYy HOBaA cHcTeMa MepEeMEHHEIX

= g(gsnsr — Nsksr) (r= 1,..., 2n),

olpefesIeHHAs JHHEHHHIM IPeo6Pa3oBaHUEM ¢ OPPAHUICHHBIMH Ko3(-
¢unuedaramu, ¢ pasHEM -1 onpepmenureneMm npeo6pa3oBaHAA U C Or-
PaHHYCHHHIMHA MUHOPaMM IOCJIeJHEro, HMeeT TaKoe jke ofparHoe
npeoGpasosaHne. [lepemeHHbe 2, yXOBICTBOPAIOT YPaBHEHUAM ¢ UOC-
TOAHHAKIME KO03pPHoueATaMu

dz
—a—t’—=0 r=1,...2n).

CnenoBaresbHO, ecalt KesosMyugerioe dsuNCeHUe YCmolinueo, mo om-
seuaiougue ypasnenus e sapuayusr ITyanrape (38) asasnomes npusodu-
MOMU (RDU NOMOWU AUHEUHWE npeobpasosaniili ¢ 02paHUNEHHBMU KO-
appuyuenmanu, aonycxarougux makoe ae o6pammuoe npeo6paaoeanue)
K cucmeMme YpasHenuii ¢ nocmosinbimu Kodgdduyuenmanu.
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3amagEMcA BOIPOCOM O Ipynne OPeoGpasoBaHMi, ONMCHBAIOIIEH
BO3MYHIEHHHE [BHKCHHS KOHCEDBATUBHHIX CHCTEM.
Pemennsa §;, n, ypasnenni B papnarmuax Ilyauxape (38), ompene-

JeHHbIe HaYaJbHEIMH JaHHHIMHA £, 13, CYTh
n
0 2
§ = 21 (E58ss + ks, nas)s
o

Ns = ;21 (Egnsi -+ ”I?Tls, n+j) (s= { SRR n)

Onpenenurens dTHX JuHeHHHX npeoGpadosanuil ecth A = 1. 3Haunur,

COOTHOMIGHHA MEKAY &g, M, H &5, 1)) IPEACTaBAAIOT TPYNNY YHHMOAY-
NAPHHIX AMHEHHHIX Hpeolpa3oBaHUiA.

Ho ecau nesosmywennoe dsuxcerue yemoiinueo, mo ypasnenus 6 ea-
puayuazx (38), 6ydyuu npusodummmu, 00iNHB UMemb 3HaAK0ONpede-
AeHNYI0 Keadpamuunylo Popmy, nOAHAR NPOU3BOOHASL NRO 6pPeMEHU Om
KOMOpOL 8 cusly YpasHeruii 8 6apuayuar ecmo Hyab *.

06 ycTofiuABOCTH N0 nepBoMy HpHOIHKeHHIO

69 [12, 13]. XapakrepucTuunsie YHCIa yPaBHEHRH HEPBOTO HPH-
ONM/KeHHA IO3BOJAIOT BO MHOTMX CIYYafAX CYAUTH 06 ycrodameoctu
H HEYCTOHIMBOCTA HEBO3MYNEHHOIO [ABMIKEHHA B CHJY IOJHOH cH-
creMH gajdepeHnAaNbHNX YPaBHEHMH BO3MYINEHHOrO IBHIKEHUA

dx

”"dt_s = Pt “%"°'+psnx1b+Xs (S:’l.ﬂ..-,ﬂ),
re KodPuUueHTH NmepBoro NPUGMKEHUA p,, B KOPPHIMEHTH To-
N0MOPQHHIX OTHOCHTENBHO Zy, . .., &, QyHKmmE X, npeicTaBiamioT
BeIECTBeHHREe HenpPePHBHBEC OTPAHWYeHHHBE (YHKOUH t.

Teopema Jlanyuosa. Ecau cucmena duggepenyuarvnnz
ypashenuii nepgozo npubsuNCEHUSL eClb NPASUALHAL U ecAu 6ce ee Xa-
DPaxmepucmuunbie Yucia nOLONCUMEALHBL, MO Hes03MYweHHoe Jeurcenue
ycmotiuueo.

JlAnyHOB OCYImECTBRJI AOKa3aTe]bCTBO 3TOH BASKHON TEOPEMH IPH
HOMOIH HEKOTOPHIX DANOB, YAOBJETBOPAIOIHX YPaBHEHHAM BO3MY-
meHHoro aswkeHus. Ho ee MokHO MOKa3arh TakKe M HPAMBIM Me-
TOAOM.

PaccMoTpuM  HOPMaJBHYI0 CHCTEMY HE3aBHCHMHX pelmeHHi
Ziry + + oy Tnp (r =1, . .., n) (A ypaBHEHAH NEPBOTO HPUGIMIKEHNASA.
CocraBuM fanee HOPMAaJIBHYIO CHCTEMY HE3aBHCUMBIX DeIIeHHE IPH-
coeguHeHHOH# cHCTeMH mo PopMyaaM

_ Asr
Ysr = =3
rae A = |z, ||, a A, o6osHauaer MuHOpP onpegenurean A, oTBedao-

muE 3aeMenTy z, (1. 67). Ilycrs Ay, . . ., A, cyTh XapaKTepUCTHIHHE
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9ucia peileHnil 3agaHHBIX ypPaBHEHHH B BapHanuaXx; TaK KaK 3ajaH-

Hafl CHCTeMa MPeRNOoJaraeTcA INIPaBHJIbHOH, XAPaKTePHCTHYHHIMHA

9CJaMH DellleHH# mpucoefnHeHHOM cucreMul OyayT —A,, ..., —A,.
BBeneM HOBHE HEePEeMCHHBIC

— ~(h,~€)t
Z, = szysre ’
s

(r = 15. MRARE n)v,

rae ¢ o603HA9aeT HEKOTOPOE IMOJIOKATENBHOE YHCI0, MEHbIIee JI060To
13 XapaxkrepucTHIHHX yucea A,. [Toasaysachk sunucamamyM npeofpaso-
BaHMEM, B CHJY HOPEANOJO}KeHHOH NPABUALHOCTH YDABHEHHMH B Ba-
pHanmax, HaxoxaM l): '

xap. suciao {z,} > xap. wacao {z;} — &;

o6parHoe npeobpasosaHHe
(h.—E) s .
ere SIS sz (2 !/srxcr) =g
s 8 r

HPUBOJAT K HEPABEHCTBY

xap. aucxno {z;} > xap. guciao {z,} + e.
CaenoBaTebHO, ‘

xap. gucao {z,} = xap. wucao {x,} — e.

PaccMoTpHM 3HAKOONPERENEHHYIO OTHOCHTENBHO Z,, . . ., 3, KBaf-
parugnyw $opmy
2V =z
-

Ee nonxHas mpoussogHas mo t ecTh

%:~Z(7"r—8)23 + Rv

-

~(A &)t

R = erXsysre r );
" s

Kak QyHKnua moBeix mepemeHHuX R (f, z;, . .., z,) uMeer Koaddu-
HEGHTaMH B CBOEM Pa3JIO’KeHAM IO MEJHM HOJOKATEeNBHBM CTEHeHAM
nepeMeHHHX 2, . . ., %, HCYe3aomue QyHKnum { OpH BCAKOM MOJO-
AHUTEJTBHOM €; Pa3iioskeHne R HaIMHAETCA ¢ WICHOB IO MEHBIIeH Mepe
TpeTbeil cremeHd.

JlnA 9ucieHHO MaJHX 3HAYCHUH NePEeMEHHHIX Z. TPOH3BOXHAN ~r
Oymer ompefeJeHHO-OTPHUUATEJbHOHA (QYHKNue# Beamunu z,, . . ., Z,.
B cuny reopemsr JiamyHoma 06 ycroHumBOCTH 3aKiIl09aeM OTCIONa,

97T0 HeBO3IMYIMEeHHOe JABH)KeHue yc'roifl'mno o0 OTHOIIEeHHI K 1epe-

1) CumponoM {z,}] oGosHavaercn cHcTeMa QGYHKUME zy, . . ., 2.
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MEHHBIM 2, . . ., Z,; OPHYEM BCAKOE BO3MYNIEHHOE [BHIKEHHE, OCTa-
TOYHO 01M3KO€ K HEBO3MYMEHHOMY, CTPEMHTCA K HOCJeTHEMY [0 3Ha-
9eHUAM 2, aCHMIOTOTHYECKH.

Jlis BCAKOTO HOJIOMKHTENBHOTO 7), CKOJIb Obl MaJI0 OHO HH OBLIO, U
AaA BcAKoro t, Gonbliero HeKoTopo# mocroannoit 7', B cuny cBoicte
¢yaxuuu R (t, 2, ..., 2,), KaK QYHKOUA ¢ mcyesaomumu Koadpdn-
OMeHTAMH 1 HAYMHAIOmeHRCA B CBOEM PasiioyKeHHMH ¢ WICHOB IO Kpaii-
Hed Mepe TPeTsero uaMepeHHs OTHOCHTEILHO Z;, MOKHO HalkTH 00671acTh
AOCTAaTOYHO MAJHX YHCICHHHIX 3HAYeHMH 2z, ..., 2,, BHYTPH Ko-
TOPOH

Rtz 2) | <n D

Ilpum stux ycaoBusax Bo Bce BpeMa t > T', moka 3HaYeHHA nepe-
MEHHHIX 2y, . .., 2, HE DOKHHYJIU YKa3aHHYIO o0xacTh (ecau A, ecTh
HauMeHbIIee M3 XaPAaKTePHCTHYHBIX 9HCEJH A, . .., A,), AMeeM

d 1
—dt—-TZzg<‘—(7‘1_8—“T})2ﬁv
r r

H CJe0BAaTENbHO, €CJH HadaJbHKNE 3HAYCHHUA Z,, BuIGpaHsl Tak, 9100651
npu u3MeHeHnu t or t, 70 7 3HAYCHUA HePeMeHHBIX HAXOQUWINCHh B YKa-
33HHOM 006JsacT#, a HOCTOAHHAA 1) Y/AOBJIETBODAJA HEPaBeHCTBY A, >
> & -+ v, OpU AanbHedmeM n3aMeHeHuH ¢t GyaeM uMerh)

2 z2i L Ce2hme-nt,
-
Orciona
xap. sucao {z,} > A — & — 1)
H, CJef0BaTEIbHO,
xap. gncao {r;} > A — 1 > 0.

ITUM JOKa3BIBAGTCA YCTOMYMBOCTH HEBO3MYMEHHOrO ABMKEHHA IO
OTHOIIEHHIO K MePeMeHHbIM X, . . ., &, U TO, Y70 BCAKOe KOCTaTOYHO
6aM3Koe BO3MYINEHHOE ABMKEHHE CTPEMHTCH K HEMY acHMITOTHYECKH.

70. TeopeMma. Ecau cucmema dupgepenyuasbhix ypasHerui
nepeoeo npubauiceHus ecmb npasuibLHas U cpedu ee TaAparkmepucmui-
HBX uluces umeemcs xoms 6vl 00HO ompuyamesvHoe, MO HEGOIMYuzeH~
Hoe Oeudcenue Heycmolinueo.

Joxasareannctso. BeegeM HoBHe nepeMeHHLIE

—ht
2= zxsysre T
s

Orciona xapakrepucTuuHOe uHMcaA0 (YHKOAH 2, He MeHbIIe HaHb-

MeHBHIET0 W3 XaPaKTePHCTHYHKX uHce]d QYHKOHE z,y,.¢ ", a mo-

cllefHee He MEHbINe XapPaKTePHCTHYHOrO YHCIA3 CHCTEMBI (i)yHRILKﬁ

At
Zyy .« .y T, KOO XapaKTEPHCTHIHO® THCIO Yy,e ™ He MeHbINe HyJs,
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eCllH yPaBHEHHS LeDPBOro HPUGIMKEHHA NPaBHABHE. JTO COOTHOMIE-
HAE HMEeT MeCTO IPH BCAKOM I, HO3TOMY

xap. wncao {z,} > xap. wncno {z,).

Has nepemeHnmx 2z, mmeeM cieayiomme auddepeRnuaipHbe
YPpaBHEHHA:

= — A2, -} ZXsysre_j’r’“’ (r=1....,n).
8§

HonycTuM, 9TO cpeflm XapaKTePHCTHIHEIX YHCEX Ay, . . ., A, HC
MeHBIIEH Mepe OfHO, HycTh A,, orpuparensmo. Heycroiamsocrsr He-
BO3MYMEHHOTO ABWKEGHUA (00 OTHOIEGHHIO K HEPEMEHHBIM Iy, . . ., Z,)

6yneM [OKa3BBaTh OT HPOTHBHOIG.

Ecan Heso3MyImeHHOe JBMKEHHE YCTOMYHMBO, TO NJAA 3aXaHHOFC
MaJIOTO HOJIOSKHTETBHOTO YACA3 A 0yHeT CymecTBOBATE TAKOE HOJO-
KHTEJbHOE THCAC R, 9T0 IPM HPOH3BOJBHHX HAYaJIbHEIX BO3ZMYIIE-
HAAX Zyg. + » -y Tno: YAOBIETBOPAWINAX HEPaBEHCTBY

2 2 < R, (39)
Sy

IJIA BCAKOIo {. Joabmerc t;, Gyner BHOOAHATHCA HEPABEHCTBO
dai< A (40)
8

Wa ypasHemusa r = 1 nocaefHe# cucTeMH ypaBHEHHE ciegyer

2, == ce™Mt - gMt 3 2 X,yq dt,
5

rge ¢ — HeKoropas nocroanHan. Pasnoxenus ¢yHrmuit X no measm
HOJOKATCALHHM CTeHeHAM Zy, . . ., &, HAYMHAIOTCA C WIGHOB BTOPOro
uaMepenus; QyHKNEE Xs NPEANonaralOTcs OTPAHMYCHHBIMU [JIA BCA-
Koro t, 6ONbmero fo, W [Js BCAKHX X, . . ., T,, YAOBJIETBOPAIOMUX
veaosuio (40); mosroMy mpu Bb6ope HaYaldbHHX 3HAa9eHHH 2,4, . . .
..., T,o COTIacHO HepapeHCTBY (39) mpm mocraTouHo MaidoM R BH-
BOJXHM, YTO €CJM HEBO3MYHOICHHOE ABIKEHHE yCTOMYNMBO, XapaKTepH-
CTHYHOE YUCIAO BTOPOFO CJaraeMoOro HPaBodl 4acTH IOCJEXHEro pa-
BEHCTBA B CHJY NPEAJOKeHHA 0 XaPaKTePHCTHYHOM dHCJIe HHTerpasa
(z. 62) me menbme HyJas. CiaegoBare’bHO, XAPaKTePHCTHYHOE THCIO
¢yaruum z, 6yner pasHO Ay, m60 HPH CHENAaHHHX NPENOONOKEHHAX
HOCTOAHHAA ¢ OTJIMYHA OT HYJIA.
Ho xap. smcao {z,} < xap. wmcao {z,}, moaromy

xap. wmeao {z,} < A, < 0.

Jdto HepaseHCTBO HecoBMecTmMo ¢ yciosmeM (40). Mmu pomkHE Do-
ATOMY 33KJIOYHATh, 9T0 KaKoBo OH HM Gbliio 3maveHne R, CTecHAImEe

BHGOP HaYaJbHHX BOSMYINEHHHE Xy, . . ., Lpo, CPEAH HOCICHHUX HaH-
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AYTCA TaKHe, IPH KOTOPHX HepaseHcTBo (40) mepecTaeT BHIOIHATHCA
A HEKOTOPHX 3HaueHu# I, Goasmux 1.

Taxkum o6pasoM, TeopeMy MOKHO CYATATH KOKa3aHHOM.

MHpumeuannme. Ecau cucrema nuddepeHnuanbuslx ypasHe-
Hil# mepBoro npnGJIMmKeHAA HE €CTh IPaBUJIbHAA, TO, 0003HaYanA Uepes
S cyMMy BceX XapaKTePHCTHYHBIX 9MCEJN HOPMaJbHOM CHCTEMHL ee pe-
menuii, a Yepes W XapakrepucrHuHoe wucio ¢ymkmum 1/A. Gyuem
MMeTh

S+ p=—o,

rge ¢ — HEKOTOpoe HOJOKHTeAbHoe duciao. B atom caywae xapax-
A
TePUCTHYHOE YHCI0 PYHKIUH ‘f‘ He MeHblle — A; — G. A Ha OCHO-

BAHHM 9TOr0 HETPYRHO AOKa3aTh (pacCy:;KAeHMAMM, HOJOOHHMHA M3-
JIoReHHHMM 37ech U B 1. 69) caepgylomume mpemioskenasn *.

ITycmo cucmema Jupdepenyuarohnr ypasienuti nepgozo npubau-
JCeHUR He eCmb NpASUALHAR; eCAL OHA UMeem 6ce Tapakmepucmuunyle
uucaq 60avwie G, MO HEGOIMYUeHHOEe OeUNCCHUE YCMOUYUEO., a4 ecau
cpedu ee rapakmepucmuuHbx wucea Halidemcs no kpaineii mepe 0dno
ompuyameabroe, YUCIEHHO 6orbliee G, MO HegO3MYUWeHHoe deurcerle
Heycmoiinugo 1).

1) Jipyrue KpHTepHH YCTOHYHBOCTA N0 NEPBOMY HpPHOIMKEHHIO GHIM TIpesi-
noeHn B pabotax:

Perron O. Die Stabilititsfrage bei Differentialgleichungen // Math.
Zeitschrift.— 1930.— Bd 32.

Hepcupgcxnit K.JI. K Tteopuy ycroluMBOCTH HMHTErpaqoB CHCTEMH
nuddepeRuuanbanx ypasHenuil // Uss. ¢ua.-mar. o-sa npu Kasan. yH-re.—
1939.— T. 11.— C. 29—45.

Maaxxunu I'. [[. Die Stabilititsfrage bei Differentialgleichungen // C6.
Tp. KRasaw. apman. mme-ta.— 1934.— N 2.— C. 2128,



rqiABA 10
" NEPHOAMYECKHUE NBUKEHHUA

UnBapuanTHAA NOJCTAHOBKA M CTPYKTYpa
YacTHBIX peneHHnii

71 [46]. PaccmorpuM cuctemy nanHeHHHX Au¢PepeHnuaNbHEIX
YpaBHeHHH

dx
_tits—:pslxl+"‘+psnxn (S:1""’n) (41)

B OPEAUOJIOKeHHH, 9T0 BCe KOIPPUIMEHTH D, ABIAITCA BEMECT-
BeHHHIMH, HEPHOXUYCCKHMH, OTPAHAYCHHHIMA, HEIPEPHBHHIMH (YHK-
HHAMHA BEI[ECTBEHHOTO MEPEMEHHOro ! ¢ OHUM M TEM jKeé BeIeCTBEH-
HHM mepuofioM o (® > 0). YpasHeHHs B BapHanuaXx AJAA BegYIEro
MepHOJUICCKOTO JBH/KEHHs BO MHOTHX HNDAKTHYIECKM HHTEPECHHX
CHy9anx mpefcraBiaaior faddepeHnHaNbHEE YPaBHEHHA TAKOrO BALA.
3agaun ycrofuMBOCTM HEBO3MYIIEHHOTO ABEKeHHA (r; == 0,...
e+ .y Ty = () OPUBOAAT K OLPEREJCHHI0O XapaKTEePHCTHYHHBIX 9HCel
ANs paccMarpuBaeMsix ypasHeHu#i. K comkanenmio, sror nociaepmui
BONIPOC HE ABJACTCA BIOJHE Da3pEIIeHHHIM, XOTR pemeHue ero u o6-
Jer4aeTcA CYMECTBOBAHHEM WHBAPHAHTHOH HOACTAHOBKH
S:( t, F 3 TR zn>
t+o, 11, ..., I, ’
He HM3MEHAMEH BHIA paccMaTpHBaeMbIX ypasHeHmE (41).
WNnasapuaataas mofcraHoBka, GyAyud NPAMEHEHHOM HEOrpaHHICH-
HOe YHCJI0 pa3 K 3HaueHmAM i Ha orpesre (0, @), Boccosgaer Bcwo
YACJAOBYI0 NIPAMYI0 BEIECTBEHHOro nepemenHoro f. JIpyrmmu ciaoma-
MH, [0 IOBefleHHI0 OOmUX pemIeHUR z; OPH M3MEHEHHH ! Ha OTDe3Ke
(0, ®) BO3MOKHO OnpeAeaNTh HOBEAGHME BCAKOLO YACTHOrO DEINEHHSA
Z; OPH HEOTPAaHHICHHO H3aMeHalomeMmcs .
JomyctEM, 9ro AnaA ypasHeHmE (41) maliieHo n He3aBHCMMBIX
pemenuii

Tipy oo &y, (Fr=1,....0)
Dyuxiun
z, (t+ o), .. oz, (t + o)
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10 CBOMCTBY HEPHOJHYECKHX YDaBHEHHI, JOLYCKAIOIHAX HHBAPHAHT-
HYIO HOJCTRHOBKY S, HPEACTaBIAIT TaK:Ke X pemenne. [loaromy onn
OyayT anHe#iHO BHPa)KaThCA dYepe3 He3aBUCHMHE DEINEHHA I,

Zop (4 @) = @25 (1) 4 .« o - Gppsn (1) (s=1,...,n)

Te ay, ABIARIOTCA HEKOTOPHIMH HOCTOAHHBIME JJIA BCAKOIO I, B3ATO-
ro n3 paga 1, ..., n.

Ot BHOpaHHHX HaMH HE3aBUCHMBIX peIleHH# MBI MOKEM mepeirH
K Apyroi#i nopobHO# cucTeMe myTeM JUHEHHBIX mpeoOpa3oBaHU ¢ 10-
CTOAHHHIMH Ko3(pPummeEraMA, H, B YaCTHOCTH, MBl MOKeM nepeiiTn
K HEKOTOPOMY peIeHH

s = 611’81 + ...k ﬁnxsn’
obaapgaomeMy (QyHIaMeHTaJIbHBIM CBOHCTBOM
z (t + ) = %z (1) s=1,... n).
Ilna onpefeneHNA HOCTOAHHHEIX f, OTCIOK& HOJYJAOTCA COOTHOINGHHSA

Bilayzs, (8) + ... + ap@en ) + . o . + Bplagz, (&) + . ..
A + ApnTsn (t)] = ”[ﬁl‘zsl (t) + s h e + ﬁn‘tsn (t)]

Takme coorHomeHHsA (s = 1, ..., n) AOKHH YROBJETBOPATHCH He-
3aBHCHMO OT 3Ha9eHHWi {; H03TOMY, B CHJY CBOHCTB JIMHEAHO HE33BH-
CAMBIX CHCTEM peHIeHHH, JOMKHH OBITh TpHUPaBHEHH Ko3P@uIumenth
IPH OAAHAKOBHX I

auﬁx 4o+ alnﬁn = ”ﬁl’

esresresssescsrassesnsansrevesragronen

anlﬁl + .0+ annﬁn = xﬁn'

[lonyyenaas cucTeMa JAHEHHHX OXHOPOAHHIX AJTe0PaMYECKUX ypas-
HEeHHA ¢ INOCTOAHHHMH Ko3@dunmeHTamm OyHeT KONYyCKarh HETPH-
BHAJbHOE DEleHHe A HOCTOAHHBIX f,, €CAM COCTaBJCHHHH M3 ee
K03)PUEHEHTOB OOpeReTATEID

L (%) = fa;; — d;e || = 0. (42)

Hopunm %,, ..., %, 93toro omnpegemurens ¥ (%) cmsasadsl ¢ PyHpga-
MEHTAJbHHIMH YaCTHHMY DEIIeHHAMH HAOINX yPaBHEHHI.

72 [46]. TomycruMm, 4TO KOPHH %, BCe Pa3THIAK MEKAY coboil.
OHM XapaKTepPH3YIOT BHPaKeHHA 7 QYHAZMEHTAILHHX He3aBHCHMEIX
pemennit. B camoMm peie, mycTh % — Kako#-1uG0 M3 3THAX KOpHe.
Emy oteegaer pemeHme, o6Jaafaimee 1Mo ONPEREACHHIO CBOHCTBOM

z, (t + o) = xnz, () s=1,...,n).

O6muit BN HENpPePHBHHX OXHO3HAYHHX orpaAmdeHunix Ha (0, o)

$yEKumi z, (), yHOBACTBOPAKOMMX HOCHEAHEMY COOTHONEHHIO, 3a-
mucHBaercsa Gopmyno

t
=
N (t) =e" ““(Ps (t),
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rge ¢, CyTh HEIPepPHBHHE OTPAaHWYCHHHE OJHO3HAYHHE (YHKIAH
¢ oepuoaoM . Ecam XODHM %, Bce Pa3djadYHB, TO MOJYdYalolueca n
$dyHagaMeHTAIBHEIX PelneHn# OynyT o0pa3oBEBATE CHCTEMY n He3aBu-
CHMBIX pemeHH#, 067ajaomyio, 09eBHAHO, cBOMCTBAMH HOPMAJBHOM
CHCTEMH!.

Horpa cymecTByioT KparHsle KODHH X,, HE BCerga OblBaeT BO3-
MO’KHO Ha¥TH n HE3aBACHMHEIX pelieHU# yKa3aHHOro ¢ymgaMeHTalb-
HOTO BHAA. B 3TOM ciaydae BO3MO:KHO Ha¥TH QyHIAMEHATaIBHYIO CHACTE-
MY HE3aBUCHMHX DeIIeHHH, onpefAeeHHYI0 A KaKAOro M3 Pasiny-
HBIX KOpHe#A Yy (%) COOTHOIIEHHAMH

2V (t + o) = x2V (1),
22t + o) = xa® (1) + 2V (@), (43)

s s o e

DY PR

2"V (4 @) = xwal™Y (1) + 2 (1)

s=1,....n)
rae 2, . . ., 2 o6osHaua0T McKOMHe (yHIaMeHTaJIbHble pelleHMH,
CBABAHHBIE ¢ KPATHHIM KODHEM X.
Myers
() __ pG) ; (i)
Zs _6lxslf"'+ﬁn‘tsn°

asa ompepeneHAs HOCTOAHHBIX ﬁf’) ¥ HaUBHICIIEro 3Ha4YeHAA IJIA M
HOCHe MOACTAHOBKM 3THX BHP&KEHHI B HpPEABIAYIE COOTHOIMEHHA
U [OCHe CPAaBHEHHA KO3QPUOUEHTOB OPH ONMHAKOBHX (yHKOHAX
z,, (t) momyamMm crxexgyiomue cHcTeMH ypapHemm#E (i = 1,... n)

D(ay; — 8i%) piY = 0,
J
D(aiy — 8i) B = BV,

j
{m+1) _ p(m)
(@i — 8i) B0 = pi-
9TH cHCcTeMH ypaBHEHmE coBmafalior ¢ cucreMamn (7), moapo6Ho may-
yennsiMu B n. 24—28. IlpusegeM nmosydeHHHIE pe3yabTaT.
IIycre Bce 3MeMEHTapHBIG JEAUTENH OIpPEReNHTENA % (%) CYTh

Ty,
(% — %)™, ooy (6 — %),
TAE %y, . - ., X ODO3HAYAIT KOPHH OHPeAeTHTENA Y, (#); CPElA HHX
MOTYT GHITH M OAMHaKoBHE. [[JIfi BCAKOro TaKOTO KOPHA ® = X%, (I =
=1, ..., k) uncao m orpedaromeii rpyuns (43) ¢ynmamMeRTaabHBIX
pemernnii 2, ..., 20 Gyner
m=n, — 1.
Cymma
n+ ...+ n = n.



UHBAPHAHTHAA TIO/ICTAHOBKA 159

MopMysl A OmpeeieHns nocToAHANX P’ Hac He BHTEpecylwT,
TaK KaK DOCTOAHHBIE @;; A YACTHHE DEMIeHHA I,. HAM M3BECTHH [0Ka
IaHIs U3 TeopeMH cymectsoBaHuA. CTPpYKTYpa GyEKOui 7, sxona-
mux B QyHIaMEHTaJIbHYIO CHCTEMY DeIeHN# B OTBEYaIOMMUX KOPHIO X,
ompeneiserca cootHomenmamn (43). B camom pene, cHcrema (43)
JomycKaeT MOCJeROBaTeJIbHbe oONpeleeHus CTPYKTYPH OGyHKumii

&, 0. 2V u umenno

Insn

i
(1) = e gl (b).

— x| —
m . ! [

20 () = ¢ -

s z 1
oM (1) + o ()]

{
I,(gm}l) (t) — BE- inz [(pgl) (t) (1 _ (1)) .. (l " mm) __}_

moom
#% o m!
(t—o)...t—(m—1) o) N ol

L) ’
-+ P (t) Sty m-1 (m = 1)! ®s (t) *

rjae Bce PyHKun (pg” CYThb OIpaHUYEHHEIC H DepAogHYECKHe ¢ IePHO-
A0M ®. B 9TO0M BO3MOKHO yOeXMTBCA HENOCPEACTBEHHO MOACTaHOB-
Ko#t ¢ -+ ® BMeCTO I, & TaKyKe MOCJIG[OBATENbHBIM HHTEI'DHPOBAHMEM
VPaBHeHHIT B KOHeYHBIX pasamoctax (43).

Hexons m3 ¢TPyKTYpH (GVHAAMEHTAJBbHBIX peIIeHHH, 3aMegaeM,
1
970 BEI[ECTBCHHHE YaCTH BEJAYAH ~— aln ®x, (r =1, ..., k) cocra-

BAT COBOKYHHOCTb Ry - ...+ R, = n XaPAKTEPHCTHIHBIX HHCEH

cactemnl ypashenmit (41). Ilonnan cmerema QymlaMeHTa AbHHEIX pellle-

ani x(,’), ..., 2 cocraBmT HOpMaJBLHYI CHCTEMY n; - ...

.+. 4 n; = n He3aBHCHUMBIX DeIleHHH, IOTOMY UTO BCAKAA IMHEHHAA
KOMOHHALAA ¢ IOCTOAHHHMM KO3QQPUUMEHTaMM u3 ITHAX pemeHni
AMEeT XaPAKTEePUCTHIHHM 9HCJI0M, CYEBHIHO, HAUMEHLIIGEe U3 XapakK-
TEPUCTHYHKX YHCEJ, BXOAAUWAX B KOMOMHALMIO PYyHXAMEHTAIbHBIX
penieHu.

Yto gaitjleHHAA CHCTEMA HE3aBACHMEIX pelMeHHi ecTh HOPMaJbHaA,
BO3MOKHO AOKa3aTh TAKKE CJAEIYION(HM cmocobom.

Onpenenutens A = | z,,} . cocTaBleHHHH H3 CcHCTeMb (yHja-
MEHTAJbHHX pPENICHHE, B CHJAY cooTHomweHu# (43) vnos:tetsopser
pPaBeHCTBY

At + o) =x"...%kA (2),
B 9eM y0emaaeMcs HENOCPECTBEHHO MYTEM ONEPAlHH ¢ KOJOHKAMM.
Ho coraacmo ¢opmyae Jluysuansa (u. 65) mmeem

§ o,
At + 0) = A () ed
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Cpapuenne ¢ opefsxymeit gopMyoil faer paBeHCTBO

©
§ Z py, at

Ry’ ... KGE = €0

JlorapudMupys sTro paseHCTBO, IMOAYYAM INOCIE AeJEeHHA Ha @,
9T0 CyMMa XaPaKTePHCTHYHHIX 4Ynced QyHIaMeHTalIbHOM CHCTEMH He-
3aBHCHMBIX pemeHmil paBHAETCA

1 ¢ W
EER S e

0

3Ta BEAMYNHA ABJIAETCA, ¢ APYro#dl CTOPOHBI, XaPaKTePHCTUYHHIM THC~
JoM QYHKOUH

t
.s E Py dt
e’ P
TRK KaR BbLIDAKECHUE

{ Spat 2§ S

0 0

HpPeACTABJIAET OPPAHNYCHAY0 NEPHOJUYECKYIO (¢ HepmonoM o) QyHK-
mup. Orciofa s3akmogaeM, 910 QYHRaMEHTRJIBHAA CHCTEeMa He3aBHCH-
MHX pemenu#l Gyaer HopMajabHOH ¥ 970 PACCMATPHBaeMas CHCTEMA
nuddepeHnuanbHEIX ypaBHEHHE ¢ IepHOAWYECKEMH Kod(dumnen-
tTaM# ABJAAeTCA mpaBMiabHO# (m. 64, 65, 67).

73 [47]. PaccmorpuM cHcTeMy ypaBHeHHE

dy
ﬁﬁj + DYyt P = 0,

IpHcoefHHEHAYI® K 3alamHod. OHa Tarke HMeeT NEPHORMICCKHE
Ko3PUmUeRTH ¢ BEIMECTBEHHHIM IEPHOXOM ; /A Hee BO3MOKHO
Tak;Ke ONpexeJuTh QYyHRaMEHTAAbHYIO CHCTEMY HE3aBHCHMHX pelie-
HHii, pa3fUBaOIUXcAd Ha TPYHOIH, OTBEYAICIHE 3JIeMEHTAPHHM Je-
JIHTENAM

(n — p)" r=1,...,4%

onpegennTensa % (1) OPUCOERHHSHHOM CHCTEMSI.
IIycTs mpousBogAmiee pelleEHe TPYNIH OTMEYEHHOTO 3JEMEHTap-
HOTO JGINTEeNA ecTh

ys:e—:-ﬂ-lnpr[ gn t—0)...(t—(n,— 1) 0) +~-+\|>§"*’],.

pr V™ (n — 1)

rAe \pg’) cyTh QYHKIHH OrpaHHICHHLIC H TePHOAMISCKHAE C IEPHOROM .
Hoacrasnaa aro pemenne B Ko3dPuuueRTH JIHHEHHOTo HHTerpaja
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3aaHEHX YypasHemmit (41)
Ny + .o Yata =,
OOJNYYMM MOCNe OYEBHAHOTO HIpeoGpasoBaBMsA BHPaKEHNE

) tnr—l ) ~(—to-- In H,
z WT"'+2n e =g,

e Bce z§~") 0003Ha1a10T HEKOTOPHE JXNHeHHHEe QOPMH BeNHUYHH I,
¢ HmepuofMdYecKHEMH KoaPdunmertamMm; ¢ — nocropHHan. Usmemsas r
ot 1 po k, monyduM n nWHeAHHX, He3aBHCHMMEIX ¢opM zg-r), Kakue
MOKHO NPHMHATH 32 HOBHE IePeMeHHLe BMECTO Iy, . - ., L.

Hagdepeunupys muociegHee BHpaykeHde Ho [ M IPUPABHMBAA
HYI10 K02dPNOneHTH NPy OQMHAKOBHX CTeNeHAX f, UMeeM

(7)
_di = i.z" ,
ar re1 (]:2,, nr>
’
i 3 gl 0 =1,k
gt = M2
rae
dp = ——1In
r— ) MT'

Cruefoparenbso, cucreMa (41) mpeoGpasoBaHa B CHCTEMY ¢ TOCTORH-
HHMHA Kod3(pdummeHTaMu; Opu 3TOM Hpeolpa3oBaHMe BHIOJHEHO IO-
CPefcTBOM HeocO0eHHOH JNHHEHRHOH HONCTAHOBKYM ¢ NePHOANYIECKAMM
orpaHn4eHHHMH Ko3¢PunnentTaMu, He MEBAIOMEMA XapaKTePUCTHIHHX
qucesl HOPMAJbHOE CHCTEMH He3aBucMMHX pemesuii. Orciona BH-
BOAMM, 4TO

Inx, +Inp, =0,

T. €. XapaKTepUCTHUHEE YACHa yPaBHEHWH IPHCOEJAHEHHON CHCTEMH
PaBHEI B3ATHM ¢ OOpaTHEIMM 3HaKaMHM XaPaKTePUCTUYHHM UMCIaM
NAaHHOM, & CTeIIeHW INEMEHTADHEIX JeadTeled KOpHeH %, M |1, PaBHH
MeKIy coGoi 1), '

M3 3aMeuerHHo0% 3aBACMMOCTH XaPaKTEPHCTHIHKX YNCE]I OT KOPDHeH
XapaKTepucTAUHOro ypasueuusa ¥ (x) = 0 (42) m TeopeM 06 ycroii-
4EBOCTH M HEYCTOWUMBOCTH NIA mpaBuiabHHx cucteM (u. 69, 70) Bu-
BOOMIM TeopeMy:

Koeda xapaxmepucmuunoe ypasnenue ¥, (x) = 0 o6aadaem moavko
KOpHAMU, MOOYyAu Komopwr Menbvluie 1, Heeo3mywennoe Jeusxcenue
Ycmotivueo, He3asUCUMO OM HAEHO8 8bllue nepeszo nopadka X, u npu-
mom mak, Ymo 6CAKOe 603MYUeHHOe deucenue, IocmamoHo 6Gaudkoe

1) O6mue MCcHeJOBAHAA O IPHBOAMMOCTH JIMHEHHHX ypaBHEHHHA X ypaBHe-
HHAM ¢ HOCTOHHHMMHE Kodppunmenramm, Hadatne A. M. JlanyHOBHM, pasBHI
H.I. Epyraa (Ep yr uu® H. II. Ilpusogumme cucremm // Tp. Mar. mm-ta
uM, B. A. Crexmopa.— 1946.— N 13),
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K HeMYy, npubaudcaemcs k Hemy acumnmomuecku. Koeda e 6 wucae
KOpHel Ha36aHH020 YPOGHEHUSL HATOIAMCEs maxue, MOJyau KOMOpHI
Goavwe 1, deurcenue smo weycmoiivuso nesagucumo om Xs.

CoMHNTeALHHME [0 OTHOIMEHHI0 K YCTOMYMBOCTH, UPHM CYIIECTBO-
padun wiewos X, B JuddepeHnnaNbAHX yPaBHeHHAX BO3MYIIEHEOIO
IBEKEHHS, OCTAIOTCA IOITOMY TOJBKO CIy4aHM, KOTJa XapaKTePUCTHU-
HHH MOJAHOM % (%), He MMeA KODHeH ¢ moaynsamm, Goapmummu 1,
MMeeT KOPHHM ¢ MOAYJAMH, pPaBHHMA 1.

IIpubanxenuble MeTORLI ONpeeleHns
XapaKTEePHCTHIHOTO YpaBHEHHSA

74, Ounpenenenne XapakTepHCTHYHOTO YPABHEHUA A JIMHEAHHX
nupdepeHnnalbHERX YPaBHEHAH ¢ NePHOAMYCCKHMHE KoaPduuueHTa-
MH cOCTaBJfeT TPYAHYIC 3agavyy. Ecan s ypapHeHNH ¢ IOCTOAHHEIME
roapunuenTaMu coOCTaBJIeHHe XapARKTePHCTHIHOTO onpeneanTens A (A)
He Tpe6yeT 3HAHMA YACTHHX PElUeHHH, T0 B ci1ydae YPAaBHEHHS ¢ NePUO-
amYecKuMn KoddPunEeHTaMHE UPH COBPEMEHHOM COCTOAHHH BOIpOCA
Takoe 3HaHHe HeoGXOIMMO IJNfA TOT0, ¥TO6H MOKHO GHIIO IHOCTPOMTH
vpaeuesune ¥ (%) = 0. JIume cBoGONHHI Y7€H 9TOro ypaBHEHAS MOMKET
OHTH HalijleH HemocpexcTBeHHO U3 QOPMYJH

@
-S ‘Y‘psadt
T

Jlns onmpepe’eHms XapaKTepUCTHYHOro ypapuemua Yy (%) = 0
00HYHO NPAMEHACTCA TOT MAK HHOX HPuOIHKeHHHH MeTO HHTerpH-
poaEua auddepennumanpunix ypassemud. IIpm arom HamGoxee
VA0GHHME ABJIAKTCA T€ HE3ABHCHMMHE YaCTHHE DEINCHHA ypaBHeHWH
(41), xarwme onpegexeHsl anA { = ( cilegyomuMM HadaJbHEIMM 3HA-
YeHHAAMA:

T, (0) = 8,

JNEeMEHTH @,, XaPAKTEPUCTATHOTO OHPeJeNATead ¥ (%) BHIYACIAAIOTCH
TOTA& OO TakuM paseHcrsaM (m. 71):

Agr = Igy ((1)),
U, SHAYHT,

% (7") = i‘ Ly ((’)) - Gsru .

3anagd yCTOMYHBOCTH [0 CYmecTBY Opomie 3ajJa4Y HMHTErpmpoBa-
HEA; OHE He TPefyOT TOYHOTO 3HAHMA XaPAKTePHCTHIHHX YHCE;
HaJ0 3HATh TOJHKO 3HAKM HOCJEHNHHEX. A A PelleHns TaKo# 3afaum
MOI'YT XOPOIIO CJYKHTH cH0ocoGH, KOTOPHe B 3ajauaX HETErpUpOBa-
HAA TPHMBOAAT K pacXONAIEMcA HOpomeccaM. JTy HHE0 BIepBHe
npaMenni JIAnIyHOB B HCCHeNOBABAH yCTOHYHBOCTHM YCTAHOBMBIIMXCAH
ABHKEHMH B Kputmzeckmx ciaydasx. Ho, pasymeercA, KORAHHE KOH-
KPeTHH# peayibTar, N00HTHA HONOOHHIME DpHeMaMd, RoJ:KeH OHTEH
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AONOJIHATENLHO MCNHTAH CTPOTEMA TeopeMaMu 00 YCTOHYEBOCTH HJAH
HEYyCTOHYHBOCTH.

75. PaccMoTpuM npmeM, KOTOPHI COCTOMT B 3aMeHe koaddunuen-
TOB g, B 33NaHHBIX YPABHEHHSAX MX CPeHHUMH 3HaYCHUAMHN 3a nepuon

i [0}

1

Csfr - _Jgpsrdt'
0

Yerodunpocts (HEYCTOMYNMBOCTH) B CHJAY VCPOIHEHHOH CHCTEMBI

dz
s (1) (l) —

dl —csl'rl +C Z, (S<— 1"“’”)
WHOIA CONPOBOMKIAAET YCTOMIMBOCTh (HEYCTOHYMBOCTh) HEBO3MYILEH-
HOTO [IBYKeHHEN cOMIacHO 3a7aHHKM ypasuenusaM (41). Ho aro ue Beer-
na 6mBaer Tak. IloaToMy BakHO 3Harh, KOT[a TaKaa DOJMEHA ypaBHe-
HEHA paspelnaeT MOCTABJICHHYIO 3a1ady 006 ycToHYmBOCTH.

ByneM BHUACAATH HE3aBHCHMHE DPeLICHAA I, cucTeMul (41), om-

perieieHHHe HAYaJIHbHHMM NaHHHMH #9= xz,, (0) = §,,, Mo m3BeCT-

HOMY MeToly NociefioBaTedbubix mpubamikenni IInkapa:

t
#® =8, + (D patiVar (k=1,2,...).

o i
IIpu atoM xapakTepmcTHdaHOoe ypapHeHue cucreMbl (41)
% (7") - “ Lsy ((’)) - 651-7" ﬂ =0

onpenensercss B k-M DPUGIEKeHHM Kak

xe (%) = | 2P (@) — 8| =0

B k-M npubamkennu MH MOkeM OTHecTH cmcreMe (41) ypasHemms
¢ TMOCTOAHHHMHA Kodddnonexramu

da:s )

ar = Cy Ly -+ . Csn Ly (44)
e

1 (0]
K -1
c&r) - _Ex_)— S Z psrTI: ) dt.
o i

Koprr A", ..., MY xapakrepmctnusoro ypasmemns cumcremm (44)

A (M) =] e — 8,0 =0
cBA3aEH ¢ KopHaME %, ..., %% ypasuenna ¥x (#) = 0 coorHo-
MIeHMAMM

W 1 = oA,
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Ecian EM qia KaKHEX HeJHX HeOTPHUATeJHbHHX 3HAYCHMH my, . ..
., M,, AHMEOIMAX B cyMMe 2, He YHWUTOKACTCA BHpaKeHHE

mh+ ...+ mph,,

rae As cyTh KOpHEA Ay (A), TO COIIACHO MBNOKEHHOMY B I. 34 Mud cH-
creMH (44) BO3MO/KHO HAHTH BelleCTBEHHYIO KBajJparuiHyl QopMmy
¢ caMMeTpEUHHMA Koadduruenrama b, = b

2V = str'tszr
rs

sr

TaKkyio, 9T00H

av
o
Ef(c‘“xﬁ Ry =+ ..

§

Ilonuwan mpomssonHas ot V), 1O f, B3ATAA B CHJY 3alaHHHX ypaBHe-
K

umit (41), ectn

Z . bsipz'r‘rs‘rr'

Py 8,1
Jra mpounssopHan V, Oylder onpeneseHHO-IOJIOKUTENbHOR, eclIn HaHl-
HeTcA TOJOKUTeNbHOEe YHCIO | TaKoe, 4TOOH BelmecTBeHHAas KBajpa-
THYHaa GopMa ¢ mepuonMYecKHMM Ko3Puimenramu

’ 2 L2\ (k)
Vk_P(11+ et -En) _2 bsi(pir—pcir )xsxr
irs

HMeJIa JUCKPAMWHAHT

i Afs” 1,

riaBHHe [AaroHANbHHE MHHOPH KoToporo Omum OH Bce TOMOMKH-
TEIXbHH, npnqu

= L [0 (Pis — 1es?) + by (pip — pei)] = 2.

Ho ecam V onpelefeHHO-IONOKATENbER, TO ACHMITOTHYECKAN yC-
TOHINBOCTEH (HEYCTOHINBOCTH) HEBO3MYIEHHOrO NBWKEHWA B ypaBHE-
HuaAx (44) conyTcTBYeT TaKOBOH B 3aJaHHHX ypasHeHmax (41).

B neppom npubamxennn (k = 1) cucrema (44) cosmagaer ¢ ycpen-
HeHHOH cucTeMOo#, a TOJBKO 4TO CHEJaHHHHE BHBOX NaeT HOCTATOYHLHIE
ycxoBus (B Bufie ONpeJiesIeHHO-I0I0KATeIbHOCTE V) niis TOT0, 4TOOH
acHMITOTAYECKAA YCTOHYMBOCTH (HEyCTOHUABOCTD) HEBO3MYIIEHHOTO
ABHJKEHHA B ycpeaueHHnx ypasHemuax (k==1) conyrcTBoBaNa acEMI-
TOTHUIECKO# yCTOHIEBOCTH (HEYCTOMYABOCTH) HEBO3MYINEHHOTO [BH-
JKeHNA B 3a]aHHEX ypapHeHuax (41)*.

HMpumMeganue. Ecam B KakoM-1E60 H3 PaCCMOTPEHHHX CJIY-
4aeB KOPHH As TaKOBH, YT0 CYI[ECTBYIOT HeJIHe HeoTPUNaTeJbHEe THC-
jJa m;, MMeIEe B cyMMe 2, I KOTOPHX YHHUTOKAaeTCs BHPame-
pae myh; + ... + m,h,, @ cymecTByeT mo KpaiHeidi Mepe oqHO OT-
pHIATeIbHOE XAaPAKTEPHCTHYHOE UHCIAO As, TO BBefleHHeM HOBHX
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MepeMeHHERX
U, = rse ™

OPH ROCTATOYHO MAJIOM HOJOKHTENBHOM 1 MH CBeJeM BOIPOC K pac-
CMOTPEHHOMY CJIy4al0, TAaK KaK U3MEHCHHA MePEeMEeHHEIX Is ¢ TeUeHAeM
BpeMend He GYIYT BCe OTPAHMYEHHHMM, €CJIH HEKOTOPHE H3 IepeMeH-
HHX u; 6yRAyT HeorpaunyeHHEMA. OupefeseHre He3aBUCAMHEX PemeHHEN
z,, 1o MeToxy llurapa npm myirepoM npmGImKeHEH

9)
1§r = 6sr

OPMBOAHT BOOGINE K HEXOCTATOTIHO GHCTPO CXONHMOCTH HOC]eNoBa-
TeIbHHX NPAGIKEHHEH, TAK KAK HPMXONUTCH IPOE3BECTH fOCTATOUHOE
9uca0 npnlamkeHni, YTo6H B HAPACTAIMX CTeNeHAX ! HAKOUHTH
ROCTATOYHOE YUCJIO YIEHOB DKCHOHEHTA ¢*', KOTOPHIL B 9TOM Hmpomecce
HEe MOKeT NOABHTbCH, KPoMe KaK Pa3ioKeHHHM B DPsAX.

IIpumep. PaccMmorpum cucreMy

dz

E:(——%—}—sacos2t)x+(1—easin2t)y,

d . 1
d—i’ =(—1—easin2t)x+ (—- - —&acos 2t) Y

re a — HEKOoTOpoe HOoJOKHUTeJIbHOe dYMCJIo, a & — mapamMerp. Hx
Ocpe/JHeHHEIC ypaBHEHHMA CYTh:

dz 1

r7 A S 4
dy 1
A e

Has nocrequux ¢yukmus V, o Kakoi GHia peub, mpecTaBiser Om-
pelelieHHO-0TPALATEAbHYI0 KBagpaTuuaylo GopMmy

V= —(z* 4+ y?).

Jpyrumu ciopamd, Hepo3MymeHHoe Nsmkenue (z = 0, y = 0) acam-
OTOTHYECKH YCTOUYHBO B CHCTeMe YPAaBHEHHMH ¢ OCPe[HeHHHMH KOd(-
¢unmerTamu. [lonmas npomssoauas mo £ or 3T0# Qyurnum V B cmiay
3alaHHHX yDaBHEHH# eCTb:

V' =2 4+ y* — 2eal(a? _ y?) cos 2t — 2zy sin 2t];

ANCKPUMHHAHT V' mMeer Bce riaBHbIe AHATOHAJbHBIE MHUHOPH HOJIO-

i
JKHTEJbHHMH, €CHIH JHCJIeHHAA BeINYHHA € MEHbIIE B - Crano GHTL,

ecld !si<—2%, TO HeBO3IMYIEHHOEe [BEKEHHE B CAJIY 3aJaHHEX ypaB-
peAnit Oyler acEMOTOTHYECKH ycrodumBHM. MoskHO 3aMeTHTB, 4TO
opa & = -% 3a]aHHHe YPDaBHEHHA JAEJAal0T HeBO3MYINeHHOe JABHKeHHE
HeyCTOHYHBHM.
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Cnoco6 Jlanynosa

76 [48]. Jianynos passEBax APYroi cmocol BHUMCIEHHMS HE3aBH-

CHMHX DelleHHi I,,, ONPeJeTeHHHX HAaYaJbHHMH JaHHHMH I = §,,.

PaccMorpuM caydaii, Korga B cmcTeme (41) kosgdmumentH p,
3aBHCAT OT HEKOTOPOTo BemecTseHHoTo mapamerpa n. JomyeruM, 910
K03 drmueHTH. Py, MOTYT OHTH HPENCTABJIEHH DARKAME IO NEJIHM IO-
JIOKUTEABHEM CTEHeHAM W, CXONANMMUCH abCONIOTHO M PaBHOMEPHO
AN BceX BellecTBeHHHX 3HaweHNH ! Ho Kpaiiuell Mepe npu y, abcoaoT-
Hasg BeIWUYHHA KOTOPOTo | U | He IPEBOCXONMT HeKoTOpoe 4mciao M.
HomycTam Takke, 970 moKa | p | He mpesocxoaut M, KoaddumuenTnt
Psr SBIAKTCA HENPePHBHHMM OTPpaHAYeHHHMH QYHKOUAMA A
BeAKOTo ¢ > 0, ¥ nycTs mepuoOil » He 3aBUCHT OT Y.

Ilyctes p ects pPsaAn, PAacHONOKeHHHBH O HEJRM MNOI0KMTENbHHEM
cTeOeHAM N, Ko3QPUNEeHTE KOTOPOTO IPEACTABIAIT NEePHOLHIECKHE
¢yEKOME ¢; 3HaYeHMA 3THX KodPPunueHTOB Npm 1060 cTemeHH N
M pis Bcakoro t > ( paBusl HamGosblieMy m3 MOAyJel Koaddmnu-
€HTOB Pa3NOKCHHHA p,,, OTBEYAIOMHUX TOH jKe CTENeHH WU ¥ TOMY ke
aHadeHHO .

Ecau npu

tpil=

DA D DABHOMEDHO cTOUMC OAR 6CEX BeUyeCMBEHHBLEL 3HaveHUll t, mo
PAOBL, KOMOPWMU Npedcmasasiomces 3HAYEHUR

Z,(0) (s, r=1,...,n)
PYNKYUL T,,. CUCTIEMN HE3ABUCUMBL DeweHUll, OnpedeieHHblE HAAAb-
numu yeaosuamu z,, (0) = 2 = 8., 6ydym npu cdesannwz nped-
noAoKHceHUAT abcorlomno crodswyumucs dan | p | = M.
HJoxasareuxsnctsno. PaccmorpuMm cucremy
d‘ts .
“ar =€ (pslxl + o4 psn‘rn)

¢ HOBHM BCIOMOTATeJIbHHM mapaMmerpoM €. PemieHua z,, AaA mocien-
HHX ypasHeHH# GymeM mcKars B Buje

=3§,, + exl) + e22® .

GyHKIMH 2 onmpepensotca mocienosaTensHo mo PopmydaM
t

=D paiPat (k=1,2...),

L1
OTRYA

t
[P < n Spdt,
t

| 2@ < n2s< Spdt) dt.

0
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Hrrterpupys mo 4acTaM BHpaskeHWe, CTOANee B NIPABOH 4aCTH MO-
ClIelHeT0 HePaBeHCTBA, MOKeM NpeoGpas3oBaTh ero W TMONYUHTH
t
(2) n? )
| Zor i<—2—<gl’dt) ’
0

H AaHaJOTH1IHO
£

| 20 < __”k dt)k
s ISTZ T R\)PH) -
[1]

é

CaemosareasHo, opu € > 0 u ¢ > 0 nMeeMm
£
Iﬂnjpﬂ
ezl 4 edP 4+ ... <e b —1.

Masg ¢ =1 vt = @ 3 DocieqHero HepaBeHCTBa IPH CHCJTAHHEIX.
NPEeANod0;KeHHAX MH JODKHH 33KJIIUATH, ITO I, (0) pPasiarawTcs
B a0COII0THO CXOAMHUeCH PAMH M0 cTemesaM p opu | p | = M. Tlpen-
NO:KEeHHEe JOKa3aHo.

JlomycTHM Temeph, 4T0 MH yMeeM MHTeIDHPOBaTh cHcTeMy (41)
B npepnonoxenus p = 0. Torma ecnm ¢pyrxmum ;s mpu p 5= 0 Gynem
MCKATb B BHJe PAJOB, PAcHOJOKeHHHX IO CTEeHeHAM mapaMerpa p,
TO AAfA onpefieyieRda Ko3QPNOEEHTOB B 3THX PANAX IIOJYIMM CHCTEMH
aupdepeEnEAILHRX YPaBHEHMH, KOTOpHEe OYAyT HHTEIPMPOBATHCH
B H3BECTHOH IOC/1eJ0BATEAbHOCTE HOCPEeNCTBOM KBaXpaTyp.

77 [49]. PaccmotpuM ypaBHeHue

25 fopz =0, (45)

rge p ecTh OrpaHUYEHHAA HempepHBHag mepHogdveckas GyHRnuA
{ ¢ BemecTBeHHEHM (HyCcTh HOJOKUTENbHEHM) TEPHOIOM . B coorser-
CTBHA C H3JI0KeHHBIM METOIOM MAJIOI'0 HapaMeTpa |\ 3aMEeHHM 9TO ypas-
HEeHHe TaKuM:

d%z

an = wpT

H HIieM He3aBHCHMBEE DeINeHHA HOCIe[Hero ypPapHEHHHA b BHJE
T=f=1+pff +pf+...
= =1+ pe -+ piey + ...
rae f., ¢, ¢yTh QYHKOHE {, yHAYTOKAON[ACCS BMECTE ¢ NEePBHIMHU IIpo-
H3BOAHHMHE, Koraa t pasHo Hymo. OysrumEy f,, @, BHYECIAAOTCA HO-
clIeloBaTeNbHO IO POpMyJIaM
t ot tot
fo=\at\pfosdt, @, =\dt \ pg,-idt
0 9 L]
opd ycnoBuu fo = 1, @, = L.
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Ecau MH 3aMeHHM yPaBHEeHWe CHCTeMOH NMHEeAHHX ypaBHeHMA
dr , dz'
F AN A
to monyumuM (m. 71), 4T0 XapakTepECTHIHOE ypaBHeHHe Oyner

(u)_lf(w)—u f (@)
L= (o)

¢ (o) —x
rre 24 = { (0) + ¢’ (o).

Ecim A? > 1, T0o KODHE XapaKTepHCTM4HOro ypasHeHMsa Oyayr
BEI[ECTBEHHHME H OfMH M3 HHX 9YNCIeHHO Goabme, APYrodl YHCIEHHO
menpme 1; ecim A% <{ 1, To XapakrepucTuyHHe KOpHM OyAyT MHH-
MMM B OyAyT MMeThb MOAyjm, paBHEe 1.

N3 dopmyan

A=145 Y (@) + ea@)]p"
n=1

=n?—24n +1=0,

n u3 Toro obcroarennctBa, uro upu p < 0 dyEkmun f, (0), ¢n ()
HONYYAIOTCA HOJ0RUTEASHHMY IS Y€THOTO /1 M OTPHNATEILHNMA JUIf
HEYETHOTO 12, 3AKIIOUACM: ecal PYHKYUSL P MONCEM NPUHUMAMD MOALKD
ompuyamessrble Ul Kyaesve 3nauenus (me Oydywu nyaem mosxcdecm-
8eHHO), MO KODHU TAPAKMEPUCIMUNHOZ0 YDAGHEHUR, OMEEULANUWe20
sadannomy ypaswenuio (p = —1), ecezda 6ydym eeujecmeennsMu 1 00UK
u3 HUZ, no modyaw, 6ydem Goavwe, a dpyz0i menvwe 1.

OcraHoBEMCA Temeph Ha ciydae, Korja QyEKOHA P MOMKeT MMETHh
TOJILKO HeOTPULATENbHHEe 3HAaYeHMs, He o6pamasch TORAECTBEHHO
B HYJb.

HETerpupya mo 4acTAM M MCOO0AB3YA cOOTHOmMEHEA fo = 1, o = I,

moJysaeM PaBEHCTBO
®

h(©) + ¢ (@ =0 pdr.

]

Jlns nonomarenasyoro t w upa n > 1 dyuxmun f, (¢), ¢n (¢) ynos-
JeTBOPAIOT HEPABEHCTBY

t
Sn = (Faca+ @na)t § pdt — 20 (F - @u) > 0.
[1]

HefictButensao, B3 QOPMYyIH

: dS'n
S,,:S 0t
9

HEeDOCPEeACTBEHHO HMeeM
t

Sy = Fat poo)at,

0
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e
t t
Fo=tfns$pat + (i + ¢nod) { pdt — 201,

] ]
t

D, = tgn— S Pat + (fuyt @naa) t — 200, ;-
0
Cosepmas wan F,, ®, npeobpasopanme, mogo6HOoe COBEpIICHHOMY
Han ¢yuxomedr S,, modyumM
t i t
Fo=§(2fna§pdt+ pu)dt, @, = @ptgny+onat,
0 0 0

rae
t

Uy = ((Pn-z + tfn—z) Sp dt -+ (Pln—l -+ tf;l—l - (2n - 1) fn—l’

0
t

vn = ((Pn-z + tfP;;-z) S Iy dt + fn-—l + tf;t—l—'" (271 - 1) (P;l—l-
1]

Hpu caenraHuHX OpeAnONOKeHAAX 0 HEOTPHEATENLHOCTH p QyHKINH
frs frns @ny @n AAA BCAKOTO n GYXYT HOJNYYATHCA HOJOKHETEILHHME
ans t > 0. U, cnenosarensuo, bysknman F,, @O, 6yxyr monomureas-
HHMH, €CJH HOJOKATeIbHENMA OyayT U,, V,. A ecad Hax QyHKIEAMEA
u,, v, Ipou3BecTE HOpeoGpasosanme, mpumenenuoe K S,, O, F,, 10
MOKHO HOJYIHTH

Uy =\ 2P (Prog + tfng) + Fny) dt,
vﬂ

|
!

fl

t
(2f;:—1 + 2(P’n—2 S pdt+ I’(Dn—1> dt.
0

U3 stux Qopmyn 3aria0gaeM, 410, €CJIM JIA MOJOMKHATSILHEMX 3Ha-
gennii { mMe0T MecTo Hepasenctsa F, , > 0, @, _; > 0, to nia rakax
e 3Hadesmd ¢ GynyTr mMeTh Mecto HepasemctBa F, >0, @, > 0,
a TeM caMuM W HepaseHcTso S, > 0.

s n = 2 | D0JN0KRETENBEOTO { HMeeM

4 t t
Fy=2 S{(Xpdt)’ 4 2pcp;} dt>0, ®,=2 \(pi* 4 2f)dt>0.
1] 0 9

JraM HepaseHctBO S, > 0 Mo:kHO cumrTarh noxasaHHEM. Ilomarag
B BeM ¢ = ®, OyaeM wuMmeTh

fa (@) + B ©) < [faet (@) + @ns @) 2= { p 2.
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Bupaenue A nia ypasHeHusa (45) mpuHuUMaeT BHJ
1 N n ‘
A=147 3 (1" [/ @ + ou (@)
n=1

B cmny mocaenHero HepaseHCTBa HAaXOMHUM

©

i——§pdt+——5_](1 e § £t U 0) 5 i (0] < 4

1

Al — ( %?Pdt) [an-1 (@) + Panor (@)]-

n

uw

CaenoBarelrpbHo, ecam
[0}

.

m&pdt<4,
0

To HeoGxomumo Oyger
—1< 4 <1

3THEM HOKa3HBaeTca cielyomas Teopema JlsanyHosa.

Ecau dynryus p maxosa, wmo Moxcem roAyLamy moibko NOAOICU-
menvrbe Uil pasHue HYAl0 3navenus (He 6YIyuu HYaeM MONCOeCMEEHHO),
u ecau npumom PYHEYUR sma Ydosaemeopaem YcA08UK0

©

mgpdt<4,
9

Mo KOpHU ZAPAKMEPUCIMUNHOZO YPABHEHUR, COOMMBEMCMEYI0uez0 Ypas-
nenwio (45), sceeda 6ydym muumsmu, 06.aadas modyramu, paswuinu 11).
Teopema paer ammp KocTaTodnme yciaosan. EcaE p ects HON0MKH-
TeJbHAS NOCTOAMHAA, TO KOPHH XapaKTepHCTHYHOrO yPaBHeHHSA
¥ (%) = O, orTBeuaiomero BemecTBeHHOMY HepHoAy ®, Oyayr mMerth
MoayiHd, pasEne efumume. Ho ecim p ecTs HOJOKHTeNILHAA HepHO-
nEgecKans QyHKOWA, MO)KHO IPHUBECTH IPHUMEPH, B KOTODHX Xapak-
TEPHCTHUHOE ypaBHeHme ofJajaer BEIIECTBEHHHMM KODHAMH, H3 KO-
TOPHX ONHH IO MOAYJI0 6yneT Goabme, qpyroi Menpme 1.
Hccnegosarme ycroiignBocTd B KPHTHIECKHX CAy4asAx, KOTAa Xa-
pPaKTepHECTHIHOe ypaBHeHHe Yy (%) = () EMeeT OJWH PaBHHH eJHHANE
KODeHb HWJH JBAa MHWMLIX KODHA ¢ MOAYJAMH, DPaBHEIMH eQHHHIE,
mono0HO HCCIeN0BAHMIO TeX ke BOIPOCOB s yPaBHEHHH ¢ IOCTOMH-
HHMHA Koadpummenramu. Caygam 9T paccMOTpeHH JIADyHOBHM B
B 0. 56—64 ero Tpyma «O6masn 3afaga 00 yCTOHYHBOCTH XBWKEHHEM.

1y Nansueiimme uccaegoBaBma A. M. JIanysoBa, cBSi3aHHHE ¢ YDPaBHEHHEM
(45), onybnuxosann B 3ammckax Axagemunm Hayx (8-a cepma.— 1902.— T. 13,
Ne 2) .



NIPUMEYAHHA *)

K ¢. 10. «OcTtpoymue JIANyHOBCKOTO ONpeNeNeHHS YCTOMYHBICTH COCTOMT
B TOM, 4T0 OlipefeJieHHe 3To He OecnpefelbHO UIMPOKO, HHAYe OHO OHLLIO OH
Ge3LlHTEPECHBIM, H CY/KEHO OHO POBHO HACTOIHKO, YTOGH OXBATHTE BCe KOPeHHOe BO
BCEBO3MOKHHX 3afiayax ycroidumsoctu.» (Yeraen H.T. O mexoTopmx 3apa-
qax 06 ycToiiumBocTH BH:KeRHA B MeXanuke. [/ [IMM.—1956.— T. 20, Bam. 3.—
C. 309—-314.)

K ¢. 11. 310 06CTOATENLCTBO NO3BOJAET ¢ YCHEXOM IPHMEHATH JIANMYHOE=
CKYIO TEOPHIO YCTOMYMBOCTH [JIfA PeIIeHAA BAMKHHX NPHKIATHHIX 3a4a4, BO3MOMK-
HOCTh 4ero Bnepsnie Oma ormedesa H. I'. YeraesuM eme B Hauasme 30-x romos
B er0 JeKUHAX MO YCTOHYMBOCTH CaAMOJETOB.

K ¢ 14. «B GonbmmBcTBe MHKeHePHHX 3afaY tpefyeTcs yAOBIETBOPHTDH
BHIIACAHHBIM B ONpe/leJIeRNN YCTOHYHABOCTH HepaBeHCTBAM NpPH 3afaHHBIX 3HAYEC-
HEAX A, A 3a OrpaHHYeHHHIl IPOMEKYTOK BPEMECHH OT HAYAJBHOIO MOMBHTA f,
1o Hexoroporo mMomenrta 7. Ilpm ¢uxcHpoBaBAHX 3HAYEHHAX BeJHIHH A, 4, ¢,
T ® ompeneleHuH ycTOHYMBOCTH BO3HHKaer ompefencrue (A, A, t,, T)-ycroigm-
BOCTH B KOHEYHOM 32 OrpaHMYCHHHH IpPOMEKYTOK BpeMeHH.

Hamenas, ecam tpefyercsa, npasue vacrn anpdepesumansEHX ypaBHeRMil
803MYIICHHOIO JBMKEeHHA B 3afade o (A, 4, t), T)-yCTONIHBOCTH COOTBETCTBEH-
aeiM oGpa3oM B obmacTAX

21f<l, A<232<H
s s

AIg BCAROrG ! > ¢, a B obmacTH
IR A
§

IS 3HAYEHHIl ¢, MpeBOCXOAAMEX 7', MM MOKeM NpPHBECTH HOCTABJICHHYIO 3aj4auy
o (A, 4, ty, T)-ycTOHYMBOCTH K HEKOTOPOH HaKpHBAWOIeH ee zajgawe Jignysosa
00 ycTOMYHBOCTH ¢ TeM [JONOJXHATELHEM OrpaHHICRHeM, UTolH [ias upeobpaso-
BaHHHX ypaBHeRmil QyHxumun JlanymoBa oljaganH OropopeHHHMH ¥ JlamysoBa
CBOICTBAME, HATHHAA C 3aAHHOIO ly, H YTOOH JUIA 3aJaHHOTO IMCAa A Noaygae-
soe mo Metofy JIANyHOBA WHCAO A OpeBHIIANO HAHM PABHAZOCH 3ajaBHON Aia A
seJiHIHHe.

OGCTOATENLCTBO 3TO [eliaeT HpaAMOH Merox JIAmyHOBa BechMa UEHHBIM s
TeX H3 NPHKJIAJHHIX 33/(a4 06 yCTOHIMBOCTH B KOHEYHOM 33 OTDaEAYEHHHIL Hpo-
MEIKYTOK BpeMEeHH, MJIA XOTOPHX CyHecTByer HAKpHTHe 3agadeit Jlamymosa.y
{(Ueraes H.T. O mexoropux BOIpPOCaX, OTHOCAIMXCA K 3agage o6 ycroiwn-

*) Cocrapiesst B. B. Pymannesnim
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BOCTH HeycraHosuBmuxcsa ppmwxenmi // IMM.—1960.— T. 24, Bmn. 1.—
C. 6—19.)|

K c. 16. «BBegernoe JianyHoBH MHOHATHE 3HAKOOIpeaejeHHOl dymxknuan,
eclIn OHAa 3aBHCHT ABHO OT f, OTIMYAaeTCH OT OOHYHEOTO NOHBWMAHHA 3HAKOOIpE-
menennoil $yskumn. Hanpumep, npu n = 2 yExknua

et (23 + 2D

AXA BCeX PpacCMATPHBAGMHX 3HAYEHHH ¢ ecTh OIpefe]eHHO-HONOKHATENbHAR
KBagparmyaas ¢opMa B oGHIHOM CMHICIE CHOBA H He ABIAETCSA 3HAKOOIpeeieH-
Holl B cMmucie Jlanynosa» (mpumedarmme [6] H. I'. YeraeBa x xmure Jlanysosa,
YKazaHHOH B npuMedan#d !) Ha c. 8).

K e¢. 20. Jna npukiaganx 3afad HMeeT 3EaYeHHe He Toabko (PakT cymect-
BOBaHHA YHCIA A 10 33JaHHEOMY THCIY A, HO I OleHKa 3THX JHCEJ H IPOBEPKa
HpPATOAHOCTH ONEHOK B KOHKPeTHHX YCAOBHAX 3ajadH, AIA dero ocobesmo ad-
dexTHBHHM oKasmBaerca Merox ¢Qysxnmii Jlamymosa.

K e. 24. Ha osrom mpumepe H. I'. YeraeB npeisioKmn MeTO[ NOCTPOGHHA
¢yaxnur JIauyEoBa B BHAE CBA3KH HHTErpajoB YpPaBHERHH BO3MYIIEHHHIX
ABWKeHHil, OKazapmeiica BecbMa OPQEKTHBHEM H BIHPOKO WDPHMEHAEMHM A
pemieEnA 3afad ycToiiumsocTdH B paboTax MHOTHX Hcciiefoparerneii. Boobme aror
MeToll COCTOMT, KOPOTKO, B ciexyomeM. ITycTe M3BeCTHH HEKOTOPHE roioMopd-
Hple MHTErpajik YpaBHEHHAH BO3MYDICHHHIX [BIKeBHI

Vi(zy ..., zg) =const (i=14,...,m), V;=0.

Oyaxnas Janynoba chOKTCﬂ B Bmxe CBA3KH HHTETPaJIOB

V(zl,...,z)_zxv+2p] 0 <k <<m),
=

rae A; — HEKOTOpHe NOCTOAHHHE, NOAOHpaeMble TaK, YTOOH cyMMa JIHHEHHHX
WICHOB B pa3io;keHnn pyHxuun V (z;, . . ., zp) B CTIeHHOH PAN 10 NepeMeHHHNM
Z; B OKPECTHOCTH HEBOSMYIIEHHOTO ABHKeHHA z; — 0 TOoIecTBeHHO paBHANACH
HyZJI0, TAK 970 pasiokeHHe 3T0if QYBKUUHM HauHHAeTCA ¢ KBagparayHoii gop-
mu VO

o«

V= 3 v,
r=2

OctaBummecs He onpejejeHENMH Koaddunmentst A, m n; Bubuparorca Taxkmmu,
wT06H KBappatmanas gopma V® Grua smakoompenenennoit, Torma B obxacT o-
CTATOYHO MAJWX N0 alCOJIOTHOH BeIHYMHEe 3HAYeHHWIl NepeMeHHHX 2z, Oymer
snaroonpeneiresnod #m ¢yExoua V, npmaem V' =0.

Tax mosiydeHHEe JOCTATOYHHE YCIOBHA YCTONIHBOCTH B PAfe CiAyIaeB, Kak
M B paccMATpHBAaeMOM IIPAMEpe, OKA3HBAIOTCA COBHANAMAMA (C TOYIHOCTHIO [0
3HAKA PaBeHCTBA) ¢ HEOOXONMMHMH YCIOBHAMH ycroiuBocTH. WHTepecHO oTMe-
TATH, YTO [JIA NONYIeHHS TAKAX YCAOBHH yCTOHYABOCTH HHOTJA AOCTATOYHO HC-
NOJH30BATH JIMIIbL YACTL H3BECTHHIX HEPBHX HHTErpanoB (CM., Hampumep: P y -
Mmaanes B.B. 06 ycroilunsocT BpaleHAA THKEIOTO TBEPAOTO Teja ¢ OJHOH
genoaBmKkAoil  Toukoil B cayuae C. B. HKosaxesckoii, /[ IMM — 1954.—
T. 18, Bom. 4.— C. 457—458).
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K ¢. 26. Bonpocu| cymecrposarua ¢yrkumn JIsanyroBa, YAOBIeTBOpAIOmeH
YCI0BUAM TeopeMBl 00 ACHMITOTHYECKOH YCTOHYMBOCTH, HCCIIEOBANHCH PAIOM
aBropoB. B pesayiasrTaTe moXa3zaHa oGpaTmMocTh TeopeMsl JIanyHoBa 06 acHMITO-
rEdeckol ycrofigmBoctm (cM.: Kpacoscxumin H. H. Hexoropme zagasm
TEOPHH YCTOHIHBOCTH IBH/KEHEA.— M.: ®uamarrms, 1959, c. 211).

K e. 29%. Boupoc o cymecrsopannu pysxnuu V (Z, z), ynosiersopsomei
yenopuam Teopemd H. T'. UeraeBa s BcAkoro HeycTOHYHBOTO HEBO3MYIEHHOTO
apmkenns, paspeummsm Y. Bpxou (O6pamenue rteopemn Yeraema // Yexocion.
Mart. KypH. —1955.— T. 5 (80)) = H. H. Kpacosckuil (cM. Momorpadmio, yka-
3aHHYI0 B upAMeYaEHH K ©. 26},

K ¢. 29**, U3 asyx TeopeM JIanmyHoBa 0 HeyCTOHIABOCTH BTOpas obparaMa,
a nepsaa o6parmma me Bcerna (KpacoBcxmil H. H. Hexoropme zagaum
TeOpAH YyCTolumBOCTH ABMKenma.— M.: @mamarrams, 1959.)

K ¢. 30. 91a Teopema copmynmpoBaHa cuefyomuM obpazom:

Ecan pupdepenuyaibEnie ypaBEeHHs BO3MYHICHHOTO [BIGKEHHSA TAKOBH,
4910: 1) ANA HEKOTOpO#l jollycKawiue#l GeckoHedHO BHCIMEE Npemen QyHKIHE
V (¢, x) cymectsyer o6nacts, rae VV’' > 0, B 2) piiAa HeXoTOpuX 3HaYeHHi Be-
JHYMH Iz, TACHEHHO CKOJAL YIojHO MJIHX, B o0mactm VV' > 0 Bo3MOKHO Bhe-
aath o6aacTh, B KOTOpoil Hekoropasa Pymkuua W > 0 m Ha rpasdne Kotopoi
W = 0 3ravenns noxnoi HpousBofHOH W’ cyTb 0HHOr0 KaKoro-anbo onpepeies-
HOTO 3HAKA, TO HEBO3MYHICHHOE NBHKeHHEe HEYCTOHUHBO.

CrenyeT OTMETHTb, UTO LIPH PCUICHHA BOIPOCOB 0 HEYCTOHIHBOCTH 1execo06-
Pa3Ho PacCMATPHBATH HHTEPBAJX M3MEHCHOA BpeMenH (f), oo] 3aKpHTHM ¥ cymecT-
poBamge o6xactm V > 0 nmommMarh KaK ee HENYCTOTY HH AJIA KAKOro ! Ha 3TOM
MHTEepBaJe.

Ecau paccmarpuBaeMas B TeopeMe obaacte VV' >0 orpanmsema V =0
® npHA 31oM V' > 0, 1o 3a dyurnuw W TeopeMH BO3MOMKHO B3aATh PyEkmmio V.

B xagecrse pynxume W MoxmO Takke BHOpaTh V', TOrAa moaygaercsa mep-
BOHAYAAbLHAA (OPMYTHpPOBKA TeOpeMH 0 HEYCTONYHBOCTH, fAaHHaa B pabore:
Yeraen H.T. Sur la réciproque du théoréme de Lagrange // C. R. Acad.
Sci.— Paris, 1930.— V. 190.— P. 360—362.

K c. 36. JemenTapHne (T. €. IyTeM ABHOrO NocTpoeEHa O¢yExnum V)
NOKa3aTenLCTBA A PAAA ApYrux Goxee cJOKHHX B TOHKHX clydaes oOpalenna
teopemnl Jlarpamka Geurm paEs B cratbe: Yertaes H.T. O meycroitumpoctn
PABHOBECHA B HEKOTOPHX CIYIafX, Korga GQyHKUHA CHI He eCTb MAKCHMYM //
IIMM.—1952.— T. 16, san. 1.— C. 89—93.

M3 orEx caywaes npusepeM nBa HamGomee oluluX:

1°. Iycrs cumobaa PpyExuma umeer B U = Uy, + Uy 4+ -+ Ugg +

- Ug + Ugyy + . .., tRe Bce opmopoamrie $opmut Upy, . . ., Uy, HOCTOsAHHO
orpunarenbns, ‘Gopmt Uk,q, - - ., Ukysy - - - HOCTOSHHO IONOKHTENLEH, a dop-
ma U) sHaxomepememma, npuseM Qymxuma U, -+ Upyg+ . .0 4 Uk + U

AJIA YHCJAeHHO MOCTATOYHO MAMHX 3HAUCHMH NepeMeHHHX ¢s; MoKeT OBITh cHenaHa
nonoxurenbnoii. Torma mojokeHue paBHOBecHA ¢s = 0 HeycTodgmBO.

JoKxasarelbcTBO HPOBOXUTCH PaccMOTpeHneM (yHKIHA

V:—'HZpsqs‘
s



174 TIPUMEYAHUA

n
2°, MMycrp 1) AAs# 9ACAEHHO CKOJb YIONMHO MAJHX ¢, TAKAX 4TO Z q§< 1,

s§=1
cymecTByeT HeKortopad' obmacte C, B xoropoil pysxuma cmn U > 0; 2) cymect-

B8YIOT HEKOTOPHME HellpephBHHE B C BMeCTEe CO CBOHMMH JaCTHHIMH NpON3BOXBHMHA

mepsoro nopaaxa ¢yrknma f; (¢, . . ., gn), obnapaomue csoiicrBamu: f; (0) =
= (), Bce IMaBHHE JHArOHAJbHLE MHHODPH OIpeJeJ]ATeNA
of, o,
"b,-s”v b,-s = 5qr T 5qs (ris=1,..., n)

OTPAaHMYCHH CHH3Y [MOJOKHTeIBHHMHA dHCIaMH B ofaacta C; QyHruus
n

U
E B f, onpenenenno monoxuTeanHa B ofnactu C. Torga nojosenne pasHo-
s .
8=1 N

BECHs HeyCTOHYHBO.
JloxasaTeascTBO MNMPOBOAHTCA paccMorpendmeM Qyskumm V = —H Z Dafs.
8

9tu Teopemnl UeTaeBa cHrpaim BaMKHYIO Poiib B oGpameHHAX Teopemut Jlar-
pam;Ka, NaHHHX BNocldelcTBHM B paforax psana asTopos.

K ec. 80. 9ror, npumep copepxurca B cratbe: Y eraes H. I'' O subope
papaMerpoB] ycroiiumBoH Mexamudeckod cmcrems // [IMM.— 1954.— T. 15,
sun. 3.— C. 371—372. lenslo ee GBI NOKa3 HECOCTOATENBHOCTH HHTETPATbHEX
OLIEHOK JUIA OTAEIHHHX TPAEKTOPHH, COOTBETCTBYIOIMNX H30pPAHHHEM HAJAXLHEIM
YCIOBHAM, A HOJHOH XapaKTePHCTHKY ONTAMATIBHHX CBOHCTB JHHEHHHX CHC-
TeM M NOJYyIeHHe HACTOAU(AX OLEHOK MertopoM ¢yskumii Jlamysosa.

3navenne 370l paboTH BEHIXOJHT 3a PAMKH DAcCMOTPEHHOH KOHKpeTHoOH 3a-
Ravym: obuime coofpaskeBHA, Ie;KallHe B OCHOBE MPE/IOKeHHOI0 YeraeBHM METO-
Aa NONyYeHHH ONEHOK KayecTBA NepeXoqHOTO Mpolecca B CHCTEME, IPAMEHUMEI
K 3HAYATENLHO (oiee oOIUM clAyZIasM, KOTAA MoKeT OHTH mocTtpoeHa QyHKIMA
Jlanynosa ¥ NOAMEYEHA CBA3h MEMAY OUEHKAMHA CBOMCTB 3Toil QyHKUHEH A ee
NOAHROI IPOM3BOXHON A MapaMeTPaMH CHCTEMEl. ITOT METOJ NOJyINI ITHPOKO®
PacipocTPAHEHHE M DAJOM HCC/IejoBaTelell HANJEHH M0Je3Hbe [UIA NPAKTHKE
sddexTUBENE OUEHKHM CKOPOCTH 3aTYXaHHA IIEPEeXOJHOro Npollecca B HECTALHO-
HapHHEX JHHCHHHX M HeTHHeHHWX CHCTEMaXx.

K c¢. 87. OBo ocTaeTcs cipaBe[IMBHIM H HPH OXHOBPeMeHHOM 100aBleHHH
THPOCKOUNYECKHX CHJA.

K c. 141. Oupepnenerunte JIANYHOBBIM Hpefessl XapPaKTePHCTHIHHX YHCENR
BO3MOKHO yTo3HHATH (cM. ctathio H. I'. YeraeBa, ynomumHaemyio B IpAMeYaHHUR
K ¢. 14), a mmenHo:

Xap. YHCIO exp Sa dt > xap. waciao {z,} > xap. 4Hci0 exp SB dt,

rie @ # B ofo3HayawT, COOTBETCTBEHHO, HAMMEHLMMA H HAHGONBLIIMEA KOPHE
ypaBEEHHAA

Dy TP rs
—_— — 8, x| =0

Cnepmcrts e HanveEbIlee XapakTepUCTHYHOC YHCAO peHleHMH ypaBHe-
HAil (35) GymeT IOJOKATENHLHO, €CHH NOJOKETEIbHHM OyjeT XapaKTOPUCTHIYHOO
ancto Qyuxumm exp \ B de.
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K e. 145*. «Bompoc 06 ycToHYMBOCTRE HEBOIMYIMIERHOTO ABMKEHHA z, =
As ypapHesmi (35) paspemaercA] 3HAKOM HaMMEHBIIErO XapPaKTePHCTHIHOTO
YHCIa; 3T0 COXpaHAeTCH, €ClA 3afaHHEE YpaBHeHHA HPABHILHKW H B HAX JOLOJ-
HATEXHHO CYHIECTBYIOT WiIeHH X, HAYMHAWIIUECA B CBOHX DA3JO0KEHAAX 1O Ie-
JHM TONOMATEILHNM CTEHEHAM ¢ WICHOB He HIKe BTOPOr0 H3MepeHAd. ITH
06CTOATEALCTBA IENAT NPABECHHYI0 TEOPEMY NPAKTHIECKH IONE3HOi, TaK Kak
3afia4a 00 ycTOHTHBOCTH CBOJHTCA IPH TOMOH(M Hee K ajrefpamdeckoMy ypas-
HEeHHIO

ey, — 8, A= (—1)" A"+ a1 4. da )=0.

Cornaceo Teopeme I'ypsuna «¢...HeofXofuMoe H A0CTATOYHOE YCIOBHE A TON0-
KUTEJBHOCTH HAMMEHbIIEro XapaxTepHCTHYHOro WHGIa ypaBHeHmi (35) ¢ xosd-
(EOHeHTAMA Dy, CTPEMALIMMECA K OIPERENeHHHM IPENeaM ¢y HPH HeorpaHH-
9eHHOM pocTe ¢, COCTOHT M3 HepaBeHcTB A; >0 (j =1, ..., n), Tae A, cyrp
r7IaBHHE AHATOHAJbHHE MAHOPH MATPHIK

ay 1 0 o ...

ag ax a; 1 ... |»

(Heraes H: T. O paumeEsIleM XapakrepmcrauHoM  gmcie // [IMM.—
1945.— T. 9, Bum. 3.— C. 193—196).

K c. 145*. lna cayuasa yCTOHYHBOCTH MOKHO YTOYHHTEL JAAHHYIO OIeHKY
(cM. cTatbio YeraeBa, UMTHAPYEMYI0 B IpAMedaHHH X c. 14).

K c. 146**. B cratbe H. I'. Yeraesa «06 ycroitamBocTn rpy0HIX CHCTEM»
(IIMM.— 1960.— T. 24, Bum. 1.— C. 20—22) 1A clydas YCTOHIHBOCTH BhIBE-
ACHH ONEHKH HaH0OJbIMNX H HAUMEHLNIAX OTKIOHEHWIl BO3MYHIEHHBIX IepeMeH-
HHX, HOJyYABININe B AajpHedmeM GojbINoe NpHIOKEHHE B IPAKTHYECKHX pac-
yerax.

K e. 147. Cm. nprmegaBme ** x ¢. 145.

K e. 151. B n. 68 H. I'. UeraeB gaer JokazaTeancrBo cBoel pyHZaMeRTaNb-
Holl TeopeMul, XoTopa# obollIaer TeopeMy Jlarpamka i/ia paBHOBecHH I TeopeMy
Nyankape — JlanyHsoBa pAin nepmopmdeckux ppmkenuit (Ueraes H. T.
06 onmoit samave Komm // IMM.— 1945.— T. 9, sun. 2.— C. 139—142).

Ke. 155.Cm.: Yertaen H. I'. O gexoTopsXx Bonpocax o ycroiduuBocTH
H HeYCTOMYHMBOCTH JAJNsA HelpaBmiIbHWX  cucreM // IMM.— 1948.— T. 12,
BuO. 5.— C. 639—642.

K e. 164. Hpemnomennnii H. I'. YeraesuM MeToj DpuOAM;KeHHOTO olpefe-
JIeHHst XAPaKTePHCTHYHOrO YpPaBHEHHA M OIECHOK XapaKTePHCTHIHHX YHceJ Iy-
TeM ycpenHeEHs Ko3§dauumentos umeeT Goipmoe 3madeHdme A NPAKTAYECCKEX
pacueTos.
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