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. NPEJAUCIIOBHE K PYCCKOMY H3JLAHHIO

Teopus aareSpanveckux (yHKUHME OJHOTO KOMILIEKCHOTO
nepeMeHHOro Obia cosnada B XIX Bexe Tpynamu I'aycca, Abens,
flko6un, Pumana, Befiepurrpacca, Kaefina. Torja e Hauaaa pas-
BHBATbCA TeOPHA anre6panyeckux OYHKUMHA HECKOJIBKHUX KOM-
MJIeKCHBIX NepPeMeHHBIX.

B nanpHeftiueM BBIIEAWJIHCH [BA OCHOBHBHIX MOAXOAd K TeO-
pun anreSpandeckux GyHKLHA,

[MepBuifi cocrouT B u3yueHHu aJnreGpanyeckux MHorooGpa-
3uft yucro anreOpanvecKUMH MeToraMu. PesyabraTel, MOJyYeH-
Hble TaKMM CHOCOGOM, OOBIYHO OTHOCATCA K aareOpandyecKHM
MHOTOO0Opa3uaM Hajl TMPOM3BOJbHEIM OCHOBHBIM TOJEM. IDTO Ha-
Npap/JeHie YpesBHYANHO BaXHO AJA TEOPHH YHCEN.

OnxuM ¥u3 BaxHeHIIMX NpUMeHeHHR 35TOH TeopHH ABAAETCA
OUEHKA PauMOHaJbHOH TpPUTrOHOMETpPUYeCKOH CYMMH, MpHHALAE-
wauias A. Befimo. :

Bropo#t nonxox— 3To H3yueHMe anareGpaMdecKHX MHOTO-
oOpasult MeTonaMu aHa/iW3a W TOmoJaOrHH. Pesyabrarhi, HaltneH-
Hble 3THMH METOZAMH, OTHOCATCS B OCHOBHOM K KOMILIEKCHHIM
anre6pauyecKUM MHOrOOGpasuaM.

IMpennaraeMas uuraremo kHura Yxsup LlsH-msHa mocBa-
HleHa M3YYeHHIO aare6panyecKHX MHOroOGpasuit Haa MOJEM KOM-
MJeKCHBIX YHCeJ C TOYKH 3peHHd BTOPOro MOAX0Ad, T. €. C HO-
MOWIbI0 MOLIHBIX TOTOJIOTHYECKHX M aHAJUTHYECKHX CpPelCTB.

B Teyenue nocnefHHX AecaTH JeT B 3Tolt o6isactd Obla no-
JyueH psji 3aMeyare/ibHBIX pe3ynabTaroB. IlepednciuM OCHOBHHEe
U3 HHX. : ‘

Xopolio H3BeCTHO, 4TO JI060e KOMIAKTHOE KOMIJIEKCHOE
MHOroo6pasue pasMepHOCTH 1 sgBiaserTcs anre6panyecKHM MHOTO-
oGpasueM. B cayuae, korja pasMepHocTb MHOrooGpasus GoJbiue 1,
310 yxKe He Tak. TeopeMa Konauptt (cM. § 15 Hacroswe# KHuru)
laeT HeOOXOAMMOe M JOCT3TOUHOE YCJOBHE JAJA TOro, 4ToOH



6 IIpeducrosue k pycckomy usdanuto

KOMNAKTHOE KOMILIEKCHOE MHOrooOpasue Oniio aareGpanyeckuM
MHOrooGpasueM.

B rteopun amre6panmyeckux (YHKUHK OAHOTO KOMIUIEKCHOTO
nepeMeHHOr0 LEHTPAAbHOE MeCTO NMPUHAMJIENUT ABYM TeOpeMaM.
3ro teopeMa Pumana-—Poxa u teopema AGens. Teopema Pu-
MaHa — Poxa 103BosseT BHYHCAMTB Pa3MEPHOCTh MPOCTPAHCTBA
MEPOMOP(DHBIX ¢yHKUUH, NOMOCH KOTOPHIX HAXQAATCS TOJBKO
B NaHHBIX TOYKAX W HMe0T MNOPAAKH, He MNPeBOCXOJsliHe AaH-
HBIX yucel. Teopema AGeaa B mpocrefiwe#l cBoedt ¢opMe oTBe-
yaeT Ha BONMPOC, KOTAa JNaHHAS COBOKYNMHOCTb TOYeK SIBASETCH
COBOKYMHOCTBIO HyJe# M MNOJIOCOB HEKOTOpPOH MepoMopdHoH
dyHKIUU.

Bnaronaps pab6oram Koaaupsl, Crencepa u Xupue6pyxa Oplin
HafineHsl BeCbMA riyOokue 0GOOLIEHHA 3TUX TeopeM Ha anreOpau-
yeckue MHOrooOpasns npousBo/bHOH pasmepHocTH. KHura YUwsHb
13H-119HA COMePIKUT HU3JIOKeHHe ITUX pPaboT.

Hayunaercs kHMra ¢ TeOpuUM rapMoHMyeCKUX (OpPM Ha Kele-
poBoM MHorooOpaszumn (§§ 2—4).

B § 8 usnaraiorca OCHOBHEIE MOHSTHS TEOPUM NYYKOB.

Hanee unper usaowenue pador Kogaupw u Crencepa, coxep-
Kawux o6obuwenne TeopeMmbl Alens Ha anreGpauyeckue MHOro-
0Opasus npoussoibHOH pasmepHoctu (§§ 9—10).

3areM M3J0MeHa TEOPHS XaPAKTEPHCTHYECKHX KJIACCOB, B KO-
TOPO#f MHOTHMe BaxHefline pe3ynbTATH MPHHALMEKAT AaBTOPY
KHHTH.

B § 15 naHo wusnowxenne ¢yulaMenraibHO# Teopemb Ko-
DBaupHl.

B §§ 16—18 usnaraercs npunaaiexaulee Xupueopyxy 0606-
weHye teopeMel Pumana — Poxa.

Cpeau paGoT, He MNOJYYMBIUMX OTPa)keHUs B Kuure YxsHb
11I3H-m3Hs, caefyeT OTMETHTb B NepByl0 odepenb pabornl I'po-
TeHIUKa, B KOTOPBIX JAHO APYroe AOKa3aTe/ bCTBO 00600uieHHOH
TeopeMbl PuMana — Poxa [4]. lokasareabctBo I'poTeHANKA OCHO-
BaHO HA HUCTO anreGPaHyecknX MeTOJaX U MO3TOMY NPHMEHHMO
K anreGpanyecKUM MHOrooGpasmsM Hajl HPOHU3BOJbHHIM OCHOBHBIM
anre6pamyecku 3aMKHyTHIM nojeM. CienyeT Takme OTMETHUThb
paorst Konampwl u Crnencepa {27, 28] mo aedopMaunaM Kom-
NJeKCHBIX CTPyKTyp u pabory Konanmpw [22] mno aByMepHBIM
KOMILIEKCHEIM KOMIAKTHHIM MHOroo6pasuam.

B xuure raxme TOYTH HE OCBeuleHA TeopHs abeleBHIX MHO-
roo6Gpasuit, T, e, aare6panyecKux MHOrooGpasuil, KOTOPHIE B TO K6
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BpeMa ABAAIOTCA rpynnamu. [loapoOHoe Ha/ioxenne Teopuu abe-
AeBHIX MHOTOoOOpasumfi Hald TOJEM KOMILIEKCHBIX HHCEN HMeeTCs
B kHure A. Befinin ,BeneHne B TeopHi0 KenepoBHIX MHOr006-
pasuit“ [7]. B macroauiee Bpema B lspaTeabCTBe MHOCTPaHHOM
JAUTEpPATypH TOTOBUTCS NepeBOA 3TOH KHATH.

Jlng uTeHus KHUrM TpeOyeTcd 3HAKOMCTBO C YHHBEPCHUTET-
CKHMY KypCaMU JuUHeHHOM aare0phl, KOMILIEKCHOT'O NMepeMeHHOro
C OCHOBaMH Teopuu rpynn Jld, a Taxwe c OcHOBaMu anreGpau-
yeCKOH TONMOJIOrWH H TEOPHH PAacCHOEHHHIX nmpoctpanctB. Hamu-
C4Ha KHHFa BeCbMa CXaro, U ee OCBOeHHe NOTpebyer OT yura-
TeJqd GOJAbIMX YCHIUA.

CnenyeT OTMeTHTb, YTO OPMTHHAJI 3TO{ KHUFU TpeACTaBiseT
co0o#t u3naHHoe HeGOJbIIUM THPAKOM M3JIOKEHUE JEKUUH aBTopa.
B psze MecT 3TO H3T0XeHHe COAEPKUT HeGOJBIIKHE HETOYHOCTH,
¥ TO3TOMY IpH NepeBOJe B TeKCT KHUIH OBIIM BHECEHH HEKO-
TOpHE HU3MeHeHHUs.

B xauecTBe npuMepoB ykaxeMm, uto B § 14 wucnpasieHo
IoKasaTeabCTBO TeopeMbl HaxaHo -— Ceppa U B CB3M C 3THM
BHECeHBl HeKOTOpHe H3MeHeHHs B JOKasaTeJbCTBO JeMMH |,
npeawecrtByouett Teopeme Koaanpw; nepecrasiens §§ 15 u 16;
B § 10 yroyHeHo onpeieneHHe NHBH3OPA.

[MoMeuieHnpe B KOHLEe KHHTH NMPHMeYaHHd NEePeBOJYHKA CJy-
5KAT B OCHOBHOM [/ Da3'bACHEeHHs CJAMLIKOM CXaThiX x0Ka3a-
TeJbCTB aBTOpa. HekoTophie M3 nmpuMeuanufl comep:kar nokasa-
TENTbCTBA TeOpeM, ABJAAOIUXCA eCTeCTBEHHBIM  JONOJHEHHEM
K OCHOBHOMY TeKCTy KHUru. K UHCIy UX npuHAmJIexKHT TeopeMa
oy O TOM, Y4TO BCAKOEe KOMMNAKTHOE KOMIJIEKCHOE MOAMHOTO-
ofpasue NMPOeKTHBHOTO NPOCTPAHCTBA sIBJIseTCd anreOpandecKuM
MHOroo0pasueM (npuMeuanne 19),

B KoHLle KHATH TIOMeLIeH CNUCOK JUTePaTypH, COCTaBJeHHHH
NepeBOAYUKOM, H B TEKCT BCTaBJEHHl CCHIJIKH Ha 3TOT CIIUCOK.

H. H. Hameyruii-1llanupo



NPEIHCJIOBHUHE

DTH 3aMeTKH O KOMILIEKCHBIX MHOT 000D a3nsX HalUCaHbl HA OCHO-
Be Kypca JeKuHi, IPOYHTAHHOM MHOIO OceHbio U 3uMoit 1955/56 r.
OHu HaxopnsTca B HEYNOBJETBOPHTENbHOM COCTOSHHM U He Npej-
Ha3Ha4eHbl 149 WHpPoKO# nyOamkauun. f 6Jaronapio MHCCHC
Hetienxéiic 3a ee paoty, crenaBUIyI0O 3TH 3aMeTKH JNOCTYTHBIMH.
Uurarenn, KOTOPBIX HHTepeCyeT NpeaMeT, MOTYT HaltTi
CCBIIKM Ha OpHTHHaAbHble CTaThbd B CJENYIOUIMX HCTOYHHKAX:
F. Hirzebruch, Neue topologische Methoden in der

algebraischen Geometrie, 1956.
S. Chern, Scientific Report on the Second Summer
Institute, Part II, Bull. A. M, S., 62 (2), 101—117

(1956).
Yncano Lllon-wans



1.‘
Bgedenue

Kypc nenurcs Ha TPH 4acTH: reOMeTpHs KeJeDOBHIX MHOrO-
o0pasuit, Myyky U UX NPUJ0XKeHHs U TeopeMa Pumana — Poxa. Mui
HauHeM C TNOHATHA KOMIVIEKCHOT'O MHOTOOGpa3us H HeCKOJbKHX
TIPUMEPOB.

Konnaercroe mno2006pasue — 370 XaycnoppoBo NpoCTpaH-
CTBO, NOKPHTOE OKPEeCTHOCTAMH, Kax/Aas H3 KOTODHX FOMeo-
MopdHa o00aacTH B #-MEpPHOM KOMILIEKCHOM TPOCTPaHCTBE,
NpHuYeM B NepeceyeHut ABYX OKPECTHOCTel OJHH JOKAIbHbE KOOD-
JLHMHATH 1peoOpasyloTca B Apyrue NOCPeICTBOM KOMINIEKCHO-aHa-
JHTHYECKOTO NpeoOpasoBanus. JTO 3HaYUT, yTO ecau 2%, ..., 2" —
JOKa/bHEEe KOODAMHATH B OJHOM TakOH OKPeCTHOCTH M ecCH
w!, ..., @W"— JOKaJbHEle KOOPAHHATH B APYrod OKPecTHOCTH,
TO TaM, I'lie onpejeseHbl 00e 9TH CHCTeMbl KOODJHHAT, MBI HMeeM
wi=ut(2, ..., 2"), rae Kaxaaa #' eCTb KOMILIEKCHO-aHa/H-
THYeckas QyHkuMs oT 2%, ..., 2" W GYHKUMOHAILHBIA onpene-
JTUTEND

o(w', ..., w% £ 0.
0(2% ..., 2"

Tonoaoru4eckoe CTpOeHHe NPOCTPAHCTBA KOMIJIEKCHOTO MHO-
roo6pasnd Bceraa o0gafaeT C/AELYIOUIHMH [BYMs CBOHCTBaMu:

1) yeTHOMePHOCTD,

2) OpHeHTHPYEMOCTD. 4

Heo6xonuMocTe mnepBoro ycaoBus oOueBMAHA. [laa poxasa-
TeJbCTBA HEOGXOAUMOCTH BTOPOFO YCJIOBHA MBI IIOKAXKEM, HTO
KOMILIEKCHAsl CTPYKTYPa MHAYUHDYET eCTeCTBeHHYI0 OpHeHTaLMIO
npocrpancTea. JlOCTaTOYHO NOKA3aTh, YTO B KaWAOH KOOpAH- -
HATHO! OKDPECTHOCTH MOXHO ONpeje/]HTb BeuleCTBEHHYIO AH-
depennuanbuyio gopmy!) cremenn 2, Tak, 4YTOOB B nepecede-
HHM JBYX OKPECTHOCTeH 3TH ¢(OPMB OT/IHYAJIUCH HA TOJOMHU-
TeJdbHHR MHOMHUTedb. Ecam 2% — nokanbHEle KOOPAMHATH, TO
nonoxum z¢F=x*-}-iy Torma x* u y* Oynyr BewecTBeH-
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HBHIMM JIOKAMBHBIMH KOODAWHATaMH M dzk = dx* 4 idy®. Ilycth
2k = x* —iy*, rak uro dzF=dx* —idyk. Torna dz* A\ dz*=
==— 2l dx* A\ dy*. 3naumr,
dx' N\ ... AdxP ANV A L. Adyt=
1\n = -

:(-2-) d2VA ... Ndzt NdZL A ... \dan.
Orciona cienyer, uTo ¢opMa B NMPaBoR yacTu $IBAsETCs Bele-
crBenHOH. TloxaxeM, 4YTO 3aMeHa JIOKAJbHBIX KOODAHHAT H3Me-

HeT 3Ty OpMYy Ha NOJOKHTEJIbHHH MHOXHTedb. Ecan w® —
Apyrofl HaGOp JOKalbHBIX KOOPIMHAT, TO

dwot N\ ... Ndwr=Jd2* A\ ... N\ dz",

_ 0w, ..., wh)
rae J= m N TOFﬂa
. dwl A ... Ndwr=JdZ' A\ ... \dzn,
3Hayur,

dwl A ... Adat Adaot A ... N\ dot =
=JJd2A N\ ... Ndzn NdZVA ... A dz",

Tak yto ({2yrdz2 AN\ ... Adzr ANd2V A ... A dz' ortauyaercs
OT COOTBETCTBYIOIIErO BHIpaeHH B KOOpAHHATAX WF Ha moJo-
XUTeJbHBIH MHOMXHTEJb.

OTH HeoOGXOaMMBIE YCJIOBHS He SBJIAIOTCS NOCTAaTOYHHIMU. Ha-
npumep, ciepa S* obGranaer oGoMMM yKa3aHHBHIMU CBOMCTBaMmy,
HO, Kak Obljo nokazaHo XomgoMm u JpecmanoM [38], He Homy-
CKaeT KOMILIEKCHOH CTPYKTYDHI.

Mb  GyzeM T10/7b30BaThCd  CAGAYIOUWMMH  O0GO3HAUEHUAMHU:
y OykBb, KOTOpas 0003HauaeT NPOCTPAHCTBO, HHXKHUHM HHAeKC
eCTb ero KOMILJEKCHAd pasMepHOCTb, a BepXHHH MHAeKC — ero
BeuleCTBeHHAs Pa3MepHOCTh.

MMpuMeps KOMONJAeKCHHX MHoOTOOGpasufl

(1.1) JIo6as opuenmuposannas 08YMePHAST NOBEPXHOCHLL
donyckaem KOMNACKCRYIO CHPYKMYPY.

HoxaszaTenbcTBO. BBezem cHauana Ha NOBEpPXHOCTH
PMMaHOBY MeTpPUKY. DTa pUMaHOBa MeTPHKA HBJAETCA JOKAAbHO
KOH(ODMHON: CYmecTBYIOT H30TepMHYeCKHe JOKaJbHble MNapa-
MeTphl #, U (T. e, Takue, uto ds?=DX\(du?—+}dv?), rae 2> 0).
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ITO XOPOWO H3BECTHO, €CJAH NPEeANOJONKHTb, YTO METPHKA aHa-
JUTHYHA, U ObLIO J0Ka3aHo B OoJjee oOuwedl curyauun KOpHOM
1 JlnxtenmTe#iHOM. YT1OOB BBECTH KOMIJIEKCHYIO CTPYKTYDY,
NOMONKHUM W ==u -} i{v (Tae mnopsaok OyKB #, ¥ OTBeuaeT BHi-
Gpanno#t opuentanuu nosepxHoctn). Toraa ds?—=)\dwdw, rie
B NpaBOff uacTH yMHOXeHHe oObiyHOe. B 1pyro#f cucreme uso=
TePMHYECKUX TMapaMETPOB MBI HMeeM dsQ‘pdEdE rae g > 0.
V3 cootnowenus df = a dw + bdw cienyer, uto ab=ab=0,
v, 3Hauur, Mmb6o a =0, nubo b=0. Mcnoapays opueHrauuio
Aasg TOro, yTo6nl UKCHPOBATH NMOPAAOK H30TEPMHUYECKHX Napas
MeTpOB, Mbl nosyyaeM b= 02). Toraa df nponopuuoHanbHo dw,
CJeoBaTebHO, § — KOMIJIEKCHO-aHa/MnTHYecKasd (QyHKHHA OT w.
Mpbl nokasanu TeM CaMbIM, 4TO JOKa/JbHble KOOPAHHATH W, Onpe-
lenseMble M30TEPMUYECKHMU TapaMeTpaMu, o6pasyloT KOMILIe-
KCHYIO CTPYKTYpy H4 NOBepXHOCTH.

(1.2) KomnnekcHoe n-MepHOe BEKTOPHOe npocTpancTso C,
o0pasyeT KOMIJIEKCHOe MHOIoo6Gpasue, MOKPHITOe OAHOH CHCTe-
MOft xoopanHar. KoMmiexcHoe MpOeKTHBHOe NpocTpaHcTBo P,
T. €. NPOCTPAHCTBO KOMIIJIEKCHBIX MNPAMBIX, NPOXOAAUIUX 4Yepe3
Hauano koopaunar B C,,;, 06pasyeT KOMIIEKCHOe MHOroobpa-
sue. PaccmoTpnM orobpamenne w:S2771 — P | conocrapasiomee

_TouKe ¢ KoopauHatamu (20, . .., 27), rie X, ziz! == 1, Touky npo-
7

cTpaHcTBa P,, MMeouULyl0 OJHOPOAHBle KoopauHare (29,.. ., 27).
ITpoobpas noGo# puxcHpoBaHHON TOUKK ABAKETCH OKPYIKHOCTLIO.
[Tosb3ysch 3THM pacclOeHHEM, MOKHO BBeCTH 3DMHUTOBY Me-
TpuKy %) B nmpocrpaucrse P,. IlocpeicTBOM KOOpA#HAT B MpO-
crpanctBe C, ., onpenelnM ¢opMmy

ds?= X dzk dzk — (2 z* dzk) . (ZEJ dzf),
7 3 '

J

KOTOpylo OyneM paccMarpuBaTh Kak ¢opmy Ha SV, Jlag no-
KasaTeAbCTBA TOr'O, yTO 3Ta ¢GopMa noaydaerca u3 (OpMBI Ha
npocrpancTBe P, HaM HYXHO TOJAbKO IOKa3aTh, YTO OHa WHBa~
puaHTHa mpu AeHcTBUM Kpyroso# rpynuel Ha S+l Tloa 3TuM
Mbl TIOHHAMaeM, 4TO npH oToGpaxennu S22t St 5 S+l gnpe-
AesieHHOM popMyTOH

(2% ..., 27) X elr—>(ela20, ..., elegn),
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dopma nepexonut B ce6s. Ilpn npeoGpasopanun 2% —> w* = e'=z*
¢dopMbl mpeolpasyoTcs CAeayomuM 06pasoM:

dwk —» el (dzk - lazk da), dwk —> e~i= (dz* — iaz* da),
TaK 4To
> dwt dw* — X, dzkdz* - ia [2 (2% dzk — 2% dzk)} da |- a2da?,
% % %
Swtdwk > X2k dzk—iada, 2w dw! — 22 d2 +iado.
k k j J

CnenoBare/bHO,
> dwk dwk — (2 wk d'c;k) (2 w/ d_wf) —
% 7 7
— D dzkdzk — (Z 2% dEk) ( U dzf).’
k k J

Taxum 06pasoM, ds? MOXKHO paccMaTpuBaTh Kak ¢opMy na P,.
Jlerk0 NpPOBepPUTh, YTO 3TO SPMHTOBA MeTpHKa Ha P,.

(1.3) Tloabaysicb wMmuOrooOpasuamu, yxasanHeiMu B (1.2),
MOXHO TNOCTPOHUTb HOBHE MPHMEDH KOMIJIEKCHHX MHOT000pa-
suit. Hampumep, nyctb A-—rpynna, nopoxzAeHHas 2n JnHeHHO
He3aBUCHMBIMH (B BelleCTBEHHOM CMbIC/Ie) NapalienbHBIMH Hepe-
Hocamn npocrpaucrea C,. Torma daxrop-npocrpanctso C, /A
ecTb KOMIJIekCHbI Top. Ha ananormunbix coofpamennsx OCHO-
Ban npumep Xonda KOMIUIEKCHOH CTPyKTyph Ha S2~1 % St
O6ozuaunm uepes I' rpymmy, nefictsyiomyio na C,— {0} u no-
poxaeHHywo npeobpasoBanueM 2z —2z. flcuo, uro (C, — {0})/
romeoMoppao S2P~1 % S, Ocraercs sameTuTbh, 41O (aKTOp-
npocrpanctso (C, — {0}) I' necer xomniexcHyio CTpykTypy, HH-
AyUUPOBAHHYI0 CTPYKTYpo# npocrpancrea C,— {0

Jlpyrue nNpUMephl NOJYHAOTCA NPU PACCMOTPEHHH MOJAMHO-
roo6pasuii mpocrpauctsa P,. Ilocrennne BO3HUKAIOT, eciu 6parh
NOANPOCTPAaHCTBA B P,, KOTOpble JOKa/JbHO NOJYYalOTCs NpH-
paBHHBAHHEM HYJI0 HeKOTOPOrO UMC/a KOMILIEKCHBIX KOOPHIHMHAT.

(1.4) Uanoxnm obobuienue npumepa Xonga (1.3), npunax-
aexauee Kamabu u dxMany [15]. MBI nocTpouM KOMIIEKCHYIO
CTPYKTYpPy Ha MpPOU3BejeHHH ABYX HeueTHOMepHHX cdep. B mpu-
Mepe Xomda 310 CresaHO, KOTAa OAHa M3 cdep HMeeT pasMep-
HOCTb 1, TIO3TOMY MBI MOXEM NpPEANOJOXKUTb, YTO PasMEPHOCTH
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=

obGeux cdep Goasme 1. HWrak, nyctp S==S%*1, § =S§2%+],
rae p, ¢ > 0. MNonoxum P =P, P’= P, Toria uMeer Mecro
pacesioenue

T:SX S —>P X P,

CJI0EM KOTOPOTO £BJIAETCS ABYMepHH#R TOp. Basa u c10f aBAsIOTCA
KOMIJIEKCHBIMA  MHOrOOOpasusMi; CJel0BaTe/bHO, MOXKHO OXH-
[aTh, YTO U BCEe MPOCTPAHCTBO MOXKeT OBTb CHAOWKEHO KOM-
NJIeKCHOH CTPYKTypo#t. IT0 cooOpaxeHHe $BJSETCs OCHOBOH
niaa LajbHeHuiero.

OGoanaunm uepes 2% (k=0, 1, ..., p) xoopmuHaTe B S
u uepes 27 (f==0, 1, ..., ¢) xoopmuuate B S’. ITycTh V=
= {(2, 2)ES X §'|2#2”/ + 0}. Torna muomectsa V,; o6pa-
3yIOT OTKpPHITOe HOKpHTHe mnpocTpaHcTBa S X S’. BriGepem t
TaK, 4ToGbl Imr == 0. Beenem B xawnom Muoxectse V,; xoMn-
JIeKCHBE KOOPAHHATH CjelylomuM 06pa3oM. Iloaoxum

r '8
18 d

z 1 j
kwr:z—k’ =", tkam(logzk—{—rlogz”),

0LrLp, r+k 0Ly, s+J,

rae t,; cuntaeTcs ompenenesHsM mo Moxymo 1 u v. Crexosa-
TeJIbHO, £5;— 9TO TOYKa TOPA T(1, r), MONYYEHHOTO CKICHBAHHEM
NPOTHBONOJOKHEX CTOPOH M3 Napa/iienorpaMMa, MOCTPOEHHOTO
Ha Bektopax | u t. TeMm caMbiM Mbl uMeeM p-+g¢g-1 koop-
AMHAT B V;, KOTOpHE onpeneasiotT otoOpaxetue V,;—>Cpig X
X Tq, v Tloxaxem, uto 3T0 OTOGpaMeHHe ABAAETCA FOMEOMOp-

¢uamom. JIOCTaTOYHO NOKa3aTh, UYTO yHCAA L@, jw’s U tk]

0JHO3HAYHO OMPEAeNsIOT KOOpAMHATH 2% u 2’/. Mbl nmeeM
7 3w
r

- &
A Ll ——— =,
2 BT R ) kgt kR

TaK 4TO uHCAa |2*| omHO3HAyHO OmpeneneHs! (M aHaJOTHYHO
OnpeAeJeHBl YHCJIa lz”]). Hamnee,

log 2 = log | 2¢| + i arg 2%, log 2"/ ==log|z"/ |41 arg 2/,
oTKyna
ety =—1 (log| 2%| +rtlog |2/’ |) + arg 2* 4-rarg 2.
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Orciofa creayeT, uTO M3BECTHO YHCIO argzk+rargz’j, a Tax
kak Imt == 0, 10 usBecTHO Kaxzaoe caaraemoe. CiieROBaTENLHO,
2%, 2" usBectubl. Ocrambubie 27 n 2’° Tawxe USBECTHEI, MOTOMY
YTO W3BECTHH YACTHEIE OT WX nedeHHs Ha 2k, 2/ coorser-
CTBEHHO. 3HauuT, OTOOpawmeHHe SBJSETCS TrOMEOMOPHUIMOM.
BV, NV, mb BuauM, uto

ke’

W= W' =
u ot Y Jw

H 4TO
t,,=1t,;+ L (I w? —+ 1l w'’®
uv ki 9 V08 & rlog; )'

rie Mp noxoxumn ,wk=1 n ;w"”=1. Orcona BUIHO, uTO
4, LW’ H t,, — KOMILIEKCHO-aHAMTHYECKHE GYHKIMU OT ,w",
/fw’s, ty;» Taxum oGpasom, Mpl onpezeanad Ha S X S’ kowm-

IIEKCHYIO CTPYKTYpPy, AAf KOTOpPoH ,w”, ;jwf, f;; ABIAIOTCA
JOKaTbHBIMH KOOpIMHATaMH BV, ),

2.

TFapmonunecrkue ghopmol

Keaeposo mn02006pasue — 3T0 KOMIIEKCHOe MHOrooGpasue
¢ 3PMHUTOBOR MeTpuko#t ds?=— Egkdzidzk (rze gy, — moJo-

WHUTEAbHO ONpejeieHHas apMHTOBa dopma) ¥), ynosaersopsionieh
HEKOTOPOMY JAONOJNHUTENLHOMY YCa0BUIO. OmnpeliesiiM BHEILIHION

! : oy
dopMy R dopmyoft 9:§Egik dzt A\ dz®. JlononHuTe bHOe
ik
yCJOBME, BBIIE/AIOUIEE KeJePOBH MHOro00pasus, COCTOMT B TOM,
uTo d@ =0. CywecTByeT MHOr0 NPUMEPOB Ke/JepOBHIX MHOFO-
o6pasuit; HampuMep, BCAKOEe KOMILIEKCHOe ajirefpanueckoe MHO-
roobpasne Ge3 OcoOeHHOCTel sBiAseTC KeaepoBHIM. MHoOrHe
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HHTepecHble TOMOJOTHYeCKHe CBOUCTBA KeJIEPOBHIX MHOrooGpasuit
BHITEKAIOT U3 H3YYEHHUs DPAasMUUHBIX ONMepaTOpoB Ha Andepen-
HMaJbHBIX (OpPMax, oOnpejgefeHHBIX TPH TOMOWH KeJepoBoi
cTPyKTypel. HexoTopbie u3 HHX BepHH B GO/ee OGUIUX yCAO-
BHAX, MOSTOMY MHl CHAyaja H3JOXKHM TeOpHI0 TapMOHHYECKHX
¢opM Ha BellleCTBEHHOM MHOroo0pasuu.

Tapmonuueckue bopuot V). PaccMoTpuM n-MepHOe BellecT-
BeHHOe MHOrooOpasue kaacca C™, KOTOpOe OpHEHTHPYEMO W
HMeeT PHMaHOBY MeTpuKy %) ds? == 2 8pdxtdxF, rue gik =g
Tycts (g%) = (g, " I/ICHOJIb3yﬂ MeTPHKy, MBI MOXeM BBeCTH
CKa/lgpHOE NPOM3BEJCHHEe B NMPOCTPAHCTBE KacaTe/lbHLIX BEKTOPOB
‘M B IPOCTPAHCTBE KOBEKTOPOB B HeKOTOpPoH Touke. [lyctsb
B HEKOTOPOH OKPeCTHOCTH TOYKHM X 3alaHa CHCTeMa KOOpIMHAT
x1, ..., x" OGo3xauum uepes T"(x) KacaTeabHOe INPOCTPaH-

CTBO B TOUKe X.
ConpshkeHHOe TNPOCTPAHCTBO, T. €. NPOCTPAHCTBO KOBEKTO-

poB, cocrouT u3 auddepeHnHanbHBEX (HOpM Eak dx® w nmeer
k

Gasuc (dx®). Ecaum sagaHnl [Ba KOBEKTOpA w:%ak dx*,

Q= ij dx’, 10 onpeienuM UX CKaJspHOe MpoH3BeieHHe Gop-

MyJIOH fo, o] = Egkfakbj JTo onpenefeHne CKaJsPHOTO NPOU3-

BEJEHHS MOMXKHO 0606uum> Ha ¢opMb GoJee BHICOKOrO MOpAaKa.
IlycTp

————-,— 2 .k, dxt A\ ... A dx"r

I .
=T Z S AN L A dxr

Foe Gg,...k, H bjl...jr KOCOCHMMETPHYHBI IO CBOMM UHAECKCAM.
[Tonoxum

1 2J, 3
[o, Pl=—% Z g, g ’j’akl...krbj,...j,‘
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Bametum, uro [0, ®]> 0, npuyeM paBeHCTBO HMeeT MeCTO
TOrJa U TOJbKO TOTAa, Koraa o =0,

dopma crenenn r B npocrpaHcTee T (x), ABJAAIOUANCS BHemi-
HHM TNpOU3BeAeHUEM 7 JHHEHHHX (OPM, HasplBaeTCa MPOCMOL
gopmod. flcno, uTO MPOCTPAHCTBO KOCOCHMMETpHYECKUX (opM
JM060# CTeneHH HaTAHYTO Ha npocthie ¢opMul. Ecan dopma o

npocra u o=v; A\ ... A v, To [0, ®] paBHO KBagpaTy r-Mep-
HOTO O0beMa 7-MepPHOr0 napa/jiesenunena, HATgHyTOrO Ha
®g, ..., O, YTO 13eT FeOMETPHYECKYI0 HMHTEpPIpeTauHio CKajdp-

HOrO Tpou3BefeHus r-opM.

Ecin degw £ degp, T0o noroxum [o, ¢]==0. Teneps Mu
MOXEM NO JMHEHHOCTW PACNPOCTPaHUTh CKalgpHOE NMPOM3BeleHHe
Ha HEeOJIHOPOAHBIE (OPMBI.

Ion Hocumenesm nuddepeHunanbHod GOPMEI MBI NMOHUMAEM
3aMBIKaHME MHOKeCTBa TeX TOYeK MHOroo0pasus, rie dopma
oranyna ot 0, IMycTh &% — npoCcTpaHCTBO BCeX BHEWHHMX (dopM
knacca C° ¢ KOMmaKTHHMH HOcuTenamu. Toraa &% — Gecko-
HeyHOMePHOe BeKTOPHOe NPOCTPAHCTBO Haj MOJEM BelleCTBEHHBIX
guced. OnpepenuM B S cxalspHoe npoHusBeieHne GopMyioH

(0, @)= f[wx, 9.1dV, rne dV —snement o0bema, onpere-
M

JIeHHBI! DUMAHOBOM MeTpukol u opueHTrauuelt MHOrooGpasua M.
D10 CcKajAdpHOEe TNpOM3BelleHHe BBOMHT B &¥ CTPYKTYpy Npea-
rub6eproBa mpoctpancrsa®). Ilycre T — nuueftHbit omeparop
B S€. Oneparop T’ HasbiBaetca conpsoicennsn K T, ecim
(Ta, By==(a, T'B) aaa Bcex a, B € F¥. Oneparop T, ecau oH
CywecTByeT, onpefeseH OaHO3HayHo. Mel mepeuucanMm ceftgac
TPH TNapb CONpPSKEHHHX ONepaTopoB, KOTOpble OyAyT MOJE3HHI
B AaabHeliieM.

(1) Onepamop +. Yro6H onpene/siuTb ONeparop #, MH OIpe-
IeJUM €ro cHauana Ha mnpocrhix dopMax B npocrpasctse T" (x)
1 3aTeM PacrnpoCTPaHUM IO JUHEHHOCTH Ha MPOU3BOJIbHbIE GOPMEI,
[Mocne 310r0 MBI OonpeneanM ero Ha auddepenuuanbubx dop-
Max Ha MHoroo6pasun M, nouaaras (x 0), == 0,. Ecin © —npo-
cras ¢GopMa CTelleHH p, TO %®—3TO Takas IpocTas (opMa
CTeNneH! n— p, 4TO

(a) npocTpaHcTBO (OPMBl * ® OPTOTOHANBHO MPOCTPAHCTBY
dopMu ©, \

(b) (n— p)-mepHEi QObeM (OpPMEl * @ paBeH p-MEpPHOMY
06beMy ¢opMu ©,
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(c) o A *® >0 111 BuOpaHHO# opueHTauun Ha M 7).

OTMeTuM CcBSi3b ¢ OOBIYHEIM BEKTOPHBIM NPOU3BEICHHEM B TpeX-
MepHOM mnpocTpaucrBe. Ecam M — TpexmepHoe NPOCTPAHCTBO H
o — npocras OuanHe#inaa ¢opma, TO, Kak Jerk0 NpPOBEpPUTD,
# ® — BEKTOPHOe NpOU3BelieHHe BEKTOPOB (OpME! o,

Yro6bl moJdyuuTh saBHYIO QOpMyJay AJ8 3TOrO oneparopa,
NpeicTaBUM MeTPHKy B rnpocrpaHcTBe T7(x) B Buge ds?=—
=024 ... 402, roe 0, — nunettusie popmel. Ecam o — npous-
BOJbHad mnpocTad ¢opma, TO BCeraa MOXHO BHOparb 0, Tak,
yToOK © Geiia KpatHa dopme 8 A ... A 8,8). Hrak, mul MoxeM

APEANOJAOKUTD, YT0 0 =)0, A ... A Bp. Toraa us onpene/eHus

clesyer, uTO *w_)\BPH/\ oA 8,9, SlcHo, uTO *k 0 =
= (— )P(ﬂ Py

ﬂoxameM, yTo (0, @)= f[wx, 9, ]dV = fw/\ x @, Jlna

3TOr0 JOCTAaTOYHO J0KA3aTh paBeHCTBO [o,, o] (dV)x_ 0, A\ *q,
B moGo#t Touke x € M. O6e 4actiH 3TOr0 paBeHCTBA JMHEHHbI MO
©, H 9., NOITOMY JOCTATOYHO MPOBEPHTH (bopmyny 1111;1 HpOCTbIX
(popM ®,, 9, MOXHO NPEANONOKUTE, YTO ®, = A0 A8,

u ds?=03+ ... 02, npuuem Gasuc 0, ..., Bn cooTBeTs

CTByeT Bbxépaﬂﬂoﬂ OpHEeHTaLHH Mﬂorooépaam. Ecau o, ecrb
npoussenenne p dopm 8, no xpafiHe#t Mepe 0xHA M3 KOTOPHIX
HMeeT HHAEKC [ > p, TO JerKo yBenuThCd B TOM, uTo 00e uacTu
Hawero pasencrsa obpamaiorca B 0. [TostoMmy poctaroyHo no-
KasaTb ero i ciayuas, xoraa ¢, =pf A ... A0, B srom
cayuae [u,, o J=Ap u 0, A x¢, =M, A ... A0,. Ocraerca

3aMmetntb, uro (dV), =0, A ... A6,

Mb umMeeM
(r0, x@)= f*w/\**cp:(——l)p(n_p)f*w/\cp:
M M

= fcp/\*u):(cp, 0y =(», ¢).
M

3HayuT, % — YHHTApHHE omepatop, TaKk uro *~!— oneparop,
COMpPSKEHHBIN K *,

(2) Brewnee u suympennee npoudsedenus. Iycts & — nud-
depennuansHas dopma crenenn §. OnpejpenuM onepaTop sreu-
Hezo yunoxcenusn e(R) dopmynoft e(R)o==2 A o. Tlycts @

2 Uxsub llsu-mamy
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uMeeT cTermeHb p. Mbl XoTUM HalTH omepaTop, CONPAMKEHHbIA
K e(R). Vmeem

e(Q oA *o=(—1Y 0 A e(Q)*¢—(—1)"0 A #+"1e(Q) .

3uauut, omeparop, pasubift (—1)7 % le(R)* na ¢opmax cre-
neHd p-+s, ecTh conpsikeHusl oneparop Axas e (8). Ioxowxnm
g=p-}-s U onpenesHUM ONEpPaTOP BHYMPEHHEZO YMHONCEHUS
[(Q)=(—1)"“")-1(Q)« na dopmax cremen g¢. Toraa
[ (Q) — conpskenurst oneparop K e(R). 3aMerum, uro e(R)
MOBHILUAET CTENEHH HAa §, B TO BpeMs Kak (L) moHumkaer cre-
meny Ha s. SlcHo, uro e (@ A R)=e(Q))e(L,) u, snaunr,
i(91 A 92) = i(£22)i(£21),

[Tpono/mxuM HM3ydyeHHe 3THUX ONEPATOPOB. 3aMETHM, YTO eC/H
deg @ =1, 1o i(Q)=(—1)?"4"1¢(R) + na popmax creneru g.
Tak kax #"1==(—1’ """ & ua popmax cTemenn p, TO Mb
MOKeM Iepenucath 31y Gopmyay s Buge [ (2)=—=(—1)" @), e ()=
na Qopmax crenenn ¢ (Mb samennan +~! ma (—1)@*D@=a-1
¥ TPOH3BEJH YIPOLIeHHE).

Ecmu ds?=06}4 ... 402, 10 nerxo nposeputh npu mo-
Mown onpesenenns, uro i(0)(0x A ... A qu)zo, ecn
Ry oo kg moe #1 w PO)O A O A oAb )=
=0 A ... A qu_l. Takum o6pasom, i(6,) —3ro B HexoTO-

poM poje ,uacTHas npoussopHas“ mo 6.
(3) Onepamoper d u 3. Tlyctb ®-— dopma cTenenu p— 1
n 60— dopma creneun p. Toraa Me HMeeM

(o, 9)= [[do A\ xo=[1d(0 N\ xP-H—1P0 A ++71d + gl=
M M
= (—1)? (0, *~1d *q).

3Haunt, conpaweHHbM K d gpasercs oneparop 8 =— (—1)7 +71d «
Ha p-dopmax. 3aMeHss B STOM BHpaXeHnu ="! Ha
(— =2+ =Dy npoussons ynpoweHns, Mbl moiydaeM §=
=(—1)"P*"*x«d % na p-dopmax. fcHo, uT0 Ha p-Popmax
(—1)P*" s = (—1)""Pxdsxx = xd W aHANOTHYHO *J==
=(—1)?d %. Taxk kak dd =0, 170 oTc0na cnenyet, yTo 36 == 0,
Onepatop d-4 3 camoconpsikeH. (Ecau n 4eTHO, TO HeKOTOpEHIe
M3 NpHBeJeHHBIX Bhille dopMyn ynpowawTtcs. B wactHocTH,
= —=xd=* U d:*B*.)
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Onpepe/iuM caMoOCONpPAMEHHHIN OnepaTop
A=(d 3?2 =dd-} dd.

Oneparop A naswiBaercs onepamopos Jlansace. OH o6aanaer
CIefyIOUIMMH CBOMCTBAMU TEPeCTaHOBOYHOCTH, KOTODHE Jerko
NpOBepAIOTCA:

Ad = dA,
. A% =23A,

dopMa © HasbiBaeTCsl 2apMmonuyeckoil, ecid Aw—=0. JlokaxeM
clrefyoolee yreepKieHue:

(2.1) Ecan o umeem romnaxmusii xocumenv, mo Aw=—0
mozoa u moAvko moz20a, Kozde do==20w =20,

Hdoxkxasarteabcrso. fcuo, yro ecan do =900 =0, T0
Aw = 0. Jdokaxem obparuoe. Ecau Aw—=0, 10

0= (Aw, v)=(d3e-+0ddu, v)= (0w, tu)t+(dv, dv),

tTaKk yro dw =10 u dw=0.

[ycte §€y = — noAnpoCTPaHCTBO TAPMOHHUYECKUX OpM,
&9 — noanpocrpanctso GopM Buaa do M FFy — NOATPOCTPaAH-
cTBO ¢opm Buaa of,

(2.2) &, | ;) dam L+ J.

NoxazareasbcTBO. Ecau o rapMonuyHa, to (w, da)=—
=0, 8) =0 n (0, 3f) =(do, B) =0, Tax uro &, | H; nia
J=2, 3. Nanee, (da, 88) =(d da, 38)=0, Tax yro 56’2_1_ Hs.

2.3) Ecau o | &, 0aa scex i=1, 2, 3, mo o=0,

HoxasarteabcTBo. Ecam (0, da)=0, to (B0, a)=0,
otkyza dw = 0. Ananoruyno, tak kxak (w, 8a)=0, To do =0,
TaK YTO ® rapMoHuuHa, 3Hauut, (w, w)=0, otkyna o =20.

U3 noKa3aHHOro BHUle HeMelJIeHHO cneayeT, 4to &4 N Jb’ =
=0, ecam is j. JeficTBuTenbHo, ecin w& N Hy
(®, ©)=0 B cuny (2.2) u, snauut, © =0,

OcHoBHasg TeopeMa. Jlpeonosoxcum, wmo M xon-
naxkmno. Tozda drn 3a0aHHOl Popmub © ypasuenue Aa—w
UMeem peuLeniie o8 MOM i MOABKO 8 MOM cAy4ae, ecanw | &Fy.

pid
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HeoOXORMMOCTbL yCROBUS TPUBHANbHA, TaK Kak ecau B € ¥y,
10 (Aa, B)=(a, AB)=0. I oxasaTenbCcTBO LOCTATOYHOCTH CIIMLN<
KOM JJIMHHO 115 TOro, 4To0H BOCHPOH3BOLHTS €ro 31ech (cM. [34],
ra. V).

Mul peAnoNOKUM TAKKe H3BECTHOH Teopemy e Pama B cie-
Ayouie#t hopume: darmop-npocmpancmso npocmpancmsa 3amix-
HYMbLX HOPM CMeEnexu p no noONPOCMPAHCMEY MOUHLLX POPM
cmenenu P U30MOPEHHO DP-MEDHOL  2pynne K020M0A02ul
HP (M, R) mnozoobpasus M ¢ sewjecmsennsiuu xosgdguyuen-
manu %),

Bce rapMoOHUYECKHE (pOprI 3aMKHYTHl, 4 HA OJHA H3 HUX
HC TOYHA; CJACH0BATEJBHO, CylLLECTByeT MOHOMOp(pH?»M npocrpan-

ctBa &€, 8 H*(M, R)y= X, H”(M, R). 3uauur, &, — Ko-
F4
HEYHOMEPHOE BEKTOPHOE MpPOCTPAHCTBO.

(2.4) Lan raodod o€ FE cywecmsyem eOUHCMBEHHAR
gopua Ho€ F,, maras, wmo (o, )= (Ho, ¢) dan scex
¢ €.

JFoxkasartenbcTBO. [ag 10K4A3aTeNbCTBA € JHHCTBEHHOCTH
sonycrum, uro (He, ¢)=(H'e, ¢) naa Bcex ¢ € ¥, u uro0
Ho, Hwow g 5¢,. Torna ¢opma Ho — H'e opToroHambHa Ka-
KIAOMy sneMenty u3 S?,. Tak Kak oHa cama NPUHANIEHHT I,
to u3 (2.3) caenyer, uro oma pasua 0. Taxkum o6pasom,
Hm:H’w.

Ilas 10Ka3aTeJbCTBA CYILECTBOBAHUA DPAacCMOTDHM OpTOro-
HanbHpIA Oasuc oy, ..., o, npocrpanctsa g¢,. Monomum Ho =

-
=Z(w, a;)a;. Jlerko TpoBepuTb, 4YTO TaKk oONpejejelHas
i

tdopMa Hw obnagaeT BceMH HYXHBIMM CBOWCTBaMH.

Omnepatop M, cyuecTBOBaHHe U €IUHCTBEHHOCTL KOTOPOro
crenyioT u3 (2.4), Ha3BLIBAETCA ONEPAMOPOM 20D MOHUHECKO20
npoexmuposanus. ITo NpoeKTUPOBAHKE TPOCTpancTBa ¥ Ha 4,
TaKk uto H2=H.

[lepefineM K onpenencHuio onepamopa I'puna — de Paxna G.
Das 3ananHo#t o € ¢ nonbiTaeMca HafiT® Takyio OpMY o, uTO

o — Ho =Aa.
PewieHne 3TOro ypasHeHUs CYLIECTBYeT B CHAY OCHOBHOH Teo-

peMmel. JIBa pellleHHs pasHATCAs Ha rapMoHuueckylo dopmy. Ilo-
3TOMY CYLIECTBYeT eUHCTBEHHOE PelleHHe, OPTOroHaAbHOE K &% .



2. Papmonuuecxue ¢opmut 2

O603HauuM 3TO emMHCTBeHHOe peltenue uyepes Go. OHo Xapak-
TepH3yeTCs ypaBHEeHUIMH

o= Ho-+AGo, (Go, a)=0 nas Bcex afE ;.

W3 onpenenenus sgcuo, yro HG =10. K3 onpenensouiero G
"COOTHOIIEHHS CAEeRYyeT TaKme, UTo

o = Ho -+ d3Go -+ 3 dGo,
OTciona BHITeKaeT CaAefyIOllee YTBEPMAEHHUE.
(2.5) H = 8, -+ S8y s,

(2.6) Onepamopu. H u G nepecmarno804ns ¢ 21066LM One-
Pamopom, nepecmanososusn ¢ A.

HNoxkasarteasctBo. [lycte T— xakoii-nubyab onepatop,
nepecranosounn#t ¢ A, Eciu o = Ho-{ AGo, 10

To == THo 4+ TAGo = THo +ATGo.

dopmMa THo rapMonuusa, Tak kak ATHo =TAHo=0. Tak
KaK Ao € FHy -+ F5 naa moboh o, 1o HA=0, 3nauur,
HTw =THw, t. e. oneparop T nepecraHosoueH ¢ H.

“Tak kak H(TGw)=THGw =0, 10 ¢opmMa TGw oproro-
HanbHa x S%,. Orciona Buano, uto ¢opma TGe obaanaeT CBOH-
CTBaMH, onpenensiowiumMu ¢gopmy GTw, u, 3HaUUT, PaBHA IOCAEN-
Hell. DTuM [0Ka3aHO, uTO omepatop 7 mnepecTaHOBOYEH C Ole-
paropom Q.

CnencrBue. Onepamopw H u G nepecmarosodnst
¢ onepamopamu *, d, °.

(2.7) Teopema Xonwa. Kaodan zamxuymas gopua
K020MO0A02U4HA COUHCMBEHHON 2ap MORUYECKOE Popue.

NoxkaszaTenbcTBO., ENMHCTBEHHOCTH CJAELYeT U3 TOTO,
utro &F, | &, CyuilecTBoBaHHE CcJeAyeT U3 TOrO axrta, 4TO
ecnd do=20, TO

o = Ho—+ AGo = Ho 4+ d3Go 4 3dGe =
= Ho -+ d3Go +-3G do = Ho -4~ d3Guw;

HHBIMH C/IOBaMH, ¢opma ® koromojoruuna ¢opMe Ho.



3.

Komnaexcuote apmumoso. mnozoobpasus

Hycre 2%, ..., 2™ — jOKanbHblE KOMILIEKCHBIE KOOPAMHATHI
Ha KOMIWIEKCHOM MHOrootpasuu. O603nauum uepe3d V (2) kaca-
TeJbHOE INPOCTPAaHCTBO K MHOrooOpasuio (V (2) ects 2m-MepHoe
BellleCTBEHHOE BEKTOPHOE TpPOCTPanCTBO) ¥ yeped V*(2) mpo-
CTPAaHCTBO KOBEKTODOB B TOYKe 2, T. €. COMNpsKEeHHoe K V (2)
npocrpancTBo. Ilycte 2# = x*-}- iy Torama x* u y*— Beue-
CTBEHHbIE JIOKAa/MbHblE KOOPIMHATH, TaK uTO dx¥, dy* coCTaBasioT
6asuc mpocrpanctsa V*(2), a 0/0x*, 0/0y* -— conpamennsif
6asuc mpoctpancrea V (2).

Mul GyleM paccMaTpUBATL KOMIIEKCHO3HAUHbIE AuddepeH-
uHanbHble QgopMbl Ha V (2). Ilo onpejgenenuio, 3TO KOCOCHMMe-
Tpudeckye GyHKUUHK OT HaGOPOB 10 p BEKTOPOB npocTpaHcTea V (2),
NpUHUMAIOUIMe KOMIIEKCHBe 3HaueHus. BBexem omepauumio nepe-
XOLd K KOMILIEKCHO CONps:keHHOH ¢opMe, KoTopas ocyulecT-
BJIAETCS NyTeM 3aMeHbl 3HAaueHu# GOPMLI COMPAMEHHBIMH KOM-
nAeKCHbBIMM 4yucaaMiu. JIi0Oyi0 KOMIJEKCHYI0 (OpMy MOMKHO 3a-
nucate B Bule o =o-+IiB, rae o, B — BeulecTBeHHBlE (QOPMHI.
Toraa o =o—If.

MoaowuM dz# —=dxk-idy*, dz%=—dx*—idy*. Toraa,
rak Kak dx*®, dy* cocraBisior 6asuc mpocrpancTBa V*(2), To
dz*, dz¥ o6pasywr 6a3uC MPOCTPAHCTBA KOMIIEKCHBIX JHHEH-
HoX ¢opMm Ha V (2). Tlosromy dopma crenend r MoxueT OuITh
3alHCaHa B BHIE

0=+ 0 11+ ... +0,,

riae w, , WMeeT creneHb p no dz® u cremens ¢ no dz*. Ompe-

neauM  oneparop  (p, g9)-npoexmuposanun I, , ¢Gopmyno#

II,,,0 =®,,,. Onepatop Il, , ne 3aBUCHT OT BHGOPA CHCTEMbL

KOODIMHAT, 'TAK KaKk ecad w!, ..., @™— apyras CHCTeMa J10O-
KaJbHbIX KOMNJAEKCHBIX KOOpIMHAT, TO ypasueHus Kowwn — Pu~
MaHa NOKA3HBAIOT, uTO dw/ ecTh AuHelHan koMOuHALMS PopM d2F,
a dw/ — nunefinas xomGunauus ¢opm dz*. I[losTOMy KOMIIEKc-
Hee auddepennuanpisie GopMbl 06pa3yioT OUrpanyupoBAHHYIO
anre6py Haj nOseM KOMIVIEKCHBIX UHCe . YCHOBUMCS rOBODHUTH,
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uto (opMa ®, ., uMeeT TUN (p, ¢). Mbi umeeM

1 . . T - il
wp,qzm-!E all.“Lp]l”.]qdz /\...

o ANdzie NdZh AL NdZa,

rie a, KOCOCHMMETPHYHH MO [ M j H 9BJIMIOTCA

Lo by Ty
KOMILJIEKCHO3HAYHEIMU PYHKUMAMH KJacca C® oT BeleCTBEHHBIX
KOODIUHAT.

Monoxum do, ,=d'e, —+d"e, . rie dopma d’'w, , uMeeT
an (p+1,¢9), a d’o,  —m1un (p, g-+1). 3nawr, d=
=d’ +-d”, rne d’ —oneparop tumal'!) (1,0), a d”— ome-
parop Tuna (0, 1). laa ¢opm obliero Buaa MONOKYM

] q+1‘ des

d=X10,,,,dl, u d"=X1 -
p.q

14
24q

B o6uwem cayuae rtakxe d =d’+d”. Orcioga cienyer, 4ToO

0=d?=4d?2}-d"4-d'd"{-d"d,
M M3 CpPaBHeHMs CTelleHe#i Mbl mnoayuaeM, uto d2=d"?=
=d'd"+d"d’ =0.

KoMmnaexkcHo3HauHas Qyukuus f(x, y) aBaserca roxomMopd-
HOH Toria u TOoabKO Toraa, xorga d”f =0, IlosToMy Mbi Ha-
3oBeM 20.a0MOpdhHOl popmoi Takywo ¢opMmy o Tuna (p, 0),
uro d"®==0. DT0 paBEHCTBO 3KBUBAJIEHTHO TOMY, UYTO KO3(-
¢duuueHTs (GOPME ® JOJMKHBI OBITh TOJOMOD(HBIMH QYHKIHAMH.

Spuumosa mempura Ha KOMIIEKCHOM aHAMUTHYECKOM MHOFO-
06pa3uy — 3TO NMOJMOXKHTebHO ONpejesfeHHas 3pMuTOoBa OpMA,
T. ¢. GOpMA, MOKAMBHO NIPENCTABHMAR B BUAE dS? = ) hjrd2’ dz*,

jk

rae h;z=h,;— xomnnexcusie Qynxuuu. Hoabaysch Takodt Met-

pUKOH, Mbl ONpEleIuM CKaAspHOe TpPOU3BeJeHHE BEKTOPOB
npocrpancTea V (2)

(v O % O \ 0 —, 0
== k—-' k—_— e k—- kT‘
: E’;(E 02k+E 0zk) o zk-'(n ozk+n dzk)
dopmynon [£, n]z:Zh'— &7k Crano 6HTh, CKalapHOEe HPO-
e B

W3BejieHHe — 9TO KOMIUIGKCHO3HayHas OuiuHefinas ¢yHKuus OT
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BELIECTBEHHBIX BEKTOPOB. JPMUTOBOCTh O3HAuaeT, 4To [%, n]=
== [7, £]. 3naunr,

&, n1=Re[t, ] 4-iIm[¢, 4] =Re [v, £] — ¢ Im [y, §].

Hrak, Re[t, n]=Re[n, & u Im[}, 4] =-—Im[x, §], npuuem
Kamaas H3 9THX (QyHxuud ecth GunuHe#nas ¢opma. Tak kak
[5. E]=Re [t £], TO MBl BUAMM, YTO Ha BEUIECTBEHHBIX BEKTO-
pax Re [§, n] — MOI0KUTENBHO OnpenesieHHOe BeLECTBEHHOE CKa-
aaproe npoussenenue. Tax xax ¢opma Im[E, ] kococumme-
TPHYHA, TO MOXHO ONpPEeNeJUTb BEUECTBeHHYIO AuddepeHLHaib-

Hyo ¢opmy R crenenu 2 dopmynon (%, 1) =— Im[§, 7].
HTo6n MNOAyuHTb aBHBIE (OPMyAbl AJAS DPHUMAHOBOM METDHUKH

u Qopmbl 2, onpejesieHHBIX NPU NMOMOIIM 3PMUTOBOH MeTPHKH,
BhifepeM TakHe KOMIJIEKCHHE JuHefHble (GOPMBI ®,, UTOOH

ds? = D) 0,0,. Tonaras o,=a, -} i8,, Msl BUIEM, UTO
%
2 a2y
dszzgd(“k+5k)—“§d(°‘k3k_“3k°‘k)-

BHH‘{HT, onpeneneHHana BbIIE pPHMAHOBAZ METPUKE HMEET BUIL

LI
9-_—2%/\%=—;‘2‘°k/\5k»
.k '

k

Ecnn nuHefiHbl# omepaTop 3amaH Ha BeleCTBEHHBIX GoOpMax,

TO ero MOXHO DacmpOCTPAHHTL Ha KOMMJAeKCHHe GOPMBbI, neli-

CTBYS UM OTIEJbHO HA BEIIECTBEHHYI0 M MHHMYI0 u4acTH. Pac-

NPOCTPAHHM 3THM . CTOCOOOM Ha KOMIJEKCHble (OpMBH oOIllepa-

Topel * H. 8. Ecmu o=a-}if u ¢=p-ioc— xoMmnexcHo-
3HauHble (POPMH, TO TOJOXHM

[0, ¢l = la—+iB, p — io] = [a, p] 4+~ [P, o] -+ ([B, p] — [a, a]).

3nauut, 3pMUTOBO mpoH3Besende [w, o] =[a, a] +[B, B] #B-
JAeTCA MOJNOKUTEAbHO OnpeneaeHHbLM. PacnpocTpanum 3To 3pMu-
TOBO NPOU3BEAEHHE, ONpeleseHHOe B OHOH TOUKE, N0 3PMH-
TOBa NpPOU3BeNEHUs, ONpeneseHHOro Aas ¢GopM Ha MHOroobpa-
3uM, TmoJaras

© 9= [ [0, 7ddV = [0 5.
M : M-
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P

JBa auneBneix omeparopa 7T, 7V Ha KOMNJEKCHO3HAYHHX aUp-
~ (epeHuHaNbHBIX GOPMAX C KOMIAKTHBHIMH HOCHTESAMH HAa3LIBAIOTCA
conpaxcenrvimu, ecan (w, To)=(T"o, ¢) nn1a Bcex o, ¢. Jlu-
HeliHnlli omepaTop T HA3LIBAETCH BewjecmB8ernuiM, €Cnd OH Tme-
PeBOJMT BeliecTBEHHHe (QOpPMBI B BeulecTBeHHble. Omneparopw =
H O SBASIOTCH BeLlECTBEHHBIMH.

BriuncauM conpsikeHHHR omeparop mas e(y), ecan dopma ¢
KoMniekcHa. IIpenmoJio:KuM, uTO ¢ UMeeT CTeMeHb §, & — CTe-
newb p, a B— crenens ¢, rue p-+s—gq. Torna

e(pa A *§= (— DZa A **-le(cp)*fi-,
_TaK 4TO Ha (OpMax CTeNeHH ¢ CONMPSAAEHHHIM ABJASETCA ONEpa-
TOp
1(9) = (— 1)° x~1¢ () w.
Ecau s=1, 10 uMeeM
i@ =(— D) s le (g) s =xe(g) *.

Monownm 06=2(R)1(Q) —i(R)e(Q), rae K — onpeaesennas
Boite ¢opma tuna (1,1). Oneparop 0, oueBuano, coxpauser
cTeneHb GOpMHI.

(B.1) 8=—D(m—r)1, 206 m—xomnrexcuas pas-
r

meprocme muozoo6pasus M, a I, — npoexmuposanue na
RPOCMPAHCMBO O00HOPOOHOLX POPM CMeEnenu r. -
JdokasareascrBo. Ilycts 3amano nogmuoxectBo C ==
={j;, ..., J,} wmHowectsa {1, ..., m}. Tlomoxum a;==
=O£j‘/\.../\ajp, rae jl<"'<-’p’ ﬁc:le/\"'/\pjp'
rae cuoBa Jy < ... <Jp wic=o; AR A ... Ny, ARy,
npuueM B TOCAeNHEM NPOWU3BEICHHH INOPANOK MHAEKCOB He
urpaer poau. Toraa wobas ¢opma Ha V (2) aABaserca munek-
HOH KOMOMHALME! C KOMIJIEKCHBIMH Ko3(dduuueHTaMH ¢opM
suta =7, Aa, ABg rae A, B, C nonapHo He nepece-
kaiotcs. OO6e uacTH [OKa3biBAEMOro  PaBEHCTBA  JIMHEHHHI,
MO9TOMY  [NOCTaTOYHO  JOKa3aTh €ro TOJbKO M8 CcJayuas,
KOorga Kaxaas u3 uvactel paBeHCTBZ mnpHMeHseTcs K (dopme
o=1,Aa, A Bg Honycrum, uro C COHEPXKHT P I/IEMEHTOB,
A — g snementoB, B — § 3JeMeHTOB, M  MOJOXKHM

'
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D={1,..., m}—AUBUC. Toraa D comepxur m —(p-}

~+- g - s) anemenTOB, a cTeneHb GOPME! w paBHa r = 2p -+ g -5
Mu nmeem

L@ (re N aa ABp) =2 (e) E(2) (1c A\ % A B) =
= 2 Te-y) Ao\ Boe
jec
HMoatomy

e(I@(1c Neg ABg)=p1c No2g A Bst+
T 2 Teu -1y N AP

JEC RED
C apyro# cTopoHhl,

3(9)(7(: Nog N\ BB): > Tey (%) Ny A Bps
EED
TaK 4TO
i(®)e@(1c Nag ABg)= > Tey ey - () Neg N\ Bp+
JECERED

+m—p—qg—95)1. Nay A\ Bg
Orciona
(e@I®)—i(Re (o=
- =(p—(m—p—q—s)o=—(m—r)o.
JoKka3ateqbCTBO 3aKOHUYEHO.,

Monoxum L =e(R) u A=1i(R). Toraa
AL — LA =D(m— T,

Orciona caefyer, 4TO

r-1
AL —L'A= DL " "(AL— LAY LP =
=0 :
° 2m r—1 X
=q=20 9:20 L™ (m— q)TI,L".
fcHo, yto
L= LTI, _,,
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OTKyAa
2m r-1

A—LA=3 XL L — )Ly

qu

Ecnu cremens ¢opupl o pasna p, 1O I, o0=0 npu
q—2p =+ p, Tak ‘-ITO

(AL"—L'A)o = p;o L' Y(m—p—2p) 0=
=r(m—p—r—+ l)Lr_l(o

dopmMa o HA3LIBACTCA APUMUMUBHOL, UIH 9PPEKMUBHOL, eClH
Ao = 0. 3uaunt, 09 NpUMMTHBHOR ¢opMb © nMeeM AL'w =
:r(m—p—r+l)L'_1w. Orciona Mel 1oJydYaeM, 4YTO AJ4
NPUMHUTHBHOH (DOPMBHI ® CTeNeHH p UMEET MECTO DPABEHCTBO

(A) (— DAL o=@+ ...004+nNG—m~+p) ...
p—m-ptr—1L

1as moboro p > 0.

(3.2) He cywectmsyem npumumusnox Gopm cneneru
>mA4-1. Ecau dego = p u o npumumussa, mo L™ e =0.

1
NokasareabctBo. Huas p>0 mu umeem L™ = 0,

1
nockoxbky onepatop L™™'*? nppencrapaser coGo#t ymHOmeHue

1
na dopmy "' P xoropas pasma 0, Tax Kak ee cTemeHb
6ompwe yem 2m. Orcwona, nonoxus r=m—-+1 B (A) 4 B3sB
p>m-—p-+1, MM BUAUM, UTO JeBas yacth papeHCTBa pasHa 0,

a MHOXHUTENb NpM MpaBo# yactu # 0, Tak uro L°w=0. B ua-
CTHOCTH, eCqH p=m -1, T0 MOKHO B3aTb p =0, U Mbl UMeeM

o =0, uTo NOKasHIBAET MEPBYI0 4YacTh TeopeMu. B mobom ciy-
4ae MOXHO B3aTh p==m— p—-1, u Mbl 6yaeM uMerb L™y —0,
(3.3) OcnHoBHas teopema. Kawmodas dopua o cme-
neHu p OORO3HAYHO 3anucwisaemcs 8 sude
W= 2 LrO)r
re(p-m*

20e o, — npumumusrse gopus. cmeneseii p—2r, (p—m) =
=max (0, p—m); npu omom Hopms o, umeom 8ud



28 Komnaexcuvie mrozoo6pasus

w,=® (A, LYo, 20e ®, — nnozotser om A u L ¢ paguonans-
HULMU KO3Pduyuenmanu.

HokasareanbcTBo. 1) EnuHcTBeHHOCTh. [lOMycTHM, YTO
0= 2 Lr(»,,
r>(p-m*

rie o, — NpUMHTHBHAs ¢opMa cremenn p— 2r. JomycruM, 4TO
0p#0 1 o, =0 nma r>R. Torna umeeMm

0=A%C 3 Lo)=DA"(ALo)=

(p-m)T <r<R r<Rk 21‘3
__ARJR, __ Ri(m—p+2R)

=AML= TRy R

rie TNpeinocaenHee d TNOCAenHee paBeHCTBa caenyioT u3 (A).
3HauuT, w, =0, 4TO ABAFETCS NPOTUBOPEUHEM, LOKA3HLIBAIOLIMM

€IMHCTBEHHOCTD.
2) lloxaxem cHayana MHAyKuue#t mo R, 4To ecau ARo=0
ama R>(p—m)*, 1o
o= X Lo+
R>r>(p-m*
rie ®, NpUMUTUBHEI H pasHH Dp , . (A, LYw, DPp , — HeKO-

+
TOpuft MHOrouteH or A u L, a A¥Y"™7t—=0, Ecau R =

=(p—m)*, 10 nonomum {=o0, 1 MH MOJYYUM HAIl De3yiib-
T4T NJ9 3TOro ciydyas. [IpelmosowmuM, YTO ITOT PE3YALTAT Be-

peH 1 HekoTOoporo R, W NONYCTHM, UTO ARy —0, no
AR £ 0. Honoxum mchARw, rie ¢-—— KOHCT2HTa, KOTODYIO

. : 1
MBI ompenenuM moaxe. Toraa A“’R: cAR o =0, u, 3nauur,

©, npumuTHBHA. Hanee, .

AR (m — LRwR) = ARw —ARLRwR =

'——lw __ Ri(m—p-2R) ©
T ¢ R (m—p-+ R)! R
TaK UYTO €CJU MBI Bb16epe.M c= R!(&:I;_:—I;)I!Q)l , TO ToOay-

yuM 0 B mpenniayuieit ¢dopmyie. ITo NpelnoJOKEHHIO HHIYKIHK
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HMeeM
o—LRo,= X Lo+t
R>r>(p-mt
Orciona mnojayuaercs medaeMblit pesyabTar, ecldH IepeHecTH

4JIeH LR(»R M3 NeBOR YacTH MOC/IeNHero paBeHCTBZ B NPaBYIO.

Ilpu nokasaTenbCTBe CYIIECTBOBAHMS HYXHOrO HaM pasfo-
#eHua Mbl OyseM pasauuath aBa ciayuas. Ecmu p<{m, 10 n0-

Ka3blBaTh Heuero, Tak Kak (p—m)" =0 u us A("_”‘)+C =0
cnenyer, uro §{=0. ITosroMy HaHaeHHOe BHILE Pa3JI0KEHHE
AIBJAAETC HCKOMBIM,

Ecau p>m, ToO MB CHOBA XOTUM IMOKa3arb, 4to & =0,
OTKYI4, KdK UM B NepBOM cJyuae, OymeT cJelOBaTb Hawl pe-
sysibTar. dopma #{ umeer cremenp 2m — p < m, TaK 4TO 1O

nokasannomy &= X L'C,, rae {, npumurusnn. [aree,

r=>0
0=A""M=s" 1" "al=u X LI
* r>0
Mostomy XN L7*77™ =—0. dra dopma uMeeT cTemeHb p, H M3

r>0
y#e JNOKA3aHHOW eINUHCTBEHHOCTH caenyer, 4YTO Cr:O A4
Bcex r. 3uauyur, L=0. TeM campim JA0Ka3areabCTBO CYUIECTBO=
BaHHA pas/IOKEeHHa 3aKOHYEHO.

3aMmeuaHue. PasiomeHne, KOTOpPOe jdeT OCHOBHAA TeO-
peMa, COOTBETCTBYeT p43J0KEHHUIO MPeACTaBAEHHS YHHTAPHOH
rpynnel B NpocTpaHcTBe ¢opM Ha V (2) Ha ero HeNpUBOLUMBbIE
KOMITOHEHTHI.

(3.4) Ecau dego=p u
0= > Lo
r>@-m*
20e o, npumumusust, mo L*o =0 mozda u mossko mozda,

ko2da ©,=0 048 r>(p—m-+k)". B wacmuocmu, ecau
pLm, mo ® npUMUMUSBHA mM020@ U MOAbKO mozda, K004

Lm_p+lm=0,
HokasateabcTBo. HMmeem

0=Lo= X L[*"o,
r>(p—m)+_

re
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dopMa ®, TPHMMTUBHZ M HMeeT CcTeMeHb p— 2r, TaK YTO
LTI — 0 u L0, =0, ectu r <k+p—m—1. Ho
TOr 12

O — 2 Lk+r(!)

r’
r>(k+p-m)t

OTKyAa B cuay empuucTBeHnoctd u3 (3.3) o, =0 nma r>
>(k+p—m.

OO6paTtHoe yTBED:KAEHHE TEOPEMbl TPHUBUANBLHO.

Ilepen TeM kak ABUraTbCs fafdbile, HaM NOTPeOylOTCH He-
koropsie ¢opmyan. Ilpexae Bcero, ecan dego =1, to BHYy-
TpetHee yMHOWeHHe [(w) aBasercs anTHaubdepenuupopanyueM 12),
Ha  BeuiecTBeHHHIX ¢OpM cTemeHH 1 3TO caepyeT u3 TOTO
(aKTa, yTO BHYTpEHHee yMHOXeHHEe eCTb B TOYHOCTH ,4YacTHOE
nudgepeHuuposanne no . OTCOAa Hawe YTBEPKAEHHE CJe-
AyeT AJ7 KOMIJIEKCHBIX (OpM MO JHHEHHOCTH.

Ecan ¢popma 7 umeet creners 1, 1o ()= (— 1Y« e (7) =
Ha p-dopmax, kak ObJIO YyCTaHOBAeHO HA cTp. 25. Orciona
crenyer, 4TO

s l(n)=(—1)"""e(n)
i) #=(— 1) xe(q) na p-gopmax.

3 = i —
Ecau ds? :%wkmk, TaK 4To 9:—2—2mk/\ ®,, TO

2
1(wy) ;=1 (“k — V*—‘_l Bk) (“j +V:—1 Bj) ==
=iy —V—=1i@B)(V—18) =23,
AHaNOrMYHO MOJy4YaEeM, UTO i(wk)z)—j =0.
(3.5) Ecau n— npumumusnas gpopma muna (a, b), mo
a—b (a+b){a+b11)

1 3 Lm-—a-—b

= m—a—g D ""

HokxasaTeabcTBO. ITO YTBEPMKAEHHE JOKA3HIBAETCA
ABoftHO# unAykuue# no (a, b). Ecim a =b=0, 10 71— BewLe-
CTBEHHOE UHCIO0 ¢ H

sc=cyy AB A ... AamABmz
:c(-;.—ynml/\al/\ .../\mm/\am.

/
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- C npyro#t croponw,
me=gg’"c=cm!(—;—)mwl A -(;1 A oo A mm/\am'

3HauuT, B 3TOM cJayuae pesyJabTaT BepeH. [Ipeanonoxum, 4To
OH BepeH Aja NDUMUTUBHHX ¢opm Tuma (@ —1, b), u noka-
xKeM ero aaa ¢opm tuna (a, b), rae a > 0.

Honoxum v, =1I(w,)n. Toraa

An,=1(Q)i(o)n=1i(0, A Qq=1(R A op)n=
21(“’1:)/\"]:0,

TaK YTO Kawjas ¢opMma 7, NpuMUTUBHA U uMeeT Tum (@ — 1, b).
Mbl uMeeM Taxe

Dt ()= 2i(e) (@) 1=0,
TaKk Kak Aq=0, u

Zke<wk)nk=§e<mk)t(mk)n=Qan

no Teopeme dfinepa 06 OJHOPOAHBIX (opMax. 3HAUUT, eC/H
NONOKUTb a-+b=p, T0

205 =Y, (e M) =(— 1" ¥ 1(0g) %7, =

P P
bt po-1)
= (— 1y~ ‘2 1(wy) —ijl“—l—;' (—1) T Ly, =
ja—6-1 plo- - -
m( n 2 S l2:,1'(‘*’/a:)53”l—1]+1/\”'Ik=
a—b—1 pp— _ _
e A Xm—p+1E"A
ja=b1 p=1)
N0 A, = W( ) 2 X
><‘k?‘9m_y/\(—V'*—l“’k)/\“’lkj
ja-b p(p+l) e
:W—_Tm(— 1) 2 L p(2a'f]).
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Coxkpauas Ha 2a 00e yacTd OKOHUATENHLHOTO paBeHcTBa, mony-
yaeM KeldaeMolt peayabrar. Onpemeius GopMel nk._.t(wk)
H NpPOH3BElS aHAJOrHYHble BHUHCACHHS, MOXKHO IIOKA3aTh, 4TO
ecan ¢dopmyaa BepHa anaa dopm Tuna (a, b — 1), T0 ona BepHa
u aaa ¢opm Tuna (a, b), rae b > 0. Tem campM dopMmyna
yCTaHOBJeHa AJs BceX (opMm.

Onpengeanm Ha ¢opmax tuna (a, b) omneparop C dopmynoi
Cn==i2-by, Torna C mposo/KaeTca MO AMHEHHOCTH HA MPOHU3-
BOo/bHBIE GopMbl, Tak kak NpH yMHOXKEHHH CTENEHH CKJajHl-
BaioTed, ‘10 C coxpauser ymHoxenue ¢opm. Omnepatop C sB-
J5eTCH TAKNKE BeleCTBEHHbIM ONeEparTopoM, TaK Kak Co,=lwv,,
Co, =—lw,, 1ak 4t0 Co,=— 0, == Co,, Co, = Cu,. Ilo-
CKOJBbKY J00as (popMa M ecTh JUHEHHas KOMOHHAUUA TpPOU3-
BeneHUH GopM @, u @, OTCIOna clefyeT, YTO Cn=Cn.

[MepeuncauM Tenepp HekoTOpHie CBoHcTBa omeparopa C.

() Ecm o, =0a,+i8,, T0 Ca,=—8§, CB,=ua, Or-
ciopa caenyer, uto ecau n=a, A Bz A Tp» tae A, B, D mo-
MapHO He TepeceKalnTcs U 0003HAYEHHs Te ke, uTO B JOKa3a-
TeabcTBe TeopeMsl (3.1) na crp. 25, 10 Cn = (— 1)*Ba A @8 A1D-

Torna
afa+1) b(b+1) +ab

+Cn=(—1) 2 2 a, ABg A o0

3nece D’ — nomonnenue K MHowee™BYy AUBUD u a, b—

ugcaa 37MeMeHTOB B Muoxecrsax A, B coorserctBenHo. C upy-

roft CTOpOHHI, N
a(a-1) b(b+l)+ab :

xn=(—1" 7 2 B4 A\ ag A 1D

TaKk uto C %7 =% Cw. TeM cambM Mbl n0kasamu, uro C¥ == C,

(b) CL=LC, rak kak CR =2,

(¢) CA=AC, uro caeayer u3 (a) 4 (b) MOCKOJABKY A ==
= x~1L %,

(d) Ecau m— npumutuBHas ¢opMa cTemeHu p, TO

p{p+1)
“ (=1 * L%
1= mopr O

dra dopmyna, ouesuano, caeanyer us (3.5).
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(3.6) Ecau m— npumumusnas gopma cmenesu p, mo
p(p+1) l

Y O e T

* L= (m—p—r)!

0, ecau r >m—p.

L™"=P="Cy, ecau r < m—p,

HoxaszatTeabcTBo. 3aMeruM, uTo L= L s Tan=
=A" %%, Tak 4TO 43 NPHUBENEHHOrO Bhille cBOHCTBa (d) A9
NPUMUTUBHOH HOpPMBL 7] HOAyUdeM

p(p+1)
clrq=CD " Arpmene
1= m = K

B cuny dopmyner (A) na crp. 27, umeem
m—p)tr! —per
A’L'"—PCn:{[ mljﬂ PTCm, ecmt r<m—p.
l 0, ecan r >m—p,

OTKyAa W ChreiyeT Hall pesynabraT.

4.

Keneposor mHoz2006pasus

Kesnepopo MHOrooGpasie — 5T0 TaKOe SPMUTOBO MHOrooGpas
aue, uto dopMa 2, ompexesenHas Ha CTp. 24, 3aMKHyTa, T. e.
d?=013), U3 sroro yciosus ciaenyet, uro dL=Ld, Tax Kax
dly=d (R A n)=2 Adn==Ldn. Mp XOTHM N0Ka3aTh, YTO
onepatop A nepecramosoueH ¢ oneparopamu d, 8, %, A, L, C.
B § 2 (ctp. 19) Mul yike BHzesd, 4TO A NepecTaHOBOYCH C Nep-
BBIMH TPEMs H3 3THX OIEpPaTopoOB.

(4.1) Add —dA=—3°=—C"13C.
HDokazareabcTBo. O6Ge uacTM paBeHCTBA JUHEHHEBI, H,
RHAUWUT, U3 TeopeMHl pasjoxmenus (3.3) BLITexaer, UTO NOCTa~

3 UxsHb IlsH-mi3HL
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TOYHO NMPOBEPHTH 3Ty dopMmyy aas ¢popM Buna L'+, rae Ap=20
U r<{m—p, p—creneib gopme 7. B cuay (3.4), Mbl uMeeM
L™=PHln=—=0 4, nockoabky d nepecranoouen ¢ L, L™ P+ dm=0,
Ha (3.3) u (3.4) cnmenyer, uro dn=r,-+Ln, rae 7n, u v
NPUMHTHBHLL. 3HAUWT,

(Ad—dA) L"n= AL (L) — dAL =

=r(m—p—r) L - (r 1) (m— p—r 1) L7, —

~—r{m—p—r—+1)dL " q=—rL" gy +(m—p—r 1)L

C Japyrofi cTOpOHB, NOCKOABKY oOrepatopsl C U # mepecra-
HOBOYHHI,

—CRCL=C""4d «CLIp=C 1% dC « 'y =

- - ! _p—
= C7NwdC (= 1) P e LT,
B cuay (3.6). Tak kax dL = Ld, to 310 parHO
- . - ! _p_ :
e AR e A O A DR

=C 7 [—rL 7 'Cny 4 (m — p—r +-1) L'Cy)],
B cuay (3.6). Tak xax CL=LC, T0 5TO paBHO
—~ Ly m—p—r+ 1)L =(Ad —dA) Ly,
KaK TOKa3aHO BHILlE.
Caencraue. L3—3L=d°=C""dC.

J1g nokasateabcTsa 3aMeTuM, 4T0 L=% A« 1 0 8 = — = d #,
TdK YTO
L} —8L=—sA+Tsdstsdsxs+"1Ax=

= —x(Ad—dA)x ==C13C+=C""dC,

NpUueM [MOCJAelHee pPABEHCTBO CJaefyeT U3 TOro ¢akTa, uTo
d—%3 %,

Ha ctp. 23 Gwniu Benensl omepatopsl d' u d”. Onepa-
top d’ umeer Ttun (1, 0), d"—tun (0, 1) u d=d’'+d”. Mu
BUAUM, 4TO )

d°=cldC=cCcl\aCc+C7d"C = % d’ 4 id" = } (@ —a.

Orciona caeayer, uyro d/ = é— (d+1d€), a" = % (d — id).
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Tak Kak O ==-—xd =%, TO, €CJAU NMOJOKUTb 0’ == — s d’ %
u 0" =-—=xd” %, Mo GyaeM uMeTh &=10"—4-20",

Teopewmal), Onepamop ¥’ umeem mun (0, —1), a one-
pamop ¥ — mun (—1, 0).

JokasaTeabCcTBO. 3aMeTHM CHayajla, YTo mmyxuneﬁ
mo p u g nerko jaokasatb cootowenne =1L, =TI, _ . _, *
YTBepmaeHHe TeopeMbl BepHO 414 p= 0 Hpeﬂnonome
yro ¢opma ® wuMeer Tum (p, q), rae p >0, u 4yTO pesyabTar
sepeH aas ¢opm tuna (p— 1, g). JlocTaTouHo MpOBEPHTb pe-
3yAbTAT ANS opM BHAA @ = w; A\ v, THe ®; JuHelna, a m uMeeT
tun (p— 1, q). VimeeM = 0 = * ¢ (0,) == & i(w;) = 7. [To npex-
NOJIOKEHHIO HHAYKIHH dopma = v uMeeT TN (M — —q, m— p+ 1.
Taxk kax L((Dl)———BHYTPEHHee YMHOXeEHHE HA ©,, TO OTCIOAA
crenyer, uto i(w,)%7 uMeer THN (m—gq, m-—p), TaK uTO
pe3yabTaT BepeH M GopMBl . AHaJIOruyHOE paccyxieHue
no3soJseT mnepelitu oT caydas (p, ¢g— 1) k caydao (p, q)
nas g > 0.

Jas 3aBepuleHus J0Ka3aTenbCTBA TeOPEMB! NOMyCTHM, 4YTO
¢opma o umeer THn (p, g). Torna, B CHIy AOKA3aHHOIO BHILIE,
¢opMa =w wumeer THN (m—gq, m-—p), dopma d’ % w — THI
(m—qg+1, m—p), a dopma =d’ g—1). Tak
KaK 0/ =—=%d %, TO MBl BUIHM, Y4TO Omeparop o’ HMeeT THI
(0, —1). AnanoruyHoe [0Ka3aTedbCTBO [OKA3bIBaET, YTO OIe-
parop 9” umeer tun (—1, 0).

Orciopa caepyer, 4to

2 = CTWC A CTVC =it W =i — ).

(4.2) Onepamop A nepecmanosowen c¢ onepamopamu L,

AC T,

HNokasarteabcTBoO. [Ipemae BCero Mbl HMeeM

AL—IA = (d3+-3d)L —L (d3+43d)=d (OL—L3)+(3L—Ld)d,
Tak kak dL =Ld. B cuay caeactsua Ha CTp. 34, umeem

AL — A= —qd€ —d% =
j— -—*(d’—!—d/’) % (d/ _ d”) _ %.(d’ . d”) (d’ +d”) —
f— _}_(dld// — d//dl e dld// +d//dl) f— O.

Kid
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Tak kak A nepecraHoBOYEH TaKime C ONEPATOPOM # M TaK Kak
A=+"1L %, TO orciona creiyer, uro A mepectaHoBOYEH ¢ A.

Vimeem d°8 = (L5—3L)d = —3L3, B CHy creacTBus U3 (4.1),
A amanoruuno dd€=3L3. 3nauur, ds —+—8dC=O. YMHoxa9
3TO PABEHCTBO HA { ¥ 3aMUCHIBAs PesyabTaT NMOAPOGHO, MOyuaeM

(@ —d") @ A3 (43 (@ — a") =0,

Paccmarpusas oraeabHo omeparopsl tunos (1, —1) u (—1, 1),
Mbl HaxonuM, uto d’8’ 4-3'd’ =0 u d"8" -+ 8"d” = 0. IosToumy

A== a4 dd = (&' ") (¥ -8") -+ (3" (@ +d") =
— 4 A A Y

Tak kak Kaxjoe cJaraeMOe B NpaBof 4YacTH 3TOFO PaABEHCTBA
umeer Ttun (0, 0), To A rakwe umeer tun (0, 0) u nosromy
nepecranosoder ¢ I, .
— M r-q
Tak Kak C = i O, , u A nepecranosouen ¢ IL,

p.q
T0 A mepecraHoBoueH 4 ¢ C. JI0Ka3aTebCTBO 3aKOHYEHO.

B nanpHeftmiem wmbl Gyjaem mpeanosarartb, 4to M - KoMm-
MAaKTHOE KeJepoBo MHoOroo6Opasue, u OyieM 00603HAuUaTb r-Mep-
Hoe uucio bertu MHorooGpasms M uepes b”.

(4.3) Ecau r newemno, mo b wemno.

llokaszateabctBo. IlycTb JH'R——NPOCTPAHCTBO BCex
BelleCTBEHHLIX rapMoHuueckux ¢opm crenenu r. o Teopewme
Xomka O =dim $¥%. Tlycms o € . Taxk xak C — peuie-
CTBEHHHI onmepatop, nepectaHoBounbift ¢ A, 10 Co € Fo%. Nanee,

C?=(—1)"1. Orciona sacHo, uTo ecau r HeyetHo, TOo dim F¥p
YeTHA. :

(4.4) 82> 0.

HokasaTeaAbCTBO. JTO yTBEepXKIEHHE TPHUBHAJIBHO, MO-
cKo/bKy ¢opma € rapMoHMYHA, KaK S5TO BHJHO H3 DaBEHCTBA
AR=AL(1)=LA(1)=0. dopma 2 He Moxer OuTb pasua 0,
TdK Kak ee m-a cremeHp orjguya ot 0, u npu 3TOM onpe-
JessieT OpHeHTAUMI0 MHOrooOpasus M.

.

Cnencraue. Mnozoobpasus 8 npumepax Xonga u
Kanabu — Sxmana 8 (1.3) u (1.4), xpome muoz20006pa3usn
S1 SY, ne mozym Guims cHaGocensl KeAePOSOLE cmpYKmypol.
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dt10 caenyer us Toro daxta, uyro mpu p-g > 0 aBymeproe
yncno Bertu muorooGpasua S*#+! 3 S**! paguo 0.
OG6osnaunm uepes S 7 npocTpancTBO KOMMIEKCHO3HAYHBIX

rapMoHuyeckux GopM Tuna (p, ¢) u nonoxum k> ¢ =dim " 7.

: r P 1

4.5) X ni=§, ni=p""

p+g=r

HokasdarteascTBo. OueBHIHO, YTO HMeeTCH BJIOKEHHE

v X5

ptg=r

rie S’ — NPOCTPAHCTBO KOMIJIEKCHO3HAYHHIX apPMOHUMUECKHX
¢dopm crenenn r. [anee, &7 ecTb KoMmaexkcHas 000Jo0uKad
npoctpancTBa Ffp, M, 3HAYMT, KOMILIEKCHAA Pa3MepPHOCTb TpPO-

crpanctea &’ pasna b". C 1pyro#fi CTOPOHE], fCHO, 4TO
A — oroGpakenne #a, Tak kak A nepecranosouen ¢ II, .. Orciona

b =dim "= X h"7,
ptg=r
YTO JAOKA43bBACT nepBle YacTb TEOPEMEL. ,H,J'Iﬂ JIOKa3areabCTBa
BTOpOﬁ 4yacTtu 3aME€TUM, 4YTO 0T06pa>KEHI/le (D——>(;)_ JaeT H30-
Mopousm Mexny P71 u FHTL,

orpr=2
(4.6) Ecau r < m, mo 8" = S5+ L™ 2, 20e S¥5—npo-
CMPAHCMBO NPUMUMUBHLLX 3aeMenmos u3 B .
HokasareabctBo. Orobpaxenne L: FE72 — FE7
ABJSETCS B3aHMHO OIHO3HAYHBIM B CHJY EAHHCTBEHHOCTH pasfo-
wenus B Teopeme (3.3). Ta ke TeopeMa MOKasbBaeT, 4yTo Ko
u LS mopommaoT Bce NpoCTPaHCTBO JE7 U MX nepeceueHue
COCTOMT TOJBKO H3 HY/S.

Cnencrsue. Ecau r<{m, mo b" >b""% ecau s m,
mo b* £ 0.

Bropas 4acTh 3TOr0 yTBEepHJEHUS BBLIBOIMTCS H3 TNEPBOH,
eCJAH MCNOab30Bath (4.4) H ABONCTBEHHOCTD 19).

(4.7) Lara dopus © muna (p, 0) caredywouue ymsepocde-
HUS 3KBUBQACHMHGL:

(a) Aw=20; .

(b) do =0;

(c) o ameem 2040mopgrsie KosPPuLuermbL,
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NoxasareasbctBo. To, uro us (a) caeayer (b), GblI0
yue nokasano B (2.1), Ecmu do=0, 1o do-+d’e=0,
OTKyAa, paccMarpuBas THmbl, nonyuaeM d”w = 0. 3nauur, u3 (b)
crenyet (c).

[pexae yem nokasblBaTh, uTO M3 (C) caeayer (a), Mbl MOKa-
WeM, 4TO ecau ajad d¢opmel 7 tuna (p, 0) BHINOJHEHO paBeH-
ctBo dn=0, 10 3 =0. [ad 1oka3aTeibCTBAa 3aMETHM, UTO,
nockonbky A — omeparop tuna (—1, —1), Am=0 nan mobo#
dopmul m Ttuna (p, 0). IlostoMy ecan dn =0, 1o us (4.1)
clelyeT, 4TO

— C7'3Cx = (Ad — dA) n=0.

Buauut, 8C% =0, u tak kak Cn=(—1)"y, 10 oM =0.

Tenmepb MBI B COCTOIHMM J0KAa3aTb, 4TO M3 (C) ciaexyeT (a).
[Mpennonoxum, uro ® umeer Ttun (p, 0) u yro d’w=20. Toraa

=d’o umeer tun (p—+1, 0) u d(do)=0. M3 noxasanHoro
puiie ciepyer, uro 0dw==0, oTkysa Ade=0. TlockoabKy
eJMHCTBEHHAs FapMOHHYecKas GopMa, ABJASOLLAACA TAKKe TOUHBIM
Indpepennuanom, ectb Hyab, umeeM do=0. Onarte HcnonbL3ys
JOKa3aHHOE BhILlie yTBep:xleHue, MoayyaeM, 4To do =01 Ao =0,
Jloka3aTeabCTBO 3aKOHYEHO,

dopma, Kotopas 3aMxkuyrta ¥ uMmeer tun (p, 0), HaspiBaercs
Ougppepenyuarvioi dopmoi nepsozo poda. Yucao nuxeitHO
He3apUCHMBIX ¢opm nepsoro posa Tuna (p, 0) pasHo n"°
U3 coortnomenun L4 p01=>5" caeayer, uTto uncio ¢opm
nepsoro poaa tuna (1, 0) pasuo b1/,.

O6o3naunm yepe3d ¢, NPOCTPAHCTBO KOMIJICKCHBIX FAPMOHH-
yeckux ¢opm Buna L'e, rae o npumurusHel. Onpenenum raxike
npoctpaunctea FEL '=54" 1 S s. dnement npoctpancrea FFL
HA3bIBACTCA UMAPUMUMUSHUM muna (p, q) & paHaa s.

Ecmt p4+-qg<m u p>gq, 10, B cuny (4.6), umeem

56717, %o’q—f'—Ldgl]lql“{* _}_ngo‘zgp q,0
e S +g%0” o
Mycts &7 7=dim 5 7. Torna ana p > q umeem
{k”’q+kp'l’q_l—+— e BT ecn ptg L m
h”’q:{ km_—q,m—p+km—q—1,m—p—1+ _}_kp—q,o’
l - et p-—q>m
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IMycrs M — KOMNakTHOe BellecTBEHHOE OPUEHTUPOBAHHOE
MHOrooGpasue pasmepHoctu 4k. B npocrpanctse H** (M, R)
MOXHO BBECTH CKaJAdpDHOE MPOU3BejeHME NPU IOMOUIY BHEILHEro
npousBejsenus ¢opm1%). Tax kak 2k yeTHO, TO ITO MPOM3BENE-
Hie CHMMETPHYHO, a u3 TeopeMmsi ABoHcrBeHHocTH [lyankape
CledyeT, YTO OHO HEBBIPOKAEHO. PasHOCTL MexAy 4YHCIOM
IOMIOKHUTEJbHBIX M YHCJAOM OTPHLATE/bHBIX KBajApaTOB COOTBET-
CTBYIOWIEH KBaapaTH4YHOK (QOPMEI HA3BIBAETCA UHOEKCOM MHOrO-
o6pasus M u o6osHauaercs yepes t(M). Ecau dim M3#0 (mod 4),
TO Mbl moaaraem t(M)==0.

(4.8) Teopema Xoama 06 HHLEKCE,

T(My= X (="

0Ly, g<m

Hoxasareabcrol?), CymMma cnpasa, OuYeBULHO, PaBHA
cymme A-+B, rne

Azi(wl)php’p H B= X [(—1)4(—=1)]r""
=0 <m

0<q<

]

(nanomuum, uro A" 7=h""). JlokasaremscTBO pa3buBaeTCs
Ha ABa caydast. 3amernd, uro A7 I==pm 0 mF18),

Cayuad 1. Tlpenrionoxum, uto m==2r 1. Toraa

2r-+1 T r
A — VPR PN (— 1P RO P S (Y L T
p;o( ) pg% (—1) p.;) (—1)

T
:2(_1)P(h17,ﬂ_hp, 17): 0;
p=0

B= 23 [(—1)4(—1)]r"7—
0<q<p
prg<er+l
. r R or—g+1, 2r—p+1
— 2 =y =yeet i =o.
0<g<p
prg<orrl
Tax kak uHAEEKC B 3TOM ciayuyae Ttakwxke pased 0, To ¢opMyna
J.0Ka3aHa.
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Cayuwai 2, TlpeamonoxuM, uro m ==2s. 3aMeTHM, uTO
X 1,q+1 1, g+1
P4 — pPR I = pPYR I ecqu pd-g -2 2. 3Hauur,

2 -1
A= i (_ 1)!7 hP: P___S‘Z (_l)p (hp, p___hQS——p—l, 2s——p—1)_+_h2s, 2s=
p=0 p=0

s—1 s
= D= PRI = X (= 1) R
p=0 p=0

inI BBIUUCJACHUU BBIDAXKECHHUSA O/ B MBl MOMEM paccMarpuBaTh
TOJAbKO T€ UYJEHBI CYMMBI, IJf KOTODHIX p+q YeTHO, TaK KakK

uraue (— 1) - (—1)? =0. B cayuae, xorma p-}q uerHo, M
umeeM (—1)7 4 (—1)?=2(—1)%. Orcona creayer, uro

s-1 2q
gzz Y (— 1y g2,
g=0 j=0
Ho
2q
Z( 1)] 25 7, 29-7 __ 2&( l)j hQS—‘zq—ny]'_l___
j=0
+§‘+1< 1y w0 = 2( S

g-—-1
25—2g+], ~9g,
3 (1) B ey
q
__+_I>:1 (—l)j (h25—2‘4+]', f_h25—24+f—1, 1"1): k73'24,0+
p 3 . 2
2 R Z( 1) R4,

s-1 ¢ , .
3nauut, B = z 2, — 1) gE AT

[TpucTynuM Terepb K BBMUC/AEHHIO HHAeKCA, [Lis 9TOTO HALO
2
BHUUCAHTD O] A 0y, TIe 0, 0, € FER. Jlobyio popmy o € FH>
MOKHO 3amUCcaTh B Bije ‘
J— s
o=0y Loyt ... Lo,
rre ®, npuMmuTuBHb. CHavana NOKaweM, uto ecan ¢ < r, TO

(L) A (L"w,)=0. 310 caeayer u3 TOro, uTO ®, — MPUMH-~
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THBHAA PpopMma crenenu 2s — 2g, Tak uto L7+ w, =0, B cuay (3.4)
3Ha4uT, €I r > ¢, TO

(L9%,) A (L70) = (LI 0) A 0, =0,

Kak Mo Bupme.u,
25 ~2r

2821 28 ~2r -,
ST = 3 GpEri
j=0

252
JlioGo#t snement o, € L'SP% - nMeer BuA
s—r—1

0, == ; L (nr,j -+ 7_1-r,-j) + Lrnr, s~r

rae 1, € 0607 w m,, ., — semectrennan gopma. [laree,
ec/Iu n—moéaﬂ ¢opma crenenn 4s —4r n ee THIl OTIHYEH OT
(2s — 2r, 25— 2r), To L¥n =0, rax kak L¥" umeer tun (2r, 2r).
CpasnuBas TUnbl GOpM, MH BHIUM, 4TO

§—-r—-1

(Lo A (LTo,) = j;o L, ) A L1y, )+
F L) ALy, 5 p)

[Moacrapass B (3.6) 2s — 2r BMecTo p, HaxomuM, uto *L'7, ;==
= (—1)/L"y,,;. Otciona noayuaem

s—r—1

(L7o) A (LTo,) = ,Zo (—1/ (L, ) A (= L7, )+
_i_(*‘l)s-'r([‘rnr,s—r) /\ (* Lrnrys—r)‘

Tak kax
@) AL ) =L, 50 Dap ) >0
M

TO MBI BHAMM, YTO HHIEKC AaeTcsi QopMyJo#H
s—1 s~r-1 s
‘c(M):QZO jZO (—l)j pis=r—J, j_§_20 (__1)s——r BT ST
r= = r=

B sTo#t dopMyne MHOXKUTeJIb 2 nepen NepPBHIM YJIeHOM CTOUT
TIOTOMY, 4TO HHTerpaJ f(L’m,) A (L7®,) AB1S€TCS NOA0KHTEIEHO

M
ompejeseHHOR (pOpMOR OT 1, ; A 0L/ s—r—1, npuuem
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T,,; MOTYT OHTb KOMIIeKCHBHIMH. [losToMy, mepexoas x Be-
LIECTBEHHBIM (OPMaM, MBI NMOJYYaeM ABOHKY AJIf KAKIOIO U3Me-
peHHus MPOCTPAHCTBA @%)SS‘”‘L /. Ecau BO BTOpPOM ujieHe 3aMe-
HATb S— 7 HA p, TO Mbl noJayuyuMm A, BHuHCIeHHOE HA cTp. 40.
Eciu B mepBoM ujene 3ameHuTs J Ha p u r-}j Ha ¢, TO OH
Gyset paBen uucay B, Buuncaennomy na crp, 40. 3Orto BbuH-
C/leHHe 3aBepIlAeT [0KAa3aTeAbcTBO TeopeMnul (4.8).

B cayuae m = 2, 1. e. B cayuae, xorna Muoroo6pasue M uMeer
KOMIJIEKCHYIO Pa3MepHOCTb 2, uMeeM T (M) =2 (1% 2 - 1) — hl1,
Yucao #%? nasuiBaeTcs zeomempudeckum pooom MHOrooGpa-
aua M, Hanee, p2=p02+pb1 L p20—=2p502 L pl.1  Eciu
0603HayuTL yepes P YHUCIO MOJOKHUTENbHBIX KBAaIpPATOB B OMJK-
He#inot ¢opme Ha H2(M, R), NOpOXIEHHOH yMHOKEHHEM,
a uepes N — UHCIO OTpHLATENbHBIX KBaApPaTOB B 3TOH ¢(opMe,
10 : "

P—N=x(M)y=2(""241)—ab1,

P N=21024hb1,

tak yro P=2x%2_1-1 Bcerna neueTHo. Ita HOpPMy.Ia CBA3H-~
BaeT reoMeTpHUeCKHH pox, aBJOLIMACE OMPALMOHAJIBHEIM HHBA-
PHAHTOM, C HEKOTODBIM TOMOJMOIHUYECKUM HHBADHAHTOM. OTMETHM

eule, 4T0 uyHcaA0 — A0 HasbiBaeTCR UPPEZYAAPHOCHBI0 MHOIO=
obpasus M.

5.

ITo0MmH02000pa3UsT KOMNAEKCHOZO
RPOEKMUBHO20 NPOCMPAHCMEA

Mycte M — koMnIekcHOe MHOrooGpasue. Bynem o6o3Hauarh
yepes HP (M, T') rpynne koromosoru#t MHoroo6pasus M ¢ xo3g-
¢uuuenramu B aGenesoit rpynne I'. PaccmorpuM roMomopdusm j:
H2(M,J)—>H?(M, R), uHIyuupoBaHHHI# BJIOXeHueM J—>R,
ride J—rpynna uenbix yuces, a R — MOJie BELECTBEHHBIX YHCE].
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Mb GyneM ucnonb3osath £ nas o603HaueHust Kak GOpMH
HA IPMUTOBOM MHOr00GpasHH, CBA3aHHOH C MeTpUKOH ds?, Tak
i snemenra rpymaet H2(M, R), ompeneaseMoro sto#t ¢gopMoi
Ha KeJepoBOM MuorooGpasmu. Merpuxa ds? nasblBaeTcd Mempu-
roid Xodxwca (Mnd KeJepOBOA METDUKOH 02pAHU4EHH020 muna),
ecan @ € jH?(M, J). MuorooGpasue M Has3uiBaeTcs MHO0Z006-
paduemn Xo0xca (MM KeJIePOBLIM MHOrOOOpas3ueM 02PAHU4EH-
K020 muna), eclu HAa HeM CYLIECTBYeT MeTpHKa XOHXKa.

Anaasumuueckum nodmuozoobpasuenm (6e3 ocobenHocrelt)
N,=M,, HasuiBaeTcs TaKoe B3aMKHYTOe MOAMHOKECTBO NNV, uTO
ecan z€ N, ro cymecrsyer okpectHocTs U Touku 2& M ¢ Jqo-
KaJTbHEIMH KoOopjuuatamu w!, ..., @™, Takumd, uto NN U —
MHOKeCTBO Tex Touek U, B KOTOpPHIX witl . m obpa-
mwawtcs B 0.

(5.1) Araaumunecroe nodMH02006pa3ue Kelepos8a MH020-
o0pasusl ecmsv KeAeposo mMmHOzZoO6pa3ue. Ecau o6sematouee
MHO02000pa31e ABASTEMCA MHO2000pa3uem Xoodxwa, mo mem gce
csodcmion ofiadaem ROOMHOZOOGpaAsue.

INoxaszareascrpo. Ilycrs f: N — M—Bioxenune, o
nycts M uMeeT 3PMUTOBY MeTpHKY ds? u CBAsaHHyl0 C Helt
saMknyTyio ¢opMy @. Torga ds? MHAYLUMPYET SPMHTOBY METPHKY
F*ds? wa N, u cpazanHad ¢ 9TOH MeTpukoit ¢opma pasna f*Q.
3uauur, 3ra ¢opMa 3aMkHyta, © N — Keneposo MuOrooGpasie.
Bropas uwacrs yTeepwaenus (5.1) chaeayer u3 KOMMyTATHBHOCTH
caeAyrowed quarpaMMol:

e, 0 S ew, )
7 17
HY(M, R) 5> H2(N, R)

(5.2) Komnaexcnoe npoexmusguoe npocmpancmgo P
Aeasemca MHOozZ000pasuem Xodoca.

m

IloxasareasncTBo. HamomuuM, uro npocrpaicrso P,
6Bl10 paccMoTpeno B npumepe (1.2) M uTO MBI BBeJH HA HeM
IPMHTOBY METPHKY, Onpene/ius GopMy

ds? = ; dzkdzk — (; 2k d?f) (; 2/ dzf)

Ha S2m+l g jokasas, yTO 3Ta POPMa ONpenedseT IPMUTOBY Mes
Tpuky Ha P,. OnpenenseMas 3Tolt MeTpukolt gopma @ na S¥m+1
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paBHa

LV aze A dEk—é(E zkdz_k> A (2 Ekdzk).
k

\ & k
Ha S2m+1 M nmeem Y, 2Fzk=1, otkyna X 2% dzk- ) 2% dzk=0,
% 3 3

ITosToMy BO BTOPOM u/eHe BhHIpAKEHUs a7 @ COMHOWUTENH
OT/HYAIOTCS TOJNbKO 3HAKOM, M 3TOT ujen pases 0. Crano Owith,

ngggdzk/\ﬁzk. Dra ¢dopMa 3aMKHyTa. 3HAUUT, MHILYLHPO-

BanHag Ha P,, dopMa 3aMkHyTa, 1 P, — KeJepoBo MHOroobpasue.

Ins nokaszaTeabcTsa TOro, uro P, — muoroo6pasue Xompxa,
IOCTaTOYHO TMOKAa3aTb, YTO HA HEM MOXKHO BBECTH KEJIEPOBY
cTpyKTYpY, dopMa @ KoTOpO# 06Gnafaet HYKHEM CBOHCTBOM, Jie-
MeHT @ npexncrasaser co60i nenyneso saeMent rpynmsl 42(P,,, R),
u HZ2(P,, R)==R; cnel0BaTe/IbHO, MbI MOXEM YMHOMXUTb Me-
TPUKY Ha TaKoe Yuca0, yTo & craHer 06pasoM LESOUHCIEHHOTO
Kaacca koroMmoJsioru#. OLHAKO HHTEPECHO (PAKTHUYECKM BHIUMC/INTD
nepuox GopMel € Ha noaMuorooGpasuu P;, onpejeiseMoM ypas-
HeHUaMH 22 = ,,. = 2" =0, DTO 3HAYUT BHYACJIUTH

f@:% f(dzo/\dg‘)—}—dzl A dzY).
1 Pl

MOKHO LOMyCTUTh, 4TO 20 BelleCTBEHHO, W MONOKHTE 21720 == re®,
Tak uto 2! =20re!. Torma

dz! = e (d (2%) 4 i2% d0), dz! == e~ 0 (d (2%) — i2"r abh),
otkyaa dz! A dz! = — 2i2%d (2°r) A\ d. Snauwur,
f Q— f 2rd (2°7) A\ db =
P’

=g [aiAdd = [ d (1) A,

npHueM [OCJelHee paBeHCTBO CaeayeT M3 Toro, uto (2074
~+(rz%? == 1. 3roT MHTErpPaJ MOKHO BBHIYHC/UTb KAK TOBTOPHEH
unterpan, wunterpupys no 0 or 0 xo 2x u mo r or 0 mo co.
On pasen .

Cnencrteue. Bce anarumuseckue nooMHoz008pasus
npocmpancmsa P, asagiomes mHozoobpasuamu  Xoooa.



5. IodmHo2006pasun NpoexTieHoz0 NRPOCTPAHCTEA 15

B wacmuocmu, sce aaze6pauuecxue muoz006pasus 6e3 oco-
Gennocmeil 8ASLIOMCA MHO2000pasuamu Xodxcad).

(5.3) Komnaxmuoe anarumuneckoe nodmnoz006pasue re-
AeP0Ba MH02006pA3USA HUK020Q He 20MOAL0ZUHHO HYAI.

HokasartenbcTBo. [lycte M — Keneposo MHOroOGpasHue,
v nyctb f: N, —> M, — B10oKeHHe KOMIAKTHOrO aHATUTHYECKOTO
noaMuoroo6pasus N B M. Ilycte & — cB#sanHas ¢ KeaepOBOH
MeTpuko#t 2-dopma na M. Torma f*Q— 2-¢popMa Ha N, cBs-
3aHHAs C MHAYUMPOBaHHOH KesepoBOH Merpuko#. IlosTomy
(f*Q)" — HeHynesoe KparHOoe 3jeMeHTa 06Gbema Ha N. MHoro-

oGpasue N KOMIIAKTHO, M, 3HAYMT, f(f*SB)” = (0. CienosarensHo,
: N
sz” # 0. Uukn f N He sBagercs rpanudue#i B M, noromy
TN
yro ¢opma Q" saMKHyTa, W, B3HAYMT, HHTErpan ee no Ja06oH
rpanune pasen O mo reopeme Croxca.

Ilycte M — KOMMIaKTHOe Ke/lepOBO MHOT000pasue. ¥ CJIOBHMCA
OTOXK/JEeCTBAATh 3aMKHYTHE KOMIJIEKCHO3HAUHbE AHQdepeHiHalb-
Hele ¢opMel Ha M ¢ onpeneseMbIMH MMH KJaCCAMH KOTOMOJOTHH,
PaccmoTpum auarpaMMmy u3oMopduaMoB

* D
HP = H*™-7 > H,

rjae HUMeTCs B BUAY TPYINBl FOMOJOFUH M KOFOMOJOTHi MHOrO-
o6pasus M c xoMmmiekcHuMH Ko3dduuuenramu, a D — omnepa-
Top mBo#ctBensoctH [lyankape ). Mmeem Q€ A2, Tak 4ro
DR=E¢cH,, 5. Ecan M — anreGpanueckoe MHorooGpasue
B KOMIJIEKCHOM HPOEKTHBHOM NPOCTPAHCTBEe, CHAGKEHHOE KeJe-
POBOH MeTPUKOH, HHAYLMPOBAHHOW METPHUKOHX B 3TOM NPOCTPAH-
CTBE, TO MOXHO MOKasarh, yro E — ceuyeHue MHOroo6pasus M
PHNEPIIOCKOCTBIO. [Tonokum E, = DRT=Fo ... oE (uepes
Ao B Mu 0003HauaeM nepeceueHde Kjaaccos roMonorut A u B).
B cayuyae, korma M — aareGpanyeckoe MHOroo0pasue B KOM-
TJIEKCHOM NPOEKTUBHOM TpOCTPancTee, £, _, ecTh ceyetine MHOrO-
o6pasusg M NPOeKTHBHBIM MOANPOCTPAHCTBOM PA3MEPHOCTH 71 -—(¢.

Hycte © — uMnpumarusHas gopMa panra k. Torza o = L%y,
rae Av=0. Ilyctb p— crenenb ¢OpMB 7, a ¢ — CTenedb o,
Tak 4T0 ¢ = p-+2k. Torma Mu uMeeM, B cuay (3.6), .

D s w==D % Lk =qa DL™P~*Cy,
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rae a = 0. Orciona
D s o =aD (""" *OCn) =aE, , o DCn = aE, o DCx.

Knacc romosioruft A naseiBaercs UMIPUMUTHBHEIM paHra R, eciu
—1
dopMa (D) A sBiasercs MUMIPUMATUBHOK paHra Z.
[Mycte M — ananutuyeckoe MNOAMHOro0Gpasne  KeJepoBa
MHoroo6pasus P, u nycts f — ero piaoxenue B P. Ilycrs &) —
¢dynnamMentansHas dopMa Ha P u @ = f*Q,. Torza

FE= ,D)=f,@Q@nM=/LQNM=
—=9Q,n f,M=DLyo f M=E,o f,M,

Tak 4t0 E = DQ MOXHO paccMaTpuUBaTh KaK CeucHue MHOrooGpa-
sus M umkaom E,=DQ,. drum n0xasaHa

(5.4) Teopema Jledbmena. Ilycms M— anarumuse-
CKOEe NOOMH0z006pa3ue KOMNAEKCHOZO NPOCKMUBH020 NpPO-
cmpancmsa. Toz0a 8cAKul UMAPUMUMUBHBLE KAQCC 20M0-
aoeul panea k codepoicum yuxka pazmepHocmu q u parza kR
8 E,_,, rxomopoe npedcmasasem co60i nepeceienue MH020-
o6pasus M ¢ nodxodswum noORPOCMPAHCIMBOM NPOCKMIE~
HO20 npocmpancmsa. B wacmuocmu, scaxal kaacc 2omoso2uil
pazmeprocmu q codepacum cgoezo npedcmasumenrs 8 E,.

6.

Komnaexcnole mopot u aberedol MH02006pasust

IMycts M — KOMIaKTHOe KeJepOBO MHOroo0pasHe KOMMJex-
cHo#t pasmepuocts m. Torama mpoctpancrso H**1(M, R) nomy-
CKdeT KOMILJIEKCHYIO CTPYKTypy, KOTOpas 3alaeTcd aBTOMOpGH3-
MoM C. Kak Mbi Bugenan B (4.3), on o6nanaer csoicteom C2 = — /.
O6pas roMoMopdusma j: H¥WPHU(M, J)y— H?»*1 (M, R) ecmb
IUCKpeTHAss MOArPyNna MakcuMmagbHoro paura. OrcioAa Mel BH-
M, uro H%»+ 1 (M, R)[jJH»T1(M, J) ectb KOMILIEKCHHI TOp
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KOMILUIeKCHOH ~ pasMepHocTH  b%*1/2.  OGosuauum 4epes O,
(O p<Km—1) noiydyeHHble TaKUM CIHOCOOOM KOMIIIEKCHbHIE
tope. Top 8,— 310 MHO2006pa3ue [Tukapa MuorooGpasus M.
Kak Mbl yBHAMM 103Xe, OH NONYCKaeT MHOTO €CTeCTBEHHEX reo-
MeTpPUYeCKHX HHTepmpeTaluil. 'eoMeTpuuecKkue HHTepIpETALUN 15
TOPOB C GOJMBLINMH P HEH3BECTHH.

AbGeneso MHO2000pa3ue — 3TO KOMILIEKCHBI® TOp, ABASIO~
wHics B TO e BpeMs aareGpanyeckuM Muoroo6pasmem, Kak Mbl
BUJENM BHIE, Bcakoe aarefpanuyeckoe MHOrooOpasue sBJfeTCS
MHoroo6pasueM Xomka. Mbl ganuM cefiuac xapakTepHUCTHKY Tex
TOpPOB, KOTOpHE ABAMOTCS MHOrooOpasusMu Xomwxa. B § 15
Oyaer HokasaHa TeopeMa Kojaupsl, cOrnacHO KOTOpoH Beaxoe
MHOrooGpasne Xonxka ABjfeTcst ajareGpanuecKUM MHOTOOOpasueM.

[Mycrs E,, — m-MepHOe KOMIIEKCHOE BEKTODHOE MNPOCTpax-
ctBo u I'—ero nuckpernas noArpynna, nopoxieHHas 2m Ju-
HellHO He3aBUCHMBIMH (Hal BeLleCTBEHHBIMH YMCJIAMU) BEKTODAMH.
Torza G=E,[I'— koMmniexcustf TOp. Iro albenesa rpymna,
ABIAIOWIAACE TAKXKE KOMINAKTHBIM KeJepOBEIM MHOTOOOpasHeM.
Keneposa MeTpuka Ha HeM noJyuaercs, ec/id B3aTh B £, mo6yio
SPMHTOBY MeTPHKY C MNOCTOSHHBIMH KO3(duuueHTaMy H B3ATh
Uiy MpoBanHyio MeTpuky Ha G. Ecau Ha G 3anana Kakas-uubyih
KelepoBa MeTpHKA, TO Mbl MOXEM NpouHTerpupoBaTh ee mo G
¥ TOJYyYHTh MeTDUKY C TOCTOSHHHIMH Ko3dduuuentamu. Ecan
nepBoHayasbHags MeTpuka Ownia MeTpuko# Xomxa, TO B pe3yib-
TaTe TaKxXe NoJjyuurcs Merpuka Xomxa. IHelcTBuTeNbHO, HHTE-
rpajn cB3aHHOK ¢ He#t 2-dopMel Mo MOOOMY ABYMEPHOMY UMKIY
paBeH uuTerpaiay nmo (G OT MHTerpajga INepBOoHAyaabHOH (OPMHL
N0 9TOMy UMKAY (Tax Kak MH MOXEM NepecTaBUTb HH-
TerpupoBanusi mo (G W NO [BYMepPHOMY LHUKJY), a 3TO HYUCJIO
Lesoe, MOCKOJBbKY V MepBOHAualbHOR KeepOBOH MeTPMKM NpH-
COeJHHEHHaa ¢(OpMa HMeeT LeJible MNMepHOAB (pasyMeeTcs, MbI
npennonaraeM, 4ro Mepa Xaapa Ha rpynne 0 HOPMHDOBAaHa Tak,
4T0 Mepa BceH rpynnel G pasHa 1), MTak, HaM OCTaeTcs TOJBKO
HCCAe]0BaTh cayyadt, korpa G JONYyCKaeT MeTPHKY C MOCTOSIH~
HBIME KO3QuIiHeHTaMH, KOTOpas sABJIfeTca MeTpHKOH Xomxa,
Taxas meTpuka Ha (G WHAYUUDYET 3PMHUTOBY MeTPUKY Ha E,,.
Taxum o6pa3oM, MBI MOxeM CcKa3are, 4to T0p G == E,(T" asnsercs
aleneBBHIM MHOrOOGpasueM TOTAAa X TOJABKO TOrAa, korja B E,,
CYLIEeCTBYeT TaKas 3PMUTOBAd METPHUKA C MOCTOAHHBIMH KO3¢ddu-
LKEeHTaMH, 4YTO COOTBercTByIOWas 2-¢opMa. Ha G UMeeT lieJble
(MM pPaNMOHAMBLHEIE) MEPHOLHL "
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HatineM ycuoBHS ajs CYlieCTBOBAHMS TakoM 3SpMHTOBOH Me-
tpukun B E,. Jas 3Toro Mpl oONpeneluM 3IPMHUTOBY METPUKY
BHYTpeHHHUM 00pasoM. [lycth E?™ — peulecTBeHHOE 2m-MepHOE
BEKTOPHOE NPOCTPAHCTBO. 3aiaHie KOMIJIEKCHOR CTPYKTY P B £27
SKBMBAJEeHTHO 3ajanui0 Taxkoro asTomopcdusMa C mpocTpau-
crBa E?™, yro C?=—]. DpMHTOBO CKaJIspHOE MPOU3BEIEHUE
H(x, y)— 3T0 KOMIaexcHas OuanHelHas ynxuus na E2my Em,
YIOBJIETBOPAIONIAA YCAOBHAM:

¢} H(y, x)=H(x, y),
(2) H(Cx, y)=1iH(x, y).

Tonaras H(x, y)=F (x, y)+iG(x, y), rae F u G — Beule-
CTBeHHBle OHMUHelHbIe GOPMBI, MBI BunuM, 4T0 F (x, )= F (y, x)
i G(x, y)=-—G(y, x). PopMa H noJ0KUTeIbHO ONpeleena
TOrZa ¥ TOJABKO TOT;a, Korga P TOJMOKUTENAbHO OINpeleleHa.
Hanee, F(x, y)==G(Cx, y). 3naunr, ¢opMa H onHO3HAUHO
onpejeaserca onioll ¢opmoht G.

(6.1) YcaoBus Pumana—®pobeunuyca. ITycms I'—
OUCKPemHas no0PYNNQ NAPALLeAbHbLX NePEeHOCO8 NPOCMpaH-
cmea E?™, nopoodennas 2m AuHelino He3Q8UCUMBIMUL BEKMO-
panu. Top E*™T agagemca aberessism MHO2000pa3UeM M020G
u moasKo mozda, Kozda cywmecmsyem maxasn @yurxyus G(x, )
na E?m X E?m ymo

(1) G — sgeusecmsennas Kococummempuieckas ouiuneinas
gopua;

(2) gopma F(x, y)y=G(Cx, y) cummempuina u ROAO-
HCUMENBHO Onpedenena;

(3) G(a, b)— payuonassnoe 4ucao, ecau a, bEI.

IHokasareabcTBO. MH BHIeJM BBHILIE, UYTO CYWECTBO-
panue B E2m 10/I0KUTENbHO ONpenesieHHOR 5PMUTOBON METPHKH,
MHBAPUAHTHOK OTHOCHTE/JBHO TME€PeHOCOB, SKBHBAJEHTHO YCJIO-
uaM (1) u (2). [TokaxeM Tenepb, 4TO yc/OBHE (3) SKBUBAIEHTHO
TOMY, YTO COOTBETCTBYIOUlas MeTpuka Ha E%#(I' aBaserca merpu-
ko#t Xomxa. Ilycrs X —kBagpat, cocroswinit U3 TAKHX TOUEK (s, £),
uro 0.s, £< 1, u nycts oro6pawenue f: X—>E?™ onpene-
neHo dopMmysolt f(s, {)=sa-}1b, rne a, b—— GUKCHPOBaHHEE
sneMerTH rpynnst I'. ®opMa G — 310 2-dopma, cpgsanHas C ke-
JepoBOo#t MeTpuko#f, M, Kak JerkKko IpPOBEPHUTb, 3Ta METPHKA
qBaseTca MeTpukOH Xoaka Torga H TOJBKO TORaa, Korjia
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¢opma f*G uMeerT pauuoHaJbHHE wunTerpan mo X mpu J06OM
suGope anemedToB @, b €I'. TMockoavky f*G =G (a, b)ds A dt,
MH BHIUM, 4TO (3) HEOOXOXMMO M AOCTATOUHO AJS TOrO, YTOOBI
MeTpuka Onua MeTpuko#t Xomxa.

PaccmorpuM ecrectBesnnoe oroGpawxenue j: HY(M, J) —
— HT(M, R). Dnemenrsl ero 06pasa HA3HBAOTCH §eLOLUCAEH-
HBLMU KAGCCAMU KO20MOA02ul. AHAJOTMUHO HA30BEM payuO-
HQAbHOLME KAQCCAMU KO20MO0A02UL dNeMenTs 00pasa NPpH OTO-
Gpamennn HY (M, Q)—> HI(M, R), rie Q —rpynna pauuoHan-
HBIX uYucea. 3aMkuyTas Judgeperunansiad GopMa HA3EIBAeTCH
UYenoHUCAeHHOE WAL PAYUOHAAbHOE, eCNH OnpelenfeMblii e
KJ1aCC KOTOMOJIOTHH sBJISIETCE COOTBETCTBEHHO LENOYHUC/ICHHLIM
HJAH DAlMOHAJBHBEIM, $ICHO, uYro BHelIHee NPOM3BEJEHHE 1eJI0-
YHCJ/IeHHBIX (PALHOHAMBHEIX) (OPM #BJIAETCA CHOBA LENOYHCJEH-
HO# (pauuonanbHolt) GoOpMOH, mOTOMY uTO NpousBejeHue Anex-
canzepa — KoaMoroposa ueo4icaAeHHbIX (PalHOHANBHBIX) KJT1ACCOB
KOTOMOJIOTHH 9BJAETC LEJOYMCAEHHHM (PALMOHAIbHEIM) 2L),

[TokaxkeM Temepb, YTO NMPOCTPAHCTBO BELECTBEHHBIX NPUMH-
THBHBIX FaPMOHMYECKMX (JOPM CTeneHH p HA MHOrooOpasuy Xomxa
uMeeT 6Gasuc U3 pauuoHaaeHux ¢opM. IlycTs 2z, — wesnouucien-
He Gasuc npocrpancrsa H? (M, R), u nycrs z;—uenoqncnen-

HEf Gasuc npocrtpancrtsa H2m-r+2(M, R). Torna
QP A 2= ;“aijz;,

rie a;;— LeJbe 4YMCId, Tak Kak £ -— uesouucienHas gopma.
ITycTs X, — HeKOTOpHIH 63a3HC MPOCTPAHCTBA BELLECTBEHHHBIX MPH-

MHTHBHHIX TAaPMOHHYeCKHX ¢opM creneHu p. Torna x, = Ebkizl.
i

MBl XOTHUM NOKa3aTh, YTO 0a3UC X, MOXKHO BHOPaTb Tak, 4TOGHI
yhcaa by, OviK paunoHajbubiMH. [TIpUMHTUBHOCTL 3/E€MEHTOB X,
sKBuBaneHTHa pasexcrsy K7 PF! A x, =0. Orciona

Db QPN 2, =0= > by8,,2)
7 7

TaK 4TO Ebkiaij=0 nas Beex R, j. Tak kak sTH JunefHbe
1

ypaBHeHus (OTHOCHTEeJBHO bj;) HMMelOT pauuoHalbuble Koaddu-
UMEHTH M BeleCTBEHHOE peuleHHe, TO, 3HAYUT, OHH MMEIT pa-
UMOHAJbHOE peulende. TeM CaMBIM Haille yTBepXJeHue NOKA3aHo,

4 Yxsup Igu-wsde
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Mycte onare M oBosnauaer MuorooGpasue Xomxa. Ecan

X — paumoHajibHas ¢opMa M x = X, Q" A x,, rie X, — npu-
r

MUTHBHBE (DODMEI, TO (OPMH X, PALMOHANbHEL [1peanosoxuM,

yT0 GOPMEl X, pAUMOHANBHH JJf r > R. DBrunras us x

Cymmy Z Q7 A x,, MH CHOB3a NOJYUYHM PallHOHAJbHYIO GOpMy
r>R
Y= ;RSB’ A X, Mbl XOoTHM mOKa3arb, 4To (opMa xg pauuo-
<
paabHa, Ho xp — mpumuTupxas dopma crenenu p — 2R. Tlycrb

¥, — PalMOHAMbHBIA 06asuc NpPOCTPAHCTBA MPUMHTHUBHHIX (oOpPM
crenesd p— 2R, W nycTb 2, — PALMOHAJbHHN 6Ga3UC TPYMNIH

KoroMoJioru# H”’"”J’R(M, R). Tak kaxk ¢opMa y panuoHa/bHA,
to Mo mmeem QPR A y—=Na,z,, rme a, panuoHambHbI.
C apyro#t cTOpOHH, ec/H r<le TO MHl BHIUM, 4TO
Qm—p+R/\ 9’/\ x,:SBR—r—l A Qm—p+2r+1 A x,:0,

noroMy uro ¢opMa x, MMeeT CTelleHb p— 2r W NPHMUTHBHA
{Mb1 noabsyemcs Teopemo#t (3.4)]. Ilycrs x;g:Zbiyi. MH xo0-
THM TI0KA3aTh, YTO b, -— PaLHOHA/JbLHbIE YNC/A. TaiK Kax QOpMH y;
¥ @ pauuoHa/lbHBI, TO MH HMeeM 9’""’+2R/\ y,.::Ek:cikzk,

rae ¢, panuoHanbhe. [anee,
; 8,2, = Qm—pP+R Ay= Qm—P+2R A Xp ?%bicikzk'
3HauHT, YMCAA b; YIOBHETBOPAIOT JHHEHHBIM ypaBHEHUAM
; bicyp == ap,

rie a, 4 €, paukoHanbHbel. [TOCKOJBKY 3TH ypaBHeHHS MMEIOT
eJMHCTBEHHOE pelleHue (TaK KaKk QopMa X, ONHO3HAYHO ompe-
—p+2 —p- :
nenena papenctBoM Q7 PR Ay QPR A Xp B CHIY eli-
CTBEHHOCTH Da3foXKeHud), OTCIOAA CASAYeT, 4TO B, —paLlPIOHaJIb-
Hble 4HCJa.
(6.2) ITycmv M — xomnaxmuoe muozoo6pasue Xoodxca.

Tozda mop ©,=H"*'(M, R)[jH?* (M, ) npu 0L p<
gm—1 mamfce ABAREMES MHO2000pasuer Xoosa,
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- r
HokasateabcTBo. [lycrs u)_;‘éa A ©,, TIe 0, nNpH-

MutuBHH #H deg o = 2p -} 1. Tloaowum

G 0)=(—1/®D Y (—1) [N G Aw,.
r M

Torna G — BemecTsennas Gununednas gopma na HP (M, R),
KOCOCHMMeTPHYHAA, MOCKONBKY CTeneb Kawio# u3 ¢opM ¢,, o,
nedeTtsa. Ilostomy G yaosaerBopser ycaosuwo (1) us (6.1). Has
AOKa3aTeJ]bCTBA TOPO, UYTO OHA YAOBJAeTBOpseT ycaoBuw (2),
HAMOMHUM, 4To U3 (3.6) MBIl MMeeM

(p+1-7) 2p+1-2r) 1 m—2p—142r
D g g NC

* cPr=(_

-
OTKy[a MoJy4aeM, 4TO

G (Co, ©)=—D(m—2p— 1 +2r)!f £, \ 0, =

M
= N(m—2p — 14+21)! (0, ).

1. e. ¢opMa G (Cy, w) saBIgETCH CHMMETPHUYECKOH M MOJOKH-
TeqbHO onpefenentoft. [as mnposepkm ycaosus (3) us (6.1)
3aMeTHM, YTO €CJIH @ M © — PAlUOHAJbHEE (OPMH, TO ¢, U ©,

m--2r—-2p+1
TaKxKe pAalHOHAJbLHE, MO3ITOMY YHUCJI0 fﬂa /\cpr/\(l)r

M
paltMOHA/NbHO, W BCE JNOKAa3aHo.

Topul @p HA3HBAIOTCA MHOZ0OGpaauamn Srko6u Muoroobpa-

sus M. Top O, HasbiBaeTcs muo2006pasuen Iuxapa, a O, _; —
Muozoo6pasnenm Aavbanese. TlokaxeM Temepb, YTO 3TH MHOTO-
06pasud BHYTpPeHHHM OODa30M ¢BA3aHbHI C KOMIJIEKCHOH CTPYK-
Typo#t Ha M (T. e. He BaBMCAT OT KOHKPeTHOH KesepOBOH Me-
TpuKY, MCMOJbL30OBAHHOK NMPH HX ONpeaeNeHUR).

(6.3) Topu O, 3asucam moasKo om KOMNAEKCHOL CrpyK-
myps. Mrozo006pasus M.

INokaszateabcTBO. [lokameM, 4YTO B TNPOCTPAHCTRE
HP! (M, R) MoxHO ompelejurb Tako#k asromopgusM C, 4TO
C* = —1I. Tlycrs 1 € H***1 (M, R); Brbepen 3aMKHYTYIO nHd-
¢depeHUMaNbiy0 POPMY ©, NPEACTABAKIOILYIO 7, TakUM 00pasoM,
uyto6n dCw =0, rae oneparop C Ha GOpMax OmpenelieH TaK XKe,

4*
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KaK panblle, W, 3HAYHT, 3aBUCHT TOJBLKO OT KOMILJIEKCHOH CTPYK-
TypHl. Takas ¢opMa o CYUIECTBYeT: HampuMep, MOXKHO B39Tb
B KauecTBe ® FapMOHHYeCKYI0 QOpMy, NMpeACTaBJIAOILYI0 KJIACC 7.
Ecan o’ Takxe Bxomur B ¥ # do’ = dCe’ =0, 10 10KaKeM,
yto Co ~ Co’. JLoCTaTOYHO [0KA3aTh, YTO ecJH 7 — opma,
ang kotopoh dq=dCn=0u 1~0, to Cn~0. Ecu n~0,
To Hn =10, rae H — oneparop rapMOHHYECKOTrO MPOEKTHPOBAHHKA.
Oneparop C nepecraHoBoueH ¢ omeparopoM Jlamiaca, a smaywr,
uc H, orkyna HCyn=0. I3 nocienHero coOTHOUIEHUS CJie-
ayer, uyro Cn~ 0. Jloka3arTejbCTBO 3aKOHUEHO.

IMycte E, E’— conpswkeHHHe JIDYT HIPYTY BeleCTBEHHHIE
BeKTOpHblE TPOCTPAHCTBA ¢ Ouaune#Ho# ¢opmoit (x, x’) aas
XEE, x'€E’. Ecmm C: E->E —rTakoit asroMopduaM, uTo
C?=—1], 1o onpeneauM asromoppusm C’: E/ —>E’, Taxof,
uto C* =—1, caenyomum ycaosuem: (%, x')={(Cx, C'x’)
ans Bcex x €E, x'€E’. Torna

(x, £y =(Cx, C'x"y=(C%x, C"’x"y =— (x, C"°x")

u, sHauur, C”* == — J. KommiexcHas CTPYKTypa, MHIYLHPOBAH-
Has B mpocTpaHcTBe E/ omeparopoM C’, HaswpiBaeTcs CONpPieH-
HOH KOMIJICKCHOR CTPYKTYpe, HHIyuupoBanHo# B £ oneparopom C.
IMycts I' — nuckpersas Noirpynna npocTPaHcTBa E MaKCHMallb-
HOro pasra; ompemejuM noxarpynmy I =={d’|(d, d’) — uenoe
upcao aaa Bcex d €T}, Torma I Ttaxkxe Oyner AuCKpeTHOH
noArpynno#f MakcuManbHOro pasra B E’, conpsixenno#t c T
B stom cayuae M Gyuzem rosopurs, uro E[I' u E'IV — conps-
JHCEHHBLE NLOPYL.

(6.4) Tops O, u O,,_, | ABALOMCA CONPAACCHHBIMU.
HokaszaTeabcTBo. OnpepeduM 118 o € @%’ff“,
¢ € SHRP! onaunennyo dysxumo (o, o) = f o A . Torna

M
(Co, Co)= [Co N Co= [C(o A g),
M M

rak uto (Co, Co)={(0, ¢). 3uHAYUT, NPOCTPAHCTBO 56’2;{”1
C KOMIIeKCHO# CTDYKTypo#, uHayuupoBanuo#l omeparopom C,
COMpSIKEHO TPOCTPAHCTBY é?é’;%""'?”'l C KOMIJIEKCHO# CTpyK-
Typo#t, HHAyLupOBaHuO# omepatopoM C. U3 Teopemb aBO#-
creensoctTi  [lyankape ciaepyer, uTO UeJOuMC/eHHbBle (OPMHI
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cremend 2p-+1 compskeHsl LEJOYHCIEHHHIM QOPMaM CTemneHH
2m —2p—1, OTKyAa MOJyYaeTcs Hall pe3yJbTar 22).

[TpuseseM Tenmeph NpHMepP KOMIIEKCHOTO TOpPA, He SBJSIO-
werocs abesieBbIM MHOrooOpasueM. PaccMOTpuM ueThHlpexMephoe
BEIIeCTBEHHOE BEeKTOpHOe NpPOCTPAHcTBO E ¢ JUCKpeTHOH moj-
rpynno#t I'. KoMn/ieKCHEIE TOp MOJHOCTBIO ONpelesicH aBTOMOpP-
¢usmom C npocrpancrsa E. Ecam subpard Gasuc rpymnu I,
T0 aproMop¢uaMm C 3aaaeTcs KBaipaTHO® MaTpuue# 4-ro nopsixa
C BeLIeCTBEHHBIMH KO3(UIUEHTaMH, KBaapaT KOTOpOH paBeH
eIUHHYHOR MaTpuue ¢ oOpaTHbIM 3iakoM. PaccMoTpuM Marpuuy

0 —1 —aV2 V?

1 0 Y2 V2
A= 1
0 0 0 —_——

T

0 0 T 0

Sra MaTpuua onpejleseT KOMIIEKCHBIH TOP, KOTOPHIR He ABJISETCS
abejeBulM MHOrooOGpasueM. [le#cTBUTeNBHO, ecau OH ompefeseH-
HEI#t ei0 Top Obla aGejieBHIM MHOroob6pasuem, To, B cuay (6.1),
cywecrBoBaja OBl Takas 1EJOYMCIACHHAR KOCOCHMMeTpUYecKas
matpuua G, uro Marpunga A’G2) Guaa 66 CUMM eTpHYHOHR H
MOJIOKUTENbHO onpeaenerHol. Ilonaras

0 a b ¢

—a 0 d e
G=l_4 _4 o f
—_—e¢ —e —f O

W NMEepeMHOxKags Marpuupl, NOJy4aeMm

—a 0 d e

G 0 —a —b —c
T —2@V2 40) —x@V2 4e) o« +

* ES * *®

re 4ucna, 0GO3HAYCHHBIE 3BE3NLOYKAMH, He BAXKHHL /I8 JOKa3a-
reabcrsa. Ecau sta Marpuua cuMmerpuuna, 10 d = — = (a V' 24-¢)

" b:w(a V2 +e). Yucna a, b w T. 4. Lejsie, NO3TOMY u3
nepBoro paseHcTBa chaenyer, 4T0 d =0 n a=¢ =0, TaKk Kak =«

He aareGpamyto (uro npaer d==0) u 3aTeM TaK KaK V2
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MPPALMOHATbHO. AHAJIOTHYHO U3 BTOPOI'O paBEHCTBA NOJAyYaeM b=
=a=e=0. 3nauur, Bepxuaa crpoka Matpuusi A’G cocrout
U3 HyJeH, YTO NPOTUBOPEYUT MNOJOIKUTENbHON ONpPEAENEHHOCTH
3TON MaTpUILHL.

7.

Humezpupyemoie noumu KomniaexcHoie
cmpyKmypol

BrisichuM, Kkoria TOYTH KOMI/JEKCHAas CTPYKTypa Ha Belle-
CTBEHHOM MHOr00Gpasui M?" ueTHOH PAZMEPHOCTH HHAYLMPYETC
HEKOTOPOH KOMILIEKCHOHM CTPYKTYpO# 24),

[Tycte E£27 — BelieCTBEHHOE BEKTOPHOE NPOCTPAHCTBO C TAKUM
apromoppusmom C, uro C?=—]. Ilyctb E’— comnpsmkeHHoe
k E mnpocrpancrBo u C’-— conpsKeHHHH aBTOMOpPQU3M MPO-
cTpaHcTBa E’. Jlunelnble ¢yuxkuumn Ha E € KOMIJEKCHBIMH 3HA-
4eHnAME 00pAasyloT KOMILIEKCHYI0 0060J0uKy mnpocTpancrsa E’.
[Npexae Bcero HaltzeM yc/0OBHE Ha TAKYIO JHHeHHYIO GyHKLMIO L
ans Toro, urobu L (Cx)==il (x). Tonaras L= x;-ix;, rue
x1, X5 € EY, mul Buanm, uro L (x)==(x, x]) +i{x, x}). Orcona

L(Cx)={Cx, x)+i(Cx, x5y =—(x, C'x)) —i{x, C'xy).

B to xe Bpema iL (x) = — (x, x;) i (x, X{), TaK YTO PaBEHCTBO
L(Cx)=1IL(x) 5KBUBaNEHTHO pPAaBEHCTBY x;:C’x;. 3uauur,
auneftneie  gynxuun L suma L= x’+iC’x’ — 310 B TOYHOCTH
Te JuHefHBle QYHKIUM Ha E ¢ KOMNJIEKCHBIMH SHAYeHHAMH, A/
koTopuX L (Cx)=I(L(x) nna Bcex xEE.

PaccMorpum Tenmepr MHOrooGpasue M ¢ MOYTH KOMILJIEKCHOH
CTPYKTYpOH. DTO 03HAudeT, YTO B KAWKAOM KAacaTelbHOM MHPO-
CTPaHCTBE MH MMeeM Taxo#t apromop¢usm C, uro C?=—1],
npudeM C saasercs dynxudelt kximacca C™ ua mHoroo6pasmn M.
Ecian nHa M CyweCTBYIOT TaKue JOKaJbHBIE KOMILIEKCHBIE KOOp-
IOUHATH, YTO TOYTH KOMIIEKCHAs CTPYKTypa mOJyudeTcs U3
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KOMILIEKCHOR CTPYKTYPHl, HHAYLHDOBAHHOR ITHMH KOOpAMHATAMY,
TO CHUCTeMa KOMIIeKCHHX ¢opM o +iC’w (0 — mobas auuei-
Hag pellecTBeHxas ¢opma) IKBHUBAJeHTHA cucreMe Inddepeniua-
JIOB KOMILJIEKCHO-aHaAUTHYeCKHX (YHKUMA. IDTO 3HAUHMT, UTO
cucreMa o --iC’w Brnoase uHterpupyema. Ias Toro yrobbl mpH-
MeHUTHL TeopeMy Ppobenuyca O BNOJHe HHTETPHPYEMBIX CHCTEMaX
B KOMILIEKCHOM CJy4de, Mbl NOJKHB MPEINIONOKHUTH, UTO HMeeM
AeN0 C BELECTBEHHO-AHANIMUTHYECKUM MHOTOO6PA3UEM U YTO MOYTH
KOMIJIEKCHAs CTPYKTypa fBJAeTCH BelleCTBEHHO-aHAMUTHUECKOH,

B TepMunax BelIeCTBEHHBIX JIOKAJbHBIX KOOpAMHAT X% mpe-
o6pasosanuio C’ orpevaer MaTpuua (ai), ompeleseHHas pape-

creoM C/ (dx/) = Za{' dx®. Mpt XOTUM HaitTy yca0BHE 18 TOTO,
%
I 3N gk ;
yToGhl cHcTeMa dopm (34 t-ia})dx® s 1< j<L 2m 6uaa
%

BnosiHe muterpupyemo#t. OGosnauas stH QopMbl uepes o/, Mul
nMeeM

i (0a]  0d]
do/ =Y, — | —2 R Vaer p daxk,
, E 2 (()xh ()xk) A
Bk
[Tonaras
ol = 2%k %
T N
HoJay4aeM
. I
do/ = —;—2‘ i dx" A dx*.
)
Mycto

= (3 — ia})dx".
%

Torna dopmsl o/ u 7/ obpasywr 6asuc HAx MOJeM BelECTBEH-
HBIX yuces AJM% KOMIJIEKCHO3HAYHHIX JMHHEHHHIX duddepeninas-
Hbix Qopm. Ilonanas MHTErpUpPyeMOCTb SKBUBAJIEHTHA TOMY, 4TO
dopMel do/ mpuHALeRAT HIeany, MOPOKIEHHOMY dopMaMu o/,

h R
CienoBaTe/IbHO, OHA SKBMBAJIEHTHA YCJAOBHIO %a/{mn AnE=20

aaa kaxaoro j. Orcioaa
ga{;h(BZ——iaZ) (3 —iap) =0
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AAs BCex J, p, g. OThenss BewleCTBEHHYH M MHHMYIO YacTH,
MH NOJIyuaeM

k h j h k
th alpabal — ol =0 u ; abal —11—% abaak =0.

¢

OTH 1Ba DPAaBeHCTBA IKBUBA/NEHTHLI, MOTOMY 4YTO eCJAH YMHOXHThH
BTOPOE W3 HHX HAa af W TNPOCYMMHPOBATbL MO P, TO NOJAYYHTCA

nepsoe paBeHCTBO. [T010KUM
) Jo_ k] ko J
thy = ; (apags — agape).

[TouTh KOMILIEKCHAas CTPYKTypa HHAYUMPYETCd KOMIIEKCHOH

CTPYKTYypO# TOrAa ¥ TOJALKO TOrAa, KOrja TEeH30p t,j,q=025).

C moMOWBI0 3TOrO yCAOBMA MOXHO JOKAa3aTh, YTO MOYTH
KOMILIeKCHas CTpykTypa Ha S8 onpesesnedsas npu nomomu
yncen Kanmu, e unrerpupyeMa (T. €. He NPOUCXOAUT HH U3
KaKo# KoMIekcHo#t crpykType Ha S9).

8.

Nyuru

[Mepen TeM Kak mepefiTu K AajbHeHiieMy M3YUYeHHIO Kelepo-
BHIX MHOT0OGpasuit, Ham OylleT MOJIE3HO HECKOJbKO OTKJOHHTBCH
OT TeMBl M O3HAKOMHTBLCA CO CBOMCTBAMM TyukOB. [1y#ox rpymn
(MonyJe#, kosew M T. A.) HA TONOJOIMYECKOM IMPOCTPAHCTBE
X — 3TO HEKOTOpOe MHOWKeCTBO F BMecCTe C ero OTOOpaxeHHeM =
na X, KOTOpOe HA3HBAETCA MAPOeKyUed, TPUYEM BHIIOJHEHH
CIeAyIOI e YCAOBHS:

I) ons kamgoro x € X MuoxecTso F,=n"1(x) apagercs
abe/leBOR rpymnnof.

2) F — tonoJjioru4yecKoe TMpOCTPAHCTBO, TPHUYEM TPOEKLUs
ABJAETCH JIOKANLHBIM TOMEOMOP(HIMOM.

3) AuareGpanueckue omepauuu B F HempepbiBibl ).
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TlpuBeseM mnpumep nyuka. Ilycte G -—aGeaeBa rpynna,
B KOTOpPO# 3amana auckperHas tonogaorus. Torpa F=X X G —
3TO my4ok Ha X ¢ 0TOOpaKeHueM (x, £) —> X B KAUeCTBe NPOEK L HH.
DTOT NYYOK HA3HBAETCA MOCMOAHHLLM Ry4KoMm co crebiaeMm G.

Eciu UcX, 10 cewenue s nan U — 3TO TaKoe HenpepuBHOE
oro6paxenue §: U —F, ut0 ws— ToxIecTBenHoe nmpeo6paso-
panne Muoxectsa U. Han nmo6viM MHOxecTBOM U Bcerna cyuue-
CTByeT HyneBOe ceuenue. MuowxecTBO BCeX ceuennid man U Gynmer
o6o3nauatbcs  uepes I'(U, F). DT0O MHOKECTBO, OYEBHAHO,
apasercs aGenesolt rpynmo#t. Ecin UcV, to cymecrsyer ecre-
creennbift romomopguam I'(V, F)--~>I' (U, F). O6wuno myuox
onpenensercd ¢ noMowpio rpynn I' Tak, KaKk TO OMUCAHO HUKeE.

TTpeanonokuM, 4To Mel uMeeM NoKpeTHe {U} mpocrpancrea X
u uro Aas kawzgoro U 3agana aGesesa rpymna Fp, mpuueM
kaxao# nape UV coorsercTyer romomoppusm ¢¥: F — F

u ecn UcVaW, 10 9f =¢VoVW. Takas cucrema {FU, ¢y}
onpenenseT MyuYoK, ecau noaokuts F,= lim Fy "), F:UFX
x €U P
i BBeCTH B F TOMNO/NOrMIO caenyloluM o6pasoM. [lis Kaujaoro
x €U paccmorpum oroGpawenue oY Fy—F,. C xaxabM
a € Fy CBfKEM OTKDHTOE MHOXeCTBO {cpg(a)'xEU} B F.
B F BBOIMTCH TOMOJOTHs, MOPOKAEHHA ITHMU MHOXKECTBAMM,
B kauecTse npuMepa paccMOTPUM KOMIIeKcHoe MHoroobpa-
sue M. Ilycrs Fy-—rpynna rosoMopoumx ¢yHkuu#t Ha U.
[Monyvamomuiics my4ok HA3bLIBACTCH MYLKOM POCMKOB 2040MOpH-
Hotx pyuxyuid na M. AmnanoruyHo ompejessieTcs NMyYOK poOCT-
KOB auddepenunanpupix Gopm kaacca C° tuna (p, q) na M.
[Tpu paccmoTpenunm mydyka KoJel, Ha mpocTpancTBe X BCerna
Oyaer TPEANONAraThCs, YTO KawAblf crebenb UMeeT eldHHYHBIR
3JeMeHT ¥ YTO oOToOpaxeiue, INepeBOjfuIee KAXKAYIO TOUKY
B eILUHHIY cTeOas Hajy 3TOH TOukoft, sBasercs ceuenueM Haa X,
Ecan sagan myuok A xojell, T0 NyukoM A-Mmoayae# san X MH
HazoBeM Tako# nyyox F, uro ans kaxnporo x € X rpynna F,
ecTb MOAYAb nam A, n anreGpaHyeckue ONEpALMH HENpPepLIBHEL
B TomoJgoruu mpocrpancts A u F. Hamnpumep, ecom A -— no-
CTOSHHBIA NMy4YOK KOJEL LeJbX uYHced, TO J1000# myuok abenes
BHIX Tpynn sBagerTcs mnyukoM A-Moayne#h, Ha koMmjaekcHoOM
MHOT000pasuKH 0603HauMM 4Yepes @ NYYOK DPOCTKOB roJoMopd-
HEIX QyHKIAA. ITO TMyuyoK komel. An@aumudeckum NY4KOM
Ha3BIBAETCA MOOOH mydok KL-Monyiei.



58 Komnaexcuoie mnozoobpasus

Ecan sanawel nydku F, F’/ wan OLHUM UM TeM Xe NPOCTPaH-
creoM X, To 2omomopgpuam h:F —F’— 310 Takoe Henpe-
pHIBHOE OTOOpaXeHHe, YTO0 A= M 4TO ;pis Kakaoro x €X
oro6paxenne k|F,:F,— F, aBiserca anre6paHyecKuM roMo-
MopduaMoM. B cuny orpanuueHu#t, HaK/JaAbHBAeMHX HA TONOJO-
TUI0 My4Ka, FOMOMOP(U3M IYUKOB BCErAd ABJAAETCH OTKPHITHM
OTOOpaXKEHHEM.

[MoamHowecTBo F/cF, apasoueecs MyudkoM, HaskIBaeTCs
nooOny4KoM, €ClH OTOOpAKEHHE BJOXKEHUA HeNPePHIBHO H eC/H
AAR Kakporo x € X MHOKecTBO F, ecTb TOICTPYKTYypa MHO-
kecTBa F, B anreGpanyecKOM CMHCJe, T. €. ecau F,—rpymna,
TO F —nonrpynna eciu F,— KoJab1O, TO F’—nonxonbuo,

u 1. 1. Ecom F/—nopnyuox nyuka F, TO MOXHO OIpenenHThb
daxrop-myuox F(F’, nns xoroporo (F/F’),=F [F’ wu KkoTopbit
cHalOxaercs rtomoJgorue#t ¢axrop-npocrpancrsa. OTciopa mouay-
YaeTCs TOUHAA MOC/EL0BATEILHOCTD 28) MyuKoB

0—F' —>F—>F[F"~0.

Torna nns mo6oro otkpuroro Muoxecrsa Uc X' Mel HMeeM
NOCJ/Ie10BATEIbHOCTE OTOOpaxeHutH

0T (U, Fy->T'(U, F)y—sT(U, FIF).

dra nocienoBaTenbHOCTh TodHa, [locmesnee 0OTOGpaxeHue,
BOOOlle TOBOps, He sABAseTcs anuMopdusMoM. Hanpumep, eciu
B3aTh B KauecTBe [’/ NMy4OK pPOCTKOB roOJOMOP®HBIX (YHKLHHA
Ha KOMIIEKCHOM MHOrO0Gpasud, TO Kawami [, spaserca oG-

MACTBIO UesocTHOCTH. [Iycth F, — nose oTHoweHu# Koabua Fr,

[Tons F, oOpasyioT nyuok F, KOTOPHIH HasbiBaeTcs NYLKOM
pocmios mepomopPrux Pyurxyui. Paxrop-nyuox F[F’'— 310
nY40K pocmros 2.iasHbx 4dacmet. IIpoGreMa omnpeneneHus
o6pasa npu orobpamenuu I'(X, F)—I'(X, F/F’) B sroM cay-
uae M3BECTHA Kak nepsas npobaema Kysewa, uau addumus-
Has npoGaema Kyzena. VisBecTHO, UYTO 3TO OTOGpaxenHe,
BOOOLIE TOBOPS, HE ABJAETCH IMUMOPPUIMOM.

BBeneM Temepb mnOHATHEe KOTOMOJOTHH ¢ KO3(HULMEHTAMH
B nyuke. [Ilyctb % = {U,;} — HeKkOTOPOE MOKPHITHE NPOCTPaH-
crBa X OTKpHITHIMH MHOXecTBaMu. Ilyctb N (#) — HepB MOKPHE-
g #%%). Jlas Kaxaoro cuMiiexca ¢ KoMmmiaexca N (%), rie

o=(Uy, ..., Uy, nUﬁI:O, TIOMIOKUM |c|:nU]-. Kouensio
j j
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YEC(N (%), F) nasmiBaetca (QyHKUMA, OTHOCAILAR KaKAOMY
5 &€ N (%) HexoTopoe ceueHde Hal |o|, KOTOpOe PABHO HYMO HA
CHMMJIEKCAaX ¢ JNOCTATOYHO BHICOKOH pa3MepHOCTH (TakuM obpa-
soM, 7(a)ET'(|a], F)). dru xouenu o6pasyioT abenesy rpymmy.
Vs ycnosud, uTo Kawzaas Kouenb paBHa 0 Ha CUMIJIEKCaX 10-
CTAaTOYHO BHICOKOH pasMepuoctd, ciaenyet, uro C(N (%), F)=

—_—Z’CP(N(ZZ), F), rae C” cocrout u3 Tex Kouene#, KOTOpEHE
P

pasHsl 0 HAa CHMNIeKcax pasMepHOCTel = p.

Mycre o= (Uy, ..., U,); mnomoxum o; = (U, ...,
U]-, vy Uy ™). Baoxenue |o|c|o;| unnyunpyer oroGpaxenue
ros i D(l;l F)—>T(Js], F),

[Tonoxum
P
3y (o) = ,2-0 (— 1Y ras1 ().

Torza & orobpakaer C”™' B C” u 3 ==0. Orciona crexyer,
YTO MOXHO ONpeleJduTs rpynny Koromouaoruét H*(N (%), F),
ABJSAOWLYIOCH PakTOp-rpynnoH 371(0)/3C. Slcno, uto H* (N (%), F)
apaseTcs npamod cymmoit rpymn H?P (N (%), F) nas p>0.

[MokaxeM, uro HO(N (%), F)=T'(X, F). IHe#tctBuTebHO,
HY—>sro moarpynna rpynmet CO, cocTosias M3 3JEMEHTOB
¢ HyJleBo#t korpanuue#t., Ecau 1E€C0 TO 7 MOXHO paccMa-
TpUBATh Kak Habop ceuenutt 7,€ I (U, F) aaa xaxnoro UE #.
Toraa paseHcTBO 87 == 0 3KBUBAJIEHTHO paBeHCTBY Y, |UNV =
=7,1UNV naa U, VE#. Crenosarenpno, Habop y, onpe-
IensieT ceueHue Hal BceM npoctpaHcTsoM X. OOparuo, orpa-
HUYEHHS HEKOTOPOro cedeHus Hal BceM X HAa 3JEMEHTH MoO-
KpHTUS Z 00pa3yioT Kouenb ¢ HyAeBOo# xorpaHuuefl. B kauectse
ApUMePa paccMOTpuUM AuddepeHuupyeMoe Muoroobpasne X u
nyuok F pocTkoB OeckoHeuno auddepeHuUupyeMbX (oOpM CTe-
nesn p na X. Torma HO(N (%), Fy=T(X, F)— 310 mpo-
CTPAHCTBO p-dopM HA MuHOroobpasuu X.

Ecau 7°={V} — noxpsiTHe mpocTpancTsa X, BMHCAHHOE
B MOKPHTHE %, W ecau BHOPATb AJst Kaw10ro V Takol sneMeHT
Ug€#, yro VcU, T0o MB NOAyYMM CUMIIMIHAJIbHOE OTOOpa-
weHe p: N (7°)—> N (%), npuueMm moGhe ABa Takux orobpa-
WeHWs UEMHOTOMOTONHH M MHOITOMY ONpeJeNsioT eAMHCTBEHHOE
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otoBpaxenue p*: H*(N (%), F)— H*(N (7°), F)3). lepexoas
K mpeseny mnpsMoro cnextpa ®), mnonoxum H*(X, F)=
= lim H*(N (#), F). Ouesugno, H°(X, Fy=I'(X, F).

/4

i
Mycrs 0> F’ 2 FJ, F” —» 0—Tounas 10cnen0BaTenbHOCTD
nyuykoB, OHa MHIyLHDPYET TOYHYIO IOCJHEILOBATEIbHOCTH

0->T(U, Fy LT (WU, FYLT(W, F7).

[Tocnennee oroGpaxenne, BooGUIe TrOBOPA, He sBJAfETCH SNH-
moppusmom, To e camoe BepHO AJA NOCAENOBATE/HLHOCTH

0>CN @), F)SCN@), AIcw @, ),
roe % — moboe mokpuitue. [ycrs I(N (%), F”)—noarpynna

rpymnst C (N (%), F"), sBasoiasca oGpasoM romomopdusma Jj.
Torpa nang kawiaoro % Mul HMeeM TOYHYIO INOC/IENOBATEAbHOCTD

0—>C(N @), F)SCWN @), F)5IN @), F")->0.
flcuo, uTO eC/H - 7° — nokphITHE, BMHCaHHOE B 4, TO 0TOOpa-

’EHHE p, ONpeJeJeHHOe HA TPYNNax KoleneH ¢ NOMOIbIO CHM-
aMnHaaLHod mpoekuun p: N (7°)—> N (%), Gyner mepecraHo-
BOUHLIM € [ M j M 1no3TOMy OygeT OTOGpa}arh HANHCAHHYIO
BHIILE IOCJAEL0BATENbHOCTh B COOTBETCTBYIOLLYIO MOC/IEAOBATENb~
HOCTb A5 NOKpHITHS 7°. XOpOIIO M3BECTHO, YTO TOYHAdA IO-
Cnen0BaTeNLHOCTb THNA TIPUBEACHHOH! Bbllle TOPOXKAAET TOYHHIM
TPeyrobHuK 33)

H*(N (%), F)Y5 H*(N (%), F)

N ‘
N
H*(N (%), F"y=H*(I(N (%), F")).

OTH TOuHHE TPeyro/sbHUKM oToOpamaioTcs ApPYr B APyra
MOCPesCcTBOM OTOOpAXKEeHH] P, CBA3LIBAIOUX NOKPHITHE % C Mo-
KphITHEM 7. Ilepexoas x npeneady, MBl NOJYyYUM TOYHBIH Tpe-
YrOJbHUK (HAaNIOMHMM, YTO Hpejiesa NPIMOrO CHNEKTPa TOYHHIX
NOCAEIOBATEJNLHOCTER SBJASETCS TOYHOH IOCJAENO0BATENbHOCTLIO
[39], crp. 279):

H*(X, F)5 H*(X, F)

S 4
. 6*\ /]*
H* (X, F")
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HenocraTox 3TOr0 TpeyroabHHKa COCTOMT B TOM, YTO rpynna

H*(X, F”) saBucur OoT TO4YHOH mocnexoBatedbHOCTH 0 —> F/ —
—F —> F” -0, a "e TonbKO 0T myuka F”, 4ro 6bisio Obl Gonee
NOJE3HHM Pe3y/AbTaTOM.

(8.1) Ecan X napaxomnaxmuno % u xaycdopgposo, mo

H*(X, F/Y=H*(X, F"), max umo me. umeesm mounuti mpes
V2ORbHUK

H*(X, F)5 H*(X, F)

N 4
AN
H* (X, F//)

Hokxasarteapcrso. 19 KaxAKOro NOKPLITUS % HMeEeET
MECTO TOYHAad MOC/JeAOBATENLHOCTL

0—=>IN@), F)->=CN &), F)=>Q(N (%), F')—~0,

NpUYeM 5TH TOYHple I10C/JEN0BATENLHOCTH OTOOpamaloTes Apyr
B Jpyra ¢ noMouwpbio orobfpameHufl p, Kawioe H3 KOTOPBIX
MHAYLUDYETCi CHMILIHIManbHo# mnpoekuuedt p: N (7°) —> N (%),
rape 77— NOKpLITHE, BMNUCAHHOE B % (Mbl TIOJOKUAM 3JeCh
Q=C/I). O6Gpasys KOrOMOJOIHH U Nepexoid K Npeseay nps-
MOro CIEeKTpd IO MOKDHITHAM, MBI HOJYYHM TOUHBI#l TPEyroJb-
HUK, cBasuBaowmi H* (X, F”), H* (X, F") w lim H*(Q (N (¥, F")).
[MosToMy 19 N0KA3ATEJILCTBA HALLErO YTBEPKAEHUS LOCTATOYHO
NI0K43aTh, YTO MNOCJeAHsis Tpynnma TpuBhaibha. Ha camom nese
BepHO zamxe, uyro limQ(N (#), F")=0. Droro pasencrsa 10-
CTATOYHO, TMOTOMy 4YTO

H*(lim Q(N (%), F"))=lim H*(Q(N %)), F”).

Ilag  nokasarenpcrBa Toro, uro limQ(N (%), F”")=0,
sosbMeM f ECT(N (%), F”), tae % — NOKaIbHO KOHEYHOE TO-
kpoiTie npocrpancisa X. JlocrarouHO MOKasath, YTO Cylie-
CTByeT TaKoe NOKpHTHE 7°, BrucauHoe B %, uto pf € [(N (7°), F").
IMycts #° = {Wy] -—Takoe NOKpLITHE NpOCTpaHcTsa X, uro
Wy U pas xawnoro U E¥ %), las xaxnoro x € X BubepeM
OTKPHITOE MHOMXKECTBO V, cojepiauiee x u Takoe, 4ro:

(a) Jdaa xawnoro W E#° nmubo V, oW, mubo V, . NW =0,

(b) Eciu 6 — cuMniexc Hepsa N(Z[) .zum KOTOpOI‘O xE ls],
To V clc] ufE)|V,ej'(V,, F). -
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Ycnosuio (a) JerkO YAOBIETBOPUTH, NMOTOMY 4YTO 7°— j10-
KAaJbHO KOHEeYHOe MOKphHTHe. YCaoBUo (D) TakkKe MONKHO YAO-
BJETBOPHTb, TAK KaK # — JOKaJbHO KOHEYHOE IOKDHITHE H
oroGpaxenne j: F—F” sgBadercs /0KaibHO TOMEOMOP(HBIM
oroOpaxenueM #a. [lycth 7° — nokpritie, 06pasoOBaHHOE MHO-
wecrBamu V. BuiGepem Hekoropywo mnpoekuuio p: N (7°)-—
>N #)—>N(%). Mp nokaxem, uro pf€IN(7), F").
Iycrb Xy, Xy, ..., X,—TaKkue TOYKM NPOCTPaHCTBA X, HTO

nVﬁEO, rie V;=Vy, u nycte W; u U;—06passi MHO-
i

wectsa V', npu mpoekrupoBaHuu. Torma us (a) cleLyer, uyto
ans xawxaporo [ Mul umeeM VooW,. [leficrBuTeqabHO, ecaH
e=Vy ..., V), 10 [slcVnV,cVNW, nus V,AW,=0
crenyeT, 4to |o|==0, uro ueBosMoxkHO. 3uauur, V,c U, naa
KaXAOrO i, OTKyIa

pf (@ =71 o) |s|=1f(pa)|V,l||s|
u f(po)|Vy€jI'(V,, F), B cuay (b). Takum oOpasoM, pf &
€IY(N(?7°), F"), u 10KasaTeaLCTRO 3aKOHYEHO,
[yuox F HasbiBaeTCs MOHKUM, €CAM 1AS MOOOTO JOKAILHO

KOHEYHOrO TNoKpuTHA % = (U} mnpocrpancrtBa X CyLECTBYIOT
Takue sHaOMOpdu3MBL €,: F —> F, uro0

(1) supp eUcU ana xaxaporo UE#, 1. e. e, (a)=0,
ecau w(a)év.
(2) 2 €, COBHALACT C TOKAECTBEHHBHIM aBTOMOP(U3MOM
Uey

(3Ta cyMMa oOnpeje/ieHa, NOCKOJALKY INOKPHTHE % JOKAJbLHO
KOHEYHO).

Ecau X — nmapakoMnakTHoe XaycnopgoBO NMpPOCTPAHCTBO, TO
STM YCJOBUA SKBHBAJICHTHbl CYLICCTBOBAHHIO TAKHMX 3HLOMOP-
¢usmoB e, uro supp e,=U u Z e,,=1. Jkas #OKasaTelb-

Uew
CTBa 3TOr0 HYMHO CHA4a/a HECKOJbKO YMEHbUIMTL OKPECTHOCTH,
COCTAB/IAINME NOKPHTHE 2%, a 3areM B3ATb B KAauyecTBe e,

3HIOMODP(PU3MBI, COOTBETCTBYIOLUIME HOBOMY HNOKPBITHIO.
Hanpumep, nycre X -— BemectBeHHoe audepeHupyeMoe
MHOroo0pasue u F — y4yox pOCTKOB AUQdepeHLHAILHEIX (OopM

kaacca C® u crenenn p Ha X. Jlas NOKaabHO KOHEYHOTO MO-

%8 1%
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kprrua {U} MHOroo6pasus X oOpasyeM pasGHEHHE €lMHUILLE Py

kiacca C”, takoe, uro X o, =1 u supp o, U. Ymuoxenne
Ucu
MoGoro sneMmeHTa M3 F Ha ¢, eCTb 3HAOMOPQH3M e, OTKyARa

BHIHO, 4YTO F — ToHku#t nyyox. C apyro#fi CTOpPOHH, MYYOK
POCTKOB 3aMKHYTHIX ¢popM kaacca C™ crenenn p, Boobue ro-
BOPA, He fBJSETCH TOHKHM.

(8.2) Ecau X— napaxomnaxmuoe xaycoopgoso npo-
cmpancmeo u F— monxuit nytox, mo HY(X, F)y=0 0an
scex g > 1.

HNokasateabcrso. Ilycts % = {U}—10KammHo KoHey-
HOE OTKpPHITOe NOKphTHe npocrpaHcTea X. Tax kak X mapa-
KOMMAKTHO, TO NOCTAaTOYHO TNoKaszaTh, uro HY(N (%), F)=0
s g > 0. Tyerb e, — rtakue sHAOMOpDU3MH Tyuka F, 4TO

suppe,cU n UEEZZ e,=1. 3T 35HIOMOPOUMH HIAYUHPYIOT

sunoMopusmut e, rpynn C?(N (%), F), nepecraHoBodHbie € KO-
rpaHuyHbIM roMomopdusmom 3. Ilyets fE&CY(N (%), F), rae
g>0 u 8f =0, llokaxem, 4YTO CYyUeCTByeT TaKOH 3JeMEHT
gECT YN (%), F), uro 3g =f.

Oas xaxnoro UE 2 o6osnaunM yepes Ky MHOMXECTBO CHM-
neKcoB HepBa N (%), HOCHTENH KOTOpPHX mnepecekawr U. 3To
3aMKHyTHI#l noakoMmiekc 8 N (%), KOTopulil ABJASETCS KOHYCOM
¢ sepuunolt U [1. e. ecau cummiaexc (Vy, ..., V,) npunan-

aexur Ky, 10 v (U, Vi, ..., Vp) npuHapitexur Kyl Ilycrs
J— 37eMeHT rpymsl C'(Ky, Fy), onpenensembi#t Kouenbio f
(rae Fy—wuacts nmyyka F, nexawas wag U). Toraa 3f, =0,
tak kak O0f =0. Hs toro, uyro Ky — KOHyYC, ClAeLyeT, uTO
CYLIeCTBYeT  3JEMEHT gUEC”*I(KU, Fy), aas  KOTOpOro
8¢, =S, Ham xoremocr O nponomxkuts &, B Kouelb Ha

BceM N (%), nojaras ee pasHo#t 0 Ha CHMIZIEKCAX, HE BXOAd-
uiux B Ky. TouHo B Tako# ¢GOpPMyaHpPOBKE 3TO He MOJNYUHTCH,
NMOTOMY YTO KaXIOMy CHMILUleKCy o HepBa N (#) Kouenb co-

nocrapiser ceuenue Hax |o|. Ecaum o — cummiaexc us Ky, 1O
Kolenb g, cOmocrapiseT eMy ceuenue Han |o|f) U. Hesaco,
MOXHO JM NPOLOMKHTL £, () B cevenne Han [o]. OnHako
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;8 (c) MOXHO NPONOCJKHTL B CeyenHe Haj [c|, monaras ero

PaBHBIM 0 na Jo]— U. Crano 6uiTb, MOXHO ONpeJe/IATh KOLemnb
g, € CT V(N (%), F) gopmyott

|( €,8 (o), MpORo/IKeHHAdA, KAK yKa3dHO Bhlile,
gU(c)Zi ecan o € Ky;
[0, ecaud o € Ky.

OnpenemM xouems g € CT™ V(N (%), F) gopmynoh g r_:U;” g:fU

(CyMMa onpelesieHa, NOCKOJbKY KOUeNH g o6pa_3yfoT JIOKAJLHO
Koweunoe cemeHcTso). Toraa Mbl BUAMM, HTO 88, =e,0g, wa
cummiexcax u3 Ky u paBia 0 Ha OCTaJNbHBIX CHMIVIEKCAaX.
Tanee, eUf: eUfU, NOCKOJIbKY eU=O BHe U. IlosTomy nMeeM

0g = Z 8§U: E eUSgU: E eufU: 2 euf:f:

Uen Ueu Uey Ucu
H J0Ka3aTeAbCTBO 3aKOHYEHO.

Cnepcraue, [lycmes HG NAPAKOMAGKMHOM XQYCOOp*
giosom npocmpancmee X 3000HG MOYHAS NOCAC008AMEND*
HOCMb NYLKOB

0——>F’--)F—-)F”——>0

Ecau nywox F monxui, mo HYX, F7y=H""'(X, F’) d4a
g>1 a HY(X, F)=T(X, F")/j*'T (X, F).

IloxasaTeabcTBO. PaccMOTpPHM TOYHBIH TPEYTOALHUK
KOTOMOJIOTU}, CBA3AHHBLIM ¢ HaweH TOYHOU MOC/ACNOBATEAbHOCTLIO
nyukoB [cM. (8.1)]. M3 Hero noJyuaercs ciaeaylouias TOYHas
MOC/JAeR0BATEAbHOCTh: :

0—>HO(X, F'y—HY(X, F) 53 HO(X, F")—> HY(X, F')—>
~>HU(X, F)—>...>HY(X, F)~>HY(X, F")—>
—>HI™Y (X, FYy->H"N (X, F)—> ...
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Tak kak F — Touku#t myuok, 10, B cuay (8.2), HY(X, F)=0
aas ¢ > 1. [1osTOMy U3 TOYHOCTH NOC/IeA0BATEALHOCTH BHTEKAET,

uro HY(X, Fy=H"*}(X, F') n
HI(X, FY=HY(X, F")/J*HY(X, F)=T(X, F")/jT(X, F).

9.

d’-xozomonozun

Ha komn/ekcHOM MHOroo0pasHi HMeeT MeCTO pasjOmeHHe
d=d’'+d", npuueMm d?=d"” =0, u, 3HauMT, MOKHO obpa-
30BBIBATH FPYNINBl KOMOMOJOTHH, CBA3aHHbIE C KaXAbIM M3 3THX
onepaTopoB. B sToM paspese Mbl GyneM M3y4aThb KOMOMOJOTHH,
cBsidaHHble ¢ omeparopoM d”. OnZHaKO CHayana Mbl NOKAKeM,
KdK MOXHO MHCMOJb30BATE TEOPUIO MYYKOB MAJA JOKa3aTelbCTBA
TeopeMsl e Pama.

(9.1) ITycms M—sewecmsernnoe nuozoobpasue Karacca C™.

Tozda 2pynna HY(M, R) usomopgna gaxmop-zpynne zpynnsi
3AMKHYMBLX q-gfopM no nodzpynne moiusix q-gopm, u npu
smom usomopgusme npousgedenue Anexcanoepa — Koamo-
20p08Q 8 KO20MOALOZURX COOMBEMCHBYEM BHEULHEMY npou3-
sedenu0 HopM.

Jlokasareancrpo. [lycte AP —nyuok poctkos popm
kaacca C* u crenenn p, u nycth C” — nmyuyoK poCTKOB 3aMKHy-
ThX QopM Kaacca CT u ctemenn p. B cuny zemms Ilyanxape

(sakaouaiolleiics B TOM, YTO B OTKPLITOM INape Kaxias 3aM-
KHyTas ¢opMa SBJSETCS TOYHOM), MLl HMMeeM TOYHYI0 MOCJaen0-
BATeJbHOCTb MYYKOB

0—>C? > AP 4 P 0,
Mywox A” romxus, mostomy HY(M, CP*)=~H"'(M, C")

R Uwaar Moo _mawoe
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ana g > 1. Orciona -
HI(M, C")=H' (M, CP*Y) =T (CP*9)jar (47*+7Y).
Ilonaras p =0, noayuaem
HY(M, Ry=H*(M, C°) =T (C%ar (A",

npuyeM CIpaBa CTOHT (AKTOP-TPYNNA FPYHIEl 3AMKHYTHIX ¢-HopM
NO MOATpYyIle TOYHHIX g-dopum ),

(9.2) ITycmv D — oepanutennas 064acmbd Ha RAOCKOCMU
KOMNALKCHOZO nepemennoz0 z u f (2, 2)—pyuruyus xracca C*
8 D, nenpepvisnas 8 D. Tozoa cywecmsyem maxas @yHi-
uus w(z, 2) ksacca C, onpedenennas 8 D, umo

e _

oz

Boaee mozo, ecan | Ougpdbepenyupyemolin il 2040 M0pHHbLM
006pa3om 3a3ucutn Om naApamMempos p,, Mo peuwenue W MONCHO
gol6pams mar, 4mobs. OHO OugpepeHyupyemom UAL COOM-~
BEMCMBEHHO 2040 MODPHUM 06pA30M 3GBUCER0 OML D,.

HDokasarensbcrBo. Ilycte € —rpanuna oGaactu D.
BriGepem BuyTpeutiolo Touky (€ D. Eciu w — peuwenune yKasaH-
HOrO Bbllle YpaBHEHHMsl, HempepnigHOe B D), TO

d[w(z,égi __ 0w dzp\dz _ fdz \dz
z2—1 ] 0z z—¢ z—t
[puMenum Tteopemy Croxca. Ilycrs T—«mneﬁbxaﬂ OKPY2KHOCTb

¢ uentpoM B (, u nycrs D’ —wuacth o6aactu D, nexawas
sHe 7. Toraa

f fdzpndz [ wdz wdz
z—C T J z2—¢ z—L"
¢ 1
[lepexoas Kk mnpeledy B 00eMx 4acTdx PaBeHCTBA NPH CTATHBA-
HHH OKPYXKHOCTH K TOYKE C, Mbl BHIHUM, UTO "JIeBas 4acThb CcTpe-

MHTCH Kf‘ fdz A\ dz, a f wdz | oriw (¢ ©). Tlostomy M
D 2’——C I z""‘C
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HMeEM

, L fdzA dz wdz
—Qmw(C, C)—f *-‘7_—_?— :E:
D c
ui B
—2iw(’, T)= f f f—d:_Lcd—z— 4 rostomopduas dynkuusa or C.

D

[TokaxxeM Temepb, uyTO HHTErpal B NpaBOf HACTH BCerja paer
pelleHHe HAIIero ypaBHEHHS.

Ilns nOKa3aTenbCTBA 3TOTO MBI CHAYaaa HANMOMHHM HEKOTO-
puie daxtl 0 norapudMuueckom noreHuuane. Ilycts r=|z—C]|
U z=x-Fiy, L=%-}iv. Torna, ecim h—raanxas QyHKUHA
B D (mocrarouyna raankocts kjaacca Cl), menmpepwBHas B D, To
pewenne ypaBHeHusa Ilyaccona

g —|— um = 2rh (E, 7])
naercqa dopmyaoh
u(k, n):ffh(x, Vlogrdx N\ dy.
D

g nokasaTenbCTBAa STOrO 3aMETHM, UTO ecnH (QyHKIuA z onpe-
leJjieHa YKa3aHHBIM BhIllle HHTErpajoM, TO

10
ungfh(x, )+ 55 4x A dy.
D

HJuddepenuupopanne NOJA 3HAKOM HHTErpaja 3JeCb BO3MOXHO,
NOTOMY YTO, KaK JIerKO NPOBEPHTh, TMOJMYYCHHEI! HeCOOCTBEHHDIH
MHTErPa/l CXONUTCA pasHoMepHo 1o &. ITpOUSBOIHYIO g Hellb3s
BBIYHC/IUTDL C MOMOWIBbIO HUGEepeHHPOBaHUS MOJ 3HAKOM HHTe-
rpana. OnHaKO u3 TOro, 4ro Or/0x = — Or[0%, caenyer, 4TO

[ = [ () =
D’ D'

=—f[n ggngde/\dy:—ffhd(logr)/\dy:
D' - DY
=—ffd(hlogr)/\dy-{—ffhxlogr'dx/\dy-:
D' DY

=—fhlogrdy —[—fhlogrdy-{—ffhxlogrdx/\dy.
c 1 D’
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TTockoanky fhlogrdy—»O, KOrjJa 7Y cTaruBaercd K §, MH
1
HMeeM

= — fhlogrdy —1—ffhxlogrdx/\dy.
C D
Tenepn, au¢pdepenuupyn Moa 3HAKOM HHTerpaja, Mbl I0JyvaeM,

uTo
aga_ffh

AHanoruuno

umszfhy T ax Ndy+ [n 152 d
- C

dx/\dy—

3aMeTHM, uYTO

Rl

f2 - r2 r? - r2
OTKYA2
x—& y—n\ __
0 (57),+(5), =°
I'Ioa'TOMy

d [,z —(y——n)dX+(x~E)dy}=

r2
1
= 1 (x —8) 4k, (y—m)] dx A dy.
Otciona Mbl TOJyyaeM, B Ciily Teopembl CTOKCa,
[ dx/\dy+ffh — Y dx \dy=
DY
———fh —(y—n)dX+(x~E)dy+

72

r?

+f” —(y—n)dx-l—(x—i)dy
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Crano ObITh,

—(y—mdx+(x—E)dy
Uge —|— u,m —.rli)IHc h 7]) fj_ —
1

2n

—_—umf hdb = 2rh (5, ).
'r—)CO

Bosspawasch K LOKasareanCTBy TeopeMbl 9.2, mojowum f=

= f/+if”. Nlyctn
D.

z—{
D
D

Boyucmum Fg= % (Fe-+-iF,). Nonoxum

u’ (8, n)szf’(é, n) log rdx A dy
D

W& = [f'& miogrdx Ady.
D

Tom?
i[5

npuqu pas u

Sdx A dy, u,’]s—fff’x%'dx/\dy,
D

;M u;’ HMEIOT MeCTO aHAJOTHYHBlE (HOPMYJIbl.

Orciona

_—_—2(u -—u”)—|—2t( un)
I'109T0My
Fo =i i (- >+t(u “)+

” // s ’
+uﬁn+unn g +u L(uEE+um).

B cuiy npHBEIEHHLIX Bhille pesyanaTOB o6 ypaBHenuu Ilyac-
COHa, MHl NOJYYaeM OTCI04a, YTO

F—=———21ri(f'—|—if”):-21tif.
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TeMm cambiM nepBas yacTb TeopeMsl (9.2) zokaszana. Bropas yacts
clieflyeT M3 TOrO, YTO HHTerpan audxpepeHIUpPYEMBIM HAM FONO-
MOp(hHEIM 00pa3OM 3dBHCHT OT MApaMeTPOB, OT KOTOPHX TaKHM
e 00pasoM saBuCHT f.

(9.3) Ecau o — gopua raacca C® mana (p, q) (9> 1),
onpedesennas 8 noaugurundpe | 2% < R,, 20e k=1, , m,
nputen d"o =0, mo 8 nosugurundpe |z*¥| < R; <Rk cy-
wecmsyem gopma o kaacca C° muna (p, g — 1), das xomo-
poii d’a—w.

HoxasarteabcTBO. Mpl J0KaXeM 3TOT Pe3yibTaT HH-
aykuue#t no j, paccMarpusas  (OpMBL ©®, He conepmamne
dz2’* L. ™, Nas j = 0 gopMa o ue cosepxur dz', . »., dz™,
H TaK K&K oHa tumna (p, q) ¢ ¢ > 1, oHa noaKkHa 6bITb pagua 0.
TakuM 06pasoMm, npesno/oXeHHE WHAYKIIMKM BepHO aas j=0.
Mpeanonoxum, uwro oHO Bepo ams j—1, W pacemotpum
dopMy ©, COnepKALLYI0 TOJbKO dz', ..., dZ\. Torna o =dz’ A
A B~ 7. rne § umeer tan (p, ¢ —1), T——Tnn (p.g) uBuy
COJepKAT TONLKO dzl, . dz’ 1 Tak kak d’ "o =0, TO KO3}~
¢uiueHTH HOPMBI © I‘OJIOMOp(beI no z/+1, ..., z™. To xe
BepHo a1 Koddduuuentor ¢dopm 8 u y. Ecim f—mnpous-
BOMLHHP KO3dduuuent ¢opmu B, 1o M3 (9.2) caemyer, uTO
B JIOGOM MeublueM, HeM JaHHBIY, NOJMUWIMHIDE MOXHO HalTu
TaKyl0 QYHKUHIO W, uT0 0w/02/ = f, mnpuueM QYHKUHO @
MOXHO BHIGpaTh roaoMopdHOK NO mepeMmennsiv 2/*1, ..., 2m,
Mycts © — dopma, noayuenuas, U3  3ameHON KamAOro Kosd-
duunenta f takoR ¢yHxuUuMeR w, xax OBIIO YKa3aHO BhHILIE,
Torna d”¢ =dz/ A\ 8+ unenw, ne comsepxauue dz/, ..., dz™,
TaK KaKk KO3douuueHts GOpMH ¢ rosoMopdus no 2/, .., 2m,
Takum 00pasoM, MH JOKAa3aAd CyUleCTBOBAHHe B J1I00OM NOJM-
LMAMHAPE, MeHbIeM, YeM JIaHHHH, Tako# ¢QopMBl ¢, uTo
d"o=dz/ \ B+ 7', rae 7/ comepxur toabxo dzl, ... dz/7l
Torpa o ==y — 1y’ +d"p, rae 7— 7’ ue cogepinur dz/, .. .., dzm
n d'(—7)=d"o—d"d"¢g=0. B cu1y npeanonoxeHus
HHAYKLEM, B M060M ROMHUMJMHAPE, MeHbllleM IaHHOTO, Cyuie-
cTByeT Takas gopma 7, uro d’n==71 —’. Toraa o =d" (14 ¢),
M JI0Ka3aTeqbCTBO 3aKOHYEHO.

IlokasaHubi#t Bbillle aHajgor JeMMbi IlyaHkape MO03BOJseT
yCTaHOBUTh CAelylOwHn#t pesysibTaT (TeopeMa J104b60), aHamos
rpuHpit Teopeme ae Pama.



9. d”-xozomonoziiu 7

ITycte M — xomnnexcroe MuorooGpasue, A ¢ — ny4oK pocT-
KoB ¢opM Kaacca C* tuna (p, g¢) Ha M. Ucnoassys pasGuenue
eMUMHHIE Kaacca C®, J1erKO NOoKasarh, YTO 3TOT MYy4YOK TOHKHH.
[lycte CP:9—noany4ok pocTkos GopM THNa (p, g), 3AMKHYTHIX
OTHOCHTeIbHO d”, W nycTb 9”:6"'0—nyq0}< POCTKOB T0J10+
MOpdHLEIX ¢OpM CTeneHH p.

(9.4) Teopema Hoan6o. Ipynna H'(M, QF) uso-
Mmopgra daxmop-zpynne zpynnst gopm muna (p, q), 32M-
Kuymolx omuocumessio d”, no nodepynne dopm sude d’oe,
20e o ameem mun (p, q— 1). .

HoxasateabcTBo. B cuiy (9.3), Mb uMeeM crenyio-
LYI0 TOYHYIO NOCNENOBATEAbHOCTh NYYKOB:

0>Cm il qr a1 S ora g,
Mockoabky A” 97" — rouku#t nydox, aas r>1 1 ¢ > 1 nveem
HY (M, ¢” Y= Hr (M, c79).
OTCIOILa caenyer, 4ro
HY (M, Q") =H'(M, )= H"" ' (M, c" V) =...
L= HYU(M, CP )= HO(M, C” ) ja"H (M, AP 7)==
=TI(c? %) /d'T (47 9).
DTO U ecThb HYXHBHH HaM peay.braT.

HaguM Temeph WHTEPNPETAlMIO NMOJYYCHHBIX Pesy/ibTaTOB A4
KOMIAKTHOTO KesepoBa MHOTooGpasus. OcCHOBHOM pesyabTaTt
COCTOUT 3eChb B TOM, YTO NIPOCTPAHCTBO Hq(M, 9”) n3oMopdHo
NPOCTPAHCTBY TapMOHMueckHX ¢opM Tuna (p, ). HanoMuum
HekoTophie (aKTbl O KEJePOBLIX MHOT000pasHaX, KOTOpble
nonanobaTcs AJ4 AOKA3aTeabCTBA 3TOTO YTBEPKAEHHS.

MoxaxeM, uro oneparopnt d’ n 87, a raxke d” n &
ABAA0TCa conpskenubiMu. [lycth ¢ — dopma Tuma (p, ¢ — 1),
‘a o — dopMa tuna (p, ¢). Toraa, NOCKO/IbKY d U 8 CONpSAKEHDI,
Mbl uMeeM (do, ©) = (p, dw), OTKyAa .

(@, 0)+(d"¢, 0)=(p, ¥0) 4 (¢, T'w)

U3 noacuera THnos ¢opM crexnyet, uto (d’p, w) = (¢, 8"w) =0,
orkyna (d”¢, w)=/{(p, 8’®). AHaJOTUYHO NOKA3bIBAETCA CONPA-

*KeHHOCTb oneparopos d’ u 8.
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Onpejnenum oneparop [ =(d” +¥)2=ad"d {-¥'d", umen-
wu#t tun (0, Q). Haa moGoro omeparopa T Ha dopmax ompe-
JeJUM Oneparop T ¢ 1OMOUIBIO dopMyabl T(m):T(G). 3ror
ONepaTop Ha3bIBAETCH KOMNAeKCHO conpsscennnis ¥ T. flcuo,
yro omepatop T sABAfeTCs BellleCTBEHHBIM TOrJA H TOJBKO TOTAA,
korna T=T. S$lcuo Takwxe, uro d’ =4d’ =, TIOCKOMIbKY
¥ = — #x d’ %, uto 3/ =1?”. OTci0na BUAHO, uTo [ = (d"43')2=
Te=(d' 3" =d'?" +-8"d’. Ha crp. 36 Mb BujgeaH, 4YTO

d 4+3d€ =0, orkyza creayer, uro

a4y 437" — d"y — ¥ d” =0,

3uauur, [J—[J=0, 1. e. [J — BelnecTBeHHH! oneparTop.
Hanee, na crp. 36 noxasaHo, 4To

C A=aW YA A" VA =[]+ El' =2[7. <

B (2.1) 6wio paoxasaHo, uyto Aw=0 TOrza u TOJILKO TOTia,
korga do=3%w=0. 3nauuT, noclelHue JBa PABEHCTBA IKBH-
BaJieHTHH paBeHCTBY [ Jo =0. ITockoabky

(o, 0)=((@"¥ $+3d") e, 0)=_0"w, dv)-+ (@0, dv),

Mbl BAIUM, 4To [ Jo==0 TOraa v To/abKO0 TOrAa, Koria d’o==28"w=0.
W3 u3/10XeHHOrO BbILE caelyeT Takxke, 4TO NMpH 3TOM d'w =
=0"0==0. B nrore Mb uMeeM, 4T0 paBeHcTBO Aw =0 3KBH-
BAJEHTHO paBeHcTBY [Jo==0, a Takke KakKIOMy H3 yC/IOBHH
do=~00=0un do=3Ve=0.

(9.5) Ecau M — xomnaxmuoe keiepo80 MHO2000pasie, mo
Hq(M. QP) ~ Q%P, q

20e 6”7 — npocmpancmso 2apmonuveckux Hopm muna(p, q).

JHokasateabcTBO. 3aMeTHM cHayaaa, uto d”[] == [Jd”,
OTKYAa BuAHO, uTO d” mepecTaHoBoden ¢ A u, B cuay (2.6),
¢ G u H. Auanoruuno oneparop 3’ mepecraHoBoueH ¢ G u H.

[Myctb © — ¢dopma Tuna (p, ), 3aMKHYTas OTHOCHTENLHO
" onepatopa d”. Torna Ho — 37eMeHT MpOCTPAHCTBA 877 (ubo
omeparoprl npoextuposanus Il nepecranosouns ¢ A, H, G).
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Ecmn o=d"9, 10 Ho=Hd"¢p=d"Hp=10, mnotomy uTO
AHp = 0. Cnenosarenbno, H unayuupyer romoMopduam H,, oro-
Gpaxaownit d”-saMkHyTble GoOpMH THNZ (P, g) MO MOLYMIO
d"-tounrx dopMm B 7 7. TlokaxeM, uYTO OH SBIAETCA HM30-
MOpdu3MOM Ha.

[TokaxxeM chauaaa, yto romomopdusm H, asisercd snumop-
¢usmoM. Kak Mbl BUAeaM Bhlllle, €C/H Aw—O, 10 d’0=0.
3naunt, ecau dopMa o € FZ7 Y, 10 oHa onpesenser saeMeHT
u € H'(M, QF), npuuen H,(u) = o.

Fomomopdusm H, saBaserca u3oMopdu3MoM, ub0 ecayu
H(D:O, TO

0 =AGo = 2[]Go =2 (d"¥' +3'd") Go = 2d"¥' Gw,

TaKk Kak d”’Go = Gd”e = 0. 3HauuT, ® COOTBETCTBYET HYJEBOMY
snementy rpymms HY(M, Q7).

CiencrBue. [rg m-meproz0 KOMNAEKCHO20 RPOLKMUB-
HO20 npocmpancmsa P,

HY(P,, =0 npu g>1

(B smoii opmyse uepes Q o6o3nanen nywox 20 pocmwos
2020MOpPruLX PyHKUUIL.)

HJoxkasarteanbcTBO. Eciiu ¢ HeyeTHO, TO, KAK Mbl 3HAEM,

0="0" =p? 4 pT M g7
OTKy 2 £*7=0. Tlosromy HY(P,, ?)=0 nas HeueTHHX g.

R
Ilas ueTHHX ¢= 2k usectio, uro 0¥ =1 u K**=1 (rax
KaK ellMHCTBEHHAad HeTPHBHAJbHAS FapMOHHYECKAd GOpMa CTEeNeHH g
aBagerca k-# cremeHblo (yHIaMeHTaabHOR 2-dopmer). Orciona
Mbl CHOBA I10JIyYdeM, 4YTO R*7=0 nns ¢ > 0. Jl0KasaTeanCTBO
3aKOHYEHO.

B o6uieM cayuae 419 KOMIAKTHBIX KOMIIJIEKCHEIX MHOT006pasu ft
u3BecTHO, uTo pasMepnocru k7 = dim HY(M, Q7) xoueunni (cu.
[17] nau [19]). Jns xoMmakTHHIX KeJepOBHX MHOrooOpasuit 310
cnenyer us (9.5). Mb He OyleM JOKasbiBaTh 5TO AJd O6LIEro
ciyuas. JlA3 KOMMaKTHOrO KellepOBa MHOro00pasus OTMeTHUM
take, uto h*T=h"" u PaBHO Pa3MEpPHOCTH INPOCTPAHCTBA
roaomop¢uuix GOpM CrefieHd g.
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m N\
Al

Cymma 2 (— 1) #% 9 sBaseTcs BaXHbIM MHBAPHAHTOM KOM-
=0

NJICKCHOH CTPYKTYypsl Ha M W HasmBaeTcs apudmemuuecKum
podom Muoroobpasus M.

10.

Paccaoenuss na komnaekcrole npamoie

Ilycte C — kOMNJexcHas npsMasi, T. e. OJHOMepHOe ,KOM-
TUIEKCHOE BeKTOPHOE npocTpaHcTBO. O603HauuM dyepes C* MyJb-
THIVIMKATHBHYIO TPYNNy KOMMJEKCHHIX 4Hcesd, OTauuHbiX ot 0.
Fpynny C* MOXHO paccMaTpuBaTh Kak Tpynly ONeparopoB
Ha C, ecau OTHeCTH KamjaoMmy wucay us C* omeparop yMHO e-
HHS HA HETO.

Paccroenue Ho xomnaexcHsie npAmsie Haj KOMIJIEKCHHIM
MHOro0OpasueM M COCTOUT U3 npocmpancmsa paccroexrus B
M HENpepLIBHOTO OTOOpawxenus ¢: B — M, xoTopoe HasbiBaeTcs
npoexyueit. TIpa 3TOM AOJKHO CYLECTBOBATL TaKOe MOKPEITHE
# = {U} muoroo6pasus M OTKDHITHIMH MHOXECTBAMH, YTO:

(a) Oas kawporo UE% MHOKeCTBO qu(U) roMeoMopdHO
UXC [r. e. B $~1(U) nMeloTcqs 0KaAbHbIE KOOPMUHATLI
(z, yu)l, npuuem ¢ (z, yy)=-=z.

(b) Oas mobux U, VE¥ wumeerca Ttakas rojaoMmopdHas
oynkuua fyy 5 0, onpenenennas B UV, 4T0 mpu roMeoMop-
dusmax mpoctpancrea (UNV) X C ¢ $~1(UNV), onpeneneH-
HBIX IBYMs okpecTHOCTIMu U u V, Touku (2, yy) u (z Ffov @) w)
COOTBETCTBYIOT OMHOH u TOH xe Touke B Y1 (UNV).

IToxpriTHe 4 ¢ yKasaHHBIMH Bbillle CBOMHCTBAMH Ha3bIBaeTCH
cucmemoil KOOPOUHAMHBLX OKpeCMHOCMell ANA pacciOeHus, a
dynxuun fyy HaspBAOTCS PYHKUuAmML nepexoda LA OKpecT-
Hocte#t {U}. Ecnu 3anana cucreMa KOOPIHHATHBIX OKPEeCTHOCTeH,
TO ACHO, 4TO J1000€ OTKPLITOEe NOKPHITHE, BNHCAHHOE B HETO,
CHOBA ABJAETCA CHMCTeMOH KOOPHMHATHBIX OKpecTHOCTeRt. Ilo-
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3TOMY MBI MOXeM HAalTH CuCTeMY KOODIMHATHLIX OKPECTHOCTeH,
BIMCAHHYI0 B NPOU3BOJIbHOE OTKPHLITOE NOKPBITHE.

$yHKUMM Mepex0oia YIOBIETBOPAIOT CJAEAYIOLIMM IABYM yCJO-
BUAM:

M) fuvfyvwfwu=138 UNVAW;

(2) fUUZl B U.
OGparHo, ecan 3agaHbl OTKphiTOe noxpuitie (U} u romomopd-
uele ¢yukuuu fyy B UNV co suauenusmu B C*, yiOBJETBO-
pawiue coorHomwenusmM (1) u (2), TO cylulecTByeT paccioeHue,
HMelollee 3TO NOKPLITHE B KayeCTBE CHCTEMbl KOOpAMHATHLIX
OKpecTHOCTeH, a QyHKuuM B KadectBe ¢yHKuu# nepexona. 1o
MOXHO 10Ka3aTb, CK/eHBas MuorooGpasus susa U X C ¢ noMouibio
dyukuuit nepexona®).

Sameuyanne. Ilyctb Ha M uMeeTcd pUMAHOBA MeTpHKa.
Torza Kaxias TOYKA HMeeT BHIIYKJIYIO B CMLIC/TE 3TOH MeTpuKH
OKPECTHOCTh (BHIDIYKJAOCTb 03HayaeT, YTO JoOble JABe TOYKH
OKPECTHOCTH MOXKHO COeLMHUTb BHYTPH Hee eIMHCTBEHHOM reo-
Aeauyeckoft). TMoxpuitue MHOroo6pasus M, cocrosuiee U3 TaKHX
OKpeCcTHOCTeH, o6/azaeT TeM CBOHCTBOM, 4TO Jl0Goe HemycToe
nepeceyeHne 3JIEMEHTOB INOKPBLITHUS TaKiKe ABJAACTCS BLIMYKJbIM
B JaHHOM MeTpHKe, d CIeMOBATENbHO, cTAruBaeMbiM. [lokpuiTue,
o6/anaiolllee 3TUM CBOMCTBOM, HasbIBaeTCA npocmoim. Beskoe
NapaKkOMIaKTHOe MHOroo0pasue JLONYyCKaeT PHMAHOBY METPHKY H,
C/e10BaTe/bHO, MMeeT NMpOCThle MOKpuiTUf. [IpocThle NMOKPHITHA
NOJe3HHl TeM, YTO NPH PAacCMOTPEHUM TNOHATHH, ONpejeneH-
HBIX C NOMOLIBIO MNEpeX0lda K INpeliedy NO HOKPHITHAM, YacTo
HeT HyXJAH 3aMeHATb TaKOe MOKPLITHe 60Jee MeJKHMHE.

Hsa paccioenus B un B’ HA3LIBAIOTCA IKE8UBALCHMHBLMY,
ecli CYUIeCTBYIOT OOLlas CHCTEMa KOOPJAMHATHBIX OKPEeCcTHO-
crett {U} nna B u B’ n cucrema ronoMopdHbx dyHkuu#t [y
U —C* npuuem ans ¢yHxuutt nepexona fyy ais B u dyHk-
uui nepexona lev AJ19 B’ BHINO/IHEHBI pABEHCTBA f;/v:fﬁlfuva
B UNV. 210 cooruomeHne pedIeKCHBHO, CUMMETPHYHO H
TPaH3WTHBHO, T. €. JAeHCTBUTE/NbHO $BJASETCA COOTHOLIEHHEM
3KBHBaNeHTHOCTH. Korga Mul roBOpUM O pPAacC/lOeHHH Ha KOM-
IJICKCHBIE NpsAMble, MBI OOLIYHO IOApAa3yMeBaeM KJacC SKBUBA-
JeHTHHIX PACCMOeHU! B YKA3aHHOM Bhlllle CMbicie. TakuM oGpa-
30M, Mbl GyleM H3yuaTb CBONMCTBA paccioeHudl, HHRAPUAHTHblE
OTHOCHTEJIbHO 3KBHBAJEHTHOCTH,
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IycTe 3anann ABa paccaoenus, B u B’. Buifepem mas uux
ofulyil0 CcHcTeMy KOOpPIMHATHBIX OKpectHocteit. Ilyets fyy,
f;,v—qyym(uuu nepexoxaa ajas B, B’ coorsercrBenHo. Ompe-

JeauM paccioenue B -1-B’, HasbiBaeMOe cYMMOI paccroeHui
B w B’, ¢ynxkuuu nepexoma aas KOToporo cytb fuy - [,

B UNV. Knacchl 3KBHBAJIEHTHBIX pACCHOEHHH HA KOMILIEKCHBIE
npsMble, 0YeBUIHO, oOpasytloT abeneBy rpynmy L, HyjaeM
KOTOPOM SBJAETCA KJacC PacCAOCHHH, 3KBHBAJCHTHBIX NPSMOMY
npoussenenuio M X C. OrmeruM, uyro ecaun B umeer ¢yHxkuuu

-1
nepexona fyy, TO ¢yHkuuu fyyp onpelensioT pacciaoenue — B,

(10.1) Hycms KR —nywox pocmrxos He 00pauaOuuxcs
8 0 zonomopdusix @dyuxyuli ¢ Onepayueill YMHONCEHUS.
Toz0a

L= H\(M, ),

20e L —2pynna Kaacco8 IKBUBQAEHMHBLX PACCAOCHUE HQ
‘KOMNAEKCHBLE npAMble.

IokaszarteabcTtBoOo. [lycts B -— paccinoeHue na KOM-
IJIEKCHBlE MpPAMBbIE, B NYCTb # == {U} -— cucTeMa KOOPIMHATHHIX
okpecTHOcTe!#t A9 B ¢ dyukuuamu nepexoia fyy. Toria nadop
Gyuxuuit fyy MOXKHO paccMarpuBaTh KaK Kouemb f € CL(N (%),
@*). Venoeue (2), KOTOPOMY NOAUMHAIOTCA (QYHKUMU Nepexoja,
nokaseBaer, 4ro f — gouuxa. Crano GbITh, Mbl uMeeM 0TOOpa-
JeHHe PaccaoeHn Ha KOMIJIEKCHBlE npaMbie B rpynny H! (M, Q).
Ecau paccnoenus B u B’ 5KBUBaJeHTHH, TO ¢YHKuMH [y,
onpenenfAoue SKBUBAJEHTHOCTb, IIOKA3BIBAIOT, YTO KOLMKJH,
KOTOpbie onpelensioTcs paccioenusMu B u B’ Ha Hekoropofi
o0led cucTeMe KOOPAMHATHBIX OKPECTHOCTEH, KOTOMOJOTHYHDI,
[TostoMy BO3HuKaeT oro0paxenue rpymnel L B HY(M, @%).
Ono aBaseTcA OTOOpaMeHHEM H@, TMOTOMY YTO KaMIbIH KOUMKI
us C(N (%), R%) onpenenser ceMmeitcTBo ¢ynkuu#t, obaanaio-
UIMX CBOMCTBAMH QYHKUMP mnepexona, M MO3STOMY CYLIECTBYeT
paccioenne, oro0pakaioileecs B KJaacC KOTrOMOJOTHH 3TOTO
-KOLHMKJA. DTO O0TOOpaxeHHe HMeeT HyJeBOe #aiapo. IleHcTsu-
-TeNbHO, €CHH KOLMKJ, oOnpefenseMHit (QyHKUMAMH Nepexonia,
“ABJASETCA KOTPaHHLUEH B HEKOTOPOM BIHCAHHOM MNOKPLITHH, TO
¢yHKkUMA fy, KOrpaHULEX KOTOPLIX OH ABMASAETCS, TOKA3BIBAIOT,
4TO HCXOJHOE paccjOoeHHe SKBHBAJNEHTHO NPAMOMY IPOH3Befe-



10. Paccioenun ka xbmniéxcubie npambié 71

Huo. W3 onpenesieHuss ACHO, 4TO OTOOpakenue SBASETCA TOMO-
MOp(pHU3MOM, H, 3HAYMT, BCe HOKA3aHO,

[NonaTne paccloeHHs HAa KOMMJEKCHbIe MPSAMbIE TeCHO CBA3aHO
¢ monsTueM puBH3opa. OG6osHauuM wepe3 TN nyyoK pPOCTKOB
MepoMOpdHEIX dysxknu# Ha MHOrooGpasuun M ¢ onepauueft
YMHOXEHHA H uepes ' —nydoK pPOCTKOB He ofpallamuiuxca
B 0 rosomopodupix ¢yHknud Ha M, Takxe C onepauHeit yMHO-
xeHus. Paktop-nyuok D = IM/Q* nasuiBaeTca nyLKoM pocmios
dusu3opos, a ero ceueHnd — dugu3opamu. JuBUsopu oOpasyioT
a6eneBy rpynmy U, onepanis B KOTOPOH OGHIYHO 3amHCLIBACTCS
apnutusHo. C TOYHOH MOC/IeA0BATENLHOCTBIO Ny4KoB O —> QF —>
—> IR —D —> 0 cBazan romoMopuam 8% HO(M, D) — HY (M, ).
Tak xak HO(M, ®)==G, a rpynna H'(M, 2*), B cuny (10.1),
OTOXJecTBAseTCA ¢ rpynnolt L, To 3* onpegenseT roMoMopdusm
h: G— L. TakuM 06pasoM, KamioMy AuBH30pYy [ OTBeyaer pac-
c/loeHHe Ha KOMIUIeKCHble npsambie A (D), KOTOpoe B AanbHeH-
mweM OyneT 0603Ha4YaTHLCA Yepes |Dl. U3 onpelieneHus romo-
Mopdusma &* (cM. mpuMeuaHue 33) JlerkO BHIBECTH, 4TO pac-

ClIOeHHOe TpOCTpaHcTBO |D| MOKHO oOnpeseiuTh CHEAYIOUHM
o6pasoM. Ecim DE G, TOo cyuiecTByerT Tak0e MeJKOe IOKpbl-
tie {U} MuorooGpasus M n Takue mepoMmopdunie dyskuun ¢,
B U, uro npu romomoppusme HO(U, M)—»HO (U, D) ¢yHk-
uua ¢, nepexonut 8 D. Torna 8 U NV dyuxuun fyy = ¢, /¢,
roromMopdbuel M He oOpawaiorcs B 0. ItH QyHKHUH ABIAOTCA
GOYHKUHIME Tlepexofa AJd PacCJAOeHHOrO IPOCTPAHCTBA,

B nambueftieM OyAeT 4acTO BCTpeyaThbCA CACAYIOWMH TpH-
Mep jpuBusopa. IlycTh S — noaMHorooGpasue Ge3 ocobeHHOCTeH
pasMepHoctd m—1 B m-MepHoM Muoroo6pasuu M. Toraa
CYWeCTBYIOT Takoe KOOpIHHaTHOe mnokpbitue {U} MHorooGpa-
3us M M TaKme JOKAMbHble KOODMHMHATH 2}, ..., 2} B U, urO
ana xawaoro U muoxectso SN U aubo nycto, aubo onpere-
nsetca ypapHenneM 2z}, == 0. OGosnaunM uepes Sy rosomopdnyio

¢ynkumio B U, paBHyio 1 B mepsom cayuae u 2}, BO BTOpOM
cayuae. OUeBHIHO, Sy,/s,, — rojoMopdHas H He oOpaimaioascs
B 0 ¢yuxuua B UNV. [Tosromy cdyHKuuu s, OnperensioT He-

KoTopuLift AnBH30p. OH HA3LIBAETCA HEOCOOBLM npocmulM Ousu-
30pom u 0603HauaeTcs yepez S3), :

Hs rteopemni (10.1) caenyer, uyto usyvenue rpymnnl L pas-
HOCH/IbHO M3y4eHmo rpynnul /' (M, 2*). OnpeseauM roMoMop-
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dusm e: Q% dopmymont e(f)(2)=e>/ (@, Torma Mu
MMeeM TOUYHYIO MOC/IELOBATE/ILHOCTh NYYKOB

0~>J >R2-250* 50,

rie yepes J 0603Ha4eH NOCTOAHHBIM Ny4YoK neqanx uucen. [Iycts M
koMrnakTHO. Torma Ha M He cyiiecTByeT roJoMopdHoit GyHKLHH,
OT/IHYHOR OT KOHCTaHTH. 3HauuT, oToOpaxenue HO(Q) — H(RQY),
TaK e Kak oroOpawmeHne e: & — QF, gpiserca snuMOpdU3MOM.

[Brech W B majbHeRIeM Tpynmnbl H‘”(M, F), rpe F — HekoTO-

pbit nysok Ha M, nas kparkoctd o6osmauaiotcs uepes H” (F).]
CrenoBarebHO, HM@ET MeCTO TOYHAS IOC/ELOBATEBHOCTD

0 — H1(J) —> H1(Q) > H (2% -5 H2(J) —> H2(Q)

V7
H?(R) =T (C%y/dI' (A"),

rie j NMOPOXIEHO ecTeCTBEHHHIM BiOkeHueM J-—>R. Mbl noka-
KeM, UTO 06pa3 zomomopgusma 8°—amo noodzpynna mex
saemenmos a € H2(J), dza xomopwx kaacc j(a) npedcma-
sasemcs Hexomopoii gopamol mana (1,1).

CHayana BeluMCIMM oOTOGpaxenue & B siBHOM Buae. Ilyctb
{U} —npocroe noxpuiTue MHOroo6pasus M KOOpPIHHATHLIMHA
OKPeCTHOCTAMH AJs pacciaoenus B, u nycrs fyy — dyuxuun
nepexoia, onpejeneHHele nokpeitheMm {U}. Ecm UNV +# 0,
10 roMoMopdusM e otobpaxaer I'(U NV, Q) na sce ' (U NV, %),
u6o U NV oanoceasHo. 3uauur, ecau f € ZY(N ({U}), @) —
KOUMKJ, OmnpelenseMbllt ¢yHkuuaMu fpyy, TO MOKHO HalTH
rakylo kouenb g ECH(N({U}), ), uro e(g)=/f. Toraa
xouuka 8¢ us Z2(N ({U}), J) onpejenser K1acc KOTOMOJOrHH
3'(B). TlocrpoeHnoe TtakuM oGpasom oroGpawxenue L — H2(J)
HU3LIBACTCA XAPQAKMEPUCMULECKUM 20MOMOPPUIMOM U 000~
anauaercs vuepes ¢: L -—>H2(J). Duemeur c¢(B) HasbBaercs
xapaxmepucmuieckum xaaccom paccaoenus B¥),

HOnag wusyuenus ob6pasa romoMopduamMa ¢ BBelieM B CJIOAX
npocTpaHcTBa B 3pMHTOBO CkandpHOe npousseienne, Ecau
paccioenue B umeer no ornowennio K {U} ¢yukuun mnepe-

xona fyy, T0 BolbepeM TaKie BelueCTBeHHbIe QyHKIHH 4, (2, 2) >0
jo.o)
2
knacca C- 8 U, uro aulfuv‘ =a, B UNV. Takue ¢pyuxuun
CYUIeCTBYIOT, MOTOMY YTO TIPYNIa I[IOJOXHTENbHBIX BeUIECTBEH-
HBIX uyuceJ craruBieMa®), IJrn dyuxkuun onpeiensior B B
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3PMUTOBO CKandproe mnpoussefenue, ubo B $~1(UNV), Kak
NeTKO TNPOBEPUTL, HMEET MECTO DPABEHCTBO Q.Y Y, =a,Y V.
PYHKIMH @, ONpeNe]foT C8R3HOcMs B paccioeHun Bil),

Tax xax a,| fuy|?=a,, 10

d'log a,~+d'log f,,,—+d’ Iogf—U—V:d’ loga,.
Tak kak ¢yukuus fyy roaoMopdua, To
/77 dlogfuy=0 u d'logfuy=dlog fuy,
OTKyLa
d'loga,=—dlog f,,~+d loga,.

Nanee, dlogy,=dlogf,, +dlogy, B qu {nv) u, cre-
AOBATE/LHO,

dlogy,+d'loga,=dlogy, -+d'loga, B qfl wunv).
DTu ypaBHeHHs O3HAYAIOT, UTO eC/JU NOJOKHTDH
O=dlogy,+d'loga,

B q)—l(U), TO noJayuurcs d¢opMa 0, ompenseneHHas Ha BCeM
MHOrooGpasun B. dopma 0 uaswBaerca gopmoi csssnocmu.
dopma

1 [
%de :E{‘l‘d dllogau

B q)'l (U) HaswpiBaeTCcqd fOpMOL KPUBU3HBL CBI3HOCTH.

Mbl nokaxeM cefiuac, uT0 (OpMa KpPUBM3HH NpPEACTABJIAET
kaacc je(B). Hawu paccyxieHus OynyT OCHOBLIBATLCH Ha H30-
MopguaMe, ycTaHoBnennoM B TeopeMe ne Pama (9.1). Kaacc
xoroMosoru#t jc(B) CONepMUT KOUMKIA ¢ onpejeneHHHI

opmynoh

uvw
eyyw=8yy t 8vwt&wu

rie g,y TAKOBH, 4TO e(gyy)=f,, HroOu Haitrh Qopmy
CTeneHH 2, NpPeACTABAAOUYIO KJIACC KOTOMOJIOrHH KOUMKIA C,

HaitjeM CHayana Takue QyHKUMH hyy Kiaacca C®, onpeleneHHbie
B UNV, uro
Covw= hUV -+ th+ hWU.
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Torna ¢opMe dhyy onpeleissiOT OJHOMEPHBIR KOLHMKJA C KO3(d-
¢uunenramn B nyuke C! pOCTKOB 3aMKHYTHIX (ODM NepBo#

CO
crenenn Kaacca C°. Tak KaKk MbH MOXeM MOJOXKHUTDH huvz:_gw,

TO JJS 3TOTO KOILMKJAA, KOTOPHH Mbl 0G03HAayuM uyepes ¢, No-
JyHIM

1
SareM Haftnem takue sauxefinbie ¢opmel Ay B U, uto
1
57 4108 fov=—u +v.

Torna ¢opmer diy onpenenst ¢opMy Ha Bcem M, npeacra-

Basollyl0 kaacc jc(B) npu u3omMopdusMe, YCTaHABIMBIEMOM
TeopeMolt e Pama. I‘Iocxom,Ky

1
Z}?dl(’gfuv ————-d’loga —1— dloga

MOXHO  B3Tb luz—;n—id’logau. Torna ¢opma dh,=

_—Q%d”d’logau uveer tan (1, 1).

[IpencraBnseT MHTepeC HMHTEpPNPeTHPOBATH BBeJeHHblEe BhIUIE
¢opmbl B Cayyae, koraa M — KOMNaKTHas NMOBEPXHOCTD, ABJIA0-
Wascs OJHOMepPHBIM KOMILIEKCHHIM MHOrooGpasmeM. Mbi MoxeM
onpejenuth MeTPuKy dopmynolt ds?=>Ardzdz. Dro keaeposa
MeTpuKka, notoMy uto dim M =2 wu, 3Hauur, Bcaxkas c¢opmMa
cTeneHd 2 3amkHyTa. PaccMortpuM kacartespHoe K M paccaoenue
Ha KOMIJIEKCHble npsaMble. DYHKUUSIMH Nepexona s Hero
apasgioTca  0z]0z’, rie z— joKanpbHas koopauHata B U, a
2z’ — noxanpHas xoopauHaTa B V. BBensenHas Ha M merpiuka
onpeienseT CKa/IApHOE TPOU3BEJCHHE B CJIOSX KacaTeabHOro
pacciioeHus (noaTomy MOXHO B3ATh auz)\). B 3T1oM ciayuae

OpMa KDHBU3HBEI paBHa — —d'd”’log), T. e. paBHAa 3/JEMEHT
P P Y P Y y

naoulagn Ha M ¢ 06paTHLIM 3HAKOM, YMHOXEHHOMY Ha rayccoBy
KpuBM3HY. 3HayeHHe XapaKTEPUCTHYECKOTO KJACCA HA OCHOBHOM
KJjacce roMosaoru#i MHoroo6pasus M ecTh 3HiaepoBa xapakTe-
pUCTMKA 3TOro MHOrooOpasus. ISTU HAeH MOXHO HCIO/Ib3OBATDL
AnA 10Ka3aTeAbCTBa TeopeMbl ['aycca— DoHHe A5 MOBepxHO-
CTeH,
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(10.2) Ilyeme M — xomnaxmuoe Komniexcroe MHO020-
ofpasue, u nycms
Hi (M, Iyc H2X(M, J)

ecms nodzpynng dieMeHmos, 05pa3bl KOMOPLLX Npu 20M0-
mopgpuszme j, \noposcdennonm saoscenuen JR, npedcma-
sasiomesn gopmanu muna (1, 1). Tozda xapaxmepucmusecxui

2
zomonmopdusm ¢ omobpasicaem zpynny L na Hi (M, J)42).
Ecau M —rxomnakmuoe Keareposo  MHO2000pasue, mo

2
Hi,1(M, J)—oamo nodepynna asreMermos, 2apMOHULECKiLe
yacmu rKomopeix umeiom mun (1, 1).

dokasateancTBO. Mbl 10Kasanrun BeE, YTO € OTO-
6paxaer L B H?  (J). HroG 10Ka3aTh, YTO ¢ — 3MMMOPPH3M,

0603HaYUM qepes k H2(J)—> H?(Q) orobpaxeHnue, onpeneneH-
HOe B TOYHOH IMOC/eNOBaTe/bHOCTH, BBIIMCAHHOH Ha cTp. 78.

‘ 2
Mbpl nomKHB MOKa3aTh, 4TO k(Hl,l(J))zo, foc/ae yero Haue
yTBepienne OyneT CcJaen0BaTb U3 TOYHOCTH I10C/I€10BATE/]b-

Hoctd. ITycTb Al — nydox pOCTKOB KOMILIEKCHO3HAYHHIX (OpM

knacca C° crenenn p u CL—ero moamydox, cocrosmput
M3 pPOCTKOB (OpM, 3aMKHYTHIX OTHOCHTenbHO d. ViMeeT MecTo
KOMMYTATHBHAA NMarpaMMa, BepXHAS M HHKHAA CTPOKM KOTODO#H
ABJASOTCA TOYHBIMH TNOCAE]0BATENbHOCTAMH:

4 ,pil
0>ClL — A% 5Sci 50
3, , T, 1T 541

a0
0—>C»? 5 A%2 40P+l 50

[sepes A%? Mn 0GosHauaeM mnommyuex myuka Af, cocrosuui
0,
us pocrkos ¢opm Ttuna (0, p), uepes C P — noanyyok

nyuka A”P; cocroswm@ u3 pOCTKOB d”-3aMKHYTHIX (OPM,
yepes Ho,p—onepaTop, comnocTaBaaui kaxio# ¢opme ero

komnonenty tHna (0, p)]. Orcioga Mbl IOgydaeM KOMMYTaTHB-
HYIO 1uarpammy 43)

HO(CY)aH'(4y) — H'(CE) — H*(C)=H’(CY)
- Jrno, 2 - Jrno, 1 JrHo, )

HO (CO, 2)/d//H0 (AO, 1) — 1_11 (CO, 1) > H2 (90)'

6 UxaHb IsH-moHb
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B BepXHe#l M HHXHEH CTpPOKax KOTOPOH CTOAT M3OMOP(U3MHI. .
OroGpaxenue k: H2(J)—> H?(Q0) MOXHO NpenCTaBATh B BUAE
KOMIIO3MLUE 0TOOpaxeHut

H2(J) - H?(C)—~> H?(Q0),

DeMeHT TPy Hil(J) nepexOnuT B 3JeMeHt rpynnsl H2(C),
KOTOPHIH C MOMOLLBIO U3OMOD(UIMOB BEPXHEH CTPOKH MOKHO
npeincTasuth GopMol u3 HO(C%):I'(CQC) rana (1, 1). ITo
onpegeennio, oneparop Il , meperoauT Takyio GOpMy B Hyib,
W, 3HAUAT, JeBOe BePTHKAJAbHOe OTOOpaxeHHe MepPeBOAUT Hall
57MeMeHT B Hysab. Ilockoabky AuarpaMma KOMMyTATHBHA, OH
Mepex0JUT B HYJb M NpU NPABOM BePTHUKAJIBLHOM OTOODaMEHHH.
TeM caMbIM JOKAa3aHO NepBOe yTBepiieHHe TeopeMsl. B cayuae,
Koraa M — KOMIaKTHOe Ke/lepoBO MHOr006pasue, npoexuun IL,
nepectanoBodnst ¢ f. [losromy, ecam o — ¢opma tuma (1, 1),
t0 Ho Ttoxe umeer tun (1, 1), tak uro H HHAyuupyer u3o-

MOP(U3M TPyIIIHI H?,I(M, R) na S¢5 .

(10.3) ITycme M — xomnaxmuoe xeaeposo MHO2006pasite.
Toz0a sdpo omobpascenus ¢: L—>H?2(J) usomopdrno mrnozo-
o6pasuio Iurxapa H'(M, R)/jHY (M, J). dmom usomoppusm
ABAAEMC UIOMOPPUIMOM KOMNACKCHOX 2pynn Jlu, ecau Ha
muozoobpasun Iluxapa ssecmu KOMNACKCHYIO CMPYKMYPY
npu nomowu asmomoppusma —C.

JdokasareabcTBO. VI3 TOYHOCTH NOCJeA0BATEILHOCTH,
npusegeHHO# Ha ctp. 78, ciendyeT, YTO sApo roMomopdusma ¢
usomoppro HY(R)/j'H'(J), rne j': H'(J)— H!'(2)— romo-
MOpQH3M, HHIYLUMPOBAHHBIA BIOWKeHUeM J->&. PaccMorpum
KOMMYTATHBHYIO AHarpaMMy

0—>R-—> A —‘iCI -0
Voo 1T,

O—->S2—>A0’OE-”> CO’I——>O,

raie R — noctosHHBI Nyyok co crebjeM, U30MOPGHBIM MO0
BellleCTBEHHbIX yuceJ, A —ny4ok BeleCTBeHHEIX GeCKQHEYHO
nupdepenunpyeMoix pyukiuult, a Cl — nyyok BeleCTBEHHHIX 3aM-

KHYTHIX nmpq)epeﬂuuanbﬂblx QJOPM nepBoﬂ cTeneHH kaacca C*°,



10. Paccroerus na komnaéxcuse rpamble 83

Vs Hee moaydaeTcs KOMMYTATHBHas JHATrpaMMa
HO(A% —>HO(CY) —>HY(R)—0
¥ T, 1 2
H(A*%) > H (") > H'(2) 0.

[Mokaxem, uyro kR — uzoMop¢uaM. Mel umeeM H (R)Nc%’R "
H' ()= %", npuuem nuarpamma
HOCHHO (A% =H'(R)= Sk
1M, 4 Ve N
HO(C Y HO (A% %) = H1 (2) ~ 58"

¢ 3TUMH M3oMopdusMaMu KoMMyTatuBHA. I[IpaBoe BepTHKa/bHOe
oTo6paxkeHne sBJAAETCH usomop(pHSMOM. HefictBuTe/IBHO, €CIH

a€ >, 10 at-a€Sr u I, ,(a-+a)=a, orkynsa BiLAH2
snuMopgHOCTL OTOOpaxenus. Tak xak aas mobGo# mec%’R MBI

umeeM o =1IIp ;oI 0, T0 Hame orobpaxenue sBIAETCH
MoHOMOp¢u3MOoM. M3 KOMMYTATHBHOCTH AHATDAMMBI CJeAyer,
yt0 k2 — uzomopdusM. Tax kak j' —k&j, To scHo, yro R OTO-
6paxaer jH1(J) B j'H'(J). Orcoaa moayuyaercs H30MOP-
¢usm rpymmet HY(R)/ jH'(J) wa rpynny HY(KQ)/jH(J),
ABAAOLHACT u3oMopdu3MoM BewecTreHHbx rpymn Jlu. Ocriercs
TOMBKO [OKa3aTh, YTO KOMIJIEKCHas CTPYKTypa Ha BTOPOH
M3 STUX TPYNN COOTBETCTBYET KOMILIeKcHOH cTpykType —C

Ha mepso#t rpymme. Ilycts © € %, u nycts o =oa-Fa, re
€S u a=1I,, 0. Toraa

Ty, (Co) =TIy, ; (Ca—-Cay =11, | (— ia - ia) = — il o,

OTKYAa BuAHO, yt0 —C COOTBETCTBYeT YMHOXEHHIO Ha I.
Crour yKasaTh HECKOAbKO HHOH# cnoco6 A0Ka3are/bCTBa
3TUX pe3yabTaTOB, HE HCHOJb3YIOWUHA MYYKOB H IIPUMEHUMbi
K CAy4al0 KOMILJIEKCHBIX BEKTOPHBIX PacC/I0CHHBIX MPOCTPAHCTB
6osee BHICOKOH pa3MEpPHOCTH, KOTOpble He 06pasyioT TpYMmhl.
PaccmoTpuM cHayana 3ajady TOCTPOEHMS DPacCJHOEHHs Ha
KOMIIJIEKCHBlE TIpAMble, XaPaKTePUCTHYCCKUM KJaCCOM KOTOPOro
ABASETCS 3aNaHHBIH 1eOYMCJICHHBIR KJACC KOrOMOJIOrHMH, mnpes-
crapuMuiit popmott tuna (1,1). ITycrs o — ¢opma Tuna (1,1), npen-
CTAB/AIOWIAA HEKOTOPBIM 1eJOYHCAEHHBI KJAaCC KOTOMOJOTHH, H
nycts % = {U} — ¢uxcupoBaHHoe NpOCTOe MOKpHTHE. TaK Kak

& .
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NMOKPHITHE NPOCTO, TO MOXHO HaiTH Takue ¢opmul f,, ompe-
AenerHpie B OKpectHocTsx U, uyro a=df, B U. <1>0_pr1 By
MOXHO B3STb BELIECTBEHHLIMH, M Toraa f,= ¢, ¢, rze
¢, ——¢dopma tuna (0, 1). M umeeM
— — o — A " i
a=dB,=do,+do,=d"o,+d'o,~+d"¢,+d'oy.
W3 toro, uro a umeer tun (1, 1), Bunno, uro d"¢, =d’¢,=0.
B cuny (9.3), cywecrsyer taxas ¢opma (dynxuus) b,, omnpe-
nejlenas B U, uro cpuzd”bu. Torna ¢, =d’b,, u 8 U Mbl
1MeeM
A" 1 ATAMh AT ATE
a=dd"b,~+-dd'b,=d'd"b,— d'd"b, = _
JE—— I 37 I Y % 1/ 4
_ =d'd (bU——bU)—de ag.,
rae MH I0J0XUJIH bU—bU=iaU._811er ¢yHkuus @, Beue-
CTBEHHA, IIOTOMY YTO (YHKIHUA bU-—bU ABJAETCA YHUCTO MHUMOH.
Ecan 3agama BewecTBennas QyHKuus @, Kiacca C®, nns
kotopo#t d’d"a, =0, 10 cywecrsyer takas roaoMmopduas B U
¢ynkumus f, uro a,=f--f. Ilna nokasarenbcrsa STOro 3a--
4 — 14 . — A’ ”
mernM, uro dd”a,=0, orkyna d"a,=dc,=d'c,+d"¢c,
AJ HeKOTOpOR ¢yHkuuu ¢, onpeneienHolt B U. OuesunHo,
Ip e ” __
dc,= 0, Tax yro ¢, aHamuTHYHa no 2. Jlanee, d (au_'cg) =0,
TaK YTO0 @,-— ¢, aHaiutayHa. 3Haunt, a@,= f'-4-g, rae
f’ n g —ananurudeckue ¢ynkunu. Tak Kak GyHKUHS @,
Bellectsenna, 10 f'-+g=f'+gu f'— g=f'—g. Orciona
crenyer, 4rto f’—g==Fk, rae % — BewecTBeHHas KOHCTAHTA.
Hostomy umeeMm a,=f--f, rne f=f" —Fk/2.

Bosppaiascb K KOHCTPYKIHH DacC/AOeHHA, 3aMeTHM, 4TO
d'd"(ay,—a,)=0 8 UNV. IlosToMy u3 CKA3aHHOrO BHILIE

(B T
ClefyeT, uTO @,— aV;_ ‘(huv huv) I HeKoTopo#
roJoMoppHOR QyHKILMK hUV B UNV. 3aMeTnm, 4TO 3TH ypas-
HeHHs YIOBJETBOPAIOTCY M B TOM Cjaydae, eClH 3aMEHUTb hbv
V4
Ha Ry, =7, TAE 1y, — BeLleCTBEHHAd KOHCTAHTA.
Monoxum A, = —id'a, 8 U. dopma A, umeer Tun (1, 0) u
A ATy e A i —
a=—id d au_d( id au)—d)‘u- \
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Ias Toro yTOGH MOAYYHTH KOUMKJ, COOTBETCTBYIOWHA (hopMe a,

" obOpasyeM
I 74 —_— A .7 . /
— M, A, =id'(a,— flv)_ d' (hyy — hyy)=dhy,.
’ . 7 4 4

Monoxum Teneps ¢y, == hyy, -+ by by, 3 UNVAW.
Hucaa cZIVW onpeeasior kouuxa uz C2(N (%), R), coorset-
cTeyowutt dopme o no teopeMe ne Pama. Tak kax o -—1eJo-

7
YUCJACHHAdA (bOpMa, TO KOIHUKJI CUVW KOTOMOJIOrHYEH LEeMOYUCIeH

HOM KOUeMNHU, TAK 4YTO CYLIECTBYIOT TAKHE BEUICCTBEHHBIE YHCIA rUV

H peJble 4Yuc/aa cUVW’ 4yTo

’
Covw="uv +rvwt vt pvw

g _ _
Monowum k== hy, —r 4 [, -—.e(hUV)—e vv. Torana
Suy aBasioTcs QyHKUMAME [epexona Ajsd HeKOTOpPOro pacciioe-
Hus B, Tax kax

o Fowfwy=2e(hyy+ hvw+ hyy)=¢(Cyyw)= 1,

npuyeM  TocJAejHee  pPaBeHCTBO  CJefyeT U3 TOrO,  4TO
Cyyw — Uedble 4ncaa. M3 KOHCTPYKLMM SICHO, YTO XapakTepH-
CTHYECKHM KJIACCOM pacchaoenus B sapasieTcsl KJacc KOTOMOJOTHH,
COOTBETCTBYIOUTMH (opMe a.

PaccmorpuM Temepb 3agadyy HaxOXAeHMS TOYKM Ha MHOTO-
ob6pasuy Tlukapa, coOTBeTCTBYIOLEH HEKOTOPOMY pacC/IOCHHIO
C HyJeBbIM XapakTepucTuueckuM KaaccoM. Ilycts ¢ (B) samaercs
¢opmoit a; rtorza a=df B ueaoM, Tie [ — BewEeCTBeHHas

¢opma mepso#t crenenu. [lomowmMm B ==7y-}-7, rae | umeer

tun (1, 0). Torna d”’y =0, u, 3nauur, B cuay (9.4), 7 onpe-
JenseT HeKOTOpbif sieMent rpymmsl H1(R). Hdanee, 1= I, 8,
M JIeTKO 10Ka3aTh, YTO TO4YKa MHorooGpasus Ilukapa, coorser-
cTBylowas paccaoenuio B, onpenensercs saemenrom — II; 8.

3axkaHyuBas 3TOT mnaparpag, Mbl 4aAuM elie ONHY UHTep-
TpeTalM0 3TUX MNOHATUH nAd anare6pandeCKHXx MHOTOOGpasuid.
Iycte G — rpynna anBu3opoB Ha MHOroo6pasuu M, T. e. rpynna
JAuHefHBIX KOMOMHAUMA HeNpHBOLHMBIX IOAMHOr00Gpasult pas-
MepHocTH m — 1. Kawaeif nuBM3Op ompepefseT KJacC TOMO-
aoru#t pasmeproctd 2m — 2. Ilycts Gp— noArpynna auBu3o-
pPOB, TOMOJOrMYHBHIX HYMO Haj [MOJeM palHOHAJbHEIX YHCE,
(G;— nMoArpynna JAMBH3OPOB, TOMOJOTHUHBIX HYJIO Haj IeJbIMH

2nih
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wucaaMu, M G — noarpynna auBU3OPOB, JUHEHHO SKBHBAJIEHT-
HBIX HyJIO, T. €. AUBM3OPOB, pPAaBHBIX MHOroo0pasuio HyJe#t
MHHYC MHOT000pasne M0J0COB HEKOTOPOA MepoMOpHOH GyHKIUM
Ha M. Toz20a G|G; usomopdra zpynne paccioesuii Ha KoM-
naexcrote npamvie wa M. pynna G[G; usomopdra zpynne
Hf,l(M, J)— (aKT, uSBeCTHHIX TOA HA3BAHHEM mMeopembl
Jepuwenya. I'pynna GG usomopdra mrozoo6pasun Iluxapa
MHO2000pasus M. D710 NpelnoxeHue HA3bIBAT nepsol meo-
pemoi 0solicmsennocmu Heyen [25]. I'pynna Gp/Gy uso-
mopdra epynne xpyuwenus epynnot H,, o (M, J), uTo H3BECTHO
N0 HasBanueM smopoil meopems. 08ciicmsernsocmu Heyco [25].
Hpyroff BaxHBI pe3yabTAT COCTOUT B TOM, 4TO HaA a./ze-
Opauteckom MmHo2000pa3uu Ge3 0cobernHocmeli Kasxcdoe pac-
CAOeHUE HO KOMRAEKCHBLE NPAMble ONPEOLASEMC HEKOMOPbLM
oususopor [cM. Teopemy (16.4) Hacroswe#t KHuru].

11.

Mmnozoobpasus I'paccmana ] .

B nanbHefiiiem Mbl 6y aeM pacCCMATPHBATh KOMIIJEKCHbIE BEKTOP-
Hble paccaoeHus Gojee BHICOKOH pasMepHOCTH. [1Js 3TOTO HYKHO
M3YYHTb KOMIJIEKCHble MHOrooGpasus ['paccmana.

O6o3Hauum yepes G(m, k) MPOCTPAHCTBO &£-MePHLIX NMPOCKTHB-
HBIX TOANpOCTpaHCTB mpoctpanctsa P,,. ITpoctpancrso G (m, k)
HasblBaeTCad MrOo2000pasuenm [paccmana. Mbl nokaxeM ceHuac,
KaK BJIOXHUTb €ro B KOMIJIEKCHOE IpPOeKTHBHOE MPOCTPAHCTRO
6oJiee BHICOKOM Da3MePHOCTH.

IMycte ey, ey, ..., €, — 0a31C KOMIAEKCHOrO BEKTOPHOTO
npoctpaucrsa E,, ;. Kaxioe k-mepnoe moanpocrpancrso B P,
HaTAHYTO Ha R -} 1 1uHeHHO HE3aBHCUMBIX BEKTOPOB 2, 2y, ..., Zp
npocrpanctsa E,,.,. B Gasuce ¢, e,, ..., €, MH HMeeM

m
2, = Z()aijej 0L iLk).
]:
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JInneHas He3aBHCHMOCTb BEKTOPOB 2Z; 3KBUBA/NEHTHA YCJOBUIO
2o/ +.. N2, 0, rae yepes x A y o6osnaiaercs npoussene-
HHe BO BHelllHe# aireGpe Haa mpocrpanctsoM E, .. Mb uMeeM

1 ig .. i
zo/\.../\zk=m 2 pr ’keio/\.../\eik,
i vony

k

A Byt
rae p° 'k KococuMMeTpuuHnl MmO MuzexcaM. Yucaa pt R

Ha3bIBAOTCA  Kooplurnamamu Kaau— paccmana  HaHHOTO
k-MepHoro nognpocrpaHctBa. OHHM He MOTYT ObITh PaBHHI HYJIO
OTHOBPEMEHHO M OMNpene AloTCA MOJANPOCTPAHCTBOM OJHO3HAYHO
¢ TOYHOCTBIO [0 TMpPONOPLMOHANBHOCTH. [l03TOMY uX MOXHO
paccMaTpHBATL KAaK OJHODOJHbIE KOODAMHATBEI, H MBI IOJy4YaeM
BJOXeHHe npocrpanctsa G (m, k) B P, ana pocrarouHo 60/b-
oro r.

Hafinem Temepb cOOTHOLIEHHSA, KOTOPHM YAOBAETBOPSIOT

iyl .
gpcaa p° "'k IIycth iy, ..., iy — HEKOTOPbI# HAGOD Pa3TUUHBIX
WHIEKCOB, 3HAYeHUs KOTOpHIX Jexar cpeau uucea 0, 1, ..., m,
M TyCcTb Jo, ..., fpy1— APYrol HaGop pasauuHBIX HHIEKCOB

¢ TakuMH ke 3HavenusMH. OmpejeanM (yHKuuH

k+1

— Z (_1)lpil...ikjlpjo...f)\...jk+l_
=0

Fiyoigho iy

Ipeail )
Eciu uwucna p°°*" "k — goopannaarel Kaam — I'paccMana HekoTo-
poro k-MepHOTO TMOANPOCTPAHCTBA, TO BCe QyHKIMA Fj, Ipdp - Ty

obpawatorca B 0. L9 10Ka3aTe/bCTBA STOTO 3aMeTHM, YTO

Qory «+ » aO,k
pfo e fk —_ R
Qpry -« - Qkr,,
IMostomy
Fi, .. tplo e gy =
£t Qoiy -« - - QoiyBoj, | | Bojy - @oj, - G0j,

:2(_1)x e e e
A=0

(27T aklkakh Qpjy v oo akjl e akj’ﬁ"
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Iycrb §, — anreGpandeckoe 10noaHeH e 2J1eMeHTa ayj, B MEPBOM
onpeeautene. Torna

Futgdy o g )
B+l a0j, - .- a()j)\ v aojk+1
22 (=1l [0
p=0 A=0 Apjy - - ak,-l v akik“
Ho )
B+1 Qoj, o« aojl [ aoij
E(‘—l)law-) Ce e =
A=0 Qrj, » .. ak,-) e ak,-k+l
Quj, + o aw-kH
_ Qojy o e aojk_H —0.
Qpjy « o« akij

fo-..
TakuM 06pasoM, Mbl MOKa3alu, 4yTo ecau yucaa p 'k — xoop-
auHaTH K31 — [paccMaHa HeKOTOPOTo Z-MepHOTO MOANpOCTpaH-

CTBA, TO OHH YNOBJETBOPAIOT yCJIOBHAM [y . Lplo - Jgyy =

OGpatHoe Takxe BepHO, T. e. J0GOH HaGop wucen pi""'lk'i,
VIOBJETBOPAOWIMA STHM YCJAOBHAM, ABJ4eTCA HaGOpPOM Koopau-
nat Ksaum —IpaccmMana AN HEKOTOPOTO R-MepHOTO Mnoampo-
crpauctea ([45], ctp. 331). Orciona moayuaercs chenyouwu
pe3yJbrar. ‘

(11.1) Mnozoo6pasue I'paccmana G(m, R) scex R-mepusix
noonpocmpancms 8 P, umeem xoopouramol pi“"'lk, ydos.ae-
meopsouue yerosuar Fi, .. 1.5 .7,  =0. Ha mrnozoo6pa-
3uu G(m k) mpan3sumusno Oeiicmsyem HeKOMOPA epYnna npoex-
MUBHBLX KOAAUHeAW 8 npocmparcmse Koopouram pi" e g ).
OnO A8AAEMCA HENPUBOOUMBIM DAYUOHAALHBLM MHO2000pA-
3uem 6e3 oco0eHHOCMED B 3MOM NPOLKMUBHOM NPOCMPAHCMEE,
U 220 KOMRACKCHAA pa3meprocms pasia (m—k)(k--1).

OnulleM Tenepb K/AeTOYHOe pasbuenue MHoroo6pasus G (m, k)
¢ moMompio MHorooGpasuit Lly6epra. IMycts Q; (0 < J K m) —
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TaKas (ancupOBaHHaﬂ NOC/Ie10BATEALHOCTs  NOLNPOCTPAHCTR
B P, uTo dlmQ =Ju

Q... cQ,,cQ,=P,.

PaccMoTpuM' nociefoBaTebHOCTb HeJsBIX YHCeJ a;, YAOBAETBO-
paiowux  yeaosuo 0 Loy Lay < ... La, <m—k. Tycts
X€G(m, k). Ycropne lllybepra Ha X cocToUT B TOM, 4TO
dim(Xn Qaj+j)>j s 0 j << k. MuozooGpasuen LLIyGepma
(ag, 4y, ..., a;) Ml OyleM Ha3LIBATL MHOXECTBO BCeX MOL-
npocTpancrs X, ylosaeTBOpaomiux ycrosmo lllyGepra mis
NOCAeJOBaTeNbHOCTH @y, @y, ..., @, OHO ABJAAETCA 3aAMKHYTHIM
noaMuoxectsoM 8 G (m, k), nu ero pasMepHoctb (B BelleCTBEH-
HOM cMBic/Ie) paBHa 2(aq—+a, -+ ...+ a,). Mowuo noxasars,
4YTO COBOKYITHOCTL MHOrooOpasuft lllyGepra obpasyer kjaeTouHoe
pasbuenue MHorooGpasus G {(m, k). Orcioza mnoJjyyaercs cae-
Aylomu#t pesyabrat ¥):

* ' (11.2) Mnozoobpasue G(m, k) 00xOC853H0 © He umeem
Kpydeniis, ezo uedemuomepusie #icaa Bemmu pasuwn 0, a

Yemuomeproe yucaro bBemmu b PGBHO HUCAY MAKUX paA3-
Guenud p=ay-+ta,+ ... +a, wmo 0Lag Lo, <. ... K
<a,Lm—k.

Muoroo6pasue G(m, k) $BI4eTCA CHMMETPHYECKMM OJHO-
POIHBIM NPOCTPAaHCTBOM. B ¢cBA3M € 3TuM MH CleaaeM HeGOJb-
oe OTCTYIJIEHHe M PAacCMOTPUM TakHe NPOCTPAHCTBA.

[Tycts G — rpynna JIu u ¢ — taxo#t asToMop¢usM rpynns @,
uro o=+ 1 u ¢?=1. Tlycrs G, —rpymnna Bcex s/aeMentos us G,

WHBADHAHTHHIX OTHOCHTEJbHO o, H mycTb Go— CBS3HAH KOMIIO-
Henta -eguuuuni 8 G,. Ecmm H — moarpynna rpynns G,, uMelo-
was rpynny GS cBoell CBA3HOM KOMMOHEHTOH eNHHHLB!, TO
G/H HaspiBaeTcs cummempuiecKum OOHOPOOHBM RPOCMPAH-
cmson.

2 v OAHO W3 BAXHHX CBOHCTB CHMMETPHYECKHX OJHODOJHBIX
NPOCTPAHCTB COCTOMUT B TOM, uT0 /Mmobas nuddepeHUHaIbHas
“opMa Ha TAKOM MPOCTPAHCTBE, HHBAPUAHTHAs OTHOCHTenbHO U,
aBToMarHyecku samkHyta ). Ecau G koMmakTtHa co—(popma
na G/H, nupapuanrnas otHocutenbHo G, TO, B CHIY CKa3aHHOTO
Bhille, @ 3amknyTa. Tak kak G kommaxkTHa, To Ha G/H MOxHO
HAUTH DHMAHOBY MEeTPUKY, MHBAPHAHTHYIO OTHocurtelbHO G. Iasa
TaKoH MeTpuxu (OpMa x® TAKKE MHBAPUAHTHA M, C/ICNOBATENbHO,
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3aMknyta. Orcioza BuIHO, 4to QopMa © rapMoHuuna. Taxum
obpasom, ecau- G/H -— cymMeTpryeckoe OJHOPOJHOE NMPOCTPaH-
crB0 ¥ (G KOMIAKTHA, TO KawnAas MHBapuaHTHas Qopma rapmo-
HAYHA 10 OTHOIIEHHI0O K WHBADHAHTHOH pHMAHOBOH MeTpHKe
Ha G/H. Ecau G cBs3Ha, 10 BepHO 1 oGparHoe. [lefcTBUTEALHO,
nyctb ¢GopMa © TapMOHMYHA; MOXHO AOKAa3aTh, YTO ® KOrOMO-

JIOTHYHA (opMe m:f(g*w)dg, rie HHTerpHpOBaHue MPOU3BO-
G

JuTCd 10 uHBapuaHTHOM Mepe Ha rpynne (. Ho mogleanss
dopmMa MHBADHAHTHA M, 3HA4YMT, rapMoHuyHa. [lostoMy o =w
MHBapHaHTHAa, B uacrtHocTH, Ha CUMMETPHYECKOM OZHODPOLHOM
NPOCTPAaHCTBE BHellHee IPOU3BENeHHME TapMOHHMYECKHX ¢opM
fB/IeTCA HHBAPUAHTHOA W, 3HAYUT, TapPMOHUYECKOH (QOpMOH.

Bepuemcs k wmuoroobpasuro G(m, k) H paccMoTpuM ero
Temepb KaKk MHOXeCTBO (R 1)-MepHBIX JHHeHHBIX TMOANPO-
cTpaHcTB B (m — 1)-MepHOM BEKTODHOM IIPOCTPAHCTBe. 3aMeTuM,
yto yHurapuas rpymma U (m—~1) mesictByer Ha G (m, k) u 4T0

G(m, &)=U (m 1)U (k1) X U (m — k).

OnpenennM UHBOMOTUBHHY aBToMopgusM o rpynnsl U (m—-1)

dopmynoi 4 5 4 3
°(\g/ D ):(—c D )

[—— S e
EL1 m—F ELl m—Fk

Torza (G, COCTOMT M3 MaTpUL BHAA

6 o)

o p/’
T. e. cosmagaer ¢ U(R+1) X U(m—*k). Tem cambim noka-
3ano, uro G (m, k) — cuMMeTpUUecKOoe OJHOPOAHOE TIPOCTPAHCTBO
rpynnst U (m—+-1). Tax kak G (m, k) He uMmeeT Kpydenus, TO
CTpOeHHe ero aareOpsl KOroMOJIOTHH OMUCEIBAETCS WHBAPHAHTHHIMH
dopmamu. OO6osHauuM yepes ¢, KAACC KOTOMOJOrUd, MPUHUMAIO-
wuit 3Havenwe 1 Ha KJjacce roMoJOTHH, KOTODHIM ompenensercs
MHorooOpasuem lllyGepra

©,...,0 1,..., 1),

e e’
h
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n 3nauenne 0 Ha Khaaccax roMoJiorut, ofnpenesaeMel X 0CTalb-

upiMu MuHorooGpasusmu llyGepra. IlycTh ¢, — Knacc kKOromoJo-
ruft, cBA3aHHBIY aHaJIOTMYHBHIM 0OpasoM ¢ MHorooGpasuem Llly-
6epra (0, ..., 0, k). Haitnem unBapuaHtHbie (OPMBI, COOTBET-
CTBYIOIME KJACCAM KOTOMOJOTHH €, H Cp.

Mb onsTe cpenaeM OTCTynJeHHe, Ha STOT pas yToOn pac-
CMOTpeThb HHBapuaHTHHe JaMddepeHunasbHbe (OPMH Ha ONHO-
poiHOM nmpocrpaHctee. Ecim w: G —> G/H — ecrecTBeHHOe
oroOpaxenue rpynnst (G Ha ¢akrop-npocrpancteo G/H, a e
MHBapuaHTHas auddepenumanbuas ¢gopMa Ha G(H, to w¥¢—
JeBOMHBapuaHTHas AnddepeHunasbuas ¢opma Ha G. Tlycrts
L (G) — anre6pa Jlu rpynnet G, a L*(G)— comnpsxeHHOe Npo-
crpanctBo K L (G). Daementst npoctpanctsa L*(G) wmoxno
MHTepIpeTHPOBAaTh KaK JeBOMHBAPUAHTHHIE JaMHelHble Au(pdepeH-
nnaneHble ¢opMpr Ha G. Takne ¢opMbl HaswBAOTCS POpMAMY
Maypepa — Kapmana Ha G. Jlwbas nuddepenunanbuas GopMa
Ha rpynne (, HHBapWAHTHAs OTHOCUTEJBHO JEBHX CJBHIOB,
IBIMeTCd BHEUIHMM MHOrousenoM oT ¢opM Maypepa — Kaprana
C MOCTOSHHBIMH KO3dduuuentamu ¥7). B wacrnocru, n*¢ — MHOTO-
yreH ot ¢opM Maypepa — Kaprauna. Ilycrs L*(G, H)-—nmoxn-
npocrpaHcTBo npocrpanctea L*(G), cocrosilee H3 BCex 3Je-
MEHTOB, opToroHaabHeix K L (F). Torza BuAHO, 4TO n*¢ MpH-
HajmexuT K BHewHeR amreGpe A[L*(G, H)], mnopomieHHo#t
npocrpancteoM L*(G, H). I'pynna H neticrByer Ha G nocpen-
CTBOM MPaBbIX CABHIOB, M =°¢ WHBAPHAHTHA OTHOCUTE/JbHO IIpa-
BEIX CABUTOB Ha B3JeMeHTH u3 f{. 3TO paBHOCHUIBHO TOMY,
yT0 T*© HHBAPUAHTHA OTHOCHTE/JbHO TPHUCOENMHEHHOIO IIPei-
crapaenus rpynnsl H, neticteyouwero B L* (G, H). Takum o6pa-
30M, MBl JIOKA3aJU CAEAYIOIYI0 JIeMMY:

Jle um a. Omobpadicenue ¢ —> ©*p ABAAEMCS 83AUMHO 00HO-
SHAUHBLM coomBemcmBiem MmedxcOy gopmanu na G/H, unsa-
puanmuuny omuocumessno G, u gopmamu uz A[L*(G, H)],
UKRBAPUAHMHLI MG OmHocumeAsno ad H ),

Ipymny U (m +1) MOXHO DAcCMaTPHBATh KAK FPYNNy TaKHX
MaTpHIL & = (&,,), YTO uy’ = J. O6o3naunmM uepes du MatTpaly
u3 ¢dopm (dupq) SIcHO, uyTO sJeMeHTH Marpuusl z~1du mopo-
¥AAIOT NMPOCTPAHCTBO JEBOMHBAPHAHTHBIX JIUHERHBIX (OpPM.

Has noayuenus ypasnenu#t Maypepa — Kaprana mosoxum
W=u"'du, Torsa uw==du, OTKyla ¢ noMowbio Auddepex-
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LHAPpOBaHUA NOJay4HaeM

du Nwt+udw=0 n dw=—uldo \w=—w A\ w.

Hanee, rtax xak uw' =1, 10 du-u +u.-du’ =0, orxyna
uldu-+du’ (tz’)"1=0 w w-+w =0.

Huxe Mp OyleM HCnonbp3oBaTh ciaenywiine o603HaYeHHS:
MHAeKCH r, §, t Oyayr npoGerarp uucaa or k-1 npo m,
a uHAexcwt o, B, T—oT 0 10 % BK/MOuUTEbHO. [IpOCTPaHCTBO
L*(Um—+1), Uk-+1)X U(@m—Ek)) HataHyTo Ha 3Je-
MEHTH ©,, MaTpdlbl @ (rae o, — 3TO JuHeHHas ¢opma, cTos-
waa B a-# cTpoke u B r-M croabue Marpuun w). [TocMoTpum,
KaK JeHcTByeT Ha 3TH GOpMH MpHCOEAMHEHHOE MpeiCTaBJeHHe
rpynnet U (BR+-1) X U(m—k). Ecau v— mobas wmarpuua
us U(m 1), TO mpaBmi# cisur Ha v geHicTByeT Ha (opMy w
crenyomuM o6pasom:

(tw)’1 d(uv)=v Y (ulda) v = v lwv.

3uauut, npn npumexenun adv ¢opMa w mepexoaur B U lwwy.
Eciu v€U(m—k&), 1. e. v=(v,5), TO MH BUIUM, UTO

ad v (0,) = X 0,,0,.. Ecmt v€U (k41) 1 v 1= (bag), TO
r
adv (“’ur) = ; baﬁwar'
B dacrHocTu, MBl BuAMM, uTO ¢opMa 2 wa,m_a, MHBApHaHTHA
o, r

OTHOCHTEJIbHO  TNPHUCOENMHEHHOTO  TpeiCTaBJeHus [Py
U+ 1)XU(@m—*%k) u, sunauur, onpeneaseT 2-dopmy
B G(m, k). dra ¢dopma sBiIsercs MOJOKHUTENbHO OMNpeleseHHOH
5pMuTOBOH MeTpuko#t Ha G (m, R). DTa MeTpHKAa Keleposa,
NOTOMY 4TO -

d(z CIAN aanr>:
o, T .
= %rwas/\mm/\aﬂ— ;rwaa/\wﬁr/\&zr—}"
+ 2 0ur A Oy A= X 00 A g\ 0 = 0.

CrenosaresbHo, Mbl onpenenuad Ha G (m, k) kenepoBy MeTpHUKY.
OHa HAM TPONOpIUHMOHATLHAA el MeTpHKa sBASETCI METPUKOH
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P}

Xoz®a, TOCKOAbKY ABYMepHOe uucio Bertu Muoroo6pasus G (m, k)
pasHo 1.
ITonoxum .

Q=0 Ao, €A U (mA4-1), Uk +1)X Um— k).

Sti (dopMb He WHBADPHUAHTHBI OTHOCHTEJbHO IPUCOENHHEHHOTO
npelCTABACHHS, H MOSTOMY Mbl OyleM HMCKaTh HX KOMOuHAWuH,
KoTOphie uHBapHaHTHHL. Ilonoxum

1 PR
@ = @ni)” r! 2 Bsx...a: Qe Ao ALy,

.“j, Bj
rae
‘ 1, eC/IH gy . v vy er—-—'-IETHaﬂ nepecTaHOBKa 4YHCEN
B -o oy Br
[
BBX B’ 3y — 1, eCMU Xy, « v v,y 0!,.-—— HeyeTHasd nepeCTaHoBKa YHcel
-8, p p
1r =+ s re

0 B ocra/lbHBIX Cay4asx.

Sr10 dopma creneHd 2r, ¥ ee 3HAYEHHMS BelecTBeHHH (TaK KakK
Qs =—Q,), Tak -yro ©,=@,. Moxno nposepurs, uro P,
MHBAPHAHTHA OTHOCHTEJbHO IPUCOEJMHEHHOI0 TMpeACTaBAeHHS
rpynnst U (k1) X U (m —k) u, 3HauuT, COOTBETCTBYET HE-
xotopo#t ¢opme Ha G(m, k). AHaNOrMYHO, TOJOKHM

=3 (S A A,

¥y

Torna W,— rtakie BellecTBeHnas ¢opma cTeneHd 2r, HH-
BapPHAHTHAA OTHOCHUTEJBHO NpUCOeAnHeHHOH rpymnmbl. Ciaeayouiui
pesy/bTaT YKasblBaeT HA CBA3b STHX (OPM C ONpele/eHHHIMH
BHIIIE KJAaccaMd koromoJoru#t mpoctpancrtsa G (m, k) (cMm. [47]),
cTp. 93):

(11.3) ®opra @, — amo zapmonuneckas opma us xracca
Kozomorozutt c,, a W,— zapmonuteckans Popma u3 xiacca
Kozomoro2ul ¢,



12.

CssizHocmu

[Mycts G —rpynna Jlu, L(G)— ee anre6pa Jlu. O603HauuM
yepe3 X; (1 < J<r=dimG) nexotopsi#t Gasuc aareGprI L(G).
OneMeHT X; B naNbHeMlleM HHTEPNPETHPYETCS Kak JeBOUHBA-
puaHTHOe BeKTOpHOe noje Ha G. Ilycts ®/ — conpsakeHHu# Ga-
3UC K X; B NPOCTPAHCTBE NEBOMHBAPHAHTHBIX AU PepeHInanbHbIX

¢dopM nepso#t crenenn Ha G 47), Toraa w:?waj—nmp(pe-

peHuuanbHas ¢opMa Ha G co 3Hadenusmu B L (G) %), ne 3aBu-
camas ot BHOOpa Oasuca. (B uHBapMAHTHHIX TepMuHax Ludde-
penuuanbHas GopMa w COMOCTABIAET KAWKAOMY KacaTeJbHOMY BeK-
TOpy K tpynne G NOPoXAeHHOe WM JeBOMHBAPHAHTHOE BEKTOPHOE
noJe.) AHajOru4HO, CyluecTByeT NPaBOMHBAPHAHTHAA AH(GepeH-
nyanbHas ¢opMa © co 3HaueHusmu B L(G), omnpeleneHHas TeM,
YTO OHA OTHOCHT Ka)KAOMY BEKTOPY NOPOXKAEHHOE HM Mpaso-
MHBAPUAHTHOE BEKTOpHOe Tmose. Torfa, Kak JErKo BHAETD,
w (571 = — © (s) ). CTpyxTypHble yDaBHEHHs HMEIOT BU.

X, X,l=— ZL X

YpaBunenus Maypepa—Kaptana umeioT BuA
1 g
dot= = 3 cho! A ot.
j R

Nycrs 0, ¢ — nudpdepenuuaibubie GOPMEH Ha HEKOTOPOM
MHOroo6pasun M co snauenusmu B L ((G). Mb MoxeM nHamucatb

0=0"X, u ¢=D¢kX,.
j &

HOHO‘M(HM
10, ol =X (0/ A %)X}, X,1.

Ik

Toraa [0, ¢] — nuddeperunansyas GopMa co 3HaueHusMu B L (G),
CTelleHbr KOTOPo# paBHa cymme cTeneHelt dopm 9 u . fcwo,
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uyro ecmy degb=r u dego=s, 1O
10, o] =(—1"*"{o, 6].
B sTux 00603HaYeHUAX HUMeeT MECTO COOTHOLIEHMHE
[0, 0] =X (0! A 0) Xy, Xjl=— Fot A ofiX, —
=—22kdmkxk=—2dw.

Taxum o6pasoM, ypaBHeunss Maypepa—Kaprana B 3tux 0603Ha-
YEHHUAX MPUHUMAIOT BUL

do—— % [0, o]

Oro6paxenne s-—>asa™! pna duxcuponanHoro a € G uuuy-
uupyer ortobpaxenne ad g : L (G)-— L(G), Takoe, uto

ad(ab)=ada-add un (ada)[X, Y]=[(ada)X, (ada)Y].
Orciona (ad a)[6, o] =[(ad a)b, (ada)el].

[pn oroGpawenuu (s, £)—> st rpynus G X G B G ¢popmbl w/
nepexoast B popMul ¢/ (s, £) Ha G )X G, 1 JerKo NpoBepuUThb, 4TO

Y (s, )= (ad t™1) o/ (s) + o/ (¢).
Orciona cienyer, 4to
(s, y=(ad ™o () +o (@),
rae § (s, £)— 06pas GopMsl w. OTMETHM TaKKe, HTO © (S2)=

=(ada"YHoe(s) (a€GqG).
Hubdepenuupys o6e yacTu paBeHCTBA

¢(s, 7 =(adt) o (s) —=(b),

rae = — ¢GopMa, OTHOCALIAS KAXKAOMY BeKTOPY MOPOMIEHHOE UM
NPABOMHBAPHAHTHOE BEKTODHOE MOJe, Mbl MOJYYHM

—-;—[(ad Ho(@s)—=x(t), (adH)o(s)—=n ()l =d(ad) A\ o(s)—

— 5 @d)0(s), 0O —5 = @), =@
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ITocne coxpawienus Mbl MoJyyaeM OTCIOAA (opMyTy
d(adt) A o(s)=I[(ad?) o (s), = (£).

[Tycre B — r/iaBHOe pacc/ioeHHOE MPOCTPaHCTBO ®1) ¢ Gasolt X,
npoexuuet p u crpyxkrypHo#t rpynno#t G. IlpeanosoxHM, 4TO
dimX=n, dimG=r, orkyna dimB==n-r. OG6o3Hauum
yepes G,==p~'(x) caok Hax Touxko#t x €X. Eciu bEB, 1o
0603HaunM dYepes T(b) kacarte]bHOe MPOCTPAHCTBO K B B Touke b.
[lycts V (b) — momnpoctpancteo npoctpanctea 1 (b), cocroduiee
M3 BEKTOPOB, KAaCATENbHBIX K CJIOI0, NPOXOAslleMy depe3 b
[V (b) Ha3bIBaeTCH BepMUKAABHLIM NPOCMPAHCMBOM B TOUKe bl
Topusonmanvrsin npocmpancmson H(b) B touxe b HasbiBaercs
TaKOe MOAMpPOCTPAHCTBO npocTpancTBa T'(h), uyro T ()=

= H )+ V (b).

CsAasnocms — 510 cemeHcTBO Kaacca C™ TOPH3OHTATBLHBIX
NPOCTPAHCTB B B, MHBAPMAHTHOE NPH MPABHIX cABMrax rpynnsl G
Ha B. Halizem aHaniuTHyYeckoe BhIpaXeHHE /A CBA3HOCTH. 3ana-
Hde TOPHU3OHTAJBHOIO mojfnpoctpaHcTBa FH (H) 3KBUBAIEHTHO
3agaHuio npoektuposanua T () —>V (). Ho V (b) MoxHo kaHo-
HHYeCKH otoxAecTBUTH ¢ L ((G), ecad HMCnoabL30BaTh KOOPIUHAT-
HOEe [peicTaBleHde [IOTOMY 4YTO KOOPAHMHATHHe NpeolpasoBa-
HUf CyTb JeBble CABHMMH, a 3JeMeHTHl aareGpel L (G)— neBou-
BAPUAHTHbIE BEKTOpPHbIE MOJs]. 3HAuduT, NpoexkTUpoBanue T (b)) —
—V (0) onpenenser Hexoropylo nuddepenunabHyo GopMy ¢
Ha B co s3navenmamu B L (G), naa xotropoll [fp=w, rne
i:0G— G, onpeleleH0 C MOMOWIbIO JOKAJAbHOTO MpPeACTABAEHHS
B BUIE MNpPSIMOTG Npou3BeneHusi. VIHBApUAHTHOCTL CBA3HOCTH OT-
HOCHTeJbHO MNpPAaBbIX CIBHIOB HA 3JeMeHTH rpynnsl (G 3KBHBa-
7eHTHA paBeHCTBY ¢ (ba)=(ada~1)p(d) nna Bcex bE B, a & C.
Taxum o0OpasoM, 048 3a0arus C8AIHOCMI O0CMAMOLKO 3a0amb
maryo Jugpdepenyuarsuyro gopry ¢ nwa B co 3narenuanu
8 L(G), umo i*¢ = o u ¢ (ba)=(ad a V) ¢ (b) 021 scex a € G %2).

JlokameHo B p~1(U) mel MoxeMm Hamucath ¢ (0)==w(s)+
-+ 6;1 (x, s, dx), rne (x, s)— nokanbHBE KoopauHate B p~ 1 (U),
a 9 — uexortopas ¢opma, comepxkawas dx W HE comepKauasn

ds ). Torna @(ba):w(sa)—}—eb(x, sa, dx) u, 3Hauut,
(ad 2= Yo (s)+(ad a0y (x, s, dx)= w(sa)—}—@b(x, sa, dx),
OTKya ,

by (x, sa, dx)={(ada™?) 0y (x, s, dx).
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E;:nu NOJIOXHUTb S4 ==&, TO
O;J(x, s, dx)={(ads™Y) O;J(x, e, dx)=(ads )0y (x, dx),

7
rae Mul o6osnauniu Op(x, dx)="0y(x, e, dx). Takum o6pasowm,
(¢opMa, COOTBETCTBYIOLIAS CBA3HOCTH, JIOKANLHO HMeeT BUL

(D) =0 (s)+(ads™) 8y (x, dx),

rae Oy — nexoropas ¢opma, onpenenennas B U. Ecin U NV =0,
10 B UNV Mt uMeeM ¢opmu Oy u 6y, u ¢ noMowso npuse-
IeHHOH Bbllle (GOPMyJHl JerKO IPOBEPUTH, UTO

Oy = o (gyy) +(2d85y) 0y

rie g,y — QyHKUUMM Mepexoa PaccNOeHHOro mpocTpanctsa B.
[MostoMy 3adarue c8A3HOCMU IKBUBAREHMHO 3a0AHLIO HAbOpa
maxux ¢opu Oy, onpederenunsix 8 K0OPOUHAMHBIX OKpecM-
nocmax U muozoobpasus X, umo 8 UNV gopmst Oy u Oy css-
_ -1

3ansl pasercmsor by = o (guv) +(ad guv) OU_

KpuBusua cesisHoctit %), 06osnauaemas yepes @, onpegensercd
dopwmyaot

®?d@+%[@, 91.
Jlokansuo B p~1(U) M uMeeM
® =dot-d(ads ™) A Oy +(ad s~1) dby
4 5 [0 4 (ad s by, 0 (ad 571) 0] = [ (s71), (ad 57 O] -

+(ads ™) dy [0 (), (ads™) byl 4 (ad s™) [0y, Oy] =
= (ads71) (d0y 4 180, 0u]) = (ad s71) By ),

rie Oy =d0y-+[0y, By)/2 npencraBaser cobott ¢opmy, omnpe-

agenednyio B U. B UNV Mbl umeeM OU:(ad guv) OV.

[ToxameM, KaK ¢ TOMOLIbIO CBASHOCTH B TIVIABHOM DacC/aO€H-
HOM NPOCTPAHCTBE MOXKHO ONpeneluTs a6CoMOTHOE IudipepeH-
uMpoBaHue B MoGOM MPUCOeJHHEHHOM PacC/IO0eHHOM NPOCTPAHCTBE.
[Mpeamonoxum, uro G neficTByeT caeBa Ha npocrpanctse F
B KauyeCTBe IPyHIH roMeoMopdu3amoB. [as Toro yro6nl MoCTpouTh
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npucoedunentoe paccioesroe npocmparcmso co cioem F 56),
ofpeje/uM OTHOWieHHe BSKkBuBadenTHOCTH (b, f)~(bg, £7'f)
B B X F. Ilycts B’ — npocTpaHCTBO, MOJyYeHHOE OTOMJE-
CTBJIEHHEM SKBUBAJIEHTHHIX TOYEK, U NycThb A : B X F—> B’ — ecre-
cTBeHHoe oToOpaxenue. OnpeleauM orobpaxenus p’: B — X
1 py 2 B X F—> X dopuynams p'\ (b, f)= p (b), py (b, f)=p (b).
Torna Mbl HMMeeM KOMMYTATHBHYIO AMArPaMMy

BXFA B

\ /
mN Kp'

X

Orobpaxenne p’: B’ — X ompeleaser paccioense co caceM F.
npucoenuneHHoe k B 7). Kacarenbnoe npocrpauctso T(b, f)
K BX F B Touke (b, f) ecrecTBenHblM 06pa3oM H30MOPQHO

npoctpauctesy  T'(6)+T(f). TlosTOoMy MOXKHO CuMTaTh, 4YTO
H(b)=T(b, f). Torna AH(b) ompenenser ceMeHCTBO MOANPO-
crpaHcTB B npocrpancreax T(d') mas b’ € B’ [3pech MH UCTOJBL-
ayeM TOT ¢akT, 4To ceMeficTBo H (b) MHBAPHAHTHO TPHU MPABHIX
caBurax Ha saeMentsl u3 (G]. D1u NOANPOCTPAHCTBA M30MOPGHO
NPOEKTHPYIOTCH HA KacaTesbHblE NPOCTPAHCTBA K TOUKAM MHO-
roo6pasus X npu orobpaxeHun p’, MOCKOJbKY HAUCAHHAS BBl
JAHarpaMMa KoMMyTarusHa. Ilostomy ouu o6Gpasyior B8 B’ HaGop
TOPH30HTA/IbHBIX [TOANPOCTPAHCTB.

[ycts a— guddepenuuansias GopMa CremeHd p HA MHO-
roo6pasuun  B’. dopMa o HasbBaeTCH 70.4Y6a30804, eciu
a(vy, .., O )_._O KOTJa XO0Td Obl ONMH M3 BEKTOPOB U; fB-
aseTcs Bep’I‘HKaJIbelM B B’. Vs onpeneneHns cienyer, ‘{TO &t
noay6asoBo#t GopMe o Mbl uMeeM o (v, ..., T )~a(Hvl,
..., Hu,), rae H-— oneparop npoeKTHpPOBaHHS HAa TOPHU3OH-
TajbHOe npocTpancTeo. [lostoMy o—3T0 ¢dopma Ha Oase,
KO3 @uuueHTs KOTOpPOH, OQHAKO, MOTYT H3MEHSThCS BLOAb
c/loeB.

IMycts @ — npoussonpHas ¢opma B B’ cremenu p. Mu onpe-
LeNUM  QOCORIOMHYI0, WA KOBAPUAHMHEYI, npou3soduyw Dp
" dopmbl § dopmynon

DPY(v1, v v oh Yo ) =(dB)(Huy, ..., Hu,,y).

flcno, uto ¢opma DJ asnserca moay6asoBolt (nas  JoGoi
popmui §). Hampumep, xpususna ® == (ads~!) By obpaumaercs
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B HyJb Ha moOof nape BeKTOPOB, OIMH H3 KOTOPHIX BepTHUKa-
ned (moToMy uto By — ¢popma Ha Gase), ¥ NOITOMY

® (v, w) = (dg -+ 19, 91) (Ho, Huw) = (dg) (Hv, Hw) =
=(Dy) (v, ) ).

Taxkum 00pasoM, KOBAPUAHMHAR NPOU3BOOHAS Hopmbl CBA3-
Hocmu ecmb Hopma KpusU3nbL.

[TycTe E — BEKTOpHOe MpPOCTPAHCTBO, M MYCTb 3a4aHO Tpel-
craBiaeHne R rpynnsl G B TPYNNY HEBHIPOKIACHHLIX JMHEHHBIX
npeo6pazopanuit mpocrpanctea E. Torana meunsoproii gopmots
muna R u cmenenu p Ha X HaswiBaetca HabGop ¢opm Ty,
Oflpeie/eHHBIX B OTKPHTHX MHOXectBax U < X (rge {U] —
HEKOTOPOe OTKDHTOEe MNOKPHTHE NPOCTPAHCTBA JX), HMEOWHX
CTeMleHb p ¥ NPUHMMAIOIAX CBOM 3HaueHms B E, naa koroporo
Tu=R(&,y,)T, 8 UNV. Hanpumep, dopmbl kpususun By
Ha Oase o6pasywor 2-tdopmy tina ad G. TTokaxewm, Kak c 1o-
MOIUBI0  CBI3HOCTH  MOXHO  Au(depeHUMPOBATD TEH3OPHHIE
dhopmsl.

Ho cnHauana wmul omuwmeM apyro#t cmnoco6 paccMOTpeHus
Tensopunlx ¢dopm. Ilycrs B’ — npucoegunennoe k B paccioen-
HOe npocrpancTeo co caoeM E. Ilycte E* — conpswennoe Kk E
npocTpanctso ¥ (v, v*)— ecrectBenHas OuauHefinas ¢opmMa
Ha EXE*. Tlycts B’* — conpskendoe k B’ paccaoenue %9).
Torza ¢yukuuu nmepexosa pacc/oeHus B’ pasupt R(g,,)" L
Hanee, ¢opma (v, v*) onperseaser 4ag kawaoro x &.X Guuiu-
HeliHyl0 (opMy Ha EXXE’;, rae E, n E, — cnou paccioenntt B’
u B’*, nexamue Ham onHolt u ToM ke ToukoH x € X.
3ty diopMy M oGosmauuM uepe3 (b, b)) Tlycrb yy —
xoopiuHata B caoe Hay U B B’* PaccMmorpuM  dopmy
(Ty,yy) ¢ 4uMCAOBLIMH 3HAUECHUSIMH, KOTOpas sB/afeTcd ¢op-
Mo#t crenenn p Hax U. V3 3akona, MO KOTOPOMy TNpelCTaBJe-
Hue R npeoGpasyer ¢opmy 7T,, BuaHo, uro Hap U NV umeem
(Tv, yy)=(Tv,y,). Tlostomy cymectsyer ¢opma T
CTeneHy p, OnpeleseHHas B UeJOM Ha BceM B’*, nias koropoi
Hag U wmm umeeM T=(Ty, y,). [lokaxeM, uro ¢opma DT
B B’ takuM xe cnoco6GoM MOJydaeTcsl U3 HEKOTOPOU TEeH30pHOH
dopMet Tuna R ¥ crenenn p-+1 Ha X, DTy mociefHIOO ecTe-
CTBEHHO  CYMTAaTb  KOBAPHAHTHOM  NPOM3BOLHOM  TEH3OPHOH
dopmur Ty,
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Iag toro uro6n Bhuucauts DT, mOCTpouM CHayana Ha B’/
¢$hopMy, BEPTUKANbHYIO OTHOCHUTEJbHO CBA3HOCTH, T. €. paBHyw 0
Ha ropus3oHTaibHhX BekTopax. Ilycts GL (E)~—rpynma Bcex
HEBHIPOXAEHHHIX JHHEHHHX npeo6pasopaHut npocrpaHcTBa F,
u nyctb L(GL(E))—ee aare6pa Jlu. I'pynny GL (E) MoxHO
paccMaTpuBaTh KaK TPYNNY BCeX HEBBIPOXKIEHHBIX MaTpul,
a L(GL (E))— kaxk aarebpy JIu Bcex MaTpuu TOTO e NOpPAAKa.
Oro6pawenne R: G—GL(£) wuHiyuupyer roMoMopgusM

R: L(G)— L(GL(E)). KanoHuueckas /neBouHBapHaHTHas dopma
Ha GL(E) co s3uauenmsmu B L(GL (E)) umeer Bun 2~ !'du®),
KanoHuueckas JsepouHBapuanTHaa ¢opma B ( €O 3HaUEHUSMH
B L(G) 6naa o6o3HaueHa uepes . CpaA3b MewAy rOMOMOpGH3-

MaMd R u R npuBOAMT K Cjaeayouiel ¢opmy.e:
R(v(s)) =R (u'du)=R(s)"* dR (s).

IMyctb y,,— n0KaIbHAA KOOpARMHATA MO CJOK B paccioeHun B
Haj koopaAuHaTHO! okpecTHOCTBIO U. Ecan oroxaecteutb p~ 1 (U)
c UXG, 10 B p7Y(U) X E nmeeM y,(h(x,s,f))=R(s) [,
rie x €U, s€G, fEE (cm. npumedanne 57). Torna A'dy, =
=dR(s)f 4+ R(s)df, W3 pnokasaHHOro BHIUEe CJeAyeT, UTO

R(s71)dR(s)=R (0 (s)) =R (3(6) ) — R((ad s71) b)
wan U. Orcioga mnosyudaercs, 4TO
dR (s) = R(s) R (9(8)) — R(Bp) R (s)

wag U. Toacrasass sty ¢opMy/ay B NOJyYeHHOe BHIIE BLipa-
KeHue pas A dy,, nMeeM

N (dy, +RO)y)=RES R ©®)f+df).

Tak kak @— copMa cBasHOCTH, TO ¢(b) BepTukanbha B B.
Kpome toro, df sepruxambua B B X E. Orcioga caenyer, uto
¢dopma dyU—{—INQ(BU)yU B p'~1(U) aBaseTca BepTHKaJbHOM,
Il1s -Toro 4toOb HaHTH BEPTHKAIbHYIO (popmy B B, HYKHO
saMenuth R na R*"! u, aHaunt, R na— R*. Tloatomy tpopma
.(.yU——(R(BU))*yU B B’* Hap U aBjseTcs BepTHKAJIbHOM.
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Tak xak T=(Ty, y,)nan U, to

dT = {dTy, )’U>+(‘_ I)p( Ty, dyu) =
= (dTy, y,) +(— 17 Ty, ROu) v,y + A,

rie A= (—1°(Ty,dy,—R©Oy)*y,). Ynen A npencras-
aseT coboft 3HaueHne Qopmui Ty Ha BepTHKaAbHOR dopMe U
C/efOBaTe/lbHO, He BoHIeT B Bhipaxenme s DT. Orciona bl
noayuaem

dT=(dT,, y, ) F(RO) A T, y,)+A=
=(dT,+RO) A Ty y,) + A

3uaunr, DT:(dTU—{—INQ(BU)'/\ T, ¥y)- Orciona BunHO, 4TO
eC/H TIONOXKHTH

DTy =dTy+R(Ov) A Tu,

10 DTy — Qopmsl crenenn p—1 B U, onpenensiouue Hexo-

TOpYyI0 TeH30pHYI ¢opmy Tuna R u crenenu p-i-1, koropas

ABJISETCA KOBAPMAHTHON NpPOM3BONHON TeH30pHOH ¢opMbul Ty.
TeopeMa (moocdecmso Boanru). DBy =0.

IHokasarteabcTBo. Hanomuum, uro 8y—diy-}-
{0y, 8p1/2. OrMerum Takike, 4TO TOXIECTBO SlkoGu sKBHBA-
JeHTHO cooTHowenuto [ [0, 0], 8] =0 naa moGo# Auuernodt gud-
¢depeHuuanbiolt ¢opmer 6 co suauenusmu B L(G). [lostomy

dBy =1dby, 8y =18y, Bu].
Hanee,
DAy =dBy+adfy A By =dBy [0y, Ay]=0,

U J0KaaaTeJdbCTBO 3aKOHYEHO.

Teopema. J[an #1060 mensoprol gopme Ty umeem
mecmo pasencmso D2 Ty =R (By) A Ty.
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NokasareascrBo. Munmeem DTy =dTy+RO)NATy.
IToaTomy
DTy = DdTy+DR(8v) A Ty — R (80) A DTy =
=ddTy+ROy) A\ dTy+R(Dby) A\ Ty —
— RO AN ATy —RO) ARO) A Ty=R(By) A Tu.
Mycrs A, B, E — nuHetiHble npoctpaHctsa. [Ipeanooxunm,
yTo 3alaHel OmauHefinoe otoOpawenue h: AX B-—>FE u tpu
nuHeHHEIX npeacraBaenns rpynnel G: P(S)— B npocTpaHcTse
A,Q(s)— B npocrpaiicree B u R(s)—sB npocrpauctse E,
npuueM k(P (s)a, Q(s)b)=R(s)h(a,b). Torna, ecru T — Ten-
sopuas ¢opMa tuna P(s), a T'—rtuna Q(s), ro A (T, T")—
TeH3opHasn ¢opma Tuna R(s). Hanee,
Dh (T, TY=h(DT, T") +(— 1)’ o (T, DT"),

rne p=deg 7. DTu yTBepxIeHH# JEIrKO NPOBEpUTb, HCXOAA M3
onpejeneHni.

PaccMorpum caydalt, xoraa crpykrypHag rpynna G ucxoj-
HOr0 paccioeHus ectb auHefinas rpymna GL (¢, C), T. e. rpynna
BCeX HEBBIPOXKIEHHBIX KOMIUIGKCHEIX MaTpUu nopsaika ¢. Aun-
re6pa L (G), xax H3BECTHO, COCTOMT M3 BCeX MaTpHl, NOpsAIKa g.

[Monoxum BU:(Gj-), rae 1 <, j<q.Ecan BU:(E);), T0, Kak
JerKO TPOBEPUTH, _ _
Qb =doi+ X105 A 0L
%
B UNV Mo umeem
©(g)+(adg™h) by =by.

VMHOXKHM 3TO DABEHCTBO CJeBa HA MATPUIYy £ U 3aMeTHM, 4YTO
gadg )Y =Yg nas moboro snemenra Y €L (G). Tax kax
0(g)=g"1dg, TO MBH NOJYYUM, UTO

dg 40y g=goy.
Ecan noaoxuts Oy = (6?) iy = (Bl-k), TO Mb OyAeM UMeTb
dgt—f—zetgj Egﬁ);k_
AHaJOrv4HO A9 JPYroro paccioeHus cj JAuHeHHOH rpynno# uMeeM

dhl+ 2 g = Ehaq){s :
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Teusopuoe npousaeneﬂue 9THX ABYX paccioeHu#l umeer QPyHK-
uuy Tnepexona (gl hl). VMHOXas paBeHCTBO ¢ dgl Ha Al

P
a paBeHCTBO ¢ dhf Ha g7 ¥ CKMaibiBas WX, MEl NOAYYMM pa-
BEHCTBO

d(ghrly+ zg,haw’a@ﬂ%’) = zgfhﬂ (0735 -+ a3}

OTO paBeHCTBO NOKA3bIBAET, YTO B TEH3O0DHOM NpOu3BeJEeHHHU
pacciOeHHbIX npocTpaHcTB (cM. crp. 114) MoxHO 3agaTe CBA3-
HOCTb (OopMaMu

off = 3007 - 3l4f.
COOTBETCTBy}Omaﬂ KPpHBM3HA HMeeT BUJ

doti 4 3 oL A pfy = 3lae] 4-dlayl + 3 @16} -3k A
kv
A (304 4ol = 3lae] +a£d% 3 3 0F A 0
k
98 A 0100 A4l 48] ST A o = s8] 43w,
M

rie ‘Fg—xpﬂsnsna CBA3HOCTH q;ﬁ. B uacTHocTH, ecin BTOpOE

paccaoenne (T. e. paccjaoeHue ¢ (YHKUMAMH mepexoja hg) ecThb
paccioeHHe Ha npsMble, TO HMeeTCd TOJbBKO OAMH HHIEKC &,
W KPMBM3HZ B TEH3ODHOM npousseneHun pasua 87 -3}, rae
Y — xpuBU3HA B DAcCCJIOCHMH HA NPSMBIE.

[Tycts P — BeuiecTseHHas, T. €. NPUHUMAIOUIAs BeLIECTBEH-
Hple 3HayeHus, noauiuneHnas ¢yuxuus ua L (G). Oynxuus P
Ha3bIBAETCA UHBAPUAHMHOU, eCAH OHa WHBAPHAHTHa OTHOCH-
TeJbHO mnpucoeauHenno#t rpynnsl (. ITO 3HAYWT, 4TO N4 JIO-
6oro a & G Mb uMeeM

P(ada)Y,, ..., (ada)Y,)=P (Y, ..., V},)
‘Orciona BhiTekaer, 4ToO 41 JOGOro Z € L(G) umeem
SPYy oo Vi [ZY L Y, oo YV)=0
f

Ecau rpynna G ceassa, TO U3 NOC/JeZHETO PaBeHCTBAa CJaelyer,
uro ¢opMa P muapuantHa. Ecam V,;, Z — nuddeperymnaabubie
¢opmel co 3HauenusMu B L(() crenene#t p,, I cOOTBeTCTBEHHO



104 Komnaexcuypie mnoz006pasus

i ecaun ¢opma P VHBapHaHTHAa, TO M3 NOCJAENHEr0 PaBeHCTBA
BBITEKAET, 4TO

S A APy i i
12
[Z, Y], Visys ooes V) =0,

Hac ocoGenHo nHTepecyer cayuait, koraa ¢opma P cumue-
TpuuHa. ViHBapuaHTHble CUMMeTPHYECKHe TOJU/InHeiHble QyHKUMH
Bcex cTemenelt oGpasyor koabuo [(G). Ecau P umeer cre-
neHb k, a Q—crenedb j, TO npouspeleHne PQ npeacTaBageT
cobolt ¢opMy cremedn kR -+ j, xoropas omnpexnenderca ¢op-
MyJIo#

PQYy ooy Vi )=

R

— ZP(Yn’ V) QU Vi)
rae CyMMI/lpOBaHI/Ie I'lpOI/ISBOBMTCH 1o BCEM INEpECTAHOBKAM
(s« ooy dpyy) umcen 1, .., R4

PaccmoTtpum ¢opMbl kpusususl B, =dli; 10y, 0,}/2 B U.
Torna O,=(adg,,)08,8 UNV. Ilyctb 3anasa unsapnant-
Has cuMMmeTpudeckas dyukuus P € [(G) cremenn k; paccMmor-
pum auddepennuaisuyo popMy P (8y)=P By, ..., Op). Us
uHBapuaHTHOCTH (yukuuu P ciaeayer, uro B UV mbl uMeem
P(By)=P(By). Takum obpasom, P (Hy)—aro dopma cre-
neuu 2k, onpejenenHas Ha BceM MHorooOpasumu X. Ilokamew,
yro ¢opma P (8y) samkuyra. Tak xak P (Qy) — auddepen-
uuajsbHag (oOpMa € UMC/JIOBBHIMM 3HAUCHHAMH, TO ee guddepeH-
uuajg paseH ee a0COMIOTHONH npousrQinol. TlosTomy

dP (@y)=DP Oy)= X POy, ..., DOy, ..., 8y),

a npasas 4acTb pasHa 0, IOTOMy UYTO, B CHJAy TOXAeCTBA
Besiuxu, DOy =0. Cnenosarensuo, P (0;) onpeienser Heko-
TOpHI sJeMenT rpynmsl H2*¥(X, R). B pesyabraTe noayuaercs
roMomopdusM aaredp

he: 1(G) — H* (X, R).

(12.1) Teopema A. Beltas. FOMOM0p¢u3/uh:=he He
sasucum om 8vO0OPa CBAHOCMU.
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7
Joxaszarteanctso. Ilyers Oy u Oy —nBe cucremm
(GopM, KaXnad U3 KOTOPHX 3anaeT CBA3HOCTb. He ymanss oGui-
4
HOCTH, MBI MOXEM Npeinoa0kuTh, 4To ¢opmu 0y onpenenens
7
IJa  TOro ke nNOKpuiTua, uto M Oy, Tak kak Oy — 0y =
N 4 —_— 7
= (ad g,,,)(8,,—8}), 10 dopmm A,=0,—06, onperenmor
TeH30pHy10 ¢opMy crenenu 1 u Tuna ad G. B nocheaywiwunx
BBIUMC/ACHUAX MBI OnyckaeM uHAexC U, mOCKOJBKY BCe (HOPMHI
OyayT onpeleneHsl B ¢uKCUpOBaHHONW okpecTHocTn U. Toraa

0" = db g[8/, 6] —df — -2 [9—), 0 — ] =
— 8 — dh—1[0, M [\ A = 8 — Do L, 1],

npuyeM MOC/AelHee pABEHCTBO  CJelyeT U3  onpeje’eHus
¢opMer DN, IToaoxum P(Y)=P(, ..., YV) u Q(Z,Y)=
=PZ,Y, ...;Y), rne P(Y,, ..., Y,)— uHBapuanTHas Be-
IeCTBeHHas k-nuHeHHas ¢yukuus Ha L (G). Has ¢uxcupo-
panuwx Y, Z, WEL(G) paccMmorpuM  dyskuuio  F(f) =
=P (W —1tY —#Z). Toraa

1
F(1)— F(0) = fF' (t) dt,
0

T. €
1
PW—Y—2)—P(W)= fF'(t)dt.
0
Jlerko BumeTb, uTo0 F/(t)=—kQ(Y $-2tZ, W —tY —122).
Moacrasaas W =0, Y =D\ Z—=— % [A, A], moayuum

1
P®)—P@)=—k [Q (Dx_t [ ALO— DM 5 22, M)dt.
0

[MokaxceM, 4TO MpaBas 4acTb 3TOrO DPABEHCTBA fABJAACTCA TOUHOH
¢dopmolt. C 3TO# Leablo paccMOTPUM GopMY.

Q(Dx—t[x, M. 8 — Dk -1 221, x])
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i BbuHCTAM ce nuddepenumar. Mbl uMee
dQ(k,8—tD)\—{—%t?[)\,k]):DQ()\,B——tDX—}-%t?[)\, x]);
::Q(Dk,@*tD)\Jr——;—t?[k, x])—(/e__1)p(x,—t[e,u+
+£2[D\ ], @ — (D A 211, ), ...):Q(m,@—tm+
+ 520, x])_(k—_1)P(x,t[tm—@,m,(~)—tm+

45 210, )

Vs wunBapuantHocTH ¢yukuun P Cieayer, dYTO BTOpOH# ujeH
B IIpaBOH YacTH 3TOr0 PABEHCTBA DaBeH

1
—tP([k,k],B—tD)\Jr—?t?[k,k], )
ostomy MBI mOJyuyaeM, 4TO
d4Q (x, 0 — tDl -5 2], m) _
:Q(D)\mt[)\, M, 8 — tDA 4 21, x]).

Orciona cieayer, uTo
1
P(@’)~—P(@):d<—ka(R, 8 — DN 2, mdt).
0

Tak Kak ¢opMa TOJ 3HAKOM MHTErpana Onpejie/ieHa B LEJOM,
10 P (8’) ~ P (B). Teopema no0Kazaua.

Jlarum Jpyryl0 HHTepnpeTauuio romomopdusma /o B TOM
ciyuae, koraa rpynna G u MrOorooGpasue X KOMNaKTHH. ITa
MHTepNpeTalud COCTOUT B TOM, yTO0 koxasyo I(G) usomopgpuo
Koabuy Ko2OMOA0uL Kaaccuduyupyowezo npocmpancmsa Bg
epynnot G, npudem npu smom omojcoecmsserun h nepexo-
Ooum 8 xapaxmepucmuteckuii 20 momopduan ). Iycrp Egl)——
n-yHHBEpCaJbHOE IJIaBHOe DAaCCIOEHHOE MNPOCTPAHCTBO AJA

rpynnu G, B(G")—ero 6aza. C noMoLibi0 CBASHOCTH B Pacc/oe-

E(n) (n).
nud  Eg’ MOXHO nocTtpouTb BeHsneBCKMH TroMoMopdusm hy @
[(G)—>H*(B(G”), R). MoxHOo 1OKa3aTb, 4TO hg’) ABJIAETCA U30-
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MOp(hHU3MOM B paaMepHOCTIX < 7 (cM. [16]; aag rpynnu G = U (q)
cM. npumedanne 63). Ecam B — npoussoibHOe TJIaBHOE pac-
CIOEHHOE npOCTpaHcTBO ¢ Oasot X u rpynmo#t G, To mpH
AOCTAaTOYHO GOJbUIOM 7 paccioeHue B apisercs MHAYUHMPOBAH-
HBIM pacc/loeHHeM Hal X AJd HEKOTOporo audepeHUUpYyeMOro
orobpaxenns f: X B, Yro6s onpeaeauth roMOMOp-
¢u3M /&, Mbl MOXeM B39Tb B B CBA3HOCTb, MHAYUHPOBAHHYIO
CB3HOCTBIO B 7-yHHBepcajibHOM npocrpauctee 62). IToatomy

aMarpaMma
h

1(G)—> H* (X, R)

N\ s
NG :
H*(B@, R)

KOMMyTaTHBHa. HeorpaHuueHHO yBeauyuBas #, Mbl NOJAyuuM Cie-
AYIOULYI0 KOMMYTaTHBHYIO AMarpaMmy, riae A, -— M30MOPOUIM:

h
I1(G)—> H* (X, R)

N 7
W/ 1F
H*(Bg, R)

3unaunut, ecam oroxwiecrsuTs [ (G) u H*(Bg, R) npu noMoun A,
TO A OTOMJECTBHTCH C XapaKTepUCTUYECKUM roMoMopdusMom f~.

PaccMorpum uactumit ciyual, korma G == U (¢) —rpynna
YHUT2DHBHIX MaTpUL Nopsaka ¢, T. e. TaKux Marpui A, uro
A’"A=1[. Ee aare6Gpa JIi — 3TO MHOXeCTBO BCeX TaKHX MaT-
pun B nopanka ¢, uro B+ B’=0, npuueM KOMMYyTarop
onpene/aeH ¢opmyioh

[B,C]= BC — CB.

k , '
INycrs Ej— marpuua, B kOTOpOH Ha (fk)-M Mecre crout 1,
a Ha OCTambHHIX Mectax — Hynu. Torga CBs3HOCTb O MoxHO
. °
aanucath B Buze 0= X E%0), rae 0} — aunefiusie Gopwmsi,
%

»

OnpejnefeHHHe B HEKOTOPOM OTKDHITOM MHOxecTBe U Ha X,
OueBuaHo,

0N 0= X E*] A 68

jikop
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Hanee, uMeeT Mecto ¢GopMy.a
k s ks Sk
[E7, Er] =8rEj_BjEr:

U3 KOTOpPOH MBI TNOJy4aeM, 4TO

[0, 8] = X (E% E5164 A 0= ZEJ0) A 05— DEF6] A 0f=
RS J RS J R,T

=2 D E) A 85 =20 A 0.
jk,p

Orciona = d0 (0,01 =db -6 A 6. Ecan BEL(U(q)),

10 (ad A)B = ABA™'. IlostoMy Ko3()dUUMEHTEH Npu pasiud-
HBIX CTEMEHsX A B MHOrouJeHe

det M By =12 4-b (B)M-14 ... +b (B)

ABJAIOTCA HMHBAPMAHTHHIMU TNOJAWIUHeHHBIMM ¢yHKuuaMu or B,
Beilinesckuii zomomopPusm h ocyuecmsanemcs ¢ noMouLbo
nodcmanosku @popmu B/2ni smecmo B 8 pynxyuu b,(B).
MHoxurenb 1/2wi Hy)eH N9 HODMHPOBKH # IJst TOI'O, YTOOHI
nonyyeHHas ¢opMa Obijia BEeUIECTBeHHOH.

JdasuM 9BHYI0 KOHCTPYKIMIO 3TOrO roMoMopdusMa 1Jd yHH-
BEPCaJILHOTO paccioennoro npocrpancrsa U (¢ + N) /U (N) nan
kaaccupuuupyownm npoctpascteom U (g +—N) /U (g) X U (N),
cr10oeM kortoporo asaserca U (g). YUroOpl onpelenuTs CBA3HOCTDH
B 3TOM pacCJOeHHM, Mbl HAYHeM C JIeBOMHBAPUAHTHHIX (GOPM
B U(g+N). ITn GopMB NOPONKIAOTCA 3/JIEMEHTAMH MaTpPUILH

(cm. crp. 92)
(‘”a@ ‘”ar)}q
osp Gsr /3N
q N

PopMBl ®,5 ONpENeNAOT CBASHOCTb B YHHBEPCATbHOM Paccioe-
Huu. JelictBurempHO, 3Tu  GOpPMEI  onpenensioT GopMmy Co
snauseHusmd B L (U (¢)). Oun onpenenens Ha U (¢ - N), HO noay-
yaiorcs u3 Qopm Ha U (g -+ N)/U(N), NOCKONbKY OHM HHBa-
puaHTHH oTHOcHTedbHO ad A naa A € U (N). Ianee, npu yMHO-
KEHHH Cnpasa (OPMbl ®,; NPeOGpPasyloTCs ¢ MOMOWBIO TNpH-
COeJMHEHHOr0 MNpPEACTaBAeHUA M, CJAelOBaTe/bHO, ONpelesioT
ceasHocte B U (¢4~ N)/U(N). Ham HyxHa kpususna 3TOH

-
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tpasHoctd. Mut umeem B U (g4 N) ypasHenns Maypepa —
Kaprana

dosg+ Do Aoeg=0 111 1< A B CLg+N.
T
3HauuT,
4 g,
- dmaﬁ—}_zway /\ wy@+ 2‘ Oy /\ er: 0’
=1 r=q+1
M KpDUBH3HA JaeTca ¢opMynaoH

N
®a[3:— Z (Dar/\ wr(i'
r=q+1
TakuM 06pa3oM, KDHBH3HAZ 3TOH CBA3HOCTHM COBMagaeT ¢ op-
MOH, omnpenenenHo#t Ha crp. 93. Jlanee, ¢opmn @,
onpeneseHHble Ha CTp. 93, oueBMAHO, ABAAOTCA KO3(PPHIMEH-

TaM¥ NPH CTENEHAX A B MHOrou/ieHe det()\l—{—gi—l B). [ostomy

u3 (11.3) caenyer, uro xsaccel ¢, NOAYLAOMCA ONUCAHHbIM
goluLe CnOCOGOM ¢ NOMOWBIO 20MoMmOphuzma h b,

13.

Xapaxkmepucmuueckue KAQACCbL KOMNACKCHOLX
B8CKMOPHOLLX PACCAOCHHBLX NPOCMPAHCME

Iycte M — komniexcHoe MHorooGpasue. KomnaexcHolm
BEeKMOPHOLM PACCAOCHHbLM npocmparncmsom nany M Mbl Haswl-
BAaEM DacC/JOeHHOe TMNpPOCTPAHCTBO, CJIOEM KOTOPOro SBJAETCH
KOMILJIEKCHOE BEKTODHOE INPOCTPAHCTBO Eq, a rpynno#t — auneft-
Has rpynna GL (g, C) u ¢yHKuuN nepexona KOTOPOTO SBJSIOTCH
KOMILJIEKCHO-aHaMuTH4ueCKuMu (cM. npumedanne 37). [pa Takux

paccaoends ¢ QyHKUUAMH NEepexoia {gUV} " {gUV}, onpene-
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JeHHBIMH AJI1 OJHOIO M TOTO e NOKPHITHsA, HA3BIBAIOTCA SKBU-
BAJICHTHHIMH, €CJAH CYyWecTBYIOT TaKHe KOMHJEKCHO-aHaJIuTH-
ueckue Qynkunu f, 8 U co suauenusmu B GL(g, C), uro

ngfugm,fvl_ Spmumoso 8exkmopHoe paccAOenroe npo-
CMPAHCMBO — 3TO KOMIIEKCHOE BEKTODHOE pacC/A0eHHOe Npo-
CTPaHCTBO, Ha BCeX CJ0AX KOTOPOrO OMNpeJe/ieHO 3PMUTOBO
CKa/JapHOe NpOHM3BeJeHHe. 3alaHue TaKOro CKa/iAPHOTO MPOM3-
BeJIEHHA DABHOCHMJILHO CBEJEHHIO TPYMNNBl DPACCAOEHHOI'O TPO-
cTpaucTBa K yHutapHo# rpymne%). JlioGoe xommiexchHoe Bek-
TODHOE DPacCIOEHHE MOXHO NPeBpPaTuTh B 3PMHTOBO BEKTOPDHOE
paccaoenne.

(13.1) B aspmumosom 8eKmopHOM  PQCCAOCHHOM PO~
cmpancmee Cyu,ecmsyem eOUHCMBEeHHAA CBA3HOCMb CO CAe-
oyouwumu csolicmsanu:

(1) Dopus 8y, onpedeasioujue csaznocms (cM. crp. 97),
unmerom mun (L, 0). '

(2) Ipmumoso crkaagpHoe npouzsederue UHBAPUAHMHO
npu nepassessuom neperoce ).

BaMeuaunue. IJTOT pe3y/apbTal aHAJIOTHYEH TEOpPEME, CO-
r/1acHO KOTOPOH pnMaHoBO MHOrooOpasue JOMyCKAaeT eJIUHCTBEH-
HYI0 CHMMeTpuuecKy® ab¢uHHyld CBA3HOCTb, M3 KOTOpO#
MEeTpUKa WUHBaPMAHTHA OTHOCHTEJBHO Napaj/ie/bHBHX IEDEHOCOB.

HNokasareabrcrtBo. Bce paccymxaenns Oyayr npous-
BOJUTbCA /5 (PUKCUDOBAHHOIO OTKDPHITOre Muoxectsa U, m
NO3TOMY MBI MOeM He nucath U B KaueCcTBe HHIeKcCa. DpMH-
TOBAa MeTPHKAa 3ajaeTCAd 3pMUTOBOH MaTpuue#l A, mpuueMm KBanpart

IJdHbl BexTOpa y paseH Y Ay (BexTop y n3olpaxaercs B BHJe
MaTpuubl-croabua). Janee, BexkTOpHOEe NOJAe Y NapaiebHO
TOrga W TOAbKO Toraa, koraa dy-+0y=—0 (u4T0 sKBUBAIEHTHO
ycnosuio dy’ -+ y/ 7 =0). 3uauur, ycaosue (2) SKBHBAJIEHTHO

ToMy, uro d (y'Ay)=0, ectu dy—+40y=0. Mu .uveem
d(y Ay)=—y' b Ay +ydAy+y A(—by) =
=y (—0A+dA— Ab)y.

[ToayuenHoe BHIpaXeHHe AOJ/KHO pasHatbcda 0 Aam Bcex y.
Crano GwiTh, (2) SKBUBAJEHTHO PaBEHCTBY

dA =8A+4 A8.
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»

Ecnn 310 paBeHCTBO HMeeT MecTo, TO ycjaopue (1) 3KBHBa-

MeHTHO nBYM pasencTeaM: d’A= A8 u d”"A=0'A. Orcoona
caepyer, uto 8 =A"1d’A, 1. e. dopMa 0 ompenensercs eauH-
CTBeHHBIM OOpasoM. M3 pasencts

b=A'9"4, ¥ =a"A". A ' =d"A. A"}

BHAHO, 4TO cooTHowlenne dA=—06'A-4 A srmosnusercs naasa
TaK onpenesennoit 9.
Ilna 3apeplieHns J0Kas3aTeJdbCTBA OCTAeTCA TOJBKO MNDPOBE-

pHUTb, 4YTO ¢opMa 0=A"14’A B neficrBuTeABHOCTH onpepeser

CBSI3BHOCTb B HallleM pacc/AOeHHOM IpoctpancTee. Ecian gyy —
p— —/

¢ynkunu nepexona, To Mul umeem A, =g’ A, g, . 3SHauur,

-1 1 4177 -1 -
bh=4l04,= (8ovAs & ov) @ (8uvAv8uv) =
1 a1 N (= =
= (&ovAs &) &0y Au a8 uy + 80y d'4,8yy)
NOCKOALKY &, — rojomopdurie dyuxuun. Otciona
by = &5y d8yy + 85y A" 4 Aygyy = © (8yy) +3d (87v) bu-
Caenosatenbto, ¢gopmul 0y onpemensioT c¢BsasHoCTh (cM. cTp. 97).

Cnencreue. Popmua rpususus. O csaswocmu, no-
cmpoennoii 8 (13.1), umeem mun (1, 1).

JlokaszatenbcTBo., Jlupdepenunpys ypasseHue dA==
= 6’44 A8, noayunm

0=db/ - A— 0 N HA+A0) (A A A 8- Adb=
=(d0'— 6 ANO)AFA®B A 6-1db).

Hanomunm, uto 6 =d6 40 A 0, orkynra 0’ =df’ —0 AW
3nauut, 8’44 A8 =0,

Tax kax 0 umeer tun (1, 0), To ¢opMa O He mMONKeT cO-
zepxaTb uneHoB Tuna (0, 2). Ilo3ToMy MOXHO MOJOXHTb
O=a-}B, rie a—odopmMa Tuna (2, 0), a B —dopMa Tuna
(1, 1). Toraa @’:E’—{—Q—’, rie ¢opma o —ruma (0, 2),
a B—’——-Tuna (1, 1). ExnncreennniM uneHoM tuna (2, 0) B popme
8’4+ A8 spaserca Aa. 3uauur, Aa=0, orkyia a=0, H,
caenoBateabo, ¢opma 8 umeer tun (1, 1).
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Ha ctp. 90 Mm onpesemnan xiaaccwt ¢, € H2*(M,, J) naa
rpaccmanosa MuorooOpasus M. Ecau wmuorooGpasue M kom-
nakTHo u B — paccioenHoe npocrpaHctBo Haa M, HHIYLHpO-
BaHHOe Tpu oroOpaxenun f: M-> M, yHuBEpCAJbHHIM pac-
ciaoeHuem Hax M, To xapaxmepucmuteckue xaaccst C, pac-
croenuss B Mp onpenenum gopmyiiot

C,= fic, e H* (M, J).

[NTockoabky aBa oTOOpaxeHus Muoroo6pasus M B M, nnny-
uupyiowue angp¢depeHuupyemMo  3KBUBAJEHTHBIE PACCIOEHHBIE
npocrpancrea, romoronss ([38), crp. 123), kaaccwm C, He 3a-
BuCAT or BeIOOpa oTOGpaxenus f. Bojee Toro, orciona ciae-
JyeT, 4TO €eCJM J[B& KOMIUIEKCHBIX BEKTODHBIX pacC/AOEHHBIX
npoctpaHcTBa AudQepeHuupyeMoO SKBUBAJEHTHB, TO HX Xapax-
TEPUCTHYECKHE KJAACCH copnagaoT. Ompenenum, jadee, Xapak-
TePUCTUUECKHH KJACC

C=Cy+C,+ ... +C, € H* (M),

‘rae uepes C; o06osHaueH eauHnunbil kaacc. IlocMoTpuM, uro
MOXHO CKa3aThb OTHOCHTENBbHO Kjaacca C. YCaOBUMCA uepes up,

rjae u — UeJOUNCJHEHHHH KJjacc koromoJoruf#i, o0603HauaTh Be-
LIEeCTBEHHBI KJACC KOroMoJorul, onpelejeHHHN KJIaCCOM usﬁ).

(13.2) Hra KomnaeKcHO20 BeKMOPHO20 PACCAOEHHOZ0
NPOCMPAHCMBL HAO KOMNAKMHBIM KOMNACKCHOLM MHOZO-
o6pasuen M xapaxmepucmuuecxuii xaacc Cp sasasemcs

obpasom ouppepernyuarsnoi dopms det (1—{——2%1— 8) npu

2omomoppusme 0e Pama. B wacmnocmu, rxaacc Cp g npeo-
cmasanemcn dughgpepenyuarsnoii gopmoid muna (&, k).

HoxasarteabcTno. [lepBas 4acTb TeopeMbl CAelyeT H3
3aMeuaHu#l, cAenaHHelXx B koHue § 12. Bropas uacTe BBITEKAET
H3 JOK23aHHOrO BBILIE CJIe/CTBHS.

PaccMoTpuM Ternepb HeKOTODHle CnOCOOBI, NO3BOJANIIKME M0-
Jy4aThb HOBble BEKTODHble Pacc/joeHus W3 3ajaHHbiX. [lpu 3TOM
MBI TIOK2XeM, KaK MOJy4YdTh COOTBETCTBYWOLMH XAPaKTepUCTH-
yeCKkH#l KJacC M3 XapaKTePHCTHYECKHX KJACCOB HCXOAHBIX pac-
ciIoeHnt.

I. Conpsorennoe paccaoennoe npocmpancmso. ECI 3anaHul
¢yHKuyun Mepexona gy, HeKOTOPOro pAacClOeHHOro NpOCTpaH-
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CTBa, TO MOXHO OIlpele/]UThb HOBOE PpACCAOEHHOE MPOCTPAHCTBO
¢ ¢yuxuusmu mepexona g7t IToayuemnoe paccioennoe mpo-
CTP2HCTBO Ha3blBaeTCsl COMPSKEHHBIM K MCXOIHOMY DAacCAOEHHIO.
OroGpaxenne g —>g’~! unayuupyer na aire6pe Jlu oro6paxe-
Hue X — — X’. 3Hauur,

det(1+2—ii—e)->det(1—7}5 o),

u xapaxkrepucruueckne xaacch C), , CONPSKEHHOTO DPACC/IOEH-

HOrO TPOCTPAHCTBZ CBA3aHBl € XaPaKTePUCTHUECKUMH KJac-
camu Cp p dopMmy.oH

* k
Cy g=(—1'C, p.

II. Cynmma Yumnu. Eciau s3ananbn pacc/JOeHHOE HPOCTPAH-
cteo ¢ rpymmo#t GL(g’, C) u ¢ynkuuamu mnepexona g, H

paccioeHnoe npocrpadctso ¢ rpynno#t GL(¢”, C) u ¢yuk-
/4
LHAMM Tnepexola g£,.., TO HX CyMMa YuTHH MMeeT (QyHKUHH

nepexoia g, TAe g, — KBAaADaTHAs Marphuua mopsaaxa
g’ -+ q”, onpejnenennas ¢opMynoh

vy 0

Suv

” .

yy
0 guv

Torna

1
I+—8 0
C. = det 2ni —

R 1 g
0 1458
— det (1517 ') - det (1457 8) = CoUCH.

(13.3) Teopema asolicreennoctu. Ilyems B/,

B" — 0sa sexmopusix paccaoeunsx npocmpancmea xad M,

u nycms B=B'@QB"—ux cyuna Yumnu. Tozda xapax-

mepucmunecrue waaccet C, C’, C" paccaoenuii B, B’, B”
csnzans coomnowenuen C=C C”".

Nokasareabcrso. Mo mnokasaim Beie, uyro Cp==

= C;QUC;;. VHuBepCaJIbHEIM NIPOCTPAHCTBOM AJIA CYMMH YHUTHA

'

ABASETCA MPAMOE NpPOU3BELEHUE YHUBEPCAMbHEIX NPOCTPAHCTB Bo:

8 Uwmanp Isu-maun
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By ans cnaraemux. Ecmn Mj, M{— 6asbl sTHX yHHBepCaMbHbIX
npocTpaHctTs (MHOroo6pasua ['paccmana) u ecan paccaoeuus B/,
B” unpyuupyiorcs npu oto6paxenusx f: M— Mg, f": M-— M{,
To B wuuiyuupyercs npu orobpawennu f: M—MjX MY,
onpeneneHHoM ¢opMyaort f(x)=(f’'(x), f"(x)). Mu umeem
C=f%, rle (¢ —XapaKTepHCTMUECKM# KJACC Pacc/OeHus
B(')>< Bg. Tax xax muorooOpasua I'paccMana He HMEKOT Kpyde-

Husd, TO HX NpOHU3BeAEHUE TOXKE HE HMMeeT KpyueHus U
H* (M} X MJ, Jy=H* (M, J) @ H* (M], J),

3ameTuM Temepn, uTo paccioenne By < B sapaserca cymMmoft
Yuran 1ByX paccioenutt nan My X My ¢ xapamepucmqecxumu

kaaccaMu ¢’ X1 u 1 ® ¢” coorsercrsenno, rae ¢’ u ¢” — XapaK-
TepUCTHUECKUe KJaacchl paccaoenutt By u By. ITostomy

—_— 1Y ” —_—
Cp= (RO (1B cp) =<y ® R
a u3 OTCYTCTBMA KpYyueHua ClelyeT, uto ¢ = ¢’ ® ¢”. Orcioaa
C f— f* (cl ® C”) — f/* (C[)uf”* (c”) —_ CIUC”.
IlanuM oaHO NpuAcKeHHe TeopeMbl ABo#cTBeHHOCTH. IlyCcTh p!
B —> M — 3pMUTOBO BeKTODHOE pacC/JIOeHHOe NPOCTPAHCTBO, H
nycTb ¢ — KOMIJIEKCHaa pasMepHocTb ero caod. OGo3naunm
yepes A(g, C) rpynny TPEYTOMbHLIX MaTpHULlL C HYJIAMH HHXKe
I1aBHOM JuaroHan. PacCMOTPUM NpHCOEAMHEHHOE DAcCJOEHUE p,:
B,—>M co caoem GL(gq, C)/A(g, C). Hcxomnoe BexTOpHOE
pacciaoeHue Haz M HMHAyLHpYeT BeKTOpHOE Ppacc/JOeHHOEe Npo-
crpaucTso p, (B) ¢ 6aso#t B,. DT0 nHAyuMPOBAHHOE PACC/OEHHE,

kak OyneT nokasaHo B (15.1), nuddepeHnupyeMo 3KBUBAJIEHTHO
CyMMe YHUTHH ¢ paccaoeHM# Ha KOMIIeKCHble npsaMble. IToaToMmy

q .
p,C= 111 (141, rae 1,€ H*(B,, J). Taxnu 06pasom, B 3TOM

WHIYUMPOBRHHOM pacclnoeHun knacc C pasnaraercs B npous-
BeEHHE ¢ COMHOXHTeseH.

Ill. Tensopnoe npoussedenue. TlycTs 3agaHbl BEKTODHHIE
paccaoeHHble npocrpauctea B/, B” wag M ¢ rpynmaMu

GL (¢’, €), GL(¢",C) n ¢ Qynxkuusmu Tnepexoiad gi.. Sy
¢ooTBeTCTBeHHO. Paccaoentoe mpoctpauctso B'@ B” onpe-
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s ”

ZeasieTCs KaKk paccioenne ¢ QyHKUuAME Nepexola gy, @ &y y.
DTO BeKTOPHOE pacc/IoeHHOe POCTPancTBo ¢ rpynnoit GL(¢’q”, C).
Ecin 8 B’ u B” sanaun cessuoctn 8, (1 <o, Bq)) u
¢ (1 < i, j<¢") coorserctento, 10 B B’ @ B” cywmecrsyer
CBA3HOCTb, onpenenentas Ha cTp. 103. Kpususna sto#t cessnocrd
ecTb 8;/8,5-8,;P;;, rae 8,5 u @;; — KpususHLl cBAaHOCTEH 0,4
B @;; COOTBETCTBEHHO.

(13.4) ITycms
=TI +1) « C=T[(+

i J
— (hopmasbibie POIAONHCERUS XAPAKMEPUCHULECKUX KAQCCOB
C" u C" paccaoenuii B' u B”. Toz0a xapaxmepucmunecxul
KAGCC UX MEH30DHO20 Npousdsedenus umeem 8ud

C:H(1+TE+T?).

Tax Kax amo npoussedenue CuMMEMPUIRO MO Y, U 7;’, mo

mem camblm onpedersemca swvipascenue kaacca C 8 gude
muozousena om C' u C”.

JokasaTeabcTBO. TeopeMa Jerko cjelyeT M3 anre-
Opanueckolf TeopeMbl O TOM, 4TO ecAH A -—— KBaJpaTHas MaTpHLA
nopsaaka ¢’ ¢ XapaKTepHCTHUeCKUMH KOpHaAMH &;, a B — kBal-
paTHas MaTpHIa NOPAIKA ¢” ¢ XapaKTePUCTHYECKHMH KODHAMHU [,

TO XapakTepucTuueckne Kopuu Marpuupl [® A-+B Q] pasHH
a; 4B

[Mycte B’ u B” — paccnoeHus Ha KOMIJEKCHBlE INpAMBIE.
Toraa scuo, yro B'@ B”"—=B’-4-B", rae B’ B" —cymma,
onpejeneHHas Ha cTp. 76. B naabHefimieM Mul OyjleM HHOrAa
mncate B~! BMecto — B u B pmecro kB, rae B — paccioe-

HHE Ha KOMILIEKCHBIE INPAMBIE.

IV. [Tpucoedunennsie  men3opHsle pactroedunsie  npo-
cmpancmsa, Ilycte B — pacciioeHHOe NPOCTPAHCTBO € rpyn-
not GL (g, C) u E — g-mMepHoe KOMIIEKCHOE NPOCTPAHCTBO.
Toraa umeercs npencTaBienue rpynnsl B npocrpauctse A’E, un
MO3TOMY BO3HHKAeT NpucoemuHeHHoe paccioenue B(P) co ciaoem

APE.

8%
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(13.5) Mycms C::II(I ~+1;) — dopmarsroe pasaosce-
i

nue xapaxmepucmusecxozo Kaacca C paccaoenuss B. Tozoa
xapaxmepucmuieckul KAGCC PACCAOCHUS B? ymeem sud

II(I +Ti,+ . +Ttp)' 2de npoussedenue GCepemcs no
8CeMm Ha0OPAM U3 D PASAUUHBLY Hucen iy, ..., i, 1L, < g

HoxasaTeaAbCcTBO. DTO YTBEpXKIEHHE TaKXe CJaegyeT
u3 aire6pandeckofl TeOpeMbl O XapaKTePUCTHUECKUX KOPHSX.
B sTOM ciyuae HaM HyxHa ¢opMyna, BHpPaXaOUlas XapaxTe-
PHUCTHYECKME KOPHHM JuHefiHoro mnpeoGpasopanus g% B mpo-
CTpaHCTBe E'™ = APE Yepea XapaKTePUCTHYECKHUE KOPHU Tpe-
o6pasosauus g B E, unayuwupywowero g),

Mycte M — KOMIJEKCHOe MHOTrooOpasue; paccMOTpUM pac-
C/IOEHHOE MPOCTPAHCTBO KACaTe/bHBIX K HeMy BEKTODOB. Xapak-
TepHCTHHECKHE KacChl Cj, STOr0 pAacCIOEHHOrO TPOCTPAHCTBA
Ha3bIBAIOTCA XAPAKMEPUCTULECKUMY KAGCCAMUL MHO2000pa-
suss M. Paccmorpum cayuaft, xorna M — aareGpanyecxoe MHOTO-
o0pasue B KOMIIEKCHOM NPOeKTHBHOM mpoctpancree P,. Ilo-
Ka)KeM, KaK BBUHC/IUTb XaPaKTEPUCTHYECKWE KJ/ACChl MHOIO-
o0pasua M. Tounee roBOpA, MB YCTAHOBUM CBSi3b MEXAY
XapaKTepUCTHYECKHMH KJ4cCaMU KacaTelbHOrO pacciaoeHns Kk M
1 HEeKOTOPOro JAPYroro PacC/IOCHHs, XaPaKTEPUCTHUECKAE KJIACCHI
KOTOPOI'0 MHOTAA JAeriye BBIYUCIHTD.

Mycts (2% 2., ..., zN)— KkoOpauHaTH B BEKTOPHOM IpO-
crpancrse Ep .y, 4 TaKke ONHOPOAHBE KOOpauHaTe B P,
Myers U; = {(2) € Py |2t + 0}. Torma Py=U,U ... UUN,
Mycts pe M U;,. @ynxuun (= 2¢/zb — 310 Heoanoponmbie
koopaunatet B U;. MuorooGpasue M aHaquTHYeCKH BJIOXKEHO
B P,, TNO3TOMy MOXHO TpeINOIOKHTb, uTO ¢ L., CUim—
JIOKaJbHBle KOOpllPIHaTbI Ha M (8 oxpecmocm TOU 4 p),
a ocramphbie ' sBasioTCa TOJIOMOD@HBIMH (PYHKUHAME OT HHX.
Kacatenbnoe mpoctpanctso k M B TOuKe p MOMHO DaccMa-
TPUBATb KaK NMPOSKTHBHOE MOANPOCTPaHcTBO B P,. Ypasuenus
3TOTO IIO,ZUIpOCTpaHCTBa B OAHODOIHEIX KOOPAMHATAX (wO wh, ...
v, WN) Ha P, uMe0T Clelyiowui Bua:

w! Pl . ot wla 2la '
wh 2"’_;(65% )p( t‘—*r) (¢=0,..., N).

w"e 2"
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B 3TuX ypaBHeHHAX MOXHO H30aBUTLCA OT ApOOeff, mepemucan
HX B BHJE '

m . m .
, i 21 0%t i\ \' [ ot i
wi=|{ — (d”i“) L w‘”‘}—z‘(m)‘w“.
b r P

a=1 a=1

Bynem paccMatpupaTe P, Kak NpPOCTPAHCTBO BCEX KOMII-

JeKCHBIX TNpPSMBIX, MPOXOISAIIHX Yepe3 HAYaA0 KOOPAHHAT NpPoO-
crpauctsa E, . Toraa kaxjaoe m-mepHOe MNOLNPOCTPAHCTBO

B P, onpeleiseT HeKOTOpoe (m —-1)-MepHOE NOANPOCTPAHCTBO

B E, .. Cuenosarenpho, kacareabhoe kK M BextopHoe pac-
C/J0EHHOE TPOCTPAHCTBO NMOPOK/JIET HEKOTOPOE BEKTOPHOE pac-
C/JIOEHHOE TPOCTPaHcTBO Hal M co caoeM pasMepHocTd m —1.
[TokaxeM, Kak nonyuuTs (QYHKLIHM MNepexojla 3TOr0 PaccaOoeH-
HOIO MPOCTPAHCTBA M3 HANUCAHHLIX BHILE ypaBHeHMH.

B okpectnoctu MO Uj;, MH HMeeM HEOAHOPOIHBIE KOOD-
nuHatsl & = 271z", Tlpeanoaowum, uro &, ..., &m — noxain-
Hble KOOpIMHATH H4 M B OKDECTHOCTH TOUKH p, 2 OCTa/JbHble
¢ —ronomopdusie ¢yuxuun or Hux. Jlas Touex H3 3TOH

OKPECTHOCTH Mbi OyieM HCNOJb30BaTh @”°, ..., w'm B KadeCTse
JOKAJbHEIX KOOPIMHAT B Kacare/JbHOM npocrpanctse. Hamucan-
Hble BHIllE YPaBHEHHMs IIOKA3BbIBAIOT, YTO 3TH KOOpAMHATH BHpa-

KaIOTCS Yepe3 JOKadbHble KOOPAMHATH wW™, ..., W'm Kaca-
TeJbHOTO NIPOCTPAHCTRA NPU MOMOLUM MATPUYHOIO PAaBEHCTBA

(")

wh

| g/ )

fcio_z(acij“).cia<0cj:°> (ac!) V(wh )
= VO Tp 9t Jp a'm/, ot l
J

() () (22 ||
=\ o' ol ), Nat'm )i w'e




118

Komnaexcroe Mnozo00Bpagust

IycTs 8(j) () — MaTpula, yuacTByiOlias B 3ITOM DaBeHCTBE.
[Tounoxum

10...0
th
f(i):

(& im

~ 1 )
Ecau nosoxurs 8 (,-)—f(j)g(j) (i)f(i), TO Mb! NOJYYHM SKBH-
BaJeHTHBe (QYHKUUH nepexopa. Vmeem

( 1 0 ...0)

. — &
-1 o
fo=| . /
_¢'m
Crano 6mTh,
( 1. 0...0) o atte o
. —& ah T arlm
g . R . e e e e e e e K et
W . ! i ot/m atlm
—g/m ) g arim )
Cj ()C]'o acjo ]
ah T gttm
0
. Cjo BE_ju‘ ,
. ot's

8o () g (1t e o)
o's oc'e \ tho \thoagls () ot's

Ju o
=’a£z—*5j“j—cj—-
oL'd oy
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OKoOHYATEbHO UMEEM
1 oth 1 otk

1 e 7
tho  grh th ot'm

~ ; 0
e 2 ,
Epw=t® e

) 7
N g
0 ot

TakuM 00pasoM, paccMaTpUBAaeMOe PacCJOeHHOe IIPOCTPAHCTBO
wan M co caoem E, ., nuddepeHuupyeMo 3KBUBAJEHTHO TeH-
30pHOMY TIPOU3BENCHHUID CYMMBl YUTHH KacaTeJbHOrO pacc/joeHus
¥ TPHUBHAJILHOTO pACCAOEHHMA HA NpsMBE Ha HEKOTOpPOE paccioe-
ude Ha npamble 7). Tlocieanee paccioeHHe Ha NpAMblE ONpeie-
JSeTCs CeueHUeM IMNepnoCKOCTbIO, PaccMOTPHM runepniocKoCTb,
onpejenentyio ypasHenueM 20==0. Ilepeceuenne 3TO# rumep-
niockoctu ¢ Uj, 3amaerca ypasuennem 2%z =0. Eciu o6o-
3HayuTb uepes E paccaoeHHe H2 KOMILVIEKCHHE NpAMHE, OTBe-
yalee TUnepnIockocTu (cM. ¢rp. 77), TO cooTBercTByOLMe £
¢yuxkunn nepexoana B U; NUj umeoT BuX

20
22
biy™= "3~ = ;=5
oh

3HaunT, nosBMBLIGECS y HAC paccioeHHe HA NpAMHE paBHO — L.
Ha crp. 103 Mbl BHAe/M, 4TO eciqu HMEETCS DAcCIOeHHe Ha
npaMeie ¢ kpususnoi ® um Apyroe paccioeHHOE NPOCTPAHCTRO
C KDHBH3HOH O, TO MX TEH30DHOE NpOM3BELEHHE ymeeT KpH-
Busy B, 3,,P. 3naunt, ecau C(t)—det( apf + oo 2 — @ap)

X2paKTePUCTHYECKHH MHOTOUJEH HCXOQHOTO DacCIOeHHOTO TNpo-
CTPAHCTBA, TO XapaKTepucTHyeckuh MHorodnen A (f) ero TeH-
30pPHOTO MNPOM3BENEHUA HA PACC/AOEHHE Ha TPAMblE MMeeT BHI

A(t):C(t—{——2—1n—i— @).

Bospparumca x cayuaio, kxorga M aHaJIUTHYECKH BJIOKEHO
B Py, 4 06o3HaunM uepes C(f) xapaxkTepucTnyeckuit MHOrou/eH
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BBEJEHHOTO BRIl pacciaoeHus Hag M ¢ (m — 1)-MepHEIM cioeM.
Torna U3 CIHEJA3HHHIX BbIIIE 3aMEeYaHHH ciaeayer, 4ro

C(t)y=(t—E)C(t—E),

rae E—xapakrepucTuueckut kaacc pacciaoenus E, a C (£)-—xapak-
TEePUCTHYECKHH MHOrOWIeH KacaTelbHOr0 pacciaoenus Haa M.
Orcrona

C (t+E)y="1tC(t).
[To teopeme Telnopa,
= ¢ (d"C (t)
Cet+n=3 7 (“5")
r t=F

Cornacio onpenenenuio, C (¢)== X, C#™~%. Cpasuusas Ko3du-
7

UHEHTH, TOJyYaeM, 4TO

. 1 dm+1-7C (t)
C,= (m+1—r)!( agmei=r )t=E.

Otcoga BHITEKaeT caelyouwas dopmyna, npuHapiexawas Toany
u lamkpenunse [8]:

C,— 2 (m—{—l;r—{—h) Er—hEh~
h=0

B toM uacTHOM cayuae, korga M= Py, paccroenue ¢ (m—-1)-
MEpDHBIM CJI0eM BJSeTCd TPUBHAJBHBIM (m =N B 3TOM CJiyuae)

u mosromy C(f)=¢"*+Y, Toraa (C(f)=(t-+E)"*!, orxyna
Ck:(m}i—l)Ek i C = (1 Ey".

Mbul 3aKOHYMM STOT pasjen TeM, YTO NpHBejleM 0Oe3 J0Kasa-
TeabcTBA Chaenyiouiuét pesyabtar (cM. {38], crp. 243):

(13.6) ITycms C,, ecmb m-ii xapaxmepucmudeckuil Kaacce
KOMNAKMHOZ0 KOMNAEKCHO20 MHO2000pa3us M pasmepro-
cmu m. Tozda 3nauwenue raacca C, HQ OCHOBHOM yerowu-
CACHHOM 2m-MepHOM KAGCCe 20MOA02UE MHO2000pa3us M
pasHo 3siiaeposoidi xapaxmepucmuxe y (M) smozo muozo-
obpasus, -



14.

Fapmonuueckue ghopmoL 8 IpMUMOBOM
BEKMOPHOM PACCAOCHHOM NPOCMPAHCMEE

[Tycts B — 9pMUTOBO BeKTODHOE PACCIOEHHOE NMPOCTPAHCTBO
Haj, KOMIVIEKCHEIM MHOTOOGpaseM M ¢ pyHKUMAMU TIePeXOLd &y,
KOTOpHe, KAK W paHplie, TMNpPeINo/araloTCs AaHaJuTHYECKHMA.
Ecau y,, — noKanbHas KOOpIMHATA B CJ0Oe Hal TOYKOH OKpecT-

Hocru U, To B UNV Mbl uMeeM Yy, == £y, OPMHTOBO NpO-
u3BeaeHue onpefeaserca Han U dopmoi };JAUyU, rae A,—3puMu-

ToBa Marpuua (T. e. ZU: AE,) dra ¢dopma He NO/KHA 32BHCEThb

OT KOODAMHATHOTO TpeacTaBieHusa, u 1notroMy Han U NV bl
uMeeM

Y8uvAv&uvYy = YAy Yy

4
97T0 paBeHCTBO 3KBHBATEHTHO ycaosuio A, = gy A g, BUNV,

Hudbgepenyuarvnoli gopmod cmenenu p Ha M co 3xa4e-
Husmu 8 B HaseiBaeTcs 0TOOpaxeHHe ¢, KOTOPOe COMOCTaBIASET
KaxJOMy Ha00opy M3 p KacaTedbHBIX BeKTOPOB B HEKOTOPOH
TOUKe , MHOTOOOpasus M 3JeMeHT c107 Hajl ITOH TOUKOH, mpH-
yeM @ JUHEHHO MO KaXIOMY M3 BEKTOPOB M KOCOCHMMETPHUHO.
3ananue TakoH GOpPMbl ¢ SKBUBAJIEHTHO 321aHHI0 HaGopa {ch}

aubdepenunansupx Gopm B U co 3Hauenuamu B (aGCTPAKTHOM)
cnoe paccaoeHus B, mpuueM B UV [0MKHO BHIIOJHATHCS
COOTHOWeHHE ¢, = £, .¢,,. MHOXKecTBO BCex Taknx popm 7

ABAAETCA BEeKTOPHLIM NPOCTPAHCTBOM. EcTecTBeHHBIM 06pasoM
BBOAUTC moHarue TuUma ¢opmel. [anee, eciu M — 5pMHUTOBO
MHOT000pasue, TO MOXHO ONpeleluTb ONepaTop * B #°g, onpe-
Ie/MB  ero OOCBIYHBLIM CIOCOOOM Ha KOMMOHeHTaX (OPMBI H yuTA
TO, YTO OH He 3aBUCUT OT BHIOOpPa KOOpAMHAT B caoe, HGO
OOLIYHBIH ONepatop # MepPeCTAHOBOYEH ¢ JAWHEHHBIMH 0T06pa>xe-

HuAMH. MOXHO ompegenuTs Takke omepatops L=e(Q) u"
A =71 %,
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[peanonoxuM tenepb, 4To M kommakTHO. IlycTb uMeloTCS
aAse 1HbdepeHLUaIbHbe QOPMEL ¢ == {ch} n o= {q»U} CO 3Ha-
yehuamu B B. Paccmorpum B U 0GbiyHy0 (T. €. ¢ YHCAOBHIMH
3HayeHusIMH) nuddepeHnalbHyi0 HopMy (PZJZU A *_@U' Mzl BN,
yto B U NV

eyAy A LPU“‘F’V-guv-guv VgUV/\*gUV‘PV—‘?V V/\*q’v

Taxum oGpasoM, Ha Bcem M ompenenena ¢opma oA A *q_)
paBuas ¢ A, A\ #¢, B U. Onpeneaum B 7°; 3PMHTOBO NpOH3-
BeleHUe GOpMynoi

@ = [¢AN+T.
M

Jlerko mnpoBeputh, uTO 3Ta OunuHelnas ¢opma aBilieTca 3pMu-
TOBOH M IMO/IOXUTEJbHO ONpeje/eHHOH.

[Nockoabky B — 5pMUTOBO BeKTOpHOe paccloehune, B B
cywectyeT cBssHoctb {0y}, onucamnas B (13.1). Onpepenum
a6commoTHy0 TpousBonHylo D nuddepenunanbHolt hopMbr ¢ co
3HaueHHAMH B B npu nomouiy $opMy.isl

Doy =doy+0, A oy

[Toasayscy cesabio Meway Oy u 6y B UNV, nerko mposeputs,
uro ¢opmet Dy, cHOBa onpefeasiOT auddepenuuaIbuyio opmy
co 3uayeHusMu B B. Irta abcoumoTtHas NMPOU3BOAHAs MrpaeT a4
nuddepeHuuaibHBIX GOPM €O 3HaueHuAMH B B Ty Ke poJb,
KaKyl0 UrpaeT BHellHee nu(depeHupOBaHue AA9 OOBIUHBIX AUD-
(depennuaabubix ¢opm, Ha nuddepenunansusix dbopmax co sna-
yeHnAMU B B omnpepenen Takxe oneparop d”, MOCKOAbLKY

d"oy=d" (8yyty) = Eyy 4 ¢y
B CHAY TOJNOMOPGHOCTH QyHKUMHA g, ;. VMeeT MeCTO pasnoxenue
D v (d,('?(j—!_ ey A CPU) +d”(?U’

npuyeM ecau ¢ — dopma THna (p, ¢), 1O, Tak Kak Oy — ¢opma
tuna (1, 0), mepBuH unen uMeer tun (p-+1, g). a Bropo#
yrea—tun (p, q¢—+1). Toaowum D’=d’+ e (0). Torna
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D=D"+4d" rape D'—onepatop tuna (1, 0), a d’—runa (0, 1).

OnpegeanM clelyouine ONepaTophkl B NPOCTPaHCTBE Pg:
¥V'=—xd" %, D=-—sD s

Oneparopunt 87 u D umewor Tune (—1, 0) u (0, —1) coorser-

CTBEHHO.

Mur yTBepkIaeM Temepb, uTo onepamops d’ u D, a maroice
onepamops. D’ u 87 conpaocenst. Ina nokasatelpcTBa CONpsi-
’KEHHOCTH TepBHIX [BYX ONepaTOpoB HANO TMOKa3aTb, UTO
(@9, P)y==1{(9, D) aas MOOHX @, $ € P°5. HOCTaTOUHO NOKA3aTh
3TO B Cayyae, Koraa ¢ umeeT tum (p, ¢ — 1), a ¢ —tun (p, ¢).
HanomuuM, uro cBasHocts 6 TakoBa, uto dd = 06’4+ A0, otkyna

"dA=dA" =0'A'+ A0 =0’ A+ A6,

Orciona crenyer, 4to
d@WAN 9 =dg' - AN # b4 (— 1P’ dAA 4

H (=PI A A d # .
TMoncraBuM Clofa HafineHHoe Bhillie Bhpaenue 1as dA. CpasHu-
Bas THOB (POPM, MOXKHO IHOKa3aTh, YTO HeKOTODHIE YjaeHb 00pa-
waioTtes B 0. B pesyabraTe npaBas 4acTb 3TOr0  PaBeHCTBA
NpejCcTaB/iseTcd B BHIE

(d”cp)’fT/\* qj+(—1)p+q~lCp'xie—/\*zl)——i—(*l)ﬂq_lcp'Z/\d”*d;:
=9y AN # b (—1)PHI o AO A # 0 Fd” + ) =
= (d"gy AN # $+(—1)P+q—_* QAN (e(B)+d)+ ==
=@ AN—F AN

[ostoMy npu unterpupopaHuu Mut moayuum (d”¢, ¥)= (¢, d).
JloxaxeM Teneph CONpPsSKEHHOCTH omeparopoB D u 87, Jas

3TOTO 3aMeTUM CHayaja, UTO BHINOJMHACTCA yCaoBHe (#¢, %) =

= (¢, ¥) € 7°g). HefictButeanno, ecau ¢ 1 $ -— GOpMLL CTenexn p
u3 7°g, TO MBI HMeeM

(v AAwsb=(rg) AA #xb=(—1)7(xg) AA =
= (—DP (oY AN =VAAro=YPAA %o

Orciona caenyer, yto (x¢, #=¢)=(), ¢)==(¢, $), n Hawe
yTBepKAeHHe AoKasano, Ilycth Tenepb ¢ ¥ ) — GOPMBEI THNOB

A
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(p+1, ¢) u (p, q) coorBercTBenno. Toraa

"¢ P=(—+d"s9, Y=—(Dud g, =)=

= (—1PHIH (@7 w g, % P)=(—1)P+I+1 (5 ®, D*TP) —

=(—1)P T (e n g, wDx)=(g, +ds0)=(p, DY).
3uauut, ¥ u D’ compakeHsl.

OnpenenuM onepatop [1=d"d—+-dd”. Jror oneparop mmeer
tun (0, 0). ®OPMa ¢ CO 3HaueHMIMH B B Ha3LiBaeTCH 24pMOHU-
yecroti, ecan []¢=0. U3 cooTnomenus

(TT9. 9)=((@D4D2") ¢, 9)=(0¢, dg)+(d"p, d"¢)

cirenyer, 4tro Q)OpMa rapMoOHH4YHa TOrla 4 TOJBKO TOrna, Koruaa
bcp:d”cp:O.

(14.1) IMycms B — KoMAACKCHOE 3FPMUMOBO 8EKMOPHOE
pPACCAOEHHOe NPOCMPAHCMEO HAO KOMRAKMHbBLM MHOZ000pQ-
suem M. Bcearxas dudgepenyuasvnas dopmra ¢ co 3uave-
pusmu 8 B Moocem Gums 00HO3HAUHO npedcmasaena 8 suoe

o=0a"a~+d3+7, 20 []7=0.

Hycms $'% 9 — npocmpancmso zapmonuneckux Hopm u3 Vg
muna (p, q). Tozda dim % 7 roneuna.

Ecau QF (B) — nywox pocmros zoaomopgusix %) gopu
cmenenn p €O 3navenusny 8 B wa M, mo

HY(M, QF(B)) =~ &% “.

Arta TeopeMa gBJfeTCd OCHOBHOH. Mbl He laeMm ee 10Kasa-
TeAbCTBA, TAK KAaK ero Jeraid 3aHaad OB CAHLKOM MHOPO
mecta 99), [lepefinem Temepb K HeKOTOPHIM NPHJIOKEHHAM STOTO
OCHOBHOT'O DPe3yJbTara.

[lycts B* — conpaxennoe K B paccioeHHOe NPOCTPAHCTBO.
910 osHauaer, uTo ecan B nMeeT pynkunu nepexosa g, to B*
uMeeT (GyHKLMH Nepexola gb—Vl [lycts B B uMeeTcs 3PMHTOBO
CKaNAPHOE NPOU3BEJEHUE, ONpPEeNeIeHHOe C NOMOWBIO MaTPHLL Ay.
Torza Marpuis A’U‘] ONpeleNAl0T 3PMUTOBO CKAJAAPHOE NPOUI-
peieHHe B B*. Onpelneaum omepaTop

*;7)3—)7)3*
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crenyiowett dopuynot: * = (x,}, rae IU@UZ*,IU@U, 310
ompesiesieHle KOPpeKTHO, U60 C

~

by = Aoy = 8y A8y 8 5oy = Buy *vu-
flcno, uto ecan ¢— ¢opMa THna (p, q), TO ;cp MMeeT THUI

(m—p, m—q).
Mbl yTBepxaaeM, uto

A" 5 =(—1Y %0 1 3d"=(—1y*' %
Ha ¢opmax cremenu r. [loxaxem mepBoe cooTHowenue. Mmeem
d"%o=d"+ Ap=(—1)"" x % d" » Ap=(—1)" + 3" Ap.
Laiee,
8”2(}:-*(1”*;—lc;:——*d”g*c;::—*(d”fl—/\ Q-
- Ad" « @)= — x A(e(0) x ¢ +d" = ¢) = Abp = ADe.
[Tostomy 5 o 5
d” s @ =(—1)" = Adp = (—1)" = do.
Orciona caenyer, uro []* = fj NOTOMY 4TO
(1% o= (8" +-d"0") ¢ = (—1)" B D - (—1)"*' X
X d"#+d"9=xd"dp+ =dd"o=1 ] o.
V3 3TOr0 COOTHOLIEHHs HOJyuyaeTCs CHefyoWuit NoaesHbl
yacTHHH ciay4alt Teopemnt ABofictBennoctu Ceppa [36].

(14.2) Ecau M — xomnaxmuoe womniexcroe mHozoobpa-
3ue pasmepHocmu m, mo

HY(M, Q(B)Y=H™ 1M, Q"7 (B").
JokasaTeabCcTBO. MH umMeeM

HY(M, @ (B) = &% 9, H™ (M, ™ *(B")) = S¢m )

Oneparop ¥ u3oMopdHO OTOGpaxaeT mnpocTpancTBo g ¢ Ha
SHBP ™9 1aK KaK OH TepecTaHoBOYeH C [] W LAA Hero
cyulecTByeT OOpaTHH# onmepatop.

[Mycts M — KOMINIeKCHOE MHOT006pasue ¢ JIOKaJAbHBIMK KOOp-
JMHATAMH (zlu ces z'('}) B okpectHoctH U u (z%, Cees z'{})
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*

B okpecTHOCTH V. Kanonuweckum paccioesnsis npocmpar-
cmBOM Ha3bIBAETCA paccaoedne K HA KOMIVIEKCHEIE [IpsMbie,
uMewiee (QYHKIHH Mepexona

0(2{,,..., 2?)
huy—m B UNV.

[Tycts B — npou3BO/AbHOE BEeKTOPHOE PACCAOeHHOE MPOCTPAHCTBO
Hal M ¢ QyHKuMIMH Tiepexoaa £, W MyCTh [yU} dopma
crenenn 0 co 3Hauenusmu B B, 1. e y, =g, v, B UNV.
Toraa

6(21 .. zm)
dzt, A dgm— N0 U] dz1 dzm
Yy dzy oo A U—_d(zb,...,z‘"}) SypYy dey A\ .o N\ d2g.

Mostomy {y,, dzZy A .. A dz7) — Anpdepennuansiag  dopma
cremenn m co sHavehusMd B B & (— K). OTciona M moayuyaem
usomMoppusM R0 (B)== Q™ (B®(— K)). B wuacruocru, ecin
B—paccioenue Ha KoMnaeKchble npaumeie, To KO (B) = Q™ (B—K),
rae B-— K — pasxocts Mexay B u K B rpynme paccioeHui
Ha npsamete. Orciona Q" (— B) == Q0 (K—B). Tak kak — B = B*,
TO Mbl HOJyYaeM

CaneactBue, ITyems B— paccaoenue na xomniexchse
npamsie. Tozda HT (M, 09(B))=H™ 9 (M, QK — B)).

Ecmt m=1, 10 HI(M, Q(B))==H"(M, QK —B)).
[TocienHee yTBepMIeHHe BaXKHO 149 KIaCCHYeCKOH TeopeMml
Pumana — Poxa aas amreOpandeckux xpuBoix (cm. § 18).

OtTMeTuM, uTO ecad mpu m — 1 paccioeHue B onpenensercs
IVBH30POM, CTeleHb KOToporo GoJblie cTelleHH AHBH30DaA,
onpefensiomwero paccioenne K (cM. npumeuanue 38), TO
HI(M, Q0(B))=0. HatizeM Teneph aHa/JOTHYHbE YCJOBUA MJA
toro, yto6n H! (M, R9(B))=0, npuroauste npu modoM m. Bua-
yane Mbl YCTAHOBUM YCJIOBHA s TOrO, yro6sl H{(M, @™ (B))=0
(teopema Hakano). Ilycts {0y} — cBasnocTs B 9pMHTOBOM Bek-
_TopHoM paccnoenud B. Torma dopmva @ =d0 -0 A 6 umeer
tun (1, 1). Tlockoabky ¢opma 6 umeer tunm (1, 0), orciona
crenyer, yto 0=d'0 0 A 0; snaunr, © =d"0. Mp umeem
D’——d’—}—e(ﬁ) OTKyAa

A—dle (6)+e(e)d'+e(e/\e)~—e(e)d/+e(d'e)+
+e(0)d’ +e(® A 0)=0.
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Ha crp. 101 6nisio mokasano, uro D? = ¢ (0). Tosromy
e(®)=(D'+ad"¥=D'd" +d"D'".
[Tpeanonoxum Tenephb, 4To MHOrooGpasue M keneposo. Torna,
B cuny (4.1), Ad —dA=—C"'3C u onepatop A mmeer THI
(—1, —1). MMpupasuusas uneusl Tuna (—1, 0), noayunm
Ad —d"A=—C'¥C.
Ecau ¢ — dopma Ttina (p, g), 10

CT ¥ Co=iP~9CT 3o =1 ¥,
[Tostomy

Ad// — d/IA _ ia” N _il_ B//.

[Tycte ¢opma ¢ rapMmonuuxa (T. e. i o=10). Torna
(a”cp, a”(?) —_— i ( (Ad” . d”A) (P, a”(?) —— l' (d”A-(P, a”(?),
tak kak d”o==0. Jlanee, nockomsky do==0,

—i(@Ag, ¥9) =—i(Ag, (W' +¥D)¢) =
=—1i((D'd"+-d"D’) Ay, 9) = —i(e(0)Agp, ¢).

Tax kax (07p, 870) >0, To Mbl HOJdyuaeM, 4TO €CAl HOpMA ¢
2apMOHUURG, a MHO2000pasue M Keaeposo, mo cnpagedfiso
Hepagencmso — (e (B)Ae, ¢) > 0. Us atoro HEPABEHCTBA MbI
BhIBEleM HEKOTOphle CJedCTBHS.

Mycts ¢ — rapmonnyeckas Qopma tuna (m, 1). s (3.3)
ciaeayer, 4to ¢=L}, rae ¢ umeer Tun (m — 1, 0) u npumu-
tuBHa (T. . AY=0)70). B nampHeHmux BHKAALKAX JTATHHCKHE
MHIeKCH OyAyT npolerath 3HayeHds OT 1 10 m, a rpeyeckHe —
or 1| 10 g, rie ¢-—pasMepHOCTH CNOA BEKTOPHOIO Paccioe-
nug B, Ilycth z — HekoTOpas Touka MHorooGpasus M. 3anuueM
Keneposy METPHKY B KacaTeJbHOM npocTpanctse V (2) B BHAE

2 0,0, Tlycts © = (B,4). Toraa
B = ,-EkRaﬁrfk‘”/ A 0

tak kak ¢opMa O wumeer Tunm (1, 1). Oduddepenuuaibuas
dopMa ¢ co anauenuamu B B umeer Bul ¢ = {¢,}, e ¢, ==L, 1

"Pazg(—"l)j_luajwl/\ o e /\mf‘l/\wj+l/\ cee /\(Dm.
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[onoxum Takme A= (a,5). Toraa
€@ Ap. )= [(c®)AeY Arg=[ ¥ (¢(B)Ag), ayyA (+7)y.
M M o B

JHaanee, .
m(m—1) m(m—1)

Golp=r o= xLip=(—1) 7 Chp=(—1) 7 "y,

B cuay (3.6). Tak Kak #— peuleCTBeHHBI! ONepaTop, TO OKOH-

YaTe/MbHO MBI NOJyYaeM
m (m-1)

Eep=(—1)" T (="'},

Kak noxasano na crp. 27, ALy ={,, oTkyaa

Acp.( = ALQ)T = q)T.
Takum 06pasoM, 3HaueHUe NMOAUHTETPATbHOTO BHIpAKeHHs B TOUKE 2
PaBHO
m (m—1) — _
(=17 2 (=" D Ray, 0y A 0y Ay A b =
G, pi Tl jl k
m{m—1)
=(1) T (—)"'X
X ( ‘32] apaRay, ku'rju[ik) II O /\ II O,
% B Y T
Mbl 3HaeM, yTo 5jeMeHT OGBeMa gaetcs PopmyaoH
m(m+1) 1
dV =(—1) 2 o ]I /\]Im,

[TosToMy monuHTerpajJbHOE BHIPAXEHHE DPABHO
o (— ,-)( 2 4R, ,kuT,E@k) dv.
o B 1.k
CleloBaTe/IbHO, HEPABEHCTBO ‘
C—i(e(®)Ag, 9) >0
SKBHBANEHTHO HEPaBEHCTBY

f ( 2 apaR”,jkuUupk) dav < 0.
M \a, 8,1, /, %
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Uro6nl MNPHIATH ITOMYy HEpAaBEHCTBY APYTYI0 (HOPMY, NMOJNOKUM
Hj, oo = ; T6aRay, ji

Uucna H,j, 5, MOXHO DPAacCMaTPHBAThL KaK S/eMEHTH MaTpHIbl
nopaaka mq, cuuras uugekcamu napel yJj, Bk. Ilokaxkem, urto

H._. ..)— spmuToBa Matpuna. Hanomuum, uro A6 - 8’A=0.
1) Bk p p

Orcioa MBEl NOJAYyYaeM, YTO

; Jzk“aaRax,fk‘”f Aoyt J.Zk R, jr05 N 0t = 0.

[Tonaras %1:‘—’—1@ W CpaBHuBas KOIPOUUHEHTE NPH ©; /\ Ek,
nMeeM
23 QogRey, jo = Z@ a5Rga, 1y

win H; ., =H,, ;. Takum 06pasoM, Mbl 1OKasaiu CIelyiolLyo
TeopeMy:

(14.3) Teopema Haxano. ITycms M- komnaxmnoe
Keaeposo MHoz006pasue, u nycme B — sexmopHroe paccroen-
noe npocmpancmeo wad M. Toz0a mampuya (H,;, q), onpe-
Oeaennasn gviute, apmumosa. Ecau ona noaoscumenssno onpe-
deaena 8cwly Ha M, mo 8cAKAA 2apMOHUYECKAS Hopua
muna (m, 1) co snowenusmu 8 B pasna 0. 3nauum, npu
amux npednoaoscenusx HV(M, @™ (B))=0.

HleRAcTBUTENBHO, €CIH ¢ — rapMoHdyeckas dopma tuna (m, 1)
u matpuud (#; 5,) NMONOKHTENBHO OMNpelelleHd, TO HANHCAHHBIA
BEILE HHTErPal AoJKen OblTb HeOTpUHATeIbHBIM, TaK K4k 3TOT
MHTErPan HelOJOKHTENCH, TO OTClja caeiyeT, urto ¢ =0,

(14.4) (Konaupa — Cnencep). Ecau M — komnaxmaoe were-
poso  mnozoobpasue u ecau mampuya (H,y o) 049 paccaoe-

Husn B® (— K) nosoxcumenssno onpedeaena sciody na M, mo
H'(M, Q0(B))=0.

dro caenyer us (14.3) 1 us toro, uro Q0 (B) = Q™ (B & (—K)).
[epefizem Temepb ¥ OAHOH BAXHOK OHEpauUnM Hal KOMAJeEK-
CHBIMH MHOTOOODAa3usiMH, KOTOPAs HAa3blBACTCH KEAOPAMUYUHbLM
npeobpasosanues uAl c-npoyeccor. Ta Onepauus AaeT HOBOeE
KOMILIEKCHOe MHOTO0O0Opasne, KOTOpOe MOJyuaeTcss U3 3alaHHOT O

G wore Man oo
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3aMEHOM HEKOTOPON TOUYKM HAa NPOEKTUBHOE NPOCTPAHCTBO pas-
MepHOCTH m — |, Trle m — pasMepHOCTb HCXOAHOTO MHOTO-
0o0pasus.

[Mycts U — KOOpAMHATHAA OKPECTHOCTb Ha M € JOKa/JbHBIMH
xoopauHatamu 2!, ..., 2™ u uentpom (0, ..., 0)EU. [lycrtb
P—KoMuleKCHOEe NPOEKTUBHOE MPOCTPAHCTBO PasMePHOCTH m—1
¢ ONHODOJHEBIMH KOOpAHHATAMU w!, ..., @™ PaccMOTpUM KOM-
miekcHoe Muoroobpasue U X P. O6o3nauuM uepes QU X P
MOAMHOMXECTBO, ONpejlesieHHOe ypaBHeHuaMH 2/wk — zkw/ =0
ana geex j, k. Torna Q— koMmiekcHoe MHOrooGpasue pas-
MepHoctH m. [efictButenbHo, eciu V, — NOAMHOXECTBO OpO-

crpanctea P, rae w0, o P=UV, u 8 (UXV,)NQ
k

onpeneagioune Q ypasHenus wnmewt Bui 2/ = zFw//wk. Ilo-
stomy zF n wlwk, ..., wk lYwk, wktlwk .., wmjwk ob6pa-
3YIOT JMOKAJLHYI0 CHUCTEMY KOODIHHAT B ITOM [epeceyueHu .
Omnpeneaum mnpoexuuno ¢:Q—>U dopmynolt o(z, w)=z.
Torga ¢ B3auMHO OJHO3HaYHO Hal BCEMH TOUKAMH, KPOME TOUKH
0, ..., 0). [e#icTButensto, ecau 2/ # 0 ana xakoro-auGo J,
T0 Wk = w/z*2/ u, 3Haunt, yucia wF OmpeleseHbl ¢ TOYHOCTHIO
A0 TpOMOpuHOHaAbHOCTH. [JO3TOMY CYyilecTByeT eIHHCTBeHHas
Touka w € P, ana koropo#t o(z, w)==2z., C Apyro#l cTOpPOHHI,

a7, ..., 0)=(0, ..., 0) X P—93T0 KOMIJIEKCHOE IpOeK-
THBHOE NPOCTPAHCTBO pa3MepHOCTH 7 — 1. MuorooGpasue Q n
muoroo6pasue M —{(0, ..., 0)} MOXHO OTOXIECTBUTL Han

U—{(0,...,0)}, 1 mo3TOMY OHH Onpee/ 0T KOMIIEKCHOE MHOTO-
ob6pasue M. Vmeercs ectecTBeHHOe oToOpawenue ¢: M-—> M,
koropoe oroOpawmaer M Ha M u o6nanaeT TeM CBOHCTBOM,

yto ¢~ ! opHO3HauHO BCloLy, Kpome Touku (0,...,0), rze
s71(0, ..., 0)=P. OroGpawenne o~! HasbBaeTCH KEaOpa-

muunmm npeobpasosanuesm. MoxHO nokasatb, yro M He 3a-
BUCUT OT BHOOpa okxpectHoctd U, HCNOAL30BaHHOK A €ro
onperneseHus, ¥ 3aBUCHT Toanko oT M u ot Ttouku (0, ..., 0).
OueBuzHO, uto ecan m=1, o M= M; B sTOM Ciayyae Mbl He
NojyyaeM HOBOTO MHOroo0pasws.

-
(14.5) Ecau M—~keaeposo muozoo6pasue, mo u M—~rese-
poso  mHozoob6pasue. FEcan M — mnoz006pa3ue Xoooica,

mo M -— mooice mnozoo6pasue Xooica.
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JlokasaTenbcTBo. HamoMunu, uto yepes KOOpAHHATHL W/,
“AOME
HOpMHpOBaHHHeE yciosueM > wfw® =1, keneposa MeTpuka Ha
7

mMHOrooGpasuu P Bepaxaercs no Qopmyne
o 139 r kR 1 N %,k N — .
a'a?_;Zdw dw ——;(Z w® dw ) (Z wfdwf) .
k k j
Hafinem Bhipaxenue 1A STOR MeTPUKHM B HeHOPMUPOBAHHEIX
koopaunatax. Tycrs w®==)8%, Xk = I/R?, R? = Y %, Torna
P)
dw® =) d&F 4% d);
dwk =\ it -EF dh;
> dw* dw® =) X deF dBF 4-h dh X ER st -
) ) )
4-Xak ek dst - R2d) di;
%

E w* dw" :)\XE gh gik 4 4h .
A

k k

N ot dwt =iy B agt -2
P '

m da? =k X ds* d2F — ()2 (Z £k dgk) (Z £ d5k> _
Hanee, Mbl imeeM log R? = log D &% u

¥

dlogrRe ¥
o TR

9% log R? _ Yjr  2H/9R _ br Wk

otk R2T RPgmT RETORY
Tak Kxax OR[0EF =EF2R. Orciona
2 2 . PR P
YOl R g — L Nt aE
k

' 0&/ gE*
—% (Z ékdsk> (EE’* dék) ——
\ R )3

’

Q#
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Nycte ds?— keneposa Merpuxka Ha M. Ecmw z€U, TO
MOJIOKHM r:‘/—Z[zf[Q nU, = {z]r <&}, Uyp={2|r < 2.
7

[lycts p— takas ¢ynxuua ot r kaacca C°, uto p(r)=1 npu
r<e, p(r)=0 npu r > 2, 0Lp(r) 1 npu Bcex r. Pac-
cMOTPUM HA MHOTOOGpasuu M — (p}, rae p=(0, ..., 0), pynx-
LU0 ¢ (2, 2), ONpeje eHHYIO CISLYIOUM 006DpasoM:

_ o(r)logr?, ecau z€ Uy — {p},
¢z, 2)= .
0, ecan zE€M—U,,.

OueBnnno, ¢ — ¢yuxuus kiaacca C~. C ¢yHKuMe# ¢ MONKHO
cBA3aTh 3pMHTOBY ¢(opMmy df%, KoTopas B JIOKAABHEIX KOOPAU-
HaTax onpejenseTcss paBeHCTBOM

1 2% ok
2 1L J

df? = — Z o dz’ dz".

J R

CootBeTcTByOWIast el BHeluHasn GopMa
T _ 5{1’; d/ d”QP,

KaK JIeTKO NPOBepUThb, ABAseTcs 3aMxuyTo#t, OrCloaa BUIHO, YTO
eciiH 7 — JNOCTATOYHO Ma/jas MOJOXKHTE/NbHAA MOCTOSHHAA, TO
dopma ds? —=ds? 4 dR? aBageTca KenepoBOM METPHKOH Ha
M — {p}. CrenosaTenbro, dopma

0" ds? = o* ds? - yo* df?

AB/AETCS Ke/epOBOH MeTpuko#i na MuorooGpasuun M—P. Mul
MOKAXEeM, 4TO 3Ty METPUKY MOXKHO TNPOLOJ/IKHTL B KenePOBY
MeTPUKY Ha BCeM MuorooOpasuu M. Jlasg 3TOrO 3aMeTHM, 4TO
neppoe caaraemoe o* ds? onpenesieno Ha ceM M, TaK u4TO Q0OCTa-
TOYHO TpPOAOTKUTE (opMy o* dE2. PaccMoTpum B MHOrOOGpasuu
U X P apmurosy ¢opmy do?, xoTopas OnpelleseTcs CTaHaapT-
HOW Ke/epOBOH MeTpHKOH B P, U pPaccMOTpPMM ee OrpaHHyeHue
Ha MHOrooOpasue . Mol nmeem

2:_1_ 02 log R?
- ow/ owk

)

do dw’ do*,

rae w' — onHOPOAHBle KOOpMUHATH B P. M3 paBenctsa ¢ (2, 2) =
=logr? B U, nerko BmpectH, ur0 o*dB%=da? B o1 (U)—P.
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3uauut, dopMul o* df? u da? onpenenasiOT 3pPMHUTOBY (opMy dB2
Ha M. Tax xax dbopma 7 da? NONOMKHMTENLHO OnpeleneHa Ha P,
a o*ds? HHIYUMDPYeT Ha P HyJleByio (popmy, TO ¢dopMma
dsl =" ds? 7 dBQ —— 3T0 KeaepoBa MeTpuka Ha M. Tem cambiM
nepBoe yTBep:/JCHHEe TeOpeMbl JOKAa3aHOo.

[Tokamem temeps, 4YTO BHelHdd QopMa 7 Ha MHOrooopa-

sun M, cessamnas ¢ Qopmod dBQ ABJAETCA  LEJOYHCACHHOH.
Otciona Gyner caepoBatb, uto ecau ds?— MeTpuka Xoaka u
YUCAO 7 PAUHOHANBHO, TO BHEIUHAA (OPMA, CBA3AHHAS C METPH-

kot ds?, pannonanpbHa, OuUEBHAHO, OTCIONA BHITEKAET BTOPOE
YTBEPIKJIEHHE TEOPEMH!.

Jias 10Ka3aTebCTBA LeJOYMCAEHHOCTH GOPME | PACCMOTPUM
Ha MHoroo6pasuu M pacciceHHe Ha KOMILJIEKCHbIE NPAMbIE ’P!
CBA3aHHOE C mnojaMHoroo6pasueMm P (cM. ctp. 77), H NOKaKeM,
uyTo Y€ cp (‘Pf ). dror ¢axT OyIeT UCNO/Ab30BATHECT M B JAa/b-
Hefiem. Ilycte V, — oBnacTs B P, onpenenseMas HepaBeHCTBOM
wf £ 0, u nycm W,=Q N (U, XV,. Toraa obaactu
Wy(k=1, ..., m)u Wy=M— P 06pasyioT NOKPHITHe MHOTO-
oGpasua M. Hatinem dyHkuun nepexoia paccioeHus |P1 OTHO-
CUTEJBHO 3TOr0 NOKPHTHA. Kak Owbiio 3ameueno Ha ctp. 130,
dbyukunn 2, @Yok, ..., @Yok, oF Yk, .., @™w® obpa-
3YIOT JOKaJbHYI cucrteMy koopaunatr B W, (k=1, ..., m).

Ypaguenue noaMHOrooOpasus P B 3TOH cucTeMe KOODAHHAT

nmeer Bun 2¥=0. Orciona caeayer, uTo QYHKUMU nepexona

paccaoeHus !F, HMEIOT BHJ
fy=21 =@’ s W,nW; @ j=1, ..., m),
f]O:Z]BW]nWO (J:I,,m)
[Tonoxum

PRk

a0:e°*3" B WO’ a]::—‘ilw—— B Wj (j:I, ‘..,m).

Jlerko npoBepuTb, uTO (YHKUHM @, OMNpelefaldT 3SPMHTOBY
MeTPHKY B pacCIOeHUU [P’ ®opMa KPHUBH3HLI COOTBETCTBYIOLIEH
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cBasnoctd umeer Bun ®=-—d’'d"loga, B W,. 3nauur,

1 " P
_QETq):2i_nd/d IogakEc;g('P})-

OueBunno, uto B W, umeeM “2171 O =", [Hamee, B W;
(=1, ..., m) uMeeM
1 : 2tete
b N VT4 i o
Q‘Nicp—_?ndd log |w/jz

i 7 i / i ; N .
=5 d’d’<log 2 lw' 2 — log | w’ ]2> :2—ﬂd’d’ logz |’ [f=o,
i ]

re © — BHewlHas ¢opma, cess3atnas ¢ meTpuko# da®. Caenosa-
1 ~
TeJNbHO, ﬁ(]?: Y, ¥ Haule yTBepiJeHue INOKa3dHO.

(14.6) Meocoy muozoobpasusmu M uM umewom mecmo
caedyoue COOMHOULeHUSL:

(a) Ilycmo lPl——pacmoeuuoe npoCmMpPancmso, Komopoe
onpedeasemcs aHaaumuteckus nodmunozoobpasuem PcM.

Ecan lPlp—pacmoeuuoe npocmpancmso nad P, undyqupo-

BAHHOC PACCAOEHUCM fP‘ mo ‘P(P:———‘e[, 20e 'el——pac-
croenue Hao P, xomopoe onpedeassemcs 2unepnioCKOCMbIO &
8 3MOM NPOCKMUBHOM NPOCMPAHCMEE.

(b) K (A1) = o*K (M) 4 (m — 1)| P, 20e K (M), K (1) —
Kanonuneckue paccaoenus wad M, M coomsemcmsenno u
o*K (M) — undyyuposannoe npu omoSpaskcennu o paccroenue

Hao M (cM. npumeuanne 61).
(c) Hycmv B — anaaumuneckoe BeKmMOpHOE PACCAOEHHOE

npocmpancmso Had M, u nycme B=4B ~—UHOYYUPOBAHHOE

paccroenue nao M. Toz0a umeem mecmo mouuas nocaedo-
8ameLbHOCMD

0—>sz(IF)-I®B>L9(3)$9(BP)_>0,

20e Bp —paccaoenue w#ad P, undyyguposannoe paccaoer-
oM npocmpancmIom B, r-—omobpascenue ozpanutenus,
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U — YMHOJKCEHUE HA AOKAAbHOE YpasHeHnue NOOMHO2000pa-
aus P,
(d) OmobGpamcenue

o HO(M, Q(B))—>HY (M, (B))

sg8.45€MCS UIOMOPPu3MoM '2) [0603HAaueHUS Te Ke, YTO U B (¢)).

HNokasarteancrso. PaccMoTpum nokpeitiie { W, } MHOrO-

o6pasua M, KOTOpOe paccMaTpUBAJOCh B KOHUE ACKA3aTenbCTBA
npensiayulef Teopemel. Mel Buaeau, uro QYyHKUHMHM Iepexojia

paccioeHus P} LJIf 3TOPO MOKPHITUS MMEIT BUI
2 w! L.
fl]:;]-:%;}BWan] (l,j:l,..., m).
OvyeBUIHO, WknP:Vk, rie V,cP onpeneiserca ycaoBieM

w" = 0. PaccMoTpuM B P THIEpPnaOCKOCTh ¢, OnpefelseMyio
ypasueHueM w!=0. B oGaactu V, ona omnpejnessercs ypasHe-

HieM wYw® = 0. 3HaunT, GYHKLHK ePeX0Aa PacCTOeH s l e l CyThb

gl k
h}k:——w:w—zf]_kl B V-ﬂVk.
.wl/.wk w/ J

Tem campiM (2a) A0Ka3aHo.

Ilns nokasatenbcrBa ytBepxjenus (b) paccMoTpuM Koopnu-
HAaTHOEe MOKpbiTHE % MHOrooOGpasus M, comepxkauee U u oGaa-
Lamwilee TeM CBOHCTBOM, UTO eJUHCTBCHHBIM MHOXECTBOM H3 %,
NOKPHIBAIOUWUM TOUKY p, aBidercs U. Torpa MuoxecTtsa us %,
oTanyHele o7 UJ, U MHOXecCTBa

W,=QNUXVy (k=1 ..., m)

COCTABJAT KOOPIUHATHOE HOKPHITHE MHOTOOOpasus M. Buuuc-

auM GYHKUHM Tiepexopa 1Js paccioeHdd K (M) OTHOCUTENbHO
9TOTO MOKPHTHA. 3aMeTuM CHayana, 4YTO eCaAu O, — BHellHee
npousBelenne juddepeHnHancB KOOPAHHAT B KOOPAMHATHOR
OKpPecTHOCTH V/, TO, COTJIaCHO ONpeje/ieHUI0 KaHOHMYECKOTO pac-
caoenus, (QyHKuuU mepexona /f, ., KaHOHUUECKOTO DacClOeHUA

B VW onpeneisorcs paBeHCTBOM ., ==/, .0 . OTtobpaxe-

aue co:W,—>U 3anaercas B KOOpIMHATAX 2¢, w\ ok, ...

ey WY, Wk, L, w™w® B W, u koopruHatax
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2l, ..., 2" B U ¢dopmynamu
. . wi ,
2 =2k, (i=1, 2, ..., m).
wh
[Toatomy

. i .wi X w!
5*(dz )=w—kdz’ 42t (;k)
Crano OwmiTe, ecmu o, =dz' A\ ... A dz", 10

s, = (2" 2t A d(ﬁ-’:) A

o N(ED A (A A (G =6y,

BeruucauM cHauana ¢yHKUMHM Nepexona thWk' Msnr umeem

kym—1 — (xym—1
(Z ) (DWk—-(Z) (DWj B W]an,
otkyla  ©,, ==(z/[2F)"! O Buaunt, fy, = (2ij2Fy" ",
% i%j
ATH QyHKUMM COBNAAAIOT ¢ GYHKUMIMH Tepexoja paccloeHus

K (M)~ {(m — I)IP ‘ Tak Kak paccioenue ¢*K (M) TPUBHAIBHO
Han ¢~ 1 (U), a mnoamHoroobpasue P onpejeasercs B W, ypas-
HenneM z° = 0. PaccMoTpuy Temeph OkpecTHOCTb V € %, OTJIHU-
wyw or U, u nycts w, =g, o, Ha mHorooGpasun M. Toraa

B ¥ % % Ry —1
oy =0, = (g ) (o) = (8 yy) () “wy,

J— r~yM —1
B VNW,. Cregosatenbio, }‘ka“(c*guv) 5", 1. e. MH
omaTh nOoayuman ¢yHKuuu nNepexoja paccaoeHus oK (M)

+(m—1) [F{ QueBuaHO, TOT e peayabTaT NOJAYUYHTCH
BVNW, rae V, WE€«% u V, VK#U.
Hoxasenm teneps (c). Mycrs {U, V, ...} — noxpsitie MHoOro-

o0pasus M, u mycTb paccjoeHue lP UMeeT (QyHKUUM Dlepe-

Xoma p.., a B— ¢yukuun nepexosa g, .. Ilycrs s, =0—
12 Py dynxu P gy Hyet s,

MOKaNbHOE ypaBHeHHe MHOrooOpasus P, NPUYEM Sy ==Dp Sy .
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1 .
Ceuenne B nyuxe SBOPI ®B> OHpeILeJISleTC?I HabopoM (yHK-
uui {y[}}, 178 KOTOPHIX Yy =P gA P . Torna

ov

SoYo = 8uivSy Y

T. e. {Syy; ) — cevenne B Q(B). Mepexon or {y; ) x {s5 ¥y )
ompeneaser oto6pakenue p. Tak kak s, He paBHA TOKAECTBEHHO
HyMIO HH B KaKOH OKPECTHOCTH, TO eCan Sy y; =0 B Kako#-
HUGYAb OKPECTHOCTH, TO Y; == 0 TOXAECTBEHHO, T. €. p — MOHO-
MopouaM. fcuo Taxke, uto rp=0.

Muoroofpasie P nokatbuo onpenedsercs B M ypasHeHUeM

2™ =0, rae (2!, ..., 2™)— nokalbHas CHCTeMA KOOPAMHAT
Ha M. Anasauruueckyno ¢pyukuumio ot 2!, ..., z™7' MOXHO BCeraa
TNPONOMKUTE B AHAJIHTHUECKYIO pyHKIUW OT 21, ..., 2™; ciaenoBa-

TenbHO, r— snuMopdusM. Ecanm awamutuyeckas QyHkuus yg

o6pamaercs 8 0 Ha P, 1o y,;/z”” aHanuTHyHa. 3HAUUT, AAPO
roMomMopdusMa r cofepxurca B o6paze p. HloxasaTeabcTBo yTBEp-
XneHud (C) 3aKOHYEHO.

s nokasarenscrsa yrBepiaenus (d) sameruM, uto ¢ oue-
BHIHHIM 00pa3oM 4BJAeTCS MOHOMOPGH3MOM, 3HAuuT, OCTAETCA
TOIBKO TIOKAa3dTh, 4TO o — 3NUMOPPU3M. DIeMeHT § Tpynnbt

H° (M 9(3))—9T0 AHAMIUTHYECKOE CeueHHe PaccloeHus B
Hag BceM M. Tak Kak o M30MOPGHHO 0T06pax<aeT M—P na
M —{p}, To cyiecTryeT aHANUTHYECKOE Ceyetue §' paccaoenus B
Han M -—{p), aaa xoroporo o*s’ =s. Jlycts U — OKpecTHOCTD
TOUKH p B M, BuiGpaHHas HACTOJBKO Mano#, uto B gBiderca
Hal U npaMeiM TNpousBeleHMeM, U MyCTb U=o"1(U). Toraa
B==¢*B sBaserca npameiM npousseienneM Hai /. Cuaenosa-
TeabHo, cedenue s wan U 3apaercs roaoMopoHoit dyuxuuel f
8 U co suavennsmu B E,. Tax xax wmuoroobpasue P —=oc"1(p)

KOMIAaKTHO, TO ¢yHKuus f nocrossna wa P. 3uauut, B U cyue-
CTBYeT Takas HempepsisHas ¢yukuua F,ut0 ¢*F = f. Ouesunno,
dynxuus I avaautuusa 38 U — {p). B cuay Teopems 06 ycrpa-
HUMOR ocoOennoctu, F anaauruysa scioay B U. Otcioaa scHo,
4TO QYHKUUS F BMecTe C ONpeje/CHHLIM BHIlUE cedeHHeM S’ jaeT
aHaJTUTHUECKOe ceueHHe paccaoeHus B vax M, obGpas kotoporo
npu ¢* coBmajaer c s.
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Jemma. I[Tyems M — komunaxmuoe Keieposo MHoz006pa-

ue, z€M u o,: M, > M — ksadpamuunoe npeobpasosanue
¢ uenmpom 8 mouxe z. ITycms B -— womnaercuoe sexmoproe
PACCAOEHHOE NPOCMPAHCMBO ¢ q-MepHuM cLoem HaAd M,

B,= 0B — undyyuposannoe paccroennoe npocmpancmso rnaod
M, K,— kanoruuecxoe paccaoenue nad M, Paccmompun
paccaoennoe RPOCMPAHCME0
—_ 1
o} A
F,=K; ®|pz| ®Bz
9y -1

nao M,, 20e P,=gq, (2), u o6o3nasum #epe3

8= (8,) = (]Zk Ru3, 16 A Jk)

POPMY KPUBLIHLL, OMBELAIOUYIO HEKOMOPOU 3P MUMOBOE Me-
mpuxe (ag,) 8 paccroeruu F,. Iorowcum H=(H ), 20e

Hj, op == azaBaRay,jk' Ecau 0as rkanxcood mouxu z€ M 8 pac-

caoennu F, cywecmsyem maxas 3pMUMOSE MEMPUKA, HMO
mampuya H nosoocamessno onpedesena 80 scex MOUKAX

MHOz006pa3us M, mo cywecmsyom maxoe S U maKoe ana-
aumuuecioe omoépacernue f:M-—>G(s—1, ¢g— 1), umo B
UHOYYUPYeMCSL  YHUBEPCAAbHUM BEKMOPHHLM  PACCAOCHHBLM
npocmparcmeon nad G(s— 1, ¢ — 1)) npu omobpasncenuu f.

HoxaszartenbcTBo. IlonowuMm s=dim H*(M, Q(B)).
flycrb 1, . . ., T,—06a3uc BekTopHOTrO npoctpancrsa HO(M, @ (B)).

B cuay mynkra (d) us (14.6), djr,, ..., o)t — Gasuc mpo-
CTPAHCTBA H"(Mz, Q(Bz)). Marpuua H nonoxutenbHO oOfnpe-
leneHa, W mostomy u3 (14.4) caeayert, 4TO
N 1 i~
m(m, e(lp,|” @B8,))=o.

Otclona ¢ MOMOWBIO TOYHOH MOCKEJ0BaTeJALHOCTH TPYMII KOTO-
MOJIOTUHl, CBA3aHHOM C TOUHOH INOC/I€A0BAaTENbHOCTHIO NMYHKTA (C)
Teopemnl (14.6), noayuaem, YTO

r(HY(M,, 2(B,)))=H(M, 2(B,)p).

1
HOycre 1, = {t,u}, Tae ':kU::(tkU, SN T%U). Toraa 8 UV
MBI HMeeM

i i
o= 2 (&uv); v,
4



14, 'apmonuneckue Gopmsl @ paccAoesHosm npocTpancrsée 139

rae guv — QysxkuuH mepexoia paccaoenus B, Tak kak r —
snumMopdusM, TO Marpuua (tfw) MMeeT PaHT ¢ B KA 0K TOuKe 74).
PaccMoTpUM KOMIieKCHOe BeKTODHOe IpOCTpaHcTBO E, pasMep-
HOCTH S U TOJOXKHUM

tIU—_—(T}U, AU tiu), ce t’li]:('cfu, o 7).

1
Torna £, ..., {§,— nunHe#iHO He3aBUCHMbIE BEKTODPHl MPOCTPaH-

ctBa E; B kamnofl Touke 2 € U U no3TOMy ONpenelsioT g-Mep-

HOoe moanmpoctpanctso Ly (2) = Es. Tak Kak 1), noayyaloTcs

u3 QyHKuuH T/, MpUH TIOMOWIM JAWHEHHOTO NPEO6PA3OBAHUA, TO
Ly(@)=Ly(2) ana z€U NV. Takum 06pasoM, Mbl NOCTPOUIH
roromoppuoe orobpawenne f: M-—>G(s—1, ¢g— 1), onpe-
Aellentoe dopmyioh f (2) =Ly (2) aaa z € U. Henocpencrsenuo
BHUAHO, UYTO YyHHMBepCaibHOe paccaoenue Hag G(s—1, g—1)
MHAYUUPYeT NpU TOM O0TOOpaXKeHUH 3alaHHOE PacCjI0eHHOEe NMpo-
cTpaicTBo B wan M.

(14.7) (Haxano — Cepp). ITycms M—auze6paunecroe MHo-
2006pa3ue Ge3 ocobennocmeli, B— xomniexcrnoe sexmopuoe
paccaoennoe npocmpancmso Hao M, E-— paccacenue Ha
KomnaexcHoe npamsvie nad M, onpedesennoe cewenuem 2u-
nepnaockocmsio. Tozoa cyuecmsyem maxoe yeaoe N >0,
umo paccaoenue B QEN undyyupyemcs npu nexomopons
anasumuveckom omobpasicenun MmHoz000paszus M 8 nodxo-
dawee MHOo2000pa3ue I'paccMana YHUBEPCAAbHBLM BEKMOPHBLM
PACCACCHHBLM NPOCMPARCMBOM HAO HUM.

HokasatenabcTBO. MHoroo6pasue M cuabxeHo kele-
pOBOH MeTpukoH ds?, KOTOpas MHAyuMpyerTcsl CTaHLapTHO! Ke-
JAepOBOH MeTpUKOH B OOBeMIIoleM ero NPOeKTUBHOM NPOCTPaH-
cree P. Tlyctb @ — BHelHan ¢opMa, cBasaxHas ¢ ds?. [lokaxem
BHaua/je, YyTo — @ COZEPKUTCA B XapaKTepUCTUYECKOM KJjacce
cp (E). Paccnoennoe mnpoctpanctBo E aBaferca orpanuueHuem

Ha M paccroenus |e| wman P, onpeenseMoro rHIEPIIO-
ckoctbio. Ecmu €0, &, ..., ¥ — onHopoanbie KOOpauHaThi B P
u V,— o6nacTb, onpeseaseMas ycaosueM & == 0, 1o dyHKuuM
nepexona paccaoeHus Iel OTHOCHTEJABHO NOKPHITHA (V] uMeloT
BUA 1y, =EF/&/ (cm. cTp. 135). Onpesenny dyuxumo a; B V)
dopmynott a; = |& ]2/; | &% 2. OueBunno, a,=|h;,[2a;8V; NV,
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T. e. PYHKUMH 4; ONPelelsiOT IPMUTOBY METPHKY B paccioe-

HUU \e!. dopMa KpPUBH3HBI COOTBeTCTBYIOLIEH CBABHOCTH UMeeT
7 i 14 i

g — d’d” log a;, Tak uro Tnd’d logajEcR(\e]). dopwma,

CBA3aHHAA CO CTaHAApTHOH KesepOBOH MeTpux~ii 8 P, uMeer BUIL

Zlékp

Ak

o =L d'd" log
2%

(cu. ctp. 131). Bnawnr, —o€cy(fe]) u — Q€ cy(E).
Mepefinem k Aoxasarebersy TeopeMmet. [lIycth 2, € M. Pac-

ciaoeHre E uHAyuHHPYyeT paccaoeHHOe IIPOCTPaHCTBO Eozs;E

Haj Mozco_l(MO), rie o,— KBalpaTHiHOE NpeobpasoBaHie

R N .,
¢ meHTpoM B Touke 2, Ouesuawo, R =g R€cp(—Ey.

Myctb K (M,)—KaHOHHYECKOe PAacCI0eHHOe TPOCTPancTBo Han M.
PaccMoTpuM paccioeHHOe NPOCTPAHCTBO

T e N .
K (Mo) ®!p0( @ByKEy =F

Haa MHOrooGpasnem MO, rie PO:so—l(zO). CornacHo JeMMe,
NOCTATOMHO TOKA34aTh, YTO NP A0CTaTOYyHO Goapuwiom N U AJs
BCex 2,€E M B pacciroenuu F MOXHO BBeCTH TAaKYI0 IPMHTOBY
METPUKY, HYTO COOTBeTCTByWOMas Matpuua I ==(/,; g ) 0010~
HUTEJLHO OIpegeseHa BO BCeX TOUkax MHorooGpasus M.

CornacHo TteopeMe (14.6) (b), K(MO) =K +(m—1) {_P]
rge K — xanonugeckoe paccaoenue Hay M. OTciona creayer,
qTO F:A@(NEOvmﬂ), rae A:K—I@)B, ‘A:G;A.
[Ipu noxasatenncrse teopems (14.5) Oniia moctpoena gopma :(,
colepxamascd B KJjacce c;;( ﬁ’ﬂ ) Cranao GulTh, (popMa—NQ—
—m:{ﬂﬂ;epﬁ(HTCﬂ B Cp (NEO~mm ) B paccioennu NEO—
— m’POI CYWeCTBYeT TaKas 3PMMTOBA MeTPHUKA, YTO COOTBET-
CTByIOILAs el hOpMa KPHBH3HHI UMeeT BUa 75)

® = i (— NQ — m$) =T (NQ +-m?).

PaccMoTpuM xakyio-nuGyib SPMHTOBY MeTpHKY B paccioeHun A
1 0003HauHM yepe3 © COOTBETCTBYOILYIO eff POPMY KpPUBHIHHL.
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B paccioenHoM mpoctpaHcTBe A MOMXHO paccMarpuBath UHAY-
HUPOBAHHYIO apMuTOBy MeTany, COOTBETCTBYIOIAA PopMa KpH-

BU3Hb Gylaetr paBHa O at8. TIo 5pMUTOBBIM METPHUKAM,

OMpe e IeHHbIM B paCCJIOeHHbIX npocrpanctsax A u NE,— m | P, I
MOHO IOCTPOHUTL 3PMHTOBY METPUKY B F=AQ (NEO— m| P, ] )
OTy METPUKY MOXKHO Ompejeinth popMyioht (a,,) = a’(a;’q), rae

a’ u (a;’s) ONpeensioT MeTPUKY B NEO—mIPO[ ne A coor-

BeTCTBeHHO. COOTBeTCTBYIOWAs HOpMa KPUBU3HBI B paccioeHuu I
O6yner paBua (cM. crp. 103)

=614 ar
Ecm 0 = (aﬁ), TO
®aﬁ = a5+® : Baﬁ

Mycts 2€ M, n nyers &, ..., L™ — nokanbnas cucreMa Koop-
IMHAT B OKPEeCTHOCTH TOyku 2 Ha M. Torma Mb uMeeM

a3 - %R“B’jk vy A de,
O — é E wj di A dC,
ik

i,k
Ecin O, = Z Ry, jr 4 N dt*, 1o
Ik
kaﬁ je T Ra@, Jjk + " (Nm]k _}_m"\(]k) Oa’i

Marpuua (HT]., gr)» COOTBETCTBYIOILAS SPMUTOBOR MeTpuKe (a,),
onpeneJserca GopMyaoh

1’5/(’ zaﬁa ops jR T 2aBaRa“.,ik_f_“aBY(N(”fk_f_mTik):
= Hj, gp - magy (Noj, = my ),

rie HTfsBk:aEaﬁflR“Y’fk‘ HMoxkaxewm, uro Matputia (H.;, g)

HOJIOKUTENbHO ONpejiesleHa NMpHU JL0CTaToyno Ooabmux N.
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Mbl uMeeMm

) JEB oy g = ) ]26 o g gt

+aN X ot tgn T st

Q3.7 1pl iy
Y. 1By R rliRie

[Tpeanonoxum cuavana, uyro z € P,. Torpa Marpuua (@;,) Mmoo~
AHTRJBHO ONpeleNieHd, TaK Kak ¢opMa & cBs3aHa ¢ KelepoBOR
merpuko# Ha M. Ilostomy npu nmocrarouno OGouspuiom N
EHxi,Bk”u‘“Bk>O npu Beex (u,;) # 0. PaccMoTpum Teneph
cayyatt, korma z€ P, BroibepeM JoKaabHblE KOOPAHHATH TaK,
utoGr1 Py 3anasanoch ypassenuem {1 = 0. Toraa Ry, 5, = 0, =0,

ecan j > 1 wau & > 1, nockoavky ¢opMbl Oug HHIyUHpO-
B4Hbl HEKOTOpHIMY (POpMaMH Ha MHorooGpasuu M. Kpowme toro,
o > 0. 3uaunt, Hjp,==0, eciu j > 1w 2> 1, u

. 123 T o tyttoe = g Hy, bty gy -+

+“NBET“@1“’11”71 g - mm . 72] , CerTirtyg Bgee

Tax kak Marpuua (@) NOJOKHTENLHO ONpeleleHd, TO MOMKHO
BLIOpaTh Takoe GoJabwoe N, 4TO Zij, prllyj g > O LIS BCeX

(#y7), YLOBAETBOPSIOWHX ycn0BHIO (i) # 0. Ec e ;=0
4 BCeX 1 TO HWUMeeM

. ;25 , T anthyjthgn = mm 723 @y jthyg U
e Iy

V3 KOHCTPYKUMH (OpMEI 7 BUIHO, UYTO €€ OrpaHu4YeHHe Ha
Py — 310 hOpMa, CBA3AHHAA CO CTAHIAPTHOH KeNepOBOH MeTPHKOH
B NMPOEKTHBHOM mpocTpanctse P;. 3Hauwur, (1j8)j, &> 2 — mom0~
HUTEJIBHO ONpeje/eHHas MaTpulia M EHU., or Uyjligy >0 119
Bcex (u,;) # 0. Tem caMblM Haule yTBEpHKIeHHE AOKA3aHO.

Ilna 3aBeplleHUs JOKA3aTeNLCTBA TCOPEMBI OCTaeTCA MPOBECTH
CT4HIApTHOE PACCYXKIEHNe, HCNOJb3YIoUlee KOMIAKTHOCTb MHOTrO-

obpasutt M u M.



15.

Kozomonozun arzebpauneckux mrozo06pa3ui

[lycts M — KOMNAaKTHOe KOMIIEKCHOe MHOroo0pasue pa3Mep-
HOCTH m, a S — (m — 1)-MepHOe aHaJIUTUYECKOE MOJAMHOroolpa-
ane Oe3 ocoGenHoctet MuHorooOpasua M. Ilycts F — paccioe-
HHe HA KOMIeKcHble mpsaMble Han M ¢ ¢pyuxuuamu nepexona fpy
u Fyg — unIyuyuposaHHOe UM paccloeHue Haj MHorooGpasueMm S,

OGosnauunm yepes Q2P (F) my4yok pOCTKOB TroJOMOPdHLIX (OPM
crenenu p co suavenuaMd B F n uepes QF (Fg) ny4ox pocTKOB
rosomMopdHbux GopM cTeneHH p Ha S co 3HaudeHuamu B Fg. Mul
yKaxeM cefiuac ABe TOYHBIE NOCAELOBATENLHOCTH, CBA3LIBAIOLLHE
3TH H HEKOTOpble ApPYTHE MyuKH.

Ilycts S B okpectHoctn U onpenensercs ypasHeruem s, = 0.
Toraa S onpelensieT paccaOeHUE HA KOMIJIEKCHbIE HPsMble |S[

— 1 m__

¢ OQyHKUMAMH Mepexoia S, = Syfs,. Ilycts 27, ..., 23
TaKHe JIOKaJbHHle KOOPAMHATH B U, uTo noiaMHorooGpasue S
onpenensercs B U ypapHeHuem 2}, ==0.

Iycte 2€EM uw ¢ —ronoMopdHAS B OKPECTHOCTH TOUKH 2
¢dopMa co suauenusmu B . Torna ¢ sazaerca gopMyro#

(PU :lkgl ‘?Uil ip (Z)dzbl /\ . e /\dzlg +
+d2bA E Pui,...0 (Z)dz;}/\ A dzU’p.
lk>l P
Onpenemum JoKanbiyo POPMy ¢y, Ha S PaBEHCTBOM
. 14 — , . ; 2 dzil . dz ip,
bu ikz>1(‘PUll...tp( )S U/\ A &

rae fg o6osnagaer orpanndene ¢yuxuun f nHa S. ITonoxum
TaKxKe

b= i dzis A\ ... Adz e
Py ilg:lcpuu,...ip @)sdzg N\ .- Ndzy
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21

BUNV Mo umeeM ¢,=f, 0, u 2, =5,

) Q— 1 1 ;
dz,,=dz, s;, +2z,ds;, . Hia i>1 umeem

[MTostomy

m .
9zt 0z;;
det, = ¥ Y dzh 4 Va2
U r Py i Py
h=2 02V 02‘/

Otciona caenyer, uto ¢, =(f )9, [ycts r’ — orobpae-
Hue, mepesoisilee ¢, B 9. Otobpanenue r’ : QF (F)— QP (Fs)
HA3biBaeTCs onepamoposm sviiema Cesepu v, OHUEBHIHO, ABAACTCS
SIUMOPPUIMOM (ITOTOMY HTO M00YI0 TroJOMOPPHYI0 (YHKLHIO
Ha S MOKHO FOJNOMOP(HO MPOAOIKUTL B HEKOTOPYIO OKPECTHOCTb
Ha M, a 3TOTO JLOCTATOUHO, NMOCKOJbKY Mbl MMeEM Je]0 ¢ my4-

KOM poctkoB). Ilycts Q77 (F)— agpo romomop¢usma r’. Toraa
Mbl HMeeM TOHHYIO NOC/JAeLO0BATENbHOCTL IIYYKOB!

(A) 0 ->Q7(F) > Q' (F)"s Q°(Fg) 0.
Mycts ¢ € QP (F). Torma (9,)s = (dzy)s A 9y s roro,

110 (2)s = (Fuv)s (Pv)s 1 (d24)s = (Syv)s(d2y)s. crenyer,

"

4TO (‘Plzlj)s = (SE%/ fov)s (‘P&)s. 3HayuT, COOTRETCTBHE @y —> Py
ana ¢ € RP(F)  onpeneaser  romomopdusm 7 : Q77 (F) —

-»9”_1(1”3—}8]3); OH HA3biBAETCS OnNepamopom swviema
ITyanrape. OueBuano, r” - snuMopdusM. IieMeHt ¢ da1pa
roMomopduama r” umeer xosddUUMEHTH, Ldenasduidecs Ha z},,
v _ Sfuv ¢y

1 1
v Suv Pv

[losromy ¢opua ?

oy ronmomopdHa u 3Haqu_T,

U
¢ -

;%] € QF (F—\S}) flcHo, 4YTO yYMHOMeHHE  3JleMeHTa U3
U

QP(F——{S[) HA 2y ONpejeaseT MOHOMOPMM3M 3TOFO MyuKa

B Q7(F). TakuMm 06pasoM, Mbl UMeeM TOYHYIO NOC/eJOBATENb-
HOCTb
S o B —
B) 0> (F-—]|S])»2?(F) > (Fs—|S]s) 0.
Nyers w € H2 (M, R). YcaosuMces nucats u < 0 (cooTser-
ctBento # >0), ecan € H? (M, R) u cywecTByeT oTpHua-
TebHO (COOTBETCTBEHHO MOJOXKHUTENbHO) ONpele/eHHas SPMUTOBA
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¢dopma Ha M, ans KOTODOH cBs3aHHasa ¢ HeHt BHewHss dopma
NPUHALNEKHT KJIACCY U.

(15.1) Iycmps M — xomnakmuoe Kereposo MHO2006pa3ue
u F— paccaoenue Ha KomnaexcHele npamsie nad M, 0as

Kxomopozo ¢,(F)< 0. Tozda H(M, QP (F)) =00aa ptq>
>mA4-1. Ecau ¢, (F)>0, mo H'(M, Q"(F))=0 odan
PpHem—1.

HloxasareasctBo. [Iycts w— 3pMuroBa ¢opma, oTpu-
LlATeIbHO OMNpejdeseHHas M Takad, uyTO CBA3aHHA® C Helt BHeuI-
Hsisi GopMa mpeicTaBiaser ¢,(F). Torma — m— 5pMHTOBA MeT-
puka Ha M, SsBASIOLLARCA KeJEPOBOM, NOTOMY UTO CBs3aHHas
¢ He#t ¢QopMa npencTaBiaseT HEKOTOPHIY KJAACC KOroMoJaoruft u,
3HAYUT, 3aMKHyTa. B paccioenuu [ MOXKHO BBECTH TAKYIO CBA3-
HOCTb, 4TOOBl COOTBeTCTBYIOIAA ¢OpPMa KPHBU3HBI obnanana

CAeAYIOUM CBOUCTBOM: ~ gy O coBmanaer ¢ BHewiHe# dhopMoi,

CBAI3AHHOH ¢ —— = [ZAeficTBUTenbHO, moOyio ¢opmy tuma (1,1)
B KJacce ¢, (F) MOKHO peanu3oBaTh C NOMOLIBIO NOAXOMALIEH

CBABHOCTH, cM. Npumeuanne 75]. Toraa
1 1,
Lq:e(—%>cp MA@:ﬁL()fp

s moGotk Gopmbt o, B cuary (14.1), npocrpanctso HY (M, QF (F))
M30MOPHHO HPOCTPAHCTBY rapMOHMUeckuX dopm Ttunma (p, q) o
snayenuaMua B F. Ha crp. 127 ™Mbl Buaeau, yto ecanm ¢opma ¢
rapMoHuyHa, 10 —i (e (0) Ap, ©) > 0. [Mosromy —I (A, 1(0)) >0
win —2c(Ae, Ap)>0. Orcioaa caeayer, uro Ae=0, Tax
kak (¢, $) >0 nas moGo#r dopmer § = 0. B cuny Teopembl
(3.2), xoTopas, Ou4eBMIHO, CNpaBefauBa H 14 QOPM CO 3HAUE-
HusMH B F, min p-4-q > m—1 He cylecTByeT HeHyJeBbIX
NpUMATHUBHLIX dopM (T. e. ¢opM, s xkoTopuix Ag =0), u mep-
B4sl YACTh TeOpeMbl NOKA3aH4.

Bropas wacth caenyer u3 teopembl nAsofictBenHoctu Ceppa
(14.2), ec/iu 3aMeTUTD, YTO HEPABEHCTBA ¢, (F7) > Ouc,(—F)< 0
SKBMBAJIEHTHB, M TPUMEHHTL MEPBYI0 4acTb.

IMycts S — ananutndeckoe noamMHorooOpasue Oes ocofen-

HocTel pasMepHocTy m— 1 B M, u mycTh CR(F*m)> 0.
Torna us (15.1) crenyer, uTO Hq(M, Q7 (F—~|S[)):Oﬂm

10 Yxosne UlsH-msHbp
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p-+qg<m—1. lpumensia 3Ty xe Teopemy K MHOrooGpasuw S
¥ yunrhiBad, 4to dim S =m — 1, Mbl HMeeM Taxxe

H(S, @7 (Fs—|S]s)) =0 nansptg < m—1.

M3 TouyHoOH  NOCAENOBATeJLHOCTH (B) wMbn  nouayuaem
HI(M, QF(F))=0 nas p4-q < m— 1, notomy 4to rpymms,
CTosliMe CJeBa M CHpaBa OT 3TOR rpynmel B TOUHOH mocjejnosa-
TeJbHOCTH “KoroMoJjoru#f, ceasanuo#t ¢ (B), rtpusmanbuu. Eciu
MCIOAL30BATb 3TOT (AKT B TOYHOHR HOCAELOBATENILHOCTH KOTOMO-
qoruft, csa3anHo#t ¢ (A), TO moJyuaercss ClAelyoOIIHH pesynbTart:

(15.2) Iycme Cp (F—ﬂ) > 0. To2da omobpaxcerue
H'(M, Q" (F))—>H(S, @7 (Fs))

a8A5emCcst MOHOMOpPUIMOM 048 p-+qgm—1 u usomop-
gusmom 028 p+qg<m—2,

[Mycte M — anreGpanueckoe Muoroo6pasue 6e3 0coGeHHOCTER
B NpOeKTHBHOM mpoctpaHcrBe P. O603nHaunM uyepe3 7'(2) xaca-
TeabHOe MpOCTpaHcTBO K M B Touke 2z € M. IlycTb m — runep-
HJ0cKOCTh B mpocrpauctse P. Toraa z € © 1 M aBasercs ocoGoHt
TOUKO# MHOrooOpasus w=(1 M B TOM M TOJbKO B TOM Clyuae,
koraa T(z)cm. Ilyctb Q(2)— COBOKYMHOCTb BCeX TaKMX FH-
nepmiockoctedt w, uyro 7'(z)=x. Torna dimQ(z) =N —m—1,
rie N =dim P, m = dim M. 3uauur, dim( U Q(z)) =N—1.

2EM
Ecmt « € UQ(z), TO T HAa3bIBAeTCH THOCPIJIOCKOCTHI0 00ulero
ZEM

MOJIOKEHHUSI.

(15.3) Teopema Jlepweua. Hycmse M— csasnoe ax-
2efpaudecKoe MHO2000pA3Ue PA3MEPHOCMU M, BAONCEHHOEL
8 npoexmusnoe npocmpancmso P, u nycms S— cedenue
Mrozoobpasus M eunepnaockocmsio  05uwezo0 ROACIHCEHUS.
Tozoa zomomopgusm  saosenus H (M, C) — H” (S, C)
asasgemcs MoHomopduszmomn org r<m—1 u uzomopgpus-
mom 0ag rLm—2,

lokxasaTeasbcTBo. OueBUAHO, Mg m = | TeopeMa BepHa,
HOTOMY uTo Toria M — KpuBasi, S — KOHeYHOEe MHOXECTBO TO-
YeK M HYXHO TOJbKO NPOBEPHTb, YTO BJOXKEHHE HHIYUUPYET
MoHomopqm'sM B Pa3MepHOCTH 0. HoaTOMy LOMYyCTHM, YTO m> 2,
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Iycte S=nNM AL renepmiockoctn oOLIEr0 MOJOKEeHHS T,
Toraa S — MHorooGpasue. IloxkaxeM BHadyajge, YTO OHO CBA3HO.

PaccMoTpum paccinoenue | ﬁ[ Han P. Mut umeed ¢ (— f ﬁl )>0.
B camom lese, mpu HokasatenncTBe Teopemnt (14.7) OO 3a-
MeyeHO, 4TO BHeWHAs (OpMa, CBA3AHHAA CO CTAHAAPTHOH KeJe-

poso#t MeTpukod ma P, cojepxurcd B KJaacce cR(——!wI)

[Tyctb j — Bnomenne muoroo6pasus M s P. Torza j* mz l?[

OTKyId Cp, (—- [S_[ ) > 0. Iycth & — nyyox pocTKOB rosoMopd-

Hex  GyHkuu#t Ha M, Q¢ — orpanuuenne nyuka 2 Ha S,
a Q(—S)—nyuok poCTKOB rosoMopQuHX GyHKUUHA, obpa-
waowuxcds B O Ha S. Torza Mbl HMeeM TOUHYI MOCIEO0BA-
TeJbHOCTb NyYKOB

0>Q2(—8)>2>Q5—>0,
M3 mee ciaesyeT TOuHAs MOCJENOBATeNbHOCTD
HOYM, 2(—S8)) —>HY(M, Q) - HY(S, Q) >H (M, (—S)).
Jlerko mpoBeputb, uto RL(— )= (— m ). Tak kak m > 2

uoCp (—[Sf) >0, to us (15.1) caenyer, yro rpymnsl Ha KOH-
uax 3TOK nocjenoBaTeNbHOCTU TPHUBHAMbHEL. Tak xak M cBfsHO,
to HO(M, Q)= C. 3nauur, HO(S, Qs)==C, orkyna cieuyer,
YTO MHOrooGpasue S CBA3HO.

Has saBepulenus nokasaTelbctBa TeopeMul Jleduiena same-
THM, 4TO 00a MuorooGpasua M u S XelepoBbl U IO3TOMY U3
(9.5) crenyer, uto
H'(M,C)= X H*(M,Q°(0)), H'(S,C)= X HS,2"(0)),

pg=r pHa=r
rae 0 0o3HAuaeT TPUBMAILHOE PACC/IOEHHE HA KOMILICKCHBlE MpSi-
Mmble. T1OCKOMBKY Mbl HUMeeM

CR(O——I_S‘[-):CR(——-]_E—I)>O,
x cnaraempn H?(M, QP(0)) u H?(S, QF(0)) moxuo npume-
uuth (15.2), ¥ 10Ka3aTeNbCTBO 3aKOHYEHO 76),

(15.4) Bcsroe paccaoentie HQ KOMNAEKCHbE NpAMble HAO
anzebpauteckum Mmuozoobpasuem N onpedensemcs nexomo-
poim 0usu3opoi.

10*
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3aMeuanue. [IMBU30OD HA3LIBAETCH HEOCOOBLM NPOCHBLM
Ougu30pOM, ecim OH ABJISETCA AMBH3OPOM HEKOTODPOTO dHAMM-
THYECKOT0 NoaMHOroofbpasus 6e3 ocobenHocTefl. B xoHle 3TOro
naparpada OyneT yCTaHOBJAeHO O00Jiee CUIbHOE NpeladoXKeHHe
(15.7), cornacuo koropoMmy M060€e PACCAOEHHEe Ha KOMIJIEKCHblE
nApsAMbie Hald aareGpanyecKMM MHOTooOpd3HeM OIpenelseTcs pas-
HOCTBLIO [IBYX HeocoObIX NPOCTHX AuBH30poB. Teopema (15.4)
npelcTaBasieT MHTepeC TJaBHHIM oOpasoM Oaaronaps 6oJee 3Je-
MeHTapHOMY, 4YeM B (15.7), Meroay IOKasareibersa.

HoxaszartenbcTBo. [lycte S — ceuenne MHoroobpasus M
TUMEPTIIIOCKOCTBIO 0611ero moaoxenus, K — KaHOHMYeCKOe pac-
c1oeHde Hag M, ¥ nycth F -—npou3BOJbLHOE PAcCaOCHHE Ha
xoMnJexcHole npameié. [Monoxum F,=F 44 IS |, rae b — e-
KoTOpoe lenoe uncao. Mbl umeem Q7 (F,—K)s=0, TaK xax
dim § < m. ITostoMy Hu3 TOuHOH mOC/JeR0BaTeNbHOCTH (A) A9
p==m ¥ paccioenus F,—K creryer, 4To

m ~ Om
QU(F,—K)y=Q" (F,—K).

Torna u3 (B) moayuaeTcss cieayiouias TOuHas MOC/ELOBATENb-
HOCTb:
0—>Q"(F,_,—K)->Q"(F,—K)—> Q" (F,_, — K)s—>0

h-1 h h-1 N .
3Ta nocnea0BaTeJLHOCTb, B CBOIO OdYepelhb, [deT CASAYIOLIYIO
TOUHYIO MOC/eL0BATe/bHOCTD:

m m—1
HY (M, Q™ (F,—K))— HO(S, @™ 1 (F,_, —K)s) —
m
—H' (M, " (F,_,—K)).

Taxk xax cp(m)<0, TO
ey (Fyy—K)=cp(F—K)+(h— e, (| S])< 0

148 nocratouno 6oabuwux k. Torna H'(M, ™(F,_;—K)) =0,
B cuay (15.1). 3naunt, ans 1OCTATOYHO GOJBWIMX A OTO-
OpaxeHue

HY (M, @ (Fy—K)) > H(S, @77 (Fyy — K)s)
ABJIAETCH INMUMOP(PUIMOM.

JoxaxeM Temepb HHIYKUWEH [0 1, 4TO IPU ITOCTATOYHO
0oMblIKX h paccioeHHOe HPOCTPAHCTBO F, uMeeT HeHyneBoe
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roioMopdHoe ceyehue. Ecau 3T0 LOKA3aHO H ecau yKa3anHoe
ceueHne 3anaercs B okpecTHOcTH U rogsomopgHol Qynkuueit gy,
TO QYHKIHH & Onpenrensior TAKOR OMBU30pP, UTO CBA3AHHOE
C HEM paccaoenue cospnafgaer ¢ F,. Taxum oOpasoM, npu j0-
CTaToyHO OOJbWIMX A paccaoenne [, onpelensercs IUBH30DOM.

Tax kak |S| ompeleasercs auBU30POM, TO M caMo paccaoehue I
ONpEJeNseTCs HeKOTOPHIM JMBU3OPOM, YTO H TpPedOBAIOCH 10~
K434Th.

ITycth name yTeepxjeHue BepHO 117 MHOrooOpasudt pas-
MepHOCTH m-— 1, T. e.,, B 4acTHOCTH, aa3 S. Mu #MeeM

(Fpoy—K)s=(F —K)s+(h— 1)m5. QOueBuIHO, YTO I S ‘S=

:[S’l, rae S’ — ceuenve MHOroo6pasus S runepnaIoCKOCTHIO
06llero moJoXKeHust, 3HayuT,

(Fpg — K)g = [(F — K)g K’} 4 (h— 1) [ S| — K" =
=F' 4+ h—1)]S|—K,

rie K’ -—kaHoHuueckoe pacciloenue Hag S. Torza, B cuay
NPeNNIONOKEHHs] UHIYKIINY,

dimHO(S, Qm_l(Fh_1—“K)5):
—dim Ho(S, Q(F' 4-(h—1)]S'])) > 1

Iad  1OCTaTOuHo Ooablinx k. 3 nokasannoro Beuie caenyer,
uTO
dim HY(M, Q°(F,)) =dim HO(M, Q" (F,—K))> L.

TeM cambiM Halie yTBep:KJeHue LOKA3aHO A8 MHorooOpasus M.

Mpr mepelizeM ceftyac K JOKa3aTebCTBY JeMM, HYXKHBIX 15
yCTaHOBJeHNa ¢yHAaAMeHTaAbHOR TeopeMbl KoZauprl, xoTopas
IaeT HeoOXOJHUMble U JOCTATOYHLIE YCJAOBHA aarefpaudHoCcTH
KOMIAKTHOTO KOMILIEKCHOTO MHOT000pasus.

Aemma 1. ITycms M — Komnaxmunoe KOMNACKCHOE MHO-
2000pasue. To2da na M cywecmsyem maxas seu,ecmsennas
gopra 1,<<0 muna (1, 1), wmo ecau F— paccaoerue na
KoMmnAeKcHbe npaumsie nHad M, yoossemsopsiowee YCAOBUIO

cp(F) <7y mo 0am scex pE€M paccaoenue F—ﬁﬂ Hao
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. -1 . N )
M=c," (M), 20e F=0,F, uneem ompuyameisusii xapax-
mepucmuseckul Kracc.

HokasaTeancTBO. PaccMoTpum Ha MHOrooGpasun M—{p}
¢dopmy T:—Qi—nd’d”cp, onpenenennyo Ha ctp. [32. CyuecrByer
takas Qopma 7, <0, uro y,— 7 < 0 Bciony Ha M — [p}. Mu
uMeeM GpTO_G;T < 0 na M—P. Kak Mbl BHICNH NpH 1OKa-
3aresncTBe TeopeMsl (14.5), ¢dopma GZT OpopO/KAETCH: B AUP-
¢depeHnanbiyo GopMy T Ha BceM M. ITpu stoM ~( COBNajaaer
Ha P ¢ BHeuine#f ¢opMO#, CBA3AHHOH CO CTAHAAPTHOH Kenepo-
BO# Metrpuko#t B P, T. e. orpanuvetie dhopMeI T Ha P nono-
xuteapro. OTCI0La M M3, TOrO, 4T0 2o Ha P — nynesas ¢popma,

cleflyeT, uTo o 70—7 < 0 sciogy Ha M. [Nlanee, ua crp. 133

10Ka3aHo, uto | € p ( | P I )-

Iyctb Tenepp © € ¢, (F) n (:_&(_F)<~(0. Torna u::a;w €cp (F)
M. mosTOMY ©o— 1€, (F—|P|). Haree, ecmu o<y, 10
o — T < GpTO *( < 0. Tem caMbIM CyL[eCTBOBaHHe Hy)KHoifl
DOPMBI [10KA3aHO 15 KBAAPATHUHOTO MpeoGpPa3OBAHHS B GHKCH-
poBaHHOH Touke p. OOWHK pe3dybTaT MOJMyuUdeTCs OTCIOAA € MO-

MOLIbI0 CTAHAAPTHOIO paccyxiaenus, HCMOJIL3YIOLIEr0 KOMIAKT-
HOCTb MHOroOOpasus M.

Jlemma 2. MMyems p, qEM u p=q. Horoocun /VI—
a—n5—1s—1 — =11 I e | —— s-1
=o lart (M) =0 1s 1 (M), Ppmcp o (p)u Py=o,lo- L.
Ilyems v, — gpopma, cywecmsosanue KOMOPOd doxasano
8 nemme 1. Ecau cR(F) codepocum gopuy 1 < 21, mo 0as

A1060x p#=q up, g€ M paccaoenue F —prI ~|qu umeem
ompuyamensHvll xapaxkmepucmudecKui Kaiacc.

JloxasareJbCTBO STOH JeMMbl aHAaJOTUYHO JOKA3aTeNbCTBY
JIEMMBLI 1, H l'lOSTOMy MBI €ro onycxaeM.

(15.5) (Komaupa [21}) Komnaxmuoe xoMRAEKCHOE MHOZO-
00pa3ue moz20a U MOAbKO M020Q SBASEMCS QA2ECPAULECKUM
MHOZOOOPA3UEM, KO20Q ORO npedcmasifem co60id MH02000Pa-
3ue Xoodokca.
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HoxasartedbcTBo. Kak nokasbsaeT ciaenctsue us (5.1),
BCsIKOe anareGpanyeckoe MHOroo6pasue sBJIAETCA MHOrOoGpasueM
Xonxa. IToxaxem oOpatnoe. M3BecTHO, YTO BCfKOE KOMHAKTHOE
KOMIMeKCHOe MOoAMHOrooOpasue Oe3 0COGeHHOCTeH B KOMIJIEKC-
HOM INPOEKTHBHOM NPOCTPAHCTBE fABJAAETCS alreOpaHyecKuM MHO-
rooGpasuem 19). TlosToMy noctaTouHo LOKasatb, 4to ecad M —
KOMIaKTHOe MHorooGpasue XoJKa, TO CYyLIECTBYeT B3AUMHO
OJLHO3HAYHOE H B3aUMHO aHAJIMTHYECKOE BJOKEeHHe MHOrooGpasus
M B NPOEKTHBHOE MPOCTPAHCTBO P

[lycte ® — ¢opma, cBasaHHas ¢ Merpuxkod Xomxa wa M.
BosbmeM dopMy 7, cyiuecTBOBaHUE KOTOPOH 10Ka3aHO B JeMMe I,
u BuiGepeM Ttakoe uenoe f1; < 0, uro Aw <7y, (TaKoe A, cyuie-
CTByeT, NOTOMY uTo @ > 0). Toraa A,® — nenouucnennas popma
tuna (1, 1), IostoMy Hax M cyluecTByeT paccioedde Ha Hps-
mpie  Fy,  pas xoroporo o €cp(Fy). Tlyers x€c (K) n
t=(m-£) o —+x, rie £ — yeaoe yuciao > 2, Koropoe Oyaer
onpeneieHo no3dxe, IlycTs F — takoe paccioeHue HA KOMIJEKC-
Hbie NpAMBE, YTO CyLIeCTByeT ¢opma "(EL‘R(F), YIOBJETBOPAIO-
mas HepaseHCTBY 1 < 7. OGosHauum uepes ¢, ..., ¢¢ Hexoro-
puiit Oazuc mpocrpauctsa HO(M, Q(F)). IloxameM, 4T0 OTO-
Opamenne ¢g: X —>(¢(x), ..., 9?(x)) dABaserca peryaapHLIM
4HAMUTHYECKHM BJOKeHHeM MHOrooGpasus M B P,

[MokaxeM CcHauana, 4YTO BCe ¢/ (p) He MOryT OJHOBPEMEHHO
obpawatecs B 0. TlpumMenuM xBajparuuHoe npeoOpasoBanue
C LEHTPOM B p H TOJIOKUM Eh:ﬁ‘——hlP . Myukr (c) Teo-
peMbl (14.6) naer HaM TOYHYIO MOCJENOBATENBHOCTD

0 > Q(Epy) = 2E) > QE,—0,

rie [— yMHOXEHHE HA JIOK4JIbHOE YpaBHEHHE NOAMHOro0Gpa-
sus P, a r-—orpannvenwe wua P. Tax kak (E)),=

—F,—h|P|,=h|e]
TeJbHOCTH
0> HY M, Q(E,,,) = H(M, QE))>

—>H(P, 2(]e])) > H' (M, Q(E,,)).
Hanee, H'(M, @ (E,,.))=H"(M, Q™ (E,, — K (M)). Us (15.1)
BULHO, 4TO el Cp (Eyyy —K (M)) < 0, To HY(M, @ (E,41))==0

, TO Mbl HOJy4YdeM TOUYHYIO IOCAe0Ba~-
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M, 3HAUUT, 7* B TOYHOH MOC/IENOBATEJIbHOCTH ABJASETCS SMIMOP-
¢usMoM. Ho, coraacHo yreepkaeHvio (b) uz teopemnl (14.6),

K (M)=3"K -+ (m-—1)| P |. Tlostomy
Epir— KW =F — 4+ 1)[P]—sK —(m—1)|P|=

=— (h4+-m)|[P|+F— oK = (h+m)(F, —[P]) +
+F —5K —(h—+m)F,.

CoraacHo Jnemme [, cR(Fl—m)<0. Bropo#t unen B 3TO#
dopMmyse pasen s°F/, rne cR(F’) Colep:UT PopMy

{—r—Mh+mho=y—<+4+({—h) o

3Hauut, ecau BeiOpats A u £ Ttak, yrobe —m <L h £, TO
CpEppy —K(M)) <O ur*—smumopdpuam. llpu h=0un h=1
(3TM 3HaueHWs A JONYCTUMBI, TaK Kaxk f > 2), Mbl mojaydaeM

CMeAYIOIMe TOUHBlE TMOC/IENOBATENbHOCTH, B KOTOPHX 0603HA-
yeno I'(E)y=H'(M, Q(E)):

0 T (E)) T (Ep) -> HO(P, 2)->0,
0T (E,) ~>T(E)—>H (P, 2([e])) 0.

.
Tax xak P KOMIDAKTHO, TO eMHCTBEHHBIMH I'OJIOMOPMHBIMH BYHK-
unsMi Ha P gBasioTcs KoHcraHTel d nostoMy HO(P, @)=C.
Kaxnas onuopolnHas xoopiauHata B P onpelenser 9JeMeHT NpPO-

crpancrBa O (P, 9(]61)) 3Hayur, pasMepHOCTh 3TOrO HPO-
CTpaHcTBAa > m. JlokameM, YTO OHA pasHa m, C MOMOUIBIO HH-
IyKUMM NO- pasMepHOCTH MuorooGpasus P. Ilycte e/ — runep-
NJIOCKOCThL B P, Haxoxswascs B ofuweM Hojoxenuu ¢ e. Toraa
u3 ToyHOH nocaenosateabHoctd (A) Ha crp. 144 Mul moayuaeM
TOYHYI0 HOC/eL0BATELHOCTD

0> ([er')>2(e'])>a([er],) >0,
a u3 nocjaenoBatedpHocT! (B) Ha cTp. 144 Mul BHAMM, UTO

2O =e=2a([e[—[e])=e (Je])
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HOTOMY 4TO 9’(|e’ |—|e|)e:0. Orciona noJyyaeTcss TOYHas
noCAe 0BATENbHOCTL

0> HUP, @)—>H (P, 2 ([e]))>H(e, 2([er]))
npuyeM nocleaHult Hyap oObscHaetcs TeM, uro dim H1(P, Q)=—

0,1 7
=h" =0. Paccroenue ’e’ (e onpeneasercs cedyeHueM MHOTO-
00pasna e Tunepmaockoctsio. [To3TOMYy, B culy mpeamosoxeHus

MHIyKUMH, dim Ho(e, Q(We)\):m— [. Orciona
dimHO(P, Q(M)):m

BO3BpaTl/lMCﬂ Tenep, K TOUYHBIM NOCJAENOBATENbHOCTAM, IOJY-

YeHHbIM Ha crp. 192, Ilycts me+l RN q)d——ﬁasuc APOCTPAH-
cra I'(E,). Toria B npocTpaHCTBe I‘(El) MOYXHO Ha#iTH Gasuc,
CoCTOMUME M3 9/EeMEHTOB q»‘, UK i*me+l, ce i*Lpd 1 TaKOH,

uro ¢’ (=1, ..., m) COCTaBIAOT CHUCTEMY OAHOPOLHBIX
xoopaunar Ha P. Janee, Mpl nonydaeM 6asuc npocrpanctea I' (E),
cocroswut w3 saementos 40, KV, L., Y7, S L R,
npuuem Y%= 1. Coraacuo yTBep)K,lleHl/l}O (d) Teopebe (14 6),
" nsomopduo orobpawaer I'(F) wa I'(E;). Onpeneaum sie-
mentel ¢/ € I'(F) dopmynot a*o/ =n/, rae h=1 naa j=0,
=10 g 1< j<mu =i ps m—+1<Lj<Ld. Toraa
P @)=r"4%(a) nna a € P u nostoMy ¢%(p)=1. Tem cambm
NOK43aHO, yTO He BCe ¢/ (p) paBHbl 0.

[MonoOHbIM Ke 0Opa3OM, MCHO/AB3YS JEMMy 2, MOXHO JAOK4-
3aTh, UTO OTOGPAKEHUE ¢, B3ANMHO OAHO3HAYHO. OCTaeTCa TOMBKO
MOKAa3aTh, YTO ero PAHr BCIOAY PaBeH M.

Ecau BoifpaTh cedeHHs of Tak, KAK ONHMCAHO BHIE, TO, Kak
MB 3HaeM, o?(p) =+ 0. [TosToMy, ecin MOJOKHTH 5% = %/ 10O

£ (@=1, ..., d) 6yayT HEOMHOPOIHBIMA KOODAUHATAMH B OKpe-
CTHOCTH TOUKH @ (p). TMokaxeM, 4TO
a(gl, ..., 8™

T A B
Mycrs {U, V, ...} — OTKpLITOE NOKpPLITHE MHOr0OGpPass
Q= {(2. w)|Z/wk—2*w/ =0}, n nycts sz = 0 — n0KamHoe
ypaBHenue MuorooOpasus P. HycTb q)';}—xooplmﬂam no CJoio

s cevenus " B U (a=1, ..., m). Tax xak ¢* — roaoMopo-
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Has GYHKUMA CO 3HaueHWAMM B paccioenun F —|P/|, koropoe

B OKpEeCTHOCTH MHOrooOpasus P cosmamaer ¢ —|P|, 1o My

o o [ B
uMeeM Gy :np‘;so/s[/. PyHxuuu (npl}/np[])}) ABJISIOTCA HEOAHO-
pOIHBIMH KOOpIMHAaTAMU B P, M, 3HAYNT, MOKHO CYHTATb, UTO
o cosnajawT ¢ w*/wl. Eciu ¢ €U, TO 119 HeKOTOPOro o

MBI MIMeeM q)g (é) +#+ 0. llpeanonoxum, 4TO npl}/ ((i) =+ 0. Tlono-

UM CB:L]JS/LP;] a2 L BLmu st :squ)g‘. Toraa s!, §2, ...
..., (" —ronoMopdHEe (BYHKLMM B OKPECTHOCTH TOYKH ¢. Tlo-
ckonbky Ss!'==0-— noxanbhoe ypasHenue Aas P (B OKPECTHOCTH
Toukn ¢), a &, .... U™ — nokanbHbie KOOpAMHATH HA P, 9TH
dyHKUMM 00pasyioT JOKANLHYIO CHCTEMY KOODJAMHAT B OKpeECT-
HOCTH TOUKM ¢. Jlalee, B OKPECTHOCTH TOYKH § MBI HMeeM

1 o
¢lo=1s50p =S8, o=sp0, =5 nmm 2LoaLm.

3uaunt, o* (do!) =ds' n o*(d¢*) = dsl{* 4-s1dl*. Orciona
F(APIN ... A dom)y = ()" TASI AN ... AdC™

Mbr umeem w!'=£0 B cf, TdK Kax q); +0 B z} [Tonoxum
v = w*w! 1an 2 Lo m. Toraa 2!, %, ..., v™ o6Gpasy0oT
NOKANbHYIO CHCTEMY KOOPAMHAT B OKPECTHOCTH TOYKM g u Ja0-
KaJNbHOe ypaBHeHue MHorooOpasus P umeer sup 2!=0. Tak
Kak 2% = zlo*/w! = zlv*, 1o

d2IA ... AN dem= )" dAN det A ... A dom.

Hostomy
A, L EM] 0, 9™
(24 ..., 2™, 0, ... &™) p—‘
s\ la(s e oL )
‘*(;) oz, vt...,v™) 21#0.

[TocienHee HepaBEHCTBO MMeeT MeCTO MOTOMY, UTO s!/2! He o0pa-
waercs B 0 Kak OTHOINEHHE JIOKA/bHBLIX YPaBHEHHH MHOrooGpa-
sus P, a Bropo#l comHOxuTe b, He ofpawiaerca B O kak ¢yHk-
LMOHA/LHBIR ONpefe/UTeNb A ABYX CHCTEM KOOPAMHAT. 3HAUHT,
0TOOpaxeHue @ HMEET paHr m.
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(15.6) ITycms M — komnarwmnoe mnozoo6pasue Xodoca.
Toz0a na M cywecmsyem maxas cewecmsennes Gopme
10 <0 muna (1, 1), 4mo ecau paccroentie Ha KOMRACKCHbLE
npamvie F y0o8aemsopsem YCcA08UIO ep(FY<1vp mo F= I S|,
20e S — neocoGuii npocmoti Oususop.

HoxkasarteabctBo. BeibepeM opMy 7, TakuM 00pa3om,
4yTOOBl M3 HepaBeHCTBA cR(F) < Yo BBITEKAJO, YTO ¢ — dHAIU-
THYECKOE BJ/OMeHue MHorooOpasus M B P, [cyuecTBOBaHHE
Tako# ¢opMbl Y, BUIHO H3 JOKasaTedncTBa Teopemst (15.5)].
[TokaxeM, uro TOrma F:ap;( I e‘), rjae e -— TMINepHIoCKOCTh
B P,

0 1 -

Oyers T, €, ..., ¢? — OJIHOPOJHBE KOOpAUHATH B P, u

nyets W, = {L€P,|t*+ 0}. Torma |e| onmpenensercs dymx-
3

uuaMH  nepexona f,a==U'(5". BriGepeM oTKpHTOE NOKpbITHE

{U, V, ...} muorooGpasus M, BOucAHHOE B MOKPHITHE {cp;lWa}.

Toraa ¢ (U)W, ) ana vexoroporo a (U). 3uauur, ecin 2 € U,

10 9%{Y)(2) # 0. dynkuun nepexona paccioeHus cp*F( m ) nmeror

BUI :
a (V)

v o (V o
g =S (P?j( ) — fu . (PV( : = f ——?V(V) ] f ——fV
uv <P;tj(U) cP!{t/(V) (POLLI(U) uv QP'ZI(U) 7474 fU

rne  f,y, — Oynkumn nepexona paccaoenus Fou f=¢3 (V).

HsMenenne ¢ynxkuuit nepexona pacciaoenus 7 Ha QyHKuuu fU

JaeT HaM B3KBHBajJeHTHOe paccioende. Ilockoabky nOpuH  5TOM
N *

HOJYyHalTCs: (PYyHKUMH Nepexoia AJs @F(le’) M MOCKOJbKY

MOxHO BHGpaTh e B OGuleM MOJOKEHHH OTHOCHTEbHO ¢ (M),

TeopeMa I0Ka3aHa.

(15.7) (Beptunu) Kaowdoe paccaoenue HQ KOMHACKCHbLE
npamvie F Had aazebpaudeckum muozoobpasuem M moocro
sanucams 6 sude F=|S' —S8"|, 20e S’ u S"—neocoGue
npocmste Ousu3opbL.

HoxkasateabcTBoO. [lycTh e — ceuenne muoroo6pasus M

THAEPIIOCKOCTHIO. ‘Toraa Cr (m ) < 0. Bribepem Takyio GopMy
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To» KaK B TeopeMe (15.6), 1 TakOe nOJI0KHTEAbHOE LEI0e YUCIO A,
uytoOH ¢ (F—}—h]e1)<~(0 uep, (h, e})<TO.TomaF+/z)eJ~—

__}S’} ok Ie]—‘S”
AuBU30pBl. Mbl uMeeM -
F:(S/I-—-‘(S"l,

rie 8" n S” — Heocobrle NpPOCTHIE

1 TeopeMa AO0Ka3aHa.

16.

Pod Todda™

Mpl BHauase H3J0XKHUM HEKOTODbE BCHOMOTATe/bHbIE ajre-

OpanuecKHe HOHATHSA.
Nycte ' — xoMmyTatusHoe KoabuO ¢ edunuuet. Paccmo-
TPHM KOJBLO BCEX MHOTOYAGHOB OT Py, g ... C KO3(dUUHEH-

tamu u3 I'. Becou opmounena pip; -+ P; YCIOBHMCH Ha3bI-
1 3 7

BaTh UHCAO Y j,.
F=1
[IpennoaomuM, H4TO p;f CBA3AHBL C p; U p;. G=12 ...

TakuM 00pa3oM, UYTO MMeeT MeCTO cJaelyioulee dopManpHoe To-
HAECTBO!

(A) 1+ plz+ppe®+ ... =
= +pz-t+p2+ .. (1 +piz+p22+ ..
MocaenorateabHocts {K;(py, - . )} (j==0, 1, 2, ...), rue

K; — oaHopoanb#t MHOrOYaeH Beca J, HAasbBAETCH MYyAbMU-
n/mxamugnou nocaedosameaviocmsio, eciau u3 (A) ciaenyer, uto

i;;Kj(p;', p'j')zfz
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Ycaosumcs pag zK (Pys - .» pj)# oBo3Hayaty uepes K (14~

2
+ piz 4 py2 + ..). OueBuaHO, YTO MOCTENOBATENBHOCTD (K ;)
ABJIAECTCA MyJ'[bTHHJIl/IKaTI/IBHO‘H nocae10BareJbHOCTLI0 TOraga H
TOJbKO TOTAQ, KOTIa )

K(p@@) K@ (2))=K(p (@) p' (@)

rie p(2) 1 p’(z) — npouaBobHbBIE POpPMabHEle CTelleHHble PALDI
¢ xosddunmentamu u3 I'.

[To0%uM Q(z):K(1+z):§ K,(1,0,..., 0)2.
iTo

Jlemma. Omobpascenune (K;} —>Q(2) asanemes 83aumno
00HO3HAYHbLM COOMBEMCIMEUCHM HEHCOY MYAbMUNAUKAMUEHL MU
nOCAe008AMENBHOCMAMY L BHOPMAABHIMY CMENEHHBMU DS~
danu nao I

HoxasateancTBoO. [TokameMm, uto mo Q(z) OAHO3HAYHO
onpejesercs MyJbTHIIMKATHBHAA  IOCJEJ0BaTENbHOCTD {Kj}.
Hanuuem cdopMaibHoe pasnoxeHue

l4+az+ ... Faz" =1 4o2) ... (1 +a,2).

Mpr umeem K (1 +2.2)=0Q (2,2). H3 My bTUNINKATUBHOCTH
nocienoBate pHocTH (K} clenyer, uTo

EQ(aLZ):HK(I +a12):K(I:];(1 _+_alz)>:

=K(l+4az+ ... +amzm):%ij(a1, ce ),
Jj=

npuueM Kj, (@, ..., @,) AeHCTBUTENbHO ABAAIOTCS MHOrOuJIE-
HaMH OT 4@y, ..., Q,, TAK KaK BBIPAXeHHe, CTOdllee B JeBOH
YacTH, CHMMETPUYHO mo %, (i=1, ..., m). Jlerko BHIETH, 4TO
K, ne 3asucut ot m npu j < m. Otcioda sacno, 410 K; oaxo-
3HauHO onpejensiores popmynot K; = K, npu j < m. Tocaen-
Hee MOXHO ellle cHOPMYAHPOBATH CJIEIly}OLLLl/IM obpasom. Ilycto ¢,
W {; CBA3@8HBI COOTHOLIEHHEM

Itz ... Fezm =1+ 12) ... (1 +71,2).

Torna
K,(c, .., cm):Hm<’I:IlQ(Tk)) .
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v

rne H, 0003HauaeT COBOKYNHOCTb UJIEHOB Beca M B JAaHHOM
BHIPAKEHUHU. .
Mpumeps. 1. Hyctp

QR)=— sy =1+ o+ 4.

COOTBQTCTBy}OI_U.aﬂ MyJbTUNITHUKATUBHAS MOCAE10BATE/ILHOCTD 060~

snayaetca uepes ({7;}, u wmuorowaens T HasblBa}OTCﬂ MHO20-

yaenanu Todda. OueBUaHo, 1_.1a1, T, = 2(a1+a2)

1
T, =550 u T. L. Ecmm M-—-xoMniexcioe MuorooGpasue

pasmepHocTd m u Cy, , C,, — ero xapakTepHCTHUECKHe KJIACCH,
o T,(C,, .. C )EHZ’" (M, R). 3uaveHne 3TOr0o KJacca
Ha OCHOBHOM unme MHorooGpasus M HaswBaeTcs podon
Todoa wmuorooOpasuss M u oOo3uauaerca dyepes T(M). Hs
My b THILTHKATHBHOCTH  TOoCAefoBateabHoctn {73} creayer, uto
TMXN)Y=T(M)-T(N). B camom pneie, ecau f(V)— pac-
CMI0eHHOe TIPOCTPAHCTBO KACATeNbHBIX BEKTOPOB Hal KOMIIEKCHBIM
MHorooGpasueM V, To, Kak Jerko npoBepHTth, £ (M X N) skBu-
BaleHTHO cyMMe Yuthu £(M)@B¢(N). Tlostomy wus (13.3)
clellyeT, UTO XapakTepucTHueckue kijaaccel C, C’/, C” MmHOroo6-
pasuit M X N, M, N COOTBETCTBEHHO CBA3aHbl COOTHOLIECHHEM
c=C'.C".

2. Hycmp @/ (2) = Vazih Yz CooTBeTCTBYIOLIAS MyJIbTHIIN-
K4THUBHAs NOC/AENOBATENLHOCT OBo3nauaercs uepes {L;}, wu
MHOT OYJIEHBI Lj HasbiBaloTcs  L- MHOPO‘{JIeHaMl/I Ouesuixo,

1
Ly = 3 P 2‘“45(7172 Pl) Ly=o—=— 3. 5 7 (62173 13p2p1+2p1)
n T. 4. IlycTb M — OpUEHTHpPOBAHHOE KOMHAKTHOe 4k-MepHOe
MHOroOGpasue kmaacca C™. TloacTaBuM B MuorowreH L, kaacchl
[Tourpsruna py, ..., p, MHoroo6pasus M 7). Torna snayenue
MONYYEeHHOr 0 KJacca KOTOMOJOTru# Ha OCHOBHOM HUKJEe MHOTO-
o6pasus M pasHO MHAEKCY 3TOro MHOrooGpasust ),

3. Ecam Q(e)=1+42, 10 K (p))=py, ..., K;(py,

., pjy=p;. Oyct Cy, ..., C, — XapaKTEPHCTUYECKUE KIACCH
KOMNAKTHOTO KOMIJEKCHOTO MHOrooOpasus M. Torna snaueHue
kaacca K, (C,, ..., C,)=0C,, Ha OCHOBHOM LMK/ PABHO XaPaK-
Tepuctuke O#nepa— [lyankape MHorooOpasus M [cM. (13.6)].

PaccMOTpHM KOMIIEKCHOE HPOEKTUBHOE NPOCTPaHcTBO P,.
Kax mokasaHo Ha crp. 120, ero XapakTepHCTHUecKu# KJacc
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C=C,-+...4C, noayuaercs npu NoACTaHOBKE z = £ B MHOTO-
uned (1 -+2)m*1, rge E— xaacc KOroMoJaorull, OTBevaoui
CTaHapTHOH Keneposoft Merpuke. Jlaa moOo#t MyJbTHmIMKA-
THBHOHM TOC/IeJOBATeNbHOCTH K Mbl HMeeM

K((14=2y"") = (K (1 4-2) y"*1 == Q (zy™*1.
Hanee, sHauenne xgaacca E™ HAa OCHOBHOM IMKJe Pm pas-
Ho 1. Buauunr, pon-T(P,) pased ko3(Quunenty npiu 2™ B paie
2mL

Q (&)™t = (— 1)ym+1 Ty

Ins Boluucaenuss kosdduimeHta NpU 2™ HANO Pa3Ae]UTbh 3TY
¢yHKuMIO HAa 27™*! u HalTh BeiueT B Hauasne xoopauuar. Cue-
JOBATENbHO,
—)yntide (—1)’”
TP,y = [¢ f
Pr) 2l ) (e F—1yn+i t(t—l)’”+1

=1,

rae 77— eNHHHYHAd OKPYXHOCTb H THe TpeTI/IH YjeH MOJy4eH
U3 BTOPOr0 € TOMOWIbIO MOACTAHOBKH f==e % Mmn MoxeM
oxapaxkTepusoBath @ (z) Kak eIVHCTBEHHHI! DAL, MOPONKIAOLIMA
TAKyl0 MyJbTHIJIMKATUBHYIO NOC/AELOBATENbHOCTb, YTO OTBEYaAlO-~
wutt eff pon paBen 1 pas Bcex MuorooGpasu#t P,. B camom
JeJe, XaK HeTpyJHO NOKa3aTb N0 MHIYKUME, psn Q(2) onno-
3HAYHO ONPEAeNAETCA TeM YCJIOBHEM, YTO KO3(duuuent npu 2™
B (Q(2))™*! pasen 1. .
2k 41
AHanoruyHo MOMXHC [H0Ka3aTh, UTO €C/H p,:( / ),

10 L,=1 u Q'(2)-— enuucTseHuuft nopoxiaaiownui pag, o0.1a-
LAOUWIUK 3THM CBOWCTBOM.
Ina Toro 4yroOb paccMaTpuBaTh 3TH TPH NpUMeEpa OJLHO-
BPEMEHHO, TO/IOXKHM
—z(lyes? () z2(y41)
Q(y, 2) = -+ = +z.

e—Z (1+y) 1 ez (Y+1) 1

Torna Q(0, 2)=Q(2) npumepa 1, Q(l, 2)=2z/thz=Q' (2%
npumepa 2 1 Q(—1, 2)=1-42— pan Q npumepa 3. [lazee,
Q(y, 2)—crenmeHHO#t pag OT 2 Hal KOJbLOM MHOrOY/JEHOB OT Y
¢ paudoHadbHBIMM KO3 ¢uuHeHTamu. [Toatomy pary Q(y, 2)
OTBEYAET HEKOTOPas MyJbTHIVIHKATUBHAA I10CIENOBATENbHO . b
{Ty(y; ¢, ..., c;)} Ham STMM KOJbLOM MHOTO4JeHOB. Jlerko
BHIETb, 4YTO Tj(y, €1y -+, €;)—— MHOTOWIEH CTemeHu j OT Y.
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3Ha'~ll/lT, MBI MOXKEM HANucaTh

m
Q
T, (v ¢pv o ves cm):pio Thicy oy c) .
Mbi nMeeM
1 y
ol )= -
—~yz2 {(1+—
e ( y)—1
_ —z2(+y) _ .
= iy A= —2)
Otciona cienyer, yto
1
yme(?; P cm):(——l)me(y; Cir v v Caps
a TaKxe 4TO
Thicy, vy ¢)=(—D"Tn P(cy, ..., ¢,
B nanbhefiiieM Ham noHaaoOuTCs (QOpPMYyna, BbIPAKAKILAL
Muorowen Th (cy, ..., ¢,) uepes JMHeHHble MHOXHTEMH 7,

3/IEMEHTAPHBIMH CHMMETPUYECKUMH (YHKLMAMU OT KOTOPBIX $B-
JAIOTCA  ¢;. ITO 3HAYUT, 4YTO 7v; GOPMATLHO ONPeneNAnTCA
PaBeHCTBOM

Itett . Hepm=JL0+1.

Mbl yTBepxjaeMm, 4TO
m

Thicy, ..., cm):Hm[E e”(*f{‘“"“f,,)H_;L ,

ot e i1

m
npuyYeM CYMMHDOBAaHHe B IIPaBOfi 4aCTH BeAeTCS IO BCeM (p)
coueranusm OykB 7; a uepes H,, 3mecb u B JajibHeluewm
0603HauaeTCs uJeH Beca M B JAHHOM BBRIPAXEHHI.

Tokaxem 31y Qopmyay. g 3TOro 00603HauuM uepes 1o,
€e IIpaByl0 4acTb. Torzaa

Y~ — s
FP P iy A |
21), my = H, [ || (I4-ye ) e_h__l}

(I+y)1;

_ 14 ye ~ (47
= H, [H 14y 'e—(1+y)71__1jl'
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Bropoe paBeHCTBO MOJyYaeTcd, eCad 3aMeHuTb 7; Ha (1 4-y) 7,
u pasfemutb Ha (14-y)™. Mpb BrpaBe 3TO AenaTh, TaK Kak
BbluMC/IsfleM uflleH Beca m. B mociennem nmpousseseHun i~ MHO-
HUTeJb, KAK Nerko BuieTh, paseH Q(y, 1;). [Tosromy

,,EO o p=Hm[Ii[Q(y, ?1)]=Tm(y; Cls v ver Cp)

H J0Ka3aTeJbCTBO (HOPMYJAH 3aKOHUEHO.
[Iycte psin Q(2) cooTBeTCTBYyeT MyJbTUNJIUKATUBHOR mNOC/e-

nosareavuoctd  {K;(py, ..., py}. Tlonowum Q(2)=Q(2»
¥ 0003HauMM yepes {[?](cl, .«+y €;)} MYJIBTHUMIMKATHBHYIO MO-

C/le0BATe/IbHOCTb, OTBeyawinyww pafy Q(z). Jlerko suaets,
uto Kyppy==0. Ecan p; u c¢; CBA3aHb COOTHOMIEHHEM

Sant= 5 =(Bes) (Beac— )
TO HeNOCPEACTBEHHO NpOBepseTcs, 4TO

1?21(C1, ey 021):Kj(p1’ ey pj)'

[Tycts M— KOMIIeKCHOE MHOr 006 pa3ue pasMepuoctu m, Haso-
BeM ero 7y,-podos MHOTOUIeH Ty (M), xorophiit paBeH 3HAYEHHIO

kaacca H,, [IIQ(y. 1)] Ha ocnosHoM kaacce romosorm#t MHoro-
i

ofGpasus M, rae |;— (opMalbHble JUHeHHbIe MHOXHTE/IH XapaK-
TEPUCTHUYECKOro KJaacca MHorooGpasus M, T. e.

1+Ct o +Cp=( 1) .. (I 7.

[Tyers V,— (m — 1)-MepHOe aHamuTHYECKOE NOAMHOr006pasue
MuorooGpasus M. [loxawew, kak Haidta 7T, (V). Hycre £ (M)—
PacCIOEHHOE NPOCTPAHCTBO KACATeJbHHIX BEKTOPOB K MHOr006-
pasuio M, u nyctb {(M)y — UHAYLUPOBAHHOE UM PpACCIOEHHOE
npocrpancteo Haa V. HafireM ¢yHkuum mepexona storo pac-
ciaoenus. Ecin {U} — koopanHaTHOe NOKpLITHE MHOrooGpasus M
u z}J. .., 2 — noKambHple KoopAuHath B U, TO ¢yHxuuu

nepexofa pacciaoenus (M) umeroT BuUL
oz

Eyw= (%‘) B UnNw.

11 Uxons HisH-wosb
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BriGepem oxpectHoctH U M JIOKajbHble KOOPAMHATH TaK,
yT00b! noaMHOrooGpasue V' sanasanocs 8 U ypasHenuem z!, = 0

aas Bcex U. Torpa, ouesuaHo,
A 9z
a—kﬂ =0 (>
Hanee, 2}, =230, rne ¢ —ronomoppnas dyukuns s UQW.
Orciona

oz} 1
az; i Waz :TZ 2w az;i,,
[TosTomy
0z}j . z},
0z1W v o zlw, v ’
Taxum oGpasoM,
' { 2y 02}, )
zlw, v 021W v
Eowl, = oz},
*
wly

Orciona crepyer, uTo pacciaOeHHOe npocTpaHcrso f (M), aug-

(epeHLUPYeMO 9KBHMBAJEHTHO CyMMe YUTHH t(V)EB]V’V, rae
t (V) —xacareabHoe Kk V' paccnoende (cM. NpuMeyaHue 67).

[lycth v — xapakTepucTHuecKu#i KIaCC paccroeHns |V[ Han M.
V3 teopemst zBoficTBenHocTH YurtHu (13.3) caenyer, uro

FAHC M+ .. HCp (M) =
—(1+C W+ ... +Cn- 1(V))(1+J v),

rae j— paoxenue MuorooOpasus V B M, umu

1+C M)+ ... +Cm—1(V)=
=1 HC M+ ... +Cr (M) (1 +0)7 L.
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Mbl HMeeM
Ty(1+z):§7,(y; 1,0, ..., 0027=Q(, 2).

Toraa T, (1)=1, u, snauur, 7, ((1 +2)"")=Q(y, 2~ . Io-
3TOMY MH INIONyudeM

m-—1
l=20 T,(y; CL(V), ..., C (V)=
= [Q(y, v)"‘go T;(y; Cy (M), ..., C,-(M))].

Ecau B3sth 3uauenuss o6eux uwacTeft 3TOro paseHcTsa Ha V, TO
NOJyYHM

T, (V)———j*[Q(y, 07 BT G C,(M»] V=
— [vQ(y. 07 BT G, C,-(M))] M=

m 80
=, [UQ()}, v)“jgo T;(y; C (M), ..., c,(M))} )

[uepes %, (x), rie u€ H*(M, J), M o00603nayaeM 3HaueHHe
2m-MepHOR KOMMOHEHTH KJAcca # HAa OCHOBHOM KJacce rOMO-
Joruft MHorooGpasus Mi.

[Tonoxum R(y, v)=v/Q(y, v). OnpereuM upmyarbHbLii

T,-pod, ortsevaomuti sxeMenraM vy, ..., v,&H2(M, J), dpop-
MyJo#
Ty (v ooy Uy =

= [IJR(» @) B T;(5 G (D, -, C,-(M»].

OueBuAHO, OH He 34aBUCHT OT NOPANKA 3JeMeHTOB v;. Bruue
IOK43aHO, 4TO eca r==1 u v — KAacC, ABOHCTBEHHHH K MOA-
MHOrooGpasmio pasmepHocts m—1 B M, TO BHUPTYaAbHBIH

T,-poa sneMenta v paBeH T,-poAy STOTO NOAMHOrooGpasus.

Bupryansuriit 7, -poi ecTb MHOTOUJIEH CTenern m — r 0T . Nanee,
Ty(U, oo s V) =71 -+ Upe

11*
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Bupryansubift poa Oosnee ueM m 37eMeHTOB paseH 0. Mwu

Gynem oGosvauate Ty (v, ..., v,), uepes 7(vy, ..., v,). Ecau
NOJIOXKHUTD
Ty(vy, ..o, v,)M.—_;T"(vl, ceer UYYP,
TO MBI UMeeM meopemy O080LcmBeHHOCMU:
TP (v ooos O)=(— 1" T " P(r, ..., 0,
Ecmu vy, ..., v,€ H2(M, J), 10 scHO, uTO
Ty (J*vg, .oy J'0,), = Ty (v, Vg ooy Uy

Jlerxo NPOBEPUTH, NMOJbB3YACH TOJLKO ONpeAeNcHUEM, YTO HUMEeT
MeCTO CJenymllee TOXLeCTBO:

R(u4-v)=
=R@)+R@)+(—1)R@R(0)— yR @) R(v)R(u+0)
rae R(2)=R(y, 2). Orciona creayer, uto
Ty(v, ..., v, a+v)=T)(vy, ..., v, &)+
+T,(v, ooy v A —DTy(vy, ..., U 8, U)—
—yTy(vy, ..., v, U4, v, w40

ITycte B — xoMnIeKCHOE BEKTOPHOE PacCI0eHHOe IPOCTPAHCTBO
¢ Gasolt M M g-MepHBIM CJIOeM, CTPYKTYPHOH Irpynno#i Kotoporo
sieasercst rpynna A (g, C) TpeyroJbHHX HeBHIPOXKAESHHEIX MATPHIL
nopsika ¢ C HYJISMd HHKe TJaaBHOR  AuaroHamu. Ecau
&y, — GyuxuuMM nepexoga paccaoeHus B, 10, OueBuiHO, k-e
AMAroHajbHble 3JMEMEHTH MATPHL, g, 06pasyioT QyHKuuu mepe-
X04d /AJs HeKOTOPOTO pAacC/HOeHHs Ha KOMIUIEKCHHIE IpSMBbIE,
KOTOpOe Mbi 0Go3HaunM yepes £,. Paccaoenus &, ..., & Hasw-
BAIOTCH OUQZOHAAbHBLMI DACCAOCHUAMY, C8A3AHHBML ¢ B.
Paccioenne B puddepeHunpyeMo 3IKBHBAJIEHTHO, CyMMe YHTHH
EDLED ... BE D).

MuorooGpasue M Ha3BIBAETCA PACUENASIOUUM MHOZ000DA~
3uem, eclu ero KacaTeJbHOe pACCIOeHHEe SKBUBANEHTHO pac-
C/IOEHHOMY MPOCTPAHCTBY, CTPYKTYPHOH rpynnoft KOTOpOro
aBJsercd TpeyroabHas rpynna A(m, C), rae m = dim M. Ilycs
T+ +s Ym— 30eMenth u3 H2(M, J), sBasiouiuecs xapaxTepu-
CTUYECKMMM KJaCCaMH JHATOHAMbHBIX PACCHOeHMH, CBA3AHHBIX
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C 3THM PACC/IOEHHEIM NMPOCTpaHCTBOM. [lOKaxeM, yTO

(4" T =Xy? X Ty (1, oo T2
p 1<hy, oo L <m

[IpaBas 4yacThb 3TOrO PaBeHCTBAa paBHA (MO ONpeEle/eHHIO)

% [H(l +3Re ) JT Q0. n)] -
— [];I(Q'(y, n)+yn>] — [ H :%?,”_—7; }

=Tl @+ | =0y [TLew | =

= (1 4y)" T(M)-

Ecain B JLOK233HHOM paBeHCTBe MNOMAOKUTL y==—1, TO cJeBa
noayuutcs 0, Tak 4to 3TO He moMmoxeT B BhuncaeHun T (M).
C Ipyroft CTOPOHH, ecMH MBH NOJAOXHM y =1, TO NOAyUHTCSH
dopmyaa aaa T(M). Dty Gopmyny MOKHO NMPUMEHHTb LS A0~
Ka3aTebCTBA TOTO, 4T0 pod Tozla paeeH apuPMeETHYECKOMY
pory. Ee BaXHOCTb BuAHA U3 TOrO, 4TO, KAK MHl YBHIMM HUXe,
paccloeHHOe NPOCTPAHCTBO (1aros 8) Haj MpPOU3BOJBHHIM MHOTO-
o6pa3ueM BCerAd sBJfeTCS pacuUlenJsoOWUM MHOroobpasueM ,
3HaudT, GOpPMyaa BepHA AJs 3TOr0 MHOroob6pasus. OnHaxo nis
TOro, 4tOoOH HCNO/L30BATh 3TOT (HAKT, HAM NOTPeOYIOTCS HEKO-
TOpHe JAONOJNHUTENbHBIE IOHATHSA, INPU MNOMOWM KOTODBIX MBI
CMOXeM CBSI3aTb Mexxay co6o#ft pox G6asbl, pPOX NPOCTPAHCTBA
paccaoeHus M POA A0 AJA LAHHOTO DPACCAOEHHOrO IPOCTpaH-
CTBa.

Myctb B — KOMIIekcHOe BeKTOPHOe PacCIOeHHOE NpOCTpaH-
crBo Haa M co crpykrypuo#t rpynmmoit GL(g, C) u xapaxre-
pHCTHYECKUMU KJaccaMu d, ..., d,. Ilycrs ¢ (M)— kacarenabHoe
paccaoenne ana M. Ouo uMeer crpyxtypuyio rpynny GL (m, C)
M XapakTepHUCTHYeCKHe KJACCH ¢y, ..., C,. Paccmorpum dop-
MajbHbIE DPAa3jioKeHUA HA JHMHeRHBHe MHOXHUTENH, ONpelesio-
ue 7, H 8

14-¢x 4+ .. . —}—cmxm:IiI(l—}—Tix),
Idedyx+ .., +dqxq_—.jj[(1+a,x).

I
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Onpeaenum pod Todda muozoobpasus M no omuowenuio k B
cdopMyI0o#t

e (G RE) | Pt

Y106B 0TYaCTH NMOSICHHTb CMBICA KOS((UUMEHTA, NOCTABIECHHOTO
nepes 3HAKOM INPOU3BeNEHUS, YKaXeM, YTO CONPSIKEHHOE pac-
CJI0eHHOe MPOCTPaHCTBO ¢* (M) HMeeT XapaKTepHCTHYeCKHH Kaace

II (0 —7). a paccnoenue #*(M)P) umeer xapaxrepucTHuecKut
i

knace JP(1—1, — ... —71,) (onpenenenue paccioenus B
¢M. B § 13). IMTostoMy u3 AQaHHOrO BBHIle ONpefe/eHHS H U3
gopmynmt ma crp. 160 creayer, uro poa T(M, £ (M)P)

paseH Th(cs ..., C,), T. €. paBeH KO3b¢uuHeHty npu y?
B MHOrounexe T, (M). Ilonoxum

TP (M, By=TM, t*(M)P & B)
T,(M, By= X T?(M, B)ye.
P

Toraa MOXHO MOKasaThb, 4YTO
T, (M, By=nx, [(; S0 5,-) ; T;(v; cpp o ves cj)} ,

Orciona T_\ (M, By=qT_,(M). Mu umeeM TaKxe (popMy1y
JIBONCTBEHHOCTH

7 (M, By=(— )" Tm—r (M, B").
Onpefennm Ajs 3TOro cjyuyas TaKxKe BHPTYaabHBI POL C MO-
MOUIbI0 GOpPMYBI
Ty, ..., v, |B)y,=

— [lzemy)a,-lj[}e(y, vj)§ T, (9 Cpvvees ck)]'

Hucno Ty(vy, ..., v,|B), M Gyzem 0003HauaTh uepes
Ty, o..y U | B)y

[lycts p,: BA——>M_—npncoe11uHeHHoe K B paccaoentoe npo-
CTPaHCTBO, CJ0eM KOTOPOro fBAfeTC MHorooGpasue ¢i1aroB
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F(q)=GL(q, C)/A(q, C). KommiekcHoe wMuorooGpasue F (q)
SIBSETCA KOMNAKTHEIM, H er0 PasMepHOCTb paBHA r =g (¢ — 1)/2.
Muoroo6pasne B, Takke KOMIIEKCHO, U PACC/IOEHUE SABJSETCA
aHaJuTHYeCKHM. MOXHO NOKa3aTh, uTo B, — paccloeHHOe npoO-
¢rpancTBo Jlepe — Xupimia, ¥ MO3TOMY ero KOTOMOJOTHH aliu-
THBHO H30MOpP(HBI KOrOMOMOTHAM MHOroo6pasus F (g) X M 82).

Han wmHorooGpaswem B, cCywecTByeT paccioeHue, CJOIMH
KOTOpOrO ABJAIOTCH 7-MEpHBIE KacaTe/bHble NPOCTPAHCTRA. ITO
pacc/oeHHOe MNPOCTPAHCTBO BEKTOPOB, KACATENbHBIX K CJIOAM.
CrpyxrypHas rpynna .ero pasia GL (r, C). Mul noxaxeM HHXKe,
YTO 3TO PAaCC/I0EHUE SKBUBAJEHTHO PACCIOEHHIO CO CTPYKTYpPHOH
rpynmo#t A(r, C). OOGo3HauuM 3TO pacc/l10eHHOE MNPOCTPAHCTBO
yepes B.

(16.1) Ilycmy B — anarumuyueckoe paccioennoe npo-
cmpancmso #ao M co cmpyrkmypuoii epynnoi GL (g, C). ITycms
B,— npucoedunennoe paccaoenue Had M co caoem
GL (g, C)/A(g, C) u npoexyueii p,. Tozda paccaoennoe npo-
cmpancmso p B nad B, swsusarenmno paccroennomy npo-
cmpancmsy co cmpysmypuoli epynnoi A(g, C). Obosnasun
OuQ20HAAbHBLE PACCAOCHUS IMO2Z0 NOCALOHE20 PACCAOEHHOZO
npocmpancmsa 4epes &y, ..., &. Tozda paccaoennoe npo-
cmpancmso B nad By ¢ zpynnoi GL(r, C) (20e r = q (g — 1)/2)
SKBUBAACHMHO DAGCAOCHHOMY npocmpancmey ¢ 2pynnoii A (r, C)
u Juazonassusimu paccacenusnu & QL 1=%8—5 (j > i)

HNokaszarenbcrso. To, 4yro paccioenue p,B uan B,
UMeeT CTPyKTypHywo rpynmy A(g, C), caenyer ua toro ¢akrta,
YTO CTPYKTYDPHYIO TPYyIIy PACCI0eHH MOxHO ceecTH K A(g, C)
TOTAd M TOJBLKO TOTAA, KOrAd NPHCOCLMHEHHOE pAacCa0oeHue COo
cnoem GL (g, C)/A(g, C) umeer amamutuueckoe ceuenne. Ho
3TO NPHCOEJHHEHHOE pacc/ioeHne Hal Ba B TOYHOCTH COBMa-
paer ¢ p,B,. TlosToMy scHO, 4TO OHO WMeeT ceueHuwe Hax B,
(1381, crp. 61), u mepBas yacTb TeopeMs NOKA3aHA.

Jlokaxem Temepb, uUTO paccaoeHue B nax B, 9KBUBANECHTHO
paccnoenmo ¢ rpymmo#t  A(r, C). Ilycte  x € F(g)==
=GL(g, C)/A(g, C). I'pynna GL(g, C) ne#ticryer na F(g),
npuyYeM MOXKHO CuMTaTh, 4YTO TOYKA X, BbIOpaHa Tak, 4uTO ee
CTauuoHapHas noxrpynna cosmanger ¢ A(g, C). Ilosromy Ml
MMeeM TOYHOe , MpeacTaBleHne rpymnet A(g, C) B rpynmy
JMHEAHBIX NPe06pPa3oBaHull KacaTeNbHOFO NpocTpaHcTsa K F (q)
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B TOUKe Xy, T. e. B rpymny GL(r, C). Tak kax rpymna A(q, C)
paspewnma, 1o ee o6pa3 B GL (r, C) npu stoM npeacrasienuu
TakKe apaserca paspemuMo#t rpynmo#i. CornacHo Teopeme Jlu,
Kaw/Jas paspeliuMas JHHeHHas TPYNNa 3KBUBAJEHTHA NMOACPyIme
TPeyroJbHOR Ipynmbl. 3HAYMT, B KAaCaTeJbHOM IPOCTPAHCTBE
k F(g) B Touke X, CymecTByer ¢jar, WHBAPMAHTHHH OTHOCH-
teapHo A(g, C). PasHeca stor duiar no Bcemy F (g) ¢ nomouibio
rpynnsl GL (g, C), ™Mbl noiayyum noje c¢aaroB Ha F(g), uHBa-
puantHoe orHocuteapHo GL (¢, C). Tak kak caou paccaoenus By
OTOMAECTBAMOTCA ¢ F (g) C MOMOWIBI0 TOMEOMOPPUIMOB, KOTOpLIE
onpellesieHbl OJHO3HAYHO C TOYHOCTBIO KO 3J/1eMEHTOB TPYIINH
GL(g, C), Tro node onaroB Ha F (¢), HMHBAPHAHTHOE OTHO-
cureapo GL (g, C), naer HaM 1noje ¢aaroB, KacaTelbHBIX
K chaoaM paccaoenus By, [losromy rpynna paccioenus B
ceomutea K A(r, C).

[TocnenHee yTBepAcHHE TeOPeMBl NOKA3LIBAETCH MHIAYKIMEH
no ¢, Nycts GL(1, ¢g—1, C) = GL(¢9, C)— noarpynna, co-
CTosALIas M3 MATPHL, ¥ KOTOPHIX BCe 3/EMEHTH MepBOro cToabua,
KpOMe 3JeMeHTa u3 mepBo#t crpoku, pasuel 0. Torma A(g, C)=
= GL(1, ¢—1,C). Mycrs $: B, ~> M — npucoenunensoe x B
pacciioeHHOe NMPOCTPAHCTBO CO CJOEM

»

GL(g, C)/GL(1, ¢g—1, C)=P,_,.

*

Torza Mbl MMeeM JQuUarpaMMy paccloeHui

By % B,
PN Y
M

rae © umeer caoit GL (1, ¢— 1, C)/A(g, C)= F(qg—1). Pac-
cioenue $*B Han B, 9KBHBaJEHTHO PACCHOEHHIO CO CTPYKTYPHOH
rpynno#t GL(1, ¢— 1, C). DneMenr, cToSwWHUR B JeBOM BepXHeM
yray Marpuubi us GL (1, g— 1, C), onpepenser paccioeHue
HA KOMIUIEKCHBbie IpaMble §;, KOTOpOe fBJeTCH PAaCCAOeHHBIM
noanpoctpanctsoM B ¢*(B)8). CoorsercTByouiee ¢paxkTop-
npoctpauctBo B’ ectb paccioenue ¢ rpymmoit GL(¢—1, C),
KOTOpO€ BO3HHK4eT, €CJMU CONOCTABUTh KAKIOR MaTpuille M3
GL(1, ¢g—1, C) marpuuy mnopsaxka ¢-— 1, nmosyyaioumyiocs u3
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Hee BLIUEDKMBAHHEM IepBOR CTPOKM M NepBoro croabua. MoxHo
NoKAa3arth, YTO PACCAOCHHOe NMPOCTPAHCTBO KACATENbHBIX BeKTO-
poB k caosm P,_, paccaoeHus Bp coBnajaer ¢ B'®El‘1 (MHo-
xuTeab §1 mospafercs mpu nepexone OT OLHOPOAHBIX KOOpPAH-
HAT B C/I0€ K HEOAHOPOAHEIM). B Cuiy npeAnosoReHus uHaAyKimH,
paccioeHHOe TNPOCTPAHCTBO KAacaTeNbHBIX BEKTODOB K CJOAM
—1D@qg—2

paccnoeHus Ba wHan B, mMmeer rpymny A(Q——%(L——)— C)
W 1uaroanbHe paccaoenus & —E& (J >12>2), rme §
(2 < i < g) — nuaroHaibHbE paccnoemm DACCJOCHHOTO TIPO-
crpanctBa n*B’ nan B,. Toria By —sr10 paccioenue Hag M
¢ rpymno#t A(r, C) u ZAnaroHanbHuIMM paccioeHusMu & —§;
(J >i>1), rae §,— nnaroHaabHsle DacClOeHHs PACCIOEHHOrO
NPOCTPAHCTBA pAB Hap B,. Jloka3aTe/nbCTBO 3aKOHYEHO.

Caencrsue. Xapaxmepucmuiecrul xaacc C(By) raca-
measHo20 paccaoenus K Ba daemcs gpopmyaoi

cBy=rcm) I _+y—mn.

IKI<j<q

20e 1, — xapaxmepucmuteckull Kaacc paccaoenus § nad Ba.
B gacmuocmu, ecau B — kacameavnoe paccaoexue wad M,
mo Ba— pacujenasouee mrozoofpasue u

S

ceBy=Ma+w- Il a4+1—1)
i=1 1<i<j<m

HDoxaszareabcTo. Ilycts {U}——KOOpILPIHaTHOG MOKPHI-
THe MHOrooGpasus B, u nmycts 2l, ..., 27— jokanbHble
koopaunatel B U. Toraa ¢yHKuuu nepexona g, KacaregbHOTO
paccnoenns ¢ (Bs) mnMeiOT BUI gUV::Ozfj/dz{, B UNV. Oue-
BulHO, nokpuTHe {U} ¥ JOKa/JbHBHle KOOPAMHATH MOXHO BbI-
Opatb Tak, uTo6H B KaxJAoH okpectHoctH U ciou paccaoe-
wus p,: B, — M onpenensnuch ypasHenuamu 2}, =c, (1<i<{m),
rie ¢, — KOHCTaHTH, JIerKO mNpOBEpHTb, YTO B 3TOM Ciayuae

dzfj
—=0 mm i=1,....m, a=m+1,..., m+r,
dzy,
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3nayur,

Euv
02,
02?,
— o~
m r

0zl oz } i
dz{', ()z{,
A

i J —
Ianee, ACHO, 4TO (020/021,)1@’ j<m = 370 QyHKLMH mepexona
* 3 . -
paccnoenus p,t (M)L a (02;‘]/02‘,),”“@’ s<miy — QyHKIIL Te
pexona paccioenus B. [Tostomy paccaoennoe npocTpasctso £(Ba)

nubdepeHUnpyeMo SKBHBATEHTHO CcymMe Yutuu pit(M)@ B
(cM. mpumeuanue 67). B cuny (13.3) u (16.1), umeem

cB)y=rcm Il (41, —1)-
i<j

3ameTuM Takxke, uro ecan B=¢(M), 10 cTpyKTypHas
rpynma paccioenus pif(M) csomuTca K TpeyroapHo# rpymme.
Orciona BHAHO, YTO B 3TOM clyude Ba saBisercs pacuiensio-
UM MHOr000pasueM.
Eciu paccMotpers orpanmuenne pacciaoedus B, Ha pyl(2)=
= F(q), TO Mbl NOJy4uUM
cE@=_1_ a+71,—71.
I<i<j<q
rie ;= Jj*y;, J—Baokenne cion F(g) B Ba. Mu 3naem
TaKxe, 4TO H(l —}—ﬂ):l na F(g), noroMy 4TO 370 NpOHU3-
13

BeJleHHe PABHO XapaKTepUCTHYECKOMY KJIACCy TPUBHAJLHOTO pac-
cnoenus Han F(q).

OTo6pa>KeH1/xe 7T, UCIOJb30BAHHOE B A 0Ka3aTeJbCTBC TeOpeMbI
(16.1), manyunpyer paccioenne MHoroo6pasus F (g) ¢ 6asoft P,_,
u cmoem F(g—1). Iloab3yace TeM, UTO 3TO paccioeHHe
sBasieTcd paccaoeHueM Jlepe — Xupima, MOXHO NMOKa3aTh € IO~
MOLIBI0 MHAYKIMHE 1O ¢, uTo Koasuo H*(F(q), J) mopoxieHo ¢
ABYMEDHBIMH  KJACCaMH ?i, MEXAy KOTODBIMH UMeeTCsl JHIlb

COOTHOLIEHHE ]I(l+?i)=0 (mokasaTenpCTBO 3TOro  (haxra
1

cM. takxe B [3], ra. VII). 310 cooTuousenHe 3IKBHUBANEHTHO
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TOMy, 4YTO BCe CHMMeTpHdecKne ¢yukuud OT 7; pasusl 0.
B uacrHocTH, XapakTepHCTHKA 9ﬂnepa—l‘[yaﬂxape MHOTO-

o6pasus F(g) pasna ¢l. Kaaccw T T - T, 'l 10La; <
L g— i) COCTaB/AAOT aLTUTUBHYIO 6asy I‘pyHHbI H*(F(q) h.

ToT M3 3THX KJ4CCOB, KOTOPBIH HMeeT HAMBBHICIUYI0 Pa3MEpPHOCTD,
—1.,q-2
paBeH 74 T‘I Tq (» H ero 3HaueHMe Ha OCHOBHOM

Knacce romoioru#t F (q) paso (—1)Y“D2 Tlyrem wemocpen-
CTBEHHOTO BBHIUMC/EHMS MOXHO MOKas3arh, uto pol Tomsa MHOTO-
oGpasus F(g) pasen 1 nna Bcex g (cm. [44], crp. 106) 8.

(16.2) Hycmop,: B, - M — paccaoenue co croen F(q),

npucoedunennoe K paccaoenun p: B—>M, u nycems A— ne-
Komopoe paccaoennoe npocmpancmeo xHad M ¢ epynnoi

GL(s, C). Ecau vy, ..., v, € H*(M, J), mo mot umeen cae-
oyruee coomuouierue:
Z‘(pzvl, cees pzvr[p’;A)BA =T(v ..., vrlA)M.

B wacmnocmu, T(B,, p"A‘A): T(M, A). Ecau A mpusuaavro,
mo mvl noayiaer T(By)= T(M).

Hokaszarteabctno. Ilycre ¢f=dim F(¢)=q(qg— 1)/2.
Torna dim By —=m -}£. Mb umeeM, B cuiay caenctsus us (16.1),

T(p’Zvl, R p"A‘vrlp’:A)BA =

Z*mH{PZ I:(ea1+ +ea8)IiI(1‘*‘e_vi)><
'Yj_'fi
X;Tj(CI(M)""’ Cj(M))jl ;I;[m}’

i
rie I['(l—}—ai)—-xapaxi‘epucmqecxun Kiacc paccioenus A
i

Han M, a 7; (fj=1,..., ¢)— xapaxtepucTayeckne KIacC
AMATOHAMBHBIX PACCAOCHMH, CBA3AHHBIX C pacciloeHueM p}B.

Mycrs &-—unieH, croswuf B KBaapaTHHX CKOOKax B mpaBofi

yacTH 31O GOPMYyaH, a v — APYrofi COMHOXMTeNb B NpaBofi
" &

yacty ¢opMyJ/isl. Toraa mpasas yacTb MMeeT BUJL, 1c,,l+t(pA (E)ﬁn)a

Momayscy tem, uto [ (1 1;)=p}e. rae ¢ — xapakrepucti-
J

ueckult kJaacc paccroenus B Haxm M, MOXHO NOKas3aTh, uTO
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3/MeMeHT 7 ABJAsfeTcs  JuHeHHOR KOMOMHALMeH OLHOUIEHOB
A

7:‘ Soe Y A5L TR 0L g —1, ¢ xosdbduuHeHTaMU BUIA Pyls,
g—

rae a€H*(M, J). OgxHouseH Haupuicuiell CTemeHH paseH
T97147% ... Y,_y B ero cremenb ecTh f. OcTadbHble HieHH

HUYEero He AJI0T NPH BBIYUCACHHH %, ., TdK KAK €CIH SJeMeHT
PR@T T Oy A <B)
MMeeT PasMepHOCTbL 2m —-2f, TO pasMepHOCTH 3JeMeHTa u Oyner
Goabute 2m u u =10, IlosToMy MH uMeeM
T(p’:vv s p’:vrlpZA)BA: *mt [pz Gt 74—1]'
Ecan j-—Bnoxenue ci1oa F(¢) B Ba, TO MH AO/MKHB UMeTh

Jn-F(@=T(F(g))=1 IpasenctBo T(F(g))=1 M0xHO
AOK23aTh 1O MHAYKUMH, ucnoasdys (16.2) u paccaoenue

F(¢) > P,_,]. Mul 3naem, uro Jj* (7‘17‘1 ce Tq_l) . F ()= (—1Y.

Orciona cnenyer, uto h=(—1) u

T(B30y, - -0 D0, [D2A)p, = % [PA O (DY 71 ] =
= m(g): T(vl’ reey vr[ A)M’

rie nocilelHee DABEHCTBO BHITEKAeT U3 OnpeleseHus BUPTYalb-
HOrO poja u M3 Buia uieHa &.

17.

Xapaxmepucmura mMH02000pa3us

[Tycts M — KOMNAKTHOE KOMILJIEKCHOe MHOroo6pasue, u
nycth & -—mny4oK pOCTKOB rooMopdubx ¢ysHkuuit Ha M.
OnpeneauM xapaxmepucmurxy Muoroo6pasus M dopMyiok

x (M) = 5} (— 1) dim HY (M, Q).
g=0
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OGo3uaunm uepe3 27 myuox pocTKOB ronoMopgHsix dopM
CTENEHH p H IOJNOXKHM

¥P (M) = ﬁ (—1? dim H*(M, 2°),
g=0

Ly (M>=p§0 27 (M) yP.

[TpeanonoxkuM, uto M — kenepoBo MHorooGpasue. Toraa
BeJHYUHA

o (M) = 5, (M) = S

Ha3blBaeTCH apugmemuseckum podom wmHorooGpasus M. Co-
raacHo (4.8), uucno

e (M)=§(—1)"h""’

pasHo uujexcy t(M) muoroobpasus M. Tak kak, B cuay (4.5),
r-e uucno Bertu 6" mHorooGpasus M naerca dpopmyJoi

b = 2 hp’q,
ptq=r

TO
2m
Lor (M) = D (=1 fF (M) = X (=1 "= 3 (—1) ¥,
p pq r=0
T. e. ¥, (M) paBno xapakrepucruxe Jfinepa — [lyankape MHo-
rooGpasus M

O606muM 3TH NOHATHA HAa CIyYal KOMMJEKCHOrO BEeKTOp-
HOTO paccloeHHOro npocrtpanctsa B Hag M. TMomoxum

v (M, B)= X (—1)! dim HY (M, 2 (B)),
q

WP (M, By= D (—1y dim H* (M, 9 (B))
- q

1y (M, By= gxp (M, B)y®.
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[TokameM, uro 3P (M, B)=(—1)"y™"?(M, B*). Mu umeem
¥ (M, B)= 2 (—1)"dim H'(M, Q" (B)) =
q
= X (— 1) dim H™"?(M, Q"7 (B")),
q

rje mocieiHee paBeHCTBO caenyeT u3 (14.2). Ecam pwiHecTH
(—1)™ M3 KaxAOro CAaraeMoro NpaBod YaCTH, TO NOMYUHTCS
HyxHoe paBeHctBO. Mcnoawdyd ciexcrsHe u3 Teopemn (14.2),
MOXHO T4KKe I0Ka3aTb, YTO

LM, By=(—1)" y(M, K@ B").

Hoxamem, uyro eciu M u M’ -— KOMOAKTHBEIE KeJAepOBHI
MHOroo6pasus, T0

Ay (M X M) =y (M) « yy (M').
CHauana 3aMeTHM, uTO
BP T (M X MY)= 2 b ° (M) - B 7 (M),

rie CyYMMHpOBaHHMe BeJZercs NO BCeM TaKuUM r, S, #, U, 4TO
r+u=p u st+ov=gq?), Orciona cregyer, uTO ec.u
P g P4
Py, (My= X B" (M) y"Z,
p,q
TO
JE— 4
Py (MXM)y=P, ,(M):P,y (M)
Hyxubpiff HaM pe3yabTaT BBITEKAeT U3 3TOr0 PABEHCTBA, TAK KAK
Py, ~1 (M) == Xy (M)‘
[Mycth naHa TOuHas NOCAENOBATEALHOCTH BEKTODHHIX pace
CIOeHHHX TpocTpaHcTB Hal M (cM. mpuMeuanue 83)

0—»B"—>B-—->B"—0.
Torpa BO3HUKAET TOYHAS MOCAEAOBATENbHOCTh INYUYKOB
0->2(B)Y>2B)>(B")—>0,

13 KOTOPO#t OObuHHIM Ccnoco6oM NoayyaeTcs aLAHTHBHAA (Op+
MyJa AJs XapakTepuctaxu %)

XM, By=y (M, B")+-3 (M, B").

[TonoGusie GopMy/Inl UMEIOT MeCTO, pasymeercs, u Aas y? (M, B)
u xy (M, B) (onn BhHTEKaOT M3 TOYHOH MOCIENOBATENLHOCTH
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0 — Q7 (B —»>QF(B)— QP (B”)—0). Ilyctb B — BekTopHOE
paccaoeHHOe NPOCTPAHCTBO ¢ rpynmofi A(g, C) M AMaroHaIb-
HBIMH paccioeHusMu A, ..., Aq, a B’ — moboe BexTOpHOE
paccaoennoe npocTpaHcTBo Haa M. Toria u3 yKasaHHOTO ailu-
THBHOT'O CBOHCTBA XAPAKTEPUCTHKH MOKHO BBIBECTH C TMOMOUIBIO
MHIYKLUH, YTO

LM, BRB)y=y(M, BQA)+ ... + (M, B RA)).

(17.1). Ilycms M — KOoMRaKMHOE KOMRACKCHOE MHOZO-
obpasue, S — neocobulii npocmoii Oususop Ha M, B— ana-
AUMUYECKOE BEKMOPHOE DPACCAOCHHOE NPOCMPAHCmMB0 Had M
¢ epynnott GL (g, C). Tozda

) 27, By—yr (M. BoIs| )+ .
+17(S, B9+~ (S, Bs®@|S|s ).

3mo pasencmso Ha3bL8AEMCS HemMbPEXHUACHHOL HopMyL0L.
B uwacmuocmu, ecau p=290, mo

@) « (M, By=y(M, B&[S]™)41(S. Bs).

ﬂ, 0Ka3aTelpCTBO. 3 Touno#t nocnenoBaTeNbHOCTH
0>2(Ba[S|)>(B)>2(Bs)—>0

(cM. npumeuanue 71) paBencTBo (2) BHIBOAMTCH CTaHAAPTHHIM
obpasom.

Hokaxem pasenctso (1). Ilycte f(M)— xacaTenbHoe pac-
cnoenne kK M, t*(M)— conpskeHHOe K HeMy paccC/loeHHe,
£P (M) — p-5 BHewHsst cremeHb paccioenus (M) u t*(p)(M)——-—
p-9 BHELIHAs CTelleHb paccaoenus £* (M) (cM. ctp. 115). Hamumenm
TOYHYI0 MOC/ACAOBATENLHOCTh (CM. CTp. 162 W npumeuanue 83)

0—¢(S) >t (M)g—|S|;—0.

C NOMOIIIBLI0 Hee MOXKHO NOCTPOUTDH TO‘«IHyIO noc/jie0BaTe/b-
HOCTD 88)
(p) (p) (p~1) ¢l
0>t (S) > P (M) — "M (S) @S | 0.
HOCJIeﬂ.OBaTeJIbHOCTb CONPAXKEHHBIX paccﬂoeﬁuﬂ. TOYHd U UMeeT
BUJ

0—)1*(‘”_1)(\8)@,—3];1——)tﬂ‘:(p)(M)s—»t*()(S)—-—>0g
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Uz (2) caenyer, uto
K (M, By=y(M, BREP (M) =
— (M, BRFP M @[S|7)+5(S. By@F® (M)g)=
=y, BR[SI)+y (s, Bs@£" PV (S)8[s];)+
+ (S, Bs®@£(9)).
raie nocJjenHee paBeHCTBO BLITEKdEeT U3 HOJIy‘leHHOﬂ BHIILIE TOU-

HOH 1OC/IeJOBATENLHOCTH DPACCHOEHMH, TEH30PHO YMHOKEHHOH
Ha Bg. Ho 1Ba mnocieaHux wuwjeHa paBHBH COOTBETCTBEHHO

X"“gS, Bs@ﬂ?) u ¥ (S, Bg), m pOKas3aTeNbCTBO 3aKOH-

yeHo 99),
Yuuoxas ¢opumyay (1) Ha 9P u cymmupys, noayyaeM pa-
BEHCTBO

xy (M. By=1, (M, Bo[S|")+ .
+ 1y (S. Bs)+yx, (S, Bs®|S|s)

Hz (2) mmeem ¥ (S, Bg)=y (M, B)—X(M, B®|—S—l—1)
Hcnoaways (1), MBl moJayuaeM OTCIOAA, 4TO

xS, By=y' (M, By—y'(m, BIS[)—
—x (s, Bs@lsls) =y . B)—y (M, BR[S|)+
+x(m, Bg[S[)—x (m, Bo[s]7)

Paccyxnuast TaxuM o6pasoM, MOXKHO J0KAa3aTh MHAyKuUueH 00 p,
yTo

r —
2 (S, Bs)=i20(—1)i L=t (m, Be[s| ") —
__xp—i (M, B® “:9_]—(1+1))].’
B wactHocTH, npn p=m Mb noayuaeMm, yToO
2= Lyt (M. BolsS|)—
_xm—i (M, B® m—(i+1))] —0.
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OTMeruM, 4TO HeHM3BECTHO, BEPHA ju 3Ta (QOPMYyd, eClu 3aMe-
HUTh | S| TNpOM3BOMLHLIM DACCHOCHHEM HA KOMIJIEKCHBlE Tpsi-
Mbie F. Ymuowxas dopmyay nas y? (S, Bs) Ha y7 u cymmupys,
noJjyuaeM '

Xy (S, Bs) = lgo(—y)‘ [y, (&, BR[S])—
—x, (M, B[S]“M)],

rAe MpaByl0 YaCTb H4A0 PACCMATPHMBATL KAK (DOPMAJBHLIA CTe-

NeHHON psan.

Ilas ynpoiueHus NOCHeAYIOUINX BHIUMCTeHUH MBI BBeleM He-
KOoTOpee o00603Hauenus. IIycTh R — k0Jb10, cocTosllee U3
LleJIOYUCIeHHBIX JHHeHHBX KOMOUHAUA ONHOU/IECHOB b‘”f?‘. . .f:r,
rae b, fy, ..., f,— He3aBucuUMbie HeuspeCTHble, p >0 u Bce
moKasatenu CyTh ueasle uucaa. Ilycrs J{y} u R {y} —xoabua
(OPMabHBIX CTENEHHHX PALOB Hal KOJbUOM LedbXx uucea J u
KOJBLUOM R c00TBeTCTBeHHO. PUKCHPYeM BEKTOPHOe PACCIOEHHOE
npocTpaucrso B Hal M u pacciloeHus Ha KOMIJEKCHbIE NMpsiMbie
Fi, ..., F, man M. Onpenpenum oroGpaxenue h: R-—>J Ha

OJHOU/IeHAX (OPMYJIOH
ROy ... )=y (M, B°QF}® ... @F))

M pACOpOCTpPaHMM ero Ha R mno nuxeftHocTu. Tornaa h 6ymer
rOMOMOp(U3MOM AAIMTHBHHIX rpynn. [lanee, onpejeauM oOro-

Gpaxenue h: R (y}) —J{y} dopmynof .
R(6*fy ... i) =y, (M, B*QF}® ... ®F))
U pACHPOCTPAHUM ero 1O JHMHEHHOCTH, NOJIb3YACh NPABUJIOM

R (au) = ah (&) Ans a€J{y). Torna k Gymer romomopdusmom
J{y}-monyna R {y} B xomuo J{y}. Mu umeem

(A=) =k (b(l —s7Y) ; (—y)"s"p) -

1 + ys—i
= ¥ (— y)PF (bs™F —bs™P~!) =
p

—Z(—y)"{xy(M Ba[s|”)—yx, (m, Ba[S]"""™.

12 Uxoms man-ma“
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[MostoMy u3 QopMynb, IOKa3aHHOH Ha NpeAbiymed CTpaHuLe,
noJyyaeTcsl, yToO '

Xy (S, Bs) =T (b1 e ).

OGoGutasi 5Ty (OpPMy/y, ONPENe/UM BUPMYAALHYIO Yy=XAPAK-
mepucmury:

r fl
Xy (Fio <o F [B)M_h(b]:[ T )

3amerTuM, 4TO nOpadoK OykB F; B 3TOM ONpejlejeHHH He Cylie-
creed. CoOrnacHO CAeNaHHOMY BHILE 3aMeyaHuio, MBI HMeeM

%y (S, Bs) =1, ([S]|B)ae.

(17.2) yy-xapaxmepucmura o6aadaem ciedyouumu c8ok-
cmeamu:

(a) Ecan S — neocob6uri npocmoi 0ususop Ha MH02006-
pasuue M, mo

(IS Fo ooos FIB) =1y (Fygo - .. (Fpg]Bs)g.
(b) Hmeem mecmo ¢gopnyia
Xy(Fr, -v, Fpy GHH|By=1y,(Fy, ..., F,, G| B)4-
toy (Fyv s Fp HIB)+(v— Dy (Fy, - .., F,, G, H|B)—
—Wy(Fy -.., F,y G, H, GH-H|B).
1
HoxasarensbcrtBo. [lycrs R(x)——l_l_); . Torna

A (B)=1, (S, By) =k (bR (s)). Orciona
Xy ((F2>s. e (FslBg)s=hg ( IR )
(bR(s)IIR(f») —xy( F,IB)M

u (2) LOKa3aHo.
YrBepwaenne (D) BbTekaer M3 CaelyiOmeHd Nerko mnpose-
pseMoft GopMyJIH:

Rgh=R@+Rw+ o
: +@—DR@R®W—yR @) RtR(gh).
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(17.3) Ecan womnaxmuoe Komniexcrnoe muozoobpasue M
ABAREMCHE  PACUENATIOUUM Muozoo6pa3ueM ¢ Oduazonaab-
HUME paccaoenusmu Ay, ..., A, mo

A4y M B= Sy 3 7,4 ... A, | B).
p=0 i1<...<ip

HJoxasateabrcTBO. IDra HopMyaa aHATOTHYHA POpMyJle
ans pona Tonna, nokasawHo#t nHa crp. 165, Tak xax M — pac-
wenjgoniee  MHOroo6pasue, TO paccioeHHe [, COmpsKeHHOe
K KacaTeJbHOMY, MMeeT CTPyKTypHywo rpynny A(m,C) u Anaro-
HalbHbie paccioenus — A, ..., — A,. Tlosromy £* () rakwe
MMeeT TPeyroJbHyI0 CTPYKTYDHYIO TPYHNy, ¥ ero IHArOHajb-
HbIMH  DAaCClIOeHuaMH  aBmoTCa — (A; - . .. —}—Aip)(i1 <

.. < ip). 3Hauwmr,
WM B)y=y (M BRt?) )=
= 2 y(MBRAI'® ... ®4;))

i1 <...<ip

' Me mocleiHee DABEHCTBO CJAeAyeT H3 (GOPMYJsl, NOKA3aHHOM
Ha ctp. 175. Orciona Mbl moayuaem

BO) =y, (M. B)=2y7 (M. By =
=DwIy(MBRAL'® ... @A) =
»
ZZyPh(ba[ll a[pl :h(bll(l—i—ya[l)).
g 14
dra dopmyna GyxeT ucnonbaoBaHa Hike. Mbl uMeem

Sy 3 oy, o Ay | B)=

= i1< <1,
-2, 20 )Pl sRen) -
= (b f (1 -yar l>=
— (o 0 ey ) =
=" n (0T -Fyai )T L 43ai)),

12*
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rae Inoc/lefHee pPaBeHCTBO CJAeLyeT M3 TOJBKO YTO NOKa3aHHOH
GOpMy /L, €CAM 3aMeHMTb B Helt b Ha blI(l—}—ya[l)—l. Ho
TOrZa CnpaBa Mel NOJy4aeM i

(1 4-y™) b ()= (1 +9)" 1.(B, M),
M JOKa3aTeNbCTBO 3aKOHYEHO.

(17.4) Ecau M — anzeSphunecrkoe muoz2006pa3ue, Fy, ...
v.., F,—paccaoenus Ha romnsexcusie npamsie Hao M,
2 B—romnaexcnoe sexmoproe paccaoednoe npocmparcmso
nao- M ¢ 2pynnoii GL(q,C), mo

(a)Q Xy (F1s vow, FLIB)=0 npu r >m=dim M,

(b) Ay (F1s « .., F,| B)— muozousen om y
cmenenu <L m—r,

(©) Ay (Fro ooy FlBY=qn, (fy ... [n). 20e f,—

xapaxmepucmuieckull Kaacc paccaoenuss F.

HoxasartenbcTBo. ByieM NOKashBaTb TEOPEMY MHAYK-
uuet mo m. Ecamu m-=0, 170 M COCTOMT H3 HEKOTOPOro
4yucaga R TOYEK, H HEMNOCPeACTBEHHO BHLHO, YTO yTBepKie-
nus (a) u (b) Bepuw. [anee,

Ay (0| B) =y (M, B) = dim H*(M, 2(B))=qk.
3uauuT, (C) Takxe BHIMOJHeHO. IIpelNoNOXKHM, UTO TeopeMa
BepHa NJs MuorooOpasu#t pasmepuocTet < m. B cuay TeopeMnl
DepTunu, Mbl MOMXeEM MOJIOKHUTD F1=|S(—[ T|, orkyna [S|=

:]—I*:l—l—{—[—ﬂ Cornacno  yteepwaenuo (b) Teopemmr (17.2),
HMeeM

Xy (ISLFo ) Fo|By=yy(Fyy ..., P B+
+xy ([TLFo oo Pl B) 0 — Dy (P oo
oo BT BY—yy, (Fy ..., F[SLITI]B)-
JleBag yacTe STOro paBeHCTBAa paBHa, B cuay NyHKTa (a) Teo-
pemtt (17.2), x, ((Fo)g .., (F)g|Bg)g 1 MOSTOMY, COIACHO

NPENOoNOKEHHI0 HHIYKIHUH, SBJSETCS MHOTOWIEHOM OT y CTe-
nean < m—r. To xe BepHO AJNA BTOPOro 4leHa B NpaBoO#
yactu. [locnenHue nBa uneHa mpapoft 4acTH conepxaT GoJbile
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uyeM r paccioeHMd Ha npsambie. TIpuMeHfs MHAYKUMIO MO 4MCHY

paccyiioeHuft Ha NpsMble, MOKHO NOKa3aTh, 4TO (a) u (b) BepHHL.

Iana noxasaTelbCcTBA YTBEPXAeHUA (C) NMOMOKHM B MOJYyHeHHOM

paBeHcTBe r =m. TOrAa nocjlexHue [Ba ujeHa B NpaBof yacTu

NPONAaLyT, W MBI MOJIYYHM GOpMyIy

q*m_l((f2)s (fm)s)s::Xy(Fl’ se Fm,B)—I—
+qv'm—1((f2)T cen (fm)T )r.

[TostoMy, eca:m 0GO3HAUUTL 4Yepes S M f XapaKTePUCTHYECKHE

kaacce paccnoenutt [ S| u ]Tl avepes {:S>Mu j: T—> M—
BAOMEHHUS, TO

Xy(Fl’ v FmIB):q[(f2 fm)(i*S_‘J*T)]:
=qlfy ... f) - SOM—ENM)]=
=q((fy - fn(s—8)- M)=qr, (fy ... f)

TeM caMbIM TeopeMa LOKa3aHa.
Ilpy m=1 >3TOT peayabTaT LaeT KJACCHYECKY!0 TeOpeMy
Pumana — Poxa. JefictBureabHo, eciu S — noaMHOroo6pasue

B M, 10 ¥ (S)=y(M)— (M, »—m), B cuay dopmyan (2)
teopeMsl (17.1). 3uauur,
X (M, — Sy =1 —y()=r(M—d,

rae d—creneHb (Y4MCAO TOYEK) moaMHorooGpasus S [Teopema

(17.4)(c)]. Orciona naerko ciaeiyeT, 4HTO eC/H F:[SI, rie
S — npoussoabHu gususop, To ¥ (M, F)=y (M)-+d, rne d —
crenexb (anreGpaMyeckoe uucao Touek) muBusopa S. Ho

{M)y=1—p, rae p—pon xpuso#t M, 1. e. p:%b‘.
IToaromy
dim HO9(M,  (F)) — dim HY(M,  (F))=
= (M. F)=1—p-+d.
Cornacio Teopeme npo#icteenHocru Ceppa, H'(M, R (F))=
= HY(M,Q (K —F)),n gopmMysa NpHHUMAET BHL
dim HO(M, Q(F))=dim H'(M, QK —F))+1—p-+-d.

D10 M ecTb KJaaccuyeckas teopeMa PumaHa — Poxa njd KpuBHIX.
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(17.5) donycmum, 4me O0af 4106b6LX PACCAOEHUNL HA KOM-
naexcuvie npamsie F, ..., F, u 2106020 KOMRACKCHOZO 8eK-
moproz0 paccroerus B Had aw06boim aszebpadieckum MHO20-
oopasuerm M 3adan muozoisen L(Fy, ..., F.|{Buy om y
cmeneny <M —7r € PAUUOHAAbHLIMU KO3IPPuyuenmanu,
y003.1emsopAOULE YCA0BUAM:

(1) C(M, B)=L(0| B)u =y, (M, B).
@ CFy oo FG+H|Bly=C(Fy, ... Fr GBI+
A C(Fy, ..., F, H|By-(y— DL(Fy, ...
v, F,.G, H|B)y—9yt(Fy, ..., F,.,G,H,G+H|B)x.

(3) Ecau Flz!S(, 20e S — neocobulii npocmoil dusu3op,
mo L(Fy, ..., F | Byu=C((Fys, ..., (Fps|Bs)s.

Tozda mot umeem L(Fy, ..., F | Byu=y,(Fy, ..., F,|Bn.

JloKa3aTebCTBO MPOBOAUTCA C MOMOWBIO MHIYKIMH 1O Pas-
MepHocTH MHorooGpasus M. Tlpu 3TOM, Tak Ke Kak Ipu
JokaszatenbcTBe TeopeMsl (17.4), ucnodbsyercs TeopeMa bep-
Ttunu. Ycaosue (1) pmaeT Hayado HMHAYKUMM, 4 MHAYKTUBHOE
JAOKa3aTeJbCTBO ucnonbayeT ycaosus (2) u (3). IlonoGubiM e
00pasoM IOKa3bBaeTca Cleiyiolas TeopeMa:

(17.6) - ITycme dan 41066.X PACCAOCHILE HA KOMRACKCHbLE

npanse Fi, ..., F, na0 206bm ar2e6pauiecKum MmH02000-
pasuem M 3adano payuonassnoe 4ucao U (Fy, ..., Fm
npusem 8uinOAHeHH. Caelyiouue YCA08UI:
(1) LMY =T Oy = gy, (M);
(2) C'(FI, ey F,,G+H)M:C'(F1, ces F,,G)M+
+ Py, o Fr H4(— DU (Fys -
LR ] F,‘-, G, H)M—‘yogl(Fl, R Ff’ G, H; G—!_H)M’

20€e Y, — HEKOMOpPOe PANUOHALLHOE HUCAO;
@)y  VFy o Fu=U((F)s., .... (Fps)s, .

ecan F, =m, 20e S — neocoGuii npocmoit dususop.
Toz20a

C(Fy ooos Fin=2y(Fys -+ or Fu=go (Fy, ++ vy FplO)at:
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Cnencrsue., Han aszebpauteckozo muozoobpasus M
UMEOMm MeCmo pPasencmsa

X(Fr oo Fou=T(f1, ..., fm,
1P oo Fou=T_1(f1, -0, fm
20e f,— xapaxmepucmuseckull Kracc paccaoesusn F,.
ILoxasareabcrso. [lonoxum
GFp veos F)=Ty(f1s «.s F)
Ci(Fp oo FY=T_,(fy -+ [)).
B cuay nokasanHoro Ha ctp. 164, ¢om ¢y yL,OBJETBOPAIOT

ycaouaM (2) u (3) reopemwr (17.6). Ecau cpasuuth mpuMepht
2 n 3 Ha ctp. 158 c BhuMCAeHds MM HA cTp. 173, TO BHAHO,

UTO Yy (M)="11(M) u X_I(M)zﬁl_l(M), T. €. BHIIOJAHEHO yC-~
nosue (1), 3arem npumeHseM TeopeMy (17.6).

18.

Teopema Pumana— Poxa
Oan aszebpauveckux MHO20006pa3uii

Knaccuueckas TeopeMa Pumana — Poxa cOCTOMT B CJAenyio-
mwem. Ilycrb M — aareGpauwveckass KpuBas, T. €. KOMINAKTHOE
KOMIJIeKCHOe MHOrooGpasue pasmepHoctd 1. Ilyctb S — meko-
Topui#l AuBu30p Ha M, K — KaHOHHYECKOE paccaoeHne Ha KOMm-
lexcHble npsmeie Han M. Toraa

dim HO(m, 2([$])) = dim Ho(m, @ (k —[S])) -1 — p+4a,

rie d —creneds AuBH3opa S, a p— MOJOBUHA OLHOMEPHOIO
yucna Berru muorooGpasus M. Otmerum, uro ecnud > 2p — 2,

TO H°(M,K~|—§l)=0 H, 3HAYMT,
gim Ho(a, 2 ([S])=1—p+a.
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OO6uas 3a5aya COCTOMT B BHLIYMCJEHMH PAsSMEPHOCTH IPOCTPAH-
crea HY(M, @(B)), roe M —npouspoiabHoe ajire6pandeckog
MHOroo6pasue, a B — npou3BOJIbHOE KOMIIJIEKCHOE BEKTOPHOE
pacc/oeHHOe HPOCTPAHCTBO Haz M.

Yro6K 1§50 HEKOTOpPOH CTerneHH MOSCHUTb BaKHOCTb 3STOH
3ajayu, TpHBeXeM NpPOCTYI0 MHTEPNPeTalui0 HPOCTPAHCTBA

HY(M,R(B)) B cayuae, xorna B=|S|, rae S— neocobutt
npocroit auBusop. IloxawxeM, uro HO(M, 2(B)) usomopdHo
NpOCTPAHCTBY MepoMopdubx dynkun#t na M, uMeowux ocoben-
HOCTH TOJbKO Ha S (5TO 3HAYMT, YTO MPH YMHOXKEHHH POCTKA
Tako# QYHKUMM Ha JIOKaJbHOE ypaBHeHue MOZMHOrooGpasusa S
noJy4aeTcsi poOCTOK rogoMopdnod ¢ynkuuu). JeHcTBUTENBHO,
ecau roaoMopdHoe ceuenue pacchaoenus B onpenenserca Qyuk-
UMM @y, TO @y = ¢y Sy/Sy, rie sy = 0— J0oKanbHOEe ypaB-
HeHue S, M, 3HAYNUT, @p/Sy — MepomopdHas dyHKiuA Ha BceM M,
uMeas ocobGeHHOCTH TOAbKO HAa S. OueBUIHO, UYTO YCTaHO-
BJIEHHOE COOTBETCTBHE MEKAY CeueHUsMH U MePOMOPGHuIMU BYHK-
UUAMA SBASETCA U30MOPHU3MOM YKA3aHHBIX NPOCTPAHCTB.

B o6wem chayuae Mbl He 3HaeM SBHOIO BBHIPaXKeHH: s
dim HO(M, Q(B)) uepes XapakTepHCTHYeCKHe KJacChl paccioe-
Hua B u muorooGpasms M. OnHako Takas ¢opMmynaa cyuecrt-
ByeT nan uucaa y (M, B). Ona Owiia nokasana Xupue6py-
xoM  [44]. Tlpn  HeKOTOpHKX  NpeANOJNONEHHAX  HMeeM
H{M,Q(B))=0 nns i>0. B srtoM cayyae ¢opmysa Ans
¥ (M, B) nossoaser onpenenurb dim HO(M, @ (B)). B obuem
ciyqae u3  ¢opmyas aas y (M, B) MoxHO BbiBecTH s
dim H%(M, Q@ (B)) nuub HEKOTOpbE OIEHKH.

Mnr yxe Bupmenn Bullle, 4TO B caydae, Korza dim M =1,

X (M, F)=y(M)~+c(F)=1—p-+d,

rie F -—npousBosbHOE pacc/oeHUe Ha KOMIUIEKCHBle MnpsMbie
Han M. Jlanum noBoe, 0oJee mnpsiMoe LOKa3aTelbCTBO 3TOH

$opMyIbL.
Ilycte p € M. PaccMOoTpuUM TOYHYI0 HOC/I€XOBaTebHOCTD

0->Q(F —|p|)—>Q(F)—>C 0,

rae C— nyyok, cre6eab koToporo pased 0 Ha M — {p} u pasen
rpymme C nHan p (cM. npuMeuanue 71). W3 Hee MM moayuaeMm

M Py =y F—pD) 1.
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C noMoupio HHAYKUUH MO HHUCJAY TOHYEK OTCHAA MOXHO BHIBE-
CTH, 4TO

‘x(M,F)=x<M,F —lyzmypv\)—l— Zm

Mbr nMeeM 1“:]}_“m,pv s HeKOTopHX m, u p,. Toraa
v

LM, Fy =y (M) +d, rae d=m,.

(18.1) IMycre w:B-—> M — anarumuteckoe paccroesnoe
RPOCMPAHCMBO HAO KOMHAKMHLIM QA2e6DQAULECKUM MHO20-
obpaguems M co caoem P, u cmpyimypnoid epynnoi
PGL(r-+1,C) (uepes PGL(r+1,C) o6o3nauaemcs 2pynna
npoexmusnbix npeobpasosanui npocmpancmsa P,, uzomopgh-
Has  daxmop-zpynne epynns. GL(r +1,C) no nodepynne
craanpusx mampuy). Tozda B — asze6pauveckoe MH020-
o6pasue.

Hoxasarenbcrso. Ilycrs {U,V,W, ...} —npocroe
NOKpLiTHE MHOrOOGpasus M; oGosnayuM uepes g, dyHKuuu
nepexona njs paccaoenuss B. Tak xak Muoxecrso UV oxn-
HOCBfI3HO, TO MOXHO CYMTaThb, 4TO &, , — OTOGpaxeHkHe 06aacTH

Unv 8 GL(r+1,C), onpenenenHoe ¢ TOYHOCTbIO 1O YMHO-
KeHus Ha wuuciao. Hopmupyem 3TO oTOOGpaxeHHe yCAOBHEM

detg,, =1. Torna g, &,y ZPUV[,--H’ rae pg,, — rono-
mopduas ¢yukuus B U NV, He obpawawoumasca B 0 U ynos-
JETBOPAIOWIAA  YCAOBHIO p;f‘,l:l. 3aurcupyeM Anxs Kaxioft
napst U,V Hexoropbih nopanok. 3amenum O¢yHKUuM g, Ha
8yyleyy, @ dynkumn g, ocraBuM Ge3 HW3MEHeHHs. HoBuie
dynkuun  cHoBa 0GO3HaumM uepes g,,. Torma Mu Oynem
umerp detg,, =1 un g,,.&,,=I B UNVAW wmu
HMeeM £y, Ly 8y = Pyyw - Tyt &y = (gj uy)-
OnpepenuM Tenmepb Haj B HeKOTOpoOe PaccjOeHHEe HA KOM-
nnexcHsie  mpameie.  Ilycts (2, y,,) €n"t(U), rme y,=
=(y‘,’], +++, Y;) B ONHOPOAHEIX KOODIMHATAX Ha P,. Muoro-
obpasue =1 (U) nokputo Muoxectsamu U;= {(z yU)|z€ U,
y{,#0}. Toraa {U,V,, ...} —nokpbrue MuorooGpasua B.
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TTonoxum
r+1
k r+t 51 i, VUyU
f v
v, v,— = —‘T—
]k zgl ov¥Y Yu d
Mu umeeM
B
vy Y

fov, fvw fwu,= — .
JTRTCRTET T &y 8 vy
1 s

Jj q \ r+1 7 q p \7+1
Zg oY w £ qu,Ung,WVyV
U — Yy p4q
r 7 7" ) =
Yw > &Luvv Yy
7
gi g9 g’ yk r+1
Z L, Uwdp, wv e vuYu
k,p,q __ rt+1 =1
i, =Povw =1

3uauyur, QYHKIMK fU Vi ABAAIOTCA  QYHKLUAMH TNepexoxa aJs

HEKOTOPOro paccnoemm Ha npsMpie F Han B. Janree, orpanu-
yenue pacciaoenus F  Ha caoft MmeeT OYHKHUH Hepexosa
(yf,/y{,)’“, T. €. NpejcraBiaseT coGoft yMHOXKeHHOe HA — (r 1)
paccioenne, CBA3aHHOE C THNEPIIOCKOCTBIO, M, 3HAUUT, SBJAETCA
MOJOXUTENbHEIM paccioeHueM Han P,.

Ilycte E — paccroedne Ha TpsaMble Haj MHorooGpasueM M,
CBA3aHHOE C eI'0 CeyeHHWEeM FHIEepPNIOCKOCTBIO M, CIe0BaTeNbHO,
orpuiareybHoe. HMuayuyupoBanHoe paccioeHHe = E Han B oGaa-
KaeT, KaK Jerko BHUIETb, CAeAYIOIUM CBOHCTBOM: mpH ApocTa-
TOYHO GOJBLIKX IeAbIX NMOJOXKHUTEAbHBX A pacciaoenue An*E — F
orpuitatesbHo.  CrenoOBaTeNbHO, XapaKTepUCTHHECKHMH  KJacce
5TOFO PaCCAOEHHUA CONEPHUT OTPULATE/bHYI0 BEIECTBEHHYIO
saMkHyTylo ¢opMmy Ttunma (1,1), KoOTOpas  ieJsoyUCJIeHHA.
C nomompi 3To# ¢GOpMBI MOMHO ONpele]dTh Ha MHOrooGpa-
sun B Merpuxky Xomxa. Tak kKak B KOMNAaKTHO, TO Haule
yTBepKAeHUe clenyeT U3 TeopeMil (16.5).

Cnengcrrue. Ecau A— anasumuueckoe gexmoproe pac-
CAOEHHOE NPOCMPAHCMEO HAO GAE6PAULECKUM MHO2000pa-



18. Teopema Pumana — Poxa 187

suem M u B’ —npucoedunennoe x nemy paccioenue, cL0eM
KOMmopozo AsAsemcs mHozoobpasue razoe, mo B’ — maroice
aazebpaudeckoe MH02006pa3ue.

Hokasatenabctno. Ilyctb A uMeer CTPYKTYPHYIO FpyIIY
GL (g, C). Torza cnoem paccioenuss B’ spaserca F(g). loxa-
3aTebCTBO OyreM BecTu HHAykuue#t mo uucay gq. Ilycts B” —
NPOCTPAHCTBO, COCTOALIEe M3 NPSIMBIX, IPOXOAAUIMX Yepe3 Hayano
KOOPIMHAT B CJAOSX pPacciOeHHOro mpocrpaHctBa A. Mb nmeeM
paccaoenus B’ — B” — M. MuorooGpasue B” apngerca anreb-
panueckuM B cuay TeopeMsl (18.1), Tak Kak c/oeM paccloenus
B”" > M saBasercd Pq_l. Nanee, cnoeMm paccioenus B’ — B”

apaserca F(g— 1), ¥ 103TOMY, B CHJIY IIPEANOJIOKEHUS HHAYKIHH,
MHoroo6pasue B’ aarefpanyno.

(18.2) Aan awboz20 axszebpaudecrozo mHozoobpasus M
umeem mecmo pasencmso y(M)= T(M).

JlokasarenbcrtBo. PaccMoTpuM cHayana cayya#t, Koraa
M — pacuenniaiouiee  MHOrooGpasue ¢ AHArOHAMLHHIMU Pacc/oe=
MU A, ..., A, XapakTepHCTHYECKNe KJIACCH KOTOPHX CYTh
ay, ..., &, cooTBercTBeHHO. Toria, Kak NokasaHo Ha crp. 165,

(I +)’) T(M):pgoypl<' E - Ty(a,-l, e aip)'

L <. <i, <m

B cuay (17.3), Mb uMeeM

m
A9 = XNy X gy (A A
p=0 1<‘1<"'<‘p<”‘ P

Coranacuo caencrsmo u3 (17.6), Ty (o, . . - aip)le (Ais - Alp)-
3HAYuT, €CAM MOJONKUTL B 3TUX (opMyaax y=1, TO Mbl noJay-
M, uro y (M)=T(M), ecnm M — pacwenasoluiee MHOFO-
pbpasue.

[Tycte Temepr M — npousBoabHOE ajare6panyeckoe MHOrO-
o6pasue, u nycTb B — pacc/0ennoe npocTpancTeo ¢aaros Han M.
B cuay caencteus us (18.1), B apasercs aare6pauyecKuM MHOTO-
oGpasuem. CoraacHo caenctsuio u3 (16.1), B — pacuienasoulee
mHoroo6Gpasue. IT03TOMy M3 [OKa3aHHOrO Bhillle CJeXyeT, YTo
¥ (B)=T(B). Us (16.2) mui 3uaeM, uro T(B)= T (M). Ilosromy
JJIs 3aBepllleHHs NOKa3areJbCTBa OCTAeTCs TOJbKO MM0Ka3aTh, YTO
% (B) =y (M), Mpl 3HaeM, 4TO B — pacciioeHHOe NPOCTPAHCTBO.
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Jlepe—Xupiua 1 4TO €ro CJI0H HMeeT pa3MepHOCTs 7 = m (m—1)/2.
Tyctb Tys -+ s Y, — XAPAKTEPUCTHYECKHME KJACCH JHATOHAJIbHBIX
paccioeHui pacc/loeHHOro npocTpancra p't (M) nan B, rae
p:B— M—npoekuus. 3tu kaaccet umewor Ttun (1, 1). Koasuo
KOFOMOJOru#f MHOroo6pasus B sBaserca KOJbLOM MHOFO4YJIEHOB
OT 7; KO3hPuiuMeHTaMH KOTOPHIX ABJMIOTCA 0O0pasH KJAcCOB
xoroMoJaoruit 6aset (cM. mpuMeuanue 82). Tak Kak p— aHaJIUTH-
yeckoe oTOoGpaxenue, TO roMOMOpPGU3M p* COXpAaHseT TUIl KJIaCCOB
goroMonoruét. ITosroMy Bce kijacckl koroMoJjoru#t tuna (p, 0)
Ha B spnsorcs 06pasaMy KJIacCOB KOTOMOJOrHE 0asbl, OTKynad
¥ (B) =y (M). Teopema AoxasaHa.

(18.3) Teopema Pumana—Poxa—Xupuebpyxa.
ITycms F — paccaoenue na xomnaexcuue npsmsie Mad asze-
opauteckum muozoobpasuem M. Tozda y (M, F)y=T(M, F).

HokasaTenabcTBO. [lockonvky y(M)=T(M) B cuny
(18.2), ns (17.6) u wu3 ceoficts T,-pona, AOKA3AHHBIX Ha
crp. 164, caenyer, uro T(fy, ... f)_x(Fl, ..., F), rne
fi— xapaktepucTuyecku#t kJaacc paCCJlOCHPIﬂ Ha KOMILIEKCHbIE
npameie F;. [lo ompeneieHmo nMeeM

T(f)=u,,,[R (0, f)IiIQ(O, Ti)] =, [(1—e—f)]iIQ(o, T;)]=
=, (liIQ(O, Tl))—v.m(e‘fl;[Q(O, Ti))z
= T(M)— T(M, — F),

rie f — xXapakTepucTHueckuil Kaacc paccioenus F, a q; onpe-
Hdensiorcs GopMyaoH

IMa+=1+c+... +Cu
Takke 10 oOnpeleSeHHIo
L(F)=kE(1 —f)=y(M)—y (M, —F).

[Tockoabky vy (F)=T(f) u y(M)=T(M), orciona crenyer,
qr0 ¥ (M, — F) =T (M,—F). 910 paBeHCcTBO BepHO 55 BCex F.
ITosToMy MOXHO 3aMeHuTb F Ha — F, UTO faeT HY:KHOe paBeHCTBO.

Cnencrsue. IMpu 3adannom asze6pauieckom MHOZO-
obpasuuy M uucao y (M, F) sasucum .moasico om xapaxmepu-
cmuiecrkozo kaacca f-paccaoenusn F.
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dro BeiTekaeT us Toro, uro Y (M, F)=T(M, F), u u3 Toro,
yto no onpexetenuto T(M, F) sasucur Toabko or f (m oT
XapaKTepHCTHUECKHX KJIACCOB MHOroobpasus AM).

HewuspecTHO, BEpHO /U 3TO yTBepikAeHHE A8 HPOH3BOJLHOTO
(He anre6panuecKoro) KOMIaKTHOrO KOMIIIEKCHOTO MHOT000pasus.

M3 (18.3) caenyer, uro uMeer mecto ¢dopmyna

) , .
: fte G .

ot Py [o Tt =[O 2],

i e '1—1 i 2sh7‘

MoyHO noka3arb, YTO BXOAsliee B NMPABYIO YaCTh MPOUSBeJeHUE
3aBUCHT TOJMBKO OT KJjaaccoB [loHTpsaruna Muoroo6pasus M u
YTO, TaKUM OGPA30M, 3aBUCHMOCTL OT KOMIAEKCHOH CTPYKTYPH
orpaxaercs Toapko B C,. Ilpn m==1 sra dopmyra npunu-
MaeT BHI

XM, F)=(f 45 C)- M=1—p+d

(rne d — creneHp AuBM30pa, ompeneasiomero F). Ilpy m=2
MBI MOJyYaeM, 4YTO

1 1 2 1
LM Py =5 (f+5C) — g N 1i=
i
1 1 -1
=5 (P4 7C 45 C) — 5 (€ —20)),
Ilpu F=0 umeem y (M)=(C, -+ C})/12. Iloaromy
1 ‘
LM, F)== (24 fC) 4y (M).
Hanum 1psaMoe foKasateabcTtBO 9TOH  ¢opmynr. [Tyctob

S —neocoGas’ kpusas Ha M. HarmmmeM 0GbuHYI0 TOYHYIO NO-
C/1e0BATEAbHOCTL MYYKOB (CM. NpuMeuanue 71)

0»>Q(F—[S])>Q(F)—>2(Fs) —0.
M3 nee MBI moJdyudaeM, yTo
XM, Fy=y (M, F—[S])4x(S, Fo=_
=x (M, F—[S])4-x(S)4-c(Fs),
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TJe noC/elHee PABEHCTBO cheldyeT u3 TeopeMbl Pumana — Poxa
ana kpuBnx. Ecin A, B\€ Hy(M, J), To 6yneM o6o3HauaTh 4epes
A . B uHzexc mepeceueHHs ITHX KJACCOB roMojorui. Mbl HMeeM
¢(Fs)=c(F)g=F,+ S, rae F;— knacc roMonoru#t, 1BOHCTBEH-

HHH K XapaKTepHCTHYEeCKOMY Kaaccy paccioenus F. Tlycrb
k — xanonuyeckoe paccaoenve Hag S, a K — KaHOHHYecKoe

paccioenne Hag M. Torza Mm uMeeM k=(K+lS|)59°)- Jto
COOTHOWIeHUWe HAa3biBaeTcss (opMyJo# aononHeHus. M3 TeopeMst

asoticreenHoctu  Ceppa cieayer, uro vy (M, B)=(—1)" X
Xy (M, K@ B*) nns moboro muorooGpasua M. Ilonaras M =38
M cuuTaa B rtpuBuanbHLIM, noaydaeM, uto Y (S, B)=—7yx(S).
Ho, cornacHo teopeme Pumana— Poxa naa KpUBHIX, MBl HMeeM
1 (S, B)=1y%(S)—+ c (k). 3uauur,
1 1 o 1
(S =—5c)=—5c(K+[S])g=—5 (K, S+ S,
rie K;—kJjacc roMonoruff, nsoficteHHnit k ¢ (K). [losTomy
Tal 1
2 (M, Fy=y(M, F—[S|)4F,. S—5(Ky+ S+

Tonaras F—_—[—S’—l u §=3S", noayuaem
1, [ =y, [87]—T8"]) 457 - 87 —5{K, - §7+57).
Ecmn ke noaoxuts F:[m u §=_5’, To noxyunm
(M, [8]) =y (M) +8"— 5 (K, - 5"+ 57) =
| =y (M) — 5Ky - §' 45 S2
3HauuT, eciu F:]?T—I_STL TO
X, Fy=y(M, [§71) 4+ LK, " — 7. 574+ Ls7 =
=AM+ 5K, (8" — §) 45 (' — S =
=M+ 5Cf 51 ™,

Tem cambiM dopmyna na crp. 189 noxasana,
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[TokaxeM Temepb, KaK CBA3aHA 5Td PODPMyNd C HEKOTOPHIMU
KJIACCHUECKMMU TNOHATHAMM AJs1 mopepxHoctd. Ilycrs D — Heko-
Topuift auBusop. Torza d == D? Ha3uBaeTCHA CmMenexs/0 NOBEpPX-
HocTu. Bupmyanensiii pod = onpexengerca (GopMy.Jo#

r =1+ (D*+K, - D).
Hanee, nosmoxuM
Po=y(M—1,
dim|D|=dim HO(M, [D|) —1,
{=dim|K —D|+41=dim H9(M, |k —D|).
Yucno
s=dim H'(M, [ D])

HaspiBaeTCca u3bsimodnocmero. CoraacHo rteopeMe Pumana —
Poxa nsns noeepxHoCTe#f, uMeeM

x(M, |D|)=d —=4p,+2.

B cuny onpenesnenus u ciaencrsua Ha crp. 126, uMeeM

w(M, [D|)=dim| D]+ dim|K — D| — s+ 2=
— dim| D |4 i—s4-1.

Comocras/sig 9TH B2 BBIPAKEHHS 4J5 X(M, |D|), noJy4aeM
crenyomyo ¢opMyly, ABJAAIOULYIOCE KJACCHYECKOH TeopeMOR
Pumana — Poxa a4 mosepxnocTel:

dim|D|=d —n —i-+{p,+14-s.
Tax kak s >0, To orcioza cienyer, uyTo
dim|D|>d —w—i-+p,+ 1.

Ecan F TpuBHajJbHO, TO 119 NoBepXHocTH M TOTyYaeM, 4ToO
x (M) =(C,~+C})/12. Hucno pI=C2(M)+1 uasmBaercs
nuHelnsiM  popoM, a [=Cy(M)— 4 — unsapuanmom Llei-
mena — Cezpe. Mut noayuaeM Qopmyny

12(p,+1)=pV — 147144
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Orciona  BhiTekaeT clenywoiias ¢opMyna, NpHHaIexaias
Makcy Hértepy:
12p, 49 = p» 4-1I.

Ilycts F — pacclioeHne Hd KOMIUIEKCHBIE NpsiMble Hax anre-
6pauueckuM MHorooGpasueM M. Mul pokasanu dopmyiry

w (M, F)=T(M, F)=n,, [efH ik 2 ]

Ecim G u F — ¢dUKCUPOBAHHHE pAacC/JOeHHMs HA KOMILIEKCHbBIE
npaMuie, a & —- NOJONMTEeNpHOE LEN0e YHCAO, TO MBI NOJyyaeM
0TCIOf2 MOJUHOMHAJIbHOE pPasJioKeHHe

y (M, F4+kG)=a,+ak+ ... +a k™

rie a;=y (M, F) ne aapucur or G [Mm GyneM 0603HauaTh 310’
4uca0 TaKxke yepes a,(F)] u 4, =x,(g™)/m!, rie g — xapakre-
puctuyeckuit kaacc paccaoerus G. Ecau ¢p(F kG —K) <0,

to u3 (15.1) caenyer, uro H¥(M, Q™" (F +kG—K))==0 ana
g>1. Iockoabky K7 (F-+ kG —K)=Q(F -+ kG), orciona
sunHo, utro HY(M, Q(F--%G))=0. Takum oGpasoM, npu
HAIMX [PEeRIOJI0KEHUAX UMeeM

x (M, F~ EG)=dim H(M, Q (F - kG)).

CyliecTByl0T ueThHpe uUCJI3a, KOTOpHle B pasHOe BpeMst Ha3hiBa-
Juch apudMeTHYeCKHMM PojoM MHorooGpasus M. DTo uyucaa

Pa (M) =—(—1)" 4 (—1)" 2,4 (0),
P, (M) = —(—=1)"+a,(K),

x (M),

T(M).

TlepBble 1Ba M3 HUX PABHEH APYT ApYry. HedcTBUTENLHO, U3 Teo-
pembl nBoicTBeHHOCTH Ceppa BUAHO, HTO
ay (F)=(—1)" ay (K — F).
[Mpu F =0 ™o noxydaem p,(M)=P,(M). IlepBoe u tperbe
YUC/d CBA3aHBI COOTHOLIEHMEM
pa(M)=hm,0__hm—l,0+ L. _*_(_l)m—,lhl,o_____
= (—1)" x (M) - (—1)"*.
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PaBeHcTBO TpeThero M YeTBEPTOrO yuces OLLIO LOKA3aHO B TEO-

peme Pumana — Poxa.
B tom uacTtHOM ciyuae, korga F =0, a G = E onpeneasercs

CceueHHeM TFUNePIJIOCKOCTBIO, MBI  HMEEM cR(E)< 0, orkyza
cR(kE—K)<0 IJ 10CTaTOYHO Goapmux k. [Tosaoxum

dim | RE|=dim HO(M, Q(RE))— 1.
Torna mas Gosabux & umeeT MecTo dopmyaa 'mabGepra
dim|RE |+ 1=ay-}+ak+ ... +a,k",
rae ag =7y (M).

(18.4) Teopema Pumana—Poxa A4 BEKTOPHBIX
paccinoeHHBX npocTpauncTs, [Tycms B — paccroenroe
npocmpancmso ¢ 2pynnoid GL (g, C) wad ascebpautecxum

Mnro2006pasuem M. ITycms I[ (14 v)—xapaxmepucmuteckui
i

rKaacc kwacameavro20 Kk M paccroenuss, a H(l -+ 0,)—xapar-
i

mepucmusec<ul Kaace paccaoenus B. Tozda

(M, Bo—=T (M, B) ==, [( it +e"q)H ]

JlokazateabcTBO 3TO# (OpMYJB 3HAJOTHYHO JOKA3aTeNbCTBY
M3M0XKEHHOH BHILNE TeopeMul Pumana— Poxa ¢ To#t TOJBKO
pasuuiedt, 4TO Temepb HYXeH OLUH JONOJHUTEeNbHBIH QaxT.
A UMEHHO, HYXHO TOKa3aTh, YTO ),-XAPAKTEPHCTHKA PACCAOEH-
HOTO TPOCTPAHCTBA (P1aroB HAJ MHOTooGpasuem M paBHa npowus-
BEIEHMIO ,-XapaKTePUCTHKN MHOrooGpasus M Ha Xy-xapax-
TEPHCTUKY CJO0H.

B sakmodeHue OTMETUM CJ/AeLYIOUWIMA 4YacTHHIH cnyqaﬁ T€O0-
peMur (18.4).

(18.5) (Betiasb). Ilycms M — aazeGpauneckas rkpusas u
B, B’ — gexmopusie paccA0eHnble NPOCMPAHCMER CO CAOAMU
pasmepuocmel q, q' nad M. O6o3nauum wepes d,, d; nepsvie

xapaxmepucinuveckue Kaacce paccaoedud B, B’. Tozda
x(M, B B™")=dim HY(M, B ® B™)—dim HYK @ B*® B') =
=q'd; - M—qd; - M+-qq' (1 — p),

20e p— pod xpusoid M%)



NMPUMEYAHHS NNEPEBOJYHUKA

) Mycte M — BewecTsennoe MHOrooGpasue kaacca C*,
T (x) — xacatenbHOe NPOCTPAaHCTBO B Touyke x & M. IlpeanoJo-
UM, 4TO L/ Kaxno# Touku x € M sanana p-auneftnas ¢popma o,
B npoctpancrse T(x), NPHHEMAKOLIAA BeleCTBEHHBIE 3HAYCHUA U

apasowanca gyHkuue#t xaacca C% or rtoukm x. Toraa rosopar,
yTOo Ha MHOrooOpasun M 3sajana Judbgbepenyuassnas gopua o
kaacca C% cmenenu p (uam p-gopma). Crenenb p QopMbl &
o6o3nayaerca uepes dega. Ecau QopMbl @, KOCOCHMMETPHYHHI,
o nuddepenunanpuas $popmMa o HA3HIBAETCA BHeUHell (3aMETHM,
41O TepMuH ,nuddepennnasbuas Gopma“ 4acTo CAYKUT CHHO-
HUMOM TepMHHA ,BHeumlHsa IuddepenuuanpHas GopMa“; 3TO UMeeT
MecTO U B HacToswel kHure). Paccmatpupaorea takxe nuddepen-
uuaabHele (GOPMBI, NPHHUMAIOLIME KOMIEeKCHBle 3Hauyenus. Jud-
¢eperuuaipible GOPMBI CTENEHH | HAa3bIBAIOTCA TAKIKE AUHCUHOLME
win ngaggossimuy dopmamu. Ecan f— dyuxuma xaacca C°
Ha wmHorooOpasuu M, T0o ee Auddepentuan (raasHas JauHelHas
vacte) df siBasercs nuneinolt nuddepenuunanbrolt dopmon Ha M
(cM. no stoMmy mosony [650], crp. 122).

Ecin a,— p-nunefinas, a B, — g-nuHelinags KOCOCHMMETpH-
yeckie (GOPMBl B NPOCTPAHCTBE 7 (X), TO UX BHEULHUM RPOU3-
sedenuem HaspiBaercs (p-1-g)-iuHeHHas KOCOCHMMeTpUUYecKas
dopma v, =a, A\ B, B T(x), onpesenennas ¢hopmynon

Ty oo )=

1 ®
=m2(——1) Ay (Ui + e u,-p)@x(uipH, uip+q)
(4 -5 4y, ET(x)),

rie CyYMMHDOBAHHE NpOM3BOAMTCA MO BCEM MEPECTAHOBKAM
Gy, ---» ippq) MHIEKCOB 1, 2, ..., p—-¢, 2 ® — uHCIO UHBEpCHi
B IepecTaHOBKe. Buemnss ¢opma T=o A B, a1a xoropo#
=0, /\ B, npu Bcex X € M, HasbiBACTCA BHEWHUM NpOU3GE-
Oenuesm BHemHHX ¢opM a u B.
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Kpome ¢opM pasnuunbix cTeneneft (OXHOPOAHBLIX (OpM), pac-
CMaTPHUBAIOTCA TaKke HeoJHOponHble AuddepeHuHatbubie GOPMHI,
KOTODHE ONPeeaioTC KaK CYMMBl OLHOPOIHHX (OpM.

Hanoxenne teopuu nuddepenuuanpHex GOpM MOXHO HakTH
B [7], [30] wmu [50].

?) B camom gene, ecin a=0 u §=oa-}+if, rie a u
B — usoTepMuUueckue napameTpH, TO JErKO BHIEThb, YTO AKOGHAH
nepexosa ot (#, v) ¥ («, P) aBadercs OTPHUUATENLHBIM, T. €. 3TH
CUCTEMBl HMEIOT pasHBle OpUEeHTAUUH.

3) Ompenenenne 9pMumosol Mempuxy Ha KOMIIEKCHOM
MHOroo6pasuu cM. Ha CTp. 23.

%) ABTOp HeABHO MOJAb3YETCH 31€Ch CJEAYIOUUM TMperIoKe-
HHEeM, KOTOPOe Jerko BBHIBECTH W3 OTpejeleHHs KOMILIEKCHOTO
MHOroo6pasus. ITycTh 3a1aHO HEKOTOPOE OTKPHTOE moxpritHe { U}
npocrpanctsa M, u nycts B kaxiaoM U BBemena cTpykrypa
KOMIIIEKCHOIO MuorooGpasus, mnpuueM ecau UNV =0, 10 U
u V ungyuupyior 8 U 1V 3KBuBaleHTHBIE KOMIMJAEKCHBIE CTPYK-
Type. Torna nea mpocrpaHctse M cyuiectByeT (M NPHTOM eiMH-
CTBEHHA") CTPYKTyPa KOMILIEKCHOrO MHOroo6pasus, WHAYLHDYIO-
pas Ha KakaoM U 335aHHYI0 TaM KOMILIEKCHYIO CTPYKTYPY.

5 Pumanosod mempuroid na MuorooGpasuu M HaspiBaetcs
auddepenunanbias GgopMa ® CTemneHH 2, Takas, yTO OunuHeiHbie
dopMmul w, (x € M) 9B1910TCA CUMMETPUYECKUMH U TOJOKHTENbHO
onpefenennsiMa. Mol uMeeM o, = X, g,, dx!dx*, rie dx!dx* —

Lr
00BIuHOe NPOU3BeeHNe JUHeHHBIX GOPM, a (&;;) — TOJIOKUTEJLHO
onpeneseHHasl CUMMETPHYHAS MaTpuua.

6) ITpedzursbepmoso RPOCMPAHCHE0 OTIUYAETCA OT T'H/b-
GepTOBA TEM, 4YTO B HeM He 003aTelbHO BHUIOJMHAETCA AKCHOMA
HOJIHOTHI,

7y pocmpancmeom npocmoi gopmes w=w; N\ ... Ao,
HasHBAETCs HO,D.HpOCTpaHCTBO npoctpauctsa T(x)*, naranytoe
Ha BEKTOPH ®y, ... . O6semom opMb. ® ABTOD HA3LIBAET
06beM r-mepHoro napannenennnena MOCTPOEHHOrO Hd BEKTOPAaX
®, ..., 0. Mbl umeeM o A x0=adx! A ...!Adx", u Toraa
TpeGopanue (c) cBoautcs K TpeGopanuwo a > 0.

8) Ilycte P — npocTpancTBo ~ NpocTol GOpME ©, Q — OpTO-
roHajipHOe nonojaHenue X P B mpoCTpancTBe T(x)’ BriGepem

T 13
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BPuQ@ OpTOHOpMMPOBaHHbIe Gasuchl 0, .. 6 " GPH, R
Torma w©=2»x; A . /\6 rae )\-——-BEULCCTBCHHOE YHCJIO.
Ocraetca SaMETPITb 410 paBeHCTBO ds?=062+4 ... 462 oxpu-
BAJIEHTHO TOMYy, uTo dopMut 0;, ..., 8, 06p33yIOT OpTOHOpMI/I-

POBaHHBIX 6asuc NMPOCTPAHCTBA T(x)*

%) B caMoM zete, M3 MpPEAbIAYIEr0 NPHMEYaHHS BUAHO, YTO
0,, ..., 6, — opronopmupoBanuet Gasuc B T(x)". 3uauur,
o6veM ¢opubl ® pasen |h|. Orcioma chaepyer, 4YTO %0 =
=T M, A... Ab, JHanee, o A xo=1 N A ... Ab,
HoaTOMy, eCJn 6aanc 0,, ..., 0, coorsercTsyer BHOpaHHOH
opuenTauuu Muoroodpasua M, o =o=i0,., A\ ... A0,
10) Cm. Teopemy (9.1) B § 9 nacroduiefl KuuUI'H.

11y Onepatop T naswiBaerca onepamopom muna (k, 1), ecan
oH nepeposut moGyw ¢opMy Tuna (p, g) B GopMy THNA
-k g+D.

12) Oneparop T HasbleaeTca anmuduppepenyuposarue,
ecan T(@AB=Ta AB+(—1)"a ATB, rae r=dego.

13) Dro onpeneleHHe COBMAXAET € TeM, KOTOpOe GHLIO 1aHO
Ha cTp. 14. HdeficTBuTebHO, B 0603HadeHHSX cTp. 24 HMeeM

‘ - N, - -
9:72‘%/\“’kzzz(‘”k‘”k_‘”k‘”k):
k

{
——-—<Egi] z‘dzf~2 gudz dz/ >:

i, J

=1 3,8, (dz d2) —dzl dzty = & E dzl A dz).
ij ij

14) 3ameTuM, YTO B JOKA3aTEJLCTBE ITOH TeOpeMH NPeLNoJo-
JKeHHe KeJepOBOCTH He HCMOJb30BAHO, TAK UTO TeOpeMa OCTaercd
BepHO# nas /MoOGOTO 3pMUTOBA MHOrOOGpasus.

15) Baxon dgoiicmeeHHocmy, O KOTOPOM HIET peub, 3aK/0-
4aeTCA B TOM, YTO IJs KOMIZKTHOFO OPHEHTHPYEMOT'O #-MepPHOIo
BelIeCTBEHHOTO MHOro0Gpasus M cnpasensusa Gpopmyaa b”=b""".
Ona auddepeHuupyeMbx MHOrooGpasuét ero MOXHO AOKa3aTh,
HanpuMep, caenyioliuM o6pasoM. Beenem Ha M pumaHoBy Met-
puky. Kax noxasano B § 2, omepaTopei # W A TepecTaHOBOYHHL.
pngno_BaTeabHo, AJIg KOXKAOro r onepatop = H3oMOppHO oTOGpa-
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KAeT MPOCTPAHCTBO rapMonuueckux dopm 587 wa FE"~7, otkyna
bT=p""",

18y OrowaectsuM npoctpancteo H2* (M, R) ¢ upocrpau-
CTBOM @7«32}?" BELIECTBEHHEIX TapMOHMYeCKHX ¢opM cTenenu 2k
Ha M. Jlaa saementos o, wzeg%”%‘ CKaJMgpHOe TNpOU3BeJeHHE,
0 KOTODOM HJeT peub, onpenensercs ¢GopMyao#

(0, 0g) == f“)x N\ ©g.

A

OtHoCUTeNIbHO HEBBIPOXKACHHOCTH 3TOf GuINHeHHON (OPMBI CM.
npuMedanne 22,

17y Cu. Taxxe AOKA3aTeJAbLCTBO 3TOH Teopemsl B [7].

18) Tlyctb M — KOMIAKTHOE — KOMIJIEKCHOe MHOrooGpasue
KOMILJIEKCHO! . pa3MepHOCTH m. DBBeseM Ha HeM 3DMMTOBY MeET-
puxy. Ha crp. 35 noxasano, uro I, ,=1I,_, . _, % Orcrosa
U U3 npHMevanns 15 BHAHO, uto = usomopdHO oToGpamaer
npocrpauctso Hg? wa SR T ™ F. Caexosarenvno, hP' Y=
=p"me "

19) OtmeruM, 4TO HMMeeT MeCTO CleLyIollas TeopeMa, MpH-
Hapaexamas Ywoy [49): scaxoe anasumueckoe noOMHO20-
o6pasue 6Ge3 ocobennocmell KOMNAEGKCHOZ0 NPOCKMUSHOZO
NPOCMPANCMEa ABAAEMCA QA2e6pAUtECKUM MHO2006pa3ueM.
[TpuBeneM 10Ka3aTeabCIBO 3TOR TeopeMmbl, B3aToe M3 Amer. J.
Math., 78, Ne 4, crp. 898 (1956). :

OueBHIHO, [OCTATOYHO [AOKA3aThL TeopeMy IJa CBA3HOIO
noaMuoroodpasus McPy. B xonblie BceX OIHOPOAHBIX MHOrO-
ygeHoB 0T N -1 HeH3BeCTHOro € KOMIJIEKCHBIMH KO3dpuuueH-
TAMU PACCMOTPUM MAeal P, COCTOSWMH U3 BCeX MHOTOUJIEHOB,
obpawawowmuxcs B 0 wa M. M3 cBassoctn MHorooGpasus M
JerKO BHIBECTH, UTO p — MPOCTOH# Hxean. 3HAuuT, aareSpanve-
ckoe MHOrooopasue M, cocTosuiee U3 BCeX TOYeK NPOCTPaH-
cTBa Py, B KOTOpHX OXHOBPeMeHHO oGpawaorcs B 0 Bce MHOrO-
yjeHH U3 HAeana p, fABjaseTcs HenpusosuMbiM. OuesnaHo, M M,
orkyna m=dim M < dim M = m. O6o3sunayuM uepe3 L coBOKym -
HocTh Bcex ¢yukuu#t Ha M Buga P/Q, rae P u Q— MHOro-

4JleHBl OLHOH CTemneHH OT KOOpAHHAT Py, npuueM Q@p, H 4e-
pes K —mone Bcex MepomopdHeix dyHxkuu#t Ha M. BnoxeHue
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M — M nopoxaaer roMoMopdusm noas L B K, Koropufl, Kak
clefyeT U3 onpeleneHus MHorooGpasus M, aBideTcs MOHOMOP-
¢uamoM. Kak mokasan 3urenn [14], Bcakue m -1 dynxuuét us
noan K  cBs3ambl  aqre0paudecKUM cooTHouwreHueM. Tak Kak

B noje L CyulecTBylOT m aareOpaudyecKd He3aBUCHMHIX (yHK-
uui, TO OTCIOAa clAenyer, yTo m < m. TaxuM oOpasoM, m —=m.
Orclona, B YaCTHOCTH, BHAHO, 4YTOo M CcOLepXHTCA B MHO-
’eCTBe OOBIKHOBEHHBIX TOYeK muorooOpasus M. [las 3asep-
weHdd JAOKA3aTeJbCTBA TeopeMbl JAOCTATOYHO MOKas3aTb, HTO
MHOKECTBO OOBIKHOBEHHBIX TOYeK HENpHBOAMMOro ajirebpa-
H4YeCKOro mMHorooOpasnus M cea3HO. DTO MOKHO ClejaTh C HO-
MOLIBI0 MHIYKUHMHM MO PpasMEpPHOCTH, HCMOJL3YH CeUeHHs FHMep-
MJIOCKOCTAMH.

20) Jlycte M — KOMIAKTHOE OPHEHTHPOBAHHOE 72-MEpPHOE MHO-
rooGpasue. Hepes H,(M, R) 0003Ha4#M p-MepHYIO Cpymmy ro-
MoJIorMit MHOroo6pasus M ¢ BewleCTBeHHBIME KO3 dULHeHTaMU
H TOJOXUM

H, (M, R)= H,(M, R).
14

Mpocrpauctso H, (M, R) unpocTpancTso xoroMoaorut 1% (M, R)
eCTeCTBEHHBIM 00Pa3oM fBAMIOTCA CONPSHYMEHHBIMH  NpPOCTPaH-
creamu; oGosuaunM yepes {( x, £) (x E H* (M, R), E€ H, (M, R))
COOTBETCTEBYIOLleE  CKalApHOoe Tpou3BeieHHe. IlpocTpancTso
H*(M, R) asaserca aare6po# OTHOCHTEbHO YMHOXeHHd AJek-
canzepa — Ko/amMoropoea xQy, KOTOpoe npu usoMmopdusme ne
Pama cOOTBETCTBYET BHEUIHEMY YMHOMXEHHIO AMddepeHIuaIbHbIX
dopm. Ecan x € H*(M, R), E€ H,(M, R), To omnpejenuM 3Je-
Ment x N§€& H, (M, R) dopmynokt

(y, xNE)=(yovx, &) (yEH* (M, R)).

PaccMoTpuy Teneph Aunefinoe oroGpawenne D : H* (M, R) —
—>H, (M, R), onpeseiennoe dopmyaot Dx —=x N M, rae M€
€ H (M, R) — ocHoBHOH KJacC rOMOJOTMH OPHEHTUPOBAHHOIO
mHorooGpasus M. OxkasweBaerca, yto D — nsoMopdusm (3aKoH
nBoficteenHocTn [lyankape; cM. [29]). C nomousio D B mpo-
crpanctse H, (M, R) MOxHO BBecTH yMHOXeHHe E o == D (D™eL

uD'ln), KOTOpOe COBmaiaer ¢ onepauueit nepecevexus [29].
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Bce cxazanHoe OCTaeTcs B cuje [Js [0J8 KOMIUIEKCHBIX 4HCeJ
B kauectBe 06aacTH k03PPULUeHTOB,

2l) Baech mcnosabsyercs TOT (AKT, 4TO OpPU UOMOpdU3Me
e Pama npoussenenne Anexcanaepa — KoaMoropoea oTBeuaeT
BHEUIHEMY UDOH3BeAeHI0 dopu.

22) OroxpecTsuM ajeMenTs aareSpn H*(M, R) ¢ sewiecr-
BEHHBIMH rapMonmueckuMu Gopmamu. Tak kax NMpH H30MOpQuUIMe
e Pama npoussezenne Anexcaniepa — K0JMOropoBa COOTBET-
CTBYeT BHEIIHEMY IpOU3BeieHHIO (OPM, TO, KaK 3TO BHUAHO M3
npuMeuanus 20, uMeeT MecTo dopmyaa

f‘”lzf"%/\‘”z:(“)p%)’ &,
M

Duw,

rae o, € Hh, o€ %7, n=dim M. assecrno, uro orepa-

Top D:H*~"(M, R) > H, (M, R) otobpaxaer UeJIOYHCACHHbIE
KJAACCH Ha BCe wLenoyuciennsie, ITostomy, ecam (o, wy)—

Hex0e 4YHCHAO, AJA BCeX UEeJIOYHCARHHLIX ®,y, TO fml—uenoe
z
4ica0 Ad% BCEX 7-MEPHBIX UEJOUMC/IEHHBIX LHMKIOB Z, T. €.
o, — HejgouyucieHHas ¢opma. Ecam n =4k, r = 2k, 10 cxanap-
HOoe [Npou3BelcHHE (O, ®y) COBMALAET C INPOUBBEIEHHEM
{w,, ,), KoTOpOE paccMarpuBanock Ha crp. 39. Ms dopmy.nt (=)
JIErKO BBIBECTH, 4To OuianHetinas ¢opma (w;, ©,) HEBHPOXKAEHA,
JleficTBATEAbHO, ecn (0, wy) =0 A1d BceX 0y & H*(M, R), T0

f(ol_—_O LI BCeX ®y. D — m3oMopduaM, OTKyAd CIERyeT,

Dw,

4TO f‘”1:0 s moboro Z € Hy, (M, R), u, snauut, o, =0,
4

23) Yepes A’ 06o3HauaerTcs MaTPHLA, TPAHCIOHHPOBaHHAA K A.
24) [logpo6HOe W3J0KEHHEe 3STOr0 BONPOCA MOMXHO HaHTH
B [7, 30, 41].

25) B nacrosuiee BpeMs 3TOT (aKT 10Ka3aH U B TOM Cayuae,
gorna MHorooGpasue M sBifeTcs He aHAJUTUYECKHM, a JUllbL
augpdepeHunpyeMsiM kaacca C* [33].

26) OGo3nauuM yepes F noamuosxecrso 8 F X F, cocrosiuiee
g3 Bcex rakux mnap (f,, fy), uro w(f,)==(f,). Toraa uyxuo
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norpe6oBaTh, 4T0GH oToGpawenus F ~>F.u F — F, onpenenen-
ubie Qopmyaamu (fy, fo)—>fi+f, u f->-—Ff, Ounnm nHe-
HpepHBHHL.

27y Tlycrb A — YacTHYHO YIOPANOYEHHOE MHOMKECTBO, H NMYCTh
ana mobeix o, BEA cywecrsyer Tako#t Y€ A, €to o >7 W
8 > ¢. llonyctuM, 4t0 KamaoMy o & A conocrasiena rpynna G,
a kaxno# mape a <8 comocrasien romMoMopdusm of : G;—G,,
mpuueM nph o <3 <y HMees 97 =2’¢l. Toraa rosopatr, ¥TO

sanan nparoi cnexmp rpynn {G,). Ilpedenos cuextpa {G,}

HasbBaetTcs rpymna (G ==lim G,, xKOTOpad ompenedeTCs CAEIYIO~

unM obpasom. Ilycrs G:UGG, u nyets X €G,, v€ Gy Mo
€A

OyaeM mHcats X ~ Y, ecIi CyiecTyeT Takod Y€ A, urto 1 < 2,

1<Bu cp?;x:cp?;x. Jlerko npoBepHTb, UYTO OTHOLIEHHE X ~ Y

ABJISETCA OTHOLIEHMEM IKBUBAJZEHTHOCTH B MHOwecTsBe U. B MHO-
JKEeCTBe KJACCOB SKBUBAJEHTHOCTH €CTECTBEHHBIM OOPa3s0OM BBO-
LUTCA OHepaius, Npeppamawuas ero B rpynmy; 3ta rpynna u
o6osHayaetca vepe3 G (cum. [39], crp. 275). B namwuom caydae
poab MHOXeCTBA A HrpaeT MHOXECTBO BCeX OKpeCTHOCTel
TOYKM X C eCTeCTBEHHHIM OTHOLUECHHEM HOPSIKA.

28) Tloc/e0BaTeNLHOCTL TPYAN B TOMOMOP(U3MOB
5 Ik
AO - Al N —>Ak

Ha3LiBAeTC TOUHOH, echau IJa Kawaoro i=—1, ..., B—1 06~
pas romomMopdusMa f, CoBnagaeT ¢ AApOM roMoMopduama fpii.
AnanoruuHo onpepessieTcs TOYHAA TOCAeAOBATENbHOCTb MYUKOB.

29) [IpuseneM onpejenenne xommiaexca N (#). OTHeceM Kax-
ZoMy MHoOxecTBy U M3 mnokpHTHa Z TOouky Py B BeKTODHOM
NPOCTPAHCTBE JAOCTATOUHO BHICOKOH Pa3MEpHOCTH TaK, 4TOOH Bce
TOukH Py Haxoauaucs B oOueM noaoxennu. Ecau p>0 23

Uy, Uy, ..., U,—raxue muoxecrsa us %, yto UN U N .
.. NU, 0, TO HATAHeM Ha BepwHHH Py, .. PUp cnmnne}(c
pasmepﬂocm P, KOTOPHI#t MBI 00603HAYUM qepes (UO, v Uy

[NonyueHHblt MpPY 3TOM KOMIJIEKC H HA3BIBAETCH HEpPB8OM TOKDH -
THSE %

%) Mocrapnennsit Hag GyKBOH {CHMBOJ » O3HAWaeT, WTO 3TY
OGyKBYy HARO TIPOMYCTUTD. -
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31y HNokasatenbcTBO 3TOro dakra cM. B [35], ctp. 388,

32) Cm. npumeuanue 27, B xagectse muowectBa A 3aech
BLICTYNA€T MHOXKECTBO K/4CCOB SKBUBAMEHTHHK (T. €. BIMCAH-~
HBIX ApYr B ApPYra) MOKDHITHA mpocTpaHcTsa X.

33) Tlycts 0—+A—i—>B—J>C—>0—Tquaﬂ TNOC/IeJORATE b -
HOCTb AuddepenunaIsHEIX TPy, AuddepeHnuanst B KOTOPbIX
Mbl o6o3HaunM uepes 8. [lycty H (A), H(B), H(C)— rpynnu
romoJtoruit rpynn A, B, C. Onpezenun romomopdusm ¢*: H (C) —
—>H(A). Ecmu ¢€C n 3¢ =0, 1o cyuecrsyer Tako# b€ B,
uro j(b)=-c. Mu umeeM j(8b)=237(b)=28c=0. B cuny rtou-
HOCTH NOC/eL0BaTedLHOCTH, CYLIECTBYEeT TAKOH 3/eMeHT & € A,
uro i(a)==20b. Ouesnuauno, %a¢-—=—0. [Iposepserca, UYTO KJacc
roMoJIOrM#t IMK/JAa & He 3aBUCUT OT BHIOOpa O H He MeHseTcd,
eca 3aMEHHTb ¢ TOMOJOTHYHBIM eMy uukjioM. [loaTomy BO3HU-
kaeT romMoMopduaM rpynmast f7(C) B H(A), xoropb#i u obo3na-
uageTcs yepes 8", HeTpyano noxaszaTh, YTO TPeyroMbHHK

H(A) ~> H(B)
x /
K jE

XN
H(C)

rae i* u j* MHAyUupymoTcs roMoMopduaMaMu i u j, ToueH (cM.
[18], cTp. 78).

34) Tonomoruyeckoe npocTpaHCTBO X HA3HBACTCH NAPAKOM-
NAKmMHKbLM, eCld B M060e er0 OTKPHITOe NOKPLITHE MOXHO BIIM-
CaTh JOKAJbHO KOHEYHOe IOKDHITHEe, T. €, TaKoe MHOKpPHTHE X,
4TO KamAan To4ka X € X uMeeT OKPeCTHOCThb, NEPeCeKarnlLyocs
AMldb C KOHEUYHBIM 4MCIOM MHOXeCTB U3 #. Ecam X — jokaleHO
KOMITAKTHOE NPOCTPAHCTBO, TO [Js er0 NapakOMIAaKTHOCTH J0-
CTaTOYHO, 4TOOH OHO Gbl10 OGbeAUHEHUEM CYETHOTO YHMCAA KOM-
NakTHHX noaMHoxects ([6], crp. 126). Tlpu paccMoTpennu
Apefe/OB MO NOKPHITHAM [1apaKOMNAKTHOTO MNPOCTPAHCTBA AO-
CTATOYHO PacCMaTpHBATh JOKAMbHO KOHEUHble MOKDHITHS.

%) CyuiecTBOBAHHE TAKOTO TNOKPHITHA #° NEFKO CIERyeT U3
TOFO, YTO BCAKOE TNAPAKOMIAKTHOE XaycAop(os0 RPOCTPAHCTBO
HopMaaeHo [12]. _

3) Aprop naer najdee HaGPOCOK J[0KA3aTeJpCTBA TOH YacTH
TEOPEMEl, KOTOpas OTHOCHTC K YMHOXeHuio., MH onyckaem sTo
MECTO, OTCHJIAn uutateds K OoJjee oOueld Teopeme, copepia-
weticsa B [9] (Teopema 6.6.1, ctp. 257).
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37) BeeleHHOe 31eCh TOHATHE pACCJAOEHHS HAa KOMIIEKCHbIE
npsAMBEE ABJIAETCA YACTHBIM CJaydyaeM OOGWIErO MOHATHA paccA0eH=
HO20 NpOCMPAHCMBa €O CMPpYRmMypHOL zpynnoi (3a noapod-
HOCTSAMH MBI OTCHIJIdeM uuTaTeqs K 1-B rsaaBe kuurun [38]).
[lycTs paHbl TomoJsoruueckue mnpocTpanctsa B, M, F u rtomno-
Joruyeckas rpynna G, gefictywoulas Ha £, npuueM HMeerTcs
nenpepoipHoe otoGpawenye ¢:B-—> M. Tlycts, naxee, ‘cyue-
CTByeT TaKOe OTKpHITOe HMOKpHTHe X mnpoctpaHcTsa M, uto (2)
aaa xkaxgoro U € % wmuowectso 71 (U) romeomopdpuo U X F
{r.e.BY71(U) umerorca xoopanuatsl (x, fyr), npuuem ¢ (x, fy)=
=ux); (b) ecotu U, VEX, to 3 UNV onpegerena takas He-
npepbiBHA QYHKUHMA gyy CO 3HaveHusMH B G, 4TO NpU rOMeo-
Mopdusmax npocrpanctea (UNV)X F ¢ "1 (UNV), onpene-
JeHHhIX AByMa oxpectHoctamd V u U, Ttouku (X, fv) n (x,
guv (x) fv) cooTBeTCTBYIOT OJHOR U Toft we Touke B 1 (U NV).
Toraa roBOpST, YTO HMEETCA PRCCAOEHHOe Npocmpancmso B
¢ 6azoti M, caoem F, cmpyumyproii e2pynnoii G u npoex-
yuet . TloxpHTHE X HA3BIBACTCA CUCMEMOU KOOPOUHAMHbLX
oxpecmrocmelf, a GYHKUNM Quy — PYHKQuUAML  nepexoda.
Ecan B, M, F dBisiOTCY BelUECTBEHHHIMH MHOr000pa3usaMu
kiaacca C*® (COOTBETCTBEHHO KOMIJIEKCHBIMH MHOFO0Opasuamu),
G — BeuecTBEHHON (COOTBETCTBEHHO KOMIJEKCHON) rpymmno#t Jlu,
a ¢ n gyy —orobpaxenusmu kracca C® (COOTBETCTBEHHO aHa-
JUTHYRCKVIMU OTOOPa:KEHUSIMY), TO TOBOPAT O dudgepenyupye-
MOM (COOTBETCTBEHHO KOMHACKCHO-QHAAUMUYECKOM) PACCIOEH-
HOM NpPOCTpPaHCTBe.

dyuxiun nepexoja gyy VAOBICTBOPAIOT CASAYIOLHM ABYM
VC/IOBUAM:

(1) guv gvwgwy=e (enmnuua rpynns G) 8 UNV AW,
(@) gupv==e¢ B U.

OO6parHo, ecaum 3a7aHO TNOKpHTHE # U AuddepeHuupyeMbie
kiacca C*® wuam anaautndeckue ¢ynxkumu gyy B8 UNV, yro-
BJIETBOPAIOUINE 5THM COOTHOLIEHHAM, TO CYINEeCTByeT AuddepeH-
HYpyeMOe HJIM aHAJUTHYECKOE pACCAOEHHOE MPOCTPAHCTBO CO
cnoeM F u rpynnofi (G, uMeiliee 5TO MOKPLITHE B KayeCcTBE
CHUCTEMBl KOOPAHMHATHHIX OKPECTHOCTEH, a gyy—B KadecTse
$YyHKUUA nmepexoaa.

~ Bpoaurca takxke noOHATHEe SKBMBAJEHTHBIX PAacC/IOEHHHIX HPO-
CTPAHCTB.



IIpumedanus nepesoduura 203

3) D1oT npuMep MOKasbiBAeT, YTO MOHATHE AMBU30PA 6/M3KO
K TOHATHIO moaMHOroo6pasus pasMepuoctd m — 1. OcTaHoBuMcs
HEMHOTO Ha 3TOM Bonpoce. I[TOAMHOXKECTBO S KOMILIEKCHOTO
Mm-MepHOro MHOroo6pasusa A HasbBaeTcs n0OMHO02000pa3uem
(¢ ocobennocmamn) pameprocmu m—1, ec/H OHO 3aMKHYTO
B M u eciu cyuecrsyer tTakoe nokpeitie {U} mHOorooGpasusa M,
yro SN U onpenensercst ypasHenueMm sy — 0, rae sy—rofo-
MOpdHag u He pasHas ToxnzectsenHo O dynxuua B U. [Moamuo-
rooGpasiie S HasHBaeTCd HenpusoOuMsli, eCJU OHO He sBJseTcs
O0DbeAVHEHHEM JBYX pas3JIYHHIX TO0AMHOroo6pasuit pasMepHOCTH
m— 1. O6osnauum yYepes (' Tpynny, COCTOAULYIO U3 BCeX KO-
HEUHBIX 1EJOYHCJACHHHX JHHEHHBIX KOMOUHAUMM HENPUBOAMMEIX
nojaMHoroo6pasu#t pasmepnocta m — 1 B M, cioxende KOTOPHIX
onpejenderTcd ecTeCTBeHHbIM o00pasoM. MoHO [40Ka3aTh, YTO
epynna G’ wsomopgra e2pynne ousuzopos G. B wactHOCTH,
npu m =1 MB NOJyyaeM, 4TO JAMUBHU30PHl HA OJHOMEDHOM KOM-
IVIEKCHOM MHOro0O0pasid MOXHO MOHUMATh KaK LEe/JIOYHCHeHHbIE
JUHEHHble KOMOWHAUMY Touyex MHOroo6pasus; cvMMa xosddunu-
€HTOB TaKoft JnHe#HOM KOMOMHALMM HA3bIBAETCH CTEHCHBIO JH-
Bu3opa. Maomopdusm memay rpynnamun G’ u G ycraHasausaeTcs
caenyioulny o6pasoMm (cM. [7], mpusmoxenue). Mbl Bujenu, 4To
BCAKMK auBusop D 3amaercs B HeKOTOpOM nokpmTHH {U} Me-
poMopgubMU  pyHKUMAME ¢, B U, TakuMu, UTO ¢ /o, rojo-
mopduel W He oOpawaworcs B 0 B UNV. Beakuit aususop
MOXHO TPeACTaBHTb B BHIE PA3HOCTH ABYX JUBU30POB, KAMWMABIA
U3 KOTOPBIX 3a43cTCA TFONOMOP(HBIMH (YyHKuMIME ¢, [lycts
Tenepb D — Takolt AMBU30P, uTO @, OJIOMOP{HBL. YpaBHeHHS
¢, =0 onpegensior 3 M HexoTOpOe moxMHorooGpasue pasmep-
HOCTH m — 1, KOTOpOoe HaswlBaeTcs Hocumesesm AuBusopa D.
Hocurens aususopa npeacrasum B Buge S, U ...US,, rae S;,—
HEeNpHBOJHMMblE MOAMHOrooGpasms pasmepHocty m— 1. [lycts
2 € U; paccMoTpuM pasnoxenye OYHKUHM @y B CTENEHHOH psin
[0 KOOpPIMHATAM B TOuYKe 2 ¥ 0003HAuUMM uepes R(2) cTeneHsb
HEPBOTO HEHyJNeBOTO UjieHa 3TOro psia. JokaseBaercs, 4TO ec/u
R — mHOXecTBO OOBIKHOBEHHHX TOUYEK HOCHTeAd AuBu3opa D,
70 (yHkuua R(2) NOCTOSHHA HA KAKAOM MHOXKeCTBe RS

b
ConocTaBuM AuBH30OPY D amHelHyi0 KOMGuHaumio X &, S, rie
=1

k;=Rk(2)(2ERNS,). MoxHO 10Ka3aTh, YTO IPU STOM NOJTyUaeTC
uzoMopdusm rpynnsl G na G’.
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%9) PaccMorpum cayua#t, koraa F=|D|, rae D — uexoro-
puitt auBu3op. Auusop D onpejesseT LeJOYHCAeHHBI] KaacC romMo-
JOTHH pa3MepHOCTH 2m — 2, KOTOpHH Mbl 0603HAYNM TaKkKe ue-

pe3 D. MoxHO 20Ka3aTh, YTC XapaKTepHCTHYECKUH Kace ¢ ( f D {)
ABAfeTCA JABOACTBEHHBIM B cMbicae [lyaHkape 1O OTHOILEHUIO
K xnaaccy romoqoruft D. HametuMm noxasaTe/qbCTBO 3TOFO yTBEPK-
Ienus nid Heocoboro mnpocroro naususopa D =—S. Tax kak
dimS =2m —2, To MOXHO BHOpPaTL TAKYI0 TPUAHTYIAALHIO
MHOT0OOpasust A, 4to OZHOMEDHBIH OCTOB ee OapULEHTpUYe-
CKOrO TIOApas3jelieHHs He mepecekaeTes ¢ S H Kawablfi ee
JIBYMEPHBI# CUMIIJIEKC mepecekaercs ¢ S B KOHEUHOM ulcle TO-
yex. Ecam p—BepuiyHa 9TOH TpPHAHTyJASUMH, TO OO003HAYHM
uepes U, ee 3pe3ly, T. e. CyMMy BCEX OTKPBITHIX CHMINIEKCOB,
CojJepKalluX p Ha rpaHuile. MOXKHO B34Th TAKYyI0 MEJIKYIO TPHAHTY-
aauuio, utobel B Kaxao# obnactit U, MuorooOpasue S onpenes-
nock ypasuenuem F,= 0, rae F,— roaomopduas ynxuua B U, un
F,IF, ro.mMop(pHa 0 He 06pamaeTcs1 e 08 U,NU, 06031
wity qepea I(S, t) nHiexc mnepeceueHus LHUKJIA S c ,H,ByMeprIM
cumniexcoM £. Jlns 10KasarteqbCTBA HAILETO YTBePHKIAeHUs 10CTa-
TOYHO MOKA3aTh, YTO KOUMKJ ¢ (f) =1 (S, f) mpuHALIeKUT Kaaccy

¢ (IS |). Briaucaum 9107 KOWUKI. 19 NPOU3BOALHON BepIUHb P
0603HauuM uepe3 V, ee spe3fly B GapHUEHTPHYECKOM MOApa3je-
JeHnd Hauwed rtpuanrymsiyi. [lycTe p, g, r — BepUIMHB Tpe-
yroibHUKa £, U NYCTb tp:Vpnt, tq:ant, t,=V,.Nt.
Toraa

I(S, y=1(S, t,)+1(S, t)+I(S. t).

Muoxects0 S()£, COCTOHT 3 KOHEYHOrO 4YHC/AA TOYEK W Ompe-
Iensiercs ypaBHeHneM F,=0. Orciola HETPYAHO BEHIBECTH, 4TO
1(S, t,) pasen cmee KpaTHocreH Hyllel aHanuTHYecKOH QyHK-
187071 1'p B tp, .
1 arp
1(S. ¢ ) Oni F ’
o,

rie Of,— rpaHuua KiaeTkd £, Hcnompsys sty ¢opMy.y, Jerko
MOKa3aTh, YTO

I(S, £)= g5 (10g f g -10g fo,+10g f,,),

rae qu= o/ F g — QYyHKUME NEPexoAa paccloeHus ]?] Taxum
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06pasom,

1
¢ (t) =55 (log fpg+-log f e t-1og £, ).
U3 ompefesiens XapakTepHCTHYECKOTO KAACCA HENOCPENCTBEHHO
caenyer, 4to ¢ (£)€Ec (lSl) (cM. ctp. 79).

40y Jlerxo mpoBeputTb, uTo ¢yHKuuH | fyy |2 aBasmorca dynk-
UMAMA Nepexona AJs Hekotoporo auddepeHuupyemMoro pacciao-
€HHOTO TMPOCTPAHCTBA C rpynmoft R* NOJOWUTENbHBIX AeHCTBH-
TeJ bHBIX uHcen. Taxk kak rpynma R* craruBaema, TO 3TO pac-
CI0eHHe SKBYBAJIEHTHO TpsaMoMy npousseserunio ([38], crp. 70).
Ho sT0 u 3HauuT, YTO CyulecTBYIOT (PYHKUMH @y, obAafamolne
HYXKHBIMH Ham cBOHcTBamu. JlokasaTeibCTBO 3TOrO (hakTa MONKHO
NPOBECTH TAKke B PaMKax TEOPHM MyukoB. [las 3TOro saMeTum,
YTO NiyuoK A* poCTKOB MOJNOKUTEIbHHX QYHKIUA Kaacca C® Ha M
C onepanue#t yMHOMEHHA sB/sleTCa TOHKHM IyukoM. [leficTBu-
TebHO, roMoMopduam e’ : AY—> A* onpeneneHHbR GopMyI0OH
e’ (f)(2) = e/ (2 (uepes A® Mpl 0603HAUAEM NYYOK POCTKOB (PYHK-
pu#t kaacca C® Ha M c omepanue#l cJAOxenud), ssiseTcs M30-
MopdusMom, a nyuoxk A® saBaserca ToHkuM. Clen0BaTeabHO,
HY(N (%), A)=0, rae %= {U} [cM. J10Ka3aTe/lbCTBO TeO-
pemst (8.2)], u kowukn HepBa N (%) ¢ xoadduunesramu B A%,
onpejesemblt GyuxuuamMu | frryy |2, KOrOMOJMOTHYEH HY/T0. IJTO
Q3HAYaeT, 4TO CYLIeCTBYIOT Takue ¢yukuuu ay > 0 xi1acca C*,
uto ay| fuvP=ay.

4y TloHaTHe c8s3HOCMU B PACCAOSHHOM NPOCTPaHCTBE 0606~
1aeT NOHATHe auHeHHOM (mau addunHOR) cBA3HOCTU Ha audde-
peHuHpyeMOM MHOrooOpa3un. JluHelHas CcBA3HOCTL Ha jpudde-
peHUHpYeMOM wmHOrooGpasud Al mnosBossieT Kaxao# raagkoht
xpuBolt x () ({, <t <¢) Ha M mOCTaBUTH B COOTBETCTBHE JH-
HeltHoe oroOpakeHHe KacaTedbHBIX mnpocTpaHcTs T (x(f,))—
— T(x(#)) [rax HasplBAeMBI MNapa/ielbHbI TepeHoC BAOJbL
nytd x(¢)]. KacarenbHele NpOCTpPaHCTBA K MHOrooGpasui M
MOXHO paccMaTpUBaTb KaK CJIOH PAacCJOeHHOTO NPOCTPAaHCTBA
€ Gazo#t M, cocrosiero M3 BCeX KacaTelbHHX K M BeKTOpOB.
CBS3HOCTE B NPOH3BOJLHOM PACCIOEHHOM NPOCTPAHCTBE NO3BO-
JIFeT OIpPefe/UTb TEPEHOC erd 'CA0 BAO/Ib NIPOU3BOILHOIO MyTH
B 06ase. 3a moOJAPOOHOCTAMH, ~OTHOCAULUMHUCA K OOmel Teopuu
CBSA3HOCTe#l, MBI OTCHJdeM uuTrarens K kuure [30]. B nacrosmeit
KHUI'® TEODHA CBHSHOCTEH NpUMeHseTCA K H3YUEHHIO XdPAKTEPH-
CTHYECKHMX KJacCOB BEKTODHBIX PACCJOEHHHIX NPOCTPAHCTB.
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42) Jlerko MpOBEpUTb, YTO 3TO YTBEPKAECHHE OCTAETCS Bep-
HEIM 174 M060r0 NapakOMNaKTHOTO KOMILJIEKCHOTO MHOroo0pa-
sua M.

43) OGpasys TOYHHE NOC/Ie10BATENLHOCTH PPYNN KOTOMOJIOTHH,
CBAI3AHHBIE C TOUHBIMH MOC/E0OBATENLHOCTAMHI NYYKOB, CTOALIMMH
B BepxHell M HIKHeNl CTpOKAax QuMarpaMmsl, KOTOpas BHIMKCAHA
Bblllie, NOJMy4uM (nipu p=1 U p =0 cOOTBETCTBEHHO) C/eLyIO~
LHe KOMMYTATHBHBIE AUArpAMMEL:

HO(AY) > HO(C)> HY(CY)  H'(Ch)S> H2(C)
‘L H0,1 ¢ IIO(%Z ‘L HO;I ‘L HO:I J/ HO:O
” €3 oF
Hy(A% 5 Ho(co2) 5 Hieory  H1(COty - H2(Q0)

Kak nokazano B (9.1) n (9.4), oroGpaxenna 8* B nepsoff Aua-
rpaMMe SIBJASIOTCA SNMUMOPQU3MAMH, a BO BTOPOH — U3OMOpHU3~
mamu. Orciosa /erko NOJAyYaeTcd Hy:KHAs aBTOPY JAMarpamma.

) Paccmotpum rpynny GL (m -1, C) HeBHPOX/AEHHBIX Ji-
HeHHBIX TipeoOpasoBanu#t npocrpancrsa E, ;. ITa rpymnna uH-
AyLHDPyeT IPYIITY NPOeK THBHLIX pe06pasoBanyit npoctpanctea P,
KOTOpas, OUeBHJHO, TPAH3HUTHBHA HA R-MEPHBIX MOANPOCTPAHCTBAX.
Jlerko npoBepuUTh, UTO MOJyYEHHHE TAKUM 06pasoM npeo6paso-
BaHHA MHoOrooGpasus G (m, k) UHAYWHPYIOT JUHeHHHe npeobpa-
30BaHus KoopAauHaT Kamm — [paccMmana plo---ip, DTtu npeobpa-
30BaHMs W COCTaBJSIOT Ty TPYONY, KOTOPYIO HMeeT B BHAY
aBTop. [anee aBrop ykaseBaer, uro G (m, k) gB/deTca panmo-
HANbHBIM MHOrOOGpasueM, T. €. note MepoMOPPHUX DYHKUUE
HQ HeM U30MOPEPHO NOAIO PAUUOHAALHULLX @BYHKYUL om He-
U38eCMHBLX, HUCAO KOMOPHLX PABHRO €20 PAa3MepHrOocmu.

[IpuBeseM KpaTkoe JOKAa3aTe/bCTBO NOCJeJHEr0 yTBeple-
uua. OueBnano, uro G (m, k) MOXHO ORHCATh caelyiowum o6pa-
3oM. PaccMOTpUM COBOKYNHOCTb BCeX KOMIUIEKCHBIX Marpul A
¢ R+ 1 crpoxamu u m—1 cronbuamu

Qoo oo Qom

A= -,

Qpy see Apm

umelowux padr k- 1. Marpuust A n QA, rae Q— HeBHIpO-
KIEHHAA KBAaJpaTHas Matpuua nopsgxa k-1, Gylem cuurarh
SKBUBaJeHTHEIMH. TOrZa KaXAH# KjaacC SKBHBAJEHTHHIX MAaTpHLL
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onpefenseT eAMHCTBEHHOE K-MepHOe NOANPOCTPaHCTBO B P, u
nao6opor. PaccMoTpyM coBokynHOCTs Z Martpun A Bula

<1 e Odo,k+1 ...(lom)

A= . ... .. .. 0.

0...1 ap, b+1 ... Apm

Jlerxko Buaerb, uT0 Z mnpeiacTaBiseT cO60H NoAMHOroo6Gpasue
npoctpanctBa G (m, &) To ke pa3mepHOCTH, uto U camo G (m, k).
Bemuunnn a;; (0 <i<{k, 241/ m) aBraioTCa aHamuTH-
YeCKH He3aBUCHMBIMU T0JOMOpPGhHLIMH yHkuusaMu B Z. Jlerxo
APOBEPUTH, UYTO HX MOMXHO NPOAOMIKHUTL B MEPOMOpPHLIE (YHK-
unu Ha BceM G (m, k). Ocraercs N0KasaTb, 4TO n00ass mMepo-
Mopdnad dyukuus Ha G (m, R) sBIdeTCd PaUUOHANLHOR (YyHK-
uue#t ot a@;;. llycts f— npoussosbHas MepoMopdHas ¢yHKuUuA
na G(m, k). 3aduxcupyem BCe @;;, KpPOME OAHOTO @ j,. Jlerxo
OPOBEPUThL HEMOCPENCTBEHHO, 4YTO MNPH 3TOM NOJYYaercs MHO-
#ecTBO, umewiee B G (m, k) eAMHCTBEHHYIO NPEAEJBHYI0 TOUKY.
DT0 MHOKECTBO BMeCTe C MOpefebHOM TOUKOH mpeACTaBifeT
co60OH OAHOMEpPHOE KOMMJEKCHOE MPOeKTHBHOE NPOCTPAHCTBO.
dyuxiuya f asagerca MepoMmopdHO# (yHKUgeHd Ha HeM ¥, cne-
JOBAaTeNbHO, MepoMophHO# ¢yHKuueR OT a;y. Mrak, MH moka-
3aqd, uto f npu QUKCHPOBAHHBIX a; (6, J) =+ (b, Jo)) ecte Mepo-
mop(dHan GyHKuus OT a; ;. OTrciona cieayeT (cM. npumedanue 1
k [13]), uro [ — pauyonampuag YHKUMA ~OT a; 0LIL R,
k41 j<m). JokasaTeabCTBO 3aKOHYEHO.

46) TouHee roBOps, KJeTOYHOE pasbueHHe 06PA3yT MHOKE-
cTBa S—US,-, rie S — nexkoropoe MHOroo6pasue LllyGepTa,

i

S;— muorooGpasua llly6epTa MeHblInX pasmepHocTedl (10Ka3a-
TEALCTBO 3TOTO (hakTa AaHO B [51], M3nOXKeHMEe TeOpMH KJIeTOU-
HBIX KOMIJIEKCOB MOXHO Ha#tru B [2], ra. I). Tak kak Bce
KJeTKH MMEIOT uYeTHhHle DasMEpHOCTH, TO Kawpas KjeTka obpa-
3yeT B MOJYUYCHHOM KJETOUHOM KOMIJIeKCe LMKJ, He FOMOJOrHY-
He# Bymo. OueBUAHO, 9TH UHMKJAE NMOPOXKAAT 0a3nuC IPYTIiL
H (G (m, k), J), xoropas, TakuM 00pasoM, sBjseTcs CBOGOJHOR
rpynno#t. Orciona caenyer (11.2). JloxasarenbCTBO 3TOH Teo-
peMbl MOXHO MPOBECTH TAaKXKe B TePMHHAX TEODHH KOroMOJOTHH
(cum. [3], § 31, rpe Briumcieno koabuo f*(G(m, k), J)).

46) Ilycte M= G/H — cuMMeTpHYeCKOE  MNpPOCTPAHCTBO,
0 -—er0 TOUKa, OTBeuyawmas noarpynne H. OnpelenuMm npe-
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o6pasoBande X MHOrooGpasus M ¢opmytor Z(go)=oc(g)o
(g€ Q) (u3 toro, uro HcG,, caepyer, 4To 3TO ONpele/eHue
KOpPeKTHO). Jlerko nposeputb, uTo X 06/alaeT CAeAYIOUHMH
cpofictBaMu: % (0)=o0; ecan ¢ -— AuddepeHnnaIbHas dopma
crenedn r Ha M, 10 (X'¢),=(—1) ¢, ecau g— smement
rpynnsl G, paccmaTpuBaeMbifft kak npeofpasoBaHHe MHOTOOGpa-
aun M, 10 Xg=—0c(g)X. V3 nocaenHero cBOACTBA HeMeL/JeHHO
ClelyeT, YTO ecJM ¢ — MHBapHaHTHas oTHocutenpHo G dopwma
Ha M, To Y'o raxwe HHpapuarTHa oTHocuTeabHO G. IToxamewm,
uro dp = 0. Ecin dego=r, 10 (¥*¢), = (—1)" ¢,. Ho copmu
¢ 1 X*o UHBADHAHTHH; 3Haunt, X'o==(—1)" @ Ha BceM MHOro-
o6pasun M. [losromy ZX*dp=—dX*o=(—1) dp. C apyro#
CTOPOHbI, eC/¥ TPUMEHHTb K WHBApUaHTHOX dopMe do TO xe
paccyxieHue, KOTOPOE ObINIO BHIUE NPUMEHEHO K ¢, TO NOJY-
unm 2* do = (—1)"' de. Orcioga suano, yro do =20,

47y Aare6pa Jlu L(G) rpynnni G uHTepHpeTHpyeTCs 3/1€Ch
kak anrefpa JeBOMHBAPMAHTHHX (T. €. MHBAPHAHTHHIX OTHOCHU-~
TeJbHO BCeX JIeBHX C/IBUTOB) BeKTODHHIX INoJeft Ha rpynne Q.
Ecm €L (G) u ¢ — neBouHBapuanTHas JAuddepeHuraibHas
¢dopma mepsoft cremery Ha G, T0 wucno ¢ (4,) (s € () He 3aBH-
cur or G. [loaromy mepouHBapuaHTHBE $OpPMH MEePBOfl CTeneHw
(dopmMbl Maypepa — Kaprana) MOXHO CYHUTATb JMHEHHBIMH (yHK-
uusamu Ha L (G), T. e. anemenramu npoctpanctsa L*(G). Tlyctb
o, ..., w,— 6asuc npoctpauctea L*(J), ¥ NycTb ® — HPOU3-
BO/MIbHAN JeBOMHBapuanTHas auddepeHunanvHas ¢opma na G.
Toraa B epunuue e rpynnsl U HMeem

w,= X a... i (00)e A oo A (01,),
L

rae @i, ... 1, — BewecTBeHHble wncaa. Tak xak Gopmu o ¥ o

JICBOMHBADHAHTHEl, TO MBIl MMeeM

) o= X Ay 0 N\ e N0y,

- R

B lleJoM Ha Bcelt rpynme G.

48) [Iyctb € H. Toraa BuyTpenHuit asromopdusm rpynns G,
TIOPOXAEHHBIH 3/IeMEHTOM A, WHAYUHpYeT aBTOMODGH3M aireGphl
Jlu L(G) n, crenoBaTebHO, WHAYLHUPYET HEKOTOpOe mpeobpa-
soBaHue mpocrpaHctBa L*(G). Jlerko npopepuThb, YTO IpU 3ITOM
L1*(G, H) nepexoaur B cebs. [ToaToMy BO3HUKAaeT JMHefiHOE
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npeoGpasopante nipoctpauctsa L* (G, H), k0TOpoe MpOa0/IKaLeTCS
B aproMopduam aarebpn A [L*(G, H)]. TlocaenHuit aBToMOp-
¢uam u obosHauaerca vepes ad h.

49) [Mycts X — muorooGpasue xaacca C™, E — BexTOpHOE
npocTpaHcTB0 Han mnojdeM R. Ilycts B Kawnofl Touke x €X
3ajaHa p-auHeRHas QyHKUUA ©, OT P BEeKTOPOB KacaTeabHOrO
npocrpanctBa 7(x) k X €O sHadeuusMH B NpoOCTpaHCTBe E, H

nycts o, asmsercs ¢yHkuued kaacca C* ot rouku x. Toraa
roBopAT, uTO HA X 3ajaHa ougbgepenyiuasvnan gopma © cme-
nenu p co 3navenuamu 8 E. B naapHeduieM paccMaTpUBaiTCA
TOMLKO BHellHWe Juddepennralbibie GoOpMbl, T. e. GOpMH ©,
AJ9 KOTOpHIX (YHKUMH @, KOCOCHMMETPHUUHHI,

Ecan e, ..., ¢,— Gasuc mpoctpanctea E u uy, ..., 4,€

€ T(x), To
o, (4, ..., up)zzlmi(ul, Cees ) e,

rie ol — p-1vne#Has @opma (C UYHMCJIOBBHIMHM 3HAYCHHAMH) B NpO-
crpancTBe T(x). Popwbt o/ onpesensior AuddepeHnuaIbHYIO
dopmy o’ Ha M c uHCIOBBIMM 3HaueHusIMM. B 3TOM cayuae
AUy T m—~2m1e Huddepermuan dopmbl m...ZmJe onpe-
Jengercs paBeHCTBOM dm::Zdu) e;.

j

[Tycte w — dopmMa Ha MHOroo6pasuu X cO 3HaueHusmu B E,
u nyctb @ — Qopma Ha TOM Ke MHOrOO6PA3UM CO 3HAUEHHAMH
B IPOCTPaHCTBE BCeX /MHeHHHIX IpeoOpasoBanuil mpoctpaHcTsa E.
Ecan deg ® = p, degw =g, TO MONOKUM

(@A), .oy gy )= (p_*_q)'x
X 2 (-1)a®(uil, uip)m(u,-pH, uip+q)'
(i"'t"lp+q)

rle CyMMHpOBaHYME TPOM3BOAMTCS II0 BCEM TEPECTAHOBKAM
(&, ..., ippq), @—4UMCIO uHBepcHM B nepecraHoske. Jlerko
APOBEPHUTDL, UTO

d(® A 0)=dd A o+ (—D"ED A do.



210 Komnaexcusie muozoobpasus

50) [ycTh 3a4aHO HEKOTOPOE JEBOMHBAPMAHTHOE BEKTOPHOE
nose Ha rpynne (. [locrasuM eMy B COOTBETCTBHE IPABOMHBA-
puaHtHoe mode Ha G ¢ TeM Ke HanpaBAfdIOLIMM BeKTOPOM
B TOUKE €, 4YTO HCXOAHOe TnoJe. JlerkO NpPOBePUTb, HUTO MPH
5TOM [i0/y4aeTcs B3AUMHO OJHO3HAUHOE COOTBETCTBHe MeX1y
JIeBO- U NPABOVWHBAPUAHTHLIMH BeKTOPHBIMH moJjamu Ha (. Takum
obpazom, L (G) MOKHO MHTEPNPETHPOBATH KAK MHOXECTBO HPaBo-
HHBADHAHTHHIX BeKTOpPHMX mouae#t. [lycTs u — kacaTelbHHH
BeKTOp B Touke s€ (; oGosnauum uepes u, (g € U) neBouHsa-
pHaHTHOe BeKTOpHOe moJie Ha G, s KOTOpOl‘O ug==u. Ilone u,

ABJsieTcsl 3HauenueM ¢opMbl o (S) Ha BexTope «. [anee, 060-
3HauMM dYepe3 o npeo6Gpasopanue rpynnsl (G, nepepoasuee g
B &', 11 0603HAUMM Yepe3 U, NPABOMHBAPUAHTHOE BEKTOPHOE

none Ha G, aam koroporo v _,==ou. [loae v, aABaAseTCS 3HA-

yeHueM QopMel w(s~!) Ha Bextope u#. [J03TOMY M3 YKa3aHHOTO
BBILIE OTOXIECTB/EHHs CJeLyeT, UTO A/t JOKa3aTelbCTBA paBeH-
cTBa T (§7!) = — w () JOCTATOUHO AOKA3aTh PABEHCTRO U, = —7T,,.
OueBugno, umeeM u,=s"lu, v,=(ou)s. Ecmu gE€G, 10
(6g)s =g ls=(s"1g) 1 =0c(s~1g). 3nauur, (ou)s =o (s )=
= — $” 1y, MOCKOJbKY Mg BEKTOPA X B TOUKE & HMEEM oX ==—X.
TeM caMbiM Halle paBEHCTBO JAOKAasaHO.

51) PaccroeHnoe npocrpasctso B ¢ Gaso#t X M CTPyKTYpHOH
rpynno#t G (cM. mpumeuanne 37) HA3bIBAETCHA 24Q8HBLM, €ChH
ero ciaoeM ssjsiercs rpynna G, neficTByiouras cama Ha ce0a npu
NOMOUIH JeBHX CABUrOB, [lomp3ysch TeM (akTOM, YTO TpaBHe
cieuru Ha rpynne G nepeCTAHOBOYHEI C JIEBHIMHM, MOXHO OIpe-
deauth G kaxk rpynny npeoGpasoBaHUN TABHOrO PacCIOCHHOTO
npocrpaHcTsa B, mnepepoidwyio Kaxam# cho#t B ceba [38).
B nanbuefilieM 5TH npeoGpasoBaHus o6o3HauaioTes b—>bg (b€ B,

ge Q).
52) ITonpoGuee 06 3toM cM. B [30].

) Tlyctb U~—xoopauHaTHas OKPECTHOCTs B X; Toraa p~1(U)
orowaectasercd ¢ U X G. Kacateabnoe mpocrpaHcteo 7T(D)
B Touke O=(x, )€U X G oroxpectnisercs C CyMMoOH
Tx(x)-}+ Tg(s), caaraeMble KOTOPOH HBJASIOTCS KacaredbHHMH
npoctpancteaMd K X u G B TOYKaXx X U § COOTBETCTBEHHO.
Ecnou w€T(), 10 u=un,~+u, rie u,€Tx(x), ETg(s)
OueBunHo, ¢ (u,) = w(u,). IlosTOMY, €C1H ONpenenuTsb <popmy BU
Ha U X G pasencteoM 07 (z)=1¢(u,), TO Mbl 6y11eM HMETD
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¢ () = o (u;)+6,(v). Popma 6, pasma nymo na Tg(s), 1. e.,
B TeDMMHOMOTHH ABTOpA, He CONEPKHUT ds.

54) B cayuae, xorja Mbl UMeeM feji0 ¢ OGBUHOM adpuuHOU
CBASHOCTLIO, ONpelenseMas 3fech ¢opma kpusudHsl @ TecHO
CBf3aHa C TeH30pPOM KpPUBH3HH adduuHON cBazHocTH. HHTarens,
MHTEPeCYIOLErocss reoMeTpHueckofl uHTepnperanueit dopmel @,
MBI OTchiaeM k [30]. B macrosiue#t kHure ¢opMa KpPHBH3HBI
CBSISHOCTH HCNOJb3YeTCst A/ ONpejleNieHHs XapaKTepUCTHUECKUX
KJTACCOB PACCIOEHHOrO MPOCTPAHCTBA.

55) 3aech MCMOJL30BAHO TOKIECTBO
d(ad s) A\ Oy =[x (s), (ads)by].

Hoxaxewm ero. Hast atoro BuuncanM dopMy d(ad s) na rpynmne G.
[TycTh # — KacaTeabHHH BeKTOpP B Touke SE€ G, W NMyCTh g;—
nyte Ha rpynne (F, KacaouMACA BEKTOPA 4 B TOUKE §=g,.
Torna h,=s"ig,—nyTs, Kxacawwmuiics BexTOpa s~ !z B TOUKE
e ==hy,. Mb uMeem

[d(ads) (@)} v =L@l g) (@), (©ELQ)).
Jlerko Buaers, uro adg,=ads-ad h,. Ianee, u3BecTHO, 4TO
4 (adh)v),_y=1lo ("), v]=[o(w), v]

(cm., Hanpumep, [50], ctp. 181). Orciona

[d(ads)(u)]v =ads[o(x), v]=[ads)w(x), (ads)v]=
= [0 (us™), (ad s) v] = [~ (©), (ad s)v].

dopma d(ads) Bhunciena. Jlanee, umeem
(d(ads) A b0) (1, v)=
— 2 [(d (ad 5) 1) Oy (0) —(d (ad ) ) b ()] =
= 1 (1= (), (ad $) 0y (2)] — % (0), (ads) 0y ()) —
— [%, (ads)00] (4, ©),

rie 4, v-— KacareJbHble BEKTOPbl B HEKOTOPOH TOYKE MHOrO-
obpasus U X G, a = u By paccmarpusaiotess xax GopMmer Ha
UXG.

14¢
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) Tlycte B -—raapHoe pAacc/0oeHHOe NPOCTPAHCTBO ¢ Ga-
o X u rpymno#t G. Ecim F — OpOCTpaHCTBO, HAa KOTOPOM
aefctByer (G, TO paecioeHHOE MPOCTPaHCTBO ¢ Gasoh X u
croeM F, nMewollee Te Ke KOODIHHATHHIE OKPECTHOCTH H Te Xe
GYyHKUMY Mepexoja, 4TO paccioeHde B, HasbBaeTCd paccaoex-
HOLM NPOCMPAHCmMEOM, npucoedunennsim k B. ABTop naer
HH)KE SBHYIO KOHCTPYKUMIO HPHCOCIMHEHHOTO DPAacCHOEHHOro
NpOCTPAHCTRA.

57y TTokaweM, yTo B’ neHCTBUTENLHO $IBAAETCH TIpUCOe]HHEH-
HBIM K B paccioennblm mnpoctpasctBoM. Tlycth # — cucteMa
KOODIMHATHBIX OKpeCTHocTe# ana paccaoenus 5. [locTpouM
romeoMopusMh
hy:p W (U)y—-UXF ((UEu).
Quepnano,
P U) =7 M U) =k (p~ 1 (U) X F).

OroxaecteuM p~1(U) ¢ UX G u nonoxum Ay (h(x, s, f))=
=(x, sf), rae xc U, s€G, f€F. Jlerxo npoBepurs, uto ky
apiaserca romeomopgusmom. Iycre U, V €%, n nycrb £y, —
GYHKUMH nepexofa Ma paccaoedus B. Mpl nmeeM

hu()\(x, Sy f)):(x, SUf), hv()\(x, Sy f)):(x, sz).

Ecau (x, sU) n (x, SV) OTOXISCTBAAIOTCH C OAHOH H TOH Ke
-1 _
Touko#t B p~H(UNV), 10 5,= g8, Tlosrony

Suf = 8y (Syf)-
CrenoBateIbHO, £, — GYyHKIUMM mepexoma Aas paccioenns B’

%) Neicraureasto, o, o] (Hy, Hw)=[¢ (Hv), ¢ (Hw)] =0,
Tak Kak ¢ oOpawaercs B 0 Ha ropM3OHTaAbHBIX BeKTOpPAX.

5y To ecTs npucoeannennoe K B paccaoenue co caoem EF,
KOTOpoe oTBeydeT mpeictapiaenuio s-—> R (s)*~! rpynnsl G B npo-
cTpancTBe E*.

60y Kanonnuyeckan NeBOMHBAPHAHTHAA (OpMA ®© ONpelensercs
TeM, YTO OHa OTHOCHT KANKJAOMY KacaTeJbHOMY BEKTOpPY Ha
rpynne MOPOXJCHHOE UM JEBOMHBAPHAHTHOE BEKTOPHOE MOJE.
JleBouHBapHaHTHbIE BEKTOPHBIE MOJS HAXOAATCA BO B3AUMHO
ONHO3HAYHOM COOTBETCTBHM C KacaTe/]bHEIMH BEKTODAMH B €M~
nuue rpynnel G, Ecap G = GL(E), T0 MH nojyuaeM TO COOT-
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BETCTBHE Mexly 3/eMeHTaMu anre6pu L (G) M AuHeHHBIMM mnpe-
00pasoBaHMAMH NpOCTPaHcTBa E, KOTOpOe uMeeT B BULY aBTOP.
Ecau v-— xacarenbHbit Bektop B Touke # € GL (E), 10 3Haue-
HHe noJas w (V) B eiNHHUe paBHO # lv = u ldu(v). 3uauwur,
NpH CACNAHHBIX OTOMXAECTBJEHHSX uMeeM o — u ldu,

61) ITyct, B -— paccaoeHHoe MpOCTPaHCTBO C 6Gasoft X
cnoeM F u rpynno#t G, u nycte f:X — X— nuddepenun-
pyemoe (WM aHamuTHYecKoe) oToOGpaxkenue. [IpeAmosOkUM, UTO
{U} — HaGop KOODAMHATHBIX OKPeCTHOCTeH ans paccaoenns B
M 4TO £, — COOTBETCTBYOWMe (yHKIun mnepexona. Paccmo-

TPHM paccloeHHOe npocTpanctBO B’ ¢ 6asoit X/, cioem F u
rpynnoft G, uMeouee B KaueCTBE KOOPIMHATHBIX OKpeCcTHOCTeH
muokectBa U’ == f~1(U) u B xauecTBe COOTBETCTBYIOLNX (YHK-
uuit nepexoaa ¢yuxuun gyyf. Paccaoenne B’ nasmiBaercsa pac-
CAOCHHOLM NPOCMPOAHCMEOM, UHOYUUPOSAHHBM npu omoopa-
acennu f (cm. [38], crp. 59).

['1aBHOe paccioeHHOe npocTpaHcTBO Eg rpymnsl G Haswl-
BaeTC YHuBepcaabrbiM, eciu Eg ofHOCBA3HO W H*(Eg, J)=10
(k> 0). basa Bg npocrpanctea Eg HaswmBaetcsl kaaccughuiyu-
pyiowum npocmparncmson 0oaa zpynnw G. Ecam rpynna G
KOMNAKTHA, TO YHHMBepCaIbHOe NPOCTPAaHCTBO Eg CyllecTByeT,
HO HMeeT GeCKOHEUHYI0 pasMepHOCTb M, CJAEJ0BATEJbHO, HE
ABJAAETCA MHOrooo6pasueM. [109TOMY BBOAUTCA MOHATHE H-YHI-
8epCanbHO20 PACCAOERHO20 NPOCMPAHCMEn, KOTOpOe ompefle-
J9eTCA KaK TAaKkoe OJHOCBA3HOe [IaBHOe DACC/JI0eHHOEe NPOCTpaH-
creo  E@ rpymnsl G, wro HE(E@, J)=0 npu 0k <n.
JloxaseiBaeTcsl, 4TO AJsd KOMHaxkTHOH rpynmel JIn G M A1d Kawk-
IOTO 1 CYLecTBYeT n-yHUBepcaabHOe AuddepeHlHpyeMOe raaB-
Hoe paccioennoe npocTpanctBo ([38], cTp. 126). Hanpumep, ana
yHutapho#t rpynnsl U (q) MuorooGpasue Ltudeas U (g+N) U(N),
TOUKAMH KOTOPOTO SABJAITCA ODTOHOPMUDPOBAHHEIE ¢-DPeleprl
B (¢ -+ N)-MepHOM KOMIIJIEKCHOM 9BK/JHJOBOM IIPOCTPAHCTBE,
aBasiercs  (2N)-yHHBEPCAMbHBIM DACcC/IOEHHBIM HPOCTPAHCTBOM.
Baszo#t 3TOro paccnoeHHOrO MPOCTPAHCTBA SIBJAACTCA MHOrOOGpa-
ane Tpacemana G(N — 1, ¢— D)= U (g+N)U (q) X U(N).

BaxHOCTb NOHATUA YHUBEPCAIBHOrO PacCIOEHHOrO MPOCTpaH-
CTBA BU/JHA M3 chelywiueid teopeMbl. [lycts B — auddepennu-
pyeMmoe TJIaBHOe paccI0eHHOe HPOCTPaHCTBO ¢ Gaso# X ¥ rpyn-
no#t G, npuyem G u X xomnaktHol. Ecaum n>dimX, To
CywlecTByeT Takoe AuddepenunpyeMmoe oroGpawenue f(1);
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X—>B(G”), 4YTO paccioeHue B H30OMOP(HO Dacc/OEHHOMY TIpO-
CTPAHCTBY, MHAYLUMPOBaHHOMY Ha X paccaoenuem E® mpu oto-
Gpamennu f(), Jlajee, nBa pacclOeHHBLIX MPOCTPAHCTBA IKBH-
BaJ€HTHH TOrAa U TOMbKO TOrAa, KOrja COOTBeTCTBYHOIINE
otoGpaxenns f(® romoronun (cm. [38], § 19). Paccmorpum
roMOMOpdu3M

flm), H* (B, R)—H*(X, R),

WHAYLHPOBAHHEIE oToGpaxenneM f(7), xoropmil, xak ciexyer
M3 CKA3aHHOrO, B3aBUCHUT TOMBLKO OT paccaoenus B. Heorpasnu-
YeHHO YBE/JUUYUBAS 7, Mbl TIOJIYYHM B Tpefene rOMOMODP(Y3M

/o H*(Bg, R)—>H*(X, R),

KOTOpHIft Ha3HLIBAETCS XAPAKMEPUCHUMECKUM 20 MOMOPPUIMOM
paccaoenus B.

€2) Mycte B — anddepenuupyemoe rdsHOe paccIOeHHOE
npocrpaHcTBo ¢ rpynno#t G u 6asoft X, u nycte B’ — paccaoe-
HHe c Gasoft X', uHAyuupoBaHHOe npu JAH(depeHUUpYyeMOM
orobpaxcennu f: X' > X. Torga cywectsyer romMomopdusm f:
B’ — B, wnxyunpyrowutt f Ha 6Gase ([38), crp. 59). Ilyctb
B paccioeHMu B 3ajaHa HeKOTOpas CBA3HOCTb. Kak NOKasaHo
Ha cTp. 97, CBA3HOCTH NOJHOCTbIO ONpefensdeTcd samaHueM Aud-
tdepenuuatbHON GOpMb MepBOH cTemeHn ¢ Ha B cO 3HauYeHHAMH
B aarebpe L(G), yHOBRETBOPAIOMEN HEKOTOPBLIM  YCJIOBUAM.
Jlerko nmpoBepuTh, uto QopMa f*o Ha B’ ynoBieTBOpsieT TeM ke
yCJIOBUAM, uTO (OpMa ¢, M, C/IefOBATENbHO, ONipeje/seT HeKO-
TOPYIO CBSIBHOCTb B pacc/JoeHun B/, Dra CBA3HOCTb M HABHIBAETCA
UHOYUUPOBAHHOL c8a3nocmyio. OueBUAHO, (OpPMa KPUBH3HEI
MHAYUHPOBAHHOK cBsisHocTH paBua f*®, rae ® — dopma Kpu-
BHSHBI MCXOAHON CBfI3HOCTH. '

63) Kax nmoxasano B [47], kom0 H*(G(N — 1, ¢— 1), J)
B pasmepHOCTIX < 2N u30MOPHHO KO/bLY MHOrOUYIEHOB OT
3JIEMEHTOB €y, ..., €, [loabayace 5TUM (aKkTOM, HETPYIHO
yCTAHOBUTb, UTO

h: I(U(@)—>H(GN—1, ¢g— 1), R)

q

sBJSIETC U30MOPGHUSMOM B pasMepHOCTAX < 2N. Tem cambM
yTBEepiJeHHE, clenanHoé Ha ¢tp. 107, nokasano jaas cayuas
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G = U (q) (saMeTuM, 4TO TOJLKO STOT ciayuyall GyIeT uUHTepeces
/11 Hac B JAajbHefiiem).

64y [Tyctb % -— nOKpHITHE MHOr00Gpasust M KOOpIMHATHEIMU
OKPECTHOCTSMH /11 BEKTOPHOI'0 PacC/A0EHHOrO NPOCTPAHCTBA 5.
Ecan U €%, TO 3DMUTOBO CKaJspHOe TMpousBedeHue Hag U
MOXHO 32JaThb MOJOXKHTEJLHO ONPENENeHHON 3pMUTOBOM MaTpH-
uett Ay nopsaka ¢, sBasomefcs ¢yHxkuue xaacca C® ot
touku z € U. Kak moxasano na ctp. 121, ecmu U, VE %, 10
B UNV nveem A,=g;, A, g, . OOCpatio, HaGop MaTpui
Ay (U € %), obnajaouiut 3THMU CBOHCTBAMH, ompefedseT B B
SPMHTOBO CKafisipHOe HpousBelexue. [LOnycTHM, 4TO CTPYKTYP-
Hasi rpynna paccioeHus B cBoautcd (auddepeHuupyeMbM o6pa-
30M) k ynurapHo#t rpymne U (g)=GL(g, C). 3ro suauur, 4ToO
[ HEKOTOPOTO KOOPAHHATHOTO TOKPBITHS Z CYLIECTBYIOT TaKHe
dyHKUHE frr B U(UE %) xnacca C™ co snauenusuu 8 GL (¢, C),
uTO MaTPULHI gUV_ngUVfV , onpegesennsle 8 UNV, yHu-

Tapubl. YCJIOBME YHUTAPHOCTH AaeT foV:gUVfoVgUV. 3Ha-

YuT, HAGOP MOOMKUTEJNbHO ONpeJe/IeHHBX SPMHTOBHIX MAaTpHIL
i

A, = f,f, onperenser B B 3pMUTOBO CkanApHOe NPOUSBEAE-

Hue, OO6paTHO, ecaM 3PMUTOBO CKaldpHOe HpousBelenye B B
3a1aHO MaTtpuuamu Ay, TO Jerko NOCTPOUTH Takue (YHKLUH

fyi U—>GL(g, C) xnacca C*, uto A _f yf - Tlosropss
IpUBefeHHble BHILIE BHIKJIAAKH B 06paTH0M HOpAAKe, TOJyUaeM,

47O MaTpUILbl gUV:ngUVf‘;1 yHuTapHel. Takum o6pasom,
cBelleHHe CTPYKTYDHOH rpynnk K noarpynne U (g) 5KBUBAIEHTHO
3a1aHMI0 IPMHUTOBOH METDUKM B PacC/AOEHHOM HpPOCTPAHCTBe.
[ycte B — auddepenuupyemoe paccjioeHHOe RPOCTPAHCTBO
c Gasoh M u rpymno#t G, u nmycth /4 — 3aMKHyTas HOATpymna
rpymnet G. Massecrno, uto das mozo, umoGu CmMpyKmypayo
epynny paccacernuss B moocno 6wvao csecmu xk H, neo6xo-
dumo u docmamouno, umobsl npucoedunennoe Kk B paccaoen-
noe npocmpancmso co caoen GJH o6aadaro dudbbepenyu-
pyemsinm cewenuen (cum. [38], crp. 57). B wacrtnoctu, 048 amoz20
docmamo4ro, wmobo. npocmpancmso G/H 6viao 2omeomopgpro
gsraudosy npocmpancmsy (raMm ke, ctp. 71). [lockonabky
MHoroo6pasue GL (g, C)/U (g) romeoMopdHO 3BK/IUIOBY TpO-
CTPAHCTBY, B JIOGOM KOMIIEKCHOM BEKTODHOM pAaCC/OEHHOM
HPOCTPAHCTBE CYIIECTBYET SPMUTOBO CKaJspHOe MPOM3BELEHHE,
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8) MMycts x (f) (0 Lt 1)—rnankaa xpusas Ha Gase M,
y () — rnaaxas q)yHKupm co 3HaueHusiMu B cioe E,. Tlosopsr,
4TO 3Ta (QyHKUIMS 3ajaeT Tapa/eNbHB TepeHoc BexTopa v (0)
B BexkTop y(1) BROJL KpUBOH X (f), ecaH BCIOLY Ha JAHHOH
KpuBO# BhInOMHsAeTCA auddeperumatsioe ypasHenue dy —+ 0y=0.

6) 3ameTum, uTO ecaM B — paccioeHHe HAa KOMIJEKCHble
TnipsaMble, TO ONpele/ieHHHA 3lech XapaKTeDHCTHYECKHH KJacc
C, € H®(M, J) coBnanaeT ¢ XapakTepUCTHUECKHM KaaccoMm c¢ (B),
BBEJCHHEIM B paccMoTpenue Ha ctp. 78. s pesyawrator § 12
M M3 BBIYHC/IeHHMH Ha cTp. 79 BHAHO, 4TO (Cl)R:cR(B).
Knaccuduumpyomee npocrpauctso M, (K0oTOpoe B AaHHOM Ciy-
yae eCTb KOMIJIEKCHOe TpPOEKTHBHOE MPOCTPAHCTBO) HE HMEET
KPyueHHs, H MO3TOMY AJd yHHBEPCaJAbHOr0 paccaoenus By nax M,
Hallle yTBEPXkJeHUE NOKa3aHo. Jlerko mpoBeputh, uto ¢ (f*Bj)=
= f*¢ (B,), otkyaa c(B)= f"c(By) = f'¢c;, =C,.

67) ITycre B — xoMniexcHoe BeKTOPHOE pACCIOEHHOE TipO-
CTPAHCTBO HajJ MHOroofpasueM M, CTPYKTYPHOH rpynno#t kKoto-
poro sBasetca rpymna G=GL(r, ¢ —r, C) Marpuu Buaa

A" B \}r
1=y «)
0 A" /Jyq—r
S S——
r qg—r
Paccmortpum romomopdusm
A (A’ 0)
d 0 A// ’

otobpawaomuit rpynny G B8 G=GL(r, C) X GL(g —r, C).
[TpuMeHHB STOT TrOMOMOD(PH3M K (GYHKLHAM Tlepexofa pacc/oe-
HUg B, Mbl moayunM (YHKLHMN Mepexojfa HeKOTODOro pacc/oeH-
HOI'O NPOCTDPAaHCTBA £, KOTOpOe fABJSeTCd CYMMOH YHUTHU ABYX
KOMIIIEKCHBIX BEKTOPHBIX pACC/IOeHu# CO CTPYKTYpPHBIMM Tpyni-
namu GL(r, C) u GL(¢—r, C) coorBeTcTBeHHO. [lokameM,
yT0 paccioeHus B u B anddepeHunpyeMO  SKBUBATEHTHBI
B rpynne G, ecam paccmarpupare U kaxk noarpynny B G. Ias
3TOTO 3aMeTHUM CHauajla, YTo CTPYKTypHas rpymna paccioenus B
CBOAUTCS (B CMEICIe zlmpq)epeﬂunpyemmx pacc/oeHHHX  1npo-
CTPAaHCTB) K TOArpymne G. B camom nene, MHOroo6pasue G/G
rOMEOMOP(®HO 3BK/UAOBY NPOCTPAHCTBY, U NO3TOMYy Halle yTBEp-
WIeHHe caepyeT u3 obuie#t TeopeMrl, cQOPMyIMpPOBAHHON B IipH-



[Tpunewanun nepesoluuxa 217

Meuauun 64. Taxkum o6pasoM, cymecTByeT nuddepenuupyemoe

paccioeHHoe NpocTpaHctBo B ¢ rpynmo#t G, auddepenunpyemo
SKBUBA/ICHTHOE DACCIIOCHHIO B B rpynne G. Hocxonbxy npu

roMomMopduame G—>G noArpynna G otobpaaetca Ha G TO-

KIECTBEHHO, paccioenns B u B sxBupajentnhl. Suaunt, B u B
IuddepeHLHpyeMO 3KBUBAJeHTHH! B rpynne Q.

M3 cka3aHHOTO Jerko BHIBECTH MO HHAYKUMM Clelymollee
yrBepxaenue. [Tycms paccaoedue B umeem g Kauecmse cmpyK-
myproii 2pynnot epynny G mampuy suoa

0 Ay,
z0e A;— xsadpamnas mampuya nopaoxa r;. Tozda B dugh-
hepenuupyemo IKEUBALCHMAO CYMME Y UMHIL R KOMNACKCHOLX
sexmopuux paccacenul B, (i=1, ..., k), 2de B, umeem
cmpyemypryio epynny GL(r;, C) u noaywaemcs uz B npu
nomouu 2omomophuzma A— A; epynnan G 8 GL(r;, C).

88) dopma ¢ = {9} co sHauenusmu B B maspzactca 20.40-
MOpHOL, ecnu BCe GOPMbI ¢, TOJOMODQHSL.

69) HaGpocok noxka3aTe/NbCTBA MEPBOH 4ACTA TEOPEMbl, OTHO-
cawuiics K cayvam pacciloeHu#t Ha npsmble, cM. B [19]. Ms mep-
BOH 4aCTU TeOpeMbl HeMeAJEeHHO cJAefyeT, uTo rpymms d”-Koro-
Mousorui auddepedunanbEbix GopM co 3HaueHusMu 3 B, koro-
pbie Mbl 0603Haunm uepes H” 7(B), nzomopdum rpynnam g 9.

Ianee, xax noxkasan Cepp [36], umeer MecTo cienyomee 0006-
IeHde teopemb [10ab60:

H”9(B)y=H"(M, Q" (B)).
Orciona ciefyeT BTOPas 4acTb TEOPEMBI.

0y dopma ¢ € 7’5 HasuiBaeTC npumumusnol, ecin Ay =20.
Jlerk0 BHJETb, YTO €CJAW MPHHATL 3TO OlpelefeHde, TO TeO-
peMa (3.3) o6ofwaerca Ha ciayvyall auddepeHuManTbHEIX HOPM
CO 3HaueHusMu B B,

My Kak BHAHO W3 10KA3aTelbCTBA, CHPABELJIHBO CHAElyIOLiee
ofiee yrBepxaeHue. [lycms M — womnaexcrnoe urnozoobpasue,
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S — ezo nodmnozoo6pa3sue 6e3 ocobennocmel ha eGunuyy mers-
wel pasmeprocmu, B— anaasumuneckoe sexmoproe paccioen-
noe npocmparncmso nad M. Tozda umeem mecmo mounas
nocaedosameabroCmsb

0>2(3" & B)>2(B)-> 2(Bs)->0,

20e Bg — unoyyuposannoe paccaoenue nad S, r — omobpa-
JeHUe 02POAHUYERUS, W — YMHONCEHUe HO AOKAAbHOE YpagHe-
Hue mHoz006pa3us S. 3aMeTuM, YTO My4OK Q(Bs) paccMarpH-
BaeTCsl KaK NYYOK Ha BceM MHorooOpasunm M, npuueM cuuraercs,
yro 3TOT ny4ok paseH 0 na M — §. VspecTHo, 4T0 TOraa

Hr (M, 2 (Bs))==HP (S, (Bs))
(I35], crp. 392).

2) Tpynna H°(M, Q(B)) ecrectseHHEIM 06pa3oM UaoMOpdHa
rpynne I'(B) Bcex aHaMUTHYECKHMX CeveHMH pPacCIOEHHOTO HPO-

crpatctea B. Tomomopdusm o*: I'(B) T (B) onpenensercs cie-
ayiowum o6pasoM. Ecan s€I'(B), 1o s 3agaerca HaGopom aHa-
nurnyecknx Gynxunit 5,0 U-—> E,, rae E, — caoft paccnoenus B,

npuueM B U NV umeeM s, = gy\/S,,, Tae g, — dynKuuu nepe-
xona. OueBuaHo, dyuxuuu s*s, B o~ (/) onpeneasioT HeKOTO=

poe aHATHTHYECKOEe CeueHHe B paccioeHnu B, koTopoe 0603Ha-
yaeTcsl uyepes o*S.

) Mol YHUBEPCAABHbM BEKIMOPHLLM PACCAOCHHBLM NPO-
cmpancmeom nap mHoroobpasueM [pacemana G(s— 1, ¢— 1)
MMeeTCsl B BHAY BeKTODHOE PacC/I0€HHOE MPOCTPAHCTBO, NPHCO-
eNMHEHHOE K YHHUBEDPCAIbHOMY [IJABHOMY pacC/I0eHHOMY TipO-
crpauctey U (s)/U (q) rpymnnl U(q). CinoeM 3TOr0 BeKTOPHOTO
PAaccJI0eHHOr0 NPOCTPAHCTBA Haj HeKOTOpO# Toukol X € G (s — 1,
g — 1) ABAAETCA COBOKYIHOCTL BCEX BEKTOPOB ¢ -MEPHOTO NOANPO-
crpactea X E,. W3 o6uielt TeopHH pACC/I0eHHBIX HPOCTPAHCTB
cllefyeT, 4TO pAacc/I0eHHOe NPOCTPaHCTBO B, paccMarpuBaemoe
kax auddepeHIHpyemMOe paccaOeHye, HHAYLUUPYeTCS yHUBepCalb-
HbIM BEKTODHBIM PAacC/JIOEHHHM MPOCTPAHCTBOM IpH HEKOTOPOM
auddepenuupyemom ortobpawenun f: M—G(s—1, ¢g—1).
CMBICT HacTOAIEH JIeMMBl COCTOMT B TOM, 4YTO YKasbIBAIOTCA
YCJOBHs, IPU KOTOPHIX B, paccMarpuBaeMoe KaK aHaAumuieckoe
paccioenne, MHAYLHPYETCH NPU QHAAUMUYECKOM OTOGPAKEHHH

f: M—>G(s—1, g—1).
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) Tlockoabky B, — MHAyUMPOBaHHOE  DACCIOEHHOE NPO-
CTPAHCTBO, pPACC/I0EHHE (Bz)pz TpuBMaipHo. [lostoMy rpynma

HO(M,, 2 (B)p)==T ((B,)r)

M30MOp(HA Ipyllie BCeX AHATUTHYECKUX OTOGpameHUH MHOrooG-
pasus P, B mpoctpanctso E,, Fie ¢ — pasMepHOCTb C10d B B.
Tak xax Pz KOMNAKTHO, TO HOCJIeIl,Hﬂﬂ rpynna usomopdua E,.

Ecan z € U, 10 MB MOXeM CUHTAThH, UTO

r (g = (thu (2), - - ., T (2)).

*®
Ho Bekrtopwl r(s,5,) (E=1, ..., 5) ROMKHH MOPOKIAATH BCe
IPOCTPAHCTRBO Eq, OTKYyAa BHIHO, YTO PaHl MaTpHub paBeH (.

75) CyuiecTBoBaHHe TaKOH 3DMUTOBOM METPHKH JIETKO yCTa-
HOBUTb HCNOCPEACTBEHHO, MO/b3YSCh ONPENC/CHHIMH pAaccioe-
HYs Eon dopmbl 7. Ho nonesno saMeTHTb, YTO BepHO C/efyi0-
wee ofwee yreepwienue: ecanu F — paccaoenue na rkomn-
ACKCHBLE NPAMBLE HA KOMNAKMHKOM KeAepo8om MR02006pasun M
u ecan Y — goprua muna (1, 1) a3 Cp (F), mo 8 paccacenuu F
cyuwecmsyem maKas SpMUmosa MempurKa, 4mo coomsemcmayo-
was eid opma Kpususust D yoosaemsgopsem pasencmasy

1
T:—Ei—@ [20]. laa noxasaTenbCTBa PAacCMOTPUM KOOPAHHAT-

noe noxphitue {U} wmuoroo6pasus M u 0603HauMM uepe3 &,
¢$yHKUMH Tlepexofa paccioeHds F. Ham HymHO 10Ka3aTh, 4TO
cyuiecTByloT Takue ¢yukuumn a, >0 B U xaacca C%, uro
i
ayl&yyli=a, 8 UNV uuro 7=—d d"logay B U. Pac-
CMOTPHUM cHauvaJja KaKHe-}jPlﬁyﬂ.b (byuxu’,nu a’U> 0 8 U, ynos-
JeTBopsolKe YCA0BHIO ay|guyv|2=ay B UNV, n nonoxum
1]
V= '%—d’ d’log ayy . Toraa, KaK M3BECTHO, 1’ €cp(F). 3ua-
yur, Gopma y,=7— 7 9BIfETCA TOUHEIM AHPDepeHIIHANOM.
OTcioaa cienyer, 4To rapMOHMueckas mpoekiusa [17,==0 u no-
sToMy Yo==A0Y, rie G —oneparop ['puna — ne Pama (cm.
crp. 21). Tax kak M — kenepoBo MHOroo0Opasue, T0 A=
=2(d"¥ +¢’d”). Mu nmeem 0=dy,=d'y,+d"1, Tax KaK
dopma 1, mmeer Tun (1, 1), 10 d’yy u d"y, uMeioT THIH (2, i)
u (1, 2) coorserctsenno. OTciona BUAHO, yTO d'yo=d",==0.
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B pesynbrate noayuaem, u4ro 7,=2d"8'Gy, W3 (4.1) nerko
BuiBeCTH, uTo Ad’ — d’A =—id’. Tlostomy

o= 2id" (Ad’ — d’A) Gy, = — 2id"d"AGy, = 2id'd" AGY,.

dyukuna p == 2A(y, BelleCTBeHHa M ONpele/]eHa Ha BCEM MHO-

r 4
roo6pasun M. OueBuano, HaGop GyHKUME ay ==ay-e ' yno-
BJETBOPAET BCEM HALIMM YCJOBHAM.

) Ilns 3aBeplieHHs [OKA3aTeALCTBA TEOPEMBI HYXKHO elle
3aMeTHTh, YTO romomopdusm HI (M, QF) > HI(S, LP), dury-
pupyowuft B teopeme (15.2), npu yKa3aHHBIX OTOXKAECTBJIEHHAX
nepexoauT B romoMmopousm Baoxenus H” (M, C)— H™ (S, C).
Hcnoap3yst rapMonuyeckue GOpPMbI, JETKO CBECTH IPOBEPKY
3Toro (akta K JNOKa3aTeNbCTBY KOMMYTaTHBHOCTH JAHArPaMMbl

HY(M, Qp)->H1(S, Qr)

! J

HP (M) — HP 4(S),

rlle B HIKHeH CTpPOKe cTOMT roMomop¢usm rpynn d”-xoromo-
JOTUH, TOPOXKAEHHBbIH BJIOKEHUEM, a BePTHKaJbHble CTPEIKH —
uzoMmopduamet  JJonb60. KoMMyTaTHBHOCTE Ke 3TOH JMarpaMMsl
JerKO yCMOTpeTb W3 J0Ka3aTe/bCTBA teopeMbl Jonb6o.

7y B §§ 16 — 18 aptop 0603Hayaer nmpousseneHue AJeKCaH-
nepa — KoamoropoBa KgaccoB x u y uepes xy. Paubuie omo
0603Ha4aI0Ch Hepes X O Y.

78) OnpefeeHue NOHTPATHHCKHX KaaccoB p, € HY (M, J) aud-
¢depeHuupyeMoro MHoroo6pasua M cM. B [31). B nanbuefiiem
fyzer 4acTo MCMOJMB3OBAThCA TOT (hakT, 4ro ecan M — xoMm-
JekcHoe MHorooGpasue, C; — ero xapaKkTepHCTHYECKHME KJAcChl
B cMbiciie YkeHs, @ p; — ero NMOHTPATMHCKHE KJACCH, TO

D= p=3%C- X1
(cm. [31]). d

7) Bror ¢akt Ol nokasaH Xupuebpyxom ([44], crp. 85).
B ocHoBe 10Ka3aTenbCTBA JIEWHT TO OBGCTOATENLCTBO, YTO, Kak
cneayer H3 peayaptatoB Toma [40], uHAeKC OpPHEHTUPOBAHHOIO
KoMIlakTHOro AndgepeHunpyemoro MHoroo6pasua M MoxeT GbITh
BLIYUC/IEH MyTeM MOACTAHOBKM MOHTPATMHCKUX KJACCOB MHOIO-
o6pasns M B HEKOTOPYI0 MyJAbTHIIMKATHBHYIO TNOC/eA0BaTE/b-
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HocTh Muorounenos {K)}. M3 teopemr Xomxa (4.8) Buano, uto
HHJEKC KOMIVIEKCHOrO NPOGKTUBHOrO NpOCTpancTsa Py, pasei I.

I wuorooGpasus Py, umeem C;=(Y{')E!, rae E — knacc,

OTBeyaolMi CcraHaaptHofft KenepoBol Merpuke (cM. c1p. 120),
M3 ¢opmynbi, npusBeseHHOR B mpumeuaHuu 73, BUAHO, 4TO AJIA
j+1
TOro xe MHorooGpasus umeem p,==(*/;') E%. Tlostomy MHoro-
2j 1
anen K;(py. ..., p,) npu moacranoske wucen p,==(*’{') non-
KeH obpamatecs B 1. Ho, kax ormeuaercs Ha ctp. 159, nocuae-

L0BaTeAbHOCT (L} ABASETCA eAMHCTBEHHOH MyJbTHIVIMKATUBHOM

NOCAe10BATEALHOCTHIO, OOaasawounielt 9THM CBOUCTBOM. 3HAuUT,
Kj:Lj.

80) 3pech ucnoibayerca TOT (PakT, uTO KJAACC TOMOJOTHH,
onpeiendeMplft nmoaMHoroo6pasuem V B M, aBageTCa NBOHCTBEH-
HbIM B CMbiciae [loHTpAruHa no OTHOWeEHHIO K ¥ (CM. npuMeya-
nue 39). Ecau o603HaunTe uepes x BblpaxeHdue B KBaipaTHbIX
ckoOKax, ¢urypupyooliee B npepbiayiiett gopmyae, To Mbl Oylem
uMeTb (CM. npumeuyanue 20)

T,(V)=Jj*x-V={*x, V)= (x, jV)=(x, Dv)=
= {vx, M)=(vx)- - M.

8) Ilycts E, ecTh g-MepHOE KOMIIEKCHOE BEKTOPHOE

npoctpaHctBo. Prazom B mnpocrpanctse E, HasbiBaetca Habop
Lycl,=...cL,_, ero noAnpocTpancTs, Takux, uro dim L, = k.
Ecau F (g) — MnoxectBo Beex daaros 8 £, to rpynna GL (g, O)

TPaHBUTUBHO JeficTByeT Ha F (g), NpuyeM CTAUMOHAPHOH mOf-
rpynno#t ssagercs rpymnna tpeyrossubix Marpuu A (g, C). Muoro-
obpasue F(g)=GL (g, C)/A(g, C) HasbBaeTcad MHO2006pa-
3uen paazo8. OHO ABAAETCA KOMIAKTHBIM anre6panyecKuM MHOro-
o6pasHeM M HMIpaeT BaXHyl0 pOJdb B TeOpUM GeCKOHeUHOMep-
HBIX VHHTapHbIX npejcrtaBaenuft rpynnsl GL(g, C). Ecau M —
KOMILJIEKCHOe MHOTooOpa3ue, TO MHOXECTBO BCeX (PJaroB Bo BCex
KacaTe/bHbIX K M NpOCTPaHCTBAX ABJIAETCA PACCHOCHHBIM IIPO-
cTpaHcTBOM ¢ Oaszo#t M u caoeM F (m), rae m=dim M; sto
NPOCTPaHCTBO HA3LIBACTCA RNPOCMPaHcmeom Prazos Hao M.
[TpoctpancTeo ¢naros Han MHorooGpasueM NOMyCKaeT chaeiyiouiee
oueBuaHOe 0000wenue, [TycTe B — KOMIJIEKCHOE BEeKTOpHOE pac-
CJIOEHHOE TNPOCTPaHCTBO ¢ Gaso M u caoem E,. OGosHauum

yepe3 B npucoesnnennoe Kk B pacciioeHHOe NPOCTPAHCTBO CO
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cloeM F(q)‘)Torlla B, HasbiBaercs paccaoenusim npocmpa-
cmsom Paazos, CBA3AHHBLM ¢ paccaoeruem B.

82) PaccioeHHoe npocrpanctso B ¢ 6asott M u cioeMm F
HA3bIBACTCH PACCAOCHKBIM npocmpancmsom Jepe—Xupua, ecad
romomopdusm I*: (B, J)y— H*(F, J), uniyunpoBaHubl#t BAO-
Keuuem I : F— B, asaserca snumopdusmom. Eciu B — pac-
C/I0eHHOE NMpPOCTpaHcTBO Jlepe — Xupua U xoTa Ob OAHO U3 MPO-
crpancts B, F He uMeet kpyyeHus, 10 romoMopouam p*: H* (M, Jy—
—f*(B, J), unaywuposanus#i npoexkuuest p: B —> M, sBaserca
MoroMopodusMoM. [ladee, rpalyuposaHHble koabua H*(B, J) u
H'WM, JYQH(F, Jy=H'(M X F, J) anautusuo usoMopQHer,
Hakowuen, ecau fy, ..., h,— taxue saementsl us H*(B, J), uro
i*hy, ..., i*h, nopoxaaor koabuo H*(F, J), 10 3neMeHTH /;
¥ 3JEMeHTH nojxoasua p* (H*(M, J)) nopoxnarot konsuo I7* (B, J)
(cM. no stomy nosoxay [3]).

JlokaxeM, 4TO paccioeHHOe MPOCTPAHCTBO (uaaros B, ¢ Ga-
aoit M aBaserca paccaoennem Jlepe—Xupua, MuorooGpasue F(g)
aBsieTca Gasoft paccaoenus rpymnsl (G = GL(g, C) Ha nesble
CMEXHBIC KJACCH MmO moarpynne A=A(qg, C). O603HauuM yepes

S E AMAaroHalbHble PACCAOEHUs 3TOTO IJIABHOI'O PacC/OeH-
HOTO HpOC’I‘paHCTBa rpymnnbl A. VspectHo, uto XapaKTepucTHye-

CKHe KJIACCHl Yy, ..., T, paccioenutt El, e Eq HOpPOXAAIOT
koisuo f1*(F(q), J) ([3] ria. VII). Ilycte j-— BloxeHue cios
F(g) B B, . Kax BuIHO u3 CKa3aHHoro, IJs J0Ka3aTelbCTBa TOTO,
410 Bsy—paccaoeHHoe npoctpancTBo Jlepe — Xupiua, n0cTaToyHo
nokasate, uto 7; € j*H*(Ba, J) (i=1, ..., g). Paccmorpum
pacc/0eHHOe NpoCcTpaHcTso pyB ¢ Gasolt B, uHLyuHpOBaHHOE
paccioedueM B. B (16.1) Oyfer 1#0KasaHO, uTO CTPYKTyp-
Haa rpymma paccaoenus p, B cpoautca (B aHAMTUTHYECKOM
cMmbicie) K nmoarpynne A, Mpl nanum cefiuac apyroe, Gosee mpu-
rojHOe 175 HAWIMX nelelf noKasaTedncTBO 3TOro daxra (cM. {44],
ctp. 47). Ilpu 3TOM CBeleHHe CTPYKTYypHOH rpymnbi Oynet ocy-
IECTBJAEHO TAKUM 06pa3oM, YTOOH MpHUCOEJUHEHHOE K p’:B rf1aB-
HOe pAaccloeHHOe NPOCTPAHCTBO TIpymnbl A HHAYHHPOBAJAO HA
cnoe F(q) paccaoenHoe npocrparctBo (. Ecam &, ..., Eq——
IMaroHa bHble PaCC/AOEHHd, CBA3aHHBE C PuB, W Ty ..., Y,—

~

MX XapaKTePUCTHYeCKHe KMAacchl, TO Mbl GyleM uMeTs j*§, = §;

H, 3HaunT, jry;=1;, (=1, ..., q). Tem campiM Halue yTBep-
waeHne OyneT HOKa3aHo,
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Mycrs E — raaBHoe paccioeHHoe mpocrpaHctsoe rpymnbl (7,
npucoenuHenuoe k paccaroenmio B. Torma rpymma (G, a cnrexo-
BaTeJbHO, ¥ TOArpynna A feficTByloT Ha E 0e3 HENOIBHMKHBIX
touek. Pakrop-npocrpaucTso E/A, nonyueHHoe H3 E 0TOX-
NeCTB/IEHHEM TeX TOYeK, KOTOpHIe MOJyYaloTca JPYr U3 Apyra
npH noMowy npecGpasoBaHuit M3 rpynnbl A, fBAseTCA PAcCI0eH-
HEIM TpocTpaHcTBoM ¢ 6asoft M u caoeMm F(q)=G/A. Jlerko
NPOBEPUTh, UTO 3TO PACCAOCHHOE MPOCTPAHCTBO SKBHBAJEHTHO
paccioenuio B, . Jlanee, npoctpaHcTBo £ MOMHO paccMaTpuBaTth
KaK TJIaBHOE pacc/IOeHHOe IPOCTPaHCTBO ¢ Gasoft By = E/A
u rpynnoft A. O6osHauuM uepes B BeKTOPHOE PACCIOCHHOE TIPO-
CTPaHCTBC, NPUCOEIMHEHHOE K 3TOMY MOC/elIHEMY PaCCAOeHHIO, H
noxaxew, uto B, paccmarpusaeMoe Kak paccioeuite ¢ rpynnok G,
SKBHUBA/EHTHO paccaoennio py B. Ouesnano, paccaoenye o: £ —> B,
nuayuupyer Haa F(g) paccnoenHoe mnpocrtpanctso (J, Tak uTo
MBl TIOJyYHUM NIPH TOM HCKOMOE CBeJCHHE CTPYKTYpHOH rpyNIHL.
J1s noKasaTebCTBA NOCAENHEr0 YTBEPXKAEHHS DACCMOTPUM IJIaB-
HO® PacC/IoeHHOe MPOCTPAHCTBO £ ¢ rpymiof (, npucoeimueH-
noe K B. Jlerko Bumets, uTo £ MOKHO pea’u3oBarh Kak NpH-
COellMHEeHHOE K paccnoeHur0 o: E — B, paccioeHHoe Tipo-
CTPaHCTBO cO cnoeM (7, HA KOTOPOM A nelCTBYeT NpH TOMOWUIH
JEBHX CHBUrOB. 3Hauut (cM. ctp. 98), E woxuo peaauns3osartsb
kak npocrpanctso £ X (G, B KOTOPOM OTOXAECTBJEHB TOUKH
(xa, a7 ulx, g)(a€hd, x€E,g€G).Ecmh: EXG>E —
eCTeCTBeHHOe OTOOpaKeHHe, TO TIPOeKUud 5 paccaoenns E
onpenersercs dopuyaot p(h(x, g))=o(x). Onpeneanm 0100-
paxeHue h: E — E dopmynott £ (A (x, g))= xg. Jlerko mnpose-
puTh, YTO AMArpamMMa

ELE
7y e
By —M

Pa

KOMMYTaTHBHA H oOlipejlesiseT roMOMOp(HU3M pAaCCJIOEHHEIX TpO-
CTPaHCTB C rpynmof G. Orcona caenyer ([38], crtp. 60), uro

E u P,E sxBuBanenTHb. 3HauuT, Bu s B TaKKe SKBUBANEHTHDI.

B paBore [3] nokasano Takie, 4ro MHoroobpasue F(g) He
uMeeT Kpyuyenus. O1ciona chaelyeT, UTO paCCIOEHHOE HpO-
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CTpaHCTBO B, o06sajaet BceMd NepeunC/leHHBIMU Bbillle CBOHCT-
BaMu paccaoenut Jlepe — Xipuia.

83) IlpuBeseM HeKOTOpHE OMpele/NeHHs, KOTOpPhle HCIOJb-
ayioTca B AanbHetimeM, [lycts B, B — KOMIIEKCHbIE BeKTOPHBIE
pacc/IoeHHbBie NPOCTPAHCTBA Hal MHorooGpasuem M. lomomop-
guamom paccioenns B B B naswiBaerca amanuTHueckoe oToGpa-

KeHue MHorooGpasus B B B, xotopoe ans Kawjoro x & M au-
Heltno oToOpaxaer cJjoft paccioenus B Hag x B CJIOH paccaoe-

Hud B Han x. OG6BIMHBIM 0Gpa3oM BBOMUTCHA IOHATHE HLOYHOG
nocied08amessHOCHY  PACCAOEHHBIX TMPOCTPAHCTB M TOMOMOD-
¢usmoB. Ecau BexropHrele pacciaoennss B, B, B” cpsasaubl Tou-
HOH 1MOC/Ie10BATEILHOCTBIO

0—»>B ->B->B"—0,

10 B’ HasbiBaeTcs pacciroennsim noonpocmpancmsor 8 B,
a B” = B/B’ — gparmop-npocmpancmson paccnoenus B. [Iyctb,
HanpuMep, B — BeKTOPHOe pacCaOeHHOE TIPOCTPAHCTBO CO CTPYK-
typuo#t rpymmo#t GL(r, ¢ —r, C), koTOpas cocrour M3 Mat-
pui, BHAa

A" B\}r
A_(o A”>}q—r
e
rq—r

TFomomopdusmer A—>A" u A— A” rpymnst GL(r, g—r, ©)
B8 GL(r, C) u GL(g—r, C) cooTBeTCTBEHHO I[103BOJSIIOT CBf-
3atb ¢ B BekrtopHoe paccioenne B’ ¢ rpymno#t GL(r, C) u Bek-
TopHOe paccioenue B” ¢ rpymuo#t GL(¢g—r, C). B crannapr-
HOM cioe E paccioedus B cyliecTByeT MOANPocTpaHcTso £,
UHBaPUAHTHOE OTHOCUTEbHO A, mpuueM Matpuusl A’ u A” onpe-
LeJAI0T  11peoOpasoBaHus, KOTopele MHAyumupyworca B E’ u
E” =E/E’ coorBercrBenno. Or1cioga BUIHO, uTO CYILECTBYyeT
TOYHaa mnocaenosarebHocts 0 — B’ —» B — B” — 0. O6parHo,
MOXKHO I10Ka3aTh, YTO €C/¥ UMEeTCsl TOUHAA I10C/Ie0BaTeNbHOCTD
0B —>B—>B"—-0, rie B, B, B’ uMeor ciou pasMep-
HOCTe# r, ¢, ¢ —r COOTBETCTBEHHO, TO CTPYKTypHasa Tpymnma
paccaoenus B cpoaurca k GL(r, ¢ —r, C), npuuem B’ u B”
noJIyualoTcs M3 B yKasaHHBIM Bbile CIOCOOOM,

84y pyro#t myrtb nokasatenpcrtBa pasexctBa [ (F(g))=1
yKasaH B JoKasateabcTBe Teopemel (16.2). IToT myrs 3akio-
YaeTCs B TOM, UTO HYKHOE HaM paBeHCTBO M Teopema (16.2)
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ZOKa3bIBAIOTCS OZHOBPEMEHHO WHAYyKuueR mo g. Jlaaum Habpo-
COK 3TOTO MOKasaTenbCTBa. JlomyctuM, uto TeopeMa (16.2) BepHa
aast Bcex uncen < g — 1. Boenem orcwna, uro T (F(r)) =1
ana L {r<q. Ana r=1 3sra ¢opmyna sepna. Ilycte oHa
BepHa 1Ja Hekoroporo r <(g. PaccMoTpuM ecTeCTBeHHOE pac-
cnoenne F(r—-1)—>P, co croem F(r). Ilpumenss k sToMmy
paccnoennio teopemy (16.2) (1as TpuBHanbHoro paccaoenus A),
noayuaeM T (F (r-4-1))=T (P,)==1. Takum o6pasom, T (F(g))=1.
Ocraercs ybenutbca B TOM, uTo Teopema (16.2) BepHa B TOM
Cilyuae, KOTNA pasMepHOCTb Cjaod B paccaoesnn B pasua g.
Tak kak Mo 3HaeM, uto 1 (F (g))==1, TO 31ecp MOJHOCTHIO
NPOXOAUT NOKa3aTelbCTBO 3TOH TEOpeMLl, M3/I0XKeHHOe aBTOPOM
Hmxe. Takum o6pazoM, teopema (16.2) u pasencreo T (F (g)) =1
NOKa3aHbl 1/ BCEX ¢.

8) Hoxaxem 37y ¢opmyay. Cornacuo Teopeme Kionuera,
H* (M X M’, C)== H*(M, C)® H* (M’, C),

rae C —roje KOMIUIEKCHBIX uucea. PaccMorpuM Ha MHoro-
obpasuu M X M’ kenepoBy MeTpUKY, DAaBHYIO CyMMe Kejnepo-
Boix Metpuk Ha M u M’, u o6o3maunMm uepes I (M),
F (M), (M X M”) npocrpaHcTBa rapMOHMYeCKHX opM
Ha 9THX MHorooGpasuax. Toraa wumeeM FHMXM)=
= (M) Q F (M’). Ham HyxuO mnoxasatb, uro

FEPI(MY M) = EA- T s (M) Q v (M').
r+u=p
stv=gq

Mycts © € F (M), o € F(M'). Monoxum o @ e’ = (7"0) A\
A7), rtne t: MX M —-> M, o' : M X M'— M’ — npoexuun,
H NOKaXeM, 410 ¢dopMa ® @ o’ rapmonuyna. Ilycre =, %/, = H

3, 8 0 — omepartophl, CBA3aHHBle C MeTpUKaM# Ha MHOTo0Opa-
auax M, M’ u MX M’ coorBercTBeHHO. Jlerko NpOBEPUTH,

uto * (0 @ 0) = (+0) @ (+'0’). Tak kak do=0de’ =0, ToO
de(@@0)=0 u §(o)=0. [laree, d(v@w)=0, TaK
yto 0 @0’ € FZ (M X M’). Tem cambiM OnpefeneHo AuHEHHOE
oToOpaxeHue

kiS58 (MY S (M) —> 5 (M X M),

KOTOpO€, KaK JerKo NpOBePUThb, fBAeTCA MOHOMOpOHBIM. K3
CKa3aHHOTO Bhillle CjledyeT, 4To k — u3omopdusm. [lockoabky

15 Uxsnp IlUsu-msup
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npu yMHOXeHMH GOpM MX THMIH CKJAajHIBalOTCs, A otobpa-
KaeT NPOCTPAHCTBO

BT s (@ SO (M)
r+u=p
sS+v=¢q

Ha 071 (M X M).

86) [Mycts F — Ny4yoK BEKTOPHHX INPOCTPAHCTB Hax MpoO-
crpaHcTBoM X, mpuuyeM npoctpanctsa HY(X, F) KOHeYHOMEPHHI
p P
1 obpawatorcad B 0 npu nocratouno Goapwiux I. [Tonoxum

1(X, F) = 3 (—1)dim H (X, F).
i

Hokaxem, uyto ecau 00— F'—> F > F” —> 0 — To4Has no-
CNeOBATEbHOCT MyuKOB YKadaHHoro tumna, 10 ¥ (X ,F)=
=y (X, F'y+y (X, F”). llns »3Toro 3aMeTHM cHauana, 4TO
CNpaBelIHBO Ciaelyiolee yTeepienne. Ecmm 0 —> A4, —A4, —. .
.—> A, —>0 — TOYHad NOCAEe10BATENLHOCTh KOHEYHOME PHBIX BEK~

n
TOPHHX TNPOCTPaHCTB, To X (—1) dim A, = 0. Jle#tcTBHTeBHO,
<0

o6osHaunM uepes K; (i=0, ..., #) TMOANPOCTPAHCTBO MpO-
CTpaHcTBa A;, ABjsiouleecs o0pasoM JeBOrO M SAPOM NpaBoro
romomopduama, u mnoxoxum K, ,=0. Toraa us To4HOCTH
1noc/e10BaTeMbHOCTH BeITeKaeT, 4ro A, /K, =K, , (i==0, ...,n).
3nauut, dim A; =dimK; 4 dimK,,; un

2(—1)1 dim A, = \‘ (,1)1 (dimK;+dimK,, )=

i=0
:}](—1)1 dim K, — 2 (— )i dimK,, ;.
i=0 i=0

Tak kak Ky=K,,;=0, To 1Be nocieiHue CyMMbl PaBHbI
Mexay coGOH, u Hauie YTBepKIeHue N0KasaHno. [IpuMenss ero
K TOYHOH MMOC/IeNOBATEIbHOCTH KOrOMOJMOTHH, CBA3AHHOHK ¢ Ha-
we# TOYHOH IOCHENOBATEBHOCTBIO MYYKOB, MOJIYYaeM HYKHYIO
popmyay.

87) Jle#crBuTesnbHo, Iad g¢==1 3ra ¢opmyaa BepHa. [Ho-
NycTHM, 4TO OHAa ywme [NOKa3aHa nanaa wncaa ¢ — 1. Paccroe-
HHe A; MOXHO CYMTaTb PacC/HOEHHLIM MOANPOCTPAHCTBOM MpPO-
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cTpancTBa B. Torla BeKTOpHOE pacc/JoeHHOE NPOCTpaHcTBo BfA;
UMeeT CTpYKTypHyw rpynny A(g-— 1, C) u nuaroHa/pHeie pac-
cnoenus Ay, ..., A, (cM. npuMedanue 83). B cuny npeanono-
KEeHUd HHAYKLUH

% (M, B'® BIA) =5 (M. B'® A)+ ... 4% (M, B'® A,).
Hanee, uMeetr MeCTO TOYHAA TMOCJEN0BATETLHOCTD
0>B QA —>B ®B—>B ®B[|A —0,
U3 KOTOpO# cienyer, yTo
LM, BRQB")y=y (M, B"Q A)) 4+ (M, B'@BIA)=
— (M, BRAY+ ... (M, B'®A,).

88) Mokaxem cienyiollee obniee npeniowerue. [lyems dana
MOYHAS NOCACAOBAMEALHOCHLE BEKMOPHBLY PACCAOEHHHX NPO-
cmpancms

i j
0—>B —>B-—>F-—>0,
20e F— paccaroenue na npamee. Tozda umeem mecmo mox-
Hasl noc2ed08ameAsHOCME
0> B0 % B0y 5 Brio-0 g F >0,

20e uepes LU) o6osnanaemcs r-s 8HEeWHAA Cmenens paccioe-
rus L. Paccmorpum CHAayana aHaJOTHYHYIO CHTyalUMI0  1Js
KOHEYHOMEPHBIX BEKTOPHHX MPOCTPAaHCTB. [lycTh HMeeTCs TOY-
i J
Haa nocaenoBatesbHocts O —>A'—>A—>E-—>0, rne A, A,
E — xoHeuyHOMepHbIE BeKTODHHE MpocTpaHcTBa M dim E = 1.
Brifepem B npoctpancrBe A Tako#t 0asuc a,, ..., @, e, 4TO
. ’ 7 7 [
a, = z(ak) (a,€A) m e'=Jj(e)+ 0. Onpenenm romomop-
dusm B:APA—>A"'AQE dopmynamn
ﬁ(ail/\ AN dip):(),
. — ! ’ ’
B(all AN Nai, A e)_(all/\ A al.p_l)®e .

Jlerko Buzets, uro B He 3aBUCHT OT BmHOOpa Gasuca, obianain-
Lero  YKa3aHHbIMM  Bblle cBoHcTBamMu. (OO0O3HauuM yepe3
o:APA’ > APA romomopdu3M, HMHIyUHPOBaHHbIK roMoMopdu3-
MoM [, HeTpyaHo mpoBepuTh, YTO NOCJE10BATENBHOCTD

0>APA S ArA B AP-1A/ QE 50

15%
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ABIAeTCA TOuHOH, BepHeMca Temepb K BeKTOPHBIM PacCJIOEHHBIM
npocrpaicTeaM. Jaa moGott Toukn x €M uMeer Mecto TO4Had
NOC/IeN0BATEbHOCTD C/I0EB Haj 3To#t Touko# 0 — B), — B, .—

—)Fx—>0 B CJly CKa3aHHOro BHIUI€, BO3HUKAIOT TOYHBIE I10-
CJAeN0BATCIABHOCTH

0—>B'{» > BP) >BY-NVQF, -0,

KOTOpBIE, OUEBMIHO, MOPOXAAIT HYKHYI0O HAM TOUHYI IO-
C/EN0BATE/bHOCTh BEKTOPHBIX PAacC/IOEHHBIX MPOCTPAHCTB.

89) Aptop moansyetcs 3jeChb TeM (GAKTOM, uTO AuddepeH-
uMabHBle (GOPMBI CTeMeHH p Ha M cO 3HAayeHusIMM B pac-
C/MOEHHOM MPOCTPAHCTBe B MOXKHO paccMaTpHBaTh Kak CevyeHHs
paccaoeHHoro mpocrpaHctsa B Q@ £ () (M). B uactHOCTH, MYyuOK
LBRW(M)) usomopden nyuky KQP(B) u, 3HAYMT,
L (M, BQEt P (My)=yP(M, B).

9y Ina nokaszaTenbcTsa 9TOH (GOPMyJbl HANOMHHM, UTO

ecmt  {U} — xoopauHatHOe MOKpbiTHE MHOrooGpasus M u
2}, 2%, — nokanpHpie koopluHarhl B U, TO QyHKUMHM Mepexona

paccioenus K ¥uMeOT BUA
d(z%,, zf,)
0 (z}J z%,)

B U NV. Mo moxem cyutarb, yro au6Go nepeceyeHue S ¢ U
nycro, qu6o B U xpusas S 3apaercs ypaBhenueM 2, = 0.

Torna

hyy =

1 1 1
dzy %y dzy
T | = 1| 2
Ozy s 2y s 02y |s
3HauuT,
hov | z}, 02%,
uv S: 1 * 5 .
2y ls %2y s
Tak kak ¢yHkuun nepexoxa paccaoenut |S| u k cymb
zb dz?, T
— ¥ 3 COOTBETCTBEHHO, TO Kszk—lSJS, OTKyZa
2y 0z |g

r=(K+]S])s.
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1) Aprop noip3yercss siech paBeHcTBOM ¢ (K)= —C,,
rie K — KaHOHMYeCKOe paccioeHHe Ha npsMble, a C,-— nepBoift
XapaKTepUCTHYeCKHR kJaacc MHoroo6pasus M. IlokaxeM 370
cooTHouwieHue. [l 3TOro 3amMeTuM, 4TO, KAK BHAHO H3 OMpe-
LeJIeHNs KAHOHMUecKoro paccqaoenus, K = £7(?), rpe f— kaca-
TeJbHOe paccioenune Han M, m = dim M. [lostomy U3 pesyanb-
tatoB § 13 caenyer, uro ecmm 14C, 4 ... +C, =
=0+, o 1+c)=1—1—.. —1,=1-C,
win ¢ (K)=—2C,.

%) BeigeneM 310 yTBepwienue u3 Teopembl (18.4). Iloxa-

eM, uTO ecayl B — BEKTOPHOE pAaCC/IOeHHe C ¢-MEepPHRIM CJOEM.
Haj anre6pauueckoit xpusoft M, TO

LM, By=d, - M+q (1 —p),

ric d,— nepBoff XapaKTePUCTHUECKHH KJjacc paccioenus B,
W3 peayanbratros § 13 saerko caejyer, u4to MepBhii Xapakrepu-
cTMueckuft kaacc paccioenus B @ B’* pasen ¢’ d,—qd].

ITostromy (18.5) HemocpenCTBEHHO BBITEKAeT W3 HAIErO YTBEPXK-
‘nenust. CornacHo (18.4), Mb uMeeM

X(M‘B):xl[(q+81+ +aq)(1 +%>}:
:"1[(‘]‘1—‘1’1)(1 +%>]:d1 . M—%—%qu-M_—_
—d;- M+-q(1—p).
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