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AHHOTAUHMA

Hacroamu®k Brnycx cepun «CnpaBoyHas MaTeMaTHYECKaA
GufaMoTexa» MOCBSAIIEH BHTErpaibHBIM NpeolpasoBannsM U one-
PALUHOHHOMY uCYHCHeHHI0. B TIepBO# YacTH H3JOKEHW OCHOBH
TeopHH MHIerpalbMLIX Npeofpa3osauufi dypse, Janiaca, Mea-
ansa, Becceas, Xaukens, Mefiepa, KouToposuua — Jle6egesa u ap,
OcoGoe Banmanue yiereHo npeoGpasoBanuio Jlammaca H ero
APEMEHEHHI0O K MaTEMaTHYECKOMY aHalu3y.

OnepansorHee HCUKCACHME M3JaraeTcd Ha OCHOBE TEODHH
MuEKYCHHCKOT'O C HEKOTODEIM €€ BUAOU3MEHEHHCM, YKa3HnBaeTcH,
KaK OHO CBfi3aHO ¢ MNpeofipa3oBaumem Jlamtaca, B NDUBORNTCH
OpUMEDPEl PeaTH3IAUMUA KOHKPETHHIX ONepaTopos.

Bropyio 4acTh COCTaBISiOT TaGaMilhl HHTETPAILHBIX Mpe-
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neBa B Mexepa—doka). Iipa cocTapienrn Tabany 6bLAN HCNONLIO-
BaHH CHpaBOUHEIE DYKOBOACTBa H paGoTH, onybluKomanume
B HeproAMdecKof AdTeparype. HexoTopule peayApTaTH ny6an-
KYylOTCs BOEpBEIe.
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NPEJUCIIOBHE

3a nocnennue pecsiTWICTHS B MAaTEMaTHYeCKOM anajinse MIH-
POKOe pPacrnpOCTPAHEHHE NMOJYYHAH METOHNH, CBA3aHHLIE ¢ HCHOMb-
30BaHyeM WHTErpanbHHX mpeoOpasopaHufi. DTH MeToAR Oblin
YCUemHO UpHMEeHeHH K pemleHuio AnddiepeHnnanbibiXx ¥ HLTer-
panbHbBIX ypaBHeHU#l, H3YUYeHWIO cnelHanbHLX QyHKUR#H, BEYHCIe-
HHi0 MATerpanoB. CyLlecTBEHHBLIM TIPEHMYIIECTROM METOJA MHTer-
panpHHX [peo6pa3oBanuii ABASETCH BO3MOKHOCTE NOArOTOBKH
Talaul npAMBIX U 0OpaTHHX nNpeobpa3osanuit pasnuunblx QyHkuui,
YacTo BCTPEYAIOIUXCH B NPHAOKEHUAX.

B nacromuem Bunycke cepun «CnpaBouHas MaTeMaTHyecxas
6ubnnortexa» (CMBE) paccmatpuBaloTcs HaunbGolee pacnpocrpa-
HEHHbHIe HHTErpanbHbie mnpeobGpasopadusi. [lepsas uacTb nocss-
LIEHa OCHOBAaM TEOPWH M COCTOHT H3 NATH rias. B nepBo# rnase
M3/1araloTcd 97eMeHTH TeopHd 1npeobpasoBanui Pypbe H Heko-
TOphle HX npunoxeuus. llenTpanpHofi u HauGonee oO6UMpHOH
sBISeTCH IviaBa BTOpas, nocpsulenHas npeoGpasopanmio Jlanaaca.
3nech we paccmaTpuBaeTcs npeobpasosanue Meanuua.

Fnasa TpeThss nocesileHa HHTErpaibHOMY Upeo6pa3oBaHuIO
Becceng. K nocnennmemy OTHOCHTCA psii MHTErpanbHLIX npeob-
pasopaHu#l, AApOM KoOTOpHX sBAgoTcd Qyskuun  Deccens,
B yacTHOCTH, B 9TO# rsaBe paccmaTpHBaioTCs mnpeobpasoBadust
Xanxens, Me#iepa n Konroposuya—JleGenena. B rnase yerBeptoit
TIPUBOAATCA KpaTKHE CBeJeHHs O HEKOTOPHX APYrHX HHTErPAJib-
HEX npeoOpasoBanuax. B nsaToit raaBe u3naraio1ca  OCHOBHW
TEOPHH ONEPAUUOHHOrO HCHHCIACHHUS.

Kax u3sBecTHO, CHMBOJMYECKOE WIH ONEpaluOHHOE HCYMcTe-
HHEe CTaN0 CHCTeMaTHYeCKH pa3palaThiBATHCA B CEpelHHe Npoii-
aoro cronetus. B kosue XIX pexka XeBuca#hj ycremHo npume-
HH €r0 K pelleHMI0 HEeKOTOpHX 3a4ay, CBA3AHHHX € Teopued
S9AeKTPOMarHdTHHX  KoneOanuit. [llupokoe pacnpocrpanedne
OnepanuoHHOro ucuucaenus Xesucalija mnpHBEAO K MOABACHUIO



NPEANCAOBHUE 9

MHOTOYHC/EHHHX pab6oTr no ero o6GocHoBauuio. [Ipu 9TomM
nepBoHauanbHag oOnepaTopHas Touka 3peHus Xesucafiza Geina
3HauyHTeNbHO BhITecHeHa pab6otamm Kapcona, Jlewa, Ban pep
Tlona w 1p., KOTOPHE B CBOHX HCCAENOBAHUNX ONHPANHCH HA
npeoGpa3oBadre Jlannaca u udterpan Mennuna.

Onuaxo T4KOe TOJI0KEHHE He MOTIQ NPOAO/MKATbCH KOATO,
TaK KaK ycrnemuoe pasBHTHe QYHKIHOHANBHOrO aHa/Nu3a H, B yact-
HOCTH, TeOpHsl AHHEeH#HBHIX ONepaTOPOB CHOCOOCTBOBANA PA3BHTHIO
OIepaTOPHLIX METOAOB B MaTeMaTHYecKOM ananuse. B paGortax
[18], [60] nmaetcs onepaTopHOE H3MOWKEHHE ONEPANLHOHHOTO
HCUYNCIEHHs ¢ HCNOAb30BaHMeM npeobpasosanus Jlannaca.

[loanw# BO3BpaT K NepBOHAYA/bHOH oOnepaTopHOR TOUKe
speHus O6b1 caenan Mukycunckum [59]). Ou xaet cTporoe ore-
patopHoe 0GOCHOBAHHE OmepalMOHHOMY HMCUHCIEHHIO XeBHCaina
6e3s Bcakoii cBH3HW C TeopHe#t npeo6pasosanus Jlannaca. [lpnm
W3JOWeHHH 9TOH TeopHH MHKYCHHCKOMY RPHXOAHMTCH BBOAHTD
pasanyHpie oGo3davenusd i YHKUMAM W IS ee  3HadeHud
B HexkoTOPOH# Touxe. Muxycunckuii 0603nauaeT ¢hynwuuo depes
{f(®)}, a snanenue stoht Pynxyun 8 mouxe t—depes f(f).
Hanpumep, 2 ects uucno, a {2} ectp dyuxuua, NpHAUMAIONLAs
MOCTONIHHOE 3HadeHHe 2.

B rnase V cBeprxa onpependercd, B oTmyue OT MukycHH-
CKOro, TakuM 00pa3oM, YTO He NPHXOAUTCA pa3nuyaTb KOH-
crauTH oT ¢yskuu# xorctant. Tak kak B pafie caydaeB npd
npuMeHeHHH uHTerpana Jlannaca 3HayuTeAbHO YNPOLLAIOTCH
pasnuysiple TpeoOpa3oBauus M BHYUCJICHHS, CBf3aHHble ¢ OTH-
CKaHHeM OMepallHOHHLIX (POPMYA, TO 31eCh YKa3LBAETCS HA CBA3b
NOCTPOGHHOIO  WCYMCAEHHA ¢ npeoGpasoBanmeM  Jlammaca.
B aTo# e raaee paccmaTpuBaeTcs Ttaxwe 0600iieHHoe npeol-
pasoBanue Jlamaca ¥ DPHBOAATCH €ro OCHOBHble CBOHCTRA.
B xoune rnaBe maeTcs KpaTKOE M3JI0OMEHHE ONepanHOHHOTO
ncyucaeHuda 1ns onepaTopa beccens ®w ycranHasnimBaeTcsl ero
cBa3b ¢ ripeobpasoBanuem Meitepa.

Bropyio uacte Keuru cociaensior tabnuus Qopvyn mHrer-
PasbHBEIX npeobpasopanufi. Pasamiunsle ¢opMyasl HATErpajibHHX
npeoGpa3oBaHuil BO3HMKAIOT NpH PpeIUeHHH KOHKPETHHIX 331adY,
OAHAKO B najbHeHlieM OHM MOTYT OLITh NPHUMEHERH K peuIeHuio
Apyrux gompocos. [lostomy Tabauust $opMyn HHTErpanbHHX
npeobpazopannét WMEOT OGIMPHYIO 061aCTh NPHAOXKEHHH, OXBa-
THBaIONLYI0 coBof caMbHe pasHOOGpasHEle OTPACHAd  3HAHHAS
MaTeMaTHKy, @H3UKY, MeXaHHKY, SJEKTPOTEXHUKY H T. AL



10 TNIPEAUC/IOBHE

Ta6nuuam dopmyn npeamectsyeT nepeuenb 0603Havenufi creny-
anpHbIX QYHKUME H HEKOTOPHX NOCTOAHHbLIX, NPUBEAEHABIX B 1. VI.
B ocTanbHbix r/aBax paccMaTpuBAIOTCA: KOCHHYC- U CHHYC-Mpeol-
pasoBauus Pypwe, npeoGpasosanus Jlannaca—Kapcona, Mennnna,
Xaukenst, Meftepa, Kouroposuya—/leGenera, Menepa—dPoxa,
I'unp6epta u Ap. [lpn cocraBieHun Tabauy ObUIH HCIONB30BAHH
B DOJIBINHHCTBE CAYYaeB cCywecTsyiouMe paboTH aHANOrHYHOIO
xapaktepa. Cpead Hux crneayer ocobo otmetHth: Erdelyi
A, Magnus W., Oberhettinger F., TricomiF. G,
Tables of integral Transforms, 1954; Oberhettinger F.,
Tabellen zur Fourier-Transformation, 1957.

[Ipn o6pabGorke Takoro Gonpworo KoauyecTea ¢opMmya Bo3-
MOXHB HELOCMOTPH H OWHOKK. 3a BCAKHE YKa3aHHA U fONPABKK
aBTOpH OYAyT OyeHb OOf3aHH YHTATENS M W 3apaHee BHIPAXKAIOT
uM CBOIO 6./1arofapHOCTD.



OCHOBbl TEOPUMH -

FMTABA 1
MPEOBPA30OBAHHUSl ¢YPLE

§ 1. Hexotopsie cBefenuss u3 Teopuu pagos Pdypbe

dyuxuus f(f) npy D0BOABHO OGIIMX NPEANONOKEHHIX MOWET
OutTh npeAcTaBneHa OeCKOHEYHHIM PHAOM BHAA .

fH=2+ 2 (a, cos nt -} b, sin nt), (1.1)

rpe

f(t)cosm‘dt (=0, 1, 2, ...), (1.2)

:al—

= (t)sinntdt (n=1, 2, ...) (1.3)

K

T
1

w
Ator pAA HA3HWBACTCA mpUzOHoMemputeCKUM DpOOM Dypse.
Hucna a, v b, naswBawTca xodgguiuenmanu Pypve GpyHkund
S (#). Tax xak Bce wienn psna (1.1) nepUoAHYHH C NepuoiOM 2T,
TO NpH HCCAELOBAHHUM TOrO PAN2 MOWKHO OTpPAHUYHTHCSA MOOHM
HHTepBaAOM AAMHBW 2m. B cnydyae unTepsasa npoH3BOAbHOH AJIHHH
2! pan Pypoe

f(t)—“°+§_: (a cos 7 |- b, sin ""‘), (1.4)

riae

L
-:-g frcos™at  (n=0,1,2,...) (15)
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[ 4
S fOsinat (n=1,2, ..., (1 6)
[4

1~l

npeacrasagetr QYHAKUMIO ¢ nepuoaom 2/,
[lpuaHuMas 80 BHHUMaHHE W3BeCTHOe moxcdecmso Jiisepa, cesi-
3BIBAIOIIEE TPUroHOMeTpHUeCKHe (PYHKIUHM ¢ moxasaTe/bHOH,

¢'°==cos g} isin g, (1.7)
pan (1.1) moxHO mpeAcTaBuTb B KOMN/ekcHofi dopme
o
f= 2 ee™, (1.8)
n=—a|

riae

= Sf(f)e""’dt (1==0, 1, +2,...). (1.9)

Hnoraa ymoGuee paccMaTpuBaThb He WHTepBaa {(—m, ) HAH
(0, 2w), a unrtepsan aamue 1, nanpumep (0, 1). Torza koag-
trunenTH paga Pypbe NPUHHMAIOT BHI

II

1
{femat  (n=0, 41, 42, ...). (1.10)
0

Ecmu f(f} — uemnas dynxyus, 1. e. f(—H=f (¥), u ecan
OHA WHTETPHPYeTCS HA unTepBane (— /, /), CUMMETPHUUHOM OTHO-
CHTE/bHO Ha4ana KOOPAWHAT, TO

»

4 ]
Stf(t)dt-_—_—z OSf(t)dt.

Ananornuno, ecan f(f) — newemnan ynxagua, 1. e. fl—fH=
=—f(t), T0

i
{ rinar=o.
ey

Ecau f(f) — yetnas ¢ysxuma Ha uatepsane (—m, m), TO
bynxunsa f () cos nt —- uernas, a pynkuus f(f) sin nf — Heueruas
ang xakaoro sHavenus ». Onpezenss xospPuuneRTH paga
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dypre nam detnoft dyskumn f(f) no dopmynam (1.2} n (1.3),
noNyYyuM

2 T
=-ﬂ-§ (#) cos nt d¢ (1.11)

u b,=0. Pan ®ypre nna f (f) comepkuT TOMLKO uNeHH C KO-
cuHycamu; Ko3pPuUHeHTH STOrc psiga onpenensiorcs Qopmyaok
1.11).

( Ecan f(f) — Heuernas ¢ynxuua, To Qynxuuu f(f)cosnt u
f(f)sin nt GyAyT, COOTBeTCTBeHHO, HedeTHOR M ueTHOH ¢yuk-
uuaMu. Pag ®ypbe ang uedetHo#k pyukuua f(f) COLEPKUT TOABKO
yjleHsl ¢ CUHycamu, Kos>(pduuHedTH 1NPH  KOTOPHIX OfipeRe-
asorcs no opuyne

2 T
=.“-§ (#) sin nt dt. (1.12)

Takum o6pa3som, micbasg ¢yHKNMSA, HHTErpUpyeMas B Npexenax
ot 0 mo m, ¢dopManbHO MOWeT OHTH NPEACTABJEHA HA 3TOM HH-
TepBade MOCPeACTBOM pana Pypbe N0 CHHYCAM HAH KOCHHYCAM,
6e3 npeanonoxenus 06 ee YSTHOCTH, HEUeTHOCTH, TEPHOLHYHOCTH
MM BOOOille ONpefe/ieHHOCTH BHE STOTO HHTEpBaja.

Oxsolt W3 OcHOBHEIX TeopeM Teopuu paaoB dypbe sBafeTcd

Teopema 1 (Pumana—JleGera) Ecau gyuxuyun f(f)
uxmezpupyema na urmepsase (@, b), mo npu \— oo

b b
(Ftycosutat—0, §7@#sndtat—o.

IlokazateanctBo cM. B [17], [27]. Teopema Pumana—/JleGera

HMeeT C/IAYIOLME BAXKHHE CAeNCTBHA.
+Cnencrpue 1. Koagppuyuenmor Dypve awboli unmezpu-
Pyemoli hynrkuun CMpemsmcs K HyA0.

CnencrtBue 2. [losedenue psoa DPypse 6 wnexomopol
mouxe t sasicunt MOAbKG OM nosedenus OYHKUUU 8 Henocped-
CMBenHoll oxpecmHocm 3moll mouxy (npunuun A0KaAU3AUUL).

M cdopuynupyem naubo.ee ynoTpeCUTEeNbHHH ApUSHAK
cxodumocmu pada Dypse Ecmm f— QyHKung ¢ Orpasnyes-
HBM  p3ameHenHes, TO pad Pyppe Jysxkuun f cxodumces B
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Kawaol Touke f K 3HayeHHio %{f (2} 0) —f (¢t —0)}. Bean £,

KpPOME TOrO, HENPEephBHA BO BCEX TOYKAX HEKOTOPOrQ HHTEP-
Bana (@, b), To pan Pypbe Ha HTOM HHTEpBANEe PABHOMEPHO CXO-
mutca (cM. [27]).

§ 2. Unterpanbuas gopmyaa dypre

INycts dyuxuua f(f), umeiowas nepuon 2/, npercrasnena
panom Pypve (1.4). Iloncrasnssa B (1.4) Bupanenus pis a,wb,
u3 (1.5) n (1 6), 1071y YHM

f(f)—z,ff(e)dr—}—z Sf(‘:)cos—(t——t)d'c (1.13)

nw 111
Ecan monoxurs T::l, T:Al H mepefitu dopManbHO K mpe-

Aeny npu [/— 00, TO CYMMa NpPEBPATHTCH. B HHTErpad, H Mb
[ONYYUM HHTErpanbhyio dopmyay Pypbe
1 e 0] [ 2}
fir=—1 Sd). Sf(«.-) cosh(r—#)dr.  (1.14)
0 — a0
Ona npexcrasnger QyHKuMio, OUPENENiCHHYI0 B HHTepBaje
(— o0, 4 o0) Takum we o6pasoM, kax pan Pypbe npeacras-
Jaser QYHKUMIO C KoHeurbiM mepuofoM. ITocne npeoSpasopaunit
MOXHO npuBecTH Qopmyay (1.14) k credyiolmemy BHAY:

[4 ("¢
flH)= lim 211‘5’ e S e~ ™F(z) drd) (1.15)
i o

i— o0
RN
e It —7)
= lim < S LI f () dr. (1.16)
)

Hnterpan B npasofi uactu ¢opuynn (1.14) nasuBaerca deodinsn
unmezpanosn Pypse. Gopmyna (1.15) nasniBaeTca xomnsencHoll
fopmoit uumezpasa Dypre. dopmyny (1 16) HazbiBaOT nped-
crmasseruem @GyHxuul f(t) nocpedcmson npocmozo UHMepAAQ
Dypre. KnaccuuecknHe yCOBHS CNpaBeANNBOCTH BHIlIEYKa3aHHEIX
¢opmyn ycranaBaMBalOTCA CAcAyouief TeopeMod.
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Teopema 2 [113). Zlycms dynxuua f(t) unmezpupyena
no Jlebezy na usmepsase (— co, -1~ 00)*) & o2panunentoli sapuanun
Ha Bcarkom KOHewHoM unmepsase. To20a popmuyas (1.14),
(1.15), (1.16) umerom secmo, ecau samenums uUXx negme 4acmil
Ha —;- {f(t+0)1- f(t — 0)} 8 mourax paspusa f(f). Dopsuysn
(1.14), (1.15), (1.16) mozym Cumb 3anucanm maxsice 8 cae-
ovouelt gopre:

w
Flfy= S [a (&) cos u -} b (u) sin tu] da, (1.17)
0
20e

a(t)=— [ fireosutat, o@w=21 Sf(t)sinutdt.

Ecnn f(f)— uetnas ¢yukunsa, to dopmyna (1.17) npunn-
MaeT BUujx

Fly== S cos tu du S (%) cos ur dx. (1.18)
Q [1]

[Mocnennsia HasuBaeTCs Kocuuyc-gopmysoii Dypee.
Ananornuno, ecnu f(f) —sedernas dyHkuus, 10 nOAY-
uaerca cuanyc-ghopuysa Dypse

fh=2 S sinfu du S £ (x) sin ue dx. (1.19)
0 0

§ 3. OcHoBHble cBOficTBa mpeoGpazosanuii Pypre

1. ®opmyan, paccMOTpeHinle B UPEAHAYLIEM NYHKTE, NPHBO-
AAT K B3aHMHGIM WIH [IBOHCTBEHHHM COOTHOUICHHAM MexAy ma-
pamMn ysxnnii.

Ecan nonoxuts

F(u)=7‘ﬁ S Flhye-int g, (1.20)

*) Kparkas samuce: f()€ L(— o, -} ).
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10 ¢popmyna (1.15) maer
[o.o]
)= f F (u) €™ du, (1.21)
Vor
—®
rlie MHTETpajJ B NpaBoit YaCTH NOHHMACTCd B CMHCIC 24@8HO20

SHa%erusx, T. €. KaK npenpen
{

lim \ F(u)e™du.
I»w Y

dyuxuna F (4) nasuiBaeTcs 7peoGpasosanuen wiv mpancgop-
Manueii Pypve pyuxkunn f (7).

Ecnu dyuxuns f(f) uaterpupyema B untepsane (— o0, - o0),
T0 ¢ysxkuust F(4) cymecrByer ans Bcex f. Pynxkumu F(4)
H f(f), seamommuect npeobpazopanneM &Pyppe onaHa APYroi,
Ha3LBAOTCA napoli npeobpacosatuii Pypse. [lonaras

F,(a) = ]/ % Sf(t) cos ut df, (1.22)
1}

nonyuum u3 dopmyan (1.18)

=y 2 SFt (1) cos fu du. (1.23)
0

PynKUHH, CBA3aHHHE YKa3aHHEM 06Pa3oM, HA3HLIBAOTCH na-
POl rocunyc-npeobpasosonuii @ypse. Ananornyso, us PopMyau
(1.19) MoxHOo moAyuMTH napy cunyc-npeobpasosanuii Pypee:

Fs(u)=]/ % S £(?) sin ut di, (1.24)
0

fo=y '% S F, () sin fx du. (1.25)
0

Ecmu f () — uetHan ¢yuxnusa, To
F(u)=F,(u);

ecan f(f) — nederHas ¢yuxuua, 1o
F (u) =iF_(u).
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2. Myets ¢ynxumn F (x) v G (#) — npeoGpazopanus dypse
cooTteTcTBeHHO (ynkuumit f(f) u g(f), onpeneneunnx (opmynamu
(1 20), (1.21).

dopManbHO HMeeM

[+ ] 0 o
1 -1t - 1 - it it
75 S F () G () e~ du = S F(z)e~* dy Sg('t)e"‘ dr=
-0 - Q0 —0
1 o L+ v}
=z S g{x)de S F (u) e~ gy —
) ;'

=5 | e re—vas 126

T. e. yukuun

F@)Gu) u h(f) = ——

75 § st re—na

g8

asamoTca mapoit npeoGpasopanuft Pyppe. Pynxuma h(f) Hasu-
Baetcs cgéepmioli yuruuit f(t) u g(#).

Teopema 3. [llyeme f(t)— npeobpasosanue Dypse
gynrnuu F (£) € L (—oo, --00) u ghynruusn g (1) € L (—o0, ~4-00)
(mar umo ee npeobpasosanue Dypse G () — ozpanuuernan @yrr-
aus). Toz20a npoussedenite VorF (5 G(8) npunadaesxcum
L(—o00, ~+-00) u ezo mpancghopmayus Pypse onpedessemcs
ghopmy roil

o

r=§ gre—ud.

—0

CnipaBen/mBoCcTh STOA TeopeMH ClAeAyeT U3 3aKOHHOCTH
ofpaileHusd nOpAAKa WMHTEIPUPOBAHHS B Bupaxesun (1.26)
BCJ1eACTBHE aOCOMOTHOR CXOIMMOCTH,

Teopema 4. [Iyeme [f(f) u g(f) nrpunadzexcam
L(—o0, -o0). Tozda h(t) npunadasescum L(— oo, —-00),
u ee npeobpasosanuesn Dypse A6.s3emca PyHrvus VanF (1) G(2).

[pu Npyrux npeRno/IOWEHHSX BHILEYNOMAHYTHE CBOKHCTBA
ceeptkn cmorpu B [73], [103]. Ilo ananorunm ¢ BHpaxeHneM
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(1.26) B8 cayuyae xocuuyc-npeoGpasoBaunii 6yseM nMerhb

o0
S F (0)G, (1) cos tudu—
§

oD <o
=]/__;°;: S F, () cos fu du S g(7) cos wdr=
0 ¢

ﬂqi.- @ w0 _ _
=5 § g(t)de (S F (u){cos [t—=| utcos(t-r)u)du=

=3 | g@lrdt—<h+re+one o
0
u B cAydae cuHyc-npeoGpasoBanmuit

o

5 F, (1) G, () sin fu du ==
77 ¢
= V% S F (u) sintudu S g sinumdi=
0 0

1 [« 2] o
===\ g(t)dc\ F, (1) [cos | # —<|u— cos (¢ }) ] du=

g (|t —<[)—F (1) dv. (1.28)

I
D] e

[Mpouece 06pa3opanHs CBEPTKH MOXHO HOBTOPATH 21 pas.
Toraa 6ymem umethb

1

Ve F(t)F,(x)...F, (x)e"Fdr =

Al—'—.\a

— an(t,,)d-c Sf_,(c,,_ yde, | ..%

awz*“

Sfl(tl)f(t--':l--..,—-rn)d-tl. (1.29)
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8. Popmyan [IMapcesasn. Ilyctp f(t) €L (— oo, -} o),
£ (f) murTerpHpyeMa Ha KaXNAOM KOHEYHOM HH1epBale, U NMyCTh

4
.___l__ H 34
G )= ‘%Lgme dr

anga Bcex £, npuuem G(f) BCIOLY KOHEYHa W mNPHHALJICWKAT
L (— o0, -+ o0). Torna uMeeT MeCTO paBeHCTRO

@® o o o o
—&F(t)G(t)dt_ﬁ-LG(t)dt—Lf(t)e de =

=7‘_2: Sf('t)d': S G () et dt = Sf(t)g(—'t)d':. (1.30)

B uactHoctH, npn f=—g umeem dopmyay

SlF(t)[’dt: S | F (O dt. (1.31)

B ¢opmynax (1.30) u (1.31), pasymeercs, corepmaTcs cOOT-
BercTsyoiue GOpPMY/bl AT KOCHHYC- M CHBEYC-peoGpa3osaHHd
dypoe. A uMeHHO, B ciyyae 4eTHHX ¢ynxuuli, nMeem

SFc (#) G, (f) dt= S F(t) g dt (1.32)
0 1)

{1F.op at={ [roras (1.33)
[1] ]

8 CAyYae HeyeTHHX

S F,(t) G, (%) dt:—-S i) g (dt (1.34)
0 0

S [F, (O] dt = S [f (I dé. (1.35)
0 0
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Ot dopMyanl asanorvydas GopMyne

2% -
':TS ) di= 5 a) + ¥ (aa+82) (1.36)
0

n=1

n3 teopun paAl0B Pypbe W Ha3WBAOTCA gopmysani [lapcesarn

4, Ilpeobpasesanue Dypsve anarurtuseckux Qyuxyui. [Tycts

S (2) — amamuiuueckas  Qydxkumd, perynaspHad B HoJoce

(—a<<y<b), rae a >0, >0, n nycrp B Kawao# mnonoce,
BHyTpeHHeH Kk {— a <y <{b),

[ OletC-9%]  (x— —o0),

f(z)*':\ 0[0_()_5):;] (x— - o0), (1.37)

rae € > 0; ), p— HekoTOphle GUKCIPOBAHHBIE NONOKHTE..bHb.e
yucna, Torna dynkuus

F(w):v‘ﬁ j £(8) ewa (1.38)

YIOBAETBOPAET aHAJOTHYHHM YCJMOBUMAM, C 3aMeHOd a, b, )\, 1
Ha A, M, @, D COOTBETCTBEHHO, H

o

f(z)=T/]—2_“- S F (w) e~ *2daw (1.39)

-0

Ionsa Bcex 2 B nonoce (—a<Cy<b).

§ 4. Kparene mpeoGpasosanus Pypne

ITo onpenenenmio, uMeeM
F (o, 1)=_—"-5r[.]‘-(-":: ,V)]‘_“'

a0

o S S et @c+W) f(x, y)dxdy. (1.40)

—Q0 — Q0

dynxnus F (0, ) HasuBaetcs npeobpasosanuesn Dypve dynr-
yuu Osyx nepemennwix f(x,y). Das dynkuni f(x, y) u F(o, }),



§ 5] HEKOTOPLIE TPH/IOWEHHS fIPEOBPA3OBAHHA ®YPLE 21

npuHagnexamux L, HMeeT Mecto caexaywmas ¢opmyna obpa-
HieHHud:

f(x: y)=3-‘[F(0’- l)]::

Lo o] o0
_—_§11_‘ j’ Se—f@xwm(w, N ded\. (1.41)

—_ 0 =D

Bemu f(x, y) u g(x, y) npunamnexatr L, TO cywecTByer
HHTErpan

f69) ¥ % (6 y)=

=5 | [ renee—ty—naam a2
-0 —0

npuyeM

Ff (% y) j'féw _f?mg(x, W]=F (@, )Go, ). (1.43)

O6o6uienne Ha Goabliee YUCAO NMEpPeMeHHhx oueBHAHO. [locTta-
TOYHO NOJHOE W3JNOWEHHE TEOPHH KparHbiX npeoGpasoBanuii
dypoe umeetcss B kuure Boxnepa m Yannpacexapa [103]. Kpome
Toro, cm. [119].

§ 5. Hekoropsie mpuiowenns mnpeobpasopanuii Pypee

[Ipeo6pazoBanue Pypbe urpaet BAKHYIO POJb HPH pPeLISHUH
IHPOKOro Kjacca 3afay MareMatnyeckofi uU3NKH, K KOTODHIM
OTHOCATCHl, Hanpumep, KpaeBbie 3ajauu QA ypaBheuus Jlamaaca,
TFeapmronsna u Pypbe B obnactu, uMeowel Bujg GecKoHeyHo#
NOMOCH M NOAYNOAOCH, GECKOHEUHOr0 UWIHHAPA K NONYLHIHHI-
pau T A

B vactHOCTH, npuMeHeHue npeoOpasoBanns Pypee ueneco-
06pa3no B 3ajayax, KOTOphle UPHBOJIATCH K HHTEr PHPOBAHHIO
ypasueuuit Buna

2 - Lwy=1 (%, y),

rae L (1) — nuuefinnift nudpdepenunanbiuii onepatop, He coxep-
Kaumit nepemensoft x; f(x, y)— sapannas ¢yuxunsa. [Tpusesem
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pellicHHe pAla 3amad MaTeMaTuueCkoR (HM3MKH, Da3peIHMHX
IPH NOMOLM MHTErpanbHHX npeobva3oBanuit Pypse.

1. Pacemotpum onwy 3adaxy 2udpodunamuwu [34], [41],
CBOASULLYIOCS K DellleHnio ypasHenus Jlansaca

02 0*
#H_@’_::o (v <0) (1.44)
npu CAeAYIOIHMX TPAHHYHHX M HAYaANBHHIX YCHOBHAX:
) 1 0%
6_;::_.?6}1: npa y=0, (1.45)

u=p(), W—0 mpny=0 ut=0. (1.46)
TMycts

[+ ]
Ulo, y, Y =& [u(x, y, t)]___ 5 u(x, y, fe=tos dx.
-
Torpa, B nOpeanonoweuuu, uto u4—0 u % __ o pu

ax
| x |—00, monyyum

&F [a—sﬂ = —oU.

ox?

Bmecto (1.44) GynmeMm umernr ypiBHenue
d? U
dy*

Ero peuedne, cTpemsiieecsi K HYMO NPH y— — 00, HMEET
BHI

o'U=0.

=c (0, f)el“’ll’

rie ¢(o, f)=U| y=o YyutnBag nocnexuee, HaiaeMm, nociae npu-
MeHenus npeoépaaoaaﬂns dypbe k ypasuennio (1.45),

c(o, )=A(0)e! VETo1t |- B(n)e—1Yelwlt,
Ha ycnosnit (1.46) monyuum
A(w)=B(m)=%(I>(o)),

rie P (0w) —npeoGpazopanne Pyppe dynkunm @ (x). Takum
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'. oGpasom,

-

U=® (@) cos(V glw]| £)el ety

H, C/EAOBATENLHO,

u(x, y, t)._-—— S D(0)cosV glo|t-etolytiondy,

2, Hailzem peuenve u(x, f) ypasswenus menisonpogodnocmit

2
= (1.47)

¢ Hava/lbHbIM YC/10BHEM

(s, 0)=f(x) (—oo<x<ltoo)  (148)

Mycte
U, H =F [u(x, )] === 1/_ j u(x, {) ew*= dx. (1.49)

[Ipa Tex ke npexnofiowMeHusx, 4YTO H B MPEAbAyUIEM IYHKTe,
Hafizem

62
F [Eg] =—a'U(o, ).
Torna (1.47) u (1.48) ceoAsTCE K YpPaBHEHHIO

oU (o, t)
57 —0*U (0, §),

OTKyAa
U, f)=A (o) e~ 2%,

Tlonarag £=—=0, 6yaem HMeTh
(v o]

A(‘.;).—__--V‘ﬁ j f(x) el dx =F (o).
- Q0

CnexosatenbHo,
U (o, f)==F(0)e—**
H
(%, f) = 7: 5 F(o) e—wt—ixw do,



24 NPEOBPASOBAHHS ®YPBE [ta. 1

C npyrofi cTOpoOHH,

0 )
u(x, ﬂ=§]§, S e—0M—ixw g S\f(s) it dt —
—on -

o a0
=§1,—, S S (&) dt S e~ -l G -Dde =

- gD
x—t)y

“—?&' T f&e ¢ di

8. Ha#inem pemenne u(x, f) ypasnenns (1.47) Takoe, 410

#(x,00=0 (x>>0), u(0,H=Ff(¢#) (¢>0).

Tlonoxum
[+ 4]
U (o, 1)= 1/'—’2; J' u(x, t) sin ox dx.

0
Torma (1.47) npuBOAHTCH K BHIAY

Wy (o) _ ]/_ of (f) — 0*U, (o, 1).

t

U (o, )=A(w) e~} l/—-o)e*“”‘jve*‘””f(t) dr.

0

Orciona

Yunrmsan, uto U, (0, )==0 npu ?=0, nalizem A (0)==0,
CneaoraTenbuo,
0 t
u e, =2 3‘ fe— 1 sin fx df Seﬁ"‘f('c) dr =
0 0
[* ]

t
=2 Sf(r) dr S £o2 =D sinfxds —
0 0

: f 'L“Txl') iqr
= — 2o 4(t—1] = y L — .
Ve é‘ fR){t—n) ‘te de “5 (x, t—7)f(v)dx
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rie

1% t)_V—_‘_.

Ing 06ocHOBaHuA NpHBEZEHHHX Bbille QOPMANbHHX pemeHnl
JOCTATOYHO NPEANONOWUTh, HArpuMep, 4YTO BCe PAcCMATPHBag-
Mue dyuxiun upanaznexat L (— oo, - o00).

4., B HexkoTOpHX CAYYasXx C MNOMOULBID NpeoOpas3oBaHud
dypbe MOmeT GHITh pellleHo MHTErPaibHOE YPaBHeHWe BHAA

e@=r+ § lx—n¢0ay, {1.50

-0

rae f(x) n k(x)-—3anannse Qyskuun, @ (x)— Hckomasd.
[Tocne npumesenus npeobpasoBanus Pypre noaydum

‘““’“V* T {f(x)+ f k(x—y)cp(y)dy} ¢ dx =

=F@+y [ v01y [ kr—pean=
=F) o5 [ ey j k) elot0edy =
=F () +V2m® (1) K(a).
Orciona
_ F{u)
(D(u)—'l—VQEK(u)
H

1 F ()
=5 _LI—VﬂK(u)

e~ dy.
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YuutuBag nocienaHee, HMeeM

et [ F@ el i gy
e —f == | e —F@ e au=

o
— K (1) -ixu
= j Fo) tygey o
~w

Broag o6osnasenue

_ K ()
RO=1=v5 K@)’
Haltpem

p=r+ § re—8r@ e

Eciu B ypasnennn (1.50) dynknmn ¢ (x), f(x) u Ek(x)
paBunl HYMO AN OTPHUATEJNbHHX 3HaueHH# aprymenrta, To npu-

X0AuM K YPaBHEHHIO
x

¢ (x)=f (x)+ S Elx—8 @) dt  (x>0)

0
B stoM cayuae peilleHHe npeACTABASETCA B BHAE
X

e =r+{r@&rc—ta,

0
rae r(x)==0 npu x <0 — dynxuua, npeoGpasopauneM Pypne
KoTopo#t sBAseTCA K
(=)
ll T e —
Rt 1—VY 2K (0)

3aMeTHM, YTO M3 TOCAGAHEro pPABEHCTBA cAexyer

rix)=~k (x)—|—§k @ r (x—8&)dE.

JpyruM uHTETPANbHHM YPABHEHWEM, KOTOPOe MOXET GHTb
pellieH0 TaKHM e MeTOLoM, ABNFETCH ypaBHeHHe
oD

f(x)= S k(x—y)e(y)dy. (1.51)

-
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Mo ananoruu ¢ mpeaunayuwinM, dopmanbho GyneM HMETh

[+

| F(a)=71'2‘—1‘{ S eduy \ k(x—E o) di=

- oD

=V;_ﬂ. j o () d

=V'2_“ f o @) dt

- 00

E{x—E)e™dn—

k(n) dCDedn =1 "n® (1) K (1),

1
éc.—js éz._—,g g8

OTKyZA

[+ 2]
1 Floy _
(p(x)z-ﬂ S 7(—!(7))8 % dy.
— 0 .
3ameTnM, 4TO AAs cTPOroro o60CHOBauus Metona Bce dyHk-
IIUH, BXOMsILEME B ypaBHEHHe, HAOMKHH YROBAETBOPATH CHENHA/b-
HbIM  ycnoBusM. Hanpumep, wu3BecTHa  Teopema. [lycms
S (%) € L*(— o0, + ), k(%) € L(—o00, 4-00). Tozda d45 mozo,
umobul cyuecmsesaso pewenue @ (x) ypaguenus (1.51), npunad-
sexcamee L*(— oo, -}- 00), Heobxodumo u docmamouno, 4mobel

F
R € L1 — 00, F-00).

Paccmm‘pum elje OXHO HHTErpanbHOC YpaBHEHHE BHIA

pw=rx+ | £x+nemay.

Kak n panee, umeeM

@(u)_—:F(a)+V‘2_ j‘e"‘”dx j E(x4-9)9(y) dy=

-0

=F(a)+1/17 j ¢ (y)dy j k(xt-y) e dx =

=F u)+-—= ]/'15_ j ¢ (v)dy f k(x)ef @~y ady —
_F(a)-\—ﬁ:@(-a)i((a)
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Mensis 3HaK &, uMeem
¢ (—u)=F(—u)-+V 2r @ (1) K(— a).
V3 nocnepsnx paBcHCTB monydaem

F)+ V2 F(—n) K (2)

) =T R wRi—a

Takum oGpasom,
=2}
¢ (x)=-—1= 5‘ F)+ VI F(— i) K@) =iz gy
Vin T— 25K (@) K (— 4)

B psge 3amauy MateMaTH4ecKOo# (PU3MKM BCTPEYAlOTCH HHTEr-
paibHHE YpaBHeHHs BHZa

ao

eW=s+ § elx—yhemay

0

¢ CHMMETPHYHHIM SAPOM, 3aBHUCSIMHM OT aAGCONOTHOTO 3HAYEHHS
PA3HOCTH JBYX aprymedToB. HMccnenoBanue STOro ypasHeHHs
TAaKxke OCHOBHIBAETCS Ha Teopuu muTerpanos Pypee (eM. [79]).

5. Bwuucsenue unmezpasos. VIpH BHYMCIEHHH HHTErpanos
npuMensiores Gopmyns Ilapcerana (1.30)—(1.35). Hag Buiuuc-
JIeHHs HEKOTOPHIX HHTErpajioB, COAEPKAUIYX TPHIOHOMETPHUECKHE
H [oKasaTtenbHhle QYHKIMM, MOXKHO HCNOAB30BATH COOTBETCTBYIO-
me Qopmyan obpawennd. Ilycto

[+ ]

S= { e=*x,(x) dx.
0

Cornacno (1.24) umeem

—_—

fxy=e*, Fu= %?_-TTF’
0 mpr 0<Zu<l,
o — vty 1
g(x)_x.ly(x), Gs(u)—‘ -——2]————-'(“!“‘1)—' !np“ u>1
r(z-7)

(-——*;—<Rev <%)
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Mpumenas dopmyny Ilapcesana (1.34), monyyum

> o]

v s] V+§-
S e~ 5] (x) dx= ]/Ti— S e 1 2 dx=
v r (

i
0 -f—v)(x*—n"**

; - 21 (v 4+
2‘) u 2 V-'—i

— 1 +1dl¢= "
V“r(f—’)°(e‘u+l)(l—u) : Via+y v

B cumny aHanmTHYECKOro npONOMKEHUs Pe3yNAbTaT OCTaercs

CTpaBeAAMBHM NpH Re v>—;~ [73].



FJIABA I
NPEOBPA30OBAHME JIAIJIACA

§ 1. UnTerpan Jlanaaca u ero OCHOBHBIE CBOiHCTBA

OGosnauuM uepe3d [f{f) ¢ynxumio peficTBHUTENBHOTO mEpe-
mennoro £, 0=<Cf<C- oo, unterpupyemyio Ha nioGOM HHTep-
Baie (0, A) B cuucne JleGera. Ilycts p=—0-} it — xommiekc-
HOe 4ucno. Buipaxenne

F* (p)= § e~ £ (8) dt = 2 [F ()] 2.1)

Ha3BLIBAIOT UHMezpasom Jlansacq, a dynkuna f* (p) HasnBaercs
npeobpa3osatitesr unu mparchopuatuel, Jlanraca dyuxuun f(f).
IlpuBeneM ocHoOBHLIEe CBo#icTBa HHTerpana Jlannaca.

1°. Ecou uarerpan (2.1) cxomutcs B TOYKe p,, TO OH CXO-
IuTCA BO BCeX TOukax p, nad KOTopsix Re(p-—p) > 0.

Hng uarerpana Jlaunaca BO3MONHH TPU cayuyas:

1) Haterpan Bciody pacxoadTed.

2) HMlaterpan BCloAy CXOLUTCS.

3) CyuwecTtsyer yucno o, Takoe, uto npu Rep > &, unter-
pan cxoputcs, a mpu Re p<c PAcXOLAUTCS,

Ha xommnekchoit maockoctd npsmas Re p—c HasLBaeTcA
oCbl0  Cxodumocmy, a YHCNO O,— abcluuccolt cxodu.uocma
unmezpaza (2.1).

2°. Ecau uuterpan (2.1) cxoaurtcs abCOMOTHO B TOUKe
Py=0, 1-it,, TO OH CxomuTcs AaBCOMOTHO H PABHOMEPHO
B NonymnockocTH Rep ==o,.

[Mono6Ho npeabinyuiemy, MOWHO ONPeAeadTh OCh aGCconOTHOM
CXO0AHMOCTH Re p=g, u abcuuccy abcomoTHOH CXOANMOCTH J,.
OueBnano, G,=>0, M HETPYAHO TNPHBECTH DpHMEpH, KOria

O, > O,
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3°. Ecnu muterpan (2.1) cxomurcsa B Touke p,==g0,-}it,
v eun Q=0 n &= 1— KaKue-10 nOCTOAHHHE, TO MHTErpan
CXOMHTCA paBHOMepHo B o6GnacTH A, onpexenexnofi HepaBeu-
CTBOM

lp—p, | <k(cg—0a,)eRC~-%, g=aq,.

4°. Ecau ¢,< co, 1O muterpan (2.1) npeacrasaser apanu-
THYECKYI0 OQYHKIHIO IepeMeHHor0 p BO BCeX TOYKAaX ROAYymao-
CKOCTH Rep >0, u

dkf*(l’) S. ( t) f(t) e—pldt

5°. Ilycre fr (r) f:( p)— tpaucdopmaund Jlannaca dyuxunit
Fi (&), fo(t). Ecam B Touke p, ob6a uuterpana Jlannaca cxo-
RATCH W

fiw,+-nly=1,(p, + ni),

rae Koucrawra />0 m n=0, 1, 2, ..., To nourd BcOny
fi =1, 9.

M3 storo ceolicTBa crepyer, uro Tpascopmauus Jlannaca
S*(p) 0nHO3HAYHO C TOUHOCTBIO A0 MHOKECTBA MepH HYAb
onpejengetr dyuxumo f(#).

6°. Ecan unrerpaa (2.1) cxonutcs B TOuKe p,=0,-}it,,
¢, >0, 10 .

lim e—9t Sf(u) du =0,
{00 0

r. e { flwydu=0 (et npn t—oco.
0

7°. Ecam: a) f(#) orpanHmuera cHudy, T. e. CymecTByeT
TaKoe monoxuTenbhoe uucao C, yro f({)>—C ans Bcex
t=0, 6) cyuecTByeT OAUH W3 NpeAenoB

~

lim-:—Sf(t)dt, wu lim o S fBle=tdt= lim af*(c),
b 0 o 2x

>0 L o o}
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TO CYUIECTBYET M XPYrofft M3 STHX npelenoB H

lim —:— Sf(t) di= lim qgf*(q).
0 ¢ 200

E=>0

8°. Ecan a) f(f) orpannuesa cuusy, 6) cyumecTByer OZuH
H3 TpeAesnoB

e »>m

[ 3 = o]
" fim iS fyat, wm limeo g Fifye- di,
¢ ¢—>0
0 b
TO CyLieciByeT H IPyro#f, Opn 9TOM

L3
im - S £(8) 3t = lim af* (c).
& 0D ¢ H g Q

locnensne nsa cmoficTsa wmnrerpana Jlannaca BHTEKAIOT H3
obute#t Teopun TayGepoBckuX Teopem [257—[259].

Hag cxopumoctH Huterpana (2.1) neoGx0AMMO H AOCTATOHHO,
4TOOH Npu HekoTOpoM 6, >0 H f—o00

t

=" r@) du=o(em),
; .

¢
lim e"%‘Sf(a) du—0.
fsan o

Kax ywe 6uno ormedeso, Ttpancdopmanus Jlansaca onwo-
3HauHO (IO MHOWECTBa Mepnl HY.b) onpenrenser jf(f). Ilepedngem
Tenepb K BOMpOCY O Haxowaenumu f(f), ecau wusBecTHa f* (p).

Teopema 1 (treopema oGpamenus). Ecsu unmee-
pas (2.1) umeem abcyuccy cxodunocmu o,< o0, mo cyue-
cmeyem

1+in 0 npu t<0,
im L (oD ap={ ¢ (2.2)
woo B ) 2 §rwae npu >0,
1]

20e Y >6, Y >0.
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Tarxunm obpaszos, noxntit 048 8cex t
T+t‘oo
f(t) dt2m ) f*(p)— dp, (2-3)
{~{wo

20e unmezpan NOHUMAEMCS 8 CHMbCAE 2/4QBHO20 3HAIEHUA.
[ipameuanne. Ua cpotictea 6° cneayer, uto

Lo Sf (tye~#! t,
t

rne £, ()= fydu, 6>0,, a>0 n p—o+ir. Cymecr-
0

ByeT nocTosiHHas @ Takas, qTolf1 (t)|<Qe°o‘ (>0, ans
Bcex £. floatomy

z ]

f (p)l - Q@

(2.4)

c-— co
Taxkum 06pasoMm, ecAn

® t
o= S roe?ta, o>o, n fiiy=1{rwd,
0 0

T0 mpeobpazoBanueM Jlanraca q)yuxmm J, (f) 6yner f.___.(P), npu-

yeM uHterpaa Jlaunaca mpu ¢ >0, CXOLUTCS a6como1‘ﬂo Cne-
llOBaTeJIbHO, ecau

]
f(f)_§de § s Sf(e,)d-l p(,,)Sf(E)(t—E)" ',

TO

f’ (P) Sf (t) e-—pldt

1
1+i

fO=m | 70 e, 1> (2.5)

{—f®

M3 nepaseuctsa (2.4) caenyer, uyto npum n#=—=3 HHTerpan
B (2.5) cxomutca aGCOMIOTHO M PABHOMEPHO HAa MOGOM cerMeuTe
e<Ct<Ch. OueBuaHO, 3TOT HHTErpas Tem JAy4lle CXOAMTCH,

uem Gosibule 7. (

.

2 . - .=
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Buiyncnenne uuterpana B dopmynax (2.3) u (2.5) B Gonp-
HIMHCTBE CAy4YaeB (IPOM3BOAMTCH € MOMOILBIO HALAEKALIErO JAe-
GopMHPOBAaHHUS NYTW HHTErPUPOBAHHSH; (1P ITOM YACTO OKa3H-
BaeTCsd BO3MOWHHM MOJAb30BaTLCH CJACAYIOUIVIMH JNEMMAMH.

Jlemma 1 QKopnan). Obosnasum 4epes C, dyzy oxpyic-
Hocmu

T 3w :
|z|=R,, g<agz<sy, lim R,=oo.
n-»a
Ecau gpynxuyun O (2) xomnaexcnozo nepemennozo z va dyzax
C, PaBHOMEPHO OMHOCUMEABHO aTZZ CMPeMUMCR K HYAI0 npu
n—oco, mo

im (®()etdz=0 nput>o0.

n-s® cn

Jlemuma 2. [lycms lim R, ,=—o0 u Cf, C; — coomsem-

n ->w

cmsenno dyau oxpyscrocmel

]2|=R,, O0<<Rez<<y, Imz>0,
u

jz2[=R,, O<Rez<y, Imz<O0.

Ecau ®(2) pasuomepno ozpanuwena wa dyzax CY, C;
(n=1, 2, 3, ...,) n npa n-~— o0 na smux dyzax D (2)
CMPeMUMCR K HYAIO, MO

lim S D(2)e'dz=0 u lim S D (z) e dz==0.
n->o C+ - C;

JNemma 3. llycmo O (2) — anosumuneckan dyncyus, pe-
2yaspHan 8 nosynrockocmu Rez>=Y. Ecan na dyzax

[2[=R,, ——;‘—sargzég- ,(.1_1.12 R, = 00),

D(2) npu n— oo pasnomepno omuocumessro argz cmpe-~
sumcst & wyawo, mo npu <0

T1+iw T-4-foo
im § ®@etdz= { 0()etaz=o.
@0 ¥y T—100

Ilpusesem npuMep BHYHC/IEHHA ONHOTO KOHTYPHOTO HHTC-
rpana taia (2.3).
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[lycte
LU= =gV )
T. €
a4io p
ft, ")——2“1 s eV rtpt V‘:' (2.6)

a—im

Cornacuo Teopeme Koum #uterpuposanve Broiab npamoft
L (a — ib, a-}-ib) sKBHBANEHTHO HHTETPHPOBAHMIO NO KOHTYDY,

cocrasaentomy w3 ayr Cr u Cg r
okpyxHoctu |p|=R, nByGe-

pexcHoro paspesa B, B, u ox- 3
pysHOCTH ¢, |p|=r1, (— 1< 6',;/_
<Largp<m (cm. puc. 1, Ha

KOTOPOM HAnpaBieHHe WHTEerpH- 8>

POBaHHA (10KA34dHO CTPeaKaMH). —
Tak kak t>0, To Ha nyrax

et Ve

o 0 (4
V ? _/(E'w’
npy R — oco. Hosromy, co-
raacio nesme Kopaana, npm Puc. 1.
t>0 u R—o00 mndTErpan or

e~V rtpt
Ve
Fit, 1)__““1 .2_& S+S+§ _1VF+m_]%%.

[~~~ (q+ih)

C;g a Cp dyuxunsa

7
BaOAL Cp H C;’g cTpeMuTes K wyao. Caeaosarennuo,

Bzonp mukuero paspesa B, umeem p=uxe~ ", YV p= —iVx;
BAO/Mb BepxHero paspesa B,, p=—xe'", Vp=i I/x. [Noatomy

r

R
dx "y dx
en'l’x—-—xt =___Se—l‘th—xt .
S )g ivs' § J iVx

B, 2

*) lina MHOrosHayHHX $ynxuult 22 =—e¢alnz, lnz, arctgz o 1. 4.,
eCMH He OrosapyBacTCs NPOTHRHOE, BCEerjxa pacCcMaTPHUBLETCA FadBHAR

BeTBb QyHxuu#, 7. €. In1 =0 (arg {1 =0), arctg lz% H T A

2
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Ha ayre ¢, npu r— 0 nmeem

{ <_M72%.

Cy

Takum oGpasom, npH £ >0

- — dx
e *eost) ¥ =
V v

°Q’j8

£t =1

2

e—1% cos w diy = —1— ¢ ® (97
Vo 2.0

1 _ V7. ,
rae x=u*. llpn £<C O unrerpanu oT ]—/.=e Vit o Cr»

2
=

e
—_——

Oy 8

p
CR(R—>00) cTpemarcs x nymo, 7. e. f(t, t)=0 npn £<0.
CneposartenbHo,

-

| I s
.9’[ =e ]-ﬁ 7. (2.8)

Teopema 2. Ecau unmezpar (2.1) cxodumcs abcoriomno,
me lim [f*(6-} it)=0 & cxodumocms paswomepran 04 scex

Tk

clo=0,>06,).

Teopema 3. Ecau unmezpan (2.1) cxodumcs abcosomuo,
H(2) — anasumuneckan ynxyus 8 oxpecmuocmu Kax ool
moyxu z=J*(p) u H(0)=0, mo gynxous & (p)=H[/* (p)]
8 noaynaockocmu Rep™> o, npedcmasuna abcoromno cxods-
wumcs unmezpason Jlansaca.
- .Bawdxoe 3xHauenne MMEIOT KPUTEPHH, MO KOTOPHIM MOKHO OBUIO
6bl cyauThb, fBNAETCH A fAanHad (YHKLuA (aHaNMTHYeCKas B
nonynniockoctu Rep>>y) npeoGpasopannem Jlannaca. B psae
ciydaeB TeopeMa 3 nos3BoiaseT OTBeTHTb Ha oToT Bonmpoc. Ha-

o

IpHMEpP, HHTErpan ZSe"" dt=7 a6CcoMOTHO CXOAUTCH [MpPH

_Rep>0. Ilpumenss Teopemy 3, saxmouaeMm, uTO —_l-_=— 1

Vo1

TaKke NpeAcTasHMa B nonyniockoctd Re p >0 a6conioTHO CX0-
AswuMca  wnTerpanom Jlanaaca, OTcoosa crenyet npeacTapH-
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—_—1
MocTh dyHKuun ( VL_—- 1) e¥?P+1  nrak mance. B yacTHo-
2

I
CTH, W3 ITHX c006pa>|;tﬂuﬁ claenyer
Teopema 4. Anasumunecxan FHyHKuus, pezysaprhas 8
oxpecmHocmit GeCKoHeuHO YOAACHHON moyxy @ pasHas 8 Heit
HYA10, npeocmasuma aOCOAIOMHO CXOOSUUMCR UHMEZDANOM
Jlanaaca.
CdopmyaupyeM psix TeopeM aHaNOTHYHOrO Xxapaxrepa.
Teopewma 5. Ilycms anasrumuyeckass 8 nOAYNAOCKOCMU
Rep >y tynxuyun f*(p) ydosasemsopsem ycaosusm:
1°. lim £EEH o, 6>,
T>E® c+”
& CXo0uMoCms 8 NOAYNAOCKOCMU G =G, > PasHOMEPHAR.
2°. [Arsg scex t, -—oo<t<—|— 00, Cymecmsyem’
6 tu)

lim S E@ ot gp—@ (5.

w->o
G—IID

3°. Dynxyua O (f) abcosomno nenpepuisna u cywecmsyem
unmezpas !

Fip)= § @ 0)ePat
(/]

Tozoa f* (p)= F(p) u, creCosamessro, f*{p) ecms npeoG-
pa3ogazue Jienaaca.

Teopema 6. Ecan thynxgusn [* (p) — anosumuyecxasn 8
nosynaocxocmu Re p =>4, ozpanuuena 8 KQHCOO0l nosynsocko-
cmu Rep=0,>7, 4 ecan 048 6> cywecmeyem unmezpas

S [f* et diCoo, 1<r<2,

e s

mo f*(p) npedcmasuma 8 nosynaocxocmu Rep > unmezpa-
20x Jlanzaca.

Teopema 7. Ecau cpynxuusn f*(p), onasumuyeckasn 8
nosynaockocma Rep >y, ydossemsoprem ycaosuwo

wp § I/ el d <o,
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20e 1<5r<<2, mo f*{p) e smoii noasynaocxocmu npeocma~
suma urmezposon Jlansaca.
Teopema 8. Ycarosue

[

fg[: S 1oty de oo

faeATemcs Heobxodumvim u docmamouHust OAR mozo, umobn
anasumuteckas 8 noaynasockocmu Rep >y ynxuyun f*(p)
Oura mpancgopmanuel Jlanraca om dynxuyuu f(£f), 0an xo-
mopol

L -]

{ Iropre ™ at <oo.

0
Teopewa 9. {lycmes:
1°, f* (p) ecms peeyaapnasn gynxuus 8 s06oli Korewnoit 1ac-
MU NAOCKOCMI KOMNACKCHOZO MePeMERHOZ0 P, 30 UCKAOLEHILEM
MHONCECRBA MOYEK Py, Pyy Pyy «ov » P o (0| P, | <

<|p,|<<...<|p,|<...)—noawcos gynxcuun f*(p), npu-
uess Rep, <o, dun scex n.

P 7*18n 2°. Cywecmsyem npedes
| T+-iw f*( )
m o S P2 rty, —
o W ) Tp O
0 Y g Tl
L P
—_1 2L0) p
.ﬁz — 2nd S p ¢ dp’
{~ i
] "y y>o6, Y >0.
b 3°. Cymecmsyem nocaedo-
Puc. 2. 8amMeAbHOCMb NIPOCTHBLX KOH-

mypos C,, onupalowuxcs Ha
npaxywo Rep=1y 8 mouxax Y-+ B,, {—if,. (3mu xoumyps
sexcam 8 noasynaockocmuy Rep <Y, oHu He npoxodsm wepe3
noancy p..) Kaxcowit xoumyp C, 30Kns104aem HA%AA0 KOOPOU~
HGM W 1L Nepsulx NOAICO8 D,y Pyy Py ««-4 Py (PHC. 2).
4°, Jsn scex t>0

1 eft
im -\ /*(p)= dp=o0.
lim g |05 dp=0
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Toz0a ummezpanr pasen cymnme cxodsuezocs pnda
. ’H—:‘nnf*( ) w
= S Eletap= 31, 1,

1 n=0

. f*(p) pt

20e r, (f)— ewnem pHynrxuuu --;f)e’ 8 mouke p=p, (n=1,
2, ...) u r,(f)—6uzem 8 Hyzse. I

Mpumeuaune, Ecau dynkuun —’;-f* (p) ymosnretBOpser
ycnosuaM nemm 1 ® 2, TO €CTeCTBEHHO B KauecTBe C, BGH-
paTh Ayru OKPYyXkHOCTeff C UEHTPOM B Hayale KOOPAMHAT.

Ecan cywectByior uHCI0 Q>0 u nocnenoBaTenbHOCTH
noJloWHTeNbHEX yHcea B, o
u 8,>0 rtakue, 4TO BB Wik

1) lim B,=o0,

n -

lim §_ =0.
g 0 _lr ¢

f 0(6:1;5?") < 3,,,
frl=Batm)
T I <@ rig Y-ipn.

'—B,,~<..6<’¥K[‘t|~<..3,;, Puc. 2,

2)

TO B KauecTse KOHTYpoB C, MOXKHO B3sTh [-06pa3uuil KOHTYP,
H306paxkenHnii Ha puc. 3.

§ 2. Teopemn o cBepTkax

Csepmxoli dyuxuvit a(f) u b{f) neficTBHTE/NBHOTrO NepeMeH=
HOoro f wasuBaeTcs dyHkuma c (f), onpenenseMas PaBEeHCTBOM
t

c(t):Sa(t-——t)b(t)d-:.
0

Cumonnyeckn ceprxy o6ossauaior chenyoumuM 06pasom:
c(i=a(f) % b(f). -
Onepanns nonyuenus ceeprxn nasmsaercs coppmusanues.
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IMpusenem HexoTopHe CBOMCTBA CBEPTKH.
a) KommyTtaTeBHOCTB

a(f) % b()=10b{f) % alf).
6) AccounaTHBHOCTH
(% b)¥c=—ax(b*c).
8) JIRcTpHOYTHBHOCTL OTHOCHTEMLHO CIOWEHHUS
[a@®) 40O % c(Hy=al(t) % c(t)yF-b(f) % c(f).

r) Teopema 10 (Tutumapwa). Ecsu csepmua ghyur-
yuii a(f) u b(f), nenpepwsnox npu 0 <<t < - 0o, modscdecm-
BEHHO pasBHa HYAI0, mo Xxomsa Ob 00Ha U3 amux pyHrnuil
MONCOECHBEHHO DPABHA HY.LIO.

Mocnenuss 6bina poxazana Turumapwem 8 1924 r. [73],
[248]. Tlocae Hero GO MPeNOWEHO HECKONbKO A0KA3aTENbCTR
stoii Teopemu [129], [220], [262].

Teopema 11 *) (Teopema o cBepTKe) Ecau uume-
2paivt

L= §rmerat w fip= § e a
0 0

exodsames abeoaomuo npu Rep>>a,, mo f* (p) = f;(p) f;(p)
neasenmcn npeobpacosanuem Jlansaca om

t

rv=S{rt—nfma

0

U cxooumocms urnmez2pasa

¢

= § rierat
Q
npu Rep™ o, abcoromuan.
Copmyanpyem 9Ty Teopemy Takwke B ClelylolleM Buie:

Teopema 11, Ecau f—})ﬂ, %—@u m);g(—m—unmeapaﬂu

Jlansaca coomsemcmaenno om pyxxuuir f(1), g(t) u h(f), mo

*) D1y TeopeMy MHOIAA HA3BIBAT MEOPeMOL YMHONCEHNs Wik
meopexoit bopeas,
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noumu 8clody
t
sy =g (7@ gt —n .
0

lMpuseneM eule OAHO 3aMeyaHWe, OTHOCAUiEeCH K BHMIENPH-
selXeHHO# Teopeme, IlycTh

B

noy=\errmat p,>e (2.9)
a 1
Ba
filp) = S e?f, (Hdt, B,>a,. (2.10)
Toraa monyunm
31'!"3:
£ i) = JSF e~P £ty dt, (2.11)
npAYeM
min (3;; £ = a3)
o= §  f@fc—me 2.12)

max (a;; #— B2

Hokazarensctso (2.11) u (2.12) crenyer H3 ApeanoNOmeHus
a6comoTno# muterpupyemoctu (2.9) m (2.10).

Teopema 12. [lycmsy dans dse Pynxuyuu f(f) u g(f) ¢
noxasamesnmi pocma S, 4 S,, m. e.

IF < Met, g )| < Me'.
Toz0a npeobpasocsanuen Jlansaca npoussedenus Imux PYHKRUR
F(t) g(f) neasnemcn Pyuxyus

a+tiw

5 | g e—ads

a—imw
We a>s, u Rep>s,-ta, -
o= e rnang = § e g0 at,

0 0
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Ouens BaxXHOE 3HaueHWe NMeeT JokasanHa® B 1935 r.
A. M. Dppocom caenyoman o606uIeHHAS TEOPEMA YMHOWKEHHA.
«®
Teopema 13%). flycme f*(p)= ge’”‘f(t)dtuana/m-
0
muuecxite dhynryun g* (p) u q(p) maxue, umo

g (p)e IV = S e~Pg(t, v)dt.
' [
Toz0a

rlaelew= §erat §rmet,ye.
(1} ]

B wactaoctn, wosaras ¢q(p)==p, S e~ g(t, ©)di=
’ 0

=ePgp), . e g, x)=g(t—n1), umeem (npu t>¢,
g(t—r)=0) )

rogn= eral rmet—va=

0

® t
= {erat( s —nyan.
[ 0

§ 8. Hexotopue caoficrsa mpeoGpa3sosanus Jlamnaca

lMpusenem paa apoCTHX OpeAnOweHult, COCTABAMOUIMX anma-

pat onepaunoHnoro Mmeroza. JHanee mul Bcloay Gyaem 0603Ha-
4aTh

*»

re="{ e rma=2[rm) (2.13)

0

Foy=p§ e? ripyat=crr ). (2.14)

*) Tounnle ycaosua stod teopemul cM. B 14 V, § 12,
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1°. Ceoiicmse sunetinocmu. Tycts
fly= g o5 (s
rme ¢,— mowe (KoMniekchue) nocToswHme. Toraa
FU =2 antl= 3 02 0]=
= élckfi(p)=f*(p). (2.15)

Ha ocuoBanmn (2.15) dopmanbHO umeem

d _ o [fEA ) —F )
2 |gren] =2 {2t 1=
frortd)—fipd__
=it D=L S/ N, (216

X Ay Ay

zle(t x)m]-Sz[f(t 1)]dl*Sf‘(p, N (2.17)

Ananorpuppie CBOHCTBA HMEIOT MECTO H A4 Dpeobpa3oBaHus
Jlannaca — Kapcona (2.14).
2°. Ceolicmeo nodobusg. 0aa n060ro NOCTOSHHOTO o HMEeM

2[7(4)]= fff(g) rtar=

fz) e ¥ dv=af*(ap), (2.18)

II
°“">8

f(—:-) e Pldt =

(9]
~,
—
|~
~—
[
I
h-]

=ap S fRye P av=f(ap)., (2.19)
é
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3°. [Ipeo6pasocsanue Jlansaca npoussodnsx. C noMoOILbIO
MHTErPUPOBAHUA [0 YaCTAM NErKo MONYYHTb

Z M O]=p"" )—p" " FO)—p" 7 F (0)—p" " f {0} —...
ce e —pPTR(0) —FATD(0),  (2.20)
Clr™®]=p"Fp)—p" f(O)~p" ' f (O)— p"~* /' (0) —..
co o —=pOTI0)—p"TR(0),  (2.21)
rae 77— ue/jioe NOJAOKUTEIbHOE YHUCIAO
JlBoficTBennnM Kk cBoAcTBY 3° sBageTcs

4°, Judbgpepenyuposanne npeobpasosanus Jlansaca. Ins
UEJIOro TIONOXHTENLHOTO I MMeeM

P (—1y j £ e ai=(— 1 Z["F (O], (2.22)

d"f(p) D) __ c[t"f(t)__nS{” 'F(ndf].  (2.28)

5°. Mpeobpasosanue Jlanraca unmezpaasos. Ilas uenoro no-
NOXHUTEABHOTO 72 HMeeM

=2

Z UtdeSd:,... B4 _,)de,,_,] =f‘;,{”. (2.24)

6°. Humezpuposanue npeobpaszosanusn Jlansaca. Ecnu uu-
=]

Terpan S S*(q)dg cxoputess, TO OH CRYKHT NpeoGpasoBaHHeM

7
Jlannaca ¢ynxuun ”Tt) » T. €. HMeeM d¢opMmyay

}Df‘(q)dq=3’ [£e]. (2.25)
r 4

O‘IQBHJIHO, YTO ZAf MOGOro LEAQOro NOMOKHTENLHOrO 7t HMEeM

[+ 2]

{ 4 _gdq.-- S Fe.-dg, =2 [f2]. @

P Qrias
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IMpusenem ewe neckonabko GOPMYa aHaNOrM4HOro sHAa. Ha-
TErPUPYH BHIPAWKEHHE

F* ap) = f —:,-f(%) e at

0

no ¢ or 0 no 1, nonyumm

1 o 1 1
- - i ‘-ig::_- _t.. licf .
§f°(ap)da_ OSe ptdtOSf(a) h_g [og'f(a) a]

[Tonaras ap—=gq, t—ar, GyaeM HMETb

.9’[ Soft‘—‘)dc] =;f-ospf* (g) dg. (2.27)
Taxau we 0Gpasom
K [Sf-f—’) d‘c] =% :f F*{q) dq. (2.98)
Orciona
<z [ jf,idf] =-11,- Ef'(q) dq, (2.29)
5 S j 1* (@) dg. (2.30)

7°. st mo6oro nNoNOWUTENBHOrO T, yunTHBad, uT0 f (f—1)=0
upu £ < t, Nerko NOAYYUTh

2l ¢—a]= j fit—r)e P dt=

8

S flu) e™PEH9 dy = ¢=F" S S{u) e~ du,

<

Zft—1)]=e""1(p). (2.31)
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8°. Has nio6GOro KOMIZIEKCHOTO ¢ HMeeM

fo—a= { ryee-2at= § [rityeertar=
0 (1}
=2[f(H)e"], (2.32)

Fo—a)=—a) § Fe P dt—p § [ (1) ev']e dt —
0 0
2 t

—Lp [ Iriyerte?tat=Clf e —g{ 7)o dx]. (2.33)
0 §

[MpuBemem 31KeCh IBe BAaKHHE TEOPEMH, MNO3BOJfIOUIHE pe-
maTh BechbMa OOCABLIOE YUCNO NPAKTHUYESCKHX 337134,

Teopema 14 (nepBasg TeopemMa pasjoxeHus).
Ecau ¢hynruun f* (p) pezysspra 8 beckoneuno yoarenHol mouxe
[41] u umeem 8 ee OKPECMHOCMIU AGPAHOBCKOE PA3LOINCEHILe

[0a]
' Ck
f(P)— p'—
mo
w0 [
‘_"_k___. Cr k=1
kﬁz‘_lpk—g(kzzl Gt ) (2.34)
Ilpu amon
[o¢]
FO=3 gyt
k=1

AsaseMCR Ueaoll bynruuel.

Teopema 15 (BTOpas TeopemMa pas3aoxeHus).
Ilycms hynngua f*(p) ydosaemsopsem caedywmun yciosusm:

1°. f*(p) mepomopgpra u pezyaspua 8 nexomopodi noiy-
naocrocmu Rep s, .

2°, Cymecmeyem cucmema B8AO0JCeHHHX Opyz 8 Opy2a ok-
pyocHocmel:

G lpl=R, R <R, <..., R,—oo,
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K@ Komopoll f* (p) cmpemumca K HYAO paBHOMEPHO OMHOCIL-
measHo arg p.
3°. Mdasn aw060z0 a>>s, abcosiomHo CxXo0UMCs unmezpas

@i
S I*(p)dp.

a1

roy=2< (g resp, f* (p) e"'), (2.35)

Toz20a

20e cymma suuemos Oepemcs no gcem o0coluit MOYKAM p,
diynrguu f*(p) 8 nopsdrxe neybvisanun ux rsodysef.
Chnencrere. [JpobHo-paguonassnas HywKuul

m m =1
f.(p)_M(P)__.amp + 2 P +...4a,p+a,

TN@) T b b T b G, m <n,
(2.36)

seasemca npeobpasosanuen Jlanasaca gynxuuu

F0=3 g Im oo —pmet. @3)
k=1

2de p,—nosoce: f*(p), @ n,— ux Kpamuocmy, & cynna Ge-
pemcs no 8cem nosiocanm.

B yacTtHocTH, ecau BCe nouocw f*(p) npocree, TO, BOCNONL-
30BaBuMCh ¢OopMynoRt Aas BL'IUCNEHHS BHIYSTOB B MPOCTHX NO-
aocax, 6ynAeM HMeTh

M

Ecan muorouwnenn M (p) g N (p) umeroT aeficreutenniue koag-
duupedT, TO
_Mp__ ( M(py) Mpg)

. elit -2 Re - eP¥ ), (2.38
FO=gn=<\Lven™ T N pp " ) 239)
TIe mepBag CyMMa pacnpoCcTpaHdeTcs Ha Bce AeHCTBHTEAbHEE KOPHH
N(p), a Bropas — Ha BCe KOMMOJEKCHHE KODHH C LONOMHTE/b-
HBIMH MHHMbLIMH 4aCTAMH

3ametum, yTo Kawan@t unen opmynw (2.37), coorsercT-
BYIOWIMA KOMIIEKCHOMY KOPHIO D, == G, ~}- it,, npeAcTasasercd
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B BHAE

M(pp)

‘ o
AT (cos t,f -} 7 sin <, f).

§ 4. lpeoGpasopanne Jlanagaca HEKOTOPHX MpocTeREBIHX
Pyaxuuik

Ilo onpenenennio zamma-dhyniguu diisepa umeeM

[+ o]

Me+N= { e t*at, Rek>—1.

0

MMonarasg ¢ = pt, nonyunm

oo
L%"{#: bg e~Piefgr,
Taxum o6pasom

.?(t"):”ﬁt“, Rek>—1. (2.39)

B yacTHOCTH, UPH HEAHX HEOTPHHATENbHHX &

2 (t =p-,:‘—+‘, (r=0, 1,2, ...). (2.40)

C nomowso anddepennpoBains no napaMeTpy £ paBeHcTBa
(2.39) nonyuum

2 nn="0t00(k+ 1 —lp], Rek>—1,

rae ¢ o6o3HauaeT nOrapHPMUYECKYIO MPOUIBOAHYIO raMMa-pyHk-
nun. [lonaras £==0, nonyuum

2 (Inf)y=—2(C+Inp),

rhe
C=—¢(l)=
— lim (1 +1+ ot —n n) = 0,577215665. . ,
n -0

— nocmonnnan Jliaepa.
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Ucnonp3ys pasnowedns

w P®
I IO S
COSt-—;O( l) (2”)!! s‘nt—"go( 1) m’
MOXHO ¢ nomowbio (2.40) monyuuts

Z (cost) = Z(sinf)= —— (2.41)

£
FET z+1

Halinem eme wn3oGpawenne ans Qyskmun t2 A (2]/1'), rie
k — xomnnekcuoe uyucno, Rek>—1, w J,(f) obGosuavaer
diynicuuio beccean k-ro nOpsuuca

"k(t)_( ) (;!l)nl(n-j—lk—l-l)(t)m

[Monards =2} 2z, nveem

£ ®
P SN
5@V =273 PTR yrayay

n=0

k [e o]
E — 1\ n 4k
.?{tZJ,,(2V_f)}=3’{Z ( m) l‘(nf{~;+1)}:

n=0

-y 1 1 -4
"—Z( ) n+k+l~“pk+le p, Rek>—1. (2-42)

n=0
Beenem B paccmorpeﬂne suozousenn Jlazeppa
L0=5 5w (1=0,1,2, ...).

Ilpumenas (2.33) u (2.40), nonyunm
Z gt} =2 ey = mm=2" o).

Tak xak g(0)=g (0)=g" (0)=...=g""V(0)=0, 10
¢ nomoupio (2.20) nahinem
n, ~1 nl p
2z e | =G
Hakunen, onate ucnonesdys (2.33), Gyxem umers

2{L, =+ (1 -—%)" (1=0,1,2, ...).{2.43)
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§ 5. Bolunciaenue HHTErpaJos

IMpuBeseM HeckonpKO KoHkpeTHux npumepos. IlTycrs

o
usinfu

0

[pumenas (2.41) n (2.33), naitnem & {usin tu}_ + =5
= _®wd =z 1 _glr,
2= § grmaEm=trm=2{3"}-

T -
Cnenosatensno, f(f) == = e~‘. PaccMoTpuM muTerpan

2
I RATY
u) du n
I= :_H, . k—|—-l>5>0. (2.45)
b
Monaras u=2V 7, nafizem
. or
1 20, eVH
]=2k_”+' 5 Zkk-—n-_k dt.
7
g ot
w k
3 —
Beenem B paccmorpenne unterpan J(A) = S %____(3__'_]433 dt.
0 ¢t 2

Cornacio {2.42), (2.18), uMeem
&

Rty =~

2 _ L
.Q’{t(lt)z.lk(ﬂ/lt)}_-:(ip-) e 7.

[Tostomy

ZG) =

® n 2\
=;k!—,-S _"le"F'dt= F(Q)”r___g’ _P_(_Z)_l_T .
Rtfel = ——
g p+ ) I‘(k-[—l 2)
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)

1
= 0=t
2

OTKYAa

Haxkonen, snyucanm muTerpan

«w
j Jo(t);-costdt,
0

rae J,— yuxuus Beccesrs wyaegozo nopaoxa. Himeem

,‘?{Jo(f)—cost}_—:l/zzl_T__T—pzil.

{Tostomy, cornacuo (2.30),

o

yJo(t)—cost j 1 P
U di= —— — & ) dp=
: d : (vp +1 2 +‘)

0
=|:ln‘—':twi _‘]” —Mne.
Vel Jo

§ 6. Mpumciienne npeoGpasosatus Jlanaaca K pellleHHIO
AugdepennuaIsHbIX B HHTErPANBLHLIX ypaBHeRuil

1. Tlycts aano nuddepennnansioe ypasHenne BHAA
a ™ (f)+a,_ #""V() +...Fau () Fau(t)=/r(), (2.46)

rne  u(f)— uckomas GYHKUWA HE3aBHCUMOrO TepeMeHHoro 7,
S (f) — sanannas «mosmywaowas»  yskuuda, a @q; (i=0,
1, 2, ..., n)—noctosunple ko3(pduuuests [55]. YmHOwuM
Hale ypaBHewue Ha e~ 7' W mpouwnTerpupyem 00 £ OT HyJs 4O
GecKOHEYHOCTH; TMOC/Ae STOr0 NOTYYHM

a* (p)u* (p)— 0% (p) = S* (p), (2.47)

a*(p)=ap"+a, p"'+...+ap-ta, (2.48)
b*p)y=0b,_, "'+ ... +b.p1 b, (2.49)

riae
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npuyeM
b,_,=a,u(l),
b,_,=au (0)+a,_, u(0),
bn—l = ana” (O) + an—'la’ (O) + an-— ;a (0)1
........................... f (250)
b,=a,u" " (0)ta,_u""?0)+...+au0),
b, =e 4" "0)4-a,_a”""M0)4...
eor a0 (0) -,z (0).
Paspemaa ypasuenne (2.47) orsocurensuo &* (p), monydum
cnenyiomyio dopmyay:

u* (p) =L 0) oD, (2.51)
BeeneM oGosHavenus
ro=sg CO=50. (2.52)
Torna .
u* (py=7r*(p) r* (p) -} s* (p). (2.53)

Bemnunua 7% (p) u s* (p) AsamoTcs paUMOHANBHHIMH APOGSMH,
KOTOpble H3BECTHHIMH [PUEMAMH MOI'YyT OHTL Pas/omeHb Ha 9Je-
MeHTapHuie ApoGH. C mOMOWBIO TeOopeMh O CBeprKe MONY4HM

t
uity="Srmrt—nydets). (2.54)
0

Mu noayunnu obiee peiedue ypapuenus (2.46), conepxaiee n
NPOH3BOAbHLIX NOCTOAHHLX, POJb KOTOPHX BHIIOAHAIOT HAuyalb-
Hble 3Ha4YeHHH HCKOMOH ¢yuknun u (f) u ee n— 1 NPOM3BOAHKIX,
KonkperHnas ¢opMa pewenus 6yaer 3asuceTb OT TOro, KakoBbl
OyayT KOpHH XapaKTepHCTHYECKOTO YPaBHEHHS

o* (p)=0. (2.55)
1°. Bce xopuu ypasdenus (2.55) neficTBUTENbHH W PA3AUYHLL
a*(p)=an(p—p1)(p—p;) seo (p—pn)' (2'56)

B COOTBETCTBHH C 9THM IIONYYHM

% . n 7y Iy
PP =2t

.5 5 Sn
f =, — =t e
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rie nOCTOsHHEE KO3(pHuHEHTH 7, H §, Onpedensiotes Qopmy-
AaMA

1 e
Py > | 3y ’
a* (pp) a* (pe)

b* (py) = 1 (0) ,Z apt 1 (0) E api ...

0 X ap T a0 (0)a,.

]’k-_—_

Taxum o6pasoM,

n n

r(f)= kzl reft,  s(f)= kzl spePH, (2.57)

Moxcrasnas (2.57) B (2.54), nonyunm

n
u(f)-— > (p ) [Sf(t) e—rv dr |- p¥* (pk)] . (2.58)
2°. B cayuae Hynesux kopHefi ypasuenus (2.55) nmeem
a* (p) =a,p" (2.59)
H, CJeLOBaTe/IbHO,
r*(p) =g+

n—y 1 byo_s 1 b 1 b 1
FO=22 A St L
Torga
1 tn-l
s =11
buy 1 Bu_s t A
s(= ‘+ ; + +a (n—-2)‘+

a, n—MN °

r(t)-—-

B stom cayuae ypasnenne (2.54) npuHuMaeT BHIL

a(f=-1 Jf()(t e +Z‘.”" 2t B (2.60)
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3°. Bce xopuu (2.55) nelicTBuTenbHH M paBHu Mewny coGod,
T. €.

a* (p)==a,(p—p,)", (2.61)
TOrAa
1
* —_—
=

Uty __ ¢ Sn_1
s*(p)__an(P'—Pn)" (P—Pl)"+(P—Pt)n-l+ +P -P’

rae ¢, — AuHelinple OXHOPOAHbIE (YHKUHA HAYANLHLIX HNEHHHX,
onpejenseMuie H3BeCTHHMH CNOCOGAMH Pa3noOMeHns PpauKoOHaNb-
HHX gpoGe Ha snementapHuie. Hailinem

n
m— it il Cp k-1
mEmm e S0= bty

dopmyna (2.54) npeacTaBaseTci B CACAYIOUIEM BHIE:

f(f):

— 7)1 P ()

t c i
u(t)=b§f ('c)( e =) d-:+emtk§; (.k_cf-:.m. (2.62)

B o6weM cayuae cTpyktypa MuorowieHa a¥ (p) umeer BHX
a*(p)=2a,(p—p,)...(p—p) (P—Pp,..) (P*+b,pF-¢)..
(P. +bkp+ck) {p:+bk+1p+ck+x)m° *0 (263)
Toraa

% ! C.,p+D
rp)= pmr W P +Z - p,_‘,l)ﬁ_l—z p’+brp+c +

Csp 4~ D
+ 2 (P'+bk+xp+ck+|)°+ T

£

C.lp—{-D
S‘(p)—-;lp =P, +Z w— p1+1j§+7§ﬂ+b7p+c +
Cip+Dj

T §1w+bk+m+ch+.)°+""
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rae koapduumenta A, B, G, C, D/, Dy, A, B, C, C,
D', Dy — nekoTophie nucronsuse, npudenm A , B&, C., G, D;, D, —
Audedluble oxHOpOAHNE (QYHKUMH HavYaAbHLIX AAHHHX. PysKnnm
r(t) » s(t) npenCTaBnﬁmTca B ClelyloileM Bujie:

r(t)-—-z A ePut-l-Z = 1)! =1 gpaat |-

a=1
ko by
-l 2D, —C
+ Y ' [C, coscp,t—|——-——"w—&simp,‘t]+
=1
t T—1 .
_.""_""_1 ” C. A
+e 2 Z[ a—iS '°'5°°5?k+:‘;x
$=1 L ¥ef1 H
X sin Pr+1 (11—11) ... Sin 41 (t'_ta-x) dtl see dtb—x"l"
t “5—1 Ty
2D, — C:b , o, -
+_R?6_L’Lﬂ'j‘ j e Ssm‘?lzﬂtn'sm Prss (Ta 7). 0
Tt § 5 0

+..Sin @kﬂ (t-—rmy_,)dT, ... d"a-.] 4.0

s(t)._ZAePa‘—[-Z ta‘ ePriit L

..._T; 2D
+X 7T [Ceosyt+ LT 7sm<pyt]-|-
1=1
t -1 %
_bk;{-” i A
+e 2| =5 -ee YOSy, X
Ksing, (s,—2) ... sing, (E—m_)dr, ... dy_ -
2, —Clpy, b T
8“8+ . .
+_‘3§11——'j j "'Ssmq’k-l-ltx'smc?kﬂ(ta_tl)‘"
0 ¢ 0

colSiNQ ., (E—_)dr, ...ody_ |+...,
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rAe

[Toncrasnas npuBeneHHble 3mech Bupawenus ans r(f) u s(f)
B dopuyny (2 54), nonyuum obuiee peuleHHe PacCMATPHBAEMOro
auddepeHiianbHoro ypasHeHus.

2. Beenev B paccMoTpedue cucTemy jiunefinbx auddepeniu-
a/bHBIX ypaBHeHuH ¢ NOCTOAHHLIMU KOI(pDHIMEeHTaMH @, H
AONO/HHTENbHLIMH YienaMn f; (£), 9BIAIOUMMHCS 3aAaHHEIMH bYHK-
LHAMH BpeMeHH

o

a,, ‘—l-a“x + +am n+f1 (t)’
=@, X +az=x +'°'+aznx +f|(f)v

B ® e & e @ s e 85 ¢ ¢ & s U ® s & & =

dx,
q (2.64)

» & ®» & e & e 2 e 8 » e s e @ » e w

R I R R R

YMHOWHM KaWKI0e M3 ypaBHEHH# CHCTEMH Ha e~ Py IpOBHTETPH-

pyeMm no ¢ or dynd Ao Geckoneunoctd. Toraa Gynem mumersb

(g, —p) 41 ()t a5 (D) + ... Fa,% ()= )
=—[fi(p)+x,(0)],

a5 (P)+(3,, — P) X, (D) . . 0, %, ()=
==/ (7} +x (0] { (965

i (0) - 2%, (D) F ... 4 (a,,— P) XL ()=
= —[f5(p) - %,(0)] )
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Paspemwas 3ty cuctemy, noayuum

x;=z\% (k=1,2, ...,n), (2 66)
rae
(a,, —p) a,, - n
sp=| O BeTH e e
am C,, e (arm - P)

eCTh IJIaBHHMA onpepeauTenb cCHCTeMH ypaBHeHufi (2 63)

by=— Z (W 8a(p)— 2 (— 1) 2, (0)4,, (),

H
(an—p) 2, .. al, k-1 al,k-l-l o 2in
a,, (a.z '_p)' o az, k-1 az, E+1 * Qn
A,k(p)= ai—:,n @iy ol -1 B ks B
21,1 Crine oo gy, b1 Crar, bars Qi
a,, Cus  veo Oy py 8y gy "'(ann—p)

€CTb MHHOp [/IaBHOrO OfNpeleNuTend, NOAYuaeMHH BHYEpKHBa-
HpeM [-# CTpokd M R-ro ctonbua. Taxum oO6pasoM, dopmyna
(2.66) Mower OHTH npeAcTasieHa B CJACAYIOLIEM BUie:

%)= 2/, D, + I 5, O D) (267)
rae

Dylp)=(— 1) *+h+1 210
— palHOoHanbHHE APOGH OTHOCHTENBLHO p, CTeNneHb YHCAHTENs
A, (p) He Menee, 4eM HA €RHHHUY, MeHbIUE CTENEHH 3HAMEHA-
Teas A (p), paBo# n. Jlna pasnowenns D), (p) ua snementap-
Hble ApPOGH TpebyeTcs BHATh KOPHU YPABHEHHS A (p) =0. Tloc-
ae onpeseneuust pyuxund X (p) mu3 (2.67) u nocaeayiourero
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HaxoWpenua x,(f) OGynem uMETh

n 1 n
£, (f) = 21 { £, 0D, (t—1) d=4-3) %;(0) Dy (0.
1= 0 =

[IpuBeneHnnfi Meton MoweTr OHTE NpuMeHeR H K CHUCTEMaM JH-
HeAHHX ypaBHeHnit BHiCWIero MOpAJKa

n

Y {angttoa Ptom) =0 0=12....n,

k=1
X, (0)=a,, J‘i(O):Bk (f=1,2, ..., n).

Tocne so3neictBug BHa 06e 4acTH HANKCAHHOrO YpPABHEHUS Mpe-
obGpasoBanyem Jlanmaca OyieM WMeTb YypapHeHWs cC/AeAyIOUiero
BuAA:

b§1 (@yP" +byp -+ M EATIES
=10+ I [0+ a+aubil

Orciona x*(p) naxoamm cpeAcTBaMH auHefiHo# anreGpu. He
npuBoAs ofwux dopmys, paccMOTPHM B KayecTse NpUMepa CH-
CTeMy IBYX AuHeHHHX ypaBueHn#i BToporo mopsiaka

da*x dx dx, __ +

dt; + Au 7!71"*' Au 'Zi_té =a,,%, +auxz fl ),
dx dx +

d:z TRt A, T An =05, F0,x,+/, D),

rae x, u x,—uckomde dyakuun or f, f,(f) u f, (f} — sanau-
HHE «BO3Myualowue» QyHKUMU BpeMenH, A, , A,,, 4,,, 4, a,,
Gy @y, Gy, — NOCTOfIHHBIE KO3GGULHEATH.

YMuOxan Kakgoe H3 ypasHennd cuctemm (2.68) na e~? u
MHTErpupys mo ¢ oT Hyad A0 6eCKOHEYHOCTH, NMOJYYHM

p'x;— px, (0) —x; (0) 4-pA,, xi — A, x, (0) - 4,,px; —
Auxs (0) =a.,,% + aux: +.f:’

p's; — px, (0) — x(0) + pA, 6 — A, %, (0) - A, px; —
— A%, (0) =a,,X] + a,,%, +f e

(2.68)

12! 21?
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IMocne npuBesennst MOOGHHX 4meHoB HafimeM

(p’ +pAll - all) x: + (Allp - ali) xl=
=f;+ (p+ A;;) xl (0) + Auxg (0) +x;(0)l

* 2 2.69
(AP —0y) X1 (0" -pA,, —a,,) X, = (2:6%)
=/ 1 4%, (0) - (P A4,,) %, (0) - %, (0).
Orciona
g=22 (=119, (2.70)
roe A — rnaBHuit onpeRenuTeNb CHCTEMH ypaeuennit {2.69)
A— (P'-I—A"P—‘a“ (Anp—au) ]
(Anp - an) (ps + A,,P - aaa)

Benuunna A, A, onpenensiorcs ¢ noMoutpio dopmya

A=At—nt% L=AL1—/iTu+%
rae
Y:x =p’-|—A“p-—an, Y;2=A“P—a“.

Y;x =A,p—a,, ¥;=pg+’4np—a“o
& =x,0) (P47, — A7, ]+
+ Xy (0) lAn Y:; - (P + An) Y:zl + x': (0) T:: —JC; (0) 1::'
b =x,(0) IAnY:: — (44, Y:ll +
+ %, (O [(P 41— An T, 2,0, 4%, (0) 7,
Beenem o6osnauenns:
* a‘
T=(—*" 2 D=t  (h,n=1,2). @.71)

Torra ¢puyad (2.70) Moryt OuiThb MPEACTABAEHK B CAeAYIOLLIEM
BuIe:

=T 440 (k=1,2). (272

Bewnyuau I, D, (&, =1, 2) 48IM0TCA pPaUAOHATDLHLIMH
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npo6m~m OTHOCHTE/IBHO NapaMeTpa p, B8 KOTOPHX CTENEHb YHCIU-
Tend MeHblle CTeNeHH 3HameHaTeds, PAaBHOH YeThIpEeM. [Tocne
pasnokenns MnoCAeAHUX Ha 9NeMeHTapHHE llpOﬁK Aerko Haknem

t
2 0=/, @O, ¢t—9+A@T, (¢ — %)]de -+ D, () (2.73)
0
(=1, 2).

3. llna mekortoporo kaacca auddepeHunanpHuix ypaBHexud
MOXHO MpeACTaBHTh pelleHHs B BuAe HHTerpanos Jlannaca, rae
HE3aBHCHMOE NepeMeHHOe BXONHT NOJ 3HAKOM HHTerpana Kak
napameTp. BBefieM B paccMoTpeHWe ypaBHEHHE

(@, 4 040) £ () @,y 0, H "2 ()4 ...
(@, 0, x (F)=0. (2.74)
ITycts
x(@y={e"v(p)dp,

NpHYEM OTHOCHTEAbHO HHTEpPBana HMHTECPHPOBAHHE He JCHaeM
NnoKa HuKaxux npeanonowxendit. Toraa

x® (t)—S e?ptv(p)dp, P (t)=(te" p*v(p)ap=
=[e? p*v(p)]— j‘f‘ 7 2" o (p)] dp.

ToncraBnss ste Bupawenus B (2.74), nonyuam

Se”‘{}.akp 'v(p)—-z be g [P v(p)]}dp-l-

k=0

+2 b,[¢”'p* v (p)]=0. (2.75)

k=0

STo ypaBHeHHe YHOBMETBOPEeTCH, €CAM BHpPaxeHHe, CTosllee B
duryprboix ckobGkax pasedctBa (2.75), obpaiaercs B HYJAb, 4TO
naet andipepeHunasbioe ypaBHeHHe MEepPBOrO MOPSAKA Jisl onpe-
denenns o¢yuxkuuu v (p). Bropoe cnaraemoe Taxke HLOJKHO
ObLiTh PABHO HYNIO; 9TOMY YCAOBHIO MOXHO YHOBAETBOPHTD,
nogo6pas HaaJexaluM o6Gpa3oM HHTEPSAT HHTErpPUPOBAHMA.

Nycts
1x" ()4 (@b} ) & (f) 4z () =0.
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TIpeo6pasosanue Jlannaca x(f)= S e v(p)dp- naer pas omnpe-
denenus v(p) ypasHenue

v (p)(p*+p)—v(p)pla4b—2)Fa—1]=0.

+

OTciona cieayer
v(p)=(p41)""'p*"%

Ws BTrOpOro ycrosusi uMeeM
[ (p4- 1Y p*=* (p* +-p)E =0, (2.76)

rae ¢ ¥ B—mHavano ® KOHEN HHTEpBaNa HHTETPUPOBAHNA.
Jaa onpenenennoctn nonaraem a >0, »> 0. Ilpu stom ycno-
Bue (2.76) yaosnersopurcd, ecim a=—=-—1, B=0. Cuenosa-
TeabHO, NepBHH HHTErpas ypaBHeHHd (2.74) uMeeT BUA

0
x,= (e (p41)"7p " dp.

-1

[Tonaras B==0 ® a==-—o00, momyuum BTOpaH HHTerpar (uo
Kpaitneit mepe ans £ > 0)
0

x, () =. S e (p+1)7~1p" ' dp.

- Q0

Bo mHOrux cnyuasx nyTh HHTErpHPOBAHNA NPUXOXUTCH BHOH-
PaTh B KOMMJIEKCHOH MJOCKOCTH.
PaccMoTpuM ypaBHenue

£ () -+ 2nx’ (#) - #x () = 0.

Kak n pauee, nafinem

v(p)= (P +1)"%

Ha ycnosus
[e” (p*4-1)"E=0

- natiem @=—=— i, B=-}i. Takum o6pazom,

+
xy (= { &' (p*4-1)"~" dp.
-
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[Tonaras p=—=1iu, Gyaem umeTb

1
x =i { (01— du.
-1
Mocne pasnenenus aeficTsurensuoRt u MuumMoR uactedt, monyuum
1 1
£h=1 {cosut(1 —ay~tdu— (sinut(l—u)™"du.

Bo BTopuM mHTerpaie CTOMT HedeTHas YHKIMA, HOITOMY OH pa-
sed Hymo. Cnegosatensuo,

x, (= Scos ut(1—u*)" 'du.

Bropo#t mHTerpan noayuaercs, €C/l¥ NONOXHTh 0.==— 00 H
B=-}i nam —i(¢>>0). Hurerpupys or —oo no 0, 3atem
oT 0 no i, noayyum

0 1
%, ()= S e"t(p’-l—l)""‘dp—]—iSe’“"(l-—u’)""du:
-0 0

0 1
== S e“'(u’—]—l)"“du—[—tScosut(l-—u’)"“du—
- é
_Ssinut(l—-a')""du.
8

1
Takum 06pa3oM, MHEMaa YacTh PaBHa 5% (t); cneaosa-

TeNbHO, AedcTBUTENbHAA YAacTbh TAKKE A0MKHA OHTL peslieHHeM,
T. €.

0 1
2= (e @+ 1" dud(sinut (1 —u")*du.
-0 [

Psax sonpacos, oTHocswuxcs K noceseMy nyHkTy, cM. 8[233].

4, Metoa, nopo6uufi pacCMOTPEHHOMY Bhille, MOXeET OWTb
npHMeHeH # npu pellesnn AnddepPerunanbHeX  ypasHeHuit B
YaCTHHIX NPOW3BOAHBLIX, BCTPEYAOUINXCH B PasadynuX 00aacTax
APHKAAAHOR MaTeMATHKH.
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_ TlycTp maHo ypaBHeHWe BHAA

Vatalsy ) G +boxy, 2 T+
-[—c(x, W z)u=f(x, Y, 2, f)’ (277)

2 02 OI
rae \/u—= gﬁ—}-@%—}-(ﬁ:— —onepamop Jlansraca, {(x,y, z)—

TOuKa HeKoTopoR o6GnacTd m f, oOnyHo o6O3Havaioulee BpeMd,
nonoxutenbHo. [ pannunoe ycioBue umeeT BHA

a(x, y, 2)u-t-B(x,y, 2) 3-;§= ¢y, 20,  (278)

on
riae o 03Ha4aeT HOPMaNbHYIO npousBoAHyw. Kpome Toro, 3anma-
JOTCE TaKkKe HauyanbHHe YCAOBHS BHYTpH 06n4CTH, Hanpumep,

ltim u(x, y, 2, ) =u,(x, y, 2), (2.79)
-0

lim % a(x, y, 2 f)=u (x,,2). (2.80)
t—=o

VMHOWHUM #cXoZuoe ypaBhenue (2.77) wa e~P' u npounterpu-

pyem mo ¢ or Hyas Ao GeckodeunocTd. [Ipeanonowmm, uro
HHTErpany

L]

w0
S e~ u(x,y, z, f)dt, S e"'taa—tu(x,y, z,)dt v T. 1.
0 0

cywecTsylor. Kpome Toro,

[ ] v ]
(e ?! 7t udt="y" { e?uat.
0 0

ITpy ykasaunnx MpeLroNOWEeHHAX o cBoficTBax wHensBecTHON
byukunn u (x, y, 2, f) nonyyum us (2.77), (2.79), (2.80) ypae-
HEHue -

Viu* (p)y+-la(x, 3, 2)p* + b (x, ¥, 2)p-}c(x, ¥, 2)]u* (p)=

=al(x,y, 2)[pu,(x, ¥, 2y —u (x, y, 2)]+
+b(c ¥, 2)u,(x, 9, 2) - f*(x,3, 2, p). (2.81)
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Ipatnynoe ycnoeue (2.78) nepexoaut B caepyioniee:

a5, 3, 2)u* (p) +B (%, 3, 2) 25D =g (1, y, 2, p). (2.82)

Hocne naxoxnmewus u* (p) us ypasnenuft (2.81), (2.82) samaua
cBeAeTcd K HAXOWACHHIO #(x, Yy, 2, ) U3 paBeHCTBa

&0

w59,z p)= { e ulx,y, 2 ndt.
0

B cayuae, ecnu u* (x, y, 2, p) nalilercd B 3apaHee 3aroToB/eH-
Hoi Tabiauue (opmysa, To HCKOMOe pelleHHe CPady BHHCH-
BaeTcs. B nportusHoM caydae, pelleHne MOXHO NMOAYYHTb NpH
fOMOIY TeopeMH o0pailleHus

i 1-fo
u(%, 3,2, f) =5 S e'tu* (x, y, 2, 1) di.

¥ —rf®

Kax sto 6Hio 3ameueHo pasee (cM. § 1), rocaenuu® uuterpan
Y4CTO BHYHCASETCH [PH TIOMOLIH MpeoGpPasoBaHusi K COOTBET-
CTBYIOLIEMY B3AMKHYTOMY KOHTYpY M 1lIpHMEHEHHEeM TEOpHH BHI-
yeToB. OTMETHM, YTO IIPH MOCTPOEHHH BCIOMOraTEAbHOrO ypaB-
HEHHST W ero rpaHdyHblX yCnoBAH B UPH DONYYEHHH QYHKUMH
u(x,y, 2, t) w3 u*(x,y, 2z, p) npu noMowu teopemu obGpauienns
nenaeTcs psl onpeieneHHHX npennosoxennit o cpoifcTBax PyHk-
unn z(x,y, z, f). Bce nono6uble npeanonomeHds o BO3MOKHOCTH
nepemeds MecTaMu ouepaiuun npeoGpazosanus Jlannaca, ¢ ofHOR
cTopoudl, W onepauu#t anddepexunpoBanus U npejeiLHOro lie-
pexola, C APYroH, NPEMITON0KEHUS TOr0, YTO PElIeHHE AOMKHO
HMETh OUpeLeleHHHi BRi, MOXeT OHTb PasAOWMEHO B Pl U T. M.,
BO MHOTMX CJAy4YasgxX HE ABAAIOTCH OrpaHUYHTE/NbHBLIMH C (i.)H3H‘-IEC-
kol touku 3pednd. C apyrofi cTOpoHH, yKasaHHHi#t MeTOmL
peweHHsi MOXHO {iDUMEHAThE (POPMANbHO, €c/lH NoJYuYeHHHH pe-
3y/AbTat YAOBNETBOPSET YPABHEHAID, 4 TAKKE HAYa/bHbIM H Tpa-
HHYHBIM YCIOBHAM.

flpuseneM pemieHne HeKOTOPHX KOHKDETHBLIX 3a/1ay.

1°. PaccmoTpuM ojHOMEpHOE YpaBHEH¥Ee TelIONPoBOXHOCTH

o Tu (2.83)
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H TONOXHM, 4TO aas orpedka 0= x=C! noctasnena Kpaesas
3asa4ya ¢ MpeACNAbHHEMH YCAOBUAMH

ulx=o=(P1 (t)’ u‘x:lchz (t) (2’84)
H OJHOPOJAHMKIM HAYanpHHIM YCJIOBHEM
|4, =0. (2.85)

BmecTo u (x, f) BBeaeM B KaueCTBe HCKOMO# (hYHKUMH ee npeol-
pasoBanne Jlamaca

(s}

u* (x, p) = { e=?u (x, 1) dt. (2.86)
0

TMpumensia k o6eum uactam (2.83) npeobpasosanne Jlannaca u
cunTas, uyro B dopmyae (2.86) moxHo AnddepeHunpoBaTh no x
U0J 3HAKOM HHTErpana, Nnony4yuM

d®u* (x,

P D) pu* (1, p). (2.87)

[Mpumenss npeoGpasoBaHue Jlanmnaca W K ypaBHeHuaMm (2.84),
OyneMm HMeTb

u* lx=o'= (P: (P 4| it =(P: (p) (2.88)
rae

gp="ergmat (k=12
d

Hs ypasuennst (2.87), (2.88) nadmem
u* (x, p) =g, (p) o (x, p) 9] (PY o} (x, p),  (2.89)
raec
. _shi—x)Vp . _
o (%, p)————Sh Ve 0 % (%, p)=—"77~=-

Oyukuun 0! (x, p) u o) (x, p) =sBagoTcA MpPeoCpPazOBAHHAMH
Jlannaca dyuxuns

1% [x ¢ 109, [L—x ¢
T ox |u’h W T |2 ' &
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COOTBETCTBEHHO, rae

ﬂ. (‘0, t) o 2 nixv — nixdt

n= -

— hynrcuus Swobu. Onpenensa w3 (2.89) dynxumo #(x, ?)
¢ y4eTOM TeopeMn O CBepTKe, GyAeM HMEThb

t
1 0 t—
sr=—1 (5, (2‘”{ —z") ¢, (7) de -
0

t
100 b—x t—<
++ oo (FE ) nwd @90
0
PaccMoTpuM Ieneph HEOAHOPOAHOE YpaBHEHHE
du__ o
SF=gaT/lxh (2.91)

¢ ORHOPOAHHM HAYA/NBHKM H OAHOPOXHBIMH TPAHUYHLIMH ycao-
BHAMH

#(x, Hlice=0, u(x,|ne=0, (% H],;=0. (2.92)
Ilycts

a0

7, =" e r(x, tat.
0

Ilpumenaa k (2.91), (2.92) npeoGpasoBanue Jlamnaca, noay4um

L8 — pu* —f* (%, p), (2.93)
u* (0, p)=u*{l, p)=0. (2.94)

Herpynso npoeeputb, 4TO AAd ypasHenns (2.93) ¢ rpaHuyHbiMH
ycnosuamu (2.94) dyukuua puna nmeer BuA

sh(i—%) V}?shx ﬁ

) Vv s npn x<<§,
™ (x, & p)= — -

sh—x)Vpshe¥Vp pn x =%

VeshiVp ’

H pelienne ypasdendua (2.93), yRoBiersopsiouiee YCAOBHSIM
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(2.94), BupaxkaeTcs B Bule

i
u* (5, py=§ 1" (x, & p) f* (%, p) & (2.95)
0

Pynkuus y* {x, §; p) angercs npeoGpasosanues Jlannaca dbysxuud
17 x—8& ¢ x+§ ¢
1t 0=g [% (5 ) -0 (55 7))

[ostomy u3 dopmyan (2.95) caeayer
{ t
ar, =t (Y0, & t—0fE vde. (296
0 0

2°. Tlyerb TpeOyerc HaliTH (YHKIHIO, YAOBAECTBOPSIOULYIO
ypasaennia (2.83) u ycaoBusiM

u(x, 0)=0(x>0), «(0,5=r(h). (2.97)

Kak u panee, nocng npumenenuss npeoGpasosanns Jlanaaca K
HcxodHoMy ypapuennio (2.83), ¢ yuetom ycnosuit (2.97), Gynem
HMEThb .

d*u* (x, p)

o ==pu*(x, p), u*(0, py=/s*(p).
Mpencrasum 4™ (x, p) B BHAE
u* (x, p)=C,e~*VP L C,ex V7.
C yderom orpanuuesHocTd 4* (X, p) NPA X — 00 NOMYYHM

e_xy;’_

u* (%, p)=r*(p)e~*YP = pf*(p)- -

OTkyna, ¢ noMoiuibio TeopeMbn O CBepTke, Hafiiem

H X3
u(x =T [ L0 T —
0

el
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Jlerko Bumerp, 4TO
[ s]
#(x, 0)=0, (0, t)=f(t)V—2_5e-E’dE=f(t).
*3
3°% PaccvmorpuM And ypaBHenns TemtonpopogHoctH (2.83)
eute cneayowyio sapauy. I[ycte 0 <{x < oo,

u(x, 0)=u, «{0,f)=ha(0,#) (h=const). (2.98)

IIpu wcnoap3opanu# npeobpasosanus Jlannaca HCXofHOe ypaBhe-
nue (2.83) u ycnosua (2.98) npuBomaTCS K BHAY

dut
dx? dx |-

= hu*,

Kak u panee, HCXOJf H3 OTrpPaHHYEHHOCTH pewienus ¥ (x, p)
fpH X —> 00, HalkgeM

u* (x, p)= ’-1’,%-{- ce=*V7

arl _Vo=n(" )= *
& |, = c]/p._h(p—l—c hu* (0, p).
OTkryna
a* (x, =&(1_ h ,_,_xv;)=
b p=5% Vo+n
— e—*Vp
= 0= Nt
Taxk xax

2 {u et (21/ >}=%(1-—-e"‘ﬁ),
F{e=ht-A) = e P =[* (p),
TO, HCNOAB3YA COOTHOIIEHUE

f*l(/‘;p) Vp(le+h) ;z'g(lflﬁi —k(t—x)—r”h)

*) 3nechb HUTErpHPOBaHHE BENETCH OT X O 00.
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MOy YHM

u(x, t)=u,,erf( )+Vﬂt5 _"(‘—""Ttd_c

4°, Tlycth TpeGyercs HARTH peuienue ypasHexns

2 2 a
371:‘“%7%—"@? =0 (0<x< o0, £>0) (2.99)

TaKoe, 4TO
u(x, 0)=0, u(x,00=0, z(0, )==¢(f). (2.100)
IMocae npumenenns npeoGpa3osanus Jlamnaca, moayuum
 —(ap* +bpc)ux =0, (2.101)
u* (x, 0)=9%(p). (2.102)
Peutenne oaHOPONHOTO ypaBHEHHS (2.101') HAXOOMTCH OOBIMHLM

croco6oM. M3 ycnoBHA OrpaHHYeHHOCTH peleHnsi Ha 6ecko-
HeYHOCTH Jerko Ha#itH, uTo npeo6GpasoBanmeM Jlananaca dyHk-

unK 4 (x, ¢) aengercs Gyuxuus u* (x, p) =o* (p) e~ *Ver +or+e,
2
Ecan ac— —g-) =0, T0 ¢ynxuus u*(x, p) OpUHUMaeT suA

b
u* (x, p)=¢*(p)e Wal,

OTKyZa

b
ulx, h=e 2% ¢(t—xVa).

b 2
Ecnan a.=ac——-(-2~) 7&0, TO, HPHHHMag BO BHHMaHHe COOTHO-
ueHye

b
e-—xyap’-[-bp-{-c:e * 2Va_‘e—x Vep __

—x]/%? e 2“ (MVﬂaaﬁ)dt’

32—
xVa V
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GyneM uMmeTb
0 wu 0<t<xVea,
N .
e Ve g(t—xVa)—
u(x, f)={ ot b J(EV_t‘—ax‘)
—xl/ij‘ o(t—r)e 2 Ne I

a V= —axt
xVa

npu (= xVE.

5. Beenem B paccMmOTpedHe IIHPOKO PACHPOCTPaHEHHOE B
pa3HHX 00/1acTX eCTeCTBO3HAHWA ypasHeHlue Boismeppa emo-
pozo poda ¢ PA3HOCTHHIM ALPOM

t

oty=r+{ kt—m g (x) ds. (2.103)

0

Tpeanonowxnm, uTO Bce (PYHKIHH, BXOASILME B YPaBHEHHE, HUMEIOT
Apeo6pasosanns Jlannaca:

¢* )=2Ze )], F* (=L [F )] k*p)=2[k®)]
[Tonbsysacey cBepTkof, Gynen BMeTh

¢* (p) =/ (p) -+ &* (p) ¢* ().

Orkyna
¥
o*(p)= i f_ ,‘ﬁ )(p"')'
B
1 a4-fwo
v =57 | ¢* (e dp.
¢ —Jfao

JIina ypasuenns (2.103) Bce noBTOPHWE AXpa 3aBUCAT OT pas-
HOCTH f-——7%, a NO3TOMY M Pe30/bBEHTA 3aBHCHT OT #, T TaKuM
we oOpa3oM.

Ypasnenue Bossmeppa nepsozo poda

4
fy={rit—v @ d
0

MOXKET OHbiThb peiieHO aHANOrHYHHM o6pasoM. Bozee Toro,
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yKa3aHHHA METOJ] NpHUMEHHM K CHCTEMaM HHTErpaibHHX Ypas-
Henn#t Bonbteppa Buaa

a1
w=r0+ 3 (Kpt—ng0dc  (=1,2,...,n).
=19

[Mpumenss k oGenM uwactaM npeofpa3osaune Jlannaca, nonyuyum

(p?(p)=f;(P)+k§‘K}1(P)<PZ(p) U=1, 2 ..., n.

Pemas 3Ty cuctemy ypapsewnt mneppoff cTenenu, onpepennm

qf: (p), u pewenne paccMmarpusaeMoif cucTemnl ypaBHenHB® npu-
MET BHJ,
1 o100
a=g5 | vipedp.

s—f

[TpuBeneM HeCko/abKO NPUMEPOB.

1°. ¥Ypasuenue Abesss. Bnepsbie B UCTODHA MATEMATHKM YpaB-
HEHHE, B KOTOPOM Heu3BecTHas ¢yHkuua ¢ (f) crosna noa 3ua-
KOM uHTerpana, uoay4un AGenp B 1826 r. npu peuienun Tax
HasbBaeMoi 3ada4t o maymoxpoHe

t
(29— o<a<t (@104
0

Oyere 9*(p)=2Z o ("], Z[f(H)]=/r* (p). Torma, uc-
NOAb3yst OOHYHYIO METOAY npuMeHedus mpeobpasosanus Jlanaaca,
ypaBuenune (2.104) opusonutca K Buny

L —a) 5 =7 ).

Otciona

PP fO) pft(p) — £(0)
P =Ty —Fi—a7" mt Fl—a)p" °

Tenepn nerxo saitru

I
1 fO f &) de
eO)=ra= a)l‘(a)[i"“_l_‘_S(t = 1)1-“]'
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Vuntmeag, 410 I'(1 —ea)[(a)= GyneM uMeThb

=

stnaxn’
sin an | f {0) f@)ds

(t)"_ .n [tl—d +S (¢ __,.r)l'*a]

2°, PaccMOTpEM MHTErpajsbHoe ypaBHenHe ¢ Jorapudmuye-
CKUM SIPOM

t
(o @in¢—de=r@, (2.105)
(1]

rxe @(t)—senasectHas ¢ynunun. I[lycts ¢* (p)=2 o (D],
I* (p) = Z[f(#)]. UcnoabayemM paseHCTBO

(=}
the—ak 1
.9’( TELD dk) oYET R (2.106)
HiMes B Buay cOOTHOUIEHHE
Z(lnf)=— l? (C+Inp), € —nocronunas dilaepa,
TOAYYHM

—¢* () (C+1np)=7*p).

TosTomy

¢* (p) = — ) PO -=FO)_  fO
mp+C¢— " plap+C ~ plap+0O

Tlpunnmas Bo BHuManue (2.106), nakinem

t
$ —
‘P("=_Sf'“)d"g(r—u?fT'dk f‘“’Slw+n o
0 0
8°. PaccmoTpuM ypasHenue
sint={J, (t—v)p (v dn.
0

Cosepmian napm ofeums vuactamu npeoGpasosanne Jlannaca,
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nONyYHM
11
1Y El 2+1
B cootsercTBun ¢ nochemnelt dopmysoRt umeem

t
sint={ J, (t—) J, (v) dr.
0

o*(p), ¢* (p)— @ () =J,(%).

3ameTuMm, 4TO CKa3aHHoe B 3TOM NYHKTE HENOCPEACTBEHHO
o6o6waeTcs Ha uuterpo-auddepennnanbioe ypasHeHue BHIA

2, @ (#)+-a g~V () 1. —I—a ¢ 0+
+ 2 SK,,_, (t—) g (B dr=1 (8
H Ha CHCTeMH TaKHX ypaaﬂeunﬁ

§ 7. TpeoGpasosanne MeJnnna

[Tpeobpasosanie Mesauna
e o]

Fo={rorrat, s=otir, (2.107)
0

TECHO CBA3aHO ¢ mpeoGpasopannem Pypnre u Jlanmaca

Ilpeo6pasopatine MeniuHa MOXeT Obl1b YCHEIUIHO TPHMEHEHO
K PElICHHIO OINpele/leHHOTO Kacca MIOCKMX rapMOHHYECKHX 3a-
AaY B CEKTOpMAAbHOR o6nacTH, 3amay  TEOPWUH YNPYroCTH,
a TaKKe NPH H3YueHHH cnenvanbHbX QyHKUHE, CYyMMHpOBaHHH
PAJOB H BHIYHCJISHHH HHTErpasos TeopeMmd, OTHOCflixecd K
npeoGpazosannio MennuHa, MoryT GHTb MOAydYenn H3 COOTBET-
CTBYIOUIHX TeopeM aast npeoGpaszosanuéi Pypoe u Jlanmaca ny-
TeM 3aMmenbt nepeMenHOd. [IpuBeAeM HEKOTOPHIE TEOPEMEL.

Teopema 16. [ycms v~ 'f(t)€L(0,} o0), npunesn
Pyuxuua [(T) umeem ozpanuienroe U3MeHeHUE 8 OKpecmHO-
cmax mouxu t=t. Tozda

eI
OO L yim § F(s)e2as,  (2108)

dadg _ 1)

2de gynxyun & (s) onpedesena no (2.107).
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Teopema 17. flycms & (ot iu) € L (— 0o, 00) u ume-
em 0panuiennoe USMeHenlUe 8 OKpeCmMHOCMIL mMouxy u=—I{.
Toz0a

F @+ i+ F cFi¢—op)=

F(B) fo+it=1ds,  (2.109)

M,

>‘lll'

20e
e-{-fa
f(t):il—t S & (s) 4~ ds. (2.110)

o — {00

Hycts & (s) n G(s) — npeobpa3osanus Mennuua ¢yHKuui
f(t) n g(f). HemocpeacTBeHHO MOXHO NONYYHTD

k-Hio k{1
) Flo—sas=g, [ au— S)dSSf(t)t‘"dt—-
R ) k—iw
o k100
=§-1,‘7jf(f)df S G(l —s) ' ds= §f(t)g(t)dt. (2.111)
0 k—ion
Nopo6upM ke 06Gpasom
k+‘°€> | % k4o
S & (s) Gls)ds=757 | g(t)dt S F () 'ds=
&~iw

=§g(t)f(71) z. @uy
0

Teopema 18. ITycms

*-1f(H€ELO,F00) # G(1—k—ix)€L(— o0, +o0),
Aubo

Fletix)€L(—o0, }o0) u thg(H€EL(0, + oo).

Tozda cnpasedausa gopuysa (2.111).
Ananorom TeopeMH O CBepTKe B TEOPHH NpeoGpasosanmit
Memtnna sBaseTcs CaeAylowan
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Teopema 19. flycms t*f(f) u #*g(f) npuradsencam
sroxcecmsy L (0, -} co) u

h(t)=;§f(r)g(§—) &,

Tozda ghynwcnun t*h (€L (D, 4 00) u ee npeobpasosanue
Menauna ecmos & ()G (s).

O npeoGpasosanun Mennnna 43 APYrux Kaaccos ¢yukimh
W HEKOTOPHX ero npuioxenusx cM. [73], [77].



FIABA I
NPEOBPA30OBAHUE BECCEJA

HHuTterpanskne npeo6Gpa3oBaHds BHIA

(-]

A=ty K o at,
) -

rie K(z) — ¢pyuxkuna DBeccens, H3BECTHH MOJ HA3BaHHEM npe-
obpasosanuii Becceast.

K srtoMy Buay npunamnexaT MHTerpalbHue npeo6pasoBaHus
Xanxensi, Mefiepa, Kontoposnya — JleGeneBa u psa Apyrux npe-
0o6pa3osanuf,

§ 1. NMpeoGpasosanue XaHkeas

$opmynu tuna (1.14), (1.15), (1.16), naowwpe pasznomeHue
npoun3ssonbHoit yHkuun f(x) B ueTerpan <dypne, npeacTaBsiOT
3HAYUTENbHER WHTepeC BO MHOTHX mpo6aeMax MaTeMaTHKH H ¢u-
3uku. K yncay pasnowmenuit nomoGHoro THna OTHOCKHTCH pasio-
WeHHe M0 UWIHHAPHUYECKHM (YHKUMUAM, H3BeCTHOE MOA HMEHEM
unmezpaia Pypve — Becceasn:

Fy="\ 7 udu § 75) 1, @ty at (0< x<400), 8.1)
Q 0

rxe J, (x) — dyukuua Beccens, v>——;-.

Teopema 1. [Iycme dynxyun [f(x) ozpanuunennoit sapua-
4uu 80 8caKom KoHexnom unmepsase (0, R), u

oflf(x)lx%dx<oo.
[}



§ 1] [PEOBPA3OBAHNE XAHKEJS 77

Tozda npu v>—-%— umees
a0+ F(x—0)) =

=\ 7, yeau § 70y 7,000t (32)
0 0

B mouxax nenpepsisHocmi umeem mecmo popuyasa (3.1).

CrpaseinBOCTb YK43aHHOrO pasioweHus COPMYNHPOBAHA
M npH Apyrux npeanoaoxenuax [73], [136], [119]

IIpeoGpasosaruesms Xarrxess na3biBaeTcd HHTerpan

=3, "= 05-““ t, (utydt (0 <u <+ o). (3.3)

s unterpanpHoro pasnowenus (3.1) caepyer dopmyana o6pa-
HIeHHSA

FO=#""TA =AW eed ©<t<Ho0). (3.4)
0

3amerum, uto ecnu dyuxuus f(f) raxag, yro f(f)=0 (1:,‘;) npH
t—0, a4-v42>0 u f(f)==0(f*) upu ¢ — o0, [3+—2-<0,
1o unrerpan (3.3) cxomutcs [119].

K paanowenuro (3.1) MoxHo M0GaBHTH elle OJHO Pa3Jioxice-
HHe aHAJQrHYHOIO THNA

£y = H, (xu) (xn) * du (r,unenrroa, (@5
0 0

rae Y,—ynxyus Beccesn smopozo poda, H,— dysxyus
Cmpyse.

dopmyna (3.5) npeacrasnseT OCHOBY i BBEAESHH COOTBET-
CTRylOUlero MHTErpanbHoro mnpeoGpasosanus [69], [73], [247]
146].
[ I%pnsenem CBf3b, CYL[ECTBYIOMIYIO MEXAY npeoGpasoBaHHeM
Xankeng W KpaTHHMH 1peoGpa3osanusimu Pypoe.
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IycTtp

Fe, =o- (| enstior 2, w) dh o,

8 %V—;S
|
8 g8

0, 0) =5 { e-im—tm (s, y)dxay.

00 = QO

[lpu nepexome K nNOAAPHHM KOOPAHHATAM MO GopMyaam

xt-iy=re? u At io=pe¥ dymumu f(x, y) u f*(Q, o)
CBA3AHE MexAy €060 CACAYIOWEM COOTHOILEHHEM:

= o}

ul(r, cp)_—=2_11-n S S e °°3(‘l'—?)w(p, ({))pdpdc[).
p=0 b==0
Ionaras

v(p, P)=1i""y(p) e

B NpHHWMas BO BHUMAHME HHTerpajbHOE IpPeACTaBneHse ¢yHK-
uuét becceas

i_n”E 2 CO8 n
1,(@)="g; | ele ot tima,
0
OynemM uMeThb
an
u(r, gy=em { o7, (rp) y (p) dp.
0

Bsenem 0603Hayenne
u(r, ¢)==0 (r)em,
e

& ()= § o1, (rp) 1.p) dp-

Toraa nonyunm
o

vip, =" { J (—rp) @ () rar,

9

)= S J, (re) @ (r) rar.
é
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[Tpusenem eiue Heckonbko cBoficTe mpeoGpasoranus Xankesd.
p I »fn
%, %, [f @)= /s (’;{)

2°. C noMoLIbI0 HATErPHPOBAHHA M0 UACTAM MOXHO MOy~
4HTh

1d w R
[dt' + f d{ ] —u ‘%v[f(ﬂ]'
Ilpn sToM npenmonaraercs, 4To
vi1 4f df
t?e’i‘t—o’ } (£ 0), £ dt =0 (t—> o0).
rrf(t)==0, t2f(t)_o,

3°. Pasencmeo [lapcegarn. Tlycts

Z,FOl=r1w, F,[gt)=g @).

Toraa
Saf:(u)gi(u)du=5tf(t)g(t)dt (>—13)-

Ycnosua cnpaseanusocTd nocaensell GopMyan copMynupoBaHH
8 [73], [119].

4°, Acumnmomuxa [119]. Ecm f(f)=O0(") npu {¢—0,
et+v+2>0, f(H)=O0(#) upn {— o0, [3-}-5 <0, 710

f: (#) (v>—1, u>0) cymecteyer, H, KpoMe TOrO,
fi@)=0 (") (a—0), &’ =min(y, —p—2),

f:(u):O(uﬁ') (g — oc0), P smax(—%, —-a-—2) .

O6o6uwienuem MHTerpanbHoro pasaoxenus (3.1) sBaserca ¢op-
Myna

. oq (O udu T
fi= oj T j J ()¢, (t)e de (@< E< - 00), (3.6)
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rae
0 ()=, (a0) Y, @ — Y, (@) J, ) (v>— )

— nunefinas womGunauus ¢ysxuuy Deccens nepsoro m BrOporo
poaa v-ro nopsazaka. Pasnowenue (3.6) umeeT Mecto, ecan f(f) —
KYCOYHO-HenpepueHas (PyHKINS OrpaHH4eHHOH BapHallud Bo BCH-
KOM KOHEUHOM HaTepBaie (@, R) u uuaTerpan

® 1
(1r o at< oo

[Ipn a— 0 (3.6) mepexomnr B (3.1).

[To awanorum ¢ mnpeoGpasoBauneM XaHKend HHTerpanbHOE
pasnowenne (3.6) npmBOZMT K COOTBETCTBYIOLIEMY HHTErpaib-
HOMY [pe0o6pa3oBaHHIO, KOTOPOE HA3LIBACTCH 72peolpas’osaHlies
Bebepa. Ilpenctrasnser wustepec 0606LIeHHOe npeo6pasoBdHHe
Bebepa

7 wy= 1\ 1C,wt, an) s () at,
TAe ¢
Cv (Z, W) = Jv (2) [Pyv ('K’J) — wav-l-x ('UU)] -
- Yv (Z) ['PJ'I (w) - Qw‘,v+l (w)]r

P u Q— nexoTopHe npouasonbune nocroaunse [147]. [peo6-
pasoBanus Xankens u BeGepa moryT GHiTh YCORIIHO NPHUMEHEHH
K PElUEHMI0 KpaeBuix 3amnay ans ypasHenus Jlannaca u Tenpm-
rojiibila, HEKOTODHIX 3aaay TeEopHH YIPYTrOCTH H TEMIONPOBOI-
HOCTH.

§ 2. Ilpeo6pasoBanme Meiiepa

[Tpn pemennn anddepenunanbhux yparsenn#i Tuna Beccens
BAXHOE 3HAYEHHE UMeeT unmezpassroe npeobpasosanue Melepa.
Hocnexnee onpenensercs NOCPEACTBOM HHTErpana

- 1
Fo=V Z{kenenTrma, @
Q

rae K (f) — dynxyguss Maxdornasrsda. Popmyna obpaiienns
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uMeeT BHA
B+

f(t)=ﬁ lim f I, (¢5) {ts)

1
2 £ (s)ds. (3.8)

Pasenctsa (3.7), (3.8) HenmocCpeACTBEHHO BHTEKAIOT M3 COOTBET-
CTBYIOLIEr0 Pa3NOWEHUA NPOH3BOMbHOA ¢YHKUMHM B 0G0OuieHHbIH
uuterpan Pypoe.

Teopema 2. IMycms f(f)— yuxgua Oelicmeumensrozo
nepemernozo t, 0=C t<-|—oo, unmezpupyeman Ha siobox xo-
Heyrnom unmepsase 0< T, <<t<<T, u ozpanunennoll gapuayuu
8 okpecmHocmu MoKl t==X; nycms, Kpome moz0, cxooumcs
urmezpas

[
fe#irmat,  p>a=o0.
[

Toz0a umeem mecmo pa3AoXCeHue

f(x+0)-:{l—f(x—0)=

1 B4 1 ® 1
=1 lim S I, (xs) (xs)? dsSK‘, (sf)(sH)Z F(B)dE.  (3.9)
0

=i
A=sw 8

dysxnus K, (2), xak u3BecTHO, 4eTHasd QYHKLHA ¥, NOSTOMY
nocnepuss ¢opmyna moxer OuiTh mpeacTasieHa B Gopme

L4 0 +f6—0

Bt
=L lim S U, (es) - T_, (xs)} (xs)2 ds SK (sf) (st)2 F(h) dt.

2ni, ~0 g
(3.10)
B vacthoctu, Tak kak

I% (z)=(1—‘2-z—);—shz, I 4 (z)=(1-‘2;)7 chz,
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To ¢dopmyna (3.10) npu v=i—;- NPUBOIHTCS K BHAY

B4-ix »
fetA+fe=0_ Lim  emds{etrar @an
l-’wﬂ"'l &

Teopema 3. Ilycms anasumuneckan 8 noAynAoOCKOCMI
Res™>a=0 dynurxyua f(s) ydossemgopsem yciro8usm:
1°. fun ecex t=0 u B> a cywmecmsyem

80
im 1, (t2) (t2)

1
2 f(2)dz,
20e

;<Rev<—l-.

npukesm cxooumocms omuocumeasno (0 <<t << b) pasromepras.
2°. Cxodumca unmezpaa

Btiw

‘S‘ lf(z”ldzl‘

Blw

8°. ®ynruun f(s) ozpanusena 8 nosyniocxocmu Res =,

m. e .
|| < A,

20¢ A— nosoNcumesbHER NOCMOAHHAR, He 3a6UCAWAR OMm S.
4°. Cymecmegyem

limf(x+ iy)=0,
X>®
20e CX00uMOCy OMHOCUMEABRO BceX GelicmBeumensrux 3Haverill
y pasHomepHas.
Tozda npu Re s> B umeem mecmo pagencmso (3.7), 8 Ko-
mopox Pyuxuyusn f(t) onpedessiemca nocpedcmsos (3.8).
Teopema 4. [lycms fynxuun g(s) maxosa, ¥mo

go=Ffe+ f§1 sy
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20e f (s) yodosaemsopsem  ycaosusm,  CHOPMYAUPOSAHHHM
8 npedwdyueld meopeme, Re(0,)<<0 (i=1, 2, ..., n). Tozda

- % 1
f0=1 2 K606t gat, Res>p,
0

20e
g+
! lim

B—i

g(h= T

g (s) ds.

‘ HOna npeo6GpasosBanns Meiiepa ompezenena cBepTKa H no-
' CTPOGHO OMNEPALHOHHOE HCYHCIGHHE MO cXeMe MHKYCHHCKOrO
(cMm. ra. 'V, § 16).

§ 3. Mpeo6pasosanne Korroposnua—JleGenena

1. Tlpn pemenun HexoTOPHIX 3anay MaTeMaTu4yeckofi Hu3UKH
BAX(HOE 3HAYEHHE WMeeT PpAJ HHTerpanbHbiXx npeolGpa3oBanuil,
colepkallX HHTETPUpOBaHHe no uaAexcy ¢yukuu# Beccens.
Brepaue mono6uas ¢opmMa MHTerpanbHHx npeo6pasomBanuif pac-
cmatpuBanace M. W. Koutoporuuem u H. H. JleGemernM
B 1938 r. [37]. BBegenpoe STUMH asTOpaMM HHTErpa/jbHOE MOpe-
o6pa3soBanue B Hactosdlflee BpeMd HOCHT HX HMA M Ha3LBaeTcs
npeo6pasoranneM KoutopoBnua — JleGenera. Ilocneanee Onino
yCHEUIHO NpWMEHEHO K PeIIeHWI0 paAa uHTepecHHx 3anay [16],
[43], [76], [T7]. OcuoBHoe 3nauenne B Teopuu npeoGpa3oBanui
Koxropoeuua — JleGenesa HMeeT paslokeHMe THNOA HHTErpasna
Pypbe

=2 SKh (x) = sh e deSK,,(s) FE &5 (3.12)
0 Q

the K, (x)— dynruun Maxdonasreda, x>0, [f(x)— npous-
BO/MbHAA HelpephiBHAsi BMeCTe cO cBoe#t mpousBoAno#l ¢yHkuui,
yRosnetsopsioias ycnosuim x°f(x), xf(x) €L (0, 4 o0). Pas-
Joxende (3.12) uMeer MecTo H ang Pyskuuit Gojee WINPOKOro
knacca [43], [46]. OGosnaunm

F(t) = § 1 (%) K. (%) dx. (3.13)
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Wuaterpan (3.13) naswiBaetca npeobpasosanuesr Konmoposuna —

Jleb6edesa. Henocpeactsenno w3 (3.12) BHTekaeT Crieayiouiad
dopmyna obpautenus:

f(x)=;§;‘§1<i,(x)cshm1=(m)d= (x>0). (3.14)

B Gonee cummerpuynoi#t ¢opMe ykasanune (OpMy/n HMEIOT BHA

Kix

F(c)—jf(x) By 0<t<too) (315

f(x)—-jF( )Z‘Sh“"‘,';@’d (0< & <+ o). (3.16)

Huorma dopmyan (3.13), (3.14) scrpeualores B caeaywoulei
dopue:

Kis ()

F(t)_—tshmgf(x) X gy, (3.17)

fo={ Fe K, xa. (3.18)
0

Ind BLYHCAEGHUS HEKOTOPHX THINOB OMPENe/eHHHX WHTerpa-
n0B 60/bIIOE 3HAYeHHe uMeloT POPMYyaM, aHanoruunbe (GopMyaam
TMapcesans B Teopuu psgos u wuterpano Pypwe. [lpusemem
crepyomue Teopems [44], [45].

Teopewma 5. Ilycms g(x) — npoussosvHas Oelicmsumenb-
Has PynKuus maras, 4mo;

) g TeL(, +0), 2) £x) €L, (0, 4-o0),
a(x) _S g (%) VQ‘Tf“ e KI';E" dx. (3.19)
Tozda
S [@ ()] d —_—S [ (1)) dx. (3.20)
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Teopema 6. ITyems g,(x) u g,(X)— npoussossnue se-
wecmsennse dynryuu, ydosaemsopsioumue ycaosuam 1) u 2)
npedwdyweli meopens, G (1) u G, (t)— coomgemcmsenno un-
mezpaabhsie npeolpagosanus euda (3.19) Pywnxuui g u g,.

Toz2da

{0,m0,mar={g (g wax (3.21)
0 0

Pan Apyrux HHTErpanbHHX NpeoGpPa30BaHui, BKAOYAIOMINX
WHTErpHpOBaHUe 110 MHAEKCY UHAuaapuyeckux dyuxuuit, paccma-
Tpupaerca B [168].

2. Hailgem pelilerite ypaBHEHHH TEMAONPOBOAHOCTH

ar o 10T T
Aa-?-=av’r=a(0r=+rar +I" ) (3.22)

YAOBAETBOPHAIOLIEe YCIOBHAM

T=1"9"" mpn 9=0, }

=0 npu @ —=a. (3.23)

Takas 3agaua BO3HUKAeT MPH HUCCAEAOBAHHH NMEPHOANYECKOro
TeMNepatypHoro Nois B Kauuoeuaso# obaacta [208]. Bynem
HCKaTh pelleHHe B BHAE MPOU3BeldeHHUd

T=9 u(r, o).
Hns onpexenenns u(r, ¢) uMeeM ypaBHEHHe

Vet ku=0, K=—i=.

TlocpencTBOoM 3aMeHH mNepeMeHHBIX
z=ikr, u(r, 9)=Vi(z, ¢)

nony 4HM

32V 19V 1 0tv
+z 9z +z‘ 0%p? — V=0,

V=1 npu =0,
V=0 npu g=—a.

Upumenss mnpeoGpasopanue Koutoposnua — JleGenesa (3.17),
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(3.18), nafizem
oy
Viz, ¢)==e—¢sine S A (5) sh (gs) K, (2) ds.
0
M3 rpanuusbix ycaosHit caeayer
[+ 4]
{ 4(s)sh (as) &;, (2) ds = — e~ stac, (3.24)
0
Jns scex felcTBUTENbHHX § HMeeM

S cos (8s) Ky, (2) ds = % ¢ = zeup, (3.25)
0

HEHOCPE.U.CTBEHHO H3 aCHMITOTHUECKOro upeACTaB/ieHUS AJd

OoNbILUX §
- —(=-11
Kt~ R G

caeAyet, 4ro muterpas B (3.25) cxoauTcs M ANA MHUMBIX 3Ha-

yeuuft PB==ip, B npeanonowenua, uro |pm|4|7y| <—g-. C yue-
ToM ypasHenuil (3.24), (3.20) nafizem

2ch (5 — a) s
A =———F
[Tostomy

shas

Vi, )——-e—zsm_—_Ss”?‘ (" )sK,.,(z)ds

(z<“<T)'



THABA IV
JAPYTE UHTEIPAJIbHbIE NPEOBPA30BAHUSA

§ 1. Mpeobpasosaune Menepa — doxa

1. Unrerpaabioe npeoGpasoBanne Menepa — Poka onpene-
AseTcd NOCPENCTBOM HHTerpana

Fy={ f(x) P_i,, (Wdx, =0, (4.1)

tae P, (x)— cpepuneckan  ynxyus  Jlescawdpa nepeozo
poda. Tlycts [f(x)}— mefictBuTenbHas QyHxuus Takad, 4TO
Jix)P_ 1 (x)€L(1,4-00). Torna muterpan (4.1), nounmaemuift

2
B cmbiciie JleGera, npeacTaBaseT nelcTBHTEnbHYI0 (YHKUMO T,
onpene/leHyw® Aag Bcex t==0 (MOXHO pacCMaTpHBATL TaKKe
t< 0, npu srom F{—1)=F(r). daxkTHyeckoe BHUHC/eHHE
npeoGpasoBanng Menepa — Poka ans GyHKUuA pa3nTUYHOrO BHAa
OCYLIECTB/SAETCA ¢ NOMOLUBIO HHTErpaibHuX npefcTaBieHnlt Ppynk-
uuft Jlexanapa, saupumep,

P_ = =
5 (cha)= S Vaicha—=chs) (@=0)
(unmezpas Mesepa),
2 @
p ho)==chme | 2% >
~Lin (cha)=Zc mo-glfz(chs+cha)ds (@=0),

H NnocAeAyIOuEro H3IMCHCHHA mopaiKa MHTECTPUPOBAHAL
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Pasnowenue Npou3sobHO# (QYHKUMH B mHTErpan tHna Pypbe

[« ]

f(x)=§ mmp_}w(x)dcle(a) P1, B& (¢

NpeAcTaBAdeT OCHOBY AMA HAXOWAEHUA COOTBeTCTBYIOme# ¢op-
Mynan o6paiuenns aas npeoOpasosaunus (4.1). Ilpusenem nBe
TeopeMn [78].

Teopema 1. Eceu ghynxuus $(x), 3adannan 8 unmepsaie

(1<x <<+ o), maxosa, umo cp(i)=2sh-£-d>(cht) unmeem

nepsyio npoussodnyio, abcosiomuo uxnmezpupyemyio 8 beckones-
nom unmepsase (0<St<--00), u 8smopyio npoussoduyo,
Q6CconIOMmHO UKMezZPUPYeMYIO 8 H06OM KEOHEUHO N unmepega.se,
u ecan 9(0)==0, (4 o0)=0, mo $(x) moxem Gwums npeo-
cmasiena 8 sude URMeZPAAQ

Y={P_,  fwan (<x<too) (43
0 2

20e
o0

fw=pthu{P_, ()40 ax. (4.4)

Teopema 2. Ecau dynruus f(Rr), abcoriomno unmezpu-
pyexas 8 Cecxoneunon unmepsase (0<<p<-+o<), wneem
1polt360CHYI0, ABCOAIOMHO URMezPUPYEMYIO 80 BCAKOM KOHER~
nom unmepsase, u ecan f(0)==0, mo f () mooxcem 6ums npeod-
cmasaena 8 8ude unmezpasa (4.4), 20e $(x) umeem sud (4.3).

[IpuBeneHubie TeopeMh MOryT GbITh NOKa3aHBl ¥ MPH APYTHX
npexnonoxenuax [43].

2. Hurerpansnoe npeo6pasopaune Menepa — ®Poka naxomut
fpUMeHeHHe TPH PelleHHH HEKOTOPHX 3a4a4 TEOPHH NOTeHluana,
TEOpHY TeN/I0NPOBOJHOCTH, NPH PEILeHHH JTUHERHHX HHTErpasbHbiX
YPaBHeHH# ONpeAeneHHOro THNA, 4 TakkKe H B PAAE JPYIHX
3agay mateMmatuueckofi ¢usnkn [43], [45]. B xauecTse npumepa
PacCMOTPHM HHTErpaibHOe ypaBHeuue

Nx)—g(x)+lsff’s (45)
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rae

I<x<l+4o0, —oolinLl.
[Tycts cymectByer npeoGpasoBanne Menepa — doka dynxun.s
¢ (x) u g(x)

eE={pP_;  (ax,

6= (e P .,  (dr.

Tax kax

Txfs 4s
1

TO GyneM HMeTh MOC/e YMHOXeHH] paBencTsa (4.5) Ha P L (x)
2

M HHTerpHpoBaHug no x or 1 Ao} oo
X
(=G} =2,

oTKyla npu— oo< k<1, moayyum

G (z)
_ 1%
chnt

(D(T)=
1

C noMowpio ¢opmynn obpauienns nafinem

ao
(p(x)=j1:thm: G(t;“ P ' ne (%) dr.
°

ch =t

~

Crporoe o6GocHOBanHe MOxeT OHTb CHENaHO, HampuMep, MpH
NPeAROJIOKEHHH, UYTO g£(X)— HempepbiBHas (YHKUUS OrPaHH-
YeHHOH BapuauuH BO BCAKOM KoueuHoM uutepsaie (1 <x <b),
ApuyeM

1) g P_1 (%) €L (1,4 00),
2) G(x)t€L (0,1 o0) [43]
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§ 2. MpeoGpasosanne I'uanGepra
PaccmoTtpum muTerpansnyio gopmyay Pypne
(v 2]
Fw)==[a () cos xt 4 b (¢) sin x#] az.
0
3nech
[o 4] an
a(ty=1 S 7 () cos ut du, b(f):lS £ (&) sin ut du.
® T
.Y -0

[Tonowxum
g(x):S[b(t) cos £t — a (¢) sin xf] dt =

._~—_-—];§dt °§ sin (i — x) ¢-f () die.

Huterpan B mnpasot 4acTH MNOC/eXHEro PaBEeHCTBA HA3BIBaercs
CORPANCEHHNM UHmezpasoM K HRTerpany Pypbe H nosydaercs
¢opmanbio w3 npuseneHHod ¢opmyan Pypne 3aMmeHoit @ Ha b
U b na—a. Cnatb ¢opManbHo HMeeM

t ®
|
gx)= Enm;Sdt S sin(g — ¥)¢t-f(u)du=
[} ~—
e 1 1 —cosl(u— x) .
—}L“;::f —a—x S Wdu=
<90
=}1m :: jL%mt—[f(x—l—t)—f(x—t)]dt.
¢
Orcona
g(x)=%sf"‘+”";“”“” dt. (4.6)
Y]
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Ananornyso

R [+ o]
f(x):.—-_-:;gg(""’"‘t'g("_‘)dt. @.7)

dopuynn (4.6), (4.7)  sxBuBanenTHn opmynam

g(x)=LV.P. X L6

hm
6—)0

Sf(x-l—t) fE=Dy (48

=—Ltim 5 ge+D 8=y (49

raie cumgoa V. P. o6o3nauaer ri1aBHOe 3HAueHMe HHTeErpa.a
B cvpicne Kown, [Mocnennne ase ¢opMyan npeicTasasior coboi
napy npeoGpasosanufi Maap6epra. CTporoe n0Ka3aTenAbCTBO psiia
Teopem, OTHOCAUHXCA K Teopud npeobpasoBanuél uasGepra,
umeetcs B [73], [255].

§ 3. MNipeo6pasosanue Jlareppa

Hurerpansioe npeoGpasosanne

w

Ty =\ et iy fydi=rm (n=0,1,2,...), (4.10)

rae L, (f)—— mnozousens Jlazeppa n-zo nopscéka, HashHBaercd
npeodpazosanuer Jlazeppa. IlocienHee ecTeCTBLHHO NpHMEHIeTCH
Ans peuleHHs Jugpgbepennuansrozo ypasnenus Jlazepra

Z x-}-nx=0, (4.11)
Z x(y=1s" () (1 — ) %’ (5).

rae
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Mpumenenne npeoGpasosauus Jlareppa csonut AnddepeHunans-
HYI0 omepauuio % x K aare6panyeckol no ¢dopmyne

T{Zx@O)=—nn) (r=0,1,2, ...).

B pa6ore [188] BBOAMTCA B paccMOTpeHue CBepTKa AAA mpe-
o6pasoBauuft Jlareppa

° ¢ Viteors
c(t):%ye'a(t)jet ?cos(]/t?simp)x

X b(t4-r— 2V tc cos g) dpde

# CTPOUTCH anmapaT ONEepauHOHHOrO HCHHC/AEHHS JJIfl ONEepaTopoB
Jlareppa 7 x.



FTABA V
ONEPALOHHOE HWCYUC/IEHHUE

§ 1. OcHoBHbie HOHATHS H NpPeNJ/IONKeHHs

Tlycte M— MHOKecTBO BCeX aGCO/IOTHO HelpepHBHLIX H,
B006Ule FOBOPH, KOMIVIEKCHO-3HAYHHIX QYHKUMH, OnNpefeneHHHX
Ha monynpamofi 0=<C ¢ <-4 o0, L —MHOKECTBO Bcex (pyHKIMH,
onpeielennbx Ha noaynpaMmoli 0<C¢<{-} 0o u HHTErpHpyeMsix
B cmuicae JleGera na moGoM koseunoM uuTeppane (0, A).

Ecan dysknua F(f) €M, To cymecTsyeT nas NOYTH BCex
3HaYeHui upousnonnztm F' (1) = F (), npunaanexaias MHOXeCTBY

LuF(y=F(©O)+ { fl)du. O6patno, ecn g(H€L, to
0
t
&y nxuus G(f):S & (u) du npunagnewur muoxectsy M u moutH

9
Bcroay G (f)—=g(f). Bemn f(HEL, g(HEL, T0 AN NOYTH
BCeX # CyuiecTBYeT HHTerpan
t

{re—eema,

o
Npunagnexauinit Muowectry L. Unterpan

t
{Git—8 7@ at,
rne G(f)e M, f(f) €L, npunamaexKuT MHO)IZGCTBY M. Ecnn
t
Ho={Fe—ta@a,

The F(fye M, G(f) €M, o cywmectryer H' ()€ M.
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M ectb nuuefHOE MHOKECTBO H B HEM OTEPALHH CAOMEHHS
A YMHOXKEHWsi Ha 4HCJO ONpejeisioTcd eCTeCTBeHHHM 06DPa3oM.
ITpousgedenuern gynrxuult F ()€ M u G(f) € M nasusaercd BH-
paxetne

t
F t)*c(t)=ngﬁ(t—s)o(e)de. 3.1)

Tlpu TaKoM oOnpefe/ieHHH NPOH3BEACHHS HET HEOOXOAMMOCTH pa3-
MMYATH NOCTOSHHHE 4YHCAa OT (YHkUME KoucTauT. OCHoBHbe
ceoiicmsa onepanyul yYMHOMNCEHUST:

1°. Ectn F(HEM u G(H)EM, 10 F(f) % G) € M.

2°. Tlpow3semenwe KoMmyTaTHBHO, T. €. F(f) % G(f)=
=G (f) % F (£).

3°. TipouaBeaeHne accQUUATHBHO, T. €.

(F(t) % G()) ¥ H(Y)=F (f) % (G (&) * H(1)).

4°, llpousBeserne AUCTPUOYTHBHO OTHOCHTEABHO CJOKe-
uud, T. €.

FO* (GO H{)=F(t) % G(t)+F (&) % H(%).

5°. Ecru F (f) % G{f)=0nnaBcex0<{<—+ oo u F(tJ %0,
1o G(f)==0 nna scex 0<<t<(-}-o00[59].

MuowecTBo M OTHOCHTENbHO CJAOKEHHT H  YMHOXEHAS
B cMuicae (5.1) o6pasyeT KoMMmyTaTHBHOE Konblo. M3 cBolicTea
5° cneayer, uTO 3TO KOJAbUO HE HMeeT AenuTenedt wyns. Beskoe
KOMMYTaTHBHO® KOAbLO ©e3 genaurered Hyads MoweT ObiTb
paciuupeno A0 noad oTHollenwn#. HasoBeM napoil soipawenue
(F(f), G({)), the F()EM, G()EM u G(¢) == 0. [se napu
(F(£), G(1)) u (F, (%), G, (f)) Has3nBAIOTCA IKBUBANCHMHBMIL, €CAY

F{f)% G ({)=F, (f) % G(¢). (9.2)

B stoM cayuae u ro.ibko B 3TOM cayyae Gynem nucars (F, G) ~
~(F,, G,). Muoxectso nap (F, () pasGusaercs HA KIacC,
KaXAKH H3 KOTOPHX COCTOMT M3 3KBHBAIEHTHHX MeKIAY C060I0
ndp. Tak Kak Bce 3/IEMEHTH, SKBHBAJIGHTHHS 3.ICMEHTY Knacca,
AewaT B OJHOM M TOM Ke Kjacce, TO, CAeN0OBaTENbHO, KAacCC
onpelenfieTcs OJAHHM H3 €ro MeMeHTOoB. JTOT 9/IeMEeHT Ha3H-
BaeTca npedcmasumesen Kaacca. OO03HAYBRM KIacC, K KOTOPOMY

F
npuHajiexuT napa (F, (), cumBOaOv G- Cornacho 3toMy onpe-
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F F,
ACNEHHIO -~ = E! toraa, M Tonbko TOraa, koraa F % G, =F %G.
F
Jas CHMBO/IOB = OuDEA/IMM CYMMY H NpOH3BEAeHHe, floniaras

_ (PG +F%0)
itg=

GkG,
F F FxF, 5.3
G *G,=0%G, ©.3)
(G %G, #0).

[paBuie wacTH OOCJAEAHUX PABEHCTB He 3aBUCHAT OT BHGOPa npen-
F F,
CTaBuTeNed KNACCOB = M (7' COBOKYIHOCTbL BCEX CHMBOJOB g

1
obpasyer kommyrtatusHoe noie. OGosnayum ero yepes Pt. Ane-
mentnl noas i Hasomem onepamopamu. Popmynsw (5.3) ompe-

HensioT CyMMy W Mpou3BeleHue oflepatopos. Yacrto onepa'ropu

GyieM o6Go3HayaTbh ofxHo# Oykso#, Hanpumep a__—~ b__g

uT. A Haxoueu, B He/dX YOpolueHns 3arnucH, Tam, me 3TO He
MOWeT BH3BaTb HeXOPasyMeHuil, NPOM3BE/IeHAE ONEPATOPOB & U b

F
Oynem o6o3nayath ab. Taxum obpasoM, ecin a=gF

b =% — oneparopn, To ab-—npoussenenne onepatopos. [Tpu

FXR F
STOM ab:a*b_G*H Cumson ~ G

aenus B Y. [Mocnenuss cyurecTBenHo OTAHYAETCH OT 06HuYHOM
onepaluy JelneHus.

OcHoBine cBofcTBa ONEPalHH  CAOMEHHR H  YMHOWEHHS
8 none Mi:

1°. ab=1ba.

2°. (ab)c=a (bc).

3. a(b-+c)=ab-+ac.

CoBokynocTs onepatopos Buaa

O3HayaeT oOnepauuio npe-

Fio
1

€ mHOowecTBOM M, HMMEHHO KaxIOMy oOmepaTopy Buja

MOXHO OTOWHAECTBHTH
£
1
MOXHO nmoctasuTh B coorBercTBHe QynKuwo F(f) € M. FosopaT,

4To0 M ectp pacmupenne xoasua M. Buecto onepaTopa
Gynem nmcats 1, TaKoli onepaTop HasmBacTCs eduwutHol ¢ym¢-
Wred Xesucafion. Buecto ouepatopa —G(-)—Gyneu pucath 0.
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Konctautn npunamnexat nomo JR. Heneuuwe xoncrtant B M
coBnagaer ¢ OGHYHLIM OTHOLIGHHEM MNOCTOAHHHX. B Koabue M
ypaBHenue

F{t) % x()=GC() (5.4)

He Bcerpa wmeert pemenune. Hanpumep, ecan F (f)=1{ u G(f)=1,
ro ypasseuue (5.4) npumeT Bui

t
%S(t—-&) x(E)dE=1,

Wl
,
fr@ar=1, (5.5)

H cpean MHoxecTsa M Her ¢dynkuun X (f), yaosaerBopsioLleH
ypastiennio (5.5). B nome M noGoe ypasuenue ax =10 (a=~0)

- b
BCerga WMMeeT pelleHne x=—=a ‘b= -

Mone M comepwur muomectso L. Tyers f(f) €L, Torma

t
F (t)=S fluydu€é M u F(0)==0. Tocrasum ¢ynxunn f ()
()

S(f) n g(f) muoxectBa L OTBeanOT Pa3/UYHBE ONepaTOPH
AU G(‘)
t

! % (F— G)—O otkyna F (f) = G (f). Besixomy onepatopy Buaa

H(t) » H(0)=0 otBeuaer ¢yuniama A()=H ({)€L. Takum

£
05p330M, MEXLY MHOWECTEOM BCEX ONEpaTopos BUia —t(—-)-,

B COOTBETCTBME omepatop ——. JIByM pasmuuubiM QyHKIuaM

, TAK KaK B [POTHBHOM cayude (% F—1¢ % G umn

F(0)=0 1 mHOxecTBOM L ycTaHAaBAMBAETCH B3aUMHO OAHO3HAY-
Hoe cooTBercTBHe. [IpH 9TOM cymme byukuuit f(f) 4 g (f) orse-

YaeT CyMMa ONepaTopoB — - (t) +—=- t(t). Ipoussenennio ¢yHKunn

3
S{f) na umcao A oTBeuaeT MpOHM3BeldeHHE A HA ONEpaTOp — - ()
[Tepeunc.iennne cBOHCTBA MO3BOAGIOT OTOXIECTBUTH onepaTopu

BHAA P-;:ﬂ, F(0)=0 ¢ ¢yuxuuamn MHOkecTBa L B He Zenathb
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pasnuuua Mexay dynkumelk f(f)€L n onepaTopom ——= (t) . To-
sromy Oyaem MmMcath

A=FO=re. (5.6)

Onepatopu nons M, mpusopsmmecs x Buay tﬁ, F (0)=0,

eCTECTBEHHO HWa3BaTb (PyHKruAMU, a TPHUBEJEHHE oONepaTopa
H ()
u@)

BesAkUAl OmepaTop AONyCKaeT pealu3alMi0; HANPUMED, ONEPAaTOpP -L-
()

F(t .
K BHLY ~t(—) , F (0)==0, nazosem pea.tuzanuei: onepamopa. He

" He MOweT GHTb npuBenen K Buay —— , F(0)=0 Cymma ¢yaxuni

Bceraa ectb (yukuus. [Ipocro# npuuep NOKa3hLBaeT, YTO NPOH3Be-
nenne ¢pynkuuii ne sceraa 6yner Qynxuned, T. e 4TO NpOUIBEACHHE
G
oneparopos f (f) = -? u g (f) =7 (F(0) =0, G (0) = 0) ne nceraa

H{)

MOWHO MNDHBECTH K BHAY ——, H{0)==0. He#icTBUTenbHO,
] -
nycte  f(f)y= 2]/1?" g{f)= =, T e Fy=V4,
G )=Vt Torna
t
d —_
,;,;flf F—HEat
_FO*XaGaeH__ %

OTKy A2
n

f(t)*g(t):ﬁ}:‘l—t.

Cnenosawenbﬂo, COBOKYNIHOCTL BC€X OnepatopoBp BHAQ —— (t)

F(0)=0, ne ectb xoabuo OAHAKO WMeeT MeCTO

Teopema 1. Ecau odna u3 ynrynii f(t) uan g(f) abeo-
AIOMHO Henpepuisna, m e. npunadiexwcum muoxcecmsy M, mo
npoussedenue amux FHyuxuuli ecmy cnosa yurxuus. [pu smom
npouseedensue f(t) % g(f) moncem 6oums sunucaeno no ghopmuyse

t
roxen=2(re—ae@a 61)

4 B Suwrus A TInvnouvas
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(f)

Oneparop ——= MOXHO pacCMAaTPHUBaTh KiaK NPOU3BEHAEHUE

oneparopa —:— Ha dynxumo w—F (¢). Oneparop % Hrpaer

¢yHnramentanbuyio ponb B onepaunouﬂom HCUHcAenun. Jlns Hero

1
BBeleHO CHenuasbiOe 0603HAUEHHE p=-- Tpu atom dop-

Myaa (5.6) npumer sux
pF(Y=F'(¥). (5.8)

Spece F()éM u F(0)==0. Ecau F({)— mobaa ¢yaxuus,
npunamiexamwas M, to uz (5.8) umeem

pF(t)y=F' (t)-}+pF(0). (5.9)

CnenoBatenpio, B caysae F(f)EM u F(0)=0 ymnoweune
dyuxuun F (f) ua oneparop p o3HadaeT npocto ee Auddepen-
uuposanune. [lpoussenenne pa wnmeer cmuicn aad moboro ofme-
patopa a €M; B obwem caysae pa Oyzer onepatopom. s
1010 41006 pa Owno dyHkiued, HeoOx0auMMO H AOCTATOUHO,
4yrobe a=F()eM un F(0)=0. Oueparop p HashiBaeTcd
onepamopom Qugpgpepenyuposanus. Ecnn F' () €M, 1o u3 (5.9)
crepyer

p(pF ())=p*F ()=F" (1) -+ pF’ (0)-}- p*F (0). (5.10)

B of6ineM cayuae, xorsa F (f) uMeeT NPOH3BOAHYIO /-r0O MO-
palKa, NPUHAAMEKALLYI0 MHOKECTBY L, NocaenosaresbHoe MPH-
Me.ienve cdopmynn (5.9) aaer

p(p" T F(t)=p"F ()=F" () + pF*"~ " (0) 1
—|—p’F‘"“” 04 ... —]—p"F(O), (5.11)
rie p" o60sHa4aeT npoH3BEAEHHE 7 ONEPATOPOB p * P¥...%p

& none M. [Tonaran B (5.9) F (f) =e™, naitzem pe® —ae ‘—|— F A
wi (p—a)e” =p, oTkyaa

P ___at
—2 =™, (5.12)

Touno Tax we monaras s (5.10) F(f) —sinof, F(f)= cos wf,
Halaem

2
'ﬁ%‘ = sin wt, F’_-%_F == c0s wf. (5 13)
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Hs pasenctsa
p (te?y =ate -} &
cienyer
(p — a) te® =

uaa (cM. (5.12))

(p——a)ie"t--: ¥4 :

p—a
OTKyZa
L gpat
[k
B ofuiem cnyuae umeeMm
tn—le-at
T = TE (5.14)
Onepatop p~*, o6paTuifi K p, OMEBUAHO, paBeH p~ ' ==— ==f,

dyukuns F()=1¢ opunagsexutr Mmuowxectsy M. [lostomy u3s
(5.1) cnenyer mna moGo#t f(f)EL

t
pfin={r@adt (5.15)
0

Takum o6pasoM, npoussedenne p~' Ha f(f) ofo3HadaeT uHTe-

rpuposanne. OnepaTop p~' HAa3bBACTCA ONEPAMOPOM UHMEZpU-
posanus. O6o3nauas 4epes p~" NpOM3BEJAEHHE 72 ONEPATOPOB
PTI¥RpT I ¥%. .. ¥ pTt, ualinem u3 (5.15)

n__t"
D — Tl . (5. 1 6)
Torma u3 (5.1) caeayer mas f{HEL

t
p-"f(f)—_—r;_Ll)_!(S(t—E)""f(a) & (5.17)

§ 2. PaunosajapHbie ONEPaATOpPH

OpHOfi W3 OCHOBHBIX 3a4ay  ONEpPailUOHHOrO HCYHC/IeHHS
fiBaseTcs uayueuue oneparopos Buaa Z(p), rae Z{A) ecTb He-
KoTopad ¢yukuus nepemensoro \. [Ipumepamm Takux oneparto-

POB MOTYT CAYKHTb ONEPaTopH pi s _i = p" pac

FL
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CMOTpeHHHe B npeanayutem naparpade. B npoctelimem cayuaze,
korza Z (\) ectb pauuoHanbHas yskuns, T. e.

P{X)

‘h=gw

rae P()) n Q(X) — mHorouneHu
PM=Nel u Q=Y Ba*,
k=0 k=0

eCTeCTBEHHO Onpenennth onepartop Z (p) MOCPENCTBOM PABEHCTBA

=£e 5.18
Onepatopu P(p) u Q(p) npunamnexar nomo I, a crenoea-
TenbHo, 1omo I OpPHHAAIEKHT U MX OTHOLIEHHE Qip ; Ouepa-

Top Z(p) ua3blBaeTCA pPALUOHAALHMM Onepamopos. Boanukaet
BOMPOC, I8 KaKuX paunoHansHuix d¢ydkunit Z()) oneparopm
Z (p) npnsoaatcs x ¢pyuxumam. [Oas storo ueo6xoamMo #  Jo-
CTaTOYHO, YTOGH CTemeHb mnonumHOMa P()) Ohna MeHbmie WM
paBna cTenenu noamuoMa Q(3). Cnemosatenvho, ecnn n<<m,
TO cyuecTByer ¢yusxuua ¢ (f) Taxas, 4uto

Z{p)=29®; (5.19)

TPH STOM /JerKO YCTaHoBUTb, 4To @ (f) nmpunamnexmt M. Ecm
3nadeHue onepartopa Z(p) And eduHHYROA (PYHKIHH H3BECTHO,
TO onpeneneuve 3uauedus Z (p)f({) Ans npouspoabHOH yHK-
uun f(f) €L naerca cdopmyno#t

t
= [et—0r@d gnEM (520
[1]

dyuxuuio p (f) u3 ypastenus (5.19) morwHo onpenenuts, pasna-
ras A\~'Z()) Ha npocTue ApoGH. MOXHO BOCIHO/Ib30BATHCH TEO-
peMamu pasaowenns Xesucafina {(cm. ra. I, § 3). Hanpuwmep,
" eCM BCe KOPHM 3HAMeHnaTend, T. €. Kopim MHorowiena Q(A),
npoctue B Q(0)=40, TO

__PO POy
2P =ga +2 E A (5.21)
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3nech A, X,y ..., h,~— xopHu MHOTOYNCHA Q ()). Ecan Q(0)==0,
TO 910 OyAeT o3Hayare, 4T0 Q(p)=pQ, (p), rae Q, (0)%0.

Hcnonbaysa (5.21), MoxHo HaiiTn )=cpl (f), nocne uero

£10)

Q)
t

Z(p)=p %9, ()= S @, () du.
Q

Bonee cnowen cnyusaf kpatanx kopaefi. Ecaw, Haupumep,
A==\ —KkpaTHHl KOpenb, TO NpH paznowennu A 'Z()) Ha
apocTee Apo6Y MOABATCH IPOOH D._AT)? CnenoBatensho, ¢ (f)

— M
6yner comepwarh wieunt A ~'eMf. Takuv o6pasoMm, B obuiem
ciydae, pewieHne ypaBHeHus (5.19) 6ymeT uMeTh BHA

AUEDIR (5.22)

O6patHo, ana Beskof dynxuun @ (f) Buma (5.22) cymecTsyer
Takoft paumonanbuui onepatop Z(p), uto Z(p)=1¢ (). Pauuo-
HaTbHBE onepaTopn He ucuepnsiBaT noas Wi. Ouu o6pasyoT
noanode B N, KOTopoe NOAYYASTCH paCHIMPEHHEM KOAblA (YHK-
uui thna (5.22). Kawnuit snemMeRT 3TOr0 noAanonas Moxer OuTh
__Pp)
—Qwp’
n<<m, 10 Z(p) ectb ¢yHKUUA, B OPOTHBHOM caydae Z(p)—
onepatop. Ilpennnyuiufi pesyabtat MoxHO 0606.uuTh Ha Gonee
mupokni knacc omeparopos noas M. [Ipowe Bcero 9TO ClHe-
Aath nocpencTBoM npeofpasosannd Jlannaca.

TpeACTaB/eH PAUWOHANBHHM onepatopoM Z (p) Ecnu

§ 3. Onepatopsl, npeoGpasyemsle o Jlamaacy

Mycts S o6o3nauaer MHowecTBO Beex Gyuxuuit f(f) €L,
Jis KOTOPHX unmezpas Jlaniaca

e = r@e-at
0

CXOAHTCH a6coMoTHO, a S* 0603HauyaeT MHOKECTBO HX TpPaHC-
dopmauui Jlannaca. Ecan ana onepatopa @ € W cywectayer
npencrasutens (F(f), G(¢)) Ttaxo#n, uto F()E€S n G(HES,
10 Takofi olepaTOp Ha3unBaetcs npeobpasyemwn no Jlansacy.
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Dynkuus
— F*
a@p:aﬁ%, (5.23)
- F ()
a== ﬁ(t—) N
@ @
Fri)= [ Fine?at, G*a)={ameat,
0 0
Ha3WBAETCH /peobpasosanuesn Jlanasaca onepamopa a— I;Lg) .

HeTpyiso aposepHTh, 4TO onpenenedne a(Z) He 3aBHCHT OT

subopa npexctasutens (F, G) u, creposatensHo, a(2) oxHo-
3HAYHO omnpeaenseTcs onepatopoM a. ITo mpeobpasosaHue 060-
3HAYAOT CHMBO/IHYECKH

a=2a(2). (5.24)
Muoxectso Bcex mpeo6pasyemulx no Jlannacy omepaTopos

nons W o6o3nauum uyepes I, a MuoKecTBO HX mpeoOpasoBaHuit

Jlamnaca o6o3nauum yepes Jt.
Teopema 2. [Ipeobpasosanue (5.24) ycmanasiusaem

mencdy muoxcecmsanu N u I 830umHO 00nO3HQAUHOE CoOOmM-
gemcmgue, npi KOmMopoM CymMe onepamopos a-t-b omsexaem

cyxma yrxnui a(2) -l—_b_(z), Q npou3seo0enuIo onepanmopos
a%b omsewaem obwuroe npoussedenue dyncuuli a(z)b(2).
Hyas u edunuya mnoxcecmsa I nepexodsam 8 wysb u edununy

muoxcecmea N,
Teopema yTteepwaaet usomopgusm noneft It u M. [Ipu sTom

onepatop AupdepeHuHpoBaHHs p=it COOTBETCTBYeT (YHKIMH

a(@d)=2z2, 1. e. p=2. [losTomy ans moGoro pauMOHaAbHOTO
oliepaTopa uMeeM

_ P =E_(z_)_ e
Z(p)y= o0 - 0@ ==Z (2). (5.25)
Ecnn onmepatop ssngercs dyuknued f(f)€S, To

Fi=Fart (=12 (5.26)

Beaeactane u3omopmsma muowecte M u N pasnnune memay
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9THMH MHOWECTBaMH B GONLIUMHCTBE CAy4aeB He ABASETCH (Y-
ileCTBEHHHIM, UYTO NO3ROAAET He AeAaTbh Pa3NUYUd MEXKAY ore-
paToOpoM p M KOMIIEKCHbIM uHcaoM 2. [loatoMmy wacto BMecTo
O6ykBn 2z nuinyT O6yxBy p. B puae cayuaes o6o3nauenue onepa-
Topa AnGPepeHIHpOBAHHT U KOMILIEKCHOTO YMciaa OAHOH U ToH
*e Oyksofi ympomaer uanowedue. Takum o6pazom, p s none N

o6o3HavaeT onepatop AuddepeHunporanus, a B none I 9T0 We
p 9BndeTcd KOMONEKCHHM yHcnoM. Bmecto (5.26) Gynem mnucarth

Fy=rp). (5.27)

B npusateix o603Havernsx f* (p) o3HauaeT npeo6pa3opaHne

Jlannaca ¢ynkuun f(f) €S, _'f(p) o3navaer npeobpasoBanue
t

Jlannaca onepatopa f (t)=F—(tt)— , rae F(H)= S fluydu. Me-
0 ..
way f (p) n f*(p) uMeeT MECTO COOTHOUIEHHE f(p):::p *{p).
B o6weM cayvae, ecin a €N u a=g—((%, T0
— F*
2 (p)= E*’% . (5.28)

Hzomopdusm (5.28) cBoAUT u3yueHHe CTPYKTYPH Ho/s onepa-
Topos N K wuayuwesmio nona N. Urak, B none onmepatopos N
MOXHO BHAeauTh moanone N, usomopdroe nomo N, snementamu
KOTOPOro ABAAIOTCA (YHKIHMH KOMIVIEKCHOTO NEPEMEHHOTO P Orpe-
AerenHoro BHAa. Kakam# onepatop noas It mowuo paccmart-
puBaTh kaKk d¢yHKnMio onepartopa p, 1. e. a=a(p). Ilocnen-
Hee CBOMCTBO MOWET GHTB [IepeHeceso Ha Bce noie P 1nocpeacTeom
o6o6uiennoro mpeoGpa3osanus Jlannaca [20], [23].

§ 4. K Bompocy peaiusanns omepaTopos, upeoGpasyeMbx
no Jlanaacy

Tone onepatopoe I, wuaomopdpHoe mnono N, obpasyer
B M obwupHnii B BakHHH 1AM OpuUMeHedus Kaacc olepa-
TopoR. Beakas uamepumas Qyuxums f(f), pacTywas He OGhcTpee,
dem ¢?, T. e. yROBNETROPAKILAS, MPH BCeX HOCTATOYHO G6O/b-

WHX £, YCJOBHIO
| £ (8| < Ke?, (5.29)
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rae K ¥ ¢ — XOHCTaHTH, OpHHALNEKHT MHOKecTBY S. B obiem
ciyuae AnA TOro, 4To6n dywkuua f(f) €L npunamnexana S,
He06X0LHMO H IOCTATOYHO, uTOOH NPH HEKOTOPOM g == const

t
lim e=4t{ f(u) du=0.
f->w 0

TloatoMmy nosie onepaTopoB N sABAseTCs PaclIMpeHHEM KOJbUA
(pyHKuMit, yaoBneTsopsiomux yciaosuio (5.29), rae mocTosHHbie
K v g moryt OuiTb pasiHuHLIMA A4 paannqﬂux ¢yuxkuuft. Ecan

onepaTop @ MOWeT OuhiTh MPHBEAEH K BUAY —— () = f(f) u by nx-
uug f(f) DPHHALAEKHT MHOWKECTBY S, TO
o= =p* (p), (5.30)
rupe
[+ =]
o= {rinerar. (5.31)
0

Ipn peumenuu 3amay METOAOM ONMEPALHOHHOrO HCHHC/ISHUSA
onnofi U3 BaxHeHINX uBageTCd npobneMa peanu3auun oneparopa.
HeobxoanMo #uMeTh KPHUTEPHH, 0[O KOTOPHIM MOXHO Obl0 Gul
CyAMTH O TOM, OPUBOAMTCH JIH JaHHLIH omepaTtop K ¢QyHKUHH.
Teopewn u jemvnl u3 § 1 ra. I nossonsor B page cayuaes
O01BeTHTb HAa ITOT BONPOC.

B 31oM w caeayoumx naparpagax OyayT BCTpeuaThcs MHO-
ro3HauHbie Qyskuny Vp, \np, arctg p ut. a.Bo scex cayuyasx,
€C/in He OroBOPEHO NMPOTHBHOE, BCErAa PacCMATPHUBAETCA Ta BETBb

dyukusnn, aAna koTopoi l/i—zl, In1 =0, arctg]_..— npH
oToM arg 1 =0, 1. e. paccMaTpuB2eTCH r1aBHAR BETBb qnyumum.
Hanpumep, onepatop VT) NpUBOANTCS K GYHKIMH, TaK

x Ve
P
chpV'p
ch¥Vp

KX o¢yekuuam. M3 Teopemw 3 r.u 1 c.ue,uye'r npnaommocrb

K ?yﬂxuufm ONepaTopoB Sift —— V_ , In (l+ V7 / (%) ,

ple? —1) a 1. &

yaoenetBopser TeopeMe 5 ra. Il. Onepartopu e—* V7,

(0 <<pt < 1) cornacuo teopeme 6 ra. Il npmeomaTcs
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Ecan dyuxuns .E(p) pery/fipHa B OKPeCTHOCTH GECKOHeUYKRO
yaaneHHoft TO4YKH, TO onepaTop a (p) nasoiBaeTCs pezysIpHOLK.

Teopema 3. Ecau a(p)— peeyaapuali onepamop u
S EL, mo

a(p)f(f)——Z ax oz £ (5.32)
k=0
20e
alp)= 3, 5% lpI>o
k=0
Psn (5.32) cxoauTcs paBHOMepHO Ha moGoM oTpeske 0 T,
Hanpumep, onepaTop Vo f 5 peryaspHuui, nosToMy
_ M . 1.34 e
7= (! +,,.) ==zt =
100, 1300
-2-(2} e AL

x
- A
ABanoruyno, pasnaras e P B pild Mo CTeneHsM rk HaiaeM

IS ST
e P k!) = =J, (V.
k=0

B Tex cnydyasx, KOrZa onepatop NpHBOAHTCA K (DyHkuHu, 3Ha-
yeHHe (pyHKUHH MOXeT OHTb Hafizeno u3 pasencrsa (5.31).
Svo Aenaercd nocpeacTsom unterpana (cm. ra. 1, § 1)

1+
f=5; | re(edp. (5.33)

{—im

HOns toro 4rTo6n NOAYYHTb yAOOHOE BHpaweHHe AN BHIYHCACHHS
bynxuun f(f), kak 6Hno ykasawo B ra ll, 4acTO MPHXOMHTCS
8 opmynax (5.33) namnewaimm o0pa3om aedopMHpOBaTH NyTb
uHTerpupoBanud. [Ipu 9TOM B G6OJIbLIMHCTRE CYyYa€B OKa3HIBAETCA
BO3MOKHBIM [MONb30BaTbCH nemMamu YKopaaua (cm. ra. [I). Tlpu-
MepH peany3alHm OnepaTopoB Mowuo naiim 8 [10], [24], [34],

[52], [86]-
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§ 5. OGo6mennoe mpeoOpasoBanne Jlansaca

M3 ussectHnix cBoficTB Npeobpasosauna Jlamsaca chaenyer,
yto S* (cv. § 3) OTHOCUTEAbHO OOHYHBIX ONepaluil CAOKEHHsH
U YMHOWEHUS eCTb KOAbLO. KOHCTAHTH He NPHHALIEKAT MHOWeE-
¢ty S*. Oanaxo npoussenenne hf*(p) € S npu Beaxom uncae ).
B nmanbheitmiem kodpuo S* O6yzeM paccMaTpuBaTh HaL MoAeM
KoMiIeKCHBX yucen. ObosnauuM yeped J, COBOKYNHOCTb BCeX
¢dynkuuih w3 S¥, 10peACTaBUMHIX B Bnne e~ P g% (p), rae
g+ (p)€S* u w=0. llpoussencune e #*g*(p} npuHAMIEKUT
S* nas seskoit pyrkuuu g% (p) € S*. Oqesrﬂﬂo J, ecTb upean ¥)

Ead

B Konplue S*. OBpasyeM Konblo Sy = = 7. Kak wussectno, ane-
w

MEHTaMH S, SBIAIOICS  CMEKHBHE OTHOCHTEABHO J, KmaccH.
Hmenno, muowecTBo S¥ pacnajgaercd Ha MHOXecTBa f,, TakHe,
uro mBa anementa f, (p) m f, (p) npusamnexar omHomy u TOMY

e MHOWeCTBY [, TOTXa W Toabko Toria, xorma fi(p)-— f;(p)
npunaniexut J,. B srom ciydae snementw fy(p) m f5(p) ua-
3HBAIOTCH cpasHumsimu no udeary J,. Torma uacto numyT

Fip)=15(p) )

B

Myers f, m g,— 3meMentH Muoxecrsa S,. Kak wu3Becr-
HO, Cyioll Kaaccos [, g, W npousgedenuer x.iaccos f, g,
HA3HIBAIOTCA COOTBETCTBEHHO KJAACCH, COJEpKAIINE DAEMEHTHI
J¥(p)+-g%(p) u f¥(p)g*(p), rae f*(p) u g*(p) —npencra-
BUTENH Knaccos f, u g, T.e. fr(p)€f,ng*(p)Eg,.

[Tpumeuanue 1. I[lycts w>p; TOrga, O4YEBHIHO,
J, = J,. llostomy, ecau knacce f, fp cozepxar xotd Onl
OLMH OOLMA 3aeMEHT FE#p), 1o f, <=/, (f COLEPKHT MHOWe-
cTBO f,).

L3

OGpa3yeM mpamMyil0 cyMMy MHOXECTB S,, Koraa @ npobe-
raetT ynopaaoyeHHoe MHOXKECTBO BCeX JCHCTBUTEMBHBIX MOJOXH-
TedbHuX yncen, 0< w<(—+oo. Kax wn3sectHo, 3neMmentamnu
npaMofi  cymmbl  6yayt cuctemsl {f,}, 0<{a <-4 oo,
f, — 3neMenT MHOWecTBa S,. IlpaMas cyvMa ecTh TaKwe
konbuo. Eemu {g } — npyroit 3nement npamoit cymMbl, TO no

¥) Vneasom B Koable S* Ha3bIBa€TCA COBOKYMHOCTH 9/1€MEHTOB, 00-
Japaiownx csofcTeamm: 1) w3 a €J, u b EJ, cueryer a4-b€J,,
2) ecnu a € J, u b — moGofi sneMeHT Koanla, 10 abCJ .
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ONpeAeNCHHI0

ol +18ut = {fu+ 8.}
{fol {80} = {fu80}s
Mgt = {8}

Cpenu sneMentoB {f,} NpAMOK CYMMH MHOMECTB Sg, paccMOTPHM
Te, AMA KOTOPHWX BHMOJHEHO ycnoBue [, Of, Beskuit pas, kax
© < p. 3necs f, 1 /, paccmatpusaioTed, Kak *MHOWecTBa M3 S¥.
MHOKECTBO BCEX TAKHX SJEMEHTOR npaMofi  CyMMbl 0603HAYHM
yepes L*, a snements Oymem oGosHauate {f,}. MowHo moxa-
3aTh, YTO MHOWeCTBO L* ecth xonsuo. HyaeMm B xombue L*
Gyner anement {/,}.

Npumeuvanue 2, I[lycrp 8 konbue S* sanan andefinnit
onepatop 7, 3HayeHus KOTOPOrO CHOBa MPHHAMIEKAT KO/bIY.
Mpennoaoxum, 4To umean J, HHBAPHAHTEH OTHOCHTENBHO One-
patopa T, T. e., ecnn f*(p)E€J,, 10 v Tf*(p)€J,. B 91OM
ciyuae omepatop T MHMAyuMpyeT B Ko/ble S, JAuHeluni onepa-
TOp, KOTOput Ml Takwke G6ymeMm o6Go3nauath 4epe3 7. Ecan
meS:,, 10 Tf, 0o603nayaeT xnacc, npeicTaBHTeNeM KOTOPOro
aBasetca anement T/¥(p), roe f*(p)€/f,.

Mycts {f,} npunanexut xonpuy L*. Onpepensem T {7},
nonaras T {f } =A{T fu,} PacecmoTpuM uaTerpan

Jop) =Sf(t) edt, fHEL. (5.34)

S*
MMycth f,— CMeMHRA Kaacc MHOMECTBZ Sw=1> 7 conepmailiut

byskuuio f:,(p) Tak xax npu p >0

% (p)—ﬁ(p)=§f(f)e-"’dt=e*“’f' { retayera,
? ’ (5.35)

TO f; (p)—fo (P)EJ,. ostomy f,(p)€Ef,, CAeROBaTeNBHO

> f, Otciona cnenyer, uro {f, } €L*. Dnement {fu} ua-
3HBaeTCR 00006uennbin npeobpasosanuer Jlanaaca pynxusu f(f).
CooTpercTBHEe MexAYy MHOwecTBamu L u L*, nopoxaeHtoe
0606uieHHBIM Ipeo6pasoBanuem Jlainaca, Oyaem oGosnaanb CHM-

BO/IHYeCkH TaK:
F@Oy={fa} (6.36)
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Takoe ofosnayexne OnpaBAHBAeTCA TEM, 4YTO B Caydae cyuge-
CTBOBAaHWA OOb4soro mnpeoGpasopannst Jlanmaca oGoGuiesHoe
npeo6GpasOBanue COBMNALAET C OOLIYHLIM.

Csolicmsa 0606uennozo npeobpasosanus Jlaniraca

" Bom FO=1) 0 g0={eh 10 W O+re)*
wl{f Y41z}, rae )\, p— koucrauTH.

. O6o6uiennoe npeoﬁpaaosaﬂue Jlannaca {f,} ¢ TouHO-

CTbIO no MHOXECTBA Mephl HY/b OXHO3HAYHO onpepenseT (yHk-
uuio f (7).

3° Teopema 4 (0Go6wennasa Teopema Bopeas),
fIyemy ()= {fu} u g(&)=={g,}, mozda

t
fre—8e@®di={.} (e}
0

4°. Mycre f(O)={f,}. Hna toro urobu dyuaxuus f(#)
NPHAAANEKANAA MHOXKECTBY S, HEOGXONHMO M ZOCTATOYHO, YTOOH
nepeceyenne Bcex mHowecTs f, o, <o < oo (f, paccMar-
pHUBaeTCd, KaK MHOwecTBO M3 S¥*), Gbl10 He AyCTHIM.

Ha o6o6iesnoe npeoBGpasosanne Jlannaca nepeHocarcs u
Jpyrue u3secTHnle ¢Bofic rea o6suHoro npeobpasopanus Jlannaca.

9°. Teopema 5 (Teopema samaapausauus). Ecau

FWOF{fo} 4

£ (t)={ 0, eca 0t <n,

Sf(t—r), ecau 0 << <¢,
mo f2{er s} wau £ (=L,

Teopema 6 (treopema cmewenuq). Ecsu
Fy={fu} mo f(H) et ={f,(p—a)}.
3necn uepes f, (p— a) 0603HayeH CcMeXHHA OTHOCHTENBHO
naeana J, Knacc, mpencTaBHTENEM KOTOPOro MIBASETCS 9JEMeHT
w

f.:(p——a)=Se““'P‘f (f) dt, rae fo (p) ecTp npencTaBuTesb
(1]
knacca f.

7°. Teopema 7 (reopema noxobusa). Ecau

ro=) mo ran=g{r, (£)}-
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3necy dvepes f, (%) 0003HaYeH CMEXHHA OTHOCHTE/NBHO
nleana J, KAacc, npeicTABHTENEM KOTOPOro fBAACTCA SMeMEHT

ra(2) xe fo )€/,

§ 6. Moxe M

B § 5 6610 nocTpoeno Koabuo L*, of6pasoBanHoe snemed-
Tamu '{f,,} — 06obuiennniMu npeoGpasopanuaMu Jlanaaca. Koaeuo
L* we wuMeer gmenutene#t Hyna. IJTo caeayeT u3 0606lIeHAOH
Teopemst Bopens u teopemn Turtumapiua. CnepoBaTenbHO, KO/Mb-
uo L¥ mower 6uITh pacuinpeHo fo noaa otHowedu#. Ilocrynas
Tax e, XKaK 3To Guino caenado B § 1, 0pu paclIMpPeHUH KOJb-

f
ua M, BBeleM CHMBONH ol , anecs {g,}~J. Cornacso onpe-

m,z {ho) {8l

HeNeRnio ——==—— TOJbKO B TOM cayuae, ecan {f, }{k, }=

={g,} {hw} o PABEHCTBO O3AYAET, uTO AA7 BLeX mpeacTa-
Buteneh fu(p) € £y Go (D) € Lur Ko (P) € Ry 1 Ha (p) € s, HMERH

folp) ko(p)=gu(P) hup) ), ©=0, (5.37)
ol

MuoxecTBO BCeX S5JEMEHTOB BHAA {_? obpasyer noxe. O6o-
u)

anaunm ero uepes M. CredoBaTeNbHO, ¢ TORHOCTHIO AO U3OMOP-

¢uama pacimpende Koabua L* 1o moas oTHouleHufi copnajpaer ¢

F@)

G __

TlocTaBuM omepaTopy @ B COOTBETCTBHE SJEMEHT mosas i, pas-

nosem M. Myctb Tenepp = — mo6ofi onepatop noas k.

w

uufi —— , rae {F,} ects oGoGuiennoe npeobpasosanue Jlan-

naca Q)‘Y”HKU.HH F(f), a {G,} ecTs o6oGwennoe npeoGpasosatine

w

100}

Hou npeobpasosanuex Jlanaaca onepamopa a. ITO COOTBET-
cTBue Oyaem 00603HayaTh @¢=—43J wm 6osee TOAPOGHO
Fiy _ 1Ful
G 1a,}

Jlanaaca ¢yuxuna G (f). dnement 3= #asoseM 0000uen-

. +(5.88)
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Hetpyano nposeputb, uto cootserctie (5.38) 6yner s3anmno
onHosHayHuM. [lpu sTOM cywmme omepatopoB B i orBeyaer

CYMMa COOTBETCTBYIOIIMX SAeMeHTOB B ), Npou3BeleHuio one-
patopos B AN oTBevyaeT mpousBedeHHE SJEMEHTOB B M, Hyse-
okt onmepatop B I nepexoaut B HyneBod anement MR, moGas
koucTanta u3 IN nepexoZuT B Ty *e CaMyK KOHCTAHTY B M,

HAKOHell, OmnepaTop —;— nepexonut B onepatop p. Eom F(f)

u G(f) nonyckaioT obnunoe npeoOpasoBanue Jlannaca, T. e.
o

Qo
HHTErpaan SF (le—Pldt u S G(t)e—Pldt cxomaTca abcomor-

[} 0
HO, TO M3 c¢BoficTBa 4° 0606uieHHoro npeoGpasoBanns Jlaniaca
(cM. § D) Hmeem

F@oy__F*(py__

1
OTKyAd, B 4YaCTHOCTH, H CJAEAYeT, 4YTO oOlepaTtopy r3 OoTBe4aeT

¢ynxunsa @ (p)=p. Hzovopduam noned WM u m pacKpniBaer
CTPYKTYPY nons omepdtopos Mukycusckoro OxaauiBaeTcs, 410
cpoficTBa omepatopa noax Y TCCHO CcBu3aHW CO CBOACTBAMU

KOMI/IeKCHBX yHKuud suaa f"f:p)) , The fo (P) B go (P)— ne-
B\l

w

nbie QYHKIAH, NPeACTABHMBE HHTErpalaMu

folp)= Sf(t) e—Pldt n g,(p)= Sg(t) 71 dt.

§ 7. Oneparopubie ¢pyHxunn

OnepaTtopsi, 3aBHCSLIHE OT NapameTpa, BCTPEYaAlOTCd B MPH-
JOMEHHAX ONEePaIHORHOr0 HWCYNC/CHUS K 3a4d4YaM MaTeMaTHuec-
ko# ¢usuku. B sTov nmaparpade 6yayT paccMOTpeHw omnepaTopH,
3aBHCALLHE OT OXHOrO AeHCTBHTEAbHOrO napamerpa Ecau onepa-
TOp @ 3aBUCHT OT napametpa A, a<S h<Ch, To OydeM mucaTob
a=a()) n Ha3uiBaTh a () onepamopwoii ywryiued. Beskaa
onepaTopHas (YHKUMA oupeaensieTCs CBOMM MpeACTaBHTENEM
(F(?), G(f)), ®Pynxuuu F u G 3aBucaT OT napametpa )\, T. e.,
B oOwem cayusae, F=F(; ) n G=G(4; )) Ilpu stom
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dyukumn G (f; )) ue o6paimiaeTcsi TOKIECTBEHHO B HYAb HH IPH
KAaKOM 3HAYEeHWM napaMeTpa A.
[Tpumepn onepaTopHHX (PyHKIKi:

al)=;Tq=e" (—o0o <A+ o0),
A2

aW=Vpe T =z ¥ (—0 <A< oo,

0, ecmm £ ),
....__._..__ VWP —

a() =+1 X p+1_{ J(VE=3Y, ecmn A<t
O <AL ),
aMy=e-rr=n(tN={ ] S ISk
0 <)<+ o0).

Onepatopras ¢ynkuns «()) HasHBaeTCHA HenpepusHoli Ha OT-
peske a@=Sh<<bh, ecad cyuwectsyer mnpeactasurenb (F, G)
KfAacca % tako#f, uT0 06e Obyuxumu F(f; A) n G(f; )) nenpe-

PHBHH OTHOCHTE/IbHO MEpEeMEHHBX A M £ B obnactu @< h<<b,
0 <t <~} oo. Hanpumep, onepatopuas ¢ysxuus e—*P Hempe-
puBHa Ha [0, 1]. 3ameTHM, 4TO HenpepHBHOCTb ONMEPATOPHOH
¢ynkuuu wa [e, b] He osHayaer, uTO BCe ee MNpPeNCTABUTEAH,
T. e. mapul (F, (), cocTap/eHH H3 HenpepbiBHHX (PYHKUMUH.

§ 8. Ipemes mocnen0BATENBHOCTH ONEPATOPOB.
IIpenen oneparopHoii dyHKUHA
TocnenoBarensHocTs orepatopoB @, € M HasniBaerca cxo-
dnwelick x oneparopy a=—g, €C/IH CYWECTBYIOT MpeAcTasH-

tremu (F,, G,) Takme, ¥TO

— Ln.

1) e, G,

2) nocneposarensuocty F,(f) u G, (f) cxomdrcs coorBer-

CTBeHHO K npemenam [ (f) m G(f) paBHOMEpPHO B KaXKAOM KO-
HeudoM oTpeske OS¢ 7T,

um F,()=F (), lm G,{#=G(@).
n->® #->w0
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F
Onepatop a=—-~ wua3nBaeTcd /Apedes0Mm TOCACLOBATE]b-

G
F
HOCTH ONEPATOPOB @,=="; B 9TOM CIyyae NMHIWYT
n
lim a,=a. (5.39)
n->

MowxHno moxaszaTb, 4TO ONpeAe/]eHHe mnpelena He 3aBHCHUT OT
BHGOpa npejacTaBuTeNedl.

[Tpusenem nea npumepa®*). [locnenosatensuocts @, = cos nt
B OOBLIYHOM CMDLIC/Ie KJIdCCHUYeCKOro aHnamusa pacxonutci. B oue-
PATOPHOM CMBIC/IE 3Ta NOCAENOBATENLHOCTD CXOAHTCH K HYJO.

HeiicTeuTENSHO,
sin nt

, sin nt
a, =— —— lim == =0
n—>0G n

M CX0AuMOCTDb pasHomepHasn. Cnenosatensho, lim a,=0. TouHo
n->Q
TaK We CXOAHUTCH MoCAedoBaTE/NbHOCTD

; _sin nt
o . t__ n
@, ==nsinnt =— .
Ouesunso,
lima, = J —1——p
nsw B 1
2

Paccvotpum eme mocnenoBatensocts @, = ne™., Umeem

ot ¢
O
ER)
OTKynRa
. ”t_ t _
fim 0 ="n=—r
2

Taxnv o6pasom, nocnenoBaTenssocts ne™ B ONEPATOPHOM CMHIC-

7€ CXOAMTCA K ONepatopy — p.

*) CnepyeT NOMHHTB, Y4TO B STHX H APYTHX OpHMEpax YMHOMeHHe
¥ AcAeHHe BBHIOOJAHAETCH B noae N,
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OcHosHue csolicmsa npedesa nocaedosamessrocmu. Ecnu
MOCAELOBATENBHOCTD @, CXOAHTCA K HEKOTOPOMY npeieny, To W
no6asg ee MOANOC/IENOBaTENbHOCTh CXOAUTCR K TOMY We mpe-

aeny. Ecin cywecrtsyior npesenst lim g,=a n lim b,=05,
n—> N>

0
TO W nociexopareibioctn a,-}b,, a,—b,, a,b, obaazaior
fpeiesaMd M UMEIOT MECTO PaBeHCTBA
lim (a,4+b,)=a b, lim a,b,=ab.
n->Q

A0

B uwactHocTn, ecan lim a,=—a u ¢-—moGo#t onepatop, TO
=0

lim ca,=ca.
n—>n

Ecan lim b,=565~0, 10
n->00

lim :—'—'::%.

nsx n

[Tonpaysch npenenoM AA% NOC/AELOBATENBHOCTH OHEPATOPOB,
MOWHO BBECTH MOHATHE mupelena A OnepaTopuofi QyHKIAH.
HUwvenno, ouepatopuas ¢ysxums a()) uveetr B Touke r=k,
npejen, ecad LA moGo MOCAENOBaTETLHOCTA L, CXOAsuelcs

K %, cyuectsyeT lim a(k,), u 9TOT MOpenen He 3aBUCHT OT
n->w

BHGOpPA MOCNCNOBATE/ABHOCTH h,—> X, H, C/IeJ0BAaTENbHO, MOWET
3aBHCeTb TOJNBKO OT TOYKH A,. B stom ciywae nuwem
lim e (0\)=b.
k=+Xg
Cnencrteue. Ecan onepamopnan ¢yuxyus a(l) senpe-
puena Ha ompesre a<sh<:b, mo daa 8caxozo A=), cy-
wecmayem lim a (\)=a@,).

l")o

§ 9. HempepsisHasd NpOHSBOAHAA ONEPATOPHOH (PYHKUHH.
Murterpan or omeparopHofi GpyHKuud

Ecmu ana onepatopHo# ¢yukumr e (2), a<<h<<bh, cywe-
cTByeT mpeacrasutens (F (¢, X), G(¢, A)) Tako#, uro: 1) ¢dyuk-
unt F (¢, ) u G (¢4 A) »nuddepenunpyemu mOo nepe-

MeHHoMy ), a<Sh<Cb, H [NpOH3BOAHHE -g?:F,_ 6t 2
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oG
LY
F, (t, %) n G, ({,)) HenpepuBHH N0 OepeMeHHHIM f, A B ob6nactu
0Lt + 0, a<h<h, To dyHruus a (A) HasHIBaeTCS Herpe-
pusHo Ougigbepenyupyemoli Ba oTpeske asSh<<h. HenpeprsHoli
npou3sodroli oneparopHoli Gyuxnun nassizaercs 8 M kaacc, npen-
CTaBHTENeM KOTOPOro sBiAseTcd mnapa (F\*G—F * Gy, G*G).
( )

~==G, ({, \) npunannewar wmHowecTBy M, 2) Oynknuu

Mpoussoanas oGo3nauaerca a’ (A) uau . CnenosarenbHo,

@ (V)= @_E;‘"_Gx , (5.40)

MoxHO mNOKasaTk, YTO ONpeleNeHHe MNPOH3BOAHOR He 3aBH-
CHT OT BHOOpa mpemcTaBuTeNs Kjaacca.
Csoiicmsa npoucsodnoii:

1° [a )6 N] =a’ Q)+ ().
2°. [Ca (V)] =Ca’ (), C—nocTosuHu#E onmepaTtop.
. [aMoM] =da NoMFa(d)b ().

o [20] _a @M —a®¥ ()
. [bm] 0

5°. Ecim @’ (\)=0 upr a <<k << b, T0 a (M) =a(p) am Becex
a<h<{p=cb.

Onpedesenue unmezpasa om onepamopwoii Pyrryuu. Ecnn
Ans jpanHoft omepatopHoll QyHkuuu a()) cyiiecTByeT omeparop-
uag ¢ynxuus A()) rakas, uro A()) Ha ovpeske a=Sh=<p
uMEeT HenpepHBHY® npoussoZHyio A'(M) u A'(A)=a(), 10
onepatop A()) HAa3LBACTCA HEONPEOeACHHUM URMELPAAOM OM
onepamopuoli ynxyun a()) H o6o3Hauaercs Sa(l)d).. 4!

cBofictBa 5° caepyer, uro ¢ysxuua A()) onpemenesa ¢ Toy-
HOCTBIO JI0 MOCTOAHHOrO omepatopa. Onpedesennwm unmezpa-
A0M om onepamoproli @yuwyuu a()) Ha3HBaeTCH ONEPATOP

i
Sa().)d).:A(ﬁ)—A(a).

Unrerpan ot onepatopHoRt dynxuuu o6namaer ceolicrsam,



§ 10 CTYNEHYATHE OYHKIHR 113

aHANOrHYHLIMK CBORCTBaM OGHIYHOTO HHTErpaja, a uMeHHo:
[

1°, Sa(l)dl:O.

<] .4
2, (a@)dh=—(a()dr
froa—]

g 2§ g
. (aa=(a@a+t{ama.
] a 1
g g
4°, S ca(Mdh=¢ S a())d\, rae ¢ —onepatop, HE3aBHCH-
MHHA OT ;‘B' ) g ]
5°, S[a(l)—l—b().)]d).:Sa().)dl-}-Sb(l)dl.

6°. Ecim a(d) u 6()) 06GnamaloT HENpepHBHHMH NPOU3IBOL-
g

HHMH HAa OTpeske a=Ch=<h, To Sa' Wo()ydi=2a(B)s(@)—

; 8
— a(a)b(a)-—Sa(l)b’ () ).
’ a
HaKoueu, MOXKHO BBECTH Hecolcmaennbie unmezpa.ib, noxaaras
a0

§ a(\)dh= ‘;1_1:; §‘a(k)d).,

rie mpefe/l NOHUMAeTCH B ONEPATOPHOM CMHCHE, T, €. JAf JIo-
Goit mocnesOBaTENbHOCTH 4HCen B,—>00 CYLIECTBYyeT npeaed
Bn

NOC/ACNOBATENLHOCTH ONEPATOPOB Sa(l)d)., H ITOT npexen ue
«
3aBHCHT OT BHOGOpAa MOCNENOBATE/LHOCTH uucen B,.

§ 10. Crynenuatbie dyHKUAK

Ounpenenenne. dyukunus f(f), 0 << <+ oo, HasHBaETCA
emynenuamoti, ecmm untepean (0, -+ o0o) MOKHO pasGuth Ha
KOHEYHOe H/AH CUYETHOE UYMC/I0 HenepeceKaloUIUXCsi HHTEPBAJOB,
B KAWAOM H3 KOTOpPHX ¢ynkuus J(f) coxpadseT NOCTOAHHOE
3HaueHKe,
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[Tpocrefimeft crymenuarofi ¢ynxunet sBaserca

{8 SHS

IFpapux stoft dynkumu um3loGpawmen Ha puc. 4.
O6pasyem onepatop e—P' — e—7¢, 1 > L. Quesuato,

0, ecm 0<¢t<),
e— P - p— PV — ], ecnmn 1<t<”’
0, ecmn p<t.

Ora dynkuua (puc. 5) Tawwe seasercs crymenwartort. Tlycts
0=1 <} <) <...<);<...— MOHOTOHHO BO3PaCTaiOUIAA

I b e

Puc. 4. Puc. 5.

NoCNeA0BATENLHOCTS  JeHcTBHTEABHHR  unced, lim ), = oo,
n—-q

Bu, U, ..., #,...—mobasi NocAeK0BaTEbHOCTL JHeficTBU-
TeNbHLIX uYucen. Pag

ﬁou,.e—*-P= ¢ (D,

KaK 9TO /IerKO YCTAHOBUTh, Bceraa cxoamted. Ero cymma mpen-
cTasadeT crynenyaTyio dyhkumo. [edcrteutensdo, nas moboro
dUKCHPOBAHHOrO # Bcerna MOXKHO YKa3aTh Takoe Lenoe 4ucio N,
4r0 Ayt <hyygi. Toraa u3 (5.41) caedyer

N
p(= Zoun mpr <<t <lyit

B uactHocTH, @ {f}==ua, npun 0<£<C),. O6paTHo, ecnu 3anana
cryneHyatas ¢Qydaxkuus @(f), ® 3navenne ¢(f) B HHTEpBanax
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(Ags Ay ) (=0, 1, 2, ...) paBuo ¢,, To u3 (5.41) cnenyer
[+ o]
¢ ()= kzocpk (e—*p — g=Pr+1P), (5.42)

-
Taknm o06pa3om, MHOKECTRO JHEHCTBHTENBHHX CTYHEHYaTHX
dyuxunit coBnagaet ¢ MHO-

HECTBOM BCEX ONEpaTo- ) IR R -——
pOB BHIA guke—lkp, rae
N 3t-1---
O=l<h <. .<s<o0ry ,
\,—00 H It — JeRCTBH- =
TejabHble 4yncaa, OcoledHo P
4acTo B HpHJ'lO)KeHHﬁX
BCTPEYAIOTCA PALH, B KO-  «—F > T T ¢

TOPBIX UHCAA Ay by ... Puc. 6
o6pasyior  apudmeruye- T
ckyio mporpeccmo A, =kh(k==0, 1, 2, ...). B arom cayuae

e 2]
()= 2 upe—Ht.
=0
B wactdocTn, ecan =1 (=0, 1, 2,...), 10
[s2]
= Y e *p— (1 —e—Ph)—1, 5.43
¢ () ;__‘.o ( ) (5.43)

Tpadux stolt ¢yHkumn H3o6pawen #a puc. 6. Ecan ¢ (f) —ne-
puonHueckass QyHkuusi, H h—ee MOepHON, TO ONepaTopHoe
npencTasieHHe Taxkoil pyHkuun Oyner

It
#(p)=p (1 —e PPy~ (@ () ePdt = pya(p) (1 —e~7H)=1,
0

MHowecTBO BCexX mepHoAHYecKHX (DyHKUHE, ONpemeIeHHBIX Ha
untepsane 0<<f< -} 00, W MEPHOA XOTOPHX paBed uucay h,
COBNajaeT ¢ MHOXECTBOM BceX OnepaTopoB BHAA

(1 —e~7%) ~"g, (p),
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rge
A
% 0 =p ¢ ye-rar.
0

Beoas noByw mnepeMeHHYW no dopmyne t*..—_% , BCerxa

MOXHO NPUBECTH uucao h k exmmuue. [lycts [f] oGosnauaer
HauGosblee 1enoe 4YMCa0, He npeBocxoasidee f. Kaxmo#t ne-
npepuBHo#t dyHkumm f(f) MOXKHO NOCTaBATH B COOTBETCTBHE
crynenuaryio ¢yuxkuno f ([£]), kotopyio 6ydem, pans 0pOCTOTH,

flt]
\&L
0t 2 3 4 & &6 7 ¢
Puc. 7

o6o3anauarb f[¢]. Ecmu rpadux f (f) 3anas, TO Aerko moCTPOUTH
rpaduk f[¢] (cm. puc. 7). Ouesunno,

f[f%;:of(k)(e-kpme-(k+1)p)=(1 —_ e-p)kzof(k) L (5.44)

Monaras B (5.44) f[f]=e* 1, nafinem

el —1

eF— e’

Iudpepenunpys 970 paBeHCTBO HO mapamerpy A, HMmeem

[2.2]
erfl=(1 ——e"")kz e= k- =
=0

ain— € — et Y- —_¢" =1
[le oy’ un  [f]e P

[Tocrynas ananoruyHo, nafizem

A —0.. =k @=-D_ o,

I3 —(ep_e).)k+1’
1JaH
0it—1)...t—k1e -4 el — 1
-1 Ikl +1] = 7 gy’ (5.45)
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Hns onepatopa 1 —e~7 BeeseM cnenmanbHoe 0603HavyeHne
Ve=1—e7?, {5.46)
Bean f(f)=0 npn ¢{<<0, 1O
Vi =/{t{]1—slt—1]

B nportusiom cayvae Vf(y=f[f] —f[t—1] npu #=1 u
A f [{]=/(0) mpm 0<t<1. [ias o6partHoro oneparopa

——V ! umeem .
v

v-i=3 e""’f[f] Bre. e

=0
MMycts

f(p)=szf(k)e‘” " E(p)=vk§_‘,og(k)e-"’,

c/AenoBaTE/bHO, €C/H

Fip=rl] n gw=¢gltl

TO
VI @ER=0—eNF e B ke,

OTKyZa

- - £ t
VO =37 (8 gli— =23\ /Tt— kg (®),

FOE=Y 3 f[¥lglt—4] (5.48)
k=

Janvie nmeem
flt+n=(—e") 3 flkt-n)ert=

=(1—e™P) i f(r)e—Pe—"=¢P" F(p) —

(1 — e D) [P £(O)F B0 f(1) . . - eF (n — 1)]. (5.49)
Hakounen, u3 (5.42) caenpyer
PR

~-£ » -2
fid]=(—e *) X flkye *. (5.50)
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dopuynu (5 46), (5.48), nonyuennnle u3 o6ue#t TeOpHH
OnepailioHHOr0 HMCYKC/AEHHA, MOrJIM Obl OHLITh HCXOLHKWIMH Af
MoCTPOGHUA OMEPALMOHHOrO HCYKCACHHS LENOYUCISHHBIX (yHK-
uuft, 7. e. yHkuuit, onpeneneHHnx TOABKO B TOYKax 0, 1, 2,
3, ... BMecro onepatopa auddepeHuHpoBaHus P 3AeCh pac-
cMaTpuBaetcs passHocTHH omepatop V. OGpatHnit onepaTop v-!
03Had4aeT CymMMHpOBaHHe. BMecTo cTenexHux dynkuui #* 3mece
yao6HO BBECTH (PAKTOPHA/bHHIE (YHKUHH

D=t 1)...(¢tFk—1), =1, (5.51)
Jlerko ycTanoButh, uTO
V[ =n[f]""Y, a>1. (5.52)

Orciona cneayer
V- ™ =n![f])
Ho u3 (5.43)
[11= 1 —e P’
1O9TOMY
o R 1) =Pt I 1|
=07 TR I?, (5.53)

v

U3 (5.53) caeayer nmpu |[A] <1

$(37-g e

HAH
v”YTl:(l — 1)) -1, (5.54)
Hmeem u3 (5.44)
a0
v;’, (1 —V)" F ey =r[{]. (5.55)
MMonaras snecs f (k)_ e nHa#igem
-\ (2}
ye-n—=21" (5.56)

Gh

Ecax pocnonb3oBaThCd TaGAHIAMH HHTErpanbHbX mpeobpa-
3oBauuit Jlanmaca, To Mmowuo u3 (5 56) noayuutp HoBue ¢op-
wyas. [leficrautennno, ymuowas (5.56) ma f(A) u muTerpupya
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mo ) B mpegenax ot 0 no -}-oo, Gyaem uMers

a

(o o]
V(ew f().)d).:ﬁ S e M)A (5.57)
0 0
Ora dopmyna cnpasefHBa, €CNIH B npaBo#t 4YaCTH HHTErpan
cywectsyer. Hanpumep, nonaras f(\)==et, {§|<C 1, nalizem

'V-%_‘E:(l __E)—[t]—l.

3t1o pasedcTBo cosnajaer ¢ (5.54). Jpyrue npumepn MOXHO
- wafity B [10], [62].

§ 11. PasHoCTHBIE YpaBHEHHS

B Teopun KoneuyHHX pasHocTeH HapsAy ¢ OnmepaTopoM

Ve [f]= % [f] — [t —1] (5.58)

4aCTO PaCCMaATPHBAIOTCA PA3HOCMHBLE onepamopu
Ax[t]=x[t+ 1]—x[{], (5.59)
3 [f]=x [t—{- .;-] —x [t——é—]. (5.60)

IOna xaxzoro u3 omepatopos V, A m 3 MOXHO HanucaTb COOT-
HOUlIeHHe, CO/epkauee He34BUCUMOR [IepCMEeHHOoe [t], pasHocTHLl
onepaTop H HeU3BECTHYIO ¢yHkuuio. Takoe cooTHOWEHHE HA3H-
BaeTcH pasHocmuum ypasreritem. Hanpumep,

F{[#], z[f]l, 3x[f], ..., A"[{]} =0,

rie x[f]—uckoman dysxuns, HA3LBAETCH PASHOCMHLM YpPas-
Henuem ¢ o0nofli weussecmuoli dyuxuuell nopadxa n Ecni
B 5TOVM YPaBHCHHM Da3HOCTH BHIPA3HTL Yepes 3HAUCHUHL HEH3-
secTHOll dynkuun no ¢opuyne

AR (i} = _é, (— 1% ="Cex [t 9],

TO p4a3HOCTHOE YpaBHEHHE MNOPRIAKA 77 MOWKHO 3aMHCATh B BHIE

x[t4-n]l=0 ([t} x[t], x[t41]), ..., x[t-+n—1]}. (5.61)
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Peilenne 9TOro ypasHenus 3aBHCHT OT 71 HayalbHhIX 3HaueHHH
x(0), x(1), ..., x{(n—1). Ecin 3Tu 3HaueHHU H3IBECTHH, TO
13 (5.61) Haxoaum nocaenoBaTenbHo X (n), x(m—1), ... u T. A
OnepanuoHHbLIM METOAOM JIeFKO PelaloTcsl AdHeHHhie pasHOCTHLE
YPaBHEHHA C MOCTOSHHBIMH KO3hDHUIIHeHTaMH

s[ttnltaxltfa—1l4 .. da, st 1]4
~+a,x[t]=1[t], (5.62)
UpH YCJOBHM 3aJaHH§l HaYaJbHHIX 3HAYEHHH HCKOMOH QyHKIUU
0)y=x,, x()=x,, ..., x(n—1)=x,_,.

Jna nepexosa ot (5.62) x onepaTOpHOMY YpPABHEHHIO IMOJOWKHM
_— 3]
$(py=(1—e?) ¥ x(k)ePt= vz x (k) e~7*,
k=0

Foy=(1—e) 3 rikyer =Y 3 f()e~rk,
H, 3ameHss B (5.62) x[f - n] cornacno dopmyaam (5.49), naiinem

x(p) (¥ +aer-Drf . da e ta)=
=(1—e ) {(e"" J-a,er-VP L} .. ta,_ )x
d(e=DPfqetr =P . . Ha, ,f)x,+ ...
. (e” -t aeyx,_,+efx V- Fp)
O6o3uayas
Lef)y=eP4-aen-Vr} ta e ~+a,
Ly(ePy=etr=PP L qgen-k-Dp L  Lg , e
L, (f)=e’ (k=0,1,2, ..., n—1),

HMEEM
(e
spy=(—e{ e+ 2 x 4.
L,_y(e?) fip)
el xn_,}_pwﬂ,}. (5.63)
CnenoBaTtensHo,

Lk eP)

x[t]""[_(ep) [t]+(1 - —p) 21 L(e"’) (5.64)
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O6o3nauas | .
( “el'(l;)p) k(ep)——tpk(t),

HMEEM
=15/ 11+ 3 mnlf]

TlepBoe cnaraemoe ecTh petuenne ypasuenns (5.62) mpu nynesux
HAYANBHBIX YC/OBHAX, @ @, [f] ecTh pemenne ypasHenus (5.62),
YZOBJIe TBOPSIOLLEe YCAOBHIO @, (r) =0, ecin rs=k u ¢, (k)=—=1.
Peutenue x |£] moxno wafith, ucnoassys (5.63) uan (5. 64), Hero-
CPeACTBEHHO [0 TAG/HIAM C IPHMEHEHHEM TeOPEMbl 0 CBEPTHBAHUN

L()

WM BOCHOJB30BaThCsl TeopeMolt pasnowenus. B vekoTophix cay-
yafix Haxoxaewne x[f] npomle OCyHleCTBUTH MOCPeNCTBOM Pas-

(cM. (5.48)). MoxHO TakxXe pPa3NOXKHTh Ha npocThe Apobu

JOKEHHT B PAA mo cTemeHaM e~ %, Takoe pasiowense

L (e?)
6yneT HAYHHATHCH C YjeHa e~"P, a umeHHO

1 -n
L_(ef’-):e p—l—...

3nag 9TO pasfowenue, nerko H3 (5.64) nadtu x|f].
B kauecTBe npHMepa HafileM pelleHHe ypaBHeHHS

x[t4-2]—2x[t+ 1] x[t]=sinet]

npH HayanpHHX ycnosuax x[0]=0, x[1]=0.

Hmeem
3 P
sino[f]=(1— e"’)g sin oke~ ¥ — (& —Nsino
=0

e —2ePcosw -1’

L(e)=e¥ —2¢" |- 1 =(ef — s

CnepnoBateabiio (cM. (5.63)), pemeHuew Gyler

sin w

x[t]=(eP—l)(e2“’-—2ePcoso-{-l).

Ins naxownaeuns x [f] npencrasum

sin @ A B c
e’ — 1) (€ —2%Pcosw + 1) ef — l+e”—e"“‘+ep—c“""
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Ha#inem
A— sin © B___l-—cosm+isinm
T 2(—cosw)’ - 4i(l —cosw)
C___l—cos«)—isinm
T 4i(] —cosw)

MNonbaysach (5.44) u (5.47), nafinem
I# [t-1n

1 e ? of — l
P 1—ePoF— ,,_Z_ 2_—0

npu £2=1. [losTomy npn =1 uMeem

-1
sin w []_ Z(l-—-cosm)sinkm—{—smmcoskm
31 —cosw) 2(l — cos w) )

x[t]=

n x(0)=0.
AHanormuHuM CNOCOG0M MOWKHO PeliaTh CHCTEMH Pa3HOCTHHIX
JMHEfiHbX  ypaBHenuRk C nocToAHHBIME Kosduumenramn [9],

(153, [52].

§ 12. IIpeo6pasosanne ddpoca

Bo MHOrMx cayuasx OpH peaausauuu onepatopa YyaoGHO
NoNb30BaThCA npeobpasopanneM Jdpoca (cM. Takxke ra. II, § 3).
WMenno, ecmn F(p)=g(f) 1 e— 4@ u(p)g(p)=D(; #), 10

u(p) Flg ()= g P B E k.
0

B pa6ore [86] Ddpoc n [lanuneBckuit Aanu PN MHTEPECHBIX

npumenenufi sToro npeoOGpasoBanus [Ipn oGocHoBanuu npeobpa-

3oBaHua Ddpoca MOKHO fA0AL3OBATbCH CleAylouleli TeopeMoi.
Teopema 8. [llycms:

ad
{ lo@e-ntdt<oo, o,=0,
Q

2) q(p)— anasumuneckan HyHKBUR, pezYARApHAR 8 nosy-
naockocmit Rep>>0, u ydossemsopaiouman yciosuio Req(p)=o,

npu Rep>o,>0,.
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Toz0a

Flg@l__ 4 (e
g () —*¢7§‘I'(E. f) ¢ (8) a5, (5.65)

2de
B = e=H0.
Hs (5.65) caenyer

Flg@]=prq®) § ¥ & 0o @ de. (5.66)
]

Ecan onepatop F[g(p)] npusomutcs K dyHKUMH, To, MONB3YACH
(5.66), moxHo HaliTh 3Ty dyHKUHIO.

Yacto K QyHKuuH npuBonutTcs oneparop e~ ). O6osnauum
e8P =¢(§; ¢). Torna emecto (5.66) Gyaem uMerTb

s}

Flg]=q® § & He® dt (5.67)

0

B HexoTOpHX cayuasx onmepatop ¢(p) MOXKHO BHECTH QN BHaK
uHTerpana.
TMpumepn na npeobGpaaosanne Ddpoca cvotpn B . IX, § 1.

§ 13. Oneparopunie nudpepennnaibusie YpaBHEHAT

CoOTHOIIEHHE, COJAEpKAlIee HE3aBHCHMOE mepeMeHHOe ),
a <A< P, uemssecTHyio onepatopuyio dynxmmio x()) m ee
npousBouuie x' (A), x" (), ..., x™ (f), nasuiBaetcs onepamop-
Hbla OubeperyuancHoi b YpasHenie nopaoxa n

F{; x(0), £, ..., X)) =0.

HNawe npocrefime THMH TaKkMX ypaBHeHHH, Kak, HanpHMep,
nuselinbie ypaBHEHUS

a, () 0 +a,_,() "W H-. . e,V x () =f(), (5.68)

rae  xosdduument a,(}), @, (}), ..., a,(k)-—onepatopH,
3aBUCSILIAE OT JAeHCTBHTENBHOrO nepemestoro i, a << B, mano
m3yuenn [losToMy 3flece OyAyT pacCcMOTpeHB TONbKO /uHeil-
Hhe Au(depeHLUanbibie ypaBHEHHS ¢ MOCTOSHHHIMH KO3(duilM-
EHTAMH

anx(n) O‘) +an-l xBY (1) + ce + aox()‘) ==f(l)' (5'69)
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rae @, a,, ..., @,— OPOH3BOJIbHHE MOCTOAHHHE ONEepaTopHI.
B usacTHoM cnyuae, xorma onepaTtopH @y, 4, ..., @, B f(})
AIBASIOTCS uyHcaaMH, Yypasuenue (5.69) obpawaercas B 0OHKHO-
senHoe Auvefinoe JAuddepesnuansHoe ypaBHeHHe TIOpAAKA 2.
Meron pemenus ypasnenns (5.69) coBmajaer ¢ xopouio H3BeCT-
HLIMY TIDHEMAMH pellieHHs OOGbIKHOBeHHHX JuHellHHX Auddepen-
UHaNbHBIX ypaBHEHHH ¢ mocTOoAHHHIMH ko3(dduuuentamn. CHavana
HaxoZuTCd ofliee pelieHHe OAHOPOLHOrO ypaBHeHHs

a, x(n)_l__an_‘x(n-l)__l_ . +aox=0. (5.70)

Pemeuuelnm;erca B BHAE MoKa3aTeibHO# onepaTopHol DyHKUUH
x (M) ==¢"". Onepatop @ onpenensieTcs U3 XaPaKTEPUCTHYECKOrO

ypasHeuus
a,w"ta, o'+ ... 4aq,=0. (5.71)

[lyctp kopuu ypasueuus (5.71) cyms w,, w,, ..., w,. O6pazyem
nokasatensHHe QyHKIUHN
ew, e el (5.72)

Ecan oTH OyHKuuM nocTpoeHd, TO oO6umM penieduneM (5.70)
6ymer omeparop .

. 2= C,em,
k=1

rae C, — npou3po/ibibie nocTosHuble onepatopd. Ilpu pemenun
crelyeT uUMeTh B BHAY, 4TO! a) He BCHKOE YpaBHeHHE BHUAA
(5.71) paspemmmo B none onepatopo I, 6) He AN BCAKOro
onepaTopa w CyLleCTBYeT NoKasaTenbHas dynxuus e'”.
Onepatop w HasuiBaeTcd J02apugmom, eclnn CYyLUIeCTBYeT

nokasatenbHas Qpyukuus ¢'“. Hanpumep, onepatopu p u V' p —
norapndmH, onepatop ip He aBadeTcs aorapudmom. Ecnm one-
patop w, Oyayun Jjorapudvom, fABISETCH KOPHEM KPaTHOCTH r
ypasHenus (5.71), To kaxzan us yakumit &', \'?, ..., V7 ®
yooBaeTBopset ypasHenuto (5.70). B 3aBucuMocTH OT yshcsa
KopHe# sorapudMoB pazanvaloT TpH Tuna AnddepeHnHanbHLIX
ypasHeHufi:

1) sozapughmuteckuti, Korma Bce KOPHH XapaKTEPUCTHYE-
CKOFO YpaeHeHus norapHmsl;

2) wucmwli, korga cpeau Kopueli XapaKTEPHCTHYECKOFO
ypPaBHeHHA HeT norapuMoB;

3) eMmewmaHHBi, KOTA HEKOTOPHE KOPHH XapaxTepHcTHye-
CKOro YPaBHeHHS /OrapudMu, 4 ApYyrue — He JAorapumsl.
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B o6uieM cayyae 4uCc/0 NPOH3BONbHBIX MOCTORHHHIX Ofnepa-
TOpoB B OOLIEeM peEUIeHHH PAaBHO MNopadKy ypaBHenus. Jlns
ypassenns (5.69) umeer mMecTo TeopeMa €IMHCTBEHHOCTH.

Teopema 9. Ecau danu onepamopu V,, V,, ..., V,_,
u mouxa L, sexcauasn § uwmepsase a <k <B, mo cyuecm-
syem we Gosvuwe o0HOl onepamopuoll gynxyun x(\), Kkomopas
yoosaemsopsem & (o, B) ypasuenuio (5.69) u ycaosuan x (h)=
=V, X Q)=V, ..., "7} )=V,_,.

Besikoe peiuedne ypapHedHs (5.70) moxeT OHTb nOAYYEHO
H3 06WEro penieHus NOAXOAAILAM NOAGOPOM MOCTOSHHHX Olie-
paropoB C,, C,, ..., C,. Peileine HEoNIHOPOAKOro ypaBHEHHS
(5.69) ceoamTes k pemennio (5.70), ecam u3BecTHAa XoTA OMl
oxsa ¢yskuus x, (1), ynosaeTBopsiowlas ypaeveHuio (5.69).
TakuM 06pa3oM, /1R pelLIeHH HEONHOPOAHOTO YPAaBHEHHst JO-
cratoudo Hafirn oany ¢yskumio, ynosnersopsiwyio (5.68),
(5.69). Haxoxaenue stolt ¢ynkiuun, sooblie rosopd, npeactas-
AsieT TPYAHOCTH, @ B HEKOTOPHIX Caydasx Takas QyHkHua Boobuie
He cywiecTByer. B apyrux ciaydasx, KOTAa npaBas 4acTh HMeeT
cnenyansbHyio dopMy, MOWKeT OKasaThes, 4YTO HANTH penieHHe
aerxo. B vacTHocTH, 3To Oyaer, ecam f()) ecThb MONMHOM WJH
nokasaTenbHas Qynxuns [59].

§ 14. [puMeHeuHe ONEPALHOHHOTO HCUMCJIEHHS K DpellcHHIO
auddepeHnuaNbLHBIX ypaBHeHul

PaccmoTpum  o6HikHOBeHHOe auddepenunalbioe ypaBHEHHE
n-TO MOPANKA € NOCTOMHHLIMM KOd(dHUMeHTaMu

x4 ax" " ... Fax(O)=F(D),
0<t< -+ oo, (5.73)

NpH HauanbHBIX ycioBuax X (0)=ux,, x" (0)=ux%,, ..., X"~ (0)=
=X,_,- lpumenss ¢opmyny (cm. (5.11))

1, 1 -
O =p* [£()—2O) — 7 £ O — ... — =),
MOXHO YpasHeune (5.73) 3anucarb B BHAE

L) s —x—5 — .. —B=t] =

=f)—b,—2 — 1 — et



128 ONEPAUHOHMHOE MCUYHCAEHME - fra. v
3necn
n—1
Lm)___pn_l_alpﬂ-i_‘_ e +an’ bk=32kxsan+k-’

(=0, 1, ..., n—1),
OTKyna

x(t)—L(p)f(t) L(p)z Fr ARt G

Ira ¢dopmyna naet peweHue ypasiesnd (5.73). Hemocpencraenno
BAAHO, 4TO HpaBad 4acTh (5.74) ectb 7 pa3 audpepennupyemas
(pyHKUHA, YHOBAETBOPSKIOLIAA HAa4YaJbHHIM ycnoBusim. [lpu  dyie-
BHX HAaYaNbHMX YCMOBHAX X, =X, =—...=xX,_,=0 pewenue
CTaHOBUTCA OCOOEHHO MPOCTHIM

1

x ()=S0

L(P)

Tak we npocto pemaioTcs AHQepeHInANbHHE YPaBHEHHA
¢ 3ana3AHBAIOLIUM apPryMEHTOM, xorZa kosdduiuenTs ero mno-
CTOSHHH

£ (8) =:2:akx‘k’ t—h)+g() (0<<t<+ o0, b,=0).

#

Pagu npoctoTs HayanbHHe YCAOBHA GyAeM CYUTATh HYJEBHIMH,

T. e. Ana t<<0 nonaraeM x(t)—-—x H=...=2x""D(f)=0.
Yyurusag, uro x® t—h)=p ke ~mpx (1), wafinem peuienue
1
()= —— £

pn - kz_lakpke_hkp

Moxno noxasatk, 4TO Tpapas 4YacTh STOro paBeHCTBa OynmeT
n pas nupdepennupyemoit dyukumnefi, yaosaetsopsiouwted Hy-
AeBHM HaYanbHHM ycaousm [24].

PaccMoTprM ypasHenHe B 4YacTHHX NPOH3BOAHHX, Ko3(da-
UHEHTH KOTOPOTO @, (X) — 4yHcnoBhle (YHKUHH 0€peMEHHOro X

Z Zam () EEED — £, o). (5.75)

p=0v=0
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[pumensas ¢opmyry (eMm. (5.11))
*+lux, ) yotulx, 1) y'u(x 0)
T T
v—y1 F 1 (x, 0) o+ "1y (x, 0)

oxror T P gmer

npuBeaeM ypasHEHHE K BHAY

m n v—1
i Ol‘u (x oPu(x, ) __ oo p OF 2y (x, 0)

n
rae a,=a, (x; p)= > a,,(x)p'. O6o3nauas npasyio 4acth
v=0
9TOro ypasHenus depes @ (x; p) u paccmarpuBas u(x, f) xak
onepatopuyo GYHKUHKIO, 33aBUCALLYIO OT napamerpa x, u(x, )=
=u(x; p)=—u{x), Oylem UMETH

a, ™ (x)t+a,_ d" V(x4 ... Faix)=D(x; p). (5.76)

3necy KO3ODHUMEHTH @, ABAKIOTCA TaKwe ONepaTtopHbiMu (yHK-
UMM, 3aBHCAWMMUH OT X. Takum oOpa3om, 3amaya HHTerpupo-
BaHug ypasHeHHs (H.7D) CBOAMTCH K MHTETPHDPOBAHYI JHHEHHOro
OnepaTopHOro AngdepennanbHoro ypasHenus. ¥ pastenue (5.76)
HazelBaeTCad  npeobpal3osanHbli  ypashenues. Tlpn  peuwennn
ypaBHeHus (5.76) creayeT BOCHONb30BATHLCA HM3OMOPPH3MOM 110-

ek W u Vi B none I npeobpazosasnoe ypasHedne (5.76)
obpantaercs B OObIKHOBeHHOe spHelnoe jguddepenudanbHoe
ypaBHeHHe 71-r0 NOP4AKa, KOI(PPULHEHTH KOTOPOrO H Ipapas
YacTh 3dBHCAT OT NapaMmeTpa p — KOMIIEKCHOro uncnaa. Taxue
ypaBHeHduss xopowo usydedn. [lycte u#(x; p)—onno mu3 peie-
HUH ypaBHedua. Ecau okawercs, uto u(x; p) npu 3aLaHHBIX

3Hauennax X, a < x < B, npuHamnexut nomo Vi, T0 31O Gymet
O3HauyaTh, YTO ypastedue (5.75) B mnoae IN umeer pelwenne

u(x; p), The p paccMaTpHBAeTCs KaK olepaTop p=-.

[TpuMenenne OnMepalMOHHOTO HCUHC/JEHHWA K PELICHNI0 Ypas-
HeHHH B YaCTHBIX [POH3BOAHBIX COCTO0MT B CJEAYIOLIEM:

1) B 3aMeHe HCXOAHOrO ypaBHeHHs NPeoOpPa30BAHHLIM ypaB-
HenneM. AHAJOIHYUHBLIM NYTEM [paHHYHble YCAOBUS 3a1a4H 3ame-
HAWTCA 1TPeoOpPa3OBAHHBIMU  T'DAHUUHBIME  YCJIOBHSAMH, KOTOpHE
OyAyT #BAATHCA TPAHUYHBIMHM YCHOBHAMH AN peulenus u (x; p)

npeoGpa3oBaHHOrc ypasHenus (5.76).

S5 B Tuwens A Teumnovaeo
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2) B HaxoxneHHUHW pemieHus u (x; p) npeoOpas3oBaHAOrO ypas-
HeHUsl TIp¥ 3a1aHHBIX NpeoOpa30BaHHHX TPAHMYHBIX YCAOBHAX.

3) B uccrenoBaHud TONYYEHHOTO pPELIEHHS C LebI0 YCTaHOB-
nenusi NpUHALNEKHOCTH pemenns Z(x; p) momo M. B cayuae,
ecnu U (x; p) npuaagnexdat M, HeoGXOAMMO TPOBECTH AOMOJ-
HUTE/AbHBIE HCCAEMOBAHHA, YTOOR BLHIICHKHTH, ABJASETCA JH perle-
Hie u(x, f)=u(x; p) 0G0OUIeHHBIM pELIeHUEM, Wi OHO MOWKET
OBITh CBeJEHO K (YHKIUH, HMelouled 4YacTHble TPOH3BOLHBIE NO
0T+ "y (x, £)

dxmat”

Mocnennee ob6ctosiTenbctBo Oyner 0603Ha4aTh, 4YTO (X, f)
YAOBAETBOPSAET UCXOLHOMY YPABHEHHIO B UYACTHHIX MPOM3BOJHBIX
B OOBIYHOM K/ACCHYECKOM CMbIC/e.

4) B peanusauuu onepatopa u(x; p), T. e. ONpelencHHH
byvkunn u (x, {)=1u(x; p).

Wccneposanre nyskra 3) 4YacTO MOWeT GbITh 3HAYUTENBHO
06/1eTyeno, ecnu NyHKT 4) BBINOJHEH.

5) B nokasatenbcTee TOro, uTO pellleHde (X, f) yLOBJIET-
BODAeT HAYATbHBIM M TPAHAYHBIM YCJIOBHAM 3aAaud.

B kavecTBe mpuMepa paccMOTPHM ypaBHeHust

e uy=p, () s +p, N, +p, )u,  (5.77)
P(x) Uiy =Dy (x) uxx+?1 (x) ux—l_?z (.XJ) u (578)
8 obnacte O0<<x <!, 1>0. 3znecw p(x), p, (%), o, (%), p, (x) —
3andHHBe HempepblBHHE (yHKIuM B npoMewyTke 0<x=</ u
g (x) > 0. Pewenne u (x, f) nomxno uvets B obnactu (0 < x <</,
?>>0) HempephiBHbie YaCTHRE MPOH3BOAHBIE A0 BTOPOTO MOPAAKA
BKJIOYUTENBHO M YAOB/IAETBOPATb HAYAJbHBIM YCAOBUAM
lim u(x, f)=9¢(x) O0<Tx<I/,
+0

t->

nepeMeHHBM X U f JO MPOM3BOJIHOM BK/TIOUHTE/bHO.

ana ypaenenus (5.77) u

lim u(x, {)=g (), lim u,(x, f)=4d(x), 0<x<,
t—>40 t>40

ans ypastenna (5.78), a Takke rpaHHYHHIM YCIOBHAM
lim u(x, )=/, au, (,6)Fbu,(l,t)=cu(l,?) (5.79)
x—+4-0

ang >0, rae @(x), ¢ (x)—3ananubie KycOYHO-HenpepLIBHbE
Gyukuny; f(f) €S uw senpepwisHa npu £ > 0; @, b, ¢ — 3anaHHbe
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fnocTosHHbie. DByaeMm uckaTe pemenue ypasHewut B opme
u(x, fy=u (x; p). [IpeoGpasosannnie ypasuenus anga (5.77) u
(5.78) 6yayt

0 (%) T2 4-0, (0 % - [p, () — pp ()] i =
= —p()pp(x), (5.80)

Po (x) dx’+p' (x) dx—l_[pz (x) —p P(x)]u""
= — PP () —pp () (x). (5.81)

M3 rpaHuynmix ycnoBHE 32444M MOJYYHM TpaHHMHBIE YC/OBHA
AAsl peuieHus

Q(+0; p)=f(p) rae flp)=/(1), }
aii, (I p)+op[a(l; p)— ¢ ()] =cu (; p).

Teopewma 10. [lycms @ (x; p) — pewmenue ypasrenus (5.80)
usn (5.81) npu ycaosuu (5.82). Ilycms, xpome mozo:

1) Onepamopu u(x; p), u,(x; p) & u,, (x; p) 048 0 < x<<!
npugeosmca K QYHKUUAM.

2) Cywecmsyem maxoe %ucao G,, ¥mo npy f-—»00 8bi-
NOARAIOMCA YCA08UA

(5.82)

B(x; p)=0(e"), &, (% p)=0(), i, (x; p)=0(

POBHOMEDHO OMHOCUMEAbHO X Ha siolom ompesxe & <sx <<l
3) Cywecmsyem marxoe yesoe wucso k=0, umo

| p~ %4 (x; p)| << Q=const

0s5 8cex 0<x<<e<!/, Rep>¢ >aq,.
4) Cywecmsyem npedes tlit}: u(x; py=g(t), t>0, npu-
—+-}0

yem g(f) — Henpepuwsnan dynxuus npu t >0 u ozparuuenHan
npu t—0,

Toz0a u{x; f)=1u(x; p) ecms pewente ypasnenus (3.77)
usu (5.78), yOo8uemBopamuee 300QHHWM 2PARUYHHM U HA-
YANOHDLM YCAOBUSM.

Pas6epem npuMep. Ha#ity pemenne ypaBHeHus

- |
Byy=a Uy,

-~
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B obnactn (0<<x <</, £>0) npm HavanbHHX YC/A0BHAX
u(x, 0)=0, u,(x, 0)=0 u rpaununpx ycaosuax (0, f)=0,
Eu (/, ty==Asinwt, rne E, @ 1 A — noctosuusle.
[TpeobpasoBanHoe ypaBHeHue ByjeT
du__p -,
= @
TPAHHYHBIE YCAOBHS JJIf u (x; p)
{0 — PR __._wp
#(0; p)=0, Eu. P)—m-
.Pentenne mpeo6pa3soBaHHOTO ypaBHEHHS, YAOBJAETBOPSIOiEe rpa-
HHUHBIM YCJIOBHAM, MMEET BHJ

px
E(x' )= b Sh7i b_maA
3 p—“pz_i__mz pll —_E—:
¢h =
a
OTKYZAa
sin &%
Ao g
u(x; #)= u(x; PY=ip—0r ? 1
cos—
2(-——- ne smk x-sin k,at
n=1 knaz ,
rae

k,,_—_;(n—%) =112 ..), wo-ak,

§ 15, AcumuToTHUeCKHE pPSIbI

D
Cnenys Ilyaukape, rosopst, uto psm », u,(2) mnpexncras-
7n—=0

nset coOo# acumnmomuyecoe passodcerie @GyHruun S (2)
B AaHHOK 0061aCTH 3HA4YeHHH arg z, ecad npd Besikom N

N .
§(z) — Z u, (2)
llm n=>0 =0.
V21 »m uy (2)

B wacTHOCTH, acHMOTOTHYeCKO® nOpeAcTasnenne Qyunxuun [ ()
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o
a
CTEHEHHKIM pPfAOM 27% 6yneT o3HayaTh, 4To NPH BCAKOM N
n=0
N
. a, o
lim #V(f(t) Et,,)_o.

n=—~0

AcrMOTOTHYECKHM DA3/oweHHeM YA06HO MOAb3OBATHCS IPH  Bhbi-
YUCAeHUAX 3Havenui Gynxkuuy ais GONbIIMX 3HAYEHUH apryMeHTa.
[TosTomy B oOnepalMoHHOM HCYMCAEHHM AAS ONEpaTOPOB, MpH-
BOMALLHXCS K (YHKUUSIM, BeCbMa BaXHLIM BONPOCOM sB/SETCH
GOCTPOEHHE aCUMITOTHYECKOTO pasJjoxenus QyHxuun no ee
onepaTtopHoMy HaoOpaxernno. [ag GyHkiui, A0NyCKalou#x fnpe-
oGpasosanue Jlannaca, acuMnToTHYCCKOE OpENCTABJIEHHE BO MHO-
FAX CcAyuasix MOWeT OblTh NOJYYEHO C NOMOILLIO CaeAylouledi
Teopemb [10].

Teopema 11. fIycms f(p).—'__-f(t) u

1) f(p) umeem usoasuposannsie ocobsie mouxuy — aszebpau-
gecKue 0CO0EHHOCMU (nOAIOCH U MOUKI pa38emBAeHUS),

2) hyuruus —f%’l

OMHOCUMENBHO AP cmpeMmumess K Hyao, xo2da |p| — oo,
3) aucao ocoboix motex p==p, c Haubosbuel delicmaumes-

8 noaynaockocmu Re p <0 pasrosepHo

f(
Holi wacmero Konewno (s =1, 2, ..., ), pazsoscenue [p_f’l 8 0K=
pecmuocmu p==p, Oaemca paoox

@ (s)
D p—p) "t (=N, <P QP <L < o0

Tozda acumnmomuuecxoe npedcmagaenue f(f) 6ydem

[oa)
e

4
Fi)~ Y ety

s=1  k=0p(_ ).%s))t ’»g)-l-l

1

206 ———
T—%)

=0, ecan WP=0, 1, 2, ...

Hanpnmep, ecnn Bce ocobule TOUKH yHKUAM %ﬁ), Kpome

p=290, HMCIOT OTPHIATE/AbLHYIO IleﬁCTBHTeJIbHYEO 4acTph, @ HAYANAO



134 ONEPAIIMOHHOE HCUHCAEHHE [ra. v

KoOpAnHaT €CTb TO4YKa pPA3BCTBJACHHA [EPBOro nopaika H pa3s-

JNoNeHne f—;ﬂ B OKpecTHOCTH p—0 ecTh

— =] n
f(» + —1
T
TO
€0
fiH~3 2n "
n=1 __fl 5
f( z +1)z
uin

v o]
(— 1Y%.1.3.5... (26 — 1)
f(t) kgo m (2t)k Qopaqe

§ 16. Omepaunonnoe ucyucjieHne LA omepaTopa

d , d

B ocHOBe TeopHH ©MepallHOHHOTO HCUHCJIEHUS JIRKHT [OHATHE
csepTku |59]. Bsenewme B muowectse M (cMm. § 1) cBepTku
ipeBpalldeT 3TO JNupefin0e MHOWECTBO B KOMMYTAaTHBHOE KOAbUO
6e3 penurteneit wynsg. Ha stow ¢akrte 6Oasnpyerca Bcd Teopus
OMepauoHHoTo ucunciaenns MukycuHckoro WMcexonsi 43 HOBOro
onpexcnennd CBepTkd, B 3IToM mnaparpade OyAeT I(MOCTPoeHO

oflepaliHOHHOE HCUHCAeHHe IAd onepatopa B=— - f Taxoe

drdt’
NOCTPOCHHE BHIOJMHACTCA COBEpPUICHHO aHAMQTAYHO TOMY, Kak

d
970 ObIO cAeNaHo s onepartopa p:E

MHOWKECTBO BCeX ¢ynkuuit f(f), ompeldeneHHplXx HA monynpsMoi
0 <<t <} 0o, uHTErpHpyeMbX HAa KawIOM KOHEUHOM MHTepBane
3TOH MoaynpsAMOR M yHOBI1eTBOPAIOIIHX YCAOBHIO

O6o3naunm yepes L,

t £
(€ (1ruar<o (5.83)
0 0

ang moGoro f,>>0. Hanpumep, ¢ysxupa f(f)==Int¢ npusag-

nexnT L, a dyHkius f(f):“t;zlt)

He npunapnewnt L , xotd



d
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I At

(—ttwl;)—EL. Hepes M, obosnauum wmHoxkecTBO BCex dyuxiukt

BUAA

F(t)=f%§§f(u)du+6.
0

0

rae f(f) — moGas ¢yukuks u3s L, u C— mo6as mNOCTOAHHAS,
B wmHowectBe L, ompeaenum csepTky dynkunk f, (H)€L, n
/() €L, o dopuyne

t 1
ro={af{rm0nl—ne—ola Gy
0 0

- Moxno noxasatb, 4TO (yHKkuHs f(f) NPHHALNEWHT MHOWECTBY
L,. Muoxectso M, ecrb auneliHoe mHoxecTBo. Beakas dynxuns,
MpHHaneKallas MHOWeCTBY M,, uMeeT MOYTH BCIOLY BTOPYIO
npoussoanyw F’(f). Hasosem npoucsedenuem dynryui F (f)
u F,(f), npunamnexauwmx MuowecTBy M,, BHpawenne

F,()XF,(f)y=

t 1
=7tit't{tgZ,SdEOSF:(EmF:[U—Ta)(f—E)]dr,}. (5.85)

Ecan
3

F ()= f"ﬁf mdy,  F0)= f "—fff. () dn
0 ] 0 0

t 1
rin="{a s e —ne—elam
(1] 0

TO 6ynem HMETb

! .4
F,oxF, (=% {r v do. (5.86)
8 0

Otciona creayer, 4To NpousBexeHue IABYX (PyHKUWA MHOKECTBa
M, cnoBa npunaanexut muowectsy M,. Cnoxenwe B M, onpe-
Aeasercs ectecTBeHHnM 06pasoM. [IponsBenenne e cmuicae (5.85),
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KaK STO HEeTPYAHO NPOBEPHTb, KOMMYTATHBHO, aCCONHATHBHO H
06nafaeT AUCTPHOYTHBHOCTBIO OTHOCHTENbHO c/oxeHHd. Cre-
AOBATE/NbHO, MHOWECTBO M, OTHOCHTENbHO CJOKEHH M MpPOH3-
BeseHus 06pasyeT KOMMYTATHBHOE KOJbNO. JTC KOABLO HE HMeeT
geautened nynd.

Taxkum o6pasoM, koiabuo M, MoxeT OuTb PaCIIHpEHO A0 NOAs
oTHowenn#t, IJto none OTHomennﬁ o6o3naunm udepes M. dne-
MeHTH fioAs uasosem onepamopanmu. Kak n 8 § 1, 6ynem one-

F, F,
paTopn 0603HaYaTh CHMBOJAMH e Takum oGpasoM, & qGo-
2 2

F,
3HA¥AeT KNacc 9KBMBANEHTHWX map. Pasescteo onepatopos & #
2

g: o6osuavaer, uro F,X G,=F % G,. Ecan 8 (5.85) dyuxiua
F,(f) = a — KoHcTanTta, 1O

aXF, (t)=a£—{ta%§d5§ﬁ &n) dr‘}_:
0o 0

=a%{t%§d—:§ﬁ (u)du} — oF, (3).
0 Li]

CnepoBatenbHo, npou3seneHne B Konsue M, 4ucna Ha ynkumio
coBmajaer ¢ OGLMHLIV Mpou3BeAeHHeM uHcAa Ha dyukumo Ecau
B (b 85) o6a comHOWHTEeNs — 4HCNA, TO NPOU3BELEHHE B CMhIC/E
(5.85) cosnanaer ¢ oOLiuHLM npouaseXeHueM uucen. Orciona

CleAyeT, YTO OniepaToOpHl BHAA -# MOXHO OTOXAECTBHTH € PyHK-

()

UHsMR —F (f); B 4acTHOCTH, OMepaTopH —— COBMAJAlOT ¢ PyHK-

LHSMH F (¢) koapua M,. B stoM cayuae 6yneM nucaTh

F(t
HO—_rw@, Fuen,
Haxouel, onepatopn BHAA I—}Q, F{0)=0, oToxazecTBAAIOTCA

¢ ¢yuxuuamu Muoxectsa L,. Hmenno, kaxiaomy onepaTtopy ——(—)

F(heM, u F(0)=0, crasum B cooTBeTCTBHE QYHKUMIO f (t),
apuyem

MO~ r, (5.87)
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fae
t

F(t)_S%gff(u)du
Q

O6patuo, kaxno#t pynkuun f(f) € L, orBedaer cooTseTeTBYIOWMHA
( )]

oneparop . 9T0 COOTBETCTBHE B3aHMHO ONHO3HA4HO. Ecnu
F
oneparop MoxeT ObTb NPHBEAEH K BHAY ——;—t—), FtyeM, n

F(0)=0, To TdKOR onepatop naswBaerca Pywxyued. Iaa

]
onepartopa ra BBeLeM cCnelinanbHoe 0603Hauenue

+=B. (5.88)
Toraa ana ofparHoro omneparopa B"=-1B- GyneM uMeThb

1

—B—=t. (5.89)

M3 (5.87) umeem nns dpyuxundt F(O)EM, u F(0)=0

aF ()= (+ Z2) =P @y

Hian

BF (#) = tF" () -+ F' (#). (5.90)

Takum o6pasoM, B cayuae F({f)EM, u F(0)=0 npousseueﬂue
BF (t) osnauaetr npuMenenue K F (f) omepartopa g-zt 7R [Tpous-

Befienne OGpaTHOrO omepaTopa Tlf na dynkumio f(HEL,, xak
sto caeayer u3 (5.89) n pasenctBa F(f)=¢* f({), paruo

i 3
%-f(t):Si:—ESf(u) du. (5.91)
0 0

M3 (5.89) n (5.91) umeem

1 m
ﬁ — ‘(TlT.)—, . (5-92)
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Torpa u3 (5.85) u (5.92) ana f(¢)EL, cnemyer

t - 1
g O =pm { (=87 (FEn (1 —n"an. (5.99)
YpaBHeHuo ’ ’

- (t %) =y (5.94)

ynosnersopsior ymxumu Beccens I,(2V) w K,(2VM).
Hs (5.90) u (5.94) caenyer

B[I, 2V ) —1]=WN,(2V W),
oTKyAa

B
==/ 2V (5.95)
[lonaras B (5.95) A=io u yyuruBan, uTo

1,2V iof)=ber (2 V o)} ibei (21 of),

Haiigem
BI
g ="ber (210, B,"’TBm,= bei (2} wf). (5.96)

Ha (5.95) nmeem

B_H_J(2]/_) (5.97)

Ha (5.95) u (5 96) umeem
=11, @V 4,2 VA

B%=?[10 eV —J, Vi)

K nomo onepartopos §]R, npuMesnMa B GosbLiel yacTH TeopHd
ONEePalHOHHOIO HCUHUCIEHHS, H3JNOWeHHas B NpeibAyLMX Napa-
rpajax. B uyactaoctn, na moie M, meperocsarcs Ges uamenenni
onpeienenye oflepaTopHo# GyHKIHN, OfpeseTleHHe npelea noc/ae-
AOBATeNbHOCTH ONepaToOpoOB # MNOHATHE OlePATOPHOro pHAjaa,
onpexg/eHue NPOU3BOAHOH OT onepaTopHo# QyHKINH, HHTErPH-
posansie onepatopHo# Qyuxnuu. Hcio.1eays ary Teopwio, MOXHO
H3BECTHHIMH METOAAMH [OMOAHATH TdO MUy 3Hadenuit oneparo-
pos (5.95) —(5.98). Hanpumep, nuddepenuupys (5.95) no

(5.98)
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dat” dt
napaveTpy A, Haitmem

B
Fm = (_) 1,2V, (5.99)
U3 (5.96) maxonum

B B,“f = B,"’fm, — o ber (2 Vo),

B B —
B(——Be_|_m=— ])=—Bz'—_}_'“—(,,a=—m§;‘°$—"),=—mbei (21/0)1').
Orciona caenyer

d d — —
7 { t - bel (2 Veb } = o ber (2} i),

N _ 5.100
-‘%{t - ber 21/ al) }=—wber evan. | 10

Takum 06pasom, dynkunn ber (21 wf), bei (2} wf) Beayr ce6s
N0 OTHOMIGHHId K ONEPATOPY Fttﬁ TOYHO TAK Ke, KAK COS &f

H sin @/ OTHOCHTENbHO ONepaTopa dt OnepauuoHHOe HCYHC/e-

Hiue Ias oneparopa B— dtt ?t MO¥HO NOCTPOHTb, HCXOAN U3

COOTBETCTBYIOLIErO MHTErpaibHoro npeobpasopanns. Ananorom
npeobpasosanus Jlannaca szecp 6yger uHTerpas

@w

FB=2 { ryk,@VBat. (5.101)
0

Ecan f(f) €L, u ynoeaeTBOpseT YCJIOBMIO
[f ()] < Qe Vi, (5.102)

rue Q_ n g, >0 nocrogsnne, 1o unterpan (5.101) B obaactn

ReV B >g, cxomntca abcomoTHo n npeactagaseT B 9Toff oG-
NacTH aHAJIHTHYECKYI0 (PYHKUHIO KOMILIEKCHOTO mepeMesHoro B.
[lpu u3BeCTHHX OrpaHHYeHHNX, HAKAAALIBAEMHX Ha (YHKUHIO
f(f), umeer MecTo odpamoe npeobpa3opanne

fi=15g S f* B 1,2V Bi)ds, (5.103)
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rie nNyTh uHTerpuposanus L ectb  MwbGas  napabona
Re VB::q>qo. dopmyna (5.103) Oyner, nanpumep, uMeThb
MecTo, ecau f(f), nomumo (5.102), nMeeT orpasH4yeHHYI0 BAPHALLHIO
B OKPeCTHOCTH NoGo# Touku f=1¢, noaynpsmoi 0 < #< -} oo.

B Toukax paspuBa unrerpan (5.103) paeen é—{f(to—}—O)-}v
-} f(t,—0)}. Has npeoGpasosanus (5.101) cnpasennusa
Teopewma 12. Tycms f (H)EL, u f,(})EL, u, xpone
mozo, f,(f) u f,({) yoosaerigopsom ycaosuwo (5.102) (dan
Kasncooii ynryuu f,(t) & f,({) woncmanme Q £ g, 8 (5.102)
caou)., Tozda gyrxyun
1

“t
ro=Salrennlo—ne—8lay (108
0

0

npunadaexcum muoxcecrngy L u modice ydossemgopaem ycao-
suro muna (5.102). Ecau

fie=2 §{ r,. ik, @ VB at,
0

AB=2 § 5,0 K@ VBiat
0

re=2§ roK VB a,
0
mo

I*(B)=/11(B) 1 (B). (5.105)

Onpeneneune. Ecan aax onepatopa a € M, cymecTsyer
npexpctasutens (F, G) tako#t, uro ¢$pynkuun F(f), G{(f) npony-
ckaloT npeobGpasosanue (5.101), TO Takofi omepaTop HA30BEM
npeobpasyemun no bBecceawo, a pyHxumio

{ FoK,@VByar

a(3)=

. (5.106)
{ coxeVBya
1]
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F
npeobpasosanuenm beccean onepatopa e=-. MuowecTs0

Bcex npeoGpasyeMuX no Beccemo omepaTopoB 0603HauMM 4ge-
pe3 M,, a mHOWecTBO X npeoGpasosanufi Beccens oGosnaumv

gepea N,. Otu MHOxecTBa wusoMopdHu. [Ipy sTOM H3OMOp-

¢dusMe onepatop B:-—:—- flepexoauT B (YHKLHIO

K,V Bi) dt
=B.

tK, 2V Bt dt

Crwmgl—g

[Tpn BHUMCHNEHHH MOWHO BOCMONb30BaThek Gopmynoft

o5
2 | VBhar =D (5.107)

1]
Ecau Omepatop @ MpMBORMTCH K QYHKIWH, 1. e
o=, Fihem, FO)=0,

TO
@®

2 S\F(t)Ko(2V§)df
a(By=—-5 =
2 S tK, 2V Bf) dt
(1}

[«

=28 SF(t)K°(2V_Bt)dt. (5.108)
0
MMpunnAmas BO BHMMaHHE, YTO

F(t)=§%£§f(u) du,
" 0 0

y4uTHBasA ¥3BECTHHE COOTHomesus aas ysxunun Beccens

2 (oK, () =—3K,(5) ® (K, () =—K, %)
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NOCAe ABYXKPATHOTO HHTErpHPOBAHHS 10 4acTAM HaliieM
aD
2(B)=2B S ) K, 2V B dt. (5.109)
0

TMonyuuncs ananor npeoGpasoranna Jlannaca — Kapcona. [Tocpen-
CTBOM 9TOr0 MNpeoGpas’oBaHusl MOXHO NOAYYHTH HOBHE (opMyaH

ang onepatopa B— ;’:—t % . PaBenctBo (5.109) o3Hauaer
a2 (By=f(f). (5.110)

B yactaoctn, ecm f{fy=1", To ua (5.107) u (5.108) noay-
4yuM o6oGienne dopmynn (5.92) Ha moGo#t noxasatenp v

1 t’

?=m, Rev>‘—1- (5.11])
Ecan B3athb f(f)=e~%, To uafinenm
B %Q
—ge" S%da:e"“'.
B
a

lMpusenem eile HeCKOABKO NPUMEPOB mpPHMEHEHHs (OPMYIH
(5.108). [lpaMpiMu BHIYNCACHUAMH HAXOXHM

2B S K@V K, @V Blydt= 5= 1n ]/-:‘1
0

CnemoBaTenbHo,
B -l/ B

Hcxons w3 ussecTHOro mmrerpana

«

; " g PO
§ K, iex) J,(bx) x™*" dx @ F o+ ?

nafinem oGoGuienne dopmynn (5.99) na moGyw creness y

B 1 t —}
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B uacrtrHocTn, B3 (5.113) npu v=—= ——%— HMeeM
B cos2V7
VB—H Vi (5.114)
Iuddepenuupys no v pasesncrso (5.111), nafinenm
mBg__ ¢ e+
=T, [2 ety —1n t]. (5.115)
Hcxons u3 muTerpana
[+ +]
S K, @Vi+2 +z’)x‘"+'dx—2"( )1+PI‘(1+;J.)K‘+F (az),
6
ﬂaigneu ‘
— J—
F(1+ )235’ (t— WK, (2 VBhdt=
LV
2 —
=28 (F) K,., (2 VB),
OTKyZAa )
\ "l; 0, ec.rm t< A,

28 (—) 2VE —{ (5.116)
B l+|»( 1) I‘(p-j-l)’ec'"" A< ¢t
(Rep>—1).

B yactHOCTH, npH p.=——%— uMeem u3 (5.116)
0, ecmm t<},
Be—2VBY —
VBe-:VB = L em A<t (5.117)
V=3

YMuoxas nocliefkee paBeHCTBO HA MPOH3BOABHYIO (B H#3BECTHOM
cmuicne) ¢yskumio @(A) ® HATErpHpYs uWo L B Opeaenax
of 0 10 oo, Gyaem uMeTh

4o 3
VB j e—smcpmdx=%”%. (5.118)
q 9
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L

Ecan B nepoM muTerpaze nonoxuth 2 ) A==E£, TO NOAyuuM

Vﬁj et VBy sde_%j
0 0

(5.119)

Monnaysch Tabnuuamn unterpana Jlamnaca, us (5.119) moxmo
noAyyuTo PsaA HoBHxX ¢opmyn. Hanpumep, nonaras s (5.118)

J, (2Vul)
A —
()= Vi

HakneMm

o t .
VB 5 VB EVadi =1 J.2Vab
0

Vidk—uy
0

t
VB {VB+ —VTB}“—__lfJ‘.QVﬁ) 0
V B+a Va Eo Vig—

Ho nocneasu#t ueterpan, fBAAACh CBEPTKOR B OOHHYHOM CMHICIE,

Moxer OwbiTb Haliler nocpeAcTsoM npeoGpasosanus Jlannaca
(cMm. [86], ctp. 125). Bynem umets

VB [VBFa—VB\" ., —
vm{ = }——J_:_ Ve  (5.120)

B wactuocTH, npu v=0

V %:J; (V ab). (5.121)

Yumuomas (5.121) na Y B=

B
VB+a V"

WIH, yuHTeBag pasenctBo (D.114) u (5.85), noayuum

mILE—4{ arj“f WV ) et |

HMEEM

I
.V-— s
=4 (Val) =
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3710 paBEHC’l‘BO MOXHO 3anucaTth B BHIC

2Va
2 sinu -,/'_"-'
oy —du=\d Jz e
va! = j Ej ( ae)lf(l—n)(t—ﬁ)

Adanoiuuto, ymuoxasi paseHcTso (D.121) Ha ce6a W yuuTHBag
(5.97), nafinem

_ t 1
b @V 3 (g 2/ 2 [V aT—m) F=B]an.
0 0

a

Hcxona u3 dopmya, nogobuux (5.118), MowHo noayyars pas-
NWYHLHE HOBHE COOTHOIIGHHA MewAY CneunanbHbiMH (yHKIHAMA,
[Mpusensem npumep BHYACAEHHS CYMMH (QYHKUHOHAABHOrO

pana. Ilyctb k=l/B—-|— 1 — V' B: umeem TowmecTso

VB 2 4 s ____B__
—175—_—4__—7-[1—213 + 2kt — 2k -1-...]._.3+l .

YuurtnBag paseuctso (5.120), uaitnem
BV =2+ H—22 V0 +... =1V

¥MHoxaa paBenctso (5.99) va n" m cymmupys mo 2 ot 0 no

00, HaligeMm
Z B
oTKyZa = B-— 1)""" —B=1—p’
Zm (-) ILeVid=1eVEFm.
n=0

B sakmouenne ycTanoBuM CBA3b Meway Tabauuedl 3Hauennd
onepatopos £ (B) n taGauned 3nauenn#t omepatopor F(p), rue

p——--'£ [Mycrs F(B)=9(f}) u F(p)=/(f). Torpa no omnpe-
nenexmo oneparopos F(B) u F(p) umeem
[+ o]
F(B)=28B S ¢ (O K, 2V Bhadt,

F{p)=p S f(f)e P at,
]
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Cnexorateasto,
=] o0
2p( ¢ K, @ Vphat=p | reat
o b
[TpunumMad BO BHHMAHHE PABeHCTBO

e "" =2K, (2 V pah),

0
rge caeayer ¢ 00OJM0XKHTH DABHBHIM ELHHHLE, HafizeM

ahD w _ x——E- [ o]
{owa| e x";"=§ Fitye~?tat
0 0

uin
-

§ e"‘dx§ ¢ (§x) e‘EdE=S f(Hye Pldt,
OTKYAa °

f(t)=S o (#5) et dt. (5.122)
0

3necy @ (f) npuHaanewut L, H YyAOBNETBOPHET YCJOBHIO
(5.102). Orciona MOXHO YyKasaTh CAELylOUiee [PABUAC AAs
Buuyncnenun F (B), ucxonss w3 Tabmun 3nayenud F(p). Has
toro urtoOw Hafith F(B), caenyer suuucauts F(p) =f(f).

3arem B GdyHxuuu f(f) aprymeHt f 3aMedHHTh Ha > " Halt T

3HayeHHe onepatopa f (-}-):go(t), toraa F (B)==¢ (f). Paay-

MeeTcd, 9TO NpaBW/io COpaBel]nBO B TOM Ciayuae, koraa f{f)
npeacTasuma uurerpanoM (5.122). Hanpumep, noap3ayscr 3SToM

. Wmeem —2 at
P

=e
a ’

ﬂpaBHJIOM HakgeMm 3HaueHue onepaTopa

eP =1, (2 V af). CaenoBareisHo, 8 _._l 2V ah), 1 e
HMeeT MecTO paseHCTBO (5.95). Takum )Ke nyTeM MOWHO HafTH

VB,+ e (VB + & —B)=a",@Vah)[,(2 Vi), (5.123)
BinZte— ]/? [/, @ Vah—1,2Vah]. (5.124)
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di " dt
O6Gosnauaa ¢g=1V B*4-1— B, umeeMm TOWIeCTBa

_ B g—a o —g =5 _
VT ¢ ¢+9—q+...) SED

B B?
—_—— 1— 2 2‘——'2‘ se e} = .
Vsur:( 2°+2¢"—2¢"+...) i

3amensisi B 3THX TOKAECTBAX 3HAuCHHE oNepaTopoR mo Gopmy-
nam (5.96) n (5.124), naiigem

LeVHLeVH—J,eVHLeVH+
+7,@VHLRYVH—LeVHLRY AL ... =
=2 bei @V ),
eV HLeVH—2,2VHLeVHit

-2,V 1,V H—2,2VHL,eVHt... =
=ber (2V 1.

3akanuuBag KpaTKOoe H3/10keHHe TeopuH oOnepaltHoHHOro

d  d
HCUYHCAEHHS AJd OnNepaTopa Bmﬁtﬁ , OTMETHM, YTO, NO-

MHMO NPHMEHEHHd STOH TEOPHH K BHIYHUC/ICHHIO ONPele/eHHBIX
HHTErPalioB M CYMMHDPOBAHHIO (YHKLUHOHAABHHX PALOB, MOWHO
6ni0 Onl NPHBECTH fPUMEPHl HHTErpHPOBAHUA auddepentinans-
HbIX ypaBHeHnﬁ Hau6onee 1pocto Haxonpstcs pewedusa aude-
PEHLNANBHOIO YPaBHEHUR

L(zta)* O=700, (5.125)

e L)=2"+4ed*""+4...+a,—mMdorounen ¢ nocross-
HoMu KosdduunentaM a;. Ecanm vavanbune ycnoBus Hynesse,
a HMeHHO:

x(0)=0, Bx(})|;.,=[tx"(t){-x" ()]s, =0,
Bty (£) |ioo =[x () 4 44x"" (1) - 24 ()1, =0,

.......................

B"-lx (t) ll:o =0!
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T0 ypasuenne (5.125) npm 3amene onepampa%t%— Ha onepa-
top B npumer BBa L(B)x(f)=/f(f} w pewenue Oyner
x(t):-L—(l—E) J (). Boipawxenue ﬁB—) f(f) wmoxer OHTb HalifeHo

1
pasnokenuer 7oz, Ha NPOCTHe APOGH MOAOGHO TOMY, KaK 3TO

AendeTcs B onepauMOHHOM Hcuncaenun Xesucaiiga. Ecnu Ha-
YanbHHe YCAOBMS X OTAMYHE OT HyAsl, TO B YpaBHEHHH 3aMeHa

oneparopa d%'tgt" Ha onepatop B ocyuecTsasercs mno dop-
Mmyne (cum. (5.90))

d

St x(y=8x)—x]

Tlocnexoparennnog npumenenne 9Tok gopMyan xaer

&
(%t%—) x ()= B (f) — Bx,_,— B'%,_,— ... —B*x,.

Hanpumep, nalizem pelneHHe ypaBHeHus

(d—dt-f%)'x(t)—3%t%x(f)—|—2x(t)=0

npn ycnosun x(0)=0, Bx(f)|,_,==a. 3anucuBad ypapHexue
B onepatopHoii dopme, nonyynm
B*x (f)— Ba— 3Bx ({) 1 2x(f)=0
10
(B*—3B4-2)x (f)=aB.
Orciona (cM. (5.95))

aB __ aB _ aB __
B*—38+4+2" B-2 B—1"

=a{l,2V2)—1I,2V 1)}

[Toxo6GHHM 06pazoM MOWHO PEIIaTh HEKOTOPHE THNH ypaBHe-
Hufi B 4aCTHHX NPOH3BOAHHX.

x(f)=



TABJULDb ¢OPMYI

FTABA VI

NEPEYEHb OBO3HAYEHMA CHELMAJNBHBIX &YHKLIMA
W HEKOTOPbLIX NMOCTOAHHbIX

6.1 arccos x = —:— In (x4 V=1

6.2 arcslnx:—:—ln x4+ VT =2

1—ix
ix

i

6.3 arctgx_%‘l

;

®

6.3% | arccigx =~—;-ln

]

64 | Archx=In (x+V x*— 1)
$

65 | Arshx=h(x+V 2+ 1)

6.6 Atthx-_—- l+x
2 —x

6.6% Arcthx.__ = x+l
2 x—l

67 | (a),=af@a+1)...(atn—-1; n=12 ..,
68 | (a@)p=1!

r
69 | (5 = (;l(a—!—) V)
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NEPEYEHD OBOSHAMEHME CNEWMANBHMWX GYHKOUR [ra. Vi

6.10

6.11

6.12

6.13

6.14

6.15

6,16

6.17

6.18

6.19

ﬁlm

6.21

(a) Fa+41)
Fe++0)lf@—541)
52-
B(h)= cos? ody &

1 —AR*sin*¢

1
- - '«
B(x,y): il =Y M =
;S Fix+y)

bei, (x) =Im [Jv (¢V7x)], rze Im (z) o3nauaeT MAHMYIO YacTd
KOMIIIEKCHOrO uHC/Ha 2

ber, (x)=Re[J, ¢ V ix)], rae Re (z) osuauaer xeficBuresb
HYI0 9aCThb KOMINIEKCHOTO YHCHA 2

bei, (x) = bei x=Im [/, (VT")]=§ = (i )‘"“
n=0 [@n411 A2

[+ o]
-— — l n 4n
bery @)= ber y=Re[ /o P21 =, i (7)
#=0

C=—T"(1)=—4(1)=0,577215665...

Y ey r(n+2v) " 1 . l—x
Go=TgpryrEr (12 -5 r+gi )

x

Cx)= l_ S —cosu du
2r

x x
e~ 1
CH)—iS=\ ——du= \ H® () du
() — 1S (%) OSVM 3§ i

0 2

[++]
cey, (2, )= >, ALY cos 2kz — dynxum Marse
k=0
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6.22

6.23
6.24

6.25

6.26

6.27

6.28

6.20

6.30

6.31

6.32

6,33

6.34

6.35

Cesy (2 ) = 2 AZED cos 2k + 1) 2
R=0

Ceay (2, 9) =cey, (iz, 9)
Cegns1 (2, @) =cey,44(i2, q)

chu—l
du

chi(x)._ln'rx-i-S‘

-X
ch x:e_x_j:_e__
2
ix -ix
cos X ='e'_+2£'—‘

Ci(x)-'—-s cosua,u__lnwc - S cog_u_d

Cl(x)=—-ci(%)

T
C (k)= § sin? ¢ cos® ¢ a'ep
(1—4¢ sin’cp)

sin® qpde

oA V¥ —Zisinte

I
Clwrpyw | 2

x
D,(x)=e %He,(x)y n=0,12, ...

1 v

e o e 2
D=2 175" zu'/l (")
—-+2' -—
e =2,T1828188. ..
oo

. __ _ ~ X"
e =expx= Y
n=0
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®
)
6.36 E(k):SVl—k’sin‘cpa’ep
]
? e ————————
637 | E(&, ep)=s Vi—Fsintude
0
T
638 | E,(x) =—1l? S sin (v — x sin ¢) de
0
X
/4
6.39 Ei(x):j. "’T 1 =li (%)
-0
e o] e 2]
. e =2)" __
6.40 —El(—-z)__STdu_——C-—lnz— Al
z n=
Loz
=z e *W | @ —r<agz<a
-
641 | Eilx =_21~ (Ei (¢ - 10) 4 El (x — i0)] =
[+ o]
xn
=C+lnx+2 =5 x>0
n—
9 ¢ 2 1.3
— —u2 g X 2 w2 ) e
6.42 erf(x)—ﬁbge d —V;1F1(2' 2° x)—'
9 L =
-—-—-V.—_x 2e 2 M 1 1 &9
r T T
_ao
643 | ertc(x)=1 —erfi(x)= %_Se_"’du=
VY=
X
_1L =
=x) ‘e 2 W 1 (9
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6.44

6.45

6.46

6.47

6.48

6.49

6,50

6.51

6.52

[a

—_ k' sin* ¢

2
F(k)=6§‘

[
dn
F(k’?)-:-ag V1 — k2sin*u

Fa, f; 13 0)=,Fy (2, Bi 1; )=
r'(y) i [iat-R)T G 4R

= T@Te —  Th+4 TR
qu(a‘, B3y vaey @50 By Bas oo ey 5‘;; x)=
[s o]
__Z {2y, R) (ay, B) . (ap,k) xF
Tt G BB k) L B k) R
=lfeth _Te+p
rae (a, k)= T 8, k) = X0

iz b=

F@ <~ Mla+Fk) 2
® Z lat-h) 27
I(a) kzol‘{ﬁ+k) R\

Sl y=F(—netnyx=

N e[ n atn) .. @Fatr—1)
=1+ (3 )T

#£0, —1,..., —n41

Fek,, (2, g)= ‘e;'hi‘(’;,,?’ E (— AR Ky (— 20V g sh2)

Feky, 44 (2, 9)=

~ L€+ 0, 9 cthz (— l)k @er+1) At
“V-JA(F"_‘-]) Zo + 241 X

X Kgpar (— 21V gsh 2)
Gek8n+l (Z, q)"—':
Sy O 0 |

U — 1y:Ba D g —2iYVgshz
=) gBen+ k= 0 ) k:t st 7sh2)
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653 | Gek,,4,(2, 9)=

’ @®
sem+= (0, q) %
~ e oz D (— DR BIX
gLy k=0

XKayp+2(— 20V gshz)

(2R LB
H, ()= 3 e ( )
654 | H,(2) n§ l‘(n+2) (+v+%)

655 | HV@)y=J, @)+, ()

656 | HD )=/, () — ¥, (2)
d x’
657 | He,(x)=(— )"e2 dx,,(e B

2
658 | Hep=(— 172 @t Fy ( —m 53 )

6.59 Hem+|(x)=(_' l)"2-n (n!)-‘@”"]‘l)‘x;f: ( m, 3 ;’)

i

dx" ™"

6,60 | He, (x)=(— 1y
661 | hei, (v =Im (K" {1V Tx))
6.62 | hei, (x) =hei(x)

6.63 | her,(x)=Re (Hg’ (i V?_x))

® ( i)""k
665 | I,=i"Y, (=Y. zro
k

6.64 | her,(x)=her (x)

e Ire+-454+1)

666 | 1f, (x)=Ji, (ix)
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6.67

6.68

6.69

6.70

6.71

6,72

6.73

6,74

6.75

6.76

6.77

6.78
6.79
6.80

J, ()= -:—S cos (vy — x sin ¢) dep
9

o 2k

J,(x):AZ =y (%)

o, ATG 24T
Jors ) =g o o (# L v+ 6 = )
Jr (x)=—i—§ (2 cos ¢)™ cos (np — x sin ¢) dep
b
J, (VT )=ber, x| ibel,x

y
Je(x, y)= S Jy (xu) cos u du
]

J

y

-~

u)

JI, (x} = du

ey 8
“|

¥y
Js(x, )= S Jy (xu) sin u du
0

K(®)y=F (%)

kel, () =Im (™K, (VT %)
ker, (x) =Re (K, (VT x))
L, (x)=i"""H, (ix)
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6.81 L ()C) |dxn (xn -x)
x
e?
682 | L m=2_m y W= F(—v1Lx
Vx v +‘§" 0
a dn
6.83 Lﬁ:)(x) __'i;_,_ i (e—xxn+a) Lg(x)z Lx
a+1
Pzdv4-1) -
(® () — 7
8| BT OS e rTern 0 My, 2@
X
685 | I x= gi’ﬂ (x <1y
Jlnn
0
688 | Inz==ip4+In|z|, rme z=re'*+* _ ol n
v+~% ._.f. 1
687 | M, ,(x)=x e %.,F (-—2~+v—p; -1 x)
688 | n=M(n=123...n=T(n }1)
6389 | N, (x)=Y,(x)
6.90 | N, (=Y, ()
691 | Ni (0)=Vi, (%)
1 0
692 | 0, (=5 | e~ [+ VF T+~ VFFIy au
V]
1 4"
6,93 P {x) = 7 x? — I)n

2%l dx™
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6.94

6.95

6.96

6.96 a

6.97

6.98

6.99

6,100

6.101

6,102

P, (9 =,F, (—v, v 13 1 L;—") 11 —»| <2
m
| Ema—aT LRSS <y,
PP ) =
m
(x’-—l)2 d"’:x;"(x) mpr (x| >1
»
1 1 2 —

jx—11<2

r —
Pty = T P (—nn bt b4 ot 157)

x
Pi, )= { e du=T06) =T, =10,
0
I

£ — TOYKa KOMIAeKCHON NAOCKOCTH ¢ pa3pe3oM Baoab
rehcTBHTENbEOA OCH OT — o Jo 41

B, (=% (2)

P, =P} (x

Q) =g @ — " X Ll p (0, 121>
V?‘-r(v"'” -y=1 ’ - |3 !
Q)= ——F g % palg THTY T Ty e
2"‘“1‘(?-}—;—) \ 2 2 .a.)
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6.103

6.104

6.105

6,106

6,107

6,108

6.109

6.110

6.111

 §
D= ol Ty DR e — )

X ,F, (u+;+l , 11+;+2: "+-«§‘1 z-z)

£
2

X

Z — TOYKa KOMIUIEKCHOH NJOCKOCTH C paspesoM BEOAb
neficTBuTeAbHON Ocd OT — w0 jo + 1

D, (=903 (2)
Q, %)= Q) (x)

Q" (x)—e""‘ Vv"lr(“"l'l";‘]) (e l)’ PRt Ve
208 (v 5

x!

o (B B 2 ) s>

e frp

QF (9= l2 g=#m [e‘ T Qe+ eTE';(x—iO)], e <1

n m
e s 1L IS
Q¥ W=

-.m

@—n LB s

[+ 0]
v, _ — gy - F(p+2v+2k) gy
=V ,;—:..k‘-rte+v+k+n (@g=mst

[e o]
Qx, V= S e 'y~ 'du=T(, x)
x

X

S(x)—]/._ Slﬂ_lfd
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—xu d

[0 2]

6112 | Sq, x _—_5 =
1 v
J I+

©
y—1, xSe—Eg—vdE
P
6.113 sl(x)___-%(e—x_i_e-w_!_e—ux:)

6114 | s, () =5 (% 4t - ete="")

6.115 s,(x):-—é-(e"‘—f-z‘e"”-—{-ce""'), e#luet=1

on
6.116 { S,{x) = "“’[(u—l—)/ By —u—Y @1 2%
% Vet

2]

6117 | s€y,44 (2 q)::Z BGV sin 2k 4 1) 2
k=0

6.118 | se,, (2, q)._z BE™ sin (2% 2)
k=1

6.119 | Se,, (2, ¢)=—Ise,, (iz, ¢)
6.120 | Se,,., (2, @) =—isey,+, (2, g)

&% — e~ %

6,121 | shx— 5

X
h
6122 | shi(y = (=
(1]

(o ]

6.123 si(x)__—S L o

X

x

6023 | Si(» = g’“—zi’du =3 45k

[~

x __ p=ix

6.124 sinx:_-e 37
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{1 npu x<0,
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