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B oCHOBY KHHIM MOJIOXKEeHBI JeKUNH, KOTOpPble B Tede-
HHe DSfia JleT YHTAIOTCH CTYAeHTaM MaTeMaTHYECKHX Clie-
UHAJTBHOCTE! MAaTeMaTHKO-MexaHHueckoro ¢axyJabrera Jle-
HHHIpancKoro yHuBepcHTeTa. OT HMeIOWIMXCH yueOHHKOB
KBAHTOBOl MeXaHHWKH KHHMZ OT/HYaeTess TeM, 4YTO OHa
OPHEHTHpPOBaHAa B OCHOBHOM Ha MaTeMaTHYECKYl0 ayAHTO-
puio. B c¢Ba3u ¢ sTuM GoJblliee BHHMAaHHe yaefseTcss o6-
HIEM BONIPOCaM KBaHTOBOH MeXaHHKM H ee MaTeMaTHde-
ckoMy ammnapaty. I[lo-unomy, 4eM 3To NpHHATO B (usnue-
CKOH JIMTepaType, H3JaralOTCs OCHOBH KBaHTOBOK Mexa-
HHKH, N0poGHO omHCaHa B3aHMOCBSA3b KBAHTOBOH H KJac-
CHYeCKO! MeXaHHK, BKJIOYeHB naparpacdwl, NOCBALIeHHbIE
NpUMeHEHHI0 TeopHH NpeAcTaBJeHull Ipynn H MaTeMarTHYe-
CKHM BOIIPpOCaM KBAHTOBOH TEOPHH pacCesHHS.

KpoMme CTyaeHTOB-MaTeMaTHKOB KHHMra MoxKeT OblTh
NoJe3HOH Takke CTyAeHTaM, CNeuHaJn3HPYIOIHMCS Mo
TeopeTHYeckoli (H3UKe, KOTOPBHIM OHA I0SBOJHT B3IJISHYTb
Hd KBaHTOBYIO MeXaHHKY C HOBOH JJISi HHX TOUKHM 3peHUS.
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MPEOVICJ/IOBHE

Hacrosimee nocobGHe sBJseTcs MOJPOOHEIM KOHCHEKTOM JIEKIHH,
KOTOpble UYHTAIOTCA Ha MaTeMaTHKO-MeXaHHYeCcKoM (dakyJbTere
JleHHHTPAACKOTO T'OCYJAaPCTBEHHOIO0 YHHBEpPCHTETA MJISl CTYHEHTOB
MaTeMaTHUeCKHX crhenuaibHoctell. [lporpamma Kypca KBasTOBO#H
MexXaHHKH Oblyia paspaboTaHa NMepBLIM H3 aBTOPOB, KOTOPHH H Y-
Tal 3ToT Kype B 1968—1973 rr. B nmocaeayroomue ronsl Kypc KBaH-
TOBOH MeXaHHKH YHTaJjcs BTOPHIM aBTopoM. Pasymeercs, 3a 5TH
roJsl Kypc HeCKOJbKO H3MEHHJICA, OJIHAKO LeJb ero ocTrajach Mnpex-
Hell — J1aTh H3JIOXKeHHe KBAaHTOBOH MeXaHHMKH C TOUKH 3peHus 0o-
jgee GIU3KOH CTYJAEHTY-MaTeMaTHKy, YeM 3To NpHHATO B dusnue-
ckofi JuTeparype. Mbl yuMTHIBaEM, YTO CTYJA€HTH He H3yyaloT
obuiefi ¢usnku. EcrectBeHHO, YTO B Kypce, NpeJHa3HAYCHHOM Ma-
TEeMaTHKaM, MB CTPeMHJIHCh K Oojiee akKKypaTHOMY, YeM 3TO IpH-
HATO, H3JOKEHHI0 MaTeMaTHYeCKHX BONPOCOB KBaHTOBOH Mexa-
HHKH, HO MB He CTPEeMHJIHCH K IOJIHOH MaTeMaTHYeCKOofl CTPOrocTHy,
TAK KaK CTpPOroe H3JOXKeHHe psjaa BOINpOcoB mHoTpeboBano Ol
CYLIeCTBEHHOI0 YBeJHUeHHs o0beMa Kypca.

B JuTepatype Ha pPYCCKOM sI3blKe CYHIECTBYeT TOJIBKO OJHA
KHHUra, TpecjeAyiounias Te e 3ajgayd. DT0 KHHTa H3BECTHOI'O aMe-
pHKaHCKOro mMaTeMaTHKa JIK. Makku «J/IeKnuu mo MateMaTHYECKHM
OCHOBaM KBaHTOBO# Mexauuku»., OT Kuurw Makku Hacrosliue JieK-
MM CYIECTBEHHO OTVIHYAIOTCH KaK MO crnocoby HM3JOXKeHHS OCHOB
KBAHTOBOH MeXaHHKH, TaK M mo mopbopy MaTepHaja. Kpome Toro,
HACTOSIIIMe JIeKHUH NPeAbsBJAIOT HECKOJbKO MEeHblHe Tpe6oBaHuS
K MaTeMaTHYeCKOH HOATOTOBKe cTyaeHToB. Tem He MeHee MBI MHO-
roe 3aUMCTBOBAaJIH KaK M3 KHHI'H MakKkKH, TaK H U3 KJacCHYeCKOf
KHHrd ¢on Hefimana «MareMarTHyecKHe OCHOBHI KB@HTOBOH Me-
XaHHKH>.

B ocHoBe moaxojga K MOCTPOEHHIO KBaHTOBOW MeXaHHKH, NpH-
HAITOrO B JIGKIUAX, JEXKHUT YTBEPXKJAeHHe, YTO KBaHTOBasf H KJaccH-
YecKas MeXaHHKH SBJISIOTCA pPa3JHYHLIMH peanH3allusiMH OJHOH
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H To# ke alcTpakTHOH MaTeMaTuueckod cTpykrypul. OcoleHnoctH
3TOH CTPYKTYPH BBLISACHAIIOTCA B MepBHIX naparpadax, MOCBSILEH-
HBIX KjaccHyeCcKoH MexanHKe. OTH maparpadmnl siBASIOTCS HEOTBEM-
JeMOH YacThl0 Kypca M INPONYCKATb HX IPH YTeHHH HeJb3f, TeM
Gosiee, UTO MaTepHas 3THX maparpadoB NpaKTHUECKH He Iepece-
KaeTcsl ¢ MaTepHaJoM Kypca TeopeTHUeCKoH MexaHHKH. Jloruue-
CKHM 3aBeplIeHHeM TaKOoro MoJxoJAa K TMOCTPOeHHI0 KBaHTOBOH
MeXaHHKH siBJsieTcs naparpad, nocBsinieHHbIH B3aHMOCBS3H KBaHTO-
BOM H KJacCHUeCKON MeXaHHK M NpeleJbHOMY INepeXoxy OT KBaH-
TOBOH MeXaHHKH K KjaccHuecKoH.

[pu orbope maTepnasa maparpaoB, MOCBALIEHHBIX NpPHJIOXKE-
HHSIM KBaHTOBOH MeXaHMKH, MBI CTapajHCh BHIIEJHTb Te BOIPOCH,
KOTOpbie CBSI3aHBl C IOCTAHOBKON HHTEepPeCHBIX MaTeMaTHUeCKHX
3afiay. B cBsisu ¢ atum Oosbllloe BHHMaHHe yjessieTcsi 3ajauam,
CBA3aHHBIM C Teopuefi mpexcTaBJeHHfi I'pPynm, H MaTeMaTHYECKHM
BOMpOCcaM TeopHH paccesHusi. B ocraibuoMm mogbGop Marepuaya co-
OTBETCTBYeT TPaAUIHOHHBIM YueOHHKAM, MOCBSIIEHHHM OGIIHM BO-
nmpocaM KBaHTOBOH MeXaHHKH, HampuMep, Kuuram B. A. Poka uau
I1. Oupaka,

ABropnl 6sarogapas B. M. Babuuy, KoTopblif mpoyes pyKoOmHCh
# cllesladl psiJl UeHHBIX 3aMeyaHHi.



§ 1. AsreGpa HalawaaeMbix KJacCHYECKOH MEXaHHKH

PaccMOTpHM TNpOCTelIIyi0 3ajauy KJACcCHUECKON MexaHHKH -—
3ajayy o ABHXKEHHH MaTepHaJbHOM TOUKHM (YacTHHB) C Maccoit m
B cujoBoM moJse V(X), rae Xx(xi, X x3)— pajHyC-BEKTOP UYaCTHIIHL.
Cuna, meficTBylomas Ha YacTHILY,

v
F=—gradV=———-.

OcHoBHBIMH (H3HUECKHMH XapaKTepHCTHKAMH 4YacTHOH fB-
JAIOTCS ee KOODAHHATHL X), X3, X3 H NPOEKIHH BEKTOPa CKOPOCTH
v (01, U, v3). Bce ocraiibHble XapaKTepHCTHKH eCTb (YHKIHH OT X
H V, HAPHMep, HMIYJbC p == MV, MOMeHT uMmnayJbca [ =x X p =
= mX X v, aHeprus yactuubl E = mv?/2 + V(x).

VpaBHeHus ABHKeHHsI MaTepHaJbHOH Touku B dopMe Hiiotona

HMeIOT BHI
m dv av dx —v (1)
at = ox’ dat
B panbuefiuieM yno6HO BMeCTO CKOPOCTH V B KayecTBe OCHOBHOM
IepeMeHHOH HCNoJb30BaTh HMNYJbC pP. B HOBHIX mepeMeHHBIX

VpaBHeHHA [BHXKeHHS 3aNHUCHLIBAlOTCS TakuM obpasom:

dp oV dx p
TS T @ s m @)
P 8H 9V oH p? _ )
3ameuas, yro el W’ Bx o ox ! rae H = B -+ V(X) (pYHK

nua FaMuiIbTOHa 1719 4acTHIH B MOTEHIHAJbHOM IMOJE, MH IPHXO-
JHM K ypaBHeHUSIM B (opme. [ amuibroHa

dx __ 9H dp __ _8H 3)
afr = dp ’ ar . ox

U3 kypca TeopeTHyeCKOH MeXaHHKH H3BECTHO, UTO UIHPOKHH

Kjgacc MeXaHH4YeCKHX CHCTeM H, B YaCTHOCTH, KOHCEpBaTHBHBIE
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CHCTEMBl ONMRCHIBAIOTCA YpPaBHEHHSAMH TI'amunbToHna

oH R 0H
7 = =, | == ———— i=1,2 ..., n 4
Gt =%, pi 3, 1 (4)
3nech ¢; u p;— oboOuleHHble KOOPAMHATHI M HMNyJabchl, H =
= H(q1,...,9n P1,. .., Pn)— QyHruHa [aMHIbTOHA, YHCAO n Ha-

3BIBAaeTCsl YHCJOM CcTenexedt cBoboanl cucreMbl. Hamomuum, uro pis
KoHcepBaTuBHO# cucteMbl ¢ynkuuas Iamuaprona H coBnajaer
C BHIpaXXeHHeM JJIS TOJIHOH 3HEprHH CHCTeMbl B MEpPeMeHHHX (i
# p; Bumnumem ¢ynkumuio [amuiabroHa AJs cucreMbl N MarepHalb-
HHIX TOYeK, MOMapHO B3aHMOJEHCTBYIOIHX MexXay coboil

N o 9 N N
H=Y 543 Vylki—x) + Y. Vix). (5)
=1 ! i<j 1=1

3nech B KauecTBe 000OIIEHHBIX KOODJAHHAT ¢ B3ATH JAEKapTOBH
KOOPJAHHATH YaCTHIl, YMCJIO CTelleHed ¢BOGOAB TaKoH CHCTEMH
n==3N, Vi (X;—X;) ecTb NOTeHIHAJ B3aUMOJeHCTBHA - u j-H
YacTHIL. 3aBHCHMOCTb V;; TOJBKO OT pasHOCTH X; —X; obecrneyH-
BaeT BHIOJIHeHHe TpeTbero 3akoHa HbloTona. (Ile#icTBuTeNbHO,
cHsa, fAeHcTBYOLAas Ha (-0 YAaCTHIY €O CTOPOHH j-H YacCTHIH,
Fi,=—%];ii=aaz;'=—_-l’,i.) ITorennuans V;i(x;) onuchiBaloT
B3auMojelicTBHe i-# yacTHIH ¢ BHemwHHM moJeM. IlepBoe charae-
Moe B ¢dopMyne (5)— KHHeTHUecKasi HEprus CHCTeMBl YacCTHIL

Jas npou3BOJbHOH MeXxanHuecKoH cucTeMB Bee (H3HYECKHe
XapaKTepUCTHKH ecTb (QyHKIHU OT 0600LIeHHBIX KOODAHHAT H HM-
mynbcoB. Mbl BBeleM B pacCMOTpeHHe MHOXKeCTBO ¥ BcexX Bellle-
CTBeHHBIX, 6eckoHeuHo nuddepenunpyeMbix GyHRuuit * f(qi,...,q.;
Pis..., Pn), KOTOpPHE OylieM Ha3bBaTh HabaogaeMbMH. MHOXeCTBO
Habawgaembx U, OueBHAHO, fBJAeTCA JHHEHHBIM HPOCTPAHCTBOM
¥ obpasyer BelleCTBeHHYI0 airefpy ¢ OOBYHBIMM Mt QYHKIHH
omepanUsAMH CJIOXKeHHS H yMHoXeHHS. BemecrBeHHoe 2n-MepHoe
NPOCTPAHCTBO € 3JeMeHTaMH (§i,...,Gn; P1s...,Pn) Ha3bIBaeTCA
¢a3oBBIM NpPOCTPAHCTBOM H o6o3nayaercs yepe3 . Takum obpa-
30M, ajare6pa HabJI0JaeMblX KJacCHUeCKOH MeXaHHKH ecTb ajrebpa
BelllecTBeHHBIX IVIaAKHX (YHKUHHA, 3ajaBaeMHIX Ha (Has3oBoM Ipo-
crpaHcree A.

Mu BBesieM HHXKe B aJurebpe HalbJloJaeMbIX ellle ORHY omepa-
IIMI0, KOTOpasi CB3aHa C 3BOJIONHeH MeXaHHYecKo# cucremnbl. s
MpPOCTOTH BCe JaJjbHeflllee H3JIOXKeHHe BeNeTCS Ha NpHMepe CH-
CTeMH ¢ OfHofl cTemedblo cB06ob. YpaBHeHHs] [aMHIbTOHA B 3TOM
cayyae HMEIOT BHJ

. oH . aH
=% P=—7 H=H@D) (6)

* Mb He ofCyXjaaeM BONpOC O BBEIEHHH TOIOJOTHE B aJjrefpe uabJiojae-
melx. K cuactpio, GOJBIIMHCTBO (DU3HYECKHX BONPOCOB OT 3TOH TONOJOTHH He
3aBHCHT.
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Banaua Kown fast cucreMbl (6) M HauaJbHBIX yCaOBHI

q lt-0= o, pli—o=po (7)
HMeeT eJMHCTBeHHOe pelleHHe
q = q (qO’ pOr t)r P == p (40, Po, t)- (8)

Jas cokpalleHus 3amHcH TOuKy (a3oBoro mpocrpaHctsa (g, p)
uHorga Oynem o6o3HauaTb uyepes u, a ypaBHeHHS [aMuabrona
3aMHCHIBATb B BHIE

p=uv(w), (9)

rage v(p)— BeKTOpHOe TIOJIe S5THX YpaBHeHHH, CONOCTABJSIOLLEE

KaxJao# Touyke p GasoBOro MPOCTPAHCTBA BEKTOD ¥ C KOMIOHEH-
oH oH
TaMHu —a—,;—, ——-a—(;—
YpaBuenus [aMuJIbTOHA TOPOXKAAOT OAHOMAPAMETPHUECKYIO
KOMMYTATHBHYI0 Ipynny npeoGpa3oBanuifi (a3oBoro mpocTpaHcTBa
B cebg *

Gy A — A,

rae Giu ecTb pellleHHe ypaBHeHHii ['aMHJbTOHa ¢ HauyaJbHBIM Y-
JoBHeM Gili|i=o = p. CIpaBefyiNBH paBeHCTBa:
~1
Gtys = G:Gs == GGy, Gy = Gy (10)

B cBoro ouepenp mpeobpasoBanus (G NOPOXKAAOT CEMEHCTBO Mpe-
obpasoBauuil anre6pH HabaOIaeMBIX B cebd

Uy %—9,

Usf (W) = F; (W) = (Gn). (11)

B kooppunarHo#i samucu yskuHs f:(g,p) onpepeisiercss Ciaeayios
muMm obpasom:

ft (qO, Po)=f(q (qO: Pos t)’ p(qO’ Pos t)) (12)

Halinem nuddepenunanbroe ypaBHeHHe, KOTOPOMY YIOBJETBO-
psaer ¢ynkuus f:(q,p). Has storo npoaucddepeHuupyem Toxie-
cTBO fsyt(p) = f:(Gsp) Mo nepemeHHoM S H MOJMOXKHM s = 0,

Mt W | W)
ds s=0— ot ?

rne

9f; (G.h)
ds

0=Vft(ll)’v(u)——'%'$—a*p 97

* Mu npepnodaraeM, uTo ypaBHeHus [amMuibToHa ¢ HauaJbHEIMH yCJloBHAMH
(7) uMeOT eIMHCTBEHHOE pellleHHe HA BCeit BeuIECTBeHHOH ocH. Jlerko mocTpouTh
TPHMEPHL, B KOTOPHIX IMobaJbHOE pellileHHe W COOTBETCTBEHHO I'pyHNa mpeobpaso-
panuil G He cymiecTBYIOT, DTH C/lyuaH He NpeACTABJAIOT HHTepeca, H Mbl Mx He
paccMaTpHBaeM.
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Takum o6pasom, ¢yHkuns f:(g, p) ynos/aersopseT AnbdepeHnnalb:
HOMY YPaBHEHHIO
af, _ OH of, _ oH o (13)

H HavYaJbHOMY YyCJOBHIO

ft(g, p)lico=11(q, p). (14)

YpaBuenue (13) ¢ HayaabHbIM ycaoBueM (14) HMeeT eaMHCTBeH-
HOe pellleHHe, KOTOpoe MOXKeT OHITh moJydeHo mo ¢opmyse (12),
T. €. JUI NMOCTPOeHHs pelleHnil ypaBuenus (13) mocraTouno 3HaTh
peliesHs ypaBHeHu#l I'aMuabroHa.

Ypasuenne (13) Moxer OGHTb NepenHCcaHoO B BHAE

D, 1, (15)

rae {H,[:} —cko6ka Ilyaccona dymkuuit H u f:. Jlna npoussosb-
HHx nabaomaeMbnx [ u g ckoGka Ilyaccona onpepensiercs ¢op-
MyJaoi

a B cjayyae CHCTEMbl C n CTEIIEHAMH ¢BoBO b1

{ &} = Z L — L35,

dp; dq, dq, dp,

TMepeuncauM ocHOBHBHIe cBoificTBa cKoGok Ilyaccona:

1) {f,g+ M} = {f.g} + M, h} (munedinocts);

2) {f,g} = —{g,]} (KOCOCHMMEeTpPHUYHOCTD);

3 I o D)t 8 =0 (romectso Sxotu);

4) {f.gh} = g{/.h} + {f. g}h.

Ceotictea 1), 2) u 4) npaMo cJIeAyIOT H3 onpejelieHHsi CKOGOK
Tlyaccona. CBoficTBo 4) nokaswiBaeT, yTo omepanus «ckob6ka Ilyac-
CoHa» ecTb aAnd¢epeHnupoBanne anre6pn HabaogaeMbx. delicTsu-
TesbHO, ckoOka [lyaccona moxer OwiTh mepenucana B ¢opme

{f, gt = X;q,
rae Xj=— -t — — OL 9 __ nuweitni auddepennnanpubii onepa-

dp dq dq dOp
TOp mepBoOro nopsaka, u CBOHCTBO 4) NpUHHMAET BUI

X;gh==(X;g) h + gX;h.

Csoficteo 3) MoxeT OubITb NpoBepeHo AH(pdepeHnupoBaHHeM, Of-
HAaKO ero MOXKHO J0KasaTb CJelyiomuM paccyxkjaenneM. Kaxpuoe
caaraemoe ABOHHON ckoGku IlyaccoHa comepKHT MHOMKHTEJNEM BTO-
PyI0 MPOH3BOAHYIO OT OJHOM U3 QYHKIHE MO OJIHO¥ H3 NMePeMEeHHHX,
T. e. JieBasi yacTb 3) eCTh JHHEHHAss ofHOpPOAHAS (PYHKIUS OT BTO-
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pbix Mpou3BoJHHX. C Apyro#l CTOpOHH, BTOpHE NMPOH3BOJAHBIE OT A
moryT Bxoautb Toabko B cymmy {f, {g,h}} + {g, {h, [}} = (X;Xe—
— XgX;)h, a xomMmyratop JauneHHBIX AuddepenuHaNbHBIX oNepa-
TOPOB TIEPBOTO MOPSiAKa ABJIAeTCS AHGOepeHIHAIbHEIM ONepaTo-
pOM MepBOro MOPSJKa, 103TOMY BTOpbie IIPOH3BOJHbBIE OT A B JIEBYIO
yacte 3) He BofinyT. B cuay cuMMeTpuu JeBasi yacTh 3) BooGlle
He CONEePHKHT BTOPHIX NPOH3BONHLIX, T. €. paBHA HY.JIIO.

Ckobka Ilyaccona {f,g} BBOgMT B aare6py Haba0JaeMBIX
CTPYKTYpy BewecTBeHHOH anreGpe JIn*, HMrak, MuoXecTBO HabJi0-
JaeMuix obnajaer ciaeaymooueil aarebpandyeckofl CTpykTypo#l. Muo-
XecTBO ¥ siBJIgeTCS:

1) BemecTBeHHBIM JIHHEHHBIM IIPOCTPAHCTBOM;

2) xommyrarusHoll anrebpoit ¢ onepanuei fg;

3) auarebpoit JIu ¢ onepauueit {f, g}.

[lBe mocienHue omepamyuy CBA3aHbl COOTHOLIEHHEM

B aurebpe HabaonaeMuix % ecTh BbJEJEeHHBI 2JMeMeHT — QYHK-
ous amuibrona H, posb KOTOpo#l — omvcaHne M3MeHeHUs uHabJio-
JaeMbiX CO BpeMeHeM

T, 1,

[Tokaxem, uro oroGpaxkenne U;: ¥ -9 coxpaHseT Bce omepa-
nun B 9U:

h=f+g—->h=Ff+g

h=fg—h={:gu

h={l, gt>h={f g},
T. e. ABJIAeTcs aBToMOpdH3MOM auarebpel Habaoaaemblx. [IpoBepum
JUIs IpuMepa InocjefHee yTBepXieHHe. JIJg 3TOro0 JOCTAaTOYHO

y6eqHTbCA B TOM, YTO ypaBHeHHe H HauajbHOe ycJoBHE AJs A; ecThb
CeICTBHE YpaBHEHHI W HAayaJbHBIX YCJHOBHH AN QYHKUHE [ u g:

on, (o 3
R R (- =
={{H, i}, g3 +{f{H, g} ={H, {f1, g3} =1{H, h}.

3pect Gpiin HCHMOJb30BaHH cBofictBa 2) u 4) ckRobok [TyaccoHa.
Hauree,

b lico={ft, g} bk=o=1{f, g}.

Teneps Hallle yTBep:XKIeHHe CilelyeT H3 eJHHCTBEHHOCTH pelleHHS
ypaBnenus (13) ¢ HauasbHbLIM ycnoBHeM (14).

* HanoMHYM, YTO JHHeiiHOe NpocTpaHcTBO ¢ GuHApHOH ollepauHeil, yAomje-
Tropatomell yerosuaM 1)—3), HaspiBaercst aareGpoit JIu.



§ 2. CocrosHus

[TousTHe COCTOAHHUS CHCTEMbl MOXKHO CBA3aTb HENOCPEACTBEHHO
¢ YCJOBHAMH SKcIepUMeHTa. Beakuil ¢u3nueckuil skcIepUMenT CBO-
JUTCA K H3MEepeHHIO UYHCJEHHOrO 3HayeHHs HabaiomaeMofi AJsl CH-
CTeMHl, TOCTaBJEHHOH B OIpegesieHHBIE YCJOBHS, KOTOPHE MOXHO
Ha3BaTh YCJOBHAMH 3KclepuMeHTra. CUHTaercs, YTO 3TH YCJOBHSA
MOTYT BOCIIPOH3BOAMTBCS MHOTOKDATHO, OJHAKO MBI He Ipennosa-
raeM sapadee, 4TO TPH NMOBTOPHOM IIPOBEJIeHHH 3SKCHepUMEHTa WH3-
MepeHHe JacT TO e caMoe 3Hauenue mabmopaemoi. Ha sompoc,
C ueM CBfI3aHA HeONpeNeJEeHHOCTb B pesyJbTaTax 3KCHepHMEHTa,
BO3MOXKHBl JIBa OTBeTa.

1) Uncno ycnoBui, KOTOpble (QHKCHPYIOTCH MNPH INPOBeIeHHH
SKCIEPUMEHTOB HeJOCTATOYHO 1Js1 TOTO, YTOOBl OJHO3HAUHO Olpe-
LeJUTh pe3yJabTaThl H3MepeHHS HabsrogaeMmblX. Ecan Heopnosnau-
HOCTb BO3HHKAaeT TOJBKO [0 3TOH NpHYHHe, TO MO KpalHell Mepe
B OpHHIHUIIE 3TH YCJOBHS MOXHO JOMNOJHHTb HOBBIMH, T. €. IOCTa-
BHTb 3KCIIepHUMeHT BoJsiee «YHCTO» H TOTAA Pe3yJbTaTH BCeX H3Me-
peHu#i 6yayT onpejeJsieHbl OJHO3HAUHO.

2) CpofictBa CHCTeMbl TAKOBH, YTO IIPH MOBTOPHBIX 3JKCIEPH-
MeHTax HabJaiogaeMble MOryT NPHHHMAaTb pa3JiMuHble 3HAYeHHd, He-
3aBHCHMO OT YHcJAa H BBHIGOpa YCJOBHH 3KCIEpHMEHTA,

PasyMeercs, ecii HMeeT MecTO 2), TO HeJOCTAaTOYHOCThL YCJO-
BHH MOXKeT JIHIUb YCYTyOJfTh HEOAHO3HAUHOCTb Pe3yJbTATOB 3KC-
nepumentoB. Ilogpo6Ho 1) u 2) MBI 0obBCyauMm Iocie TOro, Kak
HayuyuMCsl ONHCHIBATb COCTOSIHHS B KJacCHUECKOH H KBaHTOBOMH
MeXaHHUKe.

Mp1 GyseM CUHTaTh, YTO YCJOBHSI IKCIIEPHMEHTa ONpeaeJsioT
COCTOSIHHE CHCTeMBbl, eCJIM IPH MHOTOKPAaTHOM IOBTOpDEHHH OINHITA
IIpH 3THX YCJOBHSIX BO3HHKAIOT BEPOSITHOCTHHE pacIpeesieHus s
Bcex HabmwogaeMbXx. B aroM ciyuae Mbl OyAeM roBopHTb 00 H3Me-
pennu nHabuionaeMoil f gJs CHCTEMBl, HAXOASIIEHCS B COCTOSIHHH ©.

BoJsiee TouHO: cocTosiHHe ® Ha aiarebpe Habawaaembx ¥ como-
craBisieT Kaxao# Habmaogaemoll [ BepoSITHOCTHOe pacrpejesieHHe
ee BO3MOJKHBIX 3HauYeHHil, T. e. Mepy Ha BeuiecTBeHHO# ocu R.

ITycts [— nabamonaevasn, E — GopeseBcKoe MHOMKECTBO Ha Be-
wectBerHoft ocu R. Torna onpenesnedne cocTOsIHHA » MOXKeT OHTDb
3aMHCaHo

f, E—> o3 (E).
Hamomunm cBoficTBa BeposiTHOCTEH Mephl
<o (E)<1, o;(2)=0, o;(R)=1, (1)

eciu E\NE2 =, 10 0 (E1 U E2) = 07 (E1) + 07 (E2).

Cpeau Habua01aeMbIX MOTYT BCTPETHTbCs (HYHKIIHOHAJIBHO 3aBH-
CHMBble, MO3TOMY HEOOXOAHMO HaJOXKHTb YCJIOBHE Ha BEPOSTHOCT-
Hble pacnpejeseHns Takux Habmonaemuix., Ecau nabawpaemas ¢
ecTb QyHKuus oT nabamopaemoll f, ¢ = ¢@(f), To aTO yTBepXKienue
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rmoapasyMeBaer, 4To H3MePeHHE UHCAEHHOro 3HaueHHs Haluiogae-
Mo#t [, KOTopoe NPHBOZHT K 3HAYEHHIO [, OXHOBpEMEHHO SBJsiETCS
u3MepeHueM HaOJiofaeMoll ¢ U JaeT AJs Hee YUCJAEHHOe 3HAYEHHE
@o = @(fo). TloaroMy w;(E) H 0g()(E) CBA3aHB COOTHOLIEHHEM

Do (E)= 0 ((P—I (E)), 2)

rae ¢! (E)— npoo6pas MHOXecTBa E mnpu oroGpakeHud q.
Buinmyksas KoMOHHaALHsA BepPOATHOCTHBIX Mep

(07 (E)=(l(01f (E)+(1 '—a)mgf (E), 0 <o | (3)

ynoBJerBopsier cBofictBaM (1) ans mo6oi mHabaiomaeMmo#t f u coor-
BeTCTBYeT COCTOSIHHIO, KOTopoe MH OyneM 0603HauaThb

o ==0a0; + (1 — a) w,. 4)

Takum o06pa3oM, cocrosHHs 006pa3yioT BHIOYKJIOE MHOXKeCTBO,
HMuorza BHIOYKJAYIO KOMOHHANHIO (4) COCTOSHHE ®; H g Ha3bIBAIOT
CMechl0 3TUX cocrosHu#. Ecau nid HEKOTOpOro cOCTOSHHS ®© H3
(4) caeayeT, 4To @1 = @2 = ®, OyAEM TOBODHTh, YTO COCTOSIHHE @
He packJaAblBaercsl B BBIIYKJAYI0O KOMOHHAHHIO JPYTHX COCTOSTHHEH,
Takne COCTOSIHHS Ha3BIBAIOTCS YHCTBIMH, BCe OCTaJbHHE — cMe-
INAHHEBIMH.

B kauecTBe MHoxecTBa E ymo6HO BLIOMpaTh HHTEpBAJ Belle-
crBeHHON ocu (—oo,A]. Ilo ompegpenenuio o;(Ah) == @f((—oo0,A])
U ABjaserc QyHKuuefl pacnpenesenus Halbaogaemoil [ B cocros-
HHH ©. UHcneHHO ®;(A) paBHa BepOSTHOCTH IIOJYYHTH 3HAYeHHE,
He npepocxojdmiee A NpH HaMepeHHH HaGJaiomaemoft [ B cocros-
Hun @. M3 (1) caexpyer, yro ¢yHKuusi pacnpenenenus o;(A)— He-
yOnBatomas QyHKHHSA A, of(—o0) =10, @;(+o0c)=1,

MareMarudeckoe oxujgaHue (cpexHee 3HaueHue) HaGJ0JaeMoi
f B cocrosHun o onpexensercs dpopMyoi *

0

(flo)y = S A doy ().

—00

3aMeruM, UTO 3HaHHE MaTeMaTHYECKHX OXHAAHHH [JA BCex
HabJiogaeMBHX 3SKBHBAJIeHTHO 3HAHHIO BEPOSATHOCTHBIX pacpeje-
JeHu#. UroOw yOenuTbcd B 3TOM, AOCTATOYHO PACCMOTDPETH (PYHK-
nuio oT Habuogaemofi 0(A—f), rae 0(x)— pyukuua XeBucafiza:

1, x=0,
6(x)={ 0, x<O0.
Herpyano noHATh, uTo
o (M) =(0( —1)|a). (5)

* OGosHauende (f|®) ana cpesHero sHauenns HaGmOfaeMOl He Ccheflyer
OyTaTh € YacToO HCNOJMB3YeMHM B KBaHTOBOH MeXaHHKe 0603HaueHHeM Jupaxa
IJisl CKaJsPHOTO NPOH3BeAEHHs BeKTOPoB (P[V) .
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[ToTpeOyeM BBIMOJMIHEHHS CAeAYIOLUUX, €CTECTBEHHHIX € Qu3nues
CKOfl TOUKH 3peHHsi YCJIOBHH Anfl CPeJHHX 3HaudeHHH Hab/aI0AaeMbIX:

1) (Cle) =C,

2) {f4Arglo) = (flo) + Mg|od, (6)

3) (Plal)=0.

Ecnu takue tpeboBaHHsl BBeIEHBl, TO peasu3anus ajre0psl Ha-
OJI04aEMBIX y3Ke caMma oIpefeJser cNoco0 ONHCAHHA COCTOSHHA.
HelicTBUTENBHO, CpelHee 3HaUeHHe eCTh JHHEHHBIH INOJOXHTEeab-
HHl (YHKIHOHAJ, omnpexaeseHHblfl Ha anrebpe HabaogaeMbx 9.
O6mwasa dopMa Takoro PyHKIHOHAJA:

1oy =1, 9 dua(p, ), (7)

ot

rae dp, (p, ) — Anddepernuan Mepsl Ha (a3’oBoM HPOCTPaHCTBE,
a uHrerpas Gepercsi Mo BceMy (a3oBoMy mpocTpaHcTBy. M3 yciao-
Bus 1) caexyert, uto

{ a0, p=nom=1. ®

ot

MBl BHIHM, YTO COCTOSIHHE B KJACCHYeCKOH MeXaHHKe OIHCHI-
BaeTcA 3aJaHHEM BEPOATHOCTHOI'O paclpejpeseHus Ha (HasoBOM
npoctpancree. Popmyay (7) MoxHO Iepenucatb B BHIE

(Floy={F (0. 9)pu (b, ) dp dg, ©

ot

T. €. Mbl MPHXOJHM K OGHIYHOMY B CTATHCTHYECKOH ()H3HKe OINHCa-
HHIO COCTOSIHHSI CHCTEMBl NpH NOMOINM (GYHKHHH pacllpefieJeHus
0o (p, g), KoTOpas B obuleM ciaydae sBJsercd oGoCLIeHHOH MoJO-
XKHUTEJbHOH (YHKIHeH. YcioBue HOPMHUDPOBKH (PYHKHHH pacmpeje-
JIEHHSI HMEET BHJ

Sp(p, @) dpdg==1. (10)

o

"B 49acTHOCTH, JIeTKO BHIETb, YTO UHCTOMY COCTOSIHHIO COOTBET-
cTByer (QYHKIHA pacrpefejeHHs

0(q, p)=056(q — q0) 8 (p — po)s (11)

rae 6(x)— 8-pyukuus dupaka. CooTBeTcTBylomass Mepa Ha ¢aso-
BOM NPOCTPAHCTBE COCPeNlOTOYeHA B TOUKE §o, Po, H THCTOE COCTOS-
HHe ONpefensieTcd 3afaHHeM 3TOi TOYKH ()a3oBoro MPOCTPAHCTBA.
Ilo sroff npuuuHe ¢a3oBoe npoctpaHCTBO A HHOTAA Ha3bIBAIOT
npocTpaHcTBoM cocTosuuii, CpenHee 3Hauenwe HaGuiogaeMolt f
B UHCTOM COCTOSIHHH ©

(Flo) =f (g0, po)- (12)
12



Ara dopMy/Ja HEMOCPEACTBEHHO CJeAyeT M3 ompefejeHHs O-QyHK-
ILHH

f (g0, P = Sf(q, p)8(g— q0) 8 (p — po) dg dp. (13)
ot

OGHYHO B KypcaX MeXaHHKH OrPaHHYHBAIOTCS HU3YUEHHMEM YHC-
TBIX COCTOSIHHH, a CMeLIaHHLIE COCTOSIHHA ¢ (QyHKIHEH pacmpeje-
Jgenus oramunofi or (11) paccmarpuBaioTesl B CTATHCTHYECKOH
¢usuke. BBegenue ¢ caMoro HauaJla B TEOPHIO CMEMIAHHEIX COCTOSI-
HU oONpaBAblBaeTCs CJAeAYOIUMH obcrosreibcrBaMu. PopMmysnu-
pOBKa KJacCHYecKOH MeXaHHKH Ha s3bKe COCTOSHHH M HabJiogae-
MbIX HauOoJsee 6Ju3Ka K (PopMyJaupoOBKE KBAHTOBOH MEXaHHKH
I TM03BOJIsieT eJHHOOOPA3HO ONHCHBATH COCTOSIHHS MeXaHHKH
H cratHcTHYeckol ¢u3ukd. Takad GopMyJdHpoBKa MO3BOJIHT HaM
B HaJbHedlleM AeTaJbHO MPOCAEAMTb 32 NpPENeJbHBIM HepexogoM
OT KBAHTOBOH MeXaHHKH K KJaccHuecKofi. Mbl yBHAHMM, UTO B KBaH-
TOBOH MeXaHHKe TOXe CYLIeCTBYIOT YHCTHIE U CMeUIaHHBIE COCTOSi-
HHS, TIPHYEM NPH OpeleNbHOM Iepexoje YuCToe KBAHTOBOE COCTOS-
HHe MOKeT IpeBpaIlaThCid B CMEUIAHHOE KJIACCHYECKOe, MO3TOMY
npefeJbHHA Nepexoj IMpolle BCEro ONHCHIBAETCS APH efuHooGpas-
HOM pPacCMOTPEHHH YHCTHIX M CMELIaHHBIX COCTOSTHHH.

BHISICHIM Telepb (PU3HYECKHH CMBICT CMEUIaHHHX H YHCTHX
COCTOSIHHH KJlaccHieCKoH MeXaHHMKH H HaHJeM NpHYHHY, MO0 KOTOpo#
pesyabTaThl ONBITOB HeOGA3ATENBHO ONpelessioTess OLHO3HAUHO
YCJAOBHAMH 3KCHEPHMEHTA.

PaceMorpuM cMech cocTosinuit o; U o9

® =00 + (I — a) oy, I<a<l.
Hdas cpenHHX 3HayeHHil, oueBHIHO, clpaBelnauBa popMyJa

(fto) =a({flo) + (1 —a)(f o). (14)

Gopmyan (14) u (3) momyckaioT cieAyioliee TONKOBaHHE. YTBEpK-
JeHHe 0 TOM, YTO CHCTEMA HAXOAHTCS B COCTOSIHHH (, SKBHBAJEHTHO
yTBepXKIEHHIO, YTO CHCTEMA C BEPOSTHOCTHIO o HAXOAUTCH B COCTOS-
HUH o; H ¢ BeposAtHoctbio (1 — o) B cocrosHuM @z 3aMeTHM, 4YTO
TaKoe TOJKOBAHHE BO3MOMKHO, HO He fBJAETCS HeoOXOTHMBIM.

IMpocrefiee cMelIaHHOE COCTOSIHHE SBJISIETCS BBIMYKJIOH KOM-
6uHanuell AByX HHCTHIX

p(g, p)=ab(g—g)d(p—p)+ (1 —a)b(g — q2) 6 (p — po).
Bo3MOXKHE ¢MeCH 7 YHCTHIX COCTOSIHHM

n n
p(q,_p)=i2=la16(q—qz)é(p—pz), @, >0, g:laz=l.

3pech o; Moxer OHITh HCTOJKOBAHO KaK BEPOSTHOCTH PeasIU3anHu
YHCTOrO COCTOSHHSA, 3afaBaeMoro To4kofi ¢asoBoro mpocTpaHCTBa
gi, pi. Hakoren, B ofmeM cayuyae pgjsi QYHKIUH DAaCHpele/eHHS

13



MOXHO HamHcaTL

g, p= S P (90, P0) 8 (9 ~— 90) 8 (p — po) dqo dp.

ot

Takas 3amucb NPUBOAUT K OOGBIYHOMY B CTATHCTHUECKOH (H3HKe

TOJIKOBAHHIO (PYHKHHH paclpejeleHus: Sp(q, p)dgdp ectb Be-
Q

POATHOCTL OOHAPYMKHTL CHCTEMY B UHCTOM COCTOSIHHH, M300paxae-
MOM ToyKoH u3 oGJyactu Q ¢pasoBoro mpocrpaHctBa. Eme pas mon-
gepKHEM, UTO B TAKOM TOJKOBaHHH HeT HeoOXOAMMOCTH, TaK Kax
YHCTBle H CMeLIaHHBIe COCTOAHHS MOryT OEITh ONHCANH B paMKax
ejuHoro dopmanusMa.

Onxsofi W3 BakHeANHX XapaKTePHCTHK BEPOSITHOCTHOrO pac-
npejeseHus ABJASETCS AUCHEPCHSA

Nf = ((f — {f la))?| 0) = {f? |o) — {f |0)>. (15)

[TokaxkeM, 4TO0 CMeUIHBaHHE COCTOSHHH NPHBOAHT K YBEJHUEHHIO
gucnepcud. Bosee TouHasi GopMysHpoBKa 3TOrO YTBEDKIEHHS CO-
JNEPKUTCS B HEpaBEHCTBaAX

MF>arf+ (1 —a)ALf, (16)
Aof Aog = 0l fAug + (1 — @) Ap,fA,g, (17)

npuyeM 3HAKH PABEHCTBA HMEIOT MECTO TOJNbKO NPH YCJOBHH, UTO
cpenHue 3HAYCHHA Haba0gaeMBIX B COCTOSIHHSX ®; H @2 COBIa-

JaoT
(Floy={f o), {glo)=/{g|ay).
B ocnabaennoit popme (16) m (17) MoxkHO 3amucatbh B BHIE
83F > min (B3], 83f), (18)
AofAag = min (Ao flag, DofBe.g). (19)
ITpu npokasaTesbCTBE HCHNOJBL3YETCsl 3JEMEHTAPHOE HEPABEHCTBO
p)=c+(1—a)*—(@+(1—a)x)P=0, —oo<x< oo, (20)
npuueM o(1)=0, ¢(x)>0 npu x==1. en
Hcnonbsys (14) u (20), umeem
Af=(Plo) —(flo)*=
=a(f?lo) + (1 —a)(Ple) —[a(f o) + (1 —a) (fla)P >
= a(ft o) + (1 — o) (Plag —a(f o) — (1 —a) (f lo)* =
=alAL f+ (1 —a)AZ .
14



HepasercTBo (16) mokasawo. HepaBencrso (17) sBiserca cien-
creuem (16). IleficTBUTENbHO,

A fAZg = (e[ + (1 —a) AL f) (aAf g+ (1 — o) AL 9) >

= [080fAog + (1 — ) Ap,fAa,g]?
JLag 4uCTHIX cocTOSAHUH

0(q9, P)=06(9 —g0)d(p — po)s
(I} =T (g0, P},
A2f=f*(qy py)— % (g4 Po) =0,

T. € [JJs YHCTBIX COCTOSIHHH KJjaccHYecKoll MeXaHHKH JHCHepCHs
paBHa HyJi0. DTO 3HAYUT, YTO AJS CHCTEMBl B YHCTOM COCTOSIHHH
pesysbrar H3MepeHHs J060f HalaiojaeMoft ompeneseH OAfHO-
sgauHo. CocrofHue KAaCCHYeCKOH CHCTEMB OYAeT HYHCTBIM, €eCJH
YCJOBHS 3KCIEpUMEHTa (DHKCHPYIOT K MOMEHTY H3MepeHHs 3Haye-
Husl BceX 000OINEHHBIX KOOpAHHAT H HUMIYJbCoB. SIcHo, urto ecJH
MaKpPOCKOMHYECKOe TeJO pACCMATpPHBATh KAaK MEXAHHUYECKYIO CH-
cremy u3 N MoJekys, rae N uMeer oOwuHo nopsigok 10%, to HuKa-
KHe YCJIOBHS PeaslbHOTo (PU3HYECKOro 3KCIePHMeHTa He (HKCHPYIOT
3SHAYEHU{l gp U pg MJS BCEX MOJIEKYJ H OMHCAHHE TAKOH CHCTEMHI
IpU NOMOILH YHCTHIX COCTOSHHH siBAsieTcsl OecnosiesnuiM. Ilostomy
B CTATHCTHUECKOH (pu3HKe U3YUAIOTCS CMEUIAHHBlE COCTOSHHS.

[TonseneM nekoropeie HTOrH. B kiaccudeckofi MexaHuKe cyre-
cTByer OeCKOHEYHOEe MHOMKECTBO COCTOSIHHH CHCTeMH (YHCTHE Co-
CTOSIHHSA), B KOTOpPHIX Bce HabJjofaeMbple HMEIOT BIOJIHE ONpefe-
JeHHHEe 3HaYeHHA. B peasbHBEIX 3KCIEpPHMEHTAaX C CHCTEMaMH 3
OFPOMHOTO 4YHCJa YacCTHIL BO3HHUKAIOT CMeWIaHHble cocrosiHus. Pa-
ayMmeercsl, TAaKHE COCTOSIHHA BO3MOXHBL H B JKCIEPHMEHTaX ¢ Npo-
CTHIMH MeXaHHYeCKHMH cHCTeMaMH. B sTOoM cuayuae Teopus paer
TOJIBKO BEPOSITHOCTHBIE IIPECKa3aHHA.

§ 3. Teopema JluyBuaasa
M JiBe KapTHHBI JBHXKEHHS B KJACCHUECKOH MeXaHHKe

Sror pasfen Mbl HayHeM C [JOKa3aTesbCTBAa BaXXHOH TeopeMHl
Jluyeuas. Ilyete Q — HekoTopas o6aactb (a3oBOro INpoCTpaH-
ctBa JA. ObGo3HauuMm dyepes Q(f) o6pa3 sroff objactdH Noxy Aed-
cTBHEM (Pa30BOTO NMOTOKA, T. €. MHOXKECTBO ToueK G:p, p < Q. Ilycrs
V(t)— o6vem obnactn Q(f). Teopema JIMyBHIISA YTBEPKAAET, HTO

dv (f)

=0
JLoKa3aTeNbCTBO:
D (G
V(t):gg(t)du=§]1+(;§l|du, dp = dq dp.
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3necy uepes D(Gip)/D(p) o6osnauen ompenenurens Sko6u mpe-
ob6pasoBanusa G JJs KoKasaTeNbCTBa TEOPEMH JNOCTATOUHO MOKa-

3aTh, 4TO .

D@Gm)

P ! (1)

npu Becex £ Ilpu ¢ = 0 pasencrBo (1) ouesngHo. Ilokaxkem Temeps,
4TO

4 D@ _

dat D(p)

Ilpn t =0 dopmyna (2) npoBepsieTCs HEMOCPEACTBEHHO
d D(Gtu)l [P » D(q, p)
2 D =G + 7]

a%H 0

= (99 4 9P =0 oH
_(aq + 6p)‘t=0_ dq dp dp 9q 0.
Ilpu ¢ %= 0, AndPepeHUHPYs TOXKAECTBO

D(Gy, ) _ D(Gyysh) D(Gy1)
) DGy D

mo s v nojaras s = 0, noayunm

d DO _ [ 4 D(GGm)
dt "D |ds DG

0. (2)

t=0 -

se0 P ’

Takum o6pasoM, paBeHcTBo (2) cnpaBeasuBo npu Bcex f. Teopema
JOKa3aHa.

PaccmoTpuM Temepb 3BOJIONHIO MeXaHuueckKoHl cucreMbl. Hac
HHTEPECYeT 3aBHCHMOCTb OT BPEMEHH CPeIHHX 3HAYEHHH HAa6JI0-
naeMbx {f|o). Bosmoxub aBa cnoco6a omucaHus 3TOR 3aBHCH-
MOCTH WJIM JiB€ KapTHHBI ABHKeHHS. Mb HauHem ¢ (OpPMyJHpPOBKH
TAK HashBaeMoll KaptuHH ['amunbrona. B srofi Kaprune 3aBHCH-
MOCTh OT BpeMeHH HaOJiioZaeMbIX ONpefesiercs ypaBHEHHEM
(1.15)*, a cocTosiHus OT BpeMeHH He 3aBHCAT

df dp
#’:{H’ ft}’ 7[=0

Cpennee 3nauenue HabmiogaeMofl [ B COCTOSHMH @ 3aBHCHT OT
BpeMeHH 1o ¢(opMyJie

1oy = {fiwewdn = {F(Gw)owau ®)

ot ot

K nojpobuee |
(filo) = Sf(q (90> Pos 1), P(q0s Pos 1) 0 (G0, Po)dgodpe.  (4)

ot

* Ilpu cceutke Ha (opMyay H3 npeibIAyIIHX naparpadosB HOMED COOTBETs
CTBYWIIEro naparpada BBOAUTCA Nepell HOMepoM GOPMYJbL,
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HanoMHuuM, uTo ¢ (qo, Po,t) H P (qo, po, t) — pellienuss ypaBuenuit I"a-
MUJBTOHA C HAYaJbHBIMH YCJOBHAMH §|t—=0 == qo, P|i=0 = po.

Hdas uuctoro cocroanus p(q,p)=906(¢g— qo)6(p —po), u us
tdopmyan (4) crnexnyer, uro

<ft l(0> = f‘(q (‘707 Do, t)r p (‘701 Do, t))-

D10 obuunas GopMyJia KJacCHUueCKOH MeXaHHMKH AJS 3aBHCHMOCTH
or BpeMeHH HalJiofaeMoil B 4HCTOM cocTosHHH *. I3 dopmyan (4)
SICHO, UTO COCTOsIHHe B KapTHHe I'aMHJIbTOHZ oIpefessieT BepOST-
HOCTHOE pachpefie/leHHe HaYaJbHBIX 3HAUEHHH ¢ H p.

AnvrepHaTUBHBI cHOCO6 ONHCAHHA ABHIKEHHS IOAYUHTCH, €CJIH
B (3) chenarb 3aMeHy nepeMeHHHX G:u—p. Torga

(i Gmowan={f@ oG a| 2T =
oM oM

D (w)

= Sf(u) o¢ () dp = ([ o).

M

3nech HcHnonb30BaHo paBeHcTBO (1) u BBefleHo o6o3Hauenue
p:(n) = p(G-p). Herpyano mnomarb, uto p¢(u) yHOBJIETBOPSET
YPaBHEHHIO

dp,

dl‘ {H pt} (5)

KoTopoe otrauuaerca or (1.15) 3Hakom mepen ckoOkofi Ilyaccona.
BuBoj ypaBHeHus (D) OykBaJbHO MOBTOPsieT BHIBOJ ypaBHeHHS
(1.15), a pasHuna B 3HaKe BO3HHMKaeT 3a cyeT Toro, uto G_;p
yaoBJeTBOpsieT ypaBHeHHAM [aMuiabTOHa ¢ OOpalleHHBIM Bpeme-
HeM. Kapruna nBHKeHHS, B KOTOPOH 3aBUCHMOCTb OT BPeMEHH Co-
cTosiHMfl ompejessiercss ypaBHeHHeM (5), a HaGaiogaeMbie OT Bpe-
MeHH He 3aBHCAT, HA3HKBaercA KapTHHOH JluyBHLIS:

df 0 dp,

w=0 g=—{o}
Vpapuenue (5) HasbiBaercs .ypaBHenHeM Jluysuanas., M3 camboro
cnoco6a BBefeHHS KAPTHHH JIHYBHJJISA 0YEBHIHO, YTO

(ftlo) ={(f loy).

Sra dopMysa BHIpaxKaeT 3KBHBAJEHTHOCTb JBYX KaPTHH JBHUKEHHS.
Cpennne 3HaueHHs HaOJioJaeMBIX 3aBHCAT OT BPeMeHH OLHHAKOBO,
a DA3HHHA MeXAy KapTHHaMH TOJbKO B cmocobe omucaHuss 3ToH
3aBHCHMOCTH. 3aMeTHM, 4YTO B CTAaTHCTHYECKOH (QH3HKe OOHUHO
HCNoAb3yercss KapTHHa JInyBHIIA.

* B Kypcax MexaHHKH OOGHMHO PAcCMAaTPHBAIOTCHA TOJBKO YHCTHIE COCTOSHHS.
Ilpn aToM He lenaercd pa3/HYHA MeXAY 3aBHCHMOCTBIO OT BPeMeHH abCTPaKT-
HOM HaGmopzaeMoii B KapTHHe ['aMHJbTOHA W H3MeHEHHEM ee CPelHero 3HAueHHs.
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§ 4. ®u3nuecKHe OCHOBLI KBAHTOBOH MEXaHMKH

KBaHTOBass MeXaHHKa — 3TO MeXaHHKa MHKpoMmupa. $SIBienus,
KOTOpble OHa H3ydaeT, B OCHOBHOM JIeXaT 3a Mpefes]aMH Hallero
YYBCTBEHHOTO BOCHPHATHS, [O3TOMY He CJeAyeT YAHBJIATLCS Ka-
XKyulefics mapajoKCaJbHOCTH 3aKOHOB, YIPaBJAIOMHUX 3THMH sB-
JIEHUSIMH.

OcCHOBHBIe 3aKOHBl KBAHTOBOH MeXaHHKH He yJaercd chopMyJiH-
poBaTh KaK JIOTHUeCKOe CJEeACTBHE pe3yJbTATOB HEKOTOPO# COBO-
KyMHOCTH (yHAaMeHTaJbHBIX (PU3HYECKHX 3KcNepuMeHTOB, MHBIMH
(JI0BaMH, JI0 CHX IOp HeusdpecTHa (OpPMYJHPOBKAa KBAaHTOBOH MeXa-
HUKH, OCHOBaHHasl Ha CHCT€Me IMPOBEPEHHBIX Ha ONLITE AKCHOM.
BoJiee Toro, HeKoTophle H3 OCHOBHBIX MOJIOXKEHHI KBaHTOBOH MeXa-
HHKH [pPHHIMOHAJIbHO He JAONYycKalOT ONBITHOH mnposepku. Hama
YBEPEHHOCTb B CIPaBEAJNHBOCTH KBAHTOBOfl MeXaHHKH OCHOBaHa Ha
TOM, YTO BCe (pH3HYeCKue Pe3yJbTaThl TEOPHH COIJACyiOTCHd C 3JKC-
rnepuMenToM. TakuM o6pa3oM, Ha ONbITe NPOBEPAIOTCH TOJNBKO CJe]-
CTBUSl M3 OCHOBHBIX IOJIOXEHHH KBaHTOBOH MeXaHHKH, a He ee
ocHOBHbIE 3aKoHH. C 3THMH 06CTOATENbCTBAMH CBfI3aHbl, IO-BU-
JHMOMY, IVIaBHEE TPYLHOCTH, BO3HHKaIOIIHEe IPH MepBOHAYAJIBHOM
H3yUYeHHH KBAHTOBOH MeXaHHKH.

Takoro e xapakrepa, HO, OYEBHAHO, ropasfo OoJiblIHe TpPYA-
HOCTH CTOSIJIM Iepej CO3ZaTeJAMH KBAaHTOBOH MeXaHHKH. DKCHepH-
MEHTH CO BCEH ONpeleseHHOCTbIO YKa3blBaJH Ha CYIECTBOBaHHE
0CoOBIX KBaHTOBBIX 3aKOHOMEDHOCTeHl B MHKPOMHpE, HO HH B Koell
Mepe He MOACKa3HBadH (POPMY KBAHTOBOH TeOpHH. DTHM MOXKHO
00bACHATDL MOWCTHHE NPAMATHYECKYI0 HCTODHIO CO3JaHHS KBaHTO-
BOH MeXaHHKH H, B YaCTHOCTH, TOT (akT, 4To NepBoHayaJbHEE
(DOPMYJNHPOBKH KBAaHTOBOH MeXaHHKH HOCHJH YHCTO pPeleNTypPHBIH
xapaKrep, OHH cofepiKaJi HEKOTOpble NMpaBuJa, NO3BOJAIIIHE BH-
YHUCJISITh H3MepseMble Ha ONbITE BEJHUYUHH, a (PU3HYECKOEe HCTOJKO-
BaHHE TEOPHH INOSBHJIOCH MOCJE TOro, KAK B OCHOBHOM OHJI CO3faH
ee MaTeMaTHuecKu# QopMaJH3M.

Ilpu mocrpoennu KBaHTOBOH MEXAHHKH B HACTOSIIEM KypCe MH
He 6yneM cJegoBaTh HCTOPHYECKOMY NyTH. MBI o4YeHb KOPOTKO
onuuleM pAA (Pu3HUECKUX SBJEHHH, NMONBITKH 0O0DBACHHTL KOTODHIE
Ha OCHOBE 3aKOHOB KJacCHYeCKoH (PH3MKMU MPHUBOIHJIH K HEMPEOIO-
JUMBIM TpyAHocTAIM. [lajlee MBI TONBITaeMCs BHIAICHHTb, KaKHe
YepTH ONHCAHHOH B MNpeJbAymux naparpadax cxXeMbl KJjaccHue-
CKOfl MeXaHHUKH NOJIKHBI COXPaHUTbCS B MEXaHHKE MHKPOMHPA H OT
4ero MOXKHO H HYXKHO OTKa3aTbCf. MBI YBHIHMM, YTO OTKa3 TOJIBKO
OT OJIHOTO YTBEpPXKJAEHHS KJIACCHUECKOH MeXaHHKH, a HMEHHO OT
yTBepIKAEeHUA, YTO HabJlofaemble ectb QYHKIHMH Ha (ha3oBOM Hpo-
CTPAHCTBE, NO3BOJUT IOCTPOUTb CXEMY MEXaHHKH, OIHCHIBAIOLIYIO
CHCTEMHl C MOoBeJeHHeM, CYIIeCTBEHHO OTJHYHBIM OT KJacCHYeCKoro.
Haxkonen, B mociexayiomux mnaparpadax Mbl yGeaumcs, 4To mo-
cTpoeHHasl Teopus saBJasgercs Oosee oObIel, ueM KJaccHYeCKass Me-
XaHUKa, H COAEPKHT MOCJIENHIO KakK NpejesbHBIH Caydai,

18



Wcropuuecky IepBasi KBaHTOBasi THNOTe3a OblIa BBIABHHY T
[Tnaukom B 1900 r. B cBfI3M C TeopHeHl PaBHOBECHOTO H3JYUYEHHS.
Tl1aHKy YAaJoCh NOJYYHTh COIVIACYIOLLYIOCS C ONBITOM (opMyay
L7151 CIeKTPaJIbHOTO paclipefesieHHsl SHEePruH TellJIOBOTO H3JyYeHHS,
BBIIBHHYB - [IPEJTIOJNOKEHHe O TOM, YTO 3JeKTPOMarHUTHOE H3Jyye-
HHe HCIycKaerTcs M NOIVIOIaeTcss NUCKPETHBIMH MOPLUAMH — KBaH-
TaMH, SHeprHsi KOTOPbIX NPOMOPHHOHAJbLHA YaCTOTe H3JydYeHHs

E=ho, (1)

rre o = 2nv, v—uacroTa KojeOaHufi B cBeToBoH BoJiHE, a h =
= 1,05 X 10~%7 3pr-c — nocrosuHas [laanka *,

['unore3a [lganka o cBeTOBBIX KBaHTaX MO3BOJIHJA JHHUITEHHY
JaTh Ype3BHIUafiHO IpocToe O0BbACHEHHe 3aKoHOMepHocTe# (HoTo3d-
¢pekra (1905 r.). SIBaenue Qorosapdexra cocTOHT B TOM, UTO HOJ
nAeficTBHEM CBETOBOTO IOTOKAa H3 MeTaJjla BhIOHBAIOTCS 3JEKTPOHBI
OchoBHasi 3ajaya Teopud (poroatPperkra — HaiTH 3aBHCHMOCTB
SHepruu BBIOHBaeMbIX 3JIEKTPOHOB OT XapaKTEPHCTHK CBETOBOTO MO-
toka. [lycte V — pabora, KoTopylo HYXHO 3aTpaTHTb Ha BhIGHBA-
HHe 3JE€KTpOHa M3 MeraJana (pabora Beixoma). Torga 3akKoH coxpa-
HeHHs] SHEPIrHH NPHBOJHT K COOTHOLIEHHIO

ho=V +T,

rae T — KuHeTHUeckasl SHepPrusi BHIOUTOro 3JeKTpPoHa. Mul BHIHM,
4TO 3Ta HEPrusl JIHHEHHO 3aBHCHT OT 4YaCTOTH H HEe 3aBUCHT OF
HHTEHCHBHOCTH CBETOBOIO HOTOKa. Kpome Toro, mpH uacrore
o < V/h (xkpacHas rpaHunia doroaddekra) apaenue doroaddekra
CTAHOBHUTCSl HEBO3MOXKHBIM, TaK KakK T = 0. DT BLIBOABI, OCHOBAIl-
Hple Ha THIOTE3€ O CBETOBBIX KBaHTaX, IOJHOCTBIO COFJAaCyIOTCSs
¢ OmbITOM. B TO e BpeMs HO KJIaCCHUeCKOH TEOPHH SHEPrHS BbI-
PBaHHBIX 3JEKTPOHOB [OJI)KHa 3aBHCETh OT HHTEHCHBHOCTH CBETO-
BHIX BOJIH, YTO NPOTHBOPEUHT pe3yJbTaTaM 3KCIEePHMEHTOB.

DiiHwTeHH JOHOJNHHUJ TNPEACTaBJEHHE O CBETOBHX KBaHTaXx,
BBEJs HMIYJbC CBETOBOr0 KBaHTa MO (hopMmyJie

p=Ak. (2)
3pech k— Tak Ha3BIBaeMBIH BOJIHOBOH BEKTOp, HMeMOIUH Hampas-
JeHHe pacHPOCTPaHEHHS CBETOBHIX BOJH; HJHHA 3TOTO BEKTOpa &

CBsi3aHa C JJHHOH BOJIHH A, YaCTOTOH ® H CKOPOCTLIO CBe€Ta C CO-
OTHOUIEHHSIMH

h="t=2. 3)

st cBeTOBBIX KBaHTOB CIpaBelJiHBa (dopMyJia
E=pc,

* B crapolt sutepatype ¢opmysia (1) wacto samHceiBaeTcs B BHAe E = hv,
[oCTOAHHAs A, BXOAAImIAs B NOCAEAHION (GOpMyJy, OueBHIHO, OTIHYaercs oT h
dopmyan (1) MEOXHTeldeM 271
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ABJdIolasca YdCTHLBIM cjydyaeM (opMyJibl TEOPHH OTHOCHTEJbHOCTH
E= ,\/p202 + m2ct

Ui yacTuiH ¢ Maccoll MoKosl m == (.

3aMeTuM, YTO HCTOPHYECKH MEPBEE KBAHTOBHIE T'HOOTE3H OTHO-
CHJINCh K 3aKOHAM H3JYYEHHS H IOIVIOIEHHS CBETOBHIX BOJH, T. €.
K 3JIeKTpoJHHaMHKe, a He K MexaHHKe. OJIHaKO BCKOp€ CTaJlo SICHO,
4TO He TOJbKO JJS 3JeKTPOMAaTHHTHOIO H3JYYeHHS, HO W JIJ5
ATOMHBIX CHCTeM XapaKTepHa NHCKDPETHOCTb 3HaueHWH psiga (u3H-
gyecKux BesaHunH. Onbitel ®panka u epua (1913 r.) nokasadu, uro
NPH CTOJKHOBEHHSAX 3JIeKTPOHOB C aTOMAMH 3HEpPrusi 3JeKTPOHOB
HU3MEHSeTCA JAHCKPETHBIMH HOPHHAMH. Pe3yabTaTH 3THX OIBITOB
MOXKHO OOBACHHTb T€M, UTO JHEPrHSI ATOMOB MOXKET HMETh TOJbKO
onpejesieHHBe JHCKpeTHHe 3HaueHusi. Ilo3amee, B 1922 r. onwiTh
Hitepua u I'epnaxa mokasaJsu, 4TO aHAJOTHYHBIM CBOHCTBOM o0Jja-
LaeT MpPOEKIHd MOMEHTA KOJHYECTBA ABHIKEHHS ATOMHBIX CHCTEM
Ha HEKOTOpOe HampapJjeHHe. B HacTosee BpeMs XOPOIIO H3BECTHO,
4TO AHCKPETHOCTb 3HaUeHHH pAfa HabuiofaeMBIX XOTS M Xapak-
TepHas, HO He o0f3aresNbHasf YepTa CHCTeM MHKpoMupa. Tak, Ha-
npuMep, SHePrusl 3JeKTPOHA B aToMe BOJOPOAA UMeeT NHCKPETHHIE
3HaUeHHsd, a SHeprus cBoOOJAHO [ABHIKYINErOCH 3JEKTPOHA MOMKeT
NpHHHEMAaTb JioOBe MoJIoXKHUTeJbHEe 3HaueHHS. MaTeMarnueckuil
annapaT KBAHTOBOH MeXaHHKH JoOJIXKeH OHTb IpHCHocobJeH K OmH-
canui0 HaGJIofaeMBIX, IPHHUMAIOMUX KaK AHCKPETHHE, TaK H He-
NpephHIBHBIE 3HAYEHHS.

B 1911 r. PesepdopaoM ObljIo OTKPHTO aTOMHOE SIAPO H Mpei-
JIOXKeHa NJaHerapHas MoJedb atoma (ombithl Pesepdopna mo pace
CeslHHIO O-4aCTHL Ha o00pa3nax H3 pa3JHYHBIX 3JE€MEHTOB MOKa-
3aJiM, YTO aTOM HMeeT IMOJOXHTEJbHO 3apsAXKEeHHOe SApPO, 3apan
KOTOporo paBeH Ze,rieZ — HoMep sJeMeHTa B Tabuauie Mengeneesa,
a —e—3apAj 3JMEKTPOHa, paaMephl sApa He npeBwHmaior 10-12cum;
caMH aTOMBl HMeEIOT JIHHeliHble pasMepnl nopsgka 10-8 cm). Tlaa-
HeTapHasi MOZJeJb aTOMa IPOTHBOPEYHT OCHOBHBIM HOJIOXKEHHAM
KJIACCHUECKOH 32JeKTPoaHHAMHKH. JleficTBHTENBHO, ABHIasiChb BO-
Kpyr fApa MO KJACCHYeCKHM OpOHTaM, 3JIEKTPOHH, KaK BCAKHE
YCKOPEHHO JBHXKYIIHECs 3apsajbl, NOJ/IKHBI H3Jyd4aTh 3JeKTpoMar-
HHTHBle BOJIHBEL IlpH 3TOM 3JeKTPOHBI JOJIKHEI TePSTh CBOIO 3HEp-
THIO H B KOHIle KOHHOB ynacTtb Ha sppo. IloatoMy Tako#i atom He
MoxeT OBHITb YCTOHYHBBIM, 4TO, KOHEYHO, He COOTBETCTByer Jefi-
. ctuTenbHocTH. OfHA M3 OCHOBHBIX 3aJau KBAaHTOBOK MEXaHHKH —
O0ODBACHHTb YCTOHYHBOCTb H OMHCATb CTPYKTYPY aTOMOB H MOJIEKYJI
KaK CHCTeM, COCTOSIIHX H3 IOJOXKHTENbHO 3apsKeHHBIX saep
H 3JIEKTPOHOB.

CoBepiieHHO YAHBHTEJNBHBIM C TOYKH 3DEHHS KJIACCHUECKOR Me-
XaHUKH NpeAcTaBjserTcA siBJeHHe AHDPAKIHH MHKPOYACTHIL. IT10
ABJeHHe Oblio mpeickasaHo ae Bpofinem B 1924 r., KoTopHil npen-
TOJIOKHJ, 4YTO CBOOOJHO HBHXKYINEHCS dYacTHile C HMHOYJbCOM P
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u sHepr#efl £ B KaKOM-TO CMbICJI€ COOTBETCTBYeT BOJIHA C BOJIHO-
BbIM BeKTOpOM k H 4acTOTOH ©, MpHYeM

p=hk, E = ho,

T. e. coornoutenns (1) u (2) cnpaBeAJHBH HE TOJBKO IJS CBeTO-
BBIX KBAHTOB, HO H 1Jf uacthll., PHU3HueCKOe HCTOJKOBaHHe BOJIH
ge bpo#ins 6bi10 gaHO nosjgHee BopHOM, M MBI ero nmoka o6cyx-
nath He Gymem. Eciu pBHXKylueficss 4acTHIE COOTBETCTBYET BOJIHA,
TO HE3aBHCHMO OT TOro, KaKOH TOUHBIN CMEIC/ BKJAAHBAETCA B 3TH
CJ10Ba, €CT€CTBEHHO OXMJAATb, UTO 2TO IIPOABHTCH B CYHIeCTBOBAHHH
JAUGPAKUHOHHBIX SABJEHHH AJs uacTul. Brhepsble audpakuus aJek-
TpoHOB Habuonanace B onurtax Jlesuccona u Jlxepmepa B 1927 r.
BrocnenctBun ABJeHHs AUPpaKuuy HAGJIIOAAJHCh H JJd JAPYruUX
JacTHIL.

¥

—

Pue. 1.

ITokaxeM, uTo aAHGpPAKIHOHHBlE SABJEHHA HECOBMECTHMBI
C KJACCHYCCKHMH IIpeJICTABJEHHAMH O ABHXKEHHH UaCTHI MO Tpaek-
tTopusaM. PaccyxpeHne ynoGHee BCero MpOBECTH HA NPHMepe MBbIC-
JIEHHOrO 3KCIIepHMeHTa [0 AH(paKUHH NyyKa 3JeKTPOHOB Ha JBYX
nessix *, cxeMa Kotoporo usobpaxena na puc. 1. IlycTb asekTponsr
OT HCTOYHHKA A JBUraloTcsl K 3KpaHy b H, npoxoas 4epes menau /
u /! B HeM, MONAjfaIOT Ha 3KpaH B.

Hac unrepecyer pacrnpefeneHHe 3JeKTPOHOB IO KOOpAHHaTe y,
nonajaloliuX Ha 2KpaH B. jlBjenns ZudpakmHy HA OLHOH M ABYX
leJAX XOPOUIO H3yYeHHl, H MBl MOXEM YTBepXJAaTh, YTO pacipe-
JiesieHHe JIeKTPOHOB p(y) HMeeT BHJ @, H300pakeHHbIH Ha pHC. 2,
€CJI OTKPHITA TOJBKO IHepBas wenab, BUAL 6 (puc. 2), —ecaum oT-
KpHITa BTOpas H BHA 8, — eCJH OTKpHTH 00e wenan. Ecau npeamno-
JIOXKHTb, YTO KaXJHH 2JeKTPOH ABHUraJicsl MO OnpefieleHHOH KJac-
CHYeCKOli TpaeKTODHH, TO BCe 3JIeKTPOHH, ToNaBIIHe Ha 3KpaH B,
MOXXHO pa36uTh Ha JBe TIpyNNb B 3aBHCHMOCTH OT TOro, uepes
KaKyl IlesJb OHH Npomlau. [Jsa 3JeKTPOHOB IIepBOH IpYNIBl CO-
BepuleHHO Ge3pa3/nHuHO, OTKPHTA JIH BTOpAas WieJb, H NO3TOMY HX

* Tako#l SKCHEPHMEHT SBJASETCS MBICJEHHEIM, TaK [JHHA BOJHH 3JeKTPOHOB
IpH 3HEPrHAX, YAOOHHX AN ANQPAKUHOHHHIX ONBITOB, He Rpesblmaer 10-7 cm,
a paccrosHue MeXAY INeJAMH AOJ/IKHO HMeThb TOT XKe TOPsAOK. B peajbHBIX
3KCTIepUMeHTAaX Habaiofaercss AHQPaKUHS Ha KpHCTallaX, KOTODhe Kak OH sfB-
JISII0TCs HPHPOAHBIME AHQPPAKIHOHHBIMH DelleTKami,
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pacnpejelleHde Ha 3KpaHe XOJIKHO H300paxKaTbCsl KPHBOH a; aHa-
JIOTHYHO 32JIEKTPOHB! BTOPOH IpPYyNNBl JKOJXKHB HMeThb pacmpejeJe-
nue 6. ITosToMy B caydae, Korza OTKPHITHI o0e ILIeJaH, Ha 3KpaHe
JIOJIXKHO IMOJNY4YHUTbCA pacnpefiesieHne, ABJAIONLeecss CyMMOH pacrmpe-
nejenndi a u 6. Takas cymma pacnpegesleHHH He HMeeT HHYEro
obuiero ¢ HHTepdepeHUHOHHOH KapTHHOH 6. IDTO NPOTUBOpEYHE
MOKa3HBaeT, YTO pa3fieieHHe 3JIeKTPOHOB HA TPYIIIBl MO TOMY IpPH-
3HaKy, uepe3 Kakylo Lie]b OHH NPOULIH, B YCJIOBHAX OINHUCAHHOIO
IKCIHEpPHMEHTA HEBO3MOXKHO, a 3HAYHT, Mbl BHIHYXJeHH OTKa3aTbCH
OT NOHATHS TPAEKTOPHH.

Cpasy ke BO3HHKAeT BONPOC, 4 MOXKHO JIH TaK NMOCTABUTb 3KC-
MepHUMeHT, YTOOBl BHISICHHTb, 4Yepe3 KaKyl wLesb NMPOXOAUJ 32JeK-
TpoH. Pasymeercs, Takas [OCTAHOBKa 3KCIePHMEHTA BO3MOXKHA,

6 .
y a y y §

Pue. 2.

IJIS 3TOTO AOCTATOYHO IOMECTHTh HCTOYHHK CBE€Ta MEXIY 39Kpa-
HaMH B u B u naGaiofaTe paccesiHHe CBEeTOBHIX KBAHTOB Ha
aJ1eKTpoHax. Jlas Toro 4To6sl AOGHTHCA AOCTATOYHOrO paspelleHHs,
MBl JOJIKHBl MCIOJb30BaTb KBAHTH C JJHHOH BOJHBH, 10 NOPAAKY
He NMPeBOCXOAALIEH PACCTOAHHSA MeXAYy LIeJSIMH, T. . C AOCTATOYHO
GoJibliol aHeprueil u uMmmyJbcoM. HabJaonas KBaHTH, paccesHHble
Ha 3JIeKTPOHAX, MHl JAeHCTBHTEJBHO CMOXKeM OIpelesuTh, 4depes
KaKyio Liejb npomen 3nekTpod. OfHAaKO B3aMMOfeHCTBHe KBaHTOB
C 2JIEKTPOHAMH BBI30BET HEKOHTPOJHpYeMOe H3MeHeHHe HX HMIYJib-
COB, a CJIeJIOBATEJbHO, paclpefelieHHe 3J/1eKTPOHOB, NONABIIHX HA
9KpaH, AOJKHO H3MeHUTbCA. TakuM 00pasoM, Mbl NPHXOAHM K BH-
BOMY, YTO OTBETHTb Ha BOIPOC, Yepe3 KAKyl Miejb NpouIe 3JeK-
TPOH, MOXKHO TOJIPKO 3a CUeT H3MEHeHHs KaK yCJOBHH, TaK U OKOH-
YaTeJIbHOrO pe3yJbTATa IKCICPHUMEHTA.

Ha stom npumepe Ml cTajKHBaeMcs cO clexylolled obuiell oco-
6eHHOCTHIO INOBEJeHHST KBAHTOBBIX CHCTEM. OJKCNEPHMEHTATOp He
HMEeT BO3MOMXKHOCTH CJIe[UTh 3@ XOAOM 3KCIepHMEHTd, TaK KaK 3TO
NPUBOAHT K H3MEHEHHIO ero OKOHYATEeJbHOro pesyJabTaTa. IJTa
ocoGeHHOCTh KBAaHTOBOTO IOBeN€HHS TECHO CBsisana ¢ ocobGenHo-
CTAMH H3MepeHHH B MHKpomHpe. BcfiKoe H3MepeHHe BO3MOXKHO
TOJIbKO MpPH B3aHMOJEHCTBHH CHCTeMBI C H3MepHUTeJbHBIM 1pHGo-
poM. 3DTO B3aHMOJAEHCTBHE NPHUBOJUT K BO3MYILUEHHIO JBHKeHHS
cucteMbl, B kJiaccuueckofl ¢H3MKe Bcerjga npealnojaraercsd, 4TO
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3TO BO3MYIIeHHe Mo}KeT OBITH CHeJIAHO CKOJIb YrOJNHO MaJbIM, Tak
JKe KAaK M JUJINTeJBHOCTb Ipolecca H3MepeHHs. [loatomy Bceraa
BO3MOXKHO OJHOBpeMeHHOe H3MepeHHe J000ro uuciaa Hab6Jo-
JlaeMBIX.

JleTanbHBIH aHAJNH3 IIpollecca H3MepeHHs HEKOTOpHIX Hab.io-
naeMblX [/l MHKDOCHCTEM, KOTOPHH MOXHO HaHTH BO MHOrHX
yueGHHKAX 110 KBAHTOBOH MeXaHHKe, NOKAa3bBIBAET, 4TO C yBeJHYe-
HHeM TOYHOCTH H3MepeHHs Hal0JI0faeMBIX BO3AEHCTBHE HA CHCTEMY
yBeJIMUUBAETCA H H3MepPeHHe BHOCHT HEeKOHTDOJHPYeMble H3MeHEeHHs
B UHCJEHHble 3HAaYeHHs HEKOTOPHIX APYrux HabJogaeMbx. ITO
NPUBOJUT K TOMY, YTO OJHOBPEMEHHOe TOYHOE H3MEpEeHHEe HeKOTO-
pBIX HaGMOfaeMBX CTAHOBHTCS TPHHIMIHAJIBHO HEBO3MOMKHBIM.
Hanpumep, ecn AJl H3MePEHHs] KOODAMHATH YACTHIB HCIIOJb3O-
BaTb paccesiHHe CBETOBHIX KBAaHTOB, TO NOTPEIIHOCTb TAKOTO H3Me-
peHHsl HMeeT IMOPANOK IJIHHBI BOJIHHE cBeta Ax ~ A. IloBEICHTBL TOY-
HOCTb M3MepeHHsl MOXKHO, BHIOMpas KBAHTH C MeHblledl IJIHHOH
BOJIHBI, 4 C/1efOBaTeJbHO, ¢ GONBUINM HMIYJbcOM p = 2nh/A. Ilpu
3TOM B UYHCJEHHBIE 3HAUEHHS HMIYJbCa YaCTHIH BHOCHUTCSA HEKOHT-
ponnpyeMoe H3MeHeHHe Ap HopsAKa HMIyJbca KBaHTa. IloaToMy
MOTPEINHOCTH H3MEPeHHs KOODAHHATH H HMOysnbca Ax u Ap cBs-
3aHbl COOTHOUIEHHEM

Ax Ap ~ 2nh,

BoJsiee TOUHOe paccyXheHHE MOKA3BIBAET, YTO ITO COOTHOUIEHHE
CBA3LIBAET TOJbKO OJHOMMEHHble KOOPAHHATY H MPOEKUHIO HM-
nyJabca. COOTHOUIEHHUs, CBA3BIBAKOIINE TPHHIHIKANBHO BO3MOXKHYIO
TOYHOCTb OJHOBPEMEHHOrO H3MepeHHsl JABYX HabJonaeMBIX, Ha3bl-
BAIOTCA COOTHOIIEHHUSAMH HeonpeledeHHocTH [efizenbepra. B Tou-
HOHi QopMyaHpoBKe oHM OyAyT MOJyYeHB B CJAEAYIOLIUX Naparpa-
¢dax. Habnopaemele, Ha KOTOpPble COOTHOLIEHHS HEOIPeJeseHHOCTH
He HAKJaJBIBAIOT HUKAKHUX OrPAHHYEHHH, SIBJIAIOTCS OXHOBPEMEHHO
U3MepUMBIMH. MBI YBHAMM B pajbHefllleM, YTO OXHOBPEMEHHO
HU3MEDHUMBIMH ABJAIOTCA A€KapTOBB KOOPAHHATHl YACTHIH HJH
IPOeKLUHH HMIIyJAbCa, a HEeU3MEPHMBIMH OJHOBDEMEHHO — OJHO-
HMeHHble KOOPDAHHATH M IIPOeKHHS HMIYJbCAa HJH JBe AeKapTOBH
IPOEKLUH MOMEHTa KOJHYecTBa ABHKeHHA. IIpH mocTpoeHHH KBau-
TOBOH MEXaHHKH MBI JOJIKHBEI IOMHHTH O BO3MOKHOCTH CYLIECTBO-
BaHHA HeH3MepPHMBIX OJHOBPEeMEHHO BeJHYHH.

Tenepp mnocie HeGONABIIOrO (DH3UIECKOrO BCTYIIEHHS TOMBI-
TaeMCsi OTBETHTh HA y3Ke NOCTABJEeHHHH BONPOC: KaKHe 0COGEHHOCTH
KJTACCHYECKOH MeXaHHKH CJEAYET COXPAHHUTb U OT Yero eCTeCTBEHHO
OTKa3aThcs IPH MOCTPOEHMH MeXaHHKH MHKpoMmupa. OCHOBHBIMH
NOHATUSIMH KJIaCCHUeCKOR MeXaHHMKH OBLIM MOHATHA HabJa0xaeMoH
u cocrosinus. 3agadya GH3HUeCKOA TeOpHH —— HpefcKa3aHue pesyJib-
TATOB 3KCIEPHMEHTOB, & 3KCIEepHMEHT BCerja ectb H3MepeHHe He-
KOTOPOA XapaKTepHCTHKH CHCTeMbl WM HabJiogaeMoll NpH ompe-
JeJeHHHX YCJOBHAX, KOTOPHE ONpEeleJsioT COCTOSIHHE CHCTEMHBI. .
[MostoMy momsiTHST HAGMIOLAEMON H COCTOSIHHS JOJKHB NMOSIBUTHCS
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B Ji06o#t ¢usnueckoit Teopun. C TOUKH 3PeHHs 3KCIEDHMEHTATOpa
onpexesuTe Ha0JIOAaeMYyI0 — 3HAUUT 3a4aTh clnocob ee uaMepe-
uug. Habawoxaemble Mpl 6yeM o6o3HauaTb CHMBOJAMH a, b, ¢, ...
H moka He GyieM HesnaThb HHKAKHX TpeAHoJoxKeHHH o6 Hx MaTeMa-
THYeCKOH INpHpofe (HAIlOMHHM, YTO B KJACCHYeCKOH MeXaHHKe
HabJIofaeMble eCTh QYHKUHUH Ha ¢a3oBOM NpocTpaHcTBe). MHOXKe-
cTBo Ha6aojaeMblX, KakK H 1npexpae, Mol OygeM 0603HA4YaTh
gepes Y.

Pa3yMHO NpeAnoJIOXHUTb, YTO YCJOBHS JKCIEpHMEHTa oOIlpeje-
JAI0T [0 KpaiiHedl Mepe BepOSITHOCTHBIE paclIpefesIeHHs pe3yJbTa-
TOB H3MepeHHs] BceX HabJIONAaeMbIX, [IOITOMY OlpeliefleHHe COCTOS-
HUsl, faHHoe B § 2, pasyMHO coXpauuTh. COCTOAHUA NO-NIPEXHEMY
MH 6yldem o603Ha4YaTb Yepe3 », COOTBETCTBYIOILYIO HabN0JaeMOH a
BePOSITHOCTHYIO Mepy Ha AEHCTBHTeNbHOH ocH uepe3 og(E), (yHK-
LU0 pacnpefeseHuss HaGJIORaeMOll @ B COCTOSIHHH © 4epe3 g (A)
M, HAKOHell, cpefiHee 3HaYeHHe HabJioOfaeMofi @ B COCTOAHHH & de-
pes {o]a).

Teopusi mofKHA cofiepKaTh OnpefesNeHHe (YHKHIMH oT HabJo-
naemol., Jlns sKcnepHMeHTaTopa YTBepkKieHHe, 4To Habuionae-
Masi b ectb ¢yHKUMs oT Habaomaemodl a (b =[(a)) osHauaer,
4TO [JIST H3MEPEHHA b JOCTATOUHO H3MEDUTD a4, H, eCJIH B pe3yibrare
H3MeDeHUs HAOGJIORaeMoOl a MOJYYHTCH YHCIO @g, TO UHCJEHHOe
3HaveHHe HaOaozaeMod b ectb by = f(ao). i COOTBETCTBYIOUIHX
a ¥ f(a) BepOSITHOCTHBIX M€p CIIpaBeJJIMBO PaBeHCTBO

o1 @ (E) =04 (™ (E)) 4)
JUTs JIIOOBIX COCTOSIHHE 0.

3aMeTHM, YTO BCeBO3MOXHbie (YHKHUH OT OIHOH HabJofae-
MO @ H3MepHMBl OJZHOBDEMEHHO, TaK KaK JJS H3MEPEHHs 3THX
HabJaIofaeMBIX JOCTATOYHO H3MEPHUTh Habmonaemywo a. B naabuefi-
uieM MH YBHAHM, YTO B KBAHTOBOH MeXaHHKe 3THM IPHMEpOM
HCYEPIBIBAIOTCS CJYYaH ONHOBPeMeHHOH H3MepHMOCTH HabJionae-
MEIX, T. €. €CJIH Habalonaemule by, by, ... H3MEPUMBI OJHOBPEMEHHO,
To pafigercss Takasd HabJiomaeMasi a H Takue ¢yHKRuuu fi, fo, ...,
aro by == fi(a), bs = f2(a), ... . ‘

Cpenu MHOXKecTBa ¢yHrumii f(a) HabmomaeMol @, OYeBHAHO,
onpenenensl f(a)=Aa u f(a)=const, rme A— BemecTBenHoe
qucto. CyllecTBOBaHHEe TEPBOA M3 3THX (QYHKUHH NOKA3BIBAET, YTO
Ha6JII0aeMble MOXHO YMHOXKATb HA BELIECTBEHHbIE YHCHA. YTBEPXK-
neHne, 4To HabJofaeMasi eCTh KOHCTAaHTa IIO[pa3yMeBaeT, 4To ee
yyc/eHHOEe 3HAYeHHEe B JIOGOM COCTOSTHHH COBIAfaeT ¢ 3TOH KOH-
cTaHToM.

IMonwiTaeMcs Tenepb BHISICHHTH, KaKOW CMBICA MOMHO TPHIATH
cyMMe a + b H npousBefileHHIO ab HabaonaeMblx. DTH onepauun
6n11u 6B onpefesieHs!, ecan Obl y Hac GuII0 onpenenenne BYHKIHH
or nByX nabmiogaemux f(a,b). 3mech, ONHAKO, BO3HHKAKOT IIPHH-
[UNHaJbHBle TPYAHOCTH, CBSI3aHHBIE C BO3MOXHOCTBIO CYUIECTBO-
BaNHsl HeH3MepHMBIX OZHOBpeMeHHO Habuionaemblx. Ecau a u b
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M3MepPHMBl OJHOBPeMenHO, TO olpefefenne f(a,b) coBeplIeHHO
anaJjordupo onpenesneHuto [(a). Jaa usMepenus Habaomaemoil
f(a,b) mocraToyHO H3MepHTb HabJiofaeMbie @ M b, H TaKOE H3Me-
peHHe NpHBeleT K YHCJIEHHOMY 3HAYEHHIO f(ao, bo), The ag U by —
ylc/leHHBle 3HaueHHa HabJj10faeMbIX @ H b COOTBeTcTBeHHO. [lJd
cilyyasi HeHM3MepPHMBIX OIXHOBPEMEHHO HabJIofaeMblX @ H b He cy-
HIeCTBYeT HHKAKOro pasyMHOro onpefesenus ¢yuuuu f(a,bd). dto
06CTOATENLCTBO 3aCTaBJAeT HAaC OTKa3aTbCsi OT MNPEINOJOXKEHHS,
yro HabgofaeMble ecTh OYHKUHMH Ha ($as3oBOM IpPOCTPAHCTBe
f(g,p), Tak KaK y Hac ecTb (QU3HYeCKHe OCHOBAHHS CYHTATb ¢ H p
HEH3MepHMbIMH OJHOBPEMEHHO H HCKaTh HaOJIOfaeMHeE CPelH Ma-
TeMaTHYeCKUX OOBEKTOB HHOH NMPHPOMIHL.

Mul BHOMM, YTO ONPElNEeJHTh CYMMY @ - b H NpoH3BEeAeHHe ab,
HCIONb3ysl MOHATHe OYHKNMH OT JBYX HaGJI0JaeMblX, MOMKHO
TOJIBKO B TOM cJly4ae, €CJlH OHH OLHOBPeMeHHO H3MepuMH. OnHaxo
BO3MOKeH JPYrofl IOAXOX, NO3BOJAIOLIKA BBECTH CYMMYy B 06IueM
ciay4ae. Ml 3HaeM, 4TO Bcsd HHDOPMAalHs O COCTOSIHHSIX H HabJio0-
JaeMblX NOJIydaeTcsl B pe3yJjibraTe H3MepeHHH, NMOITOMY pasyMHO
IPeANONOXHTb, YTO COCTOSIHHH JOCTATOYHO MHOTO, YTOOBI MO HHM
MOXHO OBlJIO pasinyaTe HabnawpaeMble, H aHAJOrH4HO HAGJIOfae-
MBIX JOCTATOYHO MHOTO, YTOGH IO HHM MOXKHO OBIJIO pasjHYaTh
COCTOSIHHSA.

Bosiee TouHO MBI mpeamosaraeM, 4TO H3 paBeHCTBA

(a]o)=(blo),

CpaBeJIMBOTO JJst JIIOGOTO COCTOAHMA O, CAeAyeT, 4yTo Habawnae-
Mble @ H b cOBNAZAIOT *, a U3 paBeHCTBA

{a o) ={a]oy),

CpaBeMJHBOro s Jio0ofi HabaomaeMot a, clenyeT, 4To COBINa-
JA10T COCTOSIHHA ®] H Og.

[leppoe H3 cHenaHHBIX TPeANONONKEHHH [aeT BO3MOMKHOCTh
onmpeneNuTh CyMMy HabJomaeMuBX a b Kak Takyw Habawogae-
MYI0, IJIfl KOTOPOH CIpaBenJ/IHBO pPAaBEHCTBO

(a+blo)=(a|o)+(t|o) (5)

npu gawbom cocroaHuu . Cpasy 3aMeTHM, 4YTO 3TO paBeHCTBO
SBJISIETCSl BhIpAaXKeHHeM H3BECTHOH TeopeMHl TEOPHH BEPOSATHOCTEH
O CpenHeM 3HAYeHHH CyMMBl TOJIBKO B ciiydae, Korpa naluionae-
Mble @ ¥ b uMeloT o6myl0 GyHKIHIO pacupeneneHus. Takas obmas
GyHRIHS pachpenelleHHsi MOXKeT CyIIECTBOBATHb (1 B KBaHTOBOMH
MeXaHHKe JeACTBHTEJbLHO CYILECTBYET) TOJBKO JJSI OJAHOBPEMEHHO
H3MepHMBHIX BeJMYHH. B 3TOM ciydae onpejesieHHe CyMMBl IO Gop-
MyJte (5) coBmajaer co CHAeJAHHEIM INpexae. AHAJOTHYHOE Olpe-
lesleHre MpousBefeHHs HeBO3MOXHO, TaK KaK CpeaHee OT pPOH3-

* OT0 npeAnOJIOXKeHHe MO3BOJSAET CYUHTATH, UTO HaBMOLAeMas 3aAana, ecJH
KaKAOMy COCTOSIHKIO COMOCTAaBJEHO BEIECTBEHHOE YHTJIO,
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BelleHHsl He pPAaBHO NPOM3BENEHHIO CPelHHX Haxe JJsi OiHOBpE-
MEHHO H3MepHMBIX HaOJI0JaeMbIX.

Onpenenenne cyMMsl (D) He COZEPKHT HHKAaKOTO yKasaHHs HA
crnoco6 u3MepeHHs HabmozaeMol @ -+ b N0 H3BeCTHRIM crnocoGam
H3MepeHus HabJIIOZaeMBIX @ M b M B 3TOM CMBICJIE fBJsieTcs He-
SIBHBEIM.

Uto6nl maTh NpeAcTaB/ieHHe O TOM, HACKOJBKO NOHATHE CyMMBI
HaGMIOTaeMBIX MOXKET OTJHYAaThCid OT OOBIYHOrO MOHATHS CYMMBI
caydafHbIX BeJIMYHH, MBl IIpHBeNeM NpuMep HabJl0zaeMoli, KoTopas
Oynmer nmoxpo6HO H3ydeHa B panpHeHmeM. Ilycts

p? ©2Q?
H=—4——.
Ha6aopgaemas H (3Hepruss oXHOMEpPHOTO TapMOHHYECKOro OCIIHJ-
JaTopa) eCcTb CyMMa JABYX Hab/a10aeMBIX, TPONOPHUOHANBHEIX KBaJ -
paraM HMOyJabca M KoOpAMHATH. MBI YBHAMM, YTO 3TH MOCJeRHHE
HabJ0faeMble MOTYT NpPHHUMATh JOOBle HEOTPHUATENbHBIE YHC-
JieHHEle 3HAYeHHs, B TO BpeMs KaK 3HaueHus Habuogaemonn H
JIOJIKHE COBIAKATh ¢ yucaaMu E,= (n41/2)o, rie n=20,1,2,...,
T. ¢. HabGaionaeMas H ¢ JHCKPETHHIMH YHCJEHHHIMH 3HAYEeHHSIMH
siBJIseTC cyMMo# HabJl0aeMBIX ¢ HellpepLIBHBIMH 3HAYEHHSMH.

Takum o6pa3oM, HA MHOXKecTBe HabJawfaeMBIX ¥ OIpegmeseHHl
JBe ONepauHH: YMHOXeEHHe Ha BeUIECTBeHHBle UHCJIA H CJIOXKEHHE;
TEM CAMBIM MHOXKeCTBO ¥ CTAHOBUTCA JIMHEHHHM INIPOCTPAHCTBOM.
ITockonbky Ha ¥ onpejesieHH BelleCTBEHHble (PYHKHIHH H, B 4Yacr-
HOCTH, KBajpaT HaOjI0gaeMol, TO BO3HHKAeT eCTECTBEHHOE OIlpe-
IleJlenHe NIPOH3BeJeHHA HabJI0aeMbIX

aop=atbl_(a=bF 6)
OtmeruM, 4TO MpOU3BEfieHHEe @ ob KOMMYTAaTHBHO, HO, BOOGIIE ro-
BOpsl, HE accOLHATHBHO. BBeneHne npousseneHus g o b npespamaer
MHO})KeCTBO HabaopaeMblX ¥ B BelIECTBEHHYID KOMMYTAaTHBHYIO
anre6py.

BenoMuuM, dro asre6pa HabJiofaeMbIX KJaccHYecKol Mexa-
HUKH cOnepiKajla ellle JIMeBCKYIO onepanHuio — cko6ka Ilyaccona
{f,g}. Dra onepauus nosBUJACH B CBSI3H ¢ AHHAMHKOH CHCTEMBH.
C BBemeHHeM TaKoH onepauum kKaxjpas Habmionaemas H mopox-
JlaeT ceMeficTBO aBTOMOP(]PH3MOB ajre6pH HaGIIOfAEMEIX:

Utl A— A,
rae Ui = fi; [+ yroBaeTBOpAeT ypaBHEHHIO
df, -
R .Eti = {Hv fi}
H HaYaJbHOMY YCJOBHIO
ft lt:O = f'

Hanomuum, uto orobpaxenune U; saBasierca aBToMOpghHIMOM
BolencTBHe TOro, uto ckobGka Ilyaccona ob6najgaer cBoiicTBaMHu
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aueBckofi onepauun. Tor dakrt, yTo HabawgaeMble B KJIacCHYeCKOH
MeXaHHKe $BJAI0TCA GYHKUMAMH HA (a30BoM IPOCTPAHCTBeE, 3AeCh
poJi He urpaer. Mbl NMpeAnonoxuM, YT0 U anre6pa HabuiojaeMbx
KBAHTOBOI MeXaHHKHM HMeeT JHEBCKYI0 ONepalHio, T. €. KaXaoH
nape nabaoxaeMelx a, b comocraBisercs Habmonaemas {a,b} co
CBOHCTBAMHU:

{a, b} =—1{b, g},

{ha+b, c}=A{a, c}+ {b, c},
{a, becy={a, b}oc+bo{a, c},
{av {b’ C}} -+ {bv {C, a}} + {Cr {a, b}} =0.

Kpome Toro, mpeamoJioKUM, 4TO CBsI3b JIHEBCKOH Olepamuu ¢ JH-
HaMHKOH B KBAaHTOBOH MeXaHHKe TaKasl e, KAK H B KJIACCHYECKO.
TpyaHo npexcTaBHTH Gojlee HPOCTOM M KpacHBHIH crocob olmmca-
HHS OHHAMHKH, KpPOMe TOr0o, OJHOTHIIHOE ONHCaHHe AHHAMUKH
B KJaccHYyeCKOH H KBAaHTOBOH MeXaHHKe MO3BOJISIET HaxesAThCd Ha
TO, YTO MBI NOCTPOHM TEOPHIO, COMEPKALLYI0 KJIAaCCHUECKYI0 MeXa-
HHKY KakK NpefelbHBIH caydail.

daxTHYECKH BCe HAIUU IIPENIOJOKEHHA CBOAATCS K TOMY, UTO
IpH NMOCTPOEHHH KBAHTOBOH MeXaHHMKH Pa3yMHO COXPAaHHTb CTPYK-
Typy anre6pbl HaGJIOfaeMbIX KJAcCHUeCKOH MeXaHHKH, HO CleJlyeT
OTKa3aTbCd OT pealH3aluy 3TOH anreOpnl GyHKIHUSIMH Ha dasoBoM
OPOCTPAHCTBE, TaK KaK MBl JONYCKaeM CylLIeCTBOBaHHe HeH3MepH-
MBIX OJJHOBpeMeHHO HabJIofaeMbIX.

Hama Osnxafiman 3agaya — y6eIUTLCA B TOM, YTO CYINECTBYET
peanusauusi anreGpel HabNIOJaeMBIX, OTJIHYHAS OT peaslH3anuH
KJIacCHYeCKOH MeXaHHKH. B cnexyiomem maparpade Mbl npuBefiem
MpUMep TaKoll peasu3alHM, NOCTPOMB KOHEYHOMEPHYIO MOMeJb
KBAHTOBOH MeXaHUKH. B 3To#i Momenu anre6pa HabuaiogaeMbix o
ecThb ajarebpa caMOCONpSKEeHHBIX ONepaTOpPOB B N-MePHOM KOM-
naekcHoM npocrpanctBe C”. M3syuad 3Ty yNpoOIleHHYIO MOJeNb, ME
cyMeeM IIPOC/JEANTb 3a OCHOBHBIMH 0CO0€HHOCTAAMH KBaHTOBOH Teo-
pun. B To xe Bpems, maB (H3HYecKoe TOJKOBAHHE MNOCTPOEHHOM
MOJeJIH, MBEl YBHJIHM, YTO OHA CJHMIKOM Gefna, 4TOOHI COOTBETCTBO-
BaTh AeHCcTBHUTENbHOCTH. I109TOMY KOHEUHOMEDHYIO MOJEJb HEJIb3s
paccMaTpHBaTh KaK OKOHYATEJbHHI BADHAHT KBAHTOBOH MeXaHHKH.
Onnako ycoBeplIeHCTBOBAHHe 3TOH Moneau — 3ameHa C” Ha KOM-
IJIEKCHOE THJIL6EPTOBO  NpPOCTPaHCTBO  OyneT MNpeAcCTaBAATbCSA
BeCbMa eCTECTBEHHBIM.

§ 5. KoHeuHomepHasi MO/ie/ib KBAHTOBOH MeXaHHKH

ITorazxeM, uto anreGpa HaGmnomaeMux % Moxer OHTh peasn3o-
BaHa Kak ajre6pa caMOCONPSKEHHHIX ONEpaTopoB B KOHeUHOMep-
HOM KOMTIJIEKCHOM npoctpaHcrBe C”.

Bekropsl npocrpancrBa C* 6ynem o6o3HayaTh IpedecKUMH OYK-
BaMu & M, @, ¥, ... . HanoMHHM OCHOBHBle CBOHCTBA CKaJIsIPHOTO
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npou3BencHUA:
D &Y=, 0,
2) G+, D=GE B +Arm D), 1)
3) (& &®>0 mpu E0.

3xech A — KOMIJIEKCHOE YHCJIO.
Bektopst ey, ..., e, 00pasyloT OpPTOHODMHDOBAaHHBIHA * Ga3uC

B C”, ecau
(ess 31)=611, 2)

rae 8; — cumBon Kponekepa.
Pasnoxenue NpoH3BOJbHOrO BeKTOpa & no BekTopaM Gasuca
el ..., e, HMeeT BHI

n
E= iZ] E.ei, g =& e). (3)
Bekrop & omHo3HauHO omnpegeJserca gHcjaamu Ei, ..., £,
EH(ED teey gn)

Ecnu BuibpaH 6asuc, TO TeM caMBIM BhIOpaHA KOHKpeTHAas peaiH-
3auHs 1715 BeKTOPOB HJH 3afaHo mnpeacrasiende. flycrs ey, ...
., en— 0asHc, TOrna BeKTOpH

n
GmE v imtnn W

Toxe obpasylor 6asuc, ecnn Matpuuna U = {Ui;} obpaTuma u
Ui = U (5)

Marpuua, A1a 2/1eMeHTOB KOTOpOf cripaBeJIHBO paBeHCTBO (5), Ha-
spiBaercs yuurapuoi. Ilepexom ot omHoro 6asuca K ApPYromy ecth
yHHTapHOe npeobpasoBanue.

Ecim BHOpaHO mpeacTaBleHHe, TO MJIS CKaJSPHOTO MPOH3BENe~
HHS ClIpaBelJIMBa (GopMyJa

n
€ n) =X &i. (®)
Oneparopbl B 3anaHHOM OasHce NPENCTaBJAIOTCA MAaTpPHUAMH
A}, Ap=(dep &), ™

’ n
HeictButensho, mycts n=AE, Tornan,; = (4§, ¢;) = (A Z Erens e,):—-
k=1
n

n .
=Y E(Aep e) =2, Auks. Onepatop A* ma3piBaeTCsi COMPAKEH-
kwl Rl

* B JanpHefinleM CJI0BO «OPTOHOPMHDOBAHHHIE» Mbl 4acTo O6yAeM OHYCKaTh,
12K Kak Apyrue 6asmCh Mbl He paccMaTpHBaeM,
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HEIM omneparopy A, ecau ajs J060o# napsl BekTopoB M M crpa-
BEIJIHBO PABEHCTBO
(Ag, m) =, A™). (8)

. -
OueBugHo, 4T0 Air = Ap;. OnepaTop Ha3BIBAETCA CaMOCOIPSIKeH-

HHM, ecnn A*=A. JIns caMOCONpPSKEHHOTO onepaTtopa A, ==
= Ap;. HemocpencTBeHHO H3 ONpefiesleHHs CONPSIKEHHOTO Oliepa-
TOpa CJeAyIOT paBeHCTBa

(AB)* = B*A", (ad)"=a A", 9)

Ife o — KOMILJIEKCHOE YHCJIO.

IMoctporM peanmsanuio anrebpel HabmopaeMmux. Ilycts 9 -—
MHOKEeCTBO CaMOCONpPsXKEHHHX ollepaTopoB B C” B nanbueiiiiem
CaMOCONpsi3KEHHBIe ONepaTOpEl MHB 4acTo GyieM Has3uBaTh HAGJIO-
naeMelMH. Ha MHOXKecTBe omepaTopoB OOBIYHEIM O0pa3oM olpe-
JleJleHsl ONepalHy CJOXKEHHS H YMHOXeHHS HA yHcao. Ecmn A = 9,
B=% A=R, 0o (A+B)=% u MM =9, rak xak (A4 B)*=
= A+ B u (M)* = AA. EcrecTBeHHo 3TH Onepauiu CYUTATH Olle-
panHsAMH CJOXKeHHs HAOJOQaeMBIX H YMHOXKEHHS Ha YHCJIO.

Crnenylonasi Hama 3ajzaya — Hay4YHTbCH CTPOHTh (QYHKIUHH OT
HabaofaeMblX. MOXHO NPEeANOJOXKHUTE, UTO 31eCh TOTHTCSA OOBIYHOE
onpenejienne (YHKUHH OT omeparopa. IDTO IpeRNoJIOXKEHHe MEl
CMOXeM ONpaBAaTh NOC]e TOro, KaK HayyHMCs CTPOHTb BEpOSITHO-
CTHHE pacnpefeneHus nns HabojaeMHX B KBAHTOBOH MexaHUKe,
Torma Mbi cymeeM NpoBepHTH GOPMYNY wya) (E) = @4 (f~'(E)), 2k-
BHBAJIEHTHYI0 OOLIeMy onpeneseHuio GyHKUHM oT HabJoOnaeMOil,
LaHHOMY B IpeABIAYllleM naparpade.

HanoMHuM, 49TO CYUIECTBYeT HECKOJIbKO 3KBHBAJICHTHHIX OIlIpe-
nefeHn#d GyHKUMH ot onepatopa. Ecau aas f(x) Ha Bceil Bemre-
CTBEHHOH OCH CIpaBeJJIHBO pa3JiO}KEHHe B CTENEeHHOH pAL

Fl)=X cut", (10)
to f(A) onpexmensiercs dopMyoi
f(A)= ;::0 c A" (11)

Bropoe onpesenienyie HCNOJb3yeT CyIECTBOBAHHE y CaMOCONpS-
XKEeHHBIX OlepaTopoB coOcTBeHHOro 6asuca *

Ap; = a;q,, i=1,..., n

* HanoMumM, 410 COGCTBEHHBle YHCJA CAMOCORPSKEHHOIO omepaTtopa Bellle-
CTBEHHH, a COBCTBEHHHIE BEKTODH, COOTBETCTBYIOUIHE PasHblM COGCTBEHHHM 3Ha-
YeHHsAM, OpTOTOHaJbHE, Eciim co6cTBeHHOe sHadeHHe HMeeT KPAaTHOCTL f, TO eMy
COOTBETCTBYET £ JHMHEHHO-He3aBHCHMEIX COGCTBEHHHIX BEKTOPOB, KOTOpHE Bcerza
MOXHO BHOpPaTh OPTOHOPMHPOBAHHLIMH.
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3nech ¢;— coGCTBeHHBIE BEKTODH, (i, @) = 8;, a a;— coBCTBeH-
HBle 3HadeHus oneparopa A. Hnsa ompepesneHus JHHeHHOro omepa-
topa f(A) mocraTouHO ompeRenuTh pesynbrar AefictBus f(A) Ha
BekTOpH Gasnca. [lo ompenenenuio

f(A) @, =[(a) @i (12)

B co6crBennom Gasuce marpuua A puaronafibHa, M Ha JMAaro-
HaJu cTOAT COGCTBeHHBle 3HaYeHHd, T. e. A; = a:6;,. B stoM xe
npencraBaenun [f(A)]:; = f(a:;)6;;. 3aMeruM, 4YTO BelecTBeHHOH

(DYHKIHH COOTBETCTBYET CaMOCONpsXKeHHBH omepatop, T. e. f(A) =
=4

Omnepanust A< B onpeneasiercsi ¢opmysofi (4.6), xoropas ajd
CaMOCOIIPAXKEHHBIX ONEPATOPOB HMeeT BHJ,

(A+ B)?—(A— By _ AB+ BA

Ao B= 1 2

(13)

CaMoconpsxeHHOCTb onepatopa A o B oyeBuzHa.

HaM ocTaJjoch MOCTpOUTH JHEBCKyI0 omepanuio. Jlis storo pac-
cMoTpuM KoMMmyratop onepatopoB A u B [A, B] = AB — BA. One-
pauust [AB] obnagaer cnenyioLMMH CBOHCTBAMH:

1) [AB]=—1[B, A,
2) [A+AB, C]1=[AC] +A[B, C],
3) [4, BoCl=[A, BloC -+ Bo[A, C],

(14)

Bce 3T cBoOficTBa NpoBEpAIOTCS HENIOCPeACTBEHHBIM BBIYHCJIEHHEM,
3aMeTHM, 4TO CBOHCTBO 3) CIpaBeMJIUBO H A5 HeCHMMeTPH30BaH-
HOro npousBefeHus. [leACTBHTEeNBHO,

[A4, BCl= ABC — BCA + BAC — BAC =[A, B]C + B[4, C].

Mpl BHAHM, UYTO KOMMYTATOp 00JiafiaeT CBOHCTBAMH JIHEBCKOH olle-
panun, Ho [A,B] He ABJseTcs CaMOCOIPSAXKEHHBIM ONEPATOPOM,
T. e. [A,B]E%. Onnako Bmpaxenue (i/h)[A, B], xotopoe oriu-
qyaercd OT KOMMYTATOpa YHCTO MHHMBIM MHOXKHTeJeM i/h, ynosie-
TBOpsieT BceM TpeboBaHuaM. OTMeTUM, UTO ajare6pH ¥, MOCTPOEHHBIe
C Pa3HBIMH NOCTOSTHHBLIMH h, HeHsomMop(dHH Apyr apyry. Buibop A
MOXKeT OHITb CHAeJAaH TOJBKO IIOC/e CPaBHEHHSl TEOPHH C 3KCIIepH-
MeHTOM. DTO CpaBHeHMe NIOKA3bIBA€T, YTO KOHCTAaHTAa A COBHIAajaer
¢ mocrossunoi Ilmanka. B pansuefinmieM Mbl 6ymeM HCIONL30BATH
o06o3HaYEHHE

{4, By, =+[A, Bl (15)

u HasuBaTh {A, B}, kKBantoBoil ckob6koit Ilyaccora.
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HMHTepecHO OTMETHTb, YTO B KJaCCHUECKOH MeXaHWKe MBI MOIVIH
6Bl BMECTO

OMNpeae/IHTh ckoOKy Ilyaccona paBeHCTBOM
af odg af odg
{, gy =o (5555 — 5L &

rile o — BelllecTBeHHas NocTosHHasA. HeTpyaHo Buaers, ofHaKo, 4TO
HOBOe ompepesieHie cKoOku IlyaccoHa B KiaccHuecKoH MexaHHKe
npuBefer K ajrebpe uzomopdHoit HcxogHoH. JleficTBuTEIbHO, 3aMe-

Ha NepeMeHHbIX p == Ao p’, g=signa Aol q/BosspamaeT HacC K
CTapoMy ONpEIEJIEHHIO.
BaxHylo poJib B KBaHTOBOH MeXaHHKe HIpaeT cJel onepaTopa
Tr A. Tlo onpepenenuto
n

TrA= Zl A= Z (Ae;, e)).

i=1

HanoMuuM ocpoBHble cBofictBa aTofl onepanuu. CJeg He 3aBHCHT
or BhiGopa Gasuca. B wacTHOCTH, eclM B3ATb COGCTBeHHBIH Gasuc
oneparopa A, TO

TrA=), a;,

i=1

T. €. cjel sBasieTcss cyMMoH coGcTBeHHBIX duces. Ecau a; — kpat-
HOe COGCTBEHHOE 3HaueHHe, TO OHO BXOAHT CJaraeMbiM B CYyMMY
CTOJILKO Pa3, KaKOBa €ro KPaTHOCTb.
Ciien npousBeJeHHs1 ABYX ONepaTOPOB He 3aBHCHT OT MOPSJKa
COMHOXHTeJIeH
Tr AB=Tr BA.

B cayuae GoJgbliero uucila COMHOXKHTeNeH AONyCTHMA HX HHKJH-
yeckasl IepecTaHoBKa Moj 3HakoM Tr

Tr ABC = Tr BCA.

Cjlefl caMOCOTpSIXKeHHOA MaTpHIbl — BellleCTBEHHOE HHCJ/0, TaK Kak
co6GCTBEHHBIe 3HAUEHHS ee BelleCTBEHHHI,

§ 6. CocrosHusi B KBAHTOBOH MEXaHHKE

B srom mnaparpade Mbl MoxKaxeM, KaK 3aJalOTCSl COCTOSIHUS
B. KBaHTOBO# Mexaunke. Hamomuum, 4To MBI COXpaHWJIH ONpefeJie-
HHE coCTOsiHus, mpuBefenHoe B § 2. TaM Xe OBLIO NMOKa3aHO, YTO
3aflaHHe BEpOSITHOCTHBIX paclpefeseHHil 3KBHBAJIEHTHO 3aJaHHIO
CpeAHHMX 3HaueHHH ass BceX HabuiofaeMbix. Paccyxnenus, Koro-
pbie OpHUBeJNH Hac K 3TOMY pe3ynabTaTy, COXPaHSAOT CBOK CHIY
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H B KBaHTOBOH MexaHMKe, TaK KaK OHH He HCIOJb30BaJH KOHKpeT-
ofl peannsanun ajre6pnl HaGJlofaeMBIX KJaCCHYECKOH MeXaHHKH.
3agarbh coCcTOsIHHE — 3TO 3HAuuT 3ajaTh QyHKHHuoHan (w|A) Ha
anrebpe HabjwopaeMblx U CO CIAeAYIOIUMMH CBOHCTBaAMH:

) (AA+Bley=A{Ale)+(Bla),

9 (A]a)>0,

3 (Clay=C, M
H ATy =(Alo).

CpofictBo 1) Mnl yxe ob6cyxganu. CpoficTBO 2) BelpaXkaeT TOT
dakr, uto And HabmawgaeMoit A%, KoTopas MO CBOEMY CMBICAY He-
OTpHLaTeNbHA, CpejlHee 3HaUeHHe He MOXeT GHITH OTpHUATENbHLIM
gyncsaoM. CpolicTBo 3) yTBepKIaer, UTO, cpefilHee 3HaueHHe HabJi0-
naemoft C B q1060M COCTOSIHHHM coBHagaer ¢ 3ToH kKoHcranwtod. Ha-
KoHel, MO CBO#IcTBY 4) cpeiHHe 3HA4YeHHs BelecTBeHHH, Takum
o6pa3oM, COCTOSIHHE B KBAaHTOBOU MeXaHHKe eCTb IMOJOXKHTENbHBIH,
JUHeRHBH (QYHKUMOHAJM Ha anarebpe caMOCONpPSIXKEHHLIX OMNepaTo-
pos ¥. O6masn ¢opma Takoro QpyHKuHOHaJa

(Alo)y=Tr MA, 2)
rie M —onepatop B C", yLOBJIETBOPSIIOIHN YCAOBUAM:

1) M= M,

2) (Mg, £) =0, 3)

3) TrM=1.

Oneparop M HasnBaercsl MaTpHulell IVIOTHOCTH M HrpaeT B KBaH-
TOBOH MeXaHHKE Ty e pOJb, YTO M QYHKIHA pacipeieseHus
p(g,p) B KiaccHYecKOH.

[IokaxeMm, HYTO CBOHCTBa MATPHHB IJIOTHOCTH — CJIEIACTBHE
chopMyNnHpPOBaHHEX BHIIe CBOHCTB (YHKIHOHAJa YCpeaHeHHS
(A|e). HdeifictBuTeNbHO, U3 BellleCTBEHHOCTH (yHKHHOHala {A|w)
crenyer

Tr AM=t2k: lAtkMkz Z ApiMip =

i, k=1
n
Z Mj, = Tr AM*="Tr AM.
IMonaraas X = A, -+ iA,, rae A, u Ag—-—camoconpmxem{bxe onepa-
TOPBHL, MOJIy4aeM H3 MOCJHeAHEero paBeHCTBa

Tr XM = Tr XM",

rae X — npousBosbHHE onepatop B C". M3 npou3BOJBHOCTH Olles
patopa X cpasy ciaenyer croiicteo 1).
Tenepb HCHoJB3yeM MOJIOXKHTEIbHOCTL (GyHKUHOHAMa {A|w®)

Tr A2M = 0.



Monoxum A = P,, rape Pp— omepatop MPOEKTHPOBAHHA Ha HOP-

mupoBanubit Bekrop i (Il = 1),

PE=E nn.
Hast Boluncnenus cidepga yno6en Jwobolfi 6asnc, B KOTOPOM MNepBHI
6asucHbfl BeKTOp coBmajgaer ¢ m (e, =mn,€s...,€,), TOrAA

Tr PoM = Tr PoM = (Mn, 1) >0.

Mul BHAHM, YTO MOJIOXKHTENbHOCTb MaTPHIB [JIOTHOCTH SIBJISETCA
HeOOXOAHMEBIM  YCJOBHeM [AJSl MOJIOKHTEJNbHOCTH (yHKUHOHAJA
{(A|w). JoctaTouHOCTb NpOBepseTcs CAeAYIOMHM 06pas3oMm:

n

Tr A2M = Tr AMA= Zl (AMAe,, €)= D, (MAe;, Ae;) =0,
i=

i=1

TAK KaK KaXjo0€ cjaraeMoe IOJA 3HAKOM CYMMBl HEOTDHIATENbLHO,

Haxonen, ycjoBie HOPMHPOBKH MaTpHUUbl MJIOTHOCTH TrM ==}
cpasy ciaeayeT u3 cpoficrBa 3) QyHKuHoHana.

Takum oGpasoM, Mbl HOKa3alH, UTO COCTOSIHHS B KBaHTOBOI
MeXaHUKe ONHCHBAIOTCH HOJOXKHTENbHBIMH CaMOCONPSIKEHHbIMHU
onepaTopamMH cO cJefoM, paBHbM eaunnde., (HanomsuMm, urto
B KJIaCCHUECKOH MeXaHHMKe COCTOSIHHE 3ajaercs HeOTPHUATENbHOH

dyuknuedt p(q, p), HOpMUPOBAHHOH yCJIOBHEM Sp(q, pldgdp= 1.)

Jlio6oit onepatop M co cBoiictBamu (18) omucbiBaer HeKOTO-
poe COCTOsSIHHE CHCTeMBl, T. €. MEeXIY MHOXeCTBOM COCTOAHMH
H MHOXKECTBOM MaTpPHI[ IJIOTHOCTH M CyllecTByeT B3aHMHO-OJLHO-
3HaUYHOE COOTBETCTBHE

© <« M.

Eciu My n My — onepartopsl co cBolicTBaMu (3), TO OuU€BHJHO, YTO
UX BHINYKJIasi KOMOHHALNsA

M=aM; 4+ (1 —a) M,, I<a<xi
Takxke o6JiajaeT 3THMH CBOHCTBaMH H, CJeJoBaTeJbHO, COOTBET-
CTBYET HEKOTOPOMY COCTOfHHIO

o =00, + (1 —a) o,

Mpbl BUAHMM, 4TO MHOXECTBO COCTOsIHHE B KBaHTOBOH MEXaHMKE fiB-
JISIeTCsl BHIIYKJBIM.

Bcem Tpe6oBaHUSIM K MaTpulie IJIOTHOCTH YAOBJIETBOPSET OXHO-
mepHbiii npoektop Py, (I ¢ Il = 1). HefictBuTeNbHO,

2) (Pgk, &)=, ») (b, &)=IE PFP=0,

3) TrPy=(p, $)=1.

B xonue naparpada Msl IoKaXeM, 4TO cocrosuue P, He pac-
KJa/bIBAETCS B BEIMYKJYK KOMOMHAQLUIO APYTHX COCTOsIHHE, T. €.
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siphgerca uucrbiM., (HanmoMruMm, 4To B KJaccHUYeCKoM MexaHHKe
YHCTOE COCTOAHMEe HMeeT OYHKuIHIO pacnpepaeleHuns p(q,p)=
= 6(q— go)8(p — po).) 3aMeTuMm, UYTO HHUCTOE COCTOSIHHE OIIpeje-
JsieTcsl 3ajaHueM BeKTopa 1, OJAHAKO MeXAY UYHCTHIMH COCTOSI-
HUSIMH H BEKTOpaMi HeT B3aHMHO-OJHO3HAUHOI'O COOTBETCTBHS, TaK
Kak ec/H )’ OT/IHYaeTcsi OT vy YHC/AEHHBIM MHOMKHTeJIeM 1O MOAYJIIO
paBHBIM efuHuue, To Py = P, TakuM 06pasoM, 4HCTOMY cOCTOA-
HHIO COOTBETCTBYET KJ/acC HOPMHPOBAHHBIX Ha €AMHHILY BEKTOPOB,
OTJIHUYAIOIHXCH APYF OT Apyra MHOXxHTesdeM e'%, rie o< R.

BexkTop ¢ 0GBIYHO Ha3BIBAlOT BEKTOPOM COCTOSIHHS, & MpPOCTpaH-
CTBO, B KOTOPOM AEHCTBYIOT CaMOCOINpSXKEHHbIe olepaTopnl (Ha-
6mogaembie), npocTpaHcTBoM coctosHnil. IToka B KawecTBe mpoct-
paHCcTBa COCTOSIHUE Mbl B3sliH npocTpancTso €.

[Tokaxem, uyro nwoboe COCTOSHHE B KBAHTOBOH MeXaHHKE $1B-
JsieTcsl BbLIOYKJAOH KoMGuualme# 4YHCTHIX cocrosHui. s sToro
3ameTuM, 4To M, Kak BCSIKHE CaMOCONPSIXEHHBIH oIlepaTop, HMeeT
coberBeHHBI Gasuc

Me; = n;0;.

Pa3joxXuM Npou3BOJbHBIE BeKTOp & MO 3ToMy Gasucy M mHopei-
CTByeM Ha Hero oneparopoM M,

E= 2 & o) o

Mg = Zu,(ﬁ 0:) P Zu,P £

i=1 i=1

B cusy npousBoJBHOCTH §

M=} uPg. (4)

i=1

Bce uucia \; HeoTpuuaTteJbHbl, TaK KaK OHH SBJIAIOTCA cobcTBeH-
HHIMH 3HaudYeHHAMH [OJIOXHUTEJNBHOr0 olleparopa. KpOMe TOrO,

n ©
Zi_lp,-=TrM=1 H, CJeAOBaTesbHO, COCTOSIHHe M pme#icTBH-
TEJNbHO SIBJASETCS BBHINYKJOH KOMOMHaUMeH YHCTBIX COCTOSIHMH Py .

H

s cpeaHero 3HaueHuss HaO6JIIOZaeMOH B UHCTOM COCTOSIHHH
o <> P, dopmyna (2) npuHuMaer BHA

(Aloy=(A%, ¥), I¢l=1. ©)

Ias ca1yuas CMeLIaHHOTO COCTOSIHHA @ <> M == ZM; g, HMeEM
i=1

(Alo)= i; u; (Ag;, 9). 6)
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dra ¢opMyJa NOKA3LIBAET, YTO TAaK Xe KaK H B KJIaCCHUECKOH
MexaHuKe, yTBEp:KAEHHE O TOM, 4TO CHCTeMa HaXOLHTCH B CMe-

IIAHHOM cocTOSIHHH M= %" P aBHOCHJIBHO YTBEpXAECHHIO,
g,

4YTO CHCTEMA C BepomﬂocmMH i, i=1, ..., # HAXOOUTCA B UHC~
ThIX COCTOHHHHXP

B szakaioueHue 3Toro naparpada foxKaxeMm, 4TO COCTOSIHHE, OIH~
cbiBaeMoe MaTpulelt NAoTHOCTH M =Py, sBJjsiercsa 4ucTHIM. Hawm
HYXHO MOKa3aTb, 4TO #3 PaBEHCTBA

Py=aMi+(1—a)M,;, 0<a<]1 Q]

crenyer, uTo M;== M,=P,,
[Tpu nokasaTeJbCTBE HCIOJb3YeM, YTO AJS MOJOXKHTEIBHOTO
onepatopa A M NPOM3BOJIBHLIX BEKTOPOB ¢ H p CIpPaBeAJHBO Hepa-

BE€HCTBO
| (Ag, V) P (Ao, ¢) (A, §). 8)

Uz (8) cmenyer, uro Ag =0, ecnu (Ay, ¢) = 0. (Hepapencrso (8)
ecTh YCJIOBHE TOJOXKHUTeAbHOCTH GopMe Idpmura: (A(ap+ by),
ag + by )= (Ag, 9)aad + (Ae, p)ab +(AY, 9)ab + (A, ) bd =0,
rie a u b — KOMIJIEKCHEIE YuCaa.)

O6o3nayum uepe3 J6; MOANPOCTPAHCTBO, OPTOrOHAJbHOE BeK-
TopYy , Toraa Py =0, ecan @ & #6,. Ucnonbays noJ0XHTEbHOCTD

oneparopoB M; u M, u (7), umeem
a (Mo, o) <o (Mg, 9) + (1 —a) (Mzo, ¢) = (Pyp, 9) =0,

T. . Myp = 0. Hcnoaw3ys caMoconpsikeHHOCTb M;, moayunM s
IPOH3BOJILHOrO BeKTOpa &

("‘/Ilcp’ g) = ((P’ Mlg)/z' 09 (R %17

nosromy Mg =Cy$ u, B vacruocru My =Cyp. 3necb C: — Kou-
CTaHTa, 3aBucAmas oT Bekropa E. I1poH3BOJNBHBIE BEKTOP E MOXKHO
ApeACTaBHTb B BHAE

§=(§,'¢)1IJ-I-QD, q)E%l’

nosromy Mig=C,P,E 1. e. M{=CyP,. Haronen, us ycsnosus
Tr Mi=1 noayuaem, uro C,=1, cieposarensno, M, =P, un

M2 = Pw.

MoxHo npoBeputh U o6paTHoe yTBepxkIeHHe. Ecim cocrosinne
IBJISIeTCS YHCTHIM, TO cymiecTByer BeKtop ¢ & C7, || ¢ || = 1 Takoi,
ut0o M=P,,.

§ 7. CoortHoluenus HeonpenencHHocTH eilsenGepra

B stoM nmaparpade Mbl [I0Ka)XeM, KaK COOTHOIIEHHA Heonpeje-
JIEHHOCTH, KOTOpble YIIOMHHAaJHCh B § 4, caepylor u3 MaTeMarHie-
CKOro anmapaTa KBAaHTOBOH MEXaHHWKH, H JaAHM HUX TOYHYI dop-
“MYJIHPOBKY,
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Paccmorpum pucnepcenyn AByx HabmiopaeMbix A u B B cocrod-
Hun . Hanomuum, uyrto nucnepcusa nabiaiogaeMoll onpeaenasiercs
COOTHOIIEHHEM

AoA={o (A — A Py =(0 1A% — (o | 4,
rae A, = (o] A). Uepes A,A Mb o6o3Hauaem W/A?,,A.

CooTHouleHus HEOMNpeNeNeHHOCTH YTBEPXKIAAKOT, 4YTO ANA n6oro
COCTOsAHHSA @ CIIpaB€IAJIHBO HEPABEHCTBO

BoAAB= ({4, BYyl0) | (M

CooOTHOUIeHHs] HEONpeJeJeHHOCTH HOCTAaTOUHO JA0Ka3aTb JJd
YHCTHIX cocTostHuil. sl cMeuiaHHBIX COCTOSIHHH OHHM OYRYT cllejo-
BaThb TOr'a U3 HepaBeHcTBAa (2.17), KOTOpOe CIpaBeANHBO U B KBaH-
TOBOH MeXaHHKe, TaK KaK €0 BLIBOA HE 3aBHCHUT OT peajid3aliuu
anre6pbul Ha6JIIO(aEMBIX.

HauneM ¢ oueBHAHOrO HepaBeHCTBA

(A+iaB) b, (A+iaB)$) =0, [pll=1, a=R.

PackpoiBast JIeBYIO YaCTb, TONYUHM

(A%, §) + o (B*, ) — ia (AB — BA) 1, ) = 0.

Hcnoansysi ompepenenue KsaHTOBo#t ckKobku Ilyaccona (5.15)
1 GopMyny mJsl cpejHero 3HaudeHusl HabJlofaeMoll B YHCTOM CO-
cTosinuu o <> P, (6.5), nepemuweM IMocieiHee HePaBEHCTBO

B BHie
(A?| @) + a?(B? |0y — ak{{A, B}, |0)=>=0
npu a0boM a € R 1, cie10BaTeNbHO,

(A2 oY (B o) =2 (A, B}, o)

CooTHomeHusi HeonpepeseHHoctd (1) HemocpejaCTBEHHO ClEAYIOT
3 9TOr0 HEpPaBEHCTBa, eCA# clenaTb 3aMeHy A->A—Ag,
B—B— B¢, u yuects, uto {4, Blp={(A —Aws), (B— Bu)}n
COOTHOILIEHHSl HeonmpeAeJeHHOCTH MOKA3BIBAIOT, YTO AHCIEPCHH
IBYX HabJsiogaeMbix MOryT o6paTHTbCS B HYJb OJHOBPEMEHHO
TOJLKO B TOM cJjaydae, Korja cpenHee 3Hadenue ckKobkn Ilyaccona
paBro Hymio. [as xommyrupyomwux nHabawogaembix {4,B}, =0
W [paBasl YacTb paBHAa HYJIO JJs1 BCeX cocTosiHuil. B atoM cayuae
COOTHOLIEHHs] HEONpeJesIeHHOCTH He HaKJa/JblBalOT HHKAKHX Orpa-
HUYeHHUH, ¥ Takue HabJal0faeMble ABJAIOTCH ONHOBPEMEHHO H3Me-
puMbIMH. B nasbHeliineM Mbl YBHIWM, YTO AeHCTBHTENBHO Cylie-
CTByeT NPHHIHNHAJBHO BO3MOXHBIH €noco6 OLHOBPEMEHHOrO H3Me-
peHusi Takux Ha6awonaeMmbix. HaubGosee cuibHble OrpaHUueHHS
HaKJaJgblBalOTC Ha napw  HabAwJaeMblX, Aas  KOTOPBIX
({A, B}nlw) =0 nas Bcex «, Hampumep, ecan {A, B}, = const.
B srToM cayyae ne cyulecTBYeT COCTOSIHHH, B KOTOpPHIX AHCIEpCHH
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ofenx HabJOLaeMblX paBHBI HyJ10. Mb YBHAHM B JajbHeillieM,
4TO 1Ji OAHOHMEHHBIX KOOPAHHATH H MPOEKUMH HMOYJbCa

{P’Q}hzl,

rie [ —epunnunblit omneparop. COOTHOUIEHHS HEONpeNeJeHHOCTH
Ans 3THX HabJiofaeMblX MPHHAMAIOT BHJ

AGPA Q= h/2,

T. €. B NPHpOJe He CYILEeCTBYeT COCTOSHHH, B KOTOPHIX KOOpAHHATa
H OJHOHUMEHHas NpPOeKHHS MMIyJbca HMEWT OJHOBPEMEHHO BIOJHE
ofpefesieHHble 3HAUEHHA., DTO YTBEpXKACHHE CHPABEAJHBO KaK /s
CMeLaHHbX, TaK H JJf YHCTBIX COCTOSIHMA, [O3TOMY YHCTHE CO-
CTOSIHHSl KBAHTOBO# MeXaHHKH B OTJIHYHE OT YHCTHIX COCTOSHHN
KJ1aCCHYECKO#l MEXaHHKH He SBJSIOTCA COCTOSIHHAMH C HYJIEBOH
qucrnepcuell Bcex HabJOgaeMbIX,

Mpbl MoOKeM Telepb BEDHYTbCS K BOIpPOCY, MOCTaBJeHHOMY
B HaudaJje § 2: YeM MOXKHO OOBSCHHTH HEOJHO3HAYHOCTH PE3yJ/bTa-
TOB 3KCHMEPUMEHTOB., Mpbl BHAEIH, YTO B KJACCHUECKOH MeXaHHKe
TaKasi HEeOJHO3HAaYHOCTb CBf3aHA TOJNBKO € YCJOBHSMH 3KCHEpH-
MeHTa. Ecnu B ycsoBHSI 3KCIIepHMEHTA BKJIOUHTb [JOCTATOYHOE
YHCaA0 NpeNBapHTEJbHBIX H3MEpeHHH, TO Mbl cMoxeM OHITh yBe-
PeHBl, YTO CHCTeMa HAXOAHUTCS B UHCTOM COCTOSIHHH H Pe3yJibTaThl
J1060T0 IKCNepHMeHTa MOJHOCTBIO JAeTepMHHHpOBaHB. B KBaHTO-
BOil MexaHHKe OTBET Ha 3TOT BONPOC OKAa3bIBAETCH COBEPUIEHHO
apyraM. CooTHOIUeHHS Heolpee/leHHOCTH N0Ka3blBaioT, 4TO He Cy-
LIeCTBYeT Ja’ke NPHHUHMHAJbHOH BO3MOXHOCTH MOCTaBHTb 3KCie-
PHMEHT TakK, 4ToObl pe3y/bTaThl BCeX H3MepeHHI ObIIH oMpejeseHsl
OJIHO3HAUHO YCJIOBHSIMH 3KCIepHMeHTa. Mbl BHIHYXK/IEHH, TaKHM
o6pa3oM, CUHTaTb, 4TO BEePOSITHOCTHBHIN XapaKrep npeiacKaszaHuil
B MHKpOMHpe CBfI3aH ¢ (H3HYECKHMH CBOHCTBAMH KBaHTOBBIX
CHCTEM.

. DTH BHIBOABI KaXYTCHd HACTOJbKO HEOXKHIAHHBIMH, YTO HHTEpeC-
HBIM OPEACTABJAAETC BOIPOC O BO3MOXHOCTH BBeJI€HHS B TEODHIO
TaK Ha3blBaeMblX «CKPHITHIX DapaMeTpoB». MOXKHO NpeanoNoXKHTS,
4YTO OMNHCAHWEe COCTOSHHS CHCTeMbl NMPH MOMOIH MAaTpHUIH MJOT-
HOCTH M=Pﬂj He SIBJSETCS MOJHBIM, T. €. Kpome PﬂJ cJae10BaJo
6bl 3a7aTh 3HAUEHHS KAKHX-TO MapaMeTpoB* x («CKPHITHIX mapa-
METPOB»); TOrAa ONHCAHHE CTaHeT AOCTAaTOUYHBIM /sl OJHO3HAYHOTO
npejCcKa3aHHs pe3yJabTaToB JIOGOT0 H3MepeHUst. BeposiTHOCTHBIH
JKe XapakTep NpeiIcKasaHHH B COCTOSIHHH ®<— P, TOrza MOXHO
0o6bICHHTL TeM, YTO HaM HEH3BEeCTHbl 3HAUeHHS CKPBITHIX NapaMer-
POB H O HHM CYLIECTBYeT Kakoe-TO BEPOSITHOCTHOE pacrnpejeleHHe.
Ecau 0603HauHTh COCTOSIHMSA, 3ajaBaeMbie napoit (Py, x) uepe3 a.,

* «CKpEITBHE MAapaMeTPHl» X MOXKHO PACCMaTPHBATh KaK 3JeMCHTH HEKOTO-
poro muoxectsa X. OTHOCHTeNbHO (BPH3HUECKON TPHPOALI 3THX NAapaMeTpon MUl
He JeflaeM HIKAKAX TPeano/oxennil, TaK Kak oHa Geapas/nyua Jis Aajbneiimnx
paccyAeHHH. '
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TO Hallle TPEANOJOKEHHEe CBOAUTCH K TOMY, UTO COCTOSIHHME ® €CTh
BLIMYKJas KOMOUHALKUs COCTOAHUHE w.. Mbl sHaem, yto P, He pac-
KJaajbiBaeTcss B BHIIYKJAYIO KOMOHMHAllMIO oOllepaTopoB CO CBOH-
CTBaMH MAaTpHHBl IJIOTHOCTH, T. €. COCTOSIHHAM @, He COOTBeT-
CTBYIOT HuKakue ofepatopn M. Cnoco6 onucanus COCTOSIHHIL
B KBaHTOBOH MexaHHuKe oIpeaessercs BHOopoM anare6pn Hab.o-
naeMbix. ITpeanoJsioxkeHne O TOM, UTO CYWECTBYIOT COCTOSIHHS, KO-
TOPHIM HE COOTBETCTBYIOT HHMKaKHe MaTpHIlnl IJIOTHOCTH, 3acTas-
JseT HaC OTKa3aThCAd OT YTBepXKAeHHsA, 4To HabJJaeMble eCTb
CaMOCONpsXKeHHBe ONepaTopsl, T. €. OTKa3aTbcsl OT OCHOBHOIO
NpeANoNIoKEeHHsT KBaHTOBOH MexaHuKH. Takum o6pa3oM, MBI BH-
MM, YTO BBeJeHHEe CKDHITHIX HapaMeTPOB B KBAHTOBYIO MeXaHUKY
HEBO3MOXKHO 6e3 KOpPeHHO! nepecTpoiiKu ee OCHOB.

§ 8. Pusnueckuit cMbICJ COGCTBEHHBIX 3HAUEHHIH
¥ co0CTBEHHBIX BEKTOPOB HAGMOAAEMBIX

B srom naparpade MB paccMOTPHM BOINPOCH, Kacawomuecs du-
3U4eCKOro TOJIKOBaHHSI TeopuH. IIpexne Bcero MH AOJNXKHB Ha-
YUHTBCS CTPOHTH (YHKUHH pacnpefenenuss Anas Ha6lofaeMbix
B 3ajaHHOM coCTOsiHHM. MB 3HaeM obuiylo dopmyay

w4 (M) =0O*— 4) o), )

rie B(x)— ¢yuruus Xepucaiiga. Urobw moctpouts (GyHKHHIO OT
Habmonaemoit 6 (A — A), paccMOTpuM ypaBHeHHe

Ay, =a;Q;.

TonbKo AMS NPOCTOTH pacCyXAEHHH NMOKa NPEAIOJNONKHUM, Y4TO BCe
co6CcTBeHHBle 3HAUEHHs pas/MuHBL, T. €. CHeKTp omepatopa A mpo-
CTOH, H 3aHyMepyeM COOCTBEeHHble 3HaUeHHS B MOpsiiKe HX BO3pac-

Tauusg a; << ... << a, Yepes P, 00603Ha4UM ONEPaTOPH MpOeK-
4
THPOBaHHsSI Ha coOCTBeHHBle BeKTophl. BBemeM omepatop
Pa)= Y P, @)
at<k

(3HauoK { NOA 3HAKOM CYMMBbl HPHHHMAaeT 3HaueHUs, YAOBJETBO-
psaolike ycaIoBHIO a; << A). I[lokaxeM, uTo

Py(A)=06 (A — A). (3)

Hna nposepku 3Toro paBeHCTBAa AOCTATOMHO YGEAUTBCS, YTO OIle-
patopsi P4(A) um 6(A—A) omnHakoBO AeHCTByIOT Ha Ga3uCHEHE
BEKTOpHl ¢;, Mcroabsys onpemenenne YHKUHH OT OmepaTtopa,
HMeeM

P A= aj,

9(A~A)q>j=e(x—a,)q>,={0 }\,<a1
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C apyro#t cropous,
95 A=ay,
A( )(pl atéh (ptq)] 0, A< aj.

[Mocnennee paBeHCTBO HAMMCaHO C YyHYeTOM TOTO, dYTO P(ptq>,¢
=8,,¢; K ‘oneparop P‘”i HOABHTCH MOJ 3HAKOM CYMMBI TOJIBKO NPH

yCI0BUH A == @;. Jlerko mpoBeputb, 4T0 P (A)-— mpoekTop, T. e.
Pa(d)=Ps() u PA(A)=Pa(A). Ouesugno, uto P4(A)= 0 npu
A<<a, u P4(M)=1 npu A= a, Onepatop Ps(A) Ha3sbiBaercs
crekTpajbHol (yHKLIHeH oneparopa A.

Tenepb HeTpyaHO MOJYUHTb ABHBIH BHMA JJIf q)yHKupm pacrpe-
Hejenus oa(A), o < M,

0 (M) =P, (W) ]o)y=Tr MP,(4) =
=TrM Z P Z TrMP
at<7~ at<7~
OKOHYaTeJNbHO

0 ()= 2 (Mg, @) (4)
at<7~

HanomuuM, uto (Me;,q;) =0. Mo BujguMm, 4T0 ©4(A)~— KycouHo-
TIOCTOSIHHAA (YHKIHS, HMeIoIlas CKaukK{ IpH 3HAYeHHSIX A, COBINa-
JAIOIIUX ¢ COOCTBEHHBIMH YHCJaMH, W HelpepbiBHAs B 3THX TOYKaX
crnpaBa. ['paduk ee usobpaxen Ha pHuc. 3.

w, (A)
1 .................................................. e
— s
— -
———e—
b 1 1 )\ 1 1
a, a, Az Q4...Qp5Qp A
Puc. 3.

U3 Bupa ¢yHnkuuu pacnpefeseHus cjenyer, 4TO OTJIHYHOH OT
HyJsl SIBJSIETCS BEPOSTHOCTb MOJYYHTb 3HaueHHe Hab/omaemolt A,
COBMajaollee TOJbKO C OJJHUM H3 COOCTBEHHBIX 4Hces. BeposTHocTb
W, npu usmepeHuH HOJYUUTh 3HAYEHHE @; PaBHA BeJHuYHHe CKadKa
‘GyHKIUN 04 (M) B 3TOH TOuKe

W, = Mg;, ¢;). (5)

Cymma W;, Kak u clefyeT OXHAATb, paBHA €XHHHUIE, TAK KakK
n
> W, =TrM=1.
i=1
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I 4uCTOro COCTOsIHUA @ < F,, popMysaa (5) NPUHHMAET BHL
W, =, ¢) B ©)

Haxonen, ecjiH CHCTeMa HAXOAHTCA B COCTOSIHHHU P(pl’ T. €. B 4YHC-

TOM COCTOSIHHH, OIpelesiieMOM OHHHM H3 COGCTBEHHBIX BEKTOPOB
Habaopaemolrt A, to no dopmyne (6) W,=6; B rtakom uncrom
COCTOSIHHE NpH H3MepeHuH HabaoogaeMoi A ¢ [JOCTOBEPHOCTHIO
NOAYYHTCS YHCIAO @y

IToka mwl npegmosaranu, uro omnepatop A HMeeT MPOCTOH
crektp. O6o6lLIeHHe NONYUEHHBIX Pe3yJbTaTOB Ha cay4dail KpaTHOro
CIeKTpa, KOrga coGCTBEHHOMY B3HAYeHHIO @; COOTBETCTBYeT He-
CKOJILKO COGCTBEHHBIX BeKTOPOB @i, @@, ..., ¢ Tpyna He npen-
crasiser. JlocTaTouHO 3aMEHUTb HPOEKTOPH P“’i Ha oneparops Pj,
OPOEKTHDPYIOLNe H2 cOOCTBEHHblE MOAAPOCTPAHCTBA, COOTBETCTBYIO
mue coOGCTBEHHEIM 3HAYEHHSIM @

PY¥ =Y (b, o) gt
k=1

Torna BeposiTHOCTL NPH H3MepeHHH Ha6awOnaeMoll A MOJIyduTb
3HaueHHe @; B ofleM cjaydae onpepeasercs popmyJoi

r

W,=3% (Mg{®, o), (@)
k=1
aaB c.nyqae GHUCTOro COCTIOAHUSA
r
W,= 2 | (b @) [ ®)
k=

Tenepp MBl IONYYHIH BO3MOXKHOCTb MOKa3aTh, YTO OGHIYHOE
onpeeaende QyHKIHH OT ONMepaTopa COrJacyercs ¢ HaHHBHIM B § 4
noHsiruem QyHkuux or HabmopaeMod. JleficTBHTeabHO, OnepaTopH
A u f(A) umewT o6LIYyIO cHCTEMY COGCTBEHHBIX BEKTOPOB

A =a,0?,
AP =1 (a)) 9P,

k kY
a mmeno Yp_, (Mo®, o) opmoBpeMenHo sBAfETCH BEPOATHOCTHIO

NpH H3MEepeHHH NOJYYHTb 3HaueHHe a; AAR #Habaozaemon A
u f(a;) ansa sabnionaemoit f(A). Orciona cpasy caeayer, uro

ot 4 (E) = o4(f (E)).

3ameTHM emie, 4TO B COCTOSIHHAX, ONpelenseMblX COGCTBEHHBIMH
BekTopamu A, HabnwonaeMmsle A u {(A) OZHOBpeMeWHO HMeIOT
BIIOJIHE OnpejesieHHble 3Ha4eHHA a, H [(a;) COOTBETCTBEHHO,
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Mb MOXeM caenyoulHM o06pa3oM HOABITOXHTb Pe3yJbTaThl, KO-
TOpbie CBA3bIBAIOT MaTeMaTHUYECKHH ammapaT TeOpHH C ee du3HYe-
CKHM TOJIKOBAaHHEM,

1) Ha6niopnaemas A B cocTosiHHH @ <> M umeer cpenmee sHa-

qenue
(Alo)=Tr MA

H GYHKUHAIO pacnpeleneHHs
0, {(A)=Tr MP,(A).

Jlna gucroro cocrosnuad M=P,, [dll=1

(Alo) = (A%, ¥),
wg (A) = (P4 (W) b, P).

2) MHoxecTBO cobCTBeHHHX 3HaueHuil Habnonaemofi A cosna-
JaeT ¢ MHOXECTBOM BO3MOXKHBIX Pe3yabTaTOB H3MEpeHUs 3TOH Ha-
6onaeMoil.

3) Bepostrocts W; nmonyuurb B pesysabrate u3Mepenus Habuio-
naemoft A yucso, coBnajamliee ¢ OAHUM M3 ee COOCTBEHHBIX 3Ha-
yeHuil, BblyHcaserca mo dopmyne (7) B obmem ciayyae H 1O
dopmyne (8) AAS YHMCTHIX COCTOAHHIL.

4) CoGcrBeHHble BeKTopbl HabntopaeMofi A onpenensioT YHCTHIE
COCTOSIHHSA, B KOTOPHIX HabnwojgaeMas ¢ JOCTOBEPHOCTHIO HPHHUMAET
3HaYeHHe, PaBHOE COOTBETCTBYIOLIEMY COOGCTBEHHOMY YHCAY,

MB BUAMM, YTO MOCTPOEHHAsT MOXEeJb YAOBJETBOPSET MHOTHM
¢usnueckuM TpeboBaHHAM K MexaHuke MHKpoMHpa, chopMyaupo-
BaHHHM B § 4. OHa ROMyCKaeT CyLIECTBOBAHHE HEH3MEPHMBIX ORHO-
BpeMeHHO HabJ10faeMblXx H OODBbACHAET COOTHOIIEHHS HeolpeneseH-
poctd. B pamKax aToH Mozenm ecTeCTBeHHO ONHCHIBAIOTCH HabJlo-
JaeMble, UMelOlue AUCKpeTHoe MHOXecTBo 3HaueHuil. C gpyro#
CTOPOHB, MBH BHAHM H OTpaHHYEHHOCTb TaKo#l Monend. Jlwobas
Habalonaemass He MOXKeT uMmerTb OoJblie, ueM n 3Ha4yeHHl, rae
n — pa3MepHOCTh mpocrpaHcrBa cocTosgHuHi C? H, ClefoBaTesbHO,
3Ta MOJeJb HE MO3BOJIEeT ONHCaTh HalJIoOZaeMble ¢ HENpephIBHBIM
MHOXecTBoM sHauenuld. [losToMy TpyaHO NpeamosoXuTh, YTO Ta-
Kas MOJEeNb MOXET ONHCHIBATL peantbHble (U3HYECKHE CHCTEME,
OnHako 3TH TPYHNHOCTH He BO3HHKHYT, €cqH MNepedTH K n = oo
i B KauyecTBe NPOCTPAHCTBA COCTOSAHHH B3fiTh KOMIJICKCHOE THJIb-
6epTOBO mPOCTpaHCTBO, a Habaogacmble CYMTATHL CaMocCompsAXKeH-
HHIMH OmepaTopamMu B 3TOM mpocTpaxcrBe. Brwibop mnpocTparcrs
COCTOSHUA AN KOHKPEeTHHX ¢H3HYeCKHX CHCTeM W [paBHja Mo-
cTpoeHHs HabnonaeMbx Aa8 Hux Mb obcyauMm B § 11, a moka npo-
NOJXKHUM H3y4YeHHe Hauell KoHeyHoMepHO#l Momeny. KoHeuHoMepHad
mojaenb yaoO6Ha IJs HAC ellle TeM, YTO Mbl He CTAJKHBAEMCH C YHCTO
MaTEMATHYECKHMH TPYAHOCTAMH CNEKTPajJbHOH TeOpHH HeorpaHH-
YEHHBIX CaMOCOMPAMKEHHBIX OMEpaTopoB B THABLOEPTOBOM NpPOCT-
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paHcTBe. 3aMeTHM, YTO OCHOBHBIE NOJIOXKEHHS 9TOH Teopun Gwliu
paspaboransl ¢oH HefiMmaHOoM HMeHHO B CBfI3M ¢ NOTPEGHOCTSMHU
KBAHTOBOH MeXaHHKH.

§ 9. IlBe kapTHHB JBHXKEHHS B KBAHTOBOH MexaHHKe.
YpasHenne Hlpennnrepa. CranHoHapHble COCTOAHUS

B srom naparpage mbpl ob6CcyaHM BONpoch AHHAMHKH KBaHTO-
BuXx cucreM. OCHOBHOe MNpelNOJOXKEHHE YIKe 10 CYmecTBy OnlIo
cnenano B § 4, Korga Mbl TOBOPHUJH O HeOOXOAHMOCTH BBeJeHHUS
JHeBCKOH onepauuu B anarebpe HaGaiogaeMblX KBaHTOBOH Mexa-
HHKH H O ee CBf3H C auHaMHKoH. IlostomMy MBI mpsiMo HauHeM
C TOro, 4To MOCTYJHpyeM TaK Ha3blBaemylo KapTuHy [eiisenGepra.
dTa KapTHHA ABJSNETCH aHAJOroM KJaccHYecKoH KapruHbl [aMusb-
ToHa. Tak Xe Kak M B KJacCCHUECKOfl MeXaHHKe, B 3TOI KapTuHe
HabaonaeMble A 3aBHCAT, a COCTOSIHHS ® < M He 3aBuCHT OT
BpeMeHH

am
=0 (1)

dA()
4280 —(H, A

3necs H — onepaTop NOJMHON SHEPTHH CUCTEMBI, SBJAAIONIUACS aHa-
noroM ¢yHKouH I'aMuipToHa Kiaaccudeckoii MexaHuku. Omeparop
H unorpa HaswBalor onepaTtopom lllpeaunrepa. Popma 3amucu
KapTtuHbl ['efisenfepra TouHo TaKas Xe, KaK KapTuHb [aMuibTOHa,
TOJIbKO B NpaBOH 4acTH CTOHT KBaHTOBas ckobGka Ilyaccona Bmecro
KJaCCHYECKOH.

Kak u B KJaccHUeCKOlt MeXaHUKe, ypaBHeHHe

dA (1)
dt

BMeCTe ¢ HAaYaJbHLIM YCJOBHEM

At o= 4 (3)

3ajaer ojgHOmapaMeTpHYeCKoe ceMelCTBO aBTOMOPGU3IMOB aJrel-
pol HabaonaeMbix 9.
3aBUCHMOCTb CpegHero 3Ha4YeHMs OT BpEMEHH Olpefessercs
dbopmyaoh
AW 0)y=TrA@) M.

YpapHenne (2) ¢ HayaJbHBIM yCaOBHeM (3) HMeeT eXHHCTBEHHOE
pelieHHe, KOTOpOe MOXKeT ObITh 3aMHCAHO B BHJE

At)y=¢eF "Ae FT, (4)
42



HeficrBuTeNBHO,

dA (1)
dt

= [H, AQ]={H, AO}
Bbmo.nHeHne HavyaJbHOI'o yCJaOBHA OYEBHAHO.

——=Ht
Oneparop U(f)==e " ', KOTOpHiH MOSBHJICA B 3alHCH peIue-
HusA (4), HasbiBaercs omepaTopoM 3sojonuu. Oneparop 3BOJIOLHH
ABJAETCA YHUTADHBLIM ONEpPaTopOM BCJEACTBHE CaMOCONPSAXKEHHO-

ctu onepaTtopa H
i

U(h=e® " =U"" ().

MHuoxecto oneparopoB U(f) ofpasyeT ofHONApPaMeTPHUECKYIO
rpynny
UtU @) =U+1t), U @O=U(-0.

Ecau wabmonaembie H u A kommyrupyior, To {H,A}, = 0 u cpexn-
Hee 3HayeHHe HabaogaeMoi A He 3aBUCHT OT BpeMeHH. Takue
HaG/MofaeMble HA3LIBAIOTCS KBaHTOBLIMH HHTErpajaMH JABHXKEeHHS.

B KkBaHTOBOI MeXaHHKe CYLIECTBYeT BTOpasi 3KBHBaJIeHTHas
KapTHHA [BHXEHHS, SBAAIOWAACA aHaJOroM KJaccudeckoff Kap-
tiHbl JInyBuaad. Jas toro uro6el cHOpMYyJNHPOBATh 3Ty KapTHHY,
npeoGpasyem HopMysay IJsi CpeaHero 3HadeHHs

(A(t) |0y=Tr U*(t) AU (f) M= Tr AU (f) MU (t) = Tr AM (t) =

=(Alo{)),
rae o ()« M @) =U({) MU* (2) (5)
H M(#) aBasercss eAHHCTBEHHBIM pElUeHHEM YypaBHeHHA
D = —(H, M)} (6)
¢ HaYaJbHBIM YCJOBHEM
M@ ,_,=M. 7)

Mul npuik K TaK HasblBaemoil kaprure Illpexnnrepa. B sroft kap-
THHE 3aBHCAILIMMH OT BPEMEHH OKa3blBAIOTCS COCTOSHHSA

AR — —(H, MO,

dt
dA

ITo camomy cnoco6y BBeneHus kKaptuHa Illpeaunrepa skBuBa-
JeHnTHa KapTHHe [eifiseHbepra, Tak KakK 3aBUCHMOCTb CpelHHX 3Ha-
Yeyuii HabJI0KaeMbIX B 3THX KapTHHax fBASETCA OAHHAKOBOH.

Temeps paccMOTPHM 3aBHCHMOCTh OT BDEMEHH YHCTBIX COCTOS-
uuit B kaprue Ulpeaunrepa. Cornacuo obueil dopmyae (5)

Py()=U(@)PU"(1).
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[TopGepem 3aBuCHMOCTH BeKTOpa COCTOAHHH Y (f) OT BpeMeHH Tak,
4TOOH BBHIIOJAHANOCH PABEHCTBO

Py()="Py.
ITpoBepuM, uTo 3TOMY YCJOBHIO YAOBJIETBOPSET

YO=U®b. )
IlycTs € — NpOH3BOMLHBIA BEKTOp, TOrAa

Pypd=E vONvO=E UONUOb=
=U@OU O D b=UOPU (E=P,(1)E.

Takum o6pasoM, 3aBHCHMOCTb OT BpeMeHH BeKTopa Y ({f{) no
tdopmyse (9) rapaHTHpPYeT NpPaBHJbHYIO 3aBHCHMOCTb OT BpeMeHH
YUCTOTO COCTOSHHA. 3aMeTuM, uTo (9) He clelyeT M He MOXKeT
CJAef0BaTh C HeOOXOAMMOCTBIO H3 (D), TAaK KaK BEKTOD COCTOSIHUSA
onpesenseTcsi COCTOSHHEM C TOYHOCTBIO A0 MHOXKHTENS IO MOAYJIO,
paBHoro eaunune. Hecmorps Ha 3T0, B KBAHTOBOH MeXaHHKe BCerna
CYHUTAETCH, 4YTO 34BHUCHMOCTb BEKTOPOB COCTOSIHHA OT BpDeMEHH
onpenensiercs dopmynoli (9). OT™MeTHM, YTO 3BOJIONHS HE MeHSeT
HOPMHPOBKH BEKTODPA COCTOSIHHS,

T OI=1b1,

takK Kak U ({)— yRurapHbll oneparop.
Bekrtop {(f) yIOBJIETBOpsieT ypaBHEHUIO

i 2. — Hy (1) (10)
H HaqaanOMy YCJIOBHIO

P (1) o ="

Vpasrenue {10) nHaswiBaercs ypaBHenuem Ulpexnuurepa u siBasierca
OCHOBHLIM YpaBHEHHEM KBAHTOBOH MeXaHHKH.

PaccmoTpum Tenepb coctosiusi, Kotopele B Kapruhe [lpenunu-
repa He 3aBHCAT OT BpeMeHH. TakHe COCTOSIHHS HAa3LIBAIOTCS CTa-
nuoHapHuiMH. OueBHAHO, cpejHee 3HaueHHe M1I0G0f HabaOLaeMoH
H BepOSITHOCTH ee ONpele/IeHHBIX 3HAaYeHHH B CTANHOHADHBIX CO-
CTOSIHHSIX OT BpPeMeHH He 3aBHCSAT. YCJOBHE CTANHOHADHOCTH CpPasy
caepyet U3 (6) u umeer BuA

{H, M}h=0' (]_1)
PaccMorpum uucrole crauuoHapuuie coctoaHud. M3 (11) umeem *
HPy@ = PywH.

* 3ameTuM, YTO K3 He3aBUCHMOCTH P"]J(t) OT BpPE€MEHH OTHIOAb He CJENYET,

yto BekTOp P(?), yaoBaerBopsitowufl ypaBHenuwo Illpenunrepa, He 3aBUCHT OT
BpeMeHH.
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[ogefictByeM JeBofi M mpaBof YaCTSMH 3TOTO paBEHCTBA Ha BeK-
Top H(f)
H (t) = (H (1), ()b ().

Yucno E = (Hy (), P (f)) = Tr PyyH 0T BpeMeHH He 3aBHUCHT, H
MBI BHAMM, YTO NIpH J1060M { BEKTOp v ({) siBAseTcss COOCTBEHHBIM
BeKTOpoM omepaTtopa [ ¢ coGcrBenHnM 3HadeHHeM E. Tloatomy
ypaBHenue Illpepnnrepa Aas Bekropa ¢ ({) OpHHHMAeT BHA

A (1)
ih—7==E% ().
Pellenne 3Toro ypaBHeHHS:

bO=v (@ T, (12)

Takum o6Gpa3oM, uYHCThle CTAalHOHApHBIE COCTOSHHSA — 3TO CO-
CTOSIHHSI C ONpelesleHHOH 3Hepruei, H BeKTOp, ONpeAeNAONHA Ta-
KOe COCTOSIHHE, 3aBHCHT OT BpeMeHH mo (opMyae (12).

YpaBHeHue

Ho; = Eq;

HHOIJa Ha3bBAlOT CTauHOoHapHBIM YypaBHenueM Illpenunrepa. Oc-
HOBHBIE 3aJaYH KBAHTOBOH MeXaHHKH CBOASTCS K PELIEHHIO 3TOro
ypaBrernsi. Hucna E; cornacHo ofiiemy ¢H3HYECKOMY TOJIKOBA-
HHIO, €CTb BO3MOXHbIE 3HaUeHHs] 3HepruM (dHepreTHUecKHe YPOBHH)
cuctembl. CoCTOsiHHe, COOTBETCTBYIOLEE HAaHMEHbLIEMY 3HAYEHHIO
snepruu Ej, Ha3biBaeTc OCHOBHBIM COCTOSIHHEM CHCTeMBbl, OCTaJib-
Hble COCTOSHHS — BO30yXneHHbIMH. Eciu u3BeCTHBI COGCTBEHHBIE
BEKTOpHl @; onepatopa f1, To Jerko MoxeT ObITb MOCTPOEGHO pele-
HHe 3anaun Komn pas ypasdenus lllpenunrepa

oo dPp(t)
ih—% = Hv (1),

b (O) Iy = V-

Jna 310ro pOCTAaTOYHO pPA3JOXKHTL BEKTOp Y MO COGCTBEHHOMY
Gasucy onepartopa H

Y= ;1 i =}, ;)

u ucnonn3oBath dopmyny (9). Toraa Mb moayduM pelleHHe 3a-
nayu Kowu B Bune

iE~t

b= Dewe ™. (19)

Aty dopmyay HasuiBaloT 0OBIYHO GOpMYJOH pasnoxeHHs pelIeHHS
ypaBHeHus: [llpexuHrepa 10 CTAUHOHADHBIM COCTOSHHSM.
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B 3akiouende atoro maparpada noJyuyuM COOTHOLUEHHe Heol-
pexenenHoctd Bpems — aHeprusi. Ilosaras B (7.1) B = H, umeem

BoABH =5 1A, HYy ). (149

. dA
Bcenomunas, uro B Kapruae [efizenbepra d—t={H’ A}, v ucnoJsn-

dAcp dA
3yd O4YeBHIHOE pPaBEHCTBO T=<? (o>, coorHouenne (14)
nepenuiieM B BHJIE
| dAcp
A A A(,,H>—2—- 7 |

- dAcp
BBefleM OpoMeXyTOK BpeMEHH AmtA::Au)A/_dt_—

3a Bpems A,f,4 cpenHee 3Hayenme Habmopaemod A, Cmemaercs
Ha «wupuHy» pacnpegnenenus A, A. Tlostomy Ayfs ects xapak-
TEpHOE A/l COCTOSIHHS @ M HabaonaeMoii A Bpems, 3a KOTopoe
byHKOHA pacupejnesenus os(A) ycresaeT 3aMeTHO H3MeHHThbcs, M3
HepaBeHCTBA

At aAH = h[2

CleyeT, YTO MHOMKECTBO 3HayeHu# Ayfs IS BCEBOSMOXKHLIX Ha-
6n1opaeMblx A B COCTOSTHHHM © OPaHHYEHO CHH3Y.
IMonaras At=inf A f, u o6osnausaa A,H uepes AE, mosyuum,
4

YyTo A4 JI060r0 COCTOSIHHA ® CNpaBeLJHUBO HEpaBEHCTBO
AE At > h/2. (15)

D10 W ecTb COOTHOLIEHHe HeOoNpejpeJeHHOCTH BpeMs — DHeprus.
Du3uyecKH#l CMBICA 3TOrO COOTHOLIEHHS CYIIECTBEHHO OTJIHYAeTCH
OT CMBICJA COOTHOLIeHHH HeomnpegpesneHHoctH (7.1). B dopmyae
(7.1) A, A u Ay B — Heompese/leHHOCTH B 3HaYeHUAX HabJjionae-
MBX A U B B COCTOSIHHM @ B OLHH H TOT K€ MOMEHT BpeMeHH.
B coorHomennn (15) AE — HeonpepeseHHOCTb 3HEpPrHH, M OHA OT
BpeMeHH He 3aBHCHT, a Af XxapaKTepH3yeT BpeM#, 3a KOTOpoe ycile-
BaeT 3aMeTHO H3MEHHTbCH pacnpeieseHdHe XOoTs Obl OJHON H3 Ha-
O6nonaemux. Uem Menbuie BeqHuuHa Af, TeM 60Jiblie COCTOSIHHE ®
OTJIHYAETCs] OT CTAlHOHApHOro. /s CHJIbHO HECTALHOHAPHBIX CO-
CTOAHH Af MaJio ¥ HeolpeleJeHHOCTb 3HeprHH AE poaxkHa OBITh
pocraroudo Benuka. Haobopor, eciu AE = 0, To Af = oo, B srom
cJyuae COCTOAHHE ABJSETCA CTALHOHAPHBIM.

§ 10. KBaHToBasi MexaHHKa peaJbHBIX CHCTEM.
TepecraHoBouHble cooTHoueHHs FefizenGepra

Mul yxKe ynoMuHaJH O TOM, 4TO NOCTPOEHHAs KOHEYHOMEpHas
MOJeNb CIAHUKOM GefHa, 4TOOB COOTBETCTBOBAThL PEaJbHOCTH, H UTO
€e MOXHO YCOBEpIIEeHCTBOBaTb, B35iB B KauyecTBe NDPOCTPAHCTBA
COCTOSIHHH KOMINJEKCHOe THJIbOePTOBO NPOCTPAHCTBO 6, a B Kaue-
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CTBe Hal/I0JaeMbIX — CAMOCONpPAXKeHHbie OepaToOphl B 3TOM IIPOCT-
paHCTBe.

MoxHo nmokasaTbh, 4To OCHOBHasl (opMyna Aajs CpeJIHEro 3Ha-
geHust HabmonaeMoii A B COCTOSIHHM (0 COXpaHseT CBOH BHJA

(Alo)y="Tr AM, (1)

raie M — nojoXuTeabHBIH CAaMOCONPSXEHHBI onepatop B € co
CIEHOM, PaBHBLIM eHHHIE.

Has mwo6oro caMoconpsyKeHHOro oneparopa Moxer ObTh mo-
cTpoeHa crekrtpadbHas ¢yHkuus P4 (L), T. €. ceMeHCTBO MPOEKTO-
POB CO CJeAYIOIHMH CBOHCTBAMH:

) P4A)<<Ps(u) mpn A <p, T. e. Pa(A)Ps(n)=Ps(}),
2) P, (A) menpepblBeH cupaBsa, T. e. li;n Pa(n) =P, (),
u->A+0

3) Pa(—oo)= lim Py(k)=0, P, (00) =1,

4) P4(A)B = BP4()), eciu B— ni060i orpaHH4eHHblfi omepa-
TOp, KOMMYTHpYIOmHH ¢ A.

Bekrop ¢ NpuHapJexuT o6JacTH olpeiejeHus oneparopa A
(p = D(A)), ecnu

co

| 22 (Pat) g @) < oo

- 00

H TOrina

ap= { 1dP,()e. (@)

®ynkuus or onepartopa f(A) onpexenserca Gopmynoi

Fayo= { 10ydP, ) o. 3)

-0

O6.aactb onpepenedus storo omeparopa D (f(A)) ecTb MHOKeCTBO
3JIEMEHTOB ¢, AJ1A KOTOPHIX

(o]

L 1FaPd(Ps@e, @) < oo,

- 00

CrekTp CaMOCOIpPSIXKEHHOI'O oOfeparopa npeAcTaBafer co6oH
3aMKHyTOEe MHOXECTBO TOYeK BeILeCTBEHHOH OCH, COCTOfllee H3
BCeX TOueK pocra cHekrpaJabHoli ¢ynknun P4(A). Ckauku 3Tof
(GYHKLHH COOTBETCTBYIOT COOCTBEHHBIM dHCJaM onepartopa A,
a Ps(A4+0)—Ps(A—0) ecrb mpoekTOp Ha COGCTBEHHOE NOA-
NPOCTPAHCTBO, OTBeualoumiee co6¢TBeHHOMY uncay A. CoGCTBeHHBIe
yucja o6pasyroT ToYeuyHbIH Crekrp. Ecln coOGCTBeHHLIE BEKTODHI
0o6pasyloT MOJHYI0 CHCTEMY, TO OMepaTop HMeeT YHCTO TOUeYHbIH
cnektp, B ofmeM cayuae npocTPaHCTBO MOXKeT Obthb PasGuTO
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B OPAMYIO CYMMY ODTOrOHaJIbHBIX W WHBAPHAHTHBIX OTHOCHTEJbHO A
NOANPOCTPAHCTB J6, U J6y TAKHX, UTO 8 NepPBOM oneparop A umeer
YHCTO TOYCUHBIH CMEKTP, 2 BO BTOPOM He HMEET COOCTBEHHBIX BeK-
TopoB. CnekTp omeparopa B NOANDOCTPAHCTBE J6» HA3LIBAIOT He-
HpPepLIBHEIM.

W3 ocnoBro#t dopmyan (1) caenyer, 9ro ¢GyHKuHs pacnpepe-
nedua HabmonaeMo#i A B cocrosiHuH © <> M B ofueMm cayuae
HMeeT BHA

04 (A)=Tr P, (WM, 4)

a AN YHCTHIX COCTOsHHUA M=P,, |
g (A)=(P4}) b, P). (5)

B ornuuue or KOHeuHOMepHOH Mopenu yHKUHA wq(A) He obs3a-
TeJbHO sBJfercs (QyHKOHell CKauykoB. MHOMXECTBO JOTMYCTHMBIX
3HaueHH# HabuionaeMofi A coBlajaeT ¢ MHOXKECTBOM TOYEK poCTa
GyHKIHA w4 (M) AJA BCEBOIMOXHBIX COCTOAHHI ©. [losToMy MoOXHO
yTBepX1aTh, UTO MHOXECTBO BO3MOXKHBIX DPe3y/bTafoB H3MepeHus
Habmonaemolt A coBnajgaeT ¢ ee cnekTpoM. Mul BHIHUM, 4TO Teo-
pHs NMO3BOJIfiET ONHCHIBaTHL HabgalonaeMble Kak ¢ AHCKPETHBIM, TaK
H HenpepbiBHBIM MHOXKeCTBOM 3Ha4YeHHH.

Tenepr Halla 3ajaga — ONMcaTb NpaBuJa BHIGOpAa MPOCTPAHCTB
COCTOSHHH H HAay4HTbCA CTPOHTb OCHOBHBlE HaGJIOfaeMble IJ
peanbHBIX (H3UUECKHX CHCTeM. 31eChb Mbl OyjeM ONHUCHLIBATL KBaH-
TOBBIE CHCTEMBI, HMeIOlIHe KJacCHUeCKHH anaJsor. 3ajfaya CTaBUTCA
crenyomum o6pasoM. IlycTh MB HMeeM KJACCHUECKYIO CHCTEMY,
T. €. 3ajgaHnl ee pasoBoe MPOCTPAHCTBO U GYyHKHHA [aMuabrona,
HyxHo HafiTH KBAHTOBYIO CHCTeMYy, T. €. MOCTPOHTb NPOCTPAHCTBO
cocrossHHil M omepatop [llpeanHrepa Tak, 4roOul MeXAy KjaaccHye-
ckuMH HabaopaembiMu (QyHkuMAMH Ha (as3oBOM HpOCTpaHCTBE)
H KBAHTOBBIMH Ha0J01aeMbIMH (OmepaTopaMH B NIPOCTPaHCTBE co-
CTOSIHUHN) OBIJIO YCTAHOBJEHO B3aHMHO-OQHO3HAYHOE COOTBETCTBHE
f <= A;. Ilpu 310oM dyHKuHu [aMuABTOHA ROJXKEH COOTBETCTBOBATDH
oneparop lllpennHrepa. 310 B3aHMHO-OZHO3HAYHOE COOTBETCTBHE
HH B KOeM cnyqae He MOXeT OblTb H30MOpdHU3IMOM[g<«/—Af oA,
{f, g} </—{A;, Ag}r (uMeHHO MO3TOMY KBAaHTOBas MEXaHHKA OTJH-
Yaercs OT KJaccuieckoil), HO AOJXKHO CTAHOBHTBHCH H30MOP(HHU3IMOM
npu A—> ( (4To obecmeuuT npepesbHbIi Mepexoj KBAHTOBOH MeXa-
HHKH B KJjaccuueckymo). OOb4HO KBaHTOBble Habuofgaembie A
HMeIOT Te e Ha3BaHHA, 4TO W KJaccHueckHe f. 3aMeTum, YTO MH
He JOJ/DKHBI HCKJIOYaTh BO3MOMXHOCTH CYUIECTBOBAHUSA KBAHTOBHX
CHCTEM, He HMEIOHIHX IIPOCTOro KJacCHUeCKOro aHaJjora. ¥ Takux
CHCTEM MOTYT OLITh HabJIogaeMble, KOTOPHIM He COOTBETCTBYET HH-
Kakass QyHKuuS OGOOLIeHHBIX KOOPAHHAT H HMIYJbCOB,

B moasom o6keMe mpaBusa COOTBETCTBHA M NpelefbHHI mepe-
X0 B KJAacCHYecKyr MexaHHKy Oynyr omucanu B § 14. IToka mut
yCTaHOBHM TaKoe COOTBETCTBHE TOJLKO MeKAY Hanbo/ee BAXKHBIMH
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Habn10faeMbIMH 1 TMOK4XEM, KaK CTPOHMTCS NPOCTPAaHCTBO COCTOS-
HUHA AJ18 MPOCTeHiuuX CHCTEM.

PaccMorpum cnavana matepuansuyio touky. Ee dasosoe npocr-
PaHCTBO WIECTHMEPHO U TOYKA B HEM ONpeNeNsieTcss 3ajaHHeM Tpex
AEKapPTOBBIX KOOPIMHAT ¢1, qa, g3 H TPeX MPOEKHHI UMUyJbCa pj,
p2 ps. Herpyauo cocunrate Kiaaccuueckue ckoGku Ilyaccona pus
N1060# mapbl M3 3THX HAGMI0AAEMBIX

{9, 93=0, {p, p}=0, {p,q}=06;, i,j=1,23.

Jinsg gacTHnbl B KBaHTOBOH MeXaHHKE MH BBejeM IIecTb HabJio-
naembix Q1, Qq, Qs, P1, Py, P3, y KOTOpBIX KBaHTOBHE CKOGKu Ilyac-
COHA HMEIOT Te Ke 3HaueHHs

{Q: Ql}h =0, {P;, Pi}h= 0, {Ptv Qi}h =[6Hr (6)

rie [ — epnunyHbIl onepatop. tH HabsogaeMbie 6yaeM Ha3blBaTh
KOOpPAMHATAMH H NPOEKHUSAMH UMOYJbCa,

B panbHeliieM ™Mbl cyMeeM OmpaBiaTh TaKoe COMNOCTaBJEHHE
onepaTopoB KOOpAHHATAM M HMUYJbCAM CAENYIOIIHMH OGCTOATE b-
crBamu. Ma3yuus Habaomaemble, ompejpefieHHbE COOTHOLIGHHAMH
(6), MBI yBHINM, 4TO OHH 0OJafalOT MHOTHMH CBOHCTBAMH KJacCCH-
YeCKHX KOOpDAHHAT H HMnyJbcos. Hanpumep, mns cso6omnoli wac-
THIB NpPOEKLHH MMIyJabCa SBAAIOTCA HHTErpajamy - ABHKEeHHS,
a cpeaHue 3HAYEeHHs KOOPAMHAT JMHEHHO 3aBHCAT OT BpeMeHH
(paBHOMepHOe TpPAMOJNHHERHOE NBHIKEHHE),

Hanee, coorsercTBHE ¢i <> Qi pi<> Py, i=1, 2, 3, saBurcs
IJi5 HaC OCHOBOH AJA MOCTPOEHHS OGUIEr0 COOTBETCTBHA [(g, p) <
<> A;. Onpenenexnble TakuM o6pa3oM KBaHTOBble Habalofaemble,
B TOM YHCJ€ KOOPAHHAThl H MMMYJbCHl, NPH Mpele]bHOM mepexone
HpeBpalIaloTCAd B COOTBETCTBYIOIIME KJacCHYeCKHe HabJonaeMule *,
Hakonen, npasuna coorBercTBus f <> Ay nenaloT Teopuo BHOJHE
KOHKDETHOH, H €€ pe3yJbTaThl MOIYT NPOBePATHCS B KCNEPHMEH-
tax. MmeHHo cornacue TeopuH ¢ 3KCOEPHMEHTOM CJeAyeT CYMTaTh
OKOHYATENbHBIM ONpaBAAHHEM MNpeanoJioxeuHa (6) W Bcelt KBau-
TOBOH ME€XaHHKH,

YcnoBus (6) HasbBalOTCAd yCAOBHAMH KBaHTOoBaHus [efizeH-
Gepra. M3 atux ycnosu#t u dopmyant (7.1) cpasy caenyot cooTHo-
IIeHHs HeoNpejeneHHOCTH ['efisenbepra ansd KOOpAMHAT M HUMNYJb-
€OB. OTH COOTHOWIEHHS MBI yKe 06CyXaaJH,

Yacto ¢dopmyas (6) 3amuchiBalOTC AN KOMMYTaTOPOB

[Q Qe]=0, [P;, Pi]=0, [Q;, Pil=1ihdy. (7)

DTH COOTHOIIEHHS] HAa3LIBAIOTCA NMEPECTaHOBOUHLIMH COOTHOIIEHHSAMHU
TefizenGepra.

* Touublfi CMbiCA 5TOIO yTBepXAenHa oGeyxaaerca B § 14
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Vmeer MecTo 3aMeuaTesbHas Teopema Heiimana — Croyna. Mot
chopmyaupyem ee 6e3 aoKasaTteabCrTBa *.

VY cucteMnl cooTHOMieHHH (7) CyumiecTBYeT eAHHCTBEHHOE HeNpH-
BOJHMOE TpeACTaB/eHHe OMepaTropaMH B rujn0epToBOM NPOCTPaH-
CTBe (C TOYHOCTBIO A0 YHHTapHOro npeo(pas3oBaHHs).

HanmoMHuM, 4TO oO3HauaeT HENPHBOAHMOCTb IIpPEACTABJECHUS..
O6bIYHO HCMOMB3YIOT ABA SKBUBAJEHTHHIX ONpefeseHus:

1) npexncraBienue coorHowenHil (7) Ha3bIBaeTCs HeNpPHBOAH:
MBIM, €CJIH He CYLIECTBYeT Oomepatopa, OTJHYHOIO OT KPaTHOrO enH-
HuyHoMy Cl W KOMMYTHDYIONIEro CO BCeMH omepatopaMu Q; u P

2) npencrasiieHHe Ha3biBaeTCAd HENMPUBOLHMBIM, €CJIH He Cylle-
CTByeT B J6 NOXNPOCTPAHCTBA By, MHBAPHAHTHONO OTHOCHTENBHO
BCex onepaTtopos Q; u P,

[IpoBepuM B5KBHUBAJIEHTHOCTb 3THX omnpegesenufi. Ecaum cyme-
CTBYeT HHBaPHAHTHOE OTHOCHTENBHO Q; M P; mopmpocTpasHcTBo b,
TO MPOEKTOp Ha 3TO MNOANPOCTPAHCTBO Pz, KOMMyTHDYer € Q; u P;
H, OYEBUIHO, Pz ,%=CI,

Eciu ects omepatop A %= CI, koOMMyTHpYIOUIHA CO BCceMH Q;
u P;, to A% a 3nauur, u A -+ A* kommyrtupylor ¢ @ u P, Tlosromy
¢ caMoro HayaJa MOXHO cuHTaTh A camoconpsxeHHbiM. Camocon-
psXKeHHBIH onepatop A uMeer cueKTpaJabuylo GyHKnuio Ps(A), Ko-
TOpas TpH HEKOTOpPOM A orjuuda ot HyJas H Cl. Onepartop P4(X)
KOMMYTHpPYeT ¢ Q; u P; H, cieroBaTe/NbHO, MOANPOCTPAHCTBO Iy,
Ha KOTOpPOe OH NpOEKTHPYET, HHBAPHAHTHO OTHOCHTENBbHO Q; u Pi

U3 Teopembl Hefimana — CroyHa ciepyer, YTO €C/aH MBI HaligeM
Kakoe-1u60 mNpeAcTaB/eHHe nepecTaHOBOWHHIX cooTHowenuil [efl-
3eHbepra u JOKaXKeM €ro HeNnpHBOAHMOCTb, TO BCE OCTAJbHbIE He-
MPHBOAHMBlE NpeAcTaBJeHHs OYAYT OTJAHYATLCT OT HEro yHUTap-
HbIM mpeobpasoBaHHeM.

Mu 3HaeM, 4TO (u3HUecKoe TONKOBAHHE TEODHH OCHOBAHO Ha
dopmyne nasa cpemsero suauerus {A|w) = Tr AM. IlpaBas uactb
3T0l (OpMYJBl He MEHseTCs NpPH YHUTApHOM npec6pa3soBaHHH BCeX
onepatopos. [TosTomy (u3nyecKue pe3yJbTaThl TEOPHH HE 3aBHCAT
OT TOrO, KaKoe H3 YHHTAPHO 3KBHBAJNEHTHBIX NPECTABJEHUH MbI
BblénpaeM

§ 11. KoopauHaTtHOe ¥ HMIYJbCHOE NPEACTABJCHHUS

OnnireM HauboJjee 4acTo HUCHOAb3yeMOe B KBAHTOBOH MeXaHHKe
TaK Ha3blBaeMoOe KOOpAHHaTHoe npejcraBienHe. Muorpa ero masw-
BaloT mpejcrasiedueM lllpepunrepa. B atom mpencraBaenun B Ka-
YecTBe NPOCTPAHCTBA COCTOAHHH JHJAA MaTepHaJbHOH TOYKH BBLIGH-

* TlpuBenennas dopMyJHpOBKA He SBJASETCA TOUHOMN, TAK KaK MMEIOTCS TOH-
KOCTH, CBSI3aHHblE ¢ HEOTPAHUIEHHOCTBIO ONepaTOpoB P u Q, xoTopHie MH He
ofcyxnaeM. [Toxo6Hble TPYAHOCTYH He BO3HHKHYT, €CJIH BMECTO CaMHX ONepaTopoB
P 1 Q paccmarpuBarth OrpanudenHble QyHKIOHM OT 3THX Olleparopos. Tounyio
dopmympoBKy Teopemnl Hefimana — Croyna mut ipusegem B § 13.
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paercs npocrpancTBo L?(R3) KBaApaTHYHO HHTErPHPYeMBIX KOM-
NJIeKCHO3HAUHBIX (QYHKIHH @ (X) == @ (X, X, X3). CKaspHOE NIpOHU3-
BeJleHHEe oNpele/sercs PaBEHCTBOM

(@1 @)= | o () 72 (%) dx. M
R3

Omnepatopu Q; 1 P;, j=1, 2, 3 BBOASITCH PopMyJaMH
Qe (X)=xj(P (x),
h
P () = 5~ (x). @

D10 HeorpaHHYeHHbIE ONMEPaTOPH, YTO COOTBETCTBYET (PHU3HYECKOMY
CMBICy HaO/0faeMblX, TaK KaK YHC/ICHHble 3HAYEHHs] KOODAMHAT
H HMOyJbCOB HeorpaHuuensl. Ha obaactu D, o6pasoBanHoll 6ecko-
HeyHO JHbdbepeHIHPYeMbIME (QYHKIHAMH, YOBIBaOIIHMH OHCTpee
J10000 cTeNeHH, ONpeles]eHbl caMH onepatopsl Q; U P; u ji00ble ux
LeJbe MoJOoXHTeNbHble creneHH. OueBHAHO, obJsiacts D mJoTHa
B #4. MoxXHo mokasars, 4To olepaTophl Q; H P; HMeOT eIHHCTBEH-
Hble CaMOCONpSiKEHHHe pacIIHpeHHs1 N0 3aMbiKaHHIO. CHMMeTpHS
3THX OMepaTopoB npoBepserca npocto. Hanpumep, ansa Py # J06b1X
dyuruyui Y = D, ¢ = D, unTerpHpys Mo 4acTsaM, HMeeM

(g, )= ax £ 2555 — { ax, des PPE| -
R? —o0 - Xy= =00
— {axo ) 2 = { axo (0 7 252 = (. P ¥).
R? R®

[1poBepum nepecranoBounble cootrowenus (10.7). Ilepsrie nBa
U3 HHX OYeBHJHHI, a TpeTbe cJeflyeT H3 paBeHCTB

P (x) === (0 (X)) = - 0 (0) + ¥, == @ (x),

QiPrp (x) =1x

Takum o6pa3oM, MB JEHCTBHTENBHO MOCTPOHJIH IpPeCTaBJACHUE
coorHowenuit (10.7) JuBeARHMH omnepartopaMH. Henpusogumocrts
3TOro NpeacTaBJeHHs Mbl JOKaXKeM IMOo3XKe.

[IpuBenem eile OAMH IpHMep INpeACTaBjeHHs (HMOYJAbCHOE
npejacraBjenue). B 3ToM mnpeacraBieHHH NPOCTPAHCTBO COCTOSIHHE
H TOXKe HABJSIETCS KOMIJIGKCHBIM npoctpaHctBoM L2(R3) ¢ aqe-
meHTaMH ¢(p), a omepatopnl Q; H Pj, j=1, 2, 3 onpepensiorcs
cjaenyoinuM obpasoMm:

fTa—XkCP(X)'

Qe (p)=ih 5= (p),
Pip(p) = p;9 (D)

3

51



ITepecranoBounsie cootHoweHus (10.7) mpoBepsoTCH Tak XKe,
KaK 1/5 KOOPJHHATHOTO NpPeACTaBJeHHS, H TaK e JOKa3blBaeTcs
HenpuBoguMoctb. [lo teopeme Hefimana — CroyHa sTH mnpejcTas-
JIEHHs1 YHHTapHO 3KBHBAJIeHTHH, T. €. JOJIKHO CYWIeCTBOBATHb YHH-
rapHoe npeobpasoBasue *

) 4
@ (x) > @ (p),

NPH KOTOPOM ONepaTtophl, onpeneneHHsle (GopMyaaMu (3), mpespa-
wailorcss B oneparopsl (2). HerpyaHo Bujpersb, YTo TakuM npeobpa-
30BaHUeM siBJseTcs npeoGpasoBanHe Pypbe

000 =(57)" | 5 o) do, (4)
)

3

o®=(57)" | T g (). 5)
d

YuuTapHocth mnpeofpasoBaHus Pypee ciaenyer H3 paBeHCTBA
IMapcesans

(o rar={1omrap.
R® R?

g h
IIpumenss onepatop —-—5—

T 3% K BblpaxeHHO (4), monyuum

3
T (th) SJ ”‘v(v)dp=(ﬁ)2§Se%"‘mq><p)dp.

Mpbl BHAHM, YTO NpH YHHTAapHOM npeobpasoBanuu W onepatop

h @
7 5x; PEBpAllaetcs B ONepaTop YMHOXEHHS Ha IepeMeHHYIO pj.

AHaJloruqﬂo npoBepsieTcs, YTO
X9 (x)—>th cp(p)

Takum 06pa3oM, MB NPOBEPHJH YHHTAPHYIO 3KBHBAJEGHTHOCTH KO-
OPJAMHATHOTO H HMNYJbCHOIO NpeNCTaBJeHUH,

Bunuuwem ¢opmyas npeo6pasoBaHHs HHTEerpasibHBIX OMepaTo-
pOB IIpH Mepexofe OT KOOPAHHATHOTO K HMIYJbCHOMY IIpeicTaB-

* Mu cO3HaTeNLHO HCNOJb3yeM OAHH H TOT € CHMBOJ And 0603HaueHHs

pasHex QYyHKOHA Q(X) B @Q(p), TaK Kak o6ec 3TH (YHKUHH OPEACTABAAIOT OAHH
H TOT Xe BEKTOP COCTOSIHHE .

52



JICHHIO:
A=Ak y oy dy,

R

290) = (527) B | T Ag (x) dx =

R3

i i
1 3 ——PpX —
= (7)) {7 A, y)e™ ™ o(q)axdy dq =

RS
=SA(p, ) ¢ (q) dq,
R ‘
3 -t X N
e A@ =(57) | A e axay. ©)
RG

Ecnu omepatop B KOOpPJHHATHOM NpeJCTABJCHHH sBJISIETCS OIe-
paTopoM YMHOXEHHs Ha QYHKIHIO [(X), TO ero MOXKHO paccMaTpH-
BaTb KaK HHTerpaJbHHIA C AApOM

A, y)=[(x)6(x—y).

B HMIYJIBbCHOM IIpeACTaBJIEHHH ALPO TaKOro omnepatropa 3aBHCHT
TOJBKO OT Pa3sHOCTH ICPEMEHHBIX H UMEeT BH]

A6 9= (52 ) [T e ax )
)

®opMyan npeobpa3oBaHHS OT HMNYJIbCHOIO IpeiCTaBJCHHS
K KOODJAHHATHOMY OTJIHYAIOTCA 3HAKOM B IIOKAa3aTeJsX 3KCIOHEHT

{ -t
At y)=(57) (#4090 7 dp dq, ®
RG
U ecau A, qQ)=F(p)d(p —q), 10
2ok
Ay =(z7) {FOIe™ ™ ap. ©)
R§

BuisicauM Tenepb ¢u3HMYecKHi cMBICA OYHKUHA ¢(X) H ¢(p),
KOTOpbie OOBIYHO Ha3HBAOT BOJHOBHMH (VHKnHAMH. Haunem
C BOJIHOBOH (PYHKIHH B KOODAHHATHOM NpEeACTaBJeHHH ¢ (X). B stom
npejacTaBJeHHH onepatopd Q; (i =1, 2, 3) ecTb omepaTops YMHO-
JKeHHs Ha MepeMeHHbe X;, T. €. KOOpAMHATHOE NpPENCTaBJEeHHE sB-
Jasiercsd COOCTBeHHBIM [1Js onepaTopoB Q. UroOn HOACHUTL 3TO,
caesnaeM HeGOJAbLIOE MaTeMaTHYeCKoe OTCTYIJIeHHE.

3ajnaTh (yHKIHOHAJbHOE NpeiCTaBJieHHe THAbGEpPTOBa MpPOCT-
paHcTBa 6 — 3TO 3HAYUT 3a[4aTh B3aHMHO-OQHO3HAYHOE COOTBET-
CTBHE MEXJY BeKTOPAaMH 3TOro HMPOCTPAHCTBA H (PYHKIHUSIMH Bele-
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CTBEHHOH IlepeMeHHOH @ < ¢(X) K 3a5aTh Mepy Ha BellleCTBeHHOH
ocu dm(x) Tak, 4To

@ ¥ ={ 0(0) ¥ () dm ().
R

3HaueHHst QYHKIHH @(x) MOryT 6GHITh KOMIJIEKCHBIMH YHCJIAMH HJIH
QYHKIUAMH OT JPYruX MepeMeHHHIX, T, €. SIBJATbCH 3JeMEHTaMH
KaKoro-To AONOJHHUTENBHOTO NMPOCTPaHCTBa, H ¢(x)P(x) Tormza obo-
3HayaeT CKaJsipHOE MPOHM3BejeHYe B 3TOM JOMOJHHTENLHOM MPOCT-
paHctBe. B mepBoM cayuae mpepcraBJieHHe Ha3BIBAETCS NPOCTHIM,
a BO BTODOM — KpaTHbIM. JIBe @GyHKIHE @(x) CJaefyeT CUHTATb
PaBHBIMH, €CJH OHH OTJHYAIOTCS TOJbKO Ha MHOXECTBE M-MeEpH
HYJIb.

[IpencraBneHne Ha3wiBaeTcsi CNEKTPaJbHEIM AJd omepatopa A,
€CJH JeHCTBHE 3TOro ONeparopa CBOJAMTCS K YMHOMXKEHHIO Ha HEKo-
TOPy10 QYHRIHIO [(x)

Ag <> [ (x) @ (x).

[IpencraBienHe Has3nBaercss NPSMBIM MM COGCTBEHHHIM AJ1s
oneparopa A, ecau f(x)==x,

Ag <> x0 (x).

Crektp omepatopa A MoxKeT OBITb ONHCAH KaK HOCHTCJb (YHKIUH
pacnpeneseHus Mepbl. CKaukH MepH COOTBETCTBYIOT COOCTBEHHLIM
yHcaaM. Ecim Mepa abcoJsIOTHO HelpepbiBHA, TO CIEKTP Helpe-
PHBHBIH.

HanoMBuM, 94T0 B KOHeuHOMepHOM mnpoctpaHcrBe C" MBI Ha3H-
BaJH coOCTBeHHHM HJs onepatopa A Takoe NpejacTaB/ieHHe, B KO-
TOPOM BEKTOPH ¢ 3aJaBaJsiuch KO3(PGUIHEHTAMH DPa3JIOKeHHs @;
no co6¢crBeHHOMy 6asucy onepatopa A. Ilycrs cnektp oneparopa A

npoctofi
All:i = aillliy

m=;%%,%=m%%

Bektopy ¢ MOXKHO comoctaBuTh QYHKIAIO ¢(x), TaKyio, 4ro
¢(a;)=@; (3mauenus OyHRUME @(X) 0OpH X 7 a; BHOHpPAOTCH
npon3BoJbHO)., PYHKIHIO pacnpejnesecHUs Mephl BHGEpEM KyCOYHO-
MOCTOSHHON C eJHHHYHHMH CKaykaMH IpH x = a; Omneparop 4
TOrZa MOXHO 3aj1aTh GopMyJoH

A < x (x),
TaK KakK 3Ta 3allHCb 3KBHBAJIEHTHA OOBIYHON
(] a1y
A = .
Pn Qn®Pn
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KpatHOoMy cO6CTBEHHOMY 3Ha4eHHIO a; COOTBETCTBYET HECKOJIbKO
co6CTBEHHEIX BeKTOPOB. Mbl MOXKeM BBeCTH (DYHKIHIO ¢(X), 3Hauye-
HHe KOTOPO# B TOYKE @; €CTb BEKTOD C KOMIIOHEHTaMU Qie, R = 1,
2, ..., ri. B atom cayuae mpencraBiyieHHe OyneT KpaTHHIM, H KpaT-
HOCTb ero paBHa KPaTHOCTH r; COOCTBEHHOTO UHCHA 4.

Mu BHAHMM, 4TO onepaTop B COGCTBEHHOM [IPeJACTaBJCHHH SB-
JsieTCsl aHAJOroM AHaroHaJbHOH MaTpHOH B C7.

B co6cTBeHHOM mpeicTaBJIeHHH omepatopa A Jierko omucath

dynxuuwo f(A)
f(A) @< [ (x) @ (x). (10)

B wuwacrtHocTH, Ans cnekTpaJbHOR (GYHKIHH onepatopa Pu (M) =
= 0(h—A) bopmyaa (10) maer

, 2 <A,
PA(M‘P*-*G(%——x)q)(x)={q)(x) x <A

0, x> A

Cnektp onepatopa A 6yner NONHOCTBIO ONHCAH, €CJHH AJA olepa-
Topa A yaacrcs MOCTPOHTH ero ClekTpalibHOe mpencrasJjenne. [Ipe-
'~ o6pa3oBaHUe, KOTOPOe TepeBOAMT NaHHOe MNpejcTaBJeHHe B CIEKT-
paJibHOe, Ha3bBaeTCst CIEKTPaJIbHLIM NpeobpasoBaHHeM.

BepreMcs K KOOpAHHATHOMY IpeACTaBJeHHIO. MBI BHAHUM, UTO
OHO JeHCTBHTEJNBHO $fIBJigeTcss COOCTBeHHHIM KPAaTHHIM MpencTaBJje-
HHeM /s Tpex omepaTtopoB @i, Qg Qs:

Q19 <> x19 (x)).

3nayenne @(x;) ecTb BeKTOp JOMOJHHTEJNBHOIO MPOCTPaHCTBA,
B JaHHOM cayyae (YHKIHSA OT IepeMeHHHX X; H x3 CKagaspHoe
npoHu3BefileHHe onpeaeasercs GopMyJok

@ W= o) 0 ax,

R

T. €. B KOODAHHATHOM MpeACTaBJeHnH Mepa m(x) ectb JeGerosa
Mepa, HOCHTeJb ee (YHKIHH pacnpefeseHHus — BCA BellleCTBeHHAs
oCb, @ 3HAYHT, CHEKTP KOODJAHHATH HENpepHBHLIH H 3anoJHser
BCIO OCb.

®yuruMA paclpejeieHdHss KOOPAMHATH (; B UHCTOM COCTOSHHH

0 <> P, HMeeT BHI
A

0o, () =(Po, (9, 9)= | o (x)o(x)dx,

- 00

OTKYJa CJEAYeT, 4TO
9 ()00 = { 0 (x1, 52 29 (x1, 52, 1) A it
R9

ecThb MJOTHOCTb (PYHKUMH pacOpefeseHus KoopAHHATH Q. AHago-
THYHO 3aNHCHLIBAIOTCS BBHIPaXKeHHUs IJs MJOTHOCTH OYHKUHI pac-
npegenennst Qo u Qs EcrecTBenHo oxupaTh, uTo |¢(x)|? ectb
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IJOTHOCTL OOlied HJsi BCeX KOOPAHHAT (DYHKIHH paclipefeseHus,
T. €. BEPOATHOCTb HaHTH YacTHIY B o0JacTH £ TpexMepHOro mpocrt-

paHcTBa OmpellelifeTcd BHPaKeHHeM S]cp(x) Pdx. drto yrBepxue-
Q

HHe MHBl NPOBEepPHM B pasjelie, NOCBSALIEHHOM CHCTEMaM KOMMYTH-

pyouux HabJofaemMulX.

HmnysnbcHOE mnpelfcTaBlieHue sBJsieTC COOCTBEHHBIM [Jsi TPeX
onepatopoB Pj, Py Ps, u |@(p)|? ectb mioTHocTb obuiefl AJs
Tpex INPOeKIHH HMIysabca (QYHKIHH pacHpeleseHHs.

M&l MOXKeM Tellepb ¢ HOBOH TOUKH 3peHHs] B3IVIHYTb HAa COOT-
HOUIGHHS] HEONpPEeJNeJeHHOCTH MJs KOOPAHHAT H HMIYJbCOB. Mul
BHJHM, 4TO 3TH COOTHOWIEHHS OOBACHAIOTCA H3BECTHHIM CBOHCTBOM
npeo6paszoBanus Pypre. Uem cHIbHee KoHLeHTpHpyercss (YHK-
mua @(X) H TeM caMbiM YMeHbLIAIOTCA HEOolpeleJIeHHOCTH KOODIH-
Hat A,Q: TeMm cuabHee pacinniBaercss Pypbe-o6pa3z ¢(p) u yBesu-
YHBAIOTCA HEONPeNeJIeHHOCTH HMIYNbCOB AP,

§ 12. «CoGcTBeHHble dyHKUMU>» onepaTopoB Q u P

PaccMorpum Tenephb ypaBHeHHs JJ1si COGCTBEHHBIX BEKTOPOB olle-
patopoB Q H P. Jlns HOpocTOTH 3alHCH DPAcCMOTPHM YacCTHIY
C OJHOH cTeneHbIO cBoGOAB. B KOODAHHATHOM IPENCTABJIEHHH 3TH
ypaBHeHHS HMeiOT BHJ

XQx, (X) = Xo@x, (x), (1)
hod
+ 77 9o (¥) =po, (1) (2)
Pewaq sty ypaBHeHHs, NONYyYHM
@x, (%) =0 (x — xo), 3)
1
— i
1 \2 +
@, (x) = (m) e". (4)

(Tleppass  dopmyna cpasy cjenyetr H3 cBolictBa §-GyHKIHH
x6(x) == 0, Bropas oueBHAHA. BLiGop HOPMHPOBOUHBIX KOHCTAHT By-
JeT siceH 3 JaJibHeHlero.)

XoTsi «coGCTBeHHas GYHKUHS» omepaTopa KOOPAHHATH @y, (x)
ectb 0606meHHAaA (QYHKLIHA, a @p(x)— oObluHas QyHKUHA, HX 06D
eMHseT TO, YTO OHH 00€ He ABJAIOTCH KBaApPaTHUHO HHTErpUpye-
MBIMH, T. €. He NpHHagjexkat mnpocrpancTBy L2 CoGCTBEHHEBIX
¢yHKIHE B OOLIYHOM CMBICJE CJIOBA y ONepaTopoB Q u P Her.

Utobul MOHATH, KakK GYHKIUH Q¢ (x) H ¢, (X) CBS3aHH CO CHOEKT-
poM omepatopoB Q H P, BCIOMHUM, Kakofl CMBICJ HMEIOT CO6CTBeH-
Hple BekTops B C” 3amaya o HaxOXKAEHUH COOGCTBEHHBIX YHCeJ
H coOCTBEHHBIX BEKOTOPOB MaTpuis A CBsidaHa ¢ 3aladedl o JHATO-
HaJH3alHH 3TOH MAaTpPHIB MOA0OHHIM MNpeoOpa3oBaHHeM HJIH,
HHAYe roBops, ¢ MmpeoGpasoBaHHeM OMepaTopa H3 HEKOTOPOro HC-
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XOAHOrO mnpeacTaBjeHHs B cobGcrBeHHoe. s camocompsikeHHOro
oneparopa A B C" Bcerna cyuectByer 6asuc, COCTaBAEHHHH U3 co6-
CTBEHHBIX BEKTOPOB

Ag, = a;9;, (9, @) = Oy
Cob6cTBeHHble BEKTOPH MBl HIEM B HCXOZHOM IIPeCTABJICHHH,

B KOTOPOM
g*"’(élv ey gn)9
q)i<—>(cp‘1”, RN Q)Ef)).

KoMnonenTs BekTopa & B COGCTBEHHOM MpEJCTaBJICHHH onepatopa
A BHIUHCAAIOTCH IO Gopmyae

8= 9) = X Bk, )

Mu BHAHM, UYTO MaTpHlla, COCTaBJieHHAst H3 YHCEJ, CONpPAKEeH-

HBIX KOMIOHEHTaM COOCTBEHHEIX BEKTODOB Uik=q>‘k”,ocyu1eCTBJmer
cnekTpaJbHoe npeobpasoBanue

g =, Uike.
=

Marpuna U sBnsercd YHHTapHOH, TaK Kak
| (—

n n
k}:‘uikukj =k§ UnUjp = Zlq)g)q)(k/' = (@j> @) = 0yy.

B
Ecnu Mo dopmansHo B (5) 3ameHuM ¢; Ha ¢, u &} ma E(p),

TO MOJYYHM
E(p)=_(, op)

o0 inx

1
nn e =(z7)" (¢ " twax. ©)

o0

Dta ¢QopMmysna HaM yKe 3HaKoMa. Mb BHIHM, 4TO (GYHKLHS
U(p, x) = @p(x) saBAsieTca sAPOM YHHTAapHOIO OmepaTtopa, nepe-
BOJSIIEro KOOPAHHATHOE NpeACTaBJieHHe B HMIyJbCHoe (coBCTBeH-
Hoe pJad onepatopa P). Tak ke wmoxer OHTb HCTOJKOBaHA
u «cobcrBenHas QyHknuA» omepaTtopa KoopauHaTH Q. Koopaunar-
Hoe Npe/cTaBjieHHe sBJsercs COOCTBEHHBIM JUJIsi omepatopa Q, mo-
9TOMY ONepaTop, OCYUIeCTBJAOIINA CieKTpalibHOe Npecbpa3oBaHue,

JOJIXKeH ObITh €JHHHUHBIM, a @y, (x) =0(x — Xx;) sBJAfETCE aAnpoMm
elHHHYHOro omeparopa.

Ha aTHX npuMepax MB BHAHM, 4TO <«COOCTBeHHBE (YHKLHMH»
HENMpephIBHOTO CIEKTPa, XOTS M He fABJAIOTCA COOCTBEHHBIMM 3Jie-
MeHTaMH{ B OOBIYHOM CMBbICJIe CJIOBA, HO HX CBSI3b CO CHEKTPAJbHHIM
npeo6pa3oBaHHeM OCTAeTCsl TaKol e, KaK H AAA COGCTBEHHLIX
BEKTOPOB B KOHEUHOMEPHUM NPOCTPAaHCTBE,
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3amerumM, 4YTO CyluecTBYeT KOHCTPYKLHS, NO3Bojsiouias MpH-
AaTh DelleHUsIM ypaBHEHHS

Agy = Aqy

TOUYHBIH CMBICJ COOCTBEHHBIX BEKTODOB Jaxe AJs cjayyas, Korja ¢
He npuHajgyiexar 6. [laa 3Toro BBOAHTCs GoJiee IIHPOKOE IpocCT-
panctBo ®* D 4, 3jeMeHTaMH KOTOpPOro #ABJAIOTCH JIMHEHHbIE
GyHKIHOHAJIBI, oNpee/eHHble Ha HeKoTopoMm npocrpancree O — 6.
ITapy npoctpascts @ u @* ynaercss noCTPOUTb TakK, YTOOH KaXKJAbIH
CaMOCONpsSIKeHHLI# onepatop B J6 umen B (D* HoJHYIO CHCTEMY
coGCcTBeHHBIX BeKTOPOB. CoGCTBeHHbBIE 3JeMeHTH oneparopa A, mpH-
Haagnexamue M* U He MpHHalJexauue J6, HasbBaTCs 0600LIeH-
HBIMH COOCTBeHHHMH 3jeMeHTamu. Ecam omepatop A uMeer mnpo-
CTOH CIIeKTp, TOo AJa Jdioboro ¢ & @ HMeeT MeCTO PasjioXeHHe MO
COBCTBEHHBIM 3JIeMeHTaM

v="{cmqar (7)

R

[TIpeo6pasoBanne Pypbe MoxkKeT ObITh HCTOJIKOBAHO KaK pasfo-
3KeHue no coGCTBeHHHM (YHKUHAM oNlepaTopa HMIlyJbca gp(x):

L x
2= (g2r)" Lo ™ dp. ®
R

HopmupoBounas koncranrta (1/2nh)": B BbipaxkeHHH AJf cOOGCTBeH-
HOH (DYHKIMH HMIYJbCAa COOTBETCTBYET YCJAOBHIO HOPMHDOBKH

{95 () 0y (A dx =0 (p — p). ©)
R

dra QopMysa — CleACTBHE H3BECTHOIO HHTEIpaJbHOTO IpencTaBs
JieHus aad 6-QyHKIHH:

S e dx = omd (k). (10)
R .

.B 1Byx mocnennux ¢dopMyJaax HHTErpaJbl NOHHMAIOTCA B CMBICJE
raaBHOro 3HaueHHs. Popmyna (9) ecTv aHajor paBeHCTBa

(@1, Pr) = O;

Jia coOCTBEHHBIX BEKTOPOB IMCKpPETHOT'O CHeKTpa.

ITocTpouM Tenepb CHEKTPaAJbHYI0 (YHKIHIO oNepatopa HM-
nyJjbca. TOJBKO B 3TOM MecTe MBl HCIOJNb3YeM .JJs1 CNeKTpaJbHOH
¢yukunu 6ykBy II, gTo6H He myrathb ee ¢ omepaTopoM HMIYJNbCa,

B umnyabcHoM npexcraBnennu oneparop II;(A) ectb omeparop
YMHOXKEHHS1 Ha (YHKIHIO

O,Me)=0(4—p o)
B8



ITepeiineM K KOOpAMHATHOMY NpPEACTaBJIEHHIO. I/Icnom:sysx dopMmyny.
(11. 9) JJIsi OJHOMEPHOTO cJayyasi, NOJyYHM

(x=y
HP ) (x, y) = th Se(}‘ —ple hpx ! dp=

R
L e ‘
——p(X—Y ——
=5z Ve Vdp={ o, (0, ap.

[IponsBosHas OT crekTpajbHO# (QYHKIHMH [0 IapaMerpy A Ha-
3BIBAETCH CIHEKTPaJbHOH IIOTHOCTBIO. Sapo artoro oneparopa
HMeeT BHJ

d - 1 .”;_Mx—y)
L A (x, ) =@ () @, (9) = 57 e :

Mbl BHAHM, 4TO 3TO aHAJOr NMPOEKTOpa Ha OJHOMEpHOe COGCTBEH-
HOe TOAHPOCTPAHCTRO.

§ 13. dueprus, MOMEHT UMIyJbca
U Apyryue NpuMepb Ha0JaI01aeMbIX

[lepeiinem Temepb K H3y4YeHHIO GoJiee CJIOKHBIX HabJI0ZaeMBIX.
Hama 3apauga comocTaBUTb NPOH3BOJBLHON KJAaccHYeCKON HabJio-
naemoit f(p,q) ee kBaHTOBHIH aHajor A;. Xoresochb Obl MOJIOXKHTD
A ={f(P,Q) HO He cywecTByer oO0Ilero omnpeneseHHs ¢GYHKLHH
0T HEKOMMYTHpYIOlIHX omneparopoB. Hanpumep, yxe He HOHSTHO,
KakoH u3 omepatopoB @Q*P, QPQ uau PQ? caeayer ConocTaBHTb
Knaccuyeckofi Habawogaemolt ¢2p. OpHako ana HaubGojiee BaMKHHX
HaOJolaeMEX YKa3aHHBIX TPYAHOCTEH BooOuwe He BO3HHUKaeT, Tak
KaK 3TH HabJojaeMble SIBJISIOTCS cyMMaMi (GYHKIHHE OT KOMMYTH-
pylowHx Mexay coGoii komnoHeHT @), Q2 Qs u Py, Py, Ps.

[1puBenem HekOTOpBIE HPHMEpHL.

KunerHueckas 5Heprusi 4acTHLB B KJacCHUECKOH MeXaHHKe

P+ p; + 13
T=""__"§""—_".
m
CooTBeTcTByOIlIHI OnepaTOp KHHETHYECKOH SHEPrHH HMeeT BHI
Y
o PP+
o o2m

uB KOOPKHHaTHOM npeacraBJaeHH

Ttp(X)——-—AfP(X) (1



TIe A— P 2 —|— 2 —|— — onepatop Jlanaaca. B umnysnbcHoMm

l'IpeIJ,CTaBJIeHIrII/I onepaTop T eCTb OIepaTop YMHOXKEeHHs Ha QYHKLHIO

2 2 2
P+ p+ p
To (p) = - (p).

TouHO TaK 3Ke JIETKO BBECTH ONepaTop MOTEHLIHAJNbHOH SHEPrHu
V(Qi, Q2 Qs). B koopanuatHoM mnpejactaBieHud V siBisfercs omne-
paTopoM YMHOXEHHsI Ha (QyHKIHIO

Vo (x) =V (x) 9 (x), ()
a B HMIYJbCHOM — HHTErpaJbHBIM OﬂepaTOpOM c aApoM

X(q p)

Vo0 =(g5) | V0T dx

OnepaTop HoJHOR 3HEprHH (onepaTop [lIpenuHrepa) onpenensiercs
pPaBeHCTBOM
H=T+V.

3anuiem nogpobHo ypaBHeHue lllpenunrepa
i 20— gy (o). 3)

B KkoopamHaTHOM IIpeacraBiieHHH ypaBHenHe Ilpenmnrepa pis
YacTHIB sBAfeTcs AHGGepeHIua bHBIM ypaBHEHHEM B YacTHBIX
NPOH3BOJIHMIX

L 0P (x, ¢ h? y
in 228D — Ay (x, 1)+ V (%)% (x, 0), (4)
a B HMNYJbCHOM — HHTErpOAH(GEPeHIHANbHBIM
. 0 , ¢ 2
ih 2D — g, )+ Vb, 9 ¥(a, N dq.
R1
Paccmotpum mapaay c¢ (4) ypaBHeHHe HJIsi KOMILIEKCHO-COMpPS-
JKeHHOH BOJIHOBOH (JYHKLHH

—ih %D — PG+ V0B, D, (5)

YMmuoxan ypaBuenue (4) Ha ¢, ypaBHeHue (B) Ha ¢ W BHIUHTas
OIHO M3 APYToro, MmoJjiyunM

in(H2L + 28 ) =
— — e (HAp— p AY) = — o div (b grad b — v grad )
nan QLB 4 givi=0, 6)
TAe i =;—m(¢ gradp — P grad ).
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YpasHenue (6) sBasieTcs ypaBHEHHEM HepasPHIBHOCTH H Bbipa-
aeT 3aKOH COXDaHeHHs] BepoATHOCTH. BekTtop j HasmiBaercs Bek-
TOPOM IIOTHOCTH NOTOKa BeposiTHocTH. M3 ypaBHenus (6) BHzHO,

YTO BEKTOP j HMeeT CJeAYIOWHH CMBICT: SjndS €CTb BePOSITHOCTB
S
TOrO, YTO 4YacTHLla NepeceueT MOBEPXHOCTb S 3a eIHHHIY BPEMEHH.
BaxHylo posab H B KJaccHuecKolf, H B KBaHTOBOH MeXaHHKaX
HrpaeT MOMEHT HMOyJbca. Ota HabmaoiaeMas B KJIaCCHUECKOH Me-
XaHHKEe SIBJISETCS BEKTOPOM, TNPOEKIHH KOTOpPOro B J€KapToBOi
cHCTeMe KOOPIMHAT HMEIOT BHI

[y = qsp3 — qspas

ly=qspy — q1p3,
ly==qp2 — q2p:.
B kBaHTOBOH MexaHHKe NPOEKIHSAMH MOMEHTA HMNYJbCa SABJSIOTCA
onepatophl
L,=Q/P,, —QuP,. (7

3necy k, [, m—nHKAHUecKas MepecTaHOBKa 3HaukoB 1, 2, 3.
B npasywo gacts (7) BXOAAT NpPOH3BENEHHS TOJBKO PA3HOUMEHHHIX
KOODJHHATH M NPOEKIMH HMNyJabca, T. €. NPOH3BELEHHS KOMMYTHU-
pylollux onepatopoB. MHTepecHO 3aMeTHTb, 49TO omepatopsl Lg
HMEIOT OJHHAKOBHI BHJA B HMINYJbCHOM H KOODJHHAaTHOM npej-
CTaBJIeHHH

Lkm(X)=—’Z—(xz—a-xi—~xm %)m(X),

" 8)

A a_ . )
Lep(p) =+ (Pz Tp,  Pm '5,‘;1‘) ¢ (p).

CaoiictBa onepaTopoB L, GyayT nogpoOHO H3ydeHB HUXKe.
KsantoBas MeXaHHKa ONHCHIBAeT, KOHeUHO, M 0oJjiee CJOXHbiE,
yeM MaTepuasbHas TOUKa, CHCTeMBL. Tak, A/s cucTeMsl U3 N wMma-
TepHAJbHBIX TOYEK IPOCTPAHCTBOM COCTOSIHHA B KOOPDAHHATHOM
NpefCTaBJeHHH sBAseTcss mpocTtpaHerBo* L2(R®Y) dynkuuii ot N
BEKTODHBIX MEpeMEeHHBIX @ (Xi,...,Xy). Onepartop llipenunrepa nas
takoli cucrembl (anajor ¢yukuui#t [amuabTona (1.5)) umeeT BuA

N N N
H=—i;7’;; A,-+;V”(xi—xn+;vi(xi). (9)

PusnueckHil CMBICH CJaraeMblX 3JieCh TOT Ke, 4TO H B KJaccHue-
CKONl MexaHHKe.

* B jpajbHeilllleM MEl YBHIHMM, 4TO AJISl TOXJIECTBEHHEIX YaCTHIL MPOCTPaHCTBO
cocTosiHuf J6 coBmajaer ¢ MOANPOCTPAHCTBOM L2SCL2 ¢dynxuuit ¢ onpenenen-
Hoil cHMMeTpHeH.
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PaCCMOTpHM -€llle ABa omnepartopa AJs MaTepHaJ[bHOI'r’f TOYKH, KO-
TOPBIE OKaXKyTCsd ITOJNE3HBIMH MNPH OﬁCY)KlIEHHH B3aHMOCB431 KBaH-
TOBOH M KJlacCHUECKOH MeXaHHKH

U (u) = g= Pr+uaPrtusPy), (10)
V (v) == efi(lel+UzQ2+U1Qa)’ (1 1)
rne u(u, Us, u3) W V(Uy, Vg, U3)— BellleCTBEHHbIE Napamerpel. Omne-

patop V(v) B KOOpAHHAaTHOM IPeICTaBJEHHH SIBJSIETCS ONEparo-
pOM YMHOXeHHS Ha (PyHKIHIO

V(v) @ (x) = e " g (x).

BeisicHuM Tenepb cMmbica, oneparopa U(u). Hns npocroTs pac-
CMOTPHM OHOMEPHBIH cJyyail

U (u) = e=i*P,

OGosuauum @ (i, x) == e~ i#Po (x). Juddepenuupys ¢(«,x) no napa-
MeTpy 4, MMeeM

dpu, x) __ _ .
5 = —iPo(y, x),
O (u, x) g (u, %)
Ha o ——h T

Uro6sl HaliTH GYHKUHIO (4, X), HYXKHO peIIMTb 3TO ypaBHEHHE
C Ha4aJbHBIM YCJOBHEM

@ (U, x)|,_o=o (x).
EllHHCTBeHHOG pemeHHe, O‘IGBHI{HO, HMeeT BHI
@ (4, x) =@ (x — hu).

Mpr BuauM, uto oneparop U(u) B KOODIMHATHOM NpenCTaBJe-
HHH eCTb ONepaTop CABHra apryMenTa (YHKUHH @(X) Ha BeJju-
YHHY —hu. B TpexmepHoM caydae

U (1) @ (x) = @ (x — uh). (12)

Oneparoper U(u) u V(v) SBJISIOTCS YHHTapHBLIMH BCJeJCTBHe
camMoconpsixKeHHOCTH onepaTopoB Py, Py, P3 u Qq, Q2 Q3. Hafinem
NepecTaHOBOUHbIE COOTHOINEHHs Aaas omepatopoB U(u) u V(v).
B KOOPAHHATHOM NpPeACTABIECHHH HMEEM

V(v)U (u) @ (x) = e~ ¥ (x — uh),
UV (v) p(x) =e~iv&x-ubg (x — uh).
M3 3THX paBeHCTB CPa3y CJAELyeT, YTo
U V(v)=V (v)U (u) evur, (13)
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Pasymeercs, cootnomenust (13) He 3aBUCAT OT mHpejCTaBJeHHS.
OrMmeruwm eute dopMyJibl

U () U () = U (1, + ),
|4 (Vl) vV (Vz) = V(Vl + va),

T. €. MHOXKecTBa onepatopoB U(u) u V(v) o6pasyior rpynns. O6o-
3HAYHM 3TH rpynnsl yepe3d U u V.

Tenepr Mbl MOXeM 1aThb TOUHYIO (POPMY/HPOBKY TeopeMbl (oOH
Hefimana. OrpaHuuuMcsi AJs1 NPOCTOTH CHCTEMOH ¢ OJHO# CTe-
NeHbI0 CBOGOLEL.

Teopema. Ilycte U u V — ognonapaMerpuueckde rpynnsl yHH-
TapHbIX omepaTtopoB U{u) u V(v), neficTBYIOIUUX B TH/bGEPTOBOM
NPOCTPAHCTBE J6 H YIOBJETBOPSAIOIIHX YCJIOBHIO!

Uu) V(v)=V (v)U (u) e'vr, (14)
Torpa #6 MoxKHO NpPeACTaBHTL B BujAe NPSIMOH CyMMBI

rie Kaxjaoe Jf; nepeBopuTcs B ceOs BceMHu omneparopamu U(u)
u V(v) u Kaxaoe 76, MoxHO oToOpasuTh yHuTapHo Ha L%(R) Ta-
KUM 00pasoM, 4To onepartopel V(v) mepexoisT B oneparopnl Y (x)—
—e~i**p (x), a onepatopsl U(u) mepexoasiT B omepaTopsl P (x)—
—P(x — uh). .

MoXHO TOBOPHTH O TOM, 49TO B NPOCTPAHCTBE FB HEHCTBYET
npejacTaB/leHHe COOTHOWeEHHH (14) yHHTApHBIMH ONepaTOpaMHu.
Ecan 310 npexcraBieHue HENPHBOAHMO, To cyMMa (15) comep:kuT
TOJIBKO OJHO CJIaraeMmoe.

B 3akJruenne aroro naparpada gokaxeM HeNpHBOXAHMOCTb KO-
OpPIHHATHOTO NpejcTaBaeHus nas P u Q.

ITyers K — HekoTOpHI# omepaTop, KOMMyTHpyomuil ¢ Q u P

[K, Ql=0, [K, P]=0.
W3 BTOpOTrO paBeHCTBA CJELYET, UTO
KU@w=U(@WK.
IlpuMeHsis onepaTopsl B 00eHX HacTSX PaBEHCTBA K NMPOH3BOJBHOMN
GYyHKIHHE @ (X), TONYUHM

K o —undy={ K@ —un o) dy.
R R

3aMeHa y — uh—>y B JIeBOH 4aCTH NO3BOJAET NEpenHcaTb 3To pa-
BEHCTBO B BHJE

S K(x, y+uh)@(y)dy = S K(x—uh, y) o (y) dy.
K R
B cHJIy MpPOH3BOJIBHOCTH @

K(x, y +uh)=K (x — uh, y),
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OTKyfa BHAHO, ut0o Anpo K(x,y) 3aBHCHT TOJBKO OT pa3HOCTH
X—y,T. e,

Kx, p)=k(x—y).

Tenepsr HCMONb3YyeM MNepecTaHOBOYHOCTL onepaTtopa K ¢ oleparto-
pPOM KOODILHHATHI

[t —noway= {re—nwway

OTKYAa CJAeLyeT, 4To
(x—y kx—y=0.

Pemerme 3TOoro ypaBHe}mﬂ HMeeT BUA
E(x—y)=cd(x—y),

a (yHKIHS, CTOSINAsA B NPAaBOf 4acCTH, eCcTb sApo omeparopa Cl.
Hrtak, MHn nokasaj, 4To J1000#i onepaTop, KOMMYTHPYIOUIHH
¢ Q u P, kpaTeH eqHHUYHOMY.

§ 14. B3anmocBsI3b KBRHTOBOH H KJacCHYeCKON MeXaHHKN.
NpeneabHplii nepexon oT KBRHTOBOH MeXaHHKH K KJAcCHYeCKOM

H3BecTHO, 4TO MOBeJEHHE MAaKPOCKONHYECKHX CHCTEM XOpPOLIO
ONMHCHIBAETCH KJACCHUECKOR MeXaHMKOH, W KBaHTOBAas MeXaHHKa
IpH Hepexoje K MakpooOGbeKTaM HOJIKHA UPHBOAHTB K TeM Xe
pesyabTaTaM. KpurepneM «KBaHTOBOCTH» MOBEAEHHS CUCTEMHl MO-
JKeT ABJNATBCA CPaBHHTENbHAA BeJHYHHA XapaKTePHHX AJAA CH-
CTeMhl YHCJEHHBIX 3HaueHHH Haba0AaeMblX, HMEIONIHX PasMepHOCTD
aeficteus, w moctosyHo#t [lnanka A = 1,05-10-27 3pr.c. Ecan
noctosnuas [lnaHka npeHe6pexuMO Maja No CPaBHEHHIO CO 3Ha-
YeHHAMH TaKHX Ha6JaiofaeMblx, TO cHCTeMa JOJKHAa HMeThb KJjac-
cHueckoe nopeneHHe. POpMaJbHO Depexo] OT KBAHTOBOX MeXaHHKH
K KjaccH4eckKol MoxeT ObITb onucaH, KaK NpelesibHBIH Hepexoj
npu * A—> 0. PasymeeTcs, Npu TakoM MpeleNbHOM [epexojie CIO-
co6bl omHCaHHs MeXaHHYECKHX CHCTEM OCTaloTCA Pa3JHUHBIMH
(onepaTopnl B TIHJABOEPTOBOM MpPOCTPAaHCTBe He MOTYT MpeBpa-
maTtbcss B (QyHKUHH HAa (as30oBOM IpocTpaHCTBe), HO (H3HUecKHE
peayabTaThl KBAHTOBOH MexaHHKH npH h— 0 HONKHH COBNAJATh
€ KJaccCHYeCKHMH.

Mgpl onmATb paccMOTPHM CHCTeMY € OXHOfl cTeneHblo cBOGOJIHL
Hsnoxenne Oyner BecTHCh MO CJeAyIOLIEMY MJaHY.

* 3lech ecTb aHAJIOTHA CO CBA3BI0 MEXKAY PENATHBHUCTCKON H KJacCHIECKOR
MexaHHKaMHu. Penstusuctckumn sdexrams MOXKHO upeHeGpedn, eclH XapakTep-
HBle 1J18 CHCTEMbl CKOPOCTH U MROTO MeHblie CKOPOCTH cBeTa ¢. PopMaJbRO me-
pexoa OT PeNATHBHCTCKOA MEXaRHKH K KJIacCHUECKOA MOXHO paccMaTpHBaTh Kax
npeleNibHH Nepexoi NpH ¢ =» 09,
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Chauana BelllecTBeHHHM (YHKUHAM Ha ($as3oBoM NpocTpaHCTBE
f(p,g) MB comocTaBuM NO HEKOTOPOMY NPABHJY CaMOCONPSXKEH-
Hble onepatopu Af, (f—4j).

Hanee mu Halimem ¢opMyay obpalienus, MO3BOJAOMIYIO [0
oneparopy A; BoccraHoBuTb GyHKUHIO [(p,q), (A;—>[). Tem ca-
MBIM OyIeT VYCTAaHOBJEHO B3aUMHO-OJHO3HAYHOE COOTBETCTBHE
MEXJy BeLIECTBEHHHIMH (YHKIUAMH Ha (HasoBOM IIPOCTPAHCTBE
H caMOCONpsiKeHHBIMH oneparopaMu B o6, (f—>A;). Ilpu srom
crnpaBenauBoit okasbiBaeTcs GopMyaa

Tr 4= (£ (o, ) 225L. (1)

ot

Haxkouen, MB HaiifeM, Kak#ne QyHKIHH Ha (asoBoM MpoctpaH-
CTBE COOTBETCTBYIOT TNpousBeneHHo A;cA; U KBaHTOBOH cKoGKe
[Tyaccona {A;,Ag}. Mel yBuAuM, UTO TH (YHKUHH He COBNAJAIOT
c Ipou3BeneHueM fg M Kiaaccuuyeckofl ckobkoit ITyaccona {f, g}, Ho
B npexesne npu h—>0 crpemarca kK HuM. TakuM o6pasoM Mn yGe-
JuMcs, 9To aarefpa Hab/0aeMBIX KBAaHTOBOH MEXaHHKH HEH30-
MopiHa anrebpe HabaOZaeMBIX KJIacCHYECKOH MeXaHHKH, HO IIpH
h >0 B3anMHO-omHO3HAUHOE COOTBEeTCTBUE [ <> A; CTAHOBUTCA
H30MOpPHH3MOM.

[Tycts kBaHTOBas cucrema c¢ oneparopoM lllpexunrepa H Haxo-
futcsa B coctosund M, u nycrs Ay — Hekotopas nabmaofaemas Iis
arofi cucreMbl. OnHcanHoe B3aHMHO-OJHO3HAUHOE COOTBETCTBHE
II03BOJISIET COMOCTaBHUThL onmeparopaM H, M n A; ¢pynkuuo ['amuib-
tona H{(p,q), dyukuuio p;(p,q) u nabaopaemywo f(p,q). Beenem
2(p, 9)= 0:1(p, q) /2nh. V3 popmyan (1) caexyer, 4TO

TrM={o(p 9ydpdg=1, @
ot
TrMA; > \ [ (p, 90 (p, @) dpda. 3)
ot

dopmysna (2) nokasbtBaer, uto OGyHKmus p(p,q) HMeeT mpa-
BHJIBHYIO HOPMHDPOBKY, a (opMyaa (3) yrBepxKiaer, 4To B npenese
npu h—>0 cpexHee 3HayeHHe HaGJOfaeMoH B KBAaHTOBOH Mexa-
HHKEe COBMAJAeT CO CPEeJHHM 3HAaUeHHEM COOTBETCTBYIOUIEH KJ/acCH-
yecko#l HabuionaeMo#l *, Jlanee NycTb 3BOJNIONHA KBAaHTOBOH CH-
cTeMbl onuceiBaeTcss KapTHHOH [eifsen6epra H  COOTBETCTBHE
Af (8) < [(f) ycraHOBIEHO AJs NPOH3BOJBHOrO MOMEHTA BpEeMeHH f,

* Eule pa3 noAuepKHEM, YTO JieBas 4acth B (3) He coBmajaer ¢ nmpaBof NpH
h =0, tax xax npoussefennio MA; cooTserCTBYeT QYHKUHA, OTIHUHAS OT
f(p, 9)p1(p, g). Kpome toro, sameTHM, uto ¢yuxuus p(p,q) npu h % 0 mMoxer
6HTb He NOJOXHTEJbHOH, T.e. He COOTBETCTBOBATh KJIACCHYECKOMY COCTOSHHIO,
Ho B Mpefene upx A-»0 u3s (3) creayer, uto p(p, ¢) yAoBJeTBOpsier BceM Tpebo-
BaHHSM K KJaCCHYeCKOH (PYHKUHH paclpefeienHs.
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Mokaxkem, uro npu h—>0 knaccudeckas uabaiomaemas f(f) npa-
BHJBHO 3aBUCUT OT BpemeHu. OnepaTop A;(f) yaOBJeTBOpsieT ypas-
HEHHIO

dAs (¢
L8 —(H, A O @
. df d Aj
M3 nuneitnoctn cooTBeTcTBHA [ <> A; caemyer, dTO v Tiamder el

KpoMe Ttoro, npu h—0 {H,A;}r <> {H,[}, nostomy npu h->0
KJIaCCHUECKOe ypaBHEHHe

A —H, 1

ABJISIETCA CJEeJCTBHEM KBAaHTOBOTO ypaBHeHHS (4).

[MepeiineM K noxpoGHoMy H3J0KeHHIO. PaccMoTpuM HekoTopyio
byukuuio f(p, q) u obGo3HauuMm uepes f(u, v) ee npeoGpasoBaHHe
Dypbe *:

fa )= S f (i, v) e~ 1%~ ipu dy do, )
R?

f(u,v =—51; Sf (g9, p)eteeir dq dp. 6

RZ

[peo6pasosanne Pypve BemectseHHo#t QyHkuuu f(p,q) obaamaer
CBOHCTBOM

f o)=F(—u —0o). (7)

Jdna moctpoenus onepatopa Aj, COOTBETCTBYIOUIETO (PYHKHHH
f(p, q), xorenocs Obl 3aMeHHTb TNepeMeHHBe ¢ H p B (5) Ha omepa-
topsl Q m P. Cpasy, ofHAaKO, HefCHO, B KaKOM NOpSKe CcJefyeT
nucaTh HeKOMMYyTHpywone MHoxuTend V(v) u U(u), nepecrano-
BOYHBIE COOTHOMIEHUS IJIS KOTOPHIX HMEIOT BHJ :

UV (v)=V (v) U(u)eh, 8)

EcrecTBeHHHII (HO OTHIONb He €XMHCTBEHHHIH) peuent, obecre-
YHBAIOUIHA CAMOCONpPAXEHHOCTh, Ob1 mpemyoxen I. Befinrem u
HMeeT BHJ,

thuv

A= Sf(u, OV (0)U(we Z dudo. )
Rl

ihuo
TTosiBjiende MOMOJHHUTENLHONO MHOMXKHTENSt e % CBSI3aHO ¢ HEKOM-
MyTtaruBHocThio V(v) u U(u) u oGecietrBaeT caMOCOMPAKEHHOCTE

* Mrul ofiyckdeM Te OTOBOpKi, KOTOPHle cJefioBaso Gbl chelaTh, 4Tolbl BCE
Aanpheliline npeo6pa3oBaHHs CTAJM BIOJHe CTPOTHMH,
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onepatopa A;. Ie#icTBuTenbHO, Henoas3ys (7) u (8), umeem *
ihuv

A,«-———Sf(u U (W) V' (v)e 2 dudv=

ihuv

3% S f(—u, —0)U(—u) V(—v)e 2 dudv=

ihuv

Sf(u U@V (e ¢ dudv=

thuy

E%;Sf(uv U)V(U)U(u)erudv=Af.

I

B kouie aroro naparpada Mul nposepum, uto no dopmyne (9)
byuxkuuaM f(g) u [(p) coorseTcTBylOT omepatopsl [(Q) u f(P)
B TOJHOM COTVIACHH CO CHEJAaHHEIMH HpexKfe MPeAnoJOoXKeHHAMH.

Hafinem teneps opmyny obpaunennsi. Ilpu BuuncaeHuu caena
onepatopa K Mbl GyneM Nosb30oBaThes GopMyJIoH

Trl<=§1<(x, x) dx, (10)

rne K(x,y)— amgpo onepatopa K. HalfizeMm sgpo onepartopa
V(v)U(u). Y3 dbopmyan

V(v) U (4) ¢ (x) = e~ "¢ (x — uh)
clefyeT, UTO AAPOM HHTErpaabHoro onepartopa V(v) U(u) sBaserca

$yuruHa
V() U (u) (x, x') = e~ %8 (x — uh — x).

[To popmyne (10) umeem

Tr V (0) U (4) = S e tomy (—uh)dr =28 (0) 6 (4). (1)

HpoaepnM, 4qTO (bopmyna oépame}mﬂ uMeeT BUJ
ihuv

flu, )=hTrA; V(—ov)U(—~u)e ® . (12)

Ilns atoro cocuMTaeMm MNpaByI0 4YacTh paBeHCTBa, Hcmonab3ys (8)
u (11),

thuv
Tr AV (—=0)U(—u)e ? =
thu'v’ thuy

=2LnTr S f (u/, v’) 1% (vl) U (u/)e ] 14 (—0) U (_u) eru’ dv’ =

* B paJipHelilleM B HalHCaHHM HHTErpafia HO N-MePHOMY INPOCTPAHCTBY MBI
onmyckaem cumBos R,
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(u v’/ +uv—2u’v)

=T Sf W, o) V(o) V(—0)U) U (— u) : du’ dv’=
= T { W, )WV —ouw —u) T )
___TSf(ul’ ')6(0—0)6(u __u) (uv+uv 2uv)d ’ do’ =

=-Tl- f (ur v)-
[Monoxum B dpopmyne (12) u=ov =10

f(0,0)=hnTr A;.
C zpyroift cTopons,

F0,0=3={F(r. 9 dpag,

H MB y6eXaaeMcsi B clOpaBeiJHBOCTH ¢opmyan (1).

Tenepp HaMm ocrallock HaliTu no dopmyae (12) (bymﬂmu Ha
¢asoBoM mpocTpaHcTBe, coorBercTBylomue AjoAy u  {A; Agla,
u y6epurbes, uto npu A —>0 st pynkuun ctpemarea k fg u {f, g}.
Crauana nafineM ¢yukuuio F(p,g), COOTBETCTBYIOIIYIO HECHMMET-
PH30BaHHOMY IMPOU3BEEHHIO Ang HOns ee ®ypre-obpa3a HmeeM

thuy
Flu, ) =hTr LAV (—0)U(—~u)e 2 =
1 \2 ithuio
=hTr (5 ) { duido dusdosf (w, 00 2 (e, 0) V(@) Uw)e * X

thu,0, ihuy

XV(@)U(@)e 2 V(—o)U(—u)e 2 =
=hTr (513)2 S du, dv, duy dv?f (115 v1) & (dgy v9) X
X V(o +0,—0)U(uy+ us—u) X
Xexp [12’1 (1101 + u90s + uv + 2010y — 2u0 — 2ugv)].

Oxonﬁa'renbno
Ang<—> 'Q!;"' S du, do, du, d02f (w1, v1) 8 (us, v9)d (V) + 02— v) X

ih
X8 (g ug—wye? T, (13)

Tlokasarenb B SKCOOHeHTe GBI Npeo6pa3oBaH C YUETOM CTOSIIIHX
moj 3HaKOM HHTerpaja §-QyHKuuA. Hanomuum, dro nmpeoGpasosa-

Hie ®Pypbe D(u, v) npoHssefeHuss JAByx OyHKuuii @(p, q) ==
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=f(p,q)g(p,q) ectb cBepTka mpeobpaszoBaHuii Pypbe COMHONKH-
Tenelt

~

D(u, v)=
= ‘21? S duydv, duy dvzf (w1, v1) 8 (2, v2) 6 (V) + V3 —0) 8 (1) + 4y — u).

®dyukuus F (4, v) oraudaercs oT ¢ynkuun O (4, v) MHOXKHTeAEM

i

o7 (404  KOTODHIA CTOMT NHOJA BHAKOM HHTerpaja. DTOT MHO-
b

JKHTeb 3aBHCHT OT NOpSaKa onepaTopoB A; u Ag, NMO3TOMY Olle-
patopaM A;Ag u AgA; COOTBETCTBYIOT pa3Hble (DYHKHHH Ha (aso-

(U0 —UsD1)
BOM mpocTpaHcrBe. B mnpemene mpn hA-—0 e?2 -1 m

F(p,q)—> ®(p,q). Pasymeercss, 3TO YyTBepXKJAeHHe CNPaBEJIHUBO
7 pas QyHKuHH Fs(p,qg), cOOTBeTCTBYWOUIEH CHMMETPH30BaHHOMY
mpousBeneHuo A; o Ag.

OGosnauum uepes G(p,q) GYHKUHIO, COOTBETCTBYIOIUIYIO KBaH-
ToBofi ckobke [lyaccona

(A1, A= (A1Ag — A Ay).

W3 dopmyan (13) moayuaem

Gu, v)=
1

= oan S duy dvy duy doof (g, 01) & (2, 02) 8 (01 + v, — v) X

th ih
—= (10— 1)) - (uzvl-lllvz)]
— e =

Xé(u1+u2——u)[e2
=,+h S duy dvy duy dvof (w1, 1) & (4, 02) 8 (01 4 vy — 0) X

X 8 (uy + uy — u) sin %(uzvl — U102)

" upun A—0

~

Gu, 0)> 5 S duy dvy dus dvy (450, — w0 f (w1, 01) & (g, v9) X
X 8 (vy + v ~ v) 8 (uy + up — 1)

Hurerpas, crosumuii B npaBofi yacTH, siBafeTcs npeoOpasoBaHueM

®ypbe oT Kaaccuueckodt ckobku Ilyaccona

__Of og _ 9f og

a a
TaK KaK npeoGpasoBaHusiMu Oypbe IPOH3BOLHBIX 32— H 37';- AB-

asores GyHKUUH —ivf ¥ —iuf COOTBETCTBEHHO.
Taxum o6pa3oM, Mbl NPOBEPHJH BCE YTBEPXKJEHHH, CHeNaHHbIE

B HadaJie nmaparpada.
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B 3akJloueHHe NpHBeJeM HEeCKOJbKO NMPHMEpPOB BBIUHCJIEHHH MO
¢opmynam srtoro maparpada.

Haiinem ¢opmyny pas sgpa onepatopa Aj B KOOPAHHAaTHOM
npenctaBiaenun. HMcmoawsys gopmyay

V() U (u) (x, x) = e~ %8 (x — uh — x’),
MONYUHM
ihuv

Ai(x, 1) = ;ﬂ Sf(u, v)e~iox§(x —uh—x)e 2 dudv,

Ap (x, ¥) =5z Sf("‘h"' L 0)e T o, (14)

[Tokaxem, uto [(q) <> f(Q). Ons tako#i ¢yuxupu Ha ¢aszoBoM
ApocTpaHCcTBE

P, 0) =5z { T @ eveir dgdp=F (©) 6 (4).

3necy uyeped [(v) oGosmaueHo mnpeobpasoBanne Dypbe GYyHKUHH
onHoli mepeMenHo#t f(g). danee no ¢opmyne (14)

iy
, 1 — X\ F o m )
A0, )=y (8 (FF5) F0)e 2 " o=

=F(EEE) s — ) =108 (x — ¥,

a omepaTop C TaKUM SIPOM SIBJIAETCH ONEPaTOPOM YMHOXKEHHs Ha
dyukuo f(x). TouHO Tak e B HMIYJbCHOM MpeACTaBJEHHH JIETKO
npoBepHUTh, uTO f(p) <> f(P).

IMonyuum siBHYIO (GopMyJy, IO KOTOPOH MOMKHO HafTH KJaccCH-
YyecKoe COCTOSIHHE, COOTBETCTBYIOlIee Mpenesy YHCTOrO KBaHTOBOIO
cocrosinus npu h -0,

Hcnonssys ¢opMyny obpainenus, HalizeM pi(g,p), C€OOTBeT-
cTBylowyio onepatopy P, # mocrpoum p(g,p)= pi/(2nh). Bek-
TOp P CUHTaeM 3aJlaHHHIM B KOODJHMHATHOM MpPeJCTaBJECHHH.

U3 dopmynn

V(=0)U(—u) P& (1) =eo* { £ (VB ) da (x + uh)
-cJIejlyeT, UuTo
V(=v)U(—u) P\p (x, &) =e*"* P (x + uh) ¥ (x),

ihuu

p (u, 0) =5 hTr V(—=v)U(—u) P‘be ==

ihuy

=z (e b +un) e * dx
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Ecaun BBecTH dyHKuHIO *
F (x, 1) = 5= lim  (x -+ uh) $ () (15)

TO p(u, v)= S e’ *F (x, u) dx

ectb Dypbe-06pa3 KJacCHUeCKOH (YHKUMH paclpejesieHds, COOT-
BETCTBYIOLIEH npeneay coctrossnust Py npu b~ 0. das cameit ¢yHK-

MM pacnpejenesus p(g, p) cnpapeiausa ¢popmyaa
0 (g, p) =\ e""*F (g, w) du. (16)

Iycrs P (x)— HenpepniBHAs (YHKUHS H He 3aBHCHT OT A Kak
or mapaMerpa. Torza
1
F )= () F
H o (p, 9)=1%(q) Pd(p).

TakoMy KBaHTOBOMY COCTOSIHHIO B npejene i ->0 cooTBercTByer
COCTOSIHME MOKOSIILENCS YaCTHIH C IJIOTHOCTBIO (YHKLIHH pacrpes
Jenenus: Koopausath | (g) |2

ipsX

[Tyers $(x)=0¢(x)e * ,rne @(x) or h He 3aBHCHT M Hempe-
puiBHa. B aToM cayuyae B mpepene npu k— 0 M UpHAEM K KJjac-
CHYECKOMY COCTOSIHHMIO ¢ (yHKuHeH pacnpene/eHUs

p(p, @) =19(q) Fo(p — po).

Ha stux mpuMepax Mpl BHAHM, YTO YHCTOMY COCTOSIHHMIO KBaHTOBOH
MeXaHHKH B nipenejie npu h—>0 MOXeT COOTBETCTBOBATH CMeIlAH-
HO€ KJIaCCHYECKOe COCTOSIHHE.

§ 15. OnHoMepHbie 3a1aYfl KBAHTOBOH MeXannKHh.
CepoGopHas onxHOMepHas YacTHLA

B § 15—20 mMm paccMOTpPUM OJHOMEpPHBIE 3aJa4yH KBaHTOBOH
Mexauukd. PyHknusa I'aMuabTOHA A YACTHIH ¢ OJHOH CTENeHbLIO
¢B0o0OAB! B IMOTEHIHAJIBHOM I10JIE HMEET BH/

2
H(p, ===+ V(9.
Droit ¢ynkunn [aMunbrona coorBercrByer oneparop [lpeaunrepa

H=3-+V(@.

* JTOT HNpefen He BCeMla sABAAETCH TPHBHAMBHBIM, TaK Kak B (H3HYeckH
HHTePECHHX cayuasx ¢yHKuns P(x) oOBIYHO 3aBHCHT OT /£ Kaxk OT mapaMerpa
(cM. npHMep HHXKe).
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Ias cBobonuo#t wactuuy V = 0. Mbel HauHeM ¢ H3yueHHS 5TOf mpo-
crefimefi 3anaun KBaHTOBOH MexaHHkH. HaiigeM cmekrp omepatopa
[ peaunrepa

p?
H= ()
YpaBueHue A5l COGCTBEHHBIX BEKTOPOB HMeEET BHJA
p?
o V= EV @)
AJIM B KOOPAHHATHOM IIpeJCTaBJEHHH
h2 d2\p
~om e ¥ )

Yn0o6H0 HCHOAB30BATh CHCTEMY €LHHHI, B KOTOpo# h=1nu m =
= 1/2. Toraa ypasHenue (2) npu E > 0 nmpuHHMaer BuJ

7+ k2\p=0’ k2=E, k> 0. (4)

Hoc.nelmee YpaBHeHHE HMeEET JABa JHHEeHHO-He3aBHCHM bIX peureuus

1
(1) =(37)7 exitx. (5)

Mul BHAMM, 4TO KaxjJoMy 3HaueHHI0 E >> 0 COOTBETCTBYET [Be
cobcrBenHbx ¢ynknuu oneparopa H. Ilpu E << 0 ypaBreHue (3)
He HMeeT OTpaHHYEHHBIX HA BCel BellecTBeHHOH ocH pellenui. Ta-
KuM o6Gpasom, crnektp oneparopa Hlpenmnrepa (1)— nenpepnis-
HBlf, TOJIOXKHUTENbHBIH, IBYKPaTHBIH.

®yukiun (5) OJHOBPEMEHHO SIBJASIOTCSI H COGCTBEHHBIMH (YHK-

. d .
IHUAMH onlepatopa uMnyJnca P=—{ Fr COOTBETCTBYIOIIHMH co6-

CTBEHHHIM 3HAUeHHsIM k. 3ameTuM, uTO GyHKUOMH (5) He NMpHUHAL-
adexar L2(R) H mosTOMy He SIBJSIOTCS COGCTBEHHBIMH (YHKUHSMH
B 00bluHOM cMHCJae. s 3amucH Hocaeayiomux GopMyna yaoGuo
CYATATh, UTO —00 < k << 00, k== A/E. Torxa o6a pemenus (5)
HMEIOT BHA

1
LAt
b (1) =(55) * e (6)
Hopumupylownii MHOXHTeab B (6) BHOpan H3 yCa0BHS
S by (1) Ypr () dx =08 (B — £'). @)

R

CroJsib e NPOCTO MOJYYAIOTCS! PelleHHs] ypaBHeHus! (2) B MM
nyJabcHOM npexacraBiaeHud. IIpu m =1 ypaBHenne (2) umeer BHJ

P =k, @)
‘A €r0 pPeHieHUSIMH ABAAIOTCS QYHKHUH
Ve (P) =08 (p — k), k== E- ©)
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Hopmuposka dysknuit (9) Bei6pana Takol xe, Kak ¥ (QyHKuui (6),

{0 0% wrap =600 —0)8 (0 — k) dp=0(k — &).
R R

Has Toro 4roObl BHISICHHTh (DH3HUECKHil CMBICA COGCTBEHHBIX
GyHKIMH e, MOCTPOMM pellleHHE HeCTAHHOHAPHOTO yPABHEHHS
[peaunrepa nas cBoOGOLHON YaCTHIH

, d
i —Hy ()

IIpY HAYaJIbHOM YCJIOBHH
b0 =0 lol=1

Hpom;e BCETO 3Ta 3ajaya pemaercss B HUMIYJbCHOM MNpeACTaB-

JE€HHH

, O , 1
i —“’—;ﬁi—)= P (p, 1),

v, 0=00) (o Pdp=1.
OueBuano, 4T0 . '

V(p, ) =g (p)e” "

B KOOpAMHATHOM IIpeJCTABJEHHH 3TO XK€ COCTOSIHHE OINHCHI-
BaeTcs GyHKUHeH

L
v 0=(37) {om e ™ dp= [ o) b e~ ak.  (10)
R R

Jlerko mpoBepuTh, YTO HOPMHPOBKA (YHKHHH ¢ (X,f) He 3aBUCHT
OT BpeMeHH

(e opdc={lw@rdp=1.
R R

®opmyay (10) MoxXHO paccMaTpuBaTh H KaK pasjiokKeHHe pe-
weHusi ypaBHenus: lllpexunrepa §{x,{) mo CTaHHOHAPHHEIM COCTOSI-
HHSM, T. e. KaK oboOmenHe ¢opmyan (9.13) Ha cayuali Hempe-
peiBHOrO crnekrpa. Pojb kosddunmentop C, 3gech urpaer (GyHk-
uust (k).

CocTostHHe, onHchiBaeMoe GYHKUuAMH $(x,f) wan $(p, 1),
HMeeT HamboJsee MpocTOH (PH3NUECKUH CMBICT B TOM cJyvae, KOrja
@{(p) oTaMUHA OT HYJA B HEKOTOPOH MaJsol OKPeCTHOCTH TOUKH pj.
CocrosiHHsI TAKoro Tuna oObLUHO HA3LIBAIOT BOJHOBLHIMH NMAKETAMH.
I'paduk ¢yuknuu |@(p) |2 n3ob6paxen ua puc. 4.

HanomuuMm, uto |¢(p,?)|?=]¢(p)|? ectb mioTHOCTH QyHKHUH
pacnpejenenus uMmnynbca. TotT ¢akr, 4To 3Ta MJIOTHOCTh He 3aBHCHT
OT BPEMeHH, eCThb CJ/eJCTBHE 3aKOHA COXPAHEeHHsI HMIyJabca AJS.
cBobonHoit uactunp. Ecan pacnpenenenne |@(p)|? cocpenoroueno
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B OKDECTHOCTH TOUKH py, TO cocTostHHe ¢ (f) MOXKeT ObITh HCTOJ-
KOBaHO KaK COCTOSIHHE C HOYTH TOYHO 3aJAaHHBIM HMIIYJbCOM.
Oyukuust | P(x,¢)|? ecTh MIOTHOCTL (QYHKHHH pacnpeieseHus
koopauuatsl. IIpocaeaum 3a ee sBoaionuein Bo BpeMeHH. [Ipexne
Bcero M3 TeopeMn Pumana — JleGera * cienyer, 4r0 AJd Ivaj-
ko @(p) P (¥, {)—0 mpu |{|— 0o, MO3TOMY CTPEMHTC K HYJIO

[ (x, ©) Pdx, B3siTHl MO M0GOH KOHeuHOH 06sacTH BEILECTBEH-

Q
Ho# ocu Q. DTO 3HAUHT, YTO NPH |f[-> co YaCTHIA YyXOAHT M3 JIO-
60# KoHeuHo# 06sacTH, T. €. ABHXKEHHE HH(HHHTHO.
Has toro urofw Gosiee moApOGHO NpPOCJEHTh 32 JBHXKEHHEM
yacTHnsl npH GoJbluux |f|, HCHmOJB3yeM MeTOA CTAanHOHAPHOH
¢daspl. IJroT Merol INpHMeHsieTCs A5
[o1p))? ACHMITOTHYECKOTO BBIUHC/EHHS! HHTETpa-
JIOB BHJA

b
[(N)= S FxeM@ay (1)

Po

-]

npu N — oco. Jlas cayuasi IIaAKux QyHK-

Puc. 4. uuit f(x) u F(X¥) U upu HAJHUYHH OAHOM

TOYKH CTAIHMOHAPHOCTH X (yHKuuu [(x)

B uHrepBane (a,b)(f'(¥)=0, {7/(¥)5=0) wumeer mecro ¢op-
MyJa

L .
1) = (57z57) ™ F () exp 6NF (9 + - sign f () + 0 ().
(12

Ilepennmem Buipaxenue aas ¢ (x, ) B gopme

1\T el [wpre B
¥ 0=(5)" {o@e L1 Tlap,
R

Bepxnuii 3HaK B 3KCNOHEHTe CooTBercTByer ! > 0, HMXKHHA { < 0,
HalJeM aCHMNTOTHKY (YyHKuuu $(x,f) npu {— 0o N0 QopmyJe
(12). Touka CTalHOHAPHOCTH HAXOAHMTCS M3 YCJOBHS

f'@)=F 25 +77=0,

oo

* Teopema PuMana — JleGera yTmepxkaaeT, 4T Sf(x)e”v" dx >0 npu

N — oo, eca pynKuss f(x) Kycouno-HempepHBHa H aGCOMOTHO HHTErpHpyeMa Ha
Beelt ool —oo < x << 00, o ‘
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otkyaa j =—§7. Hanee ["(f)= F2 u npu t—> ko0

1
v =) )0 (). @

rAe y — BellleCTBeHHAs (YHKIMS, BHJ KOTOPO# AJSl AaJbHEHIIEro
HeBalKeH,
-Tlo mpeanosioXeruio GyHKIHUs ¢(p) OTAMYHA OT HyJis TOJleO B

MaJlo¥ OKPECTHOCTH TOUKH po, m03TOMY | (¥, £) [f == } ¢ (21.‘ ) I 571 +

-+ (ltll OTJIMYHA OT HyJsl TOJNBKO BOJH3M TOUKH x = 2p,f, U3

3TOr0 COOTHOLIEHHSI BHAHO, 4TO 006,1aCTh, B KOTOPO# OTJIHYHA OT
HYJs1 BEPOATHOCTb HAUTH 4YACTHHY, NepeMellaeTcsi BAOJAb OCH X
C TOCTOSIHHOH CKOPOCTBIO U == 2p;, T. €. OCTaeTcsl CIpaBeAJHBOH
KJaccuyeckasi CBSI3b MeXIY MMIYJbCOM M CKOPOCTBIO p = my
(HamOMHHM, 49TO MBI HOJIOXKHJHM m == 1/2), Jlanee U3 acCHMOTOTH-
YeCKOTO BHIpaxenHss AJsi | (¥,1)|? fcHO, YTO AJsI KOPHSI M3 JHC-
NepcHH KOOpAMHATH Ayx npu Goabmux 3Hayenusx |t| cmpasen-
JauBa ¢opmyJia
Agx=2A,p|¢t]

HIH Agxe=Ayu|t].

Dro o3Hauaer, uro 06JacTb, B KOTOPOH BeJHKA BePOSITHOCTL OOHA-
PYKHTb YACTHHY, N€PEIBHTASICh BAOJb OCH X, OYIeT pacIbiBAThLOS
CO CKOpOCThio A, 0.

Hetrpyauno nossaTs 6e3 BCAKHX BBIUHCJEHHH, UTO NOBeJAEHHE KJac-
cHuecKofi CBOGOAHON YaCTHUH, HAXOASLIEHCS B COCTOSIHHM C HEHY-
.JIEBHIMH JAHCIEPCHSIMH KOODAHHATH M HMOyJabca, OyAeT TOYHO
TakuM xe. Takum 06pa3oM, KBAHTOBAS MEXAaHHKA PHBOJAUT IPAKTH-
YeCKH K TeM 3Ke pe3yJbTaTaM JJis CBOGOJXHON YaCTHHH, YTO H KJac-
cuueckasi. EQMHCTBEHHOE OTJIMUHE COCTOMT B TOM, YTO B KBAHTOBOH
MeXaHHKe, COIVIaCHO COOTHOILIEHMIO HeONpeJe/eHHOCTEH, HeT Co-
CTOSIHHH C HYJIEBBIMHM JHCIEPCHSIMH KOODJAHHATHI H HMIIYJbCa.

OTMeTHM ellle HEKOTOphle (OpMaJibHbe CBOHCTBA peIIeHHs
ypaBuenusi Ulpeaunrepa ana csoGoguoi uacruusl. W3 coormome-

Hua (13) caenyer, ytTo
. 1
5 0=0(7m):

T. €. IIpH JIO6GHIX X HMeeT MeCTO HepaBeHCTBO

rae C— HekoTopasi KOHCTAHTA. ECTeCTBeHHO OJKHJATb MOYTOMY, YTO
BekTOp P (f) cnabo cTpeMHTCs K HyJio npu |¢|-> co. Ilpoue Bcero
3TO YTBEPXKAEHHE JAOKA3HBAETCs B HMIYJIbCHOM MDeJACTaBJECHHH.
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s nponsBosibHOrO Bektopa fe L2(R) umeeM

w0, h="{ 0 e T dp.
R

TMocaenuuii MHTErpad CTPEMHTCS K HYJIO APH |{|->oco 1m0 Teopeme
Pumana — JleGera.

B KkoopaumHaTHOM e [HpeACTaBJeHHH caafad CXOAHUMOCThb
K HyJ0 P (f) wMeerT o4eHb mpocroit cMpica. [TocTosiHHHE BekTOp f
3ajaercs (yHKOMeH, KOTOpasi 3aMeTHO OTJHYHA OT HyJs JHUIb
B HEKOTOPOH KOHEWHO# obGsactu Q, a 06sactb, B KOTOPOH OTJHUHA
OT Hyas QYHKUUS P(x, ), pacnJaelBasicb, YXOAHT Ha GECKOHEUHOCTb.
IToaromy (¢ (), f)—> 0 mpu |¢|—> co.

IlpoBepuM, uTOo acHMNTOTHUECKOe Bhipaxenue (13) Aas Pyuk-
unu P(x,!) HMeeT NMpaBHJIbHYIO HOPMHPOBKY. Ilpu |f|— oo nmeeM

Vo nrar e (g |o () [ er={1omPae=1.
R R R

§ 16. TapmoHuyeckuii oCUMAAATOD

B knaccHuecKodl MexaHHKe IapMOHHYECKHM OCLHHJJISTOPOM Has
3BIBAETCA CHCTEMA ¢ (yHKuued I'aMuabTOHA

2 2
H (p, g) =4+ 5

TMapamerp ® > 0 uMeeT cMBICJ UaCTOTH KoJeGaHUH,
Oneparop Hlpeawrrepa cooTBeTcTBYIOUIEH KBAHTOBOMEXaHHYE-
CKO# CHCTeMbl HMeeT BHA
p2

H="5 + 2L (1)

Mu ncnons3yeM CHCTEMY eAMHML, B KoTopodf m = 1, h = 1, Hama
3ajaua HalTH cOGCTBEHHBlE BEKTOPH W COOCTBEHHLIE 3HAUEHHS ore-
patopa H. Mbl pemiuM 3Ty 3ajgauy, HCIOJABb3Ys TOJBKO NEPECTaHO-
BouHble cooTHowenusi [efizenGepra ans omepatopoB P H Q u He
nepexols K KOHKPeTHOMY HpeacraB/erdio. J[Jsi 3Toro BBeleM
oIepartophl

a== 7——- (@Q +-iP), (2
Q= —'\/?_(; ((DQ - iP).

Hcnonbsys coornomenne I'efisenbepra
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MOJYUHM
00n' = (6%Q?+ P) + - (—QP+ PQ)=H + &,

oa'a=—5 (@Q+P)+2 QP —PQ=H—%

HITH
H = wag* — -‘g— , 4)
H=oa"a + % . (%)

MUz (4) u (B) cpasy HAX0AuUM INe€pPECTAHOBOUYHOE COOTHOIIEHHE
JJIs1 OepaTopoB @ U a*

[a, a']=1. (6)
Hs (6) serko mpoBepsieTcst M0 HHAYKIHH, YTO
la, (@) ]=n(@@)"" ()

Hakonen, HaM noTpeGyioTcsl IepecTaHOBOUHbIE COOTHOLIEHHS Olle-
patopoB a u a* ¢ H. [das BbluHcaeHusi Kommyrartopa [H,a] nmo-
CTAaTOYHO YMHOXHTb ¢opmyay (4) Ha a cnpaBa, (5) Ha a caema
M HAHTH PAa3HOCTb MOJyYEHHBIX BBIPAXKEHHH

[H, a] = — oa. (8)
Anajoruuso
[H, a'] = wa". 9)

TlepefinemM Tenmepb K u3yueHuio cmekrpa omeparopa H. Ilpex-
IOJIOXKHM, YTO CYILECTBYeT XOTsi Obl OJHO COOCTBEHHOE 3HaueHHe E
onepatopa H. CoorBercTBylolinii coOGCTBeHHHI BeKTOp MHE 06o0-
3HaunM uepe3 'z [loxaxeM, uTo coOcTBeHHble 3HauedHs1 E orpa-
HHYEHH CHH3Y. BekTop s N0 yCJIOBHIO yAOBJETBOpPSIET ypaBHEHHIO
Hr == Evbe, KoTOpoe MOXKeT ObITh ¢ yueToM (5) mepemucano B BHJAE

®
(aa+5) be = Eve.
YMHOXKAst 3TO PABEHCTBO cJieBa HA Pg, MOJYyUHUM
®
ollabelP + 5 Ibe P = Ell velP,

OTKyJa cpasy caeayer, uto E > /2, npuuem 3HaK paBeHCTBA BO3-
MQXKeH TONbKO NpH ycaoBuH ape = 0. M3 puipaxenus (b) ans H
BHAHO, UTO €CJH HEKOTOPHH BEKTOP v YIOBJETBOPSET YCJOBHIO
ap = 0, To OH sBJsieTcs] COGCTBEHHLIM BEKTOPOM omepartopa H, co-
OTBETCTBYIOLIUM COGCTBEHHOMY 3HAUEHHIO ®f2,

[TokaxeM, KakuM 00pa3oM MOKHO IO NMPOHU3BOJNBHOMY COOCTBEH-
HOMY BEKTOPY s IOCTPOHTb HOBHE COGCTBeHHbie BeKTOpHl. Ilox-
cynTaeM BeipaxeHue Havg, ucnoansys (8):

Havg = aHYg — vapy = (E — o) atg.
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U3 mocaefHero COOTHOIIEHHS BHAHO, uTO JHO0 ayg sBJseTCs OG-
CTBEHHBIM BEKTOPOM, COOTBETCTBYIOUIHM COOCTBEHHOMY 3HAUEHHIO
E —®, mu6o ayr = 0. Ecan apz %= 0, To BeKTOp a®Pr Jubo cob-
CTBEHHHH ¢ COGCTBEHHHIM 3HauendHeM E — 20, au6o a*pr = 0. Ta-
KHM 00pasoM, 110 POH3BOJILHOMY COGCTBEHHOMY BEKTOPY YPr MOXKET
OLITH [OCTPOEHA MOCJEN0BATEJNbHOCTh COOCTBEHHBIX BEKTOPOB Vr,
ave, ..., aVpg, COOTBETCTBYIOUMX COOCTBEHHHIM 3HayeHHsM E,

—®, ..., E— No. 9ta nocieqoBaTeJbHOCTb, OIHAKO, HE MOXKET
ObiTh GeCKOHeUHOH, TaK KakK cOOCTBeHHble 3HaueHHs omeparopa [
orpaHuuenbl cHU3Y unciaoM /2. [lostomy cymectByer Takoe N = 0,
yto a¥s 5= 0, aVtlgr = 0. OGosnaunM BeKTop a¥{z uepes .
3TOT BEKTOD YAOBJIETBOPSIET YPABHEHHIM

apo=0, Hipo=-5 . (10)

Mu BuAHM, YTO NPEANOJOXKEHHE O CYHmECTBOBAHHHM XOTH OHI
OJIHOTO COGCTBEHHOT'O BEKTOPA Yz SKBHBAJIEHTHO HPEINOJNOKEHHIO
O CYLIECTBOBAHHHM BEKTOpPA o, yAOBJAeTBOpsomEro {10). Bekrop o
ONMUCBHIBAET OCHOBHOE COCTOSIHHE OCHMJAATOpPA, T. €. COCTOsSIHHE
¢ HauMeHbIlel sHeprueli w/2.

[TocMoTpHM, KakK JAeHCTByeT omepaTop a* Ha coOCTBEHHHE BeK-
tTopul onepatopa H. Hcnoansys (9), noayunm

Ha'bp=a"HYp + 0a*pp = (E 4 0) a™g. (11)

O6partuM BHHMAaHHE HA TO, YTO Q*pr HE MOXKET ObIThb HYJEBHM
BeKTOpOoM. IleHcTBHTENLHO, H3 BHPaXEHHS! (4) aas omepartopa H
BHAHO, YTO BEKTOD, YAOBJETBODSIOUINH ypaBHeHHIO a*p =0, fB-
JasieTcsi COGCTBEHHHIM BeKTOpOoM H ¢ COOCTBEHHHIM 3HAYEHHEM
—®/2, YTO HEBO3MOXKHO, TaK Kak E = o/2. [losromy us (11) cue-
LYyeT, 4To Q*pg sBJAsieTCsl COOCTBEHHBHIM BeKTOpoM omeparopa H
¢ cobctBeHHBIM 3HauenueM (E + o). Anasoruuso (a*)%pr— co6-
CTBEHHBI/ BeKTOp ¢ cobGcTBeHHbM 3HaueHHeM (E -+ 20). Haunnas
TaKoe MOCTPOeHHe C BEKTODA g, MBI MOJYUYHM OECKOHEUHYIO INocJe-
IOBaTeJbHOCTh COOCTBEHHBIX BEKTOPOB Vg, a*Po, ..., (a*)™py, ...,
COOTBETCTBYIOIIHX COGCTBEHHHIM 3HAYeHHIM /2, /24 o, ...

, (n4+1/2)e, ... IIyctb BekTOp Yo HOpMHPOBaH || Poll = 1. Bui-
YHCJIHM HOPMY BeKTopa (a*)™po

1@ 4bo I? = ((@")"bo, (@"Yabo) = (o, a"~" (@"'ap0) +
+n (b, "7 @) ) =0 @) 0 f= ... =nl [wf=n ...

Ilpn BbluHCJEHHH MCIIOJbL30BAJOCH NEPECTAHOBOYHOE COOTHOIIEHHE
(7) u pasencreo (10).

Takum o6pasoM, moc/en0BaTeNbHOCTh HOPMHPOBAHHBIX COG6-
CTBEHHBIX BEKTOPOB omeparopa H MOXHO 3aaaTb ¢GopMysoi

¢n=7—17(a)1l)0, n—-—012,... (12)

78



OpTOroHaMbHOCTH BEKTOPOB \pn, COOTBETCTBYIOIMX PA3JHYHHM COG6-
CTBEHHBIM 3HAUYEHUSM, CJIeLyeT U3 OOMIHX COOGPaXKeHHH, HO MOXKET
OBITh NMpPOBEpPEHA H HENMOCPEACTBEHHO

(bes ) = = (o, 0" (0")"0) =0 mpm & % .

[Tocaennee paBeHcTBO NoJryuaercs u3 ¢opmyan (7) u (10).

OGcyauM Temepb BOMPOC O €IMHCTBEHHOCTH BeKTOpa g Harts-
HEM HA OPTOHOPDMHPOBAHHYI0 CHCTEMY BeKTOpPOB 1, THAbOEPTOBQ
IPOCTPAHCTBO #. DJIeMEHTH @ € Jf UMEeIOT BHJ

_ (a*)n
cp-—Zn:Cn b ;16n12<oo. (13)

B sTOM mpocTpaHCTBE MB!I NOJIYYHM PeaJIH3AHMIO MePeCTaHOBOYHEIX
cooraolernuit ['efizenGepa, ec/H NOJOXHTb B COOTBETCTBHH ¢ (2)
a+a* Vo (a— a¥)
Q=212 p— : (1)
'\/2(0 i '\/.-

CoorHoleHne (3) Toraa sBJsEeTCs cJaeAcTBHeM ¢opMyant (6).
IIpocTpaHCcTBO 7 MHBAPHAHTHO OTHOCHTENLHO AEHCTBHSI ONEpPaTo-
poB P u Q (rounee, OTHOCHTEJbHO OTpaHHYeHHHX (yHKuH# f(P)
1 F(Q), nanpumep, U(u) u V(v)) u He cOAepKHT MOANPOCTPAHCTB,
o6nagamnx TeM Xe cBoHcTBOM. [TosToMy mpencrassieHue omepa-
topoB @ u P dopMmyaamu (14) B J6 HenpuBOLHMO.

Ec/u B HEKOTOPOM INPeACTABJEHHH CYIECTBYET ABAa BEKTOPA 1y
1 Yo ya0BJeTBOpsOIMUX ypaBHeHHI0 (10), To Hapsay ¢ 4 Moxer
OBLITb AHAJOTHYHO NMOCTPOEHO NMPOCTPAHCTBO #£’ MO BEKTOPY Por DTO
IIpOCTPaHCTBO OyneT HHBAPHAHTHBIM OTHOCHTENHHO P H Q, T. e,
Npe/ACTaBJeHHe, B KOTOPOM CymecTByeT GoJsiee OXHOrO peIIEHHS
ypaBHenus (10), 8yaer npuBOAHMEIM,

§ 17. 3agaya o6 ocUMANATOPEe B KOOPAMHATHOM NpPeICTABJAEHHH

B npeamaymeM naparpade MH 4HCTO aareGpaHYecKHM NyTeM
Hamax cnektp omeparopa llpexmnrepa aas ocumissitopa. Boio
CleJAHO TOJIBKO OAHO NPEeANOJOXKEHHe, UTO CYLIECTBYeT XOTsi Ol
oJauH coOCTBeHHBIH BeKTOp omepatopa H. DTo 3KBHBasNeHTHO Cylue-
CTBOBAHHIO pellerHsi ypaBueHHs ay, = 0. Ilokaxem, uro B KOOp-
JAMHATHOM IIpe/CTaBJEHUH NEHCTBHTENbHO CYLIECTBYET eJHHCTBEH-
HOE pellleHue 3TOro ypaBHeHHs. JalHuIeM ONepaTopu a H a* B Ko-
OpPAMHATHOM HpE/JCTaBJIEHUH

«/_( x+dx) (n
=—V2T(®x—7d}c')- (2)
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Vpasuenue qipo = 0 npuHHMaer BHJ
ox, (x) + 45 (x) =0.

Paszgedsis nepeMeHHble, MOJNYYHM

dbo __
. —oxdx
- ox
73 Py (x)=Ce 2.

[Mocrosiunass C HAXOAMTCS M3 YCJIOBHS HOPMHPOBKH

0

{ 1
flw@erdr=icp (e ax=icp(£)”

-_ 00 -0

dromy ycaoBuio yposaerBopser C = (o/n)}!4, u HOpMHpOBaHHaA
coGeTBeHHAsT (DYHKIHST AJSI OCHOBHOTO COCTOSIHHSI HMEET BHJ

Yo (x)= (& )

Cob6crBeHHblEe (DYHKIMHM AJs BO3OYXKAEHHBIX COCBOSIHHHA 1 (X)
HaxXoAsATCsl MO (HopMyJie (16.12) ¢ yuetoMm (2)

Y (¥) = (——) 4 (2“)) ox — t;ix)n e ?

OueBnaHo, UTO 3TH PYHKIHH MMEIOT BHA

(»)x2

wx?

Y, (JC) = P, (x) e— T:

rie P,(x) —nonunoM n-ii creneHd. MoxHo mokasath, uto P, (x)=
=H, (»\/o)x) rae Hn(E)— nomurom I-Ie61;11ue13a-—SpMHTa Hsge-

cTHO, uTO cucTeMa QyHKuud H,(E)e 2 monsa B L%*(R). 3Iro
yTBEpKJAeHHEe, BOOOIme FOBOPs, CJelyeT H3 HENPHBOAHMOCTH KOOp-
JAVHATHOTO MpEJCTaBJeHHs M pe3yJbTaToB MNpPEeABAYIEro mapa-
rpada.

DyHKuMsl |Pn(x)|? ABISETCH NMIOTHOCTBIO (QYHKUMH paclpese-
JIeHHs] KOOPJAHHATHL B N-M COCTOSIHHH ocHuiastopa. Hurepecno
CPaBHHTb 3TO pacHpejeseHHe C COOTBETCTBYIOIUHM KJaCCHUECKHM
pacnpenenenneM. PellleHne KjaccuueckKod 3agauyu 06 OCHH/ISATOpPE

uMeeT BHI
x (t)= A sin (of + @), @)

rae A —amnaurtyna KoaeGaHHsl, a @ -— HavaJbHas ¢(asa. JHeprus
KoJe6aHHH MOXKeT OBITh BHIUHCJEHA O (opMmyJie

@%x?

E=ip+5
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u paBHa ©?A?%2. CoorseTcTByiOlIas MJIOTHOCTh (GYHKIMH pacmpepe-
JIEHHSI KOODJIHHATE HMEET BHI

Fx)=08(x—x(). 4)
SlcHO, YTO cTallMOHAPHOE COCTOSIHHE KBAHTOBOIO OCUHJIATOPA HH
[IPH KaKHX YCJOBUAX HE MOXKET NMEePEXOAHTh B KJIAaCCHYECKOE YHCTOE
cocTofiHNe, 3anaBaeMoe ¢opmynol (3). EcrecTBenno mnpemmnojyo-

JKHUTb, UTO NPENEJOM KBAaHTOBOTO COCTOfHHS OYHET KJacCHYECKOoe
CMELIaHHOe COCTOSIRME, fBJAIOMEEC BHIIYKJIOH KoMmOGunauueid (3)

Puc. 5.
co cayyafinpiMu ¢asamu ¢. s TaKoro cOCTOAHUS NAOTHOCTh DYHK-
UHM paclpejefieHds] KOOPAHMHATH IOJydYaeTcs ycpelHeHueM (4)

2n

F ()= { 8(4sin (ot + ¢) — x) dp=
0

6(Asing —x) dp=

m‘:\mwla

1 1
R TP S iz A
Ta A —y? 0, x=(— 4, A),
WIH KOpoye F(x)== -ni%—;:j-i—?r

pacduku dyukuni F(x) u |[pa(x)|? npusesens Ha puc. 5 mas
NOCTATOYHO GOJBLIOro n mpu ycaoBuH, uro* E, = h(n + 1/2)e =
= ©2A2%/2. TIlpu n->oco KBaHTOBOE pacnpejgesnenue Oyjper crpe-
MHTBCSI K KJNaCCHYECKOMYy. YCJOBHE n— oo INPH 3alaHHON 3Hep-
run E Moxer GHITh BRINOJHEHO, ecad A — 0.

OrMeruM BaxHoe ortauuue GyHKuuit F(x) u |[pa(x) |2 DyHk-
uua F(x)=0 upu |x|> A, T. & Kiaccuuyeckas YacTHla Bcerga
HaXOOuTCA MeX1y ToukaMu —A u A (B KjaccHYeCKH paspelleH-
Holt o6aacrd). Q@yukmus [$.(x)[? nmpu |x|>A B Hy b HE
o6pamaercs. IT0 03HAYAET, YTO KBAHTOBAN YaCTHILA MOXKET OHITh 06-
HapyXeHa C KOHEUHOH BEPOSTHOCTBbIO B KJIACCHUECKH 3alpeureHHoH

* 3mech MH A4S YAOGCTBAa sIBHO BHITHCHBAaeM NocTosHHylo Ilaanka h, He
cunras, uto h == 1.
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o6nactu. Jasi npon3BoJbHOro noreHuuana V(x) sra obaacte onpe-
JensieTcsl M3 YCJOBHS, 4ro moJHas sHeprusi E << V(x), yro coor-
BETCTBYeT OTPHUATENbHBIM 3HAYCHHAM KJaCCHYECKOH KHHeTHue-
CKOH 3HepruH.

§ 18. MpeacraBaeHne cOCTOSHHIT 0JHOMEPHOH Y4ACTHIIbI
B IPOCTPAHCTBE NOCJAeA0BaTeNbHOCTEH [o

Cornacuo pesyabrataM § 16 n06o#l BeKTOp ¢ & #£ MOXKeT ObITH
pas/oxeH B pAL MO cOGCTBEHHBIM BEKTOPAM ONEparopa 3HeprHu
rapMOHHYECKOTO OCLHJIISATOpa

v=2 AL, 2 1CaF < oo,

Kaxaplil BEKTOP @ € J# OJHO3HAUHO ONpenessercs MOCJeR0Ba-
tenbHOCTBIO KoaduunerroB {C,}, T. e.

¢ < {C.}.
[Tycts <> {B.}, TOrAa B CHAY OPTOHOPMHPOBAHHOCTH CHCTEMH
BEKTOPOB 1, = 1/ o

(b, ) =) B,C,.

[TocmoTpuM, Kak [eHCTBYIOT onepaTopsl B TaKoM IpelcraBJe-
HuH. [{Js1 9TOrO JI0CTaTOYHO NMOCTPOHTH onepaTop a # a* Ilyctb
p<>{C}, ap<>{C/}. Ham myxHo Buipasurs C, uepes C,. Iro0
MOXKHO CJeNaTh CJeAyoliuM obpasom:

acp_a}:c e }:c Ly =

= ‘/”—Cnv(—’“:;:;v w0=z VAFTC, w0

Ilpn BhUHCJAGHHH HCHOJNB30BAJHCh COOTHOWEHHs |[a, (a*)*] =
= n(a*)"1, apo =0, nocrenHee paBeHCTBO MNOJyuYaercs NpH 3a-
MeHe 3HauUKa cymMMuposaHus n— n- 1. U3 (1) sugHo, ¥TO

Ch=A/n+ 1Crysr- (2)
Anajoruyno
(a*) (a*)n+l
aCP—aZC TPO—ZC '\/_l 1P0—
VL1 "’)'“rl —_ (a*)"
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[Tosromy, ecau a*cp <« {CZ}, T0
CI,'L, = '\/Ecn—l' (3)

®opmyan (2) u (3) craHoOBATCA OCOOEHHO HATJISIHBIMH, €CJH
HCIOJIb30BATh MaTpHYHble o6o3HaueHHsi. Dynem sanuceBaTe mo-
cnepopateasHoctb {Cr} B BuIe cTonbUa

o
C,
o |C|.
Torna onepaTtopbl @ H a* MoryT OHITh 3anycaHbl IPH MOMOIUH MaT-
pry
0 41 0 0 A 0 0 0
] 0 0 A2 0 T s AV 0 0 | (g
0 0 0 43 . 0 42 0 |

.....................

[IpoBepuM, 4YTO TaKas 3alHCh IKBHBANEHTHA COOTHOLICHUSIM (2)
# (3). JeficTtBHTENBHO,

- C
0T 0 0 N\|A VT G

. 1

w0 0 43 0 ol ofvE G
P . 2| ,\/3- C 4
0 0 0 4/3 . l 3

............

yro cosnagaer ¢ Gopmyaofl (2); aHAJOrHMYHO NPOBEPSIETCH CBA3D

dopmyn (3) u (4). ILlnaa oneparopoB a U a* B npeacraBaeHun (4)

cpasy e IPOBepsIeTCs NepecTaHOBOYHOE COOTHOILeHHe [a, a*] = 1.

Co6crBeHHbIE BEKTOPH onepaTtopa f B 3TOM NpPEACTaBJEHHH MUMEIOT
BHIL

(11 0 0

0 1 0

Yo= (0] =10} Yo=11

OueBH/HO, UTO BEKTODP 1o YIOBJETBOPSET YPaBHEHHIO apg = 0.
Onepartopsl a* H @ 4acTO HASHBAIOT ONEPaTOPAMH DPOXKAeHHS

¥ YHHYTOXeHHs] BO30yXIeHHA. DTH HA3BaHHA OODBLACHAIOTCH TeEM,
yTO ONEPaTOp @* NMpeBpalllaeT COCTOsiHUE ¢ sHeprueil E B cocrosiHue

Yy e
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¢ Goublueii sneprueft E -+ w, a onepatop @ — COCTOSIHHE C 3HEP-
ruefi E B coctosiHde ¢ 3Heprieil E-— @ (OCHOBHOE COCTOSIHHE 1o
omepatop @ aHHyaupyer). MHorza BBOZAT Tak Ha3plBaeMH#i oIe-
patop uHcaa Bo3byxngeHuin N = a*a. B HalueM npexncraBiieHHH OH
AMeeT BHJ,

N <«

oo o o
SO O
S N O O
w o o O

L A A

CobcTBeHHEIE 3HAUEHHS! 3TOTO ONEPaTopa COBHANAIOT C HOPSIKO-
BbHIM HOMEpOM B0O30yXAEHHOTO COCTOSIHHS n.

Brinuiem, HakoHern, onepaTopm H, P u Q B paccMaTpuBaeMoM
IpeacTaBleHHH

(@ 2
) 30 0
H=oda+ L |0 20 O o )
0o o 3
7O
0 AT 0 0 .

P="=T7 )**m/z- 0 —v2 o w3 | ©

0 0
_a+a* 1 '\/T 0 ﬁ 0
CTVm TWm| 0 vE o0 4B O

W3 stux dopmya BuaHO, uto H mnpeincTaBasieTCsl AMATOHAJLHON
MaTpuuel, T. e. paccMaTpuBaeMoe NpPEACTaBJEHHE SBASIETCS cob-
CTBCHHbIM AJs oneparopa llpexuHrepa rapMoHHYECKOTO OCHHJJISA-
Topa. [anee, cpasy BuAHO, uto P M Q — camoconpsikKeHHbe oOme-
paTopHl, ¥ JE€rkKo MOXKHO NPOBEPHTb BHIIOJHEHHE IIePEeCTaHOBOYHOTO
coorHolenust [Q, P]=i.

B cBasu ¢ mpeacraBieHHEM COCTOSIHHI B mpocTpaHCTBe [y XOTe-
Joch OBl- HECKOJIBKO CJIOB CKa3aTh O NEPBOHAYAJbHOH MAaTPUYHOH
dopmynupoBKke KBaHTOBOH MexaHHKH I'eit3enGepra. Ha navaabnoM
sTane pasBUTHs KBAHTOBOH MeXaHHKH OCHOBHOH Onula 3ajaua
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0 HAXOXKAEHHH MONYCTHMBIX 3HAUEHHH SHEPruu cHcreMH. Penenr,
npeanoxennnfl 'efisenbeprom HpHMeHHTENBHO K CHCTEMe C OAHON
CTeleHbl0 CBOOGOXBI, COCTOS B caeAywiieM. Paccmarpusanach
Kjaccuyeckasg cHcreMa ¢ ¢yHkuuedi I'amunprona H(gq,p)=
= p?/2m + V(g). Crponauch caMoconpsiKeHHHe MaTpuus Q u P,
VIOBJETBOPAIOIIME COOTHOWEHUI [Q, P]=1{ (Tak#de MaTpullnl om-
peleseHnl HeoAHo3HauHO). J[lanee crpomnace wMmarpuua H =
= P?2m -+ V(Q). Iocnexuuii stam cocrosin B JHATOHAJH3ALUH
3TOH MAaTPHUH, NpHYeM cOGCTBEHHBIE 3HayeHHs MaTpuusl H oToX-
AECTBJISIJIHCh ¢ NONYCTHMBIMHA 3HAYEHUAMH SHEPTHH.

@opmyasl (6) u (7) mawoor npumep Matpuu P u Q, ya0BIETBO-
PAOIIHX NepecTaHOBOYHLIM cooTHoMIeHusaM [efisenbepra. dru Mmar-
pHUB NomoOpaHH Tak, YTO MaTpHua omnepatopa H ans ocuuans-
TOpa cpasy saBasercs guaroHanbpHo#l. OQHAKO AJsT NPOU3BOJIBHOTO
H nenp3st oboliTich Ge3 3rama pguaroHajJH3allHH.

Mu BuguMm, uto ¢opMmynupoBka ['efidenbepra mo CyiecTBy
coBrmajaer ¢ CoBpeMeHHOH (POPMyJHPOBKOH KBAHTOBOH MEXaHHKH,
ec/lH B KauecTBe NPOCTPAHCTBA COCTOSIHHH B3SITh NPOCTPAHCTBO o

§ 19. NpepcraBaeHue COCTOSIHUIA OJHOMEPHOM YaCTHLBI
B MPOCTPAHCTBE LeJibIX aHAJNUTHYECKUX (PYHKUHUIA DD

PacemorpuM MHOXKecTBO GYHKUHH KOMIJIEKCHOTO NePEMEHHOro
BUIA

f(z)=;cn—%, ;ICn|2<°°- (1)

Srto MHOXKecTBO GYHKUHUE %) CTaHOBUTCS THALOGEPTOBBIM NPOCTpPaH-
CTBOM, €CJIH CKaJISIpHOE NPOH3BEIECHHE ONPEENHTh hopMymol

(s =% | H@RE@ e dn ). ®

HuTerpan Oepercs no KOMIJIEKCHOH IJIOCKOCTH M du(2) = dx dy.
IIpoBepuM, uto GYHKILHH z"/Vn! 00pasyloT OpTOHOPMHPOBAH-
Hull 6asuc B 2. [lasi 5TOro BEIYHCJIHM HHTETpaJl

oo 21
Lom= Sz";”e"“’ dp. (2)*=S pdp S dopr+mei® (i=meg=0",
0 0

Npu ns=m In,=0 3a cuer unrerpupoBanus no ¢. [lpyu n=m
uMeeM

I, =2n S prtle=dp=n S t"e~t dt = ninl
0 0
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. o
[TpoussosbHOEe cocTosiHHE @ E 8, ¢= Z C, (j/%!_ Py MOKer
n

6bITh IpencraBiaeHo QyHKuueH f(2)= ZC"%’ ¢ <> [ (2). Cob-

n
CTBEHHBIE BEKTOPH OCHHJIATOPA 1, NPeACTaBJATCS Ga3HCHBIMU

dyuxunsivu 2°/4/nl.

ITocMoTpUM, KaK AeHCTBYIOT ONEpPaTOPH @ U a* B TaKOM IIpel-
craBienud. Mcnonb3ys BBIKNajKH, KOTOPble NpUBead Hac K ¢op-
myqaam (18.2) u (18.3), Mbl MoXKeM 3amucaTh BeKTOPH a¢p H a@*
B BHJE

n—1 wn+1
ap== ZC ﬂ(a) —="0, a"cpzzcn (Ff\/)n_! by.

D11 BEKTOPH NPEACTABJASIOTCS QYHKIHIMH

n—1 d
afP“’ZCn n:/’? =—1@),

ni1
Ay Com =21 @),

T. e. A5 ONEepaTopoB & W a* MBI MOJYYHAH NpecTaBJeHHE

d *
Q<>r——, a <«>2.
dz
BunuileM CcOOTBETCTBYIOIHe (GOPMYJIE Aas onepatropos Q,
PuH
Qe (L 42),
A/ 20 dz
P« Vo rd — z) ,
i4/2 \ dz

d 1
Ho(2g-+5).
Bce OCHOBHBIE COOTHOILEHHS ([a, a‘l=1, [Q, P]=i, Hy,=

1
=m(n +—2—) ll’n) MOTyT GBITh JIETKO IPOBEPEHH B TaKOM Ipej-

craBienuy. ITocTpoeHHOe mpencTaBieHHe MOXKET OKasaTbes Ya00-
HEIM, €CJIH H3yuaeMble HabJuogaeMble €CTh NOJHHOME OT Q u P

§ 20. OGmwuii caydail 01HOMEPHOTO JABHIKEHHS

B npenbinyuux maparpadax Mb pacCMOTpesH JIBe OLHOMEpPHEHE
3ajauyd KBAHTOBOH MEXaHHKH —3ajayd o CBOOOZHOH YacTHLUE K
0 rapMoHHYecKoM ocuuJisiTope. CBobGonHAass YacTHIAa fAdaerT HaM
npuMep CHCTEeMB ¢ HENMpPEepLIBHBIM CIEeKTpoM Ins omnepatopa [lipe-
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AMHTepa, a TapMOHHYECKHHA OCHHJJISTOP — C YHCTO TOYEUHBIM
criekTpoM. B GosbminHcTBe peanbHBIX (QH3HYECKHX 3a4ay CHEKTD
oKasmlBaeTcs Gosee caoxHBIM. PaccMorprm 3azauy o ciekrpe orne-
paropa Ulpenunnrepa

d2

=TV

npu BecbMa OGUIMX MPENIONOKEeHHAX O NMOTeHLHae.

OO6BYHO CcHJBL, geficTByIOUME HAa YacTHUY, 3aMETHO OTJIMYHBEI OT
HYJs1 B KaKO#H-TO KOHeYHOH 00J1aCTH Ha OCH X H CTPEMATCS K HYJIO
npu |x|-> oo, mosTOMy HauHGOJeEe YACTO BCTPEUAIOTCS MOTEHIHAJNBI
V(x), KoTOpble CTpeMATCA K HOCTOSHHBIM 3HAYEHHAM MPH X —»
- 400, Ilasi MPOCTOTH pACCyKAEHHH MBI OTPAHHYHMCH CIAyYaeM,

H=—

b v(x)E

Puc. 6.

KOrJa NOTEHIHaJ CTPOTO PaBeH NOCTOSIHHBIM HpH x << —a H IpH

x > a. Mcnonp3ysl mpou3BoJs B OnpelesIeHHH NOTEHIHaJa, OAHY H3

3THX IOCTOSIHHHIX BCerJa MOXKHO CUHTATh paBHON HYJIO.
Pacemotpum ypabHerus [lpenunnrepa

¥+ Ep=V (1) M)

npu ycaoBuH, uto V{(x)— HenpepripHas QYHKUMS Ha BeLIECTBEHHOH
ocd, H V(x)=0 npu x < —a, V(x)= V, npu x > a. das onpe-
IeJeHHOCTH GyzneM cuurath, uro Vo> 0. I'paduk nmoreHumana uso-
6paxen Ha puc. 6.

Ilpn x << —a # x > a ypaBHenue llpenunrepa (1) ympomaercs

1P”+Elp=0: x< —ay (2)
VY H(E—-V)p=0, x>a. (3)

[Ipu n106BIX sHaueHusx E cyumiecTByerT [Ba JIMHeHHO-He3aBHCHMBIX
pelreHusi ypaBHenusi (1), koropsie Mbl 0003HAYHM uepe3d P; H Po.
Q61uiee pelleHHe TOTO ypaBHEHHS

P = C1p; + Co1hy. 4)
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[Ipu m3yuenuu crnekrpa onepartopa H Hac HHTepecyloT JH6O KBaj-
paTHYHO HHTerpUpyeMhble pemleHHs1 ypaBHeHHs (1), KoTopble fAB-
JSIIOTCS cOBCTBeHHBIMH (yHKUHsSIMU onepatopa H, aubo peruerus,
orpaHMYeHHble Ha Bcell BeliecTBeHHONM ocu. IIpHm nomowu mocien-
HHX MOxkeT ObITb ONMHCAH HEmpepHIBHHIA CHeKTp onepatopa H.
PaccmorpuM Tenepb Tpu cayuyas.
1) E<O.
YpaBuenus (2) ¥ (3) nepenuuleMm B BHAC

P’ — u2p =0, < —a, yi=—~—FE >0, % > 0,
P — xMp =0, x>a, %f=—(E—VO)>O, %, > 0.

JIuHefiHO-HE3aBUCHMHIMH DPELIeHHAMH 3THX YDaBHeHHH SABJSIOTCA
GbYHKIHE eF** npH x < —a u e npu x > a. Ilostomy npowus-
BoJIbHOE pelueHne (4) ypasHenus (1) B ofmactH x < —a uUMeeT
Bun Cle="* -+ Cie**, a B obaacta x > a — Cle=** -} Cie**, 3pech
Ci, C}, CU u C§ — HeKoTopele HOCTOSIHHBIE, JHHEHHO 3aBHCSIUIHE
or C; u C,; dpopMmyant (4). Pemenne 1 6yger KBaApaTHUHO HHTe-
rpupyeMeM npH yesaoBusix C1=0 n C7=0. Yxe oIHOrO H3 3THX
YCJAOBUI JOCTATOYHO JJs TOro, 4robwl 1 Oblia onpefcseHa ¢ ToY-
HOCTBIO O YHCJIEHHOro MHOXKHTeasd. M3 ycioBus C{=0 Moxer
ObITh HafiieHo OTHoweHHe KoadbuumenroB C; u C, KoTOpble Oy-
AyT 3aBHCeTh OT napamerpa E,

Aunanoruuno u3 ycaosusi C7 =0 nomyuum
C

KBaapaTduuHO HHTerpupyemoe peumenne 1 OyAeT CyulecTBOBAThb
TOJIKO NPH TeX 3HauYeHHAX E, 1Jf KOTOpHIX

Fi(E) = F3(E).

Kopuu 3Toro anre6paHyecKOro ypaBHEHHS, €CJH OHH CYIIECTBYIOT,
ABAAIOTCA cOOCTBEHHBIMHE 3HaueHWsAMH onepartopa H. M3 npusegen-
HBIX cooOpaXkeHHH eCcTEeCTBEHHO OXKMJATh HaJlllYHe IPOCTOrO Touey-
HOTO crekTpa npH E <C 0.

2) O<E<<V,
Vpapuenus (2) u (3) samumem B BHIE

P+ k2p =0, x< —a, k?=E >0, k>0,
P — %3 =0, x>a, w=—(E—Vy) >0, %, > 0.
JInHellHO-He3aBUCHMBIMH PELIEHHAMH SIBASIOTCS QYHKIHH e npn

x << -—a u eT™¥ npu x > a. Cpa3y BHAHO, YTO KBaJapaTH4YHO WH-
TerpUPYEeMHX peLIeHHH HeT, a OorpaHuueHHOe pelleHHe MOXeT OHTDL
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focTpoeHo, ecan BuiGpath Ci/Cs Tak, 4rTobbl ) HMesa Bup Cle—**
npy x > a. [losTroMy B uHTepBaJe O<E< Vo cnekrp SIBJISIeTCSI
[IPOCTBIM HeHPEPHIBHEIM.

3) E>V,.

B sTtoM cayuae o6a ypaBHeuHsi (2) u (3) HMeOT OCLHIJHPYIOLIHE
pemenns (e*** npu x < -—a u eX®¥ npu x>a, K=E—V),
noatoMy Jiofoe pellleHHe ypaBHeHHs (1) siBisieTcss orpaHHYeHHHIM,
a KBaJPaTHUHO HHTerpHpyeMbix pellleHHH Het. Cnekrp omepaTtopa H
npu E > Vo — HenpepolBHBl1, ABYKPATHEIH.

Ha pnc. 6 coGcrBenHble 3HaueHHsi oneparopa [ uH300paxeH:
rOpH30HTAJNbHEIMH JIHHHSAMH, OOHYHOH WITPHXOBKOH MOKaszaHa o006-
JACTh NPOCTOTO HENMPEPHIBHOTO CNEKTpa, a ABOHHOH IUITPHXOBKOH —
06J1aCTs IBYKPATHOrO CHEKTpa.

O6¢cynum dusuveckuit cMmeica pewenufi ypapneuus (1). Keaz-
paTHYHO WHTETPHPYeMBle DeIIeHHS OIHCHIBAIOT CTAlHOHAPHBIE CO-
CTOSIHHSI C 9HeprHell, paBHONH COOCTBEHHOMY 3HAyeHHIO. DTH (BYHK-
UMM SKCIOHEHUHANbHO YOHIBAIOT NpH |x |—-)-oo TOSTOMY BepOAT-
HOCTb OOHAPYXHTh YacCTHIy BHe HEKOTOPOH KoHeyHOH obsacrn
6su3Ka K HyJa10. $IcHO, YTO TaKHe COCTOSIHHSA COOTBETCTBYIOT (DHHHUT-
HOMY JABHXKeHHI0 dacTHuBl. CoOcTBenHble (DYHKIHH HeHPepHIBHOTO
CIeKTpa HemoCPelNCTBEHHOr0 (PH3UYEeCKOro CMBICTIA He HMEIOT, TakK
KaK OHM He NpHHAAJEXAT NpOCTpaHCcTBY cocToaHHi. OIHako ¢ HX
IIOMOILBIO MOIYT OBITH HOCTPOEHBl COCTOSIHMS THIA BOJNHOBBIX Ia-
KETOB, KOTOpBle MBl paccMaTpuBasii JJs cBOGOZHONR 4acTHUH. 3TH
COCTOSIHHS MOTYT ObITh HCTONKOBAHBl KaK COCTOSIHHA C TOYTH 3a-
naHHOH sHeprueil. M3yyeHHe 3BOJIIOLMH TaKHX COCTOSIHHH IIOKa3bi-
BaeT, YTO OHU ONHMCHIBAIOT YACTHLY, KoTopas NpH |f{|— co yxopur
Ha GeckoHeunocTh (UHGbUHHTHOe nBUXKeHHe). K sTOMy BOmpoCy MBI
eme BepHeMcs,, Koraa OyneM H3yyaTb TEOPHIO paccesiHus.

B knaccuyeckoii MexaHuKe, KaK H B KBaHTOBOH, npn E << 0
JABHXKeHHe siBJseTcsl GHHHUTHBIM, a npH E > 0 — uadunnraum. [Ipu
0 <E <<V, vacrana Moxer yHTH Ha 06eCKOHEYHOCTh MO OLHOMY
HalpaBJenHuwo, a opH E > Vy-—rmno asym. Ob6patuM BHHMaHHe HA
TO, YTO KPATHOCTb HEIPEPHIBHOTO CIIEKTPa COBMAajaer ¢ YHCJIOM
HampaBJeHHH, MO KOTOPBIM 4YaCTHLA MOXeT YHTH Ha OecKoHey-
HOCTB.

Ha npuMepe gacTuus! B 0fHOMEPHOH NOTEHHHAJbHOH fMe pac-
CMOTPHM BOIPOC O KJACCHYECKOM INpejiesle KBAHTOBHIX CTalHOHap-
HEIX cocrosiHuil. [las BeuHcaeHus npenpena (14.15) yno6Ho ucnosn-
30BaThb ACHMITOTHYeCKHH BHJI pelueHusi ypaBHeHHs [llpenmnrepa
npd A ->0. MeToAB HOCTPOEHHS ACHMITOTHYECKHX peIleHHH ypas-
Henus Ulpenunrepa mpu £ — 0 HOcAT HasBaHHe KBA3HKJIACCHUECKHX
MeTonoB. Mbl NIpHMEHHM OAMH H3 TaKUX METOXOB — MeToll BeH-
nens, Kpamepca, bpuanosna (BKB).

Ypasueune lllpenunrepa sanuuieM B Buie

E — V(x)

Y+ v =0. (5)
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31ech, KaK H Npexae, Mbl HCHOJAb3YEM CHCTEMY €JMHHI, B KOTOpOH
X

S g (x) dx], MOJIyYHM yPaBHEHHe

m = 1/2. Tlonarast 1 (x) = exp [—hl-
Xo

aast GyHKuuy g (x)

ihg' — g+ E—V=0. (6)
Pemrenne sroro ypaBHeHHsi GyJeM HCKaTb B BHJE pAxa mo cre-
neuaM hfi
h k
g (x)= }: (4) gw. (7)
k=0

IToncrasass (7) B (5), HMeeM

oo © n
-5 (Y =5 5 (4w siE-v=o
n=1 n=1 k=0 .

[IpupasuuBasi kKosthduuueHtsr npu (A/i)", NOAYYAM CHCTEMY
PEKKYPEHTHBIX YpaBHeHHH s GYHKUUH gy (X):

g=E—V, (8)

o =" 2 &ln ©)
W3 (8) naxomum go(x)

go(x) =+ VE—V (x)= = p(x).

3pech p(x) npu E = V(x) ecTh kaaccuueckoe BLIpaXKeHHE AN
abcosIOTHOH BeJIMYMHBL UMHYJbCAa YacTHUB ¢ 3Hepruell E B noJje
V(x). llpu E << V(x) ¢yHKunst p(x) CTaHOBHTCH YHCTO MHHMOH.
ITonaras n == 1, u3 (9) nonyuaem

, 1
g0=—2g0g1’ g1=—'§"§'0'=—"2" ax lnlp(x)l

OFpaHHlIHBaHCb TUMH WJeHAMH pas3JioXeHHS (7), MOJYYUM ACHMa
NTOTHYECKHA BHJ NPH A->0 piasi ABYX JHHEHHO-HE3aBUCHMBIX pes
LIeHuii ypaBHeHUH I[Ipelmﬂrepa

¢1,2(x)=WeXP [:‘I‘;; SP(X) dx]+0(h) (10)

tpu p(x) 5= 0. Oyukuun (10) mnorma HaswBalor BKDB-pemenusivmu
ypaBuenus Ulpenunrepa.

Tounas Teopusi Mmeroga BKB poBoabno cnoxua. MsBecTHo, 4to
psin (7) B obueM cayuae pacXoiuTcs ¥ IpeAcTaBaser cofoll acum-
nroruueckuii psjg. KoHneuHoe 4HCIO YJeHOB 5TOro psifa NO3BOJSET
NOCTPOUTD Xopoulee OpubAHKeHHe AAS (GYHKHHM 1, €CJIH JOCTOSH-
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Hywo Il1anka A MOXHO CYUHTATb MOCTATOYHO MAJOfl B YCAOBHUAX KOH-
KPETHOH 3ajauu.
B nanbueiimem GymeMm cuutaTh, 4To noreHnHan V(x)= 0 npu
[x|= a u nycrs E < 0. [Ipeanonoxum, to npu minV(x) < E < 0
X

uMeercsl ABe TOYKH X1 H Xp (—a << x1 < X << @), YAOBJIETBOPSIO-
mwHe ycaoBuw E— V(x)= 0. 3to Tak HaspBaeMble TOYKH IMOBO-
poTa, B KOTOPHX YaCTHLA, COTJIACHO KJACCHYECKOH MexaHHKe Me-
HAeT HampaBJieHHe [BHXKeHHSl Ha HOporuBonoJoxuoe. Herpynuo
MOHATb, YTO B KJACCHYeCKH 3anpelieHHofl oGaacty (x << x; Wy
x >>x) oxHo u3 BKDB-pemenuit skcnoHeHUHaJbHO BO3pacraert,
a BTOpoe — 3aTyxXaeT NHpH yJIaJeHuHd OT TOYKH NOBOPOTAa B ray6b
sanpemenHo#t oGaactu. Ilpu |x| > a BKD-pewmenus cosnagawor
¢ TOYHBIMH U HMEIOT BUJ e* **, rpe £ = —x2 BcnomuuM, uro co6-
cTBeHHAs (YHKUHS IHCKPETHOrO cleKTpa onepatopa H 3KCIOHEH-
HaJbHO yOBIBaeT NpH x —> 4=co, [lpn A—> 0 cobcTBeHnas GyHKUHSA
B paspemieHHO# 06J1aCTH J0JKHA COBNajaTh C HEKOTOPOH JHHER-
Hoit koMmGunanueii BKB-pemennit Ciy; 4 Capo. ITocTpoenne raxoi
JUHEeHHOH KOMOHMHALMU SABJSETCH CPABHUTENBHO CHOXKHOH 3ajaued,
tak Kak BKDB-pemenns tepsior cMblca B TOYKax noBopora. MoxkHO
HoKasaTb, YTO YCJ0BUfl YObIBaHHA (yHKIHH P(X) npa x——co
BHIIIOJHSIIOTCS, €CJH

\p(x)=7;£(_;sm(% Sp(x)dx+—})+0(h). 1y

Xt

AHaJIOrHYHO H3 yCJNOBHE YGBIBAHHS NPH x-> 00 CJAEAyeT, YTo
X
C’ . 1 T
$9=—Esin (;S P9 dx+ T)+ om. (12

OTu 1Ba BulpakeHHs sl P(x) COBHAfAIT, €CIH

X2

Sp(x)dx=nh(n +g) n=0,1,2 ... (13)

X1

Yecnosue (13) ompenensier coGCTBeHHEIE 3HAYEHHS] SHEPTUH B KBa-
3HKJacCHUYeCKOM NPHOJMXKEHHH H COOTBETCTBYET NPABHJY KBaHTO-
BaHusi Bopa — 3omMepdenbra B cTapoil KBaHTOBOH TEOPHH.
[TepefineM K BHIYHCIEHHIO KJAaCCHUECKOrO INpeaesa KBAaHTOBOLO
cocrosinua. IIpemen nmpu h—0 MOXKHO HaXOZHThb NPH PasIHUHHX
ycioBusix. MoXHO, HanpuMep, PaccMOTPeTb COCTOSIHHE, COOTBET-
CTByIOLllee COOCTBEHHOMY 3HauenHio sHeprun E, mpu ¢HRCHpPOBAH-
HOM 3HauYeHuH yucaa n u3 ycaosusa (13). Jlerko sujperd, yTo TOrAa
E,—»Vy=minV(x) npu h->0 n B npejeje NOAYYHTCH COCTOSHHE
X

nmokosileficsl YacTHLE HA JiHe MOTEHUMAJbHON AMbl. Mb pasGepem
Gojiee HHTepeCHMH cayuai: h—>0, n— oo, a aneprus E ocraercs
MOCTOAHHOMA, (3aMeTHM, YTO B JAHHOM cjyyae HHTErpaj B JeBOH
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yactu (13) or h He 3aBucut u h—> 0, npoberas HeKOTOPyIO Mocje-
JpoBateJbHocTh 3HaueHuit.) [loxcrasasigs B dopmyay (14.15) acum-
nroTHueckoe BeipaxeHnue (11) ans ¢ (x), moaydum

F (1, 1) =5z lim  (x +- k) § () =

x+-uh
Cc . 1 T
=i e (F RS T) X
1 x+-hu
X sm( xS p(x) dx + ) p(x) Ll_%[cos(ﬁ § p ) dx) —

x+t-uh X
—-cos(—}; S p(x)dx—!——;—Sp(x)dx—}—-g—)].

X1

Bce HOpMHpPOBOUHLIE MHOXHTeJNH MbBl 06Go3HauaeM Gyksoft C. Ilpe-
JeJl BTOPOro cJaraeMoro B cMblcje o8oOuIeHHHIX (yHKLH#l paBeH
HyJIO, MO3TOMY

Fix, u)=

((:x) cos (p (x) w).

Hcnonwpsys (14.16), nainem OQyHKUHIO DacnpeleseHHsi AJfl IIpe-
JIeJIbHOr0 KJaCCHYECKOrO COCTOSIHHSA

oo

. C
ele. V=717 S e~ cos (p(q)u) du==

00

. 00
_.._C__ S —ipu (pir (@) u —ip(qu
=2 coe (e +e Y du,

ORoHYaTeNbHO n'o.nyun
elg, p=- (q) @ 8 —p @) +8(p+ pa)]- (14)

Cocrosinue, onuchiBaemoe GyHkuueir p(q, p), WMeeT OUYeHb Mpo-
cTofi cMeIcH. B 3TOM COCTOSIHHH IJIOTHOCTb (YHKUHH paclpejese-
Hus KOOPAHHATH OGPAaTHO NPOHOPIUHOHANBHA KJACCHUECKOH CKO-
POCTH 4YaCTHIB, & HMIYJbC YaCTHIH B TOYKE ¢ C paBHOH Bepodrt-
BOCTbIO MOXeT NPHHHMAaTb IBa 3HaueHus —=+p(q). Popmyna (14)
6bl1a moJydeHa ;s paspemieHHod o6nacrd. HerpymHo Takum ke
cnoco6oM NMpoBepuTb, YTO B 3ampelleHHo#t obaacta p(q, p)= 0.

§ 21. TpexmepHbie 3aJa4id KBAHTOBOH MEXaHHKH.
Tpexmepuas ceoGoaHas yacTuua

Onepatop llpenunrepa ajas CBOGOLHOH WacTHubl B KOOPAHHAT-
BOM IIPeACTaBJICHHH HMeeT BHI

h2
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YpaBHeHHe 115 coGcrBeHHBIX QyHKUMA (npy h =1, m = 1/2)

—AMp=k2p, E=k>0 P)
uMeer pemenuﬁ

3
1 \7 ;
Py (X)=(—2;) eikx, 3)
HopMupOBOYHAS KOHCTAHTA BHOpAaHA H3 YCJOBHS

{4 0, W ax =5k — K.
R3
Mbl BHAHM, 4TO CHeKTp omepatopa H siBIfeTcsl IOJOKHTENb-
HHIM, HelpepHBHLIM, GeCKOHeYHOKpaTHEIM. KaXkjoMy HampaBJeHHIO
BekTopa k coorBercTByeT cobcTBeHHas GyHKUuA (3) ¢ coGCTBeH-
HHIM 3HaueHueM k2. HOSTOMy co6cTBeHHBIX  (QYHKUHE CTOJBKO,
CKOJIBKO TOYEK Ha €AHHHYHOI cdepe.
Pemenne 3agaun Komn a9 HecranupoHapHoro ypasHeHus [lpe-
IUHTEepa

P2y, pO)=0,

KaK B B OAHOMEpHOM cJyuae, Jierue BCeroc MmoJy4HTb B UMIYJbCHOM -
npeacraBJeHun:

P22 D o, ), (e 0=0(p).
OueBuano, 4ro
¥ (p, ) =g (p)e 7",
ITepexoast K KOOPAHHATHOMY INPEJCTAaBJEHHIO, HOJYYHM

3
v )=(5)" Jome o= dp= { o) b, (e~ dk.
RCI Rx

Tak xe, KaK H B OJHOMepHOM cJyuae, GYHKUHH P(X,{) uan
\p(p, t) onuchBaOT WHOHHHTHOE [BHXKEHHE YaCTHIBI C He3aBHCH-
el OT BpeMeHH q)ynxuueﬁ pacnpejeseHdss umnyasca. Mcnonabsys
MeToJ CTaluoHapHOH (ha3bl, MOXKHO NOKaszaTh, 4YTO 06JacTh, B KO-
TOpO#i BeJIHKa BEPOSITHOCTb OGHAPYXKHUTb YACTHIY, NepeMellaercs
C KJacCHUECKOR CKOPOCTbIO V = 2py (MBI CUHTAEM, UTO HOCHTE]b
¢ynkuun @(p) cocperoToueH B OKPECTHOCTH TOYKH pPo). CmpaBen-
JIIBa OLEHKa '

l‘llJ(X, t4|< (t[

rie C— Hekoropas mocrosiHHasA. HakoHen, Kak ¥ B OXHOMepHOM
cayyae,

lim (&, $(#)=0

t-» 00

Ias aoboro & e J6.
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§ 22. TpexmepHas yacTHna B MOTEeHUHAJBHOM noJje

Oneparop lIpexunrepa mjsl 4acTHUbl B NOTEHUUAJBHOM TOJe€
B KOODJIHHATHOM HpEACTaBJEHHH HMEeT BHJ

H=—1 AtV (x).

BaxHocTb 3ajaud O [BHXKEHHH YacCTHLIb B IIOTEHUHAJBHOM I0Je
oObsicHfieTcs TeM, 4TO K Hefi cBopuTcs (KaK H B KJIaCCHYECKOM
MeXaHHKe) 3ajaya o [BUXKEeHHH aByX Tes. IlokaxeM, Kak 310
nenaercs B KBaHTOBOM MexaHHKe. PaccMoTpuM cHcTeMy JABYX uac-
THIL ¢ MacCaMH m; H My, B3aUMOXEHCTBHE MEXAY KOTOPLIMH OIH-
colBaeTcss moreHuHasgoM V (X, — Xp). 3anumem onepartop lpenun-
repa 5ToH CHCTeMBI B KOOPAHHATHOM NpEJCTaBJeHHH

h? h?
H=—mA1 ——2m—2A2+V(X1-X2).

3nece A; u Aps—onepartopnl Jlanmjaca 1m0 KoopaHHataM nepBoi
# BTOPOfi 4acTHIL COOTBETCTBEHHO.
BBeneM HoBble NepeMeHHbIE

X — miXy =+ maXy

m+my ' X=X X

X—-KOOleHHaTb! feHrpa HHEepUHH CHCTEMBl, 8 X-— OTHOCHTEJIbHEIE
KOODIHHATHL. C nmoMouipo IPOCTHIX BBIUHCJICHHH NOoJIy4uM BbIDaXKe-
HHe nJad H B HOBBHIX nepeMeHHbIX!

h2

A2
H=—WAX—'§E’—AX+V(X).

3necr M = my 4 my — nonHag mMacca CHCTEMBl, a W = mymsf (m;
- mg)— Tak HasblBaemas NpHBeNeHHas Macca. IlepBoe ciaraemoe
B H Moxer 6bITb HCTOJIKOBAHO KaK OMEPaTOp KHHETHUECKOH IHep-
THH LEHTPA HHEPUHH CHCTEMbl, a ONeparTop
h2
H=— o A4V (x)

aBasiercs oneparopoM IlIpeaunrepa nJs OTHOCHTENBHOrO JIBHXKe-
Hus. B ypaBHeHn#
HY = E¥Y

NepeMeHHBle Pa3AeNsIoTCs, H pelleHHs TaKOro yPaBHEHHS MOXKHO

HCKaTb B BHJE
¥ (X, x) =19 (X) P (x).
CDyﬂKan P(X) # P(x) ymoBaerBopsilor ypaBHeHHaM (h == 1)

— 53 A (X) = e (X),
- gu—mp, X) + V (x) $; (x) =21y (x),
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fipuueM E = e - e,. TlepBoe W3 5THX ypaBHeHHH HMeeT pelleHHS

3
1 Y2 . K2
b X =(3z)" % gr==

3ajaya CBOJHUTCS K peIIeHHIO BTOPOro YpPaBHEHHS, KOTOpoe o
dopme coBnagaer ¢ ypaBHenueM lllpenunrepa aas yacTHUbl ¢ Mac-
coft p B moreHuHasabHoM node V(x). OTMeruM, 4TO CIEKTP omepa-
tropa H siBasieTcs Bcerja HeNPePbIBHBIM, TAK KaK HENPEPHIBHBIM SB-

. 1
JISIeTCS CIIeKTp omeparopa — WA‘

HauGoJsee BaxKHBIM C/1yuyaeM 3aJa4#d O JBHXKEHHH YACTHLH B HO-
TEHUHAJBHOM II0JIe ABJSETCA 3aJaya O ABHXKEHUH B NoJe CHJIOBOro
uentpa. B stom cayuae norenunan V(x)==V(|x|) saBHCHT ToJbKO
or |x|==r. K 3agaue o meHTPaJpbHOM NOJe CBOAHTCS 3ajaya JBYX
YacTull, €cId HOTeHUH#aJ B3aUMOReHCTBHS 3aBHCHT TOJbKO OT pac-
CTOSIHHSA Mexay uacrHmamu. [Ipexkne ueM mepexoiHTh K PaccMoT-
peHHI0 3TOoll 3ajmaud, Mbl H3yYHM CBOHCTBA MOMEHTa HMIIyJbCa
# HEeKOTOpBle BOIIPOCH H3 TEeOPHH MpeACTaBJeHHH Tpynnsl Bpalie-
Huf, YTO MO3BOJHT HaM SIBHO yueCTh ChepHUeCKyld CHMMETPHIO
3ajJlayH.

§ 23. Moment umnyanca

B kBaHTOBO#i MexXaHHKe oOnepaTopbl NpOeKHHH MOMeHTa HM-
nynasca onpepensitorca dbopmynamu

Ly=QyP3—~ Qépz,
Ly == Q3Py — Q1 Ps, (1)
L3==Q Py — QyPy.
BBeeneM enie oJfHY HabJiojaeMylo, KoTopasi Has3plBaeTci KBaj-
paToM MOMeHTa MMHYyJbca
L’=Li+ L3+ L3 @)

Haifiem mnepectaHOBOYHHE COOTHOLICHHS AJfl omepaTopoB L,
Ls, Ly u L2 Hcnonesys cootHomeHusi I'efizenGepra [Q;, Pr] =
= i{0jx ¥ CBOHCTBa KOMMYTaTOPOB, NOJYUYHM

(L, L2]= [QeP3 — Q3Py, Q3P “Q1P3]=
= QP [P3, Q3] + Q1P [Qs, P3]=1i(Q1Py — QoP) =iLs.

Takum o6Gpasom, onepatopel Ly, Ly, Ly yA0BAETBOPSIOT CJeNYIOMIUM
nepecTaHOBOYHBIM COOTHOLICHHSAM:

[Ll’ L2] = iLS’
[Ly, Lg] =iy, (3)
[L3, L]] = iLg.
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Herpynso npoBepnTts, uto Bee oneparopnl Ly, Lg, L3 KOMMYTH~
pylor ¢ L?
[L; L*]=0, i=1, 2, 3. 4)
JeficTBHTENBHO,

[Ly, L)=[Ly, LT+ L3+ Li)=[L,, L)+ Ly, LE]=
=[Ly, Lo}Lo 4 Lo[Ly, Lo] 4+ [L1, Ls] L3+ Ls[Ly, L] =
= iL3L2 + iL2L3 _ iL2L3 —_ iL3L2 - 0.

[Tpn BHIYHCIEHHAH HCNOJB30BAJHCh CBOMCTBA KOMMYTaTOPOB H (op-
MyJsl (3).

s nepecranoBouHbiX cooTHoweH#H (3) u (4) caenyer, uto
NPOEKUHH MOMEHTa HMNyJbca He SABJAIOTCH OJXHOBPEMEHHO H3Mes
pUMBIMH BeJuunHaMH. OQHOBpeMeHHO H3MepeHBl MOryT ObITb KBajs
paT MOMEHTA MMIOyJibca H OJHA H3 €ro npoekuui.

BrinumeM onepaTopel HPOeKUHH MOMEHTa HUMIYJbCa B KOODAHUs
HATHOM NPeACTaBJCHUH

, d d
Ll =1 ()C3 a)C2 2 a)C3
d i)
Ly=i (xl Fr e Yy
0
Yo gy — 19

Herpynuo yGenputeesd, uto omepatopnl Ly, Ls, Ls nefictByror
TOJBKO HA YIJIOBble mepeMeHHble (GyHKuumu P (x). elCTBHTENBHO,
ecad (yHKuust ¢ 3aBHCHT TOJBKO OT 1, TO

L31p(r)=i(x2£ xlaxz)\b(x+x2+x)=
= i (] + 6 + x3) (% + 2%, — %, 2¢,) =0,

Jas panbHeiillero noJesHoil okaxercs dopmyna

1
A=r2 ar )_T’. ! (5)

KOTOPYIO Mbl TOXe IIPOBEPHM B JeKapTOBHX KOOpAHHaTax. JJis
9TOTO BHIUHCAHM omepatop —L2?, ucmosib3ys obo3HaueHus x, y, 2
A MPOeKIHH X:

0 ad \2 0 d \2 0 d \2
— 2= (x5~ 55) +(y5*26—) +(egr—x55) =
2 2 2 _0? 2 0% g 0
=@+t +2) (L +2s ayz +gor) — ¥ gy — gy — 2
0 0 a

02 02 92
—2%Y Froy Ox dy —2yz ayaz_2 azox_ng_Q-’/Tﬁ"QzﬁZ'

—
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VuureiBasg coorHOUIeHHA

0 ad 0 0
rar =*gy Tvg;+25

(r2) =vZa+v ,+z“’2+x byt

a? a2
+ 2xy 6x6y + 29z dy oz + 22x dz0x "’

noayuum — L2=r2A — (ar) '———=r2A—-—(

§ 24. I'pynna Bpamenu#

OGosnaunm uyepez (G COBOKYNHOCTb BCeX BpaIeHHH NpOCTpaH-
crBa. R® Bokpyr Hauasma koopiamuar. Kaxkpoe BpamieHue g G
nopoxaaeT JuHefiHoe npeo6pa3oBaHHe TPEXMePHOro NPOCTPAHCTBA

x’ = gx,

rae tenepb Mb OykBoH g o6osHaunan Marpuny |l g ll, KoTtopas
Ha3LIBaeTC MaTpHueil BpameHHsd. XOpowlo H3BECTHO, YTO g SB-
JAfieTcsl opToroHasbHoM Matpuuell u det g = 1. BepHo u o6patHoe:
KaxJoH TaKo#fl MaTpHIe COOTBETCTBYeT OlpeJe]eHHOe BpalleHHe.
[TostoMy B paabHeiileM Mbl GyjeM OTOXJECTBIATb BpPALIEHHS .
# HX MaTpuunl. ['pynma BediecTBEHHBIX OPTOTOHAJBHBIX MaTPHL
TPETbero Iopsiika ¢ oNpejesHTeNeM, PaBHHIM eIHHUIE, Ha3bBaeTcs
rpynnoft SO(3) unu rpynnol BpallleHHi.

CyliecTByeT HECKOJbKO CHOCOG0OB IapaMeTpH3aluM BpallleHHH,
Tak, B TeopeTHueckoH MeXaHHKe YacTO HCIOJb3YIOTcH LBl JH-
nepa. Has vamux ueneft HauboJjee yno6Ho 3ajnaBath BpalieHHe
BEKTOPOM a = na (|n|==1), KoTopsll HanpaBJeH N0 OCH BpaIle-
HUS N U JAJHHA KOTOPOro oo paBHa yrJay nosopora. [lpu stom cum-
Taercsl, YTO HanpaBJieHHe BpallleHHsl H HalpaBJeHHEC BeKTopa a
o6pasyioT npaBbli BHHT, H YroJ NOBOpOTa a He IPEBOCXOJHT
(0 << a << m). Ecu oTKAanbIBaTh BEKTOPH a OT OJHOH TQUKH, TO
HX KOHIB OYIYT 3amOJHATH Wap pannyca m. PasinyHbiM BHyTpeH-
HUM TOYKAaM 3TOro mapa OyAyT COOTBETCTBOBATb DPAasjuyHblEe Bpa-
HIeHHS, 4 AHAMETPaJIbHO NPOTHBOMOJOXKHEIM TOYKAM TPAHHIBEI — .
OJIHHAKOBBIE BpallleHusl.

TakuM o6pasoM, rpynna BpalleHHH TONOJOrHYeCKH 3KBHBA-
JeHTHa Iapy, Yy KOTOPOro OTOXJEeCTBJEHE HPOTHBONOJOXKHLIE
TOYKH T'PaHHLHL.

YeTaHOBHM CBf3b MeXJy TpYyNnol Bpaluenuit u anreGpoit Jiu
KOCOCHMMETPHUYECKHX MaTpHIl Tperbero NopsjKa.

Marpuna A HasbiBaeTcs KOCOCHMMeTpHUYeckoit, ecan A’ = —A.
fIpousBosbHAs KOCOCHMMETpPHUeCKass MaTpula 3ajaercsd Tpems
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napaMerpaMyd U UMeET BUL

0 ay Q3
A=| — a2 0 Qo3 |-
~a3 —ag 0

COBOKYNMHOCTb KOCOCHMMETPHUYECKHX MAaTPHIl CTAHOBHUTCH ajrel-
poit Jlu, eciu B KayecTBe JIHEBCKOH ONepalUH B3fITh KOMMYTAaTOp
[A,B]. 3ro yTBepxKAeHWe cJaeiyer H3 CBOHCTB KOMMYTaTOPOB
u paBenctBa [A,B]’ = —[A, B]. llocaensHee nposepsiercs Hero-

CPEICTBEHHO:

[A, BY =(AB— BAY =B’A" — A'B"=BA— AB=—[A, B].

B kauectBe oGpasywomux agarebpu JIu yazoOHO BHOparh Mart-

pHIBL
0 0O 0 0 0 1 0
A1=(O 0 ——1), A2=( 00 O), A3=(1
0 I 0 -1 0 0 0

-1 0
0 'O).
0 0

Jlio6asi kococHMMeTpHuecKasi MaTpHuUa MoXeT OBITb IpeAcTaBJieHa

B BHle
A(a) = a1 A, + a, 45 + a34s.

Halinem nepecraHOBOUHBIE COOTHOLIEHHS AJafl Marpuu A, A,

bit A3
[Al, /42] = A1A2 — A A =

00 0 01 0 0
~(1 0 0)~(o 0 0)-(:
N0 0 0 00 0 0

H HCKOMbl€ COOTHOIUEHHUH HMEIOT BHJ

[Alv A2] = AS’
[Az, A3] = A,
[.A3, Al] = Az.

HenocpencreenHo Moxet 6bITh mpoBepeHa dopMyaa

[A(a), A(b)]=A(aXD).

0
'0)=A3,
0 s

(1

Paccmorpum Matpuny e®%:. Jlas Toro 4tobbl NOJYYHTb SBHOE
BHIpaXKEeHHE K/ 9TOH MATPHIB], BHIYHCAHM IeJble CTelleHH Mart-

puns As

~1 0 0
Agz( 0 ~—1 0)=_i‘:3, Ag=—'/437 Ag=731 e

0 0 0
08



PacknajabiBas e B psaj MOJy4daM

a A 1)k a2k 2 (—1)EH 21
N i —-1+13Z ot Ay T~
n=0 k=1
=]4T(cosa— 1)+ A;sina
cosa —sina O
HJIH et =| sina cosa O
0 0 1

Mpb BHIHM, UTO €%4 gBjsfeTCS BpalleHHeM BOKPYr TpeTbeH ocH
Ha yroa a, T. e. g(0, 0, a) =%, AHAJOrHYHO INPOBEPSETCS, YTO
gla, 0, 0)=¢* u g(0, a, 0)=e*%, [laa BpallleHHfi BOKPYr OCH
KOOpAHHAT Mbl OyHeM HCIOJb30BaTh COKpallleHHoe 0603HaueHue
gi(ae), i=1,2 3.~

HNuduunresumaapapiMie 06pas3ylomuMy TPYHNbl BpalleHHi Ha-

3 ag(a)
BIBAIOTCH MATPHIBl — Ucnonssya dopMyas Aas Bpa-

a=0
mEeHHH BOKPYr OCeHl KOOPAHHAT, NOJTYUHM

dg (a) __ 9g(ay, 0, 0) _ 9enA
0(11 o 0(11 -

= Al'
a=0 a;=0 oay
AwnaJjorauso

a;=0

dg (a)

— 9g (a)
6(12 _ AQ )

Oag

=A3-

a=0 a=0

Mbl BHAHM, 4YTO KOCOCHMMeTpHuHHe Marpunbl A;, A, Az 98-
aa0Tcad HHQUHATE3UMAJbHEIME 06pa3yOINMHE TPYNNE BpalleHH.

Tenepb Mbl JIETKO MOXeM TMOJYYHTb (GOPMYNy IS HPOH3BOJb-
Horo BpauieHus g(ne). OueBHAHO, 4TO TNpoU3BeHeHHe BpalleHHH
BOKpYT OfiHOR OCH n Ha yrJbl o H B ecTb BpalieHHe Ha yroa o - f
BOKPYI TOH Xe OCH:

g (nB) g (na) =g (n(a 4 B8)).

Huddepenuupys 310 ToxkAecrBo Mo § u moJarasi f == 0, noayuum
(ni Ay + ne Ay + n3A3) g (na) = (ﬂ(l)

Mul naman auddepennnasbHoe ypaBHeHHe AJf g(na), KOTOpoE
HYXHO PellMTh NpH HAYaJIbHOM YC/IOBHH g(nO)— I. EnuscreenHoe
peleHne 3Toi 3afayn HMeeT BUJI

g (na) =exp [(mA + neds + n3A3) al. (2)

§ 25. [pencraBneHns rpynnbl BpaleHmHi

[pencrasjaenneM rpynnsl BpauieHdaft G B ruJjib6epToBOM INpOCT-
panctBe & HaswbBaercsl orobpaxkenne W, KOTOpoe KaXIoMy 3Je-
MeHTY g rpynns! G CTaBHT B COOTBETCTBHE OrPaHHUEHHBIH THHEHHBIH
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¥ HempephiBHO 3aBHcAmuil or g oneparop W(g) B npocrpan-
crBe & TaK, YTO BBHUIOJHSAIOTCS YCJOBHS

)y wW{h=1,

2) W(gig2)= Wi(g) W(ge).
B ycaosuu 1) caeBa / o3Hayaer eHHHYHOE BpallieHHe, a CupaBa —
eIMHHYHbIH oneparop B &. M3 yeaosuit 1) u 2) cpasy caenyer, 410

w(g™)=w"(g).

[TpencraBnenne HaspiBaeTcsi YHHTAPHBIM, €CJIH YHHUTapHHL Olie-
patopul W(g), 1. e. W*(g)= W-1(g).

B Teopum rpynm JpokasbiBaercsl, 4To Jwo6oe npencraBiieHHe
rpynnel BpalleHHH 5KBHBAJEHTHO HEKOTOPOMY YHHTADHOMY Ipej-
CTaBJIEHHIO, NMO3TOMY MOXHO OTPAaHHUHTHCH H3YUeHHEM YHHMTapHBIX
npecraBJeHn .

HanoMuuM jBa 5KBUBaJIeHTHBIX ONpENENEHHS HENPUBOIAHMOrO
npejCTaBJIeHHS:

1) npexcraBieHHe Ha3blBaeTCH HENPHBOAHMBIM, €CJH HE CyIe-

CTByeT omepatopa, orauudoro ot CJ, KOTOPBHII KOMMYTHPO-
. BaJ 6bl co BceMu omepatopamu W(g);
2) npexncraBjieHHe Ha3blBaeTcsl HENPHUBOJIHMBIM, €CJIH B IPOCT-
paHcrtBe & He CyIeCTBYeT NOANPOCTpaHCTBA &y, HHBAPHAHT-
HOT'O OTHOCHTEJbHO nelcTBHA onepaTtopoB W (g).

Jlerko mocrpouTh npencTaBleHHe TPYNNBl BPalIeHHH B IPOCT-
paHctBe cocrosinufl yactHusl 6 = L2(R3). Ias 3rtoro ompemenum
oneparops W(g) dopmynoit

W (g) b (x) =¥ (g~ 'x). 1)
Yenosue 1) omnpeneseHHs NpencTaBJeHHS OYEBHAHO, ycjioBue 2)
npoBepsieTcs caenynomuM o6pa3oM:
W (g.8) v x)=¥(g7'gr'x)=W (g,) ¥ (g5'x)=W (g,) W (g,) b (x).

Onepatop W (g) orobpaxaiT # Ha F# B3aUMHO OJHO3HAYHO,
II09TOMY AJS NPOBEPKH YHHTAPHOCTH JAOCTaTOYHO YBeauThesl, 4TO
OHH COXpPaHSIOT HOPMY BEKTopa 1:

1w @ el = {190 pax={1vx) Pax=]v
:¥ rR
rie ucnoanzoBaHo paseHcTBo detg = 1. Ilokaxem, uro cmpasen-
nuBa dopmyJa
W (a) ==exp [— i (Lyay + Loaz 4 Laas)]. 2
3necs Mb oGosnauuau W(g(a)) uepes W(a), Li, Ly, L — npoek-
UM MoMeHTa HMnydbca. Jlns nokasartenncrsa dopMmynan (2) pac-
CMOTPHM CHayaJja BpallleHHe BOKPYF TpeTbell OCH W NOKaXKeM, 4To
WS (a) —_ e—ilna
HJH, YTO SKBHBAJEHTHO,

¥ (g5 (0) X) = e~ib%4p (x) @)
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NpH MPOU3BOJNBHOR Y (X)&= 6. Mbl NpoBepHM ClpaBeaJHBOCThL MO-
CJIeHEr0 PaBEHCTBA, ec/iu ybenumcs, 4To GYHKUHH B JieBOH H npa-
BOl YacTAX ero YAOBJIETBOPSIIOT ONHOMY H TOMY 3Ke YpaBHeHHIO
¢ OJHHAKOBLIMM HAaYaJIbHBIMH YCJOBHSIMH,

Oyuknus
P (x, a) = e~ (x)
OYeBHHO, YAOBJECTBOPSIET ypaBHEHHUIO

oY (x, a) —

oa - lLs‘b (X, (l)

HJIH HO}IPOéHee
alb X, a) E — 1

dyukuus, croauas B JeBofl yacTH (3), Koropylo MH 0003Ha-
yuM depes P (X, o), HMeeT BHI

Y (X, o) =P (x;cosa+ xysina, — x;sina -4 xycosa, x3).

[MposepuM, 4TO 3Ta (PYHKUHUS YAOBJETBOPSET ypaBHeHHIO (4):

oy 9y, . oy o
3a = Gr (— X1 sina+ 6 c0sa) + - (— x) cosa — xp sina),
ap, . Y oy .
Xo Gy X2 gy COSO— 42 5 - sina,
oy __ . Oy . o
X1, = %15, Sina+x, 5 -cosa,

OTKyZa CJeflyer cnpaBeiJHBOCTb (4) anst ¢yskuuu $, (x, o). Ha-
KoHen, o6e (YHKIHMH YAOBJIETBOPSIIOT OAHHAKOBOMY HAa4aJbHOMY

YCJIOBHIO
¥ (x, 0) =1 (x, 0) =¥ (x).
Takum o6pas3oM, onepaTopbl BpallleHHH BOKPYr ocedl KOOpZHHAT

HMelT BHJ

W, @=e"""  j=1, 2, 3. (5)
HHaduuureaumasibable Oneparopsl HpeAcTaBJeHHS Cpasy HaXOAATCS
u3 dopmyan (5)

oW (a)

aaj

oW, (a)
— da

= —iL,.
=0 !

Janee, 6yKBa/JbHO MOBTOPSA PACCyXKAeHHS, KOTOpble MPHBEJH
Hac K ¢opmyae (24.2), mb mosyuuMm (2). O6paTuM BHHMaHHe Ha
TO, UTO onepaTopnl —iL; UMEIOT Te e NepecTaHOBOUHBIE COOTHO-
wenHsi, yTo U Matpuue A; j=1, 2, 3. JleficrBurenbHo, H3

’ [Lh L2] = lLa
cjenyer, 4ro .
[— Z.LI, -1L2]= —Z.La.
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B teopuu rpynn IZoKasniBaercsi, 4TO NEpECTAHOBOYHHIE COOTHO-
IIEHHST MeXAY UHGUHUTE3HMAJIBHBIMH OlepaTOpPaMH MPEACTaBJEHHS
He 3aBHCAT OT Bbibopa mpeacraBJieHHs. DBosee Toro, eciu Kakue-
Au60 onepaTopbl B HEKOTOPOM MpocTpaHCTBe & YIOBJETBOPSIOT
TEM JKe IePECTAHOBOUHLIM COOTHOLIEHHAM, UTO U HHPHHHUTE3UMAJ b-
Hble o6pasyiomHe  CPYMHNbl, TO OHH ABJAITCA HHQUHHTE3HMaJb-
HBIMH ONEpPaTOpPAMH HEKOTOPOro MpeACTABJEHHSA, JAelCcTBYIOLLe-
o B &.

[IpuMeHHTeJbHO K TpyMNe BpalleHHH 3TO 03HAYaeT, YTO €CJH
MB HaigeM oneparopm M;, My, M, ynoBjaeTBOpAIOIIHE COOTHO-
wenuam: [My, My] = M;, [Ms, M3l = M,, [M3, M]= M, 10 MO-
JeM MoCTpOHTh NMpeacraBieHue W no dopmyae

W (a) = exp (\M; + a;M; + aaM3).

§ 26. Cdepuueckn-CHMMeETPHUYHbIE ONIEPATOPHI

Oneparop A Ha3biBaercfi cdepHyecKH-CHMMETPHUHBIM, €CITH OH
KOMMYTHpYeT Co BceMH oneparopamu W (g) npexpcrasieHus rpynubl
BpaleHul.

OueBunHO, uTOo omneparop A aBjfierci chepHUeCKH-CUMMETpHY-
by, ecan {A,L]=0,i=1, 2, 3.

[IpuBesem npumepsl chepHIECKH-CHMMETPHYHBIX OMEpaTOPOB.

1) Oneparop yMmuoxenus Ha ¢pyuxuuio f(r). B camom nene, Mbl
BHJEJIH, YTO ONepaTopsl MOMEHTAa MMIYJbca AEHCTBYIOT TOJBKO Ha
yrioBuie nepemeHnble. [Toaromy Lif (r) ¢ (x) = f(r)Lip (x) npu mpo-
H3BOJILHOH V) & 6.

2) Oneparop L2. CopepHueckas CHMMETpPHS 3TOrO ONepaTopa
cjleflyeT u3 TNOJNYUYEeHHBIX paHee cootHowenu#t [L% L;]=0, i=1,
2, 3.

3) OnepaTop KHHETHYECKOH B3Hepruu T=——217A. Cdepuue-

CKafi CHMMETpHSl 3TOr0 ONepaTopa Cpa3y BHIAHA B HMMNYJILCHOM
NpEeACTaBJIEHUH, B KOTOPOM OH SHBJISIETCS ONEpaTOPOM YMHOMKEHHS
Ha Qyuruuio p?/(2m). Oneparops MOMeHTa uMIyJabca L; B uM-
NyJIbCHOM HpEJCTaBJEHHH HMEIOT TOYHO TAKOH ¥Ke BUJ, KaK H B KO-
ODAMHATHOM.

4) Oneparop lllpexunrepa Anf YacTHUBI B IEeHTPAJbHOM I[OJ€

H=—s- A+ V()

KaK cymMMa JBYX chepHUeCKH-CHMMeTPHUYHBIX ONMepaTopoB.

. O6patHM BHHMaHMe Ha TO, YTO H3 CaMOTO CYyIeCTBOBaHHA cde-
pHUECKH-CHMMETPHYHBLIX ONepaTopoB, OTIHUHBIX or CI/, ciaexgyer
MPHBOJAHMOCTb TNOCTPOEHHOTO MNpEeACTABJIEHHA TPYNNbl BpalleHHH
B NPOCTPAHCTBE COCTOAHHH 6.

Brisicuum Tenepb oco6eHHocTH cneKrpa onepatopa [lpennnrepa
B IIeHTPaJbHOM MOJIe, CBfi3aHnHBe C ero chepHueckoll cnMMeTpHe.
Ilyerb — HeKQTOpHH COGCTBEHHBI BEKTOP, COOTBETCTBYIOLIHH
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co6CTBEHHOMY 3HaueHHIO E
H = EY.

HW (g)b=W (g) Hy = EW (g) ¥,

OTKyJda BHAHO, 4TO BeKTOop W (g){p TOXe ABJAercs COGCTBEHHLIM
BEeKTOpOM H, COOTBETCTBYIOUIUM TOMY Ke COGCTBEHHOMY 3HAUEHHIO,

Mbl BUAMM, YTO COGCTBEHHOE MOANPOCTPAHCTBO s oneparopa H,
COOTBETCTBYWOIlee COGCTBEHHOMY 3HauyeHHI L, sBJfeTcs HHBA-
pPHAHTHBIM OTHOCHTEJNbHO BpalleHHH (T. e. OTHOCHTEJbHO AeliCTBHA
oneparopoB W (g)). [IpeacraBnenne W rpynnel BpallleHHH B NpOCT-
paHCTBe 6 HHAyHupyeT npeacrasneHne Wy B moanpocrpaHcTBe e
g— Ws(g), rae We(g)— orpanuuenne onepatopa W(g) ua nox-
npocTpaHcTBO e (B HanbHeHlleM MBI GyJeM TO0Jb30BaThcs 060-
anaveddeM W(g) u ana omeparopoB Wg(g)). Moryr mnpeacra-
BHUTbCA ABa cJyuas: aubo npencraB/ieHue, HHAYIHPOBAHHOE B B,
AABJIIETCS HENPHUBOAMMBIM, JHOO Jfr COREpPIKUT HHBApHAHTHBIE OT-
HocuTtenbHo W (g) mnommpocrpaHCTBAa MeHblIell pasMepHOCTH, H
TOrZa 3TO NnpencrasJsieHHe OYAET 3KBHUBAJEHTHO NMPAMOH CyMMe He-
MPUBOAMMBIX HpeACTaBJEeHHH *.

Mbl BHAHM, YTO KPaTHOCTh COGCTBEHHOTO 3HAYeHHA C(epHUecKH-
cuMMerpuyHoro oneparopa lllpeauurepa Bcerma He MeHblie pas-
MEpPHOCTH HEKOTOPOTrO HEHNPHBOAMMOrO NMpPeACTaBJAEHHS TPYHRBl Bpa-
IleHHH H B NepBOM H3 YIOMSAHYTHIX CJYy4aeB COBNAafaeT C 3TOH
pasMepHOCTHIO.

[TosBnenne KpaTHBIX COGCTBEHHBIX 3HAUYEHHH 3HEepPruH B (PHU3UKe
Ha3LBAIOT BLIPOJKJEHHEM, a TaKue SHepreTHUYeCKHe YPOBHH BhI-
poxkneHHbMH. Eciim B KaxaoMm u3 COOGCTBEHHBIX NOAMPOCTPAHCTB
HHAYIHPOBAHHOE IpeACTaBJIeHHEe HENPUBOAHMMO, TG TOBODAT, UTO
oneparop H He uMeeT cJayualfHbIX BbpOXKaeHHH. B asrom cayuae
KPAaTHOCTh CHEKTpa MNOJHOCTbIO 0O0bAcHAeTcs BHIOpAHHON CHMMeT-
pueit sagaun. [lpn Hanuuuu cayuailHBIX BHIPOXKAEHHI, BO3IMOIKHO,
cyumecTtByer 6oJsiee Ooraras rpymnna cuMMerpdd ypaBHenus [lpe-
nuurepa. MiMeHHo Tak o6crour meno ¢ oneparopoM Ilpenuurepa
LJisi aTOMa BOJOPOAA, KOTOPBIH, KAK MBl YBHAHM, HMeeT CJayyaiHble
BLIPOXKAEHHS OTHOCHTEJIBHO TPYIIL BpalleHHH.

3ameTnM, UTO y clepHYeCKH-CHMMeTpHUHOro onepatopa H
C UHCTO TOYEYHBIM CMEeKTPOM CYLIECTBYIOT COGCTBEHHBIE 3HAUEHHS
CKOJIb yrozHo OoJblWwiofl KpaTtHOCTH. JlefiCTBUTENBHO, B 3TOM CJy-
yae Jf NpeACcTaBHMO B BHIE

=, DHe,D ... .

Torna

* 3pech MBI HCNOJIb3yeM H3BECTHYIO H3 TEODHH IPYNN TeOpeMmy:

ITycte 3agaHo yHHTapHOe npeicTaBleHue g — W(g) rpynnsl BpallleHHit B
ruib6epTOBOM mnpocTpancTBe &. Torga CymecTBYIOT KOHeYHOMEpHBE MOAMPO-
crpaHctBa &, &, ..., HHBapHaHTHBle OTHOcHTedbHO W(g), B KaxkIOM H3 KOTO-
peix npexcTaniende W HenpHBOAHMO. DTH NMOANPOCTPAHCIBA MONAPHO OPTOrO-
HaJbLHB, W HX CyMMa ecTb Bce &, T.e. & =&, D& D ... .
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C Apyro#i cTopoHHl,
H=3DH:D ...,

rie uepes B, oGo3HAuUeHHl MOANPOCTPAHCTBA, B KOTOPBIX JeH-
CTBYIOT HENpHBOJAMMbBbIEe MpeACTaBJIeHUs I'PyHnel BpalleHuil. Mayuasn
rakue npeacrasienusl B § 30, Mpl yBHAHM, UTO cpeaH B, UMelOTCA
MOANpPOCTpPAHCTBA CKOJIb yrogHo OoJbliofl pasMepuocrdH. Ho gmas
Jo6oro 4, xorda Oul ONHO H3 IHepeceyeHHH %nﬂ%,;k s& (J H TOrAa
COAEPKHUT H, LENHKOM, N03TOMY cobcTBeHHOE 3HavYeHHe E, nmeer
KpaTHOCTb He MEHbBUIYIO, YeM pPasMepHOCTb * Ff,.

Ecsou cHcreMa He HMeeT CJyuafiHbIX BBIPOXKAEHHH, TO COOCTBEH-
Hble 3HaueHHsi oneparopa H MOXHO KjaccH(HHHPOBaTL C I0-
MOUIBIO HENMPHBOAHMBIX NpeACTaBJieHUil rpynnsl G B TOM CMBICIeE,
4TO KaXJoe COOCTBEHHOE MOANPOCTPAHCTBO By fBJfieTcA H CO6-
CTBEHHBIM [OAIPOCTPAHCTBOM COOTBETCTBYIOUIErO IIpeicTaBJeHHA.
[TosTomy BakHOH npeAcTaBJAfeTcA 3afada O HAXOXAEHHH BceX He-
MPUBOAUMBIX MpPeLCTABJEHHH TpyNnbl BpamleHu#. DTHM BONPOCOM
MBI 3afiMeMcs B CJeAyIOUIUX nmaparpagax.

B sakmoyenue sToro maparpacda 3aMeTHM, YTO TaKyl CpPaBHH-
TeJbHO NMPOCTYIO 3a4ayy KBAHTOBOH MeXaHHKH, KaK 3ajlaua O ABH-
JKeHHH B LleHTPaJbHOM NHOJIe, MOXKHO 6BIIO 6Bl pemgTh BooOlle He
npueJjekas teopuu rpynn. Hama genbp Ha aToM npuMepe HokasaTs,
KaK NMpHMeHsleTci TeOpHfl TPYNN NpH pelleHHH KBAHTOBOMeXaHHYe-
CKHX 3ajnay. MukpoMmup (aToMbl, MOJIeKyJibl, KpHCTAJIIHYECKHE pe-
IIeTKH) BecbMa Gorar pasjMYHEIMH BHAaMH cHMMerpuu. Teopusd
npeicTaBJeHH#l Tpymn M03BOJISET C CAMOr0 HayaJja SIBHO YyuyecThb
3TH CBOHCTBa CHMMETPHUH, H 3aYaCTYIO TOJLKO IOAXOH, OCHOBaHHLIN
Ha TEOpHH TPYIH, M03BOJSET IOJYYaThb Ba’KHble pe3yJbTAaTH AJIf
OYeHb CJIOXKHBIX CHCTEM.

* OueHb NMPOCTBHIM TPUMEPOM ChepHUecKH -CHMMETPUIHOrO OmepaTopa ¢ YHCTO
TOYeUHHIM CIEKTpOM sBJsercs oneparop lllpeaunrepa nss TpexmepHoro rapmo-
HHYeCKOTO OCHHJLIASTOpA

Pi4+ P+ P o (@ + Q3+ QY)
- 2 + 2

HJH B KOOPDAHHATHOM Hpe}lCTaBJIeHHH
== A +2 5 s,

3azaua pasiesleHHeM HepeMeHHBIX CBOAMTCS K OXHOMEPHOMY CJydalo H AJs coG-
CTBEHHHIX 3HauYeHHH noJjydaercs dopmyia

3
Enlnzn3=(”1+”2 +”3+'2—) o, ny, g n3=0,1,2 ...

Kaxao#i Tpofike 4YHCeN Ny, Na, N3 COOTBETCTBYET COOCTBEHHH BEKTOp Yoynan, -

BugHo, 410 KpaTHOCTb COOCTBEHHBIX 3HaueHHit E npH E-» oo pacreT Heorpa-.
HHYEHHO.
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§ 27. NMpencrasaenne BpaeHH
VHHTapHBIMH MaTPHUZMH BTOPOro MopsjgKa

Mpr mocTpodM NpeAcTaBieHHe Ipynnbl BpallledHi G, peficTByio-
mee B npocrpaHcrBe C2 [lasi 3TOro BBejeM TPH CaMOCOMpSXKEH-
Hble MAaTPUHBI CO CJELOM, PaBHBIM HYJIO,

(o 1 (o -0\ 1 0
a=\1 o)’ =\ 0)’ °3=(0 —-1)'

ATty Mmarpuunbl HaseiBalorcd marpunamu Ilayau. Boiumcaunm nepe-
CTAHOBOYHEIE COOTHOIIEHHA AJA 3THX MAaTPHH:

i 0 —i 0 (1 0
[o1, 09] = 010y — 000, = 0 —i)—( 0 z)le(o —-1)’

T. e. [01, 02] = 2i03. AHaJIOTHYHO NpOBepsieTcs, 4TO
[o2, 03] = 2i0, [o3, 01] = 2i0,.

Herpyaro BuaeThb, yTo MaTpuusl —ig;/2, j=1, 2, 3 umeror ne-
pecTaHOBOYHBle COOTHOIIEHHSi TaKHe ¥Ke, KaK HHOHUHHTe3HMaJbHEIE
06pa3yollie TPyNIb Bpaulenus Aj:

[__ o, iO’z]_ _ oy
[ToaToMy MOXKHO TOCTPOMTb NpexcTaBiende g->U(g):

U(g)=exp [— % (o1a; + o909 + o‘aaa)] . (N

C.ﬂeﬂ.yET OTMeTHTb, YTO 3TO HPeAcTaBlicHHe He fBJAETCA NpeAcTaBlJieHHeM B
OGHIYHOM CMBbICJIe CJIOBA, TAaK KaK BMECTO

Ug)U(g:) = U(2:189) (2

U(g) U (g2)=oU(2.g2), 3)
rae ¢ = 1. B 370M HeTpyAHO yGeARHTbCS Ha NPOCTOM MpHMepe, COCIUTAB MpPO-
usBegenne U(g)U(g:2), The g, = g2 ecTb BpalllgHHe HA YrOJN 5 BOKPYT OCH X3

i

—in . )
—— 07l =2 07 = e 0
U(gl)U(g2)=e 2 e 2 = @ iO’Aﬂ= in =—1_
0 e

MBI 6yleM HMeTb

B 10 Xxe BpeMs no dopmyste (1) eAMHHYHOMY 3JIEMEHTY TPYHNH COOTBeT-
creyer U(0, 0, 0)= 1 Otobpaxenne g-»U(g), yRomlersopsiomee (3) mpn
|| = 1, HasbiBaeTCs TPOGKTHBUHIM NpeiCTaBJeHHEM C MyJbTHO/IHMKaTopoM. Ecau
MBI BCce-TAKH 3aXOTHM COXpaHuTh (2), TO ROJXKHB GyleM CUHTATh, YTO KaXKAOMY
BpAlleHHIO COOTBETCTBYeT ABe MaTunl U, orimualompecst sHakoM. B ¢usnke
TaKOrO POAA IPe/CTABJCHHs HA3LIBAIOT ABY3HAUHBIMH., DTH NPeACTaBJEHHs HIrPaloT
B KBAHTOBOH MeXaHHKe TAKYIO e Ba)KHYIO POJib, KaK M oObluHBEle, B nanbHefimem
MBl He GyleM MOAYEPKHBATb 3TO pa3jHuHe, 3aMeTHM elle, uTo MOSBJCHHE Ta-
KOTO pOAa MHpeAcTaBJeHH# OGBbsCHseTcs TeM, YTO TpYNNa BPalleHHd HEOAHO-
CBsi3HA.

Busicaum csoiicrBa Marpuy U(g). YHHTapHOCTL 3THX MaTpHH
OueBHJHA, TaK KaK 0; — caMocomnpsikeHHHe Marpuusl. Herpyano
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BHJETb, YTO ONpeesHTeqb STHX MaTpHll paBeH eauHuue. Jle#cTBH-
teabHo, U(g) uMeer BuA €5, rie S — caMOCONpsAXKEHHAS MaTpHua
cO CJIeJOM, PaBHLIM HYJI0. DTy MaTpHLy Bcerja MOXKHO TPHBECTH
K AHaroOHaJbHOMY BHAY MOJOGHBIM npeoO6pa3oBaHHeM H OHA MPHUMET
A 0
BHA (O 2 ) CoOOTBETCTBEHHO JHAaroHaJIbHBI BHA MAaTPHHH
e* 0
6y11e1‘( 0 e“i*)' Cnen # ompenesuTe/lb HHBAPHAHTHH OTHOCH-
TeJbHO NOZO6HOrO npeoGpasosanus, nosromy det U(g)=1.
Hajinem o6muit BUL YHHUTAPHBIX MATpHI C ONpefesHTelieM, paB-
HbIM efHHHHE. 3alullleM YCJIOBHE YHHTApHOCTH:

(a b)(d a) (ad—l—bE a5+bd) ;

¢c d)\p d) \ca+db ce+dd/

U3z pasencrsa ca -+ db =0 uaxognm, uro d = — %. H3 ycaosufi
detU=1wu ada+ bb=1 MOJIYYHM

—_edc o hatbh) = — £ —
ad — bc z be z (aa -+ bb) ; 1,

T, €. c=—2>, d=a.
Takum 006pa3oM, yHHTapHble MaTpHUbl C OMpeJe/HTeseM, DaB-
HBEIM efMHHIle, HMEeIOT BHJ

a b
v=(_% 7). rartiop=1.
—b a
I'pynna Takux MaTpull HasbiBaercs rpynmoi SU(2).

§ 28. NpencrasaeHne rpynmnsl BpameHHi
B MPOCTPAHCTBE LEJbIX AHAJHTHUYECKHX (hyHKIMi
ABYX KOMIJEKCHBIX NepeMeHHbIX

B sToM naparpade nmOCTpoMM Bce HENpHBOAHMBIE TpenCTaBJe-
HHUSI TPyNNn BpauieHuil. B KaueCcTBe NMpPOCTPAHCTBA NpPEACTABJCHHH
Mbl BbiGepeM THJAbGEPTOBO HpocTpaHcTBO Dy yHKuui [(E,n)
(t=C,neC) Buna

— gnlnnz
s = E Cﬂ.lcﬂ.z T, § Cnm.., P <
f(g 7]) W '\/n;'nzl K ml 2 ] < 00

CO CKaJIipDHBIM NMpOoH3BeAcHHEM

(1 @) =—r [ FE&MEE Me 1t 10" dp ) du ().

106



Touno Tak xe, kak B § 19, nposepsiercs, uto dyukunn f,, =
Ny N2

= f/% 06pa3yloT OPTOHOPMHPOBAHHBIA 0a3HC B 3TOM GPOCTPaH-
nying!

CTBE (fnn, foraY=09, 0, ,. VYuuThHBas CBA3b MeXAy rpynnamu
g "M% 1"1 "o
SO(3) u SU(2), Mpl MOXKEM CTPOHTb MpEACTABJEHHe CPYMIbI

SU(2). B naneHeitmem yno6uo f(§ n) o6osnauars Yepes f(L), rae
= ( Tg] ) e C% Orobpaxenune U— W (U) onpegentm dopmyJiok

WU F)=1(U"g). (1)

Mupl 6ynem »Tn omeparopnl 00603HauaTh Takxe depes W(a) wunu
W(g), a onepatopnl BpauleHU#l BOKpyr oceil uepes W;(a), j=1,
2,3

Yro6b nmonyuuth BhipaxeHue aas W(g), nadnem HHGUHUTE3H-
MaJbHble OTepaTOpbl MpPeJCTaBJIEHUS, KOTOpble OGO3HAUMM Uepe3
—iM;, j=1,2,3

— M Q) = W ()|, f () =22

f(©)=
=0

«Laa
=L U @) lymo = ] (2

_0f dt(a) _l__if_ dn (0)
6§ Tdu a=0 on  do  |geo'

3pecy mbl ucnosb3osanu omnpenenenne (1) u uepes E(a), m(o)

i

= 0
0603HAYHJIM cocTaBJsiloulHe BekTopa e?  §. [Tocsaenuue mpousBoOi-
Hble BRIUMCIAIOTCHA Tak:

i .
d ia i 5 07 i i ('n)
—_ N == —0 = —
da e § a=0== 5 (314 Q 0=0 lc D) g
[I03TOMY
@ | _iodi@] _ i,
de a0 2" Tdo Ju=oT 2%

B pesysbrate nmogyuum
- lle @) 2 ar: §)

Touno Tak ke Haxomstcsi omepatopsl Mg u Mz Boinumem Boipa-
JKeHHA A/ 3THX OllepaTOpOB:

M1=—%('ﬂ7%+§;—n).
o=t (n g ), o
M3=—_;'( nan)
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Jlerko npoBepHuTb, YTO onepaTopsl M; HMeloT Takie xe nepe-
CTAHOBOUHBlE COOTHOIUEHHS, KaK ONepaTophbl MOMEHTa HMIYJIbCa,
a —iM;, j=1, 2, 3 —kakK Manuum Ay, Ay Az Ilns onepaTopos
W(a) nonyuum

W (a) =exp[— i (Mia, + Maay + M;as)]. (3

OcHoBHOE YAOGCTBO MPOCTpaHCTBAa HpeACTaBaeHUS Dy COCTOUT
B TOM, YTO OHO OYeHb JIETKO PAacKJaAblBaeTcs B MPSMYI0 CYMMY HH-
BAPDHAHTHHIX MOJAHPOCTPAHCTB, B KOTOPHIX AeHCTBYIOT HENPHBOJH-
Mble HpeacraBiaeHus. J[eACTBUTebHO, UHBAPUAHTHOCTH HEKOTOpPOro
NOAMNPOCTPAHCTBA OTHOCHTEJbHO omepatopoB W (a) 3KBHBaJeHTHA
HHBAPMAHTHOCTH OTHOCHTENbHO AeficTBHA omepatopoB M, M., M,.
Hs3 dopmya (2) BumHO, YTO TAKHMH WHBApHAHTHBIMH NOAMNPOCTpAH-
CTBaMH ABJSIIOTCS HOAMNPOCTPAHCTBA OJHOPOAHBIX MHOIOWJIEHOB CTe-
neHu n = n;+4 ng. OTH HOANPOCTPAHCTBA HMEIOT pasMepHOCTb
n+1,n=01,2, .... Ham ocrasoce nokasarb, YTO TakHe TNOJ-
HPOCTPAHCTBA HE COAEPKAT HHBAPHAHTHHIX NOANPOCTPAHCTB MeEHb-
weit pa3amepHocTH. {18 3TOro BBEJEM OHEPATOPHI

. J
M+=M1+1M2=—7]¥,

M_=M, —i 0 N
=M —=iMy=— EW
H NOCMOTPHM, KaK OHM AeHCTBYIOT Ha Ga3HCHble BEKTODHI fmm,
m n, -1, ns+1
M+f”xn2 n aa§ '\/gnllnzl —m g’\/;l::—n‘z—l o
gm—lnnﬁl
—Vmin+ I)V(nl—l)l(ng-l-l)! ’
T. €. M.,.fmng = — ’\/nl (ne + 1) fm—l’ ne+ 1 (5)

M‘f”x"z: - (nl + l)n2 m+1 21"

M, for=0, M_fpo=0.

Hs ¢opmyn (5) sCHO, YTO MOANMPOCTPAHCTBA OLHOPOAHBIX MHOrO-
4JIeHOB He COJePXKaT HHBAPUAHTHBIX MOANPOCTPAHCTB MeHbHIeH pas-
MePHOCTH.

IToxaxem, uro GasucHbie BEKTOPH SABJAAITCA COGCTBEHHBIMH

BeKTOpaMHu onepatopa M; u oneparopa M= M} + M; + M3 Umeen

QueBHaHo, 9TO

9 ,S_mnnx 1 mnm
M - — ——
an,n? (g Tl 1/’1 lngl 2 (nl )'\/flﬂnzl 4
T. €. Msfnln, == 5’ (nl - ﬂz) fnlnz' (6)

Ina oneparopa M2 cnpaBensnnBa opmyaa
M* = MM + M3 — My
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JeficTBHTEABLHO,
MiM_ = (M; + iM) (My — iMo) = M} + M5 — i (MiMs — MeM)) =
=M — M+ Ms
Jlanee umeeM
Mgfﬂ»ln? = (M+M— + Mg —M3) fn.,n.2 =
= (Vo F D Vil F 1) + ¢ 1 — 1+ 5 (11— 1)) Fr,

M= (1P 5 (1 4 1)) T, (7)

y}lOéHO nepenucaTtb BcCe IMOJY4eHHble COOTHOLIEHHA, 3aMCHUB
3HAYKH ny, fg HA j, m 0o ¢opmynam

=tk 2y — ), i=05. 15, ...,

m=_j’—j+17"':j’

MU m=j—m,n=j+m.

Torza dopmyas (5)—(7) npuUHHMAIOT BUL
M+fjm=—’\/(f—m)(f+m+1) frmen (8)
M_fim=—A({—m~+ 1) +m)fj n, 9)

Msf i =mfm, (10)
Mim=10~+ 1) fm (11)

rae uepes fi, o6osnauena fnn ="Fi_m, jim-

HoBble 3Hauku j H m yOoOHBI TeM, YTO Ka>KAOMY HHIEKCY |
COOTBETCTBYeT NpeACTaBJieHHe pasMmepHoctH 2j+4 1, j=0, 1/2,
1, 3/2, ... . Takoe npeacrasjieHHe 06bYHO oGo3HauawT uepe3d D,
a j HasmBalOT HHAeKcOM mnpexcrasieHus. Popmyan (8)—(10)
MO3BOJISIIOT JIEFKO MOCTPOMTH fABHBIA BuA Marpun M;, M, M; nas
kaxgoro D;. TakuM 06pa3om, Mbi HOCTPOHJIH KOHEUHOMepHbIe Ipel-
ctaBjenusi D; rpynnu BpauleHHA BceX pasMepHOCTed.

§ 29. EnuHCTBEHHOCTDb NpeacTaBaeHuit D,

JlokaxeM, 4YTO NOCTPOEHHEIE HENPUBOAHMBIE IPeACTaBJEHHS
D; enuHCTBEHHBI (C TOYHOCTBIO 10 3KBHBaseHTHOCTH). Ilpm noka-
3aTENbCTBE MBl YBHAHM, B KaKOf cTeleHH CHeKTP ONepaTopoB MO-
MeHTa HUMNYyJabCa OlNpejeJisieTcsi HX [epecTaHOBOUHBIMH COOTHOLIe-
HHSIMH H KaK [POH3BOJIbHOE NpeACTaBjeHHe PYNINBl BpaleHuil pac-
KJaZbIBaeTcsl Ha HelpHBORMMBIE.

[IycTh B n-MepHOM npocTpaHCTBe & ONpefesieHO HEKOTopoe He-
NpHBOLUMOE mpeacTaBaenue, uepes —iJ,, —iJy, —iJs 0603HAUUM
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HH(UHUTE3UMaJIbHBIE ONepaTophbl 5TOro npepcrasieHus. OHH yHOB-
JeTBOPAIOT NepecTaHOBOYHBIM COOTHOUICHHAM

[Jh 12]=i13)
[12) 13]=i']ls
[13! Jl]=i']2°

DKBUBAJIEHTHOCTh 3TOTO HPEACTABJEHHS HEKOTOPOMY HpeJCTaB-
sennio D; 6yner AOoKa3aHa, eClH MBI MOKaXKeM, YTO MpPH MOAXOAf-
meMm BuOope Gasuca B & wmarpunbl Je, k=1, 2, 3 coBnapalor
¢ MarpupmaMu M, Ilpexie Bcero 3aMeTHM, YTO INpeACTaBJieHHe
rpynnel BpalleHuii OXHOBPEMEHHO SIBJISIETCSt M MpeACTaBJeHHEM ee
NOArPYIIbl, COCTOSAIIEN 43 BpalleHHH BOKPYT OCH X3 Ha YyroJ o.
dra noarpynna a6esneBa, MOTOMY Bce €€ HeMpHUBOAHMBIE Npen-
CTaBJICHHS OJIHOMEPHHl H HMEIOT BHA e "% (OTHOCHTE/NLHO UHCEJ
m, Mbl He OyaeM JesiaTh HHKaKHX MpeANoJioXeHHH, pomyckas
BO3MOXHOCTb «MHOrO3HAYHBIX» TpEeACTABJAEHHH). DTO 3HAYHT, UYTO
npH HoAxojslleM BelOope 6a3Hca B & MarpHLa BpalieHUs BOKPYr
OCH X3 HMeeT BHJ

[e~ime 0 . 0 )

0 e—ime " ()
e_”sa=......... .

{0 0... e_im"a;

TakuM o6pasoMm, B & cymecTByer 6a3uc H3 COOCTBEHHBIX BeKTOPOB
oneparopa Js,

Jiem = me,y,. (1)

,ZIa.nee, U3 HerHBOlIHMOCTH npejcTaBJieHHa cJeayeT, YTO OMeparop
F=R+i+5 KOMMYTHpPYIOWHA co BceMH Jg, k=1, 2, 3, nox-
XKeH ObITh KpaTeH eJMHHYHOMY B HpOCTpPaHCTBE &. 310 BO3MOXKHO,
ecqu Bce OasHucHble BEKTOPBI e, SABJSAIOTCA COGCTBEHHBIMH BEKTO-
pamu omnepatopa J2, COOTBETCTBYIOWIUMH OXHOMY H TOMY e CO6-
CTBEHHOMY 3HAYeHHIO, KOTOpOe Mbl 0603HauuM uepe3d j(j 4+ 1) (sra
3afMUChb NOKa 1npocro o603HaueHnue). DasucHble BeKTOpH Oyaem
0603Ha4YaTh Yepe3 e€jm,

Pej=i(j + 1) eym @)

BBenem onepartopnl J. = J| & iJ,. Jlerko HpoBepHTH crpaBen-
JIMBOCTh CJeRyouHux dhopmys:

(72, J.] =0, 3)
[]3, J:t]=:|2]¢, (4)
P=lds+ BF I (5)
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HafineM rpanuily BO3MOXHBIX 3HauyeHHi#t |m| mpu samaHHOM cOG-
cTBEHHOM 3HaueHuu j(j- 1). Haa sroro, yMHOXKas Ha €;. paBeH-
CTBO

i+ em=0G0+1)—m’) e,

(T + 93 ejms epm) = (i + 1) — m2
JleBas yacTb HeOTpHUATENbHA, TOITOMY

Im|< AT+ 1) (6)

W3 coornomenuit (3) u (4) ciaemyer, 4to
JQJ:tejm =I(i + I)Jie]m, JgJie‘,m"—:(m =+ I)J:tel'm.

[TosToMy BekTOpHl Jiejm (€CTH OHH HeHYyJeBhle) sABAAKTCA cOO-
CTBEHHBIMH BEKTOpaMH onepartopa J? ¢ coOCTBEHHBIM 3HAaUeHHEM'
j(j+1) n oneparopa J; ¢ coOCTBEHHHIMH 3HaueHHAMH m == 1.
TakuMm 06pa3oM MO NPOU3BOJBHOMY Ga3HCHOMY 3JIEMEHTY &jm MO-
)Ker OHITh MOCTPOEHA Ienoyka COGCTBEHHBIX BEKTOPOB C ONHHM
I TeM ke COGCTBEHHBIM 3HaueHHeM oneparopa J? H ¢ coGCTBeH-
HBIMH 3HauyeHusaMH my, m;+ 1, ..., mg oneparopa J;. Yepes m,
H ms MbH 0603HAUH/JH HauMeHbliee H HauboJjbllee COGCTBEHHHIE
3HaueHHs cooTBeTcTBeHHO, CylllecTBOBaHHE M, H My CHEAYyeT H3
HepaBeHcTBa (6), Ilenouka cOOCTBEHHBIX BEKTOPOB [0JKHA OOpbI-
BaThcs B 06e CTOPOHHI.

BoiuuciuM HopMy Bektopa Jiejm, yuntbiBadg, uto |l ejml =1

*
uuro Jo=Js,

MOJYIHM

1 seimlf = (U2l seim em) = ((I° — Bizls) €)m, €jm) =
=ji+)—mmE)=0Fm(ixtmt+1).
[TosToMy MBI MOXeM HamucaTh

lep=—ANGFm(xm+1e ., (7)

dra dopMysa no3BoOJigeT [0 INPOHU3BOJBHOMY OPTY €jm CTPOHUTDH
HOBBIE ODTHI €j, m+1, YAOBJETBOpAIOLIHE BceM TpeboBaHHAM. 3HaK.
MUHYC Iepel KOpHeM HamucaH H3 cooOpaxeHu#l yno6cTBa.

Mul noka euie He BHIICHHJH, KaKde 3HA4eHHS MOTYT NPHHHMATb
ypcsaa | ¥ m. ByneM HCXOIHMTb H3 paBeHCTB

I_ejm, =0, Jie;m=0. (8)

YMHoXKasg 3TH paBeHCTBA Ha J+ u Ha J. u ucnosaw3ysa (b), moay-
UHM

(2= I3+ 1)em, -0 (IP—=J3—1,)ejm =0,
HIH G+ 1) —m+m =0,
](1+1)_‘m§-m2=0 9)
Us (9) cpasy mosmyuaem (my—-ms)(my—ma—1)=0, Hawm ro-
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AUTCA OAHO pEelueHHe 3TOTO YpaBHEHHS M| = -——Mpy, TaK KaK My ==
>m. [Lanee mo— my == 2my — UHCJO LeJNOEe HJIH HYJIb.
ITostoMy mg MoxKeT npuHumarb 3uauvenus 0, 1/2, 1, 3/2, ... Ha-
KoHell, H3 (9) MBI BHAHM, YTO B KayecTBe YHCJIA | MOXHO B3fiTb M.
Mbr nosyunsn, uto coGCTBEHHble 3HAauyeHHs onepaTtopa J? umeror
Bun j(j41), roe j=0, 1/2, 1, 3/2, ..., a coGcrBeHHble YHCAA m
onepatopa Js npu 3agaHHoM j npoberaror (2j4 1) 3naueHue: —j,
—j4+1,...,j—1, j. Udcna j u m ofHOBpeMeHHO ABAANTCS 10O
enpIMH, A1u60 noayueabMu. Ele pas nogyepkHeM, YTO 3TH CBOH-
CTBa CHeKTpa omepaTtopoB J2 u J Mbl HalllJIH, HCIOJb3yS TOJbKO
NepecTaHOBOYHBIE COOTHOLIEHHS.

[Oasi 3aBepiueHHs N0Ka3aTeJbCTBA HaM OCTanoCh yOemHTbcd B
10M, UTO NOCTpPOeHHble COGCTBEHHBIE BeKTOPH 00pasywr 6asuc B &.
DTo ciaeayeT M3 HENPHBOJAHMOCTH NpeincTaBieHMs. [LeHCTBHTENbHO,
NOANPOCTPAHCTBO &', HATAHYTOE Ha BEKTOPHl &jm, m = —j,
—j+1, ..., j, 6ymer HHBaDHAHTHHM OTHOCHTEJBHO OlePaTOPOB
Je, =1, 2, 3, a noToMy R0JXKHO coBnajgarth ¢ &, H pa3MepHOCTD
npejcrasiaenns n = 2j 4+ 1. Gopmyan (1) u (7) moxkasHBawT, UTO
marpuusl J, npH TakoM BpiGope 6asHca COBINAJAKT C MarpH-
naMu Me. '

3aMerHM, YTO MH 3304HO MOCTPOHJIH crnocob pa3nolKeHHA Npo-
H3BOJIBHOTO TIpeicTaBJeHHs Ha HenpuBoguMbie. [lycTh B HeKoTOpoM
npoctpaHcTBe & AeHCTBYeT IMpejcTaBJeHHe TPYNNb BpalleHUH
—iJ], u ero uHbHHHTE3HMAaJbHBle omneparopbl. Hasg Toro 4robu
BLIICUTD HHBAapHAHTHHIE MOANPOCTPAHCTBA, MHE HOJIKHH HalTH
oflise pellieHHA ypaBHeHHH

Peim=j(4+1)ejm, Js8jm = me;m. (10)

BekTops! e;m npu 3agaHHoM j © m = —j, —j -1, ..., j o6pasyior
6asHc HEMPHBOAMMOIO IpeficraBjeHHs pasMepaMu 2j - 1. 3amaua
0 HaxoXaeHHH o6luX pellleHu#l ypaBHeHuli (10) mpolue Bcero pe-
mwaerca ciepywomuM ob6pasoMm. CHayana HaXOAHTCA BEKTOD ejj,
VAOBAETBOPAIOUIHA yPaBHEHHAM

Jie;;=0, Jse;y = e,
a 3aTeM [JI NOCTPOCHHS BEKTOPOB e, HCIOJB3yeTcs dopMyJa

I ejm=—A(+m(i—m-+1)e pm

KOoTOpasi M03BOJgeT IO ¢;; MOCNeNoBaTeNbHO Ha#fTH Bce Bek-
TOPH &jm.

§ 30. Ipexcrasaenus rpynnel BpameHui
B npoctpanctee L? (S?). Cdepuueckue ¢pyuxuun

B § 25 mMu mocrpousu npejpcraBiieHHe TPYNINB BpaueHH B mpo-
crpaHcTee coctosnuit #6 = L?(R3) omepatopamu

W(a) = exp[—i(Lia; + Lsaz + Lyay)),
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rie L, Ly, Ls—omepatopsl MOMeHTa uMOyJjbca. HamoMHuM, 4TO
3TH OMepaTophl AEHCTBYIOT TOJBKO Ha YIJIOBHE MepeMeHHbe (YHK-
und P (x)< L2(R®), nostomy mpocrpanctBo L2(R3) ynobuo pac-
cMatpuBath Kak L2(R*)® L?(S?). 3mecs L2?(R*)— mpocrpancrso
KBanpaTHYHO HHTerpupyeMblx ¢yHkumii f(r) ¢ Becom 2 Ha R,
a L%*(S8?)— npocrpancrBo ¢yukuuit P(n)== ¢ (6, p), KBagpaTHuHO
HHTETPHPYEMBIX Ha enuHH4YHOH cdepe. CranapHbe OPOH3BEAEHHA
B 3THX IPOCTPAHCTBAX BBOAATCA HOPMyJaMH

oo

(F 1= PR )V R dr, (b, %) = § 91 () 2 (m) m,
0

SZ

rae dn = sin 6 d0 dp — 3JileMeHT IOBEpXHOCTH eRMHHUHOH cdephl.

Heckosbko IpoMO3AKHE BBIYHCACHHA NPHBOAST K CJAeAyIOHIEMY
BHAYy OIlepaTOPOB MOMEHTa HMIlyJbca B C¢epHYecKHX KOOpIH-
HaTax:

L[=i(sin (p%—-[— cthcosw%),

L2=—i(cos¢—§6—— ctg B sin (p%),
., d
L3=—l"§$.

Onepatopet L.+ = Ly iL, B 3THX NepEeMeHHBIX HMEKT BHJ
f 0 . J - J . J
L+=el¢(-%+lctg9—a$),l,_=e icp(-—%--l—tctgﬂ—a;)

OGmue coGerBeHHble (YHKUMH omepaTtopoB L2 u L; 6ymem o6o-
3gayarb uyepes Yy, (n) (umcno j mas omeparopos L npuusato o6o-
3Hayatb uepes [). YpaBueHusa L Yy=0 u L;Y;= {Yuy B cdepu-
YeCKHX KOOpPAMHATAX MMeIOT BHJ

. oY
—;qu’=1¥1,, (1
Yy . d _
T +zctg9—%-Y”—O.

s nepsoro ypaBHenus (1) BHAHM, UTO
Y1 8, ¢) =e'F ;1 (0),

npuueM [ MOXeT NPHHHMATb TOJIBKO wLeJible 3Hayenus, [ =0, |,

2, ... Bropoe ypasnenne (1) flosBonsier nosyuuTb ypaBHeHHe s
Fu(0) s
2u® _ fctgOF, (8) =0. @)

Pentas 310 ypaBHeHHe, MOJYyIHM
Fy (8) =Csin’e.
13



3aMeTHM, UTO AJS KaXAoro !/ cyuiecTByeT OJHO pelleHHe ypaBHe-
uusa (2). Mrak, Mbl Haulag, 410

Y, 8, @) =C sin’Beil®,

npHyeM nocrofHHag C Moxer OHITb HalifeHa H3 YCJOBHS HOpMH-
poBkH. OcranbHele QyHKIMH Yim(n) MoryT ObIThb BHIUHC/AEHB MO

dbopmyie

i
Yl. m=1= "

NI+ m) (—m+1
Mul He OyneM npoAeabBaTh COOTBETCTBYIOUNIHX BbIUHCJIeHHHA., DYHK-

uu¥  Yim(n) Ha3bIBAIOT HOPMHPOBAHHHIMH cdepuueckuMH (YHK-
nuaMH [-ro mopsgka. Jas HHX MOXeT OHTb NOJYYEHO BHIpaXKeHHE

) 3 , 5]
—iQ —_— ——
e ( 5 +ictgh )Y,m.

Y @, @) = v_ '™ P (cos 0),

rae GyHKUHE

mo (1+m)1/\/21+1 1 - a2 =)
P )= (—m! 2 2l (1—w) dpl—m

HOCAT Ha3BaHHe HOPMHPOBAHHKIX NPHCOCNHHEHHBIX NMOJHHOMOB Jle-
KaHApa.

Hrak, 6asuc HerHBOﬂHMOI‘O npeiacTaBJeHHs B IPOCTPAHCTBE
L%(S8?) cocrour u3 cohepuueckux ¢yHkuui Y, (n) npu bukcupo-
BaHHOM [ u m = —I[, —[ 41, ..., l. [IpocrpanctBo L2(S?%) comep-
JKHT TOANpPOCTPAHCTBA .HENPHBOXMMBEIX NPENCTaBJEHUH BCEeX Heyer-
HBIX pasmepHocredt 2[4 1 (I — uenoe) nmo omHomy pasy. Teopema
O pa3yoXKeHHH NpPeACTABJEHHs TI'PYNNbl BPaUleHHd HAa HENPHBOIH-
Mble B JaHHOM CJyuyae 3KBHBAJEHTHA YTBEPKIEHHIO O [OJHOTE
chepuueckux ¢ynkuuit B L2(S?). Jlwbas dynkuus §(n)= L2(S?)
MOXKeT GBITh PA3JIOXKeHa B cxozmumﬁcs{ pan

Y (n) = Z Z CimY 1m (). (3)

=0 mee-]

BenoMuuM, uTto B npocrpaHcTBe P JlefiCTBOBaJH HETNPHBOJIH-
Mble MpeJCTaBJeHHS KAaK YEeTHBIX, TAK W HEUeTHHIX pasMmepHocTefl.
[TpocrpancrBo %, MOXKHO NPEACTABHATb B BHIE INPAMOH CYMMbL

D D D5, rne Dy w D — opTOroHabIIbE MOANPOCTPAHCTBA HeT-
HHIX H HeueTHBIX QyHKuu# coorsercrBenno. B &, , kak u B L2(S2),
JefiCTBYIOT [IPEJACTaBJEHHA TOJNBKO HeUeTHHIX pa3MepHocret. Jlo6ok

aneMenT f(2) & D5 Moxer GbTh NPENCTABIEH B BUIE

=) 1 )
_ gl—mnl+m
F@) = Zﬁ m;—lClm Nl=m+mt )

SIcHo, 4TO B3aMMHO-0JHO3HAUHOE COOTBETCTBHE
[(2) <= (n)
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ycTanaBiuBaer H30MOpPhH3M MeXKLY NPOCTPaHCTBAMHU D u L’ (SQ),
IPH KOTOPOM
gl—mnl+m Y ( )
Na—mG i im0
Mk(—“) Lkr k= 1, 2, 3.

B saxuaiouenne atoro maparpada pacCMOTPHM TIpesiCTaBJIeHne
Tpynnel BpauleHHH B mpocrpaHcTBe cocTosHHi L2(R%)= L?(S?)®

® L?(R*). Ilycrb {fa(r)} — npoussoabubit 6asuc B LZ2(R+). Torna
{fn(r) Yim(n)} — 6a3uc B nmpocrpancrBe L2(R3), u nwbas $pyskuus
P(x)= L2(R?) moxkeT GHITh pasjoxeHa B psl

b =2 Z % Cotnla V1m0, 9.
n [=0m=-—{

W3 sroit dopmyan BuaHo, uto L2(R3) rakke MoxkeT GHTb pas-
JIOXKeHO (NmpHYeM MHOTHMH cnoco6aMH) Ha NMOANPOCTPAHCTBA, B KO-
TOPHX AGHCTBYIOT HenpHBCAMMBIE NpPEACTABJEHHS PPyl Bpalie-
Huil mopaaxka (274 1), u xaxnoe npexacrasieHue D; BcTpeuaercs
GecKoHeuHoe yHCJIOo pa3. J1i6oe H3 MHBapPHAHTHHIX MOJANPOCTPAHCTB,
B KOTOPHIX [AeHCTBYeT HENPUBOJAHMOe HpeacTaBieHue D, ecTb MHO-

!
’KecTBO GyHKuHA BHAa [ (r) Zlcmy,,,, ®, ), rae f(r) = L2(R*).

§ 31. Panuaantoe ypasHenue Lipenunrepa

BepHeMcd K H3y4YeHHIO 3ajayud O JBHXKEHHHA YaCTHIL B LEHT-
paJjbHOM moJie. ByneM HckaTb pellleHHs ypaBHeHHS

— 3 AV () b=Ev

HJIH, HCOAB3YS dopmyay (23.5),

2ulr2 or ) + 5 ng Y+ V() b=E. (1)

Mu Bugean, 4To coOCTBEeHHBle NMoAnmpocTpaHcTBa omepartopa [lpe-
auHrepa H B ciyyae OTCYTCTBHS CAyYaiHBIX BHIPOXKIEHHH NOJKHBI
COBMajaTh C MOJINPOCTPAHCTBAMH HeNPHBOAMMEIX IpEeACTaBJeHHH
D;, a npn HanHuHH CJOyuyaHHBIX BBIPOXAEHHH SBJATHCA NPIAMOH
CYMMOH TaKHMX NOANpPOCTPAHCTB. SICHO, 4TO Bce He3aBHCHMbIe CO0-
cTBeHHble QyHKUHH onepaTopa’ H MOXKHO MOCTPOHMTB, ecaH MH Gy-
JeM HCKaTb HX B BHAE

¥ (r, n) =Ry (r) Y i (n). (@)

Stu QYHKUHH yXKe ABJAOTCA COOCTBEHHBIMH (DYHKIHAMH OIle-
patopoB L? u Ly

L =1(+ 1), Lyp =my,
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4 rtotoMy ONMCHIBAXOT COCTOSHHS 4aCTHUB C OMpeJleleHHBIMH 3HA-
UeHHSIMH KBajpaTa MOMEHTAa HMIyJbCa H €ro TpPeThell NIPOeKLHH.
IMoacranoBka (2) B (1) maer nam ypaBHeHHe anas Ri(r)

1 4 o ARy

T our? or r

dar

(r))+

1(21;—1’1) R (r) +V(r) R (r) = ER,(r).

BBejieM HOBYI0 HEH3BECTHYIO (DYHKIHIO

Ri(r) =112

H ypaBHEHHe JJf [;(r) NpuUMeT BUA

T 4

d

2
fz+l

LD v fi=Efs 3)

2ur?

D70 ypaBHeHHe HOCHT Ha3BaHHe pajHanbHOro ypasHenus Llpenun-
repa. O6paTHM BHHMaHHe Ha HeKOTOpHE OCOOEHHOCTH YpaBHEHHS
(3). Ilpexne Bcero mapaMerp m He BXOAHT B ypaBHenue, (usu-
YeCKH 3TO O3HAYAeT, YTO SHEPrHs YACTHIIB HE 3aBHCHT OT IIPOEKUHH

4

Puc. 7.

MOMEHT4 Ha OCb X3 JJsg Kaxpgoro [
NoJyuaeTcsl CBoe pajHaabHOe ypaBHe-
Hue. CHexTp pajHajbHOrO ypaBHEHHS
BCerAa NpOCTOH (3TO MOXKHO JoKa-
3aTb), MO3TOMY CJy4yaHHble BHPOXKJe-
HUS BO3MOXKHHI, €CJH ypaBHeHHA (3)
C pPa3HBIMH [ HMEIT OAHHAKOBBIE COO-
CTBEHHBIEe 3HAYCHHS.

PagnanpHoe ypaBHeHHe NO BHIY
coBnagaer ¢ ypaBHeHueM lllpenun-
repa AJig OXHOMeDHOH 4YaCTHIHI

1 d?
—3;;‘3%4- Vi =E%,

eC/IH BBeCTH TaK Ha3blBaeMblit addex-
THBHBIA NOTEHIHA

V)=V +2 @

Ectb, onnako, oiHO cymecrBeHHOe oTauune. PyHkuus P (x) onpe-
nenena Ha R, a fi(r) Ba R*, mostoMy pammanbHOe ypaBHeHHe
IKBHBAJIGHTHO OfHOMepHOMY ypaBHenuw llpenunrepa ans sapaun
¢ noreHuuanoM V(x) mpu ycioBun, uto V(x)= oo npu x << 0.

Ha puc. 7 nso6paxenn rpadukn dyaxuunit V(r), [({41)/(2ur?)
H Vsp(r). B xauecrse V(r) B3AT KyJOHOBCKHH NOTEHUMAJ NpPHTSH-
KeHusa —afr (a > 0).
Buipaxkenue [(I4-1)/(2ur?) moxer OwTb HCTOJKOBAHO KakK
MOTEHUHAJ OTTAJKHBAHHA, BO3HHKAIOWMH 3a cyeT HeHTPOGEeXHOH
cuabl. [TosToMy 310 BEIpa)keHHe OOLIYHO HA3HIBAKT HEHTPOGEIKHBIM
MOTEHIHATIOM,
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B kBaHTOBOH MexaHKMKe MPUXORHTCH pelllaTh 3aflaufl ¢ CAMLIMA
pasnuYHEMH ToreHunanamu V(r). HaunGosee BaKHBIMH H3 HHX,
MO-BHAMMOMY, SBJISIOTCH KyJOHOBCKHH moreHunan V(r) = a/r, onu-

CHBawUIufi B3auMoaeHcTBHe 3apAXKeHHBIX 4YacTHL, H NOTEHIHaJ
—ur
IOkaBhH V(r)—-g—: KOTOPBIH 4acTo HCIOJb3yeTcss B faepHOH

tdu3nkKe.

OO6biuHO paccMaTpPHBANOTCH IIOTEHINAJbl, KOTOpHE IpaH r— 0
MeHee CHHTYJApHB, ueM 1/r?® (e > 0). B s3aBucumoctH or nose-
JeHus npua r-—>» oo y6pBawigue (V(r)—>0) noreHnuann pensrcs
Ha KopoTkojeiicrByiowue V(r)==o0 (l/r**®), ¢ >0 u nanabHOZ#eH-
CTBYIOILIHE, KOTOPhie 3TOMY YCJOBHIO HE YIOBJETBODSIOT. [Toren-
unan KOKaBbl sBJAETCA KOPOTKOJEHETBYIOUHM NOTEHUHANOM, a Ky-
JIOHOBCKHII MNOTeHuuas] — najpHopelicrByomuy. CrekTp paaHalb-
Horo oneparopa llpenunrepa

d? {
ot 1 v (=)

XOpOWIO H3yUeH JJif BecbMa HIHPOKOrO KJjacca NoTeHuuanos. B cay-
yae pacryulero noreHuuana V(r)-»oo npu r-> oo CIEKTP UYHCTO
TOYeunblfi mpocToii. B cayuae y6nBalollero moTeHuHasna HHTepBaJ
0 << E <C oo 3anosiHeH HeIpepbiBHBIM CIeKTPOM, OTPHUATE/bHBIH
CIeKTp AHCKpeTHBIH. [Jig KOPOTKOAeHCTBYIOIULEro MOTEHuHaJjJa Io-
JIOXKHTEJIbHEIA CIEKTp IpOCTOH, HENpephBHbIA, a OTpHLATEJBHBIH
COCTOHT H3 KOHEUHOTo uHcJa COOCTBEHHBIX 3HAYeHHH.

IIpuBeneM npocrteie coobpaxkeHus, MO3BOAAIOIHE NOHATL OCHOB-
Hele ocobeHHoctH cnekrpa H;. [OJas 3TOro nocMorpuM, Kak BeayT
ce6s pelleHHS pajHAJNBHOrO ypaBHeHHA npu r—0 u r->oco. Eciu
npH r —> oo npeHebpeub ujeHOM V,4 B paanasbHOM ypaBHEHHH, TO
OHO CcBeJeTcH K

1t o
—-Q-sz + Efi=0.

[Mpn E >0 3T0 ypaBHeHHe HMeeT JBa JHHe{[HO-He3aBHCHMBIX pe-
plerus e~ u et k2 =—=2uF >0, £ > 0. I[Ilpu E << 0 auHeiHO-
He3aBHCHMBIE pellleHHS HMET BAL e~ u e*, x’=—2ufk >0,
%> 0.

B cayuae r—> 0 MOXHO HAafeAThCH, UTO MBI MOJYYHM IpPABHJb-
HOe TOBEJeHHe DEUICHH|I PAaAHATBHOTO YDABHEHHS, CIH B ITOM
ypaBHeHnn H3 UJIEHOB JHHEHHHIX 10 f; ocraBuM HanGosee CHHTY-

1g41
~onrt fi, Torna ,

’” (41
i - (+)]c

JSIpHBIH

DTo ypaBHEHHe HMEeT [Ba JHHEHHO-HE3aBHCHMHIX pellenus r—
u ritl,

Tenepb MOCMOTPHM, KaKHe YCJIOBHS Pa3yMHO HAJOXKHTb Ha pelie-
HHsl pajHasbHoro ypaseenns. Hac nurepecyr peluenus ypaBHeHus
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lipeaunrepa 1b(x)=f’r—m)’lm(n).-d>yuxum P(X) HoMKHH 6HTH

HenpepbiBHBIMH B R3 # 2160 KBaApaTHYHO HHTETPHPYEMBIMH,
a0 orpaHHYeHHBIMH BO BCEeM MPOCTpaHcTBe. B mepBoM cayuae
OHH fABJAKTCA COOCTBEHHHIMH (YHKUHAMH B OGBIYHOM CMbICJE
€JI0Ba, a BO BTOPOM — C HX MOMOUIbIO MOXeT OHITH OMHUCAH Hempe-
PBIBHBIA CHEKTP.

W3 nenpepniBHOCTH P (X) ciepyer ycnaosue f;(0)== 0. [Toaromy
HHTEpec NpPeACTaBJseT TOJbKO TaKoe pellleHHe pajHajJbHOIO ypaB-
HeHHsl, KoTtopoe npu r—>(0 Bemer cebs, kak Cri*l, Dro ycaosue
onpegenseT f;(r) ¢ TOYHOCTBIO A0 UHCJIEHHOTO MHoxHTeas. daree
npa E <0 Mbl fOJ/KHB HaWTH pewleHue f;(r), Koropoe Ipu r—> oo
Befer cebs, kak Ce™ (B HmpoTHBHOM cJyuae pelieHde OYyIeT He-
orpanuuennsiM). [Ipu npousBosbHOM orpunatesbHoM E 3TH ycJjo-
BHSl OKa3bIBAalOTCH HecoBMeCTHEIMH. Te sHauenus E, AJ KOTOpHIX
yaaeTcs IOCTPOHTb pellieHHe, HMEIIee NPaBHIbHOE MOBEJEHHE
B HyJle H Ha OECKOHEYHOCTH, H €CTh COOCTBEHHble 3HAUEHHS.

[Tpu mo60oM E > 0 pemwenue f;(r) aABasgercs orpaHHYEHHBIM, NO-
3TOMY JOCTAaTO4YHO, 4TOGHl OHO HMeEJO MpPaBH/JbHOE [OBeJeHHe
B HyJe. Cnexkrp npu E > 0 — HenpepHBHHI.

CoGcTBenHble (yHKIHH JHCKDETHOTO CNIEKTPa OIMCHIBAIOT 4ac-
THIY, JOKAJH30BaHHYI0 B OKPECTHOCTH CMJIOBOIO ILeHTpa, T. €. CO-
OTBETCTBYIOT (HHHTHOMY ABHXKeHH. [Ipn moMoun coGcTBeHHBIX
(GYHKUHE HeNnpepHBHOTO CHEKTPa MOTYT GBITh ONHCAHLI COCTOSHHA,
B KOTOPBHIX JBHXEHHE YACTHILE ABJAETCS HHQHHHTHHIM.

CoGerennbie  QYHKUMH JHCKDETHOTO CHEKTPa pPajHasbHOTO
ypaBHeHHss Mb OGyaeM o6o3Hauyartb depe3 [r;(r), I'le uumexcoM k&
HYMepyIOTCsi cOGCTBeHHbie 3HaueHU Ey; ypaBHeHHS HPH JNaHHOM [,

Hlfkt =Ektfkto

CoGcrBeHHBle (YHKIHMH HeNpPepHIBHOTO CNEKTpa, COOTBETCTBYIO-
wre sHeprun E, 6yneM oGosHauaThb yepes fg

Hifg = Efgi.
Jlis WHPOKOro Kjacca NOTEHUHANOB JOKA3aHA TMOJHOTA CHs
creMbl GyHKUHi {fr, fr} aas kaxkgoro [=0, 1, 2, ... Dro 3mHa-

4HT, 4TO A1 npou3BojbHOR Oynxuuu* f(r)e L%(0, o) cnpasep-
JIHBO TIpeJCTaBJeHue;

o

F =Y Cefu )+ { C(B) Fur () B,
k 0

rze = 10T dr.cE={10T0 o

0 0

* Uepes L2(0, 00) Mel 0603HAUHNH NPOCTPAHCTBO KBAAPATHUHO HHTETPHpPYe-
Mux dyaxuui (6es seca r2) Ha Rt. Ecan [ & L2(0, 00), To R=~+e L2 (RT),
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BepHemcs k TpexMepHoii 3ajgaue. OyHKIHH nucxpemoro CIEKTPa
HMEIOT BHJ

‘ Verm (X) = fkl ) Y (n)
H KPaTHOCTb COOCTBEHHOTo 3HaueHHs Ep paBna 2[4 1 (mpu orcyr-

CTBHH cJay4yalHbIX BbipoxkpaeHufl). JIng COGCTBEHHBIX (YHKUUH HE-
NPEePLIBHOTO CIIEKTPA HMEEM

fEl(r)

Peim = Y1 (m).

KpartHocTb HenpepLiBHOTO cnekTpa OecKoHeuHas, TakK Kak IJs Ipo-
#H3BoJibHOrO E > 0 ecTb peleHHs pajHaJbHBIX YypaBHeHHH IpH
Bcex [ u, kpoMe toro, m = —|[, —[+1, ...,

ITapaMerpr &, [ H m, KOTOpHIE ONPeAeNOT cOOCTBEHHblE (YHK-
[HH TOYEUHOTO CIEKTPA, HA3BIBAMIOTCA pagHajbHHIM, OpOGHTABHHIM
H MAarHUTHHM KBAaHTOBBIMH UHCJIAMH COOTBETCTBEHHO. DTH Ha3BaHHd
nosiBHJAHCH B crapo#l kBaHTOBOH Teopun Bopa — 3ommepdenbaa,
B KOTOPOH KaxAOMY AONYCTHMOMY 3HAYEHHIO 3HEPTHH COOTBETCTBO-
BaJia OnpejlesieHHas KJjaccHueckas op6ura (MM HECKOJBKO TaKHX
op6ur). Yucna & u ! onpemensnun pasMepsl H GopMy OpOUTH,
a YHCJIO /M — ODHEHTANUHIO IJIOCKOCTH OpOHTHL B NPOCTpAHCTBE.
Uueno m drpaer CYIECTBEHHYIO pOJb B MAarHATHHIX SIBJICHHSX,
aTHM OOGBACHAETCA €ro Ha3BaHue,

W3 nosnnornl cucreMbl GyHKUHHA {fes, fei} B L%2(0,00) caemyer
nosHoTa cucreMbl {Prm(X), Yem(X)} B L2(R3). Has xpartkocTtu
3aluCH PAacCMOTPHM c¢Jydall, KOrAa TOYeUHHIH cekTp y oneparopa H
orcyTcTByeT. B 3ToM ciyuae npou3BoJibHasg (QyHKUMA P (X) e
& L2(R?®) Moxer GhiTb NpeACTaBJEHA B BHIE

0o ! o0
X =" 3 §Crn(E) b1 (x) dE
0

[=0m=—{

Slcio, uwro <+ ompejesisiercsl NOCTAEA0BATENBLHOCTbIO (YHKUMHA
{Cim(E)}, mosTOMY MH NOJyYyaeM IpeiAcTaBJeHHE

p <> {Cy, (E)}

B NpOCTPAHCTBE NOCJeA0BaTeNbHOCTeH QYHKIHH.
CkansipHoe NpOH3BEJeHHe B 3TOM NPOCTPaHCTBE 3aaaercss ¢op-
MyJoi #
: o
= " { ¢l (B CL(B) dE.
by, ) = (E) Cim (E)
0

=0 m=-1]

M3 roro daxra, uTo Pem(X) ecTb coGerBeHHass QYHKUHA ONMepaTo-
pos H, L? w L;, 1€TKO MOHATb, YTO B MOCTPOEHHOM IpeACTaBJeHHH
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oneparopul H, L? u L3 peficTByloT cjenyiouiuMm obpasom:
HC\y (E) = ECyp (E), .
L*Cip (B)=1(1+ 1) Cy (E), (5)
L3Cip (E) = mCyp (E).

[ToaToMy nocTpoeHHOe NpejcTaBJeHHe ABJAAeTCH COOCTBEHHBIM AJf

Tpex KOMMyTHpywouux oneparopos H, L? u L. (YpaBuenus (5)
He CJeflyeT NyTaTb ¢ yPaBHEHHAMH AJg COGCTBEHHBIX BEKTOPOB.)

§ 32. Atom BofOpoOAa. ATOMBI IENOYHBIX METAJIOR

ArtoM Bozopoaa mpeicrasJifier co0ofl CBA3aHHOe COCTOSHHE MO-
JIOXKHUTENBHO 33APSKEHHOrOo -siApa C 3apsiAioM e H 3JEeKTPOHa C 3a-
pagoM —e (e > 0-— aGcosioTHAas BeJHYHHA 3apsija 3JIEKTPOHA).
[Tostomy norenuunan V(r) uMeer BuA

. e?
MBI paceMOTpHM 3ajauy O JABHXKEHHH B TMOJe
Z 2
Vi=—=<£2,
r
Taxo# nereHuHan COOTBETCTBYET aTOMy Bojopoaa npu Z =1 H Bo-
aopoponono6uniM nonam Het, Litt, ... npu Z=2, 3, ... Onepa-
top llpenuHrepa B KOODAHHATHOM MNpPeACTABJEHHH HMeeT BHI
2
He= —-LA_ Z_e,
2u r

rae u= mM/(m 4 M) — npuBefeHnas macca, a m 4 M — macch
JIEKTpOHA H fAApa COOTBETCTBeHHO. 3ajauy OyaeMm peumlaTth B TakK
Ha3biBaeMOH aTOMHOH CcHCTeMe eJMHHI, B KOTopoll A= 1, p==1,
e?=1. Torma paanajbHoe ypaBHeHue [llpemnuHrepa mnpuHuHMaer
BHJ,

” (41 z
—a )+ 2R s — L —

Mp OyneM HHTepPeCcOBAaTbC MHCKDETHHIM CIIEKTPOM, INO3TOMY
paccmorpum cayuafi E < 0. ¥Yno6no o6osnaunte —2E = %2, Torna

" 2Z
T

I(+1
R ) )

[TpuBeneHHbie B npefblayuieM naparpade coobpaxkeHus o nose-
JIeHHH peuleHHS npH r—>0 H r-> 0o NOJACKA3LIBAIOT, UTO pelleHHEe
yI00HO HCKAaTh B BHJE

fi(r)y=ri*le=* Ay (r). @)
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Ecnan Mul cyMmeem Hafitn A;(r), OPeJCTAaBHMYIO CXOASILHMCS CTe-
NeHHBIM PSAAOM

A(ry= i;) a;r’, 3)

¢ ao = 0, Takywo, uro f;(r) ymoBaerBopsier (1), To Gyzer obecme-
YeHO U npaBuibHOe noBejenue fi(r) npm r->0. IToBenenue f;(r)
npy r-—> 0o, KOHeYHO, OyJeT 3aBHCETb OT ACHMOTOTHKH (YHKIHH
Ai(r) mpu r— oo.

[TomcranoBky (2) B ypaBHenue (1) ymoOHO chenath B JBa
npuema. Beoas dyuruuwo g

f=eg,
[r=err(n’g — 2ng’ + g"),

1+
———

HMeeM
g"—2%g’+¥g g=0.
HaJnee, nojaras
g==ritlA,
g/=rl+l(A(lj'l) '—I_A/)’

g = (LA 4 2EED R 4 ),

r

MOJTY4HM
" 2(0+1 ’ 2Z 2x (1 + 1
Al_|_(_(_r__)__2%) Al_|_(T_“_(r.__)) A;=0.

HMueM pemnlense 3TOro ypaBHEHHs B BHIe paaa (3)

i qliG—0ri24 20+ 1)irt2—2inri-1 4+ (2Z — 2%l — 2x%) ri-1]=0.

im0

CaenaeM 3aMeHy 3HauKa CyMM{poBaHuUSI {->i{-+ 1 B NepBHIX ABYX
cJaraeMblX B KBaJpaTHOH cKOOKe, TOrjaa

2)r"‘{ai+1[(i—|—l)i+2(i—|— D+ D] —a (2 G+ 1+ 1)— 22 =0.

[IpupaBHuBasd KO3(PGHLUHEHTH NPA CTENEHAX r, MOJYUUM

g i FIFEDH—-2Z
G =2 ety W 4

ITo npusnaky anambepa BHAHO, 4TO PSIL CXOAMTCS NpPH Beex r.
OueHuM noBejenHe psajga ¢ KoahduuneHTamu, onpefensieMsiMu (4)
npH GoJbWIHX r. ACHMOTOTHKA MPH r —» 00, KOHEUHO, ONpeAe/asieTcs
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KoadunuenTamMu npu GOJBMHX CTENEHSX, HO Torja
~ 2%
Q1 & 771 o
(2%)
it

H Al e Ce?rr
Takum o6pa3oM, Aas pemieHHA f; OPH r—> 00 MOJYIHM

flg Crl+le%f.

(PasyMeercsl, MpHBEJEHHOE pAacCyKAEHHe MOXKHO Obl0 OBl Che-
JaaTb GoJjiee TOYHBIM.)

MBI BHAHM, 4TO pelleHHe pajHaJbHOIO YpaBHEHHS, HMellee
npaBUAbHOE MOBejfeHHe Ipu r->0, 3KCNOHEHIHANBLHO BO3pacraer
npu r-»o0, U3 ¢opmynan (4) BHAHO, OJHAKO, YTO CYLIECTBYIOT
Tak#e 3HAUEHHA X, uTO pPAA OyAer oOpbIBAaTbcs Ha HEKOTOPOM
ysnene. B atoM cayuae yHRUHA A; OKaxeTCsl MHOTOYJIEHOM, a pe-
weHue fi(r) Oyner KBajApaTH4HO HHTerpupyempiM. OG03HauuM ue-
pe3 k HOoMep crapliero KosdQulueHTa, OTAHYHOIO OT HyJd, T. €.
ar#=0, ar =0, k=0, 1, 2, ... U3 (1) BuaHO, 4TO 3TO BO3-
MOJKHO, ec/#

T. €. a,=C

_z
TR

N3 popmyast —2F = x? noayyaem

Ey=

w =

ZZ
EETIE ©)
ITapamerp % siBisieTcs BBEJEHHHIM paHee PaAHAJBHEIM KBaHTO-

BBIM 4HCJOM. Mbl BHAHM, uTO cOOGCTBeHHble 3HAaueHHs Ex; 3aBHCAT
TOJIBKO OT =k 4+ {4 1. D10 uyncno HaszHBaeTcd IJaBHBIM KBaH-

TOBBEIM uyucJaoM. BemoMunas, wro 2=0,1,2, ... nl1=0,1, 2, ...,
nosyuaem: n=1, 2, 3, ... [anee npH 3aJaHHOM 7. KBaAHTOBOE
yucjio [ MOXKeT mpuHuMaTh 3Hawenus 0,1,2, ..., n—1.

Wrak, Mbl noayunau caeiywoiue peaynabratel. Jasa coberBen-
HBIX 3HAueHHii £ crnpaBeinuBa ¢opmyna

ZZ
En=—gg> (6)
a coOcTBeHHBIE (DYHKIIMH HMEIOT BHA
1pnlm = rle_%nrAnl (r) Ylm (9, (P), (7)

raie An — MHOrowieH crenesu n—I[—1, K0ospGHIHEHTH KOTOPOro
Haxoaatca no dgopmyae (4), ao— H3 YCJAOBHS HOPMHUPOBKH. Mul
BHJAHM, YTO YHCJO COOCTBEHHBIX 3HAUeHHH OECKOHEUHO H HMeeT
tTouyky cryuenusi E = 0. Herpyauo onpegenuts KpaTHOCTb OG-
cTBeHHOro 3HaueHust E,. KaxaoMmy E, coOTBETCTBYIOT cOGCTBEHHBIE
(QYHKIHUH Pnim, PA3IHYAOLIHECA KBAHTOBBIMH YHCJAAMH [ H m, NPH~
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vem [ =0,1,2, ..., n—1,am=—I, —I{+1, ..., . Ias gpa1-
HOCTH § TIOJIYUHM

n—-1
g= 2, (20 — 1) =n2
=0

KpaTtHocts cOGCTBEHHBIX 3HaUeHHH AJS KYJOHOBCKOrO MOJS OKasbl-
Baercd Gogbulelf, ueM B 06lieM cayyae LEHTPAJbHOrO IIOJIA, HMeeT
MeCTO [OTOJHHTENbHOE BBIPOXKAeHHe MO [. MHB yiKe YNOMHHaJH,
4TO 3TO «cayuyaHHOe» BBIPOXKJAeHHe OODBsACHSETCH HaJgMHuueM GoJjee
6oratolt, uem SO(3) rpynmnsl cumMeTpun y oneparopa Llpeaunrepa
JJIs aToMa BOAOpPOZA.

[TocmoTpum Temepb, Kakylo GH3HUeCKYIO HHpOpMauuio paer
HaM pemeHde ypaBHeHHs lllpeannrepa asas atomMa BoJOpoOja.
ITpexae Bcero Mbl HaIJIH AONYCTHMElE 3HAUEHHS 3HEPrHH, KOTOpPHIE
pasyMHO npHBecTH B OOHBIYHBIX eAuHHUAX. I/ 9TOro AOCTATOYHO
YMHOXKHTb Bblpaxenue (6) ans E, Ha aTOMHYIO eIHHHIY SHEPI'HH,
paBHYIO

B — 4,36+ 107" spr=27,21 5B
%) , p J :
Byaem cuutate, uto Z=1, T. e. paccMOTpHM aTOM BOZOPOJA,
TOrAa )
e
Ey=— 557 - ®)
st sHeprHH OCHOBHOTO COCTOSIHHS aToma Bogopoia (n=1)
HMeeM

E —— ¢ — _ 136 3B.

Ab6coaornas BequuuHAa 3TOH SHEPrHH HA3BIBAETCH MOTEHLHAJIOM
HOHH3AlMH HJH 3Hepruefl cBA3H 3JEKTPOHAa B aTOMeé M paBHa pa-
6oTe, KOTOPYIO HYMKHO COBEPHINTb, 4TOOB BLIPBATh 3JIEKTPOH U3
aToMma.

®opmysna (8) no3BoJaSeT BHIYHCAHTb YACTOTHI CIIEKTPANbHHX JIH-
Huii atoMa BOZOpPOZa. KBaHTOBasl 3/JeKTPOAHHAMHKA TNOATBEPKAAET
runoresy Bopa o TOM, UTO YacTOTa CHEKTPaJbHOH JHHHWH Olpele-
Jsiercsl 10 dopmyJe

hopy =Ey — Epy  En> Enm,

npuyeM HMMEET MeCTO IOIJIOUIeHHe CBETOBOTO KBAaHTA, €CJH aToM
MepexoJUT H3 COCTOSAHMS ¢ MeHbIIeH 3HeprHed B COCTOsIHHE ¢ GOJb-
ulefl SHeprueii U H3JydYeHHe NpH OOPAaTHOM mepexope *.

* CrnexTp moryiolleHust (TeMHBle JIHHMH Ha sipkoM ¢oHe) BO3HHKaeT, ecCJH
CReTOBOH NOTOK HeNpPepPHBHOrO CHEKTPa MNPOXOAHT uYepes . cPely, COLepKallyio
aToMapHuli BOAOpOA. JIMHHM norJiollleHHss HAGMONAOTCA B 3Be3AHBIX CIEKTpax.
JlunefiuaThlfl cexTp H3JydeHHs OyJleT HabJIOLaThCS, HanmpHMep, eclH B cpele ¢
aTCMapHbLIM BOAOPOLOM MPOHCXOAKT 3JeKTpuueckHi pa3lpan. Toria atoMel Bojao-
poga 1o aefiCTBHEM 3JeKTPOHHBIX YAapoB OyAYT NepexoAnTb B BO36YXKAeHHble
coctostnsi. Tlepexoisl Ha YPOBHH C Mewbllel] yHeprue#t MPHBEAYT K MOABJEHIIO
APKHX JHHHA,
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Jas yactor croekTpasbHBIX JAHHHH uHMeeT MecTo dopMyJa
et (1 1
o= (=), n<m. ©)

dra ¢opmyna HadwBaercs ¢dopmyaoit bBanbMepa n Onijia OTKpBITa
HM UYHCTO SMIIHPHYECKH 3aA0JAI0 A0 CO3JaHHS KBAHTOBOH MeXaHHKH.

OGpaTHM BHHMAaHHE Ha 3aBHCHMOCTb YACTOT Om,; OT NPHBEAEH-
Hol Macce p. B npHpoxe cyinecTByeT ABEe PasHOBHAHOCTH BOAO-
poma: o6buHbIH Bojopox H, sapom koTOpOro sBJAsETCH NPOTOH

13 /
0 // %
- I n=3
Cepus MNawena
- _81_ L n=2
Cepus Banomepa
,% Nt

Cepus Jlaamana

Puc. 8.

¢ Maccolt M = 1836m (m —Macca 37€KTpPOHa) H B HebOJBIIOM
KOJIHUeCTBe TSKeNBH BOAOpPoA — AeliTepuit D, 11p0 KOTOPOro BABOE
taxenaee nporoHa. HMcnoansys dopmyay p == mM/(m + M), aerko
cocuuraTh, uTo pp/un = 1,000272, 1. e. npuBeeHHBIE MAcChl OYEHb
6au3kd. TeM He MeHee TOYHOCTb CNEKTPOCKONHYECKHX H3MepeHHH
(RJHHBl BOJIH H3MepPSAIOT C TOYHOCTBX B 7—8 3sHavamux uudp)
NO3BOJISEeT HAJEXHO H3MEDHTb OTHOUIEHHE Op/wn AJS COOTBET-
CTBYWOILLAX JIHHHH. DTO OTHOLUEHHE TIOJYYaeTCs TOXKE pPaBHHIM
1,000272 (m/i HEKOTOPLIX JHHHH BO3MOXKHO DacXoXKJAeHHe B [O-
cnefinemM 3Hake). Boobiue TeopeTHuecKH BBIUHCAEHHBIE MO (opMye
(9) u axcrépHMeHTaJIbHbIE * 3HAREHHA YacTOT COBMNAJAlOT C TOY-
HOCTBIO B 5 3Hawawux uadp. Vmeomuecs pacxoxkieHHs, OAHAKO,
MOFYT ObITb. yCTPAHEHBI, €CJIH YUECTh PEJNSITHBHCTCKHE TONpPABKH.
Hapsagy ¢ nepexogaMH MeXAy CTAUHOHADHBIMH COCTOAHHSIMH
JUCKPETHOIO CNEKTPAa BO3MOXKHBI IEPEXOABI H3 AHCKPETHOTO CIIEKTpa
B HenpepuiBHLIA H oOpaTHble nepexojbl; (GHU3HUECKH OHH COOTBET-
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CTBYIOT MNpOlleccaM HOHHM3allHH H peKoMOHHauuH (3aXBaTa 3JieK-
TpPOHA sIAPOM). B 3THX cayuasx HabuioAaeTcsl HENPEPLIBHLIN CHEKTP
MOrJIOILEHHS! UM HU3JAYUEHHs *,

CnekTpaJsibHble JINHHH BOZOpOAA Ha CNEKTPOrpaMMmax TIpyIIH-
PYIOTCSl B CepHH, COOTBETCTBYIOILHE OMNpeJeseHHOMY 3HAUEHHIO 7
B -¢popmysne (9) u m=n-+1, n+2, ... HeckonbkuM mnepsnM
CepHsiIM NPHCBOEHH HMeHa: cepusi Jlaiimana (n = 1), cepusi bansb-
Mepa (n=2), cepust Ilamena (n==3). JIuanun cepuit Jlaitmana
JgexaT B yJAbTpaduoseroBOil yacTH CINEKTPa, NepBble UeThipe JHHHH
cepun BasnbMepa B BHAMMOH uacTH crneKTpa, JHHHH cepuu [lamena
H TOCJeAYIOILHX cepHil B HH(ppakpacHOH yacT# crnekTpa. K KoHuy
KaXXAOH CepHH JHHHH CTYIAOTcd K TakK Ha3biBaeMOfl rpaHHlle ce-
puHM, 3a KOTOPOH HauHHAeTCs HENPepPHIBHBIA CNEKTD.

Ha puc. 8 ropH3oHTaJbHBIMH JHIHSIMH H300pa kKeHbl JHEpPreTH-
yeCKHe YPOBHH aToOMa BOAOPOJA, a BEPTHKAJbHBIMH OTPE3KaMH —
BO3MOXKHBIE MEPEeXOJpl MEXAY HHMH., 3aliTpuxopaHa o06/aCTb He-
IPEPLIBHOTO CIEKTPA.

Ha puc. 9 cxemarnuHo u3o0pa’XeH BHJ CHEKTPAJbHOM CepHH,
OYHKTHPOM H306paKeHa rpaHHIla CepHH.

BaxHbIMH XapaKTepHCTHKAMH aTOMOB SIBJSIIOTCSI BEPOSITHOCTH
MepexojoB MeXAY cOCTOSIHHsIMH. OT BepOSITHOCTEN NEepexofoB 3a-
BHCST HHTEHCHBHOCTH CHeKTpaJibHBX JuHHH, [lepexoiaw OniBaioT
CHNOHTaHHBIE (CaMOIpPOH3BOJIbHEIE) C BEPXHEro YPOBHS Ha HHIKHHUU
C H3JIyUeHHeM KBaHTa, BBIHYXKJAEHHBIE (MOJ NAEHCTBHEM CBETOBOrO
IOTOKa) H, HaKOHell, MepeXoJibl 3a CcUeT CTOJNKHOBEHHH ¢ 3apsiKeH-
HeIMH uacTHnaMu, POpMysnl A/ BHIYHC/JEHHS BEPOSITHOCTEN CHOH-
TaHHHX U BHIHYXJEHHHIX I€PEX0J0B AaeT KBaHTOBas 3JEKTPOJHHA-
MHKa, TepeXOoJnl 3a CYeT CTOJKHOBEHHH H3y4aloTcsi B KBaHTOBOK
TeopHu paccesiHusi. [l BHYHCJIEHHS BCeX 35THX XapaKTEPHCTHK
HeOOXOMHMO  3HaHHME  BOJIHOBBHIX
dyukuuit. Kpome toro, 3HaHHe BOJ-
HOBBIX (PYHKIUH JaeT BO3IMOXKHOCTb
CyauTh O  pa3Mepax  aTOMOB,
paclpefieJieHHH 3apsja B aToMe
n jaxe o ¢opme aroma. Harmo- Puc. 9,

MHHM, 4TO |V (x) |? ecTb MJIOTHOCTB
(yHKUHH  pacnpeneieHHs]  KOOp-
auHar. Ilop pasMepoM aToMa NOHHMAawT pasMmep TOH ob6Jacty,
B KOTOPO# |¢(x)]|? He siBasieTcss npeHeGpexumo MaJsof. flcHo, 4TO
pa3Mep aroMa — IOHSITHe YCJOBHOE.

PaccmoTpaM JAJsl pHMepa OCHOBHOE COCTOSIHHE aToMa BOJO-
pona. (n=1, =0, m=0). VYunrnBas, 4t0 Yoo(n)== consi,
»xr == 1, no gopmyse (7) nonyuum

D0 (X) =Ce~".

* C/I0OBO «CHEKTP» 3/eCh HCIOMB3YeTC B JIBYX CMBICJaX: CIEKTP omepaTtopa
H JOTMYCTHMbLIE 3HAYEHHS YacCTOTHl 2/IeKTPOMATHHTHOIO H3JIyUeHHS.
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Y3 yca0BHSE HOPMHPOBKHM HaXOAHM MOCTOsHHYIO C:

Sl1p|2dx=|C|24n8e‘2’r2dr=ICPn=l,
R® 0

otkyna C=1/4/n n 1
ono(x)=:/§€"-

Jlerko moHAThH, YTO
p (r) = 4| Proo (r) Pr? = de~r’

€CTh IJIOTHOCTh (YHKIHMH pachpeseneHus koopiaxuate r. I'paduk
s1oli pyuruuH H3o6GpakeH Ha puc. 10. Makcumym p(r) pocruraercs
npa ro=1, 1. e. ro = 1 — HauboJsee

BEPOSITHOE pacCTOSIHHE SJeKTPOHA oT 1 p(r)

aapa. B OOLIYHBIX eJHHHUAEX ro ==
= h?/pe? = 0,629-10-8 cm. MHrepec-
HO OTMETHTb, UTO 5TO YHCJO COBMajaeT
¢ paauycom mepBofi 60poBcKoil op6u-
Thl. Mbl BHAMM, 4TO pa3MepHl aToMa
BOJOpOJa MMeloT mopsinoxk 10— cm.

ITox nioTHOCTBIO 3apsia B aroMe
noHAMawT  Beanuudy  —e|P(x) |3
T. €. CUHTAIOT, YTO 3JEKTPOH 3a
cyer OBICTPOrO  [BHIKEHHH  OKOJIO
Aapa Kak Gbl paamblBaercs mo o6beMy aTtoMa, o6pa3yd 5JeKTpPOH-
HOe 00J1aKo.

Haronen, Bua ¢yekUuH (7) nokaseiBaer, 4To npH [ = 0 maot-
" HOCTb pacrupejesieHHs KOOPAHHAT He sBJseTcd cPepHuecKH CHM-
MeTpHYHOH. 3aBHCHMOCTB 3TOH IIOTHOCTH OT YIVIOB MO3BOJAET
rOBOPHTb 0 ¢(OpMe aTOMa B Pa3HUYHBIX COCTOSIHHAX.

B sroM e naparpade MH pacCMOTPHM IPOCTYIO MOJeJb aTo-
MOB IIEJNIOYHBIX METaJJIOB, OCHOBAHHYIO Ha MPEANOJIOXKEHHH, UTO X
ONTHUECKHE CBOHCTBA OODBACHAIOTCA ABHIKEHIEM BaJIeHTHOIO 3JIeK-
TpPOHA B HEKOTOpPOM weHTpanbHOM nojte V(r). Ilorenunan V(r)
MOXKHO 3aMHcaTh B BHAE CYMMBI ABYX cjaraeMbiX

[ S .

Puc. 10.

V() =—24 V()

rae rnepBoe cjaraeMoe OIHCHIBAeT B3aHMOJeHcTBHE 3JIEKTPOHA
¢ aapom, a Vi(r) MoxeT ObITh HCTOMKOBAH KaK NOTEHIHAJ B3aHMO-
JeficTBUA 2JEKTPOHA C paclpefesieHHBIM 10 06beMy atoMa OTpHla-
TEJbHBIM 3apAfOM OCTAJbHBIX 3JIEKTPOHOB. Pa3yMHOCTb Takofi
MOJ€eJH UMEHHO /51 aTOMOB L{eJOYHBIX METAJJOB CTAHeT MOHATHOM
TOJIBKO TOCJE TOI'0, KaK MBI MO3HAKOMHMCS €O CBOHCTBAMU CJIO¥K-
HBIX aTOMOB H Tabanuefi Menaeneesa,
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O norenunane V(r) Mb 3HaeM OueHb MaJO, HO Bee xKe MOXKHO
YTBEDPKIAATDL, UTO

i
7 npu r—> o0
pA
H Vi)=—=
r
[lepBoe yciioBHE CalelyeT M3 TOrO OUYeBHAHOro (pakrTa, 4TO HpH yaa-
JIEHHH BaJIEHTHOTO 3JIEKTPOHA Ha OEeCKOHEYHOCTb OH OKa3blBAETCs
B IMOJIe MOJOXKHTENBHOrO OJHO3apsAHOr0 HOHa. Bropoe ycioBme
BBITEKAeT H3 HENPEPBIBHOCTH MOTeHUHasta OGBEMHOrO pacnpejesne-
Hus 3apanos Vi(r).
B kauecTBe MOJeNbHOrO HOTEHIHA a MBEl BuGepeM

npu r—0.

1 o

V(r)=——————7-, a>0. 9

HecMmorpst Ha TO, 4TO 3TOT HOTeHUHaa 06/MafaeT NpPaBHALHBIM MO-
BefleHHeM Ha OeCKOHEYHOCTH, OH HMeeT HHOe, 4eM <«HCTHHHBIH»
HOTEHIHaJ TOBeJeHHe B HyJe. B TO ke BpeMst MOJENBHBIA NOTEH-
Iua/J TPaBHJABHO OTpaxaeT TOT (akT, 4TO INPH NPHOAHKEHUH
K APy MoJie CTAHOBHTCA OoJiee CHJBHBIM, UM KYJOHOBCKoe —I1/r.
Mul npennosioxuM, 4TO nmapaMerp o MaJ (B KakOM cMbicie, VKa-
KeM Hike)., UncjeHHBle 3HauyeHWs] 3TOrO NMapaMerpa  AJs pPasHHIX
ATOMOB LIEJOYHBIX METaJ/lJIOB pa3yMHee Bcero BuiGHpaTh H3 cpas-
HEHHS! Pe3yJbTAaTOE pacCyeTOB ZHEPreTHUYECKHX YPOBHeH ¢ HalifieH-
HBIMH SKCIie PHMEHTaNBHO.

PannanbHoe ypaBHeHHe M/ TaKOro floTeHiMaJja pemlaercs
oueHb IpoCTO. [JelicTBHTENBHO, OHO HUMeeT BHJ

" 2 2 ({41
f1+7fl+",'.%’fl (+ )f 2f1=0~ (10)
BBeseM 4HC/I0 I, KOTOpOE YIOBJETBOPSIET YPABHEHHIO
V(' +1)+2—I(+1)=0
# yeaoBuio lim /=1, otkyna moayunm I’ = — 1/2 + 4/({4 1/2)2— 2a.

a->0
YpaBuenue (10) MoxeT OBITH MepPeNHCaHO B BHJE

" 2 U 41
(= ( + )f ®*f, =0,

T. €. (opMasbHO CcOBmajzaer ¢ ypaBHeHHeM 18 KYJOHOBCKOLO
nossi. Bece 3TO MOXKeT HMeTb CMBICHA TOJBKO I[PH YCJAOBHH, 4TO
I(I4+ 1)+ 1/4—20 > 0. B sporuBHOM c/yyae MBI HOJYyYHM AJisl
I’ XOMIlIeKCHBle 3Ha4YeHHd *,

* MoxHo mokasarb, uTo npu 20 —I(/+ 1) > 1/4 papunanvunit omepatop

Ipeanurepa
gl @  10+h—2 1
LT 2 dr? 22 r

CTAHOBHTCA HEOrpPaHHYEHHBLIM CHHU3Y.
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[Tpeamonoxum, uro o << 1/8, rorma ycnosme [(I+ 1)+ 1/4 —
— 20, > 0 BuInOJHAETCA npH Beex [. OOBIUHO [” 3alMCHLIBAIOT € TOY-
HOCTBIO [0 YJIEHOB mMOpsAaKa a2, T. €.

4 Fa"d ,_,.....—a ——1 —
U=l T+1/2 =] Gy.
Torza ucnoansys dopmyay (5) npu Z = 1, noayuum

1
Ep=— 2(k+i—o,+1y

HJY, BBOJSI IIaBHOE KBAaHTOBOE 4YHCaO n =k + [+ 1,

Enl"“"""—g—(',{—_l__al?' (11)

U3 popmyan (11) euano, uto mast moreHuuana (9) cHumaercs
KYJIOHOBCKOE BBIpOKAeHHe N0 I ¥YpoBHH sHeprun E, Jexar
ray6iKe, yeM YPOBHH atoMma Bofopoja E,, u ¢ poctoM n ypoBHH Epy
H E, cOauxatorca. Popmyna (l1) Hennoxo onHchiBaeT ypOBHH
SHEPTHH aTOMOB ILEJOYHBIX MEeTasJIOB IIPH COOTBETCTBYIOLLEM 3HA-
qeHHH o. IDTa ¢opmyna Gblia BHepBeie mosyueHa PuabGeproM Ha
OCHOBe aHaJiH3a 3SKCHePHMEHTaJbHBIX AAHHBIX. 3aMeTHM, 4YTO AJd
aTOMOB INEJOUYHBEIX METaJJOB IVIaBHOE KBAHTOBOE YHCJIO, KaK H AJ5
BOJOpOMia, MpPHHHMaeT mesable 3HaYeHHs, HO MHHHMAJbHOEC 3Haye-
HHe n paBHO He 1, a 2 naa Li, 3 ans Na, ..., Tak Kak COCTOsIHHSA
C MeHbIIMM [JIaBHBIM KBaHTOBBIM UHCJOM 3aHSTH 3JEKTPOHAMH
BHYTPeHHHX 000JI04eK aToMa (3TO YTBEPKAEHHE CTAHET MOHSTHBIM
nocsie TOro, KakK MH I03HAKOMHMCS CO CTPOEGHHEM CJOXKHBIX
aTOMOB).

B 3akjioueHHe 3aMeTHM, UTO PacCMOTPeHHAs MOAeJb HJMIOCTPH-
pyer NmoJysMIHPHUECKHH NOAXOJN K PEINEeHHIO CJAOXKHBIX KBAHTOBO-
MeXaHHYecKHX 3ajad. Takof MOJAXOM COCTOMT B CJAEAVION{EM: BMeCTO
TOro 4To0H peliaTh 3ajJady B TOUHOH IOCTAHOBKe, U3 (PHIHYECKHX
coobpakeHuH CTPOMTCS YNPOUIEHHasd MOAesab cHcreMbl. Omepatop
[IIpeannrepa aaa MoJesbHON 3afaun OOBIYHO 3aBHCHT OT NapaMer-
pOB, HAHTH KOTOPBlE TEOPETHYECKH TAK e TPYAHO, KaK H DEUIHTDH
3ajauy BO BceM obbeme. [TosToMy napamerpsl HAXOAATCA H3 CpaB-
HEeHHsl Pe3yJbTaTOB pPacyeTOB MOACJbHOH 3ajauH C IKCIepHMEH-
Ta/JbHBIMH JaHHBIMH.

§ 33. Teopus Bo3mymieHwHit

B KBaHTOBOH MeXaHHKe CYLIECTBYeT CPaBHHTEJBHO MaJo HHTe-
pecHBIX 3a7a4, KOTOpble AONYCKAlOT NMOCTPOEHHE TOYHBIX PeEIIeHHH.
ITosToMy BakHYIO pPOJib HrpaloT NpHuOJHKEHHBE MeToAbl. YacTo
NpHOJHXKEHHBIE TEOPHH OKasnBaloTcs Oosiee LEHHBIMH JJIs TOHH-
MaHHsl (H3HUECKHX SIBJIEHHH, YeM TOUYHbIE UHCJIEHHBIE DEIIEeHHs CO-
OTBETCTBYIOIUHX ypaBHeHHH. OcHOBHblE NPHOJHMKEHHBIE MeTOABI
KBaHTOBOH MeXaHHKH OCHOBaHbl Ha TEODHH BO3MYIUEHH{l H BapHa-
HHOHHOM HpHHIHIE,
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OrnullleM NOCTAaHOBKY 3ajaud B Teopu# BoaMyuieHu#l. [Tycrb naH
CaMOCONpSXKEHHBIH onepaTop A, CHEKTP KOTOPOro HM3BeCTeH. Tpe-
6yercsi HalitTh cnektp omepatopa B = A4 C npu ycla0oBHH, 4UTO
caMoCOmpsisKeHHBI onepatop C B KaKOM-TO CMbicje MaJj. Mub He
yTOYHfIEM, UTO NOAPasyMeBaercsd IOJ MaJjocTbio onepatopa C, Tak
Kak OyjJer paccMaTpHBATbCsl TOJABKO (opMasibHas CXeMa TeOopHH
Boamywennil. [Toasenenne crporoit 6asel NOA TaKylo cxeMmy Tpebyer
pelleHHs pAja CJOXKHBIX MaTeMaTHUeCKHX 3ajay.

Mu pasbepem cayuail, Koraa crnekTp omeparopa A d9HCTO TO-
yeuH¥ H HauHeM C 3aJauyl O BO3MYILIEHHH IIPOCTOro COGCTBEHHOrO
3HaueHHsd. BBemeM opgHONmapaMeTpHYECKOe CeMeHCTBO OINEPaTOPOB

A, = A+ eC. (1

SIcno, uto dg=A4 u A, = B. Ham H3BeCTHB COGCTBEHHBIE BEKTOPHI
), H CoOCTBEHHBIE 3HaUEHHA M. OmepaTopa A, KOTOPHE YAOBJETBO-

PAIOT ypaBHEHHIO
Ay, = Ay, (2)

Mu npeanosaraem, uto cnekTp omeparopa A MpoCToH, T. €. KaX-
IOMY A, COOTBETCTBYET OJHH COOCTBEHHBEIfI BEKTOD n.
Hanuuwem ypaBHeHHe 1151 COGCTBEHHBIX BEKTOPOB omepaTopa Ae

Ay = Aghs. (3)

OcHoBHOE mpeiloJIOKeHHe, KOTOPOe Mbl CHeJaeM, COCTOMT B TOM,
ur0 P, H A, AHAJHTHYECKH 3aBHCAT OT &, T. €. OHH MOryT OHIThH
npeAcTaBJeHsl B BHJE

Ay =A0 ;A 2@ + .., (4)
Pe =0 +ep® + &P 4 ... (5)

IMoacrasasis (4) u (5) B ypasHenue (3)
(A+eC) (PO +epd + .. ) =AO +ed® + ...) (PO +ep® 4 ...)

H NpHpaBHHBas KO3(p(hHUHEHTH NPH OAHHAKOBLIX CTENEHSX €, IO-
JYYHM CHCTEMY ypaBHEHHH -

AP0 = AOHO),
AP - CpO = ;vtonpa) + A,

Alb(") _|_ C¢<ﬂ—1) = A(O)q,(n) + m)lp(n—n e L. A AmpO)

KOTOPYIO HaM yjAoOHee MepenHcaTth CleylOIuaM o6pa3oM:

ApO® = 1OpO),
(A — A P = (L) — C) Hp©,
(A — AO) P@ = (A — C) pO) 4 L@, 6)

* e e s & e

(.A ;'A(6)) ;p(r;) = (.;"(1.) _ C) {p(n'—l; + . + Anqp0),
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W3 nepsoro ypaBuenus (6) cienyer, uro @ saBasercs cob-
CTBEHHBIM BEKTOPOM onepatopa A; H3 NpeiloJOXKeHHS O NPOCTOTe
CIIEKTpa cJjaeayer *, yto

AO =4, PO =1p,.
ITpexne yem oGpawathbcd K CAEAYOUWHM ypaBHeHHSM (6), BbI-

OepeM yCIOBHE HOPMHPOBKH BeKTOpa .. OKasnBaercsi, 4TO Hau-
6osiee yHOGHBEIM ABJSIETCS YCJIOBHE

(u’e’ 11’(0)) =l. (7)

Mu cuntaeMm, yto PO HOopMuUpOBaH OBGBIUHBIM 06pasoM || PO || = 1,
MO3TOMY y¢JoBHe (7) 5KBHBAJIEHTHO YCJOBHAM

(ﬂ’“)» qp(O)) =0, ..., (ﬂ’("), lp(O)) =0, .... (8)

Takum 06pa30M,'nonpaBKH P, Lo, P, L. MBI MOXKeM HCKaTb

B MOANPOCTPAHCTBE, OPTOrOHAJAbHOM K BeKTOPY @ = 1.

O6patumcst Temeph KO BTOPOMY ypaBHeHHIO (6). DTO ypaBHe-
HYe ABJAETCS ypaBHEHHEM BTOPOrO poja ¢ CaMOeoNpPSXKEeHHBIM Olle-
patopom A, u A® gBasiercss coOGCTBEHHBIM 3HaueHHeM omeparopa A.
Heo6x0oauMbIM H JOCTaTOYHBIM YCJAOBHEM CYLECTBOBAHHS DeELIEHHS
3TOr0 YPaBHEHHS §BJAETCA OPTOrOHAJBHOCTh NpPaBe®f 4acTH 3TOTrO
ypaBHeHusi BeKtopy $©@. U3 ycaoBus

(4O, (A —C) ) =0

cpasy noJayuaem, urto
AD = (CHp©), Hh©)

M) == (Cip,, b,). (%)

Popmyna (9) umeer oueHb npoctoe (H3HUecKOoe TosKoBaHHe. [To-
npaBKa NepBOro Nopsjaka K coOCTBEHHOMY 3HAUEHHIO A, COBIaAaer
CO CpeJHHM 3HaueHHeM BO3MyIueHHs C B HEBO3MYILEHHOM CO-
CTOSIHHH Yy

[TocmoTpum, 4ro aaer BTOpoe ypaBHeHHe (6) Aust Bekropa (D,
Kasaznoch Obl, C1€10Ba/I0 HalHCaTh

P = (4 — AO1) " (A0 — C) O, (10)

HJH nojapobHee

OnHako 3ta QopMyna Hyxpaaercs B yrouHeHuH. UToGH MOHSTH, NO-
yeMy 2TO TakK, paccMOTpPHM noapobHee omepatop (A — Al)~!, Koro-
pHlil Ha3BIBaeTCst pe3oJ/bBeHTON onepatopa A. Omnepatop A MOKHO
3allHCaTh B BHJE

A= 2 ApPm,
m

* B JanpHefimeM clieaoBaso Obl cHabKaTb MHIEKCOM 1 coBCTBeHHHlE Bek-
TOPHL P, COOCTBeHHBIC 3HAYEHHA A, H A.(k), q:‘k). Mbl 3TOrO He AesiaeM AJs CO-
KpalleHHs 3amucH,
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rae Pm — npoekTop Ha cOGCTBEHHBIH BEKTOD W m, T. €. Pnp =
= (@, Ym)Pm. Torza pas omepatopa (A — Al)-! umeem

- P,
(A—2aD) 1=Z pyp— (11)

U3 dopmyan (11) BHAHO, UTO pe3oNbBEHTA TepsAeT CMBICH TpH
A= An, T. €. KaK Da3 npu TexX 3HAYEHHSIX NapaMerpa A, KOTGpbie
HAC uHTepecyloT. BcHNOMHHMM, OnHaKo, 4To mnpaBasi yacTh BTOPOTO
ypaBnenusi (6) oproronanbha K ¢ @ = ¢, u (p O, )= 0. [To-
3TOMY Ha caMoM JleJjie HaM HyXeH He omeparop (A — Al)=!, a ome-
patop (A-—Al)~'P, peficTBylOmUE B TOANPOCTPAHCTBE, OPTOro-
HaJbHOM K .. 31echb yepe3 P obosnaued npoekrop [ -— P, npoek-
THPYIOUIMA HAa NOANPOCTPAHCTBO, OPTOTOHANBHOE K BEKTOPY ¥n.
Oneparop (A —Al)~'P Moxer GbITb NpeacTaBieH B BUAe

(A=an~'P= ) o (12)

msEn

OH cOXpaHser cMHCH npu A ==L, Bwmecro dopmyas (10) wmu
JLOJIZKHBI HAMHCATH

Pl = (4 — AO1)" P (AD — C) $O, (13)
Srto BHIpaXKeHHe MOXKHO Npeo6pa3oBaTh CJAEAYIOUHM 06pa3oM:
(A — 1) PL(CYn, Br) ¥ — Cp] =
=(A—=2D) 7P (P, — 1) Cp, = — (A — A, 1) PC,

103TOMY :
YO = — (A—1,0)"' PCy,. (14)
Ucnonbays (12), nonyuum
— (C‘bfh ‘bm)
V=), e b (15)

msn

PaccmoTpuM nomnpasku caenylomlnx nopsakos. V3 ycmosus op-
TOTOHAJIbHOCTH TIpaBoM wacTH TpeTbero ypasHeHHst (6) BexkTopy
PO cpasy nosyuaem

AQ = (CpD, o). (16)

Ucnoabsys sun ), Haxonum sBHYI0 dopmyny Ans BTOpoil mHo-
NpaBKH K COOCTBEHHOMY 3HAUEHHIO A

@ _ XY (Chn, bm) |2

Ay = ey et (17)

msEn
Mu He 6yxeM HpPHBOAHTb NHOAPOOHBLIX BHUHCHeHHH pas P@

H TNOCJefyIOIUX mompaBokK Y™, A 3ameruM TOJbKO, YTO OHH
MOryT ObITh HaffeHB ¢ MoMoubio QopMya AW = (Cpir—D, ),
P = (A — AMO][)P (npaBasi yactb ypaBHeHus (6)).
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O6cynum Temeph 0COGEHHOCTH TEOPHH BO3MYUIEHHH KpaTHOTO
COOCTBEHHOro 3HaueHHA. Mbl orpaHHYHMCS MOCTPOEHHEM MNONpPAaBKH
nepsoro npubaumxkenus AV, Ilyctb A, = A (HHZeKC n MH onyc-
KaeM) sBJsleTCs COOGCTBeHHBIM 3HaueHHeM omepatopa A KpaTHoO-
CTH ¢

A’ll)i=7\.’l|)i, l=l, 2, ceey 4.

O603nauum yepe3 I8, coGCTBeHHOE NMOANPOCTPAHCTBO onepaTopa A,
COOTBETCTBYIOIee COGCTBEHHOMV 3Ha4eHHIO A, yepe3 Q — HPoeKTOp
Ha 5TO NOANPOCTPAHCTBO. :

O6paruMcs cHOBa K cHcTeMe ypaBHeHHH (6). I3 nepsoro ypas-
HeHM#, KaK U paHblile, crefnyeT, yTo M® = A. Uro kacaercs BekTo-
poB V@, To MB MOXeM JHIIb yTBepXkAaTb, uro PO e 4, Mb
noKaxeM cefiuac, 4To Ha BekTophl P(¥) HakJyagbIBAIOTCA NOMNOJHH-
TelbHBle OI'DaHHYEHHs, IO9TOMY OHH B o0leM cJaydae He COBHa-
AalOT C coOCTBeHHHIMH BeKropaMH ;. JeficTBuTtenbHo, BTOpOE
ypaBHeHHe (6) HMeeT pellleHHs, €CJIH €ro IpaBasi 4acTb OPTOro-
HajbHa NOAINPOCTPAHCTBY ), T. €.

Q) — C) 9 =0,

YuutniBas, uto Q¢® = @, nocrennee ypasHeHHe MOXKHO mMepe-
nucath B BHJe

QCQY® = Ao, (18)

Mu BunaM, yto P aBasioTCs COGCTBEHHBIMH BEKTODaMH g-Mep-
‘Horo omepartopa QCQ, a A —ero cobcrBennble 3HaueHus. [Ipak-
THYECKH 3ajadya CBOAHTCSH K [AHATOHAJU3aLMH MAaTPHIB g¢-ro To-

o q
panka. JleficrBurenbHo, noacrapass B (18) @ = Z;=1ai¢i H y4H-

THIBasl, 4T0 Qp= Z;Ll (@, ;) b;, monydum
2 20 a; (Cy, b)) by =20 Y apy
i i ]

HJIH 2. Cpya, =A%,
i

rie Cj = (Cvi, ;). Marpuna || Cy; [ siBnsieTcsi caMoconpsxeHHof,
MOITOMY BCerja Moxker OHITb NpHBeleHa K JIHAarOHAJNbHOMY BHAY.
O6osnaunM coGCTBeHHBIe 3HAUEHHS 5TOH MaTpHIL uepes AY)
i=1 2, ..., g KpatHomy coGCTBeHHOMY 3HAa4Y€HHIO A HEBO3MY-
IeHHOro onepaTopa A COOTBETCTBYET ¢ COGCTBEHHBIX 3HaYeHHH ome-
patopa B = A 4- C, KoTopsle B NepBoM NpUGIHKEHHH TEOPHH BO3-
mymenuit umetor Bug A+ A, j=1,2, ..., g. O6bIYHO TOBOPSAT, UTO
BO3MYyllleHHe CHHUMaeT BHIpOXKIeHHe. Pasymeercs, CHsiTHe BbIpOXKpe-
HHSI MOXeT OKa3aTbCsl HENMOJHbIM, eciH cpenn gmcen A OKaxXyTcsl
ONMHAKOBHIE, T. €. onepaTop QCQ wuMeer KpaTHbe COGCTBEHHbIE
3HaYeHHS,
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[Tpumep. PaccMorpum cucteMy c oneparopom [llpenunrepa
1 1
H=—5A———aBL, (19)

Takoft oneparop llpenuHrepa omnuceuiBaer aToM BOAOPOAA, HOMe-
IeHHEI B TOCTOSTHHOE OZHOPOJAHOE MAarHHTHOE TOJIe, BEKTOp HH-
AYKIIHH KOTOPOI'0 HampaBJieH no Tperself ocH *.

B kauecrBe HeBO3MYINEHHOIO Oleparopa Pa3yMHO B3sTh Ole-
paTop
1

1
H():'—?A—'T,

T, €. OmepaTop LHpeLerepa aJig aroma Boaopona, a
AH = — GBLg

paccmarpuBaTth Kak Bo3mymeHde. C dbusudeckol Touku spenus AH
MaJio, TaK KaK MarHuTHas cUjia, KeHCTBYOIas Ha 3JeKTPOH aroMma
B JOCTHXUMBIX MAarHUTHBIX M0JfX, HA HECKOJBKO NOPS/KOB MEHbIle
KYJIOHOBCKO# CuJIbl npuTsiKeHus K aapy. Hanomuum, aro cobcrBeH-
Hele GyHKuuu onepatopa Ho Ynm(X) SABASOTCA H COOCTBEHHBLIMH
thyukuusamu oneparopa Ls

lepnlm = MPnim.

Marpuua sosmyumenus AH cpasy oka3wBaercs AHATOHAJIBHOM,
H ee AHaroHaljbHble 3jieMeHTH paBHH —omB. TlosTtomy nas suep-
CMH aToMa BOAOPOJA B MarHHTHOM IoJie uMeer Mecro dopmyna **

E,p= — = —aBm. (20)

2n

MLl BHIMM, 4YTO MAIHHTHOE NOJe CHHMaeT BLIDOXKIEHHEe MO Mardur-
HOMY KBaHTOBOMY YHCJAy m, ONHAKO ocTaercs XapakrepHoe Aad
KYJIOHOBCKOTI'O IOJISI BEIpOXKAeHHe To [.

* B 31eKTpPOJAMHAMHMKE MarHHTHBIM MOMEHTOM YacTHUBI C 3apAJAO0M € HasH-
BAETCA BEKTOD

xXp=——e—l.

e
M—%va-— 2cu

e
2cu
3nech @ — Macca 9acTHIH, V — CKOPOCTb YACTHIIH, ¢~ CKOPOCTbL CBeta, | -— Mo-
MeHT UMIY/Ibca uacTHibl. OYHKUHA [ aMHABTOHA UaCTHIH B OXBODOAHOM MOCTOSH-
HOM MAarHutHOM fose B comep:RuT jonodnutensHoe caaraemoe — MB. Ilna aTo-
Ma BOROPOAA3, MOMEIIEHHOro B MAarHMTHOM [oJe, HanpaBjeHHOe 1O TpeThell ocH,
¢yuruua FaMuJIbToHA HMeeT BHA

_p_ e e
H, p)=g = =50 Bla

Cootsercryrominii omepatop IlIpeaunrepa B aTOMHEIX eAMHHLAx COBUaJaer ¢
€19) npu a=1/2c.
** TIpuBeNeHHHIA NPHMeD SIBJAFETCA He COBCeM YRAUHBIM, TaK Kak (GyHKmUH

Vnm ABAAIOTCH TOUHBIMH COGCTBeHHBIMH QYHKUMAMH omepatopa H ¢ coGcTBed-
$uiMA 3HaueHHsAMH (20).
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sIByeHne, cocTosilliee B pacllenjieHHH YPOBHEH 3HEPrdH aTOMOB
B MarHMTHOM II0JIe H B COOTBETCTBYIOIleM pacllenjeHHH HX CHeKT-
pasipHHX JHHHHA, HOCHT HaspBaHHe 3(dekra 3eemaHa.

WHTepecHo B3rjfHYTb Ha 3TO fIBJIEHHE C TOYKH 3pEHHS TEOpHH
rpynn. BeipoXxpende no m obbsacHsercs chepuueckoil cumMerpues
oneparopa l[lIpepunrepa. MarHutHoe nojie, HalpaBjeHHOe MO OCH
X3, HapyllaeT TakKylo cHMMerpuio. I pynnoft cuMMeTpHH omeparopa
[IpenuHrepa atroma B MAarHHTHOM TOJie SBJASeTCH I'pymHna Bpalme-
HHH BOKpYr Tperbell ocu. dra rpynna abeneBa H Bce ee HENPUBO-
AHMBle TpencraBjeHHs ojHoMepHH. IlosTroMy HasanuHe TaKo#
IPYNNE CHMMeTpPHH He BHI3BIBAET BHIPOXKAEHHH, JI060e BHIPOXKje-
HUe OyleT ciydaiHbIM.

§ 34. BapuauuwoHubIH NPHUHUHT

Paccmorpum dyHKUHOHAN

— (g, $)

E ) (A= (1)

Aror (yHKuHOHAN wHMeeT upocrod dusudeckuit cmuica: E ecThb

CpefHee 3HAUYeHHEe 3HEPrHH CHCTeMbl B COCTOSTHHH, 3a1aBaeMOM BeK-

topom P/l P . Ecan $ = ., rme P, — co6CTBeHHBIH .BeKTOp OTie-

paropa H, coorBercrBylomuii coGcTBeHHOMY 3HadeHuio E,, To
E = E,. BruncnuMm Bapuamuio ¢yHkuuoHasa (1)

OF o S % ) o (b, 89) _ (H, 9) (5%, ) + (b, 09)] __

(b, ¥) (b, )? B
—oRe UL =D10.00)
Jlerko BMIETb, YTO YCJOBHe CTaUHOHapHOCTH (yHKuuonana E
8E=0 @)
SKBHBaJIeHTHO ypaBHeHulo [Hpenunrepa
Hbp = Ev. 3

Hefictutenbio, us (3) cpasy caenyer (2). Yro6bl nposepurb o6-
paTHOe yTBepXKIeHHe, [NOCTaTOYHO Hapsiny c Bapuauuefn 8¢ pac-

cmorperb 8+ == i8¢ . Torna us ycnosus (2) caenyer, yro
(b, )

H 3 TmpouspojbHOCcTH & crneayer (3).

OTmeTuM ellle OZHO BaXHOe CBOHCTBO (yHKumoHana E. s
nio6oro Bekropa Y = H# E = Ey, rae Ey— HauMeHblnee coGcrpeH-
HOe 3HaYeHHe, IPHYEM 3HAK PaBeHCTBA HMeET MeCTO TOJIBKO TNpH
Y = Cipo. OTO yTBEpKIeHHe NOUTH OUYEBHAHO, TAK KaK CpejHee
3HaueHHe 3HepruM He MeHbllle MHHHMaJIbHO Bo3MoXHoro. [Ipose-
pum ero gopmanibHO ansi onmepartopa H ¢ NpOCTHIM YHCTO TOYEUHBIM
crekTpoM. Bymem cumrath, uro coGCTBeHHbBIe 3HAUEHHUS] 3aHYMepO-
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BaHLl B Hopsake Bospacranus: Eqo<C Ey <C Ey <<... . IloacraBass
B () Y=2. ,Cyh¥, mnoayunm

S EnlCnl? D (En—Eo)|CnP?
E—Ey=-“————E,=-- =0, 4
0 Llcniz 0 ZICnlz = . ()
n n
Tak Kak E,— E; > 0. 3uHak paBencrsa B (4) jpocruraercs, eciu
Co=0mpu n=1, 2, ... B atom cayuae { = Coppo. AHANOIHYHO

npoBepseTcs, 4To

E>El> €CIH (q)’ 1170)=0, 5

E>E, ecnn (b, %9=0, (% $)=0, ®
CrofictBo E > E, nenaer BapHalUUOHHBIH NPHHLHN ocoleHHO 3¢-
(heKTHBHBHIM AJSI pacyeTa OCHOBHOro cocrosuusa cucremu. [lomcras-
ass B (1) NpoHSBONLHBIN BeKTOp V& FF, MB NOJYyYaeM OLEHKY
ceepxy ana Eo; u3 nByx 3nauenu#t ¢yukuumonana (1) E' u E” Go-
Jee OJM3KUM K FE; sasasercad MeHbllee. HcnonbsosaHue cBOHCTB
() nns oueHku E, HaTaJKHBaercs Ha TPYIHOCTH, TaK KakK HaM
HEeHU3BECTHH COOCTBEHHEIE BEKTOPHL Yo, ..., YPn—i.

CymecrByer Bropas (OPMYJHPOBKa BapHAaLHOHHOrO NPHHUHNA,
KoTopas yrBepXpaer, 4ro ypasHeHue llIpenunrepa (3) 3KBHBa-
JIEHTHO VCJOBHIO CTalHoHapHOcTH QyHKIHoHana (H¢,¢) npu
(¢, ¢)= 1. Hcnonbsys meron HeomnpegeseHHBIX MHOXHUTesnell Jla-
rpaHxa, nocjaejHee ycJaoBHe MOXKHO 3amHcaTb B BHIe

rge £ — mHoxurtenb Jlarpanxka. dkeuBanentHoctb (6) u (3) mpo-
BepsieTcsl TaK e, KaK 3KBABasteHTHocTh (2) m (3).
BapuauuoHHBle MPHHIHIK MOTYT HCHOJb30BATLCS IBYMS CIOCO-
6aMu A MoJaydYeHHs NPHOJHKEHHHIX pellleHHH ypaBHeHHs (3).
[TepBuifi crnoco6 cocToHT B TOM, YTO HpPHUGJAHKEHHAss BOJHOBAs
GyHKuHua uulercss B Kjacce GYHKUHI oOnpejejieHHOro aHaJHTHYe-

CKOT'O BHJA, 3aBHUCHAIHX OT HECKOJBbKHX NapaMeTpoB ¢y, ..., O
Torpa E = E(ay,...,0), H NapaMerps HaXoJATCH H3 YCJOBHH
OE (ay, ..., @)
o %
— e =0 =12 ...,k

4

[Tpu Bropom cmocobe npubaukeHnas cobcrBeHHas GyHKuus H
AJIS CJOXKHOH cucTeMbl (HanpUMep, AJs aToma), 3aBHCAMASA OT
MHOTHX IlepeMeHHBIX Y (X{,Xo,...,Xy), CTPOHTCS IIPH HOMOILH He-
H3BeCTHHX (QYHKHUH OT MEHbLIIEro ymc/a HepeMeHHHIX (Yalle BCero
npexcTaBjsieTcss B BuAe NpoH3BedeHHH P (X)P2(X2) ... P (Xn)
AN AMHeHHOH KOMOHMHANHH TakuxX npoussepeHuit). M3 Bapuanuon-
HOrO TPHHUHIA HAXOLATCA ypaBHeHHs! A QYHKuUME Y1, ..., Y-
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C atuM cnoco60M MBI MO3HAKOMHMCS, KOrja GyaeM H3yUaTh CJIOXK-
HElE aTOMHL,

Hpumep. IMpuMeHuM BapHAUMORHBIH NMPUHIMN LIS TPHEIHKEH-
HOTO pacyera OCHOBHOTO COCTOfiHHMS aToMa renus. Omeparop llpe-
AUHTEpA [JS1 FeJHs B aTOMHBIX €IMHUIAX UMEET BHI

2 2 1
—

1 1
=—gh—gh—Tr— Tt

B kauecrse npoGHO# GYyHKUHH BO3bMeM *
P (X, Xq, @) = g=0rg=9r,

BriuucreHusi, KOTOpble MB He NPHBOJHMM, HAOT NPOCTOe BHIpaKe-
HHe JJA (QYHKIHOHAJa

E(a)=a2———2§7—a.

MuHuMyM 3TOrO BHIpaxkeHHus jpocturaercss npu o == 27/16, u npu-
GJMKEHHOE TeOPeTHUECKOe 3HAUeHHe BHepPrMH OCHOBHOI'O COCTOSIHHUS

Ey= E(27/16) = — (27/16)? = — 2,85.

OKcnepuMeHTa bHOe 3HaYeHHe Egsxen = —2,90. Mui BHAUM, YTO
TaKO# MPOCTOH pacueT NPHBOAHT K BeCbMa XOPOLIEMY COIMVIACHIO
C 3KcmepuMeHTOM. Kak u cnegoBano OXHAaTh, TeOopeTHYECKOEe
3HayeHne E, GoJsibilie HKCIEepHMEHTaNBLHOTO.

3ameTum, uTO e~% gBjsercs co6CTBeHHON BYHKIHeHl OCHOBHOrO
COCTOSIHMSL 4acTHUBl B KYJIOHOBCKOM mnone —o/r. I[loatomy npu6in-

27
T (ritra)

XeHHasl cobcTBeHHasi (QYHKUuA e ABJasgercsd TOYHOH cob-

CTBEHHOH (QyHKUMeH asis omeparopa
1 1
H = —ta—1a, 27 27

- 16/’1 - 167‘2 '

BsaumonelicTBie MeX1y 3/€KTpOHaMH B NPHOIHIKEHHOM omepa-
tope Ildpenunrepa H’ yureHo 3ameHON 3apsima sgpa Z =2 Ha
Z'=27/16, TeM caMbIM YyuTeHa B3KpaHHpPOBKa sjpa 3apsanoM
3JIeKTPOHa. :

B sakmiioueHne orMeruM, YTO NpPH pacueTax aToMa PeNHs HCs
NOJIb30BAJIHCh MPOOHbIe (QYHKUHH C ONPOMHHM UHCJOM HapaMer-
poB M GBI NOCTUTHYTA TaKas TOYHOCTb, YTO HMEIOIIHECH PacXOXK-
ACHHS C IKCIEPUMEHTOM MOTYT OBLITh OGbSCHEHB PENSTHBHCTCKHMA
nonpaskaMu. CToJIb TOYHOE pelleHHe 3a7add 06 OCHOBHOM COCTOSI-
HHH aToMa rejiud UMeeT NPHHUHNHANBHOE 3HAYEHHUe JJIg KBAHTOBOM
MEXaHHKH U NOATBEPXKJAaeT ClpaBelJIMBOCTb €€ YpaBHeHHMH AJA 3a-
Ay Tpex Ted.

* BoiGop npo6HOH (yHKUHE MOXHO OGLACHHTL TeM, uTo QYHKiug e~ =2
ABJACTCA TOUHOA coGeTennoll dynxkumefi omepatopa H — 1/ry,. HeiieTButensHo,
eca B H oTOPOCHTL wieH 1/rys, TO pasjieNieHHEeM NePeMEHHBIX TaKas 3ajaua CEO-
JUTCST K 3ajaue o BOﬂOpOﬂOHOﬂOﬁHOM HOHe, a, Kak G110 NoKasaHo, cobeTBer-
Han QYHKUMA OCHOBHOrO COCTOSIHIN Takoro HoHa cctb =%, rie Z — 3apsii Aapa.
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§ 35. Teopus paccesinus.
dusnyeckass IOCTAHOBKA 3aavH

Mpl HauHeM € onmHCaHHS (QUBHYECKOH NOCTAHOBKH 3ajaud O pac-
cessHud, ITycTh My4oK 4acTuil copTa @, MoJydyaeMHi OT YCKOpUTes,
najaeT Ha MHIIEHb, COCTOSILYIO H3 yacTHU copra b, CxeMma Takoro
onbiTa n3obpaxKeHa Ha puc. 11,

Yactuusl a u b MOTYT ObITb KaK 3JeMeHTapDHLIMH, HampuMep,
3JIEKTPOHH, TPOTOHBI, HEHTPOHB, TaK H COCTABHLIMH, HampuMep,
aTOMBI, MOJIEKYJIBl, ATOMHLIE Anpa. JKClUepHMEHTATOp usyuaer ¢u-
3HUeCKHe XapaKTeDHCTHKH YACTHI, BHJIETAIOMUX U3 MHIUEHH. Ecju
OHH OTJNHMYAIOTCS OT COOT-

BETCTBYIOIHX XapaKTepuc- ﬁ
THK TajaloldX YacTHI, TO

MOXHO TI'OBOPHTH, YTO YaC- —— =
THLA @ HWCHbLITajna pacces- —————=
HHe,

O6HYHO CTpeMATCA Bhl-

6paTth TaKylo TOJILHHY MH-

IIeHH, 4To0bl MOCTAaTOYHO

60JbIIOe YHCJAO YaCTHI &
paccesiioch Ha YAaCTHUAX b U B TO Xe BpeMm#, 4ToObl AONF HaCTHL @,
HCOBLITABIIMX MHOTOKPAaTHOE CTOJKHOBeHHe, Oblna mpenelpexuMo
MaJsa. B sroM cnydae piisi 06bACHEHHS Pe3yJbTaToB SKCIEPHMEHTOB
JAOCTAaTOYHO H3VYHUTH 3aJauy O paccesHHH YacTHUB ¢ HA yacTuue b.
Takas 3ajpaya siBasercs 3ajmaueidl ABYX TeJs, €CJH YacTHUH ¢ H b
3JieMeHTapHble, U 3ajayuell MHOTUX TeJ, eC/IH YaCTHUH & H b cocras-
Hele, HanoMuuwm, uto 3ajaua ABYX TeJ OTAe/IeHHEM ABHKEHHS LeHTPa
HHEpIHH CBOAHTCS K 3afgue O ABHIKEHUH YacCTHUIH! B 0Je HENOABHXK-
HOT'O CHJIOBOT'O IIEHTpa. DTa 3ajava fBJseTcs npocrefiiled 3agaueil
TEOPHH pacCesiHUS. :

[Tpu paccessHHM Ha CHJIOBOM IeHTpe BCJEACTBHE 3aKOHa COXpa-
HeHHS HeprHH YacTHIa MOXeT H3MeHHTb JIHUIb HATpaBjieHHe CBO-
ero nsuXeHns. B sToM cinyuae roBopsit 00 YNpyroMm pacCesiHUM.
[IpH CTONKHOBEHHH COCT@BHBIX YACTHIl BO3MOXHH GoJjiee CJOXKHBIE
nponeccl. Hanpumep, npu CTOJKHOBEHHH 3JIEKTPOHA C aTOMOM
BOJAOPOJa BO3MOMKHO YHpyroe paccestHue (COCTOSIHHE aToma He
MeHsieTcs), paccesiHHe ¢ Bo3OyxkneHneM (3JeKTPOH mnepellaeT 4aclb
CBOEH 3HEeprHH aToMy, KOTOPHI NepeXoAUT B HOBOE COCTOsiHME)
H, HaKOHell, HOHH3aUHA aroma 3JjekTpoHoM. Kaxaw# Takofi mpo-
Hecc Ha3blBaercst KaHaJoM paccesHus. PaccesHue 4acCTHIBI Ha CH-
JIOBOM LeHTpe fiBJfieTcs OZHOKAHAaJbHHIM, a paccesHHe COCTABHBIX
yacTHl 0O0HIYHO MHOrOKaHaJbHHIM, EciH, ogHako, crasiKubalollHecs
YACTHUH @ W b HaxOITCH B OCHOBHOM COCTOSIHHH M 3HEpPrHsl HX
OTHOCHUTEJbHOIO [BHXKEHH MeHblle 3HePruH BO3OYXKIEHHHA, TO
paccesinne OyjIeT OAHOKAHAJNbHbIM,

OcHOBHOIt XapaKTepHCTHKOH pPa3JMUHBIX MPOLECCOB pAacCesiHus,
KOTOpas Wu3MepseTci B OIKCIEePHMEHTaX, SBJSETcS I[X CeyeHwue,

Gyemyuk

Pue. 11
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KOTOpOe Mbl onpesejuM Huxke. [IpoleccoMm paccesiHusi Mbl Ha3biBaeM
HEKOTOPOEe MHOMKECTBO BO3MOXKHBEIX pe3yJbTaToOB paccesiHHs. B 3Tom
CMEICTIE NPOLECCAMH SIBJASIOTCH:

1) ynopyroe paccesiHHe B 3JIeMeHT TeJeCHOro yriya dn, HoCTpoeH-
HBIH OKOJIO HanpasJleHHS N,

2) ynmpyroe paccesiHHe Ha MPOHM3BOJbLHBIH yroJ;

3) paccesnne B TeJecHBIl yron dn ¢ Bo30yXJIeHHEM MHIIEHH
¢ i-ro ypoBHS Ha k-H;

4) paccesiHHe ¢ HOHH3allueil MHIIeHH;

5) mpouecc, cocTosimHB B TOM, YTO paccesgHHe BooOIle HMeJIO
MecTo, H T. I.

BepositHocTe N Kakoro-nu6o mpollecca paccesiHHst @ Ha b 3a-
BHCHUT OT HEKOTOPOH BeJMYHHBl, KOTOpas XapaKTepH3yeT TOYHOCTb
«CTpesbbbl» uacTunaMiH @ no yacruue b. UroGbl BBeCTH Takyio
XapaKTePHCTHKY COCTOSIHMS Hajeralomed dYacTHUBl @, IOCTPOHM
HJIOCKOCTh, MPOXOASIMIYIO Yepe3 TOUKY, B KOTOpoH HaXOmHTCs pac-
ceysaTeNb b, M TepNeHAUKYJSPHYIO HMIYJAbCY HaJjeralomel uac-
TUub @. BepositHocTs dW nepeceus niollanky dS 3Tofi MIOCKOCTH
LIS YacTHIIK @ HponopiuoHanbHa dS, T. e. dW = IdS. $lcuo, uto
BeposiTHOCTb N 6yleT HmponopuUHOHAJ bHA BeJHuWHe [, BHIUHC/JEHHOM
B TOYKe, I'Jle NMOMelleH pacceHBaTelb *.

Tenepp ecTecTBeHHBIM NpeACTaBJAseTCs ONpelefleHHE CeueHHs O:

0'-——1-.

CeueHHsl TepeyHCJEHHBIX BHIe NATH NPOLECCOB HOCHT Ha3Ba-
Husi: 1) pubdepenunalpHoe ceyeHHe yIpyroro paccesiHus, 2) noJ-
HOe CeueHHe ympyroro paccesHus, 3) auddepeHuunanbHoe cedeHHE
B0o36yKeHus, 4) ceueHHe HOHH3aluH, b) nonHoe ceveHue, [loHsATHE
CeYeHHsl CTAHOBUTCH OCOGEHHO HArJIANHBIM, €CJH MPEANOJOXHTh,
4YTO HMeeT MeCTO NOJHHIl JeTepMHHH3M pe3yJbTaTOB pacCesHHS.
[Tpu TakoM meTepMHHH3Me pe3yJabTAT pacCesHHs oNpenensics Obl
TOH TOUYKOH NONepeyHOro CedeHHs NydKa, 4epe3 KOTOPYIO Hpollja
6b YacrHila NPH OTCYTCTBHH paccenBatensi. [Ipomeccy paccesiHus
COOTBETCTBOBaNa GHl TOrAa HeKoTopas 06JacTb B IJIOCKOCTH IHOTeE-
PEeUHOro cedyeHHsl, H Ce4YeHHe paBHsAJOCh Obl mjomiaau 3Tod 06-
JIaCTH.

Ilepen Teopueli paccessHHSI CTOAT [Be 3aJayd: MO H3BECTHHIM
NoTeHIHaJaM B3aHMOJeHCTBHS MeXIY 4YacTHHAMH HafiTH cedeHus
Pa3NHYHBIX MpolleccoB (npsAMas 3ajavya) H 1O H3BECTHHIM CeYeHHSM
nostyduth HH(opMalnmio o B3auMmojeficTBHH yactuu (o6paTHas 3a-
Jaya).

B nexknusix Mbl orpaHHYHMCS] H3yYeHHEM MHpsIMO 3afaud pac-
cesIHHS YaCTHIEI HA NMOTEHIHANbHOM ILIEHTpe U HaYHeM C NpocTel-
1lero OJHOMEPHOTO cayyas.

* PaccenpaTenb b npu 3TOM CUMTaeTCs YAaNleHHLIM, TaK Kak | XapakTepHsyer
COCTOsHHe CBOGOAHO ABUXYLIeACH FaCTHUM 4,
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§ 36. Paccessnue onHOMepHO# vacTHUB Ha MOTeHUHAJbHOM Gapbepe

HsnoxeHue 3TOr0 BOMpOCa MBI IMOCTPOHM 10 CJeAyiolleMy
niaady. CHauana Ml copMynHpyeM Tak Has3blBa€MYIO CTALHOHAp-
HYIO 3ajauyy O paccesiHHH. [L/sl 9TOro Mbl H3Y4YHM pellleHHd ypas-
HeHusi Hy = E{y HekoToporo crHenuajspHOro BHAA. PH3HuecKH#H
CMBICJI TaKHX pelleHH{i MBI BBHISICHHM I103Xe, NOCTPOHB IIPH HX
HOMOUIH pellleHWss HecTauuoHapHoro ypasHeHus llpeaunrepa
. db
i —7=AHy. Jlns npocToTs 3ammCH Mbl HCNOJNb3yeM CHCTEMY eXH-
HHUIBL, B KoTOpolt A = 1, m = 1/2.

Oneparop UlpeanHrepa B KOOPAHHATHOM IpPENCTABJIEHHH HMEET
BHJL

H=—2 4+ v (1)

Dyukuuo V(x) Mo 6ynem cuurath dunutHolt (V' (x)=0, |x|> a)
H KYCOYHO-HeNpPepHIBHOM.

YecaoBuMcs Ha3BIBaTh 00JACTH ¥ << —@, X > a U —a << x << a
BeutecrseHHoll ocu obaacramu [, Il u [/l coorsercTBeHHo. 3amaua
0 paccessHHH fBJsieTcd 3agadelt 06 HHOUHHUTHOM [BHIKEHHH dac-
THub. Takoe ABHXKeHHe BO3MOXKHO npu £ >0, H MBH 3HaeM, 4TO
npu £ > 0 cnexkrp oneparopa Illpexunrepa HemnpepbiBeH. C Mare-
MaTHUYeCKOHl TOYKH 3peHHs 3ajJauyd O paccessHHH SIBJASIOTCA 3aja-
4aMH O HeNpepHIBHOM cnekTpe onepartopa lllpenunrepa.

CraunonapHoe ypasHeHue [Ipenunrepa, koropoe Ha Bcefl Be-
HIECTBEHHOH OCH HMeeT BHJ

—P"+V)o=~,Y E=k, k>0, 2
ynpouaerca B obaacrax [ u I/
B + B2 =0. 3)

YpapHenue (3) uMeeT [Ba JHHeHHO-He3aBHCHMBIX pelleHHs e+
H e—*** PemieHus ypasBHeHHs (2) Ha Bcelf ocH Moryr ObITH ToO-
CTPOeHHl CIIHBaHHeM pemleHudl B obaactsax [—/Il. Ilpu cluuBanuu
MBI JOJIKHHB HCIOJIb30BAaTh YCJOBHSI HENMpepbIBHOCTH pelleHHH H HX
HepBHIX NMPOH3BOAHBIX B TOYKaxX —q H . JTO HaKJaJblBaeT 4yeThIpe
YCNOBHA Ha UIeCTh MPOH3BOJBHBIX TOCTOSIHHBIX, BXOASIIHX B BHIpa-
JKeHusl Ans oOmux peitennsl B obaacrax [—I///. Tlatum yciaoBuem
IJIS 3THX IIOCTOSTHHBIX SIBJIETCSl YCJIOBHe HOPMHpPOBKH. [losromy
MOryT OBITH IOCTPOEHBI JHHEeHHO-He3aBHCHMble pelleHHs YpaBHe-
Hust (2), KoTopsle B obnacrax [ u [/ uMeror Bup *

I It
Pi(k, x), eit* 4 A(k)e~i**, B(k)elt,
Vo (R, x), D(k)e %, e~ kx4 C (k) ei*, (4)

* EcaM noTeHUMAs He ABASETCA (HHUTHBLIM, HO AOCTAaTOUHO GHICTPO YyObiBaeT
npu |x|— oo, TO mpHBeneHHHle BHpaMeHHS MAf P M Pp B obmacrax I u II
cleyeT paccMaTPHBAaTh KaK AaCHMNTOTHKH (YHRUME P; M Py mpPH X — oo, Hay-
9aTh ITOT CIyuall Mbl He OyJeM.
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Hanpumep, npH MOCTPOEHHH pelieHHS P, MBI, HCNONb3Ys MPOU3-
BOJIBHOCTb OJHOH W3 KOHCTaHT, [oJaraeM paBHBIM HYJI0 Ko3bhdu-
ILHeHT NpH e—*** B obnactu //. Hajee Mul BbIOupaeM paBHbIM enu-
Huue xosddunuent npu e** B obgacru /, TeM caMblM ONpepenss
HODMHPOBKY (yHkuun ;. Koadduunuentst A u B naxomsitcs 3
YCJIOBHH CIHUBAHHUS BMecCTe C IIOCTOSHHBIMH #1 U A, T'he me-+ngs—
o6iuee pewenne (2) B o6aactu //. HerpynHo ybexurbes, 4To ycio-
BHSl CIINBaHUS NPHUBOAAT K JHHEHHON HeoLHOPOAHO!H CHCTeMe ypaB-
HeHult qna A, B, m U n ¢ onpenesuTesneM, OTJIHUHBIM OT HYJS, €CJH
@1 H Qo NUHEHHO-He3aBUCHMBI. AHAJIOTHUHO CTPOUTCS DeIleHHe s
JluHefiHas He3aBHCHUMOCTb pellleHHH P; H P CJAELAYET H3 TOTO, YTO
BPOHCKHAH 3THX pellleHH{ He paBeH HYJIO.

BuisichuM cBoiictBa kozddunuenros A, B, C u D. IIna storo
saMetuMm, uto BpoHCKHaH W (@, @,)= ¢,¢y — [P, peuleHnd @,
H ¢z ypaBHeHHs (2) He 3aBucur or x. lleficTBHTeNbHO, NyCTb @)
H g yAOBJIETBOpsiloT (2), Torzaa

o, —(V—~£)g,=0, ¢;—(V—~r)e,=0.

YMHOXasi nepBoe H3 PaBeHCTB HAa @y, BTOpPOe Ha ¢, H BHIUMTAA
OJIHO H3 JPYroro, NOJy4HM

d , p
dx (9,9, — @19,) =0.

Ucnonb3ysi 3TO CBOHCTBO, MBI MOXeM NDHPAaBHHBAaTb BpPOH-
ckuaHb s Jnio6oft napel pelllenuit B obnacrax [ u /[, Buibupas
B KauecTBe TaKHX Iap peLIeHHH NOCJeAOBaTeNbHO Vi, g; V1, P}
Po, Yo, B Py, Po M HCHONB3YS paBeHcTBA: W (e~*%, ofk¥) = 2ik,

W (etik*, exikx) == (), MBI TpHAEM K CJEAYIOMHM COOTHOLIEHHSM
Mexny Kosth¢uunenramu A, B, C u D:

B=D, (5)

|AP+|BP=1, (6)

IBP+ICP=1, @)

AB -+ BC =0. (8)

(Hanpumep, B o6sacta [ W (¢, $1) = —2ik(1 — AA), a B obna-
cru 11 W (41, 1) = —2ikBB. IpupaBHuBas 5TH BHpaXKeHHUs, MOJy-

yuM coorHoinenne (6).)
CoorHomenus (H)—(8) mokaswiBaloT, YTO MarpHua S, COCTaB-
Jennas u3 KoadpduuuenroB A, B=D u C

S(AB
~\B CJ’

ABJIIETCS CHMMeTPUUHOW H yHHTapHOfi. Dra MaTpuua HasblBaeTcs
MaTpHLel paccesiHus MJH InpocTo S-marpuuedt. Mbl  yBUIuM
B naJibHeiileM, UTO BCe (DH3HUECKH HHTePEeCHBIE Pe3YJIbTAaThl MOIYT
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O6HTh NOJYyYeHH, €caH H3BecTHa S-MaTpHlia, MOTOMY BLIUHCAEHHe
€e 3JIEMEHTOB fBJAETCA OCHCOBHOH 3ajauell ofHOMEpHOH Teopuu
paccesiHus.

PaccMoTpum Bormpoc o HOpMHPOBKe GyHKUHE ) (&, x) 1 P2 (£, x).
Hwmeror mecto dhopmyibl

o<

| vtk 0%l Dax=0, £>0, k>0, (©)

{010 (o0 Wiz Coa, ) e = 208 (ks — o), (10)

T. €. CpaBeJJINBH T€ }Ke COOTHOWIEHWS, 4TO H AJA GYHKuui ei**
H e~*%, y HOpPMHPOBKA HE 3aBHCHT , OT BHAa NoTeHuuana V(x).
Wurerpann B popmysax (9) u (10) moHmmMarmoTCcs B CMBIC/IE [JaB-
Horo sHayeHusi. Mu nposepum (10) pas oyraxuuum ¢;. OcrajbHbie
IABa COOTHolIeHHs mpoBepsiorTcss Tak xe. [loxcraHoska oyHKuUHHA

Y1(ky, x) B Pi(ke, x) B ypaBHenue (2) NPHBOXHT K paBeHCTBaAM
V7 (ky x)+ R (R, )=V () (&, x), (11)
V" (ky %)+ 20 (By £)=V () ¥ (&, x). (12)

(Mul He nmuwmem wHAeKe | B o603HaueHAHH pelIeHHS P, AJS COKpa-

meHus samuch.) Hdomuoxkas (11) ua P(ke, x), a (12) Ha (k1 x)
H BBIUMTAS [EPBOE H3 BTOPOro, MOJYyYnM

22 W (0 (kyr 2), V(B £)= (2 — 1) % (kyy ) (B 2).

Hurerpupys 310 paBeHcTBO, GyaeM HMeETb
N

[ oo, 09 Ddr ="

5
=N ky — ky

W (e ), ¥ D) . (13)

Hac untepecyer npenesn B cMblcie 0606IIEHHBIX QYHKUHE HHTE-
rpasa, crosimero B JjeBoil yactu (13), npu N — oo, Yxe uH3 ¢op-
mydas (13) BHAHO, 4TO 3TOT IpeZeJs 3aBUCHT TOJBKO OT BHAA pelle-
Huit B obaactax [ u /I (naa caydas wHQUHHTHBIX MOTEHI{HAJIOB
TOJIBKO OT ACHMITOTHKH peHIeHHH MpH X — Z00).

[Tocne mpocThIX BHIYHC/IEHHH NOJYYHM

N
{ o, 090 0 de=
~N

S E_-i-_kz [(A (k) A (B -+ B (k) B (k) e t=kd N g=1 G~k N]

— 5 (AR e wrkd ¥ L T () ot Gt 8]
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Bropoe caaraemoe 1o Teopeme Pumana — Jlebera crpeMurcs
K HyJ o (B cMmuicie o6oGuieHubx ¢yukunit). [logobuoe yreepikie-
HHe HecnpaBeLJIHBO 10 OTHOLIEHHIO K [EepBOMY cJjaraeMomy, Tak
KaK OHO CHHIYJSIpHO NpH Ry = ky. CHHryJsipHAsg 4acTb 3TOTO CJa-

raeMoro He u3MeHHTCH, ecsH 3aMeHuHTb A(ky) n B(ky) na A(ki)

u B(k) coorsercrsenHo *, Mcroabsys (6), umeem

N
| %1kt 9% (e, D dx= g sin (ks — k) N + F (1, by N),
-N

rae lim F (k,, ks, N)=0.

N-»oo

Hakonen, ncrnonb3yss #3BeCTHYIO GopMyay

fim UMY 06 (x),
N>
MOy 4UM
N
lim S Wi (k1 )91 (Bay ) dx = 200 (ky — k),

N> Y

yto coBniagaer ¢ (10).

§ 37. ®usnueckuit cMbica PelwleHHH P; U Py

Has toro 4yro6b BHIACHUTL (u3nyecKuil cMBICHA pelieHuii P
U Py, MOCTPOMM C HX MOMOILIbIO PellieHHS HeCTalHOHAPHOTO ypaB-
uwenus Ulpenunrepa
. do
iP5 =Ho,
PaccmorpuM peirenne ypaBHenusi lllpenmurepa, MmocTpoeHHOe Mo
byurnay P (k, x)

0 (e, == | CR) 01 (k, 2) =¥ d. M

0

Ornocurenbno ¢yunkuuu C (k) MB NPEANONOKHM, YTO OHA OTJHYHA
OT HyJs B MaJioi OKPECTHOCTH TOYKH ko. B stom cayuae ¢ (x, 1)
HMeeT HauGoJee npoctoil ¢pusuuecku#t cmbica. Kpome toro, Gyaem
CUHTATb, YTO

S|C(k)l2dk=1,
0

* Ins storo nocratodydo, urobu A(k) u B(k) 6uan puddepeHinpyeMbiMu
GYHKEHMAMA OT R, UTO MOMKeT GBITb AOKA3aHo.
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rorga u3 (36.10) caeayer, uto

o0

(1o opax=1,

-0

T. e. pewieHue @;{x, ) UMeer NpaBHUIbLHYIO HOpMHPOBKY. HMcmonbsys
cocpenoroueHHocth (yukuuu C(R) B OKPECTHOCTH TOUKH ko ¥ He-
npepuieHocth Gyuruuit A(k) u B(k), mMOxkHO 3anncatbh mpubau-
JKeHHbie Buipaxenud * njs ¢yHkuuu @;(x, {) B obnacrax [ u II:

g (x, Doy (x, H+ A(R) e (x, 1),
II: @ (x, t) = B (k) @, (x, 1),

rae (1 (X, t) = _:\/-;_R S C(k) pikx—ikt b (2)
0

GyHKEAE @+ (X, 1) ABJAAIOTCH HOPMHPOBAHHBIMH pelIeHHAMH
ypaBHenusi lllpenunrepa aas cBoGOAHOH 4YacTHIB H H3ydaJuCb **
B § 15. Tam xe OvIH MOCTPOEHB! ACHMOTOTHYECKHE BbHIpaXKeHHS
I 3THX peuweHHufl npu {— £

__ 1 X \ein L

0. (0 === C (% ) + 0 (71),
rge y — BelllecTBeHHasi GYHKLHS, BHA KOTOPOH AJA HAac Hecyule-
cteed. W3 3rtoro BblpaxkeHus BHIHO, 4TO OGYHKHUH @«(x, 1) npu
|¢|— oo OTJHYHBI OT HYJA TOJbKO B OKPECTHOCTH TOUEK X == =+2kf.
[TosTOMy @ OMHCHIBaeT COCTOSIHHE CBOOOMHOH HacTHLIB, ABHXY-
mieficss cjeBa HalmpaBO CO CKOPOCTbIO *** p == 2k), a ¢ — dacruny,
UMEIOIYI0 MPOTHBOMOJOMXKHOE HampaBJjeHHe CKOPOCTH (HANOMHHM,
uro m = 1/2).

Teneps JeTKO MOHATH, KaKHUMH CBolicTBamu o6Jsajaer pellleHue
@1(x,t) mpu {— oo, Ilycts t—> —oo. Torpga B obaacrax I u [/
HMeeM

Lo (x, )=0o,(x, 1),
I @(x, H=0,

* DTH BbIpaXKeHHS MOXKHO CUHTAThb CKOJbKO YTONHO TOYHBIMH, €C/H HHTEp-
Ban Ak, BuyTpu koroporo C(k) crawyHa or HyJs, CKOMb yrofHo man. OpHako
nepefity K npefeny, samenus C(k) wa O-byHRumMIO, MBI He MOXeM, Tak Kak He
noJiyuuM KBaIDATHUYHO HWHTETPHPYeMOro peillenust ypapuenns Llpeannrepa,

** JIMeeTcs HeCyleCTBeHHOe pasiMyHe B 3amucH. HaMm yapo6Hee 3aech cun-
tarb k>0, 0 3HaK HMIyJbca B 3IKCMOHeHTe e*!** puinuchBaerca aBHO. Kpome
Toro, uuTerpuposadue B (2) MOMKHO PacHPOCTPaHHTL Ha BC!O BELIECTBEHHYIO OCb,
rak kak C(k)==0 npu kb < 0.

**% Bojiee TOUHO: CO CKOPOCTbIO 2k, nepeMemllaercs: 06JacTb, B KOTOPOH 0OT-
JMHYHA OT HYJ/s BePOSITHOCTb HaHTH YacTHuy.

143



TaK Kak npu t——oo ¢_(x,{)=0 npu x<<—a u ¢u(x,)=0
npu x > a. AHajoruuto npu {— -4oo

I g (x, ) =A(k)9_(x, 1),
II: o (x, )= B (k) o, (x, ).

Mur BuauM, 4TO 3ajm0Aro 10 paccesHHd (f->-—oo) udacTulia
C BEPOATHOCTBIO, PaBHOH eIWHHUILE, HAXOAWUTCH cjeBa OT Oapbepa
U ABHXKeTCH MO HalpaBJIeHWI0 K 6apbepy CO CKOPOCTbIO 2kg.

Buianenum BepostHoctH W, m W, oOGHapyXKuTb udacTHuy MpH
t— 400 B 06gactax [ u I/ coorBercTBeHHO. MMeem

Wi={lox opdc=1 40P { |o_(x, 0 ax=

=] A(k) ] —S |o_ (x, ) [2dx =| A (k) >

3amena obaacTd HHTerpHpoBaHus [ Ha BCIO BEIIECTBEHHYIO OCb
BO3MOXHa, TaK Kak NpH { -> +oo ¢-(x, 1)~ 0 Tonbko B obaacru /.
TouHo Tak e mposepsieTcs, 4TO

W11=| B (ko) P,

I'padpukn oyuruuu |¢@(x, 1) |2 Kak QYHKOEH OT X 0pHU f-> 00
H3obpaxkeHsl Ha puc. 12

| 2 2
o I, (=,1)] e oo | 9s(2,t)]
v=2kg U=—2ko uU=2Kg
{ 1 : - 1 i J t -
- a X -qa a X

Pue. 12.

Takum o6pasom, peumenne ypasHenus [lpepunrepa o (x,?)
ONKCBIBAET YacTHILY, KOTOpasl [0 paccesinus NpuUOAuxKaeTcss K Io-
TeHIHaJbHOMy Oapbepy CO CKOPOCTBIO 2By H C BepOSTHOCTDIO
{A (ko) |2 orpaxaercs oT Gapbepa uam ¢ BeposTHoCTbIO |B (ko) |2
NpPOXOAHUT Yepe3 MOTeHIHaJbHBIN Gapbep *.

O6paruM BHHMaHHE Ha TO, YTO Pe3YJbTAT He 3aBHCHT OT BHAA
¢yuruuu C(k), BaxXHO TO/MbKO, 4TOOb HHTepBasn AR, B KOTOpOM
C(k) orauuna oT Hyas, 6el1 Mas. Pu3HUYECKH 3To TpeGoBaHHE MoO-
HATHO, €CJM Mbl XOTHM 3KCIE€DPHMEHTAJbHO HAHTH 3aBHCHMOCTS,

* B oxnoMepHO# 3ajade NMOHATHE CeUeHHs Tepsier cMbica. Beio mudopManuig
0 paccestHHM cofepxaT BepositroctH |42 w |B|2
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Hafipumep, Kosdduuuenta orpaxenus |A(k)|2 or k, HoMKHH
1CMONb30BATh YAaCTHUB, HAXOMALINECS B COCTOStHHM C BO3MOKHO
MeHblIeH Aucrnepcuefl & (COCTOAHHE C HyJeBoOil nHCmepcuell He cy-
mecrsByer). [Ipy KOHKpeTHBIX pacuerax Ko3GhGHIHEHTOB OTpaxke-
uud u npoxoxneuns |A(k)|? u |B(k)|? ner HeoGxoaumocTH pe-
mIaTh HecrapMoHapHoe ypaBuenue [Ipenuurepa, nocTaToyHO HalTH
pemenne P (&, x). 3ameTuM, uto pemenue @qp(x, ), KOTOPoe MOKHO
NOCTPOUTb MO (GYHKUHH Pa(k, ¥), UMeeT TakOH e CMBICA, TOJBKO
dqactuna npubanxkaercs Kk 6apnepy cnpasa.

BenomunM cBoficTBa MaTpuubl paccesnnss S. Pasencrso B = D
IPUBOJAHUT K PAaBEHCTBY BePosATHOCTEH MPOXOXKAeHHS depe3 Gapbep
B OPOTHBOIOJIOXKHBIX HallpaBJeHHAX ¥, KAK MOXHO MOKa3aTb, SB-
JsieTcsl CJeJCTBHEM HHBapuaHTHOCTH ypaBHeHusi Illpemuurepa or-
HOCHTeJIbHO obpaienus BpeMenu. PaBeHcTBa

| AP +[BI?=1, |BI*?+|C|*=1

BHIPAXKalOT 3aKOH COXpaHEeHHs BepPoATHOCTH. HelicTBuTesbHO, HOP-
MHDOBKa pewleHH# ¢i(x,¢) H @g2(x,f) OT BpeMeHH He 3aBHCHT,
a npu {— oo uMeeM

oo

tim {1910, ) 1Pde =] A(k) 12 +1B (ko) 1= 1.

—-00

§ 38. PaccesHue Ha npaMoyroabHOM Gapbepe

PaccmoTpum KOHKpDeTHHIH NpHMep 3ajfadll O pacCesHHH OfHO-
MepHOH 4YacTdLHl Ha MpPAMOYroJbHOM MOTeHnHaJbHOM Gapbepe.
[lyers

Vo 1xI<a, Vo>0,
V()z{o, Ix1>a.

YpaBHenne H{ == k%) B 310M ciyuae B obaacrax [—I/] umeer
BHJ
[ull: ¢+ k2p=0,

II: ¢” +a2p=0, (1

re a=+/k2—V, (11a oIpeje/eHHOCTH CYHTaeM, 4t0 o > 0
npu k> — Vo> 0 n —ia > 0 mpu k2 — V< 0).
[Toctpoum pentenne Py (k, x). dto pemenve B obaacrax I—IJI]
HMeeT BH/J _
I: ezkx + Ae-ikx’ (2)
II:  Be'*, (3)
I: me's + ne-tox,
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Kospduuneurn A, B, m, n HaxoZATCAd H3 YCJAOBHI HeNPepLIBHOCTH
GyHKIHY P H ee NMPOH3BOAHON B TOUKaX —a H a

e—ika + Aeika = me— iaa + neiaa’
3 (e—ika — Aeika) =aq (me—iaa — neiaa),
meiaa + ne—iaa —_ Beika’
a (me'o® — ne~i04) = kBetka,
Brinuiem BbolpakKeHne AJ K/o,aqxjmunema B

_[e+8)? oipmaya__ (20— P 2i(k+a)a]_1
B'—[ a0k € k¢
HerpyaHo mpoBepHTb, yTo B -0 npu BHIIOJHeHHH JM060r0 u3 yc-

JOBHH:
1) =0, 2) Vo—>o0, 3)a—>oo, 2LV,

HaoGopor, B -> 1 npu BHINOJHEHHH OZHOTO H3 YCJOBHH:
4) k—>o0, 5) Vyj—0, 6) a—0,

Mp BHIHM, YTO B NpefeabHbIX caydasix 1)-—>5) pesyabraThl, moJy-
YyeHHbIE HAa QCHOBe KBaHTOBOf MeXaHHKH, COBMAAalOT C KJaccHue-
. ckumu *. Ha puc. 13 npusenen rpaduk
[8(0)] oyukuun |B(k) |2 U3 rpadura supo,
P _ 4YTO MpH HEKOTOPHIX KOHEYHBIX 3Haye-
HHIX k  BEPOATHOCTb  MPOXOXKAEHUS
|B|2=1. HurepecHo OTMeTHTb, 4TO
ypaBHenusa (1) Bmecrte ¢ yciaoBuamu (2)

4 (3) omMCHLIBAIOT NPOXOXKEHHE CBETO-
BbIX BOJIH 4epe3 MPO3PayHble MJIaCTHH-

% ku. IIpu stom |B|? u |A|? nponopuuo-
Ha/bHB HMHTEHCHBHOCTSM OPOXOAsuiel
Pue. 13. i oTpaxenHofi Boan. B cayuae |B|2 =
=1, |A|?2=10 orpaxeHHas BOJHa OT-

CyTCTByeT. OTO fBJeHHe HCHOJb3yeTcsl [/ MPOCBET/IeHHs
OITHKH.

§ 39. PaccesiHue Ha NOTEHUHANLHOM LEHTPE

I7st safjauu o paccessHMH Ha MOTEHLHAJbHOM IEHTPE OMeparop
[IpenuHrepa umeer BHA

=—A+ V(x). (1)

(Mb! cHoBa cumraeM, uro m == 1/2, h =1). B paabHeifimeM MH
o6bluHO OyJeM cuuTaTh, YTO NoTeHUHAN V(Xx)— QuHuTHAA GYHKUHSA

* CorslacHO KJacCHUeCKOH MeXaHHKe 4acTHEA C BEPOSITHOCTbIO eAuHHua Npo-
XOMHUT 4epes Gapbep mpH k? > Vi, B ¢ BepPOATHOCTBIO eIHMKHIA OTPa)KaeTcsi NPH
k2 < V()A
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(V(x) =0 npu |x| > a). Usnoxenne nocTpouM Mo Tof xKe cxeme,
49TO B B OJJHOMEPHOM CJyyae, T. €. CHayasja pacCMOTPUM HEKOTOphbie
pewledusd cranuoHapHoro ypasHenus llpenwnrepa, a saTem Bhisic-
HUM #X QH3UYeCKHH CMBICJ C MOMOMIBIO HEeCTAIHOHAPHOIO ypaBHe-
uug Ulpenunrepa.

Hama nepBas 3apaua — chopmyaupoBaTh acCHMITOTHYECKOE
(npu r —> c0) ycaoBHE Ha pelieHHe ypaBHEHHS

— AP (x) + V (%) ¥ (x) = £ (x),

KOTOPOe COOTBETCTBYeT (hU3NUeCKOHl KapTHHe pacCessHHs ¥ ABJIAETCS
anasorom ycsaosuit (36.4) nns omHoMepHo# 3amaun. EcrecTBeHHO
0XKHUJAaTb, YTO OJHO CJaraeMoe acHMNTOTHYEeCKH OyaeT coOTBETCTBO-
BaTb yacTuue, HaJjeTawolllefl Ha paccedBAIOWUA UCHTP MO omnpene-
JIEHHOMY HaNpaBJIeHHIO, a BTOPOE — COOTBETCTBOBATbL paccesHHOH
4yacTHle, KOTOpas MOMKET HMMETb Pa3juyHble HaNpaBJeHus ABIKe-
HHsl MOCJe paccedHus M ypanasercd OT HeHTpa. AHajoramu ¢yHK-
nuil e** y e~i* B TpexmepHOM cJyuae SIBJASIOTCH (DyHKuuu e*’/r
u e~*7[r. TlosTOMy pasymMHO NPeANOJOXKHTb, YTO YacTHUE [0 H

nocnae paccedHusd B ACHMIOTOTHKE COOTBETCTBYIOT CJaraeMble
p—ikr

ik
. dinde) =u er_f S (k, n, ®. MH ucnosbayeMm cienyiomne

o6osnauenusi: k-—uMnyJabc Haseraroulell gactuub, @ = k/k, n =
= x/r, 8(n-—no)— 8-byHKunsA Ha eNWHHUYHOH cdepe, ompenensie-
Masl paBeHCTBOM

{Fmem—nyan=F(my), dn=sin6dody,

Sy

S (k,n, ®) — HeKoTOpass (yHKUA, KoTopas, KaK Oymer NOKa3aHo,
COePIXHT BCIO HH(POpPMaLHIO O M[pollecce paccesiHHs H KoTopad
NoJIXHA ObiTh HalileHa NpH pelleHuH 3agauu. Mbl yBUAUM B [aJb-
uefimem, uto Qyukuus S(k, n, ©) sBAsSeTCAd SAAPOM HEKOTOPOTO YHH-
TapHOro onepaTopa S, KOTOpHIH Ha3blBaeTCs oONepaTopoM pac-
cestHuS,

Mul npuxoauM K clenyloliedi IOCTaHOBKE 3ajJadyd O PacCesHHu
Ha CHJIOBOM LieHTpe: TpeOyercss HalTH pellleHHe ypaBHEHHS

— AP (x, k) + V (x) ¥ (x, k) = £’ (x, k), @

KOTOpOe MpH 7 —> 00 HMeeT aCHMNTOTHKY

P (x, k) =

e—

:k' a(n+m)—%k'-3(k, neo)+o(+). @

O6ocHoBaHHe TaKoll TOCTAHOBKH 3ajaud MOXKeT OBITb jaHO
TOJIbKO MpH [OMOIIM HecTamuOHapHOro ¢opmaju3Ma TeOpHH pac-
cesiHus1, 370 OyIeT caenaHo B caeaywollem naparpade. Bompoc o cy-
IeCTBOBAHNH pelieHus ypaBHeHus (2) ¢ ycjosuem (3) MBI TakxKe
ob6cynum Hmxe. Ha artor Bompoc, ogHaKo, NpocTO OTBETHTb AJS
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cayuas V(x) = 0. [lokaxem, uto GyHKIHS

k . ko,
Wo (%, &) = o efix — - guirme,

KoTopasi, OueBHAHO, siBagercss pewenueM (2) mpu V(x)= 0, yaos-
JeTBopser # ycaoBHIO (3), U Halimem BuJ OyHkuuu S(k,n, o) A1a
3TOro cjayyas.

Mp HIleM acHMOTOTHKY QYHKUHH (X, k) B KJacce o6obiieH-
HbIX (DYHKUIHH, HOSTOMY HOJIKHBI HAaHTH aCHMNTOTHYeCKOe BhIpaxkes
HHe [pH r-> oo HHTerpaja

= S [ (n) o (rn, ko) dn,

S

rae f(n)—rnagkas ¢yHkuus. Henoassys sBHBIE BHA o (X, k)
H BBOJAsA cepHUEeCKYI0 CHCTeMy KOODAHHAT, MoJsipHas OCb KOTOPOH
HanpaBJleHa N0 BEKTODY @, HMeeM

2n

k
I= 2l

Oty
Q.

n
P S f (cos 8, @) ethreos® sir 04 O —
0

2n 1
k
= S de S dnf(n, g)et*r.
0 -1
Hurerpupys mo 4actsM, MOJyYHM
27

= Su7 S do - lk, [, pe
0

ikrn|!

N

dn fn(n, @)™

l
[y
#]
Oty
[l
-8
,!_L/?.-

Eile pa3 mpoHHTErpHpOBaB MO 4acTsM, JErKo yGeauThes, YTO BTO-
poe caaraemoe umeer nopsnok O(1/r%), mostomy

[=— 5 §nd¢ (¢ (@) — e (— @) + 0 (,—i) =
e_zkr

f(— o)~

7z
Takum o6pa3oM, Mbl NOKa3aJju, 4TO

b ="""8@+0)— L o@m—w)+0(%). @

CpasunBas (4) ¢ (3), nafineM QyHkuuw S aas csoGoxHo#i yac-
THIHl
So(k, n, ®) =06 (n — o).
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Hcnoabsys (4), MoXHo mepemucarh acUMOTOTHYECKOE YCJIOBUe
(3) B dopme

Do = (e £ e, 0) ) 40 (1), @)

rae dyuxmus f(&, n,m) cBAszaHa ¢ ¢yukuuell S(k,n,®) coorHo-
LIeHHEM

S(k, 1, ®) =28 (0 — ©) + o f (%, n, &). (6)

Oyuknus [(k,n, @) HaspiBaeTcsd aMIVIUTYAO# paccednus. OueBugHo,
410 f(k,m,0)=0 npu V(x)= 0. Mt yBuauM, 410 yepe3 3Ty QyHK-
1y HauboJlee NPOCTO BHIpAXKaeTCsl CeYyeHHe paccesHUs.

Bmecro acumnrtoruyeckoro ycjaoBus (5) HacTO HCHOJIB3YIOT

Dx, k) =eitrme [ (k, n, 0) £ 4 0 (L), @

KOTOpoe MNPHBOAMT K Oosiee ynoGHOH HOPMHPOBKe (QYHKIHH
¥ (x, k).

TlocMoTpuM Temepb, KaKHMH cBoHcTBaMH oGJjagaer (QyHKuus
S (k,n, ®). [Las H3yueHus 3THX CBOHCTB yAOOHBIM OKas3blBaercs cJje-
AYIOIlee BCHOMOraTesbHOE YTBepXKIeHHe.

Tlyceth dyHKIuy ¢ (X) 7 P2 (X) YAOBJETBOPAOT ypaBHeHHIO (2)
¥ aCHMITOTHYECKHM YCJAOBHSM INPH r—> 00, KOTOpble MOXHO Ol
pa3 audtepeHnupoBaTh Mo r

Py (x) = A, (n) =

+Bl(n)——+o( )
(x)-—Ag(n)

LB 4o (L),
Torpza cnpaBenJuBO PaBEHCTBO

i) B.m)dn={ 4,m) B, () an. (8)
S,

Sz

D10 yTBepXK/[eHHe JerKo AOKa3blBaeTcs MNpPH IHOMOWHM (GOpMyJH
I'puna

S(%sz szwl)dx—S (032 — i) @

B kauecrse o6jacTH uHTerpuposanusa  ciaenyer Bui6paTh mIap
panuyca R u mepeiitn K mpeneay npu R -—> oo, Tlosoxum

D=0 =208 (0 +0)— £ S(k, n,0) 40 (1),
1
(+):
e N7 7 S — plRr ,
() =P K) = — £ STl m o) + 2 d(n + o) + 0 (1),
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rae k' = ko’. [Ipumenss ¢opmyny (8) K OYyHKuHaAM §; U Py, NO-
JYYHM

S(kv — 0, m/)=S(k: _0),, (0),
HJH, 3aMeHsS o Ha —Q,

S(k, 0, 0")=S(k, — o', — o). (10)
dra ¢dopmyna fABJAseTcs aHaJorom paBeHctBa B = D aas onHo-
MEepHOH 3ajayd paccesiHHS W BhIpakaeT TOT (akKT, YTO 3HayeHUS
bynkuuu S aas npsamoro (e’ — ®) ¥ oOpallleHHOro BO BpPeMeHH
(—® > —®’) npoueccoB CTOJKHOBEHWH coBnajgaloT. MoKHO IOKa-
3aTh, YTO 5TO CBOHCTBO (TaK e, KaK H cHUMMeTpus S-maTpuubl
B OJHOMEDHOM cJjydae) $BJSETCH CJeJACTBHEM HHBAaPHAHTHOCTH
ypaBHenus [lpeguurepa oTHocuTesbHO ofpallleH#s] BpeMeHH.

Lanee, npumensas dopmynay (8) kK OyHKUHAM P, H P;, NONyUAM

SS(k, n, ©)S(k, n, 0)dn=>5(©— ), (rn
s,
Ecnu paccMatpuBath QyHKU#0 S (R, n,@) Kak sapo HHTerpasb-
Horo onepartopd B L?(Sy)
So(e)= S S(k, ®, ) @ (©) do’,
Sz
To popMmynaa (11) moxer OHTH mepenucaHa B BHIE

S'S=1.
YuurniBasg (10), us (11) cnenpyer, uro cnpaBeAsiHBO PaBeHCTBO
88 =1.

M3 mocrepgHHX ABYX COOTHOINEHHH cJjejpyer, 4ro omneparop S 8-
JISIeTCsl YHUTAPHDBIM.

Mbl BHANM, YTO omepaTop S AJs 3ajayd paccesiHHS Ha MOTeH-
HHaJbHOM LeHTpe o06Jajaer TeMH e CBoHcTBaMH, 4TO H S-Mar-
pulla AJas ojHoMepHO¥ 3ajaun paccesiHusi. M3 yeurapHoctu ome-
patopa S BHITEKaeT BaXKHOe COOTHOLIEHHE

4
(170, @12 dn=T-1mf %, 0, 0), (12)
S,
KOTOpOe HOCHT Has3BaHHe ONTHUeCKO#i Teopembl. [lefcTBHTENBHO,
uenoab3ys (6) u (11), moayaum

S[é(n—m')— % (k, n, m’)][(“)(n—m)—l——%—f(k, n, m)] dn =
&

=6 (0 — o) + 4= [} (k, o', 0) — (&, ©, 0)] +

2
+ g | F(en, @) F(k, 0, 0) dn=0 (0 — o).
Sy
Tonaras o = o’, Mbl cpa3y npuxoauM K dopmyse (12).
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B § 42 Ml yBHAMM, uTO HHTerpaa B JeBo# yactu (l2) cosna-
JlaeT C TOJHBIM CeUeHHeM O [Js paccesHHd YaCTHILI HA MOTeH-
nuanbHoM IieHTpe, [loatomy (12) MoXHo nepenucaTthb B BHjE

=%— Imf(k o, o),

Sta topMmysa cBA3HBaeT HOJIHOE CeUYeHHe pPacCesiHHA € MHHMOH
JacThi0 aMIJHTYAB pacCesHUs Ha HYJEBO# yroJ.

Hcnonbsya yHHTapHOCTb omepartopa S, JielrKoO HOKasaTh, YTO
byukuun P (X, k), yAOBIETBOPAOIIHE ACHMOTOTHYECKOMY YCJOBHIO
(7), UMelI0T HOPMUPOBKY

¥ (x, k)P (x, k) dx = (2r)* & (k — k'), (13)
R3

T. €. HODMHPOBaHBl TaK JXe, KAK pellleHUs Aas CBOGONHOH YaCTHIIH
e’k* Uro6u nposepurb (13), yMHOXKHM paBeHCTBa

A (x, k) + £ (x, k) =V (x) ¥ (x, k),
A (x, k') + &4 (x, k) =V (x) ¥ (x, k)

Ha P(x,k’) u P(x,k) cooTBeTcTBEeHHO, BHUTEM IepBOE H3 BTOPOTo
H TPOMHTErpUpYeM 1O IWapy pajiuyca R, Torja

¥ (x, k>¢<x,k')dx=——k,2—§[¢ (x, k) AP (x K) —
3 2R

— P (x, K) AP (x, k)] dx.

C nomowpio ¢opmynsl I'pHHa 3TO paBeHCTBO MOXKHO HePenucarh
B BH/le

S\P(X,k)ll)(x,k')dx————S(ll,( k) 20 & k) 01I>(x p(x k)

Qg
7 0 , k
— P0x, &) 2o Y g,

rae Sp— chepa paguyca R. @opmyaa (13) monyuaercs us mocaen-
HEr0 COOTHOIIEHHs NEPeXOAOM K Hpefeny nmpu R —> oo, HHTerpal
B ApaBOf YACTH CUMTAETCH C HOMOIIBIO aCHMATOTHUECKOTO BHIpa-
KeHus aas P(x,k). Mbel He npHBOAUM COOTBETCTBYIOLIHX BBHIK/A-
JOK, TaK KaK OHH OYKBaJIbHO MOBTOPSAIOT BHIYHC/IEHHS, KOTOpPHIE
npuBesnd Hac K ¢opmynam (36.9), (36.10).

§ 40. JiBukeHHe BOJHOBBIX NMAKETOB B MOJ€ CHJIOBOIO lEHTPa

IToctpoum ¢ momompio ¢yHKIHE (X,k) peienne HecTamuo-
HapHoro ypasHeHus Illpeaunrepa

. 0 , b
¢ 2D — Hy (5, )
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BUga
3
B}

b= ()" §CMWPon Wemrd (1)
Ecau ¢yukuusa C(k) yaoBaeTBODPAET yCJIOBHIO
f1cmzak=1, @)
K

T0 1 (X, f) BcaeacrBue (39.13) mMeeT NPABUJIBHYIO HODMHPOBKY

(oo nizax=1.
R\
Kak 1 B OLHOMEDHOM CiyYae, DasyMHO PacCMOTPeThb pelleHHe
¢ dyukuneit C(k), cocpefoToueHHOH B MaJofi OKPeCTHOCTH TOUKH
ko = kowo. [To Teopeme Pumana — JleGera npu |{|— oo P (x,{)—>0

u Slmla(x, 1)1%dx —0 pns nwoboit kKoHeyHo#l obmacty Q. [Toaromy
GyHKIus P (X, {) omuchBaeT HHGHHHTHOE ABMKeHHe yacThusl. Hac
HHTEpecyeT [OBEAEHHE 3TOro pelllenuss npu |f|->o00 u r—> o0

H Mbl MoxeMm 3aMmeHutb P(X,k) B ¢opmyne (1) ee acmmnroTuue-
CKHM BHIpaXKEHHeM

P(x, k)= - (5

eikr 1
+o)—<—S (&, n, @) +o ().
[lpu r —> 0o umeem

( )Sk2ddemC(k )Qm e—rikr

Lkr

6(n-+ @) —

S (kr n, (’)) ) e_ith =1IJ| (X, t) + '472 (X,' t),

rue q;‘(x t) B 2(X,f) cooTBeTCTBYIOT cxoasmeficsa e~*/r u pac-
xojsleficss e*7/r Bosine B aCHMNTOTHKE.
Oyuriua P (X, {) Moxer OBITb nepenucaHa B BHAeE

o

P, (x, t)=_;_1_/_f'2____11_ S kC (k, — n)e-tkre=ikt dp (3)

(Mbl pacnpoCcTPaHH/IH HHTErPHPOBaHHE HA BCIO BEINECTBEHHYIO OCh,
nonoxkuB C(k,n)==0 npu k& << 0). Boruucasig uurerpan (3) mero-
JIOM CTaHHOHAapHOH (askl, NOJTYYHM

0 0= () (= = n)en+0(p)s @

uepes y, Kak Bcerja, o003HaueHa BellleCTBCHHAA (QYHKUHSA, KoTopas
Hac He HHTEpPECYeT,
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Has toro uro6nl BHUHCAHTBL Po(X,!), HCNOAB3yeM (opMmyJy
(39.6) ana pyukuuu S

00

¥ (X, ')__WEE_S kdksS do C (k, ©) [B(n-—-m) +
4]k, 0, @) etirem it = — —i Sk%kﬂk)

- 00

+ o Ci(B) f (k, n, 09)]ettr=tn. ()
3aech Mbl BBesd ofo3HaueHue C, (k)=SC(k,m) d® Hu, yuydTbiBas

S

d-o6pasnocts ¢yHxunH C(k, ©), 3aMennnn QyHkiHiO [(k,n, 0) ee
3HaYEHHEM B TOUKE @ == wo. MHTerpas B (5) BHIUHCJIAETCS METOAOM
crauuonapHo# ¢asml

3
wx 0= (rr)7[C (57 n) +
+ 37 G (30) (50 o n)]e +0 (7).

Haxkouell, yunthiBas 8-o6pasHocts ¢yHxunu Ci(k) (oHa cocpeno-
TOYEHA B OKPECTHOCTH TOUKH k(), HOJYUUM

3
wix 0= (rzr)"[¢ (57 0) +
+ 52 C(5) f e n, 09)]e 40 (7)) (6)

WUz ¢opmya (4) u (6) BHAHO, 4TO i AaeT BKJajx B P(x,!)
TONBKO MpH {— —00, a o — TOABKO NpH {—>-4oo. Jlaa mjioTHO-
cTH (YHKUMM DacnpejeseHus KoopauHaT |y (X,f)|? umeem

|xp(x,t)|2gwc(-——-, )], to—, (@)
Px, 1) 2= gy |C(2t’ )| =2 me(g)c HEE

X f (ko» 1, ‘90)+ 717102— C (5%)‘ | [ (ko , ‘0012], {—>-4 00, (8)

WUz ¢opmyn (7) u (8) caeayer, 4ro mosyyeHHble acCHMNOTOTHYe-
CKHE BbIpa)KeHHs And 1) (X, f) UMEIOT NPaBUIBHYIO HODMHIDOBKY 1IpH
t-> +oo. ([IpoBepka 3TOro yTBepXKAEHHS ANA caydyasd f[-»-—oo
TPHBHAJbHA, & B cjayyae {—»-4-co CJAeAyeT HCHOJb30BaTh (HopMysy
(39.12) )

BcenomuHas, uro C(k, @) OTJIHYHZ OT HyJA TOJIbKO B MaJjoH
OKPECTHOCTH TOUKU kowo, a2 C)(k)— B Maj0li OKPECTHOCTH TOYKH Ky,
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MBl BHAMM, YTO NPH {->—00 NJOTHOCTb (PYHKLHH pachpejelieHus
koopauHaT |[¢(X,f)|? oTaHuHA OT HyJAss B OKPECTHOCTH TOYKH
r = —2kot, n = —@o. [Ipu ¢ > 4-00 mjaoTHOCTb |V (X,{)|? OoTNHYUHA
OT HyJsl BHYTPH TOHKOro cepuueckoro cJofl paauyca r = 2kqt.
YrioBoe pacnpejeseHne BepOATHOCTH MOXHO MNOJYYHUTb *, NpPOHH-
terpupoBaB (8) no mepeMeHHO# r c BecoM r2. $IcHO, uTO NepBhe
JBa caaraeMbiXx B (8) pmaiorT BKJajg B 3TO pachpejeneHHe TOJbKO
NpH HampaBJeHHsAX, OJH3KHUX K @p. YIVIOBOE pacnpejesieHHe N0 BCeM
OCTaJIbHBIM HanpaBJaeHusiv nponopuuoHansho |f(ko, n, we) |2
Tenepb MBl JeTKO MOKEeM nNpejCcTaBUTh, KaK MPOMCXOAHUT JBH-
JKeHHe YaCTHIbl B COCTOSIHMH, onuceiBaeMoMm ¢yHKuHelr P (X, ?).
3agonro Ao paccesgHuss (f->-——o00) uyacTHlla CO CKOpOCTbIO 2fkg

\

\\ \ / /// t—= +oc
N 72
% ==2kt T <7 o
// Paccz:jrgfguguﬂ §
U =2k, 4 \\
/ / \\\
/ J

npubauxKaercs K pacceHBAaIONEMY IEHTPY, ABHTafch IO Hanpasle-
HHIO . [locsie paccesHus (f— --oo) wacTuuma yjaaJnsiercd oT pac-
CeMBAIOLIEro IIEHTPA C TOH e CKOpPOCTBIO, NPHYEM OHA MOXKeT
6uiTb oOHapy:KeHa B J1060H Touke cdepHUECKOro cJos pajuyca
r = 2kyt C BEpOSITHOCTHBIM pacllpejieJleHHeM MO yIVIaM, 3aBUCAIIEM
or C(k) u f(ko,n,mo). Ha puc. 14 3amrpuxoBaHsl 064acTH, B KO-
TOpPbIX BEJUKa BEPOSTHOCTb OOHADYXKHTb YacTHIy Npu f—» oo,
Kpecr-HakpecT 3amTpuxoBaHbl 06JacTH, B KOTOPBIX 3Ta BEPOAT-
HOCTb OTJIHYHA OT HYJS M TMPH OTCYTCTBHHM PaCCEHBAIOIIErO IIEHTPA.

Tpu cnaraeMbix B gopmyse (8) gonyckaior cieayiollee TOJKO-
paHue. MHTerpaJs no BceMy npoOCTPaHCTBY OT CYMMBbI HepBHIX JABYX
canaraeMblx W, ecTb BepOATHOCTb TOTO, YTO YaCTHIIA NPOHJET MUMO

* Mbl He BBIMHCHIBAEM TOUHBIX (HOpPMYJ AJs YIVIOBOTO PacClpefeseHHsi BeposT-
HOCTH, TaK KakK OHO cymectseHHo 3apucut ot Buza oyukuus C(k) u nosromy
He spjseTcs yAOGHONl xapakrtepucTHkof npouecca paccesnus (dynxuus C(k),
COOTBETCTBYIOIAS KOHKPETHOMY 3KCIepHMEHTY IO pPACCesiHHIO, HHMKOrAa He u3-
BectHa). Tloaxopsimeil XapakTepHCTHKON fABJsieTCsl cedenue. Kax Mul yBHAMM, ce-
HYeHHE OKa3blBAeTCs HeUyBCTBHTENbHBIM K BHAY C(k), BaXKHO TOJBKO, uTOOH 3Ta
¢yHKUHA Oblja cOCpPelloTOYeHA B MAJIOH OKPECTHOCTH TOUKH Ko, Pusuuecku 3To
TpefoBaHHe O3HAYaeT, YTO HMUYJbC Haderaomed YacTHUL A0JKeH OblTb NOYTH
3ajaH.
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CIVIOBOTO IleHTpa Ge3 paccesHHs. DTa BepOATHOCTL MeHbINE eaH-
HUIH 3a CueT BTOpOro cjaaraemoro. HHTerpas or tperbero caarae-
moro W, ectb BeposiTHOCTb paccesiHHa. Mul yxe yHmOMHHAaJH, UTO
aCHMITOTHUECKOe BhipaxKeHue (6) Aas (X, {) uMeeT NpaBHJIBHYIO
HOPMHPOBKY, HO3TOMY

W1+W2=1.

Mu BuauM, uro pemeHue ypaBHeHus Illpegunrepa P (x, (),
MOCTPOEHHOE NPH NoMOIH (GyHKuuK P (X, k), IpaBUJIbHO ONHCHIBAET
(H3HUECKYI0 KapTHHY paccesiHuA. DTO OmpaBjHBaeT BHIGOp acHM-
OTOTHYECKOrO YCAOBHA Ans (yHKuuu P(x, k).

OtMmeTHM ellle HeKoTopele ocobGeHHoCTH pewenus P(x,t). He-
TPYAHO BHJAETb, YTO INpPH f->-—00 3Ta (PYHKIMS HMeeT TaKyl XKe
aCUMITOTHKY, KaK M peuleHHe ypaBHenusi Ulpeaunrepa pasa cso-
60JJHOH Y4aCTHUILHI

(x, t)—( ) S (k) et kx—&%D gk,

(3necy C(k) Ta ke ¢yHkuuda, uro ¥ B uHrerpase (1).) HeiicrBu-
TeJbHO, - PACXOAsIIIKECH BOJHbI e*/r He nai0T BKJAajga B aCHMIITO-
THKYy OpH {-—>—oo, a Ko3((duUUUEeHTH Npu e~*/r B acHMHOTOTHYE-
CKOM BhIpaKeHuH aas OyHKuui e** g ¢ (x, k) copmaznaor.

[Tokaxem, uro # npu {—> oo pemenue P(x,{) acHMOTOTHYE-
CKH CTPEMHTCA K HEKOTOpoMYy pemeHuio ypaBHeHus Illpenunrepa
a8 ¢cBOOGOAHON WacTHIbI. YUHTHIBAS, UTO NPH {— -}-00 CcXOAsAIIHECcH
BOJIHH e~*"[r He JalOT BKNaja B aCUMITOTHKY, MOJYYHM

¥ (x, {) = ( )S (k) (x, k) e—i#* dk o

= — (%)% §°k dh § doC (b, 0) 22 S (k, n, 0) L et =
0 )
=_(%)2ﬁ§ok2 ddedem’ 2 S (k, o, 0)C (k, ©)8 (0" —n) X
0 N S2
X e-lk’f———(—;; %kaddem' & (k, @) 8 (0 —n) X
0 S

3xecy
C (k) =C (k, @) = S S(k; ©, o) C (&, o) do’. 9)
Ss
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Mul suaum, uro pemeHue ypaBHenus Ulpenunrepa ¢ (x,f) acum-
MTOTHYECKH CTPEMUTCH K pelueHuio §(X,?) AJs cBOOOLHON YaCTHUH
npu t—oo. Oyuruusa € (k), onpenensiomias KoHeuHoe COCTOAHHE
ceoboanoro pBHKeHnus, nosyuaerca usd ¢yakuun C(k), 3agamomed
HayaJbHOE COCTOfIHHE, B pe3yJbraTe AefictBusA oneparopa S. YHH-
TapHOCTh oneparopa S ofecneunBaeT NPaBUJILHYI0O HOPMHDOBKY
(X, f), TaK Kak BCJEJCTBHE YHUTAPHOCTH

S|é(k)l2dk=1.

R'!
§ 41. HHrerpanbHoe ypaBHEHHE TEOPHUUM PACCEAHHA

OcHoBy OGOJIBIIMHCTBA NOAXOMOB [Jf TOCTPOEHHs pellleHHH
P (x,k) u amnauryasl paccesHusi f(k,n,®) COCTaBJISIeT HHTETPaJib-
HOe YpaBHeHHUe

; 1
P (x, )= e — -

R’

elk|x—y|

Tx=3T V @y, k) dy, (1)

KOTOPOe 4acTo Ha3blBalOT ypaBHenHem Jlmnnmaxa — IlIsuarepa.

[TpoBepuMm, 4TO pelIeHHE 5TOTO YpaBHEHHS YAOBJETBOPSAET
vpasHenno (39.2) u acumnrornueckoMy ycaosuo (39.7)*. He#-
CTBUTEJILHO, HCTIOJAB3YS (HOPMYJIH

(A4 EDe*x =0, (A k)™ Ir = — 478 (x),
MOJIYUHM

A+ =0+ {sx—y Ve vy Wdy=v @b K.

R

AcuMmnToTHUECKOE YC0BHE IPOBEPHM s cjayuasd (QUHHTHOrO
norernuana (V(x)= 0 npu r > a). Mmeem

=T +0(=%). r=Ix} lyi<a,

2 J 1
x=ylmr A/t= B4 =r—ny 0 (),
eik1x=y| == i (kr=tny) | 0(l),

[Tostomy aAnsi byHKUHE P(x, k) nosyuum
1 eikr

b0 = s — e [t 4y, 0y 4+ 0 ().

Rt

CpasHuBas nocjenHow ¢opmydy ¢ (39.7), mbl BuanM, uto pere-
HHE HMHTETPaJbHOTO YPaBHEHHS HMeeT TPaBUJIBHYIO aCHMMTOTHKY,

* MoxHO, KOHe4YHO, IPOBEPHTL U 06paTHOe YTBepXKIeHHE,
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H, KPOM€ TOro, noJjiyuaem

Pk, m, 0) = — - { eV (%) (x, ko) dx. )

R3
Dopwmyna (2), B KOTOpoH aMIUINTYAa paccesiHus BbIpayKeHa depes
peuleHne ypaBHenus (1), 4acto okaspiBaercst noJIe3HOH AJs MpH-
6/112KeHHOTO HaxoxaeHus f(k, n, ).
OanH u3 npuGJIMKEHHBIX METOJ0B TEODHH PaCCesiHUsi OCHOBaH
Ha HCMOJIb30BAHUH Dsina utepauuil ypasuenus (1)

Pk =3, " (x, k), (3)
rie
WO =t e, k) = — o | LY () v gy, K.

R3

Papn (3) HaseiBaercsa GOPHOBCKHMM psloM, noacraroska (3) B (2)
Jaer OGODHOBCKME pAA AJA aMIIUTYABl paccesHUA. DOpHOBCKuHE
pAL AJASA 3aJayH paccesHUs Ha MNOTEHHHAJbHOM LEHTPE XODPOILO
usyuer. M3BecTHo, HanpuMep, UTO OH CXOAHTCS NDH YCJIOBHH

1
R3

M3BecTHO TaKxke, YTO NpPH 3TOM YCJIOBHU Ha MOTEHIHAJ onepa-
Top H He WMeer ANCKPEeTHOro crneKrTpa. Ecjiu AUCKPeTHBIH CHIEKTp
npHCyTCTBYeT, TO paa (3) cxoaurcs He npu Bcex k. B To xe Bpems
npHu JocratouHo Oosbiiux k2 pAn (3) cXoauTcs IJs BecbMa LIHPO-
KOT0 KJacca MOTEeHIHAJIoB.

[Ipocrefimee npubauxkeHue nJsi aMNIHTYIBl paccesHus NOJAY-
ynrcsa, ecad B (2) BMmecto P (X, k) moncrasurs $© (x, k) = eikx

fg(k, n, ©) = — —417 g e~ tknxY/ (x) gtkex dx,
R\\
Do npubnmxeHne HasnBaerch OopHoBckuM npubiuxeHuem. Toy-
HOEe yTBepXKjeHHe COCTOHT B TOM, YTO NpH OOJbINHX R

f(k’ m, m)_fB(k’ n, (’))=0(1)

PABHOMEPHO 10 N H ©.

HurterpanbHoe ypaBHEHHE HCIOJb3YyeTCa AJIS MaTeMaTHUECKOTO
H3yueHHs 3anaun o paccesHuu. [IpH moaxomsmem Buibope (yHK-
IIHOHAJILHOrO MPOCTPAHCTBA 3TO yDaBHeHHe MOXeT OHITh CBEJNEHO
K ypaBHEHHIO BTOPOTO POJa

P=0¢ 4 Ay
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C BHOJIHE HenpepuBHHIM omneparopoM. [lostomy ass ypaBHenus (1)
cnpaBeuBbl TeopeMmbl Ppearosnbpma. g LWIHPOKOro KJjacca [Mo-
TEHI[HAJOB IOKa3aHO, UTO COOTBETCTBYIOIlEe OZHOPOJHOE ypaBHe-
HHEe MOXKeT HMeTb pelleHHS JIMLIb NPU MHHUMBIX 3HAUeHHAX napa-
merpa k (Rn = i%n, %» > 0). DyKBasbHO NOBTOPAS BHIUHCJEHHS,
IpUBeJeHHbIe B Hauaje 3Toro naparpada, Jerko yGeautbes, uTO
pemeHue P, (X) OJHOPOAHOrO YpaBHeHHS YAOBJETBODSAET ypaBHe-
nuro UIpemunrepa [—A -+ V (x)] ), (X) = — %2¥, (X) u umeer acum-
NTOTHRY Y. (X) 22 f(n)e*»/r, rie f(n)— HekoTopas (yHKUUSA, ONpe-
neneHHas Ha epHHUYHON cdepe. DTo 3HAUNT, 4YTO pEIICHHA OJ-
HOPOJAHOTO yPABHEHHUS ABJAIOTCH COOCTBEHHBIMH  (DYHKIHSMHU
IHCKpeTHOro cnekrpa omneparopa H. C noOMOIBIO HHTErpaJjbHOTO
ypaBHenuss (1) Oblna noKa3aHa noJHoTa HaGopa COGCTBEHHBIX
¢yuruuit {P.(x), ¥ (x,k)} oneparopa H.

§ 42. BuiBoa dopMyJibl 119 ceYeHHA

OcHOBHOH XapaKTepHCTHKOH Npollecca paccesiHHa YaCTHIH Ha
NOTEHINaJIbHOM HeHTpe gBasiercsd auddepeHUnambLHOE CeueHHe.
B corsacun ¢ obmum onpefeneHueM ceueHHs AuQPepeHunannHoe
ceyeHHe do onpepnensiercss bopmyol

do =7, M

rae dN — BeposiTHOCTE OOHAapPYXHTb YacTHLY TOCJE pPacCesiHus
(t — o0) B 37eMeHTE TEJNECHOro yria dn, MOCTPOEHHOTO OKOJO He-
KOTOPOTO HamnpasJeHus n; /-— BepOATHOCTb NepeceueHus cpoboj-
HOH yacTHHEH MIOmaiAKH eAHHHYHOH MNJOmAAH, ODHEHTHPOBAHHON
NepNeHNKYJIAPHO IBHIKEHHIO 4acTHUNbl. 3Ta BEpPOSTHOCTH onpeje-
AseTcs B TOM TOUKe, Tje HAXOAMTCA pacceuBalomuil meHrp. O6pa-
THM BHUMaHHe Ha TO, uTO dN eCcThb XapaKTePHCTHKA YACTHILI B [10Je
pacceuBalonmero IieHTpa, a [-—xapakrepHcTHka CcBoGopHOH
YaCTHILHI,

O cocTofHHH ® CBOOOJHOH YACTHIBI NYYKa H3BECTHO JOBOJLHO
Maso. JleHcTBUTENBHO, H3BECTHO, UTO 4YacCTHIA HMeeT HMNYJbC,
npubnuxeHHo paBHBI Ko = %owo, M3BeCTHAa MHCMEPCHS HMNYJbca
(Ak)ﬁp:(Akl)Ep—l—(AkQ)zp —|—(Ak3)§p; npuyeM AJS TOr0 YTOGH! OMBITH!
[0 paccesHUHIO JAONYCKalJy MNPOCTYI0 WHTEPNDETAIHMIO, CTPEMSATCH
HCIOJBb30BaTh NYYKH YaCTHIL ¢ MaJoil aucnepcuedr umnynsca., O xo-
OpAHHATAX YACTHULH MNYYKa H3BeCTHO OObIUHO coBcem wmadao. Ho
BCE K€ H3BECTHO, UTO B HEKOTOPHII MOMEHT BpeMEHH (KOTOpbIil
MOXHO NPHHATb 3a f = () yacTulla HAaXOJAUTCS B MAKPOCKOIHYE-
CKOll ofJsiacTH, PacClOJIOKEHHOH MeXRAY YCKOPHTENeM I MHIIEHBIO;
nonepeyHsle pasMepn 3TOH 00JaCTH MOXHO OTOMJIECTBHTbH C JAHa-
MeTpOM NyuKa. 3aMeTHM, YTO CYIIeCTBOBaHHEe TaKod objacTu Ha-
KJaAblBaeT COTJIacHO COOTHOMIEHHIO HeomnpeneneHHocredl I'efizen-
fepra orpaHHYeHHs HA JUCIEPCHIO HMNYJbCA CHH3Y.
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ITpu euiBome dopmynst Aas auddepeHUHANLHOTO CEYEHHS Mbl
cAenaeM JBa NPeANOJIOKEHHS OTHOCHTEJNbHO MaJIOCTH KODHSI M3
JHUCTIEPCHH HMIyJbca, KoTopolit 6yjeM obo3HauaTth uepes Ak:

1) Ak < ko,

2) |f(k,me)— [k, o) K|[(k,no)], e |ko—Fo'|<
< Ak

B npuHuune 3tuM TpeboBaHUAM BCerJa MOXHO YAOBJIETBOPHUTD,
ecan f(k, n,0)— HenpepbiBHasi QyHKUus oT k = ko (HempepnB-
HocTb (yHKnuM [ Moxer ObiTh AOKa3aHa Jjsl ILIHPOKOro KJaacca
noreHuuanoB). OOBMHO Ha NPAKTHKE 3TH YCJIOBHS BHINOJHSIOTCA,
OzxHako BCTpeualoTCsA CJAyuaH, KOrja Npu MajioM H3MeHEHHH nepe-
MeHHO% K nmpoucxoaut cuibHoe usMeHeHue ¢pyHuu f(k, n, o) (cay-
uyafl y3Koro pesoHaHca). BenuuuHa Ak B KOHeUHOM cueTe omnpeje-
JISleTCsl KOHCTPYKIIMe# YCKOpPHUTeJ sl W NMPAaKTHYECKH He MOXKeT OblTh
cAenaHa Kak yropHo majoil. [103ToMy B HEKOTOPBIX 3KCnepHMeHTaX
ycJoBHe 2) MOXKET He BBINOJHATBCH. B arom cayuae Heab3s npu-
MEHSTH NOJYYEHHYIO HUXKe QOpMyny AJs CeyeHHs.

[Tokaxkem, uTo nmpu BuimoJHeHuu ycaoBuil 1) u 2) auddepen-
[[HaJbHOE CeueHYUe 3aBHCHT OT COCTOSIHUA HaJleTapllell YacTHIBI
TOJIBKO Yepe3 ko u cnpaBepinsa (opmyda

do =| [ (ky, n, w) Fdn.

Haubosee of6mum cocrosiHueM s CBOGOAHON 4YaCTHIbl AB-
JsieTcs CMellaHHOe, 3ajJaBaeMoe MaTpHiedi miotHoctd Mg (f), Ko-
TOPYIO MB MNpeACTaBHM B BHJAe BbINYKJIOH KOMOHHALMH YHCTBIX

cocrosiHui
My (t) = ; aSPwS e > a,=1.

Unucroe cocrosHne Py, ONpejensercs  BOJHOBOH (byHKIHEH
8§

@s (%, 1), mMeomed BHA

)= (o ) Sc (k) et tx=k g,

MoXKHO yTBEPHKIaTh, YTO 3aMETHBI BKJAA AAIOT TOJBKO TaKHe
YHCTHIE COCTOSIHHS, AHCIEPCHS HMITYJbCa B KOTOPHIX He HPEBOCXO-
JUT JHCHEPCHH HMnyJabca B coctosHuu Mg (f). [lostoMy mbl Byaem
CuuTaTh, uTo Bee (PyHKuMH Cs(k) OTIHYHBI OT HYJS JHIIb B MaJod
OKPECTHOCTH TOUKH Ro == ko M JaHMaMerp 3TOH OKDECTHOCTH He
npeBocxoaur Ak, Mbl He HMeeM HHKaKoH HHQOpPMAauUMM HH O KOH-
kpertom Buae ¢yukuuit * Cs(k), HH O Becax o M He OyaeM JenaTb
OTHOCHTEJIbHO HHX KaKHX-THOO NpeanosoxeHni.

* Pasusim ¢yukuuam Cs(k) coorBeTcTByeT Kak pasiuyHast ¢opma, Tak H
pasnuyHOe PACNOJIOKEHIIE BOJHOBHIX NAKETOB B KOH(QHIYPAaUHOHHOM MpPOCTpal-
CcTBe B HEKOTOPHI MOMeHT BpeMeHH. Ilycrb, Hampumep, HekKOoTOpas QyHKUHS
Cs(k) samaer BONMHOBOMH TMAKeT, UEHTP TAKECTH KOTOPOro (x(f))cp ABHKETCH
BIOJIb OCH X3, HampPaBJIeHHOH [o BeKTopy ®y ¥ NPoxojsiliell Yepe3 pacCeHBAIOILHIT

u
uentp, Torpa cdynkunn Cy (k)——el ICs (k) Gymer cooTBeTCTBOBATH MAKeT, CMe-
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Boiuncaum chawasna sepostHocth /. BriBepem cucremy Koopau-
HAT C HAYa/JOM B CHJIOBOM I€HTPE W OChIO X3, HaIPaBJeHHOH Mo
BEKTOPY @o. /s YuCTOro cocrosiuusi ¢s(f) BeposarHocTdh /') mpolue
BCEr0 BBIYHCJHMTb, MCIHOJB3Ysl BEKTOD IJIOTHOCTH I[OTOKa BepOAT-
HOCTH ,

j(s) (X, t) =i ((pqu)s - q)qu)s)»

o

TOr @ [© = S i (x, t).

-0

. . 99 = 99
]:(35)()(, t)|x=0 =L((PS axz —'—cps ax:)

Briuucassa

x=0

[ aw § aw’ (k, + &) €, 10 €T 000,

(2n)3
R R
HOJIyYUM
19 =g { ak { e S di (ky+ k5) C, (k) C, (K9 et (+*=k)t =
R® R® -
@wsdem%k+kﬂ?mcmﬁww #y=
R3
, kst S ]
= Vi |k =52 0TI 8 (F — ) =
R R
1 , , ,
=(m)§dk&m04m0Akww-—m.

[Tpu BBIYHCIEHHSX HCMOJB30BAHO PABEHCTBO
I£3 1 7 /
8(K— k)= 5 (5 (k — K) + B (k + ') @

a ycnoBue Ak < ko, KOTOpoe No3BoJgeT 3aMeHNTh (k3 1 k3)/2k Ha 1.
‘Bropoe canaraemoe B (dopmyse (2) BKJaAa B HHTErpaJ He jaer,
TaK Kak B o6JjacTu uHTerpupoBanus k>0 u £ > 0.

Has cmemannoro cocroauus Mo(¢), oueBHIHO,

1 ’ ’ ’
1=ZasW8dk§dk C, (k) C, (k') 6 (kb — k).
s 3

R3

IieHHBI HA BEKTOP U; B KOH(HIypaLHOHHOM [IPOCTPAHCTBe (efku — 570 olepatop
CABHMra, 3alHCaHHbLIE B HMIYJbCHOM TfpeicTaBjenHuH). Kaaccuyeckum anaznorom
COCTOAHHS @s(X,f) (XOTH W He BHOJHE TOUHbIM) MOXKHO CUHTATb COCTOAHHE da-
CTHUBI, ABIKYyllelcss mo npsMOJHHEHHOK TPAEKTOPHH, NMPOXOASILEH uYepe3 pacceu-
Barolymit uentp, COCTOSHHIO @r(X,f) TOrAa COOTBETCTBYET TPAEKTOPHS, NPOXOJs-
Hiasg Ha PacCTOSIHHH O OT PaCCeHBAIOWLETO LEHTPA, PABHOMY NpOEKLHH BEKTOpa LU
Ha ILIOCKOCTH MONEPEYHOTO CceueHHsi Nyuka, B KJjaccHueckofl TEOPHH paccesiHus
paccrositiie @, Ia KOTOPOM Mpounta Ol 4acTHUA OT LeHTpa, ecad Obl He OblJI0
B3aHMOJ€iiCTBHS, HA3bIBaeTCs NPHLUEJAbHLIM TapaMeTpOM.
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Boeiuucaum teneps dN. Ilpu BBIUHCAEHHH MBI JOJIKHBI HCHOJb-
30BaTh MATPULY IWIOTHOCTU M (f), ONUCBIBAIOUIYIO COCTOSsiHWE, KO-
TOpOe 3aJO0JAr0 A0 paccesiHusi (f—>-—oo0) acCHUMIITOTHYECKH CTpe-
muTces K Mo(f). Onmeparop M(f) MoxkHO 3amucaTh B BHAE

M(t) = ; (ls P'lbs(f)’

IJie YHCTBle COCTOsiHHA Py ¢ ONPeleJeHb BOJHOBBIMH (YHKUHAMH

3
b= 55)" | 2KC. ) b x, k) e=te". 3)

R3

[TnotHOCTh (GYHKIUH pachopejeseHuss KOOPAHUHAT B YHCTOM CO-
croaudn Py 1y ectb |Ps(X,f) |2 n ans BepostHocTH dN 0o6Hapy-
JKHUTb YacCTHUIy IIpu f{—> co B 3JeMeHTe TeJecHOro yrija dm B CO-
CTOSIHHU Py ¢ MOJYUUM

0

dN® = lim dn S 2 dr| P, (X, 1)

> oo 0

. (4)

Mul sHaeM, 4TO MpH f{-> co YaCTHIA YXOXHT Ha 6eCKOHEeYHOCTh, I0-
3TOMy npH mojcraHoBke (3) B (4) MOXHO 3aMeHHTb P (X, k) ee
ACHMIITOTHYECKMM BLIpaXKeHHEM, TOTxa

oo 3

dN® = lim dnS 2 dr (%)?Sdkcs (k) X
[}

t—>+4oo ]

X (eikx+ f(&, n, ®) _ﬁ) ?—ithlz'

1\% . :
®yHKIHs (ﬁ)2 SdkC (k) eikx—i¥" gpyisercsi BOJHOBBIM MAKeTOM
RJ

st cBOOOAHON YacTHUL U OTJAWYHA OT HYJAS TOJABKO B TOH YacTH
KOHQUTYPAMHOHHOIO NPOCTPAHCTBA, TJie KOHeYHa BepOSITHOCTb 06-
Hapy:KHTh HepaCCesiHHYIO YacTHIy NydykKa, T. €. BHYTDH y3KOro KO-
Hyca, NMOCTPOEHHOTO OKOJO HallpaBJjeHHs ®o. [l19 BceXx 0oCTaNbHBIX
HalpaBJeHHH BKJaJX  JAaeT TOJbKO pacXojsiiasicds BOJHA H AJ4A
TaKUX HampaBJeHUH

(e, n, @) etrr-iiak.  (5)

t—>+oo R\;

) __ 1 dn ¢
AN® = lim o § dr

Hcnonpaysi ycaosue 2), MOXKHO 3aMeHHTh QyHKUHIO f(Z, n,®) mox
3HAKOM HHTErpaJa ee 3HaueHHEM B TOUYKe k= ko, ® = ®p U BbIHE-

CTH 3a 3HaK uurerpana. Jlanee uurerpad S C, (k) et*r—1** dk nocme

RS
HHTErPHPOBAHHUA MO YIJIOBBIM MEPEMEHHbIM BEKTOpPa k cranoBuTCH
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OJHOMEDHBIM BOJIHOBBLIM NAKeTOM M KaK (QYHKIHS OT r NpH {—> oo
OH OTJIHYEH OT HyJsi TOJbKO HPH GOJNBLINX MOJOXKHTEAbHBIX r. [lo-
3TOMY HHTerpupoBaHde 1o r B (D) MOXKHO DAacCHPOCTPaHUTHL Ha BCIO
BellleCTBeHHY10 och, Torxa

- d
AN© = lim o5z ] (ko 0, 0g) P X

R P

—00 R? R?

=dn| ] (ko 0, ©g) P

(2m)?

S dk S dk’C, (k) C, (K} & (ke — /).
R R
Hakonen, gns cmewannoro cocrosuusi M ()

AN =dn|f (ko n, 00 Y o EFlcTﬂ S dk S dk’C, (k) C, (k) 6 (k — &)

R3 RB
HJH dN =dn| [ (ko, n, &) 21,
OTKyJa cpasy moJaydaeM
do==| [ (kg, n, ) Fdn. (6)

B sakJjiouendme saMeTHM, UTO Mbl NOJAYYHJH Gopmyay (6) nas
BceX HampaBJeHHH n, 3a HCKJouyeHHeM n = @, Ceuenue pacces-
HUA BHepex He MoXeT OblThb onpeneaeno Qopmynoi (1), Tak xax
BepoATHOCTb 0OHAPYXKHUTh YAaCTHILy IIPH [ —> co B TENEeCHOM yIJe dn,
MOCTPOEHHOM OKOJIO HalpaBJeHHS N = @g, He NPOHOpiHOHaJbHa [
(kpoMe TOro, Ml BoOOuIe HE MOMKEM OTJAHYHTH YaCTHILY, PACCEsiH-
HYI0 BOepej, OT HepaccesHHOH uyacTHubl). Korma rosopsit o ceue-
HHH paccesiHHs BIlepes, BCerAa IMOAPa3yMeBalOT SKCTPANOJSIHIO Ha
HyJeBOH yroJ ceueHHH paccesiHus Ha MaJble yrabl. lIpm takom
MOHMMAaHWU JJIsi CEUEHHUs paccesiHUsl BIepex chpaBexauBa ¢op-
Myaa (6).

Haa MHOrHX 3amau ymoOGHOH XapaKTepHCTHKOH pacCesiHHs OKa-
3bIBAETCS IOJIHOE CeuyeHHe, KOTOpOe ompepeaserca dopmydoi *

o= {17 ko, n, @g) Pan.
Ss

§ 43. AOcTpakTHas Teopus paccessHus

B 2rom naparpage Mbl 6yxeM cTPOro NpHuepkHBaThcd CleAyIOs
wux o6osmavenuit. Omepatop [lpexuurepa pgas cBoGomHOHM wyac-
THIB o6o3nadaercs uepe3 H,, omeparop [llpegunrepa dYacTuIlbl

* B KJnaccHYeCKOH MeXaHHKe TMOJIHOE CEYeHHE € == 0o, €CJH NOTeHuHaa He
apasiercs GHHATHEIM. OcoGeHHOCTBIO KBAHTOBOH MEXaHHKH fBJSAETCS KOHEYHOCTb
cedeHHd G AJA JOCTATOYHO GHICTPO YOHIBAKILKX HOTEHIHAJOB,

162



B noJie uepes H
H=H,+V,

rge V —omnepatop mnoTeHuHasbHOH 3SHepruu. Jlio6oe pelllenHe He-
cranHoHapHoro ypasHenus Illpexnurepa s 4acTHubl B HoJie 060-
sHayaercsi uepe3 P(f). DTOT BeKTOpP OJHO3HAYHO OIpejensercs
cBouM 3HaueHHeM npu { =0, KoTopoe Mbl 0603HauyaeM dYepe3 1,
T. €.

'lp (t) — e—iHi,lp’

(namomuuM, uto e—*H* — onepaTop 3BOJIONHH).

Ananoruyno Jyo6Goe peuienne ypasuenus [Ipeaunrepa aas cso-
6onHofi wacTHubl 0603HauaeTcs CHMBOJIOM ¢(f), a €ro 3Hauenue
npu t = 0 uepes g,

¢ (f) = e~ Hilg.

Pasnuunble pemenus @(f) MoryT cHa6xaTbecsi MOMOJHHTEIbHBIMH
ungeKcamu. CooTBeTcTBylOlIMe BeKTopaM W (f), ¥, @(f), ¢ BoJHO-
Bole QynkuuM OyayT samuceiBaTbest KakK Y(X,f), P (X), ¢(x, 1),
@(x) B KoopAuHaTHOM npexcrasBienuu H Y(p,f), V(p), @ (p, i),
¢(p) B mMmyabcHOM mpexcraBienuu. Hakonen, co6cTBeHHBIE Bek-
Tope omnepatopa H (ecanm oHH cyllecTsyoT) Oyaem o6o3HayaTh
yepes Y, Hyn = Enyn.

B § 40 mum nocrpounn peiwenne ypasueuus I[lIpexunrepa
P (X, ) = e~ (x), KOTOpOE NMpH {—> oo ACHMITOTHYECKH CTpe-
MHJIOCh K HEKOTOPHIM pelileHusM ypaBHenusi lllpenmurepa mnas cso-
GoaHO# yacTHIH @ (X, {) = e~ ip_(X), MO3TOMY MOKHO OKHZATh,
4TO AJAf TaKOro pelleHHs 1P (f) ClpaBeiJJHBH DaBeHCTBA

i —iHbq — p—iHitg [ =

lim_[emttp — ettt | —0, (1)

®dusnueckylo KapTHHY paccesiHHs MOXHO TpeACTaBJsAThH cJe-

aywoium obpasoM, 3af0aro X0 paccesiHus 4YacTHIA CBOGOJHO ABH-

JKeTcsl BJRaJW OT pacceMBamollero LEHTPa, 3aTeM OHa MofajfaeTr

B 30Hy AeHCTBHS NOTeHnMasna (IIPOUCXONUT paccesiiue) M, HaKo-

Hell, 4yepe3 NOCTATOYHO GOJBIIOH NMPOMEXKYTOK BPEMEHH ABHXKeHHe

YAacTHIbl CHOBAa CTAHOBHTCH ¢BOGOAHBIM. [lo3ToMy ecTecTBeHHOMH

MpejcTaBAsieTcst CiAelyiomasi MOCTaHOBKA HeCTalHOHAPHOM 3ajaum
0 paccesiHHH:

1. Tlo mpousBOJLHOMY BEKTOPY ¢_ H3 NPOCTPaHCTBA COCTOS-
HUH S TNOCTPOUTHL BeKTop P Tako#, uto (1) chpaBeinuBO mNpH
t—> —o0,

2. Tlo mocTpoeHHOMY BeKZODy 1 HaliTH BeKTOp @& # Takof,
yto (1) cnpasexnuso npu f— oo,

Begtop ¥ (f)= e~} omuchHiBaeT TaKOe COCTOSIHHE YACTHIIbI,
KOTOpOe B AajieKOM HpOILIIOM coBragaer ¢ @_(f)==e—i#i’y_ u mpn
t— 4-oo mepexopuT B, (f)=e~Hlp  ®dusnka uHTepecyer cBA3b
Mex1y BeKTepaMH ¢ H .. [TosTomy k nynkram 1 B 2 HocTaHOBKH
3afia¥d MOXKHO 100aBHTH CJeAYIOIIEE,
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3. TlokasaTh, YTO CyLecTBYeT TaKOoH YyHHTapHHH oneparop S,
qT0

P, =3So_.

Haunem c¢ nynkra 1. ITocraBum 3axauy HeCKOJIbKO IIHpE H MO-
CMOTpDHM, BO3MOXKHO JH MO NPOH3BOJBHBIM BeKTOpaM ¢- &
H @, & J NOCTPOUTL TaKHe BEKTOpH P, uTo (1) chnpaBensHBO NpH
{—>—o00 U t->--0c0 COOTBETCTBEHHO (pas3ymeeTcsl, BEKTODH 1, MO-
CTPOEHHBIE 1O (- U 1O ¢, He 00si3aHBl COBNAaAaTh).

[lepenucuiBasi (1) ¢ yderom yHUTapHOCTH omepaTopa e~'H!
B BHJE

lim | — gifltg=ittg_|—0,
t>Foo
MBI BHAHM, UTO IOCTaBJEHHBIH BOMPOC CBOAHTCH K CYLIECTBOBAHHIO
CHJBHBIX TpejJesoB
+ &)

Oneparopsl U+, eciin OHH CYIIECTBYIOT, Ha3bIBAlOTCS BOJHOBBIMH
onepatopaMu. Ecau nocrpoen onepatop U_, To BeKtop P = U_¢.
YyAOBJAETBOpPSET NMYHKTY 1 MOCTAaHOBKH 3aJadH.

HaifizeM mpocroe n0CTaTOUHOE YCJOBHE CyIIeCTBOBAHHS BOJHO-
BHIX omeparopoB. PaccMorpum omepatop

U (f) = ettite—iHit,

BBHIYHCAHM €ro INPOU3BOLHYIO *

_‘fyd_t(i)_ == jeiHt (H — H) e~ iHit = [gilitg=iHit,

lim eiflte— iHot = []
> to0

QuesungHo, 4ro U(0) = I, nosromy
t

U)=1-+i S elBt =iy,

0
+oo
L=1+i { emtve-tnaar, 3)
0

Bonpoc o cymecrBosanun onepatopos U. MBI cBeJH K BOMpOCY
-0 CXOJMMOCTH uHTerpasoB (3) Ha BepxHeM mpegene. JJocTaToOYHBIM
ycaoBueM cxoguMoctH (3) dABAsiercsl CymiecTBOBaHHe HHTETPaJjioB
oo
S | Ve~tHiig)| dt 4)

0
ans qoboro ¢ =56 (MB YUJNH YHHTApHOCTH omepatopa e'#*), Ha-
XKoHell, HHTerpaanl (4) cxoxsiTcs Ha BePXHHUX Ipenejax, ecld AJA

* O6GpaTHM BHHMAaHHe Ha 3aIHCh NPOH3BOAHOH, KOTOpas YYHTHBAET HEKOMs
-myratiBHoCTs H v Ho,
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aoboro ¢ = H

” Ve—iHotq)"=0(-|—;—lllﬁ), 8>0, ltl—) o0, (5)

[TocmoTpuMm, Ans KaKuUX NOTEHNHAJOB BHMOJHAeTcs (5). B xoop-
JHHATHOM [IPEJACTaBJEHHH Mbl HMeeM OIEHKY * JIJs BOJHOBOH
dyHRuHH @ (X, {) = e~ Hép (X)

C
lo(x, )<

3
1t1®
paBHOMEDPHO OTHOCHTeJbHO X. Torxa
IVeitigp= {1V @) o (x 0 Pdx < 177 1V (x) Pax.
RS R?

Mul BHANM, 4rO ycaoBHe (5) BHIIOJIHSIETCS, €CAH IOTEHIHAJ
KBaJpaTHYHO HHTerpupyeMmasi Qynkuus. PasyMmeercs, 3To ycsosue
He siBJfeTcs Heo6xoauMelM. Kiace moteHnuasoB, AJsi KOTOPHIX CY-
mectByoT Us, mHpe, HO CYLIECTBYIOT [MOTEHLIHAJBl, NI KOTOPBIX
HeJb3d [OCTPOHUTH BOJIHOBBIE ONepaTophl. BaxkHeHIINM npumepom
TAKOro IMOTeHIHaJa siBJseTcd KyJAOHOBCKHH moTeHuuan V(r)=
= o/r. TIpuuHHO# OTCYTCTBHSI BOJIHOBBIX ONEPATOPOB JJst KYJO-
HOBCKOTO [IOTEHIMAJa SBJSETCSH ero CJAHIIKOM MelJeHHOoe yObiBa-
Hue Ha OeckoneunocTH. Pemenus ypaBuenus [llpeannrepa ajas ky-
JOHOBCKOTI'O IOTEHI[HAJIa He CTPeMSTCH K PelleHHsiM IJf CBOOOXHOHN
YacTHIH TPH {—> oo (YacTHIla «YYBCTBYeT» NOTEHIHAJ jaxKe Ha
GeckoHeuHOCTH). B CBfisM C 3THUM W HeCTalMOHAapHAf, U CTALHO-
HapHasl MOCTAaHOBKH 3afayH O PacCesHHH B KYJOHOBCKOM IOJie TPe-
OyloT cepbe3HOH MoAHOHKAaNHH. ACHMITOTHYECKHH BHJ KYJOHOB-
ckux QyHruuH P (x,k) oramuen or (39.7).

BepueMcsl K pacCMOTpPeHHIO MOTEHLHAJOB, 1Jas KOTOPHX Cylue-
CTBYIOT BOJHOBHle omepatopsl U. u o6cynuM nyHkr 2. MoxHo
NIOCTaBHTh TaKOH BONpoC: AAA JI060ro JH BekTopa Y & H# uafi-
OyTCS BeKTOpHl ¢4+ H @_ Takwe, uro (1) cmOpaBegsuBo mnpH
{— —4-o0.

OxkasplBaeTcsl, 4TO €cJH y omnepatopa H cymecTByOT Co6CTBeH-
Hble BEKTOPH Y%, Il %, !l =1, To nns Hux pasencrso (1) wmecnpa-
BeJJIUBO HH OPH KAKHX @4 H ¢_. [eficTBHTENBHO, B 3TOM cJyuae
JIETKO MOXKHO COCYHTaTbh JAJAf NPOM3BOJbHOTO @& d4, |l =1

* Ora omeHKa NOJYYaeTce ad OCHOBE METOXA CTALUMOHAPHOA Gasu 1Js
3
1 Y2 -
ACHMIITOTHYIECKOTO BHIYHCICHHS HHTerpana @ (X, f) =(—27f) 2 S q;(k)e’ (kx—k%t) 41
J .

Meton crausoHapHoft (hassl MOXKHO NpHMeHs T, eciad @ (k)  yrOBJeTmopsier
oupefefieHHEIM YCA0BHAM raankoctd. Ho mHoxectBo riagxux dysrumi 2 mior-
Ho B 6, a onepaTtopu U(f) u Us orpaHuueHsl, mo3TOMy ZOCTaTOYHO A0Ka3aTh
CylileCTBOBANKE CHIBHHX npenenos U(f) Ha mHoxecTBe D.
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npenesnl
lim |e™ "y, — e o] = lim |e~Enty, — ¢~ et
f>%o0 t>too

= lim Vi F+lof —2Ree ™ (x,, e o) = Ve,
> 00

o|=

Mbut yuau, 4tO
Him (y,, e~ ) =0, (6)
t> koo

Tak Kak BekTop e~ g cnaGo crpeMuTcs K HYJIO NMPH [ -> =00,

M3 ¢usnuecknx coobpaxkeHuil Takke JIETKO MOHATb, MOYEMY
cocrosinne e~‘Hly,  He CTPeMHTCSi ACHMITOTHUECKH K HEKOTOPOMY
COCTOSIHMIO CcBOGOJHOTO [IBHMKenHs npu e~ g, Bekrop e—fly,
OMKCHIBAET COCTOSIHHE YacTHIb, JIOKAJH30BaHHON OKOJIO paccCeH-
BaloOLIero 1eHTPa, a BeKTop e~ ‘Hlprpu niobom ¢ & # — cocrosnue
YaCTHIBI, YXOoAsuleH npu {— oo Ha GeCKOHEYHOCTb.

SlcHo, uto (1) HecmpaBemauBO M JJs JIOOOro BekTOopa ¥ & %,
rae % — NOAIIPOCTPAHCTBO, HATAHYTOe HAa COGCTBEHHblE BEKTODH Y4
onepatopa H. Bysem Ha3bBaTbh NMOANPOCTPAHCTBO % IOANPOCTPAH-
CTBOM CBSI3aHHBIX COCTOSIHUH,

Htak, Mbl BHAHMM, YTO [0 NPOU3BOJLHOMY BeKTOPY 1P, BooOIue
roBops, Hesab3si NMOCTPOUTb BEKTOD @i, YAOBJerBopsaiomuil (1) mnpum
t — - co. dAna Toro 4to6Ghl BBISICHHTh, BO3MOXHO JIH MO MMOCTPOEH-
HOMY BekTODY P == U_¢@_ Ha¥iTn ¢4, HaM notpeOyeTci H3YYHTH
CBOACTBA BOJIHOBHEIX ONEPaTOPOB.

O6Gosnaunm uepes H. obaactu 3uaueHuit omepatopoB Us. Ilo-
KaxeM, uTo #+ 1 B.

HoctaTouHo mnpoBepHTh, 4YTO BeKTOPH U+ OPTOroHAJbHBY
K COGCTBEHHBIM BEKTOpaM y, AJsd jaiboro ¢ & #. U3 (6) nonyunm

(Uicp, Xn) = t—ljinoo (ethe—iHot(p’ 'Xn) =

. iE_t —iH t
= lim % (™', 4,) =0.
=00
Caenyloliee cBoficTBO MBI HpuBeseM Ge3 poKasateabcTBa. OKa-
3bIBaercd, 4To

B, =R =T, RORB—K. (7)

JokasaTeabCTBO 3TOrO yTBePKJAEHHs fABAseTcd HanOoJdee CJAOKHBIM
B alcTpakTHOH Teopuu paccesinus. [loxnpocrpancteo H, coBma-
jpamllee ¢ 06JacTAMH 3HaueHH#l omepartopoB U., YacTo HaswblBaiOT
HOANPOCTPAHCTBOM COCTOSIHHE paccesiHus.

[TokaxeM nanee, 4ro omepatopel Us SIBAAIOTCS H30MeTpHYe-
ckUMH. [lefcTBHTeNbHO, U3 CHJIBbHOH CXOXMMOCTH omepartopa U (t)
npu {— 4-co M YHHTADHOCTH 3TOTO OMepaTopa cleayer, 4To

(U Uso)= lim U)o, U @) =(®: 9),
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T. €. onepaTtopsl U. COXpaHAIOT HOPMY BEKTODa @, H MO3ITOMY
UUs=1. (8)

Onepatopel Us ABASIOTCA YHHTAPHBIMH TOJBKO NPH OTCYTCTBHH
COOCTBEHHBIX BEKTOPOB JHCKDETHOrO CIleKTpa y omepaTtopa H.
B sroM cayusae omepatopu U, oro6paxaior 4 Ha S8 B3aHMHO
OJHO3HAYHO, M TOTAa Hapaxy ¢ (8) HMeeT MeCTO PaBEHCTBO

U:UL=1. 9)

Ecau H umeeT AHCKpeTHHH ClekTp W P & R, toraa Hablayres
TakKHue BEKTOPH Qi H ¢_, UTO

v=U,9,.
HomHoxkas sT0 paBenctBo Ha Ul u yuutbiBas (8), momyuum
Ub=n0,, (10)
UsUh =%, v=R (1)

C xpyroit cTopoHH, 1as y & % u a06oro ¢ = /4

(U;:X, (P) = (X, U:l:q)) == O’
II0O3TOMY
Uiy=0, UUiy=0, yr=4A.

Jli060ft BEKTOp @ & J£ MOKHO NPejACTABHTH B BHIE
P=x+v x€B V=R
H UsUp=vb=(I—P)g,

rie P — NpOeKTOp Ha MOANPOCTPAHCTBE CB3aHHBIX COCTOSHHH .
Takum oGpasoM, B ofimeMm ciaydae Bmecto (9) uMeeT MecTo pa-

BEHCTBO
UUp=1-P, (12)

HO3TOMY MPH HAJHYHH JUCKPETHOrO crlexrpa omnepatopu U, He
SABJASAIOTCH YHHTapPHBIMH.

Hakonen, moxaxeM, 4yTo Ans 1060 orpaHn4eHHOH OQyHKIHA
f(s), s R cnpaBexnnBo paBeHCTBO

f(H) U:t=U:i:f (Hvo)- (13)
ITepexons Kk npexeny npu f=> oo B paBeHCTBe

eiH“ethe—lHot(p —_— eiH (t+’r)e—iHo (f+’r)eiHo’r(p’ s %’ =] R’

NoJAy4YnM
eiH"Ui —_— Uie’H“,

OTKyZAa cpady caeayer (13).
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BepHeMmcs K HecrallHOHapHOH 3afaye O pacCesiHHH, MOCTaHOBKA
KoTopo# Oblna copmynupoBana B Hauasne maparpada. Ecaum mas
HEeKOTOPOro MOTeHUHAaaa |/ CyulecTBYIOT BOJHOBBE omepatops U
H cnpaBeiauBo (7), TO HecTallHOHapHas 3ajaya O pacCesHHH UMeeT
€JIMHCTBEHHOE pelleHHe.

Bekrop ¢ mHaxoguTca AJas NPOH3BOJBHOTO Q- & 4 1m0 ¢dopMmy.e

Yy=U_op_.
Bekrop P & £, nosromy cornacuo (10)
¢, =Ul
HJH o, =U_U_g_,
YTO MOXKHO MEpenucaTh B BHAE
¢, =Sq_, (14)
riae S=ULU._.

YHUTapHOCTh omepaTopa paccesHusi S caexayer us (8), (12) u oue-
BUAHBIX paBeHcTB PU. = 0. [leficrBurenbHo,

SS=UUUU_=U-(—PU_=]1

H aHaJOTHYHO
SS*=1I.

Hanee n3 (13) caenyer, uro
Sf(Ho)=1(Ho) S. (13)
3anuuieM (15) B MMOyJabCHOM IpeACTaBJAeHUH [pH f(S)=s

Sk, k)£ =E2S (k, k).
Mpl BHAUMM, 4YTO $ApO omepaTtopa S MoXer OHThH 3alMHCAHO
B BHJE _ )
St K)=2E2D (2 —1"), k—ko,  (16)

A cootHoulenue (14) mpunuMaer BuJ

o0

0y (o o) = [ dor | 1" aar 2505

Sy 0

®, ) 6(—F)
k 2k

— S S(k, o, o) g_(k, o)de’.
S,

P_ (k,’ (0') =

CpaBuuBas ary ¢opmyay c (40.9), noayuaem, yro ¢yHKus
S(k, 0, 0"), BBenennas cootnowenneM (16), coBmajgaer ¢ QpyHruueit
S(k,0,0") u3z § 39. Dra cBdA3b MEXKAY S-0OHMEpPaTOPOM HECTAIHO-
HAapHOH TEOPHH pacCedsHHs H ACHUMITOTHKOH BOJHOBHIX (yHKIHH
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CTallHOHAPHOM 3ajauH O paccesiHMU MOXKeT ObITb YCTaHOBJAeHA, KO-
HEYHO, U B PaMKax CTPOTOH TEOPHH.

CyulectByeT mpocrasi CBfi3b MeXXAy BOJHOBBIMH ONepPaTopaMH
Us. u BBenennbiMu B § 39 pemcuusmu ypasuenus I[lpepunrepa
P(x,k). HamoMuuM, 9ro peliende HeCTAUMOHAPHOTO ypaBHEHHS
[penunrepa P (x, f), nocrpoennoe no GpyHxuuu P (X, k), uMeer BUI

px, ) =(5)" {o_ 0¥ x Ke-wrak,

Ra

3necs Mbl o6Gosnauunn dyukuuio C(k) uepes ¢-—(k). Mbl 3Haem,
4To (QyHKuHs P(X,{) IpH {— —00 ACHMITOTHYECKH CTpPEMUTCH K

3
o_(x, f)== (%)2 S p_ (k) etkxe— i gk,
RS
[Mosnaras B aTux paBeHctBax f{ == 0, noayuum

3 3
P =(5=)" (v W @ak, o 0 =(5:)" | e*o_mdk.

Rs Ra

CpasuuBaa stH dopMyasl ¢ ¢ = U_¢p_, 3amnumcauuoft B uM-
NyJAbCHOM TNpeJCTaBleHHH

v = U_(k K)o_(k)aK,
R3
flonyuaem, 4TO
1
(2m)°

U_(k, k)= S e-ikxp (x, k') dx.
RB
MoXKHo noKasaTh TakXe, 4YTO
1 kX T LY
U, (k, K)= g | e b (x, — K dx.
Ra

Ceszp omepatopoB U. ¢ co6cTBeHHHIMH (DYHKIHAMH HENpPephiB-

HOTO ClleKTpa orniepatopa H CcTaHOBUTCS 0COGEHHO HAr/IAAHOH, ecsau

Bemucath (13) mpu f(s)=s, (8) u (12) B HMNyJbcHOM mpen-

CTaBJIeHUH
HU:I: (P, k) = sz:I: (p’ k) (17)
(H — omeparop Illpeauurepa B HMIyJbCHOM IIpeJCTaBJEHHH),
(U0, k) TTo, K dp =8 (ki — ko), (18)

Rﬂ
(0.0, 0T W dk+ ) 1 @1 @) =0k —p). (19
R’ n
7 3ek. 330 163



®opmyna (17) nokasbiBaer, 4to sppa onepatopoB U, pac-
cMaTpHBaeMbie KaK GYHKUHH OT P, €CTb COGCTBEHHble (YHKIHH He-
NPEPLIBHOIO CNEKTPa, COOTBETCTByIOLIMe COOGCTBEHHOMY 3HaYE€HHIO
k% Torna (18)-—ycaoBue <«OPTOHOPMHPOBAHHOCTH» COOGCTBEHHBIX
Ooyukunit U.(p,k), a (19) — ycaoBue mnoaHOTH CcHCTEM {¥,(P),
Ui(p’ k)}'

§ 44. CsoiicTBa KOMMYTHPYIOIHX ONEpPaTOPOB

B srtom maparpade ML paccMOTpHM CBOHCTBA KOMMYTHPYIOIIHX
olepaTopoB, eltle pa3 o6cyAuM Bompoc o6 oxHOBpeMeHHOH H3MepH-
MOCTH HaGJIOZaeMbIX M BBeJeM BaKHOe JAJs KBAaHTOBOH MeXaHHKH
DOHSITHE TMOJHOrO Hafopa KOMMYTHPYIOIIMX HalaonaeMblX.

Jas Hauana paccMOTpPHM jABa CaMOCONPSIXKEHHBIX KOMMYTHPYIO-
mux onepatopa A u B ¢ uncto ToueunsiM cnektpoM. [TokaikeM, 4To
TaKHE ONEepaTophl MMET OGUINH MOJHBIN Habop cOGCTBEHHBIX BeK-
topoB. IlycTts

A@i:;):Am(Pip?, l=l’ 2’ MR 4

B‘pg)=un¢g)i ' ]=1’ 2’ M 4 (l)

ITo ycnosuio Ha6opu BekTopos {9} u {Y{} sBasiOTCA MOMHBIMH
B NPOCTpaHCTBE COCTOSIHUN F6.

O6osnauuM uepe3 I, COGCTBEHHOE MOANPOCTPAHCTBO oOnepa-
Topa A, coOTBeTCTBYyIOIEe COGCTBEHHOMY 3HAUEHHIO Am, uepe3 P
NPOEKTOP Ha 3TO MOANPOCTPAHCTBO. AHAJOTHYHO BBeneM 6, u P,
nas  omepatopa B. U3 ycaosus AB = BA caeayer, uro
PnP; = P;Pn,. Beemem onepatop Pmp=PmP;. OuesnugHo, uTO
P, —onepaTop MNpPOEKTHPOBaHHS Ha MOAINPOCTPAHCTBO My =
=Hm N, Eciu ¢ & Hms, TO OH yHOBAETBOPsSieT 0GOUM ypaB-
wenuaMm (1). Hanee, Hmn L Hypyr, €CAH HHIEKC mA OTAHYEH OT
HHpeKca m'n’. Hycrb'{cpfﬁg}, k=1, 2, ...— 6asuc B NOAIpOCTpaH-
cTBe Hmn. O TOro utobul JOKa3aTh MOJHOTY CHCTEMBl BEKTODOB
{cp},’ﬁl} k,m,n=1,2,...B 36, 10CTATOYHO IIPOBEPHUTH, UTO HE CYILE-
CTByeT BekTOpa ¢ & 4, ¢ %= 0, OPTOroHAJIBHOTO KO BCeM My, U3
nosHoTHl HaGopa coOGCTBEHHBIX BEKTOPOB omepatopa A cuaexyer,
uto aag aio6oro ¢ = 0 HalixeTcsa HOMep mi, st KOTOPOro Ppre =~ 0.
Aunanornuno Halimercs HoMep n Tako#, uto PpPmp+4<0, 1. e.
Pmnp == 0 pns no6oro ¢ = 0 U HEKOTOPHIX m H 1.

TakuM 06pasoM, Mbl Nokasand, 4to {p%)} sBasercs Gasucom
B €, cocTofimuM H3 OOUIHX COGCTBEHHBIX BEKTOPOB OmepaTo-
poB A u B.

CnopaBennuBo n of6paTHoe yTBepkaeHue. Ecau xBa omepatopa
HMeloT O6IUfl MoJHBH Ha60p coOCTBEHHBIX BEKTOPOB, TO OHH KOM-
myrupyior. [eficrButenbro, nyctb {@{)} — oGmuii noansfi Habop

170



COOCTBEHHBIX BEKTOpPOB omepaTtopoB A u B

AP — 3o

mn?

Be®) =p o0 k=1, 2, ... 2
Torna ABo®), =2,n 0% u BAg® =i n ¢¥,. N3 nomnors Ha-
6opa caenyer, 9TO ABq) == BAg masa awboro ¢ = .

JokasaHHBIe YTBEPKIEHHS CIPAaBEAJHBH AJS MPOH3IBOJBHOTO
YHCJa TOMapHO KOMMYTHPYIOIIHX CaMOCONPSIKEHHBIX OmepaTopoB
Ay, ..., Apn, ... C UHCTO TOYCUHHIM CIIEKTPOM H C HEKOTODHIMH OTO-
BOPKaMH [JISl ONEPAaTOPOB C HENMpepBIBHLIM CIEKTPOM.

Hmeer MmecTo Takke cJaefyollee yrBepxkaeHue. Ecau camoco-
npsKeHHele onepaTtopnl A, ..., A, MONapHO KOMMYTHPYIOT, TO CY-
HIeCTByeT TaKOH CcaMOCONmpsiKeHHBIH oneparop K, 4TO Bce omepa-
tTopul A;, i=1, 2, ..., n saBasorca ero dyskunsima A; = F;(R).

JLnsi onmepaTopoB ¢ YHCTO TOUYEUHBIM CNEKTPOM MOCTPOHTH TaKOH
onepatop R oueHb Jerko. Paccmorpum ciayyall IBYX KOMMYTHDYIO-
mux omepatopoB A u B. OHH HMEOT OGUIYI0 MNOJHYI0 CHCTEMY
COGCTBEHHBIX BeKTOPOB {@¥)}, KOTOpHE YIOBJETBOPSIOT YpaBHe-

HusaM (2). Onpenennm onepaTop R COOTHOUIEHHSIMH
Ro®), = r(® o0

mn’

rae rl®) — perecrBennbie pas/iudHble uyucia. OueBuAHO, yTO R —

CaMOCOTPSIXKEHHBIH OMEPaToOp C IPOCTHIM YHCTO TOYECUHBIM CIIEKT-
pom. Beenmem Tenmephb BemecrBeHHbe ¢yHRUHH F(x) u G(x), yaos-
JeTBopsiomue yeaosusiM A, =F (r®), p, =G (r®). as suade-
HHR x, He coBmajaloWHux c uuciaamu r® Bux dysgumit F(x)
H G(x) HecymectseH. M3 onpeneneHuss GYHKIHH OT omepatopa
cpasy caenyer, uto A = F(R) u B = G(R). O6mas teopema ajd
KOMMYTHDYIOIHX ONeEPaTopoB Ay, ..., A, C TPOH3BOJIbHBIM CIIEKT-
pom Oblia HoKas3aHa (BoH Heitmatom.

OﬁcyzmM (bH3HYECKHE CJCACTBHS c(popmy.nnposaﬂnblx yTBEPXK-
DeHHH XN KOMMYTHDPYIOIHX omepaTopoB. HamomuuM, 4To cOOTHO-
IWeHHe HeompejeneHHoctell ['efizenbepra He HaKJaZbBaeT HHKAKHX
OrpaHHYeHHH Ha [UCIEPCHH KOMMYTHDYIOLIMX HabaiofaeMblx H
B 3TOM CMBICJIE MBI Ha3BaJH HX OLHOBPEMEHHO H3MEPHMBIMH. MBI
Tenepb MOXKEM YTOYHHTb IIOHSATHE OZHOBPEMEHHOH H3MEPHMOCTH.
[Tocnennee yTBepikIeHHE MOKa3blBaeT, YTO AJISI H3MEPEHHS] YHCJICH-
HBHIX 3HAYeHHH KOMMYTHDPYIOIIMX Hab/Ji0gaeMbIX HOCTATOYHO H3Me-
puTh ORHY HabuomaeMyio R, T. e. NPHHUHIHAJbHO BO3MOXHO IIPH
e[HHHYHOM H3MEPEeHHH Y3HaTh UHCJCHHBIC 3HAYeHHS BceX HabJlo-
naembix Ay, ..., A, U3 cymecTBoBaHusl CHCTEMH OOLIHX COGCTBEH-
HBIX BEKTOPOB CJeAyeT CyLleCTBOBaHHE OeCKOHEYHOr0 MHOXKeCTBa
COCTOSIHHH, B KOTODHIX BCe 9TH HAOJI0OZaeMble HMEIOT ONPEACACHHBIC
YHCJECHHble 3HayeHHs. Hakoneu, M3 pe3yJbTaToB cjenyollero Ina-
parpada 6yaeT cl1eLoBaTh, YTO MOXKHO NMOCTPOHTh O6ILYI0 QYHKIUIO
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pacnpenesieHHs] UYHC/JICHHBHIX 3HAYeHHH OLHOBPEMEHHO H3MEPHMBIX
Ha0JI0gaeMEIX JJIsl JII0GOr0 COCTOSIHHUS.

Beenem noHATHE (QYHKUHH OT KOMMYTHDYIOIIHX OnepaTopoB A
u B. Ilo BemecrseHHoN GYHKuuH f(X,y) MOXKHO HOCTPOHTH CaMo-
conpsikeHHbI oneparop f(A, B), nos0xuB

f(A, B) ¥, =[ (A, n,) o,

TAe BEKTOPH! q)gﬁl ynosJaerBopsiloT (2). 1o onpexeseHHe corJa-
Cyercsi C BBEJCHHBIM paHee ONpeAcJeHHeM OYHKUHH OT OXHOBpe-
MEHHO H3MEPHMBbIX HabJ101aeMblX.

CrpaBenyiHBHIM fABJSIETCS chaefylolilee yraepxkaeHue, Ecuau ome-
patop D xomMmyTtHpyeT ¢ J106uM onepatopoM C, KOMMYTHPYIOUIHM
co BceMu onepatopamu Ay, ..., A, [A;,Ax] =0, T0o omepatop D
aBasercst (yHKuUHeHd 0T 3THX omnepartopoB. [Ipu HoKasaTenbCTBe
OnATb OrpaHHYUMCA CJaydaeM ABYX ONEPaTOPOB C YUHCTO TOUCHHBIM
CHIEKTPOM.

ITycre Kaxpo#t mape coGCTBEHHBIX 3HAYeHHHE Ay H @, COOTBET-
CTBYET ORHH COOGCTBEHHBIH BEKTOP

Aq)mn = Am®@runs B(Pmn == UnPrmn-

B stom cayuae xocTaToOuHO KOMMYTATHBHOCTH omepartepa D ¢ ca-
muMu onepatropamud A u B. [eficrBurenbro, ecan [D,A]=0
H Q& HBm, 10 B Do =Hm, tak Kak ADg = DAp = AmDg. Ana-
aorudHo W3 ycaosBus  [D,B]=0 noayuaem, uYTO BMecTe ¢
=M, n Dp=6,. Tosromy, ecau @ & Hmn, 10 Do & Hmn. o
YCJIOBHIO MPOCTPaHCTBA B myn OLHOMEPHH U D@, JHIIb YHCIECHHBIM
MHOXHTEJIEM. MOXKET OTJHYATBCA OT Qmn, T. € D@mn = %Umn@ma.
Buibupasi dyukuuio f(x,y) Takyio, 410 %mn = [(Am, An), BHLHM:
D=7{(A,B

[Tepefinem k Gosee CIOXKHOMY CJyualo, KOrpa IMOANPOCTPaHCTBA
Hmn HE SIBJASIOTCS OLHOMEPHBIMH

Ap®) =1 o®, Bok) =p o® k=1, 2, ...

n? m mn?

PaccMoTpuM  COBOKYNHOCTB COOCTBEHHBIX BEKTOPOB, COOTBET-
CTBYOIIHX TNape Am, Wn. VHEEKC mn 11l COKPALIEHHS 3alTHCH
onyctuM. BBenmem omeparopet CY) u CUD, ompepenuB HX paBeH-
CTBaMHU

() __ *)
C® = 6,0,
o, k=I,
Cling® =< o, k=],
0, k=], k|,
P =C" =0, ¢=obL,
rie imn — OPTOrOHANBHOE JOMOJHEHHE K MOAMPOCTPAHCTBY HMBimn.
Jlerko nposepurb, 4ro Bce omepatopsl CY) m CUH goMMyTHPYIOT
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¢ A u B. U3 ycaosus [D, C] = 0 nonyuum
Dg'h = DChgth = C\D DM,
oTKyna cJjenyer, yto D¢ nponopuuonanen gi:
DotD = ngth,
ITokaxkeMm, 9T0 Bce uHCaa #{) coBmagaloT

1Dl = D = DCUNGW == CUH Dph == CilyD D = 5D,

Takum o6pa3oM, BeKTOPH @) SBJAFIOTCH COOCTBEHHBIMH BEKTO-
pamu oneparopa D, nmpuuem coOGCTBEHHBIC 3HAUEHHS OT HHAEKCa &
He 3saBucat Do®) == _ ¢® . TlostoMy, KaK H B IepBoM cayuae,
D = (A, B).

O6paTHM BHHMaHHE Ha TO, 4TO KOMMYTAaTHBHOCTH omepatopa D
¢ camumu omeparopaMi A u B 3gech Ob1o Gbl HeZocTaTo4Ho, Bo-
Jlee TOro, ecJd M3 YCJIOBHA KOMMYyTaTHBHOCTH omepatopa D ¢ A
i B caenyer D = f(A,B), TO MOXHO YTBEepPXAaTb, 4TO KaXKAOM
nmape COOGCTBEHHBIX 3HAU€HHH Am H p, COOTBETCTBYeT OJHH COO-
CTBEHHBIH BEKTOD @mn. JleHCTBHTEJNBHO, €CJIH TaKHX BEKTOPOB He-
CKOJIbKO, TO BCerja MOMKeT OHTb IOCTPOEH ONepaTtop, KOMMYTH-
pyiomnit ¢ A u B u He sBAsionMica HX (yHKuued. B Kauecrse
TAKOTO OIIepaTopa MOXKHO B35ITh, HanpHMep, omepartop CUY.

Tenepp Mbl MOJKEM BBECTH BaXKHO€ IOHSTHE O IOJHOH CHCTeMe
KOMMYTHpYIOIHX omnepaTopoB. CHCTeMa CaMOCONPSIKEHHBIX Onepa-
TopoB Ay, ..., A, Ha3BIBaeTcsl NOJHOH CHCTEMOH KOMMYTHPYIOLIHX
OIEPaTOpOB, €CIH

1) omeparopnt A; nomapHo KommyTtHpywoT [A;,A4;]=0, [, j=1,
2, ..., n,

2) HE OxMH M3 omepatopoB A; He sBjagercd (GyHKuHe#d oT oc-
TaJbHbIX,

3) m06oii onepaTop, KOMMyTHpYIOIHH co BcemH A, ecTb (yHK-
UHS OT 3THX OIEPaTOPOB.

Us nokasaHHBIX Bhle yTBepxacHuil u ycmoBu#l 1) u 3) ompe-
IeneHHss mosHoro HabGopa A, ..., A, caenyer, 4TO CYIIeCTBYeT
ofmas mosHag cHCTeMa COOCTBEHHBIX BEKTOPOB BCEX 3ITHX OIle-
paTopoB

Atq)al,...,a ==atq)al,...,an’ L=1’ 2’ cee By

n

npuYeM KaxxOH COBOKYIHOCTH COOCTBEHHHIX 3HAYEHHH a1, ..., Qa

COOTBETCTBYET OXHH COOCTBEHHHIl BEKTOP Pu, ., s ycaosus 2)
e O,

caenyer, 4TO NOC/EJIHHM CBOHCTBOM He objagaeT obumiast MOJHas
cHCTEMA BEKTOPOB AJs yacTH omepaTopoB Ay, ..., A, Pakruuecku
ycaoeue 2) oGosnauaer, yro cpeau onepartopoB A, ..., A, HeT
«JTHLIHEX>.

Ecn B pesysbraTe H3MepeHH# M3BECTHO, 4TO HHCJCHHBIC 3HA-
YeHHsl MOJIHOro Habopa Habmiomaemelx Ay, ..., A, B HEKOTOPOM
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COCTOSIHHH C JOCTOBEPHOCTBIO paBHBl a4y, ..., @n, TO MOXHO
YTBEPXKAAaTh, YTO 3TO COCTOSTHHE ONUCHIBAEeTCs BEKTOPOM (pa1

e @y

B 3akJ/Io4eHHE 3aMETHM, 4TO ecJH Habop IOMapHO KOMMYTH-
PYIOLIMX HE3aBHCHMHBIX ONEPATOPOB HE SBJSETCS MOJNHBIM, TO €ro
MOXKHO H MPHTOM MHOTHMH CNOCOGaMH [OMONHHTL A0 TOJIHOIO
Habopa.

§ 45. MpencraBaenne IPOCTPAHCTBA COCTOSHUH
no MoAHOMY HaGopy HAGMIONAEMbIX

IMycts aaH nosuwmi@i HaGop omepatopoB Ai, ..., A, ¢ YHCTO
TOUCYHBLIM CIEKTPOM. DTH ONepaTophl HMEIT oOLIkH NosHbl Habop
COGCTBEHHLIX BEKTOPOB @, ..» B KaXa0oMy Habopy COGCTBEHHBIX
pe @y

quces COOTBETCTBYET OJHH BEKTOD @, [TpousBoJIbHEIN Bek-
1

T0p P & 6 MoxeT ObiTh NMPEACTaB/ICH B BHAE psla
W:al.; an\b(al, e @)y B g, P (@ @)= (0 @)

dra QopMmysa onpeiesseT B3aHMHO-OJHO3HAYHOE COOTBETCTBHE
MEXAY BeKTOpaMu P H OGYHKUHAMH Y(ai,..., dn), ONPEACJCHHBIMH
Ha cmekTpe onepatopoB Ay, ..., Aa

Y—>Plag, ..., a,).

OueBHIHO, 4TO
('lpl: 1!’2)= Z 11’1 (ah Ve an) lp?(ali e ey an)s
al,..., dn
Ay —>ap(ay, ..., a,),

T. €. MOCTPOEHHOE HpeACTaBJCHHE SIBJISeTCS COOCTBEHHBIM 1M BCeX
oneparopoB Aj, ..., A, (meficTBHe S5THX ONEPAaTOPOB CBORHTCA
K YMHOXKCHHIO Ha TIEPEMEHHYIO).

Oyuruus P (ay, ..., a,) HaswBaeTcss BONHOBOH (yHKUHeH. UTo6H
BHLISICHUTh €€ (PH3MYECKHH CMBICJ, IOCTPOHM, KakK B INpeAbAylieM
naparpacge, onepatop R rtako#, uto A;= F;(R), i=1, 2, ..., n,

Re, =,

cens Gy [TRRr anq)al,..., an’

THE 7a,, ..., a,— P23JHUHBIE BEWIECTBEHHbIE YnCAa H @;=F, (ra, ..., a,).
Mt snaem, wro |(b, @, o )F=|%(a .-, a,) [ ects Beposit-
HOCTb B pe3y/IbTaTe M3MEPEeHHS MOJYUHTb UHCJICHHOE 3HaYeHMe Ha-
Gmonaemolt R, paBHOE rg . . a,. llostomy |¢(ai,...,as)|? ss-
JAsieTcsl BEPOSITHOCTBIO [OJNYYHTb B pe3yabTaTe OIZHOBPEMEHHOTO
u3mepenus Habgawonaemuix Ay, ..., A, 3HAYCHHA 4y, ..., An

Bce atu pesyabrathl o6obuialorcsi Ha caydail nosHoro Habopa

oneparopoB Ay, ..., A, ¢ Npou3BoJabHLIM crnekTpoM, Cihopmyaupyem
6ez nokasartesbCTBa TEOpeMY,
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Teopema. Ilycts nan moanbifi Habop KOMMYTHPYIOWIHX OmEpa-
TopoB Ay, ..., A Toraa cymecrsyeT Takoe NpeacTaBJeHHe MPOCT-
PaHCTBa COCTOSIHHM, 4TO BEKTOP V) & J6 mpeacrasisercss GyHKuue
Y(ag,...,an), onpeleneHHON Ha HEKOTOPOM MHOXecTBe ¥ (g =
= (ay,...,a,)=¥%). Ha muoxecTBe ¥ 3anaHa mepa dp(a) a4 ¢ka-
JISIPHOE TpPOH3BeAeHHe onpenensiercss HopMyaoH

(b, ¥ = { b1 (@ %@ du @)

A
Oneparopur Ay, ..., A, B 5TOM IpeACTaBJEHHH SIBJSIOTCH ONEPATO+
pPaMH yMHOXEHHS Ha NepeMeHHYI0
Ailp(al,..., an)=a,-1|>(a1,..., an), l=1, 2,..., n.
Dyukuusa [P(ai,...,a,)|? ecTb maoTHOCTh o6me# GyHKuuu pac-
npepesends 1Js HabGaogaeMblx Ay, ..., A, OTHOCHTEJBHO MepHl

dp(a).

Brime Mbl yXKe HMeJH NPHMEPH MOJHBIX HaGOPOB KOMMYTHPYIO-
IIHX ONepPaTopoOB H COOTBETCTBYIOUIMX INpEeACTABJEHHH MIPOCTpan-
CTBa COCTOSHHH J6.

s GeccTpyKTYpHO! 4aCTHIBI NOJNHBIE HaGop o6pasyloT omepa-
TOPH KoopiaHHAT Qi, Q2 Qs. Dromy Habopy COOTBETCTBYeT KOOP-
IHHATHOE NpeACTaBJeHHe. AHAJIOTHUHO CTPOUTCS HMIMYJBbCHOE Mpei-
cTaBJieHHe 10 noJHomy HaGopy Py, P, Pj. Iloanwit nHabop obpa-
3y10T Takxke oneparopbl H, L% L, rge H — onepatop lllpenunnrepa
IJ1 49acCTHlbl B LIEHTPAJbHOM IIOJE, HpeleTaBJIeHHe, COOTBETCTBYIO-
mee 3TOMYy moJHOMY Habopy, onucano B § 31. Ilasg ogHomepHO#H
gacrHusl oneparop lllpeannrepa H pisf rapMOHHYeCKOro OCHHJJIS-
Topa caM no cebe mpexcrapiser MoaHbil Habop. CoOTBETCTBYIOLIEE
npejcrasJeHne Gpiiio nocTpoeHo B § 18.

§ 46. Cnun

Jlo cCHX mop Mbl CYHTAJH, YTO 3JIEKTPOH NpPEACTaBJseT CoBOoH
MaTepHAJNbHYI0 TOUKY € MAaccofl m H 3apsanoM —e, T. e. sIBJSETCH
OeCCTPYKTYPHOH dYacTHIEH, MPOCTPAHCTBO COCTOSIHHN KoTopo#l 6
MoXKeT OBITH peaJiM30BaHO, HampHMep, Kak mpocrpaHctBo L2Z(R3)
KBaJpaTHUHO HHTerpHpyembix OyHkuH# P(x). Ha ocnHoBe rakoro
npeiacTaB/leHHss 006 3JIEKTPOHE MBI pACCUHTAJH 3IHepreTHuecKHe
YPOBHH aTOMa BOLOPOAA H MOJYUHJH DPE3yJbTaThl, KOTOpHE ¢ GOJIb-
mwofl cTeneHb0 TOYHOCTH COBIALAIOT C 3KCIEPUMEHTAaJbHBIMH. Tem
He MeHee CYUIEeCTBYIOT IKCMEPHMEHTH, KOTOpPble MOKa3BIBAWOT, 4YTO
noA06HOe ONMHCAHHE 3JEKTPOHA He SIBJISETCS MOJIHBIM.

Mpt yxe ynomuHadau o6 onwtax Ilrepna u Teprnaxa. du
ONBITHI MOKAa3aJlH, 4TO NMPOEKIHs HA HEeKOTOPOe HalpaBJ/leHWe Mar-
HHTHOTO MOMEHTa aToMa BOJOPOJA B OCHOBHOM COCTOSIHHH MOXKET
NpHHAMAaTb ABa 3HaueHus, B § 34 ™Mbl NOCTPOHJH KBaHTOBYIO
HabJ/04aeMyl0o <«IpPOEKUHS MAarHATHOTO MOMEHTa» 3apsXKeHHOH
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GecCTPYKTYPHOH 4acTHUBI W BHAENH, 4TO TpeThs MPOCKIHS Maruut-
HOrO MOMEHTA NPONOPLHOHAJbHA NPOCKIHH MOMEHTa uMIyJbca Ls.
M3 pacuera aroMa BOJOPOJA Mbl 3HaeM, YTO YHCJECHHOE 3HaUeHHE L3
[T OCHOBHOTO COCTOAHUS €CThb HYJb., 1109TOMY H MarHHTHHIH MO-
MEHT -aTOMa B OCHOBHOM COCTOSIHHH IOJIK€H PaBHATBCH HYJ0. IDTO
NpoTHBOpeYHe MOXKeT ObiTh OOBSCHEHO, eCJH NPeRNoJIOXKHThb, 4TO
caM 3JIeKTPOH HMeeT MATHHTHEIH H MeXaHHYeCKHH MOMEHTH, IPOeK-
IHH KOTOPHIX Ha HEKOTOpOe HalpaB/ieHHe MOTYT NPHHHMAaTh IBa
3HAUCHHS.

CoO6CTBeHHEIT MOMEHT MMIYJbCa 3JEKTPOHA HA3BIBAIOT CHHHOM
B OTJHYHE OT MOMEHTA, CBSI3aHHOTO C €ro JABHXKEHHeM B NpOCTpaH-
CTBe, KOTOPHIH OOBIYHO HA3bIBAIOT OPOHTAJbHBIM MOMEHTOM.

CymeCTBOBaHHe Habu01aeMoH, YHCIEeHHble 3HAYEHHs KOTOPOH
MOTYT MPHHHMATb JBA 3HAUCHUS, IPHBOAHT K HEOOXOZHMOCTH CHH-
_TaTth, 4TO BJEKTPOH MOXKeT HAaXONHTbCA B [IBYX DAa3JIHYHEIX BHYT-
PEHHHX COCTOSIHHSIX, HE3aBHCHMO OT COCTOSIHHSI €ro JIBHIKCHHS
B TNPOCTpaHCTBe. DTO B CBOIO oO4ePefb NPHBOAHT K YIBOCHHIO
ofmiero umcjaa COCTOSHHH 3JeKTpoHa. Tak, KaXKAOMY COCTOSIHHIO
3J€KTPOHa B aTomMe Bojopoja (0e3 yuera CIMHHA) COOTBETCTBYET
ABa COCTOSIHHS, Pa3/IHYAlOUHXCH TNpoeKUHel CIHHA HA HEKOTOpoe
HampaBJCHHE.

Ecau npeanonoXurs, 4To He CyLIECTBYeT Kakoro-iu6o ZOmoJHH-
TeJIbHOrO B3aHMOJAEHCTBUS, CBSI3AHHOTO CO CIHHOM, TO KPaTHOCThb
BCceX COOGCTBEHHBIX 3HA4eHHH SHEprHH oOKasbiBaeTcs B JBa pasa
Gogplie, ueM AJ15 OecCHHHOBOHM 4acTHlEl. EC/H XXe TaKHe B3aHMO-
JEeHCTBUS CYIMECTBYIOT, TO BEIPOXKACHHS, CBA3AHHHE CO CIHHOM,
MOTYT CHHMATbCS M INIPOH30fZeT pacliellJieHHe 3SHEPreTHYCCKHX
ypoBHell. OmbITEH MOKa3bIBAIOT, 4TO TaKoe DPAaCIUEIVIeHHE AeHCTBH-
. TEJIbHO HMeeT MeCTo.

B § 32 mMBl omuHcanu MOZeJMb ATOMOB IICJOYHBIX MeTaslIoB, OC-
HOBAHHYI0 Ha TMPEANOJNOXKEHHH, YTO BaJeHTHHIH 3JKTPOH aToMa
JABHXKETCA B IEHTPaJbHOM IOJE. DTa MOJe/]b HelJOXO ONHCHIBAeT
pacnosioxkeHHe SHepreTHYeCKHX ypOBHeH aTOMOB LIGJIOYHBIX MeTaJj-
JIOB, OJIHAKO HH CaMa MOZAeJb, HH Kakoe-l1H6O ee yCOBEpLIeHCTBO-
BaHHe He MOTryT OOGBACHWTL HalJiogaeMoe DAaCIHENJICHHE YPOBHeEH
npu [ =0 Ha aBa Gau3kuXx. [HNOTE3a O CIOHHE MO3BOJSIET JIETKO
OoOBACHHTL 3TO paclienJieHHe. B aToMHOH (bH3HKE CYLIECTBYeT ellle
MHOXECTBO sIBJICHH{, KOTOpble HAXOAST CBoe 00bsICHeHHE HA OCHOBE
3TOl runoTe3sl. Ml YBHAMM NO3XKe, YTO TOJBKO YABOGHHE YHCJ& CO-
CTOSHME 3JIeKTPOHA, CBSI3aHHOE CO CNHHOM, NO3BOJACT OOBACHHTH
AJHHY TnepHogoB B Tabjanue Menzeneesa.

Xortenoch Obl MOAUEPKHYTb, 4TO THIOTE3a O CIHHE 32JICKTPOHA
ABJSICTCS THIOTE30H O TNpHPoZe KOHKPETHOH 3JeMeHTapHOH wvac-
THLUB H. He 3aTparuBaer OOIIHX NPHHUHIOB KBAHTOBOH MEXaHHKH.
Annapar KBAaHTOBOM MEXaHHKH OKa3blBaercsl HPHCIOCOOJICHHBIM
JIJIsi OMHCAHHS YaCTHLH CO CIIHHOM,

Mu HauHeM C TIOCTPOEHHS MPOCTPAHCTBA COCTOSHHI /IS 3JeK-
tTpoHa. Bes yuyeTa CIHHA NPOCTPAHCTBOM COCTOSIHHH 46 B KoopaH-
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HaTHOM ITpeACTaBJCHHH sBJseTcss npoctpanctso L2(R3). Brexenune
cnHHa TpebyeT paCLIHPeHHS NPOCTPAHCTBA COCTOSHHM, TaK Kak
YHCJIO COCTOSHHE YaCTHIH CO CIHHOM GoJiblie, YeM V GeccnHHOBOM
YaCTHIEL

Y uBOeHHs UHCAA COCTOSIHHII 6e3 H3MeHeHHs] (HH3HYECKOro cO-
NEPXKaHHS TEOPHH JIETKO AOOHTBCS, 3aMEHHB IIPOCTPAHCTBO COCTOS-
Hull 6 = L?(R3) na s = L?2(R3)® C? ¥ comocraBuB KaxXaoh
nabmonaemoit A B 6 rabmogaemyio A ® [ B Hs.

[Tosicaum ato mogpolHee. DieMeHTaMH NMPOCTPAHCTBA COCTOSTHHM
YaCTHIE! CO CMHMHOM SIBJSIOTCS maphl GyHKUHH

A (x))
() g
CkaJ/spHOe NpoH3BeIeHHE B MPOCTpaHCTBe JBs 3amaercs dhopmyon
(¥, ®)={ 4 () 9 (0 dx + { (0 7 ) ax. ©

R3 RS

Bynem ucnoapsoBate a5 Habmomaemux AR [ B H#s 1¢ ke 060-
3HAYEHHS] H Ha3BaHHA, 4To H A1s Habmomaembix A B #. Tak Bos-
HHKAIOT ONepPaTopel KoopAuHAT @, Qi Qs omepaTopsl Npoekuuil
umnynasca Py, Py, P3 u 1. 1., AeHictByloumHe B #6s. Hanpumep,

; (%) iall’l(x)

11X i 6X1

Pl\P:Pl("l"z(X))= _/1__(2\{[;2_()_(_)_
L X1

KaxaomMy 4HCTOMY COETOSIHHIO (X) B 6 Tenepb COOTBETCTBYET
IBa OPTOrOHAJbHBIX COCTOSIHHS B s

w=("0") ()

Wiy mobas HX JuHelHas KOMOHHanud. SIcHO, 4TO cpejHee 3HAYEHHE
J1060# Habmonaemoll A B cocTosiHHH ¢ GyldeT PaBHATLCS CPEeIHEMY
snayenuio Habaogaemoit A ® I B cocroguusix W, u ¥, Takum 06-
pas3oM, BBeAsl IPOCTPAHCTBO J6s U OTPAHUUYHBASCH PACCMOTPEHHEM
HaOmonaemuix Buaa A ® [, Mbl feficTBHTENbHO AOGHJIHCH YABOCHHS
4HCJla COCTOSIHMH, COXPAaHHB BCe (DH3HUECKHE CJACLCTBHSI TEOPHH.

B mpocrpaHCcTBe #s, OnHAKO, Hapaay ¢ HabmwogaeMmbpiMa A ® [
CYIIEeCTBYIOT M ApYyrue HabjomaeMble, HanmpHuMep, Buga [® S, rae
S — camoconpsxenHufl onepatop B C2 Pasymeercs, B #s cyue-
CTBYIOT HabJojgaemble, He HpeacraBuMmbie B Buge AR [ nan [ ®Q S,
HalpHMep, CYMMBbl HJIH NPOH3BELEHHS] TaKHX HaOJI0LAaeMBIX.

Paccmorpum nabaionaembie tuna /@ S. Ilpexzae Bcero ouge-
BHAHO, 4TO Jiobasg Takass Habirogaemast KOMMYTHpyeT ¢ Jo6oit
Habmwogaemoli A @/ v He gBasgercs (yHKuHe#d or HabJiofaeMbix
ragoro Ttuna. Iloaromy B mpocrpaHcTBe s Habmonaemule Qi, Qo
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Q; He ofpasyioT MOJHOro HaGopa KOMMYTHDPYIOLIHX HaG6J/101aeMbIX
H MBI JOJKHBl OyIeM LOHOJHHTb 3TOT HabOp IO MOJHOrO.

JIoboit camocompsikeHHBIH omepaTop S B mpoctpaHcrBe €2
NIpefCTaBHM CaMOCONPSIXKEHHOH MaTpHued BTOPOro mopsigzka H Mo-
KeT GHTb BHIPAXKCH B BHAC JHHECHHOR KOMOHHALMH YeThIpex He3a-
BHCHMBIX MaTpHU. B KaudecTBe TaKHX MaTpHU YHOOHO BHIGpaTh
enuHHuHyo matpuuny / u marpuusl [layan o1, 0s, 03

(1 0) (o 1) (o —i) (1 0)
I=\o 1) 9=\1 o) ==\ o) %=\o —1)

Caoiictea martpun Ilaynu obecyxkpanuce B § 27. Marpuun S; =
= 0;/2, j =1, 2, 3 HMeIOT MepecTaHOBOYHbIe COOTHOLIEHHS, TaKHe
e, KakK H 1717 opOHTaJbHOrO MOMEHTa HMIyJbca

[31, 32]=i33, [32, 33]=i31, [33, Sl]—_—iSz-

Mur BuZeaH, Y4TO NMEPeCTaHOBOYHBIC COOTHOLICHHS SBJASIIOTCS OAHHM
H3 HanOoJiee BaXKHBIX CBOHCTB ONEPAaTOPOB MOMEHTa HMIYJbCa.
Iloatomy pasymMHO OTOXACCTBHTBL onepatopn I ® S;, j=1,2,3
c omepaTopaMH NMpoeKuu#l cnuHa *. B najabHeflllemM 3TH onepaTopbi
O6ynem obGo3HauaTh 06bYHO 4yepe3 S;. Onepartopnl S; uMewT co6-
CTBeHHBIC 3HadeHHA ==1/2, KOTOpHeE H SBJSIOTCS AONYCTHMBIMH
3HAUCHHSIMH NPOEKUHH CIHHA Ha HEKOTOpoe HampasJeHue **, Bek-
b (x) 0
TOPHI ‘P’,=( 0 ) n¥,= b (x) SABASIOTCS COOCTBEHHBIMH BEK-

TOpaMHu omneparopa S; ¢ COGCTBEHHBIMH 3HAaUeHHAMH -+1/2 u —1/2.
[TosToMy 3TH BEKTOpDHI ONHCHLIBAIOT COCTOSIHHS C OMpeAe/eHHbIM
3HaYeHHeM TpeTbeil NMPOEKIHH CIHHA,

Hns panpuefiliero HaMm yno6HO H3MeHUTL OGO3HAYCHHS] H BeK-
top ¥ e J6s 3anuceiBaTh B Buie QyHKuHH Y (X, S3), rae x <R3,
a §3 MpHHHMAaeT xBa 3HaveHHd +1/2 u —1/2. Takasg 3anuch 9KBH-
BaneHTHa (1), ecau MOJIOXHTh

¥(x 5)=bh® ¥(x —5)=hm

U3 pasencrsa

1
¥y (%) < b1 (x)
83(‘492("))_ _%¢2(x)

* Bosee riyfoxHe cooOpaKeHHS OCHOBAaHB Ha TOM (paKTe, UTO AJA CHCTEMB!
co cdeprueckn CHMMeTpHuHbIM OmepatopoM Illpenunrepa omeparoput L; 4 S; aB-
JIFIOTCS KBAHTOBBIMH HHTErpajaMi JBHXXEHHS. JTOT BOMPOC MBI OGCYZHM HO3XKe.

** Bce ¢opMmysBl MBI 3aNHCHIBAEM B CHCTEMe eHHHI, B KOTOpoH A == 1.
B o6biuHofi CHCTeMe eLMHMII ONePATOPH NMPOEKUMH cnMHA HMeWT Bui S;= (h/2) g;
B JOMYyCTHMblE YHCJCHHBIE 3HAUEHHS THX NPOEKIU# paBHbl -+h/2. 3ameTuM, uTO
UpH Repexo/ie K KJaccuueckol MexaHmke i — 0 ¥ COOTBETCTBEHHO HPOEKUHM CITH-
Ha ctpeMsaTcs K Hymo. [loaToMy cnue sapiseTcd CHellMHYeCKH KBAHTOBOH Ha-
6moaaemoii,
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caenyer, 4to
S, W (x, s3) = s3¥ (X, s3),

T. €, onepatop S3, TaK e, Kak u oneparopbl Qi, Qs Qs, fBAsIeTCH
ONMepaTopoM YMHOXEHHsi Ha IepeMeHHywo. Mbl BHAHM, 9TO mo-
CTPOEHHOE MNpeNCTaBJeHHE NPOCTPAHCTBA COCTOSHHH -4aCTHUB €O
CIIHHOM sBJISieTcs] COOCTBEHHBIM AJIs1 OmepaTopoB Q, Qs Qs u Ss,
a 3TH omepaTopbl 006pa3yIoT MOJHBIH HabOpP KOMMYTHPYIOLUIHX Oll€-
patopoB B #s.

Teneps Jerko noHaTb ¢H3HYeCKHA cMbica GyHKuHl W(X, S3).
B coorBeTcTBHH ¢ 06mHM TOoNKOBaHHeM |W (X, S3) |2 ecTh MIOTHOCTB
(byHKUHMH pacrnpenesieHHs] KOOPAHMHAT MNpPH YCJIOBHH, YTO TPEThS

NpOoeKuHsl CIHHA HMeeT 3HaueHue S3, a \|W(x, s3) Pdx ectb Be-
RS
POSITHOCTb B pE€3yAbTaTe H3MEPEHHS CIIHHAa IMOJYYHTL 3HaUeHHe,
paBHOE 3.
Hapsany ¢ nabaonaembeiMu Sy, S;, S; MOXKHO BBECTH Omeparop

KBajapara CIIHHa SQ=S%+ S; —}—S%. IToxcraBass B 3TO BbIpaXKeHHe
1 . )

S; = 0; 1 yunteBag, 9t0 0;=1I, noayunm S*= /. Mu Buaum,

yro 1060 BekTop W e Hs siBasiercsi «COOCTBEHHBIM» AJsl Oliepa-

topa S? ¢ co6cTBeHHBIM 3HaueHHeM 3/4, DTo coGCTBEHHOE 3HAYCHHE

MOXHO 3anucath B BuAe* s(s+ 1), rae s = 1/2. [Tosromy roso-

PAT, 9TO CIHH 3JEKTPOHA paBeH 1/2.

[TocTponm mnpexacraBjieHHe TIPyNNB BPallleHHH B NPOCTPAHCTBE
6s. Hanomuum, uto B npoctpanctse #6 = L2(R3) neficrByer npen-
craBieHHe BpameHH#i g onepatopamu W (g)=e !WLatlmtla)
a B mnpocrpanctBe C? —onepatopamu U (g)=e~iSntSatSa),
Orobpaxenne g— Ws(g), roe Ws(g)= W(g)®Q U(g) sBasercs
npejacTaBieHHeM B npocrpaHcTBe Hs. [IpencraBrenue Ws ectb npo-
H3BexeHue npexcrasaeHuit W u U.

Oneparops B Jfs HasbiBaloTcsi ChepHUECKH-CHMMETPHUHBIMH,
ec/ii OHH KOMMYTHPYIOT €O BceMH onepatopamMi Ws(g). Ecau omne-
patop llpenmurepa H siBnsiercss cepHIeCKH-CHMMETPHUHBIM, TO
onepatopsl Ws(g) ¥ HHOHHHTE3HMaJbHBIE ONEPATOPH!

oW g ) -
da, =—i(;@I+I®S), =123,

a=0

SAABJIAIOTCA HHTErpaJaMu IABHXKCHHA. HOSTOMY AJis1 CHCTEMBI CO cq)e‘
PHUECKH-CUMMETDPHYIHBIM OJIEPATOPOM U_Ipezerepa clipaB€aaHB 3a-
KOH COXpaH€HHuA IOJHOTO MOMEHTa HMIIYJhbCa, NPOCKINHUH KOTOPOTO
Ji= Lj -+ S;.

*B § 29 Mpl mokasajH, uTO H3 NEepPeCTAHOBOYHBIX COOTHOWIEHHH HJAS MO-
MeHTa HMOYJbca cJelyeT, 4To COGCTBEHHblE 3HAUEHHA OIepaTopa KBajpara Mo-
MeHTa HMelOT BuA j(j+ 1), rie j—uenoe wanm modyuesnoe UUCJAO, IJTO HHCIO
IJ1 onepatopa CHHHA NPHHATO 0003HAayYaTh OYKBOH S.
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3amerum, 4To B obmeM ciaydae cCdepHUeCKH-CHMMETPHUHOIO
omepaTopa /1 HeT 3aKOHOB COXpaHeHHs OpPOHTAJBHOTO M CIHHOBOTO
MOMEHTOB MO OoTZesdbHOCTH. OnHako, ecin chepuuecKH-CHMMETPHY-
Hoifi onepartop llpennHurepa B /s KOMMYTHPYET H CO BCEMH Olle-
patopamMu W{(g)& /, To OH KOMMYTHPYEeT CO BCEMH ONEPaTOpPaMu
@ U(g), 1 UMeIOT MeCTO 3aKOHBI COXpaHEHHS HJs1 HabMIOZaeMbIX
L; u S; no orpenbHoctd. Ilpumepom Takoro omeparopa lllpexun-
repa sasjasercs oneparop H @ I, rae H—oneparop Ulpennurepa
AJI5l YACTHIB B LEHTPAJbHOM HOJIE.

§ 47. CnHH CUCTEMBI JIBYX 3JEKTPOHOB

Ipocrpancreo C?, BBefeHHOE B NpeAblAymEM naparpade, 9acto
Ha3bIBAIOT CIHHOBBIM NPOCTPAHCTBOM AJd 3JeKTpoHa. i cHcreMul
H3 ABYX 3JEKTPOHOB CIIHHOBHIM MPOCTPAHCTBOM SIBJISI€TCS IIPOCTPAH-
crBo C*==C2® C2. B npocrpaucrse C? BeiGepem 6a3uc, COCTOS-

1 0
KT U3 COOCTBEHHBIX BEKTOPOB onepartopa Ss U, = (O) nlU_= (1)

C COOGCTBEHHBIMH 3HaueHusiMH 1/2 u —1/2 coorBercTBeHHO. B Ka-
yectBe Oa3HCHBIX BEKTOPOB B npocTtpaHctBe C* MOXKHO B3siTh
sekropel  UPUR, UPU®, UPU® w UPU?P, rne unmekcw (1)
1 (2) HyMepyIOT CNIHHOBbIE NOJANPOCTPAHCTBA 3JEKTPOHOB.

Bonee ynoGHbIM, OfHAKO, OKasbBaeTCs APYrofl OPTOHOPMHPO-
BaHHBIH 6asHC, COCTOSIIHIA U3 BEKTOPOB

Wi= U(}-)U(f-),
w,=U%0%
Ws=—= P2 + 00UY),

1
W4= —— (UQ)UE) -— UQ)U(.;Q.)).
/2
Yno6crBo HOBOro 6a3nca COCTOHT B TOM, 4TO BeKTOpH Wi, i=1,
2, 3, 4 aBnsA0OTCA COGCTBEHHBIMH BEKTOPAMH ONEPaTOpOB
1) 2
So=S§" 4S9
2 2 2
n §'=S8i+S;+ S5

3pecy onepatop Ss €CTb TpeTbsi NMPOEKUHS NOJHOrO CIHHAa OBYX
3JIEKTPOHOB *, aHaJIOTHYHBLIH CMBbICJ HMEIOT omepatopei S; H Ss.
Oneparop S? ecTh KBaApaT MOJIHOTO CIHHA.

* B Gosee TouHOH 3amucH Ss =—;-03 ® 1+% I ® ag;. Onepatopn 0, ®RIxn

I ® o) mbi obostauaem 5 panpehmenm uepes of” u oY coorsercrsento,
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Ias toro utobu nposepuTh choOpMyJHPOBAHHOE yTBEpIK AeHHe
OTHOCHTe/NbHO BeKTopoB W;, i ==1, 2, 3, 4, Hafizem pesyabraT Zei-
CTBHA ONEepaTOpOB O), Op, O3 Ha OasucHble Bektopw U, u U_.

Hmeem
0 1\ /1 oy
U p— ——1 =
o1+ (1 0)(0) (1) V-

oU_=U,,

o U, =iU_, n
oU_=—iU,,

oU,=U,,
o/ _=—U_

Hcrnonbsys atu (popMyJIbl, MOJIY U HM

SaW1 =L (o) + o) UOU? = ULV = 1w,

SsWo =_— 1Ws, ©
83W3 = OWs,
83W4 = OW4.
Hapsazny ¢ (2) umeror Mecto dopmyani
SW;=2W;, j=1,2,3

SQW4 = OW4.
[Iposepum dopmyny (3) nis BekTopa Wi
S*Ws=(S1+ S5+ S3) W, =
1 [(o(” 1+ 6?) 4 (68 + o@)* + (o + @) Wy =
[ 14 5 (o6 + oo + of’s ‘2’)] = (UU? + vPUY) =

3 1
='2_W3+'2—W3+7W3”‘—2“W3=2W3-

3gech Mbl uHcnoib3oBasad (1) u pasedctBa 6i=1, j=1, 2, 3. Ta-
KuM obpasom, nmepBele Tpu Bektopa Wi, W. u W3 onuceiBamor co-
CTOSIHHS, B KOTODHIX KBAApaT IOJHOTO CIHHA CHCTEMHl H3 ABYX
5JeKTpoHOB paBed 2. Ynciao 2 MoxHo 3amucaTb B BHIe 2 ==
= S(S-+ 1), rne S=1, nosToMy NOJHHH COHH B 3THX COCTOS-
HHSIX PaBeH eJHHHUIE, Hpoexum IIOJHOT'O CHHHA B COOTBETCTBHH
¢ ofmHMH CBOHCTBAMY MOMEHTa HMMIYJbca HPHHMMAaeT B 3THX CO-
crosauax 3Hauenus -1 u 0. Bekrop W, omuceiBaer cocrosinue
C NOJHBIM CIHHOM, pPaBHBIM HyJ10. MHorma roBopdTr, 4TO B COCTOS-
uuax Wi, Wy, W, crnunbl snekTpoHOB HapajjelbHbl, a B COCTOS-
wun Wy — aHTHODApaJIEbHEL,
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O6cynuM TOJNYYeHHBII pe3y/abTaT € TOYKH 3PEHHS TEOpUH
rpynn. Mul 3HaeM, uyto B npocrpancTse C? NefCTByeT HeNpHBOIH-
Moe npejaCTaBJ/eHNe rpyImel BpallEeHH onepatopamu

i
U(g)=ce OGOt as) - g0, uto oroBpaxenne g— U(g)=

= (g) ® U(g) = e~ Sm+Sun+Sa) ecTh NpejcTaBleHHe TPYIIb BPa-
wenni B npocrpanctBe C4 IlpencraBienne U aBisieTcsl TeH30PHHIM
IPOM3BeIEHHEM JBYX OJMHAKOBBHIX mpeicraBgenuil U, u OHO NpHBO-
numo. Coraacuo pesyabratam § 29 mpocrpanctso C! npexacraBumo
B BHJe NPSIMON cyMMBI JIBYX HHBaPHAHTHHIX OTHOCHTEJbHO OIlepaTo-
pos U(g) moanmpocTpaHCTB, B KOTOPHIX AeHCTBYIOT HENPHBOJAHMbIE
npeiactasjenus. [lepBoe U3 3THX MNOANDPOCTPAHCTB HATATHBATCS HA
sektopel Wy, Wo, Ws, a Bropoe — Ha Bektop Wi Mcmoabsys o6o-
sHayenus § 29, Mbl MOXeM 3amucarh 3TOT pe3yJbTaT B BHIe
D_L ®D-1_= D()@D].

2 2

3aMeTHM, 4TO MBI JOKa3a/JH YacTHbIH ciaydafl TeopeMbl O pasJo-
JKeHHH TEH30PHOro ITPOH3BeleHHs HeNPHBOJHMBIX NpeACTaBJEHHI
rpynnbl  Bpautenuit. Cdopmynupyem 3Ty Teopemy Oes jokasa-
TesbCTBA.

ITyets B nmpocrpancrBax &; u &2 IeflCTBYIOT HellPHBOAUMEBIE
npeacrasienns rpynnsl Bpawennit D, wu D,. Toraa rensopHoe

npou3BeJieHNe MpeJCTaBJeHUH NPeACTaBHMO B BHIe HPSIMOH CyMMBI
HeNpPYBOJMMBIX IpejCcTaBJdeHu#

D.71®Df2= lel—fﬂ@DIfl—le-*-l @ LR @Diﬁ‘]z'

IMocnennsis ¢opMysna HasblBaeTcs pasjioxendeM Kae6uia —
Toprana. CaMo pasjioxenue MoJyyaercs mnepexojoMm oT 6aswuca,
COCTABJIGHHOTO H3 BEKTOPOB &) merymy Me==— j&, — e+ 1, ..., ]k,

k=1,2, rne ej,m, — COGCTBEHHbIE BEKTObI ONEpaTopOR (J("’)"f nJP
K 6asucy u3 BEKTOPOB &, , ,u, I =1, — I |, [/, — L]+ 1, .. i+ 1,

=—J,—J41, ..., J. Bektopn €}, ABAAIOTCS CoBCTBEHHBIMH
IJS 4eTbipeX KOMMyTHpylomux omnepatopos (J1)?2, (J@)

P=0 40P 4 (9 + 10V 4+ (10 + 1DV, Ls=18 4 19,
BeKTOpr elxiz!M IpeacTaBHMbl B BUIeC

e],]gIM = mlzmz Cl,],JM; flfem\mzellmle]zmz' (4)
HMupekchl  cyMMHpoBaHHA  mp  0OpoberaloT  3HAYEHHST  —j,
—je+1, ..., jr, k=1, 2. Koapduuuents paznoxenus C B (4)

Ha3pBaloTCA KoddouimentaMmu Kmebuma — Foppana. 3amMeTnM, 4to
Mbl, nepexoas K Oasucy Wi, W, Ws, Wi namau ata xosddu-
LHMeHTH JJIA clyudas j; = js = 1/2.

H3 chopmyanposanHoli TeopeMBl CJefyeT TaK:kKe, YTO €CJH
B HEKOTOPOM COCTOSIHHH MOMEHT uMmyJabca J() umeer 3nauenue ji,
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a MoMent J® — 3Hauenue jo, TO NMOJHBIE MOMEHT J MOMKET NPHHH-
MaTh 3Hadenus |ji—jz|, |ji—j2l+ 1, ..., ji+ j2. CraaxbiBath
TaKuM 00pa3oM MOXKHO Kak opOHTAJIbHBIE HJIH CIHHOBbie MOMEHTHI
JUIST Pa3JIHYHBIX YACTHI, TaK M OPOUTAJbHBIE U CIOHHOBOH MOMEHT
JJIsT OJHOH 4aCTHLHI.

B zakaiouenue 3toro maparpaga OTMeTHM BaXHOe IJf Halb-
Hefimero cBoHcTBO GasuCHBIX anemeHToB Wi (=1, 2, 3, 4. dasn
3TOrO 3allHIIeM HX, BBOAS CIHHOBHe NepemeHHble si u s@), kaxpas

M3 KOTOPHIX MOXeT NpHHUMAaThb JABa 3Hauenus =41/2
V(s ) = U, ($) U, (),
W, (sg‘), ng)) =U_ (s“') U_ (s(2>),

W, (s®, s§ =—[U (SYU_(s@) +U_ (s U, (s9)) ©)

Vo ) = [V, (9) U (6§) = U () U, (59)]

e v, (§) =1, 0. (=) =0 0_(§)=0. v_(~4)=1

M3 (5) caenyer, uro ¢yukuun Wi, Wy, Wi aBasiiorcs cuMmer-
PHYHBIMH (YHKUHSMH OT CIHHOBBIX llepeMeHHBIX

W, (sQ, s\y=W, (s, sp), i=1,2,3,
a W, — antucuMMerpuunas GpyHKUHS
2 DY o 1 2
V(s s0) == W, (s, ).

§ 48. CucreMbl MHOIMX YacCTHIL
TIpuHUKN TOXKIECTBEHHOCTH

Jlo nacrosiero naparpada Mbl H3y4aJd B OCHOBHOM IIOBEJACHHe
OAHOH KBaHTOBOH dYacTHIbL. [IpoCTpPAaHCTBOM COCTOSHHE UYaCTHIH
0e3 chuHa BJASIETCS B KOOPAMHATHOM IIPEJCTABJCHHH IIPOCTPAHCTBO
L2(R3), a pna gactuubl co cnudHoMm 1/2— L2(R3)Q C2. EcrecrBen-
HBLIM 00006llleHneM TaKuX MNOPOCTPAHCTB HA CJydall CHCTEMBl H3
#i yacTHIl IPeACTaBJASIOTCA IPOCTPAHCTBO

LPRMN=LR)® ... ® L*2(RY
JJISE acTHI 6e3 ClIHHA ¥ NPOCTPAHCTBO
LPRMN)RC"=LRYQ®C® ... L*(R) ® C?

IS 4acTHL co crmuuoM 1/2.

CpaBHeHue TeopHy C SKCIIEPHMEHTOM IIOKa3bIBaeT, OAHAKO, YTO
TaKoe IPEeNIOJOKEHHe O MPOCTPAHCTBAX COCTOSSHHH CHCTEM H3
7 4aCTHIL OKAa3blBAETCH CIPAaBeMJHBLHIM TOJbKO B TOM CJyudae, KOrjaa
Cpely 4YacTHll CHCTeMbl HeT oxHHaKoBBHIX. [IpH nannumm oAMHaKoO-
BHX YaCTHL, B MNOBeJeHHH KBAHTOBHIX CHCTEM OOHApYKHUBAIOTCSH
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ocobenHocTH, OO0BACHEHHE KOTOPHIX CTAHOBHTCS BOSMOXKHBIM HAa
OCHOBe TaK Ha3blBAEMOro MpPHHIIMIA ToxAecrBeHHocTd. Cpasy 3a-
METHM, YTO MPHHIMI TOMKIECTBEHHOCTH SBJSETCS HOBBIM [PHHIM-
oM KBaHTOBOH MeXaHHKH. OH He MOXKeT ObIThb BHIBEIEH H3 JPYIHX,
copMyHPOBAHHBX paHee, OCHOBHHX IIOJIOXKeHHH KBAaHTOBOI Mexa-
HHKH W JOJXKeH GHITh NOCTYJHPOBAH,

Bynem o6o3nauaTh OXHHM CHMBOJOM 8 npoctpanctsa L2(R37)
u L2(R¥")® C?*, a 3;eMeHTH 3THUX IPOCTPAHCTB 3aIUCHIBATH B BHJIE
W(E,..., &), rHe Ei=23x% —paa OGecCIHHOBOH YaCTHLUBI H
E,i———(x("), $P) — mnsl YaCTHUBl CO CIHHOM, s{) — ciuHOBas mepe-
MeHHas I-# wacTuubl. Jlas yacTHUB co crnuHOM 1/2 mepeMenHble s§)
OpUHAMAIOT 1Ba 3Hauenus -+ 1/2.

CransipHoe NpoH3BeJleHHe B MNPOCTPAHCTBAX H# TaKXKe MONKHO
3alHCHBATh €IHHO06Pa3HO

W, 0=V, ... )D& ., E)dE ... dE

noapasyMeBas, uTo AJs YacTHI[ CO CIIMHOM HHTErpHpPOBAHHUE [0 Ile-
PEeMeHHBIM §; ecThb HMHTErpHpPOBaHHE II0 IPOCTPAHCTBEHHHIM Iepe-
MeHHbIM X() ¥ CyMMHpPOBaHHe MO CIIHHOBBHIM IepeMeHHbIM s{.

[Ipexxne uyeM nepexoiuTb K (POPMYIHDPOBKe NPUHIATIA TOXKIe-
CTBEHHOCTH, PAcCMOTPHM TPYINY IepecTaHOBOK S,, KOTOpas HasH-
BaeTcsl TaKXKe CHMMeTPHUYeCKOH Ipynnofl. djeMeHTaMH TON PYNIL
SIBJISIIOTCS IepeCTaHOBKH

1,2, ..., n
T=t . . . s
Iy Loy wvuy Iy
a eILHHH‘{HbII;’I 9JIEMEHT €CTb TOXKIECTBEHHAs IepeCTaHOBKa

/ 1,2,...,n)
AL 2, ..., /)

[IponsBefennem nepecTaHOBOK I == Mty HAa3bIBAeTCs Ilepecra-
HOBKA, KOTOPasi I0JIy4aeTcss B Pe3yJbTaTe MOCA€LOBATENLHOTO Bbl-
MIOJIHEHHS] TTePeCTAaHOBOK | H T.

Jlerko noctpoutb npeAcTaBJeHye IPyInb S, B NPOCTPAHCTBe J6,
BseneM onepaTophl Py, MNOJNOXHB

Pﬂqr(gh sy gn):‘qr(gip L] gin)-

OueBnaHO, Py ABJAAIOTCA YHHUTApHBIMH ollepaTopaMu U OToOpaxKeHnue
nt— Py ecThb OpeAcTaBjeHHe CHMMeTPHYECKOH T'DyNNLl B IPOCTpaH-
cTBe 6. '

B npoctpaHcTBe J6 cpasy BHAENAIOTCS [ABA HHBAPHAHTHBIX OT-
HOCHTeJIbHO ollepaTopoB P, NOANPOCTPAaHCTBA. DTO NOANPOCTPAH-
CTBO s CHMMeETPHUHBIX (DYHKUHE, A KOTODHIX

Pﬂqr(gl’ sy gn)=qr(§h CICE) gn)
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H NOAIPOCTPAHCTBO JB4 AHTUCHMMETPHUYHHIX (YHKIUHHA
PiW Ep, -y E)=(—DHYE, ..., E)

rie depe3z [n] o6o3HaueHa 4YeTHOCTb NepeCTaHOBKH m. OUeBHAHO,
aT0 Ha | Fbs.

B cayuae aByx uactuu 9 — Ha P Hs. lelicTBuTenbHO, JMi06an
¢yuximsa ¥ (&, E2) MoxkeT GHITH 3aIMcaHa B BHJE

W (E,, &)= ¥, §z)~2lr‘1’(§z, ) + W (§1, &2) = W &) _
=W, &)+ Val, &), rHe YsEHs, a Vo Ha.

B cayuae GoJjbliero YucCJa YacTHI HMeloTCa U GoJjee CI0XKHBIe,
ueM s U b, UHBAPHAHTHBHIE MOANPOCTPAHCTBA, OAHAKO HHTepeca
3TH NOANPOCTPAHCTBA He mpeiAcTaBafior. IIpuHIMN ToXAecTBeH-
HOCTH VTBepXKJAAeT, UTO INIPOCTPAHCTBOM COCTOSIHHH CHCTEMH H3
#i ONMHAKOBHIX YacTHIl fABJAseTcs AHO0 MPOCTPAHCTBO B4, auHO
NPOCTPAaHCTBO JBs. Bruibop oJHOro M3 3TuUX NPOCTPAHCTB B Kaue-
CTBE I[IPOCTPAHCTBA COCTOSIHHH 3aBHUCHT TOJBKO OT POJA YaCTHIL

T'0BOPAT, UTO YACTHIBl, COCTOSHHA KOTOPBIX OIIMCHIBAIOTCH CHM-
MeTPUUYHBLIMH (GYHKLUHAMY, NOAUYMHAIOTCH CraTHCTHKe DBose — Diin-
mtefiHa, a YacCTHIIB, OIHChIBaeMble AHTHCHMMETPHUYHBIMH (yHK-
uusaMy, noguuusTcs cratuctuke ®epmu — Hdupaka. Ilepsrie Ha
3biBaloTCs 6030HaMH, a BTOpble — (pepMuoHA MY,

OKasbIBaeTcsi, YTO CTATHCTHKA, KOTOPOH NOAYHHSAIOTCS YaCTHIIBI,
onpejessieTcss UX COIHHOM. HacTHIB! ¢ LeJBIM CIHHOM (B TOM 4Hcle
n Ges crnuHa) fBAAIOTCS 0030HAMH, a YACTHIB! C MOJYIeJbIM CIOH-
HOM — (bepMHOHaMH., B HepesATHBHCTCKON KBAaHTOBOH MeXahuKe
HeT OOBSCHEHHS CBfA3H CIIMHA W CTATHCTHKH, OTYaCTH 3Ta CBA3b
o0bsicHsIeTCS B PEJTHBHCTCKOH KBaHTOBOH MexaHHKe. PepMHOHAMH
ABJAIOTCA 3JEKTPOHBI, IPOTOHBI, HEHTPOHBI, CIHH KOTOPHIX pa-
BeH 1/2, 6o3oHaMu aABAAIOTCH (OTOHBI, CIHH KOTOPBIX paBeH ejnH-
HH1le, 1 Me30HHI, y KOTOPBIX CIHH paBeH HyJi0. CTaTUCTHKA COCTaB-
HBIX TOXKJECTBEHHHIX YacTHI[ (HalpHMep, aTOMHBIX siiep) ollpefe-
JsIeTCsl YeTHOCThIO BXOJSAIIMX B HX cocTaB (pePMHOHOB, TaK Kak INe-
pecTaHOBKa OJHMHAKOBBIX CJIOKHBIX HacCTHI[ SKBHBaJeHTHa OepecTa-
HOBKe HECKOJLKYX Map 3JeMeHTapHBIX yacTHU. Tak, AedTpPOHHI, co-
CTOSIIMEe M3 HEHTpPOHA M NPOTOHA, ABJAAIOTCS 0030HAMH. 3aMeTHM,
4yTo CMUH JeHTpoHa leJblii ¥, TaK KaK CIHHBI MPOTOHA ¥ HeHTpOHa
paBub 1/2.

" Boimnmem onepatop llpepunrepa Adas CHCTeMBl INONApHO B3aH-
MOJeHCTBYIOU{HX YaCTHI, HaxoAsllelCs BO BHENIHEM IMOJe

n n n
1 . . .
H=—% oA+ >V (xi) + > U (xt0 — x®),
i=1 i=1 i<k
[TepBrlii 4sMeH ecTb onepaTop KHHETHYECKOH OSHEPrHH CHCTEMbI
JacCTHII, BTOPOﬁ—OHHCbIBaeT B3aHMOJEHCTBHe YACTHI| C BHEUIHUM

* Hs PKCHEPHMEHTOB H3BECTHO, UYTO CHNHH AeﬁTpOHa paBeH eILHHHIE.
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noJieM, a TpeTHi — B3auMojeficTBie yacTHI MeXAy coboit. O6paTum
BHHMAaHHe Ha TO, YTO MAaCCHl BCeX HaCTHIl OJHHAKOBH, a IOTeH-
1raabs B3auMogeficteus V(x) u U(X) He 3aBHCAT OT HOMEPOB yac-
tuu. Beaencrsue storo onepatop lllpenuurepa H KoMMyTHpPYeT CO
Bcemu omeparopaMu Py, [H, Pyl = 0.

§ 49. CumMMeTpHUs KOOPIHMHATHLIX BOJHOBLIX )yHKIIHA
CHCTeMbl IBYX 3JEeKTPOHOB.
AroMm renus

DNEKTPOHBbl fBJAAIOTCA (epMHOHAMH, MOITOMY BOJIHOBAs (PyHK-
UHS JJS CHCTEMbl ABYX B3JEKTPOHOB JOJI)KHa OHTb aHTHCHMMeET-

PUUHOH
W (&, &)= — T (&1, &).

PasnoxuM ¢ynkuuio ¥ (g, &) no BBefeHHbIM B § 47 GasucHbIM
byuruuam Wi, Wy, Ws, Wy

4
\MWQJ%@=EWNMﬂmm@gﬁy (1)
i==

[TepBbie TpH caaraeMbiX B 3TOH CyMMe COOTBETCTBYIOT COCTOSTHHSM
¢ MOJHBIM CIHHOM €J{HMIA, a YeTBePTOe OMHCLIBAET COCTOSIHHE
C MOJHBIM CIIMHOM HYJAb. BBelennble cooThollenueM (1) ¢yHKIHH
W (xH, x@), i=1, 2, 3, 4 Ha3bIBAIOTCH KOOPIMHATHLIMH BOJIHO-
BHMH (yHRuUAMH B oTauude ot W(E, &), KOTOPYIO HA3HIBAIOT
nonno# BonHoBo# ¢dyukuuedi. B § 47 mbi Bugenn, uto W, (s, s@)
npu i =1,2,3 ABJAIOTCH CHMMeTPHUHBLIME OTHOCHTeJbHO IlepecTa-
HOBKH CIHHOBHIX TepeMennbix, W, (s{), s)-— antucummerpnunas
¢bynguus. Torma H3 aHTHCHMMETPHYHOCTH MOJHOR (YHKIHH cJe-
LyeT, 4To

¥, (x®, x0) = —¥, (xV, x®), i=1, 2, 3,

¥, (x@, x(V) =¥, (xV, x®),

T. €. KOOPAHHATHLIC BOJNHOBHE (YHKIHH AJs1 COCTOSHHE CO CIMHOM
eJHHMIA SBJAAIOTCS AHTHCHMMETPHUYHBIMH, a IJS COCTOSIHHH CO
CIHHOM HYJIb — CHMMeTPHUYHBIMH.

IIpumennum 3TOT pesyabTaT K aTomy reaus. Oneparop llpenun-
repa Anas atoMa reJusi B IpeHeGpelKeHHH CIOHHOBBIMH B3aHMOJeH-
CTBHAMH HMeeT BHA *

1

H=—+

* B TouHolf mnoctaHOBKe 3aiauu onepatop llIpeaunrepa coaepiKHT UJIEHH,
3aBHCsIIHE OT CMHHA, OJHAKO BLIBOA BHIDaXKEHHS AJA COHHOBOrO B3aHMOZefiCTBHH
BO3MOXEH TOJIbKO B DeNATHBHCTCKOH KBaHTOBOH MexaHHxke. Kpome Toro, msis
aroMa reJHA 3TH 9AeHbl KIPalOT POJb MaAblX MOMPABOK H BCErfa YYHTBIBAIOTCH
MO TEOPHH BO3MYILEHHH.
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Ecan W (&), &) ABasieTCs peuleHHEM YpaBHEHUS
HY (gl» §2)=E\P (gl, gQ),

To ¥ KoopauuaTHele ¢ynkuuu W;(x(V, x®) ynosJjerBopsiior ypas-
nHennto Illpennnrepa ¢ reM e cobcrBennniM 3nadenuem E. Ilo-
3TOMY 3ajaya CBOAMTCS K OTBICKAHHIO PelleHHH ypaBHeHHs

HY (x0, x@) = E¥ (x, x®) (@)

B NOANPOCTPAHCTBAX CHMMETPHYHBIX HJIH AHTHCHMMETPHUHBIX
(pynkuui. Slcno, 4ro peweHuii ypaBHeHHSI (2) B KaXKIOM H3 TaKHX
NOAIPOCTPAHCTB MeHblle, yeM B npocrpancTBe L2(RP). Te 3uaue-
uud E, Ana KOTOpHX ypasHeHHe (2) HMeeT pelleHHe B NOANPOCT-
paHCTBe aHTHCHMMeTpHUHbIX ¢yHkuui W(x), x?) coorTBeTcTBYIOT
COCTOSIHMAM CO CIHHOM eJIMHHIIA, a Te 3HaYeHHA £, AJS KOTOPHIX
CYLIECTBYIOT CHMMETpDHUYHBIe pelleHHsl ypaBHenus (2), cooTser-
CTBYIOT COCTOSIHHSIM CO CIIHHOM HYJlb.

Mu BHANM, YTO YPOBHM 3HEPrHM aToMa resus 3aBUCAT OT HOJ-
HOTO CIIMHA JaXe B NpeHeGpe:KeHNH CIHHOBHIMH B3aHMOAEHCTBHAMH
B omepartope Illpexnnrepa. dta 3aBHCHMOCTb ABASETCSH CJEJCTBHEM
IIPHHLHANA TOXKAECTBEHHOCTH M BO3HHMKAeT yepe3 CHMMETPHIO KOOp-
JUHATHBIX BOJHOBHIX (DYHKLHIA,

MoxXHO [0Ka3aTh, YTO OCHOBHOMY COCTOSIHMIO aToMa TeJjiHsl CO-
OTBETCTBYeT CHMMeTpPHYHAs KOOPAHHATHAs BOJIHOBas (yHKIHSA,
T. e. CIHH aTOMa TeJysl B OCHOBHOM COCTOSIHMM DaBeH HYJIIO.

HHTepecHO OTMeTHTb, YTO MepPeXoJbl ¢ HCIYCKAHHEM HJIH IOIJIO-
IeHHeM KBAHTOB MeXKAY CocTosiHHAMH ¢ S =0 u S =1 okasn-
BAIOTCS MaJjiOBepOSITHLIMH. [109TOMY oNnTHueCKH#l CHeKTp remaus Ta-
KOB, Kak ecau OB CyIeCTBOBaJo JABa copTa rejus ¢ S =10
u S = 1. IlepBHlil CopT resus Ha3HBAIOT naparejdeM, a BTOPOR —
oproresneM. KaxkJoMy 5HepreTHYecKOMY YPOBHIO Mapareius COOT-
BETCTBYEeT OJHO CIIHHOBOE COCTOsHHe Wi, a YDPOBHIO OPTOTeaHS —
TpH CHHHOBHIX coctosiuusa Wi, Wi, Wi Ilostomy cocrosnuns napa-
rejiisi Ha3bIBAIOT CHHIVIETHBIMH, a OpTOTeJHS — TPHIIETHHIMH.
YdeT cHHHOBHIX B3aMMOJEHCTBHA NPHBOAMT K PACIUENJIEHHIO TpPH-
NJeTHBIX YPOBHeH 3Hepruy Ha Tpu OJH3KHX *.

§ 50. MHoroa/ieKTPOHHbIE ATOMBEL.
OnHO9JMeKTPOHHOE NPUGANKEHnEe

Onepartop lllpeaunrepa MHOr03JeKTPOHHOTO AaTOMa HJIH HOHA
¢ 3apsiioM sapa Z uMeeT BHJ

e DL

i=1 i=1 <]

* MoxHno MoOKa3aTh, 9TO TaKoe PAacCIHIeNJieHHe MPOHCXONMT, eclH NOMHHIA op-
GHTANLHEIH MOMEHT ABYX 3/IeKTPOHOB L %= 0, noatoMy pacllielilenHe Halmofaetcs
He [OJIs BCeX TPHIVIETHHIX YPOBHEH 3HEPrHH,
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Srot onepartop 3anntaH B NpeHeGpeKeHHH ABHIKeHHeM sjpa M CIH-
HOBHIX B3auMojelcTBHH. [Ipenebpexenne ABMMKeHHeM sjpa CJI0XK-
HBIX aTOMOB BIIOJIHE 3aKOHHO, TaK KAaK IIONPABKH, BO3UHKAIOIlHe
IpH €ero ydeTe, HAa HeCKOJbKO MNOPSIKOB MeHblle [OrPeUIHOCTel
COBPeMeHHbIX MeTOAOB pacyeTa CJOXKHHIX aToMoB. CNHHOBHE B3aH-
MOJeHCTBHA NPAKTHIECKH BCerja Y4YHTHIBAIOTCH [0 TEOPHH BO3MY-
IIEeHUHA, ¥ HX POJb Mbl OOCYAUM HHXKe,

Onepatop H cooTBeTcTBYeT HeHTpaJbHOMY aToMy NpH Z = #,
NOJIOKATEAbHOMY HOHY NPH Z =7 U OTPHLUATENBLHOMY HOHY IIpH
Z < n. IlpocTpaHCTBOM COCTOSIHHI MHOTO3JIEKTPOHHOTO aToMa HJH
HOHA SIBJAETCA IPOCTPAHCTBO HB, AHTHCHMMETPUUHBLIX (QYHKIUH
W(Ei,...,E). DTo mpocTpaHCTBO, KAK M B pa3obpaHHOM ciyuae
JBYX HaCTHL, pacrnajaercs B NPAMYIO CYMMY IPOCTPAHCTB € oNpe-
JNeJCHHBIM NOJHBIM cOHHOM. COOTBETCTBYIOIMEe KOOPAHHATHHE
(bYHKLIHH YAOBJETBOPSIOT HEKOTOPBIM YCJOBHAM CHMMETDHH, KOTO-
pble 0KashBalOTCsl OoJiee CIOXKHBIMH, YeM B Ciydae JABYX 3J€KTpO-
HOB, H MBI HX He 6yJeM ONHCHIBaThb. 3ajauya 0 HAXOXKAEHHH CIEKTPa
onepatopa H B 64 CBOIMTCA K 3ajJayaM O CIeKTpe omeparopa f
B MOJANPOCTPAHCTBAX B, KOOPAMHATHBIX (YHKIMH C ompejeseH-
HBIMH YCJIOBHSIMH CHMMETPHH.

CnekTp omepaTtopa H B NOANPOCTpaHCTBAx #Br XOPOIIO H3YUEH
npu Z>=n. B srom cayyae CHeKTp HempepslBeH Ha HHTepBaJe
—u << E << oo ¢ HEKOTOPBIM, BoOOIle T'OBOPS, MOJOKHTENbHBIM U
M COCTOHT u3 GeCKOHEYHOH CePHH OTpHLATeJbHbLIX COOGCTBEHHBIX 3HA-
YeHHH, HAKANJIHBAIOWHUXCA K —u. B Pa3iHYHBIX MOANPOCTPAHCTBAX
3HAYEHHS 1 MOIYT OBITh pasanunbiMu., [IpH aTOM AMCKpeTHBIH
- CMEeKTp B OJHOM H3 3THX MOAIPOCTPAHCTB MOXKET HAaJaraThCsl Ha
HenpephHIBHBIH CHeKTp B apyroM. Takum of6pasoMm, Ha 4acTH OTpH-
1aTeJbHOH INOJYOCH CIeKTp omnepatopa H CMeliaHHBHIH, COGCTBeH-
Hble 3HAUEHHS JieXaT Ha HellPepLIBHOM CIeKTpe.

Cnyua#t Z <{#n uccnefoBaH MeHee jgeraJqbHo. Ilpumepn moxa-
3BIBAIOT, UTO JHUCKPETHHH CIeKTp MoOMXKeT ObITb KOHEUHBIM HJIH
oTcyrcTBoBaTh. OTCYTCTBHE MAMCKPETHOrO CIIEKTPa O3HAYAeT, 4TO
VCTOAUMBBIX COCTOSIHHIl TAKOI'O OTPHUIIATENbHOro HoHa Her. M3 ake-
epPHMEHTOB, HANpHMep, H3BeCTHO, UYTO CYIIECTBYET OJHO YCTO-
4yyuBOE COCTOSIHME OTPHIIaTeJbHOIO HOHa Bojopoia (Z =1, n=2).
Crporo JnoKa3zaHa TOJBKO KOHEUHOCTb AMCKDETHOrO CIIeKTpa A
TAKOH CHCTEMBL.

3ajaya O NMocTpoeHnu coGCTBeHHBIX (GyHKUn# onepatopa H pnas
MHOI'03/IEKTPOHHOI'0 aTOMa fABJSETCH YpesBLUANHO CJOMXKHOH, TakK
Kak ypasHenne HY¥ = EW He JonyckaeT pasjieeHysi epeMeHHHIX.
Ota ¢J0XKHOCTb CBfI3aHA C MOCJeJHHM YJeHoM B omnepaTtope H, yuu-
THIBAIOIHM B3auMoJeficTsue Mexay snaekrponamu. [TonbiTKa yuecThb
3TOT 4JIeH [0 TEeOPHH BO3MYLIEHH{I NPHBOAHT K IJIOXHM pe3yJjbTa-
TaM, TaK KaK B3aHMOJAeHCTBHe MeXXAY 3JeKTPOHAMH HUMeeT TOT XKe
HOpAJAOK, YTO H B3aMMOAeCTBHe 3JEKTPOHOB C SIAPOM.

OaHH 93 MPOCTHIX croco60B NPHOJAMKEHHOrO yyera B3aHMogeli-
CTBHSI MeXJAY 3JeKTPOHAMH COCTOHT B 3aMeHe MOCJefdHEro 4JjeHa
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n
B H cymmoit ), V(r,), rie motenuuan V(r) MoxeT GBITb HCTOJIKO-
i=1

BaH KakK MOTeHUHAJ B3aUMOJENCTBHS 3JEKTPOHA ¢ paclpejeseH-
HBIM II0 00BEMY aToMa 3apSJOM OCTAaJbHBIX 3JeKTpPOoHOB. [loTen-
nuaj V(r) Ha3LBAWT CaMOCOIVIACOBAHHLIM, TaK KaK OH 3aBHCHT OT
COCTOSIHHMSI aTOMa, KOTOpOe B CBOIO ouepelAb 3aBHCHUT oT V(r).

n

3ameHna mocjaeanerc ujeHa B H Ha Z V(r;) npuBoaUT K npu-
i=1
O6auxeHHoMy onepatopy lllpeausrepa

W= YAt

i=1

(ri)’

uM:

rae U(r)= —Z/r 4 V(r). O norenunaye U(r) aupuHopu Mb Mo-
eM CcKasaTb TOJbKO, UTO

U= —=2, r—>0, U()sz——, r—>co.

Mpbl yBuaMM B RaJbHeiillleM, YTO CYIIECTBYIOT METOABI, I103BO-
JAA0LIMe HAXOAUTb STOT HOTeHLHaJ, ONHAKO AJ5 MOHHMAaHHA CTPYK-
TYPHl CJAOXKHBIX ATOMOB JOCTATOUHO NPEeNNOJOXKeHHs, uto H MoxKer
6BLITh JOBOJbLHO TOUHO aNIpPOKCHMHDPOBAH orepaTopoM H’, a pas-
HoCTh H'— H = W MoXKeT OBITh yuTeHa [0 MeTOJY BO3MYLIeHHH.

ITpubanxennoe ypasnenne lllpenunrepa

H"P(gh ooy gn)=E‘P(§l) ey gn) (1)

JIONYCKaeT pa3fiesieHHe NepeMeHHbIX. ByaeM ucKaTh pelllenyig 3TOro
ypaBHEHHS B BHAE

W& enns E)=11() ... $a (8 (2)

[Toncranoska (2) B (1) mokasmiBaeT, uto ecan QYHKUHH (&), ...
oy Ynu(Es) aBagioTca cobcTBeHHBIMH QyHKUMAMH onepatopa Illpe-
JHHrepa JJs 4aCTHUB B lleHTpadbHoM moJe U (r)

5 Ay (8) + U (1) e (8) = Exs ), 3)

To (pyHrRuHA (2) sBasgercs coOCTBenHoH (YHKUHMed oneparopa H’,
COOTBETCTBYIOIIEH coOcTBeHHOMY 3HadeHnww E==FE 4 ...+ E,.
Oyukuusa (2), oaHako, He YAOBJETBOPSeT NPHHUUNY TOXKJECTBEH-
nocru. IlonHas BoaHOBasi (YHKLHS NOJKHA OBITb aHTHCHMMETPHUY-
Hoit, 3aMeruM, uto ecau ¥ yHoBJseTBopsieT ypaBHenuio (1), TO u
P,¥ sBasercs cobcrBennoll dyukiueil H’ ¢ TeM Xe COOCTBEHHBIM
snauyenneM E. ITostoMy B KauecrBe coOCTBEHHOW (DYHKIIMH, yIOB-
JeTBOpAIOLIel  NPHHUHOY  TOXAECTBEHHOCTH, CJelyeT  B3fTh
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AHTHCHMMeTpHYHYI0 KoMOunauuo ¢yukuuit PrW¥, T. e.
'lbl (gl) 'lbl gn)

q’A(gl’ IR} gn)zc ¢ * s (4)
Yo €)oo n(En)

rie C - MocTosiHHas, KOTopas HaXOJNUTCA H3 YCJOBHS HOPMHPOBKH.
Oyukius (4) ABAseTcCH aHTHCHMMeTPHYHOMN, TaK KaK NepecTaHOBKA
KOOpAYHAT 3KBMBAJIEHTHA IepecTaHOBKe CTOJOGIOB ONpefeqUTeNs.

Oynkunn (2) u (4) MoryT OBITb HCTOJNKOBAHBI CJeLyIONIHM
obpasom. @yurnusa (2) ONHCHIBAET COCTOSHHE CHCTEMBI 3JIEKTPO-
HOB, B KOTODPOH IepBBbIH 3JeKTPOH HAXOAUTCH B ONHO3JEKTPOHHOM
COCTOSIHHH 1, BTOPOil 3J€KTPOH — B COCTOSIHHY Yo ¥ T. 1. PyHKIMSA
(4) CcOOTBETCTBYET COCTOSIHHIO CHCTeMbl, B KOTOPOM # 3J€KTPOHOB
3AMOJHAKT 71 OJHO3JEKTPOHHBIX COCTOSIHHH M He HMeeT CMBIC/A
FOBOPHTb O TOM, KAKOH 3JeKTPOH B KaKOM COCTOSHHH HaXOJHTCH.

3ameTuM, UTO He JJsa Jai060ro peurends (2) BQ3MOKHO MOCTpoe-
nue ¢yuxunu (4). Oupepmeanrtenb (4) oTAHYEH OT HyJs TOJBKO
NpH YCJIOBHH, 4TO cpeld OGYHKUHE ¥y, ..., ¢, HeT OIZHHAKOBHIX.
AT1oT pe3yabTaT HashnBaeTCs npuHiunom Ilaynam ¥ ero MoXHO
chopmyaupoBaTh CAeAYIOLNM 06pasom,

B onHoM H TOM XKe OJIHO3JEKTPOHHOM COCTOSHHH He MOXKeT
HAXOAMTHCS OoJlee OJHOTO JEKTPOHA.

IIpencraBsense O COCTOAHHH OTHAEJNBHOI'O 3JEKTPOHA CBS3aHO
C OAHO3JEKTPOHHBIM npubmauiKennem, [l NPOH3BOJBHOTO COCTOS-
HUS CHCTeMbl BoJsiHOBas (pyHKuus He mpejctasuma B Buie (2) uan
(4), 1 noHATHE O COCTOSIHMH OJHOrO 3JeKTpoHa Tepsier cMbica. Cy-
ulecTByer QopMmynupoBka npuniuuna Ilaynau, He CBsSI3aHHAs C OJHO-
2JIEKTPOHHBIM NpHOJAHIKeHHeM, OJHaKo B obuell (opMyanpoBKe
npuauun ITaysn Tepsier cBOIO HArJsIAHOCTb, H MBI HE 6yneM IpH-
BOANTH TaKylo (opmyanpoBky. OtMernM, uto npuauun Ilaynu ss-
JseTCsl CJeACTBHEM aHTHUCHMMETPHUYHOCTH BOJHOBOH (PYHKUHH
¥ COpaBeAJIHB TOJbKO Jas (epMHOHOB,

PaccmoTpuM BoOOpPOC O KaacCH(pHKALHH 3JHepPreTHYeCKHX YPOB-
Hefl MHOrosJeKTponHoro atoma. Tounblit omepatop Illpeannrepa
IS ATOMa MOXKHO 3alHCAaTh B BHJe

H= H’—i—Wc—i—Ws,

rre Wc——z—-—zV(ﬁ)

i<y U i=1
a Ws onucelBaeT CIMHOBHIE B3aMMOJeHCTBHS. SIBHBII BHA omepa-
topa Ws Ham He monapoburcsa. PacueTsi aToMOB NOKa3bIBAKOT, YTO
IIONpPaBKH, BHoCHMBle onepatopamH We u Ws, AOBOJBHO TOYHO
MoryT OGbITb HalifieHbl [0 TEOPHH BO3MYIUIeHMH, IIPHYeM JJS aTOMOB
MepBoil NOJOBHHE Tabanisl MeHJeneeBa raaBsublfl BKAajg naioT
nonpaBky. o W¢. ITosToMy BosHHKaeT BO3MOXKHOCTH IIOBTOPHOTO
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NMPUMEeHEHHsI TEOPHH BO3MYILEHHH, T. €. CHauaJa B KauyecTBe HEBO3-
MYIIEHHOrO omepaTtopa MOXHO B3sitb H’ u omepatop W¢ paccmar-
pHBaTb Kak BO3MYylleHHe, a 3aTeM Ws paccMaTpPHUBAaTbh KaK BO3MY-
uieHHe oneparopa H' 4+ We.

Oneparop H’ BecbMa 0GOraT CHUMMETPHSIMH, TO3TOMY COOCTBeH-
Hble 3HaueHHs1 3TOro onepaTopa oOBIYHO HMEIOT HOBOJBHO GOJbINYIO
KpatHocTb. IlocMoTpHM, 3a cuer uero oHa Bo3HHKaer. Co6cTBen-
Hele GYHKIUM ypaBHeHUs1 (3) Oe3 yuera CmuHa KaacCHGULUUPYIOTCS
TpeMsl KBaHTOBBIMH 4HcJAaMH n, [, m. CIIHHOBBIE COCTOAHHSI MOXKHO
yduecThb, BBEIsl CIIHHOBOE KBAaHTOBOE YHCJIO mM; HPHHHMAIOILeE [Ba
3HaueHHus +1/2 no dopmyae
Uy (s, me=1,

Up,(s3) = 1
U—- (33)’ msg== —3-'

Torpa coOcTBeHHBle GYHKUUM ypaBHeHus (3) Moryr GOBITb 3amM-

CaHbl B BHUAEC
\pnlmms (X, 33) = \pnlm (X) Ums (33)' (5)

CobcTBenHble 3HA4YeHUs] ypaBHeHHs (3) 3aBUCST TOJLKO OT KBaH-
ToBnIXx unces n, I. Ilostomy cobcrBeHHoe 3HaueHue £ omepartopa
H’ saBucut or Habopa KBaHTOBBIX YHces n U [ IJ5 BCEX 3JeKTPO-
HOB. DToT HaGOp KBAHTOBBIX 4MCes rn U [ Ha3blBaeTcsi KOHOHIYpa-
nueii aroma. Jlast 3amucH KOHQUIYpallMHd NPUHSITO 3HAYEHHSIM
i=0,1, 2 3, ... comocraBJjsitb 6ykBH S, p, d, f, ... Torna oxuo-
saekTponHoe cocrosiive (5) ¢ n==1, [ =0 HasnBalOT ls-cocTof-
HHeM, COCTOsiHHe ¢ n ==2, [ ==1 2p-cocrosinueM u T. . st aroma
JIMTHSI, HampuMep, BO3MOXKHHEI KoHpurypamuu (1s)22s, (1s)22p,
1s2s2p, ... B nepBoil U3 3THX KOHUIrypaluil [Ba 3/eKTPOHa Haxo-
JISITCSA B 1S-COCTOSIHUU M OJIMH B 2S-COCTOSTHHH.

COBOKYIIHOCTh COCTOSIHHA € OJMHAKOBBIMH KBAaHTOBBIMH UHC-
Jamu n ¥ [ HaspiBaercst 060ji0ukoi, COCTOSIHHSI 3JEKTPOHOB OXHOM
0BO0JIOYKH Pa3JHYaloTCsl KBAHTOBHIMH YHCJaMH m H ms Has o6o-
JOUYKH ¢ KBAHTOBBIM YHCJIOM [ UYHCIO TaKHX COCTOSIHMH PaBHO
2(21+ 1), tak KaK m TpHHHMaeT 3Hauenus —I, —I41, ..., [,
a ms = =+1/2. OGonouka, B KoTopoi#l 3aHsiTel Bce 2(2/+ 1)-cocrosi-
HH{l, HasbIBaeTcs 3alOJIHEHHOH. 3amnonHeHHOH 000J0YKe COOTBeT-
CTByeT BIIOJIHE ompenesieHHbl Habop ¢ynkuuit (5). Has Heszamou-
HenHOH 0060JIOUKH BO3MOXKEH pasJuudbil BeIGop GyHRuui (5), or-
JHYAIOIHUXCS YHCAaMH m H M, [103TOMYy KPaTHBIMU OKa3blBalOTCS
Te cobcTBeHHBIe 3HAaUeHHs omeparopa fI’, KOTOPBIM €OOTBETCTBYIOT
KoH(DUIYypaluu, comepKalie He3amnosaHeHHble o6osaouku. Hanpu-
Mep, KPaTHOCTb COGCTBEHHOrO 3Ha4YeHHs, COOTBETCTBYIOLIEro KOH-
durypamun (15)2(2p)2, paBHa Cs=15, Tak KaK HMeeTCs IIeCTb
2p-COCTOSIHUH, KOTOpble 3aHSTHI IBYMS 3JEeKTPOHaMH.

[TonpaBku or Bo3mywienuss W¢ Moryr ObiTb HalileHH TpU IHa-
rOHaJIM3aIUH MaTPHUB 3TOrO BO3MYIUEHHs, MOCTPOEHHOH TNpH
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IOMOIIH BCEBO3MOXKHBIX (QYHKIHH (4), COOTBETCTBYIOHWIMX JaHHOMH
kondurypauun. Onnako o6blYHO B TaKOH JAHArOHaJM3alH¥ HeT He-
o6xoauMocTH. B Teopuum aTOMHBIX CLEKTPOB JAOKa3blBaeTcsi, 4TO
ecau 3aMeHHTb cobcTBeHHBbe QyHKUWH (4) HA8 NaHHOH KOHbHry-
palLMH HX JIHHeHHBIMH KOMOGHHAaUHSIMH, KOTODble SIBJAsIOTCSt cOO6-
CTBEHHBIMH (YHKIHMSAMH OMEePaTOPOB KBajJpaTa MOJHOro opburalb-
HOrO MOMeEHTa HMIyJbca L2 KBajapaTa HOJHOrO CIHHOBOFO MO-
menrta S? u oneparopos L, S

LY =L(L+1)V,
SW=S(S+ 1)V,
Ly¥ = M, ¥,
S = MV,

TO MATPHIA BO3MYIHEHHS OKa3bBaeTcs IHaroHaJbHON OTHOCHTEJBHO
KBaHTOBbIX uucesd L, S, My, Ms, npuueM ee 3JjileMEHTH HE 3aBHCAT
or uucea M; u Ms. Taxum o6pa3oM, BeIPDOXKAECHHBIH YPOBEHb 3HEp-
TMH, COOTBETCTBYIOUIMH KoHdurypauuu K, pacumenssiercss Ha He-
CKOJILKO YpPOBHeH, COOTBETCTBYIOIIHMX BO3MOXKHEIM 3HaueHusim L
u S. CosokynHoctb (2My + 1) (2Ms + 1)-cocTosiHUE ¢ 3a/jaHHBIMH
Koudurypanuel u unciamu L u S HaswiBaeTcst TepMoM *,

Yuer Bo3MylieHHs1 Ws MoxeT ObITb clesaH HJisl KaXJ0ro repMa
110 oTAeNbHOCTH. - [Ipn 3TOM OKa3bBaercsi, YTO YDOBEHb 3HEPrHH,
COOTBETCTBYIOIIUA TepMy, pacllenysercs Ha HeCKOJbKO O6JIH3KHX
ypoBHe#t. COBOKYIMHOCTb 3THX YPOBHeH HA3BIBAETCS MYJbTHUIJIETOM.
MoxkH0O MOKa3aTb, YTO COCTOSIHHSI, COOTBETCTBYIOLIHE PAa3JIHUHLIM
YPOBHSIM MYJIbTHIJIETa, Pa3/MYalOTCs KBAHTOBBIM uuciaoM J. Ito
UHCJIO Xapakrepusyer coOCTBEeHHBIE 3HAYEHHs] KBajpara I[OJIHOro
MOMEHTa HMIYJbCa, SIBJSIIOLIErOCsl CYMMO MOJIHOrO OpOHTaNbHOrO
H TIOJIHOI'O CITHHOBOI'O MOMEHTOB.

HakoHel, KaXXAZOMYy YPOBHIO MYJIbTHIJIETZ COOTBETCTBYET He-
CKOJIBKO COCTOSIHHI, pa3JiHYaloluxcs MpoeKLHed MOJHOrO0 MOMEHTA
M,. Drto BHIpOKAeHHe MOXKeT OBITb CHSITO, €CJIH NOMECTHTBH aTOM
B MarsuTHOE TOJIe.

Mur BuuM, 9TO KjacCHbUKAIUs SHEPreTHYECKHX YPOBHEH CJIOXK-
Horo aroMma (Korburypauus, L, S, J) cooTBeTcTByeT Hepapxuu
caaraeMmulx oneparopa lllpenunrepa H’, W¢, Ws.

§ 51. ¥YpaBHeHH# CaMOCOTJIacOBaHHOTO MOJs

OnucanHblii B HOpexmaymeM naparpade NOLXOHN K H3YYEHHIO
CIIeKTPa CJIOXKHBIX aTOMOB XOTsI H I1O3BOJISIET MOHSITh KJaccubuka-
IIHIO 9HePTreTHYeCKHX YPOBHEH, HO He SIBJSIETCS] YAOOGHBIM HJIs Ipak-
THYeCKHX pacuetoB. Haunbosiee 3dPeKTUBHBIM JJjisi 3TOH ILlesH $IB-

* Ecin B He3anoJHeHHBIX ofoJoukax 6Gojee ABYX 3JEKTPOHOB, TO MOMKET
TIOSIBUTbCSA HECKOJBKO TEepMOB C OAMHAKOBBIMH KoHdurypammeil, L u S. B stoM
clyvae Matpulla BoaMyltenuss We siBisieTcs KBa3WAMAroHaJbHOH I AJs BLIYHCJC-
HAA TONPABOK MePBOro NpHOGJIHKeHHs HeoOXOAMMA ee JAHATQHAJH3ALHA.
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JisileTcsi MeTon caMocorJacoBauHoro nodst (Meron Xaptpu — doka),
OCHOBaHHBIH Ha NPHMEHEHHM BapHAlMOHHOTO MNpHHIMNA. B 3ToM
naparpade Mbl pacckKaxkemM 00 OCHOBHBIX HJefIX 3TOrO METOja.

B ocHoBe Mmerona Xaprtpu — Poka TakKe JIEXKHT OJHOIJEK-
TpPOHHOe HNpuOJHxKeHHe. BoJjHOBas QYHKLUS CJOXKHOINO aTroMa
afMpOKCHMHpyeTcst Ju60 NPOH3BeJeHHEM OJHOJEKTPOHHHIX (DYHK-
ot W= (&) ... Pn(Es) (MPHHLHUD TOXKIECTBEHHOCTH NDH 3TOM
He Y4HTBIBaeTcsi), 60 onpepesurenem

Pr(E) .- b1 En)
v—c| . .
\pn (gl) e \pn (gn)

aubo nuneiiHo# KoMOHHanueRt TaKux ompenesurteneil. M3 ycaosus
cranHoHapHocTH dyHKuHOHana (HY,W) npH 10onOJHHTENBHOM YyC-
gopun (¥, V)= 1 noayyaercs cucreMa HHTerponuddepeHnHaNnb-
HBIX YPaBHEHHH JJIsi ONHO3JEKTPOHHBIX (PYHKUUEA P;(X), ..., Pa(X).

[Ipounaiocrpupyem Takoil MHOJXOA Ha INIpHMeDe aToMa TeJus,
oneparop lllpesunrepa nnig KoToporo HMeeT BHJ

1 1 e 2,1 1
H=_—2_AI_E—AZ_T;—E+7;_HI+H2+T;2’ 1)
1 2 .
rie H1=—?Ai—71', l=1,2.

ByneM uckatb NPUOJHKEHHYIO BOJIHOBYIO (PYHKLHIO B BHIE
W (x0, X®) =y (x0) s (x).
3aMeTHM, YTO YCJOBHE
(0, Wy== {19 (x0) 4 (x2) P 0 dx® = 1
RS
MoXeT GbITb 3aMEHEHO ABYMS YCIOBHSIMH
flompax=1 {lmmpax=1, @)
R R
KOTOpBIe He CyXKaloT KJaacca BapbupyeMblx (yHKIuH. PyHruHOHAN
(HY,W¥) nmeer BHI
(B, W)= { it b dx {4, P axe +
R? R

4 S ol hy dX® S |, B dx - S w dx' dx®.  (3)
R R’ Rs
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Bapbupys 310T GOYHKUMOHAA 10 GYHKUHAM P, H YPp IPH YCJIO-
BUSIX (2) M HCHOJIB3Ysl METOJ .HeolpejeJieHHbIX MUoXHTenaeh Jla-
rpaHxa, HMeeM

Hp, + ( S L 1I)2| dx(m) P =gy,
R3

4)
Hppo + ( S | T:zl x(l)) Py = Ex1po,
R3

Mul nosyuuad cHCTeMy HeJIMHeHHBIX HHTerponuddepernHanb-
HBIX ypaBHeHH# st QyHKUME §;(X) H P2(X). YpaBaenus (4) no-
MyCKaloT oYyeHb npocToe (H3HuecKoe TosnKoBanue. Hampumep, nep-
BOe YpaBHeHHe MOXKHO DaccMaTpHBaTh KaK ypaBHeHHe lpenun-
repa [Jisi NMepPBOro 3JeKTPOHa, KOTODHIH HaXOXUTCA B IOJe siipa
H B M0Jie, CO3JMaBAEMOM 3apsJOM BTOPOro 3JeKTpPoHa. ITOT 3apsn
KaK 6b pa3MasaH no o6beMy aToMa ¢ MIOTHOCTBIO |P2(x?)|? (Ha-
MOMHHM, YTO 3apsiJi 3JIeKTPOoHa e = l), U HHTErpaJ BO BTOPOM cJia-
raeMoM (4) ecTb NOTeHUHa] TaKoro o6beMHOTO pacnpenesenus
sapsiga. OTMeTHM, 4YTO 3TOT MOTEHUHAJ HEH3BECTeH H HaXOXHTCSH
NpH penieHHH cHcteMbl (4), KpoMe TOro, B OTJHYHe OT MOXeJ]H Mpe-
nBIAymero mnaparpada KaxXAHH 3JeKTPOH OKa3blBaeTcsl B CBOeM
IIOTEHIHAJbHOM IOJie, 3aBUCSLIEM OT COCTOSIHHS PYTOro 3J1eKTPOHA.

YpaBuenusi (4) 6biu BHepBHe HNpeasoKeHBl XapTpH, KOTOpHIR
Hamucaj HX WCXOASl M3 TPHUBENEHHBIX BHIIe (H3UYecKHX coobpa-
x)eHuit. PoK yCTAaHOBUJ CBSI3b ITHX YDaBHEHHH ¢ BapHAIMOHHBIM
MPUHIMIOM, H UM e GblJIo IPeAJoKeHo YToUHeHne MeTo1a XapTpH,
YUHTHIBAMOLmIEE MPHHLHUN TOXK/IECTBEHHOCTH. YpaBHeHHst (DPoKa oKa-
3BIBAIOTCS HECKOJIBKO CJIOXKHEE, JacTh H3 BXONSIIHX B HUX «MOTEH-
nuanoB» (ob6MeHHble NOTEHLUAJB) y¥Ke He JONYCKaeT CTOJb HpPO-
cToro (H3UYECKOro TOJKOBAaHUS. IDTH [OTEHUHAJB BO3HHKAIOT
BCJIeJICTBHE CBOMCTBR CHMMETPHU BOJIHOBOH (DYHKIIHM.

ITpu npakruueckux pacuerax mo Metroxy Poka o6BIYHO ¢ camoro
HadaJla HIIYT ONHO3JIeKTPOHHBle QYHKUMH P (E) B BHlle QyHKIUH

IeHTPaJIbHOTO moast § . (g):fii_(_’._ylm MU, (s,).

OcHOBHBIE 3TallBl pacueTa COCTOSIT B cjaexywouieM. CHauajia Ha-
XOJAT BbIDA)KeHHE JJI1 BOJHOBOH (YHKLUMH OIDPEJIeJICEHHOrO TepMa
B BHJe JHHelHOH# KoMOuHanuu onpepesuteseil. lanee cocras-
JasieTcst Boipaxenue aas byukuuonaja (HY,¥). Hakowen, sror
GYHKIHOHAJ BapbUPYETCs MO PamguajbHBIM GYHKIUAM Ry (r) (rex-
HHKa BCEX 3THUX omepauuil RerasjbHo pa3paboraHa). B pesysbrate
nojyyaeTcss cucteMa HHTerponnddepesnnaJbHEIX YpaBHEHUA nJs
GyHRUMA omHO#l nmepeMenHo#l. UHMcio HeHM3BeCTHHIX GYHKIHE 3TOH
CHCTeMBbl paBHO YuCay 06GojioueK n3yuaeMod KoHGHrypanuud artoma,

CpaBHeHHe Pe3yJbTaTOB DACUETOB ¢ 3KCIEPHMEHTAJbHBIMU Hal-
HbIMH MOKa3blBaeT, YTO TOUYHOCTh BBIUUCJEHHST JIHEPTeTHUECKUX
ypOBHeH JIerKHX aTOMOB IO MEeTOLY CaMOCOIJIacOBAHHOrO MOJISI CO-
craBJsieT oKoJso 59,
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§ 52. llepuonuueckas cucrema snemento JI. H. Menneneesa

IMepuoanueckuit 3akoH 6bl OTKpHIT MenneneeBniM B 1869 r.
H SBJISIETCS ONHHMM H3 BaXKHeHWIHMX 3aKOHOB NPHPOAB. B ocHoBy
cBoefl cucreMsl MeHpeseeB MoJOXKHUJA TOT HaKT, YTO €CJH PACIOIO0-
JKUTb 3J1eMeHTHl B ITOPsIZIKe BO3PacTaHHUSi ATOMHBIX BECOB, TO 3Jie-
MeHTH ¢ OJH3KHMH XMMHUecKUMU U (GH3HUeCKUMHU CBOACTBAMH He-
PHOIUYECKH TOBTOPSIIOTCS,

K MOMEHTY OTKPHITHSI NMEPHOAMYECKOr0 3aKOHa OBbLIO H3BECTHO
Julib 63 2JeMeHTa, aTOMHbIe Beca MHOTHX 3J€MEHTOB GHIIH ompe-
JleJleHBl HeNPaBHJABHO ¥ MeHzeneeBy NPUHIIOCh HX H3MEHHTH ¥,
Psip kjertoxk Tabuauinbpl MeHZeseeB OCTABHJ HE3aNOJHEHHBIMH, CUH-
Tas, YTO UM COOTBETCTBYIOT ellle HEOTKPHThle 3JjieMeHThl. CBoficTBa
TPeX TaKMX 3JeMEHTOB OBJIHM TpeicKa3ansl MeHJeneeBHIM ¢ yIH-
BHTeJbHOH TouHOCTbIO. HakoHel, B HecKoJbKHX cayuyasix MeHjpe-
JieeB OTKasaJjcst OT CTPOTOro PacHOJIOXKEHHS 3JEMEHTOB B MOPSIIKe
BO3pacTaHUsl aTOMHBIX BeCOB H BBeJ MOHsiTHe 006 aTOMHOM HO-
mepe Z.

OTkpuiThll MengeneeBbIM 3aKOH MePBOHAYAJbHO OB UHCTO
smnupnyeckuM. Hpukakoro oGbsicHeHHSI NePUONHYHOCTH CBOHCTB
3JIEMeHTOB BO BpeMeHa MeHpeneeBa He OBIIO, Ha M He MOIJO
OriTh, Bellb 3J1eKTPOoH Guia oTkpbiT ToMconoM B 1897 r., a aToMHoe
supo — Pesepdoprom B 1910 r.

O6DbsicHeHHe MepPHORAHYECKOro 3aKOHA BO BceM ofbeMe SIBJSITCS
CJI0xKHOH 3ajauefl KBAHTOBOH XHMMH, OZHAKO MOHATb MPHPOAY Me-
PHOAUYHOCTH CBOHCTB 3JIeMEHTOB MOXHO yXKe B paMKax VIPOHIeH-
HOll Momenu aroMa, onucaHHo#l B § 50. Hanomuum, uro sdpdexrrus-
HBIH TOTeHLHaJs] AJisl 3JleKTpoHa B atoMe V(r) He sBaAsieTcst KyJo-
HOBCKHMM H COOCTBeHHble 3HAYeHHS ONHOSJEKTPOHHOIO ONepaTtopa
[lIpexunrepa 3aBHcsT OT KBAHTOBHX uucea 7 H [. PacyeTw mnoka-
3bIBAIOT, YTO HJs1 THNHYHOrO 3GQeKTUBHOIO MNOTEeHIHAaJa aTtoMa
cobcTBeHHBIe 3HaueHHs E,; BO3pacTaloT B CJAEAYIONIEM MOPAAKe:
s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, ... UMenno B takoMm mo-
psiike HPOHCXOJHT 3alloJIHEHHe 3JIEKTPOHHBIX 0060JI04eK aToMa
(B 3TOM maparpacde MB paccMaTPHBAEM TOJBKO OCHOBHBIE COCTOSI-
HHUSI aTOMOB). DTOT HOPSIJIOK, ONHAKO, He SIBJSIETCS CTPOTHM, TakK
KaKk y KaxJHoro 3sjeMeHTa cBOH 3bdeKTHBHBIH MoTeHIHaJ H AJS
HEKOTOPHIX 3JeMEeHTOB BO3MOXKHBI HeGoJbllie OTKJAOHEHHS B TO-
psiliKe 3amoJiHeHHs1 000J04eK.

UTo06bl MOHATH NPHHIHKI, T0 KOTOPOMY MNPOUCXOAMT AeJeHHe 3Je-
MEHTOB MO HepHOHaM, YKa)KeM Ha CJIeAyImylo ocobeHHocTbh d- M
f-3/71eKTPOHOB, OTJHYAIOILYI0 HX OT S- M p-3JeKTpoHoB. Pacuerw
MOKa3blBAIOT, YTO IJIOTHOCTb (DYHKLHH paclpejeseHuss KOOPAHHAT
|$(x)|? mas d- u f-37MeKTPOHOB cocpefoTOYeHa B 06J1aCTH MeHb-
IIEX Pa3MEepOB, 4eM AJIS §- U pP-3JeKTPOHOB ¢ GIH3KHMH SHEPTHAMH.

* Hanmpumep, aToMHEII Bec Hesus cuMrancs paBHbM 92, Menzenees npunu-
can emy snadenHe 138 (coBpemenHoe sHayenue 140).

195



310 3HAyHT, YTO d- U [-37EKTPOHBI B CPEJHEM HAXONSATCH 3HAYH-
TeJbHO OGJUKe K sIIPY, YeM S- U p-3JeKTPOHHL. [lo3TOMY 3jeMeHTHI,
B KOTODBIX NPOUCXORHT 3anoJjHeHue d- U ocobenno f-obomaouek 06-
JanaloT CXOXHBIMH XUMHYeCKHMH cBoficTBaMH. (XHMHUeCKHe CBOH-
CTBa B OCHOBHOM 3aBHCAT OT COCTOSIHMH nepudepHUecKHUX 3JIeKTPO-
HoB atoma. OObsicHeHHe 3TOrO YTBePXKIEHHS HaeT KBAaHTOBas Teo-
pHst BaJIEHTHOCTH.)

[lepBEIM 37eMeHTOM Kaxaoro nepuoxa Tabjuib MeHpgeneeBa
SIBJISIETCS! JE€MEeHT, ¥ KOTOPOTro HauuHaeT 3aMOJHSITbCS S-000J104Ka.
Bce 3TH 37€MEHTH, 32 HCKJIIOYEHHeM BOXOPORA, — IIEJIOUHBIE Me-
ranasl. [TocnenHuMm 3neMeHTOM KaxKHOro IepHOmA SBJSETCS 3Je-
MEHT, Y KOTOPOro 3aBepuraercsi 3aloJiHeHHe p-000JOUKH (HCKJIO-
YeHHe TPeJCTaBJSeT NMEPBLIA MEPHOM, 3JEeMEHTH KOTOPOro, BOLOPOJ
U rejivii, He coxepKart p-3yeKkTpoHoB). ITocaenuye sjieMeHThl MepHO-
OB SIBJASIIOTCS OaaroponHeiMu razamu. Kondurypauuu atoMoB 6aa-
IOPOAHBIX Fa30B COCTOST M3 3aMOJHEHHBIX o6ojoueK. MOKHO Moka-
3aTh, YTO COOTBETCTBYIOUIHE COCTOSIHHSI mpeo6pasyiorcs OpH Bpa-
UWIEHHSIX [0 HENPUBOAMMOMY TNpelcTaByieHHI0 Do, T. e. SIBJSIIOTCS
chepuuecKU-CHMMETDHYHBEIMH. TaKUM Xe CBOHCTBOM 06JajaloT 11o-
JOKHUTEJbHEIE ONHO3apSIAHBIE HOHBI LIEJOYHBIX METaJJIOB, KOHGH-
rypauusi KOTODBIX COBHAzaeT ¢ KOHDULYpaNUsSMH MpeAiecTBYIO-
mero GaaropopHoro rasa. MMeHHo MO3TOMY ONTHYECKHE CBOMCTBa
HIeJIOUHBIX METaJJIOB XODOIIO OMHCHIBAET MOJEJ]b BAaJEHTHOTO 3JieK-
TPOHa B IIEHTPAJBHOM MOJE,

ITocnenorarenbHoCTh 3JeKTPOHHBIX 060J0UeK pa3buBaeTcsi MO
nepHofaM ciaexylomuM obpasom:

I ls, 2 snemeHTa
I 2 2p 8 3/eMeHTOB
1 3s, 3p, 8 —»—
IV 4s, 34, 4p, 18 —» —
V  bs, 4d, 5p, 18 —» —
VI 6s, 4f, 5d, 6p, 32 snemenra
VII 7s, 64, 5f, . . .

Homepa nepuonos o6o3Hauennl puMckuMH nudpamu. CnpaBa yka-
3aHO YHCJO 3JIEMEHTOB NepPHOAA. DTO YHCJO JErKo HaXOLUTCS, eCaH
BCIIOMHHTb, UTO YHCJO OMHO3JEKTPOHHHBIX COCTOSIHHE ¢ KBAHTOBHIMH
yucnaMu n U ! paBHo 2(2/4 1), Hampumep, uHcao sieMeHTOB
mecroro népuoxa paBHo 24 144 10+ 6 = 32. Homep mepuoza
COBMajiaeT ¢ TJIaBHBIM KBAHTOBBIM YHCJIOM 3alOJHAMHXCT S- U
p-obosouexk.

OneMeHTH, cofepKauiue 3anojHeHHbe d- H f-060/04KH  (HaH
He conepiKalliue TaKuX 060Ji0YeK), HA3BIBAIOTCS 3JIeMEeHTaMH IJaB-
HBIX rpynm. DJjeMeHTH, B KOTOPHIX MPOHCXOAHT 3alloJiHeHHe d-
u f-000J049€K, Ha3LIBAIOTCA 3JIEMEHTAMH TNPOMEXYTOYHBIX TPy,
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DyieMeHTH NPOMEXKYTOUHBIX TIPYMNN HMeOT OJH3KHe XHMHUYecKHe
CBOficTBa, B OCOGEHHOCTH 3TO CHPAaBEeNJHBO JJsi IPYHI, B KOTOPHIX
NPOUCXONUT 3aNoJsHeHHe f-obosouek (oboJiouka 4f 3amosnsiercs
B I'pyIe peXKO3eMeJbHBX 3JeMeHTOB).

OtMmeruM, yTo TpH 3amojaHeHuH d- U f-o60J0UeK HHOTHA HabJlo-
LaloTcsl OTKJOHEHHS OT YyKa3aHHOro Bumle mopsnka. Hanpumep,
KoHUrypauusMH OCHOBHBHIX cocrossHu#i atomMoB V, Cr, Mn sB-
asniorest (3d)3(4s)2, (3d)%4s, (3d)%(4s)? cooTBeTCTBEHHO (MBI He
BHINACANU KOHGUIYpauuio 3aloJjHeHHBIX 0060Js04ueK, obmyw Ijs
Bcex 3THX aToMoB (15)2(25)2(2p)%(3s)2(3p)®). OxrasmiBaercs, uro
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10 B S /"\
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3 K Rt Cs 1\}
L 1 1 1 I | { i
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S 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 2
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-

koudurypauus (3d)%4s pias aroma Cr sueprerudeckun OoJiee BHI-
rogua, ueM (3d)*(4s)? KOTOPYI0O MBI HpUMNHCAJH OB XPOMY, PYKO-
BOACTBYSICb Hamieil Mojenbio. JICHO, 4TO 3TO OTKJOHEHHE HE MOXKeT
6uiThb OOBSICHEHO B paMKax MOXeJH, B KOTOPOH 3¢(eKTHRHHIA Mo-
TEHIIYaJ OJMHAKOB JJI1 BCEX 3JIeKTPOHOB.

B 3akaioueHHe TNpocJaeNyM 32 H3MeHeHHEM 3HeprHH cBsidu *
3JEKTPOHA B aTOMaxX. DTOT MapaMeTp TeCHO CBSI3aH ¢ XHMHYECKHMH
CBOHICTBAMH 3JIEMEHTOB U XapakTepH3yeT cIOCOOHOCTH aTOMOB «OT-
JaBaTb» 3JIEKTPOH, BCTynasi B XHMHUECKHE COeIHHEeHHS.

BenoMuuM, uto 3dbeKTHBHBIHA NoreHuuas aroma U(r)== —I1/r
npu r—oo u U(r)= —Z/r ngn r— 0. [TosTOMYy ecTecTBeHHO OXKHU-
1aTh (M 3TO TOATBePAIAETCS pacieTaMy), 4TO ¢ yBeJIHYeHHeM Z
5G(EeKTHBHB MOTeHHHaa CTaHOBHTCST O6oJiee CHJBHBIM, T. e,

_* DHeprueft cBsi3H Ha3biBaeTcs aGCOJIOTHAS BeJNHUHHA PA3HOCTH MeXAY 3Hep-
FHSAMH OCHOBHBIX COCTOSHUIl aToMa H COOTBETCTBYIOIIErO IOJOXKHTENbHOIO OLHO-
3apsIAHOrO0 HOHa, HHaue TOBOPS, SHeprUs CBSI3H paBHa MHHMMaJbHOH paboTe,
KOTOPYIO HYXKHO 3aTPaTHTh, YTOOH BbLIPBATH 3JEKTPOH U3 aTOMA.
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COOTBETCTBYIOILIHE OXHO3JEKTPOHHBlE YPOBHU 3HEPTUH AJs TocJe-
JyIOLEro aroMa Jiexar ray6xe, ueM ajas npeanayuiero. [lostomy
SHEpPrust CBSI3M JOJXKHA BO3PacTaTh B PSAY 3JEMEHTOB, COOTBET-
CTBYIOlIEM 3aMOJHEHHIO HeKoTopoil o6osouku. OmHaKo Hpu mepe-
XOXe K 3aNOJHeHHIO cleaymouel 060JOUKH 3HEPrusl CBSI3H MOXKET
nagate. Oco6eHHO CHJIbHOE TajieHHe HePrHyu CBs3U Habawonaercs
B HauaJje KaXJoro Nepuojia, KOrja HAYHHAeT 3aMOJIHSIThCS HOBAf
s-o6onouka. Ha puc. 15 HaneceHH 3KClepHMEHTabHble 3HAYEHHS
SHePruH CBSI3W JJIs1 DA3JIMYHBIX 3JeMeHTOB. [lo ropHsoHTanbHOMH
OCH OTJIOXKEH aTOMHBIH HOMep 3semeHnta Z. W3 pHCyHKa BHAHO, 4TO
JUIsT Ka)KZOro nepuojxa MHHUMAJIbHOe 3HAaYeHHe SHePruH CBA3H
HMEIOT LIeJIOYHBble MeTaJsljibl, 3 MaKCHMaJibHOe — aTOMBl 6J1aropoji-
HBIX rasoB. XuMuuecKasi HHEPTHOCTb 6J1aropojHbBIX ra3oB B 3Ha4H-
TeJNbHOH cTeneHH oObsicHseTcss 6OJbIION BeTMUYHHOH HEPrHH CBSI3H,
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