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[MTPEOAVCJIOBHE

Lleabio 3TOM KHUMM SBJAETCSA, MNpPexAe BCETO, MBJI0KEHHE HaUIUX
uccaefoBaHult mo Teopuu Tarotenus DiumrefiHa. Ciona OTHOCATCH: BbI-
BOJ YPaBHEHMH NBIKEHHS CHUCTEMbl T€Jl C Y4eTOM MX BHYTPEHHeH CTpPyK-
TYpH M BpalleHus, NPUONMKEHHOE pelleHHe YDaBHEHHUR TArOTEeHUs |
UCCJ/e0BaHHE AaCHUMNTOTHYECKOrO BHJA pelieHHH, HCCAENOBAHUA 1O BO-
1POCY O CYLECTBOBAHMM CHCTEMbl KOODIMHAT, OMNpeAelseMO#t ¢ TouHO-
¢Tb10 10 mpeoOpasosanus JlopeHua, ¥ npyrue.

PesyasTaThl 3THX HMCCae]OBaHMM NpuBenM Hac K yO2XKIEHMI0O O BO3-
MOXHOCTH, MO KpakHe# Mepe AJs HanGoJee BaXKHOTO KJacca (HUBHMYECKHUX
3ajay, AOCTHTHYTb OJHO3HAUHOCTH DellieHHs yPaBHEHHH TArOTeHud MyTeM
HAJIOXEHHs] COBMECTHBIX C HHMMM JOMOJHUTEJbHBIX YCJA0BUH. ITo yGe-
KJeHHe MOCYXKHIO OCHOBAHMEM I/l HOBOR TOUKM 3PEHHA HA BCIO TEOPHIO
taroTenua. IlosToMy BOsHHK/Ia MOTPeOHOCTb B MBJOXKEHHH BCeH Teopuu
MPOCTPAHCTBA, BPEMEHM M TATOTEHHA C TOH, BHOBL BLIPAOOTAHHOHN, TOYKH
3peHHs, UTO M CIeJaH0 B 3TOU kHHTe.

Ias CTPOHHOCTH JIOTHUYECKOrO MOCTPOEHUS MLl BKJAIOUMAM B KHUTY H
00BLIUHYI0 TEOPHI0O OTHOCHTENbHOCTH (TeOPHIO Traju/ieeBa MNPOCTPaHCTBA).
Takoe pacimiupeHue MaTepuasna MMeeT W TO NPeHMYLIeCTBO, UYTO AejaeT
KHUr'Yy GoJee JIOCTYNMHOM, TaK Kak MNpeANoJaraeT y UMTaTead MeHblue
npeaBapUTEIbHbIX 2HAHUH.

B npouecce paboTh MO H3JAOXKEHHIO OOLIYHOH TEODHHM OTHOCHUTENh-
HOCTH BO3HHMK psiii BONPOCOB, BHISICHEHHE KOTOPHIX TaKKe IMpPUBEJO K He-
KOTOPbIM HOBBIM peay/abTaTaM, OTYACTH, BIPOYEM, METOIHYECKOTO XapakK-
Tepa. K HuM oTHocATCA: HoBas (OpMa J0KasaTeJbCTBA JHHEHHOCTH
npeoGpasoBaHus, CB3HBAOUIErO [1B€ HHepLUHaJbHbie CHCTeMbl, HCCIef0-
BaHHe (pyHKumu Jlarpamwka Qa8 CHCTEMbl 3apsioB, BHIBOJ HHTErpasos
IBHXKEHUs, UCCNenoBaHHe Bompoca 00 acTpoHOMMYecko# aleppauuy Ha
OCHOBe MOMATHA G MPOCTPaHCTBE CKOpocTeR JloGaueBCKOro— Dl reftHa
u Jpyrue.



8 MPEJUCJOBUE

I'naBHOe BHMMaHWe Mbl YIesld BOMPOCAM M 3ajauyaM MPHUHLUNUAJb-
HOTO 3HaueHHs. Mpl CTPSMUJAMCH NPH 3TOM K BOBMOXHO OoJbiue#t Joru-
YeCKOH CTPOroCTH paccysmieHu#t, yTo 14 HAC OblI0 OCOOGSHHO BaMHO
BBUJY HOBH3HH Hamlel TOYKM 3peHHs Ha TEOPHIO M BhITeKawule# oTcCiona
HeOOX0JMMOCTH JOCTATOYHO YOeLHTEJbHO ee OOOCHOBATh.

C sTuM npoduseM KHHUI'M CBS2aHbl M ee HeJOCTaTKH, NpexXIe BCero,
Juub Oerdbie YKazaHMS Ha 3KCIePUMEHTanbHOe OOOCHOBaHME TEOPHH,
He00JIbII0e KOJHYECTBO PACCMOTPEHHBIX NMPHAOKEHHR, OTCYTCTBYE NOAPOO-
HOTO HCTOPHMYECKOrO 00630pa M MOJAPOGHOrO CIHCKA JUTEPaTyphi, a ObiTh
MOXeET H ApYTHe.

Tak Kak B KHUre JaHO NOCTPOEHHE TEOPHH, HAUMHASA C CAMBIX OCHOB,
TO B Hell COJEPKHUTCA ¥ MaTepual, BNOJHE LOCTYNHLIH CTyLeHTaM ¢puzuue-
CKUX (aKy/IbTETOB YHHUBEPCUTETOB, a TAKXKe BCEM JIMUAM C COOTBETCTBYIO-
wuM obwuM oOpasoBanueM. s CTyl1eHTOB-(UBHKOB TeOpeTHU:CKOH
CMeUMaNbHOCTH, a TeM Oojee A8 acNUPaHTOB-TEOPETHKOB, [NOCTYIHA
M BCS KHUra. YueHble-CNEeUMaJuCThi HaliyT B Hell Mo psly BONPOCOB
HOBbI€, BMepBbie MyOJHKYeMbie PeayabTaThi.

B. dDor
Mait 1955 r.

Jlenunrpan



BBEJNEHHUE *)

C TOuUKM 3peHHs reoMeTpHuecKoH, TeOpHs NPOCTPAaHCTBA M BpPeMeHH
eCTECTBEHHO paslesieTcss Ha Teopui0 OJHOPOAHOrO (raauieesa) mpo-
CTPaHCTBA M TEOPHIO HEOLHOPOIHOrO (puMaHoBa M 3SHHIITEHHOBA) MPO-
cTpaHcTBa **).

[a/u/ieeBo MPOCTPAHCTBO MAaKCHMaJbHO OJHOPOAHO. DTO BbIpaXKaercs
B TOM, YTO B HeM: (@) BCe TOYKM H MOMEHTbl BpPEMEHHM PaBHOMPaBHBHI,
(6) BCe HampaBleHHs PABHONPaBHH M (B) BCe HHEPUMAJAbHblE CHUCTEMbI,
JBHXKYLIMECS APYT OTHOCHTENbHO Apyra NPsAMOJHHEHHO M PaBHOMEpHO,
paBHONPaBHb! (MPUHUMI OTHOCHTENLHOCTH [ anuies).

OIHOpPOJIHOCTh TNPOCTPAHCTBA M BPEMEHH MPOSBJSETCS B HaJIHUMU
rpynmnsi npeo0pasoBaHui, OCTABAAIOWMX Oe3 H3MEHEHHs BbipaXKeHHe AJd
YeThIPEXMEPHOTO PacCTOsHUA (MHTEPBaJd) Mex1y AByMs TouxaMu, Beipa-
»KeHMe ]/ WUHTEPBaJla WUrpaeT B TEOPMH MPOCTPAHCTBA U BpPeMeHH 00Mb-
Wyl poab, Tak Kak ¢opMa ero HemocpeiCTBEHHO CBsizaHa ¢ QopMoH
OCHOBHBIX 3aKOHOB (DMBHKM, a MMeHHO B3aKOHa ABIXKeHua CBOGOLHOH
MaTepHaJbHOM TOUKM M 3aKOHA PacHpoCTpaHeHHs PPOHTA CBETOBOH BOJHbLI
B CBOOOJHOM NPOCTPAHCTBE.

[Tepeuncaennbie Bbime npusHaku (a), (6) ¥ (B) ONHOPOAHOCTH Tau-
JeeBa MPOCTPAHCTBA CBA3AHH CO CJELYIOWMMH NpeoOpa3soBaHUAMH,

(a) PaBHompaBHio BCeX TOYEK M MOMEHTOB BpPEMEHH COOTBETCTBYeT
npeo0pasoBaHue, COCTOsillee B CMElIEHMM Hayala KOOPAMHAT M Hauaja
CueTa BPEMeHH U ColepiKallee YeThlpe napaMeTpa (TPH HauajabHbie KOOPILH-
HAaTh M Haya/JbHbII MOMEHT BpEMeHH).

(6) PaBHompaBuio BCeX HampaBJeHHUH COOTBETCTBYeT NMpeoOpasoBaHMUe,
COCTOAllee B MOBOPOTE KOOPAHHATHHIX OCell M cojepiKallee TPH mapa-
MeTpa (Tpu yraa).

e ————

*) Bo BeemeHuu Mbl 49GCTO TMOMb3YEMCSl TEPMHHAMH M TOHATHAMH, KOTOPHIE
GyayT Tounee ompenenenbl TOABKO B naibHeillieM TekcTe. DTO NPeCTABJSET 3-
BECTHYIO HemocJenO0BaTeNbHOCTb, 6€3 KOTOpOIl MBI, OXHAKO, He MOrJIH 06OHTHCD,
Tak KaK Mpf xOTead yuce BO Benenunm narp moHsTHe O Halleil TOYKe 3peHUs Ha
TEOpHIO, cocTaBAAIONMyl0 MpeAMeT STOi kHMrH. Bmpouem, Heyno6cTBO TaKoro us-
JOMenust cMAryaeTcs TeM, 4YTO, KAaK Mbl Haleemcs, YMTaTelb, MPHUCTYMAmmuit
¥ UTeHMIO 3Tolf KHUTH, ¥)Ke HMeeT HeKOTOpOoe NpPeNBapUTeIbHOe NPEACTABIEHHE O ee
lpeamere. Ecan ke ckasaHmoe Bo Beenemnmu 6yIeT HEJOCTATOUHO MMOHATHBIM,
AyUlle BCero mepeyurtaTh €ro eule pas nocie Beefi KHUMH.

**) Mt GymeM 4acTo rOBOPMTH BMECTO ,NPOCTPAHCTBO M BpeMA*® MPOCTO
»TIPOCTPAHCTBO®,
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(8) PaBHOmpaBMi0 MHEPUHMAJLHBIX CHCTEM COOTBETCTBYeT mpeo(paso-
Banue, COCTosllee B MEpPeXole OT NAaHHOH CHUCTembl OTCYeTa K APyroii,
JBHKYyUleHcs MNPAMONWHEHHO Y paBHOMEPHO OTHOCHTENLHO [JaHHOH; 3TO
npeoOpasoBaHue CONEPMKUT TPH MapameTpa (TPU COCTABJAIOLHE OTHOCH-
TeJbHOR CKOPOCTH).

CaMoe ofuee npeoOpasoBaHHe COAEPNKUT NeCAT> HapaMeTpoB. ITO
ecTh npeoOpasoBaHue JlopeHua.

H3BecTHO, 4TO B NPOCTPAaHCTBE 7 M3Mepenutt rpynma mnpeoGpasosa-
HU#, ocraBasiowas 0e3 M3MeHeHHs BhipaXKeHWe U KBaApaTa PacCTOSHUs
MeXLy OeCKOHEUHO OJHM3KHMH TOYKAMH, MOXeT COLepkKaT, He OoJee

-é—n(n—{—l) napamerpos. Ecam cyuwecTsyer rpymna, colepXauias BCe
1

5 n(n— 1) mapaMerpoB, TO NPOCTPAHCTBO ABJASETCS MAKCHMaALHO OJHO-

POIHLIM; 3T0 GyaeT JUOO NPOCTPaHCTBO MOCTOSHHON KPHMBH3HLI, MO0, ecin
KPUBH3HA paBHa HYMO, €BKAMAOBO (MU MNCEBNO-EBKJNA0BO) NIPOCTPAHCTBO.

B paccMaTpuBaeMOM HaMM cjyuyae NPOCTPAHCTBA-BPEMEHH YHCJIO H3-
MepeHHH paBHO YETHIPEM H, CJeloBaTeLHO, HaHOO/bIlIee BO3MOXKHOE YHC/IO
napaMeTpoB paBHO AecaTH. Tak Kak MOcCJaelHee YUC/IO COBMANaeT C YHC-
JOM TapaMeTpoB B npeolpasoBanuu JlopeHua, TO rajuaeeB0 NPOCTPaH-
CTBO (K KOTOpPOMY 3TO Npeo0pasoBaHMe OTHOCHTCS) M ABJSETCHA, KaK Mhl
y»Ke TOBOPHIM, MaKCHMa/lbHO OLHOPOLHLIM.

OcHoBaHHyio Ha mpeoGpasoBaHusax JlopeHua TeOpHIO rajuJeeBa Mpo-
CTPAHCTBA MPHHATO HA3LIBATH YACTHON Teopuel OTHOCHTENLHOCTH. Tounee
MOXHO CKa3aTh, 4TO NpeIMEeTOM 3TO#l TeopuH ABIAETCA (OPMYJMPOBKA
(hM3UUECKUX 3aKOHOB B COOTBETCTBUM CO CBOHCTBAMM TraJuseeBa Mpo-
crpaHcTBa. OCHOEONOJOXKHEKOM TEOPHH OTHOCHTELHOCTH ABAAETCS Allb-
6ept DttHmretn (1879—1955). TNpenmecrsennukamy Diumrelna caenyer
cuuraTh Ilyankape u Jlopenua. B 3TOH KHMre TEODHH rajuieeBa Mpo-
¢TpaHcTBa OyAyT MNOCBAuleHs TaaBw [—IV.

BceMupHOe TSTCTEHHE E€ MCXeT ObTh YJA0XKEHO B PaMKH OJHOPO.-
HOrO rajaujeeBa NpccTpaHcTBa. DBodee ray€ckas mnpHumMka 3TOro Obiaa
BbigCHeHa DHHIITEHHCM: OHAa COCTOMT B TOM, YTO HE TONLKO HHEPTHas,
HO M THXKeJas Macca Teda 3aBUCUT OT €0 SHEpIruH.

TeopHi0 BCEMHPHOTO TATOTEHMS OKazajoch BO3MOXHLIM CO31aTh Ha
OCHOBe 0TKa3a GT OJHOPOLKOCTH MPOCTPAHCTBA B 1€/IOM ™) M MPU3HAHUS

*) TepMMHBI ,DOCTPAHCTBO B LEAGM®, ,YCJOBHs Ha GECKOHEUHOCTH® H T. II.
ynoTpebaAnTCsa HaMu He B GYKBATLHOM, a B MaTeMaTHUECKOM CMbICJe, MPHHATOM
B Teopuu moJs. [Tox mpocTpanCTBOM B ueJOM Mbl pasymeeM 06aacTb, jocra-
TOYHO 60Jbluylo, YTCObI Ha €e IPAHMLAX MOJe OT pacCMAaTPUBAEMOI CHCTEMBI Tel
6b10 TIpeHeOpemuMo MaJlo; K rpaHuuaM stoit o6JacTd M OTHOCATCA ,YCAOBHS
11a GeckoHeUHOCTH®. B 3aBHCHMOCTM OT XapakTepa 3anaud QakTHueckde pas-
Mepbl 9TOii 061acTH MOTYT ObITb BeCbMa Pa3JHUHBIMIL s ATOMa MJH MOJEKY.Jbl
MOXHO cuuTaTh OGeCKOHEUHO OGOJbIUMMHM PpAcCTOAHMA TOPSAKA MHKDOHA, pas
CONHEYHOH CHCTEMbl — TMOPSIAKA CBETOBOrO roOfa, HJA CHCTeMbl FaJaKTHK —
COTHHM MHJJIMOHOB CBETOBBIX JieT. Ho HMKOrza Mbl He pa3yMmeeM MOx ,MPOCTpaH-
CTBOM B LEJOM® Bclo BceleHHYO; BBOLHTL B pAacCMOTpeHHe BClo BcedeHmyio
NpencTaBJAETCA HaM HEBO3MOMXINbIM IO THOCEOJOTHYECKHM COOOpaMeHHAM.
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34 HHM HM3BECTHOTO POJa OAHOPOIHOCTH TOJLKO B OECKOHEYHO MaJjoM.
MareMaTHUECKH ITOMY COOTBETCTBYET OTKas OT eBKJMAOBOH (TouHee,
11CEBAO-€BKIHLOBON) T€OMETPUM M BBeleHHe reomeTpus Pumana. Cospe-
MeHHAs TEOpHs TATOTeHMs Takke Oblla co3laHa DHHIITEHHOM.

To, uTO, COTVIaCHO TEOpHM TATOTeHHs, B OeCKOHEUHO MaJOM BCe XKe
MMEET MECTO OJHOPOLHOCTL, MoA0OHas TOH, Kakas BhupaXkaeTca nmpeobpa-
3oBanusaMH JIOpeHLa, CBSA3aHO € BO3MOXHOCTBIO HMHUTHPOBaTh, BOJM3H
NAHHOA TOUKM M B JaHHHIH MOMEHT BpEMEHH, I0Jie TArOTEHHS MNOJEM
yCKOpeHHs (NMPHHUMI 3KBHBAJEHTHOCTH). PH3HUECKOH OCHOBOM 3TOrO
ABJAETCS M3BeCTHHIM ewle [Nanuiel0 3akoH, COTIACHO KOTOPOMY BCE TeJa
najnaioT, Npu OTCYTCTBHU CONPOTHUBJEHHS CpPelbl, ¢ OAMHAKOBON CKOPOCTHIO
(TouyHee, C ONMHAKOBHM yCkOpeHMeM). B o00o0uieHHOM BHAe 3aKOH
lanunes Moxer GuiTh (HOpMyaupoBaH, KaK 3aKOH PaBeHCTBA MACCh MHepT-
HoM m maccel Becomolt, Cienyer mMoAYCPKHYTL, YTO STOT (YHIAMEHTAn-
HbIl 3aKOH MMeeT OOWMH XapakTep, TOTJA KaK NPHHUMI SKBHBAJIEHTHOCTH
CTPOro JIOKajeH, a MPH He-JOKaabHOM €ro NPUMEHEHHM OH CTaHOBUTCH
HETOYHBIM Y CHPaBELJMBLIM TOMLKO AN CJHalnX MNojseft W 14 MenJeH-
HbX JBWKEHHH,

[lpn u3yuyeHHM MNpPOCTPaHCTBA M BPEMEHHM HeJb3s, OLHAKO, OTpaHU-
YUTHCA JOKAJBHLM paccMoTpeHHeM (T. €. pacCMOTpeHHeM O€CKOHeuHo
MaJablx 00/acTelt MPOCTpaHCTBA M NPOMEXYTKOB BpeMenn). Heobxoaumo
TaK WM MHAYe XapaKTepu3oBaTh CBOHCTBA MPOCTPAHCTBA B LEJIOM: B MPO-
THBHOM CJjlydae BOOOUlE HeJdb3l MOCTaBHTL 3ajJauy OJHO3HAUHHM oOpa-
30M. DT0 0CcOOEHHO fICHO M3 TOro (akTa, YTO YPABHEHHs BCSKOTO IMOJS
(TakXe M 1OJa TATOTEHMs) MPEACTABJAIOT yPaBHEHHS B YaCTHHIX MPOM3-
BO/IHbIX, PEIICHHS KOTOPLIX MOJYHYalIOTCA OAHO3HAUHO JHIlL NMPH HAJIUYHM
HayadbHEIX M NPEAE]bHEX YCAOBUH WM yCNOBHH, HX 3aMeHAIOWMX. Ypas-
HEHMs MOJA M Npele/bHLE YCJAOBHA HEPa3pLIBHO CBA3AHBI APYT C ApY-
rOM, ¥ MNOC/HEJHHE HUKAK HeJb3s CUHTAaTh YeM-TO MeHee BAXKHLIM, YeM
camuie ypasHenus. Ho B 3anauax, OTHOCALIMXCA KO BCEMy MPOCTPAHCTBY,
lipefiebHLIe YCAOBHA OTHOCATCA K OTIaldeHHbM 00/acTsM MPOCTPAHCTBA
" A9 X (QOpMYyJAMPOBKM HeCOXOIMMO 3HAaTh CRBOMCTBA NPOCTPAHCTRA
B LEJOM.

3aMeTHM, 4TO HEJL0CTaTOYHOCTL JOKAJLHOTO PACCMOTPEHMS M Ba-
HOCTh MpeleabHbX YCaA0BHM Oulil SBHO HELOOlEHeHb DHHUITEeHHOM,
B CBA3M C uUeM B Hauwux paloTax M B HACTOAWEN KHUTe HAM MPULIIOCH
BHECTH B MOCTAHOBKY OCHOBHBIX 32124 TEOPUM TATOTEHHS CYUIECTBEHHbIE
M3MEHeHus.

HauGonee npoctuiM u BMecTe € TeM naubosiee BaXKHLIM CAyYaeM
SIBJSETCA TOT, KOTIAa MOXHO NPEANOJOXHTL INPOCTPAHCTBO OLHOPONHLIM
(B cmbicae mpeoGpasosanus Jlopenua) Ha GeckoHeunoctd. B sToM cay-
Yae Bi3biBaeMHie MacCaMM HEOJHOPOIHOCTH OyNyT MMeTh MeCTHuIH Xapak-
TEP; MacChl € MX MOJAMH TArOTeHMs OylyT Kak Owl NOTPYXeHL B He-
OTDAaHHUYEHHOE TaJHNEEBO NMPOCTPAHCTBO. DTOT CJAyuall 0OCOBEHHO Baxei
I0OTOMY, 4YTO CY11€CTBOBAHME HHTErpajoB ABHXEHHs CBA3aHO C ONHOPOA-
HOCTHIO MPOCTPAHCTBA Ha OeCKOHEYHOCTH. TOMLKO eciu MPOCTPAaHCTBO
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Ha OeCKOHeUHOCTH fomMycKaeT MOJHOE npeobpasosanue JlopeHua ¢ aecarsio
napameTpaMu, CYWECTBYIOT BCe NECAThL HHTETPAoB IBMXKEHHA, BKIOUas
MHTETPaJ IHEPTHH.

I'naBut V, VI u VII 3TOM KHMIM TOYTH LEJHKOM TMOCBAWEHH CJAYy4aio
MPOCTPAHCTBA, OJHOPOIHOTO Ha OeCKOHEYHOCTH.

Bo3MOXHO Takke npeanoJoXKeHue, uYTO NPOCTPAHCTBO-BPEMS B LEAOM
00/1alaeT He NMOMHOM OJHOPOJHOCTHIO, @ TOJLKO YaCTHUHOM: MOMpEXHEMY
JLOMYyCTUME MPOM3BOJLHLIA MePeHOC Hauada MPOCTPAaHCTBEHHLIX KOOPAM-
HAT ¥ MPCHU3BOJLHLIA MOBOPOT MPOCTPAHCTBEHHHX Ocel, 4TO JaeT WeCTh
napaMeTpoB, OCTadbHbBE JKe ueThpe napaMeTpa npeoGpasosanus JlopeHua,
4 MMEHHO Tpu COCTaBJAOUIME CKOPOCTH M Haya/lo cueTa BPeMeHH, Olpeje-
JFI0TCA U€pe3 nepBbie MeCTh. [akoe MPOCTPAHCTBO-BpeMsi Obl0 BIEPBLIE
paccMoTpeno PpuiaMaHoOM, a TaK KaK MPOCTPAaHCTBEeHHAs 4acTb ero obJa-
naet reomerpueit JIo6aueBCcKOro, TO e€ro MOXHO Has3BaTh MPOCTPAHCTBOM
$puimana — JloGauepckoro. B orinune ot mpocTpancrsa [aauses, 3To
TIPOCTPAHCTBO AOMYCKaeT CYLIECTBOBAHHE ONPENENEHHOT0 MO TATOTEHUS
NpU CpelHed IJIOTHOCTH BECOMOH MaTepuu, OTJInyHOH OT Hyad. [loaromy
MOXHO NPeLNoNOKHTL, YTO B KOCMOJOTHMH, MPH PAaCCMOTPEHHH OTPOMHBIX
obJaacrefi paaMepaMH B COTHM MMJ/UIMOHOB CBETOBLIX JIET, MPUO/IU3UTENLHO
PaBHOMEpHO 3amMOJHEHHHLX TrajJaKTuKaMy, npocTpancTso Ppuimana —
JloGaueBckoro sBasgeTCs JaydmuM npub/amKeHHeM K AeHCTBUTE/LHOCTH,
ueM npocTpaHcTBo ['annies. Teopys MeCTHLIX HEOLHOPOAHOCTEH B MpPOCT-
pancrBe ¢puamana — JloGaueBckoro eiue coBeplleHHO He pa3paboTaHa,
M MEl NOCBAllaeM 3TOMY MPOCTPAHCTBY TOMLKO §§ 94 u 95 aT0H KHMIH.

B 3aBucuMocTM OT CBOHCTB MPOCTPAaHCTBA B LEJOM peliaeTcs H
BOMPOC O CylECTBOBAHMM NPHBHAETHPOBAHHON CHCTEMH KOOPAMHAT.

B rainneeBOoM NPOCTPAHCTBE MPUBMAETMPOBAHHEIMU SIBAAIOTCA OOLIU-
Hble JeKapTOBbi KOOPAMHATHl M BpeMsl; COBOKYMHOCTL 9TuX MepeMeHHbIX
HOCHT Ha3BaHue TajuieeBhLX KOOpAuHAT. [IpuBHIernpoBaHHOE MOJOXKEHHE
9TUX KOOPAMHAT OCHOBAHO HAa TOM, 4TO npeoGpazosaHus JlopeHua, Bbl-
pa)kaolwue OLHOPOLHOCTL INPOCTPAHCTBA, OyIyT B 3THX KOOPLMHATAaX
JIMHEAHBIMH

B cayuae npocrpancTBa, OJHOPOJIHOIO TOALKO Ha OECKOHEYHOCTH.
TaKXe OKa3hlBaeTCsl BO3MOXKHBIM BBECTH MNPHBHJIETHPOBAHHYIO CHCTEMY
KOOpJIUHAT, ONpelelseMyl0 ¢ TOYHOCTHI0 10 npeobpasosanus Jlopenua
(rapMOHMYECKHE KOODIMHATL). IDTOT (aKT, BIepBhie YCTAHOBJEHHHH
B Hawux paborax, uMeeT O0OJLLIIOE MPHHUMMHMAJNLHOE 3HAUeHue; TOJLKO
onupasch Ha Hero, MOXXHO MOKa3aTh, YTO NPHBHJIETHPOBAHHOE MOJOXKEHHE
reqnolleHTpuueckoft cucreMsl KomepHuka MO CpaBHEHHIO C TeOlEeHTpuue-
cko#l cucteMoft [lTo/IOMess coxpaHsdeTca u B TeopuM TArOTeHus JHH-
wrekna. bBoaee noapo6Hoe oGocHosaHue ero naHo B §§ 92 u 93 srtoit
kHuru. Bce paccMoTpeHHble B 3TOM KHure KOHKDETHHLIE 3ajaun TeOPHU
TATOTeHusl PelIalOTCd HAaMH B TapMOHMYECKHMX KOOpIuHArax. ITuUM J10-
CTHraeTcss OJHO3HAYHOCThL PElleHus.

B npocrpanctee ¢puimaHa—Jlo6aueBcKOro, BepOATHO, TOXeE CYylle-
CTBYIOT MNPUBHJCTMPOBAHHLIE CHCTeMBl KoopAmHaT. Bompoc 3TOT, 0nHAKO,
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e MCCAeN0BaH, MOCKOJALKY elle He CO3faHa Teopus MeCTHOH HeonHO-
pOAHOCTH B TAKOM MPOCTPAHCTBe.

B Bompoce 0 cyulecTBOBaHuM NPUBHJAETHMPOBAHHLIX CHCTEM KOOPIMHAT
co3laTedb TEOPHH TAroTeHus DHHINTEHH NPuAepKuBa/JCa TOUKHM 3PEHud,
HPOTHBOMNOJIOXKHON Hawel, a uMeHHO, OH OTPHUAJT CYLIECTBOBAHHE TAKHX
cucTeM. OTO CBA3aHO € OTMEUeHHOHM Bhillle IMEPEOLUEHKON JeXauiero
B OCHOBE PUMaHOBON reoMeTpuu JIOKaJALHOTO ¢nocoba paccMOTpeHus cBONUCTB
NPOCTPAHCTBA ¥ HEJOOLUEHKON BAXHOCTH PACCMOTPEHusi MPOCTPAHCTBA B
ueaoM. HecoMHenno, uto 3aecs curpaJa poab Takxke GujaocoPpckas nosu-
nusi D#HiuTefiHA, BCIO CBOIO KM3HL HAaxO.luBLIErocd IOJ BJAugHueM HIeh
Maxa,

Bonpoc 0 pasinyHBIX KOOPAMHATHHLIX CHCTeMaX u 00 M3MEHEHMH BHIA
ypaBHeHu# npu nepexofie OT OJAHOH KOODAMHATHOM cuCTEMH K Apyro#t
3aHMMaeT B TeOpuH IPOCTPAHCTBA M BPEMEHH BAXKHOE MECTO.

OcobenHo Goablloe 3HAYeHue MNPHHATO MNPuJaBaTh KOBAPHAHTHOCTH
ypasHeHuf#t. [lon KOBapHAaHTHOCTLHIO pasyMeeTcs ciedylpoulee. PaccMoTpuM
npeo6pasoBaHune KOOOPAMHAT, COMPOBOXAaeMOe NpeoOpa3oBaHueM 3aBHCH-
MBX MepeMeHHHX ((pyHKUuM) MO Ompele/eHHOMY (HampuMep, TEH3OPHOMY)
npaBudy u 0o0paTuM BHHMaHu€ Ha Bul YpaBHeHul, KOTOPLIM YLOBJETBO-
pSIOT MepBOHauafdbHbie n MpeoOpasoBaHHuie QyHKuuu. Ecan mosayuenHuie
B pesyibTaTe TaKOro Npeo0pa3oBaHus HOBHIE (YHKUMH OT HORLIX mNepe-
MEHHBIX YJOBJETBOPSIOT YpaBHEHuAM TOTO e Bula, Kak CTapule QyHK-
UMM OT CTaphiX MEpPeMEeHHHIX, TO yPaBHEHus HA3bIBAIOTCS KOBAapHAHTHLIMHU.
KoBapuaHTHOCT, ypaRHeHull NO3BOJSET MNHUCATh WX, HE Mpejpellas Bbl-
6opa KOOpAMHAaTHOH cucreMbl. KpoMe TOro, TpeGOBaHHe KOBaPHAHTHOCTH
ypaBHeHu#t uMeeT 0GoJbIIOE IBPUCTHUUYECKOE 3HaueHue, TAK KAK OTpaHUyM-
BaeT pasHoO0pasue ¢oOpMbl ypaBHeHuil M, TeM CaMbiM, MOMOTaeT OTO-
O6paTh M3 HuX npaBuinHue. Heo0Xx03nMO, 0nHAKO, MOAYEPKHYTH, YTO ITO
OTpaHHYeHHE HMeeT MeCTO NpH 00g3aTe/sHOM YCJOBHM, YTO Or'paHuuu-
BaeTCA TAKXKE M UMCJIO BBOAMMBIX (yHKUuH, €Clu ke JOmyCTuTL BBeje-
Hue J000ro 4mcaa HOBLIX BCMOMOTATeJLHBIX (QYHKUHH, TO MPaKTHYECKH
MoObLIM ypaBHEHUAM MOXXHO NMpujaTh KOBapEA!UTHYIO ¢OpMy.

TakuM o6pazoM, cama no ceb6e KOBAPMAHTHOCTL ypaBHEHuH OTHIONL
He SBJSETCS Bbipa)keHueM Kakoro-in6o ¢usuueckoro sakoHa. Tak, Ha-
npuMep, B MeXaHuKe CuCTeMbl MaTepuadbHBIX TOYeK ypasuenus Jlarpanxka
2-r0 pola 4BIAIOTCS KOBAPMAHTHLIMM N0 OTHOUIEHMIO K MOOGHM npeos-
pPa3oBaHuAM KOOPAMHAT, XOTS M He BLIPaXalOT HHKAKOTO HOBOro ¢usu-
YECKOTO 3aKOHa MO CPaBHEHHIO, HampuMep, ¢ ypaBHeHusMu Jlarpanxka
l-ro poja, KOTOphe MHUUIYTC B MPSMOYTOJLHBIX KOOPAMHAaTaX M KOBa-
PHAHTHLIMM He SBJSIOTCS.

B cayuae ypasHesu#t Jlarpawka KOBapuaHTHOCTL JOCTHTHYTa My-
TE€M BBENEHHs, B KaUeCTBE HOBLIX BCHOMOraTeldbHHX (YHKUul, KOIPPHU-
UMEHTOB KBAJpPaTUUYHOTO BuipakeHHs nJs ¢yHkuuu Jlarpamka uepes cko-
pocrtu.

B reoMeTpun PuMaHa HOBLIMM BCIOMOTATE/bHBIMU (DYHKUUIMH SBJASIOTCS
KO3(QQUUKCHTEI g, KBaAPATHYLOrO BhipaXeHus Las KBaApara 0eCKOHeuHO
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MaJoro paccrosHus. BpelleHHe 3TuX (YHKUMH T103BOJSET COCTABJIATH
BbiPaXeHus,, KOBADHAHTHbie MO OTHOWEHHMIO K JoOHM I1pedOpas3oBaHusM
koopauHar. CaMo no cebe 3TO He aaeT Huuero Hosoro. Ho TpeGosanue,
yT0OBl 9TH KOBAPMAHTHLIE BHIPAKEHHUs YXKE HMUKAKMX AaJbHEHWNX ¢yHK-
uull, kpoMe caMux g,,, He COLepKaau, HACTOILKO CHJALHO HMX OrpaHu-
YylBaeT, uTo rIpPIBOJlI:IT NOUTH OJHO3HAYHO K HallpeHHuM DHHmITelHOM
ypaBHeHusAM T'PaBUTALHOHHOIO MOJS.

BLiAicHMB CMBIC/ MOHATHS KOBAPMAHTHOCTH B NMPHMEHEHHH K TeOMeT-
puM PuMaHa, COMOCTaBUM ero ¢ pacCMOTPEHHLIM paHee MOHATHEM OTHO-
POJHOCTH NMPOCTPAHCTBA.

Kak Mul ykaseiBadu Boillle, CBOMCTBO OJLHOPOLHOCTH TrajuieeBa Npo-
CTPAHCTBA NpOABJseTCA B Npeo0pa3oBaHuaX, OCTABAAIOWUX 0€3 n3MeHeHus
BHPAXeHUe AJs UeTHIPEXMEPHOTO PACCTOSHUS MEMWIy AByMs TOUKaMHU.
[TonpoOHee MOXHO CKa3aThb, YTO B 3THX MNPeoOpPa30BaHUAX OCTAIOTCH
0e3 M3MEHEHUs KOI(PPULUMEHTE ITOrO BHPAXKEHHH, T. €. BENMUMHEI .
B oCweM e ciayyae reomerpun PuMana npeoGpazosaHuil, OCcTaB/sIOUIMX
Ge3 u3MeHeHus BEJMUMHBL g, He CylwecTByer, n60 MpocTpancTso PuMana
He OAHOPOIHO. B reoMerpun PuMana peur uaer o npeoGpasoBaHusxX
KOOPLMHAT, COMPOBOINCOAEMbLX NPEOOPASOBARUSAMY BLAUUUR g, @ TAKOTO
polla COBMeCTHhE npeo06pa3oBaHus, pPaBHO KaK W KOBaPMAHTHOCTH IO
OTHOIIEHHI0 K HHMM, HHKA<OTO OTHOLIeHuS K OJHOPOJAHOCTH HAu HEOJHO-
POLHOCTH MPOCTPAHCTBAa He MMelOT ),

Tenepn Mbl yXe MOXeM mnepefiTy K BLISICHEHHIO TeX HelopasdyMeHuf,
KOTOPLHE CBSI3aHH C YKOPEHMBIUHMCS B JUTepaType HENpaBU/ILHLIM yro-
rTpebJieHHeM CJI0Ba ,OTHOCUTEJLHOCTS

B nepBuix paboTax Mo T€OPHUM OTHOCUTRALHOCTH MOHATHE OTHOCHTED-
HOCTH CBfA3HIBAJIOCL C MOHATHEM OLHOPOJHOCTH MNpOCTpaHCcTBa. Teopuei
OTHOCHUTE/LHOCTH HashiBajach TeOpHs TlajuaeeBa MPOCTPaHCTBA, OJLHO-
POMHOCTL KOTOPOTO XapakTepusyeTcs mpeobpasoBaHusmu Jlopenua. Ha-
3BaHME 3TO MOXHO CUMTaTh B M3BECTHOH Mepe OnpaBlaHHLIM, MOCKOJLKY
60JLWYI0 POJaL B TEOPHH MrpaeT 0000uleHHe NPUHUHMIA OTHOCHTEALHOCTH
['amuaes.

OnHako ¢ co3naHMeM TeOpHM TAroTeHus JfiHmITeHHa Bolles B yHo-
Tpebaenve TepMHH ,00uas OTHOCHTENLHOCT:®, KOTOpHH BCe 3amyTad.
TepMuH 9TOT CTaJl MNPUMEHATHCS B CMbicae ,00uwefl KOBapHaHTHOCTH®
(T. €. B CMbIC/e KOBAaPHAHTHOCTH YpaBHEHuH MO OTHOLIEHMIO K NMPOM3-
BOJLHBIM Mpe06pa30OBaHUsIM KOOPIMHAT, COMPOBOXAaeMuIM NpeoOpasoBa-
HueM Beanund g,.). Ho Mbl Bujean, uTo Takas KOBapUaHTHOCThH HUYEro
He uMeeT 06:ero c OJlHOpOJlHOCTblO NpPOCTPAHCTBA, 4 3TO 3HAYHT, UTO
,0011as OTHOCHTEMLHOCTH“ HMYEro He uMeeT OOLLero C , OTHOCUTEILHOCTEIO
npocto“. Mexay TeM 3Ta mnocaefuss MOJAyuYu/Ja HA3BaHHE ,4acTHOU,
KOTOpoe Kak Opl  yKa3siBaeT, 4YTO OHa SABJAETCA HYACTHLIM CJydyaeM
, O0LIeR

*) D1i uged BecxasbiBaauch I, Kapramou [1].
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Yro6ul JaTh MOHATHE O TOM, K KAKuM HELOPA3YMEHMAM 3TO MPUBO-
nut, PaccMoTpuM pAlL NPUMepOB.

Kak Oynzer mnokasano B raase IV, Teopus OIHOPOLHOro raJuieesa
NpOCTPaHCTBA MOXKET ObiTh (OPMYJIMpOBAHA He TOMLKO B BuAE, KOBaA-
pUaHTHOM B cMbice mpeoGpasosann#t JlopeHua, HO u B 00lLeKOBapHAHT-
nod Buje. Ha sswke ,001el® u ,4acTHON® OTHOCHTEALHOCTH BLIPA3HUTHL
9Ty MNPOCTYI0 MbICAb KpallHe B3aTPYAHUTENILHO, M MHl 9TO JeJaTh He
Gepemcs, TaKk Kak HaM mpuIIOCL Owl CKasaTh, 4TO ,4acTHAg“ OTHO-
CHTENLHOCTL 3akmouyaeT B cebe ,0o0ulyl0“ wuaum uTO-HHOYAL B TaKOM
poae.

Ecan BCNOMHuTH, 4TO yXKe B HLIOTOHOBOH MeXaHuKe MH HMMeeM JLeJo
¢ 0O0lIeKOBAPHAHTHLIME ypaBHeHusMu JlarpamXa 2-ro pona, TO NpPHILIOCH
6K TaKXKe CKaszaTh, uTO M HbIOTOHOBA MeXaHuka CconepkuT B cebe
,O0WYI0 OTHOCHTEJLHOCTS .

TepMun ,00was OTHOCHTEILHOCTH® MM ,O0WMH NpPHHUMI OTHO-
cuTENLHOCTH® yrnoTpeliseTcs (MpeXae BCero, camuM IJHHILTEHHOM) elle U
B CMBIC/JC TEOPUM TArOTeHHs. Yike OCHOBHas paboTa JHHmTeHHa Mo Ten-
puu Tarorenns (1916 r.) osaranasiena: ,OcHOBH 0Ouie# TeopHM OTHOCH-
TeMbHOCTH. DTO0 ewe OGoJpllle 3amyThiBaeT feno. Tak Kak B Teopuu
TSIFOTEHHs MPOCTPAHCTBO MOEANoJaraeTcs HEONHOPOIHLIM, @ OTHOCHTE/b-
HOCTh CBSI3aHAa C OJHOPOJHOCTBIO, TO BHXOIuT, 4TO B OOCWel Teopuu
OTHOCHTEJLHOCTH HET HUKAaKO#l OTHOCHTeJLHOCTH. Ecau paXe yunTHIBATS,
4TO B TEOPHU THATOTEHHS] MNPOCTPAHCTBO OXHOPOAHO B OECKOHEUHO MaJoM,
TO U TOTJA MNpPUAETCA MPU3HATh, YTO TEOPHs TATOTEHMs HeceT C co0oM
orpanuyeHne, a He 0000uieHHe TNOHATHS OTHOCHTEALHOCTH, IOCKOJALKY
OHa OTKAa3LBAaeTCs OT raJjujeeBa MPOCTPAHCTBA, OJHOPOLHOTO He TOJLKO
8 OECKOHEUHO .MajoM, HO M B LEJOM.

Cka3aHHOTrO AOCTATOYHO, UTOOGHI CTaJO fICHO, uTO ylorpeGaeHue Tep-
MHHOB ,006lasd OTHOCHMTEILHOCTL, ,o00uias TEOPHS OTHOCHUTEJILHOCTH
HaM ,00WMH NPUHUUN OTHOCUTENLHOCTH“ HelonmycTUMO. OHO He TOJBKO
NPUBOIMT K HeN0ODA3YMeHUsM, HO M OTPaXaeT HeMmpPaBH/bLHOE NMOHHMaHHe
caMolt Teopuu. Kak 9TO HM MAapajoKCalLHO, TaKOe HeNOHMMaHHE Mpo-
ABUJ CaM aBTOp TeOopuM OWHWITeHH, KOTOPHM Kak B HasBaHuUM CBOeH
TEOPHM U CBOMX COUMHEHHH, TaK M B CBOHX DacCy>XIEHHAX MOAYEPKUBAJI
C10Ba ,00ulas OTHOCUTE/JLHOCTL® M He BHAeJ], YTO CO3JaHHAas UM HOBas
TEODHA, eCAM ee pacCMaTpUBaTL Kak O0O0oOuleHHe CTapolt, COLepMHUT
0000U1eHHe He MOHATHS OTHOCHUTENLHOCTH, HO APYTUX NOHATHH, a MMEHHO
reoMeTpHYeCKHUX.

B nHacToswel knuMre Mol TepMHHa ,0011a9 OTHOCHTEILHOCTL® He
ynotpeGasem. Teopuio rajauieeBa NPOCTPAHCTBA Ml HasniBaeM TakKXe,
Cleflys ycTaHOBUBHIEMYCSl 00LIYAl0, TeOpDHeH OTHOCHUTEALHOCTH (HO Oes
NpuGaBienus caopa ,uacrTHas“). TeopHio sHHWITEeNHOBA NMPOCTpPaHCTBA Mbi
Ha3niBaeM Teopuel TAroTeHHs (HO He ,00wel Teopuell OTHOCHTEMLHOCTH®,
TOCKOILKY TaKOe HasBaHHe, KaK Miul BHULeNH, CMbiC/Ia He HMeer),
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OGuedunocodpckas CTOpOHa HAlMX B3rJ/IAAOB 11a TEOPHIO MPOCTPAH-
CTBA, BPEMEHH M TATOTeHMA CJOXKHJIACh MOJA BAHAHueM ¢uI0COGUM 1ua-
JIEKTHYECKOT0 MATepHaau3Ma, B OCOOCHHOCTH € IMOA BJUSHAEM KHUTH
Jlennna ,MaTepuannsM ¥ SMIHPUOKPUTULU3M “. YueHHE AHAJEKTHUECKOTO
MaTepHa/Ju3Ma MOMOTJO HaM KPUTHUYECKH MOJOHTH K TOUKe 3pends OHH-
WTelHa HAa CO3JaHHYIO UM TEODHIO U 3aHOBO €€ OCMbICAMTh. OHO MOMOrJIO
HaM TaKXe NpPaBU/ILHO INOHATh M HMCTOJKOBATL MOJYyYEHHbE HAMH HOBLIE
pesybTaTel. Mbl xoTen Obl 31eCh 9TO KOHCTaTHPOBaTh, XOTS B SIBHOH
¢bopme PHIOCOGCKHE BOTMPOCH B STOH KHHMIE M He 3aTParuBaiorcs.



F'TABA 1
TEOPUSI OTHOCHUTEJIbHOCTH

§ 1. Koopaunarot ¥ BpeMmd

[IpoCTpPaHCTBO M BpeMs — MOHSTHS NepBHuHbie. B obueduiocopckom
CMbIC/IE TMPOCTPAHCTBO M BpeMa CyTh (POPMbi CYLIECTBOBAHHMS MaTepHU.
[pocTefliinM  NOHATHEM, OTHOCAIIMMCA K MPOCTPAHCTBY M BPEMEHH,
SIBJAETCS TOUKA MPOCTPAaHCTBA, pacCMaTpHBaeMas B ONpeje/eHHbit MOMEHT
speMend. YTo6bl ,OTMETHTL® TOUKY B NPOCTPAHCTBE, HYXKHO MOMECTUTh
Tyda MaTepualibHOE TEJNO AOCTATOUHO MaJblX pasMepoB. [lonoxeHue 3TOro
Tesa MoXeT OHTL 3aJaHO TOALKO MO OTHOMWIEHHIO K APYTMM MaTepHanhb-
nLM  TenaM, MO0 HUKako# ,Bpoculedl B NMPOCTPAaHCTBO“ M HE3aBUCUMOM
OT MaTepUaJbHLIX TeJ IpalycHolt ceTkH He cyulecTByeT. Koraa BmiOpana
cuCTeMa oTcueTa WJHM ,0a3uUC“, T. e. CHCTEMa MaTepHAaJBHLIX Teld, Mo
OTHOUIEHHIO K KOTOPOH paccMaTpHBAaeTCd IOJOXKEHHE NAHHOTO Te/1a-TOUKH,
9T0 MOJOXeHHE MOXeT *‘ObiTh 3aJaHO TPeMs KOOPIMHATaAMH, OTHOCSLUHMHCS
K ONpelleleHHOMY MOMEHTY BpeMeHH, OTCUHTLIBAEMOMY MO ,4acaM“ Gasuca.
B o6uiem cayuae KOOpAMHATH CYyTh BCIOMOTaTe/bHEE BEJHYMHL, Xapakre-
pUByIOlWe PacnoJoXKeHHe Tel MO OTHOWEHHIO K 0asuCy M MO3BOJAIOLINE
BHUYUCINTh, MO 3aKOHAM €BKJAMAO0BOH reoMeTpum (Mau ee 0000uieHUsT —
reoMeTpurt PuMana), B3aMMHOE PacnoJioXeHHe Tel, B YACTHOCTH MX B3aUM-
Hble PAacCTOfHHUS M YIVIbl MEXIYy HanpaBleHHAMH, HX COELHHSIOLMMH.
B kauecTBe KOOpPAMHAT OObLIYHO OepyT npsMoJHHeHHbe MPAMOYTO/ibHbIE
KOOpAuHATHl, #OO OHM MPOLIE BCErO CBA3dHbLI C NJMHAMH M PacCTOSHHAMH,
HO JOMYCTUMB! M BCSIKME Apyrue (KpHBOJuHeHHbIE) KOOPAMHATH, Hampu-
Mep, B4 Yraa, XapaKTepu3ylOUWMX HalpaB/leHHe Ha paccMaTpuBaeMoe
TEJO-TOUKY, U PacCTOfHHE L0 HEro.

Heo6x0auM0 MOAYEPKHYTb, YTO K4K CaMble KOOPAMHATH, TAK u Bbi~
yycIgeMble TMPu MOMOWM HuX B3auMHLIE DPaCCTOAHMA, YT H APyrue
BeAMUMHLI, XapaKTepuaylollue B3auMHOE PAaCHOJOXKEHHE TeJa, MOayyaloT
onpeneneHHB CMBICA Jullb B MPENNOJOXKEeHun ONpeleleHHoro Oasuca.
Touno Tak ke u MOMEHTH BpeMeHH, K KOTOPLIM OTHOCATCS KOODAMHATL
Il paccTOsiHusl, a4 TaKKe MPOMEXYTKH BPEMEHH, CTAHOBATCS ONpeneleH-
My Julb B NPENONOKEHHu ONpeleieHHoro 6asuca u ONpejeIeHHOro
OTCyera BpeMeHu Ha Oasuce, T, €. B MNPELNOJOKEHHH ONp e/LeIeHHON
CUCTEeMbl OTCUETA.

9 3ak. 185. B. A. Qox
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Takum 00pa3oM, rMepemeddue x, y, 2, ! (KOCPAHUATH H  BPeMd),
C KOTOpLIMM ML OyleM uMeTh 1eJ0 B JajbHeHmesm, cBssaHsl ¢ Oa-
3uCOM.

§ 2. [Monoxenue Tena B NPOCTPAHCTBE B JAHHBIA MOMEHT BpeMeHH
B 8ajJaHHOH cHCTeme OTCYera

OTsJjleyeMcst CepBa OT POJdM BpPeMeHH u PACCMOTPuM OOCBIUHBIE CIO-
COBbl Ompefe/ieHHs PaCNONOKEHUs NPeAMeTOB B MPOCTPaHcTBe. B mpuH-
11ne 9TH Cnocobbl OCHOBaHL, KPOMe THMOTEe3s! O MPUMEHUMOCTH €BKJM-
NOBOH TeOMeTpUHM K peajJbHOMY (M3UUeCKOMY MpPOCTPaHCTBY, Ha JABYX
NPeANOJOKEHHAX: O CYUIECTBOBAHHM TBEPALIX Tel U O MPAMOJHHEHHOCTH
pacnpocTpaHenus cseTa. B caMoM gnese, uroGnl HaliTH MOJOXeHHe yna-
JIEHHOTO MNpejaMeTa, HeOOXOMHUMO OTMEPUTL TBEPALIM XKE3JOM ONpejeeH-
HuIt 0a3uC (B CMbiCle OOLIYHOW TpHaHryJ/JAUMHM) U 3aceyb MPH MOMOLLH
Jyuell cBeTa HampaB/eHHs Ha MpeaMeT M3 PasHLIX ToueK TOrO Oasuca.
Ilpeanojaras Jayuum ceTa NPAMOJMHEHHBIMH, MOXHO BHYUC/AUTL TOTAA MO
3dKOHAM €BKJIMAOBOH TreOMETPUM pacCTOSHME 10 MpeiMeTa U BCE ApyTrHe
JlaHHble, XapaKTepHuaylowMe ero mnonaoxenue. I[IpaMoanMHeHHOCTHL Jyuel
CBeTa B BaKyyMe €CTh OCHOBHOH MOCTYJaT; NPAMOJIMHEHHOCTL Jyued
B aTMOC(depe ABaseTCs MPUOJMKEHHON M A0/DKHA KOHTPOJMPOBATLCA (yuer
pedpakuny u T. n.). CnpaBefJHBOCTL 3aKOHOB €BKJAMAOBON reOMeTpHH Iis
peansHOro (pU3M4eCKOTrO MPOCTPAHCTBA CJAeLyeT PacCMaTPHBaTh KaK OMBIT-
nuil QakT, a He Kak anpuopHOe nonyulueHue. JleHCTBUTENLHO, XOTH 9TH
3dKOHLI ONPABABLIBAIOTCA C OrPOMHON CTemeHbi0 TOYHOCTH, TEOPHs BCe-
MHDHOTO TAroteHus OHHmITedHa Kak pa3 M OCHOBaHA Ha PaCCMOTPEHHH
MaJblX OTKJIOHEHHWH OT HHX.

TakuM oGpasom, cBOHCTBa cBeTa M CBOMCTBA TBEPAWX Tel MLPaiOT
OCHOBHYI0 pOJIb B yCTaHOBJICHHH I'€OMETPHH PeaabHOro (pManyecKoro mpo-
CrpaHCTBa.

Heo6xo01uMMO, 0nHaKO, 3aMeTHUTL, YTO NOHATHE TBEPIOrO Teaa SB-
JeTCA 31€Ch B M3BeCTHON Mepe BCIOMOTaTelbHHM NOHATHeM. AOCOMOTHO
TBEPALX TeJ He CYWeCTBYeT; peaJbHble (U3HUECKHE Teja MOTYT pac-
CMATPUBATHLCA KaK TBePAHe M o0/anaiouine HEU3MEHHHMH reoMeTpHue-
CKHMH pasMepaMy JMibL NPUOJMIKEHHO W JMUIL NPU ONpejeleHHBX YCJOo-
BHSAX (TOCTOAHCTBO TeMIEPaTyph, OTCYTCTBHE YNPYTUX KoJaeGaHul ¥ T. I1.).
HeusMenHOCT: 9Tan0Ha AJuHbl ¢ HauGoJbuiell TOUHOCTHIO MOXET OHTb
NpoBepeHa MNyTeM CPaBHEHWs ero c JJIMHON BOJIHB ONpele/IeHHOR crek-
TpaasHOH uHMM. TakuM 00pasom, MOHATHE IJWHE CBONMTCS, B KOHEUHOM
cuere, K CBOMCTBAM aTOMOB (MJIM MOJEKY/), HU3JAyUYaloumuX A&HHYIO JHMHHIO,
¥ K CBOUCTBaM CBeTa.

Hpyro#t BO3MOXHLIME CMOCOG onpene/eHHs MOJOXKEHHS MNPENMETOB
B MNPOCTPaHCTBE, MNPUHUKWNMAJLHO OTJHYHHE OT TpHAHTYJAUMH, €CTh
pansoreonesus MM paldoJokalus. B nmpunumne 3Tor €nocCod 3akio-
4yaeTCsl B TOM, YTO C HEKOTOPOrO MYHKTa MOCHIJIAIOTCA pPaJHOCHTHAJL,
KOTOpLie OTpaxawrca OT HalMoAaeMOro mpeiaMeTa M BO3BPaULalOTCH
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§ tUUKy OTnpasaeHmst. [Ipy 9PoM orMedaercs Bpems MPOXOmJenuss CHUr-
pata (Tyla u O0paTHO), a TakXKe, KOHEUHO, nampabjenue. 3Hast CKOPOCTS
pacnpOCTPaHEHHUs palHOCHTHala (Olla paBHA CKOPOCTH CBeTa), HOJY'faior
paCCrOAHUE 10 TMpeaveTa, YMHOXAasg Ha Hee MOJOBHHY BpeMEHH MpO-
XOKJEHHS CHT'HaJa.

B npuHuUMnMa/JLHOM OTHOWIEHHMHM 3TOT €nOco0 BaXEH MOTOMY, UTO
3 HeM H3MepeHWe MLJMH CBOJMTCA K M3MEDEHMIO NPOMEXYTKOB BPEMEHH
i e UCMOJL3YIOTCS CBOHCTBA alcOMOTHO TBepAblX Tel. CyluecCTBEHHLIM
1pe ATIOJIOMKEHHEM AIBJIAETCA MOCTOSAHCTBO CKOPOCTH cpera. CaMa cKOpoOCTL
¢peTa MrpaeT 3[eCb pOJb MEPEBONHOIO MHOXKHTEJS OT BPEMEH K JJHMHaM.
tic/IeHHOe 3HAYeHHe CKOPOCTH CBeTa JAO/KHO YCTaHaBAMBaTLCS JPYTHUMU
OULITAMH, B KOTODLIX YK€ MCNOJb3YIOTCA 9TaJOHBl JUIMHBL.

MsMepenne Bpemenu Moxer OuTh, B NPMHINMIE, NPOU3BEIEHO 1PH
yoMouK  MoGoro nepuoAnuecKoro mpouecca. HanGodsniel TOYHOCTHIO
s unacrosuee Bpems 00/anal0OT uyacsl, OCHOBAHHLHE Ha HCIOJAL30BAHUH
COOCTBEHHBIX KOJEJaHHM KPUCTa/JIHYeCKON pelleTKH KBapua HJH MOJEKY.
ammuaka. TlpakTHuecKM NPHHATO aCTPOHOMHYECKOEe H3MeDeHHe BpeMeHH,
OCHOBAHHOE Ha NPHUMEHEHHWM B3aKOHOB ABIXKeHMss HblOTOHa K Bpauleuuio
3eMHOrO Iapa, C yueroM BCeX, BBITEKaIOLIMX M3 TEOPHHM, NOMPaBOK ua
11lcpABHOMEPHOCTb BpailueHus (HyTauus U 1p.).

YKasaHHble CHOCOObI M3MEDEHHs BPeMEeHHM Aal0T BO3MOMHOCTB Pery-
JUPOBKM 4acoB Ha ,0azuce‘.

[Tpy U3MEpEHHH TMOJONKEHUS ABMKYLIMXCA MPEAMETOB C OMNpeneeH-
noro 0asuca BO3HMKaeT BOMNPOC: K KaKOMY MOMEHTY BpeMeHH (MO dacaM
Ha3Mca) OTHOCATCH MOJYUEeHHble 3HAYEHHMs pacCTOAHMA (M BoOOule Mpo-
CrpaHCTBEHHBIX KOOPAMHAT)? Mpr mpuMeM ciedyioiuce ONpeleleHHe: eCiau
MOMEHT OTNpPAaBJEHUs] CBETOBOTO CHTHAJ4 (MAM PaAHOCHMTHA/Ia ¢ JIOKaLHOH-
HOH CTaHUMM) eCTb f;, MOMEHT BO3BPAlUEHHA CUTHanA eCTh £, TO MNOAy-
liclHble 3HAYEHHd KOOPAMHAT MpeaMeTa X, ¥, Z (& TakkKe pacCTOSHHA

ppe— t t
r== ctig—ti> OTHOCATC K MOMEHTY BpPEMEHM ! = —1%3 Aro onpeaene-

it COCTBETCTBYeT eCTeCTBEHHOMY NpPeANOJOKEHHIO, 4TO CKOPOCTL CBeTd
,TyAa“ B ,00paTHO“ OIMHAKOBa.

Mpl yCTAaHOBMJM, 4YTO, MCX0is M3 ONpejeneHHoro Oasuca, cHalGxeH-
Horo MacutabaMy ¥ yacaMd (a TaKKe APYTMMH HeOOXOAMMBIMH MPHOO-
PdMH), MOXHO H3MepsTb MOJOXeHHe TeJ B MPOCTPAHCTBE (MO OTHOIIEHHUIO
K 9TOMy 6a3UCy) M OTHOCHTb MOJydyaeMble 3HayeHMs KOOPAMHAT (Hampu-
Mep MeKapTOBHIX X, Y, 2) K ONpelde/]eHHOMY MOMEHTY BpeMeHu ¢ (mo
u4caM Gasuca). Takoro poaa Oasuc Mbl OydeM HasbiBaTb B AdJbHeHiieM
»ccreMott orcueta“. CiaoBo ,06a3uc® M OyleM ynoTpeJaTh B Tex
C1y4anx, KOrlAd KeJaTelbHO NMOAYEPKHYTb TO OOCTOATENLCTBO, HA KOTO-
POC MBI yxe yKasbiBaau B Hauage § 1, a MMEHHO, YTO CHCTeMa OTCUera
e eCTh Kakasi-TO BpOCWIas B MPOCTPAHCTBO KOOPAHHATHas CeTKa B CO-
CIHHEHNH ¢ KaKMM-TO ,MHMPOBHIM BpEMEHEM“, a €CTb HeuTo CBSA3aHHOe
¢ MacwralaMu M yacaMH, HAXOAA'IMMUCS B OmNpele]eHHOM mecre M Ompe-
ACIEUHHM 00pa3oM ABHKYUIMMUCS.

Vid
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§ 3. 3axos pacnpocTpanenusi ¢GpoHTa SJAEKTPOMAFHUTHOH BOJHBL

34KOHB PaCnpOCTPAHEHHs CBETa B CBOGOJHOM MPOCTPAHCTBE XOPONIO
uayueHnl, OHH BbIPaXKaloTCs M3BECTHHIMM ypaBHeHHAMM Makcsesia

awni—— % —0, dvE=0; |
C ; (3.01)
curlE-{—?W:O, divH=0,

rie E 1 H-—Bexrops! HanpmKeHHOCTH 3JEKTPUYECKOTO M MarHUTHOrO
noas. Hac uHTepecyer, oaHako, He o0wui caydall pacnpocTpaHeHHs
cBeTd, 4 JHWb PACHPOCTPAHEHHE CHTHa/a, MAyulero ¢ mpeleabHOR CKo-
pOCThbIO, T. €. pacnpocTpaHenue ¢POHTa BOJHB. Brepeanm ¢poHTa BOJHLI
BCE COCT4BJAIOWME TM0JS paBHbl HY/IO; MO3aAH (POHTA HEKOTOpble H3
HUX OTJMYHBl OT Hyasd. TakuM o00pasoM, Ha ¢POHTe BOJHBI HEKOTOpLIE
M3 COCTABJAIOWMUX MO0Js TEPMAT PaspbiB.

C apyro#t cTOpOHBI, 3alaHHe mOJs Ha HEKOTOPOH MOBEPXHOCTH (ABH-
Kywehcs B MpOCTPaHCTBE), BOOOWE TOBOPS, ONPENEaseT, B CHIy ypabiie-
Hu#t Makcseana, ¥ 31HaueHHs NPOW3BOJAHBIX OT MOJS H4 STON MOBEPXHOCTH.
Tem caMbiM onpelensercds W 3HaueHHe mnoJas Ha O€CKOHeUHO OJH3KON
IOBEPXHOCTH, 4 CKauk{ MoJd CTaHOBATCS HEBO3MOXHBIMH., 3ITO OyadeT
He TaK TOJNbKO B TOM CJayuae, KOria AaHHasi MOBEPXHOCTh (ee ¢opMa
M IBHXXEHHE) MOAYHHEHa OCOOBIM YCJOBHSAM, NMpPH BBINOJHEHHH KOTOPbIX
3HaueHMd MPOM3BOAHBIX OT MOJS He ONpeAelsioTCS 3HAaUeHUAMH TOJs.
[ToBepXHOCTh Ha3bIBAETCH TOTAd XaPaKTEPUCTHUYECKOHM MOBEPXHOCTHIO, MJH
npoule, XapakTepucTuko#. Takum 00pasoM, CKauyku MO BO3MOXKHEI
TOJIbKO Ha XapakTepHcrHke. Ho Tak kak Ha ¢poHTe BOJHBI MoJe 3aBe-
JOMO TEpPHUT CKauyoK, TO SICHO, YTO ()POHT BO.HBI AOJKEH ObITH Xapakre-
PHCTHKOM.

HaliaeM ypaBHeHMe XapaKTEeDPHUCTHK JJs CHUCTeMbl ypaBHeHu# Makc-
BeJlId.

[lycTs 3HaueHus moJas 3alaHbl AJS TeX TOUEK M A TeX MOMEHTOB
BpeMelt, KOOPAMHAThI KOTODHIX CBSI3aHb! ypaBHEHHEM

=11 3, 2). (3.02)

B uacTHocTH, npu f=0 370 OYAyT Ha4a.sHsle OaHusie. YpaBHeHHE
(3.02) MoxHO paccmMaTpUBaTh KaK yPaBHEHHE HEKOTOPOH rumneprnoBepx-
HOCTH B UYETHIPEXMEPHOM MHOrooOpasuM NpoCTpaHCTBa-BpeMeHH. To xe
caMoe ypaBHenne MOXHO (Mo KpalHeR Mepe, ecau (grad f)2 > 1) pac-
CMAaTpHBAaTh KaK ypaBHeHHE OOBIKHOBEHHOH MNOBEPXHOCTH, ABHkYyLieHcs
B npocTpaHcTBe (cM. Takxke § 35). IlycTh Ha runepnosepxnoctu (3.02)
3ajaHbl 3HaueHusl HEKOTOPOH (yHKUHU

ukx, Y, 2, %): uy(x, y, 2). (3.03)
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Teu CaMbiM Ha 3TOH TMMEPNOBEPXHOCTH OyAyT 3aAaHbl U CAEAYIOUIHC
xuMOUHAUMKM NPOM3BOAHBIX MO KOOPAMHATaM M BPEMEHM:

Lou of _ ous o
0x LN c o T (=123 (3.04)

Mpr 0003HauMIM 34€Ch AJs KPaTKOCTH X, ¥, Z uUepes X, X, X, Ecay,
ou

KpuMe TOTO, 3a/aHa MPOMSBOMHAA 7, TO OyAye H3BeCTHH M 3HAUeHHs!
11 TMOBEPXHOCTH BCeX MepBHIX NPOM3BOMHBIX OT # MO KOOpAMHATAM U
BPCMEHH.

BosbMeM Temepb B KauyecTBe (YHKUMM # OAHY U3 COCTaBASIOUIUX
5.1'KTPOMarHMTHOrO 1NOJs,. Hanpumep FE,, ¥ 0003HaunM 3HAYeHHE 10U

0 0

cocTaBasiowet Ha runeprnoBepxHOCTH uepe3d F,—=—= E.(x, v, 2). Anano-
ritunbie 00o3Hauenns (3Hauok O cBepxy) BBeleM AJsd APYTHX COCTaBJIAIO-
mix. ECaM Ha TunepnoBepxHOCTH 3alaHO Mo.de, TO BCe BesMuMHbl EO,

H" MOXKHO CUMTATb M3BECTHBIMM (YHKLHMAMM OT KOOPIMHAT X, ¥, 2
JTo100H0 (3.04), Mbt OyldeM uUMeTb, HampuMmep,

0E, , 1 0Eg 0f~0592

'Fz——l—-c——ara;——a—z— U T. A, (305)
el l'l\"\' la
divE 4 (gradf- ‘;’f) — Div EY, (3.06)
1 OE ; ,_
curl E+ | grad £ W] — Curl BV, (3.07)
4 rakxe
1 OHY oo
div H—}——c—(gradf- W) — Div HY, (3.08)
1 oH , ,
curl Hp [grad xS = cunt v, (3.09)

B uocnennux  dopuyaax sp 06o3uaunan ouepaiuu div u curl, npume-
nennsie & E? w0 HY, Goabumimu  6yksamu (Div, Curl).

Banannpie mectb ¢ynxuud EC 1 HO He 4BASIOTCH HE3ABHCHMBIMH,
4 NOMKIBL yAOBIETBODATH JBYM COOTHOLICHHAM, KOTOpPLIE Mbi CeMuic
BliBeAeM.

Vuuoxass ypasuenus (3.07) u (3.09) ckaispo Ha grad f 11 mOab3ysicL
ypasHenusmu Makcseana (3.01), noJayuum

(grad f - Curl E%) = —}C—(gradf . 0(;:), 3.10)

(grad f - Curl HO) = (grad - -;> (3.11)

C ipyrofl croponnt, B aeshx uacTax ToxaecT® (3.08) u (3.06) nepsuic
wienn B cuay vpasuenn# Makcseaia paBHbl HY[O, a BTOPhC WIeHLI
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cOBMaAalT C npaBeiMv uacTamu (3.10) w (3.11). TlostoMy Mb! Cyaem
HMeTh
Div HO+(grad f - Curl E®) = 0, 3.12)
Div E® — (grad f - Curl H%) = 0. (3.13)

TakoBel yca0Bus, HanaraeMble Ha 3ajanHele ¢ynkiuuu EO, HO. B cayuae
f = const Mbl uMeeM OObIUHbIe Haua/bHble AaHHble, W TOTAZ 3TH yCJOBHS
CBOAATCA K OYEBHAHOMY TpeOOBaHMIO, 4TOObl ¥ B Haya/JbHEI MOMEHT
6ri0 divE =0, divH = 0.

[Moab3ysick ypaBuenuaMu MakcBenna, Mbl MOXEM HAMHCATH YpaBHEHuUs
(3.07) u (3.09) B Bue

%E— -} [gradfx %?] = ¢ Curl H?, (3.14)
_%«[—[gradfx%—ﬂ:cCur] EO°. (3.15)

VMHOMas 9T ypaBHeHus BeKTOpHaJbHO na grad f u mosb3ysack BeiBedci-
IbIMH paHee COOTHOLIGHMAMHM, Mbl MOXeM Npeo0pasoBaTh HMX K BUAY

(1 — (grad f)Q)%—]f — E°— (grad f - E%grad f— [grad f % H[:  (3.16)
(1 —(grad f?) 00 = 10— (grad f - HY) grad /4 [grad f X EOL.  (3.17)
311ec1> Mbl MOJOXHWIY A5 KPAaTKOCTH

E° = cCuri H% HO= — ¢ Curl E°. (3.18)

B npapbx uactax ypasheHu#t (3.16) u (3.17) croar usBecTHble (Y-
unM. DTH YP4ABHEHHS MOTYT OKiTh pellleHs! OTHOCHTE/IbHO MPOU3BOJAHLIX
MO BpeMeHH, ecAM KO(PuuMenT npu nmx, T. e. Beauuuua | — (grad f)?,
e pasen Hymo. Ho B TakoMm cayuae ¢opmyubi, aHagoruunsie (3.05),
JAIOT M JIIS BCEX OCTaJbHHX liePBHIX MPOM3BOJHKX OT MOJS KOHEUHHE
aHauemus, 4 CJaenoBaTeNLHO, camoe moJc GyneT wa nosepxuocTH (3.02)
nenpepuBubiM.  YTOOR Tam Orat BOSMOXKEH pPa3pbiB, HeOOXOAMMO 0Gpa-
ILEHHE B HY/b KOS(MQHUUMEHTAa NPH NPOU3BOAHKX MO BPEMCHH. DTO Tpu-

BOJHT K YC/OBHIO
(grad f)* =1, 3.19)

NPH BLINOJHEHWH KOTOPOTO AaHHASA MOBEPXHOCTh Oyaer XapaKTepucThue-
ckoit. Ecam Mpl OyneM MucCaTbh YpaBHeHHWe MOBEPXHOCTH, HE pewlas ero
OTHOCHTEJLHO £, 4 B BUJAE

w(x, v, 2, )=0, (3.20)
T0 ypasnenuc Xxapakrepuctuk (3.19) npuMeT Bui

I /duy? 2 .
- (0‘() —(grad w)* = 0. .21)
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TakuM 00pasoM, pacmpocTpaHeHHe (POHTA INEKTPOMATHHTHOM BOJHM

ojuMHsieTca ypaBHennio (3.21).
B uacTtrocTH, ypasuenuio (3.19) uam (3.21) ynosaeTBopsioT dynkimu

t= Lev byt @b pdp=1) (3.22)
=ty TV E— %l FO— P TG —2h  (3.23)

| leppast ~— gaer IMJIOCKYI0, a BTOpas — CHepUuecKyio BOJHY.

§ 4. YpaBuenusa aas ayueit

YpasHenre pacnpocTpaHedus (pOHTa BOJHBI MOXET OHlT HANHCAHO
B BUAE

dw CETECEECE
737+c1/%+m;+m;:0. (4.01)

(/18 ollpele/eHHOCTH Mb! BhIOpaJH mepel kKopHeMm 3uak maoc.) OHo umeer
1or Xe BHJ, Kak ypapuenue I'aMuibTOHa — JIKOOM B MeXaHHKe, NMpHUYEM ®
urpaeT poab ¢yHkuud neficTBud S, 4 MPOMSBOAHLIE ®,, ®,, ®,— POJb
~MOMEHTOB® P, Py, pP,. ['aMHILTOHOBOH (YHKIMH 31eChb COOTBETCTBYET
BHPAXKEHHE

H:cvmi+mi+wg. (4.02)

TpaexTopusam GyayT 34ech COOTBETCTBOBAThL JIyuH. YPaBHEHHs s JyueH
OynyT adanoruunbl ypaBuenusM amuabToHa. OnM HanuwyTCs

%;—C:%{i:c—-——(—”%——; HOT. I (4.03)
R4 Vw.;;'[_wg-/'[_")z

dogy oH

_W___g}__o U T I (4.04)

Vpapuenus (4.04) noKasbBalOT, UTO BEIMUMBH © . ©, ®, BAOAb 1yud
MOCTOAHHB! (OHM MOTYT, KOHEUHO, MEHSThCH OT JAyua Kk 1ydy). Omcions
Cleiyer, uTO Jyun OyAyT NpAMBIMH

x—x0:c~~_——;_——-_:3(l-—~to) urT. n. (4~05)

IIpy usMeHeHuH 3HaKa ® (3 BHAUNT U ®,, O, ©,) HAlPABJICHUE Jyua
MCHAeTCs Ha NPOTHBOMOJAOXKHOE; 3HAK ® J0JKeH ObiTh BbIOpaH B COOT-
BCTCTBHM C 3aJaHHBIM HanpasienveM (OpUeHTalluel) ayua.

Beskass BoaHOBass MOBEPXHOCTb MOXKET pacCMaTPHBAaThCHA, KaK 0Gpa-
30RAHHAA M3 TOYEK, JBWKYUIMXCS CO CKOPOCTBIO CBeTa mo JaydaM (4,05).

JTO paeT BO3MOKHOCTH MOCTPOMTH  BOJHOBVIO MOBEPXHOC b AJIA MO-
MeHra BpeMeHW f, KOrla W3BeCTEH € BHL 19 MOMEHTA RBpEMeHH f.
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[Tycrs ypasHeHHe BOIHOBON MOBEPXHOCTH /I MOMEHTA BPEMEHHU [ HMeeT BHJL
00 (Xg, Voo 29) =0, (4.06)

TAC X, Vo, 2o — TeKytilMe KOOPAHHATBI HA TMOBEPXHOCTH. 3Has ypasHeHue
HOBEPXHOCTH, Mbl MOXEM BBIUMCJHTb BEJHUHHbI

(,')0

£ '
O((XO, Yo zo): ﬁ“:) u T. 1., (f.()7)
Vol o wf /0
'z y T P2
nprueM 3HAK INpaBbIX 4YacTel ompele’seTcs 3 3aNAaHHOrO Hampasietus
pacnpocypaHenys BOJHbL. YpaBHenHe Jayua, MPOXOAAULEro 4epe3 TOUKY
Xg» Mg Z¢ HAUAJbHOM BOJHOBOM NOBEPXHOCTH, HATHILETCH

X — Xy =ca(t—1t), ‘I
Y n =@ C—t), @ FHr=0D (4.08)
J

Beauuuns x, y, 2 AaAyT nOJOXKEHWe TOUKHM, B KOTOPYiO NMepefaer 1Toura
Xg Vo 29 K MOMeHTy Bpemenu f. Ilpunapasi BeJIHUHHAM X,, Vo, 2, BCe-
BO3MOXKHbie 3HAueHwus, CBA3aHHHE COOTHoweHueM w0 =10, Mb mojyuus
u3 (4.08) Bce TOukM, JaeXauiwe Ha BOJHOBOM MOBEPXHOCTH B MOMEHT
BpeMeRu £.
Ecau mbi peunm ypasHenus (4.08) OTHOCHTENBHO Xg Yo, 2y M HO-
CTaruM (QYHKIHK
Xog=Xg(x%, ¥, 2, t—1) v T. I, (4.09)

B yPaBHEGHHE BOJHOBOH MOBepxXHOCTH w0 =10, MB 101y4HM COOTHOLIEHHE
o(x, v, 2, t—1t)=0, (4.10)

T. €. ABHYIO (QOpMy VpaBHeHus BOJHOBOH MOBEPXHOCTH /19 MOMENTA
spemenu f. OueBuiHO, uTo mpu = {; Oyner X, =X, Y, =V, 3, =2, H
ypasHenue (4.10) npusenercs k (4.06), T. e. k 3a1anHoOMy VpaBHennw 11d-
4a/bHON BOJIHOBO} MOBEPXHOCTH.

M3 ypaBuenu#t ayua (4.05) mo.ayuacres CoOTHOUICIHE

=) — (v — Xl (v )1 (2 — 2l ==0, (L1])

CBHASMBAIOMWEE KOODAHBATH RAuaAbliON M KOHEYUOH 7ToHeK Ha  Kakinu
ayae. YpapHenuce (4.11) mpexpcrasaser ypaBueide 11apa ¢ UeHIpoM
B TOMKC Xy, Vg» 29 U € pajguycoM R == c(f—1)), pacryiium nponopuHo-
naapno spemetn. OHO, TaK ke Kak ¥ ucXoioe ypasuenne (3.21), Blipa-
Ader MOCTOSAHCTBO CKOPOCTH PAacHPOCTPAHEHUs CBetd.

Jas GeckoHeuno OAM3KHX Touex cooTHoweHue (4.11) upunumacr Bufd

2 de?—(dx®+dy* L dz2?) = 0. 4.12)
B rtakoil ¢opMe o010 BbiTeKaeT HEROCPEACTBEHHO u3 ypaBHeHuit [a-
MwibToHa (4.03).

Bouee moapoGuoe uaioKeHne MateMaTuiecKol Teopuu XapaKrepuCTHK
MOJKHO Halirn, uampmMep, B wypce akax. B. . Cwmupuosa (r. 1V).
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§ Dl HHEPIIMAILHEIE CHCTEMH OTCUYETA

§ 5. HHepuuasbHble CHCTEMB OTCuera

B § 2 MH BbisICHMAW, 4TO TAKOE CHCTEMA OTCYETd, M MOLUEPKHY.H,
gTo OHA CBA3alia € HEKOTOpPLIM 0asucoM, cHaOXeHHLM MacmTabamu u
acaMu; 3TOT 0azuc MOMHO Ipy0o MNpeincTaBuTh cede B BHIEe HEKOTOPOH
pa:monoxaunormoﬁ crauuuu. Bo Beakom cayuae, ,0a3uc“ cocTouT u3
J1eKOTOPBLIX MATEpHaAbLHLIX Tel, KOTOpPLe KAaK-TO PACHOJOXKEHL ¥ OpPHEH-
11iPOBaHLl B MPOCTPAHCTBE M KAK-TO ABMKYTCS.

Besakoe saBleHne, B YACTHOCTH SIBAGHME PACMPOCTPAHCHMA CBETA M
ABWKCHME MaTepuajbHbIX Tes, OMUCLBAETCS B ONpelde/CHHONH cucTeme
orcueTa, T. €. MO OTHOWIeHHI0 K onpeneleHsoMy Gasucy. Hanpumep,
3151 OMUCAHUA ABIKEHUA IIAHET MPHMCHACTCA IeJuOUEHTPUYecKas cucTema
orcyeTa C HayaJoM KOOpAMHAT (MECTOMOJOXKEeHue BooOpaxaemoro Gasuca)
p neHrpe uHepuun COJHEUHOM CHCTeMB M C OCAMHM KOOpAMHAT, Hampa-
BJICHHBIMH 118 TPH HEMOABIIKHbLIE 3Be3dbl (OpHEHTHPOBKA 6asHca).

B pasauuubix cucTeMax OTcueTa MareMaTuuyeckas ¢opMa 3aKOHOB
npuponL OyaeT, BooGuie ropops. pasauuHo#t. Tak, uwampumep, npu omnu-
canuu IBIWKEHus TEA OTHOCHTENbHO 3eMAX MOXK{O MOJb30BATLCA  Kak
crcTeMOR OTcdera ¢ OCAMM, OPHEHTHPOBAHHBLIMHM 1A TP HEMOIBIDKHLIE
3Be3Ab{, TaK ¥ CHCTEMOH c Ocsimi, CKPelieHHbiMu ¢ 3emicH; B mocaen-
M Cay4yae HEOOXOILMMO BBECTH B YPABHECHHMS ABIKEHUS TAaKKE M CHIN
NopuoJauca.

CyulecTBYIOT CHCTEMBI OTCUETa, B KOTOPHX 3aKOHDI JBHMCHUS HMEOT
0cO0eHHO NpOCTON BHA H KOTOpLE OJuke BCEro cOOTBETCTBYIOT (B 113-
BECTHOM cMbic/Ie) mpupone. Mbl umeeM B BHAY HHEPIMAJLHBIE CHCTEMb
orcyeTa, B KOTOPHX Tea0 MNpu OTCYTCTBHM ACHCTBYIOMIMX HA HErO Cull
JBWKETCS NPAMOJMHEHHO M pasdoMepHo. (3lech BO3HMKAET BONPOC, Kak
vOenuThCsd B OTCYTCTBHM Cui, NeHCTBYIOIMX Ha Telo; Mul OyaeM CUMTaTh,
UTO CuJlbl, OTCYTCTBYIOT, €CJAM BCE Tesd, OT KOTOPLIX OHH MOIYT HCXONUThH,
JOCTATOYHO YAadeHs OT jnanuoro Teaa.) C oueHs GOMALIION TOYHOCTHIO
HHepUua/pilof ABAseTcs TefHolenTpHuecKas cucTeMa oTcueTa. B uHep-
fiansHOM cucreMe Mol OyJsieM MOYTH BCeraa MoJb30BaThCsl JEKapTOBHMU
KOOPIMHATAMM, TaK KaK B 1{HX 33KOHLI GRKJIMIOBOH reoMeTpuu, a TAKKe
3aKOHLI MeXaHuku (B uacTHOCTH MPAMOAMHCHIIOCTL M PaBHOMEPHOCTL JIBH-
HEHUs Te4d, He MOABEPMXKEUHOro AefcTBHI0 cu) GopMyaupyloTcs naundodce
Lpocro. Camoe ke MONATHC HHCPUMAJALHOM cHCTEMBl NOMYCKAET, KOHEUHO,
HepeXxoi K 1ofeiM apyruM (KpuaronuHeHnniM) KoopauHaTaM, NpuaueM, ecil
({hopMy bl Mepexona He Co/jepraT SABHO BpPEMEUM, TO MOXHO CUHTaTh, uro
1IcPBOHAYaJbHbie M NPeoOPA3ORAHHLIE KOOPAMHATHL OTHOCATCS K OXHOH H
TOW ke wuHepuuaibHOH cucTeMe.

B nopeasrusucTcko#t ¢uduke MOHNTHE nHEpUHABLHOM CcuCTeMb! CBf-
81LIBAJOCH TOJLKO C 3aKOHaMH MeXadHukn. Met Buieau, OJHaKO, 4TO
B ompene/ieHnH NoHATHHA, OTHOCAUIMXCS K NPOCTPAIICTBY M BPEMEHH,
(bYHIAMEHTAMLHYI0 POAL UTPAIOT 3aKOHL! pacnpocrTpanerus ceera. [loaromy
0)aee mpaBuinio OyieT CBA3MBATL NMOHSTHE HHEDIHAILHON CrCTeML 1C
TOJABKO € 3aKOHAMK MCXAHMKH, HO ¥ C 3aKOHAMM PAacnpOCTPaHeHus CBETA.



26 TEOPHA OTHOCHTE/JBLHOCTH [ra. 1

O6riunas dopma ypashenntt MaxcBendna OTHOCUTCA K KAKOM-TO mHep-
umaibHO# cucreMe orcuera. CaMo coGofl pasymeercs (M 3TO Bcerja
NpEeanoaaraioch, naxe u A0 TEOpuHM OTHOCHTEAbHOCTH), YTO CYLIECTBYET
0 KpaHe# Mepe oana cucTeMa OTcyeTa, KOTOpas ABIAETCS HMHEPLHaJlbHON
B CMbic/ie MeXaHMKH M B KOTOPOM B TO e BpeMs CHPaBEJIuBL ypPaB-
venuss MakcBena. K sTo#t umepumanbHO# cucTeMe OTHOCHTCS M 33KOH
pacnpocrpaHenuss (ppoHTa 3ACKTPOMarHuTHOH BOJHBL B (popMe

5
(= R R | RO
c2 \ ot 0x dy .02

CucreMy orcueTa, B KOTOPOH 3aKOH pacmpocTpaHeHns (QPOHTa 3JEKTpo-

MarduTHOH BoOJaHb uMeeT Bui (5.01), MOXHO Ha3BaTh  HHEPLHAILHOH

B 3JEKTPOMarHuTHOM cMbicJe. [1pocTo uHepUnaabHOH cuCTEMON Mbl OyieM

11a3bIBaTh CHUCTEMY OTCYETa, WMHEPUHMA/JbHYI0 KaK B MEXaHMUECKOM, TaK u

B 3JEKTPOMArHUTHOM CMBiCJe.

Takum o0pa3oM, uHepUHMaJbHAas CuCTEMa OTCYETa, MO MPHHATOMY 31eCh
Olipe/le/IeHnI0, XapaKTepu3yeTcs CJACAYIOLUIMMHA ABYMsi CBOMCTBAMu:

1. B wuHepumaibHOM cucTeMe TeNO NP OTCYTCTBMH CHJA JBHXKCTCH
HPAMONMHENHO ¥ PABHOMEPHO (MHEPUMAJBHOCTL B OOLIYHOM MeXaHHYeCKOM
CMBiCIE).

2. B usepuumaibHOH cucTeMe YypaBHeHHe PpaACHpOCTpaHeHns ¢poHTa
9JeKTPOMaruuTHOH BOJHL! uMeeT Bul (D.01) (MHepLUHaIbHOCTL B OTHOMIEHHH
noJs).

Mbi ropopuiu 31ech O 3aKOHE pacnpocTpaHeHus QPOHTA IdAeKmpo-
MU2HUMHKOG BOJHB M, TeM CaMbiM, KakK Obl OTAaBaJu MPeaNOuTEHHE
3JeKTPOMarHuTHOMY MOJI0 Mepej APYTUMH MOASMHu. IJTO MNpPEANOUYTEHuE,
OJIHAKO, TOJBbKO Kaxyuleecd. Ha camoM nene, npeneabHas CKOpPOCTb
pacnpocTpaHenuss moJell moOo# npupoan n0MKHA ObiTh OAHOH u TOH
e, B culy yero ypasuenue (5.01) uMeeT yHuBepca/bHbM XapakTep. JTOT
Bompoc OyiaeT noapoCHee OCBelleH B c/lenywolleM naparpade.

§ 6. OcHOBHBIE NOJOKEHHS TEOPHH OTHOCHTEJNLHOCTH

(QCHOBHON MOCTYIAT TCOPHH OTHOCHTEIHLHOCTH (HA3BIBAEMBIM TAKXKe IPUH -
LLUIIOM OTHOCHTEJIBLHOCTH) yTBEPXKNaeT He3aRUCHMMOCTh fB.JEHHH OT HEyCKO-
PEHHOTO IBWKEHus 3AMKHYTOHM CHCTEMBI, BHYTPH KOTOPOR OHM MPOUCXOJAT.

[MonuitaeMcs YTOUHHTL COlepXKaHue STOTO MOCTyJaTa *).

IycTp uMeeTcd 3aMKHYTad CucTeMa MAaTePuaibHLIX TeJ, BHYTPH KOTO-
poll MpOMCXOAAT Pasz/JIM4YHOTO pojad NPOUECCH (MeXaHuuecKue, 3JEKTpO-
MarauTHhie u JioObe npyrue). Bynem onuceiBaTe cocTosHne ITOH CHCTEMBI
Teq (BK/AIOYad BXOIALIME B HEE MOJA 3JICKTPOMarHuTHOW u Apyro# mpu-
pPOAb) MO OTHOWICHMI0O K TOH wuiau umHON cucTeMe OTcuera (K TOMY H.IH
vHOMY ,Gaszucy“ B cMuicae § 2). PaccmorpuM aBa 0asuca **). [lycrs

*} Cm. JI. M. Maunnenrwram [9].
*%#) Urobpr He myTaTb ,CHCTEMY Tel“ ¢ ,CHCTCMOl OTCUeTa“, Mpl GyaeM 31ech
BMECTO ,CHCTEMbBL OTCHeTa" FOBOPHTH Basuce.
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jepsbift MPEACTABISCT MHEPUMAbHYIO CHCTEMy OTCHYETa, a BTOPOH IBu-
JceTCsi OTHOCHTELHO MEPBOTO MPSMOJMHENHO u PaBHOMEPHO. Puxcupyem
[1u41bHOE COCTOSIHME CHCTEMBI MO OTHOWICHHMIO K MepBoMy 0asucy (moa
¢10BUM ,HAUAJIBHOE® MBI pasyMeeM 31echb ,OTHOCALLeeCT K HAYaAbHOMY
JOMCHTY BPEMEHH TIO yacaMm AaHHoro Gasuca“). BooGpasum ceGe tenepb
propoft IKBEMINAD Hallell cucTeMb! TeJs, HaYalbHOE COCTOSHUE KOTOPOLO
110 OTUOLIEHHIO KO BTOPOMY 0asucy B TOUHOCTH TaKo€ XKe, KaK HavaJbHoe
cocTOsHME TEPBOTO 3K3EMIApPa CHCTEMbl MO OTHOLICHHIO K MepBoMy Oa-
aucy. (C10BO ,HauanbHOE® MOHMMAETCH KaXAbilt Pas B COOTBETCTBYIOLIEM
cubic1e.) Toraa MoxsHO nocTaBuTb BOMPOC O CPaBHeHuM JajbHeHuiero
xola TPOLECCOB B NMEPBOM 3K3EMILIApPE CHCTEMbl 0 OTHOIIEHHIO K Mep-
poMy 0a3uCy ¢ XOAOM IMpPOLECCOB BO BTOPOM 9K3eMILIApE CuCTeMbi MO
OTHOIIEHHIO KO BTOpOMYy Gasucy.

[TpuHLHI OTHOCHTEABHOCTH YTBEPXKAAET, UTO B 00OMX cayyasX INpo-
jlecehl OYAYT MATH COBEPLICHHO OAMHAKOBLIM 00pas3oM (MOCKOJBLKY OHH
poo0dule ATepMuHHPOBaHbl). Ecau npolecc B MepBOM 3K3EMILISAPE CHCTEMBI
ONMCLIBAETCS MOCPEACTBOM HEKOTOPHX (yHKUuH OT KOOPAMHAT u Bpe-
Mot mepBoro 6asuca, TO Mpollecc BO BTOPoH cucrTeMe Oyaer ONHUCHI-
BATLCA MOCPEACTBOM mexX dice camblx QOYRKYu OT KOOPAHHAT U BPEMEHU
proporo 0Gasuca.

Menee TOuHO, HO 0o0Jiee HarJg4HO, MOXHO CKasaTb, UTO pPaBHOMEPHOE
U RPAMOAUHETIHOe 0BUIICEHUE MQAMEPUAALHOL CUCMeMbl KAK U§ea020 He
BAUSAEM HQ X00 RpOoUeccos, NPOUCXO0AUUX BHYMPUE CUCMEMbL.

Muorue 3aKoHb: NPUPOABI, YNPABJAAOUIMEC XOAOM Pa3IuUHBIX (Puauue-
CKuX MpOoLeccoB, GOpMyIupyI0Tcs Npu NOMOWH AuddepedunanbHiLiX ypas-
Heund, BUA KOTOPHIX HE 3aBUCMT OT HAYaJbHOTO CCCTOSHUS CHUCTEMBI;
HauaJbHble YCJOBMS MNPUCOCAMHAIOTCS K HuM JONOJHHTENLHO. TakoBhi,
IINPpUMEpP, YpaBHeHus ABHXKEHHS MeXaHMKH, YDPABHEHMS 3JIEKTPOMarCHuT-
HOPO TMOJS M CB3aHHOC C HMMH YPaBICGHMC PACHPOCTPaHEHus (PpOHTa
9. 1cKTPOMarduTHOR BOJHbI. M3 MpuHLMIa OTHOCHTE/IBHOCTH BLITEKAeT, YTO
vareMaTuyeckas @opMa TaKuX B3daKOHOB A0/MkHA OuThb OAHHAKOBA Kak
I MCXOAHOM pHepuuasbHOHW cucreMe oTcdera, rtak u B JoOO# Apyro#,
tspKyltefics OTHOCHTEIBNIO Hee PaBHOMEPHO u MpsiMoauHeino. Ilpunomu-
45 Hawe oupejlejeHne MHEPUHaALION CHCTeMbl OTCYETa (MHEPIMAAbHOCTH
I MeXaHHUeCKOM CMbIC/JE M B OTHOLWIGHHH 110J1), MOXKHO BHIBECTH OTCIOAH
Ciellyiolee BaxkHoe 3aK/iouenue. Ecau 0ana uxepyuassHas cucmema om-
(iema, mo 8CAKASL OPY2QSL CUCTEMA OMCHEMQ, KOMOPAs OBUINCEMCS OMHO-
(UMEALHO Hee NPAMOAUREEHO U PABHOMEPHO, CAMA ABASLEMCA UHEPLUALD-
110, JTO NONOKEHHE NOCAYIKUT OCHOBOU 1/ BEIBOAA DOPMY.I, CBA3BIBAIOLLHX
KOOPAMHATH W BPeMS B ABYX HCYCKOPEHHO ABMXKYLIUXCA CHCTEMax OTcuera,

[lpuHuun OTHOCHMTE/JBHOCTH NOATBEPXKAaeTCcs Bcell COBOKYMHOCTBIO
Haiux 3HaHuft o mpupode. B oGaacTH MexaHHMKH OH OblJl M3BECTEH yxKe
114 BHO (IPHH LM OTHOCUTE/IBHOCTH ["asnies). 3acayroo Jfigmrelina asageTcs
P4CTIPOCTPaHEHHE €r0 Ha BCE fABJCHHS (B MEPBYI0 OUEPEAb HA IJIEKTPO-
SUPHATHBIE) M BHBOA M3 1iel'o  CAGACTBMH, OTHOCSWUXCA K IIPUPOJE H
BIAHMHOM CBSI3H DIPOCTPANCTBA M BPEMEHH.
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Teopuss OTHOCHTEJLHOCTH MOXeT OBITh IOCTPOCHA HA OCHOBE UBYX
NOCTY/4TOB: NPHHIMIA OTHOCHTEIbHOCTH M NMPUHUKIA HEC3ABHCHUMOCTH CKO-
poCcTH CBETa OT CKOPOCTH MCTOYHMKA. BTOpOR M3 STHX NPUHUHMIOB YUTEH
HaMH C CaMOro Havaja, TaK KaK Mbl MOJOXH/IM B OCHOBY HALIETO MO-
CTPOEHusl TCOPHUH 3aKOH pacrnpocTpasHeHds (GPOHTA 3JEKTPOMAarHUTHOH
BoaHbl, Hesapicumocrs CKOpPOCTu cBera OT CKOPOCTH MCTOUHHKA Hemo-
CPEICTBEHHO BBLITEKAET M3 ITOTO 3aKOHA.

3nech yMecTHo 1aTb 0GoOUIEHHOE TOJKOBaHHE 3aKOHY PachpocTpaHe-
U HPOHTA BOMHBL M POPMYAMPOBATHL ciejyioulee oblIce MOJAOKEHHE.

Cyujecm8yem npedessHas CKOPOCMs pacnpocm poKernus 8CAK020 pooa
dedcmeuti. Ima cKOpOCMbL HUCACHHO PABHA CKOPOCMU CGema 6 C60-
6odnom npocmparcmaee.

3HaueHHe 5TOr0 NPUHUMIA CBY3AHO C TEM, UTO B OMPENECACHHH MOHS-
Tufl, OTHOCALIMXCA K NMPOCTPaHCTBY M BPCMCHH, (PYHIAMEHTAIALHYID DPO/IbL
urpaeT Mmepejaya CuTHAJI0B C MpejedbHofl ckopocThio. Ha cyuiecrpona-
UM TAKuX CUTHAJIOB OCHOBAHO caMoe MOHATHE ONPENENEHHON CHCTEMbi
0TCYCTd, KOTOPAss CJAYXKHUT Jjiil ONHCaHus gBJeHuH B MPOCTPAHCTBE u Bpe-
mMenu. B § 2 Mb paccMartpuBaIm ciocoOst Ompelenenus MONOKEHHS TEJ
B MPOCTPAHCTBE, OCHOBAHHKIE HA MPUMEHEHHH CBETOBLIX U BOOGHLIE 3JEKTPO-
MarouTHbLiX CcurHa10B. B npunuume Boswoxia, OLHaKo, Mepenaya Curua-
JOB He TO1bKO NPH MOMOUM 3JAEKTPOMaCHUTHLIX BOJH, HO u NPH MOMOHIH
BO.IH 1pyroH mpupoabi. Mowxuo, nampuMep, npencrasuTb cebe mepepauy
CuTHAJOB MPH MOMOLWM MNPEAE]bHO OHCTPBIX YaCTHLlL ¥ COOTBETCTBYIOiIMX
MM B CMBIC.1€ KBaHTOBOM MexaHmKu BOJIH MaTepuu. MbicauMO TakiKe (XOTs1
NpaKTHYECKH H HEOCYUW.ECTBUMO) MCNO/IL30BAHHE TPABHTAIMOHHBIX BO.TH,
CVILECTBOBAaHNC KOTOPbIX BHITEKAeT u3 TeOpu4 Tarorenus IUninTelna
(cot. § 90). He nckiouero otkpuitue Kakux-1u60 HOBbIX NMoJjell, CMOCOOHBIX
nepeaaBats Ccurtaibi. [103TOMY BO3HMKAET BOMPOC: ABAAETCA Au  MOHS-
THE O CHCTEME OTCYeTa, OCHOBAZHHOE HA HCHOJIL30BAHHH OJIHHMX TOJLKO
CBETOBMX CHUTHAJI0B, 10CTaTOUHO ofuimM? Benb ecau Ob cyimiecrnoBaiu
curuanbl, uaywme ¢ Oogblicfi CKOPOCTHIO, HIH NaKE MIHOBCHHLE CHI-
Halbi, TO MOHATHE O CHCTCME CGTCYETa, OCHOBAHHOE HA 3aKOHAX [pacnpo-
crpauciis CBeTa, He OTpamaio O B LOMKHON scpe chONCTB IMpocrpall-
CTBA M BpeMenu, a fABJAsjioch Ohi, camoe 60oabHIee, O1HMM H3 BO3SMOKILIX.

dopMyauposantibit  Belmie 1PHHLUAN, YTBEPHAAONAR CYUIECTROBAHNE
ofulero mpeneaa Js CKOpPOCTH Hepe1aud KakuX Onl TO HM OblA0 Jefi-
CrBUll M CUI'HATOB, MPUIAET CKOPOCTH CBeTa VHURBEPCAablOC BHAUCHHE,
e CBA3aHHOE C YaCTHBIMH CBOHCTBaMHM dTeHTa, Hepelaipuiero Curnai,
a oTpaxaimouiee HeKOTOPOe 06beKTHBHOE CBOMCTBO MPOCTPAHCTRA M Bpe-
MEHHu.

I10T NPUHLUUIN HAXOIMTCA B JOTMYECKOM CBA3M C MPHHUMIIOM OTHO-
cureabHocTu. B cavom nene, ecaum Obi HE CYU1ECTBOBAJIO eIuHOH mpe-
IleabHOR CKOPOCTH, 4 pasauuiibie arentw (HampuMep, CBET u TATOTEHHE)
pacupocTpaHaanch Obl B MYCTOTE C PA3AMUHBIMH CKOPOCTHMH, TO HpPHH-
I oTHOCKHTEABHOCTH Obl1 Obl Hapyuwed Ho xpalinefi Mepe mo orHome-
HHIO K OANOMY M3 3THX alreHton.
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AMaTeMatHueCKH NPUHILMI CYlecTBoBanHs o0ielt npeeibHOM CKopocTh
quieT? OBTh YTOUYHEH CJAENYIOUHM 00pa3oM.

Ypasnenue pacnpocmparerus, @GpoHma 804K  A10004 npupods,
poyigel ¢ npedeavHoll CKOpocmsio u CROCQOHOI nepedasamsy cuzHaa,
coRnadaent ¢ YPaBHeHuew PACILPOCHPAHeRUS BPOHING CBEeMOBOI BOAHLL
g (80000HOM RPOCMparncmee.

Takum 00pasod, ypaBHeHue

2%
N oo

npioOperaer obiuA xapakrep; ono ABasgeTca GoJaee OGIMM, UeM ypap-
nenng  MakcBesia, W3 KOTOPBIX OHO HaMM BbiBeAeHO. lla ocnosanun
yOALKO YTO (DOPMY/JMPOBAHHOTO [NPHHLMIA CYLIECTBOBAitus oOuie# npe-
A0 ILHOR CKOPOCTH MOXHO YTBEpXk1aThb caeiaywoowee. Hubdepeiunaintvie
ypaBsenus 118 m1060oro nofs, CnocoOROro nepefaBaTh CHIHAM, JO.KHLE
OuTh TaKOBbl, UTOOBI COOTBETCIBYIOUIME YDPaBHEHHS XapaKTECPHCTHK Co-
B 1AMH € YPAPHEHWEM XAapaKTepHCTHK AJS CBETOBOH BOJHBL ),

Kak wmpt yBuauM B riaBax V—VII, yaanune IpaBuTaLHOHHOTO MOJS 1e-
¢KO.1bKO M3MECHSET BHI VPABHCHWA XAPaKTEPUCTHK, ¥ OHO OYNET HECKOJBKO
oranyaThest or (6.01). Ho u Torna 0aHo u TO e ypaBHEHHE XapaKTEPHCTHK
€T 3aKOH DACnpoCTpaHeHud ¢poHTa BOJH 11I000H NPHPOMBI, HIYUIHX
¢ npeleanrHolt CKOpOCTBIO, B TOM 4MCJ€ CBETOBBIX M TPaBHTALMMOHHBIX.

Ypasuenne (6.01) noaokeHo wamu (Hapsaly C NPAMOJIMHEHHOCTBIO W
PABHOMEDHOCTBIO JBW)KEHUSI TCJIa B OTCYTCTBHHM CHMJ) B OCHOBY oMpeje-
JCU¥S HHEPUHAJNbHON CHCTEMBI OTCYera.

$opMyTMpoBaHHDL BbILE NPHHLKI, YTBEPXAAOWHHA yHuBEpCamHOCTH
“T0r0  ypaBHCHWS, [OKA3biBACT, YTO TaKOC OMNPEACICHHC HHEPUHAAbIOH
CHCTEMb! OTCleTa AeHCTBUTEbHO 11e1ec000pasHo.

§ 7. MlpeoGpazoBanue ['anuies 4 neo0XOAUMOCTH ero oboGuienns

ITycTb 0OHO M TO € ABJICHHE ONHMCLIBAETCA B JABYX CHCTEMAX OTCHera,
I3 KOTOPHX OJHA $SBIACTCA HHEPLUMAILHOU, a 1pyras IBHKETCA OTHOCH-
Te/ILHO HEE DABHOMEPHO M NPAMOJIMHEHHO (COTJIACHO NPHHUMOY OTHOCH-
1CIAbHOCTH oHa cama OyneT uuHepuwuaiabhoft). Boswukaer Bonpoc o nepe-
CYeTe OT ONUCARMS fAB/ICHMs B OAHON CHCTEME OTCYCTA K ONMUCAHHIO TOTO Xe
siprenust B apyro#f cucreme. B KkauecTBe TIpy0oOH HIMIOCTPAMM MOXHO
IipeacTaBuTh cebe ABe PAAHOI0KAHOHHBIE YCTaHOBKH: OJHY — Pacnoaoxeli-
1Yy10 Ha 3emje, a APYryio — Ha caMoJieTe; BONPOC COCTOMT TOria B nepe-
CueTe OT NOKasannh OJHOM yCTawOBKH K MOKa3awuaM ApYro#.

Jas Takoro ncpecyeTa HYXXHO TPEKIE BCEr0 3HATh CBA3bL MEXKLY
KoopauHaTaMM ¥ BPEMEHEM x, V¥, 2, £ B OLHOH CuCcTeME OTCYeTa M KOop-
JdiiataMu u BpeMmereM x’, ¥/, 2, ¢/ B apyro# cucreme. Crapas ¢muduka

#) Bauskas K Hameil GOPMyAHPOBKA OCHOBHLIX HOJMOMCHHH TEOPIH OTHOCH-
1CIBITOCTH, Kalk Teopit: ,abCoABTHLIX® ¢BOCTS 11pOCTPANCTBA H BPeMell, IMeeTcs
L paGorax A. [l Aaexcanjposa [?2], [*].
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HpHEMMaIa Kayg Heuro CamMoO4YEeBHIAHOC cymecrsonaime CAUHOTO MIrlp()B()l‘O
speMend £, ONMHAKOBOTO BO BCEX CHCTeMax oTcuera. [losToMy ¢ Touku
3pennst CTapol ¢usHKH HEOOXOLMMO ObIO MOAOKHTb ¢ — ¢ wau, camoe
60J1bmee, JlOrIyCTHTb H3MCHECHME HayaJa OTCYETa BpeMeHH.

Ecau paccMaTpuBaTh ABa COGBITHA, NPOKCILENIINX B MOMEHTH BpeMelu
t M T, TO NPOMEXYTOK BPEMEHM MEXAY HMMH LOJKEH Obll (C TOYKHM 3pe-
HuA CTapoll (H3HKM) MOAYYMThCA OLMHAKOBBIM BO BCEX CUCTEMax OTCYETa.
Orcona

t—r=1t —<. (7.01)
Hanee, crapas ¢uauka cuuTaja OYEBMAHBIM, UYTO JJuHA TBEPAOI'O
CTep@Hs, uaMepseMasi # ABYX CHCTEMax oOTCuerTd, JLOMKHA NONYYaThCs
olulakoBo#l. (BMecTO LaMHLI TBEPAOTO CTePXKHA MOXHO paccMaTpHBATD
paccTosHke MEX1Y ,OLHOBDPEMCHHBIMKH® MOJOXKEUHAMY IBYX TOYEK, KOTO-
pbie HeoOA3aTeIbHO CBA3AHB KeCTKOM ¢BfA3bl0.) Ecan 0603HauuTs KOOp-
JMHAThl HayaJa ¥ KOHLUA CTepwHs (MW LaHHBIX IBYX TOYEK) B OIHOH
cucTeme orcuera ueped (x, y, 2) u (¢, v, &) W B 1Apyro# cucTeMe uyepes
(x's ¥, 2) n (&, v, L), 1o, coriacuo cTapodt ¢wuzMKe, NOKHO OHTH
) ) 9
=P — P =
= =P+ =P =P (7.02)
Ws (7.01) u (7.02) oanosHaywo BHTeKaeT o0wwuH BuA NpeoGpasoBakms,
CBA3BLIBAIOLLETO KOODIWHATH W BPEMs X, ¥, 2, [ C KOODAMHATAMU W BpE-
meneM x’, y', 2/, ¢’. ATo npeobpasopanue COCTOMT M3 TEPEHOCA HAUAJA
OTCYeTa KOODJAMHAT M BDEMEHH, 43 MOBOPOTA NPOCTPAHCTBEHHHX KOOP-
JMHATHBIX OCell M u3 npeoBpasoBanus Bu1d
x' = x— V£,

I
y/ :y——l/yf, !
2 =z V,_,t, i (703)
t=t, J

rae V,, V,. V. —nocrosunbie, $pusnueckutl CMBICA KOTOPBIX NerKO HalTh:
9TO €CTh CKOPOCTh JBIKEHHA WITPUXOBAHHOH KOODAMHATHOR CuHCTeMLL
OTIOCHTEbHO HEWTPHXOBaHHOH (TOUHEE — COCTaBJAAOUIKE ITOH CKOPOCTH
B HEWITPHXOBAHHOH cucTeme).

[TpeoGpasoBatue (7.03) HOCHT HasBanue npeoOpasoBauus [anuJes.

Takum oOpasoM, cTapas ¢u3uKa YTBEp@Aaja, YTO €CJAM NaHa uuep-
nuaibHas cucTeMa orcueTa (x, V¥, 2, f), TO KOOPIHHATH! ¥ BPEMs BO
BCAKON 1pyro#l cucreme OTCueTa, ABWKYHIEHCA OTHOCHTENBHO HEe MPIMO-
JMHERHO W paBHOMEPHO, CBfA3aubi € (X, V, 2, f) npeobpazoBanuaMu [ a-
Jest (C TOYHOCTBIO 1O IEPEHOCa HayaJa ¥ MOBOPOTa ocel).

ITpeoBpasoBanue [annies yaoBaeTBOPACT NPHHLMIY OTHOCHTEIbHOCTH
B OTHOILEHHWH 3aKOHOB MCXAHWKH (Mbl MMEEM B BHIY MexaHukKy HbloToHa),
HO HE yNOBJETBOPSET CMYy B OTHOIIEHWH 34KOHOB DaclpOCTPaHEHUs CBETA.
JlefcTBHTEbHO, YPABHEHHE DAacnpOCTPaHeHus (POHTA CBETOBOM BOJHLI
Mensier B pesyapTaTe npeoGpasosauns [aanies cBod sup. Eciiu Gbi npe-
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oOpasoBaie l'annies Obiio 11PaBHILHAM (4 HPHIUMKIL OTHOCHTEILHOCTH
s obwell dopme — HEMPaBH/IBHLIM), TO CYWECTBOBaJsa Ohi TOJBKO OnHA
JHEPUHAIbHAA CHCTEMa B CMBICJAE HAILETO OMNpEeleNeHHs, U MO u3MEHEH-
joMy BHIY YDaBHEHHS DacmpoCTpauewus (pOHTa BOAHb ObiIO Obi BO3-
MOXKHO ONPELENUTh CKOPOCTb [ABHMMEHMA (1a)KE PaBHOMEDHOrO M MNPAMO-
1AHeHOr0) BCAKOM APYTo#t cHCTEMB! OTCYETA OTHOCHTENBHO 3TON €ANHCTBEH-
poft uHepUMaIbHOH cucTeMbl (, HENOABMXKHOrO 3¢dupa“). OTpuuUATENbHBIN
pe3y/IbTaT MHOTOYHC/ICHHBIX TOYHEHINNX OMNBITOB, MOCTABJCHHBIX C UEHIO
oOHapyeHusi TaKOro OTHOCHTE/bHOrO JNBMXEHHS, HE OCTaBJ/sieT COMHeHwud
B TOM, 4yTO (opMa 3aKoHa pacHpocTpaHenHs (PPOHTA BOJHLI OJHA M Ta ke
BO BCEX HEYCKODEHHLIX CHCTEMax OTCYETa ¥ 4TO, CJe10BaTeIbHO, MpHil-
M OTHOCHTEJBLHOCTH BO BCAKOM Cayyae NMPHMEHHM W K 3JEKTPOMArHMT-
LM ABJCHUAM.

OTciona chaenyeT, 4yTo mnpeoOpasoBanue [aiaunes B ofuweM cCiyuae
penpaBiibHO W AOKHO OLITh 3dMEHEHO ADYTHM.

dopMyIMpOBaHHbie B NpeiblAyunX naparpadax obume MOJOXeHHS
nalT BCE HeoOXoauMoe 179 BLIBOLA TOTO Mpeo6pasoBaHus KOOPAHHAT u
BpeMeHH, KOTOPOE JOJIKHO 3aMCHUTL C0G0H mpeoOpasoBanue [amuies.

Hawa 3anaya MoxeT ObiTh NMOCTaBieHa CJACAYIOLMM OGpa3oM.

[TycTb naHa cucTeMa OTCYCTa, MHEDUKAIbHAdA B CMBICHE HAlllero ompe-
neaesus (T. €. B MEXAHHYCCKOM M B 3JEKTPDOMAarHMTHOM CMbicae, cM. § D).
KoopaunaTet u BpeMsa B Helt 0003waumM yepes x, ¥, 2, f. llycTb nama
Lpyras cucTeMa oTcueTa (C KOODAWHaTaMu u BpeMewem x’', y', 2/, t),
KOTOpas JBHXETCA OTHOCHMTENbHO JAHHOH MHEDLHAJbHOR CHCTeMBbI MpIMO-
JuHelHo W paBHOMepHO. TpeOyeTcs HalTH CBA3b MEXLY BEJHUYHHAMM
¥, 2, ) u (x, ¥ z 0.

[Tepshift war B pewlednn TOR 3a1ayd OCYLIECTBJACTCA HA OCHOBAUWMH
NPYHLUMNE OTHOCUTEAbHOCTH. COracHO STOMY NDHHUMIY, HOBQA CUCMeEMQ
omeuema cama fgasemcs unepyuasvron. IT03TOMy 3anaya CBOAMTCH
K HAXOXJCHUIO CBA3H MEXJLYy KOODAMHATAMM H BDEMCHEM B IBYX HHep-
uHaibHbix  cucTemax. Ho 3Ta nocaepsas 3apaua yxe 4yncTO MaTeMaTH-
ueCKas: Aas peilleHusi ¢e He TpeOyeTcd HMKAKMX JadbHeMiux ¢usnueckux
fipennoaoxesuit.

Mui pasobpem peuwenne 3TOM MaTemaTwuyeCKOM 3ajauu wa 1Ba 3Tana:
CliepBa gokaxeM TMHEHHOCTH MCKOMOrO Mpeodpa3oBaHMsA, a 3aTeM Hahuem
ero KosOuuuCHTHI.

§ 8. JlokasateabcTBo aumeiinocTH npeoGpa3oBanus, CBA3HLBAOLIETO
ABe HuepUHaJbHbie CHCTEMBI

Ha nepporo ycuoBus, XapaKTEPH3YIOUIEr0 HHEPLMAAbHbIE CHCTEMLI
(ycaoBus MHEPUHAILHOCTH B MEXAHMYECKOM CMbIC/E), BbITEKaeT, YTO INpH
fepexone or oaHOM wHEpUMATLHOM CHCTEMBI K ADYTOH CBOMCTBO 1PAMO-
JMBCHHOCTH W PABHOMEDHOCTH ABWXKEHWS JOMKHO COXPAHATHCA. DTO 3mHa-
HMT, 4To ypaBHeuus

TERF vty Y=y Bt —t) 2= 2y v (t—1) (8.01)
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JWOIDKHBL MMEThL CJRJICTBHEM ypaBneiil
r_ ’ gl I [ AR I Sy Y4 AT
X=X v, 1) Y ey T Uy(t —1) ) (8.02
I o ’ 02)
2=z v (' — ).

BTopoe ycuaoBue s HHEpLMATbHLIX CHCTeM TpeOyeT, uroObi M3 ypiB-

HEHHUA

1 [0w\2 0\2 |, [(do\ dw\2

= (5 — (&) +(6) +E)] = (5.0
HMEIOILETO MECTO B HelUTpH‘\'OBa”HOH CHCTEME, BLITCKAJIO ypaBHelme

1 /0w\2 OUA?l’()oAZ_J‘OUJZ_

F(é?) —[(57) ne (a;ri) i (gg) =0 (8.04)

JUIsl IITPHXOBAHHON CHCTEMBl. 3TC BTOPOE YC/IOBHE MBI MOXCM, ONHAKO,
[lanucaTh B BHWAE, dHAJOIHYHOM I[1€pBOMY ycaoBuio. B camoM neae, us
ypaBHenuss BuAa (8.03) BeiTekaoT ypasHenus (4.08) aas aydeft, T, e.
lpsiMoIHHe fIHOe  pacnpocTpaHeHue CBeTa ¢ NOCTOSAHHOM CKOpoCThIO. 3ITO
NO/DKHO MMETh MECTO KaK B HCINTPHXOBAHHOHM, TaK H B IITPHUXOBAHHOH
cvcTeMe oTcyeTa. [TooroMy eciau Mbi AJS TOYKH MEPCCCYCHWS Jyya CBeTa
C BOJIHOBOR MOBEPXHOCTLI0 HMEEM

X =XxoF U (E—1); Y=Y, F+ vy (t— 1), 2= 2, (E—1), (8.05)

e

TO JLOBRRHO ObiTh U
R Iy . I 7ot N,
X = v (=), Vo= zry(t — ) ]l 5.0
YA -’ 7 ’ .
2 =z vl — 1), f
rie
72 72 R 8
v +fv!/ + v =
Taxum 00pasoM, BTOpOE yC.i0BHe CBOAMTCA K 100aBOYHOMY TPEOOBAHHIO
YyroOn B ypaBHEHHAX ML HPAMOAMICHHOIO ¥ DPABHOMEDHOI'O JIBHIKCHHUS

5 o 72 >
W3 U7 = ¢? BLITEKAJI0O ¥~ = ¢,
Ilaina sajsaua COCTOMT B TOM, uTOGLE HAWTH caMbiil OOLIMM BHIL QYHK I(HH

X' =f(x, ¥ 2 00, )
Vo= fy (e 2 D), '}
2= 2 1),
V=f,06 ¥ 2 b, )

TAKUX, YyT00bl M3 HANKHCAHHLIX Bbillle YpaBHenu¥ A8 HEIWTPHXOBAHHBIX
BEJMUHH BbITEKAJH dHAJ0IMYHbIC YPABHEHHS 11/isT INTPHXOBAHUHN BEIHUMH ¥).

(8.07)

#) 3agaua 9Ta paccMatpHBanach, rakme Ymosniym [4 1 Beilrem [7].
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|lpeiTe YeM MCPEHTH K pellexuio 3TOH 3azaunm Mut B8Belev JoJee
clMMeTpHiHbE 00603HayeHHs.
Mt 110, 107KHM
X=X, Y=1X5 2= x4 (8.08)
[ ppejleM BMECTO BpeMeHH NPONOPUHOHATHHYIO eMY BEIMUMHY
X, = ct, (8.09)
(pwsuqecmm CMBICT KOTOPOH eCThb NYTh, NPOXOAMMbBIA CBETOM 3a AAHHOS
BPUM.L. (Taknd 00pa3oM, B HOBHX 00O3HAUCHHAX X, YK€ He eCTb Ha-
yaanHOe 3ia4eHHE KOOpAuHaTh x). lKckoMmoe npeoOpasoBanue Mbi Ha-
fMileM B BHIE

Xi=fi(xy Xy, %3 X3y (=0, 1, 2, 3). (8.10)

Haya/jbHbie 3HAYCHHS BEIHYMH X, Xy, Xy, Xy Mbi Oylem o8603HauyaTh ye-

pe3 Zo Gy %5, %3 (M aHanoruyHo AJa WITPHXOBAHHBIX BeIuuMH). BeeneM

NPOM3BOIbHYIO [I0JI0KHTEIbHYI0 MOCTOSHHYIO o M NapaMetp s == ?% t—1t,)
TR RN

‘fi:'fo%i (i=1, 2, 38), (8.11)

TOrjAa YDABHSHHA NPAMOJMHEHHOTO DABHOMEDHOIO ABM)KEHHA HANMIIYTCSA
2= s, (8.12)

M Haige rMeppoe ycjaoBue OyLeT 3aK/ioyaThcsd B TOM. 4To0H M3 ypas-
et (3. 12) BeiTEKaNu ypaBHEHuS

X\ =% (=0, 1,2 3), (8.13)

[

e i) M, — HOBbIE TOCTOSHHbIE W ' —HOBLH napaMerp (OHH MOTYT

Obith BhipaXKeHb! 4Yepe3 .Craphie [ocae TOro, kKak Oyner nahied Bua
dyikuuit ).
Bropoe ycaoBue 3akaouaeTcs B TPpeOOBaHHH, YTOOL U3 COOTHO LIEHMS

GG+ =0 ®.19)

BLIICKA. 10 COOTHOILEHUE

2 2 ] ’2
.‘,/0_(71 +-r2 _{,_'rs ): 0. (815)

CaMo coBowo pasymeeTcs, yTO ypaBueHHs mpeobpasosanws (8.10) 10.1KHb
ObiTi, pdspeuiMMbl OTHOCHTE/JbHO CTAPbIX MHEPEMEHHbIX Xy, Xy, Xp, X

T
Has storg HYXKHO, uTOGb sakoOuan npeoOpaszoBanusi He OOpawadcs
B Hv.h:

Ha"{ﬁ“;&o. (8.16)

Tepexoany BBIBOJY YpaBHEHHHA 148 HYyHKuuh f,,

3 sax. 183, B, A, Dok
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PasyMess non x,; auueinble dyHkumd (8.12) or unapamerpa s, Mol

Gynem MMETDH
3

i N\, O (8.17)
ds o VT OX
E=0
CocraBuM NPOM3BOLHYIO
’ 4
dx, Y
7 I
iy (818)
dx, To
KOTOpast 710 YCJA0BWIO J10JKHa OuiTh 110CTONHHONR. MLl nmeen
3
Y 0fy
Zd (l‘ OX"; N
k=0 [P 5
e T2 o ZT const, (8.19)
-l R (3/'” o
ad 'E 0xh
k=0

NMpupasivBas HyMO J0rapudMUYECKYI0 MPOH3BOIAHYIO OT 3TOrO BhIpaNe-
HH MO §, TMOAYYMM

3
N O N
A;J Y"‘de,c OXI IZ Y]”I@/\’/‘-_ ax,
k, 1=0 k, I=0
7 = 5 — (8.20)
V., % N 9
PARLIY N >.d L
k=0 k=0

P 3ToM paBerCTBE apryMeHTaMM B YaCTHbiX MNPOU3BOLHHIX OT f, u f;
aBasioTca Beqvuuiibl (8.12), KOTOpHe caMu 3aBHCAT OT ¥,. [lockoasky,
oanako, BeavuuHol £; B (8.12) suBAsIcTCA NPOM3BOJMLHLIMU, Mbl MOXEM
paccmaTpuBaTbh Y; M X, KaK He3apucHmuic nepemersnie, [K Tomy ke 3a-
K/IIOYeHno Mbl MpuaeM, ecad noaoxum B (8.20) s =0 u 3aTeMm OyneM
nacath x; BMecTO ¢;]. TakuMm oOpasom, ypapuerds (8.20) n0.KHbI Bhi-
MOJMHATHCA TOMIECTBEHHO OTHOCHTEALHO Y; H X,.

Kak ¢yHkuyuu ot 7, Boipaxenus (8.20) npeincTaBadioT pauMoHajbHLIE
apo6u. OnHako HM MpH KAKMX KOHEYHHIX 3HAYCHMAX vz BCC yeThipe 3Ha-
MeHaTeld B HuX [T. e. yeTnipe Bulpawenusa (8.17) mam [=0, 1, 2, 3]
He Moryt 06paTHTLCS B HY.Ib OJHOBPEMEHHO, TaK KaK onpene1nTeIs (8.10)
BCErja OTIWYEH OT HyJad. [loaTomy Kanmas w3 Apoled Bcerja ocraercH
KOHEYHOH, Jaxe eCau 3HaMeHaTeJb B HEi oOpauwiaerca B Hyas. Ho 3To
MOKeT OHTb TOJALKO B TOM CJyyae, KOI'LAd YHCJAWTEb JPOOHM JelHTcs HHa
3naMeHaTesb, TaK u4TO (aKTuyeckd Buipaxenus (3.20) npencraBasioT
He apobH, a ueayo QyHKuno OT vz KOTOpPYi Mbi O6yAeM mucarh B BHIE

2 Z_Zow‘n- 8.21)
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TaxnM 00pa3oM, Mbi HMeeM

8 s s
02f, af;
2 LAt T T dixl =2 Eﬁso—;; sz- (8.22)
I 1=0 ’ k=0 1=0
Tak KaK 370 €CTb TOX1ECTBO OTHOCHTEBHO Y; TO Mb GyleM uMeTh
ozfi _— ofi ofi
Txnor; — Megx TV g (8.23)

Mui MPHXOMMM K ClelyioweMy BuiBoiy. [ag Toro yrofbl mpsaMoaxHeiroe
y PABHOMEPHOE IBIXCHUE MEPEXOAU/0 B MPSMOJHHEHHOE 1 PasHOMEPHOE,
neo6X0anMO, 9TOOB! dyHKUMH Npeob)a3oBanus f; YIOBJIETBOPAMU CHCTEME
ypaBHCHUH B 4ACTHBIX MPOMBBOAHMIX (8.23), rie by — HeKOTOphe (yHK-
s 0T Xg, Xy, Xpo Xg

HatineM Tenepb ycC/OBHE, KOTOPOMY MOJMKHBLI YAOBJETBOPATH (YHK-
uuK f; Aas T0ro, wroGnl M3 cooTHoulenus (8.14) Buirekano (8.15).
Beaenctsre (8.19) coorHowenue (8.15) paBHOCHIBHO CJCAYIOUIEMY:

3

3 3
() — B(Zwaw) =0 (.29

k=0 i=1 k=0
Aro ypaBHeHHE NOMKHO ObITh CJAELCTBHEM ypaBHEHUs
w— G +G+1) =0 (8.14)

Tak xax sesble yacty (8.24) n (8.14) — kBadpaTuuHble PYHKUMH OT Y;, TO
OHH 1OKHB GbITh IDYr APYTy MNpONOPUHMOHAAbHH. UTOOB 3amucaTh Bhl-
Texaowue orciola ¢opMmyasl B Golee YIOGHOM BHIE, BBeleM YETHIpe
BEJHYHHBI

eo=—=1; e, —=e,—e;=—1, (8.25)
U HamiweM (8.24) u (8:14) B BHIe
3
> eiYkYzmg)%:(), (8.26)
8,k I=0

=0. (8.27)

e

3
2 e
k=1

Monarag JeByio vacTh (8.26) nponopuuoHa/ibHOR JeBoH wacTH (8.27),
NOAY um

3
N, 0fi Ofr .
ot L — e 8.28
i 0x, 0x; k kD ( )
i=
Tle A-—mHekoTOpas (YHKUMA OT Xq Xq» Xg» Xg @ CHMBOJI Of HMeeT
0Gbiutice 3Hauenue:

=1

8, =0 mpu B+ 1 &y = L. (8.29)
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Mbl BhiBeneM u3 ycaoBus (8.28) apyroe, mo dopMe aHa’jOrHUHOE
ycaosuio (8.23).
Huddepenuupys (8.28) no x, ¥ mnoJaaras

()}
ey = om (8.30)
6yleM HMeTb
3
o%; Of; Bf; s\ __ oy,
2 € (dxk 0xy, ()xl + 0x; d;m oxm) - 2hfmek3kl' (83 1)

=0
YroGel nmoayuyuth ycioBue, aHajoruunHoe (8.23), nOaOKHM ¥)

02f; of; . ~
- Z Pkm f . i D= N (8.32)

ox 3 Ox [

u noacrasuM (8.32) B (8.31). [loabayach ypasHenuamu (8.28), Mbl 1o-
JyyuM, N0 COKpalleHuH Ha A,

elI‘km + ekrlm =2 T 1nek8kl‘ (833)

Yrobsl HatTH OTCl0Aa KOI(DdHUMEHTH I‘km, NPUCOENHHUM K YpaBHe-
umo (8.33) ABa Apyrux, MOJAy4aeMbIX W3 HEro KpyroBod mepecTaHoBKof
Oyks R, I, m: .

e-mI‘I”J: + e(I‘an = Q(Pkelglm' (834)

ekl‘;‘al-’_ em]-‘;gnl = 207,,8 g« (8.35)

Tenepb BO3bMEM CYMMY INOCJAEAHMX [ABYX M3 3THX TpeX yPaBHCHHH M Bhi-

yrem M3 Hee mepsoe. [loab3ysch cumverpuedl Beamyus I, OTHOCHTEb-
HO HIKHHX 3HAYKOB, Mbi NMOJYYHM TOTIa

n N & N ~
eml'kt = Puldim —+ P1Cmd i — Pmern (8.36)
HIH
¥ N N Ny
Tkt = 91d1my ~+ 20k — €1 @miOh1- (8.37)

[Moacrasass 3TO 3Hayenne B (8.32), Mbl moJyuyaeM OKOHYATELHO

3
i, Y i ' 9
0xy 0xy =Pk 5, o0x; + @ oxy, ekgkl Zoem(.pmoxm; (838)
m:
npuyeM, COTJidCHO (8.30),
1o __ 0 —
On =55 g = g 1€V R)- (8.39)

*) DTo Bcerga BO3MOXHO Bcaenctsue (8.16) u BCaencTBHe TOTO, HTO YMCIO
xosppuunerron I, PaBHO 4uCly BTOPBIX NPOMBBOXHBIX OT f.
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TakOBO YCJOBME, BblTeKawuiee U3 TPeOOBaHHUs, YTOOLI MPAMOJMHEH-
HOMY M PaBHOMEDHOMY IBHXEHHIO CO CKOPOCTBIO CBETa COOTBETCTBOBAIIN,
nocde npeoOpasoBaHys, TAKOE Ke ABHXKEHHE.

Ho wuckoMbie QVHKuUUM f; IOJMKHbLI, KPOME€ TOTO, YIOBJIETBOPATD
_\’CJOBMXO

26 . .
i (RSN LA L (8.23)
0x50x; 0x; " 0xi

RLITEKAOLIEMY H3 dH4J/J0THYHOTO TpeﬁOB&HHF{ IJI9 ABHXKEHHA CO CKOPOCThLIO,
He PaBHON CKOPOCTH CBeTa.

UYroOb CpaBHUTH Mexny coOoft ypasHenns (8.23) u (8.38), yaoGHo
aucaTe (8.38) B Buie (8.32) M mpencTaBuTh B aHAJOTHYHOM BHJIE TaKke
u ypasuenue (8.23). Bmecro (8.23) mbi mMoOXem HamucaTh

0% " off
sl = Yand @0
m=0
rune
Al = Urdim —+ $8m- (8.41)

Yro6ul npaBbie yacTH (8.38) u (8.23) OnlaM MewaAy co600 paBHH, He-
00x0auMo, yTOOBl [Js BCeX 3HAYyKoB R, [, m HMeJ0 MeCTO paBEHCTBO

i = Az, (8.42)
OTKY 1a
(o — %) Spn =+ (@1 — $1) B — EnPmiBis = 0. (8.43)
Tlonaras slecv £ =m, [ == m, noayuum
Y=o (=0, 1, 2, 3).

MNocne srtoro, moaarag B (8.43) & =1, noaysaem o, =0. Cirenoa-
TE€JbHO
b =g, =0 (=0, 1, 2, 3). (8.44)

Takum o6pasoM, mpaBele uacTH ypasnenu# (8.38) u (8.23) MoryT OhiTh
PaBHH TOJLKO B TOM cJyuyae, KOria OHM paBHbl Hy/io. [Ipu sToMm Be-
MuvHa A B (8.39) okasbiBaeTCa MNOCTOAHHOM, a ypaBHeHHs A f; mpu-
BOAATCH K BULY
0%  __
W_O. (8.45)

Mbl mpuxoA¥M K BBHIBOAY, 4YTO M3 COBOKYNHOCTH ABYX YCJAOBHH, xa-
PaKTepu3yowiux MHepUUaJbHbie CHCTEMBI, BbITEKaeT, yTO HOpMYJul Mpe-
00pasoBanus, CBA3LIBaIOIME KOODAMHATBI M BpeMd B 3THX IABYX CHCTe-
Max, n0KHb GHITb JMHEWHBIMH.

Bonpoc o Tom, yTo BbiTeKaeT M3 KakAOrO M3 ITHX YCJOBHH, B3ATOrO
B OTpemproctu [r. e. u3 ypaBHenus (8.38) B OTN€JbHOCTH M U3 ypaB-
Heuus (8.23) B orienbHocru], Ml paccmorpuM B JloGaBiennn A.
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§ 9. Onpeneaenue KO3(pHUUHEHTOB JHHEHHOTO NpeobpazoBanis
1 MacmrtaGHOrO MHOXKHTEJA

B ypapHenne (8.28) nas dyHKuuH f; sXOAMT Henssecthblfl HOCTOAH-
ubiit MHOKHTEIE 4. UTOOb yuecTb aBitkint 00PA30OM  BAHAHHE €ro Ha BUA
npeoGpasdosanus, OyieM MHCATh lai auHelHbie $YHKUuH f; B Bune

xp=], = V7<ai+ kE} eka,-kxk>- (9.01)

Ypasuerus (8.28) OyAyT BHIOJHATLCA TOXKIECTBEHHO OTHOCHTEILHO A,
ecau KoSPHUNEHTH @y YNOBJETBOPAIOT COOTHOWIECHUSM

3

D ey = ey, 9.02)

=0

M3 KOTOpPHIX cJaenyer, yto Oyner i

2 €;ay,41; = ey (9.03)
i=0

Vpasuenus (9.01) Moryr OuiTh pelIeHB OTHOCHTENbHO X;, MPHYEM
noJyyaercs

Z eyl < —ay, > (9.04)

Mul uMeeMm TaKke
dx;2 - (dx;'f + dx;Z -+ dxf) = hldx}— (dx{~ dxi+dx)) (9.05)

W 1719 MPOU3BOJMLHON PYHKIMH ©

o) =G + G+ G =
=GR G+ G+ &) ] com

QueBHIHO, 4TO MHOXHTEdb A (TouHee /1) XapakTepmayer OTHOWIelHe
MaciuTa0oB B IITPHXOBAHHOH M HEWITPUXOBAHHOM KOOPAMHATHBLIX CHCTE-
Max, Tnpuuem peuyb wuueT 0 Macwrale, oOweMm AJ8 NPOCTPalCTBEHHEIX
KOOpAMIAT M 1.9 BPeMEHH, TaK 4TO WH3MeHeHHWe ero He BJMAET HH Ha
yrisl MeX1y MPOCTPAHCTBENHLIMH HanpaB.ieHWIMU, HH HA 3HAUYCHMA CKO-
pocTH. Mpi MOKaXeM, UuyTO 3TOT MHOXHTEIb HYKHO MOJONKHTL PaBHbLIM
eaunnlie.

Paccymorpuym TOUKY, HEMONBHXHYIO B WITPUXOBaHHOH cuCTeMe OTCuera.
Torna ckopocTb 3TOH TOUKH B HELITPMXOBAHHOH CuCTeMe 1aeT CKOPOCTh
JABHOKEHUA CaMON W TPHXOBAHHOM CHCTEMB OTHOCHTEILHO HEWITPHXOBAHHOMN.
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O603HAYUM  COCTEBAAOUINE 9TOH CKOpOCTH (B3ATHIC B HEWITPUXOBAHHOMN
cucreve) ueped Vi, V, V,. Takum o6pason,

X dx; , , ,
V¢=—dlr:cd—x§ b1t 1 dxlzdxzzdx;;:()_ (9.07)
Ho MBl HWMEEM M3 (9,04)
, C.1e/l0BATe/]bHO,
V; _Cani (=1, 2, 3). (9.09)

Orciola mpexie BCero caenyeT, uTo npeoGpasoBanue (9.01), nawouee
CBSI3b MEXIY KOOPJMHATAMH W BPEMEHEM B IBYX MHEPUHANbHBIX CHCTe-
MaX, COOTBETCTBYET mepexoay OT AaHHOM CHCTeMbl OTCyeTa K Apyro#,
JABUKYLWENCH OTHOCHTENbHO [1a8HHOM NpAMOJIMHERHO U PaBHOMEPHO, Kak
9T0 ¥ [OJ/KHO ObITb.

Ianee u3 dopuyas (9.09) caenyeT, 4TO OTHOCHTe]bHaA CKOPOCTb
IBHOKEHMA CHCTGM HMKAK He CBS3aHA C MacHITaGHbIM MHOXHTeJeM A, a 3Ha-
YHT U TOT MHOXKHUTEJb He MOXKET 3aBHCETh OT OTHOCHTE/IbHON CKOPOCTH *).
Ho npn orHOCHTeJbHOM CKOPOCTH, PaBHOHM HyJi0, AOCTaTOYHO MpPEANOJO-
JMTh, 4TO B 00enMx cucTeMax OTcueTa iauHa (a TakKxkKe NMPOMEXKYTKM Bpe-
MeHH) HU3MepAeTCs OJMHAKOBLIM 00pa3oM M BHIPAXKAETCAd B ONMHAKOBbLIX
eIMHHIAX, YTOOB MOXHO Obl10 cunTaTh A = 1. [IpM TakoM, COBepUICHHO
¢CTECTBEHHOM, yCJAOBMM A OyieT paBHO enMHMUe M AJda JMoOoR muep-
IHAJbHOR CHCTeMbl, HE3aBUCHMO OT ee CKOPOCTH.

Taxkum 00pa3omM, Mbl MOXEM YTOYHUTb HallK (OPMYJIbl, MOJOKHB B HUX
~=1. Bmecro (9.05) u (9.06) Mbl moayuuM ToOria

X — (dx 4 dx 4 dx)) = doxi— (x4 dxd - dxd) (9.10)
(;";“’;,Y —| G+ G+ (=

= () — @+ G G em

& npsawe u oOparHble HopMy.Ib! npeoépasosaﬂm HaMUWyTCH:

x@ = a; + 2 era; kX (9.12)

X; = kzoekaki (xk —ay). (9.13)

¥) OBbuHO yTBepKaeTCs, IO NPUMEpY DiHWTelHa, 9TO MacuTaGHbll MHO-
AUTedb ,04eBUAHOX MOKET 3aBUCETh OT OTHOCHMTEJBHOH CKOPOCTH U T04bKO OT
Hee, Jlmm» 3aTeM nOKasbnBaercd, 4TO QaKTuveCcKl OH OT Hee HE 3aBUCHT, HGO
PaBeH euHnie.
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Ot gopmyast HOCAT HasBanue npeobGpasosanmst Jlopenma. Owu co.
CTaBJsii0T (OPMANbHY!O OCHOBY BCeHl TEOPUHM OTHOCHTEALHOCTH.

3ameTuM, 4TO MCXOAHOHM TOUKOH Haimlux paccyxaeHuél Ob.10 TpeGoBa-
tthe, 4ToObl BO BCSKOH MHEeDLMAJIbHOM cHCTeMe OTCuYeTa ypaBHEHue pac-
npocrpanenuss $poHTa 3.J1€KTPOMarHutHod BOAHM Hmelo sua (5.01). Or-
C10/1a BBLITEKA/0, YTO DPaBEHCTBO HY/0 npasofl yactu (9.11) 10.:KHO HMeTh
CAeACTBHEM DaBEHCTBO Hy.M0 1eBoM uyactu. Ho B pesyistare iiajgoxeHus
106aBOUNLX VCAOBHH (0 TOM, 4TOObI MPSIMO.JMHEHHOE M PaBHOMEPHOE NBH-
AKeHue LePeXolH10 B Takoe JKe JBHIKEHHe, W O TOM, uYToObt Macuital
B 00eux cucremax orcuera Obig ONMHAKOB) Mhi MOgyunmt Goabllee: mpa-
Basg yacth (9.11) ne TOALKO O6Gpauiaercs B Hy.Ib ONHOBDEMEHHO C JeBof
4acThbio, HO M TOXIECTBEHHO DaBHA €.

§ 10. IpeoGpasosanue Jlopenua

IMpeoGpasosanne JIopenua mnpejncraBiser GOPMy/an mepexojia OT KO-
ODAMHAT M BPEMEHHM B ONHOM MHEpUHaJLHOR CHCTEME OTCuera K KOop-
JMHATaM M BPEMEHW B ADYroi HuepUHaNbHOM CHUCTeMe, IBMWXKYuieics or-
HOCHTENLHO TMEPBOR MpAMOJMHEHHO U paBHOMepHO. OHO MoOKer OLiTb
XapaKTepU30BAHO TEM, YTO BEJIHYHHA

ds? = dx?— (dx* -+ dx2 + dx2) (10.01)
RV
ds? = c* dt* — (dx®> + dy* + dz?) (10.02)

OCTaeTcsi MpH TAKOM mpeofpasoBaHuu MHBapHaHTHOH. CaMoe o6uiee mpe-
o6pasosanre JlopeHLUa HMeeT BUI

3
X; = ai-{— ]‘Z 11Xk (10.03)
=0

rie Ko3QPUUHEHTH @, YIOBJITBOPSIOT COOTHOLICHUAM

v

120 ;0504 = ekﬁkl, (1004)

’i_zo eiakia” = ekakl. (1005)

HMccnenyeM dussueckuit CMBLICA MNOCTOSHHBIX, BXOASWHX B GOPMYIInE
ripeo6Gpa3oBaHus.

Ilpexie BCEro, OYEBMIHO, YTO MOCTOSHHLIC YJIeHbi @; COOTBETCTBYIOT
M3MEHEHHI0 Hayana OTCYeTa JJs KOOpAMHAT M Bpemend. Ecam Mui Gyaem
CyMTaTh, 4YTO B MOMEHT BpemeHu £ =0 Hauala KOODIMHAT CTAPOH U HO-
BOM CHCTeMBbl OTCYeTa COBMANaNT, TO OyneT

;=0  (i=0,1, 2 3 (10.06)
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B 1aJbHEeHUIeM Mbl MPHUMEM STO yC/IOBME M 0OyneM nucarb npzofpasosa-
aue JlopeHua B BHIE

5

X, = > enin X {10.07)
’ k=0
dusMUeCKU CMBICA OTHouleHus KoddduimeHToB
Ao __ i
o C V, {10.08)

Mbl y)Ke BHIACHMAM, DTO eCTb JeJEHHAS Ha CKOPOCThL CBETd OTHOCHTEb-
nas CKOPOCTbL IBIXKEHMS 1BYX cucteM orcuera. Tounee, V, ectb cocra-
pasioulasl, B3ATas B HEHITPHUXOBAHHOM CHCTeMe OTCyeTa, 1Js BEKTOpPa CKO-
POCTH JBMXEHHS WITDUXOBAHHOM CHCTEMbi OTHOCHTENBHO HEIITDUXOBAHHOM.
Tak Kak ¢opmyasl 06paTHOrO npeoOpa3OBaHUS MMEIOT BUJL

3

= exanixy, (10.09)

T0 onpeneasieMas u3 GoOpMYyJnl

4

Qi __ 1 ’
P Vi (10.10)
’
peauuuHa Vj ecTb (B3sTas B IUTPHXOBAHHOM CHCTeMe OTCUeTd) COCTa-
BASiou1as BEKTOPA CKOPOCTH JBIKEHUs] HEWITPUXOBAHHOM CHCTEMbl OTHOCH-
TEJILHO WTPUXOBAHHOM.
IMoaaras B dopmyaax (10.04) u (10.05) £ =1=10, noayuum

A%y — (a3t a3+ ai) =1, (10.11)
agg— (ag+ a5, +ag) =1, (10.12)
OTKyna, B coenunenun ¢ (10.08) u (10.10), crenyer
Vi Vi VEi=Vy 4V, V5, (10.13)
V2=V", (10.14)

rie mon V2 Mbl pasyMeeM KBanpaT a0COJNIOTHOH BeJMYMHBI CKOPOCTH.
IT0 3HauuT, 4yTO a6COMOTHAA BEAMUMHA BEKTOPOB OTHOCUTENBHOM CKO-
Poctu B TOM M npYrOM CHCTEMe OTCUETA OJMHAKOBA — DE3yaAbTaT, KOTO-
PHIfl Heub3s CUMTATb OUYEBHIHBLIM, XOTA OH BROJHE COTJACYETCH ¢ HALIMMU
HATJISIHBIMKM TPeNCTaB/IECHHSMH,

WMz ypasuennit (10.08) u (10.12) caenyer

1
v
c2

(10.15)
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Ilpu KopHe KBanpaTHOM HYXKHO B3SITh NOJAGHKMTEILHLIA 3Hak, u0O
ot
(lm)::gt—>0. (10.16)
Orpunareasuuift 3HaK HPH @y, O31aua’ Ol U3MeHeHHe HANMpaBJeHus CueTa

BpEMEHH.
Mz (10.08) u (10.13) no.ayuaem

VvV
= d i=1,2,3 10.17
@, Ve e ( ) ( )
s anajgoruyHo u3 (10.10) u (10.15)
Vi
(i=1,2 3. (10.18)

R v

Ecav B yC/I0BHSAX OPTOrOH&JBLHOCTH MOJOXHUTb OJMH W3 3HAYKOB DaBHHIM
iymo M Bocnoab3opaThed (10.17) u (10.18), Mbi moayuum

ApVi = ayV,+auVa—tagVs (=1, 2 3), (10.19)
aVi=auVitaVetaVs (i=1,223).  (10.20)

Ecau ofa snauka He paBHbi HYJI0, TO YCJAOBHS OPTOrOHAALHOCTH Aal0T
Oy oy ity i, = B b (10.21)

Beenem BMecTo ay (nas i, 2 =1, 2, 3) HOBLE BEMMYUHH &y, NO-
JIOXKHB

a; :
aik:—aik—{—ﬁ (10.22)
HJIN
. Vin
aik:_aik—?_(aon_ D) —5- (10.23)

Ve
Jlerko nposeputh, yro Bcaeactsue (10.20) u (10.21) Gyner toraa
U7k oo Oy =4, (L R=1, 2, 3). (10.24)

Beanuuust 7 MPEACTABAAIOT, CAELOBATENLHO, KOIPQUUHEHTH Tpexmep-
1IOTO OPTOr'OHAJBHOIO Mpeobpa3oBaHuss ¥ MOTYT OHTb HCTOJKOBAHLI Kax
KOCHHYCBl YIJIOB MEX<AY CTAPbIMM # HOBBIMH KOODAMHATHBIMH OCSMH, NMpHU-
YeM B oy MEPBbM 3HAUOK OTEOCHTCS K HOBhLIM, & BTOPOM —K cTapbin
ocsaM. Popmyant (10.22) paor Bcaencteue (10.19) u (10.20)

@ Vo V, = ,.3\4.,: —17, (10.23)

0y Vi 2V o gV = — b (10.26)

i
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[TocaenHne COOTHOUIEHHS MOXHO TOJKOBATb B TOM CMHICIE, uTO BekTOp V'
(BeKTOP CKODOCTH HEWITPUXOBAHHOM CHCTeMBI OTHOCHTE]BHO WITPUXOBAH-
Holt) ¥ BeKTOp V (BEKTOp CKOPOCTH WITPHXOBAHHOM CHCTEMbI OTHOCH-
TeJbHO HEUITPHXOBaHHOM) paBHHl MO BEJMUHHE M NPOTHBONOJIONKHBI NO
HaRPaBJIEHHIO .

[onyueHHbe GOpMYJH NO3BOJAIOT BHPa3HTh BCE KO3ddHLMEHTH npe-
o6pasosanus JlopeHua uyepes KOCWHYChi oy (i, R =1, 2, 3) u uepes Tpu
cocrapasiowne Vi, V,, Vy BexTOpa OTHOCHTENBHOM ckopocTH. Tak kak
1eBsiTh KOCHHYCOB 0y CBsI3aHBI WECTbIO COOTHOWeHusmi (10.23) n BbI-
pakaioTCA 4epe3 TP HE3ABHCHMbIE BE/IMUHMHBI, TO BCero B npeoCpasosa-
uue JlopeHLla BXOLMT WIECTb RapaMeTPOB (HE CUMTast NOCTOSHHBIX ulje-
HOB @;, KOTOpble MBl NOJOXHIM PaBHLIMH HYJIO).

Iaa k03QdHUMEHTOB gy, M @y Mbl yiKe noJyunau Beipaxenms (10.15)
u (10.17). Ias k03¢ dHUMEHTOB @,y Mbl MOXKeM B3siTb BulpaxeHue (10.18)
B. KOTOPOM ROZ Vi Mol 1OMKHB pasyMeTh ero sHauehme us (10.24). ITo-
npoGree Oyner

3

1 o
R gl aV, @G=1, 2 3). (10.27)

Haxkonen, aas k03¢dHuUMEHTOB @y Mol noayuaeM u3 (10.23):

'A%
a4 =—ag~+(ap— 1) (10.28)

wiu noapoGHee

3
1 V. 10.29
ap=—9p — | —F—=—1 VL:Z%IVI- ( )

1%
‘/‘1——05 I==1

[ToncTapuM HaliieHHbIE 3SHaueHMss KOI@HMUMEHTOB npeobpasoBaHus
Jlopenua & dopmyay (10.07) u GyaeM mucaTh B HHX [ HalAsfAHOCTH cf
BMECTO X,. Mbi mosyunm

1
p=—L1 (t—ﬁ(lel S Vgty vz,,xg)). (10.30)

VZ
l/‘*ﬁ

YTo Kacaercs mMpoCTPaHCTBEHHBIX KOOPAMHAT, TO (GOPMYJb LS HUX Y106~
Hee BCEro mucaTb B BHAE

x;' = Z aimxjm (10.31)
m=1
rae
3
X me—th+<—l——‘72— 1>“1,L; Y Vita—Vap.  (10.32)
‘/—1 —:'? k=1
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TaxuM o00pasom, ofuiee npeoOpas3oBanue JlOPEHUA MOKHO BLITOJHHTEL
B ABa >Tama. llepBm#l sTam CcOCTOHT B MEPEXOie OF NEPEMCHHbBIX
(Xy, Xy, w0y 1) K mepemeHibiM (X], X, &7, £7), Mle x|, x, X onpene-
asorest w3 (10.31), a £ cosmazaer ¢ / u pasHO

f (Vi = Vor,+ Vo). (10.33)

Bropoti stan cocrout B mepexoie or (X, X’
rae, coraacwo (10.30) u (10.31),

5Ok (x, X, 1,1,

(10.34)

/ \ I
X; = 21.\71 - Q[QXZ = Ay

OueBnnHO, yro BTOPOH 3Tam eCTb MPOCTON MOBODOT MPOCTPAHCTBEH-
HOH KOODIMHATHOM CuCTeMbl, TOrja KaK MNEPBRH sTam eCcTh INEPExon
K cucTeMe OTCyeTa, ABMikywehca co ckopocrbio (Vi, Vi, Vi), mpuuey
3TOT MEePEXO0] He COMPOBONAAETCA MOBOPOTOM OCEH.

Mu morim Onl, KOHEUHO, CllepBa MPOM3BECTH NOBOPOT OcCell, a 3aTeM
nepeiTu K nBukywehcs cucTeMe oOTcCyeTa.

OG6paTtHoe mpeoOpasoBaHue MOKeT ObTb TaKkKe MPOU3BEIEHO B [Ba
sTama: BO-MEPBLIX, Mepexon oT (x|, X, X, )k (xf, x, X, ") no

dopmy.iam
X = 4%~ OgpXs - agix;; =t (10.35)

MpeCTaBASIOLL M npocToft MOBOPOT oOCelt u, BO-BTOPHX, MNEPEXOd OT
(x1, Xo, Xy, ") K (xq, Xo, Xg ) M0 dopMyaaM

* \% \ ® # R
X = X+ m "_;L; Z Vk (X% + th ), (10-36)
/1 — k=1
‘/ ( + L 5 Vari 4 Vi), (10.37)
1_ Z

npejcTaBasgiowuM obpauieHue Q)Opwry.q (10 32) (10.33). Tlpsimbie 1 oOpat-
Hbte (OPMYJH, CBA3BIBANOUIUE (xl, x5, X, £) C (xy, Xy Xy 1), TOAY-
4aTCad DY u3 JAPYyra u3MeHeHueM 3HaKa CKOpOCTu V.

3aMeTuM, 4TO sikOOuaH 3Tux ¢GOpmya mepexona paseH eauHule. Yro
kacaetcs noiacraHosku (10.34) u o6patHoit el (10.35), T0 axoGuaH 3Tux
MOACTaHOBOK GyneT paBeH eJuHulle, eC.M OHU IpeacTaBIdi0T MOBOPOT
ocefl B COOCTBEHHOM CMbicie (He COMPOBOXIaeMbfl MepexosoM OT npa-
BOH KOOpAWHAaTHOM cucrembi M JeBod wuan Haobopot). OTcioaa caepyer,
YTO NPy YCJIOBMM COXPAHeHus HanpapJenus OTCYETa BpCMEHH H COXpa-
HeHus mpaBoit (w/y .1€BOH) CuCTeMbi MPOCTPAHCTBEHHLIX KOODAMHAT fIKO-
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GuaH npeoOpasdoBaHus Jlopenua 6yner paBeH eiMHuue. B Takom cayuae
npeo6paSOBaHne JlopeHua NpPuUHATO HA3HBaTh COOCTBEHHLM 1peolbpa3osa-
uneM. B JajibHEHIIEM Mbi Oyaem MO0.b30BaTLCA TOALKO COOCTBEHHBIM mpe-
o0pasoBanuey Jlopenua.

[ToBOpOT OCeH He MNpPeACTABJAET, B CVIIHOCTH, Nepexola K apyroh
ynepunadbHON CHCTEME W MOITOMY AJIs HAC HE MHTEDECeH. XapakTepHsie
ocoGenHocTH npeobpasosanus Jlopenua sakmouaorcs B ¢popMyax (10.32),
(10.33) 1 OGDATHHX UM (10.36), (10.37). Dtu dopMyas ynpocTarcs,
ecau BbOpaTh KOODIMHATHHIE OCH TaK, 4TOObi HampaB/ieHHe OfHOM U3
wpX, HAapHMep MepBOH, COBMAJO € HANpaB/JeHHeM OTHOCUTEJLHOM CKO-
pocTy V. Tloaaras

Vi=V, Vo=V,=0, (10.38)
mbt noavun w3 (10.32) u (10.33):
X1 :—xl_;—L—z; xz_—_xg; X3 = X, (10.39)
Vi
C“
_ Y
F=—0 | (10.40)

O6partHbie GopMy.in MOAyyaTcs OTCloaa 3aveHofl V' Ha — V. g Gouan-
uwel RaraanHoCTH Mbl OyleM mucaTh X, Y, 2 BMECTO X;, X, X, 3ade-
HKB 3BE3JOYKY ITPHXOM, ML MOJAYYUM TOI1a

p x — Vi

X :r—;; y’_—:y; z’:z, (1041
Vi-k |
o2
-
T (10.42)
v
o2

¥, BHparaa X, t uepe3d x', t’,

e 74
x:ﬁ—%.; y=y, z=2, (10.43)
Vi-%
P
! C'Z
t= ——. (10.44)
|V
02

Oth dopmyan naioT yacTHOE npeobpazosanue JlopeHua, KOTOPOE, OLHAKO,
COnepxuT B ceGe BCe XapaKTEPHble OCOOEHHOCTH 06uero npeobpasoBaHus,
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§ 11. Onpeneyenne paccTOAHUE W CHUHXPDOHU3ALHUA YACOB
B OJHOIl MHepUHAJNLHOH CHUCTeMe OTCYeTa

IMpexwne dem nepexonuts k o0CykIeHuio caencreufl n3 1peodpaso-
Banusa Jlopenua, sepueMca K paccmorpeudomy B §§ 1 w 2 sonpocy 06
n3Mepeinn pacCcTosHUM H NPOMEKYTKOB BPEMEHM B ONHOH HHepuHa/ibHOM
cucTeme oTcueTa, Mbl OCTAHOBHMAMCA HECKOALKO mnoiapobiiee Ha MNOHs-
THM OAHOBPSVMEHHOCTH § pPastbiX TOYKAX MNPOCTPAHCTBA M HA BOMpOGCe
0 CHHXPOHM3ZUMM YAJIEHHBIX APYT OT LPYra 4acos.

PaccrosHus mMewiay TeaaMu, HEenoJBMXKHBIMH B OLHOHM HilepunalbHOR
CHCTeMe OTCUEeTAa, MOTYT M3MEPATHCH DA3AWUHLIMM CNOCOOaMH: NyTeM He-
AOCPEACTBEHHOI'O HAMOKEHHS MACHITA00B (n3MCPUHTEAbIBLIX KEe3.108), OVTeM
TPRANTYATIHM M TIYTeM PaiunotoKauu. B nepBou cnocole uCnoan3ylores
TO.ILKO CBOACTBA TBEPIBX TET; BO BTOPOM CMOCOSe MCMOIL3VETCH, KPOME
TOrO, NpsMOauiCHHOCTL PACNpOCTpaHenns CBeTa; B TPEThEM CHOCONe Cy-
IECTREHHYI0 POJb MI'pAeT CKOPOCTb CBeTa, KOTOpas MNpeamno/aracercs
ussecTitoft, CaMo co00i0 pasymeeTcs, uTO BO BCeX Tpex criocoGax mpen-
NOJaraercs CnpaBefavBOCTh EGBKJIMAOBOH reoMeTpud; ecid Ol eBKINA0BA
reomeTpys Oblid He BEPHA, TO, HAMPHUMEp, TPHAHTY.JALHUs, NPOU3BELCHHAS
N0 pa3AiHbIM [yTsin, npyseda Obl K MPOTHBOPEUXBBLIM pesy.abTaTam. Mol
yiKe mnopyepkusaad s § 2, 4TO COPAaRefaUBOCThL 3aKOHOB EBK.IMIOBOH
reoMerpud ClaeryeT pacCMaTPUBATL KaK OmbiTHbi (akT, 4 He KAaK amnpu-
opHOEe JOMyLUEHHE,

Bce Tpum cnocobGa u3Mepends pacCTOSHMH OCHOBAlbI HA CBOMCTBAX
TBEPALX Tel M Ha cBOMCTBaX cBera. Tak Kax cBeT mpeacramfseT 0osece
NpOCTOE gBJIeHUE, TO €ro claefyeT paccMaTpHBATh, KAk NMEpPBHYHOE, H
NPOBEPATL, HANPHMED, HEUSMEHHOCTb 3TAMOHA AMMHbI ONTHUECKUAM MyTeM
(ompenenas wWca0 IJMH  BOJH, YKIALbIBAIOIIMXCA HA MPOTSDKEHHH 3Ta-
JOHA).

s u3MepeHusi CKOPOCTH CBETa HY)XXHO YMETh 4#3MepsiTh MPOMEKYTKH
BpEeMEnd H paccTOosuyds Cnoco0aM¥, He 3aBHCAUMMH OT 3HAHUA CKOPOCTH
ceera. Ilpa stoM, ecad cpenarh ZonyuieilHe, 4TO CKOPOCTh CBETAa B Nps-
MOM ¥ B OOpATHOM HANPaBJACHHMM OJHHAKOBA, TO NOCTATOYHO YMETb H3Me-
paTb BpesMs B OAHOM Touke. [l 3TOr0O MOXKET, B MPHHUMIE, CIYXKUTb
0690 neproAndecKkyuil MPOUECC, HanpuMep KoeGanus MOJCKYIb aMmMAaKa
Wi Kpucrania ksapua. [lpuGop nJs uamepcHus BpeMEHH Mol OyleM rHa-
3bIBaTh 4aCaM¥A MM XPOHOMETPOM, HE3aBUCHMO OT TOTO, MPELCTABIAET Ju
01t Mexaunueckufi mpuGop (xaK 00HIKHOBCHIILE YACh) HIA AedCTBYET Ha
KAKOM-HKHOY 1L HHOM MPHHILAINE,

Onpeje.ende CKOPOCTH CBeTa CROAMTCS B NMPUHUMIE K ONPelCICHHIO
IPOMEKYTKA BPEMEHH T, B TeyeHune KOTOPOTO CBET MNPOXOAHT Tyjna H
o0paTHo 3apanee oTMepeHiice (MyrTeM TPHAHTYIUMA WM HAJOKEHHEM
MacwTaboB) PaccTOAHME r; CKOpPOCTh cBeTa GyneT paBHa ¢ — 2r/t. Ta-
KUM 00pasoM, ne]0 CBOLUTCS, MO CYWECTBY, K HAXOMXACIMO NMEPeBOj -
HOT'O MHOXHTEJAS OT PACCTOARHH, BHIPAXKEHHBIX B CAMHALAX [.IHHbl U H3-
MepeHHbiX MyTeM TPHAHTYIAUMHA  WIM  HEMOCPEACTBEHHO HAJOXEHHEM
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waCITaboB, K PACCTOAHUAM, BHIPAKEHHBIM B CIMHHMUAX BPCMEHH U U3MEpPEH-
M MYTEM PALHOJOKALMH. DTOT NEPEBOAHbIH MHOXKHUTCIbL MOXET ObITb
onpeleseH pas M HAaBCerna.

[TepexoiuM K BOMPOCY O CPABHEHMH MOKA3AHUH UACOB, HEMOJBIKHLIX
4y HEKOTOPOH MHEPUMAAbHOM CHCTEME OTCYUETA M HAXONAMXCA HA 3a]aH-
HOM PaccTosiHuM Apyr oT apyra. IlpeinoJaraercs, uTO 4ackl — OLMHAKO-
gOr0  YCTpOHCTBA M 00643a1al0T OAMHAKOBLIM XOAOM, TaK 4TO 3ajaua
coctouT TOJBKO B TOM, 4TOGH MX ,ONMHAKOBO® MOCTaBMTb. IlycTb
p TOuke A pacnoJoxewbl OLHHM uachl (4acei A)'M B Touke B, Ha pac-
crostuu r OT A-——apyriie (uacsl B). M3 A mnocbi1aeTcs B MOMEHT Z
cBeTOBOHM CHTHAJ, KOTOPbIt OTpa)aeTcs OT 3epKaJa, MOCTABJIEHHOTO B B,
y BO3BPAILAETCA B A B MOMEHT f,. CmpawmnBaercsl, KaKOe BpeMs [OJIKHbI
[I0KA3LiBATh ,O0JMHAKOBO MOCTABJEHHblC® 4Yacbl B, KOTAA N0 HEX JOWea
curnaa? Mbl GymeM cuMTaTb, YTO 4achl B 0N¥HAKOBO MOCTABJEHbI, /U
CUHXPOHHBL, € Hacamu A, eCIM B MOMEHT JOXOXXIEHH N0 HWHMX CHrHala
b4t

5 -

OHF TOKA3BIBAIOT BpeMs ¢ == B stom 3aksouaercs sHumTEHHOB-

CKOC OmNpeje/ieHHe CHHXPOHHOCTH YacCOB, PACMOJIOXKEHHbIX B PasHbiX TOY-
Kax. DTO onpejlelenre BIOJHE eCTECTBEHHO M COMIACYETCS € OCHOBHBIM
MOA0XKeHHeM TEOPUH OTHOCUTEILHOCTH O MOCTOAHCTBE CKOPOCTH CBETa,
B camoM gene, ecam cursan Obl1 nmociad H3 A B MOMEHT £y, TO OH JO-
uted 10 B B MOMEHT

r
t:tl"l—'c—v

TAK KAK OH NpOLleJ PACCTOSIHHE r CO CKOPOCTbio ¢. C Apyro# CTOPOHHI,
TaK Kak OH BepHyJics B A B MOMEHT [, a JO TOro mpoulej myTh r OT B
10 A, To on joJnked OHJ OTpa3uThcss OT B B Gojee panHUB MOMEHT

t = t2 - ? .
Vs mocaeauux AByX (OpPMYJ CleLyeT, YTO MOMEHTY OTPaXKeHHs CHUrHaja
t t
OT B Mb J0/KHBI MPUMHCATh Ha yacax A 3Hayenue t:~1——2|——2, M ecau

Yacsl B CUHXPOHHB C 4acaMu A, TO W OHH NO/KHBI NMPU OTPAKEHHH OT
HUX CHrHa/Ja moKasaTh BpeMs ¢’ == f,

M3 Toro, 4To CKOpPOCTb CBeTa B MpAMOM M OGPATHOM HANDPABJIEHUH
Ol4NaKOBa, CJELYeT, YTO CHHXPOHHOCTb JBYX YACOE B ONMpPEAe/]CHHOM Bhillle
CMbiCJle eCTb CBOMCTBO B3aMMHOE: €CJM 4achl B CAHXPOHHEI C YacaMu A,
TO H 00paTHo, yachi A CHHXPOHHBI ¢ yacaMu B. [laiee, u3 cnpasenu-
BOCTH €BK/IMAOBON reOMETPHH M M3 OQ¥HAKOBOCTH CKOPOCTH CBeTa B J0GOM
lianpapneyun (TO ¥ ApPYroe COACPKUTCA B YPABHEHUM PaCIPOCTPaHEHHS
$ponra crerosont BOJIHBI) CJAELYET, YTO eCau 4yacsl A CHHXPOHHB C He-
CKOAbKuMu wacamu B, C, D, ..., T0 ECe 5TH 4achl CHHXPOHHBI Me} 1y
€oGoio.

Nocnennee oGcroarenscTso moasoasier MOCTPOUTb TAKyl0 MOlelb
MHePpIMaabHON ChCreMbi OTCHEeTa: TBepibit Kapkac, BO BCEX YBJOBBIX
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TOUKaX KOTOPOro HAXOAATCH CHHXPOHHO uayuiHe yachl. C TOUKA 3peHus
TaKON MOJE/IH ABMKEHHEe KAKOrO-HAOYAb TEJa OTHOCUTENbHO J1aHHON uHep-
UMAJIbHOM CHCTEMB OTCUETA MOXET OniTh ONMCAHO claenyiowym 06pasoM,
TlycTh Tea0 nNPOXOAAT MOCJACIOBATE.IbHO MHMO HEMOJNBWNHBIX YACOB
¢ xoopauHatamu (X, ¥y, 2¢), (X, Vo, 2,) W T. 1., IpHUEM Yachi (X;, ¥, 2;)
MOKA3bIBAIOT NPY TPOXOKIeHUM MUMO HuX Teqda spems f;. Toriaa koop-
naHaTht X (), v(¢), z(f) Tena B naHHOR cacTeme OTcueTa GyAyT TaKHMA
GYHKUHIMA BPeEMEHH  ITOH CHUCTEMbl, KOTODhie MNpu f = f; NPUHAMAIOT
snanenus (X, V., 2Z).

Takas Monesb, npud Bcell CBOeH TPOMO3IKOCTH, MOKeT GbiTh HHOTLA
MOJE3HOR ¥ 4acCTO #31araeTcs B KypCax TeOPUH OTHOCHTEILHOCTH. Mbi
npeanounTaeM eff, OAHAKO, MOAeb PAaNMOJOKAUHOHHON CTaHLMH, KOTOpas
NO3BOJASET, UCX005 U3 00H020 MECma, ONpPele/siTh HEMPEPbIRHLIM 06Pa30M
K4K MOJOXeHHe JBWKYLIEroCs Teaa, TAaK W MOMeHT BpeMenu (IO vacau
CTAHLUH), K KOTOPOMY 3TO MOJOXKeH#e OTHOCUTCA. B chiay ne3aBucuMoOCTH
cKopocT# CBeTa OT CKOPOCTH JABWKeHWs HCTOUYHMKA 00e Moieau naioT
o4H¥ ¥ Te Me 3HaueHns KOODAMHAT ¥ BpPEMeHH; PasHuUa Mewmidy HHMHU
TOABKO B TOM, 4TO B Panx0JOKAUAOHHON MOnesd Ompetefenywe paccTo-
AUl ¥ CHHXPOHM3ALUs YAaCOB NMPOU3BOIAATCS He 3apauee, a, TaK CKA3atw,
Ha XOAY.

Pannos0oKkaUMOHKHAsA M01e/db ABJAgeTCs 00qce THOKON ¥ COXpaHseT CBOK
HArJsAHOCTL TAKXKe ¥ B TeX CIyuasx, KOTJd MOjeih TBEPAOro KapKaca
CTAHOBHTCSl SIBHO HENMPUTONHOH, Hampmmep, KOTaa peub #iet 06 aCTPOHO-
MYUECKHX paccTosuysax. Kpome TOro, panno.1oKalMoHHAs MOJEIb CHCTEMUI
OTCYeTa Jerye MoplaeTcs 0000ueHuIo.

M310xenHnifl BhHIe SHHIITEHHOBCKYWM CMOCOG CHHXpPOHHM3ALMHA YaCOB
npA MOMOLULH CBETOBHIX CHTHAMOB C yYeTOM 3aMas3jbiBaHYs MPENCTABAAETCS
HACTOJLKO €CTeCTBelibiM, YTO Ha MepBhif B3MVISLL MOXeT NMOKa3aTbCs, 4TO
OH He coaepwuT B cefe HUUErO XapaKTePHOTO 1Ji TeoPH# OTHOCHTE.Ib-
HOCTH. Mexaly Tem 3TO He TaK. YK43aHHEH Crnocol 3akmouaeT B cebe
onpedeserue OLHOBPEMEHHOCTH B Pa3HHX TOYKAX MPOCTPAHCTBA € TOYKM
spenys JAHHON HHEPUAAILHOM CUCTEMbl. JTO OmpeaeleHne OCHOBAHO Ha
3aKOHAX TeOp## OTHOCHTEJABHOCTH H OHO SIBASAETCS fie MPOU3BOJbHBIM,
a, HAMNPOTHB TOrO, EIMHCTREHHO pAUYOHAILHBM C TOYKY 3PeHUs 3TOH
TeopuH.

B 10-petsTHBHCTCKON (M3¥Ke MPUHAMAJOCH, KAK HEUTO CaMO CO0010
pasyMetouieecs, CyuIeCTBOBAHUE €JMHOrO MHPOBOrO BPEMEHA W COOTBET-
CTBEHHO 3TOMY Kak Obi JOMNyCKaloCh, yTO MOHATHE OJHOBPEMEHHOCTH
B PA3HBIX TOUKAX MPOCTPANCTBA He HYXKIAeTCAd B ompejeiennu. B cpasy
¢ 9THM MOPeAN0saranoch, uTO J/MoGoK Cnoco6 CHHXPOHH3AUHH HACORE
(WampuMep, nyTeM MepeBC3KH XPOHOMETPOB WX {1yTeM CBETOBHX CHUTHA-
10B) J0JKeH NaTh TO ke camoe. Ha camoM xe nene 3TO we Tak.

Kax Mbl yBHAMM HYXKE, 43 TeOpDW¥ OTHOCHUTEJbHOCTH BBITEKAET, 4TO
ecau uachl A CHHXPOHM3OBAHbI C yacaMd B 1pH NMOMOWY CBETOBHIX CHT-
HaMoB u ecau xponomeTp C, cmepenublft ¢ uacaMu B TOuke A, mepe-
Be3eH 3dTeM B TOYKY B, TO ero nokasauus B TOUKe B naxe 1ph ujleants-
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qoM AOJe Xponowerpa e OyAyT COBNajaTb ¢ NOKasanwuaMu 4acoB B B,
a GyiyT 3aBuceTb OT CKOPOCTH MNepPeBOSKH (OHY OyayT cOBmajaTh Jaullb
npn OECKOHEUHO MaJoH CKOPOCTH).

K sToMy BOINPOCY Mb! BepHeMCA B CaejyiouieM naparpade. Mbl xorean
agech MOJAYEPKHYTH, YTO JAaXe TaKoe MPOCTOe ¢u3nyecKoe MNOHATHE, KaK
OJHOBPEMEHHOCTb B OIHOM HWHEpUMAJbHOM CHCTeMe orcuera, Tpebyer
TOYHOTO ONpEJE/enHus, ¢ KOTOPhIM JOKHBI ObiThb COFJacOBaHbl BCE NPH-
MEHSIEMbie CMOCOOB M3MepeHHsl COOTBETCTBYWOUleH (Pu3HuecKON BeNMUHHBI,

§ 12. MocnenoBaTe bHOCTh COOBITHH BO BpeMeHHM
B PAZHLIX CHCTEMAx oTcYera

[Ipeobpasopauve Jlopenwua sakmouaeT B Cebe (OPMalbHbie OCHGBLI
pcero  y4YeHus O TpPOCTPaHCTBE M BPEMEHH, COLEPKallerocs B TeOPHH
OTHOCHTE/IbHOCTH.

PaccMOTpuM, Ha ochoBe npeoOpasoBanua JIopewla, BOMpoc O mocJae-
JOBATEIbHOCTH COOBITHH BO BpeMeHM B pasHbiX cHCTeMax oTcuera. Ilog
,COOBITHAMU® Mbl OyleM pasymeTb 3JeChb MTHOBEHHblE COOBITHS, XapakTe-
pusyeMble MOJIOXKEHMEM TOYKH B MPOCTPAHCTBE M COOTBETCTBYIOIMM
MOMEHTOM BpEMEHH.

YroObl MMeTb KOHKPETHYIO KapTHHy, NPEANOJOXHM, UTO ,COoObiTHa®
34K HQUAIOTCA B MI'HOBEHHON BCIIbIIIKE CBETOBHIX CHT'HAJOB. IlycTh nepsas
BCMUIUKA MPOX30LIJa B MOMEHT BpPEMEHH f{; B TOUKe C KOOpAMHaTaM#
X{, M, 2;, @ BTOPas BCIHINIKA — B MOMEHT f, B TOUKE Xy, Yy, Z5. BBOIS
00blurbie TPeXMepHbIE BEKTOpPHble 0003HaueHHs, Mbi MOXeEM I0JIOXeHye
W Bpess MepBOH BCHBILIKM XapaKTeprn3oBaTh CHMBOJaM# (ry, £;), a BTOpOH
BCILIUIKYA — CHMBOJAMHU (T, 1,).

[TocrapuM mpexjie BCero BOMPOC: KOTOpas M3 ABYX BCHBILEK Mpo-
H3OWIA paHbiie APYro#?

OTeer Oyaer Oeccrnoped, €CAu CBET OT OJHOM BCHBILIKM yCHed
JAOCTArHYTb MeCTa -APYrof BCNBIIKA 10 TOTO, KAak Ta MPOX30IIJa.
A umenwo, ecau

1
ty— 1t >?|rg—r1 l» (12.01)
TO mepBas BCOLITKA OeCCMOPHO MPOY30LLIA paHbie BTOPOH, a eciH
1
fy—ty < — | rp—ry], (12.02)

TO, HA0BOPOT, mepBas BCObilIKAa OECCIOPHO MNPOU3ONIIA MO3XKE BTOPOH.

CoGbiTHsi, 1J8 KOTOPHIX BHIIOJAHAETCS 0AHO U3 HepaBedcts (12.01)
1 (12.02), Mn Gynem uasblBaTh nociedosamessnuimu. B cayuae (12.01)
Mbi Gyjaem roBOpWTb, YTO BTOPOE COGBITHE HACTYIAIO AGCOAIOMHO NO3%KHCE
iepsoro, a B cayvae (12.02) — uTo OHO HACTYMWIO AGCORIOMHO paHbule
Hepeoro. B oGoux cayuasx Gyner

2 (tg— t)2— (Ty— 1,2 > 0. (12.03)

4 3ax. 485. B. A. Dok
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BelllecTBeHHY0 TOJOKATENbHYIO BEAAUAHY

1 3 3 N ¢
T= —YE(ty—t,)  — (r,—1)? (12.04)

Mbi OyleM HA3biBATb BPEMEHHbLM UHMEPBAAOM MEX1Y IBYMs MOCAENO-
BaTEJ bHBIMA COOLITHAMHA. 3Hauelre BPEMEHHOTO MHTEPBANA HE 3ABYUCHT
OT CHCTeMbl OTCYeTa, TAK KAK BLIPAXKEHYWE IOJL 3HAKOM KBaApaTHOTro
xopuss B (12.04) eCTh WHBAPHAHT NO OTHOWIEHWI0 K MpPe0OpasOBatnio
Jlopenua.

ot
B cuay ycaosus —0't_>0’ BHIP@KAIOWErO0 COXpaHele HampaBJenus

cueTa speMenu [cm. (10.16)], coortnowenns (12.01) u (12.02) rakxe
He 3aBUCAT OT CuCTeMbi oTcuerd. Tak 9TO U AOMKHO Obith, OO OCTH-
JKeHue MM HeNOCTYKEHYXe CBETOBON BOJIHOH MecCTa BTOPOH BCHLILIKA €CTh
¢huzuueckuit GaxkT, OT CHCTeMbl OTcueTa ne 3apucailifl. Takum 06pasom,
NOHATHA ,a0COMOTHO pabblie* u ,a0COMOTHO MO3XKe“, MNPUMEHUMbIE
K NOCNENOBaTe/bHbIM COOBITHAM, SBJASIOTCS WHBAPHAHTHBLIMM MOHATHIMH.

IlpeanonoxuM Temepb, UYTO CBeT OT OAHOH BCHbILIKM He yCHeT J0-
CTUTHYTb MecTa LpYro#l BCIBILKX [0 TOro, Kak oxwa mpousowaa. Torja
OyLyT UMeTb MeCTO HePaBeHCTRA

1 1 =
—jlrz_ r1J<t._)—t1<71r.3~——~r,|, (12.05)

npotusonoJoxubie (12.01) u (12.02).

Co6miTus, 0Js KOTOPHIX BbINOMHsioTcs HepaseucTna (12.05), Mu Gy.iem
HA3LBaTh K8G3u-00HO8pemerHnsi . Ha3Bawve 3TO ONpaBiLIBAETCA TeM,
4TO mp¥ BbIMOJHenwdu HepaseHCTB (12.05) mowaTHs ,paublie” M ,MO3XKe“
CTAHOBATCS OTHOCUTEAbHBIMH: B OLHHX CHCTEMAaX OTCYeTa MOXKeT OKasaThCd,
uTo £, —£; >0, a B Apyrux, uro f,—1f; < 0. [To3TOMy ¥ BONPOC O TOM,
KOTOpas 43 BCMbILIGK MPOY3OLLIA paHblile, yKe He OyLeT HMeTb TeNeph
0J1HO3HAYHOTO OTBeETa.

Kpasu-onnospeMennble COOLITHS XapaKTePH3YIOTCs BLITEKAIOWAM U3
(12.05) #HBAPHAHTHLIM HEPABEHCTBOM

tyg—1t)—(ry—r)? < 0. (12.06)

Hepasencrsa (12.05) pasuocuabhut (12.06) u nostomy camu Gynyr uisa-
pHaHTHLIMY. BellleCTBeHHYI0 MOJ0KKTENLHYI0 BEJHUAHY

Mbl Oy1eM Ha3blBATb MPOCHLPAHCMBENHOLM LHMEPBAAOM MEOKLY JABYMS
KBAa3H-0JHOBPEMEHHLIMH COOLITHAMHU.

TTokaxeM, 4TO B Cayyae ABYX KBasW-OJHOBPEMEHHBIX COOHTHH MOXKHO
BCerja BeIOpaTh CUCTeMy OTcdYeTa Tak, uTOObl OHM Ouiil B HEH OIHO-
BDEMEHHEIMA, a L Ciyude JABYX IOCACAOBATEBIBIX  COOLITHH  MORKiO

G (ty—t.) (12.07)
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p0OpaTh CHUCTEMY OTCYeTa TaK, 4TOOH OHH MMeJW B Hell OLMHAKOBble
MPOCTPAHCTBEHHBIE KOODAMHATDI.

PaccMOTPUM 1Ba KBa3H-OJHOBPEMEHHBIX COOBLITHSA, N/ KOTODPBIX pas-
HOCTb fy—1; VMEeT 3aJaHHOE 3HaYeHHe, YIORJCTBODSiQiee HEePAaBeH-
creaM (12.05). Ecau Mbl BeeseM HOByIO (IUTPHUXOBAaHHYIO) CUCTEMY OTCUETa,
JRIKYLLYIOCS OTHOCHTEJbHO CTapoii €O CKOpPOCThio V, TO, COrMacHo
¢opmyae (10.30) naa npeoGpa3oBanys BpeMeHH, 3HaUEHHE PA3HOCTH t;— £

B HOBOH cucTeMe OyleT PaBHO
’ ’ 1

tg—tl = —_—‘/—2 {t2
‘/1—:

OTHOCHTEMbHYIO CKOPOCTh V MOXHO nORO0paTh TakK, YTOObI B HOROH
cicTeMe o0a coOwTus Obinm yxe OIHOBpeMeHHLIMM. [as storo pocra-
TOUHO MOJMOKATH

1
—f— 5 @m—r) V). (12.08)

Cp_py. Bt — )

V=(ry;—r) e (12.09)
B cuay nepaBenctBa (12.06) mpt Syaem uMeTs
g _ C(l—ty)? 2

V2= T, T, P < ¢, (12.10)

TaK UYTO OTHOCUTEIbHAd CKOPOCTb OyldeT Mno abCOMIOTHOM Beauuyne
MeHblle CKOPOCTH CBeTa, KAK M JOMKHO ObiTh jnaa npeobpasosaums Jlo-
penua.

YTOoOK  BHLIUHCAMTL PasHOCTb MNPOCTPAHCTBEHHHIX KOOPAMHAT ABYX
KBA31-0JHOBPEMEHHBIX COOBITAN B TOR cucTeMe OTCuYeTa, TIle OHH OAHO-
BpCMeHHbl, HanudmeM ¢opmyay mpeoOpasosanusi Jlopenua (10.32) B Bek-
TopuoH dopMe:

' =r—Vi+ !

yi-z
c.d

Honcrasaas cioga BMECTO f PaSHOCTb fy,— £ U BMECTO T — Pa3HOCTD
r,—r; # 3amenss V BolpaxenueM (12.09), noayuum ads BeAHUuMHBI

' =r, — r| suavenye

G l—t)? V2
.—rl_(r2—~r1) ‘/‘l—mml, (rg—r1y) - I_F'
(12.12)
IMpocTpancTsenHoe paccTosuue Mex1y OGOMMHM COGBLITHAMH B IITPUXOBAH-
liol cucTeMe oTcueTa GyAeT PABHO
’ o
|r,—r]| =R, (12.13)
fae R ecTh npocTpaHcrBewsbift uutepraa (12.07). ®opmyaa (12.13) ue-
UOLp(.IL(,TB(.HHO BbITCKACT M3 MHBAPUAHTHOCTH BEIMuMHBI R H U3 YCJOBHS,
4To t> -—~t1 == 0.

— 1\ (V- — Ve, (2.1

4%
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TakyuM 00pasoM, (usnyeckoe 3HaueHre NMPOCTPAHCTBEHHOTO YMHTEpPBala
MEeXAY ABYMSl KBa3¥-LAHOBPEMEHHBIMH COOBTHAMY €CTh PaCCTOAHAE MeXALY
HUMX B TOR cuCTeme 0TCueTa, Tde OHY OAHOBPEMEHHDI.

PaccmoTpuM Tenepb aBa NOC/AeAOBaTeIbHBIX COOLITHA, AJA KOTOPbIX
BhHINOJHSIeTC 0A4HO %3 HepaseucTB (12.01) wax (12.02). Ilokaxewm, uro
B 3TOM CJyyae MOXHO BBECTH HOBYK) (IUTPHUXOBAHHYIO) CHCTEMY OTCUeTa
TaK, YTOGH MPOCTPAHCTBEHHHIE KOOPAUHaTh 000xX COOLITHY B HEH CoBua-
natd. Ytobb yOeANTbCS B 3TOM, AOCTaTOUHO BBEeCTH B hopmyny (12.11)
BMECTO f paBHOCTb fo—f; ¥ BMECTO I —— PA3HOCTb I'y— I} H MOJOXKHTD

V=g (12.14)

Toraa BexkTop 1’ :r;—r; obpaTkTcsl B Hyadb, OTKyAa

! I4
r,=r. (12.15)
Beaencrsue nepasencTBa (12.03) cxopoctb V OyieT np# 3ToM mo aGeo-
MOTHON BedWuHHE MEHbUIe CKOPOCTH CBeTa

12 < 2, (12.16)

B HOROH cuCTeMe OTCUCTa NPOMEXYTOK BPEMEHM Mexny 000¥MH COOhI-
Tasmu OyneT pasen, coraacso (12.08),

To— 12 Ty
—a#@—mﬂ} ﬁ%ﬁL-%_@V]_E'UMD

ITpu £,— ¢, > 0 noayuaem otciola
t—t =T, (12.18)

rie T ectb Bpevennwolt unrteppan (12.04).

TeM caMbiM BLIACHAETCA (HUBHUECKOE 3HAUEHHE BPeVMeHHOro uuTeppana 7.
DTO eCThb MNpoTexwuil MexAy MABYMs INOCJeLOBAaTe/bHLIMH COOLITHAMU
NPOMEXYTCK BpeMeHd B TOR CucTeMe OTCyeTa, B KOTOpPO# 00a CoGwiTHs
npousown B OAHON Touke. Takas cucreMa OTCUeTa HMeeT BeChbMAa Ha-
FASAHBHR CMBICA. DTO eCTh, CKaxeM, yachi, NPAMONHHEHHO # PALHOMEPHO
ABWKywiMecs OT MeCTa MepBOro co6uiTHs K MecTy BTOpPOTrO, NMpwuueM ABU-
KeHue MX MPOHCXOJNUT ¢ TaKOM CKOpOCTbio, YTO OHM Kax pas vCieaioT
MOPOBHATLCA € MECTOM MepPBOrO COOLITHAA, KOIJa OHO TaM MPOUCXOAUT, H
C MeCTOM BTOPOTO COOBITHS, KOrJa TaM HAacTYMaeT OHO.

3aMeTuM, uyTO MOHATHE ,NOCAeLOBaTe/]bHLie COOLITUA* O 1anaeT CBOM-
CTBOM TPaH3HTMBHOCTH: €C/¥ AaHO, YTO BTOPoe COGbiTHE HACTYNM/IO abCo-
JIOTHO MO3}€ MEePBOTO, a TpeThe COOhTHE — a0COMOTHO NO3Ke BTOPOTO,
TO OTCi0Na CJaelyeT, UTO TpeThe CCOhTHE HACTYMHJIO abCOMOTHO MO3XKe
nepeoro, JT0 (HM3HUECKM OueBHAHOE CBOUCTBO MOXET GHITh (HOPMAJbHO
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I0K33aHO CJAelyiouaM 00pasoM: M3 ABYX HEPaBEHCTS
1 1
tg—t1>7]r2—rll; ts—t2>7|r3—r2| (12.19)
BLITEKAeT MyTeM CJOXKEHUS TPeTbe HePaBEHCTBO
1
ts—t1>7|r3—r1|, (12.20)

160 CyMMa IBYX CTOPOH TPeyroJbHuKa GoJblie Tperbelt cTOpoHb. Ilons-
THe € ,KBa3M-OJHOBPEMeHHble COOLITHsI® CBOMCTBOM TPaH3HTHBHOCTH He
o6aafaeT: eCaM LaHO, YTO ABa COOBITHS KBa3M-OLHOBPEMCHHbI, a TpeTbe
coBLTHE KBa3U-OJHORPEMEHHO CO BTOPHIM, TO 3TO TpeThe COOLITHE MOXeT
GbiTh, MO OTHOUIEHHMIO K MEPBOMY, KaK KBa3H-OJHOBPEMEHHBIM, TaK M MO-
CneJ0BaTEJIbHEIM (HACTYMUThL a0COMIOTHO paHblle MM aGCOMOTHO MO3XKeE
nepBoro).

PesioMupyeM cKasaHHOe. B TEOpHH OTHOCHTe/NBHOCTH COOHITHS pasie-
JFI0TCA, B OTHOIICHMM HX MOC/JEL0BaTEJIbHOCTH BO BPEMEHH, HA N0C.2e00-
sameavHble U K8a3u-00HOB8peMeHNble, TpUUeM pa3leleHHe 3TO He 3aBH-
CuT OT CHCTeMBl OTcueTa. JByM MOC/IefOBaTe/JbHHM COOBLITHSIM MOXHO
COMOCTaBUTb WHBApHAaHTHbIM 8pemennoii unmepsas, PaBHBI MPOMEKYTKY
BpEMEHH MeXJy HHMH B Ompele/neHHON cucTeMe OTcueTa. [lBym kBasu-
OJHOBPEMEHHbIM COOLITHAM MOXHO COMOCTAaBHTb MHBAPHAHTHHN npocmpan-
CmBeHHbll urnmepsasn, PaBHHH PACCTOAHMIO MEXLY HHMH B ONpeleneHHON
cuCTeMe OTCYeTa.

CyuiecTByouiee B TEOPHM OTHOCHTE/JBHOCTH pasjielienue CCOuLITHH Ha
noc/ne0BaTe/bHbie ‘U KBa3H-OJHOBPEMEHHbIE COTJACYeTCs C MOHATHEM
NPUYMHHOCTH M YTOYHAET ero. EcAM jJaHbl ABa KBa3H-OJHOBPEMEHHBIX
CoOBITHS, TO HM OLHO M3 HYX HE MOXET fABJATbCS HENOCPEICTBEHHOH NpHu-
Y¥MHOM MM cleicTBHeM Apyroro. (Pasymeercs, OHH MOTYT HMMeThb OOGULYIO
IPUYMHY B BHAe TpeThero CcoObTHA, KOTOpPOe HACTYMUI0 abCOMOTHO
paHblle KaxAoro u3 Hux.) TOJbKO MNOc/enoBaTe/bHHE COOBITUS MOTYT
(xoTs, pasdyMeercs, ve OOSI3aHBI) HAXOAUTHbCS B MPSMOM MPUUMHHOH CBS3M:
TO M3 HHUX, KOTOPOE HACTYMHIO abCOMOTHO PpaHbUIE, MOXET OKa3aTbCs
puunHO# Apyroro.

Bpenennbie 31ech MOHATHS SBASIOTCS €CTECTBEHHBIM 0600UEHUEM MOHS-
Tu#l crapo#t, nopeasTuBUCTEKOH# ¢usuku. Crapbie NOHATHSA He GHIJIN COraa-
COBaHb € (paKTOM Cyui€CTBOBAHMS KOHEYHOrO mpelesa AJs CKOPOCTH pac-
NpocTpaHenuss BCAKOrO pola NeHCTBHE (KoHeuHoH CKOpocTH cBera). Ouu
ObiM HeJOCTATOYHO TOYHO OMpelefeHbl ¥ MPHBOAMIM MOITOMY K l1apa-
loKcam. HoBhie jxe MOHATHA C CAMOrO HayaJa YYMTHIBAI0T KOHEYHOCTh
CKOpOCTH cBeTa M YCTPaHAOT 9TH MapPanoKCHl.

B crapo#t ¢usuke BBOAMIOCH ANPHOPHOE (HE OCHOBAHHOE HA OMBITE)
NonsiTHe a0COMOTHOR OJHOBPEMEHHOCTH. PacCMOTPHM OJAHMH M3 NapaloKCOB,
K KOTOpDbIM 3TO MOHATHE NMPUBOAMT. I1ycTb MBI MMeeM ABe CHCTEMbl OTCULTa,
ABMXYwHecs APYT OTHOCHMTEJbHO Apyra MPSMONMHENHO W DPaBHOMEPHO,
TiDHueM B HEKOTOPHI MOMEHT BPEMEeHU Hauala KOOPAMHAT MX COBMNAjaioT.
Hpeanonokum, uTo B 9TOT MOMEHT BpeMeHH B 0OuieM Hauaje KOOpIWHAT
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TIPOM3OILINA CBETOBAY BCMLILIKA, H PACCMOTPYUM JABMXeHue¢ ()POHTA BOJIHH
¢ Touky 3peHus obewx cucTeM orcyera. C TOUKM 3penHs NEPBOH CHCTEMbI
(ppOHT BOJIHBl B KaXIbil MOMeHT BPCMCHH €CCThb Hiap ¢ UeHTpOM B HauaJje
KOOpAMHAT MepBoft cucTeMu. Ho TO ke camoe MOXHO yTBepwaaTh H
C TOYKW 3peHYss BTOPOH cHCTeMbi: TaM (DPOHT BOJMHBI B KaXIbii MOMEHT
BpeMeHd ¢CTb IIap ¢ IGHTPOM B Hayaje KOOPAMHAT BTOPOH CHCTEMbi.
Mexay TeM o0a HayajJa KOODAMHAT COBNAlald TOJBKO B HauyalbHLIH
MOMGHT BPEMCHX, a MOTOM DPa3OUNIMCh; y 11apa jKe He MOXKET OHTb ABYX
pasHbiX UEHTPOB. PacCykienus 3TH UCHOAB3YIOT, C OAHON CTODOHLI,
NPHUHIMI OTHOCUTEJbHOCTH, T. €. TOT (PaKT, yTO B ABYX CHCTeMax, IBH-
KYUWMXcs APYT OTHOCHTENLHO [PYyra PaBHOMEPHO M NPAMOJMHEHHO, BCe
ABJEHHs] MPOMCXOAAT OJMHAKOBO, H, C JAPYrod CTOPOHH, BBITEKalOWHMii
U3 MOHATHA TNOJs NPUHIMI HE3aBHCHUMOCTH CKOPOCTH CBeTa OT CKOPOCTH
uctounnka, Ho ofa 3TH npuuuuMna cosepiieHHO Oeccropubi. B ueM e
TOrla pasbiCHEHMe MapaloKca?

PasbsacHenyue COCTOUT B TOM, YTO CJIOBA ,B KaxJmi MOMeHT Bpemenu“
UMEIOT B NMPHUMEHEHMM K MepPBOH M KO BTOPOH cCHCTeMe OTCueTa HeOAMHa-
KoBHH cMpica. [lapaloKC BO3HMKAET TOJbKO, €C/AM MOHMMAaTh 3TH CJOBa
B CMHCJE ,B KaXAbfl MOMEHT eIMHOTO abCO/MOTHOTO BPEMEHH, OGL{Ero
s o6eux cuctem“. CyliecTBOBaHME TaKOro ,e€IMHOrO abCOMIOTHOTO Bpe-
MEHH® CUMTaJOCh CamMo c000i0 pasymewwuMcs B cTapodt ¢usuxe, HO
OTPULAETCS B TEOPUH OTHOCHTEALHOCTH, Kak ML 3Haem, COTJIACHO TeOopnu
OTHOCHTEJbLHOCTH, BpeMs B OJHOHM CHCTeMe OTCueTa He TO JKe CaMoe, uTO
BpeMs B Ipyrofl cucreme. PpoOHT BOMML B Ka:xKIOH CHCTeMe OTCUeTa Onpe-
JeJIAeTCA KaK OO0HOBpeMeHHOe ¢ MOUKIL 3peHus OaHHON CucmeMbl T0JO0-
JKEeHHe TeX TOYeK, A0 KOTODHX JOUIJIO CBETOBOE BO3MYLIeHHe. A Tak kak
cOOHITHSA, OJHOBpEMEHHHE B ONHOM CHCTeme OTcueTa, He OyLYT ONHOBpe-
MeHHBIMU B ApYro#, To M $pOHT BOJHH B MepBOH cucTeme orcyeTa GyaeT
COCTOATh M3 JAPYTHX TOuUEK, ueM BO BTOpO# cucreme. Ecau Mm aJd na-
rISAHOCTH MpeiacTaBuM cele, YTO pacnpocTpaHeHne CBETOBON BOJHBI IPOUC -
XOMUT B HEKOTOpPO# paspe:meniiofl cpelc (B rase), TO (DPOHT BO.HBI
B nepsoft cncreme Oy/leT MPOXOAUThL ueped JpYTHe UaCTHUbI Tasd, yem
Bo BTOpo#t cucreme. llosTomy M dakTHueckn GyieM HMerb LeJO C pas-
HHMM (pPOHTAMH BOJIILI, H HEYIMBATENBHO, YTO y HUX OYAYT PasHHE LEHTpL.

[NpuBeneHHOE 3/1eCh pas3biACHEHHE MapajorRca € HATALLHOCTLIO MOKA-
3LIBAET JIOTHUECKY0 HEOOXOAMMOCTb OTKasa OT MOHSATHH ,a0co0THO:
BpeMss“ M ,a0CO/IOTHAA OAHOBPEMEHHOCTh “.

lMoJsBeka Hasan, kOrja TeOpPHA OTHOCHTENLIIOCTH TOJBLKO BO3HHKAJ4,
OTKa3 3TOT MHOTHM Ka3a/1Csl YeM-TO MOYTH HeipHeMJEeMLIM, ¥ CO CTOPOHHI
co3naress TEOPHHM OTHOCHTeJbHOCTH DfnmTeidiHa noTpe6osanacy 60.1pmias
HayyHas CMeJOCTh, 4TOOB NpUHTH K yOexi<deHHi0 B ero HeoOXOLHMOCTH.
B HacTosuiee k& BPeMs Mbl MpPUHHMAEM ITOT OTKa3 ropasno ierue. XKu-
TeliCKOe TMOHATHE OJHOBDPEMEHHOCTH MOKPbBAETCS MOHATHEM KBa3u-01HO-
BPEMEHHOCTH, B 11aYU:bLIX )K€ BOMPOCAax, TaM, Tae Mbl MMeeM 1e10 ¢ 60.n-
IWUMH  PacCTOSHMSIMH  HIH ¢ OGOJbWHMIT  CKOPOCTHMH, HCOOXOJUMOCTDL
VTOUileHHs] HOHATHA BPEMEHH 1PeICTaBJfeTCsl COBEPILENilo CCTECTREIHOM,
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§ 13. CpaBrenune NPOMEXYTKOB BpeMeHH B ABHMYUIUXcH
cucremMax OTc4deTa. SIBjenue Jlonnzepa

[lycTb JaHa HEKOTOPas CHCTeMa OTcyeTa (6asuc), KOTOPYiO Mb Gylem
npuiMMaTh 33 HEMOIBHKHYIO. IlpocaenuM ¢ TOukM 3peHus 3Toro Gasuca
24 XOJOM HEKOTOPOro mpouecca B ABMKYleHca cucTeme. B kauecTse
1akoro TMPOIECCa MOXHO B3siTh, HaNpuMep, PaBHOMEPHHR XOA yacos, CBsi-
saipX € ABWXKYwiefica cucTeMo#t. IlpocjeluTh 3a XOAOM 4acoB, €CJH
oif JABHXKYTCS, MOXHO, CKaXeM, 3aCTaBUB HX €XECEKYHIHO HCIyCKaTh
CBeTOBHIE CHTHaAm (MAM NPOCTO paccMaTpuBas H3Naau MNOKazaHus UX
crpeaok). KpoMe Toro, HyxHO nMeTh Ha 0asuce Takoe yCTpPOHCTBO (CKa-
wem PalMOJIOKaLMOHHOE), KOTOpOe Obl HEMpephIBHO OTMEUaN0 PaccTosHUe
or 0asuca A0 ABwKyuwMxcd uwacoB. Toraa, oTmeuas no yacam Oasuca
MOMEHTBl MOCTYIJIEHHS! ,E€KEeCeKYHAHBIX® CBETOBHIX CHUMHAJI0B U BBOAS
KaKABIM Pa3 MONpaBKy HA BpeMsl MPOXOMAEHHS CHTHa/Ja OT ABHXKY'IMXCS
nacoB 40 0asuca, Mbl MOXEM ONpelequTh MOMEHTH £, HUCIYCKaHhs 3THX
,eEeCEeKYHIHBIX “ CHrHajoB. [lompaBka 3Ta BBIYMCJSETCS BECbMa MPOCTO.

TlycTb 7 (f) ecTh H3MepeHHOe ¢ 0asuca paccTOsHHE A0 ABHXKYIHHUXCS
4acoB, BbIPAXEHHOe B (DyHKIMM BpemenHu f ma Gasuce. Toraa Beanumwa £,

*
NOAyYaeTCs M3 HEnoCPelCTBEHHO HAG/OJEHHOM BeIHUHHB f, MO Qopmyie
rt
RERAL Y (13.01)

BosurkaeT BOUpoc, OyAyT MM MOMEHTH BPEMEHM f, Takxke execeKyHI-
npmH P JpyruMyu ci0BaMM, eCiid Ha Gasuce MMETCH 4achl TOYHO TaKOTo e
verpo#cTBa, kak Habaiofaemble ¢ 6asuca ABMXKYWwHeCsa yacChl, TO OyAyT JH
BLIUHC/SEMBIE MOMEIITH BpPEMEHM [, COBNalaTh C CEKyHAaMM MO yacaM Ha
fasuce?

Orer Ha 3TOT BOMpOC Raercs dopmyaamu npeoOpasosanus Jlopenua.
[TpeanonoxuM, yTO yach “yAaadi0Tcss OT 0asuca Mo MpaAMOH, MpoxoAsiiei
yepe3 Hayas10 KoopAuHaT Ha Oasuce, (Mbl cuuTaeM, uTo mpubop, peru-
CYPHPYIOWHH CHTHaJbl, HaXOAMTCS B Hauaje KoopAuHAT.) Bepa sty npa-
MY 34 OCb X M mpednoJaaras, uyro npd f=0 yachbl DPOXOIUJH uepes
HA4aJ0, MB MOXeM ONpele/UTb f0J0XKeHHE ABHXKYLUHMXCA 4acOB ypaBHe-
HURMU

x=wot; y=0; z=0, (13.02)

puueM BeJuyMHa X Oyler Takke paccrosHueM r ot Oasuca. [lpumene-
ine popmyant (13.01) nokaswiBaeT, Y4TO CeKyHAlbill CHIHAJ, BOCHPUHATHIA

N1 Gasuce B MOMEHT fn, Gbll HCHYUIEH B MOMEHT BpeMeHH
t
£, = = (13.03)
1+ 2
+ c
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Ho wacay Oasuca. Beedew renepb 1o dopmysnam npeoOpasopaims Jlopeiua

vx
, x—ut t—w

x — % . = (13.04)
Syes TyE

CHCTEMy OTcueTa, CBsi3adHylo C IBWxyuwmuMucad yacanu. OOpaTHbe ¢op-
MyJabt, KaK Mbl 3HdeM, MWMEIOT BHI
vx!
4=
x4 ot’ c
to e (13.05)

f—=—
‘/1-—~’ ]/_1—%{;

B mrpuxoBanHoli cHcTeMe noJOMeHMe 4acoB, MOJAIOLUMX CHrHagb, Oyner
x' =0, y' =0, 2/=0, a MOMEHTbl OTOpaB.cHUs CHUrHa/10B OYILYT

£, = nz, (13.06)

rje moCTosHHas < (3aBMcsAuias TOJBKO OT YCTPOMCTBA 4acoB, HO HE OT MX
IBxkeHus)) pasHa, ckawkeM, 1 cexyuie. CaepoBareibHo, GyeT

IR — (13.07)

C apyro#l cTOpOHbI, Yachl TakOTO e YCTPOHCTBA, uMeioluuecs ua Oasuce,
0TOMBaIOT MOMEHTHI BpeMenM nt. Takum o6pasom, Habmolaemipie ¢ 6asuca
IBIXKYWHecs Hachl OyLyT omcemasams 0O CPABHEHHIO ¢ yacaMu hHa Oasuce.
OnpeleasieMbie 10 HabmoLeHUsM Ha Ga3uce MOMCHTLI OTiIPABJEHMS CHr-
HaJI0B Oylyr OTCTOATh He Ha BeInuuHy < (OAHY ceKyhly), a Ha 60Jb-
Lyt BeIMUYHHY

<

M=t (13.08)
V1-5
v

HeoOx0AMMO HOMHHUTbH, YTO 3TOT De3yALTAT MOJY4AETCs YKe 10C/e BBe-
DleHHs] HOMpPaBKM HA KOHEYHY0 CKODOCTh pacipoCTpaHeHus CHIHAJOB.
HenocpencTeenno e 1naGnofalTCd MOMeNTht NPHObLITHS CHMHAJOB Ha Ga-
3UC, paBHbie

* v 1+ Z‘
tn:(l +7> £, = ns — (13.09)
C
B OTCTOAWME ﬂpyl‘ or Iprra Ha BC.UHL]HHy
At*:q/”“”. (13.10)
c—T

Jl1s npocToThi BHIKNAMOK Mbi PaccMarpuBald TOT Chyuyal, KoTAa ABHXKY-
wHecs uyach yAaJaioTcs npaMo oT dabmonareas (r. e, or upufopa,
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PEerMCTPUPYIOWEr0 MOChLIAeMbie UMH  CBETOBLIC curaaam). PaccMoTpum
reneph 00Jee 00wt cayyait, KOria TPAEKTOPHS 4aCOB HEe IPOXOAHMT Yepes
npuoop. IlycTo npubop nomnpexHemy pacnonoxed B Hayaje KOOPAHMHAT,
4 JBHIKCHME 4acoB onpelendercs, smecto (13.02), ypaBHenuamu

X=gl; Y=Y 2Z2=2, (13.11)
B CHCTEME OTCYeTa, CBS3aHHOM C Ga3MCOM, M ypaBHEHUAMH
x'=0; ¥y=0; 2/=0 (13.12)

p cHCreMe OTCuera, CBI3aHHOH € yacCaMu,

[Tepexol OT OLHOH CHCTeMbi OTCYera K APYro#l laeTcd nonpexHemy
npeoGpasosanvem Jlopewua (13.04)—(13.05). TlostoMy cBssb Mexay ¢
n f, a 3Haunt u ¢opmyaa (13.08), nawowas oTcTaBaHhe JBHKYU{MXCH
1acOB, OCTaeTcst Ge3 uaMmereHus. VIBMCHHUTCS TOMLKO CBS3bL MexAy £ W £,
T. e. opmyaa AJs nepecyeTa OT MOMEHTA HpHEMa K MOMEGHTY MCiycKa-
umsi CMrHaja. A uMenso, Mbi OydeM MmeTh, BMecto (13.09)

* [ Ay w—
tn:tn'-{———c— V@“[ﬁ.{._ya.{,_zg. (1313)
Cuwtas IIPOMEXYTOK BPEMECHH T MaJbiM, MLl MOXEM HOJOXUTH
W dr o, v,
At _Tit—At_(l-{--E)_&t, (13.14)
rae
v, =% i (13.15)

L Ve

eCTb palualbHas COCTaBASOWAs CKOPOCTH 4acOB B MOMeNT MCiIyCKaHus
mm cursana. Ms (13.08) u (13.14) noayuaem

Af = XU (13.16)

Ver—o2

Jra dopuyna savedseT (13.10) o1g ofwero ciyuas.

Ormune A" or « sBasercs BeipaXenueM sdexra Jonnaepa, KoTo-
Poii, Kak M3B:CTHO, COCTOMT B Chedyiowem. Ecmr B ABmxyliefics cCUCTeMe
HIPOUCXOJHT [1ePHOAMYECKHH NpOIlecC ¢ NEPHOLOM T, TO PETHCTPHPYeMbild
B HEKOTOPO#H TOUKE HENOIBWIKHOM CHCTeMHBl fepuol Af* okasbipaeTcs 60Jb-
UMM yeM <, KOrAa CHCTeMa yiajsieTcss OT 3TOH TOUKHM, M MCHBLIMM YeM T,
Koraa cucreMa npubmxaercs k weil. Popmyaa (13.16) Aaer peasTHBHCT-
CKoe ppipaxcenne 3¢exra Jonnaepa A1a Ciyuds pacipocTpaHenus CBeTa
B CpobomHoM npoctpancTBe. Knaccuueckas aopeasTHBUCTCKas ¢(oOpMyJa
flolyquTes, ecnu ve JeJaTh pasauuud MexAy [’ u £ u 3aMenuts B (13.14)
Af na = (370 BHOCHT OTHOCHTE/bHYIO OWMOKY nopaika v%/c2).

34METHM, YTO UCTOPHUECKH HepBOe ONpe/leleHHe CKOPOCTH CBeTa B CBO-
Sonom npocTpasnctse, npoussesenioe 8 1675 r. Oaapom Pevepom, 6rLio,
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B CJUHOCTH, OCHOBAHO Ha 3(dekTe Jlonniaepa. IBmkyinmMucs yacaMu cay-
Kusa cucteMa cnyTHukoB [OmuTepa, a HabmonaBLIMHCT MepUOIUIECKHH
Mpolecc COCTOAM B MEPUOAMYECKMX 3aTMEHHAX CIYTHMKOB, [IpuMepHO Ha
NPOTSHKEHUH MOJOBHHb! 3eMHON OpOuTH 3emaa npubmpkaercs k HOmurepy,
u rerga v, < 0, Ha NpPOTSHKEHMH APYro#l MOJOBHHBbI 3eMas ylaJsercs OT
Onitepa, u Toraa v, > 0. IlpuMenss sMecto (13.16) ynpouensyio ¢op-
myar (13.14), MoxHO B3aTb B KaueCTBe Af cpeauu#t (3a ron) Habmopae-
MBIl IPOMEXKYTOK BpeMEHH MeXIy AByMs 3arMenusMu. Toria ua To#l yacTu
gemrolt opbuth, rae v,< 0, 6yner Ar* < Af, T. e, Gyler HabmolaThCs
onefeXxeHnHe 3aTMEHMH MO CpaBHEHMIO CO. CPelHHMM, a Ha TOH yacTH, rje
v, >0, Oyzer At*¥ > Af, T. e. Oyler nHalOmoldaThCs 3anmas3jibiBaHue. 1'ak
KaK CKOPOCTb U, U3BeCTHa M3 TeOpHH IBmxenus 3eman u lOmurepa, T0
coomouterre (13,14) naeT BO3MOXHOCTb BBIUMCAMTbH CKOPOCTh CBETa C.
PeMep moayuun TakuM nyTeM 3HaueHHe ¢ pasuoe 3,1 - 1010 ca/cex, T. e.
ype3sbiuaiiHo GJM3KOE K MPUHATOMY Tenepb 3uauenuio 3,0 - 1010 ca/cex,
nosyieHHOMY ropasno GoJee TOUHBIMH METOJaMH.

[onuepkHem eule pas, 4TO B TEOPHUM siBdeHus Jlonmiaepa yuuTHBaWTCA
IBa PAKTOpA: BO-NMEPBbIX, MEPECYET OT MOMEHTa £* NpHUOBITHA K MOMEHTY ¢
MCIyKaHus CBETOEOTO CHI'Ha/la M, BO-BTOPHX, CB3b MEXILY BpeMeHeM f
B CHiTeMe OTCUeTa, B KOTOPOM CHUIHa/bi PETHCTPUDYIOTCA, U BpeMeHeM ¢
B CHCTEMe OTCUeTa, CBSI3AHHOM C TeJOM, KOTOpO€ 3TH CHrHa/bi UCHYCKaer.
[Mepaitt u3 31UX (akTOpoB (flepecueT OT #* K ) BBOAUT MHOXHTEIb,
3aBH(SLIMH OT pajina/ibHON COCTaBJsOUWLEd CKOPOCTH; 3TOT (akTOp YUMTbi-
BaJCs YK€ B LOPEJIATUBHCTCKOHN TeopuM. Bropo#t dakrop (nepecuer oT £
K £) BBOAMT MHOMHTE/b, 3aBUCAWMHA OT a0COMOTHON BeJUUMHBb! CKOPOCTH;
OH OMOBaH Ha mpeofpasoBauuu JlopeHlla ¥ fABAfA€TCA XapaKTepHbIM J.is
TEOpd OTHOCUTENLHOCTH.

§ 14. Canyenune NOKa3aHM{l HacOB B JABIKYIHMXCA
CHCTeMax oTcHeTa

B npeasinywem naparpage mbt pacCMOTpEH CMocoC CpaBHEHHs Mpo-
MEXYTKOB BpEMEHH B DasHBIX CHCTEMaX OTCUeTa, OCHOBaHHBIA Ha HCHOJb-
30BaHIM CBETOBbIX CHI'HAJOB, € YYETOM BpEMEHH HX pacnpoCTpaHeHus.
[NpuHIMMHAILEO BO3MOXEH, ONHAKO, M 1pYyro#t cnocol, B KOTOPOM CpaB-
HUBA10"CA TMOKa3aHHMs 4acCoB, MPOXOAAUIMX B HEMOCPECTBEHHON GaM30CTH
Ipyr (T apyra.

[MpeacrasuM ceGe psf yacoB, PACNOJOKEHHBIX Ha OAHOH npsMoH,
MpUHALIeKAWHNX ONHOMY GasHCy, HEMOIBIXHBIX B HEM M 3apaHee CHH-
XPOHHOBaHHBIX APYr ¢ aApyroM. [lycTb MHMO HUX ABMXYTCA dachl A.
UroObi MPOCAEAUTh 34 XOL0M 4acoB A, AOCTaTOYHO CJMYHTL MX NOKasa-
WM C 10Ka3aHHUAMM TeX uacoB 0asuca, MHMMO KOTOPbiX OHM B RaHHbIH
MOMeHT MpoxoaaT. OueBHAHO, NOCTAaTOYHO MMeTh Ha 0asuce ABOE 4acoB;
MOXHO MPEACTaBUTL cefe Gasuc COCTOSUIMM M3 STHX BOMX 4acoB, CO-
elMHEHILIX TBEPAbLIM CTEPIKHEM,
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I3 cucteme orcueTa 0as3uca KOOPAMHATH HEMOJBIKHHX Y4aCOB M JBH-
HylHXCS 1acoB A Oynyr
Xx == a (nepBbie uach Oasuca), \
x = b (Broprie uachi Gasuca), (14.01)
x = ot (uacw A). ]l

Mo ¢opyyraM npeobpasosanus Jlopewua (13.04) —(13.05) b MOkeM
gpeCTH CHCTEMY OTcueTa, CBsi3aHHyi C yacamu A. B Helt Koopauuathi
yacor 6Gasuca M yacoB A 6yayT

x=—ut' 4+ o’ (nepsbie uvacw Gasuca), )
x"=—ot' b (srophie uace Gasuca), | (14.02)
x'=0 (uacet A), |

re uocToAnHbC @’ U b7 CBsdaHbl ¢ @ U b COOTHOWEHHSMH

T T
w:aVH—mﬁ,y:beh—E. (14.03)

Ile cTaHOBACH Ha TOUXY 3peddsi KakoOH-1M00 M3 3THX ABYX CHCTEM
orcucra, Mbl 3amMuieM CAeiyioue OOGBeKTHBHLIC fAaHubie; BO-HEPBLIX,
noxasanus 4acoB A M NepBbIX uacoB 0as3uca, KOraa OHM MPUXOAHIAUCDH
APyr NPOTHB 1PYra, M, BO-BTOPhIX, NOKa3aHUs 44COB A M BTOPLIX 4acos
Gasuca, Koria JLpyr MPOTHB Apyra Npuxosuauck oun. OOo3Hauas MoKa-
aaims uacoB A uepes fy f» W COOTBETCTBEHHLIE MOKA3AHUS MepBLX U

BTOPHX uacoB Oasuca uepes £, u £, OyieM uMeTh, BcaeacTsHe (14.01)
n (14.02):

t_ - t;:—',
' ' (14.04)
/ ”I

a

",(7)
b 7
t:z::?; =

uprtey, seaencrsue (14.03),

A:QV]«g;Azgylwg. (14.05)

3TH faHHbie TNO3BOJSIOT HaM CYIUTh, C OAHOM CTOPOHBI, O XOle
vacos A, wabmonaemoM ¢ 0aswuca, H, C Apyroft CTOpOHB, O XOle
4YacoB 6aswca, Haba0laeMOM B CcHCTeMe oOTcyeTa, cBasauuod ¢ A. Tlon
Xoa0oM mpoilecca, HabGrolaeMbiM B TOH HAM MHOM cHCTeMe OTCYeTa, Mbi
PasymMeem XOA wpoLecCd, BbIpaXEHHbH uepe3 TO BpeMms, KOTOpoe COOT-
Bercrayer npucyuled nanHOM cHcTeMe OTCYera CHHXPOHM3ALMH,

Beamuunnt £, M £, npeicTapasioT NOKa3awus pasHbBIX 4acoB Oasuca;
1O TaK Kak B CHUCTeMe orcueTa 0asuca 3TH YaChl CHHXPOHU3OBAHB!, TO,
YUoTpef.ass CJI0BO L,KOTAA“ B CMBCIe 2104 CULXPOHM3ALNH, ML MOXEM
FIBCDKNa1b, YTO KOUJA BTUPLIC YACL HUKASLIBAMI LpeMd Ly, TO M HEPBbIE
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yace! MOKA3bIBAIM TO Xe BpeMs £, [103TOMy pasBOCTb £, —f, MpeACTa-
B/sieT MPOCTO BPeMs, NMpOTeKllee B CUCTEMe oTcueTa 6asuca, MOKa MOKa-
34HMS 4acoB A M3MEHHJHUCL Ha t;—t;. Takum o06pasoM, X0 1acoB 4,
Ha0monaeMbll ¢ 0a3uca, ompelefisieTcs ypapHeHHeM

tQ—t{:(tQ—tl)/l—zl;. (14.06)

14 7
Tak Kak |t;—1t; ] <|f,—1t,;|, To uace A, nabmojaemble ¢ Gasuca,
r

Oyayt omcmasams. Tloaaras to— 11 =1, t,—t; == Af, Mbl MOJYYHUM CO-
Bnajenue ¢ ¢opmynoit (13.08).

PaccMoTpuM Temepb X041 uacos 0asuca, HabuiofacMBI# B CHCTeMe
oTcuera, csazanHoft ¢ A. Yrobbt CyiuTh O XO4e 4acoB, HeOGXOAUMO
NpOC/e]UTh 3a MOKA3ARUSAMM OOHUX W meX Je YacoB, B AauHOM Cay-
yae — 33 MNOKa3aHMAMHM MO0 MepBbiX, JUOO BTOPHLIX yacoB Gasuca: OcTa-
HOBUMCS il ONpele/]eHHOCTH Ha BTOPLIX uacax. [lasg HUX Mbi UMeeM
TOJbKO OLHO Henocpedcmeaennoe nokasanue (Korla OHM HaXOAW.1UCh MPO-

THB 4aCOB A, MOKA3LIBABIINX BPeMd fy» CAMM OHH TMOKA3LBAIH BpeMd fp).
llpyroe mnCKasaHMe BTOPbIX YacOB HYKHO BL4UCAUMSG TIO HMEOUIMCH
AanHbIM. [loCTaBUM MO3TOMY BONPOC: Tie OblTM BTOPBIE UYACHI W CKOJBKO
OHM MOKa3blBa/JM, KOria MNpOTHB 4yaCOB A HAXOLW/IACh NepBbie YaChi?
CytuecTBEHHO NOMHHTD, YTO CJI0OBa ,Tle“ ¥ ,KOrAa“ ynoTpeGasioTcs Tenephb
B CMbIC/e CHCTeMBl OTcuera, cBsfdaHBOM ¢ A (B CMBIC/IE HITPAXOBAHHOM
cucteMbr). Ha 3TOT Bompoc Jerko oTpeTHThb. Korpa npotus A naxonu-
7 a’
JUCh MepBbLIE YacChl, Yachl A MOKa3blBAIM BpeMs [y — — » BTOpbie Xe 4achl
HaxoAMauch Toraa (coraacuwo 14.02) B touke x' == 6’ — a’. Tlokasanue ¢

I4 14 I4
BTOPBIX 4aCOB MOJYYHTCS MOACTAHOBKOH 3nauenutt ¢ == ¢ 4 X —=b —u
B ¢opmyiay npeobpasosanus Jlopenua (13.05). Mbi Gynem umers

ot L —a) .
T e == £ 5 b—a) (14.07)
i ¢
o2
HIu
t:t1+(t2—"t1):,'§" (14.08)

(Tlokasanue ¢ BTOpHIX YacoB Yyxe He OyleT COBNALaTh C [0Ka3a-
HHEM f; TMEPBBIX YacoB, MNOTOMY 4YTO OJHOBPEMEHHOCTh MOHUMAETCH
Temepb B CMBIC/i€ CHUCTeMbl OTCuera, CBA3aBHOM ¢ A, a He ¢ 6a3HCoM).
Broiuncnennoe no dopmyse (14.08) mnokasanue BTOpPBIX 4acOB BMecTe
C HEMOCPENCTBEHHO HAGMOJEHHBIM MX NOKA3aHUEM f, MO3BO.IAET Ompee-
JUTh XOJ BTOPbIX H4COB B CHUCTeMe OTCYeTa, CBA3AHHOM ¢ uacamu A. Mu
UMeeM

ty—t=(t,—t)(1—5). (14.09)
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OTKylLa OKOHUATeJbHO
fy—t= (b —1t) 1/1~*~- (14.10)

Takum 06pasoM, B CuUCTeME OTCueTa A ABMXKYUIMECS OTHOCHTEILHO Hee
yachi Ha 6asuce OMATh-TAKY OMCMAOM, W Mbl UMEEM OTHOCHTEJbHO 06eHX
cucTeM OTCYeTa IMOJHYH0 B3aHMMHOCTb.

Vlrorga rosopsT, uTO B ABMXKYLIeHCA cHCTeMe BpeMs HIeT MeljeHHee,
yem B Hemoasmwxkuo#. Takas (opMy.nMpoBKa, O1HaKO, HeNMpaBMJbHA, Tak
kaK, Ha OCHOBaHMHM NpPHHIMIA OTHOCHUTENbHOCTH, BCErJa MOXHO TNOMEHATh
pOJSMU JABIXKYILYIOCS M HEMOABIKEYIO CHCTEMY, M TONla MOYYHJIOCH )3
npoTHBOpEUHe.

XapaKTep BOSHUKAOUIMX 31€Ch HEAOpasyMeHUH Jierdue BCero MOsICHUTDH
HA MaTeMaTHUecKOM mnpuMmepe (KOTOphI#, BIpOuYEM, HMeeT MNpAMOe OTHO-
wenne K pan#oMy sompocy). Mwbl susern B § 10, uto aas npeofpaso-
sanus Jlopenua

at’
5= ag= > 1. (14.11)
ViE
Ho u mas o6paTHOro mpeoOpa3soBaHMs Mbl HMeeM
ot S (14.12)

a-—t;-:aooz q 112
)

Ecau 3abmrs npo To, uro B (14.11) mpoussosnas mo ¢ OepeTcss mpu
MOCTOSHHBIX X, ¥, 2, a B (14.12) npoussoinas no ¢’ GepeTcs Hpu Mo-

’

crosunbix x’, 3, 2/, TO MOXeT NOKa3aTbCs CTPAaHHBIM, UTO HE PaBHO

o
at’

06paTHOH BeaMuMBe 35 2 paBHO eft caMoft. flcHo, 0ONHAKO, YTO HHKAaKOro
»TapafoKca“ TyT HeT.

BoaBpawasice k ¢usuueckoh CTOpOHe 1ela, MOXHO (KasaTb, 4TO

B launo# sajnaue peub MAET HE O ,XOJ€ BPEMEHH“ B pasHbIX CUCTeMaX

OTcyeTa, a 06 OMUCAHMM XOJda HEKOTOPOTO L0KQAAU30B8AHHO20 Mpoyecca

B paanptX cHcTemax oTcueTa. [lycTh mpoilecc J0Ka/JAM30BaH B TOUKE,

HEMOLBMXHON B HEWTPUXOBAHHON CHCTeMe OTCueTa (MOCTOSHHBIE X, Y, 2).

ot
Toraa ua 5 > 1 Mbl 3aKJ0uaeM, YTO NJMTEAbHOCTb (MJM NEPHOL) Npo-

llecca B ,cpoet“ (HeWTPUXOBAHHOR) cHCTeMe oTcueTa OyaeT MeHblle,

4€M BO BCsKOH apyroft (WITPHUXOBaHHOM) CHCTeMe, KOTOpas OTHOCHMTENLHO

»CBOEN® cucreMbr aBMKeTCsd, Ecam ke mnpoiecc J0Kajiu30BaH B TOUKeE

¢ mocrosmnbiMM KoopaunaTaMu X', y’, 2/, To ,cpoef* cucremott Oyner
ot

WTpuXopankas, 1 Mbl GyaeM HMeTb 7 > 1, HO N0 CYIECTBY 34KOYeHNe

e H3MEHUTCHl.
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Ecim pawrenbHoCTL Tpouecca B ,CBOER® cucTeMe OTCueTa Oblia dr
ro B ApYro#t cucTeme OTcueTa, ABIKYLiefics OTHOCHTENbHO HEE CO CKo.
pocThio V, ona OyleT paBma df > dx, mpuueM

/17
lel - dt. (14.13)

3nece V ecrb cxopocth, BXolsilas B npeoGpasosanue JIOpenUa, CBs3bi-
paiouiee 00e paccMaTpuBaeMbie CHCTeMLi OTcueTa. [lo abcomoTHOR Beau-
yuHe V PaBHO TOH CKOPOCTH ¥, C KOTOPOR IBMXKeTCH TOuYKa, I'le .10Ka-
JAU30BaH 1POIECC, M COCTABIAICHIMNE KOTOPOH paBHbLI

dx dy dz

A AR & (14.19)

[Mosrony Mpt Moxey, BMecto (14.13), Banxcalb

d::]/—l——dt (14.15)

Herpyano BugeTh, 4TO 3TO BLIpaXKEHHE ABAAETCS HUBAPHAHTOM MO OTHO-
wennio K npeoBpasosanusam Jlopenua. Beanunmny dt momuo paccmaTpu-
BaTh, KaK auddepenunan ,Co0CTBEHHOTO BPEMEHH® T, OMNPELEIAEMOro

ypnmlenueM
‘ ‘/1 aﬂfdt (14.16)

(3aece mpunsrto, wro npn £ =10 6yzer <=0). Ecam ckopocTr v—rno-
CTOsIHHAS, TO T €CTh H3MepenHas B ,CBOeH® cucreme orcyera AAUTENb-
HOCTb Mpollecca, CBs3aHUOrO ¢ ABWkytiefica Touko# (OTCI0Na HasBanie
,COOCTBeHHOE Bpema“). Ecan xe cKOpPOCTh U — MepeMeHHas, TO T He HMeeT
npamMoro (M3uyecKOro CMbICJa, a4 NpelcTaB/iseT BCHOMOraTeNbHY0 MaTe-
MaTHYeCKYI0 BeJHYMHY, KOTOpoft yLoOHO MO0.Jb30BATLCS BBHAY €€ HMHBa-
PUMaHTHROCTM MO OTHOWeEHM0 Kk mnpeoGpasosanuio Jlopenua. Haspanue
»COOCTBEHHOrO BpPEeMCHH“ COXpaHieTCs 34 BeJAMYMHON T M B cayuae mepe-
MEHHOH CKOPOCTH ©, XOTsl B 3TOM Cllyyae €ro He/abasl MORUMATh OyK-
BaJ/JbHO.

To obcTosirebe1B0, 410 B CAyude YCKOPEHHOTO ABHIKEHHS BEJIHUYHHY T
Henbas TOJKOBAThL, Kak BPeMs, 110KasdbiBaemoOe 4qacaMmu, [ABIKYUIMMHUCA
C 3aJlaBHOH CKOPOCTbIO, BbITeKaeT H3 TEOPHH TArOTeHKA JMnwtetna;
B 3TOU TeOpMH AJA BpPEMEHM, MOKa3hiBaeMOro uacamu, JAdeTcs JApyroe
Buipaxenue (cM. §§ 61 u 62). Yro Kacaercs OOLIMHON TeOpHHM OTHO-
CHUTEILHOCTH, TO OHA 103BOJAET JenaTh B oOwieM Bule (T. €. He BHHU-
Kdg B CYWHOCTb MPOUCXONAUIMX MPOUECCOB) TOJLKO Te 3aK/MOYEHHMS,
KOTOpbie  OTHOCATCA K HeyckopeHuomy ABwKenmio. Toabko ciydait
HEYCKOPEHHOrO JBHXEHH$ CBOAUTCH K PacCMOTPEHHI0 pasHblX HHep-
UMaJIbHBIX CHCTeM oTcueTa (¥To, COOCTBEHHO, W COCTaBJseT IpeaMeT
TEOPHN OTHOCHTEALHOCTH). 1losTomy, B c.iyuae YCKOPEHHOTO ABHIKEHHA,
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70JKOBAHME BEJMUMHII T, KaK BpeMEHH, IOKa3biBAEMOrO JABIKYUIMMHCH
yacaMH, M3 TEOPHH OTHOCHTEIBHOCTH BHITEKaThb He MO¥eT. Takoe TOJKO-
ganMe MOIVIO Obl ObiTh BBIABUHYTO B KaueCTBE OTAEIbHOTO MPEANOJONKe-
(s, OMHAKO 3TO MPelNO0JOXeHHe He onparisiaeTcsa, Booblle ke HUMKaKas
TeopHsl HE MOXET, He BXOAA B JeTaqu YCTPOHCTBA YacCOB, MPENCKA3aTs,
kak OynyT cefs BeCTM 3TM uachl B YCJOBHAX, KOTAa OHU MOABEPraioTCs
TOMUKAM MM MPOU3BOJLHOMY YCKOpeHHo. IJTOr0 He MoXeT ClesaTh U
TeopHsl TATOTEHHS; YNOMAHYTOE BHIPAXEHHE I BPEMEHH, MOKa3hiBAEMOTO
YCKOPEHHO JBIXKYUIMMUCA YaCaMH, OTHOCHTCA K TOMY Caydaio, KOTa 9TO
YCKOPEHHE BbI3BAHO MOJIEM TATOTEHHUS.

§ 15. CpaBnenne pacCTOsHHME M AJMH B ABMXYIIMXCA CHCTeMax
oTcueTa

Ecin npeaMeT B 1aHHOM cHCTeMe OTCYeTa HeNOJBHXKEH, TO oOmpeje-
JeHHE €ro reOMeTpHYeCKMX paaMepoB ¥ (OPMbI Heo0s3aTeABHO LOMKHO
NpOUCXOAUTL Mruosenno. Henoiswkubil npeamer MoxuO 0OMepUTH
MOCTENEHHO, OTMETHB MOCJEN0BATENbHO MOJOXKEHHE PasHLIX ero TOuek,
HanpoTus Toro, uTo6bl CYANTb O pasMepax M (opMe ABHXKYLIETOCS Mpei-
MeTd, COBEpIIEHHO He00X0AMMO, uTOObl BCE OTMEUEHHHE MOJOXKeHUs
pasHLIX €ro TOYEK OTHOCH/IHMCh K OJHOMY MOMEHTY BpPEMeHH: HHaue Ml
NOJIYYHUM MCKaXKEHHYI0 KapTHRY.

Otciona s[cHO, uTO MNOHATHE O pasMepax M (dopMme IBHKYLIErocs
npeiMeTa TECHO CBSI3aHO C MOHATHeM 00 OJHOBPEMEHHOCTH. Mul yxe
BUAEAM, YTO MOHATHE OJLHOBPEMEHHOCTH He sBaseTCs abGCOMOTHBIM, 4
31BHCHT OT CHCTeMb! OTCYETa; MO3TOMY Mbl JOMKHH OXHAATb, 4YTO pas-
Mepsl M ¢opMa npeaMera TaKke He SBASIOTCS aGCOMOTHBIMH, 4 AOJIKHbI
3a1aBaThCsl MO OTHOLIGHHUI0 K ONpefeseHHOH CUCTeMe OTCYera.

B KkauectBe npocrefiliiero mnpuMepa paccMOTPuUM IJHHY CTEPxkKHd,
¥3MepsSeMyI0 B Pa3HBIX CHCTEMaX OTCuera.

[lycTh 1Be CHCTeMBI- OTCYETa ABWKYTCS APYT OTHOCHTEJbHO Apyra
B HampaBJeH#d ux obuie#t ocum x. KoopawnaThl n BpeMss B HUX CBS3aHbl
npeoGpasoBanueM Jlopenua, KOTOpoe Mbl BhIMUIeM 34eChb eule pas. Mul

MeeM t—gx— ]
, X — ot , c2
_Z _r 15.01
‘/—1 c2 ‘/1 c2 I ( )
y=uy 2=z J

llycts nanpapienue CTepXKHs COBHafaeT C HalpaB/eHHEM OTHOCHTEbHOH
CKOPOCTH JABMXKeHHs o6eux cucTeM oTcueTa (¢ ocbio X) M MyCTh CTep-
KeHb HEMOJBUMEH B HELWTPUXOBAHHOM CHCTeMe. B sro#t cucreme or-
CueTa KOOPAMHATH OGOMX KOHLOB CTepXKHs OYyLyT BCe BpeMs

X =a; y=20, z2=20 (mepBBIft KOHEL CTepikHs), |

X =), y=0, z2=0 (BTOPOH KOHel| CTepKHs), J (15.02)
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W ecan b > a, TO MJIMHA CTepKHs [ Oyuer

l=b-—a. (15.03)
B asmxyuwefica OTHOCHTENLHO CTepKHsS IITPUXOBAHHOH CHCTeMe OTCueTa
KOOPIMHATHl €ro KOHUOB 6yayT

x = —ot' +d, y =0, 2=0 (nepBhitt Kouew), 5
x'=—ut’' ¥V, ¥y =0, 2 =0 (BTOpO#i KoHel), (15.04)
rie

a':alfl—fc’;; b’:b]/—l—zj—:. (15.05)

Iiuna CTepKHA eCTb PacCTOSHUE MEN 1Y ONHOBPEMEHHLINM TOJ0KEHUAMH
ero KoHuos. B IITpHXOBaHHOM cHCTeMe OTCUeTa OJHOBPEMEHHOCTH MOHH-
M4eTcs B CMBIC/IE OJMHAKOBbIX 3HAYeHHUH 1/, @ pPaccTodnue BhIPAKAETCA
no oObluHOR opMysne uepes pasHOCTH LITPUXOBAHHBIX  KOOPAMHAT.
ITosToMy B WITPHXOBAHHOH CHCTeMe NJMHA CTepkHa OyneT pasua

V= —da. (15.06)

[’:l‘/—l 5 (15.07)

Takum o6pasom, B TOH CHCTeMe OTCuUeTa, B KOTOPOH CTepKeHb uMmeer
(B HampaBieHuM CBOEH AAMHBEI) CKOPOCTb U, CTepXE€Hb OKAa3hiBaeTcs
YKOpOUeHHBIM: AiuHa ero /' GyleT Mesbuie TOH AJMHLI [, KaKas moay-
yaeTcs 1Js HeMOJBHXKHOTO CTEPXKHA.

Ecau Gbl Mbi BBeM B PAaCCMOTPEHHE [MOTEPEeuHble PasMeph! CTEPKHA
(B HanpaBJeHHAX OCel Y W 2, NePNEHAUKYASpHIIX K CKOPOCTH), TO Mbi
y6enuanuchk Obl, 4TO 3TH MOMefeunbie pasaMepbl He MeHnsworcd. Caenosa-
TeNbHO, 06beM CTepXHS yMeHblUdeTcs B TOH ke MPOMOPUHMM, KaK ero
npojo/abHbe paaMephl, To ke 3aKiaoueHHe OCTaeTCsd CNPaBelIMBBLIM 15
TeJla MPOW3BOJbHOR ¢opMbl. Ecau V ecTb oGbeM Teaa B TOH cHcTeMe
OTcueTa, I'le OHO FeMoJBHXHO, TO B CHCTEME, OTHOCHTE]bHO KOTOPOH
TeNO IBHXKETCS CO CKOPOCThI0 ¥, 06beM ero V' GyaeT pasen

V':v-lfl — % (15.08)

[ycTh uMeoTCs ABa OJMHAKOBBIX NapaJuie]bHEX CTePXHf, OTHOCHTE/b-
Had CKOPOCTb KOTOphIX mapaJiejbHa wuX Aaude, Torja B cucreMe OT-
cueTa, CBA3AHHON C MepBBIM CTepxHEM, BTOpOR Oyler INpPeiCTaBJsATbCS
yKOpOueHHBIM U HaoBopoT. [losoxenne Bewed agech TO XKe, KaK B MpH-
Mepe ¢ yacaMM; TaK e Kak M TaM, 3JeCb HeT HHMKaKOro mapajokca.
Paziuyne B MNOJAYYGEMbIX 3HaUEHMsX [JAWHBI MPOMCXOAMT OT pAasjuuus
B ONpelejeHUH OJHOBPEMEHHOCTH. [l0JIOXEHHS KOBLUOB CTEPXHSA, KOTC
phe OblIM OLHOBPEMEHHBIMM B OLHOHM CHCTeMe OTCyeTa, yxe Be OyayT
TAKOBBIMM B ApYro# cucreMe oTcieta (TaMm onu OyAyT TOJbKO KBasw-
oanospeMennbiMu). TlycTb x, €cTb noJoxeuue KOHma A B MOMEHT Bpe-
MeHU f,, a X — NOJOXKEHHe KoHla B B MOMEHT BpeMenu f,. CoOTBeT-

Orcona
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CrByIOUAE BEANUHHLI B APYrOR CHCTeMe oOTCHYeTa Mbl 0003uauuM TeMH
we OYKBAMH CO WITPHXaMH. B cuay uHBapHAHTHOCTH MPOCTPAHCTBEHHOIO
jHTepBana Mbl HMeeM

(dg— %)% — €2 (£, — tp)2 = (x5 — x0)2 — 2 (ta —1p)%.  (15.09)

Ecax Mbl TMOJOXHUM 31eChb [, — £, TO Oyaer t; == t;, W, CJAeA0BaTe/bHO,
4

| g — %y | < | %0 —xp . (15.10)

(C1eBa CTOWT JJMHA CTEPKHS B HEIITPUXOBAHHOW CHUCTeMe; BEJHUMHA Ke
g 1pasof uactu OyleT IAJAMHOR CTepkKHA B IHTPHXOBAHHOR cuCTeMe,

’ 7
ecM olf TaM Hemojgwked (u6o TOrna HeoOs3aTe/bLHO OTHOCUTHL X, M Xp
14 7’
K OJHOMY ¥ TOMY e MOMEHTY BpeMeHH t’, a MOXHO Oparh W f, = £p).
4 ’
Eciu Ke Mbl MOJOXKUM f, ==1{p, TO Oymer t, 5 tp ¥, CaenoBareqbHo,

| xtg— X5 | > | X — %3] (15.11)

Ho temepr JeBasg 4acTh €CTh AJHMHA CTepXHA B TOH cHCTeMe OTcueTa,
rie Ol HENoJBHWMEH, TOrja KakK mpaBas 4acTb €CThb AJuHa B TIPOU3BOJib-
HOM ILTPUXOBAHHOU CuCTeMe.

B stux paccyxnenusax cuMMeTpus (OpPMYd OTHOCHTEJbHO UITPHUXO-~
BaHHOM M HeIWTPHXOBAHHOM CHCTEMbI OTCUeTa OUEBHJHA C CAMOro Hauana;
09TOMY M CaMbie PacCyXIAeHHs MOTYT MOKa3aThCd TPHBHAAbHbIMM, Mbt
npHBeJH UX AJs TOro, 4ToGH elle pas OOpPATHTh BHMMaHHE HAa TECIYIO
Chsish MeXAY MOHATHAMM OLHOBPEMEHHOCTH M AJMHBL.

§ 16. OrnocuTeabnas CKOpOCTh

B nopenaTHBHCTCKON MeXaHWKE OTHOCHTE/]bHAA CKOPOCTb IBYX TeJ
ompejfensach KaK pasHOCTb MX cKopocred. IlycTh uaMepeHnas B ompe-
IeJeHHOR cuCTeMe OTcueTa CKOpPOCTb OLHOrO TesJa ecTb o, a apy-
roro v. Toraa ckopoGTh BTOPOro Teja OTHOCUTEIbHO MEpBOro MoJa-
rajace papHol w— v —u. Takoe omnpenejenue ABJAETCS WHBAPUAHTHBIM
OTHOCHUTE/IbHO NpeoGpasoBanus [aamjes, HO He OTHOCHTEJBHO Mpeobpa-
soBanus Jlopenua. [103TOMy OHO B TeOpUM OTHOCHTENLHOCTH HE TOAMTCH
it JOMKHO OLITh 3aMeHeHO ApyruM. To 06CTOATebCTBO, UTO BHIpaXKeHUe
W= v—1Uu He uMeeT (U3HUECKOTrO CMBHICJa, CTAHOBHTCS OUEBHIMBIM M3
paccMOTpeHMs ciepyioliero mnpuMepa. I1ycTb CKOpOCTH W M v Hampa-
BAeHBl B MPOTHUBONOJOKHBE CTOPOHH, a N0 a6COMOTHOR BeanuuHe G/H3KH
K ckopoctu csera (Maum pasab eit). Toraa ,ckopocts® W Gyner mno
abcomoTHOM Bequuune O6Ju3Ka (WM PaBHAa) YABOEHHOH CKOPOCTH CBET4,
YTO SIBHO HeJerno,

Mb pasaMM nosTOMY HOBOE oOnpelie/ieHHe OTHOCHTENbHOH CKOPOCTH,
cornacnoe ¢ TpeGOBAHUAMH TEOPHUH OTHOCHTEJBHOCTH M HMelollee Npa-
MO# ¢usnueckuit cMpica. [1ycTb B HEKOTOPOH cucCTeMe OTCUETa CKOPOCTDb
epBoro Teda ecTr W, a BTOPOrO Teaa v. ML MOXeM BBECTH Takylo
(ITPHXOBAHHYIO) CUCTEMY OTCYETa, B KOTOPOM CKOPOCTb OLHOTO M3 Te.l

b 3ax. 185. B. A. dox
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(HampUMep NepBoro) pasHsaack Gbl Hyao. Torna ckopocts v/ BTOPOro
TeJa B 3TOM cucTeMe OTcueTa Mbl M OyleM TOJKOBATb, KaK OTHOCHTE/b-
HYI0 CKOPOCTb BTOPOrO Teja NO OTHOLIEHHIO K mepsoMy. Mb yBuiuM,
yro aGCoMOTHAA BeJMUMHA CKOPOCTH V' 3aBHCHT OT W ¥ V CHMMeTpuu-
HbiM 00pasoM, [103TOMY OTHOCHTe/bHA CKOPOCTb ABYX TeJ HE 3aBHCHT
OT TOro, KOTOpoe M3 HHX NpHHMMaeTcs (B HOBOH cCucTeMe OTCueTa) 3a
HEMOJBHXXHOE.

118 nosicHen¥si (PU3HYECKOrO CMBIC/AA HAUIero Onpeje/eRHs OTHOCH-
TeJbHOH CKOPOCTH DAacCMOTPHM cuaedylowwuit npuMep. [IpeanonoxuM, uro
Mu HabalojaeM ¢ 3eMau ABa camoJseTa. [1ycTe CKOpOCTh NEPBOTO CaMo-
Jefa paBHa U, a BTOpOro v. [Ipeamo.noxkuM Ttemepb, uTO HEPBLIH caMo-
JeT CHA0XEH panuOJOKALHOHHOM YyCTaHOBKOH, MO3BOJAIOUIEH u3MepsTh
CKOPOCTb BTOPOr0 CaMojieTa OTHOCHTENbHO IepBoro. Kamepennas Takum
00pa3oM CKOpOCTb M OyJeT TON OTHOCHTENBHOH CKOPOCTBIO, KOTOpasi
OTBEYaeT HaleMy OIMNpeJeNeHuIo,

Ham By>XHO BHPa3UTb 3TY OTHOCHTEIbHYI0 CKOPOCTb 4Y€pe3 cocCTa-
BJIAIOIIME CKOPOCTE U, V (Yepe3 CKOPOCTH CaMOJeTOB, Hab/MojnaeMbie
C 3EMJH).

Has sroro nanuiueM o0wne ¢opmyan mnpeobGpasosanus Jlopenua,
puiBeaeHnbe B § 10, Mb vMeeM, nas mpsiMoro npeoGpa3oBanus,

"= r— Ve (ag, — 1)%’5(V Cr— V%), }
r-v> i (16.01)

= Qoo (t ——7
H 143 oOpaTHOro npeodpasoBanus
\ ;
r=r1r"+4 V' 4 (34— 1) —ﬁ(V - -V,

N st St

16.02)
r’.V (
t= aoo(f’—l—-‘c—z*),
rie Mb BOCHOJb30BaJAMCh OOo03nauenueM (10.15) u moaoxwmm
gy = e (16.03)

YroOw B IITPUXOBAHHON CHCTeMe NEpBbLf caMoJeT (uMMeBWIHH OTHOCH-
TeAbHO B€MJM CKOPOCTh U) Oblj] HEMOABHXKEH, Mbl JOKHB MOJOXHTH

Ve=u,3 Vy=u,; V.=u,. (16.04)
CKOpOCTh BTOPOrO CaMoJeTa, M3MepeHHas € 3eM/H, PaBHA
dr
= 16.0

V=, (16.03)

TOrJa KaK CKOPOCTh TOTO )K€ BTOPOr0 €amOJeTa, u3MepeHHas ¢ nepBoro,
OyneT pamua ar’

vl:?i?’_' (16.06;
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(COOTHOIIGHMST MEX Iy STMMH BeluuMtiaMu moaytatcs auddepeitiipona-
unem dopmya (16.01)—(16.02). Mu Gynem uMerhb

v — (a0 — 1) ((u v) — )

vi= — , (16.07)
ao()(l— o )
a TaKXe
Vo - (agg — 1) (- V) 4 2)
V= — , (16.08)
142
rie, coraacHo (16.03) 1 (16.04),
! (16.09)

Vpasuenue (16.08) npexncrasaser peuenue ypasnesus (16.07) oTnocu-
TenbH0 v, Tak Kak mnpeo6pasoBanue JlopeHua JMHEHHO OTHOCHTEJBHO
KOOPIMHAT M BPEMEHH, TO ITPUXOBAHHHE COCTABIAIOWNE CKOPOCTH ¥,

fv”,, 'v; NPeACTaB/sAIOT HpOOHO-/HHelHble (PYHKUMH OT HEITPUXOBaHHBIX
COCTABJIAOIMUX Uy Uy, Use
CocTapuM BLpaXeHWe 149 KpajpaTa BeKTopa V', T. €. AJs KBaj-
pata OTHOCHTEJbHOH CKOPOCTH REPBOrO M BTOPOro CamojeToB. Myl
OvieM HMeTh
1
(1 — V)2— — [uXV]?
/2 c2
vo= (1 u-v>2 . (16.10)

c2

Kak Mbl yxe OTMeuany, 3TO BbIPaXKEHHE CHMMETPHUUYHO OTHOCHTEJBHO U, V.
Tlposepum, uTo M3 uepaBeHcTB u4? << ¢2, v? < ¢? BLITEKAaeT HEPABEHCTBO
o' < (2, KakoBw Obl HE OBJIM HAmpap/eHHs BEKTOPOB U, v. B camom

lente, Mbl UMeeM
u? o2
s _(=5)(-%)
1 e c2 c2

)2 . (16.11)

c2

B cuny ycaosutt u? < ¢2, v < ¢® npaBas uyacTh 34€Chb BCerAa MOJIOKH=
TelbHa; C/AelO0BATE]bHO, OyAeT NOJOKUTEJbHON M JeBas yacTb, OTKyLa

'U'z<c?. B npeneabhoM ciyuae, KOrja OJHa M3 CKOpPOCTeH W, v paBHa
CKOpOCTH cBeTa, OTHOCHTEJ]bHaA CKOPOCTh V' Takime GyleT paBHa CKO-
pocTu cpera, uTtO COOTBETCTBYET OCHOBHOMY NPEANOJOXKEHUIO, Ha KOTO-
Ppom nocrpoena Bcs TEOPHUS OTHOCHUTEJLHOCTH.

3aMeTHM, YTO KBaAPaT OTHOCHTEJLHOM CKOPOCTH SB/ASETCS MHBApPHAH-
TOM no oTHowenmio k npeobpasosanuio Jlopenua. DTO 3HAYUT, UTO eCJH

5%
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Ml B Qopmyay (16.10) moactasum BMecto cKopoctell u, v o6oux camo-
JIETOB OTHOCHUTEJLHO B3eMJd MX CKopocTH U, v7 OTHOCHTeNbHO KaKoOH-
HHOYIb TpeThell CuCTeMbl OTcueTa (CKaXeM, OTHOCHTEbHO TPEThero
camonera), To xota u”, v’ #e OGyLyT paBHb U, vV, HO BCE BbpaXKeHHe
(16.10) nas v”* npumer npexnee 3nauenue. OueBMAHO, TaK U JIONKHO
OBITb MO CAMOMY CMBICAY BEIMUMHB! U KaK KBAApaTa OTHOCUTEAbHOH
CKOPOCTH.

dopmyaa (16.07) ynpoiuaeTcs, ecid B NaHHOH CHCTeMe OTCUeTa CKO-
pPOCTH U, V MapajjenbHsl HAM €CJAH OHM nNepnenauKyaapivl. [ meprom
ciiyqae Mb! HOJY4HM

v=_r=t (mpu [t X v]=0), (16.12)
1— u.v
c2
a4 BO BTOPUM Ciytuae Ml Gyiem HMeTH
Vv 1—8—u  fupt (u-v)=0l. (16.13)

dopmyaa (16.12) (B koTopoRt CKOPOCTb U BBOANTCS OGBIYHO € OGPATHDLIM
3HAaKOM) HOCHUT HazzanHe S3HHIITeHHOBON TeopeMbl CJAOXKEHHA CKOPOCTefl.

B oCimeM ciayvae MOXHO BbICKa3aTh Cielyiolliee yTBepxaenue. Ecau
paccMaTpHuBaTh ,MPOCTPAHCTBO CKOPOCTel® kak mpocTpatcTso JloGaues-
CKOro, TO MPaBHJO CJOXEHHA CKOPOCTEH B TEOPUHM OTHOCHTENbHOCTH
cOBNajaeT C MPaBUJIOM CJOXKEHHS BEKTOPOB B reomerpuu JloGauesckoro.
3ro yTeepwk aeHue OyleT N0Ka3aHO B ClelyloiueM maparpade.

§ 17. NpocTtpancTBo ckopocTell Jlo6aueBckoro — dijnmreiina

PaccMoTpuM  OTHOCHTEJLHY!O CKOPOCTH  ABYX Ted, ABMXKYUIMXCS
¢ GeCKOHEUHO OJaMBKHMM CKOPOCTAMK V B V- dv, JlenenHylo Ha cko-
pOCTb CBeTa ¢ AaGCOMIOTHYI0 BEAWYMHY 3TOH OTHOCHTENbHGH CKOPOCTH
Mb 0003HauuM uepes ds. Tlonoxus B Buipaxenun (16.10) u = v+ dv,
10JIyUHM, MO PasjejeHuy Ha c?,

2 (dv)2—[v X dv]?
ag = Sl (17.01)

WK vHaue
(2—v2)(dv)2- (v - dv)2

ds? =
(02 — 72)2

. (17.02)

[To dusnueckoMy cMuicay phipaxenus (17.01), nponopunoHanbHOrO KBan-
pary GeCKOHEUHO MajOH OTHOCUTeNbHO! CKOPOCTH, OHO SIBJSIETC MHBA-
puHaHTOM MO OTHOWEHHID K npeoOpasopanmio JiopeHua. DTO MOXHO Npo-
BEPUTb M HENOCPENCTBEHHO, NMOLCTABHB BMECTO BENMYUH Uy, Uy, U, X
poipaxenne M3 (16.08) B Buae ApOGHO-aMHeMIbIX PYHKUMH OT v, @;/’
v,: Toraa ds> GymeT TOM e dyHKuMeH OT Vo Uy U, AU, duy, dvz
KaK OT Uy, Uy, Vg AU, dv,, dv,.
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Bupaxenue (17.01) nmmm (17.02) M 6yneM paccMmaTpupaTh, KaK
xpalpaT 3JeMeHTa JJMHH B HEKOTOPOM NPOCTPAHCTBE CKOpocTe#. ITo
¢CThb TO RPOCTPAaHCTBO, B KOTOPOM CTPOMTCS B OGHYHOM MeXaHHKe ro-
norpad CKOpoCTeH, [TpocTpancTso 3TO 06JagaeT BCeMH CBOMCTBaMM
npocTpancrea  JIoGaueBCKOro, npuuem JejeHHBEe Ha € COCTaBJAUINE
(KOPOCTH Vg, U,, U, SBJAIOTCS B HEM TAK HA3BIBAEMBIMHA KOODAMHATAMU
BeanTpamu (cM. kuury B. $. Karana [?], dopmyna CVII wa crp. 453).
Ceo#icTBa npocrpaHcTBa JloGaueBCKOro MOryT OHITh BbiBeLEHb! M3 pac-
¢moTpeHus Buipaxenus (17.01).

Kpusas B npocrpancTBe JIoGaueBCKOro MoKeT ObITh 3a4aHa nyreMm
31llaHUs BEJUUMH ¥y, Uy, U, KaK (QYHKUMH OT HEKOTOPOro napamerpa p.
Fcau KOHLAM KPUBOH COOTBETCTBYIOT 3Hauenus p;, H p,, TO QJMHA LYTH
kpuBOH onpenenutcs GopMy.oH

D2

s= f V 2Fdp, (17.03)
m

rae

D U 1 (v.v)e
F=5 ) -‘!"7_ ( ) ’
2 22— 2 2 (c2— v?)2
npitneM TOukoft o6o3HAuYeHH NPOM3BOAHBE no napaderpy p. Habigem
vpaBHeHUs: npsamolt JloGaueBckoro, T. e. kparuafimedl KpuBOH, COeIMHSIO-
uefl TOUKM  p,, p,. Jaa 3TOro HYMHO NpPUPABHATL HYJIO BapUALHMIO
urirerpana (17.03), T. e. cocTaBuTb ypaBHeHus Jlarpawxa ¢ ¢yHKuued
Jlarpamka

(17.04)

L=V7F. (17.05)
S ypaBHEHHs UMEIOT BHIA
890 9 _4g 1 g (17.06}
dpov, Ou,
na
d ( 1 dF) 1 OF
e ) e =0 . L. 17.07
ap \ V'oF ov, V2F duy, . ( )

[Tapamerp p ocraBancs 40 cux nop npousBoabHLM. Mii ero BhiGepen
TdK, 4ro0H OBIIO
L9 F= 17.08
P 7 = const. (17.08)
IIpu rakom BrGope napamerpa p ypasaenwus (17.07) 6yayT paBHOCHIBHLI
CleYIOUIIM:
d OF oF

a9 9% —0 w1 oo (17.09)
Tax kax dyskums F He COLEPXKHT SBHO napaMerpa p, ro Oyner
oF
0v,

. 24 . R4
+vy%+02%—F: const, (17.10)
Y

Uz

Uy
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T. e. pequunna (17.10) 6yner unrterpasoM ypasnenutt Jlarpanxka. Ho F
ecTh OJHOPOIHAA KBAAPATHUHAS (QYHKUMA OT U, 'by, z}z; NO3TOMY BeJH-
yuna (17.10) pasea F u, caepoBaTenbHo, ycaosue (17.08) Gyner caen-
crpueM ypasuenu#t (17.09).

Buinumem ypasuenns (17.09) noppoOHee M HalileM HMX HHTErpadsi.
Mn umeem

OF —_ % _ 4, mM (17.11)

- b
0v, cﬁ — 112 v2)2

or 2(%‘/)?)_,_ x((v v (17.12)

v2
ovy Ya ((02 — v2)3 + (c? — v2)3 2 — o2

Bsenem BEKTOP W C COCTABJAIOLIUMHU

— s . — vy . _
Y= g_m YWEEme %S g (119

$opuyant (17.11) n (17.12) nanmwyrcs Toraa

()I‘ {v-w) |
o =Wty (17.14)
%‘;zg ( w42 W )+w - W), (17.15)

Huddepenunpys (17.14) no napamerpy p v Bbpawas v uepes w, 10-
JHYUHM

—C—i—o—f-zu'ym—l—'u (v w) ~}—'v (w —|—2
dp 0vy

(v W)

) @ W),
(17.16)

[MoncraBass (17.18) w (17.16) B ypaBuenne Jlarpamxa (17.09), yGe-
UHMMCsl, YTO OHH NPHBOAATCA K BUALY

VW —0 wur (17.17)

W, ““ Vg 2 — y2

Jlerko Buaerb, 40 anreGpauueckuM CAeNCTBYMEM Tpex ypasaenu#t (17.17)

sBasercsd paBencTBO (v - w)==0, u3 KOTOPOro <CiejyeT, uTO YypaBHEHHS
(17.17) paBHOCHJbHB! CHCLYIOLIMM:

W, =0, w,=0, w,=0, (17.18)

WM B BeKTOpuOit dopme
w=0. (17.19)

Takum o6pasonm, ypdashenus Jlarpamka upusonsres K rpebosaiio 1o-
CTOsCTBA  BeKTOpa W, oupejcaseMoro qopmytamu (17.13). llo ecam
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REKTOP W, NPONOPUMOHAMLHHME V, nOCTOSHEH, TO OYAeT NOCTOSHHO M
BEKTOPHOE NPOM3BeleHHe

[w X v] = const. (17.20)

Jro AaeT ellle ABa JuHEHHO-He3aBHCMMHIX HHTerpana ypassenuit Jla-
rpanxa.

Vs Bafinennblx HHTErpanoB CJeLyeT, YTO ypaBnenus npamott Jlo6Ga-
ueBCKOrO B NPOCTPAHCTBE CKOPOCTEH MMEIOT BMM, AUHEEHbX COOTHOlLE-
nuft MEXLY COCTEBJAIOUMMU CKOPOCTH Uy, Uy, U, Ml 3HaeM, uTO npe-
obpasoBanne Jlopenua COOTBETCTBYET APOOHO-/MHEHHON nOACTAHOBKE
MCIKAY COCTaBJSIOWMMH CKOpOCTH. [lo9TOMY OuUeBMIHO, YTO ROCAE npe-
06pa3oBalus JuHelHbe COOTHOLIEHUS OCTAIOTCA JMHEHHBIMH.

OnpeneanM 1auny orpe3ka npsamoit JloGaueBckoro, coelmHsiouielt 1Be
TOUKM V==V; U V==V, U HaligeM cBA3b Mexiy 3To# AauHOM u OTHO-
CUTEJIbHOH CKOPOCTbIO Tes, ABWXKYLWHMXCA CO CKOPOCTAMH V, H V,. Tak
KAK KOOPIMHATH TOUEK HA OTpE3Ke CBA3AHLI JHHEHHBIMH COOTHOLUEHHIMH,
TO MX MOXHO NPeACTaBHThL NapaMeTPHUYECKH B BHIe

V=vitp(ve—vy)  O<p KD, (17.21)
lloncrasass 310 3nauenue v B (17.04), noayymm

OF — C2 (Vg — Vy)2 — ["'1><"'z]Z Ny

(02 —_ 112)2

(17.22)
lonaras nias KpPaTKOCTH
a=VEV,—vE—1v, X v, (17.23)

Mbl foayunM no  ¢opmyae (17.03) caenpyiouiee BhpaxkenHe AJ8 LJIHHDLI
orpeska:

s—J‘ a dy (17.24)

€2 — 112

Aror HATErpPan npoile scero BHIUKMCASETCH NPH NOMOINM MOACTAHOBKH

2 __ g3 £
b= @i (17.25)
C2— ViV (Vi Vg —07) 6

Koropas upaer
1
S =
0

ab di b+a
b2 —a%2 9 gb—-a

(17.26)

rie
b=c2—v -V, (17.27)

Koadguuvenrn B noxacranoske (17.25) nopo6panwl Tak, utofl npefests
mo & 6w 0 w1 u uroGu suameBareqs B (17.26) He coacpxan
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leppoft crerenn i, OTciona noayuaem

F=ths, (17.28)

4TO nOC/Je BO3BEAEC!MA B KBaapaT U YMHOXEHUA Ha ¢2 MOXHO Hanucarn
B BHIEC

1
(Ve — vy — — [V X ]2
(1_l1_'_!'1)2
c2
Cpasumsas 3ty dopmyay c (16.10), Me yGexaaemcs. yTo c.leBa B Helt
CTOMT KBaJpar OTHOCHUTE/IhbHOM CKOpOCTH. TakuM oGpasoM, OTHOCHTENb-

Has cKOpoCcTh v’ cBsi3aHa ¢ [NAMHOH S OTpe3Ka npsaMol Jl06aueBcKoro
COOTHOLLEHHEM

= ¢*th?s, (17.29)

| v/ {=cths. (17.30)

[TpeanoaoxuM, YTO CKOPOCTH V; H V, OJMHAKOBO Hanpasaexn. Cott0-
crapiis HUX a0CoJIOTHBIM BeJMuYMHAM OTpeskoB npsaMofl JloGaueBckoro,
ROJIOXHM

v, =cths; wv,=cths,. (17.31)

Orpesok npsvolt JIoGaueBCKOro, COOTBETCTBYIOWMHH OTHOCHTEJHHON CKO-
pocty, GyneT paBeHn PasHOCTH OTPE3KOB So M §;. [IOSTOMY OTHOCHTCIL-
Has cKkopocTb GyneT paBHa

7 thsgy —ths
HJIN
r__ Ya— Uy
v =R (17.33)

1— )
310 ecTh sHHWITeHnoBa dopmyna caowenus (B HalleM Clyuae — Bbl-
YUTAHMA) CKOPOCTell.

PaccMoTpuM Tenmepb Yrod Mexjay OTHOCHUTEJNbHBIMH CKOPOCTAMH ABYX
Tea. Ecam ckopocTu GepyTcs OTHOCHTENLHO TOYKM, NPHHUMaeMo# 3a we-
NOJBWKHYIO, TO KOCHHYC YIia onpefeaseTcs nmo oOhuHOH dopmy.ie
VZ'VI

€08 (Vi Vo) = 5 o7 -

(17.34)
Ho ecam ckopocTu OepyTcs OTHOCHTEJbHO TOYKH, KOTOpas cama IBH-
KeTCa CO CKOPOCTHIO U, TO YroJ MEXLY OTHOCHTEJbHBIMH CKODOCTAMH
ompelenurca mo Gosee CA0KHON ¢dopMyie, KOTOPYIO JErKO MOJAYYHTb U3
caepyomux coobpaxenuit. Ilpoussenem npeoGpasosauue Jlopenua, mocie
KOTOPOTO TOYKA, ABUTdBIAsCi CO CKOPOCTLIO U, MOXET DaccMaTpHBaThCH
KaK HenoABHXKHAS, ¥ NMPUMEHHUM 3aTeM oGuubyio dopmyay (17.34). Mu
NOJyuuM TOI' L4

- (17.35)

[EAREAN

€os % == €Os (V;, V,) =
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rie v, u Vv, — CKOPOCTH Tea nocie npeoGpasosanus Jlopenua [T cko-

pOCTH noayuaiorcs M3 (16.07) nocne 3ameHnl v Ha v, M Ha V,]. Brpa-
g ’
3HB v; M v, Yeped Vv U Vp, Mbi fOJYYMM NOC/AE HECIOKHBIX BHKJIALOK

(Vs — ) (Vg — ) — 4 [vy X 1] [v, X ]
_ (17.36)

cos 2 = 7 = i .
V (vi—u)2— ) [viXul?- ‘/.(v2 —u)? — & [va X uj2

Ho 3TO €CTb BbipaXeHHe 1Js KOCHHyCa yrja TPeyrodbHUKA B MpOCTPau-
crpe Jlo6auerckoro (yroa mpM BeplIMHE U B TPEYTrOJbHHKE € BEPLIMHAMU
B TOUKAX U, Vy, Vg).
B camoMm Zeae, Haute HCXOAHoe Boipaxenue (17.01) nna xBaipara
g1eMeHTa AJMHB B npocTpaHcTse JlofaueBCcKOro MMeeT BHI
dSQZCZ(dV)Z—[VXdV]Z. (17.37)

(02 —_ 1}2)2

D10  BHPAXKEHHE COOTBETCTBYET ,CMELCHHIOY dv, HCXOlsilemy u3
,TOUKM ¢ v. Jlas cveuleHHs Ov, UCXONSILCTO M3 TOM e TOUKHM, Mbl HMeeM

c2 (3v)2 — v X ov]2

N O
08% = .
(02 — v2)2

(17.38)

Kocunyc yraa MeXay CMELIEHHAMM Mbi MOXeM ONPEAEHTh MHBAPHAHTHBLIM
obpasoM no gopumyie
c2dviv— [vXdv][v Xiv]

ds 8s cos o ==
(gZ — p2)2

(17.39)

(3ry QopMyay MOXKHO paccMaTPUBaTh, KaK Onpele/eHHe Yria B eoMeT-
pun Jio6auesckoro). Ecau Mt Tenepn Oyaem B (17.36) nucaTh v BMeCTO u
M PacCMOTPUM CMELIEHHUS

dv=z-(v,—v); owv=1m-(Vy—V) (17.40)

BIOAb JBYX CTODOH TpEYrOAbHHKA, WCXOASWMX W3 BEPHUIMHbLI Vv, TO II0-
ayuaemoe u3 (17.39) Bmpaxenue aas cosa cosnaner ¢ (17.36).

Taxum 00pasom, Yros MexLy OTHOCHTC/IbHBIMM CKOPOCTSMH MOXHO
paccsarpuBaTh Kak yroa B Tpeyroabuuke JloGauesckoro. Eciu umeiorcs
TPU Tena, ABMXKYIIMXCH CO CKOPOCTAMH Vi, V,, V3, TO COOTBETCTBYIOUMH
TPEYTOTHLHUK Oyl1eT MMETh BEPHWIMHB B TOUKAX V|, Vg, V,, NPHUEM OTLO-
CUTEMbHEE CKOPOCTH OYAYT COOTBETCTBOBATb CTOPOHAM TPEYTOJBHHKA H
YU MeXLy nuMu OyLyT paBHbl YraaM Tpeyroabhuka. Takoe nocTpoe-
HHC MOXHO ClenaTh M B HePEJITHMBHCTCKOH KuuemMaTHKE, HO TaM reoMme-
TPUS npocTpaHCTBa CKOPOCTeH OyneT eBKAMAOBOM, TOrja Kak B TEOPHH
OTHOCHTE/IbHOCTH TEeOMETPHUs 3TOro npocTpancTsa GyneT reomeTpHeit Jlo-
Oauepckoro.

Crpapefausoctb reometpun JI06aueBCckoro B npoCTpanHcTse Ckopocred
MUKET OmTh nposepena Ha onmTe. Mbl umeeM B BuLY onnT PH30 10
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onpeeseHui0o CKOPOCTH CBETa B ABIXKYueHCs Cpelle M sBIEHHE acTpo-
HOMHUECKOH aeppauuy, OTKpmToe Dpanaeem.

Onbr ®u30 HMMeeT UEAbI0 CPaBHEHHE CKOPOCTH PacipoCTPaHeHug
CBeTa B HENOIBIKHOM M B ABMXyulejics cpelle. PacnpocTpanenne cperg
B Cpele SIBASETCS HEKOTODHIM CJOXKHBIM [POLECCOM, B KOTOPOM MpHiy
MajOT yyacTHe BXOJsWIME B COCTaB CpPelbl 3apslbl M KOTOPOMY MOXug

4
IPUNKCATh CKOPOCTh —-, TAE 7t — flOKa3aTe/b npejoMieHus cpelsi. Ecay
caMa cpela [BIXKETCS B Hanpas/eHHH pPacnpoCTPaHeHHsl CBETd CO CKO-
4
POCTbIO ¥, TO W == — GyAeT CKOPOCTHIO PACNPOCTPaheHUsi CBETa OTIO-

cureapuo cpefbi. CKOPOCTb e W’ OTHOCUTCALIIO HENOABIKHOM CHCTeMy
orcyera HOJyuHTCa no QopmyJe IiHmTelHa
w-t+v
o =21 (17.41)
I+

c2

4
[Moxcrasass cona W==— ¥ COXPaHii UWICHH NEPBOrO U HYJCBOIO 010
pAlKa OTHOCHUTEABHO ¢, MBI 1IOJAYUHM

w’:%-ﬁ—fu(l———niz):w—}—fu(l——niz). (17.42)

MuoxuTeab npu v HOCHT Ha3BaHHE KO3(dULHMEHTa yB.JeueHus Ppene.s,

To 06CTOATEABCTBO, YTO ITOT MHOXKHTE]b OTJAMYEH OT €IHUHHLbI, RO«
Ka3biBaeT, 4TO NPH CJAOMEHUH CKOPOCTEH HYKHO nOJb30BATLCS UMEHHO
SMHIITEHHOBON TeopeMOlt Cl0XKeHHs, COOTBETCTBYIOWEH reomeTpun J1o6a-
YeBCKOT0, a He JOpe]ATHBHCTCKOM ¢OpMY/I0H, COOTBETCTBYIOMlEH Treo-
merpun EBkianna.

sleaeHue acrpoHOMMUECKOM abeppauuy COCTOMT B NPUHUMNE B TOM,
Yro B ABYX [ABHXKYUIMXCA APYT OTHOCHTEJBHO Apyra CUCTeMaX oTcucra
11anpaBJeHNs Ha OJHY M Ty )K€ 3Be3Jly OKa3hiBalOTCA He COBNAlLAIONIMMY,
a OT/AMYAloTCa ApYyr OT JApyra Ha BeauuuHy aleppaimu. Yro6w HaWTH
3Ty BeJHUMHY, HYXXHO NOCTPOHTb TPeyroJbHHK JIoGaueBCKOro ¢ BepIUH-
HaMH B TOYKAX V,, Vy, V;==ac¢, Tle Vv, M V,—— CKOPOCTH Tel, C KOTO-
pPLIMM CBSI3aHH 00€ CHCTeMbi OTCYETa, a BEKTOP 4 €CTh €JHHUUHBIA BEKTOP
B HanpasJ/JEHHH CBETOBOM BOJHBI, MAyulefl OT 3Be3in. B TpeyroabHuke
V,, Vg, Vg YTOJ 0nPH BepliMHe Vy OyleT paseH Hymo [cM. Hipke dop-
myay (17.44)], cyMma e yriaos npH BepIIMHAaX v, U v, Oyler MeHblue
IBYX fIPAMBIX Ha BesuuuHy aGeppauuyt (ecu Obi TPEYTOJbHUK Obil eBKIH~
OB, TO T4 CyMMa paBHAnach Obi IBYM NpSMBIM).

CoOoTBETCTBYIOW U TPUTOHOMETPUUECKHH pacyeT Jerko 1npou3BeCTH
11a OCHOB@HHM (HOPMY.IbL

. 1
(Vo—vy) (vg—vy) — = fva X vyl [vs X vy]
Cos o, == -= (17.43)

1 1
‘/(V‘z = Vi g va X v 'l/("a = V) — g [V K vy
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W ABYX ADYrux ¢opmy., noaydaembix ua (17.43) kpyrobo#l nepecraHos-
wofl 3HaukoB 1, 2, 3

[Ipexne Bcero, Tak Kak v:= ¢?, 10
cos ag = 1; ag = 0. (17.44)
Brifepem CHCTeMy OTCueTa TaK, uToOwn OhuI0
v, + v, =0, (17.45)
u TOJOXKUM
[vi|=|vyl=% a-vi,=-—a-v,=wvcosf. (17.406)

(TuoCHTeNbHAs CKOPOCTL ABYX CHCTeM orcuera Oyaer

2y
Vyp = et (17.47)
c2
Ilo popmyae (17.43) noayuaem
_ v—ccos B, _ Ve —visind A
cos Gl—m, Sif al—m—— (1718)
11 AHANOTMYHO
_v-tccos B, . _ VeE—vising
CcOos Ay — E_—i—m, Sin a‘z—_—_—-——c—l—vcos{ﬁ . (17.49)

O0osiiauas yepe3 ¢ BeAMUHMHY aGeppauuH, Mbi MOMEM UAuMCaTh
D= W @y ~— g O == W—— Oy — U (17.50)

[peamayuiie GopMyJab AalOT

9® _ 20%siu2f =
2 sin 2—1+COS(QI+12)—m, (1731)
OTKyla
tg o — _ZSmB 17.52
=t (17.52)

B acrponoMuyeckux HabMOAeHHSX CPABHUBAIOTCS BUAHMDIE LOJONKCHUS
3Be3ML NPH Pa3/MUHBIX HANPaBJAeHHSX CKOPOCTH ABHXKEHHs 3eMJH no op-
Gure (roamunas aGeppauus). Tak Kak BO BCe PACCYMAEHHS BXOAAT TOJbKO
OTHOCHTE/IbHBIE CKOPOCTH TeJ, BOCNPHHUMAIOWMX Jy4, HAYILUA OT 3831k,
TO OueBHAHO, 410 Obulee ABMXKeHHe COJHEUHOM CHCTEMBbI OTHOCHTEJLHO
3831 He WrpaeT POJM, €CAM TOJABKO CKOPOCTb €r0 3a paccMaTpuBaeMbie
IpOMeXC YTKM BpEMeHH 110cTosHHa. [103ToMy no BeMuune abeppauny Heabas
Ollpele/IMTh CKOPOCTb 3Be3lbi OTHOCHTedbHO 3eMau uam Couud.
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TEOPUS1 OTHOCHUTEJILHOCTU B TEH30PHOI ®OPME

§ 18. 3aMeuanne 0 KOBapPHAHTHOCTH ypaBHEeHHH

[pu obcyxnennu B § 6 OCHOBHEX HOJOXKEHHH TEOPHHM OTHOCHUTE.h-
1IOCTH ML YCTaHOBHJIM HEKOTODbie obiine TpeGOBAHHSA, KOTOPHIM A0J/IKiia
YAOBJETBOPATL (POPMa YypaBHEHHH, Onpefeasiowux Xoj4 ¢UBUYECKUX 1po-
ueccoB. Mbi MMeeM B BHULY Te YpaBuCHHs, BHUI KOTOPLIX HE 3aBUCHT OT
HayaJbHbIX ycaoBuil. TpebGoBanus 3TH OnpefeJsioT npaBuia npeoGpaso-
BaHud ypaBHEHMH npy nepexole OT OAHOM HMHEPUHUAJILHORH CHCTEMit OT-
¢1eTa K APYrof.

CornacHo npHHUMNY OTHOCHTENLHOCTH, npaBuia npeoGpasoBaHus iie-
3aBHCHUMBIX NEPEMEHHEIX M HEM3BECTHLIX (YHKUMH B 3TMX YyDPaBHEHHHX
LODKHB! OBITb TAaKOBbi, UYTOGH ypaBHEHHs, HANUCAHHBE B OMHOM HHep-
uMaabHOM CHUCTeMe OTCueTa, Obi/IM IKBUBAJICHTHBI YDPABHEHHSIM mO20 Jie
8uda, HanUCaHHBLIM B JOOOH IPYroi.

D10 TpeGoBaHMe yXe MNPUMEHAJOCh HaMM npH BbiBoJe npeobpasona-
nug Jlopenua. B camoMm zene, Mb fnoayuuam 310 npeobpaszosanue U3
yCa0BH#, YTOOb ypaBHEHHe pACNPOCTPaHeHuss (GPOHTA BOJIHbBI

ST [T+ E =0 oo

COXpaHdJ0 CBOJ BMI, B COENHHEHHM C YCJOBHEM, UTOOH MNPAMOJIHENHOE
M paBHOMEpPHOE JBH:elie 0CTaBaJoCh TAKOBLIM U 110CJe 1ePexora K apy-
Ol cuCrTeMe oOTCyeTa.

TakuM o0pasoM, ykasaHHOe TtpeGOBaHHE YKE OnNPefeqMo npaBiao
1pe0GPa3oBaHNa HE3aBHCHMBIX f€DEMeHHHBX (KOOPAMHAT M BPEMEHH).

Heo6x0aMMO paccMOTpeTh elle npaBuia 1peo6pPasoBayys HEM3BECTHLIX
dyukiHl, BXOAAILUX B ypaBHEHHS.

MpocTefimuM npasuaoM npeoOpasoBaHus fBASETCH MPOCTas HHBAPHALIT-
uocth. Hanpumep, B cayuae ypasuenus (18.01) HemssecTHOH dyicumedt
SBASCTCH BENMYMHA ©, BXOAAWIAA B YPaBHEHHE (POHTA BOIL

o(x, y, 2z, )=0. (18.02)
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] Ipeobpazonatiiast GyuKuHsg @', KOTOpas AaeT ypasueHue (GpouTa RO.UL
3 HOBBLIX lIEPEMEHILIX

o (x', v, 2, th)=0, (18.03)
Gy.let MPOCTO PaBHA CTApOH, W BHA ee OnpelefseTcss M3 YCJOBUSA
o' (x, VY, 2, N=0x ¥ 2 ) (18.04)

Ho B GOJBLWIMHCTBE 3a1ay AJS COXPAaHEHHs BHId ypaBHEHMH He0GXOLUMO
ConpoBOXAaTh npeobpasosanne JlopeHua A/ HE3aBUCHUMBIX flePEMEHHBIX
rev WJM VHHM npeo0pasoBaHueM AJd HeM3BeCTHHX ¢yHKUuiA. Ecau cy-
jecTByeT Takoe npeo6pasoBaHue 119 HEM3BECTHLIX (YHKLMM, uTO HOBhie
()YUKIMH, BbIPAXEHHHE B HOBbHIX fEPEMEHHbX, OyAyT yIOBAETBOPATH
ypaBHEHUsSM TOTO Ke BMA3, KaK CTapbie QVHKUMM B CTAPbiX NEPEMEHHLIX,
() yPaBHEHUsl HashiBAIOTCS KOBAPUAHMHbOLMIU.

TpeGoBaHne KOBapHaHTHOCTHM ypaBHEHMM MO OTHOWWIEHMIO K mpeolpa-
zopanumio Jlopenua spaseTcd 00A3aTeJbHBIM CJASACTBHEM MNPHUHUMMA OTHO-
cureabHOCTH. C Apyro#t cTOpOHLI, SCHO, YTO He BCSIKME YpaBHeHHs Oy-
AyT KOBapuaHTHbIMu. HaM HannexuT npoBepuTh, SBAAIOTCA My KOBapHaHT-
LIMM  yPaBHeHus, MNpPHHATBHIE B (u3uKe AJAs ONuCaHuA TOTO WM HHOTO
(¢M3nYecKOro mpouecca (HanpuMep, YPaBHeHus 9JECKTPOAMHAMUKH HIH
YpaBHEHHS MEXAHMKH), M CCJH HeT, TO BHIOM3MEHMTb MX TaK, 4TOOHB HO-
BLIC YpaBHEHusl CTaju YK€ KOBAapHaHTHbIMH.

ITpoBepka KOBapuaHTHOCTH u CCCTABJEHHE KOBAPUAHTHHIX YpaBHeHuf
TpeGylOT NpPEABAapUTEJIbHOTO HM3YUeHHs BeauyuH C HanboJee MNPOCTHIMH
3akoHaMu npeoOpasosaHus. [Ipu TOM AOCTATOYHO Orpa{MUMThCS JuHEH-
upiMu 3akoHamu. [losnas KaacCmduiauuss BeNMYMH MO MX 33aKOHY Mpeol-
pasoBaHuaA COCTaB/jseT MNpeiMeT OAHOR u3 rJaas Teopuu rpynn. Mbi He
MOXXeM paccMaTpuBaTh 34€Ch 3TOT BOMNPOC BO BCelt ero OOWHOCTH, a orpa-
unyuMca TeM, 4TG Heo6X04uMO 1as (GOPMYNMPOBKM OCHOBHHX YpaBueuui
M¢XaHHKH M 3JEKTPONMHAMHUKH,

§ 19. Onpenesienre TeH20pa B TPeXMepPHOM cJjydYae u z2aMevyarue
0 KOBAPHAHTHHIX BeJiHYHHAX

$opMmy bl MOBOPOTA HPOCTPAHCTBEHHBX KOOPAHHATHEIX OCEH MMEIOT Bul

3
x;= 1;1 %4 Xr ]|
N (o k=1,23) } (19.01)
X = 2 LigXis l
k=1 !

e oy, —— KOCHHYCBl YI/I0B MEXAY CTapbiMu M HOBBIMH ocsiMH. Mui MOMeM
(OopMaIbHO OMpeleuTh TPeXMEepHMH BEKTOP KaK TaKylo COBUKYNHOCTb
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pesnund (A, Ay, Ag)——cro cocTasiioniuX, KoTopad lipu 10BOPOTe OCeH
npeofpasyeTcs mo 3aKoHy

3
A= D apAy. (19.02)
k=1
HacTbiM CayuaeM BekTopa Oyler palimyc-BeKTOp, s KOTOPOro 4, = x,,
Ay = Xy, Ay = X;.

JlomycruM Temeph, 4TO JAaHhl ABa BEKTOPa, MPHUYEM HX COCTABJAIOHIME
A, u B, crusaubl AuHCHHON 3aBUCUMOCTBIO

3
B, = X TyAy (19.03)
=1

ITocne monopoTa ocCefl HOBHIE COCTARAAONLHE BEKTOPOR GyLYyT Chs-
BALLE L0 HYHON 8aRUCHMOCTHIO

3
Bi= X TxAn (19.04)
k=1
npuueM
, 3
T = ~;1 a0 Ty (19.05)
jl=

B cavoM nese, Ans BekTopa B craphie u HOBbie COCTaBJSIOIME LOMKHDI
OmTbh CBs3aubl TeMu Ae GOpPMyaamu, Kak u A1 Bektopa A. Buipaxas

no 3TuM dopMyaaM B; uepesa B, u 3ateM B (19.03) A;— uepes A;,
nosiyunM (19.04) n (19.05).

CoBOKynHOCTH Beanuun Ty, Npeo6pasylowuxcs mnpu MOBOPoTe ocelt
no 3akody (19.05), naswiBaeTcs TeH30pPOM, uaM, NOAPOOHEE, TEH30POM
BTOPOro pasra (BooOiie, paHT TeH3opa PaBeH 4YuCJAy ero 3HauKoB).

IpuMephb TEH30pPOB BCTPEUAIOTCS YXe B HEPEJATUBMCTCKON MeXxaHuke,
Tak, cocraBasiouine MOMeHTa KOJHueCTBA IBHXKEHus TBEpPAOro teaa (B))
CS3aHB C COCTABJAIOUMMH €TO YIrJIOBOM CKOPOCTH (A;) COOTHOMIEHHSMH
suna (19.03), rme T, — TeHsop MOMEHTOB uHepuuu. Jpyroit mnpumep
Naer Teopus YOPYrocTu: TaM TaKue Ke COOTHOLUEHHS NAI0T CBA3b MEKLY
cocrapasiownMu (dF, dF,, dF.) cuaw, JAehcTByIOLIEl HA HEKOTOPYIO
IIOWANKY, u npoekuusyu (dS,, dS,, dS;) stoft niowankm Ha KOOp-
ILvHATHBE MJOCKOCTH, MpuueM KoadduuueHtrs 7y NpeicTaB/sioT TEH30P
Hanpsokennfi, B o6onx npuMepax tensop Ty CHMMETPuUYEH OTHOCHTENBHO
CBOWX 3HAYKOB, HO BCTDEYAIOTCS M TEH30Pbi, KOTOPHE 3THM CBONCTBOM
ue 06ianaior.

Vs dopmyan (19.05) BuaHo, uTO coCTaBisiiouiHe TeH3Opa npeobpa-
3yIOTCH, KaK MPOu3BENCHuA X5, KOOPAMHAT ABYX TOUEK (X, X, Xg) H
G 5, By, xoropeie Moryt m cosmanath (x; = E;).

PaccMorpuM aHTHCHMMeTDPUUHBIA TEH30P, T. €. TaKOH, COCTABJAIONIME
KOTOPOro ynOBJACTBOPAIOT COOTHOIIEHHIO

T+ Ty = 0. (19.06)
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[1pHMCPOM  TAKOFO TEH30PA MOXKET CJYXNHTb alUTHCHMMETPHUHAS KOMOHU-
allMsl NPOM3BeIEHHA KOOPAMHAT ABYX TOYEK

T = x5 — ik (19.07)

Tax KaK 3HAaukKH NPHHHMAIOT Yy Hac TOJbKO TpH 3Hauenua (1, 2, 3), To
pMeCTO ABYX 3HAuKOB Mbi MOXeM nucaTh OJMH (LONOJHMTE/bHbIH) 3HAUOK
I HOJOXHTb

Ty=—Tn=T,
Ty=—Ty=T, (19.08)
To=—Ty=T,

Iy uhiteM BUne, ecau (i, R, I) ecTh veTnas mepecranoska sHauxob (1, 2, 3)
Mbl Oynen uMeThb

11cno/ib3yss aHTUCUMMETPHIO TeéH3opa Ty, MLl Moxkem Bmecro (19.05) na-
HHCATH
' 1
P

(%3p7 10 — %ig%p) Tpq- (19.10)
!

b=

B 3Tot CcyMMe M3 [eBATM UJEeHOB TpuU (s p = g) pPAaBHH HY/MO, a
OCTaJdbHLIE MECTh MNOMAPHO PpaBHB APYT APYTy, Tax 4TO (aKTHIECKH
HMEIOTCS TPH DPa3JHUHBIX WieHa.

[Tycte Temepw (i, 2, 1) m (p, q, r)—ueTHpie NMepeCTAHOBKH UHCEN
(1, 2, 3). Mcnoabays obosnauenus (19.09) u noaaras

% ip0q — %ig%p = Brpr (19.11)

MIi MOXeM nepenncaTh ¢opmyay (19.10) B sune

3
71 =2 8T, (19.12)

PPaccMoTpum Tenepb ONpelleUTe b

o o

11 %2 %3
A= ag 05 Ogg). (19.13)

Oy O3 Ogg
ITo ceotictey oproronaabuoro mpeoGpasopanua A2 =1, npuuem, ecim
3TO mpeofpasoBaHue eCTh MPOCTON MOBOPOT ocelt, To A= -1, a eciu

NOBOPOT CONMPOBOXAAETCA OTpaxkeHHeM (M3MeHeHMeM 3HAKa OAHOW HiH
Bcex Tpex koopaunat), To A=-—1. B ofoux cayuasx

By =14 . (19.14)
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Takum o6pasoM, Mg NPOCTOrO MOBOPOTA OCEH MBI HMeeM
! <
Tl = Z airTw (1915)
r=1

a A9 HecOGCTBEHHOrO  OPTOTOHAMBHOIO mpeobpasoBanda  (IOBOPOT
€ OrpaxKeHuem)

b
T, =—2 oa,T,. (19.16)
=1

dopmynra (19.16) mnokasniBaer, yTo NP4 MNPOCTOM MNOBOPOTE CeH
cosoKkynHocts  Beauunmd (19.08) npeofpasyercs xak BeKkTop, a npu
NoBOPOTE € OTpaXKeHHMeM npeofpa3oBaiie, MNOAOGHOE BEKTOPHOMY, C€O-
NPOBOXAAETCS HM3MEHEHHEM 3Haka BCeX CcocraBisionx. COBOKYMHOCTS
BEJMUHH C TAKUM 3aKOHOM [ipeo0pasoOBaHMsi MPHHATO HASHBATb AKCUQAAb-
HblM BEKTODOM, B OTJIMUME OT NOASPHOZO BeKTOpa, KOTOpPHHU BO BCex
cayuasx npeofpasyercs mo cdopmyae (19.02). Jlerko BuieTb, 4TO BeEK-
TOpPHOE TNpOM3BeleHHe [BYX MOJAPHBIX BEeKTOPOB OyleT aKcHa/bHbM
BEeKTOpOM. ('M3MYECKMM NpPUMEPOM MOJAPHOTO BEKTOPa MOXKET CJAyXHTb
BEKTOp 3JEKTPHUUECKOTO 10/, @ aKCHAaJbHOTO — BEKTOP MAarHWTHOTO
noss (TO ¥ ApPYroe — B CMbiC/e TPEXMEPHOrO BEeKTOPHOTO MCYHCJ/IEHHUA).
dopmyas (19.08) mNOKa3pBAIOT, YTO aKCHMAJbHBI BEKTOp SBJISETCA 110
CyuiecTBy TeH30pPOM BTOPOTO paHra; MO03TOMY, €CaAM MOJbL30BATHCA Tep-
MUHAMM ,BEKTOD“ ¥ ,TeH30p“ B cMeicie onpefenenuft (19.02) u (19.05),
T0 6e3 TepMMHA ,aKCHaJbHBH BEKTOP“ MOXHO O0GOHTHCH.

AHaNOTMYHO MOXHO ONpEeLeNUTh, B TPEXMEPHOM eBKJHMIOEOM [poO-
CTpPaHCTBE, TEH30p GoJee BLICOKOTO panra. Tak, HampuMep, TEH3OPOM
TpPeThero panra OyleT COBOKYMHOCTb BequunH Ty, MpeoGpasyloumxcs
IpY NOBOPOTE OCEH MO 3aKOHY

, 3
T ifk — 2 ailajmaknTlmn' (19.17)
1, m, n=1

C apyro#t CTODOHBI, BEJMUMHY, KOTOpas He MeHseTCs IpM TOBO-
pore OCeH, MOXHO TaKXe paCcCMaTpHBaTh KaK TEH3OP, a HMEHHO Kak
TEH30D HyJeBOro paura. TaKyl0 BeIMUHHY NPHHATO HA3HBATL CKAASAPO.M
WM MHBApHaHTOM.

Eciu naw TeH30p BTOPOTO pPaHra, TO MOXHO COCTAaBUTb TaKyl0 KOM-
OHHaLMI0 ero COCTAaBJAIOLIMX, KOTOpas He MeHseTCs HPH MOBOPOTE OCeH,
T. e. BelleT ce0sd, Kak cKaasp. Tako#t amHeHHOM KoMOMHaumel sngeTcs
CyMMa JMaroHa/JbHbiIX 3JEeMEHTOB TEH30pa BTOPOTO paHra, T. €. BRe-
JIMYHHA

T=2T,. (19.18)
1
HMcnoabsys cBORCTBO
Dae, =13 (19.19)
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k09(@HUUUESHTOB OPTOrOHa/JLHOrO npeofpasopanus, JErKO MPOBEPHTb, UTO
us (19.05) Berexaer

T =T, (19.20)

1. e. uT0 T ecTb ckauap. Ilojo6HO 3TOMy, M3 COCTaBISIOWMX TeH30pa
TpPeThero paHra MOXHO COCTaBMTh TPH BEKTOpa:

&=§ﬂmz&=§ﬂm;q=§mm (19.21)

Moxuo mocTaBuTb cefe BONPOC: Heab3s JH, BMeCTO TEH30POB,
BBECTH JApyTHe BEJMUHHbl PasHbiX PAHTOB, HO TaK, YTOObl M3 COCTABJSAIO-
{HMX [NAHHOrO paHra yxe Helwds O6blI0 00Pa3oBRaTbh TAaKUX JHMHEHHBIX
koMOMHAUMH, KOTOpbie MpeofpasoBbEBAINCL Obl, KaK BeJMuUMHb GoJee
HUM3KOTO paHra.

Takue BeaMuMHBI NeHCTBHTENBHO MOXKHO MOCTPOMTH. 3akoH mpeobpa-
30BaHUA A48 HUX OyleT TOT e, Kak AJs TapMOHMYECKHUX MOJIUHOMOB,
CBA3dHHBIX € OOBIKHOBEHHBIMM INAPOBBIMM dyHkuusamMu. HamomuuM, uro
€CcaM BBeCTH CepHUeCKHE KOOPIUHATHI

=rsindcose; y=rsindsing; z=cos?,

TO yMHOxeHHas Ha r! waposas ¢yHkuus nopsaka ! OyneT rapMoHuue-
CKHM TOJHHOMOM OT X, ¥, Z:

rlylm({}’ (P)—:le(x’ Y, 2).

[Mopsiok I OydeT COOTBETCTBOBaTh PAHI'y TeH30pa, HO YHCJIO COCTa-
BJSIOLMX [AaHHOI'O panra OyleT MeHbllle, 4YeM y TeHaopa. [Tocie mnOBO-
pora oce#t rapMoHuueckui moauHoM Py, (x’, ¥, 2’) Bblpasurcs, kak
JMHeHHas KOMOMHAUMsi MOJAMHOMOB Py, (X, ¥, Z), COOTBETCTBYIOWHX pas-
JuuHbiM m (m=—1I, —I{-+1, ..., I) no oIHOMy u ToMy xe I,
Koagduuuenrs! sToro JuHe#Horo mnpeobpasosanus M OyAyT XapaKTepu-
30BaTh 3aKOH NpeoOpAa30BaHMA BEJWUYMH paHra [.

O6paTtiiM, HaKOHel, BHHMaHHe Ha cJaelyloulee O0OGCTOATENbCTBO.
B Hawmmx paccyxeHMAX Mbl NpelnoJaraid, YTO TEH30PH (MM aHaJlo-
THUHbIE UM BEJHMUYMHBI) SBJAIOTCH, MO HX (M3UYECKOMY CMBICTY, BEJIHUH-
HAMM BNOJHE OMNpeJeJeHHbIMH, BKJIouas HX 3Hak. CoofpasHo 3ToMy,
koadpduunentsl B GopMyaax npeobpasoBaHus ObLIM Y HAC OJHO3HAYHBIMH
OYHKUMAME OT KOCHHYCOB 0. Ho MOxHO ce6e mnpeicTaEuTh M TaKue
BEJUYHHBI, KOTOpble SBJSIOTCS ONpPEIEJeHHbIMH JHMIUbL C TOYHOCTBIO 10
3HaKa (BMOJHe OMpeleeHHHMH OyAyT TOrAa MX KBaApaTHUHble KOMOM-
Hauun), B TakoM cayuae HeoOszaTe/bHO OrpaHHYMBaTbCs MpeoOpasoBa-
HUSAMY, KO9(MQHUUHEHTH KOTOPbIX OJHOSHAYHO OMpele]sloTCA uepes o
a MOXHO BBeCTH H KOSGUUMEHTH, OMNpelesseMble ML ¢ TOYHOCTBIV
D0 3Haka (OJHOrO M TOrO K€ BO BCeX KO3dduuuenrax). ITO NPUBOLUT
K HOBOM KaTerOpUM (M3NYECKMX BENMYHH-— K TaK Ha3biBaGMbIM CIHHO-
paM, M K COOTBETCTBYIOLIeMY OOOOWIEGHHI0 wIapOBHX GYHKIMA € HX

6 3ax, 485. B. A. dox
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3aKOHOM TNpeofpasopanus. Takue BeJUUMHBI MPUMEHSIOTCA B KBAaHTOBOR
MeXaHHKe,

TakuM 06pasoM, TeH30PH He SBJAIOTCA eLUHCTBEHHBIMH T€OMETpH-
YeCKHMH BeIMUMHAMH C ONpejeleHHhM 3aKoHOM: npeofpasoranuda. OlHake
B OOBIUHBIX (He-KBAHTOBLIX) TPUMEHEHHSX TEOPHH OTHOCHTEJNBLHOCTH
MOXKHO OT'PAHMUYHTLCS PaCCMOTPEHHEM TEH30POB.

§ 20. Onpenenenne HeTHIPEXMEPHOrO BEKTOpA

B npeaniiyuieM naparpade Mbl HAamOMHMJIM ONpejeleHHe TeH30Da
B TPEXMEpPHOM EBKJMIOBOM MpocTpaHcTee. HaM HyKHO Temepb 0600WHTH
3TO ONpeleleHUe Ha YeTHpPEXMepHOe MHOrooOpasue MNpPOCTPAHCTBA H
BpeMeHu. Poar nosopoTa ocef 6yneT urpaTh Tenepb npeopasoBaHue
Jlopenua. CywecTBeHHO HOBHM MOMeHTOM OyleT pasiMuHe B 3HaKax
NPOCTPAHCTBEHHBIX U BPEMEHHBIX UJEHOB BBIPAXKEHHUS

ds? = c?df? — dx? — dy? — dz* (20.00

a8 KBagpaTta OECKOHEUHO MaJoro yeThipeXMepHoro MHTepraia. Huea-
puanTHOCT, Bbipaxenus (20.01) xapakTepusyeT, KakK Mbi BUJEJH, MNpe-
obpa3opanne Jlopenua, moLoOHO TOMy, KaK HHBapDHAaHTHOCTb BbIPaXKEHHUS

AP = dx®4dy’+ dz? (20.02,

XapaKkTepHayeT MOBOPOT MPOCTPAHCTBEHHBIX OCEH.

YKa3aHHOe pa3/MuMe B 3HAKAX BeCbMa BaXHO 1Js BCell TEOPHM, Tak
KaKk OHO OTpaXaeT CyWECTBYIOulee KOpeHHOe pasJ/uuie Mexay Hpo-
CTPAHCTEOM M BpEMEHeM.

MoxHno Obl10 Obl, NyTeM BBELEHHS MHMMBIX BeJMYMH (MHMMBIX KOOp-
IMHaT WM MHUMOTO EDeMeHH), NOOMTbC TOro, yToObl KBalpaThi BCeX
mnddepeHunalor BXOAWIM B ds? ¢ ONMHAKOBLIM 3HAKOM. ITOT MyTEL
Obln ykasan MuHKOBCKuM, a Takxke YMoBbiM. OJHako IOCTHraeMas TaKHM
nyTeM CuMMeTpHs (OPMYJ OTHOCHTEJBHO NPOCTPaHCTBA M BPEMEHH HE
BJISETCS, MO HalleMy MHeHMIO, uejecooOpasHolt, TaK Kak OBa 3aTylle:
BbIBAET CYLIECTBYIOUIEE MEX]1Yy NPOCTPAHCTBOM M BpPEMEHEM pas/MuMe ¥
He HeceT € coOof 0COObIX MaTeMaTHUeCKMX NpeuMyulecTB. [T0TOMY Mb
OyleM B jaiabHeHlIeM ONEPMPOBATb C BELIECTEEHHBIMM KOOpAUHATAMH ¥
BElIECTBEHHBIM BpPEMEHEM.

Ecan Mbl noJaoxum

ot = x4 X=X Y=X3 z = xg, (20.08
TO BbIp@XEHHE a7 dS* npumeT BHI

ds'=dx:

3
2 —dxi—dxi—dxl= k§=}o ey dx3, (20.04
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pae BeJHuMHbl e paBnbl Z= 1 [cM (8.25)]. llpsamoe u ofpaThoe mpeo-
pasopahus JlopeHua HamumyTcs:

3
x; == kz eka,,-kxk, (20.05)
=0
3
X = 2 ekakix'. (20.06)
k=0

CanenopaTenbho, Auddepennyansl CTapLiX M HOBBIX KOODIMHAT GyAyT
¢BA3AHBl COOTHOIUEHHEM

3
dx} = 3 eray dxg, (20.07)
k=0

a 4aCTHble TMPOM3BOJHBIE OT KAaKOH-BUOYAb (YHKUMH ¢ MO CTaphiM U
HOBBIM KOOpAuHATaM OylyT CBA3aHh COOTHOLICHHEM

3

o9 Oy
— = el . 20.08
dx; ;g% zlkoxk ( )

Ecam 6bl kepanpaTuynas ¢opma (20.04) Owbina onpelenenHolf, TO Ece
ynca e, Obian Ob APYr APYTY paBHbl ¥ KO3()OUUUEHTH B ¢OpMy-
aax (20.07) u (20.08) Obian 6ul onnHakoBH. Ha caMoM ke lele Mbl MMeeM

e =1; g =€y =e3=—1 (20.09)

M HEKOTOpble M3 COOTBETCTBYIOWMX KO3(DOUUMEHRTOBR B STHX dopMyIax
OT/MYAIOTCS ApYr OT Apyra 3HakoM. [loaToMy 3akon npeoGpasoBaHus
AUMGdepenLHaloE KOOPIMHAT YKe He OyldeT (Kak 3TO HMeJO MecTO AJs
YUCTO MNPOCTPAHCTBEHHLIX BpalleBHi) coBMasaTb ¢ 3aKOHOM mpeobpaso-
BAHWS YACTHBIX MPOM3BOAHBLIX IO KOOpPAMHATaM. JTO HEOOXOIMMO yuecTb
IpH onpele/eHuH BekTopa. Mbl JOKHB pasinuyaTh TAaKHE BEKTOPH, KO-
TOpbie NMpeo6pasyloTCs KaK YacTHble MPOM3BOJAHbie MO KOODAMHATaM, OT
TAKHX, KOTOphle npeoOpasyloTcs Kak auddepenuuansl koopaunar. [lep-
Bhie Mbl OYJeM Ha3biBATb KOBQPUAHMHbLML, @ BTOPbIE — KOHMPABAPUAH M-
Hotmu. CocTapasiomiye KOBapPHAHTHOrO BeKTOpa Mbl OyleM 0603Hauath
OyKBaMM C HUOCHUMU 3HAUKaMM, a4 COCTABJAIOUIME KOHTPABAaPUAHTHOTO
BeKTOpa — TeMH e OyKBaMH ¢ 8epxrumu 3naykamu. Takum obpazow,
3aKOH Npe00pasoBanus BekTOpa GyleT MMeThb BHUL
3
A=Y eaniy (20.10)

k=0

o4 KOBapHaHTHOI‘O BEKTOpa 7]
3
At = I‘ZO era g Ak (20.11)

(5d
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1715 KOHTPABaDUAHTHOTO BeKTOpa. DTH (OPMYJ]b MOXKHO 3amMuCaTh B BHle
3

9
A= 2:% Ay (20.12)
k=0 ¢
3 7
. 0x,
" 4
Al= Y oAk, (20.13)

k=0

3aMeTHM 31eCh Ke, UTO M3 MPABUJIA OTHOCUTENbHO PAaCMOJOXKEHUs 3Hay-
KOB (BEpXHue M HIDKHHE 3HAUKH) JeJaloT HCKJIOUeHHE B Clyyae KOOPAH-
HaT ¥ uX AuddepeHunanoB: coraacHo obuwieMy MpaBHIy, Mbl AOMDKHLI
6ol Obi mucath (dx)°, (dx)Y, (dx)?, (dx)®, a me dx, dx|, dx, dx,
KaK 3TO MNPHHATO.

Ecan sanan koBapHaHTHbI BeKTOp A; TO Mbl BCETNd MOXEM BBECTH
COOTBETCTBYIOUWNN €My KOHTpaBapHaHTHbi BEKTOD, MO.I0XHB

Al = ¢, A, (20.14)
O6a BekTopa He OyAyT CyIIECTBEHHO pa3JHYHBIMM, U Mbl OyleM ToOBO-
pUTb HE O JABYX BEKTOpPaX, a O KOBADPHAHTHHX M KOHTPAaBapHAHTHBIX CO-

CTABJSIOIMX OLHOTO M TOTO XKe BeKTOopa.
CrassipHoe NpOM3BelleHMEe ARYX BEKTOpOB A, M B; ONpenejuTcs Kak

cyMMa 3 3
DeAB, =2 e, AiBY, (20.15)
t=0 i=0
KOTOPYIO MOXHO TaKX¢€ HanucaTb B BHIC
3 3
D ABI =) AB,. (20.16)
=0 i=0

Dra pejnunHa OyleT WMHBADUAHTHOH MO OTHOIUEHMIO K Npeo(pasOBaHUIO
Jlopenna.
Crkassiproe IIpOu3BejieHue BEKTOpa Ha camoro cefs

3
3 A, = (A — (A4 — (AF — (4)° (26.17)

MOXKeT ObiTb BEJMYMHON KaK I0JOXHTENbHOM, TaK M OTpHuaTeabHOH.
[Tpo BekTop, Aaa KoTOporo Beanuuna (20.17) noJaoxHTe/bHa, TOBOPAT,
YyTO OH MMEET XapaKTep BpEeMEeHH; BEeKTOp, 1Js KOTOpPOrO 3Ta Be/lHYHHA
OTpuuaTebHa, HA3bIBAIOT HUMEIOIUM MPOCTPAHCTEEHHHN xapakTep. Hapsny
C 9TMUMH TEDPMHBAMH YNOTpeOHUTENbHE TaKXe TepMUHbI ,BPEMEHHO-N0A0G-
HbiH® M ,MPOCTPAHCTBEHHO-NOLOOHHIA® BEKTOP.

[TpumepoM BpeMEHHO-NOLOGHOTO BEKTOPA MOXKET CAYKHTb 4eThipeX-
MepHasi CKOpOCTb, COCTaBJAIOUIHE KOTOPOH ONpenensiorcss paBeHCTBaMH

4 . Uy
L 17
c2 T

40— - (=1, 2, 3). (20.18)
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To, 4TO COBOKYMHOCTb BesqvuMH (20.18) ecTb BEKTOp, BbITEKaeT M3 CJe-
AylouwHnx cooOpaxeHuit, Mbl 3HaeMm, uTO Be/HuMHa

cdi=ds=Ve—vdt (20.19)

ects unBapuanT. C apyro#t cropossl, seanunsas (20.18) MoryT ObiTh
(lAMMCaHbl B BUIE

Ww=cE =20 p=2% =1 2 3 (20.20)

Orciola scHo, yTo Bequunubl 9, u', u% u® npeoOpasyloTcs, Kak Aud-
(epenuuasbl KOODIMBAT X, X;, X X T. €. KaK KOHTDaBapHaHTHbIH
sexkrop. To, 4TO 3TOT BEKTOP EPEMEHHO-NONOOeH, BHITEKaeT U3 TOXKIe-
crea

(02 — (u' — (u*P — (W3 = c2. (20.21)
[IpuMepom NPOCTPAHCTEEHHO-MOLOGHOTO BEKTOPAa MOXKET CJIYXKHTh YeThi-

pexMepHH# BEKTOp yCKOpeHus, COCTaBJIAOWHNE KOTOPOTO ONpelensioTcs
1o Qopmynam

W= =2 =1, 273 (20.22)
141 NoApoOuee:
1 d c I
0 — —_—
= V2 dt( ’ 7/2)’ I
1—Z -
l/'l o5 dt — 5 dt =5 e 9 l
T2 T )

[TpocTpaHCTBeHHbI XapaKTep BeKTOpa @ MoxeT OHTh JOKasaH cie-
dyiouwnM obpasom. duddepesuupys Toxaectso (20.21) no spemenu (uiu
0 <) Mmoay4aem

10w0 — plopl — 202 — 3w = 0 (20‘24)
HTH
cw? — v, — vw? — v,wt = 0. (20.25)

OTciona sLiTekaeT H8PABEHCTBO
2 72 ; e : " : s
(1) < 55 (@ 4 (@) 4= (@) < (@R - (@ 4 (w2, (20.26)
KoTOpoe u JOKasbiBaeT Haule yTBEepKIeHME O 1POCTPAHCTBEHHOM XapaK-
Tepe BEeKTOpa wW.
§ 21. YernipexmepHble TeH30pHI

[10006HO TpexMepHUMY CJIYHAl), B YeThipeXMEepPHOM MHOroubpaiuu
APOCTPANCTBA M BPeMeHu MOr'yr ObiTh ONpeleleHb TeH30Phl BTOPOrO U
GLICIErO paHra.
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KoBapuaHTHHIM TeH30pOM BTOPOTO paHra HasbiBaeTCd COBOKYNHOCTb
BeqnuuH Ty, KOTOpbie npu npeoGpasoBahuu JopeHua npeofpasyioTcs no
3aKoHy

X ﬁ 0x; 0x
71,,:2‘ iy (21.01)
jii= 0%; 0xy

RIS

3
!
Tk = %Oebekaijakz Ty (21.02)

AHasoruuHo, KOHTpaBapuaHTHBIM TEH30POM BTOPOro paHra OyleT COBO-
KyNHOCTh BeAWUHH, npeodpasylomnXca (10 3aKOHY

i 0x;0x, _ .
rt= N AT (21.03)
5 1=0 o !
win
3
771" =, goejela,jam T, (21.049)

HaxoHew, MOXHO onpejeiurb CMeuladHbi#l TeH3sop BTOpPOro paHra, Kona-
puaiiTiibii N0 OTHOWIEHMIO K OJHOMY 3HAuKy M KOHTpapapuaHTHL# 110
OTHOUIEHMIO K ApYyroMy. Ero cocTapasiowne npeoGpasyloTes 10 3aKony

ré :’1 0}6; oxl J
T, = Py Ty (21.05)
S 1=0 xj xk
i
T = '120 eje,t.auak]Tg. (21.06)
=

Ecan 6ui Bce wunucaa e; Obtan ApyT APYTY PpaBsHu, 10 KO3(duUUEHTH
B dopmysax (21.02), (21.04), (21.06) cosnanamu Gui. B Hamem ke cay-
yae fieKoTophie 13 3TUN KOI(HIHEHTOB OTIMYAOTCS NPYr OT npyra
8HAKOM.

Dopmyir fipeobpasoranus (21.02), (21.04), (21.06) ne spmsmoTcs
CYUWECTBEHHO Pa3JuYHBIMM, M OT BeMuuuH, npeoOpasylownxcst no onHOH
H3 3TuX (OPMYJ, MOKHO [fepeiTu K Be/MUMHAM, nPeoGpasylowuMcs o
Kaxo-unbyap npyroil u3 Hux. JIast 9TOr0 AOCTATOYHO MOJOXKHTH

Ttk — eiek-]‘i};, (21 07)
a B Kauecrse 7% BRECTM OAHY M3 JIBYX BEAHYHH:

Th=eTy (21.08)

HH

T3t == ;13 (21.09)
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Ecan tensop T cumMmeTpuued, To Beanuusn (21.08) m (21.09) Gynyt
coBnajath. Kak ¥ B cayuyae BeKTOopa, Mbl OyleM TFOBOPHTL He O pasHHX
TeH30PaX, @ O KOBADMAHTHHIX, KOHTPABAPUAHTHHIX M CMELIAHHBIX COCTa-
BASIOUWMX ONHOTO M TOTO e TeH3opd.

AHaNOrMYHO MOXHO BBECTH TEH30pPbHl TPETbErO M BLICIIETO PAaHTOB.
TaK, HampuMep, TEH30D TPeTbero paHra € TPeMs KOBapHaHTHBIMH 3Hau-
KaMM mpeobpasyerca no SaKOHy

Tzkm — V ox" OXZ oxn leﬂ (21 . 10)
dx. 0x, ()x
7. ln o 47k
0%
, 3
Tigm = IE €60 405 1 0mn Tjin- (21.11)
Hlin=0

{ak M B TPEXMEpHOM CJ/lyyae, M3 COCTaBJ/AIOWHX TEH3O0Pa BTOPOrO paHra
MOKHO 00pasoBaTh CKaJsap

3
T=>¢eTu (21.12)

4 B3 COCTaBJAIOLIAX TEH30Pa TPEeThero paHra — TPH BEKTOpa:
N . _ ‘
SW‘?k Kk Bi:%ekaik’ Ci—gek’rkki' (21.13)
v <

Ha 3aTponyToM B KoHle § 19 BOmpoce 0 He-TEH3OPHBEIX BEJMUHHAX C MpO-
creflunMu (B HM3BECTHOM CMbIC/Ae) 3aKOHaMH MNpeoOpasOBaHMs Mbl 31eCh
OCTaHAB/MBATbCA He OyAEM BBHIAY TOr'O, YTO B OCHOBHBIX HE-KBAaHTOBbIX
npuMEHEHHAX TEOPHUH OTHOCHTEJABLHOCTH TJaBHYI0 POJb HrpaloT TEeH3O0DHI.

Ecan naHbl 1Ba TeH3OPa, TO M3 HMUX MOXHO NMOCTPOMTb HOBbIE TeH-
30pbl, PAHT KOTOPHIX PaBeH CyMMe MJM PasHOCTH DaHroB JaHHBIX TEH30-
poB (a TaKe TEH30Pbi MPOMEXYTOUHBIX PAaHrOB OLHOM UETHOCTH C CyM-
MOl uau pasHocTeio). [loscuuM 3To Ha npumepax. B § 20 mb! Buaean,
4TO M3 ABYX BEKTOPOB A; U B; MOXHO COCTaBUTb CKaxsp

C = e ;B 21.14)
i=0
31ech BEKTOpPbl pPacCMaTpHBAIOTCA KaK TEH30DbI MEPBOTO paHra, a CKa-

79p — Kak TeHsop HyaeBoro panra. C apyro#t cTOpOHH, M3 TeX Ke Bek-
TOPOB MOXXHO COCTAaBHTb TEH30p BTOPOrO paHra

Cpo= A;By, wnmm ke Cy == B;A4;. (21.15)
Ecim pan Tersop BTOporo pasra Ty u BekTOop A;, TO BeJMYHMHA
B; = X e;A; Ty (21.16)
3

Oyner BeKTOPOM, a BeJMYMHA
Corg = AT (21.17)
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[1 npyrue, oTauuaiomMecs or (21.17) nepecTaHOBKON 3HAuKoB B mMpaBoi
yacTu] OyleT TeH30pOM TpeTbero paHra.

B kauecTBe pasbHefilliero mpuMepa COCTaBHM H3 JIBYX 3allaHHBIX TEHs
30poB BTOpOro paura Iy W Uy ckaasp

C= é e, Tl i (21.18)
i, k=0
TEH30P BTOPOrO paHra
Cop= ; e TimUsm (21.19)
U TEH30p 4YeTBEPTOro paHra
Carm = TasUm- (21.20)
B sroM cayuae, oueBuaAno, Oyner
Co= %} esC imim» (21.21)
C= g eCii- (21.22)

TeH30pHBI! XapakrTep BCeX 3THX BEJIMUMH JETKO NpOBEpAeTCS Ha OCHO-
Banun paseHcTB (10.04) u (10.05), Bhipaxalowux CROKCTBa KO3dduuUMEH-
TOB npeobpaszoBaunus Jlopenua.

3aMeTuM, uTO BO BCeX CyMMax, COAEpXallMX NPOM3BENEHHA KOBa-
PHAHTHBIX COCTAaBJSIOWMX TEH30POB, 3TH MPOU3BCACHHS BXOAAT YMHOXKEH-
HbBIMM Ha 100aBOYHEI! (3HAKOBLIY) MHOXUTEJb €;, €, ..., TAe i, B, ...—
3HaUKM CyMMHMpOBaHMs. HO MOMXHO mNHCaTh CYMMbl Tak, 4TOOM 3HAYOK
CyMMHPOBAHHMSA BXOJ¥J B COCTaB/fIOlULyI0 OLHOTO u3 TEH3OPOB B KauecTse
KOBAapHAHTHOTO (HM)XXHErO) 3HAuKa, a B YMHOXAeMyl0 Ha Hee COCTaBJAIO-
iLyl0 ApYyroro TeH30pa — B KauecTBe KOHTPaBapuaHTHOrO (BEPXHETrO)
3HauKa; rorja A06aBOuHbI 3HAKOBhIfl MHOXHuTEJb BXOAUTh He Oyner. Tak,
HanpuMep, CKaJspHoe npouaBenenue (21.14) MoXeT GbITh HalKCAHO B BHIE
(10.16), a cymma (21.18), coraacHo (21.07), — B BUAe

3
C== D TRU . (21.23)
1, k=0

Ms naHHOro TeHsopa MOXKHO MOJYYMTh HOBBbIf HE TO.BKO IyTeM YMHO-
)KeHUs Ha Jpyro# TeH30p, HO M mnyTeM AuddepennralbHbIX onepauui.
[Tpu sTOM onepaums AuddepeHUPOBAHNS N0 KOOPAMHATE X; UTpaeT PoJb
YMHOXEHHS Ha KOBapHaHTHYIO COCTaBJSIOWLYI0 HeKOTOporo BekTopa. Tak,
HampuMep, BeJHUYHHA

3 3
-\ dA;_A_ “‘Qf?
C_\ eio_—_dox"
i=0

i=0 i=

(21.24)
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¢CTh CKaJagap, a COBOKVIHOCTbL BEJHYHH

3
B,= Y o, 2 (21.25)

eCTb BEKTOP (PacxOAMMOCTbL TeHsopa Ty;). B uyacrrocTH, ecawn

0
= (21.26)

0x;

I

rie @ — HeKOTOpPeIfl CKaasp, TO CocTaB/JeHHoe mno ¢opmy.e (21.24) Boi-
pakeHHe

3
o 0% 0% 0% 0%
0 = e — ——— 21 1 1 21.27
=k ;} Yoxi oxi ox  0x:  Ox ( )

Takke OypeT ckajspoM (cuMBoa [] osHauaer omepatop [HanamGepa).

§ 22, Mcesno-Tenzopel

Hapsany ¢ TensopamMu yno0HO BBOAWTb B PacCMOTPEHHE BEJHYHHEL,
3aKOH npeo0pasoBaHMsi KOTOPHIX 3aBUCHT OT 3HaKa oOmNpele]uTe]s MNOL-
CTaHOBKH

D (x4, %41, %o, X3)
P 28 = Det (e;a4). (22.01)

! ! !
D (x4 x5, X5, X5)

[To cBocTBy KO3dduLMenTOB NpeobpasoBanus JlopeHua KBaapaT ormpe-
neaureas D Bcerna pasen eamHuue. Cambit ke oOnpeneJuTeAb paBeH
D==21 nas coOcTBeHHbIX npeoGpasoBanuit JlopeHua (CoXpaHsOUMX
HanpaBJeHue CyeTa BPEMEHH M MepeBOAAUMX NPaBYl0 CUCTeMy NMpOCTpaH-
CTBEHHBIX OCedl B MpaBylo ke cucTeMy) M paBeH D — —1 14a HecoO-
CTBEHHbIX MNpeoOpasoBanu#. XOTd Mbi YCJOBMIUCH PacCMaTpHUBaTh JHHIb
co0cTBeHHH e npeoOpasoBanus Jlopenua, s KJacCUQHUKAUMM TeOMeTpH-
YeCKMX BEJMYMH MOJIE3HO 3HATh UX MOBEAEHHE TaKKe U NMPH HeCOOCTBEH-
1iRIX npeo0pa3oBaHUSX.

PaccMoTpuM COBOKYIHOCTb BEJHUHMH €., AHTHCHMMETPUUHBIX OTHOCH-
TeJbHO CBOMX 3HAUKOB, MPHUYEM 2o 53 = 1. Y3 3TOro ompenesenus caenyer,
UTO €41, = 0, ecin ABa MM 0OJbllE 3HAYKOB COBMALAIOT, 244, = -+ 1.
ecad (tklm) npeacTaBaseT ueTHylo nepecTaHoBky uucea (0123), wu
Egum=—1, ecau ({Rim) ecTb HeueTHas mepecTaHOBKa.

Jlerko mpoBepHTH TOXKAECTBO

: dxp 0x, 0x, 0x,

B _.__,.__,————~———-:D-S- . 2202
2 pars dx, ox), dx; dx:" iklm ( )

Paré=0
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B camom AeJe, Jepasg 4acTb NpencTaB/sdeT pas3’/0XKeHHE OMNpene/UTelsa

0x0 dxo dxo 0}(0

dx dx, dxl dx

| 9%y 0x 0%y 0%y

dxi dxk ()xl dxm

KOTOPhi#t mosyuaercs u3 D mepecTaHOBKOH CTOJGLOB, €CJH BCE 3HAUKH
(iklm) pasiamusbl, W KOTOpBI OOpaluaeTcs B HYyJb, €CJAM HEKOTODbiEe M3
HHX COBMaJjaloT.

dopmyna (22.02) nokaseiBaer, uro npu D=1 BeJUUHHbl & Mpe0l-
pasyloTcsd, KaK COCTaBJsiowMe TeHaopa, a npu D — — 1 3aKkoH mpecO-
pPasoBaHMsA 3THX BeJMUHH OTJMYAeTCs OT 3aKOHAa NpPeoOpasOBaHMs TeH30pa
3HakoM. COBOKYMHOCTb BEJHMUHH C TaKUM 3aKOHOM NpeoGpa3OBaHMsA Hazbi-
BaCTCA ncesio-meH30poM.

Mb! MOXeM paccMaTpHUBaTh €;1,,, KaK KOBaPHAaHTHbie COCTaBJSIOLUE
aHTHCHMMETPHYHOTO NCEBAO-TEH30pa YeTBepTOro pasra. KonTpasapuaHT-
Hble COCTaBJsIOUIME 3TOrO TeH30pa noayuyarcs mo obuie#t ¢opmy.e

<ihim = ¢ 401007 iktm- (22.03]

Ho Tak Kak BeqMuMHb! & OTJAMYHH OT Hyad TOJALKO €CIM BCE 3HAUKH
PasJHUHL, @ TOTJA e;exe1e,, = €4e,,e3 = — |, TO OyneT NpocTo

aiklm — _ S inim- (22.04)

Ecan ¢ ecTb ckalsp, TO COBOKYMNHOCTb BeIMYHMH

Piktm = PEikim (22.05)

OyAer aHTHCHMMETPHUHBIM NCEBLO-TEH3OPOM ueTBepTOro panra. Takoft
fICEBI1O-TEH30p HMeeT, MOLOOGHO CKaJsipy, TOJLKO OLHY COCTaB/SIOULYIO;
MO3TOMY €ro MPHHATO HAa3hiBAaTh NCEBLO-CKAJIAPOM.
BCAKOMy aHTHCHUMMETDHUHOMY TEH30DY BTOPOrO paHra Ay MOXKHO
COMOCTABUTh MO dopmyJie
. 1 3 .
Atk =5 N s, (22.06)

I, m=0

4HTHUCHUMMETPHUHBI HICEeBAO-TeH30P Atk toro ke paHra; OH HasblBaeTCs
AyajbHBM MO OTHOLIGHHIO K AaHHOMY TeH3opy. B cymme (22.06) To/bko
JiBa 4ieHa OTJAMYHBI OT HyAs, M 3TU “iIeHb! APYyr Lpyry pasHbi. ITosToMy
MLl MMeeM

jw:A-z:s? Aw = Ay X3O:A127 \

N . . (22.07)
AW = Ay AM = Ay AV = Ay,
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[10100HO 3TOMYy, aHTHCHMMETPHUHOMY TE€H30DY TPeTbero panra Ag;, MOXHO
no ¢GOopmMy/e
5. 1 .
A= N eimag, (22.08)
k. l,m=0

¢ONOCTABUTH NICEBAO-BEKTOP (T. €. NICEBA0-TEH30P MepBOro panra). B cymme
(22.08) OTaMuHB! OT HYJs UIECTb 4/len0B, HO OHH Mexay 00010 paBHbI.
Mpbi MOJYYHM 148 COCTaBJIAIOWIMX MCEBLO-BEKTOPA sIBHble Bhipa)eHHUs

E3

£ ES *

10 — Al — . 2 — . —_

A= — A,y Al=Ay, A2=A,; AP= A, (22.09)
Bynem NJs KpaTKOCTH Ha3biBaTh , IPOU3BELCHUEM TEH30Pa HA TEH30p “ Takoh
T¢H30p, COCTABJSIOUIME KOTOPOro MoJyyaloTcs mo mpasuaaM § 21 myrem
1IePEMHOXEHHS COCTABIMIOWMX ABYX AaHHLIX TeHsopoB. Toraa Mbl MoxeM
(Ka3aTb, 4YTO TPOU3BENCHHE MCEBAO-TEH30pa Ha NCEBAO-TEH30p (TaK Kke
K4K M TeH30pa Ha TeH30p) OyleT TeH30POM, TOrla Kak NpOou3BeleHHe
reH3opa Ha NCeBLO-TeH30p OyaeT MCeBAO-TEH30POM. IDTHM MNPABHJIOM Mbi

*
(haKTHHECKH yiKe MOJb30BAJIUCh MPU COCTABJEHUM MCEBLO-TeH3opa A u
il

ICeBLO-BeKTOpa At.

§ 23. Beckonewno maJjoe mpeoGpasoBanue JlopeHna

OG6uiee npeoOpasosanne Jlopeuila (C MEPEHOCOM Hauaja) HUMeeT BUI

xi=a, 120 3l X (23.01)

PaccMorpuM TOT cayual, Korua npeoOpasoBane (23.01) GeckoHeuno
M410 OTJIMMAETCA OT TOXAECTBEHHOrO npeoOpaszomanus. B sToM cayuae
NOCTOsIHEbIE @; Oynyr GeCKOHEUHO MaJjmMM, a KOYD(HLMEHTb a,, MOTyT
OHTh HAMUCAHLI B BHJE

Qi == €8~ o'k, (23.02)
rie @'%— GeCKOHEYHO Majbie BeJUHMHHBI. UTOOLI MOAYEPKHYTH, YTO KOOP-

WHATH  TPeACTaB]sioT COOOH KoWTpaBapuaHTHuli BeKTop, MK OyneM
k 9TOM maparpade nucaTbh NPH HUX BepXHUe 3HAUKH

10 —= ct; x1 — X, P r— W X3 =z, (2303)

DecKOHeUHO MaJble MOCTOSHHBIE, MPEACTAaBJSIOUME CMELIEHHE Hayana, Mbl
OyjeM Takxe NMCaThb C BEePXHUMH B3HaukaMu (a’ BMecto «;). B HOBHIX
oBo3HaueHHsx pe3yabTaT moiacTaHoBkx (23.02) 8 (23.01) nanuwercs:

3

X s xi gt b D ewikxk, (23.04)
k=0 *
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Tak Kak Ajas GeCKOHeYHO MaJjoro npeo0pasoBaHUs pasauuxe MexAdy J1aH-
Hott M mpeoOpasoBaHHO! CHCTEMOM OTCYeTa CTAHOBHUTCH HECYLECTBEHHbIM,
TO Pa3HOCTH

Axi= x* — xt (23.05)

MB!I MOXeM paCCManHBaTb KaK BEKTOp, OTHeCeHHbI# K OJHOH W3 3TUX
CUCTeM OTCueTa, CKaXeM, K Iep3oHayaJ/bHOH. Takum 00pa3oM, BLipaxe-
HUSA
3
Axt = ai - D) epoikyxk (23.06)

k=0

npeAcTaBasioT OGeCKOHEUHO Majbil KOHTpaBapHaHTHEIM BekTop. OTcioaa
caepyeT, uTO MOCTosHHbIE a! caMum 0CpasyloT TaKoit BeKTop, a MOCTO-
AHHbie ®% (oOpa3yloT KOHTpaBapMaHTHHIR TeHsop. TeH3op 3ToT 6yneT
aHTHCHMMETPHUHbIM. B caMoM leJje, yCJaOBHS OPTOrOHaJbHOCTH KO3¢ddu-
uveHToB mpeobGpasosanus JlopeHua

3

i——zo eiaika“ — ekskl (2307)

nocJje NOACTAHOBKM B HMX BLipaxkeHMH (23.02) u npenebGpexenus Oecko-
HEYHO MaJ/IbiIMH BTOPOrO MOPALKa NMPHHHMAIOT BHI

w4 wkt = 0. (23.08)

AHTHCUMMETPHUHbIL TEH30P BTOPOTO paHra HMMeeT LISCTb HE3aBHCHMBIX
COCTABJSIOIMX. DTH IIECTh BEJHYHH, BMecTe C UYeThipbMs KOMIOHEHTaMH
BEKTOPA CMelLleHUs Hauyaja, MNPeACTaBJsioT AeCaTh He3aBUCHMbIX MNapa-
MeTpOB, KOTOpbie M XapaKTepH3yloT GeCKOHeuHO Majoe mpeolGpasoBaHMe
Jlopenua.

[TpouseseneM noc/el0BaTelbHO ABa GECKOHEUHO MadbiX NPeo0pasoBaHHUs:
olIHO ¢ mnapaMerpamu af, o m gpyroe ¢ mapamerpamu bi, ¢k, Jlerko
BUJETh, YTO pe3yJbTaT NBYX TaKHX npeoGpasoBaHufl paBHOCH/IEH, € TOY-
HOCTbIO [0 BENMUYHH BTOPOrO NOPsAlKa, OAHOMY NMpeo0pasoBaHUic € Mapa-
MeTpamH

¢t =at bl Wk = e |- gik, (23.09)

OTciona, B 4aCTHOCTH, CJeLyer, uTO pe3yibraT ABYX 0eCKOHEYHO Mainix

npeo6pa3oBaHUH He 3aBUCHT OT UX nopsika. [Toabaysach STHM, ML MOXeM

r10CJe10BaTe/IbHO PaCCMOTPETh CMelIeHNEe Hadaaa, Mepexol K ABWmKyuleHcs

CHUCTeMe oTCueTa M GeCKOHEYHO MaJjblil NOBOPOT MPOCTPaHCTBEHHBIX OceH.
[Tonaras

A =ct, al=ua, a>=aqa, o>F=a, (23.10)

Mbl MOJYuMM Mpeo0pa3oBaHHE, KOTOPOE COOTBETCTBYET nepenocy Hayana
cuera BpeMeHM Ha GoJee paxHull MOMEHT Ha BEIMUMHY T U nepeHoCy
Hauyada KOOPAMHAT wa3a0 Ha BelHuuHy BekTopa a. [lepexon Kk cucreMe
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orcueTta, JABmKyuielca ¢ OeCkOHeuHO MajloO# CKopOCTbr V, osHauaeT
1ipeoOpasopaHue

X —x=Ax=—V,, )
v —y=Ay=—Vp, i (23.11)
2 —2=Az=—Vpt

Ang KOOpPAMHAT ¥ mpeobpasoBaHue
1 AN
t’—t:At:—Ez—(me—}—yVy—}—sz) (23.12;

nas BpeEMet.
[Tepexons oT TpexMepuo#d CHUMBOJMKH K UYeTHIDEXMEpDHOH M CpaBHM-
past koadpduuventrs B (23.11) u B (23.06), noayuaem
Ve Vy A

v
ol —_— — (1)'20:——; @0 — =, (2313)
4 4

CpasHenne koadduumenros B (23.12) u » (23.06) naer

V. V. V.
o=, g2 Y. Go3__% (23.14)
4 c
— pe3yJbTaT OuYeBHAHHHN, TaK KaK TeHsop o aHTHCHMMeTpHueH.
PaccMOTpuM, HaKoHell, OeCKOHEYHO Malbi!l MOBOPOT MPOCTPanCTBEHHLIX
ocelt. TTo usBecTHOH ¢oOpMy/le KHHEMATHKHM Mbl HUMeEM

Ar = [0 X 1], (23.15)

| 716 ) — BeKTOpP OECKOHEUHO MaJjoro MOBOPOTAa (COCTABASIOILHE €rO pPaBHbI
HeCKOHEYHO MaJbniM yTJjaM MOROPOTa BOKPYTr ocedt x, y, 2).

CpasHusas (23.15) u (23.06), noayuaem

B = — o= Ml=—oB =0, o?=-—ot=0, (23.16)
Mir BpIIMLIEM TaKXe KOBAPMAHTHBIE COCTARJAIOUINE TEH30pa . ONycKas
30AUKH MO M3BECTHOMY IpaBHJay, NOJyuaeM

o Ve Vy Ve
0= "¢ * 20 — T3 80— T, »

¢ ¢ ¢ (23.17)
Wo, = O Wy = O)y: Wiy = W,

TOr1d KaK OCTajbHble COCTABIAIOLME MOJYYAIOTCA M3 YCJIOBUA aHTHUCHM-
METPHH.

B sakmouenne saMeTuM, uTO (GOPMyab! LI KOHEUHOTO Npeobpasora-
wng JlopeHua MOMHO MOJYYMTh, HCXOL M3 DAcCMOTpeHus GecKOHeuHo
Mai0ro MpeoOpasoBaHMs; HO HAa STOM MBI OCTaHAB/IMBATHLCH HE OyleM.
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§ 24. 3akon npeoGpa3oBanvs 2/1eKTPOMATHHTHOTO MOJA
1 KOBapHaHTHOCTL ypaBHeHMH Makceesna

[Ipn BLIBOLE OCHOBHLIX (OPMYJ] TEOPHH OTHOCHTENBHOCTH MBI HCXO-
JUAYM M3 3aKOHAa pacnpoCTPaHeHHs (QPOHTA SJEKTPOMAarHUTHOM BOMHL,
BbITEKAONIEr0, Kaxk mokasaHo B § 3, us yparHenu# Makcseasna. Ham
HALMEAHUT TENePL MPOBEDHTh, YTO ypaBiceHHs Makcpenia JeMCTBUTENbHO
4BAAIOTCA KOBADHAHTHBIMM MO OTHOWIeHHI0 K mpeobpasosanuio JlopeHua,
a Mg 3TOTO HYXHO NpeXAe BCero YCTaHOBHTL 3aKOH MPeOOpasOBaHus
94EKTPOMATHUTHON O 1019 MPH Mepexose K 1I0BOH CuCreMe OTcyera.

Kak wusBecTno, sneKTpoMarsuTHoe Mo.ae MOXer OhiTh BBIPAXKEHO 'l€pes
CKaaspiibil U peKropuni#l moTeniuaan no HopMy.iam

04y 04, 194, on

H, = ox, ox;’ E, e ot 07?1 ]|
_0A, 04, 1904, 09

Hy= e oz, =% —em | (40D
04y 0A{. . 1 04, |

Hy==4 —ax, Bs=—7% o — a'x; J

ITone oOpaiaercss B Hy.h B TOM ¥ TOJALKO B TOM C/1ydae, Korja anieit-
Has aud¢epeHumaibHag Gopua

S0 = —cDdt+ A, dx, + Agdx,+ A, dx, (24.02)

ectb mnoanblt puddepenumas. Mp npuMem, uTo 3ra aMuebinas Qopua
sBasilercsl MHBapuanToM (ckaaapom). Jlas 3TOro JOCTaTOYHO CuuTatTh A,
A, A, MPOCTPaHCTBEHHLIMY (KOBADHAHTHBIMU) COCTARSIONIIMY UeTHpeX -
MepHOrO REKTopa, iiy.JeBas COCTaB/g0iias KOTOPOro pasHa

Ay = —- 0. (24.03)
Ilviess B BULy, 9T0 ¢f = Xxg, MBI MOWEN Hanucarh o B BHIE
3
8 = EOAIde (24.04)
=

OO6nuHOe ycIoB#e HOPMHMPOBKHM L4 1NOTEHHHAIOB

vA4 2 (24.05)

GyleT ycioBueM, ¥iHBaDWAHTHHIM OTHOCHTE/bHO npeoGpasoBanuit JlopeHua,
TaK KaK ero Moo HaiucaTb B Bune

3

04,
e G =0 (24.06)

i=0
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jL¥, €CJAH BBECTH KOHTPaBapHaHTHLIE COCTABJSAIOLLHE

AO:AOZ—(I); Al= —4,; AQI——AQ; A3 = — A, (24.07)
B BHLE
0
Q
% = 0. (24.08)
T=0
lloacTasass B (24.01) x, = ct, A;= -— &, nepenviuem BuipaXeHHs UL

1101 B HOBHIX 0003HaueHHsiX. MEI n0JAyUMM [Ag 3.1eKTPHUeCKOro 1noJst

g 0h 04y )

L o.xl 0X0 ’ !

.0y 04

By =52 (24.09)
_ ok o4,

E"; - Ec: T 0x0 ’

Torja KakK JAJdsg MarHuTHOTO 1n0Jid OCTAaHYTCs fIpEXHuE BLIPAXKEHHSA. Bce
9TH BbipAXE€HHS MbI MOXeEM 3anucaTh KOpoue, €Clu f0J0XHM

OA/; - OA,-
0x; oxy °

Fy = (24.10)

Miu GyneM TOrza uMeThb
Hy=Fy Ei=Fy ]
Hy=F, E,=Fy i (24.11)
Hi=Fp Ey=Fy

Ecau (A4;) ects xosapuanTHet# BekTOp, TO (F;) €CTh aHTHCHMMMeTPHYHBIR
T€H30p BTOpOro panra. TakuM o06pasoM, Hallle MPELNONOXKEHHE O BeK-
TOPHOM XapakTepe MOTeHIlMaJOB MPHBOAMT HAC K 3aKMIOUEHHIO, YTO LIECTh
COCTABJMAIOWMX 3/JIEKTPOMATHUTHOrO TMOJS MPeACTaBAsIOT, B UeThipexMep-
IIOM MHOT000pasun NPOCTPAHCTBA-BPeMEHH, AHTHCHMMETPHUHBIR TEH30D.
Ha ocHoBaHuu 3TOTO J€rko MpoBepuTh, UTO ypaBHeHus MakcBeana kosa-
pUaHTHBE [0 OTHOWeHulI0 K npecOpasoBaHuio Jlopenua. B camom nese,
HOCTPOMM 3 HNPOUM3BOAHBIX OT COCTABJAIOWMX MOJS TEH30p TPeTbero
paHra:

OFy;
()xk ’

_ OFg | OFy
Fikl— 0x; + 0x; +

(24.12)

KOTOpbifl, oOueBuIHO, OyneT aHTucuMMeTpuuHnM. [lo dopmynam (22.09)
CMy MOMHO CONOCTaBUT»> MCEBLO-BEKTOP

* * & &3

FO= — Fyy Fl= Fyy; F2=F, 4 F3= Fig. (24.13)



96

TEROPUA OTHOCHTEJBLHOCTH B TEH30PHOH ¢OPME
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BeluncuM cocTaBasiouue 3TOro NnceBL0-BEKTOPA. Mb umeem

fo_ _OPw OFy Oy OHy oH, OH,
0x;  Oxy 0x, 0x4 O0x, 0x4
gt et = et o
Podmyday et g 0,
= =

(24.14)

Jaf HarasmHOCTH MBE 3aMeHunM B npaBoH wacTu x, Ha ct. B cuny ypas-

jeHu#t Makcseana

1 0H —0;
c

curl E-4-—

npasbie yacTu paseHcTB (24.14) paBHbl HYMO.
Crel0BaTeNbHO,
3anmucaHa B KOBapuaHTHOH ¢opMe

Fi—=0
M

Fgy=0.

divH=0

(24.15)

neppas rpynna ypaBHeHu# MakcBeasna MOXeT OHITb

(24.16)
(24.17)

O6paTtuMca Tenepb Ko BTOpOfi Ipymile ypaBHenu# MakcBeana. Has sroro
nepefileM OT KOBapHaHTHbHIX COCTAB/JAWMX TEH30Pa NOJA K KOHTpaBa-

PHaHTHBIM
F? = H, F‘O::—El]
F¥=H, F¥=_E, {
Fl2 = F?’OZ—ESJ

¥ COCTABHM KOHTPaBapuaHTHLI BEKTOP

Mul umeeM

0=0+4 ?)fcoll + ofc:r) - oim

e RRR e

.
OF% | OF3. | OF®

3_ —_—
T 0xp + 0xq + 0xy +0

ﬁ [-ﬂ

Rl i
=— oy
e
3P+

OH,
0%y’
OHy,
0x;’
0H,

— %

(24.18)

(24.19)

(24.20)
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Vakus 00pazoN, HydeBas COCTABIMNOINAA BeKTODPA s¥ pasHa
s0 = div E, (24.21)

1 1IPOCTpaCTBEHHbIe COCTABJAMONIME COBNANAT ¢ COCTABIACHINMHU TpeX-
JCDHOTO BEKTOPA

(st, 7 s9) = —-— —-——{ curl H. (24.22)

B cBo0o 1110M NPOCTPAHCTBE NPaBble YACTH ITHX YypandeHuR paBHLL ny1I0.
(CaeloBarensio, BTopas rpyiuna ypasHesu# Maxcrennta ass csoGonrioro
poctpalcria MoxeT Ot 3anucana B KoBAapuaHTHON Qopue

\j 0tk

= d OX;
k=0

- 0. (24.23)

B npoctpaHcTBe, 3anoiHEHHOM B34pAiamu ¢ INIOTHOCTHIO P, YDPaBHEUHs
Makcsesta — Jlopennia uveloT BUL

1 A
dVE = 4rs; curH— L 9B 47
i ¢ Of 14

i (24.24)
ra€ j— NI0THOCTb ToKa. KoBapwanThocTb ypaBuenuit Makcpenna Oyder
obecrevena, ecar BEJHUHHBY

Q=dm =" j (=1, 2 3 (24.25)

OyAyT npeiCTaB/ATL KOHTPABAPHAHTHBIE KOMNOHEGHTH UETHPEXMEPHOrO
BeKTopa. B cuay Toxiecrsa

Kl
02k R
2
1AEOOV¢ dxj =0 (24.26)
MBL TOJKHLI BUMETh
E 9%y, (24.27)
=0 i
OTKy1a
3; —-divj=-0, (24.28)

Dro ypasidenue BHPaXkaer, Kak HM3BECTHO, 3aKOH COXPaHEHHs 3apsia.
YernpexyepHblt BeKTOPULIH xapakTep Begn'ud (24.25) Bnoaue corJja-

cyercst ¢ KX (pu3Hueckum ToukosanveM no Jlopenuy. CoraachHo 31oMy

0JKOBaHMIO, j—=0oV, I'Me p— IIOTHOCTb 3apitia, a V— ero CKOPOCTh.

Yerpipexveptbit BCKTOP TOKa

5, LU, Uy PUy (24.29)

B )

@
<

7 3ak. i83. B. A. dox
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IpONOPLUKOHANCH BEKTOPY YeTnlPeXMEPHO!l CKOpocTH

Y Y S WU . SR
72 2
l/l—ﬁ 1/1—72“
. . (24.30)
ll‘z:—_—z_z-; llB_:"ﬁ‘é_,T |
v (4
Vi-% Vi—g |

lem. (20.18)], npuueM Ko3PpduimeHT npomoOPuUMOHAJBHOCTH pased
(,*291/1 —— (24.31)

it npeicTaBasgeT coGol0 HHBapuaHT, ¢usnueckult CMBICI KOTOpPOro ecthb
nJOTHOCTb 3apaia B TOM cicTeme oOrcuera, rie 9ToT 3apial B JAaHHbiH
MOMEHT HENOJBHKEH.

Mu nposep:lii K0oBaPHAHTHOCTL ypaBHeHufl MakcBenaa ¥ yCcranoBu.H,
yTO 3aK0H npecOpa3oBanus MEKTPOMATHATHOTO NOJS NPu Nepexoie K Apy-
rofl cucTeMe oTCYeTa COBHALdaeT ¢ 3aKOHOM 11pe0o6pasoBanus aHTHCHMME-
TPUYHOro Tendopa BTopero panra. Hanuwem 9TOT 3akoH npeoOpasopaHus
B sIBHOR dopme, BBEIS BMeCTO KO3(uilnenToB npeobpadosanus Jlopenua ag,
uX 3Hayenud, COOTBETCTBYHOue TOMY C.yyaio, Koria npeo6GpasoBanue
Jlopenna e conposoxiaercs nOBOPOTOM NPOCTPAHCTBEHHBIX KOOPALIHAT-
ibiX ocefl. Mp umeeM

1

Aoy = — =
'~
Qi == ﬂipo Vi apn=— LC’O vV, (=12, 3); (24.82)
Gy — b —(agy— D) LE (L k=1, 2, 3).
IoacTap/sa 3Tu 3Hayeud B oOwLylo Gopmy.ay
Floe=ewer S a0 Fy (24.33)

j.i=0

¥ HOJL3YACh aHTUCHMMETpHed Tensopa F,, 10 1yyuM
Flhy == @y F o (G — 1) YL (V. F o= VoFyy - VyF o) —
23 = QooF = (Ag— )W( 1Fas+ VoFy 4 Vafys

1 .
— gy (VoFyy— VoFy) (2434
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w 1Ba JApyrux ypaBHenud, fnojayyaemwix us (24.34) kpyroso# nepecta-
1oBKOR 3uaukoB 1, 2, 3, a Takxke

F;O = agoFr9 — (@ —1) VI (ViFo+ VaFag + VyFyp) +

1
g VoFs — ViuFy)  (24.35)

1 JIBa APYruX YpaBHeHus, noJjiyddeMsiXx KPyroo# nepacraHoBko#. [lepe-
xons, cordacuo (24.11), Kk 06LUHLIM 0003HAUEHUAM AJA 9JIeKTPHYECKOr0
¥ MaCHHTHOTO NGAA W nedb3yach (QOPMYJIaMH TPeXMEpiIoro BeKTOPHOro
HUCUHCAEHUA, Mbi MOJKEM HANKCcaThb

E} = gy, — (ag — 1)—‘%(v By 0V 3 H, |
, 2 $ (24.36)
HY = agyHy — (agg— 1) 7+ Yy H) — -2 [V X El,.

Hepexonq OT COCTAaB AOMUMX K BEKTOPAM, 3aMCHild a,, €ro 3ilaucHueM u
'pynnupya  4jcHbl B HECKOJBKO HHOM NoOpaike, NOTYYHM OKOHUATE!ILHO

S (Y vema s @

B =5 (V- E)+ Yo (E (V) [V><H]>, (24.37)
Vi-=&

P 1 . v 1 ,

H = (Ve H) o e H— 5 (V- H)— - [V X E]). (24.38)

Jas cpasuenmsi npuseleM 3nech (GopMyJe npeobpasopanus LIA KOBa-
PHAHTHOrO 4eThIPEXMEPHOTD BEKTOPa, fipuyeM OYAeM UPHMEHATL [Id ero
ITPOCTPAHCTBEHHBIX COCTABIANIEX OOuIvbie BEXTOPHHE 0003HaUeHU:

/ 1 1

AO:—-?—_—_‘/-T-(AO—[—?(V ‘ A)); (24.39)

V 1“7?

A =A— (Ve A+ —etaee L (VA 44 (2440)

V’ SUNZENE e O :

c2

[To noBoay ¢opuya LJs Nods 3aMeTuy, 'TO
E'-V=E-V; H - -V==H V. (24.41)

JT0 3uHau¥r, 4yTo Ta UACTH IICKTPWIECKOTO N MATHHTHOTO 1oJd,
KOTopas napaiielbHa cKopocTu V, ocraercs 0es uaMenedus. B npo-
CTPAHCTBEHHOM YacTH UYETHIPEeXMEPHOrD BEKTOPA, HANPOTHR, OCT3eTcs Oea
1i3MeHeHus T4 4YacTh, KOTOpPas MNEePHeHIHKY.IIpHa ckopocTk V, TaK Kaw
Mbl UMeeM

X7
A (VA=A ﬁ(\/‘- A). (24.42)

V'
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Fcau paccMarpuBaTh 4acTHOE npeoOpasosanue JIopeHia u nOJOXKMTDH
V,=V; V, =V, =0, (24.43)

ro GopMy.bi npeotpasoBanud Mg n0Jid YAPOCTATCA M HANHILYTCS B BHje:

/!

Hy=H,

;- ,}_/_T__}_W(Hy—g—c‘iﬁz),

[

(24.44)

=
i
!
e~
N:
| <
t
=

W3 cocrapasiowux noas MOXHO NOCTPOMTEH JBe KOMOMHALMH, KOTOpsie
npid npeoGpasoanuk Jlopenua ocraloTcs 0e3 nameHenus. Mol umeeM

E”— H” — B — H°. (24.45)
BN —E.-H (24.46)

flepsasg w3 9Tux BeMMuMH ocTaeTcs Oc3 M3MeHeHMsl Takke M 1ipu
necofcTBenHbiX npeoOpasosauusax Jlopewua (cM. § 22) u sBasercs cka-
aspoM. Bropas ke MensleT npu HecoOCTREHHbIX 1peoOpasoBaHMIX CBOH
3HAK M ABASETCS NCEBLO-CKa/spoM, B 9TOM /1erko yGenMThCS npH NOMOILA
TeH3opHON chMBOJMMKH. Mbi HMeeM
3

B —Hi=g Y PP (24.47)
i, k=0
3
E-H :% ¥ Ful, (24.48)
i k=0

rae Fi&— anTucMMMETPHUHMBH HCEBLO-TEH30D, CBI3AHHbIM C TeH30POM 10
no ¢opMmyie, auajornynoit (22.06) umu (22.07).

3aMeTuM, uTO AAA NJAOCKOH BOJHBI 0Da Bhipadenus (24.45) u (24.46)
obpamialoTcs B HyJib (B moDOH cucTeme orcuera).

dopMyan npeobpasoBanus AJsi nOJst, KaK ¥ ypaBhenns Maxcseaaa,
yKa3biBalOT HA CY!LLECTBOBAHHE CAMOM TeCHOM CBA3U MEXKIY 3J1eKTPHUECKHM
noseM M MarHuTHHM. Tak, no.e OT 3apsioB, HENOIBHAHBIX B HEKOTOPOH
CucCTeMe OTCueTa, GYAET B 3TOH cHCTeMe YHCTO 3.EKTPOCTATHUECKHM; HO
B ADYroi cucreMe OTCYeTa, KOTOpas OTHOCHTEJbHO 3THX 3apiNOB JBH-
Keres, K IJEKTPHUECKOMY 1010 106aBHTCs elle MaruuTHoe. JTO CTaHo-
BHTCS NOHATHbIM, €CJAH BCOOMHMTb, 4TO IBHXKYUMECS 3aPAlbl NPENCTABAAIOT
sqekTpuuecinit Tox. 1102000 3TOMY, nOJe, YHCTO MarHMTHOE B OJHOR
CHCTeMe OTCYeTa, OYAET B ADYrofl cucTeMe npOSBJATLCH, KAK HAJOXKEHHE
MarHuTIIOr0 M 3JEKTPUUYECKOro hoJiei,
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§ 25. JiBmxenue 3apmxeHHON MaTepHaJbHOt TOYKH
B 32JaHHOM BHeilIHeM IOJe

PaccMOTPUM /iBIDKEHHE YaCTHUL C MacCol m i 3apsioM e B 3aiaH-
yod BHewlHeM noge. Kak Mbt Bujgeau pauce [bopuyaa (20.23)] ueTw-
puNi€pHbil BEKTOP YCKOPeHHs HMEeT COCTaBJsiouine

@) — 1 d ( c >

- ‘/"‘774 dt A
R A

; 1 d 1 dx;\ .

- — oot} (= 3.
— dt( =5 dt> =123

1— - 1— =
3iech n0J 3HAKOM NPOH3BOAHBIX 10 BPEMEHM CTOAT COCTABJSIOLLINE
uSTBLIPEXMEPHOR CKODOCTH

w =

]
l} (25.01)
|
J

llo-:—‘—‘i__:—_; lli:——"_i_—_—:gﬁ (l': 1, 2, 3), (2502)
4 2 2 dt
Vi-a 1/1—}?
HpuueM
o [ dx\? dxg\2 dxg \2
o =) (@) + (@) (25.03)

BeeaeM Takylo (WTPHXOBAHHYIO) CUCTEMY OTCYETd, B KOTOPOH MrHOBeHHas
CKOPOCTb YacTHLIbi paBHa HYII0. Mpl 6yneM HCXOLUTh U3 NP0 10KEeHH!s,
4TO B 9TOM couyrcrBylouiefl cHcreMe OTcyeTa OOBUHOE YCKopeuHe jIpo-
HOPUMOHAJBHO 3JEKTPHIECKOMY 10J10

4

g e

—=—Ep (25.04)

it mepefineM 3aTeM OOpaTHO K MCXONHOM CHCTeME OTCUETA.
B wrpuXoBaHHOM CHCTEME OTCYETa YETBIPEXMEPHBIE CKOPOCTH M YCKO-
penye paBHbI
0 1 2 3
WW=¢ 4 =u"=u"=0 (25.05)
. dgx/i
v =
ar
TakuM oO0pasoM, B IWITPUXOBAHHOM CHCTEME UYETBIPEXMEPHOE YCKOPeHHe
BbpAKAETCs uepes moJje CJeNylownM 06pasom:

w’ =0, . (25.06)

w'=0, v'=IEF,. (25.07)

Mo dopmynaM npeoOpas3oBanusd KOHTPABAPHAHTHOTO BEKTOPa (COBNAanalo-
LM ¢ (opMy/iaMu npeoOGpasoBaHus KOOPAHHAT) MBI MMeeM
3
: k
Wt = Z ekakiwl . (.25.08)
k=0
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lHoaerasass s npasyo wacth suadenna (25.07) nas w’’, noayuuMm g
YETLIPEXMEPIOro yCKOpeHHsi B HCXOLHOH CcHCTeMe OTCYeTa BbIPAXKEHUg

. e ' ! 4
W= — ‘”—Z(auEl“i_agiEz“'_az;l;;E:‘)) (25.09)
1044 uyKHO TNOICTABUTSH 3HadeHus a,y 43 (24.32). Mu noayuum

w = L. ﬂgl (V-E; (25.10)

m
w=X ( T (@ — 1) Vf(v /-:)) (25.11)

Tenepu ocraerca smpasurs E’ uepes E u H. Tak kak V-E =V . E,
dopayaa (24.36) naer, nocae 3aMeHn @y, €0 BHPAKEHHEM,

o 25.12

@ m Vcﬁ I’%& ( )
=2 __C

W=t (E—I— [V><H])i. (25.13)

nech CTb CKOPOCTh COMYTCTBYIOINEH CHCTEMbl OTCYETd; 3TA CKO-
3 V e opo co violet 0TCYeTa; 3Ta CKO
pOCTH COBMANIET B PACCMATPHBAEMEIA MOMEHT CO CKODOCTBIO V YACTHIBI,
amesist 1o39T Ha Vv, HepenuilieM MNpPenblIyid BHEHHS B
3ave osroMy V Ha v, nepenuiue eNpIIYUINE YPABHEH BUIE

o—2¢ L . E) 25.14
bt m Vei—v¥ (v-E) (25.14)
w =2 (E-&-l{vy H]) . (25.15)

m Vc~~ 2 "oe A i

Temepi Mbl MOXEM OCBOOOAMTBCS OT CONYTCTBYMOILIEH CHCTEMLI OTCYeTa,
CUMTAd, YTO [AMUCAHiible YPaBHEHMS CIPaBEel/IMBbI BO BCAKMH MOMEHT
BPEMEHH, TaK UTO OHH IIPEeACTABJAOT cOOOH ypasHeHHs LBWKEHHUA
yactnunt, dopma ypapaenufl (25.14) u (25.15), oanako, HeynofHa TeM,
YTO B HHMX TPUMEHEH CMellaHHHH Ccnocod HamucaHua: B JeBOH HacTH
CTOMT 4YeThIPEXMEPHbIfl BEKTOp, TOrAA KaKk TNpaBbie YacTH BbIpAXKEHH
yepes TpexMepibie BeauudHbl. [lepefizen MOSTOMY K eLHHOOGPABHOMY
crniccody HamMCAaHMs M BHIpa3um 00e 4acTH CNeppa 4Yepe3 YeThlpexMepuble,
4 3aTeM yepea TPeXMepHbie BEJIHYMHbI.

[Mo.e3ysace oGosHauenuamu (25.02) 148 4eTHIPEXMEPHOH CKOpPOCTH

1 ofosmaueHuamu (24.11) nans nmoas, Mb MOXKeM HANMCAaTb ypaBHe-
Hus (25.14) u (25.15) 5 Bune

W= %(”mm‘l— UPFoq = uPFy); (25.16)

W= WP, T F g utFy) (=1,2,8). (26.17)
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3caencTpMe aHTHCMMMETDHUM TeH3opa F, B NpaBofl YyacTH Ka)ILoro us
ypasHeHutt (25.17) Oyner dakTuyecKu He 4eThipe, a TP 4Yiena. [lepe-
X018 K KOBAPUAHTHOMY BEKTOPY YCKOPEHHA

wy,=w" w =—wY w,=—w; w,=—wd (25.18)

Mbl OyneM uMeTh 4Js Bcex 3nauveuutt { oT 0 no 3

. B . ‘
w, = — = Y utFy (25.19)
k=0

3iech Crpasa M CJeBa CTOMT KOBAPHAHTHBIH BEKTOP; NMOSTOMY OYEBUIHO,
4TO YpapHEHHs IBHXEHHA B dopme (25.19) coxpausior cBoH UL B AHOGOH
cHcTeMe OTCuera, Kak M HOMKHO ObiTh. Jlerko mpoBepuThb, 4ro

3

> utw, =0 (25.20)

i=0
p coraacuu ¢ (20.24). [lepsoe wu3 ypaBHeHM# IBIDKEHHS dBJSeTCH
MOSTOMY CJASACTB8HEM TPeX OCTAJbHLIX.

Bpuny xosapuaHTHOCTH ypasHemu#t (25.19), n1a ofocioBanus ux
LOCTATOUHO ObLIO Obl MPOBEPHUTH, YTO B COMYTCTRYIOILEH (IITPHXOBAHHOH)
cuCTeMe OTCYeTa OHM mIpuBoLATca K BUAY (25.07).

[TepexonuM Temepb K TPEXMepHOMY Cnocody Hamucanud. Kcnoasays
ppipanenns (25.01) 149 4eTHIPEXMEPHONO BEKTOPA YCKOPEHHS U BBOLS
rpeXMEPHYI0 BEKTOPHYIO CHMBOJHMKY, MbI OyIeM HMETh

%(ﬁ%—?ze(vf); (25.21)
i (‘“/”T—iv_—z> = (B4 v X HI). (25.22)

B ypapnenun (25.21) npapag yacTh npeicrasaser Co0CK MOILHOCT,
T. e. pabory, MPOHU3BOLUMYIO INIOJEM Hal yYacTHUeH B eLHHHLY BpEMEHH;
N0 OOWMM TMPUHLUMIAM MEXAHHKH JIeBYIO YACTL C.JIeLyeT MOITOMY TOJKO-
8aTh, KAK [MpUpAaiEHHE KHHETHMYECKOH OSHEPrHH UYaCTHUH B SLHHHLY
ppemend. B ypasHenuu (25.22) mnpasas 4acTb MPeNCTABASACT JIOPEHUOBY
cuay, a JeBas 4acThb eCTb MNPAPAilieHHe, B eNMHHLY BPEeMEHH, KOJMYeCTBa
NBUKEHUS] YaCTHLEL.

TakuM o006pasoM, KHHETHYECKAs IHEPrHA 4YaCTHUB U €€ KOJMieCTBO
NBHIKEHUS MOFYT OTJAHYATHCS TOJBKO HAa MOCTOSIHHBbIE OT BHIPAMKEHHUH

W— /””“' — (25.23)
Vi-a
= (25.24)
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KOTOpbie CTOAT B YDaBHEHMAX [BHXXCHHS MOJ 3HAKOM MPOUBBOIHLIX MO
BpSMEHM. 3HAYeHMs ITHX TOCTOHHHBIX OlpeleJsoTcss U3 TpeboBaHusg
KOBAPHAHTHOCTU: HEeOOXONMMO TNOTPedoBaTh, 4rOGbI IHEPrUs U  KOJIH-
U2CTBO IBMEHMS YaCTHilhl *) COCTaBAsAM ueTslpexMepinil Bekrop. Ho
peanuuHb (25.23) u (25.2%) caMu COCTaBAAIOT ueTbIPeXMEPHEIH BeKTOp,
NOCKOJbKY OHH MPONOPLHOHA/IbHB HYJEBOH H NMPOCTPAHCTBEHHLIM COCTA-
BASIOHM YeThiDeXMepHOH ckopocTH. [losToMy yuoMauyrule nOCTOAHHBIG
paBHb Hy.no ¥¥), CnenoBareabHo, BeauuuHst (25.23) n (25.24) npeicra-
BISHIOT SHEODTHIO M KOJHYECTBO HBHIKEHHS UACTHLLH,

IMpu v =0 mnoayyaercd, B COOTBETCTBHH CO CTAPBIMH MpPEACTAB.Ie-
HAMHM, P = 0! KO/JMYeCTBO IBMXKEHHS HEMOLBHKHOFO TeJad PABHO HV.IO,
Ho sneprus W noayuaer npu v ==0 0TAMYHOE OT Hy/s 3HauyeHHE

W, = mc2. (25.25)

ITOT pea3y.abTaT MNPOTHBOPEYUT CTAPLIM NPEACTABJICHHAM, HO MOJHOCTBHIO
MOATBEPXKILAETCS HA OMbITE: BCAKOMY Te.y C MAccod m COOTBETCTRYeT
samac sueprun W, (cM. ke § 34). IlosoOHoe cooTHourenue

W= Mc (25.26)

MeXI1y Maccol WM 3Hepruefl Tejga HMeeT MeCTO H [IJs IPOU3BOJABHON
CKOPOCTH U, €C.IM TOJIBKO pasyMmeTb noi A Bejnuudy

1= =, (25.27)

KOTOpasi caMa 3aBUCHUT OT CKOpoctH. Bemuuuny M caenyeT paccMaTpH-
BaTh, KAaK pauuoHaAbHOe oO0oOuleHHe moHATHS Maccsl. OHa BXOLUT,
B KaueCcTBE MHOXHUTEId INPH CKOPOCTH V, B BhipakeHae (25.24) s
KOJMUeCTBa ABikehud P M xapakTepuayerT NOSTOMY HHEDPTHOCTb Tela
(ero uHepTHyl0 Maccy). BeauuuHy A HasslBalT MpoOCTO Macco#l, rorna
KaK m naspiaerTcs Maccol mokos. Coofpasio 3ToMy, sequununy W Hassl-
BAKOT MPOCTO 3HEpruedt, a peauuuny W,-— sHeprueit nmoxos.

Macca mokost 7 ecTb NOCTOSHHAS, KOTOPAsi HE 3aBUCHUT OT COCTOSIHHSA
IBMXEHHs YaCTHLB KAaK LeJOro, HO MOXeT 3aBUCeThb OT BHYTPEHHEro
COCTOSIHUSL yacTHUbl (eCJIM TMOCJAeHHSIsE HMeeT CJAOXKHYI0 CTPYKTYpY H
obnanaeT BHYTDEHHMMH cTeneHaMy cpoSonbl). Macca mokod m  Bbipa-
’aeTCs 4Yepes KHBAPHAHT YETHIPEXMEPHOrO BEKTOPA 9YHEPTHHM — KOJMUYe-
cTBa IBHXKeHHA. B caMoM nese, HHBAPHAHT STOT OT CKODOCTH HE B3aBUCHUT
U paseH

W P2 = w2, (25.28)

*) TouHee, je’redHHas Ha ¢ 9HEPr¥s ¥ KOAUMECTBO JBUNEHUs.

**) [logpobuee MO:KHO Gbl10 GBI PACCYyX1aTb Tax., Y HOMAHYTHi€ TOCTOAHHbE
DOMWHb, C OLHOH CTOPOHLI, COCTABJASTbL BEKTOP, a C APYroil CTOPOHHI, OHY HE
AOMXKHBL 3aBHCETb OT COCTOsIHYS JBWXKeH!s, a 3HA4YUT, ¥ OT CHCTEMBI OTCHETA.
Ho otauunoro oT HyAs NOCTOSHHOTO BEKTOPA, 3HAUEHHs COCTARTAIOUHX KOTO:
poro He sasuceny Gbl OT CHCTEMH OTCUETa, HEe CyulecTByerT.
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3aBHCHMOCTL Maccel M OT CKOPOCTH TaKoBa, YTO HPH NPUOAMNKEHHH
CKOPOCTH 4aCTHUuI K CKODOCTH CBeTa MacCa ee HeOrpaHH4YeHHO BOApa-
craeT. DBcaencTsve 3TOr0 HM B KAKOH CHCTeMe OTCUETA HH OJHO TeJO
¢ Maccoil moxos, OT.IHYHOIT OT HY.Id, HE MOXeT AOCTHYb CKOPOCTH CBeTa.
350 OBCTOATEABLTBO HATAALIO NOATBEKAAeT TpeledibHbll  XapaxkTep
CKOpPOCTH CBeTa.

Ecau xe CKOpPOCTb YaCTHLL Maja MO CPABHEHHIO CO CKODOCTLIO
¢BeTa, TO Pa3HOCTh

W—~mc~-—~mrw—{— m-— -{— (25.29)

GyeT JHUlb Ha Majble BEJIMYMHBl OTJIHUATLCA OT OOBIYHOLO 3BIpPAXKEHUH
AJS KMHETHYECKOH 3HEePTrHH YaCTHLHL.

[Tpeasiiyuive COOTHOIUEHUs BLIBEACHH HAMH M3 YpABHEHHH NBMXKeHHS
3aPHKEHHOM YacTHULl, HO OHM MMeloT obniu#t xapaxtep. Tax, cooruome-
nve (25.26) mewxuy MaccoM M 3SHepruel CupaBelaUBO He TOABKO ILJd
PACCMOTPEHHOrO 3ech Cyuas MarepuaaLHON TOUKH C HeHdMeHHOH Maccol
NOKOSA, HO ¥ A1 MOBOro CAOKHOFO Tera MAM CUCTeMbl Tes, B KOTOPOf
MOTYT NPOHCXOAMTL BHYTPEHHME MNPOUCCCHI, MEHAIOLIME Maccy IOKOA.
CooTHouIeHHe 3TO BHIpAKAST (YHILAMENTA/IbHBI 3aKOH MPONOPUHOHAIb-
HOCTH Mexkay Mmaccofi u 39iepricl. K paccMoTp2HMIO 3TOrO 3aKOHA Mbl
BepueMcs B § 34.

§ 26. INpubGakeHHass MOCTAHOBKA 3aAayH
0 JBIXKEHHWM CHCTeMbl 3apsjioB

3alauya O IBMXKEHHH CHCTECMBl 3aPKEHMHLIX MAaTepUadbHBIX TOYEK
TpebyeT COBMECTHOTO OMpeleTeHHs JBMXKSHHS 3apsiloB M 3JEKTPOMArHHUT:
HOFO TOJISl, B KOTOPOM OHHM IBHXKYTCS, TNpHYEM Hamepel 3alaHHBIM MOXeT
CYHTaTbCs TOJBKO BHewHee Noae. [lepenaua paaumMoneHicTBUA Mexiy
3apalaMH OCYHLIeCTBJSETCS MOJeM M RPOWCXOLUT C KOHEYHOH CKOPOCTLIO
(CO CKOpPOCTBIO cBera). BcaeldcTBHE 3TOro cuaa, NeHCTBYHOULAsS HA HaH-
Hblfl 3apan, Oyaer B8asHCeTb He OT MIHOBEHHOrO, a OT Mpel/LecTBYIO-
IIEFO COCTOSIHMSI IBHIKGHHsl OCTaJbHbIX 3apsanoB. [lose, BO3HMKaOUee
NpH YCKOPDEGHHOM [BMXGHHM 3aPANOB, He TOJABKO MNepenaeT B3auMoneli-
CTBHE, HO M H3.1yyaeTCs BOBHe, II0O9TOMY SHeprus CHUCTEMbl 3apsiioB
OyleT 4aCTHYHO TPATHTBCA HA HM3JAYyyeHHe M CUCTeMa He OyleT KoHcep-
BaTuBHO!. Kpome Toro, HeoOXOIHMMO MOMHUTb, 4YTO MoJe of.aanaer
OeCKOHEYHBIM YHCJAOM CTeneltefl cBOOOLBI; MOITOMY CHCTeMa, COCTOAIAs
M3 3apanoB U mnoJs, OyleT, CTPOro roBOpdA, cUCTeMOfl ¢ OeCKOHeYHbIM
YUCAOM cTeneHe#l cBoOOABl, 4 HEe 4UCTO MEXaHH4ECKOH CUCTeMOH.

TeM He MeHee 3alauyy O IBHXKeHHY 3apslOB MOMXKHO NpUO/IHKEHIIO
hopMyIMPOBaTL KakK 3a4a4y MEXaHMKH, OrPAHHYMBAACH CTEMeHsIMH CBO-
fonpl camMuX 3apsnon., Jad 3TOro HY»XHO mnojae (TOuHee, MOTEHLMABI)
KaXJOro M3 3apsloB BHIPA3HTh 4eped ero MOJOmerue H CKOPOCTh U
sareM NMPUOMMIKEHHO NMPOU3BECTH NepecyeT OT MpPeAlleCTBY IOLUIETO MOMEHTA
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BpeMeHd K LaHHOMy TaK, 4roObl 3HAayeHHe NOTEHLMAJIOB B LAHHOU TOuKe
B IaHHbIHf MOMEHT BpeMeHHM BBIPAXKAJAOCh 4Yepe3 MOJOXEHHS M CKOPOCTH
4acTHL, B TOT e (a He B NPEALIECTBYIOWHH) MOMEHT BpeMeHu. Takum
yTeM MOXKHO MOCTPOUTH NPHOIMKenHYIo GyHKuMIO Jlarpamxa 415 CHCTeME
HaCTHL.

Ha#tnem crneppa sarpadxeBy ¢OPMYy YPapHEHHH ABMKEHMS 1J5 OLHOH
3apsbkeHHOH vacTuubl. HeTpynHo npopeputs, uto ypapHeHus (25.22) noay-
gatorcs u3 dyHkuuu Jlarpanxka

oo/ o2 e
L= —mc V 1—;,—8@ —{—7(A-v), (26.01)
rne ® ——A, 1 A, — cKanspHB ¥ BEKTOPHbI! nOTeHUMaabl. B camom
leje, TaK KaK X; = U;, TO Mbl HMeeM
e
X ‘/1__ l
b (26.02)
oL _ 00 e vody |
ox; ox; ' ¢ de J
k=1
TMoncTasass 9TH Bblpaxkends B ypaBHeHus Jlarpamxa
i(ﬂ-) 9L _y (26.03)
0x; 0x;

¥ MPUNOMHHAA Bbipaxenus (24.01) nag moas yepe3 MNOTEHUMA/bl, MH IO-
JAYYUM
mu;

dt ‘/1_?3

T. e. ypapienus (25.22). Yro xacaercs ypasHenus (25.21), To oHO
ABASETCA HX CJeNCTBHEM,

[TepeftmeM Temepb, K cucreme yactuu, Hatnem npubiankeHHele Bhipa-
JKEHUsl ISl TOJsl OT YACTULbL, INBHXKEHHe KOTOpPOH wussecTHO. Paccmarpu-
gas Crneppa CIVIOWIHOE Dacrnpele]eHde 3apsina, Mbl MOXKeM HAIHCATh ypas-
HeHHMs1 18 MOTEHLHAOB

—e{Ei—{—cl[vXH]i}zo, (26.04)

1 020

LA A ‘
s = (26.06)

Hyxuoe Ham pemwenuc ypasHenus (26.05) ecTh samasiakiaioiuufl moTeH-
nHan

" elav’
fr—r'|?

® = (26.07)

o
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Tae
Pl=pG, ¢y ¢ =t—r|r—r]. (26.083)

Ecnn ABMKEHHME YACTHLB LOCTATOUHO MelJieHHOe W LOCTATOYHO MJIaB-
Hoe *), TO HA HeCJAHIIKOM OOJbIIUX PACCTOAHMAX OT Hee MOXHO 3aMe-
HMTh [p] MEpBBIMH YJACHAMH PA3J0XKeHHS 3TOH BeJMYMHb! 1O OOPATHBIM CTe-
feHsiM ¢ W MHUCATb

pl=r @, H—[r—1 |00, D+

—{—@ Ir—r'f? 01‘3 o(r!, 4 . (26.09)

IMoncrasass 910 pasnoxenue B (26.07) ¥ yuurbisasi, 4rO HHTerpad

o(r’, HdV' =e, (26.10)

npeacrasideT 3apdain 4YaCTHIbI W TNOTOMY He 3aBUCUT OT BPEMEHH, MbLi
MO IY4YHUM

P4 4
o — (ir_,wdv_L

fr_rll i Czdt) ‘ (l‘ f) Ir—rl|dV/ <. (2611)

Ecan Mpr OyzeM Temepb CUYHTAaTh, YTO 3apaf COCPenOTOYeH BOIH3H
TOUKH *¥)

r'=r,=r,, (26.12)
Mbl moayuuM u3 (26.11)
e,, . 02
= Tr—rt,0 —1—202012"' Tgl (26.13)
TTonaras
re()=v, (26.14)

u BbimoaHss B (26.13) onHO AMddepeHuupopanue IO speMeHd, Oylew
HMeTh
e g 0 (Vg (r—r1,) =
=t o o (Ve LT, 26.15
| r—r,] 2¢2 0t r—r,! ( )
3nech TNepBhift YieH NPEACTABJSET KYJIOHOB NMOTEHUMAN OT HEMOABUKHOTO
3apsind, a BTOPOH — NONpPABKy Ha 3amasibiBaiue.
B pripaxkeHMH A48 BeKTOPHOrO NMOTeHLMAJAd MOMHO MONPABOYHBIX Y.ie-
HOB He V4MuTbIBATH ¥**) 4 mUCaTb ero B BUle

A, = La%i (26.16)

¢ clr—rg|
#) Jm YCAOBHA HAMAraloT OrpaHlUeHHS HA CKOPOCTb 4acTHUb (v2<€l¢?) u
Ha ee YCKODEHHMs Da3iHUHbIX IOPSAKOB.
*%) 3HAYOK 4 TPH &4, Tq, Vg U T. 4. O3HAUAET 3j7€Chb HOMep HacCTHLBL.
***) B ¢yHxkuun JlarpaHwa U B yPAaBHEHHAX JBHMMEHHA WIEHbl C BEKTOPHBIM
noTeHUuanoM OyAyT TOro xe MOPANKA, KAK WIEHbl ¢ MOUPABKAMH K CKaASPHOMY
noTeHyuHany.
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(DTO BHaYeHHe BeKTOPHOrO IOTEHINAAA MOJYYUTCS, ecCad nperelpey
B (26.06) BTOpO# MPOM3BOLHON MO BPSMEHH, 3aMEHMTb IIOTHOCTb TOKA j
HA OV, U 3aTeM MNep2HTH K COCPELOTOYEHHOMY 3apany).

Boipaxenue (26.14) aas ckaaspHOTO MOTeHUMAJa Hey:oOHO Teu, 4To
OHO COIEPXKUT He TOJABKO CKOPOCTh V, HO M YCKOpeHHe {ra YaCTHIL,
cosnawowell mose, OT 3TOro HeynoOCTBa JierkO H30ABUThLCH, eClu BCIO-
MHHTB, UTO TOJe He MEHseTCS NP FPalHeHTHOM MpeoOpasdoBaHUU MOTEH-
1ManoB, T. e. MPH 3aMere

oo+ L2
oy I} (26.17)
Ai—)Ai—a;, J

rae y — NPOH3BOAbHAS (QYHKUMA OT KOOpiuuar W ppexesti. [loaaras

__ g Var{r—T1)

=5 T:TaT_ , (26.18)
Mbl yHHUTOXHM B (26.15) BTOpOK uneH, XOTA H yCAOM 1™t 4EeMHOTO Bbipa-
xeHne nas A;. B pesyinTaTe momyuurtcs
. . (26.19)
=] o
fa Z‘ Vgl (Xx — Xok) (X; — Xpy)
a=gl = - ) P f. (26.20)

;:~:

HeTpynHo nposepuThb, YTO pacxOMMMOCTb HOBOTO BbIPaKeHHS A1 BEKTOp-
HOTO MOTEeHLMAaJa paBHA HY/HO:

3
A; <
};‘10_ (26.21)

TMoacTapass 9TU 3HaUeHUs] MOTeHUMAIOB B MOCAENHMe NBa yYleHa (YHK-
uun Jlarpawxka (26.01), noayuum

— b LAY = —“—+

% eea,{ (vovy) | (g r =) (Ve (r—Tp) } (26.22)

T2z Tr—rg| ! fr—r1q 3

310 BHpaXKeHHe CHMMETPUUHO OTHOCHTEILHO 4aCTULbL, HOpO)KllEllOlU.eﬁ
1moJe, ¥ 4UacTHIbl, HA KOTOPyIO mnojae lleﬁCTByeT. Mbl MOxeM CYMTATD €ro
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npuOAMNKEHHBIM BHPAXKCHHEM 34KOHA B3AaMMOLEHCTBHA NBYX 4YacTHL. ITO
103BOJASET HaM HaNMUcaTh (ynxuuio Jlarpamska A48 CUCTEMbl YaCTHL B BUMAS

9

v 1w €481
—_— 2 e L
L= Ernacl/l o 2m4ira—rz=”'“

(@2 o
1 ] (Va V) (Va' (rg — rb)) (Vb' (r _rb))
+ 57 Zb caty | - DA b, (26.23)
@# b

BnpoueM, Tak KaK BeMHYMHbl MOpanKa v2/c? NpPexNOJAralOTCA MasbIMHU
B 3aKOHe B3aUMOAeHCTBHA, TO OyleT NOcAelnOBaTe/bHee npeHeOperaTh
Gonee BBICOKHMHM CTEMeHAMH 3THX BE/AHYMH Bedfe. Deps mepmbie unenbl
pas/OXKeHHs KOPHA KBAaAPATHOTO MO CTemeHAM v%/¢?, Mbl MOXeM mnucaTh
amecTo (26.23):

vt 1

€qfy
L—*W+2( maikt 5 e &)z 4 Tra—rg1 T
. (a;&b)
AN (Vg Vp) (v - (r, — ) (vg - (rg — 13)
+42 Heeb{,r:_rbﬁ— & lra_rb,3“ } (26.24)
(a.,&b)
rae
Wy = m, (26.25)

ecTb CyMMa ,SHepruft mokoa“ OTHEJNbHbIX UaCTHL.

Paccmorpum Temeper Bompoc o npeoOpasosaHuu JlopeHua B 3amade
O JBHXKEHHH CHMCTeMbi MaTepHaabHbiX TOYeK. [lycTh 3amaya sTa pelleHa
151 HeKOTOPOY CHCTeMbl OTCYeTd. ITO 3HAYMT, YTO B INAHHOH CHCTeMe
OTCyeTa H3BECTHbI BHIPAXKEHUs A KOOPAMHAT KaxO# M3 4aCTHL B QYHK-
IIMM OT BPEMEHH [ STOH CUCTEeMbl

r,=r, (). (26.26)

{lpousBeneM Temepb Tnpeobpasopanne JlopeHLa M MOCT2BUM BOMPOC:
Kaxkopbl OYLYT B HOBOH CHCTeMe OTCYEeTd BLIPAKEHHS N1 HOBBIX KOOp-
7 7 4 . 7
LMHAT X, Y., 2, KaK QyHKUH# OT HOBOrO Bpemenu ¢'? Popmyab mpe-
00pazosanua JlopeHld MMEIOT BUI:

L —1)h (V- r—Vp), (6.27)

fo= (t — L. r)). (26.28)
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flosToMy HOBble QYHKUMHM OT HOBOFO BpEMeHM TOJyyaTca B pesy/bTaTe
UCKAIOYEHHA TMepeMeHHON ! U3 ypapHeHHH

- 1 v '
ra=r,(t)— Vt + ( ‘/tf‘_ 1) LAV, 0—VD)), (26.29)
02

tlzu‘—l——
‘/—1_1%
c?

Hdpyrumu ciosamu, HYXKHO Hafttd xopeub ! ypasHenus (26.30) u moacra-
BUTb ero B (26.29). DT0 MOXKHO ClHeJaTh TOJbKO TPUOIMIKEHHO, CYHTas

[t—5 (Vr, @)} (26.30)

~Z MQILIM N0 CPABHEHWIO C eNHHHUEH. Kopenb ypasrenus (26.30) Gyner

nipubAMIKEHHO paBeH
(1—»—)t’—{— (V-1 (¢)). (26.31)

flpexxge 4eM 1OACTaBAATH ero B ypasiende (26.29) HanuiieM 3TO ypas-
HeilMe B yNPOUIEHHOM BHIE:

' v ) -~
ta= 1) =Vt 455 {(V -1, (0) — V). (26.32)
Ioncrasasa ciona (26.31), nonyuim npuGamxeHHO
ey ’ ’ 1 1 5.,
r @) =r,¢)—=V'+5v, ) {_5 Ve (V. r,,(t’))}_
v t aa
— 5z (Vora (1)),  (26.33)
rae
r dr, (t) '
v, @)= ("2 )H (26.34)

Hubdepenuupys dopmyay (26.33) no nepeMeHHOY (', TOJIyyuM COOT-
RETCTRYIOUlee BhipAXKEHHe 1/ CKOPOCTH:

v(’t(t’):va(t’)—V—{—c (t){—--~ Vi (Vv ()] —
— e (Vv )+ v, ) [— 5V (Ver@))), (26.39)

rae {',, ecrb MpOUBBOJAHAA OT V, IO CBOEMy apryMeHTy.

3ameTuM, YTO CB3b MexnLy [/ Mt 3aBUCHT OT HOMepa YaCTHUb
9TO BIOJAHE TOHATHO, TAK KAaK mnepecyeT K HOBOH ONHOBPEMEHHOCTH Tpe-
Ayer, 1/ pasJIMHHBIX YACTHU, BBeleHHs pasavuHbiX nonpasok. Crapoe
onpele/ledde OJHOBPEMEHHOCTH, TPUHATOE B TieDBOHAYAJLHOH CcHCTeMe
OTCYeTa, ‘03HAYAIO OJHMHAKOBOCTL 3HAYeHMH ! nJd Bcex yacTuy, (nipHueM
gHaueHMd !’ OKa3bBAIOTCA pasdianugbiMu). [IpM HOBOM e OnpeieleHHH
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OLHOBPEMEHHOCTH, NPUHATOM B NPeo0pPa3OBaHHON CHCTeMe OTCYeTd, pac-
CMATPUBAIOTCS yXKe ONMHAKOBBIE I8 BCeX YacTHl 3HayeHus £’ (u pas-
auuHble £), [109TOMy MBI MOXeM He mniMcaTh Nipu £ 3Hauka a. 3amenss,
xpoMe TOro, cumsos ¢’ Gykso# ¢ Ge3 WTpUXa U ONycKas STOT apry-
MEHT BO BCeX (YHKuHSX, BXOLAWMX B thopMmyasl (26.33) k (26.35), Mul
wokeM 3TH (OPMYJBl HalHCATh KOPOYe B BHIe

’ 1 1 ., Vv
re=r—Vit v, [—5 VA4V 1)} — 55V ), (26.36)

Vo=V, =Vt Ve [ — g Vi (Vv | — o5 (Vv +

ta v =g VAV )] (26.37)

. I ’
Takop OyleT BUL HOBbIX (YHKUMA I, V_ , BbIPOKEHHLIX 4epe3d HOBYIO

He3aBUCHMYIO TNepeMeHHyl (0003HAYEHHYH HaMM TOH ke OyKBOH, Kax
¥ crapas).

BriseneHHele Hamum  QOpPMy/bl ABASIOTCA NPUOIMKEHHBIMH; OILHAKO,
eCaM CYUTATH, YTO CKOPOCTH V' M ©,-— ONHOTO NOpsAKa, TO CIElaHHbIe
B HUX lpeHeOpexeHHs-—B TOYHOCTH Te XK€, Kakue [PUXOLUTCS LeJaTh
Npy NOCTPOSHMM (pyHKUMM JlarpaHika (npu yyeTe 3anasidbiBaHMs), M OHU
Jiewar MOITOMYy B CyilecTBe 3anauyi.

YpasHenus JABHKEHHMA T[OJy4alOTCd, KAK M3BeCTHO, IyTeM BapHalLUM
upTerpaaa aefcraus

(&l
S— f Ldt, (26.38)
{1y

npuyeM, ecan (xak ofipiyno) ¢yuxuus JlarpaHxa 3aBMUCHT TOJBKO OT
KOOPIHMHAT U cKOpocTeh (M, ObITb MOM(eT, OT BPEMEHM). TO OHHM HMElOT
BHI

4 9L _ o 4qon (26.39)
dt 0x, Ox,

Ecau xe B d¢yrkumio Jlarpamika BXOMAT TakKe M YCKOpeHus, T0
VpaBHeHUs ABMXKEHHS HLOJUKHbI OLTh HanucCaubl B BUNE

d: oL d oL oL

a2 0k, | dt Oxq  0x,

=0 uT. 4., 1206.40)

rae X, j;a, 2, — COCTABASIONINE YCKOPEHHA @-TOH YacTHIBL.

Ecau uHrerpan gefctsus S MHBAPMAHTEH IO OTHOLIGHHIO K npeolpa-
gopanuio Jlopeliila, TO ypasHeHWs NBHAeHHs OYAyT, OYEBHAHO, KOBa-
PH2HTHBIMH.
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PaccMorpum, HanpuMmep, YpaBHEHHS IBHIKEHHs OLHOHM 4acTHULI, NO.y-
yaeMble u3 ¢yukuuu Jlarpamxa (26.01). B sToM cayuae uuTerpas neti-
CTBUS MOXeT GLTb HarnMcak B BHIE

) , 8
S = — me? J d:+—i~ [ EAk dxy, (26.41)
k=0

(rae x,==ct). Ero unpapuantuocrs »uIreKaeT U3 MHBAPUAHTHOCTH UG-
¢epeHiuata co6CTBEHHOrO BpeMeHH d< M COCTABJIEHHOH M3 NOTEHLUAJOB
auneiiHol nuddepeHunansHolt dopMu (24.02).

Ho 1,9 KOBapUaHTHOCTH ypapHeHUIH HHBAPHAHTHOCTh HMHTErpanta IneH-
cTBusl S He Ap/sfeTcSd HeOGXOLMMON: LOCTaTOUHO, 4TOObI npeobpasoBaHHe
JlopeHila He MeHS/10 apuayuu WHTerpala AeHcTBuf. DTO BHAHO YKe Ha
npuMepe Bbipaxenus (26.41). Ecan Mb coBepwiuMm Had HOTeHUMAJIAMH
rpaiuenTHoe npeobpasopanue puna (26.17), rae y — HekoTopas QyHK-
uug, To S 3aMeHUTCA Ha

S % e
S§S'=S c(/'

D), (26.42)

roe 7 u /¥ —3naveHus QyHKUMM 7 Ha HWXKHEM M HA BePXHEM Tfipe-
neae. Ho Tak Kak Ha nipeliesaXx papyvalluy HCYesaloT, TO,Gyler

a

38’ =38, (26.43)

M YpaBHEHUs IBHXKEHHMSl HE H3MEHATCHA, KaK 5T0 M LODKHO OLITh, To-
CKOAbKY T'paliHeHTHOE 11peo6pasopaHHe NMOTEHLHMANOB HE MeHSeT 1o,
[TpuMeHUM 35TH pacCyXIeHus K YDaBHEHUAM [BIXKEHHS CHCTEMB
B3aMMOIEHCTRYIONIMX 3apAnoB M K d¢ynkuun Jlarpamka (26.23). O6o-
3HauuM uepes L’ (¢)) mepaxeHue, rnogvueHHoe u3 yHkumn Jlarpamxa
’ ’
L(f) sameHot r,(#) Ha ro,(¢) u v, (t) na vo(¢') no dopuyram (26.33)
n (26.35). Ecau neproHavaabHe!l HHTErpan nefcTBud Ooii
(&3
S= [ L@ at, (26.44)
v
V8]
70 npeobpa3oBaHHBI!l HHTErpasa 6yner
2y
S = f L) ar. (26.45)
)
Takum 06pasoM, U3MEHEHHe uuTerpajta LeHCTBHS B pe3yabTaTe npeobpa-
sopanus Jlopenua pasHO
2) 2)
S’ —S= fL’(t’)dt’— fL(t)dt (26.46)
) @)
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s

WK, €CJAHM MLI B ﬂCpB()\\ mn‘erpaﬂe (.)603Ha‘-“/lM IlﬁpeMeHHle HHT&I‘pPIpU*
paHua ¢/ TOH ke GYKBOM £, KAK M BO BTOPOM,
2) @)

S S = fL’ () dt — fL(t)dt. (26.47)
) )

3aech L’ (f) ecth BhipaXeHue, noayyaeMoe us L (£) 3aMeHO# r, Ha r, U v, Ha
’
v, 10 ¢opmyaam (26.36) u (26.37).
M3 cooTHowenus (26.47) caenyer, uTo n48 KOBaPHAHTHOCTH ypaps
HEHUH [BHKEHHSA [OCTaTOYHO, 4YTOOEI PasHOCTDH

(L' () — L($)} dt = dF (26.48)

Gbuta TIOMHBIM LHtdepenunanoM HekoTopo ¢yHKuMu F. B camom neue,
rorua Gyner
S —8§=F® . Fi, (26.49)

rne F® u F® —snaveHus ¢ynkunn F Ha npenenax, H, C/ieloBaTeNbHO,
papuauuu vHTerpasos S u S’ 6yayT apyr apyry pasubi,

Boioausis  BEIYMCAEHHS, Mbl MOXeM YGeIUTbCH, YTO COQTHOLIEHHE
(26.48) neHcTBUTENbHO BhiMonHAETCH, NpuueM ¢yHkuus F pabua

— _ 1 .U‘z’ L T ) Vi
F“2< Mo g Moy — s ATrTfrZT)((V‘r")“"?t)“
) b
h #w

— LN, (Ve r) (Vv

V2 0 V4
o NMa(V r) b gy Nyt (26.50)
a a

TeM caMbiM [10KasdaHo, YTO NoayyaeMble U3 ¢YyHKUMH Jlarpamxka
(26.23) uam (26.24) ypasHeHHsi NBUXKEHMS NeHCTBUTENbHO KOBapHAHTHBI
(B 1aHHOM NIPUGIMKEHHH) TIO OTHOWMIEHMI0O K IipeoGpasdosaHuio JlopeHua.

§ 27. BuiBoj 3aKOHOB COXpaHeHHs B MeXaWMKe CHCTEMBI TOYeK

O6paruMcs Tenepb K BbIBOLY MHTErpaJoB YpaBHeHHR IBuXeHus. Jlag
9TOr0 paccMOTpUM u3yueHHOe B § 23 6GeckOHEYHO Manoe TNpeobpasosa-
yne JlopeHua, conepxaulee BCe lLecarb napamerpon. HamoMuum, uro
napaMeTPhi TH TaKOBbi: H3MEHEHHME Hauaja cuyeTa BP2MEeHM T, CMelleHHe
Haya/la TIPOCTPAHCTBEHHBIX KOODIMHAT a, NMepexol K CHCTeMe OTcuera,
ABHXKYUIEHCd OTHOCHUTEIbHO IiepBOHAYaIbHOR CcO CKopocThio V, Gecko-
He4YHO Ma/Jbit TOBOPOT NPOCTPAHCTBEMHMbIX oOcCell Ha BeldyHHy o, Hawm
HY)KHO BBIUHCJHTL TNoOJyYydeMoe B pPeayJabTaTe TaKoro 'peo6pasoBaHus
ua3MeHeHHe BHMAA (YHKUMH OT BPEMEHH, NPENCTABAAUIMX KOOpPILMHATHI
KakIo# vacTHubl. ITO u3MeHeHHEe Or, NPOUCXOLHUT OT IBYX HpPHUME:

8 dax. 18, B. AL Pok
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BO-TiePBbIX, OT BEKTOPHOTO XapakTepa r, M, BO-BTOPbIX, OT HMBMEHEHHq
aprymenra ¢

MsneHenue OT BeKTOPHOrO Xapaktepa r, paBHO, coraacHo (23.06) u
(23.17),

Arb:a—vt+[erb]. (27.01)

AprymenT ¢ MeHsierca AJs b<TOH yacTHUbi HA BEIHUHHY
1
Aty = ’t-—?(v - Tp), (27.02)

rie nepseft uleH TPOMCXOJMT OT HM3MEHEHHMs Haya/ja cYeTa BpPEMeEHH, a
BTOPO# — 0T miepexona K Apnwkyuleiica cucreme orcuera. [Popmyaa
{27.02) ects ommo u3 ypasHeHu#t (23.06).]

MsmeHnenue A*r, BcaelLCTBHE M3MEHEHHA apryMedra B (YHKIHH ry (f)
NOJY4YaeTCs U3 paBeHCTRA

r ()= 1) (¢ =t-+Af), (27.03)
OTKyla
1y (6) = 1y (F— Aty)) = 1, () — v, Aty (27.04)
H, cJeloBaTe/bHO,
Afr, =1y () — 1, () == — v, Afy,. (27.05)
[Toanoe usMeHeHHe BMIA GYHKUBH T, (f) 6vier paBHO
ery, == Ary - A¥*r, == Ar, — v, Afy. (27.06)

Takum ofpasoM, coraacHo (27.01) u (27.02), noaHoe uaMeHeHue 3r,
BLIDA3UTCA Yepes napaMeTphl 6eckOHeYHO MaJjoro npeobpasosanus Jlo-
peHua caenyomuM obpasom:

(\)rb::_vb't-—‘;—a—— Vi zlg«v,,(V- rh)+[w>< ryl, (27-07)

TOrAa KaK NOJMHOE H3MeHeHHe dv, CKOPOCTH Vv, Gyler, QUEeBHMIHO, PaBHO

B, = 2 3r,, (27.08)
B BbipaxeHun nas or, 4YMeHL, colepkauine V, COBHALalOT ¢ WieHaMH
nepsoro nopsaaka (oTHocuTeabHo V) B dopmyae (26.36), Kak M LOMKHO
6bITh.
Buouncanm terieph nByms crioco6amH u3MeHeHHe (yHKuuu Jlarpauxa
B peayabTare 6ecKOHedHO Manoro npeobpasobanus Jlopenua. [lepseift
crioco6 OCHOBAH HA TiPUMEHEHMH YpapHEHHHl IBWXXEHMA, a BTOpOH — Ha
HENOCPENCTREHHOM TNpeo6pa3oBaHuy, ¢ HCroaL30BaHHeM dopmya (26.48)
1 (26.50). Mer umeem

— V(9L oy 1 9L s )
o= N S Vet e in ), (27.09)
a

Mock. 1bKy (yHKig L He COJep:UT ABHO BPEMeHH.
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OL
3necy non o pasymeeTCﬂ TPEXMEPHBIH BEKTOP € COCTaBJAOILHMH
oL oL 0L
0x, ' 0y, 0z,
penus Asmikennss U cooTHowenue (27.08), Myl MOKeM HamucaThb

oL
, @HAJOrdYHOC 3HAYCHHE HMeEET v I/ICHOJIBBYH Ypas-
a

d oL

O =g X e M (27.10)

C zIpyro#l CTOPOHH, MBI MOXEM BHIYHC/MTb H3MeHeHue Qyukuun Jla-
rpaHxka L u 6e3 HCHOIb30BaHHA ypasHeHHH asuwkenus. OUEBHIHO, YTO
L He MeHsiercd TNPH CMEULEHHH Hayana M HpPH THOBOPOTE NPOCTPAHCTBEH-
HHX KoopauuaT. [Ipn MsMeHeHHMM Hayana cueTa BpeMeHM L Mensercd Ha

dL 7 s 7
BEJMYHHY — o - T, B camom mene, ecnu L(t)=L(¢), roe t' ={-fr,
TO

alL
dat’

L)y=LEt—)=L({)—= (27.11)

MameHenue Xe L B peayabTaTe INepexona K ABWKYyuleHcs CHCTeMe OT-
cyera naercsd dopmyaoft (26.48), rae B kauectse F 10CTaTQUHO B3ATH
yeHH MepBOro nopanka (OTHocHTeLHO V) u3 (26.50), a MMeHHo

F:E( Myt gty 2 20"2]ra—~r1,|)(v r). (27.12)

b ¢a
Taxum obpasom,

dL | daF __ d _
o~ o = T (— 5L F). (27.13)

[Npupasuusas (27.10) u (27.13), noayuaem

d oL ,
—#{ v a—|—L~——F} 0, (27.14)
a
OTKyIa
oL
Za——araJrLc_F:const. (27.15)
v(l

a

Jlepas uacTb STOrO BLIPAKEHUS TNPELCTaB]AeT JUHEHHYIO GVHKIHMIO OT
necatH napaMmeTpos npeo6pasosanus JlopeHua. [loncrasasa s (27.15)
soipakenus (27.07) u (27.12) nna 8r, v naa F, Mol MOXeEM Hamucarth:

I=—<W-+a -PJV - K+w-M=const, (27.16)

8
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rae yxe W, P, K, M oT napaMeTpoB He 3aBHCAT M papHbi:

W:Evaao—é;——L, 27.17)
a
P— T)Qvi (27.18)
a
1
K:Z(ma“— Moo +ch Elra—“’bI—{_C‘ adv) a tEdva
a
(b—¢a)
(27.19)
oL
m=Yy [r,, % 575,] (27.20)
[]

Jlesas vactb (27.16) nomxkuHa GuiTh NMOCTOAHHA, KAaKOBHI Gbt HHU OLUIM 3uia-
qeHUsl mapameTpoB T, a, V, ®. ITO BO3MOXHO TOMbKO, €CJAH BEJIUUMHE
W, P, K, M cauu nocrosHHbl. Mpl nosyuaem, takuMm 0o6pasoM, IecsTh
HHTerpaJos, NpHYeM KaxKAbifl U3 HUX CBA3aH C ONpEIeJeHHBIM NapaMeTpoM
3 6GeckoHeuHO MaJjoM npeo6GpasoBaHuM Jlopenua. Jlerko BuIeTb, KakoB
(pusHuecKMit cMBICA 9THX HHTerpatos: W ecTb nHTerpas 3Heprud, P—
IHTerpas Ko/JuuyecTsa NBMIKeHMs, K — MHTerpas IBHKeHHS lEHTpa HHep-
MM, M -——uHTerpan MoMeHTa KoJuuyecTsa ApHkeHus, Takum o6pasom,
galileHHbie JecATb WHTEerpa/oB NPENCTaBJAOT KJacCHYecKHe HHTerpaJnt
CUCTeMbl MaTepHa/JbHBIX TOYEK ¢ IIONpaBKaMH HA TEOpHI0 OTHOCHUTE/b-
HOCTH.
BrnuiieM HalneHHble MHTerpaJbd B fBHOH dopme. Mbi UMeem

—CQEm(l+2vaa+82 cz+ 2 lrafbfbl+

(a—#b)
1 ez (Vg * Vp) eqe
‘l_4_02. 2 alll}'a—(irbli +402 2 ITe - bl' MK (v (e rb))(vb.(r“_rb))'
ot (@b
(27.21)
310 ecTh SHEPrus CHCTEMBL.
Ecay Mbl NOJ0KUM
W=cXm, +E, (27.22)
a

10 Beauyuna E 6yner sHeprue B oObIUHOH HOpPMHpOBKE (3Ta BEJHYHHA
ofpawaercd B Hydb, KOrla B3aMMHBIE DACCTOAHHSA HEOTPAHUUYEHHO BO3pa-
¢TaloT, 4 CKOPOCTH DpapHbi Hyuwo). Hapany c onepruet W mbi 6ynem
paccMaTpusaTh COOTBETCTBYIOUIYIO Maccy

Y =NYm+z, (27.23)
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KOTOPYIO MOXHO HasbiBaTh MoJHOH Maccofl cucrembl. Corgacuo ompele-
aenuio (27.23), noJaHas Macca CHCTEMEl PaBHa CYMMe Macc MOKOS OTAENb-
HBIX YaCTHY, CJOXeHHOH ¢ TOH Maccol, KOTOpas COOTBETCTBYET HX
KHUHETHYECKOH SHEPrHH M SHEePruM B3aUMOLEHCTBHA.

[TepetineM K OCTa/JbHBIM MHTerpajaM npwkeHus cucTeMbl. Coraacho
(27.18), uHTerpan KoJauuyecTBa NBHXKEHHUS paBeH

p= S (1 +-55)+

l_gcg Z lreael) { __'_(rn—_rb)(vb'(ra—rb)) }. (27.24)

— 1| [rg—1p2

(a#b

Yro6bl HamucaTh B SIBHOM OpMe HMHTerpasbl IBMXEHHS LEHTpPa HMHEPLHH,
NOJMOKUM LI KPaTKOCTH

Mo=m, (1 +2€2)+202 D IT;-%_— (27.25)
(b-g‘a)
Mu 6GyneM Torna HMeTh
K= M,r,— tP. (27.26)
3aMeTHM, 4TO ‘
; Ma= M, (27.27)

roe nog M caepyer pasyMeThb BoipaxeHue (27.23), BasATOoe B TOM XKe

&
NPUGIMKEHUH, . B KaKOM LaHO Mg (3TO COOTBETCTBYET HEPENSITUBUCTCKOMY
NPUGAKIKEHUIO 148 3Hepruu E).
Beenem panuyc-sekTop R ueHTpa HuepuMM cHcTeMb 10 QopMy.e

MR = X\ Myr,. (27.28)

Bripaxenue (27.26) nas K npumer Bui
K—= MR —(P. (27.29)

IMocToaHcTBO BeanuyuHbl K naeT 3aKoH ABHKEHHS LEHTPA HMHEPUHH CHCTEMBL.
Hakonew, UHTErpajsbl MOMEHTA KOJMHYECTBA IBHXEHUA CHUCTEMBI DAaBHLI

M:Em (1 —|—§%—>[r X v,] -+

2qep [ra Xrp] (Vp-(rg —rp))
+gcz 2 It ——rb|{[ra><vb]_ * |r(,,——l'b(T2 } (27.30)

mjb
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§ 28. Teusopublii xapakTep HMTErpaJioB ABHIKEHHA

Mbl IO/DKHBL Teniepb HMCCIeN0BATh, UYTO NPeACTaBJIOT Co60H Hattnen-
Hbie MHTErPajbl B CMbiCJe MX IOBeleHHs Tpu npeoOpasosanuu Jlopena,
Ecau 6bi Mbi Hanepel 3HAJH, 4TO BbipaXeHUE

I=—<W-4+a-P+V-K.+o-M (28.01)

eCTh WMHBAPUAHT, TO Mbi MOMJM Obl 3aKJIOUMTH O TEH3OPHOM XapakKTepe
peauuud W, P, K, M Ha ocHosBauMM cBOMCTB napamerpos t, a, V, o
GeckoHeuno Manoro rnipeof6pasopanus  Jlopesua. Ilockoibky, onHako,
VHBAPHAHTHOCTb BbipaxXenus (28.01) Hamm ne 1nokasaHa, Mbi u3Gepem
6osee - TpAMOH TiyTb, XOTSl OM WM CBA3AH C LOBOJLHO YTOMHTEbHBIMH
BbIK/JIAAKaMH (TIOCAEJHUX Mbl NPUBOLMTBL He GyaeMm). A HMEHHO, Mbl QM-
peprieM sequuuHel W, P, K, M xoneunomy npeo6pasosanuto Jlopenua u
NOCMOTPHM, KaK OHM BBIPAXAIOTCSA YepPe3 TiepBOHavYa/bHBE BEJAHUYMHbI,
O6osnaunm uepea W/, P/, K, M’ peayibrarn noacTaHosku B W,

P, K, M BeauuuH r;, v:,, BMECTO Ty, V, [popmyan: (26.36) u (26.37)].
Mbl ROAyYHM

( + ; ‘:;+ g ‘c’:) (1 +5 02)(v P),  (28.02)

P':p—v§-+§c-2(v-(r>—vzg—)), (28.03)

WM, ecJH BBECTH MNOJHYW0 Maccy M,
cWVI’:(c-—{— Vit o 02) (1+ )(v P), (28.04)
P'=P—VM +22(v (P—VM)). (28.05)

[Mocnennve GOpMyJabl MOryT OBITE ¢ TOHM 2Ke TOUHOCTBIO HANHCAHEL B BUIE

M — (V- P)
‘/-—Vz’
c2

1) o (V- (®—van). (28.07)
1f —5

CpapHupas 3T (opMYy/ibl ¢ OObMHEIMH HOPMYJaMH Tipeo6pasopaHus
Jlopenna (26.27) u (26.28), mMb BHINM, 4TO COCTaBAsOWHKE P, P,, P,
BekTopa P npeo6pasyiorcd, Kak KOOPAMHATH X, ¥, 2, 4 [QJHas MaccaM
npeobpasyercs, Kak ppems £. ODTO 3HAYUT, YTO COBOKYNHOCTH BEJUYMH

P=Mc="Y, pi=pP, P=P; PP==P,  (28.08)

EM = (28.06)

P’:P—VM+(
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NpeNCTaB/AeT KOHTPABapuaHTHLil BeKTOp. KoBapuaHTHbIE COCTaBJAfIOLLIME
9TOrQ HeTHIPEXMEPHOr0 BEKTOPA PAaBHbL
Po=Mc=Y; p=_—p; P,=—P; Py=—P,. (28.09
0— =< 1= z = y 3= . (28.09)
Ecau Mb GyleM paccMaTpuBaTh BCIO CHCTEMY 3apaloB, KaK OLHO
CJHIQXKHOE TEJO, TO Mbl LQJUKHBI TPHNHCATE €My MacCCy M u KOMHYECTBO
npmwxenus P. Mu MOXeM Takie NpHUNHcaTh eMy (ToUHEE, ero UeHTPY
HHEPLHH) CKOPOCTDL

P
V= (28.10)

p:/M2~[§;. (28.11)

Benuyuna . pasHa 3HaueHmo M’ B TOH cucTeme oTcueTa, B KOTOpO#
P’ == 0. Ha sToM npuMepe BHAHO, YTO Macca TNOKOA TeJa 3aBUCHUT OT
€ro BHYTPEHHEro COCTOSHUA (B LaMHOM Caydyae — OT COCTOSHHA [IBHIKEHHS
COCTARJAIOIHUX €I YacTHLL).

O6patuMcs Tenepb K sakony npeobpasosanus seanusH K u M. Ilpo-
H3BOAA Ty e NOLcTaHoBKY (26.36) m (26.37), mb noayunm naa K” # M’
BhIPAMKEHHUS:

, Ve 1 f
:(1 +~Q—05)Kv—-§c—2—V(V-K)~E%[V><M], (28.12)

M Maccy MNoKod

5
o
2

M':(ljtf%)m_gng-m—k@+‘—”c;)[v>< K. (28.13)

C ToH Xe TOYHOCTBIO 3TH (GOPMYJb MOI'YT ObITh HAamUCaHb B BHIE
: i% {

2

]/ l e
: V {

2

Vl )

Cpapuum 5TH GOpMyabi ¢ 3aKOHOM NPeo6pascBaHUs AHTHCHMMETPHY-
HOrO TEH30pa, NMpUuYeM 6yneM HMeTb B BHLY, YTO B CMbICJAE TPEXMEPHOrO
sekTopHOro aHaausa K npencrasaser co6oio moadpHeidt, a M — akcuann-
et exrop. CoorsercTsyomine QOPMYJIb  [peo6PasOBAHUA  BbINUCAHD
HaMM B § 24 1719 cayyas TeHaopa SJEKTPOMarHUTHOrO 1noasd [GopMyJel
(24.37) u (24.38)]. Maa Toro yroGbl NOJYYHTH cOBNaleHHE, MEl JOJIKHBI

, \Y \Y% 1
K = (V- K) K—73(V-K)— 5 VXM, (28.14)

M= (VM) M— 5 (VM4 VXK.  (28.15)

1
cuutarth, 4To BekTOp M nmpeobpasyerca kak H, a sextop K Kkak - E.

1
(Opyras BosMoxnocte M ~E, K ~—C«H ycrpausiercss teM, "to K u E
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NpPeACTaBAAOT NoJApPHeie, a M ¥ H— akcuaabHbie BeKTopel.] Takum
00pa3oM, Mbl MOXEM BBECTH aHTUCHMMETPHUHBIH TEH30pP C KOBapHaHTHBIMH
COCTaBJSOLHMU:

Moy = M,; My = M,; M= M., } (28.16)
Miyg=—cK,; Myy=-—cK,; My=—cK, '
HJH, YTO TO )K€, C KOHTPaBapMAHTHHIMU COCTaBSIOLIUNMH:

MB =My MB=M,; MB2=M, }

. 28.17
MU= cKs MP = cK,; M® =K, ( )
[IpoBepko#t cayXur TO, 4To A48 OLHOH UaCTHLbL
M, =m (x5 —x%2) u T 1,
(28.18)
cK,=m (x®—x%" wu . I

3neck uepes 40, wul, u?, 4% oO6o03HAueHL COCTABJIMIOLIME UETHLIPEXMEPHOH
CKOPOCTH; 145 KOOPILMHAT M BPeMeHH BeeleHLI 0003HAUEHHS C BEPXHUMHU
3HaukaMu x® = ¢f, x' = x, x? =y, x® == z A19 Toro, uroObl MOLUEPKHYTh,
YTO OHHM MNPEeNCTARIAIOT KOHTPABAPHUAHTHLIE BEJMYHHBIL.

Taxkum 0o0pasoM, Mbl BBISCHHJIH, YTO M3 JIECSTH HHTErpagoB [BHKEHHUS
yeThipe (@ WMEHHO, SHEepPrusi M KOJMYECTBO [BHIKEHHS) TNPeNCTaB/sioT
UETBIDEXMEDHBI BEKTOP, & OCTaJbHbie LeCTh (MHTErpasbl UEHTPa HHEPLUH
M MOMEHTa KOJMYeCTBa [BHXEHHS) — aHTUCUMMETpPHUHBIH TeH3op. ITo
NO3BOJACT yTBEPXLATb, YTO €C/JIH STH BeJIHYMHb TOCTOAHHBI B KaKofi-
HUOYAb OLHOH cHcTeMe QTcueTa, TO OHHM OYIYT MOCTOAHHBIMH M BO BCAKOH
apyro#t cucreme orcyera. To 00CTOATENBCTBO, UTO 3aKOHB! NMPeOOPa3oBaHuA
BLIBEAEHE! HAMH M3 TNPUOIMKEHHEIX (HOPMYJ, CBA3aHO C TPUCIHKEHHLIM
XapaKkTepoM Bcell NMOCTAHOBKM 3anduu: Mbl YyXe VIOMHHAJIH, 4TO, CTPOro
TOBOPA, SHEPrus U KO/JMYECTBO JBHIKEHHS CHCTEMbl 3apsloB Boobiue le
OCTAlOTCA MOCTOAHHLIMH, d MOTYT TPATHUTbCA HA H3IyueHHE.

3Has TEH3OPHBIH XapaKTep HMHTErpajoB IBHXeHHs, Mbl MQXeM Ipo-
BepuTb, uyTo BbipaXenue (28.01) neticraureibHo mnpencraBaser cobowo
MHBApUAHT. [l19 STOro 1OCTATOYHO TNepeNMucaTh BeIpaXeHue n1a [
B uYeThbipexMepHbix 00osHaueHusax. CornacHo pesyabraraM § 23, Mu uMeem

1
TE Ay Q= Ay Gy = a4y Gp= 0y, (28.19)
rae a,, a,, @y (g €CTb KOBAPHAHTHHH BEKTOP.
Hanee,
Ve=rcoy; Vy=cay V== cay, (28.20)
O, == Wg; Wy == g, O, T= Oy, (28.21)

TIe ®;; — KOBAPHUAHTHHLE COCTABJAIOILUE aUTHCHMMCTDHUHOIO TeH30pa.
[Toab3yack yeThpexMepHbiMU 0f03Haueunsamu (28.08) u (28.17) aas uure-
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rpanoB ABWXEHHA, Mbl Oylem uMeTbh BMecro (28.01)
2]
I=—aP’—aPt—a,P?—aPP+

- 0y MY - 02, M2 - 0 MPO - @y M - 0y ML - 0, pM T2, (28.22)
HIH KOopoue
H K1
1=— YapP 4+ & ¥ onm™, (28.23)

=0 4L, k=0

YTQ U JIOKAa3biBACT HAUIE YTBEPXKIECHHE o6 MHBAPHAUTHOCTU BEJAUYUHBI l.

§ 29. 3ameuauns no nosopy oGbiunoii HOPMYIHPOBKH
3AKOHOB COXpaneHHs

B sToM naparpade ME caeldeM HEKOTODHiE 3aMEUdHHsl KPUTHYECKOro
XapakTepa No MOBOLY OObiHON (HOPMYJIHPOBKM 3aKOHOB coxpaHenus. s
OIpeneneHnocTy Mb OyleM TOBOPHTb O 3aKOHAX COXPAHEHHA SHEPIMH U
KOJIMYECTBA ABWKENHS, TAK KaK OHH PACCMATPHMBAIOTCA HalE BCETO.

Boipaxeuus: 1719 9SHepruM (uad moJnofl Macchl) M 4A8 KOJHYECTBA
newKeHus o6Lulio numyrcs B QopMe

W= M2 = ¥ (29.01)
a ]/ | _%
== 2 (Mﬂg;lﬁ__—? (29.02)

A OTHOCUTENLHO HUX [eAdIOTCA LBA VTBEDHK IEHUS: BO-NEPBBIX, YTOQ 3TH
BEJMYHIL TPELCTABJAAIOT UETHLIPEXMEPHLIH BEKTODP, M, BO-BTOPHX, UTO OHU
OCTAalTCa MOCTOAHHBIMH,

O6a yTBep/eHHS CNPABENJHMBBL, OILHAKO, JHUIL B TOM CaAyuyae, KOria
yactuub He B3amolelcrByioT. Ho rorma ckopocTh KaxaoR 4YacTHUH
B OTHEAbHOCTH OCTAeTCAd NMOCTOAHHON, M KaX14ad 4YeTBEpPKA BEJHUYHMH

W= e . p@—_ Ma¥a (29.03)
1— Ya ]/ 1 — Ya
c2 2

fiyaer MpencTaBaaTh NOCTOSHHLIN ueThipexMepHbifl Bexrop. Takum o6Gpasom,
NpY OTCYTCTBHM B3aUMOLEHCTBHSA NMOCTOAHCTBO cymM (29.01) u (29.02)
BLITGKAET TPUBHAbHLIM 06PAa30M U3 IOCTOSHCTBA OTAEAbHBIX YaeHoB (29.03),
U COCTABJEHHE CYMM HE LAeT HHYEro HOBOrO,

ITpu Hanauuuu xe B3ammolefcrsud Bupaxenus (29.01) u (29.02) ne
OyayT HOCTOAHHEIMH M He GYAYT IPEJCTaBJATh UeTHPEeXMEPHOT0 ReKTOpa.
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[lepsoe MOHATHO HENMOCPEACTBEHHO, TAK Kak [aXe B HEPJATHBHCTCKOM
npubMmKed NMOCTOAHHOH OyleT He KHHeTHYecKas, a IOJMHAS SHEPrus
CHCTEMbl YACTHLL.

Teopus OTHOCUTENBHOCTH BHOCHT HONIPABKH, COOTBETCTBYIOLINE B3AUMO-
LeHCTBUIO, HE TOABKO B BLIPAKEHHE N/ SHEPrHM, HO H B BbIPAXeHHe
L7191 KOJHYECTBA NBUXeHUs cucTeMut [eM. (27.21) u (27.24)]. Jluwb ¢ stumu
nonpaskaMi 06a Bupaxenus OynyT nocToAHHbiMU. UTo Kacaercsa BexTop-
HLX CBOWCTB, TO HAa MePBBIH B3rJSL MOXET NOKa3aTbCsl NMApaloKCasbHbIM
caenywutee obcrosrenncrso. Kak mbr Bunean B § 25 [dopayan: (25.23)
u (25.24)], nis OOHOM 4acTHLb COBOKYNMHOCTb YeThipex BesauuuH (29.03)
NPeNCTaBISET YEThIPEXMEPHbIl BEKTOP TAKXKE H B CJAYYdE YCKOPEHHOro
IBWKEHHS; 1dj1ee, CyMMa BEKTOPOB ecTh, KaKk OynTo, ToXe BeKTop. Mexny
TeM Mbi yTBepkiaesm, u4ro cymmb (29.01) u (29.02) He npencrasasior
coboll coCTaBIAOMUX YeThIpeXMepHoro Bexkropa. Ilapanokc paswbsacHserca
tem, urto Beauunnst W, P apasiorcs dyHkuuamu oT BpeMenH, obuiero
naa Beex uyacru. Mx cymmpr W, P npencras.silor CyMMbl O0HO8peMeH-
ubiX 8 OauHOi cucmeme omcwema sHavenntt W@, P B npyron
CUCTEME OTCYeTa 3TH 3HAYeHus yxe He OyLyT onHoBpemeHHbMU. [losTomy
IpU TEepexone K HOBOH cHCTeMe OTCUeTa HYXKHO He TOJAbKO COCTABHUThb

Y
us W', P snneftnpic KOMOMHAUMM NO TPAaBUAAM NJS BEKTOPOB, HO H
NEPECUUTaTh TH BEAHYHHBI K 1IOBOH OLHNOBPEMeHHOCTH (KK 3TO pasbic-
Heno B § 26). Takof mepecuer lie macT HUUErO HOBOTO JHIUL B chaydae

nocrosminx W, P i obuwem ke ciyuae on TpeGyer yuera HaMeme-

HHUS 9TUX BE/HUHH 33 BPeMs, COOTBETCTBYIOLIEE NEPEXOLY OT CTapOH OIHO-

BPeMEHHOCTH K HOBOH (Bce 310 MpuOMMXKEHHO npodedaHo B § 26). [Tostomy

SCHO, UTO LS NeB3amMOLSHCTBYIOWMX uacTun cymmn W= 3 W' u
142

P = X P Gynyr 061anaTh BeKTOPHHIMH CBOHCTBAMH, 4 JJIA B3aMMOjeh-
[22

CTBYIOLLMX 4ACTHU OHM MMM o0nazarb He Oynyr.

[Mpn namnunu B3auMONEHCTBUA BEKTOPHBHIMH CBONHCTBAMH M NOCTOSH-
CTBOM BO BpeMenu OynyT, B paccMmarpusaeMoM npubanmxkenud, o6aanarhb
T€ BHIPAXKEHUS A/ HHTErpajoB IBUXKEHMS, KOTOpbE BhiBeleHn B § 27,
Dru Bhipaxenus oraudares or (29.01) u (29.02), ¢ onHo#t cTOPOHB,
yuYeTOM Y/IECHOB B3AWMOLEHCTBHA H, € NPYro#l CTOPOHBI, TEM, 4YTO Be/H-

mg

'—.—,—..-)‘—
e
c2

HO CTEMeHsM v%/c*, UpHYEM pa3JOkKeHHe LOBELEHO L0 UIEHOB TOrO Ke
HOPSAJIKA, KAKOH yuuThBdeTcs B 4Y/IEHAX B3aUMOAEHCTBUA.

Moxer, OLHAKO, OKa3aTbCH, YTO BCJAENCTBUE OONBIUMX PACCTOSHHMHA
MEWAY YACTHIAMH WieHb B3aUMOLEHCTBHA HIPAIOT 11€3HAUYUTEJBHYIO POJb,
HO YTO, B TO K¢ BPeMf, CKODOCTII 4aCTHL, BecbMd BeJHKH. B sroM mnpe-
/leJIBHOM Caydyde BecbMd OBICTPHIX, €200 B3aMMOJEHCTBYIOLIMX YACTHU

YUHKH! 3dMCHEHB! B HUX NEPBbBIMH Y/iCHAMH DAIJOKEHHUA B Pl
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MOXHO [0Jb30BaThLCA BhipaxeHuaMu (29.01) u (29.02). Ipu srom, cnHako,
Heo6X00MMO TOMHHTb, YTO STH BHIPAXEHUS NPUMEHUMb! JULb 00 HA4Q4Q
U nocie KOHYQ B3aUMONEHCTBHA, TOrAa KakK B NMPOMEXYTOUYHOE BpeMs OHH
HE MPUMEHUMBI.

B ykasaHHOM mnpelrenbHOM C/yyae MOMXHO TPUMEHSTh 3aKOHBI COXpa-
jIeHHSl SHEPrHM M KOJIMYECTBA ABMKeHHs B OOHUHOH (hopme

7na02 V 771(10“ (29 04)
]//1 Y o l/l o i_
o2
m,,v,,, N m,v jz s
D L (29.05)
a

<

=2
a vu v
e 1—
4

rle Vg H VZ—E!Haqelmﬂ CKOPOCTH @-TOH 4acTHULl [0 Haya/la U Iocjde
koHUa B3auMometcTsusa. VI3 cxasanHoOro SICHO, 4TO JEBbie YACTH 37TUX
DABEHCTB HE OCTAIOTCA MOCTOAHHBIMM BO BCe BPEMs B3auMOIeHCTBUS, HO
Yro TOCJe OKOHYAHMA B3AUMOIEHCTBHS OHM NPHUIHMAIOT TNEPBONAYANLIOE
aHadeHue (TO, KOTOPOE OHM MMM A0 €ro uauana).

Crenannble B 9TOM Naparpade 3aMeyaHHs B paBHOH Mepe oTHOCATCH
U K OOBIYHON (OPMYMHPOBKE B3dKOHA COXPAHEUHs MOMEHTA KOJHYeCTBA
LIBMKEHHS, B KOTOPOM w/elbl B3aHMOLEHCTBUSA lle YUHTLIBAIOTCH.

[

8§ 30. BexTop notoxa sueprun (BexTop Ymosa)

PaCCM()TpI/IM 0ObiYHbIE HEPEJMATUBUCTCKUC YDaBHEHHUs INBHKCHHS MeXd-
HHUKH CIJIOLIIOH cpelbl. Ouy HMewT BUL:

By F, +2‘3”1‘° (=1, 2 3), (30.01)
¥
+ Y2 o, (30.02)
=1

3nech vy, Up, Uy— COCTABJAWUIME CKOPOCTH YaCTHUBI CPEAbl, p— IIOT-
HOCTb CPelbl, Dy — TeH30D *) HampsdKeHult, F; — cocraBasioiine BheulHel
CUJBbl, IeHCTBYIOmEN HA eqMHULY Macchl, Bxoasuee B aesyio uacts (30.01)

dv
BhIDAXEHHE 1/ YCKOpEHHs —

T, €CTh TAK HaabhiBaeMmas CyﬁCTaHLU/IaJIbHaﬂ

*) B 9TOM maparpade Mpl yNOTpedAseM repMillibl ,BCKTOP® W, TCH30p*
B TPEXMEDHOM HX 3HAYEHHM.
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JIDOM3BOAHAA, paBHAA
dvi dv, +2 k%‘ (30.03)

Ypaerenue (30.02) npuHATO Ha3HBaTh ypaBHeHHeM HepaspuiBHOCTH. OHO
BHIDAXXAET, KAK M3BECTHO, 3AKOH COXPAHEHHS MACCEL.

CucreMa ypasuenutt (30.01) n (30.02) cama no ceGe ewe He sBageTcs
NOJHON; OHA He MO3BOJSMET, N0 3a0aHHBIM HAYaJbHBIM H NPENEAbHBIM YCI0-
BUAM, HAXOLMTh IBIXeHHe cpeldbl. Yrobn INOJAYYHTh MHOJHYI0 CHCTEMY
VPaBHEHHH, HYXKHO, BO-TIEPBHIX, BhIPA3UTh TEH3OP HATpsIKeHHH dYepes apy-
rue BeJHYMHBL, KaK TO: NedopMaLHH, CKOPOCTH, LaBjeHHe, TeMNepaTypy,
9JEKTPOMarHUTHOE M ApYrue MOJf, M 3aTeM, ecad YHUCAQ HEU3BECTHHIX
yHkuuft 6ynet Goabuie yeThipex [T. e. Goablie yucaa ypasHenuit (30.01)
u (30.02)], noOaButh Kk ypaBHEHMAM [BMHKEHHMS pAl APYFUX YpaBHeHHH,
KaK TO! YpaBHEHHMe COCTOAHMA, YpdBHeHMe NPUTOKA TeIa, YpaBHEHUS
noas K ap.

B nanbHefimieM Mbi OrpaHMuMMcs C/IyydeM KOHCEPBATHBHOM cHCTEMI
NPH OTCYTCTBHH BHEWIHHX CHJL

PaccMotpuM cnepea ynpyryw cxkuMaemyio cpeny. Mui MoxeM BBeCTU
TOr1a noTenuuadeHyto SHepruto II enumHuub Macch Cpelb M BbIPA3HTDb
TEH80p HampskeHu#H yepes Hee. [lycte a,, @y, a,— nepeMennsie Jlarpanxa,
B KQ4€CTBE KOTOPHIX MOXKHO B39Th HauaJbHbie KOOPAMHATH YACTHIB CPElbl.
KoopauHarb uacTuub B MOMEHT BpeMeHM ¢ GynyT Toria

X, =Xx;(a;, ay a; 1) it=1, 2, 3), (30.04)
u nedopmauus cpenbl Oyner xapakTepusOBATLCA COBOKYIHOCTBIO BEJMYHH

K]
_ X1 O0x; 0x;
mn da,, da, "’
i=1

A (30.05)

IMorenunansnas sHeprus II Oyner ¢ymukuded or nedopmauuil, npuuem,
ecu MOJOXUTh

dll — 2 an dAmn (Pum: an)’ (30.06)
", n=1
TO COCTABJAAIOWIME TEH3OpA HATPSIKEHHH Py BhIpasarca veped koagdu-
wuent P crenyownM o6pasom:
3
Ol 0x; Oxp
PE= P et e (P =P, (30.07)

m, n=1

M3 5Tux ¢QopMyn HeTDYLHO BHIBECTH COOTHOLUICHHE

w

3

arr oIl L\ omy ov'.
o= (5 .—;‘v,-(m)_ }Zm o (30.08)
= i‘ :=1

-
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B cayuae XHAKOCTH
Py == —— Py, (30.09)

rie p-—NaBAeHHe, TaK UTO TEH30P p,; CBOAMTCA K Ckampy. B srom
cayyae ypasueHue (30.08) mpusonurcs, B cuay (30.02), k Buny

dll . pdp

p;i_t:—-pdlvv:?a? (30.10)
1 1aeT oOblYHOE BhIPAKEHHE
_{par __ ['dp p
H_(( il R tirs (30.11)

I0Asl TIOTEHUMAJABHON 3HEPrud enuHHUb MAacCh KUIKOCTH. B cayuae Gec-
KOHEUHO Maabix JAedopmanuuit (oOblYHAA TeopHus YNpPYroCTH) COOTHOoLIe-
uue (30.08) rTakXe Jerko npoBepseTCa HefoCpeAcTBeHNO, Oed nepexona
K nepeMeHHbiM Jlarpanxa.

Wurepeciio conocrasurs cooTHowenue (30.08) ¢ TepMonMHAMHYECKUM
TOX/1ECTBOM

3
07‘ s
Y ragh el (30.12)
i, k=1

B KOTOPOM 4 — BHYTDEHHAS SHeprus, s — surponust u I — TeMmmeparypa.
Jlas M30TEPMUUECKUX TNPOIECCOB MOXKHO NOJOXKHTDH

H=u-—Ts=F, (30.13)
rie F—cBofosHas sueprus, a jaas aauabatHuecKux

= u. (30.14)

OGparumes Teneps K ypaBHenusM ABvXenus. Ilpu momowin ypashe-
Hus HepaspbiBHocTH (30.02) MoxHO Tpu ypasaenus (30.01) Hamucars
B BuIE

3, vt —Pa) = 0. (30.15)

ITono6HO TOMY, KaK ypaBHeHHe HEPA3PbIBHOCTH

d
+ fff,") (30.02)

BLIPAXKAeT 3AKOH COXPaHeHHs Macch, ypasHeHue (30.15) MOXHO cuuTaTh
BHIPAKAIOMWNM 3aKOH COXDAHEHMS KOJMYECTBa IBWkeHus. B ypasHenuu
HEPA3PHIBHOCTH CKA/MAPHAs BEJMYHHA § €CThb IUIOTHOCTH MAacchl, @ BEKTOp
¢ cocraBafowEMH py; (f=1, 2, 3) ecTh MIOTHOCTb NOTOKA MAacChi.
[Tono6uo stomy, B ypasHenun (30.15) BexTop pv; eCTb NIOTHOCTD
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KOJMYECTBA IBWKEHUS, a TEH30D
Sin = v — P (30.16)

ecTh IVIOTHOCTh TOTOKA KOJM4eCTBA IBWXeHus. [lpu 3ToM BekTop pu,
BXOIMT OIMH Pa3 Kak ILIOTHOCTb NMOTOKA MACChl U APyrofl pas Kak IUIOT-
HOCTb KoauuecTBa ABHKeHus. [lono6ro sToMy, BennunHa S;;, BXOLHT O1UH
pas Kak [-ad cOCTaBAsAOWAA MOTOKA Uy, 4 Lpyro# pas xak R-as cocra-
BASIOWAS TOTOKA 06U, (HAMOMHUM, 4T0 S = Sj,).

Me cefluac BHIeaH, YTQ YypaBHEHHE HEPASPHBHOCTH U YPABHEHHS [BH-
’eHus, Hanucanuee B Qopme (30.02) u (30.15), moryr GBiTb MCTOJKO-
BaHbl, KAK B3aKOHB COXpAHEHHs MAacCh M Koauuecrsa fApmxkeHus. Ecre-
CTBEHHO MNONLITATLCS HANMMCATH B aHANOIMYHOM BHIE U 3aKOH COXPAHEHUs
SHEPruM. 3To GhiI0 BIEpBHE CIeNaHO YMOBHIM, KOTOpHH ewe B 1874 r,
BBeJ BAXHOE NMOHATHE o TOTOKe 3nepruu [4], [°].

BBeseM cKANSAPHYIO BeJHUHMY

S= ——ov~+nII (30.17)

H BEKTQD € COCTABJAKIIHUMUA

3
1,
S, =, (7 o - pH) — ¥, Pavy (30.18)
k=1

B srtux ¢opmynax Il o3Hauaer mnonpexHeMy MNOTEHLHUAJIbHYW) SHEPIHIO
enuHuLbl Maccol. OUYeBUMAHO, YTO B BHIPAKEHUHM 141 S nepBumit uneH ecThb
IVIOTHOCTb KHHETHYECKOH SHepruM, a BTOPOH YJeH — IJIOTHOCTh TOTEH-
uuaabHott sHepruu. Takum oOpasoM, BeauuuHa S ecTb oObeMHAasA IIOT-
HOCTb 3Hepruu. Bekrop S, Koropbift Mbl OyleM HasbiBaTb BEKTOPOM
YMoBa *), MoXeT ObiTh MCTOMKOBAH, KAK BEKTOP MOTOKA SHEpruu, B camom
Iene, UCTIOJB3YS yPAaBHellusl ABHKEeHHUs, YPABHEHHE HEPASPBIBHOCTH, 4 TaKXKe
cootHoweHHe (30.08), HeTpyOHO NPOBEPHUTH CNPABELIUBOCTb PABEHCTBA

at+$“33f 0, (30.19)

KOTOPOE M MOXHO pAcCMaTpHBaTh, Kax RHIPAXKEHHE 3aKOHA COXPAHEHHA
SHEePTHHU.

3aperuM, 4YTO ecad [aHL ypaBHeHus nBwXeHus (30.15), To auwe
OIHO M3 YpaBHeHMH: ypaBHeHHe HepaspbiBHOCTH (30.02) wuam ypasHenue
noroka sHepruu (30.16), OynerT He3aBUCHMBIM; IPYToe MOMYYUTCH U3 HETO
U M3 ypaBHEHMH IBUKeHMs. BmecTo ypaBHEHHS] HEPA3PBLIBHOCTH WJH ypaB-

#) PaccMOTpeHHble Y MOBHM Bbipaxcen¥ss aad S 4 S; oTAA4aOTCA OT NpUse-
AeHHbIX 3jeCh OTCYTCTBIEM WIeHOB C rloTeHUUadibHOA sHepruelt, TlosaToMy B npa-
BOH 4acTH COOTBETCTBYIOLIErO COOTHOIICHUS YMOBA CTOUT HE Hylb, d B3ATOE
€O 3HAKOM MuHyC Bbipawxenye (30.08), 1. e. pabora cun ynpyroctd B ejdHHUiE
o6bemMa 3a efuHUIlY BpeMelil.
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HEHHS 1I0TOKA 9SHEDIMM MOXKHO B3ATh HX JMHEHHYW KOMOHHAUMIO, pac-
CMOTPEB BeJMYHHY 6 -+ AS n ee moTok py,— AS,, rae A ecTb NoctosHHas,
uMewas pasMepHOCTb, OOpAaTHYK KBanpaTy cKopocTH. B crenyiouiem
naparpadge Mbl YBHIUM, YTO DENSATHBUCTCKON QopMe YpaBHEHHH ABMKeHuS
CIIOWHON cpenbl MPUOIMKEHHO COOTBETCTBYET JAuHedHas KOMOMHALHMS yKa-

\ ; 1
3aHHOI'O BHMId CO 3HAYEHHEM MOCTOAHHONM A, paBHLIM h==—5.

B sakaioueHue oO6paTHM BHUMAHME HA clenywiiee O6GCTOATENbCTBO.
Ecau sanaHa HeKOTOpas BeqnyuHa (Hampumep S), TO ee.NOTOK (BeKTop S)
OIpelensieTCsl U3 COQTBETCTBYIOUIEIO 3aKOHA COXPAHEHMs N0 3a0aHHOH ero
pacxonumoctu. Ho 6e3 HanoxeHus NOMOIHMTEABHBIX YCIOBHH Takoe onpe-
neJeHue HeOoIHosHauno. B camom nene, ecau ypaHenuio Bupa (30.16)
VIOBAETBOPSET BEKTOP S (C COCTABIAOWHMU S;), TO eMy e yIOBAETBO-
pser Bexkrop S—-curl A, rae A — npouaBoablbid Bextop. TeM He Menee,
NOTOK CK803b JQMKHYM YK 1L08EPXHOCHLL ONPEIEIseTCs BIOMHE QLHO-
3HAYHOQ, TAK KAK AJs 3AMKHYTOM TOBEPXHOCTH

f (curl A), ds 0 (30.20)

KakoB Obl HM Onin BeKTOp A.

[To cBoeMy (pUBHUECKOMY CMBLICJIY BEKTOP IMOTOKA fBJISETCS, 0JHAKO,
BIOJHE ONMpelneeHHOH seanunHo#t. [1osToMy caepyer oXHLATh, UTO MyTeM
HAJ0XKEHHS NOMOTHUTENBHBIX YCI0BUH MOXKHO W (HOPMANLHO CHeNdTh Onpe-
jefeHde ero onHo3HayHeM. ONHHMM M3 TaKMX yCJaOBUH sBageTcsa TpeboBa-
HHe, 4TOGBl BEKTOP MOTOKA BeNHUHHH S, KOTopas sasercs (yHKuueH
COCTOSIHUsL CUCTEMBl, caM sBasics (yHKuMel cocrosHus. 3JTo TpebGoBaHue
Oyner ToyHee (OPMYJHPOBAHO H MNOLPOGHO OOCYXIEHO B CleLYIOlIeM
naparpade. EMy ynoBiaerBopsier B pacCMOTPEHHHX 31eCh NMPUMePAxX MOTOK
9Hepruu (BEeKTOpP ¥YMOBA), MOTOK MAcCCH H NMOTOK KOJMMYECTBA JIBHIKEHHUA.

§ 31. Tenzop macch

B npenptnyuieM naparpade Mbl BHIENH, YTO B C1y4ae KOHCEPBATHR-
HOM CHCTeMbi OOBbIYHGLIE HEPEeJATHBUCTCKME YPABMEHHs NBUXKEHHs CILIQUI-
HO#l cpeabl MOTYT ObiThb HAMMCAHB! B BHIE PABEHCTBA HYMIO YeThIPeX Bhi-
paxceHutt, KOTOpbie NMPeACTABMAIOT CYMMY INPOMSBOLHBIX MO KOOPNMHATAM
¥ no BpeMeHd. Taxas dopMa ypaBHeHMH ARMKeHHMS 3aCTaB/IAET AYyMaTh,
YTO UX pPeIATHBUCTCKHM o6oO0LuienneM [10/DKibl ObiTh YPaBHEHus Buia

ore , oo |
Oy | 0k l
b (31.01)
oT® 07‘1»‘
0x0+4-—d(3,\ =0, l

rae T (i, k=0, 1, 2, 3) ecrb HEKOTODHI! TeH30P.
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lleppoe w3 9TuX ypaBueHHH NODKHO BHPAKATL 34KOH COXpancHuq
MacCh) M 9HEPTUM, a ocTannubie Tpu (s =1, 2, 3)—3aKoH coxpa-
HeHHsl KOJM4ecTBA Apwkenus. Ecau 7% ecri, aaoTHOCTL BCeH Maccw
(BK/IOUas MACCY TMOKOS M MAcCy KHHETHYeCKOH 3Hepruu), 10 ¢I'% ects
MIOTHOCTb MOTOKA Macchi. [lanee, ecau ¢7T® ecTh MAOTHOCTL i-TOH co-
cTapJsouIe KomuuecTBa nBuKeHus, To 2T (k= 1, 2, 3) npencraraser
IUIOTHOCTH TOTOKA aas 9ToH cocrastsiouleti. Macca M, sakmaioueHHas
B HeKOTOpOM ofbeMe, U COQTBeTCTBYIOIAs e#l Heprus W Bnipassrcs ue-
pea T% B Bune uurerpana mo ob6bemy:

M = %:f T gV, (31.02)

AHE[JIOI‘I/I‘{HO, KOJUUECTBO [IBMKEHHUS, 3aKTOUSHIOE B TOM Xe ofbee,
Oyner paBHO

Pi=c | 1004V, (31.03)

VYpasreuns (31.01) BupaxaioT Tor (axr, uTo yBeJIHUeHHe DHEPIUH WJH
KOJUUeCTBA [BHXKEHHsl, 3aKTIOUEHHLIX BHYTDH HEKOTOPOro o61LeMa, mpo-
MCXOOHUT TOAbKO 33 CYeT NMPUTOKA THX BEJUUMH HBBHE (T. €. CKBO3L IO~
BEDXHOCTb, OFPAHUUUBAIOILYIO 9TOT 06beM). MHrerpaam (31.02) u (31.03),
paciipocTpaHeHibie MO BceMy o6DLeMy, NPESACTABMSIT MOJAHYIO MACCY H
NOJHOE KOJMYECTBO [BHIKEHHS CHCTEMbl. DTH BEJMYMDLI OCTAIOTCA NOCTO-
AHHLIMU (1€ 3aBUCAT QT BpeMeuu f).

KpoMe 3aKOHOB COXPAHEHMs Macchi, SHEPrHMH U KOJUYECTBA [BHXKEHs,
NOMKHLI MMETh MECTO 3aKOHbi COXPAHEHHS MOMEHTA KOJMYECTBA IBHXKE-
HHSA, 4 TAKKE 3AKOHH NBIKEHUSI LCHTPA HMHEpUUHM CUCTeMbi. VX MoxHO
Hamucath B ¢opMe, aHaaoruuo#t (31.01). Ma ypasuenutt (31.01) Boite-
KAl0T COOTHOLIEHHUS
0 5 0 ‘

O THO__ 4 T NY O o TEm Dm) — Thi __ Tk
oxO(x,T x, T )—l—wﬁoxm(xi’l‘ X, Ty = T T  (31.04)

(i, k=0, 1, 2, 3)

AT cooTHOWeHHA OyAyT uMeTh (OpPMYy 3aKOHOB COXpAHeHHs, eCau Inpa-
Bas 4acTh HX 06GpaTuTca B Hyab. Mbi moayyaem yciaoBue

Tik — THi, (31.05)

¢oraacHo koropomy tensop T nomken GHTb CUMMETDHYHBIM. DTO YCa0-
BME O3HAY4eT, B YACTHOCTH, YTO NIOTOK MACCH DAaBeH KQJAUYeCTBY IBH-
MWEeHHs] HE TOJbKO IJs ypaBHEHMH MEXaHUKHM, HO U B caMoM ofuweM Cay-
yae. Coornowenns (31.04) ans CUMMETDHYHOrO TEH30pAd Mbi BBIIMLIEM
oTdeabHo nas £ =1, 2, 3 u aas k= 0.
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Mb! uMeeM
3
[} . . N 0 s

3 (TR — x, T N g (xR — X, T = 0, (31.06)

m=1

0 : 0

. R N

5{0(’5»‘7‘('0 — x,Ti%) - oo (%, T — x, Ty =0, (31.07)

w1

rae i, k=1, 2, 3. dopmyant (31.06) MOXKHO paccMaTpuBaTh, KaK 3aKOHbI
COXpaHeHUs] MOMEHTa KoJMyecTBa IBMXKeHud, a dopmyan (31.07) —kak
3aKOIbl [BHXKEHUS LEHTDPA HHEDUMH CHCTeMbl (Te U LDYrUe BHIPANKEHb!
B nudpepeHunanssHolt ¢opme). Ecau NpOMHTErpupoBaTh TH BHpPaXenus
Mo 1HEKOTOpPOMY o0beMy, I0JIVHaTCH COOTBETCTBYIONULHE HHTErpatbiLIa
¢ OOTHOLLEHHS,

Ecau unrerpaan

M= c [ (2,10 — 5T av, (31.08)

pacnpoCTPaHUTE 1O BceMy o6BbeMy, TO oi OYAYT OCTaRaThCS NMOCTOSH-
ubtmu, [Ipu stom M, MEL, M'2 GynyT COCTABASIOUIMMA MOMEHTA KOJH-
yeCTBA [BHIKEHMS CHCTEMBI, d ICJeHHble HA ¢ BeaMyumHer M0, M2, 50
MOXHO TOJKOBATb, KAK IIPOM3BENEHHE MAcChl CUCTEMH HA HAa4adbHLIE KO-
OpNMHATH! ee LEHTPAd HHEPLUH.

PaccmoTpennmtt 3mech TeHaop 7% Mbi 6yneM HasbBaThb TEHBOPOM
macch ¥). MuBapuant tensopa T7* uMeeT PasMepHOCTH IUIOTHOCTH MAcChl.
VmHoNeHHEH HA ¢? TeHa3op 7% HA3bIBAIOT TAKXKe TEH30POM SHEPrUM; UHBA-
DMAHT STOFO TEH30pa MMEET Pa3MEPHOCTH MJIOTHOCTH SHEPruH.

Mbl HAJMOXHMM HA TEH30P MacChl eule OJHO YC/IOBHE, KOTOPOE MOXHO
¢dOpMyMpOBaTL B BUIE CAEAYIOUIEro (BU3MUECKOro NpuHuuna. 7Tensop
maccet 0oavicer Goims PyHKyueld COCMOAHUL cucmemsi. YTOUHHM, UTO
Mbl pasyMeeM TOI COCTOSHHMEM.

JonycTuM, uyTO YPaBHEHUs IBHXEHHS W YDPABHEHMS TOJMS HANHCAHB
B BHIE CHUCTEMbl 72 YPABHEHMH NEPBOro NMOPALKA LIS HEH3BECTHBIX (YHK-
uu#t @, ..., @, TMPHYEM STH yPaBHEHMs MOryT ObITb DeLIEHBl OTHOCH-
TebHO TPOM3BONHBIX MO BPeMeHH. 3alaHWe HAYaNbHBIX 3HAYEHHH (YHK-
uu# g, ..., ¢, ONpeleaseT (BMECTe ¢ KPAeBbIMM WM MHBIMH YCIOBUSAMH)
YX 3HAYEHMS BO BCSAKMH TNocAenyloudft MOMEHT BpeMeHH (NPUHLMN TpHU-
unHHoCTH). Toraa Mbt GyieM TFOBOPHTh, 4YTO (QYHKUHH @4, ..., 9, Xa-
DAKTEPUBYIOT COCTOSHHE CHCTEMEl. Beakylo QyHKUMIO OT @, ..., @,, He
COLepXKaulyld HMX TPOM3BOLHBIX MO BPEMEHHM, a TaKXe He COMepKaulyto

*) Mbl npeanouydTaeM 3TO HA3BAHUE YACTO YIOTPeOAAEMOMY HA3BaHUIO ,TEH-
30p marepum®. [lonsrde ,MaTepus* uUMeeT BecbMa 0o6wMH xapakrep M €ro he
ciaeayer OTOXIECTBAATH C MOHATHEM ,Macca“,

9 3ax. 483. B. A. ok
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ABHbIM 00pA30OM KOOPAMHAT, Mbl OyIeM HA3LBATb (YHKUHEeH COCTOsHHUA,
(3aMeTuM, YTO B TEOPAH OTHOCHTEJIBLHOCTH NPOU3BOAHBIE IO KOOPAHHA-
TaM ¥ N0 BPSMEHH BXOLAT CHMMETPHYHBIM 0ODA30M; NOSTOMY, €CaH He-
KOTOPBLI#  CKanap, BEKTOD H/IM TEH3DP He COLEPIKUT NPOU3304HBIX Mo
BPESMEHH, TO OH HE COLEPIKHAT TAKXKe H TNPOM3BOILHBIX N[O KOOPILMHATAM),

[lpusenem npumepn. B Mexaumke cHCTeMnl TOYeK COCTOSHHE XapaK-
TEPUBYSTCA KOODAMHATAMM M CKODOCTAMHM 4acTull; BCAKAsA (GYHKUHS OT
KOODAMHAT M ckopdcTed 6yner ¢yHkuue# coCTosHud. B ruaponuHaMuke
COCTOSIHHE XAPAKTePUBYETCA TPEMA COCTABAAOUIMMH CKOPOCTH, MIOTHOCTLIO
W 1aBjeHHeM (TOoc/AeiHHe IBEe BeJHYMHbl Mbl TIPEANoJaraeM CBA3dHHBIMH
HEKOTODLIM ypaBHeHHeM). B Teopuu 5/1eKTPOMATHUTHOrO NOAS COCTOAHHE
XapaKTepuayercs aHTHCHMMETDHUYHBIM TEH30POM TMoJs.

TaxuM ofpasom, Haw ¢uanueckuit npuauun *) tpebyer, 4TobLl CO-
CTABJAIOIIME TEH30PA MACCHl COLEPKAMM TOALKO (DYHKUMH, XdpAKTEPUBYIO-
wue cocrosHue cucreMmbl. OHH He NOMKHEL COLEPXATh NPOU3BOLHBIX OT
9TUX (YHKUUH, a TakXKe He AO/MKHBI CONSPKATL fABHBIM 0O0PA30M KOOp-
IMHAT (CaMo co0010 pasynesTcsl, Mbl MMeeM B BHAY NPAMOYIOJbHHE CO-
CTAaBJISIIOULHE).

OGparumcsa K BONPOCY O TOM, HACKOILKO OLHO3HAYHO OMpenesercs
TEH30D MAacCH 13 NMOCTABJAEHHBX YCI0BMA. PaccMOTpUM criepBd ypaBHEHUd,
BEIDAXKAIOIIME PABEHCTBO HY'0 PACXOAMMOCTH TEH30pa Macchl,

: oTit

dxy
k=0

0, (31.10)

a Takxe yciosue cummerpun Ti¥ — T, Kpome Toro, mocraBuUM yc/io-
BUe, 4uTOOB! NeCATb WHTErpPAaNOB ypaBHeHHH (Beauuunun W, PP, Mi¥) umenn
311aHHOE 3HAYEHHUE.

Mycrs A™ ™ ecTb HEKOTOPHH TEHSOP YETREPTOro parra, 061Nkl

C/ACNYIUWHMH CBOHCTBAMH CHMMETPHH: AHTHCHMMETDHA B NEepBOH mape
3HAYKOB

Azm, nk — Amz, nk (31 1 1)
AHTUCUMMETPMY BO BTOPOH Nape 3HAUYKOB
Azm, nk — Am, kn (31 1 2)
W LUKJIWUeCKas CHUMMETpHUSA
Aim. nk+ Ain, km_'_ Am, mn __ 0. (31 _13)
iz aTux CBOUCTE caenmyer, uTo
Aim, nk — Ank, ’“”. (3 1 . 14)

#) DTOT NPHHLMUI, NOBUAMMOMY, HuKeM He OB ABHLIM 06pasoM (opMyaupo-
paH. ONHAKO ECe NMpHMeHAeMbie QOPMH TeH30pa Macchi akTudyecKH eMy YJAoBJje-
TBOPSAIOT.
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im, nk

k13 BTOpLIX NPOU3BOLHBIX TeH30opa A NOCTPOUM TeH30p
. ()G‘Aim’ nk
ik — ——
Bt = Oxp 0X, 7 (31.15)
iy, n=0

KOTOphL GyneM HasbiBaTh TeHsopom KpyTkosa ¥). HerpyanHo BuaerTs, yTo
ren3op KpyTkoBa Gyner cuMMeTpuuHbiM. [lanee, B cUy aHTHCHMMeTpuH

A""’"k B 3HAYKaX 7, R Mbi HMeeM TOXIeCTBEHHO

3
25’; (31.16)

Kpome roro, rensop KpyTkosa o6aanaer ciaenyouium csoficreoM. Ecau
B uHrerpanax suna M, P{, M, K [popmyan (31.02), (31.03), (31.08),
(31.09)] samenuts tensdp T¥k rensopom KpyrkoBa B, 10 3TH 06bem-
Hbie UHTErpanhl NMpUBEAYTCS K TMOBepXHocTHBM. [Ipu ycaoBuu, 4ro Tew-

sop A" 4 ero nepsbie mponsBeLHsE OGPAILAIOTCA B HYJb HA MOBEPX-

HOCTH, OIPAHMUMBAlOEH AaHHBIA 06beM (MM, ecJM paccMaTPUBAeTCs BeCe
NPOCTPAHCTBO, AOCTATOYHO OLICTPO YOHIBAIOT HA OECKOHEYHOCTH), COCTa-
BJIEHHble M3 B uurerpannt 3TH 0OpaTaTcs B HYJb.

[ycte T — namuett TeHsop mMacchl. [lpuGaBu K HeMYy TeH30D
Kpytkosa B*, Mpl moslyudM HOBbIA TeH30p

Tik = Tk _|_ Bit, (31.17)

KOTOpbIft Gyner o6nanaTi clefylomnMH cBoficTBamu. Bo-mepsbix, oH 6y-
LeT CHUMMETpHuHLIM, BO-BTOpHIX, B cuay (31.10) u (31.16), on Gyner
Y/LOBAETBOPATh yDPABHEHHKIO

3
\! ” - =o0. (31.18)

HakoHel, cocTaBieHHble npu nomoutu 77 murerpanst M, Pi, M#*, Kt
6yayr paBHLI TAKMM JXe MHTerpajaM, COCTABJEHHbIM TIpH TMOMOUH NaH-
Horo texsopa Ti%,

Taxknm 006pasom, eciu He NPUHMMATL BO BHUMaHUE TPeGOBaHHS, 4TO6 LI
TEH30P Macchl 6uia yHKUHMEH COCTOAHUA, TO TEH30p le cBAIBAHHBIN ¢ Ti%
dopmyaott (31.17), 6yner ynOBJIETBOPATH BCEM OCTAJbHBIM YCJAOBHAM.

*) B caysae Tpex uU3MepeHudl oO6naxaiouM¥ yKasamnbiMH CBOACTBAMM CHM-
MeTpuH TeH30p ueTBeproro panra A CBOJI/ITCH K cxmvxeTpAqumy Teﬂaopy
BTOPOro pawra ¢ coctasamouymn yyy = A% E, g == A, gy= A,
‘{23?—‘/‘131’ 12, Ty = A3, = AP 31 Tenaop Ipg Bsenen 51 umpoxo cho.'xb-

sopan 0. A. pr'l‘KOBbN B ero Kuure [1°].

o*
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[Haye roBOps, NpPH MIHOPHPOBAHHH 3TOr0 TPeOOBAHHSI TRIIBOP MACChI He
OIpPENEIAET OJHO3HAYHBIM Oﬁpaa()M.

OnHako Haute TpeGoBaHHe, yToObl TEH30D Macchl Obil QYHKLHEH Co-
CTOsHHS, COBePIUEHHO MeHsieT NOJOXKEHHE Beulell, U OlpeneeHHe TEH3Opa
Macchl CTAHOBUTCH OILHO8HAuYHbIM. B camom nenae, MNPeanoaOXuM, dTQ
ten3op T ecTb (YHKUMS COCTOHHA, TaK UTO OH YIOBJAETBOPAET BCeM
NOCTAR/MEHHEIM YCJAOBHSM, BKJIOuas YyKasaHuoe Hame Tpe6Gosanue. Ecau

o i
naxe TeH30p yeTBepToro panra A'™ ™ Toxe ecTh (YHKUMA COCTOAHHSA,

TO €ro BTOPble NMPOH3BOLHbIE 9TUM cBORCTROM ofaanats He OyAyT, W NpU-
GaBka ux Kk T HenomycTHMa.

Mb! NpPUXOLMM K BBIBOLY, YTO M3 COBOKYMHOCTH (DM3MUECKHX YCJIOBUH
TEH30P MACChI ONpeleaseTcs eIUHCTBeHHBIM o6pasoM *). ITOT BeIBOX CTa-
HOBHTCS OCOGEHHO CYLIECTBeHHBIM B TEOPHH TAMOTENHs, TAK KaK ypaBHe-
HUS 2TOH TEODMH COLEPXKAT caMbil TEH30p MACCH, 4 HE TOJBKO €ro pac-
XOLUMOCTb.

Korna Mbl nucasd ypaBHeHMs NBHXKEHUsi B BHAE PABEHCTBA HYJIO ue-
ThIPEXMEPHON PACXOAMMOCTH, Mbl TeM CambiM NPEILNoJAarand Hawy ¢usd-
YeCKYI0 CHCTeMY KoHcepBaTHBHOH. CnenaeM ol4HO ofuiee 3ameyaHHe O CH-
CTeMaxX HEeKOHCEPBATHBHBIX.

Tak Kak 3aKOH COXpPAHEHHA SHeprud uMeeT BceoOULUil xapakTep, TO
MOl HeKOHCEPBATHBHLIMU C/eLyeT pPasyMeTb TaKHe CHCTEeMbl, B KOTOPBIX
HEKOTOPHE BHIbI 3HEPrHH (HANpuMmep, TeNJOBas) sIBHbIM 06pasoM He yuu-
ThIBAOTCS. ECaM MMeeTcs HEKOTOPLIM BHI, SHEPruH, YYacTBYIOUMH B 0biienm
GanaHce SHepruM, HO He BKJIOYEHHBH B TeHsop 7%k, To pacxoauMocTh
3TOrO TeHaopa He GylneT paBHATbCA Hymo: B ypasHenusax (31.01) cnpasa
6yneT CTOATh MPUTOK STOrO BHILA SHEPIHH M COOTBETCTBYIOULENO KOJIH-
YecTBa IBIKEHUS B enuHuuy o6bema. B nanbHefineM ™Mbl Gynem uMerh
Ien0 TOJbBKO ¢ KOHCEPBATHUBHBIMH CHCTEMAMHU.

§ 32. Npumeps TeH30pa MacchHl

Mbl paccMOTpUM TeNepb fBHbIH BHMI TEH30pPA MAaCChl B HEKOTOPHIX
KOHKPETHBIX CJydasx.

Me HauHeM ¢ npocTefllero cJayuad ,NBUIEBUAHON“ Marepuu, T. e,
TaKoH, 4acTHubl KOTOPOH He B3aMMOLEHCTBYIOT, MNPHYEM, OLHAKO, HX
CKOPOCTH pacnpelesenbl HENMPEepPhiBHO, TAK 4TO CYULECTBYET HEKOTOPOE
noJe ckopoctefl. Jladg TeH3opa Macchl B 3TOM Caydde Mbl BBeleM ocofoe
o6osHauenre O, O6o3Hauum vepes ¢* MHBAPUAHTHYIO TJIOTHOCTH MACChi,
T. €. MJIOTHOCTh, OTHECEHHYI0 K TOH CHCTeM€ OTCYETd, OTHOCHUTE/IBHO
KOTOpPOH 4acTHUUbl 1AHHOIO 3SJjemMeHTd o6beMa B IAaHHBIH MOMCHT 110-
KoaTcsl (,COMyTCTBylOWan“ cucrema orcuera). IlycTb #? ectb uyerhpex-

*) s pAXa CAydYaes, BKJIIOWAA BCE CAy4ad, paccMorpeHHbe B § 32 u 33,
eXMHCTBEHHOCTb TEH30PA Maccul MpY 110CTABACHHBIX Hamy yCJ0BUAX CTPOro Xo-
kasaua B. M. llextepoM [11],
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MepHas cKopocTb uyactul. 1lonoxum
. 1 .
ik — = ruluk, (32.01)

[lo onpeneaenmo, A% ecTb yeThipexmepHb#l KOHTPABAPUAHTHHIA TeH3OP.
Ero nBaxnAb Hy.leBas COCTaBAAWAS PABHA

00 = Lot op = £ (32.02)

L=
dra cocTaB/AlOWAsd L0MKHA PABHATBHCA ILIOTHOCTY BCelt Macchi, BK/OYas
Maccy KuHeTuyeckodl sHepruu. [loxaxkeM, uTo 9To TaK U ecTh. [leht-
CTBUTEJBHO, €CaH 5° eCTh ILIOTHOCTh MACCH IIOKOA B COMYTCTBYyHOUleh
CUCTeMe OTCYeTd, TO MJIOTHOCTL MAcCh NOKOA B J1a60PaTOPHOH CHCTeMe
orcyera (OTHOCHTESBHO KOTOPOH 4YacTHUA ILBHKETCH €O CKOPOCTBIO V)
€cTb

®

__ ___°f
p= —— (32.03)
Vi-=
ca
Hanee, ecam p ecTb MAOTHOCTb MACCH MOKOS, TO MIOTHOCTh BCeH
Macchl (BKJIIOYas MAacCy KUHETHYeCKOH SHepruM) paBHa

2 =P, (32.04)
/I L I~
¢t =

Jra QopMynda Aad MJIOTHOCTH COOTBETCTBYeT OOHYHOH dopMyae

=2 . (32.05)

A1 MAcCChl OTReAbHOW udCTHLbE. ,’lpyrue COCTaBAAOILHE Tel30Pa MACCH
3 TIPEXMEpPHOM HannwCaHWH PAaBHbBI

or— Lopo_ L em (32.06)
4 v- & o2
c2

pir— L #owe L pvor (32.07)

CoCTaBUM TeHePb PACXOAMMOCTb TeHzopa BK. My nyeen

3

N OOk ] 0 (p*uk) 6" 1 5 0ut

[ i Y el i r L)

L o-\h o2 “ E 6.(,,. ! c A &x : (3.‘.08)
k=0 k=0
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Jas Bxonsuux cioAa cyMM Mbl BBeldeM ocobbie ofosHayeHms. [lojoxum

3

0 (p¥uk
Z (SXR) , (32.09)
3
1
w =Y u gjk (32.10)
B= 0

ATH HOPMyabl MOXHO HANHCaTh B BUIE

*_z;+d1v(rv) (32.11)

. 1 ou! ' ouwd 1
wlz—:( ll+> kdx, dt, (32 12)

- e ) Rz
]/1—02 l/l_c‘ﬂ

d
rae - ectb cybcraHumanbHast npouseonHas. OTCiola BUAHO, UTO HMHBA-

puaHT Q% ecTb yBedMueHHe MAacChl TIOKOS B CIHHULE XHLKOrO o6bema
34 eNMHULY BpeMeHHM ¥), a BeKTop w! ecTh UeThipexMepHOEe YCKOPEeHHe,
NPOCTPAHCTBEHHBIE COCTARJAIOUIME KOTOPOIO COBNALAIOT, B HEPEATHBUCT -
CKOM MpUOMDKEHUH, € OOLUHHIM yckopeHHeM. Takum o6pasom

00k o*
o =Ll wi (32.13)

k=0

B cuny ypaBueHHH ABHXEHHMS STO BBIpANeuHe JAODKHO PABHSTHCH HyMO,
Ho MB MMeeM TOXIECTBEHHO

.Z uul == % Z uaw == 0, (32.14)

1=0 i=0
[ToaroMy ypaBHenue ‘
Cui i =0 (32.15)
PABHOCHJIBHO Y PaBHEHHsIM
=0 wl =0, (32.16)

Hepsoe H3 1IMX HPACTAaBJMIET YPABIICHHE HEPA3PLIBHOCTH, Bhipaxatroilee
HEUBMEHHOCTb MACChlI TMOKOS 4acTiil, B naHHoM clydyae Macca IOKos
HaCTHL HE MEHAETCHA NMOTOMY, 4YTO OHH He B3aHMOIl€ﬁCTByiOT W WX BHYT-

*) Toa xuaKuM o0beMOM MBI DasyMeeM. Kak IPHHATO, 00DbEeM 3JeMEHTA.
MUZKOCTI, COCTABJACHHOI'O U3 OJIHIX U TeX XKe '1aCTH L,
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peHHss SHEPrus 0cTaercd NocToaHHOH. Bropoe ypasHenue (32.16) Bh-
paxaeT NOCTOSHCTBO YeTHPeXMeDHOM (a C/1eNOBaTEAbHO, M TPSXMEPHOH)
ckopocTd, To, uTo He B3aMMOMEHCTBYIOUIME YACTHUB NOMKHB IBHIraThcs
¢ MOCTOSHHON CKOPOCTbIO, TaKxe fABAfeTcd (PM3HYeCKH OueBMAHBIM. Tak
KdK ypaBHEHHA [BWKEHHA — NEPBOr0 NOPANKA OTHOCHTEAbHO BXOMSUIMX
B @ik pemuunn p* M wf, To ACHO, YTO TeHsop Macchl @ ecTh (yHKUMA
cocrosnud. Takum o6pasom, BUI TeH30pa Macchi A CJy4as NbJIEBUAHOH
MAaTepUH MOXET CHYMTATbCH YCTAHOBJEHHEIM,

[Mepexonum Tenepb K 0600leHHI0 YpaBHEHUH THAPCH THAMUKY HAEalb-
HOM IKMIOKOCTH. B HepesaTMBHCTCKOM TeODHM STOT ciydyaHl Xapaxrepu-
3yercs TEM, YTO TEH30D HAMPSHKEHMH CBOAMTCA K CKaaApy. IDTO ycClIoBHe
JerKo AONYCKaeT DeqsSTHBHCTCKoe 0600uleHue. [IpeanonoxuM, 4To ymHo-
*KeHHbIH Ha €2 TeH30D Macch (Tess0p SHEPIHM) HMeeT BHI

2Tk — ({"*‘RL_ ‘5‘) ulu® — peiy,, (32.17)

rie }L* 1 p— YETHIPEXMEPHBIE CKAJMApHl, CBA3dHHbIE COOTHOLIEHHEM

p* = f(p). (32.18)
B conyrcTBymouwelt cucreMe oTcyera (OTHOCHTENLHO KOTOPOH CKOPOCTDb
B NAIHOH TOYKe B NAHHBII MOMEHT BpE&MeHM paBHa HYJIO) COCTABAIOLLAS
700 tengopa macchl paBHa w'. [losTomy BenuuMHa p* mpeacTaBiser
MIOTHOCTh MAcChl NMOKOS XHAKOCTH. Tak KaK JKUAKOCTb NPernoJaraerc
yupyrofl M MoxeT o6sanath NOTEHUHUAIbHOH SHEPrUed CKaTHs, TO 3L4eCh
B Maccy NOKOS BK/AIOYEHA Macca, COOTBETCTBYoulas 3ToH sHeprud. [lo-
CKOJILKY SHEPIHS CXaTHsd MOXMET MeHATbCA, Macca NOKOA KUAKOro
o6beMa He OyHNeT OCTaBAThCA MOCTOSHHOH. kMes 3TO B BULY, Mbl BBeJU
A TIOTHOCTH TOJHOH Macchi mokos ocoboe o06os+iayeHue w', ocrasiass
cumBoa ¥ A4S TUIOTHOCTH TOH YacTH MAacchl NOKOS, KOTopas B Xole
npouecca He MeHAeTcd.

CocraBuM ypaBueHus ABixeHus. [losaras 1 KpaTKOCTH

ng %[(PjLCﬁ) uk] (32.19)
: :

=0
M TOAb3yACh BBELEHHBIM Bhillle 0003HAYGHMeM w' N9 yCKOPEHUd, Mbl
6vaeM HMMETDb

3

oTik ; 0

e NG = (- F) e —e L @2.20)
=0

Ilpi OTCYrCTBMM BHEWHHX CHJA STO BbiPaXEHME DPABHO HYJHO.

Hcnospsys pasencrsa (32.14), modyyaeM A4 @ Bropoe BHPaXKeHHe:

LN 0P !  __1dr  (399)

- \ lk - - .

- oxi ' 02 dt T ¢?de’
k=0 ¢ l——
g
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roe %:i—cyﬁcmﬂunaﬂbﬂaﬂ npousBofHas, a dt— nuddepenunan cob-
CTBGHHOI'O BPEMEHM 4YacTHUb. YTO KacaeTcs caMof BEJMYHHH p, TO U3
COMOCTABACHUSA TOAYYEHHBIX YpaBHEeHMH NBUKeHUS ¢ HEepASTUBUCTCKHMH
JAerKo BHIETh, YTO p ecTb nasieHue. [IpupasHuas o06a BEIpaxeHuHs

o Q, noay4uMm

Zz o+ &) e+ =0 (32.22)

Tak Kak Mbl NpeAmoJaraeM, 4To w* ecTh GYHKUUS OT P, TO Mbl
MOXeM BBECTH HOBYIO BequuMHy §° MPH NMoMoWM AUdPepelIuanbHOro
yDaBHEHHUS ,

dp* dp*

A 32.23
P P'—|‘§ ¢ )

TToCTOSHIYI0  UHTErpUPOBAHMA MBI MOXKEM BhIGpaTb, HampuMep, TaK,
yrobul mpa p==0 Oniro p* =u”. Hcnoarsys (32.23), MbB MOXEM mOp2-
AbULylUlee YPABHEHME HAMUCATh B BHIE

3

0 * -
Zm(p k) = 0. (32.24)
k=0

Orciona BUAHO, YTO BeauyuHa p* MOeT OBTh HCTOJKOBAHA, KAK HHBA-
pUaHTHAd MAOTHOCTb TOH 4YACTH MACCH NOKOA, KOTOpas BO BpeMs [BU-
KeHHsl He MeHfeTcs. Ora BeduyuHa, Kak M p', OGyner dyskuued ot p.

TTonoxum
It
p=e(1 +§>. (32.25)
s nnpdepeHUHaTEHOO COOTHOUIEHUAMERAY w* U p* nomyuaem
di :.’ipﬁ’;;_‘, (32.26)
OTKy 4
= |%2_ 2, (32.27)
ST P

Beanunna 11 Moxer 6bTb McTo/KOBaHa, no aHatoruu c (30.11), kak
MOTEHUMAAbHAS SHEPIHMS eAMHHUB MACChl KHAKOCTH (TMOL Maccod Ml
3leCh pasyMeeM TY YacTb MacChl MOKOA, KOTGDAs He MEHSETCAd BO BPEMs
nBuxkenus). Boipaxas p* uepes p* u II, ME MOXeM HANHCAaTb TeH30D
SHEPrUH B BHIE

¢2Tik — [p* 4+ ?12- (*11 —{—p)l utuk — ped,,, (32.28)
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TOraa KaK ypaBHEHHS LBHXKEHHS HANMUIIyTCH:

BMecTo ypaBHeHHs 14 Hy/leBOH KOMIIOHEHTH YCKOPEHHSI MOXHOQ B3ATh
YpaBHeHHEe HEPA3PLIBHOCTH B thopMe (32.24).
3aMeTHM, YTO MHBAapHAHT TEeH30pa MAacchl paBeH

i (T = p* (1+ &)= Py, (32.30)

Us conocraBienus ypasHenu# nemxenus (32.29) ¢ dopmyaon (32.28)
nas T chaenyer, uTo TeHaop Macchl T F ecTh QYHKUMA COCTOSHHSA,
KaK ‘M LOMKHO OBIThb.

BeimuuleM cocTaBafioulMe TEH30pa Macchi B HepPelATHBUCTCKOM TpPH-

1
O/MHKeHNH, COXpaHsad, OlHako, B 700 u T% yjens nopsnka —7 10 OTHO-
IIEHUIO K TJaBHLIM. B rIaBHHX u/leHAaX Mbl MOJAOXKHM, corjdacHo (32.03),

. |
pr=t—5r7z

(33.31)
rne 0— 0OBYHAY IMIOTHOCTb, YIOBJETBOPAOUIAS YDABHEHHIO HEPasphiB-
woern (30.02). Mbr 6yneM umeThb

70 =y 4 (o0t 4o, 3
. (1
T01:?Pvi+%(_§pry?+pn—{—p), (32.32)
. 1
T# = -5 (00,0 + Pdy).

CpaBHuBas mnomparoudbie udeHor B 700 u TO co cxaapoM M BeKTOPOM
YmoBa (30.17) u (30.18), Mbr yGeaumcs, 4To cocrasasioutne 790 u 704
TEH30PA MACChl MOTYT ObIThb HANMCAHbI B BHIE

TO—pf &S TO=1u4 L, (32.33)

TaxuMm 06pa3oM, ckaisip U BeKTOpP YMOBa ILalOT DelATHBUCTCKUE TO-
NPaBKU BTOPOro MOPAIKA K OOBIYHBIM BLIPAXEHUSM 1/ IVIOTHOCTH MAcChl
H IVIOTHOCTH KOAM4ecTBAa HABWXeHHA. YUTO Kacaercs npocTpaHCTBEHHBIX
cocraasioutux 77, To OHM NpPONOPLHUOHAMbHBL paccMoTpeHHomy B § 30
TPeXMEPHOMY TEH30DY IVIOTHOCTH MOTOKA KOMMYECTBA ABHIKEHHSA.

[Monb3ydch 3THUM, Mbl MOXEM HAMACATh MNPUSJIMKeHHbiE BhIPaXKEHUs
AT TeH3opa Macchl TaKke M LA caAydas ynpyrore tead. Mei Gyaem
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HMETDb
1 /1 o
19 =p+ 5 (3 o0 +ell),
3
1 1 1
TOi :'E-P‘Ut—-l-'g}‘ {‘Ui ('2—{)‘02*[—911>—‘ Epﬁ;vk}, (3234)
k=1
. 1

Tk = - (PUV — P)-

Ecan nomoxuts 3pech, cordacuo (30.09), pg = —pd;, Mo BepHemcs

K C/AydYdlo HIedJbHOH UIKOCTH.

Ha peastusucTckoff ¢GoOpMyAUPOBKE TEOPHM YNPYrOCTH Mbl 31€Ch
ocraHaBauBaThcad He Oynem: ChenaeM TOABKO OLHO 3aMedaHue 1O BO-
Nnpocy O BOSMOXHOCTH TNPHUMeHeHUs IOHATHA a6CcOMOTHO TBepLOro Tefa
B TEOPHUM OTHOCHUTEbHOCTH. B HepeJsTHBHCTCKON MexaHMKe NOHATHE 3T
BBOLMTCH Kak abCcTpakuus, COrVacHo KoTopo#t dopMa M pasmeph Teda
He MEHSIOTCS NOL NeHCTBUEM KaKHMX YrooHO cul. B uacTHocTH, ToMOK,
COOOIEHHbI B HEKOTOPLI# MOMEHT OLHOMY KOHLY a6coJ/I0THO TBEpIOrQ
Teld, HeMmelJIeHHO TIPUBOAMT B JBHXEHHe U ApPyro#l koneuw Ttena. Ha
camoM Xe jefde 1as (usnyecKoro TBEPAOro Teaa BOJIHA OT TOJUKA pac-
NPOCTPaHAETCS BHYTPH TeJda €O CKOPOCTLIO 3ByKa. [losToMy npuHuMaemas
abcTpakuua COLEPKHUT B cebe npennosiomeHue, YyTo CKOPOCTb 3BYKA MOXHO
paccmaTtpuBaTh, Kak OeckoHeyHo Oosbmiyro *). Ho oueBHIHO, YTO ecau
cyuraTbh OecKoHeuyHO 6GOJbLIOH CKOPOCTb 3BYKa, TO HeOGXOAUMO CUMTaTh
6eckoHeuHo OO0JbIIOH M CKOPOCTh CBET4, TaK KaK OHA MPEBBILIAET CKO-
pocTb 3ByKa B COTHH Thicay pa3. Orciona sicHO, YTo aGeTpakuus, Aexa-
11ad B OCHOBE NOHATHS abCOMOTHO TBEPAUIO Teld, NMPHMEHHMAa TOJABKO
B HEpeJSTHBUCTCKOH Teopud. B TeOpUM Xe OTHOCHTEJNBHOCTH, OCHOBAH-
HO# Ha 'yyeTe (haKTA KOHEUHOH CKODOCTH pAacnpocTpaHeHHs BCAKOIO pona
necTBifl, abcTpakuus 3Ta HeusGeKHO NMPUBOLMT K nporusopeduio. Takum
06pasoM, B TEOPHH OTHOCHTEABHOCTH HOHATHEM abCoJIOTIION0 TBEPLOro
Teld NOJAb30BATHCA HE/L34.

10 HE MCKAUAET, ONHAKO, BO3MOXHOCTH HDUMEHATb B paccymie-
HHAX TEOPUH OTHOCHTENLHOCTH MNOHATHEe TBepnoro macwraba. B camom
lee, 3TO NOHATHe NpeanoeJaraeT TOJIbKO CYLLeCTBOBAHME TAKMX TBEPAbIX
Ted, PasMepbr U (OpPMa KOTOPBIX OCTAKOTCA HEHU3MEHHBIMH AU ompene-
JIEHHBIX BHEWHUX YCJAOBUAX (OTCYTCTBHE YCKOPEHHH M TOMYKOB, HOCTOSH-
CcTBO TeMmmepaTypul W T. m). Takue TBepiabie MacwITabbi C DOCTATOUHOH
TOUHOCTBIO PeaJIM3YIOTCA CYLIECTBYIOIMMHY B MPUPOLE TBEPALIMH TeddMH,
KOTOPbl€ M MOTYT CAYXHUTb 9TaJOHAMM JJHMHB!, NPHYEM MOCTOAHCTBO HX
MOXET MPOBEepAThCS (KaK Mbi yKasbiBadu B § 2), HanpuMep, NyTem Cpas-
HeHUd ¢ AJMHOHM BOJIHBI onpenesieHHON CNEKTPaJJbHOH JIMHMH.

*) K ToMy k€ BHIBOLY MOMXKHO HpuiiTH, paccyarpusas abCOMIOTHO TBEPLOE
TeNV, Kax UpeMe/IbHBIA Cayuail ynpyroro TBEpAOFrQ Tela ¢ GCCKOHEYHO GOMbIUMMI.
3HAYCHHSIMH MOJyJneil ynpyrocru.
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§ 33. TeH30p sHepruu AJIS SAEKTPOMATHUTHOIO MOJg

B npenbiaymux naparpacdax bt paccMoTpesd TeH30P MACCH M npo-
MOpUMOHANbHE €My TEH30D SHEePrHH nJd Cayuas BelleCTBd, Mexny
YaCTHIAMM KOTOPOro CylecTByeT B3auMenchCTBue, NepenaBaeMoe ynpy-
TMMH CHAAMH. Mb! paccMoTpuM Tenepb TEH30D SHEPTMM 1M BelieCTsa,
YaCTHLB KOTOPOro B3aUMOAEHCTBYIOT TOJIBKO Y€Pe3 NOICPEACTBO 3JEKTPO-
MATHUTHOrO Nojd. Tak Kak Mb! MMEEM 31eChb NEI0 ¢ MaKPOCKONHYECKOH
TeopHel, Mb MOXEM NPeACTaBAATh Cebe 9TO BeweCTBO B BHAE CIAOLIHOH
Cpenb C HelPephIBHBIM pacnpene/eHueM 3apsnoB.

Mp OyneM HCXOQUTb M3 ypaBHeHHit Maxceenta B dopme Jlopenua

LSl COCTaB/SIOMIMX 9EKTPUYECKOrO M MATHHTHOrO NOJS:
Ey=F; Ey=Fy; Ey=Fy, } (33.01)
H =F,; H,=F, H,=F..

Kak mer sugenu B § 24, B ueTnipexMeprofl opMe ypasmenus Maxcpenna
MMEIOT BHI:

o0F;: OF or
Fags it 45+ i = (33.02)
O oFTE
Y= (33.03)
k=0
Pl
Fik = ¢, F (33.04)

— KOHTPaBAPHAHTHbBIE COCTABMIOLIME AHTHCHMMETPUYHOTO TEH30pa NOJd
M YeThipeXMepHb!l BEKTOP §! uMeeT COCTaB/MIOLINE

Y=o =128, (33.09)

0= 4m; =

B srux ¢dopmyaax § obosHauaer MJAOTHOCTb 84pand, U;— TPEXMEpUYIO
CKOPOCTh M j; = p¥; — MAOTHOCTb TOKA. BBONS MHBAPHAHTHYIO MAOTHOCTh
3apsana ¢° W YETBIPEXMEPHYI0 CKOPOCTL #f, MoxHO BMecTo (33.05) ua-
nucarb

ir .

st=-—pwt (i=0,1,23). (33.06)

B § 25 w1 BUAEAH, YTO YPaBHeHMA NBHIKEHMS YaCTHUH C 3aDANOM € H
MACCON NOKOA m HMEIT BUL

3
mw; = — % ¥ Fauh. (33.07)

Cnpasa 3snecy crour cuaa JlopeHua, mefiCTBywinas ua 3apan e.
Uro6b! NEepefiTH OT OTAE/bHOM HACTHLM K BEWECTBY CO CILIOWHLIM pac-
npemeteHHeM 3apsila M MACChi, Mpl LOMKINLI BBECTH BMCCTO 3apsja e ero
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UHBAPHAHTHYI0 MAOTHOCTb p* M BMECTO MacCht MOKOA m — e¢ WHBAPHAHT-
Hy10 MAOTHOCT p*. Mb! MOAYYHM

3
wrw, = — PT 2 sl (33.08)

HJin
3
b= — 2 Fgsh. (33.09)

Tak xak Mo BBeaM nBe 1HOBhe (QYHKUMH (" H p* (KOTOpbie HE OOA3aHBI
OuTh MPOMOPUMOHAABHBIMU IPYT APYTY), TO Mbl NO/DKHE! MPUCOELHHUTD
K YPaBHEHMAM NBHXEeHHS [BA YPaBHeHMA NJf 9TEX ¢yHKUMH. ¥YpaBHeHUe

LIS ¢° CONEPXKUTCS yxXe B ypaBHeHusX MakcBeaa M BHMPaxaeT 3aKOH

COXpaHeHHs 3apsand
3
9 (p*uk)
Z Set=o. (33.10)

YpaBHeHue ke aad p* goMKHO OuTb (QOPMYTMPOBAHO OTHENbHO. Mut
NpHUMEM, YTO Macca NOKOS YacTHL, BO BPeMsl ABKXKEeHUS He MeHseTea (910
BK/IOYaeT B cebe MNpennofokeHne 06 OTCYTCTBHH BbUIGACHHA IKOY/IeBd
tenaa). Torna Gyner

3

.\ o(puk)

=;;>" e =0. (33.11)
=0

W3 ypasuenutt nswmxenus (33.09) ToMBKO TpHU ABIAIOTCA HE3ABMCHMBIMY,
TaK KaK MB MMEeM TOXAECTBEHHO

Y
i=0

[MosTomMy ypaBuenus nBuxeHusa (33.09) Bmecre ¢ ypaBHeHHEM COXpa-
Hemuss Macce nokod (33.11) npencrasasior ueThipe He3aBUCHMBIX YPaB-
Henusd. Hawa sapaya CoCTOUT B TOM, UTOOL! HANUCATh TH YPABHEHHH
B BUJe PABEHCTBA HY/HO PACXONMMOCTH HeKOTOpOro TeHsopa. s sToro
BOCNO/b3YyeMCa npexnae BCero dopmynoft (32.13), coraacHo KoTopot

3
N Pyuivk=0. (33.12)
k=

b k=0

. o . 08tk
*opl #0l — o2

wi LQui=a Y 5,
k=0

(33.13)

rae
~ 1 :
ik - ik
& ——C—zp wtu (33.14)
{HanomuumM, uro, B ormvume or (32.01), nuBapuanTHas Macca 1nokos o6o-
3HAYaeTCsl Hamu Tenepb uepes p*, a we uepes p'}. C ppyrolt CTOpPOHB!
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u3 ypasHeHu#l nBikenus (33.00) u ypasuenus (33.11) Mbi mMoxem cocra-
BUTb YeThipe HE3aBUCHUMBE KOMOMHALMH

. . 1
pwi-{—Qui:—~zﬁ—2Fﬂcsk, (33.15)

Koropere, Beaencreue (33.12), paBHocuabubt (33.09) m (33.11). Jlepas
YacTh 9THX YypaBHeHu# (TOYHee, ee¢ KOHTPaBapuaHTHas ¢opma) yxe
NpencTaBleHd HAMH B BHIEe DPacXOAMMOCTH HEKOTOPOTO TeHaopa. Hawm
OCTaeTcd NpedCTaBUTh B AHAJOTHYHOM BHAE M NPABYI0 HX 4acTb.

s 3TOrO PacCMOTPHM TeH30P

3 3

RN 1 ]
Up=— = L el imFrm —+ 16n ek 2 F ’man (33.16)

m=0 m,n=0

¥ 0603HAUMM B3ATVIO ¢ OOpaTHbIM 3HAKOM pPacXOAUMOCTb STOrO TeH3opa
uepes f;. Met nmeem
3

OU-;
fL':——E ek?)'x—:-. (33.17)

k=0

Briuuc.ias CyMMy NPOM3BOIHBIX, MBI MOJAYYHM, MOCAE HEKOTOPBIX NpO-
CThIX Npeo0pasoBaHui:

3
1 oFF 1N L
f,i':.——-z;' 2 Fﬂ‘”ﬁ—_——gj F F’ikl! (3318)

T

k. 1=0 k,1=0

rae Fg; ecTh BeanunHa (33.02). B cuay ypasuenu#t Maxcserna (33.02)
u (33.03) 3T0 BHIpaXEHUE DPaBHO

3
1
fi=—3= 3, Fash, (33.19)
k=0

T. €. CcTodAwel B npasof uwactu (33.15) MJAOTHOCTH JIOPEHUOBOH CHILL
Takum o6pasoM, ofe uacTH ypasHeHuft (33.15) npencrtaBieHb! B BUAE
PacxonUMOCTH. H(:‘,p(::XOllﬂ K KOHTpaBapHaHTHbIM COCTABMMIOLINM, Mbt MO~
’KeM yPaBHEHHA

prwt - Q*ut— fi =0 (33.20)
HanucaTb B BHJE
oy Tk
k=0

ATk — 20k |- Uik (33.22)
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@CTh TeH30D SHEPrUd pacCMaTpuBaeMOit CHCTembl, cOCTOsiLueH U3 BewecTBa
¥ noad. B nocienmedt ¢opmyse nepoe caaraemoe €CThb TEH3OP IHEPrud
BEIIECTBA, 4 BTOPOE — TEH30P SHEPrUH NOJ.

Tendop TP ComepKuT MHBAPMAHTHYIO [UIOTHOCTH p*, COCTaB/sIOLIHE
ckopocTH 4t u cocTaBasouine nods Fy. Tak Kak sTH BedMyMHb! Xapak-
TepHSYlOT COCTOAHHE CHUCTEMbL, TO QUYEBHMAHO, UTO paCCMOTpE‘,HHbIﬁ Tel-
30p Maceol eCTh (hyHKUuuss COCTOSHHUA.

PaccMOoTpuM TeH30p HEpruu moJs HeCKOJIbKO NMOAPOOHEE.

B TpexMepHbix 0003HayeHMAX COCTABIAIOLIME TEH30PA SHEPTHH 3JeK-
TPOMATHUTHOTQ MO UMEKT BUI!

U = Uy, = (132+H2) (33.23)
. 1

U% = — Uy = 4= [E X HJ, (33.24)

Ut = Uy = — 1 (EiEy - HiH) |- 5 30 (B2 - HY). (33.25)

3aMeTHM, UTO HHBADHUAHT TEH30pPAd SHEPrUH NOJS PaBeH HYJIO
3
> eU;=0. (33.26)
i=o
Cocrapnsmomas UY npenctasaseT, Kak Bcerad, NJQOTHOCTh 9HEPTUH,
a YMHOXEHHbE HA ¢ cocTaBasowne UV — mIoTHOCTh NOTOKA SHEPru,
T. €. BEeKTOp YMOB4a. DTOT BeKTOP

4
S= —47_'—[[2 < H] (33.27)

NPUHATO HA3biBATE BEKTOPOM YMoBa—IlOHHTHHIA, UM NMPOCTO BEKTOPOM
[MoynTunra, taxk kak [loOHHTHHr BnepBble HANHCal COOTBETCTBYIOLIHE
ypaBHeHusM MaKcCBedna ABHbie BhIPAXEHMA NS MJAOTHOCTH NOTOKA 3HEp-
rUH 9JeKTPOMATHUTHOrO MO,

JeneHHbit Ha ¢ MOTOK 9HEPTHMH NAHHOTO BUAA PABEH NMOTOKY MACCH,
COOTBETCTBYIOUIEH 9TOMY BMAY 3HEPrHH, a NOTOK MAaCCHl B CBOK OYEpenh
paBeH KOJMYeCTBY NBHKeHHA. [109TOMy neleHHBIN HA ¢ BeKTOp YMoOBA—
[TofHTHHIA DPABEH MJAOTHOCTH 2JA¢KTPOMATHUTHOTO KOMMYECTBA ABHKEHHUA,
ToT ¢aKr, YTO 9JeKTPOMATHUTHOE MOle HeCeT ¢ CoGOH KeauyecTBO
LBMKEHHUS, TNPOABAAETCA B CHAaX CBETOBOTO [AaBJEHHSA, KOTOpOe OBUIO
BIEpBLiE SKCNepuMenTaabyo obuapyxeno B 1900 r. IT. H. JleGenesnim [19].
CornacHo dopmyaam (33.25), eciu B 3MeKTPOMATHATHOM MO HAXOMUTCA
Tel10, TO Ha IIOWANKY d3 ero NOBepXHOCTH € HOPMAdbi0 Mo OCH X;
NefCTRyeT CUa, COCTaBMIOLME KOTOPOH DaBHb

Fpds=--Uyds (k=1 2, 3). (33.28)

PaccmoTtpuyM abCcoOTHO oTpaxaioniee Telo € MAOCKHM YYaCTKOM I10-
Bepxnoctd. [1ycTe ypaBHeHHe 3TOTQ y4dacTKa NMOBEPXHOCTH ecTb Xy =0,
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a Teno sawuMaeT 064aCTb xy > 0. Ilpennosoxus, uTo Ha TeJO Napaer
nA0CKas BOMHA BHAA

E{ = — sin §f HY=sindg,

|
Ey= cos If Hj3 = — cos dg, ; (33.29)
Ey=g Hy=f, )

rie

f:f(t—%(x1 cos ) ~ x, sin %)),' l
| (33.30)
J

g—_:g(z,‘—ci(x1 cos ¥ - x, sin 8)).

Hobapass k moaw (33.29) oTpaxeHHY0 BOJMHY, MNOAY4aeMY0 U3 Mpefbi-
AYWHX (HopMyJT 3aMeHo#t # Ha m— 1 U g Ha — g, Mbi NOJYYUM MOMHOE
noje, YAOBJETBOPAOLLEe NpenedbHEIM YCI0BUAM. 3HaueHUd COCTABAAOULUX
NOJHOrO MO Hd MOBEPXHOCTH Tera Oynyr

E, = -—2sin fif H, =0, \
E,=0 ng—Qcosﬂg,i (33.31)
E,=0 H, = 2f,

rae B GOYHKUMAX f M g HYXHO NoAoxuTh x; == 0. [loacrasrss s1H 3Ha-
yeHusa B (33.25), moayuum nJ1d CHABL NeHCTByiOed Ha efHHULY NOBEpX-
HOCTH OTPaXaiowero Te/a, BbipaxueHHd

Fi=Upy =5 (Fg)cos?h; Fy=U,=0; F,=U;;=0. (33.32)

Taxum o6pasoM, cuia nedcTByeT (He3aBHCUMO OT Hanpas/ieHds napamoiet
BOJIHBI) 110 HANpaBJAeHUIO BHYTPSHHe#t HOpMaJiu K Tedy M NPSACTABJSIET,
C/lenoBaTelbHo, HOpMaabHOe naBieHue (cm. [12]).

PacemorpuM Tenepp apyroft cayuaft. IlycTs s/eKTPOMarHuUTHOE MoJje
npencTaBigeT HaAOKeHHe BOJH BCEBO3MOXHLIX HalpaBiAeHUH, pacnpene-
JieHHHX paBHOMepHO. Torpa CcTaTHCTHYeCKOe CcpefHee 3HAYCHHe NPOU3-
BeleHUH cocraBisiouiux Oymer

Eifp =5 By HH, = Hay. (33.33)

L npocTpaHcTBeHHbIX COCTaBAMIOLIMX TeH30pa SHepPrud Met  OyneM
TOrLa MMETb

77 1 0 TIoN & 1
Uik:—m(Ez-{—Hz)oik:EUOOgik‘ (3334)

B 3ToM Cryyae 5/eKTPOMarHMTHOE NOJe NPOM3BONMT H3OTPONHOE AaBJe-
HUe, paBHOE IO BedWYMHe ONHOH TPeTH IVIOTHOCTH 39JAeKTPOMAarHUTHON
SHepruM. ITO BaK/OYCHHE HMeeT Ba)KHOe 3HaYeHHEe B TeOPHH 4YEpHOro
U3Nyueiins
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§ 34. Macca u aHeprus

CoracHo NPHHATOMY B MEeXaHHKE CAOBOYNOTpeOAeHMO, Macea Tela
eCTh Mepad €ro MHepTHOCTHM (MHepTHas Macca). C mpyroft CTOpOHBL, Cl10BO
,Macca“ ynorpebiaseTcs B CMbICAE CINOCOOHOCTH Tela CO3[4dBaTh MNoje
TArOTEHHA W HCTOBITHIBATH CHUAY B 9TOM MNoje (TAroreoliad M BecoMmas
Macca). MHepTHOCTb ¥ CNOCOOHOCTH CO3AABATL MOJde TATOTEHHA Npes-
CT4B/MIOT COBEpLIGHHO pas/AHuHble NPOABJACHMA CBOHCTB Martepud. To, uro
Mepbl 3THX DAa3JHYHBIX NPOfABJAcHHA 0003HAYAIOTCA ONHUM C/IOBOM, OLHAKO,
He Cly4alHo, a oOyCHAOBAGHO TeM, 4To 00a CBOHCTBA BCerna CyLLeCTBYIOT
COBMECTHO ¥ BCerfa ApPYr ApYTY NPONOPUMOHANBHB, TaK YTO, IpU
HapexalleM BhiOOpe eNMHHUL, Mepy TOr0 M JAPYroro CBOHCTBA MOKHO
BHIPAXKATb ONHHM M TeM e YHCIOM. PaBeHCTBO MacChl WMHEDPTHOH U
Macch TAroTellel eCTb (AKT IKCNEePUMEHTAAbHbIH, NOLTBEPKAEHHbBIR
¢ OrpOMHOH CTENEHbi0 TOYHOCTH (onbiThi DTBewa). Camble Xe onpenente-
HHUS 9STUX MNOHATHUH (OCHOBAHHBIE HA COOTBETCTBYWOLLHMX INPOABAEHHAX
CBOHCTB MaTepuH) — pasianynbl. CylllecTByeT (U3HUeCKas TeOpHus —
4 HUMeHHO, TeOpHAl TATOTeHUs DHHIUTeHHA, B KOTOPO#H (yHAaMeHTabHbIH
34KOH pPaBeHCTBA MAacChl MHEPTHOM M MacChl TArOTeOlleH YYHUTBIBAETCA
AaBTOMATHYECKH, B TOM CMbiC/e, YTO OJHA U Ta e NOCTOSHHASA, BXOAALLAs
NpYU pelieHUHM YPaBHeHMH, QUrypHpYeT M B KaueCTBe MAacCChl MHepTHOH
K B KauyecTBE MACChl TAroTeioLleH.

Kax crenyeT oTBeuaThb Ha BONpOC: ecThb JIM Macca MHepPTHAas M Macca
TATOTEOWAd OHO M TO e WK HeT? [lo CBOMM NpofBleHMAM OHU pas-
JIMYHBI, HO YHC/JAEHHbIC XAPAKTEPUCTHKH UX LPYT APYTY NPONOPUHOHAAbHBL,
Takoe nonoxeHHe Belllel OPUHATO XApaKTepL3OBaTh CAOBOM  ,9KBH-

BaJMEHTHOCTb .

‘ AHaNOrMYHbLIH BONPOC BO3BHUKAET B CBA3BM C TMOHATHAMHM MacChl o
SHepruH (148 ONMPEReNeHHOCTH Mbl OyneM TroBOpUTh 06 HMHEpPTHOH Macce).
OnpenedeHue Macchl Mbi TOJABKO YTO HANOMHHMJAM. OHeprus oObiuHO
onpenefseTcd Kak Mepa CHOCOOHOCTH npousBonuTb paboty. Has onpe-
AelieHHs. 9HePTHH CYLECTBEHHbIM SBASETCS, BO-NEPBLIX, 3aKOH COXPaHEHHd
SHEepPrMH M, BO-BTOPBIX, CNOCOOHOCTb PAas/MYHbIX BUIOB SHEPrHH K B3auM-
HOMy npespaitennio. To M apyroe BMecTe HasbiBAOT 3aKOHOM COXpPaHeHHs
U npespallleHus sHeprud. CyllleCTBOBaHHMe 3TOro BCeoOllero 3aKoHa
no3BoJAeT CBOOUTb H3MepeHHe SHEpPruM Moboro BHAA K  HM3MEpEHHIO
SHEpPruM 4aCTHOTO BHUMA, HanpuMep, K MeXaHH4YeCKoH, M BHIPAXATb dHep-
ruo /Ho0oro BUAA B OLHAX U Tex ke (HanpuMep, MeXaHWYeCKHX) eNUHULAX.

TakuM o0pasoM, nposBieHUS CBOHCTB MATepHH, COOTBETCTBYILIUX
Macce ¥ HEpruM, OeccnopHo pasauydbl. OnHAKO TeOPUS OTHOCHUTEALHOCTH
yTBEpKAAeT, YTO MACCd M SHepPrusl HepaspblBHO APYT ¢ NPYroM CBS3aHE
¥ NPUTOM TNPONOPLHOHAABHB APYT APYTY. DBefikoe M3MeHeHHE SHEpruu
CHCTEMbl COMPOBOXNAETCS H3MEHEHHEM €€ MHEePTHOM Macchl. 3To OTHO-
CUTCAl HEe TOJMbKO K M3MEHEHMAM KMHETHUYECKOM SHEepruu Tesdd, NMPH KOTO-
pBIX Macca MOKOA OCTAETCHs HEM3MEHHOM, HO # K U3MEHEHHAM pasJHuHBbIX
BUIOB BHYTpPEeHHEH SHEDPTHH, NPH KOTOPHIX MacCa NOKOA MEHAeTCd.
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B ¢usuxe wu3BECTHUL: fBJElHS, KOrja BCA SHEPIUda, COOTBeTCTBYIOLAs
Macce TMOKOA Teja, MOMeT NpeBpaTUTbCHd B SHePruio usiyuenus (Koropas,
KoHeuHO, ofJapgaeT To# ke maccoft). OOpaTHO, SHeprus Maccn NOKOs
MOXET BO3HHUKHYTb 3a CYeT 3SHeprud HaaydeHus. Mol UMeeM B BUAY
ABJcHUS TpPeBPAlLEHUS TNapbl 9JAEKTPOH — NMOSUTPOH B TdMMa-KBAHT |
ofparHoe fBAeHHE NOPOXKAEHHA IaMMa-KBAHTOM TaKOH MNaphl.

CooTHOUIeHHEe MEXAY MacCofl M SHeprue MH NOAPOOHO UBYuUMAM
B Npenpilyuux naparpagax. Mer sumetu, yro BCakoR sHepruu W cre-

AyeT npHOoMcaTh Maccy M —= T 1 BCako# Macce M caenyeT conocTaBurh

sHepruio W= Mc?. OO6c sTH BeJMUMHB BCeraa ApYyr APYTy nNponop-
UMOHAMbHEL M, BHPAXAaf MX B OLHUX M TexX Xe (CKaxeM, SHepreTHUeCKUX)
eAMHULAX, MX MOXHO H3MEDATb ONHHM H TeM K& YUCHAOM.

Hanee, Mbl BHAEAM, YTO TEH3OP SHEPIMM OTIMYAETCH JHLIb MHOMXH-
TeleM €2 OT TeH30pa MACCH M 3aKOH COXPAHEHHS SHEPTMH eCTb B TO XKe
caMoe BPeMsl 3aKOH COXPAHEHHS MAacChl.

TaxuM o0pasoM, Ha NOCTABAGHHBLIA BhILIE BONPOC, MPeACTABIAIOT JH
Macca M 9HEPrMl ONHO M TO Ke HWIM HeT, MbI MOXEM JaTbh TOT Xe
OTBeT, KdK B OTHOLIGHMM MacChi MHepTHOH M Maccel Tarorewoleh. Ilpo-
ABJICHUA CBONCTB MaTepHH, COOTBETCTBYIOLIMX MaCCe W IHEPrH, pPasiHyHbL,
HO YMC/AEHHBIE XAPAKTEPUCTHKHM 3THX CBOHCTB MNPONOPUHOHA/MbHBL APYT
Apyry. B sToM cCayuae Takke MOXKHO T'OBODUTb 00 9KBUBAJIGHTHOCTH —
00 9SKBMBANEHTHOCTH MACCH M 3Hepruu. Ho jyulie HaswBaTe paccMaTpH-
BaeMbil (yHNAMeHTATbHbIH 34KOH NPOCTO 3aKOHOM NPONOPHUOHANLHOCTH
Macchl ¥ SHEprHH.

Mb TOMBKO YTO CK43aAM, YTO 3aKOH COXPAHEHHS] SHEPrMH eCTb B TO
Ke CamMOe BpeMA 3aKOH COxpaHeHus Macchi. Ho 3meChb BOSHHMKAET Takoi
Bonpoc. Benb oONBT NOKaskBaeT HAM, YTO B TPOMALHOM OOJBUIMHCTBE
U3BECTHBIX (DUBUYECKUX MNPOLECCOB B OTAEMbHOCTH COXpaHAeTCd Macca
Teaa (onpeneiseMas NO B3BEIUMBAHHMIO) U B OTAGAbHOCTH COXPAHACTCA €ro
sHeprus (onpeledseMas no npoussonuMoit pabote). Taxum obpasoM,
HabmonaioTea 0sa 3akoHa coxpaHeHud. Kak 3To corsacosath ¢ TeM, YTO
B TEOPHH OTHOCHTEAbHOCTH (GOPMYJAHUPYETC TOABKO 0OuH 3aKOH?

Ha 3ToT BoIpoC MOXHO naTh cChAenyioliu#t orseT. Crporu#t 3axoH
COXPAHEHUS — ONMH: I/ NOMHON Macchl Teda M M 1ig COOTBETCTBYIOLLEH
eft nomHo#t sHeprum W = Mc2. Ho noaasisioluas wacTb sHepru (M CooT-
BeTCTBYOLLEH el MACChl MOKOS) B NpEBPAlleHHAX OOBIYHO He Y4acTBYeT
M COXpaHsieTC B OTAEAbHOCTH. TeM CaMbIM COXpaHAeTCs M OCTajbHad,
aKTHBHAA, 4acCTb DHEPTHH, Y4YaCTBYIOIAs B NPeBPALUECHHAX.

Pasnefienne SHepruM Ha ,NacCUBHYIO® 4acTb, B NpeBpallieHHax (B AaH-
HOM [MpoLecCe) He YYacTBYOILYI0, M HA aKTHUBHYI0 4acTb, CNOCOOHYIO
MepexOAnTh B APYrHe BHAB, MOXHO NPOCACHUTb HA NpUMepe ypaBHeHHH
PUAPOLHHAMUKY, pasoOpaHubix Hamu B § 32..Bbimenus (nyteM nepexona
K CONYTCTBYIOIEH CHUCTeMe OTCYeTd) KHMHETHYEeCKYI0 YHEpruio, Mbl pac-
CM4aTpMBaMM TaM [Be IVIOTHOCTH MAcCChl MOKOA: MOAHYI0 MJIOTHOCTH
¥ MJAOTHOCTb MNACCHBHOM vyacTh p*. DTH JBe BE/IHYHMHBI ObLIM CBA3AHEL,

10 3ak. 485. B. A. dok
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coriacHo (32.25), cooTHoMeHHEM
bt =p" 5l (34.01)

rie BTOpOH UeH NpenCTaBAsSeT AeNeHHYI0 Ha €2 MIOTHOCTb NOTEHIHMAAb-
HOH SHEpruM CXKaTHS.

Ewe Oofee HAMMSAZHO 95TO pasfeleHHe BHOHO U3 NPUOAMKEHHBIX
dopMya (32.32) u (32.34) n1a noiHOM mAOTHOCTH Macehl T M MOAHOrO
noroka Maccw ¢T%, Cordacho (32.33), oTH ¢opMyast MoryT OwiTh
HaMHMCaHbl B BUAE

TO‘J:P‘}"EIES’ CTO't;-_—p-vi_l_-zla- Si' (3402)

3nechb p M py;— MIOTHOCTb M NOTOK TOH YaCTH MacChl, KOTOpas B Ipe-
BpallleHUAX He yuacTByeT, a CKalap W BeKTop ¥YmoBa S m S, mpencra-
BJSIOT TMJAOTHOCTb W TIOTOK A4KTHBHOH YaCTH 9SHEPruM (nefeHHble HA (2,
STH BeAMYMHBI JAIOT MVIOTHOCTb M MOTOK AKTHBHOH YacTH Macchi).

Mbl TOBOpH/IM BbILIE O TOM, UTO OnpefelseMas M3 B3IBEIUMBAHUA
noJHaA Macca Tefa (Kyna BKJIOYeHd M INepeMeHHas ee 4acTb) NPAaKTH-
YeCKH COXPAHAETCd, HeCMOTPS HA TO, YTO Tel0 BbIASAAeT WIHM Ioro-
IaeT SHepruio. 3IT0 OOBACHAETCS MNPOCTO HENOCTATOYHON TOYHOCTHIO
B3BEUIMBAHUSA, B COGNMHEGHHM ¢ TeM, YTO MOAABASIOILYI0 4YaCTb Macchi
OOBIYHBIX Ted COoCTap/geT naccuBHas ee uacTb. C gpyro#t CTOpoOHb,
M3MEHEHHEe aKTHBHOH 4YacCTH Macchl MoxeT ObITb IPOCAEKEHO ¢ ropasno
6o/blLIeH TOYHOCTBIO, MyTeM H3MepeHMH COOTBETCTBYIOLUEH YaCTH PHEPruu
(T. e. NpH MNOMOILM KaJOpDHMEeTPHYECKMX MeTONOB, 4 He NyTeM B3Be-
TUMBAHUSA).,

EcrectBeHHo 3anath Bompoc o Oolee TAyGOKOH NMPUUHHE TOrO, YTO
npx OObIYHBIX YCAOBMAX MOAABAAIOLLIAN YAaCTh SHEPrUH CBA3aHA HACTOABKO
NPOYHO, YTO HAXOAUTCH B COBEPLIEHHO MACCHMBHOM coCTOsHHH. [Touemy
laxe HHYTOXKHASA ce 4Y4CTb HE BHIXOIUT M3 3TOTO COCTOSHHA H He Hapy-
uiaeT 6afaHCa aKTMBHOM uacTH sHepruu? Ha sTOT Bompoc TeopHs OTHO-
CHTETbHOCTH caMa 1o cebe He Moxer naTh orBera. OTBeTa Clepfyer
HCKaThb B 0OJMACTH KBAHTOBbIX 34KOHOMEPHOCTEH, ORHOH M3 XapaKTepHbIX
0COOGHHOCTEH KOTOPBIX SIBASETCH CYLULECTBOBAHME YCTOHUMBBIX COCTOSHHH
¢ NHUCKDETHBIMM YPOBHAMM 3Hepruu. /s s/eMeHTapHbIX YacTHIL SHEprud,
COOTBETCTBYIOIAA Macce MOKOS, MOXET IPeBpalllaThCsl B dKTHBHYIO (hopMy
SHePruM (B M3JyuyeHHe) JAMOO UEJIHUKOM, JAUOO OHA BOBCE He NPeBpAllaeTes.
Masas yTeuka MacCh HeBOSMOKHA. DTO NPOBEPEHO HA ONHTEe B Clydae
9/eKTPOHA M MOSUTPOHA, HO 3TOro CaelyeT OXHAATb H 019 NPYTHX
9/EMEHTAPHLIX 4acCTHL. [TOCKOABKY nOAABAAOHIASA YdCThb MacChl 4TOMOB
HaXCAATCA B GopMe MACCH 3/1eMEHTAPHBIX YACTHL, HEBOSMOXHOCTb Masoh
YTEUKM Macchl AO/MKHA HMeTh MeCTO M 444 aToMos. Kpome Toro, HyXHo
UMeTh B BUALY NHCKDPETHOCTb 3HEpPreTHYECKHUX YPOBHEH.

Taxum o6pasoM, npuuvHa 0COGOH NPOYHOCTH CBASHM NACCHBHOM yacTH
SHEPrUM — KBAHTOBOr'Q Xapakrtepa.
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CrenyeT NONYEPKHYTb OTHOCHUTE/bHBLIM XapakTep pasfefeHds SHEPFHU
(¢ cooTBeTCTBYIOIIEH MACCOH) HA NACCHBHYI0 M aKTHBHYIO 4acTH. B oObni-
HBX XUMHUUYECKHX pedKUMAX He TOJAbKO BHYTpHUAAEpHAad SHEeprusd, HO H
SH2PrUsl BHYTPEHHHX 3JEKTPOHHBIX 060/10UeK aTOMOB BefeT Cels MacCUBHO.
[lpy BecbMa BBICOKMX TeMIepaTypax, KOTLA CTaHOBUTCHS BO3MOKHON
noJAHas WAM TOYTH MOJHAS MOHM3ALMS aTOMOB, SHEPrUsl BHYTPEHHHX
3/1eKTPOHHbIX 0Oo/aouek npuoOperaeT aKTUBHbIH xapakTep. Hakorel,
B npoleccax, CBfA3aHHbBIX ¢ TepeCTPONKOH aTOMHBIX fAep, aKTHBHOH
CTAHOBUTCA ¥ BHyTpUsncpHas 3Heprud. OnHAKO M TOrAa 9Heprus, CooOT-
BETCTBYIOILAS MacCe MNOKOS TMXeAbIX 3JCMEHTAPHBIX YacCTHL, BXOAALIMX
B COCTaB 40ep, NpPOROIKAeT OCTABATbCH B MACCHBHOM COCTOSHMUH.

Oco60 mnpouHas CBA3AHHOCTb MOAABJAIOUIEH YaCTH dHepruu (M CoOoT-
BETCTBYIOLIEH e# Macchl) M TN03BOJAET T'OBOPHUTb O 3aKOHe COXpaHEeHud
MacCH M O 3aKOHe COXPAHEHHS SHEPrHH, KaK O NBYX OTACJAbHBIX 3aKOHAX,
XOTS B TEOPHH OTHOCHTEABHOCTH STH 1BA 3dKOHA CJAMBAIOTCA B ONMH,

34aKOH COXPaHEHHs] MACChl MPH XUMHYECKMX peakuusax Obl1 OTKPBIT U
SKCNEPUMEHTAbHO NoKasaH JIOMOHOCOBLIM 1 3aTeM noaTBepkiaeH JlaByasbe,
Yto ke KacaeTcd 3aKOHA COXPAHEHHS] SHEPTHM, TO TOYHAs QOPMyMpPOBKa
ero Oblia nana Juuwb B XIX B. P. MattepoM. Opnako ewe B XVII B,
X. To#irenc, a satem B XVII B. BepHyaan npuMeHsaan ero B o6gacTH
MEeXaHUKH, 4 BCeOOLW M XapaKTep 3aKOHA ACHO CO3HABAJICA JIOMOHOCOBBIM,
KaK 9TO BUAHO M3 €r0 3HaMeHHUTOro mnuchMa Diaepy 1748 r.
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§ 35. Jonyctumbie npeoGpa3oBaHus KOOPAMHAT H BpeMEHH

B ocHOBY MaTteMarTuuecKo# ¢OPMYJIUPOBKHM TEOPHHM OTHOCHTE/ILHOCTH
MLI TOJOXHIM ypaBHEHHe (PPOHTA BOJHbI

o 1 fOw\2 Ow\2 Jw\2 90\2]
cor= L& () + 5+ =0 s
¥ CBSI3AHHOE C HUM BhIpaXeHHe [/ KBanpaTa MHTepBaJja

ds* = % dt? — (dx? -+ dy? + d2%). (35.02)

(Bnech (Vo)? ecTb o603HAYeHUe A CTOSAWErO B JeBOH UaCTH YpaBHEHHA
thpoHTa BOAHB AUPPepeHUMaabHOr0 onepatopa). Ecau Mbl BBejeM Hauiu
00bluHBle 0003HaYCHUA

Xg=Cl;, X =X; Xg=Y;, X3=2, (35.03)
a raKxe yucaa
=1, e,=e,=¢;=—1, (35.04)
to BhipaxeHus (Vo) v ds? manuuryrcs:
3
o __ Ow \2
o) = Y0 (m) , (35.05)
k=0
3
ds? = e, (dxy)?. (35.06)
k=

Mui 3HaeM, uTo 00a 3TH BBIPAXEHHS WHBAPHAHTHB MO OTHOLICHWIO
K npeobpasosanuio JlopeHua. Ecau BBeCTH HOBbIe KOODAMHATH

4 . 4 — . . 4 —_—
x,=ct'; Xy =x" x;:.y’, xng', (35.07)
CRsi3aHHBIE CO CTapuiMH npeoOpasoBaHueM Jlopenua, To Oyner

3
Jo

5 0w \2
(Vo) _kzoek(ax,k ) , (35.08)

3
ds>= X ey (dxw)’. (35.09)
k=0
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Te nepeMennnie (35.03) umm (35.07), B korophx sepaxenus (Vo)?
u ds? umeior Bug (35.05) u (35.06) mau (35.08) u (35.09), Mu Oynes
HA3LIBATb TaAMM/IEEBBIME KOODAMHATAMM (BKJIOYAA B 9TO TOHATHE TaKkKe
1 BpeMs).

TMpeanonoXum Tenepb, Yto X,, X, X, X, NONPexHeMy paBHb (35.07)
(r. e. MpencTaBAAIOT TaJUJeeBb KOODAMHATHI), TOTAA KAK Xg Xy, Xg Xy

yxe He pasubl (35.03), a ABASIOTCH HEKOTOPHIME BCHOMOTATEbHBLIMHU
nepeMeHHbIMH, KOTOpHle CBs3aHbl € BeauyuHaMu (35.07) CoOTHOLIeHUAMU

Xo = fa(Xgp Xy %o X9 (@=0, 1, 2, 3), (35.10)

rae f,— NpOUSBOJbHbIE (YHKUMH, KOTOPbie YMOBJIETBOPAIOT JHIUbL HEKO-
TOpLM OOIMM YCJIOBMAM. Mbl NpennonoXuM, uro ypasHeHus (35.10)
Pa3pellMMbl OTHOCHTEJBHO Xj, Xy, X, Xg, TaK UTO MX AKOOHMAH OTAMYEH
oT nyJs

4 7 7 7
D (xy, x4, X, X3)
D (x07 X1 Xo xa)

D= =+ 0. (35.11)
KpoMe Toro, Mbl OyneM CuuTaTh, YTO (YHKUMH f, UMEIOT HeNpepbIBHBIE
NPOU3BOAHblE TNEPBBHIX Tpex nopaakos. HanpHefluime ycaosus nas f,,
BBLITEKAIOIME YXKe U3 (U3MYeCKHX COOOpaXeHMH, Mbl PaCCMOTPHUM HIDKE.

[MpousBons saMeHy nepeMedHbix, Mbl noayuyuM nas (Ve)? oaHoponHyto
KBaAPATUYHYIO (PYHKUHIO OT NepBLIX NPOM3BOLHBIX ® MO NEPEMEHHBIM X,
Xy, Xg Xy, KOTOPYIO MBI 3aNHlIEM B BHAE

3

oy =Y, g 2o 3‘%, (35.12)
«, B=0
npuueM
3
0x, Ox
o g .

gf= Yoo 8 (35.13)

kA:‘O bxk bx;c

AHanorvyHo, TPOU3BeNs 3aMeHY TepeMeHHbIX B BbIPaXKeHUM NJf ds?, Ml
NOAY' UM

3
ds® == ) gusdx, dxg, (35.14)
a, 3=0
riac
i ax, 0\1;‘
r 0
gaB: Eekma_}fa' (3515)
k=0

Ha ocuosanuu (35.13) u (35.15) nerxo nposeputh, 4TO
1 npu v==1y

0 ipi v ok (35.16)

8
g) g.8" =8 = {
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Orciona caenyer, YTo eCau o003HAYMTb Yepesd g OoNpeneauTelb
g = Det 8. (35.17)

TO BeauuuHbl @98 OGynyT paBHB [IeJeHHBIM HAa g MHHOpaM (anrebpauye-
CKUM [OTIOJHEHUAM) STOr0 ONpelefuTes,
[TpuMeHsIs NPaBUAO YMHOMXEHHS ONpeneluTenefl, Mbl NOJYYUM

ox, dx;
Det (ek Txk) . Det(a—x'> — Det g, (35.18)
« B

Bropo#i MHOXHUTeab 31eCh paseH fkoOuany D [dopmyaa (35.11)],
a BCJENCTBHE TOrO, YTO

gl 9ty = — 1, (35.19)
nepsertt Mitoxkurear B (35.18) pasen — D. CnenoBareibho,
g=— D2 (35.20)

Buifop HE3aBUCHMBIX TIGPEMEHHBIX X, Xq, Xg, X3 Uel1ecoobpasuo
OTPaHUYUTL TaKUMH YCJOBUAMM, YTOObl NepeMeHHas X, uMena (kak u X, )

XapaKTep BDPEMEHH, a NEPEMEHHblE Xy, Xg X, (KaK W Xy, X3, X3) UMeH
XapaKTep INPOCTPAHCTBEHHBIX KoopAMHAT. QPopMyJaHpyeM 9TH yCIoBUA
Gonee TouHO. DymeM, Kak M paHblie, NOHUMATb NOL ,COOBITHEM® TOUKY
IPOCTPAHCTBA, PaCcCMaTPUBAEMYID B COOTBETCTBYIOLIMM MOMEHT BpeMeHH
(touxy-Mmruosenue). [lorpebyeM, yToOb! nBa COOBITHS, KOTOPEIM COOTBET-
CTBYIOT ONMHAKOBble 3HAYEHUS NPOCTPAHCTBEHHBIX KOOPAMHATHBIX Napa-
METPOB Xy, X5 Xg HO DasHble 3HAYEGHH X, U X,  BPeMEeHHOro napa-
MeTpa X, ObLIM nocsedosamessrstMu Bo BpeMeHH B cMuicae § 12. Mu
3HaeM, YTO N8 MNOCAeLOBaTebHBIX COOBITHH KBajpaT WHTepBAaJId MOJIO-
*uteneH. EcaM cuutath, YTO pasHOCTb x;"— x; OECKOHEUHO Mana M
TIOJIOXHTD

X =xy5 x*=x,+ dx, (35.21)

TO 3TO MOXKHO ObITb ChHpaBefauBo M A9 OeCKOHEYHO MAjoro HHTep-
Baaa ds?. I1osToMy Mbl 0O/KHBI MMETb

dst = g,,dx, > 0, (35.22)

oo > 0. (35.23)

[Tycrs Mbl uMeeM, nanee, nBa COOBITHS, KOTODHIM COOTBETCTBYET OLHO
M TO Xe 3HAaYeHHe BPEMeHHOTO napaMeTpa X, HO DasHble 3HAYCHHSA
Xy, Xgy X3 M Xy -+ dxy, X, dxy, X; 4 dx; KOODAUHATHBIX NAPaMeTPOB.
Mpr notpebyem, utoObi Takue ABa COOGBITHS OblIM KBA3H-OLhOBPEMEHHBIMHU
B cMbicae § 12, Haa KBasu-onHOBpeMeHHBIX COOBITHH BeauunHa ds?
OTpULaTeNbHa, M, CJACAOBATENbHO, HOMKHO OHITh
3
ds?= ) g dx,dx; <0 (35.24)

i, h=1

OTKY id
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KaKoBbl Obl HM ObuIM BeJHYMHB dX,, dX, dx, (He paBHBC HYJIO BCe
BMecTe). OTClona cCaenyeT, uyTo KpanpaTHuHas dopma (35.24) noaxua
ObiTh onpepeleHHoM M oTpuUuaTenbHOH. M3 aarebpbl M3BECTHO, uTO
HeOOXONUMBIME U JOCTATOUHBIMH YCJIOBUAMM [/ STOrO ABJMOTCS Hepa-
BEHCTBA

811 812 813

8o 8 82| <0, (35.25)
83 L3 833
811 81 >0 a2 o3 > 0; 811 813 >0, (35.26)
o1 822 832 833 83 &3
g <0; g<0; g5 <0, (35.27)

U3 KOTODhiX, BNpOYEeM, He BCe He3aBUCUMBI, He3aBUCHUMBIMM SBAAIOTCH,
HanpuMep: HepaBeHCTBO (35.25), nepsoe us HepaseHcTs (35.26) W nepsoe
u3 HepaBeHCTB (35.27).

HeTpyaHo nokasaTh, YTO U3 HAMOXEHHBIX H4 KO3POHUUMEHTH 8
ycaoBu#t cireayeT [He3aBUCHMMO OT MX TnpelcTasieHus B Bunpe (35.15)],
YTO B OKPECTHOCTAX KaXAOH TOUKM BeauyuHa ds? MoxeT ObITh mnpel-
CTaBJieHd B BUAE CYMMbl OQHOIO NOJOXHUTEAbHOTO M TPEX OTPHULATENbHBIX
kBaaparoB. COBOKYNHOCTb 3HAKOB NP KBAADPATAX HA3LIBAIOT CUTHATYPOH
KBaApaTHYHOR (opMbl. B HameMm cayyae CUTHATYpd MOXeT ObITh 3anH-
cana B Bume (ey, ¢, ey, €g) WM (- ———).

Vs Hepasencts (35.25) — (35.27) caenyer takxke, B coraacuu (35.20),
yTo onpepeauTedb g OyneT Bcerpa oTpUuaTeqbHbIM. KpoMe Toro, us Hux
BbITEKAIOT TAKHE e HepPaBeHCTBA N/ BeJUYMH g°F ¢ BepXHUMH 3HAUKAMH,
B CHIy KOTOopeIXx Oyner

g% >0, (35.28)

3
1- k2: {gikwiwk <0 (35.29)

aas MmoObIX HepaBHBIX ONHOBPEMEHHO HYJMI0 BEJIHUYMH ®, o, o, Ha
LOKA3aTeJbCTBE 3THX YHCTO aareOpanuyecKMX YTBepXIeHHH Mbl OCTa-
H4B/IUBATbCA He OyneM.

Taxum oOpasoM, a8 TOro, utofbl napaMeTp X, HUMeJ XapaxkTep
BpEMEHH, 4 MapaMeTphl X,, Xy, X;— XaPaKTeP NPOCTPAHCTBEHHBIX KOOP-
IOMHAT, HeoOXONUMO M [NOCTATOYHO, YTOOB BE/NMYHHA g4 Obl1a MomoXu-
TeabHOH, a KBanpaTHyHad dopMa ¢ xospduunuentaMu g (i, k=1, 2, 3)
Oblia onpefeseHHO# OTpuuaTeabHOH. Ha BeauwuumHel Xe gy Loor 30
He HAJardeTcsl NPU STOM HHKAKMX OTpPaHHYEHHH.

PaccMoTpUM reoMeTpUYECKUH CMBICT Y PaBHEHUH X ==consl u x; =const.
BoiBeneM yCioBHE, NIPH KOTOPOM YpaBHeHHe

wx, v, 2, H)=0 (35.30)
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MOXET pPacCMaTPUBAThCS, KAK yPABHEHHS IBIXYIeHC NOBEPXHOCTH.
Ms (35.30) caenyer, uyro auddepeHUHAnbl KOOPAMHAT H BPEMeHM CBS-
8aHB! COOTHOILUEHUEM

o, dx+o,dy+o,dz+o0,dt =0, (35.31)

TIe 4epes w,, oy, ®, ®; 0003HAUEHH NPOU3BOLHHE OT ® N0 X, ¥, 2, L.
BosbMem cMmewwenue dx, dy, dz no HanpaBaeHMI0 HOPMAJM K NOBEpX-
HOCTH M TIOJOXHUM

©y

_ . _ % . —
dx_lgradml dn; dy= gradaT 4 dz = oot A (35.32)

npuyeM |dn|— aGcomorHas senuunna cMeweHna. [loacrasass (35.32)
B (35.31), noayuum

lgrad o | dn -, dt =0, (35.33)
H, CaenoBare/]bHO, KBaﬂpaT CKOPOCTH CMelIeHHUS
oo (20N
v _(dt) (35.34)
Oyner paseH
2 “ 35.35
U T (95:39)

Taxkum obpasoM, ypasuenue (35.30) MOXHO TO/KOBAaTh, KaK ypaBHeHHe
MOBEPXHOCTH, KaXAas TOYKA KOTOPOH ABHXETCA B HANPABJICHHM HOPMAJH
K NOBEPXHOCTH CO CKOPOCTbIO, onpeneaseMofl us (35.35). Takoe Toako-
BdHHE, OQHAKO, BOSMOXHO JHUIL A0 TeX NOP, NOKA 3Td CKOPOCTb He
npeBbliaeT ckopocTi ¢Bera. CoraacHo (35.35) u (35.01), s71o Oymer
npH YCJI0BHH

(Vo)2 L0, (35.36)
npnqem 3HAK paBeHCTBA COOTBeTCTByeT CKOpOCTH CBeTa.
Ecmu ke
(Vo) >0, (35.37)

10 ypasHenue (35.30) MoxeT ObITh pELIEHO OTHOCHUTENBHO BPEMEHH
¥ 3anMCano B BUIe

t=— (5 ¥, 2), (35.38)

npHUeM
(grad f)* < 1. (35.39)

Ypasuenue (35.38) comocTaBageT KaxAaoH TOYKe NPOCTPAHCTBA Olnpele-
JeHHbI MOMEHT BPEMEHH, NpUYEM BCe 9TH ,TOUKM-MTHOBEHUA® OynyT
KBa3U-OAHOBPEMEHHBIMY., DTO YypaBHeHHe MOMXHO HasBaThb ,ypaBHeHHeM
BpeMeHH®. HanoMHUM, 4YTO ypaBHeHHE BPEMEHM yXe paccMaTpuBajloch
HaMH B § 3 B CBA3M C BONPOCOM O XapaKTePHCTHKAx ypasHeHuH Makc-
BeJId.
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Kak Mbl yXe oTMeuaau B § 3, MOXHO paccMaTpuBaTh ypaBHeHue o = 0,
KdK ypaBHEHHE T'HIICPNIOBEPXHOCTH B YeTHIPEXMEPHOM MHOroo0pasuu mnpo-
cTpaHcTBa M BpeMeHH. [lpu TakoM paccMOTPEeHMH MOXHO NONLPA3AeaUThb
rUNeprnoBepXHOCTH Ha [Ba KJjacca.

Ecmn (Vo)? < 0, To MOXHO CKasaTh, YTO OLHO M3 U3MeDeHMH rumep-
MOBEPXHOCTH MMEET XapaKTep BpeMeHH (Y4acTo MNOJb3YIOTCA HETOUHBIM
BHIpAXeHHEM: , IOBEPXHOCTb UMeeT xapakTep BpeMenn “). CornacHo (35.35),
3TO €CTb OOBIKHOBGHHASl NBYXMepHAs NOBEPXHOCTDH *), NBHXKYULAACHd CO
CKOPOCTBIO, MeHbLIEH CKOPOCTH CBeTd.

Ecmu (Vo)2 >0, To roBopaT, uTO THIEPIOBEPXHOCTb HMEeT Npo-
CTPAHCTBEHHbI xapakTep. ITO eCTb BCe OeCKOHEYHOe NPOCTPAHCTBO,
pasHble TOYKM KOTOPOro pacCMaTPHBAIOTCS B PasHble MOMEHTbl BpEMEHH,
a MMEHHO, TOYKA X, y, 2 pAcCMaTpUBAeTCd B MOMEHT f, omnpefeseMbiil
u3 ypaBHeHHs BpeMeHM (T. e. U3 ypaBHeHMs runepnoBepxHocTH). Cono-
CTaBafeMble IBYM TOUKAaM NPOCTPAHCTBA MOMEHTbI BPEMEHH AOKHB! OBbITh
IpPH STOM HACTOJbKO OnMsKM, YTOOB COOTBETCTBYIOLIMH MHTEpBAd HMeJI
NMpOCTPAHCTBEHHBIN XapaKTep.

Moabsyacy teMm, uto (Vw)? ecThb UHBAPMAHT, MBI NOJAYYHM, ToJaras
MOC/MENOBATENBHO ® == X5, 0 = X;, 0 == X,;, O = X!

(Vxp)? = g% >0, (35.40)
(Vx =g <0 (Vx> =g=<0; (Vx?=g%<0. (35.41)

Orciopa caenyetT, UTO YpaBHeHHe X, = Const NpencTaBaseT ypaBHeHHe
BPEMEHY, a KaX1oe H3 ypaBuenuit x, — const (¢ =1, 2, 3) npencrasnser
ypaBHeHHEe MOBEPXHOCTH, [ABIXKYILEHCS B HAnpaBjdeHHH CBOeH HOpMafu
€O CKOpPOCTBIO, MeHbIIeH CKOpOCTH CBeTa (YpaBHEHHE ABIXKYLLEHCS KOop-
IWHATHOH TNOBEPXHOCTH).

M3 ycnosu#, HanlOXKeHHbIX HAMHM Ha INipeoOpasoBaHMA KOOpPAMHAT H
BPEMEHH, BHITEKAET TaKMe, YTO MNOCTOAHHBIM 3HAYGHHAM X, X, X5 COOT-
BETCTBYeT, B JIOOOH MHEDUMANbHOH CHCTEME OTCYeTa, NBHXEHHE TOUKH
€O CKOPOCTBIO, MeHbLIEH CKOPOCTH CBeTa.

B knaccuueckoft Mexanuke HbiOTOHA 4acTo NpUMEHAIOTCA npeobpaso-
BaNWd KOOPAMHAT, 3aBUCAWIMe OT BpPEMeHH, TpH4YeM 3T npeoOpasoBaHus
TOJKYIOTCH, KaK Nepexol K mBIXywiedcs CucTeMe orcyeta. CpaBuuBas
npeobpasoBaHus KOOpPAMHAT B Mexanuke HblOTOHa ¢ rpeoOpasoBaHUAMU
KOODIMHAT U BPEMEHU B TEOPUH OTHOCHTENLHOCTH, HEOOXOLMMO OTMETHTDH
caenyiouiee. Bo-nepBblX, CaMO NOHATHE O CHCTEME OTCYETa B MeXaHUKe
HeioTona He coBnanaer (B obwieM Cayuyae YCKOPEHHOrO ABHXKEHHS) C MO-
HATHEM CHCTEeMbl OTCYeTd B TEOPHHM OTHOCWTEIbHOCTH: B Mexanuke Helo-
TOHA NOHATHE CHUCTEMB! OTCYETa CBA3BLIBAETCH C NMpencTaBieHHeM 00 abco-
JIOTHO TBEpPAOM Tele U O MCHOBEHHOM PAaCnpOCTpaHeHUH CBerd. B Teopuu
K& OTHOCHTEIbHOCTH IIOHATHE O TBepAOM Tede (npuToM He abCOMIOTHO

*) B uermpexMepHoM MHOrooGpasHil THIIEPIOBEPXHOCTL UMEET TPH HaMepe-
Husd, HO B JaHHOM CJlydae TOJIbKO ABA M3 HHUX — NPOCTPAHCTBEHHLIE.
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TBEPAOM, & JHIIb COXPAHAIOWIEM CBOKO (OPMY NpH OTCYTCTBUM yCKOpe-
HMA Y BHELIHUX CHJI) HrpaeT JHlib BCHOMOTaTelbHYI0 pOab, a MOHATHE
CHCTeMBbl OTCYeTd OCHOBAHO HA 3aKOHE pACHpPOCTPAHeHHMs (POHTA BOJHHI.
Hpommnom HBIOTOHOBOH CHCTE&Mbl OTCueTd ABJAAETCA TBEpAbIH Kapkac,
TOrAa KaK npoTOTHINOM CHCTeMbl OTCYeTd TEeOpUM OTHOCHTEIbHOCTH
ABJAETCA PAaLHOJOKAUMOHHAS YCTAHOBKA. Bo-BTOpHX, Kiaacce npeoOpaso-
BaHHH, NONMYCTHMbIX B HbIOTOHOBOH MeXdaHHKe, 3HAYMTENbHO LUHpe, YeM
Kaace 1npeoOpasoBaHM#, NONYCTHUMBIX B TeOPUHM  OTHOCHTENbHOCTH:
B HBIOTOHOBOH MeXaHHMKe He pacCMaTpHBAlOTCA OrpaHHyeHHd, BhITEKaOUe
M3 CYLIECTBOBAHUS INPeNebHON CKOPDOCTH M BbIPAXAE&Mble PaCCMOTpEH-
HpIMH Bblllle HepaBeHCTBAMM.

B kauecTse mpuMepa paccMOTPUM NpeoOpasoBaHKe, KOTOPOE B HBIOTO-
HOBOH MexaHuKe MOXeT OBTb HCTOJIKOBAHO, KAK MepeXOl K PABHOYCKO-
peHHo#t cucteme orcuera. Ilycts x', y', 2/, ' — xoopauHaTH u BpeMs
B MHEpUHAJbHOH CHCTeMe oOTCyeTa (raaumieesbl KoopauHathl). [loaoxum

14 2

x = x—%at’-; Y=y Z=z (35.42)
U, KpOMe TOro,

t':t_-c‘;_tx. (35.43)
IlepeMentble X, ¥, 2, f MOXHO TOJKOBAaThb, KaK KOOPAHHATH H BpeMs
B HeKOTOPOH YCKODEHHOH CHCTeMe oTcyeTa (B CMBIC/Ae HbIOTOHOBOHM Mexa-

HUKH ¥ B COOTBEeTCTBYWOweM ef npubmikeHuu). [Toncrasass (35.42)
1 (35.43) B BopaxeHue nad ds?, noayuum

ds? = (¢? — 2ax — o) df? — dx* — dy?

a2+
L (xattaxy.  (35.44)

HepasencrBa a4 KosdduUHeHTOB OYAYT BBINOMHEHB! NPH YCJIOBHAX

22 2 2¢2
=5 >0 (1) -5 >0 (35.45)
Kpome Toro, MoxHo norpe6oBath, yToObl Gblno
X =1—% o, (35.46)

DTM HepaBeHCTBA MMOKA3LIBAIOT, YTO NoACTaHOBKA (35.42)-—(35.43) no-
NyCTHMa He BO BCEM NPOCTPAHCTBe M JMIIbL 14 OTPAHMYEHHOTO TNpOMe-
KyTKa BpPEMEHH.

IpyruM INpuUMepOM MOXeT CJAyXHUTb TNpeo6pasoBaHHe, aHAMOTHUHOE
IepeXOLy K paBHOMepHO Bpawawouefics cucTeMe orcyera. I[loaoXuM

(35.47)

’

x" = x cos ot -+ y sin wt; 2=z,
Yy =—xslnot{ycosot; t'=t.
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Mu! nonyuyuM Ttorna
ds? = [? — o (X2 y)d?— 20 (ydx —x dy)dt —

dz%.  (35.48)
Veaosue s xkosgpduumentos Tpebyer

2 —o2(x2+ 3% > 0. (35.49)
OHO BBINOJHACTC HAa OrpaHMYeHHBLIX PACCTOSAHHMAX OT OCH BpAlLlCHHA, TAE
JUHeHHAsA CKOPOCTb BpalleHHsl He NpPeBbILAET CKOPOCTH CBeTa.
lMonuepkHeM eie pas, YTO NpPUBEAEHHBE MpHMEpb! UMeOT (UsHue-
CKMH CMBICJ JHIIbL B TOH 001aCTH, I'le NPUMeHHMa HbIOTOHOBA MEXaHHKA
(cm. takxke § 61).

CaMo ¢06010 pasyMeeTcs, YTO K YHCAY AONYyCTHMBIX npeoOpasoBaHu#
OTHOCHTCSl BBeleHHe OOBIYHBIX KDHUBOJMHERHBIX KoopauHaT, IToCKoabKy
TaKkue npeoOpasoBaHHA He CONEpXAaT BpeMeHM, OHM HMMEWOT TOT Xe Ireo-
MeTpHUeCKHR CMBIC/, KaK B HEepeJATHBUCTCKOH TeOpHH, IOYeMy Mbl Ha
HMX OCTaHABAMBAaTbCS He OyneM.

§ 36. O6wmuil Teu3opHBIi aHaan3 M 0600UleHHAs TeOMETpHA

B npenblayuweM naparpade Mbl pacCMaTpHBa/dM BHIPAXKEHHUs

3
Vop= ¥ g“f’—‘;)%—‘%, (36.01)
a, B=0
3
ds?= Y gdx,dxs, (36.02)
o, 8=0

NOAYYEHHBlE U3 OOBIYHBIX BBIDAXEHHH TEODHHM OTHOCHTENBLHOCTH BBefe-
HUEM BMeCTO KOODAMHAT M BpeMeHM X, V¥, 2, { HOBBIX MEPEMEHHBIX X,
Xgy Xg Xo. MBI yCTQHOBMAM YC/JOBHS, TIPU BHINOAHEHHH KOTOpPBIX Nepe-
MeHHas X, MOXeT XapaKTepHsoBaTb  MOCJAEIOBATENBHOCTb  COOBITHH
BO BpEeMEHH, @ NepeMeHHble X,, X, Xg— NOMOXKEHHEe MX B IPOCTDPAHCTBE.

Camo no cefe BBeleHHE HOBBIX MepPEMeHHBIX, PasyMeeTcs, HHKaK He
MOXET TMOBMUATH Ha (U3UYeCKHe CAeACTBUA U3 TEOPHH, a SBJASETCS JHLIb
MaTeMaTHuecKuM npueMoM. OpnHako paspaGoTka anmapata, MNO3BOJAIO-
1ero COCTABAATH YPaBHeHUS] MaTeMaTHyecko# ¢usuku (Hanpumep, ypas-
HeHMS OBIXKGHHUS UM ypaBHEHMS Tous) CPasy IS NPOUSBOJBHBIX HE3aBHCH-
MBIX TIGPEMEHHBIX, MHHYS [eKapTOBbl KOODIMHATHI M BPEMS, HE TOJBKO
BeChbMa NOJME3Hd B BBIYMCAUTENbHOM OTHOWEHHMM (KaK npHeM, CoKpatuawo-
WU BBIKAANKH), HO M BaXHA B NPHHUUMHAJABHOM OTHOLIeHMHM, Hamuume
TaKOrO annapata MOXeT yKasaTb NnyTh K 000OLeHHIO PUHUECKON TEOPHH,

YpaBHeHHS, CrpaBefuBble TpPU IIPOM3BOJBHOM BHIOOpE HE3aBUCHMLIX
nepeMeHHbX, Mbl OyneM HasuiBaTh oOWe-KoBapHaHTHbIME. CaMblit ke
annapart, NO3BOJSIOLMA COCTaBAATh OO1le-KOBAPHAHTHbIe TEH3OPHbBIE ypak-
Hedus, Mbl OyneM HasblBaTh OGLUIMM TEH3ODHEIM aHA/IM30M.
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O6ule-KOBAPUAHTHBIE ypABHEHHS [PUMEHSIOTCS YKe B HBIOTOHOBOH
MexaHuke. Mp! uMeeM B BUAY ypasHeHus JlarpanXa BTOpOro pona, onu-
CHIBAIOIME [BWXKEHMe CHCTEMbl MaTepHadbHBIX TOYeK B OOOOLUEHHBIX
KOOpAMHATAX, 4 TaKXe ux obobwenus naa cnaowno#t cpensl. He nasas
HUYero (PUBMYECKM HOBOTO 110 CPABHEHHIO C YDABHEHUSIMH B NEKAPTOBHIX
KOODAHHATAX, ypaBHeHHs JlarpaHa WrpaioT, TeM He MeHee, BAXHYIO
pOb K4K B NPAKTHYECKHX NPUMEHEHHAX, TAK M B TEOPETHYECKUX HCC/e-
N0BaHMAX. B TeopHM OTHOCUTEIBHOCTH OOWMH TEH3OPHLIM aranus mpe-
ClefyeT aHAJOTHYHYIO LEfb.

B 0611eM TeH30pHOM aHa/IM3e UCXOLHBIMU SBAMIOTCA Bhpaxkenus (36.01)
u (36.02) nag kBanpaTa UYeTHIPEXMEPHOTO TpajMeHTa W N/ KBajapaTa
MHTEepBata. DTH BBHIPAXEHUS XapaKTepHUSYIOT, KaK TOBOPAT, Mepoonpede-
Aenue WIN Mempury TNPOCTpaHCTBa-BpeMeHd. Kosdduuuent g7f u gug
B HUX paccMaTpUBAIOTCH, KaK (QYHKUMH OT TepPaMeHHBIX  Xg, Xy,
Xg Xg.

Ecau, Kak MBl 3T0 10 CHX HNOp Hpennosaranu, suipaxenus (36.01)
u (36.02) nmonyuenn ua (35.01) u (35.02) [uam us (35.08) u (35.09)]
BBEJGHUEM HOBBIX TepPeMeHHbIX, TO Kospouuuents! ¢f um g3 B HUX
npeactasuMbl B Bune (35.13) u (35.15). Hpyrumu caoBaMu, B STOM
cayuae necaTh Kos(PQUUUEHTOB g,.g BHIPAXKAIOTCS ueped udeTblpe (yHK-
wan f,, fi, fa fy 10 Gopuyae

S

g = Ee Of Ui (36.03)

k9%, Oxg )
k=0

Yepes Te ke veTblpe (YHKUMH BHIPAXalOTCHA, BCACACTBUE COOTHOLIE-
nutt (35.16), u xospduumeHth g6,

CyluecTBeHHO, ONHAKO, OTMETHTb, YTO (OpPMYJabl OOWEro TEH3OPHOro
aHa/M3a TOYTH He YCAOXKHAIOTCS M B TOM CJayuae, KOTAA NPEANONOXeHHe
0 TPenCTABUMOCTH go3 B BuAe (36.03) He nemaerTcs, a 3TH BETHYHHDI
paccMaTpHBaIOTCH, KaK 8afaHHble QYBKUKMM OT KOOpPAMHAT (T. €. OT nepe-
MEHHBIX X, X;, X3, Xg). DToH Oosee obwel TouKe speHHs COOTBET-
CTByeT BBe[eHHE NJ9 NPOCTPAHCTBA M BPEMEHH HeeBK/IHLOBOH TeoMeTpHH
M HeeBKAMNOBOR MeTpuku. Takol war osHayaeT yXe BHIXOL 33 Mpenesl
06bIYHON (TaK HA3bIBAEMON ,YaCTHOM®) TEOPHHM OTHOCHTEJBLHOCTH M CBSi3atl
¢ MOCTPOEHHEM HOBOH (HBHYECKOH TeOPUM — TeOPUM TArOTEHUA IHH-
wredHa. IDToH Teopuu OynyT NOCBALIEHB! CASNYIOWME IV1ABbl 9TOR KHUTH.
B Hacrosiuelt e raaBe Mbl BCTAaHeM Ha YHCTO (OPMaTbHYIO TOUKY 3pe-
Hud ¥ OyaeM pasBuBaTh OOWMH TeH3OPHBIR aHAAM3 B NPEANIOIOXKEHHUH,
YTO MeTPMKA HAM 3alaHa M YTO BEJHYHHBl .3 MPEACTABASIOT H3BEeCTHBIE
GyHkuMKM OT KoopauHaT. Takoe M3J0XKeHHE MPeACTABJISAET MPEHUMYIECTBO
B IBYX OTHOLIGHMAX. Bo-HepBblX, MbH MOXEM HaWTH Te YCJIOBHA, KOTO-
PbIM LO/KHB! YLOBJACTBOPATh BEMMYMHB! Zog AAA TOTO, 4TOOB OHM OblIH
npeactasumbl B Buae (36.03); Mbl noayumM Torna oO6uie-KOBAPHAHTHY!O
(opMyaHPORKY OOLIYHOH TeOpHUH OTHOCHTEAbHOCTH. Bo-BTOpBIX, 0OuwuA
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TEeH3OPHbIM ana/M8 J1aeT HaM TOTOBBIM MaTeMatHuecKul amapar nas $op-
MYJ/JHPOBKU TEOPUH TATQTeHUA DHHIITeHHA.

[Tpexne veM NEPexOOHTb K CHCTEMATHUECKOMY H3JOMXEHHIO TeH30p-
HOr0 aHaiu3a, yCTaHOBUM CBS3b Mexny ssipaxkenuaMu (Vo) u  ds?,
CYIIECTBYIOLYIO TIPH YCAOBHH

3
20 Buul™ =18 (36.04)

HESABUCHMMO OT MPEACTABUMOCTH go B BHme (36.03). ITokaxeM, yro ecau

byHKIHS @ (X, X, Xg X;) yHOBIeTBOpseT ypasHeHuio (Vo) =0, 1o

andbepeHiinanbl KOOPAUHAT, CBS3AHHLIX COOTHOUICHHeM ® = const, ynos-

JeTROPAIOT ypasHennio ds? = 0.
Monoxus

do

0x,

0, = (=0, 1, 2, 3), (36.05)
HanumeM ypassenne (Vo) =0 B Buse
3
G= > ghow;=0. (36.06)
a, 3=0

DTO ypaBHeHHe B YACTHBIX MPON3BOAHBIX AJ48 ® TOro Xe THUNA, Kak
vpaBHeHHe [ aMMibTOHAa — fIKOOM KaacCHYeCKOR MeXaHUKH, H MOXeT OhiTb
pelleHo auajsoruuHbM crocoboM. Ecmu HanucaTe ero B BUAE, pelIeHHOM
OTHOCHUTENRNO !

0, =— H(o, o, o), (36.07)

10 ¢ynaxuua H Oyner coorBeTcTeylouiell GyHKuuel TamuiabToHa, H
ypaBHeHHus [aMHALTOHA HanMWyTcs

dxy _ OH , dop __ oH .
T = e dmy = T owe k=1, 2, 3). (36.08)
Ho
O0H _ 0wy __ (07 0U
gor =~ dor = Go ) () (36.09)

M U3 nepBbix Tpex ypasHeHu#t (36.08) caenyer, yro auddepeHumanb
dx, (¢=0, 1, 2, 3) 6yayT NpoONOPUUOHAIbHBI Y4CTHBIM [IPOU3BOLHBIM
ot G no &,. O603nauas GeCKOHEYHO Matbiit KO9PPHLUHEHT PONOPUHOHAIb-

1
HOCTH Yepes — dp, OyleM UMeTb

3
dp 0G y
dx, =L = dngg’/ng. (36.10)
=0
Pewas npu nomoim (36.04) ypashenua (36.10) oTHOCHTEIbHO @,
10Ty UM

B
o dp = 2 gup dxig, (36.11)
p=0
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1OC/Ae 4ero QUEeBMIHOE PABEHCTBO

3
Mo, dx, =0 (36.12)
a=0
aAaer
3
ds? = | gepdxadx;=0, (36.13)
a, f=0

uyTo U TpeboBaIOCh AOKa3aTh. TakuMm oOpasoM, ecau Mb OyleM HONpex-
HeMy paccMatpupaTh (Vo)? = 0, xak ypaBHeHHe POHTA BOJHB, TO MHi
MOXEM YTBepXKAATh, YTO A5 TOUEK, HAXOMAWMXCA Ha (POHTE BOJHLL,
AUpPepeHiUMany KOODAUHAT M BPEMEHU CBA3aHBI COOTHOLIeHueM ds? == 0.

B nanbHedmeM Mb OyneM CYMTATh BeauudHbi g% 3aqanHbIME (YHK-
UMAMH TIeDEMeHHbIX Xo, Xy, X5 X3 # OyAeM JHIIb TIPEANOAaraTh, uTo
OHM 00/]aNal0T HENpephiBHBIMKH T[POU3BOAHBIMU BCEX pPaccMaTPHUBAEMBIX
NOPANKOB U YIOBAECTBOPAIOT HepaBeHCTBAM, (OPMyJHDORAHHEIM B § 35.
Hapsiny ¢ ¢GyHKuuAMU g3 Mbi GyneM paccMaTpusaTh ¢YyHKuuu g%, cps-
BaHHble C MepPBbIMM cooTHOLIeHUAMHU (36.04). YcnoBua npencTaBUMOCTH Lug
B BHe (36.03) Oynyt ycraHoBaeHb B naibHeftieM (§ 42).

§ 37. OnpepeneHve BekTOpa W Tenzopa. Tenzopuasa aareGpa

B rensopHoM ananuse nOCTOAHHO NPHUXOAHTCA HMETb M0 C CyM-
Mamu, nonobubiMu (36.01) u (36.02), B KOTOpHX 3HAUOK CYMMHPOBaHUA
BXORAMT IBa pasa. Caelys npelnoxenuio DRHLITe#na, Mbl BBeleM [f
9THUX CYMM CcoKpaleHHoe o0o3HaueHHe, KOTOpPOE B3aKkaioyaeTcd B TOM,
YTO 3HAK CYMMbi ONYCKaeTcs, a CYMMHDOBaHHe MO ABAXIbl BXOAALLEMY
3HauKy noiapasyMeBaercd. IIpH 3ToM Mbi ycaOBUMCS CYMMHpPOBaTh 1o rpe-

YeCKMM 3HaukaM ¢, B, ... B npemenax ot 0 no 3, a no JaTHHCKUM
3HaukaM I, R, ... —ot 1 no 3. [lpumeHnsas stu oOO3HAYEHUS, Mbl MOXeM
nyucaThb, HanpuMmep, BMeCTO
3
ds? = | g3 dx,dxy (37.01)
o, =0
npocTo
ds? = gaa dxa d.?CQ (3702)
WM e, €CTH MB XOTHM BBUIETUTb KOODAMHATY *) X,
ds? = goo Axo -} 280 dxo dx; - gy dx; Ay (37.03)

ATH cOKpalllecHHble OO003HAYeHMA OKa3biBAOTCd OYeHb YAOOHBIME M He
NPUBOIAT K HeLOpasyMeHUAM. B Tex pelkux cayuasx, KOria CyMMHDO-

*) Jlns epquno06pasus Mel 6yjeM Ha3hBaTh 3/eCh KOOPJAHHATaMH BCE HeThIpe
nepeMeHHBIE X, Xy, X2, X3 HECMOTPS Ha TO, YTO Xp HMeeT XapaKTep BpeMeHH,
a He NpPOCTPAaHCTBEHHOH KOOpAMHATHL B aHaNOrHYHOM CMbicie yrnoTpedasercs
TEPMHH ,TaNiHNeeBbl KOOPJHHATHI,
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BAHHME 10 [ABAXIb! BXONALEMY 3HAUKY He NPOM3BOAMTCHA, Mbi OyneM 3T0
crielManabHO orosapusath, Hanpumep, B TOM YacCTHOM ciyuae, KOrnd Bhi-
paxetive (36.02) cpomurca K

ds? = dx}— dx? — dxi—dx3, (37.04)
Mbl OyneM mHucaTh
&up == €043 (6e3 CyMMHpOBaHHS). (37.05)

OnpeneneHde KOBAPHMAHTHOIO M KOHTPAaBapHAHTHOTO BEKTOPOB Obilg
IaHo HaMu nas caydas (37.05) B § 20. Popmyamt (20.12) u (20.13),
KOTOpbIE Mbl Tereph MOXeM NMHCAaTh B BHIe

0
A= 5? Aq, (37.06)
ox
9 __ o B )
AT = A, (37.07)

MOLYT CAYXHUTb OnpeledeHHeM BeKTopa u B oflueM cayuae. Kak W panbiie,
KoBapUaHTHHE BeKTopbl OyAyT 0603HauaThcd OYKBAMM C HIXHHUMH 3HAU-
KaMH, a KOHTpaBapHaHTHbic — OYKBAMH C BepXHHUMM 3HauxkaMu. IIpu sToM
o AuppepeHuranos KOOPAMHAT Mbi OyleM [elaThb HCKJIOUYEHHE U M-
caTb MX B BUAe dx, HeCMOTPA Ha TO, YTO OHU MPEACTABJIAIOT KOHTpa-
BAPHAHTHBI BEKTOD.

Takum 06pasoM, KOBADHAHTHbLIN BEKTOD MOXeET ObITh ONpelencH, Kak
COBOKYNHOCTb YeThipeX BEJHYMH, Mpeofpasyioliuxcs, KaK YacTHbie Npo-
H3BOJAHBE OT HeKOTOPOH @YHKLUMM mO KoopAMHATaM. AHa/JOrHYHO, KOH-
TpPaBAPUAHTHbIH BeKTOP NPelCTaBJSAET COBOKYNHOCTb YETLIPEX BEJHYMH,
npeobpasyouuxca, kKak AH@depeHnyatb KOOpAUHAT,

B roM cayuae, xorma ds? umeer sun (37.04) M Koraa Mbi uMeeM
Ieso JUllb ¢ npeobpasoBahuaMu JlopeHua, kosgdulueHTh B QopMynax
npeobpasoBanus (37.06) u (37.07) mocrosuubi. B ofuieM xe cayuae
TPOMBBO/BHBIX NPe0Opas3oBaHuit 9T KoaduumenTh MepeMentbl. B cryuae
npeoOpasoBanuit JlopeHUa BeKTOp He 00A3aTeqbHO MOMKEH OTHOCHTbCA
K onpelefeHHOR Touke MPOCTPAHCTBA, 4 MOXKeT ObiThb ,cBoGoAHBM “. Tlpu-
MepOM CBOOONHOrO BEKTOPA ABJAECTCH BEKTOP SHEPrHHM — KOJHYecTBA ABH-
KeHHUAd  MaTepuUaabHON cuCTeMbl. (AHaJAOTHYHO, CBOOOIAHBIM TeH30POM
ABMAETCA TEH3OP MOMEHTa KOJMYeCTBA [BHXEHHS M ILGHTpPAa MHEPUMH CH-
cteMbl). Hamporus toro, B cayuae oOWUX npeoOpasoBaHU# KOOpAHHAT
(¥ naXe npu NMPOCTOM Nepexofe K KPUBOAMHEeHHbIM KOOPAMHATAM) BEKTOD
HENPEMEHHO TNPEeANoNaraeTcs CBA34HHBIM C ONpefle/eHHOR TOUKOR mpo-
cTpaHcTBa. TaKkuMM CBA3aHHBIMM BEKTOpaMH SBJSIOTCA BeKTOPH moas (Ha-
MpUMEp, MOAA  CKOpOCTed CIUIOWHOH CPelb), COCTaBJAIONE KOTOPbIX
ABMAIOTCA  (YHKUMAMM TOYKH, T. €. (PYHKUHMAMH OT KOODAMHAT X4 Xy,
Xy, Xg. HO cBA3aHHBLIA BeKTOpP He 00A3aTe/NbHO NOMMKeH OHTb ONpeleneH
B HEKOTOPOH KOHeuHoH o6gacTM NPOCTPaHCTBA-BpeMeHH; o0aacTbh ero
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OfIPENE/EHHS MOXET CBOLUTHCH M K HeKOTopolt KpUBOH (nanpuMep, Bex-
TOP KacaTelbHOR) MAM K HeKOTOPOH nOBEPXHOCTH (HampuMep, BeKTOp
nopMaan). Te xe 3aMeyanusa OTHocATCS M K TensopaM. Taxkum obpasom,
B o0llleM TEH3OPHOM aHaqu3e Mbi OYAEM MMETb ead CO CBA3AHHBIMH BeK-

TOpaMu W TeHaopaMu. JI1a HuX 3Hayenus nepeMeHHbiX K03(HUIIMeHTOB

ax

npeo6pasoBaHus o—; M T. 4. NOJKHL ORTb B3ATbI B TOH TOUKE, K KOTO-
-8

POl oTHeceHb M camile BeKTOp MM TEH3Op.

OnpenedecHue TeH30pa aHAJOTMYHO TOMY, Kakoe Obiio naHo B § 21
s cayvas npeoGpasopauuit Jlopenua. Popwyas (21.01), (21.03) u
(21.05), naiomue npasuaa NpecOPa3oBaHHs KOBAPMAHTHOrO, KOHTPABA-
PHANTHOrO M CMEIAHHOTO TEH30POB BTOPOr0 paHra, OCTalTcs B CUIe H
B oOleM TeH30pPHOM aHaiuse. B npuHATHX HaMM 0603HaueHHAX 3TH Qop-
Myabl HanuulyTCs

’ 0x, d;cB 37.08
W — E'CZEZ' ads ( : )
I dx; o;c:
:0;6,, a—% », (37.09)
, ox, 0x, a

Takum o6pasoM, TEH3OPOM BTOPOro palra (KOBapHAHTHBEIM, KOHTpaBa-
PHMAHTHHM M CMElIaHHLIM) HasniBaeTcsl COBOKYMHOCTb BeMMYMH, npeobpa-
8YIOULMXCA, COOTBETCTBEHHO, no 3akoHy (37.08), (37.09) u (37.10).

CeoffctBa CHMMETPUM WJAM aHTHCHUMMETDUM TeH30pa BTOPOrO paHra
(KOBAPUAHTHOrO WM KOHTPABADHAHTHOrG, HO HE CMEUIAHHOrO) NpU Mpe-
obpasoBanuu coxpauaioTcs. B camom nene, usvenus B (37.08) o6osha-
Yyeiius 3HaYKQB, Mbi MOXeM Hanucarthb

’ ox, Ox

Tow=—r — Ty, 37.11
l dx; o;c: i ( )
[MosTomy, eciu MLl TOI0XKHUM
28,5 = Ty T, (37.12)
2Aa3 = T“‘S - T‘g.‘(, (37 13)
M aHAJOTHYHLIM 00pasoM Onpene’aum S:w H A"”, TO Mbl OyleM HMeTb
’ 0xa ()XB
Ops = 7 777 Vuds 37.14
B d;c‘i d;c" ’ ( )
dx, 0x
= (37.15)

o 37 7
d;cXJL Ox,
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Beanunnbi S, MOXHO HasBaTb CUMMETDHYHOM, a BenMuMHn A,q— aHTH-
CHUMMeTPHYHOH uacTbio Teudopa T,3. Vs dopmyn (37.14) u (37.15) cae-
AyeT, YTO KaK CHMMETDHYHasd, TaK M aHTHCHMMETPHYHAA YacTb TeH30pa Tq
npencrasager cofoi0 TeHsop. [loaTomy, eciu TeHsop T,3 cam CHMMCTpH-
yeH, Tak yro A,3 =0, 70 Oymer u A, w =0, T. e. npeobpasoBaHHbI}
TEH30p T, w TaKXKe OyNeT CUMMETPHYEH. AHaJIOl‘H‘{HO, ecan TeHsop T,

aHTHcuMMeTpHyeH U S,3 =0, To Oyner u S, w =0, Tax uro npcoépaso-
BaHHbill TeH30p T , OCTaHeTcs aHTHUCHMMeTpUYHBIM. Te e paccyxnenus
MOTYT OHITb HpHM(.HeHbl K KOHTpaBapuautHoMy Tteusopy TP, Uro xa-
caeTcd CMeLIaHHOIo TeH30pa Tg, TO €ro BePXHHH M HWKHUH 3HAUKH BXO-
1T B ¢opMyay npeobpasoBanud (37.10) HeoNLHMHaKOBHM 06pasoM, BCael-
CTBUE Yero pasiencHHe ero Ha CHMMETPHUHYI0 M aHTHCHMMETPUYHYIO
YacTh He MMeeT HMHBAPHUAHTHOrO CMbiC/a.

BechmMa BaXHBIM NpUMepOM CHMMETPUUHOIO TEH30pa BTOPOrO paHra
fIBIACTCA COBOKYNHOCTb KO3(QUUUEHTOB g, B BhipaXenuu naa ds?, To,
uTo KO3(QQUUUEHTH! g, CUMMETDHYHBI OTHOCHTE/LHO CBOMX 3HAYKOB, BHI-
TeKaeT HeNMOCPeACTBeHHO U3 HX onpefenehud. To, uTo OHM oOpasywor
TEH30p, BHTEKaeT W3 WHBADMAHTHOCTH BHIpAXeHud Aas ds®. B camom
Aene, Mbl UMEEM NPH MePexONe K HOBBIM MEPeMEHHBIM Xj, X, X, Xj

g;w dx; dx: = gup dx, dxs, (37.16)

OTKy 14
’ O0xy 0xg 37 17
gu‘a—gaﬁox;'o—;c—" ( . )

a 3TO eCTb 3aKOH NMpeo0pasoBaHMs KOBAPUAHTHOro TeH3opa. TeH3op g,3
Ha3plBaeTCd (YHLAMEHTAIbHBIM MM METPHUYECKUM TEH30POM.
CoBOKYNHOCTb BeanuuH g%, onpefenseMbix U3 ypasHeHUH

&g, =, (37.18)

TaKXe npelcTaBageT co0OI0 TeH30Op, NpHYEM STOT TeH30p OYAET KOH-

TpaBapuaHTHHIM, JloKaXeM 5T0. B WITPUXOBAaHHOM CHUCTeMe OTCYETd Mbi
’ /|

uMeeM A1 g, BHPaXKEHHE (37.17), a g’ noayuaerca u3 ypasBHeHUH

g g, =3k (37.19)

C npyro#t cropoHbi, ecad g7 ecTb KOHTPABAPUAHTHHA TEH30D, TO MM
JLO/DKHBl MMETb

g =g a—za/ﬁa. (3720)

Ham HyXHO nokasaTs, uro o6a ompelenehus g'** cosmanaor. Tak Kak

A
pewenue ypashenuit (37.19) oTHocuTeabHo g eNMHCTBEHHO, TO 1/
9TOr0 NOCTATOYHO MpOBEPUTb, YTO Beipaxenua (37.20) ynoreTsopsiOT

11 3ax. 485. B. A. ¢ok
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ypasHeuuam (37.19). DTo Jerko chenarh, UCXONsS U3 PABEHCTB!

0x,0x, O

e e g, (37.21)
0x, ox, 0x,
I4 ()X’ o;cq
Do = g - (37.22)
o;cp ox,

MoncraBaas (37.20) 8 (37.19) u nmoaw3ysch cnepsa (37.22) u 3aTem
(37.18), Mb noayumM UeNb paBEHCTB

, R ox, 0x, ox ox
Vg, =gtg, — =gt =
3 xﬁ « v

@ 0% 0% 0%, 0%y oy, (37.23)

“0x, 0x, ox,0x,

KOTOPas ¥ NPUBOAMT K paseHcTBy (37.19).

BeanunHe g7P HaswBawTCAd KOHTPABADMAHTHHIMU KOMIOHEHTaMU (yH-
IaMeHTaJbHOMO TEeH30pa, TOMAd KaK g, fABMIOTCA €ro KOBAPAAHTHHIMH
KOMIOHEHTAMH,

Hcnoabsosannoe B (37.23) paBeHCTBO

14
. d;cl* ox,

7/
®ox, 0x,

3

=g (37.24)

NMOKAa3bIBaeT, UYTO COBOKYNIHOCTb BeJHYUH

{1 Apu  po==y,

ot =
0 mpu vy,

v

(37.25)

OIMHAKOBad BO BCeX KOODIMHATHBIX CHCTEMaX, MOAXOAHT NOA Onpelese-
HUE CMeUIaHHOTo TEeH30pa BTOPOro pAaHra.
Ecau nau xoBapuanTHbif BexTop A,, TO COBOKYMHOCTb BEIHYHMH

Ap = g4, (37.26)
OyneT, KakK Jerko MpOBEPUTb, MpeobpasoBLHBATLCA, KAaK KOHTPABAPHAHT-

Hbifl BeKTOp. DT 1Ba BeKTOpa Mbi He OyNeM CUMTATh CYLULECTBEHHO pas-

JUYHBIMM, 4 GyIeM roBopuTh o Beauunhax A, u A¥, Kak o KoBapuaHt-
HblIX M KOHTDABAPHAHTHHX KOMIOHEHTax OMHOTO M TOro Xe BeKTopa.
Onepauuio, BupaxaeMywo pasencTBoM (37.26), HA3HBAOT #A8 KPaTKOCTH
NOAHATHEM 3HauKa y BeKTopa A,, a oOpaTHas onepallus

A,=g,A" (37.27)

Ha3blBaeTcd OnycKaHHMeM 3Hauka. [ToAHATHE U ONycKaHHe 3HAYKOB MOXHO
NPOUSBOMMTL TaKXe y Tersopos. Hanpumep, us koBapuanTHoro Tensopa Ty,
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MOMHO 1yTeM MNOLHATHS B3HAYKOB COCTABUTH KOHTpaBapHaHTHbIH TEH30Pp

Tor = go2giBT g, (37.28)
U3 KOTOPOro, 00paTHO, MCXOLHBIR TEH30p NMOJyYaeTcs o (GopMyae
Ts*v = 888 TR, (37.29)

[pu 9TOM, QUEBMIHO, CBOHCTBO CHMMETPHM WM AHTHCUMMETPHM TeH30Da
coxpansercs. [IpM COCTaBICHHM CMELIAHHOrO TeH30pa HYXHO ofpallaTh
BHUMaHHMe Ha TO, KaKOH MMEHHO 3HAYOK NoOLHUMaeTcd (MAM OMycKaercs).
Jlas ICHOCTH MOXHO MeCTO NOAHATOIO WM ONyLLeHHOrO 3Hauka 0603Ha-
yaTh Touko#. Hanpumep TeHsopb

™ = g**T,, (37.30)

TE =g"T, (37.31)

6yayT cOBNManaTh TOABKO eCaH TeH3op T3 cuMMeTpuueH. B srtoMm cay-
yae MOXHO TOYEK M He CTaBUTh, a MHUCATh MPOCTO
o o
TV = g™ T, = g"T.,. (37.32)

oY

Has NPOCTOTHI NMUCbMAa Mbl pAacCMATpUBANM A0 CHX TOP TOJbKO BeK-
TOPbl M TeH30pbl BTOPOro paHra. AHanoruuHoe onpeneaeHue MOXHO 1naTthb
M TeH30paMm 60/ee BBICOKOTO panra.

KOBapPIaHTHblM TEH30POM PaHra n HasbiBaeTCd COBOKYMHOCTb BEIHYHH,
ﬂp€06pa3leLU.HXCﬂ 0o 3aKOHY
()Xa, ()Xu, O0xu

/!
App,...p, = Au — — % (37.33)
1Ba e By oy oo Oy 7 T e T e .
dxﬁl ();cBg o;cBn
AHanoruyHo, KOHTDABAPHAHTHHIM TeH30POM pAaHra 7 Ha3LBAETCd COBO-
KYMHOCTb BEMMUMH, MPeoOpasyouluxcs MO 3aKOHY!
14 ’ /!
();CBl ();CBa o;cBn

B/Bxﬂa oo Bn —_ B“Aan e By . (37.34)

0Xs, OXa, =~ ° Oxu,,
Hakoheu, cMemaHHb# TeH30p paura n, uUMen'wui B KOBApHAHTHEIX U m
KOHTPaBapHaHTHHX 3HaukoB (mMpuueM R —m ==n), ecTh COBOKYNHOCTb
BE/HYHH, NPeoOpasyloluxcd Mo 3aKOHY

C’p., NPT By ee oxl"'l ox"‘m ()XB‘ axsk
.. m:CB ---Bm . T e s T (37.35)
Lo g i k 0xx 0Xa,, 0X, Oka

M3 KOBAPMAHTHOrO TeH30pa paHra # MOXHO MNOAYYUTh KOHTPABAPHAHT-
HbIl TEH30p TOro Xe pavra mo gopmy.e

[TRRPRNTS %1 2 u.
A n=A, .. e, 8 - & (37.36)
1%
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NpUYeM B TOM Cayyde MOMHO TOBOPATb O KOBApPHMAHTHBIX M KOHTpasa-
PHMAHTHBIX COCTABIAIOIMX OIHOrO M TOro Xe Tensopa. IlyTeM monnaTus
HE BCEX, 4 HEKOTOPHX 3HAuKOB MOXHO M3 KOBADHAHTHOrO TeH30pa mouay-
4UTh TaKXe CMeLIaHHBI TeH30p TOro e paHra (MecTa MONHATHIX 3HAY-
KOB Iafl ACHOCTH 0O003HayaioTcs Toukamu). -Ma NByXx TeH30pPOB paHroBs R
H M MOXHO, MyTeM HepeMHOXeHHS MX COCT4B/ISIOMX, MOCTPOUTb TEH30p
6oJee BHICOKOTO paHra n =Rk -} m. Mub uMeeM, 019 KOBAPMAHTHHIX TeH-
30pOB,

Ay, ...0,B (37.37)

oo :Ca, eu O

.ak dk+1..n n

M aHaJoruuHbie (QOPMY/b A1 KOHTPABAPDHAHTHBLIX M CMellaHHHWX TeH30-
poOB.
M3 maHHoro teHsopa A, .. u, PaHIa 1 MOXHO MO dopmyae

Au. e un_'zﬁygm == lgm1 (37.38)

*n-2
NOCTPOUTh HOBHIR TeH30p B“x-'-“n-z’ pPaHr KOTOPOro Ha IBe elMHHILH
MeHblle pAaHra NaHHOrO TeHsaopa. Takas omepauus HasbBAETCH CBEPThHI-
BAHMEM N0 COOTBETCTBYIOLMM ABYM 3HaukaM. B dopmyne (37.38) cmep-
ThiBAHUE MPOU3BedeHO MO MOCAeNHMM [BYM 3HAauKaM; OUYEBUIHO, uTO
peayabTaT OyAeT 3aBHUCeTb OT BhiOOpa ToOM NMaphl 3HAYKOB, IO KOTOPOH
npousBouTCs cBepThiBahue. CBepThiBaAHME MOXHO INPOM3BECTH B 1BA
npueMa: cnepsa NMOAHATb OAMH M3 3HAUKOB o ¢opMy.e

(37.39)

¥ 3aTeM, NMPUPABHSB NPYro# 3HAYOK a,_, NMOAHATOMY 3HauKy B, Mo HeMmy
IPOCYMMHPOBATh

Ay d 8= Bay e (37.40)
CsepThiBaHHe TeH30pa BTOPOrO paHra naeT cKajasp
T,.g~=T, (87.41)
KoTOpHlt OyleT TaKXe paBeH
T =T'=T. (37.42)

To, uro CBepThiBaHHe ABYyX TeHsopoB (37.30) m (37.31) maer onmum wu
TOT Xe Pe3YAbTAT, BIOJHE MOHATHO, MOCKOAbKY cKaaap T 3aBUCHT TOabKO
OT CHUMMeTPUuHOM uacTu Tensopa T, a A1 CUMMETPHYHOTO KOBAPHAHT-
HOro TeHaopa o6e (opMbi CMEIIdHHOI'O TEH30pa COBNAAAOT.

CsepTeBaHHE BEKTOPA HEBO3MOMXHO, MOCKOJbBKY OH CONEPXHT TOJBKO
onut 3Hayok. Ho U3 nByx BekTopoB A, M B, MOXHO MOCTPOUTb TEH30P
BTOPOrQ paHra, KOTOPbIfl 3aTeM W NMOABEPTHYTb CBEPTHBaHMIO. B pesyib-
TaTe MOJAyuaeTcs CKaaap

gwAB, = Av.BP = A'B,, (37.43)
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KOTOPHH MOXHO Ha3BaTh CKANAPHLIM TNPOU3BENEHHEM LBYX BeKTOPOB A,
u B,. Ecmu ofa BexTOpa cOBManaiT, TO COOTBETCTBYIOULH CKaJIﬂp
paBeH

gWAA, = A A (37.44)

3HaK TOTO CKaJAAPHOTO NPOM3BENEeHUA BEKTOpPa Ha caMoro cebs Mo3Bo-
JfeT MONPA3NEeJUTh BEKTOPbH Ha BPEMEHHO-NOLOOHBIE (AN KOTOPHIX

A,A* > 0), Ha NpOCTPaHCTBEHHO-MOROOHbE (Ans KoTophix A A+ < 0) un
Ha Hyaesbie (Aaa kotopwx A,A*=0). 1o nolpasiencHue CcOBMANAeT
C TeéM, KOTOPOE Mb paccvxa’rpnsam B § 20,

Ecin naubi IBa BpeMeHHO-NMOLOGHBIX BeKTOpa AP M BP, MHBapHaHTHi
KOTOPHX PaBHB €IMHHIE, TO MX CcKaasapHoe Mpouspeldewne OyneT Mo
abcomoTHON BeanyuHe Goablle enuHMUb. JIpyruMM C/10BaMH, U3 ycaoBuft

g A =1; g, BB =1 (37.45)
BLITEKAET
| 8., A¥BY | > 1. (37.46)

HoxaxkeM sto. Ycaosue (37.45) nns BextTopa A* MoXeT ObITh HAamUCAHO
B BHIg

SR 2 .
(VgooA°+ }Jog“ Ai) —(g——"gz" —gm) AtAk =1, (37.47)
MM Kopoue
g%(AO)‘Z g AlAR =1, (37.48)
1
rae Mbl HOJOXHUINU
Ay = é%—gm. (37.49)
AH4/10rM4YHO ”
BB = Ei? (B — aBiBF = 1. (37.50)

C npyro#t cTOpoHb!, CKanapHoe NMpousseliexde A,B* pasho
A,Br= :gl;, AB,— agAiBE. (37.51)

B cuny ycraHosaeHubix B § 35 HepaBeHCTB N g,, BEJMYHHb 4y OyRyT
KoauuMeHTaMH oNpeleeHHO) MoaoXHUTe bHON KBaApaTHyHo! (OpMBI,
[TostoMmy Oyner

|agAiB*| LV ayAtAk .V a,BiBE (37.52)
M eCJAH Mbi MOJOXHUM
A=V ayAA%; B=1V ayBBt, (37.53)

Mbl OyneM HUMeTb

|40l =V VTF & |Bo| =V gV T+ 5,
lagA*B*| < AB, (37.54)
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H, CJIeHOBATENbLHQO,
|4,B*|>V T+ A2V 14+B—A4AB> |, (37.55)

4TO ¥ TpefoBaNOCh NOKA3aTh.
3aMeTuM, YTO CIpaBelfMBOe N4 BPEMEHHO-MOLOOHBIX BEKTOPOB He-
pasencTBo (37.46), HammcanHoe B BUIE

lg,.A*B* | >V g,.A* A - V g, ,B*B, (37.56)

anagaornyto (37.52), Ho uMeeT oOpaTHb# 3HaK, YTO NMPOUCXOLHT U3-34
UHAeDUHUTHOCTH METPHKH.

Ilns BpeMeHHO-NMOLOOHOTO BEKTOPA 06e HyJeBbie COCTaBJAIOL e (KOBA-
pHAHTHAs W KOHTPAaBApMaHTHad) BCerja MMelOT ONMH M TOT JKe B3HaK.
[peanonaras, uto A, >0 u By >0 (u, crenosareapto, A°>0 u B°>0),
Mb MoxeM (opmyay (37.56) nanucath B BHIE

AB >V AA . VB,B (87.57)

B sak/mouenne 3Toro maparpada paccMOTpUM MOHATHe NCEBAO-TEH-
3opa B OOLEM TEH3OPHOM aHause. B § 22 Mb BBeIM COBOKYMHOCTH
BENHUHH €,3.5 AHTHCUMMETPHUHBIX OTHOCHTEIBHO BCeX CBOWX 3HAuKoB,
MPHYEM Sqi9, = |. DTH BeqMuMHB YHOBAECTBOPAKT COOTHOWeHHIO (22.02),
KOTOPOE Mbi, B HECKOJIbKO M3MeHeHHBIX 0003HAYeHMAX, HANMUIIEM B BHLE

0x, 0.xp 0x; 0xy
“eP1d 9x, Ox, 0%, 0X,

D2y (37.58)

rie D ecrtb axobuan®) (35.11). C npyro#t cTOpOHH, MOAb3yAcCh MpaBH-
JIOM YMHOXKEHUS oNpelenuTenell, HeTPYILHO NOKa3aTh (opMyay
Det g, = D? Det gy, (37.59)
npeacrasasoyo obobienue dopmyab (35.18).
[Mepenmucas sty ¢opmyay B Bune
g=D% (37.60)

U MsBJEKad [OCAE M3MeHeHMs 3HAKa MOJOXHTEAbHBIR KBaApaTHHR KopeHs,
N0y YHUM

V—g=I|DIV=¢. (37.61)
DTo MaeT HaM 3aKOH NPeo6Pa3OBaHUA ONpelenurens g. YMHOKHM Temepb
o6e uactu (37.58) Ha YV — g’ u nmonokum

El,wpq == V'_gsp.vpa’ (3762)
E;Bﬁ =V — &2 (37.63)

I

. B ¢gopmyae (22.02) uepes D 6 ofo3Haded sAKOOHAH 06paTHOH MOACTa-
HOBKM.
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Mul MoxeM Toria Hamucath ¢dopmyay (37.58) B Bune

E ()x; dxy ()x; ()xg E
oBy3 5/—(—‘; Emoxc = sgn D - popa? (37.64)

rie sgn D=1 ecTb 3Hak sxobuana D. Dta ¢opvyna MOKasbipaer,
YTo Al NMPe0OPa30BAHMM C MONOKHUTEIbHBIM SKOOMAHOM BeauuuHbl £,
npeofpasyoTcd, KaKk KOBAPHAHTIILIA TEH30p YeTBePTOro panra, a IJjs
npeo6pasoBaHuit ¢ OTpULATE/bHbIM AKOOHMAHOM 3aKOH HX Np206pasoBaHUA
OT/AMY4eTCH JHIIb 3HAKOM OT 3aKoHa Npz06pascBaHUs TAaKoro TeH3opa.
Taky0 COBOKYNHOCTb BEJMYMH Mbl OydeM HA3LIBAaTb AHTHCUMMETPHUYHBIM
ncesdo-menzopor. COOTBETCTBYIOLUI KOHTPABAPUAHTHbI! IICeBNO-TEH30OD
nonyuutca no oflie#t popmyie

El"~\'9c —_ "/ — ggxwg‘lﬁgp‘(g”aaca_‘a (37.65)
u OyneT paBeH
1

VY — gswc'

AHTUCUMMETPHYHBI NCEBNO-TEH30P YeTBePTOrO paHra IMO330MAeT COMO-
CTaB/IATb BCAKOMY aHTHCHMMETPUUHOMY TCH30DY BTOPOro paHra A
AyanbHbift MCeBNO-TEH30P

Ep.vpc —_—

(37.66)

A = L EbTA, (37.67)

¥ BCAKOMY AHTHCUMMETPMUHOMY TEH30PY TpeTbero pamra Ag, — Ayaib-
Hbil TICEBAO-BEKTOP

Ax = L E#rag,. (37.68)

Ecau aHTHCUMMETDHYHBIH TeHsOp Ajg, COCTaBAeH W3 TPEX BeKTOPOB 4,
b,, ¢, mo popuye

Ay = agh €3 4 a,bicp + agbse, — abpey — agbae, — aghcp,  (37.69)

TO Aya’bHbifl NCeBAO-BEKTOP OYAET MMETb COCTABIAOILME

a, a, a, Gy ay Gy
*
XOZ—V; by by by ; Al:‘{——]/l_r by b5 by
&l ¢y gy €l ¢y ey 0y
. (37.70)
. | ay, a, a, . 1 ay a, a,
An“—f—v—- bo by by|; A=A —— b b b,
T8l g ¢ gy Vg €y €1 Co
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MpONOpPUUOHATbHBE MUHOpaM (anreSpauyeckKuM NOMO/HEHHAM) 9/EMEHTOB
£ %10 B Eg ONp2uesuTens

€ b B2 &
a, a, a, ag
= . 37.71
A by by by by ( )
Co €4 Cy Cg
OueBuiHo, Oyner

Ava, = 0; A®,=0; A*c,=0, (37.72)

*
TaK 4TO NCEBNO-BeKTop A* OyleT MepNeHAUKYJ/APeH KaXMAOMy M3 BEKTO-
*

poB @, b,, ¢,. Tako# mceBnO-BeKTOP A* MOXKHO Ha3BaThb BEKTOPHBLIM
NPOU3BENEHUEM TPEX BEKTOPOB @y, by, 4.

§ 38. ¥YpasHeHus reone3Hyeckoll JHHUH

PaccMoTpuM IBE TOUKHM-MTHOBEHHS, COOTBETCTBYIOLLHME [10CIELOBATEND -
HBIM coObTHAM. Koopaunaret ux o6oshHaumM uepes xV u x3. Ilycts

MaTepHa/bHash TouKa [BMKETCA M0 HeKOTOpoH KpuBoR Tak, uro Ipu

1 1
Xo ==X e¢ NpOCTPAaHCTBEHHHE KOODAMHATbH DAaBHbI X = Xy), a mpu

2 2
.X,'O:}CE)) e¢e MPOCTPAHCTBeHHBIE KOOPIAMHATBH PABHBI xk:x%).

Tak xak cobutua x{V ¥ x npeanonaraioTcs nocaenoBaTe/bHBIMY,
TO TaKoe NBHKEHHEe BO3MOMKHO CO CKOPOCTHIO, MeHbieH CKOPOCTH CBeTd.
BpeMsi x, ¥ COOTBETCTBYIOLUKME €My INPOCTPAHCTBEHHBE KOODAMHATH X
MaTepua bHOR TOUKHM MOXKHO BBHIPA3UTh MapaMeTPHYeCKH 4eped HeKOTOphil
BCMOMOraTe/JbHb#l napaMerp p, MOJOKHB

X« = 9*(D), (38.01)
NPHYEM LOKHO OHITH
A = 0@ (p,);  x® = 9@ (p,). (38.02)
Tak Kax HBH:KEHHE MPOMCXOIHUT CO CKOPOCTBIO, MeHblIeH CKOPOCTH CBETE,
TO A BCAKOTO OeCKOHEYHO Majgoro MHTepBajga Mbl MO/KHb HMEThb
ds® = g,e"e" dp® >0, (38.03)

rie TouKaMu o0o03HaueHb NpousBoiHbEe N0 napamerpy p. O60sHauuBs
yepes § = CT KOHeyHb#l MHTepsan Memay MOCACHOBATE/IbHBME COOLITUAMH,
NpONOPUMOHAILHEIR TTPOMEeXKYTKY COOCTBEHHOTO BpeMeHH T, Mb OyneM
MMETh:

Ps
Szc'c::f Vgua(.Pa(;’B dp. (38.04)
pl
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PaccmoTpum Tenmepe 1Ba KBasu-omHOBpeMeHHBIX COObITHS. TOuUKM Mpo-
CTPAHCTBA, rie 9TH COOLITHA MPOU3OLINM, MBI MOKEM COeNMHHUTb HEKOTO-
poit KpUBOH, M KauIoW Touke Ha 9TOH KPUBOH MbI MOXeM COMOCTaBUThH
onpele/eHHbi MOMEHT BpaMeHu (T. €, HamMCATb AJf KaXAOK TOUKH CBOE
»YPaBHEHHE BpeMeHM®), npuyeM Kaxaas Napa 3THX NPOMEXYTOUHBIX
TOYeK-MPHOBEHHH NO/IKHA GBITb KBAa3U-ONHOBPEMeHHOR. AHAaIMTHUYECKM BUI
KpUBOR M ypaBHeHMe BpeMeHH MOTYT ObiTb MONpeXHeMy NPeACTaBACHb
npu moMmolln ypasHeHuit (38.01) u (38.02), HO Mpi yKe He MOXKeM TOJ-
KOB4Tb T ypaBHEHUS, KaK OMUCHBAOLLUE 08ujcerue TOYKU MO KPUBOH;
OHU OYLyT COOTBETCTBOBATH CMAMUY4eCcKOMY PACCMOTPEHHIO BCel KpUBOH
B uegaoM. Jlasg xampoft mapol NpOMexyTOUHBIX 6eCKOHeYHO OIU3KHX TOYEK-
MTHOBeHUH Mbt OyleM HMMeTb

ds? = gue"e’ dp” < 0, (38.05)
M NMPOCTPAHCTBEHHBI HMHTepBaa

Ps
= [V e 5.0
»
OyneT XapaKTepH30BATH ILJIMHY KDHBOH.

MoxHO MOCTaBUTb BOMPOC 06 SKCTPeMaJbHBIX 3HAYCHUAX BPeMeHHOro
uHTepBana (38.04) Mexay AByMs NMOCACAOBATENbHBIMH COOBLITHAMU M HpO-
CTPaHCTBeHHOro MHTepBana (38.06) Mexny ABYMS KBa3H-ONHOBPEMeHHLIMH
COObTHAMM. DTa BapMaLYOHHAas 3alaya NPUBOAMT K ypaBHeHHaM, ¢opMma
KOTOpEIX ONMHAKoBA B OOOMX cayyasx (Ajs BpeMeHHOro ¥ AJs MpoCTpaH-
CTBEHHOI'0 MHTepBaja). [TonyuyaeMble BapHaLMOHHbBIE Y PAaBHEHUA HA3LIBAIOTCH,
M0 aHaJoTUM C TeOpHel NoBepXHOCTel, YypaBHeHHAMH Teole3uuyeCKoi
auHud. Heo6xomuMo, o0LHAaKO, OTMETHTb, YTO B TEOPHUM HOBEPXHOCTEH
(rie kBanpaT OeCKOHEYHO MaJoro PacCTOfHUA eCTb ompeleseHHas MOa0-
KUTebHAsA popMa OT NUbPepeHINaN0B KOOPAUHAT) reofe3HuecKas JHHHUS
ABJIseTCs, BOOOWE TOBOPA™), Kpamuaijmed, TOTAa KaK SKCTPeMyM Bpe-
MEHHOI'O MHTepBala COOTBETCTBYeT er0 MAKCUMYMY, 2 SKCTPeMyM Npo-
CTPAHCTBEHHOrO MHTepBajsa He MpeACTaBafeT HHU MaKCHMyMa, HH MUHH-
myMa. [locnentee yTBepkIeHHe JieTKO NPOBepUTb B TOM YaCTHOM Cayuae,
xorna ds? umeer Bum (37.04) (ramaeeBa Merpuka). Jlas mocnaenoBareds-
HHX COOBITMH MOXHO BHOpDaTb CHCTeMY OTCYeTa TaK, YTOOb MpOCTpaH-
CTBeHHBbie KOQOPAMHATH HAuyaJbHOM M KOHeyHOH TOYeK COBHAaNaJH, U B3ATb
B KayeCTBe mapameTpa Bpems £. Mbt OyneM Torza umeTsb

2)

i
§= f V @ —2dt, (38.07)
AD
rae

@S e

*) T. e. npH NOCTATOYHO GAM3KMX HavalbHON M KOHeYHOM TOuUKAX.
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PeumeHveM BapuauuMoHHOR 3amaud OYAYT MoCTosHHbIG 3HAyeHUd X, ¥, 2,
nast kotopeix v2==0. [Jaa BCako#t npyroit Tpaekropum Gyrer v* >0,
OTKyZRa V 2 — 2 < ¢ U, CAenOEATE]NbHO,

2 1
§ < Sy =€ (% — V). (38.09)

Ilns npoCTPaHCTBEHHOrO HWHTepPBala MOXKHO BHOpaTh CHCTEMY OTCYeTa
TaK, 4ToOHB ObiJIO

t(2) — t(l); y(2) :y(l); 2(2) — z(l)’ (3810)

Toria Kak x® > x(', Basp B KauyecTBe INapaMeTpa KOOpPIOMHATY X,
MOy YuM

w(z)
= [ 1/1 +(;’_§)’l+(g—i)”‘—c2 (%)’2 dx. (38.11)

m(1)

PemelveM BapuauMoHHOR 3amauu OYAyT NMOCTOAHHBiE 3HaueHUd y, 2, f,
a5 KOTOPHIX
Loxir = x® — x0), (38.12)

Ho nna npyrux xpuBeix y(x), 2(x) ¥ Aad APYrMX ypaBHeHUM BpeMeHu
t(x) MOXeT oKasaTbCA KaK [ > lexer, TaK U [ < leytr, CMOTPA N0 TOMY,
Oyler MU KopeHb kBaapaTHet B (38.11) B cpenneM Gosblie MaM MeHblue
e AMHULBL,

CocraBuM nuddepeHunaibHbie yPaBHeHHS TeOAe3HYeCKOM  JMMHHH.
JlarpanxeBa QyHKuMa Halledt BapHalMOHHOR 3apauM GyneT pasBHa

L=V g (38.13)
HUAH, eCIH Mbi OyleM NUCATb X, BMeCTO @9,
L=V gpxaxs. (38.14)
YcaoBue 3KCTpPaMyMa MHTerpafa
Pa
s = f Ldp (38.15)
.
NPUBOAUT K ypaeHeHusM Jlarpanka
4oL 9Ly, (38.16)
dp 0x, 0x,
Tonowum _
F= 3 guxaXs, (38.17)
OTKyna

L=V 2F. (38.18)
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Paccyxnas, xak B § 17, MB MoxeM BHOpAaTh NapaMeTp p TaK, YToOb
65110
dF
dp
Ilpu Takom BhHOOpe napaMerpa ypaBHeHud (38.16) GynyT PaBHOCH/bHbI
CAeRYIOLINM:

= 0; F = const. (38.19)

498 __9F (38.20)
dp 0x, d;cm
[MocrenHue ypaBHEHHS MMEIOT HHTerpad
xe 2 F— F=— const, (38.21)
0%,

Tak yto ycaosue (38.19) Oynmer caencrsueM (38.21). PackpeiBas aesyio
yacTh (38.20), noayuum

d . 1 oggy - -
I”(gapxg) — 3 ox, K= 0 (38.22)
H, BHIMOJAHAA NHPepeHUUpPOBAHYE,
- 0gyg + - 1 dg
g’ugx‘g—*—'a'xis XXy =T xe e xpx, =0. (38.23)
1

KoopduuneHT Npu xgx; Mbi MOXKEM CHMMETPHU30BATb OTHOCUTENbHO
3HAYKOB § M | M NOJOKUTH

1 gys ogv.‘{ ozgpr
[,3‘{,01]_7( o M) (38.24)
110C/Ie YerQ ypaBHeHUd reoneanecxoﬁ JUHUM HaIMUIyTCs
asXs =+ [3Y, o] Xpx; = 0. (85.29)

Bripaxehue (38.24) Hocut Hassanue ckoOku Kpucroddens mepsoro
poia. UToOwl pemuTh ypasHeHus (38.25) OTHOCUTENBLHO BTOPHIX MNPOHM3-
BOJHBEIX, YMHOXHM HX Ha g%, NPOCYMMHpDYeM IO & M BBeleM 0003Ha-
YeHHUs

{Brvi =gy el (38.26)
Mbl moayuuM TOraa

X, (B, v} xax; =0. (38.27)

Buipakenne (38.26) nmpuHaTo HasmiBaTh CKoGko#t Kpucrodgens Broporo
pona. Jlas Hero yacto ynoTpe6asiorT o6o3HdyeHHe

{B1,v} =T (38.28)

Ilna enunooGpasus MoxHO M 4a ckoOok Kpucroddens mepsoro pona
NpUMeHAT 0003HaYeHHe

[a3, 11 =T, (38.29)
XQTd OHO H MeHee ynoTpeénTeanO.
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Taxkum o6pasom,

1 ()gwx ogvp ogup
F~;.uB __——g(m —a-a— o;c,, ), (38.30)
. 1 ogp.a ‘)gp-p ogup
P oW _
I‘“B_ Qg (oxﬂ oxa ox}).>- (38-31)
C stuMu 0603HAYEHUAMU YpaBHeHUA reo1esn4eCKQi JIMHUK HaMuuy T .
d2x, , dX, dxg
—— A — —
i+ Do g 7, = 0- (38.32)

Ecan cxobku Kpucropdens BriuucaeHB NPH MOMOLHK (PYHIAMEHTANBEHOTO
TeH30Pa gu, NMpenctasuMoro B ¢opMe (35.17), To ypasHenns (38.32)
9KBUBAJEHTHb! YPaBHEHUAM

dgx,; 9 8

AJd TaMHJAEEBBIX KOOpAHHAT x;t. ITO BHITEKdeT U3 KOBApPHAHTHOCTH ypaB-

HeHu#ft ¥ U3 TOro (paxTa, uTo B rajuleeBHX KOOpAMHaTax Ccxobku Kpu-
cropdens pashet Hymo. Taxkum ofpasoM, B 3TOM Cayyae ypaBHeHHS
reofesnueckolt uHMM (38.32) COOTBETCTBYIOT /JMHEHHOH 3aBHCUMOCTH
raJuMaeeBHX KOOpAMHAT OT mapaMeTpa p.

HeTpyaHo BuierTb, YTO BHKJ4NKH, KOTOpHE NPHBeJM HAaC K ypaBHe-
HuaM (38.32), oCTanTcd B CHec He3aBHCHMO OT 3HaKa BeawyMHbt F, Ecam
F >0, 70 ,reoflesnyeckas JMHUA® COefMHSET [Ba MOCJENOBATEbHbX
CoObITHA, U ypaBHeHus (38.32) MoxHO TOJKOBATH, KaK ypaBHeHHs NBU-
KeHua CBOOOAHOR MaTepvadbHOM TOuKH, NBHXKYHIEHCH €O CKOPOCTBHIO,
MeHblielt CkopocTd ¢BeTa. Ilpapawenue dp napaMerpa p GylAeT mponop-
UMOHAIbHO NpUpALIEeHHI0 dT COGCTBEHHOrO BpeMeHH T, M BMecTo (38.32)
Mbi MOMEM HamucaTh

d?x, , dx,dx
—=+ P;BE;E‘;ZO- (38.34)

IlauHa reolesMyeckof JMHMM JaeT MHTEpBad COGCTBEHHOTO BPEMeHH
MEeXNY ,OTNpaBeHueM M ,TIpubHTHEM MaTepuatpHol Toukd. Ecim ke
F <0, T0 ,reoleanyeckast JMHUA COeNUMHAET 1BA KBa3W-0NHOBDPEeMEHHbBIX
COOBITHS, ¥ Mbl MOXKEM IOJOXKUTH dp NPOMOPLUHOHAJBHEIM MPUPALEHUIO
dl mpoCTPaHCTBEHHOrO MHTepBaJia. Ypasuehus (38.32) HanumyTes Toraa

dex, y dxgdxg 0 5
o e =0 (38:35)

Cayuaio F =0 co0TBeTCTBYeT NBIKEHHE TOUKH MO JyYy CO CKOpO-
CTbi0 CBeTa. B 9TOM ciayuae sarpamxkeBa ¢yHkuua (38.18) pasHa Hymio
W MpUBE&AEHHBI Bbille BHIBOA yPaBHeHHMM TIeQNe3HMYeCKOR JaMHMM TepsieT
cuny. OnHako caMmeie ypaBHeHusi (38.32) COXpaHAlOT CMHCA H B STOM
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cayvae, NpuyeM, TaK Kak oHM HMeloT MHTerpasa (38.21), To ouu coBMe-
cThbl € ycaosueM F —=—0. YrobGw 060CHOBaTL HX, MOXKHO MCXOLUTL M3
ypaBHeHu# [amuabToHa, pacemoTpeHnix B § 36. Coraacho (36.10) mm
HMeeM

dxk oH doy, oH

T = ey dxn— ox k=1 23) (38.36)
rie ¢ynkuua [aMmuabToHa H = — @, MOJAYYaeTCd pelleHUEM OTHOCH-
TelbHO o, ypaBHeHHs

G=g"o,0,=0. (38.37)
[ToaTOMy MBI MMeeM
1 04 3G
dH = — dw, = (oa) ( xa+5;;d‘”k>- (38.38)
0(00
[loansydace TeM, yro

dey dH __ 0oH

dxy, dxy . oxy’ (38.39)

M BHIDAXKas TPOM3BOAHBIE OT / uepesd NpousBofHbe OT (G, MbI MOXEM
Hanucatb ypasHehus (38.36) B CUMMETPHUYHOM BUIe:

dx, 1 0G  de, _ 10G .
BT, @ Tor @=0 123 (3840
rae dp paccMmarpuBaeTcs, Kax auddepeHuuan He3aBUCHMOH MepeMeHHOH p,
Ieprrie yeTeipe ypaBHehus (38.40) yxe Owuy Beimucanb Hamu B § 36.
Packpripas npasbie uactu (38.40), OyneM uMeThb

dx, do, 1 dg‘“

o By + G
m=gtey Gr=—5 00, (38.41)

HerpynHo BuAeTb, YTO 9TH ypaBHeHHsS PaBHOCHJbHBI ypaBHeHusM (38.32).
B camoM nene, Mbi UMeeM

— oy AN
®, = gl"')‘ ?p“ (38.42)
H, CledOBATEIbHO,
og™ og™ dx, ()gM dx,
'Ez(l)p‘:‘b—}:gg)\'@' = — ox” dp (38.43)
TaK Kax
0g” 08 "
o Eat e 5 (g*“gm = 0;c @) =0. (38.44)
[oncrasaas (38.43) B (38.41), [0y YHM
do;, 1 0gy, dx,
=T8Ny o (38.45)
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WIH, BCJICNCTBHE MepBhiX ypaBHeHuit (38.41),

dw, 1 dgdx, dx,

BTk dp (38.46)

Vickmouas orciona u u3 (38.42) BeauumHBI ©,, MNOJYYdEM OKOHYATENLHO

d dxg 1 Ogudx,dx

w\89%) =T o5, @ @5 (3847
DTH ypaBHEHHS COBMANAOT C ypaBHeHusMH (38.22), u3 KoTopbix ObiTH
1OyueHp! YPaBHeHH reolesuyeckoft aubhun B dopme (38.32). [lepaxon
ot (38.41) x (38.47) ecTb oObuHH NepeXol OT ypaeHeHu#t [aMuabTOHA
K ypaBHeHHsM JlarpaHxa.

TakuM o6pa3oM, Mbi NOKa3aju, YTO U ,reole3nueckasd JUHUA® Hy.e-
BOH NJUHBE OnpeleaseTcs ypaBHeHUsMH (38.32), ecau K HUM OpHUCOERH-
HUTb yeaosue F =0,

3aMeTHM, YTO B CHJY NOCTOSHCTBA BeaHYMHB! F reofeauueckas JHUHUA
COXpaHsieT CBOM XapaKTep Ha BCeM CBOEM NPOTHKeHHH: JHOO OHA BCe
BDEMS COOTBETCTBYET MHBHMKEHHMIO TOUYKH €O CKOPOCTHIO, MeHbluel CKo-
poCTH CBeTa, JUOO OHA BCe BPeMA €CTh HyJaeBas JuHUSA, A0 OHA COXpa-
HAET TPOCTPAHCTBEHHER XapakTep.

Ilaa HyneBOR reopgeanuyeckoft JauHUM cooTHowehue (38.37), B KOTO-

oo
POM @, == 5, MOXET pacCMaTpuBaThCH, Kak ypaBHeHHe TamuapToHa—

SIko6u nas GyHKuMK nefcTBUA o (cM. § 36). HeTpynho noayunTs ypaBHeHue
FamuabToHa — SIKOOM M Aas obwero cayuad. Jas onpenegeHHOCTH Mbi
pPaccMOTPUM ABHAEHHE TOYKHM CO CKOPOCTbIO, MeHbuleH CKOPOCTH CBeTa.

Brifupad B kauecTBe napaMeTpa BpeMsa f==x, ¥ 0003Hayas TOUKOH
nuddepeHuvpoBaHue 0o f, Mbl MOXeM Hanucate ¢yHKuuo Jlarpanxa
HaweR 3anauyn”™) B BUIE

L=—+V go+ 280xi+ guki 5o (38.48)
O6006uieHHbEe UMITYJbCH OYAYT paBHbl
oL 1. .
Y =p; =+ — &+ LaXr)h (38.49)
X L

a ¢yHkuua [aMHJIBTOHAZ NOJYYHTCA NO OOBIYHOMY IIPABHAY
. 1 .
H:x,;pi—LZ—z‘(goo“*‘gokxk)» (38.50)

NPHYeM CKOPOCTH Xy NO/DKHB ObiTh 316Ch BHPAXKEHH NIPH noMoliiu (38.49)
yepes p;.

#) Jlna yno6ctBa Mbl Gepem 3feck ¢yHkIMO Jlarpanwa co 3uakow, oSpart-
HBIM TOMY, KaxOfl TpPHMHAT B MeXaHWKe, BCIeACTBHE Yero 3Hax sHeprvu Gyner
obpaten 3Haky ¢yHxuuH [amuasToHa H.
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Ecay Mbl TOJIOXKUM
1 . ;
Po =7 (&oo+ Zon¥r) (38.51)

U ﬂpHM(:‘,M BQ BHHMaHue, 4YTO
Ldt = ds, (38.52)

rie §— AJuHa AYyrH, TO ‘{(:‘,Tblp(:‘, BE&JIMUYMHBI pi’ pO'Moryr ObITh 3aNUCaHb
el MHOOOpPa3HO B BUAE

dx

Pe= up =2 - (38.53)

M3 rtoxnecTBa
dx, dx

. TR

8% 75 T =1 (38.54)
BEITEKaeT COOTHOUIGHHE

g pup, =1, (38.55)

KOTOpOe MOXMHO pacCMaTpUBATh, KaK p23Y/bTAT MCK/IOYeHHS! TpeX CKo-
POCTER X, X, x;, u3 ueTeipex ypastenuit (38.49) u (38.51). MaMmuabto-
HOoBa OyHKuMA H = —p, nNoayyaeTcs pemehveM ypasHehHs (38.55)
OTHOCHTENBHO p,. 1o ofweMy npaeuay, ypasHehue [ aMuabToHa—AKo6K
MOJYYATCH, €CIM BHPasuTs H, p;, p,, P; Yepe3 YacTHbie NPOU3BOIHBHIE
GyHKUMKM NelCTBMA S NO BpeMeHM M IO KOOpIAMHAaTaM coriacHo d¢op-
My.1aM

__0S, __ 0S8
H__W’ pk—ax—k, (38.56)
KOTOpbie MOTYT ObiTh 3anuCaHbl B BHIE
0S8
pv = (F . (38.57)

TaxuM 06pasoM, ypaBHeHHe reone3nyeckolt JubKMEM B Gopye ['aMuabTOHa—
SIxo6u uMeer BURL
0S 08
v 2 ], 38.58
g ox, 0x ( )
[T

Ecu usBecTeH noaHet MHTerpan ypapHeHus [aMuabtoHa — SIko6u
S=38(xp x;5 X9 X3 Cp» €y C3)—Cp, (38.59)
ColepHAWMA TPU NPOUIBOJbHBIE TOCTOSHHBIE €y, €y, €, (He CUMTadA allu-

THBHOM NOCTOAHHOM ¢;), TO, KaK NOKa3biBAETCA B MeXaHHUKe, NPOM3BOL-
Heie OT S MO MOCTOAHHBIM OyLyT TaKke MOCTOAHHBIMH

0S
oTk:bk (=1 2, 3). (38.60)

[TocToaHHbie 9TH OnpeneaqdioTCd 3arteM U3 YCJA0BUR 3anayu.



176 OBIUA TEH3OPHBIM AHAMH3 [ra. m

Kak BumHO u3 cpaBHehus (38.58) ¢ (88.37), ypaBHeHHe HyJeBOH
reonesuyeckoll JuHUM noayyaetrcss us (38.58) 3aMeHoit npaBoit uyacTu
uyaeM. g npocTpaHCTBeHHOH reolesnyeCKol JMHUM NpaBas 4yacTb ypaB-
HeHus [aMuibToHa — flKO6M eCTh OTpUUATENBHAs NOCTOAHHAA, KOTOPYIO
MOXKHO TOJMOKUTb paBHOR — 1.

§ 39. MNapanJyenbhblii nepeHoc BexTOpa

B eBKIMAOBOM NPOCTPAHCTBEe PaBEHCTBO M NMapanelbHOCTh ABYX BeK-
TOPOB, OTHEeCeHHBIX K DasHBIM TouKaM, (QOPMYJHPYeTCS BeCbMa INPOCTO.
,HBa B(:‘,KTOpa paBHbl W napaJJgesbHbi, e¢CAM HX AeKAPTOBBI COCTABAAIOLIHE
pasHbt. To ke onpepenchue, OYEBUAHO, TOAUTCA M NI BeKTOPOB B IJO-
ckoctd. OHO HeNOCpeACTBeHHO 0000waeTcs M Ha cayua#t u3orHyTtoft
NOBePXHOCTH, DasBepTHIBAOWEHCA Ha MIOCKOCTh. Ecam ke MH uUMeeM
NPOU3BOJILHYI0 (He PasBepPTHBAIOUYIOCA) NOBEPXHOCTD, TO Hapaae/bHOCTh
IBYX JEKamHUX B Helt BEKTOPOB MOMKeT ObTh ONpelefeHa TOMRKO eCIH
TOYKH TIPHUIOKEHHS 3THX BeKTOPOB OGCKOHeUHO OAM3KH. BekTop Ha 1o-
BeDXHOCTH Mbl MOXeM pacCcMaTpHBaTh, KaK BeKTOD B NPOCTPaHCTBE,
KacaTeJbHbill K MOBEPXHOCTM B TOUKE €ro NpUioKeHud. EcCaM naH Bek-
TOp Ha MOBEPXHOCTH B TOuKe P, TO napamiebHbit eMy (B CMbicae Teo-
MeTPHM Hd MOBEPXHOCTH) BeKTOP B GeCKOHEYHO OJMBKON TOuKe Q MOXeT
OLIT MOCTPOEH ChenyiomwuM obpasoM. [laHHbi#t BekTOp B TOukKe P Mu
paccMaTpuBaeM, KaK INPOCTPAHCTBEHHHIH BEKTOP, M CTPOMM B TOuYKe Q
napaiieabHpit eMy B OOBIYHOM CMBICAE NPOCTPAHCTBEHHBIE BeKTOP,
a 3aTeM NpPOeKTHPYeM ero Ha MJIOCKOCTh, KaCaTe/bHYI0 K NOBepXHOCTH
B TOUKe Q. DTOT KacaTeabHHIR BeKTOp B @ MBI M CuMTaeM napajiesb-
HbIM IaHHOMY BeKTopy B P.

AHa/IMTHYECKH 9TO MOCTPOEHHE MOXKeT OHTb BHIMOJHEHO CJaelLyIOuuM
ob6pasoM. I[lycTs ¥y, Vo Y3— A€KapTOBH KOOPAMHATH B EBKJAMIOBOM
NPOCTPAHCTBE, a X;, X;— KOOPAMHATHBIE TNapaMeTPhl NOBEPXHOCTH.
[TapaMeTpuyecKue YPaBHEHHS NOBEPXHOCTH HMEOT BHA:

V=YX X3) Ya=Ya(xy %) Y3=Y;(¥p X5), (39.01)

M KBA4LpaT 9JeMeHTa AYTM Ha NOBEPXHOCTH OyldeT paBeH

ds® = gy, dxi+ 28,5 dx, dxo -+ gpp d 5, (39.02)
rane
: 0y, 0
o= a%o—fﬁ (39.03)
n=1

[ycts A,, Ay— KoBapuantusie U Al, A>— KOHTpaBapuaHTHbHE COCTa-
BAMIOLIME HEKOTOPOrO BeKTOpPAa Ha MOBEPXHOCTH B Touke P (X, xp). Mbi
MOXEM DACCMATPUBATbL €ro, KaK NPOCTPAHCTBEHHBIR BEKTOP ¢ INIPAMO-
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YTrOJbHLIME COCTABARIOIINMA

Y, aoy_n +0yn A (=1, 2, 3), (39.04)
npuueM Oyner
3
0
= 2 y,,gfc—'; (=1, 2. (39.05)
n=1

Ecau Mbi, mepeitis k Touke Q(x,—+dx,, x,-} dx,), He U3MeHUM
IPAMOYTOJAbHBX COCTABASIOWMX Y, Mbi MOJAYYMM NIPOCTPAHCTBEHHLIR BeK-
TOR, KOTOPHH yxe He OyneT KacaTeJbHRIM K noBepxHoctd. Ho ero
KacaTe/bHbie COCTABJAIOLINE ONPENEAT H4 NOBEPXHOCTH BEKTOP

A=Y v, (Sf:;+2 et ) (8900

n=1

KOTOPHH MBI M CUMTAEM, 110 ONPENEIeHHI0, Pe3yJIbTATOM [apaielbHOro
(B cMBIC/Ie TEOMETPHM Ha NOBEPXHOCTH) NepeHoca BekTopa A; B TOUKy Q.
HopMmasibuas ke cocraBasiomas Y,, ouesunHo, u3 QopMmyas (39.06)
BHINANAET.

B ¢opmyse (39.06) nobaska k %ﬂ YUUTHIBACT U3MEHeHHe 3TOR BeJu-
1

yuHe NpU nepexofe oT P Kk Q. Ms-3a sTo#t nobasku cocrasaaoumas A;
MoJayYaeT NPUPAL(EHHE

.
g g of,iyo’l, - (39.07)

[Moacrasasa ciona supaxenue (39.04) nna Y, noayuaeM

2 3
oy, 0%
— I ~Zn_Z7n
A=Y, Aldx, Pt ok (39.08)
i, k=1 n=1

Ha ocHoBauuu Beipawenus (39.03) nas g, HETPYAHO NPOBePHTh, YTO
B ¢opmyae (39.08) cymMa no n pasHa

3
9Yn _ﬁ}’_n___ — _l_ 0gsx og-,:l_()gkl
20 Xkoxl - 2(0xl+oxk 0;(?1;)’ (39.09)
n:

WM, €CJM BOCNO/Ab30BaThcs oOGoanaueHueM (38.30) nas ckobok Kpu-
crodpdes,

3
02
X 'fc— T =Tim (39.10)
n=1

12 3ax. 485. B. A. ®ok
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Taxkum 06pasoM, npupawieHHe COCTABMMIOWMX BEKTOpPA MPH Napa/dedb-
HOM IiepeHoce OYAeT paBHO

2
34y= ¥ Ty i, (39.11)
i. k=1

CyuiecTBeHHO OTMETHTB, YTO 3TO NPHPALIEHHE 3aBUCHT TOMBKO OT BHYT-
PeHHHUX CBONHCTB TOBEPXHOCTH, onpeleifeMblX BeipaxedHueM (39.02)
aaa ds?,

Teopua napaniebHOro NEpPeHOCa BEKTOPOB, pasBuTas B paborax JleBu-
Yusuta [14] ¥ €ro yueHUKOB, MOXKET GbHTh (GOPMYAHPOBAHA MOYTH Ge3 U3Me-
HeHUR 179 cayyas 4eThPeXMepHOro MHOroo6pasusi MpocTpaHCTBa-BpPEMEHH.

[MycTe K03)OUUMEHTH KBaAPATHYHOR (GOPMEI

ds? = g,3dx, dx, (39.12)
npenctaB/JeHb B BHIE
]V
_ ‘_)&z_ Oyp
8= D tnge g (39.13)
n=1

rie yucjaa e, paBHe =1, a

Yn=Yn(x0 X, X5 X3) (39.14)

CyTb HeKOTOpHE (YHKUMH. B OOBUYHOR TeOpHH OTHOCHUTENbHOCTH BEIH-
YHHB g,3 MOAYYAIOTCA M3 KBaaparuuHo#t ¢opMer (39.09) u npencraBumb
B Bune (35.15), uro coorBeTcTByeT cayuaww N=—4. B camoMm oOuweM
cayyae Mbl uMeeM 10 BeqMuuH g, M IA9 UX NPENCTABACHUS B BUAE
(39.13) HyxHo He OGoabme 10 ¢ynxkuuft y, (nocaelHee MOxeT ObITb
LOKa3aHO M CTPOro). 3aMeTuM, YTO TaK KaK CHrHaTypa KBanpaTHYHOH
¢dopmer (39.12) pasHa (- — — —), TO CpPeln Yucea €, NOIKHO OHTb
He MeHblle OLHOTO NOJOXKHTEJLHOrO M He MeHbINE TpeX OTPHLATeNbHbIX.

BeauuuHet y, MbH MoxeM ($OpPMAabHO TOJKOBATh, KaK NeKapTOBbI
KOOPAMHATH B HEKOTOPIM MHOrOMEDHOM NCEBNO-GBK.IMNOBOM MPOCTPAHCTBE
C MeTPHKOH, onpelendeMoi BhipaKeHHeM

N
dip = 2 e,dyn, (39.15)
n=1

a Halle NPOCTPAHCTBO-BPEMS — KaK HEKOTOPYIO TUNEPHOBePXHOCTE B STOM
MHOTOMEPHOM TIPOCTPAHCTBE,

OO6BYHOMY KOHTPABAPUAHTHOMY BEeKTOPY A®* B NPOCTPAHCTBE-BPEMEHH
OyneT COOTBETCTBOBATH B MHOrOMEPHOM IPOCTPAHCTBE KacaTelbHBIR K rH-
NEPROBEPXHOCTH BEKTOP ¢ AEKAPTOBHIMH COCTABJAIOLMMH

yuzg_%/x« (39.16)



§ 39] MAPAJUIRJbHLIR MEPEHOC BEKTOPA 179

(3neck M B nanbHeRlleM CHOBA NONAPa3yMeBaeTcs CYMMHDOBAHME MO rpe-
yeckuM 3HaukaM ot 0 no 3). Orciona mnodyyacM Ha ocHoBanum (39.13)
CACNYIOWHE BHPAMKEHHA A4 KOBAPDHUAHTHBIX COCTABJSIOLIMX BekTopa A,

N
4,=Y e, gfc" (39.17)

n=1

3HayeHUs COCTABJAIOMIMX BekTopa A, Moc/ae ero napasielbHOoro nepeHoca
B GeCKOHeYHO OJHM3KYI0 TOUKY Mbi MOxeM, aHajoruyHo (39.08), ompene-
JUTh 110 (opMye

N
0 02 o
A+24,= Y enyn(ofcz - axa{;;a 35, (39.18)
n=1
OTKyLa
N
34, = Z en¥n 5 f)x Bxs, (39.19)
n=1

¥ I0C/Ie MONCTAaHOBKM BMecTo Y, ero Bumpaxenus us (39.16)
N

— Oyn O%yn 18
34,= Y, e o Taca Ao (39.20)

n=1

Ho us (39.13) caenyer, anatoruyno (39.10):

N
O0yn 0%n __
2 ®n 9xy Oxgoxg Iy e (39.21)
n=1
rie I, ,p— OObiuHble CKOOKH Kpucroddeas
08 og ()g,,
Lioo = (dx;+ o) (39.22)

[TosToMy ¢opvyna nas NPUPALIEHMA COCTAaBJAAOIWMX BeKTOpa npH
napanielbHOM NepeHOCe HANMINETCH

84, =T s A" 3xp, (39.23)

TAK JKe KaK U B ciayuyde OOBIKHOBEHHOH NOBEPXHOCTH B OOBIYHOM €BK/H-
ILOBOM TPOCTPAHCTBE.

B ¢opmyay (39.23) BxoAAT KaK KoBapMaHTHbie, TaK U KOHTPaBapH-
aHTHEE COCTaBJAIOLIME BEKTOPA, HO HETPYNHO BHIPA3UTh B Helt ofe uyacTH
yepes ONHM M Te Ke COCTaBagiomwue. Mbi uMeeM

A = g1a, (39.24)
gl w5 = Tep. (39.25)

12%
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MosTomy
34, = TupA, xp. (39.26)
Ciona BXOLAT TOJLKO KoBapuaHTHHie cocTasisoume, C apyroft cTOpoHb,
08,
34, = g, 3A + AT ax; dxp =Ty, 24" dxp (39.27)
H, KaK JerkKo NnpOBEpPHUTD,
08y
F-('u?,_{"ru,ﬁ-( :ng—?- (39'28)
B
Orciona
g PA = —Tu ;A 8x, (39.29)

H, CAefOBATENbHO, (popmnya AJi KOHTPABAPDHAHTHBIX COCTAB/IIIOIMX HUMEeT
BUI,

A =— I‘;BAa 8x@. (39.30)

PaccMoTpsM u3MeHeHHEe CKaMPHOTO NPOM3BENEHHst NBYX BEKTOPOB IpH
napajiefbHOM nepeHoce, Mb uMeeM

3(4A'B) = B,3A’ - A*3B,. (39.31)

[Moncrasasa ciona Bopaxenue A4 3A° u3 (39.30) u Hanmucas, COTJIACHO
(39.26), ¢B, B BHIE

8B, = I';3B, 3x3, (39.32)
Mbl yOenumcsd, uTo o6a uaeHa B (39.31) cokpamiaioTcs, U Mbl NOAYYaEM
3(4'B)=0. (89.33)

Takum o0pa3oM, cKajspHOe NPOU3BeNeHHe [BYX BeKTOPOB IIpH mnapaf-
JeJbHOM TepeHoCe He MeHsieTcs. B wacTHOCTH, He MeHseTcd M aGCOMOT-
Had BeJMYMHA BeKTOpA.

Mbt paccmaTpuBamM N0 CHX NOP OeCKOHeYHO Majbte cMeweHus. Ho,
CYMMHMPYf HX, Mbt MOMEM ONpeleqHTb napaie/bHbill nepeHoC M BAOJAb
moGo#t sananHo# kpuso#. ITycTb KoOpAMHATHi TOYKM HAa KPHMBOH 3anaHbt
KaKk ¢YyHKUMH HEKOTOPOro napamerpa p:

xg = xa(p). (39.34)

Bemuuutb Typ (KOTOphie ABAMOTCA (QYHKUMAMH KOOpAMHAT) TaKxke Gyny?
M3BECTHHIME QYHKUMAMH oT p. Ilaa ompeneieHus BekTopa A’ B (QYHKUMH
OT p Mbi OyneM ¥MeTb Aud@epeHUUaNbHbE YPaBHEHUs

dA® v ade

dp :_I‘uﬁA E;. (39.35)
Ecau 3ananbi 3HayeHus A’ [is HauadbHOH TOUKM KPUBOH, TO, MHTErPH-
pya ypasHenus (39.35), Mbi mogyuum sHayeHus A’ ¥ 1 KOHeYHOH TOUKHM
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kpuBott. TeM cambiM MH NpOM3BefeM Napasie/bHbifl MePeHOC BeKTOpa U3
Haua/JbHOH TOUKHM B KoHeuHylo. PesyabTaT 6yneT, OY€BHLHO, 3aBHCETb OT
BUAA KPHUBOH, BNOAb KOTOPOH NPOM3BOAUTCA HEPEHOC.

CpasHum ypaBHenus (39.35) napanienbHOro HepeHOCa C yPaBHEHHAMH
re0fe3UYecKoll JTMHUH

d?x, , dx, d;cB o
ap? —+7T aB dp dp (38.27)
Te M npyrue ypaBHeHHS COBNANYT, €CAM Mbl HOJOKUM
A =%, (39.36)

dp

Ecim reonesvueckas JMHHA BpeMeHHO-nonoOHAa (T, €. COOTBETCTBYET
IBIDKEHHIO TOYKH CO CKOPOCTBIO, MeHbllie#l CKOPOCTH cBeTd), TO B Kaue-
CTBE TNAPAMETPA P MOXKHO B3ATb COOGCTBEHHOE BPEeMs T, M BeKTOp A’
OyneT coBnanaTh ¢ YeThpexMepHO# ckopocTbo. Takum o6pasoM, B 3TOM
cayyae YPaBHGHHS TeOfe3HMuYecKofl IMHMM MOXHO TOJKOBaTb, KaK ypaB-
HEHHSl NapamiesbHOrO MepeHoca BeKTOpa CKOPOCTH BAO/Ab HAnpasieHus,
NLaBAEMOTO STHM e CAMbIM BEKTOPOM (B YETBIPEXMEDHOM CMBICIIE).

M3 ypabHeHu#t napasiefbHOrO IepeHoca N/ BeKTOPa HeTPYAHO No-
AYYUTh COOTBETCTBYIOUIME YPABHeHUS NJ1a TeHsopa moboro padra. B ka-
uecTBe MNpHMepa paccMOTPUM cilydall KoBAPHAHTHOTO TeH30pa BTOPOro
padra 7,,. Mbi Oynem McXonuTb M3 Tp200BaHUsi, 4YTOObt WHBAPHAHT

I=T,AB (39.37)

He MeHSIC NPH NapaniedbHOM IepeHOoce, KaKOBbt Obi HH Obild  BEKTODE:
A% u B’, MeHaa 0603HAYEHHS 3HAYKOB, Mbi MOXEM HAMMCATh B2AMYHMHY
3/ B BUmE
— AR (3
8/ = A"B"(3T,,— T, I‘,goxs — T, Ti3 8xp). (39.38)

Tak Kak 370 BHpaXeHWe JO/MKHO OOPAWATLCA B HYJb Npu MoGbx A"
u B, Mbl IO/KHBI MMeTb

BT‘“ = TPaI‘:g 3}63 + Ta.,I‘;;; 3)63, (39.3 9)

YTO H fBJAETCA HCKOMbiM OGOOLIEHMEM YPaBHEHMH MapamiefbHOro INepe-
Hoca.

§ 40. Kosapuautnoe auddepeHnuposanue

B cayuae nocTosHHbIX &,» onepaumio nuddepeHUUpoBatus no Koop-
OMHATE MOXHO ObiNO, B U3BECTHOM CMHIC/IE, PacCMaTPHBATh, KaK YMHOXE-
HHEe Ha HekoTophifl BekTop. Tak, eciu A, ecTb BeKTOp, 3ajaHHLI! B He-
04,
ox
NMpU MOCTOAHHBIX g,,, TEH3OPOM C TEMH K& CBOHCTBAMM npcoépasonaﬂnﬂ,
KaK npousBeneHne Bekropos V, u A,. Ilostomy B ykasaHHOM ciyuae

KOTOPO# 06/1acTH Kak QyHKUMA TOUKH, TO BEpaweHue V, A, =
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TeH30DHBI!l aHa/M3 He oTaMYyaeTcsd, B (OPMAibHOM OTHOLIGHHUH, OT TeH-
3opuofl aarebpsl.

B cayuae nepeMeHHbiX g,, 9T0 Yxe 6yLeT He TaK: NPOMU3BOAHAS OT
BEKTOPa 10 KoopautaTe He OyneT TeHsopoM. ONHAKO M 30eCh MOXKHO
NOCTPOHTb TAKYIO JMHEHHYIO KOMOMHAUMIO M3 NPOM3BOLHOH OT BeKTOpa M
COCTAaBIIOLIMX CAMOIO BEKTOPA, YTOObt OHA NpecOpasoBeiBalach KaK TeH30p.

PaccMorpum BekTop A, 3anaHHLIfl KaK (QYHKUMS TOYKH B HEKOTOpOH
obaacrtu. CocraBasiciue ero OynyT QyHKUMAMH OT KOOpAMHAT, VisMe-
HeHMe 9TOr0 BeKTOpa TpH nepexolle OT ToukM P (xp) K OecKoHeuHO
6amskof TOuKe Q (X3 Ox3) Oyner

(A)g— (A)p= 8,4, = g—fc‘g 305, (40.01)
Mbl MOXeM, OHAKO, CpPaBHHUBATH 3HAYEHHE (Av)Q BeKTopa A, B TOuke Q
He C ero 3HaueHHeM B TouKe P, a ¢ peayibTaToM (AV)Z2 ero napaniesb-

Horo mnepeHoca uz P B Q. CorsacHo (39.26), npu napamiefbHOM Tepe-
HOCe BeKTOpa ero HMaMeHeHHe DPaBHO

(AY—(A)p = 8,4, = ['aA,bxp. (40.02)
BbI‘H/ITaﬂ 9TQ BbipaXEHUe U3 MNPSAbAylero, T. €. COCTaB/Ad PAa3HOCTH
(Av)Q - (Av)g == aAv = 81‘40 - 82‘4‘;’ (4003)
Mbl TIOMYYHM
04,
BA, = (5:75_ Ih‘pAt‘) Bxs. (40.04)

Benuunna 84, ecTb pasHOCTh MexAy (aKTHYeCKHM HM3MeHEHHeM BeKTOpa
A, M TeM, Kakoe OH mpeTeprhies Obl NpH NapamielbHOM nepeHoce. B 1o
e BpeMs 9TO eCTb PA3HOCTb ABYX BEKTOPOB (A,)g (A\,)g, KoTophte 004
OTHOCATCA K OfHOH M To#t xe Touke Q. [lostromy A, ects BekTop. Ho
NpH TNPOMBBOMBHEIX dXg 3TO MOMKET OHTL TOJNBKO B TOM Clyuyde, €C/H
BEIHYHHA

04,

VoA, = Te T4, (40.05)

€CTb KOBAPHAHTHBEI TEH30pP BTOPOro paHra *). ITa BeJMUYHHA HA3BIBAETCA
TEH30PUAAbHON UM KOBapHaHTHON npousdsofHoi. OHA U ABAAETCA UCKOMbIM
0606ueHueM OOBIKHOBEHHO# NPOM3BONHON OT BeKTOpa Ha Caydail mepe-
MEHHBHIX g,

[TyTeM aHANOTHYHBIX PACCYyKAEHHH MOKHO COCTABUTL BBbIDAKEHHE A/
KOBAPHAHTHO! NPOU3BOLHONH OT KOHTpaBapHaHTHOrO BekTopa. OHO HMeeT

*) Tensopubiii xapaktep (40.05) mMomeT ObiThb JOKa3aH H Ge3 NMpHBJeveHHs
MOHATHA MapalJenbHOro liepeHoca. s 9TOro JOCTATOYHO IIPOBEPHTH TNPAMBIM
BbIYHCNeHHeM, Hcxonsa H3 (37.06), 3axoH npeo6Gpasosanusa ckobok Kpucroddens
(42.04) n 3artem MpeoGpasopath BbipaxeHde (40.05) Kk HOBbIM repeMeHHbBIM, HC-
NONb3YA ITOT 3aKOH, A TaKme 3aKOH MNpeobpasosanua (37.06) cocTaBafONKX
BEKTOpa.
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BHIL
oA’ v e
v
= A,
VsA 3%, -} Tap (40.06)
$opMy/Ibt 1S KOBADHAHTHbIX TPOMB3BONHBIX Jerko 0000wiaiTcs Ha
cnyyafl NPOM3BOLHOrO TeH3opa. PaccMOTpUM crnepBa TEH30D BTOPOro

paura T,,. CornacHo (39.39), vaMeHEHHE €r0 COCTAB/AMOLIMX IPH Mapan-
JeJbHOM nepeHoce U3 P B @ paBHO

3 7,, = T, T T,) dxp. (40.07)

Ecm xe cocrapmowue T, ABAKIOTCS (YHKUMAMH OT KOOPAMHAT, TO
M3MeHenHe WX INpH nepexome u3 P B @ paBHo

0T,y
‘t‘)lTN = Txa Bxp. (40.08)
PasuocThb
STN =3, Tw — 8.2Tw, (40.09)
paBHas
s, = (e _pe 7 —1e7 )3 4
7:|,\.v_<ax6 T AuB LT “BTlLP) X3, ( 0,10)

€CTh TEH30D NpH MOOLHIX 3HAYeHMAX cMeuieHuH 8xg. [losTomy u BeauuuHa

Ty
VBTP‘,zo—%——ISBTw-—I‘SBTw (40.11)

10MxHA OBITh TEH3OPOM.
AH40OrMYHO NOK43HIBAETC TEH3OPHBIM XapaKTep BeJHYHMH

oTw

VT = G - DY To - Typ e, (40.12)
rae 7 ecTb KOHTPaBAPMAHTHBIN TeH30D, 4 TaKKe
i oTy I i P

VTt = b‘xg_PE“TP + %7, (40.13)

rie TY ecTh cMemwaHHbIl TEH30D.

[TpuMenss MpaBMIO COCTAB/CHHS KOBAPUAHTHOH NMPOH3BOJHOHM K KoBa-
PHAHTHHM MM KOHTPABAPHAHTHBIM COCTABJMIOMWIUM (PYHIAMEHTANLHOrO
TeH30pa, Mbl yOenumcs, uro Bohipawenua (40.11) wu (40.12) nas uero
paBHbi HymO. PaBeHCTBO Hy/MO KOBADPMAHTHBIX HPOM3BONHBIX OT (yHIa-
MEHTa/JbHOIO TeH30pa HOCHT HasBaHue JeMMbl Puuuu. Beupy BaxnocTy
9TOM JIEMMBI PACcCMOTPUM COOTBETCTBYIOMHe (DOpPMYJbi nonpoOHee.

lpu T,,=g,, Bemunna (40.11) pasna

g, .
Vig,, = O:a ~ g I%—g, % =0. (40.14)
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B cavmom nene, sTa ¢dopMyna, HanmucaHHas B BHIe

0&p:
()XB -

AR o ARV (40.15)

NPUBOAUTCA K TOXKIECTBY B CHAY onpefeteHus (39.22) Beauuun 1 e
[PopMyna sT1a comamaer ¢ (89.28)].
[Monaras B (40.12) 7w = gw, notyuaem

Vog = %—!— g°Ths~+ g+Lpp = 0. (40.16)

Jins npoBepKHM 9TOrO COOTHOLUIEHHS NOCTATOYHO BOCHOJB30BATHCA SABHBIM
BoipanenueM (38.29) nas T'js. Coorowenne (40.16) npasenerca X BULY

og™ 0
ogB —+ geegr g; =0 40.17)
M OyneT SKBUBAJMEHTHO CJEAYIOUIEMY:
e 08n 9 .
g = g e ) =0, (40.18)

Hakoneu, npu 7% = &) Bbipaxenue (40.13) ofpamaerca B Hylds B cuay
CHMMETPHMH BeduunH I';g OTHOCHTENBHO HUWIKHMX 3HAUKOB.

KopapnantThoe nuddepHUNPOBAHUE [POU3BENEHHS [BYX TEeH30POB
MONUMHAETCA TEM JKe npaBuiaM, Kak oOuuyHoe auddepeHuMpoBaHue. ITo
HEMOCPEACTBEHHO BHITeKAeT M3 HALIEro crnocofa BhBOMA BhIPAKEHHS 114
KOBAP4aHTHOH MPOM3BOLHON; BbipaXEHHE 3TO MOJAYYaeTCsd H3 BhipaXeHUA
078 OeCKOHEYHO Maioro MNPUpAweHHs, AJ8 KOTOPOro HMeeT MECTO
npaBuI0 cocTaB/ieHUs AupdepeHuyana OT NPOU3BELEHHUS.

[TpoBepum npaBuao AHQQepeHUHPOBAHUS NPOU3BEACHUA HA TNpUMep:
npousBeneHus NByX BekTopoB. [losoxus B dopmysne (40.11)

T.=U,V, (40.19)
Mbf TIQJAYYHM

Vs (U, V) = ( ‘%gf —TU) V. +U, (% — rsgvp) (40.20)

u Beaencrsue (40.05)
ViU, V)= (VU - V,4-U, (VsV). (40.21)
[Tpumensa npasuao nudPepeHUMPOBAHUS NPOU3BELEHUS K BbIPANKEHHIO
U,=gU (40.22)

¥ [0/b3YACh TeM, YTO KOBApHAHTHAS NPOM3BOAHAA OT (PYHAAMEHTAILHOTO
TEH30pa paBHA HYJ/HO, Mbl NOAYYUM

ViU, = g,.VeU (40.23)
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Taxkum 0o6pasom, NpH KOBAPUAHTHOM RU(PEperUMPOBAHMU BEAMUUHbL g,
BelyT cebd, KaK NOCTOSHHBIE, M MX MOXHO BBHIHOCHTb M3-1I01 3HAKA KO-
RapHaHTHOH npousBonHOH. JpyruMu c/roBaMH, NpH KOBAPHAHTHOM AHp-
(epeHUUPORaHUM Oe3pasiMyHo, OyAyT JAM BHAYKH ONYWEHH (WA nof-
HATBI) 10 HJM TOCJAE COCTABJAEHHS NPOU3BOLHOH.

Mbi BHINMMCAAM Bbillie B 9BHOM (opMe BHIPa)eHHS N/ KOBAPHAHTHOH
NPOM3BOAHON OT BEKTOPa M OT TeHsopa Broporo paura. Korapuanrhas
NPOM3BOAHAA OT ckamipa @ coBmanaeT ¢ OOBLIKHOBGHHOH NPOM3BOAHON

00
= =, 40.24
Ve oxB ( )
Ha ABJgeTCH, Mbi 3HaeM, KOBAPUAHTHLIM BEKTOPOM.
Ona Kax aeM, KOBApHAHT BeKTOP
i noAHOTH Mbi BBUIMIIEM TdKke oOWee BbipaxeHHe A4 KoBa-
PHAHTHOH TPOM3BOAHOH OT TeH30pa NPOH3BOJABHONO paHra
) __ B
Uy = U\,1 " (40.25)

.-.‘)k ’

CONEPXAULEro M KOHTPABAPUAHTHBHIX M R KORAPHAHTHBIX 3HAYKOB. MHl
UMeeM

w__ 0 (1) e B T#1 - Bap—1P
VBUm—E(Utw)—l—I‘ﬁgUffﬁ m -{—I‘meU(_}) m—1F
— IS U — - — TR UL, (40.26)

3nech B KOXAOM YieHe CyMMbi ONMH H3 3HAYKOB AH(depeHuupyeMoro
TeH30pa MepexofUT B 3HAuoK Ko3poduuueHta 1' TOH e RAPHAHTHOCTH,
a B CaMOM TEH30pE 3aMEHAETCH 3HAYKOM CYMMHMPOBAHHA, KOTOPHIH BXOLHUT
TAKXKe B KaueCTBe .3Hauka I' npOTHBONOJOKHOH BapuantHocTH. ONMH U3
HIDKHUX 3H4YKOB [' ecThb Bcerna HOMep KOODAMHATH:, MO KOTOPOH mpo-
U3BOLMTCS AuddepeHunporanue. [lpy 3ToM Te uideHb, B KOTODBX
MeHsSleTcsl BeDXHMH 3HAUOK TEH30pa, BXONAT CO BHAKOM IJIOC, 4 TE€ YJeHb,
B KOTOPbiX MEHfleTCd HIDKHMH 8HAYOK TeH30Pa, BXONAT CO 3HAKOM
MUHYC.

HMuorna ynoOHo ynoTpebasath ocoboe o0003HAYEHHE NJIS ONepalHu
KOBAPUAHTHOrO AUpQePeHUHUPOBAHNS, CONMPOBOKNAEMON NOAHATHEM COOT-
BeTCTRylOIWEro 3Hauka. Onepauuo

Ve — gV, (40.27)

Ha3blBal0T KOHTPABAPUAHTHHIM NHPPepeH LHPOBAHUEM.

§ 41, Mpumepsl cocTaBJeHUS KOBAPUAHTHHIX NPOU3BOMHBIX

IpuMeHUM NOJyYeHHBIC MPABUJA KOBAPAAHTHOrO AUppepeHMPORaHUS
K HEKOTODBIM YaCTHBIM CJyYasM.

CocraBuM mnpexae BCero pacXoAMMOCTb AaHHOro Bekropa. CorJacHo
(40.06), Boipaxenue

g — ()A” AN o
Vl—‘A —*o:t:‘_{—loqu (41.01)
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npeicTarAgeT CMelUaHHBIY TeH3op BToporo panra. CrepThiRasg ero 1o
3HAYKAM W M v, MHE TMOJYYHM CKaJsp

DivA=V,A = ‘;A

A%, (41.02)

KOTOpbi!l U aABaserca 0600meHueM Boipaxenus (21.24) nas yeThipexMepHOH
PacxomMMOCTH. PTO BHpPA)KeHHe MOKeT ObiThb ynpouieHo. Mbr nmeem

. 1 /98 , 08 08w 1 og,
=g g (g b g ) = g ge gt (41.09)
2\ Ox, ox, 0x, 2 O0xy
Ho ecam g ecTb onpeneiuTedb, COCTABACHHHHN U3 g,,, U ggW ecTb
MHHOp 3JeMeHTa g,, B 3TOM Onpefe/uTee, TO IO NpaBuay muddepeH-
U,HpOBaHHﬂ onpeneJmTenen Mbt HMEEM

dg = gg* dg,, (41.04)
0TKYna
1 0g _ . 98
ig—-o—x:_ [ —ox—a‘. (4105)
3ametum, uto BeaencTrue (40.18) 9To BBIpaxeHHe parHO
1 0g ()gl—w
YR — g . (41.06)
Taxkum obpasom,
v __ 1 0g —
=5 5 = Ty 1g1/ g (41.07)
[Moncrapaaa sto B (41.02), nonyqnmz
1
VA = —— = d;c V =gA. (41.08)

Taxkum 0Opa3oM, YMHOXEHHas Ha V——g pacXoIUMOCTb BeKTopa A paBHa
CyMMe YacTHHX INPOMBBOLHBX IO KOOPIMHATAM OT €r0 KOHTPABAPHAHT-

HBIX COCTAB/SIOLIMX, YMHOXeHHX Ha )/ — g.
Ecau Mb BO3bMEM B KauecTBe BeKTOpPAa A T'pPalMEHT HEKOTOPOro cKa-
J5Ipa @ M TOJIOKHM

a,=2 (41.09)
H, CJAENOBATE/]AbHO, .
Y —_ Y o

A= e i (41.10)

TC PACXOAMMOCTb STOMO BEKTOPA 1ACT MHRAPHAHTHOE BhIPAKEHHE
1 0 o 02
D@—i_—ém(lf—gg» 7}:), (41.11)

xoTopoe sieageTca oboluwenueM onepatopa [asambepa (21.27).
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C npyro#t CTOPOHBL, Ty & P4aCXOLMMOCTb Mbi MOXEM BBLYHC/IUTD
caenyiowuM obpasoM. CocTaBMM crnepBa KOBAapHAHTHYIO NPOMBBOLHYIO OT
rpanuenta ¢. [lo ofwemy npaeuay (40.05) Mb NOJYYMM BHpPaXeHHE

0% « 0% ¢
M,—-—W—PNE, “41.12)

KOTOpPOoe OYLeT CHUMMETPHYHBIM OTHOCHUTEIbHO 3HAYKOB ¢ M v. Ero moxuo
HA3BATL BTOPOH KOBADHAHTHO! NpOM3BOLHOH oT ekanspa ¢. Cocrabnss
BaTeM HHRAPHAHT
Oe = 8~ (41.13)
Mbt OyneM HMeTb "
N ?
Oe= g“'m—r“

; (41.14)
rie Mbi NOMOXHUAN /1 KPATKOCTH
I (41.15)

Tak xak o6a Beipaxenus (41.11) u (41.14) npeacTaragOT pacxoauMocThb
OOHOMG M TOTMO K€ BEKTOpa, TO OHHM IO/DKHBI COBMamaTb. PaBeHCTBO
K03(pPUUHEHTOR NPH BTOPHX NPOM3ROLHBIX OT @ HENOCPEACTBEHHO OYe-
BUILHO. [lpUpaBHUBad Ko3(Q(OUUHMEHTB! NPH TNEPBBIX NPOHU3BOLHBIX, Mbi
NOJAYYHM TOXLECTBO

- 1 v
M= — g (Ve (41.16)

KOTOPOE MOXET ObiTh NPOBEPEHO M HENOCPELCTREHHO.

3aMeTuM, YTO €CAM Mbi BBElEM B KAaYecTBe KOOPLMHAT Xy Xy, Xy Xy
yeThipe pelleHus ypaeHends [Jp =0, To a9 Hux Oyaner I¥=0.
Takue KOOpIMHATH, YIOBICTBOPSIOLME, KPOME TOTO, yCAOBMSM Ha Oec-
KOHEYHOCTH, O KOTOPBIX Mbi OyIeM FOBOPHTH B clelyiouiel IaRe, HA3bi-
BAIOTCA rapMOHHYecKHMH. B OGBUHOH TEOPHH OTHOCHTENBHOCTH FapMOHHU-
UeCKMMHM SIBJSIIOTCH LeKAPTOBbI KOOPAMHATE: M BPEMH.

Ecau BekTop A, €cTb rPandeHT HEKOTOPOro CKamipd, TO IAs HEro
PasHOCTb KOBapHaHTHle npoueronHbix V,A,— VA  paeHa Hymo. B 06-
lueM XKe cAyyae 9Ta PasHOCTL He paBHA Hymo, H e MOXHO paccMarpu-
BaTh, KaK YeTHpexMepHoe o0oOuieHHe BUXpA HaHHOro BekTopa. [lono-
KuM *)

(Rot A),, =V, A,—VA,. (41.17)

OTO BHPAXEHUE NPENCTABAET, MO ONPELENCHHIO, aAHTUCUMMETPHYHbLH
KOBADHAHTHHH TeH3op BTOpo1o panra. [lombaysace ¢opmynott (40.05),
JeTKO yOenuTbCsA, YTO NpU cocrasieHuu pasHoctd (41.17) uneHb, OTH-
Y4IOWHUE KOBAPUAHTHBIC [POH3BOLHME OT OOLIKHOBEHHLIX, COKPAaTaATCd, U

#) CumBoa Rot Mbl Gymem ynoTpeSastTh B CMbICAe 4YeTbPeXMepHOro 06006-
{ueHHs BHXPA, COXPAHAA AN TPeXMepHOro BHXps cHMsoa curl,
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Mbl  TIOJIyYHM

o4, o4, (41.18)
Ox, ox,’

(Rot A),, =

T. €. BbIpaxeHHe, coBnapaiouee ¢ OOBIYHBIM BbIpAXeHUEM 1 BUXDA,
KOTOpoe, TakuM o0pasoM, NPHMEHMMO M B HNPOHM3BOJBHBIX KOOPOMHATAX.

OGosHaunM uyepes A,, CUMMETPHYHYI0 YacTb KOBADHAHTHOH Npous-
BOLHOH OT BeKTOpa A,. Mbl uMeeM

1
Ay =75 (V,A,+V,A) (41.19)

WM, nocje rnpuMeHenus (40.00),
04, 04,

Al’w =7 ( ox, Ox,,

)—I‘:.,A,,. (41.20)
Tpu nOMOMIM CHMMETPUYHOTO TEH30PA A,, MBI MOXEM ONPElEJHTb BTO-
PY!0 KOBADHAHTHYIO NPOMBBOLHYIO OT BEKTOpPa A, NOJIOKUB

VA, =V A, +V,A,—V,A (41.21)

¥ Tpo o l,\.)

Packpbiag anech npu noMown (40.09) BhipameHus a8 TeH30PHAAbHBIX
NIPOU3BOIHbIX, Mbt OyleM HMETb

Vv A __ozﬁ__gpp A
WO T 0x, 0x B %pa
0 o 0 o 0 P
+ g (T — o (Thed)) — = (T, (41.22)

AHanoruyno, BTOpPAas TEH3OPHA/IbHAA TPOM3BOLHAA OT KOHTPABAPHUAHTHOrO
BeKTOPA HanMILETCS:

04« 0A= 04e
P P 1“ IW o <
V, A0 = A a + 0 G e g — T 5, 4.2 - A (41.23)

PaccmotpuM Tenepb pacxQmMMOCTb TeH30pa BTOPOFO PaHra, KOTopaift
OydeM nucaTb B KoHTpaBapuaHTHo# ¢opme. CornacHo (40.10), mul
HMeeM

OTH

VT = G I T - T T, (41.24)

[TpeoGpasys npy noMoluu (41.07) BTOpOH u/eH, Mbl MOXEM HANKCATh:

1

= d;c (Y — g Tw) Tl T (41.25)

VW = ——
[Tonoxus snece T’ = g¥» U 3Had, Yr0 TEH3OPHAJbHAA NPOUBBOLHAA OT
(YyHIAMEHTAAbHOTO TEH3Opa pAaBHA HY/MO, Mbl BHOBb [OJAyYaeM TOXKIe-
ctBo (41.16). Ecan TeHzop T aHTUCHMMETPHYEH, TO NOC/ACAHMH ieH
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B ¢opmyne (41.25) obpamaercs B Hyab. Takum 0O6pasoM, PACXOLUMOCTDH
AHTUCHUMMETPUYHOTO TEH30Pa CBOLMTCH, TaK Ke KAK M PACKOLUMOCTb
BEKTOP4, K CyMMe NPOM3BOIHBIX N0 KOOpIMHATaM. B ciyuae ke npous-
BOJBHOIO TEH30pa NOLOGHOE NPELCTARACHHE HEBOBMONHO.

Hanuwem Boipaxedve nas TeH30pPHAMbHOM NPOMBROAHOH OT KOBa-
PHAHTHOrO TEH30PA M IBa APYTMX BHIPAXEHHS, NOJYYaeMbIX U3 MEPBOro
KPYroBOH INepecTaHOBKOH 3HAUKOR:

OF
— [l p p
V.F,,= P Puch» — I‘\,.L,FN,
oF,
VFF‘,Q = ﬁ — I“‘:l—‘-ch — I‘gvap (41.26)
oF
o
V.Fo= ox, TeF o — TP,
[Ipennonoxum Tenepb, 4TO TeHsop F,, aHTHCHMMETDHYEH:
F,,=— Fvyﬂ (41.27)
Torna
VcFy.:'+ V_u.Fuc—*—Vchp_ ox + + ax (4128)

TOrna Kak UieHbl BHE 3HAKOB TPOH3BOAHBIX TNONAPHO COKpawaioTcs.
AHTHCHMMeTpH‘{HOE‘, OTHOCHUTEJIbHO BCeX TpeX 3HAYKORBR BHPAXKEHHUE

__OF,, OF,,  OF,
Fus= 5t 5+ (41.29)

Oyaer, cAenOBATENbHO, TEH3OPOM. OITOT aHTHUCHMMMETPHYHBI# TeH30p
TpeTbero panra F,,, HasbiBaeTcd 4@K.40M [NAHHOTO aHTHCHMMETPHYHONO
TeHsopa F,,. C IIOILOﬁHbIM BLIDAXKEHHEM Mbl YyXe BcTpevamuce B § 24,

Uy llaHHOI‘O AHTUCUMMETPHUYHOIO TEH30pa BTOPOrG pPaHra CBA3aH
€ PACXOLUMOCTBIO LYaAbHOTO aHTUCHMMETPHYHOrO TiceRA0-TeH30pa. Beenem,

cornacHo (37.67), nyanabHBIY mNCEBRO-TEH30P F% o dopmyie
b — % ECF,, (41.30)
OTKy1a

V?gﬁlozp%’ V’—gF20 Fys V__gp’so:

o)
i (41.31)
V=gF®=Fy V—gFt=Fy V—gFt=Fy

BeeneM Takwxke, coraacuo (37.68), ayasibHbift K FN,c NceBno-~BeKTOP.

FP= g E*"F (41.32)

pye?
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OTKy 1
———130_—-—1'1 , )
—— % V i * 1 —_— } (4133)
'l/__gFlz 230° V_gF2:F310; V‘gF?’:Fmo-J

Ecu Tensop F,,, ects uuka F,,, T0 Mbl OyleM HMeTb

— *uﬁ *
1 _0(V—gl _ pe (41.34)
V—z¢ 0xg

# o * a3

TaK YTO TNCeBAO-BeKTOp F ecTb pacXOLMMOCTb NCeBfo-TeHsopa F .
ToT e pesyabTaT JAETKO NOAYYUT: M 0€3 MNepexond K YHCAeHHbIM
3HAYEHMAM BHAYKOB, €CAM BOCNOJAB30OBATHCA TEM, YTO BLIYHUCACHHAA IO

” aBy3
oftieMy npaBuay TeHsopHaibHas npousBoanad oT £ (a takxe oT Eggp)
TOKILECTBEHHO DAaBHA HYMO.

§ 42. 3akon npeobpa3zosanusi ckoGok Kpucrobbdens u JaoxaabHo reo-
Ae3uyeckas CHCTeMa KOOpAMHAT. Y CJOBHS MPHBOAMMOCTH OCHOBHO#M
KBaApaTH4HOil (Gopmel K nocrosHHbIM KO3 HIEHEHTAM

TensopuaibHble NMPOUSRONHEIE OTAMYAIOTCA OT OOGBIKHOBEHHBIX TMPOU3-
BOAHBIX WIEHAMH, colepxawuMu ckobku Kpucroddens

08gn 08
L gf‘). (42.01)

. 1 0gu,
I‘apz—?—g-* (0;c5 + 0x,  Ox,

0
Ecau B HexoTopo#l Touke x, = X, Bee ckoOku Kpucroddens paeuu Hysmo,
TO BBIPAXEHHS IA TEH3OPHAJbHBIX M 119 OOBIKHOBEGHHBIX HPOMSBOIHbIX
cornazaioT. [lokameM, 4TO B OKPECTHOCTH KaXIOH TOUKH MOXHO BBECTH

TaKyl0 CHCTEMy KOODAMHAT, YToOb! B 9TOH TOYKe BCe BequuMHbl Ig obpa-
THAMch B Hyab. Torna, B cuny ypaeuenutt (40.14) u (40.16) B stoit
TOuKe OOpaTATCA B HYJb M BCe NPOMSBOLHBIE OT (PYyHLAMEHTAJABHOTO TEH-
30pa MO KOOPIMHATAM.

YcTaHOBMM, Tpexie BCero, 3aKoH npeobpasoraHus ckobok Kpucrod-
(dend npH nepexole OT ILAHHOH CHCTeMbl KOOPLMHAT (X, Xy, X5 X;)

’ Ys ’ Ys
K HeKOTOPOH HOBOH cHcTeMe KOOpAMHAT (Xp, X1, X2, X3). DTOT 3aKOH
MOXHO OBLIO Obl BBIBECTH HeMOCPENCTBEHHO M3 onpenetenus (42.01)

BeJIMYMH I‘;p, NOJb3yACh 3aKOHOM np2o0pasoBaHus a4 (QyHIAMEHTAb-
Horo Tensopa. OnHako mpollle paccyxnaTh caenyOWUM obpasoM. Mul
8HAEM, YTO BEJMYMHB!

02¢

_ Al 0(?
(Pp.‘l - oxl* oxv - 1 (42.02)

¥ 0y
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NPENCTARMAIT TeH30P. IJTO 3HAYMT, UTO A9 BCAKOH (BYHKUMM © U A/
mo0oro npeoOpasoBaHus KOOPAMHAT MMEOT MECTO PaBeHCTBA

/ /
0% p 09 (0% , 0(? 0x, 0xg
0x, 0x, T 0x, { o;c;() P4 — (T — }d;c 0% (42.03)

roe (%) cyTe ckobku Kpucropdens, BLIMHCICHbIE 115 IITPHXORAHHOM
cucTeMsl KoopauHat. [losaras siech © = x., oAy YUM

/

2./
o*x, 0x, 0x;

X
— % _7® e
owyox, " Deaw, = — T 53 o, (42.04)

dta QopMyna M [4CT MCKOMBIH 3aKOH npecOpasoranusa. Haawume uaena
C BTOpOH npOH3BONHON NOKa3bIRAET, YTO I‘Zp He ecThb TeH3op. Ecam xe
paccMaTpuBaeMoe npeobpasoBaHue — JIMHEHHOE, TO YKA3AHHBIN WieH QTCYT-
CTBYET, U, CJEIOBATEAbHO, N0 OTHOILUIEHHIO K JHMHEHHBIM NpeoOpasoBaHUAM
peauynbl 1%, BenyT ce6s, kak TeH3op.

Mycts B NaHHOW TouKe BesmumHbl I, mmetor suavenus (If,),. B ston

touke Beanuunbl (I'gg)’ LWITPHUXOBAHHOM cHcTeMbl OGPATATCA B Hy/b, €CIH
(dopMyabl npeo6pasoraHusl KOOPAMHAT YIOBACTBOPSIOT PABEHCTRAM

ogxl I
(OX = ) — (%), ( )0 —0. (42.05)
DTH pareHCTRA OyLyT BHINOJHATHCA, €CAM Mbl MOJOKHUM
Xy = Xo— X0 —;— (oo (X — xﬂ) (g — x9). (42.06)

Ina npeobpasopanus (42.06) Gyner

(%%)0 =3 (42.07)

TosToMy 8HaueHHs B NaHHOH TOUKe cocTaBMOIMUMX moOoro TeHaopa Oynyt
OLMHAKOBBI B LUITPUXOBAHHON M B HELUTPUXOBAHHOM KOOPAMHATHOH cHCTeMe,
B YaCTHOCTHU, HE HU3MEHATCA 3HAYeHHA (byHllaMeHTaJleOI‘O TEH30pa, Toruna
KaK Bce NepRble NMPOM3BOAHBIE OT Hero ofparTaTcs B NaHHOM TOUKe B HY.JIb,
ITHM MOXHO NOAb3OBATHCA [/ YNPOLIEHUS BLIUHCAEHHH ¢ TeH30paMH.
B camom nene, €Cau OTHOCUTENbHO HEKOTOPOTrO BHIDAXKEHHS U3RECTHO, UTO

=0,

0guy

OHQ €CTb TCHdOp U 4YTQ QHQ 06pau1am~cs; B HyJXb npn yC’lOBHP{ 0
TO OHO Oyner paBHO HyMO u 0e3 STOTO YCJIOBRUS.

MoxHO 10KasaTh, 4TO HamIeKALIUM Bbi0OPOM KOOPAMHATHOH CHCTEMEl

MOXHQ OﬁpaTHTb B HyJIb HpOHdBOﬂHbIC oT g&* He TQJAbBKQ B llaHHOPl TOUKe,

HO M BLOJb 3a0aHHON muHUM [14].
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KoopauHatHas cucrtemMa, B KOTOpOH, A AaHHON TOUKH, NPOUSBOLHLIE
OT g,, OOpallAOTCs B HYJb, HA3bIBAETCA JOKAAbHO Teolesnyeckofl. Jro
HA3BAHUE ONPARILIBACTCA TEM, YTO B YKA3aHHOM CHUCTeMe OTCuyeTa ypae-
HEHHS| TeQLe3HUeCKOod JMMHMM CBOIATCA B NAHHOH TOuKe K PABEHCTRY HyMO
BTOPEIX NMPOM3BOLHbIX OT KOODAMHAT N0 napamerpy p (BOaus3M 3TOH TOUKH
BTOpble TNIPOU3BOAHbIe OYAYT BeJHYMHAMH [ePBOro MOpALKA MaJOCTH).
[TosToMy xoopauHATB! OyLyT TaM, € TOYHOCTBIO [0 WUICHOB TPETHErO
NOpAiKa, AMHeHHBIMH QYHKUMSAMH OT napameTpad.

HOCTaBHM BONPOC: MpH KAKUX YCAOBMAX CYIWECTBYeT KOOPAHATHAA
cucreMa (xo, X1 x,, x;) B KOTOpoi ckoOku KpucTopdens papHel Hymo
He TOJbKO B IAHHOM TOYKE WM BIOJb HEKOTOPOH AMHMHM, HO M B HEKo-
TOpPOH KoHeuHo# obaacTu?

Ecav Takas KOOpPAMHATHAA cUCTeMa CYLECTBYeT, TO LOMKHO Cylue-
CTBOBAThL pellieHHe YPABHeHUH

0%¢ p o __
W——I‘ " Bx, — 0, (42.08)
TaK KaK UM Y/IOBJACTBOPAIOT DYHKUUH
’

’ ’
O=Xg; P=X13 ©= Xo} ©=X3. (4209)

Jna coBMmecTHocTH ypaBHeHutt (42.08) oueBMAHO HeoOXOMHMO, YTOOBI
BBIYHC/ISIEMble W3 DPAa3JHUHBIX YPaBHeHHH 3ITOH CHCTEMb BbIPAMEHHA 1A
TPEThUX MPOH3BOLHBIX MeXLY coboit cosnanam. Mbl uMeeM

o_( _3_(1‘9.93 1
0x, \Ox, 0x,]  0x » 0x,/’ !
(e ) = (e 22). |
0x, \0x, 0x,) B ox J
Beuny paseHCTBAa J€BHX 4YdcTeH MNpaBbie YacTH NOMKHbI ObiTh DaBHbI.

[NpupaBHuBasd ux, Npou3BoAA Nu(QePEeHUHUPOBAHHE H BbIPAXKAA BTOPbIE
NPOH3BOLHBIE Yepe3 NepBbie, MO/AyYaeM

(42.10)

ore,  or® P
Swr Tlwry poye p“arg,) 9 . 42.11
(()x ox, + L i 0x, ( )

I I
STy paBeHCTBA NOMKHbI HMETb MECTO NIPH @ == x0; o= x1; O = Xy, © = X3.

Tak Kak onpenenure/b

’ 7 ’ 7
D (xqg, Xy, X, X3)

D=i—F—— 42,12
D (X0, X1, X3, x3) ( )

a-

HEe paBeH HYJI0, TO HOJ/KHbI PABHATHCA HYJIO BCE KOSCpCpHU,HeHTbI npu a—f—

B (42.11), T. e. Bce BbipaxeHus

ore ore, s .
Rl‘j‘-v““ = oxp; - —o_f: + I‘p.‘lrga - I‘pargw (42. 13)
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HokaxeM, YTO ycC/IOBHS
Rl =0 (42.14)

ABAAIOTCA He TOAbKO HeoOXONHUMbIMY, HO ¥ NOCTATOUHBIMH I/ TOTO, YTOGI
cucreMa ypasHeHu#l (42.08) umena pewenne. Jag 3TOro NOAOKHM

0«
%= gy (42.15)
M HaluiieM cucreMy ypasHenutt (42.08) B Bume
Jg,
o.X I‘p..'(Pp (42.16)

[TycTbh 3HaYeHHA ¢, 3a1aHbl B HEKOTOPOH TOUKE € KOOPAHHATAMH Xa. UToGbi
NOJAYYHTb MX LA NPOU3BOABHON TOUKH X,, COCAMHMM 00c TOUKM KaKod-
HUOyNb KpuBOH

=5 (p), (42.17)

rae p— napamerp, u OymeM paccMaTpuBaTh @, (4 TaKxe I‘fw) KaK ¢(yHk-
uuua ot p. Has onpeneteHus ©, Mbl MOJAYYHM CHCTeMy OOBIKHOBEHHBIX
ypaBHeHu#

d?v 1P 'l—‘-

3;:1;”5 Pps (42.18)
rie TOUYKa O3HAudeT NMPOM3BOAHYIO NO NapaMmeTpy p.

Jra cucreMa ONHO3HAYHO ONpPENEseT 3HAYEHHA @, B KOHEYHOH TouKe
kpuBoft. Ocraercdl NoKasarth, YTO MoOJNyyaeMbie TAKHM NyTeM BHAYEHHA @,
He 3aBUCAT OT BHAA KPHBOH, COENMHANWEN HAYAIbHYIO M KOHEYHYIO TOUKH.
JIlas 9TOro paccMOTpPHM MeXIY TeMH e IByMA TouKaMu OeCcKOHEYHO
63Ky KPUBYIO

o NmO
X, =8 (p)+ ¢ (p), (42.19)
rae O — GecKOHEYHO MaJbf BEKTOpP, KOTOpbi ofpauaercd B HyJb
B HaYaJbHOM M B KOHEYHOH TOuKe. 3HayeHHs ¢, HA M3MEHEHHOH KPHUBOH

0603HaunM yepes ¢, Oo,.
YpasHenus, onpenensioune @ — 4@, 6ynyT, OYEBHIHO, MMETb BHIL

ore, o\ K
@, 0e) = (T 5 2 8) G 28 (6, 20 (42.20)

Briunras us uux (42.18) u orbGpacwiBad GeCKOHEYHO Majble BBICIIMX NO-
pAAKOB, MOAYYHM

38 IEE8g, - Ih.0, 255 (42.21)

ap 0% = o

0x, P

Hcnoansyn ewe pas (42.18) u Bons obosnauenue (42.13), Ml MOxeM
9TH ypaBileH!s NPHBECTH K BHAY

d 4 3 o o c 3
g;(a%—l £REY) = RS, hot T8 (Bp, —Iip,d8).  (42.22)

13 >ak. 485. B. A. Qox
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ITonoxuM 1A KPaTtkOCTH

1, = 8¢, — %0, 0%, (42.23)
[pu ycaosuu (42.14) ypaBHenua (42.22) manumwyres:
d’]u o f
= If.8,. (42.24)

Taknum oOpasoM, ypapHeHusi I 4, HMEIOT TOT e BHI, KdK ypaBHeHHd
(42.18) nas ¢,. (Te ¥ Apyrue NpeAcTaBASIOT YPaBHEHUA NApa/iieibHOrO
nepeHocd BEKTOpa BAOJAbL paccmaTpuBaemodt Kpueo#t.) Tak ke Kak u @,
BE/MYHHB 7, ONHO3HAYHO ONpeleNdloTCA M3 HayadbHbX ycaosuf. Ho
HayaJbHbie YCJOBHSI L/ BedHYMH 7, — Hy7leBbie. B camom Aene, koop-

NHHATHl HAYaJAbHOM TOUYKHM (PUKCHpOBAHbI; C/AENOBATE/NAbHO, B HeH £
Kpome Toro, B HauanbHOH TO'IKe (PUKCHPOBAHH 3HAuUeHHA ¢, CACNOBA-
TeAbHO, B He#l Takke M 4o, — 0, Tem caMuiM B HayaabHOH Touke 1, = 0.
Ho npu Takux HauajabHbIX YyCAOBHAX OyAeT BHOJb BCelt KpHBOH

H, CJAENOBATENbHO,

8o, = g, 3" (42.26)

PaccvartpuBas Teneph KOHEUYHYIO TOUKY KDHBOH, KUOPAHMHATH KOTOPOH

TaKxke QuKcuposBaHbi, Mbl OyneM umerh aad Hee 8% — 0 u, BcaencTBHe
(42.26), 8¢, = 0. Ho 10 3Haumr, uro yHKuus ¢, NPUXOLHT B KOHeu-
HYI0 TOYKYy C OINHMM H TeM e 37aueHHeM, KaK N0 NepBOHAYAIbHOH,
TaK ¥ N0 u3MeHeHHOH OeckoHeuno Oauskoi xpusoH. IedopMupys Kpu-
BYI0 HelpPEPHIBHBM O0pPa30M, Mbi MOJAYYHM TOT Xe pesy./bTaT I/af THOObix
IBYX KDHBBIX, COELMHSIOIMX 3aMaHHbie HAYAJbHYI0 ¥ KOHEYHYIO TOUYKH
(HeoOsi3aTeabHo Oeckoheuno Oauskux), Orciomna chaenyer, yro B 0060l
OLHOCBA3HON 061aCTH BeluuuHbl @, NPEACTABISAIOT ONHO3HAYHbIE (QYHKUHH
TOYKH, KOTODble ONpene/fioTcd HX BHAYEHHSAMH B ONHOH KakoH-HuOylb
(HayalabHOH) Touke.
B cuay nugpdepexunanbhnix ypasuenuf (42.16) Mbi nmeeM
0% _ 9% (42.27)

0x, ox,

b

TaK KaK BeiuwumHb [\, cAMMeTpHuHbl OTHOCHTENbHO CBOMX HIKHHX 3HAu-
koB. OTciond cienyeT, uTO BEIpaxeine

do = o, dx, (42.28)

npeAcTaBMeT NoJHuIR  auddeperunan. Mdrerpupys ero u  onpeneass
NOCTOAHHYI0 M3 3al0dHHOIO 3HAYeHMS ¢ B HAYadbHOH TOYKE, Mbi 3aKOH-
4uM OMnpedeteHHe QYHKUAH .

Mbl nokasams, uTO HEOGXONUMBIM H AOCTATOYHLIM YCAOBHEM CYyLIE-
CTBOBaHHA pellicHus ypapHeHuH (42.08) sBafercd paBeHCTBO HY/MO Bhlpa-
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weHna (42.13). llpu sroM ¢dyHKUMS ¢ onpelessieTcd, ¢ TOYHOCTBIO MO
ALOUTHBHOH MOCTOAHHOM, 3HAYEHHMAMH €e YACTHHX TNPOHU3BOAHBIX MO
KOOpIAHHATAM B OLHOH TOuUKe.

Ecau nanm apa pewenud, © u ¢, ypasHenutt (42.08) (koTophie
MOPYT M COBNallaTh), TO BHIPAXEHHE

de 0
ol = gw 57 (% (42.29)

ocraercsl, B CWIy 9THX YDABHEHHH, NOCTOSHHbM. [1A NOKa3aTeldbCTBA
LOCTATOYHO COCTABHTb KOBAPHAHTHYIO NPOM3BOAHYK OT ckaadpa (42.29)
U yGenurhes, YTO OHa paBHa Hy/mo. [HanoMHmM, uyro ypaBhenme (42.16)
KaK pas ¥ BLIPAXKAaeT PABEHCTS0 HY./I0 KOBAPHAHTHOR NMPOU3BOLAHON OT @,].

OGosHaunM Yepes X, X;, X,, X, YeThipe pellicHus ypaBHennf# (42.08),
BLIOpaHHble TaK, YToObl B HauaJbHOM TOuKe ObLIO

- == eaSag (4230)

(no a He cymmmpyercal). Torna paBencTBo (42.30) Gymer uMeTb MecTo
M TIpH Bcex 3HAYeHMAX KoopamHaT. OTciona uucto  aareOpanyecKuM
nyTeM TNoJyyaeM
3 / ’
A N (42.31)
83 = 2‘ 4’ Txq Oxp :
k=9

T. €. NpeNCTaBleHuEe g B Bule (30.15), a ciaeloBaTelbHO, W NpuBele-
sue ds? x Buny (35.09).

Takum 0o6pasoM, HeoOXOLHMMbIM H NOCTATOYHBIM YCAOBHEM TMPHUBOIM-
MOCTH KBaApaTHYHOH (OPMbI

ds?* = g,y dx,dxp (42.32)
K BULY
ds® = (dx})* — (dx;)* — (dx})* — (dx))? (42.33)
ABJIAETCA PABEHCTBO HYMIO BbIPAXKEHHS
ore,  ore . ,
Rin =S5 —x + Dol — DIt (42.13)

cocTaBieHHOro u3 ckoOok Kpucroddens, Bbiumc/aAeHHBIX N9 KBaapaTHY-
HOH opmbi (42.32).

§ 43. TeHB30p KPHBHBHH
BeeneHHoe B NMpenblymieM naparpade BbpaxeHue
oFPl OI‘Pa s 12
R;PL = ‘ox—}:* — o;‘ + I‘WI‘& — I‘parg‘v (4301)

urpaet 6o/blIyI0 poab B o0uleM TEH3ODHOM aHa/AW3e ¥ B TEOPHH TAro-
teHus. [lo9TOMy Mbl HOMKHH MNOAPOOHO UccaAedOBaThb €ro CBONCTBA.

13%
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HokaxeM Npexne Bcero, 4T 9TO Bbipa¥eHHe ecTbh TeHsop. [okasa-
TeAbCTBO MOXKHO NPOBECTH pasiuyHbiMH clocobamu. Haubonee Heno-
CPEACTBEHHO 3TOT Pe3yAbTaT MOXKeT OnThb MoJydyeH NyTeM AUddepeHln-
POBaHHA ypdBHEHHA

2 7 /
o_

o 0x ox@ 4
o, 0%, 0x I‘M c)x = — (I'sp)” ox, Tx, (43.02)

Bhipaxaiowers, coraacHo (42.04), sakoH npeobpasoBanus cKoBok Kpu-
crodpdensn. Pesyabrat nuddepennuposanus (43.02) no x, Moxer ObiTh
3aMucaHl B BHIE

’ 2 l

o3x, 0*x ox, O’y | ox, Oux
0., 0x, 0x, + T’ <0x1 ox, ()x gai T dx 0x,0x, | 0x, 0x) 0x,, )——

01‘P .\ 0x,
( o w I )o
dx; ()Xé dx.

0(Tgy)’
( ox, ‘ +(I‘By) (I‘m))Txla}:gf (43.03)

3nech fAeBad YyacTb CHMMETPHYHA OTHOCHTEJbHO 3HAUKOB A, u, v; Cle-
NLOBATENAbHO, AOMKHA OhTb CHMMETPHYHA M npaBas wacTb. [lepecrasias
B NpPABOH YAaCTH 3HAYKM A M v M NPUP2BHUBAA DPe3yAbTAT NEPeCTAHOBKH
3HAYEHHMIO NPABOU YACTH B NEPBOHAUANBHOM BHAE, Mbl NOAYYHM (opMyay,
KOTOpYi0, NpH HcNoab3cBaHuM oO0c3Hauenuad (43.01), MoxHO Hanucarthb
B BHLE

0x’ dx be ()x

Rp, W 0 — (R’i '[U) oxl 0 (43.04)

X, Oxv
dra dopmyra ¥ BHpaxaeT TOT (akr, yro R, ., NPeACTABIET TEH3OD
YeTBEPTOrO PAHra, KOBADHAHTHHIM OTHOCHTEAbHO 3HAYKOB U, ¥, A M KOH-
TPABAPHAHTHbI OTHOCHTEe/]bHO 3Hauka p. TeH30p 9TOT HA3bIBdercs TeH-
30pOM KDHBHU3HbL.

[Tpy NOMOWM TEH30pa KPUBM3HB MOXHO BbIPA3UTh HM3MEHEHHE BEK-
TOpa NpH Napamie/bHOM NepeHoce BAOAL OECKOHEYHO MAaforo 3aMKHy-
tToro KoHTypa. [lycTb 3HayeHwe BeKTOpa A, B HauaJbHOR TouKe X0
ecTb (4, )o- Tlpu nepeHoce ero B 6CCKOHU{HO OMUBKYI0 TOUKY 3HAYEHHS
€ro cocmsnmou.mx OynyT paBiibl

c (]
Ay = (A )~ Taplo (A)g (X, — Xa) (43.05)
¢ TOUHOCTbIO N0 BeJHuMH BTOPOrO MOPAAKA MaOCTH *) QTHOCHTENLHO

cMewenudt X, — x2. OueBHAHO, YTO H3MEHEHHs AA, BexrTopa A4, nocie
obxolda no 6CCKOHUlH0 ManoMy KOHTypy OYAyT no Kpa#uet Mc.pc, BTO-

*) DTU BeNHUIHB BTOPOro MOpsAAKa yxe OyAyT 3aBuceTb OT BHAA KPHBOI,
10 KOTOPOH MpOU3BOMNTCA CMEUleHHe (BeKTop A, He ecTb (yHKUMA TOMKH).
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poro nopsaka MaJOCTH OTHOCHTE/BbHO HanboONbIINX CMelleHHA. DTH u3-
MEHEHHS BbiDAXKAIOTCA KpI/IBOJH/IH(:‘,ﬁHblM HHTErpa’ioM

A, = [ 1%.4,dx, (43.06)

B3ATHIM MO paccMarTpuMBaeMOMy KOHTYpPY. B cayuae GeCKOHEYHO Majaoro
KOHTYpa MOQOXKHO 3aMeHHUTL [N0o4 HHTCrpanaoM BeJHUHHY Ap BbIpaXKe-

uueM (43.05), a seamunny 'Y, — Bhpaxenuem

ald P OF}PLI 0

M= 5,4 (For), e — . (43.07)
[Moncrasasa (43.05) u (43.07) B (43.06) M yuurThiBas, uTO HHTerpan
N0 3aMKHYTOMY KOHTYPY OT NO/HOro Nudepeduuana paBeH Hy/0, MH
01y UM

orvﬂ.u € P
s =[G rnrn] g, foa—sdar, @308

Beanumin
0 0 1 : 0
Q"= f (X, — x4) dx, = 5 ‘ (X — Xa)dx, — (X, — x)dx,) (43.09)

MOXHO TOJKOBATb KaK NPOEKUHHM OXBATHIBAEMOH KOHTYPOM M/0LLANKH
HA KOOpAMHATHBIE ,MI0ocKocTH. OHHM NpefcTasasor, KaK JerKO BHLETH,
KOHTPAaBAPHAHTHHIY aHTHCHMMETPHUHBIX TeH30p. [loib3yach aHTHCHMMe-
TpHell TeHsopa @, moxmuo HanucaTh dopmyay (43.08) B Bune

1 7] a
A4, =5 RL nARQ (43.10)

(ornocawuica K HayaabHOM TouKe 3Hauok O HaMH ONyLIEH).
[TyTeM anaJoOruuubix paccyXAeHHH N U3MeHeHHs KOHTPAaBapPHAHTHHX
COCTaBAMIOIMX BeKTOpa MNoayuaercd dopmyaa

AN = — 5 R WAQ™. (43.11)

Mu yxe sHaem, u4To R .. ecTb TeH30D; 3TO 3aK/MOYEHHE MOKHO
6bl10 Obl BLIBeCTH M HAa ocHoBaHuM ¢opMyan (43.10) maum (43.11).
B camom nene, AA, ecTb pasHOCTb IBYX BeKTODOB, OTHOCAWUXCA K ONHOM
TOUKe H, CAeLOBaTelbHO, MpencrasifeT cobow Bekrop. C apyroft cro-
pouLl, eciy NOGABHTh K aHTHCHMMETPHUHOMY TeH30DY Q¥* NpoH3BOJbHYIO
CHMMETpPHUYlIYl0 uyacTh, TO ypasHeHHe (43.10) He wuaMeHurcd. Takum
obpasoM, npaBas uacTh (43.10) OyneT BeKTOpPOM, KakoB Obl HH Obll
TeHsop @™ wu BEKTOP AP, YTO BO3MOXHO TOJbKO B TOM Cilyude,
Korna Rf, .. ecTb Tensop.

B § 40 Mbl BBeam onepaumio KOBapHAHTHOro Au(epeHLHPOBaHUS.
B o6wem cayuae omepamyu 5TH He KOMMYTAaTHBHL: BTOPAs KOBAapHAHTHas
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NPOM3BOAHAA OT BEKTOPA WM TeH30pa, B3ATad chmepBa NO Xp, 4 3aTeM
no Xx,, He OyAeT paBHA TaKoil e NPOM3BOAHOH, B3ATOH chepBa MO X,
a 3aTeM Mo Xg. PaccMOTpHM pasHOCTL BTOPBIX NMPOMSBOLHBIX OT BEKTOpA.
Mbi umeeM, coraacHo (40.05):

04
(2] 2k
Vod, = — Lipde (43.12)

Boiyncamm V,V3A, B 0KaAbHO-reONe3MYeCKON CHCTEME KOOPAMHAT (B KO-

Topo#l MNepBbic NpousBonHbie or IY, ofpawaioTcs B HyAb A4S AaHHOH
TOUKH), Mbl uMeeM

»4,  oTl
VGVBAP.: a:;a—o-x—ﬂ-— ()x,,_ A,, (43.13)
OTKyZa
or’ or’
_ a g
V,VpA, — VgV, A, = ( o;@ e ) A, (43.14)

B aokasibHO-reoneawyeckofl cHcTeMe MHOXHTe.Ib NMpu A, B NpaBo#t uactu
He OQOTAxuYaeTcd oOT Bblpa)KeHI/Iﬂ AJid TEH30pd KPHBHU3HbI, KOTOpOEe paBHO
Y o

Rt — or,, oy

BT Toxg 0%,

~+ Lo — Iples. (43.15)

HOSTOMY B JOKAJAbHO-TeQAe3uuecKod cHucteMe HuUMeeT MecTO paBE‘,HCTBO
(VoVp— VeV A, = Ry, spA.. (43.16)

Ho ofe wacTy 3TOro paBeHCTBA NpeAcTaBAAIOT cobow Teusop. [losromy,
ecau paseHcTBo (43.16) cnpaBeniuBo B KakoH-HUOyAb ONHOH cHCTeMe
KOOPAMHAT, TO OHO CNpPaBeNJHBO M B MPOMU3BOJIbHOH CHCTeMe KOODLHHAT.
Takum o6pasoM, BhipameHue (43.16) 19 pasHOCTH BTOPbIX KOBAPHAHTHHIX
NPOU3BOMHBIX OT BEKTOpa SABJIAETCA OOLUMM.

AHanoruuyHo BHBOLHTCH (opmyna

(VaVg— VpVa) A" = — Ry, A" (43.17)

17 KOHTPaBAaPHAHTHOI'O BEKTOPA.

HcnonbaoBanubift 31ech NpHeM COCTaBJEHHS TEH3OPHOIO ypaBHeHUS
B JIOKAJbHO-reoNesniecKoll KOOpAMHATHOH cHCTeMe, € MNOCAERYIOLUM
34K/MIOYEHHEM O TOM, YTO OHO CNPaBelJUBO M B oOlWEM clyuyae, MOXeT
3HAYUTEAbHO OOMeryuTh BhiK/AaaKH. Y paBhenus (43.16) u (43.17) HacToabKo
NpOCTbl, YTO JerKo MOryr Obithb NoJyueHbl # 0e3 NPHUMEHEHHS 9TOro
npHeMa, HO B APYrHX CJAyYyasx BHOCHMOE MM YNPOLIEHHE CYLIECTBEHHO.

PaccMoTpuM, HalpuMep, BbipaXKeHHE M8 PA3HOCTH BTOPbIX KOBa-
PHAHTHBIX NPOHU3BOMHLIX OT TeH30pa MNPOU3BOJLHOrO panra

Uy =uiLm (43.18)
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dopmyay (40.26) saa nepsoft NPOM3BOAHON MOXHO HalHCaTh B BHIE

"

o .o vow [N
VBU&L; = (—)X—B (U&\;)—%— EP};gU(‘} Pim1PPgeq e P

(B
_EI‘B‘U' .. .vj IP'J+1 oo Vg (43.19)

Cocrasass, B reofesuueckofl CHCTeMe KOODAMHAT, BTOPYIO NPOU3BOLHYIO,
NOTY4UM
n

) . o by
VquBU?;) = ox, 0x (v))+ z o PB U‘LI Pi— 1P+

N Ty e
Zl ox, len.“j_lp\'ji-l"'.'k' (43.20)

CaenoBareabHo, pasiiocTb BTOPbIX NPOM3BOLHBIX OyAeT, B re0Ne3MyecKol
CHCTEME, COBNANATh C BbIPAXKEHHEM

(VVp— ViV Uy = — 2 Rgiaau‘ﬁ S S TE R

+ZR ,aBU‘L, “'j—lpvj+1""k' (43.21)

A rak Kax ofe YacTH STOTO BLIPAXEHHA NMPEACTABJAIOT cOBOI0 TEHBOPH!,
To paBeHcTBO (43.21) Gyner cnpapennuBO ¥ B NPOH3BOJbHON KOOpAUHAT-
HOHN cHucTeMe.

§ 44. OcHoBHBle CBOHcTBA TeH30pa KPHBHU3HBI

PaccmoTouM Hapany cO CMEIUAHHBIM TEH30POM KPHBHBHBI

- ore, OI‘;B o 1w -
Ry o= “,;f;‘—mj’f—rwl o8 — Ll (44.01)
KOBApHAHTHHIH TEH30D
Rp,‘l, af — gucRﬁ, B> (44.02)

COrJIacHO 9TOMy ONDENedeHUI0, CMelUlaHHBI# Tensop Rj . NOAyYaercs
U8 Ry, .p, MOLHATHEM 6mOp020 KOBAPHAHTHOro 3Hauka. [lostomy Goaee
noapoOHLIM 06o3HaueHHeM A/ Hero 6biio Obl

R:L, of = R:‘.a.ﬁ = ngwv aP' (41'03)
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3ameTHM, YTO B CTApOH JMTEepaType A4 KOBADHAHTHOIO M LM CMellaH-
HOrO TeH30pPa NMPHHATH OGO3HAYECHHS

Ry, o = (v, af), (44.04)
R‘i' o = {ua, a3}, (44.05)

HA3hBAEMbIE YETHIPEXSHAUKOBbIMH CHMBOJAaM¥ PHMaHa nepBoro u BTOPOro
pona.

Boyucass no ¢opmyae (44.02) xoBapuaHTHbIl TEH30D KPHBHBHH,
OyneM uMeTb

0 0
RW: B = a—a [va, V] — d—x; [}1.13, v] -+

og‘lO ag‘lo .
H10{e8 1 — ) =M {les 1 —51). @406)

U OKOHYATEJbHO:

Row g ( 0°81n 028,35 0%g.p 0°8ua
oo =g 0x, 0x3 | 0x,0x,  0x,0x, 0x,0xg ) -

—T% V8, 14T [va, p].  (44.07)

Buipaxas nocienHume IBa uyideda uepe3 Beduunubl If,, MOXKHO TaKke
Hanucarthb

R . l_ ( 0&,s + 03&..3 ozg-:a o."gg-a
b ef =3 \ox, oxg U 0x,0x,  0x,0x, 0x, OxS) -

— ool 5l s+ gl fel%e  (44.08)

M3 3TOro BbIpaXeHHS JErKO BHIBECTH CJACLYIOUIME CBOHCTBA CHMMETPHH
JaHHOTO TeH3opa:
1) AuTucuMMerpus B NepBhIX NBYX 3HAUKax

Ry, ap = — Rys,ap- (44.09)
2) AHTHCHMMeTPHS B NOCJENLHUX ABYX 3#auKax
Ryo, pr == — Ry, o (44.10)
3) Llmxanveckas cuMmerpus
Ry a8+ Rya, 89+ Rz, e = 0. (44.11)

[Mepeeie nBa cBoficTsa oueBuAHB. YToObl NPOBepHTL NOCACAHEE, NOCTA-
TOYHO COCTABHTHb JeByl0 uacThb (44.11) B MOKaNbHO-Teone3HYECKOH KOOD-
IMHATHON cHcTeMe M yOeduTbcd, 4TO 12 BTOPHLIX NPOMSBOAHHIX MOMApHO
CoKpamanTcs.

W3 nepeuncleHHbX TpeX cBOUCTB BHITéKaeT, NaJjee, uTO Neppas napa
3HAYKOB Mo:KeT OBITb MepecTaBieHa C MocaelHed napoft sHaukoB (¢ co-
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XPaHEHHEM HX TOpPSAKA BHYTDH KamIOH napbi):
R,y == Ry, a8 (44.12)

CeotictBo (44.12) HenocpenCTBeHHO BbiTekaeT u3 onpefeieHns (44.08).
YroObl MOKA3aTh, YTO OHO He ABASETCH HE3ABHCHMBIM, a MPeACTaBaseT
CJeLCTBHE NEPBBIX TPEX CBOHCTB, LOCTATOYHO COCTABHTH CyMMy ypaBHe-
nua (44.11) u Tpex Apyrux ypasHenul, noayuaeMmbix us (44.11) xpyro-
BoH MepeCTaHOBKOW 3HaukoB (u, v, @, 3). Ecam yuecTe cso#icTba aHTH-
cummetprd 1) 1 2), To M3 12 41eHOB 5TOH cyMMb 8 nonapuo COKpaTaTcs,
a ocTa/bHele 4 HanyT

2Ry, 54 2Rp,pa = 0, (44.13)

yro oramuaerca ot (44.12) quup 0603HAUEHHEM 3114YKOB.

[ToacynMTaeM YHCHO 11€33BUCHMbX KOMIOHEHT TeH30pa KPHBHM3HbBE, NpHU-
yeM CheldeM 9TO B NMPEANOJONKEHHH, YTO KOXJIBIR 3HAYOK NpPHHUMAeT #
snaueHuft (daxtuyecku n == 4). OueBHAHO, YTO BCe YETHIpe 3HAUKA He
MOryT ObiTb OAMHAKOBbiMH. OTiMuHBiE OT Hyas KOMNOHEHTH € IByMA
pasHbIMH 3HAUKAMU TNPUBOJATCA K THOY R,3,.. MIX CTOJBKO, CKOAbKO

1
nap HeOLUHAKOBLIX 3HAUKOB, T. €. 5 n(n— 1). Danee, ecim nana Tpoiika
1
pasHbix uuced @, 3, 7 [a Takumx Tpoek -é-n(n— )(n—2)], 10 u3 Hee

MOXHQ COCT4BUTH OTAHYHBIE OT HYA KOMIOHEHTL Rag, oy R 8y3 Rya,
R KOTOpPLIX NoBropdercd JMOO nepsoe, b0 BTOpoe, /MO0 TpeThe U3
uncen «, 3, {. YMCAO TaKMX KoMnoHeHT OyleT pPaBHO UHCAY TPOEK,

yMHOMENHOMY HAa 3, T. €. PaBHO %n(n—l)(n—?). HaxoHet, cyuue-

CTBYeT -214)1 (n—1)(n —2)(n — 8) xomOuHauu# wembipex PasAUYHBIX

uncea @, 3, Y, O. Iag Kaxnol TakoM KOMOMHAUMM MOXHO COCTABHTh
KOMNOHEHTH Ry, 33 Roi, g3 Ruy,sp, TOTHA KaK BCe OCTalbHbie Coue-
TaHVA 3HAYKOB NMpPUBOAATCA K 9THM. Ho 9TH TpM KOMNOHEHTH He fBJAOTCA
11eBABUCHMBIMH, TaK KAaK OHM CBA3aHbi YCIOBHEM LMKJINYECKOH CHUMMETpDHH;
11€3aBUCUMbiMH Oy yT TO/bKO ABe M3 HUX. CreloBaTeldbHO, UMCIO He3a-
BUCHMbIX KOMIOHEHT C YeThiPbMs Pa3/MYHBIMU 3HaUMKaMU PABHO YIABOCHHOMY

1
YHCAY UETBEPOK PASHbIX YHCed, T. €. PaBHO 157t (1 — Y (n —2)(n—3).
TTosHoe KOJAMYECTBO HE3ABUCHMLIX KoMOoHeHT OyAeT, TakuM o6pasoM,
PaBHO

S (n— Dgn(@—1) (2 — 2+ 1 (1— 1) (1—2) (1 —3) =

bt oacq
= HuEA—1). (44149
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B untepecyoumem Hac cayuae n =4 3To uyMcio paBHO
64124 2 = 20. (44.15)

34MeTHM, 4TO B TPEXMEPHOM NPOCTPaHCTBe (# == 3) YHUCAO He3aBUCUMLIX
KOMMOHEHT TeN30pa KPUBU3HB PaBHO 6, T. €. YUCAY KOMMOHEHT CHMME-
TPUYHOrO TeH30pa BTOporo panra. elcTBUTEIbHO, A1 A = 3 TeH30p
KPUBM3Hbt MOXeT ObiTh BbiPaXEH Yepe3 CUMMETPHYHbIR TEH3OP BTOPOro
paura. (Cm. Ho6asaenve ). HakoHen, TeH30p KDHBU3Hb ABYXMEPHOH
NOBEPXHOCTH (# == 2) UMEeT TOIbKO OJHY KOMIOHEHTY — IayccoBy KPUBUBHY .

Hanomuum, yro B § 31 Mb ye BCTpeyanuch ¢ BeaHyMHaMH, o6sa-
NAIOWUMH TeMHM e CBORCTBAMM CHMMETPHH, KaK KOBAPUAHTHHLI TEH30P
KDHMBH3HbI, NPHYEM MH OTMETHAM TaM CBA3b STHUX BEJWYUH C CUMMETPHUY-
HbiM TeH30opoM KpyTkosa.

Mbl M3y4yHaM CBOHCTBA KOBAPHAHTHOrO TeH3DPa kKpuBM3Hbi, CMellaHHbiR
TeH30p KPHBM3Hbt 00/aNaeT aHAJOTHUHBLIMH CBOMCTBAMH

R;. s == — Rj, s, (44.16)
R;, aff + R;, B "!_ R%, pa == 0, (44.17)

xoropuie coorBercTBytor (44.10) u (44.11). Yro kacaercd cBoicrsa,
coorBeTcTByloulero (44.09), To 0oHO 3anMchiBaeTe 60Jee CHOXKHBIM 00pa-
30M, 4 UMEHHO!

gavgpp'R;., off — — Rg, af (44. 1 8)

(NoLHATHe NEPBOrO HHXHEro M ONycKalue BepXHEro 3HAuKa MEHSIOT 3HAK
KOMIOHEHTBb). DTO CBOHCTBO /erko BbIBeCTH HesaBucumo or (44.09) us
conocraBaenua (43.10) ¢ (43.11) wm (43.16) ¢ (48.17), un xe, Ha-
KOHel, U3 PaBeHCTBA

(VaVp— VgVa) guv == RY, 53 8o+ RS, p 8o = 0, (44.19)

BLITCKAOLULEro u3 obuielt dopmyan (43.21).

Hapsany ¢ paccMOTpeHHbIMH Bbille ajireGpanyecKuMd COOTHOLIEHUAMH,
TEH30P KPUBH3Hb YIOBAETBOPAECT AUD(PepeHuHaNbHBM  COOTHOIIEHUAM,
KOTOpble MOTYT OLThb HAaNHCaHBi B BUIE

V'LR;L‘;, of + Vp,Rv)\, a3 _'T” VvR).p, off = 0 (44 20)

M HOCAT HassaHMe ToxAecTB buauku, YtoObi NMpOBepHUTb X, Mbi BBELEM
J0K4,TbHO-Te0AE3ULECKYIO KOOPAHHATHYIO CHCTEMY, B KOTOPOR TeH30pUA b~
11 TPOU3BOAHBIE COBNANAIOT C OOLIKHOBEHHBIMH. BbitkcaeHUs 061eryainTces
TeM, YTO B BhipaxeHUM (44.08) naa Ry, .p 4Y/ieHbl, Be COLepKalle BTO-
PbIX NPOUBBOAHBIX, KBAAPATHUHL OTHOCHTE TbHO I‘:_‘,’_, TaK YTO HE TOJBKO
CaMM 3THM YJeHbi, HO M HX NePBbie NPOM3BOLHBE 0OpamaloTcs B JOKaAbHO
reonesuyeckoit cucreMe B Hylb. B oToRt cucreme nepas uactb (44.20)
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pasHa

0 d 0

5}; va‘ «f + 5}'}" R*a)“ %83 + ‘07\' R).p‘ a3 —

l g s aagpﬁ 03234 aagvﬁ

=3 (()xl 0x, 0xg + 0x,0x, 0x, + 0x, 0x, Oxg + 0x, 0x, 0x, —+

agguw. aag) 1
pa R
+ 3%, 9, 0%, T 3%, ox, ax,,) s (44.21)

rie MHOrOTOYMEM O0O3HAUEHH TaKHe ke uMellbl, HO C NepecTaBJeHHbIMH
snaukamu @ ¥ B. Ho BeipaxeHHe B cKOOKAX CaMO CHMMETPHUHO OTHOCH-
TeqbHO & M 3, Tak uTo BrOpad CKoOKa paBHa nepeOf U HX pasHOCTDb
obpaiaercd B Hyab. TeM caMbiM [A0Ka3aHO, YTO paBeHCTBO (44.20)
BHIOJIHAETCA B JIOKA/IbHO-Te01e3HUeCKO) KOODAMHATHOR CHCTeMe, a BBUAY
TEH30PHOTO XapaKTepa 3TOr0 PAaBEHCTBA OHO CMPABEAJMBO W Booflle.

M3 Tensopa KpPUBMSHBEI YETBEPTOTO PAHFAa MOXHO COCTABHTb, NMyTEM
CBEPTLIBAHHMA MO [ABYM 3HauKaM, TeH3op Broporo panra. CeepThBaHue MO
JBYM NEp3bIM MM 1O ABYM MOCJEAHMM 3HAYKAM AaeT, OYEBHAHO, HYJIb,
CBEPTHIBAHUE K& TI0 OCTa/MbHBIM TapaM 3HAYKOB J4eT, ¢ TOUHOCTLI 10
31aKa, OAMH M TOT Xe pesy.abTaT. [loayuaeMbit TakuM TyTeM TeH30p

R}w = gap‘Rp,u‘ Bv = Rg‘ By (44.22)

HOCHT Ha3BaHHe TeH30pa KPHBH3HH BTOPOTO paHra MM TeH3opa Pumana.
Jlerko BHAeTh, 4TO TeH30p Pumana GyneT cumMMm@TpuuHuM. B camoM aere,
ucnonbays (44.09), (44.10) u (44.12), 6yzeM mmeTs

gaSRw. By = gaBR.’*'u pa == gQSRVB, ap = gaBva Bp. (44.23)
1AM
Rys = Ry. (44.24)

Hapany ¢ KOBapMaHTHEIM TEH30pPOM PHUMaHa pacCMaTpHBAlOTCA TaKxke
CMelaHHbIH TEeH30D

RS = g"R,, (44.25)
M KOHTDAaBAPHMAHTHHH TEH30p
R” =g""¢g"R,,. (44.26)
HanbHeliwee cBepTHiBAHME MO 3UAYKAM ., v NPUBOAUT K CKAJApy
R=Ry=g"Ru=g"¢"Ro.pn (44.27)

KOTODPBIf HOCUT Ha8BaHHe CKaaspa KPHBUSHHI.
Beruncmim pacxonumocts TeHsopa Pumana

Y, = VR = g ViRyy. (44.23)
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Bsona Bmecro R,, BHpaxenue (44.22), GyneM uMeThb
Yy = " g Vi Ry - (44.29)

TIpuMeHuM K BXOJfWIEW CIOAA TEH3OPHAALHOH NPOM3BOAHOH TOMAECTBA
Buanku, uanucauusie B ¢opme

V).R[La‘ By + V‘ﬁRpa‘ vk + Vva.oc. 3= 0, (4430)
noayuaeMo#t 3 (44.20) na ocuosanuu (44.12). Mu 1oayuum
Yo=—g" g VaRus v — &7 & V\Rya 2. (44.31)
DTO COOTHOUIEHHE MOXeT OblTb NEepenucaHo B BHie
yv = y~; + V,R (44.32)

B camom neqe, ecim B mnepsoit cymme dopmy.s (44.31) nepecraBuThb
(nepeMMeHOBATh) 3HAYKM CYMMHPOBAaHHA A C 3 ¥ u C @, TO OHa TpuBe-
aeTcsl K BupaxeHnuio (44.29); B mnocledHeM e uieHe 3TOH (opMyJbl
MOXHO TpPOU33eCTH CYMMIPOBaHHe 10 KOBaPHaHTHOTO AuddepeHuupoBa-
HUAl, H TOTAA 3TOT wien npusoiurca K V.R. Takum oGpasou,

1 __10R
Y, =5 VR = 5 %’ (44.33)
TaK KaK TeH3OpHaJbHasi TPOM3BOAHAS OT CKaJsipa CBOAMTCA K OOLIKHO-
BeHHOH mpoussoaHo#t, W3 conocrasnenns (44.28) ¢ (44.33) caenyer, uto

pacxoiuMOCTs TE€H30paA
1 .
Gp,v = Rp.v - 7 g}mR (44.34)

TOX/JAECTBEHHO paBHa Hymo. Tensop Gw HA3LIBAETCA 1103TOMY Kollcep-
BaTMBHHIM TeH30poM. Tak kak oH wurpaer O00JbINYKW POJb B TEOPHH
TAroTelus DHHWITERHA, TO ero Ha3bBAaIOT TaKXe TeH30POM DftHmiTelna.

LanpHeftiuve npeoOpa3oBaHud TeH30PAa KPUBH3HEIL MBI OTJIOXKHM 10
raaBbl V, TOCBSA LeHHOH TeOpHM TATOTEHHSI.



FTABA IV

®OPMYJNUPOBKA TEOPUHU OTHOCHUTEJAbHOCTH
B NNPOU3BOJIbHBIX KOOPJAHHATAX

§ 45. CoiicTBa NpoCcTPaHCTBA-BPEMEHH M KOOPAHHATH

dopma ypaBHenui#t, ONpeAeIOIMX XOA TOTO MM MHOTO (hH3MUECKOro
npouecca B TPOCTPAHCTBE M BPEMEHM, 3aBHUCHT, KpOMe clieurdHuecKux
0cOBeHHOCTE! 1aHHOTO MpPOLiecca, elle OT ABYX 0OCTOATE/NLCTB: OT CBOMCTB
NPOCTPAHCTBA-BPEMENH M OT BHOOPAa KOODAMHAT, B KOTOPHIX OINHCHI-
BaeTcA AaHHbi# npouecc. CBOHCTBA TPOCTPAHCTBA-BPEMEHH  ABJIIOTCA
OGBLEKTUBHEIMH, OMpele/deMbIMH CaMOf TpPHPOAOH M He 3aBUCALMMU OT
Hauero npousBo.aa. Hampotur Toro, BeGOpP KOOPAMHAT B caMO# BBICOKOH
cTeMeHH 3aBUCHMT OT Hauero npoussosa. IlpaBaa, M 31ech MPOM3BOJ He
AB/AETCI HEOTPAHHUEHHBIM, B TOM CMBIC/IE, UTO CYLLECTBOBAHHE HEKOTOPHIX,
0c000 BHIJEJEHHEIX, KOODAMHATHBIX CHCTEM (Ta/nu/eeBHX KOOPAHHAT)
BO3MOXHO TOJBKO B CHJIY OOBEKTHBHBIX CBOHCTB PEaNbHOrO NMPOCTPAH-
CTBa-BPEMEHH: TaKHE KOOD/AMHATHBIE CHCTEMbl He CYLLECTBOBAMM Obl, ec/u
6L 3T CBOfcTBa GbinM MHBIMK, OJHAKO Bceria BO3MOXKHO MepefTH, myTeM
MATEeMaTHUECKOr0 NpeoOpasoBaHHus, OT NPHBHAETHPOBAHHOR KOODAMHATHOH
cucTeMbl K mo000ft Apyroft; npasusa TAKOTO NMepexoia Mbl M3yyanu B Tpe-
AbAyLLER TaaBe.

Yro6el OTBACULCA OT clelHdUueckuXx 0cOOeHHOCTeH NaHHOro npouecca
HeoOXOAHMO pPAcCMOTPETh TaKHe YypaBHEHUsd, KOTOpPHe fBJAIOTCA HauboJsee
obuiuMu ¥ HauboJiee HENMOCPeACTBEHHO XapaKTepH3YIOT CBOHCTBA TMpo-
cTpaHcTBa-BpeMeHH. Takum dB/sleTcs YpaBHeHHe, BLIPAKAIOllee BAKOH
pacnpocTpaHeHHs (GPOHTA BOJHB, HAylle#i ¢ MpelAeJbHOR CKOPOCTHIO.
3roMy 3aKOHY NMOAYMHAETCS, B MePBYI0 ouepeldb, PacnpoCTpaHeHue QGpoHTa
CBETOBOM (3/1eKTPOMAarHUTHON) BOMHBI B cBOGOAHOM npocTpaHcTBe., OaHAKO,
KaK Mbl Y:Ke YKasbiBa/JH, 3aKOH 3TOT A0/IKEH PacCMaTPUBATHCA He Kak
crieuMprueckuit 3aKOH, OTHOCALMHCA TOABKO K CBeTy, HO Kak oOuiufl 3a-
KOH, KOTOPOMY TOAUHMHSETCA PaCNPOCTPAaHEHHE BCAKOrO POjJa BO3MYUIEHHH,
MAYLWHMX C TNpPeleJbHOH CKOPOCTHIG. Y PaBHEHHE PacrnpocTpaHeHHs (POHTA
BOJIHEL B CBOOOJHOM NMpPOCTPAHCTBE XaPaKTEPU3yeT He TOJbKO CBOHCTBA
pacmpOCTPAHSAIONIErocsl B HEM BHAa MaTepuH (Hanpumep, SJAEKTPOMArHuT-
HOTO MOJA), HO M CBOHCTBA C€aMOTO TNpOCTpaHcTBa M BpemeHd, (Mu
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HEOJHOKPATHO YKa3H3aTm, YTO ¥ TPIKTHYECKH uaMepedue OGOMbHIMX
pPaccTOAHMM OCHOBAHO HAa TPHAHTYJAUMM H Ha PagvoJoKaluu, T. €. Ha
HCNOJB30BAHUM 34KOHA PACNPOCTPaHEHUs 3JEKTPOMATHUTHEIX BOJH.) Tem
CaMbIM TeOMeTpHUeCKMe TMOHATHA, KAK W TIOHATHE BPeMeHH, TeCHeHIuM
00pa3oM CBASHIBAIOTCA C 3aKOHOM pAaclpoCTpaHeHHs (POHTA BOJIHBI B
CBOGONHOM TPOCTPAHCTBE.

B ranuneeBmx koopamHaTtax

xy=ct, X;=X X,=Y, X,=2 (45.01)

3aKOH 3TOT BbipAXaeTCd YpaBHEHHUEM
o) — G =G =)
go N (22N - —(ZY=o, 45.02
(ax; d.x; ax, dxg ¢ )

rie o = const ecThb ypaBHeHHe ABMXKYLUIEHCS TOBEPXHOCTH ()POHTA BOJHHI,
Ypasaeuue (45.02) npeAcraBiseT MaTeMaTHueCKOe BHIpaKeHHe TOro (aKTa,
YTO BOJIHOBASl TMOBEPXHOCTb JBHXKETCA B HATIPABJEHMM CBOeH HOpManu coO
CKODOCTBIO cBeTa. OTOXAECTB/AA HOPMaJb K BOJHOBOM TOBEPXHOCTH
C MYY4OM M paccMaTpHBas TOYKY TepecevyeHHs Ayua ¢ POHTOM BOJHEI, MH
MOXEM, HA OCHOBaHMM ypaBHeHus (45.02), yTBepxaaTh, 4TO 3Ta TOUKa
ABHXETCA TO Jyd4y TNPAMOJMHEHHO W pPaBHOMEPHO CO CKOPOCTHbIO CBETa
(B ranuneeBbIX KOOPAMHATAX).

Hapsny ¢ pacnpocrpaHeHHeM (POHTA BOJHBI, MBI MOXEM PAaCCMOTPETH
npocTefiliuft npouecc, B KOTOPOM OCYLIECTBASETCA [ABWKEHHE CO CKOPO-
CTBI0, MeHblUeH CKOPOCTHM CBeTa. IJTO €CThb CBOOOJHOE ABHXKEHHE MaTepH-
anpHoOR Touku. B dopme I'amMuabTOHa — SlkOOM ypaBHEeHHs ABMXKEHHs TPH-
HUMAOT BUA, aHajoruudbi# (45.02), a uMeHHo:

2 2 2 2
GV =G =G -Gy = w0
0x, ox, Ox, 0x,
rie o MPONOPUMOHANBHO (PYHKLUMH AeHcTBHA. IleHCTBHTENbHO, NOJHBIHA
uHTerpan ypasHenus (45.03) umeer Bua:

o=ax,+ax,+ax,—VI+a+ta-+al-x]. (45.04)

ITpupaBHMBad NOCTOSHHBIM TNPOU3BOAHEIE OT ® MO @, &y, &y, TOJYyYAEM
NpAMOJMHERHOE M PAaBHOMEPHOE ABMXEHHE CO CKOPOCTbIO, MeHbilieH CKO-
poCTH CBeTa.

Takum 00pasoM, 3a OCHOBHEle ypaBHeHus, HanGo.ee HEMOCPeNCTBEHHO
OTpa)kaioume CBOMCTBA TNPOCTPAHCTBA-BPEMEHU, MBI MOXEM B3fTh ypaB-
HeHus (45.02) u (45.03).

dopma BXOAAILETO B STH YparHeHus OnepaTopa

(Vo)? = (2‘1) _ (5&1)‘3 — (92.) _ (2‘"_)‘2 (45.05)

7 ’ 7 ’
ox, ox, dx, dx,
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caMa XapakTepuayeT Kak CBOHCTBAa MPOCTPAHCTBA-BPEeMEHH, TaK ¥ (PU3M-
yeCKU# CMBICT KOOpAMHAT.

Ectn OB Mbl He B3HaiM, uTO TaKOe HE3aBUCHMBIE TMepeMeHHbie
(x5, Xy, X, X[), @ 3HaMM 6Bl TOJBKO, 4TO OHM KAK-TO CBA3AHH C NPOCTPAH-

¢TBOM M BpeMeHeM (MaM, BBIPaXadCh MaTeMaTHUEeCKH, YTO OHH CJAyXaT
A1 apuhMeTH3alUMu NpPOCTPAHCTBA W BpPEMEHH), MH MNOJAYYHAM ObH HX
(M3HUECKOE TOJIKOBAaHHE, PACCMATPHBAs NPOLECCH, ONHUCHBAEMBE YPaBHe-
nusiMu (45.02) u (45.03). PakTuuecku NMPH MOCTPOEHUM TEOPHUM OTHOCH-
TeJbHOCTH MBI TaK M nocTynany. Puamuyeckuit cmmica nepemenHeix (45.01)
vcTAHABAMBAJCA HaMM Kak 6bl B ABa npuema. [lepBoHayaabHO MBI MOJB-
30BATMCh TeMH (H2 COBCEM TOUHBIMM) IOHATHUSMH KOOPAHMHAT M BPEMEHH,
KOTOpble OBIIM NpPHHATH B KJACCHYECKOH AOPEIATHBHCTCKOR ¢uauKe.
[IpeaBapHTe.IbHOE ONpejelieHHe BpeMeHH CBA3LIBAJO MepeMeHHYIo f € XO-
1OM 4acoB (MM Kakoro-HuOyab MepHOAMYECKOTO Mpolecca), a onpelne-
AeHHMe TPOETPAHCTBEHHLIX KOOPAMHAT CBA3LIBA/JO [epPeMeHHHe X, Yy, Z
¢ PacCTOAHHAMH, H3MePSAEMEIMH TIPH TOMOLLY TBEPABIX TeJd HA OCHOBE 3aKO-
HOB eBKJIHMI0BO#t reomeTpuu (KOOpAMHATHAsA ceTKa). Ho Mb cpasy xe
0OpaTHM BHUMaHHE Ha TO, 4TO 3T ONpejeseHHT HYXKAaKTCAd B YTOU-
HEeHHUH,

B camom nese, NO/b30BaHME YACAMH, HAXOAAUIMMHCA B Pa3HHIX TOY-
KaxX HpOCTPaHCTBa, TpeOyeT pellleHHs BOMPOCa O HX CHHXPOHH3AUMH,
1HOJL30BAHME Ke TBepAbIMM MacwuTabamMH Aas uaMepeHus OOJbIIMX pac-
CTOSHMH HE TOJbKO HEBO3MOXHD NpPaKTHUYeCKH, HO H BHI3LIBAET MNPHHIH-
HMa/bliHe BO3PaNeHus.

Onpenenenns ¢U3MUeCKUX BeJMUYMH HHKOrAa He SIRJSIOTCA TPOH3BOJb-
HbIMH, a BCeraa ¢ 60abluefl MMM MeHblUe# TOUHOCTLIO OTPAXAIT MPHUPOAY.
MosToMy yTouHenwe ompeleneHuH BO3MOXHO TO.BKO Ha OCHOBe GoJee
1. Ty0OKOro NMoaHaHus NpHPOAH. B uHrepecylouleM Hac ciayyae (onpenene-
HHe BPEMEHH W KOOPAMHAT) MBI MOXXEM OMHUPATBhCH, KPOME HCMO.b30BaH-
HOro ewe HbloTOHOM 3akoHa TNPSMOJIMHSHHOCTH M DPABHOMEPHOCTH JABH-
KeHud CBOOOJAHOrO Tema, Ha TBEPAO YCTAHOBJEHHBIHl 3aKOH pacnpocTpa-
Hehusi (POHTA CBeTOROH BOJHLI B CBOGOAHOM TPOCTPaHCTBE, T. €. Ha
ypaBHeHua (45.02) u (45.03). Tak MB ¥ TNOCTYNaqud TNPH TOCTPOEHHUH
TeOpHH OTHOCHTENBHOCTH, KOTOpas, MO CYLIECTBY, ABJAfAETCA Teopueh
NPOCTPaHCTBa U BpeMenn. (Hassanue ,TeOpuss OTHOCHTEJBHOCTH® 00YCJIOB-
J€HO UCTOPHUECKHMH TPHUMHAMH M JIMIUL BeCbMd OJHOCTOPOHHE OTpaXkaer
ee colepxanue.) JlefcTBHTeNbHO, (YHAAMEHTaJbHOE ANl TEOPHH OTHO-
CHTEJIBHOCTH mnpeoOpasoBanue JlopeHua, OTpa)caioulee CBOHCTBA T1pO-
CTPaHCTBA ¥ BPEMEHM H YTOUHSIOULEE CMLICA TNEPEMEHHbX X, ¥, 2, f, BLi-
BOAMTCA 43 3aKOH& pacrnpoCTpaHeHWs (PPOHTA BOJMHB (B COCAMHEHMH C
TPefoBaHUEM COXPAHEHHs MPAMOAMHEHHOCTH ¥ PABHOMEPHOCTH JABMIKEHHS),
4 He anpuoOpH, He 00 yCTaHOBJeHHs 3TOrO B8aKOHA.

Takum 06pas3oM, Kak CBOMCTBA NPOCTPAHCTBA-BPEMEHH, TaK M CMBIC/

ra.mieesblX KoopauHat (45.01) ycTaHaBaAMBAIOTCA HA OCHOBE YPaBHeHu#
(45.02) u (45.03).
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Ho ypasnenue ¢poHTa BOJHH M ypasHenue ['amuabToHa — flko6u s
cB06O,1HOM MarcpualabHOM TOUKW MOTYT OBTh HanucaHu U B Gonee o6uiett
popme

. o Jw .

g')' —O;l;a—x; = 0, (45.06)
ey do do —
‘ dx, 0x, ! (45.07)

¥ TOTAa TOJBKO YTO BHICKA3aHHOE YTBEPJeHHe OTHOCHUTCHS M K HHM: KaK
CBOHCTBA NPOCTPAHCTBA-BPEMEHH, TaK M CMbiCA KOOPAMHAT (X, X{, X, X,)
YCTAHAB/MBAIOTCA HA OCHOBE 3THUX YPAaBHEHMH.

[peanoaokuM, 4TO BENMUMHBI g¥¥ TIPEACTAB/SIOT 3aJaHHble (QYHKUMM
cBOMX mepeMeHHHX. Kakume CBOHCTBA 3THX (QYHKUME OTpa)xaioT
¢BOHCTBA C€aMOro MNPOCTPAHCTBA-BPeMEHH K KaKue OGYCJIOBJAEHHI JIHLIL
BEIOOPOM KOOPAMHAT P

Ecam npunars, 4TO OGbEeKTHBHbie CBOHCTBAa MPOCTPAHCTBA-BpPEMEHH
NPAaBUJILHO OMHUCHIBAIOTCA OOLIUHOM TeopHeHd OTHOCHUTENLHOCTH, TO OHM
MOryT ObiTh CQOPMYAMPOBAHE B BHAE YTREPHKACHHS, YTO CYLLECTBYIOT
ranujeeBbl KOOPAWHATH, B KOTOPHIX ypasHeHus (45.06) u (45.07) npu-
auMaioT Bua (45.02) u (45.03).

DTO yTBepXKAeHHe O3HAUaeT, UYTO CYULECTBYET MOACTAHOBKA

Xoe=f,(Xp Xp Xg X3 (2=0, 1, 2, 3), (45.08)
KOTOpas NMPHBOAMT BbIpAXKEHHE
5 ,, 0o Jeo
(Vo)? == g o o (45.09)
K BHAY ) '
E lT dw \2
(Ve =Y epl-) . (45.10)
k}:‘o (O,Vk)

Vs o6uiero TeH30pHOrO aHaau3a MLI 3HAeM, YTO HeOOXOAMMbIM H 10-
CTATOYHBIM YCJOBHEM TPHMBOAMMOCTH KBajpaTuHuHo#t ¢opmu (45.09) k
KBagpaTHuHOR (HOpME C NMOCTOAHHBIMH KO3I((UUHEHTAMH SBJIAETCA PaBeH-
CTBO HY.I0 TeH30pa KPHUBU3HLI HETBEPTOrO pAHra, COCTABJEHHOTO U3
KO3(ppHUMEHTOB g* (M COOTBETCTBYKOIWMUX g,,). YHYToOu mnpuBeseHHasn
KBajdpaTHuHas (opMa uMmesa (NpH KBanpaTax NPOM3BOAHBIX) OAMH 3HAK
NAOC ¥ TPY 3HAKA MHUHYC, HEOOXOAMMO €lle BLIIOJHEHHE BENHUHHAMH gw
TeX HepaBeHCTB, KOTOpbie ObwiM yCTaHOBJeHs B § 35.

Takum 00pasoM, ypasiieHHs, KOTOPLIM JOJKHB YAOB/IETBOPIThL Beau-
YMHB! g¥?, HMEIOT BHI

R:m, off = O’ (45. 1 I)
3
g0 >0, D gitE <0, (45.12)
i k-1

rae 3, &y 3o MPOMBBOABHHIC dHC.A.
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9TH ypaBHeHHd M BBIPAXAWT (C TOH TOUHOCTbIO, C KOTOPOR Cripa-
BejMBa OGHUHas TeOPHS OTHOCHTEABHOCTH) CROKCTBA NMPOCTPaHCTBA-Rpe-
MeHH, He 3aBHCAlHe OT BLIGOPa KOOpAMiaT.

Ecav 3TH ypaBHeHMS BbINOJHEHH, TO BHI MCKOMOI'O NpeoOpasoBaHus
(45.08) onpexensercs OAHO3HAYHO, C TOUHOCTBIO A0 NpeoOpasoBaHud

Jlopenua. BeanuuHbl x;::fa JOMAHB ObITH TOrAA HCTOJKOBAaHH, Kak
raju.1eesst KOOpAuHaTH, TeM CambiM MOAY4aeTcs U TOJKOBAHME TeX TNepe-
MEHHBIX (Xp, X, X5 X;), B KOTOPhIX MePBOHAYaAbHO OBLTM HaMUCaH1
ypaBHEHHA.

B npuBeaeHHOM PACCYXAEHUH ML TPEAMOJONKHUIN, UTO BEAMUMHLI gW
ABJASIOTCS 33AAHHLIMM  (PYHKUHMAMHM OT koopauHar. HO Mkl MOXeM BCTath
Ha JPYryl TOUKY 3peHus ¥ pacCMATPUBATL BEJHUMHBI gP¥°, KAK Heusse-
cTHbie (YHKLMY, TMOAUMHEHHLie ypaBHeHusM (45.11) u (45.12), Buipaxaio-
IHM CBOMCTBA YPOCTPAHCTBA-BPEMEHH.

Peulenne 3TUX ypaBHCHMEt 1aeT AJs KOBAPUAHTHHLIX COCTaB/SIOUHX
($YHAAMEHTANLHOYO TEH30Pa BHIPAXKEHHH

3
Q 0f, 0f:

ga;,:kz e,\.aﬁ’: .aﬁp, (45.13)
-

cojepiKallye YeThipe TMpPOU3BOJAbHLIE (GyHKUMK f;. (Haiuume R peiieHun
NPOU3BO/BHEIX (QYHKUHM CBS3aHO C TEM, UTO YPaBHEHHA AJA g5 KOBapH-
aHTHbI O OTHOIIEHHID K NPOM3BOJBLHOMY TPeOoGPa3OBAHUIO KOODMHAT),

Tor mnu MHOK BHGOP NPOHU3BOJBHBIX (PYHKUMR f, He BAnder Ha ¢u-
3HUeCKHue CJeACTBUS TEOPHH, TAK KAK CBOAMTCA K UHCTO MATEMaTHUECKOMY
1peo6pasoBaHUI0 ypaBHeHUN K HOBBIM He3aBUCHMHIM NepeMeHHbiM. llene-
c006pasHO, OJHAKO, OrPaHHUMTH BHIGOP TPOU3BOJBHHX (YHKUME TaK,
yroGbl AONMYCTHMbie MPeoOpa3oBaHus COCTABMASIH BO3MOXHO Oolee Y3KYIO
rpynny ¥ yToObl OCHOBHbIE YDABHEHHA TEOPHH TMOJYUHIH BO3MOXKHO OOjee
npocro#t BuA. Ecaum Takoe orpaHuueHHe BO3MOXHO (a4 3TO 3aBHCHT YXe
0T OGDbEKTUBHBIX CBOHCTB NMPOCTPAHCTBAa-BpPEMEHH), TO MOAYYAaEMBlE TAKUM
[IyT€M TPUBH/IETHPOBAHNBIE KOOPAMHATHBIE cHCTeMbl OyAyT Oosee Hemo-
CPeACTBEHHO CBf3aHBI C STUMH cBOHCTBaMM M OYAYT AOuyCkarth GoJee
npsamMoe ¢H3HuECKOe TOJKOBaHHMe. B paccmarpuBaeMoMm 31eCh ciyvae Ta-
KON TNpUBH/IErMPOBAHHON CHUCTeMO¥ sBasgeTCcsd TranwieeBa CUCTeMa KOOp-
JMHAT, KOTOpas nojydaercd, ecin B o6uieM pewieHuu (45.13) mosaoxurs
Ty = X

Ho MOXHO ocraBuTh (PYHKUHMHM f; HeomnpenaeNeHHHMHU W POPMYIMPOBATH
ypaBHeHMs (U3NUeCKUX TMPOLECCOB, HE mpejpenias BuOOpAa HE3aBHCHMBIX
nepeMeHHbX. Tak, HanpuMep, 3aKOH pacnpocTpaHeHus (POHTA BOJIHbBI
Gyler TOrAA BBIPAXAThCA CHCTEMOH ypasHenu#t (45.06), (45.11), (45.12)
Il HEeM3BECTHBIX (QYHKUMH o ¥ g*. AHaJaOrmuHoO OYyAeT BBHPAXATHCA
3aKOH JBHXeHMs CcBOGOAHOR mMaTepuaapHOH TOukM. Ipyrue mnpumepsl
TakO# OOIeKOBAPHAHTHON (OPMYJHPOBKY Mbl JaAMM B CJENYIOLUlEM Na-
parpade.

14 3Bak, 185. B, A dox
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§ 46. YpasHenuss mMaTeMaTHYECKOH (U3UKH
B NPOH3BOJBHBIX KOOpPAHHATAX

Ecian wssecTHa TeH3OpHas dopMa Tex WM MHHX AuddepeHumaNbHBIX
ypaBHeHW#t MaTeMaTHueCKO#t (u3UKM B TrajujeeBHX KOOPAMHATAX, TO
B TMPOU3BOJLHBLIX KOOPAMHATAX COOTBETCTBYIOU(ME YPaBHEHHs [OJAYYaTCH
nyTeM NPOCTOH 3ameHB OOBLIKHOBEHHBIX TPOU3BOAHBIX KOBAPHAHTHEIMH.
DTO NMpPaBW/IO NMPUMEHUMO TaKXKe W K YPABHEHMSM, COAEPXKAUIHM BTODHE
¥ BBICILME TIPOM3BOAHBIE, TaK KaK, COIMACHO ofuieft ¢opmyne (43.21),
npy ycaoBuH Ry, «3 = 0 KoBapuanTHOe AuddepeHuupoBanue 11000ro Bek-
TOpA MM TEH30Pa KOMMYTAaTHBHO,

PaccmoTpuM cmepBa ypaBHeHus 3JeKTPOAMHAMHKH,

Tax kax nuHeptHas AuddepenuuansHas dopma (24.04)

o= A, dx, (46.01)

€CTb MHBAPHAHT, TO BXOAflIME B Hee COCTABJSIIOLUINE MOTEHIMAJOB MpPE-
CTABJSIOT KOBAPMAHTHHIM BEKTOP TaKxke M [0 OTHOIIEHHID K O6uiMM
npeo6pasopaHusamM KoopauHatT. Lubdepenuuansioe coorHouenue (24.05),
HajlaraemMoe Ha COCTaBJAIOlUIME [OTEHUUAJOB, MO¥eT OHTb HAaMHCAHO
B BUlE

V,A" =0, (46.02)
rie AY-— KOHTPaBaPUAHTHHIE COCTABJSIOLIME
A = g¥A,. (46.03)
Cornacuo (41.08), ypasuenne (46.02) B pacKpHTOM BulLe HATMILETCH
1 0 —
— (Y —gA)=0. (46.04)
V—g axv
Cea3b MeX(y NOTeHUMAJaMu W TNoOJeM faeTcs (GopMyaamMu
F,,=V,A,—V,A,. (46.05)

Ho, kak Mb yXe oTMevanau B § 41, npu cocraBieHuu pasHocTu (46.05)
YJeHbl, OT/UYAIOlIMe KOBAPUAHTHHIE TPOU3BOAHBIE OT OOBLIKHOBEHHBLIX,
COKpalawTca, ¥ Mb OyleMm HMMeTh A4 aHTHCHMMETPHUHOTO TeH3opa
noJIs BHPaXeHHe

04, 04, 46.06
By = aa _0"; ’ ( .0 )
cosnanawouee ¢ (24.10). Tleppas rpynna ypasHenu#t Makcseana — Jlo-

peHua, KoTopas B OOBIUHBIX 0003HAUEHUAX HMMeeT Buj

LM, 4. divH= 0, (46.07)

c ot

F

curl E 4

HanuieTcs Tenepb, coraacHo (24.17):
F.,=0, (46.08)

pva
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rae F — BMOJHE AHTUCHMMETPHUHEIft ¥) TeH30pP TpeThero paHra, KOTO-
phIf Bblpa}KaeTCﬂ qepes F,, no gopmyne
. — VGF}L‘}+V}LF‘}G+V‘}FG‘.&’ (46'09)

npeacrasasoedt o6obuwenne (24.12). Ho, cornacio dopmyne (41.28),
5TO BBIPAXEHHE PAaBHO

—_ W T e
e e T (46.10

TaK KaK TeH30p F,, aHTHCHMMETpuueH.

Takum oﬁpasoM, dopmyaa (24.12) ocraerca 6e3 wusmedenua, Hamu-
ieM Tenepb B MPOU3BOJBLHBIX KOOPAMHATAX BTOPYIO TPYNNY YpaBHeHWH
Makcesnia — JlopeHua, kotopas B OOnuHBIX 000O3HAUEHMAX WMeeT BHA

10E 4rn,
v = 4mp; culH — —— = —j. 46,
divE = 4mp; H——=—1 (46.11)
Coraacto (21.20), nepne uyactv (46.11) npeacrasisioT KOHTPaBapUaHT-
HYI0 PaCXOAMMOCTb TeH30pa NoJs, Koropas B OOuMX KOOpiHHATaxX Ha-
nuliercs, coriaacuo (41.25):

1
VFw—V:_——a/ gF ), (46.12)
TAK K4K TEH30p MO/ aHTucuMMerpuueH, B mpasmx uacrax (46.11) crour
yMIOKeHHB! HA 4% KOHTPaBapMaHTHHI BEKTOP TOKA, T. €. BEKTOP

st = 4ntuv, (46.13)

rae p* — MHBAapMAHTHAsA MJIOTHOCTb, a 4¥ — KOHTPABAPUAHTHA CKOPOCTh
sapana. Takum oOpasom, B 06.1MX KoopavHartax ypasHeuus (46.11) npn-
MYT BHI

1
— g F#) = s* = 4m *u¥, 46.14
=S, (V=& (46.14)
NpUUSM M3 HUX BHITEKAET 3aKOH COXpaHeHus 3apsia B (dopme
1
v, c»—-—_a/ gs¥)=0. (46.15)
V—gox,

YroGer HanucaTe 06 eKOBapUAHTHEHE YpaBHEHHS [BHXEHHS 3apsKeHHOH
MaTepuaiLHOM TOYKM BO BHELIHEM [OJe, AOCTATOUHO HANTH BuIpaxieHus
A5 BeKTOpa yckopeHus. Ecam t© ectb cOGCTBEHHOE Bpems, TO UeTHpPeX-

MepHas CKOpPOCTbL paBHA
o dxy
w =2 (46.16)
Nnpuyem
g;"‘\;ui"u" i (46 1 7)

—_——

*) T. e. aHTHCHMMETPHUHBIH BO BCEX CBOMX 3HAUKax.

14*%
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Bekrop yckopenus w’ Oyaer COBHasarb C JEBOH HACTDIO BLIPAXKEHHs
(38.34), 1. e. oH Gyaer paBeH
dx, dxﬁ

d?x, "
e B g e (46.18)
B camMoM nene, 3TO BblpaxeHHe MpPeACTaBAsSeT BEKTOP M NEPEXOAHUT
B Ta/uieeBuX KOOpAuHATax B oOwuuyw ¢opmyay. Yro kacaercs Bhipa-
HeHust 11 JIOPEHLOBOR CHJIB, TO OHO YXe HanucaHo Hamu B § 25
B KoBapuaHTHOM ¢opme. Takum 00pasoM, ypaBHeHHA MBH¥eHUs OYAYT
¥MeTb BHJ

W =

e
W, = —%uVF,‘w, (46.19)

rie
W, = g, W (46.20)

KOBApHAHTHbIE COCTABJAIOLIHE YCKOPEHHS.

B § 33 Mbl paccmarpuBaaM TeH30p 3SHEPTMM 3/EKTPOMATHUTHOTO MO/
¥ MPeiCTaBUIAM MIOTHOCTb JOPEHIOBOR CHJIB B BHAE €r0 PaCXOAMMOCTH
(B3aroft ¢ oOpaTHbIM 3HaKOM). COOTBETCTBYIOLIME (HOPMYJBI /1€TKO MOTYT
O6bITH HanMCaHb B OOLIEKOBAPHAHTHOH (opMe.

O6o6uennem Gopmyas (33.16) ans TeH3opa SHepPruM 3/eKTpPOMAr-
HUTHOI'O M0Jd fABJAKOTCHA BHPAXEHUA

1 1
UP":—EgaBFPuFVB_*_TG_%gP’"Fa'eFGB’ (46.21)
) 1 2 'Y 1 ad o,
Ub' = — - gugF PP 1o g F g5 (46.22)

Wcnoasaya ypasHenus Makceeana — Jlopenua (46.08) u (46.14), mu no-
JY4YUM INOC/J€ HEKOTOPHIX BHIYHC/eHUH

1
VUw = I g™ F, 5% (46.23)
Cnpasa 342Ch CTOHMT B3fTdad C OOparHbBIM 3HAKOM ILIOTHOCTH JIOPEHLOBOH

curbl. OO0.11eKOBADHAHTHLIE YPABHEHHA ABIKEHHS AJf CILIOWIHONO pachpe-
nesenysl 3apaAoB Hamumyrcs, aHaaorwdHo (33.09), B Buae

o0 1 o o
Wt = — - g#F,, 5%, (46.24)

rie u' eCTh MHBADHAHTHAA IUIOTHOCTH MAacCCH [OKOS, V/OB/ETBOPSIOLIAA
yPABHEHHIO

.V'

Yro kacaercsi ycKopeHus wP, TO OHO, coraacHo (46.18), moxer GwiTb
HamuCcaHo B BHAE

V, (0"t = *li—;: 5‘% V —gu*us) = 0. (46.25)

e — %“; T (46.26)
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H.1H

au? Al EPTE
wP:wa—x;—{—lfmu u*. (46.27)

[Toc/ieanee BeIpaXKeHHE PABHO
W = u°v,ur, (46.28)

rae V,4° — KOBapMaHTHAs MPOM3BOJHAS.
Eciau Mbi, aHanormidHo (32.01), BBeseM TEH30P MACCH 3apPsKeEHHBIX
YacTHL

S (46.29)

¥ BOCNOJB3YeMCA B3aKOHOM COXPaHeHMd Macchl mokos (46.25), to wmu
MOX€M Hamucarthb
whw? = 2V 0%, (46.30)

B ypaBuenusax aBwweHust (46.24) Mbl MOXeM JEBYI0 YACTb BHPA3UTH
B Buae (46.30), a nas npaBo#t BOCNOAB30BAThCH BHIpaxceHueM (46.23).
Mp noayuum rtoraa
vV, T =0, (46.31)
rae
2Tes = p*urus - Ue® (46.32)

eCcTh YMHOMeEHHBIH Ha ¢? TeH30D MacCH CHCTEeMBl, COCTOslled M3 4acTui
H noJjs,

TMoao6uuM ke 0Opa3oM Mbl MOXeM HAMHCATL OOLEKOBAPHAHTHbIE
VpaBHeHus ABWKEHHS CIUIOWIHOR cpeid THNA HaeaabHOH xuakoctu. OBo-
3Hauasi uyepes p* MIBAPMAHTHYIO IIOTHOCTH MACChl MOKOA (BK/IOYAsA TY ee
YaCTh, KOTOpAsi MEHSETCs BC/EACTBHE W3MEHEHHs SHEPTHM CXATHA), MHI
noayuum, adajnoruuxo (32.17), aad mOJHOrO TEH3Opa 3SHEpruM (T. e. AJd
VMHOXEHHOTO Ha ¢? TeH3Opa MacChl) BhIpaXKeHHe:

c?Tpu: u*+_€_ uPu"_p P"’ (4633)
w2 g

KOTOpOe TaKXe YIOBJAETBOPSeT 3aKOHY coxpaHenus (46.31). 3amerum,
410 paseHCTBO (46.25) Temepb BHNOJHATHCA He OyaeT, a OyAeT BHLIIOA-
HATHCA JHMINL AHAJOTMYHOE PABEHCTBO 15 BEJIMUMHB! P*, CBA3aHHOH ¢ n'
CooTHOUIeHHeM (32.25) ¥ mnpeacraBisiOuLle HHBAPUAHTHYIO TMIOTHOCTB
COXpaHqoLedca YacTH MacCCH MOKOf.,

B § 31 mu ycraHoBuau ofliee mpaBu/IO, COMMACHO KOTOPOMY TEH30D
MAacCh 10MkeH ObTh (PYHKUHMER COCTOAHMSA CHCTEMbl M He MOXeT 34BH-
CeTb fBHEIM O0pasoM OT KOOPAMHAT. JTO NPABHIO OTHOCHIOCH K rany-
JleeBHM KOOPAMHATAM, B KOTOPHX BEJHUMHB g¥ HMMEIOT 3aJaHHHE NOCTO-
SIHHBlE 3HauyeHMd. Ho Mbl MOXeM COXPAHUTb 3TO MPaBUAO W AJd TNPOM3-
BOMbHHX KOOPAMHAT, €CAM yCJAOBMUMCA BKJOUAaTH B 4UCAO (DYHKUMH
COCTOAHMS TAaKXe W BeJIuuMHBI g% (M, ecaum NOHALoOWTCA, ¥UX NepBHe
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npousBonHeie). Bo Bcex pacCMOTPeHHHX 81eCh NPUMEPAX TEH30D MaccCH
noauuHseTcs Halemy o6oOuieHHomy npasuny. Tak, B ¢opmyie (46.33)
GYHKUMAMM  COCTOsHMS  (KOTOpHle, BNPOYEM, He BCe He3aBHCHUMEI)
ABJAAIOTCA: COCTAB/AIOUIME CKOPOCTH P, AaBjeHHE p, UHBAPUAHTHAS MJOT-
HOCTBL p* M cocrapisioye (GpyH1aMEHTAJIBHOrO TeH3opa g*°. B Tensope
JHEPrUM  3JEKTPOMATHUTHOTO MNOAd (YHKUMAMM COCTOSIHUS  SIBASIOTCHA
cocrapisiouiye noas Fn,g M BeJHUYHHB g*Y.

§ 47. BapuauuoHHoe Ha4ajo MJs CHCTEMBl ypaBHeHHil
Makcseaaa — Jlopenua

MHorue ypaBHeHUs MaTeMaruuyecKOH ¢usuku MOryr OuTh HOpMYyJH-
POBaHbl KaK YCJOBHA 3KCTPEMYMa HEKOTOPOTO MHTErpana, KOTOPbI# HOCHT
HasBanue uHrerpana Aeftcreud. OJAMH M3 NPOCTEHIIMX NPUMEPOB TAKOK
(GOPMYJIHPOEKY NPEACTaBJAINT YPABHEHHS TeOAe3HUECKOR auHMHM, paccMo-
TpeHnsie B § 38. Mui pasbepem Tenepb Goiiee CAOXKHBIF NpUMEP CHCTEMB
ypasHenu#t MakcBeana — JlopeHua, onuceiBawouielt ABXEHHE CIIOWHON
3apmKEHHON Cpelbl, 3JeMEeHThl KOTOPOH B3aMMOAEHCTBYIOT uepes mnocpen-
CTBO 3JIEKTPOMalHUTHOIO MOJS.

Cucrema ypasHeHu#t MakcBeana — JlopeHua A/ KOMNOHEHT MO Fo.
KOMIIOHEHT YeThIPEXMEPHON CKOPOCTH CPeAb 4%, HMHBAPUAHTHOHK miIOT-
HOCTH MACCHl MOKOS p* M MHBAPMAHTHOM MJOTHOCTHM 3apana p* uMeer Bu:

OF,, = OF, OF,

Wy
ottt =0 (47.01)
Vv = 4{ pfuv, (47.02)
b0, L Fguf = 0. (47.03)

3nech W, €CTb KOBAPHAHTHA4A KOMINOHEHTA BEKTOpa YCKOpeHHd, KOHTpa-
BaPHAHTHHEIE KOMIOHEHTBHI KOTOPOro paBHbI

w* = w'V,u" (47.04)
WHBapHaHTHHE MIOTHOCTH P M §° YAOBIETBOPAIOT yPaBHEHHAM

Vv, (v*u®) =0, (47.05)

v, (0*'u®) =0, (47.06)

u3 KOTOPBIX BTOPOe ecThb cjaeactsue (47.02).

Ham naanexur CcoCraBuTh TaKoO#t uHTerpaa ae#crsus, utolbl ero
BapHalud MO BXOAALMM B HEro (yHKUHMAM [aBana HANHCAHHBIE BHIlIE
ypPaBHEHUS.

Mo moxeM oOaerunrs cebe 3anauy BBedeHMEM BCMOMOTATe/bHBIX
¢yukuuht, BeOpPaHHBIX TaK, YTOGbI HEKOTOPbiE M3 yPaBHEHHH BBHIMOJHS-
JUCh TOXAECTBEHHO; TOTAd BapHalMd AOMKHA AATh OCTalbHble YpaBHeHWs,
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C 3TOit uenbl0 Mbl BBENEM MOTEHUMAbI U NMEPEMEilleHus YaCTHL CPenbl
v uyepe3 3TH (PYHKUMHM BHIPA3UM OCTaJbHHIE.
TMoaaras
04, O0A,
F,=——+—, 47.07)

T 0x,  ox,

Mbl TOX/IECTBEHHO YI0BJAeTBOPUM ypaBHeHusM (47.01). TloreHumanm A,
MB ¥ OyJeM paccMaTpuBaTh Kak (PyHKIMH, MOAMEXAUIME BAPHALMH.

Lis onucaHMa ABWXXEHMA Cpel MH BBejleM NepeMeHHHe JlarpaHixa
a,, Gy Q3 ¥ ;= p, TAe @, @&y, @3 NPEACTAB/AIT, HANPHMEDP, HAYa/b-
HElE KOOPJMHATBI YaCTHUH CPeAbl, a p— napaMeTp, UMeloUHH XapakTep
BpeMeHH. Bapuauuu Oyayr noajexarb (GpyHKUUHM

Xo=fu () ay, as, a;;)’ (47.08)

KOTOpHIE AAI0T, NPH MOCTOSHHBIX @, @, Qg W TEPEMEHHOM p, ABMXKEHHE
JAHHOR YacTHUH XHMAKOCTH. Bapuaumm stux ¢yukuuit (r. e. Bapuauﬂu
nepemeilleHuft) Mbl OyjieM HaabiBAaTh . CMelleHusMM W O0O3HAUYaTh Uepes :*%:

=0x, = 3f,(p, a; @, ay). (47.09)
Takoe 0003HaueHue OMPABALIBAETCH TeM, YTO 3TH BAPHALMM Npencra-
BAAIOT OSCKOHEYHO MaJbil KOHTpaBapuaHTHHH BekTOp. Benuuunsl £* Mbl
Oyaem, BooGle rOBOps, pacCMATPMBAThL, KaK (PYHKIUMM HE OT JarpaHxe-
BHIX TEPEeMEeHHBIX (P, @y, @5, Gg), & OT KOOPAMHAT (Xq, Xy, Xg X3), CBA-
3dHHBIX C JaTPAHXEBHIMM NEPEMeHHBMHM COOTHOLieHusmu (47.08).
Cocrapisioiie YeThipeXMepHOH CKOPOCTM BHPA3ATCa uepes JarpaH-
*KeBbl MepeMeHHHe MO (opmye

Ofu of, 9F,
_c_/‘/ PR (47.10)

uu® = c? 47.11)

npuieM COOTHOUIEHHE

Gyner yAOBJETBOPEHO TOXHeCTBeHHO. B Qopmyne (47.10) Besnunun g,
HMEIT AapryMeHTaMM X, —f,, TaK YTO MNpH BapLUPOBAHMM f, HYXHO
YUMTEHIBATH TAKXKE W M3MEHEHHE g,,.

Beenenne narpaHxeBHX NepeMeHHBIX MO3BOJSET TOXAECTBEHHO YIAO-
BJIETBOPUTb yPaBHeHHIO HepasphiBHOCTH (47.05) Bhipaxenusmu (47.10)
AJA CKOPOCTH M BHIP@XEHHEeM 1/ HHBAPMAHTHOH MIOTHOCTH, ONpenease-
MBIM U3 paBeHCTBa

of, 0
WV —g - I=F(ay, ay ay) - 1/gw£ a? (47.12)

rae / ecrb abCoOMIOTHOE 3HAauyeHMe AKOGMaHA
D(XO, X1y Xgy xB)
= . 47.13
D (P, aly a‘Z’ a3) ( )

O6o3Hauum uepes 8,4 u O,p" BapualUMH, COOTBETCTRYIOLIME H3MEHE-
HUIO BHia ¢yHKum# f,. BenuuuHa u*~-3,u* eCTb CKOPOCTH H3MEHEHHOTO
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ABWKEHUS, B3ATasd B TOuke x, —+:*. CKOPOCTb Xe U3MEHEHHOro ABMNKe-
Hus, B3ATas B TOUKe x,, Oyder

R ou’ .
u“—{—ou“:u“—i?—{—%w . (47.14)

TakuM o6pasom, Ta BapuauHs 4u* KOTOPas COOTBETCTBYET H3MEHEHHIO
BHAa noas ckopocreft, Oyner paBHa

dur = sy — 9 3o (47.15)

0xq

3aMeTHM, YTO BapualMs O,4* €CTb PA3HOCTh 3HAUEHHR [BYX BEKTOPOB,
B3ATHIX B Pa3HbIX TOUKAX; NMOSTOMY OHa He Oyaer ekropoM. Hanporus
TOr0, Bapualus 04 eCTb PA3HOCTb 3HAaYeHHH ABYX BEKTOPOB AJs OAHOMH
v TO# e Touku. [TosTomy Bu* ecTh BekTOp. AHAJIOTMYHO MOXHO BBECTH
papuauuu 8" u Ou* Ana mHBapuaHTHOH mioTHOCTH. OHY GYAyT CBA3aHbLI
COOTHOULIEHHEM

#® op*
8})4 — 81}14* —_— WE" .

(47.16)

Ilaa BHUMC/EHUS BapUaLM¥ 0¥ HAM HYXHO HaHTH Bapuaumio 8, or obeux
yacte#t paBencrra (47.12). Mb umeem

(Y 5 7 ) =

v ap ap
1 (1 08y, 0/, 0f, of,. 05°
— oo e o e 4717
]/ s, 0fs 2 0x, " op Op 8vs op ()p) ( )
3 o
[Toacrasasa ciona
02° 9 of,
3 = 9x, dp @719

¥ M0Jb3ysach BhipaxeHueM (47.10) mas ckopocreit, OyieM HUMeThb

Tof, 0fy 1 1 dg,,, 3
——V on")ap 0; -Eu!"u”<2 0" °—-|—b,,° ) 47.19)

[Tpumensa dopmyay

- 0z g 0
V= g A IO (47.20)

J19  KOBAPDMAHTHOW NPOU3BOAHON, MbI MOXEM MpelbLiylulee BHPaXeHHe
HanucaTe B BHIE

T 0fy OFy l/ 0fs 0fs 1 .
81 <‘/>g""0_pﬁﬁ): gaﬁ ap —a—pa"'—.—usll"v.,:q. (4721)

2
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Bapuauus npaeo#t yacrtu (47.12) Gyaer nponopuHOHAaIbHA ITOMY BhIpa-
xweHuio. llanee, BappupOBaHHOE 3HaueHHe sxoOmana / Gyaer pasHO

I+81[: D(XO—*-:TO’ x1+€l; x2+52’ x3__l__53) .

D (p, al» @, a3) -
D (%o £9, . d%o
_~———~D(XO’ = 1_(1 _{_dxa) (47.22)
OTKyAd
a’a
8, = a;a A (47.23)
3areM Mbl MMeeM
u(V—e)= ——qu_g 2 (47.24)
U, CJ1eA0psarejbHo,
[ e
3 (V —gl) = M/ (47.25)
HJ/IUu o .
8,(V—=gl)= vV —gl (47.26)

Hcnoavays dopmyant (47.21) w (47.26), MBI MOXeM HanucaTh Bapua-
w0 9, or aorapudma obemx uacreir (47.12) B Buie

°1' V= u Ve, (47.27)
oTKyaa
S = —p'V ’°—{— u v 5, (47.28)
u no gopmyae (47.16)
O = — V, (") - *:

Ilpu BhiuMCaeHun Bapuauuu &, OT BhIpaxkeHus (47.10) ansa u* Mbl MOXeM
BOCNO/L30BATbLCA peay/bratoM (47.21). Bruucienne naer

(47.29)

N R AL (47.30)
u no ¢dopmyne (47.15)
o 0z ous Lo 1 x AV
dur=u ax, xS Wt V.. (47.31)

Tlocaennee BHIpaXkeHHe MOXHO HANHCaTbh B BHIE

Sur — uqvqt’a Eavqu'x _._ij_ u'u u“V to (47.32)

Ao

OTKyZAa $CHO, 4TO Su® ecTb Bekrtop. Ilpu stom Gyner

udur =0 (47.33)
B corjacuu ¢ (47.11),
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Tak Kkak NJOTHOCTL 3apsaa §° YAOBIETBOPSET TAKOMY K& YPABHEHWIO
HepaapeIBHOCTY (47.06), kak MIOTHOCTH Macchl w*, TO ee Bapuauus Gyner

[}

¥MeTb BMJ, aHaJoruuHeift (47.29), a PIMeHHO!

3" = — V,(o* f°)—{— 5 U,V 5 47.34)
KomGunupys cdopmyas (47.32) u (47.34) ¥ noassydach (47.06), noayuaem
8 (pur) = Vq (p*u’i"L — p*urto) (47.35)

H/IN
3(g"ur) = []/ g0t (ussr — uaga)], (47.36)

1/'"— dx
OTKyAa clelyer, UTO BAPbHPOBAHHEIH BEKTOP TOKA TaKXKe yAOBIETBO-
pAeT YPaBHEHHIO HEPA3PBIBHOCTH, YTO M C/IEA0BAJO OXUAAThH.

3aMeTuM, YTO €CaM cMeueHua £° MPOnopuMOHadbHBI CKOPOCTH, TaK
yro £ =r7u°, rae T eCTh NPOHM3BOJbHAA YHKUMA OT KOOPAMHAT, TO
BAPLMPOBAHHOE [MOJE CKOPOCTEH, a TaKXkKe BAPHUPOBAHHAA MJOTHOCTD,
He OT/MYAITCA OT HEBAPLMPOBAHHOH. ITO MOXKHO NPOBEPUTHL HEMOCpe-
CTBEHHHM BBHIYHCJIEHHEM; TNOACTAHOBKA £* —tu® B Hawu GOpPMyaH paer
d3ur =0, du*=0 un %p*=0.

TMocae TOro, Kak BHIYMC/IEHBI BAPMALMM PAa3JUUHBLIX BEJHYMH, COOT-
BETCTBYIOLILME CMEUIEHNsM 5%, 1IerKO POBEPUTH, YTO ypaBHeHus NoJs (47.02)
¥ ypaBHEHHs JABHKeHua (47.03) ABIAIOTCA YCAOBMAMH SKCTPEMYMA MH-
TerpaJa

&3 ————
S= f(c’zf”“—fc— wrd,+ g FusP*®) V=g (dx),  (47.37)

rie AJf KPATKOCTH MOJOXEHO
(dx) =dx,dx,dx,dx,. (47.38)
Wurerpaa (47.37) B3aT nO HEKOTOPOH uyeThIpexmepHO#t obaacT, Ha rpa-
HULE KOTOpPO# Bapuauuu £ u 84, ucuesawor.
BoiuucauM cnepBa Bapuauuio nocieiHero uiaeHa B (47.37). Kak zerko
NMpOBEPUTL, MBI UMEEM

8 (FogF ") = 2F 83 F . (47.39)
[Tostomy
ot | PV "g@n = 4 [ FEa Y TE@n) =
()oA ()BA
=§;‘[F“B axf )1/ —g(dx). (47.40)

Tak Kak TeH30p F* aHTHCHMMETPHYEH, TO 063 yjeHa B CKOOKax AaioT
oano u To xke. IloaTomy MmbI uMeeM

8JFa3F ?V—g(dx)_—-;—f s s
5 (

1f

noc/ae HHTErpUpoOBaHuA MO YaCTHAM.

—gFaﬁ) LGA (dx)  (47.41)
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Bapuaumsa Broporo uineHa B (47.37) paBHa, BcieacTBue (47.36),

—%8fp*w%a1/ —_g<dx) = f p*usdA, V —g(dx) —

_l‘[ @ ax [V — g¢* (wor = uee)] (@x). (47.42)

c

[1pousBOAs HHTETPHPOBAHWE MO UACTAM, MOJYYMM AJd MOC/IEAHEro WH-
Terpa/ia B (47.42) BBIPAXKEHHE
V g(dx)=

- —-—Jo wia ( 07 ox:)V:g(dx)z

—= [p*u"FW?"V —g@x). (47.43)

Takum 0OpasoM, BTOPOH u/leH AaeT

I

_ %a ‘[p*u“Aa V—=g(dx)=
= —%f Ut @A+ Fi)V —g(dx).  (47.44)

Hakouneu, Bapuauusi nepporo uieHa B (47.37) Ha ocHoBaHuu ¢op-
Myas (47.29) pasHa

3 [V —g@n = [ [— eV, @9+ u,wVi]V —g@x). (47.45)

Iloce uHTErpUPOBaHUS MO YACTAM WieH, NMPONOPUMOHA/bHHA ¢ (B mpa-
BO# 4acTH), AaeT HyJ/b, a OCTAOWMUHCA wileH jaer

3 f Y T g(dx) = — f p* (@V,0):, YV = g(dx).  (47.46)
B camom jaene, BCAGACTBHE ypaBHEHHMS HepaspbiBHOCTH (47.05) Mbl uMeem
BV o ==V, (00, 15) — p* (0, ,) B, (47.47)

a MHTerpaa OT MEepBOro u/JeHa 34eCb AAET HYJb.
Beoas, coraacHo (47.04), o6o3HaueHue

w, = wv,u, (47.48)
And ycKOpeHusi, Mbi OyAeM HMETb
b [tV =g =— f vrw ) = g (dx). (47.49)

Coennuss Bmecre dopmyan (47.41), (47.44) n (47.49), noayuaem
clelyiolllee  OKOHYATENLHOE BHPAXEHHE A BapHAUMM  MHTErpaia
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ne#creua (47.37):
88 =— f (', +
+ f (_ "T w4 VgF“S) 34,V — g (dx). (47.50)

3aeck KospduumeHTH NMpU £° u 8A, paBHBl HYJIO B CUy ypaBHeHuh
aBwxenus (47.03) u ypasuenutt noas (47.02). Tem cambiM 10Ka3aHO, YTO

3S =0. (47.51)

OG6pdTHO, ¥3 YC/I0BMS SKCTPeMyMa WMHTerpaia AeHcTBus

EFou)e Y =g @n+

S= f (cay,* _"7 w A+ éﬁ FagF"‘ﬁ)]/ —gWdx)  (47.37)

MOXHO 3aK/IOYUTh, B CHAY MNPOUSBOJBLHOCTH Bapuauuht ¢ u 84,, O BLI-
NOJHEHUN YPaBHeHHH ABMIKEHMS W YPaBHeHHH MoJjd.

To 06cToATENLCTBO, YTO BAPHAUMY BHAA 5% == Ty° HE MEHSIOT M0/
CKOpOCTeH, CKaspiBAeTCA B TOM, YTO MMEET MeCTO COOTHOLIEHHE

w (uw +£ me) —0, (47.52)

npy4eM OHO BBINOJHAETCA TOXIAECTBEHHO, T. €. HE3aBHCHMO OT BHINOJ-
HeHHMsl YpaBHeHHH [B¥XEHud. ITO COOTHOLIEHHE MOKa3HBaeT, 4YTO U3
YeTHpex YPaBHEHUH [BMXKEHUsA-— TOJIBKO TPH He3aBUCUMHIX. To 06CTOA-
O
0x,
HOro mnoJd, CKasniBaeTcd B TOM, 4YTO HMMeeT MECTO COOTHOIIEHHue

TEAbCTBO, UTO Bapuauuu Buiaa 84, — 3@ He MEHAII0T 5JEKTPOMarHuT-

"y 23\ —
V(= £-wr L VeF ) =0, (47.53)

npuueM OHO TaKXe BHIOJHICTCA TOXIECTBEHHO, T. €. He3aBUCHMO OT
BLIMOJIHEHUS YPaBHEHu# MoJsA. DTO COOTHOILLEHHE MOKA3HBAET, UTO YEThipe
ypaBHeHMsl TNOJS He HE3ABHUCHMbI, a CBs3aHbl AuddepeHIHaTBHBIM COOT-
HoleHueM (47.53).

§ 48. BapunauuoHHbli NPHHUHN M TEH30pP IHEPTUH

B § 45 Mb ykaseiBany, 4r0 npy GOPMYIMPOBKE TEOPUM OTHOCHTEIb-
HOCTH B NPOM3BOJBHBIX KOOPAMHaTaX BO3MOXHbBI JBE TOUKM 3peHus.
CornacHo mepBO# TOUKE 3peHHA, BEJMUYMHBI g,, PACCMATPUBANTCA Kak
3ajaHHble (YHKUMM OT KOOPIMHAT (MOJyudeMble NyTeM 3aMeHb Mepe-
MeHHBIX M3 raauieeBblX 3HaueHu#). COraacHo BTOPOR TOUKe 3peHMA, BEJH-
YMHB g,, PACCMATPHBAIOTCA KaK HEM3BECTHHE (YHKUMH, NOLUMHEHHbIE
yPaBHEHHUAM

Rln,aﬁ = 01 (48~01)
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4 TaKWe HepABEHCTBAM, HEOJIHOKPAaTHO HaMH (OPMY/JIHUPOBAHHLIM,

[py BHIMMC/IEHWM BApHalMM MHTerpaja AeHCTBHA MH CTOAIM HA 1lep-
Boft TOUKE 3peHud, COOOpasHO ueMy BMA QyHKuu# g,, HE BAPLHPOBAJCH.
Ho ™Mbl MO:KeM BCTaThb ¥ Ha BTOPYI0 TOUKY 3pEHHA H BapbUpOBATH
rTakxke g,,. OT sroro B Bhipaxenuu (47.50) aas 8S K BHUMCAEHHEIM
JIBYM YleHaM, COOTBETCTBYIOUINM Bapuauusam 5 u 8A,, npuGaBurcs Tpe-
TH# uleH, KOTOpu#t OyaeT COOTBETCTBOBATh BapHauuu g,,. Beuucaum
5TOT UJeH,

O603HauMM BapuauMM Pas3HbIX BeJNHMYMH, MPOUCXOAAILHE OT Bapua-
g, cumBoaoM 8,. B Bmpaxennn (47.12) Hu gxobuan /, Hu QyHK-
uus F BeanuuH g,, He COAepxkar; nosroMy Oyner

- of, 90/, 3
V=D o op 1,
vV —g D) 0fy Ofy 2@ 4408y (48.02)
$8%p op
U, CJea0BaTe/hHO,
3,V —g)= -—‘gg—g ururdg,,. (48.03)
Ilanee, /1erk0 BUAETH, YTO
8, (r*ury —g)=0, (48.04)
a TaKxe L
3, (" ur AV —g) =0, (48.05)
IOCKOJALKY A, Temepb He BapbUPYIOTCA.
Hanee
ag(FagF“?) = Fug 8gF°‘f’, (48.06)

Tak Kak F,g He BAPBUPYIOTCHl, 3 BapbUPYIOTCA TO.ABKO F **, MOCKO/bKY
onu cBa3apnbl ¢ Fa3 COOTHOLIEHUAMH

Feb — gvpg?vo,, (48.07)
cosepxauumu g,,. Brruncienne naer
Fas 6gF”3 = 2FgFvg, 0g% = — 2F,,Freg¥ 3g, . (48.08)
Tax kak
1 —_— | S
‘V_——_——__ggﬂ-‘/-—_g:7gp'0gp'w (48.09)
TO MH MOJyYaeM
1 —
—— §(FF Y —g) =
V—z ’

——

— 2FForgh o FGﬁFvﬁgw) 3g,, = 8=Uw3g,, (48.10)
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rae U»y ectb Bolpaxedne (46.22) nng TeHsopa sHeprum SaeKTpPoOMar-
HHTHOTO M0,

Popmysn (48.03), (48.05) u (48.10) nawr aas 1062BOYHOrO ujeHa
B BapMalMy MHTErpaja AeHCTBUA BHIpAXEHHE

05 =5 | Grwwr 4 UmBE, Y g, (48.11)

Ho, coraacio (46.32), BelpaxeHue B CKOOKAX MO0J HHTErPaioOM ecTb
YMHOMeHHbIf Ha ¢? TEH30D MAacChl CHCTEMH, COCTOAUleft M3 4YacTuu M

noJis
ATw = p*uvwy - Upy, (48.12)

Takum 06pa3oM, BbIPa)keHHE AJd TEH30pPa MACCH MOAYYAeTCas Camo
co6010, nyTeM BapbUPOBAaHMsA MHTerpaja AeficTBUA 1O COCTABJSIOUIMM
(dhyH1amMenTa LHOT'O TeH30pAa.

[TonHas Bapwaumsd WHTerpana Ae#cTBUS MO BCEM BXOAAUIUM B HEro
({YHKUMAM paBHa

5 = & [ a4 Umg,, V g (an) —

‘[uw—{— Fu“)“V gldx)+

f ——-u”—{— aF°B) 84,V — g(dx). (48.13)

Bapuaumu % u 98A, Oul1M BnoMHe NPOM3BOJBHBLIMM; NPUPABHUBAS HYJIO
KO3PPUUMEHTH NPH HUX, MBI NOJYYWIH YpPaBHEHHA JBHXKEHHMS M ypaB-
Hermsa nonsa. Bapuwaumm e 8g,, He ABAAIOTCA NPOM3BOJABHEIMH, TaK Kak
¢yHKuMM g,, MONYMHEHDI yPaBHEHHAM

Rpﬂ, a3 = 0. (4801)

BripasuM Bapuauum 8g,, uYepes HE3aBHCHMble MPOM3BOJNbHBIE BENHUMHEL.

Campift oOmu#t BuA QyHKuu# g,,, YAOBIETBOPAIOUIMX YPaBHEHHAM
(48.01), noayuaercs u3 raiuieesbiXx sHaueHu# 3TuX (QYHKUMH nyrem
npeoGpasosakud koopamHar. CrenoareqbHO, BCe BO3MOXHLIE BHbI
(yHkuuft g,,, coBMecTHble ¢ ypaBHenusmu (48.01), noayuaiorcs Apyr u3
Apyra takxe npeoOpasonaHueM KOOpAuHaT. Takum 06pasoM, AONYCTH-
Mbie GECKOHEeUHO Manbie BAPUALMM 3THX (YHKUHMHA AOMKHBI COOTBETCTBO-
BaTh HECKOHEUHO MaI10My Npe0oOpasOBAHHIG KOODIHHAT.

[Tycts OeckoHeuno Manoe npeoGpasoBaHHe KOOPAMHAT MMeET BMI

X, =X, (48.149)

rie * ecTb NPOUBBOJbHHIY OGECKOHEUHO MA4Jbifi BEKTOP, COCTaBJAIOLINE
KOTOPOro CYTh (QYHKUMM OT KOOPAMHAT Xy, X;, Xy Xz [10 oOuiedt dop-
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MyJle npeoOpPasOBaHUA TEH30PA Mbl HMEEM

l4 ’

, , dx, Ox,
g@“(x):g’ﬁ(x)a;a; (48.15)
U ¢ TOUHOCTBIKY A0 6eCKOHEUHO MAJIbiX BBICIUMX NnopsAaKOB
, ’ ‘ oy o« O
g ()= gv () +-gr gt g7 5 (48.16)

YroObi MOJAYYHTH BAPHALMIO, T. €. H3MEHenHe BMAA (QYHKuMH g,

HYXHO CPaBHHRATH g"” M g And OAHMX H TeX XXe 3HaueHuft apry-
MEHTOB.
Tak Kak Mbl uMeeM

gr ) =g" )+

(B MOMPABOYHOM uneHe MOXHO Hamucarb gw BMecto g'™7), TO Oyner

"(f;: 5 (48.17)

oy o ogw
Te T8 G o (48.18)

dra ¢opmyna Moxer ObiTe HamMCaHa B Bule

g™ (x) — g (x) = 8gw (x) = g

8gk"“ = nganv _I"'nganp’ (48 19)
HIM KOpoue:

8g#y = Ve - Vi, (48.20)
Ananoruunas dopmysa

88, = —V,n,—V, (48.21)

MOXeT OBbIThb NOJYYeHa HJIH He3aBUCUMO (TeM Ke MyTeM) HJIH U3
COOTHOMIEHUS &, g = O,.
[MepenucuiBas dpopmyny (48.11) B Buze

2 o e
3,8 = fQ_ f Todg,,V — g (dx) (48.22)
¥ noiacrasisa ciona (48.21), noayuum
2 { J—
0S=—%5 | To@a+Vn)V “g@n=

:—c?J TwV, V —g(dx), (48.23)

TaK Kak ten3op 7T,, cumMerpuyeH. [locie HHTErpUpOBaHHMS MO YaCTAM
1o.1yuaeM

3,S=c [ (V. T¥)n,V =g @x). (48.24)

Ecqu cuurarh vsBecTHBIM, UTO PaCXOAMMOCTbL TEH30PAa MACChl PABHSAETCH
Hymo, 1o u3 ¢opMyast (48.24) MOXHO 3aKjl4HTb, YTO HHTErpaf
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NeACTBUA ABIAETCA SKCTPEMYMOM TAKXKE M MO OTHOIIEHHIO K AOMYCTHMHIM
BApHALMAM BeJMUMH g,,. HO MOwHO caesaTh ¥ oOpaTHOe 3aKTiOUEHHE H
BhIBECTH U3 CBOHCTB HHTErpasa ae#cTBHS PaBEHCTBO

V,Twr =0, (48.25)

rae T+ ecTb TEH3Op, BXOAAIME B KadecTBe KOS(pUuMeHTa NpH 88,
B BbiPaXEHHE AN ero no.aHoft Bapuaumu. B camom nede, wHrerpan
neHCTBHS €CTb WHBAPHAHT (CKAJSp) U MOTOMY He MeHsercs mpu JoOhIx,
B TOM 4HCJe OeCKOHeYHO MaJsbiX, NpeoOpasoBaHMAX KOOPAMHAT. Bripaxe-
HHEe 1/9 ero mnoJHO# Bapuauuy

1= | (7,190, V g (@x)—
— [+ 2r) eV —g@o+

+ j(_% u“—{-—% VaFvB)‘aAaV_—_E(dx) (48.26)

3aBEIOMO DAaBHO Hy/MO, ecau Bapuauuu §° u 8A, NPOUCXOAAT BCAE]-
crBue GeCKOHEUHO MaJoro mpeoGpasoBatus v,. (JTO 3aAK/MOUEHHE BbiTE-
KaeT M3 OJHOro JIMIUb CBOMCTBA WHBAPWAHTHOCTH H He 3aBHCHUT OT TOrO,
Gyzer 1 S uHTerpajoM AeHCTBMA MM KAaKUM-HHOYIAb APYTMM HHBA-
puaHTHBIM HMHTerpa’om.) Ho ecau S ects MHTerpan ae#crsus, 10 KO3(-
¢uumentsl Npu & u OA, B BbIPAXEHHH A1 0S B OTAENBHOCTH PaBHbI
HyJ10. [103TOMY pasHbI HYJI0 H OCTAJbHbIE YIEHB B BBIPAXEHHH AJd S
M Mbl HMeeM

3,8 =¢? f (V. Teyn, YV —g (dx) =0, (48.27)

KaKkoBbl Obi HM ObiM  BeaHUHHB 7,. OTC0Aa yxe Ciaelyer PaBeHCTBO
(48.25).

To, uro Tewsop 7%, onpelensembit kak KO3(dHuuueHT npu g,
€CTh TEH30p Macchl (MAM €My MpONMOPLMOHA/EH), BLITEKAET M3 yCTa-
noBjAeHHOR B § 31 eAMHCTBEHHOCTH TEH30pa Macchl, HMelouleh Mecro
NpU YCIOBHH, YTO €r0 COCTAaBJAIIHE CYTb (PYHKUMH COCTOAHMH CUCTEMbI
(B uMca0 (PYHKUME COCTOAHMA BKAKUAITCA 3lech M g,). B paccmarpu-
BAEMOM cJayyae ypaBHenuit Makceeasna — JlopeHua Mbl 5TO NPOBEPH/IH
HENMOCPe ACTBEHHBIM BhUMC/IeHHeM [(popmyna (48.12)].

[TpouanocTpupyeM npHUBEIEHHBE PACCYXKACHUA elle Ha OAHOM MNpH-
Mepe, a MMEHHO Ha YPaBHEHUAX ruapoauHamukd. B stoM cayuae uHTe-
rpan aeficTBus OyneT MMeTb BHA

S= [ (e HrmV —g@x). (48.28)
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3aech p* eCTh MHBApPUAHTHAA NJOTHOCTH TOH YACTH MACChl MOKOS, KOTO-
pas MpH ABMXKEHUM He MeHsieTCd M YAOBJETBOPAET B3AKOHY COXPaHELHs

V@) =0 (48.29)
(cm. § 32). II ectb OTHECEHHAs K €AMHMUE MACChl NOTEHLMAIbHAA SHep-
THA YOPYroro CXaTus XKHAKOCTH
P

= {%2_2; m=£% (48.30)
1 p p p
rie p-— NABJEHHE.

Bapuauuio uHrerpana S Jerko BbLIYMC/IUTH, MOJB3YACH HafAEHHBIMHU
BbIILIE BhLIPAXEHMAMH AMA BAPMALUMH MJIOTHOCTH. Ha ocHopanum ¢popmyn
(47.29), (48.03) u (48.09), B KOTOPHIX MBI MHILEM TeNeph p* BMECTO p*,
Mbl MMeeM A8 TMOJHOR BapHauuy

E3 & T
W=V, @) L u Vi (S — ) g, (48.31)

¥ NOTPexHEMy

V- — 1 by N
—=2 — ¥ Og,,. 48.32
[Tonaras
F ") =’ 4, (48.33)

Ml OyAeM HMMEThb
3 :aJF(D)V g(dx) =
= [[rrow +re =5 v =gan. sy

Moacrasass cwoaa (48.31) wu (48.32), MBI mOJMyuMM, nOC/E HHTETPHUPO-
BAHUsA MO YaCTAM:

is= 15 (| —prygnsur 2

2 )og.V —g @+

+J [ F”(ax _%1%)__9*? w]tcv g (dx), (48.35)

rie w, ects yckopenue (47.48). TMoapaydch Bhitekawouumu us (43.30)
1 (48.33) bopmynamu

*F'—F=p;, 'F"dp*=dp, (48 36)
Mbl MOXeM BMecto (48.35) Hamucate

N l & 1 * v o n
88 =& [ [ —pgr +[p T H+p)] uu }Og;,.., V—g@dx)+

) d -1 ¥ 0 * 1 * £ 2
+ [ e — [+ FE@np|w [V —g@n. @837

10 Sak. 485, B. A. Qox
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Orciona 3aK/IOYaeM, UTO YpPABHEHMS [BIXEHHs HMEIOT BHJ

ap uu’ Op

[+ 5 @+ o =5 — (48.38)

@ 0x,
M 4TO TeH30p SHEPTUM paBeH
N * 1 % I v 3
O =i+ 5 (T p) | '’ — pg (48.39)

npHYeM PacXOAHMMOCTb 3TOMO TEH30Pa paBHa HYJIO.

ATH BbIpAXEHH MpeACTaBIsiOT 0000uieHns Boipaxenu#t (32.29)
H (32.28) u npuBoaATCA K HUM B Ta/IMIeeBbLIX KOOpAMHATAX.

B saxsioueHue 3ameTHM, YTO MaTeMaTHuecKM J1aJeKO He BCAKas
CHCTEMa ypaBHeHMft BhIBOAMMA W3 BApHMALMOHHOro Havana. To obcros-
TeNbCTBO, UTO OCHOBHbie YPaBHEHUS MAaTeMaTHUECKOH (UBMKM, OMUCHI-
BAlO'WIME TNOBEJeHHe KOHCePBATHBHEIX CHCTEM, MOTYT ObIThb MOJYYEHBI U3
BAPHALMOHHOrO Haua/ja, MPeACTaB/]sderT 3aMeyare/bHOE HMX CBOHCTBO.

§ 49. UnrerpaabHas $opmMa 3aKOHOB COXPAHEHHs
B NPOHM3BOJbLHBIX KOOpAMHATaXx

Tensop Maccei 1%’ ynoBaerBOpsier, KaK Mbl 3HAaeM, ypaBHEHHAM
vV, T" =0, (49.01)

KOTOpble NO/DKHBI BBIPAXATh 3aKOHBI COXPAHEHHA 3HEPrMH M KOJMYeCTBa
ABIDKEHUS, 4 TaKke 3aKOH COXPaHEHMs MOMEHTa KOJMUeCTBA ABHNKEHMS W
3aKOH [BUXKEHMs LEHTPA HHEepUUH 3AMKHYTOR KOHCEPBATHBHON CHCTEMbI.

B passepHyroM Buae ypaBuenus (49.01) Hanumiyrca [cM. (41.24)):

wy
o7 I T T =0 (49.02)
WM, ecaM OOBEeAMHUTL TPeTHH uJeH C MepBhIM,
1 0(V—2eT™) | 1w
L T8 T = 49.03
V_g axv + ( )

Bcenencreue Ttoro, uro B ypaBHenuu (49.03) ocraercss uneH, CTOAWMK
BHe 3HAKA NPOM3BOJAHBIX, NEpPexon OT AMdpdepeHUHaNbHON (POPMbI 31KO-
HOB COXPaHeHHs K HHTerpajbHo#t ¢opMe He ABAETCA B NPOU3BOJIBHBIX
KOOpAMHATAX CTOJAb OUYEBMIHBIM, KaKuM OH Obul B FajH/eeBbix KOOPAH-
Harax (cM. § 31). [losTOMy Mbl PaccMOTPHMM BONPOC O CYLIECTBOBAHHM
MHTErpanbHOM (POPMbI 3aKOHOB COXPAHEHHd HECKOMbKO moapobHee,

BBeneM HeKOTOpHI BEKTOp ¢, ¥ NPOUHTErPHPYeM pPaBEHCTBO

i

o ) O T
V(TPg) = = 5= (V=g T",) (49.04)
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110 TPeXMepPHOMY 00beMy, Ha IPaHuUaX KOTOPOro BeauuuHbl T ucuesair.
Mbl noayuuM

‘ v - d —
l V (T,)V — g dx, dx,dx, = . f T, V — g dx, dx,ydx,. (49.05)

Eciu T" ecrb TEH30p Macchi, TO OH CUMMETPHYEH M PACXOJAMMOCTH €ro
paHa Hymo. Iag TaKOro TeH3Opa Mpeabiayllee PABEHCTBO HAMMIIETCH:

4 [ T,V —gdx, dx,dx, =

dXO
= %j ™ (V2. + V00V —gdx, dxydx,  (49.06)
BesnuunHa
I= f T,V —g dx, dx,dx, (49.07)

Gyaer mocrosHHOM (T. e. He OyaAer 3aBHCETb OT KOODAMHATBI X, HMEO-
ulel XapaKrep BPEMEHH), €CAM BEKTOP ¢, YAOBJETBOPAET YPABHEHHMAM

Ve, +V,0,=0. (49.08)

Vccnenyem st ypaBHeHus B oOuleM cJaydae (He Npeanonaras Crnepea,
YTO TEH30pP KPHMBHM3HBI UETBEPTOrO PaHra paBeH HYJIO).

TTos10uM
Ve, = P (49.09)

B cuny (49.08) penuumnbl ¢,, OYAyT aHTHCHMMETPHUHBIM TEH3OPOM.
CocraBuM OT Hero KOBAPHAHTHYI0 MNpousBOAHYK. MHcmoabays (49.08),

MBI MOXEM Hanucarb

Vs(r"g.; = ’12_(va; - Vvvy.)(?cr + -;_ (VO‘V‘ﬁ —V va) Po.— —;_(chy. '—_ vac) @
(49.10)

MMpumenss dopmyny (43.16) and pasHOCTH KOBAPUAHTHLIX MPOM330-
HHIX M HCMOJb3YA CBOHCTBA CHMMETPHH TEH30Pa Ry, .3, Mbl MOJAYYMM

V% = RE 1@, (49.11)

Takum o6pasoM, ypaBHenus (49.08) moryr ObiTh 3aMeHEHH CHCTe-
Mot (49.09) u (49.11), KoTopas paBHOCHJBLHA CHCTEMe ypaBHeHHH
B MOMHBIX AupdepeHunantax. MOXHO nOKasarth, 4TO 5Ta cucreMa Oyier
BNO/JHe WHTErpHpyeMa B TOM cayuae, KOria

va, a3 =— K. (gwxg}x,’% - g}mgvs), (49 1 2)

rne K-—nocrosHHasd. [IpocTpaHcTBO, AJs KOTOPOrO TEeH30P KPHUBHBHBI
UMeeT Boipaxcenue (49.12), HasbiBaeTCd NMPOCTPAHCTBOM NOCTOSIHHOR KpH-
BH3HL (OHO NpeACTaBJAET 4YeThipeXMepHOe 00001eHHe MPOCTPAHCTBA
Jlo6auesckoro). TlocrosHHas K HOCHT HasBaHMEe MOCTOSHHOH KPHBUBHbI.

15*
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Ecau yCnoBHs noJHOM HHTErpHPYEMOCTH BBIMOJHEHB!, TO 3HAUEHHUS
10 ¢yHkumit ¢,, ©,, BO BCeM NPOCTPAHCTBE OMPEAEJAIOTCH HMX 3HAye-
HUSAMH B OJHOM TOuKe, TaK UYTO OO.uee pelueHue cHcreMb (49.09),
(49.11) conepxur 10 MPOU3BOMBLHBIX MOCTOSAHHBIX.

Hac unrepecyer cayuah

Rp.v, a3 = 0, (49.13)

Korophift moayuaerca u3 (49.12) npu K= 0. (TIpocrpaHcTBO, AN KOTO-
poro Ry, «3 = 0, Ha3bIBaETCA NO3TOMY NPOCTPAHCTBOM HY/IeBOH KPHBH3HEI
MM [UVIOCKMM NPOCTPaiCTBOM.)

B cayuyae miIockoro mnpoCTpaHCTBAa-BpeMeHu (C KOTOPBIM M HMeer
JleI0 TeOpHsl OTHOCHMTEJBHOCTH) MBI MOXeM Cpasy ykasars 10 uHrerpa-
a0B cucreMs (49.03). Tlycrb Xy, X[, X,, X;— raiuieeBs KOOPAMHATbi.

Mbl MOXeM BBECTH 4eTbIpe BEKTOpa:

ox, dx,
y_ 2. @<3)=0_x_‘*. (49.14)

4
0x4
;@ ;@

TR ox,’ *» ox,' v ox,’ "»

1) —

(D11 BeanuuHbl GyAYT BEKTOPAMH MO O1AOLIEHHID K HElTPUXOBAHHBIM
KOODAMHATAM X, X,, Xy X, TlaJWjleeBbl Xe KOOPAMHATLI 31eCh pac-
CMATPUBAIOTCH Kak ckajapbl). Kawawift us dertnipex Bekropor (49.14)
ynoBaeTBOpsieT, B cuay (42.16), ypaBHeHusM

Ve =0 (x=0,1, 2, 3) (49.15)
a caenoBaTeabHO, U ypaBHeHusM (49.08).

ﬂanee, Mbi MOX€M BBECTH WIECTb BEKTOPOB

7 4

Ox ox

T o

@) — g B

o = x, 7, X, ox,’ (49.16)
M3 KOTOPHIX KaxXibift yAOBJETBOPAET YpaBHEHHAM

Vv‘?ff‘?‘—f— vp@gﬁ) =0, 49.17)

T. €. ypaBHeHuaM (49.08).
TMoactaBass B BeipaxceHHe (49.07) Bextopsi (49.14), noayuum, nocie
YMHOMeHHSl Ha ¢, MOCTOSHHbIE HMHTETPa/ibl

G A—
Ple — (,‘Jl TP'OO_:::V—-gdxl dx2 dxs, (49.18)

a NOACTaB/Jdf B TO e BbipaxkeHHe BeKTopbl (49.16), mosyuuM noctosH-
Hble MHTErpaJibl

ya3 of ()x; , ()x;
M%=c| T (xa S Xy
(bqL ; Ox‘u

)1/ Todx,dxydx, (49.19)

M3 cpaBHeHMs STHX BBIPaweHUM C COOTBETCTBYIOUMMH BhIPAXeHHAMH
B raquieeBbiX KoopauHartax [gopmyas (31.02), (31.03), a raixe (31.08),
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(31.09)] HeTpyAHO YCTAHOBHTL (UMIHUECKMH CMBICA 3THX HHTErpasoB,
Beamuura P’° ecth jefeHHas Ha ¢ SHEPrus (MM YMHOMXEHHass Ha ¢
macca) CHCTeMbi, 4 BeauunHbi P’ (i=1, 2, 3) npeacTaBJaI0T KOJANUECTBO
apwkenus cucrembi. Manee, Beawuunsr M'* cyro MHTErPajbl ABH¥EHHA

NEHTPA MHepumH, a BeawunHsi M’'™ — uHrerpass MoMeHTa KoaMuecTa
JABUXKEHUSI CHUCTEMBI,

Cocrapasione P’ 1NOCTOSHHOrO BeKTOpa M cocraBasiomue M'™
NOCTOAHHONO ~ AHTMCMMMETPUUHOTO TEH30pa OTHOCATC K  TafluieeBOH
KOOpAUHATHOH cuCTeMe. HO MOCTOAHHOMY BEKTOPY WM TEH30PY B raJiH-
JNleeBOH CHCTeME COOTBETCTBYET B MPOM3BOJLHOH KOOPAMHATHOH CHCTeMe
€80600HYLE BEKTOP WM TEH30pP, T. €. TAKOH, BCE KOBAPHAHTHBIS MPOM3-
BOJHBIE OT KOTOPOro paBHbl Hymo. Takum o6pasoM, HHTerpaiaM ABMNe-
HHA MBI MOXEM COMNOCTABMTL B MPOM3BOJLHOM KOODAMHATHOH CHCTEMe
cBO6OIHBIH BEKTOP

3 ’
ox
P, = EeaP’“ . (49.20)
a=0 v
H CBOOOAHBIft aHTHCHMMETPUUHBIE TEH30p
3 . ()x' ax/
Mp;zeaeBM' ﬁaTu?ax_B (49.21)
%, B=0 y

ArH BeMuuMHbl OyAyT PYHKUHMAMH OT KOOPAMHAT ¥ BPeMeHHM, YAOBJIETBO-
PAIOUUMH YpaBHEHHUAM

V,P,=0; V,M,=0. (49.22)

3HaueHus 3THX QPyHKUME B MOGOH TOUKE ONPEAEAIOTCA SHAUCHUAMH HX
B Kakofi-uubyab OnHOH Touke. [103TOMY UMCJIO MOCTOAHIIBIX, OT KOTOPBIX
3aBucar ¢yHKuvu P, u Mw OyleT paBHO UMCAY 3THX (YHKUUH, T. e.
6yner paBHo 10. Poab 3THX NOCTOSIHHBIX W HIPAIOT KOHCTAHTHI ABHNE-
ns Pt ow M.

B npuBeseHHBIX PACCYWAEHUIX pOJL rafujeeBbX KoopauHar Oblaa
YUCTO BCHoOMorareJbHAad MU 3ak/jwuyaJgacb B TOM, 4UTO qepes HUX begama-
JUCL  BEeKTOpHl ©,, COOTBETCTBYIO J[MC PA3JMUHBIM MHTErpanaM ypasHe-
auit (49.08). Pasymeercs, ropasio npouie Obi1o Obl BecTH BCe pac-
CykleHuss mnpsAMO B raJiMIeeBblX KOODAMHATAX (KaK MBI 3TO Jenaju
B raae ). Ho nenr Hamumx Oosee CJAONHBIX paccyx/IeHHH Kak pas
H COCTOSA B TOM, 4ToGbl MOKA3aTh, UTO TAKXe W MHTerpanbHas Gpopma
34KOHOB COXpaHeHPIﬂ MOXeET 6bITb nonyqua Hel’IOCpeACTBeHHO Hu3 ypaB-
HCHPIH, HANUCAHHLIX B l'IpOPIBBOJ]beIX KOOpAHHaTaX.



FJTABAV
OCHOBbI TEOPHUHU TATOTEHUA

§ 50. OGo6wennnii 3akoH Taauaes

HauGonee cyuiecTBeHHass O0COOEHHOCTb NOJS TAMOTEHWsA, OTIMYAKOLLASA
ero OT BCeX APYrux HM3BeCTHbIX B (M3uKe nojel, mposBasercs B xapak-
Tepe €ro BJMAHMS HA JABMXEHHE CBOOOAHOrO Tela (MaTepHaNbHOH TOUKH).
[py OAMHAKOBBIX HAUAIbHBIX YCJAOBMAX (MOJIOKEHHH M CKOPOCTH) BCe
CBOﬁOAHbIe TeJa, He3dBUCHMO OT HX MAacCChi, ABUXKYTCSA B MOJAE TArOTEHHS
ONMHAKOBHM 00pa3oM. DTOT (PYHAAMEHTAJbHbIH 3aKOH MOXHO PaccMaTpu-
BaTh, KaK o6GoOlieHne 3axkoHa [ajmnes, COrMacHO KOTOPOMY BCe TeJa
najal0T NpPU OTCYTCTBHH CONPOTHB/EHHS C OJAMHAKOBOH CKOPOCTHIO,

31ech YMeCTHO HAMOMHHMTb ONpPEJdeNeHHs MacChi HMHEepTHOH M MacChl
BecoMoft (mmm rarorewowelt). MHepTHas Macca ectb Mepa CHOCOGHOCTH
TeNa COMPOTHBJATLCS YCKOPEHHIO: NpPH 3a4aHHOH CH/le yCKOpeHHe 0OpaTtHO
NpoNOpUMOHANLHO HHepTHOH MacCe. Becomas wumm rarorewouas macca
€CTh Mepa CrnocoOHOCTH TeJa C03/1aBaTb MNOJI€ TArOTEHUS M HCNBITHIBATH
BO3/eHCTBME 3TOr0 MOJS; B 3aAaHHOM [MOJe TArOTE€HHS CUJAd, UCIbITH -
BaeMas TeJOM, MPOMOPLHOHANBHA er0o BeCOMOR Macce.

[lpn moMouwlM STHX ONpeje/NeHUuit NPUBEAEHHbI BhLE O00OOLIEHHbIA
3akoH anuies mMoxer ObiThb (POPMYJIMPOBAH, KAK 3aKOH PaBEHCTBA MacChi
MHEPTHOM M MAacCH TArorelolled.

Mo HeloTOHY, MOJie TArOTEHUs] XapAKTEPU3YETCd MOTEHUMAJIOM TAro-
teuus U (x, y, 2). TloTeHuman TtArorenus, MNOpo¥JaaeMbit OTAEJBHOM
chepuuecKM CHMMETPHUHOH Macco#t M, B TOUKax BHE 3TOH MAacCH paBeH

M
U:TT, (50.01)
rae r eCrtb paCCTOﬂHPIe OT UEHTpa MAacCcChl. Beawunna Y €CTb HBIOTOHOBA
NOCTOsAHHASA TArOTEHHUS, UNCAEHHOE 3HAUEeHHEe KOTOPOH B CHCTeMe (CM -2+ cek)

PaBHO
— 1 oM3
1= 150000002 - cer" (50.02)

Takuym o6pasoM, pasMepHocts U COBHalaeT C PasMEPHOCTHIO KBajapara
CKOpOCTH. 3aMeTuM 3/1eChb e, UTO BO BCEX BCTPEYaloMXCA B MPHPOAE
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cayuasx, naxe Ha MNOBEPXHOCTH CoaHua o CBEPXIJIOTHbLIX 3BE€34, BEJAH-
yuHa U BecbMa Maaa no CPAaBHEHHIO C KBAaApPAaTOM CKOPOCTH CBera

U (50.03)

B ofuieM caydae nNpOM3BOJABHOIO pPAaCHpefeNeHHs MAacC MOpOAaeMbilt
MMM HBIOTOHOB moreHuMan U ya03.eTs0opser ypaBHeHMIO [lyaccona

AU = — 4z, (50.04)

rae p ectb MIOTHOCTH MacC. HeloroHoB noreHuwan U snoawe ompene-
nAeTcs ypasHenueMm [lyaccoHa BMeCTe ¢ yC/OBMAMH HEMPEPBIBHOCTH H
npeaeibHbIMH YCAOBHAMM, KOTOPbIE 3aKI0YAIOTCA B CleAYI0WeM: GpyHKuus U
U €€ MNepBbi€ NPON3BOAHBLIE AOJXKHBI ObITh KOHEUHb!, 0AHO3HAYHBI H HEIpe-
PBIBHBI BO BCEM MNPOCTPAaHCTBE U OOPAIIATECH B Hy/nb Ha GeCKOHEYHOCTH.

TIpeanoJoKuM, YTO HbIOTOHOB noTeHuuad U sapan. Cuaa, MCHBITHI-
BaeMas TeJOM (MarepHanbHOM TOUKOH) ¢ BecomMoH maccolt (m) B noJe

BBC
TAroTeHUd ¢ noreHuuasom U, paBHa

F=(m),,, - grad U. (50.05)
C apyro#t CTOpOHBbI, COTJIACHO YpaBHeHMsAM ABHKeHHs HblOoTOHa, MBI MMeeM
(m),, - w=F. (50.06)

[Tosromy
(m),, - w=(m)_ -gradU. (60.07)

CornacHo 0000LIEHHOMY 3aKOHY [anutes, ABHEeHUe Tena B 3a4aHHOM
noJie TArOTEHMS He AO/KHO 3aBHCETb OT ero Maccel, [To3ToMy OTHOMIEHHe
WHepTHOH MacChi (m), K BecoMo# macce (m) . AJa BCEX Tea OLAHO H

TO e, T. €. NPeACTAB/SET YHUBEPCANbHYIO NOCTOAHHYIO, 3HaYE€HHEe KOTOPO#t
MOXeT 3aBHCeTb TOJbKO OT BbGOpA €AMHHI A/ MHEPTHOH M BeCOMOH
maccet. [Ipu obuienpuHaATOM BbiGOpe eAMHUL OyAeT MpocTo

(M) g = (M), = m, (50.08)

T. €. MHEePTHag M BecoMasd MacCa ApYr APYyry paBHBbL.

PaBeHCTBO HHEpPTHO# M BeCOMOH Macchl eCThb (PaKT HACTOJBKO MpH-
BHIUHBIH, UTO BOCHPHHMMAETCA OOBIYHO, KaK HEuTo caMo co0016 pasyMelo-
weecs. OnHako 1e10 OOCTOMT He TaK MNPOCTO: 3TO PABEHCTBO Npel-
CTapider OCOOBIft M OUeHb BAXHBIYt 3aKOH MNpPHMPOALI, TECHO CBA3aHHbIfH
¢ 00606LUIEHHbIM 3aKOHOM [ anusmes.

BcnencrBre paBeHCTBA MACCh] MHEPTHOM M MaCChi BECOMOH YpaBHEHHs

JABHXEHHUA
w=grad U (50.09)

UMEIOT YHHMBEPCAMbHbIE XapaKTep, UTO M sSBJSETCH BhpaxeHHeMm 0000LieH-
Horo 3akona [ anuznes.
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3ameruM, uto ypaBHeHus aswxeHus (50.09) Moryt ObiTb NOJyYeHbI
M3 BapMAUHMOHHOTO Haua/a

BJ(%v“’—}—U)dt:O. (50.10)

ATO MOCAYKUT HAM YKa3aHHeM INPH NMOCTPOECHMM TEOPHH TATOTEHHA.

§ 51. Ksagpar uHTepBasJa B HbIOTOHOBOM NPUCJIMKEHHH

SIBjleHve BCEMHPHOrO TArOTeHHS TpeOyeT paciuMpzHHS paMoOK TOH
TEOpUH MPOCTPAHCTBA M BPEMeHH, KOTOpas COCTAB/ANA NMPSAMET NP2Abi-
Ayuux raaB., Heo0XxoauMMOCTh TaKOrO pacCiuMPeHHs BHAHA K3 CJASAYIOLIMX
coobpaxceHut.

M3 ypaBHeHusi pacnpocTpaHeHHs (POHTAa BOJHH, HAMHCAHHOTO B BHAE

1 [0w)\2 0w \? dw\2 dw\2 -
@ -G+ G+ @ ]=o e
gbITeKaeT MPAMOJIMHEHHOCTL pacnpocTpaHenus cpera. Ho cmer o6.apaer
SHepruelf, a Mo 3aKOHY MNPONMOPUHOHAJIBHOCTH MEMAY MACCOM W 3HeprueHt
BCAKAasd SHEPryus HEPasphIBHO CBA3aHA C HeKOTOPOH MacCo#; c/aeaoBaTebHO,
ceer o6nagaer Maccofl, C apyro#t CTOPOHB, NO 32KOHY BCEMHPHOroO
TArOTEHUs BCAKAs Macca, HaXOAAULASCA B NOJe TArOTEHMS, AO/DKHA MCHbI-
ThIBATL JAeHCTBHE 3TOrO NOJd; e€e ABHkeHHWe He Oyaer B obuieM ciayuae
npaMo/uHeHbiM. TIO3TOMY creAyeT OXHAAaTh, UYTO H Jyu CBETa B MOJe
TAroTeHus He Oyaer npsamoauHefinbM *). OrcloAa BbiTeKaeT, UTO B MOJe
TArOTE€HHA YpaBHEHHe PacnpoCTPaHeHUss PPOHTA BOJHHI A0DKHO HECKOJLKO
OTJMYATBCA OT HAMMCAHHOrO Bhile. Ho, Kak Mb BMAeJAM B MPEABLAYLULHX
rMIaBax, ypaBHeHMe pACMPOCTPaHeHHs (POHTA BOJIHbI SBJAETCA OCHOBHOH
XapaKTepUCTHKOR CBOMCTB MpOCTpaHCTBA M BpeMend. OTCiOAa cleayer
BbIBOJ, UTO HAJHYHe MOJS TATOTEHHS] AOMKHO BAMATH Ha CBOMCTBA mpo-
CTPaHCTBAa M BpeMeHH. TakoH BBBOA ¥ JAeJaercd B TEOPHUH TArOTeHHS
K MNOCTPOEHHIO KOTOPOH MBI MPHUCTYMAEM.
Kak 6pino nokasano B ruaBe I, ypaBHeHMIO pacnpocTpaHeHuss (poHTa
BonHbl B opme (51.01) coorBeTcTBYeT, HpPU HEKOTOPBIX AOOABOUHHX
NpeAnoOJOKEHMAX, Clelylollee BhIPaXKeHHe 119 KBajAparta MHTeppasa:

ds? = 2 d2 — (dx*— dy? + d2?). (51.02)

BaugHue noas TArOTeHMs Ha CBOMCTBA MPOCTPAHCTBA M BPSMEHM AOJDKHO
CKa3bIBATHCA B TOM, YTO KO3((MUMEHTH B YPABHEHMH pPacHpPOCTPaHEHHs
(poHTA BOJIHbI ¥ B BHIPAXEHUH AJ KBajpara MHTepBaja OynyT OTAMYATHCA
OT MOCTOSIHHBIX 3HAauYeHHH, naBaeMmbix (opmynamu (51.01) u (51.02). Hawm
HaJIeXKHUT YCTAHOBHTL NPuO/IMKEHHBIA BH BBIPAXKEHHSA /15 KBa/ApaTa UHTEP-
Ba/ia B MOJE TArOTEHUA C HbIOTOHOBBIM NOTeHUHaNOM U. Mb Gyaem onuparscs

*) Teopua OTKNOHEHUs Jy4ya CBETA B lIONe TArOTeHna naua uuxke, B § 59.
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npu 3TOM Ha 0GoOuieHHn 3akoH ['aauaes. Tor dynnamenraisHeIl dakr,
4rO 3aKOH IBMXEeHHs CBOOOJNHOrO Tesa B MOJE TArOTEHHA MMEeT YHHUBep-
caabHBI Xapakrep H He 3aBHCHT O1 CBOHCTB Tesa, MO3BOJAET HAHTH
CBA3b MEKIY 3THUM 3aKOHOM JIBMIKEHHsl M METPHUKOR NPOCTPAHCTBA-BPEMEHH,

B § 38 Mbl uMayuanu ypaBHeHuda re0le3UyeCKOR JMHMM B NPOCTPAH-
cTBe-BDEMEHH C IaHHO# MeTpukofi. Mnul MOXeM NONbITaThCs MOAOGpATH
METPHUKY TaK, uroGbl ypaBHeHUA Tre0lde3uyecKOM JIMHMM MPHOIMKEHHO
COBIA/H C HbIOTOHOBHIMM YPaBHEHHUSIMM 1BHXKEHHsS] CBOGOILHOrO Te/1a B 3a1aH-
HOM MOJE TAroTeHus, Ycmex 5TOH NOMBITKM MO3BOJMT BBECTH THIOTE3Y
0 TOM, YTO B MPOCTPAHCTBE-BPEMEeHH C JaHHOH MerpuKko#t CBOGOLHOE
tel0 (MaTepHa/ibHag TOUKA) N3MKETCS MO reolde3HuecKOR N4HHH, U TeM
CaMLIM YCTAHOBUTH MCKOMYIO CBA3b MEKAY 3AKOHOM IBMIKEHHsSt H METPHKO#.

YpaBHeHus reofesuiecko# JMHUM MOryT OBITh BhIBelleHbl, KaK Mbl
3HaeM, M3 BAPHAUHNOHHOIO Haua.ja

8fds:o. (51.03)
Ecan kBanpar uHreppana uMeer Bun (51.02), to Gynmer
ds =V c—v*dt, (51.04)
¥ NPH MaJbiX CKOPOCTAX
ds = (c ——%ﬁ-) dat. (51.05)

TMoacraHoBka B BapuauuoHHoe Hauyaao (51.03) Buipawenuft (51.04) u
(51.05) nas ds naer ABMKEHHE C MOCTOAHHOM CKOPOCTBHIO, T. €. CBOGO.-
1Oe IBWXKEHHE NMPH OTCYTCTBHM NOJs TArOTeHMs. [IPenmosokuM Temeps,
YTO MPH MaAbiX CKOPOCTAX M caabuix noasx rtarorenus (U <€ ¢?) Bripa-
JeHMe NI MHTepBaja MMeeT BMI

ds =V c*—2U—v*dt (51.06)
Hau

ds :[c—%(é—zﬂ—i—U)]dt (51.07)

BMeCTO npeamnywvx AByx dopmya (51.04) u (51.05). Tak kak anau-
THBHAd MOCTOSHHAaS M TOCTOSHHBIE MHOXWTEAb B JarpaHkeBOH (yHKUHMH
HEe HMrpalT poJaH, TO BapHauuoHHOe Hauano (51.03) co sHauenuem (51.07)
s ds paer TO XKe, uTO M (HOPMY/IMPOBaHHOe B KOHue § S50 BapuaunoH-
HOe Hauajo

8J1 (302+ U)at=o, (51.08)

A4 MMEHHO YypaBHeHWs CBOOONHOrO IBHXKEHHS Teld B INOJe TArOTEHHS.

Ilpaena, no TO# e NPUUMHE HECYLLECTBEHHOCTH a4AMTHBHOR MOCTOSH-
HOM M MOCTOAHHOIrO MHOXMTe/Is B JarpaHxkeBoR ¢pyHkuuu ypasHeHue (51.08)
nonyuaaocs 6ul u3 (51.03) u (51.06) mpu 11060M 10CTATOUHO GOJBUIOM
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3HauYeHUN nocrosHHoH ¢. Ho Mul 1OMKHBI NoTpe6oBaTh, UTOOBI NMPH OTCYT-
creun noasa tarorenus (U = Q) suipakeHue (51.06) n/s vHTepBasia mnepe-
xonuno, npu aobeix v* B dopmyay (51.04), coOTBETCTRYIOLULYIO raJii-
NeeBo#t Merpuke, OTCI0AA YKe ClIeLYeT, YTO NOCTOAHHAA ¢ B popmyie (51.06)
JOJKHA PaBHATBHCA CKOpOCTPI CBeTa.

TpuBeneHHBIE PacCyXOeHUs NAIOT HAM MPaBO MPelnoJararthb, 4TO NPH

YCAOBHSIX
U
dx\2 dy\2 dz\e o (51.09)
(@) +(@) +(@) =<
KBAAPAT MHTEPRAJAA MAJO OTJIMYAETCH OT BHIPANKEHHS
ds? = (2 —2U) dr2 — (dx* -+ dy* + d2?). (51.10)

OTHOCHTE/IbHAS MOTPEIUHOCTL B Ko3pduuveHre npu df? 3lech BO BCAKOM
U

ciyuae 6o/ee BHICOKOrO MOPsidKa, UYeM YUTEHHBIH ujieH e Yro kacaercs

KO03(dHIKeHTa NPU YHUCTO MNPOCTPAHCTBEHHOM uaCTH HHTepBana, TO OH

2U
MOXeET OT/UYaTbCd OT €IHWHHUBI HAa BEJHYHHBl NOpANKa ~c—2'. HCHCTBH-

Te/bHO, TEOpMsl TArOTeHHd, KOTOpad GyleT PasBUTa B CJelyIOWMX napa-
rpagax, naeT B KauecrBe 0oJee TOYHOrO BHIPAXKEHHH

2U)dt'—’——(1 +%‘j~) @ 4dy*+dz?).  (51.11)

Tpu ycnousx (51.09) oranuue Buipawenus (61.10) or (51.11) ocraerca
HeCYUeCTBEHHBIM, KAK ¥ JO/KHO OHIThb.

Ha#nenHoe 3HaueHue Ko3ddHuMeHTa npu df? Nomyckaer, B NpPUHLHIE,
ONBITHYK MpPOBEPKY.

TTyctb B HeKOTOPO# TOuKe (X, ¥, 2), rle NOTEHUHAA TAroTeHHs ects U,
vMeeTca HaJyuaTedb ¢ COOCTBeHHHIM mnepuonoM 7T, Hcnyckaemas um
BoiHa GyleT MMeThb 3aBHCHMOCTH OT BpeMeHH BHIA

exp (zzn 7‘-) (51.12)

rae T, yxe He paBHO T, a cBasaHO ¢ T, Tak ke, Kak df cBsaaHO C d,
rae dt— nuddepeHunan coO6CTBEHHOrO BpeMeHH Waayuareas. [Ipennoaaras
1/ TPOCTOTH M3lyuaTelds (B JAHHOM CHCTeMe OTCYETa) HENOIBIKHBIM,
OyleM MMeThb NPUOIHKEHHO

ds? = (c?

N Uy
dr_—c—ds—( —?>dt (51.13)
W, CJeN0BaTe]bLHO, U
Toz( —c—;)Tl. (51.14)

B naHHO# 3anaue MOXKHO mnpeHeGpeuh 3aBHCHMOCTHIO MOTEHLMA/IA
rarorenus U Or BpeMeHH M CuMTAThL NMOJNE TArOTEHHs cTaTHueckuM. Torna
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pACTIPOCTPAHAIOLLAACA OT M3/AY4aTENs BOAHA COXPAHHT CBOIO 3aBHCHMOCTH
or BpeMeHHu (51.12) BO BCeM NPOCTPAHCTBE.

TIpennosoxXuM tenepb, 4r0 B HEKOTOPOH .APYro# Touke (X, Yo, 2Zo),
rie NOTeHIMaa Tarorenus orauded or U, u pasen U, umeerca Bropo#t
TOYHO TAKOH e uaJjayuareab (HanpuMep, aTOM TOrO XKe 3Jjemenra). Hcny-
ckaeMass MM BoJHA OyleT BO BCeM NPOCTPAHCTBE HMeTb 3aBHCHMOCTH OT
BpeMeHH BHIA

exp(m %) (51.15)
rae
0:( —-‘i—z)TQ. (51.16)

CpasuuBas nepuoisl BOJH, MAYIIMX M3 MeCT C PAsHBIMM 3HAYEHHAMH
noTeHUMAaNa TArOTEHHs, HO HCNYCKAeMBbIX OLHHAKOBHIMM HM3.1yYaTegdMH,
MHl T0JYyYaeM PasHOCTb

r,—r,=23%1, (1.17)

Ecan U, ecrs mnorenuuan Ha Coanue, a U, —mna 3emue, To O6yner
U, >U,, npuuem uuCIE€HHOE 3HaueHHe MHOkuTeas npu T, B (51.17)
Oyner npuOJIMBUTENLHO PABHO

U,—U -
2c_2 1—-92.10"°, (51.18)

Takum oO6pa3oM, NaMHA BOJHB CHEKTPAaJbHBIX JHHHH, HCMYyCKaeMbIX Ha
CoJHlle, NOMKHA CMmeillaThcs (MO CPABHEHHIO C JHHUAMH, MCIYCKAaeMBIMU
Ha 3eM/e) Ha 1Be MUIIHOHHBIE NOJAM K KPACHOMY KOHLY CIeKTpa.

Heo6xonuMo, OLHAKO, 3aMeTHTh, 4YTO HcnycKaHue aunuft Ha CoaHue
JIPOMCXOANT MNpPH APYrux (UBHueCKMX YC/IOBHAX, uYeM Ha 3eMie, H UTo
NOMpaBKa HAa pPAa3HOCTh MOTEHUHMATOB TArOTEHHS B 3HAUMTEJBHOH Mepe
3aTylieBHIBAE€TC APYrMMH NOMNPABKAMH.

Ho wumeioTcs cBepXmioTHble 3Be3abl (HanpuMep cnyrtHHk Cupuyca),
IIOTHOCTH KOTOPBIX B AECATKH ThICAY pas npeBbIlia€T MNJAQOTHOCTH BOJBI.
Ha uX noBepXHOCTH 3HauyeHWe MOTEHIMANA TATOTEHUS 3HAUNTENLHO OOJblLE,
ueM Ha nosepxHocTH Cosnua (s cnyrhuka Cupuyca —B 20 pas). s
TAKMX 3Be3] MONMpPAaBKa HA Pa3HOCTb MOTEHLHAJOB TArOTEHHS! CTAHOBHTCA
ReCbMa 3aMETHOM M MOKeT GbITh OOHApYKEHA Ha OMBITE.

Takum 06pa3oM, MOXKHO CuMTaTh, 4YTO HARAEHHOE 3HAUeHHE KO3(hdu-
IMeHTa npu df* B BBIPAXEHMM AJd KBaApAaTa MHTEPBaJa COrjacyercs
C 3KCHEePUMEHTAIbHBIMH JAAaHHBIMH,

§ 52. YpapHeuns TAroTeHHs DijHmTeiiHa

OcCHOBHas ulesd TEOPHM TAroreHus IDHHwTEeHHA, B ee OrpaHHUYEHHOH
(He KOCMO./IOrMuecKoft) NOCTAHOBKE, COCTOUT B C/EAYIOLLEM,

FeoMerpuueckve cBoffcTBa PeansHOro (PU3HYECKOr0 NPOCTPAHCTBA M
BPeMEHH ¢OOTBETCTBYIOT He reoMerpud Epkauaa, a reomerpun Pumana.
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C OCHOBHBIMH MOJIOXKEHMSIMH KOTOPO#t MBI O3HakoMMaMch B raase llI.
OTK/IOHEeHUs reoMeTpuueCKuX CBOMCTB OT €BKAMAOBLIX (TOUHee, OT MCeBIO-
eBKIMAOBHIX) MpPOsABJAIOTCS B MNpUPOJde KaK mofte TaroTeHus. Ceo#cTaa
STH HEPA3PBIBHO CBsA3dHBI C PACMPEAENEHHEM TATOTEIOUHMX MACC M HX
askenvem, Cpasb 37a — B3auMHas. C OnHOR CTOPOHBI, OTK/IOHEHHs reo-
METPHYECKUX CBOUCTB OT €BKIHAOBBIX 00YC/A0B/EHL HAIMUHEM TArOTEIOLIHX
Macc, a ¢ Apyro# CTOpOHLI, JABH)KEHHE MAaCC B MO0Je TArOTEeHHs ompe-
Je/aeTCa OTK/IOHEHWAMM STHX CBOHCTB OT eBKi1MAOBLIX. Kopoue MOXHG
€Ka3aTh, YTO MACChl ONPEAEAI0T reoMerpuyeckue CBORCTBA MPOCTPAHCTBA
¥ BpPEeMEHH, a 3 4 CBOHCTBA OMDeAensIOT ABMMKEHHE MaccC.

[Mocrapaemcs cOPMyIMPOBATL 3TH HMied MATEMATHUECKH.

B npeamayuieM naparpadge Mbl BHJeaH, YTO B CHCTeMe KOOD/IHMHAT,
fIPAKTHUECKH COBMNAajalollefl ¢ MHEPUHAJbLHOR CHCTEMOH HBIOTOHOBOH Mexa-
HUKH, HbIOTOHOB MOTeHUMaJ TaroTeHua U Bxoaur B Kospduuneir npu de®
B BBIDAXKEHMM AJ KBAADATA WUHTEPBAJa, T. €. B KOI(MHUHEHT & ,, 00uLero
BBIPAXKEEHs]

ds? =g,,dx>dx". (52.01;

C apyro#t cropoubl, moreHuuan Tarorenua U yaoBieTBopseT, B HbIOTO-
HOBOM NpUO.TMKeHHH, ypaBHeHuio [lyaccoHa

AU = — 4zvp. (62.02)

HckoMoe 0606uleHre HBIOTOHOBOR TEOPUM TArOTEHHA AOMKHO OBbITH KOBA-
PHAHTHBIM OTHOCHTEJbHO MPOM3BOJBHBIX MpeoGpa3oBaHuit KOOPAHHAT.
[losroMy MBI He MOMXeM paccMaTpuBaTh B KauectBe 06O0!lIeHWs HBIOTO-
HOBA MOTEHUMAJa OTAE]bHOE Claraemos B KospPpuumenre g,,, MM cambift
5TOT KO3(HUUMEHT, a NOMKHL BBECTH B PaCCMOTPEeHHE BCIO COBOKYNHOCTDb
KO3(ppUUMEHTOB &,, M CUUTATH, 4TO 00006:uieHMeM HLIOTOHOBA MOTEHUKANA
TArOTEHUA ABMAETCS PYHAAMEHTAIbHEIA METPHUECKHH TeH30p. DTOT TeH30p
AO/IKEH YAOBIETBOPATH OOLLEKOBAPHAHTHOM CHCTeMe YypaBHEHMH, O1HO H3
KOTOPHIX JA0/KHO, B HbIOTOHOBOM npuOJMMKEHMH, NEPeXOAUTh B ypasB-
Henue IlyaccoHa aad HbOTOHOBA mnorteHuuada U. O6uiee umciao ypasHe-
HUA N0MKHO, BOOOLLE FOBOPS, PABHATHCHA UMCAY HEU3BECTHBIX (YHKuuUH,
T. €. UHCIY KOMIOHEHT TeH30pa g, KOTOPOC PaBHO AeCATH.

B neso#t uactu ypaBHenus IlyaccoHa crour auddepeHuMaIbHLI Ofle-
parop Broporo mopsaka or U (oneparop Jlamiaca). HauGonee mpocThiM
006.11eKOBapHAHTIIEIM 0000LIeHHEM JIeBO# yacTH ypaBHeHus IlyaccoHa Oyaer
NO3TOMY TEH30p, coaepiKalMit aHHeHHbIM 06pasoOM BTOpLIE MPOM3BOAHBIE
oT (yHAAMEHTa/bHOrO TeH30pa g,..

TakuM TEH30POM ABAAETCA TEH30P KPHBUSHLI (BTOPOrO HJHM UYETBEPTOrO
panra). TeH3op KpuBMBHBEI ueTBeproro paHra R, .; OTnamaer, Tak Kak
ero COCTAB/AIOLINE He COAepKAT TAKHX BEIPAXKEHHY, KOTOphle Obl npen-
crapasay 06o6uieHne oneparopa Jlannaca. Kpome Toro, uucao cocra-
BJAIOWMX Ryy, o3 CAHWKOM BeauKo (OHO pasHO 20, T. e. BABoe GoJbuie
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yycaa Hem3BEeCTHHX (yHKuuit) *). OcCraercs, c/leA0BATENBHO, TEH30P KpU-
BU3HHI BTOPOrO pPAaHra, KOTOPHIH KAaK pa3 MMeeT AO/MKHOE YHCJIO COCTa-
B/SIOWHX.

B nmnpaBoli uactu ypamHenus [lyaccoHa CTOMT MIJIOTHOCTH MAacc p.
Q6006ieHHeM TMJIOTHOCTH MACC, HMEKUIMM  Hajajaexawui TE€H30PHHI#
XapaKTep, ABIAETCS TEH30p Macchl 7%, MHBAPHAHT KOTOPOrO PaBeH HMHBa-
pPHMAHTHOH TNJIOTHOCTH MACCHI.

Mebl npuxoAuM K BbIBOAY, uTo 0000LieHHeM ypasHeHHs [lyacconua
JNO/DKHO IBJATbCA COOTHOMIEHHME MeXAY TEH30POM KPHMBH3HBI BTOPOrO
panra R™ u rensopom macce T,

B npeaplaywiux rjaBax MLl BUAEAM, YTO MPH OTCYTCTBHM TArOTEHHUS
pacxoauMocTh TeHsopa T*" pasua Hymo:

v, =0. (52.03)

Mbl CcOXpaHuM 3TO ypaBHEHHe M Aaa O0UIero caydas, OTJIOKHB 0o6Cy-
*IAEHHEe CBASAHHLIX C HUM BONMPOCOB (00 3HEPruM noas TArOTeHHd, 06
MHTErpa;jbHOR (OPME 3aKOHOB COXpaHeHus M Ap.) A0 raaes VI

C spyro#t cropoHnl, B KoHle raaBbl Il MBI ycTaHOBHAM, YTO TeH3Op

0" =R"— 1 g"R, (52.04)

HasblBaeMbil TeH30poM JMHIITEHRHA M1 KOHCEPBATHUBHBIM TeH30pOM, 06.1a-
14eT TeM 3aMeyaTe/bHbIM CBOHCTBOM, UTO ero PacXOAMMOCTh TOK/AECTBEHHO
paBHA HYIO

v,.G* =0. (62.05)
[TosToMy, eCM MBI NOJI0KUM

R" — 5 g"R=—1T", (52.06)

rie »— MOCTOsHHas, TO ypaBHenue (52.03) Aas TeHsopa maccu Oyrer
caeacreveM coorHowenus (52.06).
Ypapuenuro (52.050) ynoBneTBOpsieT, KAK Mbl 3HaeM, TakKxke dyHaa-

MeHTaAbHBIH TeHsop gV mosToMy Mbl MoOram Obi, He Hapywas (52.03),

Ao6asurs K aceoft uactu (52.06) uaen suna rg™, rae A—HoBas no-
crosHHaa. OHAKO TaKasd 100aBka NPOTHBOpPeunaa Obl TPeGOBAHMIO, YTOOH
IpPH OTCYTCTBHM MACC MOJe TArOTeHHs PAaBHAIOCH HYy/a0, B camom nene,
COrJIACHO HAIUMM OCHOBHLIM TMOJOMEHMSM, H3JAO0XEHHHM B Hauyajle 3TOro
naparpada, OTCYTCTBHe NOJA TArOTEHUS 03HAYAET OTCYTCTBME OTKIOHEHMH
reoMeTpuH NMPOCTPAHCTBA-BPeMEHH OT €BK/IHAOBOH, 4 3HAUAT M PABEHCTBO

*) Tlpasra, ypaBHeHHA A4 TeH30pa R, ,g, Aaxke B M3OLITOYHOM MCJE, MOTYT
0Ka3aThCsi COBMECTHBIMM, KaK 9TO MMeeT MeCTO B Cayyae MPOCTPAHCTBA IMOCTOSH-
HON KpuBu3Hbl [ypasHeHus (49.12)]. Ho B 9TOM ciyyae ypaBHEHUS TO3BOJAIOT
OnpeneluTh METPHUKY YHCTO JOKaabHO (T. e, Oe3 NpuBiedYeHHs TpeletbHHX yCia0-
BHil) U MMEIOT MO3TOMY Apyroii Xxapaxrtep, uem ypasuenue IlyaccoHa. Aas KOToO-
pOro mpejeibHble yCIOBUS CYILECTBEHHEHL.
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HYJI0 TeHsopa KpupusHbel, CienoBaTenbHo, npu 7 =0 10mKHO GbITH H
R™ =0 (a rakke R=0), 4TO BO3MOKHO TOJbKO, ECIH JeBas YacTb
ypasHeHn#t, cpssmBaomux G* ¢ T, He comepwur uneHa rig™ (r. e.
TOMBKO, ecan A = 0).

Takuv o6pasom, Haanexauum oGoblleHvem ypaBHeHHs IlyaccoHa aas
MOTEHUNANA TATOTEHHS ABAAIOTCA MMEHHO YpasHeHus (52.06).

MOXHO 10Ka3aTh, YTO NpPH NOCTABIEHHBIX YCAOBHAX [COOTBETCTBHE
¢ ypasHeHuem [lyaccona, o6uiasi KOBAPHAHTHOCTh, JHHEHHOCTL BO BTOPBIX
NPOUBBOAHLIX OT g,,, TOWAECTBEHHOE BHINOAHEeHHE COOTHOuenus (52.05)
1751 1€BOH 4acTH, eBKIMAOBOCTH MPH OTCYTCTBHM MacC| MOAyueHHble ypan-
HEHHA ABJIFIOTCSA €AMHCTBEHHBIMH,

Ypapnenus (52.06) Ha3LIBAIOTCA yPAaBHEHUAMH TATOTEHHs DHHHITeHHA
M MrpalT ¢(yHAaMEHTANBHYI) pO/Jdb B TEOPUM TAroTeHws. anbHefiuue
naparpags 6yAyT MOCBALIEHE HX HCCAEAOBAHMIO.

§ 53. XapakTepucTHKH ypaBHenuii diinmreiina.
CKopocThs pacnpocTpaHeHHS TATOTEHHs

Mnl HAyHeM MCC/I€10BAHMe ypaBHeHu# Tarorenus DfiHuireftHa
R — L "R = —xT" (53.01)

C COCTaB/EHHWA YPABHEHHs MNEPBOTO MNOPALKA, AAIOUErO XaPAKTEPUCTHKH
uccaenyeMolt cucteMsl ypaBHenu#t. C dusMueckot TOUKH 3peHHs ypaBHe-
HHe XapaKTepHMCTHKM MNpPeaCTaBaseT B3aKOH pacnpocTpaHenud ¢poHTa
rpaBUT aUMOHHOH BOJIHEI.

Yumuokas ypasrenus (53.01) Ha g,, U CyMMHpYs, Mbl NOJAyydeM COOT-

HOUieHHue
R=xT (53.02)

MeXK1y HMHBADMAHTAMM TEH30pa KPMBM3HEI M TeH30pa MAacCh. JTO COOT-
HOUIEHHE NMO3BOJAET HANMCATH YPABHEHHs] TATOTEHHs B BUIE

R¥ = —x ( ™_—L g*“r>. (53.03)

Jl19 KOHTPABAPMAHTHOrO Tensopa KpueuaHe R* B JloGaBienmn B BhiBe-
JleHO BBIPAXEHHE

v 1 o 0%™ v s aBry
R ____—i-g m——rp —*—I“L Pag. (63.04)

3aecs I™® ecrb Benmumna, noayuaemas us I'; nOAHATHeM 3HAUKOB
I/ q
M™% = g"g"T%,. (53.05)

Takum 06pasom, nocaeiHu#t uied B (53.04) He COAEPKUT BTOPHIX MPOU3-
BOJIHBIX, 4 MPEACTAB/ASET OJHOPOJHYI KBAAPATHUHYI0 (GYHKUHIO OT BEJH-
yun Tk, a 8BHAYMT M OT MEPBbIX MPOM3BOAHBIX (PYHIAMEHTANLHOTO TEH30PA.
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Bropele npousBOAHBIE BXOAAT, KpPOMe MEpPBOTO 4/€HA, TaKkKe U

g BeavunHsl I, Ho 3TH nocaeinue CoJepKaT BTOPHE TNPOU3BOAHEIE
TOJBKO uepe3 MOCPeACTBO NepBHIX MPOU3BOJHHIX OT BeJHYHMH

"= g®1y, (53.06)

pBeleHHbBIX Hamu B § 41. Hanomuum, uro oneparop Hdanambepa OT Heko-
Topo#t GyHKuMH & MOKeT ObITH HaNMCaH KaK B BHie

a3 02 u v 0!})
DY—g ax axB a}:s (5307)
TaK U B BHAE
—_— oc Ou
04 = == V = 3% L(v=zetZ) (53.08)
oTkyaa
o 1 0 — a3
MFMe——— (Y —g4g (53.09)
Vg% ¢
a TaKXxe
= — %, (53.10)

Beauuunpt T noayuatorca us I no npasuay, GopMaibHO COBNAAAKOUIEMY
C TMPAaBUJOM GOCTABJEHHS NOAYCYMML KOHTPABAPUAHTHHX MNPOM3BOAHEIX,
a IMEHHO

™= % (V*T° V'), (53.11)
wian noapoGuee
p.v 1 W()I‘ va O ()g“
=g (e G — e ) (63.12)

Pasymeercs, nockoasky I" He ecTb BekTOp, BeanuuHnl 1™ He ABAAOTCS
TeH30pOM. ITUM OOGCTOATENLCTBOM MOXHO BOCNOJBL30BATHCS A YHpOlle-
HUA ypaBHeHuit DitHwTeHHa.

Ypapuenus DHHiUTeHHA ABIAIOTCA OOLIEKOBADMAHTHHIMM M, C/el0Bd-
TeNbHO, AOMYCKAaloT npeoOpPasoBaHUs KOOPAMHAT, COJEpKallMe YeThipe
NPoH3BOJbHbIe (YHKUMM. TlycTh ypaBHeHHs pelieHbl B KaKHX-HMOyAb
NPOU3BOAbLHLIX KOOPAMHATaX. Mbl MOweM nepefttd TOraa K ApYruM Koop-
AMHaTaM, B31B B KauyeCTBe HE3aBHCHMBIX MePeMEHHBIX YeThipe PelleHHd
ypasHenus []% — 0. DTH pelieHHs MOKHO BHIOpaTh Tak, yrolbl yAOBje-

TBOPAJMCh HepaBeHCTBa Aas g%, ¢opmynupoBannee B § 35, a rakxke
HEKOTOpBle JOMOJHHUTENbHB2 ycaoBusa. Ho ecim kamaas M3 KOOpPAMHAT
Xg» Xy, X3, Xg YIOBJETBOPsieT ypaBHenHio []x, =0, To B JaHHOH KOOp-
AMHaTHOH cHcTeme OyaeT

™=o, (53.13)
a CneloBaTe]bHO, H

"™ =0. (53.14)

Takyio koopauHaTHy10 cucTeMy MBI Gy/leM HasbiBaTh TapMOHHUECKOH.
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Bonpoc 06 0AZHO3HAUHOCTH BBHIGOPA TaPMOHHYECKOR KOOpPAMHATHOR CH-
creMbl (M O JONOJHHUTENbHBIX YC/OBHAX, KOTOpHE Obl TapaHTUPOBAIM
OIHO3HAYHOCTb) HAC NMOKa He HHTepecyer M OyAeT pacCMOTPeH B APYTOM
mecte (§ 93). Ham BaxHO 3/1€Chb KOHCTATHPOBATH, YT0 ypaBHeHus (53.13)
COBMECTHH ¢ ypaBHeHHsAMH DHHIITEAHA M YTO OHM He HaJarawT no Cy-
ECTBY HMKAKMX OrpaHMueHHft Ha MX pelieHHs, 4 TOJIbKO CYKHUBAIOT KIaCC
JOMYCTHMBIX KOOPAMHATHBIX CHCTEM *),

[pu ycaorun (53.13) Beipaxenwe A1 R* ynpocTHTCa Y MPUMET BUA

v 1. 03 %™ a3
R¥ :_7g3$a-%x—3+1‘“ T (53.15)

3ro sepaxkenue aaa R™ COAEPKUT BTOpHE TNPOM3BOAHBIE TOJMBKO OT
OJHOH BeJMUMHBI, 4 HMEHHO OT OJHOMMEHHOH KOMNOHEHTH (yHAAMEeH-

Ta/IBHOrO TeH30pa g, MpUueM 3TH BTOPHE TPOU3BOAHbIE TPYNIHPYIOTCH
B Buae omeparopa [lanambepa.

Bua ypaBHeHHs XapaKTEpPHCTMK JAHHOM CHCTeMbl yYpaBHeHHH 3aBUCHUT
TOJIBKO OT Y/JEHOB C BHLICIUMMH NPOHM3BOJHLIMH, BXOASLUUX B 3TY CHCTEMY.
B cayuae cucremel ypasHenutt (53.01) um (53.13) uneHamu ¢ BHICHIHMH
NPOU3BOAHEIMU SIBIAIOTCH T€, KOTOPHE TPYNNMPYIOTCS B BHAE Omneparopa
HanamGepa.

[losTroMy Aad CUCTeMbl YPaBHEHUH TArOTEHHMA XapaKTepuCTHkH OyayT
Te Ke, KaK Aaa ypaBHeHMs [lanamGepa

0¢=0. (53.16)

Ho sty nocaeanue gerko uHa#itu. Kak mnokasano B JloGaBieHuu B, oHwm
VUMEIOT BHJ
uy 0‘0 0‘0 _
37};57\. =0, (63.17)
rie
o (x, Xy, X5 Xx,)= const (53.18)

eCTh ypaBHeHHe (POHTA BOJALBI T. €. ypaBHEHHE ABHXYlielics noBepx-
HOCTH pasphli3a 3HayeHUH moJjs.

Ypapuenue (53.17), naollee 3aKOH pacnpocTpaHeHus (pOHTA TpaBH-
TALUMOHHON BOJIHEI, COBMajaeT ¢ TOJOXEHHHIM B OCHOBY BCe#l Teopuu
NPOCTPAHCTBA H BPEMEHH ypaBHeHMeM, AAIOUIMM 34KOH PaCHPOCTPAHEHHS
(bpOHTA CBETOBOK BOMHBI B CBOGOAHOM mpocrpaHcTse **). KOpOoTKO MOXHO
CKa3aTb, YTO TATOTEHHE PAaCNPOCTPAHAETCA CO CKOPOCTBIO CBETA.

*y Ycaous [ =0 Gnlan Brepsee BBeReHsl Ae-JloHaepoM [1] n Jlanuocom [17].

*¥) TIpu BolBOJe 3TOrO 3aKoHa M3 ypasHeHMH Maxceseana (§ 3) Mbl mpeamoaa-
rajy, 4TO TNPOCTPAHCTBO-BPaMsA ABJAseTCs eBKauoBHM, Ho, cornacHo 3aMmedanuio,
clenanHoMy B KoHle HoOasnenns B, TOT e pesylinTaT nonydaercs u Ge3 3TOro
NpPeANoNOXeH!A, €CIH HCXOAUTL M3 O0IleKOBapMaHTHHIX ypaBHeHu# Makcreana
(§ 46)
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Tor daxr, yT0 MO TeopuMm IDHHIITEHHA TArOTEHHE PACTPOCTpPAHAETCS
€O CKOPOCTBIO ¢BeTa, HMeeT O0OJblOe NPUHLMNHAJILHOE 3HAauenHe. OH
NOKa3bBaeT, YTO MNPHHATAA B 3TOH Teopuu (opma ypaBHeHUB TAroTeHus
HAXOJAHUTCSl B COTJIACHM C OOLLMM MOJIOXKEHHEM TEOPUH OTHOCHTENLHOCTH,
COr/1aCHO KOTOPOMY CYIUECTBYeT NpelebHas CKOPOCTh PaclpOCTPaHEeHHs
BCAKOTO POAa JAeHCTBHH, paBHdd CKOPOCTH CBeTa B CBOOOAHOM mNpoO-
¢rpaHcrBe. CylleCTBOBaHME KOHEUHOH CKOPOCTH PACNPOCTPAHEHHA TAro-
TEHUs YCTPaHAeT Te INPOTHBOPeuMs, KOTOpble OB MPUCYUIU HBIOTO-
HOBOH TEODHH TATOTEHHUdA, paccMarpuBaBiielt MrHOBEHHBIE AaJbHOAEHCTBHS.

§ 54. CpasHeHue ¢ nocTaHoBKOil 3agauud B Teopuu HeproToHa.
MlpeneasHbie ycaoBus

B rteopun TtaroreHus HbOTOHA NOTeHMa/] TATOTEHUsS YAOBJETBOPSAET
yDABHEHHIO

AU = — 4=y (54.01)
M CTPEMUTCA K HYJI0 HAa GECKOHEUHOCTH TaK, YTO

im rU = yM, (64.02)

>0

rie M —mojHas Macca BceX TeJ paccMaTpuBaeMOH CHCTeMbl, paBHas
M= fpdxdydz. (54.03)
Teopus DfHWITeHHA, OCHOBAHHAA HA YPABHEHMAX TATGTEHHs
R¥'— 4 g#'R = — uTw, (54.04)

IOJKHA B nepoy NpubIMIKEHUH 1aBaTh TO XKe, uro Teopus Hriorona, Teo-
pus raroreHds HbloTona npuMenuMa K TaKMM DAacHpefenenusM Macc, A
KOTOpHX MO.iast Macca, Bupakaemas uurerpa.om (54.03), pacmpocrpa-
HEeHHHM MO0 BCeMy GeCKOHEUHOMY OODheMy, OCTaeTcsl KOHeuHOH. IDToMy
VCJOBHID YIOBJETBOPsieT, B UACTHOCTH, pAacnpeleneHHe Macc, MMeioilee
ocrposHo#t xapakrep, [loa 3TMM MLI pasyMeeM TOT cayda#f, KOraa Bce
MacChl PACCMaTpUBaeMOft CHCTEMH COCPELOTOU2HLI BHYTPH KOHEUHOIO
06beMa, OT/AeNeHHOr0 BechbMa GOJBINEM PacCTOSHHEM OT OCTAJdbHBIX MACC,
He BXOJAdauiMx B cucreMmy. [Ipy nocraroudo GOJBIIOM yAdjeHUM OCTaJb-
HHX MacC BJAMAHHMEM HX Ha JAHHYIO CHCTEMY MAacC MOXHO NpeHeOpeus H
paccMaTpUBaThL €€ KaK HM30/JMPOBAHHYIO

[lpn ¢upmyaupoBke Teopun IfHWITEHHA MBI TAKKE OYAeM HCXOAUTH
U3 MpeaNoJOKekuss 06 OCTPOBHOM XdpakTepe pacnpenesieHus Macc. ITO
NpeAnoJOKeH!e 14eT BO3MOXKHOCTb HOCTABUTh (Kak ¥ B Teopuu HeloroHa)
omnpejeleHHbIE MpejeibHbie YCJIOBHS Ha GECKOHE4HOCTH, YTO JenaeT 3aaauy
MaTeMaTHUYeCKH OIpee/eHHOH.

Teopernuecky MbICAUMB W APYI'He NPEANOJONKEHHs, HANPHUMEpP, MNpei-
MOJI0KeHKe O PABHOMEPHOM (B CpealieM) pacnpeje/eHUM MacC BO BeeM

16 3ak. 485. B. A. dox
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npocrpancrBe. Takas Touka 3peHMs Mpeanojaraer paccMOTPeHHe CTOJb
OTPOMHBIX DPacCTOSHUM, UTO MO CPABHEHHID C HHUMM Ja)Ke PacCTOaHHsA
MeX]y TaJaKTHKaMM JOJDKHH CUMTATHCS BECbMA MajniMu., Mbl Majio 3HaeM
O pacrnpeje/eHUH MacC B TaKHX OFPOMHHIX NpOcTpaHcTeax. Ilosromy
TeOpHUs TAKMX OFPOMHBIX MNPOCTPAHCTB OYyAeT MO HeOOXOAUMOCTH MeHee
JOCTOBEPHO! H MeHee NOCTYMHOH OMbLITHOH MpoOBepke, yeM TEOpHs aCTPO-
HOMMYECKMX fIBJeHH MeHbliero Macuiraba.

OcHOBHass 4acTb 9TOM KHUrM OyAeT MOCBsAllEHA C/y4yald OCTPOBHOIO
pacnpeneenus Macc. [lpeanosomeHue O paBHOMEPHOM pacnpeje’eHHH
Macc GyaeT paccMaTpuBarhca Jvwbe B §§ 94 u 95, rae Oyaer naHa
Teopusa npocrpaHcTsa Ppuamana — Jlo6aueBckOro, Kk KOTOPOMY NpPHBOAMT
STO MPEANONOKEHHE.

Wrak, Mbi OyleM CuHTarb, UYTO B CpeJHEM MNPOCTPAHCTBO-BPEMS
€BK/JHA0BO (TOUHee, NCeB1O-EBKIMAOBO HJH Ta/HAEEBO) U YTO OTKIOHEHHS
reOMeTpPUH MPOCTPAHCTBA-BPEMEHH OT €BKIHIOBOH OOYC/a0OBAEHB! HAIHUHEM
MnoJs TArOTeHHd. TaM, rape noJje TAroreHus OTCyTCTByeT, reoMeTpus
no/akHA ObiTh eBkauaoBoft. [Ipm ocCTpO3HOM pacnpeneseHuM Macc noje
TArOTEHUs] HA OGECKOHEYHOCTH CTpeMuTCa K Hy:a10. [losromMy MBI NOMKHH
NPeANnOJOKUTb, UYTO HA JA0CTATOYHO O0JbIIOM YAdJeHHM OT MACC reo-
MeTpHsi MPOCTPAHCTBA-BPEMEHN CTAHOBUTCH eBKaMjoBo#. Ho rtam, rae
reOMETPHS €BK/MAOBA, CYLIECTBYIOT TaiuieeBbl KOOpAMHATH X, V, 2, f,
B KOTODbIX KBAaJpaT MHTepBaJa HMeeT BHA:

ds? = c? dt? — (dx® + dy?+ d2?). (54.05)

TTockoabKY ONBIT NOKA3HBAET, UTO M BO BCEM NPOCTPAHCTBE TEeOMETPHs
MaJ0 OTAMIAeTCs OT eBKTHIOBOH, CJeAyeT OXHAATb, YTO CYLLECTBYIOT
TaKHe TMepeMeHHBlE, B KOTOPLIX BLIDAXEHHe .1 KsajapaTa HHATepBaJa
Maao orauuaercs ot (54.05) Bo Bcem npocrpancree. bosee TouHoe Ma-
TeMaTHUeCKOe OMNpeje/leHue 3TUX ,KBA3U-TajuAeeBLIX® KoopAuHAT Oyier
AaHO B JajbHeHlIeM.

3amerum, uyro Teopus HerioroHa mpoute Bcero GopMmyaupyercs UMeHHO
B FaJM/eeBbIX KOOpPAMHATAX (MHEpUMA.IhHAs CHUCcTeMa orcuera). [losromy
cpaBHeHHe ¢ Heft Teopuu DHHIITE fiHA, KOTOPas ABAAETCs ee 0000LIeHNeM,
crefyeT MPOM3301UTh B TAKUX KOOPAMHATAX, KOTOpbIe MO CBOMM CBOMH-
CTBaM OJ/1MKe BCEro K TaJu/eeBbiM,

Teopus HeioroHa sasnserca Hepeastuucrckoft. Ho ans mepexonaa or
peNSTHBRHCTCKOM TEOpHM K HepeIATHBHCTCKOM HeoOXOAMMO BbiAEIHThH
B KauecTBe OOJBINOrO mapamerpa CKOpocTh cBera ¢. [lqQaromy Mbl He
OyaeM BBOIMTH BEJMUMHBI ¢ B BHIPAXeHHWe /s BPEMEHHOM KOOPAMHATH
¥ nmoJjoxuM, BMecto (35.03), nmpocro

Xo=8 X, =X, Xy=); Xy=2. (54.06)

TakuM oOpasoM, nepeMeHHass x, OyAer HMMeTb y HAC TeNepb 3HAa'lCHHE
BpeMeHu £, a He BE/M'UMHBL Cf, KaK paHblle,
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Bripa:xenue (54.00) aas Knaapara MHTepBaJa HalHIIETCH Tereph:
ds* = c*dx;— (dx] + dx}-dx?). (54.07)

9T0 BhHIpaXEHHE NO/DKHO MMEThb MeCTO HAa JA0CTaTOYHO 0O0.bILIOM Paccros-
HUM OT Macc, T'le TreoMeTpHus SIBIAEeTCS €BKTHAO0BOH.
M3 cpaBHeHHs ¢ OOUMM BHIPAXKEHHEM

ds?=g,, dx, dx, (54.08)
Mul MOAYUMM CJEAYIO UMS Mpelledblible 3HaueHus g,, HA GeCKOHEUHOC rH:

2.

(€30)oo = €% (&), = 0,

) (54.09)

(glﬁk)oo: _'aék (L' k= 11 2, 3)

COOTBSTCTBleUJ,PIe fnpeneabHplie 3HAUEHUs AJd KOHTPABAPUAHTHBIX
KOMIIOHEHT (pyHllaMeHTaJ'leOl'O TEH30pa 6y11yT PaBHELI

1 .
@)=z €He=0 (gH,= —1. (54.10)

Dt GOPMY/Bl MOXKHO PACCMATPHBATH KaK Mpeje/ibHble yCI0BHA .19 HyH-
1AMEHTA/JIBHOTO TEH30pa.

Hanucasubix npeneabHbIX YCAOBHH, OAHAKO, HEAOCTATOUHO, M K HHUM
HYJKHO TMPHCOENVHMTH JAPYrue, XapaKTepusyloile aCUMINTOTHUECKOe HO-
Benenne pasHocreh g, —(g, ), Ha GOIbLIOM yaaleHHH OT Macc.

B npeabinyuwiem naparpade Mbl BHAEIH, UTO YpPaBHeHUs DHHIUTeHHa

npeacrarasoT (Mo Kpane# mepe, npu ycaosum I = 0) ypasHenms poa-
HOBOTO THMA, B KOTOPHIX T'VaBHBblE UJ€HbI MMelOT BMA oneparopa [lanau-
6epa. Bue wMacc reHsop T®' paBeH HyAl0, M YpaBHeHUd MPHUBOAATCH
K BHLY

R =0, (54.11)

rie, npu ycaosuu IV =0, rensop R”' umeer Bua:

o _1—_ " dlg:*v N o
R ——anmg —+T1 Pag. (5412)

Ilpeanonoxum, uro Ha GOMBIWMX PACCTOAHMAX PABHOCTH gW¥— (g¥) M
MX Teppble M BTOpPHE NPOW3BOAHBIE CTPeMATcs K HyJ0, Kak l/r, rie
= Vx§+xfj+ x%. (Jro mpeanoiokenve Gyaer ONPAaBAAHO B AanbHeH-

uem). Toraa Ha GoablMX paccrosHMAX BTOpoft ugen B (54.12), mpea-
CT4BAGI0 UMA OAHOPOAHYIO K8aAPATHUHYK GYHKUMIO OT NepBBIX MPOH3BOI-
Heix, OyaeT cTpemurbcs K Hymo kak 1/r3, Yro Kacaercsa omeparopa
NanamGepa, 10 ¢ Tem e npubnukenueM KOSQGUUMEHTE B HEM MOXHO
3aMEeHHTh WX TMpejelbHKMH 3HAueHMsMHu, [locie 9THX ynpouieHH# M

16*
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MOJIy 41M

I Grgwr 1 (%gw | dBghr | g
R = — —T& —(‘)g2 R I GE R E:)
2c* duxy 2\ d0x] Ox; ox:

Bonee monHoe ucc.en0BaHMe aCHMITOTHUECKOrO MOBEEHHS BENHUMH
g» Oyaer nano B § 87. UccienoBanue 3TO NOKA3bIBAET, YTO HA ACHMII-

1
TOTHUECKHH BHJ g‘” BJAMAIOT TAKXE UWJACHBI NOpsAAKa 70 OT6pOUJeHHI>le

B (54.13), HO YTO KaueCTBEHHO MOBeleHME PA3HOCTH g+ — (g+v)  Oyler

TO e, KaK noBeleHHe GYHKUMM ¢, YIOBIETBOPsIOlUleHt BOJHOBOMY YpaB-
HEHHIO

1 02y

EW_N‘“:O’ (54.149)
rie A ecrb OOBIKHOBeHHBI# (eBK.MA0B) oneparop Jlamaaca,

Hac uHrepecyloT pelueHUs BOJHOBOrO ypaBHeHus (54.14), koropble

COOTBETCTBYIOT pacxoasuielics BoJHe, yObiBaouiet Ha OeCKOHEUHOCTH.
OHn MMeIT aCHUMATOTHYECKHH BUA

q:%f(t—%, n), (54.15)
rae n— e IUHUUYHBI# BeKTOp ¢ COCTAaBJAKIIIUMHU

n—x' Il—y' =2
2T M= M=

y (54.16)

a f—npousBoabHas ¢Qynkuusa. PyHkuMd [ M ee NPOU3BOAHBIE MO BCeM
apryMeHraM Mpearno/aralorcs KOHeuHbIMM, ADPTYMEHT N AaeT 3aBUCHMOCTD
GyHKUMH f OT HampaB/eHHd, B KOTOPOM TOuKa yaaiasercs Ha OecKoHeu-
HOCTb.

Jlpyrue BO3MOXHEIE pPelieHHs BOJHOBOTO YPaBHEHHs [0DKHBI GHITh
orOpouieHsl MO ¢u3uueckuM coobpawenusm. B caMom neqe, B Halelt
MOCTAHOBKE 3a/]ayd CHUCTeMa paccMaTpHBaerTCs Kak MaoauposaHHaa. Ho
3TO0 O03HayaeT, UYTO W3BHE HMKAKHe BOJHLI Ha Hee He MaaaloT. Beakas
BOJHA HMMEET CBOMM MCTOYHHKOM OJHO U3 TeR CHCTEMBbl, a MOCKOJBKY
B CHCTEME OCTPOBHOTO THHA BCe Teaa COCPEAOTOUEHH B HEKOTOPOH
KOHeyHO#t 00/aCTH, BCAKA BOJHA MCXOAMT M3 3TO# 006.1aC™M M HAa GO.b-
IUMX PACCTOSHMAX OT Hee MMeer acumnroruuecku#t Bup (54.15).

Ycaosue, 4roObl pellieHHe BOJHOBOTO yPaBHEeHUs HMeso HAa GeckoHey-
HOCTH YKa3aHHLI# BMA, MOXHO 3anucartbh B AuddepeHunansHolt dopme:

i (04r8) 1 o(ry)y
tim (2522 -+ 7)== 0. } (54.17)
(npu r — co M Bcex )

D10 yCA0BHE MOMHO Ha3BaTh YC/I0OBHeM H3aydeHus. OHO rapaHrupyer
€MHCTBEHHOCTE pEeLIeHUsl BOJHOBOI'O YPABHEHMS, €CJAH TOJbKO HPHCO-
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e/MHUTH K HeMy TpeboBaHHe, uTOOBl (yHKLUHA v M ee MepBble NPOU3ROA-
Hble No X, ¥, 2, { OblAM BCIOAY OrpaHuueHbl U yObiBaIM HA OeCKOHey-

HOCTH, KakK % (cM. § 92),

HanoMuuM, 4uro BbliLenpuBeeHHEIE COOGPaXeHHs OTHOCATCSH, CTPOro
roBops, K OObIYHOMY BOJHOBOMY ypaBHeHuio (54.14), a He K ypaBHeHusM
OftHwretina. [103TOMYy acuMOTOTHYECKMH BHA Pa3HOCTH

gp.v N (g}n)oo —— |"J (54. 18)

Gyaer 1ecKoaLko OoTauuaThes OT (54.15). Oanako ycaoBue H3iyueHwus,
HanucaHHoe B auddepeHumaisHolt dopMe (54.17), Oyaer cnpaBeAJuBO U
Aas seanunnsl (54.18).

Pe3ioMupys, MOMXHO CkasaTbh, UYTO, B Hallefl MOCTaHOBKEe 3anaud,
(YH1aAMEHTaAbHLI TEH30P A0/DKeH YI0BAeTBOPATh TPeGOBaHHMIO €BK/IWILO-
BOCTH Ha GeCKOHEUYHOCTH M YCJIOBHIO H3.IYUCHHS.

§ 55. Pemenne ypaBHeHuil TAroteHus iinmreiiHa
B TepBoM NpuUGIHXKEHUH U OIpefedeHHe TNOCTOSTHHOMN

s cpaBHeHMs: TeopuM TsaroTeHus Dfdwireftna ¢ teopuelt Hbiorona
Mbl JO/KHBI TpeX e BCero OnpeieauTh NOCTOAHHYVIO ¥, BXOAAULYIO B ypasB-
Helua Tarotenus DRHTERHA

R — 5 "R = —uT". (55.01)

3HaueHHe 3TOH MOCTOAHHON MOMKHO HAHTH M3 COMOCTABAEHMS BbIPAXEHHs
JJs KBajapara MHTepBaja B HbIOTOHOBOM mNpub.mnkenun (§ 51) ¢ Buipaxe-
HieM, MOJyvyaeMbiM MyTeM MPHOIMIKEHHOTO pelleHHs YpaBHeHHH DiH-
mrefiHa.

Ias TteHsopa Macchl B npaBoft yact (55.01) Mbl MOxeM B3aTb MNpH-
O/M>KeHHBIE BHPAXKEHHs, COOTBETCTBYIOUIME €BK/MIO0BOR MeTpHKe M pac-
cMOTpeHHble B § 32 (rae oHM OBLIM BHIIHCAHBI AJa CAydas YOPYroro
teaa). [lepemuchiBas ST BHLIPAXEHMs, MLl LOJKHBEI TMOMHUTb, UTO BeJ/H-
UMHA X, O3HAUAeT y HAC Temepb MPOCTO BPeMs £, a He c¢f, KaK paHblie,
[Tosromy npexuee T® Oyaer pasHO, B HOBBIX 0003HaueHusx, 2T,
a npexunee T Gyuner pasHo HoBoMy c¢7T7, rtorma kak T He uame-
uurcs. Takum obpasoM, ec x,=1£, TOo ¢popmyasl (32.34) nepenvmyrcsa
B BH]e

2TW — p—{—:—z(-;— pv“‘—{—pH),

3
08 1 ! .02
AT = pu; - ) { i (‘2‘ PU2+PH) - El’ik’”k } > (55.02)
k=1

Tk = pyv, — py.
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B HameM npuG.amkeHUM Mbl 0JKHBI 31€Ch OTGPOCHTH UJEHBI, COOTBET-
CTBYIOUIHEe MJOTHOCTH M MOTOKY SHEPTHH (CKa/ispy H BeKTOpPY YMoBa),
¥ NMCATH APOCTO

2T — P 2T — oy, (5503)
C Toft ke TOYHOCTBIO, C KakOfl CmpaBeAnuBbl BbipaxkeHHs (55.03), Ml
MOXeM 3aMEeHHTh MHBAPMAHT TEH30pPa MAcChl 3:aueHHeM

Popmyasl (55.03) u (55.04) N0O3BOAIOT BHIYMCIMTH NPHO.IMKEHHKie 3HA-
UeHHs] TEH30pa, BXOAAUIErO B MPABYK0 YacCTh YPaBHeHHR IRHumITetHa,
HanMcauubix, coraacHo (53.03), B Buze

R =—u(T" — 5 g"T). (55.05)

I/ICHOJIBByﬂ rajuieeBbl 3HaAUEHUA gHY, Mbl MOJYUYHM

1 (

1
T00 _ 7gJOTZ 507 b ]

. | S 1
TOi ___ 5 & i == 5 Wi (55.06)

. S 1 o
Tk -2—‘g7’kT: ’§'Poik' J
C apyrolt CTOPOHLI, B TdPMOHHUECKOH KOOPAMHATHOR CHCTEMe MBI
npubaMKeHHO uMeeM, coriacHo (54.13):
1 1 o2gry
by vy 4
R _._7Ag —SF Tep (565.07)
rae A — oOwuHLft eBkaAMN0B oneparop Jlamiaca. [locko/bKy Hac uHTe-
pecyeT KBa3H-CTaTHYeCKOe pellieHHe, Mbl MOXeM OTGPOCHTE 31eCh ujeH
¢ Bropoit npowusBoaHo# no Bpemenu. Iloacraeasa (55.07) u (55.05)
B (55.05), OyneM uMers:

Ag{l(): ___%p’ ]

pgt = — 2, (55.08)
¢ v

Agik _- — “Pajk-

[prnomimyM Tenmeph BhpaXKeHHe /g KBAAPATA HHTEPBAJd B HbIOTO-
nosoM npundmpkenuu. CoraacHo (61.10), B 3TOM BHpaKeuuu

oo = 2 —2U, (55.09)

rae U ecTb HBIOTOIOB MOTEHUMAN; OCTANLHHE KOMAOHEHTH (DyHAAMEH-
TANLHOTO TEH30PA 3aMEHAOTCS B STOM MHPHOMDKEHMM HX Ta/u/eeBbIMH
anayeHuamu, llpumensas dopmyay

8
gog "+ 2 g8 =1 (55.10)
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¥ UCMOJL3Ya TO O6GCTOATEILCTBO, UTO MPOM3BENEHMA g, gi® BeCLMa Mainl
Mo CPABHEHMIO ¢ eIMHULUEH *), MBI MOXEM CUMTATH, UTO

808" =1 (55.11)
M, C/Ie10BATENbHO,
1 2U
Ho HbloTOHOB noTeHuyan U/ yAOBIeTBOPSET yPaBHEHUIO
AU = — 4=yp, (55.13)
Orcona
agw = — Ty, (55.14)

CpaeumBas 3TO ypaBHeHue C MepBbiM ypasnenueM (55.08), Mb noayuum
copnajeHue, ecC.1d 3HHiITEHNOBA NOCTOAHHAR TATOTEHMs x OyleT CBaA3aHa
¢ HbBIOTOHORO# MOCTOAHHOM Y COOTHOLIEHHEM

8
¥ = -g- (55.15)

Heioronos noreHuuand U ecrbs To pelieHue ypasHeHus (55.13), koTopoe
V10BJIETBOPAeT HalJeXaluMM TMpele/TbHbM YCJIOBHAM Ha OECKOHEe'MHOCTH,
JTO pelienue, KaK H3BeCTHO, MOXeT OLITH MpeiCTaB/ieHO B BHAe 00beM-
HOTO MHTerpana

BpeneM, Hapsay ¢ HbIOTOHOBLIM NOTEHIHAIOM, QYHKIHH

U=y f-]r“’fr,l dx’ dy’ d?, (55.17)
YAOBJAETBOPAIOUIHE YPaBHEHUAM
AU, = — 4nypy, (55.18)

¥ yCaoBUsM ta OeCKOHEUHOCTH. ITH (GYHKUHM MOTYT ObITH HA3BaHHI, MO
4HAJOTHH € COOTBETCTBYIOUIMMHM  9J€KTPOIMHAMMICCKUMH  BEJIHUMHAMY,
BCKTOP-MOTEHUHanoM Taroteus. Toraa pemwenus ypasuenu#t (55.08),
noc/ie 3aMeHH B IIMX NOCTOAHHOH ¥ ee 3HaueHHeM (55.15), mammmyrcs:

e=a(+%) |
g 1

~tu, lr (65.19)

pr
ghh=— ( aik' }

*) OueHka 9TuM qdeHaM OyAeT AaKa HILke



248 OCHOBHl TEOPHHM TATOTEHHSA [ra. v

3aMeruM, uro U uMeeT pa3mMepHOCTb KBaipara ckopoctd, a UJ;,—pas.
MEPHOCTb TpeTbelt cTeleHH ckopocTH. [Ipu oleHKe nopsiKa BeqHYUHHI
MOXHO cuurats, uro U Oyner mopsaka ¢2, a U,-—nopsaaka ¢ rae ¢
eCTh HEKOTOpas CKOPOCTh, Majas NO CPAaBHEHHMIO CO CKOPOCTHIO CBeTa.

M3 KoHTpaBapMaHTHLIX KOMIOHEHT (YHAAMEHTA/JbHOrO TeH30Pa MH
MOXeM Yxe uucTOo ajarebpavueckuM NyTeM HAaWTH KOBAPMAHTHBIE KOMIO-
HEHTBI, 8 TaKXe OMNpeneJHTEe/]b g H ApYyrHue BE/IHUUHBHL.

Ias ynpoueling aare6pandeckuX BBIKAAAOK BBeAeM CHCTEMY BEJMUHH

£0:8 . .
Qo =~ ik +—~‘Z,m°" s otk = — gik, (55.20)
rie i, k=1, 2, 3. HerpyaHo nposepurb, uro Gyzer
3
D Qe =3y, (65.21)
m=1

COBOKYNHOCTb BEJMYMH @, MOXHO PAaCCMaTpUBaTh, KaK TpPeXMepHBbIH Mpo-
CTPAHCTBEHHLIH METPHUECKHMH TEH30D; HaM BAXXHH 3/eCh, BOPOUEM, TOJBKO
anrebpanyecKve MX CBOHCTBA.

Ecau MBI MOJOXHM

a = Det Qi (55.22)
M, C/eJ0BATE/LHO,
= Deta, (55.23)
10 Oyaer
g=—agy (65.24)
Hs onpenenenus (55.20) HemocpeAcTBEHHO caelyer
3
goog™ = 3 gy, (55.25)
=1
a raKxe "
3
Zio = oo 2 g™ (55.26)

Ecau Bennunubl g%¥ uMeloT 3Hauenus (55.19), To Oyrer

: W\
a”‘:( ‘W) S (55.27)
u, CJelOBaTebHO,
20
ay = (1 +W)a,.k. (55.28)
npl’IHHMaH BO BHUMAHHE 3HaueHue gOO’ no/iyunM
Sooix = %0 (65.29)

IPHYEM OTHOCHTE/NBHAs MOrPEIHOCTh 31eCh Oyler Gojee BEICOKOTO INO-
paaka, uem U/c2.
Orcioaa, ¢ TOH Xe OTHOCHTEIbHOM MOTPEHiHOCTLI),

Gio = 2", (55.80)
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Hcnonbaya 3TH GOPMYIH, MOJY4YaeM I/ KOBAPUAHTHBIX KOMNOHEHT (yH-
1aMEeHTa/JIbHOTO TEH30pa BbIPAIKEHHS:

gn=2c—2U, \
_ty |
8 =g { (55.31)

g = — (1 -+ 2%) 8- ]

3Has npHOAMIKEHHBle 3HAYEHHA go; M g%, Mbl MOXeM Tenepb IpPOBEPUTH,
¢ KaKO# TOUHOCTBIO BBIMOJHAETCS UCMOJIL30BAHHOE HAMHM PaBEHCTBO (H5.11).
Mpl umeem npubaMKeHHO

g8 =1—1 S UL, (55.32)

Ecau U, — nopsaika ¢* TO 5TO BHIPaXEHHE OTAMYAETCS OT €JMHHLL Ha
peaMuMHbl nopsaika ¢5/c8. CienoBarenbHo, paBeHCTBOM (55.11) MOXKHO
0/1b30BATHCA HE TOMBKO B JAAIIHOM, HO M B CJAEAYIOUIEM MPHOIHKEHHH
orHocuTenbHo UJc? (mam v%/c?). Samerum, uro us dopmyJsl (55.26) cre-
IyeT

3

goog" = 1— o 2 458”8 (55.33)

31ech BeJMUMHA g, TNOJOXHTeNbHA, a [ABOHHAA CyMMa NpeACTaBaseT
onpellefeHHYI0 NOJNOXHTeJbHYID GopMy, cienoBareabHo, Oyler Bceria

(BM0AHE CTPOro)
8”1, (55.34)

XOTa oramuMe JeBo# uactu (55.34) OT eAMHMULI, KaK MBl BMIETH, BeChbMa
Mao.
BoinuuieM Teneph 3Hauedls ONpeleanTe]s g W yMHONeHHnx Ha )/ — g

KOHTPABAPHAITHHIX KOMIOHeHT (YHAAMEHTANLHOTO TEH30Pa, KOTOpDhie MEl
o6o3nauaem uepes

g ==V — g g (55.35)
Mbl umeem

—g =4 4U (55.36)
H, CJeA0BaTeblio,

- 2U

(4
Orcona

1 AU
900 - rs +’Z{v ‘
0% == 4 U, (5.38)

et

gik _ — Caikv
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HamM Heo6Xx01uMO TeMepb OLEHUTh OTOPOLUIEHHLIE HAMM B BHIPAXEHHH
1 R™ uneHwl, KBaapaTuuHbie B MEPBEIX MPOU3BOIHbLIX .

Aru unens umeior B [**PTUg. Iag BHUHCACHUS MPHOIIKEHHBIX 3ra-
yenut cko6ok Kpucroddesa mbp Moraum Obi BOCHO/B30BATHCSA TOJBKO UTO
HatleHHBMU TMPUOMKEHHHIMY 3HAUEHHAMH (YHAAMEHTAJbHOTO TEeH30pa.
Mu He Gylew, OJAHAKO, MPOLeABIBATH 34€Ch 3THUX BHIUMCAEHUH, TAK Kak
KBajparuuHele WieHb Oyiayr noApo6HO BhUMCAATBCA B raaBe VI, rae
ypaBHeHuss TAroteHus OyAyT pewsaThCs B C/lelyiOwleM NPHO/IMNKEHHH,
31eCh HaM HyXeH TOJbKO MOPAAOK BeMMUMHBH KBAaAPATHUHHLIX uleHoB. OH
6yner caeaywmnil, Ynenst B R u R™ 6yayT wecroro, a uiseHs B Rk —
1eTBEPTOro NOpsaAKa oTHOcHTeNsHO 1/c. B paccmarpuaemom npubamxe-
MM STH UjeHb Ha pe3y]bTaT He BJMAIOT.

Hawm ocraercs MpoBepHThb, BHIMOAHAITCA M B JOKHOM NPUGMKEHNH
VC.I0BHA TaPMOHMUHOCTH

X 1 0 I
Nses——+r — — ) = (0, 55.39
— %(V gg”) (55.39)
BLIICHIM Mpexkie BCero, C KaKO# TOUHOCTBIO AO/KHBI GHITH BHIMOJHEHH
3tH ycaoeus. Ecaum B dopmyae (53.04) ans R™ ne Bmuepkusarh une-

woB I¥’, a BLIMMCATH MX C TOYHOCTBIO, COOTBETCTBYIOIIEH NPUOAMKEHHIO
(65.07) A5 OCTAAbHHIX Y/JEHOB, Mbl NMOJyuuM BMecTO (55.07):

1 1 02g% 1 ore
00 .+ w_ U8 4
R = 2 Ag{ 2 Of2 2 ot’ }
1 1 ozgi oro 1 or¢
00 — 1 g+ 0L (s fo
RE=5¢"—G%s +3 (()x,; P az)> (55.40)
) 1 . 1 o2gik 1 fore | ork
k— . \gpik i i
R? 2 -8 2c2 02 Pl (()xk +_0x¢)'

Nuas toro urobu uienn ¢ [, koropuie Mbl OTOpacHiBaIH, GHLIM AeHCTRI~
TeNbHO Majbl MO CPABHEHHIO ¢ UIeHAMH THNA Ag¥y, NPUHATHIME BO BHH-
maHue, HeoOxoaMMmo, uToOn I 6Li10 OTHOCHTENBHO ¢ GOJee BLICOKOrO
nopsiaka manocrd, uem l/c*, a I — Gomnee Bricokoro, uem 1/c® Atu ycao-
BUA B CaMOM fefe Bunoansnorcs. lecreureabno, u3 (55.38) Henocpen-
CTBEHHO BHAHO, 4To 1Y OGyjer 'eTBepTOro MOpsiKa OTHOCHUTEILHO 1/c.
Yro kacaercs [, 1O 3lech useHbl UeTBEPTOr0 MOPsAKA PABHOI

3

40U | \1OU,
o __ (oYU P
= c‘(()t_{—' ax,.>'

=1

(55.41)

Dty wieHH A0MKHH HcUedaTh. Crel0oBaTeNbHO, MOMKHO BHIMOJIHATHCHA
pPaBelcTBO

"()U{
0: *“..J()x; )

(3

(55.42)
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Kak BMAHO us onpeneneHus BeamuwH U u U, (nocpeactBoM auddepeH-
UMAJBHBLIX YPaBHEHUH ¢ NPee]bHEIMH YCAOBUAMU UIH MOCPEACTBOM 06beM-
HHIX HHTErpa’aoB), 5TO PAaBEHCTBO JAeHCTBHTENBbHO BHINOAHAETCH B CHJIY
COOTHOILEHUS

>
‘% + ‘?(()_f:ﬁ —0, (55.43)
i=

BHPAXKAIOUIEr0 33aKOH COXPAHEHMS MAcChi B HBIOTOHOBOM NPUO/IMKEHUH,

Takum 06pasaoM, noJyyeHHHE HAMH A1 (PyHAAMEHTAJBHOrO TEH3opa
BhIpaXKeH!s AeHCTBUTEILHO YAOBASTBOPAIOT, B MEPBOM NPUOIMIKEHHH, KaK
ypaBHeHUAM TATOTEHUs, TAK H YCJIOBMAM TrapMOHHYHOCTH. Kpowme Toro,
OHM, OUEBHIHO, yJIOBAETBOPAIOT NpPee/bHBIM yCIOBHIM Ha OeCKOHEUHOCTH.

COOTBeTCTBlelllee UM BbLIpAXEHHE A4 Kpajapara 3JAEeMEHTAPHOrO HHTEP-
BajJa HMeeT BHUA!

ds’ = (¢ — 2U) df? — (1 4 %’é) (dx? 4 dx; + dx2) +

s Uydx, - Uydr, - Ugdr )yt (55.44)

OO6LIMHO wWiIeNbl, codepiKauHe NpouaseldeHus dx,dt, He WrpalwT PUJH.
Or0OpachiBasg ¥X, MBl [OJyuYUM BHIPAXKeHHUe

dst= (@ —2uyat —(1 + 2 ) @xi4-dx+dx),  (55.45)

B KOTOpO€ BXOAMT TOMBKO HLIOTOHOB IIOTeHIMAd. JTO BbIPAaXeHHE Yie
6ui10 npuBeleHO Hamu Oes nokasaresnhctBa 8 § 51 [dopmyna (51.11)].

§ 56. YpaBHeHus TArOTeHus B CTATHYECKOM cayuae
$yHaaMeHTATbHBIE TEH30P HA3HIBAETCH CTATHUECKHM, €CJH ero KoM-
MOHEHTHl He 3aBHCAT OT BPEMEHHOM KOOPAMHATH X, =={, TaK UTO

0g,, X
5 =0 (66.01)

M eCJH, KpPOMe TOrO,
g, =0 (=12, 3). (56.02)

H3 dusuuecknx cooOpaxceHUH OUeBHAHO, UTO KoIAa MMeeTcs HEeCKOJBKO
Macc, TO OHM AOJKHLI Asuratbes *). [TostoMy dyhaameHTaabHHM TeH3OP
MOXeET OKa3aTbCsl CTATHYECKUM TOJLKO B caydae oaHo# maccul. Hecmorps
Ha OTPaHMYEHHOCTb (DU3HUECKMX TNpPHUMEHeHHH, CTaTHueCKHMR ciyualt npen-
CTaBJSieT M3BECTHLI MHTEpec: BO-NMEPBHIX, B 3TOM C/yude Jerko HCC/elo-
BaTh BONPOC 00 eJMHCTBEHHOCTH DeIUeHHs H, BO-BTOPHIX, B CTATHYECKOM
c/lyuae MOXHO yKa3aTh CTPOroe pedielne ypaBuenu#t diHmitelHa co che-
pudeckoft cuMMeTpuedt.

¥) 3ajaya 0 ABUMEHHH CHCTEMb| MACC NOAPOGHY paccMarTpusaeTca B iAase VI,



252 OCHOBBI TEOPHM TATOTEHUA [ra. v

flpu ycnosuax (66.01) u (56.02) Mbl MOKeM NOJOKHTH
Bo=V?% 8gu=—ap (56.03)

nocJje 4Yero Kpajgpar HMHTEpBaJjJa HANUIIETCA:
3
2 — V22
ds® = V2 dt —-kzla”‘ dx, dx,, (56.04)
1. h=

npuuyeM KOS(EHUMEHTH 3TOH KBaapaTHuloff ¢OpMH He 3aBHUCAT OT f.
L1 npOCTPAHCTBEHHOH UACTH KBaApaTa HHTEPBAaja Mbl BBejeM 0003Ha-
yeHue

\
dit = ) aydx;dx, (56.05)
i, k=1

TaKk 4ro dopmyaa (56.04) npumer Bun:
ds? = V24 —dp2, (56.06)

PaccmarpuBas, napaay ¢ ueTHpexmepHoft kBadparuuHo#t dopwmott (56.04),
TaKKe M TpexMepHylo ¢opmy (56.05), MH MOkeM npuMeHsTb GopMyabl
TEH30PHOrO aHaau3a K obGsuMm 3TuM dopmam. Onpenenss BeaHUUHH o'k
u3 ypaBHeHu#t (55.21), Mbl MOXeM CUMTATH UX KOHTPABAPHAHTHHIMHM KOM-
MOHEHTAMH MPOCTPAHCTBEHHOIO (PYHAAMEHTAAbHOrO TEH30pPA, COOTBET-
creywouiero gopuve (56.05). Mbl Oyaem umeTb

gOO — W; gJ:’i — 0; gik — a”{" (56~07)
a TakKxke B
V—g=VVa,
rie, coraacHo (55.22),
a = Detay,. (56.08)
JlaruackuM snaukam i, kR, ... Mul npuaaem 3Hauenus 1, 2, 3, a rpeue-
CKUM 3HAUkaMm w, v, ... —3navedua 0, 1, 2, 3.

y

OGosHauum uervipexMepHble ckoGku Kpucroddens (ana ¢yHnaMeH-
TaJbHOrO TEH30pa &,,) Uepes (I‘fw)g M TpexmepHele ckoOku Kpucroddes
(a4 PyHAAMEHTaabHOrO TEH30pa @) — Yepes (I‘?k)a. AHasornuHo Gynem

Cllﬂﬁ)l(aTb 3HauYKaMH g ua TeH30prle BEJIMYUHLI, OTHOCALLUHUECAd K UYEThi-
PeXMepHOMY M K TPeXMepHOMY cayuaw. Kpome TOro, moioxu

oV . .

=3 Vi=atV, 56.09

k axk’ k ( )

(B nocneane# dopmyie noApasyMeBaercs CyMMHpPOBanume no R or 1 mo 3).
Mbul Oynem TOraa MMETh

(110, = Tl (66.10)
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a TaKxke
W, =V V5 @, =2 (56.11)
. HAKOHel,
), =0, T),=0; %),=0. (56.12)
IMpunomuHas obwyio opmyny
P apgp. apg‘v (-3 4 o 1]
Rcr, wy = "07: — axP— + Pq.xPaw -— I‘ng‘m, (56 1 3)

MLl MOXEM BHIPa3UTH UeTHIPEXMePHBIA TEH30D KPHBU3HBI Yepe3 TpeXMmep-
HBI# TeH3O0p.

Eciu HM OIMH 3HAUOK He paBeH HY/I0, MH Oylem MMeTb, BCJEA-
creue (56.10),

(R w)g = (RE, 1)y (56.14)
Ecan T0abKO OAHUH 3HA4YOK paBeH HYAI0, MBI HMEEM
Ry )y =0;  (Ro,m)y=10; (R o0, =0. (56.15)
Herpyaso npOBEpHTH TaKke, 4TO
(Ro. me) = 0. (56.16)

Tpumenss obwyio dopmyay (56.13) k cayyaiw 3 =p =0 u noaeayscs
phipaxenuamu (56.10) — (56.12) nas ckobok Kpucroddens, 6yrem umers:

i} )
(R, i)y = 5= (V- VY4V VI, — ViV =

= V(W + @), V ) (56.17)
Ho BeauuuHa
(Vi = "—+(I‘zk)a (56.18)

eCTh BBIUMC/AEHHAS MO NMPABHIAM TPEXMEPHOIO TEH3OPHOrO aHA/AM3a KOBA-
puaHTHas npouaBoaHas or Bekropa Vi Bcaeacrsie (56.09) Mb umeem

(Vi = (ahgv) = alivy, (56.19)
i/ ke
rjie
v v
Vﬂf — m - Qk)(l o—x‘; (56.20)

eCTh BTOPAd KOBapHAHTHAs NPOH3BOAHAsA OT V (B TpexMepHOM CMBIC.e),
Tak kak Vi = Vy,;, T0 6e3pasnuyuHo, KOTOPLI# U3 ABYX 3HAUKOB Vi, Oyaer

I
HOHAT; TI03TOMY Mbl MOXEM MHUCATL 3MECTO (Vl)k npocto Vi, mocne yero
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dopmyaa (56.17) npumer Bua:

(Ro,on)y =V - Vi (56.21)
AHanoruuHo BBIUKCAsIEM
a (V, ViV, Jy Vi .
R o), = 5 () + 20k — o, o/ (56.22)
¥ focle HeGOJABWIOrO npeobpasoBaHus
(Rl "I\) = ‘7, (5623)

rae V,; umeer 3Hauveume (56.20).
Bripasum Tenmeph uyermpexmepHeit TeH3op PuMaHa depes TpexmepHbie
BeayuMHbl. TT10 oOute#t dopmye (44.22) mbr umeem

Ruv= R} =Ry 0v+ Ry 1. (56.24)
Orciona, sciencrsue (56.14) u (56.23),
(Rzk)g - (R'tk)a +

rae (R,x), ecTb TpexmepHuifi TeHsop Pumana. [onaras we 8 (66.21) [ =&
M CYMMHUPYS MO R, MOJyYuM

Vae (56.25)

(Ry)g=—V - AV, (56.26)

rjpe
AV =Vi=ad*Vv, (56.27)
eCTb TpeXMepHbift oneparop Jlanaaca, KOTOpHIff MOXHO HAMMCATh B BHAE
— 19 (yaandV 56.98
V=7 dx,‘(l/aa 7)) (56.28)

Y10 kacaercs CMEMIAHHBIX KOMIOHEHT YeThpeXMepHOro texsopa Pumana,
10 BcaeactBue (56.15) oHM paBHBI Hy!IIO:

(Rin)y=10. (56.29)

Brinumen Takxe MHBApHAHT YeThipexMepHoro texsopa Pumana. Ou pasen
2AV

Ry, = —(R), (66.30)

rae (R), — MHBAPMAHT COOTBETCTBYIOUIErO TPEXMEPHOrO TEH30pa.
[MoacraBngs HakaeHHbie BuipaeHus B opmy.ay

1 .
G,,= Ry, —= &R (66.31)

MLI MOXeM BLIPa3HThb TEH30p DRHIUTEHHA uepes TPeXMEPHbIC BeNHUMHBI.
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Bpojas A1 KOHCEPBATHBHOIO TEH30PA TPEXMEPHOTO MPOCTPAHCTBA 060~
gHaueHHe

1
A= Ru)a— 5 ik (R)g (56.32)
¥ pasymes noj A TpPeXMepPHbIt MHBAPMAHT 3TOrO TEH30PA, PaBHbil
A= aAy = — (R),, (56.33)
Mbl MOAYYMM A COCTAB/AW uuX TeHsopa (56.31 Bupakenus *):
1
Gy = Aik+7(vik—‘aik AV), (56.34)
G,=0, (56.35)
Gy=—V3A. (66.36)

3ameruM, uro, coraacHo (I'.13), TpexMepHble KOHTPABAPUAHTHEIE COCTa-
gasiouie A HenocpeACTBEHHO BHIPAXANOTCH Yeped KOBAPHAHTHHIE COCTA-
BIMIOIME TPEXMEPHOr0 TeH30pPa KPUBM3HBI YETBEPTOro paHra.
CorsacHO ypaBHeHHAM TAroTeHus DfHwiTe#Ha,
T -
G, =—"2T,,. (56.37)
B cayuae nycroro npocrpancrea 7,, = 0. Ilokaxem, uro eauncraei-
1LIM CTATHYECKMM pelieHHeM ypasHeHu#t I#Hwirelna aad nycroro mnpo-
CTPAHCTBA, He UMEIMHUM OCOOEHHBIX TOYEK M YAOB/IETBOPSIO'LUM Npeneb-
HbLIM YCAOBUAM, Oy AET pelieHle, COOTBRTCTBYIO Liee eBKAUAOBY POCTPAHCTBY
H MCeBA0-E€BKJANAOBY MPOCTPAHCTBY -BPeMEHHU.
B cayuae G,,= 0 u3 HanMCAMHBIX yPABHEHHH JErko BbIBOAMTCH

AV =0. (56.38)

310 ecTh ypaBHEHMe 3JUHMNTHUECKOTO THMA Aad V, mnpeicraBiswouiee
obobuteHye ypaBHeHus Jlaniaca. ®yHrums V 10.0xHAa HA NPOCTpaHCTBEH-
HOH OeCKOHEUHOCTH CTPEMHMTbCH K MOCTOSHHOMY 3HAYEHHID, a ee MpPOH3-
BOAHBIE 10KHB CTPEMHThCA K Hy/ 0. Ho eaMncTBEHHBIM pelieHMeM ypaB-
HeHusa Jlanaaca, yaOBAETBOPSIO UMM 3ITHM YCJOBHAM, Oyaer MOCTOSHHOE
s.1auenne V. Ecau xe V nOCTOAHHO, TO TEH30pHA.TbHEIE NPOU3BOAHbIE V5
paBuel Hymo, a Toraa ypasuenus G, =0 naor A; =0, u, crenosa-
TeJbHO, TEH30P KPHMBH3HBL TPEXMEPHOrO MPOCTPAHCTBA pPAaBEH HYJIO,
a camoe mpOCTpPancTBO — eBK.1MA0BO (cM. JloGaBaenue I).

§ 57. Crporoe peuieHve YpaBHEHWHl TArOTEHHs
JAAS OJHOH COCPeNOTOUYEHHOH Macch

B cayuae oaHOM COCPeaOTOUEHHOH MAcCCH MOKHO Ha#TH CTPOroe peiue-
HMe ypaBHeHMH TArorenus, obaanawouiee chepuueckot cummerpuet. Tax
KaK HAC MHTEpecyer CTATHYECKOE pelleHHe, MH MOXKeM BOCMOAb30BATHCA

#) 31 BupaweHns TpuseAcHbl B KHure Jlesu-'insura [14],
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dopmynamu fipeasiayuero naparpada u nucare ds® B BHAE

ds? = V2de —dp, (B7.01
rie

dl’ = ay. dx;dx,. (57.02)

Ecan x;, X, X, — rapMoHHYecKkHe KOOPAHMHATH, MBI MOXEM BBECTH COOT-
BETCTBYIOLIME UM cepuueckue KOOPAMHATHI, NOTO0KHB

x, =rsin ¥ cos o, )
Xo==rsin¥sineg i (57.03)
Xy = rcos i,

IMpeanoaoxenuio 0 cepHuecKOR CHMMETPHH COOTBETCTBYET BHIP&KEHHe
ana dI supa

di2 = F2dr? 4 p? (d92 -+ sin? § do?), (57.04)

rae F u p cyrs ¢yHkuuu or oasHoro r. Ilpu stom kospduumenr V
TaKKe J0/DKeH 3aBUCETh TOJBKO OT r.

3averu™, 4ro ecau ds? umeer NPUHATHI 34ech BHMA, 7O Omeparop
Hanambepa or Hekoropo#t dynkuuu W Hanuiercs

L@y 11 0 (Ve oY\ | -
OV=ys gz — x| vror (o) TA¥ ] 6709

rae AW ecrb omeparop Jlannaca Ha wape:

. ! i} o 1 o2
\ _— . in b 22 Y. S
At sin ¥ 0% (sm '} 0&)) + sin2$ 092 ° (57.06)
Bpems £ ecrh, OUEBMAHO, I'apMOHHUECKas liepeMeHHas, Tak kak [ ]¢=0.
robul koopaunHatel (57.03) Takie OBLIM FaPMOHHUCCKUMH TEPEMEHHBIMH,
HeoGxoaumMo BuinoqHenue veaosuft [Jx; =0. Ho ecam x; ectb oana
vz seanunn (57.03), to

Nxp== —2x, (567.07)
¥ ycaosHe TAPMOHHYHOCTH 1Jf X; AaeT
I d (vp? .

210 ecTb NONOJHHUTEILHOE (LIOMHMO ypaBHeHuMH IftHiuTelHa) ypasHenue
aaa seamuud V, F, p.

CocrapuM Temepb ckoOku Kpucrobpdens ara anddepeHumaabnol
dopuul (57.04). Mbl A0/KHBL NOJOKHTH

3. . == 2 51 |
ay = F% gy =107 (g ==p2sin?, } (67.09)

Ay =0;  upr=0; 0,50
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¥ JJf KOHTPABAPHAHTHOTO TPEXMEPHOTrO METPHUECKOTO TeH30pa

S 1 . 88— 1 . —_ 1 .
=i = a“""—m" (57.10)
ad = 0; a=0; a%=0. i

Orciona noayuaeM no oOwuM ¢opMynaM chaelyduie BHIPaXeHus Aas
18 ckobok Kpucroddens:

¥ F
:r:_F‘; ng‘:(); I‘?rz )
4
b =—15 % = 0; T == 0,
1‘«;¢~——‘p—‘ogl—sfngﬂ; P, =—sindcos®; T =0,
= (57.11)
N . ki3 __p_,‘ 19 _0
178—0» Ty = P’ Ty =0,
- 4
IYe = 0; I7 =0; rf ==,
The = 0; qu» =0; I, = ctg?,

rae WTpuxoM 0003HAYeHBl NPOM3BOAHBIE MO 7.

3aMeTHM, 4TO KaXlad CTPOYKa 3Toft TabauUB AdeT B3AThle ¢ obpar-
oV oV oV
'_07: W: ?:?
B BbIPaXEHHM AJIa BTOPOH KOBAPUAHTHOH MNPOM3BOAHOH OT HEKOTOPOH
¢yHkuur V. Tak KaK 3TH BHIPaXKeHMA HAM TPUTOAATCSH, Mbl MX 31eCb
BbINHUILIEM:

HBIM 3HaKOM KO3(p(UUHEHTH NpU NePBHIX NPOM3BOAHBIX

v BV F oV
"= 92 F or’
v . o OV
Voo = 53 T 7 o »
2 ’
Ve = g;;—l—%sin‘zﬂ%g-{—sinﬁcosﬂ%g.,
o2V o OV 7 (57.12)
Vin =555 — 5 %
Vo BV 0V
T® T ordy o Oy '
o2V ov
V{)q,-— 0{}0 Ctgl(}T

C apyro#t CTOPOHEI, Kaxabl#t cron6en rabmusl (67.11) raer ko3Ppdu-
LMeHTH IPY KBAAPATAX U MPOU3BEJEHHAX NePBbiX MPOU3BOAHBIX B yPaBHEHHUAX

17 3ak, 185. B. A. dox
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NPOCTPAHCTBEHHOR re0Ae3MUeCKON JIMHHHM, KOTOPHIE MMEWT BHM:

; —{—[—:-;3— (92 - sin29 9%) =0, |
ﬂ+2 " br — sin 8 cos § 0,! (57.13)
u+22, or - 2ctg 94 =0, |
. d,.
rae touka o6o3Hauaer auddepeHUUpPOBAHME NO IJAMHE AyTH (r =

u 1. A.). Tlpakruuzcku ckoOku Kpucroddenss .erue BCero BHIUMCIATH
He no oOuuM ¢QopmysnaM, a nyreM COCTABIEHMs YPABHEHWH reojesuue-
CKOM NHHHM HEMOCP2ACTBEHHO M3 BAPHALHOHHOIO Hayaja.

ITpu nomown suinMcaHeeiXx B TaGauue (H7.11) ckobok Kpucropgeus
COCTAaB/ASEM TPEXMEPHbIf TeH30p KPHBH3HBl UETBEPTOrO PaHra, a sarem
no gopmyaam

(Rrr)a = Rg- o R;P, @1 \
(Rpp)y = Rb. 15+ R, ¢, il (57.14)
(Ree)q = R% re + ch. Be J

— TPeXMEpPHBI! TEH30D KPMBHM3HBEI BTOPOr0 paHra. AHA/JOTHMYHBEIX HOPMY.
AN HE-AWArOHaJbHbBIX KOMIIOHEHT MBbl H€ BBIIMCHIBAEM, TAdK KAaK 23TH
Nnoc/J1€1HHE OKa3blBalTCA PABHBIMH HYJ/IO.
Ocrapiss TOALKO u/eHHl, OTJIMUHBIE OT HYJA, TNOJyuaeM N0 OO6LieH
dopmyae (56.13):
9

oTs
R}, o ==~ ~{- TyalS, — T, T (57.15)

IMoncrasaas ciona suauenus cko6oxk Kpucrodpdens us (57.11), noayuuu,
nocsae HeGOJbIIOTO npeobpasoBaHus,

R =72 (%). (57.16)

Bhiuucnenne nokaseizaer, uto BeqmunHa RY . umeer 10 ke camoe
3HaueHne

;P%,.:-’;—%(%), (57.17)
1HO3TOMY ‘ )
(R = %td—‘i (%)- (57.18)
lanee,
¥ OFSB 7
Ry, o = I\), 5y — T'goIhs (57.19)

or
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orkyna
d /
= (5)- (57.20)

)

r
Ry 5=

[Ipoao/Kas BbIYMC/AEHUS, MOJyUYaeM

org

RS, op = —55% - T, T8, — Thale, (57.21)
0TKyZAa
RE oo =—1-4L2. (57.22)
IToacrapnas (57.20) u (657.22) B (57.14), Haxoaum aas (Ryy), BuipaxeHue
V' d (e
(Ryp)o =+ d—r(—lﬁ-)— 1. (57.23)

AHaJoruyHble BBIUMCJAEHHA AAI0T
(Rog)g = 3in% & (Ryg),, (67.24)

UTO M C/IEAOBANO OXHMAATh B CHIY Chepuueckoft cummerpuu. Mbi yxke
YIIOMHHA/H, YTO

Reda=0; (Reeda=0: (Rug)y=0. (57.25)
MHBapuaHT TpexMepHOrO TeH30pa KPHUBHM3HBI BBIUMCJAETCA MO GOpMy.ie
1 2 .
(R)a = _I._vé(Rrr)a -—i—' _P—Z (Rﬂﬁ)a (5726)
H MOKeT Oblrh NMPeACTaB/EH B Buie
2 d (e
R =77 7 (L — ). (57.27)

Ha#ineHHsle ¢OpMyabl MO3BOJAIOT BHINKCATH YPAaBHEHUS TATOTEHHUs
ORHIiTeiHA B PACKPHLITOM BHIE.
Ecau rensop Macchl paBeH HyMG, TO YPABHEHHS TATOTEHMs MPHUBOAATCH

K BULY
(R,.)g=0. (57.28)

Benencreue (56.25) npocTpaHcTBeHHble KOMIOHEHTH 3TOMO TEH30PA JaI0T
B CTATHYECKOM CJayuae

VRu)a—t+ Vg =0, (57.29)
Komnounenra co sHaukamyu (0, 0) NPUBOAMT K YPABHEHHMIO
AV =0. (57.30)

Ypapaenusa And CMeWaHHBIX KOMNOHEHT (CO 3HaukaMu 0f) ya0BreTBO-
PAIOTCA TOXAECTBEHHO.

17#
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Ypapnenus (57.29) u (57.30) aBAFIOTCA TEH3OPHBIMM YPABHEHHSIMH
B CMBIC/IE€ TPEXMEPHOTO TEH3ODHOIO aHAJM3a; KaXIOMY M3 3HaukoB I, k
MBHl MOXXEM MpPUNMCAThL 3HaueHue r, ¥, @, Kak 3TO MHl W JeJaju B mpe-
ABAYLMX paccy:KieHusx 3Toro naparpada. Ilpu sToM ypasHenus AJis
He-AMATOHaJbHBIX KoMmmoHeHt (r, 9), (r, ) u (3, @) ynosaersopsarcsa
TOXJAEeCTBEHHO B cuiay paseHcts (57.25) u BmiTekawowux us (57.12)
aHa/JIOTMYHBIX PABEHCTB

V=0; V,=0; Vay=0 (57.31)

AJs KOBAPHAHTHBIX MPOMSBOAHEIX OT (YHKUMM V, 3apucsuled TOALKO
or r. Hanee, caeacrsue papeHcrsa (57.24) u Butekawilero u3 (57.12)
aHAJIOPMUHOT'O0 PAaBEHCTBA

Vo = sin2 §Vj, (57.32)

ypaBHeHMe 17 KOMNOHEHTH (¢, ¢) COBHAJAeT ¢ ypPABHEHHEM A KOMMO-
neursl (%, B). Takuv oGpasom, u3 wecrtu ypasHenuit (57.29) Oyayr
HE34BHCHMBIMH CJeNyIOUIHe [Ba:

V(Rrr)a+ V=0, (57.33)
V(Ryp)g+ Vs = 0. (57.34)

HNoacrasasa B (57.33) BeldaxeHue ans (R,,), u3 (57.18) u BupakeHue
ang V,, w3 (57.12), noayuaem:

QVF d 4 174 F, 4
TF(%)"‘“V —Lv=o. (57.35)

AnanoruyHo, mnocire moacranoBku (57.23) u (57.12) B (57.34) Gynem
MMeThb

d (p'V —

£ (—;—)-— VF = 0, (57.36)

Haxoneu, ypasHenne (57.30) Hanuuwercs
o4
v -5 v'+3§~' Vv’ =0. (57.37)

[Tocneanne TtpU ypapHeHHs HerpyAHo pewnrts, KomOunupys (57.35) u
(67.37), noayuum

d (o’ ¢ .
vE(F)_F.v =0, (57.38)
OTKyAd
Vp—r. = const. (57.39)

3HaueHHe MOCTOSHHOM omnpejenseTcss NPeleJbHHIMH YCJAOBUAMH: Ha Gec-
KOHEUYHOCTH JAOJKHO OHITh

P’ =1, F=1; V=c¢ (npu r — o0). (57.40)
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Orcioaa
VF = ¢/, (57.41)

rie ¢ —ckopocth cmera. [loacraeiss 3sro 3Hauenve VF B (57.36) u
WUHTErPUPYd, MONYUHM
o’V

=7 — ¢p = const (67.42)

¥, MOJB3YACh CHOBA COOTHOMWIeHHeM (H7.41),

p (1 —-—%) = comnst. (57.43)

3HayeHue MOCTOAHHONH HMHTErPHPOBAHUA MOXHO OMNpeleHTh H3 CPaBHEHUs
¢ reopuelt Helotrona. Ecam M ecTs 3HaueHHe COCPelOTOUEHHOH MaCCHI,
TO Ha GOJBIIMX PAacCTOAHUAX AOJNKHO OBIThH

v=c—; v=12, (57.44)
npuueM
ltm L= 1. (57.45)
Orcrona
p(?—VH=29M (57.46)
H, CJeA0BATEJbHO,
Vi 2M (57.47)

4

Jlo cux nop OblA0 MCHOABL3OBAHO TONBKO ypapHeHue (57.36) m oana Kowm-
G6unauva [a umenno (57.38)] ypasuenu#t (57.35) u (57.37). Heobxonumo
elle MPOBEPHUTHb, YTO MOCJEAHHS [Ba YPaBHEHHs BHI IOJHSIOTCA B OTAE/b-
Hoctu. Hanuiuem ypasHenue (57.37) B BHAe

#(LE)=o0. (57.48)
C apyro#t cropoHsl, aupdepeHUupysa paseHcTBO (57.47), moayuum
VYV = %d-p (57.49)
B coeaunenun ¢ (57.41) sro naer
Y—lfp—z = % = const, (57.50)

M, cJaeaoBaTenbHo, ypasueHue (57.37) Buinodnsercs. Takum 0G6pasowm,
U3 Tpex ypasuehu#t: (57.35), (57.36), (57.37) — He3aBUCHMBIMU ABJAIOTCS
TOJILKO /1Ba.

Tak kak, B cuay (57.41)

Pdr = dp, (57.51)

‘)’
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TO NOACTAHOBKA Ha#JeHHbIX 3HaueHHM F ¥ V B BhlpaxeHue AJa ds? naer
. c? in2 Gy
ds? == V2 42 — 73 dp? — p? (d92 4 sin? § de¢?), (57.52)
rie V? uMmeer 3HaueHHe

2

g

V2=c2 — (67.47)
Tloka HMCIOJB3YIOTCS TOMBKO YPaBHEHMs TATOTEHHs, a YCJOBHS TaPMOHHY-
HOCTH J1J5 KOOPAMHAT HE YUMTHIBAIOTCH, BEJIMUMHA p OyAeT MPOHM3BOJBLHOH
¢yukuuelt ot r (M, cae10BaTeNbHO, r OyAeT NMPOM3BOLHON (yHKuMeH
or p). Ho yci0oBus rapMOHMUHOCTH KOODAMHAT NPMBOJAT K TOMY, YTO
sTa (yHKUMA ONpejensercs OAHO3HAuUHBIM oOpasoM. B camom nene, us
yCJA0BUS TaPMOHHUHOCTH

I g (Vp? _
WE(T)_Q’_O (57.08)
U COOTHOWIEHUsA
VF = o/ (57.41)
no.Jiyyaem
d (Ve2dr .
d—p(-cz— d—p)—?r_O. (57.53)

IMoacrasnaa ctona sHaueHue V2 us (57.47), OyneM umers
d dr
2o — 20 ] —2r =0, (57.54)

rae Mbl MOJOXKHIW A4 KpaTKOCTPI
_ M

- (57.55)
4
OO6aacTh M3MEHEHMs [ eCThb
0> 2a, (57.56)
TaKk KaK TOJBKO B 3TOH obGaactn Gyzer V23> 0.
Ilpn noMowy nojCTaHOBKH
p=a(l-+2 (57.57)
ypasHenue (57.54) npuBoauTca K ypasHenmio Jlexanapa
d 2 dar _
d—z[(z — l)d—z]—?r_o (57.58)
ana 06aacTH
2> 1. (57.59)
O6uiee peiuenue ypasHenus Jlemanapa (57.58) ects
r=CP, (2)+C'Q(2), (57.60)
riae

P)=2 &@=45mnT1 ) (57.61)
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dyukuun Jlexanapa nepsoro u Broporo poaa. Ilpu z=1 ¢yuxuua Q,
o6pauiaercs B GeCKOHEUHOCTh. Tlo3TOMY uneH, colepkauMi Q,, A0MKeH
OTCYTCTBOBATh, W B (57.60) ocraercs usnex, npomopumoHabueifl z. Us
cpaBHEHHa 3HauyeHM#Ht p ¥ r npu OOJLIIMX 2 HETPYAHO BaKAOUMThL, Ha
ocHoanuu (57.40) mam (57.45), uro

r—az. (57.62)
Takuu oOpa3oM, MBI UMeeM OKOHYATE/bHO
p=r-}a. (57.63)

INoacTaHOBKAa STOrO 3HauyeHMss p B HaftlleHHOC BhpaieHue AJada ds? aaer

ds® = ¢? (’—_—“) de — (’+ “) dr? — (r - a) (Y2 - sin®$ de?),  (57.64)
r4o r—a
rie, corjacHo (57.55), HMOCTOAHHAA o NPONOPLHOHAIbHA 3HAYEHHIO CO-
cpenoToueHHO# Macchl M.
Bripaxenue ans ds® B gopme (57.52) (B npOU3BOJBEBX, HE-TAPMOHH-~
YeCKUX KOOpAuHaTax) 610 Buepsbie noayueno Llsapummiasaom [18] u yacro
HA3BIBAETCA MO MMEHW 3TOrO aBTOpA.

§ 58. IBumeHve nepureaus mJaHeThl

HatineHnoe crporoe peuieHue ypaBHeHHit TAroreHus MoXer OhiThb
[IPUMEHEHO K UCC/JAE€NO0BAHUIO MNOJS TArOTEHHA COJ'IHLla H IJIAHET.
Mbl uMeeM

r—o r+tea .
2 2 2 2 2 (792 24 Jo?
2= 2 rd — 2 (d% in? Y
ds (r+a)dt (r_a)d (r 4= a)? (@9 - sin? Y dg?),  (58.01)
rae
M

g4 = C_ﬁ . (58.02)
[TponopunoHaneHas Macce M NOCTOAHHAA o HMMEeT Pa3MePHOCTb AJIMHBI
¥ Ha3biBAETCS TPABMTAUMOHHBIM paanycoM Macch M. Iig CosHua, u teM
Gonee A MJaHeT, 'PABUTALMOHHBIY PaAHYC & BO MHOIO Pa3 MeHbllie reo-
Merpuyeckoro paauyca L (B KayecTBe L MOXKHO B3dTh PAaAMyc luapa
OMHAaKOBOrO 00beMa ¢ AAHHBLIM TeJoM). Ml MOeM COCTaBHTb CleAylo-
WY TabJaHuKy:

Coanue 3emas JlyHa

a 1,48  &u 0,443 cu 0,0053 cx
L 6§95 000 xm 6370 «u 1738 wut
ai L 2.10-6 7.10"10 3.10"1

s cBEpXMJAOTHBIX 3Be3/ BEJIMUMHA & TOTO e mopsaaka, Kak Aas Couue
ua, toraa kKak L, xors u MeHbuie, yeM Aas CoJaHua, HO Bce ke He 060«
Jdee ueM BO CTO pa3. Biaronaps MaJoCTH OTHOWIeHMA &:L wMeTpuxa
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NPOCTPAHCTBA-BPEMEHH MaJO OTJIHYAeTC OT eBKJMAOBOR Aaxe BOGIM3M H
BHYTpH Macc, OnHAKO HYXHO MNOMHMTb, 4TO, cornacHo (55.45), ywxe
B HBIOTOHOBOM MNPUG/HXKEHMH BEJHUMHA g,y OTIMYHA OT NOCTOSHHOM H
paBHa ¢ — 2U ¥ 4TO OTKJOHEHHE OT NOCTOAHHOTO 3HAYEHHs BEJHUHMHH g
nposBisercsa (A4 MelJeHHBIX ABHXKeHH#) ropasfo 0o/ee UYBCTBHUTE/bHBIM
00pa3oM, ueM TaKHe Ke OTHOCHTE/bHble OTK/IOHEHH B MPOCTPAHCTBEH-
HO# yacTv MHTEpBaja.

CpasHuM HaliieHHOe CTpPOroe pelieHHe YPaBHEHHH TATOTEHUs C NpH-
6MMXKeHHbIM pellieHMeM, paccMoTpeHHsIM B § 55, Has 3TOro Ham HYKHO
nepettti B (58.01) oT cepuuecKHX KOOPAMHAT K MPIMOYTOJbHBIM, KOTO-
pole OyAyT rapMOHMYeCKMMH. Mbl Moxem npeacrasuts B (58.01) mpo-
CTPAHCTBEHHYIO YaCThb

ar = "2 a2 (4 ap (@2 sin® 9 dg?) (58.03)

B BH]E

d[’—r+d - °+(1+ )(dr~+r~d‘>2+r?sin?%d<?) (58.04)

B noc/eaHeM BHIPAaXEHHH Yie JErko mepelTH K MNPAMOYTOJbHBLIM KOOp-
AMHATaM, W Mbl NOJYYUM

L dﬂ—(l + ) (dx3—+ dxd - dx) —

ds? = ¢?

— L% % (x5, dx, 4 5 dx,+ %, dx,  (58.05)
oTKyaAa e
r o o
gik:_<1+ ) S — P (58.06)
M, KPOMe TOro,
gw=0 17 &u=0. (58.07)

IMpeneOperas B (58.05) KBaApaTOM OTHOLIEHMs &/r, Mbl NPHIEM K NpH-
G6avxeHHol Qopmydae (55.45), B koTopo#

U=el=1M1 (58.08)

-
€CTh HBIOGTOHOB MOTEHIMAM,

Uz ¢opmynr (58.06) u (58.07) noayuaercs cjedyiolulee 3HaueHHE
onpeienuTe/is & B FaPMOHHUECKHMX KOODIAMHATAaX:

g= —c?(l + %)“ (58.09)

3aMeruM, UTO BeJMYMHA

f/ﬂ_%= 142 (58.10)
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yilOBJIETBOPAET ypapHeHui0 Jlanaaca ¢ eBK/IMAOBEIMHM KO3h$HLMEHTaMH,
B creaywoueft raape (§ 68) Mbl yBUAMM, YTO KODEHb UETBEPTOH CTENeHH
w3 (— g/c®) n B ofuem ciydae npuOIMKEHHO YAOBIETBOPAST YPABHEHHIO
Hanambepa ¢ eBKINUAOBBIMM KO3(GHLMEHTAMU.

Hs rex xe dopuya (58.06) u (58.07) uan ke nyrem Hemocp2AcTBeH-
HOro npeo0pasoBaHus PaBEHCTBA

g = e () (22) (2
— o (%) e (5] (58.11)

K MPSAMOYTOJbHbLIM KOOPAMHATAM MOJYYAIOTCS 3HAUEHUS KOHTPAaBaAPHAHTHHIX
KOMNOHEHT (YHAAMEHTALHOTO TEH30pa. Mbl BHINMILEM 3TH KOMIOHEHTHI,

YMHOMXeHHbe Ha V—g. Mu OyneM umerth

gk = ) —ggit = — by ca? Tk (58.12)
a TaKke
o \$
00_1 (1+7) . 07 ——
a4 ‘—?'—‘;——a—, g% =0. (58.13)
r

9t popMyH no3soaAOT 0e3 TPyAa NPOBEPUTH, YTO HAIUM KOOPAMHATEHI
NeHCTBUTEIBHO TapMOHHUECKHE M UTO

agik _
an = 0. (58.14)

3Has MNOTEHUMANH TATOTEHUS AJsA TNOJAS COCPEAOTOUEHHOH MAacCH, MH
MOXeM OMNpele/UThL ABMXKEHHE YACTHUE B 3TOM NOJe B NPeANOJOKEHUH,
UTO YacTHIA JABHIKETCA MO reoleauueckoft auHum, Kak ™Mbl Buieau B § 51,
3TO MpeAnoJoKeHHe HAXOAMTCA B cOrjacHM ¢ Mexanuko# Hoiorona.
Bonee nonnoe 060cHOBaHME 3TOTO 3aKOHA JBMMEHUS MaTePHaJbHOM TOUKH
Oyaer nano B § 63 Ha OCHOBe ypaBHeHHH TATOTEHHS.

Ypaprenus Treojeauyeckolt JMHUM TNOJYYAIOTCH, KAK Mbl 3HaeM, H3
BApHALUMOHHOTO TPUHIHNA

8fds—_-0, (58.15)
KOTOPH#t MOKeT ObITb HAMHCAH B BHAE
sfuzt:o, (58.16)

rne ¢yskuusa Jlarpanxka L B HaiueM C/iyuae PaBHa KOPHIO KBaApaTHOMY
Y3 BHpaXeHHd
2 9 I -—

L=¢ It — (14 2] it 53—

:—j—_z ‘:4 (%, ~F Xgky— X,%)%  (B8.1T)
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rie TOYKM cBepxXy 00O03HAUaIOT NPOM3BOAHEIE MO BpeMeHH, TakuM oOpa-
30M, MH HMeeM 3j]echb NPOCTYI0 3a1auy MeXaHUKH MaTepHalbHOM TOUKH,

Ias peuiends 3TOM 3azaudm oOpaTHM, NpexAe BCEro, BHUMAHME HA
tor (akr, uro ¢yHkuusa Jlarpawka oOnanaer cepuueckol cumMerpueit.
JT10 3nayMT, uTO GyHKUHs JlarpaHka He MeHseTcs NPH JHHeRHOR opTo-
TOHAJbHOR MNOACTAHOBKE HAal BEIHUMHAMH X, X X3 CONPOBOXIaeMOH
TAaKOM ke NOACTAHOBKOH HAL BENMUMHAMH X, Xo, x,. Orciona caeayer,
Kak OOHYHO B MexaHMKe (CM, Takxke § 27 3TOM KHWIHM), CYLLeCTBOBaHHe
UHTErpajoB mjoinane#t B BUle

L
ok, Cox, ¥
X3 9L *1 ‘0{‘“ = Co (58.18)
0x,y 0x,
Yox, tox, ¥

ATO N03BOJAET 3aKJAKUYUTL O TOM, UTO TPACKTOPHUA UYACTHUBI JEKHUT
B NJOCKOCTH

€1%, —F CaXo - Cgxg = 0, (58.19)

Beps 3Ty MJOCKOCTb 3a OAHY M3 KOOPAMHATHBIX MJOCKOCTEH, Mbl MOXEM
6e3 orpaHuueHuss OOLIHOCTH MOJNOKHTD

X3=0; x,=10 (58.20)

U paccMaTpuBaTh MIOCKOe ABMxeHue. Ilocnennee yaoGHee BCero uayuarsb

B MOJSAPHBIX KOOPIAMHATAX, K KOTOPHM MNpPHMBOAATCS HAlUM cdepuueckue
KOOP/AUHATH, €CJAH MBl TNOJIOXHM

T
= =
Y73
IMepenuchpas Keaapar ¢yHkumu Jlarpawxka B NOJAPHEIX KOOpAMHATAX,
OyieM HMMeTh:

s d=o. (58.21)

= % T 0 (o faper (58.22)

rta r—a

dyukuus JlarpaHxa He 3aBUCHT HM OT BpPeMeHHM £, HM OT yriaa ¢. 10
€pasy laer HaM ]Ba HHTerpasa:

FOL L G 9L — const, (58.23)
or o9
ﬁé— = const, (58.24)
09

KOTOpHe COOTBETCTBYIOT OOBIMHBIM MHTErPajy SHEPruM M MHTErpany nio-
uaneit. I'lomHs, uro
Ldt =ds =cdx, (68.25)
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rae ©— coGCTBEHHOE BpeMs, MH MOKEM MepenucaTh HHTerpafinl (58.23)
u (58.24) B Bune

r—a dt
Tre @ (58.26)
rapit =y (58.27)

rae € " 1u—TInOCTOAHHBIE. Beanuvna . MOXET OBITE HCTOJKOBAHA, Kak
MOMEHT KOJHUeCTBA /[ABMKEHUA €AWHMUH MaccChl, ECAW NOJ0KHUTHL

e=141L0 -, (58.28)

rie E,——HOBag NOCTOfAHHAs, TO U3 HalHMX (QOPMYJ ciaelyeT, 4TO B Hepe-
JATUBMUCTCKOM NpUOIKeHun Oyner

Ey=+v2— Y2 (58.29)
TaK 4TO EO €CTb OTHECEHHAad K eAHMHMIEe MAaCChl NOJHada SHEPTrusd YaCTHUDLI,

AnreOpanyeckuM caeicTBHeM ypasHenu# (58.26) u (58.27) asasercs
COOTHOLIeHHE

ar\2 __ 2.9 r—a p2 (r — a)
(E) =oo oo LD (58.30)

OHo suBOAMTCA moacranoBko#t (58.26) u (58.27) B TOMKAECTBO

T R = C e C et

IMpensayumne dopMyas a0T TpH AuddepeHUMaNbHHX YPaBHeHHs Nep-

BOTO TNOPsSiKA AJg BeJWuuH r, ¥, ¢ Kak ¢ydkuu# or <. Peluenue sTux

ypaBHeHHH, OUEBHIHO, CBOAMTCAS K KkBaapartypaM. Mb He Oynem BHDu-

ChIBaTb B $IBHOft (OpME COOTBETCTBYIOLIMX MHTETPaJOB, a OrPaHHUMMCA

HCC/IENOBAHHEM TPAEKTOPHH YACTHUbl, T. €, 3aBUCHMOCTH r OT Q.
Uckmouas drt us (58.27) u (58.30), nosyuyaem

(&) =S5 +a —Ge+2¢—0—¢+ 00 —a). (832

CrnpaBa CTOMT 3AeCh MHOrouled uerpepro#t crenmedn ot r. Crenopa-
TeNbHO, @ BBIPAXKAETCS uYepe3 r B BHAE SJJHMNTHUECKOTO HHTErpaja mnep-
BOro poja H, oOpaTHO, r eCThb 3JUIHNTHYECKAs GYHKUMA oT ¢. Beule-
CTBEHHBI} MEPHO STOH 3/MMUNTHUECKON PYHKIMY OYAeT HECKOMBKO OT/AHMYEH
or 2m; nostroMy opOura He Oyaer 3aMKHyTOR. MHoroujseH B mnpaBoiH
uactu (58.32) uMeer, KpOMe OUEBHAHOrO OTPULATE/BHOTO KODHA 7 — — @,
MaJblff MOJIOKHUTENBHBIR KOpeHb

~a+

8a’36252

(58.33)
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M eme IBAa KOpHa r, u ro. Ecaum e2 <1, 10 062 3TH KOpHS MOMOKH-
TeJAbHE M Mbl OyneM uMeTb Bceraa r, < r < r, (puHHTHOe aBMKeHUE),
Ecau e &> 1, 10 oaMH M3 KOpHe# (r, wau r,) CTAHOBUTCA OTPHULA-
TeJbHEIM, 0603Hauasg OCTAIUNCA MOJOKHUTELHBI] KOpeHb uepe3 ry, Mbl
6y11eM uMeTh ry < r, ¥ opbura Oyaer yxoaurb Ha GeckoHeudoCTsb. Tlpu
=1 Oyner ry=oo.

Ecau BBECTH BMECTO r nNepeMeHHYIO

r

U MUCAaTh MHOTOQW/EH B PACKPBITOM BHIAE, TO 6y21€'l‘:

(%)q: (22— 1) +2ac (22 — l)tz—-l—(ﬁa_z:iﬁ__l)u'z__l_

p‘Z

2082 (22 -+ 1) 22 (e2 4 1)
el 8+a2(1 +—-—-—-) (58.35)
OuenuM B 3TOM BBIDAXEHHH MOPSAOK BeJMUMHBI OTAEJBbHBIX U/IEHOB,
Bpenem, kak B § 55, xapaKrepHyl0 CKOPOCTb ¢ ¥ XapaKTepHylo Aauuy [,
Torna no nopsiaxy BeawuuHbl 6yaer

2
[ p— | N_._ZZ ; p.'?~l?q'3,
~2L L
a o I, u 7

Ha ocHoBe 3THX OLEHOK HeTPYAHO BHIAeTh, uTO B mpaBofi uacrtu (58.35)
uJleHbl C HYyJAeBO#i, MepPBOH W BTOPOH CTeNeHbIO ¥ HMEIT MOPSAOK BeJH-

YHHBI YleHBl e ¢ TpeTbed M ueTBepTO# CTeneHbld # — MOPSAAOK

12 ’
BenvuuHbl  gq4/et - 1/12, TlostroMy, npeHeGperas Juiub BeChbMa MAaJBIMU
BeJMUMHAMM 1OpAiKa g*/ct (unu @?/I%) no cpaBHeHMIO C enMHHUEH, MBI
MOxKeM OTOpOCHTH B ypaBHeHuH (58.3D) mocsaeinve B4 yjeHa, MocJje
Hero OHO NpUMET BHI:

du \2 c2(2—1) 2ac2 o, Ba2c2e2
— 2 1) g2
(d?) =t 2 1)u+( T — 1)@ (68.36)
Kopuu kBalparuusHoro MHoroujeHa 6yAyT COOTBETCTBOBATH YMNOMSAHYTHIM
BBIllle KODHSM 7y, M ry. Mbl MOJOKHM
1 1+e 1 I—e
U =—= Bg=— = 58.37
==t : (58.37)
rle p 4 e—HOBbE NOCTOSIHHbIE, CBA3AHHHE C MEPBOHAYA/ILHO BBElEH-
HBIMH MOCTOSHHLIMM & M . TIpuHO/AikeHHO MBI MMeeM

1 —e? =i(1 __e'l)'
p (58.38)
u? = ac’p = yMp.
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IToNIoKUM 1aKke

V=1 — (58.39)
orkyna npubiankeHHO
3a
=1——. 58.
v 2 (58.40)
C stuMu 0603HAUEHHUSIMY MBI MOXeM Nepenucarth ypabHenue (58.36) B Buae
1 (du\2 8 —1 2
W(d—?) ::—p—z—-—l—;ll—“llg. (58.41)
Peuienue 3TOro ypaBHEHHS €CThb
y— lhecoswe (58.42)

P

3aeck NOCTOSHHAS MHTECPUPOBAHMA BBIOPAHA TAK, YTO HAWMeHbLieMy
paccrosHuio r (HanGoabuieMy ) COOTBETCTBYeT 3HaueHHe ¢ — 0. Beipa-
keHve (58.42) xopowo nepeaaer oOwHME Xapakrep aABWKeHHa., [lpu
v=1 Mbl umenn Obl saaunc, napa6ony uau runep6ony ¢ nmapaMerpom
P ¥ sKkcueHrpucuretoM e. PaccMorpum cayua#t saamnca (e << 1). Paanyc-
BeKTOp r BepHercd K MNpeXHEeMy B3HAUeHHI0, KOTAa Yroix ¢ YyBeIHdUTCH
He Ha 2w, a Ha HeCKOAbKO 60JbliyI0 BelHuMHy 2m/v. PasHocTb

bp =T _9r=02

(58.43)
AaeT cMelleHHe Nepurenus 3a OAMH nepHoj oOpauieHus niaHerhl, Takum
o6pasoM, opOMTa NAaHETBl MOXKeT OBITh XapaKTepW3oBaHa, KaK mpelec-
CHPYIOLIHHK 3/1HINC.

3aMeTuM, 4rOo SHHWITEHHOBCKHE YpaBHEHHMS [ABUXKEHUs [Js MAAHETH
NPUBOAATCA K TOMY JKe BHAY, KaK Y KJAacCUYeCKUe YpPaBHEHMs ABUXKEHUd
cepuyeCKOro MasiTHUKA; MOSTOMY TPAEKTOPHA IMJIaHETH HMeeT TOT Ke
BUA, KaK TPAEKTOPHs KOHUA MAadTHHUKA *),

Jns Bcex NJaHeT YHUCAeHHOe 3HaueHMe BeAMYMHB Aw BechMa Mano.
Tak, ans 3emam, nonaras p—=—1,5-.10%8 k4 ¥ HcnoAb3ys 3HAYeHUE
a=1,5 xm, noaryunm

Ao = 67107% = 0,038”

3a oamd obopor, T. e. 3a roa, udaye ropops, 3,8” B croaerme. Has
Mepkypus cMewleHHe Nepure/us 3a CTOJeTHe MOJAYYaeTcs 3HAUUTENBHO
6oabiie (a uMenno 43"), BO-MepBHIX, NOTOMY, YTO OH HAXOAMTCH 3HA-
yureabHo Omke Kk ConHuy (paamyc ero op6urn cocrasiaser 0,39 pa-
avyca opOurel 3eMaM) M, BO-BTOPBIX, NOTOMy, 4r0o OH O06paiwaercs
OricTpee (32 CTOJETHE OH yCNeBaeT COBEPWINTbL Ok0J0 420 obpaiueHutt),

[Ipn cpaBHeHUM TEODHM C ONHITOM HEOGXOAMMO HOMHHTB, HYTO JBH=-
’KEHWe TNepureius MPOUCXOAUT HE TOABKO B CHIY 3RHIUTEHHOBCKOro
sppeKTa, HO M B CHIY BO3MYLIAOLIEro BJMAHHA JAPYTHX [IAHer,

¥) Cm. ueprex B xuure A. H. Kpunosa [19],
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OTKJIOHEHWs MX (GOpMBbI OT cpepuuecKoft U T. N. DTH NONPABKU NPEBLILAIT
sfiHITEHHOBCKYI0 BO MHOTO pas. Kpome TOro, Hy»XHO MMeThb B BHAY,
YTO MOJIOXKeHWe mnepureaus Ha0M0AATH TeM TPYAHee, UYeM MeHblie
SKCUEHTpHCUTET €, T. e. 4eM Ommke op6Gura K Kpyry; npy e—=—20
NOJOXeHHe TMepureus mnepecTaer ObITh oOnpeieleHHHIM. TeM He Me-
llee, AacCTPOHOMMUECKHE CDEACTBA HAO0/AI0IEHUS HACTOJIBKO TOUHHE H
BBIUMC/IUTE/IbHBIE BO3MOXKHOCTH HeOeCHOM MEXAaHMKM HacTOJAbKO BeJHKH,
uTO, B cayuae Mepkypus, HeOODBACHEHHBI HBIOTOHOBOH TeopHeR OCTATOK
B JBIXKEHHH mNepureius ofnperesercs ¢ TOYHOCTHIO A0 CEKYHAB B CTO-
Aete. ITOT OCTATOK cocrasaser 42,67, B mpekpacHOM coraacum
c reopueft. Ilns 3eManm OCTATOK ONpelenseTcss € HECKOJABKO MeHbLIEH
TOYHOCTBIO M COCTaBaAsieT Okoa0 47, uT0 Takke BHOIHE COrAdcyercs
¢ SHHIITEeHRHOBCKMM 3HAUEHHEM.

§ 59. OTtkaoHeHue myua cBeTa, nmpoxomsiero mumo Coanna

Ml paccMorpuM Tenepb Apyroe HalMaonaeMoe CJAeACTBHe 3HHIUTEHR-
HOBCKOH TEODMHM TATOTEHHMS — OTKJIOHEHHE Jyda CBeTa, MPOXOAAILEro
mumo Conxua.

Mu cocraBuM cebe cnepBa 05UV KapTHHY PacnpoOCTPaHeHUs CBeTa
B mnoje rtaroTeHus Co/HLla, a 3areM Yxke MNepeHieM K MHTeTPUPOBAHHUIO
ypaBHeHHsd Jyua.

3aKoH pacnpocTpaHenusi (poHTa CBeTOBOR BOJHBI Ml OyAeM OHCAaTh

B BHe, yMHOKeHioM Ha } —g:

w00 0o _ g (59.01)

g 9%, 9%,

IMoansysick dopmyaamu (58.10) u (58.11), Mui OyneM umerb, B Chepu-
UeCKHX KOOPAMHATAX:

(R 2\ /o2
hEr-0-ger-
C
—L [(3—;’)+;§ﬁ (g_;’)] =0. (59.02)

Fcau npenebperats sfech wieHaMu Nopaaka «2/r? MO CpPaBHEHHIO C e1H-
HUIRH, TO VpaBHeHHe Aja o MNPUBeAeTCa K BHAY

2 dw\2 R
%(W) — (grad o) =0, (59.03)
rje
=142 n=1+42 (59.04)

3ro ypasHeHde MOXKHO TOJIKOBATb, KAaK B8aKOH pacnpoCcTpaHeHHus CBera
B eBK.IM1080M NPOCTPAHCTBE, HO B Cpede C MOKasareleM MNpeNoOMIAeHUd .
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3ameTruM, uro ypaBHeHue (59.03) MokerT OHTHL NOJYYEHO Yike M3
npubIKEHHOR dopMHI

a2 = (@ —20)df — (1 + ) @i+ dej+dxd)  (59.05)

nas ds? [cm. (55.45)], npuuem 3dpdekTUBHHIE NOKA3ATENbL MPEJIOMIEHHSA
paBeH

n=14+%2. (59.06)

HanpoTuB TOro, npuroiHas Ajda MeNJIEHHHX ABHKeHUH NPUOIMKEeHHAs
¢dopma (51.10) ana ds® mpusesa Gbl K BABOE MeHbiEMy KO3DhHUNHUEHTY
upu U B Bblpamenuu AJa 3PphekTHBHOrO MokasaTens npeaomienus. Kax
MBIl YBHMIMM HIXe, C ONBITOM COrjacyercs Belpaxenue (59.06), coorser-
CTBYlOinee KBaanatuudo#t dopme (59.05).

BoobGpaxaemas cpena ¢ nokasareieM npenomaenus (59.06) Gyner
p6ausn CoaHua onruueckd Oolee MJIOTHOH, ueM Baaau or Hero, Ilo-
9TOMy BoaHa Oyper orubare CoaHue, M ayu OyAeT yke He MNPAMbIM.
Kak Mbl yBHUAUM HuKe, Ayy OyAeT MMeTh, NPHUMEPHO, (GOPMY BeTBH TH-
nep6oabl, B dokyce koropo#t Haxonurca CoaHue. ¥Yroa Mexiay acumn-
TOTaMu runep6osnl Aaet Haba101aeMOe OTKIOHEHME ayua.

Jlyu cBera gaBagercs, Kak Mbl 3naeM u3 § 38, Hyaepo#t reonesmue-
CKOH J/MHMeH, 1Jg KOTOPOR ypaBHeHHe pPAacHPOCTPaHeHHss (PPOHTA BOJAHEI
sBAseTCs ypaBHenueM [amuibroHa — flkobu (cM. rakke HoGasnenue ).
ITocko/bKy B mpeabiayweM naparpade Mbl yiKe PellHId 3aaady O reo-
/1€3UYECKO JIMHMM KOHEUHOH AJMHBI, MBI MOXKeM MOJIYYUTb YDPaBHEHHE
ayua u3 dopmya § 58 nyrem npenensHoro mnepexona. Hanomuum sTw
(hopmyasl. Mpl ume/au HHTerpajbl ABHIKEHHS

r—oadt __
e T (58.26)
(r+a)? g;f:p. (58.27)

¥ ypaBHEHHE TPAeKTOPHH

(F) =5+ —S0+DPC—0—C+00C—2. (6839

Tak kak aag ayua cBera dt=0, TO NOCTOssHHBle & U u B (opMy-
aax (58.26) u (58.27) Oyayr OeCKOHeUHO BeJMKHM, OTHOUIEHHME Xe UX,
paBHoe

(rtop dp __p _
r—a dt e M (69.07)

Oyaer KoHeudbiM. BcaeacrBue storo dopmyiaa (58.32) apumer Bua

(Z_;) 5 (’ +a)t—(r +2) (r —a). (59.08)
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BMmecTo mocrosHHO# 1, yA06HO BBecTH mo (opmyne

. e _

lim-—~ = p; = cb (59.09)

APYTYI0 TOCTOAHHYIO b, MMEOWYId pAasMepHOCTh AJMHH. dopmyaa
(69.08) mepenuiuerca Toria

dr\2 1

(‘.i%) =y — ) r—a), (59.10)
4 COOTBETCTBYIOUIee ypaBHeHue AJs u — l/r Gyaer uMeTb BHA:

(&) =5 (1 +owt— a2 a2, (59.11)

Eciu rToakoBaTh r, ¢ Kak TNOJsPHblE KOOPAMHATHL B €BK/M10BOH
ILIOCKOCTH, TO TOJLKO UYTO BBeleHHAs MOCTOSHHAA b eCTb ,MNPHUEIbHOE
paccrogHue®, T. e. AJHMHA NEPNEHAMKYJIPa, ONyweHHOrO H3 Hayaja
KOOPAMHAT HA ACHMNTOTY K TPaeKTOpHH. B camoM 1esne, U3 3JeMeHTap-
HBIX (POPMYJ €BKJMAOBOf TeOMETPMH Ha MJIOCKOCTH BHITEKAET C/enyioiiee
BBIPAXKEHHe AJs AJHHBI NMEPNeHAMKYIApa, ONYilleHHOrO M3 HAuaaa Koop-
OUHAT HA KAacaTe/JbHYI0 K KPHBOH, 3aAdHHO#t B NOJAPHBIX KOOpAMHATAX:

ad = r = — — ! =
VRG] Ve
r2 \de dy
AcuMnToTa eCTh KacarelbHas B OecKOHeuHO yaaleHHoR rtouke (2 = 0),
a Clef0BaTeNbHO, NpHIUEAbHOe PacCTOsHHMe eCTh 3Hauenue d npu u = 0;
9T0 3HaueHWe nouayuaerca u3 (59.11) u (59.12) paBueM b.

BepueMmcs x ypaBHenuio TpaekTopuu ayua B dopme (59.11). Ecam
CUMTATh BeJMUMHY # Mmopsaaka 1/b, TO B 3TOM YPABHEHHH W/eHbI, COlep-
Kawme ©® m ut, Oyayr no kpatHeh Mepe mnopaaka a?/b? no cpapue-
HUIO ¢ TJaBHbIMM uieHamu, OtTOpachiBas Manble W/eHH, Mbl NOJy-

yaeM YpaBHEHMe, KOTOpPOe pelaercs 3/leMeHTapHo. Pemenue Gyaer
¥MeTh BMA!

(59.12)

2 1
u:.—-b—g—l—?cosgo. (59.13)

IMoctosaHHas wuHTerpupoBaHus B (59.13) BriOpaHa TaK, UTO 3HAYEHUIO
¢ =0 coOTBeTCTBYyeT HauMGOJblUee 3HAuYeHHe & (M, CAeNOBATE]LHO, Hau-
MeHblliee 3HauyeHMe paccrosHus r). TlpubamkeHHo

roo=b—2a. (59.14)

B eBkau1oBO# maockocTH r, ¢ ypasdenue (59.13) npeacraBiaser rumep-
6o1y. Hanpasaenus acuMnror 3TO# runep00aH ONpele/slOTCs M3 yC/0-
Bua u = 0, KOTOpOe ader

2a

COS ¢ —= —

: Z. (59.15)
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3iech mpaBas 4acTh e€CTh Majnas OTPHUATE/NbHAs BeauuuHa, [lpeleibHble
3HayeHus yraa ¢ OYAYT MOSTOMY pPAaBHBI

o=1-+3 ¢g=—5—3 (59.16)
rie Majnas MOJOXMTENbHAs BeJMYMHA & MOKeT ObITh TNMOJOXKEeHA PABHOK
2
8:7“. (59.17)

Yron OTKNOHeHHs Jyya eCThb YroJ MeXILy AacHMNTOTaMM rumep6oei,

KOTOpBI# paBeH
4o
28 = %" (59.18)
CMelileHHe BHAMMOTO MOJOMKEHMs 3BE3ALI, OT KOTOPOH /yu MpOXoaurT
B6ausu CosHua, MOXKHO Ha0/1101aTb BO BpPEMa MOJAHONO COJHEYHOTO
sarmenua. Ecau noaoxuts BeaumuumHy b pasHo#t paauycy Coauua, To aas
yria OTKJOHEHHs 28 MOJYYMTCs 3HAueHue

2 = 1",75, (59.19)

KOTOpOe XOpOWO coraacyercs ¢ HalumoaeHHbIMH 3Hauenusmu. O6paGorka
na6aonenutt sarmenus 1952 r. mpupoaur k uucay 17,70. dror pesyin-
TAT NO3BOJIAET COBEPIWIEHHO OAHOSHAUHO YTBEPKAATH, 4TO HAGJI0LaeMOMY
3aKOHY PACHPOCTPAHEHUs CBeTa COOTBeTCTByeT Bmpawkenue (59.05) pas
ds?, no ne Buipaxenve (51.10), KoTcpoe AaeT BaBoe MeHbluee yucao 07,87,

B saxsioueHue clenaeM OfHO 3aMeuyaHue NO BOmMPOCy 06 onpeneneHuy
npsMoft IMHMM B TeOpHM TaroTedus. Kak cueayer onperensarbh npamyio:
KaK Jyu CBETa MWIH KAK INPAMYIG B TOM €BK/JMIAOBOM MPOCTPAHCTBE,
B KOTOPOM [1€KAPTOBbIMM KOODAMHATAMHM CJyIKAT TFapMOHHYECKHE KOOp-
AMHAaTH X, Xa xS? HaM npeacraBiseTcs eAMHCTBEHHO MpPaBHAbLHEIM
BTOpOe odpeneneHHe, PakTHUECKH MBI MM W NOJB30BAIMCH, KOTA4 TOBO-
puan o TOoM, uro Jaydy cpera BOiusu Cosnua umeer ¢opmy runepGo-
abt (69.13). [apMonnueckHe KOOPAMHATE T1yOOKO COOTBETCTBYIOT, B pac-
CMATPHBAEMBIX 37€Ch C/y4asX, NPHPOJe MNPOCTPAHCTBA M BPEMEHH, H
onpeje/feHHe INpAMOft AOMKHO ONUparbcs Ha Hux. Yro Kacaerca toro
coo6GpaxeHMsi, 4TO MNpsiMass, KaK Jy4 cBeTa, OoJjee HENOCPEACTBEHHO
Ha0/o1aeMa, TO OHO He HMMEeT HMKAKOTO 3HA4YeHHsa: B ONpeae/eHHsX
pellaoi M fABASETCS He HENOCPeACTBeHHas Ha0M01aeMOCTb, 4 COOTBET-
CTBHE NpPUPOAE, XOTA Gbl 3TO COOTBETCTBHE M YCTAHAB/MBAIOCH MHYTEM
KOCBEHHBIX YMO3aK/IIUEHHH,

§ 60. BapuauuoHHwiit NpHHUMN AJAS YpaBHEHHH TArOTEHHs
B ypaBHeHusx TtaroreHus
(TR 1 0y 8w 15y
R — =g R:——_c.zlr (60.01)

C/1€Ba CTOMT KOHCEPBATHMBHBIA TEH30D, 4 CIpaBa — TeH30p Macch. B § 48
Mb! BHWAE.H, UTO BBbIPAXKEHHE A/ TEH3Opa MAacCChl MOXKET OHITh MnoJay4eHO

18 3ak. 485, B. A. dox
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NyTeM BAPLUPOBAHMA HHTerpaja AeHCTBUA MO KOMIOHEHTaM (pyH1aMeH-
Ta/1bHOTO Tensopa. Tak, B cayyae ypapHeHHMH T'MAPOAMHAMMKH, MHTErpan
NEeHCTBHA MOXET ObIThb HAaNHCAH B BUJE

S= f @MY — g @), (60.02)

r3e Be/MYHHA p° eCTb MHBAPMEHTHA# MJOTHOCTb TOH UACTH MAacChl MOKOs,
KOTOpas NpM ABMIKEHUM He MEHSieTCs M YAOB/JETBOPAET YPaBHEHHIO He-
paspuiBHOCcTH (48.29), a BesmumHa TI ecTh OTHECEHHAs K elMHMIE MACChl
NOTEHUMAIEHAA SHEPTHS YNPYTOro CKAaTHsA KHUAKOCTH, onpenensemas ¢op-
mynoit (48.30). Ecam mnpomapbupoBarh uHTErpas S N0 KOMINOHEHTaM
(YH1aMEHTAILHOTO TEH30pa, TO MOAYYUTCHA

4

2 LY s S
3,8 =75 | g,V —g(dx), (60.03)

rae 7% ecThb ruaApOAMHAMMUYECKUH TEH30P MACCHI, ONpeaeseMblll OpMYya0#
(48.39). B cayuae 3/eKTpOAMHAMHKH HHTerpaj AeHCTBMA HMeeT BHI
(47.37); rnaBHBIR uneH, 3aBUCAWMH OT MAacChl MOKOd, B HEM TOT XKe, KAk
B THAPOAMHAMMYECKOM c/ayyae. Bapuauusa 21eKTpPoauHaMMYeCKOTO HMHTeE-
rpana AeHCTBHS MO BeJMUMHAM g,, Takxke uMeeT BuA (60.03), rae yxe

T*' ecTb 3/1EKTPOAMHAMUUECKUH TEH30P MACChl, ONpeedeMbiit GOpMyIamMu
(46.22) n (46.32). Yro kacaercqa Bapuauuu MHTerpaia jaelcTBus no
APYTHM BXOAAWMM B Hero (QyHKuuAM (1O CMEEHMAM H COCTABJSIOILUM
noss), TO TaKas Bapuauus 1aeT, KAaK Mbl 3HAEM, YPABHEHMS ABMIKEHMS
paccMaTpuBaeMofi MaTepua/bHOM CHCTEMBIL.

Mb 6yaeM mnpeanosaraTh, UTO paccMaTpuBaeMas CHCTeMa TaKoOBa,
yTo AJs Hee cmpaseiauBa gopmynaa (30.03), rae S— cooTBEeTCTBYIOILIHA
uHTerpan aeftcreua. Toraa TeH30p Macchl, BXOAAwM# B NpPaBylo uacTh
ypaBHeHu#t tarortenus (60.01), moxer OwITb nNpeacraB/ieH, Kak Kospou-
UMSeHT npH 3g,, B BHIPAKEHMH [4s BapPHALMM HEKOTOPOrO HHTerpana.
MonmraeMca NpeaCTaBUTL B AHAJOTHYHOM BHAE TaKike M JA€BYI0 4acTh
YpaBHeHUH TATOTEHWs, T. €. KOHCEPBATHBHEIA TEH30p.

Ilns 3TOrO paccMoOTpUM MHTErpain

/= f RV —gdx), (60.04)

rae R —ckaigp KPHRHBHBL, M COCTAaBMM €O BAPHALMUIO.
[Ipu BLIYMC.ICHHH BAPAAUMU MOJAUHTETPANLHON (YHKLUHM Mbl BOCMOJb-

syemcs TeM, urto papuaumu ckobox Kpucropdens I, npeacrapisior TeH-
30p (xora camble ckoOku Kpucropdesns TEH30pPOM He aBAAIOTCA). ITO
LOKasbiBaeTcs caedyiouum o6pasom. CoraacHo (42.04), sakon npeoGpa-
30BaHUA CKOOOK Kpucroddens umeer BHA:
l4 ’
o 0X,
by =
ox,

0%x, 7

0x,0x,

g ()x; ()xé
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Dra ¢opmyna cnpaseliuBa Ads BeIMuMH [V,, OTHOCAMLMXCA K AaHHOH
Merpuke (g,). [lpousBeneM 3iech BapualMI0 MeTPHKH, COXpaHsas CBA3L
MeXAy CTAPLIMA M HOBBIMM KOOpAMHaTaMH. Merpuke (g.p—-90g.3) Oyayr

COOTBETCTBOBATH BEJIHUMHE Pﬁ.,—{-—‘d[‘ﬁ.,,npuqu Gyaer

/

()x ()x
’ B
UTO M JOKA3HBAET, UTO BapHAUMH é‘z[‘{’Lv NpeACTaBIAI0T CMEIIAHHLIR TeH-
30p TpeThero pasra.

TMpu cocraBieHHH BapHauuu ckaispa R Mbl OyaeM HCXOAMTh U3

BbIpaXKeHUH

" oryg 01‘“ R
RPﬂ By = ox, pv P{LVPPB ’ (60 m07)
OI‘“a arav o %
Ru= gz 7o + Tl — T T (60.08)

AJ51 CMEWAHHHX KOMIIOHEHT TEeH30pa KPUBM3HHI YeTBEPTOrO0 paHra M AJs
TEeH30pa KPHUBM3HH BTOPOrO paHra, B cucreMe KOOpAMHAT, Teone-
3HUECKOM B JaHHOM TOuKe, BapHauus R,, DaBHa

a 0 o (7] -3
OR}LV == a) (8Ppa) —a_xo.t (8va), (6009)
TaK KaK B 3To# Touke BCe CKOOkM Kpucrobdeas papuel Hyawo. Orciona

R =g" ax @Tk) — %@P:V) (60.10)

(nocse nepecTaHOBKY HEKOTOPHX 3HAUKOB B MEPBOM WieHe crpapa). Bae-
AeM BEKTOp

‘ZU — gVLV8P¥w S gavgr“w. (60. 1 1)

HerpyaHo BHAeTb, 4TO DPaBEeHCTBO (60,10) PABHOCH/IBHO CIEAYIOWEMY:

goR,, = (V= guw), (60.12)

ng

TAK KAk B Te0Ae3udYeCKOH cucreme KOOpAMHAT MOXHO  B€JAHUYUHBI

g#» =7 — gg# BhHecTH M3-noA 3HaKa npouspoaHo#. Ho o6e uacru
papercTBa (60.12) npeAcTaBaAIOT CKanApLl; MO3TOMY, €CJH 3TO PABEHCTBO
CMpaBel/JMBO B re0ne3HUecKOl CHCTeMe KOOPAMHAT, TO OHO CHPaBed/HBO
H BooOue.

[peanonoxkuM, 4ro Ha rpaHuuax o0JaCTH MHTETDHPOBAHHMA B MHTEr-
paze (60.04) ucuesaior He TOABKO CaMble Bapuauuu 8g,,, HO M HX mpo-

H3BOAHBIE, 4 CJ/J1eA0BATENbHO, ¥ BEJHUMHE! 8I‘;v, a TaKke Bekrop w'.

18%
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Torna, nanucas usrerpaa / B Buge
1= [ RogrV —g(x) = [ R,g @x), (60.13)

MBl MOJYYMM [J4 €ro BapuauMH BbIpaXKeHUE

ol = [ R3¢ (@), (60.14)
TaK Kak, B culy pasencrna (60,12), Gyaer
[3Rw - g=V =g@n=0. (60.15)
Hcnoassys ¢opmysl
BV —g=5V =g gt (60.16)
3gw = — grog® 3gus, (60.17)

noJayyaeM
. —_— — 1 ‘
g =8(V —ggm =V —¢ (—2 grgt— g*”g"?') 0gxp.  (60.18)

IMoacrapaas sro Beipamenne B (60.14) M npousBons CyMMMpOBaHMe
no ¢ ¥ mno v, OyaeM uMerh:

~ 1 I
of = [(; gPR — R”B) 8¢V — g (dx). (60.19)
Hamwa 6amxaitiuas lenb AOCTHPHYTA: KOHCEPBATHBHHIN TeH30p mnpeacra-
BIeH B BHAE KO3thHUMeHTa NPH BapuauuM (GYHIAMEHTAIBHOTO TEeH30pa.
Conocrasaas ¢opmyan (60.03) u (60.19), MBl NPUXOAMM K BHBOLY,
YTO BapHAUMA BBIPXKEHHS
c4

W= — gt (60.20)

N0 KOMIOHEHTAM (pYHllaMeHTafleO!'O TE€H30pa paBHa

s w=5| {1 +8—j§7 (R‘“ — 3 g‘“R)} %,V —g@x). (60.21)

dra Bapuaums HucyesaeT B cHMay ypapHeHu#t rarorenus (60.01). B cgoio
ouepenb, YPaBHEHMs TATOTEHHMS MOrYT OBITH MOJAYYeHBl U3 BapHAUMOHHOrO
Havyana 8W =0, ecaM npoM3BOIMTH BAPHALMIO NO KOMIOHeHTaM (yHaa-
MEHTA/JbHOTO TEH30PA M CUMTATh BEJMYMHH &g, MPOU3BOIbHEIMA, (Ha-
noMHuM, 4to B § 48 Mbl yke paccMaTpMBaAM BapHalMI0O MHTerpaia ne-
CTBAS MO g,, HO TAM BEIMUMHH Cg,, He GBUIM BNOJHE NPOM3BOLHLIMH,
TaK KaK COOTBETCTBOBAAM GECKOHEYHO ManoMy npeoOpasoBaHHIO KOOpAU=
HAT ¥ BHIPAXAINCH 4epe3 ueTbipe (QYHKUHH 7).
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Bapbupya ke W no ocranbHbIM (QYHKLHMAM, BXOASAWMM B MHTErpa’
nefictpua S, Mbl NOJAYYMM YPaBHEHMsl ABMIXKEHHMS M ypaBHEHHA MNOJAA A/
3THX (QYHKUUA.

TakumM oO6GpasoM, ypaBHeHHd TArOTeHHs (A4 TPaBUTALHOHHOTO MOAs)
00 BENMHATCA C YPaBHEHMAMH AAd APYrUX nojeh (mone ckopocrel Be-
eCTBA, 3/eKTPOMATHUTHOE NOJe W Ap.) B OAHOM OOuieM BapHaLUOHHOM
NpUYHLANE,

BapuauyoHHOMY NPHHUMIY MOKHO MPHIATh HECKOABKO APYTyio dopmy,
B3B BMECTO HHBAPHAHTHOI'O HHTErpana

I=[RV =gwn (60.04)

Npyro#f, XOoTd M He HHBAPHAHTHHIA, HO He CoAep¥Kawui 3aTO BTOPHIX
NPOUBBOAHBIX.
B HoGasnennu B BeiBenena ¢opmysia

R=[y—TI—1L, (60.22)

rae [y ecrs oneparop JHanambepa (B5.51), npuuem y:lgV—g.
Beauuuna [' Beipakaercs ¢opmyqo#t (5.43), a Beauuuny L wMOxkHO, co-
raacHo (5.54), nanucars B BuAe

L= g" ([T — Tl (60.23)

a TaKKe BO MHOTMX APYFMX Buaax, npusenenubix B JloGaBienun B.
Ipu nomowu oGosnauenu#t (5.59) u (6.61) moxHO, BMecto (60.22),
HANUCATh TaKkKe

1 0 - v v
R=——= 2L (V=g —I))—L. (60.24)
V'_g axv
WUurerpan / O6yaer OT/AMYATLCS OT BHPAXKEHHd
r=_— f LY —g(dx) (60.25)
Ha BE/IHUMHY
7 (7] RSP v
r=[ LW =g —r)an, (60.26)

KOTOpasi NMpPUBOAMTCA K HWHTErpay Mo MOBEPXHOCTH M BapHauus OT KO-
TOpPO# paBHa Hymo. ITosToMy Bapuaumu uHrerpanoB / u I* paBHI:

81:6fRV——g(dx):——-8 fLV”—’—“g(dx):?,/*. (60.27)

ITockoabky B BapManMOHHOM HAuale BAXKHBI He CAaMble BapbUpyeMble
VHTErpainl, a JUIUb UX Bapuauu, MoXHO B ¢opmyre (60.20) sameHurs
I ua I*, Tlpu srom peanunda 8" (papHas 8/) OT KOOPAMHATHOH CHCTEMBI
He 3aBUCHT, HECMOTPs Ha TO, YTO caMbifi HHTerpan /* MOXeET 3aBHCETbH
OT KOOPAMHATHOH cucTeMbr. llenbio 3aMeHH [ Ha /” AB1sieTCA MCK/IOUEHHE
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M3 OAMHTErpajbHOrO BLIPAXKEHM BTOPHX MNPOM3BOAHHIX. DBhITekaw-
was u3 (60.19) u (60.27) dpopmyaa

o [ LV "@o= [ (RF—5e™R)2eaV “g@n (0.29)

MOXET 6bITb, pasyMeercs, BhHBEA€HAa M HENOCPEACTBE&HHO, XOTA COOTBET-
CTBYIOiIMEe BHKJIAAKH NOBOJBHO CJ/OXKHBI,

§ 61. O JoKaabHON IKBHBAJEHTHOCTH moJeffi yckopeHHA
H TATOTEHHS

[Toan npuHUMOOM SKBHBANEHTHOCTH B TEOPHH THTOTEHUS NOHHUMAIOT
yTBEPMAEHUE, COMIACHO KOTOPOMY MNOJE YCKOPEHMs B KAaKOM-TO CMbIC/Ie
SKBUBAJIEHTHO INOJIO TATOTEHU.

[TpuHUMO SKBUBANEHTHOCTH CBA3AH ¢ (DYHIAMEHTAJMBHBIM 3dKOHOM pa-
BEHCTBA MHEPTHOH M BECOMOH MAacChl, HO C HUM Me TOmJecTBeHeH. 3aKoH
paBenCcTBa MHEPTHOR M BeCOMOH MAaCChl, KOTOPBIMI MBI MOJb30BAaJHUCh
B § 51 npu BeiBOAe ypaBHeHM# TArorenus, umeer oGuiuft, a He JOKaJb-
HBlt xapakrep, TOTAa KAaK SKBUBANEHTHOCTH MEXKIY MOJEM YCKOPEHHs H
noJieM TATOTEHUS UMeeT MeCTO TOJNLKO JOKAJNBHO, T. € . OTHOCHTCH K OAHOH
TOUKE NPOCTPANCTBA ¥ K OAHOMY MOMEHTY BPEMEHH.

DKBUBAJEHTHOCTL 3aKJiouaercs B cleayioulem. [T'yrem sBeteuns Haz-
Jdexaulel KOOPAMHATHOH CHUCTEMH (KOTopas OOBIUMO TOJKyeTcsd, Kak
YCKOPEHHO [BHMKYLLAACA CUCTEMA oOTCUETa) MOXKHO TaK mnpeoGpasoBath
ypaBHeHUs JABMXEHUs MaTepuajbHOft TOUKM, HAXOAdlleHcs B MOJe TAro-
TeHus, uro OHM OYAyT (B HOBOM CHCTeMe OTCUeTa) MIMETL BMI YPaBHEHWH
LBUIKEHUS (80000HOE MarepuanbHOH TOUKH. TeM CamBIM MOJe TArOTEeHUS
kak Obl 3amensieTcsd (unu, Jyulle CKasaTb, UMHTHPYe:TCA) MOJEM YCKOpe-
uua. Biaronaps 3akoHy papeHCTBA HHEPTHOH M BECOMOH MACCH TaKoe
npeoGpasopaHue Oyaer OAHO M TO Ke A JOOOr0 HBHAUEHUS MACCH Ma-
TepuaisHOit Touku, Ho ono Gyaer aocrurath cBoelt liesn TOJABKO B Oec-
KOHEUHO Ma/o# 00/acT¥ NpPOCTPAHCTBA M B TeueHHe: GECKOHEUHO Masoro
NPOMEKYTKA BPEMPHH, T. €, OHO OyAeT CTPOTO JIOKAJBHHM.

B o6uiem cayude vkasanaoe npeobpa3oBaHHe MAT€MaTHUECKH COOTBET-
CTBYET Nepexoldy K JOKaabHO-Te0Je3MuecKol cucremes koopausar (§ 42).

MOXKHO mnBITATBCA TOJKOBATH NPYHUHUN SKBHUBAJNEHTHOCTH MeEHee JO-
KaJbHBIM 00pa30M, T. e. IMPUMEHATH ero He K OeCKOHEUHO MaaoH,
a K KOHeuHO# 00/acTH npOCTPAHCTBA, B KOTOPOH, O,AHAKO, moJe A0JKHO
ObiTh 0AHOPOAHBIM. Ho Toraa sror ,npuHuuMn® OyAeT CnpapeiHB JHLib
B TOH Mepe, B KAaKO# crnpaBelMBd HBIOTOHOBA MEXAHMKA. Ou 6y11eT
¥MMeTh MeCTO JHlib AJs c2abbiX OJAHOPOAHBIX MOJeH W AAs MeAJeHHBIX
ABHKEHUR (CM. pa3oOpaHHBI HUKE mnpuMep).

[IpuHuun 3KBMBANEHTHOCTH ChHIrpai GOMBIIYID POMIb B MEPHOM, Mpei-
11eCTBOBABIIMH CO34aHHI0 DHHIUTERHOM ero Teopuu TwroreHus. [IpuBenem
OJHO M3 OTHOCALLMXCHA K TOMY BpEeMEHU pacCysIeHuHi IHHIUTeHHa H npo-
aHAMH3NPYEM ero.
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AiHmTERH WITIOCTPUPYET CBOKO ,THNOTE3Y SKBHBAJEHTHOCTH® HA MpU-
mepe Jjaboparopu¥ BHYTpH naaaiwero Jaudra. Bce npeamern BHyTpu
TaKoro Juipra Kak Obl /MILEHH TAKMECTH: BCE OHH MNANAI0T, BMeCTe
¢ udTOM, C OLMHAKOBHM YCKODEHMEM, TAK UTO MX OTHOCHTE]bHblEe YCKO-
peHusl PaBHBl HYMO, Aaxe KOTAA OHH He 3aKPeI/ieHbl OTHOCHTENBHO AHA
¥ CTeHOK Judra. Mb uMeem, roopur DHHIITEHH, 1Be CUCTEMBI OTCYETA:
OQHY HHEPUMANbHYIO (MM MOUTH HHEPUHANBHYIO), CBA3AHHYIO C 3eMJel,
M APYTYI0, YCKOPEeHHYI, CBS3aHHYIO ¢ AudpToM. B meppo#t, uHepumas-
HO}, CHCTEMe CYuleCTByeT mnoJje TATOTEHHS, BO BTOPOH, YCKOPEHHOH,
oHO orcyrcTByer. TakuM 006pasoM, no JRHWITEHHY, YCKOPEHHE MOKeT
3aMeHuTh COOOHf TAroreHuwe, wiu, NO KpakHe# Mepe, OJHOPOAHOE moJe
Tarorenns. Ty MbicAb DHHIUTe#H pasBuaer u Aanbiie. OH npeanaraer
cuMTaTh, YTO 00€ CHCTEMBl OTCUETa (YCKOPEHHAs M HEyCKOpeHHas) $pusu-
yeCKH BMOJHE DAaBHONPABHB, M YKAa3bIBaeT, UYTO C 3TOH TOUKM 3peHwus
roeopurs 00 aOCOMIOTHOM YCKOPEHHH TaK e HEBO3MOXKHO, KaK U 00
a6CcoMOTHOR CKOPOCTH.

Pa3bepeM u3MOMEHHYIO TOUKY 3peHns DHHTeHHA noapobuee. ITpexae
BCErO BO3HMKAET BOMPOC: YTO TaKOe YCKOPEHHO ABHKYLLAACHA CHCTeMa
OoTcyera M KaK OHa MomeT OITh (uauueckum peaiusoraHa? B mnpumepe
¢ JudroM ,cucrema orcuera“ kak OBl OTOMAECTBAIETCA C HEKOTOPHIM
auwukom (¢ kJaetko#t audpra). Ho Mel 3Haem (cm. KoHeu § 32), uro name
Ge3 yuera TtaroTeHus abcrpakums abcoMIOTHO TBEPAOTO Teda He J0My-
CTMMa; BCSKOe Teno OyAeT npu YCKOPeHMM HCIHThIBATH JedopMauuy,
koroprie OyAyT pasiuuHH A9 pasauuHbix Ted. [lostomy aas yckopen-
HOH CHCTEMbl OTCYETa HEMpPUrOJHA TAKKEe MOLe/b AUMKA WIM TBEPAOTO
Kapkaca, KOTOpyIO Mbl paccMarpusadu B § 11 14s uHepuuaJbHOM CUCTEMSI.
TakuMm 006pasoM, B pacCyxaeHusax DHHTeRHa ocraercs 6e3 onpejelenus
HCXOAHOE [OHATHE YCKODEHHO ABUMKYLIEHCA cucTembl OTCYeTa. DTO 3a-
TpyAHeHHEe MOXHO Obl10 (bl OOOHTH TOMBKO HAJNOKHMB OTPaHMUEHU HA
BEJMMUUHY YCKOpPEHHH M Ha pasMepH paccmarpuaeMo#i o6aactu. MoxHo,
HanpuMmep, MoTpeGOBaTh CjAelylollee: AONYCKaeMble YCKOPEHHs AOJKHEI
ObITH HACTOMBKO Ma/bl, YTOOB B paccMaTpuBaeMof 00JacTh MOKHO Gklj0
npeHeOpeus BEIBBIBAEMBIMH MMM Ae(OPMAUMAMH M NOAb30BATHCA MOHATHEM
TBepAOTO Teda. Ho roraa craHer scHbIM npub/uKeHHBIH Xapakrep BCero
paccymxaenus DHHITERHA.

Hanee, ymxe cam OHHWITEAH nOLUepKMBAET, UTO He BCAKOE MNOJeE
TATOTeHUs MOKeT ObITh 3AMEHEHO YCKOPeHHeM: A/ BO3MOKHOCTH TaKOH
3aMeHbl MO/Ie TATOTEHMA AOJIKHO OBITH OJAHOPOAHBIM. DTO TAKKE HajJaraer
OrpaHuueHus] HA TMPOCTPAHCTBEHFbI2 pasMephl paccMarpusaeMolt obiacrtu,
B KOTOPOH MOJA TATOTEHHS M YCKOpeHus MNPUOMMKEHHO SKBHBAJEHTHBI.
Henb3s, HanpuMep, ,YHUUTONKUTH nOJE TATOTEHUS BOKPYT 3eMHOTO luapa:
AJI 3TOTO NPHIIOCH Gbl BBECTH KAKYIO-TO ,YCKOPEHHO CiKMMAKOULYIOCH"
CHCTeMY OTCYera, UYTO HeJeno.

OrpanuueHust J0JKHH GHTbH HA/MOMEHB He TOJbBKO HAa NpPOCTPaH-
CTBEHHBIE pasMepbl 00JacTH, HO M Ha MPOMEKYTKH BPEMEHH, B TeueHue
KOTOPHIX BO3MOKHA MNPUO/MIKEHHAsn 3aMEHa TATOTEHHS YCKOpPeHMeM,
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AHmTeAHOBCKMHE UPT He MONKET MNafaTh HEOTPAHHYEHHO AOJTO: OH
HETNpeMeHHO pasobbercs.

OHHWTEHH NPUMEHAT TaKme CBOH NPUHUMI SKBHMBAJEHTHOCTH He JO-
KaibhbiM  0Opa3oM. OaHako clhenaHHas uM B ero pa6ore 1911 r,
NOMbITKA HCC/AeN0BaTH TAKMM TNYTeM pPacnpocTpaHeHue cBera BOJM3Z
THKEJOH MACCH TNpHBeJa er0 K BJBOe MEHbIUEMY 3HAUEHWI0 OTKJIOHeHHS
CBETOBOTO Jyua, 4YeM TO, KaKOe NOJy4aeTcs MO ero TeOpHM TATOTeHHs
(cM. § 59). ITO CcBA3aHO ¢ TeM, UTO NPUHLUHUN SKBUBA/IEHTHOCTH HUKAaK
He MOXeT AaTh AJs ds® npaBuiabHOTO BhipaxeHus (51.11), a moxer narTh,
camoe Ooabuiee, BHpameHue (51.10), npuronHoe And MeAJIEHHBIX JABHIKE-
Hutt, Taxum 006pa3oM, W NpH He JOKAJIBHOM TOJKOBAHWM npuG/MKeHHas
SKBMBAJNEHTHOCTb NOJEH TATOTEHHS M YCKOpEeHUd OTpaHuyeHa B mpOCTPaH-
cTBe M BO BpeMeHM. Kak MBbl yiKe TOBODUJM, 3TA 3KBMBA/JIEHTHOCTb MMeEeET
MeCTO Juilib AJs Ca0biX M OAHOPOAHBIX MOJeH W AJs MeAJeHHBIX IABU-

WeHuH,

BenencTeue yKasaHHBIX OrpaHuueHut, npuOMMKeHHAS SKBHBAJIEHTHOCTD
noJiefi TATOTEHUA M yckopeHus, caMa no cebe, He 3acayxuBaeT HasBa-
HUA (UBMYECKOTO MNPHMHIMNA M €]Ba JIH MOMET CJYMKHTb YAOBJAETBOPH-
TE/MbHEM JOTHUECKMM OCHOBAHWEM [/ MNOCTPOEHWs TEOpUH TATOTEHH .
Du3NUECKHM NPUHLUNOM, AEHCTBUTEJIBHO MNPUTOAHBIM AJF MOCTPOEHHS
TEOPUY TATOTEHUs, ABJAAETCH 3aKOH PAaBEHCTBA MHEPTHOH M TAroreloileh
MacCel, TOT 3aKOH ¥ OB MOJNOMEH HAMH B OCHOBY HAWMX paccy-

WKIeHHH,

Kak Mbl ynomuHaiau, ID#HmTE#H noJaraj, UYTO ¢ TOUKM 3PEHHs NPHH-
LUMNa 3SKBUBAJNEHTHOCTH TOBOPUTH 00 abCOMIOTHOM YCKOPEHUM TaK Ke
HEBO3MOMKHO, KaK ¥ 00 a0co/IOTHOR CKOpOCTH. ITO 3aKi0ueHue DHH-
wreHa npeacrasadercsds HaM owun6ouHbiM. OHO OCHO32HO Ha mNPeAno/io-
KEHHM O Hepas/JuuuMOCTH noJe# yckopeHus u Tarorenud. OnHako, XOTH
NeHCTBUA YCKOPEHHS M TATOTEe Husl Hepas3J/HuMMBl ,B MaIOM“ (T. €. TOKaJIbHO),
HO OHU Oe3yC/NOBHO pa3InuuMel ,B OOJbIIOM* (T. €. C YUeTOM mpeaenb-
HEIX YCJIOBHH, HajaraeMblX Ha noje Tarorenud). Tak, NOTEHLHAN TAro-
TEHHA, KOTOPHH MNOJyuyaercs NP BBEJEHWM PABHOYCKODEHHOM CHCTEMB
orcyera, ABJadeTCd JUHeHHOH (byHKuueﬁ OT KOOpAHWHAT H, CJE€A0BATENLHO,
HE YAOBJIETBOPSIET YCJOBMAM Ha OECKOHEYHOCTH (TaM OH AOJMeEH ObL1
Oel ofpamarscal B Hyab). Bo Bpawalouiefics CucreMe OrcyeTa NOTEHUHAS
UEHTPOOEKHEIX CHJ BO3PACTaeT NPONOPLMOHAIBHO KBAAPATY PacCTOSHUSA
OT OCH BpallleHud; KpOMe TOro, TaM uMelrcd cuisl Kopuosauca. ITo stum
NPU3HAKAM CPasy MOKHO OOHAPYMMTb, UTO ,MOJIe TATOTEHuA“ B STHX
CHcTeMaX OTcueTa fIBIAeTCS (PUKTHBEBI 4.

PaccMorpum npuMep paBHOYCKOPEHHOH CHCTEMH OTCYETa HECKOJBKO
noapoCHee, ¢ yueTOM TeOpuH OTHOCHUTEJBHOCTH. [IpM STOM MBI OCTaBHM
B CTOPOHE BOMPOC O Peanu3auuH YCKOPEHHO ABMXKYLIEHCH CHCTEMH OT-
cuera M OyaeM TOJKOBATH TE€PMHH ,CHCTEMA OTcuera“ Goaee (GopMajbHO,
B CMbIClE ,KOOpAMHATHas cucremMa“. CooOpasHO 3TOMY, NMOA NepexoioM
K YCKOPEHHO ABHKYlleHcAd cucTeme Orcuera Mbl OyAeM pasyMerTb HeKo-
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Topoe npeoGpasoBaHHE KOOPAMHAT, cojepalilee HeauHeHHBIM 06Pa3oM
BpeMs.

[IpeanosoxuM, UTO HMCTHHHOE MNOJe TArOTeHUs OTCYTCTBYET M KBaj-
par OECKOHEYHO Ma/NOr0 HMHTEPBAJa MMEET BHI

ds? =2 dt® — @dx? +dy? +dz2’%). (61.01)

rae (x'y'2'¢t’) — nexapToBH KOOPAMHATH M BpeMa B HEKOTOPOH HHEpIH-
anpHOM cucreMe orcuera. Ilpouspesem npeoOpasosanue *) KOOpAMHAT:

r_— gt (h— 1~.

x'=xch +g ),
y=y =z (61.02)
O g gt
t—zshc—l—cshc,

rle g— NOCTOSHHAA, UMEKLlasd Pa3MepPHOCTb yckopenusd. Ilpu ycnosuu
%t <1 (61.03)
npeasiayuine Gopmy/asl MOTYT OHTB HamuCaHbl B BUAE
x':x—}—-;—gf?; y=y 2=z ¢=¢ (61.04)
TMoacraHorka (61.02) B (61.01) naer
s“‘—( +g"> 4R — (dx® 4 dy* - d2?). (61.05)

CnpaluBaeTcsa: MOMKHO Ju TOJKOBAaTb 3STO BbipAKEHHe, KaK Kpaapar
HHTepBaJa B HEKOTOPOR wuHepyuassrol CUCTeMe OTCYeTa, B KOTOPOH
cyulectyeT noJe taroreHus? OTBET HAa 3TOT BONPOC €CTh B TO Ke BpeMs
OTBET HAa BOMPOC O CMNPABEANMBOCTH MPUHIMINA SKBHBANEHTHOCTH.
Yro6bl nOJNYyYMTH STOT OTBET, MNPOU3BEAEM CPABHEHHE BHPAMKEHHUS
(61.05) ¢ BHITEKAIOWUM U3 TEOPHM TATOTeHHs NPUOTIKEHHBIM EHPAXKEHHEM

. U 2 a
ds? = (¢ — 2U)dt2—<1 +—ﬁ)(dx9+dy~+dz~), (61.06)
rie U €CThb HBIOTOHOB MNOTEHIHMAJA UCTUHHOTO MNOJA TATOTEHMSA.

ITpu ycaosuu
|gx | <& c? (61.07)

ko3 duumeHTs npu df? npub/vmeHHO COBNAAYT, €C/M MH  BO3bMEM
NoTeHUUa  TATOTeHUs PAaBHBIM

U=— gx. (61.08)

*) Bto npeofpa3opanue ykazaHo Meanepom [0},
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Yro kacaercs ko3pPHULUUEHTA B NPOCTPAHCTBEHHOH uactH ds?, TO OTqm-
yHe €ro OT eAMHHIbl OyAeT HeCcYLIeCTBEHHbIM [/ TaKHX HHTEPBAJIOK,
IS KOTOPBHIX BeJIMUMHA

o (dx\2 | (dy\® , (az)\?
R T
YAOBJIETBOPSIET HEPABEHCTBY
W 2, (61.10)

3uaueHue (61.08) noreHumana taroreHus AeHCTBUTENLHO AdeT, MO HbIO-
TOHOBO# MeXaHHKE, DaBHOYCKOPEHHOe JABMmeHue. B cayuae Hynesoft
HauadbHOM CKOpOCTH Mbl OyaeM HMETb NOCTOAHHblE 3HaueHus x’, y, 2’
¥ NpUGIIKEHHO

x+-12—gt2:const, (61.11)

YTO COOTBETCTBYeT PABHOYCKOPEHHOMY ABMIKEHHIO B KOOpAMHATax (x, f).

[lpouspeseHHoe HaMM CpaBHeHWe J[BYX BbIPamMeHMH AJA KBajpara
MHTEPBAJd [OKA3BIBAET, UTO YCKOPDEHHO [ABMIKYLLASCA CHCTEMA OTcuera
IPY OTCYTCTBHMHM TSITOTEHMS] JAeHCTBUTE/NbHO MNPEACTABAIET H3BECTHYIO
aHaJorHui0 *} ¢ MHepUHaJbHOR CHCTEMOR OTCYeTa MPH HAJIMYHM NOJA TAro-
renus. OnHaKO 9T0 Ke CpaBHeHWe YKa3biBaeT Ha TO, YTO AaHHASA aAHA-
JOTMS [a/IeKO He MOJMHA, TaK YTO He MOmeT ObiTh M peud O MOJHOH
SKBMBAJEHTHOCTH MJIM HEPA3JHUUMOCTH mnoJelt YCKOpeHHs M TATOTEHHS.
Paccmorpenteift npuMep BrOJHE noATBepxAaeT (GOpMy/THPOBAHHOE BHILIE
3aKJIQUEHME O TOM, YTO ,3KBHBAJEHTHOCTb® MMEET MECTO TOJNbLKO B Orpa-
HUYEHHOH 006/]acTH NPOCTPAHCTBA M TOJBKO NS CAAGbIX U OAHOPOAHBIX
nojieft M MeANeHHBIX ABHMaeHuH [pasencrBo (61.08) B coeamHenun ¢ He-
pasencrBamu (61.07) u (61.10)].

Mbl yxe roBOpuIM O TOM, 4TO €C/M PACCMATPUBATL BCE MPOCTPAH-
CTBO, TO HCTHHHEE MOJA TATOTEHMA MOKHO OTAEJUTb OT (HKTHBHBIX,
BLI3BAHHBIX YCKOpDEHHEM.

B HBIOTOHOBOH TEOpHM 3TO MOKHO CIE€JaTh, HCNO/B3YS MpejefbHble
YC/JOBHS AJS1 HbIOTOHOBA MOTEHLMAsa TATOTEHHUA.

B s#HuiTe#tHOBOH TeOpHH BOMPOC 00 OTAE/IEHHH MCTHHHLIX MOJER TAro-
TeHus OT (PUKTHBHBIX NPOLLE BCEro pelaercs B FAPMOHHUYECKHMX KOOPIH-
HaTtaXx (KOMIOHEeHTH (PYHIAMEHTAJBHOTO TEH30pa JOJ/KHB MPH 3TOM
YIAOBAETBOPATH MpeledbHBIM YCAOBUAM, paccMorpedsbiM B § 5H54). Kaw
Oyaer mnokasaHo B § 93, rapMoHuueckue KOOPAMHATH OMNpPeessioTCs
€NMHCTBEHHbIM O0pasOM, C TOUHOCTBIO A0 mnpeoOpasoBanua JlopeHua

*) DTy aHANOTHI0 MOMHO HCTIONBL30BATH TIPH TMOCTPOEHHM TEOPUM TATOTEHUR
BosmowuocTs mnpeoGpazosaTh Bhipaxkenue (61.01) x Buay (61.05) naet ykasa-
HME HA TO, YTO HBIOTOHOB TOTEHUMaA AOKEH BXOAUTh HUMEHHO B KO3 ((ULHEHT
npu df2. B aToM oTHOWweHuu aHalorys HECOMHEHHO ToJe3na, Brpouewm, B8 § 51 Mnl
BLIACHMIM BOTIPOC O BUAE ds? B HbIOTOHOBOM NpuOIMKeHuH, He npuderas ¥ yxa-
3aHHOM aHaJOruM.
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[TosToMy MOXKHO CUHTaThb, UYTO BBEJEHHE T3aPMOHMYECKHMX KOODPAMHAT
ABTOMATHUECKH HCK/MIOUAeT BCe (UKTUBHBIE NOJAA TAroreHus. Tak, aas
kBaaparnuHott Qopmu (61.05) rapmoHmueckumMum koopauHatamu Oyayr
ucxoAHbe mnepemeHHbie (61.02), B KOTOPBHIX KBaapaT HHTEPBAJNa HMeeT
Bua (61.01),

Yca0BUA TAPMOHMYHOCTH BOOOLlEe HEe AONMYCKAKT TeX MPOUSBOILHBIX
npeoGpasosanuit koopauxar [Hanpumep, Buaa (61.02) uaum (61.04)], Ha
pacCMOTPEHUM KOTOPBIX OCHOBAaHBI PACCYKAEHUA O, JOKANLHOH SKBHBA-
JedtHoctd. Ho ecim name OCTaBuUTh 3TU YCJOBUS B CTOPOHE M NBITATHCH
TOJKOBaTh nepemeHssie (x, ¥, z, f) B dopmyne (61.05) xak nexkaprossl
KOODAMHATH M BPeMs, TO TaKOe TOJKOBAHHE OyAeT BO3MOMKHO TOJBKO
,B Majom“. Ecnm xe paccmarpusarb BoipameHue (61.05) ,B Goabmiom“,
TO HENOCPEACTBEHHO SCHO, YTO TaKoe TOJKOBAHME HATAJKUBAEeTCA HA
nporusopeunss. Bo-nepsuix, Kosdduuuenr npum d¢2 B 3TOM BHPaMeHHH
He YIOBJETBOPSET NpPele/bHBIM YC/AOBMAM, TaK Kak obpauwaerca B Gec-
KOHEYHOCTH BMeCT€ € KOODAMHATOM X; BO-BTOPBIX, 3TOT KO3bduuHeHT
(a ¢ HUM M ,CKOpOCTH cBera“) ofpainaercs B HyJdb HAa HEKOTOPOH

c2
MNJOCKOCTH (x = —z), YTO HEAOMYCTUMO,

Eute Gosee sBHOe Hapyluesue mnpelefbHbIX YCJAOBUH AJd dyHAaMeH-
TaNLbHOTO TeH30pa mnoJyyaercsi B peayJabrare npeoOpasosaxus (35.47),
KOTOPOe B HBIOTOHOBOM MeXaHWKe O3HauyaeT BBejeHue Bpallaolletics
KoopauHatHo# cuctembl. TloacranoBka Beipamenu#t (35.47) B (61.01) naer

ds? = [ — &? (2~ yD)] d2 — 20(y dx — x dy) dt —
— @x24-dy*d2?).  (61.12)

31ech (yH1aMeHTA/IbHBIH TEH30p He TOJBKO HE YAOBJIETBOPAET Mpesels-
HBIM YCJIOBMSIM, HO JAae HAPYIiaeT, HAa JOCTATOYHO OOJBLIOM paccTos-
HHM OT OCHM BpallleHus, HepaBeHCTBA, YCTaHOBJAeHHHe B § 35, Bro no-
KasbiBdeT HEBO3MOMKHOCTb TOJMKOBaHHWsA BbipameHus (61.12) B cMbicae
»THIIOTE3bl 3KBUBAJEHTHOCTH®.

B paccymaenusx srtoro mnaparpada Mbl He MNOJABb30BAaMUCH OOLLMM
TeH30pHbIM aHanu3oM. [lpuMeHeHue ero k dopmyaam (61.05) u (61.12)
nokasano Obl pPaBerCTBO HYJIO TEH30pa KPHBH3HB UETBEPTOrO paHra,
a TeM CAaMbIM ¥ OTCYTCTBME HCTHHHBIX NOJeH TATOTeHH .

B sakmoueHwe 3ameruM, UTO INPH BHBOAE YPaBHEHUH TATOTEHHA
DUHIITEHHA Mbl YCKOPEHHO O8UNCYUUXCS cuCmem Omcuema 8000uje He
paccmampuéanu, a CAelOBATENbHO, U He NOA6308QAUCE NPUHUUNOM
3KBUBANEHRMHOCMY. MB NOMB30BAIUCL 3AKOHOM paBeHCTBA HHEPTHOR H
BECOMOH MACChi, KOTOpbI# fiBJseTcsl OOMIMM 3aKOHOM M He HUMeeT JOKa/b-
HOTO Xxapakrepa. UYro kacaercs NMPHUHUMINA 3IKBUBAJIEHTHOCTH, TO OH He
COCTAaBJSET OTJAEJbHOR (pHM3HUECKOH THIOTE3L!, a4 COAEPNUTCH B THIOTE3E
0 pUMAaHOBOM XapaKTepe MPOCTPAHCTBA-BPEMEHH. MareMaTHYECKUM BbIpa-
MEHHEM ero fBJfercs, KaK Mbl yKe€ TFOBODHJIH, BO3MOMKHOCTb BBEJEHHA
JIOKAaJbHO-Te0eanueckolt cucreMsl koopauHar (§ 42).
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§ 62. O mapagokce 4acoe

B 3akmouenre sTOH TNaBel Mbl PACCMOTPHM T4K HasbiBaeMbift Mapa-
JNOKC 4acoB. MBI OCTaHOBMMCSl Ha HEM He NOTOMY, UYTO 3/eCh 3aKJIOueH
KaKo#-a160 0c000 BaXHBIK MM TPYAHO PaspeliuMBHi BONPOC, a MOTOMY,
YTO 3TOT MAapajOKC WHPOKO OOCYKAANCA B JuTepaType, NpUUEM Mpen-
J1arajuch He BMOJAHE YAOBJCTBOPUTENbHEIE €r0 Pa3bACHEHHS.

lMapanokc OCHOBaH HAa HENPABWIBLHOM MPHUMEHEHHH MOHATHA OTHOCH-
TENBHOTO JABMKEHUS H HA HTHOPHPOBAHMH PA3MUUMA MEKAY HHEPUMAJb-
HEIMM CHCTeMaMM OTcuerd ¥ HeuwHepuuaabHeivu, Cocrour oH B cle-
AYI01EM.

[peacrasum cebe uacsl A, HeMOABHKHBIE B HEKOTOPOH HHepUHA/b-
HOft cucreme orcuera. IlycTb MHMO HHX NpPOXOAAT € NOCTOSAHHOH CKO-
poCTBIO v uYacChl B, KOTOphie, npo#as H3BeCTHBI# MyTh, HCHBITHIBAIOT
OTpHLATEILHOE YCKOPEHHE, MeHAIOT 3HAK CKOPOCTH H BHOBb NPOXOAAT
€O CKOpPOCTbIO (— v) MMMO uacos B. B MOMeHTH npoxomjenus yacos A
MHMO 4acoB B (Tyaa u 06parHO) BO3MOKHO HeNOCPeACTBEHHOE CPaBHEHHe
ux nokasaHu#t (6e3 nocpeAcTBa CBETOBWX CHMrHanoB). Takoe cpapHeHHe
N0/MKHO OGHAPYKHTH, YTO OTCTA/JM 4ack B; no kpafHe#h Mepe, K TAKOMY
BHIBOAY NMPHBOAMT NpuMeHeHHe (GOpPMYa A9 cOGCTBEHHOTO BPEMEHH, Bbl-
BeneHHbIX B § 14.

Ho Beab ABMeHHe OTHOCHTE/JBHO. 3HAUMT, MOKHO CUMUTATL HEMNo-
JABHaKHBIMM uyacet B. Jlpyrue xe uacel (A) 6yayr, npu TakoMm paccMorpe-
HMM, CTepPBd PABHOMEPHO YAAJATHCS, NMOTOM PABHOMEDPHO MPUOAMKATHCH
K uacaM B, u mno rtem mxe dopmynaMm § 14, kax Oyaro, AOMKHO OKa-
3aThCd, UYTO Telepb OTCTAAM 4Yackl A, B NPOTHUBOPEUUH C MOJYUYEHHBLIM
paHee pe3y/bTATOM.

PasHOCTL TMOKa3aHUH 4acoB, HAXOAAUIMXCs B OJHOH TOuKE MPOCTPAH-
CTBa, €CThb (aKT abCOMOTHbIE M OOBEKTUBHBIH (T. €, HU OT CHCTEMB
orcuera, HH ot cnocoba paccMmorpeHus He 3aucswui). [Tosromy mobo#
cnocob paccMoTpeHus, €C/M TOJMLKO OH BePeH, AOJMEH MPUBOAUTH K O4-
HOMYy M TOMY e pesyabrary. [lporuBopeune B pesy/nrare noka-
3bIBAeT, UTO T'Ae-TO B PACCYXIeHMSX AOMylleHa Owubka,

HerpyaHo Buzerb, uTO oiuubKa 3aK/MOueHa B HeyueTe TOrO, UTO
yachl A M Yachl B HAXOAMAHCh B 3TOM BOOODamaeMOM ONLITE B HEOAM-
HAKOBBIX (PHM3HUECKHX YCJAOBMAX: 4aChl A HUKAKOMY YCKOPEHMIO HE MOj-
Beprajuch ¥ HMKAKMX TOJYKOB He MCTBITHIBA/IM, TOrA Kak uackl B noasep-
Tajuch YCKOPEHHI) ¥ HCMBITAAM TOMYOK, UBMEHMBLIMH 3H2K X CKOPOCTH.
Hpyrumu caoBamu, ownbka npousouina H3-3a TOrO, YTO 00€ CHUCTEMb
orcuera (CBA3aHHAs C YaCaMM A M CBfi3aHHas ¢ uyacamu B) B npuBejeH-
HBIX PaCCYKAEHHAX MPeANONaraluch pPaBHONPABHBIMH, UYero Ha CaMOM
nene HeT: HMHEPUHMAbHOH sBJAETCS TOABKO CHCTEMA OTCYera, CBA3aHHas
¢ vacamu A.

TakoBo KayeCTBeHHOe paswbiAcHeHWe mnapaaokca. KonumuecTBeHHas Teo-
pusl 10/KHA TO3BOJHTbL BBbIUMC/MTH TMOKA3aHWUA YCKOPEHHO ABMXKYLLMXCH
uacoB. Kak Obl10 yxe OTMeueHo B kowie § 14, tax HasbipaemMoe CoG-
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CTBEHHOE BpeMs T, OmpejelsdeMoe ypaBHEHHeM

t
2
1= 1 —Zat, (62.01)
0

¥MeeT MNPOCTOH (MBHMUECKHH CMBIC/] TOJbKO B CIy4a€ MOCTOAHHOH CKO-
pocru v, Toraa 310 ecTh HM3MepeHHad B ,CBOeH“ CHCTeMe OTCYeTa .M~
TeJbHOCTh JOKaJU30BAHHOTO MPOLECCa, CBA3AHHOTO C ABHKYLLEHCA TOY-
KOH (mOKasaHus JBHKYUIMXCs uacoB). Ecam xe CKOpocTh v mepemeHHa,
TO Takoe TOJKOBaHWe BeawuMHbl (62.01) HesakonHo. Hesakonuoe npume-
enne gopmyasl (62.01) Kk YCKOpEHHOMY ABHXKEHHMIO H ABH/IOCH HeMocpen-
CTBEHHOH NPHUUMHON MPOTHBOpEUHs.

Yem e HymHO 3ameHuTh ¢opmyay (62.01) B cayuae yckopeHHOro
apmxeHua? [lpexae Bcero HywHO ACHO ceGe NPeACTaBUTb, YTO He CY-
mecrByer (opmy.sl, KoTopasd Ob 1aBaJa NOKA3dHMA 4YacOB NPH NPOUS -
BOJMLHOM YCKOPEHHOM HX JABHmeHMM. (BT0 00CTOATENLCTBO MOYTH BCerjia
ynyckaerTcsl M3 BHMAA MPH HU3/0KEHHH Mapajlokca uacoB). B kouue § 14
Mbl YK€ OTMEuaju, YTO HHKaKasi TeOpHsl He MOXET, He BXOIf B AeTa/u
yCTpPORCTBA YacoB, MpeacKasaTh, Kak 6yAyT ceOs BECTH 3TH 4aChl B yCJa0-
BUSX, KOTJa OHH NOABEPTalOTCH TOJIUKAM WM NPOU3BOILHOMY YCKOPEHHI).

MOxHO, ONHAKO, BBECTH TMNOTE3Y, YTO B TeX CJyuasdx, KOrAa yCKo-
peHue BBI3BAHO NOJEM TATOTEHMsS, MOKA3aHMS 4acoB NpU HX CBOGOAHOM
JIBMXEHMH B IOJle TATOTeHUs BHIPAmKAITCA (OpPMy/IOH

t
1 : =
=T Jl Vg00+2g0ixi+gikxtxk dt, (62.02)
J

T. €. MHTerpanoM, YC/JIOBHE MAKCHMYMd KOTODOTO M [aeT YpaBHeHus
cBoGOAHOrO ABM¥eHud. B moapay srtoft rumoressl roBopur TO coobpa-
eHHe, 4YTO I0Je TATOTEHHWS, M TOJLKO OHO O1HO, 00/1ajaer CHnoco6-
HOCTBLIO TMPOHMKATL EHYTPb 11000r0 Teda M AeHCTBOBATHL HA BCE €ro 4acTH
NPONOPUUOHAIBHO MX Macce.

Ecau BBecTM 3Ty TrHNOTe3y, TO BCAKAA BO3MOMKHOCTH MNapajnokca
cama cobow ormaaaer. B camoM naene, nokasaHus uacoB A moayuarcs
TOT A NyTeM BbiuMCIeHUs uHrerpana (62.02) Bnoabp TpaexkTOpuH 4acos A;
TaK K€ TOYHO MOKA3aHMA 4acOB B noayyarcsl NyTeM BbIUMC/IEHHS WHTE-
rpana Baoab Tpaekropun uacos B. O6a Bbuuc/IsieMbie MHTErpa/ia MHBA-
PUMAHTHB MO OTHOWIEHWI0 K /M00O# 3ameHe nepemeHHbX (M0OOMy HpeoG-
pa30BAaHHI0 KOOPAMHAT M BPEMEHM); MOJb30OBAHME € PASHBIMM CHCTEMaMH
orcuera (MHEPUMAILHOR M HeMHePUMA/JbHOH) PABHOCH/ILHO BBIYUC/IEHHIO
OHOrO M TOTO e HHTerpana B PasLblX MepeMeHHBIX. SICHO, UTO HecoB-
najeHue pesy/bTaTOB IPH STOM MOJHOCTHIO HMCKIIOYaeTCH.

3aMeruM, 4TO mNpH pa3bACHEHUH MapajoKca 4acoB Mbl (B OT/AMuMe
oT OOBIYHOTO PACCMOTPEHMs) HAMEPEHHO He MNOJb30BAJUCH , IPUHLKIOM
SKBUBA/JEHTHOCTH“: BBUJY NpPUGIMKEHHOTO XapaKrepa STOr0 NPUHUMNA
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NO/bL30BAHME MM MOTJIO Obl OCTABUTH COMHEHHE B TOM, MOJHOCTHLIO /M
YCTPAHAeTCd NapaloKC pacCyXAeHusAMd, KOTOpble HA 3STOT MNPUHLMDN
OMUPAIOTCA.

ITpousseseM Ttenepb, Ha OCHOBe CJeJAHHON THNOTe3bl, NPUOIMWKEH-
HOe BblYHC/eHMe MOKa3aHuit 4acos, MperepneBlinX yckopeHue. Mul Oynem
N0/b30BATHCH BRIpAweHUeM A1 ds? B HbIOTOHOBOM MpuOJMKeHUH, NMpPHUEM
OydeM BeCTH BBIUMC/IEHMS B MHEPUHAJALHOR CHCTEMe OTCuera, B KOTOPOH
uacet A HemoaBwkHu. CoraacHo ¢opmyae (51.07), Mb umeem

*

. [{1 _é(é m+u)} dat. (62.03)

.

0

[Tycre U, ectb noCTOAHHOEe 3HaueHve U B TOH TOuke, riae HAXOAATCH
yacel A. Ecau vace B B nepsuift pas npoxoadr muMo A B MoMeHT £ = 0,
a BTOopo#t pas (B 06paTHOM HanpaBieHUN) — B MOMeHT { = T, TO PasHOCTh
NOKa3aHuft uyacop A 3a 3TOT NPOMEKYTOK BPEMEHH paBHA

cA——*j War=(1—-2. (62.04)

3aecy yuTeHO BJAMAHME NOTEHLMA/JA TATOTEHUS HA X0 4acoB {cM, ¢op-
myay (561.14)]. Iua pasHoctu nokasaHuft uyacoB B 3a TOT e npoMe-
KYTOK BPeMeHH MOJYUMM BHIpaXKeHHUe

T
1/1
"= f {1— ’ﬁ(j"’q—{—U)} dt. (62.05)
0
CraenosarenbHo, uackl B OTCTAaHYT OT 4acoB A HA BelMuHHY
T
1 (/1
w—p= | (y o HU—U)a, (62.06)
;

Tle HHTerpaj B3AT BAOJb TPAeXTOpPHM uacoB B. 3ameruM, 4ro Ho 3a-
KOHY COXpaHeHHs 3IHEePruu

0 —U=5uv—U, (62.07)

rie U, €CThb 3Hauyenue CKOpocTH 4acos B B To# Touke, rae U =U,.
Cooruoutenne (62.07) nossoaser nucars opmyay (62.06) B pasnyuHbix
APYTHX BHAAX, HANPUMeD B Buie

T
h—n = f(‘? vg+2U—2U0) at. (62.08)

0
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OTHOCHTENBHO NOTEHUMAana U Mhl NPEANOIONKHUM, UYTO B PACCMATPHBAE-
MOH 06JaCTH OH HMeeT BUA

U=U, (mpu x < x,), }
U=Uy+gx,—x) @pn x> x).

ITyctes uacet A BCe BpeMd HAXOAATCA B Hauajle KOOPIAMHAT, a ABHXEHHE
yacoB B npoucxoaut no ocu x. KoopauHaru yacoB B Oyayr

(62.09)

x=uyt (npu ¢ < t), (62.10)
x= x40, (F—t)— 5 gE—H) (npn £, <t<1),  (62.11)
x=x—v,(t— 1) (npu > £). (62.12)

3nech £, U f,— BPeMeHAd TpPAMOTO W OO6PATHOTO NMPOXOMNAEHHs yacos B
yepes TOUKY X = X;. DTH BpeMeHa DaBHH
X1,

tlz_%’ tzzti

2‘(/0

=ttt (62.13)

rie
2‘(/0
4

NPOLOMKHUTEILHOCTE PAaBHOYCKOPEHHOrO JBMmieHuss. Bpemsa BosspauteHus
yacoB B B Touky x = 0 pasuo, corsnacHo (62.12),

T_t2+ﬁ_t —+¢,. (62.15)

{Ipn BBUMCAeHMM uHTerpaja yaoOHee moas30BaThcA dopmysol (62.08),

=

(62.14)

1
TAK KaK BEHUHHA — UJ B HeM MOCTOAHHA, A PasHOCTH 2U —2U, orayuna

OT HyJa ToAbkO B obaactd (¢, < ¢<f,), rae cnpasednuBa ¢opmyJa
(62.11). dnemeHrapHble BHIKAAAKM 40T, npd noMouwm (62.14):

vl 2
'tA——'tB:c—g(’Q-T—gt*)- (62.16)

Ecan Obl Mbl npuMeHsanu (He3akoHHbIM oOpasom) ¢opmyay (62.01), Mu
noayuuin Obl BhipaxeHue (62.16) 6e3 ugeHa ¢ £¥. DTOT ujneH AaeT INo-
NpaBKy Ha YycKkopeHHoe IBmKeHue. V3 dopmyam (62.16) caeayer, uro
ecau MPOJOJKUTENbHOCTh YCKOPEHHOTo ABmenus paBua 2/, T, TO Huka-
KOro OTCTaBaHud 4acoB B He monyuurcd, a npu #* — T nonyuyaercs
naxe onepexenue. He caeayer, Bnpouem, 3a6uBath, uto popmyaa (62.16)
He sBAsfeTC oOulelt, a BbiBeJeHA B AOBO/JBHO YACTHHIX NPeanoIOXeHHaX
OTHOCHUTE/ILHO XapaKrepa ABMXKEHHUA.

Briuucaenus npousseieHbl HAMH B PIHeleHaJ'IbHOﬁ cucreme OTCUeTa,
cBazaHHO# ¢ 4Yacamum A. [loBropfATb UX B KOOPAMHATHOH cuCTeMe, CBi-
3aHHOH ¢ uvacamu B, He uMeeT CMbICJI4, NOCKOTLKY TOrAa NPUULIOCH
Ob BBIUMC/STH T€ e CaMble MHTErPajbl, TOLKO BbIPAaXKeHHBIE uepes
Apyrue nepeMeHHele,



TJABA VI
3AKOH TATOTEHUS U 3AKOHbI JIBUKEHWSA

§ 63. YpasHenusn cBOGOXHOrO ABHXKEHHS MaTepHAJBLHONH TOUKH
H HX CBA3b C YDaBHEHHSAMH TATOTEHHSA

B npenabayuie#t riaBe Mb YXe MNO0/b30BAINCH MNPEANOJOKEHUEM, UYTO
B 3a]AHHOM NOJe TATOTEHUs MaTePHa/bHAsd TOUKA ABIXKETCA N0 reoje-
3u4eCKOH MHMH. DTO MPEANOJONKEeHHe He fABJAETCS, OJHAKO, HEe3aBHCHMOH
FUNOTE30H, HO MOXET PAacCMATPHBATBLCA, KaK C/leACTBHE U3 yPaBHEHHH
TATOTEHHUs, B COENMHEHMM C MPEINOJIOXKEeHHeM O BHIAE TeH30pPa MACChl.
YpaBHeHusi TATOTEHWs MCMOJB3YIOTCA MPY  STOM MWL  MOCTOJBKY,
NOCKOJIbKY M3 HUX BBITEKAIOT COOTHOILEHUs

vV, T* =0, (63.01)

BLIPAXKAIOUIME PaBEHCTBO HYJI0 PACXOAMMOCTH TEH30PA MACCHI. Y PaBHEHHUs
JABMKEHUs] MATEPHATLHOR TOUKH NOJAYUAIOTCA, MyTeM Mpele/bHOro nepexona
K CJyyald COCpPeAOTOUeHHOR MACCH, M3 ypaBHEHMH ABIKEHHUS CMJIOILHON
cpeant. Tlpyu 3TOM TEH30p MACCH MPHHMMAETCS PABHBIM

™ = % o'utu’, (63.02)

rane, kak u B § 48, % ecrb MHBAPMAHTHAA IVIOTHOCTH MACCHI,
a 4¥— YeThHIPEXMEPHAA CKOPOCTb. ITH BE/HUMHBL CBA3AHBl yPABHEHHEM
HepPa3pHBHOCTH

v, 0*u") =0. (63.03)

Mu zanum 3aechb A5 ypaBHeHUN ABMXXEHUA MaTEPHAJLHOR TOUKM ABa
BLIBOJAA: OAMH U3 HUX OCHOBAH HA BApHMAUMOHHOM Hayaje, a apyro# —
Ha HeNnoCcpPeACTBEHHOM HCHONb30BaHMM YypasHenu#t (63.01).

B § 47 Mb ycraHoBuiu (OpMYJay, COMMACHO KOTOPOH Bapuauus uH-
terpana aeHcTBUS

S= f Y = g(dx) (63.04)
pasHa

2 etV T gxy=— f @V ) Y —gdx),  (63.05)



§ 63]  YPABUEHHAL CBOROJHOTO JIBIXKEHWUSL MATEPHAMLHON TOUKH 289

riae & ——BeKTOp GeCKOHeYHO Manoro cMeuleHus. [Popuyaa (63.04) oruu-
qaetca ot (47.46) ToaLko 06o3HAUCHUEM 0% /19 HHBAPUAHTHOY TIOTHOCTH].
C Apyro#t CTOPOHBI, eC/AH 'TOT K€ HHTerpan JieHcTsus BapbMpPOBATL MO
BeJUUMHAM g, TO MOAYUHTCH, COTJIACHO (48.03),

P 1 PERTIERTY I
3, JT 2V —g (dx) :—2—le uu ogy,_,]/—g(dx). (63.06)

CoraacHo obiuett ¢dopmy.ae (48.22), 310 cOOTHOUlEHHE MOKA3LIBAET, HTO
uirerpan  aefcreua (63.04) AeHCTBUTENBHO COOTBETCTBYET TEH30OpPY
Macchl (63.02).

B unterpane neficrsus (63.04) Mbl MOXEM NPOM3BECTH Ilpene/nHhIN
Nepexon, MPeAno/I0NKHB, YTO MHBAPHAHTHAA MJIOTHOCTDL %" OTJMUHA OT HyJs
TOJABKO B OKPECTHOCTSX OJHOHW MPOCTPAHCTBEHHON TOUKW, MPUUEM MHTEr-
pan OT FNOTHOCTH, B3ATBHIT MO O0BEMY, OKPYXKAIOUIEMY 3TY TOUKY, MieeT
KOHeuHoe 3HaueHHe.

Ypaenenue HepaspniHocTH (63.03) Moxer OHITH HanMCaHO B Buje

0 T
b}:(]/—gp u) = 0. (63.07)

Vauoxas na dx,dx,dx,, W4TeTPHpya MO yKasaiuHoMy 00DBeMY M NOJb-
3yach TeM, YTO Ha ero TIPaHUIAX BEJMYMHA " PaBHA HYII, MOJY'MM
oTCloJIa

i [ 'V —gdx; dx,dx, =0 (63.08)

(s LArASAHOCTH MLI TMULIEM f BMECTO X5). CuejioBare/1bHO, 3HaueHue
uHTErpaJa

f 0wV —gdx, dx,dx, = me (63.09)

ecTb NMOCTOfIHHAdA, OT BpeMeHM ke 3apucsuiad. Ho BeiwumHa o* orimuna
OT HyJsl TOJBKO B OKPECTHOCTAX OJHOH ToukH. IlosroMmy mHOMuTeas u¢
npu HeMl Mbl MOXEM BBIHECTM 33 3HAK HHTErpaja C ero 3HauyeHHeM
B 3TOM TOUKe, DTO 3HAUEHWE PABHO

g0 4t ¢
45V gog 2805 + ginXixn

rae x; eCTb KOOPIAMHATA MATEPHAJbHOH TOUKM M X;— MPOMBBOIHAS OT
Hee 1o BpeMeHH. [10/B3YACH STHM 3Hauenues 4P, no.ayuyaem

, (63.10)

f "J*V——g’rdxidxﬁdx?‘—*ngoo—*"ng-’-Cz‘{”gik-’-Ci-’ékA (63.11)

Wurerpan aelicreus S NOTyuaeTcs OTCIONA VMHOXeHHeM Ha c?df u
VHTErpUpOBAaHHEM MO BpemeHH. TaKuM 00pas3oM,

t
S = me? fVgoo_{"QgOi-’.Ci_{"gik-’.Cﬂékdt:mC?fd':' (63.12)

1(0)

19 3ak, 485. B. A. dox



290 3AKOH TATOTEHUS W BAKOHbLI ABHXKEHMSA [ra. vi

Ho 3T0 BBIPAXEHHUE TOJBKO MHOIKHUTE/JEM OT/IHYAETCS OT PacCMOTPEHHOro
B § 38 wuHrerpana, BApMauMs KOTOPOrO 1aeT YPABHEHHS TreOAe3MyecKOH
auHuH. Takum 06pasoM, BapHALMOHHOE HAYajo

8§ =10 (63.13)

NPUBOANT K YPABHEHHAM [BIDKEHHs CBOGOJHOM MATePHaJbHOH TOUKH,
COBNAJAIOUWIUM ¢ YPABHEHUAMH Ie0/]e3UUeCKOH JIHMHUM,

BrieseM 9THM ypaBHeHHs APYTHM NyTeM, MCXOAS M3 PABEHCTBA HY./IO

PAacXOAUMOCTH TEH30Pa MAaCCHI.
dopmyaa (63.01) moxer Onrh MOAPOOHee HAMMCAHA B BHAE

2 (V=) +5 V=g ")+ V—=grur¥=0. (63.19)

YmHO¥as ee Ha dx, dx,dx, v uHTErpupya no oGbeMy, Ha rpaHulax

koroporo Tensop T* wucuesaer, GyleM uMETH

Edt_ {' V—g T”dx, dx,dx,~+ J‘ V—gluT%dx, dx,dx;=0. (63.15)

Ciona Mbl MOXeEM MOACTABUTH Buipawenus (63.02) aaa cocraBasowux
TeH3opa maccel. [lpeariayuiad gopMyia Mo yMHOXEHHM Ha ¢ npuMeT BUA

57 f p*ulur Y —gdx, dx,dx,+
-+ f I‘ng*u“u‘n’ V:g dxydx,dx; =

0. (63.16)

Wurerpaisl 3aech MOTYT OHITH BEIMMCJEHBI NP MOMOLWM TOrO e NpHema,
kak ¥ uHrerpat (63.11). Mu umeem, BcaencrBue (63.09),

f vuw Y — gdx, dx,dx, = mew, (63.17)

I3 - Mmec v  «a
Jl Do'u’a®V — gdx, dx,dx, = 5 T u®, (63.18)
rj€e BCe BeJMUMHLI B3ATH B TOUKE, B KOTOPO# HAXOAMTCA YacTHuA. 3aMeHss df

me
Ha 4%dx ¥ cokpawas HAa OOWMH MHOMHTENb — , MOAyuuM u3 (63.16)

ul’
———}—I‘agu =0 (63.19)
WY
d?x I dx, de dx, ]
— M e =0 o = (63.20)

I10 — aBHas (oOpMA YpaBHEHMH reOAe3MYEeCKOH aMHMHM. Mb elle pas
yGeuauch, 410 YPABHEHHA CBOGOAHOrO JBHXEHUS MATEPUAIbHOH TOUKH
COBNANAIOT C YPABHEHHAMH reoje3udeckofl nMHuM, Haur BEIBOA NOKA3BIBAET,
yTro 3TH ypaBHeHHa MOryT ObTb MNOJAYYEHBl HEMOCPEACTBEHHO M3
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pasencrsa V, 7%’ = 0 nyreM MHTErpHpOBAaHHsA NO OGBEMY M MOC/EYIOUero
nepexoaa K €Jyyald COCPeiOTOYEHHOH MAacChl.
3aMeTHM, YTO €C/H B3ATh 324 HE3ABMCHMYIO NEPEMEHHYIO He COGCTBeH-

HOe BpeMs T, a NPOCTO BpeMs £=— X, M €CJH YMHOXHTb Npe]blAyLIHE

ypaBHEHMS Ha (—E) , TO OHH HAMUIIYTCA:

dx, _dx, "‘ix_“‘iﬁ_}_lﬂ ax, dxg
ar dat 4t ar BdF dt
YpaBHeHHe, COOTBeTCTByIOUJ,ee 3HAUEHHUIG V:O, l'IpPIBOllPITCﬂ K TOXAE-

=0. (63.21)

CTBY.
Crosiittasg B JeBO# 4aCTH YpPABHEHMH NBMKEHHS BEJIHUHUHA
du’ w o u B
w’ = 72::—{— Rl U (6322)

npe/craBaser, coraacHo (46.26), KOHTpaBAPUAHTHHIK BEKTOP YCKOPEHHs
YACTHILB.

BRISICHAM, O KAaKOM YCKODEHHMH 31eChb HIEeT peub. [IpM OTCYTCTBHH
noJA TArOTEHWs BeJMUMHA W’ NMPeACTaBaaia OOBIUHOE YCKOpEHHe: B rafu-
JeeBLIX KOOPAMHATAX MNPOCTPAHCTBEHHble KOMIOHEHTH 3TOT0 BEKTOpPA
nepexoAH/H, B HEePeATUBHCTCKOM NPUOAMKEHHH, BO BTOpble NMPOH3BOAHKIE
OT 1eKdPTOBBLIX KOOPAMHAT uacTHUB MO BpeMeHH. [lpu Hamuuuu noas
taroreduss 370 OyaeT yxe He Tak. YToOBl BBISACHHTH, BO YTO MePeXO AT
B 3TOM CJ/y4ae BeJMUMHB W’ B HEPEJATHBHUCTCKOM NMPHOIMIKEHHH, MOXHO
BLIUMCANTL NMPUOMMKEHHBIE 3HAueHHs cko6ok Kpucroddens s, BeTeKaio-
mye ¥3 HaiaeHHHX B § 55 sHaueHm# (yuHaameHTassHOro rensopa. Coor-
BETCTBYIOLIME BEIUMC/EHUs yA0OHee OTIOXUTH A0 § 65, a 31ech MH npHBe-
JeM TOTOBbie peayaprarthl. Jlas BeauuuH I3 € HYJEBHIM BEPXHHM
3HAUKOM MOJIYYAKTCH 3HaueHuUs

Mh=—% Th=—g5e (63.23)
TOrAa KaK ocTanbHbie 6yAyT Maasl. s BeanunH I'zs ¢ NPOCTPaHCTBEHHBIM
BEPXHHM 3HAUKOM HanGo/ee BaXHbIMH OyAyT
i ou
Too=— ;"
Janee, HAM HYXHO HMMETb NPMO/MXEHHBIE BBIPAMEHHA A/ UeTHPexMep-
Ho#t ckopoctu. OG6osHayas uepes

(63.24)

v, =24 (63.25)
OGEIKHOBEHHYIO CKOPOCTb, Mbl MOXEM NPUO/IIKEHHO MONOKHUTH
AdXy
dt 1 /1 ,

19*
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INoscTaHoBKA 3THX BhipaxeHu#t B popmyay (53.22) naer

wi Nd?)i oU

= (63.28)
1 dvy, oU
‘“’OEE%(E’*—?}TR) (63.29)

(cyMmupoBaHue mo B or 1 10 3 3zech noapasymeBaercs).

W3 stux ¢(opMys BHAHO, UTO NPOCTPAHCTBEHHhIE KOMIOHEHTHl BeK-
TOpa W’ MNpP2ACTaBJAOT YCKOPEHHE YaCTHUB 3@ Bb4eMOM YCKOPEHUS
Cusbl madcecmu, 4 Hy/n18Bas KOMINOHEHTA NMPONOPUHMOHAIBHA NP OH3BOANMOHR
B €JMHULY BpeMEHH Hajl 4acTHue# paboTe BceX CHJ 34 Buuemom CUAbL
mascecmu.

Takum 0o06pasoM, NMPH HAJHMUMK NOJS TArOTEHUS UEThIPEXMEPHbI# BeK-
TOP YCKOPEHHs W’ COOTBETCTBYET YCKODEHMIO 34 BBIUETOM YCKOPEHHUs
CHJIBI TSKeCTH. TTOHATHO MOSTOMY, YTO NMPH CBOGOLHOM ABHKEHHM YACTHIH
B MNOJ€ CHJBl TAXKECTH 3TOT BEKTOP paBE€H HYJIO.

§ €4. O6mas nocraHoBka Pafaud O ABHIKEHHH CHCTEMB Macc

C6rag xapakTepucTHKA MATepecyloulet Hac 3alaun Oblaad yxe daHa
8 § 54, Mu paccmarpuBaeM 342Ch 32134y 4CTPOHOMHMYECKOro THmna, T. €.
3allayy O /ABMXKeHMM HeO=2CHBIX Teal B CBOGOAHOM npocTpaHcree. Kak
M3BECTHO M3 4CTPOHOMHYeCKMX HAO/IOAEHHHA, B MHPOBOM NPOCTPAHCTBE
Macca pacnpejeneHa JajJeKo He DPAaBHOMEPHO: MNOJAaBaALIAA €€ 4acTh
CKOHUEHTPUPOBAHA B BUIAE OTIAEJbHBIX Hebe CHBIX TE€J, HAXOAsIUXCA Ha
60/IbIMX PacCTOsHHUAX Apyr ot Apyra. CoobpasHo stomy, Mbl GyneM cuu-
TaTh, YTO KOMIIOHEHTLI Te€H30pa MAaCChl PaBHBI HYJIO BO BCEM MNPOCTPAH-
CTBE, KDOME HEKOTODHIX OTIEJbHbIX OGJacTeft, pasmMepsl KOTOPHIX MaJani
MO CNABHEHHI0 ¢ HX PacCTOAHWAMM; Kawaas Ttakas 0044acTh COOTBET-
CTBY>T HeG2CHOMY Teny.

BHyTpu Ka)kaOro Tesna TEH30P MAacce JOMKeH, BO-NEPBHIX, COOTBET-
CTBOBATH MNPHHATOHN (pldsuquKoﬁ MOJea¥ 3TOro Teqaa (ras, MHIAKOCTH,
yIipyroe Tel0 H T. I.) H, BO-BTOPHIX, [O/DKEH YIOBJIETBOPATL YCJIOBHIO

v,T" =0, (64.01)

BLIDAXAIOIIEMY PABEHCTBO Hy/0 ero pacxoaumoctd. CoorBercTaue ¢usu-
YyeCKOH MOJe/1H 03HAYAEeT, YTO KOMMOHEHTH TEH30PA MACChl OMpe e/ e HHBIM
06pa3oM BLIPAKAKOTCA UYePe3 (PYHKUHUM COCTOAHMA (UBHUECKOH CHCTEMBI,
ofpasyiouleft 1aHHOE TeJNO [MJIOTHOCTh, CKOPOCTH, AAaBJIEHHE M Apyrue
Be/MUMHBI, CM., Hanpumep, (55.02)].

Kpome ¢pusHueCKHX CBOWCTB NAHHOTO Te/d, B/ TEH30PA MACCHI, Kak
W BCAKOrO TeH3opa, Oyaer saBuceTh Takke OT MeTPHKH. [IoMHMO ¢yHk-
1LM# COCTOAHUA B COGCTBEHHOM CMEIC/IE, KOMIOHEHTBI T€H30Pa Macch Gyay1
N03TOMY COAEPXATh Takke (PYHIAMEHTAaJbHBI TE€H30p. PyHAameHTaNbHBIH
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TEH3Op ¥ ero NpPOM3BOJHLIE BXOIAT Takxke B Bepaweuue (64.01) ang
PacXOAMMOCTH.

TaxuM 06pasom, AJd TOTO YTOOLI HAMHCATH TEH30P MACCHI, YXe HYXKHO
3HaTe Merpuky. Ho Merpuka ompenensercd M3 ypaBHeHu#t DiiHmite#Ha,
B MpaBo# YacTH KOTOPHIX CTOMT TeH30p Maccel, OTCI0AA ACHO, YTO ompe-
Ae/IeHHe TeH30pa Macchl H PyHIAMEHTANBHOIO TEH30pPa MOMET OLITb MPOU3-
BENEHO TOJMbKO COBMECTHO.

CpaBHuM paccMaTpHBaeMyl0 3lecCh 3a8ayy C TeMM, KaKHe BCTPedarnTcs
B Teopuu TaroreHus HeioroHa. TaM 0ObIYHO 3a7a4ya CTABUTCA TaK, uToO
MJIOTHOCTb MACC MpeamoJaraercsd HW3BeCTHOH, a no Hed omnpeje.sercs
noreHuyan taroreHus. HO B HbIOTOHOBOH TeopuM ecTb M Apyrue, Go.iee
CJIOM(HbIE 3a]aud, B KOTOPHIX MOTEHUHAJ AOJKeH ONPEAeAThCA OJHOBpE-
MEHHO C IJIOTHOCThIO. TAKOBAa, HAaNpuUMep, 3HAMEHWTAad 3a]aya O ¢Hrypax
paBHOBecHd BpaulaOUleRCs KHIKOCTH — 3anaya, KOTOPOH 3aHHMAJHCH
y Hac JlanyHos, a 3a rpanuue#t JxuHc ¥ [lyankape, ¥ CTpOroe peiueHue
KOTOPO#t 6b1I0 1aHO JIAMYHOBHIM B ero NocMepTHOM MeMyape| 2L 22], 3anumato-
uas Hac 3ajaya SHHITeRAHOBON TeOpHH HAaNOMHMHAaeT MO CBOEMY XapaKTepy
3anauy JlanyHoBa, TOJBKO BMECTO ABYX CKa/ASpPHEIX Be/JHUYHH (HBIOTOHOBA
NOTeHIHala Y IUIOTHOCTH) ONpejeleHUI0 Tenepb, MOAJNexaT Ba Tedsopa:
(yHAAMEHTAJbHBIL TEH30P M TeH30p Maccu. Kpome TOro, B Hawewm ciy-
yae peub MAET HE O PABHOBECHH, 4 O ABWXEHWH. 3aMeTHM, YTO OCHOBHOE
ypaBHeHHe 3anauu JlanyHoBa BcTperuTcs M y Hac (§ 73).

Hawa sanauya o6.eryaercsi, npexnae BCero, TeM, YTO METPHKA BCIOLY
MaJO OTJHYAeTCd OT €BKJAWJ0BOH; O MajOCTH OTKTOHEHWH nasT HAplACTa-
Baenve rabiMuka, npuBedeHHas B § 58, JlpyruM ynpouiaio uuM o6cTOSA-
Te/1bCTBOM SIBJISIETCS TO, YTO HA CKOJABKO-HHOYAbL 3HAUMTEIBHOM PacCTOsA-
HUM OT KaXA0ro Teaa MeTPUKA 3aBUCHMT He OT JAerajel ero BHYTpeHHeH
CTPYKTY[H, a OT HEKOTOPLIX €ro CYMMapHbIX XapaKTepPHCTHK. TaK)IBLIMH
ABAAIOTCA: MOJHAs Macca AaHHOrO Tesa, ero MOMEHTH MHEDUHH, MNOJOXKE-
HHE M CKOPOCTb €ro ueiTpa TsxecTH u apyrue. OT 3THX BeJHUM.I 3a3H-
CHT M HBKOTOHOB MNOTEHILYaJa TeJa.

Ilia pewenus ypapHeHuit JHHumTeftHA Mbl OyneM MOJL30BATLCA MDU-
O/MKEHHBIM MeTOnOM, KOTOPBHIf mNp:ICTaB/ideT pasBuTHe Ci0c00a BBIUM-
CieHHHt, npuMeHeHHoro B § 55. IDror cnocol OCJIOBAH HA PAa3I0KEHUH
BCEX HCKOMBIX (YHKUMH N0 OOpaTHBIM CTENeHsM CK)IPOCTH cBera. Takomy
(OpMaNLHOMY DPAa3/OXKEHHI0 COOTBETCTByeT (PAKIMUECKH pasioKeHHe Mo
CTeNeHsAM HEKOTOPLIX 0e3pasMepHbIX BeaHUMH. TaKOBLIMH fIBAAIOTCA BE.IH-
unabl U/c? u v¥jc?, rne U — Hbl0TOHOB moTeHuMan, a v? — KBanpar Heko-
TOPOH CKOPOCTH (CKOPOCTH OAHOro M3 Tea). Ilag CHCTeM, K KOTOPHM
npuMEHHMa TeopeMa BMPHAJaa, o6e 3TH BeuuuHbl (U u v”) 6yayr oaHOro
NOpA1Ka, CK1KeM, NOPi°K1 ¢°, rie g -— eK)HTODHit mnapamer), uMerr ui
pasMepdocrb CK>)ocru (30M. 1aJI3IMTPOM Mol yike mo b3 B1HCH B §§ 55
¥ 58). B kauecrBe 6:3)a3M€JHIr0 MNapameTpa, MO KOTOPOMY Beercs
pa310XeHne, MOXHO TOrAa B3 ITb BeNMUMHY ¢3/c2,

’2 a7 BO/N4030€ YPaBHE.ue NyTeM BBelLeHHA MOMPABOK HA 3aMasibl-
BdAHHWE, MB TEM CAaMbiM npeanoJaraeM, 4ro pasMepbl CHCTEMbI MaJbl IO
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CPaBHEHUI0 ¢ AJMHOM H3iyyaeMblX BOJH (B AaHHOM CJy4ae, rpaBHTaLMOH-
HBIX), DTO MNpeanoao¥eHUe He ABIAETCH HE3aBHCHMBIM OT MNPEABIAYLIHX.
B camoM nene, 06o3HauMB uepe3 ® YIIOBYKD 4YacTOTY OGpallleHHd maa-
HeTl M ueped R paauyc ee OpPOMTHI, Mbi MOXEM HANHMCATbL YCJIOBHE
MaJOCTH pa3MepoB CHCTeMbl B BHAEe R <€ ¢/, TaK KAK ¢/w €CTb Ae/eH-
Has Ha 2w AavHa rpaBUTauUOHHOM BOJHBI, C pyro#t CTOPOHH, yClOBUE
MaJIOCTH CKOPOCTM M/IAHEThl U — R@ MO CPABHEHHIO CO CKOPOCTHIO CBETA
Hanvuiercs B BHAe Rw<€ ¢, a 3T0 HepPaBEHCTBO COBMAAAeT C MNPelbl-
LY LIMM,

Kak Mu yxe ormeuaiu B KoHue § 54, HaC HHTepecylOT ,KBasu-CTa-
LMOHAPHHE® COCTOAHHMS TI'PABHTALMOHHOrO MOJ4, T. €. TaKHe, KOTOpble
YCTAHABHBAKOTCA NMOCJe MHOrMx obpauieHufl niaaHer. PerieHHs BOJHOBOro
ypaBHeHud, MOJyyaeMble NyTEM BBeleHMs [MONPABOK Ha 3amasibBalMe,
YCJOBHIO KBA3H-CTAUMOHAPHOCTH YIOBJAETBOPAIOT.

Mpl yxe ynomMMHasu o TOM, u4TO B OO/JBLWIMHCTBE ACTPOHOMHUECKHX
3ana4 pacCTOAHUA Mex1y HeGeCHBIMM TeslaMM BeCbMa Be/lHKH MO CpaBHe-
HHIO C MX JMHeHHBIMM pasmepamu. Ecanm R ecTb 11MHA, XapaKTepHaylo-
uas NOopAAOK BEJWUYHMHLI pPAacCTodHui, a L-— piaMHa, Xapakrepusylouias
JHHe#Hble pasMephbl Tesa, TO HMeeT MeCTO HepPaBeHCTBO

L<R. (64.02)

Vlcno/ib3aoBaHHe 3TOrO HepaBEHCTBA BHOCHMT 3HAUMTE/bHBIC YIPOLLEHHS
B BBIUMC/IEHHE MNOTeHlUHAa/ad TArOTeHMs, a TAKXKE (YyHIAMEHTA/JbHOrO TeH-
30pa, BHE MAcCC: KaK MHB Y€ IOBOPM/IM, STH Be/HuMHB He OYyAyT TOrAa
3aBuceTb OT Jerane BHyTpeHHeft CTpyKryps Ted. [TosTomy MH OyieM
N0/L30BaThCA TaKie M HepaBeHCTBOM (64.02), XOTs OHO fABJAeTCA Menee
CYLIECTBEHHBIM, 4eM HepaBeHcTBA U <& ¢? u U <€ ¢?, Ha KOTOPHX OCHO-
BAH HAW METOJA pPelieHMA ypaBHeHul DHHITelHA.

3aMeTuM, YTO HA MOBEPXHOCTH M BHYTDH Tesa, T'e NMOTeHLHAsa TAro-
TeHud HaubonbluMi, Gyaer, MO MOPAAKY BeTMUHMHBLI,

Ulc? == a/l, (64.03)

r/e o — rPaBUTALMOHHBIA paauyc tesa (cM. Tabuauuxy B § 58). Tosromy
06a MCNO/Ab3yeMbiX HePaBEHCTBA MOKHO 3amMMCaTh B BHAE

e LR, (64.04)

Hawa 3anaua cocrtour B onpeaeneHHd (YHIaMEHTAJbHOTO TeH30pa
¥ TeH30pa MacChl. 3HAaA KOMNOHEHTH TeH30Pa MACCHl B PYHKIHMH KOOPAUHAT
M BpeMEHM, MB TeM caMbiM Gy/JeM 3HAThb M [BIXKEHHE MAacChl, TaK KaK
Macchl 3aHUMAIOT 06.J1aCTH, B KOTOPBIX TEH30P MacChl OTJHUIEH OT HyJ.
CyllleCTBEHHO OTMETHTb, YTO JBHXXEHHE STHX 06nacTe#t He MOXeT ObiTh
NpeANUCAHO Hameped; 3aKOH JABHXKEHHs BHITEKAET H3 CAMHX YypaBHeHUH
TATOTEHUA.

B peayabrare penieHMs Hailef 3aaud MBI, BO-NMepPBbIX, [OJAYYHM
NS TeH30opa Macchl M /LIS (yHIaMeHTAJILHOr0 TeH30pa NPHGIKellHLIe
Bbipaxelius, KoTopble OYAyT COAepKAaThb HEKOTOPHE HeU3BeCTIible (YHK-
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uMH. BO-BTOpPBIX, Mbl MOJYUMM AN S3THX HEH3BECTHBIX (PYHKUME ypapie-
HHUA, KOTOPHE MO3BOJAIT HX ONpEeAeNHTh U3 HAYa/lbHbIX YCIOBH# (ypas-
HEHUS [ABYKEHHS).

Bei6op ynoMsHyTBIX 34eCh HEM3BeCTHBIX (YHKUMH NOACKA3KBAaeTCS
XONOM pellieHns 3ajauu. EcrecTBeHHHIM 0Opa30OM BXOAAT B pellieHHe Te
BE/IHUHHB, KOTOPble NPUMEHSIOTCS YK€ B HbIOTOHOBOR MeXaHitke. TakoBhl,
HAMp¥Mep, KOOPAMHATH LEHTPA THOKECTH KawAOro M3 Tea, ero MoJHas
Macca, MOMEHT KOJMUeCTBa JABMXKEHWsA, MOMEHTHl MHEPIMH H ADyrue HHTer-
pajbHbBiE XapaKTEPUCTHKM TeJa.

Jl1g BceX 3TUX BEJHUMH NOJAYYAKOTCA YPABHEHHS ABHXEHHd, KOTOpble
B NEPBOM NPHGIIKEHUH COBNAAAT € HBIOTOHOBBIMH, a B CJIeAyIOLIEM
NPUOIIKEHUH  OTJMYAIOTCA OT HBIOTOHOBBIX MaJ/bIMM NONpaBKamu. [l
HAC MPeACTAaBAAIOT HHTepeC KaK 3TH MONPABKM, TAaK M BLIPAXEHHS s
(GYHAAMEHTAIBHOrO TEH30pa ¥ AJs APYTHMX Be/JHUYHH 3HHIUTeHHOBCKOH Teo-
PYH Yepe3 HLIOTOHOBL! Bes I'MHBI.

§ 65. PacxogumocThs TeH20pa MacchHl BO BTOpOM NpuGIHKeHHH

3anauy COBMECTHOrO OMpele’eHUs TeH30Pa MAacChl M (yHiaMeHTalb-
HOro TeH3opa Mbl GyleM pellaTh MOC/eAOBATE/bHBIMH 3TAaNaMHU, MCXO0.Id
u3 paccyxaenuft § 55. HanomHuM x0a sTHXx paccyxaenu#t. B ucxoanom
npu6MmKeHHH MeTPHKAa NPHHHMAJlach eBK/AMAOBOH, 4TO COOTBETCTBYET
NOJHOMY NpeHeOpexeHHI0 CHAAMH TATOTeHUs. B 3TOM NpUGAMKEHUH MOXHO
ObI0 Hamepej YKasaThb .Miib KOMMOHeHTH 790 u T® Tenaopa macchl.
CornacHo ¢opmyae (55.03), B raamieesblx KOOPIUHATAX 3TH KOMIOHEHTHI
pasHbt

TUO —— EIZ_P ; T(Ei — Eli'prvé’ (65.01)

rae 5 — nJIoTHOCTh M U, —— CKOPOCTH BelUleCTBa B AAHHOH TOuKe, mpuueM
i ¢

()’) v g (p‘()i)
o Z 55 =0, (65.02)

[TpocrpaicrBennbie komnotienTl (7%) B 3TOM NPUG IMKEUMM lie Ompeje-
J4/IUCh; MNPeAnoNaranock TOABKO, YTO HUX MNOPANOK BEJIHUHUHBI TAaKOi Ke,
KaK B OTCYTCTBHH CHJ TATOTEHHS.

DTUX NPEANONOKEHH OTHOCHTENLHO TEH30Pd MACChl OKa3a/10Ch AOCTA-
TOUHO, uYTOOH OMNpeAeUTh MeTPUKy B mepBoM npuGamienuu. CornacHo
dopmyaam (55.31), mul umeeM

gor == ¢*—2U, |
1
20N
S (1 'i"c":) it
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rie U — HBIOTOHOB MOTEHUMA] TATOTEHHs, YAOBJETBOPSAIOUIME YPaBHEHUIO

AU = — 4=y, (65.04)
a U;— BeKTOp-noTeHI a1 TArOTEeHHUs, YAOBICTBOPSIOWMS YPABHEHHIO
AU; = — 4nypv,. (65.05)

CllefyeT MOMHHTH, uyro noteHuuanasl U wu U; CBA3AHBI C MJIOTHOCTHIO
MAacChl p M MOTOKA MACChl pU; He-JOKaJAbHbIM O0PA30M: 3HAYEHHA MOTEH-
LHaNOB BHYTPH JaHHOrO Tejla 3aBUCAT OT pacnpejfeneHHs NAOTHOCTH BO
BCEM MPOCTPAHCTBE, a4 He TOJBKO BHYTPHM TOrO e Tend.

B § 55 npuseneHsl Takxke GOPMYab AJ9 KOHTPaBAPHAHTHBLIX KOMIO-
HEHT (YHAAMEHTaJbHOrO TEH30Pa, a MMEHHO:

e=s(l+%) |

g% = %Up (65.06)
- 20\
g = ““(1 — ??) 051
ITpu srtowm, coruaacuo (55.37),
Vog=ct+ (65.07)

3uaHHe MEeTPHKH B TOM NPHUGIMKEHMH, KAKOe JAeTCA MPeAbILYIUMHI
(opmysamu, MosBOAfAeT CAeaaTh CJAeAYIOLMA 1Har B MOCTPOEHUM TeH30pa
MacChl. 119 3TOro Mbel AO/KHBI mpeswide Bcero 6o/ee TOUHO HAMHCATh
BhlpaX{eHHe A/ €ro PacxojMMOCTH, 4TO M OyAer 3ajaye#t 3TOro mnapa-
rpaga.

Cornacuo dopmyae (41.24), obuiee BBIpaXeHHe 179 PACXOAUMOCTH
CHUMMETPHUUYHOTO TEH30Pa HMeeT BHA

0.9 orY Vi 3 O] .
VI = S Ty T (65.08)

rje Juid KparkoCTH MOJ0XeHO
0 — ) m

[Topsaaok BeaHuMHB COCTABJAIOLMX TEH30Pa MACCH, BO BCAKOM cCayuae,
npaguabHO Aaerca Gopmynamu (55.02). Mbi 6yaeM HMeTh
4 i o . 6o
r=0(%5); Tr=0(5q); TH=0(Le), (65.10)
rae g ecTh yXe MNPUMeHsABUIMHCS HaMM napaMelp, XapakTepusyoluMi
NOPSAAOK BeJMUMHBI CKOPOCTH.

PaccMoTpuM HYJIEBYIO KOMIIOHEHTY PACXOAMMOCTH TeHzopa maccel. Oua
naerca BoipaxcenueMm (65.08) npu p = 0. B ucxonuom npubmmnxenun Mol
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npeHeGpErany 3aech BCEMM YMeHAMM, KPOMe NPOM3BOAHHIX., HTOOB che-
1aTh CAEAYIOUWMH WAr, Mpl JAOMKHE 3HATH BeAMuMHB I'23 M y, ¢ TOu-
HOCTBIO 0 uleHOB mopsaxa 1/c? BkaounTe.blo. YTO KacaeTcss mpocTpaH-
CTBEHHBIX KOMMOHEHT pPAacXOAMMOCTH, TO B HUCXOAHOM NPUOGIMNKEHUH MBI
uMy npeHeOperaan Bosce. YToOnl yuecTb UX XOT Obl B HEPBOM NpPHO/IH-
KEHHH, Mbl AO/KHB Teneps HA#TH B I3 FAaBHBIM 4ieH, He COAepxaliuh
G 0 i
MHOXHTeAs 1/¢?. [laa onpenenerus y,, U'ys u I'ys ¢ YKa3aHHOH TOYHOCTBIO
AOCTATOYHO MNpuOAMKeHus, AaBaeMoro Qopmyaamu (65.03)—(65.07).
Ua dopmya (65.07) u (65.09) noayuaem Ges Tpyaa

20U . 2 U
=gy ViTa@os (65.11)

Bouucasa, aanee, ckob6ku Kpucrodgenas no uaBecTHbIM (popMyaam

It = T, (0012
rjie

1<0gw, \ 0g43 Ogy3>

1‘\:, a3 — —2—- 0)(3 T ox, —_ ox, (6513)

Jerxo y62xaaeMcs, uTo B nocaeiHe# GopMyie, B jJanHOM npubamieHuy,
BCEMM LUIEHAMH, COJNEPXALMMH MHOXHTeqb 1/c®, MOXHO mnpeHeGpeun,
1noc¢.e 1yero OCTAaHeTCs

ou ou

To0=—"%35 Loo=—"55> (65.14)
a raioxe
oU
Vi 0= o (65.15)
Otrciona aus I3 uoayuaem:
. 10U 9 1 oU . .
]gn:—'cfz—ét“; ]'“L':_EB}“L-’ (65.16)

0
Tor/la Kak BeauuuHwl 1Y, OyayT OoJjee BHICOKOrO NOPsAAKA MaJoCTH, a
MMEHHO

I = (%4) (65.17)

Vs ckoGox Kpucroddens ¢ npocTPaHCTBEHHBIM BEPXHHM 3HAUKOM I/14B-
ublMy Oy ayT

ho=—92. (65.18)

Y10 KacaeTcs OCTalbHBIX, TO ONM OYAYT MAJALIMH BEJHUMHAMH, 3 HMEHHO
i 1Y, pi )
Pox = O (c—z), ' =0 (E) (65.19)

Hatiaennoie 3sHaveHus ckoOok Kpucropdeasi nospoasoT Ham HANHCAThb
BHPAXEIHe JiJIf PACXOMAIIMOCTH TEH30pa Maccul.
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dopmyay (65.08) aas w — 0 MOxHO HamucaTb noApoGHee B Bule
vy 0TW 0T
V" = T T30 T
+ @I+ y) T"+ TH T, (65.20)
3nech, coraacHo (65.11) u (65.16), kospduuuent npu T% pasen
1 oU
I'oo—+ o= 5+ (65.21)
Yro kacaerca kosdduuyenta npu 7%, TO OH OKkasmBaeTCA HCUe3awllie
Ma/JBM, 4 MMEHHO

2T+ 3= 0(3)- (65.22)

Cornacuo (65.17), Toro e mnopanka OyleT U kosgduuueHnt npu Tk,
Takum o6pasosm, B Hawem npubmmkenun Qopmysa (65.20) npuuu-
MaeT BHI:
., O0T% , 0T0f ! 0U
Cy
V., T =—p +0x —I—c2 57 T (65.23)
15 npoCTPaHCTBEHHBIX KOMNOHEHT PACXOAMMOCTH Mb noJayuaem us (65.08)
npu v =1

iy Ti() o7k )
VTV ="~ T ox % T T
205 T Ay T - T TR 4 3, T, (65.24)

Kak BuAHO W3 I1PUBEACHHBIX BHUIE OLEHOK, 3[eCh BCe KOIPDUIMEHTH

BO BTOPOH CTpPoke OYAyT cOdepXaThb MHOXMTeab l/c2, TAK YTO uieHH
0

BO BTOPOH CTPOKe MOXHO 0TOpocHTL. 3ameHssa I'ly ero Bupakenuen (65.18),

Mbl TOJYYHM TOT1a
v T“ o o7 oT ik

T ot T ox 0x 0x
TakuM o6pasoM, YUHTLIBASl OTKJAOHEHHS METPHKH OT eBKAHIOBOH, Wi,
YTO TO Xe, YUMTLIBASk CHMJAbI TArOTEHUs (TO M APYyroe B MEPBOM NPHOIM-
eHHM), Mbl JOJKILI NHCATh YCJOBHE D3BEHCTBA Y110 PaCXOANMOCTH
TeH30pa MacCH B BHJ€ YPaBHeHHft:

oTw TOk 1 oU

U oo, (65.25)

a +axk rEar =0, (65.26)
oT™ | OT#k U Loy
5 oxr (ET 0 —= (). (65.27)

§ 66. IMpnOnuKeHHHii BuA TeH30pa MacCHl JJd ynpyroro Tenaa
npu yyeTe NnOJsA TATOTEHHH

Tpu6amxkeHHb 2 BLIpAKEHUs A8 TEeH30pa Macchl ympyroro rteaa, 0es
vueTa CHU TATOTeHHs, OLIIM MOJyuYeHbl HaMu B § 32 M3 paccMOTpeHHus
CKa/Jspa M BCKTOpPa YMOBAa (IIOTHOCTH M MOTOKA 3dHepruu). B mpunaThx
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uaMyu Ternepb 0003HAUEHMAX (B KOTOPHLIX Xo={) STH BbipaXXcHUA ObLIH
sateM BhnucaHol B § 55. CoraacHo dopwmyiae (95.02), oHu uMeloT BuA:

e[ 1 4+ (orm)). |
AT — oy, {‘+;§(—;—v?+ﬂ)}—§;pmk, b (66.01)
C'ZTNC = pUVy, — Pik. !

HanoMHuM, uTO 31eCh pyg; €CTh TPEXMEPHBHIH TEH30D YNPYrux Hampsxke-
nuit, a Il —ynpyras SHeprus eAMHHIBI MacCHh Teda, IJTH Be/HYHHbI
y10BAeTBOPOT, coraacHo (30.08), cOOTHOWeHHIO

dall 1 (00;

— Ouy
p I = 5o ). (66.02)

HaM HaanexuT Tenepb 000OLUTL BHPAXKEHHS /151 TEH30Pa MACCHl, NPHUHSB
BO BHHMaHue noJe TAroTeHud. [1o Teopuu HbloTOHA, B3dTHIR ¢ 0OpaTHBLIM
3HAKOM HBIOTOHOB MOTEHIMAN eCTb B TO e BpeMd NOTeHUHAJbHas 3Hep-
THA YacTHUbl eJHHUYHOM MACCHI, HAXOAAuleHCa B N1aHHOM MOJe TATOTEHHS.
[TosToMy c/eayeT OWMAATL, YTO HAAJeXkallHMe BbIPAXEHHS AJ MIOTHOCTH
¥ TMOTOKA SHePrud noayuartcsa, ecau B dopmy.aax (30.14) v (30.15) ana

cKaasgpa ¥ BekTopa YMoBa 106aButh uwieHsl (—ol) um (—pvU). 3o
naer

S_— o (U 2 La(T—U), (66.03)
Si== v | put b p (T —U) | — pavy. (66.04)
Komnonentst T%° u T TeH3opa Macchl NoJayuatcs 10 (opaynam:
OTW=p4 1S, (66.05)
T = v+ 2 Si. (66.06)
OKOHuaTe/bHO Mbl OyA€M HMMETb:

eT0=p 1+ (5 o+1—U)}, ]

R 1 {
TV =g, | | +w(— —HI—U)} Pty [ (66:07)
AT = pvv, — pir.

Ecau nawu paccy)XAenus BepHBl, TO 3TH BbIPAKeHHUA NO/DKHBI, B Tpe-
6)'CMOM ﬂpHﬁJ’lH)KeHPIPI, YAOBJETBOPATH BbIBEJEHHBIM B KOHIC npeablAYyETrO
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naparpada ypaBHeHUSM, a4 HMMEHHO:

00 0k

oT or 4L LoU o 0, ]
of oxg | e ra |
Tt  orik U o

of 0xXx ”“a'x‘t " =0. ]

(66.08)

DTy ypaBHeHUs LOMKHB Y/IOBJETBOPATLCA B CUIY YPaBHEHWH JABHMeHus
BJIs BEJIMYMH, BXOAdALIMX B TEH30p Macchl. Mbl uMeeM, BO-NepPBbIX, ypag-
HEHME HePaspbIBHOCTH

%4 9Gv) _ (66.09)

¥, BO-BTOPHX, YPaBHEHHS [BWXKEHHs ynpyroro Tejaa B MOJe TArOTEHUs
C YCKOpeHHEM o,
y 0x; "
dv; oU 0Dk 66
bt = 10
P dit p@x,j 0Xy ( )
KpoMe Toro, umeer MecTo cooTHouenue (66.02) mexay TeH3OpOM Hamps-
KeHHH u ynpyro#t noTeHuMandnHo# sHeprueh. Mcnoawsys (66.09), (66.10)
u (66.02), nonyuaem s cxanﬂpa ¥ BEKTOpPa YMOBAa COOTHOIUEHHME

S o U

0t +axi T (66.11)
OTKyAa, mocie npuMeHenua (66.09),
or® | or** 1 oU
Rl rbe bl A el (66.12)

Bceneacteue Toro, uro mnpubamkenHo p = c2T%, ypapHeHue (66.12)
B JOMKHOM NPHOMMKeHUM COBNAjdaeT C NepBbiM M3 ypasHeHu#t (66.08).
Y10 KacaeTCs OCTanbHbiX ypasHeHu#t (66.08), To, mo ymHOMeHMM Ha (2,
OHY MNPHOJMKEHHO COBMNAAYT C ypaBHeHWAMM ABHxeHus (66.10), nanmcan-
HbiMU B (opMme

0(?%) O(pvgwr)  Opin _ OU
2o e, — (66.13)

(8 Bupaxenmax 790 y T% zpech 10CTATOYUHO B3ATH IJaBHBIE UYJIEHBI).

Takum oGpasom, ypaBHenus (66.08), Bbipaxaloluye PaBeHCTBO HY/IO
pPacxoauMOCTH TeH30Pa MAacChbl C YUYETOM HEEBKIMAOBOCTH, AeHCTBUTENBHO
6yayT NpUOAMMEHHO BBINOJHEHH, €C/M B3ITh B KaueCTBe TEH30Pa MACCH
BeauuHHbl (66.07).

B ¢opmynax (66.07) naoTHOCTL p YAOBJIETBOPAET YPABHEHHIO Hepas-
puieHOCTH  (66.09). CoorseTcrBywiiee 0OLIEKOBAPUAHTHOE YPaBHEHHE
uMeeT BUA

d —_ . ~
. V —gp'u)=0, (66.14)
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rae p*-—MHBADHAHTHAA MJIOTHOCTb M 4%— UeThIPEXMEPHAs CKOPOCTS.
Urobbl 06a Beipaxenus [(66.09) u (66.14)] coBnanaau, Mel MOxeM noso-
JRHUTL

]
Ii (66.15)
J
(MHOXUTE b % AoGapaen Aas TOro, uTobul * NPUGMIKEHHO paBHSIOCH p).
Vmes B BuLy, 4TO, coraacHo (65.07) u (63.27),

1 2U 1(1
V—g=14+7; =144 (—2 ‘Uq—Jr—U), (66.16)
Mbl [101YYUM NPUOIMAKEHHO
*:o{l———l 1 v? 43U } 66.17
p i CZ 2 . ( . )

dopumyant (66.07) n03BOAAOT HANMCATh BbIPAXeHWe A MHBAPHAHTA TeH-
3opa Macchl. BBonsa narneHue p no gopmyne

1
p=—73 Py~ Do+ Py (66.18)

Mbl OyleM HMeTh
. 1 1, 13
7_—9{1+52-(--2—~a~+n-3u)l—55p (66.19)

H, ucnoas3ys gopmyay (66.17) aas o*,

T:p*(1+§)——%p. (66.20)

[MTocneanee Bripaxenue cosnanaer ¢ (32.30).

§ 67. MpuGanxkennsle Beipaxenus maa ckoGoxk Kpucroddens
H 18 HEKOTOPHIX APYTHX BeJHYHH

Iast Toro yroOb caenaThy caedywluft war B onpeleieHuu ¢yHaa-
MEHTAJLHOIO TEH30Pa, Mbl AOMXKHBH HPOJAOMKUTH Bblyucaenus § 55. Tak
KAaK Mbl BeJeM BCe Hali¥ BBHIUMC/IEHHS B TapMOHHYECKHX KOOPAMHATAX,
yA06HO pacCMaTpMBATL B KAauecCTBe HEM3BECTHHIX (YHKLUMH YMHOMXEHHble

na J/ — g KOHTPaBapHAHTHbE KOMIOHEHTH (YHAAMEHTANBHOTO TEH30pa,
T. €. BeJUUYHHBI

¢ =V —g g (67.01)

Y106cTBO TPHMEHEHM STHX Be/JMUMH COCTOHT B TOM, YTO BHIPAXEHHOE
Yepe3 HMX YCJAOBME rapMOHMuHOCTH (55.39) npuHuMaeT npocToR BHA:

og*
3 =0, (67.02)

>
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TAK YTO OHO SIBASETCSA AUHedHbiM OTHOCHTENbHO HEUSBECTHHIX (PYHKUMf,
JlabHERIIMM NpeMMYLIECTBOM TaKOro BHOOpPA HEHMSBECTHHIX (YHKUMH
SBAAETCA TO, YTO NPOCTPAHCTBEHHbIE KOMNOHEHTH (F BeCcbMa Mano OT/H-
YaleTCa OT NOCTOsHHBIX. HakoHeu, BecbMa yIOOHHIM ABASETCAd TO 00CTOA-
TeIbCTBO, YTO B JEBYIO YACTh KAXKAOrO M3 YPaBHEHUit TATOTEHHS BXOAMT
oneparop Jlanam6epa OT COOTBETCTBEHHOH KOMHOHEHTL (*; TaxuM oOpa-
30M, Kaxjaag KOMIOHEHTAa ¢*” B OCHOBHOM CBfidalla TOJbLKO C OJHO#H
(OHOMMEHHOH) KOMHOHEHTOR TeH30pa MACCHI.

B § 55 Mu uamm Aad BeauuMH (% NPUOIMKEHHBlE BHIP axxeHus |pop-
My.bl (55.38)]:

(67.03)

rae U — HploToHOB norteHuuasa, a U;— BeKTOpP-NOTEHUMAT TATrOTEHMS.
Mbl YTOUHHM Temneph 3TH BbIPaXKeHHs, BHIMHUCAB Aa.IbHeHliMe wieHH pas-
J0eHus no OOpaTHHIM CTemneHAM CKOPOCTH cBeTa. Ilosaoxum

1 AU N
00— oI
W=+ ¢ ]
. U, 1S, !
gOL = _i_ S } (6704)
e sy |
g = — cdir 4 . )

TIpy nOMOILM 3TUX DLIPAXEHHH Mhl MOKEM BLIUMCIATH CkoOku Kpu-
cropdens u Apyrue BSJMYMHBI, BXOAALLUHME B YPaBlieHHA TArOTEHHs.

HauneM ¢ BuiuMciieHua onpeieautens g. Kak nerko npoeeputs [cCM.
dopmysy (B.67)], sToT onpeneuTe]b PaBEH ONpEAEaUTENO M3 (M. Pop-
Myasl (67.04) nawoT

4U 48 — 48y
g=—c (14 - B, (67.05)

3aech Mbl NOJOXKMIY, B COOTBETCTBHM C NPUHSTHIM YCJAOBHeM A/ CYM-
MMPOBAHHS MO NPOCTPAHCTBEHHBIM 3HAUKAM,

Sip = k21 Sir = Syt~ Saz+ Sy (67.06
Uspiekas kpanpaTHbiffi KOpeHb, NMOJYYUM TaKKeE

V=1 2 B2 2 (67.07)
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BeeneM ocoGoe 0003HaueHHe A/ KOPHSl UETBEPTOH CTemeHu

4

_55;. =f. (67.08)
CornacHo (67.06), sta Beauuuna paBua

U 1 3 11
f:1+25+54—(8—8kk—§U~). (67.09)

BeanunHa f npubamieHHO YA0BIeTBOPsAET AMHEHHOMY AM(pdepenLnansHOMY
ypaBHeHuio, KoTopoe OyAeT BhIBENEHO B CaelywlieM naparpade.
Us (67.04) u (67.07) noayuaem ans ¢2g" BuipaxceHue

28 QSkk — QUZ

g =14+ 4 (67.10)
Ecan Mbl monoxum
U*:U+;1g(S+Skk—2U?), (67.11)
Mbl OyleM HMMETb C TOH Ke TOUHOCTbIO
g =GTT (67.12)
a TaKXe .
ggoo:z;—;%- (67.13)

Bennunna U” BCTpeTHTCS HaM B JajbHeHileM.
TlepexoauM K BBIUKC/IEHMIO BBeAEHHHX B JloOaBiennn b sennunn

o 1 0 0
- 3 2g( ap U0 8 +g?p — g (fx ) (6714)

CBA3AHHBIX CO CKOOKaMH Kpucm(p(penﬂ. I/Icno,myﬂ Bhipaxenus (67.04)
u (67.05), nonyuaem ciaenywouryo Tabauuy:

-
o — i ggz { (67.15)
= 2 () |
n = %{ ( 4on+20t)}
o+ 022( %UTf) i (67.16)
= |
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Orciona, cmyckas BTOpPOH W TpeTHHt BepXHHe B3HAMKM, MOJydyaeM BeJlH-
yurbl I15;. Mbl MmeeM:

Moo= —2%, |
1181:—0%3—31, ; (67.17)
M= 0(5)-
th 2 {34 (804 2. |
h=— (5 —5), ((67.18)
= o(4) |

[Tpu BhiuuCTIEHUH 1 noTpe6oBaIOCh 3HAUSHHE gy, == ¢ — 2U; npu Buiunc-
JEeHHH OCTAJbHHX BEJHUHH JOCTATOUHO ObLIO Fajiu/eeBHX 3HAUSHHR ¢yii-
JaMeHTaIBHOrO TeHaopa. B dopmyiax aas Il Mbl OPPAHUYMINCH YJEHAMHU
nopaaka 1/c2.

IO Beruuciienus ckobok Kpucrodpens 1eo6x0auMO 3HATH, MNOMHMO
BEJHYHH ﬂig, TaKKe BEJHYHHLI A‘;q, onpeje/feMbie, COrJIacHO GopMyie

Mg = 5 (a3 + ¥ — g, (67.19)
rae
o 1 "), 1.0
o= TEV=E gy, (67.20)

{cm. HdoGasnenne B}, Brimumiem npuO/KeHHble SHAYEHHUS BEJMUMH V.
Huddepenuupys (67.05), nonyuaem

20U 9s oU oskk
y"“c_2{07¢_+ cﬁ(oxt 4onz >}

20U oS o ()Skk
yo—ﬁ{"oTJm—z(w AU )}

s BeJHYHH y* ¢ BePXHHMM 3HAUKAMH MOJyydeM, OFPAHHYMBAAChH YIeHAMH
nopsaka He Bhlie l/ct, cieayiowxe sHaYeHHS:

;z (67.21)
j

A 2 (U 1/0S ou oskk ]

y=—glmtalm—Um—o2) |
. \ ()U{ 0x; c2 (dx, 0x; ) } i (67.22)

o )

Ckob6ku Kpucroddens BrpawaloTcs UePes BHIYUC/IEHHLIE BeJHMYHUHB 1O
thopmy e
[y == 115+ A, (67.23)
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Eciu orpaHMuMThCs uieHaMH NOpfAAka He BHwe 1/c2, 1o mpu p.==0 Mbl
OyleM uMeTh, Kak M B npuGiamkeHuu (65.16),

10U, 10U . o 1

& o0 @ ox,) T = O(;z), (67.24)

TOTJA KaK NpH p == Mbl nonyyaeM 6ojee TOUHHE [cpaBHTeNBHO ¢ (65.18)
u (65.19)] BeIpaxeHus:

0 0
I =— T4 =—

iU OS ou |, oU;
PO)-—_O—x;_ﬁ(dx,_l- 8U0x4+4 01‘)’

i 1 U oU; 0Uk
Pok 02 ot 8 —ﬁ(m——“ 0x1~> (67.25)

i 0U
Ty == = (()x; m+ ()xk 8 — ﬁkl)-

B npub.amxeHHbIX BBIYMCJAEHHAX YINOOHO NOJIb30BATLCA (OPMYJIaMH,
npeo6GpasoBAHHBIMU K TAKOMY BHMAY, YTOOB B HMX BXOAMJIH Besuuuubl Ilig,
a He I, TIpeuMyulecTBO NepBBIX BeJMUMH Nepel MOCIEAHHMU BHIHO
us cpapuenus Qopmyn (67.18) ¢ dopmynsamu (67.25). ItH Popmyan
NOKA3bIBAIOT, YTO BeauduHaMH II4; MOKHO npexHebGperaTh, TOrAa Kak BeJH-
unnb D MPUXOIUTCH YUHUTHIBATh.

B Ho6aBirennn B monyuena ajs TeHsopa diHiuTefiHa (opmyna, npe-
o6pasoBaHHas K yKasaHnHomy Buly, a uMesso ¢opmyaa (B.87). drta dop-
Myna colepxuT ¢dyHkuumio Jlarpamxka, kotopas, corgacHo (b.95), pasua

1 v 09“5 1 N
L= — — 11, — V. 67.26
V= Boxv—l"ny (67.26)
Haktnem npubmkeHHOe 3HaueHMe 3TOro Beipaxcedus. Ms dopmya (67.21)
u (67.22) noayuaem

Vo =55 —5(1 =) 2 +5 253, eran

8

C npyro#t cropousl, dopmyibl (67.17) u (67.18) B coenuHenun ¢ ucxon-
HbIMM BbipaxkeHusMu (67.04) aas ¢ naiot:

og*8 __ 4 (0U 160U 9U;
p 3. —_— m—
“ dxp (01‘) +c5 Ox; Ol +
4 S8U\(OU | 1 0S\2 4 (U; OUg\2
_l"ﬁ(l )(dx‘_l"ﬁoxi) _0_5(0xk_—ox@> . (67.28)

CxjajbiBag ¢ 9THM DPaBeHCTBOM IefqeHHOe Ha 2 Npejbiayllee PaBeHCTBO,
noJiyyaeM NJs YMHOXEHHOR Ha VYV —g odynkuun Jlarpamxa BHpaxeHue:

(B (I

6 [o0U\2 16 oU oU; ouU; oUk\2
+25(W) +Eox F(ox,‘ Ec:) . (67.29)

1
— 51

90 3ax. 185. B. A. Dok
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Bpoas no dopmyne (67.11) Bemuuuny U®, MOXHO npeaniaylliee Bhipaxe-
HHe HANUCaTb B BHIe

VTR (S (SR @

ox; Ox,

B nonpaBouHblX uieHax Mbl 3ameHutd 3nech U na U*, Tlocsenuas ¢op-
My/a 3aMeyaTeJbHa TeM, YTO MpaBas yacTh €€ MPeACTaBJAeT OAHOPOIHYIO
KBaAPaTHUHYI0 (QYHKLHIO, C ROCMOAHHBL MY KOIPDUUMEHTAMH, OT NepBBIX
IpOM3BOIHEIX Hembipex Beanuud U* u U,

s cpasnenus dopmyn (67.27) u (67.29) Buaso, uro cymma
V=g( L+~;~yay’-) S (O—L]l—ouk)2+

0x; 0x; Oxy  Oxy

+E)reme ey

6yner 6osee BLICOKOrO MOPAAKA MaJOCTH, YyeM BejnuuHul (67.27) u (67.29)
B OTAeMBHOCTH. IDTO 3aMevyaHHe MO3BO/AeT HAHTH BeChbMa MPOCTOE BHIPA-
*Kenue N uHBapuanta kpusuaHel R. CorsacHo ¢opmyae (B.49), M
¥MeeM, B TMapMOHHYECKMX KOOPAHHATAX

r2gy—¢
R=—ygb 215 |, (67.32)
g 0x, de
MMoJb3ysch 0603HAYECHUEM (67.08), MoxXeM Hanucath
V_—g: ¢ f2, (67.33)
nocae 4yero MOJYYHM
2 . &f 2 g O Of
R=Z¢g"% 5 ox, A8 Fox Oxg (67.34)
Ho ™Mb HMeeM
29
=2 dx]: (67.35)
TTosToMy 5 1
2 s 9% (1.
R= %9 53 55 (Qyﬂy +L). (67.36)

TMepeiineM Teneps K mpuGamkenHsiM dopmyiam. Corzaco (67.31), Beau-
yHHA (%yay”—i-L) 6yleT WeCcTOro nopaaka OoTHocuTeawHo 1/c. OTGpa-

CLIBasl BEJMYMHBI IUECTOrO MOPANKA, MBI MOXeM 3aMEHHTh BeJIHUHHB ¢F*
YX TaJUIeeBbIMH 3HAYEHHAMH. ITO JaeT i MHBADHAHTA KDHBH3HE R
BecbMa MPOCTOe MPHOMMKEHHOE BHIPAXeHHE

2 (10f
R “F(ﬁ?ﬁ" Af), (67.37)

rie A—onepartop Jlamiaca ¢ eBKIHAOBHIMH KOI((pHUMEHTAMH.
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§ 68. NpuGanxennas ¢opma ypaBHeHHH TATOTEHHUS

Bbiunc/ieHus npelbldyliero naparpaga Mo3BOJAIOT HAM  HAMNHCATh
J1eBYK0 4acTb YpaBHeHHft TaroTeHus IDiHwTe#HA

1LY 1 8 Y
R"—5g"R=——ZLT (68.01)

R TOM MPUONMIKEHHH, KAKOE COOTBETCTBYET MNPUHATOH TOYHOCTH. Bbinu-
weM CrepBa 3HaueHHe JeBo#t yacTu Oe3 npeHeGpexenuit. CorsnacHo dop-
My.Jie (5.87), MbI HMeeM

RP“' ”“'R . ____ 13 029}1- _+_ I‘[l-’ﬂa’i 1L
g ox, Oxg y-y +

g gL+ % g"B—B”.  (68.02)
3necy L ecTv dyHkuusa JIarpax-nKa:

LT——— v 0903 + y,y, (68.03)
21/ g "

yKe BCTpeuaBllascs B npeiblnyuieM naparpage. Bemauuuns B™, cornacHo
(b.85), onpenenens: hopmyramu

B‘“:I‘w—{—%( YT 4 y'TH) =
1 U, v 1 v W
=5 (W4T 5 (TN (68.04)

rae IV —BBenenusle B § 41 u B § 53 Beauuuss:

1 og™
N——— . 68.05
V_ £ oxp (68.05)
Beanuuna B ecTs cocrapieHHnit us. B | xBasu-uHBapuasT®
B=g, B"=(,+y)I" (68.06)

(3TO He €CTb HACTOAWMHA HHBAPHAHT, NOCKOAbKY B" He ecTh TeH30p).
B rapmonuyeckolt cucTeMe KOOPAMHAT BeJAWYuHbI IV, a cJe10BaTebHO,

u '™, a takme B u B, ucuesair.
3amMeTHUM, uTO MOKa B JeBO# uyacTu ypaBHenu#t Dinwreftna (68.01)
CTOMT MNOJHOe Bhipaskenne (68.02) ans KOHCepBAaTHMBHOrO TeHsopa, pa-
BEHCTBO
V.17 =0 (68.07,

npeAcTaBIseT CAEACTBHE CaMux ypaBHeHuit, Ecaum ske Mbl B KOHCepBa-
THBHOM TEH30PE C CaMoro Hauasna He GyneM mucaTh uienoB B u B, ToO

20%
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paBesctBo (68.07) Oyner BBINOMHATHLCSA JHIUL MOCKOJAbKY BbIMOMHSETCHA
ycaobue IV =0,

Ilepexons k npub.amkenHoft ¢opme ypaBHeHuii DiHwTe#Ha, paccMo-
TPUM CHEPBA WIEHL C BTOPBIMM MPOM3BOAHBIMH. MCHOAL3YS BEIpaXeEHUs
(67.04), mpr Oynem uMeTh|

i 2; 1 2% 0%
LI S —
8 oxg chot—omTm (Stk 0xg dxk +2U; ax dt +V )

(68.08)

3lech rJaBHbie WIEHH 1al0T YMHOMEHHBIt Ha ¢ eBkJuaoB oneparop JHa-
aaMbzpa, TOrAA KAK WIEHH € MePeMeHHbMM KO3((pHLUEHTaMH NpeicTa-
BJAIOT TMOMPaBKM, KOTOPHIMH, B paccMaTpPHBaeMOM NPHOIMKEHUH, MOXHO
npeHeGpeus. PaccmoTpuM moapo6Hee MOPANOK BEJMYMHBEI 9THX MOMPABOK,
B suipaxenne (68.02) n1a Tensopa ditHmTetiHa BxoauT BeauunHa (68.08),
Je/leHHas HA 2g, MpUYeM ¢ €CTh COOTBETCTBYIOUIAA KOMMOHEHTa @M.
TMpousBoaurie OT @ OyAYT TPETHErO NOPAAKA, a TAK KAK NPHUO/IIKEHHO
g =— —¢? TO neaenHbie Ha 2g nonpasourtie uiaeHsl B (68.08) 6yayr Boch-
MOrO Mopsika oTHOcHTe bHO 1/c. IlpeneGperas BeaMuMHAMH TaKOro MoO-
pAaxa, Mpi JOJMKHBI BulUMCAATL M BCe Apyrue Bxoaswme B (68.02) Besu-
UMHBl ¢ COOTBETCTBYIOUIEH TOUHOCTBIO.

Yrodst 0CBOOOAMTbCA OT BeAMUMHB g B 3HAMeHaTesde, Mbi Oyiem
BBIUMCJIATL HE CaMplff TeH3op DHHuITe#Ha, a 3TOT TEH30P, YMHOXKEHHLIH
Ha GauBKHR K eauHHMue MHOXHTeNb (— g/c?). YineHb cO BTOPHIMH HpPO-
M3BOAHBIMU OyayT Toraa, ¢ TpeOyeMo# TOUHOCTBHIO,

1 o%gH

%

1, 1 029}).\)
2¢4 9 0x, 0xg

1 v
=%Ag¥L — 5@ E " (68.09)
Yro6hi MOJYYNTh UYAEHB! ¢ NMEPBHIMU NPOU3BOAHBIME, MBl HafileM crepBa
npu nomowu popmya (67.15)—(67.18) Baauummb:

g 0,030 8 / oU \2
(- —c.—z)n Hag_—;g(—axs), (68.10)
g\pomi A 0UOU 8 (U, U\ U .
(_E)H L= & o 5%, — & (Oxs. 0x¢)578_’ (68.11)

.\Iw

4 H__U\ oUu 1 98 2 oU,\ [ oU 1 08 2 U,
= (1 L }(dxi+czd_x; P —‘Y)(m—*—?b?k_}—c_znd—t—)—

8 [ 0U; ous)(ouk ous)

s - dxs. 0)(;,-

L)k =

F\ar — ax (68.12)

B8 ¢opmyaax (68.10) u (68.11) moxkHO Onio Gl He nMUCaTb MHOXHUTEJeH
(—g/c*), Tak KaK B J1aHHOM NPUOMKEHMM HMX MOXHO B3aMEHHTbh HA
eUHKLLY .



§ 68] NPUBJMKEHHAS $OPMA YPABHEHHH TATOTEHUS 309

HMcnoiesys, nanee, Boipawenus (67.22) 1jd y* u BBOAS OBO3HAUEHUE

v £ » 83y 1 )] ._..1 v
N (=B — gy g L), 68.13)
MBI MOJYYHUM

N c_7b (%CU:)Z (68.14)
=B ( g Y .
R
rae
V=et=a(G) e () e a
_j_b<%_‘;if)3 (68.17)

u U® umeer sHaueHne (67.11). Tlockoabky BeanmuumsHa U BXOMMT 3hechb
B YjJeHbl INECTOrO MOPAAKA, Mbi MmkeM saMeHuTh ee Ha U®, kak 310

caenano B (67.30). Toraa Bce peamuunbl N GyayT cOlLepXaTh MepBbie

NPOM3BOLHbIE TOMLKO OT YeTwhipex Beauwdun U%, U, npuuem Bce N*' Gynyr
OJHOPOJAHBIMH KBAAPATHYHBIMM (YBKUMIMH OT IEPRHX MPOU3BOAHLIX
¢ nocmosaxnb My KO3IDDUUMEHTAMH, DTO NPeAcTaBaseT BecbMa 60/buOe
ynpoieHiue TouHbXx dopmyda (68.13).

Tlpy nomouin HalneHHBIX BHPAXeHUH MbI MOXeM Cpasy HamucaTh
npub.mkeHHbie ypaBHeHus DftHmiTediHa Mel 6yneM HMeThb:

() (b=

{ ool |

e AQY e e 2D
T A4 28 o T

N =R (68.18)

rie BeamunHer NV umelor 3Hauenus (68.14)—(68.16).

Uro6bl npuMeHars ¢opmyay (68.18) k omnpenesenuio BeauuuH g,
HY’KHO Mpele BCero MMeTb 3Hauenus Bxomswwux B N" B2amuns U*, U,
¢ TpebyeMOI0 TOUHOCTBIO.

Yro kacaercs BeauyuH Uy, TO oHM BXOAT B Bhpawenus (68.14)—
(68.16) TOMbKO B u/eHb! WIECTOrO MOPAAKA; MO3TOMY NOCTATOYHO BHATH
MX € TOH TOYHOCTBIO, C Kako#t ouu onpeneienn B § 55. CooTBeTCTBYIO-
wie (OpMyJan NpHBeleHH Takke B § 65. [IDtu dopmyas modyuaiorca
¥ u3 ypasHenus (68.18), HanucanHoro aasm p=—20, v=1{, eciu npeneb-
peub TaM BeJUUMHOX NV U BTOpON NPOUBBOIHOM MO BpPeMeHH, 3AMEHHTb
g Ha—c?, B3aTb B TY raapsbift wieH u Bupasuth %% uyepes U;l. Mu
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umMeeM, corsacHo (65.05):
AU = — 4nyp,. (68.19)

Beauyuda ke U® BXOAUT B WIeHbl HE WECTOr0, a YETBEPTOro Mo-
pAaka, ¥ ee HYXHO 3HaTh ¢ OoJjbwieft TouHocTbio. [lo onpeneneHnmio
(67.11) Mbr uMeeM:

—U+ (S + S — 2U?). (68.20)

Coraacno (67.04), mpousBoiHbie OT U+c_2$ PaBHbl MPOU3BOAHBIM OT

CTS g%, YpaBHeHue (68.18), HamucanHoe A p==v==0, n1aer NO3TOMY
(a3 )( +495)= SN 4aygT,  (68.21
@ O 9 gL (68.21)

1
llanee, npOMBBOAHBIE OT C—ZSkk—Te Ke, KakK oT %gk". Mo.aras

B (68.18) w=v==Fk u cyMmmupys no R, noayumm

AL o)1 Kk %k
( —— aﬁ) Sw = — o N¥ — dxyT. (68.22)

{BO BTOpOM WY/eHE CMpaBa Mbl 3AMEHHJIM MHOXHUTeMb (— g/c?) eaumnuue].
HakoHnel,, Mbl MOXEM HamucaThb:

(A L 7";) (_—2‘13) = — 2 (grad Up 4 16=yUT™,  (68.23)

c? c2

Mb! npeHe6perau siaece B oneparope [lasamGepa BTOpOH NPOM3BOIHOH
N0 BPeMeHH ¥ BOCMOJb3OBAJIHUCh TOXAECTBOM

AU?) = 2(grad U)?* 42U AU, (68.249)
a TaKKe PaBeHCTBAMH
AU == — 4qyp = — 4myc2TY0, (68.25)

Mckomoe ypaBuesue nas U® NOIyyaercs CIOMKEHHEM TPeX ypaBHEHUH
(68.21)—(68.23). Haitnem ero npasyio uacte. CoraacHo (68.11), mu
uMeeM

4 7
— 5 N = 5= (grad U)>. (68.26)
Briuessg ¢ To#t ke TOYHOCTBIO, mojaydaeM us (68.16) u (68.17)
c2 1 .
—TNkkzgc—z(grad Uy (68.27)
d, CJIe10BaTeJLHO,

4 2 4 .
% N | % Nkk = (grad U)® = 0. (68.28)
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Vcnompayd aTo COOTHOIIeHHe, a Takke (POPMyTIy

4ny g+ 16myU == — 4nyc?, (68.29)
nonyyaem aia U™ npocroe ypaBHenue
" 1 oU* 2
AU — 5 =g~ = — 4=y (& TO0 |- Tkk), (68.30)

Bue wmacc BemuunmHa U®  ynoBaerBopseT ypaBHeHuio JlanamGepa
C eBKJMNOBHMHM KOSQdHUUMeHTaMH., ITOrO MOXHO OBLIO OXHMAAThb Ha
ocHoBanuu Buaa dopMmyJsel (68.17) n1a ¢yukuuu Jlarpasxka.

B koHue § 67 Mbl BuiBeJH AJ5 MHBAPHAHTA KPUBHU3HBI R npubiikeH-
HOe BbIpaXeHHe yeped QPYHKLUHUIO

f= f/? (68.31)

MPOMOPUUOHA/EHYI0 KOPHIO 4eTBEPTOH CcTeNeHH M3 aGCOMOTHOrO 3HayeHUA
onpelenutens g. Mbi uMeem npuOIMKEHHO

2 (1 of
R:F(C—Z—a—ﬁ—Af). (68.32)

B coenvHeHNM ¢ BHITEKAIOUIMM K3 ypaBHeHUH DHHWITEHHA COOTHOIEHHEM
8my
R = - T, (68.33)

rie T— uHBapHaHT TeH30pa Macc, Mpelbilyuiee VPaBHeHHE AaeT

1 02 4 nq o
Af_c_279?é’c:‘—cL27f3T' (68.34)
CpaBHum 3Ty ¢opMyay ¢ ypasHeHueM (68.30) ana U*. Iam storo no-
JIOXHUM

=142, (68.35)
rge, Kak 370 cjlelyeT ud cpaBHenus ¢ (67.09),
£23 1 3 >
U _—.U+;2—(s—skk—7u~). (68.36)

Tak ke xax u U*, pequunna U™ B meppoM npuOIMXKeHHH PaBHA HBIOTO-
HoBy mnoreHumasy U. YpapHenue (68.34) npunumaer Bui:

- 1 oxU* 3U o
AU — o S = — 4y <1 +_cz_) T, (68.37)
C TOH ke CTEMeHbI0 TOYHOCTH MOMHO HamucaTh

AU — 5 UL o dmy (U TO— T (68.38)
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IMocienHee ypapHeHHe MOMeT OHIThL TAKKE [OJYYEHO HENOCPEeNCTBEHHO
us ¢opmyn (68.21)—(68.23) u u3 onpenenenus (68.36) Baumuunnt U™,
Eciu unBapuant T umeer Bul (66.19), To Oyaner

3U 1 1, 3
(1 +T) T_p{l—}-?(—?v +H)}—c—2p. (68.39)
Ha ocHosanuuu sToft dopmyas M ypapHeHus (68.37) MOXHO NOKa3arTh,
4TO B JAHHOM npuG/ImkeHHn Beauunda U™ Gyler aAAMTHBHOR ¢yHKUMeH
OT Macc.
IMoaycymma

U= 4 U U™ (68.40)

BennunH (68.20) n (68.36) ynosierBopser, KaK Jerko BHIAETb, YpPaB-
HEHHUIO

1 02U __

— 5 1

colepialleMy Crnpasa TOJIbLKO OILHY KOMIIOHEHTY TeH30pa MacChi. DTO ypaB-
HEeHHe CBA3aHO ¢ ypapHeHHMeM OJfHuwITefiHa, cOlepXalHUM TY XKe KOMMO-

HeHTy, a cama BejuunHa U cBssaHa ¢ BesinuuHolt ¢%°. DHelicTruTeNbHO,
nepeMHOXKasi BhipaXKEeHHs

12l U* — U™\
=50t v == (145 (68.42)

T2 UT?

M yuuThiBag, 4ro BequumHbl U u U* orauualores Apyr OT pyra u OT
U Ha utenn nopsnka 1/c?, Mbi moayuum

— 1 4 +~ 7 +—
V_ggoo:goo:?+ﬁu+gug, (68.43)

rie U ecTh pelleHHe ypaBHEHHUs (68.41).
dopuyny (68.43) aaa ¢% HerpyaHo nposeputh. IlelcTBHTENBHO,
ecan ¢ uMeer 3TO 3HayeHue, TO

Lo =21+ -5+
+ & (Ggrad Oy — J;(%E?-)) (68.44)

4

Mul MOXMeM 3aMeHUTh 3Jech B MONpasoyHhXx wieHax U wa U wu otbpo-
oU\2
CHUTb (—02—) . Toabsyach snavenuem (68.14) semuuunni N9, Mbi noyuum

1 1 020 o0 2 7U) 1o
oo 00 — o S N0 =2 (1 22) (AU — 5 52). (68.45)
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CpasuyBasi 3TO COOTHOWEHME ¢ ypasHeHueM OSfiHwreitna (68.18), Hamu-
CaHHBM Jd p=v=1{_, MM NOpPUXOAMM K ypaBHenuio (68.41). 3amerum,
yTO ¢ TOM e CTENeHpl0 TOYHOCTH, ¢ Kakolt cnpasediusa dbopmy.a (68.43),

MBI MOXEM HaNucath
l_j 3
o — 1 (1+3)

(1-3)

Insg cayyas cTaTHYECKOro MoJs OT COCPeNOTOueHHON Macchi M Mbi
nosyuusau B § 57 crporoe pewenue, CpaBHEHHE C 3THM CTDOTHMM pelie-
HUeM MOKasbiBaeT, 4TO ecJqM, IJd 3TOro cJayyas, B ¢opmyinax (68.41) u
(68.46) nosoxurh

U‘:U*’*:U:@, (68.47)

TO OHH COBHAlyT ¢ TOYHLIMH [cM. dopmyan (58.10) u (58.13)]. 3naye-
Hus (68.,47) cornacyworcs ¢ ypasHennem [dagsambepa, KOTODOMY 9TH Be-
JUYHHB JOJXKHbB yAOBJIETBOPAThL BHE MacC MO DacCMOTPEHHOR B 3TOM
naparpade npub/aukeHHOH TeOpHH.

§ 69. CBasp Mewxay pacXONUMOCThIO TEH30pA MACCHi
u BeguuuHamu IV

B navane npeamnyuiero mnaparpada Mbi yXe YHOMHHAJH, YTO €CJHU
B TeH30pe JHHWTEeHHA ONYyCTHTL C €aMOro Hauya.la 4YIeHb, ColepiKa-
mue I, TO paBeHCTBO HYJIO PAaCXOIMMOCTH TEH30pa MaccChi

v, 7" =0 (69.01)

OyaeT BHINONHATLCA JIHIIBb MOCKOJLKY BHIMOJHAETCH YC/JIOBHE TIapMOHHY-
HOCTH
v
987 . (69.02)
0x,
Has wMccienoBaHMfl ypaBHEHHH [BMXKEHUS HEOOXOAMMO H3YYHTh CBHSb
Mexay ycqaosusmu (69.01) u (69.02) wuau, TouHee, MeXAy JEBHLIMH ua-
CTAMH COOTBETCTBYIOWMX DPaBEHCTS.

Ecau He nenath Hukakux npeneOpexeHuit, To Jesas yacTh (69.01)
MOXeT OHTb NMpeAcTaBI€Hd B BULE HEKOTOPOIO NOBOJBHO CJIOXHOIO Aud-
(hepeHuManbHOr0 OnepaTopa OT JaeBhix wactelt (69.02). Hac unTepecywr,
ONHaKO, He 3TH TOYHbie (OPMYJbi, a MPHOJMNKEHHbie, COOTBETCTBYIOUME
TOH TOYHOCTH, C KOTOPOH B NpelbilyuieMm naparpade BLMHCAHbi ypaBHE-
Hud OfiHuiTeftHa. K BbBOLY 9THX NpHO/MKEHHHX (OpPMYa1 MH U Mepe-
XO01UM,

BhipaeHue 1/ DPacXOIMMOCTH CHUMMETPHYHOrO TeHs0pa Obil0 MOA-
po6HO BhimucaHo B § 65. Coraacuo dopmyie (65.24), npocTpaHCTBeHHbE
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KOMHOOHEHTBHl PAacXOIUMOCTH pPaBHLI

i0 R R . R , .
77 = O DT o T g, T T Ty, T, (69.03)

Bxomsume clona cko6ku Kpucroddens u BeuunHb y, Bhinucauo B § 67
[popmysb (67.25) u (67.21)]. TlpeobGpasyeM HeCKOJAbKO 3TH (OpPMY/hi,
Brons, coraacHo (67.11), o6osnauenue U*, Mbl MOXeM BMECTO NepROi
dopmy.an (67.25) nanucarb

I't = —(1 4U) (gg—}—c% ‘%). (69.04)

OcrtaapHbie ABe GOpMyan (67.25) moryr ObITh HamUCAHH B BUIE

yi | 2 (oU; oU
I(l)k:§y0°ik_c_g(0xk— ax]:)5 (690‘5)
Vi 1 o o 10U

T =5 (ydu+yd) — 5 b (69.06)

Bgoast aTu supaenus B {69.03), moayuaem:

. OT% oTk 4U\ (oU* 4 oU;
VLT = G ey, Ty Tk — (120 (S5 4 5 258 o
L(0Us _ 0Uk\ pop 10U pyp
— (55 Ox)T —@ox I (69.07)

YMHOXKHUM 3TO BLPAXKEHHE HA OMpEeNe]dTe/b g, NMPUG/IMNEHHO paBHLIl

g=—a(1 +“c—‘2’) (69.08)

M BOCMO.Ib3VEMCHA TeM, uTO Koddduuuents npu 7Y u npu T*% nouru
HPONCPUHOHAIbEE APYr APYry. Mnbi mouyuum

gV, Tiv = 0(gTw)+o(§Tik)+
3 xk

Do) 7o 7y 4 (92— ST ok (69.09)

oU- Lt oU,;
i (Ox +

TaioBo BbipaKeHHe 1J YMHOMEHHOH HA g pacxOoIAMMOCTH J000ro CuM-
MeTpuyHOro TeHsopa. Ho ecam TP ecTh TeH30p MAaCChi, TO UMEIOT MECTO
YpaBHeHHUs

" 1 02U* .
AU —c'—thz—“ = ——41'[‘{ (C2T00+ Tkk), (6910)
AU, == — 4myc2TO, (69.11)

KOoTOpbie ObiIM ycTanos/eHb Bbite [dopmyiabi (68.19) um (68.30}]. Ilpu
nOMOULM HHMX MOXHO NOJIBEprHYThH mnpasywo uacTh (69.09) nasbHefi-
weMy npeoOpasosaHuio. s 3TOrO PaccMOTPHUM BBeAeHHbie (GOPMyJiaMu
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(68.14)—(68.16) emruuner N*” v o6paTuM BHMMAaHHe Ha TO, UTO B ypaB-

tetus TarotTenus (68.18) 9Tu BeqMuMHB BXOMAT BMecrte ¢ Teusopom T°'
B KoMOHMHALMH

A" =gT" “87,va (69.12)
CocTaBuM CYMMy MPOUSBOAHLIX
i aAiv
Al =5 (69.13)
[losarass a4 KPaTKOCTH
i’%ﬁ%ﬂ, (69.14)

Mbi OyneM HUMeTb

ON0 N”‘ 2 (OU* 4 90U, " 1 o2U* 4 oW
e oxy = (a—)ﬁfrzw)(w 5 T3 5 )+

8 foU; 0oU, ov
+c‘e<078_m)(ws_ﬁ.)- (69.15)
ITockoabiky B MepBOM MPUOGJMMKEHMM MMeeT MeCTO DaBeHCTBO
ou , oU, .
797+0—x8_0 (69.16)
cM. ¢opmyay (55.42)), BeqmumHa W Oyner mnopsiaka He MeHee 1/c2,
it B opmyae (69.15) wlenn, comep:auwme npoussoansie oT W', morvr

GuiTh  oTGpoineHn. OTOpachiBad 3TH 'WIEHH M HCNOJb3YA YpaBHEHUS
(69.10) m (69.11), mpl moayuum u3 (69.15)

¢4 (oN® | 9Nk

— s (or )=
__(oU” 40Uy 200 Tk o Ok 3G [T
= (55 + 5 ) @70 Ty 4 (52 ST (69.17)

Ho 1npaBas yacTh 9TOrO paBeHCTBA COBMANAeT C JONOJHUTEILHHMH Yje-
aMi B mpapo#t uactu (69.09), koTophie, TeM caMbIM, [NpPeICTABJEHH
B BUAE CYMMbl TIpou3BOAHLiX. Takum o6pasoM, eciu T¥ ecTh Teusop
MACCH, TO Mbi HMeeM

. 0 . 12 S 0 . d ,
gVP-TI,;J. =S Ef_ (gT'O — S—T-C:{ N’I’O) +0—xk(gT1k e g(;‘:f{ [Vlk) . (69 1 8)

C apyro#t cropoHsl, nuddepeHUUpYs YpaBHeHUs TArOTEHHs, HAaMUCaHHbLIe
B ¢dopme (68.18), Mbt noayunm

1 02 gw gzk
(A*ﬁfﬂ)( +3%)=

B o Zo) 4 e &) @0
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Cpasnupas nocsienHie ABe (OPMYJH, MOXKEM HAMMCAThH:

1 02\ ogio | Og’k\ _ 16nyg .
(A—ﬁﬁ)(WJFaxk)— I8y, T, (69.20)

310 npubiMmKeHHOE COOTHOWIEHHME HIPaeT BaXHYIO pPOJb MNPH BbIBOAE
VPaBHEHHR IBMXKEHHH.

AHanoruyHoe cOOTHOWIEHHE MOXHO BbIBECTH M 1J HYJIEBOH KOMMNO-
HEHTH PACXONMMOCTH TeH30pa Macch. [uddepenuupys npubiavkeHHbie
ypasHenus IitHwreitHa (68.18), moayuaem

32 Ou. Ou .
1( 1 o2 )Og ON® _ 8y 0 (69.21)

— v 0
2\~ ¢ or2) ox 0)6}L T oot Ox, gT™).

J1is BhiuMC/IeHUs BTOPOTO 4ieHa Jepokt yacTu (69.21) nuddepenuupyem
BhipaxeHns (68.14) u (68,15) na N u N%, Vcnoabsys pasencTso (69.16),
Mbi TTOJIYYUM

0N0f 6 oU 8 oU
ot + =% o AU—-}—C6 % AU, (69.22)

3aeck Mbi MOXeM Bhipasuth, N0 dopmyaam (68.25) u (69.11), Beinuunn
AU w AU; uepes T% u T9%. Torna 6yner

oNo 24w 0U _ 32myoU
ox, — ¢t of ¢t Ox;

T, (69.23)

[Toxcrasass 3to B {(69.21) u nouasaysch Buipakenuem (69.08) naa ompe-
neauteass g ueped U, moJyuuM, no YMHOXeHHH Ha 2c¢:

1 o2\ogw _ 16m (0T , 10U
(A—amo = welm Taw™) (69.24)
HJIA
I 02\ o 16y .
(A~ a) 0 = o &% ™ (69.25)

TaK Kak, coriacHo (65.23), HyJleBas KOMNOHEHTa PACXONMMOCTH TeH30pa
Macchi MpUGJIMKEHHO paBHA BBIDAXEHHIO B CKOOKAX B mpaBoit yacTy (69.24),
dopmyna (69.25) nocTpoeHa BnoJHe aHaJoruyHo opmyre (69.20) s
MPOCTPAHCTBEHHO! KOMIOHEHTH DACXOIHMMOCTHM TeH30pa MaccChl.

O6e 3t dopMyab MOryT ObiTh HANHCAKbl B BHAE

(A 1 09) agw 167:«{ gV Tus, (69.26)

2 or Ox

Kak Obin0 ykasaiio B Haua’e 3TOro maparpada, 31mv GopMy/n ABASIOTCA
Npu6JUKEHHBIMH, OHM 3aMeuaTeJbHbl TeM, YTO CTOAWME B JeBOH yacTH
anddepeHunanbHE ONEpaTop MMeeT MOCTOAHHblE KOI(UILHMEHTH, BCJe-
CTBHE Yero OHM ABJIOTCT BechbMa VIOOHBIMH JUIS HCCJe]10BAHHS,
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§ 70. YpapHeHHs] NBUKEHUA H YCJIOBUS FAPMOHMYHOCTH

OO6uras MOCTAHOBKA B8alaud O JBWXEHMM CHUCTEMBI Macc Omia yKe
naHa 8 § 64. Temepb HaM HalJeKUT paccMOTpeTh BONPOC O (opme
YpaBHEHUR ABMMXKEHMS,

Mbl 3HaeM, YTO eCJM DPAacCMATPHBATL KaXN0€ M3 ABIXKYUIUXCA Ted
KaK CIVIOUWHYIO Cpely, TO BHYTPHM KaXIOro Tesa AOJKHLI BbiMOJHSTHCS
ypaBHeHHs

VT =0. (70.01)

C 1pyroft CTODOHB, MOMHO PACCMATPHBATHL ABMXKEHME KaXIOro Tela Kak
111010, XApaKTepusys ero KOHEeuHbiM 4YHCJIOM MapaMeTpOB {(KOOPAMHATAMH
UEHTPA TSKECTH, 3HAUCHHUAMHU MACChi M MOMEHTOB MHepUMH U T. IL).

Torna BO3HMKAaeT 3ajaua HAWTH YPABHeHWs ABIXKEHHMS AJS Ted, KAk
uesbX, T. e. IMddepeHUUasbHble YpaBHeHHs A/ NApPaMeTPOB, XAPAKTe-
pUBYIOILMX KaX10e TeJo.

Mbl mepeuncauIN HeKOTOPblE U3 MapaMeTPOB, XapaKTePHUBYIOUUX Te/1O,
Yem o6ycq0oB/12H BHOOP 3THX napameTpoB? [Ipexkae Bcero — TpeGopanuen,
uyroObl BHIOpaHHHle mnapameTphl OBIJIM AOCTATOUHBI AJISA HAXOXIEHHUS CHJI,
JIeHCTBYIOIWMX HA ApYrHe TeJa M OMNpeleAIOMX UX ABHXKeHHe. B Hawe#
3alaue peub MJeT O CHIaX TAroTeHus. ITosTOMy mapameTpbl, XapaKTepu-
3yIOUMe TeJO KaK lenoe, NOMKHB OHITh BHIOPAHHl TaK, yTOOB OHH MO-
3BOJIAIM C JOCTATOYHOH TOYHOCTHIO OMpele/ATh MOJe TArOTeHUsl B TOH
obsacTd, rje HAXOAATCs Apyrve Teda, A TaK KaK Tesa HAXOmsTcs Ha
60/IbIIMX PACCTOSHUAX JAPYr OT Apyra, TO MNapaMeTphl, OTHOCAUIMECH
K JAaHHOMY TeJy, AOKHB XOPOIWIO OMpeleJsTh MOJE TATOTeHHS Ha 60/b-
INMX DACCTOAHMAX OT Hero. Takumu cBofictBamMu M 00JanalOT NapameTphi,
nepeuncaeHHble BhHle.

CkasaHHOe OTHOCHMTCH KakK K MexaHuke HbOTOHA, Tak M K MexaHuKe
Stnmreina. Tak kak B Teopun IDiHWTeHHA TATOTEHHE CBY8AHO C MeT-
pUKOH, M MMEHHO MeTPHUKA HElOCPEeACTBERHHO BJMSET Ha IBHXKeHHe TeJ,
TO OCHOBHYIO POJIb B 3aJaye HAXOXKAeHUs yPABHeHUH NBIXKEHHS CUCTeMbl
TeJ JO/DKHO WIpaTh paccMOTpeHMe MeTpUKM Ha OGOJbLWIHX PAaCCTOAHMAX
ot Tea. Kak BhOOp mapaMeTpOB, TaK Y BUI YpaBHeHHH NBHXKEHHS 1OJMKHbI
6bITH NOAYMHEHB! TPeOOBAHHMIO, YTOOBI Ha OOJBLWIHMX PACCTOAHHAX OT KaX-
JIoro Tesa MPaBUJILHO MOJYy4Yanach MeTpHKa.

B koHue § 69 Oblau BbiBedeHBl NPUOIMKEHHble COOTHOMIEHHS

1 0%, 0g* 16x
(A —d5w) s = g gV, TV (70.02)
ITH COOTHOWIEHHA BBHITEKAIOT M3 ypaBHeHuft DiHwITe#lHA, HAMUCAHHBIX
B npubanxkeHnolt dopme (68.18). B cTporom pelleHMH Kak mpaBasi 4acThb
(70.02), Taxk W BbpaxeHMe MOJ 3HakoM oncpatopa JlazamGepa B JeBOR
yacTH PAaBHAIOTCA HymoO B cuay ypasHeHuf#t (70.01) m ycaosu#t rapmoHuu-
HOCTH

og*
ox, = 0. (70.03)



318 3AKO1l TATOTEHHMA M 3AKOHDLI JIBIDKEHYS [r1. vi

Ecam e pacemaTpuBath npubauskeHHoe pellleHde, TO cooTHoutenus (70.02)
YCTaHABJAMBAIOT CBA3L MexAy TOH CTeNeHbId TOUHOCTH, ¢ KaKOH BHINO1-
Hsiotesd ypasHenus (70.01), n TOf cTeneHblw TOYHOCTH, ¢ KAKOH BHIMOJ-
LATCS YCJA0BUA rapmMoHuunocta (70.03).

Mbl ycTaHOBUM/I, UTO NPH HAXOXIAEHMH 3aKOHA JABMKEHHs Tesa KaK
1eJbiX OCHOBHOe TpeOOBaHUe B3aKJIOUaeTCss B TOM, uTOGL HAa OGOJbLMWIHKX
DACCTOAHUAX OT KAXKAOro Tesa MPABUJILHO MOJY4aJlach MeTpUKA. DT
Tpe6OBaHNe O03HauyaeT, B Y4CTHOCTH, UTO HA OOJbUIMX PACCTOSHUAX O
KaXA0ro Te/a ¢ BOSMOXHO OoJblleff TOYHOCTbIO AO/MKHO BBIMOJHATHCS
yciosue rapuouninoctu (70.03). ITocMoTpuM, Kakde caeACTBHS BHTEKAIOT
oTciona s npapoft uactu ypasHenuft (70.02).

DTH ypaBHEHHs MMEIOT BUA OOHLYHLIX ypaBHeHUR 1.1 3anasibiiaioNiHX
NOTeHIMAI0B

A T — 473, (70.04)

npuueM, OJiHAKO, HeOOXOAMMO MOMHHTb, YTO MPH CAMOM BBLIBOJE MX OBl
clenaHbl itpeHeOpeKeHUs, PABHOCHJLHBIE DA3J0XKEHHUID BCTPeYAOWUXCH
¢yukuuit 110 OOpaTHLIM CTEneHAM CKOPOCTH cBeTa ¢. [l03TOMY M pellarts
ypaBHenua (70.04) B nawmem ciayyae MMEeT CMBICA TOJLKO HPUOJMKEHHO.

Mpl nayHeM, OMHAKO, ¢ PACCMOTpeHMs TOYHOro petuenus. [Ipennoso-
KUM, 4YTO CTOAWLAA B NPaBOH yacTH (QyHKuUMA s (KOTOpYH Mbi OyldeM Ha-
3HBATL MJOTHOCTLIO) OT/MYHA OT HYJA TOJLKO B OrpaHHueHHOH obJjacTu
NpOCTPAHCTBA, B OKPECTHOCTAX TOYKH C KOOPJAMHATAMH

X;=a;{t) (=1, 2, 3) (70.05)

(aT0 ecThr 006.acTh, 3aHaTas oAHOH W3 Macc). Hac uHTepecyer 1O petne-
HHe ypaBHEHHs, KOTOpPOe «GHBMYeCKHM COOTBETCTBYeT MOTEHUMANTY, MOpO-
WIaeMOMy ABMXKYuleHcs MacCOM ¢ MJIOTHOCTLIO 5 (3aMasAniBAlOUWIMK MOTEH-
iwan). ITO pellleHHe MMEET BUI

Y= J [e]av” (70.06)

lr—r |’
riae [5] ecTh 3anasibiBalollee 3HAYEHHE MJIOTHOCTH 3, 4 UMEHHO:
1
[s) =3/, r');, ¢ =t— vy ir—r’|. (70.07)

Vurerpuposanne BefeTcst No KoopiuHartam {(x', y’, 2’) u pacnpoctpa-
HsleTCsl HA O6/ACTL, BAHATYIO MACCOM.

[lepexonum Tenepi K npubanxeHHHM dpopMyaam. Pasiaras se munsy [s)
710 O6paTHblM cTeneHdaM CKOpPOCTH CBeTa ¢ M OrpaHuiMBadCh INepBbiMH
4IeHAMH, MOJYYHM

/ 2 [
q,:Jﬂ———%%'rsdvﬂi—?—lﬁ;ﬁj]r~r"|st’, (70.08)

r—r’|

2

rae yxe
s=13(t, r'). (70.02
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HamucaHHOe BhpaXKeHHe MLl MOXKeM, jajkee, DA3JOKHTL 110 0OpaTHbiM
CTeMeHsAM pACCTOsIMA OT JAAaHHOH Macchl.
Hcnoabsys pasnoxeHus

L1 (x; —a) (x;—a))
T Tr—al r—ap *+'“’\
, (70.10)
. (i —ay) (X3 —a) | l
Ir—r'|=[r—a]— T—a| T '
U noJjaras
fs(t, r/)d‘//:P, }
F ’ : (70.11)
[ ot Myxi—apav =y, |
Mbi [OJYYHM
y v (g a3) 1 dp
\‘_[r—ai—l_ T—ap? + - T e dt -+
a2 _ P (X — aq) ‘
cmzdtz{i“|"—a| r—ali+ - 701D

BesMuMHb: 1 M p; MOXKHO HasBaTh ,MOMEHTAMM® HY/IeBOTO U MEPBOro
nopsaka. HerpynHo Bunerh, uro ecqaum mogaoxurtbh w==0, TO uleHH, He
cofepxkawue ¢, OyAyT NpH YyAaJeHUM OT JaHHOH Macchl yOmBaTh nO
KpalHe#t Mepe kak 1/|r—al?, uieH, 06paTHO NPOMOPUMOHAIBHBLIR C,
0o6paTUTCa B Hy/b, 4 4Y/eHH, MPOMOpUMOHAAbHbie 1/c2, 6yAYT OCTaBaTHCS
orpaHuueHHbtMH, Ecau Ke, kpOMe TOro, notpebosaTh, uyToOn OOparua-
JUCh B HYJb MOMEHTh nepBoro nopsaka, T. e. YToOH Onia0 w; =0, TO
B pasjoxeHud (70.12) 045 ¢ HCUeBHYT ¥ CJeAYIOUiMe N0 BaXKHOCTH UJEHB,
ITpu paBeHcTBe HYJIO TaKKe U MOMEHTOB BTOpPOro MOpsiKa

f o (o, — a) (x — @) dV = pay (70.13)

ucyesay Obt M JaJjnrHefllMe 4yJeHBl M T. 4. He Bce 3tH ycaoBus ABAAIOTCA,
BoOGule roBOps, He3aBUCHUMbLIMM. B oOuiefl CJI0OKHOCTM Mh MOXeM NOCTa-
BUThH CTOJbKO HE3aBUCUMBIX YCJOBHH, CKOJbKO B HalleM DacrnopsKeHHH
MMeeTCs MapaMeTpOB.

[TpeanosoxuM Temepb, YTO MMeeTCH HeCKO.IbKO MacC, TaK 4TO MJOT-
HOCTb G OTJMYHA OT HYJd B OKPeCTHOCTAX HECKOJbKHMX TOueK, CKaxeM

x;=a;{); X, =0, ... (70.14)

Torna Te e paccyXienus OyLyT OTHOCHTbCA K Kaxpo# m3 Touek. O6o-
3Hayas yepes

@ = fc(t’ rdv; u® = [ s(t, rydV;, ... (70.15)
@) b
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1 uepes

o) = fc(t, r)(x,—ay)dV; pP= fc(t, r)(x;—b)dV, (70.16)
(@) )

unterpaael (70.11), pacnpocTpaHeHHHe Ha 00/1aCTH, 3aHATBHlE KAXAOH U3
Macc, Mbi TOJYUMM IJs <& BhIpaXXeHHe

P‘(a)

(@)
N Py (x—ap)
b= er—a|+2d [r—ap

(a)
1 4 az (x )
— @ Zf‘a’+0c dt°24{*“a’|’_a|“"|'r”—i—|—t+"'}' (70.17)

a

I Toro uTodbl dyHKuus & Gpiia Mana B MOGOH TOuke MEXAy Maccami,
a TakXe NpH yNAJeHHHM OT BCeX MAacC, Mbi MOXeM Tellepb NoTpeBoBaTh
BHINOJMHEHHUA Psila ypaBHeHHUM

(@ =0, “(ia) =0, ..., (70.18)

M3 KOTOPHX Kau]10e OTHOCHTCA K OTle/bHOH Macce,

[Tocae atux OBwIMX pacCyXAeHHR BepHeMCs K PaCCMOTPeHHIO YpaB-
menutt (70.02)., Mu nocrapaeMcs YIAOBJeTBOPUTb TpedOBAHHIO, UTOOH
B JIOGOH TOYKe MeX1y MacCaMM, a TaKXKe NpHM YAaJeHHH OT BCeX Macc,
¢ BO3MOXHO 0OJblIeft TOYHOCTHIO YIOBJETBOPAIOCH YCJOBHE TapMOHHY-
noctu (70.03).

[py HanucaHuM ypaBHeHH# NBMXKeHHs B 4eThipeXMepHOH popme ypas-
HeHHe, Bhipawaloulee 0OaJailc SHepruH, OOGHYHO SBJACTCA CJeACTBHEM
OCTaJbHHX YypaBHeHH# ABmKeHHd. [l03TOMYy Mbi saliMeMcs CrmepBa Hpo-
CTPAHCTBEHHBIMH KOMMOHeHTaMH cooTHoweHus (70.02) (cooTBercTaylo-
wum v=1, 2, 3), a 3aTeM NpoBepuUM BHINOJHEHHE YCJOBHH, comepixa-
HIMX BpPEeMeHHYK KOMHOHeHTY (v = 0).

Conocrasiaaa (70.02) ¢ (70.04), Mp MOXeM MOJOXHUTH

s =3, =~ gV, T", (70.19)
. 3 Ot
V== (70.20)

IOas toro urobu seauuudb (70.20) ObIM Maabi BHE MAacc, HeOGXOMUMO
BHTIOicHMe pafa ycaosuit suaa (70.18). llpewae BCero, AOMKHBI GHITH
PAaBHB HYJIO HHTETPAJbI

p.i @ == ngaTM' dxl dxzdx3:.0, (70.21)

\a)
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pacnpocrpanendbic na ofaacTh Kawxpoi wmacce. Ho, coraacio (69.09)

gva Toi — _ (gTz()) _r - T@Ic) +

e s

oU; OUA
%~ 0%,)

TO,  (70.22)

ITosromy ypasdenus (70.21) mMoryr OuiTh nanucaubl B BUle

"‘%quTiO (dx)P = J («y z OU)(C"T°°+ Ty (dx) +

0x; c?
@) ()

o [’ <g'[\¢j: %Uk) T (dx)2, (70.23)
@

rae AJid KpaTKoCTH MNMOJOXEHO

(dx)® = dx, dxydx,. (70.24)

HanoMHuM eilie, 4YTO
g=—c>—4U. (70.25)

BhipakeHus I8 COCTABASOWIMX TeH30pa MACCLl VHPYIOro Teda Obiiu
noayueHs tamu B § 66. CoraacHo ¢opmysre (66.07), o umeloT BHA:

e L I
c«zm:m{l +gl‘z(~;-v”‘+ﬂmU)}—§;pmvk- P (70.26)

T = v, — Py

Ecay OTrpaHMYMTBCS TJABHBIMHM YJIGHAMH, TO pe3yIbTATLl TOACTAHOBKY
(70.26) B (70.23) GyayT uMeTh BHA:

a i 5 f ou N ]
g;) PO (Axf = | o o (@, (70.27)
a ()

Otciona scno, uto ypaBHeHua (70.21) npejcTaBasi0T ypaBHeHHA ABHXKEHUA
ILleHTPOB MliepUMM KawaoH us macc. Ecam uyueio oTneabHbix macc ecTh 7,
10 Takux vpasuenuit GyneT 3n. Takoso Gyaer uMcao cTeneHelt cBOOVAbLE
pralnedl MeXaHMuecKOH CHCTeMbl, eCIH DPACCMATPHUBATL MACChl KaK MaTe-
puajbHbiE TOYKH,

[Tepexoas K paccMOTPeHMIO APYruX ycaosuit Buza (70.18), Mnt Mouen
10Tpe60BaTH PABEHCTBA HY TG CACAYIOUIMX KOMOMHAUME MOMEHTOB NMepBOTO
flopsaKa:

ik @ = f g (2, Tk — x,V,T*%) (dx)? = 0. (70.28)

21 3ak. 485. B. A, dox
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Ecu u 3nech OrpaHuyuThCs TIaBHBIMM UYleHaMH, TO ypasBHeHHs (70.28)
NPpUMYT BHA:

d :
77 fP (X0 — x50) (dx)® = r

(a) \a)

(x,;g—i——xk g—g) (dx). (70.29)
OHU npeACTAaBJSOT, OYEBHUIHO, 34aKOH H3MEHEHHS MOMEHTA KOJHYeCTRa
NBMKEHHUA KaWJO0ro M3 Tesa. B MOMeHT KO/JMUeCTBA ABHXKSHMA 31€Ch BK.TO-
yeH KaK OpOMTAJILHBII MOMEHT, NMPOMCXOAMLUMN OT ABMKEHHUA IO opGMTe,
TaK M cOOGCTBeHHBIH MOMeHT, HpOHCXOistuMii OT Bparuenus Tena. Op6u-
TANbHBIH MOMEHT MOWET ObiTh BhiJeseH MyTeM COCTABIENHS KOMOHRALMN
vpasuenn#t (70.27) wu (70.29). Yucro ypaswenuit Buaa (70.28) ects
raKkke 3r, HO3TOMY, eCad Mbi OyacM CUMTATL, UYTO MAacChl BPALLANOTCH
1anoa001e TBePAbIX TeaA, TO YHUCIA0 ypaBHeHH# Oy1eT pPaBHO YUCIY Bpa-
HiaTe JbHLIX CTeneHe# CBOBOALL.

§ 71. BuyTpenHss U BHeIUHsis 3aNa4d MEXaHHKH CHCTeMbl Tell.
Hb:0TOHOBB ypaBHEHHS IS MOCTYMNAaTeJNbHOTO JBUKEHUA

B nanpHefimeM Mbt OylleM pasnuyaTh BHYTPEHHION M BHEIIHIOWO
3a1aUd MEXaHUKH. YDaBHeHHs ABIKeHHs BHYTPH TeJa Mbl OyleM OTHOCHTh
K BHYTpeHHell, a ypaBHeMHs [BHKeHHs Teslad KAaK LeJOro —K BHellHel
3ajnaue.

PaccmorpuM  BaMfitMe, B pa8iMUHbX NPUOJMMEHHAX, BHYTpeuHel
CTPYKTYpht Te.1a Ha ero IBWKEHHe KaK 1eaoro.

I1s nosyueHUs HHIOTOHOBLIX YPABHEHMH IBIDKEHMS B HMHTErpa.InbHOM
dopme (70.27) n (70.29) nocTaTouHO OHIIO, KAK MM BHIC/H, HCMOAL-
30BaTh BO BHyTpeHHeH 3ahaye YpaBHEHHE HePAa3PHiBHOCTH

0_"’_ 0(907) —
5 -+ T 0, (71.01)

1n03BOJIGIOIEe HANKCATL HYyJdeBOe fpulamikedne 1J0s HEKOTOPLIX KOMIIOHEHT
TEH30pd MacCht
TN =1, 2TV =, (71.02)

Taxkum 08pas3oM, O BIYTPeHHEH CTPYKTYpe Tena He NPUXOAMIOCh NeNaTh,
B 3TOM nPUOMKEHUH, MOUYTH HUKAKHX NpelnonoxeHuit. Brnpouem, Goee
1eTaJIbHOE PACCMOTPeHde BHYTPeHHeH CTPYKTYpPhi TeJa M HeBO3MOKHO
De3 3HAHUS METPUKM C COOTBETCTBYIOWEH TOuHOCThIO. Ecan HasniBath
HyJeBmM NpUGIMKeHHeM eBKAMAOBY MeTPHKY, TO NepBo2 npubmmkenue
(caenyolee nocae eBKAMA0BA) TpeByeT yKe BBEEHHs HbIOTOHOBA IOTeH-
umana taroteHus U, a rtawke Bekrop-noTeHuuana U;. 9to um Gnio
caenaHo B § 5D HAa OCHOB2 HCHO.1b30BAHHBLIX TaM Bhipawenu#t (71.02)
149 TeH3opa macch. PusuyecKH Meppoe  Mpub.IMKeHue WIS MeTPHKM COOT-
BeTCTBYRT, DU pACCMOTPEHUM BHYTDEHIIEH CTPVKTYPb Tel1d, yUeTy CHA
THrOTEHHS.
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[Ipu suBote, 8 § 66, npusenenHoro Buriute [popmyaa (70.26)] Tensopa
Maccht yxae noTpe0oBadMCh, NOMHMMO MCPBOIrO NPUBIMKSHUS 0/ METPHKA,
onpeleeHHble PEANONOKEHAT O BUYTPeHHEH CTPYKTYpPe Tena, a HUMEHNOo
Te/10 OLLIO TPeAnoJokeHO ynpyruM. [loMHMO YpaBHeHUs HepaspLiBIO-
ctu (71.01), BuyTpH Teda NPeANOJIAraTiCh BLITO.THRHHIBIMH HBIOTOIGBLS
VDAaBHCHUS .1BIDKEHUS

Y
ot oxy 0x; 0x;,

YpaBielie HepaspuLBHOCTH A1 BHYTPeHHe! 3alauu NO3BOJSIeT HO.Y-
UMTbL  1GIOTOHOBLE  ypaBiueHus Awkennsa (70.27) a9 BHeWnedt 3anaud,
YpaBuerus we (71.03) Ans BHYTPEHHRH 3aldauy M NMOCTPOSHHbIH HA HX
OCHOBe TeH30D Macchl (70.26) MO3BOIAOT 1MO.IVUMTh, 1.4 BHelUHEH 3anaud,
BTOpOe (De/ATHBACTCKOE) npud NDKeHHe K YPaBHEeHMIM IB:DKlHd Tela
KAaK Uesoro. ITO AOCTUraeTcs 1pu nomowu dopmya (70.23).

HanbHefas Hawia 3ajaya — no.y'edue, B #BHOH Qopwe, ypasilexuil
ABIDKEHUS, BLITSKAIOWKX U3  YCTAHOBJACHHBIX B KOHIE npeAndy.ieTo
naparpaga MHTErpajbHLIX COOTHOIEHMH.

Ilng cocTaBneHNa 3TUX YpaBHeHHH HEODXOMMMO MpPeKAe BCEro YKAa3aTh,
KaKMe creneHu ¢BOBO/bl Mbt MMM B BHIY pACCMATPHUBATHL, MIliaye roBops,
KAKMMH napamMetpamu Mbt OyleM XapakTepusoBaTh HALY MeXaHWueCKYio
cuctemy. Coobpaikenus, onpeie diolive BHOOP napanMeTpoB, yxe ObLId
npuBejeHst B Hawajge npednaymero naparpada. Ha ocnoBawum 3tux
coobpaxeHuit Mb OymeM paccMaTpUBATL CTeNeHH CBOBOALI, COOTBET-
CTBYIOIIME, BO-IEPBLIX, MOCTYNATR/LHOMY IBMXECHHIO KaX1Oro M3 Tea 1,
BO-BTOPSIX, BpAlEHHI0 KAXKAOTO Tesna BOKPYT ero ueurpa TskecTH. [lpn
3TOM Mbl Gydem npednosazambs, 4mo meAd BPUILAIOMCA Hanodobue
maepOnx mes (9TO, KOHEYHO, He 03HayaeT, 4TO TeJa NpeanoJaraiorcs
TB2D 1hIMU: TAKUM JBHIKEHUEM MOTVT 001a7aTh M KUIKHE Tena) ¥),

B cuny vpasuenus HepasphiBUOCTH Macca TeJa

M, = f 0 (dx)? (71.04)

Y

(71.03)

€CTh BeJHYMHA [OCTOfHHA%®; NO3TOMY OHa B UYHC/JO MNepeMeHHBIX napa-
MeTpoB He BxoauT. [locTyvmaTe/bHOE ABNXKEHHE TeJA ONpeNe/seTCsd M3Me-
HEHHEM KOOPAMHAT ¢; @ro UEHTpa THHECTH. OTH BSAHUMHB BBOJATCH
TpY TOMO UM COOTHOINCHHH

Moty = f.ox,-, (@x), (71.05)
Y72l
KOTO, )k - MOTYT ObiTh HAMMCAHLt B BHUIE
f o (%, — ) (dx)P = 0. (71.06)
ay

*) HanoMauM, 4To Hally BLIYUCACHHA WMEIOT NPHOIKEHHBH xapakrtep. 3a-
IPyAHEHHS, CBA3aHHbie ¢ ONPEAEJCHHEM, B TEOPHUH OTHOCHTENbHOCTH, TNOHATHUSA
TBEPAOTO Tefa, B LAHHOM NPUBAMKEHHM elle He BO3HHKAIOT.

21%
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Jludpepenunpys unrerpan (71.05) no BpeMeud M 10.1b3VACL YpPAaBHEHUEM
HepaspuIRHOCTH, OyAeM HMeTb

d 3 . r 0 , ) (‘OUJ) , » "
ar px; (dx) = J ggxi(dx) = -J _(th" (dxp = ) v, (dx)P, (71.07)
OTKY. 12
ff'”i(dx);‘ = M. (71.08)
(@

113 coorHowenus (71.08) caeayer, 4TO, He3aBHCHUMO OT pacnpene-
JeHMsl CKOpOoCTeil BUYTpPHM Tesa, JeBas uyacTb ypasHeHus (70.27) papua
MPOW3BE/ICHHMIO MAcChl TeJa Ha YCKODEHHME LeHTpa TAKeCTH

d .
7 frfvi (dx)® == M,a,. (71.09)

1(“

Bhiuucanm uurerpaa B mpasofi wactu (70.27). Heworonos norenunan U
MOXHO pa30UTh HA ABA C/araeMblxX

U(r) = u, (r) 4 U@ (1), (71.10)
rie g, npoucxoaur OT Maccw M,, a U@ —or ocraipubx macc.
Coo06pas3Ho TAKOMY pas/iOoXeHHIO, Mbi OyAeM HMeTh:

* ” ()
{vg—f(dx)‘*: P (@ o @t L1y

() {ay (a)

»

BuyTpu Maccm M, noTenuMal u, yAOBIRTBOPAET YPAaBHEHHIO
Auy = — 4myp,, (71.12)

rie p, eCTh MJIOTHOCTL, NpPUHAATexaliad AaHHOH macce. Oun  wmowxer

OBTH NMPACTABJIRH B BHIE HHTErpass
o (dx'y o
u, = i .
=) T (71.13)
)
MMoteHunan ske U@, npoucxoisumi OT APYrUx Macc, OvAer, BUYTPH
AAHHON MacChl, MEIJMENHO MeHsweics yHKLmMel oT Koop.uIat, KOTopyio
MOXKHO pa3a0xuTh B Dai Tedsopa mo crenernsm (X;-—aj;). IJTO 10330-
ageT NPUOAMMEHIIO BLIMHC/JIUTL BTOPOH HHTerpad, B\(Oﬂ»nunﬁ B (71.11).
iloacrasana supaxkenue (71.13) aas u, B nepswit w3 3arax uurerpa-
a0B, OvaeM HMeTh

[, 9ug L (dxf = — 1 ’(‘ J]rfr—”—%( — X)) (AP (dx P (T1.14)

it W)

Ho apolinoft wunTerpaa ciipapa paBed HYJIO, TAK KAK NOIMIITErpafbitas
GYHKUMS B HCM AHNTHCUMMETPHMuUMA B KoOpaunarax odenmx Touek. Taxum
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06pasom,

“ Ou, - _
10, (dxy = 0. (71.15
(a)
JTO COOTHOUIEHHE MOKET OLITh HCTO.JKOBAIIO, KaK PAaBEHCTBO  11V.IO
paBuoaecTByOUIell BHYTPRUHMX [DABUTALHOHILIX CH.I.

[IpuBe/ieM eiie 07110 10KA3aTCALCTBO 39TOTO cooThotieHus. [T1o10mum

. 1 Ou, Ou,
gy = 5 O {grad u,)> — 0x; Wl‘ (71.16)
Torna
09\® o
T = T Ay, (71.17)
WM
1 9%y ou,

v cuay ypasuetius (71.12), Ecn mu B uurerpaie (71.15) 6yneM pasymerts
MoA 5 MJIOTHOCTh p,, UPMIIALICHKALIVIO AAHHOH Macce, Mbl MOXeM pac-
NPOCTPANINTL MUTETPAT HI BeCh GECKOHeuHhili 06bem, 0CIe Yero MOaIyuuM

* du £ Ou 1 [og' .
pb—'éi @xp= | o, 75 (dx) = 7;/3 @dxP==0, (71.19)
(t2] ) (oo

TAK KaKk Ha OecKoueuHOCTH Beanuuibl ¢\¢ 06pawlaorcs B Hyib.

O6partumcst K BHUMCAGHMIO BTOpOro wunrerpana s (71.11). PPasnarag
noTennuan U@ ppemnux macc 5 pan Teliopa, GyaeM HMeTh

3 27y
oyl :(OU(a)> +< e > (xk—a,{)-—f#
a a

0/\’; \ 0x7- Oxi Ox;c
3] < U\ ) : \
Ty W)a(xk b [l]__.) (‘\’l — [l,) e (71 20

VMHOKAS 3TO BLIPOKEHHE 04 o, UHTCTPUPYS HO ofbemy Mmaccu (@) u
ucnosnava (71.06), 6yiem umersh

Y N <0U‘(“\ 1 /()< F318Q) > _
v o hadi —l_-h‘w L A_Y— <
(a)\ P ox; @ = M\ ), 5 T \axamgan ) o0 12D
rie uepes I}f? MII O003HAUMIM BeJMUMHLI
1= {0~ (a—a) (g —ap (@x), (71.22)

KOTOphi€ MbI OV/eM Ha3uiBATL MOMEHTAMHU Hieplud Maccul (4) (B Mexa-
HUKE 9TO HA3BAHME HOCAT HECKOJBKO IPYrHe BelMuuHer). Haw papaexur
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BLHICTUTE TeNeph 3unauene moreHnHata U@, Mo mices

Uy = Z/" (lr (5P, (71.23)

b (5)

rie WTPpuUX y 30aKd CYMMLI O3HAuyaeT, 4TO Macca () UCKMoueHa 3
CYyMMHPOBaHMs. Kai1pii WI@H CYMMBE NPEACTaBIgeT MOTEeHUMAal COOT-
BeTCTBYIOUWIEH MacCrl. PaccMOTpHM OJMI M3 HHX, Hanpumep

o (dx’ ) ‘
ub (l') =¥ J’ |—r‘;7|-. (71~24)
)
[Totcrapasd ciona pasioxketiue
1 1 K o 1 \
TrovT T e T W e

1 ’ 7 02 1 o
—{—;2—(xk—bh)(xl——b,)m|—;—;b—|—}— vy (7123)

MHTErpupys HOulenHO M ucno/ibdys dopuyay (71.06), a taxxe 00603ua-
yerne (71.22), Mb nOayuuM:

__ I/VIT) (b)_ 02 1 YAR
u, (r)= Fb] T 9k 0x; T =B 4+ ... (71.26)
(2@ 10BATETHHO, 6yae1‘
il . ' ‘{Mb by 02 1 .
v <f>—24 T—b| {‘2.4 LR A o ral e i (71.27)
b

Queruy TMOPAIOK BeJAHUMIIBL NMePBO# 1 BTOPOH CYMMLI B 3TOM BuIpac-
nuu, [lycTs L ecTh aania, XapakTepusywoliuas .MHeHiuble pasmeph Tel,
a R — peanunna nopsika paccTosHus Mexay 1umd (cu. § 64). Tlycth ¢
XapakTepusyeT MOPSLIOK BEJAMYUHBl CKOPOCTH Ted. Mul 6yaeM cuuTaTsh,
UTO 10 TOPSLIKY Be.IMUHIIbY

9 M ¢
¢~ (71.28)
[—Iopﬂ,'l,oK BETHIUIILE MOMCHTOR HIICPLUIH 6yne'1‘, OUCBHUIHO,
[~ M2, (71.29)

Musromy mepmas cysMva B (71.27) Ovier mopaaka ¢%, a Bropas-—
2

5 L7
Hor< iKka (]2 *RTZ . Ofosunavenntie  MHOrOTOUMRM  HEBLITHCAULILIE YR HI

6vayT 0o.ee BLICOKOrO HOPRIKA OTHOCHTRABHO Madof seauudnbl L/R n
Mbt 1ix 016pocuy, C apyroH cropoiwt, HETPYAHO BleTh, WTO B hop-
smyae  (71.27) wropoft uren Oyaer mopsaka L2/R® no OTHOMwRn:

Vo nepBoMy. HOSTOMy MPA  BLIYKHCICHHM  BTOPOUO ICHd  MB MOIKeM
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l2
oTOPOCHUTH B noTeHuMate U penuunmHb HOPRika qgﬁ. TOTAA Kax npu

BBIMHC/ICHHUM MEPBOTO 4jieHa MK AO/MKHBI UX COXPAHHUTL. ﬂponssozm BLI~-
KJIdAKH, OJAYUIM]

" ()U (d X) = aa V {VM(,M;)+

ra)

9., 1
+ 5, I Myl )da 5 1a~bl\' (71.30)

Bauay toro, uyTO BeaMUKMHA

02 1 A 3 (ay —- b)) (a; — b))
WO_I'“'”JI— i w) (4 1 (7131)

dar0a; [a—ol  ja—bp la—bs

CHMMETPHYHA OTHOCHTEALHO @ M b, BhpaXeHME B (PUTYPHHIX CKOOKAX
B (71.30) Takxe OyaeT cuMMeTpuuno. BBoas ABOHHYIO CyMMY

R *{M,,M;, fay, 1 1 o
W= 5 db {l o -—{*— 9 (Mulu IM[)[ 7.]) aa;()al— l;: b“ . (\7] 3~)
a,
(a£b)
Mb MOXeM MO3TOMY HamucaTh
’ ouD . 0D
‘ (d ) ’(l *5_; ((L‘C) = glul;' (7133)
(@) (u)
Ypasuenue (70.27), KOTOPOe MbLI BHIOMIUEM il Das,
4 rw-(dx)?’: r (e (71.34)
dar 70N Ox; :
\a) (L)
HpUMET Teneph BH]
w oD oy o
.Maab-:——a—aj. (71.35)

Beanymiia @ ecth, O4YeBHIHO, HLIOTOHOBA MOTCHILAILHAA YUCPrUL HaueH
MEXAHMYECKOH CHCTEMBI, BLIPDHKEHHAd Yepe3. KOOPAMHATLL M MOMEHTDI
uHepUHMM. 3aMeTHM, uTO MpPH BhIBOAE 3THX YpaBHEHHMl MLl ewe He
neaaad, momumMo (71.01), HHKAKHUX nPeANOJOKeHHM O pacnpeieneHuil
cronocTell BHYTPH Te.ja.

Ecau Bce paccMaTpusaembie Teia 001213107 cdepuuecKof cumme-
Tpuel, TO /118 KAXKIOro Teia Tel3op MOMentoB uhepuum [ Gyler npo-
NOPUHOHAJEH eMIIMUHOMY TeH30PY

Ly = I3 (71.306)

B sTOM cavuae norennuaibuas dmeprivi @ coBcem ne OyAeT COJlepIRatt
MOMSHTOB HHEDLMH, & OyAeT 3aBUCCTb TOJ4bKO OT KOODIMiaT a
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(4, KoHeuno, oT Macc M,, KoTopbie nocrosusb). Torna cucrema ypasue-
nutt (71.35) Byner noanot: ora ByaeT COAEPHKATH CTO.IBKO VDABHEHMIt,
CKOJIBKO HEM3BECTHLIX KOOPIMHAT UEHTPOB TMKECTH Macc. ITo ByayT
OOLIUHDIE YPaBieHUd JBMKEHHS CHCTeMLi MATEDPHA/IbHBX TOUYEK, MPHUTArH-
Bawuxca no 3axody Hsiorona.

B ofiem ke cayuae, koraa Tesa cdepuueckoh cummerpued ne
00/121210T, B yDABHEHHS IBHKEHHS BOHAYT, MOMHUMO KOODIMHAT LEMTPOR
THKECTH Macc, HMX MOMEHTH MIeDUMH, WU cucTeMa ypasuenuh (71.35)
He Oyiler Toraa moaxofl. B 3rom ciyuae MOKIO MOJAYUMTb HOHYIO
CHCTEeMY, eCJH BBeCTH !NpeiNo:0XeHHe, UTO Tela BPailalOTCH BOKPYE
CBOMX LEHTPOB TSHKECTH HaNojo0ue TBepAbX Ted. ITO 3HAYUT, uTo
pacnpecienHe CKOPOCTeH BHYTPHM KaX/OTO Tend HUMEeT BHJ

" () .
Uy == 4y @y (6 — ay), (71.37)
rie u);.‘p eCTh TpexMmeplthifl auTHCHUMMETPHUHLIE Ten30p VI.10B0l CKOPOCTH
tTeaa (e). Onyckas 3nauok (@), Mbl MOXEM TAKXKe fHCATb 1715t ero C€o-

CTABSUOUIUX
W3 = O35 Wy = @a1 Wig == Wg. (71.38)

[Ipy TakomM nNPEINOJOKEHMH [O0.HAS CHCTeMa VPABHMEHMH HO.JYUHTCS,
ecau npucoeannutb K (71.35) ypaBHenust, BbipaXaiolLve 3aKOH M3MEH(-
HHST KOMUSCTBA JBIXKEHH KaKI0TO M3 Ted. BeBol 3THX vpasueHu#l u3
cootrolienut (70.29) Gyner aan B caeayioiiev fnaparpade.

§ 72. HbioTOHOBBI ypaBHeHUS BPAMATEALHOrO ABMMXKEHUS
[Monoxum

; -
MG = | ol —a) v — (x—a) v (@x). (72.01)
(@)
D10 ¢CTh, OUEBUIHO, MOMEHT KOJAMUeCTBA JABHXKEHHUA Tenaa (@) OTHOCH-
TEAbHO CI'0 LEeHTPa TEKECTH. 3aKOH M3MEHEHHS 3TOH BeJIMUHIIBL MOMY -
yaeTcd M3 (70.29) nmocae BoLredeHHs UAGHOB, OTHOCAUIMXCS K OpPOHUTAL-
HOMY MOMENTY KOJHMUeCTBA MBIKeHMs. ITa oNePauMa CBOAMTCA K MpH-
MEHEHHIO COOTHOLIEHHSI

71d7 {a ( pU (dx)° — ay ( b, (dx)g} —
(@) @
ou U -
= a; '(Pb}; (dx)B—uk ’(“{)a—x—;(dx).)’ (72.02)
(@ La)

KOTOpPOe BLITeKAeT H3 YypaBHeuuit aswkerms (71.34) u wu3 Qopmyil
(71.08), B cuny xoropod

‘.71‘ fi"'vk (dx)3_ék f su (dx)? =: 1. (72.03)

(a) ()
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Bumuitem ypasHenus (70.29) ewe pas

d " oU
- f (it — x40, (dx) == f (5 — gl ) (6P (72.09)

(a) a

Boiuuras w3 Hux coorTHowetus (72.02), GyneM umeTh

d b a »
dr J‘ pl(x;, —a) v, — (xp — q) vl (dx) ==
\a)

OU 2
= {- p [(x 4y )0,{_ — (X —ay) 5}_] (dx)?, (72.05)
(@) ¢
1M, noansysch oBoanayetuem (72.01):

d o .
7 M = J.P [(xi”’“ az)()};_(-’ch a},) ](d )3 (72.06)
)

(a s
BbiulC/aIUM BeJHUUHY ME. TMoacrasiaa s (72.01) Buipamenne (71.37)
LJs CKOPOCTH ® Moab3ysach obosuauernmavu (71.22) aas rpexmephoro
TeH30Pa MOMEHTOB HHEPUMH, MbI MOJAYYUM

MY \a)[uz\ _ fa‘/ (72.07)

B Aonee moapodHol 3amicH 3TH COOTNOIUEHHS OY/YT UMETh BHA:

My = (I~ L3g) 0o3 — o005y — 11305,
Moy = —Tp0p, 4 (Tgy 11y 05y — 1040, (72.08)
My = — Ty0o5 — loywyy == (111 = 155) 045, J

Bepxuu#t 3nauox (@) 31ech aJA KPATKOCTH OfiyiuleH. IJTO -— U3BECTILIE
H3 MeXaHMKM TBeDIOro Tesia (POPMYJbI, CBASLIBAIOIIHE MOMEHT KO.IH-
yeCcTBA BHMKEHHS C YTJOBOH CKOPOCTHIO.

BoiuncauM Tenepb npasylo uacTb ypasuenua (72.06), kotopas, oue-
BHJAHO, NPEACTABASET MOMEHT cua, aeficrsyoumx na Teno. CooBpasto
pasaenenuio (71.10) nmoTenuuasna Ha BHYTPeHHHH M BHEIIHHA, PACCMOTPNM
cnepsa MOMEHT BHYTpeHHMX cua. [lpu nomowu cootHowenns (71.18)
JerKo MPOBEPHTH, UTO MOMEHT BHYTPEHUNHX CHJ paeH nymo. Jlehicrsu-
TeJBHO, paccviias, kak npu BuBole (71.19), mMpi apuxoiuM K pa-
BEHCTBY

o\
[0 d0e— a3 — (v —a 52} vy =

5 (6= gij — (o — @) g57 ) (dxP=0. (72.09)
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Octaercs BbUMCAHTb MOMeHT BHellHMX cuaI. [loab3ysch pasqaoxeHueM
(71.20), B KOTOPOM, OAHAKO, Mbl YASPHKMM TOJBKO MOCTOSHHBIE M JaH-
HelHbill 4JleHbl, MBI HOJYUMM

* ()U(a\ U(u
,‘P{(xz—ai)—@yl:—(xk @) = ](d/\)3 =

(@
(2L (200 .
=1y <0xk0xj a_lka m;; o (72.10)

Moacrasaas cioma BupaxeHue (71.27) ann U9, wbl MOKEM Orpanu-
YUThCH B HEM INepBolt cymmolt. ITto naer

[e]eima0 e — o ap 2| avp =
(ay

” 7@ 02 1 @ 01 R
—Z /Mbl gl Oa,()a Ia--b'_lkj da;0a; [a—b|)" (72.11)

Mockosbky, coraacio (72.09), MOMEHT BHEWHHX CH.I PaBeH MOJHOMY
MOMEHTY CH:a, MBI MO¥eM 3aMeHuTbh 3aech U@ ya U. BmpaxeHnue
(72.11) mact Toraa npasylo uvacTh ypashenus (72.06), U Mb MOXeM
HANKCATL 3aKOH HM3MEHEeHHs MOMEHTA KOJMUECTBA ABWXKeHHA Teha (&)
B BHlE #)

d (@ Y 02 1 (@) 02 —1*_«] 9 19
@ 1’6—3 Y1 e e s — /% Gmoay a—wy) - (1219

Bpona asubie Bhipaends (71.31) Aan BTOPHIX NPOU3BOAHBIX, Mbl MOKeM
TaKXKe HanucaTh

3yMb (a;— bj)
e la—b}?
b

d

«dTM‘,-’;‘= ax — b)) 155 —(a; — b)) (72.13)

ITH ypaBHeHua AONOMIoT BbIBeJ€HHbIE pAaHEEe YPABHEHHMA NBUKEIHUA
HEHTPOB TSAKECTH

o0
M”a 0@,;

(72.14)

10 noiaHoli cucTembi. B 3ToM MOKIO y0emHTBCH PAa3JAMUBLIMU ITYTAMH,
Mor Mode:l PaccMAaTPHBATL B KAUECTBE HEH3BECTHBIX, XAPAKTEPUBYOWHMX
ABMIKCHHUE KAXMIOH Macent, BeaHYHHD

73} ay,
a,, /\i’jy 0y (72.15)

¢

scelf0 ABEHALNATh Beduuud [COCTaBBIomMe MOMENTa KOJIMYeCTBA ABH-
eims RprA/\aIOlLH yepes nmx n0 dopmyaam (72.07)). das sTux Beau-

Y ‘xs vpassennii  Minwrelina s1o  ypasienue Obiio Bliepusbie BHBCACHO
(Ipsin LI]U’OUU\I) B. 11, Kamkaposm [9).
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udH MBL MMEeM: TPn ypasreHus (72.14) (aBimkende wneHTpa uHEPLHM),

tpu ypaeHeHusa (72.13) (3akou H3MEHEHHA KOJHUCCTBA ABMKEHHA) U elic
WeCTh YpaBHeHKH

(@)

d['ik

dt

= oI - o1, (72.16)

cupaBse 1AMBLIX 1.1 BCAKOrO TeH30pa, KOMIOHEHTH! KOTOPOrO B CHCTEME
KOOPAHHAT, CBA3AHHOM C Te.10M, MOCTOAHHbB! (BLIBOL MLt MPHBEIEM HHXKE).
TakuMm oOpasom, aaf ABenajilUaTH HeusseCTHHIX (72.15) Mb  uMeem
ABSHAALATH YDaBHeHWH, U cucTeMa ypaBHeHui Oyier no.HOHM,

Mbi morau Gsl BeCTH paccyXiaeuue W HHAue, BBeas B PACCMOTpPeHHE,
AT KAXKIOPO Tedaa, KOODJMHATHYIO CHCTeMy X;, X, X,, BPAlaoulyCs
BMecre ¢ TeaOM (BepXHHH 3HauoK (@) MLl LI KPATKOCTH OHYyCKaeM),
OGosuauas 4epes o,; KOCHHYCH YIVIOB, YIOBJACTBOPHIO:NHE COOTHOUIEHUSIM

o

o 4]

p— . _ ¢ 7
riarj — Vi Gpilgi = Dpys (72' t /)

MBI MOMXeM NOJIOXKHTH

aF . - C L&
X, =, (£, — ap); X;—a;=o.x. (72.18)
[1pousBoaubie 0T KOCHHYCOB CBS31HH € COCTABJSIOUIUME YIJOBOH CKG--
POCTH COOTHOLUEHUAMHU
y P— . P— o <
a”- == o:m-u)ji, ('ojb pamny fzrjo'l'b" (72.19)
110 masecrubiM (QOPMYJAM KHHEMATHKH TBEPIAOrO Tesa iAeBATh KOCHHY-
COB Z,; BHIPAKAOTCH ueped Tpu dHaeposunX yraa 9, ¢, 4. Jas kaxaoi
MACCHE Mb! Moram Obt, BMecto (72.15), B3iTh B KauecTBE HeH3BECTHHIX
DYHKUHA IUeCTh BRJANYHH

Ay, Gy Gy, 3@, ol@ 4@ (72.20)

W GHPA3UTL uepe3 HHUX BCe OCTAJbHLIe, B UACTHOCTH BeaHuumnl (72.15),
‘Tak, yriaopas cKOpOCTb yxKe LbipaweHa B (72.19) uepe3 KOCHHYCH M mx
npousBoAtLIT. HTO KacaeTCs MOMEHTOB HHMEPLUHH, TO OHH BHIPAXKalOTCs
Ho Qopuy . ad

i

Iij= o050, (72.21)

i

cpaganuofl ¢ redoM. das tmecTu BetunH (72.20), 0rdocaumscs K Kax 10k
Macce, b uMeas Oul wecTh ypasrenuit (72.13) n (72.14), r. e. Haa-
Jewanice uwncja0  ypaBHeuuit jiisi TOrO, uroObl cifciema ypaBueu#it Oblia
noAuoH.

Ipusesetidble  31eCh BLITHCICHHS VPABIEHHH IBHMKEHHS B HbBIOTO-
HOBOM  TPUO/UDKEHMH NP AT0AaralnT BO3MOKHOCTL OTOpacHsarh (MOMUMO
PeasTHBHCTCKMX NOUPABOK) UieHL J0Jee BLICOKOIO MOpPAika OTHOCUTEbHG
va/toit Beamninnt L/R. Ecau 6ui Mbl 10XeJalu COXPAHHTBL 3TH UWICHM,
3aM TpUItocs Ou paccMarpuBath MOMEHTL MHEPLIUM TPETLEro 4 6ultee
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BHICOKOrO HOpSJIKA, HANpumep

(@) p o <
Ift= [pei—ad(—a)(x--a)@xp.  (72.22)
(¥}
Ho 3710 He Hapymuao 61 MOJHOTY cHCreMd ypaBuenuii. B camoum neune,
MbI MOrJu Oni paccvaTtpuBaTh BHOBbL BBEJACHHBIC BRJIMUUHBLI KaK (pyHKlJ,HI/I
3#71epOBLIX VIJIOB, Hallpumep

# 29
]ikl = U‘riaskaul]'/'dur (7225)

rie Itsu—nocmﬂﬁnue. Toraa 1eudBecTHLIME QYUKHMAMH OCTAIHCH Obi
nonpexxueMy BeauudHbi (72.20), Tak UTO UHCAO HEM3BECTHHIX QYHKIMHK
He yBeaHumloch On. TIpH npyrom cnocobe paccMOTperus Mbl MOPJAH Oui
BKJIOUHTL BHOBb BB2JCHHDBIC BeJIMUYHHLM B YHCJIO0 HCH3B2CTHLIX (YHKIAI
¥ COOTBETCTBEHHO JAOMOJUHUThL CHCTeMY ypasieHuil, paipuMcep Hamucarth
g peanuud (72.22) ypasHenus:

d (a) (a) Jay o
il =] S ofF i,’ll‘}"(’]l L) (72.24)

B o6uiem cayuae NPOH3BOJBLHOFO TPEXMepHOro rensopa A;q, ... ;,» cocra-

B.ISIIOULHE KOTOPOro A',"‘,.Q\,, r, B CHCTENE, CRIBAHNON € T I0M, HOCTONIHL,
Mbl HMeau OH

d .
R R T A S I TAVS A S N R e
0t Ad, (72.25)
JTH VYpaBileHHs HENOCPeICTBEHHO CJIe1VIOT H3 dopuyd npeobpadonanys
—_— » * D <
Az,, [ 1'" = 0 Fyglg s Jv‘nf”Ar{r‘, oty (7226)

B coeanHeHHH ¢ Qopmyaamu (72.19).

B sakaioueHue npoBepuM BuITOMNENHe 3aKOHR COXPallends 3Hepruil
1Js cucTeMbt ypasHeHult (72.13) u (72.14). Beeaem xuHeTHuecKylO snep-
FHI0 BpanieHns Tena BOKPYT CBOErO UEHTPA THKECTH

. 1 (@ 1 @ (@

T, = T u)kj ]hl =7 Mg oy . (72.27)
Ilpu cocTapienus npousBojHo#t OoT 7T, MO BPEMENH HYAHO HMETb B BHMY,
UYTO B CHay ypaBueHult (72.16) 6yﬂeT

\a) dl
"J dat

=0, (72.28)

ay
, BEJAHUHHB ]f,., MOPyT paccMaTpu-
BaTbCA KAK MOCTORHHbIe. Msesa 3TO B BHAY, JErKO Hoay4deM

Tak uro npu duddepenuuponauun T,

ar R dM

a __ ~
ar — g @i dz‘ . Y
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ToAcTaBass ciona swpaxeune (72.12) aaa npouspontoi ot MY u noas-

a
Lvach ARTHCHMMETpHE| @)z, OyleM HMeThb

aT, (@ Y 02 1
1M1 Ba;0a; A b

) (72.30)

b

1Jid, MOCJIe CUMMETPH3AUHK OTHOCHTEAbHO _] uku NocC.1eAYIOILero nepe.
WMeHOBAHUY 3HA4YKOB,

'%(": ; : My (off I =+ jkffj)Wﬁ;—a-; TEEE (72.31)
wie, Haxkoren, B cuny (72.16):
U ary o’
%Tt@:%; 1My d7tk a; 0ay IaLbl‘ (72.32)
[lpunoMuny Buipaxenne (71.32) a1 NOTEHUHAILHOR SHEPruu
b= }_‘{*M”MZ’ L IR M) 5.5 ] (72.39).

(a;&b\
BeJsunta P 3aBUCHT OT BpeMeHH uepe3 NMOCPEACTBO KOOPAHHAT 4; U uepe3

OCPeacTBO MOMEHTOB HHepIHH 1%, Dra nocienHss 3aBUCHMOCTb 1deT
B BHIPAXEHHH /.19 10JHOK Npou3BoaiHOK 0T ® 10 BpeMeHH ujdeHLI, KOTO-
pbie PABHD!

do O Orb - SW th ’ (72.34)

W,-m .idd

KaKk 9TO BHIHO H3 cpasHeuus (72.33) ¢ (72.32). B cuny ypasnenuit
HBWKEHUS 145 LeHTPOB THKECTH MACC Mbl NOJYyudceM OTCHOLA

d 2WE! ) _ . ‘
'E{Z(i M, -+ Ta>+<1>}~0 (72.35)
a
1 3AKOH COXpAHeHH$t SHepruu B opme
Soiin)oes
a

rae £ — nocrosinias sweprud. 3aMeTHM, 4TO 1aike NPH OULHL ObICTPOM
BPALEHNH TeJ, KOria JiHeltHble cKOPOCTH NOCTYMATENLHONO H BpAaiia-
TeALHOrO IBYKEHHS — OAHOro nopsiaka, B Oanance sHepruu (72.34) Bpa-

L
HIATEeAbHBIC 'JCHD! 6yﬂyT MaJibi (ﬂOpﬂ/[Kﬁ 'R O OTHOIWUCIIHIO K I‘JlaBHbIM).
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§ 73. Buyrpeunss cTpyKrypa Tena. YpaBueuue JianynoBa

VYpapHeHHs MOCTYNATEALHOIO JBIKEHHS] B MUT2rPaibHON GopMe OLLTH
naiilnete, B0 BTOPOM npHOMKenud, B kouie § 70. Brimumwes ux B pas-
BepUYTOM Buie. [loAcTaBaas 3uayeuds COCTABAAIOILMX TEH30PAa MaCCh
ynpyroro Tesia u3 (70.26) B ypapheHus apmkenus (70.23), no.ayuum

Edff{f"vi [1 +”c£_: (%v2+n+3u)~—_;g pikvk}(dx)?):

()

= ([ 59 o+ (31— U)— B @np +

Ox,

(@)

4 (roU; oU o -
+c—‘ (ax; 0xk) qvy, (dx). (73.01)

(a)
3ech peauyuHa U* yaoieTsopsieT, coraacHo (68.30), ypasderio
1 oU” Pk )
- - = —4 ) — £= 0 3.02
s = —am o+ L (30— U)— 2. (73.02)

B nepsoM npud.amxenun U* copnanaeT ¢ HBIOTOHOBHLIM mMoTeHumastoM U,
HO HaM Hykno 3nath " Bo BTOpPOM NpUGAMMKEHMH, C MONPAaBKAMH Ha
3anma3nbiBanie ¥ ¢ YYeTOM NOIIOJHUTE/BHBIX yieHoB B npaBo#t yactu (73.02).
Beanunnbl e U;, yaA0BJeTBOPAIOLINE YPaBHEeHUIM

AU, = — 4=ypv;, (73.03)

AU —

AOCTATOYHO 3HATh B MePBOM NMPUBJIMXKEHHH.

Kak ™Mb ykaswiBaan B § 71, ans toro uyrode moayuuts us (73.01)
peasTUBUCTCKHE ypaBHeHHs ABWXKEHMS B sBHob ¢opMe, HeoBXoauMO pac-
CMOTPeTb B HBIOTOHOBOM HPHOJIDKEHHH BHYTPEHHIOO CTPYKTYPY Tesaa H
COOTBETCTBYIOLIME YDABHEHHA (71.03):

ov; oUu _ Opu
( + % OX/ )"*—‘pm— a.x’hk . (73.04)

My orpanmuumcs paccMOTpeHHMeM TeX CJAy4aeB, KOraa TeJo BpallacTcd
K4K LeJaoe, Harmonodue TBepAoro tena. Toraa pacrnpeneseHne CKOpocTeds
BHYTpH Tena uMmeeT BUA (cM. 71.37):

v = a;+ 0y (x;— ay) (73.05)

[siavox (a) npu w;; noapasdymesaercq]. OTciona YCKOPeHHE uACTHILL
BHYTPH Teaa
ov; 0v;

i = ot Tvk Oxk

w (73.06)

PaBHO
Wy = @~ (W5 — 00 ) (X; — @), (73.07)
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Pasz1oxkuM Bxonsumit B (73.04) Hbororos nortenuuan U na BHyTpen-
yuit (#,) n puewHntt (U®), npuuem BHEwHMM NOTeHLMAN 3aMeHMM lep-
BLIMH  U/eHaMH pas3loXeHus B paa  Teiiiopa BOAM3M TOUKHM X5 — 4,
BuecTo YCKOpPeHHMs YaCTHLb 7; NOACTABUM ero Beipamenue (73.07). Mu
NoJyYHM TOMNia

- <0U(a) \ 011,1_ \
pai P axi )a “”P axi -
: 92U 0pik
+P[®ji—®ik‘ﬁjk—<axiax3_ )u] (xj—aj):—a—xtn (73_()8)

Onenym 37eCh [OPAAOK BEJUYMHBI PAa3IMUHLIX WIEHOB M COXPAHHM
TOJLKO IiaBnbie, V3 HbIOTOHOBBIX ypasreHHUM nBu:kenus (71.3D) HetTpyiido
8AKJIOUUTh, YTO

q?

a;~

. (73.09)

el

Toro ke mnopsika OyneT Bxoaswas BO BTOpo# uteH (73.08) ne-
y@ <
MMYRHA |~ ) Ho pasnocth 3TUX Benmuux Oyaer Mana. Y3 cono-
7

a
crapirends (71.21) ¢ (71.33) caeayer, uto GyneT

( OU((M q‘.? L?
a;, — | ———— e e
N 0x )a R R2
(117 nouTH I(UIAPOBUAHKIX MACC 3Ta Pa3HOCTh OyJeT ele MeHbllle, TaK
k4K 3uaueHye ee OOYCJOBJIEHO HEPABCHCTBOM MOMEHTOB HHEPUMH, 4 He
CAMBMH MOMEHTAMH HHepnuHu.) [I09TOMY MblI MOXEM CUMTATh, YTO nep-
Bhe aBa wieHa e (73.08) cokpawaiworcd.

[epexoaum K OlieHKe YA€HOB B KBAIPATHbIX CKOOKaX. 31eCh T1aBHLIA
UIeH eCTh W wp; O HMMeeT IOPAJIOK BeJHUMHbl KBaapaTa yTJOBOK cko-
pecTH. Mbi npumen, yTO YyT.J0Bas CKOPOCTb OyAeT nopaika

(73.10)

q .

O~ —-, 73.115
L ( !

IMopsnok BexMyMHLI, [POM3BOAHON OT VYII0BOR CKODOCTH 10 BPEMEHH,

ofpeaeJUTC M3 3aKOHA HM3MEHEHMs MOMEnTa KO.4MulCTBA JABWKEHHd.

HeTpyaHo noayuyuTh OLEHKY

2

o~ T 12)
® e (73 /
ConocTaBlsg ee ¢ OLEHKON A1 ®, MOIyudeM
. 5 L7 .
~a? 73.1
©~ 05 (73.13)

Ilatee, BTOpas npPOM3BOAHAN OT BHEUIHETO NOTeHUMASa MO KOOPAHHATAM
Oyaer nopsaka

OQU(G\ q“ 3
(Oxi 0x; >u~ R (7319
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T. €. TOro e nopsanka, Kak ®. Tlpenebperas BeJHyMHAMEH TAaKoOro
1OpAAKA *), Mbi COXPAHMM B KBAADATHHIX CKOOKAX TOJIBKO YIEH ®;wj.
[Tocne sTUX ynpouieHUB Mbi MOXKeM HATHCATb ,BHYTPEHHHe“ ypaBHEHH:
asmxeins (73.08) B sune

ou opsi; n
P { s oaon (g —a) | - = 0. (73.15)
[Toaoxum
1 )
ua+gwikwjk(xi—ai)(xj—-a;):Va. (73.16)

ITO ecTb NOTeHLMAJ TACOTEHHUd, CJAOXKEHHBbIE C TNOTEHLHAJOM LEHTPO-
BexHoll cusbi. YpapHeHue (73.15) MoxeT ObITh HAMMCAHO B BHIE

av(l 0p7k
P e = 0. (73.17)

STOMYy ypaBHEHMIO MOXHO Y1OBJACTBOPUTh, HPENIIONONKHUB, YTO TEH3Op Ha-
NpPsoKeHAH BHYTPHM TeJa pg CBOAHTCA K M30TPOIHOMY AABJEHHIO p

N

Pirg = — P (73.18)
(TAKOMY VCJOBUIO BCerla YAOBMETBODAET XUAKOCTh). Ecau Om Mbl He
npeHeSperamt B (73.08) BeJMuMHAMH ®;;, Mbl 10JDKHBI Obiu Obi paccma-
TPUBATL M HE-AMATOHAJbHbiE 3JeMEeHTbi TeH3opa Hanpstkenub p,. B ca-
MOM ne/e, OYeBHAHO, YTO H3MeHeHHe VIJAOBOK CKOPOCTH BpauleHHs
YIPyroro Te/ja 10/KHO Bhi3blBATh B HeM HANpPsKeHUsA, KOTOPbIE He CBOAATCH

K M30TPONHOMY 14BJEHHIO.
Mpu ycaosuu (73.18) ypasuenue (73.17) npuBoanTCs K CaAeAYOHieMY:

oV, __©6p
P ox, —ox; (73.19)

BhiTekaloiee u3 Hero COOTHOLIEHHE
08 Vg 00 0Va_ (73.20)

1OoK&3biBaeT, 4YTO V( 6 AOJKHLL ObITh CBA3aHMB 3dBUCHUMOCTbHIO, HEe CO-

T h

Jepxkauieht KOOpﬂHHaT, TaK 4TO €CJM p eCTh (YHKLMA OT OAHOrO mnapa-
MeTpa &, TO UV, 10/mkH0 ObTh QyHKLHMEHN OT TOro XKe ifapamerpa

o=p(x)y  V,=V, () (73.21)

BuyrpeHHu#l notennuan g, ecTh ¢YHKUHOHAA OT p; moncTasaas B (73.16)
ero g8HOE BbIpAXeEHne, MOJYYHM

(dx’ys
YJW Or_xrfl—i— 7 @y (X —a) (g — ) = V. (73.22)
(a)

#) Taxoe npeHe6peiwerte ner1aercs TOALKO B ypaBHeHMAY BHyTpeHHeH 3agauu
ey, (80.13)].
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3andaya COCTOMT B TOM, 4TOOH LPH SanaHHOM IAOTHOCTH o Halirn dopmy
reaa, T. €. GopMmy oBGnacTH MHTerpupoBaHus (a). Arta dopma AOMKHA
frTh TAKOBA, UTOOB B /100O0M TOuKe BHYTPHM Te/a BHITOIHAIOCH YCJOBHE
(73.21), T. e. uroOn sHaueHue JeBoH uactH (73.22) camo 3aBuceJo
+OJIbKO OT IWIOTHOCTH (MM OT TOrO0 HapaMeTpa, OT KOTOPOrO 3aBUCHT
nA0THOCTL). B wacTHOCTH, HA MOBEepPXHOCTH TeAa A0/MKHO Guivh 2 == consl
u V, = const.

Ecau Teso ne Bpawaercs (w;; == 0), TO BCEM YC.IOBUSIM, OUeBHINO,
vA0BJAETBOPAET C(hepHUYeCKH-CUMMETPUUHOE  Dacrpenefieine ILIOTHOCTH
hpn cepuueckolt dopme rena. B cayuae ppamienHs (» . = () HaxOXae-
nne (OPMbI Tena fpeacTaBaseT upe3Bnuaiino TPYAHYI0 MaTeMaTHUECKYIO
3ajauy, KoTopoll 3aHuMa/mch Muorue matematvkn. HauBosee noaHbie
peayJbTatii OpM noayuenn A. M. JlsnynopiiM, KOTOpHilt, 1n1 Bpalualo-
elica HeO0AHOPOANIOH XHUAKOCTH, HCC/Hen0oBaa (UIYpPhl paBHOBECHS, BJU3-
KHEe K DJUIMICOMIAM, NpHUYeM PacCMAaTPUBAN TAKKC BOMPOC O HUX YCTOH-
ugpocTd [21:22]. M OyaeM 1109TOMY HA3hBaTh ypasHeHune (73.22) ypar-
nenueM Jlsnynosa,

Ecmu vciosne (73.20) nam (73.21) BHIOMHEHO, 10 TaBieHHE p MOKeT
ObiTh HafjeHo Y3 YypaBHeuws

dp=1sdV, (73.23)
H.in
p= | s@%" da, (73.24)

AJIMTHBUYIO NOCTOMIHYI0 MBI ONpene/MM H3 YCJIOBHA, 4T0GH 113 HOBEpX-
(IOCTH TeJa JaBjieHue p 00pala’noch B iY.ib.

B BbipaxeHus 74 TeH30pa Mmaccof, a TaKke B ypaBHenus (73.01) u
(73.02) Bxonur ynpyras sucprus I eaumuuubl Macch, OmpenesiseMas,
coraacHo (30.11), no dopmye

P
M= | %2 _2, (73.25)

[ 2

S

Beueactsue (73.23), Bxoaswwmb ciona uHTErpaa ecti. kak pas VvV, um
BeJIMUMHA, OT/Muatouiascs ot V, Ha NOCTORHHYIO. ITY HOCTO’AHHYIO MOXKHO
onpeneauTh TaK, YTOOL Gbi10

p=pV,—ID. (73.26)
1o BblpaXeHne GyneT MCNOIL30BAHO NPHM BHBOAE ypaBheuudl ABHXKeHUS
M3 HHTEerpanbHbiXx cootholeHntt (73.01).

§ 74. BhiuncseHue HEKOTOPHIX HHTErpasioB, XapaKTepusyoutx
BHYTP@HHIOIO CTPYKTYpY TeJqa

Huos BelBONA ypaBHeHHH JiBUXEHHS H3 HHTEIpPasibHMX COOTHOIHEHHH
(73.01) HeoOXONMMO BLIUACAUTL DAL WMHTETPATOB, 3UAUPHHC KOTOPLIX
34BMCUT OT pAacrpete 1l@HUS MIOTNOCTY BUYTPH Teqa M BooOlie OT ero

2/ sax. 185, B. A. dox



338 3AKOH THATOTEHUS W 3AKOHbB! JBMXEHUS [ra. vi

BHyTpeHHeRt crpyxTypbl. HUroGbl He NpepuiBATH B ndjbHeftiieM H3JI0XKeHU,
Mbi COCPenOTOYMM BbIUMC/eiiHe TAKUX MHTErpaJoB B 3TOM maparpade.

Haunem ¢ wmuTerpaJioB, 3aBUCAIUMX OT MOMEHTOB HHEDHMHM T€Ad U O1
ero yrjioo#t ckopoctu. OBosHauuM uepe3 &, NOTEHLHMAJ LeHTPOGEIKHbIN
cua

Q, = —;—w%)mﬁ)(xi — ) (x; — ay). (74.01)
Ypasrenue Jlanynosa (73.16) npuveT Buji
u,+ 8, =V, (74.02)
PaccMoTpuM uuTErpana
T,= [ 59, (@xp, (74.03)
Mubl HMEEM, OYEBHIHO,
T, = olfefi 1, (T4.04)

tak uto T, eCThb KMHETHYeCKas SHeprug BpalieHu# Teqa (a). PaccMoTpuy
TAK)Ke MOMEHTbI MEPBOrO MOpPsiiKa C BeCOBORM ¢yHKumeh pQ,, T. e. Bean-
YMHLI

Tai - f (‘911 (xi - ai) (dx)3~ (7405)
[Npu momolum oGo3HaueHudt (72.22) mbl MOMXeM HAMNKHCATDL
1
Ty =5 ofjofi T (74.06)

DTU BEJMYMHb! PABHBI HYJIO, €CAM TeJO HMEeT TPU MAOCKOCTH CHM-
MeTpHH.
Paccmorpum Tenmepb uHTErpad

3a - % (‘ Pu[l (dx)as (74.07)

[

KOTOpbI MpeacTaBaAsieT SHEPLUI0 B3AUMHOTO MPHTMHKEHUS YacTHL, COCTa-
BASIOUWMX TeNO (B3ATYI0 ¢ OODATHLIM 3HAKOM), a TAKKE MOMEHTH MEpPBOro
nopsiaxa

€y = % f ot (x;— a)) (dx)°, (74.08)

Hcnomways ypasHenue [lyaccona (71.12), MOXHO NpPEICTABUThL BEJH-
YMHY 2, B BUIE:

] < Q
e, = = [ (grad u,)* (dx)%. (74.09)
(©0)
AnanoruyHo moryT OuTh NPeoOpPA30BAHBE H MOMEHTHI 8,;, 4 HMEUHO:
1 N
%ai =7 gri ‘ (grad u,* (x; —ap (dx)P. (74.10)

)
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[lpunoMunas onpeneeHne (71 16) Beanunn gt

g¥F = 5 8y (grad u,)? — dua g‘f{“ (74.11)
13
HpHUEM
@ = & (grad u,, (74.12)
Mhl MOxeM BumecTO (74.09) u (74.10) manucats:
1 ; .
o= | @i @, (74.13)
(00)
1 :
= g f g (¢, — ap) (@), (74.14)
o)
STH MHTerpajb APEACTaBILIOT YaCTIhie ciyuan Oonee 0OuIMX
1 )
Bij = = 78 (dx)®, (74.15)
(00}
1 3
Biln= = [ git (%, — ) (dx)’. (74.16)
too)

[ToMUMO paccMOTDEHHBIX BbillIe HHTEFPAJIOB
=B ey = B (74.17)

epe3  BEeJHYUHBI (74.10), (74.16) soryr ObiTb BbLIpAXEHLI N ApYrue
HYXiTble HAM MHTEerpasbi.
PacemoTpum muTerpan no odbemy OT NaBieHHs p.

= fp(dx)%*. (74.18)
(@)

(')

Tak kak napieHue p oOpaiaeTcs B HyAb BHE MAacChl, TO, MHTEIpHPYs
Mo YacTAM, Mbi MOJy4yaeM:

( 0
| (xi—ap 32 (@xp. (74.19)
(@ ‘
Bocnonb30B8aBILKMCL COOTHOWEHNEM (73.19), MBI MOXKEM TaKXe HamucCaTh
3/ =— ( (x,— L)p T “(d )3, (74.20)
@

Ho us ypasnenus JlanyHoBa cneayer, B CHIy TOr0, uTo Q, ecTh OMHO-
POLHAs KBalpaTHuHas (YHKUMS OT pasHOCTeH X;— q;,

(% — ,)W“ (x;— )0”“+2-.a (74.21)

2%
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C npyroft croponbi, cornacHo (71.18), M umeen

oug 1 aq<a'

IMoncrapaaa (74.21) B (74.20) u nonvayscy (74.22), Bynem HMeTsb:

q(a)
3= — o f (5, — ) —= (dx)* [‘ pQ, (dx). (74.23)

WHTerpupys nmo 4YacTaMm M 1104b3yaCh Buipawenuamu (74.03) u (74.13)
aasi T, ¥ e,, MOJTYy4YMM OKOHYATEJLHO

3 [ plaxp=s,—2T, (74.24)
(a)

dra ¢opmyna NOKa3biBaeT, YTO, KOrla TeN0 Bpaulaercsd, CpejHee AaB-
JIEHHe BHYTPH Hero OYAeT Meupllle, YeM MPH OTCYTCTBUM Bpailehus, uTo
M C/eN0BANO OXKUAATD.

AHanOrMUHO MO/1yuaeTcs COOTHOIIEHHE

2 fp (X —a) [@xP =y — Ty (74.25)
)
rae

?

{0 — @) 48+ (%, -—ap) ¢&) (@x)P,  (74.26)

1
Nat == gz
o
uiau, B 0003Havenusix (74.16):

i =5 5 (B s+ B, (74.27)

dopmyapl (74.15) u (74.16) ral0T ApencTaBieHUe BEAMYUH B3 u B
B BHle HHTerpanoB Mo BCeMy OeCKOHeuHOMY 0O0beMy, HO HMX MOXHO
TaKKe NPeACTABUTh B BUAE MHTErpajoB no o0beMy, 3aHATOMY Maccoft (a).
YroBel npousBecTH 3TO MpeoGpasopaHue, BBeleM (QVHKLUHMIO W@, ONpe-
JenseMyl0 paBeHCTBOM

w, =5 f o'l r—r’[(dx"), (74.28)
(73]
B CWJIy KOTOpOro
Aw, = g (74.29)
Toraa HeTPyAHO N0Ka3aTb PaBEHCTBO
1| Ouq 9uq ) vs ( Wy
eI B ol P CLOblil B ror Pl CLO (74.30)
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OTKyla BcaencTsue (74.11)

0w,
B = ‘p( S Aw, m)(dx)s. (74.31)

37ech MHTErpaj pacnpocTpaHeH yxe TOJbKO N0 00beMy Maccw (a).
[Toacrasass B (74.31) Buipaxenue (74.28) ni9 w, B BULe uHTerpasa
M BbINOJIHASA nuq)q)epeﬂunponaﬂne, MOXEM TaKiKe HamucaTh:

—X ) X ')
B = = f f (r,‘ls T8 axP ax'P. (74.32)
AHaaoruyHo q)opmyzle (74.31), xOTOpyI0 MOXHO HANHCATb B BHAE

02
[pa;g;k (dx) = 2,85 — B, (74.33)
(@)
NOKAa3LiBaeTCA U (popMmyna
[' 2w,

I" . —_— .
J 0x;0xy
(a)

(% — ay) ([dxP =2 By — Bl (74.34)

DTH COOTHOMWIEHHS Takxke OyAyT HYXHbi B JajsHebueM.

3 3axmoueHue sameTuM, UYTO BCJHEACTBME COOTHOWeHUA (74.22) wu
vpaBHeHu#t NBwxenus (73.04) nesennyio ua 4wy Beawumny g\ MoxHO
TO.IKOBATH, B PAMKAX MbIOTOIOBOM TEOPHM, KAK Tel30p HanpskeHud rpa-
BUTAUMOHHOrO 1Mojs Maccot (a).

§ 75. MpeoGpasoBanue ypaBHeHHH IBUIKEHHS, HANHCAHHBIX
B HHTerpa/nnHOi ¢opme

Mpi GyseM MCXOMUTh U3 YPaBHeHHI ABIDKEHUs B MHTerpajabHOM dopme,
NpHBENEHHLIX B Hadade § 73. DBuinvueM 3TH ypaBHeHHs cule pas, yuH-
THBaf, 4TO0, COraacHO (73.18), HanpskeHHs CBOASTCH K M3OTPONHOMY
AaBneHuio p. Mn umeem

d

ztf {Pvi[l +%(%”2+II+3U)]+C%W}(dx)f”:

= [((5+ [+ 5 (o —v)+- B an+

W)

| an oUy 3
-} (sz | (B‘}E,:_— 5}7) pvp(dx)”,  (75.01)
a
upuyen
e A 4 A TRy I X [t 1))
cd oo T REK ¢ _T—

AU, = —dryoy; (75.03)
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[lTonoxum 3aeCh AJ8 KpaTKOCTH

:(,er( v+n—U>+§, (75.04)

Tak 4To BMecCTO (75.02) MOXHO nucath
& 1 OZU‘:: - -
AU — SoE — 47vs. (75.05)

ITpenebperas MajbiMH BEJIMYMHAMH, MLl TOJAYuuM H3 (75.01):

d | { 1/1 1 N s
a if"”’[‘+ﬁ(7”‘+”+3u)]+gzw;~,><dx>‘:
oU* . 4 oU;

:fox—i“(m“w*z (T o) e’ —

(@) (u)

4 9 -
— ‘.w/. Yk L@x’.  (75.06)
((.l)
3aMeTUM npexje BCero, uto

floUi(dx)S (75.07)

a)

4 [ (oU;
Lo+ i@ =3

(@)

A&t&

TAK 4TO 3T0T uiel MO:eT OBITL MNepeHeceH B JeBY0 4YacTh M BHEceH
110J 3HaK MPOM3BOAHOH MO BpEeMeHH.

Paccmorpum Tenepb nepBoit uient npapo#t wactu (75.06); oH sB-
asiercst 000GueHreM BbrauMc/IeHHOro B § 71 Buipaxenust (71.11), coormer-
CTBYIOIEr0 HbloTOHOBY mnpubmnkenuo. Pasaaras, noaoBHo (71.10),
notednuan U* na BHYyTpeHHWH ¥ BHemHuit

U* = uy—+ Ut (75.08)
Mbl GyieM HUMeTb

ou o ‘ol @ ; ~
f‘lU_ 5 (dx)® = f— s@e’+ | W s@x®. (75.09)
0x; o Xi
Lay

(a) (a\

B HbIOTOHOBOM NpUO./IMXKEHWH NepBLil Yien cnpasa papusyica Onl, COrviacHo
(71.19), HymO, KAaK PpaBHOAEHCTBYIOHIAS BHYTPEHHUX TDABHTAUHOHHLIX
cul. B peqaTHBMCTCKOM e npHOJIKeHMHM, KOrAa ypaBuenue Ilyaccona
3amenseTcs ypasHeHueM (75.03), sto ywe Oyner He Tak, BCJAENCTBHe
sanasneianust, [loacrasiss B paccmaTpupaeMblfi MHTErpan BEeNHUHHY o
M3 ypaBHEHHUs

| o,

All;,"' E-’ ()73 == —47!‘(3. (7510)
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CrpaBelJIMBOrO BHYTPHM MacChl (@), M Y4UTBIBas, YTO MHTErpasn oT wieHa,
colepxauero oneparop Jlamaaca, paBeH HYJIO, NOJyuuM

£

(‘9 1 [‘Ou du
Jo0x; o (dx ) T Arye? ) 0x; OB (1 ) (75.11)
L) o)
/AN
ra N 1 0!1 011
Vamrs @)’ = dt ax o @), (75.12)
(@ o)
TdK KaK
0‘-‘11,2 0”; 5
r gxro¢  or @x) =0. (75.13)
(00)

BcaeacTBue MalOoro MHOMXHUTeEJd nepen PIHTEI‘pa”OM Mbl MOXEM B npa-

BO# vactu (75.12) 3ameHuTh BeMUUYUHY ua HBLIOTOHOBHLIM MOTEHIUANOM &,
noc/ae yero dopmyaa (75.12) manumwercs

Ou,, . 1 d rdua oug 3
J‘ x; .)(d ) 41_:{0_4 df 52—07((1)6) . (7514)

() (o

Beons, coraacHo (74.28), BeauuuHy w,, CBA3AHHYIO C 4, COOTHOLIGHHEM
Aw, = u,, (75.15)

MOXHO 1peo0pasoBaTh HHTerpan B npaBoil vacTH ypaBHeHus (75.14) u
HanmucaTh 3TO ypaBHeHHe B BHIR

! dJ icZ (75.16)

f%c(dx)3 == (dx)
J 0x; c2 dt 0x; 0f )

@) (a)

IMoc.1eanow GOpMy.1y MOXHO OblIO Obi BhBeCTH M G0je@ NMPAMBIM MYTeM.
1MOJCTABMB B MHTErpa/ c/eBa NPUOMDKeHHOe DellleHHe ypaBHeHud (75.10).

Taxkum o8pas3oM, mnepsnifl 'wieH npapoit uacTu (75.06) MoxHO npes-
CTaBUTh B BUJIE

J oU* 0U

’ 0 i@ s
s (dx)® = c(d %)8 +ca dtj 0xw0t ‘dx)®. (75.17)
La)

Cpesnaem 3gech eure 0nHO npeoBpasopaHHe. BpeleM (QyHKIUHIO
7 1 ’ 4
Wzgyjp'lr—r’](dx’)d, (75.18)
(00}
NPeACTABAZIOUIVIO PeleHle VDPaBHEHHs

AW =U. (75.19)
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rae U ecrh neoronos mnotedumad. Ms cpasHedus (74.28) ¢ (75.18)
OYEBH.IHO, 1TO
Al et
s D W, (75.20)
a
n0a00H0 TOMY KAK HBIOTOHOB HOTEHLMAI ¢CThH CYMMA HOTEHLHMANOB OT-
JACJBHBIX  MACC
L/' ol 2 ]lu, (75.21)
@

Paszaomennio (71.10) unloTonoBa norennuasa Ha BRYTpeHuud ¥ Buewnuii
COOTBETCTBYET PA3JIOKEiIHe

W=, 4 W, (75.22)
[IpuMenss 370 pas.iokKenue, MOXeM uanucartb BMecto (75.17):
oU* 3 OUH‘“ d (‘ Al
(15}‘ 7 () == ;@) — dt dx;or 4% '+
@ @) )
1 d oW .8 .

L2, 2 ‘
T ail oo dx) . (75.23)

X%}

[Topropas paccykienus, KOTOppie HPUBeAH HAC K opuy.ie (75.16),
OTHOLIENMIO K COBOKYMHOCTH BCEX PACCMaTPHBAEMBIX MACC, Mbl MPHUXO/MM
K (Qopmy.1e
TouUr s 14 ‘ 02w -
Py == d 75.24
‘Ox (dx) car )’ ox; Ot( x) ( )

v .
{o (o)

~ ]

OTKY1a chaelyeT, UTo

LIV » 2 /\x[\
\Ti‘QU v 1a { oW A s o=
\ o% S(de)’ - 5. oF (@x ) = 0. (75.25)

G \aQ) } (a@)

PaccMOTpUM  Temeph nocaefHUB uien ypasHenus 75.06). Pasnenss
,Bexkrop-noreHuuart® /, Ha BHYTDEGHHMN M BHEIUHUH

Up o=ty + UG, (75.26)

3aKJiouaeM, aHaJoOrMuno npedviayieMy (ex. § 71), uro B cuay ypasHe-
nus [lyaccona (75.03) 6yvirert:

(m,, _““_’f (dx)® (75.27)

‘H\

1. C.1€/0BATEIbHO, MOCAe HuH wick B (70.06) Oyner pasen

. . (3}
4 dU 4 0Uk N3 -
—_ E‘J‘ i’vl('il L (dx)s - 22’ ." ;’/‘Uk ‘BTA— ((i.x) - (7328)
\@) @y
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Tlpu srom Oyaer
T U -
oy, Ti (dx)> = 0. (75.29)
. X
(c0)
Msui pacecMoTpeau BCe uieHbr npasol wactH (75.06). M3 Hux seipa-
xenne (75.07) u nocaenuult uiew mpasolt uacTH (75.23), uMmeiowue Bul
NPOU3BOAHON 1O BpeMeHM, MBI MEepeHeceM HaJieBoO, fOC/Ae Hero ypaBHe-
nusa ABWkeHua (75.06) npumyT BUJ

APy
T F,, (75.30)
rie
p= [l [1 +4—(A—v N +3U>] -
@ 4 10w
LAY § SO R 3
o oU,; o " ox 0”((1)6) (75.31)
1%
L 0U"~ . zzrazw . 4(, R
Far = ( P g | e @ R (@)
{a) (@ (a)
(75.32)
B cuay vpasuenu#t (75.25) —-(75.29) Hvaer
> Foy =0 (75.33)
H, CJENOBATE.ILIIO, ,
EP”;EPi—- const. (75.34)
a

Benwunny P,; MOXHO, 1O 4HaJOFMM C HbIOTOHOBOH MeXaHHMKOH, TO1-
KOBAaTb KAaK COCTABJAAIOMIYIO KOJM4eCTBA JABHeHHA Macch (@). Toraa
BesqMuMHa Fpy GyneT cocTasasiomledl cuabi, aehcreyionied Ha 3Ty Maccy,
Takoe TOJKOBaHME, BNOIHE ECTECTBEHHOE B HBIOTOHOBOM NMPHUOJIMKEHHH,
ABJIACTCA 3AeCh, BIPOYEM, HECKOJABKO HCKYCCTBEHHBIM, MOCKOJBKY KOJH=
UeCTBO IBIKeHMA P,; 3aBucHT, coraacHo (75.31), He TOJBKO OT BHYT-
penHell CTpyKTypbl TeJda M €ro CKOpPOCTH, HO M OT #oTeHuuansos U,
Ui H

Bbinemust B Bhipaxenuu (75.31) naa Pg; 'wiedbl, 3aBUCAMIHE TO/bKO
OT BHYTpEHHe#l CTPYKTYpHL.

Ha yparsHenutt

du, = - Awyp; Au,, = — dwypuy, (75.35)

KOTOPHM VIOBJIETBOPAIOT BHYTPH MacCul (@) BEJINWUHHN Z,, Ug;, RbITE-
KaeT DaBeHCTBO

f S0, (A8 == ’. wil e (dx)P. (75.36)

[LA) (@)
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Hcnoansys 3TO paBencTBO, Mbi MOXEM Hamucath Buipaxeuue aaa P,
B BUIE

1 1 02w
P, = J{w —+ = cZ ‘N i(709+11— ua)—{—ﬁpvi— Ci_ Oxfaut}(dx)s‘*‘
\a)
* (@)
+ & [ @ — 3 o @y — 4 [ Gt @ep. @537

(@) (e un

3aech nepehil HMHTErpas 3aBUCUT TOJAbKO OT ABHKEHHA M OT BHYTpeH-
Helt cTpyKkTypm Tesna (a), TOr4a KaK OCTaJnHbie TPH 3aBUCAT TaKXKe
M OT NMOTEHUMA/JIOB BHeWHEro Mmoad, T. €, OT B3auMonedcTsus Tena (a)
C ApYTUMM TeJaMH. BuuuciaeHHeM 3THX HHTerpa’oB Mb 3alimMeMcs B cie-
JyoueM naparpage.

§ 76. Bbiuuciedue KOJAHYESCTBA ABUIKEHUS BO BTOPOM
npuGanKeHun

B npenbaywem naparpade Mbl [IDUBEIM  YPABHEHHS  JABHMXKEHHs

K BHALY
dP(H',

dt

rae KoauueCTBO IABkenus P, u cuira F,; Bbipawelisi B BHLe HHTe-
rpanos (75.31) w (75.32). Ham Hapnexur BHUHCIMTL TH HHTEIpaabl
¥ BLIDA3UTh HX UEepe3 NapaMeTphi, XapaKTepusyloluMe IBIKEHHe Te.l
KaK [eJblX.

Ilas Buiyucaenuss P,, BOCHO/b3yeMcs NPeNCcTaBICHUEN ITOH BeIMUMIibI
B sute (75.37). Coo0pasHO pasioKeHHIO KO.MYeCTBA ABHMXKEHHS Ha CoO-
CTREHHOE M NPOMCXOJdilee OT B3aUMOLeHCTBUR, nanuieM

=F,, (76.01)

Pai - (Pai)coéu'm ‘+ (Pai)B3ﬂ[1\'! (76 02)
(Przi)cuﬁcm - ‘ oYy (dx)& va (“‘ v+ +'JH — i +])> (dx)" -
(@ @
+ f S (), (76.08)

\CL)

3 o 4 1 2w
(Pm.)mw\, =3 [ lo«yiUka\ (dx)') _ CTJ (a) (dx)5 f Ox 5 (d )3

[t (@) (@) (7() 04)
Brouucaum crieppa  MHTerpasb, sxoasuie B (76.03). Ilepsbift U3 HHX
NaeT KOJMYeCTBO /BIKEHHS B HBIOTOHOBOM MPHUO/MKEHWH: OH paBeH

[ 10, (dxy = Maa, (76.05)

\a)
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» corqacun ¢ (71.08). Ilpn BbIYMCAEHHHM BTOPOrO HMHTerpasa Mb OyieM
uMeTh B BUAY BhiTekaloulee u3 (73.26) u (74.02) cooTHouweHHe

oll —ou, + p=10Q, (76.06)
a Takxe Qopmyay

—

1 -2 . ,
0l v = o Ok —+ ak‘”}‘z’c) (x;—a) 9 (76.07)
KOTOpas c.nenye’r us’ BbIpAXKEHUA
v, = a;+ off (x;—ay) (76.08)

A8 CKOPOCTH BHYTpU Teaa (a). Bropo# uHTeérpan dyaeT pased

f o, (% v+ Qa) (dx)? =

(@)
- (% Ma alz‘?) ) [‘ll' + QTa&'i -+ ‘”Y?‘D;‘I{ Irs ak + ()‘D(mT (76.09)

2C/M  BOCHOAB30BATLCS OOo3HaueHuamMu (74.03) w (74.05). [locaennuit
uHTerpat B (76.03) moxer ObiTo npeoBpa3oBaH K BUALY

02 Wy 3 02wa 3
(Pox or (@)= _(P”k,;;‘iaxk (dx)®. (76.10)
(CL) (@

[Tpumenas satem Qopmyanr (74.33) n (74.34), noayuum

T .
&rwn m;at (dx) = 2,0, — BRa, + offe,; — @B, (76.11)

(Cl)

COf)PIpaﬂ BCe TpH MHTerpasa BMecTe U BBOAA 0603HayeHus

(G/)*(()f + a)°k+®)1) @I ( Bgc;c): (76.12)
280 = 20T, ;4 off'z; — )3 By ik, (76.13)

noayuuM JJig ”COC’)CTBGHHOﬁ“ YacTH KOJMYeCTBA ABHXXCHHA BbIpAXKeiike

. 1
(Pai)coﬁcrn:Maai—*—zg( M ak)a —+ z(Z’Lk k+z(a) (76.14)

3sech nepBbifl WieH MpeACTABAACT, KAK MLl YXKe OTMeuasH, HbIOTOHOBO Bhi-
paxeHnue /.19 KOJMUeCTBA JBUXKeHHMs. BTOpo#l usen naeT U3BECTHYIO U3
MEXaHUKH MaTepuaabHOR Toukum A0GaBKy K Hemy. JlocnenHu#t ujeH
MOXHO TOJKOBAaTh HA OCHOBE HOHATUS O TeH30pe 3(QeKTHBHOH MacCh
(MaTpyuua KO3 UUMEHTOB MPH COCTABILO ULMX CKOPOCTH B BhipaXEHHH
I COCTABAAOLIMX KOAUYECTBA ABMMEHUA).
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Ecan Mb 1mojsoxum

1 e 1 ye oo Ve -
+ 2 B [F MaGhr + 5 2R+ 206, ], 76.15)
[¢3
TO Mbl BydeM, OUEBHAHO, HMeTh

0
(Pai)tm") - ‘0‘-&-
a

ItuM ypaBHeHMeM BejuunHa K onpelredsercs ¢ TOUHOCTLIO 10 (YHKIMH,

(76.16)

i

ne sasucswel ot a;. Mb noBasunu B (76.15) usenst X, T, 174 TOTO,
yToGbn B HEPEJASTHUBUCTCKOM MNpUOJIMXeHUM Beavumna K rnepexoiuia
B OObIYHOE BbIPAXEHHE IS KMHETHYeCKOM SHepruM CHCTEeMBI Tell,

3aMeTHM, YTO AJf HeBpallaoiuuxcd Tea co cdephueckofl cUMMeT-
puel Mbr MMeeM

) 1 o 2 o )
B} =gedus 2= yedas ZI =0. (76.17)
[MTosTomy, eciu Mbi BBeieM 3(QeKTHBHYIO MacCy
2 .
m,— M(l +3—CZEG’ (70.18)
TO Gy/eT, ¢ TOYHOCTHIO JO MAIBIX BEAHYHH,
N ! ‘2 1 1 fln .
K= }‘-2— m,a; —i——c—z 2~8— m, (ay), (76.1)
a a

KaK Aas MaTepuaanitofl toukd. Popmyaa (76.18) noxasniBaer, 4ro Ted-
sop 3ddekTUBHOK MAcChi NPHUBOIMTCS, B JaBHOM cayuyae, K CKanagpy.

[lepexoaum K BBHIUMC/IEHMIO TOF YACTH KO/AMUYECTBA JBIMKEHHUS, KOTOpas
3aBucuT OT B3aumodehicTeus. OuenuM npexie BCEro fIOPSN0K BeAMYHHKS
sTo# uactu. HeTpylHo sulerh, uro Bce Tpu uaeHa B (76.04) Gvayr
UMeThb OJAMH M TOT K& HOPAMOK BE/JIUUMHBI, & HMEHHO

? .
Padysom, = O(M 7). (76.20)

rle ¢ — HeONHOKDATHO HCMOJNb30BAHHAR HaMm# Be.iMyMHA MOPSAAKA CKO-
pocrtu. [lpu BorunciaeHnn uHTerpaoB B (76.04) Mbl COXPaHUM, MOMHMO
FAIABHBIX UJIEHOB, KOTOpbie OY1YT TOJLKO 'ITO YKA3aHHOrO 1MOPsAiKaA, TAKKkKe
M UieHb MOpsiKa L/R NO OTHOWEHHI0 K rJABHBIM; Wiehsl s Gonee Bhi-
COKOro nopsiixa orHocutesbio L/R mui Oyldem OTOpachiBalb.

Il BEIUMCJAEHHS HHTErpajop ¢ TpedyeMOHW TOUHOCTBIO B BbIpaXe-
nuy (71.27) 209 HLIOTOHOBA NOTEHLMANa JIOCTATOYHO COXpaHuiL NEepPBRHIH
wieH 1f fHCATh )

(@) _\ My _
U (l') P "?:‘ TI:LT\ (.7()“-'1)
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B BbipaXeHHH

uPm =Y «{J‘ v, (76.22)

1751 BEKTOp-MOTEeHUHMAaNa CIeAYeT COXPAHUTh, KPOME JIABHOTO, elie OIMH
wieH, lonbayschk Qopmyaott (71.25), nomyuaem

U(r) = E:TYFA%_}; VI e e (76.29)
HakoHewn, ¢QyHKUMs
vOm=¥ 3v [01r— ) @xry (76.24)
b @
¢ tpebyemoft TOUHOCTBIO OyAeT paBHa
WO =5 3 i r—bl 41 ¥ ";)L’ 21 76.25)

b b

Mur coxpaduau 3siech, NOMHMO TJIABHOTO. elle OAMII uJeH, 4TOBH
o0ecneuuTh HAWISKAILYIO TOUHOCTb B BBIDAKEHMH A [POU3BOJLIOH

or W' 1o spemenu.

[Toacrapassss B nepsmi U3 unrterpanos (76.04) pasnoxenne U (r)
B paji Tesopa BOMM3U TOUKU Xy == (1

(a)
U (l‘) — Jw (a) + (xk J— ak)< 0UY \ L] (7626)

/a
Oylem umeTh
i . (@
3 | ol ) @ = 3M,6,U' @ 30718 ( %U?;)( (76.27)
(@)

Ciona HYXHO MOINCTABUTL BLIPAXKEHHE I8 HbIOTOHOBA NOTEHIMAa BHEW-
mux macc u3 (76.21). Torna noayuurcs

3 f(fviU(a) (r)(dxy =

N M Mya (\(»0 1 )
=% 'l‘ma—bli“L‘; ML g ja o7+ (76:28)
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ABAJOIMYHO BbiUMCAseTCsi Bropotl uurerpas 8 (76.04). Mol umeen

-4 f sUN (1) (dxP = - 4M U (a) (76.29)
W mocJe MOACTALIOBKM Bhipaxetus (76.23) pas U5
— f U (r) (dx)’ =

La)

NV M Myb; @),y 0 1
o Eb —l_a—‘—_lﬂ— + _‘ 4 Mrz w7 sk 0!2/; a—o " (7630)

Haxonew, nocaeguu#t unrerpan B (76.04) pasen

aﬁw(a) 5 (0'2“1/((‘”
- [P ax0r XY =—M, ‘0x,-0z'>“‘ (76.31)
()
Hubdepenuupys (76.25) 1o Bpeaeny, modyuyaem
ow® 1 . 9| r—b| noir—b
=7 X 1M +7 2 it 0!x X SERCED
b

UsieHaMH ¢ TPETHUMH MPOUSBOAHBIMU OT | r— b ! MBI HOMKHLI 371eCh, € NpH-
HATOM TOUHOCTHIO, TMpeHebpeus. Beauyuna I(;ll? uMeeT, coraacHo (72.16),
3HaueHue

I = oG15 + oR1g. (76.33)
Iuddepenumnpys (76.32), noayuaem
0‘2“//((1\_ 1 \ % r— ) 0]1'-—b|
ox0r b YMO ¥ axidx/c + 4 2 ["k 0x; 0x; 0Xp 0x;0xp (76.34)

H. CJENOBATEJbHO,

0‘2“//((1)
fp 0x; Ot (dx)’ =
1y, ; 0*la—bl 1 @ 0la—b]|
=3 X MMb I — ; WMol i 5, - (76:89)
b

Coraaciio  (76.04), nesnennas ua ¢ cymma Bmpawenuht (76.28),
(76.30) u (76.35) naer seaumumny (P, . .

Bpejem ape dyuxumu, K, ¥ K,, H3 Koux nepsas, K, oJAHOpOAHA H
KBaJpaTHUHA B CKOPOCTAX M OJHOPOMila crenend (— l) B KoopAMHATAX,
a Bropad, K,, .MHelHA M OJHOPOAHA B CKOPOCTAX M OMIOPOAHA CTe-
menu (— 2) B KOOpAMHATAX.
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HOHOX(HM
- ‘{1‘/1 Mb 2
K= 02 Z e frend (347 -+ 3b7— 8a;8) +
(a¢ b) 1 o
+im VMo Myl gogo=la—bl  (76.36)
b
\a%ﬁ by
- 1 ;
Ky=5g 2‘ My WIJ(I”(&’ 4b;) —
(a:ﬁb\
o (ln LT S
‘/Ma (Bb 1)]012 la_bl+
1 ~ - 03la—b .
tas }_‘ T (Ml 2 — M,a 0 l‘)m. (76.37)
b
(aagfb)
Torna HeTpylHO 1pOBepUTh, uro Gyler
0K 0K,
( ai)asamx - 5;5 E;; . (76'38)
Hues B BUNY OliehKH
0~ «‘[’_- I~ ML2, |~ MgL, (76.39)
HETPYAIIO BAaK/MOYMTL, 'ITO HOPANOK Beauudun Qyukuuit K, u K, Oyder
-4 . q—i L
KlF\M?Z" ](:_,NM*C‘Z"—“Q. (76.40)

Taxkum obpasom, ¢ynkums K, Oyler masta 1o cpaBHeHuw ¢ Kj.
Conocrasias dopmy.si (76.16) u (76.38), Mbl MONKeM HamMcaTbh /s
MOJMIHOr0 KOJIMYeCTBA JIBMIKEHUSR Bprﬂ)KEH'PIe

Poi = (K4 K+ KD, (76.41)
rie K, K, n K, umeior 3nauenns (76.15), (76.36) u (76.37).

§ 77. Boluucaenve CHJB

Has BLIYMC/IEHUs HMHTErpanoB, BXOAAWMX, coraacho (75.32), B Bhpa-
HCHHUE A CHilbi
' 0U @ 1 d f oew'e

Foo= | 55— 9@0— 5 g7 Vo 5507 (490 —

(a) (@

1 oUg
— c—f g [@X), (7701

\a)
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HYKHO, TpeX.ae BCero, HafiTH ¢ JAOCTATOYHOR TOYHOCTHIO MOTEHLHAN

U* uro kacaercs moTeHuuasos W u Uy, TO 1% HUX JOCTATOYHO yxKe

HalileHHoro mepBoro mnpubukenus [popmyasr (76.23) u (76.24)].
CoraacHo (75.05), norenunan U ynoBAeTBOPSET YPaBHEHHIO

1 o:U*

AU — — - = — 4=y3, (77.02)
rae BeJHYHHA ¢ HMEET 3HAUCHUE
s =1+ (5 o o1l — U+ 3p) (77.03)

U MaJoO OTAHMYAETCs OT . Ecan u3secTed HbIOTOHOB moTeHuuaa U, YAO-
BJ]ETBOpﬂlOI.U,PIﬁ YpaBHEHHIO

AU = — 4mnyo, (77.04)

10 0o600weHHnt HLIOTOHOB notenunan U* moayuaetcs u3 U sBeleHueM
IBYX MOMPABOK: NMOMPaBKM Na 3anasisiBaHHe M MOMPABKM OT 3aMEHbLI P
na 3, [locaennssa pasHa

f =) axrp, (77.05)

[r—r"|

UJmG =¥
S

)

Yro xacaeTcss NMOMPABKM HA 3ana3fbiBaHue, TO OHA BLIPAXAETCS uepes
BBeJeHHYI0 paHee [dopmyaa (75.18)} dpyHKuuO

W=t | e —v|@x (77.06)
(oo}
Taxkum o6pa3oM, Mbl MMeeM
% 1 02w
U = U+—52‘ W+ UJm(S- (77.07)

3atimemcs BbruncaeHueM Upges. Pa3HoCTb o —p MBI HAMMWIEM B BHJE

1 /3 1
s—p =g (g ro ol —pug+ 3p)— U@L (77.08)

Meppbifi ufeH 31ech 3aBUCUT TOJALKO OT BHYTpeHHeHl CTPYKTYpH TeJa ()
1 OT €ero CKOPOCTH, a BTOpPOH — TaKKe M OT BHEIIHero NoTeHLHuaa.
Hcnoab3ys paseHcTBa (76.06) u (76.07), Mbr OyneT uMeETh

[(3or 4 oll— a4 3p ) @xp = 2 My i3, (77.00
@
ric

b= | (499, -+ 2p) (@), (77.10)
\@¢)
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u A48 MOMEHTA nepsoro nopsika

‘ (% pv? -0l — pu, -+ 3p) (X, —a) (dx)® = Bapoft i 4t (77.11)

rae
b= | (4620 + 20) (v, — a)) (@Y. (77.12)

(a)

Bxoaduue ciojia UHTerpassl BoiuuC/AeHH B § 74, a uMenHo

. 2 8
:a:_§€a+'3“Ta’ (77.13)
20 == N + 37, (77.14)
Orciona moayyaeM npubIXKeHHO:
! (dx’)3
(( pu ﬁ‘PH”—Oua_{—?’p) = l"l—«
(a)
3 * 2 1 .
:(5 Maak—«[-—sa)-;T-T‘—}—-(Btt,‘wjklj‘?>+,az) r _aP. (77.15)
Jaaee, ¢ rpebyemoit TOUHOCTLIO OYAEM HMETH
Uy g MU (2) _
J T @V =T (77.16)

(a)

Conocrapiss HattneHHbie GoOpMyJn, NOMyduM JJ B2JHUHHDI (77.07) Bhipa-
AeHHe

Uﬂ,,(;:—ggz(—g—Ma[.l‘i— a)()_{__‘a). a‘_{_

a

a)r(a) x—a
—l—%Z(SamklﬂnL ) r—ane  (77.17)
a

B dopmyay (77.01) nas cuisl, NecrByouie Ha maccy (), BXOLMT He
Becb norteHunas U”, a /MWL T4 €ro YacTb, KOTOpad HPOUCXOAHT OT
BHELHUX MacC.

dTa yacTb paBHa

. 1 prye
Us® — U‘a’+_ —i +U§{3’6, (77.18)

23 3ak. 185. B. A. dor
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rae Bequuuab UYr) u W) Gbum onpexenen panbiie (§ 753),
a po6aBka Um paBHa

1(3»)6——{3 S‘ (2 Myby—M bU(b)(b)+vb> BT -+
4k E @bl + 1) HEL @7.19)

HakneHnple suauenua noTeHuuasos HeoOXOIMMO Tenepb MOICTABUTH
B Bbipaxenne (77.01) pag cuabi. Mui noayuum:

(@

OU(“) oUY QU@
F(IL == {' ax d )d _+_ f 116 (d )% 'Lﬁ ( Ox, 3 - ';) (a'Xf)
@ (@ (@) !
1 * 03W(u) 3 1 d 02 u/((l\ 4
+7( S rar -Gl T J T, o (dx)” -
a @)
a ()U(“) _
2 Uy (d,x)" (7 720)
@

3necb nepBLill HHTErpa/i ecrb HbIOTOHOBO BbiPAXEHHE /s CHJAbI, OH ViKe
Buiunc/ied HaMM B § 71. Mu umeem, corsacHo (71.33),

1 ) oD B
"o (dx) = — 447 (77.21)

@
rie ® ecTb HLIOTOHOBA NOTEHUMATbHAR SHEPTHA CHCTeMbl Ted [Qopmy-
aa (71.32)]. Bropo#t unrerpas, ¢ tpeGyemoft rouHocTbio, Oyler paseH

U@ outs)
‘ »79%:6 o (dx)® = Ma(—afﬁ)a, (77.22)

rie moa UA',g MOXHO padyMmerh Bmpawenue (77.19). Tpetu#t uurerpas
MOKET OLiThb BbiYMCAeH MpH fomoin dopmya (77.08)— (77.14). Mu
MOAYUHM!

OU

(J — ) (= ("gl))a( Mo @ +7%)+

(@)

1 0‘2U(‘” "

Ut
o )a, (77.23)

rie B kauectse U@ pocrarouHo B3siTh BuipaxkeHue (76.21).

CocraBuM cyMmMy Buipawenuit (77.22) u (77.23) u npeiacTaBuM ee
B Bule HpousBosHOH 1m0 a,. B dopmyny (77.23) Mbi MOKEM NOACTaBHUTH
x,=a, 10 aupepenunporanus. B dopmyae we (77.22) Mbl 10/MKHb
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VUeCTh, YTO ONMH M3 WIEHOB B UW) (b) camM 33aBUCHT OT &;, 2 MMEHHO

U (b) = ——’-‘_@b—+ (77.24)

e MHOTOTOuMeM OOO3HaueHni u/ieHbi, He cojepxanine g;. Berencrsue
(77.24) Mbl uMeeM

o 1 0 1 1 M, )
U‘m(b)%}ﬁﬁa-«m = b U\b‘(b)»!a_ﬁb, — 5 (. (77.25)

Mcnoabays 3TO COOTHOLIEHHME, Mbi MOAYYHM

J‘OJ(;&)G @)+ faU(

(@ l(l)

0 o .
= g L) =G0, (77.26)

rae Mbi MNOJMOXKHIN

) R L ‘ . 1
= T7 }_g [ByM My (ar +bi) -+ 2 G M, 3,M I FaE (77.27)
a
(a #£b)

.
L= gy N (3yM0BI0h, — 3y Mo a,
a. b
@ # by

£ £ a; —b; .
F 1 (Mabyy — M5 )l oy —5- (77.28)
a ¢ynxuns W pasna

Ll ) 1 L, MM, '
v —e‘f.}(YMaMbU O e e B S -y
o MU@ @) ..., (77.29)

Tae MHOroTouueM 00803HA4EHBI UWleHbl, He 3aBUCALNHME OT @,. ITH YIeHb
Mut moadepeM Tak, yroObl ¢yHkuus W Gbia CUMMETPHUYHA OTHOCHUTE/BHO
BCEX MAcC M COOTBETCTBYIOWIMX PaaMycOB-BeKTOPOB. [Tos0KKuM

W, b) =L Moo Mo +- M) (77.30)
2¢2 la—b["
W(a, b, C)—C;“E M, MM, <!a-b]]a-—6]+

I 1
+]"B’—c|lb:'§l+lc——alic—-b]) (77.31)

(rne ¢, ect,, BpeMeHHoe 0003HaueHue 1J8 CKOPOCTH CBETa, KOTOPOC Mbi
BBeIM BO wW3dexkande CMeliends ¢ uHaekcom npu macce M.). Torna

23%
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HETPYAHO BUAETH, YTO B (YHKLHH

¥ L A‘l @ b+ 2 T, b, ¢). (77.32)
a, b a. b.c
(a=b) (@b, bc¢, c=*a)

YIeHsl, sapucsnie oT a@;, Oyayt Te xe, yro B (77.29). Takum olpasom,
B popmy.sie (77.26) Aas CyMMBl ABYX MHTErpajoB MOXHO NMoHuUMaTh moj ¥
Bhlpaxenue (77.32). Yaennt W(a, b, ¢) naiorT cBoeoOpazHoe ,TpoitHoe
B3auMonekcTBue“ Macc.

Paccmorpum temeps B Bhipaxehuu (77.20) Te uHTerpassl, KOTOpLIE

conepkar oyuxumo W'“. Mu umeem, ouesmuno,

1 ( PP @ 1 d f 9w -
o dedtd(d) ct dt 0x; Tpor (=
(a) (@)
1 (o W@ N 1 Fw 0 -
=& |G G == ,wam@“)"- (77.35)
(a) (d)

[TocrenHee BLipakeHHE BLIUKMCIARTCH MPpH moMoiud dopmy.n (76.34)
3% NpOMBBOINOH OT W@, Mu NOJVHUM

-~

-3 Jf”fa‘f—;}w(d )L‘Zﬁg"{"ah (7731
rae (a
by = E% Z VM Myt by (E(;f_d_—a? (77.35)
& ’
u
= 5 af: V(Mybyli — M ali) (;’a Saor e 0‘;1 (77.36)
(a#d

Ham ocraercs paccMoTperh nocieanuit unrerpan B (77.20). Buuucaenue
ero HUKAKUX TPYAHOCTEH He MpEeACTaBIseT, U Mbi MOJyYaeMm

4f oU® 2o — s OLG
—a ) ter, @ =g T (77.37)
(a)
rie
2N MMy (akbi)
L= — cAa FEeat (77.38)
@
. a; —b
== Ex(Mbbkm‘ﬁ) *—Maakmgi.’lg'}’)l—aj—:ﬁ‘. (77.39)

a, b
la #b)
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Co6upast BCe HHTErpaJbi BMECTe, MOJyuyaeMm Cjelylouiee BHPAXKEHUEe AJI
CHIBL:

FW:*&;_%__;_M L, +L3+LD)+0 (Ly+L,+Ly. (77.40)

CpasHUM 3TO BHPAXKEHHE JJIA CHIN C NOJMYYEHHBIM paHee BbIpAXKe-
jmem (76.41) ans kosuuecTBa ABMxkeHHd. IToJokuM

1 1
b= —g55 X 1Mt M,)- e (77.41)
(a%ébb)
I a;—b;
Wb
(faﬁb)

I BeJMYMHBl BXOAAT (CO 3HAKOM MMHYC) B COCTaB BHpaxeHuft (77.27)
u (77.28) nma Ly u Ly,
HeTpyIHO npOBepUTH, 4r0 Mbl MMeeM

L+ Ly L, =K —, (77.43)
¥ AHAJ0THYHO
L+ L+, =K, — Py, (77.44)
rie K, u K, umeior sHavenus (76.30) u (76.31). IToatomy
0 .
Fai”—‘bji(K1*‘l*K2_‘(I)“—®1“‘®2“‘w)~ (77.45)
C apyro#t cropoHsl, coriacHo (76.41),
0 .- ;- .
P, = 5;(K*1*AL—{—KQ, (77 .46)

rae K ectb BhipakeHue (76.15),
B stux ¢opmynax BejuyuHa K He 3aBUCUT OT KOODINMHAT &;, BelH-
unHp ke @, &,, D, W ne aaBucar oT ckopocrelt a;. Iosoxus

L=K+ K —+Ky—®— B, —by— ¥, (77.47)

MBI MOMXEM MNO3TOMY HanHcarTh

p,=2k, p. 09 (77.48)
Oa[ (}{I;
M ypaBHEeHHs [BHKEHHS
Pt = F, (77.49)

MPUHUMAIOT Jarpatkesy (opmy
d oL oL

= 0. 77.50
dt Oai aab ( )
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§ 78. YpaBhenus nocrynareabHOro ABHXEHHA B JarpaHixenoii dopme

B npenpaywMx naparpadax ObM BBIBEEHH YPABHEHUS JIBUKE!HA
ILEHTPOB TAKECTH MACC, BBITEKAIOMME M3 YCJIOBUH

f gV, T (dx)® = 0, (78.01)

(a)

KOTOpBIE, B CBOIO oOuepelb, MOAYYAIOTCA M3 YCJIOBUH rapMOHHUYHOCTH
(cM. § 70) Ypapaenus OblIM BHBENEHb B INpPENNOJOKEHHUH, 4TO KaX1as
Macca Bpaliaercs BOKPYD CBOErO LWEHTPA TSHHECTH Hanojaobue TBEpAOro
Teaa.

YpaBHeHUs NBUXKEHHMS NPHUBOAATCH, KAK MBI BHIEJH, K JarpaHieBoH

popme
— - —= =0, (78.02)

rae ¢ynxuus Jlarpamxka mnoaywaercs noixcraioskol B (77.47) wuafinei-
HeiX Boiie Buipaxenntt aaa K, K, K @, ¢, ®y, U [Popmyin (76.15),
(76.36), (76.37), (71.32), (77.41), (77.42), (77.32)] *).

BrinuuieMm sty dopMyab eine pas. Mur imeem

L=K+ K +Ky—D— D, — @, —, (78.03)

rjae OTACJbHBIC CJaraeMnie HMMET CJHeNYIOUUe 31ayeHus:

K= N3 Mii+ T+

a

1 1 <29 1 .. .
= 2(§-MQ @ Zﬁ,’aink#~2(¢ma¢). (78.04)
@

3nech neppag CyMMa IIpeACTaBifer OOBIYHYIO, HbIOTOHOBY, KHHETH-
YEeCKYI0 SHepruio MOCTYMATEJNbHOTO M BPAlIATENLHOTO JBIDKEHHMSI CHCTEMbI
tea. (Tlpu cocraBnennmu sepo#t uyacTd ypapHenu# Jlarpamka uren T,
BNpOYEM, He CyulecTBeH). Bropas cymma 1naer nompaBKy K ,KHHETHue-
ckot“ (r. e. sapucsawelt ot ckopoctu) yacTd Qyukuuu Jlarpamxa. [lpu
OTCYTCTBUM BpALIEHHUsI 3TA NMOAPABKA CBOAMTCA, COrnacHo (76.19), k o6by-
HOMY NonpaBoyHOMY YJeHy, H3BECTHOMY U3 MEXaHHUKH Ma’l‘eplfIaJIbHOﬁ
TOYKHM; MPH HAJMUMH >Ke BpAaleHUs 5Ta MOMNPaBKA COAEPKUT TAKKe ,CMe-
HIaHHbIe® UIeHbl, 3aBUCALIME KAK OT CKOPOCTY MNOCTYMATEJLHOIO [BIE-
HUS, TAK M OT YrJIOBO#t CKOpPOCTH BpalleHHs Teaa. OT MONOMEHHs LEH-
TPOB TMKECTH Tel BeanunHa K He 3aBHCHT.

#) Has ge-spanlaiolluxcs  Mace MPHBEIEHNC K JarpaHmesoit (opMmc Obio
BrepBLi€ BRMOMHCHO F. Puxrenroabuem [4V],
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Buinuwes Temeph 3wauenus K; u K, Coraacno (76.36) u (76.37)
MBI HMeeM

K= - 'M“Mb - (34 36} — 8uiby) +

i 1 o . 02
Ty EYMaMbaibk D2, 0a; la—bl|, (78.05)
a b

1 . .
Ky= 5 2 LM 047G (36— 4a,) —

2

___*(Mbu)“)[(a)(?)(.li z] Ia [‘, +

F— . 03 a_b .
- Y (b — g ) - B2k (78.00)

OTH wieHH 8aBUCAT KAK OT KOOPAMHAT, TAK M OT CKOpOCTed W mpen-
CTABJASIOT KAk Obl pe3yJbTAT B3aUMOAEHCTBMA KHHETHYeCKOR U moTeH-
nuaabHO#t sHepruu. Ilpu 3ToM, Kak Mbi yxke 3aMeTuiu B § 76, sesu-
avua K; O0JHOPOJHA M KBAAPaTHYHA B CKOPOCTAX &; MOCTYMATEJLHOTO
(BIDKEHHsl, a4 BequuuMHa K, OuinuHeHHAa B CKOpOCTSX MNOCTYNATEJILHOTO
JIBIDKEHHS M B YIVIOBHX CKOPOCTSX.

Cuenyouuit ynen B dyukuun Jlarpanxa

1 M 1“0 a 02 1
e Dl E(Mah M) e ey (78.0T)
ab
“p‘:ﬁﬂ,CTaBJIﬂeT IILIOTOHOBY HOTGHU,PIaJlele SHeerK) CUCTEMbI TEJ. K HeMy

npucoenuHs:oTcsl e nompasku, P, u &, rae, coraacHo (77.41) u
(77.42),

) 1 . 1
=Py = 2 1 G Ma 5 Mp) A=b]’ (78.08)
a b
1 . —b;
- By = g W CGopMy— oy My) _b? : (78.09)

Benuyuna @, MoxeT ObiTh HUCTOJIKOBAHA KAK pe3yJabTAT 3AMEHH B HbOTO-
HOBOM moTeHUHaibpHON 3Hepruu & MM, TOYHee, B ee IJIABHOM WieHe #)

— 1 MMy
q,o_a_? = (78.10)
dy b
#*) B cdopMyae (78.07) nast & nonpasouHpii uaed — yopsaka L2/R? no oTtHo-

ULEHHIO K T'JIaBHOMY, BCIeICTBHe 4ero PelATHBHMCTCKHE NONpasKH B MOMNpPAaBOYHOM
yleHe GyayT TUKOTO MOPANKA, KakliM Mbi yw#ke npededperaem, [TosTomy 6e3pa3-
JUYHO, BBOAHTB il HX B IOJHOC Bblpakeitie 11a @ il TOALKO B I'IaBNBIA
nieH by,
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Maccir M, na adpexrusiyio maccy M, 0M,, rie

N 1.

OM(I:?S';H' (78.11)
Beanunna ke ©, Moxer OLiTh HMCTONKOBAHA kaK pe3yabrar CMEIeHUs
LeHTpa TsKecTH Macch (@), 4 UMEHHO 3aMeHbl a; Ha ;- oa;, rie

1
N
00 = —57—
YT M,

AelcTBUTENbHO, Mbl HMEEM, C TOYHOCTHIO MO MAJLIX BEJAHYHH,

T My - 0My) (My +5My) -y
T D ded  ja-Ba—Db—3db] = Qo0 (74.18)

a, b

47

(78.12)

3averuM, 4ro BXoJfuiad B Gopmyay Aas 3dhdeKTHBHOH Mmacchi Beau-
.

uMHA %, paBHa cOOCTREHHOH 3Hepruu tena (a), Koropas cJjaraercs U3
KHMHEeTHUYeCKOH SHEDruu BpAlLEHHS BOKPYT ero USHTPa TSHECTH, U3 ynpy-
ro#l 3HepruM Tena M M3 T'PABUTALHOHHOH 3HEPrUM COCTABJAIONIEX CFy

HACTHUILL. B camon Ae1€, MOXKHO MnOKasaTh, UYTO BbipaXeinue

fo=Tork [ oty L [ v,y (510
@) (@

A5t cofeTsentofl SHepritd MEPeXo/IMT, TfPH HCMOJIb30LAHUM  YDaBHENUs
Jlauyrosa M cooTHowenua (73.26), B dopmyay (77.10) anq 3,.

CheiyeT OXHUAATB, UTO BECOMOCThL COOCTBEHHON 3HEpPruM Teaa B.e-
ueT 3a colofl ue TOJbKO HU3MeHeHHe ero 3hdEKTHBHOH Macchl, HO H
cMellene ero uexrpa Tdmectd. ONHAKO, BBHAY TOPO, UTO KHHETHUECKAs
3HEPrUst BPAU(EHHMs TeJa BOKPYI' €r0 LEHTPa THKECTit OTHOCHTCH KO BCEMY
TENy B LEJOM M He CBfi3aHA C OTASIbLHHIMM €FO HACTHLAMH, I BEIH-
YHHBI CMEULeHHS I2HTPA THKECTH TPYAHO VKA3aTb aMPHOPY HALIEKAUIEE
BhipaXkeHue. Bbiuncienuve e jaer pas Hero seanunHy (78.12), rae i
uMeer 3HaueHue (77.12).

Ham ocraercs wbinucaTh mnocseanu#t wiew B dynkuun Jlarpawsa.
Bxoasiwme B Hero rpu (pasavuHbeiX) paauyca-sekropa yao0Ho 00osHauaTh
OyxBamu a, b, ¢; 1M03TOMY /19 CKOPOCTHM CBeTAa Mbl MpUMeM HCHOJAb30-
saHHoe B § 77 obosHayerue ¢, CorusacHo dopmyisam (77.30), (77.31)
u (77.32), Mbi uMeeM

e N MaMy (M =My 2N 7
b g2 |a—b 6 2-‘ Mo My M, >
O b 0 g b, e
D S T W s
“\la—bjjla—¢ " b—c|[b—a] ' [c—a]|lc—Db]| L0

Jiech MOCJeNHss CcyMMa naeT TPOHHOe BsauMmoneicTsue macc.®) Ecnn,

#} B tpoiiHOH cyMMe 3HauKil YJAOBJETBOPSIOT Hepanewcrpam a=kb, bfc.
r-#2q; By BCEX JBOIHBIX CYMMAX JIOMXKHO OBITL @==b.
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KaK Mbi 3TO J1€JaJu BhHIUE, HaswpiBaTh uienn K-+ K, ,KHHerHueCKH-10-
reHLMa bHOR Y yacTelo (yHkumu Jlarpanxka, To MoxHO Benuuuny W' Ha-
3LiBATh ,MOTEHIHAMLHO-TIOTEHIMANLHOR® €€ yacTblo. IDTH HA3BAHMA MOA-
yepKUBAKT TO OOCTOATEILCTBO, UYTO BO BTOPOM MNPUOMKEHHMH TEOpPHH
TATOTEHHA DHHINTEHHA ye He MMeeT MeCTO XapaKTepHas s HbIOTOHO-
BOH TEOpHM ANJAMTHBHOCTb KMHETHUECKOH M MOTEHUMAMLHOH yacTH (YHK-
nuuu Jlarpasxa.

Moaxas dynxuus Jlarpawxa, coraacHo (78.03), paBHa cyMMe Boi-
nUCaHHMX 8icch Bhipawenuit (78.04)—(78.09) u (78.15). Oua naer,
¢ UPHUHATOH CTENeHbl0 TOYHOCTH, YPaBHEHUs MNOCTYMATENbHOTO ABMXKEHHUS
¢ peJNATUBUCTCKMMHM MOMPAaBKAMH.

Yro xacacres ypaBHeHMH BpAllAaTENLHOTO ABMIKEHHS, TO OHHM MOTYT
OpiTh MOAyuenthi u3 coorHomeHu# (70.28), KoTopbie MMEIOT BHI

- fg(%%'l‘”“-—kaaT"i)(dx)"): . (78.16)
(({\

B HLIOTOHOBOM ﬂpHG.HH)KEHHH 9TH COOTHOWIEHUs JAaloT, Kaxk MOKa3aHo

B i‘ /2, 31KOH M3:MCHEHHA MOMEeHTa KOJHUUeCTBa INBHKEHHd

) ) ) W opa)
Mg‘k = wyplj; — 0y jjk (78.17)
WAk POFO TEJd, 4 MMEHHO

1, (a; — b; ’ «
¥ f"‘_"l%‘g_bl#@ [(ag— b 19— (@, — b ID]  (78.18)
b

My =
{popuyan (72.07) u (72.13)].

PengTUBUCTCKME MOMPABKHM K HHLIOTOHOBHLIM YDABHEHHAM BDALiaTeNbHOro
JBHXKEHHS MOTYT ObiTb MOJyueHb NOyTeM Oojee TOUHOTO BbIYHC/CHHA
A1eBOH wacti cooTHoweHHH (78.16). DTH BbUUCIEHHS MOPYT OHITL MpO-
BelleHb N0 0o0pasuy TeX, Kakue ObwM jipojefannt B NPEABI1YyUHUX Mapa-
rpadax Mg MOCTYNATENbHOrO ABHMXEHHS, M He MNPEeACTABJRIOT MHBIX 3a-
TPYAHEHHH, KpOMe CJO0XHOCTH BblKJaloK. Ho Tak kKak pe/aTHBHCTCKHE
HOMPABKK K BpalllaTeJbHOMY ABHXKEHHIO HEeOEeCHLIX Tet UrpalT COBepPLIEHHO
HE3HAUUTEbHYIO pOJib M elle TpyaHee HAO/MIOAaeMbi, UeM MOMPABKH K HX
NOCTYNATENbHOMY ABHXKEHHIO, Mbl MX 31eCb BbIUHC/IATL He OYIeM.

§ 79. HUuterpainl ypaBHeHu#l ABHMKEHUS CUCTEMBl TeJ

[Mono0HO cHCTeMe HaCTHL, B3AUMOACHCTBYIOWMX 4Yepe3 1I0CPELCTBO
9dekrTpoMarauTHoro noJs (§§ 26 — 28), cucrema Tkennix Tes odianaer
TeM CBOHCTBOM, 4TO €€ ypaBHeHMs [ABIDKEHMs NONMYCKAiOT Jecarb KJaac-
CHYECKHMX MHTErpaloB (KOHCTAHT ABHXKEHHs), & MMEHHO: MHTErpajbl KO.U-
UeCTBA IBHXKEHHA i1 3HEPTHM M 3aTEM MHTErpansl MOMEHTAa KOJMYeC ' Ba
JIBMOKEHMA M ABMXKCHUSI LEHTPA MHEDLMH.

My BbiBellem 3ieCb O0uLIMe BLIPAKCHHS A9 KOHCTANT [ABHXEHHS
B BUle ONpeNeAeHHnX UHTerpanos. [Ipu sTom Mnt Oynem snec, (kak
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B Havane § 71) nonwsoBaThcd, Aag BHYTpeHHed 2anaud, oOUMMM ypasHe-
HUAMU JABHXeHHS VNPYroro Tejfa B HEPeJIATUBUCTCKOM IPUBJIMKEHUH.
BuinuimeM ux 3fech eule pas. Mo uMeeM ypaBHeHUe Hepa3phBHOCTH

Op | 0(pvy) __
‘E+”ﬂf‘" 0, (79.01)

COBCTBEHHO YPABHEHMs ABHXKEHUHA

ou op; ¢
P —p g = o’;f,’: , (79.02)
rlle YCKOpeHHe w; PAaBHO
0v; ov
wi:j;?‘f‘vkyx—;, (79.03)

M, IAKOHell, COOTHOLIEHUE Mg ynpyrOo# noTeHumanpHo# sxeprum I

dll 1 (0‘0{ a'llk

=z v (Gt o) (79.04)
[lpeanosoxXeHHs, UTO KaXKA0C Te10 BpanidaerTcs, kdaK TBeploe, Mhbl HOKA
BBOAMTH HE GyleM.

[1s nosyyeHUs KOHCTAHT ABHMKEHHS MOMXHO HCXOIUTH M3 TeX COOT-

jlowienull, KOTopbie BRITEKAlOT, KaK ioxasaHo B § 70, wus ycCioBu# rap-
MOHMYHOCTH. A MMEHHO, COOTHOLIEHHE

— f gV T (dx) =0, (79.05)

(+00)

[IPOMIITErpyupOBanHOE 1O BpeMmcil, Jjact Ham 7TpH HHTerpaJja KOJiMyecrBa
JIBHXKEHHS, a COOTHOLUECHHE

) . .
- [gval (dx) == 0, (79.06)
{0
TAK¥KeE MPOMHTErPUPOBAHHOE HO BPEMEHH, iAeT WHTerpant sWepruu. AHa-
JOTHYHO, COOTHOIUIECHHUS

- f gV T — v, T (dxy = 0 (79.07)

(001

AaAyT TPpH HHTErpajsa MOMEHTa KOJH'4eCTBA IABHXEHHUH, 4 COOTHOIMIEeHne

— f 2x,V, T (dx)P + x, J gV, T (dxpP =0 (79.08)
{oo) (o)

[B KOTOPOM, BIIPOYEM, PABEHCTBO HYJIK BTOPOTO WieHAa BLITEKAET YXe
us (79.05)] mpuBenerT K TpeM MHTErpajsaM IBIXKEHHs IEHTPA THKECTH
CUCTeMbLi MdcCC.

HauyneM ¢ BbiuMCJieHHs KOJAMYeCTBa JiBiokeHus. TIpu BHBOAE 3aKOHA
coxpanenns u8 (79.05) Mbi MOXeM BOCIIOIb80OBATLCH Pe3y.ibTaTaMu § 7D.
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0606Waa HeCckoabKO GopMyay (75.31), nosoxum

) 1
Po= | {pu[1 45 (3 +T043U)| — S paci—
{o5) . |
vg—chPU"_ < gx, 0t Ox ot
W COCTABUM TPOM3BOAHYIO OT STOTO Bbipa)KeHHs no speMeHd. Ha ocko-
BAMH (73 01) noayuum npesxie Bcero

oU* 1 d ozw 4 oUy,
Jl 7 (dx)f — @ at ) P oxor 0.x; 0t (@dxy — ¢ J’ PY% 5 (dxp,

} (dxP  (79.09)

i (79.10)
rae
3 5 e
s=ptf (3o n—U)— 2, (79.11)
u dydxkuus U® yroBieTBopserT YpaBHEHHIO
.1 ‘
AU _?5”51"*—'7:_47‘:73' (79.12)

Fo scaencrsue T0ro, uto Bce MHTerpaast B (79.10) Basrb 1o Gecko-
eyyoMy o0BeMy, K (MM HDUMEHHML COOTHOWeHus (75.24) u (75.29),
COrIACHO KOTOPHIM

ou# N *oew .
f——dxb- 3(dx) —’EEHJ ¢ 3 o @, (79.13)
(P”k %l;]cf (dx)® = 0. (79.14)
Orcrona caeayer, 4ro
({(Z—-::O P, = const, (79.15)

Tak 1o [, eCTh KOHCTaHTd ABIDKEHHA. JTOT pesydbrar 06obwaer ¢op-
Myay (75.34) Ha oBlumMit cayyalt cuCTeMbl YNPYTUX Tes, B3AUMOJEHCTBYO-
HIMX 4epe3 MOCPEACTBO 10Jis TArOTEHHs.

[Mepexonum Tenepsb K $HOPMYJIUPOBKE 3aKOHA COXPAHEHUS MOMEHTd
KOJMYecTBa [IBHXKeHHst TakoH cucremel. Bpoast B cooTHowenue (79.07)
poipaskenne (70.22) ams gV,T* u ucnossays dopmyasi (70.26) nas
COCTAB/JAIONX TEH30PAa MACCL, MOJYUHM:

{ e (o maw) sy —

1 1
o (PUs%i = Pjiv;Xy) ; (dx)® =

o _ouU* U™\ _ " -if' auy s
= (05 w5 @yt [ (0 2 i) ey —

4l 0Uj Uy ‘
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rape Mo MOJIOXKHIN AJs KpaTKOCTH

e Wy o e, (79.17)
J
Ecsn pacupoctpanuts B (79.16) Bce uHTerpadn Ha 064acTh, 3aHATYIO
olHOl M3 Macc, noayuurcst 0606menue popmyan (72.04), nawomel 3akon
M3MEHEHHUS! MOMEHTA KOJHYECTBA ABHIXKEHHUS B HbIOTOHOBOM NPUO/IMKEHHHU,
Hac unTepecyer 3iech MOJAHBH MOMEHT KOJHMYECTBA IBIXKEHHS, HMOSTOMY
MHTErpanbl 10mKHb OLiTh pacnpocTpaHeHH Ha Bce OeCcKoHeyHoe 1po-
CTPAHCTBO.
Bsenem o6o3HaueHue

_ s 1, " 1 4 1 ew
Go’~[?+;zl\271 +11+"3U)JUt“;;ﬂijvj‘c—z('ui—*;g?m,
(79.18)

npH nOMOWM KOTOporo ¢opmyaa (79.09) s n0OJHOTO KOJU4eCTBA ABU-
JKEHUs Hamuiiercs

I =fGi(dx)3. (79.19)
Toraa coornowenue (79.16) MOXKHO NpeisCTaBUTL B BRLLe

a i . U U ‘
7 L‘ (x,G,— x,G)(dx)P = f (-’Cim — Xy 5;/,;) 3 (dxyt —

1 4 oW oW
—;z"(gj g (xi ol Nk “0;707) (dx)3—
4 { oU oU, 4 .. .
—Z ‘ Py (xim — Xy, —5;) (dx)® — ;Z*JP Uy — v, U (daf
(79.20)
IlokaxeM, uTO B npaBO¥ uyacTH nepBbi€ [Ba HMHrerpajga COKpaiualoTcs,
a4 OCTajbHHE JABa paBHH HY/MO B OTAGALHOCTH, T4K UYTO BCA NpaBas
yacTh paBHA HYJIO.
Ilpy BLIYMCJIEHMH HHTErpaJ0B B MpPaBOM 4acTH Mbi OydeM NPHUMEHATDH
CIeYIOIYI0 JIEMMY:
Eciu ¢yuxuma ¢ Bbipaxaercs uepes mIOTHOCTHL p 1o dopmyae

y={ flr =/ Pp ) @xp, (79.21)

rae f ecth HekoTopas QYHKUM OF PACCTOSHUR |F-— 1 |, TO MMeer MeCTO

COOTHOILIeHHE
oY oY

X5 — X = u {dx)® = 0. 79.22

L(( i 0xp kax[)x( ) ( )

[lpu sroM ngcanoiaaraeres, uyto opmyna (79.21) nonyckaer nuddepen-

uUMpOBaHHe 1O B3HAKOM uuTerpa.ta. JIJIst 10Ka3aTeqbCTBa A0CTATOUHO

IOACTABHTL, 3HAYCHHE NDOM3BOIHBIX OTF v #3 (79.21) B (79.22) u 0b6pa-
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1#Th BHHMAHHE Ha TO, YTO B [0JY4aeMOM ABOKHOM HHTErpa.1e nojuHTe-
jpanbHas (QYHKUMA AHTUCMMMETPHYHA OTHOCHTENLHO KOOPIAMHAT obenx
T04eK T M 17,

C analormyHniM COOTHOLIEHHEM Mbl ViK€ BCTPeYatich 0PH BHBOIE
popyyab (71.14).

[Tpunomunas Qopnyay (77.07), Mbi MOXEM HaNUCATDH

1 02w

*:U°+—C_ZW’ (79.23)
rie U, = U Uyys €CTh pelieHne ypaBHeHHs
AU, = — 4mys, (79.24)
9 sropo# wieH B (79.23), B xoropoM ¢yHxuust W mueer 3snaueHue
, 1. e
We= 51 ( o | r—r' [ (dx'), (79.25)
{co)

MpeACTaBIAET MONPABKY HA 34anas1niBaHie,
PaccvoTpum nepeuilt uHTErpax B npaBolt uactu (79.20). CoraacHo
T0.16K0O UTO AOKA3aHHOI .1emMe,

>

‘(x ou, ou

— x, s
Pox, 7 ox

) 3(dx) == 0. (79.26)

Movromy Ovier

oU* oU\ .1 ” W PW 5
( (xiasz,: R '5};)4(”’6) = |\ Siomoe, — S a‘:-mj) v [@dx¥.

(79.27)
C npyro#f cTOpPOHLI, 10Ka3aHHas .1eMMa AaeT pH
1 ‘ Op ow
f=grlr—rl p=3 1= (79.28)
COOTHOLLCHUE
02w FW \Op ;. ‘
J’ (.‘Ci 7375?5 - Xy m)& (dX)" =0. (7929)
Hcnoabsys ero, nomyuyaem
d 4 oW .
at ,,r g (xi 0fox,  “k Ofox ;)(dx =

B asw . 03W 0
— ‘ p(xi Sirays — M)(dx)o (79.30)

U, c/jaenoBate’]bHO,
ou* oU*\ _ . 1 d oy 02w 3
[ 58 — o )7 00r =g e (mials, ) (f;cg) 31

L%
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TaK 4YTO lepBhie ABa MHTerpata B npaeol uactn (79.20) nelicTBurensHo
COKpaLIaTCe.

Tperu#t unrerpaa B npaBoft wactu (79.20) paBeH Hy.O B CHJIY NOKa-
3aHHOH 1eMMbl, B (OpMYJaX KOTOPOH HYKHO MOJOXUThH

f:—l?{Tl; v = 0uy; W= Uj. (79.32)

Hakouen, toctennutt unrerpas B (79.20) paBeH Hy#i0 B CHAY ypasie-
Hust [lyaccona as U,;. Takum o6pasom, Bcs npasas yactb (79.20) pasna
HY.1I0, U MH HMeeM

ot

[fa)

a ‘ (x,Gy — x,G)) (dxP == 0. (79.33)

Ecnu Mmbl BBedeM NOJHBLIE MOMEHT KOJHYeCTBA JBIXCHUA CUCTEMDLI

My, = ‘ (%G — x,G) (dx)® (79.34)
(oo}
To Mbl OyAeMm HUMeTL
M, = const, (79.35)

HanomiuM, uto B 3TUX GopMyJax BeamuuHa (; umeeT 3HaueHue (79.18)
¥ MaJO0 OT/JMYaeTcs OT [JIOTHOCTH KOJMYECTBA IBHXKEHHUS 5U;.

Ilepexoaum Ttenep, K (POPMYIMPOBKE 3aKOHA COXPAHEHHS HHEprUH
09 CUCTeMH Tea. B oT/nuMe OT ApYruX 3aKOHOB COXPAHEHHUsd, COOTHO-
wende (79.06) npuBOZMT, € NPUHATOH TOYHOCTLIO BHUMC/IEHHHM, K ¢op-
MyJMPOBKE 3TOr0 B34KOHA JHIIb B HLIOTOHOBOM npubMKeHun, bosee
TOYHas (OpMa 34KOHA COXpAHEHMs MOXKeT ObITh NOJyuyeHa M3 paccMO-
TpEHUSt JarpaH¥eBol (OPMbI YpaBHEHHY 1J8 CHUCTEMB Ted. IJTO Oyner
CIejlaHo, 1Jg He-BpaalolUXCcs Macc, B CaAefywoweM naparpade.

BBuny TOro, uro rJaBHbie WieHB (p M pv;) B KOMImOHedtax ¢27+0
1 ¢2T% ynosaeTBOPSIOT ypaBHeHm0 HepaspwiBHOCTH (79.01), coortHowe-
uue (79.06), B nannoM npub/mKeHUH, NAeT TO XKe, YTO U COOTHOILICHHE

¢ [ v, 7" (dx) = 0. (79.36)

Beoas ciona Bmpaxenue (65.23) A48 pacxOMHMMOCTH, MOJAYYAEM

a ’ (2T (dx)3 4 f%% T (dx) = 0 (79.37)

4, Ucnoab3ys sHauenue (70.26) nan TO0,
a Ll o 1 oU ‘
di .ff' {1 +c‘2(§‘” A1l U)} (dx>‘*+;gj por (@xP=0. (79.38)

Tax xax B OTHEJLHOCTH
M= | »(dx)® = const, (79.39)
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10 WOJDKHO ObiTL

d

Ll o(gotn—v)aw+ [ Lap=0  @9.40

b
e
Yro6ui HOAYYUTH OTCIONA 3aKOH COXPAaHEHHs B Y3KOM CMbIC/i€, HAM HYXHO
¥ BTOpO# uHTerpasa B (79.40) npeacrasuTh B BUAE NMPOHU3BOJHOMN 10O Bpe-
MEHH. DTO Jerko Cle/aTh, €CJAH V4YECTb COOTHOUIEHHE

s (%—ng) (dx) == 0, (79.41)

KOTOpOe BbiTeKaeT M3 ypapuenus [lyaccowa aasg U. Briunras us (79.40)
jeleHHoe pa 2 pasedctso (79.41) u nonaras

E ’ (% v T U)(dx)ﬁ, (79.42)
ML ”()JI.V“”{GM
%[; —(; [E = const. (79.13)

ViaTerpans OT OTAAbHLIX WIEHOB B (79.42) npeAcTaBisioT KUHETHYe-
CKyl0, YNPYTYi0 W rpaBUTAUMOHHYIO IHEPIHIO CHCTEMB Ted B HbIOTOHO-
BOM IPUOJIDKEHHH,

Ecau ve soutemsite w3 79.38) wiena (79.39) u nonoxuth

M= ‘ 0 {1 Jr%(% v‘UrH—é- U)} (dx)3, (79.44)
Ml ByaeM Taxke HUMETh

M = const. (79.45}

Bemuuuna M ecth nosHas Macca cucreMb Tei. Ona pabHa
o E \
M=M + (79.46)

rie M® u E umeior 3Hauenus (79.39) u (79.42).

Ham octaerca paccMOTpeThr HHTErpajn IABHXKEHHS LEHTPA Hiepiuu
cucremp tea. HMx MoxkuO noayudTh, ucX0as u3 coortHomwenu# (79.08)
310 CBOAUTCH K 11peo6pa30BAHUIO BhIPAXKEHUS

%J’xi? {1 +c—1;(% v2+n~—u)} (dx)} =
— j’p‘vi{l —’r“clg(év'3—1—II~U}(d_x;)s,+~

1 w17 i(r—uUy ., . 5
+ , 0 (AP 4 J xp ™ B gy (79.47)
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npH  noMowmM  ypasHeHu#t  (79.01) - (79.04). [lloacrasaas B (79.47)
3HacHHE [W; U3 (79.02), neayvyaem 1a CYMMB ABYX MOGISIHMX HHTEr-

panos

I dan  JdU o
) e g dt}(d ¥

f/) "y (dx)8 — (x o~ (dx)3, (79.48)

Mcnounays o6o3Hauenne (79.18), mbl MOxKeM 3anMcaTh pe3y.IbTaTr 1O4-
cranoski (79.48) B (79.47) B Buje

iJ“{‘+ (3 o2+ 11-- )] (axp =

N 4 . 4y ,
= [a,@v— 3 [cov @+ % |, anp +

1 W g 1 f ou
A Vo (X — 5 | xo
b2 f‘ 0.x;0t (dx) ¢, il o

[pubapasa crona OycsHANOE PABEHCTBO

(79.49)

1 df I ou
@«d—t.‘ iU (dx) = 5 ( w5 +u Ot)(au)x (79.50)

MOYN Handcar, Bvecto (79.49)
d [ 1/, AN 5
J[J xip{1+—6—3<7'v +ll~~2—U>}(dx) —

’ 4 4 ( .
= ” Gl(dx)s—;zj F'ULU (dx)s‘—‘l— E‘ﬁ_ ‘ PUi(dx)”*{“

1 ow . 1 ou 0p R .
+F ‘ T, (@xy — 55 (&({f T Uétﬁ) (dxy®.  (79.51)

Jra popmyaa cnpaselliuBa, KOria 06aacThb HHTErPUPOBAHHUSA OXBATHIBAET
OIHY HJIHM HECKOJbKO MacC. Ec/au ke uHTerpupoBaHHE PacCnpOCTPaHeHo
Ha Bce GeCKOHEYHOe TMpPOCTPAHCTBO, TO B cuAy ypasHenuit ITyaccowma
as U n U; 6yner

f v U (dxB = [ oU, (dx)® (79.52)
1, KpOME TOro,
° oU__,0 . ,
J i P (dxp = & ‘xl<o s a-tﬁ)(dx)d. (79.53)
Mocseiee paBeHCTBO TPOINE BCEro MPOBSpPHUTL, 3AMETHB, YTO (YHKLMS
Q= xU—22W (79.54)

Ox;
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yAOBJIETBOPACT yPABHEHHIO Tlyaccona suna
AQ; = —4mypxy. (79.55)

Beaeacrsue (79.52) u (79.53), B NpaBoit yacTH YpPaBHEHHMS BCE MHTE~
FpaJjb, KpOMe NepBOro, COKPallaloTcd, ¥ Ml MOJyyacM

%f xip {1 —}-0—12 (% vv_}_n—% U)} (dx) = fGi(dx)s — P, (79.56)

ae, coraacHo (79.15), P; ectb koncranrta. [lostomy dopmyna (79.56)
voxeT ObiTh HAMUCAHA B NPOUHTErPUPOBAHHOM BHJE, 4 MMEHHO:

fxip (143 (% P41 — U)} @dx)p—1tP, =K,  (79.57)

rae K; ecTb HOBag KOHcTaHTa. lMIMed B BHAY MNOCTOSHCTBO NOJHOM
vaccot M, onpenensemoit ¢opmyioit (79.44), Mb MOXEM BBeCTH TPH
BEJMUMHBI X; NP NOMOWM COOTHOLICHUI

MX, = fxip{l +512—(%v?+H~%U)} @xp.  (79.58)

DTH BeJHMUMHBI MOXHO TOJKOBATH KAK KOODAMHATH LEHTPA TDHKECTH CH-
cTeMbl Macc, a dopmyay (79.57), HanucaHHyw B BUIe

MX,—tP; = K;, (79.59)

—- KaK Bbipa)XeHHE 3aKOHA JBIKEHHS LeHTpa TMKeCTH. McxoldHoe paseH-
ctBo (79.08) MOkHO paccMaTpHBaTh KaK pe3y/bTaT AHU(GdepeHUUpOBanya
110 BpeMeHH cooTHOeHus (79.59).

§ 80. JonosnuTtenbHble 3aMedaHHsA K 2ajade O JBHIKEHHH
cuctembl Tes. fsHag ¢opma MHTErpasoB ABHIKeHHA
A ciyyad HeBpANAIIMXCA MAcce

B npeibtdywiem naparpage OblIM BbiBeJeHbl HUHTCTPaJbi JIBIKEHHS
CHCTeMb TeJ B TPEeANOJOXKEHHH, HTO BHYTPH KaXIOIO Tela BLIIOMI-
HSIOTCS HEpeJSTHBUCTCKME  YDABHEHHMA [BIDKEHHS CIVIOWIHOH cpeln
(79.01) —(79.04). BosHukaeT BOMpPOC, OCTAIOTCH JU B CH/IE HaillleHHbie
MHTerpa/bl JABWXKEHHS, €CJHM CYHUTATh YPaBHEHHS IBIDKeHHS CIJIOLIHOH
Cpelbl BHLINOJHEHHBIMM BHYTPH Tes JHWb NpubmmkeHHO (kak B § 73) u
B3aMeH HHMX MOTpe6OBATh JHUIUbL BHLINOJHEHHS YDPAaBHEHHMH NBIDKEeHHMd IJd
TeJ, Kak ueanix. [Ipm 3TOM, padyMmeeTcsd, HYKHO BepHYThCd K Npelno-
JIOXKEHHI0 O TOM, YTO TeJa BPAallalOTCd KaK TBEpAbiS.

Tlo oTHOweHHI0O K KOJMYECTBY MABMXKEHHS NOCTABJAEHHHMH BONpOC pe-
waercs BecbMa nNpocto. [lonyuenneie B8 §§ 75 u 77 ypaBHeHHA ABIDKEHHUS

24 3ak. 185. B. A. ®ox
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KaK pa3 H COCTOSVIKM B TOM, YTO BeJHUYHUHLI

P, = f G, (dx)’ (80.01)
a)
YI0BJIETBOPSIN COOTHOIIGHHIO
= Fo (80.02)
rje, cornacHo (75.33),
X Fu=0. (30.03)
a

TTosToMy MOCTOAHCTBO BEJHYHHLI

eCTh CJAeACTBHE ypaBHeHHﬁ ABHXKEHHUT TeJ, KaK LEILIX.
To e caMoe MOXHO CKa3aTh OTHOCHUTE!]ILHO BEJHUMH

My = [ (26— 5G9 (@), (80.05)

{1IpeACTaBIa0uX MOMEHT KO./JHYeCTBA IBWXEHHI CHUCTEMbl, YpaBHeme
BpAaillaTe 1LHOrO JABIXKEHHA ObLTH BLINUCAHL HaMH (B § 72) TOJALKO B HbIO-
ToHOBOM MNpudamkenuu, Ho 60Jee TOuHble YpaBHEHHS, HAMUCAHHHE I
CYMMH OpBUTANLHONO M COOCTBEHHUNO MOMEHTA KOJMYECTBA JBIKEHM,
KaK pa3 U ¥MMET BHJ

d . . .
E‘ f(xin—- kai) (dx)3 jm L(i]?, (80.0b)
a)
rae L@ ecth cymMma MHTerpasnos, crosuux B npaso# uactu (79.20), Ho

pacnpoCTPaHeHHKHX He Ha Bce OeCkOHEeYHOE MPOCTPAHCTBO, a .MIUL Ha
obnacts Maccw (@), Ilpuw atom, kak nokaszaHo B § 79, uMeeT MeCTO
paBeHCTBO

XIf =0, (80.07)

B CHJy KOTODOrO TMOCTOSHCTBO BeauuuH M;, ecTh cjlel1cTBHe yPaBHEHHH
spatiate/bnoro AsibkeHus B ¢gopme (80.06).
[lpoBepuM Tenephb BLINOJHEHHE COOTHOLIEHHSA

f gV, T (dx)’ =0. (80.08)
(@)
STO COOTHOIIEHUE NOMKHO ObiTh BHINOJHEHO LIS TOrO, YTOOBI BhLINOJHL-
NOCh COOTBETCTBYIOUIEE YCJIOBHE TrapMOHMYHOCTH. C Apyroff cTOpOHH,

€CAM OHO BHINOJTHEHO, TO OyleT BHINOIHEHO M cooTHoweHue (79.006),
CB#3aHHOE C MHTErpa/ioM HEPrud,
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[TpeolGpazosanuda, kotophie npusean Hac or (79.05) k (79.3%), upu-
\MEeHHMULL B B TOM CJayuae, KOI'MA BCE HHTErpadnl paclpocTpaHeHn Ha
00MacTb TOMLKO OAHOH Maccol. [lo9TOMy MH MOXKEM Cpasy nanucars

d{

{ 1/1 o ) : 1 ouU
y p-{ll—}—03(571*—{—1[—U)i(dx)su[—c—‘z«fpw(dx)szo, (30.09)
Al )

4 TAK KakK B OTAeJAbHOCTH

[ o (dx)® = M, = const, (80.10)

a
O LOJOKHO OWITh

%f?(%vi’_%—lla—U)(dx)3+ ij%_[t](dx):):(). (80.11)

) (@)

jT0 COOTHOIIEHME BLINOAHAETCS B CHIY ypaBHeHHH ABmxenus (79.01)—
(79.04) aaa cnaowHod cpelni. Ham HyxHO nOKasaTh, 4to OHO OByaer
UPUOJMKEHHO BHINOJIHEHO M B TOM CJAydae, €C/AM YPABHEHHMA JBHKEHHA
CTUIONIHOW Cpell Y10BAETBOPSAIOTCA JHMIIL B CPEJHEM, U TeJ0 Npelno-
1araeTcd BpAWAOWHUMCS HANOAOBHME TBepAOro Tela, HO HeoBA3aTeSLHO
¢ MOCTOAHHOH YIVIOBOH cKopocThio (cm. § 73). B arom cayuae neno
CBOAMTCH K TPOBEPKe COOTHOLIEGHHS

ouU
J‘ 0Y; (wi— E) (dx)? =0, (80.12)
b3
(@
nonyuaemoro u3 (80.11) nocre nuddepenuuposanud, Npu yuyeTe TOro,
4TO yNpyras SHeprus OCTAeTCH NMOCTOAHHOH. 3ieCh w; ecTh YCKOPEeHHe,
AJg KoToporo B § 73 nano suipaxenue (73.07); noauHrerpajsbHad QyHK-
uug B (80.12) ecThb ymHOxeHHam HA ©; Jesas 4acTh (73.08). Pasenctso
(80.12) serko nposepseTcs NPH NOMOUM OPMYJIb

[ o, o — (ZU2 dxp =0 80.13
! Pvi[‘”ji —(azgyj)a](x)*— ) (dxy® =0, (80.13)
(@)
KOTOpas MOXET OHTL HAMMCAHA B BUME
dTgq 1 yay(02U@y |
a9 Y (Oxidxj)a
Jta ¢opmyna cosnizaeT ¢ (72.32) U BHNOJHAETCS B CHAY YpaBHEHUH
BpamiaTeJbHOrO ABmkenus Teaa. [lpu nposepke coorHomenus (80.11)
MOMHO TalOKe paccyklaTh cielyouiuM obpasdom, Pasnenaa norenuuan U
Ha BHYTPEHHHMil M BHEINHMH M MCNOAb3Yd ypasdenus (71.19) wu (72.09),
BLIpAXKAIOLIME DPABEHCTBO HYJI0 PAaBHOASHCTBYIOMIEH BHYTPEHHHMX CHJ H
MX MOMEHTOB, MK MOMKEM HAMUCATh

Ou, .
[ 6% @ep=— [,

(80.14)

ou,,
0x;

(dx)p® = 0. (30.15)

24
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Kpome TOro, ouesHjHO,

g f p (I — 1) (dx)e = 0. (30.16)
@
MMostomy ypasuenue (80.11) cBopmrcs K TAakOMy, B KOTOPOE BXOMHT
T0AbKO Bremuul noteHuman U'®, a MMeHHO K caefyiouwemy:

? (@)

4o (g o —U) @+ fp@a?(dx)szo. (80.17)
) @a)

[Toacrasass ciona 3nauenne U'”(r) us (71.27) u ucnoan3ys ypasHeHus

MOCTYNaTeAbHOTO M BPAalnaTeJbHOrO ABKeHus (71.35) m (72.32), yOe-

waaemcd, uro ypasHerue (80.17) Bminoansercs.

Takum o00pasom, HeOOXOAMMOE i BHNOJHEHHs YCJOBMH rapMOHMY-
nocty cootnomenue (80.08) ynosierBopseTcs Ywe B CHIy OCTAJIbHBIX
cootHouenuyt Buna (70.21), noloBHO TOMY, KAK B MeXaHHKE MATEpHaJb-
HOH TOUKH YpaBHEHMe, BHIPAXKAIOUIEE COXpPAHEHHE JHEPTUM, YNOBJIETBO-
pAeTcd B CHIY YDaBHEHMH ABMKEHHA.

AHAJOrHYHO MOXHO INpPOB2PUTH, UYTO YDPABHEHHH MOCTYMATEeJLHOrO H
BpAUIATEILHOTO JABIKEHHS [OCTATOYHO I BLIMOJHEHHUS COOTHOLIEHUS
(79.51), a 3HAYMT M 479 BLINOJHEHHS 3aKOHA ABIDKEHHs LLEHTPA MHEPLMH.

Kak Mbl yxe ynomusann B § 79, ¢ NMPUHATOH TOYHOCTHIO BBHIUHC/IE-
HUH MHTErpaj SHepruu noaydaercd u3 (79.06) auuwib B HLIOTOHOBOM MpHU-
Gabxennn, Ho B cayuyae He-Bpamamwlivxcs Tea co cepHyecKoid CuM-
METPUEH HeTPYIHO HAMUCATb HHTErpast SHEPrUH U B CJeAyiouleM MHpH-
Gamkennu., Tak kKak B 9TOM cayyae ABMXEHHE CBOAUTCSH K MOCTYNATEILHOMY,
I/ KOTOPOTO ypAaBHEHHs YK€ HAMUCaHbl B JarpaHxeBod ¢opMe, TO 144
BLIBOLA MHTErpasd SHEPrUM MOXHO HCXOMMTh H3 (yHkuuu Jlarpanxa,
paccmorpennoit B § 78. Bsona sddexTusHyro Mmaccy

Mo = Mﬁ—%—ew (80.18)
Mb OyAes uMerb, no gopmyie (78.03):
L=K-+4+K —o—V. (80.19)
3nech, cornacHo (76.19),
1 *9 1 1 .
K: E’Q‘maai+ﬁ E—S_ma(ag)z- (80.20)
a a

K umeer npexHee snayende (78.05), B KOTODOM MOMXHO 3aMEHUTH MAcCH
M, M, >hdexTHBHLIMU MACCAMU M, My
L XY ey n e ng2 ot f
K= 5z A\_gln—_—bl (3% -1- 305 — 8ab,) -+
a,
I\ ) 02
+4¢—z meambaibk 0a, O—ak ]a—‘bl (8021)

a b
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d ecTb HbIOTOHOBA HOTeHIMAAbHAA 3Heprud (¢ 3P PEKTHUBHHIMU MaACcaMu)

. 1 M my
P == -5 laTbT (80.22)
a b

Beaencrsue (78.13) 910 BhipaxeHHe BkMmoyaeT B cedd wieHn P, n @,
(snipoueM, BBUAY cepuueckoit cummerpun P, = 0). Haxonew, ¥ wumeer
npexHee sHavenre (78.15), B KOTOPOM TaKXe MOXHO 3aMEHUTL MacCH
X 3PPEeKTHUBHbBIMU 3HAYEHHSIMHU:

X mamy (mg - my)
V= PR s X manm, X

4
coab ab.

1 1 1 .
X(la“lﬂ'la——cl+ib——c||b-—a|+)c——a|.|c_b1)‘ (80.23)
ITo dopmyne

i

Vil 1=k (80.24)
- oa

10/y4aeM HMHTEerpaji dHEpPruu (B HepedTHBUCTCKOH HOPMHUPOBKE):
E=VN1pm L3 0 @2k, +o4u. (8025
- —Q_maal+cz @‘ma(az) + 17T "I" . ( . J
a a
(cTaNbHbIe MHTErpajni ABIKEHHS TAKXE JEeTKO MOJyuaioTcsd U3 QYyHKUHMH
Jlarpan:xka. Mpr MMeeM HMHTErpajbl KOJAMUECTBA JBHXKEHHA
2Py =P, (80.26)
a
rne

. 1 2 1 T oymgmy
Poy== G = b (Mot g madi — gz 3 (3250
a; i b

(m mb(a—-b) 1 ! . (ag— b)) (ay — by)
’f'rE “Ta =B :z‘c“}; b = (802D

HHTel'paﬂbl MOMEeHTa KOJH4YCCTBA MNBHXEHUSA
2 (aipak — akpai) - Md, (80.28)
a

¥ MHTEerpafbi ABHXEHHS LEHTPA MHEPLUH ¥)

MX,— Pit = K, = const, (80.29)

*) Kosnctautel K; He clexyer cMemusaTe ¢ sedusuHamu Ky u Ky, BXOAA-
My B yHKuMo Jlarpamxa.
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rae
W Y m E
MXL»:Z‘ (m +20mak 2022‘ laibb)’ (80.30)
¢
npuuey | 1
"2 N mgm .
M = E(ma+@m“a")_’%ﬁ}qﬁf (80.31)
a a, b

€CTh i10.1Ha9 Macca CHUCTEMDI.
BoJsee TOYHOE 3HaueHHUE IOJHOH MACCHI €CTh

M= 2‘ m, 4L, (80.32)

rie E umeer zunauenne (80.25).

§ 81. 3amaua AByX TeJ KOHEWHOH Macchi

B ciayuae AByx TesJ noayuaeMbie M3 ¢ynkuuu Jlarpamxa (80.19)
VpPaBHEHUS IBIDKEHHS MOIYT ObiTb NPOMHTErpHUpPOBAaHH. 31ech ynobuee
nepeiiTd K HOBHIM 0003HaueHUs M, Oojee yNOTPeBHTELHHIM B MeXaHHUKE.
B kauecTBe MHIEKCOB MPH Macce MH OyldeM nucaTh He OykBuo @, b
(oBo3HauaBwMe y HAC TAKXKE KOODIAMHATHI MACC), a uucna 1 WU 2; koop-
AMHATH Maccht 1 OyayT Temepb Xy, V{, 2;, 4 KOODIMHATH Macch 2 Oy-
AYT Xg0 Yo, 23

Mui Byldem ynorpeb/aTh TaKKe TPEXMEPHhie BEKTOPHBIE 0003HAYyeHHd
r, 1 ry. B HoBuX o8o3Hauenuax ¢ynkuus Jlarpamxa Hamuulercd:

1 9 1 *9 my

L= mri+ 5 myri—+ gt (K + 52 (15)° +
+20 Y’”l’”’ (31+3r;~7r1 ry) —

1 .
~ 23] rj”fj”ﬁjp( 00 (=) (o (r 1)

2 {
+ lrsmtms 12 mymg {my - my) (R1.01)

1— Tl 28 Ir—ryp

d uHrerpaJ aHepFHH ﬂpHMGT BUI:
3m 3m
F—= mr-+ Pty -l (1) -5 2( D2 -

+203 {ry 7”117712 (3 i+ 3r—7r - "'2)““

1 ymymg :
IR T TAE (ry - (rg—ry) (r-_) S (rp—ry)- -
(mym., + v ”leﬂ‘) (mq - my) (31.02)

| Ty~ T3 Iry—ryf2
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Myl nependileM Takxe B HOBHX 0O03HadeHusx dopmyny (80.27) nas
. 1
KoJIMYecTBA ABMmKeHus oAHol u3 Macc. Cocrasamiowas Py’ pasua

1 1 ymumy
P()—x1<m1+z 2m1r1 02—9)4—

[Ty —ryl
7 ymyms (X — Xp) gty (X] — Xo)
+Zcu7 1|1'1—11'2| : {z‘c-vlzrlir 3 ( (rl r2)). (81'03)

Kom1uecTBO ABMXKEHHS APYrof Macch MOJMYUMTCA OTCIONA MepecTaHOBKOH
snaukor (1) u (2), a noiHoe KOAMYECTBO ABIKEHUs GyleT paBHO

P,=Pr+ P2 u 1. 1 (81.04)

BpmdileM OQHY M3 COCTABJAIIMMX MOJHOIO MOMEHTA KOJHMYECTBA ABHXKE-
Hud, HanpuMmep

My_x1 ——y1 o —}-xo ) — 3,PY. (81.05)
Mpr Byaem MMeTh:

lemr;

My =x Y — y1x1)(m1+ 752 m1r1+ 2ir —le)+

; : "2 3 ymmy
+ (X3Yos— YaXs) <m2+ Ml 5 m) -
Tymms, . . .
- 0‘11'11—41'21 (x1y7 YiXo— Xo V1 — VX )+
VMg

Faare (b ) (=) (Y, — %y, (81.06)

Ecnu Mbl BBelleM KOODAMHATHYX CHCTEMY, CBS3AaHHYiO C UEHTPOM WHep-
UMM, TO MbI MOXEM HHTEerpafdbl LUEHTDA WHEpPUUH HAlucaTh B Bule

o1 o1 my
T —
I?’lll'1<1 +20-‘ 50 —l—?l—:r——)—{—m)r,(l +2€5 2?)‘[}‘1—:].—2[) =0. (81.07)

BBelleM Tenepr KOOPAHHATh! UEHTpA UHEDUMH B HBIOTOHOBCKOM CMBIC/E

mry —+ moly

0 my -+ ng
a TaKXe OTHOCHUTENbHME KOOPIAMHATH
r=r —r,. (81.09)
Mit Gvaem TOrna uMeTh
m.
r=ry+ ,,_19 r, ‘
) Q
81.10
i, (81.10)
ry=ro— . r, ’

rie
my == my - m, (81.11)
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€CTh NnoJHas Macca. Mu BBeleM Takxe oBO3HauYeHHE

o Lo W (81.12)
my + my
IJs TpUBEASHHOI MAacchl M 3aMeTHUM, YTO
mom® = mm,. (81.13)
Mu umeem Takxe
M P myrs = mry - m*r, (81.14)

my (x13"1 — yl"el) —+my (xQJ;z - )’2-’.52) =
= My (Xo Yy — YoXo) + m* (xy — yx), (81.15)
Xy T Xy Ya == XY X (81.16)
M3 dopmyas (81.07) HenocpeacTBeHHO BHAHO, 4TO PadMyC-BeKTOD HbIO-

TOHOBA UEHTPA TsHKeCTH OyIeT BCe BpeMsi OCTABATHCA MAaJbiM, NpHYeM
CKOPOCTh €ro M3MeHeHHs Takxke OyleT Majda. Ecau nopsaaok BeNMuMHE

r U r MpUHATL paBHBIM K u g, To Oyler

. 3

NR 9’ rof\.'g—z-, (81.17)

[TosToMy BO BCeX MOMPaBOYHBIX W/EHAX, COAEPMAUIMX B 3HAMEHAaTede 2,
MBI MOXeM MoJoxuth BMecto (81.10)

m m
r,=-2r ry=—-_1r, (81.18)
my ny
a Takwe
rp=—2r; ry,=——r. (81.19)
my - ny

Henas 3tn npenedpexenus B camoM ypasHeHuu (81.07), Mbl MOxeM Ha-
TmicaTh ero B Bule ")

*

Moty = (—’1%?—2%;2—'1‘ (mrie — 2. (81.20)

OTcrona MOXHO 3aKJIOYUTH, YTO B CAyyae (PUHHTHBIX ABMXKEHHH HBIOTO-
HOB LIEHTD THMECTH Ty KO/IeBJeTCH OKOJO CBOEro CpelHero MHOA0MXEeHHd.

IMepenuuiem MHTerpafbl SHEPIMM M MOMEHTA KOJHYECTBA JBIKEHHA
B MPEINOJ0KEeHUH MAaJOCTH r, Jlaxe B TaaBHBIX (HBIOTOHOBBIX) Y/eHAX
suipaxennd (81.02) u (81.06) MoxHO npeHeGpeub BeJMUHHAMH ry M fn,
TaKk Kak, corjiacuo (81.14) m (81.15), oHM BXOAAT Tvia KBAADATHYHO;
9TO 3HAYMT, 4YTO MOXKHO Be3lde MN0JbL30BAThCA 3HaueHuamu (81.18) u
(81.19). Bsoas aTi 3HaueHus B uHTerpan sueprum (81.02) u pasnesus

*) Dta ¢opmyna nuepBhle noayueHa B Hamell paGore 1941 r, [38],
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pesy.tbTaT Ha MPHUBEAEHHYIO Maccy m’, Mbl NOJIYYMM I/ BEeJHYUHbI

E,=Z£ (81.21)

m"-
BLIpAXEHHE

Ey= 5P =0 L3 (1—2) (2 e By P2

2

1 ' °\9 A{2’710 N
Fommtro Rt ]. (81.22)

BBejleM Tenepp 3HAYEHHS ry M I, B HHTErpajl MOMEHTAa KOJHMYeCTBA JBU~
wenud, Benencrsne (81.16) u (81.20) mocnennui unen B (81.06) Gyner
¢ GOJBIION TOYHOCTBHIO PABEH HYJ/I0, 4 OCTAMLHBIE WIeHb! AAIOT

n—i;.Mmy:{1+§c%(1——%)r9+c—277(3m0+m*)}(xy——yx). (81.23)
AHajoruyHble BBLIDAXEHHS MOAYYAIOTCA M M APYFUX COCTABJSIOMIMX
MOMEHTA KOJIMYeCcTBa IBIKEHHA. }3 9TUX BhipaxueHHil BHUAHO, YTO B MPO-
CTDAHCTBE OTHOCHTE/bHBIX KOOPAMHAT X, ¥, 2 opdura OyleT MJIOCKOM.
Bepst MIOCKOCTh OpPOMTH 34 MJOCKOCTh XY, MbI MOXEM, Kak OOBIYHO,
NOJIOKHUTD

z2=0; 2=0 (81.24)
¥ BBECTH MOJSPHHIE KOOPAMHATHI 7, © MO (HOpMy./aM
x=rcosy;, y=rsino. (81.25)

OBo3Hauast mocTosiHHy0 B Jesoid wactu (81.23) OykBoH p, Mbr Oyiem
UMeTh!
3m*

={1+§i7(1 ——%w + L @my+my) e, (81.26)

[TpexJe 4YeM UATH 1ajblre, CPABHUM HaiileHHbie 31ecCh MHTErpajel 3Hep-
TMd ¥ MOMEHTAa KOJMYECTBA MABIXEHHS C TeMH, Kakue ObNIM MOJYUEHR
B § 58 npu uccneloBaHMM IBIDKEHHUs GECKOHEUMHO MaJof Macchi B ToJe
GOJbIIOH WM KOHEYHOH MaccChi. Mpl NO/DKHBI OXHAAThH, YTO HOpPH m*=0
¢dopMyJibl 3alaud ABYX TeJ NMepeiayT B GOpMYyJ bl 3alayd ONHOIO Teha.
Iposepum 910, CoraacHo dopmyaam (58.26) —(58.31), Mb uMenn
B § 58 cieaywiume CoOTHOLIEHUS:

r—a dt
= =145, (81.27)
(r-- oc)q%% =, (81.28)

rie

(LY =2 () (&) +e+ar (5)] @129
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4 BEJHMYMHA o eCTh IPABUTALMOHHBIH paauycC BOJLIIOH MAaCcChl, KOTOPh
MOXHO NPHMHATL PABHLIM

o =150 (81.30)
[Tosnaras
o ‘y dry? o [de\2
oi(Efr(E), o
Mbl MOXEM MNpUOAMNKEHHO uanucath sMecTo (81.29)
dz r-—a ELAWI
(&)=t —a (1 + 7)), 81.32)
OTKY N4
dt 3
dr ‘/r-*—a[ +201(1+ )ﬂ +8;U4] (81.33)
U 3aTeM
r—adt 3 vd
rtad: +20~+2ch +804+2r4' (81.34)

Bpoas 310 Bmpaxeuue B (81.27) v 3aMeHsis BEqMUHHY ¢ €€ 3HAUEHUEM
(81.30), noayuaem nas E, 3Hauenue

L ymy 1 3 ymyq 12}
50:7{0-‘_7—_‘-— ( (4 +2 r 9+7;))’ (81'35)

KOTOpOE CoBRaleT ¢ laBaeMbiM Qopmyaoit (81.22), ecau B sTolt nocaen-
Heit moaoxuth m* = 0.

Yrobe cpaBHUTH ypasHeHHs (81.26) u (81.28), sbuaenum B nocaen-
HeM VDaBHeHHM MHOXHTEIL F%0 M HANMINEM €ro B BUIE

dt  de .

(1+7) Rk (81.36)

3naueHue % MOXHO B3sTh 13 (81.33), mpuueM uneHm mopsaaka vi/ct
MoxHn orépocuth. Toraa Gyner

(142 ) =142 2. (81.37)

3aMmeHss 3j1ech TPABUTALUOHHBI pamuyc ¢ ero 3HaueHdeMm (81.30) w
noactap g 8 (81.38), moayuum

3 o d: )
(1+20~+ ’”O)r-d—j=w (81.38)

cir

Eciu 8 ypasumewnn (81.26) mosoxuts m*=0, To OHO cosmaner
¢ (81.38).

Takum oOpa3oM, nocje mepexolda K MPeAeNYy HHTErpajbl IBHXEHUA
B 3alaue IABYX KOHEUHhX MAaCcC JAEHCTBUTEJHLHO MNepeXOASAT B COOTBET-
CTBVIOLiHE HHTErpa.ibi YDdBHCHUHA reonesvdeckoil JHUHHM, onpefeqsouieH
ABunccie BecKoHedHO Majlofl MacCh B 110J1€ KOHEUHOH Macchi. 3aMerum,
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qTO TAKO€ CPABHEHHME BO3MOXHO TOJBKO 8/4aroaaps TOMy, 4TO B Ofeux
3a7a44X Mbl MOJb30BAJUCH OAMHAKOBHLIMHM, 4 HMEHHO TAPMOHHYECKUMH,
KOOpIAHHATAMH,

[MponomkumM Temeph HCCJAENOBAHME YDABHEHMH IBIKEHMS ABYX KOHEy-
HBIX M4CC W HaillleM ypaBHeHMe TPaeKTOPUM OTHOCHTELHOrO JBHXKe-
uust, Jas keangpara ckopoctd (81.31) Mbr coxpaHuM oGo3HaueHne o2

gMecto r2, Ecau Mbi ewe NoJ0XKHM
u=-—, (81.39)
sri 6yaeM UMeTh TOXK/IECTBO

(@) o

OTKyla, NOCJA€ YMHOXEHWA HAa KBAaJAPAT MHOXUTENd mnpu r2¢ B dopmyie

(81.26),
‘u°~+~cl—2(1 ) s 2L By m) v = —((%)2—{—119). (81.41)

B neByi0 uacTh Mbl MOXeM MOJACTABUTH 3HAueHHe v’ U3 MHTerpasa 3Hep-
run (81.22), B KoTOpOM MBI BBedeM BMeCTO (r - )’ BhpaXeHUE

(rer?=r2. v>—yp2, (81.42)

dopmyaa (81.22) ana E, nanuwercs TOraa:

=Ll 1y 3 () _%) :
F'_Q —r+802( m0v+

" Ym:sp“l
+20‘r(3m0+2m)’u +204r3 "¢’

Pemasd ﬂpﬂf)JIPI)KEHHO 3TO YPaBHEHUE OTHOCHUTEJIbLHO ¥? ¥ noacTaBJss

HapneHHoe 3Hauenue v? B (81.41), wMH mnoayuum, mocie 3aMeHsi 1/r
Ha u:

(8 )i )
+2'Ymo(1 +’IZ( —gnﬁ>Eo) cu

3y m0

(81.43)

1 (2—;) “—!———u S, (81.44)

Mpu m*=10 3T0 ypasBHeHHe MepPeXOMUT, C TpedyeMO# TOYHOCTHIO,
B (53.36). Hr06b yaoBHee OO MCC/ENOBATH ITO YPABHEHHE, Mbl BBe-
AeM, BMECTO MNOCTOSiHHbIX HUHTErpUpOBAHUA EO U 1, 1BE HOBBLIE MNOCTOsAH-
Hbi€ @ U p, TAe

EO:_I?’; ud = ymyp. (81.45)
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Kpome Toro, nosoxum, B coraacuu ¢ (81.30),

1Mo i "

=g D= (81.46)

B HbIOTOHOBOM MPHUGJIKEHHH BEJIMYHHBI @ U p NPEACTaBIfOT B0/bIIYI0
noJyoch W MapaMeTp 3JIUNCa (Mbi OTDAHMYMBAEMCS 31eCh CJayyaeM (H-
HUTHOTO JApmxenus)., B HOBuX oBo3nauenusx ypasueiue (81.44) na-
MULeTcs:

2 4o E __ba y 32 3
+(p ap+ap) (1 1 p)u otud, (81.47)

p

Mtuorouned B mpasoit yact (81.47) umeeT (mpu a > p) MOJOKHTENbHBIE
KOPHHM &, W Uy, OJU3KHE K KODHAM ypaBHEHHS

a2, e, (81.48)
ap 14
KOTOpbl@ pﬂBHbI
1 1—
o= ;j‘?; u = pe, (81.49)
rae
l—2=1, (81.50)

M, KpoMe TOro, GOJBbIMOA KOpeHb u,, A48 KOTOPOro HETPYIHO HaHTH
COOTHOIIEHHUE

a*u3:1—6“;“*. (81.51)

Hosromy nudpepenunanbHoe ypastenne (81.47) MoxHO HanucaTh B BUIE

d #
((;:) _(ul-—vu)(uwwz)(lu— ) (81.52)
FlpousseneM NMOACTAHOBKY
”1+”2+”1—u‘2 cos 4. (81.53)
YpasHenue 1as ¢ Oyner
dd\? 6a d'e
— = ———— . 81 . 4

B nonpaBouHLil UJeH MB BBEJH HPUOJIDKeHHLie 21avteHHss KOpHeH Hua
(81.49). Orciona

ds __ 3a ) o' . .
ti_qa_l+p+2p cos 1y, (81.55)
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VamMeHeHu:0 r or Hanboabuwero A0 HAUMEHLINEro 3HAayeHHs U OoOPATHO
COOTBETCTBYET yBeAMuenHe ¢ Ha 2w, 3a 9TO BpeMs YIod ¢ YBeJIHYUTCS
HECKOJbKO OoJblle, YyeM Ha 2%, a UMeHHO Ha 2w Aeg, rie

Ao =2 (81.56)

p

dopMyia 3Ta copnanaer ¢ popmyitoit (58.43), koTopas naer cmeiueHue
mepureaus 3a OAMH TNepUOl OOpalieHusd, HO BXQAdAlLME B HEe MOCTOSH-
HHi€ HUMEIOT HECKOJbKO MHOH cMbica, IIpu NaHHOM napameTrpe p cMele-
HUE 34BHCHUT TOJBKO OT CYMMbl MacC O0€eHMX KOMIMOHEHT CHCTeMbi (ABOH-
HOH 3Be3lb). M3 HOCTOAHHHX HHTETPUPOBAHUA B BhHPAXKEHHE NI CMe-
UIeHMsT BXOJAUT TOJBKO MOMEHT KOJMYECTBA JBMKEHHS,

Haauuue kySuueckoro uneHa s AMphepeHuua bHOM ypasHeHuH (81,47)
NPUBOAMT K TOMY, YTO OPGMTA OTHOCUTEJLHOTO IBWXEHHA OYIeT yxe
HE MpPelecCHPYIILMM 3JJUNCOM, 4 NPeUecCUpyoinei KpUBoi GoJee Ca0xK-
HOTO BHAA, XOTA M Ma10 OTIMYalouleiicd or 3Jjadnca [19],



FJABA VI

NPUBJMAKEHHBIE PEWEHHS, 3AKOHbI COXPAHEHUS
W HEKOTOPBLIE NPUHUUIIHAJILHLIE BOIPOCHI

§ 82. Ilotenuuadnl TATOTeHHA IS HEBPAMAIOUIMXCA MaACC
(opocTpaHCTBeHHble KOMMOHEHTHI)

Morvenuuatp  TATOTEHHs ObLIM OHpejeneHbl HAMM B Tnpelbiayiueh
r4aBe JHlL ¢ TOH TOYHOCTBHIO, C KAKOH OHM OBIIM nYXHLI 1A BHBOMJ
VPaBHEHHH IB)XEHMA CHCTeMbl Ten. Mbl 3aitMemcs Tenmepb 60Jee TOUHBIM
onpefe/ieHUeM MOTEHUNANOB TATOTEHUS, HO BBUAY CJAOKHOCTH 3a1auu
OTpAHMYMMCA CJYYaeM HeBPaILAIUUXC ChepUUecK CUMMETPUYHBIX MACC.

B § 67 Oniam npusejentl q)ova.rIu

LA
guo .—7 +—= A cD, (82.01)
G0 = 4U¢_{_4ﬁ ’ (82.02)
h— — 3 1S 82.0:
qil = — cBy 2, (82.03)

B koTopeix U ecTb HBIOTOHOB woreHuualt, a U;-— BeKTOP-NOTEHUHAL
TATOTEHUS; WIeHbl, cojiepxkawne S, S;, Sy, ABIAOTCA TNONPABOYHBIMH,
ATUX MONPAaBOK Mbl B OTAEJIbHOCTH HE BBLIUMCASIM, TaK KaK IS BbiBOAA
YpaBHEHMH ABMXKEHHA AOCTATOYHO ObLIO 3HATH, KPOME BEKTOP-NOTEHUHM-
ana U, Beawuuuy

. 1 . ;
[bopmyna (67.11)], ynosiersopsioutyio, corsacHo (68.30), ypasnenuio
. lowr
AU — T = dry (2T - THE), (82.05)

Tenepb MBI BHIUMC/JMM M MONPABOYHHLIE UJSHBI, MPHYEM OyAEeM HCXOAHUTb
¥3 BbiBedeHHOH B § 68 mpudmmxeHHON GdoOpMB ypaBHeHHMR SRHmTelHa

o Age — o1 T8 039‘“ NP = 8“0745' ™, (82.06)

-("



§ 821 NMOTEHUHAB TATOTEHUA N4 HEBPALLAIOUIMXCSE MACC 383

PaccMOTpUM CHepBa ypaBHEeHME IJd a’k. Mbi COXPAHMM B HEM WJEHbI
eTBEPTOTO0 NOpPsAKa OTHOCHTEILHO 1/c, a ujenni ©o0Jee BHCOKOTO INO-
psiika GyiaeM OTGpACHBATH.
Coraacuo (66.07), Mbl MOXXeM TOTIAa MOJOXHTb
— T = pvp — Py (82.07)

a B BHlpaxenuu (68.16) naa NP B3sTh raaBHHE UJeHbI

N"‘:——sz, (82.08)
rie Mbl HOA0XKUAM, dHajoruyuo (71.16),
1 ou ou
Qik frmnd 7 8ik(gfad U)‘}_ (—97 axh (8209)

BTopyl0 npOM3BOJHYIO MO BPEMEHH B YpPaBHEHMH IJs Q¥ MH MOXeM OT-
6pocuth. Brons smecro @Y% Buipaxenue (82.03), Mp noayuuM, nocie

1
VMHOXKEHHA Ha - c* u mepenoca wieHa Qg B NpPasylo uacTh, Clelylonuiee

vpaBHeHHe A Sy
ASir = Qi ~— 47y 0V, — pix)- (82.10)

HanoMuuM, 4TO BEeKTOp-MOTeHuMan TaroTeHus U; yIOBJeTBOpseT ypas-

HEHHIO
AU,i:—Ll’WT?‘Ui (82.11)

W uTO B cWay ypaBHeHus Ilyaccona s HbIOTOHOBa noteHuuansa U Mbl

HMeeM

0Q; 0U
06’(: 1w e (82.12)

!losromy u3 ypasnenuit (82.10) u (82.11) carenyer

oU; , oSy opv; | 0 (ov;up) oU Opfk
S +om) = — G e — ) e2)
M B CHIy ypaBHeHMHM ABWKeHMA CIVIOUIHOH Cpenbl, HAMUCAHHHIX B hopMe
(66.13),
ou; | 08y
( 1 0xk) (82.14)

Tak kax nocaexHee ypaBHEHHE HUMeeT MECTO BO RCeM IIPOCTPAHCTBE,
To Byaer
OUf+0Sfr

= (82.15)

T. e, OyleT BBIMOJHATLCS M yCJOBHE TaPMOHUYHOCTH, [lOJyuMB SBHbie
Bhipaxenns A Sy, MBI CMOXeM TPOBEPHUTL BHIIOJHEHHE  YCJAOBHS
(82.15) u npsmo#t NOACTAHOBKOM.



384 MPUBIMKEHHBIE PEIIEHUS W TPUHUMIUAJBHBIE BONOPOCH [T, vit

Pyskumu Sy MH ByaeM HCKATh B BHAE

Sue=Up~+ Vi (82.16)

rae Uy n Vi y1OBIETBODSIOT ypPaBHEHMSM
AU = — 4=y (0005 — pix)» (82.17)
AV = Q. (82.18)

IToncrapias 8 dopmyay (82.09) ana Q 3HAUEHHE HLIOTOHOBA MOTEH-
uMana

U= u, (82.19)
Mbl MOXEM HaAnucartTb ¢
Que =X ¢+ E Q“i:’é’, (82.20)
rie *)
b = % dyx (grad ug)” — Z‘; gﬁ—,‘j (82.21)
=1 L 3 (grad u, - grad u,) — (gi‘; giﬁ + gi—i gi—:)' (82.22)

Coobpasno pasnoxennio (82.20), mel mMoxeM pemenue Vi, ypasHe-
aus (82.18) uckarh B BUAe

Ve = 2 Vi + 2V, (82.23)
axtd
rne OTAe/bHbie YJ/ICHBI yﬂOBJIeTBOpﬂlOT ypﬂBHeHHHM:
AVEY = QiY, (82.24)
AV = QiR (82.25)

MH HalneM s#BHble pPelIEHU HANMCAHHBIX ypDABHEHHH A/ c/Ayyas He-
BPAUAIONXCA C(hepUUYeCKU-CHMMETPHUHBIX Macc. B 9ToM ciyuae HbloTO-
HOB MOTEHUHAJ OT MACCH (a) BO BHEMIHEM MNpOCTPAaHCTBE Oyner

_ M
U, = Il'—':ll , (82.26)
n Bupaxenus (82.21) n (82.22) ana Q%Y u Q%Y npumyr Bun:
@ay _ Bk (g — ap) (X — ag)
Q% Ma{2 |r e ], (82.27)
(ab) (xj—aj) (x;—by) o
Q —TMMb {lr a|3|r—b|3 8ik

(K —ay) (e — b)) A (4 — by) (X — ag)
jr—al3. |l'—bl3 }- (8228)

¥) Beauuusia Q3% oGosnawanach namu pabire (8 § 71) uepes gif
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i QOPMYUIL CHPABe/MBEL BlIE MACC; BHYTPM Ke MACC HYXKitO, CTPOro
rosopst, 10.7b308aTLCA GOsce TOUHMMH BbhipamceuusiMu (82.21) u (82.22).
Pasauuue MexAy TOYUBM M NPUO.IHXMEHHBIM 3HAYEHHEM BeJHYHHBI Q‘ab‘

ge OyNeT, OHAKO, CYWECTBEHHO BaAMATL HA 3Haueuue ¢ymuxumn V%Y
10 Kkpaline#t mMepe B TOM Cayuae, KOrna JHHeHHbie pa3Mepbi Macc MaJbl
10 CPABHEHHMIO C MX B3AMMHLIMHM paccroanusavu. [lostomy mu Gynem pasy-

i3
MeTh MOJ BeJHuuHOH Qm‘ B npapo# uactu (82.25) Bulpaxenue (82.28).
DTO BLIDAKEHHE MMEET B TOYKAX r=a ¥ r = b 0COOSHHOCTH He Bhlle

1MNOMLHOrO xapakTepa. Bcaencrsue aroro, ypasHenue (82.25) aas V%
OyAeT UMETh pElieHHe, KOTOPOe OCTAeTCs KOHEYHBIM BO BCEM MPOCTPaH-
¢TBe, BKJIOUAas TOYKM r=—a 1 r=2»,, u ofpauaercd Ha GeCKOHEYHOCTH
B HYJb.

JT0 pemenne MoxeT OniTh HaMleHO B KOHeuHOM Buae. Jlid 3TOTO
nandiieM Bhipakenue (82.28) B BMie NPOMBBOIHBIX MO MapaveTpam a;, b;,

07 PyHKUUH I

ml' Mnut OyAeM HUMeTb

@by _ 2M My (e 2 02 07 1
U’ =13 (8Lkdajobj 32 065 aakab,-)|r—a|.|r—b|' (82.29)
Tostomy ypasuenue (82.25) cpomurcs K Gojee HPOCTOMYy ypPABHEHMIO

1

JettcTuTeNbHO, ecin ¢ ecTh pewieHue (82.30), To Be.iuuuHa

(_ab)_.{ZA/quVIb 3. 02 . 0% . 0%
V'Lk - 2 ("1]»' Oajdbj daiabk 0ak0b5 (82.31)

Gyner peimeHuem ypasHenus (82.25).
Ho pewenne ypasnenns (82.30) aerko Hamucars. OB0o3nauum uepes §
NepuUMeTp TPeyroJabHUKa ¢ BEPIMHAMU B TOUKax r, a, b

s=|r—aj-+|r—b|+|a—Db]| (82.32)
Toraa ¢yHkuma
e=lgs=Ig(|r—al4|r—bl4+|a—Db)] (82.33)
OyneT yAOBJISTBOPATH ypaBHeuuio (82.3(), Tak Kak Mbl HMeeM

1

Takum 06pasoM, uckomoe pellieHue ypasHeHHs (82.25) umeer Bui:

aby __ PMaMy (s Olgs  O%lgs _ 021g8>
Vi ="—3 (alk da;0b;  0a; 06,  9ay oL, (82.35)

HerpylHO MpOBepUTb, YTO 3ITO BHPAXKEHHE OCTACTCH BCIOAY KOHCUHLIM U
o0pawaeTcss Ha OSCKOHEYHOCTH B HYJb.

25 JSak. 483, B. A. dox
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OGpatiucs Tericpl K ypasueiuio (82.24) nas VG2

[ra. v

[lepenecs Hauaao

KOOPAMHAT B TOUKY @& M YuuThIBad CHEPHUSCKYIO CUMMETPHIO, MLl MOXEM

nnanucaThr €ro B BHAC

{aas 1. XX ’ ;
AV[k = (-(7 Oik’_"—’:j—‘) u (r)z’

rJe Mbl MOJIOXWIHN IJsd KpAaTKOCTH

u, = u(r).
Pemenne ypasHenus (82.36) mMOXHO HCKATL B BUIE
aa) N 1
ik ——Oikqo(r)+(xixk 3 1kr)q2(r)
Torna g, u g, NO/MKHK YIOBJAETBOPATL YDABHEHUAM
d2q, 2dqy 1,
dr~+rdr_ Gu(r),
d%qy , 6dg, [P
r Trar = ad o

OTKyIa, MMesl B BHAY FpaHMyHble YCJAOBHSA, MOJydaeM:

g, (= s (ru' (r?dr +6_1r_f r2u’ (r)2 dr,
b

[ea} r

0 (= H W (Y dr g [ o ar.
, ;

Ecou pammyc tena pasen L, to mpu r > L Gyrer

u(ry =%,

¥ Bupaxeuus na g,(r) ¥ g,(r, NPUBEAYTCA K CJICAYIOUINM:

ZM..

% (N=—"Tom 5 3
*{/H 71“‘
q(r) = 4r? TA
rae

P
Ag=L— —— (rﬁz'rgdr
a *(&Mi ( )

eCTL HeKOTOpasl AJHMHa nopsaka L, a BeqnuMHA
(=]

= J (gradu,y* (dx)® = %{ f ru’ (r) dr
8

(0]

(82.36)

(82.37)

(82.38)

(82.39)

(82.40)

(82.41)

(82.42)

(82.43)

(82.44)

(82.45)

(82.46)

(82.47)
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eCTh B34Tas C OBGPATHHIM 3HAKOM TPABUTALMOHHAS dHeprus Ttenaa. lloa-
cTasiss HallleHHbie 3HauyeHUd g, (r) ¥ ¢,(r) B dopmyay (82.38), noayuum

M x,x 1 M) 1

(aa) Xk ye “Mata :

Vi = — g ba e — S (e — g Bar?) (5249)
W/, eC/A¥ BHOBb 3aMEHHTh X; HA X; —ay,

YMZ (x; — ay) (x, —ay) 1 3 Yeq

djr—af T8 ke —al

ML, 1
— [(x —a)(xp,— a3) — 5 8, (r —a)?]. (82.49)

T Alr=aj?

aay __
Vie =

3nech nocjaefHMH uieH MaJ MO CPABHEHHIO C MepBLIM, €C/JH PAaCCTOAHHE
00 Macchl (@) BeJMKO IO CDABHEHHIO C €€ PaJMyCOM; CTPOro roBsops,
ero cje10sajo Obl OTOPOCHTb, TaK Kak NojoOHOe mNpeHedpexeHHe yxe
CAeNaHO npH BhuuCTeHnn V.

Hawm ocraercs nanucath peuienne ypapHenus (82.17). [Tonoxum, nas
He-BpaulaloIuXcs Mace

v=a;  py=—/"m (82.50)
TAe p ONpelelserTcs W3 ypaBHeHu#
dp=uvdu, (82.51)
npuyeM, coraacHo (74.24),
f pldxp = 52 (82.52)
(@
Mpt GyseM TOraa MMeThb
Uy = V YMaa a 1) V LI W (82.53)
[r—al [T—al

Huno/asHble 4YlNeHHM 31eChb PAaBHN HY!MO MO MNpPUYMHE CPepUYecKOH civ-
MeTpHM  Ted, a uwienn ©GoJee BLICOKOTO MOPAAKA OTHOCHTe/[bHO L/R
{Toro ke, xak nocaefHu#t uieH B (82.49)] mp oTGpachiBaeM.

[Tonaras Tenepb

IMoagar M2 (x;— ap) (xx — ax)
S{‘?‘m lr—aj + - 4jr—alp : ’ (82.54)

= Vi < B, B Bles L) o)
0003Hauas uyepesd S;, CyMMy
sik_z‘,s“’"‘ur 2 @ (82.56)
W NOACTaBJAg ee B (hOpMy.ay
P _'_7‘2_ Sipo (82.03)

25



388 MPUBAMKEUILIF PTUITITHS M OPHUIIMIUATLHLIE ROOPOCH  [IV. v

MBI TIOJIYUUM SIBILIC BLIPAXKEUHS A4 NPOCTPALICTBENHLX KOMUOHENT (PyH-
LAMEHTAJABbHOTO Te1i30pa. ITH BhLpAMXEHHs CHpaRe/lAuBLl Takxe u B ob.1acry
BHYTDH CHCTEMLi Tead (Mexdy maccaMmu).
Jas CMEmAaHHWX KOMIOUEHT (yH1aMEuTaJbHOTO TEeH30pa Mbl HMEAH
NpUBMIKEHHOE BbipAXKEHUE
Qo = .

8 TV

(82.57)

rae U; ects pewenue ypasHenus (82.11), KOTOpPOe B PACCMATPUBACMOM
1pUBIMKEHHH DPABHO
— \‘ YMaat 8
U;= Hlf—al (82.53)
[cM. dopmyay (76.23)].
Mb MOXeM Temeph INDOBEDHTh, YTO HaHAGHHME SIBHBIC BLIDAKEHUS

aai Sy mooana U; ynoeaeTsopsior yC/aoBMiO Tapmouuunoctd (82.15).
Mp umeeM

as\aa\
7+ }‘ V' Mgy (82.59)

Tox [r—aj
a

Janee, mpu nomouid poprynn

Olgs _ (jr—alqir—b|—Ja—b])
da;06, —  Zjt—al.-[r—bl-[a—b] (82.60)

W ABYX Apyrux dopMy:r, nodyudembix ug (82.60) nmepecranoskolt 6yks
(@, b, r), MOXIIO npOBepUTHL PaBeNCTBO

S\(Lb\ 1 a4i—b 1 |
L et A L S
- QYM/(M[, |a___b|3 <|r'4a| ‘r__bl)- (82.61)
CyMyupys 370 10 @ 4 no b, ioayuaen

Y OSGM g, (a;—b) 1 R
Y = N MM R (82.62)
a#b ayb

WK, €CJU MBbl 10JI0XKHM

1\ (MM,

(p:_-_Q_ pifreary (82.03)
a £
((1[;»
1IL N 0
9 Q.
Oxy, > |r~al 0[1 * (8“'64)
afti

CxaaznbiBas paB@HCTBa (82.59) 1 (82.64), no.aytiaem OKOHUATEHLHO

z/l '\ 1 o oo
‘}* 0’( = \, FTET(M”(” ‘f’%""/. (82.65)

w
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Ho BenumumHa ¢ ecTh HLIOTOHOBA NMOTEHHHANbLHAS 3IHEPTUs CHUCTEMbI Ted.
TMosToMy

Ma5i+%= 0 (82.66)

B CHJIY HBIOTOHOBBIX ypaBnewn# npixeHns. ChenoparenbHO, OyleT PaBHO
HyJK0 ¥ Bce Bepaxenue {82.65), B cornacum ¢ (82.15). Bunonsmenss
nalM paccyxielys, Mb MOram Onf (nNONOGHO TOMy, Kak 3TO CAEJAHD
s Hawe# padore 1939 r.[%4]) susectn u3 (82.15) u (82.65) HBLIOTOHOBHI
ypaBrenus apixenns (82.66).

§ 83. Iorenuuans TATOTeHHS AJAS HEBPAIMAIIHKXCA MACC
(cMewanHsle # BpeMeHHAS KOMIIOH@HTH)

Haitnem caenyiouwee [no cpaBHenuo ¢ dopmynamu (82.57) u (82.58)]
IpUG/IKEHHEe V9 CMELIAHHBIX KOMITOHEHT (% HOTeHIMA/NOB TATOTEHHs,
B ypasuennn (82.06) Mbl AOMKHE noOMOXUT, uw.=10, v=1 u noacra-
BuTh Tyza 3Hauende NO u3 (68.15) m 3navenue 7% u3 (66.07), ¢ Tewm,
BIPOUYEM, VNPOUIEHHEM, YTO HANPMKEHHS Py CBOAATCH K H30TPONHOMY
NABAEHUIO P M UTO CKOPOCTH U; == (1; BHYTPUH KDKAOTO TeJa MOCTOSHHLI.
Hamuwenm Qopmyay (68.15) aia NY B pune

R 2
NO1:———F3—Q7:’ (83.01)
rae
U U 4<0U7; on) U X
Q=—3 %o, + ox; — ) ;" (83.02)

YpaBueune (82.06) nanumercs Toria

oot 8y

1 : 2
—%Agm - %;3 ——o—ﬁ— = ra Q’i—— o (Cg—+—- 4U) Toi, (83.03)

rae, coraacHo (66.07), B cayuae HM30TPONHOTO AaBjeHus p Oyner
(c2+4U)T‘”=v,.{p+ciz(_—év‘z+n+3u)+g—}. (83.04)
Mloacrasu B ypasHenue (83.03) Buipakenue
oo =200 4 2% (83.05)

s @%, ™Mbl MOMEM yI0BJeTBOPUTL 3TOMY YDABHCHHIO, €CJM Mbl MOTpe-
GyeM, uT0ObI GBLIO

{ 0V, :
A — o St = — 4my @@+ 4U) T, (83.06)
1 038;
AS;— 5 20 =, (83.07)

Tak Kag 9TH YpaBHEHUs CONEPKAT B KAueCcTne napaMeTpa CKOPOCTb
ceera ¢, To BeqmumHM U; u §; yxe He OyayT KosppuUHEHTAMU
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pasaoxenus g% no obparubiM crefeHim ¢. OJHAKO 3Ta HENOC/EAOBATEb-
HOCTb B OOO3HAYEHHAX HeCyu(eCTBEHHA, [OCKOJAbKY B [EePBOM HPHOM-
KeHuu ypasHenue (83.06) ans U, cosnanaer ¢ (82.11),

Hrodsr HanucaTh pelnenne ypabuenus (83.06) B oGaacti BHe Macc,
HY)XHO 38HATh B3HaueHHe OGBEMHOrO HHTerpaja OT ero NpaBoH ‘wacTH,
B3ATOrO 10 00beMy Kaxjaoro Tena. Jlis BbruMc/enus 9TOTO MHTErpasa
NPUIIOMHAM COOTHOILeHHe

pll —pu,+p=20, (83.08)

K KOTOpOMY cBOAMTCA dopmy.aa (73.26) npu orcyrcTBUM ppauleHds. Mul
uMeeM, coraacHo (74.07) u (74.24),

" !
f pu, (dx)* = 22,; ‘ pdx)® = 5 % (83.09)
Cooruowenue (83.08) naer nostomy

J PII (dx) =5 2, (83.10)
ah

[Tpu nomowy 3TuUX (HOpPMyJ HOJydaeM

[ @ a0y 7" @ = M [ 1+ (1 0+ U @) i
& (83.11)

rae U™ ects BpeneHHm#t B § 71 BuewnuB notenuuan. BrruncieHus
3fech 3HAYMTENbHO npoule, 4em B § 76, TAK KAK Mbl BpAILEHHS HE pac-
cMaTpHBaeM.

3amerum, uTo Beanumua (83.10) ecTh BHyTDeHHas (ynpyras) SHeprus
read. Tak kak ero rpapdraLMOHHAf SHEpPrus €cTh MHUHYC €, TO CYMMa,

2
3 2 MPEACTAB/seT Ty SHEPIHIo, KOTOPYIO HYNHO YHeCTh npu
BbiuMc/Ienut sddexTuBHol Macce. [locsiennssa 6yaer pasHa *)

paBHas

2%

o= M5, (83.12)

B coraacuu ¢ (76.18) u (80.18).
[Mpu nomown (83.11) M MOXeM HanMcaTh TMPUG/IKEHHOE pelllcHHe
ypasuenus (83.06) B sune

U= B [ 48 (i 0 0) + 3+

1 02 O .
+ o o M r—al.  (83.13)
a

Mocnennuit uien B (83.13) npencrasifer NONPABKY HA 3anasjibiBaHME.
%) Coornowiende (83.12) neo6xoxuMo MMeTh B BHAY INpH CpaBHeHHU BhiBe-
nennnix 3aech Gopmya ¢ gopmyiamd Hamell pa6otw 1939 r. [34].
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{Tepexonum K ypasuenwio (83.07) ana S;. B arcy ypasienun mMoxno
npeHedpeys BTOPOH NPOU3BOAHON 1O BpeMeny W MUCATL ero B BUAC
TonobHo (82.20), MOXHO NPEACTARMTH BEJMUHHY Q; B BUAe

i = ; Q(ill(t) + q;b (iab)’ (83 15)

a .
r1e QP ecTh KBanApaTHUHAR DYHKIMA OT MEPRBIX MPOMBOAHLIX MACCH! (a),

ab)
; QPY — Guaunetinan GYHKLMA OT MEPBLIX NPOHBBOIHMIX MOTEHLHAIOR

wacc {a) u (b). CoorBeTcTreHHO paanoxeHuio (83.15) mMoxHO Hanucars
pellleHHe ypasHeHHs (83.14) B Buze

Si= X S+ X s, (83.16)
a G£b '
rAe OTAeJbHbIC YJEHB! ﬂpe,ﬂCTaBJiﬂlOT pEUJEHI/Iﬂ ypaBIIQHHﬁ
ASEH = i, (33.17)
ASEY = Q. (83.18)

pEE: Q(ia‘” MBI BO3bMEM BHIDAXeHHMe, aHaxornunoe (82.21) u cupaseiu-
R0€ TAKXKe M BHYTPH AaHHOH Macchr:

; * 0 0 «
G = aj{ ai‘; az/ 48, (grad «,)? } (83.19)

s QY mbr OTpaHMUMMCH BLIDAXKEHHEM, CTIPABEAIMBLIM BIIE MACC H AHA-
AOTHYHBIM (82 28), a umeHno:

) (X — b))
Q(iab) T MM, {(Sa ——4%) ]. a|Jx |r_-b13 e

SRV At 4 P R LA Bk L R TN
+ @Bb;— aj) al5]r—b\3 + (0z+ z) |1'~ ap |r— bla} )

Hrobsl pewuTh ypasHenue (83.17), npeacTaBuM €ro Npamylo 4acTh B BUlE

1 = a,Q5Y + 70,05 (83.21)
Pewendem OyleT, OYEBHIHO,
S(gaa) — [‘ljvga\ + ’aiVJwa)’ (83.22)

rie V(a) ecTh HaljeHHoe Buie pemetme (82.38) wim (82.49) ypasue-
11U (82 24).

llepexons x ypasueuno (83.18), npeacrasuM ero mnpapyio wacTh,
e, Bupamex—me (83.20), 8 Bune

@) _ 1 .o
Q) = 5 MMy { By — 46) 5 oa 017 + (36, —4a)) da; 0%,

|
4 (@ +bi) }lr~—~a|~|r—bl' (83.23)
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Benencraue (82.34) pemennem ypashenus (83.18) Oy.ier

@ — Lo 4, e
S 1 M(,M,,{(saj—z;bj)‘aai S5
; < O%lgs 2lgs
- (38— 4 5 A (@t by Gajon |- (8328

Mbi BeimuimeM rakke 3nadeHue S Bue Macc. 9 3TOTO HYXHO MOA-

craputh B (83.22) smauenue V3 u3 (82.49), npuueM MOXHO OmycTHTS
YieHL, COAepXKaUIne A, H OblCTpO yGniBatowe Ha GOJBIUKX PACCTOAHMIAX,
B noayuaemoMm s S,‘;“m BLIPA7EHUM YAOOHO BLIARIUTH TapMOHHUUECKUH
uten u nucats S B Bume

A 22 - ) .
$P = — S a 'r—al LS8, (83.25)

rae
S@a _ 2ae [ (Ke—ap(x;—ag) 7 a; ) ‘
5P =" | g a1 1. (83.26)

ir—al

[ToacTaHoBka 3THX BhpaxeHutt B dopMyay (83.16) nacr suaucuue §;,
KOTOpOe, BMecTe ¢ HalileudnM paHplie 3HavenueM (83.13) s U,
nossosuT no Qopmyae (83.05) onpesemits u ™. dopmyay aas g0t
MOXXHO HAMHMCATH B BHJE

g = 4Si (83.27)
rie
o=\ 14 2k Mot @
Ul—Elr—al{‘Male—3cg—l‘—ncz_< t(l/ +——3U (a))],
a
1 02
+ 5 ozz N M r—al,  (83.28)
a
Si=X5w+ s (83.29)
« (t;fb

3necy BeauwuuHsl U; m S; oTauuyaoTcs, cootsercTseHno, or U, u §;
rapMOHUYECKMMH WIEHAMH, COMEPKALUMU &,. 3aMETHM, YTO BeAHYHUHA 2,
Bxoautr B U, TOALKO uyepes nocpeicTBO 3dpexTusHOU Maccu (83.12),
Cymma S; ecTh OzHOpPOIHAs KBaApaTHuHas (YHKIUHKS OT Macc, TOTAA
kak U; 3aBUCUT OT Macc JuHelHC,

Hawm ocraerca HafiTH $BHOE BLIDAXEHHE /S BPEMEHHOM KOMMOHEHTHI
MOTEHUHMANOB TATOTEHMs, T. e. s BequuuHnt g% B § 68 ywe Gnuiu

BLUIMCAHB ypaBHenusa, onpenessiowmue ¢%. CornacHo (68.42) u (68.40)
Mbl IMeeM

m] ~

{(O“———l I 4 U+

- s U2, (83.30)
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(e U ectb 060BuweHHpH HLIOTOHOB NOTEHUMA, Y/0B/CTBOPIOWUA ypas-
1IeHHIO
1 03U

L ,
AU—FW:—4KY(C‘+7U)TW, (83.31)

i TPaBOl YacTH KOTOPOTO CIOMT BhIDAXKEHHE
. o (1 o !
(c-+ U)o = +?§(§v~+n,—§u), (83.32)

maTekatouee us (66.07) u ucno.ansopanHoe B § 79. Iorenuuan U sblumc-
wmeTcd TNOAOOHO TOMY, Kak Oul1 BuuMciaen B § 77 norenuuan U~
¢ TeM VIpOueHHeM, YTO Teneph MacChl [PeANnoIaralrcs CcgepuyeckH
CHMMETPHYHLIMY M HeBpawaiowmnmucs. Mcemoassys (83.09) u (83.10),
oJyyaeM

f( + U) T (dxp = M, + 30J+‘2”c'; 2 U%@) (83.33)

(ay

i1, CJe10BaTeJLHO,
- M 2 M s
U= Y| Mat ‘s?fsa+2—é‘3(”a —U" @) {4
a
1
Lo 0t~ EyM r—al. (83.3%)

Moacranoska 3TOro shipaskenus B (83.30) maer ¢%. Tem cambim 3sakan-
UWBAETCH OfpeiedeHue MOTEeHIMAI0B TATOTeHHS BO BTOPOM NPUOIMKEHHH.

Mbl no/KHBE €lle TPOBEPUThb, YTO nOayyeHnbie Mg ¢°° u g% Bbipa-
XKeHUs yNOBJAETBOPAIOT YCJAOBHIO rapMOHMYHOCTH

=0. (83.35)

Huddepenunpys Buipaxenns (83.34) u (83.28) ama U u U,, nonyuaem
1ienoCpeNCTBEHHO

OU,» 7 0 \1~{MLaU ) (a)
01‘ + T 202 0X; ek fr—al
a

= }a: e ( a0 ~—%ﬂj(—2—(§)—). (83.36)

Jdanee, M umeem u3 (83.26):
agii(la) . 0 YZA/IZ

7
ox; 4ot fr—ap’ (83.57)
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Hpu sbiunciennn ghipaxeHns

asgab\ 1 ]
2 otlgs
=g M, M’){(?’“ —45) 5o 0a 0%, T

0xi

0 o02lgs Jd olgs
~+ (35— J)()b Da; 0%, +4(J+b>0x oa 06 | (83:38)

Mbl JOJDKHLI HMCHOab30BaTh Gopmydy (82.60) u asc apyrue GopMydsi,
nosydaempie u3 (82.60) nepectanosikol OykB @, b, Xx; KpoMe TOro, npu
npeodpa3oBauun Bhipawenus (83.38) caenyeT uMers B BuAy, 4TO Igs
¥ NPOU3BOJHBIE OT 3TOU BEJUYUHB 3aBUCAT TOJLKO OT PAa3HOCTel KOOpAHU-
HAT, BCJEACTBHE 4Ero, Hampumep,

(Oa +0b - )10‘5—-0 (83.39;

OBbvenunsa B Bhpaxenuu (83.38) unend, conepxamue [r—a; . |r-—b},
3aTeM wieHbi, COACPxatiMe |r—a|-|a—Db/, 1 HAKOHew uieHb, conep-

Kaume | - , MOXEM HarucaTh:
s 9 .0 1
— = a2 J— . P S |
0x; = MM, |- Ta; oa; 1% abj}lr-al‘lr—bi-‘—
1, oy © e 0 1
g MM, | — 7%‘ 797+(“j+”f)m et T
Lo ! 1
+T“{ MuMo{ ‘7b +(a +b) 0, } bl Ta—b|" (83.10

CyMMupyd 3TO BbHpaXeHMe 1O g M 10 O (C NPOnyCKOM ujaena a = b)
M CKJaamiBas ¢ cymmolt mo a ot (83.37), noJyuaew:

0S, _ 7.,,0U 7 0 O iMuaUD (a)

=V~ X

Mg (1 aU@ @ -(OU(“) (r))
+2|r——al ar %\ Ty, a}‘ (83.41)

Ho, ecqu 8 gopmyae (83.30) 3aMeHuTs B nonpaBouHoM daeHe U na U, To
JeBas 4aCTb YCJOBUS TrapMoOHuUYHOCTH (83.35) OydeT OTAMUATLCS JHILbL

4
MHOXHUTEJAEM 0_5 OT BbipaXeHus

01+0x <_ ()U—{—Ox,;):

Ly M “‘_<"U‘“_‘f”
- “_—a—Iai{a, e D) (83.42)
a
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KOTOpOE Mosyuaercs noche npudasku x (83.36) meseHHOro Ha ¢2 Bhpa-
wenus (83.41) M nepenoca OQHOrO M3 WIEHOB B JIEBYIO YaCTh.

Ho Mul umeem
QU (¢ od
Mq <“W“)> =G (83.43)

rne & — HLIOTOHOBA MoTeHNWAILHAS SHEPrus

10 MM, )
D — . ~ a ..
¢ = . Ta—b" (83.44)
afb
[To3TOMY, B OMJIy HLIOTOHOBHIX VDABHESHH:L ABIMNEHHA OyneT

- U (r)) =

= (D 4
a; ( o o (83.45)

u npaBas 4actn (83.42) ofpamuercs B Hyab. Takuy 0Bpasom, ycaosue
rapMOHUuYHOCTH (83.35) BhINOJHACTCA.

YToBu NMOMYUHTH AAA MOTEHLHAIOB TATOTEHHS ¥ HE CJMIIKOM CJOXK-
HbIE #BHbIE BbIDAXEHMs, CMPABENJMBLIE TAKKe M BHYTPH CHUCTEMBl Tel
(MeXAy MacCaMu), HAM NPHUILIOCH, B 9TOM U B npeabliyuleM naparpade,
BBECTH NOBOJBLHO CHJbHbIE OTPAHHMYEHHS: Mbi MPENNOJOXKHIN MAcCH Ce-
pHYeCKH CHMMeTPHuHbIMM M He Bpawawwumicad. OT 3TUX OrpaHdyeHui
Mbl OCBOGOAMMCE B CJelylolieM maparpade, KOria 0yleM paccMaTpUBATh
MOTEHUMAJb TArOTEHHT HA GOJABLIMX PACCTOTHHUAX OT CHCTEMbI Tel.

§ 84. MMotexyuansr TATOTeHUst HA OGOJBLIMX PACCTOSHUAX
OT CUCTeMBl Ted (NPOCTPAHCTBEHHble KOMMOHEHTDI)

B stoM naparpade M B CJenyioWeM Mbi BbiBeAeM /g NOTEHLHAJIOB
TArOTEHMs sIBHbiE BbIDAXEHHS, ClpaBEAJUMBbIE HA ,yMepeHHO-GOJbLINX “
paccTosHUAX OT CHcTeMut Ted. [Jod ,yMepeHHO-BOMbWUMU® pacCTOSHUAMH
Mbl pasymeeM TaKHe, KOTOPBIE XOTH M BEJMKH 1O CPaBHEHHIO ¢ pa3-
MEpaMM CHCTEMbI, HO BCE €Hle Ma/bl 10 CPAaBHEHHIO C IJMHOM u3ayuae-
MbIX cucTemolt BOAH (cM. § 64). OTHOCHTE/LHO BHYTPEHHEH CTPYKTYpH
TeJd Mbl COXPAHHM CTOJL K€ OOlHMe TNPeanoNoXeHHs, KaK U Te, Kakue
Mbl feqajad B § 79 npu BLIBOJE HMHTErpa/OB YpABHEHHH NBHXKEHHMA CH-
CTEMBI Tel,

Haunem ¢ onpepeseHns NpOCTPaHCTBEHHBIX KOMIOHEHT ¢¥%. Mpr umeeM,
kak u B § 82,

gik = — By + % Sips (84.01)

rae, coraacno (82.16)—(82.18),
S =Up+ Va, (84.02)
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v pyukun Uy M Ve v10BISTBOPHIOT YPABHEHUAN

AUy = — 47y (000 — Pig)s (84.03)
ou oU
I)XL- Oxk‘
[TpaBas uacTb ypaBHeHus (84.03) oT.MuHa OT Ly TOJLKO BHYTPH Macc
M MMeeT, ¢CJHM MO0Jb30BATLCA MATEMAaTHYECKHM TEDMHIIOM, MOMEHTbI BCeX
nopsakos (cM. § 70). 1o 3mauuT, UTO, yYMHOKAR ee HA NPOU3BEAEHHH
PA3JMYHBIX CTencHel KOopjavnaT M MHTerpupys DO BCeMy O0beMy, MH
NOMYYUM CXOISILUHECs UHTerpaJnl. [ToaToMy pewetue ypasHenus (84.03),
CrpaBelJaMBOe Biie CHCTEMb MacC, MOXKHO HanucaTh B Bule psala 10 1apo-
BhiM QyHKLMAM (Mym,THIOMAM). Hauano koopamHat Mbi BO3bMeM B Kako#-
AM00 TOYKE BHYTDH CUCTCMbi TeJ, e 00g3aTe/bHO B ee LEHTPE THKECTH.
Mbr noayumum

AVy = -21—6,-,;: (grad Uy*— (84.04)

Ugp=Uh-+Ul 4+ ..., (84.05)
TIe IICpBHE 11BA Wiena paBubi:
Up = ”} ‘ (0040 — pig) (AX)P, (84.06)
x5 [ "
U%t) —- }g.}‘ J (P'vak ““pik) xJ (ll‘,’x)b. (84.07)

B yparsHenun xe (84.04) npasas uacThb OTJIHYHA OT HYJS BO BCeM
NPOCTpaHCTBE M yOniBaeT TOJLKO 0BpPATHO NPONOPLHMOHAJLLO YeTBepTOH
cTermeHM paccTosHuA. [1o3TOMy CYIecTBYeT TOJAbKO MOMEHT HYJEBOro
NMOpsAKA, W pElieHHe 3TOr0 YpaBHeHHMs He MOXeT ObiThb NpeiCTaB/eHO
B BUle pala, aHajtoruudoro (84.05).

Yrodu HaltTH pelllende, BBedem B npaBylo yacTh (84.04) BhipameHue
1/ HHIOTOHOBA NOTEHLMAAA B BUle HiTerpasa

. | Xy
U“Yflr—r'l’ (84.08)
Mpl noJyyMM ToOria QopmyJay, KOTOPYIO MOXHO HAnucaTh B BHIe

02 02
()x,, (3,\57” Ox; Ox:,:,
K | .t
._‘Bx;‘dx;/ [r:~r’i-|f—'f”§'

, | S i ’ ’ ” 7w | e
AVy = jY‘J l pi(dx' Py (dx )5{01‘7;
(84.09)

Ma § 82 mu suaem [dopmyam (82.33) n (82.34)], uto dhyHKLMS

lgs =g (Ir—r'| 4 [r—r" |+ —r"]) (84.10)
VIOBJIETBOPSET YPABHCHHKIO
Aly s = ! 84.11)

r—r [ r—r"["
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(rci0Aa HCTPYILEO 3AKJIOWHTL, YTO TO pewenue ypasueius (84.09), koro-
poc BCIOJY KOHEUHO M Ofpailaercd Ha BecKOHCUNIOCTH B HYJL, MOXET
Goth NPENCTABJIeHO B BHIe

1 s Olgs 02igs o2igs
‘v']‘:_‘rgj‘J'O/(dxl)gp”(dx”):ajo'k /g /2 & - g ,].
vk 2 ¥ [ 7 7 " 7 7
0xy 0x, Ox; 0x,  0x, 0x,
(34.12)
1luc uHTEpecyeT 3HAUEHHE 3ITOTO BHIPAXKEHHS HA OOJLUINX PACCTOSHHUAX,
JL1s BHUMCJIEHHSt €r0 Mbl JIO/DKHEI B3AThL pasJoxeuue § U lg s no ofpar-

HLIM CTEMEHAM F, CHpABelaHBOe HpH OOMbIUMX F UM KOHeuuniX 7’ u r”,
Mu uMeeM

/ 4
x-xi X;Xg

o= 2r+(] r’——r”[—-’;——~r—>+
—}-—%(x'ix;c+ X x) (%"m—rﬁ) 4- ..., (84.13)

r r3
orKyna

4

/
X, (x, L X
lus=Ig 2r+2—1r(]r’—r" ——L(—ir——ﬂ)—l,—

-xj i Iz 2
+ i GG — " g (T 2xx) —

— g B3 D (B4.14)

Jluddepenuupys, noayyaeM [Jig  CUMMETDHYHOW ¥ AHTHCHMMETPHYHOH
4aCTH BTOPOH NMpPOU3BOAHON MO x'i u x;; BhIpAXKEHUA

2 2 ¢
,1,( Rlgs | 0 lgs\__ 1 (?)i,c—%xk)—

K \dx’i Ox;; ' 0x;{ ()x;{/ T4 re
1 X (xJ’- -+ x;-,) Ok (x}— x7) (x;c—- x7) =
(e My e D) g
1, Olgs »igs X x; — x;, X; x;c — X
3( ox, 0xy  ox] ox;.> T = s vy (419

3.iech orGpoweHb wieHbl, vOblBawowne ObicTpee uem 1/, .Ilogaras
B (84.15) i=1n k=1 u cymmupys 1o I, noayuaem

il 1 1 xi(cs+«" 1
_/__g_s_”____z_(_Jr A J)) (84.17)
0x; 0x, 2r r 2r3 Ir—r"|

B coriacuu ¢ TOuHOH dopmy./Tok
“()‘-’I]g s” - 1 . l( 1 + 1 ) 1 ) (8418)
Jx, 0x; 2r—r' | | r—71"| 2Mr—r'|  Jr—r1r"{/ -7
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[Moacrasum (84.15) u (84.17) 5 (84.12) u paccMorpuy cliepsa wieHn,

= 0
youiBatomme xax 1/r. O603HauUMB COOTBETCTBYIOUIME wieHbl Vi, uepesd Vi,

MOJYYUM

! I8 ’ ”
0 72 / na ”g(x'_x') (.X}‘.——“Xk)
V@'k‘_ﬂgr J‘P (dx'P " (dx"y — “"l——- . . (84.19)

B noauHTerpa/bHOM (DYHKLMHM BaXKHA TOTHKO CHMMETDHUHAS 4acTh (OTHO-
curenpHo X7 M x”). 3aMeHas 1MOITOMY MHOKHTENdb X;— X, Ha 2x, W

BBINTOJ/IHAS. UHTErpUpOBAHHe 10 x”, NojyyaeM

0 v ou
Vl,l = 7 J‘ Kfimp (dx)s, (84.20)
HJIM, TAK KaK 3TO BbipAXKeHHe 3aBe]1OMO CHMMETPHUUYHO OTHOCHUTEJLHO f{ U R,
0 v [ oU
Vie= & | (i 50+ =gy ) @xp (84.21)

(cm. taxke Jemmy B § 79). 3aMeTuM, UTO 3TO Ke BhIpAXEHHE DPABHO

1 . oU oU
vfk:_ﬁ_f( i (grad U — 5= E) @x)®,  (84.22)

YTO H CJeOBANO OXUIATL, TAK KaK V; yA0BIeTBOPsieT ypaBHeHHio (84.04)
¥ o0beMHb HHTErpa’ OT NMPABOH 4acTH STOTO YPaBHEeHHs KOHeueH.
Paccmorpum teneps B (84.15) n (84.17) wienu, ybuiBaoiue Kak 1/r2,
Cpelu HHX ecTh WJeibl, He 34BMCAME HH OT x’, M 0T x”. DTH ujeHwl
RaloT B Vy BKian
V'i’k ‘)M-‘xixk
it 7

(84.23)

rie M ecTb no.Has Macca CHCTEMDI,
OcTranpHpte uyneHb nmOpsiaKa 1/r® umeloT AMMOJLHLIT Xapaktep. Ounu

paBHb

It
j_J( x,)(x, Xp)

D) AL :

X
X

(84.24)

2
w__ T 5,7 ”
Vie = — 5 r o (dx'o" (dx" P -
Hc vbt uMeem roxIecTBO
Tt ’ r” ’ ’ ’ R N ! T
[xix (x‘_xf,_)—*—xkxj(x!. - ’\',')—W X Jxlc (xj ’_xl")] ‘L'
VW4 ’ B VAR o o L/ "o ’ .
-+ [x[x (x = X)) —F X (o] — ) — (xj xj)]__
4 7 ’ % ’ ” . =
= (x, + xj)(xi _x,i)(xk - xk), (8420)
B KOTODOM BBIpAXEHHs B JBYX KBaApaTHbLIX CKOOKax 8 JeBo#t wyacru
noJyyaloTcs ApYyr M3 jpyra mnepectaHosko# x' u x”. [lpu uHTerpupo-

panun B (84.24) MbE MOXMEM MOITOMY B34Thb BMecTo MHOxuTeds (84.25)
ONHY M3 KBaTpaTHBIX CKOOOK, VMHOXMEHHYI0O Ha 2, Buinonansa 3areM
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wiITerPUPOBAHMe 1O TOH HepeMeHHOM, KOTOpas BXOJMT B KBAAPATHYIO
cx0OKY IHHEHHO, HOJIYYHM

i ou ou ou
(xjxim—*_xjxkax XXk 5r )p(dx)?’ (84.26)

OobeanHuM Teneps B U, u V;, unenur oauHaxosolt noJapHocTu. [Tona-
1ag

n __ 1%
Vie = 2r3

Sh= U+ Vix (84.27)
yi ckaanmBas (84.06) m (84.21), noayunm
Sh=s | {20 —2pu+1(x: 0+ mg)) @xp. B428)
[IpencTaBus wieH, COAEpXaWUi pp., B BUIE
op;i
—2 [ puaor= [ (s 0 yap @120

H BOCHOJL3OBABIIUCHL YPABHEHUAMHU JNBHKEHHUA BHyTpEHHEﬁ 3agadyu

U dpy
pw; = P"E - bx_JJ , (84.30)
noayuuM u3 (84.28)
Sik = 51; f p (xy@0 + X w0+ 20;0;) (dx)P (84.31)
i
S§ @ p 84.32
= Qrdta | [ 1% (dX)P. (84.32)

‘Takum oBpasoM, moc/ie Bcex MpeoBpa3OBaHMi BeTHUMHA Sk BHIPA3HJIACD
yepe3 BTOPYIO MPOU3BOAHYI MO BpEMEHH OT COOTBETCTBYIOWErO MOMEHT3
MHep MU,

ITpeoGpasyeM Temepb BeJMUHHY

S =U 4+ v, (84.33)
Hs (84.07) n (84.26) noayuaem

Ay TXg
Sik = 55 f { 200,055 — 2pgx;
ou oU

ou
+P (xsz 5;’;—*— xjxka}—i———xixk 5};) }(dx)3 (84.34)
Hcnoabays ToxaecTBO

(x iXiPrs + xjxkpzs' - x1xkp;5) -

0prcS. 0p' Opjs.
= ijp,k—}—x iXi S 0x, + xjxk 5‘2 ‘—xixk'm, (8435)

r)v
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HPEACTABAM HHTETPAA, CONECDAKAUHN Py, B BHiE

OPres 0p; 0p;; .
— 2 r P (dx) = r<x X, T -+ X be: — XX —0—;3 (dx)*. (84.36)

[To.mw3ydAcy ypaBHeHusMu aBienus (84.30), MoxeM TOrna HanHCAThb

X »
S = 2%—5 J 0 (20,0 - X000, - X500, — x0)) (dx)*, (84.37)

w=174 5. (84.38
Sie =57 z; | # (X0 4 X609, — X0 (dx)’. (84.38)

Orcona no dopmy.e
Su = SO+ S+ Vi (84.39)

no.tyuaeM Sy, a noAcramiss 3TO 3HaueHue Sy B dopmyay (84.01), no-
JYUUM CJepyiollee OKOHuATeJbHOE BbipaXeHue s gik:

2y dz o
% = —cdy - ;% JE ( px Xy (dX)°

Qij d 2

g | TMixpxg
+ S | 0 (X5 U = X505 —— X30,05) (AX)° .

(84.40)

Miy nonyuMaM  fBHBte BLEDAXKEHUS 118 NPOCTPAHCTBEHHBX KOMHOHEHT
MOTCHILHAMOB TATOTEHUS, CNpaBefJMBhie Ha GOMbWIMX (B YKA3AHHOM BLille
CMBIC/IE) PACCTOAHMAX OT CHCTeMbt Tej. 3AeCh CPell WICHOB, COAepKa-
mux ¢® B 3HaMeHaTese, OTOpOWIEHH Te, KOTOphe YOuBaioT GricTpee,

ey l
Mo
3ameTHM, UTO B CJyuae ONHOM COCPelOTOUEHHOM MACCH BhIPAKEHHE
(84.40) nprBOAHTCH K TOMY, KOTOPOE COOTBeTCTBYET CTPOIOMY pEIUEHUIO

ypaBHeHH# TaroreHus [dpopmyaa (58.12)].

§ 85. Ilorenuuansl TAroTeHus Ha COJLMIUX PACCTOSHHUSX
OT CHCTEeMBI TeJ (CMeHIaHHble U BPeMeHHAS KOMIOHEHTH)

st onpenciieHns CMEIIAHHBEX KOMMOHEHT HA OBOJBLINX PACCTOAHMAX
M1 BEpHeMcsl K VpaBlleHMAM, NpHBeleHHBM B Hauate § 83. Mt umeem
I onor 1 oooge 2

50 T i eE T @

o 0,5 e aU) T, (85.01)

rie

oU oU oU. oU ,\ oU
( ! ’) (85.02)

V= =355 55+ *\ox,ox; ) ox,
4, coraacHo (66.07),

. s 1/1 4 1
(e 4U) 1 =, | 1 -+?2(§'v~ . n+3u) | — & pavi. (85.03)
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Mpl MONPENKHEMY nOsAraeM

g = -t (85.04)
y noaumngem U; m S; ypaBHeHHUsM
MU — L0 gy 24Uy T
i~ e = AT (@ 4U) T, (85.05)
1 92§; .
AS;— & aﬂ = Q;. (85.06)
Broad, coriacHo (75.18), Besuunny
. 1 N3
V=57 J- o/l r—r'|(dx")?, {85.07)
a TalKKe
W= g1 [ o [r—r @, (85.08)
MDbt MOXeM HaANHUCATh
4 Ty 1 02W;
U, =+ ( {Ll‘r"_—(d Pt o ot (85.09)

Tlocseuull ujieH NpeACTABAsET MNONPABKY HAa 3amasnniBanue. Pasnaras
siechb HHTErpan B DAL NO MYJbTHHO/AM W OrpaHUUMBAACH IEPBHIMU
ARYMSl YIEHAMH M NMpPUO/IDKEHHLM 3HAYeHHEM TPEeThero u/eHa, MOAYUHM:

N
i

Up=-- f/c L 4U) T (dx )3+ f(a +4U) TP (dxf

ey [’ . s, 1w,
% 0% 2r | pUX g (dx) ”#“5579?7‘ (85.10)

B 3TOM BLtpa)KeHUH MOXHO BuiIeJHTh U/CHBI, coiepKauive KOJHue-
CTBO ABIDKEHMS M MOMeHT KOJHYeCTBA JBHMEHHA CHCTeMbl. ODTH KOH-
CTAHTHt ABIKEHHA Bhipaxaworcd mo ¢opmyaay (79.19) u (79.34) uepes
byHKuMio (;, CBA3AHHYI0O corzacHo onpepnenenuio (79.18), ¢ Beauunnoh
(85.03) cooruoureHueM

o . o 02w )
(c-+4U>th:Gi+ﬁ(4U + o5 o 0:‘) (85.11)

A uMeHHO, MLt HMeeMm
P = [ Gi@xp, (85.12)
My, = f (%G — %, G (dy™ (85.13)

CoorgercrByiouiee Npe0GPa3oBAHAe Mbl NPOHM3B2leM Yike fOCHe BLIUHC-
JeHHA BejMukHbt S;, TaK Kak B 9TOH BejH4uMHe DAL 4/1eHOB O0beln
ligercs ¢ uaeuawu m3 U

26 3ak. 483, B. A. box
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B ypaBuenun (85.06) nna S; mpt npeHeBperaeM, Kak U paHblie
BTOpOY mMpOM3BOAHOE nMO BpeMeHH WU MHLIEM ero B BHle

AS; = Q;. (85.14)

Beanunny Q, MoxHo, monoSuo (84.09), mpeacraBuTh B BHIe ABYKpart-
HOro o0LEMHOIO MHTerpana

Q= J‘ ( (dx") (dx" ) (ovp)'p” { 3 (Ox ox, +0xk 0x; )+

02 7 0 92 1
14p, __( Ll ) . (85.1
k 2 ) }}r . ir—r|’ ( %)

ox, Ox;' Ox, OxZ 0x, Oxi’
OTKyla cpa3y HnojyuaeTcs pewieHue ypasHeHus (85.14) B Buse
0"125 02lgs
S; = dexvdx”“'v’” ( ' )
T ( )( )( k) { ax OXZT()JLI{()//+
43, 02lgs _1( lgs 02lg s
oxy0x, 0x; 0x, 0, 0x

)} (85.16)

Mp po/mxnel ciona NMOACTaBUTL Buipaxenus (84.15) u (84.16) u npous-
BecTH uHrerpuposanue no x’ u mno x”.

1
Buinenum crepsa unen, yobiatouuit Kax - Ero moxuo nanucars

B BHUAe
1 5 oW -
S°:7{ fpui(dx)v+ f Pk o (@ )sI (85.17)
C apyroit croposn, AUDDEPEHUUPYS 10 BPEMEHH OYEBMIHOE DABEHCTEO
f o @y =0, (85.1%,;
OyaeM HMETh
oW 02w g .
f (av,ot + v 0x; 0xp >\dx) =0, (85.19:
BCAeACTBHE YEro mOXeM Taike HAMcaTh
¥ ? RW )
32_—_7{_ 4.{ U (dx)® — f B AGLME (85.20)

. 1
Paccworpuy temeps B (85.16) uienn, yOmszaionue kax e B noanu-

TerpasibHoit Q)yuxunn cpeau 3THX YJIEHOB eCTh Takue, kOTOpLie He 3a-
BHCAT HM OT x’, HU oT x”. Onu naor

, o2 SMP,
Sp= TEME; | PMPe (85.21)
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1 -
OcTrasbHble YICHB MOpAAKA o5 MMEIOT AMnoJbHbY xapakrep. OBGo3Hauas

WX uepes S, OydeM HMETh:

”

= — g [ oy D @ -
__%f¥;ff@ww””+ﬁﬁﬁiﬁ%”f_é (@ (" —
—%*{2 ;é— ( [‘ (ov) 0" ?;/;—r,—:,(dx Pdx"® +
ey [ [ euwr ('r"— (dx ) (=", (85.22)

HanumeM 3TO BhIpaXeHHe B BHle
< 1,
S = ng(Aji+Bji): (85.23)

rne A;; u By NpeIcTaBisioT AHTHCUMMETPHYHYIO U CUMMETPHUHYIO HacTh
COOTBETCTBYI01IEr0 KO3 PhulleHTa

Ajj=—A4;;  By= B. (85.24)
Mbl umeem
//

7
Aji= —71 f (v’ " ﬁ(a’x P dx"P +

4 1 J‘ J‘ (r’v\ P l"”] (dx )5 (dx”)s

1 ( _— Y
— ‘ f (v, ¢ X% = rr,,’l;’b al (dx"¥ (dx"P, (85.25)

(Rl

[

7

X5 3 a
sz,:_ J‘ [‘ (Pvi)/ P” Tjr—”‘ (dx/)b(dxll).)__

\1.=.|\1

” x; NG ”
-7 f (ov;) p —,_—(a’x ) (dx"y? —

r” ]

x '. . x:./x/./) (x/ . x”)
—szwww” ST (' @x
7 X, — X . . .
+ 713 f [- (v 0" ]—,.fc_“r”kl (dx'y(dx")*.  (85.26)
Briyucaenve Ay Aaer, mocse HEKOTOPHIX BBIKJIALOK,

1 02w oW 5
—7.[ P(xfm—xim)(dx) . (85.27)
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3130.) UMbl BudNOAb30BAJHUCH COOTHOLICHHUEM
oWy,
i ¢
+ = (85.28)

BBITeKalOWHMN 13 onpenetenus (85.07) u (84.08) seamunn W u W, u us
yYPaBHEHHs HePa3PbIBHOCTH.
Iasa cummerpuuiioft uactu Bj; AMNOALHOrO Ko3(dUiUMeHTa MogyuaeM

7
Bi=—1 [ s Frppu @+
v 1 ou ou 3 3 -
-7 rpxixj (vkm_ﬁ-) (dx)a+ p 5 (dx)s (85.29)
3aech MBI BOCMOJB30BATHCL COOTHOWeHMeM (85.28) u anajscruudnim co-

OTHOIIEeHHeM 1J5 noreHuuanos U, U,. Ham ocraercd cocTaBUTb CyMMY

1 P =
U,-+C?Si Il NpOM3BeCTH B Helt mpuBelenne nonOOHBIX unieHoB. Ofo3sHa-

4UB yepes U3 nepBufl uled B dopmyae (85.10) u noab3ysace (85.20),
MOy UuM

1 2 s
U;?+Ez—s‘;:-}f [+ 4U) T — (4U + 75 0,)} @x)®.  (85.30)
Ho B cuay (85.11) u (85.12) 310 BHIpaxeHHe DaBHO
0 1 . Py
Ui+ Si=12, (85.31)

rae Pi——ﬂOJleDe KOJUUECTBO JHABHNEHHA CUCTEMBl, BK.jlO4asd MNONPAaBKHU

1
nopsaka & PﬂCCMOTpHM Tenepr Ty 4YacCTb AUNOJIBHBIX WIEHOB, KOTOpas

HMeeT aHTHUcMMMeTpuunnle kosdduuredts. Beaenctsue (85.27), (85.11)
¥ (85.13) aTa yacTh paBHa

X
f (¢ 4U) (x;T% — x; T (dxP - 5 Aﬁl = Y—J M

o (85.32)

r'3 l2
rae M;;— NOIHBH MOMSHT KOAMYECTBA IBMEHHA CHCTeMbi, BK.IOHAA
peJsSITUSHCTCKME TOTPABKH.

BCl0 COBOKYMHOCTh AWAOJLHLIX WIEHOB MB MOMEM HANMCATbL B BUILE

. | 1% / 3
U(?'D+E~Z SU — o (M D;y, (85.33)

rae L)i———CHMMETpPIIIHaJ yacTb KO3dpuuxenrta. OGo3Hayenue (TOUKa
cnwxy) ONpaBAbIBAETCA TeM, YTO ITA BeJMYMHA MOXeT OnTb MPeACTa-
BJeHd B BHAe NPOM3BOAHON NO BPEMEHH OT HEKOTOPOH BeJMUMHB [,
uMeoulel npocTo#t guanueckuft cmuicad. CpasHHBAg noCIeIHION (HOPMYIY
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¢ (85.10) u (85.23), noayuaem a1 Dj,i BhHIDAXKEHHUE
: 5 ) . 2 -
Dj; = r (¢ 4U) (Tx; 4 Tx;) (dx)? +553fi' (85.34)

Moxcrapasig coi1a sHaueHne 7% us (85,03) m suauenue B;; uz (85.29),
GyneM HMETD:

D; = (o(vx - v;,) (dx)P

e

1 1 4 ,
+z ‘ p (7”‘+H—7“)(”xﬁvxb)<dx) —

1 | ou U
— = J PiVex; = P’ (AX) =55 f XX (’ng}“ )(dx)v

T ew oo
J,-Toijj OV (@, (85.35)
[Tpndapnas Cl0fa BeIpaKeHHE

1 oU op, o
Eé‘ er xi.‘\’:j’vk (pwk — 0)“ 0ib ) dx)) = 0, (8536)

KOTOpOE PaBHO HY.IO B CHAY BHYTPEHHHX YPABHEHHH ABIKCHHS, M HCMOJb-
3ys PaBEHCTBO

o‘)o‘f (dxp =20 pr(dx) (85.37)
a Takxke QOpMyIy (79.04) AJS MOJHOM MPOMSBOAHOM MO BpEMEHH OT
ynpyro#t sueprun II, mbl MOxem HanucaTh BeimymHy Dj; B BHAC

rie

3

D= J oo (L (5o +T— 5 U) @or+

7 ; -
+ 5334 f oW (dx)3. (85.39)

nepBbIﬂ YJ€H B 3TOM BbIPJAXXCHHH €CTb MOMCHT HHECDUUH CHCTCMBL
TeJ, BBLIUMC/JEHHBIH ¢ YYeTOM BECOMOCTH KMHETHUECKOH H NOTEHUHAJLHOH
SHEPTHH.

Tenev)b Mbl MOXEM HanmucaTb IMOJHOE BbIDAXEHHE [JId U, -—{-—-

CoraacHo (85.10), (85.21), (85.31) u (85.33), mbl OyneM HMeThb:
, 1 o ‘{Xj *{XJdDﬂ

Uit 5 Si=5 Pitam M+ 55—~

PI TEMP,
+ ;J vy (e - TEMBy y

VEMPyx;xp 1 02W; .
+Gas - ta (85.40)
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", CJIG,H.OBaTeJIbHO
o 20 o 2
g csr Pi+ um c3r3 Myi— 0.x; 0t cTrDﬁ -
02 2y (' \ .
+0xj0xthr PO 6 () +W—T
L_~(2MP;,\¢ Xk + 4 02w,

P ) W’. (8541)

Ham ocTaercs HaiTH BPEMEHHYI0 KOMMOHEHTY (%, KoTopas Bbipamaercs

tepe3d OOOOULEHHBIA HBIOTOHOB MOTEHIMAN U no dopmyae (83.29). Co-
rJIaCHO (83.30) n (83.31), Mpt mMeeMm

*(ijX 1 0% v
=T 175 a7 P
1 03 1 5, 1 W
NEWTIpxjxkxi(dx) + (?3—_(%_3. (8542)

3necy M ecTh nmoJHas Macca

M= Jp[l—{——cl—z(%v”-—{—ﬂ—%U)](dx)?’, (85.43)

kotopasa B cuay (79.45) mocrosHHa, a X; — KOODAMHATH UEHTPA THKECTH

MX; = ‘ijp[l +C—IZ<% v”—}—H—%U)] @x),  (85.44)

xotopute, coriacuo (79.59), aBAgOTCA JMMHEHHEIMH DYHKUMSMH OT Bpe-
venn. BesnunHet D;; onpenensiorcs dopmysoit (85.39); nocaennnd umet
B 3TOH (opmy.e, NPOMOPIHOHAMBHBY ¢;5. M3 BhDaxeHus (85.42) pbina-
naeT. B OKTYMOJBHBIX MOMEHTAaX Mbi OTOPOCHJIM PEISTHBUCTCKHE MO-
npasku. [locnennuit wieH B (85.42) npeicTaBigeT NMONPABKY Ha 3aMasibi-
BaHue,

INoncrapisa nHakieHHoe 3uauenne U B dopwmyay

7U
x°°——+ + (85.45)
noayuaem {°°, 2 HMECHHO
. M xy
4" = 7+7:7 5 MX+-
o 02 2y 0’ 2y 1' ) 3
n 0x;0xy e ‘ik—ax,,axjokaj XX 5 (AX)° -
TEME | LAEMRX x4 00w
T e Tl oo i voal (85.46)

Jlerko NpoBepHTh NPSAMON NOACTAHOBKOH, HUTO 3TO BBPAXKEHHEe BMECTe
C HalleHBBM Bbiile Bhpawenuem (85.41) ana ¢% B TOUHOCTH yAOBJE-
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BOPSIET COOTHOUIEHHUIO
0g00

%® 19—, (85.47)

B popmy.e (84.40) 1/ NpoCTPaHCTBEHHBIX KOMMOHEHT, KOTOPYIO MOMHO
{aMUCaTh B BHAE

1% 3 22y 3
4 = — Opt5a gy | pxi (dX)F —

2 27 3 PMExixy
o, 0t 0 (20520 Uy = X003 — X20Up) (Ao - =
q4

1
OCTaBJICHLI WICHBI NMOPSAAKa 3 <TO‘{HCC, nopsiaxa '0_3

, (85.48)

) ¥ OTOPOILEHB! YJEHE

donee BBICOKOTO Mopsanaxka. Ecam HanucaTs ¢ TOH ke TOYHOCTBIO M Be-
auunHy g%, TO, KaK HeTPYINHO NPOBEPHTh, OYAET BHNOJHATLCA H COOT-

HOUIeHHue
gik

" —0. 85
FTowy = (85.49)

§ 86. Pemenna BOJHOBOFO ypaBHEHHA B BOJIHOBOH 30He

[penpinywne BLipaXeHHs A8 MOTEHUHANOB TATOTEHHS MpHMEHUMbI
1a ,yYMEPEHHO-00JBIIMX“ PACCTOSHAAX OT CHCTeMbl Tend. Kak yxe Obiio
o0bacHeHo B Hauane § 84, nMox 3THM pasyMelOTCd paccTofHus, GOfblline
110 CDABHEHHIO ¢ pasMepaMM CHCTEeMb! TeJ, HO Majne MO0 CPABHEHHIO
¢ JJWHOH HMCMyCKaeMblx CHCTeMOHM BOJH. Ecam ke paccTosHus Beaukn
J1ae MO CPABHEHMIO € JUIMHOM HCNYCKAEMBIX CHCTEMOH BOJIH, TO MBbt
uveeM AeJ0 ¢ ,BOJHOBOH 30HOH“. B BOJHOBON 30HE YiKe HELOMyCTHMO
paccMarTpuBaTh B BOJHOBOM YPABHEHHHM 4JEH €O BTOPOH MPOM330.1HOH Mo
BOCMEHHM KAx NOMPAaBoYHbill, W peliedue J10.1KHO CTPOMTLCS HHave,

B cayuae COJHequti CHCTEMB! , VMEPEHHO-0OBIMMI® 9B IAI0TCH pac-
CTuRHESL BIJAOTH A0 OgvkalhilaX 32€37%, T. €. BIIOTH A0 obxacTedt mpo-
CTPAHCTBA, Pe CHCTeMY Henms3dl CunTaTh M30.uposaHHOH. [lostomy, npak-
ryueckn, Npu usytueHud COMHEUHOU CHCTEMBt 3a npefenb yMepetiHo-
O0JBUIAX PACCTOAHUH BLIXOAMTBL He NpuxoAuTcs. OLHAKO B HEKOTOPHIX
TOPETHYECKUN BONPOCAX, HAaNpUMeEp, B Bonpoce o0 W3IYYeHHI! FpPaBuTa-
UMOHHBIX BOJH, W4 B BOMpoce 00 04HO3HAUHOCTH pelieHul vpapHeHuH
TArOTEHHs, NPHXOLMTCA PAcCMaTPHBATL PACCTOSHHSA, MOMATaloUIHE B BOJ-
HOBYIO 80HY M CKOJb YTO4HO OOJBUWIME B MATEMAaTHUECKOM CMBHICIE,

[Tpexne uem mNepexoduTL K pPelleHHIO YpaBHeHHH IHHwTeHHa Ha
CKOIb YFroAHO OOZBWHX PacCTOSHUAX, PasdbsCHUM MHOHATHA , YMEpeHHO-
GoMbWIBX paccTosHuil M ,BOJHOBOM 30HH“ Ha NpHUMeEpe MPOCTOrO BOJ-
I0BOTO ypPaBHEHHS CO CBODOMHBIM UIEHOM

1 0%
YT o
B reopus rAroTeHHs aHAMOFOM 1y SBASETCA DABHOCTH MEXAY §*' U ero
Mpe/e/biibiv 3HAUEHHEM Ha OECKOHEYHOCTH.

Al = — 4=xs. (86.01)
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Ecan cunrath L»TVIOTHOCTb® G M3BCCTHOH, TO MOXKHO HAMNHUCATbH HHTE-
pecywomee Hac pelleHHe B BHAE 3anasibiBaioiyero noreHuua.la

l‘nJ = {7 ir [_G,]rl | (dx/)g’ (8602)
rie
[l =5, 1), (86.03)
pHYeM
f=t—Lpr—r. (86.04)

To, yto ME OepeM HMeHO 3TO, a He APYroe peitieHHe, COOTBETCTBYET
HAlWHM TIPeACTaB/JCHUAM 00 H30JMPOBAHHOCTH CHCTEMB M O TOM, UTO
CIHHCTBEHHBIM MCTOUHHKOM BOJH ABJAFIOTCA Teld, COCTABIAIOUINE CHCTEMY.
Tounbl BHRL HauwadLHBHIX YCJAOBHH 34ech fle CyUleCTBEHEH; [LOCTATOYHO
NPEeANOJIOKHTE, YTO HAYANBHOE BO3MYLUEHHEe Obi0 COCPEeaoTOYesio B KO-
HeuHOH o0JIaCTH, OKPYMXAloulel CHCTEMY, M UTO MBl paccMaTpuBaeM Ta-
KHe BDEMeHa H paccTodHus, KOria M Ha KOTOpLIX HA4a/JbHOe BO3MYIle-
HHE YXKE pasomwaoch,

[Tpeano.10:uM, YyTO MJIOTHOCTL 6 HMeEET, ¢ ONHOH CTOPOHLI, MPOHU3-
BOJHBI& M0 BPEMEHH PU3NHUHBIX TIOPSAAKOB H, ¢ APYTOH CTOPOHbI, , MOMEHTL
PAsAMUHBIX MOPSIAKOB, A/ KOTOPHX BBeleM O0O3HaUeHHS

~

po®=[s6 @xE, |
|

w; (5) = f xia (z, ') (dx')®, (86.05)

b ()= [ xixmia s, 1) @xP,

.1 T €CTb HEKOTOpAas BeJMuMHA, He 3aBHcslias oT r’,

[lpumensBwniica HaMu B NpedbAyWUX naparpadax npueM I4Js pelwie-
HHUSl BOJHOBOYO YPABHEHHs CBOAWJCS K Pas3JoXKeHHI0 apryMenrta ¢’ B QyHK-
UMK o M caMOl 3TOH (YHKUMHM NO OOpaTHuM cTenmeHsam c¢. Tak kak npH
TaKOM Pas/JOXXEHHH [OJ HMHTerpajoM NOSBJANTCS BO3pACTalOWHE CTENeHH
'r—r’|, TO §CHO, uTO BSTOT MNPHEM AAET XOPOWO CXOAAUMACS Pan
JMIb AN, YMepeHHo-6oabwnx ¢ paccrosuuft r. (O6aacts GHCTPOR cXO-
IMMOCTH DANa M NaeT YTOYHEHHE 3TOro MNoHaATHA.) Kawamh uien psasa
MOXET OHTb B CBOI Ouepelb DPAas/oKeH NO OOpaTHHM CTENeHsM r, NpH-
yeM B KO3DPHUUMEHTH Pa3JIOKeHHd BOUAYT ,MOoMeHTH“ (86.05), BHuHCIeH-
Hbl2 B ©=+f,

Ho ~owHe BHAeauTh B Bhpawennu (86.04) aas ¢ pennmyuHy

r=t—L (86.06)

C
W nucate ¢’ B BUAE

C =ttt —|r—r)). (86.07)
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1
Toraa, pasaaras ¢t M s MO CTENEHAM 5 AUUe NOCKOABKY Ima senu-

YUHO He 8X00um 8 <, Mui MOJYYHM psi APYFOro BHIAA, MPHTOM TAaKOMH,
KOTODHH CXOLUTCS NMPH CKOJAbL YFOAHO OOJBIUMX 3HAUEHHUSX F.

Ecan Mbt B 3TOM psle BO3bMeM COBOKYNHOCTb UJEHOB, Me[JeHHee
pCcero yObiBalo.UMX NPH BO3PACTAHHUHU r, TO MBt MOJIYUHM BLIpaXKeHHe 1Js1 b,
crpaBel/iBOe B BOJHOBOH 80He, T. €. MPH BecbMa OOJbUWIMX 3HAYEHHSAX T,
CoxpaseHne Jup HauboJee MelJeHHO YOBIBRIOMMX UJEHOB COOTBET-
crRyetr 3aMeHe BesanunHb (86.07) BuipaxeHuem

(86.08)

n——; ni:—l (8609)

ecTh €AMHMYHBIH BeKTOp B HanpaBicHuM r. TakuM nyTeM Mb MOJyYHM
A9 ¢ BLipaxeHHe BHA

b= %:L (z, n), (86.10)
rae

u (s, n):f:(H_“’T", r’)(dx')f’» (86.11)

eCTb (YHKUMA OT Mmpex aPryMEHTOB. BeJIHUMHBI T M [BYX YIJIOB, uepes
KOTODHE BHpawaeTcsd n. 3aMeTHM, UTO €CJAH v €CThb NMPOM3BONbHAA PYHK-
UHs OT STHX TPeX apryMeHTOB, TO ¢ OyleT NPUOIIKEHHBM pellleHHEM
OAHOPOJHOTO BOJHOBOYO ypaBHEHHS.

Ecau cyuwectyior momenTht (86.05), TO ML MOMXeM HanucaTb C.je-
Ayolee pasIoKeHHe A1 w!

ny lrzrzk

vGon) =+ o5 Ty o (86.12)

HITH
b oxpxg -

(T “)—“O‘i—crw‘*‘ 2 e l'l«k—*— (86'13)

rie TOUYKaMH O00O3HaueHb! NPOM3BOAHBIE OT BesuunH (86.05) mo cBoemy
APTYMEHTY T, HJh, 4TO TO e, MO BPEMEHH £,

Ta o6/macTh, rie pelleHHE BOJHOBOFO ypaBHEHHs ¢ ¢ OOMbILIOH TOY-
HOCTHIO BHpaxaercs B ¢opme (86.10), u HOCHT HasBaHue BOJHOBOH
30HH.

B ToM cayuae, Korja pasMepbt CHCTEMB! MaJbni MO CPaBHEHHIO
¢ IJMHOM M3JyuyaeMBbIX €10 BOJH, pasioxkenue (86.12) GuicTpo CXOMUTCH,
npuyeM rJaBHBIM WIEHOM OyfleT NepBbill, OTJIHYHHH OT Hyad. Ecam tako-
BLIM 4BJSETCA Yy, TO GyHkUMAa & O6yner o6.1apaTh CPEpHYECKOR CHUM-
Merpuelt.



410 MPYUB/IMKEHHBIE PELIEHHS! M MPHHUHMHAJIBHBE BONPOCHI [ra. v

§ 87. NoreHnuanbl TAFOTEHHA B BOJHOBOH 30He

O6patuMcs Tenepb K ypaBHeHMSM JHHIITEHHA, BLIMHCAHHBIM B § 68,
Beenem, cornacHo (68.13), oGosHaueHne

we [ — & B B "__l M _1_ v
N _(—CT){H L — 5y +5ewl],  (87.01)

rie L ects dynkuua Jlarpanxa:

1 y ag"B
L= — - 87.02
Vs + 5 (87.02)
a Lpyrve BeJHYMHL HMeNT CJeAYIOLLHE 3HAUEHHS:
Ll 1 ( ”ag B oges " oy

I = g 0x, =+ g ()x g ax{,) (87.03)
a3 = gapgﬁ)nv W (87.04)

a1 —
¥y, = -%ﬁ; y=g"y,. (87.05)

Torna ypasweHns IHHWITEeHHAa B TFAPMOHMYECKHX KOODIMHATAX Ha-
MU yTCA

— 2y
() (v ) = — g o280y o =" . 570
Mul 10/DKHB HUCCJel0OBATL ACUMITOTUUYECKUN BHI peLLIeHI/Iﬂ 3THX ypaBHe-
Hull Ha OOJbLINX paccTosHUAX. [ 3TOrO paccMOTpPHM cHepBa BOJHOBOE
ypaBHeHHe

920
0x,0xg

V—gQy=g? =0 (87.07)
¥ 3AMeHMM B HeM Ko3(pdHUMEeHTB ¢*? HX ,CTATHYECKMMH® 3HAYeHM-
MM, npuyeM OVAeM A9 MPOCTOTH CYHTATH, YTO HAYAJIO KOOPAMHAT JEHKHUT
B LEHTpPe TSDKECTH CHCTeMB Macc. MBI MOXKEM 31eCh BOCMOJB30BATLCA
BripaxeHusvu (85.41), (85.46) n (85.48), B KOTOPHIX, 0OQHAKO, ML OTOPO-

1 1
CHy BCe uJieHDBl, yObIBaloWMe GhICTpEe, YeM —, 4 M3 UieHOB MOPsAAKA =

coxpaHuM (MoKa) TOJBKO CTaTHueCku#. BBons rpaBHTALMOHHBI paiuyc
Macchl

M

o =1 (87.08)

c2
M nepexois K CepHUeCKHM KOOPIMHATAM, CBA3AHHBIM C FAPMOHHUECKHUMH
oObiyHbIME  opMyaaMu  (57.03), Mbl HanulleM BOJHOBOE YpaBHEHHE
(87.07) B Buze

n'v __1_ 4a 02? 024)4__2_% L/ o) —
0 ‘J__Cz(wr )at) (a_rz L2y LA I,)_o. (87.09)
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31ech A*G ectb 00biUHE onepaTop Jlanjaca Ha wape [Gopmyna (57.06)].
Hac MHTepecCylT pelleHMs THNA pacXoaswuxcs BoJH. i HHX BenwuuHa

g
A,‘-:i OyneT Ha 6eCKOHEYHOCTH YOHBATH OLICTPEe OCTA/MBHBLIX Y/JIEHOB ypaB-
7

jieHHsl, © MB MOXeM ee oTOpocHTh, nocje yero ypaBHeuue (86.22) ua-
nHLIeTcs

1 40\ 0% (32 | 200\
a(1+7)m— (@ +7a)=0 G710

Hes3aBUCHMBIMH MEPEMEHHBIMH OYAYT 34eCh TOABKO r H £, a yrib U, ¢
GyAVT BXOIAHTL TOJBKO KakK MapaMeTphl.
[1pou3BoAs MOACTAaHOBKY
ro=f 87.11)

¥ BBOAS BMECTO I MEPEMEHHYIO
rr=r-4+2xQgr—Igry, (87.12)

rie r,— HeKOTOpaf KOHCTAHTAa, MBI MOJYYHM, C TOUHOCTBIO /10 MAaJsbIX
BeJIMUHH,

108f o

PelrenyeM Tuna pacxonsueiics BoJHBI OyaeT
f=f( n), (87.14)

rae I ecTh NONpexHeMy eluMHHuHbl BekTop (86.09), a < uMeeT Tenmeps
3HAUeHHe

I

t—Lr (87.15)

UIH
::t———%(r—k?zlg(r—rn)). (87.16)

Taxkum oGpasoM, pelneHHe ypaBHeHus (87.09) THna pacxoisuteHcs BOJIHBI
NMeeT aCHMNTOTHUECKHH BHI

Y= 7f(7., n), @87.17)

an/I‘{eM BeJUUYHHA < npellnonal‘aeTCH 31eChb KOHellHOVI, TOrA4d KakK r He-
Of‘paHquHHO BOBpaCTaeT.
Hpﬂ ITUX yCﬂOBI/IﬂX ACHUMNOTOTHUECKHE 3HAUYEHUs] npOI/IBBO,IleIX oT ‘A
MO KOOPIAMHATAM M BPEMEHH BBIMMC/SIOTCH TaK, KAK eCan Obl QyHKUuA
3aBucedJia OT HUX TOJBKO l{epes l'lOCpeJlCTBO T noﬂal‘aﬂ
Ry =% (87.18)

ox,’

OyleM MMeTbh B PaccMaTPHBaeMOM MPUO/IMKEHHH

(;’% — k. (87.19)
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a
TIpene6peras u/ieHaMM Mopsiaxa - 1O CPABHEHHMIO C ELHHHUEH, Mpl

MOXXEM CUHTATL BEJWUHHB! R, PaBHLIMH
n;

ko= 15 hy=—"4. (87.20)
B COOTBEeTCTBUU C 3TUM MOXKEM MNOJOXKHUTDH
R=1 k=" (87.21)
oTKyNa
kk? = 0. (87.22)

BesnunHnl £, GYAYT NPONOPLIHOHATbHB COCTAB/IAI0YINM HYJIEBOTO UeTHIpeX-
MepHOro BekTOpa (B ra/MiceBOM MPOCTPAHCTBE, COOTBITCTBYIOiEM Mpe-
Je/NbHEIM 3HauenusaM gr).

HoGaBum Tenmepb B KOIpPHULHMEHTAX BOJHOBOTO ypaBHeHus (87.09)

K CTATHYECKMM B3HAueHHAM ¢ BOJHOBYIO uacTb 6"’ u mosoxum

1 4
ol
q0% == bt (87.23)
gik [ Caik + btk

OTHoCuTenbHO BesuunH b"' Mbl GyAeM nNpeano/iaratb, 4To B BOMIOBOH
obnmacty oun Hynyr ambo mmerth BuA (87.17), /mbo, BO BCAKOM caydyae,
yAOBJIeTBOPATh ycaoBH0 (87.19). [losToMy MBI MOXeM BBIYHCJAATL MPO-
uspoanble ot b no dopmyme
abp»a 70y
=k, 87.24
S = kb, (87.24)

a TaK Kak IipOM3BOJHBIE OT CTATHYECKHX 4/eHOB B g*' OyayT yChiBaThb
kak 1/r? n Moryr ObITb OTOpOlIEHB, TO OyAeT H

agpw . s
e = k" (87.25)

YcaoBug FApPMOHHYHOCTH 11 g‘” HanUuyTcs

kb =0 (87.26)

¥ MOryT OHTbL MPOMHTErPHPOBAHB MO T. Tak Kaxk CTaTHYecKas 4acTb g
HAMH y)Ke Bblle/eHa, TO MOCTOSHHble HHTEPHPOBAHHA MOT'YT Gblrb NM0.O-
»KEHbl PABHBIMH HYJI0, M MBl NOJYYHM

kb = 0. (87.27)

Orciofla CMellaHHble W BpPEMEHHAs KOMIOHEHTA BeJHUMH b Bhpakarcs
yepe3 MPOCTPAHCTBELHLIE KOMNOHEHTH MO (QopMynaMm

S (87.28)
¢ c?
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1 —
YTouHeHHBbIH BHI YMHOMEHHOrO Ha TV—g onepatopa [anamGepa, no-

JydyaeMblt B pe3yabTaTe MOACTAHOBKHM Ko3(duumeHToB (** u3 (87.23) B
dopmyay (87.07), sanuwercs:
o “ 024
V=g Q= D467 5 0

R (87.29

Ho ecian ¢ — dyHkuus THna pacxolsl(efics BOJHBI, KOTOpas B3aBHCHUT
OT KOODIAMHAT M BPeMEHH [JaBHBIM O0Da30M 4epe3 NOCPeACTBO < M yio-
p.1eTBopsAeT cooTHoleHuw (87.19), To Gyaer
w3 06 i __
m —_— kakab — 0 (8730)

BCc.lencTsue (87.27). MosToMy nonoJIHMTENbHBIH uieH B onepatope Hanam-
Gepa (87.29) Oymer paBeH Hy/lI0 B OTAGNLHOCTH, H MBl MOXEM BeCTH
HWCCaeNoBaHHE pelleHHH THNA pPacxolfiulelcsa BOJHBI TaK, KakK eCcou Obl
B Kospduuuenrax onepartopa [anambepa B BONHOBOM ypaBHeHuu (87.07)
¥ B ypaBHeHusx DfiHwteHHa (87.06) nMesacwy TOMBKO CTaTHYECKAs 4acThb.
TeM camMbiM MBl KaK Obi 0CBOGOM1aeMCd OT He-JHHEHHOHW YacCTH UYJeHOB,
COLEpPKAaUIMX BTODbie NPOU3BOJHLIE B YypaBHeHHsAX IDHHIITeliHa.

[lepexoanM K pacCMOTPEHHI0 He-JTMHeHHBIX UJIEHOB, COJAEPIKAIUHX
nepBeie NPOM3BOAHBIe. Mp!l He MOxem HX OTODOCHTb C CaMOFO Hauyaja,
TAK KaK B BOJIHOBON 30HS oM yOhIBalOT He ObicTpee, yeM 1/r%, u moryr
CHJIBHO BJIHATbL H4 aCHMNTOTMYECKMHi BuA peuicHHA. Ho NpH Beiunc/eHuu
WX Mbl MOXeM BHECTH T€ YNPO'LeHHs, KOTOpbie BLITEKAIOT H3 (HOPMYIhl
(87.25) u u3 TOro 0GCTOATE/NBCTBA, YTO BHE B8HAKA MPOUSBOXHBIX KOM-
MOHEHTH (PYHIAMEHTANLHOTO TeH30pa MOPYT {bIThb 3aMEHEHB MX MNpee.b-
HLIMH 3HaueHHsMH. [loAnMMas M OnyCKas 3HAUKM MNPH HOMOUIM 3THX mpe-
JeJIbHBIX 3HAUeHHH, Mbl MOXeM NHCaTbh, HAmpuMep,

4

a 23 o u
:(gk'j; 0;———g:a H T. 1. (87.31)
KaK ecJd Ob COOTBETCTBYIOIIME BENMUAHBI Obl1i Teusopamu. Mcroswsys
crporyio gopmyay

Y, = ?{/I—:g 2. i(’;— , (87.32)
MLl MOXeM TorJdd HanuCaTh.
yo=trbl = ’;_C b, (87.33)
Beauuuunt (87.03) u (87.04) Gyayt paBHbl
W7 = o (BB R — R, (87.34)
W = — o (kabi - kabl— k" bus). (87.35)

W3 coornowenntt (87.22) u (87.26) Boirekaer
kRl =0; y,y =0. (87.36)
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TMosToMy snauyenwe @yHkuuu JlarpaHxa B BOJHOBOH 30He DPaBHO HYJo
L=0, (87.37)

KaK 3TO HMeeT MeCTO M .Jsi 9JeKTPOMATHHUTHHIX BOJH,

[TepemHoxkas Tpu ujeHa B (87.34) Ha tpu unena B (87.35), noiyyaem
NeBATb CYMM, H3 KOTODBIX, OJHAKO, TOJbKO ONHA OTJIMYHA OT HyJd,
a MMEHHO

I L = 5o AR5 b, (87.38)

TMoacraBasii HalleHHble BhipakeHuss B (87.01) u 3aMeHAs MHOMHTeNb

(%g) elMHHULEH, MOTyYHM

N® = o R (82bs — 5 B b). (87.39)

Jlna Hac CyuleCTBEHHB CJaelyloiine CBoHcTBa Buipaxenua N™'. C oauoit
CTOPOHB!, OHO NPOMOPLHOHAJILHO NpPoW3Beld=HHIO £*R' u, GYAyuH nmoacra-
BJIEHO B ypaBHeHHs DBuwmrehna (87.06), moxeT MOpOAHTH B @4 M B g'v-*,
a takke B 0™ m B 0" TONBKO U/ieHB, NMPONOPLHOHAIbHbIE TAKOMY ¥Ke
npousBefeHmo. C APYro#l CTOPOHBI, ecau 106aBHTH K 6" ufeHbl, mpo-
nop LMOHa/ bHble B“E’, T. e. clenaTb 3aMeHy

b > b R (87.40)

TO B CHJY YCJIOBHH FapMOHHYHOCTH (87.26) u coortHoluenus (87.22) Besu-

unHa N" He usMeHuTCA. DTO NO3BOJAET CBECTH HAXOMN/EHHE ACHMMOTO-
THYECKOTO BHJA ¢*¥ MPH YyueTe HeJHHeHHbIX UYJeHOB K pelleHHI0 JHHeil-
HbIX yPaBHeHHH.
[Tonowum
L (3085 1 330

cg:m@ ba3~7babﬁ). (87.41)
Kak Oylder BMAHO M3 la/ibHelllero, 3Ta BeJMYNHA HTPaeT pPoOJb MJOTHO-
CTH 3HEPTHM IpaBHTaLHOHHBbIX BoJH, Popmyna (87.39) Hanmwercs Toraa:

N = %"2_7 s k'R (87.42)

IMoacrapasia 3T0 BHpakeHHe B ypaBHeHHs JHHwTeHHa (86.19), noayuuM

1 8 v v
5 g = CL_J(T” +a kR, (87.43)

B npeaptaywux maparpadax NPH COCTaBJIeHHH TeH30pa MAaCCht Mbl MOJ-
HOCTBIO NpeHeOperay 3JeKTPOMAarHUTHON sHepruel. EciM e M npuMeM
BO BHHMAHHE SHePTHI0 3JIeKTPOMATHUTHOTO HM3JyuUeHHs CHCTeMbl Teld, TO,
0003Ha4YNB MIOTHOCTL ee 4Yepes3 G, TaK UYTO

Sem = g (B2 4 H?), 87.44)
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Mbl TIOJYYMM [ TEH30pa 3/1eKTPOMAarHHTHOH SHePrHHM B BOJHOBOH 30HE
pbIpaXeHHe

RS
™ = Semk R (87.45)
(Ml COXPAHHJIM 4 9TOFO TeHsopa o0osHaueHne TV, TaK xaK B BOJ-
HOBOH 30He BeCh TeH30p Macch cBoautcd Kk (87.45), a Ta ero uacrs,
KOTOpPAas COOTBETCTBYET BELECTBY, PABHA HYJIO).

Takum obOpasoM, Mbl MOXKeM MHCAThL YPaBHeHHs JHHIITe#HA B BOJHO-
BOH 30He B BHje

L g = Scﬂ kPR, (87.46)

rie MOA S5 Mbl MOXEM Da3syMeTb CYMMY O, — 3, €C/M Mbl YUHTHIBAEM

3JeKTPOMArHUTHO® H3JYYeHHe, HJIH TOJIbKO Oy eClH Mbl HMeeM AeJo
¢ YHUCTO TPaBHTALMOHHOM 3ajnayeh.

Yro6bl pewnts ypasHenus (87.46), Bouienuy B 6 wieH, nponopumo-
naabHbIfl EYE', w 6ynem mucath 0 B Buie

N e (87.47)
Kax Obu10 yixe oTMedeHo, BoipaweHue (87.41) ana o, He MeHsercs
npu 3amene 0™ Ha A", Tak uTO Mbl OyldeM HMMeTb

3 3% (h“’hﬁ h:hi). (87.48)

Coortuowenns (87.27) u (87.28) Taxkixe OCTalOTCS B CHJIe; MBI MOXeM
HanMcaTh

kA" = 0. (87.49)

Bxoaswme B (87.47) BelnunHbl A" w h Mbl MOXeM MONUHHHUTL ypas-
HeHMSIM:
a7 =0, (87.50)
16wy

Oh=—1s, (87.51)

B KOTOPBIX, COMVIACHO CHeJAaHHOMY Bbillle 3aMEUAHHIO, Mbl MOXeM 3aMe-
HUTL onepaTop [] Ha JuHeHHuH oneparop (17 [dopmyna (87.09)].

Torna BeanumHbl A" OYAYT VI0BJETBOPATL AUNEIHOMY BOTHOBOMY
ypaBHeHMI0, M Ha ocHoBaHHMH (87.17) ™Mb Moxem notpe6oBaTh, 4TOOLI
OHYM MMeJHM aCHMUTOTHYECKHH BHI

A — W =
= cdr f (=, (87.52)

2
Kosdpduunenr —0-1— 106aBjeH 31eCh A48 yAo6cTBa OLEHI'M NOPslKa Bed-

ik
duHbl A"; MPOCTPAHCTBeHHbie KOMIOHEHTHl f'° OyAyT TOLAA MNOPALKA
KHHETHYEeCKO# SHEePTHH CHCTEMBI.
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MoacraBadgs 3Ty 3HaueHus k™ B (87.48), Mb noayuuM i.iq 5, Bbipa-
KeHne, oOpaTHo npomnopuHoHasbHoe r2. Toro ke Buna OyneT 3aBHCH-
MOCTb OT F M AJISl 3JeKTPOMarHUTHOH UACTH MJIOTHOCTH SHeprui. ITosTomy
M BCA MJOTHOCTL SHEPTHM o B ypaBHeruu (87.51) Oyner Buia

% (Ty n)
re -

(87.53)

Ly
I'pasuTauMonHas YacTb Sy, QPYHKUHMH G, BbipaaeTCs Yepe3 BelHUHHbI 7
no dopmyie, aHatoruyHod (87.48), a umeHHo:

e 1 eu:
%00 = gz (} e — 5 111D (87.54)

Moacrasass Buipaxenue (87.53) ans s B ypasHenue (87.51), noayumm
a4 h ypaBHeHHe

167
Oh=—Fo(x n), (37.55)

NpaByl0 YacTb KOTODOTO MOXKHO CuMTaTh H3pecTHOH. Taxum ofpasowm,

He TOJbLKO BEJMUHMHBI A", HO W BEJMUMHA A YIOBJAETBODSIET AUHEUHOMY
ypaBHeHHI0. ACHMNTOTHYECKHH BHI pelleHds 3TOFO ypaBHeHHs OyieT

8r ~
h=#!so(t, n)dz—}—hi(%g—). (87.56)
Tonoxmum
T
dre fco(z, n)d< = A8 (<, n). (87.57)
aQ
YwuHOMXeHHOe Ha 4o Tae dQ —3/leMeHT TeleCHOrO yiJ/a, STO Bhpaxe-

4ne 1aeT YTEUKYy SHEPrHM B STOT TeJeCHb yroJ, mexaiuni B Hampa-
BJEHUH N, MDOHCINENINY}0 33 BpeMsi T—-<, Pe3yibTar MHOACTaHOBKH
BoipaxeHus: (87.57) B mnpelbayuyio GopMysay MoxeT OBITL 3amucaH
B BHIE

=20 (g r 88 s, W2 G, W), (87 .58)

rle BeJMYMHY =(T, M) MOXKHO CUHTaTh TOrO e nopaika, kak A&(e, m)
(May Xe ee MOXHO He MUCaTh, a B dopmy.aax Aas ¢* OTHeCTH COOT-
BeTCTByOWME umeHsl x f77).

Moacraeass sHauedus (87.52) u (87.58) naa A™ u h cnepsa B ¢op-

myay (37.47) ana 6%, a sarem B Popmyan (87.23) mas ¢, Mbl noay-
UMM CAEAYIOWHe aCHMITOTAUeCKHe BBHIPAKEHHA BeAMUHH (* § BOJHOBOH
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sote:
—+ L2004 2T (g £ AB ),
gt = 2L foi . —]— ni(lg r A8+e), | (87.59)

g1k = — cBy L ik + L ning (I r A8 +-).

3necy BeqnunHnl f% wu fO° BupaxawoTcs uepes f¥ mo Qopmynam, awa-
goruunbiM (87.28), a umeHHo

I

fot = Zh ik, fo0 = T2k fon, (87.60)

CpaBHHM BLID@XKEHH BEJHYHMH ("' B BOJHOBOM 30He C HX BHIPAKEHHIMH
Ha yMeDeHHO-OOJIbINHX PACCTOSHHAX, NoaydeHHbiMH B § 85. 3necy Mul
MOXEeM Mpexie BCero npeHeOpeyb ufeHaMH, COAepXallMMH lg 7 u mpo-
HCXOISIHMH OT yTeukH sHeprHH. YTo Kacaercs OCTANBHBIX YAEHOB, TO
MBI MX MOXEM HANHCATb B TAKOM BHIeE, YTOOLI OHM MEPEXOMHAH B COOT-
BeTcTBYIOWHe UneHbt ¢opmyn (85.41), (85.46) u (85.48). Iaa sroro
OJIOKHM

Dy ()= f pixy (dx)?, (87.61)
3aMeHHM 3/1eChb f Ha T M CBKeM f% ¢ Dy (T) cOOTHOLIEHHEM
3 dz
[k = a0 Dy, (7). (8762)
Torna dopmyan
1 hM 02 Dy (v)
rian o3r + ¢S 0x; 0xp —r_’\l

2y 0% Dy (v)
0f — 1.
g ’ 3 Oxgot r (87.63)

2y 0 Dy(v)

gk = — By ¢ R r

B BOMHOBO# 30He mnepexoasr B (87.59) (6e3 uneHOB, NMPOHCXOASLIHX OT
yTeukH SHEPrHuH), a HA YMepPeHHO-OOJbLWIHX PAaCCTOSHHAX OHH AAI0T
rnapHple  WieHsl gopmyn (85.41), (85.46) u (85.48). Tlpu sTOoM Ha
yMepeHHO-00/bINMX PpACCTOSHHAX B BeipaxeHud (87.15) aas T mMoxer
GEITL ONylueH JOrapudMuueckuit uneH (r® MoxeT GbITh 3aMEHEHO HA r).

§ 88. O6mue 3aMeqaHHA O 3aKOHAX COXPAHEHHA

I'paBUTALMOHHAS SHEPTHSE WIPAET B TEOPHH TATOTEHHS COBEPLIEHHO
0co6y10 pOJIb, OTJHYUHYI0 OT POJA BCeX APYTMX BHUAOB SHepruu. OHa
He BXOQMT $BHLIM 06Gpa30M B TEH30D 3HEPTHH, A YYHTHIBAETCH KOCBEH-
HelM 00pasoM, Yepe3 MNOCPelCTBO NOTeHUMaNoB TaroTeHus. Hammuue

27 3ax. 185. B. A. ®ox
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rPABUTALHOHHOTO MOJSE W CBA3AHHO# C HHM 3HeDTHH NPOABIAETCH, KAk
MBI 3HaeM, B H3MeHeHHH CBOHCTB NPOCTPAHCTBA M BPeMeHH. Buienuts
PPABATALMOHHYI0 SHeprHio B BHe N00aBOYHLIX WIECHOB B TEH30DE SHEPTHH
MOXHO TOJBKO HCKYCCTBEHHO, (PHKCHPOBAB KOODAHHATHYI0 CHCTEMY W
BHOW3MEHHB MOCTAHOBKY 3413uH, 2 HMMEHHO paccMaTPHBasg MOJje TAro-
TEeHHS! KaK Obl BJAOXEHHBIM B MNPOCTPAHCTBO-BPeMH C (DPHKCHPOBAHHBLIMU
cBoficTBaMH (KaK 3TO aeslanock B Teopun Hiiorona). CoorBercTByoline
TPaBUTALHOHHOA 9SHeprHH [00ABOYHBIE UJMEHH B TEH30Pe SHEPTHH He
6yayt o6nasaTb CBOACTBOM KOBAPHAHTHOCTH (T. e. He OYyAYyT TeH30DOM).
B sasucumocTd or BBHOODA KOOPAMHATHOH CHCTEMBI 3HAYEHHA STHX
100aBOYHBIX Y/JE€HOB B NAHHOM TOUKEe MPOCTPAHCTBA-BPeMEHH MOTYT OKa-
3aThCS PAaBHBHIMH WJIH HEPaBHBIMH HYJIO (Yero He MOxeT OHTh C TeH30-
pom). [103TOMYy PpaBHTALMOHHYI0O 3HEPTHI0 HeJb3S JIOKAJIH30BAThH. ITO
CBO#ICTBO TPaBHTALHOHHOA 3HePrHH (DH3HUECKH NIPOAB/ILETCA B TOM, UTO
2paBUMALUORHOe noae HeAb3A 3acaonums. UToOb H35aBUTHCA OT neft-
CTBHUS T'DABHTALMOHHOrO MOJIS, MOXXHO TOJNBKO OTOHTH mojajbile OT Mace,
ero MPOHM3BOAALHMX. DTO MOXHO CHendTb [Js H30JHPOBAHHOM CHCTEMBI
mMacc. TlopoxnaeMoe Tako# cHcTeMOfl TPABHTALHOHHOE MOJE MOXHO
paccMaTpHBaTh, KK MECTHYI0 HEOJHODOAHOCTb B OECKOHEUHOM eBKJH-
IOBOM MPOCTPAHCTBe (HJAH B FaJHIEEBOM NPOCTPAHCTBe-BpeMeHH). [IpH
TAKOM pAacCMOTPEHHH MOXHO (MpeHeOperas H3IyueHHeM, O KOTOPOM
OyneT CKa3aHO HHXe) COCTABHTb [EeCATh HHTErpajoB YypaBHeHHH DiH-
wTefiHA, COOTBETCTBYIOLHX NECATH KJAACCHUYECKHM HHTETpajaM YpaBHEHHH
MeXaHHKH. YeTblpe W3 HUX — HHTErpa/ibl 3HEPTHH H KOJHUECTBA IBHXKE-
HHS — OYyT COCTABASTh UYeTHIPeXMePHH# BeKTOp B TaJaHJIeeBOM MpPO-
CTPAHCTBe-BPeMEHH, B KOTODOe MOTPY)KeHAa CHCTeMad MacC C ee TPABHTA-
UMOHHBIM nojeM. llecTs oOCTaNpHBIX HHTerpajoB OyaAyT COCTABAAThL
B TOM )K€ MPOCTPAHCTBE-BPEMEHH AHTHCHMMETPHUHBIE TeH30p; 9TO OyayT
HHTErPajbl MOMEHTA KOJHYeCTBA [BHXKEHHS W HHTErpanbl JBHIKEHHS
IICHTPA HHEeDLHH CHCTEMEI.

BaHO OTMETHTh, UTO CYLIECTBOBAHHE [ECATH HHTErPAJOB ABHMEHHS
CBA3AHO C H30TPONHOCTBIO TA/JHJIEeBd NPOCTPAHCTBA-BPEMEHH, B KOTOPOE
NOTPYy»eHa CHCTeMa, d B3HAYHT H C eBKJIHAO0BOCTbI MPOCTPAHCTBA HA
GeckoHeuHocTd. OTka3 o7 TpeGoBanufl M30TPOIHOCTH H eBKJAMIOBOCTH
Ha OeCKOHeUHOCTH BaedyeT 3a CcoOOH HapyllleHHe BCeX HMJIH HEKOTODHIX
H3 334KOHOB COXPAHEHWs,, BBIPAKAEeMBIX AeCATBHIO HHTErPajaMH ABHXKEHH.
C ¢usuueckofl TOUKH B3DEHHS 3TO COBEPILEHHO ECTECTBEHHO, MOCKOJLKY
H3OTPONMHOCThL M €BKJHIOBOCTb HAa OECKOHEUHOCTH CJYXKAT BhIPAKEHHEM
H30/IMPOBAHHOCTH CHCTEMbI, a BLINOJHEHHS 3aKOHOB COXPAHEHHSI MOXHO
0XHMJAaTb TOJbLKO TOTAd, KOrAa CHCTeMa M30.1HPOBAHA.

Creayer ykasarth euie Ha OAHY [PHYHHY, B CHAY KOTODO# CHCTeMa
ABHXYIHXC MACC HHKOTA He OyieT BMO/MHe H30JMHPOBAHHO# B &KTHBHOM
cMbicae (T. e. B CMEIC/e OTNAUH SHEPTHH, a HE ee MOJYUYEHHS H3BHE).
OTa NMpHYHHA COCTOMT B W3/IYUEHHH CHCTeMOH 8/1eKTPOMATHHTHHIX M Tpa-
BHTALHOHHBIX BOJH (4 TaKkKe, OuTh Moxer, W ApyrHx). OaHako aas
cucrem, nonoGuotx CosHeuHOM cucTeme, NMOTepsl SHEPTHH HA H31yYeHHe
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AQKE HA OPOTSHKEHHH TeOJIOTMYeCKHX MePHONOB BPEeMEHH BeCbMa Masa
10 CPABHEHHI0 C MMEIOIIHMCS 3a0acOM SHePIHH, XOTS B abCOMIOTHHIX
nHuppax NMpeiCTaBlseT BHYUWIHTENbHYIO BetHunHy (nig CoaqHLa uanyuaemas
MOLHOCTb COOTBETCTBYET €KECEKYHAHOMY MpeBpalleHHI0 YeTHpeX M-
JTHMOHOB TOHH BelllecTBa B wu3nydeHue). YUTo kacaercss H3/JyueHHs TpaBH-
TallHOHHBIX BOJH, TO OHO COBEPIUEHHO HHYTOXHO: FpyObi#i moacuer no
$OpMyJIaM, OCHOBAHHLIM Ha Dpe3yJbTAaTax MNpelbAylWero mnaparpadga,
[JOKA3bIBdeT, YTO MOLLHOCTL, H3jayuaemas Coaneunofi cucreMofl B BHIe
{PABHTALHOHHBIX BOMH, B 107 uan 107 pas meubile uanyyaemoft B BHIE
3JEKTPOMATHHTHLIX BOJH H COCTABASET BCer0O-HABCETO MNPHMEPHO OLMH
wu1oBart. (Tako# noacuer Gyner npoussenen B § 90). [Tostomy BO
BCeX PpAaCCyXICHHAX, KpPOMe, OBITL MOMET, UHCTO TeOpPeTHYeCKHX, nelt-
CTBHEM TPAaBUTALMOHHEIX BOJH MOXHO [EJHKOM npeHebpeun. ITOT
pesyabTAT MOKa3biBaeT, B YAaCTHOCTH, Y4TO H3yueHHas B raase VI sanaua
0 [IBWXEHHM CHCTEMBI TATOTEIOWIHX MACC MOMXKET pPACCMATPHBATLCH KAK
3a1a4a MeXaHUKH (6e3 yueTa H3/yUYeHHS) He TOJALKO B TOM MPHOJIHIKEHHH,
B KaKoM oHa Oblia TaM pellleHa, HO W B CJAeAYIOIHX NPHOIHKEHHAX
(He NpenCTABASIOIIAX, BIPOYEM, MPAKTHUECKOrO HHTepeca).

§ 89. dopmyaupoBka 3IAKOHOB COXpAHEHHA

B rteopuu, onepupyoliefl ¢ ramuiaeeBbM NPOCTPAHCTBOM-BpEMeEHe,
KJIACCHYECKHE 3AKOHB! COXpaHeHuss MOraH ObiTh HanHCaHul B JUddepeH-
UHATLHOM opMe, @ MMeHHO B BHie coorHouleHu#t (31.10). O6oCwennem
UX SIBJSIETCSl COOTHOLLEHHE

VPTlu =0, (89.01)
xoTopoe, coraacHo (41.25), MOKHO HAaNHCATh B BHIe
1 0 V—— By v a3
— L (V=g ) IT” =0. (89.02)
V_g 0xp( ?

OnHako coorHoweHde (89.01) He mpuBoaur, camo no cele, K 3aKOHAM
COXpaHeHHs. MaTeMaTHUeCKasl IPUUNHA 3TOTO COCTOMT B TOM, UTO HajnHuHe
sroporo wiena B (89.02), crosuero BHe 3HaKa NPOHM3BOAHON, He MO-
3B0JIfeT, B oOLieM Cjlyyade, BaKMOUYHTL O TOCTOSHCTBE KaKOro-u6o
006beMHOTO muTerpana (cm. § 49). dusuueckofi Ke nNPUUHHOK ABISETCH
TOT (aKT, YTO MOJe TArOTeHHs camo o6nanaer 3Hepruedl, xoropas He
5X0AHT #BHO B T"’, HO KOTOpY0 TeM He MeHee HEOOXONHMO YYHTHBATH
3 o6lieM GanaHce.

Yro6H NOMYYHTH COOTHOIIEHHE, B KOTOpPOM Obiia Obl yuTeHa TaKxe
4 TpAaBUTALHMOHHAS SHEPTHs, PACCMOTPHM YDaBHEHHS TATOTeHHs OHH-
wrefiHa, BLIMUCAHHHE B Hayane § 87.

Mel umeeM

(SE) (R — 787 R) = — 5 9 ZH- N, (89.09)

c2 0x,0x3

27*
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rae N*' onpenensercs dopmynamu (87.01)—(87.05). C apyro#i cTopoHsi,
B FapMOHHYeCKO# CHCTeMe KOODIHHAT

03

e (g“sg*“ _ gapgﬂ‘,) — -8 o2guy o oger 0gBY
a U

0%, 0.3 Oxg Ox, "

(89.04)

1
TpubaBass 9TO PABEHCTBO, YMHOMXEHHOE HA 5+ K Mpeabiyliemy, mno-

JYUHM
v 1 v 1 02 o v v) — ¥
(—&)(R" —5e"R)+ 5z Tr o, @O — gt =1, (89.05)
rune

1 Ogew OgpY
o] 2, ax, * (89.06)

B npoussosbHO# cucTeMe xoopAHHAT paseHcTBO (89.05) Gyaer Toxie-
cTBOM, ecau pasymers non L*' BupaxeHue

M 1 oge 0gBY aB gy al ggB
* gt 0gp? | 0ged Ogt> Ot OgP
=N +202( Oxg 0x, -+ OxB 0X, 0x, Oxa)’ (89.07)

L¥ = N* —

KOTOpOE NePeXOJUT B NpeablAyluee, eClHd CHCTeM3 KOOPAMHAT — FrapMo-
Huueckas. Ilns nokasatenbcTBa TOXAecTBa (89.05) HywHo Opath aas
TeH3opa ORHwWTefiHa noaHoe BuipaxeHue (B.87), BoiBenennoe B o6a-
BaeHHH B.

Ecau BOCMOABL30BATLCS YPABHeHHUAMH DfiHUITelHA

R — L gwR=—"2 1w (89.08)
H MOJIOXKUThH
W __ ™
U _( ) +8m , (89.09)
MOHO HANMHCaTh dopmyay (89.05) B Bune
02
T, 3y (80— gegh) = 167U (89.10)

3nech c/leBa CTOHT BhIpa)ceHHe, nojobHoe TeHsopy Kpyrkosa, paccmo-
TpeHHoMy B § 31; CymMMa NpOHMSBOAHHX 110 X, OT JeBof uacTu (89.10)
TO¥AeCTBeHHO DaBHAa Hy/Mo. [loaToMy Mbl HMeen

ou™

0,\6lL

= 0. (89.11)

CosokynHocTs BeanunH UY’ He cocraBaser 06ieKOBAPHAHTHOTO TeH-
30pa. DTO eCTh TEH30P TOJMBKO MO OTHOIUEHHIO K JHHe#HHM npeobpa-

30BaHMAM; B 4ACTHOCTH, U"” ecTh TeH30p B FapMOHHYECKOH CHCTeMe KOoOop-
nuHat. CTaHOBACE HA TY, HECKOABKO HCKYCCTBEHHYIO, TOUKY 3peHus,
KoTopas Ouna YNOMAHyTa B Hauaje MpelbAyl(ero naparpada, MOxHO
ToMIKOBaTh B hopmyae (89.09) neneHHbH Ha ¢2 BTOPO# UMeH KAK TEH3OP
SHEPTHH TPABUTALMOHHOTO MOJS, A AeJeHHBH HAa ¢? nepBHH ujeH — KaK
TEH30D 3HEPPHH BOLIECTBA M BCeX JPYTHUX nogeft, KpoMe TPAaBHTALHOH-
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woro. Ecau nonyckaTh W ApyrHe CHCTeMBl KOOPAHHAT, MOMHMO FapMo-
HHYeCKOH, TO Takoe TOJKOBAHHe OyAeT He BIOJHE OJHO3HAUHLIM, eCJH
paccMaTpuBaTh 061ACTH BHYTPH cucTemnl macc. Ho Ha Gosnbiumx paccros-
HHAX OT Macc, Tae NMPOCTPAHCTBO-BPeMS NMOYTH NCEBAO-EBKIHAOBO H KOOD-

AMHATH MO YCIOBHIO TaJWaeeBbl, QU3HueCKH#t cMbica Beawunn UY cra-
HOBHTCS BO BCSKOM Cj1ydde OJHO3HAUHBIM.

Britexawumue us (89.11) 3aKoHBI COXpaHeHHS B MHTerpajbHO# dopme
TAKXKE MOJYYAIOTCS BMOJHE OJHO3HAYHO W He 3ABHCAT OT NMPOU3BOAA,
CBSI3AHHOTO C JOMYCKAE€MBLIMH BHYTDH CHCTEMBl MACC OTK/IOHEHHMH KOOp-
JHHATHOA CHCTeMBbl OT rapMoHHueckoft, Kax wMbl yBuaum, sto obycio-
BJIEHO TeM, UTO 0G'beMHbIE HHTErPAbl, BHPAXKAIOUHE SHEPTHIO, KOJNHYECTBO
IBHXXEHHS! W APYTHE BEJHUHHBI, MOTYT ObITH MPeoOPA3OBAHBI B HHTETPAHI
Mo NOBeDXHOCTH, OKpYKawlue#l cucTemy macc.

Tlepexonum K BBIBOAY HHTerpajbHOf (GOPMBI 3AKOHOB COXPaHEHHS.
Has aroro ymuoxum nepyio 4acTh (89.11) Ha eBK/IMAOB aMeMeHT 00beMa

dx, dx,dx, = (dx)® (89.12)

M [POHHTEPHUPYeM MO HEKOTOPOMY NOCTATOUHO O6oablioMy o06beMy,
BK/IQUAIOEMY CHCTEMY MacC. Pasmepn OOGMACTH HHTErPHPOBAHHS MBI
OCTABAM MOKA HeONpeje/eHHb MH.

Mocne npuMenenus TeopeMul I'aycca — OCTpPOTpajACcKOro Mh MOMYUHM
paBeHCTBA BHAA

& | umaxy = — Jf n,U% dS, (89.13)

z f U% (dx)p = *f n, Ui ds, (89.14)

rie n; eCTb BEeKTOP HOPMaJH K NOBEePXHOCTH. EC/H MOBEpXHOCTDL, OFpa-
HuunBalowas o6beM, ecTh cdhepa, Mbl MOKEM [OJNOXKHTh

x-
ni:%; dS = r?do, (89.15)
rae dw — 3JeMeHT TeJeCHOro yI‘Jla.

Bcaenctene cummerpun Bemmunn U™, us dopmyn (89.11) Buitexaior
TaK)Ke COOTHOWeHHs, aHanoruudee (31.06) u (31.01), kortopbie nmocie
HITETPHPOBAHHS NAIOT!

c%f f (x,U% — x,U%) (dx)P = — f n; (0, U™ — x,U™) dS,  (89.16)

%J (x,U® —tU%)y (dx)d = — f ny(x, U —tU#)dS.  (89.17)
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BuisicuuM ¢usuuecku#l cMBICT 06BEMHBX HHTETPAJIOB, CTOAL(HX B JeBOH
4aCTH 3THX ypasHeHu#l. [losoxum *)

M=c f U (dx)®, (89.18)
b= f U (dx), (89.19)
Mtk = 2 f (0, U% — x, U (dx ), (89.20)
M0 = ¢ f (U — £U%) (dx). (89.21)

[Mot o603Haunan Benuunnn (89.18)—(89.21) s3Besnouxamn cBepxy,
yTo6H He CMEWMBATL HMX C KOHCTAHTAMH, BBEJEHHBIMH MPH pelleHHH

*
ypaBueHa#l MexaHukH.] Benrumuuna M ecTb nosHas Macca CHCTEMB, BKJIO-
yas Maccy, MPUHANNENALLYIO OO, 3AK/IOUEHHOMY BHYTDH 1aHHOTO 06beMa.

» »
Beanunnn P* npencTaBasiOT. KOMHUECTBO ABHXKEHHS, 3 BeJHUHHB Mt% —

*
MOMeHT KOJHYeCTBA [BH)XXeHHs CHCTeMH. Beauwuumnnt M MoHO HAMHCATH
B BHIe

M0 = MXt— Dit, (89.22)

rne )?i”KOOpﬂHHaTa ueHTpa Txectu cucrembr, Orciona sicHO, uTO /;Iio
NpeAcTaBISIOT BeJHUMHB, BXOISALUHE B 3aKOH IBHXEHHS LEHTPA THKECTH.

3uauenne oO6beMHBX HHTerpatoB (89.18)—(89.21) moxeT HeCKOAbKO
H3MEHATLCS B 3aBUCHMOCTH OT Pa3MepoB OGJACTH HHTErPHUPOBAHHA. ITO
NMPOMCXOAHT B CHAY TOTO, HTO mnoJe Takxke o6janaeT sHepruedt, KoJau-
yecTBOM JBHKeHusd, W T. A. OnHako u3 nansHefiero (§ 90) Oyaer
ACHO, YTO NMPH HaLJexalueM BHGOPe O06/JACTH MHTETPHPOBAHHSA BO3HH-
Kall(asg OTCI0Na HEeONpPeleJeHHOCTh B 3HAUCHHH MHTErPAJOB HHUTOXHA
MO CPABHEHHIO C CAMHMH STHMH 3HAUEHHSIMH.

TMokaxkeM Tenepb, UTO He TOJBKO MPOH3BOAHBIE MO BPEMEHH OT BEJH-
unn (89.18)—(89.21), HO W caMM 3TH BeJHUHHBI MOTYT GHTH NpencTa-
B/IEHB B BHJE HMHTETPAJOB MO MOBEeDPXHOCTH. YTOGH BHISICHHTH 3TO, pac-
CMOTPUM CTPYKTYPY Bbipaxenu#t (89.10) ans UY. TMonaras p=v=20,
O6ynem uMeThb

16myU%® = 5}% (g78g% — qo0gt0), (89.23)

TMpn a =B =0, a rake npu a =0, B=1i (rae i =1, 2, 3) Bupaxe-
HHe cnpaBa oOpaiudercs B Hyab. [losToMy QakTHUeCKH 3HAUKH a,
B (89.23) npo6eraioT TOJBKO NPOCTPAHCTBEHHHIE 3HAUEHHH, M Mbl MOMKEM
HaMHCAaTh

02

16y U% = Tx, Onn (877 — ¢#0g%0), (89.24)

*) Mu Gysem mucate suech Tipy M-k, P7, XU BepxHue 3HAauKH,
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OTKYAa

x 2
M =155 [ . 0xk (g*g% — ¢#%g*%) 4S. (89.25)

Ananornuno (89.24), mb Gynem umeTh

16myU% = Oxf;xj (g9g0t — g*gd%), (89.26)

rae j npoGeraer TOMBKO NPOCTPAHCTBeHHbie 3HAUEHHS, a & — TAKKE W
snaueHue « — 0 (3aMeTHM, UTO B3HaueHHe & —{ (AKTHUECKH OTCYT-
creyer). [loacranoska (89.26) B o6bemunit uurerpan (89.19) naer

* 3 0 a . alnii
Pi:l_ﬁﬁ J. njaz(gjgm—gngjz)ds. {8927)
s ¢opmyan (89.26) serko BHIBOAHTCS COOTHOLUEHHE

. 0 ;
167y (x,U% — x5, U%) = ox; { iox, 0 (geig — qeg) —

— X 59; (@7g" — g°0%) + g% — gig"* |, (89.28)

npaBas 4acTb KOTOPOTO MPEACTABAAET CYMMY HPOHM3BOAHBIX MO MPOCTPAH-
crBenHbM koopamHatam. IloacraBass (89.28) B (89.20) u npumensa
treopemy [aycca — Ocrporpaiackoro, nojyuyaeMm A MOMEHTA KOJHY4eCTBA
IBWKEHHS BHIPAXKEHHE B BHIAE HHTErPaNa MO MOBEPXHOCTH:

Ao = - fn {xlo (@+99" — g7°9™) —

— X (E (g9 g8 — g0git) |- gk g0 — gdigOx } as. (89.29)

*
Haxoneu, nepBuil unen Boipawenus (89.22) nas M® moxer Goitb Hanu-
CaH B BHIe

LA ]

0
Wk = (o [ g i (@ — 99+
|- gi0g?0 — gigoo } dS. (89.30)

Takum o6pasom, Bce Beamuuunt (89.18)— (89.21) npencrasieHs
B BHJE MOBEPXHOCTHBIX HMHTErPajloB. 3HAUEHHS HX BABHCAT TOMBKO OT
noBeleHNUs! MOTEHLHANOB TATOTEHHS HA OOJBIIHX DACCTOAHHAX.

Tlps HANMUCAHMM 3aKOHOB COXDaHeHHs B AuddepeHLHANbHON (opme
Mbl HMCHO/b30BA/MM CHMMETPHUHYIO cHCcTeMY ¥*) Beanuun UP?, onpenensieMbix
dopmynoft (89.09); 3TH BeJHUHHH MPeACTABIANT, KAK MB YKA3bLIBAJH,
AHAJIOF KOHTDABADHAHTHOI'O CHMMETPHYHOIO TeH30pa. B JauTeparype

¥) CuMMeTpHYHadA CHMCTeMa BEeJTHUYHH HCIIONp3yerca Takke B Kuure JI. Jlam-
Zay v E. Jlupwmuua ,Teopus noas* [23],
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NPUHATO, OJHAKO, HAuMHas C mNepBuX pabor fHITeRHA, noMBL3O-
BaTtbcs Apyro#l cHcTeMofl BeJNHUHH, MNPEACTABAAIOUIHX AHAJIOT CMEWaH-
HOTO  (HECHMMETDHYHOr0) TeH30pa H  OnpeleiseMHX  C/eAYIOLHM
obpasouM.

B koHue § 60 Onita BoiBeneHa dopMysa AJs8 BapHAUMH WHTerpana
nefcTBuUg, COMMIACHO KOTODO#

3 f LY —gdx) = ( (R"S—% g“ﬁR) 3g.s YV —g(dx). (89.31)

3nech L ectb ¢yuxuus Jlarpawxa (60.23), a uepes (dx) o06o3HaueHo
npousBeleHHe UYeThipeX AHMPEpPEHIHANOB

(dx)=dx, dx, dx, dx,. (89.32)
Bcaencreue

agaﬁ = _gap,gﬁvagp‘v (8933)

gopumyay (89.31) MOxHO TaKKe HAMMCATL B BHAE
—_— 1 a — .
3 J. LY —g(dx) =— f (RW —5 gMR) og*“l/ — g (dx). (89.34)

TMonaras

g = o (89.35)

Mbl MOXEM ONpEeNeNHTh ,4YaCTHbie MPOH3BOAHBIE® MO g¥ W no g*' dop-
myso#t
— _ 0 — 9 N
B(LV_g):Magg _*_(Z.ié_‘/_gi v (89.36)
ogh’ og™’
Moacranoska (89. 36) B (89.34) ¥ uHTerpupoBaHHE MO YACTAM AAIOT AAd
YMHOXEHHOTO Ha V — g KOHCepBaTHBHOrO TeH30pa

G,,=R,, —7 g.R (89.37)
Bupamel-me
0 o(LV g oLV —g
G,, = ) 89.38
V —gG,, = e Py (89.38)

BBenem Tenepb CHCTEMY BeJHUHH W, ONpejesIeMbIX hopmyaoh

LY —&

2 V gw° = gl” Py

— &L V —2g. (89.39)

CocraBass cyMMy npousBoiHbix oT (89.39) no x, u noasaysce (89.38),
MOy YA M
1 oV —guwp  10g"

— =— Ve 89.40
V—¢ o0x, 2 ox, O (89.40)
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Ho 4/ BCAKOTO CHMMETDHUYHOTO TeH30pa

1 og* 108uy .
‘2"'0_’%‘09\)——_ 2 0XPG —_I‘\’PGH' (8941)

[10STOMY MpPenbiAylyi0 POPMYIY MOXKHO HAMHCATb B BHAE
1 oV —guwp
V—g  ox,

C npyro#t CTOPOHBI, PACXONHMOCTb KOHCEPBATHBHOTO TeH30pa (KOTOpas
TOXIAECTBEHHO PAaBHA HYJIO) MMeET BHI

1 0(V=—gGy
V—¢  ox
Bropo#t uneH saech comnagder ¢ npasoll uyacthio (89.42). Hckiaouas
ero u3 (89.42) u (89.43), nonyuaem

=—T%0;. (89.42)

V.G, =

—T%G, =0. (89.43)

0 T T AT - __ &
o, V —gG+V —guw)=0. (89.44)
Bruipaxas G; yepes T;,’ U3 ypaBHeHH# TArOTEeHHs W MnoJjaras
CZ S — {0
— g =t (89.45)

MbI MOXeM HAaNHCaATh npeabiayiiee YpaBHEHHE B BHIE
0 A a4 Y {
3% V —gTi +V —gt) =0. (89.46)

JTO ypaBHeHHe NpeiCTaBiseT AuddePeHUHANbHYIO GOopMY 3aKOHA COXpa-
HEHH B TOM BHJe, B KAKOM OH 4Yallle BCero NPHUBOLHTCS B JUTepaType.

Besnnunna
0= @’ (To+£) (89.47)

aHajoruyHa Hauwemy UM, HO He cHMMeTpHUHA B CBOMX 3Haukax. [lo-
5TOMY 43 COOTHOLUIEHHS
o
% = 0 (89.48)
HeJb3sl BHIBECTH (QOPMYJ, COOTBETCTBYIOIHX B3dKOHAM COXPAHEHHs MO-
MEHTQ KOJMYECTBA [BH)XXEHHS M [BIKEHHs LEeHTPA TsHkeCTH. UTo Kacaerca
34KOHOB COXPAHEHHS SHEPTHMH W KOJHUYECTBA ABHKeHHs, TO obe (opMy-
nupoBkH MX [ocHopannag Ha (89.11) m ocHoBanHas ua (89.48)] naiwor
SKBUBAJIEHTHBI pesy brar. [lokaxeM 3TO, OMycxas BCe BHIKAAAKH, KOTO-
pbie 4OCTATOYHO CJOXKHBI,
Vs onpenenenns (89.39) Bemmuun w? caenyer

0
2wy =—T%, ;‘i —doLty, % ax (=T, (89.49)
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[Moabsysice gpopmynamu HobaBrenus B, nmoayuaem orciona

or &
2V =g G+ [V"gax @37 —gg)]  (89.50)

H, II0CJe YMHOXeHHs Ha —C,

% 0
167107 = — [Cg? 2 (gt — °“g‘3)]. (89.51)

V_gaxa
dra ¢opmyna aHaJIOTHUHA (89.10). Orciona nosyuaem

| 08 @y = ( - nj;“<g“fg“‘—~q““qf‘)d3- (89.52)

160y | Vg
Tak xaK WMHTerpUPOBAHME BejeTCsl MO YIAMeHHOH MOBEPXHOCTH, TO 31eCh
g -
MOXHO BbIHECTH npe,llenbl—[oe 3HaUYeHHe —P_— HU3-NOoJ 3HaKa HHTeI‘paJla
=z

CpaeuuBas nonyuaemoie Bbipaxenus ¢ (89.25) u (89.27), mb MoOxXewm
HAMHCATh:

¢ | O qaxy =(-22) P, (89.53)
J V—¢/w

» * *
rae P"=M u P? umewor 3nauenne (89.27). Tlocnennioro ¢opmyay Mbt
MOXEeM TXKXe HAMUCaTb B BHIE

k3 -
(Ug(dx)i‘:(;g"_') : f U™ (dx)B. (89.54)
3 —8/o0 ¢

DT COOTHOLIEHHS MOATBEPKI AT, YTO HECMOTPS HA Da3aHyHe B Aub-
(hepeHUHANBHBIX POPMAX 3AKOHOB COXPAHEHHS,, HHTerPa/MbHble HX QOPMBI
Apyr ApYyTy sKkBHBaJeHTHb. Kpome TOro, HanHuMe BeMHUHH (g <)oo B COOT-
noumeHnax (89.54) HarAsAHO NMOKA3LIBAET, YTO [OJHBIE SHEPTHA W KOJH-
YeCTBO [BHKEHWS! CHCTEMBI MPeCTABJMIOT UYeThHPEXMEPHBIH BEKTOp B 2a-
4ineesoM TPOCTPAHCTBe-BPEMEHH, B KOTODOe MOTPYKEeHa CHCTeMa.

§ 90. UsnyueHne IPaBHTALHOHHBIX BOJH H €ro PoJb
B fGanance sHEPruH

3aKOHbB! COXDAHEHHS SHEPFrHH M APYFHMX BEJHUHH ObIM HamucaHol
HaMu B § 89 B dopme ypaBHeHull, BBHIPAKAOWHX OGANAHC TOH HJIA HHOH
BeJHUHHBL, T. €. TOT (BAKT, YTO H3MEHEHHe MOJHOIO KOJNMYECTBA J1AHHOH
BEJHUHHBI, 3aK/JI0UEHHOIO0 BHYTPH HEKOTOPOTro 00beMa, MPOUCXOAUT TOJNBKO
34 CYET MOTOKA STOH BeJHYHHBI CKBO3b MOBEPXHOCTb, OTPAHHUMBAIOILYIO
3TOT 00DbeEM.

Mpl pacCMOTPHM Tenepb BOMPOC O TOM, B KAKOM MeDe MOXHO Mpe-
HeGpeub MOTOKOM CKBO3b MOBEPXHOCTb M CUHTATb JAHHYI0 BEJTHYHHY
NOCTOAHHON, APYTHMH C/IOBAMH, B KaKOH Mepe MOXKHO TOBOPHTb O 8aKO-
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HAX COXpaHeHHs B y3KOM cubicne. [IpH 9TOM Mb OPPAHHUHMCA 33KO-
HAMH COXPAHEHHs! SHEDIHH M KOJHYECTBA [IBHXKEHHS.

Hcnomays oGosnauenus (89.18) n (89.19) s Macchl W KOnHUECTBA
ABH)XXEHHS W CUATad NOBEPXHOCTb WHTEPUPOBAHHA CdepuyecKoh, Mbl
moxeM, coraacHo (89.13)—(89.15), HanucaTb:

*

‘fify —— ¢ f n, UY%r® doo,, (90.01)
A
%‘ = f n, Ukr? do, (90.02)

rle WHTETPUPOBAHHE BeNeTCs MO TeJecHOMY yray. Mbl MOXeM CUHTaTh
110BEPXHOCTb MHTEPUPOBAHHA HACTOJLKO YAAJEHHOH, 4TO OHA BC MpoO-
XOOHT B BOJMHOBOA 30He. Ha ocHoBaHHM pesynbratoB § 87 uerpynno

33K/IOYHTh, yTo TaM BeuunHbt LY, onpenensembie dopmyaamu (89.06)

wmn (89.07), mpusonsarca x N*’. Beps ana N’ snauenns (87.42), a ans

T"' —3uauenus (87.45), COOTBETCTBYIOLHE 3AEKTPOMATHHTHOMY H3JY-
YEeHHK0, Mbl MOXeM MNOJMOXHUTb

U* =ok"k’, (90.03)

rle ¢ eCTb MJIOTHOCTb SHEPIHH (BJEKTPOMATHHTHOM W FPAaBHTALHOHHON),
BBefleHHas B § 87. Tloawaysce ¢opmyaoft (87.53), seipanaioiuel 3asu-
CHMOCTb TUIOTHOCTH SHEPIHH G OT DAcCTOSHHSL 7, MBI MOXKEM TaKxe
HAMKCATh

v e ('5, n) 0]
Up = L‘-’_Z—— kuk . (90.04)

Beps snauenna k' us (87.21), GyneM umeTb

ut=nGm,, yrt=nln,, (90.05)
H, CJe10BATENbHO,
) i , 1)
n U% =20 1) gﬁ") i U =251 gﬂ" i (90.06)
TToacrasass stu 3Havenns B (90.01) u (90.02), noayuaem
aM 1
= :——-C—f 55 (%, n)do, (90.07)
5
dePt— =— f nise (v, m)dw. (90.08)

Ho naioTHOCTL G, eCTh ueTHA QYHKUHE OT f; KAK [Js 3JIEKTPOMATHHT-
HOTO, TaK W JJ FPaBHTALHOHHOTO 104%. Ilostomy dopmyna (90.08)
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Jaer

i
"5 =0. (90.09)

Yro xacaercs ¢opmyast (90.07), 10 B He#t mHTerpan He Gyder pasen
HYJIO, TaK K3K 9, eCTb BEJHUHHA MOJIOXHTETbHAS W He CTPEMHTCS K HYJI0
¢ Bospacranuem r. Ilostromy yTeuxa Maccel Bcersa OyleT MMeTb MeCTO.

PaccMOTpHM cnepBa Ty uacTh VTEuKH MAacChl, KOTOPAast MPOHCXOJHT
BC/ICCTBHE HBJYUYEHHS! TPABHTALMOHHBIX BOJIH. Mbl JOJDKHBI TOrJAa 3aMe-
HHTb Oy BbipakeHneM oy, w3 (87.54), B KOTOpOe NO/KHBEL MONCTABHTH

snauenns /* us (87.60) u (87.62). TlonoxuM Ans KpaTKOCTH
s
Ay = 75 Dy (®). (90.10)
$opmyna (87.54) naer toraa
1 9
30y = goga] A°— 24;4; + A Ay — 5 (A— A}, 0.1
rlle BBelleHbl COKpallieHHble OGO3HAYEHHs
Ai = Aiknk‘, A= Aini = Aiknink. (90. | 2)
MOXHO NOK23aTh, UTO BEJWYHHA Op, 3ABHCHT He OT IIECTH BeWuHH Aj,
a TOMLKO OT NSTH WX KOMOMHAUMP, HHAYEe TOBODPS OT BEJHYMH
1
Bik = Aik—“‘ aaik; a = 3‘ Ajj’ (90. | 3)
CB3AHHBIX COOTHOIUEHHEM
By —+ By + By =0. (90.14)

Benuuunbt By npeicTaBasiOT TPeTbH NPOH3ROAHEE OT KBalDYMNOJbHBIX
MOMEHTOB

D= [ o (o — 50urt) @o (90.15)

npu £ ==. Bupaxas A; uepes By W noiacrasass cnepsa B (90.12),
a sareMm B (90.11), bl ybOenuMmcs, uTO Be/NHYHHA 4 H3 STOH GopMyJbl
BbIMAJAAET, W Mbl NOJdYy4YaeM

1 .
Gog:éﬁ {BikBik_QBiBi—*—?Bz}‘ (90-16)

[TpoBepHM, uTO 9TA BeJHIMHA BCerJa NMOJOKHTeJbHA. Tak xaK oHa mpen-
CTaBJfIeT MHBAPHAHT MO OTHOWIEHHI0O K TPEeXMEDHbIM BpAILUEHHAM, MH0-
CTATOYHO CHe/aTh NPOBepPKy JJ KAKOTO-HHOYIb (HKCHDOBAHHOIO HA-
MpasJeHns BeKTOpa I, Bxoaswero B B; u B. Tlonaras

n,=1 n,=0; ng=~0 (90.17)
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u ucnoneays (90.14), mpl noayuam us (90.16):

__1 1 2 2
500 = gogr | 7 B — By’ + 285, (90.18)
yTO MPEeACTABASET MOJNOKHTENbHYIO BENHUHHY.
B ¢opmyay (90.07) Bxomur wuurerpan ot Buipaxenus (90.16) no
TeseCHOMy yray. YrtoGbl ero BHIUHCAHTB, MOXHO BOCHOJIB30BATLCS COOT-
HOLLEHHAMH

1 1
e ‘f nity de = 3 Sk (90.19)

1 1
e ‘f im0 = 15 Gudim =+ 8i8km +8imbiy),  (90.20)

KOTOpBie NpOlle BCErO NOJYYalOTCA, €CJAH B TOXAECTBE

1 1 2 2
. ‘[ (a,n; 2p dm:—Qm(aI—{— a;—+ a3)? (90.21)

nonoxuTh crieppa p = |, 3areM p =2 u HaliTh KO3PPHUUMEHTE NPH ONH-
HAKOBBIX CTeNeHAX W MpOWSBeJeHHsX BeqWudH a@; Hurerpuposanne
B (90.21) 71erKO BHINOJHAETCSA B KOOPJAMHATAX C NOJAPHON OCLIO, HANPAaB/IeH-
HO#l BHOAbL BEKTOpPA a.

[pumensis cootHouenns (90.19) u (90.20), 6ynem umersb

1 1 ., 2
In (BikBik—QBiBi+'2"B‘)d<””—"-5—3ik3ik. (90.22)

Buocs (90.16) B (90.07) u noabaysce (90.22), nonyuaem:

aM
7{—:_—5—}7—.3’”63’”" (90.23}

D10 BHIPAXKEHHe 3aeT OHICTPOTY YTEUKH MAcCChl B De3YJbTaTe WBJYyueHHs
rpaBHTALHOHHEIX BOJH. COOTBETCTBYIOWAs HOPMyNa AAg OHICTPOT YTEUKH
SHepruu noayuaercss ymMHoxeHueM (90.23) Ha ¢ u umeer Bul
*
aw b
Dra yTeuka MAcChl M 9SHEPTHH COBeplleHHO HHUYTOXHA, Onaroxaps
OFPOMHO#i Be/IHUHHE KOHCTAHTHI

5¢3

= 2.10% 2/cex. (90.25)
Ecau B xapakrepusyeT NOPAAOK BeJHUHHB! By, T0 Aast cucTeMbl CoaHue —
IOnurep MOXeM MOJOMHTL B KPYIJBbIX UHCIAX

B

J— 14

= 104 2/cex, (90.26)
MOCKOJIbKY M3cCa, yroBas ckopocTh obpauieHns IOnurepa Bokpyr Coaxua
M OTHOIEHHEe KBaApaTa ero OpOHTANbHOM CKOPOCTH K €2 PaBHbI

2
mo=2-10% 2, ep=2-10"" cex; —2=2-10"9. (90.27)
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Jenas xsaapar uuciaa (90.26) Ha sHauenue xouctautht (90.25), nonyuaem
anst yTeukd Mmaccoet 5 - 10712 2/cex, uTO B NMepeBOfe HA SHePreTHUECKHE
eJMHHLLE COCTaBASET CMeXOTBODHO Majnyio MowHocTs B 450 sm. Ilas
CPaBHEHHS YKaKeM, YTO MOILHOCTb 3JEKTPOMATHATHOrO uanyyeHHs ConHua
cocraBasier okoJao 4 - 1012 2/cex, T. e. Benmuuny, npuMepuo B 10 pas
6ouabiLy10.

ATOT noacueT MOJHOCTLIO MNOATBEp}kAAeT HAlle 3aK/MOueHHe, GoOpmy-
aupoBaHHOe B KOHUe § 88, a uMeHno, uT0 B 3ajaue O I'PABHTALHOHHOM
B3AUMOAEHCTBHH THMKeJbIX MacC TPaBHTALHOHHEIE BOJIHbI HHKAKO# pOJIH
He HIpaloT.

PaccMOTpHM eliie BONPOC O TOM, C KAaKOH TOUHOCTHIO MOXHO CYHTATDH
CHCTEMY TDKEJBIX MACC KOHCepPBATUBHOH.

[pu pellleHHH 3aJa4d MeXAHHKH B JaBe VI Mbl BbiBeJqH yDPaBHEHHs
JBHXEHHSA C TOYHOCTLIO, HO3BOJlﬂlOU1€ﬁ HafiTu nonpanu K 3SHEPTHH no-

paaxa ML rpe g eCTb HeKOTOpas XapakTepHas CKOpocTb. Pop-

2 ¥
myna (90.24) noxaswiBaeT, uTO, npeHeGperas SJMeKTPOMATHHTHLIM H3JY -
yeHHeM, MBl MOTVIH OR WATH W Aajbllle, BIVIOTH 1O WIEHOB MOPSAAKA M—g:—.

C sroff HMEHHO TOYHOCTBIO 32Jau2 MHOTHX TeJ MOXeT ObITb GOpMyaH-
pOBaHA KaK 331ayd MeXaHHKH, AONYCKAl0LAs AeCATh KJAACCHUECKHX HHTe-
rpanoB. [HanomuuMm, uTo B 3ajaue O B3AUMOAEHACTBYWOLIHX 3apanax
(§§ 26-—28) wnaubosbiias NOCTHIKMMAS TOYHOCTH COOTBETCTBYeT MO-

4
paaKy M%—, TAK KAK TAM H3JyueHHE HIPAET ropasno GOAbLIYI0 pPOJb.

§ 91. CpaA3p MewAy 2aKOHAMH COXPAHEHHA A NOJA
H HHTErpa/jaMH MexXaHHKH

B § 89 mu BoiBean GopMyan AJS NMPOM3BOAHLIX MO BPEMEHH OT Be-
* » * *
aaupH M, Pt, Mk, M u HawIn OpeACTABIEHHE STHX BEJIWUMH B BHIE
HHTErpanoB N0 NMOBEPXHOCTH. HaileHHble HAMM BBIpasKeHWS sl NMOMHOM
MACChi M IJI KOJMYECTBA NBHXEHHS UMEIOT BHIL

* 3
M= lﬁnYJ‘ Pigy (g% — g?°g*0) 4, 91.01)
pi= 161:7] nj 5, (8797 — g0g7%) dS. (91.02)
MoMeHT KO/IHYeCTBA NBHXEHHS BHIPAaXaeTcs GopMyofl
* 3
Mk = —1—()?( (nj {x —_ (gongk_ qugjk) —

— X 5;; (gajgo’l — gaogji) _.I_ gjkg()i _ gjigOk} ds. 91 .03)
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*
Bemmuuna A, BXonsuias B 3aKOH [BHXEHHS UEHTPA THKeCTH, DaBHA
* * »
Mit = M Xt — P, 91.04)

rae P! uMeer 3nauenne (91.02), a nepsuifl uneH supaskenus (91.04)
paseH

2 R
MXt = 16 [nj {ies 5 (@m0 — 9°9) 4 ¢ — @71} 4. (91.05)

B saBucuMOCTH OT TOro, Kax JajekO Mbi NpOBeleM MOBEPXHOCTDb
MHTerPHPOBAHNUSA S, 3HAYeHHs BLIMHCAHHLIX HHTErDPaJNOB IJig NoJHO# MaccChl
H IPYrHX (QH3HYECKHX BEJNHUHH HECKOJbKO H3MeHseTCH, TaK KaK OHH
OyAyT BKAIOYATH OOJBLINYI0 WAM MEHbIUIYI0 4YacTb Macchi W JAPYTHX BeqH-
YMH, NPHHALMEKANHX ,YHCTOMY® TPABHTAUMOHHOMY H 3JEKTPOMALHHT-
HOMY H3JyueHHI0. Kax Mbl BLISICHWIM B NpelbiAyliieM naparpade, sHeprus
rPaBHTALHOHHOTO H3JyueHHs COBepIUeHHO HHUTOXHA. [IpeHefperas Takxke
U 3MCKTPOMATHUTHBIM H3J/IYYeHHEM, Mbl MOXeM INpOBECTH MOBEPXHOCTH
HHTETPHPOBAHMS y)Ke He B BOJHOBOM 30HE, a HA ,yMepeHHO-O6O0JbIIHX
PacCcTOAHMAX OT CHCTeMbl TeJd; TeM caMbiM Mbl kak Obl OTceueM Maccy
¥ SHEePTHI0 BEIECTBA M CTATHYeCKHX NoJe#t OT MAGCH M 3HEePrHH uH-
CTOTO W3JyUeHHsl.

[ NOTeHUHanoB TAFOTEHHS HA yMePEHHO-OOMbIINX DPACCTOSAHHIX OT
cucTeMbl Tea Mbl BbiBead B §§ 84—85 npubaukeHHbie BBIDAXKEHHS, KO-
TOPHIMH Mbl Teneph W Bocnoabsyemcs. Cornacuo (85.46), Beipascenne
ans g% uMeer BuA:

1 WM Ayxy 2y
00 — g " T Jo - 2 _
=7 + c8r ¢33 + 0x; Oxy, cor D
T 0x;0x; 07 3cBr [‘px 1520 (AX)° =
TEME | 14eMEXTx; 4 02W
c8r3 ¢5rd 5 9 "

(91.06)

CweillaHHEle KOMMOHEHTH AaloTcst dpopMydot (85.41), cornacHo xoropoft:
2x;M,; ® %

0i — -
g a P g "~ Oxjotcir Dji+
g2 2“{ J‘ 3
+ Tx; o cor ) PUKR (dxy*—+

TRAMPt | 12MPtx,x;, 4 02w,
+ chp2 e c5r47 + ot2 *

(91.07)
Haxoney, ﬂpOCTpaHCTBeHHbIe KOMIOHeHTH, coraacHo (85.48), pasHLi

4% = — b+ 33 o D —

02 2

2M2x; Xt
5 0t & f p (X500, = 2005 — X50,0p) (dx)° 4 — ok

csrd

. (91.08)
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B ¢opmynax (91.06) —(91.08) mbl BMecto X; u P; nanucam Xt u Pt
yTOObl MONYEPKHYTL BEeKTOPHbIl XapaKTep 9THX BeJHuHH. Bennuuna Djl
umeeT 3HAueHHe (85.39), a uMeHHO:

— ( 1/1 , 1 )
Dy ()= J‘P)%xj{\l +C—2<-2—U‘—{—II—-2—U>’}(dx)3—{—

t 7
-+ 5 8y J. oW (dx)3. (91.09)
Mpu noacranoske Dj; B dopmyy (91.08) nna g% nocraTouHo coxpa-
HHTb B Dj; TVIaBHbIE U/IeHbl, MPENCTABJSIOLUHE OGbIYHblE MOMEHTH HHep-
%
uan. AprymeHtom B Dj; sBasercs BpeMs f, a He T = t~—r—, KaK B BOJ-
4

HOBO#i 30HE.

B Buipawenns ans g™ u g% BXoasT Takke uieHbi, colepXaluue W
u W, m npeacTaBasioliMe NMONPABKH HA 3aMa3/biBaHHe. DTH WUIEHBI NPH-
6/THXKeHHO DAaBHbBL

4 02W . *{(51‘1‘3 ijk> dszk
b

2 o o\ r B2/ dp
Y d3r a2
T 3¢50, 0x; 0x;dE2 J‘ pX Xy (dx)P, (91.10)
4 0°W; 1 x;dD j;
¢5 08— B db
1 Bk xjxk az
Jf‘ﬁ(T T dtz pUsx;x (AP, @1.11D)

BruinucaHHble 34eCh BBIDAXEHHS Mg G*¥ colep:aT seanuunnt M, P,
Mik, MXi— P, nOCTOSHCTBO KOTOPBIX BBIPAKAET MeXaHHYECKHE 3aKOHB
coxpaHeHHs. Mbl LOJIKHbE nosToMy O)KPlllaTb YTO STH BeJHYHHBI COBMAAAIOT

CO BHAUEHHSMH HHTErpajoB M P1 M”‘ /WO MPEeACTABAAIOIHUX NOMHYIO
MACCy, KOJMHUECTBO [BIKEHHS M T. A. Aag Bcel cucTeMbl, BKMOYASA H
none. [lposepum sTO.

Ham uantexur mnoacrasuth Boipaxenus (91.06)—(91.08) nag gw
B noBepxHOCTHbie HHTerpatb (91.01)—(91.05) u npuéﬂmiceHHo BBIYH~

cauth uX. [Ipu Bbiuuc/ieHHu Mbi 6ydeM COXDaHATh B M u P YIEHb! MO-

panka ¢2/c? MO OTHOWEHHIO K FJABUBIM, A MPH BBIYHC/CHHH Mik g A0
Mbl /19 MPOCTOTbi OFPAHHUHMCS FJIABHBIMH UJIEHAMH.

Ec/d He CUMTaTh MNOMPABOK HA 3aMa3/biBaHHE, TO BO BCeX MepBBIX
NPOM3BOIHHX OT §¥ UJeHAMH, Mel/IeHHee BCero yObiBaloLHMH C paccTos-
HHeM, OyAYT uieHbl mopaaka 1/r%, HeueTHble B KOODAMHATAX Xy, X, X

doik
Vckmouenne NpeiCcTaBAsieT NPOU3BOJHAS