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[MPEANCJ/IOBHUE KO BTOPOMY U3IAHHIO

Bropoe usnauue 3TOH KHHMIM OTJIMUAETCHA OT IIEPBOTO TIJIABHBIM
006pa3oM BBIAGJNCHHEM B OTHEJbHYIO TJIaBy HEpeNsITHBHCTCKOH Teo:
pHU 3JeKTpOHHOTO crnuHa (reopuu Ilaynu) u nobGaBieHneM HOBOK
TJ1aBBI, MOCBSAIIEHHOH MHOTO3JEKTDOHHOH 3ajlade KBAHTOBOH MeXxa-
Huxku. KpoMe 3Toro OniM BHeceHBl B BHIE OTHAEJbHBIX Naparpados
pe3y/abTaThl HEKOTOPBIX paborT aBropa. OCHOBHOe Ke colepiKaHue
KHUI'H (Kak MaTeMaTuueckas TeOpHS, TaK U ee (PH3HYECKOEe TOJIKO-
BaHHE) OCTAJIOCh NPEeXKHHUM. BHeceHbl TOJBKO HEKOTOpbLIe HOBbIE (hop-
MYJHDOBKH TEOPETHKO-TIO3HABATEJbHOI0 XapakTepa (NOHATHA OTHO-
CHTEJIBHOCTH K CpeldCTBaM HalJIOJeHHS H NOTeHIHaJAbHOM BO3MOXK-
HOCTH) M B CBSI3H C 9THM BHIPAXKEHHE «CTATHCTHUECKOE TOJKOBaHue
KBAHTOBOH MeXaHHKH» 3aMeHEeHO BBIpaXK€HHeM «BepOSITHOCTHOE TOJI-
KOBaHHe». DT HOBble QOPMYJHPOBKH BIIOJHE TaPMOHUPYIOT ¢ MpeX-
HHMH H TOJILKO YTOYHSIOT HX.

Hasnauenne HacTosillefl KHUTH 1epejlaeTcs ee 3arjaBueM, B KO-
TOPOM CJIOBO «HayaJja» MOMKHO NOHHMATb ¥ KaK «OCHOBHBIE NpPUH-
LMIbI», H KaK «HauyaJbHble CBEIEHHS>.

Mbul HazeeMmcs, 4To, HecMOTps Ha 40 ¢ JHINHUM JET, HDOTEKIHHX
CO BDEMEHH HalucaHHusi KHHICH, H3/JO0XKEHHBIA B Hefll MaTepuan He
ycrapea U KHHTa MOXKeT ObITb TOJEe3HOH HJf TeX, KTO H3yYaeT KBaH-
TOBVIO MeXaHHKY. ,

1974 r. B. Dok

NMPEJHMCJ/IOBHUE K IIEPBOMY M3JAHHIO

dra kHura Obl1a 3afiyMaHa KakK H3JOXKeHHe pslla HAOKJAa[0B IO
Teopun Jlupaka, udTaHHBIX aBTOPOM B Havaje 1929 r. mas corpya-
HuKOB [OCyZapCTBEHHOTO ONTHYECKOTO HHCTHTYTa B JleHuHrpape.
IlepBoHayanbHbIl MuaH OblI, ONHAKO, PACIIHPEH, H, KPOME TEOpHH
Jupaka, KoTopasi pacCMaTpHBAeTC B TPETbeH YaCTH 3TOH KHHTH,
3/leCh M3JI0XKeHbl OCHOBAaHHMs KBAHTOBOH MeXaHHKH (4acTb I) u Teo-
pusi lpenunrepa (wacts ).

M3 Bcelt oOwHpHOH 06JacTH, COCTABASIONEN NpeIMeT TEOpHH
KBaHTOB, OBl BbIOpaH Marepuast, OrpaHUYEHHBIH [OBOJBHO Y3KO



8 NMPEOUCJIOBUE K ITEPBOMY U3NAHUIO

B IBYX HampaB/eHusX. Bo-nepsblx, 3aech paccMOTpPeHH JHIIbL OCe
HOBBl M INpocTeHlline NPUMEHEHHS! KBAHTOBON MeXaHuKu. B KHUry
BKJ/IIOYEHO JIMIIb TO, YTO OTHOCHTCA K 3ajaue OJHOro Tesna;, KBaH-
TOBAsl Xe 3ajlaya MHOTHX TeJd H H3J0KEHHe OCHOBHOTO B 3TONH
sajave npunuuna [laynm yxe BBIXOAMT M3 paMOK 5TOH KHurh. Bo-
BTODBIX, aBTOD CTPEMHJICA OTPAHHUHTBCS H3JOXKEHHeM TOH YacTy .
TEOpHH, KOTOpas ABJIAETCA HblHe TBEPAO YCTAHOBJAEHHOM, T. €. KBaH-
TOBOH MEXaHHKOH B COGCTBEHHOM CMBbIC/IE, KBAHTOBAS Ke 3JIeKTPO-
AWHAMHUKA, He NOJYYMBINAS ellleé CBOEr0 3aBeplUeHHS, B 5TOH KHUre
He paccMaTpHBaercs.

OcHOBHOlI 1le/1bI0 aBTOpA GBUIO BBECTH YHTATENS] B HOBBIM Kpyr
Hjefl, CTOMb CHJLHO OTVIHYAIOMMEACA OT NPHBBLIYHOrO Kpyra Hoel
K/1acCHYECKOH TeopuH. ABTOp CTpPeMHJCS H36eraTh 3aHMCTBOBAHHBIX
U3 K/IaCCHYECKOH TEOpHHM KAaPTHH, He NPUMEHHMBIX B KBaHTOBOM
(usuke, B3aMeH Yero OH NBITAJCS CAEJATh A UHTATENS OCHOBHDLIE
IpeACTaB/JEHHS O KBAHTOBOM OIHCAHHH COCTOSIHUS A4TOMHOI CH-
CTEMBI [10 BO3MOXKHOCTH IIOHATHBIMU H NPUBBIYHEIMH.

Uro Kacaercsi NPUHATOrO €noco6a H3/MI0XKEeHHUS, TO aBTOp IoOJa-
rana, 4Yro JOCTaTO4YHO IIOAPOGHOE pacCMOTpEHHE MAaTeMaTHYecKol
yacTu 3ajaun ckopee obJieruaeT, uyeM 3aTpPyAHSIET MOHHUMAaHHe, Tak
KaK OHO YCTPaHfeT MaTeMaTHYECKHe 3aTpPyAHEHUS, MOryilHe BO3-
HUKHYTb y YHTaTeNsl, KOTOPHIH MOXKET MO3TOMY COCPEIOTOYHTb CBOE
BHHMaHHe Ha (DH3MYECKOH CTOPOHE 3aTauH.

IIpu cocraBnenun KHUTH aBTOP HMeJ B BHAY CTYHEHTOB (PH3HKOB
H MAaTeMaTHKOB CTApIIero Kypca, a TakKikKe JHI, 06JafalouldX 10-
CTaTOYHON MAaTeMAaTHYECKON NOATOTOBKOM.

Jlenunrpar, B. dok
OnTHYECKUA HHCTHTYT,
Asrycr 1931 1,
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OCHOBAHHUY KBAHTOBOH MEXAHHUKH

I''masa 1

dU3UYECKHE U TEOPETHKO-ITO3HABATEJIbHBIE
OCHOBbI KBAHTOBOM MEXAHHKH

§ 1. HeoOxonumMocTh BBEJIEHHS] HOBBIX METOAOB
M HOBBIX NMOHATHH AJd ONUCAHHA ABJSHHH# aToMHOro macmrada

KBaHTOBass MexaHUKa BO3HHK/JIA B NEpBble AECATHJETHS HAlIero
BeKa Ha OCHOBE H3YyueHHsi sIBJeHHH aToMHoro macimraba. Crpoenue
aroMa, CBOHCTBA 3/JEKTPOHOB H aTOMHOTO sfpa, caMblil (hakT ycToH-
YUBOCTH CHCTEMEI, COCTOSALUEH M3 NMOJOXUTEAbHO 3apPSKEHHOro sapa
H OTpULATETbHO 3apsiKEHHBIX 3JCKTPOHOB, H3JIy4ieHHE AaTOMOB M
MOJIeKyJ, HaKOHell, sBJeHue AHPPAKLUU 3JCKTDOHOB — BCe 3TH
CBOHCTBa M fIBJEHUA TPeGYIOT M5 CBOETO OOBSICHEHHUS CYILIECTBEHHO
HOBBHIX HJA€H M HOBBLIX (M3UYECKHUX NOHATHUH, OTJHYHLIX OT HAEH H
TOHATHH KJacCHUeCKoH Gpu3uxu.

Tounas ¢opMy/JaupoBKa HOBHIX INOHATHH TpedyeT NpHMeHeHHA
MaTEMAaTHYeCKOro annapara, ¢ KOTOPHIM MBI [O3HAKOMHMCS B cJIe-
nyouux raasax 1ol kuurd. Ho npunnumuanbHoe oriudue xpaH-
TOBOH MEeXaHUKH OT KJaCCHYECKOH MBI MONBITAEMCH PAa3bSICHUTD yKe
B 9TOl BBOLHOH IJaBe.

§ 2. OcHoBHble YepTHl KJAcCHYECKOro crnocoda
ONMHCAHUA SIBJEHHH

OcHoBHasl 4YepTa KJAaCCHUECKOro crnocofa OMHCAHHUS fABJAEHUH
COCTOHUT B AONMYINEHHH NOJHOH HE3aBHCHMOCTH (H3HYECKHX NpOlec-
COB OT ycJoBUH HabJioleHus. B Kmaccudeckoll ¢H3uke mpennosa-
raercs, YTO BCErla MOXKHO «IIOACMOTPETbY SIBJIEHHE, HE BMEIINBAsCh
B HEro u He BjudAs Ha Hero. IIpasaa, ecnu «noacMartpuBaThs» HU3H-
YecKuil MNPOIECC ¢ pasHbIX TOYEK 3PEHUA (U COOTBETCTBEHHO OMHCHI-
BaTh €r0 B PasHbIX CHCTeMax OTcuera), TO BHA ero Gyaer pasiuy-
oM. Tak, OBHUXKEHUE NPH CBOOOAHOM MAajeHHH TeJa MOXKeT OKa-
3athCs B OJHOHN CHCTEMEe OTcyeTa NPAMOJHHEHHBIM, a B ApPYrofi —
npoucxoasium no napaGosne. Ho saBucumocts hopmu ABiIeHMs OT
ABHKEHUS CHCTEMBI OTCYeTa YYHTBIBAJacb BCEria; ydyeT 3TOH 3aBH-
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CHMOCTH NOCTHraeTcs NyTeM MpPOCTOro IepecyeTa OT KOOPAHUHAT
ONIHO CHCTEMBI OTCUETa K KOOpAHHATAaM Apyroil. Msmenenue popMbi
ABJIEHHUS, NONYCKAalOLIEee TaKOH y4YeT, OUEeBHAHO, HE BHOCHT B XOI
CaMoro sIBI€HHS] HHYErO HOBOrO; IO3TOMY B KJI4aCCHYECKOH (H3MKe
MOXHO TOBODHTb O HE3aBHCHMOCTH CaMOr0O SIBJAEHHS OT croco6a
HabJqoAeHu . '

KBanrtoBas Mexanuka nokasajia, OZH3KO, YTO B Clyuae MHKDO-
npoueccoB 310 OyAeT yXKe He Tak; TaM caMmasi BO3MOKHOCTb HaGJ10-
A€HHS TpeanoJjaraeT Ha/lHyde OlnpeleJeHHBIX (H3UYECKHX YCI0+
BUH, KOTOPble MOTYT OKa3aThCsl CBA3AHHBIMH C CYLIHOCTbIO SBJEHHS.
3ajanue 3THX YCJOBHA He CBOAHTCS K YKAa3aHHIO NPHMEHseMOoit
CHCTeMBbl OTcueTa, a Tpebyer OoJee MAeTalbHOH HX XapaKTepH-
CTHKH.

[lpene6pexenne 3THM OGCTOSTEJABCTBOM TNpeACTaBAsfeT COGOIT
abCcTpakuuio, KOTOPYIO MOXKHO HasBaTh abCcoM0TH3 AL HEH du-
3HYyecKoro npouecca. Ecau ee NpHHATb, TO CTAHOBHTCA BO3MOXKHBIM
paccMoTpeHHe QU3HYECKUX IPOLECCOB KaK HNPOMCXOAAIHX CAMHX M0
cebe, BHE 3aBUCHMOCTH OT TOTO, CYLIECTBYET JiH NPHHIHNHAJbLHAS
BO3MOXHOCTb HX Ha6/I10[eHHs (T. €. BHIIOJHSIOTCA JH HE0OXOMUMble
LISl BX KOHCTATauMH (hU3HYCCKHE YCAOBHUS).

Ilpumenenne 3T0# aGCTpaKUKK BIOJAHE ZONYCTHMO NPU H3YYeHIlH
SIBJIEHUH KPYNHOro (MaKpOCKONMHYECKOro) Maclutaba, Ho OTHOLUe-
HHIO K KOTOpBIM BO3AEHCTBHE, CBSI3agHOE C H3MEpEHUEM, IpaKTH-
YEeCKH HEe HTPAaeT HUKAaKOH pOJH. AGCOMIOTH3ALHMA TAKHX ABJEHHH H
NpOLECCOB HNPeACTaBJsiaach HACTOJbKO eCTeCTBEHHOM, YTO L0 BO3-
HUKHOBEHHS] KBAaHTOBOM ME&XaHHKH HHKOrJa SIBHO He OrOBapHBaJjach.
Cunrasnoch caMo cofofl pasyMeroluMesi, 4TO BCAKHIl (H3HUeCKHi
npolecc NPOUCXOAUT «caM 1o ceGe». DTO UPe3BHIYANHO YIPOILAIO
onxcaHue (hH3UYECKHX IIPOHECCOB, NMOCKOMbKY OTIajgaja HeobXoLu-
MOCTb 0CO00 XapaKTepH30BaTh YCIOBHS HAGJIIOLEHHUS.

Bea xnaccnueckasi ¢u3nka OcCHOBaHa Ha aBCOIOTH3ALMH MNOHS-
THS (pusnueckKoro npouecca. dta abCrpakiua ABAAETCS OLHON H3 ce
XapaKTepHbIX 4YepT.

Hanbrefimeit abcrpakuueil siBasieTcss AONMyCKaeMas B KJacCHue-
CKOH (pH3HKE BO3MOXKHOCTb HEOrpaHHUYEHHO YTOUHSTb HaGaIofcHHE.
ITon yrounennem Mbl pasymeeM 31eCh He TOJBKO 60Jee TOYHOE H3-
MepeHHe [1aHHOH BEJIMYHHLI, HO H OJZHOBPEMEHHOE H3MEpeHHE MO-
MHMO JaHHOH euie H JIOOGOH Jpyrofi BeJMYHMHBI, OTHOCSL(EHCA K Ha-
6aionaeMoOMy OOBEKTY HJIH SIBJCHUIO; TAKOTO POAa YTOUHEHHE MOKHO
HasBaTb JeTaJJu3alU el ysaMmepenus. Jlaxke B Tex caydasix, Koria
H3MEpeHHe pasHblX BEeJHYHH TpebyeT HEOJMHAKOBHIX YCJOBHH Ha-
6n104eHus, Kaaccuueckas GH3MKa NPH3HAET BO3IMOXKHBIM KOMOHUHY-
poBath JaHHBE, TMOJYYeHHbIE NPH HEOJHHAKOBBIX YC/JIOBUSX, B €M~
HYI0O KapTHHY, OIHCHIBAIOILYIO H3yuyaeMbili (HU3HUECKHH npolecc.
Takoe ponmyuieHHe BO3MOMXKHOCTH OJHOBPEMEHHOrO0 0XBaTa PasHLIX
CTOPOH H pasHBIX XapPAKTEPUCTHK IMOBeJeHHsA OGBLEKTA B AAHHOM
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(U3KuYecKOM Ipollecce JOTHYECKH CBA3aHO C [OMNYylIEHHWEM He3aBU-
CHMOCTH (PM3MUYECKOr0 MpOolLecca OT yCJAOBHI HAO/IIOJAEHHS, T. €. C ero
abconoTH3alued.

[TpencraBieHusl K1aCCHUeCKOH PU3KHKH NPUBOIST K MBICJAH O BO3-
MOXKHOCTH HE TOJbKO aGCOJIOTHOrO, HO M HCYEpHBIBAIOIIETo ONUca-
HUS COCTOSHHS ABHKEHHS (U3HUeCKOH CHCTEMBl (C ONpeNesEHHBIMHU
crenensiMu ¢BoBoast). Ilpu 3ToM ncyeprnbiBalollee ONHCAHHE COCTOA-
Hua («camoro mo ce6e») MpeanoaaraerTcs AOCTHXKHUMBIM B DPe3yib-
TaTe TMOJHOH JAeTanusaiud HabJIOLeHHH; Nocje TOro Kak 310 J0-
CTUTHYTO, HHKaKHe JaJjbHefuue Ha6/I0JeHHs HHYEro HOBOrO TMpH-
©aBUTb HE MOTYT.

§ 3. O6nacTp NMPHMEHHMOCTH KJACCHYECKOro crnocofa
onucanns ssiaeHnit. CootHowenus IeiizenGepra u bopa

Takue dbynnameHTanbHble (aKTH, KaK ABOHCTBEHHasl KOPIIYCKYy-
JSIPHO-BOJIHOBAasi NIPHPOJa CBeTa M YACTHL MaTepuH, yOedHTesNbHO
TOBOPAT O TOM, YTO KJACCHYECKHH CNOcO6 ONHCAHHS SIBJCHHH
K MHKPOOOBEKTaM HeNpUMeHHM. BMmecTe ¢ TeM MBI He MOXKEM €ro
TpOCTO OTGPOCHTh, TaK KaK I/ OOBEKTHBHOrO ONMCAHMS SIBJEHHH
HaM HeOGXOILMMO ONMUPAThCs, NMPSAMO HJIH KOCBEHHO, HA UYTO-TO HE
Tpebylollee OroBOPOK O crocofe HaGJMIONEH s, a TAKOBLIM SIBJASETCS
Kak pa3 «abCoJIOTHBIHY clioco0 onpcaHudA, NPHHATHIHA B KjaccHye-
CKOH (usuxe.

YTo6el Pa3yMHO [PHMEHITb KJacCHUECKHH abCOJIOTHHIH Ccrnocol
OTHCaHHUs, HYXKHO TIpeXJe BCEero yCTaHOBHTb ero npefenbl. Eciau
MpefnosaraTb H3BeCTHBIM MaTeMaTHYEeCKHH annapaT KBaHTOBOH Me-
XaHuKH, TO KJacCHYyeCKHe COOTHOLIEHHS MOJY4YaloTCs H3 Hero Kak
HEKOTOpPOE NMPUONHIKEeHHe, a Ipeaebl TPHMEHHMOCTH KJaCCHUeCKOro
cnocofa onucaHusl MOJYY4AlOTCS KaK YCJIOBUS TIPUMEHUMOCTH 3TOrO
npubaikerusi. Ho B mamux paccyXAeHufix Mbl HCXOAMM M3 KJjac-
CHUECKOH MEeXaHHKM H MOXKeM I0Jb30BaTbCsl JHLIb MPOCTEHUINMHA
KBAHTOBBLIMH COOTHOLIEHHSIMH.

PaccmoTpum mpocTefillee siBJIeHHE — JBHXKEHHE MaTepHaIbHOH
Touxn Maccel m. I[To Knaccuueckoil MexaHUKEe COCTOSIHHE JABHIKEHHS
MaTepHaabHOH TOUKH ONpene/sieTcs M KaXKAO0ro MOMEHTA BPEMEHH
3HAYEeHHUAMH €€ KOOpPAHMHAT X, §, 2 H COCTABJSIONIUX KOJHYECTBA
IBUKEHHs (MMOYJAbCA) Px, Py, Pz DBLIO OB, 0HAKO, HENPABUALHO
paccMaTpuBaTh COBMECTHblE 3HAYEHHS TeX M JAPYTHX BEJHYHH, HE
YUHTBHIBASE BO3MOXKHOCTH HX H3MEPEHHS; INOCTACAHUE 3XKe JIHMHUTH-
PYOTCSI KBAaHTOBBLIMH 3(pdeKTaMH.

Kak nokasan TefizenGepr (Heisenberg), moxanusauuns gactunsl
B Kakol-1uGo MaJjofl 006/1acTH NPOCTpaHCTBa TpebyeT (H3HUECKHX
YCJI0BHI, HeGJATONPUATHBIX NS H3MEpPeHHsT ee KOJHYeCTBAa ABHIKE-
HHg (T. e. AJsl JI0KaJM3alUM YaCTHIL B IPOCTPAHCTBE HMMIYJlb-
COB), H, Ha060POT, YCAOBUA, HEOOXOAMMbIE HJISI TOYHOTO H3MepeHHs
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KO/IN4eCTBa JBHXKEHHS YaCTHUbI, HCK/IIOYAIOT BO3MOMKHOCTL JIOKA/H=
3auuu ee B MaJsIoi 06JacTH NPOCTPaHCTBA.

Ksaurosrie addekrr, orpannunpaioiniue Bo3MOKHOCTH naMmepe-
Huf, HPOSABJSIOTCH, HANpPHMEp, INPH B3aUMOAEHCTBHM YaCTHI(bI
C KBaHTaMH CBeTa, 06/YYaIOMUMH YacTHLy. 31ech CYIEeCTBEHHO TO,
4T0 (DOTOH, XapaKTEPU3yEMbIl BOJTHOBBHIMH napaMeTpaMi, SIBJASETCH
B TO XK€ BPEMA HOCHTENEM ONpeJe/]eHHOH 3HEPrHH W KOJHYECTBA
IBHMEHHd, T.€. 00JajaeT CBOMCTBAMH <«YaCTHILI cBeTa». BoaHO-
BbIMHM TlapaMeTpaMH SIBJISIOTCS: 4acTOTa v (WM yIJIOBasi 4acTOTa
@ = 2mv), AJHHA BOJIHB A = ¢/v (TZ&€ ¢ — CKOpOCTb CBeTa) W BOJ-
HOBOH BEKTOp k, 3ajaioluil HAIPABJEHHE PACIPOCTPaHEHH s BOJIHBI,

21 2nv ®
npuueM abCOMIOTHAst BEJHYHHA €0 paBHa k=T=T=T‘
Ecan 0603HauuTh Aenennyio Ha 2% noctosHuyio Ilaanka (Planck) &
uepes h (tak uyto A = 2nh), T0 3Heprus dorona E u ero xoamue-
CTBO IBHXKEHUS p GyRyT CBS3aHBI C BOJHOBHIMH NlapaMeTpaMu CO-
OTHOIUEHUSIMH

2nh

Ezﬁ(l), p"—_-hk:T, (1)
rje mocTosiHHasf A paBHA
h=1,054- 10" spe - cex. (2)

M3 cootHomeHnii (1) BriTekaeT, uyTo Majas IJHHA BOJHDI CBeTa,
GniaronpusTHast AJIs1 JOKATH3AlHK YACTHIL B IPOCTPAHCTBE KOOpau-
HaT, O3HauaeT npuMeHeHHe (OTOHOB, HECYUIUX GOJbINYI0 SHEPrHIQ
H CHOCOOHBIX COOGINATL YaCTHHE OOJbUIION TOJYOK (6oabImONl HM-
NyJIbC) W TEM CaMbiM CHJIBHO HAPYUIAIOLIUX €€ JOKAAH3alUHIO B npo-
CTPAaHCTBE HMMIYJbCOB; NpPHMEHEHHE Ke (OTOHOB MAJIBIX 3HEprHil
O3HAYaeT HCHOJAb3OBAHHE CBETAa GOJbUION IJIHMHBI BOJIHBL, UTO NPH-
BOAMT K DACIIMPEHHIO BCeX NH(PAKIUMOHHBEIX IOJOC M K yMEHblie-
HHIO TOYHOCTH JIOKAJAU3AUHH YACTHL B OOLIUHOM (KOOPAMHATHOM)
TIPOCTPaHCTBE.,

Cootnomenuss (1) CBA3HIBAIOT BOJHOBBIE N KOPIyCKY/sipHbie
CBOICTBa (OTOHA: WX IpaBble YACTH COAEPIKAT BENUUHHBI o I k,
onpeje/sieMble U3 HHTePPEPDEHIHOHHBIX ABJCHHUH, 4 JeBble YacTH —
E u p— xapakrepusyior doron xak gacruuy.

OTH COOTHOLIEHHS OTOGPAXKAIOT, TAKMM 06pasoM, KOpIyCKY-
JSIPHO-BOJHOBOH Ayasnn3M ()OTOHA KaK CBETOBOH YaCTHIBL. Kopiry-
CKYJ/ISIPHO-BOJIHOBOH JyaJu3M OKashlBaeTcsl OOGLIHM CBOHCTBOM He
TOJNBKO (OTOHOB, HO M BCeX YaCTHI[ BOOGILE. DTO NO3BOJTET COIIA-
CoBaTb MeXJy coGOM npeacTap/eHne 06 9J1eKTPOHAX KaK O YaCTHIAX
C NpEACTaBJEHHEM O HHX KaK O BOJHaX mMartepuu. Maes o BOMHOBOM
npupoje Marepun Oblla BIepBhE BHABHHYTA He Bpoittem (de
Broglie) u Hauwia cebe 3ateM 3KcHepuMeHTAJIbHOE IOATBEpKACHHE
B ABJEHHH NHQpakuuu 31eKTPoHoB. Bosee crporas dopmyanposka
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9TOl Mien 3akK/AYeHa B HajJjexauiuM o6pa3oM HCTOJKOBAaHHOM
MaTeMaTHYECKOM alllapaTe KBAaHTOBOH MEXaHHKH. ;

Pesyabrar npuBeleHHBIX Bbillle paccyxieHui [efisenbepra ot~
HOCHTEe/JIbHO OTPaHHYEHHS BO3MOXKHOCTH H3MepeHHH MOXKeT OHITh
BHIDAXKEH B BUJC HEPABEHCTB

AxApyz=h, AyAp,=h, AzAp.>h, (3)

rie senuuuHbl AX, Ay, Az XapakTepusywT pasMephl 06JacTH JOKa-
JIM3aluK B NIPOCTPAHCTBE KOOPAHHAT X, Y, 2, @ BEJHUHHB Apy, Apy,
Ap, — pasMepnl 006JacTd JOKaJH3aLUH B IPOCTPAHCTBE HMITYJIb-
COB Py, Py, Pr. DTH HEPABEHCTBA HOCSIT Ha3BaHWE HEPABEHCTB Iefi-
senfepra. OHH NOKa3BBAIOT, 4TO YaCTHHA MO CBOEH MNpPUPOJe HE
JONYyCKaeT OJHOBPEMEHHOH JOKaJu3alluH B KOOPAHHATHOM H B HM-
IyJbLCHOM TIPOCTPaHCTRE.

Hepasenctpa IefisenGepra HHOTJAa HA3BLIBAIOT TAaKXKe COOTHOLIE-
HusiMy HeompenenenHocTu Iefisen6epra, pasymesi mox HeonpejeseH-
HOCTBIO B KoopAauHatax (Ax, Ay, Az) W B COOTBETCTBYIOUIHX COCTaB-
Jsiioux uMnyasca (Apx, Apy, Ap,) BeInuHHBI, XapaKTepH3YIollne
uX 006J1aCTH JIOKaJH3aluH B COOTBETCTBYIOIIHX NPOCTPAHCTBAX.

K nepasencrsam [eitsenepra (3) MOXHO NpHCOENMHHTH COOT-
HOILIEHHE

AMA(E'—E)>=h, 4)

CBSI3bIBAIOLIEE HEONpeNesIeHHOCTh B H3MeHeHHH sHepruu (E' — E)
YaCTHIbl C HEOMNPEeNEJEHHOCTLIO B MOMEHTE BpeMeHH, KOrja 3TO H3-
MeHeHHe mpousomnio. CormacHO COOTHOUICHHIO (4), aKT mMepeHoca
SHEPTUH He MOXKeT ObIThb TOYHO JIOKaJdu30BaH BO BpemeHd. CoOTHO-
meHue (4) Moxker ObITh Ha3BaHO COOTHOWIEHHeM [elizenbepra —
Bopa (Bohr).

Coornowennsmu leiisenGepra u Bopa (3) u (4) xapakrepusyior
06J1aCTh KJIaCCHYECKOTO («aBCOMIOTHOTO») Cnoco6a ONHCAHUS SIB-
JeHnit. Beuny manocru nocrosinnot Ilnanka stot cnoco6 6eccrnopao
IPUMEHUM K MaKPOCKOITHYECKHM TeJaM M HUX B3anMogelcTeuam. Ho
5THM HE OrPaHHYHBACTCS €ro sHaueHwe. OH Mrpaer BaXHYIO POJb U
B OIIHCAHMH KBAHTOBBIX IPOILIECCOB, NOCKOJNbKY MPUMEHSETCH K TeM
npubopaM, I1I0Ka3aHu KOTODPHLIX MO3BOJSIOT H3ydaTh AaTOMHBIE
OOBeKTEl. YC/IOBHSI ONbITA (Takke M Hal aTOMHBIMH OGBEKTAMH)
BCerfla ONUCBIBAIOTCH KJIACCHUECKHUM, «a6COMIOTHBIM® CIIOCOGOM.

IIpuGopsl u cpeAcTBa HaGAIONEHHS, BK/IIOYAST OPraHLl UyBCTB
YesloBeKa (KOTopble KaK Gbl HTPAIOT POJIb MPHGOPOB, BMOHTHPOBAH-
HbIX B Ye/JOBEYECKHI OPraHu3M), SBJASIOTCS HEOGXOLMMBIMH TIOCpe-
HUKAMH MEXJY YeJOBEUeCKUM CO3HAHHEM K H3YUaeMBIMH aTOMHBLIMH
o0bekTaMu. Mpl MOXEM Tenepb YTOUHHTb IOHSTHE CPEACTB HAGJIO-
IleHHs1, yKasap cnoco6 ux omnucanusa. Cpedcrea uabarodenus Ooi-
JCHOL ONUCHLBATHCA HA OCHOBE KAQCCUMECKUX abCTpakyud, HO ¢ yie-
T0M cooTHowenull Ieiisenbepea u Bopa.
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§ 4. OrHocHTeNbHOCTL K CpPeACTBAM HAGJI0NEHHS
K4K OCHOBA KBAHTOBOTrO CNOcOoGa ONMHCAHMA SABJEHMI

HoBoi#t, KBaHTOBBIA CNOCO6 ONHCAHUS SIBJACHHE NOIKEH YYHUTHI-
BaTh peajbHBIE BO3MOXKHOCTH U3MEPEHHUH, CBA3aHHBIX ¢ MHKPOOObeK-
TaMu. Mbl He JOJKHBl NPHUNHMCHIBATL OGBEKTAM TaKHX CBOHCTB (n
TAKHX COCTOSIHMH JBHIKEHHS), KOHCTATALHsI KOTOPHIX NPHHLHIHAb-
HO HeBo3MOXKHA. Ilostomy ciegyer o6paTuth 0coGoe BHuMaHHe Ha
yC/I0BHSl, HEOOXOAUMbBIE JJIsl TaKOH KOHCTATALHH. MBI AOMMKHDL
Y4E€CTb yCTPOHCTBO M JeHCTBHE NPHOOPOB, CO3AAIOLIHX Te (u3Hye-
CKHE yCJIOBHS, B KOTOPBIX HaxoAurcsi o6beKT. Kak Mbl yxKe ropo-
pusn Bblme, NPUGOPHI H BHEUIHHE YCJIOBHSI LOMMNKHbBI ONHCHIBATHCS
RJIACCHYCCKH, NYTEM 3aJlaHUsl NapaMeTPOB, HX XapaKTepPH3YIOUIHX.
Pasywmeercs, 5Tn nmapaMeTpsl MOTYT 3a1aBaTbhCsl JIHIIb C TOYHOCTbIO,
HomnyckaeMOH HepaBeHcTBaMu [edzenbepra; uHaue Mpl BbiifeM 3a
NpENEILl peaNbHBIX BO3MOXKHOCTEH YCTpoficTBa TIpuGOpOB.

MHKPOOGBEKT NPOsABASieT ce6st BO B3aUMOMCHCTBHH ¢ npubopom.
Hanpuwep, nyte wacTuubl cTaHOBUTCS BHAMMBIM TOJBKO B pe-
3yabTaTe HeoGpaTHMOrO JIaBHHHOrO Ipoliecca B KaMepe BuibcoHa
HJH B /10 POTONIACTHHKH (NP 3TOM 4acTHIlA TPATHT SHEpPTHIo Ha
HOHU3alHMI0 BO3AYyXa MM POTOCT0S, TAK YTO €€ KOJHYECTBO JBHIKE-
HusA CTAHOBHTCH HeonpeleneHHbiM). PesyabraTel B3auMoneicTBus
aTOMHbIX OODBEKTOB C KJIACCHYECKH ONHCHIBAEMBIM TPHGOPOM M SiB-
JSIOTCSI TEMH OCHOBHBIMHM 3IKCHEDHMEHTaJbHBIMH 3JE€MeHTaMH, CH-
CTEMATH3ALMsS KOTOPbIX Ha OCHOBE TeX HJIH HHBIX IpPEeINoJOXKeHHUT
O CBOHCTBAaX 0OBEKTA COCTAB/ISET 3adauy TEOPHH: M3 paccMoTpeHus
TaKuX B3aHMOAEHCTBHA BBIBOMATCS CBOHCTBA ATOMHOIO O6bEKTa,
a NIpeJCKasaHus Teopun POPMYJIHPYIOTCA KaK OXHIAAeMble Pe3y.b-
TaThl B3aHMOJNEHCTBHI.

Takasi mocraHoBKa 3ajaunm BIOJHE NONYCKAaeT BBEIEHHE BeJHU-
UHH, XapaKTEpU3YIOUMX CaMBbiii OOBEKT He3aBHCHMO OT npubopa
(3apsn, macca, CIMH YaCTHUBL, a TakxKe APYrHe CBOHCTBA 00beKTa,
OIHUCBIBACMbIC KBAHTOBLIMH ONEPAaTOPAMH), HO B TO XK€ BpeMs J0Ny-
CKaeT DAa3HOCTOPOHHHH NOAXOR K OGBEKTY: O6BEKT MOMKET Xapax-
TEPH30BATLCA C TOH €ro CTOPOHbI (HANpUMep, KOPNYCKyJ/sApHOI HJH
BOJIHOBOM), IPOSIBJIEHHE KOTOPOH OBYCJOBAEHO YCTPOHCTBOM IpH-
6opa u CO3MaBaeMBbIMH UM BHELIHHMH YCIOBHSIMH.

Hosas mocranoBka samauu mosBoJsier paccMarpuBaTh TOT CJIy-
yail, Korfla pasHele CTOPOHbI H pasHble CBONCTBA 06DbeKTa He posiB-
JAIOTCA OJHOBPEMEHHO, T.€. KOTJa HeBO3MOXKHA NeTaNu3alus [o-
Bellenns o6bekra. ITo OyNeT Tak, ecau IJs NpPOSBJIEHHS pasHbIX
CBOKCTB O00BeKTa (HampyMep, CIOCOGHOCTH 3JIEKTPOHA K JIOKaJaH3a-
UHH B NIPOCTPAHCTBE W €ro CrocoGHOCTH K HHTepdepeniun) Tpe-
OYIOTCS HECOBMECTHMbIE BHEIIHHE YCIOBHS.

Ilo npepnoxenuio Bopa, MOXHO Ha3Bathb A OTOJHHTE b-
HBIM MU Te CBOHCTBA, KOTODbIE NPOSIBHINCL Gbl B YHCTOM BHAE JIHIIb
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B pasHBIX ONBITaX, NPOH3BEJEHHBIX NPX B3aHMOHUCKJ/OYAIOUIHX YC-
JIOBHAX, a NIPH YCAOBHAX, OCYIECTBUMBIX B OJIHOM H TOM K€ OIHITE,
NpOSIBASIOTCS JHIIb B HENOJHOM, «CMSIFYEHHOM» BuIAe (HampHMep,
JonycKkaeMmasi HepaBeHcTBaMmu ['efisen6Gepra HenosHasi JIOKaAu3alus
B KOODIMHATHOM H B HMIYJbCHOM INpocTpaHcTBe). Paccmarpusath
OIIHOBPEMEHHOE IIPOsiBJIeHHEe NOMOJHUTEIbHEX CBOHCTB (B HX YHCTOM
BUJE) HE MMeeT CMBICJIA; 3THM M OOBACHSETCS OTCYTCTBHE NPOTHBO-
peunsi B TOHSITHH <«KOPNYCKYJAPHO-BOJHOBOH HYaJH3M>».

TlonoKuB B OCHOBY HOBOTO €1oco6a ONHCAHHA Pe3Y/bTaThl B3aH-
MoJeficTBHA MHKpooObeKTa ¢ NpubOpPOM, MBl TeM CaMLIM BBOJUM
Ba)HOe IOHATHE OTHOCHTEJBHOCTH K CpeicCcTBaM Ha-
610 1 e H s, o6obiialoliee 1aBHO H3BECTHOE TOHSTHE OTHOCHUTE/ b~
HOCTH K cHCTeMe oTcuera. Takofl cnoco6 omHcaHust OTHIOAb He O3Ha-
YaeT, 4TO MBI IPHIUCBIBaeM 0OBEKTY MEHBIIYIO CTelleHb PeaJbHOCTH,
ueM NpuGOpy, HJAH YTO MBI CBOLHUM CBOIHCTBA 0OBEKTa K CBOHCTBaM
npubopa. Hanporus, onucanue Ha OCHOBE NOHATHUS OTHOCHTEJbHOCTH
K cpeicTBaM HabuawojeHus Aaer ropasno 6osee riyboKyl0 M TOHKYIO
O0BEKTUBHYI0 XapaKTEPHCTUKY MHKPOOOGBEKTa, ueM 3TO OBLIO BO3-
MOJKHO Ha OCHOBE HAeaau3aluil KjaaccHyeckon ¢usuku. Takas xa-
paxkTepucTuka Tpebyer u Gojee Da3BUTOrO MAaTEMAaTHUECKOro arnna-
paTta — TEOPHH JHHEHHBIX ONepaTopoB, UX COOGCTBEHHBIX 3HauYeHUH
U cOOCTBEHHBIX (QPYHKLHH, TEOpUH TPYNN H JPYTHX MaTeMaTHUYeCKHX
nonstuii. IlpuMeHeHue sToro anmapara X npobseMaM KBaHTOBOWH
(U3HMKHU TIO3BOJMJO [JaTh TeOpeTHUEeCKOe 06bsiCHeHue pAna ¢dyHAa-
MEHTa/bHBIX CBOHCTB MaTepHuy, He NOAJaBaBIIHXCA OOBSICHEHHIO HA
OCHOBe KJIACCHYECKUX IpelCTaBJeHHH, a TaKkKe NO3BOJANIO TEOPETH-
YeCKH ONpefeNHTb 3HaUeHHT MHOTMX HabJIORaeMblX Ha ONbITE BeJH-
YuH (HanpHMep, 4YacTOT aTOMHBIX crnekTtpoB). Ho kpome Ttoro, —
H 3TO AJ9 Hac He MeHee BaxKHO — (HU3HUECKOe TOJIKOBaHHE HCIOJIb-
3yeMpIX B alnapaTe KBAHTOBOH MeXaHHMKH MaTeMaTHYECKHX NMOHATHH
NPHUBOAUT K pANY IMyOOKHX NMPHHLIMIWAJBHBIX BBIBOIOB, H, B 4acT-
HOCTH, K 0000LIEHNUI0 TOHATHS COCTOSIHUSI CUCTEMBI Ha OCHOBE TOHS-
THH BEPOSITHOCTH H NMOTEHIHATbHOH BO3MOIKHOCTH.

§ 5. NonsTHe NOTEeHUHANbHON BO3MOMKHOCTH
B KBaHTOBO#H d¢u3uke

[1punaB 3a HMCTOYHHK HAWHX CYXKIeHUH O CBOHCTBAX 00beKkTa
aKT B3aUMOJEHCTBHs 00beKTa ¢ NPHOOPOM M YUHTBHIBAS [IPH OIIHCA-
HHH SIBJEHHH OTHOCHTENbHOCTh K CPeACTBAM HalJ/I0REHHS, Mbl BBO-
1M B ONHCaHHe AaTOMHOIO O0BEKTa, €ro COCTOSHHUS U HOBEACHHUS
CYIECTBEHHO HOBHIH 9JEMEHT — IOHATHE BEDOATHOCTH, & TEM CaMbIM
M MOHSITHE NOTeHLHaJbHOH BO3MOXHOCTH. Heo6xomumocTs paccma-
TPUBATh IOHSTHE BEPOATHOCTH HMEHHO KaK CYILECTBEHHbIH 3JIEMEHT
ONMCAHMUS, a He KaK [IPU3HAK HENOJHOThl HallUX 3HAHWH BHITEKAEeT
yXKe u3 Toro ¢akra, YTo NpH AaHHBIX BHEIIHHX YCJAOBHUAX PE3yJbTAT
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‘B3aUMOAEHCTBUS OGBEKTA ¢ npuGOPOM He sIBJISETCS, BOOGLLE roBops,
IpELIONpENeJICHHBIM OHO3HAYHO, a 06JaLaeT Jumb HEKOTOPOH Be-
posiTHOCTbIO. Tlpu dukcupoBaHHOM HauasmbHOM COCTOSIHHH 06DBEKTA
W 3allaHHBIX BHEIIHHX YCIOBUSIX CEPHS TAaKHX B3auMOJeHCTBHH npu-
BOIHT K CTATHCTHKE, COOTBETCTBYIOLIE OIpefe/ieHHOMY pacrpeseJe-
HHUIO BEpOATHOCTEH. DTO pacnpenesnenue BEPOATHOCTEH OTpa)Kaer
OOBEKTHBHO CyLIECTBYIOLIHE [IpH AaHHBIX YCJAOBUSIX MOTEHHHAJbLHBIE
BO3MOXKHOCTH.

Paccmorpum Takoit onbrr Hall NaHHOH (QusHUYeCKo cHCTEMOH, KO-
TOPHIH TNO3BO/IMA Gbl AENaTh TPOTHO3Bl O pesyJabTarax OyLyl[HX
B3aUMOACHCTBHH ¢ pas/auyHOro poia npu6opamu. Takoro poxa Ha-
YaJIbHBI ONBIT JOJKEH BKJAIOYATb B cebs onpene/eHHoe NMPHIOTOB-
JI€HHE CHCTEMBbl (HAampUMep, NPHrOTOBACHHe NyY4Ka 371€KTPOHOB OIl-
pexeneHHoll sneprun) u cozganue ONpPEE/ICHHbIX BHEIIHUX YCIOBHI,
B KOTOpLIX cucTeMa 6YNeT HaXOAUTbCA MOC/e NPUroTOBAEHUS (Ha-
fIpHMEp, MponyCKaHue MyyKa 3MEKTPOHOB CKBO3b Kpucrasu). Uuorna
11es1eco06pasHo paccMaTpuBaTh [IpHUTOTOBJIEHHEe W CO3MaHHe BHeIl-
HHX YCJIOBHH Kak NBe DasJqduHblE CTannu OmbITa, HO MOXHO pac-
CMaTpUBATb HX M KaK €AMHBIH HayaJdbHbIH OMBIT, UeJb KOTOPOro —
folydenue npornosos. Hawasbuwil onnit Beerza ofpamen Kk 6y«
LAyuremy.

OTIUCBIBAIOTCH KJACCHYECKH, HO ero pesy/bTar, KOTOpPBIH HOJIKeH
AaBatb MOJHYIO XapaKTePUCTHKY CYUECTBYIOWHX pH AAHHBIX yc-
JIOBHAX NOTEHUHA/IbHLIX BO3MOXKHOCTEH, TpebyeTr a8 cBoOeH dop-
MYJIHDOBKH YX€ HOBBIX, KBAHTOBOMEXAHHYECKUX cpencrs. YUrobul
NPEACTaBUTL cebe, KaKue 3ajauyd AOJIKHLI BBIIIOJIHATBCH  3THMU
CPELCTBAMH, DACCMOTPHM, KaK peasH3YIOTCS CYWIECTBYIOUIHE MpH
A4HHDBIX YCJIOBHSX NMOTEHLUANBHBIE BO3MOKHOCTH.

[Ipexne Bcero myxHO HMeTs B BULY, UTO 3aKJIOUMTE/bHBI{ ONLIT,
B KOTOPOM OHY DeaIH3YIOTCS, MOKET GHITb NOCTABJEH [10-pasHoOMYy:
YCTPOHCTBA PeruCTpHpYIOLIEro npubopa B 3TOM OmbITe MOTYT GhITh
Pa3/IHYHBIMU (M NPUTOM OHH, KaK [paBUJIO, 6YAYT HCKJIIOYATD ApyT
Ipyra). Kak u B HauanbHOoM OIbITE, YCTPOHCTBO M JelicTBHe mpu-
60pa ONHCBIBAIOTCH KAACCHYECKH. Bapuanter  sakmountensnoro
ONbITA H COOTBETCTBYIOIHE YCTPOHCTBA npuGOpOB MOryT GbITbH 0Xa-
PAKTEpHU30BAHLI THUIIOM BeJHYUH (KOODAHHATHI, KOJIHUECTBO ABMIKe-
HUSL M T. 1.), A/ H3MepeHust KOTOPBIX OHH NPHCIIOCOGJEHEL.

Takum oGpasoM, npu mammom Hauya/JbHOM ONBITE CylleCTBYeT
TIpEXNE BCEr0 BO3MOXKHOCTb BHIGpATh Aas 3aKJ/IOYHTENBHOrO ONBITA
TOT WIH WHOH Tun mpuGopa. B moGom CJydae 3aKaI04HTe ] bHBIH
ONBIT OOPAMIeH K N PO W 10 M y (a He K BynywmeMy, Kax HauasbHbif
OIIBIT) W €r0 MOMKHO HA3LIBATDH TOBEDPOYHDBIM ONBITOM, OCKOMBLKY
OH IIO3BOJISIET MOBEPATb NMPOTHO3HI, AABAEMbie HaYaJabHbIM OMBITOM,

Honoxu, uro tun NIOBEPOUHOro oneita BeGpan. Kak dopmy-
JHPYeTCA €To pesynbrat? 31ech HyKHO Bee BpEMsi NOMHHUTb, 4TO
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PeYb HAET ¥ HAC O MOTEHUHUAJAbH Bl X BO3SMOXHOCTSA X, cO3-
[laBAa€MBIX B Ha4aJdbHOM OIBTE K peannsyeMblx B IOBepOYHOM
onvite. Ilpu manmoM BRIGOpe THMA [IOBEPOYHOrO ONBITA 3TH MOTEH-
LlnajbHbIe BOSMOXKHOCTH DOPMYyMHPYIOTCH Kak pacmpeneneHue Be-
POATHOCTEH A/ NAHHOH BeJIHUHHB (TouHee, A1 MOrYWHX GbiTh
OJYYCHHLIMH B NOBEPOYHOM OIBITE 3HAYCHHH 1aHHOMN BeJHYHHB).
Takum oGpasom, onpTHOM IPOBEpKE MOAJEKHUT paclpereseHue Be-
posTHOCTeH. SIcHO, uTo Takas pOBEpKa MOXeT GbiThb HOCTHTHYTA
HE ENMHHYHBIM U3MEPEHHEeM, a JIHUIb MyTeM MHOTOKPATHOTO IIOBTO-
PEHHSA BCEro ombiTa (MPH OLHOM U TOM Ke Crocofe HOPHIOTOBJIEHHS
00BeKTa U OJHHX W TeX K€ BHEMIHHX yeaosnsx). IMonyuaemas s pe-
3yJbTaTe MHOTOKPATHOIO NOBTOPEHHSI CTATHCTHKA i NI03BOJIsICT CY-
AHTb O MOAJMENKALIEM HCCIEeN0BAHUIO pacrpeneseHun BeposiTHOCTEH.

Honnwiit onbir (1. e. OINbIT, NOBEAEHHBIH N0 KOHLA U IO3BOJISIIO-
IIHIT cpaBHeHHe C TEOpHEel) COCTOMT H3 COBOKYNHOCTH HAUaMbHOIO
1 TIOBEPOYHOTrO ONBITOB, NPHTOM HE OAHOKPATHHIX, a NMOBTOPEHHBIX
MHOTO pa3. 31ech yMecTHO emje Pa3s HANOMHHTb, Y4TO NpPHU JaHHOM
HaualbHOM OnbITe (MPH NAHHBIX HAYAIbHLIX YCJIOBHAX) 3aKJII0YH-
TEJBHBIH ONBIT MOXKET GBITh HOCTABJICH PasJquYHbIM 06pasoM (B HeM
MOTYT H3MepSTbCS pasiHYHBIE B&JIHYHHBI) M [JI KaXAOro Tuia
SAKMIOYATE/IbHOTO ONBITA CYIIECTBYET CBOE pacrnpenesnenne pepost-
HOCTeH.

Takum oGpasowm, Nepen Teopuell CTOMT 3amaua Tak Xapakrepu-
30BaThb HauabHOE COCTOSHHE CHCTEMEl, 4TOGH H3 Hero MOKHO GblJI0
TIOTydaTh pacnpefie/leHdst BEPOATHOCTEH A J060r0 TUNAZ 3aKJ10-
UHTEABHOTO onbiTa. Tem cambiM Gyper [I0JIy4eHa noJHas XapaKkTepH-
CTHKA BBITEKAIOLIMX K3 HAYaJbHOTO OMbITA NOTEHUHANbHHIX BO3-
MOXKHOCTEH. )

Hockonbky sakmountenbubi onpt MOXKET OTHOCHTBCS HE K ToMY
K€ MOMEHTY BpeMeHH, KaK Haua/bHBII, a K Gosee NO3NHEMY, Teopus
A0MKHA NaBaTb TaKKe 3aBHCHMOCTb BEPOSTHOCTEH NOTeHIHA b-
HBIX BOSMOXKHOCTEH OT BpeMeHH. YCTaHOBAEHHE TaKof 3aBHCHMOCTH
Gyner urpare Ty e poab, Kak u YCTAHOBJICHHE 3aKOHOB JBHIKEHUN
B KJacCHYeckol (usuke,



IF'nasall

MATEMATHYECKUHM ATNINAPAT KBAHTOBOHW MEXAHHKH

§ 1. KsanroBasi MEXaHWKAa W 3aAa4d Ha JUHEHHble ONEPATOPDI

BaxHbIM aroM Ha MyTH K CO3MLaHHIO COBPEMEHHONH KBaHTOBOMH
MeXaHuKy GbJIO ycTaHOBJAeHHe DBopoM ABYX mocTy/naToB, XapakTe-
PU3YIOLIUX CBOACTBA aTOMHBIX CHCTEM.

[Tepsoiit mocrynatr Bopa yTBepxaaer cylleCTBOBaHWe CTalHO-
HApHBIX COCTOSIHHI aTOMOB H aTOMHbIX CHCTEM, B KOTOPbIX OHU He
H3Jy4aloT ¥ He NOIVIOMAlOT HEprHio. B 3THX COCTOAHMAX aTOMHbIE
cucteMbl 06/1afal0T 3HEpruaMu, o0pasyloIUMH AHUCKPETHLIH Pl
Ei, Es ..., Ey, ... (ypoBHU 3HEpIHH).

CoraacHo BTopoMy mnocrtyjary bBopa, usnyuenue, ucrnyckaemoe
WX TOrJIoIaeMOe aTOMHOH CHCTEMOH MpPU NMEPEXONe C YPOBHS 3HEp-
ruu E,, Ha ypoBeHb E,, MOHOXPOMATHUHO, H €ro YacToTa v onpeje-

JIAETCS] U3 YCJIOBHS
E,—E,=hv,

riae h ectb niocrosinHasg Ilaanka.

ATH nocTyJarthl pPe3Ko INpPOTHBOpeuYaT TPeOOBAHHAM KJaccuye-
CKOIl MEeXaHWKM M 3JIEKTPOAMHAMHKH, HO IIOJHOCTHIO TOATBEDK-
JaioTCsl Ha OIbITE.

EcrecTBeHHOH NOTOMY siBAsieTCst MAes] 3aMEHHTb KJIACCUYECKYIO
TeOpHIO TaKoH, Kakasi rapMoHupoBsajsa 6wl ¢ nocrysnaramu bopa u
npeacTapiana Obl JOTHUECKH CTPOHHYIO CHCTEMY.

3amaua o6 onpeleeHHH CTAUHOHAapHBIX COCTOSIHMH aroma, xa-
paKkTepU3yeMbiX ONpeJe/]eHHbIMH 3HAUCHUSIMH SHEPrun (u HEKOTO-
pBIX IPYTHX TOCTOSHHBLIX HHTerpauuu), NPeACTaB/feT aHaJIOrHI0
¢ TeMH 3ajadaMn MaTeMartnueckKol (GH3WKH, B KOTOPHX ONpeleseH-
HbIe COCTOSIHUSI CHCTEMBI BBILEJISIOTCS U3 pAja OCTANbHBIX. DTO —
3ajmaua Ha coOCTBeHHble KoJeGaHusi d, oOuiée, HA JHHEHHBIE Ofe-
patopsl u uxX coGcrBeHHble 3HaueHus (Eigenwertprobleme). B 3a-
ZauaX TAKOTO THNa Psifi 3HaueHuii NaHHON BeJHYHHBI caM coloi
BblZeJHAC Obl M3 APYTrUX MbICJAMMBIX 3HaueHnil. Takoro pofa oGoc-
HOBaHKE HAEH KBAaHTOBAHHSl OCYLIECTBJsET KBAHTOBas MeXaHuka,
HaunHasi ¢ ocHoBonoJaramuei pa6ors penunrepa (Schrédinger)
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1926 roma o KBaHTOBaHWUM KaK 3afaue Ha COOCTBEHHbIE 3HAYEHUHA
onepatopoB. KBaHToBass MexaHWKa CONOCTaBJSieT KamIOH MexaHH-
YeCKOoil BeMUYNHE ONpENe/eHHbIH JHHEHHbI onepaTop, H MaTeMaT-
YECKHH annapar, KOTOPBIM OHA IOJb3yeTcs, €CTh y4YeHHe o JHHeH-
HBIX onepartopax.

§ 2. MonsThe 06 onepatope u MpuMepHI onepaTopos

[Tono6no TOMy, Kak QyHKUHS ecTb pelent, NO3BOJMAIOUNIMHA 110
JA2HHOMY YHCJTYy X HaHTH OPYroe uucio y = f(x), TaKk oneparop ecrb
PELENT, NO3BONAIOMIHKIL 110 3aJaHHOH QYHKUHH @ (X) BBIYHCAUTHL ApY-

ryio GyHKIHIO
P (x) == Lo (x)]. (D

JIMHeHAHBIM ONMEepaTopoM Ha3HBAETCH TAKOM, KOTOpbiit 06Ja-
AaeT CJIEAYIOLUIUMH CBOHCTBAMH:

Lo+ @) =L(g) + L (qs),
L (ag) = aL (p), } @

TOE @1, ¢z, ¢ — NPOH3BO/IbHbIE (DYHKIHH H @ — NPOU3BOJLHAS I10-
cTosiHHasl. Mpl GyneM HMETb AeJIO TOJILKO C JIHHEHHBIMH oneparo-
pamn, MO3TOMY MOXKHO He NPHOGaBJSATL KaXKIbIA pa3 CJIOBa «JIHHEN-
HBIiT». :
OObekTaMu IPHUMEHEHHs ONEPATOPOB MOTYT GHITH byHKuHH ofn-
HOH H/M HECKOJbKHX IepPEeMEHHBIX KaK HelpephIBHbIX (nanpumep,
KOOPAHHATA), TaK H NPEPHIBHBIX, NIPHHUMAIOUHX TOJbKO OTAE/bHbIE
3HaueHust (HampEMep, YPOBEHb SHEPTHH HJH €ro Homep). Hemnpe-
pbiBHbBIE NE€peMEeHHble MOrYT GO NPHHHMATb BCe 3HA4YeHUs, Ju6O
MEHATBCST B ONpENeseHHOM npomexyTke. IlpepsiBHBIE mepeMeHHbIe
MOTYT IPHHHMATb KaK GeCKOHeuHblH, TaK U KOHEYHBIH psij 3HAueHui!.
HesaBucumble mepemenHble Mbl GyaeM Bcerza npeanoJaraTh Belle-
CTBEHHBIMH; (YHKIHH JKe, K KOTOPBIM TPHMEHSIOTCS OlepaTopHl,
GyayT y Hac, BOOGILE TOBOPSI, KOMIIEKCHBIMH.

3anaBast omepaTop, HyXKHO NPEXJe BCEro yKasaTb, K dyHKUHSIM
OT KaKUX NEPEMEHHBIX OH HPUMEHSeTCs.

TunnyubiMu onepaTopaMu, AEHCTBYIOUIMMHA Hajl byHKuKeR ot He-
NPEPLIBHON MEPEeMEeHHOH X, ABJSIOTCS: YMHOMXKEHHe Ha X u nudde-
peHuHpoBaHue No X:

LI ()] = #F (x), L[] =2 (x).

B ciyuae yMHOXEHHS! Ha X NIePEeMEHHAst X HIPAET IBOSIKYIO poJIb:
OHA BXOIHMT, BO-TIEPBBIX, KaK apryMeHT B f(X) M, BO-BTOpHIX, KaK
oneparop. Becbma yacTo BcTpeuaercss B (husuke oneparop Jlannaca
(Laplace), xoropsiii 0603Hauaercst O6LIYHO CUMBOIOM A

o , 9% , o
Af(x, y, 2) = Jx2 + dy? + 922 °
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HexkoTopuie JuHeliHble onepaTtopnl MOTYT GbiTh npejcTaB/eHbl
B BHJIE€ ONPEAEACHHOT0 HHTEerpasa

b

Liw={K(x, 9 f@®de. (3)

a

B rakom cayuae ¢ynkuus K(x, &) masbiBaercs SN poM onepa-
T0pa. B KaveCrBe npumepa siipa NIpUBEAEM pelleHHe ypaBHeHus
ITyaccona (Poisson)

AF = .

Ecnu dyukuus f(x, y, 2) sanana Bo BceM npocTpaHcTBe U ecian npe-
AeJbtble yeaoBus Aas F cyTb: F = 0 Ha 6eCKOHEUHOCTH, TO pelle-
Hue ypaBHeHus Ilyaccona, kak usBecTHO, Raercst GopMyuoii

Fx 9, 2= Gl (x, , 2] = — 1 | ] L6 g gy e

45

Mbl Bupum, 4to omepatop G mMeeT AnAPO, paBHOE
1 1

swr G- RGPt
Ecin u3 ypasuenus
L(F)=] (4)
H HaJJIeXKAUHX NPENENbHBIX YCAOBHI BEITEKAET YPaBHEHHE
M(f)=F, (5)

TO omepaTopet L u M HasbiBawoTes 06paTHE MH. B Hamewm npu-
Mepe oGpaTHBIME ABJAAIOTCS onepaTopel A u G.

Ecin nepeMennas npuHHMaeT TONbKO OT/He/bHBIE 3HAYEHHS, HX
BCErla MOXKHO NEPEHyMepoBaTh: NO3TOMY (YHKUHIO OT NPepEIBHOL
NepeMEeHHOH BCEra MOMKHO NPEACTABHTb KaK (GYHKLHIO OT LeJIOro
unCna — HOME€pa 3HAYCHHS ITOH nepeMenHoil. Beskuit onepatop,
AefCTBYIOWHNA Hag dyHkuued f, or LegI0ro uucaa n (rouHee, pe-
3y/IbTAT €ro NPAMEHEHHS K 3TOH (QYHKUHH), MOKET ObITb NpeacTas-

JIEH B BUJI€ CYMMBI
Lin= 2. Kunfm - ®

CoBokynmHOCTE K03 uunentoB K,, Ha3bIBAOT «Martpuuei»
STOrO omnepaTopa M TOBOPST, YTO ONEPaTOpP NPEACTABJEH B BHAE
marpuupt. ITocaennsst Gopmyna npencrasaser nomnyio aHanoruio
¢ dopmyuioit (3), npuyem posib Axpa urpaer amech martpuua (Kupm).
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§ 3. Oneparop, conpsixkenHslii K 1aHHOMY. CaMoconpsikeHHOCTh

Kaxnomy nunefinomy onepatopy L MoxHO NIPHBECTH B COOTBET-

CTBHE HEKOTOpHHi Apyroit omepatop L¥, koropwii YAOBJIETBOPSET
ONpeJe/IeHHOMY (PYHKUHOHAJILHOMY ypaBHEHHIO U HA3bIBAETCH «CO-
TNIpSIKEHHBIM» K NAHHOMY omnepartopy *); Mel GyaeM o603HauaTb €ro
TOH e OYKBOH, UTO M RAHHBI OMepaTop, HO ¢ npubasiaeHueM
KpecTa HaBepxy (L+).

O6mee omnpeneneHne conpsKeHHOro oneparopa MoxeT OLITh
ceJIaHO CJAENYIOUIUM 06pasoM.

[lonoxumM, naner nse ¢ynkuuu f u g, YVAOBJIECTBOPSIONIHE HEKO-
TOPHIM ~ OCLIUM  YCJAOBHMAIM, KOTOpblEe OYAYyT YKasaH HHKE,
4 B OCTaJIbHOM COBEDIIEHHO MPOH3BOMbHBIE. PYHKIHOHANBHOE ypas-
HEHHE, H3 KOTOPOro ONpeAe/IeTCss CONpSKEeHHbH omepatop L7,
HMeeT BHI

{leL ) — L¥ (@) lav=o, (1)
€CJH He3aBHCHMELIE IIEpEMEHHBIE HENIPEPLIBHBI, U
2[2.L(w — L (g)fn]=0, (1)

€C/i OHM NpephiBHbL. B neproit ¢popmyse nHrerpupopanue, a Bo Bro-
poOH — CyMMHpOBaHHe PACIPOCTPAHSIOTCS HA BCE 3HAYEHHS HE3aBuU-
CHMBIX IICDEMEHHBIX B NaHHOl o6iactu. CumBosi dt B nepBoit dop-
MyJe eCTb 3/7eMEHT oGbeMa obsacTH. UepToli cBepXy Mbl 0603Ha-
4aeM KOMIIEKCHbIE CONPSAXKEHHbIE BeHUHHEL Ofuine yeaosus mis f
H g, 0 KOTOPBIX MBI yIOMHHAMH, COCTOAAT B creayioueM. OyHKuuy |
H g, BO-NIEPBHIX, NOMKHB GbITb TAKOBbI, YTOGbI HAIHCAHHLIE CYMMBI
¥ HHTETPAJIbl HMEH CMBLICH, T. €. ObIH CXOAALMMHCS, H, BO-BTOPHIX,
AOJUKHBl YOBNETBOPATL NpefebHBIM YCJAOBHSIM, BOOGLIE TOBOPA,
Pas/HYHBIM, CMOTPSI 1O BUAY omepaTopa L.

Eciu onepatop L™ cosnanaer ¢ L, To nocaennuii Hassisaercs
CAaMOCONPSANKEHHBH M.

B ciyyae npepniBHOH nepemenHoi onepatop L Momxker 6biTh
npencras/ieH B Bule (6) § 2 u dopmyna (1*) npumer suz

mZn(Knm _‘[—(—t_nl_n)gnfm=0 @)

HT10o0bl 3TO PaBEHCTBO MMEJNO MECTO TOMKIECTBEHHO npu J06bX
[ u g, Heo6xonumo, uTOGH K03QQHIUEHT Npn KaxaoMm Ipoussene-
HUH Znfm paBHSICH HYJIO. IMpupaBHUBas Hy/10 B&JHYHHY KOMIJIEKC-

*) B maremarnueckoli JIUTEPAType YINOTPEOJAIOTCH TakKe TEPMHHE IPHCO~
€IHHEHHBIH» U «COIO3HBIHY.
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HYIO COUPSIXKEHHYIO, TIOJYYHM CJICAYIOUIee Bbipa:kKeHue QI 3JeMeH-
TOB MaTPHIbI CONPSAKEHHOIO ONepaTopa:

+ —

Kmn = Knm- (3)

,HJIH CaMOCOIIPANKECHHOCTH orieparopa H606XOIIHMO H JOCTATOYHO,
4TOObI 3IEMEHTBl €r0 MaTpPHIbl YAOBJETBOPSAIH YCAOBHIO

Kmn = an' (3*)

Takas marpuua Haswieaercss pmurosoii (Hermite). Ecam pacro-
JIOKUTb €€ JEMEHTH B BHAE TaOJHUBI TaK, YyToObl NEPBbIH MX 3HA-
YOK JaBaJ HOMEp CTPOKH, & BTOPOIl — HOMep cToJi6Ha, TO BCe 3Je-
MEHTbl Ha IJIaBHOH [MaroHangu (T. €. ¢ OJHHAKOBLIMH 3HAYKAMH)
OynyT BEUIECTBEHHBl, a KaKJble HBa 3/JeMeHTa, Jekallue CHMMe-
TPUYHO OTHOCHTEJNBHO TIJIaBHOH AMAaroHanu, OYAyT NPENCTABAATb
KOMIJIEKCHBIE CONPSXKEHHbIE BETHUHHBI.

PaccMortpum cayuait '0NHOH HemnpepbiBHOH NEPEMEHHOH H IOJO-
XKuM, 4to onepatop L umeer agpo K(x, ). O6o3Hauas aapo conps-
KCHHOro oneparopa uepes K+(x, ) u moan3ysice dopmynoit (3)
§ 2, MoxeM HanmucaTtb ycaoBue conpsikenHoctd (1) B Bume

(K (e & —K¥ 6 9]g (0@ draz=o. (4)

Hro0bl 5TO PABEHCTBO HMEJIO MeCTQ A5 JMI06bIX ABYX GyHKuuil f
H g, Heo6X0AMMO, YTOOLI MHOXHTEIb NPH HHX I[OA HHTErpajoMm
pasHsaca Hymo. OTcClofa nosyyaeMm ciefyiollee Bblpaxkenue s
f[pa CONPSXKEHHOrO oNepaTopa uepe3 sipo AaHHOTO:

+ -

K™ (x, =K (& x). ()

Taxum o6pasoM, AApO CONpPAXKEHHOTO ONepaTopa NoJyuYaeTcs H3

siipa MAHHOTO IIEPECTAHOBKOH AapryMEHTOB W MEPEXOAOM K KOM-

IVIEKCHON COTPSIKEHHON BeJuunHe. YC/JIOBHE CaMOCOIPSIKEHHOCTH
HMEeT BHI

K (x’ g) = K(E, x)' (5*)

CoBepLIeHHO aHAJOTHYHO OINpPEAeNseTCsl SIAPO CONPSIXKEHHOTro
OIepaTopa B C/Iyyae HEeCKOJbKHMX HE3aBUCHMBIX IlepeMeHHbIX. B mpu-
Mepe, PACCMOTPEHHOM HaMH B NpeAbAylleM naparpade, siapo one-
patopa @, o6patHoro omepaTopy Jlamnaca, He MeHsleTCsl IpH Tepe-
CTaHOBKE KOOpJHMHAT ABYX TOueK X, ¥, 2 u &, m, §, Tak Kak, cBepx
TOTO, 3TO SAPO BEUIeCTBEHHO, TO onepatop G CaMOCONPSXKEHHbIH.

Ecan o6paTHbifl onepaTop caMOCONPSIKEHHbIH, TO M JaHHbI Olle-
paTop TOXKe CaMOCONpSIKeHHBIH. B 4acTHOCTH, TAKOBLIM [HOJXKeH
ObiTh 1 onepatop Jlansaca; 310 JIErKo NPOBEPHTh HENOCPEACTBEHHO,
noJb3yAach Hamed obwell dopmyaoi (1).

Mpbl uMeeM, B OGBLIYHBIX BEKTOPHAJLHBIX 0603HAaYeHHAX,

§+Af —Ag-f=div([ggrad[— (grad @) fl, (6)
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no3ToMy, eciv [ M g 06paumaloTcss B HYJb HAa GECKOHEYHOCTH, TO
Vlg-ar —ag- fav = (diviggrad} — grad @) flar=0 (1)

no teopeme I'aycca (Gauss).
Paccmorpum eme oxun mpumep. Ilosioxum

of
Lf=—- (8)
1 Ha#JeM CcoNpsiKeHHb omneparop. Mmeem
b b
_ df 0g 0 -
Ve —(— %) ax={-Z @nar—o, %)

€ciM TONbKO [=g=0 Ha KOHUaX NpPOMexyTka. Ilo3TOMy MbI
MOXeM I0J0KHUTh

¥,___ 08 +p__ O
L'g= 3x L7f= Pt (10)
Takum o6pasom, Ham oneparop L He ABJSETCS CAMOCONPSKEHHBIM.
Ho ecan Mbl yMHOXHM €ro Ha YHCTO MHHMYIO TOCTOSIHHYIO, HAlpH-
Mep Ha —i, TO HOBbIH oneparop

Lf=—i2 C(1)

y:Ke OyLeT caMOCONPSIKEHHBIM.

§ 4. MNpoussenenue onepatopos. IIpaBuia0 yMHONKEHH MaTpuu

[lponssenennem AByx omepartopoB K u L HasbiBaeTcs onepa-
TOp, COCTOSIIMA B NOCJAEAOBATENbHOM NPHMEHEHHH OnepaTopoB K
u L. Ecin cnepsa npuMensiercs onepatop L, a 3ateM K, npousse-
neHue UX M 3anuceiBaeTCs B BUIE

M=KL.
Eciu ke cnepBa npuMensiercss K, a sareMm L, To npousseneHue ux
Gyner

N=LK.

OueBunno, yro oneparopst M u N, BooGie roeops, 6yayT pas-
JIMYHEL, TAK YTO IPOH3BEJEHHE ONEPATOPOB 3aBUCHT OT NOPAAKa
MHOXKHUTEJEeH.

[TosoxuM, HanpuMep, uto K eCTb omepaTop yMHOXKEHuS! Ha X,
a L — oneparop aud¢epeHIUpPOBAHUS N0 X

Kf=x-f, Lf=-2L. (1)



‘24 OCHOBAHU$ KBAHTOBOM MEXAHUKU ™. I

B atoM cayuae 6ymeM HMeTb
g
Mi=KLf=x3L, @)
TOTJa Kak
a of
Ni= LK} = = (xf) = x -~ + 1. @)
Mbul BHAHM, 4TO B HameM mpumepe KL = LK, npuuem
(7] af
(LK — KL) f = 5= (xf) — x 9L — ,
TaK 4To pasHocts LK — KL B Hamem cayuae ecrtb onepartop
YMHOXEHHS Ha eJHHHIY
LK —KL=1. (4)
Mosxet cayuntbes, uTO NpoU3BENEHUE ONEPATOPOB HE 3ABHCHT OT
nopsAAKa MHOXHuTeJed. B Takom ciysae rosopsar, wro ONepaTophl
00/1a1a10T CBONCTBOM NEPEMECTHTENbHOCTH HJIHM K OM M YyTATHBHO-
CTH WJH, KOPOUe, — UTO OHH KOMMYTHDYIOT APYT ¢ ApyroM. B kaue-
CTBE NPHMEPA KOMMYTAaTUBHBIX ONEPAaTOPOB MOMKHO yKasaTh omepas

TOPH AH(depeHIHPOBAHAS 1O ABYM HE3ABHCHMBIM TEPEMEHHbIM.
Haiinem onepatop, conpsukeHHBIH K NPOH3BeHEHHUIO

M=KL.. (6)
Mu umeem

Sngd‘r= S gK (Lf)dv

TTos0kuM
Li=F.

Torna npensinymee Belpaskenue GyfeT paBHO
{exrav= (K o)1 ax
no onpefenenuto onepatopa KT. ITonoxum nasee
K+g — g/'
Torpa )
{ & ac=(g1iar= {17} ax

no onpeneiennio LY. Tloxcrasass Buecto g’ ero BBIDAKEHHE, TOJY-
YHM OKOHYATEJBHO

Vaxirav={ (LK) f d. (6)

CpaBHI/IBaS{ 3TO PAaBEHCTBO C ONlpeesIeHneM COIPAXKEHHOTO onepa-
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TOpa
{ampac=((g)fax,
MONYyuUM
Mt =1*K* @)
HJIn
(KLY =L*K™. (8)

Taxum o6pasom, onepartop, CONpPsiKEHHBIH K NPOU3BEAEHHIO, pa-
B€H NPOU3BEJCHHUIO CONPSKEHHBIX ONEePATOPOB, B3I THI X B 06 p aT-

HOM HOpSIAKE.
Ecau oneparopsl K u L camoconps:KeHHble, TO HX NpOH3BEME-
Hye, BOOOIIE TOBOPS, He OYAEeT CaMOCOINpSIKEHHBIM, TaK 4TO

(KLY* =LK = KL.

Ecan xe camoconpsikennble onepatopelt K u L nepemectu-
TEJIbHBL, TO U MPOH3BEJeHHE HX OYAET CaMOCOTIPSIKEHHBIM,

PaccmorpuM mnpousseleHHe ABYX ONEPaToOpOB, MMEIOWMX sApa
K(x,&) nL(x, ). Umeem ’

L=l 91®ds, Kif={K@ tyas (L@, 9F@a

BuilloIHAA cHepBa HHTErpHPOBAaHHE MO &, M BBOMS 0GO3HAYEHHe

KL(x, 8= K(x, 8) L, 8 dz, ()
MOXEeM IpelbAyLyo (opMyJay HaNHCAThb B BHAE
KL= { KL(x, & (®)de. (10)

Takum oGpasom, npoussesenye onepatopos KL umeer sifpo, on-
peleasemoe popmyaoi (9).

PaccMorpum tenepb npousBe/ieHHe IBYX ONEpPATOPOB, MEHCTBYIO-
X Haf QYHKUHEH OT NpephiBHON NEPEMEHHOH M MOTYLIHX GBITb
IpeJCTaB/JeHHBIMH B BHAE MATPHILL.

Mul umeem

(L=2 Lufs, (K& =2 Kugy. (11
EciH MB HOJIOXHM
g=1Lf, (12)

(KLP =2 2, KuyLyf

TO MOJYYHM

HJIn

(KLPu= . (KL)ni fi, (13)
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Tae
(KL),; = ; KL (14)

Sta dopMyna IaeT NMPaBHJIO YMHOXKEHHS MATpPHL. DJeMeHTHI
CTPOKH HOMep n MaTpuisl K (cTosilleli cjeBa) MHOXKATCA Ha 3Je-
MEHTH! CcToJIOLA HoMep i MaTpulibl L (crosimiel crnipaBa).

Paccmorpum matpuny U ¢ sanementamu Ujj, yI0B/IETBOPSIIOIHAMHA
YCJIOBHAM

ZI:U}'}Uik=6ik, z]:UijUﬁ=6ik, (15)

r]e, COTJIACHO NPHHATOMY HaMH o6osHauenuio (3) § 3,
Ul =0y (16)

[Tosb3ysicb NpaBUAOM YMHOXEHHS MaTpHL, Mbl MOXEM 3alucath
fipenbIAylIHe PABEHCTBA B BHIE

vtu=1, vut=1, (17)

rie mon eAMHULEH caeldyeT pa3yMeTb eNMHHUHYKO Matpuny. Mar-
pulla, yhpomiaeTsopsioumas yciaosuaMm (17), HaspiBaeTcss YHHUTA p-
HOH MaTpHIeH, a COOTBETCTBYIOUIHMH ONEpaTop — YHHTa p-
HBM OonepaTopoM. .

YHuTapHbH oneparop obaafaer caAefyIOLUM CBOHCTBOM. Ilojo-
KHUM

g="Uf (18)
g. =;Unif,- (18%)

HJIA

H COCTaBUM CYMMy
2.8,8,=XUtU Ff.
n iin

ITosab3ysice ceoficrBoM (15), 6ynem uMmeTb
2 8ngn = LTif: (19)

Takum o6pa3oM, YHHTApHBIH omepaTop ocraBaser cymMmy (19) un-
BapHaHTHOMH.

§ 5. CoGcTBeHHbie 3HaueHHss H COOCTBeHHble (DYHKUHH ONEpPaTopoB

OcHOBHO!l 3afaueit B TEOPHUH ONEPATOPOB ABASETCH HCCIELOBa-
Hue ypaBHEeHHS
Lf =Af, 1)

riae A ectb mocrosHHas. Omepartop L mpeamnosaraercsi 31ech «HOp-
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MaJIbHbIM», T. €. YAOBJIETBOPAIOILIHM YCJI0BHIO
LLT=L%L. (2)

CaMoconpsiKeHHBIll OTnepaTop fABJASETCS, OYEBHAHO, YACTHBLIM CJIy-
4aeM HOpPMAaJbHOTO.

JluHefHOE ypaBHeHHE, KOTOPOMY MOXHO YIOBJETBOPHTb, MOJO-
XKHB HEU3BECTHYI0 (YHKIMIO PAaBHOH HYJIO, HAa3biBAETCH JHHEHHBIM
ONHODPOLHBM YypaBHEHHEM; B YaCTHOCTH, TAKOBHIM SIBJSETCS
Hame ypaBHenue (1). Ilpu uccaenoBaHHu ero MPUXOKUTCH paccMa-
TPHBATh TaKXe M mNpeflesibHble YCAOBHS AAf (QyHKUMM f, mpuuem
3TH YCJIOBHSl TOXe€ OAHOPOJHBI, T. €. TAaKOBBl, UTO HM YIOBJETBO-
psier f=10. OmHoponHOe ypaBHeHHe ¢ OJHODPONHHIMH Tpefeb-
HbIMH YC/JOBHSIMH COCTaBJSIOT T4K Ha3blBaeMylo OJHOPOAHY IO
3agmauy.

[Tpu npousBoJIbHOM 3HAaueHMu NapaMerpa A OQHOPOAHAas 3a1aua,
BOOOLUe FOBOpSl, HE HMEET PELIEHHS, OTJIHYHOTO OT OUEBHIHOTO pe-
weHns: f = 0 ToxkmecTBeHHO. PellleHne CyIIeCTBYeT JIMIUb NpPH He-
KOTODBIX ONpeleeHHbIX 3HAYEHHAX A; 3TH 3HAYEHHS MOIYT Npend-
CTaBJsATh JHO0 PAJ OTHAEAbHBIX UHCEN Ag, A1, Ag, . .., JUOGO BCE UHCIA
B HEKOTOPOM CIVIOIIHOM NPOMEXKYTKE. DTH HCKJIOYHTEJAbHbLIEe 3Haue-
Hust mapaMerpa A Mbl OyldeM Ha3biBaTh COGCTBEHHBIMHY 3Ha-
YeHHSAMH ONepaTopa, a COOTBETCTBYIOIIHE HM pelieHHs
ORHOPOIHOW 3aJa4i — COOGCTBEHHBMH QYHKUHaAMU. B wma-
TeMaTHYECKOH JIHTepaType NPHHATH JIPyrde TEPMHHLI, a HMEHHO,
«XapaKTePHCTHYECKHE YuCaa» H «PyHIaMeHTalbHble QYHKUHE»; 3TH
TEPMUHBl HE SIBASIOTCS, OHAKO, YIOOHBIMH I/151 (DH3HUECKHX TpPHUJIO-
xkeHnit. COBOKYIHOCTb COOCTBEHHLIX 3HAYeHuH NaHHOro onepartopa
Ha3bIBAaeTCsl €r0 CIEeKTPOM, TIPU 3TOM pPsil OTAEJbHBIX COGCTBEH-
HBIX 3HAUeHHH HA3bIBAETCH TOYEUHBI M CIEKTPOM, a COGCTBEHHBIE
3HAYEHHs, JiexkKallie B CIVIOLIHOM TNPOMEXKYTKE, — CIJI O LI H bl M
cnektpoM. CoGeTBeHHble (YHKIHH, IPHHANJERKALIHE K TOYEUHOMY
CNieKTpPY, 06/1aal0T TEM CBOHCTBOM, YTO CyMMa

2. f
Sffdr,

HJH HHTErpas

pacnpocTpaHeHHbIe HA BCE 3HAYEHUS HE3aBHCHMBIX MNEPEMeHHBIX,
CXONATCS H NPEICTaBJAIOT KOHCUHbE YHCJIA, TOAA KakK IJs cob-
CTBEHHBIX (YHKIHKH, NMpHHAAJMEKAUHX K CIJOWHOMY CNEKTPY, 3TH
BbhlpaxXeHHA o0pamaTcsi B GeCKOHEUHOCTb. B mocienHem cayuae
paccMaTpHBAIOT, BMECTO CaMUX COOCTBEHHBIX (YHKIHWH, HX HHTe-
rpaJjbl MO MapaMeTpy A, B3siThie 0 GECKOHEYHO MAJOMy Y4acTKy
CIVIOIIHOI'O CHEKTPa; ecAu B NPedABAyIuX (opMyJax NOLCTaBHTb
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BMECTO | TaKOH HHTErpaj, TO IOAY4aTC BhipaKeHU, KOTOpBIe
OCTaIOTCS] KOHEYHBIMY.

Hoxkaxewm caenyromyio o6y Teopemy.

Cobcraennbie 3Hauenus CamMOCONPANCEHHOZ0 oneparopa seuje-
CTBEHHBL.

Ilyets [ ecTb pemenne ypasuenus (1). YMHOXHM 06e uacTu
YPaBHEHUS Ha [ W BO3bMEM CyMMy MJIM HHTErpajs mo BCeM 3Haue-
HHAM HE3aBHCHMbIX II€PEMEHHbBIX. Mbl moayyHM

Zfo=7Mfo
Sfodr=thf dr,

f

HJIn

OTKYJa

HJIn
S TLf dt
A== (3%)
S i dz

3HaMeHaTe/ b APOGH IS A €CTb, OYEBHAHO, BEUIECTBEHHOR TOMO-
xKuTesbHOe yucio. ITokaxkeM, 4TO M YHCIHTEIb €ro — YHC/IO Bele-
CTBEHHOE. B camoM fese, MHHMAas yacTb 4uCAUTENS paBHA

o D FLF — (I /]

HIn
o Vi — @ nas,

a 3TO BHIpAXKEHNE, IO ONPENENEHHIO CaMOCONIPSKEHHOTO OnepaTopa,
paBHo Hymio. Cire1oBaTe/IbHO, YHC/IUTENb, a4 3HAYUT, H BCE BhIparke-
HYE IJIs1 A BEUIECTBEHHO, YTO U TPEGOBAIOCh JOKA3ATh.

B HekoToprix cayyasix dopMyna (3) nospoasier CYIHTb U O 3HAKe
COOCTBEHHBIX 3HAYEHHI oneparopa. Broinmuuiem bopmyay (3*) mas
oneparopa Jlanmaca. Umeenm

SIEAde Sgradf-gradfdr
" \7ras - (frae

O6a uHrerpasa B mocsiemgues ApoGHU NONOKUTENBHEL, a Nepen Ipobbio
CTOUT 3HaK MuHYC. Clef0oBaTeNbHO, COGCTBEHHBIE 3HAYCHHS onepa-
Topa Jlansaca oTpullaTeabHbL.
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[IpuMeprl HaXOXKIEHHsT COGCTBEHHBIX 3HAUYEHHH H Gynxnuit one-
paTopos GYLyT NOCTOSIHHO BCTPEUAThCS HA HPOTSKEHHH BCell KHUTH,
TaK 4YTO HET HEOOXOAMMOCTH PACCMATPHUBATh UX 3HECH OTHEABHO.

§ 6. Unrerpan CtuabTheca u oneparop YMHOKEHHUSA
Ha He3aBHCHMYIO MepeMeHHYIo

Hanmomuum cnepBa ofblyHOe ompeneneHue HHTerpaja Kak Ipe-
nena cyMMmbl. Paso6beM NpOMeXKYTOK MHTErPHPOBAHHS OT Ay IO A
Ha 0oJiee MeJKHE IIPOMEXKYTKH, BCTABJAS uHCJA Ay Aoy cisy An_gs
An = A, u OyneM GecnpeliesIbHO YBEJHYHBATH UX YHC/IO TaK, 4TOOLI
Aaxe HaHOOMBUIMA M3 MEJKHX IPOMEXKYTKOB CTPEMHJICS K HYJIO.
Torma uHTErpas ot Ay 40 A MOXKHO OnpenesuTh KaK Nperesa CyMMbl

A n
Jrwar=1im ¥ roan, (1)
Ao i
rne
A}\'i = }"i - }\4,;—1.

Ilepexons k wumurerpany Crumbrbeca (Stieltjes), mosoxum, uTo
p(A) ecTb HeKOTOpas MOHOTOHHAst BO3pacTawllas GYHKUHS WA
Pa3sHOCTb ABYX MOHOTOHHEIX (YHKIHI, H COCTABUM CyMMY

310,80 (),

rie
Ao(A)=p(h)—p (Ai=1).

Hurerpan CrunibTbeca onpefensercst Kak Npedes 3Tofl CyMMbl npu

GeckoneuyHOM APOGJEHUH NPOMEXKYTKA U 3aMHCHIBAETCS B BHAE
A n
{Fade )= 1im Y 1) 80 (2. (2)
A n=roo i—1 .

Koraa ¢ynxuus p(A) HenpepbiBHA4 M HMeeT OrPaHUYEHHYIO NPOHU3-

BOJIHYIO, TO C TOUYHOCTBIO [0 BEJHYHHBI BBICUIHX NMOPAAKOB MAaJOCTH
OTHOCHTEJIbHO Al;, HCUE3AIOLWIUX NPU MEpPexofe K Mpeleday, MOKIO

ITOJIOKHTh ,
Ap (1) =p" (A;) AA,.

Torpa BblpameHnue (2) mepexoJutT B
A A

0ydo ) = (r)0 ) an, (3)
Ay A

Tak uto HHTerpan CTH/bTbeca NMEPeXOAUT B OGBIKHOBEGHHBIN HHTE-

rpax. Ho unterpan CTuibTbECa MOXKET HMETb CMBICA H TOTa, KOTAa
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byukuusa p(A) paspoiBHa, T. €. HMeeT cKaukd. C TaKHM HMEHHO cay-
UaeM Mbl HM€EM J1eJI0 NIPH HCCHeIOBAHUM ONlepaTopa YMHOXeHUS Ha
HE3aBHCHMYIO TIEPEMEHHYIO, €C/IH 3Ta NepeMeHHasl HelpephIBHA.

PaccMotpum noapoGHee sToT onepatop. YpaBHeHue 15 ero cod-
CTBEHHBIX QYHKUMH ecTb '

xf (x, A)=Af (x, A). (4)

DTOMY ypaBHEHHIO Mbl HMKAaKOil GYHKIHEH B COGCTBEHHOM CMBIC/IE
C/10Ba yIOBJIETBOPHTL He MOXEM, TaK KaK NPHLLIOCH Gbl MPeAnoJo-
JKHTb, 4TO f(x, A) paBHO HYJIO TNIpH BceX 3HAYEHHAX X, KpoMe
x=A. BMecto ypapHenns (4) paccMoTpuM HHTETpaJ OT Hero, B3g-
Thifl (opMasibHO) 1O A

A A
x S Fx, A)dh = S Af (x, A)dA. (5)
TTonoxum 3gech b . "
S Fx, Aydh=F(x, ) (6)
Ag

u Hanuwewm (5) B Buge
A
P SdAF (x, A) =

Ay

>

AdyF (x, A), (7}

0

Cany

>

TA€ MHTerpas cJaelyeT NOHHMAaTh B cmbicae CruiabTheca. Idtomy
YPaBHEHHIO MOXKHO YIOBJETBOPHTb, IOJOXKHB

F(x, A):l’ k>x,}

F(x, A)=0, A<ux. ®)

B camoMm jene, Bce mpupauieHus
AF (x, A;)=F(x, A;y1) — F(x, Ay)

OYAYT DaBHE HYJIO, KPOME OLHOIO, KOTODOE pPaBHO eLWHHIE H
COOTBETCTBYET TeM 3HaUYeHHAM A; H A;y;, KOTODHE YLOBJIETBOPHIOT

HeépaBeHCTBaAM
A;’ < X < Ai,}.].

Ilpn GeckoHeyHOM ApOGIEHMH NPOMEXYTKA 3TO A; NPHOAUIKAETCSH
K X, 1 B IIpefiesie BHINOJIHsIETCA ypaBHeHue (7).

TakuM o6pasom, co6erBerHast GyHkuus f(x, A) onepatopa yMHO-
2KEHHST HA HETIPEpPBLIBHYIO HE3aBUCHMYIO NlepeMeHHYIO He CYLIeCTBYET,
HO cymecTByer ¢yHKuusi F(x, A), COOTBETCTBYIOUIAS HHTErpajdy OT

[ (x, 1), B3aTomy no nmapamerpy A.
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Ecnn HesaBucuMasi nepeMeHHas X NpepbiBHA H NPHHHMAET psn
3HauyeHHH
X1y Xoy cony Xpy o0y

TO ypaBHeHHe (4), KOTOpPOe Mbl HANHLIEM B BHAE COBOKYIHOCTH
ypaBHEHHUH

Xof (X4, A)=Af (x,, A) n=1,2,...), 9

HMeeT pemieHue B OOBIYHOM CMBIC/ie. B caMoM fene, MOJIOKHM
[(xy A)y=1, ecau A=x,,

f(x,, A)==0, ecan A=~ x,. } (10)

Ypaenenue (9), oueBHIHO, yroBJeTBOpHTCA. COGCTBEHHEIMH 3HAye-
HHSIMH OYZYT 34eCh, OUEBH/HO,

Ay = Xy, (11
a COGCTBEHHBIMH QYHKUHUSAMH GYAyT
f(xm xm) = Opm. (10*)

§ 7. OpTOroHaABHOCTL W HOPMHPOBKA COGCTBEHHBIX DyHxuui

Paccmotpum onepatop, o6.1afaoluii TOYedHbIM CIEKTPOM, H BEI-
N{IeM ypaBHeHust st cOGCTBeHHbIX (yHKuu# [, u [n, coorser-
CTBYIOWIHX JBYM Pa3/IMUHLIM COGCTBEHHBIM 3aYECHHSIM Ay H Am

Lim=dmfm, Lfy==Apfn. (D
Tlo ompenmesennio caMOCONpSIKEHHOCTH ONEpaToOpa HMeeM
{ UaLin — (IF) Ful dv=0. (2)
ITosbaysce ypasuenusmu (1), mosyuaem orciona
(b = Aa) § Tl dv =0, 3)

Tax kak 1O IPENNONOKEHHIO A, 5= A,, TO OTCIOAA CAeyIoT

Ffmdr=0 (v m). (4)

OTO CBOHCTBO HA3HBAIOT OPTOTOHAJAbBHOCTHIO. Takum 06-
PasoM, cobcTeennble (DYHKYUL, OTHOCAWUECS K PA3AU4HBIM COO-
LTBEHHbLM 3HAYEHUAM Oneparopa, 06.4a0ar0T C80LCTEOM OPTO20HAND-
HOCTU.

Tax kak coGcTBeHHble GYHKUMH ONEpaTopa YAOBJIETBOPSAIOT O A-
HODONAHOMY YpaBHEHHIO, TO, GYAYUYH YMHOXEHHBIMH Ha npous-
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BOJIbHBIA MHOXHTe/b, OHU OYAyT TaKMkKe eMy YIOBJETBOPsThH. JTOT
MHOXHTEeNb MOXKHO BbIOpAThb TaK, YTOOB! BHINOJIHSAJIOCH PAaBEHCTBO

{Fufpae=1. (5)

Taxoii BoIGOp MHOXHKTENs Ha3LIBAeTCI HOPM U P O BK O 1, a camble
GbyHKIMM, YAOBAETBOpsAOIKE ycinoBuio (5), HA3LIBAIOTCS HO P M H-
poBaHHBN MU HopMUPOBOUHBII MHOMHTENb OCTAETCS HE BIIOJHE
; :
onpeleJeHHbM, TaK KaK €CJAH 3aMeHuTh [, Ha [,=e'""f,, rie o,
. ; a

BEIeCTBEHHO, TO f, 3aMeHHTC Ba f[,=e '"nf, u ycmoBue (5)
OyZeT Nno-1pexHeMy BBIIOMHATLCS.

CBOIiCTBA OPTOrOHaJNbHOCTH H HOPMHPOBKH MOXHO 3allHCaTh
B BHIE OJHOH HOpMybl

{Fufim 47 = B0 (6)

CoO6CTBEHHOMY 3HAYEHHIO ONEparopa MOXKET COOTBETCTBOBATDH
au6o onHa, Jub0 HECKOAbKO COOCTBEHHBIX (YHKUME, a HMEHHO,
CTOJIbKO, CKOJIBKO JIMHEHHO-HE3aBHCHMBIX DELIEHHH uMeeTr AJd LaH-
HOIO A = A, ypaBHEHHE

Lf = Anf.

Uucno pemenuit (0603HaunM ero 4epe3 §) MOXKET 3aBUCETb OT AH.
ITycTb 3T pewenus 6yayT

fnl’ fn?v AELICE ] fns- (7)
Toraa, oueBuAHO, A100as AuHelHAas KOMOHHALUNA HX
fn=alfnl+a2jn2+ +asfns (8)

GydeT TOXKe peuleHHeM 3TOro ypaBHeHus. @yHkuuu (7) MOryT u He
GbiTh OPTOTOHAJbHBIMH APYr K ADPYTY, HO MBI HX BCErJa MOXeM 3a-
MEHUTb TAKHMH JAMHEHHBIMH KOMOHHalmsAMu BuLa (8), KoTopbie
6bliin Obl OPTOrOHAMNBHBI, 8 TaKXkKe W HOPMHpPOBaHHL. [IpeamonoxuM,
YTO 3TO y¥Ke€ CHNaHO: TOTAA fn H fnx OYAYT AJAA 7 = m YyHOBJE-
TBOPSITb YCJIOBHIO

anlfnkdr:élk (l: k=11 21 L) S)' (9)

Unorna yno6Ho 0603HayaTh BCIO COBOKYNHOCTb QyHKuui (7) onHuM
cuMBosoM fn. Toraa yciaosue (9) MOXKHO MO-TIpeXKHEMY 3alUCHIBATD
B Buae (D), npuueM Noj oO6eHMH YacTIMHM PaBeHCTBA HYXKHO pasy-
MeTb MaTPHIIEl ¢ saeMeHTaMu (9).

Ycaosue (9) ne BnosHe onpegensier BeiGop ¢yHkuuit fn. B ca-
MOM JIeJIe, eCJIH MBI TTOJIOXKHUM

ﬂtk = I; aklfnh (10)
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TAE G, YLOBJIETBOPSIOT yPaBHEHHSM
S
Zl Qpi0; == Opy, (11)
i=

TO ycnosua (9) OyAyT No-TpexHEMY BHIIOAHATbCS. MaTpuua A
C SJIEMEHTAMH i, YAOBJAETBOPSIIOWMMHE ycaoBusiM (11), HaseiBaercs,
KaK Mbl 3HaeM, YHHTapHo# Tem xe uMmMeHeM HasblBaercsl noji-
CTaHOBKA, NPOH3BeNeHHAs IOCPEACTBOM YHHTAPHOH MaTpHIbl. IloJb-
3yACb 5THM TEPMHHOM, Mbl MOXKEM CKa3aTb, YTO B CJAy4yae KPATHOIO
COGCTBEHHOTO 3HAUEHHS COGCTBeHHble MYHKIHH ONPENeNeHb ¢ TOu-
HOCTbIO 10 YHUTAPHOH NOJACTAHOBKH.

Paccmorpum Tenepn onepatop, o6nanaromuil CrOWHbBM CIEKT-
pom. Hanuwewm ypasnenue /st coGCTBEHHBIX QYHKIHI

Lf(x, 2)=2f (x, 3) (12)

¥ BO3bMEM HHTerpaj or obeux gacreil 1o A crepsa 1o y4acTKy OT A
R0 Ay + Aih, a 3aTeM MO y4acTKy OT Ag 10 Ag -+ Agh. IMonaras, kax
STO MBI [eJNaJjiH MPH paccMOTpeHnu uHTerpa’ia CTu/bTbeca,

A

Fx, A) = S f(x, A) dA, (13)

HOJMYYUM }: .
LISF( D= | adF (x, 2) (14)

Ay

1 Ayt Aoh
L[AF (x, M)] = S Ad,F (x, A), (14%)

A,
e MBI NOJIOKHJH ISt KPATKOCTH
AF (X, A)=F (%, he + B M) — F(x, &)  (k=1,2). (15)

Benuuunet ApF HasviBaloTcst COGCTBEHHHMH UG bepeH-
nuangaMu PaccMatpuBaeMble Kak (YHKUHH OT X COGCTBEHHbLIC
nnddepenuuanst GymyT o6Jazatb HHTETPHPYEMEIM KBaJpaTom,
TOr[la Kak caMble GyHKLHH (X, A) UM He o6aanaor.

Yuuoxum ypaBHenne (14) ma AgF, a ypaBHenwe, CONpsKeHHOe
¢ (14*), ma A\F, BbYTEM WX APYr M3 Apyra u IPOHHTETPUPYEM,
CiieBa Mbl NIOJTyYuM HyJIb, @ CMpaBa

Azt Agh Ayt A
for § § 0—waFeware n=0 @6
Ay Ay
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DTo ypaBHeHuUe cnpaBeaanBO 1S KaKHX YrOAHO 3HaueHHul Ay, Ag, AjA
u Agh. Ilpeanonoxkum TENEPb, 4TO MPOMEXKYTKH AL H Agh paszge-
JICHL KOHEYHBLIM HHTEPBAJNOM, H GYAEM CUHTATh HX GecKoHeuHO Ma-
AbIMH. C TOYHOCTBIO 10 GECKOHEUHO Masibix MBI MOXEM 3aMeHHTh
TOrlla pasHOCTb A — u Ha Ay — Ay, Tak Kak 5Ta BeanunHa OTJHYHA
OT HyJIs1, Mbl MOXKEM Ha Hee COKPaTHTb K HOJYYHM

SAQFAlet=O. (17)

Takum o6pasom, cobcrgennsie Ouppgpepenyuane, cooTeercT8yOWUe
PA3AULHbIML npOMENYTKAM, 06.4a0a10T CB8OLCTEOM OPTOZOHANLHOCTU,

[Ipeanomoxum Teneps, uyro yyacTtku Ay u Ay coBmamamor, n pac-
CMOTDUM HHTErpalg

J= SA’F‘AFdr. (18)

BriGepem npoussosbho aBa umciaa AL ¥ A2 TaK, 9TOGLI yuacTok Je-
KaJsl BHYTPH NIPOMEKYTKA A H Ag, T. €.

M <A<AH+AL<A,

B cuny oproronansmocts co6ersenmbix auddepeniuanos, orHocs-
IIMXCS K PA3IHYHBIM NPOMEXYTKAM, BeJHYUHA HHTerpana J He us-
MEHHUTCS, €CJIn Mbl IPHOABHM K HEMY BHIpaXKeHHe

Ay

SA_F'(SAf(x, A)dk)dr—l— SAF( S Fx, A)dh)dr.

A A+ A
CrenoBaresnHo, HHTErpajs paseH

J—= S AF [F (x, &) — F (x, A,)] dv. (19)

Orciona BuaHO, 4TO uHTerpan J Gymer mepBoro mopsika MamocT
OTHOCHTE/IbHO AA, a He BTOPOrO, KakK 5TO MOMKHO GbuTO nymarb. Ero
MOXKHO HODMHPOBATbL TaK, YTOGH GLIJIO

L1 2 1
A];TO MSIAFldT I. (20)

B sTom u cocrout o6niunoe yciaosne HOPMHPOBKH AJNA CIVIOHIHOTO
crnextpa. OHO BEIMOAHsETCH, Hanpumep, ynkuuelr F(x, A), paccmo-
TpeHHOH B § 6.

§ 8. Pasnoxenne no co6cTBeHHBIM dyHKuUHgM.
3aMKHYTOCTb CHCTEMbI (yHKLMiA

Pacemorpum co6erBennbie byunkunn

fa(®)=F(x, &,) (1)
ONEPAaTOpa C TOYEYHBIM CHEKTPOM: MBI NPENNOJOKHM HX HOPMHpO-
BanuLMA. IIycts [(x) ects npoussoabnas bynkuus ¢ unTerpHpye-
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MbIM KBajpaTtoM. Ilocrapaemcs passoXuTh ee B psif Mo QYHKUUAM

fn(x). JLns 9TOTO MOMOKHM
n

F()= X, auls (x) + Ry (2). 2)
CyMma npesacraBaser co6off nepBble 7 UJIEHOB pa3/iOXKeHHS,
a R, (x)— ocrarok. Koadpdumuenrs a, 6yneM BLGHpaTh TaK, 4yTOBH
HOJIYYUTb BO3MOXKHO MEHbUIYIO NMOTPEMIHOCTb, NPUYEM 3a Mepy Mo-
TPEIIHOCTH NPUMEM HHTErpaJ .

0n = {1 Ry (x) Pdlx, (3)
KOTOpPHI paBeH \
pn={|F () = Y afi ()| d. (4)
k=0

OTOT HHTerpaj MNpeACTaBJsieT KBAAPATHYHYIO (YHKHHIO OTHOCH-
TEJIbHO HEU3BECTHHIX ay. Mbl 6yleM HCKATb MUHUMYM 3TOH QyHKLHHY,
AJ1 4ero MpUPaBHAEM HYJIO NPOU3BOJHLIE OT Hee N0 di. MBI umeeM,
B CHJIy OPTOTOHAJbHOCTH COOGCTBEHHBIX QYHKIHN,

n

9n=Slf(X)I2dx—Zak Sf(x)fk(x)dx—

k=0

— Z ar S ) Fe(x)dx + Z arap. (5}

R==0 =0

Jlerko yb6eauTncs, 4To Mbl MoxKeM RuddepeHUUpOBATL MO @ H Qp,
Kak ecau Obl 570 ObIM He3aBHCHMblE NepeMeHHble. [1pHpaBHHBAS
HYJIIO TNPOU3BOAHYIO O @, MOJYUMM CJelyIOllee BhIpaxeHHe N
Kos(h(dulHeHTa pa3/IoXKEeHU Qp:

ae = {2 (0 f () dx. (6)

C 3TuM 3HAYEHHEM ap BbIpaXKeHue LJisl CpeIHero KBajparta norpeui-
HOCTH pp, HAITHHIETCA

pn=Slf(x)I2dx——Zlaklz. (7)
k=0

Tak Kax BeJIHUHHA Py 110 ONpPENENEHHIO He MOXKET OBITh OTPHLATENb-
HOM, TO Z/18 BCAKOTO 7 MBI HIM€EM HepaBeHCTBO

n

SlaP< {17 eax. @®)

k=0
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Ecan nna Besikoit dymkuun [(x) ¢ uHTerpupyempim KBajJparom
B [IpeJleJie HMEET MECTO PaBEHCTBO

lim p, =0 9)
n=»oo
HJIH, YTO TO XKe,
X lab= {1t pay, (10)

k=0

TO cucreMa QyHKIUE f(X) HasbBaercs 3aMKHyTO#i Hasanue
9TO IIPOMCXOAHT OT TOTO, YTO TOTAA HeJab3s] HAHTH TAKON DyHK-
unn f(x), xotopas 6biia 6bl OpPTOrOHAJIHOH KO BCeM (GYHKUHSIM
fr(x). B camom ReJe, L1 TakOH (GYHKLUHUH Bce ap, a cJedoBaTeabHO

H UHTErpalg Slf(x) Pdx, Gbumn 6ur paBHEL HyaI0, a 5TO BO3MOKHO

TOMDKO, ecin caMa QYHKUMs f(X) paBHA HyJI0 (328 MCKIIOYEHHEM
pasBe OTAE/IbHBIX TOYEK).

Pagencrso (9) osmauaer, uto B TIpeJiesIe OCTaTOUHBIA u1eH R, (x)
obpalaercs B HyJb (KpoMe, MOXKET ObITb, OTAENBHBIX TOUEK), TaK
UTO MMEET MeCTO pas/IokKeHHE B PAL,

o0

)= 2, aufa (x). (11)
Ecan apyras dynkuns g (x) pasnarae%cx B pAk
g(x)= X bufn (x), (12)
TO HMEET MECTO PaBEHCTBO
{fwewa=Y as, (13)
n=0

npeAcrasJsionee co6oii o6obimerne Gpopmyib 3aMKHYTOCTH.

B maremaruke mokaselBaercs mist OIIEpaTOPOB BeCbMa OGIIEro
BH/, 4TO COBOKYNHOCTb COGCTEEHHbIX (hynKyul npedcrasiser aamk-
HYTYIO cucremy.

Ecau cobcrBennbie 3HaueHus oneparopa KpaTHbIE, TO B pasJjo-
KCHHUH

oo

f(x)=zanfn(x) (11)

n==0
KaxJIblH ujeH
Anfr (%)

HYXXHO 3aMCHHUTb CYMMOH uYJeHOB

Anifa1 (%) + Unafna (X) + .0 + Ausfos (%), (14
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rie .

Apy == anl (x) ] (x) dx. (15)

B cayuae cmiomHoro cmektpa elenssie Ha 4/AA COGCTBEHHbIE
IuddepeHInabl
1
Wiy (x, &) (16)
00/71a71al0T BCEMH CBOHCTBAMH ODTOTOHANBLHOH H BOPMHPOBAHHOM

cucremsl OyHKnui. IToaTOMy MBI MOMKeM HamHCaTh pas3iOKEHHe
B BHJe

FO=Ta® i AR, ), (17)
e
a(h)= —-1/1;_)»—8 AF (x, A)f(x)dx (18)
HJIM, mocje mepexofa K mpeneay Ai—0,
T ={cmar i a, (19)
e
c0)= lim o= { AF (e, )F (o) a (20)

B HexoToOpHIX cayuasx 3TH (hopMyJibl MOKHO 3aMeHHTh GoJiee npo-
CTBIMU ’

to={caiw na,

'|
i ¢ (21)
c(A)= Sf(x, A)f(x)dx. Jl
OtH (GOPMyJIbl MPENCTABJSIOT PasiokKeHHe B MHTETPaJ, AHAJOTHU-
ublit uHTerpany @ypee (Fourier), KoTOpHIH mpeicTaBasieT HX Ha-
CTHBIL cJayyai.

Hast cntowHoro cnexktpa GopMysia 3aMKHYTOCTH HAMHIIETCS

{irerar=S1corpa, (2

nin ecau b(A) ectb «ko3hOUIHMEHT pasoXKeHHs» Npyroi GyHK-
uun g(x) (amamorwmunnlit ¢(A) pas f(x)), To

i ar={emom an (23)

Ecnu onepartop mMeer, KpoMe TOYEYHOTO, CIVIOMIHOf CHEKTp, TO
B pas/IOXKEHHE 110 ero COGCTBEHHBIM QYHKUHAM, a TakKe B HopMy.y
3aMKHYTOCTH OyIeT BXOAHTb KPOME CYMMbI €Lle H HHTerpais,



I'nasalll

PU3BUUYECKOE 3HAYEHUE ONEPATOPOB

§ 1. TonkoBanne coGcTBenHbiX 3HAueRM oneparopa

B Hauase npepsiaymeii raasur Ml YKasplBa/H, 94TO B KBaHTOBOIT
MEXAaHHKE OIEPATOPHl CONOCTABJASIOTC (DH3HUECKHM BEJHYHHAM.
Bruisicuum 3zech, B ueM coctouT 510 comnocrasiaeHne. Ml Bunesn, uto
Kax[Iplil onepatop o6aagaer ONpENCICHHBIMH COOCTBEHHBIMH 3HAaye-
HUSIMH H COGCTBEHHBIMH QYHKIUSIMH, H HaM [PENCTOUT Telephb BHI-
SICHUTb (QH3HUYECKUIl CMBICA 3THX MaTeMaTHYECKHX TOHATUH. Mbpt
Ha4YHEM C TOJKOBAHHSI COOCTBEHHBIX-3HAYEHUH KAK [OHATHS Bosee
TIPOCTOrO, W MPUMEM CJIEAYIOLLYIO [HIOTe3y.

Cobcreennsie snauenus Oneparopa, COnOCTABALECMO20 OaHHOL
MEXQHU4ECKOU ‘BenUuUne, CYTo Te 3HAYeHus, KOTOpole Mmoxcer npu-
HATbL 3TQ BeAUMURA 8 YCA0BUAX, CO30aBaemblx ece usmeperuen.

Heo6xonumo noguepkuyts, uro OroBopKa, Kacawuascs ycaosuii,
TIpH KOTODBIX BEJMYMHA NPUHUMAET LAaHHBlE 3HAYEHUS, SBJSETCS cy-
Inectsennoit. Ilpu uamepenun apyron BEJIMYHHBI, OTHOCSILLEHCS He
K TOII e caMoii rpynne (cM. ra. I), uto u nannas, cosnaotes HoBbe
YC/IOBHA, B KOTODPBIX NaHHAS BEJUYMHA MOXKET He UMETh oIpejesen-
Horo sHaveHus. Ho usmepsin mamnyio BEJIHYHNHY, MBI CO3aeM TakKpe
YCJIOBHS ONBITA, YTO B Pe3y/bTaTe U3MEPEHHS LOIKHO 0053aTeIbHO
NOMTYYHTBCA ONHO H3 COOCTBEHHLBIX 3HAUGHHII ee onepartopa. Ykasau-
HOE TOJKOBAHHE MBI MOXEM (OpMYJIHPOBATH KOpoue CIAenyrLium
00pas3oM: coGCTBEHHbIE 3HAYEHHS onepatopa CyTb COGCTBEHHbIE 3Ha-
HYEHHUST COOTBETCTBYIOLEH (PUIHUYECKON BEJHYHHDL,

Otcrona BhITeKaer cuenyoliee OTpaHHYeHHE, KOTODPOE HOJKHO
ObITh HaJMOXKEHO HAa BUJ Olieparopa IJs BELIECTBEHHOH (Du3uuecKoil
BeJanuuHbl. Taxk Kak Bce HaGJIONAEMBble 3HAYEHHS TAKO BeJHYUHLI
BELCCTBEHHEI, TO €€ ONEPATOP AOJNKEH HMETb TOJIbKO BELIECTBEHHbIE
COGCTBEHHBIE 3HauyeHHsl, CJICN0BATENbHO, OH HOMXKEH GbiTh CaAMOCO-
NPSAKEHHBIM,

Beuwjecrserinan ¢usuueckas sesuuuna onucvieaerca camoconpsa-
HCEHHOIM AUHELHbIM OnepaToponm.
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Mpr 3HA€M, 4YTO OmnepaTop MOXKET HUMETh Kak TO'{e‘IHbII’I, TaK d
CNJIOWHOH CHEKTpP; NO3TOMY IIOCPEACTBOM ONEPaToOpoOB MOTYT OMNHCKI-
BaTbCA BEJHYHHDBI, NMPDHHHMAUIHE KaK OTAeJbHbIe 3HauyeHusd, TaK #u
3Ha4eHHs1 B HEKOTOPOM CIJIOLIHOM NpOMEXYyTKe. o 3TOMYy noBOAY
3aMeTHM, 4YTO CTapasl KBAHTOBAd MeXaHUKa MOIJa (I)OpMyJII/IpOBaTb
«KBAHTOBbIE€ YCJOBUA» JIHIIb JAS BEJIHYHH, MEHAKINHNXCS CKayKaMH,
#i COBEDIUEHHO He oOXBaThiBaJa Cllydass HENPEpbIBHO MEHSIOUIHXCHA
BCJIUYUH.

§ 2. Cko6xu Ilyaccona

BosHukaer Temepb Bompoc: Kak HafiTh omepaTtop Mis AaHHOI
hU3MYECKOH BENHYHHBI? 3Jech MOTYT CAYXKHTb IBE pyKoBoasne
uied. Bo-nepBhiX, cNeKTp COBCTBEHHBIX 3HAYEHHIT oneparopa a0J-
2KEH COBMAAATb C COBOKYIHOCTbIO HaBJ/I0JaeMbIX 3HaueHuil Gpuanye-
CKOH BesuuuHbl. BO-BTOPHIX, COOTHOWIEHHS MeXay onepaTtopaMu
JOJIXKHBL NPABHJbLHO NEPENaBATh COOTHOUIEHHSI MEXAY PHIHYECKHMH
BennunHaMu. CyuUlecTBEHHYIO POJb B CONOCTABJECHHH OTIepaTopoB
$u3HyeCKUM BeMTHYHHAM MIPAET aHAJOTUS C KAACCHYECKON MexaHu-
Koit. OnHako 3TOf aHaJorvell HyXHO MOJB30BATLCA C OCTOPOXKHO-
CTbIO, TAK KaK OHZ MOXKET 0Ka3aThCsl He NOJHON.

B k/iaccuueckofi MeXaHHKe MeXaHHYecKas CHCTEMA MOMKET GbiTb
OnuCaHa MpH NOMOIIK TaK HAa3bIBA€MbIX KAHOHHYECKUX MepeMeHHbIX,
T. €. 000CUIEHHBIX KOOPAHHAT g1, G, ..., Jn H OGOGIIEHHBIX MOMEH-
TOB P1, P2, -.., Pn. ONpeliesieHne NMOHATHA «KAHOHUYECKOI comps-
HEHHOCTH» KOODAHHAT H MOMEHTOB MOXKET ObiTh CHeNaHO NpH Io-
MOLIK TdK HasblBaeMbIX CKoGoK [lyaccona. Hanomuum onpenesnenne
ckoGok Ilyaccona. Knaccuyeckue ypaBHenuss [aMuabToHa (Hamil-
ton) umeroT BUJ

dq, oH  dp, oH
dt ~ op, ' Tt 7 Toq, (k=12 ..., ). M
Tlyers F ectb HekoTOpasi (yHKUMS OT KOODAMHAT, MOMEHTOB H
BpeMeHH
F=F(qli"-’ Gns P1s +«ey Py t) (2)
CocTaBuM NOJHYIO NPOM3BOAHYIO OT Hee IO BpeMEHH
dF  oF &/ OF dq oF dp
ar __or k k
dt_6t+2(qu dt +6pk dt ) 3)
k=1
dqr . dpp

Ecnn MBI DOZCTAaBHM cCIONAa BMECTO <t B ~;;, UX BHIDAXKEHHS U3
ypasHeHnd [aMHJIBTOHA, MBI MOJyYHM ’

dF aF
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rZe cuMmBoJoM [H, F] o6o3HaueHo BhIpaxeHHe
SN COH OF  OH oF
1, F1=} (55 55 = Sim o) (5)
k=1

KOTOpo¢ H HasbBaeTcsl ckoOkamu [lyaccona ans Beawuun H u F.
Ananoruuno onpenensioTcss ckoGKu [lyaccona anst n06oi naper pe-

anuul F u G;
oF 0aG oF 090G
F, G]= _— ), 6
[ ] ;(apk 9q,, 09, apk) ®)

OcHosHoe cBoiicTBO cko6ok ITyaccona cocTout B HHBAaPHAHTHOCTH
HX OTHOCHTE/NBHO JI0GOT0 Npeo6pasoBaHusl NMEPEMEHHBIX pp U Gh,
OCTABJIIOIIET0 HEH3MEHHBIM BHA ['aMHJIbTOHOBHIX ypaBHeHH# (Tak
Ha3bIBAEMOro KacaresbHOro npeobpasoBaHus). KpoMe toro, cko6Ku
[Tyaccona o6nanaiot caeayoimumMu cBOACTBAMH, KOTOpbIE JIETKO BhI-
BOJSITCA U3 HX ONpeJeseHHs:

[F, c] =0, (8)
TAe ¢ €CTb NMOCTOSIHHAS, He 3aBHUCAIIAS OT P M OT Qg
Hanee .
[Fi+ Fy, Gl=[F,, G] +[F,, G, (9)
[F\Fy, G]l= F\[F,, G]+[F,, G]F,. (10)
Hakownern, uMeer MecTo TOXIECTBO
[F, [G, L] +1G, [L, FII+IL, [F, G]]=0. (11)
Jast 0606IIeHHBIX KOOPAMHAT H MOMEHTOB CKOGKU ITyaccona
PaBHEI
[qk: ql] =01 [p/z: pl] =0: [pk: ql] =6kl' (12)

OTu NoC/JefHHE PABEHCTBA W MOTYT CJAYMKHTh ONpefeeHHeM Ka-
HOHHYECKOH CONPSI)KEHHOCTH KOOPAHHAT H MOMEHTOB B KJACCHYECKON
MeXaHHKe.

Kax mbl yxe oTmeTHis, cooTHowenus, GOpMyJaHpOBaHHbIE npu
nomomHu cko6ok [lyaccoHa (nanpuMep, Bhlpa’keHwe Oast MOJHOI
MPOM3BOJIHOH 1O BPEMEHH), HEe 3aBHCAT OT BHIGOPA OGOGLIEHHBIX KO-
OpAHHAT W MOMEHTOB. B BHIy 3TOro MOXHO OXHZATb, YTO, moO-
CKOJIbKY MMEETCSl aHAJOTHA MEeXIY KJIacCHUeCKOH U KBAHTOBON Me-
XaHUKOH, TO W B 3TOH MOCJHEAHEH IOJKHO CYIeCTBOBATb TIOHSATHE,
aHaJIOTHYHOe KjaccuyeckuM ckobkam [lyaccona.

Bun stux xBaHTOBHIX cKoGOK [lyaccona Geut Haiizen Hupakom
(Dirac) Ha ocHoBaHuu Hauasia cooTBercTBus Bopa, IpHYEeM HCXOX-
HOH TOYKOH C/IYXKHJIA Kiaccuyeckas ¢opmyna (6). Mu npHuBefeM
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37leCb APYrofl BHIBOA, TaKXKe NpuHagiexaumuii Jupaxy M OCHOBaH-
HBlI Ha NPEeANOJNOXKeHHH, YTO KBaHTOBble cKOGKM [lyaccoHa mas Jo-
OblX HEKOMMYTaTHBHLIX ONIEPaTOPOB NOKHH 06Ja1aTh BCEMH CBOl-
crBaMu (7)—(11).

Brinuwem gopmyay (10) u anamoruunyio dopmysay, noayyaemyio
n3 Hee nyreMm 3ameHnl O6ykB Fy u Fy Ha Gy u Gg, u G Ha F u wuc-
noJib30BaHus ceofictea (7).

[F1F2, G]=F1 [F2, G]+[F11 G]Fz» (10)
[F» GIG2]=GI [F, Gz] + [F» GI]G2- (10*)

Mpr 6ynem cuuraTh sfech F u G HEKOMMYTAaTHBHBLIMH OIlEpaTo-
paMu, TaK 4To nopsaok muoxkurenedl B (10) ne Oyner GespasinueH.
Mbl mpeAnosioxXuM, 4To MOPSANOK MHOXKHUTENEH BHIGPAH HMEHHO Tak,
Kak HanucaHo B ¢popmyse (10). DTo MOKHO MOTHBHUPOBATDH CJELYIO-
wum obpasoM. Ecnin G = H, to dopmyna (10) coorercrsyer, 1o
KpailHe# Mepe B KJaaccuyecKol MexaHuKe, npaBuay AndepeHunpo-
BaHus npoussefenns F Fy no Bpemenu. Mwmes ke meso ¢ HeKOM-
MYTa&TUBHBIMY ON€patopamu, Heo6xoxumo npu auddepeHunposanu
COXpaHfATh NOPSANOK MHOXKHTENeH, KaK 3TO U NPUHATO B GopMmyJe
(10), rne F Bcerna crout caeBa ot Fo.

[Tonoxum B (10) G = GG,. Tpumenss (10*), moxem dop-
myay (10) ranucate B Bule

[FIFQ’ 0102]=F101 [F2, Gz] + F, [F2, GI]G2+
+ G, [F,, G| Fy+[F,, G]]GoF,.  (13)

C npyroit croponst, nomoxum B (10*) F = FiFy u npumenum (10).
Mul 6yzem umersb

[Fsz, 0102]=61F1 [Fm Gz]‘l'Gx [FI, G2]F2+
+ Fi{F,, G]Gy+[F,, G|] F.G,y. (13%)

Mer noayuunn aaa omHoro u rtoro ke onepatopa [FiFs, GG
ZBa PAa3JHYHBIX BBIPAXKEHHS, KOTOPHIE NOMMKHBI DaBHATLCS APYT
ApYTy TOXIECTBEHHO, T.e. NIpu Jio6oM Buie onepatopos F u G.
TlpupaBuuBas ux, noayvaem

(F\G, —'GIFI)[F2’ Gz] =[F1» GI](FZG2 — GyF,). (14)

ITO BhIpaxeHHe GYNET TOXKIECTBOM TOJNBKO B TOM caydae, ecau
Aasi MOGHX ABYX OEPaTopoB

[F, G)=c(FG — GF), (15)
TZE ¢ eCTb omeparop, KOMMYTHPYIOWHI ¢ MIOGHIM IPYTUM oNepaTo-
pom. Ho atum cBofictBoM obmanaer auuib ONEPATOP YMHOXEHHs Ha
nocrosHHyw. CllefloBaTe/ibHO, ¢ eCTb MOCTOSHHAfA. JIerko BHAETh,
UTO 3Ta NOCTOSSHHAst JOJKHa OBITh YUCTO MHHMOI. B caMowm neJge,
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MBI JIOJIXHBI NIOTpeGOBaThb, yTOOb CKOOKH IlyaccoHa or aByx Belie-
CTBEHHBIX BeJHUYUH ObaM BemecTsennul. CaenosarteanbHo, ecau F u G
CaMOCONpPsXKEeHHBl, TO # [F, G] KOMIKHO GHITH CAMOCONPSMKEHHBIM.
Ho mer umeem [em. dpopmyay (8) § 4 ra. 11}

[F, GI* =& (G*F* — F*G") = — ¢ (FG — GF). (15%
Yro6mr (15*) coBnamano ¢ (15), Heo6X0auMo, YTOGL & = — ¢, OT-
Kyna .
o= (16)
rae h semecteenHo. Takum oGpasom,
[F, Gl=%(FG — GF). (17)

IlokaxeM, 4TO 9T0 BHIpaXKeHHE YIOB/IETBOPSET BCEM YCJIOBUAM
(7)—(11). Cupasemusoctb paBencts (7), (8), (9) oueBumna. Ja-
Jee, uMeeM

# (FFSG — GF\Fo) = 4, F\(FyG — GFy)) + -5 (F,G — GF)) F,,

T. e. paBeHcrBo (10). Haxonen, gns nokasateancrsa (11) pocra-
TOYHO B OYEBHIHOM TOXKAECTBE

FGL+ GLF 4 LFG+ LGF 4 FLG + GFL —
— FGL —GLF —LFG - LGF — FLG —GFL =0

CrpynnupoBaTh Haljaexawum o6pa3om uieHbl. Takum o06pasow,.
MOXHO CUHTaTb ILOKa3aHHbIM, 4TO KBaHTOBble CKoGkH I[lyaccona
umeloT Buf (17). Ocraercs onpenenntb BEUECTBEHHYIO MOCTOSIH-
nyio A’. Uro6s ckobxu Ilyaccona nmend npaBHAbHYIO pasMepHOCTb,
Heo6X0AUuMO, UTOGH A’ UMeNo pasMepHoCTb AeficTust. UTo6b HafiTh
YHCIEHHOe 3HAueHHe A/, MOXKHO GBIIO Gbl OCTABJSA €ro Heompene-
JIEHHDBIM, NOCTDOHTb HYXKHBIE ONEpPaToOpbl H 3aTeM NOAYYATL A’ U3
CPABHEHUS TEOPHHU C OIILITOM, HallpUMep, U3 CPABHEHHA COGCTBEHHLIX
3HAYEHHIl OniepaTopa SHEPrHyu C SKCNEePUMEHTANbHO HAGJIOLEHHbIMH
YPOBHsiMH 3Hepruu. Ilpu 3ToM moayunsoch Gbl

Wo=h=g-, h=6,624-10"" ape- cer, (18)

11
rie h ectb nocroasnas [lnanka. Mel 6yaem ¢ caMoro HayaJa pasy-
MeThb noA A’ aTy BeJauuHHY.

3HaHHe KBaHTOBBIX CK0GOK [lyaccoHa mo3BoasieT HCIOMb30BATD
UMEIOMIYIOCS AHANOTHI0 MeXIYy KJ1aCCHUeCKOH W KBAHTOBOH MeXaHij-
KOH IJIsl yCTAHOBJIEHUS Buia KBAHTOBbIX onepaTopos. O TOM, B Ka-
KOl Mepe 9Ta aHa/orus NeHCTBUTENIBHO HMEET MECTO, MOXHO GyRer
CYAHTb, CPAaBHUBAS TEOPHIO C ONLITOM.
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§ 3. Onepatopsl nJs KOOPAHHAT M MOMEHTOB

Bun oneparopa mis nanHo#i duanyecKoll BeJHUMHBI 3aBHCHT OT
BbIOOpA HE3ABHCHMbIX NEPEMEHHBIX B (QYHKLHUAX, K KOTOPHIM OH
npuvenserca. Ilpu sTom omepatop nas HesaBHCHMOH NepeMeHHOH
€CTb BCETa YMHOXEHHE Ha 3Ty IepeMeHHYI0. DTO BHITEKAET U3 Tpe-
0oBaHusi, 4TOGbl COGCTBEHHBLIE 3HAYEHHS JIOGOKH thusnyeckoil Besau-
YHHDBL COBNAjalH ¢ COGCTBEHHbIMH 3HAYEHHSIMH €€ olepaTopa (CM.
§ 6 npeabiayuiel raaBh). _

Hanpuwmep, ecin B crucTeMe ¢ OHOH CTENEHbIO CBOGOML 32 HE3a-
BACHMYIO NEPEMEHHYIO B3fiTa KOODAMHATA X TakK, YTO ONEPATOpbl
JIEHCTBYIOT Ha (YHKLAM OT X, TO ONEPATOpPOM HJs KOOPIHHATHI
Oyner ymHOKeHue Ha X. Ecim 6bl MBI BMeCTO KOOPIMHATBHI B3sliu
32 HE3aBHCHMYIO NEPEMEHHYIO APYTYIO BEJAHUHHY, HANpuMep, SHep-
THI0, TO ONEPaTOp IJisl SHEPrUH UMes Obl BUJI YMHOXKEHHS, TOTa KakK
'ONepaTop AJA KOOPAHHATHL HMeJ/1 6bl APYTOH, Hosiee CJAOXKHBIN Bul *).

IIpn paccMOTpPeHHH CHCTEMBI ¢ HECKOIBLKHMH CTENEHAMH CBOGOLBI
MOKET BOSHHKHYTb BOIPOC, KAKHME BEJHUYHHBI MOXKHO 6paTh 3a He3a-
BHCHMble N€PEMEHHBIE H MOXKHO Jin 6paTh B KAaYeCTBE TAKOBHIX J I0-
6y10 KOMOHHAUMIO BEJWUMH (HanmpHUMep, SHEPTHIO, OAHY H3 KOOp-
JHHAT U OIHY H3 COCTaBJAKIIUX KOJUYECTBA ABUKEHHS IJS CH-
CTEMBbl C TPeMs CTeNneHsIMH CBOGOABI). OTBETHTb HA 3TOT BOIpoC
MOXKHO IpH MOMOWIM CJEAYIOUEero paccyxaeHus. Onepatopel Aad
HE3aBUCHMBIX TICPEMEHHBIX MPEACTABJSAIOT NPOCTOE YMHOXKEHHE H,
C/I€0BATEJILHO, KOMMYTATHBHBI, HO 9TO 3HAUHT, UTO 8 KA4eCT8e He-
BABUCUMbLY NEPEMEHHbLX MOJXCHO 6paTo TOALKO TaKue 6eiuuursi,
OneparopeL. KOTOpbix Mexdy coboro Kommyrupyror. CymIuTb xe
0 TOM, KaKHe BEJIHYHHBI KOMMYTHPYIOT H KaKHE — HET, MBI MOXKEM
Ha OCHOBaHWM AHAJOTHH MEXKAY KJIACCHYECKUMH W KBAHTOBBIMH
ckobkamu [lyaccona.

OJIEKTPOH ONHCHIBAETCA B KJAACCHYECKOH MEXaHHKE Kak MaTe-
pranbHas Toyka, obyajamolias TPeMs CTENeHSAMH CBOGOIEL Koop-
JIHHATHL 3JIEKTPOHA 0603HAYHM uepes

X=X, Y=2Xy, 2=2x, (1)

H MOMEHTBI, COOTBETCTBYIOLIHE 3TUM KoopIauHaTtaM, yepes

Px=P1i, Py=ps p,=ps. 2
Kanaccuueckue ckoGKy IlyaccoHa 115 3Tux Bejauuun paBHbLI
[xks xl] = O, [pk’ pl] == 0’ [pks xl] = 6/21' (3)

Tlocrapaemcs mepeBecTn 5T0 onHcaHHWE HAa A3BIK KBAHTOBOL Mexa-
HHUKH. MBI IIpeAnosoxKuM, yTo KBaHTOBHE CKOGKH ITyaccona umeror
TOT K€ BHI, YTO I K/IACCHUECKHE, IPHUEM IOX orepatopaMu O u |,

*) Cm. mpumep B § 6 rat. [ u. II,
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CTOALMMH B MpaBbIX 4acTAX paBeHCTB (3), Mbl GydeMm pasyMers
oneparopel ymMHOXeHust Ha 0 u Ha 1. Eciu Mbl 6ymeM cuurarh, uTO
KOOpJAHHATBl 2JIEKTPOHA MOTYT NPHHHUMATHL BCE BeIIECTBEHHbLIC 3Ha-
UCHAST OT — 00 0 - 00, TO ypaBHeHHus (3) MO3BOJAT HaM HaliTu
BUJ ONIEPATOPOB IS Xp H Pg.

[Ipexne Bcero ypaBuenns (3) nmokaswBaioT, 4TO onepaTopsl A1
X1, X3, X3 NEPEMECTHTENbHBI MeXAy co6oMi; C/edoBaTeNbHO, MBI HX
MOXKEM B35ITb 34 HE3aBUCHMBIE NePEMEHHBIE, TaK YTO 06BeKTOM neh-
CTBHUSL BCEX 0NepaTopoB 6yAyT HyHKIHH

'lp(x: Y, z)='q7(xl’ X9, x3)' (4)

Hanee, ypasuenus (3) mawor

%(pxx —xp )b =1, i
7 (Pyy —ypy) b =1, i ©)
)

(pzz - zpz ’q’ ’q’

o~

~,

Onepartopw 5

s =ik o

h
a .
rr py"_“—lh

.. 0
. p=—ifig  (6)

SABJSIOTCH, KaK Mbl 3HAE€M, CaMOCONPSAKEHHBIMH H YAOBAETBOPAIOT
3THM YpPaBHEHHAM, TaK KakK MHI UMeeM, 10 coxpamemm Ha 4,

[P, x] b = (xib) - x =1 (7)

H aHaJIOTHYHO [/ KOOpJAHHAT Yy U 2.
HUro6e HalTu caMmbiil OGUIHEA BHA ONEPATOPOB Py, Py, P;, NOJO-
KUM

’ . 0 7 . a 7
py=—ik5-+q, py=—thy-+qy, pz=—n‘1—+qz 8)
U3 ypasuennii (3) cnenyer toria, uto
qeXy — Xiqr, =0 (k) = I: 2’ 3)’ (9)

T.€. YTO {x, {y, §. TIEPEMECTUTENbHH! ¢ X, Yy, 2. Kpome Toro, oHu
JOJIZKHBEl OBITH CaMOCOIPSKEHH bIMU. CJIeILOBaTe.HbHO OHH NpeJCTaB-
JSIOT ONEPATOPbl yMHOXKEHHs] HA BEILECTBEHHBE QYHKUUH OT X, Y, 2
TakK, 4TO, HalpHMep,

P =—in 2 4 g (x, y, DV (10)

Ho p, 0,, p, MO/DKHB TaKiKe YAOBJIETBOPATb YCJIOBHUAM

[Phs PI]=1 (Pip; — pipy) =0
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win
0 ’ ap’ d ’ o’
'&;((lﬂp)'{-% (;ﬁl —a—xl((hip)—fh a;fk =0,
T. €.
9q, 94, .
T, " ow, )‘P =0,
OTKyZa
99, %9,
T — =0, (11)

CareoBaTesIbio, Gy, Gy, g CyTb YacCTHEBIE NPOH3BOAHLIE 10 X, Y, 2
OT OJHOH H TOM e BeIeCTBEHHO!H (GyHKIUH OT KOOPAMHAT, TAaK UTO

Fon? . 0P’ of s
o =—in 2 4 Oy

Py =—inZt 4 Iy (12)

. O af
PN =it 5V
ITokaxeMm Tenepb, 4TO MyTeM NMOACTAHOBKU Haj (GYHKIUEH P MBI MO-

XeM npusecTH onepatopsl (12) k Gonee mpoctomy Buay (6). B ca-
MOM JieJie, MOJIOKHM
i
~— (%, 4,2
'\p,=e & xyz’ll), (13)

Pb—eT Ty = T e T (14)
H HaijieM BUI ollepatopa p;. MH HMeeM
—in 2 — eTi'( —in S+ )= e-;‘i—fp;ﬂ)/. (15)
CpaBuusas (14) u (15), noayuaem
Py =—ih %;L.
Ilpucoenunsss ciofa aHalOTHUHBIE YDABHEHHS IS § H 2, MOXKeM
HalKCATh

Pr=Ps P,=p, p,=p, (16)
Takum oGpasowm, npeo6pa§osa,}1m>1e OmepaTope MMeloT BHA, (6).
Casa3b MeXAy p,, p,, P, H p,, Py P, Baercs dpopmynamu

|
p,=e" e H ", i (17)
J
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Mpr 6ynem mpennoJsarath, 4To 3TO NMpeo6pa3oBaHHe CHAENAHO C Ca-
MOTO Haua/a, TaK YTO NOJ ONepatopaMu AJAsi MOMEHTOB px, Py, Pa
ASHCTBYIOIUMH HaX QYHKIUAME OT KOOPAHHAT, MBI 6y/ieM pasyMeTh
oneparopsl (6).

To o6crosiTeancTBo, uTo onepatop st OQHOH M TOk Ke (Hu3HUe-
CKOIl BeJIHYHHBI MOXKET HMETb DAa3jHuHbIA BHX [Hanpumep, (6) u
(12)], npnyem nmepexomy ot omHOro BHAA K Apyromy [dopmyast (17)]
COOTBETCTBYET ONpelesieHHast MOACTaHOBKAa Had dyHkuned § [dop-
myaa (13)], sBasercs xapakTepHbIM AN KBAHTOBOH MexaHukh. Ha
NepBLI B3NV MOKET NOKa3aThes, YTO HMEIOUIHICA 37ech MpOH3-
BOJI BJ€UET 3a co60il HEOAHO3HAYHOCThL ee 3aKoHOB. ONHAKO 3TO He
Tak. Bce Besnuunbl, KOTOpBIe MOTYT GbITH CDABHEHBI C OMBITOM (Ha-
npuMep, COGCTBEHHbIE 3HAYEHHS ONEPAaTOPOB), NONYHAlOTCS BIIOJNHE
OIHO3HAYHO, TaK KaK OHH MHBADHAHTHbl OTHOCHTE/JBHO TeX Mpeod-
pasoBaHui1, KOTOPBIE OCTAIOTCSA NPOH3BOJIBLHBIMU. MBI BEpHEMCS HUXKe
(8 § 12) x sTomy BOmpOCY.

§ 4. CoGcrBeHHble 3HaYeHHs H COGCTBeHHBlE (DYHKLMH
onepaTropa KoJM4YeCTBA JABHIKEHHS

Mu YCTaHOBUJIA HA OCHOBAaHHMH AHAJIOTHH C KJACCHUYECKOH MeXxa-
HI/IKOﬁ, YTO OIl€EpaToOphbl AJIs NpsAMOYTOJbHBIX COCTAaBJAAIOUIUX KOJH-
4€CTBa ABHXKEHHUS UMEIOT BUJ

. 0 ., 0 ., 0
Pe==—ilg=, py=—il5-, p;=—il--. (1)

Haiinem coGcTBennrle 3Hauenust ¥ (QyHKUMH STHX ONepPAaTOPOB.
Ecan Mbl oGosnauum uepes p, Py» P, COGCTBEHHEIE 3HAUEHHS p,,

Py» Pz TO YPABHEHHS st COOCTBEHHBIX (QYHKUMH HaNMIIyTCA

oD ,
— ih 2= = ",
VY _
—in L = e, } @)
3)

Peulenne nepBoro u3 aTHX ypaBHEHHH eCTb

i ’
YO = O (y, 2)e* %, (3)

rae [ ne 3aBucut or x. UToOH 3TO pelleHHe OCTABAJAOCh KOHEu-

HBIM IpH BCEX 3HAYEHHUAX X, HEOOXOIUMO M JOCTATOUHO, YTOOBI p;

ObI10 BEIECTBEHHBIM uncaoM. TakuM 06pa3oM, coOGCTBEHHbIE 3Haye-
HHUst olepaTtopa px oOpasyloT CIVIOWIHOA CIeKTp B NPOMEXYTKE OT



§ 4] COBCTBEHHHE 3HAUEHMS o 47

-— 00 10 - oo, AHAJIOrHYHO HANMMILYTCS PELIeHHUs OCTAJIbHHIX ABYX
ypaBHeHui

i 4 i ’
DD =F@ (2, x)e¥ U, Y =fO(x, y)eF Tz, (3
Jlerko BHJAETB, UTO TPH ypaBHEHHS (2) HMEIOT obmiee pelieHune
P = P = P& = p, (4)

i ’, ’ ’
— 7;'—(xpx+ypu+2pz)
rae 1p—-C€ , IIpHUYEM ¢ €CTh IIOCTOsIHHAA, Koropada

MOXKET, BIPOYEM, 3aBHCETb OT p’, P,, P, 3HaueHHe TOH MOCTOSH-

HOI MBI ONIpEIeTUM H3 YCJOBHS HOPMUPOBKH. LJist 3Toro paccMoTpuM
CepBa OIHOMEDHYIO 3a1au4y H TOJOKHM

i
Yp=ce" ", (5)
Ycnosue nopmuposkn B 3ToMm cayuae Gymer [em. ra. II, § 7,

dopmyna (20)]

o0

. 1
tim o= | [avpar—1,
arsohp ) 1A¥ Fde=1 ©
rIe
p+Ap
A= | pix, plap. T

p

B aHHOM IIPOCTOM NpPHMEpPE MOXHO YAOBJETBODHTD yCJOBHIO
HOPMHDOBKH, CUHTast, YTO ¢ HE 3aBHCHT OT p. Ml HmeeM

O N (L 1) =

ix

i !
= cet (pt3 89) . %sin x_AP). (8)

2h
HaJee,
+o0 e
1 __ 4ceh? sof XAp\ dx
Yy S [AY Rdx = Ap S sz( 2h )7—
) - +o0
in2
= 2hic S S'g,‘,g dt=2nhic, (9)
u0o, KaK H3BECTHO, -
~+ oo
in2
S ﬁrg_ﬁdzé: , (10)
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Yeaosue (6) naer teneps

TZE @ — BCINECTBEHHAsl NOCTOAIHHAS, KOTOPYIO Mbl MOMXKEM M0JO-
}HTb DAaBHOH HYJIIO.
Takum o6pasom, HopMEpOBaHHas byukuus ¢ (x, p) Gyner

1 L
A/ 2nh e’
JT.

¥ (x, p)= (12)

Pasnoxenne npousposbHOM byHKUME 10 COBCTBEHHBIM yHK-
HUAM Olleparopa px HaNMULIETCS, COIMACHO QopMyaam (21) § 8
. 11,

o0

i
F == | T4 (p)dp, (13)
rune -
to
V= | T i (139

AtH  dopmyan IPeACTaBAIOT  COGOH  HHTerpaJsbHyIo Teopemy
Oypbe.

[Tepexonsi k cayuaro TPEX MEPEMEHHbIX, Mbl JOJ/IKHbBI GyneM Ha«
[IHCATb YCIOBHE HOPMHUPOBKH B BHIE

limﬁ,l,—7SSS|A‘If Pdxdyde =1, (14)
Ap, Apy Ap,
rne
p;+ Ap; p;+ Ap’y p;+ Ap;
AY = S dp, S dp; S dp, ¥ (% y, 2 py, pl, p). (15)
oy P, P,

Yeaosue (14) 6yzer, oueBumHo, BBINIONIHEHO, ECJIH

V(5 47 Pl Py )= (% pL) % (5 p)) ¥ (= pl)=

—,;; (xp'x+yp;+zp;)

Gy (16)

Pasoxenue nponssonbuoli hpyHKLHH OT TPeX KOODAHHAT Hallu-
WeTCcs Tenepb B BUJAE TPOHHOILO HHTerpaJja.
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§ 5. KBaHToBOE ONMHCaHHE COCTOSIHHS CHCTEMbI

My Bugean B § 5 rai. 11, uto cobcTBEHHOE 3HaueHHe onepartopa
BBIPAYKAETCS Yepe3 COOTBETCTBYIOULYIO COOCTBEHHYIO (YHKUHIO MO
dopmyJae

S@Lw dv
A=, (N
\bp a

npuYeM B TOM cjyyae, KOr[a { NPUHAMJICKHT K CIJIOMHOMY CIIEKTPY,
Hy}KHO 6paTh BMECTO caMol QyHKI KU coOcTBeHHbIH AudPepenunail.
Takum o6pasoM, 3afaHne cobcTBeHHOH (PYHKHUH TIO3BOJSET HAHTH
Cco6CTBEHHOE 3HAUEHHE COOTBETCTBYIONICH BeMUYUHBL B 3TOM cMblcae
MBI MOXKEM CKa3aTb, 4TO (YHKUHS ONUCBHIBAET COCTOSHHE CHUCTEMBI.

[IpaBas uactp Gopmyant (1) coxpaHsieT CMBICI H B TOM CJyudae,
KOrza 1\ He ecTb coOcTBeHHasi ¢yHKuua oneparopa L. Pusuueckul
CMblcal BblpaxeHua (1) agas 3Toro cayuass Mbl BBISICHUM B CJIeLYIO-
men raaee.

DyHKIUIO P, ONUCHIBAIONLYIO COCTOSIHHE CHCTEMBI, Mbl OyleM Ha-
3bIBATh BOJHOBOH GyHKUNUeN [ BHACHEHHS BaxKHOro IO-
HATUA 06 ONHCAHUH COCTOSAHHS CHCTEMB! MOCPEICTBOM BOJHOBOM
QYHKIIUH MBI pACCMOTPHM CJACKYIOUINH NIpuMep.

Mprl Buzean, 94T0 QyHKIUSA 1

1 —

—_ 1 L&
b (x, 4, 2) Gy €

(xp;+yp;+zp;)

(@)

ABJSIETCST OJHOBPEMEHHO COOCTBEHHOH (yHKUHEHd BceXx TpeX COCTaB-
JSIOIHX Py, Py, P, KOMHUECTBA ABHKeHHS. OHa OIUCHIBAET, CJAGAO-
BATEJIBHO, TAKOE COCTOSIHHE 3JIEKTPOHA, B KOTOPOM

P,=Ppy P,=Dy P,= "Dy @3)

UTo KacaeTcs OCTaNbHBIX BeJHUHH, HANPHMEP, KOOpAMHAT 3JeK-
TPOHA, TO B COCTOSHHH, OINHUCbiBaeMoM GYyHKIHeH (2), OHW He
HMET OnpefeJdeHHb X 3HaueHui, ubo § He sBaAeTcd
coGCcTBeHHON QyHKIHEH onepaTopoB A/ KOOPAUHAT.

Takum 06pa3oM, KBAHTOBOE ONHCAHHE COCTOSHHSA JMEKTPOHa Ta- -
KOBO, YTO B HEM TOJbKO OJHA TpYyINa BeJHYUH (HaNpuMEp, Py,
Py, P:) MOXET HMeTb OIpeleseHHOe 3HaueHue, TOTAa Kak Apyras
rpynna (B HalleM NpUMepe X, Y, 2) OCTaeTcsl HeoNpeAeJeHHOH. DTOT
BBLIBOJ TEOpUHM HAXOLUTCH B CBSI3U C OTMEUEHHBIM B HavaJje 3TOH
KHUTH OBCTOSITENBCTBOM, a NMEHHO, HEBO3MOXKHOCTbIO OAHOBpPEMEH-
HOTO TOYHOTO H3MEpEHHsl BCeX BEJHUYHH, KOTOPBbIE B KJIaCCHUECKOH
TEOPHHM XapaKTepU30BAJH COCTOSIHHE 3/JEKTPOHA.

Bosnukaer Bompoc, Kakue BeJNHYHHBI MOTYT OBITb H3MepeHbl Ol
HOBPEMEHHO M Kakue — Her. YToOLl OTBeTHTH Ha 3TOT Bompoc, Gy-
JeM  paccyxiaaTh chaeaylowdMm of6pasoM. Pesynbrar usmepeHHs
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ROJKEH JaThb HAM 3HAHHE COCTOSHHMS CHCTEMDb, T. €. HEKOTOPYIO BOJI-
HOBYIO (pyHKuMI0 ¢. Ec/iu B pe3y/braTe M3MepeHHs AJs NBYX Besu«
unH L u M nonyuuauch onpeleseHHbIe 3HAYEHUS A U {1, TO, COTVIACHO
CKa3aHHOMY, BOJHOBAas (QYHKUHA 1 [OMKHA GBITb OJHOBPEMEHHO
coGctBenHoil GyHKUMeH Kak onepatopa L (mas coGCTBEHHOTO 3Ha-
yeHHus A), Tak u onepatopa M (aas coGcTBeHHOro 3HaueHus p). Ho
Last Toro yroOsi ABa omepartopa L u M obmanaau obiguMu cob-
CTBEHHBIMH (QYHKUHSMH, HEOOXOAMMO, 4TOGBl OHM YIOBJAETBOPSIH
HEKOTODPBIM OINpeJIeJIeHHBIM YC/I0BUSAM, KOTODble Mbl ceffdac ycra-
HOBHM.

§ 6. KoMmmyTtarusHocTh omeparopos

Hyers $=1(x; A, u) ectp obmas cobcTeeHHas GyHKUUA *)
omnepatopoB L u M, Tak uto
Lp =2, }
M = py. M)
Ilpumenum x neppoMy paBeHcTBY omepatop M, a Ko BTOpoMy
onepartop L. Mpl moayuum
MLYp =24 - Mp = A,
LMy=p - Lp==nurp
H, CJelloBaTeJbHO,
ML (x; A, 0) = LMY (x5 A, p). (2)
[Tonoxum Teneps, uro obuiue co6CTBeHHBIE DYHKOMUM 06pas3yioT

3aMKHYTyI0 cucremy. Toraa npoussosbHyio GOYHKIMIO §(X) MOXHO
pas3IoXKuThL B pAfi (MK HHTErpaJ) BUAA

Bl = 2 e (h w2, ). 3)
Tak Kak paBeHCTBO (2) cnpaBefJuMBO /Sl KAMXKAOTO UjieHa pasjo-
KeHud, To (MpH YCIOBHH CXONMMOCTH psifa Mg MLy) oHo chpa-
EEJIUBO W VISt CYMMBI, TaK 4TO MJIs JI0O0H QYHKLHUH

MLy = LMy (4
HJIU
ML — LM =0, (4%

T.e. onepatopnl L u M KommyTaTuBHbl. Takum 06pasoMm, Mbl JOKa-
3a44 CIeAYIOMYIO TEOpEMY.

Ecau obujue cobersennsie pynxyuu deyx oneparopos L u M 06-
PasyroT 3aMKHYTYIO CUCTEMY, TO ONEPATOPb. KOMMYTATUBHDBL,

*) BykBa x o6osHauaer 3zech HE3ABHCHMYIO NEPEMEHHYIO HAH COBOKYNHOCTD
HECKOJIbKHX HE3aBHCHMbIX IepeMeHHbIX,
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JloxaxeM Temepb CBOEro poja 00paTHYIO TEOpeMy.

Ecau dsa oneparopa L u M KOMMYTATUBHOL, TO OHU umeroT 00-
uue cobcTeenHble pyHKyuL.

[TycTb co6CTBEHHOMY 3HaueHuio A onepartopa L COOTBETCTBYET
O/lHa WM HECKOJbKO COGCTBEHHbIX GYHKLUHH (X; A, k), rae 3Ha-
YOK k COYXKHT AJsi TOro, 4ToGbl OT/IHYATb pasHble QYHKUHH, NPU-
Hajexaiiue ogHOMy H ToMy XKe A. Torma camoe ofluee pelueHue

ypaBHEHHS
Ly=2np (5)
Gyner
p=2 (k) (x; 4 k). (6)
[IpuMeHuM K YDaBHEHHIO
L (x; A, B)=2AP(x; A, k) (5%
onepatop M. Ilo.b3ysich MepemecTuTenbHOCThIO L U M, HMeeM
MLy =L (M) =2 M. N

dynxuns P = My sBisieTcs, TAKHM 00pa3oM, cOGCTBEHHOH (YHK-
uMeil omeparopa L, npuHajiexauieli COGCTBEHHOMY 3HAUEHHIO A.
CJlefoBaTelbHO, OHA GyAeT JMHeliHO BbipaxaThes uepes ¥ (x; A, k'),
TaK 4TO

Mwmhm=;MWJWWLHL (8)

rie kospduuuent M (k’, k) Ho/xeH, OYeBHIHO, 3aBHCETh Kpome K’
Takxke M OT k. MOXKHO COCTaBUTb Tellepb TAKYlO JHHEHHYIO KOM-
Gunauuio Gynkuuil P(x; A, k) Buna (6), koropast 65l OXHOBPEMEHHO
yIAOBJETBOPA/iA yDABHEHHIO

My = pp. 9

TToxcrasum B (9) BHpaxkeHnue (6) ¥ BOCHOJb3yeMCs paBeHCTBOM (8).
Tlpupasnusas kosdduuueHTe TpU P (x; A, k), mosyunm

; Mk, B)c (k') = pc (k). (10)
Uycao § 3THX YpaBHEHUH PaBHO YUCAY BO3MOXHBIX 3HaueHH# &

npn NAHHOM A, T.€. PaBHO KPAaTHOCTH COGCTBEHHOTO 3HAYCHHS A.
Ecay 0603HaunuTh HX pelleHus yepes

¢V (k), cP(k), ..., (k) (11)
H COOTBeTCTBleIlIHe UM 3HaueHHus P 4Yepes .
Bpy, Boy ovey Mg (12)

TO (YHKIHH

W6 A w) =20 (R (x: 2, ) (13)
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OyayT ONHOBPEMEHHO pELICHUAMH KaK ypaBHeHns (5), Tak u ypas-
HeHust (9), T.e. oHum OyAyT OOGLWIHMH COGCTBEHHBIMH (DYHKLHAMM
onepatopoB L u M.

Takum obpasoM, Teopema nokasaHa. Ilpum RoKasaTenbCcTBe Mb
npeanosnaraid, 4ro COGCTBEHHOe 3HAueHWe A — KOHEUHOH KpaTHo-
CTH, TAaK 4TO €My COOTBETCTBYET KOHEUHOE UHCA0 COBCTBEHHBIX
GbyHKIKM, HO TeopeMa OCTaercs CNpaBelJnBOfl M B cJaydae Gecko-
HEYHOH KPaTHOCTH COOCTBEHHOTO 3HAYEHHUS.

Dusuvecknil CMbICJA JOKA3aHHBIX TEOPEM 3aK/II0UaeTcss B TOM,
4TO KOMMYTATUBHOCTL ONEPATOPOS CAYICUT BbLDANCEHUCM BO3MONCHO-
CTU OOHOBPEMEHHO20 UBMEPEHUA COOTEETCTBYIOWUX BEAUdUH U, 06-
PATHO, HEKOMMYTATUBHOCTL UX HOKA3bIBAET HEBO3MOMCHOCTL TOUHO2O
00HOBPEeMEHHO20 UX UBMEPEHUA.

[Tpumep KOMMYTATHBHBEIX ONEPaTOPOB ¢ OOLIHMH COGCTBEHHLIMU
bynxunsMu GblT HAMH PacCMOTpeH B § 4 3TOH I1aBEL

§ 7. MomeHT KONMuUECTBA JBHIKEHMUs
B KauectBe mpuMepa HEKOMMYTATHBHLIX ONEPATOPOB PaccMo-

TPHM TpPHU omeparopa

My =YPz 2Py

My=2px — XP, (1)

M, =Xpy —YPy,
COCTaBJIEHHBIX U3 ONEPATOPOB 4/ KOOPAMHAT M MOMEHTOB 10 TOH
e CXeMe, KaK MOMEHT KOJIHYeCTBA ABHXKEHHSA B KJIACCHUECKON Me-
XaHuKe. Mbl yBUIUM HUXKe, IPU PACCMOTPEHHH KBAHTOBBIX ypasHe-
Hull NBHXKEHHSI 3JEKTPOHA, 4TO BhipaxkeHHd (1) MOKHO B caMoM
Zle1e TONKOBATh Kak OnepaTopel I/ MOMEHTA KOJUYECTBA JBH-
JKEHHU.

CocraBum ckoGku Ilyaccona stux oneparopos c¢ oneparopamu
LJ1s1 KOOPAHHAT ¥ MOMeHTOB. MMeenm

[y, = (m.x — xm,) =0, @)

TaK KaK Omeparop m, He codepXuT auddepeHUUpOBaHHA N0 X W,
CJIeI0BaTe/IbHO, KOMMYTAaTHBEH ¢ yMHOMeHHeM Ha x. [anee

[my, yl=—z2lp,, yl=—2, .
[y, 2] =yp, 2]=y. } (2%

31echb Mbl BOCNO/Nb30BAJIHCh CBONCTBAMH CKOGOK [lyaccona, us-
BECTHHIMH HaM u3 § 2. AHasornyHo nosiyuaem

[mx’ px] =0,
[y, py]=— b, (3)
[mx’ pz] = py-
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[pu nomown ¢dopmya (2) u (3) noayuaem ckobku Ilyaccona
I/ [BYX pAas3/MUHBIX COCTABJSAIONIMX MOMEHTa KOJHYECTBA MBH-
JKEHHUs

[mx» my] - [mx’. 2Py — xpz] = [mx, 2] Px —X [mx: Pz] =

=YPx —XPy = — M.
Takum o6pasowm,

[my’ mz] = —my,
[mzr mx] =-—m, (4)
[mx; my] =—Mm,.

TMoayueHHble HAMH COOTHOIIEHHS] B TOYHOCTH COBIARAIOT C KJjac-
CHYECKHMHU.

HafizemM coGcTBeHHble 3HAaueHHst W (QYHKUHH OIEPATOPOB Hiy,
my, m,. YpaBHeHHe 0Js1 COOCTBEHHBIX QYHKUMH m, HaOUIIeTCs

h( 0v 9% /

T(x—aj—y W)=mzilﬂ, (5)
rie Mbl 0003HAUMJIM uepes m; co6cTBEeHHOE 3HAuYeHHe m,. Ecan ME
BBEAEM HHJHHAPHYECKHE KOOPAHUHATH O, @, 2

x=pcosg, y==psing,

TO ypaBHenHe (D) IpHMET BHI,
)

T g — meb- (5%
Ero pemenue GyneT, OYEeBHAHO, i
—m._Q
Yy=19(z, p)e* *. (6)

Yto6bl 3T7a PyHKUMSA OblIa OQHO3HAUHON QYHKIHMEH TOYKH B IIPO-
cTpaHCTBe, He0GXOAUMO, 4TOGK OHA GblIa NEPHOAHYECKOH PyHKUUE
ot @ ¢ neprogoM 2x. OTcrona

mi = myh (my=0, =1, =2, ...), (7)
roe Mms — LEAOe TOJNOXUTEIbHOE HIH OTPHILATENBHOE YHCJIO HJIH
nyab. TakuM o6pa3oM, Mbl HalIM COOCTBeHHble 3HAueHHs U QyHK-
UMH AJAs M, AHAJOTrMYHO IOJY4alOTCs OHH M IS ABYX APYTHX Ofe-
paTopoB. UTo6bl CpaBHHTb HX MEXAY CO0ON, yA0GHO BepHYTHCHA

K NpsIMOYro/bHBIM KoopauHataM. @ynkuus (6) (xotopyio Mbl 060-
3HAUMM uepes P3) U COOCTBEHHBIE QYHKUHUH Py U g AN My H My

HamumyTes
b =h(x VEFE) @ +i™ )
b =F;(y, VZF ) (z+ix)™, | @®)
=5 (2, «/m)(xﬂy)'"“, }
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IpuyeM COGCTBEHHbIE 3HAUEHHS! CYTh
my=mih, my=mh, m;=msh, (9)

TIe my, my ¥ M3 — leJble uucia.

Mpt nomyynin pesysbTaT, KOTOPHIl Ha NMEPBEI B3MISAL MOXKeET
110Ka3aThCs NapaloKcaJbHbIM: COCTABJAIONIAT MOMEHTA KOJHUYECTBA
JABUXKEHHS 1O JI0GOMY HaNpaB/JEHHIO MOXKET, OYAyuH H3MEpeHa,
NpHHHUMATb JIMIMb 3HAYEHUS, UeJble, KpaTHblE OnpeReaeHHOro
yucaa f. OcoGenHo CTPAHHBIM Kakercss 9TOT GPakT B BUAY TOTO, UTO
TpOeKNHU BEKTOpa Ha OecKoHeuHo OJiM3KWe HanpaB/jeHHd 6ecKo-
HEYHO MaJio OTJIMYAIOTCS APYT OT Apyra.

[lopanokc sTor, oxnako, Jerko pasgwscnsierca. IIpexnae Bcero 3a-
METHM, YTO €AMHCTBeHHas o6ulasg coOcTBeHHas (GYHKUUS ONeparo-
boB my, my, m, COOTBETCTBYET OJHOBPEMEHHBIM 3HAUCHUAM

m1=m2=m3=0 (10)
¥ paBHa

=P =, =vp=F() (r=+/FFF2) (11)

Ho B atom ciyuae Bexktop Momenta KosmMuecTBa ABUIKEHHS,
4 3HAYWT, # NPOEKIHUs ero Ha Jioboe HanpaB/leHHe paBHbl HYJIO, TAK
YTO TYT HHUKAKOro mapajokca Her. Ecau ke xoTa 6bl 0OHO H3 cOB-
CTBEHHBIX 3HAUEHHH My, My, M3 OTJAUYHO OT HYJS, TO OOLIHX COB-
CTBEHHBIX (DYHKUMHA y OnepaTopoB My, m,, m, HeT. Cjlef0oBaTebHO,
He CYIIeCTBYET TaKOro COCTOSHHS 3/1eKTPOHA, B KOTOPOM JBE WJH
TPH COCTABAAIOLME UMY Obl OJHOBPEMEHHO ONpele/eHHble 3Haye-
HUS, TAK YTO Mbl MOXEM TOBODHUTb TOJIBKO O LEJOYHCJEHHOCTH Of-
Hoit u3 Hux. ®usnvecku 570 o3Hauaer ciaenyiowee. Uto6ul n3Mepats
COCTABJISAIOUIYI0 MOMEHTA KOJIMYECTBA JBHXKCHHS JEKTPOHA M0 Ka-
KOMY-HUOYAb HanpaB/JeHHIO, HYXKHO OIPENeNeHHHM 06pa3oM BO3-
JEHCTBOBATb Ha 3JEKTPOH, HANPUMEp, BK/IOUWTL MATHHUTHOE TOJE,
HMelollee 3TO HalpasieHue. ATO BO3AEHCTBHE «HACTPAHBAET» 3JeK-
TPOH Tax, YTO COCTABAAIOLIAA BJAOJAb IOJS NPUHUMAET LeJ0YHCAeH-
Hoe 3navenue. OcCrajibHble XKe COCTAB/SIOLIHE OCTAIOTCS NPU 3TOM
HEOIIpeeIeHHBIMH, HO0 HET BOSMOXHOCTH WX H3MEPHTb, HE MeHHA
HanpaBJeHHus MOJs, T.€. HE MOPTSA IPeKHeH <«HACTPOHKM» 3Jiek-
TpoHa. TakuM 06pasoM, BBITEKAIOULHE U3 TEOPHH CBONWCTBA MOMEHTA
KOJIHYECTBA ABUKEHUS SIBJAAIOTCH BHIpAXKEHHEM Hen3GeXHOCTH BaUS-
HUS B3MepeHus Ha OODEeKT.

§ 8. Oneparop auepruu

B k/iaccuueckoil Teopud AJsi OOLIHPHOrO KI4CCa MeXaHHUECKHX
CUCTEM 3aKOH H3MEHEHHS COCTOSHHS BO BpeMeHd (ypaBHEHHS JBHU-
JKEHHSI) MOXKeT OBITb 3aJaH NpH MOMOIH | aMU/IbTOHOBOM QyHKUUH,
npefcTaBasOmEed aHepruto cucteMbl. [Toxo6HoO 3TOMY, B BOJIHOBOIM
MexaHuke 3ajaHue oneparopa Iamu/ibToHa (omepaTtopa 3HepruH)
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onpeneasier, Kak Me yBuauM Huxe (§ 10), 3akon u3MeHeHus CO-
crosiHus BO BpeMeHH. [loaToMy BEIGOp Omeparopa 3HEPruu ABJASECTCS
CYL1eCTBEHHBIM IIAroM B IIOCTPOeHHH Teopuu. Korla sToT mar che-
JiaH, TO BHIOOp ONEpPATOPOB IJsl APYrUX (H3UYECKHX BEJIHYMH (Ha-
IpuMep, MOMEHTA KOJHYECTBA ABHMKEHHS) yXKe He CBA3aH ¢ 0COOBIM
npousBojoM. [Togo6Ho TOMY Kak B KiacCHYeCKOH MeXaHHKe U3 mpo-
cTefillnX BeMMUMH (KOOPAHMHAT H MOMEHTOB) CTPOATCS DPA3JIHYHBIE
KoMOUHAIHH, KOTOpHE 006/alaloT «yAOOHLIMU» CBOHCTBAMH (HampH-
Mep, OCTAIOTCSl BO BpeMs ABHXKEHHS TOCTOSIHHBIMH), TaK U B KBaH-
TOBOfI MeXaHHUKEe M3 NPOCTEHIIHUX ONEePATOPOB COCTABJAIOTCA TaKue
KOMOHHALNY, KOTOpble 006/a7aloT NPOCTLIME CBOHCTBAMH M AOMYy-
CKalOT HarJsfjHOe TOoJKoBaHue. ['0BOps O CBOKCTBAaX ONEPATOPOB, MEI
UMeeM [JIaBHLIM 00pa3oM B BUAY KOMMYTATHBHOCTb UX C HAPYruMH
omnepaTopaMH M 3aKOH HX M3MEHeHHsl BO BpeMeHH. Tak kKak 3Tor 3a-
KOH CBfi3aH C BHIOM omepaTopa 3Hepruu (cM. Huxe § 13), To fcHo,
4T0 BLIOOp «yAOOHBIX» KOMOHHALMA NMpOCTefINX OnepaTopoB HAXO-
IUTCH B 3aBHCHMOCTH OT BbISOpA 3TOr0 OCHOBHOrO ONepaTopa.

Knaccuaeckas I'aMuibroHOoBa QYHKUUS uMesa PasjaduHbIH BHI,
CMOTpSl MO TOMY, NMpUHHMAaJach J4 BO BHUMAaHHE TEOPHUS OTHOCH-
TeJbHOCTH UK HeT. Ilpu sToM 'amMuabTOHOBY QYHKIHIO, yIOBAETBO-
pAIyl0 Tpe6OBaHUAM TEOPHH OTHOCHTEJNBHOCTH, YIaJ0Ch I0-
CTPOUTb JIHILb AJS 3alaud OLHOTO Tesa; JUIA MHOTHX TE€J 5TO OKa-
3aJ0Ch HEBO3MOKHBLIM. Takoe Ke MoJOXKeHUE BEIled MBI HMEEM #
B BOJHOBOH MexaHuKe. M 3mech omeparop 9HEpruu JJsi TEOPHUH OT-
HOCHTEJIbHOCTH YAaJ0Ch HOCTPOUTh JHUIb AJSI OJHOTO TeJa, MpHUEM
OH KOpEeHHbIM 00pa3oM OTJHYAeTCA OT HepeasituBucrckoro. Mayue-
HHEM ero Mbl 3aiMeMcfl B NSITOH YacTH 3TOH KHHUIH, NMOCBSIIEHHOM
teopuu Jlupaka; 3mechb e Mbl PACCMOTPHUM OllEpaTOp 3HEPrHH 6e3
MONIPaBKH Ha TEOPHIO OTHOCHTEABLHOCTH.

B knaccuueckoil TeopuH KHHETHYECKad SHEPTHS, BHIpaXKeHHas
gyepe3 NpsiMOyroJbHBlE COCTABJSIONUIHE KOJHUECTBA ABHKEHNSA, HME1a
BUI

T= g (94 2} + ). (1y

Ecnu spece paccMaTpuBaTh py, py, P, Kak omepartopel (6) § 3,
TO BbipaXeHne (1) Gynmer npemcTaBasTh co6oil onepaTop, KOTOPHI
MBI MOMKEM TOJKOBATh KaK ONepaTop AJs KUHETHUECKOH SHEepTHH.
3ameTuM, uTo ecan Obl Mbl HanuCalu KHHETHUECKYIO SHEPTHIO He
B NPAMOYTOJILHBIX, &, HampuMmep, B CPepHUECKUX KOOpAHHATAX

N U ST T 1 .
T _'Q-,E(pr +—,-2_p6 + 2 sin? & pq)) (2)'
0
5 a9’
— i/‘z%, TO MBI NOJMY4YHJIH Obl APYroi onepatop T* He coBnamaio-
wuid ¢ 7. Mbl npeAnosoXuM, UTO Nepexof OT KJIACCHYECKOil

G
W 31ecb ToaKoBamu Obl  p,, ps, p, Kak —iho-, —ih
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(YHKIHH K KBAHTOBHIM ONEPaTOPaM HYXKHO Ae/1aTh UMEHHO B NmpsMO-
YTOJbHHIX KOOpIMHATaX, a He B KaKuX-1ubo apyrux. Ecau kaaccu-
yeckoe BbIpaXKEHHE B NPSIMOYTOJbHBIX KOOPILMHATAX HE COAEPIKHUT
MHOXHTEJEH, KOTOPBIE, OyAyuH HCTONKOBAHB KaK ONepaTophl, Oblai
Obl HEKOMMYTATHBHBI, TO NIEPEXo] K oneparopaM GyAeT OQHO3HAU-
HbiM. OLHAKO HeOGXOANMO elle YOCAUTbCS, IyTeM CPABHEHHS TEOPHHA
¢ ONBITOM, HacKOJbKO AHAJOTHS MEXAY KJIaCCHYECKOH H KBaHTOBOH
TeopHel 3aKOHHA.

Oneparop (1) A1 KHHETHYECKOH SHEPrUM MOXET GHITb BbIpa-
XKeH yepes oneparop Jlannaca. Ecin mbl 3aMeHHM py, py, P, HX BbI-
paxenuamu (6) § 3, Mbl mosyyum

Ty=— 5 Ay, (3)

rie A — oneparop Jlannaca. ITocsie Toro Kak BHI Onepatopa ycra-
HOBJIEH, MOXHO, pasyMmeeTcsi, NepeliTH K JI00bIM IepeMeHHbIM, Ha-
npuMep, K TeM Xe chepudeckuMm KoopauHartaM. Ilpoussoms nid
3TOTO Cyyasi 3aMeHy NepeMeHHbIX, [ONyYHM
Bl 3 Qaq;) 1 _a(. aw) 1 %
1=~ g { 77 57 (" 50) s o (5in 0 S8 s T
(4)
Eciun mbl BBegeM onepartopmi
e 0 . 0 e 0
Pr——*‘lﬁg;’ py=—ih 36 Pw—*—‘ﬁw

MBI MOXKeM omepaTop (4) HanmHCAaTb B BHAE

. ()

1 i 1 . 1
T—‘:‘—‘{—,rprf?ﬂr-l-mpesmﬁpa +ml)§,}- (6)

2m

OTO BbIpaXKeHHe OT/IHYaeTcss OT (2) TOJNbKO MOPAAKOM HEKOM-
MYTaTHBHbIX MHOMHTEJEH: ec/qH Obl OHM ObIH KOMMYTATUBHBI, TO
004 BbIpaxKeHHd coBnaan Obl.

Mp1 3HaeM, 4To coGcTBEHHBIE 3HaueHusi oneparopa Jlamiaca oT-
pULATENbHBL: CIEN0BATENbHO, COOCTBEHHbIE 3HAUEHHS! KHHETHYECKOI
SHEPruH NOJCKHUTEAbHBI, KAK 3TO U JOJXKHO OLITb,

B xauectBe coOGcTBeHHbIX (YHKUMA KMHETHYECKOR SHEpruH
MOYKHO B35iTh, HanpuMep, obuxe co6cTBeHHble QYHKUHH ONepaTopoB
Px, Pys P2, KOTOpLIE, KaK MBI 3HAEM, HMEIOT BHJ

i ’, , ’
= (@)~ T (TP 2), )

Jlbast dymknus Buga (7), B KOTOpoil CyMMa KBajpaToB Iapa-
METPOB p, P> P, UMeeT ompegeneHHoe smauenue 2mIl”:

2 2 2 2
Py +p, +p,=p" =2mT’, (8)
a Takke JoGas JnHefiHas koMmGuHauus takux OGyukuufi (cymma

W4 HHTErpaj) ecTb coGcTheHHass DYHKUMS KuHETHUECKOH SHepTHH,
COOTBETCTBYIOWAA COGCTBeHHOMY 3Hayenuio T == T’, CienoBare/bHO,
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5TH COGCTBEHHHE 3HAaueHHsi GeckoHewHOil KpartHocTH. M3 dyHKunit
Bufa (7) MOXKHO COCTaBUTb TaKHe KOMOHMHALMH, KOTOphle Gbl B TO
e BpeMsi Obliu cOGCTBeHHBIMH (QYHKUMSMH JPYrHX ONEPATOPOB,
KOMMYTHPYIOLLHX MeXJy COGOH H ¢ ONepaTOpOM KHHETHYECKO dHep-
rud. OU3nYecKy TO COOTBETCTBYET TOMY, UTO 3aJlaHHEeM KHHETHue-
CKOMl 9HEpPTHH COCTOSIHHE 3JEKTPOHA elle He BIOJHE Onpelensiercs,
TaK 4TO MOXKHO, KpOM€ Hee, 3allaTb TaKkKe W 3HAUEHHS HEKOTOPHIX
NPYTUX BEJUYUH, HAIPHMED, KOJIHUECTBA ABHKEHHS.

Jlasi CBOGOLHOTO 3J€KTPOHA OTepaTop KHHETHYecKok sHepruu T
aBasieTcss BMecTe ¢ TeM u omnepatopoM [amuabrona. [las sgex-
TpOHA B TOJE ¢ TOTeHUHabHOM sneprueli U(x, ¥, 2) Mbl MOXEM MO
aHAJIOTHH C KJacCHuecKoll Teopueil Hamucathb onepatop I'aMuiabToHa
B BHEE CYMMBl ONEpaTOpoB IJsi KHHETHUECKOH M NOTEHLHA/bHOH
3Hepruu

H= o (p2 4 02+ p2) + U (5, 3, 2), ()

pasymes noj onepatopom U(x, y, 2), AEHCTBYIOUHM HaX dyHKIHe
OT KOOpAMHAT, yMHOKeHHe Ha U (X, y, 2). YpaBHeHUe 11s COGCTBEH-
HbIX QyHKUMA onepaTopa H Hanumercs

— 2 b+ U,y 2)b=EW, (10)

rie E xapakrepusyer sHepruio. 3To ypaBHeHHe OblIO NpPeNIOXKeHO
Ipenunrepom B 1926 rofxy u HOCHT Ha3BaHHE yPaBHEHHUS Ll penun-
repa. Mbl 3afimeMcsi NOAPOOHBIM HMCC/IEJOBAHHEM €ro M pelleHneM
I8 psna caydaes BO BTOPOH 4aCTH 3TOH KHHIH; HO MBI YKaXKeM
yXKe cediyac, 4To CJeJCTBH M3 HEro, 32 HCK/IOUYEHHEM HEKOTOPbIX
JeTasiell, XOpOILO ONPaBALIBAIOTCS HA ONBITE, YTO C/YXHT MOATBEP-
KIeHHeM 3aKOHHOCTH CIeJaHHBIX IPH €ro BhIBOJE I'HIIOTES3.

Ypasnenne IlIpesunrepa MOKeET CIYKHTb A OTUCAHHS COCTOS-
HHsl BJEKTPOHA B JEKTPOCTATHYECKOM I0JI€; €CTECTBEHHO IMO3TOMY
npiTaThesd OGOOLIUMTb €ro Ha cJayuall HajJuyHsl MarHUTHOTO IOJA.
OxasaJjoch, OJJHAKO, 4TO KJaccuyeckas MOJesb 3JeKTPOHA Kak 3a-
pSiKEHHOI MaTepHAJIbHON TOYKH HENOCTAaTOuHA I oG bsicHeHust 1Mo-
Be/ieHHsl ero B MarHMTHOM II0JIeé M 4TO HEOOXOAHMO NpHIHCATb €My
HeKOTOpHIl MarHuTHH MoMeHT. OGoGuwieHne ypasHeHns Ilpemun-
repa Ha CJyyall MarHMTHOTO NOJS Mbl BBIBEAEM B OsTOH uYacTH
KHUTH Ha OCHOBaHuHU TeopuH [upaxa.

§ 9. Kanonuyeckoe npeobpasoBanue

MB! BUJEJNH, YTO COCTOSIHHE 3JEKTPOHA MOKET OBITh OMHCAHO
(yHKIHEH OT KOOPAMHAT WM OT APYTHX HE3aBUCHMEIX MEPEMEHHBIX,
HAIpUMEp, COCTABJSIONIMX KOJHUeCTBA ABHKeHus. [lepexon or ol-
HHX HEe3aBUCHMBIX NEPEMEHHBIX K JAPYTHM Ha3bIBA€TCH KaHOHHU Ye-
cKkuM npeobpasoBaHHEM.
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I[lycre BonHOBas ¢yHKUus, BbIpaKEHHAR depe3 KOOPAMHATHI,
ecTb Y (¥, ¥, 2) uau, mpoure P(x), eciu Mbl GYAEM pPasyMeTb IOX X
‘COBOKYIHOCTb BCEX TPeX Koopaunat. [Togoxum, Mbl uMeem onepa-
T0p L ¢ COGCTBEHHEIMH 3HAYCHHSIMH A ¥ COGCTBEHHBIMH (DYHKLHAMH
¢ (x, &), o6pasyomuMy 3aMKHyTyl0 cucteMy. Toraa QyHKIHMO ¥ (X)
MOXHO pas/ioXHTb MO COOCTBEHHHIM (QYHKIHUAM (X, A)

YW= et (x, A+ | cMo(x, 1)ar, (1)

k

npuueM KoadpuuneHTs pasaomenus (kak ¢(ix), Tak u c(A)) onpe-
Jengores depes P (X) caeayomuM obpazom:

c={ o0 newar. (@)

®yHkuus P (x) BHOJHE ONpenesieTcsi COBOKYMHOCTbIO KO3(dH-
LHEHTOB pasnoxkeHus ¢(Ax) u ¢(A). [Toaromy, ecau ¢ (x) onucriBasia
"COCTOSIHHE CHCTEMBI B HE3ABHCHMBIX NEPEMEHHHIX X, TO ¢(A) OmHCHI-
BaE€T €ro B HE3aBHCHUMbIX nepeMeHubiX A. [Ipu sToM, ecan P (x) Gbuia
HOpMHpPOBaHa, TO u ¢(A) GyleT HOPMHPOBaHA, TaK KaK IO TeopeMme
32MKHYTOCTH MBI HMEEM

Slompac=Y1conr+ {1caypa. 3)

k .

Takoe cocTosiHMe CHCTEMBI, B KOTOPOM A = A,, OIIUCHIBAETCS
B NIepeMEHHBIX ) chaenyloulell byuruuen ¢ (i):

c(A,)=1, }

c(A)=0 mnpu A=A, (4)

Ecain B panHom cocrosHuu A = A/, npuuem A’ NPpHHALNEKUT
K CIJIOIIHOMY CIeKTpy, To B Qopmyne (1) xosbdunuentm c(iz)
HYKHO MOJIOXHUTb PaBHBLIMH HYJIO, 2 MHTErPaJ IOHHMATb B CMBIC/IE
CTuabTheca W MHCATL €r0 B BHJE
/
=9 1)={ow Nacr »), (5

rne

c(h, A)=1 mpu A>4,
} ©®)

c(h, Ay=0 mpm A<<A.

@opmyny (2) MOXKHO pacCMaTpPHBaTh, KaK PasloKeHHe PyHK-
uuy ¢(A) no QyHKIUAM

o* (&, x)=q(x, A), *(7)

npuueM KO3PQUUMEHTOM pasiioxenus SBASETCA 37eCh P(X), onpe-
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feasemoe nmo gopmyae (1). Mb yBUIMM HHKe, U4TO @F CyTb COO-
cTBeHHbIe QYHKIMH OlepaTopa x B nepeMeHHHX A. Takum o6pasoM,
MEeXIYy ONHCAHHEM COCTOSIHHS B IEPEMEHHBIX X W B NEPEMEHHBIX A.
HMeEeTCS T0JTHOe PaBHOIPAaBHE.

[MocMoTpuM Tenepb, Kak npeobpasyloTcs ONepaTopbl NpH Hepe-
XOAe OT OJHHX HE3aBHCHMbIX [I€peMeHHBIX K JpyruM. BosbMem
crmepBa TOT caMblii oneparop L, no coGCTBEHHBIM (YHKIUUSIM KOTO-
poro Benercsi pasnoxenue. Ilpumenum ero K ¢ynkuuu §(x). Tak
Kak @(x, A) ecTb co6cTBeHHaa QyHKUHsA L, TO

Lo(x, ) =A@ (x, A), (8)
H MBI IOJYYHM

Lp(m) =) Meluolr, )+ {re@eo(x, Mdr. (9}
k

Takum o6pasoM, mepexony oT ¢P(x) K L (x), T. e. npuMeHeHHIO
oneparopa, COOTBETCTBYeT nepexon oT c(A) K AC{A), T.e. ymMHOKe-
gue Ha A. CaenosarenbHo, onepatop L, BBIPA2XKCHHBI B HE3aBHCH-
MBIX TI€PEMEHHBIX A, IPEACTaBJIAOIINX €ro COOGCTBEHHbE 3HayeHHus,
€cTb YMHOXKEHHEe Ha A, KaK 3TO U JIOJKHO ObITh: B CAMOM JeJse, Mbl
yxke Bugeau (B § 3), uTo oneparop [/s HE3aBUCHMOH NEPEMEHHOH
€CTb YMHOXKEHHE Ha 3Ty NlePEMEHHYIO.

BosbMeM Tenepb BMecTo L HeKoTopHi Ipyrofi onepatop M u
npuMeHuM ero K QyHxuuu Y (x). s mpocToTh MOJIOXKHM CrepBa,
uTo omepaTop L HMeeT TOJbKO TOUEUHHIH CIIEKTP, TakK 4TO pasJio-
JKEHHE N0 €ro COOCTBeHHBIM (QYHKLUHAM HANMILETCS:

P(x)= 2 c (M) @ (x, Ay). (10)

k

IMpumensia M x ¥ (k), noayyum
My (x) = ; ¢ (Ax) Mo (x, Ap). (11)

dynkunio Mo (x, Ay) paspoxuM B CBOW ouepenb 1o ¢ (x, A,):
Mo (x, hg)= 2. (| M1 2e) @ (¥, Ao), (2)
rge cuMBogaoM (A, | M |A,) o6o3HaueHBl KOSGPUUHEHTH PA3JIOKEHHST

(e [ M 12) = { @ (x, 1) Mo (x, 1) dx. (13)

IToncrasass (12) B (11), moayuyum

My (x) = ; ¢’ (M) @ (%, An), (14)
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rae uepes ¢’ (A,) o6osnavena BEJHYHHA

¢’ () = Mc (A,) = % (A | M [ 1) € (Ap). (15)

Takum oGpasowm, nepexony oT ¢ (x) Kk My (x) COOTBETCTBYeT
nepexox or ¢ (A,) ¥ ¢’ (A,) = Mc (A,). Curenosaresio, omepartop M,
BLIDAXKEHHbIl B HEPEMEHHBIX A, HMeerT BHL (15).

Ecin 661 onepatop L mMen takxe m CIVIOIIHOR cHekTp, To
BMecTo ¢opmya (10), (12), (14) u (15) MBI MMesn 6b1

Y@= 0ol )+ {cmo na, o

k

My, =3 G |MIN) @ (x, )+ § Q1M ) g x, 1), (129

Mb) =3 ¢ (o s A+ (¢ Wo(, dr, (149

k
W) =Mc(M)=>" (a1 Mg (ry) + S A MIVYe @) dr, (157
k

npuueM B (12*) u (15*) moxmuo pasyMeTb Nmoj A coOCTBEHHOe 3Ha-
€Hne, NpUHALJIeXallee K CIVIOUHOMY WM K TOYCYHOMY CNEKTpY.
Onpeznenenune (A[M|)\) anagormuno (13). Moxer cayuurees, uro
HHTETpas, Belpaxatomuil (A|M|LA’), pacxogurcss; sto 3HAQYUT, 4YTO
onepatop M B nepeMeHHbBIX ), He HMeer filpa. B TakoM cayuae noa
oneparopoM M B nepeMeHHHIX A Mbl OyaeM pasymets Tor, KOTOpbIf
NEPEBONUT KOIDQHUIHEHTH Pa3vIoKeHns ¢(A) oysxumu y(x) B KO-
dbduunent ¢’(1) bynxuuu My (x), x0T 681 3TH ¢’(A) u He BBI-
paxaJuch B BHRe (15*).

Paccmorpum npumep. [Monoxknm, uto M ects ONepaTop Iast Ko-
OpAHHATH X, TaK 4TO, OyAyuH NpHMeHeH K Y (X), o mpeacTasiser
IpOCTO yMHOXeHHe Ha X. PaccMorpuM Buj onepatopa M = x
B [IEPEMEHHBIX A. YpaBHEHHE N/ €ro coGCTBEHHbIX bynxuuit 6yzer

L)+ i)Wy ar =xe(n. (16)
k

Jlerko Buners, 4to emy YAOBIETBOPSIOT GYHKIHH
cM)=0e* (4, x)=q(x, &), (17)

rie @ (x, A) ecTb coGeTBenHast dyskuns oneparopa L p nepemeq-
HBX X. B camoMm mese, ecan IPHIOMHHUTE PaBEHCTBO

(A lx[2)=("Tx[ ), (18)
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BbIpasKalolllee CAMOCONPSIZKEHHOCTh ONepaTopa X, I 3aMeHHThb ¢ (A)

Ha @ (X, A), TO ypaBHEHHe, KOMILIEKCHOE corpsukenHoe ¢ (16), na-
IUILeTCS

Y (e lx 1) plx, 2+ { W1 2100 (5, £)d2 = x(x, ), (19)
k

a 9TO eCcTb He uTO HHOe, KaK pas3joXeHue Ipou3BeleHua xX¢(x, A)
no @(x, &’). To e ocraercs CpaBefIUBLIM, €C/H B3ATbH BMECTO X
nro60i omepatop M. Takum oGpasoM, cobcTeexnble (yukyul one-
patopa M 6 nepemennolx L cyTo seauuunb. KOMNAEKCHbLE CONPA-
dcerHble K coBCTBeHHbIM PynKkyuan onepatopa L 6 nepemennsbix M.
DrtoT pesy/bTaT OCTaeTcs BEPHbIM 4 TOrAa, KOrla ONeparopbi He
HMeIT sApa. :

§ 10. Mpumep KaHOHMYECKOTO npeoGpa3oBaHHs

B xauyecTBe mpuMepa KaHOHHYECKOTO Npeo0pasoBaHHS PacCMO-
TpHM TIpeoGpasoBaHHe ONEPaTOPOB IJIf KOOPIAMHATHL X W KOJNHUE-
cTBa ABWXKeHHs p. Mul 3HaeM, 4TO coGCTBeHHble (QyHKIHH ONepa-
TOpa p B NepeMEHHBIX X

p=—ih—= )
CyTh
1 ixp

P (x, .p)=7?ﬁ: e . (2)

TlocMOTpHM, Kakofi BHI HMEeT onepaTop X B mepemensix p. Ilo
ONpelNe/IeHHI0 TOT onepaTop HepeBoxuT dynxumio f(p), mpexcra-
BASIIOLIYI0 Koddduuuent pasnoxenus P (x) B unrerpan Pypoe

400 .
1 -

v0=—n |10 ®

B Takylo GyHKuHIO f'(p), UTOOH BHITOMHSJIOCH COOTHOMICHHE
400

i
1 14 e

xw(x)=:/—2-;—5— S F(p)e® xpdp. (4)

Ho MBI MMeeM, HHTEerpupys Mo dacTaMm,

()= 2

—l-xp_____ 1 .. Of —i-xp
Sf(P)de" ot Szh;e’f dp.

Cilef0BaTeNbHO,
' . 0
Fp)=ingk, (5)
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TaK 4TO ONEPaTOP X B NEPEMEHHHIX P €CTh

s 0
x=lﬁ—67. (6)
D70 cornacyercst ¢ BHIOM CKoGok Ilyaccona
[P; xlzé'(px—xp)‘—:l» (7)
TaK KaK Mbl MMeeM
7] %}
—p ’55 =+ 7’7} =F. @)
CofcTaennse GyHKUMH ONEPATOPA X B IEPEMEHHEIX p 6ynyr
+ 1 "?i"”
P (p, x) o ¢ . (9)

3necb apryMeHTOM SIBJSIETCS! p, @ 1apaMeTpPoOM X, TOTAa KAK B 2)p
Obly10 TapaMeTpoM, a X apryMeHTOM.
DyHKLHSA

1 L xp
e

$b(x)= o (10)

OT NepeMeHHOH X ONHCHIBAJa TAKOE COCTOSIHHE IJEKTPOHA, B KOTO-
POM KOJNHYECTBO ABHXKEHHS HMENQ ONpeleneHHoe 3Hauenue p. Co-
CTOSIHHE XK€ C OnpefeNeHHON KOOPAWHATOH X' ONMCHIBANOCH B ne-
pEMEHHBIX X COGCTBEHHBIM Aupdeperinansom

dF (x, x'), (11)
rie
F(x, =1, x>,
F(x, x)=0, x<x
C Ipyroit CTOPOHLI, B MEPEMEHHLIX P COCTOSHHE C ONpeldeneHHO
KOOPIHHATOH X OMHCBHIBaeTCsl (hyHKIHEH

(12)

L
w <P

f(p)=7_2%—;7~e” , (13)

a COCTOfIHHE C ONpEJeNeHHbIM KOJIHUECTBOM ABHKEHHH p’ — cob-
CTBEHHBIM JHbdepeHUIHAIOM

dF (p, p"), (14)

e F(p, p’)— takas xe dynkuus or p u p’, kak F(x, x’) or x n #'.
Herpynuo Bunets, uTo mepexox OT OMHOTO IPEICTAaBJEHHS K apy-
TOMY NPOHCXONHUT, KaK K B OOLIEM Cayyae, IPH NOMOUIH HHTErpasa
Dypoe, n69 MBI HM€EM M/ COCTOSIHUS C ONpeReseHHON KOOpiHHa-
TOH X = X

Fo) =¥ (b, )= ¥ (0, M, F (x, ¥) (15)
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n IJigd COCTOSAHHUA C ONPEHAcJCHHBIM KOJHYECTBOM JABHXKEHHUA p=p'

Y= p)={ bl pdFp, p). (16)

§ 11. Kanonnveckoe npeoGpa3oBaHHe Kak omepaTop

Kanonuueckoe mnpeo6pasoBaHue YAOGHO NHUCATb B CHMBOJIHYeE-
ckom BuAe. O6o3nauum cumBojoM S(x, 4) onepaTop, KOTOpbIH me-
pesoauT GyHKUHIO ¢ (A), ONUCHIBAIOLLIYIO COCTOSIHHE B NIEPEMEHHLIX A,
B OYHKIHIO P (X), ONMHCBIBAIOLLYIO TO K€ COCTOSHHE B IIEPEMEHHHIX X;
Torna pasaoxenue (1) § 9 MOXKHO CHMBOJIHYECKH HAMHCATh B BHAE

b (x)=S(x, Mc(d). (1)
OTOT OnepaTop OTJIHYAETCd OT PACCMOTPEHHBIX HAMW paHblie
TeM, YTO OH NePeBOAHT (PYHKLHIO OT AaHHOH He3aBHUCHMOH mepeMeH-
HOH B GYHKUMIO OT APYrod HEe3aBHCHMOH IE€PEeMEHHONl X, TNpHuYeM
00e (QDYHKIHH ONUCBIBAIOT OJHO H TO K€ COCTOSIHHE, TOJMBLKO B pas-
HBIX TepeMEHHBIX.
Bripaxenue c(A) uepe3 {(x), T.e. dopmyay (2) § 9, MoxtHO
HanucaTb B BHAE
c(B)=8""(A, x)b(x). (2)
[ToxaxeM, uto 3TOT O6paTHHI onepatop S~!(A, x) coBmanaer ¢ co-
npsxennnM ST(A, x). PaccMorpum Hapamy ¢ GyHKuusMu ) (X) u
¢(1) npyrue ase Qynxuuu P’ (x) u ¢’ (1), cBi3aHHBlE MeXAYy COGOM
TeMu ke cooTHomeHuamu (1) m (2). OGobmas npexuee onpeme-
JIeHVe CONpSIKEHHOTO oOllepaTopa Ha Caydall pasHbIX HE3aBHCHMBIX
nepeMeHHbiX, onpefeauM ST(A, x¥) Kak oneparop, YAOBJETBOPSIO-
U YCJAOBHIO

(WIS, ve@iar= IS0, v @lcmyar, @)

IIpuYeM, B CJay4dae TOUCUHOro CIIEKTpa, HHTerpaJd HYXXKHO 3aMEHUTh
Ha CyMMY. JleBast yactb 3/1ecCh paBHa

(W@ e@ae={Tweman 4)

no teopeMe 3aMKHYTOCTH. YT0Onl mpasbie yacTu B (3) u (4) 6blau
paBHbl NPH JI060M € (A), HEOGXOAUMO, YTOORI

¢’ (W) =38" (1, )V (x) (5)
nns seskoro ¢ (x). Cpasuusas sTo ¢ (2), moayyaem

7, 0)=S8%(, x), (6)
TaK 4TO

S(x, VST, x)=1, (7)

ST, x)S(x, A)=1. (7*)
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Kax mbl 3Haem, omepaTtop, YAOBJETBOPSAIOUME TUM YCJIOBHSM, Ha-
3bIBaeTCA yHUTApHbIM. TakuM o6pa3oM, nepexod or 00Hux Hedasu-
CUMBLX NEPEeMEHHbLX K Opyeum npousdsoouTcs nocpedcTéom yHUTap-
HO20 oneparopa. .

[TocMoTpuM, KaK BEIpA3HTCS NMPH NOMOLIM S KaHOHMYECKOe Ipe-
o6pa3oBaHue onepaTtopa MJasi HekoTopod Beaunundnl M. Ecam ome-
parop B mepeMeHHLIX X nepeBOAHT Y(x) B ¥’ (x)

P (x) = M (x) p (x), (8)

TO TOT e omnepatop M B mepeMeHHHIX A NEPEBOAUT, KaK MHI
snaem, c(A) B ¢’ (A)

¢ (A)=M(@M)c (). (9)
Ho MbI nMeem
¢ (W) =8%(h, )% (x)=S* (A, x) M(x) ¥ (x) (10)
' P (x) =S (x, A)c(2). (11)
IMoncrasnasa (11) u (10), moayuum
¢ (A)=ST (A, )M (x)S(x, A)c (A). (12)

CpasnuBas 370 ¢ (9), 6yaemM uMers
M@A)=S% (A, x) M(x)S(x, A). (13)

Takum o6pasom, npeobpasoBanuio (11) dyHkmuum ¢(x) coot-
BeTCTBYyeT npeobpasosanue (13) oneparopa M(x).

OueBuaHO, 4TO ABa HOCJAEAOBATENbHBIX YHHTApHHIX Ipeobpaso-
BaHUSl MOTYT OBITb 3aMeHeHHl OLHMM. B caMoMm nejie, BMECTO TOrO,
uyToOB! CllepBa NEPEXOAHUTH OT NEpPeMEHHBIX A K IIepeMeHHBIM X MOo-
CpelCcTBOM YHHTapHOro npeobpasosaHusi S(x, A), a 3aTeM OT X K n
nocpeactTsoM T (p, xX), MBI MOXKEM Cpa3y HepelTH OT A K p NpH M0-
MoLu peoc6pasoBaHus

Up, A)=T(u, x)S(x, 4), (14)

KOTOpO€, OYEBUIHO, OYIET TOXKE YHUTAPHBIM.

YuurapHniit onepartop S(x, A), BooGlue ToBoOpsA, HMeeT SIpO.
CpagsnuBag (1) ¢ (1) § 9 u (2) unu (B) ¢ (2) § 9, nerko BujeTH,
4TO

anpo  S(x, A)=g(x, &), (15)

appo ST (A, X) =07 (A, x)=0(x, A). (15%)

TakuM o6pasoMm, a0po oneparopa yHUTApHo20 npeodpaszosanus
or nepemeunoix L (T.e. A) & nepemenunvim X pasHo cobcT8eHHOL
¢pyrkyuu oneparopa L 6 nepemenroix x.
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§ 12. YuuTapHble HHBApHAHTHI

Ilpu BHIBOAE omnepaTopa sl KOJHYECTBA ABHXKeHus B § 3 Mbl
CTOJIKHYJIUCh €O CaefyomuM obGcrositenncTBoM. He Tosmbko onepa-
TOPHI

.p O
pk'll)=—lh"5:%" (k= 1) 2’ 3)7 (l)

HO H OmepaTophl

Pt =—in g 4 2y (1%)

yIOBJETBOPS/IK BCEM YCJIOBHAM, BLITEKAIOIIUM H3 BHAA CKOOGOK
[Tyaccona. Tpu 3ToM QyHKUMH ¢ H ' ObIH CBA3aHB COOTHOLIE-
HHEeM
-4,
4
V=e ", (@)
I
a onepaTopsl p, M p, — COOTHOLUEHUEM
i t
o w w ! 3
pp=¢8 *Pp” . (3)

BeumectBeHHas ¢yHKUus f(x;, Xz, ¥3) ocTaBatacb NPOH3BOJb-
noit. CpaBuuBas (2) u (3) u (11) u (13) § 11, M BuAUM, UTO
dopmynnt (2) u (3) npeAcTaBASIOT YHUTapHoe npeobpasoBaHue,
¢ TOH OCOGEHHOCTBIO, YTO OHO HE CONpPOBOXKAAeTcsd 3aMeHOH He3a-
BHCHMbIX TepeMeHHbX. Omepatop S 3Toro npeofpasoBaHHsI HMeeT
BHA YMHOMXEHHS Ha (QYHKIHIO OT HE3aBHCHMbIX IepPEMeHHBbIX, IO
MOAYJ/II0 PAaBHYIO €[AHHHIE, TAK UTO B HAlEM cayuae

a

S=e* ", 4
DTOT MHOXHTEJNb Ha3biBaeTcd Ga30BLIM MHOXHTEJAEM.

Kak MBI 3HaeM, onepaTtop AJs RaHHOH BEJHYHHB MOXKET OBIThb
BbIpaXKeH B Pa3HLIX HE3aBUCHMbBIX MEPEMEHHBIX, IPHYEM AaxkKe Nocae
TOro, KaK BHIGOD HE3aBUCHMBIX II€pPeMEHHBIX CHe/aH, OCTaeTcs el
NPOM3BOIbHLIM (a30BEll MHOXKHTeJb. Ho Kak mepexoa oT oaHux
He3aBHCHMBIX IE€PEMEHHBIX K ADYTHM, Tak W BBeJeHue (hasoBoro
MHOXKHTE/ISI NPOM3BOAUTCS NOCPEACTBOM YHHTapHOro npeofpasoBa-
Husi. [ToaTomy Jio6bie ABa NpeACTaBJECHUS AAHHOTO ONEepaTopa CBS-
3aHbl MeXIy c000i YHHTapHbIM npeoGpasoBanueM. TakuM obGpasow,
Mbl MOXKEM CKas3aTb, 4TO 8uUO oneparopa 0af OaHHOU pu3auvecKol:
8eAULUHBL onpeae/merc;z CBOUCT8AMU STOL GeAUHUHbL UL C TOYU-
HOCTb10 00 YHUTAPHOZO npeobpa3osanus.

Tak kak cBoicTBa (PH3UUECKONl BEJHYHHBI HE MOTYT COAEPIKATH
NPOHU3BOJIbHBIX 3JEMEHTOB, TO OHH [OJIKHBI BBIPAaXKaThCsl NOCPed-
CTBOM TaKHX MaTeMaTHYECKHX COOTHOLICHHH, KOTOPHIE OCTAIOTCS HH-
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BADHAHTHLIMA MO OTHOWIEHHIO K YHHTAPbIM npeobpasoBanusaM. dru
HHBADHAHTHL IO/KHEl HTPATh [03TOMY 60.1b1IyI0 posib B Teopum.
Takumn  yHurtapubMu HHBapunaHTaMu sBasiOTCeS
TIPEKIE BCEro CBOHCTBO CaMOCONPSAKEHHOCTH W CIEeKTp cofcTBeH-
HBIX 3HaueHnit onepatopa. B camom nese, mo Gopuyne (13) § 11

MM)=STM(x)s, )
OTKyILa, no IIpaBHJIy nepexona k COHpi{X(eHHOMy onopaTopy,
MY (W) =S*M*(x)(S) =s*M* (4 s, (%)
TaK 4TO H3
Mt (x)=M (x)
BbITEKaeT
MY () =M(Q).
Hanee, ypaBuenus
M (x) P (x) = pp (x), (7
M) e (A)=pc(r) (8)
SKBHBaJIeHTHbI, TaK KakK OLHO HOJIy'{aETCH H3 APYroro nojacTaHoBKoM
P (x) = Sc (), (9)

ITosTomy coGeTBennble 3Hauenus U Y HHX OXHM U Te xe. DToT pe-
SYJLTAT TECHO CBA3aH C TEOPEMOH 3aMKHYTOCTH, Ha OCHOBAHHH
KOTopo#

[ P@v dr= e )0 man (10)

Aas ABYX JoGhIX nap dymrkumi ¢(x), ¢(1) u P’ (x), ¢’()), cBasan-
HBIX COOTHOWEHHSIMU BHAa (9). Buipaxenuwe (10) npencrapaser
€000/l yHHTapHBIl MHBapHaHT. TakuM ke HHBapUAHTOM SIBJSIETCH,
OYEBHJIHO, BbIpaxKeHHe

Sﬂ:(x)M(x)1p(x)dx=Sé(k)M(h)c(A)d?», (11)

($H3HYECKHA CMBICA KOTOPOFO MBI BHISICHUM B cjaenywleit raase,
Haxonen, Besikoe anre6pauueckoe cooTHowmeHue Mex1y omepa-
TOPaMH, Kak-To:
N (x) =M (x) + L (x),

N(x)=M(x) L (),

ABAACTCH MHBAPHAHTHBIM, TAaK KaK €C/u Haj BCEMH TPeMs omepa-
topamu L(x), M(x), N(x) npoussecTs oHO u To Xe npeo6paso-
BaHKe, TO Npeobpasosanubie onepatopsl L (1), M), N(») 6ynyr
CBASAHHLIMH TEMH K€ COOTHOLIEHHSMH, KaK W NepBOHAYaibHHIe,

Hian
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Hanpumep, npn npeo6pa3oBaHuu ONEPATOPOB X H Py K JIOOBIM Me-
peMeHHBIM ckob6xHU Ilyaccona

= (pex — xp,) =1

OCTaHYTCS paBHBIMH €IHHUILE.

§ 13. U3meHeHne COCTOSHHA CHCTEMbl BO BPEMEHH.
Onepartopsl Kak QYHKUKH OT BpeMeHH

PaccmaTpuBas onepatopbl AJas Pa3inuHbIX (DU3HYECKHX BeJIH-
YHH, Mbl HE BBOIMJH B paccMOTpeHue BpeMs. Mexay teM B Kaac-
CHYECKOH MeXaHHKe BCe BeJHYMHBI ObLIM (QYHKLUSMH OT BPEMEHH.
UTO COOTBETCTBYET TOMY IOHSITHIO B KBaHTOBOIl MeXaHUKE?

Mui 3HaeM, 4To onepaTtop /s OLHOH W TOH ke (PH3HYECKON Be-
JIBYUHBL [JOIYCKAeT pasJuuHble MaTeMaTHYeCKHe MNpelNcTaB/AeHHS,
npuyeM BbIGOP TOrO HJIH HHOTO M3 HHX OCTAeTCSl TPOU3BO/ILHBIM.
PaccMoTpum Takoe mpencTaBieHHe ONepaToOpoB, B KOTOPOM Mare-
MaTuueckas ¢popMa HX OCTAeTCsl ONHOH M TOH K€ A8 BCeX 3Haue-
Huii BpeMenu ¢ Takoe mpeacraBieHHE BO3MOXKHO, €CAU TOJIBKO
CIIEKTP COGCTBEHHLIX 3HAaUeHMil onepaTopa He MeHsieTcsl BO BPEMeHH,
KaK 3TO M MMeeT MecTo B (OJbLIMHCTBE CayuaeB. Hampumep, one-
paTop LJsf KOJHYECTBA NBHUKEHHS p, MOXKET OBITh NpefCTaBaeH AJA

. 0 .
BCAKOro ¢ B BHIE px=-—ih—5-. Eciu B Havanbubiii MOMEHT Bpe-

MeHH ! = (0 naHHad BeJHYHMHA HMMeJd ONpere]eHHOoe 3HaueHye, Ha-
NpUMEp P, PABHAJOCH p,, TaK YTO

pY=pp (t=0), (1

TO B MOMEHT BpPeMEeHH { OHa MOXKET, BOOGIIE TOBOPS, NPUHSATH APYroe
BHayeHHe HJIM CTaTh HeompejeneHHoii. B Hamem npumepe

pFEpp (> 0). (2)

Tax xak Bum oneparopa (p.) NO NPEINONCKEHHIO OCTACTCS HEH3-
MEHHBIM, TO NOJIKEH H3MEHHTbCs Bl Gynkuun . Takum obpasom,
eCAu NPUHATL TAKOe NpedCTaBAeHUe ONepaTopos, 8 KOTOPOM Ux Ma-
TemaTuueckaa Gopma He 3ABUCUT OT t, TO COCTOAHUE CUCTEMbL
00a%cHO onucbl8ateca pyukyued P, sasucaued or spemeru. drta
3aBHCHMOCTb MOXKeT ObITh CHMBOJNHYECKH NPEACTaBAEHA B BHIE

P, ) =S (x, 0), (3)

rae S(t)— omepaTop, 3aBUCAUIMI HENPEPLIBHBIM o6pasom ot Bpe-
MeHH H oOpamammuics npu { = 0 B eTHHUYHLI] oneparop

S(0)=1. (4)
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Onepartop S(f) Mbl mpennoJioxum YHHUTApPHBIM

S*s@H=1, S@S*@H=1, 5)
TaK 4TO0bl YCJIOBHE HODMHPOBKH COXPaHWIOCH A1 Bcex f
Joee Dve Hav={Fe, 0w, 0ar, (6)

PaccMorpum tenepnb apyro#t croco6 IpeACTaBJIEH s ONepPaTopoB.
Mbi 3HaeM, 4TO YHUTApDHON IOLCTAHOBKE (3) man dyuruumeir ¢ co-
OTBETCTBYeT YHUTapHOE NMpeo6pasoBaHue ONepaTopoB BHAA

L' (t)=8* () LS (1), (7)
IpuueM YypaBHEHUA
V' (%, ) =L (x, #), 8)
V() =L"#) ¥ (x) 8*)
SKBHBaJIEHTHbI, eCcJau
¥ (x)=SH (x, #), (9)
P (x)=STP(x, ). (9%)

YnoMsHYTHI BTOPOH €1OCO6 mpefcTaBeHHs onepaTtopoB Gyzer 3a-
KII04YaTbCl B TOM, YTO ONEPATOPOM MAJS BEJAHYHHH I B MOMEHT
BpeMeHH ¢ Mb! GyllEM CYHTATh .

L' (x) =S*Ls. (7%)

Paznnuunio Mexny o6oumu crnoco6amu NpeACTaBJAEHHSI ONEpaTo-
pOB COOTB@TETBYET pas/HYue B CNocoGaX OMHUCAHHS COCTOSIHHSI,
4 HMEHHO, B IIEPBOM CNOCOGE COCTOSHHE ONHCHIBaeTCs (GyHKUUEH OT
KOODAHHAT W BPEMEHH, a BO BTOPOM CNOCOOE — DYHKLHEH TOJBKO
OT KOODAHHAT, NpDHYEM BPEMS MOXKET BXOLHTb TOJBKO KAK napa-
MeTp. Ecan HavanbHOE cocTostHME GbiI0

P (x) =1 (x, 0),
TO COCTOSIHHIO BO BpeMs ¢ GyAET COOTBETCTBOBATb, NPH ONHCAHUHU
II0 IePBOMY CIOCOBY,
P (x, =S8} (x), (3*)
4 MO0 BTOPOMY CNOCOBY — NO-BPEKHEMY
P (x).

Uro6wl y3HaTh, GyAeT au Besnunba L Bo BpeMsi { HMeTb omnpefesieH-
HO€ SHAUGHHE, HYKHO, [0 NEPBOMY CHOCOBY, NOCMOTPETh, OyLeT JH
dynkuns P(x, t) dopmyan (3*) cobersenHof: ynxunesi onepa-
Topa L, a mo BTOpoMy crnocoGy — Gymer Ju P(x) coberBerHON
¢$yHKURed onepatopa L’ (f). TakuMm o6pasom, B IEepBOM crocobe oT
BPEMEHH 33aBHCHT BHA BOJIHOBOH (YHKLHH, @ BO BTOPOM CIIOCOGE —
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Bua onepartopa. OueBujgHo, uto o062 cnocoba BIOJNHE 3KBHUBA-
JIeHTHBI. ,

YToOb HAHTH 3aKOH U3MEHEHHS COCTOSHUS BO BPEMEHH, T. €. Ole-
patop S(f), npumeM BTOpO#i cmoco6 onucaHus. Tak Kak 3gech u3-
MeHeHUue COCTOsAHHSl (DH3MUYECKOH cHCTEMEBl NpOSB/AsETCS B H3MeHe-
HUH BHJAA ONepaTopa, TO €CTECTBEHHO TOJIKOBAThL NPOM3BOAHYIO MO
BpeMeHy OT onepatopa [J/s NaHHOH BeJUUYMHbl KaK Oreparop IJs
CKOpPOCTH M3MEHEHHs 3TOH BenuYHHbl BO BpeMeHH. TakKoe TOJKOBa-
HHE MOXHO DacCMaTpuBaTh K3aK ONpeleJieHHEe onepatopa s
ckopoctu. Halfimem npousBojHYIO No BpeMmeHd or omepartopa L’(¢f),
npuyeM NpHMEM BO BHHMAaHHE BO3MOXKHOCTb SIBHOH 3aBHCHMOCTH OT
BpeMeHH oneparopa L. Mul nosyuum

’ . .

A _gt1s 45t 545t (10)
rie Toukod o6o3naueHo AuddepennupoBaHue no Bpemenu. Ilepe-
X0l Tenepb K NMEPBOMY CNOCO0Y NpefcTaBJdeHHs, Mbl JOJMXKHB OY-
IeM IOPHMEHATh yHHTapHoe npeobpasoBaHue, oGpatHoe (7), K one-

paropy (10) u onpenenutsb —7 Kak
dL o dL’' () o+
=S 77 ST, (11)
Brluncnsis 310 BeIpaxeHue, GyneM HMETb \
dL __ dL - ot
d_l—a_t+SS L4 LSS™. (12)
Ho onepatop S(f) — yuurapubiii, TaK uto
S8t =1, (13)
OTKYyJaa, AubdepeHuUpys MO BPEMeHH, MOJyUaeM
SS* + 88t =o. (14)

dro paBeHCTBO NokaswiBaer, 4To omepatop iSST, KorTopwli MEI

1
o603HaunM uepes FH":

iSst =1y, (15)

=

6yner camoconpsixkeHHeiM. Beonsi 8 (12) onmeparop H* u mosb3ysich
npu 3ToM (14), noayuum

dL oL i *
Bropoit 4nen 3aech uMeer BHI KBaHTOBBIX CKoGOK [lyaccona, tak
4TO Mbl MOXKEM Hanucatb

dL oL *
L= Sr 1" L] (17)
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Hanucannoe B TakoM Bume Bblpakenne ajs IPOU3BOJHON 110 Bpe-
ME€HHU cOoBNajaer mMo $popMe ¢ KIaCCHYECKHM, e€CaH oneparop H* 6y-
ACT onepatopoM sHeprunm H. Mbi npumem snech 370 mpexnosoxe-
Hue. He3aBHCHMO OT KilaccHUeCKOli aHAMOTHH OHO BBITEKAET H3 3a-
KOHa COXpaHCHHs] SHEpruH H H3 npasuaa yactor Bopa. B camom
Aes1e, N0 3aKOHY COXPAHEHHS] SHEPIHH Mbl JOJXKHBI HMETb

LT <L (HH — HHYy =0, (18)
€CIH TOJLKO Omeparop sHepruu H He 3aBHCHT SIBHO OT BpeMeHH.
DT0 paBeHCTBO GyAeT BHINMOJHATHCS IS JIIOGOL MeXaHHYeCKOH cH-
CTEMDI, T.€. NpH 11060M Buie oneparopa H, TONbKO B TOM cayuae,

€CcaH
H*=[(H). (19)

Bun dyukunn f(H) MoxHO 65110 611 YCTaHOBUTb Ha OCHOBAHHHU 1pa-
Buna yactor Bopa. Ocraasis Bun f(H) HeompeJeJeHHBIM, MLl IIO-
JAyuuan Obl I/ 4aCTOTHl CBETA, HSMYYaeMOro Ipu nepexoie
¢ ypoBHsi E Ha ypoBeHb E’, BoipaxeHue ’

v =5 [1 (E) = (E)], (20)

KOTOpOE COBManaer ¢ sKCnepuMeHTanbHbIMH, ecau f(E) = E.
O6patHo, ecau 6Ll MBI, Ha OCHOBAaHHH KJIaCCHYECKOU aHaJOTHH,
NoTOKUIH H* = H, Mbl MOriM 6Bl BBIBECTH 3aKOH COXpaHeHUs
dHepruu u npasuso yacror bopa.
TaxuM o6pa3oM, MOXKHO CYHTATD YCTAHOBJIEHHBIM, YTO

H=H"=ihSS*, 21y

TaK 4TO BbipaxeHue (16) 15 npousBogHOf oneparopa L mo Bpe-
MEHH Hamuiuercs

dL oL i
=g+t HL—Lh), (22)
i dL oL
=+, 1 (23)

OTH ypaBHeHUS HOCAT Ha3BaHHE KBAHTOB bl X ypaBHeHul
JIBHXEHH .

Ecin Mbl 6ynem cunmrath omepatop smepruu H H3BECTHBIM, TO
dopmyssr (3) u (21) manyT 3aKOH H3MEHEHHS COCTOSHHS CHCTEMbL
BO BpeMeHH. B camom nene, nuddeperunpys (3) no BPEMEHH, UMEEM

O (x, 1) 3
Y = S® ¥ (x, 0).
Ho

P(x, =8 W) p(x, 1),
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TOITOMY

25D S5ty o). (24)

Bamensis SST ero BeipaxengeMm (21), 6yneM umers
’ Hp— ih 28—, (25)

OT0 ypaBHEHHE NPHHATO HA3LIBATb BOJ HOB bl M yDaBHeHHeM, XOTs
OHO H HE NPHHANJIEXKHT K TOMY THUIly ypaBHEeHHH, KOTOpbie B Mare-
MAaTHKe Ha3bIBAIOTCST BOJIHOBLIMH.

BosnoBoe ypaBheHne MOXHO GbIO 6Bl MOAYUHTH M HA OCHOBA-
HHO CJIeAYIOIHMX GopMadbHEIX cooGpaxennii. B KiaccuuecKoil Me-
XaHuKe 3Hepruio [ MOXHO paccMaTpHBATH KaK B3ATHIH C 06DATHLIM
3HAKOM OGOOLIEHHBIH MOMEHT, COMNpSIKEHHbI ¢ BpeMeHeM:

H=—p, (26)

H N0 2HAJOTHH C ONepaTopaMH Py, Py, P, MOKHO 6BLIO Obl HAIH-
€arb

.. O
pr=—ih—. ©27)

TlpipaBuuBas pesy.abTaTsl IpUMEHeHUS K (YHKIHU Y onepaTopos
H v —p;, Mbl nOJAyunaH 6B BOJHOBOE ypaenenue (25). Ilporus
STOro BLIBOXA MOXHO GbIO Gbl BO3DA3HTh, UTO BHI OliEpaTOpa Py
OBl NONyueH u3 yc1oBus [py, x] = 1, Toraa Kak Ml He paccmarpu-
Bami cko6ok [lyaccona ans sHepruu u BpeMeHn.

§ 14. Teiisen6eprossl MaTpuubl

Tor cnoco6 npencras/eHust onepaTopos, B KOTOPOM 3aBHCHMOCTh
OT BPEMCHH 1i€DEHOCHTCSl Ha CaMblil onepaTtop (Mbl €ro HasblBAJH
B § 13 BropeiM cnoco6om NpeACTaB/IeHus1), MOXKeT OLIThb OCYIIecT-
BJIEH caIeyomuM obpasom. [1yers

\l’u(x), 'l|91 (JC), c e wn(x)) e (1)

TpeACTAB/IAIOT 3AMKHYTYIO, OPTOTOHAMLHYI0 H HOPMAJNBbHYIO CHCTEMY
OYHKUHA, HAmpuMep, COGCTBEHHbIX (QYHKUHH KaKOTo-1H60 omnepa-
topa. Hafinem peuenne v, (x, f) BoaHOBOrO YpaBHeHusI

.n O
Hy—in St =o, @)

YAOBJIETBOPSIIONIEE HAUAJNbHBIM YCJIOBHAM
P (%, 0) =1, (x). )
Moxuo MoKa3aTb, YTO MOJYUYE€HHbIE pemeHus

Yolx, ), b, (x, 0, ..., P, (x, 0), ... (4)
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GyAyT NpeaCcTaBAATb 3aMKHYTYIO, HOPMAJbHYIO H OpPTOrOHAJIbLHYIO
cucreMy QYHKUMHA AN BCceX 3HauYeHHH f. DTo cnpaseanuso
Jlaxke ¥ B TOM Cayuae, KOTJa onepaTtop sHepruu H 3aBHCHT §iBHO
OT BpEMEHH.

Pasnoxum ¢yukuuio ¢ (x, 0), onuchiBalOuyl0 HayaJbHOE CO-
CTOSIHHE CHCTEMBI, B paA no ¢pyHxuuam (1)

(o]

\b(x, O) = Z:;) cn\pn (JC) (5)
n==!
Torpa coctosiHHe B MOMEHT BpeMeHH ¢ GyleT ONHCHIBATHCH (YHK-
uen

00

P (x, t)=nZO cay (x, ), (6)
rae ¢, — Te Xe NOCTOsIHHbIE, uTO U B dopmynae (5). Ecau mul npu-
MeM 3a He3aBHCHMYIO MepeMEHHYI0 YHCI0 7 (HoMep QYHRUOUH Py),
TO B 3THX NEPEMEHHBIX COCTOSIHHE KaK B HAYaJbHBIH, TAK H B JIO-
6oil moc/enylomMii MOMEHT BpeMeHH GYAET ONHCHIBATLCH OXHON H
TOH ke QyHKHyeH OT f, a HMEHHO:

c(n)=c,. (7

CnenoBaTenbHO, B 9THX NePEMEHHBIX BCSI 3aBHCHMOCTb OT BPeMeHH
[IEPEHOCHTCS Ha BHJ ONEPATOPOB, TAK UTO AJIS NOJYYEHHS HCKOMOTO
HX NpeICTaB/JeHHs JOCTATOYHO NepPeHTH K NepeMeHHbIM .

Herpyano waiitu Marpuumy (simpo) kakoro-nuGo omepartopa L
B nepeMenHbix n. [1o obmeit popmyae (13) § 9 M Gyaem umers

(I LB )= { %, (5, &) Ly (v, t)dv. ®)

Takoe npexacrasnenne onepatopoB 06aajaeT TeM CBONCTBOM, YTO
dL
3JIEMEHT MATPHUbI LIS OTIEPATOPa -, MPEACTABJISAIOErO CKOPOCTh

M3MEHeHHsl onepatopa L Bo BpeMeHH, paBeH NPOM3BOLHOH 1O Bpe-
MEHH OT 3JEeMEeHTa MaTpHUbl AJf onepaTtopa L:

dit(nlLln’)=(nl%ln'). (9)

OTO BLITEKAET M3 TOrO, UTO BCA 3aBHCUMOCTb OT BPEMEHH nepeHe-
ceHa Ha Bun oneparopa. Gopmyny (9) MoXHO, BIpoueM, AOKasaTh
M HENOCPENCTBEHHO (CM. aHaJOrHYHOe A0Ka3aTesabcTBO B § 4 ra. IV).

B Hawmux paccyxneHuax Mbl NPEANONArad, 4To QYHKIUH Y,
0o6pasyloT NHCKDETHHIH pHAN, HanpuMep, SABISIOTCA COGCTBEHHLIMH
GyHKIUAMH KaKoro-nmu6o omnepatopa C TOYEYHBIM CIEKTPOM. DTo
NpeAnoJIOKEeH e, OHAKO, He CYLIeCTBeHHO. DYHKUHH ) MOTYT ObiTh
COGCTBEHHBIMA (QYHKUMAMH OMNEpaTropa coO CIJIOUHBIM CIEKTPOM,
a poJb LEJOTO YHC/IA A MOXKET UrpaTh HeNmpephiBHbIA napamerp. [lo-



§ 14 TEM3EHBEPTOBBl MATPHIBI 73

JIOXXHM, HampuMep, YTO pelieHHe BOJHOBOIO YpaBHEHHS, KOTOpOe
npu ¢t = 0 npUBOAUTCH K

’.‘l)(x) t) It=0 = f (JC), (10)
MOXKeT OHITh npeAacTaB/J€HO B BHJAC -
$(x, )= o0, 6 x) f () o (11)

Torna ¢opmyaa (11) samenser dopmyay (6), npuueMm GyHKIUs
P(x, ¢; X)) urpaer poab P,(x, f), mapaMeTp Xo— poJb LEJIOro
uhcia n M QyHKuua f(xo)— poiab c¢,. CpaBHenne dopmyas (11)
¢ onpenenennem (3) § 13 oneparopa S(f) moxassiBaet, 4To PyHK-
uns P(x, £, xo) ectb sinpo S(f). 3amMeTHM, YTO B HEKOTOPHIX IpO-
CTefIIUX cyyasix (CBOGOAHBIN 3JIEKTPOH, 3JEKTPOH B OXHOPOIHOM
3JIEKTPHYECKOM mone, Bubpatop) byHkuus P(x, £, xo) Bbpaxkaercs
B KOHEYHOM Bune *). :

Oco6enHHO BaXKHYIO POJIb HIPAEeT, BBHAY €ro INPOCTOTHI, a TaKKe
fIPUMEHEHHS K BBIYHC/ACHUIO U3/IYYEHHS aTOMOB, TO NpeICTaBJeHHE
OINepaTopoB, KOTOPOE NOJYy4aeTcs, ecau B KadecTBe QyHkmui (1)
B31Tb COOCTBEHHEIE (YHKLUMM onepartopa Hepruu H (Mbl mpeamo-
JaraeMm, yto H He 3aBucUT OT speMmenn). [IycTs

’ H, (x)= E., (x). (12)

PewenyeM BOJIHOTO ypaBHeHHs (2) ¢ HayanbHBIMH YCJAOBHUAMH (3)
Oyner, O4eBHIHO,
{
- ——E ¢
Yo (X, )=e * " P, (x). (13)
BripaxenHsle yepes 3TH QyHKUHH 3JeMEHTH MATPullbl 6YAYT UMETDH
BHI,

i
(L @) 1n)=eT (G () Ly (x) a. (14)

l'eiizenGepr B cBoefl mepBOHAYaNbHONH «MaTpUYHOA» (HOPMYJIH-
poBKe KBaHTOBOH Mexanuku (1925 r.) conocrasjsg, He BBOZS mo-
HAATHS 00 omeparopax, (uanyecKue BeJHUHHbI MaTpuuam suga (14).
Mpbl Gynem mosToMy HasblBaTh 3TH MaTpulel [efisen6epro-
BBIMH MAaTPHIAaMH, a TOT Cnoco6 npeACTaBIeHHs OIepaTo-
poB, B KOTOpPOM BCSl 3aBHCHMOCTb OT BPEMEHH mnepeHeceHa Ha
camblii onepatop,—lefi3eH6eproBbH M NpPpeJCTABACHHUEM
onepaTopos.

Us Qopmyan (13) ciemyer, 4TO COCTOSIHHSL ¢ OnpefejeHHON
SHeprue# CyTb CTAUHOHApHHIE cocTosiHMA. B camoM mese, dyHkius
(13) ocraercs coGcTBeHHON (yHKUMEH orepatopa 3Hepruu M4

*) CM. rnaBy 14 xuurn L. de Broglie, Einfithrung in die Wellenmecha-
nik (Leipzig, 1929).
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BCEX [, TAK YTO €CJH B HAYabHbI MOMEHT SHEPIHs HMeJa orpe-
JeJICHHOE 3HayeHHe, TO OHa OyAeT MMETb TO Ke 3HaueHHe W B [O-
clepyionlee BpeMs. DTO eCTb He 4TO HHOE, KK HOBOE BLIpaKeHHe
3aKOHA COXPaHeHHUs] SHEepTuH,

B sarmwouenue storo naparpada cuenaeM OfHO 3aMeYaHHE HCTO-
puuyeckoro xapakrepa. Boanosas dynxuus ¢ (x, y, 2, ) 6bi1a Brep-
Bble BBEIECHa B paccMorpenue B 1925 roay ae Bpoitnem (de Brog-
lie), KoTopLIfi BBeN NOHATHE O «BOJHAX MAaTePUH» M TeM CAMbinm
[I0JTOXKHJI OCHOBAHHE BOJIHOBOH mexanuke. HMpenm ne Bpoiis Gouaw
3ateM paseutbl Llpenunrepom, xoropwiit B 1926 rony Hamesn mare-
MaTH4ecKylo (OPMYJHPOBKY 3aJaud O CTALMOHAPHBIX COCTOFHHAX
4ToMa, IPHBEeAs €€ K HaXOXKIEHHIO COOCTBEHHBIX 3HAUeHH u QYyHK-
LHH  HEKOTOporo onepaTtopa (omepatopa 3Hepruu). B Tom xe
1926 rony llpenuHrep mnokasanq TakKe 3KBHBAJEHTHOCTb <«BOJHO-
BOIH» MeXaHUKH «MaTpuuHOii» MexaHuke [eiizenGepra. IlpaBuinHoe
({usnyecKoe TOJKOBaHHE BOJHOBOI QYHKIHH BBIpa6GOTAI0Ch, OAHAKO,
JIMUIb BIIOCJENCTBHH,

§ 15. Noaykaaccuueckoe npubaHIKEHHE

B mpenenvrom ciyuae, Korna noctosiHywoo IlaaHKa MOXKHO CuH-
TaTh MaJjiofl MO CPaBHEHHIO C BCTPEYAOIIMMHCH B AAaHHOH 3ajaue
BEJIMYHHAMH TOH XK€ DPa3MEPHOCTH, MOXKHO NPUGIHKEHHO BLIPA3HTD.
pewenne ypaBueHuss Ulpennnrepa uepé€s peweHue ypaBHeHus [a-
MHJAbTOHA — $SIKOOH.

Paccmorpum ypasuenne Ulpenunrepa

e o o
"‘WA"P-“U(X, Y, 2)'4"—lﬁw- (1)'

rie U ectb 3amannas QyHKUHS OT KOOPAHHAT U GYAeT HMETb €ro
pelleHHe B BHJE

Ls
¢=‘P'eh ’ (2)
rae Y’ ectb GopMaJbHBIA PsAJ DO BO3pACTAIOIUM cTeneHsM h. [Tox-
CTaHOBKa BblpaxeHHs (2) B ypaBHeHue (1) maer

1 aS ’
[ (erad P+ + G2 v =
L1 ’ 1 ;L 0 ’
—in[-—grad Sgrad ¢ + 5 ASY + 5. (3
Ecau Mpl mpene6pexeM 37ecb Y/I€HOM, NPONOPLUHOHANbHLIM 2, u

NPHPABHAEM HYJIIO WIEH, HEe 3aBHCALIMH OT i, H Y/IeH, IPONOPLHO*
HaJbHBIH NEpBOi creneHu F, Mbl MOJYYHM JBa ypaBHeHHS

1 a8
5, (grad S + U + - =0, 4y
1 1 o’ __
—grad Sgrad 'l])o—l-%—ASllJo—l- — =0. (5}

2
o2m
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Bo BropoM H3 HUX Mbl 3aMeHH/JIM aMIVIATYAY |’ €€ NPUOIHKEHHBIM
3nauenueMm YO, coorsercTBYIOUHM A — 0.

YpaBHenune (4) ectb ypaBHeHue ['amuabrona — $Ko6u Kaaccu-
YECKOH MeXaHHMKW. YpaBHeHHe Xe (5) NPHBOJUTCS K YpPaBHEHHUIO
Hepa3pbIBHOCTH KJACCHYECKOH THAPOAMHAMHKH. B camoM gene, yM-
HOXKHM ero Ha 2¢° u oJ0KHUM

(¢ =p. (6)
Mpr mosnyunm
| AS ]
;-grangradp—}—?p-]-a—‘;: (7
HIHN
div (£ grad §) + 22 =o. 8)

B knaccnyackoit mexauuks grad S==p ecTb KOJI442CTBO JABHKEHHS,
1

a4 —gradS=wv ectb CKOPOCTH; CleNOBaTeNbHO, ypaBHeHHe (8)

MOXeT ObITh HAaMHCAHO B BHUJE

div (pv) + 2 =0, 9)

“T. €. B BHJle YPABHEHHS] HEPA3PbIBHOCTH.

Pewenne ypasHenua ['amunbrona — §Iko6u NpHHATO Ha3bIBaTb
<{hyHKIMeR AeicTBHA. Pelienue 370 MOXKHO NOJYYMTb, BBEIS B pac-
cMoTpenue GyHKUUIO JlarpaHxka

Z = mo*—U (10)

# BLIYUCJAHB HHTErpaJ
t

S=SZ(t)dt ' (11)

to

BIOJIb TPACKTOPHH YACTHUb! (MHTerpasa gelctsus). g BhUHCACHHUS
UHTErpasa AefiCTBAsl MOXKHO BbIPA3UTh ciepBa GyHkuuwo Jlarpanxa
yepe3 BPEMS W NOCTOSIHHBIE MHTErpHPOBaHUA (uX CyIeT LIeCTb, TaK
Kax ypaBHeHust Jlarpanxa NpeiacTaBisiiOT TPH ypaBHEHHS BTOPOTO
nopsiaka). Ilo BeIMOJHeHHH nHTerpupoBaHust B (11) MOXKHO BLIpa-
3UTb PesyJbTaT Yepe3 Haya/jbHble U KOHEUHbIe 3HAUEHHS KOOPAHHAT
(u uepes Bpems). MHTerpan pefictBust Gyaer TOrZAa yIOBJIETBOPATH
ypasHenHio ['amunbrona — SIko6u.

[lonyuennoe TakuM nyteM pelueHHe ypaBHeHHs [aMHJIbTOHA —
SIkoOu He enuuctseHHo. CyHIECTBYIOT H JAPyTrHe pelleHHsl 3TOTO
YpaBHEeHHS, 3aBHCALIHE HE OT HAYa/JbHOTO 3HAYEHHsT KOOPAHHAT,
a4 OT APYTHX INOCTOSHHBIX WHTErpUPOBAHHMSA Cj, Ca, C3. Kpome Toro,
MOKHO, OYEBHIHO, HCIIOJb30BaTh BMECTO NMPSAMOYTOJNbHLIX AeKapTo-
BLIX KOODJIHHAT Kakue-nu6o Apyrue KOoOpAHHATH. B panbHelinem
MBbl OTPAHHUYHMCA CJyYyaeM NPAMOYTOJNBHBIX KOODPAHHAT.
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IMyerb
S=S(x, y, 2,1, ¢, s, C3) (12)

eCTb peineHue ypasHeHua I'amuabToHa — fko6u. M3 Kaaccuyeckoit
MeXaHHKH H3BECTHO, YTO

a8 aS as 48

T =Puv =Py G =P H=—H, (13)
TA€ P, Py, Pz — COCTABJAAIOLME KOJHUECTBA HABUXKeHudA, a H —
sneprus (¢pysxkuus I'amuartona). Kpome toro, mpoussoansie ot S
10 MOCTOSIHHBIM ¢, C, €3 GYAYT pPaBHB HOBBIM NOCTOSHHLIM, KOTO-
pele MBl 0603HauuM vepe3 by, by, by, Tak uT0 Mbl GyleM HMETb

N aS aS
-&T— 1s -d?;—bQ’ 'a_ca‘—-ba. (14)

B vactHOM ciayuae, KOraa B KauecTBe (i, C2, C3 B3SATHl HauajbHble
anauenus x% y% 2° koopamuar, nocrosHHbie b;, by, by GyayTr Ha-
YaJbHBIMH 3HAYEHHSIMH HMIYJbCa, B3ATBIMH C OGPaTHHIM 3HAKOM.

Pemnym Tenepp ypaBHeHue (8) uau (9) B npeamnosoXeHuH, 4To
peutenne (12) ypasHenus (4) ussectHo. JlokaxeM, yTo B Kaue-
CTBE p MOXHO B3SITb I€TEPMHHAHT

%S ik RS
0x dc, dydec;- 0z0dc
%S %S a9%S
P= 3% de; dyde, Oz 0c, (15)

a8 928 028
dx dcy 3y Ocs 0z dcy

(WK, TOCKONBKY o NOJIOXKHTENbHO, ero aGCoJIoTHOe 3HaueHHe).
Huddepenuupys ypaBHeHue (4) mo comepxamuMca B (yHK-
nHuH S NOCTOAHHRIM €, C2, €3, TOAYUHM
I S %S 1 98 9°S 1 88 0928 a%S
™ ox dxde, T m 3y Gydc, T m oz (16)

m 8y dyadc, m 9z 0zdc, = dtoc, *

rae k=1,2,3. IToab3ysch COOTHOLIEHHAMH
1 4S8 1 oS 1 4S8 . (17)

mox T 0 mag T U maeET

MH MOXeM mnepenucaTb ypasHeuus (16) B Bune

&S 928 #2s 8
Ux 3% de,, +o, dy dc, +o. 5 dc,  Otoe, (18)

(k=1,2,3). D11 Tpu ypaBHeHHsT MOTYT OHITb pPeLIEHH OThOCH-
TeJIbHO €HEH3BECTHHIX» Uy, Uy, U, MPHUEM ONpeAesHTe]b H3 KO3(-
dHLUHMEHTOB NPH «HEH3BECTHHIX» KaK Da3 paBen Beauuune p [dop-
myaa (15)].
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g ynpoluenua AajabHeAmIHX GOPMYJ BOCHOJb3yeMCS 0603HA-
uyenneM (14). Torna ypaBHenus (18) mamumyTtes

abe by, dbg, by

"x—a:'c"""y dy +o, 9z ot (19)

(3TH COOTHOIIEHHA NOKA3BIBAIOT, YTO BeJIHYMHH by BO BpeMsl JABH-
XeHHA He MEHSIOTCs, O 4eM MBI yXe roBopuiu Buiwe). Onpemenu-
TeNb p OyJAeT paBel

0b, adb; 9b
0x Jy 0z
s abz abz abz e D(bl, b2, ba)
P=|3x Ty 0z | D(ry 2 ' (20)
dby 0bg Oby
dx dy Oz
a BeJMYHHH PV, PU, H PU, OYAYT PaBHH COOTBETCTBEHHO
obi 0b  Oby
ot dy 0Oz
—__| 06 b, 0b, | __ _ D(by, by bs)
PUr = ot oy oz |T T Dty @
0bs by Obs
at dy Oz
b b dby
ox ot 0z
. abg Obz 0b2 — D(bl’ b2’ ba)
== T &% | Dbeid 22)
0bs by 9by
dx ot 0z
by by by
ox dy ot
— 1 08bs 0by 0by e Dby, b2, b3)
Py, = ox oy ot | D(x,y, 1) ° (23)
by by 0by
ox dy Ot

IoncraBaast HalilleHHble SHAUEHUS BEJIMYHH P, PU,, PU,, PU, B BhI-
paxeHne

35 (00 + - (00,) + 52 (002) + 2, 24)

MOXXHO yGeluTbCs, YTO BCE UWJIeHH COKPAILAIOTCH, TaK YTO 3TO BHIPAs
MEHHe TOXKAECTBEHHO PaBHO Hya0. TakuM 06pasoM, ypaBHeHHe He-
paspuiBHOCTH (9) BHINOJIHSIETCH, a CJIENOBATEJNbHO, BBHINOJHSETCH H
ypaBHenue (5) Aas ¢ynkuuu y°, CBA3aHHOM C p cooTHOmWeHHeM (6).
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[TpounmocTpupyeM H3J0XKEHHYI0 B 3TOM naparpade Teopuio Ha
ca1yyae CBOOOJAHOIO IBHMKEHHS MaTepHaJbHOH TOYKH. Tak Kak npu
CBOGOJHOM [BHKEHHH CKOPOCTb IIOCTOSIHHA, a NMOTEHLHA/bHAs 3Hep-
Tusl paBHA HYJIO, Ml OyIeM HMETb

t

2 2
s=§—"%dt=i"§—t | (25)

(Mbl nos1oKuMu ty = 0). B KavecTBe MOCTOSNHHBIX HHTErPHPOBAHHS
Mbl BO3bMEM HaYaJbHBIC 3HAYEHUSA Xy, Yo, 20 KOOPAMHAT X, y, 2. Mul
OyIeM TOTAa HMETb

x=Xxo+od, y=ygo+ot, z=z-+uvs (26)

H, cJjJeLOBATEJbHO,

[(x — X% + (¥ — 90)* + (2 — 20)*]. (27)
Onpegenurenb, COCTABJEHHBI H3 BTOPBIX NPOHU3BOAHBIX OT S,
2 2 2
dx dx, 4 Jdy Jyy ¢ 0z 0z, t

(BTOpBIE MPOM3BOAHBIE [0 PA3HLIM KOOPAHHATAM paBHBI HYJI0) Gy-
JeT BeJHYHHOH, 00paTHO MpPONOPUHOHZJABHOH 3, Tak UTO MBI MO-

2KeM NOJO2KHTD
const o__ const
p= t3 ' ’\/P = \p i/‘ ’ (29)

#, CJIel0BaTeNbHO, HpHOIHKeHHOe 3HaYenne (yuxiuuu ¢ Oyder

=" exp(( g [x — x4 (g — P + 2 —201).  (30)

IloacranoBka 3T0ro BohipaXkeHuss B ypasHenue IllpenmHrepa nokas
3bIBAET, 4TO OHO OyAeT jaaxe He NpUOJMIKEHHBIM, a TOYHbIM pemie-
HueM. (B sTom moxHO y6eauTbcst H Ge3 BBIYHCJACHHH, €CIH BOCIIOb-
3oBaTbes Gopmysofl (3) u HMeTb B BHAY, 4TO NpH P = §°, rae §°
uMmeer Buj (29), 6yzer Ay’ = 0.)

§ 16. CBs3b KAaHOHHYECKOr0 MPeoGPa30BaHMA C KacarejbHbIM
npeodpasoBanHeM KJAACCHYECKOH MEXaHHKH

Has cucreMm, uMewIHX KJAacCHYeCKHH aHaJOor, KaHOHHYECKOoe
npeoGpasoBanile 01epaTOpPOB NPEACTABJIAET AHANOTHIO C KacaTelbs
HBIM TIpeo0pa3oBaHueM KJAacCHUecKol MeXaHHuKH.

[ycrb q1, G2, .., Gn ¥ Py, P2, -+, Pn — TEPBOHAYAJBHBIE KO-
OPAHHATHL U UMIYJIbChl (MOMEHTBI) CHCTEMBI, &

Qh Q:Z)"': Qn H Pl) P2"'-"Pn
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— npeo6pa3oBaHHbIE KOOPAHHATHI M MMIYJbChl. PaccMoTpum ciy-
yail, Koraa QyHKUHS NPeo6pa3oBaHKs 3aBHCHT OT CTAPBIX H HOBBIX

KoopAauHar
S=S(q1!"', qn; Qb'--s Qn)- (1)

KacaTtesibHOe npeoGpasoBanue ONpeNesieTcss COOTHOMECHHEM MeKLy
anbdepeHunasaMu

n n
2 prda, — X, P, dQ, =4S, @)
H3 KOTOpOoro cCiaenyet
a8 as
p’=6q,’ r=_a—Qr' . (3)

Boipaxenns AJf BEIHYHH ¢, p Yepe3 BeauuuHnl Q, P u obpaTHble
BBIDAXKEHHS MOJyYalOTCsl pelleHueM ypaBHeHuit (3). D10 peiueHHe
BCErja CyLUeCTBYET, TAK KaK OINpeNesHTeNb
%S .
Det 37,90 #*0 (4)
nPeNoNaraeTcss OTJIHYHBIM OT HYJIS.

B KBaHTOBOH MeXaHHKe TaKOMY KacaTeJbHOMY Npeo0pas3oBaHUIC
COOTBETCTBYET KaHOHHYECKoe npeo6pas3oBaHue OT IpeacTaBjaeHusd,
B KOTOPOM «IHAaroHaJbHBIMU» SIBJASAIOTCH BeAHYUHBI ¢ K NPEACTaB-
JIEHHIO, B KOTOPOM <«JHarOHAaJbHBIMU» SIBJAKIOTCS BeJAHYHHB Q. D10
KaHOHHYECKOoe npeobpa3oBaHue MMeeT ciaeayioluil Bua. O603HaUNM
Last KpaTKocTH *) uepes Wo(qg) obumue co6eTBeHHblE QYHKIHM Ones
patopoB Qi, ..., Qn, BEpaKeHHble B NEPEMEHHBIX q1, s, ..., n.

ITycrb F ectb npeobGpasyemerii onepatop. Toraa siapo winm mar-
puua npeoSpa3oBaHHOro oneparopa F* GyayT uMerb BHA

@1 F1Q = { Tor (9) F¥a(g) dg, (5)

,

rae nmol dq pasymeeTcs NpoHU3BeLeHHe AHDbEpeHInaIoB
dg=dgq,, dq,, ..., dg,.

Cobeteennyio ¢ynxuuio Wo(g) MOXKHO paccMarpuBath Kak sapo
(¢|U|Q) ynurapnoro oneparopa U = U-! u nucatb dopmyay (5)
B BHle

F*=UFU™", . (6)

-Tlpn F == 1 popmyna (5) NpHBOAHTCS K YCJAOBHSIM OPTOrOHAJBHO-
CTH, TIpHYEM CJeBa AOJIKHO INOJYYATbCS SIAPO €THHHYHOTO onepa-
TOpa B NepeMeHHbIX @, T. €.

Q111Q=28,Q—Q@)=58(Q —Q) ... 8(Q, —Q), (7

*) COBOKYNHOCTb NE€PeMEHHBIX ¢, ..., §n MBl OyleM uyacTo 0603HAYATb OX-
HOIt OYKBOH ¢; aHaJOTHYHBIA cMBIC] 6YAYT UMeTb 0o6o3HauenHs p, Q, P.
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rie § ectb nenbra-oyHxuus [upaka (dopmyaa (7) moxer cay-
JKHTb ee olpeje/eHHeM).

B noanyknaccuueckoM NpHOMUKEHHH Mbl MOXeM B3Th B Kauye-
ctBe ¥y (g) BoIpaxenue

— i
%S =S
‘FQ(Q)=C/\/,E,0—Q cet o, (8)
KOTOpOe NpeacTaB/seT 0600IeH e BblpaXkeHUs, IOJTyIeHHOrOo B npe-
AblaylieM naparpade.
3aech 47151 KpaTKOCTH NOJOXKEHO
928 S
———===Det ———,
5g0q — Dt ag,00; ©

a noj KopHeM B (8) crouT abCO/IIOTHOE 3HAaY€HHE 3TOrO OlpeAesH-
teqs. [locTosinHas ¢ pasHa

c=(2nh)""2, (10)

IpoBepum, uto 3T QyHKUMH NPHOIHKEHHO YIOBJETBOPSIOT yC-

JIOBHIO oproroHaibHocTH. [loxcraHoBka Bbuipaxeuuit (8) B mHTe-
rpan (5) npu F = 1 naer nox unTerpanoM GbICTPONEpPEMEHHbIH MO-
. — (5=87) ,
Ka3aTeJbHLI!I MHOXHTEb & , tae S’ nonyyaercs ns S 3ame-
HOH Q Ha Q'. DTOT MHOXHTeJb nepecraeT GbITh GhICTPONEpeMeH-
HBIM, TOJIbKO ecan Q’ 6an3ko X Q. ToAbKO NpH TAKOM YC/AOBHH HH-
Terpaja GyAer 3aMeTHO OTJIMYeH OT HyJasi. [103TOMy MBI MoXeM 3a-
MEHHTb B ITOKa3aTese pa3HocTb S — S’ BhipakeHueM

’ - ’ as
§—8=—) (% ~Q)g55 (11)
=1
ug

S—S'__.r;1 (Q;—Qr) P, (12)
rae P, umeer snauenue (3). ®opmyay (12) MOXHO A KPaTKOCTH

3anucaTth B Buje :
S—8=@Q QP (13)

Bo Bcex MHOMHTENSIX NMPU MOKA3aTENbHOH DYHKUHH Mbl MOXKEM I0-
a0xuTh Q' = Q. Toraa noayuum

_ { ~w-or g5
(o) ¥o@rag=ct{ 7 2 da. ay

Ho ecnu P, umeer snauenne (3), TO ONpefeaHTeNb NOA HHTErpa-
JaoM B (14) ectb sako6uaH npeoGpasosauus ot P K ¢, TaK 4TO

oo |dg=ap dP,=dP 15)
Oqu q 1y »* e n - . (
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IToatomy ¢opmyay (14) MOXHO 3amucaTh B BHJE

(P Wa@dg=c{e

Ho ocraBmufics uHTerpasn (yMHOXeHHbI Ha ¢?) ec® mpocro mpo-
n3BefeHne peabta-GyHkuui (7). OTciona oKoHYaTe LHO

(¥ @ %ol dg=8r@—Q), (17)

l 7 —
w@OP p, (16)

U, CJ1€40BaTENbHO, YCIOBHE OPTOrOHANBHOCTH ¥ HOPMHPOBKH BHITION-
HAeTCH.
PaccMOTpUM Temepb MaTpuUy /s NPOU3BOJBHOTO omeparopa F,

BHIPAXKEHHOTO uepe3 ¢, U p, = —Iih Er Ilyctb
r .
,p O
F=F(q,p)=F(q, —it5). (18)

PesysbTaT nefiCTBHS TAKOTO oOlepaTopa Ha NOKAa3aTeAbHYIO (QYHK-
[

—S
uuio e*  Oymer B paCCManHBaeMOM npHOIHKEHHH paBeH MPOHU3-
BeJleHHIO 3TOH (QYHKIHUH HA F(q, q)

F(q,—m%)ﬁs,v T °Fa, & = (19)

To xe crnpaBel1MBo ¥ MO oTHoweHHI0 K GyHkuum (8). [Tosromy
B (opmyne (5) Mbl MoxeM noapasymesarb mod F He nuddepen-
flMa/bHBIH onepartop, a QyHKUMIO, cTOsmyl0o B npaBod dactu (19).
[Tonarasi, kKak W paHblile, B MHOXHTEJ/ISX NPH 110Ka3aTeJAbHON (QYyHK-
unn Q' = Q, 6ynem umeThb

Lis-s1) o8

@ F1Q=c{F(g L) 25 4. 0)

B kauecTBe mepeMeHHBLIX HHTETPUPOBAHUA BO3bMeM, Kak u B (16),
seauunnnl P. INpeoGpasysa x HuM ¢dyHkuuio F, 6yneM nmeTb

F(g,p=F (@@ P), p(Q P)=F"@Q, P), (21)

rae nox p u P pasyMmeiorcs kiaaccuyeckue BblpaxeHus (3). Beuen-
cTBre npubiauxKeHHoro paseHcTsa (13) MBl MOXeM Hamucatb

Q1F1Q=c{r@Qpe

l y 2
AP p, (22)

Uro6bl BLIYMCAHTb 3TOT HHTErpas, 3aMeTHM, UYTO YMHOMKEHHE CO-
Jepxallledcsi B HEM II0Ka3aTeJbHOH (QYHKUHH Ha P pPaBHOCHJIbHO
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. .. 0
NnpHMeHeHHIO K Hell oneparopa —zﬁd—Q,. IToaTomy

5

i i
—(Q/-Q)P « . —(Q/-Q)P
z dP=SF (Q —in aQ,)eﬁ dP.  (23)

J i@ Pt

Bbinocst onepatop F* 3a 3Hak WHTerpana u NOMb3YSACh Pe3yJbTa-
tamMu (16) u (17), nonyunm

Q1F1Q =F*(Q —in 357) %(Q— Q). (24)

3nech (Kak, BIpOYeM, H B NPEABLAYIIHX GOPMYAax) MOKHO GbLIO
Obl B3iTb B KaUeCTBE MEPBOro. apryMenta F* sennunny Q’. Tak kak
pe3y/abTat NpHMeHenus omepatopa F* x Hekoropo# ¢yHkuuu P (Q)
onpeneasiercst GopMyJioi

FeQ={@QIFI0)v@)aQ, (25)

TO, NONb3YSICh BhipaxeHneM (24) mis s71eMeHTa MaTpuubl, Mol Oy-
IEM HMEeTb

Fyp@=F(Q —if55) $(Q). (26)

Takos Gyner Bun npeoGpasoBaHHOro omepatopa F* (¢ TOYHOCTBIO
10 YJI€HOB, 3aBUCAIIUX OT MOPAAKA MHOXKHUTENEH B HeM).

Hamn Bbiuncienns MoXHO pe3ioMHpPOBATh caeyiomuM 06pasom.
Ilpumenenne npuGnuxenHoro paseHctsa (19) Ho3BOMHAO Hawm me-

peliTH OT omeparopa F(q, —ih 0—‘1) K Qynkuuu F(q, p), 3atem 3Ta

Gbynkuua Obl1a BbIpaXKeHa M0 KJIaCCHYECKUM dopmynaM ass Kaca-
TeJIbHOTO NpeoGpasoBaHus uyepes HOBble nepeMennnle Q, P. Ot HoJYy-
YeHHOH HOBOH QyHKUuM F*(Q, P), MBI 3aTeM BHOBL NEPELIH K Ofle-

* . a
partopy F (Q, _’ha_Q')’ Korjla npuMeHsan MeTon audodepennu-
POBaHHS 1O MapaMeTPy K BLIYHC/ICHHIO HHTErpaJja.

Takum 06pasoM, Mbl IPULIIIM K CJELYIOLIEMY Pe3y/bTarTy.
ITyctb nan onepatop

.. 0
F=F(q, p), p=—ih5-, (27)

BBIPAXKEHHBIH B NepeMeHHbIX ¢. [Toce KaHOHHYECKOTO mpeoGpasopa-
HHSl K nepeMeHHbM Q omepatop F mepexomut B F*. Ilycrs onepa-
Top F*, BBIp@)KEHHBIl aHAJOTHYHO (27), HMEeT BHI
.. 0
F*=F*(Q,P), P=—in 50 (28)
R
IlpennonoxuM, 4T0 coGeTBEHHBIE GYHKLUUH, IPH NOMOLLH KOTOpBIX
COBEpILaeTCst KAHOHHYECKOE MpeoGpa3oBaHue oT ¢ XK Q, UMEIoT B 110+
JYKJIaCCHYECKOM NpubmuKenun BuA (8), Tak uto ux dasa paBHa
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%S(q, Q). Torma Bua ¢yHkuun F* Moxer GbiTb noaydyeH us F

C TOYHOCTBIO O WYJEHOB, 3aBHCALIMX OT MOPSAAKA MHOXKHTesdeh *),
nyTeM MPOCTOro anre6paHyeckoro npeo6pa3oBaHHs NPH TOMOILIHU

PaBEeHCTB
Flg, p=F"(@Q, P) (29)
S oS
p=2, P=—3g" (30)

rie S — ¢yuxuusi, BXoasuias B ¢asy yHHTapHOro npeobpasoBaHus.
Iocaennne GOpMy/Ibl NPENCTABAAIOT KacaTeqbHOe npeoépasosaune
KJ1aCCHUECKOH MeXaHHKH:

*) PasHOCTb u/eHOB, OTJHYAMIIMXCA TNOPALKOM MHOXHTesnelt, OyZer crpe-
MuTbCS K HyJio npy A0,



F'masalV

BEPOSITHOCTHOE TOJIKOBAHME
KBAHTOBOH MEXAHHUKH

§ 1. Martemarnyeckoe oxupanue B TEOPHH BEPOSTHOCTe{H

HanomsuM npexne Bcero uspectHoe us Teopun BepOSITHOCTE
TIOHSATHE 0 MATEMATHYECKOM OXHAAHHU HEKOTOPOil BesHuHHHL. [TycTh
BeJMYHHA A MOXKET NIPHHUMATb 3HaYeHus

My Agy vy Agy onns (1)
BEPOATHOCTH KOTOpLIX CYTb COOTBETCTBEHHO

Pis Pos vos Py ooy (2)
NnpHYeM CyMMa BepOﬁTHOCTeﬁ PaBHa eqHHHILE

p+p+ ... =L (3

MaremaTtnueckum OXHIAaHHEM BeJHYHHBI Ha3bLIBaeTcs CyMMa
npousseuennﬁ KaXIoro 3Ha4YeHusl 3TOH BEJIMYHHBLI Ha BEPOATHOCTb
€ro NoABJICHHS, T. €.

M. 0. A= ; Prhg, 4)

rie OYKBE M.O. 0603HAYAIOT «MaTEMaTHYECKOE OKHAAHHE,

ITosichuM 3TO NOHSITHE NpOCTHIM npuMepoM. Ilycts umeercs N
JMIOTEpEeHHELIX GHJIETOB, M3 KOHX f; BEIUIDHBAIT N0 A pybaeit, ng
no A py6aeit u 1. . Ecan notepes ne Gecnpourpelm#as, oIHO M3
yncesa A MOXeT GhITb HyseM. MeeM

ntn+4 ... =N, (5)
H €C/IH MBI 0603HAaYHUM CyMMY BLIMTphHilIef uepes A,
n]}\'l + nz}\'g + .. =A, (6)

Cpennuit BHIArpoim [ Ha OZMH Guaer (cunTas u HyJaeBHe BoIMr-

pLILIK) paBeH, OYEBHIHO,
A
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H BePOSITHOCTb BHIMIpHILIA A; PaBHA
Pr="§"- @)

Ecau mMul B (7) moacraBuM BbipaxeHue (6) mis A u BOCHOJb-
syemcsi (8), TO cpelHHil BHIMFDHII Ha OAWH OHJET MOXHO OyaeT

HamnucaThb B BUAL
l= ; pk"'k- (9)

CpasuuBasi 310 ¢ obmefi Gopmynoi (4), Mbl BUAMM, UTO MaTe-
MaTHYECKOe OKHIAHHE BHIHIPHILA €CTb He 4TO HHOE, KaK CpelHui
BBIUTPHILI

M. 0. A=1, (10)

Boo6lie MaTeMaTHYeCKOe OXHAAHHE NaHHOH BEJHUMHBI €CTb
cpelnHee 3HaY€HHE 3TOH BEJIMUHHBL

B Teopuu BepOATHOCTEH PacCMAaTPHBAIOTCSl TaKXKe BePOSTHOCTH
HENpEepPHIBHO MEHAMHUXcs BeaHunH. [1ycTb A MOXeT KpoMe OTZAeJb-
HbIX 3HAUeHHH A1, Ag, ... NPHHUMATb TaKke H HEIPEPHIBHBIA pAlL
3HaYeHHH B HEKOTOPOM INpOMexyTKe. BeposATHOCTh BeaHYHHE A Jie-
XaTtb Mexay A H A -} dA 6ynet, BooGiue roBops, NMPONOPUHOHA/b:
Hoft dA. [lon0XKHM, 4TO OHA paBHA

p(A)dA. (11)

CyMMa BeposITHOCTEll MO-TIpeXXHeMy NOMKHA PABHSITbCA €AHHHULE;
3TO YC/IOBUE HANMHIIETCH Tenepb

Yoo+ {pmar=1, (12)
R

rlie HHTErpaj B3AT MO BCEMY NPOMEXYTKY HENpPEpHIBHOrO H3MeHe-
nusi. Hakoneu, ¢opMyna AN MaTeMaTHYECKOro OxXuaaHus Gyner

HUMEeTb BHA
M. 0. A=) Paky+ S Ap (A) dA. (13)
k

§ 2. MaremaTHYecKoe 0XKHJaHHEe B KBAHTOBOH MeXaHHKe

O6paThMcsl Tenepb K T€OPHH KBAHTOB. MBI BuAeNH, 4TO COCTOA-
HHE 3/JEKTPOHA MOXeT GbITb ONHCAHO MOCPENCTBOM BOJNIHOBOH QyHK-
nuu P.

Srto onucaHWe Mbl [IOHHMaJd B TOM CMBbIC/eE, UTO €CJH Y €CThb
co6cTBeHHass (QyHKUHSI omneparopa L aaA BeJHYMHBl A, COOTBET-
cTBylollas COOGCTBEHHOMY 3HaueHHIO A, TO 3ajaHMe Y PABHOCHJb-
HO YKa3aHHI, YTO B pe3yJbraTe H3MEePEHHS! BeJMUMHB A LO/IKHO
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NoayauTbest A = 1”. CoGCTBEHHOE 3HAaYCHHME BBIPaXKasoch uepes co6-
CTBEHHYIO QYHKLHIO CIENYIOLMM 06pa3oM;

S 'tI)L\p dt
{#par

(1)

EcrecTBenHo 3azath Bompoc, Kak moHUMATh OTUCaHHE COCTOSIHHUSA
TIOCPEACTBOM YHKLHH 1 B OGLIEM CaydYae, KOTNa OHA He ABJseTCA
COOCTBEeHHOH (QYHKLMelH KaKoro-nu6o oneparopa L. Mbl oTBeTHM Ha
-3TOT BONPOC, BBEAs THIOTE3y O BEPOSTHOCTHOM Xapakrepe Takoro
OIIHCAHUS.

Ionoxum, Mbr uMeeM MHOro 3JICKTPOHOB, HAXOMSUIMXCSA B OHH-
HaKoBOM cocTosiHuM . Ecan Mbl GyneMm Ha KaXIOM u3 HHX u3Me-
PATb BEIWUHHY A, TO, COMIACHO HalUel THIOTe3e, OTHEMbHbIE H3Me-
PCHIST MOTYT NaBaThb (BCJEACTBHE BJMSIHHA IpoLecca H3MepeHHUs Ha
OOBEKT) pa3Hble PesyJbTaThi, HO CPe/lHee M3 THX Pe3y/abTaToB Oy-
ACT ONpPEleIEHHbIM YHCIOM, KOTOpOe Gymer NpeACTaBAATL MaTeMa-
THYECKOC OXHAAHHE BENMYMHBI A B COCTOSIHUU Y. Takum o6pasom,
Halla TMIOTe3a COCTOMT B NPEAMOIOKEHHH, YTO pesy/sibTaT oTIE/b-
HOTO H3MEpEeHHA MOXKET ObiTb CaydyafiHBIM, HO uTO npd 60JboM
JHCIC H3MEPEHUH cpellHee He GyAeT 3aBHCETh OT 3TOro YHCJa, JULIb
61 OHO 6bLI0 Bennko. Tak Kak HPAKTHYECKH NPUXOAHUTCA, B GOJb-
LIMHCTBE CJIy4aeB, HMETb H€/10 € GOABIIHM YHCAOM 3JIEKTPOHOB, TO
‘CPElHee, T.e. MaTeMaTHUYECKOE OKHAAHHE AAHHON BeJHYHUHBL, JaxKe
Gonee HemocpeacTBeHHO LOCTYTIHO ONBITY, YeM 3HAYEHHE 5TOH BeJH-
YHHBL 111 OTAEABLHOTO 3JIEKTPOHA.

Mul nanan dusnyeckoe ONpENCaeHHe NGHATHA MAaTeMaTHYECKOro
oxunanud. Ham npeacrour seipasuth ero uepe3 QyHKUMIO ¢, Xxa-
PAKTEPH3YIOULYIO COCTOSIHHE 3JIEKTPOHA, U uepes oneparop L, xa-
PAKTEPHU3YIOWMI AHHYIO BENHYUNY. )

Ilpexne Bcero Brpamenue s MaTeMaTHYeCKOro OMKUAAHHSA
JONIXKHO yIOBJIETBOPATh TPEBOBAHHKIO UHBADUAHTHOCTH, T. €. OHO He
JO/IKHO 3aBHCETb HH OT BbIGOpPA HEe3aBHUCHMBIX [IePEMEHHBIX B BOJI-
HOBOH (YHKIMM, HH OT BbI6OpA NPOM3BOJILHOM ¢opmbl B npencras-
JICHHH onepaTopoB. Kopoue rosops, oHO L0I3KHO 6biTh MHBAPHAHTOM
O OTHOLICHWIO K YHHTapHBLIM Ipeo6pa3oBAHHAM, pPaccMOTpeHHbM
HaMu B IpeblayiIel raage.

Kpowme toro, maremartuueckoe omnzanne IOJIZKHO 00/1a1aTh cie-
-AYIOUINMY NBYMS CBOHCTBAMH, H3BECTHBIMH U3 TE€OpHU BEPOSTHOCTEH,
Bo-nepsbix, maremartnueckoe ommuianme CYMMBl JBYyX BeJHYHH
AONZKHO PABHATLCS CyMMe MAaTeMAaTHUeCKHX OKHAAHH STHX BeJH-
4nH, 6e3pasanuHoO, GYAyT JIM OHU HE33aBUCUMbIMH HJIH HeT. Bo-Bro-
PbIX, €CIH B NAHHOM COCTOSIHHM BEJAHYMHA ), HMeer onpene/eHHOe
SHaueHHe A, TO W ee MaTeMaTHUeCKOe OXHAaHHe HOJIKHO paBb-
HATbC A/,
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OTH Tpe6OBaHHS ONHO3HAYHO ONPEIEJSIOT BHJ BblpaXKeHHS A
MaTeMaTHYECKOTO OXKHAaHuA. M3 yc/oBHS HHBAapUAHTHOCTH CJedyer,
uTO OHO JOJIKHO BBIPAXkKaThCsl Yepe3 YHHTapHble HHBapuaHThl. Tako-
BBIMU SIBJSIOTCS, C OJHOW CTOPOHbLI, COGCTBEHHbIE 3HAueHHs omepa-
TOPOB H, C APYrOH CTOPOHBI, BRIpaxKeHus BUAA

Sprmp dr, Sprzmpd’c H T. IL *y

Ho ™Mbl He MoXeM TONKOBaTb COOCTBEHHbIE 3HAUEHHs OIEPATOPOB
KaK MaTeMaTHUYeCKHe OXKHUAAHHUA, XOTS Gbl OTOMY, UTO COGCTBEHHLIE
3HaueHHs CYMMbl JABYX OIIepaToOpoB, BOOGIIE TOBOpPs, He pPaBHBI
cyMMe UX cOOGCTBeHHBIX 3HaueHuit. OCTalOTCsd, C/€L0BaTeNbHO, BbI-
paxenust Buaa (*). M3 HuUX MBI NOJMKHBI BHIGpaTh NEPBOE HJH Be-
JIMUMHY, €My TIPOTIOPUHOHAIbHYIO, TaK KaK U3 NEePBOrO U3 YIOMSAHY-
THIX BbllIe CBONCTB BHITEKAeT, YTO MAaTEeMAaTHUECKOE OXHIAAHHe
ROJKHO BblpaxkaTbest uepes oneparop L juHeiiHo. MHoxuTens npo-
NOPUMOHANbHOCTH TI0/1yYaeTcss ONHO3HAYHO H3 CBOHCTBA BTOPOTO.
Takum ob6pasom *),
S YLy dt
M. 0. L = (2)
S P dt
HaH, ecaH QYHKUUS  HOPMHPOBaHa,
M. o.L=SmpL1pdr, Sﬁnpd'c=1. (3)
370 BHIpaXKEHHE yIOBJIETBOPSET BCEM IIOCTABJEHHBIM TpeGOBaHUAM,
TaK KaK OHO, KaK Mbl 3HAa€M, HHBAPHAHTHO 110 OTHOLIEHHIO K YHH-

TapHbIM NpeoGpa3oBaHusM (TeopeMa 3aMKHYTOCTH), H, KpOME TOroO,
Mbl HMeeM

oL+ mwar={brpas+ { bmpar, (4
TAaK 4TO
M.o.(L+ M)=m.o0.L +M. 0. M. (5)
Haxkouen, ecin B COCTOSIHUM ¢ BeJWUMHA C oliepatopoM L paBHa A,
T. €. eCJH
L=, (6)
TO " :
M.0.L=A. (7).

Takum o6pasom, usnoxeHHble GopmanabHble coobpaXkeHust npu-
BEJH K BIIOJIHE ONPENEJEHHOMY BLIPaXKEHHUIO JJII MaTeMaTHUECKOro:

—

*) Mw oGosHauaeM 3iech BeJHYUHy TO#R )Ke GYKBOIl, KaK H ee omepartop.
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CXHIAHHA BEJHYMHbI, ONHCBIBaEMOH omepatopoM L u Xapakrepu-
sylowe# cucremy B cocrosiun ¢. Ha npumepe paccessHUs o-4acCTHIL
(popmyna Pesepdopna), KoTopiit GyneT paccMoTpeH B KOHuE ra. V
BTOPOH 4acTH, Mbl YBHIHM, UTO TEOpHS COTJIACYETCS C OIIBLITOM.

§ 3. Boipaxenne nas sepositHOCTed

U3 dopmyns (2) § 2 nas maTematnueckoro OXHJaHUSA BbiTE-
KaeT NpOCTO® BLIPAKEHHE N/ BEPOSITHOCTH TONYYHTb B PE3YJbTaTe
H3MEPEHHsI NaHHOH BEJIMYMHBI ONpeNe/eHHOe 3HAYeHWe WM 3Haye-
HHE, JIexalllee B ONpeeseHHbIX TIpeeaax.

[Tycte (¥, &) cyTb co6cTBeHHbIE ¢ynxunn oneparopa L. Pas-
JIOXHM QYHKUMIO ) (X), ONUCHIBAIOLLYIO COCTOSIHHE 3JIEKTPOHA, B pAl
N0 3TUM COGCTBEHHBIM QYHKIUAM

B0 =) ()bl 2+ [ e (x, 1) a1, (1)

k

Pesynbrat npumenenus onepatopa L k ¢ynkuuu ¢ 6yner pasen

Lo(@=) be M) bx, b+ (AW ¥ (x, Nar.  (2)
k

Ipennonoxum ¢ynxumo Y HODMHMDOBAHHOW M COCTABMM BbIpaxe-
HHE I MaTeMaTHYeCKOTO OXHIAAHUSA BeJUUYHHL A. [lo TeopeMe
3aMKHYTOCTH MBI OyJeM HMETb

moh={plpdr=Y1ctarr+{aempan. (@
k

CpaBnuBast 310 ¢ QopmyJoi (13) § I, mut y6emumcs, uto BeposT-
HOCTb Be/H4HHe )\ GbiTh PaBHOMH A, GyneT

Pe=|c() [}, 4)
a BEPOATHOCTDb € JIeXaTb B Hpefiesax A, A +dA paBHa
p(A)dr=|c (1) PdA. ®)

Cymma BeposiTHOCTe#t paBHa CNHHHLE, TAK KakK, B CHJIy HOPMHPOBKH
¢Gyuxkuun P ¥ no Teopeme 3aMKHYTOCTH, HMeeM

Jivar=Y 1caar+ (lempan=1. ®)
k

Kosdpuunenrer c(hy) u c(A) IPEeNCTaB/AAIOT, KaK Mbl 3HaeM,
BOJIHOBYIO (DYHKIUHIO, ONHCHIBAIOLLYIO COCTOSIHHE 3JIEKTPOHA B Iepe-
MEHHBIX A. Popmysnbl (4) u (5) mamoT, Takum o6GpasoM, npsimoe u-
SHUECKOE TO/MKOBAaHHE KBAaApara MOAYJS BOJHOBON (YHKUMH KAk
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BepoaTHocTH. IlosjioxuM, HanpuMmep, 4TO A €CTb COBOKYIIHOCTb KO-
OpAMHAT X, Y, 2. Torja BepoOATHOCTb 3JIE€KTPOHY HAXOJAHUTCS B 0ObeMe

(x, x+dx), (y,y+dy), (2 2-+dz) 7y
paBHa nmo ¢opmyae (5)
[$(x, y, 2) Bdxdy d=. (8)

Paccmorpum Teneps ofuiuit cayuafi, Koria A €cTb Kakas-aubo
¢dusnueckas BenuunHa. Korja ucxofHoe cOCTOSIHHE 3aJaHO, TO AJs
HaXOXKJEHHS BEPOSITHOCTH TOJYYHTb NPH H3MEPEHHH BEJHUHHBL A
ornpeneieHHOe 3HAUYeHHE [/ Hee HYXKHO BBIDA3SHTb B NEPEMEHHBIX A
BOJIHOBYIO (®YHKIHIO, ONHCBIBAIOLLYI0 3TO COCTOSHHE [ApyruMu cJo-
BaMu, HafiTu Ko3dduuuent c(A) pasnoxenus P(x) no P(x, A)l
Kpaznpar ee Moayas (T.e. KBagpaT MoAyJas KoadduuueHnra pasio-
KEHHNs1) 1aeT HCKOMYIO BepPOSTHOCTD.

IMosoxuM, coCTOsiHHE Xapakrtepusyercss GyHkuuenr @(x, p),
npeacrabasiolleil co6cTBeHHY0 (QyHKUHIO omeparopa M, coorser-
CTBYIOLLYIO COGCTBEHHOMY 3HAUCHHUIO p:

Mo (x, pp) = @ (x, 1z). (9

DT0 3HAYHT, YTO B JAHHOM COCTOSIHUM H3MEpEHHE BEJIHYHMHBI U JAeT
onpenesneHHoe 3HadeHne. KakoBa BepOSTHOCTb TOJYYHTb B Pe3YJb-
Tare M3MepeHHs APYroil BeJHUHHBI A 3HAaueHHe, paBHoe Ax? Ilpume-
usaa dopmyay (1) K dyrruuu P (x) = @(x, ur) ¥ BCIOMHHAs BbIpa-
)KeHue I Koah(PUIUEHTOB pa3JjioXeHus ¢(A), MOJYyYHUM IJs HCKO-
MOIl BEPOSATHOCTH BhIpaXKeHHe

100w =] §o xR0 (e, ma) e (10)

C npyroit cTOpOHH, ecau Obl MBI HCKaJM BEPOSITHOCTh PABEHCTBA
L=N, 0OpPU YCJOBHH, UYTO A=A,, Mbl IpHILIH O K TOMY Xe€
soipaxenHio (10). TakuM o6pasoM, BEepPOSITHOCTb PABERCTBA M ==l
Ope YCJOBHH A==A, DaBHZ BEPOATHOCTH DAaBEHCTBA A ==A, NpH
YCJIOBHH b == g

Ecau A U p €CTb OJHA ¥ Ta XKe BeJHYHHA, TO QYHKUUM ¢ u ¢
6ynyT coO6CTBEHHBIMH (QYHKUMSMH OJHOTO W TOrO K€ Omeparopa.
B cusy OpTOrOHAJNbHOCTH COOGCTBEHHBIX QYHKUMH, NPH Ay F= An HH-
terpaj GyNeT paBeH HyJII0, a NIPH Ay = A, OH OyNeT paBeH eNuHHIE,
uTO BIIOJIHE COOTBETCTBYeT (Gu3HyeckoMy CMbICAY BhipaxKeHusi (10)
Kak BepofiTHOCTH. TakuM o6pa3oM, OPTOrOHaJbHOCTb ABYX BOJHO-
BbIX YHKLMI BhIpaxKaeT TOT (HaKT, YTO ONHCHIBAEMBIE HMH COCTOS-
HHUSl HECOBMECTHBHI.

Korma mannas BeJuuuHA MOXKET MEHATbC HENPEpLIBHO, TO
HeAb3sl TOBOPHTb O BEPOATHOCTH TOTO, 4TO OHA HMeeT oOmpefe-
JeHHoe 3HadeHHe: TakKas BepOSITHOCTb paBHa HyJai0. Bsamen storo
MOKHO TOBOPHTb O BEPOSITHOCTH TOrO, YTO OHA JIE€XKHT B H3BECTHOM
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IPOMEXYTKE, a TaKXKe O «HJIOTHOCTH BEPOSTHOCTH», T. €. 06 OTHO-
IIEHHH 3TOH BEPOSATHOCTH K IUMPHHE npomexyrka. Tak, nanpuwmep,

[$(x, g, 2) P

€CTb MIOTHOCTb BEPOSTHOCTH /11 KOOPAHHATHI.

C stum cBsizano pasnnume B HODMHUpPOBKe QYHKUUH 115 TOuey-
HOTO W ISt CIVIOUIHOTO CHEKTPa; NEPEeXOLY OT COBCTREHHbIX byHK-
uhil K COGCTBEHHBIM aupdepenunanam COOTBETCTBYET MNepexoj OT
TITOTHOCTH BEPOSTHOCTA K BEPOSITHOCTH JIEXKATh B H3BECTHOM npome-
JKYTKE,

§ 4. 3aKkoH u3MeHeHMsn MmaTeMaTHYeCKOro OXHAAHASL BO BPEMeHH
MaremaTuueckoe oxuIaHHE BeJHUHHDL C oneparopom L

S YL dt

[ bwas

(1)

M.0.L =

OyzleT, BooOGlIIe, TOBOp#, 3aBUCETb OT BpeMeHH. Eciu Mbl BbIOepeM
TaKoe npejicTaB/eHHe ONepaTopoB, B KOTOPOM onepaTopel 1Jsi KOop-
AHHAT H MOMEHTOB OT BPEMEHH SBHO He 3aBHCAT, TO B BhIpAXKeHUH
(1) dyukuus ¢ Gymer YAOBJIETBOPATL BOJIHOBOMY ypaBHEHHUIO

N 0%

rae H — oneparop sueprumu.
ITokaxem npexne Bcero, uto HHTErpaJ

S@#dn

crosuuit B popmyse (1) B 3HaMeHarTese, He GVAET 3aBUCETH OT Bpe-
MeHH *). Mb umeeM

d (- v = AP
i S\PIPdT:STlf\PdT-l— Slpa—?dr
Hu, NoJb3YsACh BOJHOBLIM YpaBHEHHEM, noJjqyuaem
d (- i (o -
S ovar =L Tow —wrwar

Ho Benencrsue camoconpsaskennocrn oneparopa /1 3to BelpaxeHne
pasHo HyJo. CaenoBarenbHo,

2 {pa=o, 3

*) Cu. Takxe Gopmyny (6) § 13 ra. III.
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H €CJIM MBI IIOJIOXKUM B HauaJbHbiHl MOMEHT BpEMEHH

{Bpar=1, (4)

TO 3Ta HOPMMPQGBKA COXDaHMTCS BO Bcskoe Bpemsi f. Ilpeanonaras
GYHKIHMIO { HOPMHDOBAHHON, Mbl MOXXeM 3aMeHUTb BhipaxKeHue (1)
Ha 6oJee npocToe:

M. 0. L= S L dr, (5)

KOTOpOe TakiKe OCTaeTCsl CIPaBeNJIMBBIM I/ BCSIKOro f.
Halinem nmpousBOAHYIO 10 BpPEMEHH OT MAaTEMAaTHYECKOTO OXKH-
nanus L. Juddepenunpys nox 3HakoM HHTErpasna u 3aMeHsst Npo-
0P

H3BOAHYIO Bt €€ BbIpaXX€HUEM H3 BOJHOBOTO YpPaBHCHH{, NOJYUUM

%S(pbq;dr———% S HLy dr+Sfb%(L¢)dr.

H TaK Kak onepatop H caMoconpsaxKeHHBIH

it i\ = .. 0
-g; S\bLlle’c:—,;—S\p(H—zﬁ-a—t-) L dr. 6y
Bunoausa snech nuddepenuvponanue, 6yleM HMeTh
A prpar=\9[L + L HL— L] par. (7)

OmnepaTop 1oJ 3HAaKOM HHTerpaja €CTb He UTO HHOE, KaK OlepaTtop
JJIsL TPOU3BOJHOM oT L 1o BpeMeHu

A0 4 L(HL — L), (8)

Takum o6pasoM, paBeHCTBO (7) BHIPAXKAET, UTO
d - = dL

T. €. YTO TPOU3BOJAHAS 10 BPEMEHH OT MaTeMaTHYECKOro OXHIaHH/
paBHa MaTeMaTHUECKOMY OXHIAHHIO NPOU3BOJHOH, Kak 3TO H L0J-
XKHO OblThb. Ecln ucxolute M3 aTOro, TO HAlM pacCyXKAeHHa AAIOT
BLIBOJ Beipa)keHus (8) /sl MOJHOH NMPOU3BOAHOH OT olepaTopa Mo
BpeMeHU — BHIPAXKEHHH, TOJYyYeHHOTO HAMH DaHee ADYTUM TYTEM.

[Tpu paccmorpennu BoJgnosoro ypaBHenus llpeaunrepa (B ua-
ctu II) Mbl y6enumes, uto ecau B KauecrBe L Gparth onepatopst sk
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PasMMYHLIX MEXAHHYECKHX BENHYHH, TO MpaBble 4acTH ypaBHeHHUIl
Buza (8) OynyTt no ¢opMe CoBIaZaTh C KAACCHUECKHMH. TaKum 06-
pasoM, B KBaHTOBOIl MeXaHHKE MEXIY MaTeMATHYECKUMH OXHIA-
HAAMH M HX NPOH3BOAHBIMH IO BPEMEHH CYLIECTBYIOT T€ Ke COOT«
HOILICHHA, KaK MEeXAy CaMHMH BEeJMYHHAMH H HMX NPOU3BOLHLIMHU
B KJIaCCHYECKOU MeXaHHKe.

§ 5. CooTBeTcTBHE MeXKAY MOHSTHSIMH TEOPHH
JHHEHHBIX ONEpPaTOPOB H TEOPHH KBAHTOB

B 3axmioueHue 3TOH raaBbl, a BMecTe H NMepBOH YacTH Haued
KHUTH OTMETHM, YTO KaxKIOMy MNOHATHIO TEOPUM JIMHEHHBIX onepa-
TOPOB COOTBETCTBYET OIpele]eHHOe NOHSATHE KBAHTOBOH MeXaHHKH
TaK, 4TO MOXKHO COCTaBHTb LeJBIH CJI0Bapb AJsi NEPeBOfa C MaTe-
MaTHYECKOro fA3blKa Ha ¢usuueckuii. CaoBapb 3TOT OyLeT uMeTb
NIPUMEPHO CJACAYIOUHH BUL:

Martemartuka

Jlunefinnili onepatop L
Co6cTBennbie  3Hauenus A’
(XapaKkTepHCTHUECKHE YHCJIA)
CobGeTBennas (pynnamenTain-
Has)) QYHKLHA P 418 CcOBCTBEH-
HOrO 3HayeHHst (XapaKTEPHCTH-
YecKoro uucsa)i’
KommyraTtusHoCTh oOneparo-

poB
KBanpar mony.s | 2
Hopmuposka Slmpl2d1:=l
ITepexon X  co6GCTBEeHHBIM

IudepeHurnasaM B CIJIOIHOM
CIIEKTpe

OpToroHaNbHOCTD S.dnp dt=0

3aMKHYTOCTb CHCTEMBI (YHK-
uuit P (x, A)

Hurerpan S@an dt
Ksanpar wmonpyas xospdu-
UHEHTA pasjoxkeHdss @(x) mno

@ (x, )

®usuka

®Dusnyeckas BeJUYUHA A

HaGmonaembie suauenus ¢u-
3HYECKOH BeJIMUHHBL

Cocrosiane MexanHuecKo# cH-
CTEMBI, B KOTOPOM A=A’

OnnoBpemenHass Hab.0zxae-
MOCTb (PH3NYECKHUX BeJHYMH
ITnoTHOCTH BepositHOCTH

Cymma BepositHoCTeH pasHa |

Koneunas seposatnocTs Hepa-
BeHCTBA A’ <A <A 4 AL

CocTosiHUS @ H P HECOBMECTHEI

3nauenusa A, A” wuw T. 1.
€IHHCTBEHHO BO3MOMKHbI

MartemaTtHyeckoe OXHAAHHE
BEJUYHHE A B COCTOSIHHH @

BeposiTHoCTh paBencTBA A=2'
B COCTOSIHHH @

B03MOXHOCTE Takoro comocTaBJieHHs NOKAa3bIBaeT, HACKOJLKO
TecHa CBA3b MeXAy OGEHMH TEOPHUSIMH M HACTOJBKO HeoGXoa UM
A3bIK TEOPHHU JIHHEHHbIX ONePaTOPOB A5 H3MOKEeHUSs TEOPHU KBAHTOB.
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§ 6. INoHATHE CTATHCTHUYECKOr0 KOJIJIEKTHBA
B KBAaHTOBOI MeXaHHKe

B mepBble rofnl pa3BuUTHA KBAHTOBOH MeXaHHKH, B paHHUX I10-
TILITKAX €€ CTaTHeTHYeCKOro (BepOSITHOCTHOIO) TOJKOBaHHSA, HUIUKH
€llle He OTPEIlHJHCH OT NpeAcCTaB/jeHHs 00 3/eKTpOHe KakK 0 KJac-
CUYeCKOH MaTepuHaabHON Touyke. Jlaxe Korja NosBU/Aach Hues Je
Bpoiiuig o BosHOBOM NpHpPOAE MATEPHH, BOJIHBl MaTepPUH HHOLAA TOJ-
KOBaJHCh KaK HEYTO Hecylllee TO4YeyHbBle MaTepHasibHble YacTHILBL
BriocsenctBuy, Korza Oblsi NpeAsoXeHH COOTHolleHus [eilizen-
6epra, 3TH COOTHOIUIEHHSI TOJKOBaJUCh KaK COOTHOIUEHHS HETOYHO-
CTel, a He COOTHOLIEHHs] HeOonpelde/eHHOCTH: 00 3JeKTpPOHe TOBOpH-
JOCh TaK, KaK ecad Obl 3TO Oblia yacTulla C ONpeleJeHHbIMH 3Ha-
YeHHUSIMH KOODAMHATBHl U CKOPOCTH, HO HEH3BECTHO KaKUMH HMEHHO.
Ksaapar monynass BOJHOBOH (YHKLUHH TOJNKOBaJCS KaK IIOTHOCTh
BEPOSAITHOCTH 4YaCTHUE HMETb — HE3aBHCHMO OT YCJOBUH ONbITA —
JaHHBIE KOOPAMHATH (KaK ecjd 6bl KOOPAWHATH BCerfa GblIH onpe-
ZeJeHHbIMHU). AHAJOrHYHO TOJKOBAJICA KBaApaT MOLYJs BOJHOBOI
GYHKIOHY B NPOCTPAHCTBE HMIYJbCOB, NpudeM o00e BEPOSITHOCTH
(B MpOCTpPAHCTBE KOOPAMHAT ¥ B NPOCTPAHCTBE HMIYJbCOB) pac-
CMaTpUBaJ/JHCh COBMECTHO KAaK BEPOATHOCTH HEKOTOPOIrO CJOKHOrO
COOBITHSI, COCTOALLErOo B TOM, YTO YaCTHIA HMEET olpeleseHHbie
KOODJHHATLl W ONpeAesNeHHLIH HMOyJbc. BrolpaxkaeMas cooTHoule-
Husmu [efisenGepra QakTHuecKas HEBO3MOXKHOCTb WX COBMECTHO
U3MepHuTh NpeACTaBJAsANaCh OPH TAKOM PacCMOTPEHHHU, KaK KaKOH-TO
71apaloKC MJH Kamnpu3 NPHPOABI, B CHJAY KOTOporo, 6yATOo OHI, He
BCe CyIIeCTBYIOIee T03HaBaeMo.

Bce 3TH 3aTpyldHEHHs OTHaZaiOT, €CAM INOJHOCTbIO IPH3HATH
JBOHCTBEHHYIO KOPIYCKYJSIpHO-BOJHOBYIO NPHPOAY 3JEKTPOHA BHI-
fICHUTb CYIIHOCTb 3TOro Ayasau3Ma W IOHATb, K Y€MYy OTHOCATCS pac-
CMaTpuBaeMble B KBAaHTOBOH MeXaHHKe BEPOSITHOCTH W B KaKoOM
XOJIJIEKTHBe OHU BepyTes.

[TonbiTaeMcst martb cnepsBa ofliee onpelesneHHe CTAaTHCTHIECKOTO
KoJjieKTHBa. [IpeacraBum cebe HeOrpaHHUYEHHYIO CEPHIO 3JeMEHTOB,
06JafaolluX pasJuyHbIMU IPHU3HAKAMH, IO KOTOPBIM MOXHO COpPTHU-
poBaTh 3TH 3JeMeHTHh U HAGJI0AaTh YacTOTYy MOSIBJEHHs 3JEMEHTa
€ JaHHBIM NpH3HaKOM. Ec/H [/51 NOSIBJIEHHS 2J€MeHTa C KamAbIM
JAaHHBIM TNPH3HAKOM CYLIECTBYEeT OINpelesieHHas BepPOSITHOCTb, TO
paccMaTrpuBaeMasi CepHsl 3/71eMeHTOB IPeICTaB/seT CTAaTUCTHUECKHH
KOJIJIEKTHUB.

B kBaHTOBOH, KaK H B KJaccuyeckoll (hH3HKE HMEeT CMBICJ pac-
CMAaTpUBATb TOJbKO KOJJIEKTHBBI M3 3/JEMEHTOB C ONpefeseHHbIMU
3Ha4YeHUSIMU IApaMEeTPOB, HO KOTOPBIM IIPOMU3BOAHUTCS COPTHPOBKA
HTUX JEMEHTOB. DTO 3HAUHT, YTO JIEMEHTHI CTATHCTHYECKOrO KOJI-
JIEKTHBA AOJIXKHBI OIHCHIBATLCA KJIaCCHYECKH; KBAHTOBBIN XKe 00BbeKT
He MOXKeT ObiTb 3/IEMEHTOM CTATHCTHUYECKOTO KOJIJIEKTHBA, NaXKe eCJIH
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OH HAXONMTCSl B TAKUX YCJOBHSX, YTO MY MOXKHO COMOCTABHTb BOJI-
HOBYI0 QYHKUHIO.

ONeMEHTaMH CTaTHCTHYECKHX KOJIJIEKTHBOB, paccMaTpUBaeMblX
B KBAaHTOBOH MEXaHHKe, SBJASIOTCS HE caMble MHKPOOGBEKTHI, a pe-
3Y/NbTATbl ONBITOB Hal HHUMH; 3TH Pe3yJbTAThl OMUCHIBAIOTCS KJjdc-
CHYECKH H MOTYT CIYXHTb OCHOBOH IJISI COPTHPOBKH SJEMEHTOB KOJ-
nektusa. [lpu aToM onpenenennas nocTaHoBKa ombiTa COOTBETCTBYET
OLHOMY ONpELENEHHOMY KOJJIEKTHBY. [lockombKy e noJIyqaemMbie
H3 BOJMHOBOH (YHKUHHM pacnpeleseHus BepOSTHOCTEN s pasHbIX
BEJIHUHH OTHOCATCA K PA3HbIM IOCTAHOBKAM OINBITA, OHH OTHOCSITCH
1 K PAasHLIM KoJIeKTHBaM. CaMa e BONHOBas OYHKUHS HH K Ka-
KOMY ONpEACJCHHOMY CTATHCTHYECKOMY KOJIJIEKTHBY OTHOCHTbCS He
MOKeT.

CkazaHHOe MOXKHO WINIOCTPHPOBATD CACLYIONIEH CXEMO:

E 14 x ..

P
L2
P3

Kaxnoil xneTke s7ofi cxempr COOTBETCTBYET ONpEACJEHHBI CTaTH-
CTHYECKHIT KOJUIEKTHB CO CBOHM paclipefeleHuem BEPOATHOCTEN A%
PE3YJbTATOB H3MEDEHHs] NaHHOH BEJMYHHEL. B onHOil CTPOKe NoMe-
LLEHBl KOJIEKTHBLI, 10JyYaeMble 1IPU H3MEepeHuu PAa3HbIX BeJIMYUH
(E, p, x, ...), NCXONS W3 OLHOrO H TOTO JKe HaYaJabHOTO COCTOSTHHUS.
B onnom croabue nomerienm KOJLIEKTHBDI, [OJIydaeMble MpH H3Me-
PEHHH ONHOH W TOH e BEJMYHHBI, HCXOAS M3 Pa3HBIX COCTOSIHUI
(P1, $o, P3, .. .).

Bonee ray6okas npuuuna toro, uro BoaHOBO byHKIHM Heab3s
COMOCTABHTbL HUKAKOTO ONPEAEJEHHOrO CTATHCTHYECKOTO KOJLICK-
THBA, COCTOHT B TOM, YTO NOHSITHE BOJHOBOI GVHKUHH OTHOCHTCS
K NOTEHIHANBLHO BOSMOXKHOMY (K HE NPOM3BENEHHHIM elle ONBITAM,
€ TOJIbKO HCXOA, HO M THI KOTOPHIX He HpefpelIed), Torga Kak
IIOHATHE CTATHCTUYECKOTO KOJIIEKTHBA OTHOCHTCS K OCYyILleCTBHUBLIE-
Mycst (K pe3ysnbraTaM yike NPOU3BELEHHBIX OMNBITOB OTnpeieIeHHOro
TUmna).

IIpu 3a1aHHOM HayanBHOM COCTOSIHUM OGBeKTa BEPOSITHOCTH TOTO
UJTH HHOTO €ro MOBeleHHS B NAaHHBIX BHEWIHHX YCJAOBHSX onpene-
JIACTCA  BHYTPEHHUMH CBOMCTBAMH OOGbBEKTa M 3THMH BHeIIHHMH
YCJIOBHSIMU: 3Ta BEPOSATHOCTb MNpEeACTABJsET YHCIEHHYIO OLEHKY
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NOTEHLHAJbHLIX BO3MOXKHOCTE TOrO HJAH MHOTO NMOBeAeHHs 00beKTa.
IlposiBnsieTcsl 3Ke 3Ta BepOSATHOCTb B OTHOCHTENbHOM 4HCJAE OCyLIe-
CTBHUBIUMXCSL CJy4aeB [aHHOro ToBelJeHHs OGBEKTa; 3TO UHCIAO U
saBasieTcs ee Mepoii. TakuM o6pa3oM, BEPOATHOCTb OTHOCHTCH, B CYII-
HOCTH, K OTIEJbHOMY OOBeKTY (a He K co6paHuio 06beKTOB) M Xa-
paKkTepu3yeT ero NOTCHIHAJbHLIE BO3MOXKHOCTH, BMECTE C TeM IJA
IKCIEPUMEHTAIBHOTO OIpelesieHHs ee YHCJEeHHOro 3HayeHHs Heol-
XOA¥Ma CTATHCTHKA OCYIIECTBJEHHS 5THX BO3MOXKHOCTEH, T.e. MHO-
rokpaTHoe noBTopeHHe onbiTa. OTCIOAA SICHO, YTO BEPOATHOCTHHIL
XapakTep KBAaHTOBOH TEOPHH HE HCKJIOudeT TOro, YTO OHA OCHOBHI-
BaeTCs Ha CBONCTBAX OTAENbHOr0 0ObEKTA.

PesioMupyst MOXKHO CKa3aTb, YTO Ha3HaueHHe OCHOBHOrO B KBaH-
TOBOH MeXaHHKEe TOHSITHS — NOHATHUS COCTOSIHHSA, ONHUCBIBAEMOro
BOJIHOBOI (pyHKIIMeH, — COCTOHUT B OOBEKTHBHOM OIHCAHUH BCEX MNpPH-
CYUIHX MHKPOOGBEKTY MOTEHIHAJbHBIX BO3MOMKHOCTEH. JTUM ofpe-
JeJSETCA U BEPOSITHOCTHBLIN XapaKTep TEOPHH.



Yacte I

TEOPUA WPEINWHTEPA

F'masal

BOJIHOBOE YPABHEHHWE WIPEJHHIEPA.
NMPUMEP BUBPATOPA

§ 1. BoanoBoe ypaBHeHHe M YypaBHEeHHs NBHXKEHHs

Kak ™Mbl sHaeM, BOJIHOBOe ypaBHEHHue, Aalollee 3aKOH H3MeEHe-
nusi QyHKUUH BO BPEMEHH, IOJXKHO HMETb BHI
Hy—in 2 —o, (1)
rie H — onepatop sHeprun. Bux onepatopa anepruu 6yzer, BooGiue
roBOpS, PAsJHUHEIM /s pasauuHpiX 3afad. B rteopun Ilpennsrepa
paccmaTpuBaeTCs TOT Cjydai, KOrja KOJHYECTBO ABHMKEHHS 3/€K-
TpoHAa MaJd N0 CpPaBHeHHIO C BEJHYHHOH mC, TAe ¢ — CKOPOCTb
cBeTa, TaK YTO MOMPABKOH HA TEOPHIO OTHOCHTEJbHOCTH MOXKHO TIpe-
HeGpeub W KOTJla MarHHTHOE TOJie OTCYTCTBYET, TaK YTO 3JEKTPOH
IABHIKETCS B 9JEKTPUUECKOM TI0Je C TOTeHIHAJbHOI 3Hepruei
U(x, y, 2). O6o6ienue ypaBHenus LlpexunHrepa Ha cayuai Hamu-
uHst MATHHTHOTO TI0Jisi Mbl PACCMOTPHM B TPeTbeH 4acCTH 3TOH KHUTH.
B § 8 ra. III, u. I MBI Hamucasu, O aHAJOTHH C KJACCHYECKOH
MeXaHHUKOH, C/Aelyiolllee BhIpaxkeHue AJs OIeparopa 3HEpruu:

H= g (0} 4 P+ p2) + U (% 4, 2). (2)

3pech TepBbIl UJeH NpPeACTaBJsAeT KHHETHYECKYIO, a BTOpOM —
IIOTEHLMaAbHYIO0 SHEPTHUIO JEKTPOHA. 3aMeHsIsl ONEPATOPHl Px, Py, Pz
MX BHIDaXKEHHSIMH, Mbl MOXKEM HamnucaTb BOJHOBOE YpaBHEHHE
B BHIE

h? .. 0
— LA+ U(x, g, )9 — iB5-=0. 3)
PaccMOTpUM ypaBHEHHs ABHXKEHHS, BbITEKAIOIIHE 13 ypaBHEHHS

Ilpenunrepa. HaiimeM omepaTtophl /s CKOPOCTH H  YCKOpeHHsi.
Hmeewm, Ha ocHoBanuu (22) § 13 ra. IIT u. I,

p .
& =+ (Hx —xH).
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1
B srpaxennu Ay H BCe WiCHH, KPOME 5-— p7, INEPEMECTHTEJbHbI

¢ X, MO3TOMY

G = gt (P =592 = g [P (Pt — 0,) + (pox — 50,) ).

Ho bl 3maeMm, 4To .
[pm x] =% (pxx - xpx) =1.

[ToaTomy
dx 1
& = m Pe )
H aHaJOruYHO
dy __ 1 ]
ot = m Pe ; _ .
dz __ 1 4)
@ =w P |

Takum o6pasom, onepartop /1st CKOPOCTH paBeH NEJEHHOMY Ha m
onepaTopy M KOMHYECTBA NBIKEHHUS, KaK M CJeAOBaN0 OXKHIATh.

dpy

T Mu umeem

Hafinem Tenepb onepartop A/1s1 NPOH3BOAHOM

d .
th ='%(HP\: '_p,cH)

EnuHcTBeHHBIA unen B /1, He XOMMYyTHpYIOWHi ¢ p,, ectb U (x, y, 2),
TaK 4TO
oUu

dpg o i TS 9 .
ai V=7 Up: —pU)b=U 5> — - (Ub) =— 5 ¥.

HpI/I(‘OGJIHHHH Clola aHaJorn4yHple COOTHOUIEHUS Oa8 ABYX Jpyrux
COCTaBJSIIOIINX, NOJAYYUM

Opy — au

at x l

opy ou

at dy } (5)
dp, _ aU

ot dz °

Ypapuenus (4) u (5) coBnazaior no ¢opme c COOTBETCTBYIO-
WHMH YPaBHCHHSIMHU KJIACCHUECKOH MexaHuku. [IpunoMmunas cesizb
MeXAY YPABHEHHSAMH [IBHKEHUSA U 3aKOHOM H3MEHEHHS MaTeMaTHue-
CKHX OXUAAHHH, MBI MOXKeM TAKXKe HalUcaTh

m%&xﬁawdtz——sg—gxﬁxpd’r (6)

M 1Ba aHAJOTHYHBIX YPABHEHHS ISl KOOPAMHAT ¥ U 2. DTH ypaBHe-
HuUsl HOCAT Ha3BaHue ypasHeHuft dpeHdecra (Ehrenfest).
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§ 2. Wurerpaasl ypasuenuii gpuikenus

BBegem rtenmeph moHsitue 06 uHTerpase KBaHTOBBIX ypaBHeHH
ABHXKCHUA. B Kmaccuueckoil Mexanuke HHTErpaioM ypaBHEHHIl 1BH-
KeHHs NPHHSTO HA3bIBATb TAKYI0 MEXAaHHYSCKYIO BEJHUHHY ((DYHK-
IHIO OT KOOPAHHA4T M MOMEHTOB), KOTOPAsi OCTAeTcsl MG TOSHHOI
IpH JIOOBIX HAYANbHBIX YC/HOBHAX. B KBaHTOBO MeXaHHKe MOXKHO
ONpCAEINTb HHTErpast ypPaBHEHWH NBHXKEHHs KaK BeJWUHHY, Ma-
TEMATHUECKOE OKHMAAHHE KOTOPOM OCTAeTCs, B CHJY BOJHOBOIO
YPaBHeHHd, NOCTOSHHBIM MpH JIOO0OM HauadbHOM COCTOSHHH CHU-
CTEMHBI.

Hast toro uro6ul onepatop L 6blm MHTErpasnoM, HEOGXOLHMO H
HOCTaTOUHO, HA OcHOBaHMu (7) u (8) § 4 ra. IV u. I, Bumosuenue
yCJI0BUS

dL oL i
4F =5 +5(HL— LH)=0. ()

Moxno nokasate, uTo ecin onepatop L ymosiersopsier 3TOMY YyC-
JIOBHIO, TO €r0 COGCTBEHHblE (GYHKIMH, T. €. PELICHHS] YPABHEHHN

L= 1y, @)

MOryT GbiThb BbIODAHBI TaK, YTOOGLI OHH OZHOBPEMEHHO YIOBJETBO-
ps/IM BOJIHOBOMY YpaBHEHHIO :

s 011)_
H\p—lh’gf— ’ (3)

npHYeM 3TO GyleT HMeTb MECTO M TOrfa, KOrJa OnepaTop SHep-
run H comepxur asHo BpeMsa. OTCI0fa caelyeT, Y4TO eCiH B Has
YalbHBIH MOMEHT BpeMeHM BeJdHuMHAa L uMesna onpeleneHHoe
3Hayenue A, TO OHa OyJeT MMETb TO Xe 3HaueHHWe H B NOCAENYIOLIee
BpeMS.

Ecan onepatop L He comeput SIBHO BPeMEHH, TO YCJIOBHE (1)
CBOJIMTCA K KOMMYTATHBHOCTH €r0 C ONEPaTOPOM 3HEPTHH.

ITonoxum, nanpumep, uro L = H, npuuem onepatop H He co-
AepKHAT ABHO BpeMeHH. Mbl yxe s3naem (§ 13 rui. 11T 4. I), uro B Ta-
KOM CJyYae HMEeT MECTO 3aKOH COXpaHeHHsl SHEPTHH, T.e€. 4TO CO-
CTOAHHE C ONpEAeJeHHON 3Heprucil £ OCTAaeTcsl TakNBLIM BO BCSKOE
BpeMsd f. YpasHeHue (2) HaIMIIeTCs B 3TOM C/ydae

Hy = E, (4)
rae £ — mapaMerp, XxapaKTepusyooUuil BenuuuHy sHeprun. Ofmjee
peuteHue ypaBHeHHH (3) u (4) Oyner uMeTb Bu[

i
b= (x, g, 2 E)e (5)
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Us pewennit Buaa (5) MOXKHO NOCTPOHTH pelIeHMe, YAOBJAETBOPAIO-
lie€e NPOU3BOJBLHLIM HAYadbHBIM YCJAOBHAM

Y=F(x 4,2 npn {=0. (6)

I[JIH ATOTO Hy}KHO pa3JIO}KI/ITb HauvaJIbHOe 3BHayeHue (byHKU.HH \I)
B pAf 110 COGCTBEHHBIM QYHKUHUSAM ONepaTopa SHepruu
Flx, y, 2)= ; c(E) v (x, y, 2; E) 7)

H 3aT€M B KaXJOM YJICHE pa3JOXKeHHus lIOéaBHTb COOTBETCTBy}OL[IHﬁ
II0KAa3aTeNbHBIIl MHOXHUTENb

i
v=2 c(B)e F 9O (x, y, 2 F) ®)

Bripaxenne (8) u Gymer, oueBHAHO, pelweHHEM BOJHOBOFO YpaBHe-
HHSl, YAOBJETBOPSIOIMM HAUaJbHBIM YCaoBusiM (6)*).

3Hanue WHTerpajioB KBAHTOBBIX ypaBHeHHI ABUKEHUS o6jeryaer
pewieHue BOMHOBOro ypapHenus. IlycTh onepatop sHepruun H He co-
AEPXKHUT IBHO BPEMEHH, W, NOJIOXKHM, MBl Hallin ABa omneparopa L
u M, Kotopble KOMMYTupYIOT ¢ H (M, C/l1efOBATENbHO, SBJIAIOTCS
MHTerpalaMu) H, CBepPX TOro, KOMMYTHPYIOT Mexay co6oil. Torma
ypaBHeHus

Hy=Ev,
L =21y, 9)
M= pp '

Oynyr umeTb ofmue coberBeunbie GyHkuun, YToGwl HANTH HX,
MOXKHO Ha4aTb C pelleHus Haubosee MPOCTOrO U3 ypaBHEHHH, H 3TO
pewenne nomobpartb Tak, YTOOH OHO YNOBJETBOPSIO TaKkKe K
OCTaNbHBIM JABYM YpaBHEHHAM. DTOT CIIOCOG MbI GydeM NOCTOSHHO
NPHMEHATb B JaJbHENEM,

§ 3. Ypasuenue Hlpenuurepa nas rapmonuueckoro BubGpaTopa

PaccMoTpuM  mpocTpaHCTBEHHBII TapMOHHYECKHIX BuGpatop ¢
3Heprue

Ho= gy (P )+ g m (03 o+ od2). (1)

Taxoro poma Momenb MOXET COOTBETCTBOBATH MOJIEKyJIe C TpeMst
KOJIE0ATEJNbHEIMY CTeNeHSIMH CBOGOABL. JIJfl HAaXOXKIeHHS COGCTBEH-
HBIX (QYHKUMI onepaTopa 3Hepruu NPUMEHHM CNocol, yHmoMsHy-
THIf B KOHLE NpedbAyIlero mnaparpada, H nocrapaeMmcss HaiTH
TaKHe ONepaTopbl, KOTOPble KOMMYTHPOBAaJH Obl MeXAy coGoH u

*) Cm. dopmyanr (5) u (6) § 14 ra. I u. I,
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¢ onepaTopom 3HepruH. Takumu onepatopamu GyayT, o:.¢BHAHO,
1

—

HY = o p? + i moly?,
H® = py +5 5 majy®, ; @)
i
H(z’— p2+ I mnl’, E
K ypaBuennw :
Hy=Eyp 3)
MBI MO¥EM INIPHCOENHHHTH TPU YPABHEHHS
H(")l])= E(’"‘l]), H(y:¢ =E(y)1p, H@p = E@ P, (4)
npHyeM
H=H® 4+ H® 4 H) (5)
H
E=E® 4 Fv | Fa), (6)

Tak xak Bce Tpu ypaBHeHHs (4) ONHOTO W TOrO e THOA, TO JO-
CTAaTOYHO PACCMOTPETh Kakoe-n1u60 OAHO M3 HUX, HANpHUMep MepBoe,
T. €., APYTHMH CJIOBAMH, PacCMOTPeTb BHOpPATOpP B OZHOM H3Mepe-
HUH.

Mb nMeem
1 1 \
(g P2+ 5 mop?) w= By (7)
WU e g
~ G i g el = B0, ()
TTonoxum ”
E P
\/%"@%’ o M - ®
Toraa ypasuenue (7) wanuiercs
— agz T b2y =200 (9)

OGosnaunm uepes 9 (§) pemtenne STOTO YPaBHEHHS, Toria
peienne ypaBHeHHst (3) At MPOCTPAHCTBEHHOTO BHOpaTopa Gyier

P (%, y, z)=1l)?\,( mm' ) %2(/\/ e )X
waa(«/ Ly z), (10)
IpHyeM, corsaacHo (6),

E = h(0Ay + @ohg + 03hy). (11)

Takum oGpasoM, Bcsi 3ajaua NPUBEJIACh K HCC/ICAOBAHHIO ypaB-
HeHus (9), KOTOPHIM MBI ceffyac u salMeMcs,
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§ 4. BuGpatop B ogHom H3MepeHHH

Paccmorpum ypasnenue

— L2 ey =y, 1)

Tak kax Koa®duuUHEHTH YPABHEHHS OCTAIOTCH NPH KOHEUHBIX §
KOHEUHBIMH, TO €AHHCTBEHHBIMH OCOGEHHBIMH TOUKAMH €ro SIBASIOTCS
= + 00 n § = — oo. Ham HyXHO HaliTH TaKue pelenns, Koro-
PbI€ OCTaBaHCh Obl KOHEYHBIMH NPH E = =+ o0o. Taxoro poxa pe-
HEHH CYIECTBYIOT, KaK MBI YBHAHMM, JIMIUb NIPH HEKOTOPHIX omnpe-
ACJTCHHLIX 3HAYECHHAX NAPAMETPa A; 3TH 3HAUCHHS M SABJSIOTCH Xa-
PAKTEPUCTUYECKUMH YHCJIAMH YDABHEHHS, T.e. COGCTBEHHBIMH 3Ha-
HEHHSIMH COOTBETCTBYIOLIETO ONepaTopa.
HUro6kl Hcelen0BaTh ypaBHeHHs npu § — - 0o, npousseemM noj-
CTaHOBKY

1 d
S a=F 2)
Torxa ypasHenHe mpumer Bup
df
2 T P=g—2. 3
Bynem uckare f B BuIe psza
f=at+b4+5+ ... )

TMoxncrasassa (4) B (3), 6ynem umers
a%€? - 2abt + b2 4-2ac +a+ ... =E2—9).
IpupasuuBas KosdpdHIHEHTH TIpH ONHHAKOBEIX CTeNeHAX &, NoJyuum
@=1, b=0, (20+1)a=—2. (5)

CooTBeTCTBeHHO IBYM 3HAueHHAM @ = =+ | IOJIYYaeM [Ba BO3-
MOXKHBIX PeUIeHHS

A+7
f=§_ E + oy
1 @)
-3
=—t+ 3 +.“]

Beps unrerpan ot ofenx wacrei (2), NOJAYYHM HJIS IEPBOTO PELICHHS

In¢=%€2—(k+%)ln§+...,

TaxK 4TO

lgz_h_l

b=eT ET I+ L), ()
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M JIs BTOPOTO pelleHus
g At
B T4 .., (6*)
TJle HeBHIIHCAHHBIC UJIeHBl YOHIBAIOT C BO3pacTaHHEM MOAyJs E.
OOmuit unterpan ypapHeHus: (1) Gymer npu GOJBWHX IOJNONKH-
TeJIbHBIX § MMETb BUJ
El.gz et -1
p=ce? & (14 ...)Fce ?
U npu GOJBUIHX OTPHLATETLHBIX
et e
Pp=ce® § I+ .)+ce 278 2(14...). (7%
Ham HyxHO, uTOOH ) OCTaBaJOCh KOHEUHBIM NPH E==- co
npu §= —o00, a 370 BO3MOXHO TOJIbKO, €CTH OIHOBPEMEHHO

(=0, ¢;=0. (8)

1
Py=e ?

a4 ) o

c

Takum 06pasoM, TO pelleHHe HAIIEro ypPaBHEHHS, KOTOpoe Hac
HHTepecyeT, JOJMXKHO ObTh BHIA
1

bv=e Z F(), 9)

rae F(§) mpu === oco nomxuo Ourh mopsinka E*-'%. Haiimem mug-
¢epeHunanbuoe ypasuenue Aas F(E). Iloacrasass (9) 8 (1) u
COKpalllas Ha NOKAa3aTeJbHbIH MHOXKHTENb, MOJYYHM
d?F dF

Bynem uckaTh pemenne 3TOro ypaBHeHHst B BHAE pajga IO CTe-
neusim & Tak kak E=0 He ecTb OCOGeHHas TOUKa, TO PAR 3TOT
GyznerT coAepkaTh TOJNbKO Le/ble MOJOKHTE/JbHBIE CTENeHH E, T, e.
oH OyIer BHIA

F=§0 aE" (11}
IToacrasnas (11) B (10), mosyuum
gk(k — 1)akgk—2+1§_§3 (—2k 420 — 1) a,t* =0.
B nepBoil cymme mMuoxuTe b k(R — 1) obpamiaercs B nyab npn
k=0 u k=1 TaK, 4T0 CyMMHpPOBaHHE MOXHO HAYHHATL CO 3HAa-

yenuss & = 2. Ecoin Tenepb 3aMeHHTh B 3TOH CyMMe k Ha k -+ 2, 1o
HoBoe k Oyner npoGeraTb 3HaueHusi oT O 0 0o, U Mbl OJYyYUM

3 [+ 26+ 1 agya -+ (— 2% + 20— 1) ay] & =0,
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Uro6bl CyMMa CTENEHHOTO psifa paBHSIACh HYJIO, HEOGXOLUMO,
4TOGB! BCe KO3(hUUHEHTH PABHSINCH HYJIO, OTKYAA

2% —2A+1
Ot =T (e F D) (12)

[lo s10ft QopMyse MOXHO NMOC/EIOBATENBHO OMNPENETHTh KO3(D-
‘OHUHEHTHI ap, IPHYEM NepBble ABa KO3DGHIUHEHTA Qg H @; OCTAIOTCH
NpousBONIbHEIMH. Paj nas F(E) 6yner uMeTb BUL

1— 22 (1 —24)(5 — 21)
FO=a{1+ e+ LSRNy 1y

tafi+ izt BoWOM e, 1 (g

MIIH

F(8)=aoFo (&) + a/F, (8), (14)

THe uepe3 Fy u F; 0603HaueHB COOTBETCTBYIOMIHE psanut. Korpa | €|
Bo3pacraer, ¢yukuus F () no/kHa GbiTh nopsiaka | & [*—": xak npu
TNOJTOXHUTENbHBIX, TaK H NPH OTPHUATENbHBIX 3HaueHHsiX E. Ho Mmb

umeem
F(—§&)==aoFy(§) — a,F, (&). (15)

CrenoBatesbHO, BuIpaxeHus aoFo(E) u a;F;(E) B OTAeqBbHOCTH
JO/KHBL GBITh MOpsiAKa He Bhiue E4—'2. Temepb BO3MOXKHL IBa CJy-
4as: 1n60 o6a psana Fy u F) npopo/mxaioTess 10 6eCKOHEUHOCTH, JAHGO
XOTb ONMH M3 HHX 0OpbiBaercs. B mepsom ciyuae oun 6yayr cxoms-
IUMHCS TIpH BCeX 3HaYeHUsAX §, TaK Kak OTHOWIEHHE ABYX MNocJ/e-
JOBATENbHBIX YWIEHOB, pABHOE

a4 R 2 _ 2%k g2 (16)
a gk (k+2) (k+1) °°

CTPEMHUTCA K HyJO ¢ Bo3pacranueM k. Ho u3 Toil e dpopmyan (16)
BHIHO, YTO BCE YWIEHH psifia, HauHHAsi ¢ HEKOTOPOTO (zum KOTOpOTo

k> 7»—-%) 6ynyTt omHoro 3Haka. CiemoBaTesbHO, pan 6yner co-

ZlepxKaTh, C OJHUM H TeM XK€ 3HAKOM, CKOJb YTOZHO BBHICOKHE CTe-
menu §, ¥ CyMMa ero GyleT BO3pacTaTh GLICTPee BCSKON KOHEUHON
CTeNeny §, 4TO NPOTHBOPEYHT HAWIEMY YCIOBHIO (NMOPSALOK He Bbimle
g-"). Otcrona ciefyet, 4To P HENPEMEHHO KOIKEH OBGpBLIBATBHCS.
Ho sto BO3MoxHO ToabKO, ecan mpu HEKOTOPOM £k, CKaxeM mpu
k= n, xoadduuuenT ay,y paBen Hymo, Toraa kax ax ¥ 0. ITo ¢op-
Myse (12) sto Gyzer UMeTb MecTo, ec/H -

A=n+a  (1=0,1,2...). (17)
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Ecau n yetnoe, To Fo(E) 6ymer noauHoMoM, u, rosaras a =20,
MBI [OJIYYHM pelleHHe, yIOBAETBOPSIONIee IOCTABAEHHBIM YCIOBHAM;
NpH n HEYETHOM NOJHHOMOM OyaeT Fy(E), u MBI HOMKHBI NOJOXKHTb
ao = 0. B 060X c/Iyyasix pelieHneM GYAET NOJHHOM CTENEHH A.

§ 5. Noaunomsr YeGbimera — Apmura
HonuHoMbl, npencTaBasiolUlHe PeMEHns ypaBHEHH S

d?F dF

IpH LCJIOM 7, HOCAT Ha3BaHWe nosrHoMOB YeGnimesa — dpmuta u
0603Ha4aloTcss cUMBOIOM Hp (E). @opmyna (13) § 4 maer aas HuX
BBIpaXKeHHe

Hi®=a(1— e+ 38 de ) )
IpH N YETHOM H
H@=a(f-55 e+ E720 0 )

npH n HEeueTHOM. IIOCTOsIHHBIC @y M a; NPHHATO OIpefeATh Tak,
uTOOH KO3(h(hULUHEHT NPH CTapuIeldl CTENeHH § Gbii paBen 2% Ilas
9TOr'0 HYXHO MOJIOXKHTH

ay=(— 1)!21— . +’ (rn ueTHOE), (4)
(z):
n—1
ag=2-(—1) 2 .2 ___ (n meuetnoe). (5)

n!
n—1
=)
2
Ecin pacnonoxuts nonunomer H, (§) mo yGhBAOLIEM CTeNeHsM E,
TO TOJYYaTCsl BHIpAXKEHHS

H, (§)=

= (2 — 1= ggyr 2= D =B =9) s (g

CTIpaBE/INBbIE KAK TIPH YETHOM, TaK M [IPH HEYETHOM f1.
IToxkaxeM, yto mommHOM DpMHTa MOXKET OBITh NpeACTABJCH
B BHIE
dﬂ
Hy (&) =(— l)negzd_gne"gz- (7)

IIpexne Bcero Jierko BHAETb, 4TO BHIpAXKEHWE B NPABOH yacTw
(7) ectb nomuHOM, CTapmuit uJgeH KOTOPOTO €CTb (28)" B camom
nenie, 3TOT YieH MPOUCXOLUT OT #-H CTeNeHH NPOHU3BOLHOH OT MOKa-
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sarenst —E2. Tak Kak ypaBHeHue (1) umeer Toabko oxHO pelieHue
B BILE NOJHHOMA, TO L/ NOKA3aTeNbCTBA PaBEHCTBA (7) ocTaeTcs
Tlokasatb, 4TO npaBas 4acTb (7) yAOBJETBOPHET ypaBHEHHIO (n.
Hast aToro 3amMeTnM, uTo hyHKLUS y=e"¥ ynoenersopser ypas-

HEeHHIO
¥ + 28y =0.

Hupdepennupys ato ypasuenue n - 2 pasa, mosyuum

2"+ 282" 4 (2n4-2)2=0,

2=y,

W
Txe
ITonaras, wakownel,

2 2 dn
w=ebz=4¢t aE" e %,

TONYYUM IS @ YpPaBHEHHe
w” — 28w’ + 2nw =0,
copnanaipomee ¢ ypasnenueM (1) mna H, (§).

Takum obpasom, dopmyna (7) nmokasana.
Huddepenuupys ypaBHeHHe

d?H dH, .
dgzn —2§ dE +2an—O (8)
10 &, moaydnm
d’H, dH

ITonnnom HY, (§) YIOBJIETBODSiET, CJEJ0BATENbHO, TOMy K€
YPaBHEHHIO, KaK M H,.(E), 4 MOXKeT OTHYATHCH OT HEr0 TOJBKO
mHoxHuTeneM. Tak kak crapwmuii unen B Hy, ects 21(28)""), a B H,-
oH paseH (28)"”), To Mb mMeem PaBEHCTBO

d
G =2nH, . ©)
C gpyro#t cToposs, Aupdepennupys Beipaxkenue (7), umeem
dH,
= 2H, — H,., (10)

CpaBHuBast 006a BHIpaXeHHs IJ5 IPOH3BOAHOM, TOJyyaeM peKyp-
PeHTHYI0 (OpMyJly, CBSI3BIBAIOILYI0 TPH IOC/IELOBATEJIbHbIE [OJH-
HOMa DpMHTA

Hypy— 28H, 4 2nH,_; =0, (11)
DyurLUH : :

l 2
by (8) =coe T CH,(E) (12)
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SBJSIIOTCST COGCTBEHHBIMH (YHKIMAMH ONepaTopa B JIEBOH uacTh
ypaBHEHHs

dZ
— S+ B, =2+ Db, (13
H TIO2TOMY O6Jla,ZLaIOT CBOHCTBOM OpPTOroHAaJbHOCTH
o0
[ @b ©de=0 npu nn (14)

—o0

Yro6nl OHU OB HOPMHPOBAHH, HYXKHO OIPEEJHTh NOCTOSHHYIO ¢,
H3 YCJIOBHA
+ o0
| wE©a=1 (15)
i
400
| evmz@az=1 (16)
—o0 ¢y
BoluncauM 3TOT HHTerpas. 3amensii H, ero solpaxenueM (7)-

GyneM MMeTb
400

=

an
dg?

(e~¥) H, (§) dt.

=°w‘ -

Huaterpupyst n pas mo 4acTaMm, NOJYUHM
4 oo

1 _g: d"H
1o vt
¢, A dg
d"H,
HO —p7- €CTh NOCTORHHAS, paBHas
n
i“—dg—,," — 2™,
Tloaromy
+ 00
1T=2"n! S e~¥dt =/n - 2"l. (17)
¢, %

CrnepoBate/ibHO, QyHKIUU
1

Bu(8) = ————e 2 "H, () (18)
A2l
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GyAyT OPTOTOHANBHE M HOpMUPOBaHbl. Ecuu momcraBuTs B 9) m(11)
BEIpAXKenue f, uepes P,, MH nOJayuHM

T S, = V2, (19)
&, = ’\/'g' Pp—1 + ’\/L;]"lpn+l:‘ (20)

2 nojcrasiass (20) B (19), 6ygem umers

dvp " n+1

dgn =’\/'§ Iq’n—'l - ’\/T‘bn+l' (21)
B sakmiouenne npuseleM 6e3 BblBOZA ACHMITOTHYECKOE BbhIpa-

XeHue 1d Pn (§), CnpaBelnBOe NPH YCAOBHH 21 — 2> 1

P, (§)= /\/g 3271% cos [(n + —;—) arcsin w/%

+3Vm—B—nZ]. (2

§ 6. Kanonuueckoe npeoGpasosanne Ha npuMepe Bubpartopa

Ilpu pewenun sagauu o BuOpaTope Mbl MOJL30BAJHCh B .Kaye-
‘CTBE HE3aBHCHMOMH NEPEMEHHON KOOPAHHATON §, TAaK YTO COCTOSHHE
BuGpaTopa onuceiBanoch Gynkuueil (g). BosbMem TeNnepL B Kaye-
-CTBE He3aBUCHMOH NEepeMeHHO KBAaHTOBOE YHCJO 1l — HOMEp ypOBHf
sHeprun BuGparopa. Pymkuus P(E) Moxer 6bITH pasjioxkeHa Mo
‘COGCTBEHHBIM (PYHKIUAM ONEpaTopa SHepruu

oo

P (g) = HLEO cnd, (g), (I)
TAe KO3hODHUIHEHT pPas/IOKeHHS
+00

= B@v. ®a (2)

— o0

MOKeT OBIThb HUCTOJKOBAH, KaK MBI 3HaeM, Kak BOJHOBAH Q)YHKIJ,I/ISI,
BbIpaKC€HHasg B NE€PEMEHHBIX . Hai’meM BUJ HpOCT@flLHHX oneparo-
PpoB
me . 0 I
§= X = —— = — 3
5 ’ pg 0§ '\/m(oh Px ( )

B 9THX nepeMeHHBIX. MMeem

o0

E ()= 2. c &, ().

n=0
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3amensisi amech £, ero BoipaxkenuneM (20) § 5 u rpynmupys usiensl,

101y YHM . B L
w®=Y (A2t T o) t@ @
n=0

Taxum obpasom, oneparop & mepeBoAUT (PYHKIHIO ¢ KOdpdu-
LHEHTAMH Da3JOKeRHd C, B byHKUMIO ¢ Ko3hduLHeHTAMH PasIoxKe-

HUA c rie
n n-+41
e, = C:, = /\/7 Ch—1 + ’\/—2 Cnt1s (5)

IpUYeM CHMBOJ § CJleAyeT NOHHMATh 37eCh Kak Oleparop. 1o
PaBEHCTBO MOJXKHO 3allHCaTh B BHIE

=2 (nlglk)e,, (6)
rae
(21810 = A/ % 6umr it A/ L 00100 ™)
Tak 4TO
(lgln—D=A/%, (ltl+D=A/"TL (g

TOrjJa Kak OCTaJjbHBle 3JEeMEHTH paBHb Hyao. Takum obpasowm,
onepaTop WIS KOOPAHMHATH & MoxeT OhITh NpeACTaBJeH B BHje
MaTpHUBE ¢ 3JeMeHTaMH (7). Dra MaTpuUa HMeeT BH/

0 412 o 0 0
V12 0 AT 0 0 ...
§=| 0 AT 0 32 o l (9)

¥
i

pY = Z ( /\/ Cr—y — /\/n—l_1 n+1)¢n (10)

TIPOU3BOJHYIO ee BhIpaxeHueM H3 (21) § b u rpynnupyem uneHst
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Takum o6pason, OnepaTop p, MOKeT OHITh NPeACTABJEH B BHIE
MaTPHLBLI C 3JEeMEHTAMMU

. /n . 1
(lp D =infFo i~/ o ()

9rta MaTpuua GymeT MMeTh BHA

0 — i1 0 ..
o= i /172 0 — i1 ... (12)
: 0 i /T 0

Oneparop aueprus (B yCJIOBHEIX eNUHHUIaX)
I
H=(p2 4 ), (13)

BBIDQXKEHHBIH B HOBBIX NEPEMEeHHbIX, O/UKEH MPHBOLHTHCS K YMHOKe-
uuto. TIposepum 5T10. MH HMeeMm

‘H¢=; en(— 53S0 + 5 t,) =§0 (n+5) cut

B CcHiIy audbepeHnualbHoro ypaBHEHHsS (13) § 5, koropomy yno-
BaeTBOpsieT YP,. OTCIOfA BHAHO, UTO

Hey=(n + ) cs (14)

dneMeHTl MaTpuuel Aast H, KOTOpasi, OYeBHJHO, JHArOHAJbHA,
PaBHH

(1 H1£)=(n + ) b (15)

To xe camoe MBl Morau 6m MOJTyYHUTb, COCTABJSIT KBaApaThl
maTpur p, 1 & Mbl uMeem

(nl81n) =) (n&1k) (k] E|n") =

k
=;(’\/%6n—l.k+ /\/@ 5n+1.k)><
X (A Edumrw+ A/ b) = LT T 00 e

F(r+3) b+ o VEF D@ F D00rn . (16)
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Anajioruuno mosyuaeMm Aas pi:

(”lpil”')=“zk:(«/%6n-x,k—«/Hl n+1, k)x
X (/\/gak-l’n'—’\/Tékﬂ,n’):—%'\/mén_&‘n,_l_

1 1 —_———————
+(n+5) b —g VEF DO F Dpinw. (17)
Depsa nosycyMMy 3THX BbIpaxKeHHH, Noaydaem
1 7’ r 4 1
LI E1n) + (| p2 )] =Ir | H 10} =(n + )8, (15%)

KAaK 3TO H JOMKHO OHITh.
[TpaBuno KOMMyTaUMH JJIs § H pg:

i(p§§—§p§)=l» (18)

LOJKHO, KOHEYHO, TaKXKe YIOBJETBOPSITLCS HAINUMH MATPHLUAMM.
[To npaBuay YMHOMEHHA MaTpHI, MbB HMeeM

(nlpkln)=
= A= D) 8smgn — 5 Su — 5 VT D (2 F 2) 805, 7
(nl&p, fn)=—2—«/n(n— [) 84z, +
+ g buw — 5 VA D2 F2) by,

OTKYyJa

(nli(pig_gpg)‘n,)”:énn': (19)

qro u TpeﬁOBaJIOCb J0Ka3aThb.

§ 7. Hepasencrsa Ieiizentepra

MaTeMaTHUeCKOE OXHAAHHE KaKoi-iu6o Bequuuntl L B n-M
cocTOsIHMH BHOGpaTOpa BbIpaxaetcs (opMyJoi

M. 0. L= Sﬁ;nL\pndg (1)

H DAaBHO, OUEBH[HO, AMATOHAJLHOMY S/IEMEHTY (n] L |n) MaTpuumt
nast omeparopa L B mepeMenHelX n. M3 Hamux (QopMyJs crienyer,

UTo MaTeMaTHyecKoe OXKHAaHHe X KOOPAHHATDHL X= a TaKxe

71,0) b:
MaTeMaTH4YeCKOe OXKHAAaHHEe ﬁx MOMEHTA P, == ’\/mﬁﬁ) L paBHbI HYy /10,
TaK KaK COOTBETCTBYIOILIHE JAHaroHaJbHBIE 3JIEMCHTHI ManYIH Hcye-
3aloT:

x=0, ;=7x=0. (2)
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Hafinem wmaTemaTuueckue oXUZAHHA KBaJpaToB OTKJOHEHHS

BeJHYHH X H p, OT HX CPEJHHX 3HAUECHHH X W p,.
Mu umeeMm

M. 0. (x —x)2=mM. 0. x2=m—hmM. 0. §2=—,:—m(nl§2|n), (3)

TaK 4TO, €CJH MBI 0003HaYdM JIeBYi0 4acTb uepes (Ax)?, To

BP=wo0 (x—2p=-L=(n+1). (4)
Anasioruyso mosyuaem
M. 0.(p, —=px)2 =M. 0. p} = mho (n| p} [n) (5)
HJH .
(App=mho (n + ). (6)
Taxum o6pasom,
h 1
dr=n/ 5 (1 +5). @
Apx=z\/mcoh (n —l—%), 8)
OTKy/a (
ApAx = (n +5 ) (9)

Benauunbl Ap, u Ax MBI MOXKeM TOJNKOBATH Kax CpelHHEe KBaj-
PATHYHLIC OTK/IOHEHHS H3MEDEHHBIX 3HAUYCHHH KOJMUUECTBA NABHKCHHA
H TOJI0XKeHHs BUOPATOpA OT MaTEMATHUECKUX OXKUIAHHHA STHX BEJH-
YHH.

Buisenennas Hamu ¢opmyna ofianaer BecbMa GOMbLIOLN ob1i-
HocTblo. Ec/iH MOHHUMATh ee KaK COOTHOUICHHE MeXAy MOpsAKaMn
BEJIHYHHBI CPEIHUX KBAaADATHYHLIX OTKJIOHEHHH M HaaJexauuM o6-
pasoM BBECTH KBAHTOBOE UHCJIO 7, TO OHa OYNeT crnpaBefIuBa He
TOJIbKO [/t BAGPATOpa, HO M A5 06O CHCTEMDBI B #-M KBAHTOBOM
cocrostHuM. IIpousBefienne CpeHHX KBaAPATHUHBIX OTK/OHEHHM Oy-
A€T HaMMEHbIIMM B OCHOBHOM COCTOSHHH (npu n = 0), Tak uTo

Bcerpa Oyner

ApxAxz b, (10)

ToxaxkeM, uTo 5TO HepPaBEHCTBO BHINMOIHSIETCS HE TONBLKO G
9JCKTPOHA B COCTOSIHHH, ONHCHIBAEMOM ONHOH H3 COGCTBEHHBIX
QyHKumi BuGpaTOpa, HO W NS 3EKTPOHA B JIOGOM COCTOSIHHH.
flpu noKasaTesnbCTBE MBI NIPEANOIOKHM, YTO MATEMATHUCCKHE OXKI-
AAHHR X H Px PABHBI HYMIO (OT 9TOTO OrPAaHHUEHHS HETPYLHO OCBO-
S0AUTBCH) .
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[lyctb cocrosinue snekTpoHa onuchiBaercs ¢yuxuueh ¢ (x). Bse-
lleM [Be BeIeCTBEHHbIE IOCTOSIHHBIE o U B U PACCMOTPHM OHEBUI-

HOe HepaBCHCTBO
+ oo

| Jaxo+p22f ar>o, (11)

— 00

crnpaBel/IHBOE NPH BCEX 3HAYCHUAX o U B. Bulumcasst ksajgpar Mo-
LyJsl, CTOSIILKI JTOX I/IHTeI‘pa.HOM, fynemM HMeTb

a2Sx2{1npdx+aﬁSx Sp+pat )dx+ﬁ28%%’-dx>o (12)

HJIu

. Ad®— BB+ Cp*>0, (13)
rjae
A=Sx2ﬂnpdx, !
B=—{ L @rax={ivar, (19
b dy d*
C_S dx dxd S‘pdxi’

Uro6el KBagpaTHyHasi gopma (13) 6bl1a NOJOKHTENbHOMH, HE06-
xoauMo cobionenne Hepapencrsa 4AC = B? uau, tak Kak BCe Tpu
gucaa A, B u C noJoKuTeAbHB,

VA AT =48 (15)
Ho, cornacuo (14), Mo umeem
VA=0x, VCT==bp,, B=1, (16)
OTKyJa
ApeBxZ g b,

4TO U TpeGOoBaNOCh A0KA3ATb.
AHanoruurble HepaBeHCTBA CIIPABEMJIHBbI, OUEBUAHO, H IS JBYX
LPYTUX KOOPAMHAT, TAK UTO MBI HMeeM

A Ax = h, Ap,AySgh, ApAzLh (17)

Hepasencrsa (17) Gbiin ykasasbol I'eifisenGeprom, Kotopeiii mo-
Kasaj Ha psane ¢u3HyYeCKHX NPHMEpOB, KaK YBeJHYEHHE TOYHOCTH
B M3MepeHHH KOOPAHHATHI YMEHbIIAET TOYHOCTb B M3MEPEHHU KOJH-
yecTBa JBHKeHHusi u HaoGopor. [IpuBefeHHbI 31eCh (GOpMaJbHLIH
BLIBOA TpiuHaanexkeT Befimo (Weyl).
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§ 8. 3aBucumocTs Marpuu ot BpeMenn. CpaBHenHe
€ KJAcCHYEeCKON TeopHei

Paccmorpennoe B § 6 xaHoHHYecKoe npeoGpa3oBaHue He COAEp-
a0 BpeMeHH U [JaBaJo II09TOMY TaKoe NPEeACTaB/IeHHEe OMepaTo-
pOB, B KOTOpDOM MaTeMaTHYeCKHH BHI HX He 3aBHCUT OT BPEeMeHH
(cm. § 13 ra1. IIT 4. ). Tlepefinem Tenepb K APYroMy NpeaCTaBJIEHHIO
OIEPATOPOB, B KOTOPOM 3aBHCHMOCTb OT BPEMEHH IepeHeceHa, TaK
€Ka3aTb, Ha CaMBblf oneparop. Hast 3TOT0 HYXKHO HANTH YHATAPHBI
onepatop S(f), Koropblii Gbl NEPEBOLMI HAYAJBHOE COCTOSIHHE
B COCTOSIHHE B MOMEHT BpeMeHH f:

P (x, ) =S () b(x, 0). (h

Torna Bum onepaTopa L xax OYHKIMH OT BpEMEHH MOJYYUTCH IO
dopmyae

L (t)=38T () LS (t). (2)

Oneparop S(f) npuHuMaer HanGosiee NMPOCTO BHA, €CAH 3a He-

3aBUCHMYIO NEDEMEHHYIO B3fiThb 3Hepruio. B 3THX mepeMeHHLIX BOJ-
HOBOE ypaBHeHHUe

Hyp—if 2% —
MEET BUI
.. OCpy
ch —if W ={) (3)
HJaIU
to(n+ 5) ¢, —ih 2 =0, (4)

(Mbl nepemJiu 37eChb OT YCJIOBHBIX €IHHHI, KOTOPHIMH MH I0JIb30-
Baquch B § 6, x abcomoTHbIM enuHnnaMm.) Peuiende atoro ypae-
HEHHsI eCTh

. 1
—i|nto) ot
— 0 ( 2)
c,=cle . (5)
Takum o6pasom, npumeHeHue onepatopa S(f) cBonuTCA K YMHO-

- -iln+—=) ot
JKEHHIO ¢) HA TOKA3aTesbHbI MHOXKHTEJb e 2/ 7. Onepatop S(¢)

MOXKeT ObITh, CJeIOBaTeJbHO, NPEACTABJEH B BHAE LHATOHAJbHOMH
MartpHIbI
—L ot

e ? 0 0

3
Sit)=1lo e 2 0 s (6)

-—iimt
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C 3Je€MEeHTaMH
(nsk
(SO In) = (D)o (7)
Briuncnsst no gopmyie (2) TeitsenGeprosy MaTpHLy X (f), mosyuauM
(n] x(t) |n") =
AU _ — —ifn sk
= ei("+2)"’> (/\/ 2"::(0 6;1-—-1, n + (nt1)h 6n+l,n’)e t( +2) ot

2me
HJIU

(nlx () |n') =

=eimt,\/ nh Snet, n + e~ iot _(n__i__lﬁ(‘)n_*_l’nr, (8)

2mo 2mm

TaK 4YTO MaTtpuua x(f) 6ymeT uMerTh BUI

h —iwt
0 /\/Qma) €

b et
x(t)= ’\/TmG ¢

Ananoruuso noayuum mas Py (@)
(nl px () In') =

= jgiot /\/—; nAOM 8,y v — je—iot /\/%(n + 1) hom 8,41, n,,  (10)

. ]
0 ——i/\/—;-ﬁmme’“’t 0

o

Ecan 6bl Ml 10 Qopmyse (2) cocrapuiu oneparop
H #¢y=S8ST () HS (1),

TO Mbl YGeNHIHCh Gbl, YTO €ro MaTpHLa COBHAZAET ¢ MaTpuie
nast H w, cnefosaTesibHO, He 3aBHCHT OT BpeMeHH. DTOro i craerno-
BaJ0 OXHAATb, TAK KAK 3HepPrus BHOPATOpa OCTAETCSH IOCTOSHHOIL,

TefisenGeprosnl MaTpuusl X (1) u py(f) VAOBJIETBOPAIOT, Kak He-
TPYIHO IPOBEPHTL, YPABHEHUAM JIBHXKEHHUS

dx 1 dp
—‘17=sz, ——d—t’i=—mm2x. ' (12)
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dpx
dt
TOPBIX CYTh IPOH3BOAHLIE OT 3JI€MEHTOB MaTpHll X (f) u py(¢). Ypas-
Henust (12) coBmazaioT no popMe ¢ KJAaCCHUCCKAMH.

DaeMeHTHl Marpull X(f) U py(f{) HanOMHHAEIOT UWIEHBLl pSAOB
dypbe 15 COOTBETCTBYIOLIMX KJIAaCCHYECKHX BesauyuH. HToOH npo-
caenuTh 6JIMXKe 3Ty aHAJOTHIO, TOCMOTPHUM, KaKasi BeJIHUYHHA Hrpaer
pPOJIb KJIACCHYECKOH aMIJIHTYIBL.

BeposiTHOCTh MOJNYUHTh [Js KOOPAHHATH § 3HAyeHHe, Jexallee
Mexkny & u & + dE, xoraa Bubpatop HaxoAUTCA B COCTOSHHM K, BbI-
paxaerca popmyJoi

1

[ s (8) I2d€—W

dx
3II€Cb non —E H HYXXHO pa3yMeTb MaTpULbI, 3JEMEHTHI KO-

e~¥H? (E) dt. (13)

‘M3 acumnroTHueckoro Beipaxenus (22) § 5 BuAHO, 4TO IpH
Gonblnx 7 GYHKOHA Pp (§) MMeeT MPUMEpPHO XapaKTep CHHYCOHAHL,

Korna £ MeHseTcsl B NMPOMEXyTKe oT — 4/2n 10 4/2n. Ilpu stom
noauHom H, (&) obGpauraercs B HyJb POBHO n pa3. Bue artoro npo-
MexyTka (yHKIHA P, (E) HaunHaeT ObICTPO yObIBATH BCJEACTBUE
npeobaagaHus NOKa3aTEJbHOrO MHOXHUTeas. OTclofa cJaefyer, 4To
TJIOTHOCTh BEPOSITHOCTH 3aMETHO OT/JIHUHA OT HYJS TOJBKO B IpO-

MexyTKe — 4/21 < & < 4/2n, Tak uTo BeJHUHHY
Bo=1/2n (14)

MOXKHO CUHTaThb «aMILIHTYAOH» Bubparopa. B abGCoaOTHBIX eAMHU-

nax amnauryaa 6yner
o /\/ 2nh (15)

C npyroil cTOpOHBI, 3HepPrHus BUOpaTtopa paBHa

E=En=(n+%)ﬁm~nhm. (16)

Hckarouast u3 (15) u (16) n, monyuaem
Ex %mw%cg, (17)

TAK YTO CBSI3b MEXAY AMINIMTYAOH M 3JHEpruefl 34eCch Ta XKe, UTO
B kJaccuueckoil teopud. CpaBHHM 3JeMEHTH MaTpHLBl AJaA X (f)
¢ BuipaxeHueM (15) mast ammautyldbl. Mbl MOXKEM HamucaTb

nlx)n—D+@m—1x@)In)= /\/2”“0 (efot 4 g—iot) —
=’\/—% cos wf = xycos wf. (18)

Takum o6pa3oMm, 3/jeMeHTh MaTpulbl Xx(f), Gauxakhiine K A-My
JYaroHaJbHOMY 3JIEMEHTY, NAIOT 4iaeHbl psifa Pypbe, NpeAcTaB/idio-
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LIEro KJIACCHYECKH BENHYUHY X({) B N-M COCTOSIHHY (1. e. B cocTosi-
HHH ¢ snepruedl £ = E,). (Yuncao n npeanosaraercst anech GoJb-
wuM.) dta GopMasibHas aHanorus MEXIy WiIeHAMH KJaCCHYECKOro
pana @ypbe u snementamu MAaTpHuIbl, IPEACTABAAOIEH KBAHTORLI
oneparop, nocayxuau I'eiisentepry uexommoi touxos IJIs NOCTpoe-
HHA KBAHTOBOH MEXaHHKH, KOTOpas B 3TOl IIEPBOHAYAMLHOH opme
Has3blBanach, KaK Mbi yXKe YIOMHHAIH, «MaTPHYHOHA» MeXaHHKOH.

§ 9. duementapusiii KPUTEPHH npUMeHHMOCTH thopmya
KJaccHYeCcKOH MeXxaHUKH

PaccmarpuBas B § 15 . 111 MOMYKJIACCHYECKOe NPUOIHIKEHHS
K peluenuio ypasuenus Ilpenunrepa, Ml Hawun NpUGIHKEHHOE
BRIDAXKEHHE L1 BOJIHOBOH GYHKUHH uepe3 QpyHKIUIO AeficTBus S.

ITpumennm nomyuennpie PESY/ILTATEl K Cy4aio CTalHOHAPHOrO
COCTOAHHA wacTuubl. B stom cayuwae ypasnenne [ipenunrepa umeer
BH]

M+ F (E—U)p=0, (1)

a ypaBHenue Tamuibrona — ko6u kmacemueckoi MEXAaHUKH Ha-
MHLeTC s

5= (grad Sy? +U=E. @)

Ecan S ectv nosnbii HHTErpay ypasHeHus (2), comepxauiuii TpH
NPONSBOJILHBIE TIOCTOSIHHbBIE €1, Cp, C3 (BKJIIOYAs NOCTOSIHHYIO 3Hep-
run E, HO He CYuTas afAHTHBHOL IIOCTOSTHHOR), TO Mbl MOXeM HO-
JIOXKHTb B 3aBHCHMOCTH OT 'PAHHYHBIX YCIOBHE

—— i
%5 S
1p=z\/Det oo e (3}

i

08
b= Det dxidxk

cos (% + a), (4)

TA€ IIOX KODHEM CTOMT AETEpMHUHAHT H3 BTOPBIX NIPOH3BOAHBIX OT S,
a BEJIMUMHA o €CTh IOCTOSHHasA (a3a. ITepexox or ypaBHennus (1)

dopmanbHo ananoruven [IEPEXOAY OT BOTHOBOH ONTHKU K reoMetpu-
YECKOI1. YC/I0BHE NPHMEHHMOCTH IPHOIHKEHHBIX YopMy. (3) wan
(4) MoxeT 6biTh BLIDAXKEHO HA I3bIKE BOJIHOBOH ONTHKH (nau Bou-
HOBOH ME€XaHUKH) CJeNylomum 00pa3oM: OTHOCUTeAbHOe uzmenenye
nokasarean npesomaenus (uiu Oauno: B0AHbL) HA PACCTOAHUAX nO-
pAdka OaunbL 60AHbL 00AMHO GoiToe 8eCoMa MQAO NO CpasHeHruio
¢ edunuyeil. Ecan Mb BMecto AJHHBL BOJIHBI A OyA€M CYHTATbL Xa-

o . A
PAaKTEPHOH NJUHOH BEJNYHHY o TO 3TO YCJ/IOBHE MOIKHO 3anucarb
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TakK:
A |grada|

= |arad g | < 1. ®)

B xBauTOBO/ Mexamuke A ecTb AnuHa BOJHBI Ae Bpoiins, paBHas

A2m (E — U)
Ho rax kak mbl paccmaTpuBaeM 06/aCTh, NMOTPAHHYHYIO MEXKIY
KBAaHTOBOH H KJIaCCHYECKOH MeXaHHKOH, TO KpUTEPHA IPUMEHHMOCTH
bopmya (3) nnu (4) MoxkeT GbITh GOPMYAHPOBAH U HA SI3bIKE KJAC-
CHYECKOH MexaHWKu. B camom mese, mogcrasnisis B ycmoBue (5)
Bbipaxkenue (6) M1s A, MBI TOJY4UM

Jij

OGo3Havas uepes v abCOMIOTHYIO BEJHUHHY CKOPOCTH 4aCTHLBL U
uepe3 w — aGCo/IOTHYIO BeHUHHY YCKOPEHHS, Mbl MOXKEM HallHCaTh

A/ 2m (E —TU) = mv, (8)
[grad U |= muw. (9)
CuenoBarensHo, yceaosue (7) maer
hw
- < (10)
HJIH
3
S>> 1. (11)

OTO M eCTb TOT KPUTepHH, KOTODBI MBI XOTean BmBectH. Ilo-
MHMO fi (HeseHHOH Ha 2n mocTosiHHON IlnaHKa) B Hero BXOAST
TOJIbKO BeJIHYHHBI KJIACCHYECKOH MEXaHHKH, NMPHTOM JHIIb K HH e-
MaTHYECKH e BeJUUHHBI H Macca 4acTHIbL.

3aMeTHM, 4TO 10 H3BECTHON (POPMYyJie KHHEMATHKH Mbl HMEeM

=) + (%) (12)

rae v — abCoMoTHAs BeJNHYHHA CKOPOCTH, p — PAAUYC KPHBU3HbL
Tpaekropuu. OTclofa caenyer .

U2
w = e (13)
IMoacraeass ato B Hepasencrso (10), Mul moayuaem
h
oo <1 (14)
usu '
A

2np
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[

TIe A NO-TIpEeKHEMY 0603HaYaeT Je-6pOHIeBCKYIO NJIUHY BOJMHEL Ta-
KUM 06pa3oM, IUIMHA BOJIHLI 1¢ Bpoins nonxHa 6uITh BechMa maga
[0 CPABHEHHIO C PANINYCOM KPUBH3HE! TPAEKTOPHUH.

Kpurepuii, Boipaxaemuiit dopmynamu (10) u (11), nonyckaer
ABa PASTUYHBIX NpUMEHeHus. Bo-nepsoix, ecau Mbl Gygem cumrars
CKOPOCTb M YCKODEHHE YaCTHUb (GYHKUHSIMH TOUKH [bopmyanr (8)
u (9)] To B TOit OGaacTu IPOCTPAHCTBA, Ile BLINOJHACTCS HepaBeH-
crBo (11), Boipakenne (3) wunu (4) Oymer naBatb xopouee npu-
G/IMKeHUe K WPEeIUHTePOBCKOl BOTHOBON bynkunn. Bo-BTOpbIX, MBI
MOKEM BBECTH B Hallle HEDABEHCTBO BMECTO CKOPOCTH M yCKOpeHust
HEKOTOpBlE CpefHHe uX 3HaueHus. JleBast uyacTh ero Oyner npen-
CTaBJATL TOTAA HEKOTOPBLIl MOCTOAHHBIA mapaMmerp, IIOPSAJIOK BeJIHU-
UHHbLI KOTOPOrO 110 CPABHEHHIO C efHHHULEH Gyier XapaKTepu3oBaTh
IIPUMEHHMOCTb KJIACCHYECKHUX ypaBHEHHUI!.

B HavanbHblil mepuox pasBUTHS KBAHTOBOI MeXaHUKH Bop cdop-
MY/IMpOBAJ «IIPHHUMI COOTBETCTBUS®, COIIACHO KOTOPOMY hOpMYaH
KBAHTOBOI MEXAHHKH MOJ/IKHbH TIePeXOAHTh B KAACCHUCCKUE ¢pop-
MyJbl np# GOJbIIKX 3HAYEHHSX KBAHTOBLIX UHCE. [Tostomy mu
AOJIZKHLL OXHAATD, UTO YNOMSHYTHH mapaMmerp [nepast yacTs Hepa-
BeHcTBa (11)] cBasan ¢ xapaxrepusiM mis mamHOR 3a7ayn KBAHTO-
BbIM uncsoM. [lokakeMm Ha mpocrefimem [IPHMEpE, 4TO 3TO AeHCTBH-
TeJBHO TaK u OYyIer.

PaccmotpuM  aBukenue rapmonuueckoro BUGpaTopa B OXHOM
usMepennn. B atom ciyvae ckopocth Gymer napaJuesnbHa yckope-
Hulo. B KavectBe mapamerpos, XapaKTepPU3YIOUHUX CKOPOCTb M yCKO-
penne, Mbl BO3bMEM CpefiHHe KBaApaTHYHbIE HX 3HAYCHUSL.

Mu nmeem

X ==0acos f (16)

H, CJIeAZOBATEJBHO,
: = 1 = 1
vl = = adk?, = P =5 %ol (17)

IToaTomy

muod ma’e :

o~ 9h * (18)

Ho sueprus BuGpatopa Bhipakaercs Uepe3 ero aMmIuTyay mno ¢op-
MyJIe

E= 4 ma?. (19)
CuaienoBatennno, Beanunna (18) pasua
2 E

= e (20)

H HEPABCHCTBO, BblpaKalollee HAIl KPHUTEPUH, NPUHIAMAET IS BuG-

paropa BHI
mu?

E
ST T @1
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Ho, coraacuo ¢opmyae (16) § 8, sneprus subGpartopa pasHa
E=E,=(n+)ho, 22).

Tle 7 — KBaHTOBOe uHca0 BHOpartopa B AaHHOM cocTosiHuu. Caeno-
BaTeqbHo, Hame ycaosue (21) mpusoamrtes K TpeGoBaHUIO, YTOGH
KBaHTOBOE UKHCJIO 7 GBLIO BEJHKO 1O CPAaBHEHHIO C efMHALel.

B 3ak/ioyeHHe CJAEAyeT OTMETHTb, YTO MPHMEHHMOCTb KJ/acCH-
yeCKHX ypaBHEHHII He O3HauaeT elle NMPUMEHHMOCTH KJACCHIECKHX
npencrasnednit. [IpHHIKNINAIbPHOE OTJIHYHE «BEPOSITHOCTHOTO» CIIO-
coGa onucaHus siBIEHHI TIPH TOMOLIA BOJHOBOH GyHKUHH OT «alco-
JIIOTHOTO» crocofa OmucaHus NpPH NMOMOUIM KJIaCCHYECKHX BEIMYHH
U KJ1aCCHUYECKHUX TOHATHH — OTJIHYME, 0 KOTOPOM MBI FOBOPHJHY B HA-
yaJje yacTd | 3TOH KHHMTH — OCTaeTcs B CHJ€ M TOrAa, KOrja kjac-
cuuecKHe BeJHYMHBI JAlOT XOopouee NPHOJHIKeHHe JJs BOJHOBOM

§yHKUUH.
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TEOPHS BO3MYILEHUMK

§ 1. Mocranoska 3agaun

Pewenns ypasuenus Ulpenunrepa u Haxomaenue co6CTBEHHBIX
dyHxkunit onepatopa sHeprum, a Takxke APYrux ONepaTopoB MOXeT
ObITb BHIMOJHEHO TOYHO JIHIIb B MPOCTEHUINX cayyasx. Hpubauxken-
HOE€ pELICHHE HEKOTOPLIX GOJee COKHBIX 3a1au (3aZaul MHOLHX
Tes1) TpeGyeT NPHUMEHEHHs CYLIECTBEHHO HOBBIX METOIO0B, HAIPHMED,
BapHALAOHHOrO Hadana. MHOrossekTponHas 3anada Gymer paccMo-
TpeHa B 4acTu IV artoii KHuru. 3mech Mbr paccMoTpuM TOT cayuai,
KOrja pemienue npeljoxeHHoH 3aJa9H MOXKeET GbITh pasburo Ha nBa
wara. Ilepseiit war cocrour B YUPOILIEHHH JNAaHHOH 3aJayu U B TOY-
HOM DelICHHH YNPOIIeHHO! 3afauyn. BTopoil mar cocTOHT B BbuHC-
JIEHHH TIONPABOK, NMO3BOJISIOUIMX TPHOJIHKEHHO YYECTb BAHAHHE Ma-
JIbIX Y/IEHOB, OTOPOLUEHHBIX NMPH YIPOLIEHHH.

Cylectyer o61wuil METOL AN BHYMCICHHS [ONPAaBOK, KOTOPI
HOCHT Ha3BaHHE TEOPHUM BO3MYyIUeHul. M3moxeHueM ero Ml u 3aii-
MeMCa B 5TOH IiaBe.

Ionoxum, Mer nmeem oneparop (Gynmem cuuratb s onpegesien-
HOCTH, YTO 3TO €CTb OMEepaTop SHEPrHH), KOTOPHII MOXKET GbiTh
NpEeACTaB/]eH B BUIE CYMMbl JBYX WIEHOB

H = H°+ gl (1)

[lepBriit uaen, HO ects ONepaTop HEBO3IMYLUEHHOH (T.e. ympo-
WEHHOR) 3ajlaud, a BTOpOl useH, el, NPENCTABJ/ISET MONPABKY
(BO3MYyLIEHUE), KOTOPYIO GyIeM CUHTATh «MaJsIo»; 118 ymob6ersa
MBl HaNUCa/IA NONPABOYHBIA U/JeH B BUIE NPOM3BEAEHMS MAJIOro 11a-
paMerTpa e Ha onepatop U. Bosmymenne Mbl 6yseMm npegmonarars
TaKHUM, UTO NPY yMeHbLIEHWHW NapaMeTpa & 0 HyJs KaK cOGCTBeH-
_Bble QYHKUMH, TaK u COGCTBEHHbIE 3HAYEHHS oneparopa H nenpe-
PBIBHBIM 06pas’oM MepexosT B COGCTBEHHbIE bynxunu # sHauenus
onepatopa 9,

B Hekotopmix cayuwasx 310 yeaosue ne cobmofaercs, 1 Bo3My-
ILEHHE MeHSIET CAMbIH XapaKTep pelleHus, HalpuMep BBOAHT CILIOLI-
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HOi cmekTp. PopManbHOE pelleHue, MOJyYaeMoe 1o crnocobam Teo-
pHM BO3MYIEHHH, HMeeT, OIHAKO, PU3HYECKHUH CMBICJ H B 3THX CJy-
yasix. OHO naeT BOJIHOBYIO ()YHKIIMIO, OMHKCHIBAIOMIYIO TaKOe COCTOS-
HHe aToMa, KOTOpoe SIBJAAETCH, €CJH W He BIOJIHE, TO MOUTH CTa-
uHuoHapuuiM. [lon 3TuM Mbl pazymeem caenyiomee. Ecan B3sTh no-
JIYYEHHYIO BOJHOBYIO (YHKIHIO B KAUeCTBE HAYAJIbHOIO COCTOSHUS
aToMa, TO B TEYEHHE 3HAUHTENbHOTO NPOMEKYTKA BPEMEHH COCTOS-
Hue ero OyleT MaJjo OTJHYATbCS OT ONMHCHLIBAEMOrO 3TOH BOJHOBOM
¢ysruneii. Teopust mouTs cTanHOHAPHBIX COCTOSIHUE GYIET paccMo-
TpeHa B § 8 ro. 11

Crenyet OTMETHTb, UTO PSABI, NOJNYYAEMBe B TEOPHH BO3MYIle-
HHIl, MOTYT OKa3aTbCsl H PACXOMSUIHMHCS, YTO, OAHAKO, He JHIIAET
HX (DH3HYECKOTO CMBICHIA, €CJH TOJABKO NEPBbIE YIEHH HX JOCTATOUHO
ObICTPO yOBLIBAIOT; B 3TOM CJY4Yae HCIOJb3YETCH TOJIbKO KOHEUuHoe
YHCJIO YJIEHOB pAja.

O6patumcst Tenepb K Hauell 3agave. [IpemmosioxuM, u4to co6-
cTBeHHble GyHKUuH ) (Xx) H co6cTBeHHble 3HaueHns E° omepa-

Topa /° U3BECTHEI TOYHO, TAK YTO DEIIEHHS yPaBHEHHS
H%) (x) = E%40, (x) (2)

u3BecTHH. TpeGyeTca HalTH NpPHOIUKEHHBIE BHIPAXKEHUS LIS COG-
CTBEHHBIX 3HaueHH# u GyHKuHui oneparopa H, T.e. pelIHTb ypaBHe-

Hue
(HO -+ &l) Y, (x) = E. g, (x). (3)

Jlaist pelieHus ocTaB/JaeHHON 3a1aul NOTPe6YETCs NPeKIe BCEro
pemuTh HEOXHOPOLHOE YpaBHEHHE
H% —E"p=f (4)
AJd TOTO cjyyas, Koria mnapamerp E’ paBeH ofHOMY H3 COGCTBEH-
HBIX 3HaueHuil oneparopa HC Kak B atoil npeasapurenbHoil 3anaye,
TaK W B OOILiell 3ajaye TEOPHH BO3MYINEHHHA paCCYXKIAEHUS GYIyT
pasJHUHBE, CMOTPSA IO TOMY, OYAYT /MH COGCTBEHHBIE 3HAYEHHS He-
BO3MYIIlEHHOro onepatopa H° mpocTeiMu uau KpaTHbIMH. YToGht
YACHHTb HIEI0 Croco6a Ha BO3MOKHO NPOCTOM IPHMEpE, Mbl GyaeM
CepBa pacCMaTpUBATh CJAydYal MPOCTBIX COGCTBEHHBIX 3HaueHull,
a sareM O0GOOWIMM pe3yJbTaThl HAa CAyuail KPaTHBIX COGCTBEHHBIX
3HaueHuM.

§ 2. Pewenne HeOAHOPOAHOTO ypaBHeHHs
Paccmorpum neogHOponHoe ypaBHeHHe
H% — E"p=f, (D
rae [— usBecTHas, a P — uckomas Qynxumsa. ITycrs napametrp E’
paBeH OOHOMY M3 COGCTBEHHBIX 3HAUeHHH Eo onepatopa H°, rtak



122 TEOPUSI LIPENUHTEPA . 1

YTo paCCManHBaeMOE YpaBHEeHHE HMeeT BHJ
H% — Edp =T, (2)

Ilpeanonoxum cnepsa, 4To co6CTBeHHME 3HaueHus E. — npo-
CTHI€, TAK YTO COOTBETCTBYIOLLEE OLHOPOLHOE ypaBHEHHE

H" — Ebp =0 3)
HMEET TOJLKO OJHO pelienue 1= 1p°,

Pasznoxum ¢yrruuwo [ B pag

P=Y a0+ a®) v aE (4)

u OyzAeM HCKaTb pellleHHe ypaBHeHHs (2) B BUAE aHAJOTHYHOLO pazra
b= ¢, + \ c(B)yupaE. (5)
IMoncrasasa (4) u (5) B (2), O6yneM HMeTh
2 en(Br— B+ § ¢ (B) (B — £2) W dE =
m :
=Y e+ (a@wde. 6

B seBoit wactu srtoro ypasHeHus Kodpouunent npu P pasen
HYyJ10; /s TOrO YTOOLI ypaBHEHHE HMeJO pelleHHe, HeOGXOLHMO,
YTOGBI COOTBETCTBYIOMHA KO3()GbHIHEHT 6L paBeH HyJIO H B Npa-
BOH YacTH.

Ycnosue
a,=0 )

MOKeT OLITb 34IIHCAaHO B BHJE
{07 av=o0. (8)

Taxum ofpasoM, 47066t He0OHOPOOHOE ypasuenue (2) umero
pewenue, neobxo0umo, urobor c80600HbLI Yren eco Gbia OpTO2OHA-
ACH K peulenuro cooreercrayrouseeo 00HOPoOH020 ypasnenus. Eciau
STO BBIIOIHEHO, TO OCTaAbHBIE KOIPOHUHEHTH € u c(E) moryt
GBITh 110J1y4eH bl IPUPABHUBAHUEM COOTBETCTBYIOLIMX YNCHOB B Ofenx
dacrax paseHCTBa (6). Mbl GymeM uMeTh

Am
Cm= ’ C(E)=
Ey — E),

(9)
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TAaK 4UTO pasjoxkeHue (5) HanmuuIeTCs B BHIE
_ ’ am a(E)

rje WTPUX Y 3HAKa CYMMbl O3HAYaeT, YTO HYKHO ONYCTHTb 4JeH,
AJIS1 KOTOPOTO m = .

K 3ToMy BBIpaXKeHHIO MOXKHO, OYEBMIHO, NPUGABHTL pelleHUe
OZHOPOIHOTO ypaBHEHHS, T.€. wileH Buia c¢y?, rie ¢ — npou3Bo.b-
Hasl NOCTOSIHHAS.

Ecnun 6ul B ypaBuenuu (1) mapamerp E’ He paBHSLICH HU OXHOMY
U3 COOCTBEHHbIX 3HaUYEHHH E?,, TO Ha QyHKIUIO [ He HYKHO 6BLIO
Obl HajaraTb HUKAaKHX yc/IoBUIl BuAa (8) u pemeHne uMesao 6bi
BHJ,

a(E)

v=Y v+ | FO v, (1)

Tlie 3HaYOK m npoberaet Bce 3HaueHus1 6e3 IPOMYCKOB.

O6paTtuMcst Ternepb K C/y4al0 KPaTHBIX COGCTBEHHBIX 3HAUYEHHIL.
Mu 6ynem mo-npexxnemy pasymers mox Ey, Ej, Es, ... pasanu-
HBle COGCTBeHHble 3HAUYEHHS, TAK YTO KPATHOCTb HMX BbIPA3UTCH

3]
B TOM, YTO KaxIOMy E, MOXKeT COOTBeTCTBOBATH HE CKOJBLKO
(ckaxeM s) co6cTBeHHBIX (PYHKUHHA, KOTOpble MM 0603HAUHM yepes

a Boar oo Wi (12)

NPHYEM YUCJO § MOXKET 3aBHCETh OT A. 3aMeTHM, UTO COOCTBEHHBIE
3HaueHus, NpUHAJJIeXkKallUe CIJIOWHOMY CHEKTPY, MOTYT ObITh TaK-
XK€ KPaTHBRIMH; HO Mbl OyAeM, AJsl MPOCTOTH, MHCATb HANIH dop-
MyJbl TaK, KaK ecJu Obl OHU OblIH NPOCTHIMH.

ITonoxuM, 4To OAHOPOAHOE ypaBHEHHUE

HOY) — 20 =0 3)

umeer s pemwenuit (12), n HaM HYXHO HaHTH pelleHHe HEONHOPOJX-
HOro ypaBHEHHS

H% — Epp=1. (2)

PasnoxeHusi 3aaHHOA QYHKUMM [ M HCKOMOH (yHKLHH P Ha-
TIHILYTCS B BHAE

=3 a0, + | a(B) v s, (9
=D, cp b, + | c(E) Wy B, (14)

.m r=i
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IToacranoska (13) u (14) B (2) maer

L (EL=E)Y e, + [ (E— E2) () wyaE =

m re=|
i s

=Zzamr r Sa(E)IP%dE. (15)

m r=|\
Orcioga 3aKJw4yaeM, UYTO MBI JOJKHLI UMETh

Qi = Qe = ... = a,;, =0, (16)
T. €. 4YTO (QYHKUHA [ JOJKHA yIOBJETBODATH S YCJOBHSIM
S-?‘rfd‘l.'=0 (r=1,2,.,',,s), (17)

TaxuM oGpasoM, 4T06br HeOOHOPOOHOE Ypasnenue umeno peuie-
Hue, Heobxo0umo, 41066l C80600HbBIL 4ien eco 6Gbin OPTO2OHALEH
K KaxOOMY Peueruto coOTBRTCTBYIOWe20 OOHOPOOHO20 YpaBHEHUA.

Onpenenns ko>pduuuenrst ¢, u c(E), noayuum mis BbIpa-
2KeHue

S

r E
¢=Z E_O-_Tzamr 2nr+g_E%o—q%dE' (18)
m m [ =S| n

Mbl BHAMM, UTO C/Iy4aH NPOCTHIX H KPATHLIX COGCTBEHHBIX 3HA-
YeHHH NPUBOLAT K BIOJIHE aHA/JOTHYHBIM (DOPMYJIaM ¥ 4TO dbopmy-
JIADOBKA yCJIOBHA CYIIECTBOBaHHS pPElIEHHS HEOLHOPOLHOrO ypaB-
HeHus 1A OGLIero ciydyas MOYTH HE OTIHYAETCs OT NpefblAylieil.

§ 3. Mpocroie coGcTBeHHbIE 3HAYEHUS
ObpatuMes Tenepb K Halel OCHOBHON 3ajaue: pelleHHIO ypas-
HEHHUs
(H® + eU) b, = E, s, (D

TpHYeM pacCMOTPHM TOT cayuyai, Korja Bce COGCTBEHHBIE 3HaueHUs
onepartopa H° npocreie,

Bynem nckatb coGcTBennoe sHaueHne E, u coGeTBeHHYIO (yHK-
HHIO \p B BHJE DPAAOB, PacHOJOXEHHBIX L0 CTENEHSM MaJoro na-
pamerpa e: , Y

E =E+eE +€eE 4 ..., 2)

b, =9 + e, e + ... (3)
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[loncrasnaa atu pansl B ypaBuenue (1) u mpupasHuBas Kosd-
QuULHEHTHl TNPH ONMHAKOBBIX CTENEHX &, NOJYYUM DAL PaBEHCTB

HOW), — ES) =0, (4a)
HO, — B, = — Uy} + EL), (46)

HOW, — B3 — — U, + EL, + EJ), (45)

[TepBoe U3 3THX ypaBHEHHUH YIOBJETBOpPAETCS caMo cofolo, Tak
KaK 110 NPEAnosokeHuo B) ectb cobcTBeHHas dyHkuus HO s

9
coOCTBeHHOro 3HaueHuda E,. Bropoe ypaBHeHue (46) nmpeacrasaser
HEOJHOpOJHeE ypaBHEeHHE 1Jsi ompedenenus P,. Kax wmbl 3naem,

AJs1 TOrO 4TOOBI OHO HMEJO peleHHe, He00XOMHMO, YTOOHI CBOGOI-
HbIl 4ieH OB OPTOroHaJeH K PELIeHHI0 COOTBETCTBYIOLIEro OLHO-
poaHoro ypaeHeHus, T.e. K ¢yHKuuu . IToabsysce tem, yro 1)

HOpMHpOBaHa, Mbl MOXKEM 3alluCaTb 3TO YCJAOBHE B BHAEC
Ei=(n|U|n), (5)
rjge
(n1U 1n) =\ §uf dv (6)

€CTh JIUArOHAJbHBLIH 3JEMEHT MaTpuusl /15 BO3MYMIaole# 3xep-
rud U. TakuMm 06pa3oM, YCJAOBHE OPTOTOHAJBHOCTH IO3BOJHIO
OIIPE/le/IUTh HEH3BECTHYIO NocTostuHyio E;. Uro6bl pemuts (46),
PAa3/I0KUM IPABYI0 4acTh HO (GYHKIHAM P, H P

f=—Uw +Egy == (m\UIn)¥),—(EIUIn v dE,  (7)

rjae
(m U1 )= 0] av, ®)

(E|U|m)= | $40%) dv. (89

4
Pemenune 1, ypaBHeHns (46) moayuutcsa Temepb mo ¢opmy.am mpe-
AbAYyINero naparpaga, a HMEHHO,

(E1U]n

F Y (mlULR) ) 0

J 0
E)—EY,

Usena Buna cy? Mbl He NpUGaBaANM, TaK Kak (QyHKUHs P;, ode-
BUIHO, OPTOTrOHa/dbHa 1), a CJeJOBATE]bHO, (BYHKLHS

¥, =+ e, (10)
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npeacTaB/fiollas NpubHKEHHOe pellieHHe BO3MYLIEHHON 3ajaum,
OyZeT, ¢ TOUHOCTBIO 0 BEJNHUHH NOPSAKA €], HOPMHDPOBAHHOL.

[lepexons x crenyomeMy ypaBHeHHIo (4B), Mbl LOJKHBI Oynem
npexnae BCErO ONpefe/UTb NMOCTOAHHYI0 E,, U3 ycloBHs, U4TOGHI 3TO
ypaBHEHNHE HMEJIO pelieHHe. DTO yCJAOBHe AaeT

Er= {4 U —E) v ax. (11)

Iloncrasnss cioga sMecro P, pasnoxenre (9), nonyuaem, Ha OCHO-
BaHHH TE€OPEeMbl 3aMKHYTOCTH,

E;;=Z'“’"'U’”)'2+S"E'U'”)'sz. (12)

0
E) —EY, E,—E

Hanee Mbl MOrJIH 6bl IOMYYHUTD P M 3aTeM TPeTbe U CJeLylollue

npubauxenusi. Boluncaenus seayTes no TOMY e cnocoby, a uMeH-
HO, [IOCJIE€ TOTO, KaK HahIeHb

W, .., PpE=D g EY, E,, E, ..., EG&=1,
H3 YCJIOBUSI CYWIECTBOBAHHUSA pEIlEHHs ypaBHeHHsS HOMep k onpere-
asercs E®, a sareM u PP, DopMyab cTaHOBATCA BCe CIOKHEe I
C/IOXKHee: HO OObIYHO GbIBAeT NOCTATOYHO 6paTh BLITUCAHHBIE 3/ECH
neppoe NpubJInKeHHe AJsi COGCTBEHHOH QYHKIMH H BTOpOE Npub.IH-
MEHHe IS COGCTBEHHOTO 3HaveHus. B Tex ciywasx, xorma E, 1. e
lonpaBKa NEPBOr0 NOPAAKA K COGCTBEHHOMY 3HAUEHHIO, He paBHa
HYJI0. MOXKHO — €CJIH He TpebyeTcsi 0COGEHHOH TOUYHOCTH —— €10 H
OrPaHHYHUTBCH.

§ 4. KpaTthble coGcTBennble 3Havenus. PasnoxeHne
Mo CTeneHsIM MAJoOro mapamerpa

3aiiMeMcs Tenepb pelueHHeM ypaBHEeHHUsI
(H0+8U)¢n= ar (1)

AJsl Clydas KpaTHBIX COGCTBEHHBIX 3HauYeHuit omepatopa H. Iycrs
HeBO3MYLIEHHOE YypaBHEHHE

HOO — EO%0 =0 (2)

o Whar oo es 9. (3)

Mui snaem (§ 7 r1. I1 u. I), uto BHIGOp 3THX pelieHHMiT ocTaercs

B H3BECTHOIl Mepe IPOU3BOJbHBIM, TaK KaK QyHKIuH (3) MOXHO
8aMEHHTb HX JIHHEHHbIMM KOMOMHAUMAMH, NIPOU3BEAS HAX HUMH YHHU-
TapHYIO TOACTAHOBKY. [las danbHeliwlero yno6HO NOHMMAaTb mOA
%, peuleHusl, BHIOpaHHBEIE ONMpeNEJNEHHBIM 06pa3oM, B 3aBHCHMOCTH

HMEeT § pelueHHil
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ot onepartopa U, nepsoHauanbHble Ke (Kakue-HHGYAb) § peueHui,
JIMHEHAHBIMH KOMGHHAIUSIMH KOTOPBIX SIBJSIOTCS P, MBI OyaeMm
0003HayYaTh CHMBOJAMH

fpl’ q)2’ s ey CPs, (4)
OIyCKast 3HaYO0K 7, KOTOPHIH ¢jielyeT NoAPa3yMeBaTh.

W3 anre6pwl ussectHo, uro fnpu GeCKOHEYHO MaJjoM H3MeHEeHHH
K03} uiKeHToB anre6pauyeckoro ypaBHeHHs KDAaTHBI KODEHb MO-
KeT pa3buTbCd Ha HECKOJIBKO NPOCTHLIX; N0 aHAJOTHM Mbl H 34€Ch
MOXKEM OXHJAAaTbh, YTO KpPaTHOe COGCTBEHHOE 3HAUEHHE Eg MOZKeT
pas30buThes, BCJAENCTBHE BO3MYLIEHMS, HA § npocteix E,,. (r=

=1,2,...,s). Mbl GyneM no3toMy HCKaTh COGCTBEHHbIE 3HAYEHHS
B BHIE
0 ’ 2,7
Enr=En+8Enr+8bnr+'..., (5)

TS MONPaBOYHBIC UJEHBI 3aBHCAT OT HOMEpa r COOTBETCTBYIOLIEN
COGCTBEHHOM QyHKUuH. [Ia5 3Toll MOC/Te Hel HATHIIEM pa3oKeHHe

V=W, oW, + e, (6)

TMoacrasass (5) u (6) B ypasuenue (1) (TZe Mbl AG/IKHB 3aMEHHTDH
E, wa E,, n Y, Ha ¥,,) H NpHpaBHUBAs KO3bOHLHEHTH IIPH CTe-
TeHsX €, MOJyyYaeM psifi PABEHCTB

HoB,, — B, =0, (72)
HY, — B0V, = — UW), + E, W), (76)

Ay, — By, = — U, + E %, + EL7, (78)

L I R T R S S Y . s ey

KOTOpbI€ OTJIMYAIOTCS OT aHAJOTHYHBIX paBeHCTB (4a), (46), (4B)
§ 3 ToapKO N06aBKOI BTOPOro 3HauKa y COGCTBEHHBIX (DYHKIHMI H
y co6cTBeHHBIX 3HaueHui. [lepBoe ypaBHeHne (7a) yaosreTBopsieTcs
camo coboit. Hro6n BTOpoe ypaBHeHue (76) MMeNO pelleHHe, He-
06xonnMo, 4TOGH NpaBas 4acTh Gblla OPTOTOHAMBHA K KaXKIOMY
PELICHHIO OHOPOZHOTO YpaBHEHUS, TAK YTO

(0,0 —E)w.di=0 (=12..9 @
HJIH, 4TO TO Xe caMoe,
(o, —Eyw,dr=0 (=12 ..., 9. 9)

YpaBrerust (8) nam (9), BoOGLIE TrOBOPS, He GYAYT YAOBJETBO-
pATLCA TPOU3BOJIbHBIMH pEIIeHUAMH ypaBHeHHs (2), u HaM HalJe-
JKHT HallTu Te KoMOUHALUH

3r = blr(pl + bzrq)2 + ot bsrq)s (10)
M3BECTHBIX peUIeHH# (4), KOTOpBIE UM YIOBJETBOPSAIOT.
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§ 5. Co6cTBenHble GYHKUMH B HyJAeBOM NPHGAHKEHUH

Hailigem koadduuuents YHHTApHO! noactaHoBku (10) § 4. [Tox-
crapasa (10) § 4 8 (9) § 4 u noab3ysics OPTOrOHAJbLHOCTBIO H HOp-
MHPOBKOI QYHKUHH @4, NOJYYIHM

Zl Upgber = Eprbyr, (1)
q=
Tae

Uy =\ U0, dr. . 2)

Onyckasi BTOpO# 3HAYOK y b,, n ofGo3nauas HEH3BECTHYIO BeJu-
unny E7r GykBoit A, Moxem mammcatb (1) B BuIe

q; Upgb, = 1b,. (3)

OTH YPaBHEHHSI MOTYT GbIThb HCTOJKOBAHBI Kak YpaBHeHusi s
COOCTBEHHBIX QYHKUUH b (g) = b, onepatopa, mpeACTaBACHHOrO Ko-
HeuHolt Matpuueit U,,. Onepatop 3TOT — CaMOCONPSIKEHHBIH, TaK
Kak Martpulla €ro SspMHTOBa, Kak 3TO BHAHO u3 (2). ITostomy ero
COGCTBECHHbIE 3HAYeHUs A GyAyT BeIECTBEHHB. UToGb HANTH X
PeWnTb ypaBHenue (3), MOXKHO IIPHMEHHTb H3BECTHBI, YHCTO aJjire-
Gpanueckuii crocob. Ypasuenus (3) NPeNCTaBASIOT CHCTEMY JIHHEH-
HBIX OZHODOAHBLIX YPABHEHHH OTHOCHTENBHO HEH3BECTHBIX b,. Uro6ur
CHCTEMA 3TA MMeJIa PElUEHHe, HEOOXOXUMO, YTOOH ONpPeNeqUTE b U3
KO3 HUUEHTOB NPH HEU3BECTHBIX

Un—4 Uj con Ugs
U Up—2 ... U
Dy=| . H T o T (4)
USl USZ cee Uss'_'l

paBHa/cA Hymo. YpasHenue D (L)'= 0 uMeeT s BelIeCTBEHHLIX KOp-
Hell; KaXJ0MY KOPHIO A = A, COOTBETCTBYET OHO pellleHne by = b,
ypaBHeHu#n (3). Pewenns atu mommuo HOpMHDOBATL TakK, uyTOGHI

651710
o1 P16, P+ ... +]bP=1. (5)
M3 o6mux ceoiicTs munelnbx ONE€pPaTOPOB CJIEAYET, YTO PEIICHHUSA
by=bg u by =0b,,
COOTBETCTBYIOIME JBYM DPa3JHYHBIM KOPHAM
A=A u A=),
APYT K APYTY OPTOrOHAJBHEL, T. €.

5Irblp + 52rb2p + LI + Espbsr =0 (Ar :ié )\‘p)' (6)
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Kopru D(A) = 0 moryr 6uitb KpaTHBIMU: €CJIH, HallpUMep, KO-
peHb A = A, IBYKpaTHHIH, TO €My COOTBETCTBYIOT ABa HE3aBUCHMBLX
pewenus by =>b; n b, = b; ypasuennit (3). Kak 651 To Hy 611710,
OyRyT sn kKopHu D () KpaTHBIMH HH IIDOCTBIMH, MLI BCErla MOXKEM
PacllOpANUTLCS TaK, YTOOH BCE S pPelIeHHi ypaBHEHHI (3) Gbuim
OPTOTOHAJMBHE! H HODPMHPOBAHHI, TAK YTO

I;lpblq + B2pb2q + ... 4+ 5smbsq = épq' (7)

Ho atu pasencrsa oswauaior, yro Matpuna b ¢ anemeHTaMu by,
Oyzer yuutapHoii. B camom zere, nosaras, Kak HpUHSITO,

I;qp=b;’,-q’ (8)
MOXKeM Hamucath (7) B BHAe
2, Birbrq = by (9)

OTCIOJIa cJaenyer, Kak HETPY/THO A0OKasaTh, 4YTO
3
Zl bprb;t] - 6pq- (IO)
r=

Pagencrsa (9) u (10), KOTOphe B MATDPHYHOH CHMBOJHKEe GymyT
HMETh BHJ

bth=1, spt=1, (11)

BEIDAXKAIOT CBOMCTBO YHHTAPHOCTH MaTpHUH b.

Taxkum o6pasom, Mbl Hamy YHHTAPHYIO MOACTaHOBKY (10) § 4,
KO3()(HUHEHTH KOTOPOit YAOBJETBOPSIOT ypaBHeHusM (1), mpuuem
uncia Epr ABISIOTCA KOPHSIMHU A, ypaBHeHus: D (A) = 0:

E;r=}\4r, D(?&r)=0. (12)

M3 yuurapuoctu nomeramoBku (10) § 4 BbIT€KAeT, 4TO (yHK-
wud ) GyAyT opToroHadbEe M HODMHPOBAHE], €CJAH TAKOBLIMH
Ootn @,

Heo6xomumo nonuepkuyts, uro tbyrrHH V), modywarorcs
BIIOJIHE OAHO3HAYHO JHUIb B TOM CJyYae, €CJaH Bce KOpHM omlpese-
aureas D(A) pasinunn. Ecan xe, HalpuMep, KOpeHb )\ = A; nBy-
KPaTHBLIH, TO BMECTO peleHui bp==b; u bp="b, ypapuenus (3)
MBI MOIVIH GBI B3ITb TaK¥Ke

b:n =v,b, + V910,40 }

. 13
b= Y150, T Ugeb s (13)
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TA€ Marpuua, COCTaB/IeHHAss H3 KO3()(PHUHEHTOB U;;, YHHTapHa.
[Toncranoske (13) cooTBeTcTBYeT 3aMeHa

0 0 9
1'l’nl - vll"’nl + v2l‘bn2’

W 0 0
Vo2 =050, + Uy, |

Takum o6pasoM, KaxaA0OMy KPaTHOMY KOPHIO COOTBETCTBYeET Hpo-
H3BOJIbHASl yHMTapHas IOACTAHOBKA Hajx (PYHKUHSIMH, OTHOCSHILH-
MHCA K 3TOMY KODHIO. OTH YHHTapHBEIe MOACTAHOBKH, KOTOpBIE
OCTalOTCA MPOU3BONBHLIME B NIEPBOM NPHOJHKEHHUH, BOOGLIE TOBOPS,
ONpEeACNAAIOTC NPH PACCMOTPEHHH JaJbHEHIIMX NpUG/IHKEHHH, T. e.
ypasuenun#t (7) B § 4 u cnenymouiux.

Besnuune Ejr==Ar MOTYT GhITb BHIpaXKE€Hbl uepe3 GYHKUHH P,

Ecau Mb BBefleM o603HaueHHe

(nr 10 1n'r) =\ §2,04),,. dv, (15)

(14)

TO Mbl OyZAeM HMeTh, Ha ocHoBanuu (8) § 4,
(nr U n'r") = Eprpr, (16)

OTKyla NpHu r = r’ NofyyaeTcss HCKOMOe BbipaxkeHue aas Flr.

§ 6. Tlepsoe u nocaenyioHe NPHOAHKEHHS

OOpaTuMcs Tenepb K pelieHuro ypaBHeHus (7) B § 4.
[lpaBasi yacTe ero ynomjerBopsier, NpH HaumeM BHGOpe P,

yCJI0BHUIO, H606XO}1HMOMY AJsg CYLIeCTBOBAHHUSA pelueHusl. Pasnoxe-
HHE €€ B pAl HANHUIUETCS

— U, + E, ¥, =— Y, (mplUlnr)w), — { (E\UIn) gL dE, (1)
mp

TAe MBI BOCHOJB30BaJHCh 0Go3HauenueMm (15) § 5 u mosoxuin
(E\U|nr) = S LU, d. @)

[rpux y 3Haka cyMMbl B (1) o3sHayaeT, 4TO cjeLyeT ONYCTHTb
YJIeHBl, NI KOTOPHIX m == n. Pemas ypasHeHue (7)B § 4 mo cro-
coby § 2, nonyuum

s

’ ’ 1

W= gt X (ol Ui, +
m n p=1

(E{U]|nr)

§
VR dE + ) o, ¥, (3)
n

p=1

+]
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3mech noc/efilssa CyMMa NpeAcTaB/ideT pellleHue OQHOPOIHOro ypaB-
Henusl. IlocTosiHHbIE ¢p, B HEH HEU3BECTHH H TOAJEXKAT oflpelese-
HHIO U3 BTOpOro npubauxkenud. Ilepexons Temepb K pacCMOTpEHHIO
ypaBHenust (78) § 4, MB HOMKHH [pexAe Bcero no3aBoTHTbCS
0 TOM, 4TOOBI paBas 4acTb €ro Obljla OPTOrOHaJbHA KO BCEM pe-
IUEHUAM OJHOPOLHOrO YpaBHEHHA. DTO yCJIOBHE HATHUIETCH

E8, =\ %), (U —E,) ¥, dv. 4)

Toncrapass ciofa Bupaxenue (3) misa ¢, u 0o603Hauas AJIs KpaT-
koctu uepe3 Uy, cymmy
s

" ’ 1
"’=Z EY — EO Z(n‘”UImp)(mplUlnr)-{-
m n

m p==1

(nglU|E)(E|U|nr)
(L ELAEID 4, )

MOXEM YpaBHEHHEC (4) HamucaTh B BUOE
EZr(S r=— Zr + (E:lq - Er,zr) Cqr, (6)

npHYeM MHl BOCHOJb30BaNuChL paBeHcTBaMu (16) § 5. Has g% r
3TO paBEHCTBO NMPUBOAUTSA K

U’(;r + (Erlzq - E:u‘) Cqr = 0 (17 +* f). (7)

Ecan Bce uwuena Ep, (9=1,2, ..., 8), T. e. BCe KOpHU ompe-
nemurens D(A) (4) § 5, pasnuunrl, TO u3 (7) MOXKHO ONpeNEJHTH
BCE C, C HEPAaBHBIMH 3HAaUKaMH, a HMEHHO,

. U”
— ar
Cor =T ®)
ng ~ “nr

Ecnu e HEKOTOpHE KODHH COBNARAaiOT, HampuMmep Ej; = El,
To coorsercTBylomee Uz =UTy HOMKHO PAaBHATHCA HYJII0. DTOMY
YCJIOBHIO MOXHO YIOBJIETBODUTH, BHIOPAB HaAJeaulnM o6pasom
yHuTapHylo noxacraHoBky (14) § 5, xoropasi ocrasanach npoms-

BosbHON. B camom jene, ecan samenuts Y2, u ), uX Kombuua-

0 1+
uHAMH P, B $,, TO Beauunna U, 3amenHTcst Ha
2
« Ly _
Up=, }k;l viUL0, (g r=1,2). (9)
OT0 BHIpaXKeHHE NOKHO PABHATHCS, COrMacHo (6), Eprdyr, T. €.
2

2 VUL, =Ep (10)

1= nrogrt
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OTC}OILa, MHOXKas1 Ha U H CYMMHPYS IO ¢, NOJIyUaeM
pPq
2
” N -7/4
2::] Upkvkr _ Enrvpr‘ (1 1)

Mel npuwaE K ypaBHeHHSM TOrO JKe THNA, KaK ypaBHEHHs (1)
§ 5, u Mmoxem 1o H3nOKeHHOMY B § 5 cmocoby HafiT MaTpuLy i,
Mozxker okasaTbesl, 4TO MAaTPHIA Vg, 110 TEM e NPHUHHAM, Kak by
§ 5, onpenensiercss HeOXHO3HAUHO; TOMAA JJSL NOJHOTO ONPEAE/eHHUS
€€ IIPUIVIOCH Obl IEPEATH K BBICIIHM NPUOIHIKEHHUAM.

[Ipeanonoxum Temepb, 4TO MaTpuuUa v;, HalileHa H 9TO ¢dyHK-
unn ), HagmeXaumM oGpa3soM «HCIPABJICHBI», T.e. 3aMeHEHb,
B cyuae HafOOHOCTH, HX JHHEHHBIMH KoMGuHaunsmu. Torna ypas-
Henue (7) nas Epg= Ejr GymeT BHIIOAHATBLCS TOMXKAECTBEHHO, Tak
4TO COOTBETCTBYIOLIEE Cqr OCTAHETCS NMPOUIBOJIBHBIM, a sl En, 7=
= Epr BEJMUHHA Cg ONpEAeNserTcs 110 dopmyne (8). CorsacHo
ypaBHenuo (6) LIS ¢ = r BEJHUHHA C,, TAKKE OCTAHETCS npous-
BOJIbHOM W MOXKeT ObiTb I10JIOXKEHa DaBHOH HyJi0; TOrAa (GyHKLHs
Y, =) - eP,,  OyaeT, ¢ TOYHOCTBIO KO BENHUHH nopsanxa e, Hop-
MupoBaHHO#H. Hakouel, nonpaska BTOPOro mopsimka K sHepruu, T. .

sennunHa Epr, GymeT paBHa

,r:r= ,r,r, (12)

rae nox Ufr MBI DOJXKHHI KOHEYHO, pasyMeTb «HcmpassenHoe» U7y,
KOTOpoe Mbl 06Go3Hauuau uyepes Us,.

B pesyabrare mbl nmomyuuM mepsoe npuOJIHIKEHHe A COBCTBEH-
HOH (QYHKUHH nr U BTOPOE NMPHONHKEHHE NI SHepTHH. TaKuM xe
NYTeM Mbl MOTJIH OBl MOJIyYHTb H BHICIIME NPUOJIHIKEGHHS, HO BBUAY
CIOKHOCTH QOPMYJI OHH HE MPENCTABASIOT [IPAKTHUECKOTO HHTEpeca.

§ 7. Cayyaii GaH3KHX COGCTBEHHBIX 3HAYEHHH

Hs ¢opmyn § 3 BuaHo, uTo ecaum 1Ba COGCTBEHHBIX 3HAUEHHS

E} n EJ HeBO3MyLIEHHOTO omeparopa OJHM3KH APYTr K APYry, TO
B BhipaxkeHuax (9) u (12) § 3 ana ¢/ m EY nposBasioTes Masbie -

0 9
snameHateqan E, — E,. Beaenctsue srtoro, mosyuaembie mpu6iu-

JKeHus OyIyT MJIOXHMH, a ecin 3HaMeHatean Eo — EY TOro xe 1o-
PANKa, KaK W YHCIATENH (yMHOXEHHBIE HA €), TO YKAa3aHHKIMH (op-
MyJaMd BOOOLIEe HEeJb3sl MOJb30BAThCA. DTO 3HAYHT, YTO B TAKOM
CJlyyae HeJb3s pasjaratb HCKOMble QYHKUHH H COBGCTBEHHBIE 3Ha-
YEHHS 110 CTENeHsiM e BMecTo 3TOro MOXHO NPHMEHHTL CHOCOS,
AJes KOTOPOTO COCTOHT B TAKOM PACIOJIOXKEHHH BBIYMCAEHHH, YTOG bl
BO BCEX U/IEHAX € Ma/IbIMH 3HAMEHATENSIMH YHCIHTEIH OGpaTHIHCh
B HyJsb. Ilpu uanoxennn sToro cnoco6a Mbl OrpaHHYHMCS oJIyue-
HHEM «HYJIEBOro» MpubJIHKEHHUA,
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Hanumem uccnenyemoe ypapHeHHe B BUAE
Hp = Evp, (1)

Tre

H=H"+4¢U, 2)

H TIOJIOXKHM, YTO HEBO3MYILEHHBIH onepatop H° umeer nBa GJaH3KHX
0 0

coOcTBeHHbX 3Hauenuss £y H Ey, KOTOPHIM COOTBETCTBYIOT COGCTBEH-

mbie Gynkmun P} m ). Bysem uckatbh 1O peuienne ypasmenus (1),

0 Q9

ana xkoToporo E GOausko K Ey m E;. B kauectse HCXOAHOTO OpH-

G/HKEHHST HYXKHO B3aThb BMecTo P manm ), Kak 3To Aesanock
B § 3, nuneituyio KoMGuHaLHMIO

B =c, ] + c, ). 3)

B camoMm nese, u3 dhopmysaer (9) § 3 Mbl MOXKEM 3aKJIIOYHTh, YTO
TaBHBII 4ieH B BuIpaXKeHuH HJis ; OyleT npomopuuoHajeH )

[O3TOMY LeJecoo6pa3Ho NPHHATL €T0 BO BHUMAHHUE YXKE B HCXOJHOM
npubauxenud. Kpome rtoro, u3 dopmyant (10) § 4 caenyer, uro

B TMpeleJbHOM caydae, Koraa E| cosmamaer ¢ ES, dyHKinei HyJe-
Boro npuGsukenns Oyner nuHelinas komGuHauus ) u ). Ilon-
craBjsisi Belpaxenue (3) B Hawme ypaBHeHue (1), moayuum npuGiau-
JKEHHOE pPaBEHCTBO

c1(H — E) ;4 ¢y (H — E) p, =0. (4)

YumHoxas (4) cnepsa Ha ), a 3aTeM Ha Y, ¥ HHTETPHPYS, NOJYUHM
JBa yVpaBHEHHSH

(HII_E)CI+H1202=O, } (5)
Hyei 4 (Hy— E)e, =0,
i{S)
Hy=\WHiar G k=1, 2. (6)

3aMeTuM, 4TO HeJHaroHaAbHble WieHH Hyp 1 Hg 31ech Majbl 1o
CPaBHEHHIO ¢ AMaroHanbHuIMu Hiy u Hy, Tak Kak A1l HEBO3MYIIEH-
Horo omepaTopa Hip=H% =0. Ypapnenust (5) cayxkar aas on-
pereseHust KO3GGUUHEHTOB ¢ U € W mapamerpa E. IlpupaBnusas
HYJIO ONpeAe/UTENb

Hy—E Hyp
DEY=|"n, tHuy-k M
U pelast KBaLpaTHOE ypaBHEHHe
E2——(H“+H22)E+H“H22—IH,2I2=O, (8)
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nonydaeM jiJas E J1Ba 3HauYeHus

E=71(H“—|—H22):1:%'\/(H“—H22)2—|—4IH12|2, 9y

KOTOpble Mbl oGo3HauuM uepes Ei m E; W3 (2) crenyer, uro
Hip= Exdir + €U, (10)

rae Uy onpenensiercs dhopmyJof, aHaTOrHUHOM (6). ITostomy H,

Oyner nopsaka e, u ecan 6ul pasHocts E| — Ey He Gbita MaJa, To
BbipakeHne (9) MOXHO ObUIO Obi PasNOXKUTL MO CTENEHSM e; HO:
€CJIM 3Ta PA3HOCTb MaJja, TO pas3joxKeHHe OYAET IVIOXO CXOAUTHCS
HIu laxe Oyner pacxoasmumcs. Orcioqa sicHO, TOYEMY CIOCo6, H3-
JIOKeHHBIH B § 3, HeNpHMEHHM K c/yyal GJIH3KHX KopHeit. [iBa
sHauenuss E, nonyuaembx u3 (9), paior B mepsom NpUOGJIUKEHUH
BOSMYLIEHHBIC cOOCTBeHHbIe 3HaveHust £, u E, onmepatopa H, koro-

] 0

PBIE COOTBETCTBYIOT HEBO3MYIIEHHBIM 3HaueHusM E| u E;. U3 ¢op-
MyJbl (5) MOXHO HafTH KO3)HUUMEHTH €] U Co. DTO yaoOHee Bcero
cienaTh, BBeAsl IBE BCIOMOTATe/bHHIE BEUIECTBEHHBIE BEJHUUHB o

u f no bopmyJe
2H -
= — tg ae'b, 11
Tyl = 8 ()

Hs (5), (9) u (11) nerko BHIBeCTH, YTO OTHOIIEHHE % HPUHH-
2

Ma€T IOBa 3HAYeHUs

(.ﬂ J— c_“.. [ p— ctgi eiﬁ, ]
Co /1 Cay 2 (12)
3
€272 Caz 2
Ecau Mbl Tenepb mosoxxum
B B
a i‘_2" .o 1—2
C”=COS§Q N Clg=51n§€ ,
. B (13)
.0 i o —iy
€y =—singe » Cop=COS5e ,

TO MBI NOJYYMM HOPDMHPOBAaHHbE peweHust ypasHenu#t (5). Coor-
BETCTBYIOILHE COOCTREHHBIE QYHKLUN GYAYT

, B ; B
» o L o i
Py=cosze ZP)—singe 4 (
14}
& i2£ ) o —i% 9
ze ‘P +cosse s,

P, = sin 5
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OTu QYHKUUH H MOTYT CAYXKHUTb HCXOAHbIM NpubamkenueM. Co-
CTaBJIeHHbIe NPH NOMOIM HHX 3JEMEHTHI MaTpuusl onepatopa H
6yayr

Hy =\ GHo,dv=Ep, G, k=1, 2), (15)

Tak uto Hiz=0. Tlosromy, mepexoas K CIeRYIOMHEM IpHOAHKE-
* (1]
HUSIM H COCTaBJAA IPH noMmMouy P, 1[)3 H OCTaJbHBIX (YHKIHH wg,

PY, ... Bepaxenus, aHasoruunsie (9) miam (12) § 3, Ml He IOJIYUHM

0 0
B HHX YICHOB C MAaJIBIM 3HaMeHaTeJeM E[ '—‘Eg, TaK 4YTO 3TH BhbIpa-
JKEHUst NeHCTBUTENbHO 6YILYT OpEenCcTaBJATb JAUIIL MaJble MONPaBKH.

§ 8. Anrapmonuyeckuii BuGpatop

B kauecTBe mpumepa npuMeHeHHst TEOPHH BO3MYILEHHH paccMo-
‘TPUM aHTapMOHHYECKHA BHOpaTOp B OJHOM u3Mepenuu. I[Ipeanoso-
XKHUM, 4TO €IMHHIBI MepHl BbIOpaHBl TaK, 4TO ypaBHeHHE AJS COG-
CTBEHHBIX (QYHKUUIA ONepaTopa SHEPTHU UMEET BHI

_%%4.(_; § + e5%) = EW, (1)

Tiae ei*=el mnpencrasisier monpaBouHHH ujeH. ITpefnoxuM ceGe
HalTH nepBoe NpuGJIHIKEHHE /8 COGCTBEHHON GyHKuuu H BTOpOE
TIpHGJMKEHHe I/ COGCTBEHHOTO 3HaueHHs. st HEBO3MY LLIEHHOT'O
‘YPaBHEHHS
1 da%) 1
2 — F0a40

COOCTBEHHBIE 3HAYEHHS] H (bYHKIlI/IPI HaM YK€ H3BECTHBl, &8 HMEHHO

l 2
¥, = e TVH, (), @)

1
4
A/ 4/2%al

E,°,=n+—;—. 4)

DieMEHTH MATPUUE /IS BO3MYILAlowlero oneparopa U= g3

00

Uy = | $o5), a ®

-0
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‘ (1]
MOJIy4aTCA HPOINE BCErO NYTeM NepPeMHOXKCHHsI HAHJEHHHX B § 6
ra1. I Matpun Aaa § u mis E%, sseMeHTHl KOTOPHIX PaBHBI -

(nlglnl)=/\/g—6n—l.n'+/\/n;—l Snt1, s (6)
(€)= 5 VRE—TD) Sumt, e - (2 4 ) b +
+ 5 VEFDRF D busen (1)

Mu Gymem uMeThb

(UIR)=(n 8 n") =" (n|&| k) (k |E2|n') =
k

- — 9 .
=,\/”(”_18)_L’L_22 6n—3,n'+/\/§' ns 6n—l,n'+
9 B 1
-+ /\/§ (n‘l‘ 1)3 Snt1, a0 + /\/(n—!— )(ng—2) (n+3) On+3, n’ (8)

HuaronanpHelit s1ement wmatpuusl U pasen HYJI0, Kak 3To,
BIIPOUYEM, BMIHO M HENOCpeACTBeHHO H3 ¢opMmyanl (5). Caegosa-
TEJbHO, NONPaBKa K COGCTBEHHOMY 3HAUEHHIO B NEPBOM MPHUOIHKE-
HuH ncuesaet. JIpuGankentoe snauenne coGeTBeHHON QyHKIuH Gyger

b, =1 + ey, (9)
rae, corsacuo (9) § 3,
’ ’ Uln)
AN (10)

B HameMm ciyuae OTIHYHBIMH OT HYJA GYAyT TOJBKO HYeTbipe
yJeHa 5TOH CYMMBbI, a HMEHHO,

,_ (n—3[U]|n)
b= ES — ES

n-3

—11U]|n)

(
Voo T g Ve F

_l_wo +_(n_'+'_?i_U]_”)o

*
0 0 +1 0 0 3 (10 )
En_En+l " En'-En+3 nt

Iloncrasass ciopa Boipaxenne (8) 115 3/1eMEHTOB MaTpHIlH, NOJTy=
YHM OKOHYaTEJNBHO

W= A T — D=2 ¥+ 34 Ty —
—3 A/ g1, — S A F e D+ )+, (1)
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Hawm ocraercs Bpruucants no dopmysae (12) § 3 monpasxy ais
SHEpPrun BO BTOPOM INpHOIHKEHHH. MBI 6yleM HMeTb

v/ 1 n(n 1)(”‘ 2) I 9 9 —
En_—__3_—__8__. -§-n3—§(n+1)3
1 (n+D)(n+2)(n+3 15 11
3 (n )(ns ) )__._T(n2+n+30 . (12)

CuienoBarenbHO, NPHOJMKEHHOE 3HAUEHHE SHEPrHM GyjeT
: 1 15 11
— R0 2R ) 2 2
En—En-{—eEn—(n—l—z) 1€ (n +n+35). (13)

Taxum o6pasom, nocTapJeHHast HAMH 3a/1a4a pellleHa.

[TosoxuM, uTo B omepaTope SHEPrHH HMeeTCsl KpoMe &2 emie
OJIMH TONpPaBOYHBIA wieH Buaa OF% Tak 4TO ypaBHeHHe AJs cO6-
CTBEHHBIX QYHKIHA HaMHIIETCS

R [

Ecnu sgech § Gymer mopsiika €2, TO nepBoe NMpuOJIHKeHHE s
COOCTBEHHbIX (YHKUMA He HM3MEHHTCS, a K BblpaxeHuo (13) st
COOCTBEHHOI0 3HayeHus NPUOABUTCA AMATOHAJBHLIN 3J€MEHT MaT-
puubl aasa 8&%. BoluncauM 3TOT K06ABOYHBIR umeH. Ml uMeeM

(n g n)=(lgln—1)(n—18n)+
+Hrltln+ D+ 118 =3+ 3+ 1y,

Tak 4TO ; 1
6(n|§4|n)=—2—6(n2+n+—2-). (15)

IMpubasassa (15) x (13), nomyuum nnas co6erBeHHoro 3Hauenus E,

BhIpaxKeHue o

1 3 15 1\2 3 7
E=(nt3)+(g0— %) (nt+3) +5s -2 (10)
B yacTHOM cuayuae, xorma 6=% e?, Bupaxenue (16) otanuaercs

0 1
oT E, TOJBKO TOCTOSHHBIM UJIeHOM 732.

B sakmouenue 3ameTuM, 410 J00aBKa K NOTEHUUAIbHON 3Hep-
rnyM TapMOHHYECKOro BHOpaTOpa ujeHOB BuAa e&® mam 8E! MeHser
xapakrep coGCTBEHHBIX (YHKUMi omepaTopa sHepruu. ITosToMy Mbi
uMeeM 3J1ech IeJo ¢ YNOMAHYTHIM B § 1 ciyyaem, korga gopmans-
HOe NpHMEHEeHHe TEOPUM BO3MYMIEHHH MPUBOAHT K PaCXONSIIUMCH
psllaM ¥ [aeT He «BIOJHE», a JHIIb «IOYTH» CTAUHUOHADHbBIE COCTOS -
Hust. QopMaibHBIA XapakTep pellleHHsl NPOSABJSETCS H B TOM, YTO
npu GOJBIIMX 3HAUEHHX A TONpaBKa K YPOBHIO SHEPruu B (op-
MyJae (16) mepecraer 6bITh MaJoM.
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. H3JIYYEHHUE, TEOPUS NUCNEPCHH U 3AKOH PACNIAJA.

§ 1. Knaccuueckne gopmyani

KBaHTOBbIE 3aKOHBI, yNIpaB/IAIOLHE TEMH SIBMIEHHSIMH, B KOTOPBIX
KOHEUHas CKOpOCTb pacrnpoCTpaHeHus NEHCTBHH B NMPOCTPAHCTBe He-
HIPAET DOJIM, MOTYT CYMTATbCS HbIHE OKOHYATENbHO YCTaHOBJIEH-
HBIMA. DTH 3aKOHbLI MOTYT GHIThH $opMy/IHpOBaHbl 1IPY NMOMOUIM TeX
TMOHATHH, KOTOPbIE OblTH H3JIOXKEHb B HEPBOH YacTH 3TOH KHHUTH,
a TaKXKe HEKOTOPOro HOBOro npuHuMna [npuHuuma I[layawu
(Pauli)], neo6xomuMoro npn nocraHopke 3agaum MHOrMX Tesi, Teo-
pust [laynn u MHorossnekTponnas 3amaua OyAyT pacCMOTpEHbl B ua-
ctu 111 u vactu IV 370l KHUrH.

Hanpotus Toro, Teopus siBnenufl, s KOTOpBIX KOHEYHasi CKOPOCTb
pacnpocTpaHenHst NeACTBHH CylIeCTBEHHA, HE NOMYYUIa elle CBOero:
OKOHYaTe/IbHOTO. 3aBepwieHust. K uncay sTux siBieHmii npunainexar
IIPEXKIE BCEro T€, KOTOPbIE U3YYAIOTCH B 3JEKTPOAUHAMHKE H TEOPHUH
OTHOCHTEJILHOCTH.,

KBaHTOBHE 0606LIEHHS 3THX Teopuil Tpe6yloT pacCMOTPEHHS CU-
CTEM, COCTOALLMX M3 HEOMNpENeJEeHHOro uucaa dactul (GOTOHOB
B cydae 3/CKTPOAMHAMHKH H SJIEKTPOHOB C MO3HTPOHAMHU B C/Iyuade
PEJATHBUCTCKOH KBAHTOBOH MeXaHHKH). MBl He GyaeM uszarathb
SMECh TEODHIO TAKHX CHCTEM, a4 TaKXKe KBAHTOBYK) TEODHIO H3Jy-
YeHHs (KBAHTOBYIO 3/EKTPOAHHAMHUKY) H OFDAHHYMMCA BbIBOZOM
HEOGXOAUMBIX GOPMYJ HAa OCHOBAHHH AHAJOIHH C KAACCHYECKON Teo-
pueii. [lpu 3TOM HaM npuzercs coBepunTh HEKOTOPYIO Henocaeno-
BaTEJbHOCTb;, @ UMEHHO, Mbl OyleM TOJb30BaTbCsl KBAHTOBLIM OlH-
CAHHEM ATOMHOH CHCTEMBl W KJIACCHUECKHM OIHCAHHEM H3JIyueHHus,
HE BBO/Asl SIBHBIM 06pa3oM IIOHSTHS O CBETOBBIX KBaHTax (PoTOHaX).
Kpowme roro, npubauxkentsii (moaykaaccuueckuii) XapakTep TEOPHH
MOXET CJYXKHUTb ONpaBJaHHeM HEKOTOPOH HETOYHOCTH BbIpamKeHHIl,
MORXOGHBEIX C/IOBAM «JIEKTPOH HAXOIHTCH B LaHHOM OObeMe» (BMe-
CTO «3/IEKTPOH MOXKeT GhiTb OOHAPYKEH B JaHHOM 06beMe Nocpe-
CTBOM OIIPEEJICHHOrO0 OHbITa»), U T. H.
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[lepexonst k Teopun H3/IyueHHst, HAIOMHUM IPEXKIe BCEro OCHOB-
Hble QOPMYJIbl KJIACCHUECKOH Teopuu. Y paBHeHusi MakcBesia (Max-
‘well) B dpopme Jlopenua (Lorentz) umeroT Bux

1 0& v
l‘Otyﬂ—7~(ﬁ-=4ﬂip?, ] (1)
divE =4np, |
1 0%
rot& + 9% o )
+c ot i (2)
divit =0.

Baecb & u B cyTb BEKTOPHI SMEKTPUUECKOTO M MACHHTHOTO noJef,
0 — IVIOTHOCTb  3/JEKTPHYECTBA, U — BEKTOP CKOPOCTH 3JEKTPOHOB,
¢ — CKOpoCTh cBeTa. [I10THOCTb 3apafa p W BEKTOp TOKa pw, CTOSA-
1ue B MpaBbIX YacTAX ypaBHeHuil (1), yroBaeTBOPSIOT «ypaBHEHHUIO
HEPa3pBIBHOCTH»

2 Fdiv(pn)=0, (3)
KOTopoe, GyAyYyd HANHCAHO B MHTErPaabHOi dopMe
d
gt—SpdT=—Spvndc, (4)
Vo [+ 13

‘BbIpaxkaer TOT (akT, 4TO H3MEHEeHHEe YHucaa 3JIEKTPOHOB BHYTPH
obbeMa Vo paBHO UHCHY 3/MEKTPOHOB, TPOXONSIIHX CBO3b noBepXx-
‘HOCTb 0o, OKPYKAWULYIO 3TOT 06beM. [Tosoxum

1 o4
é”—-—-gradq)——c-——at .
THE ¢ — CKaIsApHBIA M A — BEeKTOPHBIl NOTEeHIHAJB, KOTOPBIE Mbl
TIOUMHHM OGBIYHOMY YCJIOBHIO

56 = rot A, (5)

diva+—-2 (6)

[Toncrapisis Beipaxenus (5) gas moas B ypaBHeHuu Makcsenna
(1) n (2), mpt ybenumcs, 4TO ypaBHeHHS (2) ynoeaersopsioTcst
"TOXKAECTBEHHO, a ypaBHeHusi (1) Hanuwyres, ecam Bocnonb3o-
BaTbca (6)

1 64 L |

M= gm =—14w 7, | -
1 o2

Ag —— Sk = — dmp. f

MEl NpeRnOIOKHM, YTO NMPOCTPAHCTBO, AJs KOTOPOTO BBbIYHC-
JIACTCA TI0JI€, HEOTpaHuyYeHo. HUTOGkI CAeNaTh pellenye ypaBHEeHH (7)
OAHOSHAUHLIM, MBI IOCTaBUM YCNOBHE, BHIPAXKAIOllee OTCYTCTBUE
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BOJIH, NPUXOAAILUX H3 OECKOHEYHOCTH. DTO YCJAOBHE MOKET ObiTh
3aNHCcaHo B BUJe

. 1 of
lim 7 Tt o)=0

(8)

rae | ects Ay, Ay, A, uan ¢. Peutenne ypasuenuit (7), ydoBaeTBo-
pAIOllee 3TOMY YCJIOBHIO, BHIPAXKAETCH Yepe3 «3amas3ibiBaioulie Mo-
TEHLHAJIbl», & HMEHHO,

S(p )t Ir— r'|l_r_:i-lr—_l’]

dt (9)
S (), LAy ey

Ecau p m pv 3aBHCAT OT BpeMmeHH Yepes NOCPEACTBO IEPHOILH-
4eCKOr0 MHOKHTEJ

0 ==pee'®, pv=/(pv) e, (10)
TO mpeapayiude GOpPMyJbl MOKHO HANMHCATh B BUJE
1 —iw dr-r’] ror’d dt
— pi®f 4 -
a=cio L\ (oo)e T
Ceery - (11)
_ iu)tS mio——  dv
p=c¢e pge ="

TakoBm Knaccuueckne (OPMYJBl IJ1si 3J€KTPOMArHUTHOrO MNOJs,
NPOUCXOASIIEr0 OT HEKOTOPOro CIVIOMIHOTO pacnpeieseHus 3Jek-
TpHuecTBa. HaM Hy>KHO BMIOH3MEHHTb UX TakK, 4TOObl yuecTb KBaH-
TOBBIH XapaKTep ONMMCaHUs MaTepuH.

§ 2. IJIOTHOCTb ¥ BEKTOp TOKa

B ypaBuenuax Makcsessna (1) u (2) § 1 mMarepus xapakrepu-
3yeTcsl IJIOTHOCTbIO 3apsila @ M BEKTOpOM ToKa pv. Ham HyxHO
HalTH KBaHTOBblE aHAJIOTH 3THX BEJHYMH. AHAJOTH 3TH MOTYT GHITh
IBYX POAOB: BO-NIEPBBIX — MAaTEMATHYECKHe OXKHAAHHS, H, BO-BTO-
pBIX, — oneparophl. Tagk Kak KJacCHUeCKHE BEJHUHHB BXOIST
B Hawu (opMyJb Kak YHKLHH OT BPEMEHH, TO AJISl OIepaTopon
HYXHO BhIOpaThb Ty (opMy IpeiAcTaB/JeHHus, KOTopas COAep¥Kaja
Obl IBHO 3aBHCHMOCTb uX OT BpeMeHn (cM. § 14 ra. III u, I),

Haunem ¢ paccmMoTpeHusi MaTeMaTHUeCKHX OXHIaHuil. Beau-
ypHa p dt IpeACTaB/IAeT B KJAaCCHUECKOll TeOpHH 3apan B obbeMe dr.
B KBaHTOBOH Teopuu MaTeMaTHYeCKoe OXHUAaHHE 3apafla MoJay-
YHTCH, €CJM MBI YMHOXKHM 3apsAfl —e OJHOI0 3JIeKTpOHA Ha MareMa-
THYECKOe OXHIAHHE YHCJIa 3JeKTPOHOB. Eciu MBI nMeeM TOJBKO
OJUH 3JEKTPOH, TO 3TO NOCJAcAHee OyAET PaBHO BEPOSITHOCTH 3JEK-
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TpoHy ObITb B 00beMe dv, KOTOpas BhIpa)aercs, Kak H3BECTHO,
(opmyJioi

Py dr.
Taknm o6pasom, BesquuuHa p GyJeT COOTBETCTBOBATD

p—> ey, (1)

PaccMoTpuM 4HCIO 3J€KTPOHOB B HEKOTOPOM MasioM obbeMe Vy;
ofosnauum 3T0 uuciao uepes N(V,). Ero maremarnueckoe oxuna-
Hue OyneTr

u. 0. N(Vo)={ ppar. @)

Vo
CocrasuM BhIpaxkenue M1 IPOH3BOAHOM OT 3TOH BEJWUHHH

no BpeMeHH. 3aMmeHsis Y H Y MX BbHIPAXKEHHAMH H3 BOJHOBOI'O
ypaBHeHHUs, MBl OyIeM HMETb

2\ bvae=L (@ v - Hry) s, 3)

.V Vo
Ho nns ypasnenusa Wlpenunrepa

Hy=—Tap4U-v. (4)
IMonb3ysice ypasHenuem (4) u teMm, uTo
A p —p A =div(grad § - p — P grad ),

Moxuo ¢opmyay (3) HamucaTb B BMAE

—%Sﬂzwdm’:——Sdider, | (5)
rie 8 ecTb BEKTOP
" _ _
S =5 —(grad§ -y — $ grad ). 6)
ITpeoGpasys (5) mo Teopeme ['aycca, moaydnm
%Swd7=—-ssndo, (7)
Vo 41}

TZe n €CTb BHEIUHAs HOpPMadb K IOBEPXHOCTH Og, OKpyiKamolie
00beM Vo. ITa popMysa MOKeT GbITb HCTOJNKOBAHA B TOM CMBICJE,
YTO H3MEHEHHE MaTeMaTHYECKOTO OXKHAAHHSA YHCJIA JIEKTPOHOB BHY-
Tpu ofheMa Vo PaBHO MaTeMaTHYECKOMY OXKHAAHHUIO uHcja 3JeK-
TPOHOB, IIPOXOASAIHX CKBO3b MOBEPXHOCTh 0. Beanuuna

S, do
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6yner mpencTaB/ATh TOTAA MATEMAaTHUYECKOE OKHUIAHNE YHCAA JEK-
TPOHOB, NPOXOASUIMX 3 €IHHHIY BPeMEHH CKBO3b 3/1€MEHT NOBEpX-
HocTH do. Tlpu 3TOM umCaa 3/1E€KTPOHOB CK/IaRbIBAIOTCA aare6pau-
YeCKH, TaK YTO eCaH do TpOHU3BIBAeTCs B 060MX HanpaBAeHHsiX
ONMHAKOBbIM YHCJIOM 3JIEKTPOHOB, T0 S, == 0. Bektop S naer, cae-
IOBaTe/bHO, TVIOTHOCTb IOTOKA 3/JEKTPOHOB, TAK YTO KAACCHUECKOMY
BEKTOPY TOKA PV Mbl MOXKEM CONOCTABHTb BEJNHUHHY —eS:

pv — —eS. (8)
U3 onpenenenus BekTopa S BbITeKaeT ypaBHEHHE
20 1 divs —o, (9)

OTKYZa CJEAyeT, 4TO KBaHTOBHle aHajoru (1) u (8) BeanuuH p u
pU yIOBJIETBOPSIOT ypaBHeHMIO Hepa3prisHocTH (3) § 1.
Boipaxenue (6) ana Bektopa S Moxer GbiThb npeoGpasoBaHO
caenyomuM o6paszoM. Iosoxum

P = qe'®, (10)
TOH€ @ H o BEIUECTBEHHHI. TOFﬂa, KakK HETPYIIHO HpOBepHTb,
s=2 a2grada, (11)

TaK uTO BEKTOp S napaJjieneH rpanneHTy Gassl BOJAHOBOR (YHK-
uuy.
C zpyrofi cTOpOHE!, MOXHO B (opMyJe (6) BHPa3HTb NPOUIBO-

HBblE .

b o 0%

dx ' dy ' 0=z
yepe3 pe3yJbTaThl NPHUMEHEHHs ONEPATOPOB Px, Py, P,. Mub moay-
YUM TOrAa

Se = (P20 % + B (P, )] (12)
uin

Sy =5 [(F9) ¥ + (hiw)] (13)

Y aHaJOTHYHBIE GOPMYJABI AJsl IBYX APYrUX COCTABJAAIOWMX. B 3THX
dopmysnax X, §, Z CyTb ONEPaTOpbl AJS COCTABJAIOUIHX CKOPOCTH
(cm. § t ra. I).
' Bripaxenus (13) mpeacraBasior, ¢ GopMasbHOR CTOPOHBI, ecTe-
CTBEHHOE 0000UleHHe KIaCCHUECKHX BLIpaXKeHHA pX, py, p2 (pas-
JeJNeHHBIX Ha 3apsaj 3JeKTpPOHa —e), TaK KaK IJOTHOCTb p COmo-
craBasieTcss ¢ —eyP, a COCTABJSIOLIAM CKODOCTH COOTBETCTBYIOT
onepaTopnl X, g, 2.

B nsTo#l yacTn 3TOH KHHTH Mbl YBHAMM, uTO B Teopuu [dupaka
BEKTOp S TakxKe MOXKeT OblThb mpeiacTaBieH B Bule (13), xors ome-
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paTopH X, Y, Z UMEIOT TaM COBEpIUEHHO ApPYroil BHA, YEM B TEOPHH
IIpenunrepa.

Mbl HauIn KBaHTOBBIE BBIDAXKEHHS [Jsi MATEMATHYECKOTO OKH-
LaHus YHC/IA 3JIEKTPOHOB, HaXOAALIHXCSH B NaHHOM o0beMe H Hpo-
XOASILKX B €JHHUIY BPEMEHH CKBO3b €ro NOBEPXHOCTb. PaccMoTpuM
Tenepb COOTBETCTBYIOUIHE ONEpPaTopHL.

Ecsin Mbl HMeeM OJIMH 3J€KTPOH, TO YHCJIO 3JEKTPOHOB B 06beMe
Vo (paBHoe mHymo wiu eauHuue) Oymer dynkuuei fy, (x, y, 2) or
KOOpJMHAT X, Yy, 2 Hallero eIHHCTBEHHOTO 3JeKTpOHA, T'Ae [ ompe-
JensieTcsl CAeAyIoliuM o6pa3oM:

fvolx, y,2)=1, ecau x, y, z Baytpu V,, }
fvo(x,y,2)=0, ecmn x,y, z BHe V.

(14)

Hostomy onepatopom N (Vo) Ana yHciaa 37€KTPOHOB, BhIpaxKeH-
HbIM B NEPEMEHHBIX X, Y, 2, OyleT YMHOXKeHHe Ha 3Ty (QyHKIHIO.
MartemaTnyeckuM OXHAAHHEM 3TOro omnepartopa OGYAeT Kak pas Be-
JAu4nHa (2), KaK 3T0 u JAO0MKHO ObiTh. Ilepexoms k TeiizenGeprosy
IIpefCTaBIEHHIO ONEPATOPOB, Mbl JOKHBE OyJleM COCTABHTb MaT-
pHIly C 2J€MeHTaMu

(nl N {n) = b, (5, B, (x, B d, (15)

rae §, (¥, f) NPeacTaBaAIOT 3aMKHYTYIO CHCTeMY GYHKIHI, yAOBJe-
TBOpAWIUUX ypaBHenuwo Ilipenunrepa, HanpuMep CcoGCTBEHHBIX
¢yHKUMA onepatopa 5Hepruu. Tak kKak QyHKuua [ oTJiHYHA OT
HYJfl TOJNbKO BHYTpPH oObeMa Vy, Iie oHa paBHA eIHHHIE, TO

, -
(nl NI )= {$,9,dv, (16)
Vo
rie HHTETDHPOBAHHE PACIPOCTPAHEHO TOJbKO 1o o6beMy V.
YMHOXKEHHBII Ha 3apsf 3JeKTPoHa 3jaeMeHT [efizen6eprosoil,
martpuubl oneparopa N(V,) npeacrasiser aHaJor Kaaccuyeckoi
BeJIHYHHbI

Spdt—)—-e Sﬁanllnn, dr, (17)
Vo Vs
a NJIOTHOCTH P MOXHO CONOCTABHTH BEJUUYUHY
prm’ = eq’nwn" (18)

Conocrap/aenune 3To fenaeTcss B TOM JKe CMbICae, Kak B § 8 rur.
rie saeMeHThl ['efisen6eproBofi MaTpuUbl IJ1si KOOPAMHATHL X COIO-
CTaBJANUChE C KJACCHYECKHMH BbIPAXKEHHAMH I/ TOil Ke BeJH~
YYHBI,

[Tonyuns KBAaHTOBbIl aHAJIOr JJ/1s IWIOTHOCTH P, Mbl MOMEM Bbl-
BECTH aHaJIOT JIJisl BEKTOpa TOKAa OV, MAS TEM Ke NMYyTeM, KaKUM Mbl
nosyyuan Gopmyay (8) ua dhopmyast (1).
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Mur 6ynem umerh, ananoruuno (5) u (6),

= S b, dt=— S divs,,,dv, (19)

rae Su» ecThb BEKTOp

S = 2 (grad by - — s - grad ), (20)
M KJAaCCHUYECKOMY BEKTODY TOKa PV Mbl MOXKEM COIOCTABHTb BeJH-
sy (pv),,, =—eS, .. (21)
Buipaxenns (12) u (13) samenstcs Temepb CJeyIOMHMH:
(S5)yr = o [(Pa) b7 4 B (2] (22)
n .
(S8),r = 5 LT Wi+ b (0. (23)

Keautonnie BhIpaXKCHHUA IJIS1 NJOTHOCTH H BEKTOpa TOKa Obl1d
BbIBEJACHBI HaMH B INPEANOJONKEHUH, 9TO MBI HMEEM TOJbKO OAHH
3JEKTPOH, HO OHH JIETKO obGoburaoTcs B Ha cnyqaﬁ HECKOJBbKHUX
SJIEKTPOHOB.

§ 3. YacToThl B MHTEHCHBHOCTH

Hawm ocraercs noacraBute snementsl efisen6eprosbix MaTpuil
B Kaaccuyeckue ¢Gopmynasr § 1. TIpexne Bcero sameTuM, uto ecqu
Pr (¥, ) CyTb cOGCTBEHHEIE QYHKIHH ONEPATOPA SHEPLHHU

i
-‘%-Enf

P (x, ) =e Pn (x), (1)

TO 3aBHCHMOCTb O, ., U (pv),,, OT BpPeMeHHM GYLET YHCTO MepHOJIH-

YecKoH, ¢ yrsoBo#l uacroToil
E —E,
— __n
o, =2, , = 7 . 2)
Toit e wacroroit Gyzmer, oueBHIHO, 061aNATh SAEKTPOMATHHTHOE
1osie, BEIYACIEHHOe Ha ocHoaHuu (11) § 1. Takum o6pasom, moay-
yaercs mpasm/io yactot bopa, corsacHo koTopomy uacrora uaay-
4aeMOro aToOMOM CBETa paBHa [EJNeHHOI Ha NOCTOsIHHylo Ilnanxa
h = 2nh pasHocTH ypoBHell SHEPrHMH aroMa B ABYX CTallHOHaPHBIX
cocrosinuax. CaMblii mpolecc H3/yueHHs YAOOGHO CBSI3BIBATH C Ie-
pexolloM aroMa M3 OJHOro CTallHOHAapPHOTO COCTOSIHHS B JPYTOE.
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IToncrasnsis Bripaxenns (18) u (21) § 2 445 MUIOTHOCTH M BEK-
Topa ToKa B Qopmynrr (9) uan (11) § 1 aas norenuunanos, Gymem
uMeThb *)

e —iog,r L= dt
4, =—7 S S e =T
e )
Q=—¢€ S Ve ¢ T =T"
Mu 6ynem cuutath, YTO [IJHMHA BOJMHE HCIYCKa€MOIO CBETA
F— 2ne ' (4)
@y

Be/JIMKA 10 CPABHEHHUIO C aTOMHBIMH pa3MepaMu. Torga mMoxHO mpe-
HeOpeub pasHuueH B 3anas3qbiBaHUM 3JACKTPOMACHUTHOTO MOJS, npo-
HCXONSAMIEr0 OT PA3HBIX TOYEK H3Jaydaroulefl aTOMHOM cHCTeMbl **),
3HAKOM HHTErpaJ/ia NmouyTH He GyAeT MEHSTbCA BO BCeH TOI 06JacTH,
rie P,Pps U Oy 3aMETHO OTJNHYHLI OT HyJsI, © MBI MOXKeM TIpe-
HeGpeub r’ 10 CPaBHEHHIO C F B BHIPAXKeHHH AAS A,y U BHHECTH
STOT MHOMMHTE/Ib 32 3HAK HHTEIPala, a B BHIPAXKEHWH IIs @’
3aMEHHTb ero JHMHEHHOH QYHKUHEH OT KOOpLHHAT, M0 KOTOPHIM Be-
AeTcs uHTerpuposaHue. Ml noayuum toraa '

HpI/I TaKOM NPEANONOXKEHHUN MHOMKUTEJb

. r
e ~1® I'C—
e —lopy (- io re’ ©)
G == ¢ s (1 +22 1Y,

rae, coraacuo (23) § 2,

y: |

nnt

V8, dv =+ § 108 b + b 0wl .

Tak kax onepatop A/ CKOPOCTH — CaMOCONDSKEHHHIH, TO 06a
yjeHa B MOC/JEJHEM HHTErpajie PaBHBl MeXAY COGOH, M MBI MOXKEM
HanucaTthb

S Spwrdv = S fpnmbn, dr. (6)

*) B nawmx ¢opmysnax OykBa e BCTpeuaeTcs B ABYX 3HAUCHHAX: KAK 3Je-
MEHTapHEN! 3aDAA M KaK OCHOBaHHE HATYDA/IBLHEIX JOTapH(BMOB; Mbl AyMaeM, Of-
H3KO, UTO 3TO He BLI30BET HEAODa3yMEeHHI.

**) Bansune 310t pasHMUBI MOKeT GHITh yUTEHO B CJACAYIOULHX npubauke-
HEAX. D10 HeoOXOAMMO [elaTh B TeX c/yyadX, KOrJa BLIYHCJAEHHOe B HallleM
NpuGIMKEHUH TONE OKA3bIBAETCA PABHBIM HYMIO (CM. HHXE — T paBHJIa OT-
Gopa), :
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B cuny ypaBHeHuit nBuKEHHs, 91eMEHT MaTpHLb 175 CKOpOCTH
PaBeH NPOH3BOAHOH MO BPEMEHH OT 3J€MEHTa MATPHLBI Iif KOOp-
IOHHATEI

- d [ - dx,,.,
S $rvw dv =7 Sll)nxlb,,/ dv=—7—, (7y

rae
Ko = S Puxba dr. 8)
C npyrofi cropoHbl, B CHIy ODPTOrOHANBLHOCTH H HOPMHDOBKH
GyHRUAA 1, .
oo a7 = 8, ©)
Ioncrasum aTu BhIpaxenus B dopmyast (5) u moToKUM crmepsa

n==n'. Tak Kak JHArOHAJbHBIA S/JEMEHT Xnw HE 3aBHCHT OT Bpe-
MEHH, MBI NOJYYHM
Ann=0’

e (10)

Pnn =7

T. €. SjeKTpocraruyeckoe KysoHoBo mone or anektpona. IToiaras
Tenepb n % n’, OGymeM HMeThb

. r
A e e"‘mnn"c‘ dxrm’
an’ T T or - dt °
e (1)

eim —iQ,,r —

q)nn,__—T—rTe ¢ rx,m/.

Beuny Toro, uro

— 40 i@yt
X =X, e 0t

Mbl MoxkeM BMecto (11) mamumcarte

ie®, . 1 i®,,,* (f._l.)
nn i} nn
Ann"—"—"T‘xnn’Te e/,

(12)

Cocraeass no ¢opmynam (5) § 1 3JEKTPHYECKOe M MAarHuTHOe
nose, Mbl 6Y/leM CYMTATh, UTO, XOTS AJHHA BOJIHBI BEJUKA MO cpaBHe-
HHIO C pasMepaMH aToMa, OHA TeM He MeHee MaJ/ia M0 CPaBHEHHIO
C paccrosnuemM OT Hero RO TOH TOUKH, AJsi KOTOPOH BBIYHCJASIETCS
none. Ilpn sTOM H1s ynpomenus BbUMC/IeHHE Mbl MOKEM paccma-
TPUBATL TOJLKO BKJaJ, AaBaeMbli BEKTOPHBIM MOTEHNIHMASOM, u6O,
KaK MOXHO NOKa3aTh, BK/MaJ CKAJIADHOIO NOTEHIHAJa BJHSET JIHILb
Ha uucieHnoe 3HauyeHHe KOI(PGPHLHEHTAZ B OKOHUATEJbHBIX dbopvy-
Jax. Mbl 6yzem toria umerh

2 r

ew, , | ST (t - -)

nn nn

Ep=——"7—x0 —e ¢/,
c nn'

(13)
Hpn = &y grad r.
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Ot GOPMYMIBI NMO3BOJSIOT CYAHTH O noaspusauuy H o6 HHTEH-
CHBHOCTH CBeTa AAHHOH 4aCTOThHI, COOTBETCTBYIOLIEH ONpeneseHHoil
CIeKTpa/bHON JuHud. Ecau, HanpuMep, okaxercs, uyTo AJas KaHHOL
napbl 3HaueHUH nn’ (T.e. LJs JaHHOrO Mepexofa) OJHa U3 COCTaB-
JSOMNX BEKTOPA Xppn, HANPHUMEp, Zpn/, OTIHYHA OT HyJd, TOTAA
KakK IBE APYTHE Xpp' H Ynn’ PABHBI HYJIO, TO CBET MOJSPH3OBAH 10
OCH Z, €CJIH XK€, HA0GOPOT, Xnn' # 0, UYnpw =0, TOrIA KaK 2pp =0,
TO CBET NOJSPU3OBAH B INIOCKOCTH XYy. MOXKET CAYYHTbCSs, 4TO Aas
OTpeNe/eHHbIX Nap 3HaYeHull nn’ 3JeMEHTH MaTpHIL AJIs BCEX Tpex
KOODJAHHAT Xnn', Ynw M Zny PAaBHBEL HYJIO; TOTJAA JHHHH, COOTBET-
CTBYIOLIME S5THM MepeXofaM, OTCYTCTBYIOT HJIM, KaK TOBOPAT, 3a-
npelieHsl. Bo MHOTMX clyyasX MOMXKHO yCTAaHOBHTb OIIpejeseHHble
npapi/ia, Ha OCHOBAHHH KOTOPLIX MOKHO CYIHTb, KaKHE JHHUH 3a-
TNpeIe bl W Kakue — HeT. ITH IIpaBHJa HOCAT HA3BAHWE NP aBH I
orbopa.

Yrofel cyAnTh 06 HHTEHCHBHOCTH HU3JYUYEHHUS, MOIKHO COCTABUTS
cpenHee no BpeMeHH OT BekTopa Ilofintunra (Poynting), B3siB gns
STOTO BEUIECTBEHHbIE YacTh &' u J6’ o1 & u 6. Bextop [lofinTuHra
paseH

P=:—n[5’x%]=ﬁé’$,gradr.‘ (14)
CpesHee Mo BpeMeHH OT 3TOrO BHIPAaXKEHHS GyieT
e’ot . 1
Cpern. P=——7 ?m,,? orgradr =
e’ol, 1
= Tnes USaw [ T|00w [ +] 20 [} 7 gradr. (15)

Takum o6pasoM, HHTEHCHBHOCTb CHEKTPAJbHON JHMHHM YAaCTOTHI
®_ . TPONOPIHOHANbHA BHPAMKEHHIO

nn
— p2nd 0 (2 0 |2 0 |2
Inn’—emnn’{lxnn’, +|ynn’l +Iznn' }’ (16)
TaK 4YTO OTHOIIEHHE HHTEHCHBHOCTEH ABYX CHEKTpaJbHBIX JUHUA

JaeTcss OTHOLIEHUEM COOTBETCTBYIOUIHX Bblpa}KGHPII':l Inn’-
Ecau BBECTH BE€KTOp 3JICKTPHUYECKOTO MOMEHTa 3JEKTPOHA

Dy=—ex, D,=—ey, D,=—ez, 17)

T0 BbipaxkeHde (16) MoXKHO HamHcaTh B Buie
liw =00 4 (2| Dy [) [ +1(n|D, | W) [ + ] (n|D,|n") [}, (18)

HJH, KOpoue,
I,=0t,-1(n|DIn)P (189

nw

B rtoM ciyuae, Koria aToM CONEPIKHT HECKOJBKO 3JIEKTPOHOB,
BolpaxeHue (18) Takxke MOXKeT CIyXKHTb MepPOH HHTEHCHBHOCTH,
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€CJIH TOJIbKO pasymers moj D nosublil sneKTpuueckuii MOMeHT, pas-
Hbll CYMMe MOMEHTOB OT/EJbHLIX 3/1eKTpoHOB. [IpaBuso orGopa
Oyher TOoria COCTOfiTb B yKa3aHWH, Kakue sjaeMeHTH [eiisen6epro-
BOH MaTpHUBl 1JI% NOJIHOr0 MoMeHTa D OTaHUHL OT HyJs.

g mnmocTpalun M3JM0XKEHHOrO paccMOTPHM HpHMeEp BHGpa-
TOpa, pa3ofpaHHbll B HpeAblAyluell raaBe. Mbl 3HaeMm, uTo s.e-
MeHTbl ['efi3enGeprosoii MaTpullsl AN KOOPAHHATHL X DAaBHBI [CM.
(8) §8ra. 1]

xnn,zem/\/nﬁ Sumtow oot A LE D 5 19y

2mw 2mo

Orciofia cieflyer, 4To TONLKO Te 5/MeMEHTH OTJMUHE OT HyJst
H, 3HAUHT, TOJNBKO Te HEPEXO[bl BO3MOXKHbI, [ KOTOPHIX KBaHTO-
Bb€ UHCIA 7 W A’ OTIMYAIOTCA APYr OT APyra Ha eHHHIY:

n—n =41, (20)

B sToM 3akmiouaercs npasuio or6opa mus Bubparopa. Yacrora
IJIsT 9THX «J03BOJIEHHBIX» IePEeXOJ0B paBHA OCHOBHOH uYacToTe BHOG-
paTopa, Toria Kak KpaTHBIX YaCTOT B H3JYYEHHH He MOSBJSETCH.
Mepoil HHTEHCHBHOCTH $iBASETCH 151 BubpaTopa BeJHYHHA

__ ha®e?
~—l,n om n,

I, (21)

TakK 4YTO MHTEHCHBHOCTb NIPONOPLUUOHAJLHA KBAHTOBOMY YUCJY N.

§ 4. UHTeHCHBHOCTH B CNJIOWIHOM crieKTpe

Hast conownoro crnektpa GoOpMyJnl A8 HHTEHCHBHOCTEH J0JI-
HHbl OBITb HECKONLKO BHAOM3MeHeHH. ITos1oxum, 3JIGKTPOH BHIPHI+
BAeTCsl M3 aToMa ¢ onpejeseHHOro yposHst E, Ha 6GeCKOHEYHOCTH
¢ KHHeTHYeCKOH sHeprueit E (cnektp noryowenus). B stom cayuae
MOXKHO TOBOPHTb, COGCTBEHHO, HE 06 WHTEHCHBHOCTH MOHOXPOMATH-
YeCKOro CBeTa ONpeAeeHHOH YacTOTH @, [He

E—E

a 06 MHTEHCHBHOCTH CBETa B ONIpeAeJIeHHOM HHTepBaJe 4acToTt

Aw == AE. @)

S

CootBercTBeHHO 3TOMY Hy*HO B IeiiseH6Geprosbix Martpuilax sa-
MEHHTb COGCTBENHYIO GYHKUHUIO Py’ (X) Ha COBCTBEHHBIH auddepen-
ouaJj, COOTBETCTBYIOLIUN HHTePBAIY

" E+AE

TZ_EA‘P=-1/—1A_E— S ¥ (x, E)dE (3)
E
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1 HOpMHUPOBAHHbIH TaK, 4TOOH GO

lim ——Sml{f Rdv=1, (4)

B OCTaJbHOM K€ Halllh BbBIBOAbLI HE U3MEHATCH.
Ykazanunass 3aMmeHa NPpUBOAXUT K 3aMeHe 3JEeMEHTa MaTpullbl

Xnn! = (Enl X IEn’) (5)

Ha 1
(En|x|E)vAE=W8{pn(x)xzwm. (6)
Ho Besnuuna AW, Bxopsuiaa B 3Ty dopmyJy, NpubJHKeHHO paBHA
AY =~ ¢ (x, E)AE, N

[pAYEM 3THUM TNPHUOIHKEHHEM MOXKHO NOJIb30BATbCs, €CJHH COLEp-
Kamuii AW uHTErpan He mnepecTaeT CXOAMTbcst OT 3aMennl AW
Ha (7). B maweM caydae 370 Tak u 6yner, notomy uro B (6) AY

MHOXKHTCS Ha ObICTpo yObiBamourylo QyHKUMIO Pn(x)*). IosTomy
3J1eMEeHT MaTpullbl B (6) MOXHO HAanucaTh B Buje

(Enl 1E) = { . () % (x, E)dr. ®)

Omnpenesnsisi aHaJOTHYHO 3JIEMEHTBl MATPHILL IS KOODAUHAT Y
u 2 u jenas B popmyse (15) § 3 sameny

%o —> (Eq| 2| E) //AE, (9)

NOJIy4uM JJIs MEPbl HHTEHCHBHOCTH CBeTAa, NPUXOASLIEToCs Ha HH-
TepBad

AE =" Ao,
BHIpaXxKeHue

I,(E)AE=e! {|(E,Ix1E)['+|(E,| 4 |E) | +|(E,| 21 E) ['} AE,
(10)

KOTOpOe W HYXKHO mpuMeHaTb BMecro (16) § 3 mana cayuas crom-
HOrO CIEKTPA NOTJIOLIEHHUA.

§ 5. Boamymnienne atoma CBeTOBOIl BOJHOI

Korga msockasi MOHOXpoMaTHdecKass CBEeTOBasi BOJHA IlajaeT
Ha aTOMHYIO CHCTEMY, OHA BLI3bIBA€T HEKOTOpOE J00aBOYHOE H3JY-
YyeHHe, 4acTOTa KOTOPOTO MOXKET pPaBHATbCS, BO-NEPBBIX, YacTOTE
Hajalolell BOJIHB M, BO-BTOPbIX, CYMME€ HJH DasHOCTH YaCTOTHE
BOJIHH M COGCTBEHHBIX uacToT aroMa [fBaeHue Pamana (Raman)].

*) Hanpotus 10ro, B (4) sameHa (7), OUeBHAHO, HELONYCTHMA,
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210 n05aBoyHOe H3JyYeHHEe HHTepOhepupyer ¢ naaamouiu, Ipuyem
TI0JIy4aeTCsl MJIOCKas BOJIHA H3MEHEHHON AuHb. M3MeHeHue JJHHBI
BOJIHBI B JAHHOH Cpele MOMKHO XapaKTepu3oBaTh €€ MokasaTeJsem
NIPEJIOMJIEHUA MM AH3JIEKTPHYECKOH MOCTOSHHON® 3Ta BeJIHYHHA Gy-
AeT, BooOIue roBOpS, 3aBUCETh OT YacToTH, TaK 4TO OyZeT uMeThb
MECTO JUCIepCHs cBeTa.

Mbl paccMotpum 3zmech B 00X YepTax ONHCAHHOE BBILIE sIBjE-
Hue. Hawa samava pacnapmaercs na ABe vacru. Ilpexne Bcero mbl
AOJIKHBl TOJTYYHTh NPHOMHKEHHOE pelleHHe BOJHOBOTO ypaBHEHHUS
Hipeaunrepa IDH HAJHYHH BO3MYIIAIOLIErO I10J CBETOBOI BOJIHBL.
3aTeM Mbl JOMXKHBI HafiTu QacTOThl ¥ HHTEHCHBHOCTH A00ABOYHOrO
H3JIyueHHS M BLIBECTH BBIpayKeHHe sl IU3JIEKTPUUECKOH IMOCTOSIH-
HOH.

3afimeMest  pereHupem BO3MYIIEHHOTO BOJIHOBOTO YpaBHEHHSI.
Ecnn anuna sBonub mamarmonero csera BeJIMKa 110 CPaBHEHUIO ¢ pas-
M€paMH aToMa, TO BO3MYLIAILas 3HEPrusi, COOTBETCTBYIOILAS Na-
laloled BosHe, 6yAeT NpHOIHKEHHO paBHATbCSA

U=——(D,,c3’x+Dy$y+Dz$2)=—D.$, (1)

rae & eCTb BEKTOP SJMEKTPHYECKOro nons, a D — BekTop anektpu-
HECKOro MoMeHTa atoMa. B cayuae ogHoro BasieHTHOrO 3]IEKTPOHA
MO HO NOJOXKHTb

Di=—ex, Dy=—ey, D,—=—¢;z. (2)
Bonny MBI Ipennosnoxum MOHOXPOMATHUYECKOH, TaK YTO
1 . 1 .
g=?goemt __*_?goe—m)t. (3)

ITosToMy saBucHMOCTD BO3Mywaomei: SHEPTrHH OT BpeMeHH Gyaer
BHUIA
fof .
U=Uwe"™ +Ufe ', ' (4)

rae Uy u U} He 3aBHCAT OT BpeMenu. O6o3snavenne Ut on aBJpI-
0 0

Baercs TeM, uto Us ects ONEPATOP, COUPSKEHHLIN, B CMEICAE Teo-
PuM_JHMHeHHbIX omepaTopos, ¢ U,

Ecrtu H® ectb HeBOsMyIEHHbI ONnepaTop 3HEePruu, TO BOJHOBOE
YpaBHeHHe, TpPHOJHXKEHHOE peuleHHe KOTOPOro Ham IPeICTOUT
HalTh, 6ydeT UMeTb BUA

H + (Use™ + Ufe™ ™) p — it » o, (5)

Mul Gynem cuutaTh BHemHee SJIEKTPHUECKOE 101 MaJbIM H TpH
BRIYHCICHHH ) OrpaHHUHMCA NepBbHIM NpuBIHKeHHeM. I100XKUM

Y=v9"+tv+w (6)
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u Gynem cuutath v U w Majisimu. [loncrasassa (6) B (5) u mpene-
Gperast ynenamu nopsiaka Uv u Uw, nonyuum

HOW' ~+ H + Hw 4 Uoeio'” 4 Ue=toty” =
. OO .. OV .. w
=ity +ih g

OTOMY ypaBHEHHIO Mbl YIOBJIETBODHM, €CJH BoIGepeM (GYHKUMH
V", v, @ Tax, 4To6H GbLIO

* 1] a *
Hy* —in St =0, @)
H% — ik % = — Upelohp*, (8)
H'w —in 22 — _yge oty (8%

YpaBHenue (7) eCTb HEBO3MYILUEHHOE BOJNHOBOE ypaBHEHHe; eMy
YAOBJETBOPSIET (DYHKIUS
i
P =rhe F " 9)

Ecau noxcrasuth (9) B (8) u (8%, To 6ymer sicHO, uTO 3TUM ypae-
HEHHSIM MOKHO VI OBJETBODUTE, MOJOMKUB

vzvgei (“’_ ihn')t, (10)

. E,
w=1ule ‘ (“"" T) ‘ (10%)
Tle v) ¥ @) HE 3aBHCAT OT BpemeHd. Jlna 3THX (YHKIHH noJy-
YaloTCsl YPaBHEHHS
H"v?l—(En—hco)vg=——U01pg, (11)
H'w,, — (Eq + ho) wy = — U . (1)

[Tpn pewennu 3THX ypaBHEHHE Mbl JOJDKHB GYAeM MNpPeLNoJ0-
¥KHUTh, UTO YHcaa £, Ao He COBNAZAIOT HY C ONHUM H3 cOGCT-

BeHHBIX 3HaueHHHl omepatopa HY T. e.

E,—Eyr+ho+%0 (12)
U i
lmnn'l#lmls (13)
riae
E,—E,
(l)nn/:..——h———'. (14)

Hepagencrso (13) Belpaxaer OTCyTCTBHe pesoHaHCa MeXIy
COGCTBEHHOM YACTOTOH aToMa M 4acCTOTOH BOJHBL. Ecau 3To Hepa-
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BEHCTBO HE BLINOJHSACTCH, TO HALI CNOCOG PEIUCHUS ypaBHEHUS (5),
OCHOBAHHBI Ha NDPEANOJOKEHHH O MaJsOCTH o) u wl, craHoBHTCH
HENIPUMEHHMBIM.

Ilpu orcyrcrBuu pesonanca ypasHeHus (11) moryr 6uith pe-
lueHsl 10 cnocody § 2 ra. I1. [Npeanonaras past mpoctoTsl, uto Kpart-
Hble COOCTBEHHBIE 3HAYEHHS U CIIOMIHOMN COEKTpP OTCYTCTBYIOT, OY-
JEM UMEThb

U
==Y B BV (15)
m

(m]Ug |n) )
wg:‘ZEm—E,i+ﬁm s (15
m

rme
(m|Us ) = { §nUotl dr. (16)

Tak Kak Mbl npennoNaraeM, 4To AJHHA BOJHL TANAIOWIErO CBETa
BEINKA TI0 CDABHEHHIO C DasMepaMH aToMa, TO aMILIATYRY & Mbl
MOKEM CUMTaTb B Ipelesax HHTerpupoBanust B (16) mocTosHHOL;
no gpopmyaam (1), (3) u (4) Mbl noayunm

(m|U|n)=— 5 (&% (m | DL | n) + &) (m| DY | n) +

+&(m D} n) =—L(m|&". D'|n), (17)
The

(] D°1n) = { 202 ar. (18)

Ha ocnosannn (6), (9) u (10) Mbl MOXeM HamucaTh IPUOJIHKEH-
HOe pelleHue ypaBHeHHs (5) B BHue
i

P, = o % Ent (90 + v0eiof wle=iot), (19)

rre v, u ©w} umeior sHauenue (15) u (15%).

§ 6. ®opmyna nucnepcun

B kaaccuueckoin JEKTPOHHOH TEODUH H3JAYYEHHE ATOMA MOIKeT
OLITb XapaKTepu3oBaHO ero IEKTPHYECKUM MOMEHTOM: KBAHTOBBIM
AHaJIOTOM 3JIEKTPHYECKOTO MOMEHTA SBJSIETCS, KAK Mbl BUICAH B § 3,
s/1eMeHT ['efisenGeproBoii MaTpUUB! A/ IPOM3BELEHUS 3apsia ajex-
TpOHA Ha €ro KOOpAMHATY, WJIH CyMMa TaKHX NPOU3BEAEHHUH, ecJH
3JIEKTPOHOB HECKOJILKO.

IMagaomas BosHA BHI3LIBAET NMOSIBJACHHE HeKoToporo xo6aBoy-
HOTO 3JIEKTPHYECKOrO MOMEHTA, KOTOPBIH AJIs ONTHUYECKH H30TPONHOMH
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cpeibl OyAeT NpOIOPLUOHAJEH JIEKTPUUECKOMY OO, a B 0ofIieM
ciayuae OyAeT JHHEeHHOH BEKTOpaabHOH (GYHKIHEHR OT COCTABIAAIIIUX
noJsi. 3aBUCHMOCTb KO3 duIHeHTa NMpONOpPUHOHAILHOCTH (MU KO-
3G (}UIHEHTOB BEKTOPaJbHON (QYHKHMH) OT YACTOTH H SABJASETCS OC-
HOBaHHEM IJs OOBACHEHHUS SIBJEHHUSI AHCIEPCHH.

3Has npubaHKEHHOE DelleHHe |, BOJHOBOrO ypaBHEHHS, BO3MY-
LI1eHHOTO CBETOBOH BOJIHON, Mbl MOMKEM COCTaBHThL 3JeMeHT [efizeH-
Geprosoit MaTpHiBl IJS 3JEKTPHUECKOro MoMeHTa. IlpeHeGperas
KBajpaTaMy K MPOU3BEJCHUIMH U) U @Y, moayunMm

{ BuD dv =" (| D) +-
+ %Cnn/ei (mnn/+(o) t + %‘C;Ll;",ei (mnn/—m) t’ (1)

rae
Con =2 { @200, dv + 2 §2D0), d, )
=2\ s\ av+ 2 | $Dwlyar, 29
T4aK 4TO _ .
C;zl-n’ = Cn’m (3)

YTO M OmpaBiblBaeT 0603HaueHHe BeJHUHHH (2*) KpecTOM HaBepxy.
IMoacrasaas B (2) Bmecro ©v) u @) ux Bopaxkenus (15) § 5 u
noJsb3ysick (17) § 5, 6ynem uMers

_ (n|&°D°{m)(m|D°|n") (n|D° | m)(m|&°D°|n’)
Cow = Z h(0,,, — ©) + b (0 + 0) ‘ (4)
m m

B dopmysne (1) s 2JeKTPHYECKOrO MOMEHTA MNOSIBJASIOTCS,
KpoMe COGCTBEHHOH YacTOTHI ATOMA Wnn/, CYMMa U Pa3HOCTH Y4CTOT
®pn = 0 (aBaenne Pamana). UneHw

D:m’ = % C,m,ei (@nnr+0) ¢ + % C;Ll-n/ei (Ppns—0) ¢ (5)

B bopmyse (1) mnpeacTaBasioT N0OGABOYHBIN SJEKTPHUYECKHH MO-
MEHT, BOSHHKAIOUWIHH BCJAEACTBHE BO3MYLIEHUS aToMa CBETOBOH BOJI-
goft. JluaroHanbHbIA 3/71eMeHT 106aBOYHOTO MOMEHTA

' . 1 ; 1 ,
Dn = Dnn, = ? Cnnetmt + ? Cnne—”"t (6)

MMeeT Ty K€ 4acTOTy, KaK M Tajalollas BOJHA: OH SIBJSETCS IO-
3TOMYy OJIMKAHIIKM aHAJOroM J06aBOYHOIO MOMEHTA K/1aCCHYECKOMH
TEOpHH.
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Pacemorpum 3aBucHMOCTD BeKTOpa D, 0T cocraBisomuX 3.eK-
TpHueCKoro mous. Brulpaxenue (4) nas Chw maer npu n=n’

(D;c)n == BelIl. 4. {(axx)n gxeimt + (axy)n gyeio)t + (axz)n gzemt}»
(D;)n = Bell. q, {(ayx)n &xe'ot + (ayy)ngyemt + (ayZ)n éozeimt}, (7)
(D), = Bemmt. 4. {(azx), &re'o!+(ay,), &, elot 4- (022), &2€'1},

TIe, HanphMep,

(=Y ((nlvglm)(mlbzln) 4 (n[Dllm)(m,D;ln))‘ -

(Omn — ®) b (@mp + ©)

m

4 OCTA/IbHbIe KOI(POHUHEHTH BHIPAKAIOTCS IO TOMY e 3aKOHYy H
nosnyuapTcess H3 (8) 3aMeHOf 3HAYKOB x M Y COOTBETCTBYICIIHM H
3HAYKaMH,

Tabauna kosdduuHenTOR

axx axy axz
Oye Oyy Oy, (9)
Qzy azy Qzz
(MBI ONyCTHIH 3HAUYOK. 1) o6samaer OpMuTOBOK cuMMerphefi, Tak
uTO, Hanpumep, -
Qg == Qyye (10)
Takum ofpasom, no6aBounbii SJEKTPHYECKHH MOMeHT D’ ecTsn
JHHEHHAS BEKTOpHA/bHAS (YHKIHs SJIEKTPHYCCKOTO TOJIS, NpHYeM

B Clydae KOMIVIEKCHBIX K03dduinenton (9) basa D’ ne cosnamaer
¢ ¢asoit &. Ecan ke xosdbduuueHTs o BELIECTBEHHB! (4YTO Gyner,

Hanpumep, B TOM cjlyyae, KOoria COGCTBeHHEBIe byHruuy Py meme-
CTBEHHBI), TO Gassl D’ u & COBNanaoT, u ypaBHenus (7) Moryr
OBbITh HaNHCAHH B BHAE

(Dx)y = (@xx)y &x + (axy), &, + (0x2), &=,
(Dy), = (ayx)y &x + (@yy)y &y +(0y2), &>, (11)
(D;)n == (azx)n Ex+ (azy),, &y + (azz)n &,

rie & eCTb BeleCTBeHHHIH BEKTOD 3JICKTPHUECKOTO moast, Oco6bifi
HHTEpEC NpelcTaB/aeT ciayyal, Koraa

(12)

B Takom cayuae saBucumocts Mexny D' u & NPHUBOAHUTCS K IpO-
CTOJ MPONOPIHOHANBHOCTH

axx =ayy=azz=an’ }
ay2=a2y= axy=0-

Dﬁ:ang, (13)
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Hamu BeipaxkeHust RaT n06aBOYHBLH SJEKTPHUYECKHA MOMEHT
RJIst OQHOH YacTuUbl. YT06bl MOJYyUYHTb MOMHBIN MOMeHT D* Beex ua-
CTHI B elHHHLE 00bema, 0603HAYMM uYepe3 N, YHC/IO YaCTHI, B CO-
CTOAIHHH 7, HAXONSIIMXCA B €AUHULE 06bEMA, H COCTABHM CyMMy

D*= ). N,D;, (14)
r
KOTOpas paBHa
D* = qg’ (15)
rjae
a= ), N,a,. (16)
r

Tlo kmaccuueckofi 3MEKTPOHHOH TeOpHH AHIMEKTPHUECKAS TIO-
CTOsIHHAsl CBA3aHA ¢ KOI(DOHUIHEHTOM MPONOPLHOHAIBHOCTH a (op-
Myasbl (15) cooTHomEeHHEM

3 e—1

i 1

metz & (17)
Takum o6pasom, Hawn GopMyJaE JAIOT CBA3DH MeXJy JH3JeKTpuue-
CKOil MIOCTOAAHHOA ¥ aTOMHBIMH BEJHUYHHAMHA.

B ¢opmyae (16) uucia N, 3aBucsrt or TeMneparypsl. Ilo kiac-
CHUeCKoil craTHCTHKe BosblMana 3ta 3aBmcHMOCTb 6blia 6B BHAA
E,
s

N, =N - (18)

5

rae N eCTb 10JHOE UHCIO aTOMOB B efuHuIe o6beMa u E, ecTb.
3HEPruf OLHOrO aToMa B COCTOsiHMM r. Koadduuuenrn xe a, 3aBu-
CAT JIUIIb OT CBOHCTB YACTHILI U, KPOME TOTO, OT YACTOTHl » HaLAI0-
uiero cBera. 3aBHCHMOCTb BEJHYHHBLI o OT YacTOTHl M OGBSICHSIET
sIBJICHHE AKCTepcuy cBeta. Kak BHAHO M3 Hamunx GopMyJ, yacTora
BXOAUT B BbIpaxKeHue I o uepe3 MNOCPEACTBO 3HAMEHaTesdell
Omn 2= ®; 5TH 3HAMEHATENH SABJSIOTCA XapaKTePHBIMA A5 OPMYJIbI
LHCIIEDCHH.

HManoxennas B stom naparpade Teopus IpefcTABJAfET JHwb
o0L1ylo CXeMy, KOTopasl NaeT NpeICTABJCHHEe O BO3NEHCTBHH CBeTa
Ha artoM. Teopus 3Ta Aajeko He MOJMHA MO CIELYIOLIHM IIPHYHHAM,
Bo-nepBhiX, CBA3b MEXKAY BENMUMHAMH, OTHOCSLIUMUCS K OJHOMY
aToOMy WJIM MOJIeKyJe (HampuMep, SJeKTPHYECKHI MOMEHT), H BeJH-
UMHAMH  MaKpOCKONMYECKHMH (HanpuMmep, JAHIJEKTPHUECKas [1o-
CTOSIHHAS) 3aTPOHYTA 3/leCh JHUb BCKOJb3b, IPHUEM AJI5 Xapakre-
PHCTHKH CTaTHCTHYECKOTO PAaCHpPENeNeHHs] CHCTEM 0 COCTOSHUSM
MBI IIPHBCJIN JIMIID KJIacCHYecKyio Gpopmyay (18). Bo-Brophix, naxe
BEJIMUHHBI, OTHOCALUNECS K OLHOMY aTOMY, ONHCHIBAIOTCSA Y HAC MO-
JIYK/IAaCCHYCCKH, TAK KaK He BBOJAMTCSA INPEACTABJEHHE O KBAHTAX.
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CBETA, H JIHLIL CXEMATHUHO, TaK KaK Mbl, HalpUMep, He paccMatp H-
BAEM cayuas KpAaTHBIX COOCTBEHHBIX 3HAUEHHH H HE BBLIACHSEM, TpH
KaKHX yC/IOBUSIX HMEIOT MecTo paBeHcTBa (12). Hawromen, wpl mu-
4Ero He rOBOPHUM O TOM, 4TO MPOUCXOAMT B C/lyuae pe3oHaHCA, U HE
3aTparuBaeM BOIPOCA O WIHPHHE CIEKTPaJbHBIX JHHHH.

Kax yxe 6bI0 cKazaHo B Hauajde 3TOf IJ1aBBl, CKOJIbKO-HHOYIb
TIOJIHO® H3JIOMEHHE CYHIECTBYIOUEHl TEOPUH M3JIyYeHHS BHIXOAHT H3
PaMOK 3TOH KHHTH.

§ 7. MNpoxoxkaeHve 4acTHUH CKBO3D 6apbep
NOTEHUHANbHONR IHEPTHU

Paccmorpum sanauy, xotopyio B TEPMHHAX KJIACCHYECKOH Mexa-
HUKH MOXHO GblI0 OBl Ha3BaThb 3aladell O NPOXOKAECHHH YACTHIHI
CKBO3b 0apbep MOTEHLHAIbHON SHeprHu. 3axaua 3Ta, N0 CYLIECTBY,
ABMIACTCS. HECTALMOHAPHON, HO B KAYECTBE BCIOMOTATE/BHBIX BeJH-
YHH Mbl GyJIeM pacCMaTPHBATh TaKikKe BOJHOBHIE bynknuu, Kotopsie
ABJISIOTCS COGCTBEHHBIMH QYHKIMSIME orlepaTopa SHEepPTHH.

ITpeanosoxum, 4To noreHnnanbHAs sHeprusi U 3aBUCHT TOJILKO
OT pacCTosAHHUs 7' 10 HEKOTOPOro NPUTATHBAIOLIETO LEHTPA, TAaK 4TO
sajava obnanaer cdepuyeckoil cummerpueil. Byxem paccMarpuBaTh
JHUDb T€ COCTOAHUS, B KOTOPEIX BOJNHOBas QYHKIUS 3aBHCHT (KpoMe
BPEMEHH) TOJbKO OT KOOPAHHATHI T

V=19, 1) (1)

(obwuit cnyuait Gymer paccMOTpeH B crenyiomeit raase). Ecau Mbl
TIOJIOKUM

p="L, (2)
To ypasHenue Illpenunrepa
h? . o)
~om AP T Ub=ih 5 3)
NpUBEJeTCs K CJCAYIOLIEMY:
B 92 . O
— g FUf=ind. (4)

Hns cocrosuufi ¢ onpejenennon JHEPrHed MBI MOKEM IOJOXKUTE

Hr =f(r)e T ®)

B ypaBHeHue (4) npumer BHA

—- L+ U —-Bi=o (6)
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Hro6er ¢yHKLHS ¢ ocTaBajach BCIOAY KOHEUHON, HEOGXOAMMO Bhl-
[OJIHEHRE TIPEALNbHOTO YCAOBUS

f(0)=0. (7)

Cnenaem Tenepb ONpeNeseHHBIE MPEANOIOKEHHS O BHAE MOTEH-
uuasnpHolr sHeprun U(r). Ilyerb U(r) cnepsa MOHOTOHHO BO3pac-
TaeT, HAUMHAs C HEKOTOPOTO KOHEYHOro 3HaueHHs (WM [JaxKe Ha-
upHag ¢ — 0o, Kak 3T0 Oyler AJA NOTeHUHANbHON 3HEPruM 3jeK-
TpoHa U = — €*/r 8 Kysionosom mose sgpa). Iycts satem U(r)
JKOCTHTAeT MaKCHMyMa, MOCJe 4ero HayHHaeT HEOrPaHUYEHHO YOHI-
Batb. Mb Oymem paccMmarpuBarh 3HayeHus: E MeHbLIHE MaKCH-
myma U(r). Pasuocts U(r)— E oGpaTutca B HyJdb B ABYX TOUKax
1o u mocie Makcumyma U(r), ckaxeM, npu r = r, u r = ry. Takum
ofpasom, 00/1aCTb W3MEHEHHA r MOIPA3AENseTC Ha TPH yYacTKa,
XapaKTepU3yeMblX HepaBeHCTBAMU

LO<r<r, ILrn<r<r, 1L rn<r (8)

Buisicuum oOmuil xapakrep ¢ysxkuumu f Ha COOTBETCTBYIOILHX
yuactkax. Ha nepsom yuwactke, rae U <E, ¢dyukuua f 6yger
HMeTb KosebaTeqbHbll Xapakrtep. Ecim Mbl mostoxnm

r

S, (r) = S A2m (E =0) dr, (9)

0

TO TPH r, MeHblIeM r, (M He CJOMIIKOM OGJH3KOM K r,), Gyzer
B INIOJYK/IAaCCHYECKOM TNpPHOMHIKEHMH, paccMoTperHoM B § 15

ra. 1T u. I,
0’8 S '
f=c A/ sk cos (5 +a). (10

rae ¢ H o IMOCTOSHHEL. ILJIH BTOPOI'0 yuyacTKa TOJOXKHM
r

S2(r)= {V2m(U—F) ar. (1
r
Toraga 6yner npuGaHKEeHHO
P2y (™™ e T, (12
Haxonen, Ha TpeTbeM yuacTke Gyner
f=c’/\/§%_%-cos(%3-+a’). (13)

rie
r

Sy = SVW(E_—“IT) dr, (14)

T3
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a BeJInyHHB ¢’ u o/ — HOBHe nocTossHHbIe. COrJIacHO bopmyae (2),
yHKUHs P OTIHYACTCS OT f MHOXHTeJEM 1/r, CTPEMSAIUMCS K HYJIIO
Ha GeCKOHEUHOCTH; NOITOMY MOBeleHHe QYHKLHH §p HA IIEPBOM u Ha
TPETHEM yYacTKaX GYyNeT pasiuuHbIM H ¢ GyAET CTPEMHUTHCS K HY.TIO
Ha GECKOHEYHOCTH.

B nepexoxnoit ob6nactn, rae kosdpduunent E— U s ypasHe-
Huy lpeandrepa (6) mensieT sHak (T.€. BOJUSH r==ry 1 r = r,),
NpeABIAyLIHe BhIPAXKEHHS HENPUMEHHUMBI, H TaM NPUOJIUKEHHblE pe-
LIEHHs MOTYT OBIThb BbipaXKeHnl yepe3 GyHkuuu itpu (Airy), mpen-
CTaBJISIOLLHE PEIIEHNS NPOCTeHLIero ypaBHeHus

w” () =tw (), (15)

B KOTOPOM KO3(QUUHEHT NpPH HEH3BECTHON (YHKUHMH NPOXOAHT Ye-
pes 3Hauenue Hysb. Ha npumenenun dyskuuii diipy K Hawed 3a-
Aaye Mbl OCTAHABJIHBATBHCA He GyaeM.

HanGonbwuit nuTepec npexcras/ser caydail BHCOKOTO 6apbepa
noTeHUHanbHOR 3Hepruu. OH XapaKTepH3yeTcsi TeM, Y4TO BeJHuYuHa

| ) (16)
6yner BecbMa BeJMKa MO CpPaBHEHHIO C eduHuIed. B sTom cayuae
noBeJleHHe (QYHKUUU f, a CJeJ0BAaTEJbHO, H Y GyAeT CYLIECTBEHHO
3aBHCETb OT 3HaueHusl Koap¢dunuenra B hopmyae (12). Ecau ¢;=0,
TO NepBblit YiIeH B (12) oTcyrcTByeT n GyHKuua GyaeT ObicTpO YOBI-
BaTb IIPH BO3PACTAHHH I OT ry [0 Iz, TaK YTO aMILIUTYAA Y B obJa-
cru III Gyner ropasno mewbure, yeM B ob6aactu I. Do 3HauuT, 4TO
BEPOATHOCTb (TOYHEE, IVIOTHOCTb BEPOSITHOCTH) OBHApYXKeHus ua-
CTHUBI B 06J1aCTH BHYTpH Gapbepa GYAET ropasao Goablie, yeMm A5
06J1acTH BHE ero.

IIpu npousBonbHOM 3HaueHMH mapameTpa aneprun E Heabas
CAenatb Tak, 4toCbl MOCTOStHHAs ¢; ofpama’nacs B Hyab. Tpe6o-
Banue ¢;(E) = 0 BuJensier HeKOTOpHle 3HaueHus E Mono6HO TOMY,
Kak B oObl4HON 3amaue Teopuu lllpenuurepa BHIAEASIHCH COG-
CTBCHHbIE 3HaueHHsl oneparopa sHepruu. Ilyctb E = Eq— oxmo
U3 TaxuX sHaveHuit. O603HAUHM COOTBETCTBYIOWLYIO BYHKIHIO ¢ Ue-
pes Py (7).

ITockonbky sta QyHKUHS OTJIMUHA OT HYAS U BHe Oapbepa, Mbt
He MOXKEM paccMaTpHBaThb €€ KaK OMHCBLIBAIOLIYIO COCTOSIHHE ya-
CTHIB BHYTpH Oapbepa. [l ONHCAHHS TAKOTO COCTOSIHHS MblI MO-
KeM BBECTH OJIH3KYIO K Helt QYHKLHIO Yo(r), MOJOXKHB

‘Po(f):ﬂ?gu(") (O<r<r2)’}

(17)
Po(r)=0 (r>ry).
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Mpbl MOXKEM HAJNIOXKHUTb Ha Hee YC/J10BHE HOPMHUPOBKH

Voo () predr = v, (Vprear=1. (18)
0 0

B cocrosaunuu, onuchiBaeMoM QyHKUHEH Yo (r), YacTHIA HAaXOAUTCA
BHYTpun Gapbepa, HO COCTOSIHME 3TO He CTAUHOHApHO, MNOCKOJbLKY
DyHKIHSA Yo HE YNOBJETBOPAET NPH r == ry yC/JAOBUIO HENpPEPHIBHO-
CTH, HeOOXOAUMOMY ISl COGCTBEHHOH (QYHKLHU OrepaTtopa SHepruu.
Cocrosnue cucreMbl OyAeT, OXHAKO, NPUO/IUKEHHO CTAaUHOHAPHBIM
B TOM CMBICJIE, YTO €CJIM B HaYa/bHEIl MOMEHT BpeMeHH [ = ( oHO
OIHCHIBAJIOCh QYHKIHEN Po(r), AT KOTOPOH BEPOSITHOCTb HAXOXKJE-
HHSl yaCcTHUBl BHYTpu Gapbepa paBHa eAMHHLE, TO B NOC/IEAyIOLIHE
MOMEHTHI 9Ta BEpOSITHOCTb GyAeT MelJeHHO yObiBaiolel (QyHKIueH
OT BpeMeHH. 3aKOH YOLIBAHHSI 3TOH BEPOSITHOCTH MOXKHO Ha3BaTh
3aKOHOM pacrnaja CHCTEMBl, HAXOASALIEHCS B MOYTH CTALHOHAPHOM
COCTOSIHUH.

ITo knaccuueckoil MeXaHmKe pacrnaj CHCTEMB Gbll Gbl CBSI3ad
€ NPOXOXKAEHHEM 4YACTHIbI Yepe3 Gapbep NOTEHLHAJbHOH SHEPIUH.
Ecan 661 MOXHO 6bLIO BCeraa JIOKa/JH30BaTh YACTHIY B NMPOCTPaH-
CTBe, TO NMPHIIOCL Gbl CKasaTh, 4TO B 06JacTH Haj Gapbepom ee
KUHEeTHYeCKas SHeprus HIpoXOIUT dYepe3 OTpUIlaTe]bHble 3HayeHHs,
4TO HeBO3MOXHO. C Apyroft CTOPOHEI, TaKHe sBJeHHS, KaK BbIGpa-
CBIBAHHE o-UACTHIL U3 s1ipa ATOMA WM UOHHM3AUKMs aTOMOB BO BHelll-
HeM 3/ICKTPHYECKOM rosie, yGeIuTeJabHO NOKa3bIBAIOT, YTO pacnan
CHCTEM TaKOro TUMa JEHCTBHTENBLHO MOXET NMpoHcXoauTh. ConocTras-
JIEHHe 3THX JBYX 3aK/IOUEHHH HeH3GeXKHO NMPHUBOAUT K BLIBOAY, UTO
K NMEpeYHC/IEeHHBIM SBJAEHHSM KIAaCCHYECKHE MOHSTHS HempueMJ/IeMbl
W YTO MCTOJIKOBaHHE HX TpeOyeT BBeoeHHS HOBBIX, a HMEHHO, KBaH-
ToBbIX MoHATHIA. Ho corsacHo MexaHuKe yTBepKIeHHE O TOM, 4YTO
yacTHlla HaXoAuTcs Hal 6apbepoM, JIMIIEHO CMBICJA, IIOKA HE yKa-
3aHO, KaKHM 06pa3oM 3TO MOXKeT GuITb KOHCTaTHpoBano. Koncrara-
IHA e HaXOXJeHHs YacTHUb B o6gacTd Han 6aprepoM Tpedyer
cooblienus eit Hepocraouleli sHepruu. TeM caMbM ycTpaHsieTcs
YIOMSIRYTEIA BhILIE MapafoKc.

§ 8. 3akoH pacnaja NMOYTH-CTALHOHAPHOTO COCTOSTHHS

3aKOH pacraja HOYTH-CTAHHOHAPHOIO COCTOSIHHS CHCTEMBI MO-
XkeT ObiTb (QOPMY/IHPOBAH JAJs1 BecbMa OOIILEro C/Iydas, ecld BBe-
CTH B PaccMOTpeHHe (QYHKIHIO pacnpefelieHAs] 3HEPrHH B 3TOM CO-
CTOSIHHH.

OGosnauum GYKBOH X COBOKYNMHOCTb KOOPAHHAT (HJH TeX mepe-
MEHHbIX, 4epe3 KOTOpLIe BbipakeHa BeaHOBas (yHkuus). Ilycrs
Yo = P (¥, 0) ecTb HauaJbHOE 3HAUEHHE BOJHOBOH (PyHKuuH (¥, f)
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paccMaTpuBaeMOl CHCTEMEL. PassioxuM Yo B uHTErpas no coGcTeeH-
HbIM (QYHKUHSAM Yg(X) oneparopa SHEPrHH:

(6, 0)={ ¢ (B) b () dE. (1)

Torpa cocrosimne cucreMbl BO Bpemsi ¢ Gyner

i
v ={ e e (B) vy () aE. (@)

Bepositnocts L (f) Toro, uto uepes BpeMs f cucTeMa MOXKeT GBITH
ofHapyXXeHa B HAuYa/JbHOM COCTOSHHH, PaBHA KBAaapaTy MOAYJs
«CKaJIsIpHOI'O NPOU3BEAEHHS»

p={bwx 0v(x, nax, (3)

TaK UTO Mbl HMeeM
L@O=Ip@®P (4)

Ha ocHoBanuu Teopembl 3aMKHyTOCTH IAasi GYHKUME Pgz(x) Beau-
yyHa p(f) MOXKeT OHTb IpelcTaBleHa KaK «CKaJsipHOe Ipou3Beje-
Hue» Ko3pduuneHTos pasnoxenusd ¢pynkuui (1) m (2). Mo umeem

p(t)= S T (B e (E) dE. )
Ho Besnuuna .
AW (E)y=w(E)dE =|c(E) PdE (6)

ecTb (QYHKIUS pacnpeleseHus] SHepPTHU [/ HaYaJbHOTO COCTOSIHHS
(a 3HAUMT, H JJIsT COCTOSIHHSL BO BCAKHI IOC/EAYIOLIUH MOMEHT Bpe-
menu f). Ilostomy BhipaxkeHue (5) MoxeT OLITb HANMHCAHO B BHIS

p(ty= T E (B dE = { ;T dW (E). (7)

Takum o6pasoMm, BBelJeHHasi BBIIUE BEPOATHOCTbL TOTO, UTO yepes
BpeMsi f CHCTEMa elle He pachasach, paBHa
2

LO=1p@E=|{c " aw )| . ®)

Mpbl nosnyyaeM, TakuM 06pa3oM, CAeAYIOIIYI0 Teopemy.

3akon pacnada coCTOARUA o 3ABUCUT TOABKO OT (PYyHKYUL pac-
npedesenus sHepeuu 6 ITOM COCTOSHUL W BHIPaXKaeTcs (GOpMy-
Jaoft (8).

Ilpu coorBercTByWOIUEM OnpejeNeHAr HHTETPaNbHOH YHKIHH
pacnpenenenns W(E) dopmyna (8) 6yxer cuopaBeliHBa u B TOM
cayuae, Korna ¢gyuxkuusa W(E) paspbiBHa (TOYEUHHIH CIEKTp).

3aMeTuM, YTO 3aKOH pacrnajga MOXeT GHTb ONHHAKOB U 1/ IBYX
pasHBIX COCTOSIHHII, €C/lM TONbKO QYHKUHS pacHpefiesieHusi SHEPrHH
Anst HEX oflmHakoBa. Cieflyer Takke HMeThb B BuIY, 4T0 B GopMyJie
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AvIsi BEPOSITHOCTM pacliafia BpeMs ! OTCYHTHIBAETCS C TOTO MOMEHTA,
Korga (B TOCAEAHHH pa3) KOHCTATHPOBAHO, 4YTO aTOM (HJH CH-
cTeMa) elile He paclajcsi; camoe K€ COCTOSIHHE o Hepacraga,uie-
rocsl aToMa He MeHsieTcs. DTO MOKHO, €CJH yTrOoLHO, BhIPAsHThb CJ10-
BaMH; aTOM HE CTapeeT, a pacrnajfaeTcss BHe3amHo. JTO CJAENCTBHE
CrpaBenBO AJs JI060ro 3aKOHa pacnajia, He 00s3aTeIbHO dKCMO-
HEHUHAJBHOTO.

MHTepecHo OTMETHTDb, uTo B dopmyae (7) nomsepraercs Nipeod-
pasoBanuio Pypbe He aMILIUTY]a BEPOSTHOCTH (He BOJHOBast QyHK-
Iusl), KaK OOGLIUHO B KBAHTOBOH MeXaHHKe, a caMa BEPOSTHOCTD.
Cor/lacHO TepMHMHOJ/IOTHH, NPHHATON B TEOpHH BeposTHOCTeH, p(f)
eCTb XapaKTepHUCTHUecKas (QYHKUUS AJs pacupefesieHus 3JHepruu.

s csolficts nHTerpasa ®@yphe BEITEKACT CBA3b MeXIy OBICTPO-
TOI pacnaja u MJIABHOCTbIO QYHKUHUH pacnpeleeHus.

BoisicHiM criepBa yCJOBHSA, MPH KOTOPHIX BooOIle OyAeT HMETDL
MecTo pacnaf.

Ecan cyumecrsyer auddepenunaspras GyHkius pacrnpeneseHus
3HEpPTHH (IJMOTHOCTb BeposiTHoctH) @ (E), To MHTerpaibHas (QyHK-
uus pacnpenenennss W(E) cpszana ¢ Hell COOTHOUIEHHEM

I
W (E) — W (E) = w(B)dE, (9)
E

rne E u E/ — no6ble ABa 3naueHnst sHepruu. Ecin £7 > E, TO Ha-
nMCaHHOE BhIpayKeHHe eCTb, OUeBHIHO, BEPOATHOCTb TOTO, UTO SHEP-
TSl CHCTeMBbl JexuT Mexkay E u E’. Ecnu ToueuHBl#l CHeKTp OTCYyT-
creyer, ¢ynxkunsi W (E) Gyner HenpepbiBHA AJs JI0G0T0 HAYaJbHOTO
cocrosHus. Ilpu Hainuuu ke ToueuHoro cmekrpa oynxuua W (E)
MOXKeT OBITb HEMpepbhiBHA JHIIL B TOM CJydae, KOrja B HaYyaJbHOM
COCTOAAHHM 0fpamanTcs B HyJAb BCe OTHOCALIHECH K TOYEYHOMY
CIIEKTPY BEPOSITHOCTH.

[Tpennonoxum, uto ¢pynkuns W (E) nenpeprniBua. M3 cessu (9)
mexay W(E) n w(E) caeayer, uro HenpepbiBHOCTb W (E) pasHoO-
cuibHa abcoMoTHOH uHTerpupyemoctd @ (E) B oObluHOM ee ompe-
peaenuu. Ho ecan w(E) abCcoMOTHO UHTErpupyeMa, To BeJHUHHA
unterpaaa (5) CTPeMUTCST K HYJIO NPH HEOTpaHMYEHHOM BO3pacra-
Huu f.

Taxum o6pasom, u3 HenpepoiBHOCTH W (E) caemyer

L({{)—0 npu {— oo, (10)

rne, coraacuoe (7) w (8), L(f) ecTb BepOATHOCTH TOro, YTO BO
BpeMsi ¢ cuctemMa He pacnajnach. C Apyroil CTOpOHbBI, MOXKHO JOKa-
3aTh, uTo H3 ycqaosust (10) BeiTekaeT HenpepwiBHOCTL W (E).

Mul pUXOAUM K BBLIBOLY, UTO HEOOXOOUMbIM t OOCTATOUHbIM YC-
AOBUEM HAAUMUS PACnAda SIBASETCA HEnPepul8HOCTL UHTeZpPaAbHOW
pynkyuu pacnpedenenus sHepeuu.
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Bo mHOruX sajauyaX ()YHKUHSI pacnpefeseHHs SHEpruH Y/IOB-
7IeTBOPAET Tropasfo Oosiee XECTKHM YCJIOBHSIM, YeM NpPOCTas Hes
npepuiBHOCTb W (E). Tak, B 3ajaue o BblIeTe YaCTHUBl H3 HOTEH-
LHaJbHOH sIMbl yepe3 Gapbep IOTEHUHAJbHOH 3SHEPTHH IIOTHOCTH
BeposTHOCTH W (E) Gyner MepoMopdHOH (yHKHMelH *) KOMIJIEKCHOMH
nepeMeHHOH (3anaua 3Ta Obl1a PacCMOTpPeHA B NpPeABAYIIEM Napas
rpage). Tak Kak mpu BeumlecTBeHHBIX 3HayeHusx E ¢ynkuus w(E)
OyleTr BELUEeCTBEHHOH, TO NOJIOCH ee GYAyT pacnoJoxKeHb CHMMe-
TPUYHO OTHOCHTEJIBHO BEIUECTBEHHOH OCH, NPHUEM BHIUETH B IIOJIO0<
cax OyAyT BeJMYHHAMH KOMIWIEKCHBIMH CONDSIKEHHBIMH (1O (u3U-
YeCKOMY CMBICAY QYHKUMH @ (E) Kak MJIOTHOCTH BEPOSTHOCTH, OHA
He MOXeT HMMeTb NOJIOCOB HA caMOH BewlecTBeHHOH ocH). [lycts
Gnuxaiinas ¥ BEIICCTBEHHOI OCH Napa IosiocoB Gyaer

E==FEy%i (I'>0). (11)

ITycrb caelytomas napa noaiocoB 6yAeT UMeTb MHHMYIO uactb IV,
HerpyaHo BHAETD, YTO €CJH { HACTOIbKO BEJHKO, UTO

IL;_F4>> 1, (12)

TO 3HayeHHe uHrerpasa (7) 6yaeT OOYyCJAOBJIEHO BBLIYETOM B OJHOM
U3 JIBYX noJaiocoB (ll), Torma Kak ocTajdbHBIE TOMIOCH HE GyAyT
urpatb poau. Ho ecan 61 Gynkunsa w(E) uMesna TONbKO OAHY napy
NOJI0COB, TO Mbl MOIJIH OBl NOMOXKHTDL *¥)

1 T
w(E)=rF-gyrrr

(13)
T. €. NPHULIH OBl K AHCNIEPCHOHHOH dopMyJe pacnpenesenus sHep-
THH.

Iloncrasasis (13) B uaTerpaa (7), Mbl nmoaydaem

pltyme T ETETI (14)
#, CJAENOBATENbHO,
L{fy=e * . (15)

TakuM o6pa3oMm, AJs TNOJAYYEHHs OOLIYHON SKCHOHEHUHAJBHOI
¢opMbl 3aKOHA pacnafa HOCTATOYHO yKe OOIIEro MpeanogoXeHHus
¢ MepoMopdpuoM XapakTtepe GyHkuuu @ (E)— NpesonoKeHus, Ko-
TOpOe MOXKeT ObiTb O6OCHOBAHO NyTeM ananu3a ypasHeHus Llpe-
JUHTepa AJs1 JaHHOM 3alayuH.

*} MepoMopdHOH HaswiBaeTCs (YHKUUA, peryaspHas M OJHO3HAuYHAy Ha BCel
IJIOCKOCTH, KPOMeE OTHEJbHBIX H30JHMPOBAHHBIX TOUEK, KOTOPBIE SABJASIOTCH ce TO-
JIOCaMH.

**) Mul_cuntaem 3necsh, uro ' &« Eo — E*, riie E*—Hukunii npexen HHTerpu-
poBanud B (7) (0o6wuro E* = Q).
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QJEKTPOH B NMOJIE C UEHTPAJIbBHOM CHUMMETPHEM

§ 1. OGuue 3amevanus

3azaya 00 OMHCAHHH COCTOSIHHS 3JEKTPOHA B NOJE C UEeHTpaab-
HOH CHMMeTpueli HMeeT GOJIbLIOH NMpaKTHYECKHI HHTEpeC, Tak Kak
pelIeHHe ee 1AeT HE TOJNbLKO TEOPHIO CIEKTPa BOZOPOAA (IBUKEHHE
B Ky/I0HOBOM nOsie), HO TaKXKe u NPUGIHKEHHYIO TEOPHIO CIIEKTPOB
aTOMOB C ONHHM BAJICHTHBLIM 3JIEKTPOHOM, HaNpHMep aToMa HaTpHS.

B atome Bonopona smektpon Haxomutca B Kynonosom saexrpo-
CTaTHIECKOM 1OJIE sI1pa, TaK YTO NOTeHUHaNbHas sHeprus U (x, y, z)

paBHa
e?
U (f') _ -

B aromax ¢ HeckoJAbKUMU 3/€KTPOHAMH MOCACHHHE KAK Gbi Te-
PAIOT CBOIO HHAHBHAYAabHOCTb, TAaK YTO HEJIb3fl, CTPOTO FOBOPS, pac-
CMAaTpHBATh COCTOSTHHE OTIENbHLIX 3/JEKTPOHOB H OMHCHLIBATH HX BOJI-
HOBBIMU QYHKLHAMH P, 3aBHCALLAMH OT KOOPIHHAT OMHOTO /K-
TpOHA Kaxaas. BMecTo 3Toro HyxHO paccMarpuBaTh COCTOSIHUE
BCEro aToMa Kak LEJOro u ONHCHIBATh €ro BOJNHOBOH (yHKUHE(l, 3a-
BACALLEN OT KOOPAMHAT BCeX /EKTPOHOB. [Ipu 5TOM HYXKHO yuecTb
Ha/IH9He y S/ICKTPOHOB BHYTPEHHEH CTemeHH CBOGOAB! (TaK HAa3bi-
BAeMOrO CIIMHA), a TakKXke CBOHCTBA CHMMETPUH BOJHOBOH (PYHKLUH
TI0 OTHOLICHHIO K NEPECTAHOBKE 3/IEKTPOHOB. MHOr03/MeKTpOHHasH 3a-
Rava Oyner GopmysnnpoBaHa B yactu 1V sToli kuury, IToka ke orpa-
HHYUMCST 3aM€YaHHeM O TOM, UTC B H3BECTHOM HPHOJHKEHHH MOXKHO
BbIDA3HTb BOJHOBYIO (YHKLUIO BCErO aTOMA 4Yepe3 BOJHOBhIE byHK-
UHH OTACJNBHLIX SJEKTPOHOB. Toria mnisi 3THX mHoCAeAHMX NOMY-
1a10TCA YPABHEHUS TOTO Ke THIA, KaK B 3a/laue OLHOro Tesa (C He-
KOTOPBIMH N00aBOYHBIMH ujeHaMH). [losToMy MoXHO, HanpuMep,
AJIs 4TOMa € OJIHHM BaJIEHTHBIM 3JI€KTPOHOM COCTABHTb ypaBHEHHE
AJ1s1 BOJIHOBOI (DYHKUMH 3TOTO 31€KTPOHA U TOBOPHTb, YTO OH HAXO-
AHTCS B TOJME sApa W OCTANbHBIX (BHYTPEHHHX) 3JEKTPOHOB. DTo
noste Gyznet, MOAOGHO MO0 B aTOMe BOAOPOAA, 06aafaTh cdepuue-
CKOH CHMMeTpuell, HO OHO yxe He GyAer KysonoBbIM. BBULY H3/10-
¥eHHoro, caydait He-Ky/aoHosa noas ¢ noteHnuasnpHoil aHepruen
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U(r), saBucsmieli ToAbKO OT paccrosiHus or filpa, npeAcraBiasier
Goabluolt hU3HUECKHit HHTepecC.

Teopust Llpenunrepa maer BepHyw B 0B6uIHX 4epTax KapTuHy
CLEKTPOB aTOMOB C OJHHM BAJIEHTHBIM 3JI€KTPOHOM. JIMmIb HEKOTO-
PbI€ N€TA/H, a HMEHHO, TOHKast CTPYKTypa (Ha/auyue Ny6reToB), He
onydarorest u3 ypaBHeHusi IlpeauHrepa u MOTyT 6BITb OGbIACHEHH
Ha ocHOBaHuM Teopuu [upaka, B KOTOPOIl MPHHUMAETCH BO BHHMA-
HHUE TEOpHs OTHOCHTE/IbHOCTH. Kpome Toro, Teopus upaka Heo6xo-
AuMa AAs OGBSCHEHHs! NOBENeHUs aTOMa B MArHUTHOM IIOJe [sBJe-
Hue 3eemana (Zeeman)] Ilpasaa, ypasuenue Hlpenunrepa moxer
ObITb 0600LIEHO HA CydYall MarHUTHOTO NOJSA, HO TaK KAk NONpaBKHU
Ha MAarHUTHOE NOJI€ M HA TEOPHIO OTHOCHTENBLHOCTH OLHOTO H TOTCO
#e TOopsifKa, TO HeoGXOAMMO YUHTHIBATH HX OIHOBpeMeHHO. WaJo-
KeHue teopun Jlupaka DaHO B MATOH YaCTH KHHTH.

§ 2. HHTerpaan naowmaneii

BonHoBoe ypaBuenue Ulpenunrepa Ajsi 3J€KTPOHA B MOJE C O-
TeHLHaabHOH aneprueir U (X, y, 2) umeer Bux

.y 0P
Hib——zh—(ﬁ—-—o, (1)
TIe oriepaTop 3Hepruu H paBen
1 .
H=- (P + )+ 0y +U(x, 4, 2). @)

HOJ’IO}KI/IM, 9TO NOTEHIHAJIbHAS1 3HEpPrHs U szaBucur TOJIBKO OT
paccTosiHus r OT siipa aToMa, KOTOpOE€ Mbl 6y11eM CUliTaTb HeEINo-
JBHIKHBIM M JieXKallHM B HayaJe KOOpAHHAT

Ux, y, 2)=U(r) (r=f\/x2+y2+z2). (3)
BosHoBoe ypaBHeHHe Hamuiercs
1 .. O
T (P2 P PO+ U () —in St =0, (4)
WIIH, CJH Mbl BBIPA3HM Dy, p,, D, Uepe3 NPOH3BOLHBIE, TO
B2 Lo
—om AV +U (N —ih 5~ =0, ()

rie A ecTs omepatop Jlamnaca.

B xuaccnueckoll MexaHHKe B clyuae HEHTPAJbHOTO TOJSH UMes
MECTO 3aKOH NJIOWIAAEl: COCTABJAIONIHE MOMEHTA KOJHUYECTBA JBU-
JK@HHS BOKPYT Haya/a KOOpPAHHAT

Me=YpPz — 2Py,
my =2zp, — xp,, (6)
m, =Xxp, —ypy
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OblJin MHTErpajsaMu ypaBHeHuR ABuxkedus. [locmorpum, He GynyT
JV 3TH BeJIMYHHBI HHTETPaJaMd H B KBAHTOBOH MeXaHHKe, €CJAU Mbl
6yneM pasyMeTb NOJ HUMH ONEPaToOpbl, pACCMOTPEHHbIE HAMU B § 7
ra. I, 4. 1. Uto6n1 y6enuTbcs B 3TOM, HOCTATOYHO OKA3aTh, YTO
OHU NePEMEeCTHTENbHBI C ONepaTopoM sHepruu. JIas A0Ka3aTeabCcTBa
TIepeMeCTUTENbHOCTH HX € ONEpPaTOPOM KHHETHUECKOH SHEepruH MBI
Morau OBl BOCIIOJAb30BATHCS BbIpaXKeHUsAMHU Aisi ckoGok Ilyaccona,
BoisefedHbIMu B § 7 ra. III 4. I; Ho mpoine mokasars 310 Henocpen-
CTBEHHO.
Mbl nMeem
— A b

mb = (x oy — Yox

H, CJEeL0BATEJhHO,

bi] 7] ad A dA
Amz'll)—mzAll)=—i—[A xa—;’ )—x ki +y lI’]
) 021!’ —_o %% Y _
_i(2 0x dy 26x6y =0.

HepeMECTHTeJIbHOCTI: m, cC l'IOTeHI.IHaJH:HOI/I SHEPFHGH JOKas3bl-
BaeTCd aHAJOruyHO, a4 HMEHHO,

Uy =[O (58— 2) — £ 0 200

Oy
=?‘(ya—x—xo_y)‘l’=°'

Tak Kak ecau U =U(r), 10
oU _ _oU
y dx dy

CrienoBatesIbHO, M, NEPEeMECTHTENCH Kak c onepatopoM Jlamaaca,
TaK H C MOTEHIHAJbHON 3HEprued, a 3Ha4YUT U CO BCEM ONEPATOPOM
3Hepruu. BBULY CHMMETPHH OTHOCHTENBHO KOODAMHAT X, Y, 2 TO Ke
CIIpaBeINBO IS My H My,

Taxkum obpasom,

Hm, —mH =0,
Hmy —~m,H =0, (7)
Hm, —m_,H =0,
T. €. COCTABASIOUUE My, My, M, MOMEHTA KOAUUECTBA OBUINCCHUS CYTb
LHTE2PAAbL KBAKTOBBIX YPABHEHUT 08UNMCEHU.

Ho 3tu onepaTopel He nepeMeCTHTEJNbHB MeXAy co6oil; B caMoM
Zlesie, MBI 3HaeM, YTO HMEIOT MECTO COOTHOUICHHUS

mym, — m,m, == ifm,,
m,tm, — mym, = ihm,, 8)
Mymy — My, == ihm,.
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Otciona caenyer, Kak Mbl 3HaeM, YTO BeJTHYHHDBI My, My, m, He
MOTYT HMETb OJHOBPEMEHHO ONpele/IeHHbIX 3HAUEHH (sa uckiio-
HeHHeM sHauenus Hyab). [Tokaxem, uro oneparop

m?=m? + mz + m2, (9)

KOTODHIl Mbl MOXEM TOJKOBATb KaK KBaApPaT MOMEHTa KOJIHUECTBA
ABHKEHUS, KOMMYTHDPYET C KaXAbIM U3 ONEPaTOPOB My, My, m,. Mk
HMeeM

mimz - mzm?c = mx (mxmz - mzmx) + (mxmz - mzmx) mx =
=—ih (mxmy + my’“x)»
mim, — m,m? = if (m,m,+mm),
mim, —m,m2=0.
- Cky1azpiBast 3TH paBeHCTBA, MOAYYHM
m’m, — m,m?=0.
Beuny cumMerpuu oTHocHTennHO X, y, 2 MoOXeM HamHcaTh TpH

paBeHCTBA
m’m, — m,m2 =0,

m’m, — m,m? =0, (10y
m’m, — m,m? =0,

KOTOpbIE O3HAYalOT (PH3MYECKH, YTO KBALAPAT MOMEHTA KOJIHUECTBA
ABHZKEHHST MOXKET HMETb ONpeldeJeHHOe 3HAYeHHe OIHOBpPEMEHHO
C OJIHOH M3 ero COCTaBJSIONLIUX.

C npyroit CTOpOHB, TaK Kak KaKIblil U3 OTlepaTopoB My, M, M,
KOMMYTHDYET C ONEpPaTOPOM 3IHEPrHH, TO M CyMMa HX KBaaparos
obsaznaer aTuM cBoiictBoM. Clef0BaTebHO, onepartop m? Gymer uH-
TErpajoM YPaBHEHUH NBHIKEHHUS:

Hm?> — m?H = (. (11y

Kpome toro, unterpasom siBasercst cambiii oneparop 3Hepruu f,
Takum oGpasom, Mbl uMeeM Tpu oneparopa m;, m?> u H, Koropue
KOMMYTHDYIOT MEXIY COGOH H SIBJSIOTCS HHTErpajaMH KBAHTOBbIX
ypaBHEeHHl JBuxKeHust. M3 ofuweit Teopun cIenyerT, 4To GOYHKIHIO,
YHAOBJCTBOPSIOIUIYI0 BONHOBOMY ypaBHeHHio (1), MoOxHO BHIGpaTh
TakK, 4To0bl OHa Gbl1a OLHOBPEMEHHO COBCTBEHHOI byHKUHell Bcex
TPEX ONEpPaTOpOB U YAOBJAETBOPSJIA YPABHEHHAM

Hp=Evy, (12)
mzlp = A‘P, (12*)
map = mip. (12*)
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§ 3. Oneparopsl B chepryeckHx KOOpAHHATAX.
Pa3pnenenne nepemeHHbix

Tak kax B paccmaTpuBaeMoli 3amaue noje o6mamgaer chepuue-
CKOIl CHMMETpHEH, TO AJs MCCJIeJOBAHUSl HalIMX omepaTopoB (12)
§ 2 ynobHo BBecTH cepuyeckHe KOOPAHHATH 7, ¥, ¢, [ONOKHB

x==rsin¥cos g, y=rsin®sing, 2=rcos?y. N

Buipasum onepatopsl m,, m, m, yepe3 TPOH3BOLHLIE 10 O H
no ¢:

. . 0
mx‘l’=“}:-‘(y%§—2%3 =zh(smcp%+ctgﬁcostpg—$), ]l
. d .
mpp="7 (257 — x 55 ) =i (= cosg G +ctgsing 3L, i @
h oY PN __ .. O .

Oneparop m?=m}, + m? + m? Gyser pasen
mip =
. d d . 7] 0
= — ﬁ2(smq>a—ﬁ +ctgﬁcoscp5$) (quja_:;' +ctgBcosg %) —
0 . 0
— h2(coscp g — ctg @ sin CPW) X

J . d 2
x(cosm%—ctgﬁsmw—z% — h? gq:'z’

WIH, TIOCJe YIpPOLIeHHH,

_ 1 a ( . 0 1 0%
mp = — hZ[sin'& W(Smﬁﬁﬁ—) + sin? & W] ©)

Mpl nonyunan Kak pas Tor AnddepennuanbHbi onepaTop, KOTOPbIi
¢urypupyer B H3BECTHOM H3 TEODHE IIOTEHIHaJa YpaBHEHHH s
wapoeslx GyHKuHA Yi(9, ¢):

1 7] . aY 1 0%y
sin? 0 00 (Smﬁ d—ﬁl) + sin? & Oq)zl +1+ 1Y, =0, (4)
rie nesoe wucao [ (I =20, 1, 2, ...) ecTb NOpAKOK 1maposoii PyHK-

uun. U3 cpasnenuss (4) ¢ ypaBHeHueMm (12) § 2 mias co6cTBeHHBIX
¢dyukuuil oneparopa m? Mbl MOXEM 3aK/I0YaTh, YTO COOCTBEHHDIE
3HAUYEHHS A onepaTtopa m? paBHH

A=rI(+1)  (=0,1,2 ...). (5)

Uro6nl HaliTH Mpeo6pa3oBaHHbIN Onepatop sHepruu H, BOCHOMb-
3yeMcsl H3BECTHBIM BhIpaxKeHHeM onepaTopa Jlansaca B ceprueckux
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KoopauHaTax. Msl nonyunm

—_ PPy 20% , 1T 1 0 (. oy
H‘P*—*{ ar? +—7+Tz[—'—smﬁ 70 (S'““’W)Jr

+ s g} U0 . ©)

CoOBOKYNHOCTb NPOH3BOZHBIX TO O U 1O ¢ 3mech Ta ke, yro
B omepatope m® UTo KacaeTcsl NMPOM3BOLHEIX IO 7, TO MBI MOXeM
HANHCATh UX B BHJE

0% 2 O 2 ’
— (G + 250 = iy, ()
TIe p, €CTb OmepaTop
. ho9 heop | ¢
Pf¢=7,‘ﬁ(”l>)=7(—ar—+—;), (8}
KOTODBIH MBI MOMKEM, 1O AHAJOTHH ¢ px=—ih36;-, TOJIKOBATh

KaK ONeparop A1s painaibHOH COCTaBJISIOMIE] KOJINUeCTBa JBH-
2
xenus. Beons m® u p;” B H, Mu Gymem umern

H= 50 (o + - m?) + U (), (9)

Hanucannwiii B takom Buge ONEPaATOp 3IHEPTHH COBNALAET MO
popme ¢ kiaccuueckoil I'aMHABLTOHOBOM QyHkunest B chepuueckux
KOOpAHHATAaX,

YpaBHenns 1Js o6UIMX COGCTBEHHbIX dyHkuuit onepatopos H
u m? MOryT GBITb HANHCAHLI B BUJE

1 2

Hb =5 (0} + 7 m2) o+ U () p = Eyp, (10)

) d . d 1 o2
miy = — | g 55 (sin 0 58) + sy S0 — a1 1y (1)

ITosb3ysich BTOpHIM U3 3THX ypaBHeHHH ¥ Bolpaxenuem (8) mis
OmepaTopa p,, MbH MOKeM MepBOe OPeNCTaBHTL B BHUIE

~E L5 - S emre

Ypasuenue (11) comepxur BHBIM 06pasoM TOJIbKO MepeMeHHbie
¢ ¥ ¢, ypaBHeHHe (12) — roabko nepemennyio r, NIO3TOMY MBI MO-
KEM HCKaTb pelleHHe STHX ypaBHEHHI B BHAE NPOH3BeAeHHs dyHK-
LUK OT r Ha QYHKUIO oT & i @. UTO6H pyHKIUS Y YAOBJETBOpPSiTa
TaKXKe BOJHOBOMY ypaBHEHHIO

Hb=Ep=in 3%, (13)
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i
. . ——Et
Mbl J1OJI2KHBI BBECTH NOKAa3aTeJbHbBIH MHOXHTEL ¢ 7 H IIOJIOXKHUTB

b=e F 0, 9, q), (14)
rjae, corJgacHo cxaaaHHomy,
W(r, 8, @) =R()Y,(®, ¢). (15)

MHoXHTeJb, 3aBUCAIHA OT YrI0B © W @, MBI MOMOMHIH paB-
HbIM WapoBoH (yHKUHM MOPANKa [/, Tak Kak OHA YNOBJIETBOpSIET
ypaBHeHuio (4), coBnanawoumemy ¢ (11). Muoxutean R(r) (Mbr 6y-
JleM Ha3biBaTb €ro panuanbHOH (yHKIMEH) NOJIKEH YIOBJAETBOPATD
ypasHenunwo (12), xoropoe Mbl HalHILEM B BHIE

de 2 d H{+1 2
Tt E T E R E—UR=0. (10

Takum o6pasom, sHaHue HHTEerpaja SHEPrHM H HHTETPAJIOB ILIO-
uganeit MO3BOJM/IO HAM NPOH3BECTH pa3je/e€HHE NEPEMEHHEIX, T.e.
IIDUBECTH pelieHHe BOJIHOBOTO YpaBHEHUs M1 QYHKLHH OT YeThipex
NepeMeHHBIX f, 7, ¥, @ K pemleHnIo 6ojee NPOCTHIX YpaBHEHUH s
QYHKUHA OT MEHbIIero Yncjia nepeMeHHbIX.

§ 4. Pewenne nnddepeHUHaNbHOTO ypaBHEHHS
Ui WapoBbX QyHKUHUE

Mbi Buzean, uto ypasuenue (I11) § 3 ana coGerBenHbIX QyHK-
UMI KBaJpaTa MOMEHTa KOJIMYECTBA IBHKEHHS COBNARAeT C ypab-
genueM (4) § 3 nag waposuix dyrknuil. [TosTomy Teopusi co6CTBEH-
HbIX QYHKIUI WHTErPaJJoB IIOWANeH €CTb He YTO HHOe, KaK TEOpHus
W apoBhIX (PYHKIHIL.

Hafinem oOmue coGcTBeHHble ‘DYHKIMH ONEpPaTOpPOB M, H me.

[laposas ¢yukuus Y, (8, ¢) 6ymer coGerBennoil dyHKuMeH one-
patopa m,, ecau oHa GYAeT YIOBJETBOPAThL yPABHEHHUIO

.. 0Y ’
——lﬁa—qf:mzY[, (1)

peunicHue KOTOPOro €CTb

Y, (9, 9)=0(8)e F .

Hro6b1 Y, 6bl1a 0fHO3HAUHON QYHKIHEH TOYKH B NPOCTPAHCTBE,
Heo0X0AuMO, 4TO0bI OHa Gblia MepHoJHYecKoll PyHKIueH oT ¢ ¢ ne-
puoaom 2x. Orcrofa ciaegyer, 4To COGCTBEHHbBIE 3HAYEHUs m . omne-
paTopa m; LOJKHBl PABHATHCS

m;=mh (m=0, &1, &2, ...). 2)
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TOT pesyabTaT Mbl HMeH yXKe panbme (B § 7 ra. 111 u. I). Ta-
KiM o6pasoM,
Y/ (8, ¢)=0(8) e, (3)

Iloncrasass sto Bhipaxkenue B ypasuenne (4) § 3 mas LIAPOBBIX
GYHKLHH, TOAYYHM

1 d . do 2
Ecnu BBECTH B KauecTBe HE3aBHCHMOI NepeMeHHOM BeJIHYHHY
x=cos ¥, (5)
TO ypaBHeHHe (4) mpHMeT BHJ
d doe 2
-a}-[(l—x2)717]—1—’_"_7®+z(1+1)@=0. (6)
3HaueHusa ¥ = + 1 u X = — | SBASIOTCH OCOGEHHLIMH TOYKAME

STOr0 YPaBHEHHs, TaK KaK €C/H €ro PEWHTb OTHOCHTENbHO BTODOI
NPOU3BOLHOM, TO KO3 HULHEHTE 06PATATCS NpH X = == | B Gecko-
HeuHocTb, Ecin pacemarpuBath [ Kak HeompeaeseHHBIH napamerp,
TO MOXHO NOKa3aTh, 4TO ypaBHeHHe (6) TOJIBKO B TOM cayyae
HMEET pelIeHHe, KOTOPOe OCTaeTCs KOHeUHBIM NpU X == =+ |, korga [
€CTb LeJOe YHCA0. ITO 3HAYHT, YTO MIAPOBble (GYHKLUHH sIBJASIOTCS
€NLVMHCTBEHHB MU pELIeHUIMH ypaBHeHHs (6), yAOBJIETBOPSIO-
LIMMH MOCTABJIEHHHM YCJAOBHAM, T. €, EAHHCTBEHHLIMH COGCTBEHHLIM W
GyHKLHAMH onepaTopa m?2.

Haiinem peuwenne ypaBHenus (6) npu uesom [

Paccmorpum cnepBa wactHbil cayuait m = 0. TTosoxum

y=2—1)

M BO3bMEM JIOTapHOMHUECKYIO NPOH3BOJHYIO OT y:
¥
y  x2—1

HIIH
(1 ——xz)% + 2lxy =0.

IIponuddepenunpyem ato ypasuenue k-1 pas no x u moso-
KM
_db _ d* . v
2= PP Rt (x*—1)". (7

Mu nosyunm

d2
(1 - x2) dxi

Ecau monoxurb 3nece k = [, NOIyYuTCS ypaBHEHHE, COBIALAI0~
mee ¢ (6) (mpu m == 0). Pemenne 3TOro ypasHeHHs, o6paliaios

— 2k — 21+ 2)x2L LU —B)(k+1)2=0. (8)
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teecst B euHMLy 1pu X = [, o603HayawT cumMBoJOoM P;(x) u Haswl-
Balor nonuHoMoM Jlexx anapa (Legendre) mopsanka [. [Tonu-
uom Jlexanapa orsuyaeTcs OT BhipaxKeHus (7) mpu 2 == | TOJbKO
fI0OCTOAHHBIM MHOXuTeneM. Onpenensis 3TOT MHOXKHTEIb U3 YCJIO-
sus P(1) == 1, nonyuum

1 dt 1
P,(x)"——‘QTITﬁ(xz_l)' 9)

SroT mosnHOM YILOBJIQTBOpHeT CJIeOBATEIBHO, YPABHEHHIO

[0 =L+ 1+ 1 P=o, (10)

TIpeACTABJAIONIEMY YacTHRIA cayuali (6). Pacemorpum Teneps 06-
wuit cnyuait m %= 0. CresnaeM NOACTaHOBKY

m

0=(1—x? 0. (11)
Jns v monyvyaercs ypaBHeHHe
(1—x) 22 —@m+ xS f(l—m)((+m+1Dv=0. (12)
Ecan 6n1 Mpl BMecTo (11) moaoxuan
0=(1-— x?)“':‘w, (13)

TO AJ5 @ MOJYy4HJIoCh 6b ypaBHeHHe, oT/inuaronieecs ot (12) aunmb
BHAKOM y M, a HMEHHO,

(

O6a ypasrerus (12) u (14) nonyuuanch TOro e BHla, Kak H ypas-
nenne (8), npuuem anas (12) yucsio k pasno [ 4 m, a ana (14) oo
paBHo [ — m. [To3TOMY MBI MOXKEM TMOJIOXKHTD

—2)x%z%+(l+m)(l—m+l)w=0. (14)

dl+m

i
b= 1, (15)
dl—m
w=c2m-(x2—l)l. (16)

npl/lpaBHI/IBaﬂ-Bpra}KeHHH (11) u (13) gna ©, monyuum

=1 =

m
O=¢ (1l —x?? T

=y(1 —x2)‘;n (x?— DL (17)

dlm
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YTo6B HafiTH OTHOWIEHME MOCTOSIHHBIX C1/Cp, HOCTATOUHO npupas-
HATb 00a BuipaxeHus (18) ans KaKoro-HubyAb 4YacTHOTO 3Haue-
Hus X. Beluncaenune paer

e (l+ml=cy(—1)"( — m)! (18)
Ipunsaro noaarars |
G ="~ (19)

2l
u, CJIeI[OBaTeJIbHO,
1 (I 4+ m)
= (—1yn L m)! 9
=gy (=1 (l —m)l (20)

H 0603HaYaTh COOTBETCTBYIOWIEE pelleHHe ypaBuenus (6) cumpo-
noM PP (x). Takum o6pasoM, GyHKUuH

m l+m 2 l
meN_ (1 _ 27 d (x*—1)
PEO)=(1 =) T o 2 (21)
PaBHBIE Takxke
moy gy (L m) T ghem (2
Pi(x)=(—1) YT (1 —x% ey e (22)

YLOBJIETBODAIOT yPaBHEHHIO .

d dP? 2
—E[(I—x2)-dTl]—%x3—P}“+l(l-l—l)P}"=0 (23)

H TPeACTABJISIOT T€ pDCLIeHUs,, KOTOPLIE OCTAIOTCS KOHEYHBIMHU npu
X == 41,

Bripaxkenna (21) u (22) onpegeasior dyurnuio P’ (x) xak mis
NOJIOXKHTENLHBIX, TAK W JJs OTPHUATEJbHBIX 3HAUYEHHI Ie0ro
HuCaa m, npuyeM U3 cpaBHeHus (21) ¢ (22) caenyer, uto

—m N m (L=m)l _m
Py (x)—‘( 1) T Fmr Pr (). (24)

Mpu |[m|> 1 Beipaxkenus (21) u (22) obpamatorcst B Hy.s,
TaK 4TO pEIEeRRnit ypaBHeHHs! (6), KOTOpBlE Gbl OCTABAMHCH KOHey-
HLIMH TIpn X = + 1, He cyinecTsyer, nosromy npu pauHom [
UHCJIO 1 MOXKET NPUHUMATD JAULIb 3HAYECHUS

=1, =41, ..., 1—1,1 (25)
Bcero 2/ 4 1 snHauenue. HepaBeHcTBO
lmI<! ' (26)

BLITEKACT H3 (PU3NYECKOro CMEHICIA STHX BeanuwH. B caMom nede,
M? €CTh € TOYHOCTBIO 10 MHOKHTENS A2 COGCTBEHHOE SHAYEHHE O6.
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paropa m?, a [(l4 1) — coGCTBeHHOE 3HaueHWe oneparopa m?=
2
=m: + m: + m?, oTciofa cJuexyer *), uto

2
m<it+1<(+5),
OTKYIa 1
|mi<i+%,

a TaK KaK |m| n I cyTb LeJHe uncaa, TO NpeAbIYIee HEPaBEHCTBO
3KBHBAJIEHTHO HepaBeHCTRY (26).
[Tpunomunas Buipaxenue (9) ans noansoma Jlexanmpa, Mol

MOXEeM IapoByio QYHKLUIO Pj (X) ¢ NMOJNOXKHTENbHHIM 3HAYKOM
OpeACTaBUTb B BHUIE

Pr=(1—X)T-Lpi(x)  (m>0. (27)

B reopun notenuuana o6bIYHO paccMaTpHBAIOT JHIIL (PYHKIHHA
C NIOJIOXKHUTEbHBIM 3HAYKOM /7 W MOJIb3YIOTCA 3TOH GOpPMYJOH B Ka-
4eCTBe HX ONpefeseHus.

IIpn nccnenoBannu auddepenunanpioro ypasHenus (6) ™o
NpeArnonarasy, 4To m ectb Uenoe yncao. ONHAKO B HEKOTOPHIX 3a-
Rauax, cAsanHbIX ¢ reopuell [Tayau u Teopuest dupaxa, ynciao m
MOKET OBITb K HOJYLUEALIM (T. €. IIOJOBHHOIN HEUETHOTO gucaa). Ilpu
stoM Qynkuus (1) yxe He GyneT oxHO3HAUHOH (YHKIHEH TOUKH,
TaK Kak OHa OYyJeT MEHATb 3HAK IpH yBenuueHHH ¢ Ha 2x. Ho BhI-
paxenust (17) o © COXpaHAIOT CMBICA H B TOM CJyyae, Koraa o6a
uhcna | v m monayledble, T2K YTO HMH MOXKHO MOJb30BATBCA H
B 3TOM CJjyuae,

§ 5. Hekoropble cBofictBa MWAapoBbIX (yHKumMii

H

B nanpHeiieM HaM nmpumeTcs Nob30BaThCA PASMHUHBIMU CBON-
CTBAMH IIAPOBBIX QYHKLUA: 03TOMY MBI PACCMOTPHM HX HECKOABLKO
noapobHee.

[Tpunomunas popmyay Komu (Cauchy)

D= \_f@__
F9 (x) 9l S (z — x)iF1 dz (1)

A/l IPOM3BOMHON MOPsiAKa | OT aHAMUTHYeCKON (YHKUMH ¥ mosa-
ras B Hell

. (22 — l)l

*) Ecnn 4 ects ofuias coGcteennan ¢yHKIUT onepaTopos m? u my, TO

wLu+ 1) =% (2 + m) + m2) o = 12w + (5 (2 + ) wav > 12m,
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Mbl MOJKEM NpPEACTABUTbL NOJIMHOM JlexRaunpa, onpenensemslii dop-
Myao# (9) § 4, B Buxe uHTErpana

1 1 (22— 1)
Pi(x)=—. S 2. 2
(%) 2 o (z—x)“'l d )
Beenem smech HOBYIO mepeMeHHylo HHTETPHPOBAHHUA {, MOJOKHUB
2—x &
2—1""2"

Penras 3T0 ypaBHEHHE OTHOCHTENBHO 2 U Gepsi TO onpegeseHue
KOpHS, AAs KOTOPOro 2==x npu {=0, Gygem HMeTs

e=+(1—VTZ2 D).

Orciona
dz df

-z (NVl-2mip
H HHTerpas (2) mpumer BHp
=_1 I dg
P9 =57 | e e ©
otkyja no dopmyne Komu (1)

agl VT =%+ ¢ ):=o'
Caenosarensno, P;(x) ectsb Kosduuuent B psige Teilsopa

oo

71‘72]7?—,2—':2#1)’ (x) (5)
=0

Oroil dopmysofi ymo6HO nOJB30BATHCS IJIsT BbIBOZA PA3JIHUHBLIX
cBOHCTB mosnHoMOB Jlexanmpa.
Huaddepennupys (5) no r, nonyuum

—r=r 2 : -1
(1 —2xr + r2y" e Ir'=1p, (x). (6)
YuMHoXasi (6) HA 2r W ckaamgwBasg C (5), 6yaeM umern
1 —r2 - !
—_— = 2 P . 7
T = @+ DR ™)

C npyroit cropour, ymuoxas (6) ma 72 (5) Ha r u ckJagpBas.
01y UHM

— T p_ (x) 8
ST gazrpl 4 (%) ®)
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Ho cymma suipaxenuit (6) u (8) pasua Bhipaxenuio (7), YMHOXKEH~
HOMY Ha X:

2 U+ D P (04 3 1P ()= 35 21 1) 2Py o),

I=0

IlpupaBHHBast B 3TOM TOXAECTBE KO3(DPULHEHTHI IIPU OTHAEJbHBIX
CTeneHsx r, 6yieM HMEThb

241D xP(x)=(+ D) Pyyy (%) 4 1P, (x). (9)

ITonyyenHoe cooTHOlIEHHE NpENCTABJSET PEKYPPEHTHYIO (op-
MyJqy, TIO3BOJISIIONLYIO BBIYHCAUTL Piiq(¥), Koraa ussBecTHnl Pj(x) u
Pl_l()C).

Ilponuddpepenuupyem teneps pasmoxedue (5) mo x u pasge-
JIUM pe3yabTaT Ha r. Mul noayuyum

o0

(1 — 2xr + r2)’"2 dx

=0

YMHOXKas 3TO BhIpakeHHe Ha 1 —r?, Gyjgem HMeTb

[o2]

1—r2 . 1 (4P dPi—,
(1 — 2xr 4+ r2)72 —Z r dx dx ) (10)

=)

Cpasuusas (10) ¢ dopwmysof (7), nonyuaem

@+ D P (x) =20 2Py (11)

Coorrowennst (9) u (11) MoOXHO 06OGLINTL HA WAPOBLIE DYHKIHHL.
Hubdepenuupys dopmyny (11) m pas no x u yMHoxKast 3aTeM Ha
m+1

(1—x% %, ™Mb MoOXeM, Ha ocHOBaHuu (27) § 4, Hamucatb ee
B BHIe

@+ 1)(1 — x2)%P;" (x) =PI (x) — P12 (x). (12)
Hubbepenunpys xe dopmyny (9) m pas m yMHOKAs 3areM Ha
(1 —x'*’)%z—, HoJIyuaem
QI+ 1D xPT(x)+ QL+ Dm(1 —x2)—12— P (x) =

= (I 1)P;n+l (%) + lP;n—l (x).
3amenss smech, Ha ocHosamum (12), (20 1)(1 —x"’)% Pl Y (%) na
P74 (x) — Pi~i (x), monyunm dopmyay

@+ D PP () =( = m~+ 1) Pl (x) + (14 m) P{y (), (13)
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CBASLIBAIOILYIO TPH TIOCJHEAOBATE/NbHbiE (YHKIHH C ORMHAKOBBIM
3HAYKOM 1m.

®opmyner (12) u (13) cnpaBemuBbl Kak auas MOJIOKUTEJbHBIX,
Tak JUid OTpuUaTeNbHBIX 3HayeHud m. Ecan B waposoit dpynkuunu
BEDXHHH 3HAWOK OKaXeTcs [0 aGCOMIOTHOMY 3HAUEHHIO GoJblue
HHXKHETO, TO €€ HYXKHO 3aMEeHHUTb HyJeM.

Ilpn wnsnoxenun rteopun Jupaka Ham NPHAETCS I0/b30BAThCS
cucteMoil anddepeHnuanbHbIX ypaBHEHHH A5 apoBeiX GYHKIIHIT,
KOTOPYIO MBI Ce€fuac BLIBELEM.

m
Ymuoxum dopmyny (22) § 4 na (1 —x%)? u nponuddepeniiu-
pyem mo x. Mel nonyuum ¢opMysy, KOTOPYIO MOMKHO HANHCATH
B BHAE

m m—1

757[(1 ~ x%)® Pp’ (x)]=—(l+m)(l—m + 1)1 —x2)%PT'"‘ (%)

WJIH, €CJH Mbl 3aMEeHUM m Ha m + |,
m+1

%[(1 —xy) 2 ppt (x)]=—(l+ m—+ 1)l —m)(l —xQ)%PE" (x).
(14)

m
Ymuoxum rtemepp (21) § 4 ma (1 —x?) 2 u nponubdeperuupyem
no x. Mel noayuum
m-+1

= [(1 — )77 pp (x)] =(1—x) 2 PI¥(y). (15)

Ypasnenus (14) u (15) o6pasyor CHCTEMY, H3 KOTOPOH MO¥KHO,
nyrem uckaouenns PTY'(x), NoJyuuTs ypaBHenue (23) § 4 nas

P} (x). Beegem B (14) u (15) BMecTo x HE3aBHCHMYIO NePeMEeHHYIO
® =arccos x. Ypasuenuss Hanmmytcs

;% [(sin®)"*' PP (cos 9)] =
={+m+ 1) —m)(sine)"*' PP (cos®), (16)
5 [(5in9)™™ PP (cos 8)] = — (sin 9)~" PP"* (cos®)  (17)
HJIH, eCJIH BBIIOJNHHTL AuddepeHnupoBanye,

% PP (cos 8) — m ctg 0PF (cos §) = — pl+! (cos®), (18)
%P?’H (cos®) + (m 4+ 1) ctg ﬁPT“"I (cos®) =
=(+m+ 1) —m) Pl (cosB). (19)

C STUMH YPAaBHEHHAMH Mbl BCTPETHMCH B Teopun [upaxa.
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§ 6. HopmuposaHHme mapossie dyHKuHH

Paccmorpennsle B mpembiylinx maparpadax byukunn PT (x)
TNPEACTABJAIOT 3aAMKHYTYI0 CHCTeMY COOCTBEHHBIX (YHKUHMI camo-
CONPSXEHHOrO OnepaTtopa B JEBOH YACTH ypaBHEHHs

— [0 = 2]+ 2 e=1u+ e, (1)

Onn o6/1afaloT CBOACTBOM OPTOraJbHOCTH
1

S PP PE(x)dx=0 (I,

-1

HO eme He HopMmupoBaHul. OGo3HauuUM uepes

Pi"™ (x) = cimPT (x) 2
GyHKUMH, HODMHDPOBAHHBIE TaK, YTOGH GBLIO
+1
¥ S PI" (x) P¥" (x) dx = duus, 3)

-1

U HafiieM HOPMHPOBOYHBI MHOMKHTeNDb C;,. MBI HMeeym

+1
2

(clm)2 =

[P ()] dx. (4)

-1

Jast Buuncaenns MHTErpasna 3aMeHHUM B HeM Kaampat P;° mpo-

usBeleHHeM Bbipaxkenuil (21) u (22) § 4. Mut moayunm
+1
2 gy S dt- m(x DO\
(eim)? (1 —m) (2’1:)2 R dxttm ‘

Hurerpupya [ —m pas no wacrsiMm u sameuas, 4To

d?l 2 __ 1 !
L2 (o,

OyaeM HUMeTh
1

+
2 _ (+my e S (1
(c1m)?  (I—m)l 2y R

— 1)l dx.

Iocnesnnit nuTerpat BBHIUHCASETCS JIETKO, ON paBen

+1
Ly 2 (2
S(l—x2)dx—2[+l W

-1
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CJIeJJLOBaTeJIbHO,
i

+
a2 (L +m)
S [PF (P ds= 2 LEmL (5)

("”lm)2

Orcona

¥ HOPMHPOBAHHBIMH (GYHKUMAMH GYIyT
!
PI" ) =VEFT A/ T2 pris), 7

Boipasum ux HemocpelicTBeHHO uepes mpoussonHHe. I1o ¢op-
myaam (21) u (22) § 4 M GymeM nMeThb

(I —m) _ 2%1-. aitm (2 1)’
P (x)=+21FT /\/(l+ x?%) LT (8)

H

A m _m dl—m 2_1 4
i (x)=(—l) VQI+1 /\/(l+m)! 1— 2) 2 dxl—-m (x2lll) ‘ (9)

Orciona BHAHO, YTO
Pi™" (x) = (—1)" P" (). (10)

Jist HOpMHpOBaHHBIX QyHKUME pekyppentrnie dopmy.sl (13) u
(12) § 5 mpunuMaloT BUT

() = Y= NOFTF=m? pum
xpl (x) ,\/12 Pl ]( )+,\/:1(l—+1)2*_1~ Pl+1 (x), (11)
(1 — 5" P}" (1) = — .z =elC=r =1 pt (94
+'\/l+m+1)(l+m+2) P . (12)

VATF 12—

B 8aKJIOYEHHE BBHIMHIIEM HECKOJIbKO NOJMHOMOB JlexaHapa H (yHK-
unii P} (x):
Po)=1, Pi(x)=x Py(x)=r(3x—1),

Py () =5 (58 —31), P,(x)—1(35¢ — 30224 3)

P =a/2 (1 =7,

—_— 1

P =A% (1=, Pi'()= B -7y,
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3 35 . 3 2 TnE
P (x)= %;’. (1—x3)%, p3 (x)=/\/—lgi(l——x2)x,
! 21 -
P3 (x)——— '1—6‘ (1 —-X2)2 (5)C2—' 1)

§ 7. Pannanbubie dpynkuun. OGmee HCCIe0BaHHe

Paccmorpum auddepenunannuoe ypasHeHue (16) § 3 mia pa-
AHAJBHBEIX QYHKUKH, KOTOPOE Mbl NI YZOGCTBA BbIlMIIEM 371ech
elle pas:

s LRI

Hrofbl HecleNoBaTh 3T0 ypaBHeHue, HYXXKHO CleJaTh ompene-
JICHHBIC TIPEATIONOKEHUS OTHOCUTENbHO BHIAA MOTEHIHAMbHON 3Hep-
THH Ha GOJIbLIMX H Ha MAaJbX PaCCTOSHHSAX OT sapa. Haunem co
cayuas GosblIMX paccTostnuil. TTooKuM, uTo IpH r —> 00 3HEPrud
MOXKeT OBITh IIPEJCTABJACHA B BHAE

vin=—=24+25,4 . )

Ynew — A/r npeacraBaser Ky/oHoBo mose, neficryiomee Ha
Gonbwinx paccrosiuax. Juas  BoJHOBOro YPaBHEHHSI BaJI€HTHOTO
3JMEKTPOHA KO3 duuueHT A papen

A= N*e?,

rae N*e — sdexrusubit 3apsng anpa (anreGpauyeckas cymMma 3a-
PsIIOB spa W BHYTPEHHUX 3JIEKTPOHOB), TaK uTOo A HOMOKUTENbLHO
(npursizkenue). [as Boanosoro ypaBHENHs o-yacTHlIB Ko3dhdu-
uneHT A (oTTanKuBanue) GyneT.oTpuIaTe IbHEIM.

IMocrapaemcs BhisicHUTH XapakTep pelueHHs npu GOJbIIHX 7.
a5 s10r0 momoxuM

R=rbeer (1454 ...), 3)

€ MHOrOTOMHEM O0GO3HAYeHHl UYJeHHl MOPsAXKA 1/r? W Bemme. Bp-
JHC/51  OTHEJIbHBIE WJMeHb B AH(depe HUHATLHOM ypaBHeHMU (1),
6ynemM uMeTb

d?R 2af 4+ Ca?
7 =r’3e""(a2+—-ﬁr~ -+ ),

2 dR 3 _ar [ 20
rW—re (—’——I— ).

Z(E+2+ o )R=rbewr I (p CEEA ).
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IToncraBnas 3TH BEIpakeHHA B ypaBHeHue. cokpainas Ha rBe®r,
HOJYYHM

2
@+ E+[26+ Dat SR A+ (@ + 2E)] L+ . o
Orcloma BBIBOAMM [Ba ypaBHEHHS
o + 5 E=0,
(4)

2B+ Da+ 3 4=0

AJIL ONPENE/IEHHsST NMOCTOSIHHBIX @ M B. DTH YpaBHeHHs RAIOT As q
1 f ABa.3HayeHHsi

a=np/—2E (5)
B=—1+ 4. (6)

COOTBETCTBYIOIHE ABYM 3HAKAM KBAAPATHOTO KODHS B BHIPAMKEHUH
(5) mna a«. Ilompasymesas mom o Kakoe-HuOyLb ORHO 3HaueHue
KBAJpaTHOTO KODHSI, MBI MOXX€M HalHCaTh [JIaBHbIE WIEHB OBLIErO
pelenust ypasHenus (1) B Bune

R=$(a£0+%@0+é¢”0*%@0) (7)

Mbl BHANM, uTO XapakTep pemlenns pasaduen, CMOTPs1 1O TOMY,
OyleTr U o BEUIECTBEHHBIM HJIH MHHMBIM.

Ecan nonnast sheprus E nosoxuTeabHa (4T0 B K/1aCCHYECKOI:
MEXaHUKE COOTBETCTBYeT OpOHMTaM, YIAJAOUIHMES B GeCKoHey-
HOCTb), TO & — YHCTO MHHMOE:

2mE

E>0, a=in/=r. (8)

Torna oBumee pewenne (7) Gymer, npu r— oo, HMeTb 3HaKonepe-
MEHHBI XapakKTep H CTPeMHTbCS K HYMO, KaK 1/r. Y6uBamme ero
OyneT, OHAKO, HACTONBKO MENJEHHBIM, 4TO HHTETpaJ

oo

{ IR par, (9)

ro

Tl ro— HEKOTOpasg KOHeuHasl NOCTOAHHAfA, GYLET pacXOasluMCs.
Ecan e nonmas sheprust orpunatenbHa, To BeJHunHa o Bellle-
CTBEHHa (Mbl MOXeM CUHTATb ee NOJIOKUTEIbHON) ¢

E <o, a=‘,\/—§;nE

. (10)
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B stoM cnyuae xapaktep pewenus Gymer saBuceTb or Toro, Gy-
et Jiu nocrositdasi €y paBHa Hy/0 wiau Her. Ecan Cy 5= 0, 1o BhI-
paxenne (7) Oyner, npu r—oco, GecnpenedbHo Bospacrath. Ecuu
x®e nocrosnHas Cy paBHa Hymo, To GyHkuus R yGmBaeT Ha Gecko-
HEYHOCTH 10 MOKa3aTe/IbHOMY 3aKOHy M uHTerpas (9) Gyner cxoas-
WHMCs.,

Ocraerca paccmorpers cayuait E = 0. B srtom ciydae HYXKHO
HCKaTb pellleHHs B HECKOJIbKO APYroM BHJE, a HMEHHO,

R=rﬁneam/7(1 +-£ 4 ) (11)
A/r
HpOI/ISBEJIH BBLIKJIAXKH, aHAJOrU4YHbie Ve CICJaHHbIM, HOJIy‘{I/IM

o  2mA [ ( 3) (af 2mA)] 1 .
T+—h;—+ o Bx‘l‘: +C T'l'?‘ ',\/—;—+ e =0,

OTKYyJAa
a]—_—2/\/‘—§]’ﬁi, (12)
3
B=— 2. (13)

CnenoBarenbho, ofwiee pellenHe B 3TOM ciydae 6yger
R=r""(Clex V7 - Cle~aiV7), (14)

Ecin A >0 (npatsaskeHHe Ha GOJbIIHX paccrosnuax), 10 o —
UHCTO MHMMOe H R Oynaer koHeunbim; npu A << 0 (oTTankuBanue)
R Gyner, BooGIe roBOpsi, BO3pacTaTh Ha GECKOHEYHOCTH,

Hccnenyem renepn ypasrenne (1) npu madbix r. [Tpennonoxum,
UTO NOTEeHHMAaJNbHAA 3Heprust npu r = 0 ofpamaercs B Geckoney-
HOCTb He BbIllle MePBOro NopsiaKa

U@r)=— ﬁr‘— + (pynxumns, xomeunas npu r= 0). (15)

910 6yner cOOTBeTCTBOBAaTb KYJOHOBY MOMI0 Ha MaJjbix paccros-
HuAx ot anpa. Kosbpuument A, sgech Moxker GbITh OTAMYHBIM OT
A B Qopmysne (2). [lna BaneHTHOro s/1eKTpoHa OH Gyner pasen

Al == Nez,
rae Ne —3sapsin sigpa.
Pemenve Gygem uckaTh B BHIe
R=r*4Cret+t 4 ,,, (16)
Ioncrasnsas (16) B nudpdepenuuanbuoe ypaBHeuue (1) u npupas-
HHBas HY/MIO KO3QQUUHEHT npu HauHu3Wed cTenenu 7, ONY4YHUM

a4+ 1)—I1{I+ 1)=0,
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OTKyIa
e=] wm o=-—1[—1, (17)

Obuee pemenne mamero ypaBHeHHsa Oyler BHAA
R=Cr'(1+a'r+ ...)4 C"r-t-1 (I+a”rt ...). (18)

Takum oGpasom, Xapakrep peutedus npu r = 0 He 3aBHCHT HH
ot suepruu E, Hu ot Ko3dduuuenTon B Bbipaxenuu (15) nmas mo-
TeHunanbiolt suepruu U(r). Uto6ul momyunts pelLieHue, KOTOpoOe
OCTAeTCsl KOHEYHBIM NpH r = 0, Mbl JOJIKHBI NOJOXKUTE C7 —

ConocraBasst s10T pesyabrar c BEIBOJAMH, IOJYYEHHBIMH NpH
HCC/ICNOBAHHU ypaBHEHUS] I GOJIbLIMX 3HAYEHHH r, OPUXOAUM K
CAeLYIOIEeMY 3aKJ/IOUEHHUIO,

Ilpn E > 0 Besikoe pemenne, B ToM uncsae u TO, KOTOpOEe 0ocCTa-
€TCA KOHeuHbIM IIpH 7 = (), obpallaerca Ha GeCKOHEYHOCTH B HYyJIb.
Iosromy, 4ro6b nonyunts $yukumo R(r), KoHeunyo Bo Bcem npo-
CTpauCTBE, JOCTATOUHO B3sIThb pelEHHe, KOHEuHoe Npu r = 0. Jro
SHAUUT, UTO ONEpaTop SHepeuu Umeer CHAOWHOL CneKTp 8 npome-
ayrke or 0 0o oo (3nauenue E =0 NPUHAMVICKHT K CIIOIIHOMY
CHEKTpy JMLIb B CIyyae NPHTsKeHHs). BmecTe ¢ TeM npu Beskom
E = 0 unrerpaa (9) pacxoantes. dto YKa3bIBaeT, 4TO TOYEHHO20
cnexktpa npu E =0 6oite ne mosxcer, uéo QyHKUMH, npuHALTEXA-
LHe K TOUCYHOMY CNeKTPY, 00/1aNal0T HHTErPHPyeMbIM KBaJpaTOM.
Pacemorpum caywait E < 0. To pelleHHe HaUIero ypaBHeHHS, KO-
TOpoe ocraercsi KOHEUHBIM UpH r ==0, NepeXOAHT NpH GOJAbUIHX 7
B Bblpax<eHHe BHAA (7) ¢ BeLIeCTBEHHBIM MOKa3aTedeM . OTHOIIe-
HHe noctostHubIX Cy:Cy B 3TOM BbIpaskKeHHH GyAeT BMOJHe onpene-
JICHHBIM, H OHO GyJeTr 3aBuceTb OT napaMerpa E. BoaMoxibl ABa
CJydas: MJH 3TO OTHOUIEHHE OTJHYHO OT HYJS,, W TOria byHKIHS
R(r) Bospacraer Ha GeCKOHEUHOCTH, TaK 41O cooTBeTcTBYIOmEe E
He ecTb COGCTBEHHOe 3HaueHHe Omepartopa sHepru. Mau ke sto
OTHOIICHHE pAaBHO HYJIO, M TOrxa Qynkuus R(r) yGbiBaer na Gec-
KOHEYHOCTH M NIDHTOM HACTOJILKO OBICTPO, YTO HHTerpaJ (9) cxo-
antes; cootBercrByloltee £ = E, Gyzer co6CTBeHHBIM 3UauYeHueM,
TIpHHAalJIeXKANM ToYeuHOMY cnekTpy. TakuMm o6pasom, npu E < 0
CAOUHO02O CNEKTpa GbiTo He MOJNeT, u AubO CyuwecTsyer Toyeun sl
CnexkTp, Aub0 8006we HeT cOBCTBEeHHOLX 3HaYCHuL. IlepBoe 6yner
HMETb MeCTO NPH NPHTAXKEHHH, a BTOPOE — NPH OTTANKHBAHHH,

Takum o6pasom, cneKTp COGCTBEHHBIX 3HAYEHHE onepartopa
SHEPIWH, B Clyqae NPUTSKEHHA, GYIeT COCTOsITb M3 psiga OTpHua-
TEJLHBIX YHceJ

E\,, Ey ..., E,, ... (TOUCYHRHI CIIEKTP) (19)

¥ H3 CIVIOIIHOrO NPOMEKYTKA

0<XE < oo (cnjIOwWwHOHR chexTp). (20)
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Tak Kax B ypaBHeHHe 15 pafuKaJbHHX (QYHKUHH BXOIMT B Ka-
YeCTBE Napamerpa YHCIO I, TO coGCTBEeHHblE 3HAUEHHS, MPHHALE-
Kalllne K TOUCYHOMY CNEKTPy, OYAYT 3aBHCETb TAaKXe H OT I, 0 Mbl
6ynem ux o6ossauaTh uepe3 Ep,. CooTeTcTByIOLINE pagHaNbHBEIE
¢ynrunu Mb Gynem 06o3HauaTb uepes Ry;(r) LJsi TOUEUHOrO H we-
pes Rm(r) ana cmiowHoro cmekTpa.

CorstacHO BePOSTHOCTHOMY TOJIKOBAHMIO BOJNHOBOM byHKUMH, OT-
HOCHTEJIbHASl BEPOATHOCTb 3/EKTPOHY, B COCTOSIHHH C OMNpee/eHHO
SHEPTHEH ¥ MOMEHTOM KOJNMYEeCTBA ABHXKEHHs, HMeThb (NOC/e COOT-
BETCTBYIOLLETO H3MEPEHHs) PajUyC-BEKTOP MEXKALY r H r - dr paBHa
|Rni(r) |?r*dr nas toueuroro cnexrpa (En << 0) n |REi(r) |2r2dr
nasi cniowHoro cnektpa (E > 0). C -apyroit cTopoHm, B Kaacch-
UEeCcKOH MeXaHHKe OTPHLATE/NbHbIM 3HAUCHHSM NOMHON SHEPTHH CO-
OTBETCTBYIOT KOHEUHbIe OPGHTHI, & NOJIONHTENLHEM — OPOGHTH, IIpo-
CTHpawmuecss Ha GeckoHeuHoctb. ITosToMmy, Ha ocHOBaHuM aHasO-
THH C KJaCCHYECKOH MEXaHHKOH, MBI HOJKHLI OXKHAATb, 4TO 5
TOU€UHOro cnekTpa (En; << 0) BepOSTHOCTH 06HAPYKHTH 3JIeKTPOH
Ha GOMbLIOM PACCTOSHUM OT aTOMa GyAeT HeCPaBHEHHO MeHbIIe, Yem
Ui civtowroro cnekrpa (E > 0). Hame uccnenosanne panuanb-
HBIX (YHKUHI TNOKA3bIBAET, 4TO 3TO JAEHCTBHTENBHO TaK H Oyzer,
H60 |Rn|%r? yGbiBaeT Ha GECKOHEYHOCTH IO IOKa3aTelbHOMY 3a-
KOHY, a |Rp|?r? ocraercsi, Boo6ie roBops, KOHEUHbIM,

§ 8. Onucanne cOCTOSIHHSI BaJEHTHOTO 9JIEKTPOHaA.
KeanrtoBble yucaa

Mbi BuAenH, YTO COCTOSIHHE 3J€KTPOHA, ABHXKYILETOCH B [O.e
C HeHTPaJ/IbHOH CHMMeTpHUel (BaJeHTHOro 3JeKTPOHA B aTtome), Omu-
CHIBaeTCst BOJIHOBOM (PyHKUMeH BuIa

LEe s
wnlm=e Bl Rnl (r) Ylm(ﬁ’ (P) (I)
AN TOUEUHOTO CIEKTPa H
Y
Yem=e * Rpg ('f) Yim (8, 9) (2)

IJA CIIOWHOrO cnekrpa. Papuasbuble QyHKUMH npeanosaraiores
3leCb HODMHPOBAHHBIMH TaK, YTOGBI 6blJIO

00

VI Ru () Prear =1 (3)
0
JIJIST TOYCUHOTO H
oo | E4+AE 2
AETJ%S | Restyag| rar=1 4
0 E

AJst CIVIOINHOIO CHEKTpa.
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Maposas ¢ynkuus Y, (0, ¢) BbIDAXKAeTCsl, COrJIaCHO Pe3yJibTa-
Tam §§ 4 u 6, caeayoumm o6pasom:

1 . m
Y = pimopp*
1m (0, @) pyre Py (cos 9), (5)
npw{eM HOPDMHUPOBKA 3J€Ch TaKoOBa, 4TO
n 21
| | 170 @ @) Psinoasdp=1. (6)
=2 =0

Qynxkuun (1) u (2) cyrb ofumue coBCTBeHHbIE ¢dyHKIHE cae-
AYIOIIHX OMNepaTopoB: oneparopa sHeprud H, kBagpata MoMeHTa
KOJIHYeCTBA JBHXKEHHs m? M cocraBasioulell ero m, no ocu z. Ilo-
STOMY B COCTOSIHMHM, onHCbiBaeMoM OyHkuuamu (1) u (2), stu Tpu
BEJIMYMHBL HMEIOT Ofpejle/eHHble 3HAUEHHs, a HMEHHO,

3HaueHne H paBHO E,, uiau E;
» m? s I+ 1)n @
» m, » mh.

Takum o6pasoM, cocrosHue XapakTepHu3yercss TpeMsl KBaHTO-
BbIMH YHCJAMH 7, [, m WM Ke OLHHM HENpepbIBHbIM napamMeTpoM
E u nByms kBaHTOBBHIMH uucadaMu [ ¥ m. KBaHTOBOE 4HCIO £ HA3DL-
BA€TCs I'J1aBHBIM KBAHTOBBIM YHC/IOM: €r0 NPHHATO ONpPEeNesiTh

KaK cyMMy
n=n,+14+1, (8)

L€ N, €CTb YHC/I0 Hyded QyHKIMH Rp(r). DTO 4HCAO N, Ha3bI-
Baercsl paiHaJbHBIM, a YACA0 [ a3MMYTaJbHL M KBAaHTO-
BBIM yucsIOM. Taxoe onpenesenue n BO3MOXKHO HAa OCHOBAHHH TOTO,
4TO coOGcTBeHHasd QYHKIHA AHbepeHnHaTIbHOro omeparopa THMa
(1) § 7, npunaanexamas TOYeuHOMY chekTpy, Xapakrepusyercs
uucaom ee Hyineh. Tak Kak f, He MOXKeT GbITb OTPHUATENBHBIM, TO
TJIaBHOE KBAHTOBOE YHCJIO MPEBbIIIAeT a3UMYyTaJbHOE M0 KpaiiHe#n
Mepe Ha eIHHHUILY.

Tak xak KBaHTOBOe WHCJIO M He BXOAMT B ypaBHeHHe s pa-
AuanpHbIX QYHKOMEA, TO YypoBHH 3Hepruu E,; OT Hero He 3aBHCHAT,
TaK YTO MO 3HAYCHHIO TepMa HeJb3d CYAMTh O BeJHYHHE #1. DTOro
H CJI€JI0BA/IO OXMUAATb, TAK KaK mh ecTb 3HayeHHe coCTaBASIONIe
BEKTOpA MOMEHTA KOJIHYeCTBa ABUKEHHS MO OCH 2, a B clydae LeH-
TPaJ/IbHOH CHMMETDHH HalpaBJieHHe OCH 2 HU4YeM (BU3HUECKH He Bbi-
mensercs. Ecin e uMeercs MarHuTHOe mosie *), Hanpas/enHOe IO
OCH 2, TO ypOBHH 3Hepruu OYAYT 3aBHCETb TAKKE H OT m; NO3TOMY
YHCJIO /M Ha3blBaeTCsl MATHHUTHBI M KBAHTOBLIM UHCJIOM.

*) Kax mbl otmernan B mauane 5TOfl TVIaBBI, NPH HAJNHYHH MATHHTHONO noJs
HY2KHO I0JIb30BaTbCA ypaBHenneM Jlupaxa.
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‘Iia KynoHoBa mosisi 3Heprus 3aBHCHT, Kak MBI YBHAUM B Cle-
Lylolledl riaBe, TOJNbKO OT OAHOrO KBaHTOBOLO YHCJ/a M.

Hast ofiero neHTpanbHOro Mot KaXkAOMY YPOBHIO sHepruu £
coorBeTcTBYeT 2{ + 1 coGeTBeHHbIX QyHKUME, KOTOpbIE NoJay4aroTcs
€cyid B BbIpaxXeHuH (1) yHcay m naBaThb 3HAYeHHs

m=—I, —I41,...,1—1, L (9)

14

ITostomy kpaThOCTH YpoBHSI En; 6yner pasua 2[4 1.

Has KynonoBa mosst kpaTHocTh ypoBHsi £, 6yner GoJgbliie, Tak
KaK NpH NaHHOM M a3UMYyTajbHOEe KBAHTOBOE UYHCJO [ MOMXKET GbiTh
- paBHLIM
[=0,1,..., n—1, (10)

a CymMMa KpaTHOCTeH 3THX 3HAYeHHH paBHa
143454+ ... +2n—1=n2 (11)

B cnexkTpockonuu npuHATO 0603HAYATD TEPMbI, HMEIOIIHE ONHO
M TO Ke 1, HO pasHble [, 6ykBamu 8, p, d u 1. 1. Tak, HanpumMep,

TepM n=1, [=0 o6osuauaercsa (Is),

> n=2, [=0 » (2s),
» n=2, [=1 » (2p), .
» n=3, [==0 » (3s),
» n=3, I=1 > (3p),
» n=3, [=2 » (34d).

3aMeTHM, YTO Ka’skKAblH H3 3THX TEPMOB TOJNYYaeTCsA IO TEOPHH
Illpenunrepa npocTeiM, Torza Kak Ha ONbiTe BCe TEPMBl, KpoMe
TepMOB S (coortBercTByIomux [ = 0), okasbiBaoTCH ABCHHBIMH, T. €.
COCTOAT M3 1BYX BecbMa OG/IM3KHX OT/E/IbHBIX TEPMOB (TOHKast
cTpykTypa). Kak Mul yBuaum unxe (B wactu V 3Toif KHHTH), 00~
fICHEHHE STOrO fIB/IeHHS BO3MOMKHO Ha OCHOBaHHH Teopuu [lupaxa.

§ 9. Npasuao otéopa

He suas TOYHOTO BHAA pagmanbHLIX (GYHKUHI, MLl He Mosei
BLIYHCAHTL 3HAYEHH 9/eMeHTOB ['efisenfeproBuix Marpuu, xapak-
TepU3YIOLHX, cornacHo pesyabrataMm § 3 ra. III, watescusuocTu
CHNEKTP2JLHLIX JHHUH, COOTBETCTBYIOUIHX DPa3JHIHLIM IepexciaM.
OnHako nosmb3ysick TeM, 4TO 3aBHCHMOCTb COGCTBEHHLIX byHKIMI
OT yIM0B § M ¢ HaM M3BECTHA, Mbl MOXKEM YKa3aTb, KaKie sie-
MEHTDb! STUX MaTPHU PABHB HY/IO, T. €. BLIBECTH IIPABHJIO OTGOpA.

s storo mam npexue scero HYKHO 00OGIHTbL Ha cayyail we-
CKOJIbKHX KBAHTOBBIX YHCE/ H KDPAaTHBIX YPOBHeH 3Heprunu bopmysnnt
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s HHTEHCUBHOCTEH, BbiBeleHHble HaMu B §§ 3 u 4 ra. III. dtu
(POpMYJIB UMEIOT BHL

Inn’ = 620);”, { l xrm’ l2 + I ynn’ 12 + l 2nn’ l2} (l)
JUJIsE TOYEYHOT'O CNEKTpa M
1, (E)ALE =

=e"0n (E){[(Eo x| E) P+ (Bl g 1E) P+ (Bl 2| EYYAE ()

AJA CIVIOIIHOrO crnekTpa. B nHameM caydae cocrosiaue 3JIeKTPOHA
ONIMCBLIBAETCA TPEMS KBAHTOBBIMH YHC/IaMH; OTOMY 3JeMeHTH [efi-
3eH0epropoii MaTpHIbl OyAyT BHIA

Xon = (nlm| x |n'l!'m”) (3)
AN TOYEUHOr'o H
(E,,leE)=(nlm|x|El'm') 4)

Ans cngownoro cnekrpa. Ilon wyactotaMu wnw ¥ w@n (E) HYXHO,
-OUEBH/IHO, Pa3yMeTb COOTBETCTBEHHO

Wpp = %"(Enl — Eur), (5)
0y (E) =4 (Eny — E) (6)

HIY, BepHee, aGCOJNIOTHbIE 3HAYEHHSI STHX BEJHUMH.

OnHOM U TOH e YacToTe MOTyT COOTBETCTBOBATh pasJHuHbIE Ie-
PeXOAbl, OT/IHYAIOUIHECs APYT OT APyra 3HAYEHHSIMH KBAHTOBBIX Uu-
cen m u m’. B oObIUHBIX ycJOBHSX (6e3 MaTHHTHOrO HOJsA) 3TH
OTHeNbHbIE TePeXONbl HeJNb3s OTIHYHTh APYr OT Apyra, m Hab.o-
laerca TOJMbKO CyMMa HHTEHCHBHOCTeH IJs1 BCeX NepexoloB ¢ of-
Ho# vacrorod. [TosroMy Beamuuny |xw |2 myxuo B ¢popmyne (1)
3aMeHHTb Ha

[ - r
lxw P> 30 X alm|x|n'Vim) P (7)
et

m=—

M aHaJTOrMyHO A/t KOOPAMHAT Y u 2. HakoHen, B crvromnoM crexrpe
napaMeTp 3HEPruH MeEHSETCH HEeNPepbiBHO, TAK YTO MO €ro 3maue-
HHIO HeJib3sl CYAHTb O 3HAUEHHSX KBAHTOBHIX umcesn !/ u m’. Ilo-
-atomy Benuunny | (En|x|E)|2? B Gpopmyne (2) HYXKHO 3aMeHHTL Ha

l o0 U
(Eo s 1E)P—> X, X X |(nim|x|EVm')p. 8)
m=-1 UI'==0 m=—U"
3aMeTHM, 4TO B CHJy NpaBujaa 0T60pa, KOTOPOE MBI BHIBENEM HHXe,
cyMMa (8) colepKHT JHIlIb KOHEYHOE YHC/I0 YJIEHOB.
C ykasanneiMu usmenenusimu dopmyasl (1) u (2) Gyayr crpa-
BEJJIHBbl U B pacCMaTPHBAeMOM 3Jech Cjyuae.
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IIpn HanuyMy MarHUTHOTO MOMA MOXKHO OTIHYATb APYT OT ApyTra
NEePexXOAbl, COOTBETCTBYIOMIHE Da3/MUHBIM 3HAUEHHSIM f1; MOITOMY
MOTYT NpPEeICTaBHUTb MHTEPEC M OTHe/bHble UJeHbl cyMMbl (7).

OuiemenTsl Tefizen6eproBriX MaTpHIL LI KOOPRHHAT X, Y, 2, CO-
OTBETCTBYIOUIHE TOYEYHOMY CIEKTPY, BBLIUHCIAIOTCS 10 (opMyaaM

(nim|xn'l/m’)y= S S S r sin® cos @, 1P, rrmr? sin ® do dodr, (9}

(nim|yinl'm)= S S S rsin® sin @, P,y r? sin ® do dodr, (10}

(nim) z |0/l m’) = S S S 7 €S Oy Wy et i © 6 dop dr, (11)
rae, corqaacuo (1) § 8,
1:l.JnlmIl)rz’l’m' == elmtﬁann’l’flmyl’m' (12)
HJH
- 2t T 1 *m *m, : ’
'\pnlm'lpn'l'm' = elmtRann’l' A Py Py ettm'=m tp, (13)

npuYeM INOJ ® Mbl pazymeeM Beduuuny (5).

Kaxnpiht U3 3THX TPOMHBIX HHTErpaJoB pa3GUBAETCS HA MPOH3-
BElleHHEe TPeX NPOCTHIX HHTErpasioB, MpuueM HHTerpas mo r B (9),
(10) u (11) omuH u TOT Xe, a UMEHHO,

00
rnl; n'l'Y= S R, R, yridr. . (14)

0

Hurerpanbt no & u @ Mbl 0603HaunM caenylonuM oGpasom:

(Im|sin®cosg| I'm’) = % SS PPy et ™™ sin2 g cos o d® do, (15)
(Im}sin®sing [I'm’) = Tl— SS Pi"Py" et m =m0 sin2 9 sing 40 dy, (16)

41
(Im]cos® |I'm’) = ﬁ SS P{"Pi™ et m'=m e sin 9 cos ¢ do do. (17)

Takum oGpasoM, 3JeMEHTH MaTpPHI AAA X, y, 2 GYAyT PaBHHI
(ecou onmycTHTH TOKa3aTe/bHBIA MHOMHTENb €i9') NpOH3BeLeHHSM
(14) coorsercTBenno Ha (15), (16) u (17). Has cnjomHoro
CNeKTPa BbIpAXKEHHA OCTAHYTCsl T€ XKe, TOJIbKO B (14) Hyxno cme-
JlaTb OYEBHIHYIO 3aMeHYy Rur Ha Rgr:

r(ni; EU) =\ RyReyr dr. (14%
0

Hajinem snauenus unrerpanos (15), (16) n (17). Tax xak sTu
HHTErpaJ/iel BXOMSIT MHOXHTeJsiMH B Bhipaxenus (9), (10) u (11),
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TO eci OKaxKercd, 4TO NPH ONpefeSeHHbIX 3HAYeHHsx [, m, U, m’
OHH paBHbl HyJI0, COOTBETCTBYIOLIHE 3/ieMeHTh [efiseHGeprosbix
MaTphl TaKxKe OyIyT paBHBI HYJIO; B 3TOM H GyLeT 3aK/I0YaThes
npasuyo orGopa.

Haunem ¢ Bbluucsienns unrerpaa (17), xak camoro mpocroro.
Buinosusis unTerpupoBanne mo @, MBI yOeouMCs, 4TO OH MOMKeT
ObiTb OTIIHYEH OT HYJISt TOJIBKO, €CJH M = m’, Tak Kak

2n

S et (m=me d(p = 6mm’- (18)

(]

1
27
B unrerpase mo & BeogMM mepemennyio
x=cos ¥,
nocse uero HMHTerpan (17) mamumercs
1
TN 4 1 « « M
(lm[cosﬁ]lm)=6mm~? SP; (x) P (x) x dx. (19)
-1
Ha OCHOBAHHH dopmyanr (11 § 6), samensem saecn npoH3Be-
Ienne xPj (x) ero Bhpakenuem

m o NTETT=7 o NE=mT m
xP] (x)—_vm P1+1(x)+W_TP1-1(x) (20)

H, TMOJML3yACh OPTOrOHANBLHOCTHIO H HOPMHPOBKOH (yHKIMI r" (x),
noJsyyaeM
(Im|cos®|lI'm’) =
[+ 1) —n? VEZm?
= 6 ’ ("\/(__“___ 6 ’ — 6 4 . 21
mm «\/4([—{—1)2—1 l+l'l+'\/412—l LU+1 ( )
TakuM 06pasoM, sjeMeHT MaTPULBl OTIHUEH OT HYJS TOJIBKO,

ecan | —["=d-1. las BoiuncHeHUst uHTerpasos (15) u (16) yno6uo
COCTaBHTh HX JHHEHHYI0 KOMGHHAIHIO

(Im]sin®e’®|'m’) =
= (Im|sin®cos @ |I'm’) + i (Im| sin 9 sin ¢| 'm’), (22)

H3 KOTOPO# BEIpaxenust s (15) u (16) B orgesbHOCTH moJtyqarcs
no ¢dopMyJsaam

(Im| sin® [cos @ |I'm’

=1
2
(Im|sindsing |I/m’

= ?lz“ [(im]sin 9’ ['m’) — ('m[ sin©e®[Im)].  (24)

)=
[(im] sin®ei® | /'m’) 4 ("'m’| sin9ei®]| Im)], (23)
)=
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Bripaxkenune (22) pasHO
(Im] sin9ei® | l’m’)=—41; SS P Py et ' ~min0 sin? § g9 de. (25)

Boinosinss uHTErpHpOBaHHe 10 @ H BBOAS NMEPEMEHHYIO X = COS ©,
OyneM HMeThb

(Im]sin®e®® |I'm') =
!
— b, a1 S(l — )t P () P (n)dx. (26
-1

[MoacTaBasisa cioga BhHIpaxKeHHE

(1 =P ()=
AN Fm) T +mFD) um AT =m+ DT =m) ,um
= Virrn—1 W vim—t L=,

(27)

nosyyaemoe u3 (12) § 6 samenoit m ma m — 1, u noaL3ysiCh OPTO-
o m

TOHAJILHOCTBIO U HOPMHPOBKOH P; (x), a TakKe pPaBeHCTBAMH BHIA

FUNS:, i =FU4+ 1)1 v=1,
noJgyuaeM
(Im|sin®e’® | I'm’) =
(v(z +m—D{+m Srot 1y — V(l—m+1)(l-m+2)6l 1 l,)
VAT~ 1 -b NITF+IpE—=1 L)

=6m_1' m’

(28)
oTCIogAa

(U'm'| sinGe’®| lm) =

—s Vitm+DU+m+3 _ AI=m(=m=Ds .
=Om+1, m’ ’\/4_(1T1)2——T [+1, 10 ’\/m -1, |y -
(29)

v aneMenthl Matpull (15) m (16) nonayyatorcsi, Ha ocHoBaHHM (23)
n (24), KaK NoJycyMMa H JeJieHHasl Ha [ MOJYPa3HOCTb BLIPaXKeHHI
(28) u (29).

Mub pumuM, uro Bhipaxenus (15), (16) u (17), a caenosa-
TeJbHO, U 3JEMEHThl MaTPHU 1/s KOOPAHHAT X, Y, 2 MOTLYT GBITb
OTJIUYHEI OT HYJS TOJbKO NPH YCIOBHH

[ —!==%1. (30)

B astom saknouaercs npaBumio or6opa IS a3HMyTaJbHOrO
kBaHTOBOrO uncna I. CorylacHO 3TOMY IIpaBHJIY, NepexOibi MexAy
TepMaMH S U p, p U d ¥ T. 1. BO3MOXHBI, TOrZa Kak, HalpHMep,
MeXJIy § W d Nepexoinl 3ampellleHbl. DTO NPABH/IO corJacyercs
< ONBITOM.
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Hro kacaercs marnutHOro KBaHTOBOrO WHCIA ™M, TO 3JIEMEHTHI
MATpHIl NI KOOPAHHATHL 2 MOTYT GbITh OTJIHYHBIMH OT HYJIS npu
'YCJIOBHH

m—m' =0, (31)
a 3JIEMECHTEI ManI/IH A5 KOOpIIHHaT X H Y HpI/I yCJIOBUH
m—m' =41, (32)

B srom sakmouaerca upasuio or6opa aas m. Ilepexomsl, yrosaer-
BopAlomue ycaoBuio (31), naloT cBeT, MONAPH3OBAHHMI BIOIbL OCH
2, a yIoBJeTBOpAIomHe (32) — CBeT, MOJISIPH3OBAHHBI B IIOCKOCTH
xy. Kax Mbl yXe oTMeTHIH, mepexombl, COOTBETCTBYIOIHE Olpee-
JICHHBIM 3Ha4YeHMSM M ¥ m’, MOTYT HabJIOIaTLCS JHIIb Hpy Haju-
MM MarHMTHOTO MOJMs (HANPABJEHHOrO BAOJb OCH 2).

Brinumem B Bume Tabamusl smeMenTh Matpun (15), (16) u
(17), cooTBETCTBYIOIIME OTAENbHBIM nepexomam.

V'=i1—1

(l,m|sinﬁcosq;]l._],m_1)=2l V(I+T/%+m)
(l,mISinﬁcostp]l—],m_|_1)=_% Wl—(/nil(zl—:%n—”_‘
(l,mlsinl‘)sin(pll—l,m—])=—.% V”+;41~2*2(1£+m)
(l,m]sinﬁsinq3|1—1’m+1)=___2i_ W/(l—-;l[(zl*:lin—l)
(hmlcosﬁll—l,m):%
U=1+1
e - i
(1,m|sinﬁsincp|z+1,m_1)=_2£ V”:&J—ﬂ%+2)
(l,mlsinﬁsin(p]l+1,m+1)=';i V”t/%w)

VTP =
I, 9 Lm)=—F——
(Lm)cos®|! + 1, m) N ES
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CocraBum Tenepb cymmsl Bupa (7), KOTOpBle BXOAAT B BbIpa-
XKeHus 1 HHTeHcuBHOCTed. Ilpn nomomu dopmyas

l
Y omr=g 14 1)@+ 1) (33)

m==-—]

MH IOJIYy4HM 6e3 Tpyaa

3 U, mlcos® 11— 1, m) p= k1 (34)
m, m’
H aHaJIOTHYHO
> |1, misin®cosg(l—1, m)p=11 (35)
m, m’
Hu
3 |, mlsin®sing |l — 1, m)p= 11 (36)
m, m’

Mu BHIHM, YTO BC€ TPH CYMMBbI UMEIOT OJHO U TO XKe 3HaueHHe
1
gl 3roro u CJIE€N0BaJI0 OXUIATh, TAK KaK IMOCJAe HCKJAIUYEHHU

KBAHTOBOTO MHC/IA M OChb 2 yXe HHYeM He BBIAJSeTCs, M BCe TpPH
HalpaB/IeHHs NO/KHB HIPaTh OJMHAKOBYIO posib. CyMMbl st cay-
yass I'=1[+1 noayyaoTcs M3 mpembIAyUIHX 3aMmenoll [ Ha [+ 1,

TakK 4TO OHHU PaBHH —;7(1 -+ 1).

Ha ocHoBanuu moJTy4eHHBIX Pe3yJabLTATOB MBI MOMKEM COCTABHTE
OKOHYATeJIbHOE BhIpAXKeHHe A/ UHTEHCHBHOCTeH. Mbl GyneM uMmersb
JJI IIepeXOl0B B NpeJieslaX TOYeYyHOro CleKTpa

E,—E, 4
I(nl; n,, I — l)=e2 (nl*hnli) [r(nl; n,: [~ 1) IZI: (37)

L/, 14 1) = g2 Znt = Ewrer 4lr(nl; WOl DREH1). (379
h

JIiisi TepPeXONOB M3 CIVIOLIHOTO CHeKTPa MBI AOJUKHB B3ATh
CyMMY COOTBETCTBYIOIIHX BBIPaXKeHHH, YMHOXKEHHYIO Ha AE:

I(nl; E)AE =
=& (EL=EY (I r (0l B, 1 — 1) P r (0l E, 141) B+ D} AE. (38)

Haxkonen, ans cayuas Kysaowosa moas, koraa E,; He saBucaT
OT /, MBI IOJIXKHEI HAUIM BbIDAXKEHHA NPOCYMMHPOBATh TAKKE H IO [.



F'masaVv

KYJIOHOBO TOJIE

§ 1. OGune 3ameuaHus

Mbl ocTaHOBMMCA 3lech Ha YacTHOM cJaydae oOmeH 3agaud,
paccMOTpPeHHOH HaMH B Npelblayllell TjaBe, M HCCAELYeM COCTOS-
HHE YACTHUB], MPHUTATHBAEMOH HJH OTTaJKHBAaeMOH OT HENOJBHKK-
Horo neHtpa 1o 3axkoHy Kygona. 3apaua 3Ta HHTepecHa IOTOMY,
4TO, ¢ OMHCH CTOPOHBI, K Hell MPHBOAMTCA PAL BaXKHBIX (PH3HYECKHX
sajau, HaNIpHUMep, TeOpHs aToMa BOAOPOAA, a C APYrofl CTOPOHH,
OHa JOTNYyCKaeT TOuHOoe pelleHue. PesyabTarbl nmpeiblaylleil IJ1aBbl
[IpUMEHHMBl, pasyMmeercs, B NOJAHOH Mepe u K cayuaio Ky.cHosa
LCJs; B YACTHOCTH, pas3jeseHHe fepeMeHHbIX, 3aBHCHMOCTb BOJIHO-
Bo#l GYHKUHHM OT MOJSAPHBLIX YrJOB (lIapoBble (YHKIHH) H NPaBHJIO
ot6bopa Moryt GbiTb NepeHeceHbl ciojla LeJdukoM. Ho, kpome Toro,
aasi KysnoHoBa 110715 MOXHO CTPOTO pellHTh ypaBHeHue AJd pa-
JHanbeblX QYHKUUE ¥ HAHTH YPOBHU 3HEDPIHH, a TaKXKe 4yacToThl U
MHTEHCUBHOCTH CIIEKTPaJibHBIX JHHHWH M JOBECTH TEM CaMbIM peille-
HHe 3ajauyd J0 KOHLA.

Pemenre 3afaud noJgyuaercss AOCTATOYHO IIPOCTBIM, 4YTOOHE
MOXKHO OBILIO B35ITh €[0 B KaueCcTBe HCXOAHOrO NpPUO/IMIKeHUs [pH
pPacCMOTPSHHH BO3MYIIEHH aTOMa BOAOPOAa I[OCTOSHHBIM 3JeKT-
puueckum noseM [sBienne Ilrapka (Stark)], xotopoe Mmbl Tax:xe
paccMOTpUM B 3TOH rJabe.

Haxownel, Teopus ABHKEHHS YaCTHLLBE, OTTaJ]KHBaeMOH OT He-
[IOABHXKHOrO neutpa 10 3akony Kynona, naer BbiBop ¢opmydawn Pe-
seppopaa (Rutherford) ans paccesnnst a-yactuil u npeacrabser
HHTEPECHYIO W/IIOCTPAIHIO BEPOSITHOCTHOMY TOJKOBAHHIO KBaHTO-
BGH MEXaHHKM.

§ 2. YpaBsHeHHe JLJisi paauaibHbiX QyHKUR{A BOJOpOJA.
ATOMHbBIE €IUHHLLI Mepbl

B aTtome BOAOpOLA MOTEHLIHAIbHAS IHEPIUA JEKTPOHA, IPHTH-
ruBaeMoro siApom no sakony KyJona, pasna
82

Uir)=—=-, (1)
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rle r— pacCcTOsiHHe OT 3JeKTPOHa [0 sjapa, KOTOpOe, BBUIY ero
60J/1bLIOK Macchl, Mbl OyIeM CYHTATh HEMOABHKHBIM U HAaXOMAIHMMCH
B Hauyasae Koopauuar. Ha ocHoBanuu dopmyan (16) § 3 ra. IV,
ypaBHeHHe [/ pajaHa/bHbiX QYHKUHH aToMa BOAOpPOJA HAMHUILETCH

d®R 2 dR  I(l+1) + 1) 2m

Tt R+G3(E+5)R=0. @
Ecnu Obl Mbl NPHHAJMH BO BHAMAaHHe JBHKEHHE siApa, Mbl MOJYUHIH
OBl yp4BHEHHe TOTO XK€ BHAA, B KOTOPOM BMECTO MaCChl 3/eKTpoHa
m crosna Obl «IpHBeNEHHAs] Maccay m’, pasHas

’ mM
m = m4+M? (3)
rie M — macca sigpa. ’

Beenem B KauecTBe elMHMII Mepbl JeNEHHYIO Hd 27 HOCTOAHHYIO

Ilnanka u 3apsan u maccy SJIeKTpoHa

__h ___ . 10=Y .
h= o = o 6,626 - 10 ape - cex,
e=4,.80-10""" ex. CIC3, ' (4)

m=9,11-10"2¢

[TocTpoennasa Ha 5TOH a0CONIOTHOH CHCTEME €UHHI] €AHHHNA AJHHLI
OyzeT paBHa

a=-—0,529. 107° cu (5)
me2 b b
a eMHMIA DHEPTHH
met e? e
Eoz—h—z—‘z";‘l—=8'z=27,2 a8, (6)
2
TOrAa Kak eIHHHUEH CKOPOCTH OyleT BeJHuHHA % paBHas 3=
CKODOCTH CBETa.
[Tomoxum B ypaBHeHuu (2)
r E
=g ETE (7)
[Tocsie 3TOro OHO TPUMET BHUJ,
d?R 2 dR 2 I(I+1)
I 28 T e e————— = .
e G ) A
TMoxcranoska
R=—=y 9
’\/fl ( )

NPUBOJMT ypaBHeHHe (8) K BHAY

dty +»1_ dy +(2 +___ S"’)y:o, (16)

dry -dry r 4r1Z
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I'Jle MBI NOJIOXXUJIH
s=2+1. (11)

Hanncannoe 8 rakom Bume ypasuenue BCTpeyaercs, KpoMe pac-
CMaTpHBAeMOil 3ajauu, elle H B psile APYrUX 3a4ay (aTOM BOJLO-
pona no Hdupaky, asienue ltapka, paccesuue Q-YaCTHIL), MpHYEM
lapaMerp § B STHX 3ajlayax He 00sI3aTeNbHO PaBeH HeNOMY Heyer-
vomy umcay. Ilostomy mMer paccMmotpum ypasrenue (10) nompo6uee
H He OyleM CUHTaTb S LEJBIM YHCIOM, a NPEANONOKHM TOJIBKO, 4TO
§ =0, 4TO, OuEBHIHO, BCErla BO3MOKHO, TAK Kak B ypaBHeHHe
BXOJMT §2,

§ 3. Pewenne opHoit BcroMmoraTeabHoit 3anaunm

Ha ocnosamnu pesysibraTos obmero ucenenosanus ypaBHeHHs
s panuanbHbIX QyHkuuit (§ 7 ra. 1V), mbl 3maeM, uto oTpuna-
TeJIbHbIM 3HAYEHHSIM [apaMeTpa & COOTBETCTBYET TOUEYHbIH, a MO-
JIOKHTEbHBIM — CIVIOIUIHON cneKTp. /s Hec/lenoBaHHs TOUEYHOro
CHEKTpa Mbl BBelleM B KaueCTBe HE3aBHCUMOH NepeMeHHOH BeJH-

YnHy
x=r4/—28 (1)
H NOJIOXKUM
o= @)
— 2

Bennunna A 6yner, oueBmzHo, BEILEeCTBEHHOH; MBI 6yaeM cyu-
TaTb €e MOJNOKHTenbHOH. [lepemMeHHas x Gyaer TakkKe BellecTBeH-
HOH, ¥ NpCleJibl ee H3MeHeHHs GyayT Te e, 4TO 4JA 7, a HMEHHO,
0 1 oo. Ypasuenue (10) § 2 nHanumercs Tenepb

st (—E =)y —o (3)
HJIH
PG

B neBoit wactn sTOro ypasHeHMs cTOUT CaMOCONPAXKEHHIH Omne-
parop, a A urpaer poab napamerpa. ITogcranoskoit (1) u (2) mwr
KaK Obl MCKJIIOUHIN CTJIONIHON CNEKTP U NPUBEIH pelueHHe ypaBHe-
HHst (10) a1 ToueuHOro cnektpa K pelueHHIO HEKOTOpOH BCHOMO-
raTeJbHOH 3allauH, a HMEHHO, K HAaXOXJIEHHIO cOGCTBEHHBIX 3Haye-
HHUH ¥ QyHKUMA onepatopa (3*).

Hccnenyem xapakrep peluenus ypaBHeHHsi (3) npu Maabix u
IpH GOMbIIMX 3HAUYEHHSIX X. MBI MOIJIH 6Bl BOCIOJIB30BATHCS 3/1ech
peayabratamu § 7 ra. IV, Ho npolne MOBTOPHTH Hauu paccyxaeHus
NPHMEHHTENbHO K ypaBHeHHu1o (3).

Haa Maabix x nosaraem

y=x%+axet 4 . (4)
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wn

H no.nyyaeMm IJs o ABa 3HadeHUdA

o=z, (5)
Ilas GoJbmIHX X IOJaraem

y=e‘°"‘x'3(l+%—|— ) (6)

¥ ToayyaeM JJIA @ M f IBAa 3HAUYEHHS
1 1 i
e=75. p=—75+2 (7)

¥

e=—7, p=—5—A (7%

Orciofla 3aK/04aeM, YTO HCKOMOE pelleHHe JOJXKHO ObiThb IpH Ma-
JEX X BHJIA

8
y=Cx:(l4+ax+ ...) (8)
W npu 6GoJbliuX X BHIA
- A,_i ’
y=Ce 2 T(1+ 54 ...). ©)
[TosTOMYy, €CIH MBI NOJOXHM
x s
y=e *x?Q(x), (10)
T0 byHKuua Q(x) KOMKHA YIOBJETBOPSITH YCJOBHAM
Q(x) Koneuna npu x =20,
_ s+l } (l 1)
Q(x) mopsanka x ¢ OpH Xx—> oo,

Vpasueuue (3) aaa y OPHBOAUT K CJeAYIOLIEMY YPaBHEHHIO
ans Q (x):

424+ 1-n22 + (A =) e=o. (12)

D10 ypaBHeHHEe MOXHO PeMHTb ABYMS Cnoco6aMu: NMPH MOMOIILH
PSLOB H NpPH MOMOIIH ONpelesJeHHbIX HHTerpasoB. Mbl npHMeHHM
31ech NepBbfl crnocol, a aHaJOrHUHOE YPaBHEHHE MJA CIJIOINHOrO
cnekTpa 6yneM pematb MO BTOPOMY cnoco6y.

Bynem uckate pemenns ypasnenust (12) B Bupme psina

Q=2 ax" (13)

n=0
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Iloncraasist s10T psan B ypaBHeHHe H pHPaBHUBAE HYMIO KO3(DQHU-
HHMEHTH IIPH CTENEHsX X, NOJYYHM DS PaBEHCTB BHAA

nn+8) 8y + (= n+d 45— 5) 4,m =0, (14)

KOTOpBIE CJAYXKAT IJIf NOCIELOBATENbHOTO ONpelesenus Koddbu-
HHEHTOB. '

Koshduunent a; ocraercss npousBoNbHBIM, a OCTaJbHbIE Bbipa-
JKaloTcsl yepes HEro:

a1=mao,
B G ) D G et | G ) [ =
= ao,

2. (s¥2 4= 2 (s+D(5+2)

L T L L R

ce )

[Tosromy, eciu mb oGosmauum uepes F(a,y; x) 06OGLIEHHBI rH-
TiepreOMeTpHYeCKHi PAijl, COCTaBAEHHbIH 110 3aKOHY

F(a, v; x)=1+—$--{+(;—23i—}§]"—fz+ (16)
Mbl MOXKE€M Hanucartb N
Q=aF(EL —a; s+ 15 x). (17)
3nech BO3MOXHBI 1Ba cayyas. Ecau
a==Ftlap p=0,1,2... (18)

TO KO3(PPHLUEHT Qpiy M BCe NOCTeAYIOlHe BYAYT PaBHb HYJIO, TaK
ut0 pAd o6phiBaercd H M Q nosyyaercs He GeCKOHeUHBIH psif,
a nonunoM. Ecan yenosne (18) ne cobuionaercs, to pan nponon-
2KaeTcst 10 GeCKOHEYHOCTH, mpuyeM OH OyleT BCeraa CXOASIIHMCS,
‘TAK KaK OTHOLIeHHE ABYX IIOCJAENOBATEbHBIX UJEHOB

1 s
n—A——m4=
—x 2 2 (19)

Ay xt! n(n - s)

apx™

TIpH f1—- 00 CTPEMHUTCH K HYJIO npH Besikom x. Ho u3 1odi ke ¢op-
myabl (19) Bnawo, yTo Bee WieHH psina, HAuHHAA ¢ HEKOTOPOTO, Oy-
JyT OMIIOTO 3HaKa; CJEL0OBATENBHO, €0 CyMMa, NPH X —- oo, Gyer
BO3pacrarth ObICTpee BCAKON KOHEYHOM CTENeHH X, Tak 4T0 YCJIOBHE
(11) ne Oyner Buinonnsiteesi. TTosToMy BTOpOH cayuai ornajaer, d

Mbl JOJIKHBI HMETb
s 1
h=—; -+ p.
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Takum o6pa3soM, eIHHCTBEHHBLIMHM pellleHHAMH ypaBHenus (12),
' YIOBJIETBOPSIOMMMH IOCTABJEHHBIM YCJIOBHSM, ABJSIOTCA MOJH-

HOMBI
Qr=aF(—p, s+ 1; x (20)

HIn B packpbiTOM BHAE

— P _x pp—1) x2
Q=a{l =T +55 GINGEFD T
—1* xP
SR e cE MG
Ecau MBI IIOJOXKHM 37€eCh

a=(s+1)... (s+p)=—52E, @1)

TO COOTBETCTBYWOIIHE GYHKUHH Q, KOTOpble MbI 0803HAUHM uepes

Q; (x), 6ynyT NoNMHOMAMH He TOJbLKO OTHOCHTE/IBHO X, HO M OT-
HOCHTEJIbHO S:

Q0 =T EEEEL F(—p s+ 15 ) 22)

-
G@W=1{<=L+p "+
+ 22D st p)(s+p—Dam? 4 ..
+<—1)P<s+p)...(s+1)}. (22%)

STU NOJMHOME MOXKHO Ha3BaTh OOOOIICHHBIMH NOJHHOMaMu Jla-
reppa (Laguerre), OGBIKHOBEHHbIE NOJHHOMBI Jlareppa mpencra-
BJSIOT HX uacTHH coayua#l (mpu s=0).

§ 4. Hexotropete cBoiicTBa 0000uEeHHBIX NOauHOMOB Jlareppa

O6o61eHHEe IoJAHHOMBEL Jlareppa, HpeACTaBJAAIOIINE pellleHus
JnhdepeHHHasbHOT0 YPaBHeHHS

2s
2% 41— 052 4 0=, M)

MOTyT OBITh npeacTaBJ/enbl B BUAE

dP
Qp (x) ?—We“"xsﬂ (2)
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I nokasatenbcTBa 3TOH  hopMyJibl YMHOXHM ypaBHeHUe
22* 3 Ha x%¢™* W HamHUIeM De3yJAbTAT B BHIE
I

S —xns dP ~x p+s dr—1 -x\y d _p+s
x'e x)=——-(e"") x e ")—
Qplx) =7 (7 0t p o ()L e
p(p—1) dP™2 . & 4P
e xPFs 4, % Pts
+ 1.2 dxp_Q( )dx2 + +e FPCRARS

ITo ¢opmyae Jleit6uuua (Leibnitz) mas IPOU3BOJHOH OT HPOHM3-
BEJCHHA IBYX GYHKUMH 3TO BBIPAaKEHHE PaBHO
- P
xse xQ; (x) =We xxs+p, ) (2*)

4YTO H Tpeb6OoBaIOCh JHOKA3aTh.
ITo Tteopeme Komm Mbl MOXEM npencTaBuTh 3To BhIDAXEHHE
B BHJIe

S —~xAS ! —2phts X
e Q) =L [T g ®

BBoxst anech HOBYIO nepeMeHHyI0 MHTerpHpPOBAaHHS

Z2—Xx
]

f=—=

NOJTy YUM

xt
A p! S - -1 dt
x _— e— e .—‘—.—_..
Q> (%) i (1 —g)stl 4p+1 (4)

Ho ato Bbipaxenne mo Toit ke teopeme Komn paBHO

3 . ( dp e_% )
Qo (x) = ;tT—(]-—*t)s“"' " (5)

Orcrona noiyuyaeM pasioxKeHHe B pan Teknopa
xt had
-s—1 —7—¢ tP ?
: =7l =% Q0. (6)
p=0

Ora dopMmyna yaobHa I1d BwBOIA Pa3/MYHBIX COOTHOLUCHHIL
Mexny GyskuusMu Qp(x). Ymuoxas ee ma 1 —¢, noJNyYuM

xt hd

-5 ~T— tP s
=07 =7 =3" 2105 (1) — pQ3-1 (x)]. (7)
. =0
C npyroit cropore, samensisi B (6) s Ha s — 1, HOJTyYuM B Je-
BOH 4aCTH TO e Bhpaxkenue. CpPaBHHBAS KO3D(HIHEHTI IpH CTe-
neHsax f, 6yreM umerh

()= Q5 (x) — pQp—1 (x). (8)
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Orta popmyaa no3sossieT BLIPAa3ATb QYHKIHH C Pa3HBIMH 3Hau-
KaMH S, OTJIMYAIOIIHMHCA APYr OT Apyra Ha LeJ0e YHCJIO, yepes
(DYHKIHA ¢ ONHHM H TeM Xe (HauGOJIbIIHM) 3HAYKOM.

Aupdepenunpys obe uwacru (6) mo x, HOJyuyuM, IyTeM aHAJO-
THYHBIX PacCyXJeHHui,

dQs (x) s
= — pQ;t! (x). (9)

Huddepennupys (7) no ¢ u Boipaxkas o6e 4acTH B BUIe psanoB, Oy-
- JeM UMeTb

sQp (1) — 2@ () = Qo1 (x) — (p + 1) Q} (x)
WJIH IIOCJE 3aMeHbl § HA § — |

xQ () =(p 4 5) Q™" (x) — Q371 (x). (10)
Orciona npu noMouu (8) BuBOAHM

Cp+s+1—0QW=Qu +p(+s)Q-i(x). (I1)

MBIl NOJNYuHJIH peKyppeHTHYIO (opMmyJy, CBSI3BIBAIOUIYIO TpH
TocjenoBaTesIbHble IIOJNMHOMA C OHHM H TeM K€ BEDXHHM 3HAuKOM.
W3 (8), (9) n (10) HeTpyaHO BLIBECTH COOTHOLIEHHS

dQ; (x)

=gy T Q) =(p+9Q, (x), (12)
ded,,x(x) + (s — 0 Q% (x) = Q331 (x). (12%)

Huddepenunpys (12%) mo x u moassysce (9), nonyvaem Ajs Q; (x)
auddepennnanpHoe ypasuenne (1).
M3 Tex xe (GOPMYJ JIeTKO BHIBOASITCS COOTHOLIEHHS

xﬂ%,i(_x)+(P+S—x)QZ—x(x)=QZ(x), (13)
x%—PQZ(x)=—p(p—I-S)Qf,-](x), (13%)

KOTOpblE TaKXKe NPHBOAAT K Au(epeHnuasbaoMy ypasHenuio (1).
B nanpuefimeM naM MOHANMOGWTCS BBIUHCJATH HHTEIDPAjbl BHAA

oo

1= #°e7Q} (x) f (x) dix. (14)

1}
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Ilna storo ymo6uo mnpeo6pa3oBath unrerpan (l14), nonpsyace Bii-
paxenneM (2) H uHTerpHpys p pas mo uactam. Mo 6yneM HMeTh

J=S d‘f;’ (e=*x7+5) f (x) dx=(—1)pS e~*xP[P (x)dx.  (15)
S 0

Ilonarast smech
. f(x)=e(1—a)x’
TOJIYUHM

S x°e”Q, (x)dx = (a — 1)° S e~y —
0 0
{a~1)

’4
= F(s+p+1). (16)
Bosee o6muii unrerpas

S = Q8 (x) dx (17)
0

NOJyHaeTest, IpH r uesoM, NuddepeHHHPOBAHHEM BhIpaXseHus (16)
[0 napaMerpy da.

Honoxum B (14) n (15) f(x)=x", noayuum
S 2TeTQ () dx =(=1’r(r—1)...(r — p4+ DT (s-+r41). (18)
0

Ecan f(x) —momusom cremenn mume p, 10 nurerpana (14) pasen
nymo. Iloap3ysace stum sameuanueMm, mafigem uHTerpanet (14) pas
cJydaeB

F)=2"Qs (1) = (=1 [s7+2 — p (s 4 p) xr+! 4
+ 2220 s st o -t L],
Fe)=xQ () =(=1 L&’ —p (s + p) " + ...],
TR =Q () =(—=1)" "+ ...,

[PS 1 1
T=7Q () =LCxetl. Ly

FO) =5 Q) (x ___,LH‘P_‘!"Q[L__P_.L_*_ s
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T/le HeBLINMCAHHBE UJISHH! IPEACTABJAIOT NOJHHOMBL CTENEHH HHXKeE p.
Mu 6yaeM HMETh

oo

| e Q) () dx =
’ —pIT (s 4 p+ D) {6p2 4+ 6p(s + D)+ (s + Dis+2} (19

o0

{ et @ (P dx=piD s+ p+ D(2p + s+ 1), (20)
§°e"‘xs [Q ) Pde=pT(s+p+1), (1)
0
§° e [Qh (T dx=pIT s+ p+ 1) 5 (22)
0
Soe"‘xS‘Q[Qi WP dr=p!T (s + p+ D= (23)

[TokaxeM, 4TO noaHHOM Q) (X) HMeeT POBHO P MOMOXKHTEbHBIX
Kopueil, Tak 9TO BCe ero KODHH BeIIeCTBEHHbl H MOJOXKHTEAbHBI.
Ecan 6bl unc/io Takux KOpHell OGbljI0 MeHbllle p, HAallpuMep paBHO ¢,
To, 0603HAYUB HX 4Yepe3 Oy, Olg, ..., Og, Mbl MOLJIH OBl COCTABHTHL
GyHKUHIO

f(x)z(x—al)(x_aQ) "'(x—aq)y

npoussenenre KoTopoit Ha Qp(x) ocraBasoch Gbl, IPH HM3MEHEHHH
x o1 0 10 oo, BCe BpeMst OJHOTO 3HaKa, Tak uTo uHrerpana (14) Obvia
6ul otanued oT Hyas. Ho storo ne Moxer ObiThb, TaK Kak [(X) eCTb
MOJIHHOM CcleneHH HuXe p, 0 no dopmynae (15) uurerpan (14) noa-
Ked paBHATbCs Hyao. CieloBaTeNbHO, YHC/IO 110JOKHTENbHBIX KOP-
Hell He MoxeT ObiTh MeHbmie p. Tak Kak OHO He MOXKeT ObITb H
6odblile P, TO OHO ROJDKHO ObITh pPaBHO p.

§ 5. CoGcTBeHHble 3HAYEHHR W COOCTBeHHble (QYHKUUM
BCIOMOraTe/ibHONH 3aja4Hu

BosspatuMcsl Tenepb K paccyXnedusMm § 3. Mu TaM nocraBuiH
cefe 3ajayy HalTH cOGCTBeHHBE QYHKIMK H COOCTBEHHbIE 3HAUEHHS
oneparopa B JIeBOA 4acTH YpPaBHEHHS

d dy x s? .
— w0 @)+ (T M)
Co6cTBeHHBIE 3HAYEHHSi OKAa3a/IMCb DPAaBHLIMH

a=p+2tL  (p=0,1,2 .., @)
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a colcTBeHHble QOYHKIHH GhlaH BbIDaXKeHH HaMH uyepe3s 0606i1eH-
HLle MOJIMHOMEI Jlareppa

$ X
Y,(x)=c x2e 2Q; (x). (3)
ITocrosimnylo ¢, MB onpemesnm wus YCJIOBHST HOPMHPOBKH

[~

| top G an=1.
0

Buuneass no gopmyse (21) § 4 sxomsmmit Ciofla MHTErpas, mo.gy-
UMM I/l DOCTOSIHHOH ¢, BHIpaXKeHHe

1

T GErED (4)
Taknum o6pasom, dyuxuuu
_ 1 3,0
yp(x)_ '\/m-i-_l) xce Qp (X) (5)
6YAYyT OPTOTOHAJBHLI H HOPMHPOBAHKL
S yp(x) Yp’ (JC) dx=6pp'9 (6)‘

0
TIPHYEM CHCTEMA 3THX QYHKUHH GyHeT ‘3aMKHYTOfl.
Hosbaysace dopmysnoh (22) § 3, M MoxeM Takke HaNHCcaThb

s

1 T 1 -5 ‘
9 =v51T /\/ (s+p{’+ Li2e TP (= p, s+ 1; x). {7y

Hunorpa ynoGuo 6eBaeT mnoJnzosaThes HODMHPOBAHHBIMH HO.1H-
HOMaMH

S Q; (%)
= —, 8
W= e ®
NpH NOMOIUM KOTOPEIX QYHKIHH Yp(x) BHIpamaiorcs mo bopmyne
s X
Yp(x)=x%e 2Q; (). (9)

§ 6. YpoBHH aHeprum u paguanbHbie hyHKuMH
TOYEYHOro CneKkTpa AAsl BOAOPOAA

OGpatumcs Tenmeps Kk mamell dusuueckoli 3anaue, Haiinem
TipeKJ€e BCEro ypOBHM 3HeprHM AAsi Bomopona. [lapamerp 3Hep-
THH & B aTOMHBIX eIHHHNax OblA CBA3aH C mapaMeTpoM A Hamel
BCIIOMOTraTe/IbHOH 3anayd COOTHOIICHHEM

L=, (1y

— 2e
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fpuueM A PaBHAJIOCH

r=p+2EL (p=0,1,2, ... 2)

ITapamerp s GBI CBSI3aH ¢ a3UMYTaJbHLIM KBAHTOBHIM uHcaAOM [
COOTHOLIEHHEM

s=2[+1, (3)

a IeJoe YHCJAO p PaBHANQCH UHCAY HyJeHl paauanbHOil QyHKUHH,
T. ¢, no onpefenenuio § 8 ra. 1V, paguajpoHOMy KBaHTOBOMY YHCIY
#.. Ilosromy nmapameTp A OyAer LeJbIM YHCAOM

x=nr+l+l=n, (4)

KOTOPOE MBI YCJAOBHJIUCh HA3bIBATb I'VIABHBIM KBAHTOBBIM YHCJIOM.
YpOBHH HEPrHH B aTOMHBIX elHHHIAX GyIyT paBHEL
1
(n=1, 2, ...). (5)

&= T Gpr
OHn 3aBHUCAT, TaKHM 00pa3oM, TONBKO OT IJIABHOTO KBAaHTOBOrO
yucaa. dta ocobeHHoctb KysoHoBa moss mMeer riy6okHe OCHOBa-
HHUSI: OHa CBsi3aHa C TO# Tpynmo# npeoGpa3oBaHHi, KaKyH AOMY-
ckaeTr ypaBHenne Ulpexnwnrepa ans aToMa BOZOpCAAa, HaMHCaHHOE
B npocTpaHcTBe HMMyJabcoB. I'pynma 3Ta, xapakTepHayiouias oco-
Goro poja CHMMETPHIO aTOMa BOAOpPOIA, COBNajaer ¢ Fpymnmoil Bpa-
illeHUsl YeThbipexMepHoro wapa. K 3tomy Bompocy Mb  BepHeMcs
B KoHue yacTd IV 3ToH KHHrH.
B oObluHbIX eHHHIAX YPOBHH 3HEPTHH aToMa BOAOPOAA PAaBHLI

e? 2nRh
E= =T (6)
Tne
R— met  2m’met 7
- 4nh? 3 ( )

€CTb TaK Ha3biBaeMasi nocrosHHass Pun6epra (Rydberg). Yucaen-
HOE 3HAueHHE ee PaBHO

R=3,29- 10" cex~". (8)

CorsacHO 3aMeuaHHu10, CIeJaHHOMY HaMH B § 2, 4TOGBl NPHHATDH
BO BHHMMaHHe KOHEUHYI0 Maccy SfiApa, HYXXHO 3aMEHHTb B HAIIHX
$popmysax, H B yacTHocTH B Qopmyne (7), maccy 3/JeKTpoHa mpHBe-

LeHHOH MaccoH
7 mM

M =Fu

[To npaBuny wactor Bopa 4acToTsl CHEKTpaNbHBIX JHHUH BhIpa-
aat1ca GopMmyJoH

Vi =2 =R (= ). ©
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Eciu mbl nomoxmm n'=1 wu G6ygem pasath smayenus

n=23, ..., Mbl NOJIyYUM DA JHHUH, COCTABASIONMX TaK HA3bL-
Baemyio ceputo Jlaimana (Lyman). Ananoruuno, suauenus n’ = 2,
n==3,4, ... nawor cepuio Banbmepa (Balmer) u snauenus n’ = 3,
n=4,5, ... cepmo Ilamena (Paschen).

Bripasum Tenepn paguasibHble QYHKIHM uepes 0BOGIMIEHHbIE M0-
aHHOMbI Jlareppa. APryMeHT X B STHX MOJIMHOMAX CBSI3aH C NpUBE-
ACHHDBIM DACCTOSIHHEM 7| COOTHOLIEHHEM
2"1

n

, ‘ (10)

BEITEKAIOUM H3 dopmyst (1) § 3 (2) § 3 u (4). ITo popmynam (9)
§2, (9) §5, arakke (2), (3) u (4) 6ymem HMeTh

LA
Ru(r)=e, (1) e @, (32). (1)

TA€ Cn — HOPMHPOBOUHBIL MHOXKHTE/b, KOTOPbIl HYKHO ONPeNeIsTh
H3 YCJ0BHA

oo

S iR, (r)Pdr,=1. (12)
0

Juisi BelaMCIeHHst HHTerpaia BBeeM MO popMy.ie (10) nepemennyio
x. Mpl nosyuum

oo

2 (%)7 S x2t2e—x [Q;Q_l;“_ll (x)]2 dx =1,

0

Ecau MBI TPUNOMHEM CBSI3b MEXKAY uncaaMu 1, [ u p, s, T0 BXO-
AAWAN CIOfla HHTETpasl BLHIPA3UTCA Kak oTHomeHue (20) k (21) § 4.
On 6yaer papen

S xSHlp—x [Q;S 0] dx=2p+s-+1=2n,
0

oTCIo4a
4 2
0’21=?’ cn=77’7’ (13)

TaK YTO HOPMHDOBAHHBIMH PaAHaJbHBIMU QYHKIHIMH GymyT
: "
2 o\ = eergl 2r
Rnt(r1)=?(7 e "Q. (T) (14)

Ecan BBecTu ciona Bhlpaxenue Kt Q* wepes 0GOGIIEHHDBI TH-
NepreoMeTPHYECKHI DAL ¥ NPUHATH BO BHUMaHHe, 4TO [ eCTh Uesoe
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YUCJ0, MBbl [OJYUHM

an(fx)'=;l2+—2 '\/(n—l)(n—l—l- D...n+0) X

1
X e e " (—n+z+12b+22”, (15)

rie, corsacHo ompeiesenuio (16) § 3,

F(——n+l+1 o1 4 2; 2t
_ _n——l—l h (n——l-—-l)(n—-—l——2 2ri\2
=1 @ +2)-1 " n + 2 +2)(2 +3)- ( ) - (1)

OTCi0f2a MOKEO JIETKO BBHIBECTH Ipele/ibHOe BHIDAXKEHHE M/
R,;(r)) npu BecbMa Goabmux n. [Ipemen pana (16) Oyner
| —_ 2N + (2ry)? .
Er+2)-1 "V @+ @+3)-1-2

=@+ 1) Jmmv&o (17)

rie cuMBoJoM Jo .y, oOo03HaueHa DbeccegeBa ¢yHKUMA HOpsiiKa
2/ 4+ 1. Orciofa noayuaem 6es Tpyla

lim 1Ry (1) = A = Lt (WER). (18)

@Gynkuun (18) mpuHaLjexaT yKe CIVIOIHOMY CHEKTPY. PYHRUHKM
R, (r) XaK HOPMHDOBAHHbIE COGCTBEHHbIE GyHKUUH ollepaTopa
sueprau 006JaJaloT CBOHCTBOM OPTOTOHA/IBLHOCTH H HODMAaJbHOCTH

| Ru(r) R (r) R dr =5, (19)
0

HO OHHM He OOpa3yloT 3aMKHYTOH CHCTeMbl, TakK KaK oOIeparop
SHEPIUM HUMEeT KPOME TOYEHHOro TaK¥Ke U CIVIOLIHOH CIeKTP.
B 3akJ/ioueHHE BHITHIIEM HECKOJbKO NEPBHIX QYHKIHA R,;(r):

Ryg(r;)=2e™", (20)

Rao(r) === (1— 7)) Rat)=—pre™®, 1)
Ry (r)) = ’\/ 1 - 2“ + = (2”)] (22)
Ry ()= s ¢ [1————(2”)], G-

Raz(f1)=v211—3() (2,,)2 ——L (22%%)
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§ 7. Pemenue nupdeperunanbHoro YPaBHe 1.4 324 COAOWIHOro
CNEKTPA B BHJE ONMpeJeNeHHOro iu:NTerpana

OGparumest Temepn K cayuaro cmvomHoro cnekrpa. B ypasue-
uun (10) § 2

dy 1 dy 2 s?
— 4 =Y 2e + = ——=\y=0 I
dri ' dr, ( ry .~ y (1)

NapaMeTp & OYACT NMOJOKHTEbHBIM YHCIOM, U €CJH Mbl BBELEM Ie-
pPEMEHHYIO

Xy=r ’\/g» (2)
TO OHa GyXeT BeWeCTBEHHOH. MBI MOMOKHUM TaKike
1
7"] - '\/2—8 . (3)
¥YpaBuenue (1) npumer sug
dly dy X §?
— 4 —= — 4+ A ——)y=0. 4
x‘dx?+dxl+(4+‘ 4xl)y 0 )

9TO ypaBHEHHe OT/IHYATCH OT (3) § 3 muwb snakoM oxmoro usz
ui1eHoB. OHo nomyuaercs u3 (3) § 3 nogcraHOBKOM

x=ix1, )\,———-‘—ikl. (5)

ITostoMy Mb MoXKeM NpsAMO NPHUMEHHUTb ciofa pesysabTaThl § 3 u
YTBEDXKIATh, UTO pelleHHEM ypaBHeHHS (4), KOHEUHbIM npu x =0,
Oynmer

s

y= x12Q(x])" (6)

rie Q ylaoBnreTBopser AnpdepeHnnalbHOMY ypaBHEHHIO
a9 )4 L -
'xwﬁ+w+lzm”;ﬂm ;e+D]e=0 @

_in
e 2

H BbIpaXaeTcs B Buje psina
Q=aF(—s—;'—l-+ik,, s+ 1; ixl). (8)

Hawm nonago6urcs accumnrtornueckoe BhIpaXKeHHe I/ QyHKuui y
H Q, crpaBeinMBOE NPH GOMBIIHX 3HAYEHHSX x1. Ero nerue Bcero
DOJY4HTDb, €CIH Mbl BblpasuM Q B BHIe onpeeneHHOro HHTerpaJja.
DTO HeTPYmHO crenath, eciu NpHMEHHTb Cnoco6 Jlannaca x peure-
HRI0 audgepenunanshoro ypasHenns (7). Cnoco6 3TOT 3aKJIo-
uaerca B caenyioweM. Bynem uckath pemenne (7) B pume

Q={emef(2)ae, (©)
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rae f(2) — HeusBecTHasi noKa (GYHKUMS, a HHTETpaa Gepercs 116 He-
KOTOPOMY KOHTYPY B IJIOCKOCTH KOMIJIEKCHOH nepeMenHoi 2. [lox-
craBiasas (9), B (7) n auddepeHuupys noj 3HaKOM HHTerpaja, Gy-
LEM MMeTb

X S et (— 224 2)f(2)dz +
+{ e [a 4+ Lis+ D22 — D] dz —o.

Uto6bl OCBOOGOANTBCH OT MHOXKHTENS X; Nepel NePBbIM HHTEr-
pajsoM, OPOH3BOJAHM B HeM HHTerPHPOBaHHE IO 4acTAM. Mol noay-
yuM

{2 —21@d(= et =
= —iemz (1 —2) [ @ b+ i [ ere L0 — 2 f 1z,

rie npeleb HHTErpHPOBaHUA O0O3HaueHH uYepe3 @ H b.
Ecnn Mbl morpeGyem, 4TOGHl pa3HOCTb 3HaYeHUIl Ha IIpejiesax OT
APOMHTErPHPOBAHHEIX YJEHOB o0paTHjach B HYJb,

einzz (1 —2)f(2) L =0, (10)

TO pesyabTat noxcraHoBku (9) B (7) mpumer BuA

iSe""l2 {z(l —2) ng. S;l (1 ——22)f(z)—i7»1f(z}}dz=0. (1

DToMy YpaBHEHHIO Mbl YAOBJETBOPHM, eC/IM NOTpeGyeM, utOOHI
B (11) momwiHTerpasbHasi (PyHKUMS paBHAJAaCh HYJIO, T. €. LOJUYH-
UM f(2) nuddepeHnHasbHOMY YpaBHEHHIO

F(z) _s—1 1—22 iA

f@ — 2 z0=2 Tzi-9" (12)
Pemas s10 ypaBHeHHe, OyAeM HMeTb
lgf(z)————lg[z(l—z)]-i-mllg = +lge, (13)
OTKyJa
Fmer P — T

Taxkum obGpasowm, pemennem‘ ypasHenus (7) Gyrxer

§~=1

Q=cS piviy Tt (1—2) 7 Mag, (14)
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€C/H TOILKO KOHTYD HHTerPUPOBAHHS BLIGPAH TaK, YTOGH BLIMOJHS-
J0ch yeaoBue (10), KOTOpoe MOKHO HamHCATh B BHIE

s+1 s+l .. 1Y
——+ik —ik
elxizy 2 ‘wl_a2 ‘a_Q (15)

Mu niem to pemenue ypaBHeHusi (17), xoropoe ocraercs Ko-
HeuHbiM npu x = 0. Takoe pelueHHe MONY4UTCSH, eCaH Mbl BO3bMeM
B KatecTBe NyTH HHTErPHPOBAHHS OTPE30OK BEIIECTBEHHON OCH OT
2=0 no z=1: npn srom BbIbOpe KoHTypa Gyrner, OYEBHJHO, BHI-
NOMIRATLCS W ycaoBHe (15), ecam Toabko s+ | >0, 4To Bcerma
HMeET MECTO, TaK XaK Mbl npeanonaraem s > 0. [Toxcrasiss s (14)
npeaedisl, 6y1eM HMeTb

dz. (14%)

YHr066l npoBepuTS, 4TO 3TOT HHTETpaJl NeHCTBHTENbHO COBNAmaeT
¢ pagom (8), pastoxum B (14*) NIOKa3aTeNbHYI0 (QYHKLUHUIO B CTe-
NeHHOW PSN M NPOHHTErPHPYeM MOYJEHHO. Honbsysice ussecTHbIM
uHTerpasom Jiaepa (Euler)

1

=\ 2?71 — N g T(P)T(q)
B(p7 q)_OSZ (1 Z) dZ I‘(p+q) ) (16)

Mbl OyJeM HMETh

1
o . b s—1 iA S—l_.l
Qe Y B T g

k=0 0
= o TSRl e ) (sl _,
. ,=Ckz=0(i})k ( ? I‘(s—l—lle)-i—l() : ll)
HJu
s+ 1 . s+1 .
Q=c r(5 +;A(ls):_g) k) (S i, s+ ix),

(17)

YTO U TpeGOBaJNOCh AOKa3aTh. M3 cpasHenus (8) u (17) BHIHO, 4TO
NoCTOAHHBIG @ 1 ¢ B popmyaax (8) u (14*) cesizanm COOTHOIIEHHEeM

a=c¢ I‘(S;_I +:l[‘}b(l~$)‘ll-‘-l()s—’2-] —Ml) .

(18)
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Takum obpasom, Mbl fokasamn bopmy.y

41 . . T(s+1)
F(SQ +l7\,[, S—*‘l; lxl)= s+ 1 s+ 1 ><
r( : +m1)r( . —ml)
l =Ly =1
XSe”‘lzz 2 1—2) 2 'dz. (19)
)

{

3Has, yTo 06a BbpameHus (8 Ju (14*) cyTb unterpamb ypaBHe-
Hus (7), KoHeuHble npH X == 0, Mbl MOrVIH Gbl, pasyMeercs, BHIBECTH
Gopmyay (18) npoctbiM cpaBHeHHEM 3THX BBIpAXKEHUH 1asi x; = 0.
Ilonaras B popmyae (19) z = 1 —Zzj, Mbl DOMyunM paBeHcTBO

1 . . 1 . .
F(5 b s i) =etor (S — iy, s1; — i),
(20)

3 KOTOPOro Clenyer, 4To QyHKIHUS y, onpenessemast dbopmy.toit (6),
CyneT BeleCTBEHHOH, €CJH TOJMBKO MOCTOSIHHAS 4 B BBIpaKeHHH
(8) ana Q BemecTBeHHa, YTO MBI H OyneMm npeanoJararte.

§ 8. BriBon, acumnroTHYecKoro BbIPAXKeHHs

Uto6bl BHIBECTH HAa OCHOBaHUH bopmyanl (14) § 7 acumarornye-
CKOe Bhipaxenne A1 Q, crpaBelsinBOe NPH GOIBUIKEX MOJONKUTE E-
HLIX 3HAYEHHAX X, MBI NeQOPMHDYEM NyTb MHTErPHPOBAHUA B HH-
Terpane (14) § 7 caenyromum o6pasom. Bmecrto NpsiMOJIHHE HOTrO
OTPe3Ka Mbl COEAHHMM TOYKH O u 1 Jomauoit munued, HAYILeH oT
0 10 iA, ot iAd 10 iA+1n or iA+1 g0 1, rne A — Hekoropoe mno-
JIOXKATEIbHO uHea0. Tak Kak MeXAy mepBOHAuAMbHbIM H 1egopMHu-
POBaHHbIM KOHTYDOM MOAbIHTErpabnast GyHKuus rosomopdua, to
BeJIMYMHA HHTerpaja OT rakod nedopmauuu He usmenuresi. Ecnm
Mbl GyseM yBequunBath A 10 GeCKOHEUHOCTH, TO HHTerpaJs mo yua-
ctky or iA no iA4-1 Gyxer, BeJTenCTBHE MOKa3aTeabHOro MHOXH-
Teas e~*4 101 WHTErpasoM, CTpEMHTbCH K HYJIIO, H B Npejesne Mol
HOJIYUHM

1 oo 1
o={emt@dz={ et @art | et
’ 0 0 I+

rae [(2) umeer smauenne (13) § 7. B [IEPBOM HHTErpaJe moJjaraem

z=te * " (2
H BO BTOPOM ,

l—z=¢e 2, (2%)
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IMpeneast aast § 6ynyT B o6oux murerpanax O u co. Mu Gymem
HMETh

noa, ¥ s=1 s=1_,
Q =cei (S+l)7 E‘M S e_xlc; 3 +ih|(l ——i;) 3 lhldg +
0
T a, ® s—1 s—1
Fetige VAT S et T M4y T TMar (3)

0

Ecan Ml BBE€IEM NE€PEMECHHYIO

t=1¢x,, (4)
TO MOMKEM HAamHCaTh
s+ 1 ,
us+1)%‘-—%7~, I‘( ) +‘7‘l)
Q=ce Tt
2_+ ihy
Xy
s+ 1 ,
N AT N F( 5 "‘7") -
-l—e ice '—‘W—'.’, (5)
i 1

X
1
rae uepes J o6o3HaueH MHTErpas -

o0

' 1 =i t )ST—l'_”"‘
J=——-Se“t 2 TN —i— dt, (6)
1‘(—”2'I +m.) p 1

a J eCTb conpsi:KeHHas C HHM BeJMUYMHA. ACHMITOTHUECKOE BbIpa -
KeHre AJa J TONYuUMTb yKe HEeTPYAHO; AJAS ITOTO AOCTATOYHO
PasJIoXKUTh NMOALIHTErPaNbHYI0 QYHKIHIO MO OGPATHBIM CTEHEHAM X;
H IPOUHTErPHPOBATH NMOWJIEHHO. BBHAY TOro, uTO pAX
- . s—1
|t - 1 M= it
( _lx_,) _' +_—1'_"x_,'+

g — =LY (i, =S L .
R | s ml) T SR

CXOAHTCA Jumb npy |t]|<|x |, Torma Kak HHTEerpHUpoBaHHe MO
NPOHCXOXUT N0 GECKOHEUHOCTH, PAJ, MOJYUEHHHH MOUIEHHBIM HHTE-
TpupoBaHueM, GyAeT pacXoAsuumes (acuMnrToTuyeckum). Mol Gygem
HMETh
I=Fu(ity+5— 5, i +5+31 =) (8)
20 1 2 2 1 2 2 ’

X1
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TAe cuMBOX Fy(a, B; 2) obosHauaer dopmaabHbI pPsid, COCTaBJIeH-
HHHA 1O 3aKoHYy

Foo(o,Bi2)=1+2P 4 2@EDEEHD o g

Ha ocuoBaunu (17) § 7, Mbl MOXem Halu pe3yJbTaThl 3amMHCaTh
B BHAE

e’f';“'F(S;‘l +i7»1,s+1;ix1)=€1;—lF(s-;] =ik s+ 1 —in)=

. Fis+1) i(s+l)—f:——-g)»; —S2i—u~. -—-‘;‘_'
—m. X, e * X
(-
, l—s 1+ i
X Fooih + 5=, i +1425 L) 4
1
; T oom s+, ., ix
- =g A —Z—4in 2L
e TR R T
P(SF+im)

. 1 — s ]
Xon(—l7‘4+ QS: _l7v1+1_;s; —xl_‘)= (10)

NpUYEM 3HAK DaBEHCTBA HYXHO NOHHMATb B CMbICJE aCHMITOTHYE-
ckoro paBenctBa. IlomyueHHast ¢opmyna cnpaseanuBa He TOJIBKO
Ans BELIECTBEHHBIX, HO H I/ KOMIIEKCHBIX 3HAYeHUH A M X, npH

an n
YCJIOBHH ———2—<arcx1<7. Tax, nampumep, eciH Mbl MOJIOMKUM

p=ir=i( +p) x=—ix,

rie p—LeJOE TNONOKHTENbHOE UHCJIO, TO BTOPOH uied B (10),

BCJA€ACTBHE TOro, 4To

|
r—p =%

obpatuTcs B HyJab, a ¢dopmyaa (10) gact rtoumoe (a He TONBKE
4CHMNTOTHYECKOE) DPaBEHCTBO

e PF(=p, s+1; x)=
—1)T(s+1) -F 1
=(I.?_'_;s+%e 2pr20(_p_S, — p; _"T)- (11)
Vs cpasnenus (11) ¢ (11) § 3 u (22) § 3 scho, uto dopmyna

(11) naer nonuomm Q) (), PAacCMOJIOXKEHHBIE 110 BO3PACTAIOIUN
CTeNeHsAM X (CJIeBa) U N0 y6LIBAIOLWHM CTENEHIM X (cnpasa).
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- § 9. Papnanbible QyHKUMH BOAOPOAA MAJSl CHJOLIHOCO CIeKTpa

Ha ocHoBaHuu peaysabraToB npeiapinymux naparpagos [¢op-
myast (9), (11) § 2 u (2), (3), (6), (8) § 7], Mbl MoXKem panuanb-
Hy10 QYHKIMIO aToMa BOAOPOLA IJs CIVIOUIHOrO CNEKTpa HanucaTh
B BHJE

Ral (f1)=
—a(e)e "V (p, q/%)lF(l +1 +—ﬁ, 21+ 2; ir, 4/%), (1)

npuueM 3ta. QyHKUusS OyJAeT BellleCTBEHHA, €CJIH TOJbKO a(e) Be-
niectseHHo. YToObl NMOMYYHTb ACHMINTOTHYECKOE BhIpaXKeHHEe HJist
370 (QyHRUHM AnA O0JbWIHX ri, noAcTaBUM B ¢opMmyae (10) § 8
BMECTO S, Aj, ¥| UX 3HAUEHHS H TOJOKHM

1 M 1 o, @)
(eiagzm) (TR

a panbi Fy 3aMeHMM HX IpefeJbHHIMH 3HAUCHUAMH Fyo= 1. Mn
[OJYYHM TOTZA

X -
L+ 1)t v
e Na(s)lr(z(::t—”.e ’ '«/]2“8 X

xicos[rlvze+ L 1o (r, +/8e) — z+1)i;-+(a)]. (3)

Ham #yXHO HOPMHDOBATb 3Ty (QYHKUMIO Tak, YT0OBl 6BLIO
e+Ae 2

| Rutrae

e

dri=1. (4)

Wnorga OniBaer yAOOHO BBECTH BMECTO & APYrod mapaMmerp £,
CBSI3aHHBI C & COOTHOLICHHEM

rae f(k) ecTb HekOTOpash MOHOTOHHAst (YHKIHS, H pacCMaTpUBATDL
coGeTBeHHy0 QyHKUMIO R (X, r), HOPMUPOBAHHYIO MO dopMyJe

k+AR 2

S Rk, rodk| dr,=1. 6)

&
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Hadinem cBsisb Mexay OQYHKUHAMH, COOTBETCTBYIOUIMMH pas-
JUYHBIM HOpMHPOBKaM. Mul uMeeM, cuutas Ae H AR HOJOKUTENb-

HBIMH,
Ao () Ak,
e+ Ae k4 AR
Ra(ryde=1 (&) | Rk, r)ae,
[ k

Tak Kak Ak GeckoHeuHo MaJo. [loxcraBiasisi 9TH BHIpAXEHHUS B (4)
u cpasHuBas ¢ (6), nonayuaem

Rk, 1) =Ry (r) A/ | 22 ™)

Gopmyny (4) uau (6) MOXKEHO npeoGpasoBaTh CAEAYIOMHM 06-
pasom. Tak kak coGcrBennble aubGepeHUHasbl, OTHOCSLLHECS
K DasJMYHBIM Y4YacTKaM CIJIOIIHOFO CIEKTPa, OPTOTOHAJBHBI, MBI
MoxKeM BMecTo (6) HamucaThb

o E+AR RHAE
lim —Al; S r S R, r)dk’ - S R(k”, r)dk"” ¢dri=1, (8)
Ak >0 T 4 P E—Ak

rae Ak > Ak. B 310t dopMyse MBI MoxkeM mepeliTH K upepeay
Ak —0, ocraBassa Ajk oTAMYHBIM OT HyJs. MEl mosyumm

oo _ k+Ak
\rR(ery § R&, r)arar=1. 9)
0 k—Ak

Tlycte Tenepsb R°(k, r;) — HenopMupoBauusie Gynkuum, a ¢ (k) —
HODMHPOBOYHBIA MHOXHTENb, TAK UTO

Rk, r)=c(k)R(k, ). (10)

Tak xak Ak GecKOHEUHO MaJio, MBI MOXKEM BBLIHECTH MHOMKH-
Teab ¢ (k) M3-MOJ 3HAKA MHTErpaga H INOJYYHAM AJA ONpeeeHus
€ro ypaBHeHHE

oo E+Ak
1 = , ,
WW=MMWJSWWMMM. (1)
' 0 B~Ak

Beipaxéenne B 11paBOit 4acTH He 3aBHCHT OT Ak, Kak MOINIO Gbl
TI0Ka3aThCs Ha NepBBI B3TJAM.

[Ipenbinynue coobpakenuss OTHOCATCH HE TOMBKO K JaBHOMY
npuMepy, HO H K 0O6IIeMy cJyuyal0 HOPMHPOBKH COGCTBEHHBIX (yHK-
Ul B CIJIOWIHOM CHeKTpe.

Hasi Boiunesnenns unrerpasa (11) pasgesuM NpoMexyTox wuu-
TErPHPOBAHHUSI IO 7| Ha [BE 4acTH: OT HYJS HO HEKOTOpPOro ry = A
u or A no oo. MHrerpanm B KoHeuHOM npoMexyTke (or 0 10 A)
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Oyner, OueBHAHO, CTPEMHTbC K HYJIO OAHOBpeMeHHO ¢ Ak. [lo-
3TOMY OCTaercss MHTerpas or A Ko oo, 1 Mb GyldeM HMeTb

*® kR+AR
1 ) — , ,
AOK =A‘}k"10§’?R°(k’ fl)k §k RO, r)dk dr.  (12)

[TpenmymectBo 3Tofi GopMy/ab B TOM, uTO, B3sB A 4OCTATOYHO
GO/IbLIMM, Mbl MOXeM IIO/Ib30BaThCsl aCHMITOTHUECKHM BLIPaKeHHeM
s RO(k,ry).

TTonoxum

k=1/2¢ (13)

¥ BO3bMeM B KauecTBe R%(k, r;) Ty ¢yHruuIo, KOTOpasi HMeeT acHM-
NTO1HYeCKOe BEIpaXKeHHe

RO(k, 1)) = - cos (kr + g r, + ), (14)

TAe y eCTb BeKTOPHasA QYHKUHA OT k, 3HaueHHe KOTOPOH MOXKHO IO-
Jy4uTb U3 cpaBHenus (14) ¢ (3). Moxno nokasatb, 4TO NpH BHI-

1
yucJeHUH npenena (12) uienn — lgri + v nox suakom KocuHyca

He HIpaloT POJIH, TaK KaK OHH MaJIbl 10 CPABHEHHIO ¢ IVIABHBIM uJie-
HOM kry. OcCTaB/ifif NO3TOMY TOJBKO STOT 4ieH, Mbl GYAeM HMeTb

oo kR+Ak
m = lim S cos kr, cosk'ridk’ dr, =
Ak=>0 a h—Ak

= lim S(l+cos2kr,)sm—(rAl"f—’l)—drl. (15)

Ak—>0 A
Jlerko nmoxkasatp, 4TO

00

. 2krysin Ak
, fim Sﬂ'“'-"—j-'ﬂ—'—"—dr,=o. (16)
AJz—)OA 1

B camom pene, sro BbIpaxeHHe PpaBHO

lim {_;_S sin (2 + Agk) ry dfl—';—S sin(2k—A,k)rLdrl}'

Ak>0 n 1 1

a BeJHYMHA B CKOGKaX MPeJCTaB/IfET PA3HOCTb ABYX CXOMALIMXCS
MHTerpaszos, KoTopwie nmpu Ak =0 cosmagaior. Ocraercs, caeno-
BaTesbHO,

i

— = lim S*‘mdn. (17)
A

sin (A
i

le (k) Ark>0
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Bsoas snech HOByI0 nmepeMenHyio t=r, Ak, nonyuum

= lim S Si"tdt=s Ha=2, (18)

1
le (k)| Ak>0 Y

TaK YTO MBI MOXEM IOJIOXHTb
2

Takum 06pasoM, coGecTBeHHBIMH GyHKUHAMH, HODMHPOBAHHLIMH
OTHOCHTE/JBHO £k, GyAyT Te, KOTOPble HMEIOT ACHMNTOTHUECKOE
BHIpAXKEHHE

Rt ) A/ Zcos (kri+L1gri4v), (o)

a HOpPMHDOBAHHLIMH OTHOCHTEJILHO & 6yAYT, coracHo dopmyue (7),
HMeolLilHe aCHMNTOTHYECKOE BHIpaX{eHHe

Rum A/ = A ELcos (r /28 + JElen+y). @y

®opmyna (3) paeT Teneps CaeyioLIee 3HAUECHHE MHOXHTeJs a (g)
B BhIpaxenun (1):
rfi+1+ -
( tit '\/28)
(20411

a(6) = —= Vs eV (22).

DyHKIMIO
Pt ) = () (e -

HETDYIHO BHIDASHTH 4Yepe3 9JeMeHTapHble (GyHKUMH. Ilosaras
o = A;, NEPEMHOXAs PABEHCTBA
e

PA+T4+iM)=0+ir) ..o 14a)T (1 441,
AT —id)=(~i\) ... (1 =)D (1 —id)

H NoJb3YACh GopMysoit
. . A
P(I4in)D (1~ in) =52, (23)
noJiyuyaeM
IDE+ T+ P=(" 42D (2 +a0) .. (P (20
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HJn

l (t+1+—

1/_
D) = o)
V2e
'\/28

IToacrasasa 3To B ¢dopmyay (22), noayuaeMm cjaegylollee OKOHYa-

TeJbHOE BHIpaXKeHHe 1as a(e)
ACD L

2
= 2+ 1! .
/\/1 — e—ﬂ/\/—a—

C srum sHauennem a(e) cdopmyna (1), KOTOPYIo MBI BLIIHIIEM
3JleCh ellle pas:

a(e)=

Ral (rl) =

= a(e)e=in V3 (r, VEE)‘F(Z 414 ﬁ oL+ 9 ir, 4%), (1)

7aeT HOPMMPOBaHHBIE pajfHajblble QYHKIMH aToMa BOAOpPOAa AJIA
CIIVIOIIHOTO CIIEKTPA.

ITpexcraBnser uHTepec BbIpaxeHHe [JIs NPENebHOrO 3HAYCHHUS
R (r1) npn e—0. ITonbsyscy popmyaoit (17) § 6 u mpunomunas
(18) § 6, 6ynem umers

- 3
lim Ryt (1) = A/ 2 Jory (VBF) = lim 0 R,y (r). (26)
e>0 1 n-»co

§ 10. MiHTeHCHBHOCTH B CReKTpe BOROpPOILA

HalifeHnbie HaMH BbIpaXKeHHS AJs pajHaldbHBIX QYHKUUH 103-
BOJIAIOT BBIUHC/ATL HHTEHCHUBHOCTU CNEKTPAJbHBIX JIMHHH, COOTBET-
CTBYIMIHMX Pa3/MYHLIM [epexofaM, 4 Tak¥Ke HHTEHCHBHOCTH
B CIUIOWIHOM CHeKTpe. Boimumem 3nech GOpMyJabl AJsi HHTEHCHB-
HocTed, BhiBeAeHHble HaMH B § 9 ra. IV, npuueM BBegeM atoMmHuble
e/IMHUIbl MepHl U NpHMeM BO BHHMAaHHE, UTO YDPOBHH 3HEPTHM IJ5
BOJAOPOA HE 3aBUCAT OT a3UMYTaJbHOTO KBAHTOBOro uucia [. Mu
OyieM HMeTb

I, 5 n, I —1)=(ex —e&)*r(n, l; n, 1 —1) 1, (1
I, i+ )=(v—elr,n, L+ DREIH1) (1%



§ 10 MHTEHCHBHOCTH B CNEKTPE BOIOOPOJA 217

IUISl TIEPEXOJI0B MEXKAY HHCKPETHBIMH YPOBHAMH H
I, 1; e)Ae =
=(ev—e*{{r' (', e, =D PRI+ |r(n, ;e 4+ 1)+ D}Ae (2)

LSl MepPexo/IoB ¢ TOYEYHOTO Ha CIJIOMHON crekTp. Has npousBob-
HBIX KBAaHTOBBIX unces n’, n, ! Bxomsmue ciooga Benuuunsl r(n’, I
n, = 1) BbIpaxaloTcs NOBOJBHO CJOXKHO, HO AJs1 MaJblX 3HaUeHHI
n’ pasnuuHble QYHKUHH R,/ SBASIOTCS NMPOCTHIMH MOJMHOMAMH, H
VHTErPUPOBAHKE 110 r MOXHO BBINOJHHTh /ISl IPOU3BOJIbHBIX UHCES 1
uay g 6e3 ocoforo Tpyaa. Mel OrpaHHUHMCS 3lech PACCMOTpeHHeM
ciydaeB n’ = 1 (cepus Jlafimana) n n’ = 2 (cepus Baabmepa).

Has n’ == 1 exnucTBeHHOe BO3MOMXKHOE 3HayeHue ! ectb I/ = 0;
M03TOMY HafO BLIYHC/ATH JIHIIb HHTErpaJt

oo

r(1, 0 n, )=\ riR (r )R, (r,) dr, 3)
0
nJan

r(1, 6 e, 1) = £, (r,) Ry (r,) dr.. (3%

Jas n’ =2 BOSMOXKHJ 1Ba 3HaueHus I’, a umenno, I/ =0, I’ = 1.
CoOTBETCTBYIOILIIG HHTErPabl 6YAYT
oA == 0

o

r2,0;n,1)= 3 PRy (r) R,y (7)) dr, 4)
0
wonag ==

r(@ 15 n, 0=\ rR, (r)R, (r))dr,, (5)
0

r(@, 15 n, 2)={riR,, (r,) R, () dr, (6)
0

M, KpOME TOrO, TAKHE XK€ HHTerpajbl IJf CIIOLIHONO crekTpa. Bee
STH UHTerpanbl OepyTcsi B KOHEUHOM BMIAE NPH MOMOLIH (hopMyJ
(8) § 4 u (16) § 4 u ux HenocpeACTBEHHBIX OGOGINEHHE Ha COG-
CTBEHHble (YHKUHH CIUIOMIHOTO CNEKTPa. YHOMSIHyTbie GOpMYyJInI
HMEJH BHJL

Qs (x) = Q"' (¥) — pQyE! (w), [(8) § 4]

(@a—17

| eoq; (ds=LTZETs+p+1). [(16) § 4]
0
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Hro6bl MoJyuHTh JKesaeMoe oGo6lieHHe, BBIDA3UM 34ECh MOJIH-
HOMB Q, uepes psignl F mo dopmyae (22) § 3. Mwb monyuum

+DF(=p,s+1; x)=
=@+ 1+p)F(—=p, s+2; x)—pF(—p+1,s+2 1), (7)

ast!

Se“""xsp(-p, s+ 1: x)dx=M(1 -—‘—)". ®)
0 a

B nocaennioo dhopmyay mMoxHO BBECTH HOBBI napamerp b, 3a-
a
MEHHB @ H2 —— M X Ha bX, 1OC/Ie 4ero oHa NpHMeT BHI

Se—“"xsF(— p, s+ 1; bx) dx=M(l —i)p. 9)
§ a

as+l

Herpyano y6enuntses, uto st popmyan CIpaBelJIUBLE HE TOJIbKO
AJs LEJBIX p, HO U g JIOGBIX NPOOGHBIX H KOMILIEKCHBIX 3HAYeHHI
3TOTO MapaMerpa, €clH TOJbKO IOCTOSIHHbBIE d W b TAaKOBHI, 4TO
|a|>|b| u nurerpanu (8) u (9) umeror cMbica. [Ias nokasaTesb-
cTBa (7) HOCTAaTOYHO CPaBHHTb KO3QPHUHEHTH NpH CTeneHax x
B 00eHX 4acTAX paBeHCTBA, a JUIS AOKA3aTeqbCTBA (8) 1 (9) moxuo
pasoXuTb F B pANl H IPOHHTETPHPOBATH €r0 MOYWIEHHO.

Paccmorpum tenmepn wnterpan (3). IMomcrasass mo bopmynam
(14) § 6 u (20) § 6 sHauenus pagna’bHBLIX byHkuui, 6yaem uMersb

r(l,0; n, )=
3 % 1
4 -5 ] ~(1+-)r 2
=3n 2/\/l—n—28r4e( ") F(—n—|—2, 4; T’)dr. (10) -
0

OTOT HMHTErpaJ He COBCEM MOAXOLMT NOA THII (9), Tak kax cre-
[eHb r B HeM COBNAJaeT CO BTOPHIM apryMeHTOM y F, TOraa Kak s
(9) aT1OT apryMeHT Ha ejMHHLY GoJblile CTeleHH X. [IJIS BBYHC/Ie-
HUs €ro MBI MOXKeM JHGO mpuMeHnTb GopMy.y, nosyuaemyio ud-
tbepeHunposanuem (9) no mapamerpy a, auGoO YBEJHYUTb, NPH TIO-
mown (7), BTOpoit apryMent y F Ha eamHHuy, a 3aTeM yxe BOC-
LONb30BaThest ¢opmynoi (9). IlpuMeHss omgun u3 3TuUX IPHEMOB,
101yuynM

=]

| e () (—n+2,4X)ar=

n
0

—12(1=5)"7 1+ D)7
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[Moacranoska storo Beipaxkenns B (10) gaer

5
n—

L
r(l, 0; n, 1)= 1602 &l)‘drﬁ (12)
(1) 2

_ Unrerpannt (4), (5) u (6) BBuncasiorcs NpH MOMOILHM TEX Ke
NpHEMOB; B pe3yJbTaTe MOBOJBHO CIOKHEIX BBIKJALOK NOJydaeTcs

U 1 n—3

r2, 05, =2 V2aT (217 (13)

9

. . 928 3 (n_Q)n—3 ,

r(27 17 n; 0)_ '\/a n (n+2)n+3 ] (14)
7
910 3 . l(n_2)n—‘7

r(2, 1;n,2)= 75 n?(n®—1)? ‘o (15)

(nt2) "%

[Tono6ro 3TOMYy, MOXHO BHIYUHCAHTD COOTBETCTBYIOUIHE HHTE-
Tpajibl U JJsi CIIOWIHOrO cnekTpa. /st 9Toro HeT HeOGXOAMMOCTH
NOBTOPATD BCE BLIKJAIKH, @ MOXHO BOCHOJb30BATHCS TOTOBHIMH pe-
sysavraramu (12)—(15) na ocHoBanuu CNELYIOIHX COOGpaKeHHil.
Cpasuusas Buipaxenns (15) § 6, (1) § 9 u (25) § 9 nna panuans-
HbIX QYHKUHHA TOYEUHOrO U CIJIOIIHOIO CHeKTpa, Mol ybeaumcs, yro
OHHM MOTYT OBbITb NPEACTABJEHL! B BHIE

Rt (r) == Q(n, 1, r), (16)
n2 .

Ry (r) = -i-—yg(ﬁ' I ’1)» (17)
/\/I_e—n«\/?

rae Q B 060MX BBIPaXKEHHSIX €CTb OJHA W Ta XK€ aHATUTHUECKAS
(GYHKLHA OT 1, a UMEHHO,

Qm b =A/(1-%)(1<5) ... (1-F)x

_e)t g P, 2049 X 18
><(21+1),e (—(1—r+, +’T' (18)

C apyroi CcTopoHbl, muTerpanm THna (9) NpPeACTABISIOT TaK-
He aHANNTHYECKHE OGYHKLUHM BXONAIIMX B HHX IapaMeTpoB; Tak,
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HanpuMmep, dopmyaa (11) cnpasennuBa U AJAS YHCTO MHHUMOLO H ==
i

o
%n% cr(1,0;n, 1)=8(1 ——n’—)”‘%(l ~|—%)_n"25—=f(n), (19)

To, Ha ocHosanuu (3), (3*), (16) u (17), Mu GyneM HUMeTh

TlostoMy, ecaut MBI [IOJIOXKHM, HAIIPUMED,

, , _ 2 i
(1, 0; e, 1)_wa(v2:) (20)
501850 '
r'(1,0;e )=

s L5
=7—27-8(1+i«\/2_e)“/§5 2. (1 —i4/28) VE 2. (20%)
| — =TV

Anajiornuso Mel MorJin Gbi noayuutb r'(2,0; ¢, 1), r'(2,1; ¢,0) u

r’'(2,1; e,2), Ho mpolle caeaaTh Hepexok K CIJIOIIHOMY CIIEKT
HOMY y
yKe B OKOHUATEJbHBIX (OpMyaax AJS HHTEHCHBHOCTEH.

UTo6bl MOMYYHTH HHTEHCHBHOCTb, COOTBETCTBYIOUIYIO HEPeXOny
MeXKJAy AaHHLIMH YPOBHSIMH HEPIHH, HY2KHO B3Tb CYMMY BHIpae-
uuit (1) u (1*) mo BceM AOMYCTUMBIM 3HAUCHUAM [.

Hns cepun Jlalimana cyMMa NPHBOAKUTCH K OJHOMY 4JeHY

1 I \¢
1, =5 —5) I7(1,0; n, HP,

Tak uTo, no dopmyae (12),

4 2n—1

2° (n~1

I(1, n)=— '("—')T_H‘ .

n (n+41)"
Hna cepuu banbMepa MH HMeeM

1@ m) =g (5= 2) {r@ 0 n DP+I7E 15,0 P+

+207(2 15, 2) B

oTKyZa, Ha ocnosanuu (13), (14) u (15), moayuaem

(1)

23 (n — 2)2[1—'3

12, n)= (o

« (5n% — 4)(3n2 — 4). (22)
UToGH NMOJYYHTh OTCIOAA MHTEHCHBHOCTH IS CIUIOLIHOTO CIeK-
Tpa, YMHOMKAEM 3TH BbIDaKEHHS HA KBAAPAaT OTHOUICHHS MHOXKHTE-

el npn Q B- popmyaax (16) u (17), T. e. na Beqnunny

n?

l_e-nwﬁ/_e !
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¥ 3aMEeHsi€eM 1 Ha B pesyJbTaTe noJydyaercs

I(1, e)Ae=
L [ ST
=————-—1 lir rz/.‘;(l—i—i«\/Qs)‘/28 (1——i*\/28) Ve - Ae, (23)
—e

i
Ve

12, e)Ae=——S2 . (51 86)(3+8e) X
1 _e—:rm/z/e

2 _2
X (1 + 2i 4/26) V2 3-(1-2;'«/27;) VE . Ae. (24)

Uro6s 0CBOGOAMTBCS 3HeCh OT MHHMBIX BEJIHYHH, IOJOMXKHM
B Qopmy.ae (23) ‘

VZe=tgn (0<n<F) (25)
u B dopmyse (24) ’
2-4/Ze=tgm, (0<m<g) (26)
OTH NOACTAHOBKH NPHBOAAT HALIK QOPMYJB K BHALY
166"‘4’“1 ctg m
(1, &) A= ———— e tgm A, (27)

23—8717 ctg n,

1(2,e)Ae= T (I 44 cos’ny) (1 + 2cos?n,) tg n, An,. (28)

B 3aknioueHue 3aMeTHM, UTO MHTEHCHBHOCTH, HabJiogaeMble Ha
ONbITE, 3aBUCAT KPOME CBOUCTB OTAEJBHOrO aTOMAa TaKxKe H OT YHCJAa
aTOMOB B «HaYaJibHOM» COCTOSIHMH, KOTOpOe OyJeT pasinyHbIM NpH
pasHYHBIX YCAOBHAX onbitTa. I[lo3TOMy cpaBHeHHe BbIBeIEHHBIX
371ecb GOpPMYJl C ONIBITOM MOXKET GLITh JUILb KOCBEHHOE.

§ 11. Sisaenne Iltapka. OGwue 3ameuanus

Ecnu nomecTuth aToM B 3J€KTPHYECKOE MOJE, TO €ro YPOBHA
SHEPruy, a CJAeJ0BaTeNbHO, U CIIEKTpaJdbHble JUHUH, COOTBETCTBY1O-
nue nepexonaM MeXAy 9THMH YPOBHSAMHM, pacluiensTtcsi, Boolule ro-
BOpS, Ha HECKOBKO KOMITOHEHT. DTO pacllellIeHHe CIEeKTPaJbHLIX
JIHHHH B 9J€KTPHYECKOM [O/Ie HOCHUT HasBaHue siBneHus llrapka.
Hast aroma Bonopona pacuiensieHne 6yZeT MPONOPHHOHANBLHO CHJIC
nossd; AJIsS APYruX aTOMOB OHO IPOMNOPIHOHANBHO KBaApaTy CHJbi
noas. ATO pasanune 06BACHAETCS caenywomum obpasom. I1pu vanu-
YMH BHCWIHETO 3JIEKTPHYECKOTO MNOJs, HANPaBJEHHOrO, CKaXKeM,
BAO/b OCH Z, COCTaBJAKIIAS MOMEHTa KOJNHUYECTBa IBUIKEHHS BO-
Kpyr ocit 2 OCTaCTCsd UHTErpaJioM KBAaHTOBBLIX YPaBHEHHH JBHKEHUS,
TaK 49T0 «MarHUTHOMY» KBAHTOBOMY YHCIY M MOXKHO NO-IPEKHEMY
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TIpUNIHCATb OnpejesieHHoe 3HaueHue. B cayuae ue-Kynonosa moast
LaHHOMY ypOBHIO SHepruum E = E,; GyleT COOTBETCTBOBATH TOJbKO
OlHa COOCTBEHHAs! QYHKUHS C ONPEJEEHHBIM 3HAYEHHEM 1 sl
Kysonosa noas takux ¢yskuuii 6yaer neckoabko. (OHu OynyT ot-
JIMYATbCA IPYr OT Jpyra a3WMyTaJLHbIM KBaHTOBBLIM UMCIOM {).
Hpyrumu cnoBamu, ans He-Ky/noHoBa moss ypoBHH sHeprun oynyr
npocTeiMH, a Aas KynoHoBa noas ouu Gyayt KpaThbimMu. ITostomy
AJist BHIYMC/ICHHS! TIONPABKA HA BHELIHEE IOJIe HYXKHO B OGOHX CaIy-
YafXx NMPHMEHSATb Pa3JHYHbie METOJbl TeOpuH Bo3MmylleHuit. Tak kak
no6aBoyHas NOTEHLHA/NbHAS SHEPrHsi NPONOPLHOHAIbHA KOODAH-
HaTe Z, TO JIETKO BUAETb, UTO AJS IPOCTBIX COGCTBEHHLIX 3HAUEHHIT
HEBO3MYLIEHHOl 3aJayy MONPaBKa B NEPBOM NPUOJIMUIKEHHH paisHA
nymo. B camom nene, sta mompaska paBHa OMAroHaNLHOMY 3ae-
MEHTY MaTpulbl, KOTOPHIH, BCJCICTBHE NpaBuUaa 0TGOpA /s 2, HC-
yesaet. Takum oGpasom, naa He-KynoHoBa noas ocraerest nonpaska
BTOpOro INOpfAKAa, NPONOPUHOHAAbHAA KBaApPaTy BHELLIEro MoJs.
HMuaue ob6crout meno ans KysnoHoBa mons (KpaTHbie COGCTBEHHbE
3HaveHus1). Tam nonpasky nepBoro npuGJuKeHHs, IPONOPLHOHANb-
HYIO NepPBOH CTelleHH BHEIIHEro NOJf, HYKHO BBIUHCJAATD, NPUPAB-
HuBast HyJio onpexenntens D(A) [(4) § 5 ra. II], npuuem ona oka-
3bIBAETCS OTJIMYHOH OT HYJIA.

3aMeTuM, U4TO COCTOSIHHE aTOMa B 3/EKTPHUECKOM [OJe He siB-
JIETCSsl, CTPOrO rOBOPS, CTallMOHapHBIM. BeaemcTsue Toro, uto mno-
TeHLHaJ/bHAsl SHEPrusi 3J€KTpoHa Ha  OGOJbLWHX PACCTOSAHHUSAX OT
aToMa MOXer yOblBaTh 10 — 00, 3JIEKTPOH GyNeT HMETb KOHEUHYIO
BEPOATHOCTL OTOPBATbCst OT atoMa. [lomyuaemoe no merony Teopuu
BO3MYIIEHHI NpuGInHKEHHOEe pewenue ypaBHeHus [peaunrepa co-
OTBETCTBYET «IOYTH CTALUHOHAPHOMY» COCTOSIHHIO B cMblcie § |
ra. Il u § 8ra. I

Ilpu usyuennn ssnenus Ilrapka ans Bomopona ymo6HO, BMe-
CTO HEeNOCPENCTBEHHOrO MpUMEHEHUsA TeOpHH BO3MYLUEHHH K ypas-
Henuio Llpenunrepa B cdepuyecknx koopaunarax, nepeiiTu criepsa
K 11apaGo/HYecKuM KOOpA#HaTaM. JIOT MPHEM HMEeeT TO NpeHMylie-
CTBO, YTO B MapabOJHYECKHX KOODIAMHATAX yPaBHEHHE N/ BO3MY-
IEHHOH! 3alaun [ONYCKaeT pasfieJeHHe NepeMEeHHbIX, MpuYeM 3a-
Jlaua TPHBOAHTCA K YpaBHEHHAM, HEBO3MYLIEHHble COGCTBEHHbIE
3HA4YEHHS] KOTOPBIX SIBJASIIOTCA MPOCTHIMH. MBl OrpaHHdmMcs 3mech
BbIYHC/IEHHEM TONPABKH MEPBOrO MOPsSAKa K YPOBHAM 3HEPTHH.

§ 12. ¥Ypasuenne llipenunrepa B napaGoanyeckux
KOOpJHHATaX

Mpr HamuweM ypasHeHHe IJi COC-TBEHHbIX (yHKuMA onepa-
TOpa SHEPrHH Cpasy B aTOMHHIX eluHunax. OHo 6yJeT HMeTb BHI

— g Mp— L — gz = Eyp. (1)
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Bosmymaiomas sneprus passa sgech —gz, rae g eCTb 3JeKTpHYe+
C€KOe [10J1€ B aTOMHBIX eAuHHIaX. Ecin 0603HaYuTh mose B O6LIUHBIX
eJnHunax vepes D, To

=—-g=g-5,14- 10°s/cn. )
ITosToMy naxe Ans CHIbHBIX ToJeit mopsiaka 105 wan 108 8/cm ma-

pameTp g 6yAeT MaJbiM.
Beenem napaGosnnyeckue KoopauHATHI

=r4z v=r—z (3)

TlosepxHocTn # = const u v = const NpeACTaBJAIOT OPTOrOHAJb-
HYI0 CHCTEMY NapaGoJIOHAOB, KaK 3TO BHIHO H3 yPaBHEHHH
4y 4 2uz =12, }
24— vz =12

(4)

[Tepexon kK napaGonMYecKHM KOOpAHHATAM U, U yA0OHO chesaTh
B TPH NpHEMa, a HMEHHO, BBECTH CIepBa LMJIHHIPHYECKHE KOODIH-
HATH 2, P, @, 3aTe€M IIOJOXKHTh

e +ip=5 &+ iny (5)

U, HaKOHel, BbIPasuUTb &, M uepes u M v. Otraenas B (5) Belre-
CTBEHHYI0 H MHHUMYIO YacTH, NOJYYHM

== ? (EZ - "'l‘), (6)
p=_En, )
a Gepa Moaynb, GyIeM HMeTb
r=5 &+ ®)
Orciona
B=r+4tz2=u n=r—z=ny. (9)

Beps kBanpar momysns nuddepenunana (5) u Beipaxas satem
&, n uepes u, v, IONYUUM

d2+dp = (8 + ) (d8* + dn?) =1 (u +0) (L au? + Tdv?),
TaK 4TO KBaJpaTr 3JieMEHTa IJUHBI AyTH

ds?=dz2> + dp® + p?do? (10)
6ylleT paBeH

ds? =0 qur 4 R0 g2 4y age, (11)
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SiremenT 06beMa paBeH KOPHIO KBAaAPATHOMY W3 NPOH3BeleHHS
TPeX wiIeHOB BhlpaxKeHus (11)

dv = (4 + v) du dv dg. (12)

HUroGb1 nafiTi onepartop Jlansnaca, npotie Bcero BOCHoab30BaATHCS
H3BECTHOH TEOPEMOii, COrIacHO KoTopoit onepartop Jlamiaca s KpH-
BOJHHEHHBIX OPTOrOHAJIbHBLIX KOOPAHHATAX §|, G2, Q3 HMEET BUJI

Ap=

1 { 3 hohsy i'\b_) 0 hzhy O ad h_'}f?_..ai }, (13)

= hihohs Uogy \hy 94 dg, \ h, dq, 9gs \ hs g,

rne hy, hy, h3 cyTb KOpHH KBaapaTHbE U3 KO3(HLHENTOB B Bhipa-
XEHHH [/ KBajpaTa dJeMeHTa AyTH

ds*=h?dq® + hldq} + hidg?. (14)
IIpumensis a7y TeopeMy K HalleMy c/y4aio, Mbl IOy UnM

M= () + a3 (G 4R

u 4uvy

IToxcraBum 3To BeIpaxkenue B (1) u BBIPA3HM f H 2 OpPH 0O-
u-tv
B} 2

HOCa BCeX WIEHOB B NPABYIO YacTb Mbl 6yAeM HMeThb

() )1 G ) R+
i+ gE@+o+Lw—mlo=0 ()

mouin (3) uepes u u v. [locne yMHOXKeHUst Ha . =7 U nepe-

Herpynno Buners, uto 310 ypasHenue pemaercs pasgesnenuem nepe-
MeHHbIX. B camoM gesie, eC/iH MBI OJMOXKHM

Y=U() -V (v) - e, (17)

TO ypaBHeHue (16) Oyaer semoansTbes, ecan U(w), V(v) 6ynyr
YJAOBJAETBODPATL YPABHEHHAM

< u%)+(a+gsu—%+—§—u2)q=o, (18)
G O e L

rae
at+b=1. (20)

B atux Qopmysnax m ects He 4TO MHOE, KAK «MArHHTHOE» KBAM-
TOBOe uuca0. [Tapamerpnl @ u b, CBAsaHHBle COOTHOLIEHHEM (20y),
NOA/IEKAT ONPEACNEHUIO U3 YCI0BAA, 4ToOL ypaBHeHusi (18) u (19)
HMEJH DEeINeHNs, KOHeUHble NIPH BCEX 3HAYEHHHAX 4 u v or 0 740 oo,
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§ 13. Pacmenaenune ypoBHeil 3Heprum
B 3JEKTPHYECCKOM [ioJie

Hama nejb— HaiiTh nompaBKu K YPOBHSM SHEPTHH BOAOPOIA
I/ HeGOoJIbILMX 3HAUEHH{ IVIaBHOrO KBAHTOBOTO 4YHCJIA 1 B MPEAIo-
JOMXEHHUH, UTO IapaMeTp g BeCbMa MaJl.

Bsenem HoBble nepeMeHHbIE

u, =uy/—2E, v,=uv+/—2E. (1)
Tak xak napamerp £ y Hac orpuuatened (npub/imxeHHoe 3Haue-
HUE €ro paBHO F= — 5= ), TO BEJIHYHHDI U; H Uy GYNyT BEIeCTBEH-

HbIMH M TIpefessl ux uaMeHenua 6ynyr O u co. B HOBbIX mepeMeH-
Heix ypaBHenus (18) u (19) § 12 npumyr Buxa

d 2
d—ul ldu)+(al——u1 it E&w)u=0,
dv 2 L
S (v 2) + (6 — o — ;’;1 S)v=0, @3
rie
8= e, (4)
(V—2E)
a mapameTpel a; H b; paBHBI
_— a =——b
=V "=yv== )
TaK 4TO
1
a+ b = Vi (6)

M3 ypasnenust (4) crnepyer, 4To HOCTOsIHHAs g; GyleT MaJoi
TOJIbKO B TOM CJyude, €CJIH 3Ha4yeHHsI IN1aBHOTO KBAHTOBOTC YUC/A R
HeBEJHKH, KaK 3TO MBI W NPEANIOJNOXHJAXW B caMoM Hauaje. Ecau
CYHTATh g1 HM3BECTHHIM, TO ypaBHeHHs (2) u (3) mnpencraBasioT
ypaBHEeHHus st COOCTBEHHBIX (PYHKUMI CcaMOCOMpSI:KEHHBIX oOlepa-
TOPOB, COOCTBCHHbIE 3HAYEHHS KOTOPHIX paBHH a; H by. Onpexeans
5TH cOOCTBEHHBIE 3HAYEHHs, Mbl HaliieM 3arteM 1o Gopmyne (6) cob-
CTBEHHBIE 3HaYeHUs sHepruu E.

B ypaBHeHnax (2) u (3) Mpt OyAeM paccMaTpPHBATL YJEHH, CO-
AeprKallue napaMeTp g Kak BO3MylLleHHe. YPaBHEHHS] HEBO3MYIL[EH-
HOH 3amaun OyAyT Buia

E = @

dT0 ypaBHeHHe Obi10 MoApoGHO HccaefoBaHo HaMu B §§ 3, 4 u 5.
Mui 3HaeM, uTO COGCTBEHHLIE 3HAUEHHS €r0 CYTh

h=p+£%§i (p=0,1,2 ...), (8)
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a co6cTBeHHble QYHKLUHM paBHbI
Im]

Ypor)=x"% ¢ 2Q,!™I(y), (9)

IosTomy coGeTBenHbIME 3HAYCHHAMY H QYHKIUSIMH ypaBHelui (2)
H (3) B HyJIeBOM NpHOIHKeHUH OyayT

@=n 4L o1 g c) (10)
B=n+ AL (0,1, 2,...), (11)
U=, (w), V3 =y, () (12)
Hs (10) u (11) Mu TIOTyHaeM, B TOM e HPHOJIHKeHHH,
1/_‘_%=al;+b<;=nl+n2+|m;+1=n, (13)
TIe LeJI0e YHCJIO n NpPHHHMaer éﬂaqeﬂnﬂ n=1,2 3, ... u npej-

CTaBJACT HE UTO HHOE, KaK IVIABHOE KBAHTOBOE YHCJO.
Bce coBerBeHnble 3Hauenus onepartopa (7) mpocrhle. [Tosromy,

4TOOBI NMOIYUHTb NONPaBKY liepBoro nopanaka x (10) u (11), mocra-

TOYHO HAHTH NHATOHAJBHLIN 3/1€MEHT MaTpuUbl AJsi BO3MYIaoLLes

(YHKUMN, KaKOBOH stBAsteTcst mis (2) Beanunna —%uf H s

(3) Bestnunua %v%. Hurerpan Buna

oo

§ 21y, (vpax

0

yXe ObUI HAMH BHIYHCJEH; 110 dopmy.iam (19) u (21) § 4 mMbr uMeeym

oo

{27 [Q5 (0T dr=60" + 6p (s + 1) + (s+1)(s+2). (14)

0

HoatoMy coGerpenubie shavenus g IepBOM NPHGIHXKEHHH GynyT

a1=n1+"”'T+1~%[6nf+6nl(lml+1)+(|ml+1)(lml+2)],

(15)
by =+ LD 86 (1 4 ) (1 | 1) |+2)].
(16)

Cymma srtux BHIpaXKeHHH paBHa
3
a,+b,=n+-2-g1n(n2-nx), (17)
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rie n umeer sHauenue (13). Ha ocuoBanum (4) u (6) Mb umeem,
CJ1e0BATENbHO, NPUO/IHKEHHOE PABEHCTBO

1 3
Vﬁr—n +;gn(n2——n1)~ W

1
————, 18
31ech MH MOXKEM B IONPABOYHOM 4JeHe 3aMeHHThb q/— 2E ero
npuGANIKEHHBIM 3HaueHueM l/n. Mer moayuum

7_%:;2 +%gn4(n2—n1). (19)

Pemrasg 3T0 ypaBHeHHE OTHOCHTeJNbHO E, mMosyyuM B TOM Ke TIpH-
OJHKEeHHH

1 3
E=—W+-2-gn(n2—n1). (20)

TakuMm o6pasoM, ypoBHH 3Heprun GAKTHUECKH 3aBHCAT JHUIIb OT
JIBYX KBaHTOBBIX YHCEJ: OT IVIABHOTO KBAHTOBOTrO YHUCJ/A N U OT pas-
HOCTH hy — n;. Ilpu nanHOM n 3Ta pasHOCTb MOXKeT NPHHHMATH BCE
3Hauenus or —(n—1) go n— 1. [lpunasas eft Bce AOMyCTHMBIE
3HAYeHHs, NOJYUYHM HCKOMOE Dacllell/IeHHe TePMa BO BHEUIHEM 3J/eK-
tpuuyeckoM 1nonae. Gopmyna (20) HaxomuTcsad B XOpOlIeM COTJIACHH
C OIBITOM.

Mul BuZle/IH, UTO COCTOSIHHE 3JIEKTPOHA B HEBO3MYILEHHOM aToMe
BOJOpPOAA MOKeT OBITb ONMHCAHO JHUOO NPH NMOMOUIM KBAHTOBBHIX UH-
ceq n, I, m (chepnueckue KOOpAHHATH), JAMGO NPH NOMOLIHM KBAH-
TOBBIX YHCEJ #, Mg, m (mapabosinyeckHe KoopauHaTel). Tak Kak
co6cTBeHHbIe QYHKOHMH Ynim, HE COBIAAAIOT ¢ COOCTBEHHBIMH (yHK-
UMY ‘l’r:mm (omHH ABJIAIOTCH JAHHEHHBIMH KOMGHHALHMAMH APYTHX
C TEMHM e 3HAYEHUSAMH N U m), To cocTosnusa (nlm) u (nngm) Gy-
LYT pa3HbIMH. MOXET BO3HUKHYTH BOMPOC: B KAKOM XK€ COCTOSTHHH
HaXOIHUTCsl B CaMOM JieJle 3JIeKTPOH B HEBO3MYILIEHHOM aTOME BOJO-
poaa? Ha sToT BOmpoc MOXHO AaTh caenywouuil orBer. O cocrosi-
HHH aToOMa Mbl MOXKEM CYAHTb, H3Mepsis ero sHepruio E. Tax kak
HEBO3MYIIEHHAs! SHEPIUsl 3aBUCHUT TOJBKO OT #, TO B HEBO3MYILEH-
HOM aToMe C ONpedeseHHOH 3Hepruell TOJNbKO 3TO KBAHTOBOE YHCJO
¥iMeeT ONpe[esieHHOe 3HAauyeHHue, TOTAA KaK, HampUMep, Ny, Ny U m
B OTJ@JNBHOCTH OCTAIOTCSl HE TOJILKO HeH3BECTHBIMH, HO H (PU3UYECKH
Heonpe/lesieHHbIMH. Bce, uTO MBI MOXKeM CKa3aTb O BOJHOBOH (yHK-
MU TAKOro aToMa — 3TO, YTO OHA ABJSETCS JIMHEHHOH KOMOUHa-
uueil co6cTBeHHBIX (QYHKIUHA C JaHHBIMU A W PasHbIMH 3HAYCHHSIMH
LPYTHX KBAHTOBBIX UYUCEJ (MpHYEM 3Ta KOMOHHAUHUS MOMKET ObITb
BhIpaxKeHa Kak 4epes Pnum, TAK H Uepes w;lnzm). UrtobH cnenarthb, Ha-
NIpUMED, PA3HOCTb 1| — Ny ONPENENCHHON, HYXXHO OKa3aTh Ha aTOM
onpenesneHHoe Qusnueckoe BO3JAeHCTBHE, a HMEHHO, IIOMECTHTb €ro
B 3JIeKTpHYecKoe noJe. Koraa 3T1o clemaHo u pasHOCTb #; — Hg H3-
MepeHa, TO COCTOSIHHE 3JIEKTPOoHA (PUKCHPOBAHO yxKe ¢ GoJbliefl Oll-
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PeaeNeHHOCTHIO, H MBI MOXKEM YTBEDXKIaTb, YTO €ro BOIHOBAst (PyHK-
uust BbIpaxaercsi yepes coOCTBeHHble (QYHKUHM He TOJNBKO C OIlpe-
IeJEHHLIM #, HO W C ONpelesiCHHBIM 3HAYeHHWEM PAa3HOCTH f; — fj.
Taxum o6pas3oM, pas/inuue B NOJYYAEMBIX COCTOSIHHSIX HMEET CBOEH
HNPHYHHOH He MaTEMaTUUYECKHH IIPOM3BOJ (TOT /M HHOU BbIGOpP KO-
OpIHHAT MJAH COOCTBEHHBIX GYHKUuI), a TO HJIH HHOE (DU3HUECKOE
BO3/EHCTBHE HA aTOM.

§ 14. Paccesnne c-yactuu. Ilocranosxa sapaun

[TosioxkuM, yTo B HauaJe KOOPAHHAT HAXOAMTCH TsKesaoe siApo
atoMa M CO CTOPOHBI OTpHUATENbHBIX 2 (6yLeM rOBOPHTb, CJeBa)
najaeT Ha Hero IJ0CKasi BOJMHA, MPeACTaBJAfIONIAs ¢-YacTHLY ¢ Of-
pelfe/IeHHBIM KOJHYeCTBOM IBUKeHH p, == p > 0 u sHeprueis E.
Bonna mnperepneBaer nudpakuuio; cmpaBa (mpu 2> 0) Ha w10+
CKYI0 BOJIHY HAJIaraeTcsi pacXoAfliasics BOJHA, HAYILas OT pacceu-
BalOLIEro HeHTpa. JTO 3HAUHUT, YTO ¢-U4CTHULA «OTYACTH» MPOXOMUT
MHMO pAacCeHBAIOIUIEr0 HEHTPAa, <«OTYaCTH» OTKJAOHSETCA HM (3TO
HYXHO NMOHHMATbh B CMBIC/IE NpUHIMNA HaJoxKeHus cocrofuuit). Jas
Gosbliell HArJASAHOCTH Mbl MOXeM BOOGDasuThb ceGe MHOrO pacce-
BAIOIHX LIEHTPOB H LeNbll TOTOK o-4acTHIl, cJeBa BeCb NOTOK Oy-
JeT WATH B HalpaBJeHHH NOJOXUTEIbHON ocH 2 (Hanpaso), a clpa-
Ba OH pa3obbeTcsi Ha ABa MOTOKA: NpPOINENIIHI ¥ paccesiHHBIH.

Hama neap — omucath 3TO SBJIEHHE TOCPEACTBOM BOJIHOBOH
dyHKOHY ¢ H HAHTH OTHOIICHHE MJIOTHOCTH OTK/JIOHEHHOTO MOTOKa
K IJIOTHOCTH Majaiolllero B 3aBUCHMOCTH OT yIJIa OTKJIOHEHHS.

OGo3nauum yepes 2e u m, 3apsl U Maccy o-yacTHLH, depe3 Ne
n M 3apsil W Maccy TAXKeJ0ro aipa U NOoN0XKUM

_ mgM
=i ()

[Tpu CTOJNKHOBEHHH o-4aCTHLLI C aTOMOM TSIXKEJIOTO 3JeMeHTa
IJ1aBHYIO posib urpaer Ky/JOHOBO OTTa/KHBaHHE MEXKAY a-4aCTHIEN
H AIPOM, TOTAAa KakK POJb 3JeKTPOHHOH OGOJOYKH aToMa He3Haui-
tesbHa, I109TOMY MBI MOXKEM MOTEHUIHANBHYIO SHEPrHI0 MOJOXKHUTh

paBHOH

Un=2<. )

"
Ypasuenuue lllpenunrepa Haulelt 3afauyu OyAeT HMETh BHI
p p p y
h? 2Ne?
o AV

r
Mub Gynem paccMaTpuBaTh COCTOSHHE or-YACTHLEI ¢ OLIpEHeseH-
HOH 3Hepruen

b —in 2L =0. 3)

E=2, )
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rae p — KOJHYECTBO [BHKEHUA YacTHUbI HA GECKOHEYHOCTH, H Mpe-
MOJIOKHM, YTO MOMEHT KOJHYECTBA J[BHXKEHHS! YacTHUbl BOKPYT
ocH z paBeH HYJIO, TaK YTO BOJHOBas (YHKIUS He 3aBHCHT OT
yraa ¢

[To ycnoBHIO NpH OTpHHATENbHBIX 2 W OoablinX r BOJHOBAasA
GYHKLMS JOJMKHA NPEACTABAATH [IOCKYIO BOJIHY

i
T(zp-—Et)

p=e (5)

npi — oo << 2 << 0 u r > co. Kpome T0ro, yTo6Hl clies1aTh peieHne
ONIHO3HAYHBIM, MBI HOJKHB (GOPMY/aIHPOBATH Kak ocoboe ycaoBHE
OTCYTCTBHE C(HEPUUECKHX BOJH, MPHXOASAULMX U3 GECKOHEUHOCTH.

Tak Kak 3Heprust YacTHILl HMEET ONpelleJeHHOe 3HaueHHe, Mbl
MOXKEeM TIOJOXKHUTb

gt

p=1e ", (6)
rae P° He 3aBHCUT OT ! M YJOBJIETBOPSeT YDABHEHHIO
h o, 2Ne?
— g AP+ ST =B Y]

Jlna ynpouleHuss Ko3bOuIUEHTOB ypaBHeHHS BBEIEM B Kauecrse

eIMBUILBEl AJIHHBl BEJHUHHY
hz
To= oNein * (8)

TaK 4TO HOBBIMHM KOOpAHHaTamu 6leYT

r= r— Y r . 2 r__ I
x’—'roy y—rov 2"—"’_0, r——ro, (9)
U TOJIOKHM .
E—¢ 2Ne . (10)
Ty
Vpapneuue (7) Hanuumercs
i 1
—’gA'1P°+‘,/—1lJ°=8¢°, (1
a ycaosue (5) mpuMeT BHA '
P~ ot VI (12)
mpu — oo <2/ <0 u r’'— o0,

§ 15. Peuiexue ypapHeHUH

Tak Kak 1O YCJOBHSIM 3alayd OCh Z HUIpaerT ocobyio poJib, Mbl
BBefeM napabosyuuecKHe KOOPAHHATDI

u=r 42, v=r—=2, 1
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Mp1 MOXKeM 31eChb BOCIONIb30BATHCH BHIYHCICHUSIMH § 12 u 3aum-
CTBOBaTb OTTYyAa ypaBHeHue (16) § 12 co cuemyomumu nsmene-
HuAMH. Bo-mepsmx, Kysonoa sHeprust umeer Yy Hac obpaTHblit
3HaK, Tak 4TO WieH -1 HyXHO 3aMeHHTb Ha —I; BO-BTODPBIX, MBI
HOJIXHBI TOJIOKHTL g = 0 U, B-TPETbHX, NPHHATL BO BHUMAHHE, YTO-
}° He 3aBuCHT oT yriia ¢. Mes 310 B BHAY, MBI HOJYYHUM

o () o (S [~ 1 4 Lot o]w=0. (@

YcaoBue Ha 6eCKOHEUHOCTH HAamMMUIETCA B napaboJHIecKHX KOOp-
JIHHATaXx

— U—7
i /28 225
Po~e 2 (3)
IPH U—> 00 H BCeX 3HAUYCHHUNX L.
STOMY YCIOBHIO MOKHO YROBJETBOPHTb TOJBKO, CCIH
R%E
PP=e 2y, (4)

rie V He 3aBHCHT OT U H yAOBJETBOpSET NpEACIbHOMY YCJIOBHIO

&
V~e_l/\/_;v npH v—> oo, (5)

Moxacrasass Bepaxenne (4) B (2), Mbl ybenumMces, 4To OHO Heii-
CTBUTEJBHO OyZeT PelIeHHEM, eCn TOJIBKO V yRoBAeTBOpSieT ypas-

HEHHIO _
L O R (YU ) L
Tak kak &> 0, Mbl MOXeM MOJOXKHTb 3]1eCh
Vo uv=u, 7y
nocJe 4ero mnoJyuYyHM
71%(”‘%)4'(%_?/12“?4'%”’)‘/:0' (8)

OTO ypaBHEHHE COBMAJaeT C TeM, KOTOPOe Mbl noApo6HO Hecae-
JoBaJau B §§ 7 u 8, a uMensxo,

d dy X1 52 .
Zr(iE)+(F+r—2)y=0  [@s§7
B nameMm cayuae

7»1=';_T’ §=0, x=u. (9)

ITonaras mas ynoGersa

1 iy
’\/5}; _b’ }"l 9 7’ (10}
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Mbl MOXKeM, Ha ocHoBaHuHu (6) u (8) § 7, HanucaTh peueHue ypas-
HeHnsa (8), koHeuHoe npu v; = 0, B Buze

iUl
V=ce 2% F(—ib, l;iv)=

ivy

=ce ® {14+58 0w + EBE2ED Gopy L)

TTocTosAHHYI0O ¢ HaM HYXKHO ONpelenuThb H3 ycaoBusa (B), T. e.

Uy

V~e 2 1mupn v,—> oo. (12)

[ns 3TOro Mbl JOJIKHBl BOCIOJAb30BATBCSH ACHMIITOTHYECKHM BHI-
paxeHueM Ajaa paga I, soiBefeHHbIM HaMu B § 8 (dopmyaa (10)
§ 8). las Hamux 3HaYeHHH napaMeTPOB Mbl OyAeM HMEThb

cei;_ ’ —i (—zﬂ-—b lg u,) f
V=me 2 F20(—ib, — ib; _UT)—
T‘il])e_—l[,) 1 i (2 -blg ”‘)on(l -+ ib, 1 +ib; __) (13)

rRe Fy cyTb GopMa/bHble PSIABL, COCTABJECHHBIE MO 3aKOHY (9) § 8.
Mup BuguM, uTo ycaoBue (12) 6yaer npubAHKEHHO BBINOJHATHLCS,
€CJIH MBI OJIOXKHM .

c—e” TP (1 +ib), (14)

ITepeiinem Tenepb K Koopauxaram r’, 2’ u coctaBuM QyHKuuIO P°.
Ha ocuosanuu (1), (4) u (7) nonyqaeM nas P° caepyioniue Bbipa-
JKeHus.

g Manplx v = ' — 2’

Woze—%bI‘(l_}_tb)e%{l +( ib) i ’./_b_z +
HERERER e =]+ )

u ang Goaplux v=r" —z2’

if,— iblg(r'_——z’_) (._ Lb)z ib
0— o B b _ —
Po=e be {l+ = z,-l—...}

I +is) »2 i g (=X
—Ta—ay =’ e 4+ .0 ae)

3aMeTHM, 4TO BXOASLIHA B 3TH (HOPMYJE mapaMerp b mpomop-
LHOHa/eH JJIMHE BOJIHBL
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§ 16. ®opmyna Pesepdopaa

®opmyna (16) § 15 naer noanoe pemeHnne Haweil sagaun. Ha
GOJIBIINX PACCTORHMAX OT aTOMAa H HE CJAHWKOM OJH3KO OT OCH 2
(Ha pAcCTOSHMH NO KpalHel Mepe B HeCKOAbKO IJHH BOJH OT Hee)
BOJIHOBAst PYHKIHSI COCTOMT M3 ABYX ciaraemuix. I[lepsoe ciaraemoe,
OpHOJIHKEHHO paBHOE

) o

NpeaAcCTaBJadeT NpoIHEeAINYIO NJI0CKY10 ROJIHY, COOTBe’I‘CTBy]OHIyX'O He-
OTKJIOHEHHOMY INIOTOKY 4YacCTHL. BTOpoe cjaaraemoe, HpHﬁﬂH}KQHHO
paBHoe
ir’
, 5 ro—z
W pr L) e g (K55 @
2 T(l—ib) r/ —2 ’

NPEACTAB/SACT paccessHuylo chepHUecKylo BOMHY, COOTBETCTBYIOMLYIO
OTKJIOHEHHOMY MOTOKY YaCTHL.

H1o6bi CynnTh 06 OTHOCHTEJLHOH HHTEHCHBHOCTH OTKJIOHEHHOrO
1 HCOTK/IOHEHHOrO MOTOKOB YacTHL, cocTaBuM u3 (1) u (2) no dop-
mynam (10) u (11) § 2 rar. 111 pesuunny, NPONOPIHOHAJNBHYIO BEK-
TOPY TOKa. Mbl nosyunm

Sl=grad'(%+blgf—;—zl—). (3)
bt ’ N ’ o o
So= =z grad (- —blg 75 7). (4)

Mul BHAMM, uTO BekTOp S) HanpaB/ieH Ha GOJbIIHX paccTOSHHAX
1O OCH 2, a BEKTOp S — BIOJb PaJHyC-BEKTOPA OT PACCEHBAIONIErO
UeHTpa.

Ecin mbl o6o3Hauum uepes ndo uucao YacTHI, NPOXOASIINX
B €IHHHLY BpeMeHH CKBO3b MOBEPXHOCTH do, a uepes Ddw uucso
4acTHll, NPOXOAAIUAX B eJIHMHHULY BPEMEHH B TeJNECHOM yrie du
(c BepwmHOll B paccenBalOLIEM UEHTPE), TO, HA OCHOBAHHH (3) u
(4), Mbl 6yaeM UMeThb :

r’ 2 .
@:nr%(—rTz,-) b4, (5)
O6osnaunm yepes & yron OTK/JIOHEHHS TIOTOKA 49acCTHl, TaK 4T0
2’ =r'cos . (6)
®opmyna (5) Hanuuercs TOrAa:
nrapt
b="""5 @)
4 sint —

2
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AJIH, eCIY MBI MOACTABHM BMECTO ro U b uX 3HaueHwus, cornacHo (8),
(10) § 151 (10) § 16, To
Ne? 1

drta dopmyna BoiBegeHa PesepdopaoM Ha OCHOBAHHH KJacCHYE-
CKOH MeXaHHKH W Oblia mpoBepeHa MM Ha OlbiTe. 3aKOH 006paTHOH
NPOTIOPLHUOHATLHOCTH YETBEPTON CTENEHH CUHYCA OT MOJOBHHBI yria
OTKJIOHEHHS BIIOJIHE NIOATBEPAHJCS.

§ 17. Teopema BHpHAJAA B KJACCHYECKON M KBAHTOBOA MeXaHHKe

B xJjaccuueckofi MeXaHHKe IJsi (DHHUTHOIO ABHIKEHHS MaTepH-
aJAbHBIX TOYEK (T.€. /S TAKOro ABHKEHHS, B KOTODOM MX KOODIH-
HATBl H, Pa3yMeEeTcs, CKOPOCTH OCTAlOTCS BCE BPEMsl KOHEUHbIMH)
IMeeT MECTO TeopeMa BUpHaJsa, COIMIACHO KOTOPOH CpefHee 3Hauye-
HHe KHHETHYEeCKOH 5Hepruu T CBSI3aHO CO CPeNHHM 3HAUEHHEM «BH-
puana», T. €. HEKOTOPOrO BbIpaXKEHHs, JHHEHHOTO OTHOCHTENBHO
NpPOM3BOAHBIX OT IOTEHNHa/bROH 3Hepruy U 1o TpsiMOYroibHBIM
KOoOopIaHHaTaM, ¢ Ko3bduuueHTaMu, NpONOPUHOHANbHBIMA 3THM KO-
opapHataM. B cayuae oIHOH MaTepHATbHOR TOUYKH MBI MMeeM IJif
BUpHAJA BHIpaXKeHUE '

oU oU aU
V=xW+y—d-y—+2—az—. (1)
rae U — noreHunanbHas sHeprus. Ho U3 ypaBHeHuH NBHXKEHHS
.U .U . 0U
my = —-—-, my—_—ag‘. me== 92 (2)
BhITEKaeT, UTO
V=—m(xX+ yj+ 2%). (3)
C npyro#t CTOpOHBI, MBI HMeeM
d . . .
o7 P+ P+ 2 =2(x% + yg + 22), (4)

WA =2+ P+ ) 20k i +28) )
HJIH )
W)= T V. (6)

Ho Jerxo Bujgeth, uTo cpeJHee IO BPEMEHHM OT JEBOH 4YacTH BbIpa-
xenud (6) paBHO HYJMIO (3TO e€cThb PAa3HOCTb 3HAYEHHH BLIpaxKe-
Husi (4) AAA ABYX MaseKo OTCTOALIHNX MOMEHTOB BpeMeHH, JAeJieH-
Hasl Ha IIPOMEKYTOK BpeMEHH MEKAY HUMH).
Takum 06pasom,
2T p = Voep. @)
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B 3ToM u 3akmouaercsi TeopeMa BHpHAJLA KAACCHYECKON MEXaHUKH
AJst cayyas MarepHadbHOH TOYKH. OHa JIeTKO MOXKeT 6HIThb 0606-
I€HA Ha CIyYal CHCTEMBl MaTepHaabHBIX TOYEK.

Ecau norenmunanshas smeprus U ectp ofHOpoAHAas &YHKIusS
CTENEHH p OT KOOPAMHAT, TO, coryiacHo (1), Mbl GyneM uMmeThb

V =pU (8)
H, CJA€00BaTEJNbHO,
2Tcp = pUcp- (9)’

[Tepexonum Tenepb K KBAHTOBOH MexaHuKe. CpenneMy no Bpe-
MEHHM OT HEKOTOPOH KJIACCHYECKOH BEJHMYHHE MOMXKHO CONOCTABHTD.
B KBAHTOBO#H MeXaHHKEe MaTeMaTHYECKOe OXHAaHHe KBAHTOBOrO aHa-
JIOTa 3TOH BeJIHUHHBI B COCTOSIHHM C ONpeeNeHHON sHeprueil. [Toka-
K€M, UTO IIDH TAaKOM COMOCTABJCHHH B KBAHTOBOH MeXaHuKe jefl-
CTBUTEJIBHO GyJeT HMETb MECTO COOTHOIIEHHE, aHAJIOTHYHOE TEOpEMe
BHPHAJIA KNACCHYECKON MEXaHUKH.

Ypasuenue Ulpennnrepa mns MatepuaabHOH TOUKHM (a Takxe
AJisl CHCTEMBI MATEPHAJIbHBIX TOYEK) MOXKET GBITh NOJYYEHO H3 Ba-
PHAIHOHHOTO HavaJia

ol =0, (10)
riae

1={$(T+U—Eypar, (1)
npuyeM I' eCTb oneparop KHHeTHYecKoil sHeprud, U ecTb moTeH-
unajibHas sHeprusi, a £ — napaMeTp sHeprum.

Mbl orpanuumMmcs 3zmech c/lyyaeM OIHOH MAaTepHajJbHOM TOYKH.
Torna

Tp=— o Ay, (12)

rie A ectb omeparop Jlamnaca.
Ecau ¢ynkuus % nHopMupoBana Tax, uto

{$par=1, (13)

TO BE€JHYHHA
To={$Tpar (14)
€CTb MaTreMaTHuecKoe OXUuaaHue KHHETHYECKOH BHCPFHH, a BeJH4YHHa
Up={ $Upar (15)
— MaTE€MaTHUYeCKOe OXKUJlaHHe NOTEHIIHAJBLHON SHEPTHH.

Teopema Bupuana Moxer GbiTb chopmyauposana CIAEeAYIOUI M
o6pasom,
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Eciu BonHoBas GyHKUHS 1 NOpPUHAIJIENKHT K TOUEUHOMY
cnekTpy *) MU NOTeHIHasnbHasi SHEPTUS €CTh OAHOpOAHAs (YHKUHUS
CTENEHH p OT KOOPAUHAT, TAK 4TO

U (ar) =AU (r), (16)

‘TO HMEET MeCTO DPaBeHCTBO
2T, = pU,, (17)

‘T. €. Y/IBOGHHGE MaTeMaTHUYecKoe OXHUAaHHe KHHETHUeCKOl SHepruu
PaBHO YMHOXEHHOMY Ha p MaTeMaTHUeCKOMY OXHAAHHIO IOTEH-
HHaJbHON SHEPrHH.

Hana nokasateabcTBa 3aMeHUM B Y (f) KOODAMHATBI r BeJHUYH-
HaMH, UM NPONOPUHOHAJBLHBEIMH (f —>» Ar), U paccMOTpuM (yHKLHUIO

P (r, A=A (hr), (18)

Koropasi mpu ycaosuu (13) Taxkxke OyIeT HOPMHUPOBAHA Ha elnu-
Huny. IToacraBum * B uuTerpan feficteus (11) u o6o3Haunm yepes
Ty u Uj MareMaTHuecKHe OXHIAHHA KHHETHYECKOH M NOTEHIHaJb-
HOIl 3HEPTHH B COCTOSIHMM, OMUCHIBaeMOM ¢yHKunumel ¥*. Tak Kak
npu 3aMeHe X, y, 2 Ha AX, Ay, Az (T.e. npu u3MeHeHuu Mmacurraba)
onepatop T nepexoauT B A2T, a ycJoBue HOPMHPOBKHU AJisi P* Gyner
‘TO K€ KakK JJI5 P, Mbl TTOJYUHM

Ti =\ ¥'19 ar=nr, (19)
a TakKxKe
U= S PUY dv = S ﬂ)(r)U(%)q;(r) dt (20)
H, B CUAy ORHOpOAHOCTH (yuxkuuu U,
Upy=2A""U,. (21)

Unrerpan geficteus (11) Gymer paseH
[= 3T, +1""U, — E. (22)
ITlpupaBHHBasi HYJIO €0 BapHaLHI0 MO NapaMeTpy A, MOJYUHM
8 = (20T — p2.7°"'U,) 81 = 0. (23)
Ho peiienne BapHauuoHHON 3aJadH noJsaydaercs npu A =1. Orciona
2Ty = pU,, T(24)

y10 B TPeGOBANOCH LOKA34Th.

*) D70 COOTBETCTBYET TpeOGoBaHHIO GHHHUTHOCTL JABHIXKEHHS,
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B ofmem ciayyae npOH3BOJBHON MOTEHLUUAIBHON SHEPrHH MBI
6yneM HMeTb

ouUy, U oU ou
2T0=—- I A,=]=M. 0. x‘a_x""l'yﬁ'l'z@ =M. 0. V. (25)

Hawu paccyxnenns nerko nepesocsitest Ha C/Iy4al cHCTEMBI ya-
CTHIL NpH yCJIOBHHM OAHOpOAHOCTH onepatopoB I u U, Beipaxaemoil
bopmynamu (19) u (21).

CoorHowenue, Bhipakaioulee Teopemy BUpHAJa, YIOBJIETBO-
PACTCA HE TOJDKO TOYHBIM, HO H NPUG/IMIKEHHBIM DelleHHeM 3afaui,
€C/H TOJNLKC pELICHNE NOJYYeHO I10 BaPHALHOHHOMY Cnocofy, Ho-
UyCKawomeMy Bapnanuio Maciurtaba. [lox Bapnanuefi Macimraba Mbl
pasymeem npeoGpasosanue BOJIHOBOH (GYHKIMH BuAa (18) (c coot-
BETCTBYIOIHM OGOOWIEHHEM /s MHOLHX YacTHI) H nocsenymoliee
OTpEAc/NCHUE NTapaMeTpa A U3 BapUaUHOHHOrO Havaaa. Takum coil-
CTBOM 006/1alaeT, B YaCTHOCTH, NOJNYYaeMblii M3 BAPHALMOHHOTO Ha-
dana CrnocoG «CaMoCOIVIaCOBaHHOTO MOJsA», PACCMOTPEHHBI B ua-
ctu 1V sroil kuurn.

§ 18. 3ameuaHus 0 NPUHLMNE HANOKEHHT U O BEPOATHOCTHOM
TONKOBAHHH BOJHOBOH (yHKLMK

Mul pacemotpean B §§ 14, 15 u 16 3ajauy o CTOJKHOBEHHH 4ya-
CTHLBI C TSIXKE/NBIM A1POM aToMa. 3afaya 3Ta IPeACTaBJAsSeT 0COBbLI
MHTEpEC BBUAY TOrO, 4TO JaeT HarJsijiHoe NpeJCTaB/aeHHEe O (H3HU-
YECKOM CMBIC/IE BOJIHOBOH (YHKIIHH.

Kak Mbl 3HaeM, BOJHOBas byukuus $(x, y, 2, t) CHYKHUT Nast
ONHCAHHUST COCTOSIHHA OMHOU wactuubl. COCTOSIHHE MOMKeT OBITh Ta-
KOBO, YTO JaHHAsi (QH3HYECKasl BEJHUYHHA MOMKET HE HMETb onpene-
JIeHHOro 3Hauenus. Ilyctb, Hampumep, BO/MHOBas (YHKUHA cBOGOI-
HOW 4acTHLBl paBHa

2 LIS N I

¢=(cle" +ce® )e Boam o, (1)

B atoM cocTosinnn sHeprus pasna
=

HO HallpaB/eHue NBUKEHUS HE HMEET ONpPEeNENEHHOr0 3HAYCHHS; eCJH
TIOCTABUTb OMBIT, OSBOJISIOLIMA KOHCTATHPOBATL HANpPaBJIEHHE BH-
KeHHs (HalpuMep, NP IIOMOLIH ONpee]eHHbIM o6pasoM opueHTH-
poBaHHOH AuadparMsl ¢ oTBepcTHEM) H NOBTOPATb €ro MHOTO pas,
TO OKa¥eTcs, 4To CymecTByeT BEPOSATHOCTb OGHAPYKHTbL Ya-
CTULY ABHAKYUIEHCSt BLOJNbL OCH X CO CKOPOCTBIO U = p/m, a Takke
BEPOSTHOCTD OOHAPYXHTH YAaCTHUY ABHKYIIEHCH BAOIb OCH Y c ToH
KE CaMOH cKopocTbio. MHaye roBOpf, B COCTOSIHHH, ONHCHIBAEMOM-
BOJIHOBOH ¢YyHKuueid (1), wactuma wuMeer NOTEHUHANBHYIO
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BO3MOXHOCTL OblTb OOHapYy:KEHHON IBHXKYyWeHCss B TOM W@
B HHOM M3 YKa3aHHBIX [IByX HalpasjeHHil. Pasymeercs, 310 osHa-
YaeT COBCEM JPYyroe COCTOAHHE, YEM TO, KOTOPOE COOTBETCTBOBAJIO
65l ZBHXEHHIO 10 PABHOACHCTBYIOWEH; ecan Obl YacTULa JABUTasach
10 GHCCEKTPHCE YIVIa MEXKAY OCAMH X H Y CO CKOPOCTbIO, COOTBET-
CTBYIOILEH 3HepPruu (2), To ee BonHOBAasA QyHKUUST paBHsACh Obl

i xty ——i—Et

b=t VI e h 3)

a 3TO BbIpaXKeHHe COBeplueHHO OTIHYHO oT (1). BosmoxHocTh co-
CTOSIHMA, B KOTODbIX JaHHasl BeJHYHHA HE HMEEeT ONpeaeJeHHOro
8HAYEHHS, H KOTOPLIE MOJYYAIOTCS HAJOXKECHHEM COCTOSIHHH C OIpe-
JeNCHHbBIM 3HAYEHHEM 3TOH BEJAHUMHEI (OPUHIHI HAaJOXKEHHS COo-
CTOSIHUIT), SIBJSIETCA CaMOH XapaKTepHOH 4epToil KBAaHTOBOH Mexa-
HUKH, KOPEHHBIM 00pa3oM OTJIHUAIONIEeH ee OT MeXaHHKH KjaacCHue-
ckoii. OmnucaTb TaKOro pola <«CMEMAHHOe» COCTOsSIHME ONHOI
HaCTHUBI Ha sI3bIKE KJIACCHYECKON TEOPHH COBEPIIEHHO HEBO3MONKHO;
HEOOXOAMMOCTD K€ NPHHATb NPUHHIMI HAJJOXKEHHS] COCTOSIHHH BhbiTe-
KaeT XOTs OBl u3 TOro Qakra, YTo JIMIIb Ha OCHOBAHUU 3TOTO MpHH-
IMNa MOXKHO BBIBECTH M3 OOIIEro MCTOYHHKA ABOMCTBEHHBIH Xapak-
Tep CBETa W BELECTBA, NPOSIBAAIOINXCS KaK B BHJE BOJH, TaK U B
Buje yacTull. B nepBoHava/nbHOR (hOpMe BOJHOBOH MEXaHHKH BOJI-
HOBast pyHKIHS TOJKOBAJIaCh KAK HEKOTOpas BOJMHA B NPOCTPAHCTBE,
COOTBETCTBYIOIAsT COGPAHHMIO YACTHI, CMOCOGHLIX NpeTeprneBaTh AU-
¢pakumo (BosHa Ae DBpofnst). Ha 3T10#t ocHOBe HCTONKOBBIBasCS
A7 BOJHOBOH (yHKUMH NpHHUMI HajgoxkeHus. Taxk, Hanpumep,
B Gopmyse (1) unen

i p?
ce® (s 1)

COOTBETCTBOBAJI BOJHE, H300paXaBlleld NOTOK YaCTHI, ABHKYUIUXCS
B HalpaBJeHUH OCH X CO CKOPOCTbIO ¥ == p/m, a BTOPOH uJieH, Kak
TaKoOil JKe NOTOK, HanpaBJeHHB N0 ocu y. Bes Boanobas ¢yHk-
uug (1) npencrasasna Obl TOrla HaJOXKEHHE STHX NBYX NOTOKOB;
IVIOTHOCTH HX OTHOCATCS APYr K APYry, KaK KBajpaTsl MOAyJell
aMIVIUTYA, T. €. Kak |c1]2:]|ce]?

TonkoBanue BoaHOBOH (QyHKUHH N0 Re Bpoiiaio, xors u o6ia-
AaeT HarJsAHOCTbIO, HO $BJAETCH, CTPOTO TOBOPSH, HETOUHBIM:
«IOTOKM» MOTYT HHTepdepHpoBaTb MeXAy coboif M HX HaJdOKeHHE
CJAEAyeT NOHHMATb KAaK Ha/IOXKeHHe BOJHOBLIX (GYHKIHH, HX mpea-
cTaBlsomuX. Kpome TOoro, Mbl 3HaeM, YTO BOJIHOBAasi (PYHKIHS ONH-
CbIBA€T COCTOSIHUE OJHOM 4acTHHH (a He NOTOKA YacTHI) H JOJKHA
ObITb HCTOJNIKOBAHA HAa OCHOBE [OHSITHS NOTEHIHAJbHOH BO3MOMKHO-
CTH JJIs T€X WIH HHBIX Pe3yJbTATOB ONBITOB (M3MepeHHu#) Haj ya-
cruiefr. O6 310M Mbl yxe roBopuau B § 6 1. IV u. I. Mu BHISICHHIH
T4aM, 4TO 3JIEMEHTOM CTAaTHCTHYECKOTO KOJJIEKTHBA He MOXET ObIThb
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KBaHTOBbI! 00beKT. [loaToMy He MMeeT cMbicaa BBOAHTH B paccMmo-
TpEHHE «aHCaMO/M» M3 TaKHX OOGDLEKTOB, NOHHMAaeMble B CMbIC/Ie
OGbIYHOHN cTaTHCTHUECKON $usuku. Ecan VXK€ CYHTATh, YTO CAMO IIO-
HATHE BEPOSITHOCTH NPEAMNOJAraer HajJHYHEe HEKOTOPOro aHcaMb.is,
TO TaKOBBIM MOXET GBIThb TOJMBKO aHCAMOJb M3 Pe3yabTaToB onpe-
JeJIEHHBIM 06PAa30M [OCTABACHHBIX ONBITOB,

BepueMcst x BoHOBO# (yHKIHM Buza (I). Paccmarpusas ee
€ TOUKH 3DEHHsI NOHATHS NOTEHUHAMbHOH BO3MOMKHOCTH, Mbl MOXKEM
COCTABHTb BbIPAKEHHUA /1A BEPOSITHOCTEH 0OHAPYKHTh YaCTHIY JBU-
XKYUIEHCA B HANIPABJEHHH OCH X U B HATPABJAEHHH OCH y, €CJAH OHA
[I€pBOHAYA/IbHO HAXOAUAACH B cocTostHuu (1). BepositHocTn 3TH 6y-
AYT NpONIOPUHOHAIbHBI KBaApaTaM MOAYJeH aMIUIUTYA ¥ MX OTHO-
weHye Gyner pasHo |c1]?:]cy|2 Dtor pesyabrar cormacyercs ¢ rem,
KaKOIl IIOJIy4aeTcsl H3 PacCMOTPEeHHsI BOAH Je Bpoiiisi Kak ONHCH-
BAIOIHX NIOTOKHM YaCTHIl, €CJIH NOHHUMATh CJOBO «IOTOKA» HEe CJHIL-
KOM 6YKBAJIbHO H JIONYCKaTh BO3MOMKHOCTb B3aHMHOTO YHHUTOKEHH
STHX TIOTOKOB B pe3yJbTaTe uHTepdepeHLun BOIH, HX 06Pa3yIoUlUX.



YUactp I

TEOPHUS NMAYJIH

§ 1. Moment KoauuecTBa ABHMIKEHHS 3JEKTPOHA

B § 7 ra. Il Mb paccmaTpuBagu onepaTopbl MOMEHTa KOJHye-
CTBa [BHXKEHHMs, COCTaBJIEHHblE M3 ONEpPaTOpPOB [JIf KOOPAHHAT H
IS KOJIHUeCTBA ABHKEHUA 1Mo gopMmyaaM

x = YPz — 2Py,
my=sz_xp27 (1)
2 == XPy — YPx.

OTH onepaTophl MOXHO CONOCTaBHTb MOMEHTY KOJHUeCTBA [BHIKe-
HUSl MAaTepHAaJbHOA TOUKH C TpeMdA CTeneHsiMy CBOGOIB, COOTBET-
CTBYIOIIMMH [ABHXKEHHIO B 1pocrpaHcrBe. [loBeaenue 37eKTpoHa
B MaridTHOM I10JI€, & TaKMKe CBOICTBa CHCTEM, COCTABJEHHBIX H3
MHOTHX 3JIEKTPOHOB (HampHMep, 3/JeKTPOHHON O0GOJOYKH aToma),
[OKasaJaH, 4To 3JEKTPOH objgajaeT TaK:Ke HEKOTOPOH BHYTpeHHEH
CTenenblo cBOOOALI, CBS3aHHON C ero COGCTBEHHbLIM MOMEHTOM KOJIH-
UECTBA LBHKEHHs, HE 3ABHCALLUM OT JBHXKEHHUs €ro B NPOCTPaH-
cTBe. DTy BHYTPEHHIOIO CTeneHb CBOGOAB (M COOTBETCTBYIOIIUH eil
COOCTBEHHBIH MOMEHT KOJHMYECTBA JABHKEHHs 3JEKTPOHA) MPHHATO
Ha3blBaTb AHTJIHACKHUM CJOBOM («CNHH» *).

CgoiicTBa COGCTBEHHOTO (COMHOBOTO) MOMEHTa KOJHYECTBa JIBH-
XKeHHUsT 9JeKTPOHA MOMKHO H3y4YaTb HCXOAS M3 NepecTaHOBOUHBLIX CO-
OTHOWIEHHH [Ji OOGBIYHOTO (OpGHTAJBHOrO) MOMEHTA KOJHYecTBa
LBHXKEHHUS

mym, —m.m, =ihm,,

m,m, —m,m, =ihm,, 2)
mym, — mym, ==ihm,,

€CJIN CYHTaTh, 4YTO CMIUHOBBLIH MOMEHT YAOBJICTBOPSIET T€M XKe nepe-
CTaAaHOBOYHLIM COOTHOWIEHUAM, H BBECTH THNOTE3Y O TOM, UTO onepa-
TOPHl AJ4 KaXXAOH H3 COCTABJSIOUINX CIHHOBOIO MOMEHTA 3JeKT-
poOHa UMEIOT 1Ba U TOJBKO JABa cOOCTBEHHRIX 3HauY€Husa, KOTophle OT-
JIMYAKOTCA JHUIb 3HAKOM.

¥) TlepBoHayanbHBI CMbiCA aHIMIHACKOro Iaarojia «to spin» ecTh «BepTeTb
BEPETEHOM,
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Oneparopm AJIST COCTABJAIOUINX CIIHOBOTO MOMEHTA MOMKHO [0+«
JIO)KHUTb PaBHBIMH

h Vi h
(mx)cn =% Oy (my)cn =30y (mz)cn =73 Gz (3)

TAE Ox, Oy, 0z — CAMOCONpAXKEHHbIE ONEPATOPh, HMEIOI(HE MPOCThIE
co0CTBeHHBIE 3HAYeHHS, paBHBle —=1. MHOXHTEND '/, BBITEKAeT U3
TpeGoBaHusi, 4TOGH omepatoph (3) YIOBJICTBOPSAJIM  COOTHOLIE-
HUAM (2).

[Ipu BblUMCAEHUH ciMHA B eguHHunax fi (a He £/2) yno6ro nosb-
30BaTbCsl BMECTO Gy, Oy, O ONEpPATOPaMH

1

Sy ='2—0'x, Sy=70'y) S =5 0,

20| =

OTH onepaTopbl GyAyT NPUMEHSITBCA B yactd IV TIPH PACCMOTPEHHH
MHOT03JIeKTPOHHON 3ajauu.
[TepecranoBounble cooTHOWeHHs mas ONEPATOPOB Ox, Oy, O

HMEIOT BH[
0,0, — 0,0, = 2i0,,

0.0; — 0,0, = 2{0,, 4
0,0y — 0,0, = 2{0,.
Ho MBI HMeeM TOXKAECTBEHHO
2 2 - \ —
0,0, 0.0, = o, (chz Gzox) + (Gxoz 0'40'x) o,
U, BCJIECTBHE NPelbAYIIUX COOTHOLIEHHH,
2 — 2 _— __O;s
00, — 0,02 = —2; (crxoy + oyox).
CornacHo  namell rumortese, COGCTBEHHBIE 3HAUYEHHS Ox
paBHBl =41, Tak 4TO O} HMeeT eqMHCTBEHHOe COGCTBEHHOE 3HaUEHUe

o2==1 n Gymer yXe He OIepaTopoM, a YHCJIOM, KOMMYTHDPYIOIUHM

¢ 200bIM OnepaTopoM, B TOM uHCJAe C OmepaTopoM o, I[losromy
fipaBad 4acCTb IOCJELHEr0 ypaBHEHUS] paBHA HYJIO. 3anHChIBas 3TO
PaBeHCTBO BMECTe C ABYMSI aHAJIOTHYHLIMH DaBEHCTBAaMH, Mbl GyneM
HMETb

0,6, + 6.0, =0,
G0y + 6,0, =0, (5)
0,6, + 0,0, =0.
Conocrapnss pasenctsa (4) u (5), Msl noayuaem
0,0, = — 0,0, =i0,,
0.0, == — 0,0, =10, (6)
0,0, = — 0,0, =I(0,.
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Kpome Toro, mm unmeem
Y = (72 e (72 —
ox——cy—oz—l. 7)
Benuunnsl oy, 0y, 0, MOXHO paccMaTpHBaTh JHG0 Kak MaTpUIbL,
COCTOAILIHE M3 JABYX CTPOK M CTONOLOB, UOO KaK OnepaTophl, jefi-
CTByIOUlMe Ha (YHKUHIO OT HEKOTOPOH HOBOH (IONOJHUTENbHOM
K KOOpJAHHATaM) NepeMeHHOH o, NpHHHUMalouWed TONbKO [ABA 3Haue-
HHUS, HanpuMep 3HaueHHs o = 1. OOGo3Hauas 3Ty (QYHKUHIO Ye-
pe3 Y(r, 0), Tle r eCTb COBOKYMHOCTb TPeX NPOCTPAHCTBEHHBIX KOOP-
AMHAaT, Mbl MOXEeM YIOBJETBODHUTL COOTHowleHuaM (6) u (7), mono-
XKHB, HaNpHMep,
op(r, o)=1p(r, —o),
O'yllp (rv O')=—i0"\p(r, —G), (8)

o.p (r, o)=op(r, o).

Ecau 3anmucath ¢QyHKUHIO P B BHAE CTOJGHKZ

()

rie £=4(2, +1) u n=14(2, —1), To npeapiaymue Qopmyisi

Hanumyrcsa
Oy 1 = g ’

oo(n)=("2)

(10)

«(3)=(25)

Takum o6pasom, OmepaTopsl G, G,, O, NPUHUMAIOT GOPMY MaTPHUI

Cy=0,, 0,=0; 0,=03, (11)

S N N R

Ity Marpulbl HocaT HasBaHue Martpul Ilaynu (Pauli). BuiGop mat-
PHUIL 1Jg OIepaTopoOB Ox, Oy, O, ONpelejeH JUWb ¢ TOYHOCTBHIO JI0
KaHOHHYECKOro npeo6pa3oBanus {COOTBETCTBYIONIErO JHHEHHON MO~
CTaHOBKe Hajx Benuunuamu g, m). Ilosromy, ecimn, KaK 3TO MpUHATO
B JUTEpaType, pasymeTb NOA 0y, Oz O3 HYHCJAEHHbIe MaTpuun (12),
a COXPaHHTb 3a Ox, Oy, 0, QPH3NUECKHH CMBIC/, BBLITEKAIOMIHH W3
$opmya (8), To paBenctsa (l1) He ABAsAOTCA 06sI3aTENbHLIMU, HO
MOTyT ObITb 3aMEHEHB! ADYrHMH 3KBHBAJEHTHLIMU DaBEHCTBAMH.

rae
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Oneparopsl oy, 0y, o, YAOBJIETBOPAIOLINE YpaBHEeHHAM (6) H
(7), obnanaioT BeKTOpHAbHBIM XapakTepoM B TOM CMBIC/AE, YTO
€C/IN Mbl BBEJAEM TDH JIHHEHHBIE KOMOGHHALHH

0,,\: =l10x + mlay + no,,
oy =1l.0x + myo, + n.0., (13)
0’; - lgO’x + mucy + ng‘.O’Z »

rae Iy, my, n, (k=1, 2, 3) CYyTb KOCHHYCBI YIJIOB MEXIY ABYMS
CHCTEMAMH  NDPAMOYTONbHBIX  KOOPAMHAT, TO HOBble ONEPATOPEI
Ok Oy ©% GyAyT 06najnaTh TakHMH Ke csoiicteamu (6) u (7),
KaK U cTapele ox, oy, 0. Orclona cienyer, 4to ecau Mbl Gyxem pac-
CMAaTpPUBATbL STH BEJIHHHHB! KaK COCTaBJAOUIHE BEKTOPA, TO MPOeK-
LAK 3TOro BeKTOpa Ha M06Oe HalpaBlieHHe OYIYT HMETb COBCTBEH=
Hble 3HaueHus ==1. 3aMeTuM, 4T0O ecau M, COracHO (11), Bosbmem
B KauecCTBe O, 0y, 0; MaTpuubl (12), To Bhipaxenus (13) pawor ca-
MBI OO BUA MaTpHL ¢ ABYMS CTPOK4MH H CTOJAOLAMH, YI0B-
JETBOPAIOMHUX ycaouaM (6) u (7).

Tpu martpuusr (12) BMmecte ¢ eamnuuHON Matpuiei oGpasyior
NOJIHYIO CUCTEMY B TOM CMbIC/IE, YTO BCAKYIO MATPHLY C ABYMS CTPO-
KaMH H CTOJIOLAMHU (T. e. ¢ 4 /1eMeHTaMH) MOXKHO BHIDA3HTb B BUIE
JIMHEHHBIX KOMOWHAUMI 3THX YeTbipeX ¢ YHC/IEHHBIMH Kos(pdunuen-
TaMu. Econ 3anannasn MaTpHlla — CaMOCONPsIKEHHAs, TO 3TH KO3 -
¢buuKenTH 6YNYT BelleCTBEHHBIMH.

Tiepexonnm Kk MoOCTpOeHHIO ONMEPATOPOB AJdA MONHOrO MOMeEHTa
KOJIM4eCTBa NBHXKeHHs. Ilpunas ms onepaTopos chHHOBOrO Mo-
MEHTa KOJIHYECTBA NBUKEHHS BblpaKeHHs (3), MBI MPHXOLUM K BbI-
BOAY, 4TO ONE€pPaTophl AJsi MOJHOTO MOMEHTA KOMHYECTBA ABHIKEHHS
3JIEKTPOHA MMEIOT BHJ

J(x=mx+—g—ox, }
J(y=my—|-goy, I} (14)
./l{z=mz+goz. J

ITo obmemy cBoificTBy MOMeHTa KOJHuecTBa ABMXeHHs1, onepa-
10PEl A71A PE3yJIbTHPYIOUIEro MOMEHTa KOJMHYeCTBA ABHMKEHHS yIOB-
/IETBOPAIOT TEM e NePECTAHOBOUHBIM COOTHOLICHHSM, KaK H oOllepa-
TOpBI AJ1A C/1araeMbIX, TaK 4TO Mbl NONKHb HMETb, AHAJOTHUHO (2),

MMy — MMy =ih M,
MM — M M, =0, (15)
‘/(x.//(y—.//(y./(,C:iﬁ.//(z.

Papencra (15) MoxuO nmposeputh H HENOCPEeICTBEHHO, HCI0Ab3Yst
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COOTHOMIEHHA (2) u (4) mias my, My, M; 0 QJi1 Ox, Oy, Oz H TOT
®baKT, 9uTo OPOHTA/LHLIN H CIHHOBBIY MOMEHTHI KOJIHYeCTBa JIBHKe-
HHA MeXAy o060l KOMMYTHPYIOT.

M3 cocraBaisiiomux Op6UTAIBLHOTO H CHHHOBOrO MOMEHTa KOJIH-
HECTBA IBUKCHHS MOXHO IOCTPOHTb TaKyl GHIMHEHHYIO KOMGUHA-
LLuIO, KOTOpast KOMMyTHpoBana Obl ¢ KaXXKZOH H3 COCTABASIONIHX
TIOTHOTO MOMEHTA KOJIMYeCTBa ABHXKeHHs. B camoM mese, mosoxum

./c’:oxmx-}—oymy—i—czmz—{—h (16)
HJIH, YTO TO Ke caMoe,
M =0, M, + 0yl + oM, — L, (16%)
Mbl uMeem no ceoiictBy m,, my, m,
Mmy —m, M= —ip (o,m, — 0.m,)

M 10 CBOHCTBY Oy, 0, O,
o, .
5 (Mo, —o,M)=ih (o,m, —o,m,).

CxuaneiBast 3TH Ba paBeHCTBA, osiyyaem B npaBoﬁ YaCTH HYJb.
Bb]pa)KEHHe B JIEBOH YacCTH U dHAJIOTHYHLbIE BbIpaXKE€HHS i COCTAB-
JISIOIMNX IO OCAM Y H 2 MOXHO 3aliicaTh B BHIE

MMy — M, M =0,
MMy — MM =0, 17)
MM, — M, M =0.

YCTaHOBHM CBf3b MEXIY onepatopoM A u NPUMEHSIEMBIM B Teo-

pun Llpenunrepa omeparopom Aas xpagpara OpOUTANBHOTO MO-
MEHTa KOJIMYeCTBa ABHKeHHMsl. MBI uMeeMm

J[Q—%ﬁ=m§+m§+m§. (18)

C apyro#t CTOPOHHI, €CIM Mbl BO3bMeM CYMMYy KBaJpaToOB OIepaTo-
poB (14) AAA COCTABJAIOUINX MOMHONO MOMEHTA KOJHYECTBA IBH-
#CHHA H BOCNOJb3yeMCA cooTHOWeHHeM (18), Mbl moiyunm

Mt S+ M= A — L2, (19)

Taxum obpasom, kBagpar Bexropa J,, My, M, orauuaercs

1
OT KBajJpara ckajisipa J TOJLKO cjaraeMbiM —4-712. Mbr 6ymem Ha-

8bIBATE ONEPATOD A CHHHOBO-OPOHTANBHBIM CKAlAPOM MOMeHTa
KOJIHUECTBA [ABHKEHUA.

IlpaBaa uyactb (18) ecrn onepaTop, BCTpedaloUluiics B TeopHH
Mpennnrepa u ne coxepxamuii MaTpuL ITaynu. Ero co6ersennbie
sHauenus pasHbl B2/(/+-1), rme [— uenoe momoxuTEebHOE 9HCII0
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unn Hyab. Ilosromy ecanm Mbl 0603HauuM coGCTBeHHBIE 3HAUEHHUS
onepaTtopa J uepes fik, To GyleM UMETD

kk—1)=1(+1), (20)
OTKYyZa NpPH IXaHHOM /[
=—1 mm k=I[+41 (21)

Ho Besnunna k£ ne moxer paBHsiThes Hysio. B caMom nene, us dop-
myast (19) cienyer, yTo MaTeMaTHYeCKOe OXKHJaHHe onepaTopa A2

B J1060M cOCcTOAHHH Oyner GoJblle -}Thz. IosTomy ypaBHeHue
My = kEP (22)

IJIst COGCTBEHHBIX (QYHKUMH onepartopa 4 He MOXKET WUMeTh c06-
CTBEHHOTO 3HAYEHHs], PABHOTO HyJ0. DTO 3HAYHT, yTO Hpu [ =0
eIMHCTBEHHO® BO3MOXKHOe 3HauenHe k ectb k=1, a npu [ =1 cy-
IeCTBYIOT /iBa 3HAuUeHHs R, AaBaemble dopmymaon (21).

§ 2. Oneparopbl MOJHOr0 MOMEHTA KOJHYECTBA JBHIKCHUS
B CpepHUECKHX KOOpAMHATAX

Ilpu paccmoTpenny 3ajayu ¢ LEHTPaJbHOH CHUMMETpHEl B Teo-
pun Wpenunrepa (ra1. IV u. II) mui namau Bupamenus aas one-
patopoB OpGHTALHOTO MOMEHTA KOJHYECTBA ABHKEHUA B cdepHue-
CKHX KOOpIHHAaTax r, ¥, ¢, CBA3AHHBIX C NPSMOYTOJBHBIMH KOOPMH-
HATAMH X, Y, 2 COOTHOWEHHSIMH

x=rsindcosyp, y=rsintsing, z=rcos?. (D
TTonoxkus
pr=—ihde,  py=—ih o, pq)=———iﬁ%, )
Mbl HMeeM, cordacno dopmyaam [(2) § 3 ra. IV u. I,
m, == — sin gpy — ctg & cos ppy,
my = cos ppy — ctg & sin gpy, (3)
My = Po.

Co6cTBeHHblE (DYHKIHH OlNEpATOPOB KBaJApaTa MOMEHTA KOJHue-
CrBa JBHKEHHA M €ero COCTABJ/AIOWIEH 10 OCH Z YIOBJAETBOPSIOT
B teopun [lpenuurepa ypapuenunm

_ I a (. oy 1 oy
mgw_—hQ[sinﬁ 0% (smﬁ dﬁ)+ sin? @ 0@2]—ﬁ?l(l+l)lp’ (4)
.. 0

map=—ihGk = myp (5)

n TpeGOBaHHIO OAHO3HaYHOCTH Ha NOBEPXHOCTH apa.
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Ilepexona x moanomy MOMEHTY KOJIHYECTBA ABHKEHHS, BKJIO-
YaloleMy CnuH, Mbl BBeleM no dopmynam (14) u (16) npeawiay-
mero naparpada omepatophl J, u . Bynyuu BbIpaXKeHb uepes
Py M py, 3TH ONEpaTOPhl NPUHUMAIOT BUJ

'/[2=p(p+g'0'z: (6)

,//(=(—oxsin(p+oycos<p)p0+
+(—o,ctgdcosq —oyctgdsing o) p, A (7)

Halizem oGuue co6ersenunie yukuuu onepatopos A, u A.
OTH OYHKUMH LOJVIKHBI YAOBJIETBOPATb YPaBHEHHAM

Mo =1 (m +5) v, 8)
Mop = hkrp 9)

H TPeGOBaHHIO OLHO3HAYHOCTH Ha IIOBEPXHOCTH 1uapa.

CoGcrBeHHble 3HaYeHHs paccMaTpuBaeMblX ONepaTOPOB MBI yiKe
YCTAHOBHJIM: IPH JAHHOM KBAHTOBOM YHC/Ie l, oramunom or myas,
UHCJIO £ MOXKET NMPHHHMATb 3HAYEHHS k= —[ y k — I+1, a npu
I = 0 Gyner exuncTBeHHOE 3HAaueHUe & = |, KBsantoBoe wucao m 1o
e, uto u B reopuu Ipennnrepa: ono npunumaer unesble sHavenms
or m=—I g0 m= -}/

Ilns ynpoileHnst BhlpaxeHui (6) u (7) nas onepaTtopoB J, u
A TNPUMEHHM KaHOHHYECKOe npeobpasoBaHue

L"=SLS*, ¢ =Sy, (10)
rae
S=cos%+iazsin%, S+=cos%-—iozsin%. (11)
Ecau no npeoGpasoBanus 6uuw1o
0y =0, Gy==0, 0, =03, (12)
., 0 h
./{z=—l/‘1,79$+50’3, (13)

TO mocJje mpeobpasoBanus Gyger
0% =0,¢0s @ — 0, sin g,
0, =0, sin ¢ 4 o, cos @, (14)
02 =0,
t=—in-2, (15)
de
3amensd B dopmyae (7) Oneparophl oy, O, O, HA O, G}, o, o

dopmynam (14) u oneparop Py HA

’ h
Po=SpyST = py— = a, (16)
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nosyunm npeoGpasoBaHHHil onmepatop A B BHIe
, ih i
M =—0,0tg0py + 02(po — G ctg 0) + oyp, + L, (17)
Tle NOX py U py pasymeroTcs onepartopnl (2).

Hast panbHeHINEro ynpomeHus: BHja oneparopa A mnpuMeHHM
K HEMy IIOCJIEI0BATE/NLHO JiBA IPE06PA30oBaHUsS. BO-NePBbIX, MOJIOKHM

M =THTY, " =Ty, (18)
rie
T=cos%+iozsm—g, T+=cos—g——iozsing-. (19)
Mu noayuum
” ih
H =——;g'—ﬁpq,+oz(pﬁ—-—l2—ctgﬁ). (20)
Bo-BTOpBEIX NOJOXKHM
fp— : (4 1 LI i
M= A/sin & M W V"= 4/sin G p”, (21)

mocae vero npeoGpasoBaHHblil onepatop J IpUMET BUA

~//l*=——s£—‘ﬁ pQ):{'O'zpi) (22)

SHAYHTENbHO GOJiee NPOCTOH, WeM BHE HCXOLHOTO omepartopa (7).
Onepatop xe M} B pesy.bTare npeoGpasosanuit (18) u (21) me
H3MEHHJICSI, TAK YTO Mbl HMeeM

2= Py (23)

PaccmarpuBas ¢ kak AByXKoMmoHeHTHYyIo BOJIHOBYIO (GYHKIHIO
Ha NOBEPXHOCTH wapa [em. (9) § 1]

b= (w‘) (24)

b,
H noJiaras
l\plz=|1|91|2+l'q’2l2» (25)
MBI MOXKEM IIDHHSATH B KauecTBe yCJOBHSA HOPDMHPOBKH COOTHOLICHHE
T2
ﬁgglxpﬁsmﬁdw@:l. (26)
090

Tor ke Buxg Gymer umers YC/IOBHE HODMHDOBKH AAst QyHKUME
vV’ Iaa Qyskuun xe 1 OTJMYAIOWEHCA oT P’ MHOXKHTEJSEM
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x/sin ¥, yCJOBHE HODMHPOBKH Gyxer
n2n

T‘ﬂgglw*lﬂdﬁm:l. @7)

00

TpeGosanue onHosHaunOCTH GYZeT OTHOCHTBCS TOMBKO K HCXo-
HOll BoTHOBOH ynkuun. Uto xacaercs npeo6pa3oBaHHbIX BOJHOBBIX
GYHKUHH, TO BCIEACTBHE TOTO, YTO oneparopel npeobpasoBauust (11)
COJIepKaT JIHHEHHO sin—gl 74 cos%, OHH OyIyT MEHSATb 3HAK NpH
YBEJHYEHUH @ HA 2% H, C/eN0BATENbHO, OYNyT NABY3HAYHHIME byHK-
LHUSMH TOUKH B NPOCTPaAHCTBe.

YpasHenust (8) u (9) IS cOBCTBEHHBIX bynxumit onepatopos
Mz i M HaTUIIYTCS Tenepb:

pe¥’ =1 (m + 1), (28)
— S ¥’ oopo” = k. (29)

§ 3. Haposble dyHKuNU co cnuHOM

Ecin nucarb 1ByXKOMIOHeHTHYIO BOJIHOBYIO QYHKUHIO {* B Bile

croabua
v=(2) 0

TO ypaBHenue (28) npeaninyulero naparpada Hanumercsi B BUAE
IBYX OXHHAKOBBIX YpaBHeHHH

%:—=i(m+%)Y,
G=t(ntd)e

a ypaBHenune (29) npusenercst K cHCTeMe ypaBHEHHIl

}
i @)
J

. (3)
i [7) 4 [2) 4
“n® op T a5 —kZ. |

ITonoxuM, 4TOGH YHOBJETBOPHTH TAKKE H ypasHenusMm (2),

Y (9, ¢)= 75_? & (), (®), !
(4).

Z(®, ¢)= ﬁei (m+3)o 4 (©). l
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Torma dyuknnn A(8) u B(0) moaxun OynoyT YIOBJIETBOPATH CH-
CTeMe ypaBHeHHIl :

44 _ (+3)

de — sin® A+ kB, (5)
1
dB (’” + 7)
@ = T " sme - B—k4,
a yc/10BH€ HODMHPOBKH HJIsi HHX Gyner
-;—S(A2+Bz) do =1, (6)
G

OTH (YHKUHH MOXKHO BBIPA3UTh Yepe3 OGLIKHOBEHHBIE 11apoBble

dynkunu P’ (cos®), u3yueHHnle namu B §§ 4—6 ra. 1V 4. II, no-
cesiteHHol teopun Ulpenunrepa. Hanomuum HEKOTOpble HX CBOH-
crBa. OyHKIKNA '

P (x) = P (cos 9) (7)

YIOBJIETBOPSET YPaBHEHHUIO
fll2
W[“—xQ)W]‘“i_—ﬁPT“(“r”P?’:O ®

1 MPeLCTABJST TO €ro PelleHHe, KOTOPGe OCTAETCS KOHEYHHIM mpH
#= 1. Tlpa m=0 P/ (x) npusommtcs x nonmuomy Jlexanapa

1 dl 9 i
P,(x)=—§;lTW(x — 1), (9)
a npu m =0 6yxer paBHO
PPxy=(1 — )™ 2 p, (x). (10)

[Tpn oTpHUATENBHBIX SHAUEHHAX M dyrkunu Pl (x) BEIPAXKalTCs
uepe3 QYHKUHMH C IOJOKHTEJIbHLIM M 110 bopmyJie

PE™ () = (—1)" G0 PP (x). (11)
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Paccmarpusaembie kak ¢yHKIuM OT yria O dynxuun Pf* (cos 9)
1 o
1 P7*'(cos®) YAOBJIETBOPAIOT CHCTEME yDABHEHHH 1IPBOTO NOPSAKA

%PT (cos @) — m ctg 0P (cos 9) = — P}**' (cos 9),
g PP os )+ (m+ Detg 0P (cos )= { (12)
=({+m+1)(l —m)P["(cos ®)

[ypaBrenns (18) u (19) § 5 ra. IV wu. [1}.

K sroii cucreme ypasmemuit npusomsitcs ypasuenust (5) nmis
¢yskunit A u B.

[Tepexon ot (5) k (12) moxHo COBEpUIHTDb, NPOH3BEAS CIepBa
npeo6pasoBaHue

, 0
A+ iB=+/sin®e 2 (y, + iy), (13)

dHaJornyHoe nepexony ot ¢* x ', naBaeMomy dbopmymamu (18) u
(21) npeamnymero naparpada (Bemuuunn A, B, y1, y» B dop-
Myse (13) Mbl CuMTaeM BelleCTBEHHBIMH). Ypasuenus nas y, u y,
6ynyT p

o — metg by, =(k + m) g,
(14)

LT P—

%.}.(m-{— Detgdyy=—(—k+m+1)y,

DTH ypaBHEHHS COBNAAYT C ypaBHEHHSIMH (12) nast o6BIKHOBEHHBIX
mapoBhHX QYHKUHE, eC/IH MBI OJ0KHUM

y1=—clk+m)Pl', y,=cpr, (15)
HJIH
p=—CPI" =~k m DR (1)

u GyleM cuMTaTh, cornacHo popmyie (20) § 1, uto

Rl —D=1(+1). (17)
B kauectBe ! Mbl MOMKEM B3fITh TO H3 YHCEN
—k, -1,

KOTOpOEe HE€ OTpHUATeNnbHO. 3TO MOXKHO 3allucaTh Tak:

gy =le=g]. )
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IlpupaBuusas Beipaxenus (15) u (16) u ucnonbsys popmyany (11),
MBI OIy4aeM AJIsl OTHOLUEHHS! MOCTOSHHBIX ¢’ M ¢ BhIpaXKeHHe

L= (D" (o ) ML (19)

3HaueHHS STHX IOCTOAHHBLIX ONPENEAIOTC U3 YC/I0BHS HOPMH-
poBku (6), koTOopoe MOMXKeT GBITb HANHCAHO B BHIe
1

%S(y%—i—yﬁ) sindd¢=1. (20)
0
Ml nosnyunm
c— 1 \/U-mﬂ ¢ = (—1)" k+m (I F m)!
ViETml V TFmr ViEFml V U=mi

(21)
Ecan Mbl BBeeM wapoBhle QYHKUMU 1O dopmyse (7) § 6 ra. IV
u, 1]

—— U= om
Pi™ (x) = /20 F1 L_Z;;P, (x)  (x=cos®), (22)
HOPDMHPOBAHHLBIE COrJaCHO YCJI0BHIO
+1 Fi] .
5 S[P}"’ (x)]2dx=%S[P;m(cos o) sinddd=1, (23)
-1 0
‘TO MH OyJeM HMeTh

— k+m M ___/\/k—m_] w1
A/ YT R Eom It gy

Tle KOPHH KBalpaTHbie HYXKHO 6paTh C MOJONKHUTENbHBIM 3HAKOM.
[Tpunumasi BO BHHMaHHe COOTHOUIeHHe (18) MeXay k& u I, Mu Mo-
XKeM HamHCaTh 3TH QOPMYJIBl B BHIE

T E—m—1,,
g = V% Pi™y, g = \/7”—1—1- PZTY (k>0), (25)
. kB — -1 " *
= AP =TT <o s

W3 stux ¢opmyn BumHO, yTO bynkuME y ¢ oTpHUATeNbHBIM
3HAYKOM R BBIpaXKaloTcsi 4epe3 DYHKLUHH C MOJOKHUTENbHbIM 3Hay-
KOM cienyiomuM o6pa3om:

S p—
yl(_k’ n, '&)=—’\/Wm_nﬁyl(k+l: m, 0):

k 1
bo(— by m, )= A/EEEIL by 1, 9y,

m

(26)
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BuinumeM Hawu wmapoBble GYHKUMH VIS HeCKOJIbKHX 3Haye-
HHH k.

k=41 (I=0)
m==— yl=0 y2=1
m=0 y=—1 Y =10
h=—1 (I=1)
me==—1 © Yy, =—sinB Yy, =cosB
m=20 yy=cos0 Yo =sin0
k= 42 (I=1)
3
m=—2 =10 y2=—/\/—2— sin®
1, —
me=—1 y1=«/2—smﬁ Y2 =42 cos ®
— |
m=0 Y1=—4/2 cos § y2=v§ sin®
m=1 yl=—/\/%sin0 y=0

§ 4. Hexotopsie cBoiicTBa wWapoBhIX GyHKuHMi co cnunom

YpaBHeHusa (5) npenblayliero naparpada, HamHcaHHbIe B Buje

(4 Y I

MOXHO TOJIKOBAaTh KaK ypaBHeHHs I/Isfi COGCTBEHHBIX (YHKUHMII ca-
MOCONIPSAXKEHHOTO onepartopa
1\
m —_—
) _(n+3)

Q:—_—i%a—ﬂ—— sng _ Ob (2
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COOTBETCTBYIOIHUX cOGCTBEHHOMY 3HadeHuIo k. OTciona cienyer, uTo
byukunu A u B 6yayr o61agaTh cBOHCTBOM OpPTOTOHAJLHOCTH
1

S [A(k, 9)A(K', )+ B(k, 9) B(/, 9)]d0 =0 (k£ £) (3)

0

u OyAyT MPEeACTaBAATh 3aMKHYTYIO CHCTEMY (YHKIIHH.

[epexons no dopmyne (13) §3orAu Bk y, u Y2, MBI MOXKem
3aKJIIOYATD, U4TO 3TH QYHKUHMH TakXKe GYIyT NIPeACTAaBAATL 3aMKHY-
TYI0 OPTOrOHabHyl0 cucreMy. [IpunuMas Bo BHHManHe HOPMHPOBKY
ux (20) § 3, MBI MOXKeM HanucaTh

3V m, 0y, m, 0+
0

+ y2 (k: m, ’6') y2 (k,s m, ﬁ)] Sin ﬁ dﬁ‘ = 6kk’ (4)
HJIR KOpoue

JT
3 Vot m, 0y, m, 0) sino a0 o4, )
0

T/le TONL CHMBOJIOM § MBI pasymMeeM COBOKYNHOCTb ABYX (YHKIHI
Y1 H Y.

[ponssonenyo napy obyskumit u;(9) u uy(9), KOTOpYIO MBbi
TaKXe MOXeM 06O03HAayuTb OJHHM CHMBOJIOM u(©), MOMKHO pas.Jo-
XKHTb (IPH BBHIOJHEHHH HEKOTOPBIX OGIIMX YCJAOBHH) IO byHKIHAM
y(k, m, ) B pan Buna

u® =X yk m, 9, (©)
Ilon Beipaxkenuem (6) cieiyer moHHMaTh IBa paBeHCTBaA
ty ()= L c (k) yp(k, m, 0)  (p=1,2), (6"

npuueMm KosdduimenTtol ¢(k) B 060ouX pPaBEHCTBAX OJHH H Te Ke.
OTa K03 QHUIHEHTH BLIYHCASIOTCS 110 GopMye
T
¢ (k) =+ S y(k, m, 0)u(®)sin® do )
0
U1 nogpobHee
i

C(k)=—é—g [9: (&, m, B)u, (8) + ya (k, m, O) uy(B)]sin O 0. (77
0
Vimes B BHAY nanbﬁéﬁmne NPHJIOKEHHS, NIOJOKUM 3J€eCh
u(8)=cos® -y (ky, m, 9). 8)
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Las BbluMcIeHUst MHTErpasioB BHAAa (7%) MOXHO BHIPasuTh
y(k, m, 9) no popmynam (25) u (25*) § 3 uepes o6bIKHOBeHHbIC
uiapoBble QYHKIHH M BOCIO/b30OBATLCS pexyppentHO#l dbopmy.0ii
(11) § 6 ra. IV u. I1. Boiuucaenue IOKa3bIBALT, YTO TOJIBKO TPH
Koappuunenta ¢(k) OTIHUHBI OT Hyssi, Tak uTO pasnoxenue (6)
OyneT coepKaTb TOJNBKO TPH WIEHA, eCJH Mbl Oynem mucats £k
BMECTO Ko, TO 3TO PasioKeHHEe HANHIIETCH B BHie

cos V. y (b, m, ﬁ)=—%:2_%11y(—k, m, 9) -+
k k—m—1

k— k 4+ 1
+ Y= CEnE T et 1, m, 0. (9)
CrpaBenyuBocTs 5Toit HOPMyJIB MOMKHO NPOBEPUTDb, BLIPA3MB
Y(k, m, ©) uepes 0GLIKHOBEHHbIE [apoBbie GyHKLHH.
Ec/au noJoxuTh

u(8) =sindy (ky, m — 1, 9), 8%
TO MOJIyYHTCSH, NOC/E AHAJIOPHYHBIX BBIYHC/ICHHH,
sin® - y(k, m—1, 1‘})=21/£2'+’72y(—k, m, ) —
— '\/(k_‘”;k—_l)l(k-m) y(k —1, m, 'ﬂ‘)—'—
k + 1) (k
+ U Lo DERM g1, m, ). (10)

Sra (opmysna npoBepseTca NpH MOMOMM COOTHOLICHHI (12) § 5
ra. IV 4, 11, o6obuiennem KOTOphX OHa SIBSETCS.

3amerum, 4To cootHomenus (9) u (10) cnpaBeasMBH He TOBKO
AN QYHKUMH Yy ¥ Y, HO U a5 GyHKUME A u B, Tak Kax ofHu siB-
JAI0TCA JMHEHHBIMH KOMOGHHALMSAMHA APYTHX C KospunmenTamu, He
3aBHCAILHMH OT kB U m.

Hanoxennwlit 3mecy cnoco6 BeiBoxa PEKYPPEHTHBIX COOTHOIIe-
HUil, OCHOBAHHBI Ha TEOpeMe 3aMKHYTOCTH, SIBJSETCH BecbMa 06-
LM W IPHMEHHM, B 4aCTHOCTH, K OOBIKHOBEHHBIM IIApOBBIM ()YHK-
LuaM W K 0GoOuieHHBIM mnOAHHOMaM Jlareppa, paccMoTpeHnHBiM
HAMH BO BTOPOW 4acCTH 3TOH KHHIH.

§ 5. Boanoeoe ypasHenue Iayan

B kuaccuueckoli HepensTHBHCTCKOH MexaHuKe Oyuxuus Jlar-
pamXa /1A HaCTHUB! C 3apsfioM (—e) H Maccoli m, Haxomsuielics
B SJIEKTPOMATHHTHOM IIOJIe C BEKTCPHBIM NOTeHuuatom A, A,, A,
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H CKaJIAPHBIM IOTEHUHAJOM q), HMEET BHI
] . . 5 . . ;
L=gmE+gi+2) = Z(tA + A, + 24) 4 e0. (1)

OG6o6uenHble «<MOMEHTBI», CONpSIKEHHbIE ¢ KOOpIAHHATAMHU X, y, 2:

- iy 0
Pe=rgz+ Py=g; P:=7G (2)

HE COBNANAIOT C COCTABJAIOIMMH KOJHYECTBA IBHKEHUS
Po=m%, P,=my, P,=ms3, (3)

4 CBA34HBI C HHMHM COOTHOIIEHHUSIMH
Pr=Pe=Cho py=P,—34, p=P.—24. (@

ODHEprusi 4acTHIUL paBHa
E=ipetipy+2p.:—Z=gm(+ 7+ —cd. (5)

BbipasuB snepruio uepes 0606mennbie MOMEHTHI, Mbl TIOJIYYHM KJac-
cuyecky ¢yHkuuio I'aMusabrona

A=z [(pe+ 5 A) + (o +£ A) + (pe+ 2 4)] - ea. )

IIpu oTCyTCTBHH MAarHHTHOrO NOJS MOMHO MONOKUTE BEKTOPHBIH
TOTEHUHA PABHLIM Hy/IO M NpeAbIAyllee BEIPaXeHHe MPHBOLUTCS
K BUIY

H =g (0 + 72 + p2) — e (7)
HJIN ’
H=o—(0i+p, + )+ Ulx, y, 2), (8)
rae
U= —ed (9)

€CTb NOTEHIIHA/JIbHAsl SHEPTHs 4aCTHIEL.

Kak mbl 3HaeM, B Teopun Ulpenunrepa ONepaTop HEPrHu mo.y-
Haercs H3 KJaaccHyeckoit 'aMuabToHOBON (GyHKuHH 3aMeHon 00606-
IEHHBIX MOMEHTOB Pz, Py, P, ONEPATOpaMH ‘

G .. 0 G
px=—lﬁ’W) py=—lhw, pz=——lﬁ-0?. (10)

BBeneune HOBOH cTemenu CBOOOIB, CBSI3AHHOH CO CIIHHOM, MO3BO-
JISIeT MOCTPOHTL ONEpPaTop
P=GxPx+Gypy+0zpz (11)

H HKCIOJIL30BATL €ro NHpH NOCTPOEHUH onepaTopa SHEpruu.
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MoxHo nokasars, urto oneparop P aHTHKOMMyTHpyeT ¢ paccmor-
penHeiM B § 1 omepatopom

./{=0xmx+cymy+czmz+h (12)

[bopmyna (15) § 1], Tak uTo MBI uMeem _
MHMP +PA =0, (13)

IIpn nokasaresncrae HCHO/Ib3yI0TCSt cBOficTBa (6) § 1 MaTpui
Oy Gy, Oz & TAKIKE COOTHOIMICHUH

myp, — pm, = Pyt — m,p,=ihp,,
MaPx — pxit,=p,m, — Mmyp, = iﬁ'pyv (14)-
Mypy — pym, == Py —myp, =ihp,.

Bruiuncnenuit Mbl 3gecs NPHBOLHUTL He OyneM, 3aMeTHM TO.IbKO,
9TO BLIYHC/ICHHS 3HAYHTENbHO YNPOUIAIOTCS, ec/in IPOBONHThL HX He
B I€KapTOBEIX, a B cepHUeCKHX KOOpAHHATAX. DTO Oymer cuenano
B C/eAyIOEeM maparpade.

Ecan cunrate, kak 510 menaercs p reopun Llpeannrepa, yro
S/IEKTPOH 00/141a€T JIHIIb TeMH CTeleHsMU CBOGOIBI, KOTOPLIE COOT-
BETCTBYIOT JIBHAKEHHIO MATePHAJBHON TOYKH B NPOCTPAHCTBe KOOp-
AUHAT X, Y, Z, TO, BBOAA ONEpPaTOphl B $opmyny (8), Mbl omHO-
SHAYHO NDHUXOLMM K yXKe H3YUeHHOMY HaMy LHpeaﬂHrepOBCKOMy
BEIp2KEHHIO [LIsi Onepatopa sHepruu. Bpegenne xe HOBoJ CTeNneHH
CBOOOIb 3/EKTPOHA, CBSA3AHHON O CIIMHOM, NAeT HOBLIE BO3MOK-
HOCTH IJIsi NIepexofa OT BeJNHYHH KJaCCHYECKOH MEXaHHKH K KBai-
TOBBIM OIlepaTopam.

Hcnosbays caoiictsa MaTpull ox, Oy, 0; H KOMMYTAaTHBHOCTL
ONEpaTOPOB Px, Py, Pz, MBI MOXKEM HAMHCATH oneparop suepruy (8)
B BHIE

] r
H= W (prx + pry + ‘sz.z)2 + J (x', Y, 2): (15)

Td4K 4TO BBelleHHe omepartopa P, OnpenenseMoro ¢opmy.o (11),
SLECh HHYEro He BHOCHT. MHaue o6crour peso IIPH HaJMHYUH Mar-

BUL (6) M 06GoGIleHHblE MOMeHTHI, KaHOHHYECKH CONpsixKeHHble
¢ KOOpIHHaTaMH, He COBNAJalOT C COCTABJSIOLIHMYU KOJIMYecTBa
JABHIKEHHS, a CBA3aHBl C HUMM COOTHOLICHHSIMHU 4), KOTOpBble Mbl
HiepenyuieM B BHe

&=m+%&,%=m+§@.&=m+%&.(m

Ecan Mbl Gynem baccmMarpusaTtbh 3TH BeJNHUUHBI Kak onepaTopml,
TO OHM yxXe He OYAyT KOMMYTATHBHBI, a Oyayr YAOBJCTBOPSATH
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NepeCTaHOBOYHBLIM COOTHOLIEHHAM

i e (dAz dAy e
7 PP = PP) =1 (T~ 5 = 5 ..

4
] dA 04 e
(PP —PP)=2 (202~ L) =2 3,

c dz ox (17)

L —)

i e (04, 0A, e

f(PxPy—Pz/Px)=‘c—(—57—W)=;‘%z-
rae #yx, Jby, #6,— cocrasasiomlye mMaruuTHoro noJs. [losromy npu
HaJWYUM MAarHuTHOrO IOJISI MNepexold OT ONepaTopoB pPx, Py P.
K onepatopaM Py, Py, P, naer pasauunblii pe3yabTaT B 3aBUCHMOCTH
OT TOrO, NPOHU3BE[eH JIH OH B ypaBHeHHH (8) uin B ypaBHedun (15).
Ecau nepe#itu o1 px, py, p. K Py, Py, P, B ypaBuenuu (8), mul Bep-
HeMcsi K BeIpaxeHHI0 (6), Kotopoe o6o03HauuM Tenepb uepes f°,
TakK 410

o= (et £ A+ (b 2A) 4 (ot 4]0 8

Ecan xe cnesnatb 370T nepexon B ypaBHenus (15) M ucno/b3oBaToh
coorHolllenns (6) § 1 ana MaTpun O, Gy, 0; U NepPeCTaHOBOYHLIE
cootHomenua (17) sToro naparpada A/st ONEeparopoB KOJWYECTBA
IBHZKEHHs], TO Mbl NOJYYHUM ONEpaTop

H*=H0—|—MO(O'x%x—I-O'y%y—i-O'Z%Z), (19)
rae Mbl NOJOXWIH IJS KPaTKOCTH
h

o= 20

[MTocrosiHHyo p® MOXKHO paccMaTpHBaThb KaK BEJMYMHY MarHUTHOTO
MOMEeHTa 3JeKTpoHa.

Oneparop anepruu (19) npeacrasaser o606LleHHEe COOTBETCTBYIO-
iero onepatopa teopuu Illpeaunrepa Ha cayuait HaJdHudsi MATHHT-
HOro noJist (6e3 nonpaBKH Ha TEOPHIO OTHOCHTENbHOCTH). Mbl GyneM
Has3biBaTh ero oneparopom Ilayau, a BOJIHOBOE ypaBHeHHE

p— i 20,
H") = ih — (21)

— BOJIHOBLIM ypaBHeHHeM [layan.

§ 6. IIpeo6pasoranne oneparopa P K UHAMHIPHYECKHM
U cepudecKHM KOOPJAMHATAM H BhIpa:KeHHe ero uyepes omnepatop

CyuleCTBeHHbIM {aroM B [epexoje OT YpaBHEHHs IHpezLHHrepa

K ypasHenuio [Taynu siBasiercst BBeLeHHe onepatopa
P=0xpx+0ypy+ozpz, (1)
34aBUCALLETO OT CIHHA. I/ICCJIejl"yeM CBs13b 3TOIO onepatopa ¢ one-
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pPaToOpoM CHHHOBO-OPGHTANbHOTO CKajspa MOMEHTA KOJHYECTBA
npuKenus . B § 5 Mbl yKe YCTAHOBHJIH AHTHKOMMYTAaTHBHOCTD
sTUX ABYX oneparopoB [popmyna (13) § 5] Hnsa Gosee nonpoG-
HOrO McCJefoBaHMsl yIoGHee Bcero mpeoOpas3oBaTbh 06a omeparopa
K chepuueckuM koopanHataM. [ns onepatopa A Takoe mpeoGpa-
30BaHue yxke caenaHo B § 2. Hro6wl ynobHee NpoBECTH €ro AJis orne-
patopa P, Mbl pasofbeM ero Ha Ba 3Tana: cuepsa npeoGpasyem P
K LUJIMHADHYECKHM KOODAHHATaM, a 3aTeM — K CchepuyecKuM.

IMockonbKy Bektop-riorennuan Ay, Ay, A, ecTb KOBapHaHTHbIM
BEKTOp, BEJHYMHEL

Px=px+_i'Ax’ Py=py+%Ay» Pz=pz+'z_Az (2)

npeo6pasyioTcs Mo TeM Xe (GopMmyJaM, Kak Px, Py, Pz; MOTOMY NpH
BBINIOJIHEHHH TpeoGpa3oBaHHsl I0CTATOUHO pacCMaTPHBaTh Chydai,
KOT/la BEKTOp-NOTEHI[Ha] OTCYTCTBYET, M BBECTH €ro yXKe B OKOH-
yaTeJbHBIX (popMyTax.

BBeneM LMJIHHIpPUYECKHE KOODAHHATH P, ¢ IO GpopMyaaM

x==pcose, y=psing, z=2=z. (3)

YacTHble NPOU3BOAHBIE OT QYHKUHUH P IO CTApBIM M MO HOBHIM KO-
OpAMHATAM CBSI3aHBI COOTHOLIEHHSAMH

00 _ gy O _sing v |
Ty = 08P 5 T |} "
2 _ nodb 4 wse 0
B = Sine g+ o
OTKyZA
—cospp, —ne , |
Py vro =5 pe | »
py=sin e p,+ = py |

TOIA Kak p, ocraercs Ge3 H3MEHEHHS.
BesuuuHy P MBI HanuileM B BHAE

P=0,p, + 0opy + G3p2, (5)
pasyMesi TOJ, O, Oy, 03 Marpunst (12) § 1.
[MoncranoBka Bhipaxkenuit (4*) B (5) nmaer
. 1 . ]
P=(0,cos ¢+ 0p8in @) pp + - (— o, sin@ - 6508 @) pg, - G2p,.  (6)
DTO0 BHIPAXKEHHE MOXKET 3HAYHUTENLHO YNPOCTHTBCA MOC/]E Haj-
JexauuM o6pasoM BHIGPAHHOIO KAHOHHUECKOrO I1peoGpasoBanus
W =S8y, P’ =SPS". )
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Taxoe npcodpasoBanye yxe GBUIO HAMH BBHINOJIHEHO B § 2 mpu
H3YHeHHH ONMEPATOPOB MOMEHTA KOJUYeCcTBA JABUXKEHHA. Mbl BBeH
TaM MaTPHIE

S=cos%+i633in~q23, S+=cos%—ioasin—g, 8)

TIpY TIOMOMK KOTOPBIX KO3((GHUUMEHTH NPH Pp, Py H P B BhIpaxe-
HMH (6) MoryT ObITh NpeACTaBJEHH B BHJE

0,c0sp + oy singp=S8%a,S, ]
— 0,5in @ 4+ 05c0s p=S7¢,S, 9)
0'3=S+0'3S

(nocaennue GopMysn skBHBaleHTHB Gopmyaam (14) § 2). ITpume-
HAs npeobpaszosaHue K onepartopy (6) u nosaras

Ph=Sp,S*, po=5Sp,ST, pi=5p.S*, (10)
Mbl MOXKEM HallHCcaTh
4 4 1 ! i4
p =01l’p+'503l7<v+03pz- (11

Tax kak maTpuua S He CONEPKHUT KOOPAMHAT P M 2, OHA KOM-
MYTHPYET C Py H P, TaK 4YTO 3TH ONEPATOPbl OCTAIOTCA 6e3 H3Me-
nenus, Onepatop ke pp yXe Obl1 BhdHcaeH Hamu B § 2 [popmysa
(16) § 2]. Vicnonb3ys sToT pe3ysabrat, Mbi GyfeM HMEThb

’ 4 b /
Po=Po» Po=Pg— 50z Pz=p; (12)

¥, CJeM0BATeNbHO, NPeoGpasoBAHHBIA K UMJHHAPHYECKHM KOODIH-
HaTaMm omepatop P Oyner HMETh BHJE

1 h
’=0’1pp+?02(p(p_'2_03)+ 03P (13)
WIH, TIOCJ€ 3aMeHbl 0.0; Ha [0,
’ ifi 1
p =0 (pp*g‘;)‘*‘;‘)gp(p‘f'o'apz- (14)

Uro6sl NPUHATL BO BHHWMAHWE BEKTOD-NOTEHLUAJ, HOCTATOYHO 3a-
menuth B (14) p,, po, p, Ha

Po':l’p‘f‘%Ao’ P¢=p‘l’+—i—A‘l” Pz=p2+%Az' (15)

rae A, Ay, A, cyTh 06OGLICHHBIE COCTABAAIOLIHE BEKTOP-TIOTEH-
LHajna, BbMHC/AAEMble MO (popMyJie

Aydx+ Aydy + A,dz= Ay dp + Ay do + A, de. (16)



§ 6 [IPEOBPA3OBAHUS OIIEPATOPA P 2590

Haiigem Tenepb B omepaTopa P B chepHUeCKHX KOOPAUHATAX.
Tepexox OT UMJIHHAPHUECKHX KOOPIAHHAT K CHepuyecKHM

z=rcos®, o=rsind (17)
copepliaercss 0 GopMysiaM, aHAJOTHYHBIM (QopMyJaaM repexojia OT

NpAMOYTrOJIbHBIX KOOpJAMHAT K HHIMHApHYeckuM. Ilogobno (4) u
(4*), MBI UMeeM Tenepb

po=sind - p, + Ps.

ap 9y _ sin® op |
R T 1? (1)
0P oo 0P  cos® o
W—Smﬁ or + r 0%’
OTKYHa .
pomcos 0 p, — 10 5, |
t (189
cos ¥ ]

IloncraBassa 3TH 3HaYeHusi p, U pp B Gopmyny (14), monyyaem mns
onepatopa P’ BhipaxeHue

’ . 1 [0}
— - — 2 P22
P’ =(o,cos® 03511115})2 Po+ —ong Po T
-+ (orsin® -} 03cos 9) p _ B _o (19)
b 8 r 2 rsin®
Jnst ynpoleHus 3TOro BbIpaXKeHHs] NPOH3BeLEeM KaHOHHYecKoe Ipe-
o6pasoBaHHe, aHaJOTHyHoe npeobpasoBaHuio (7), a HMEHHO,

' =1y, P'=TPT", (20)
rae marpuusl 7 u 7% pamuu
T =cos— -+ io,sin—, T+ =cos—2 —ig,sin-2
= g T iopsin—4-, == C0S 5 — 0y sin . (21)

Marpuussle K03Q@UIMeHTH B NEPBEIX TPexX usieHaX Bbipaxenus (19)
MOXKHO NPEeICTABHThL B BHIE

0, c0s® —0ysin®=T7q,T,
0y =T%¢T, | (22)
0, sin® -+ 05c059 = T"q,T, i
a K03(duiesT o, B NMOCJAELHEM UJjeHE B BHIE
o, =T (0, cos® + o3 sin ) T. (22%
Briunciasa npeoGpasoBaHHHE omepatop P, noayuaeM OTClOZA

1Y 7 0 ” 4 in .
P” ==L + o PO+ 037 — Gy (01€08 8 - 0ysin®),  (23)
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rae .
PR =TpT", pg=Tp,T*, pi="Tp,T". (24)

Beuny Toro, uro matpuua T comepKHT TOMBbKO KOOpAUHATY ¥, Mbi
HMeeM

Po=rpy, P/ =py, (25)

TOTJA Kak .
” m OT B .
Py == po —ifT —55= = py— 5 0;. (257

loncrasnsa (25) u (25*) B opmyay (23), nonyyaem clenymollee
OKOHUATe/JIbHOE BBIpAXKeHHE IS Npeo6pasoBaHHOro omepartopa P

o . h ih
Pr =2t (po—ig ctg®)+ 2 byt oy (p,—4L). (26
3ameTum, 4TO oneparop P B UHIMHIDHUYECKHX U B chepuuecknx Ko-

OpAHHATaX NPUHUMAET HECKOAbKO GoJiee NMPOCTOH BUI, ec/n npous-
BECTH NOJCTAHOBKY

P = 1/51[:’ AJs UHHBIPHYECKHX KOODLHMHAT, (27)
Y =r4/sin®Pp” IJIst chepHUECKHX KOODIUHAT. (28)

Honcranoskam (27) u (28) COOTBETCTBYIOT NpeoSpa3oBaHus
onepatopds BHAa

* - 1
P'= P,__. 29
Vo 7 (29)
. 1
P =f’\/SlI’l'ﬁ‘ P m. (30)

Bruinonusas 3t npeo6pasosanus, NosydaeM JAJsi UMJIMHAPHYECKHX
KOOpIHHAT

P'=01py + == po+ 03p, (31)
H 1t chepHyecKuXx KOOpAUHAT
P =t pot i Py + 0spy. (32)

Belpaxkenus 419 BepOATHOCTH TOrO, UTO B pesyabrate usMepenus
KOOpIHMHAT 3JEKTPOHA TIOJNYYaTCs 3HAYCHHS, JEXKAIIHEe B JAaHHDIX
Npeenax, TaKkKe HECKOJbKO YIPOIIAIOTCS OT MOLCTAHOBOK {(27) u
(28), a nMeHHO, BEPOSTHOCTL HEpABEHCTB

P<o' <p+dp, ¢9<¢' <@+dy, 2<2<ztdz (33)
Oyner .
[V Podododz=|v*Pdpdedz, (34)
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a BepOﬂTHOCTb HepaBEHCTB
<Y <0449, o<¢' <op+tdep, r<r' <r+4dr (35
Oyner (C HOBBIM 3HaueHHeM V)
| b Prisin®dododr =| v* Pdd dodr.” (36)

BrlpasuM HccaeNOBaHHBIH 37ech oneparop P uepes omnepatop
CIUHOBO-0pOHUTALHOTO CKa/lsipa MOMEHTa KOJIHYeCcTBa JIBUKEHHS .
HccnenoBanne ylo6Hee BCero NPOBOAHTh B chepHYECKHX KOOp-
nunarax. [IpeoOpa3oBaHusi, KOTOPbIM ObIIH IOABEPrHYTH 00a ore-
paropa, OAMHAKOBBI: MaTpulbl npeodpasoBanus S u T OOHH u Te
®Ke anst oGoux omepartopoB (cM. dopMyas (11) §2u (8) §6 ana S
u popmyan (18) § 2 u (21) § 6 nasa T). ITosromy MBI MOKeM pa-
6oraTh ¢ npeobpas3oBaHHBIMH omeparopamMu P* u A*, KoTopbie
HMEIOT BHJ

P =2t py+ —2po+ 03Dy, }i -

M = — e py + 0ypg. |

J1erko BuaeTh, UTO . '
P =03 (p, +i%- (38)

Ho no cpoficTBaM MaTpull 6y U Oz onepatop A * aHTHKOMMYTHpPYET
¢ 03. [ToaToMy 6ydeT Tak:xKe CIpaBeJJHBO PaBEHCTBO

P*=(p,—i '{*)03. (39)

B nocaennux ¢opMynax MaTpHLy Os MOXKHO TOJKOBATb KaK pasH-
aJbHYIO COCTABJSIOLLYIO CIIHHA. B caMoM fese, ecain Mbl MOJOXKHM

6, =~ (x0, + yos +205). (40)

TO MBl OyneM HMeTb
7So,STTT =g, (41)

TaK UTO HOCJE TpHMEHEHHBIX HaMu InpeobpazoBauufi S u T mar-
pula o, nepexonuT B os. Iloaromy dopmynam (38) u (39) coorser-
CTBYIOT JI0 IpeoGpa30BaHus COOTHOIICHHS

. A . M
P=o,(p.+i%)=(p. —i )0, (42)
KOTOpPBIE MOZKHO IIPOBEPHUTL U HEIIOCPEACTBEHHO.

Cornacno Qopmyae (13) § 5, omeparopet P* u A* (Tak xe
kKak 1 P u M) aHTHKOMMYTHPYIOT APYT C JpPyroM. 3DTO Jerko
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npoBepuTh. B camom zene, yMHOKas BhpaxeHue (38) Ha A* cae-
Ba, a (39) cnpaBa H ckaaAbIBasi, MOJdyyaeM

MP*+ PM* = p, (M3 + ogl*) =0. (43)

4
B 3akmouenue mpusesem smech BhipameHme nus onepatopa P
B KPUBOJIHHEHHLIX OPTOrOHANbHBIX KOOPAHHATAX *). Ecoy B KOOpJAH-
HaTax g, gz, §s KBaAPAT 3JeMeHTa AyTH pPaBeH

ds’ =} dq} + 13 dg} + Kidg, (44)
TO onepatop P HMeeT BHE
. h o
P= 2t py — i 4 (g huhy)] +
. h o h 0
+%br+ﬂﬁ@mﬂ+%M—7%ﬂw@&@w
TIe yepes p, 0603HAYEHD! OIEPAaTOPHI

.. 0
pk=—lﬁm. (46)

[Ipu HanHUMKE 2JEKTPOMATHUTHOTO NOJIA"HYKHO B 3TOM BHIPAXKEHUH
3aMEeHHTb Py Ha

Pe=pi+< 4, (47)

rae An cyTb KOBapHaHTHBIE COCTABJSIOL[HE BeKTOP-NIOTEHL a4, OIl-
penesasiemple o Gopmyie

Avdx+ Aydy 4 A, dz= Aydg, + Ay dgy +- Az dg;. (48)

Herpyano nposeputs, ut0 B uacTHbIX C1ydasX UHJIMHAPHYECKHX
M COEpUYECKHX KOODAHHAT BHIPAXKEHHE (45) nepexomut coorser-
cTBeHHO B (14) u B (26).

§ 7. DnekTpoH B MaruuTHOM moJe

Paccmorpum onepatop IMayau ans cayuas nocrosumoro MarHuT-
HOro noJsisi. Boiuuc/IeHHst Mbt NpOBeAeM 15l HATISIHOCTH B npsaMo-
YTOJBHLIX NCKapTOBLIX KoopAnHaTax. Ecam mardurtHoe mosme gocra-
TOYHO ¢a1a6o, TO uneHaMu B omepatope HO, comepauumu KBajpar

*) OTn BhIpaxennsn Ownn ganel A HECKOJbKO Gofee obuiero cayuas B pa-
6ote aBTOpa «BonHoBOe ypaBHeHHe Hupaka u reomerpus Pumana», KPO®XO,
T. 62, ctp. 133 (1930).
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BEKTOPHOTO IMOTEHLHa/a, Mbl MOXeM MpeHeGpeub, B JHHEHHHIX Ke
4JeHaxX MBI MOXKeM 3aMeHuTb Ay, Ay, A, BelpaXeHusMu

Ax ='é"(2%y —y%z)' ]
Ay=y (6, — 226,), | (1)

1
A,= 7 (y%x - x%y) ,
KOTOpPHIE NAIOT
1
Aypy + Aypy + Azpz =% (mx%x + my%y + mz%z)’ (2)

roe my, m,, M, — COCTaBJ/SIOHIHE OpﬁﬂTaJIbHOI‘O MOMEHTa KoJunye-

CTBa JBHXeHUs 3JeKTpona (cm. (1) § 1)
Henosbsysi (2), Ml moyunm nas H° npubnuxennoe BbIpaxKeHue

1 2
H°=W(p§ + pj + p;) —e® 4 Wec(mx%x + my%y + mz%z). 3)

Hob6asnss k HC corsacho (19) § 5, ujensl, 3aBHCSLIHE OT CIuHa,
Mbl OyJeM HMETb

H =5 (P2 + p2 + p2) — e® +
+ 5o l(m, + 10,) 56, + (m, + ho,) 3B, + (m, + ho,) 36,].  (4)

2me

B 310 BbIpazK€HHe BXOLUT CKaJsApPHOC NPOH3BEAEHHE MATHUTHOrO
10JI151 Ha BEKTOp MarHUTHOrO MOMEHTA 3JICKTPOHA

y’x=_2—:';(mx + ﬁO‘x), l""y=_2_:1—c(my+ hcy)’ ”z=§rf1_c(m2+ th)'

(5)

OTOT BEKTOp CKJAaJAbIBAeTC M3 JIBYX 4acreil: opOHTAaNbHOH H CIu-
Hopoi. OpOuTanpHasi 4acTb NPONOPIHOHA/NBHA OPGHTAIBHOMY MO-
MEHTY KOJIUYeCTBA ABUXKEHHUS JIEKTPOHA

my, m, m, (6)

M CIYHOBAs 4acTh IPONOPLUOHANBHA COOCTBEHHOMY (CHUHOBOMY)
MOMEHTY | | |
5 fo,, 5 ho,, 5 ho,. (7)

{Ipn 2TOM MHOXHTEJb NPONOPLUHOHANBHOCTH MEXIY MArHUTHBIM H
MEeXaHUYECKHM MOMEHTOM [J5l CIIHHOBOH YaCTH BABOe Goublie, geM
s opOuTanbHOl. DTOT (DaKT MHOrLA HA3bIBAIOT MATHMTHOH aHO-
MaJjuedl crHHa.

B 3amaue co chepuyeckoli cuMMeTpHell 3aBHCSUIas OT MarHUT-
HOTO IIOJIAl MONPaBOYHAsA YacTh oneparopa SHepruu (4) KOMMyTHPyeT
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¢ rn1aBHOH uacTbio (onepaTtopom (7) § 5). Ilostomy nonpaBka &
YPOBHIO SHEPTHH HA MAarTHHTHOE IIOJIe COCTOHT MPOCTO B HoGaBJe-
HHH K HeMy COOGCTBEHHOTO 3HAYGHHS IIONPABOYHOTO uJeHa B (4).
Ecin HanpasuTbh oChb 2 BOJIb MAarHUTHOTrO 1051, TO A06aBKa Gyner
paBHa

eh

2me

AE =

(m” £ 1) 56, @8)

rie fim’ ecTb cOGCTBEHHOE 3HAUYEHHE ONEPATOpA M.

Onmako npoucxoisiuiast oT ciuHa nonpaska K AE, cocrosiuias
B 3aMeHe m’ Ha m’ = 1, He BHOCHT HOBBIX YPOBHeil, NOCKOJBKY m’
ecTb Heaoe uucao. CYIIECTBEHHYIO POJb HTPAIOT 3AeCh JUMIbL I10-
1IPAaBKH HA TEOPHUIO OTHOCHTEJbHOCTH,

B oneparope suepruu I[laynaun H* [popmyna (4)] stu nonpasku
HE YYHMTHIBAIOTCS. YUYET HX NPHUBOAHT K TOMY, YTO B mosie co cdepu-
YECKOH CHMMeTpuell ypaBHeHMe [/ paauaabHbIX QyHKIHE OymeT
coziepxaTh He TOJNbKO KBaHTOBOe uucao [ teopun Ulpeaunrepa, Ho
U KBAHTOBOE UHCJO R, BXOJsIee B ypaBHEHHE [Jis WAPOBHIX QyHK-
Uil CO CIHHOM

M = ki (9)
[popmyna (22) § 1] u cBsizanHoe ¢ [ cOOTHOLIEHHEM

R(k—D=I1@+1) (10)
[popmyna (20) § 1].

Mul 3naem, uto npu [ = 0 Gyner eIHHCTBEHHOE 3HAueHHe k = |,
Ho npu [ =1, 2, ... BOBMOXHbI /B4 3HQueHHs R, a HMeHHO, k =
=1+ 1uk= —1 B pesynbrare lllpeaunrepoBckufi ypoBeHb, co-
OTBETCTBYIOLIMI NaHHOMY 3HAueHHIO [ (u onpelieIeHHOMY 3HAUECHHIO
[JIABHOTO KBaHTOBOrO 4HC/Aa 1), pacnagaercd npu [ = 1 na nBa
6/IM3KHX YPOBHS, KOTOpbie 06pasyloT Ay6/aer. DTOT AyGJaeT NPUHATO
Ha3blBaTh PeNSTHBHUCTCKUM JNyGJE€TOM.

B ypaBHeHun aist pannanbHbIX QYHKUHHE MOPAAOK BENHUMHB pe-
JISITUBHCTCKOTO MONMpPAaBOYHOIO W/EHA II0 OTHOIUEHHIO K TIJIABHOMY
(nOTeHUHAIbHOH SHEpPruu) MOXKeT XapaKTepH30BaThbCH BENHUHHON y2,
rie

ecTb 6e3pa3MepHast NMOCTOAHHAs, KOTOPYIO NPHUHSTO HA3HBIBATL MO-
CTOSIHHOH TOHKOH CTPYKTypH. BuansiHue e MAarHHTHOrO mnoas Ha
YPOBHH 3HEpPTrHH XapaKTepusyercsi BeanuuHoi (8).

Pacmennenne ypoBHell SHeprHd B MAarHHTHOM II0J€ HOCHT Ha-
3BaHue siBjeHUd 3eeMaHa (Zeeman).

[Tonnast teopusi siBjeHHst 3eemaHa IJs aToMa BOJOpPOAa Gyier
M3JIOXKEHAa B KOHIIe 9TOH KHHTH Ha OCHOBE Teopuu dupaka. 3mech xe
MBl XOTEJH Obl TOJNLKO HOAYEPKHYTb TOT QaKT, YTO IIOBEIEHHE JeK-
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TPOHA B MarHUTHOM IOJIe YO@MHMTEJbHO LOKa3blBaeT HaluuHe y Hero
HOBOI cTeneHn CBOOOLLI, CBSI3aHHOH CO CIIMHOM.

CyuiecTBOBaHUe 3TOMH HOBO CTENEHH CBOOOABI 3/ICKTPOHA HIpaeT
0COGEHHO BaXKHYIO POJIb B KBAHTOBOMEXAHWYECKOH TEOPHH CHCTEMB
MHOTMX 3JI€KTPOHOB (HalpuMep, aToMa HJH MOJIEKYJb), KOTOPYIO
Heab3s faxe (QOpMYyJaMpPOBaTb, HE YYHTHIBAs CBOHCTB CHMMETpHHU
BOJIHOBO (PYHKLMH MO OTHOIIEHHIO K IEPECTaHOBKAM 3JIEKTPOHOB.
STu cBONCTBA 3aKJII0YAIOTCs B TPeGOBaHHHU, YTOObL BOMHOBast PYHK-
1iMsl CHCTEMBI 3JICKTPOHOB, BLIPAXKEHHAs uepe3 COBOKYIIHOCTH nepe-
MEeHHBIX (X, Y, 2, G), OTHOCSIUIHXCS K KaxJOMYy 3JEKTPOHY, MeHsaa
3H4K TIPH NEPeCTAHOBKE IBYX TAKHX COBOKYIHOCTEH, OTHOCAIIMXCA
K IByM sjekTtpoHaM. TpefoBaHue 5TO Ha3bIBAETCA MPUHLUIIOM
Tlay/iu uau TPHHUMIIOM aHTHCHMMETPHH BoHOBOH Qynkuyu. Cyule-
CTBEHHO OTMETHTb, YTO B UYHCJO NEPEMEHHBIX KaXKIOro 3JeKTpona
BXOJIUT, KPOME €ro KOOPJAHMHAT, TaKXK€ M €ro CIHHOBas NepeMeH-
Has 0. DTO NOKa3biBaeT, YTO BBEJEHUE CIHHOBON CTENneHH CBOOOAHI
3/1eKTPOHA HEOOXOMMMO YK€ B HEPEeJsATHBHUCTCKOH TEOPHH.

MHOr0s/1eKTPOHHOH 3ajaue KBAHTOBOM MeXaHukKu OyAer mocBsi«
lIleHa c/eyollas 4yacTb 3TOH KHHIH.



Uacte IV

MHOTO3JEKTPOHHAY 3ANAYA KBAHTOBOH
MEXAHUKH U CTPOEHUE ATOMA

§ 1. CoiicTBa cUMMeTPHH BOIHOBOI QyHKIMH

B npeAnaymux raaBaXx Mbl PacCMaTpUBaad BOJNHOBYIO (yHK-
L[1I0, OTIUCHIBAIOUIYIO COCTOSIHHE OLHOrO 3JeKTpoHa. [na crauuoHap-
HBIX COCTOSIHUH BOJHOBaA QYHKUHS MOMXKHA YHOBJETBOPSTb ypaB-
Henuto Ilpenunrepa. B sanaue o6 onpeneneHus COCTOSHHR CH-
CTEMB! 7 3/IEKTPOHOB BOJIHOBAsi PYHKIUS NOJMKHA TaKkKe YIOBJIETBO-
pPSiTb HEKOTOPOMY YCJIOBHIO CHMMETPHH (TOYHEE, aHTHCHMMETDHH)
OTHOCHTEJIbHO [I€PECTaHOBKH KOODAHHAT M CITMHOBBIX TEepEMEHHbIX
SJIEKTPOHOB. YCJOBHE 3TO HasblBaeTcss npuHuunom Ilaynnm. Kpome
TOrO, BO MHOTHMX 3aJla4aX MOXHO CYHTATh 3aJAaHHbIM IOJHBIA CITHH
(cO6CTBEHHBII MOMEHT KOJHUECTBA IBHXKEHHSA) CHCTEMBI 3JEKTPO-
HOB; B TaKOM cJydYae BOJHOBasd (DYHKLHS JOJKHA VIOBJIETBOPATH
elle OJHOMY JONOJHHUTEJIbHOMY YCAOBHIO.

Kak Mbl 3HaeM, BosiHOBast YyHKUUS OZHOrO 3JEKTPOHA 3aABHCHT
OT TPeX NPOCTPAHCTBEHHBIX KOOPIAHHAT X, Y, 2 ¥ OT CIIMHOBOII mepe-
MEHHOH O, NPUHUMAIOWEH TOJbKO [Ba 3HAYeHUs (HanpHMep, o =
= 4 1 u 0 = — 1). O60o3nauuB 6YKBOH 7 COBOKYNHOCTb TPEX IpO-
CTPAaHCTBCHHHIX KOOPJAHHAT, Mbl MOXEM HAaNHCaTh BOJHOBYIO (yHK-
IHIO OJHOTO SJEKTPOHA B BHAE

V(x, y, 2, 0)=1P(r, 0). (1)

BosHoBast QYHKLHUS CHCTEMBI 7 3JIEKTPOHOB GYRET 3aBHCETb OT BCeX
KOOPAMHAT M BCEX CIIMHOBLIX NEPEMEeHHBIX 3THX 3JIEKTPOHOB. Mu Gy-
JIeM HMETb

V=19 (ry, a); 1y, O3} ...} Iy, Oy) (2)

Yacro GbiBaeT yno6HO 0603HauyaTh ORHOH GYKBOH X; COBOKYIMHOCTH
BCEX IE€pPEMEHHBIX, OTHOCALIMXCA K 3JEKTPOHY HOMep i (T.e. coBO-
KyIIHOCTb €0 NPOCTPAHCTBEHHBIX KOOPAHHAT W CIHHOBOH NepeMeH-
HOil). BosHOBYIO (YHKLHIO CHCTEMBI 7 3JEKTPOHOB MOMKHO TOrZa
nucaTh B BHIE

‘q):w(xh Xoy o4 0y xn)' (3)

CornacHo npunuuny Ilaysiu, Boanosas QYHKUHS AOMIKHA GbITH aH-
THCHMMETPUYHA OTHOCHTE/bHO NMEpPeMEHHbIX Xi, X3, ..., ¥n, T. €. OHA
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ZOJKHAa MEHSITb 3HaK Ipu NepecTaHoBKe JIOGOH napnl 3THX Hepe-
mennbx. Hanpumep,

P{(Xoy X1y X3, 00ey X)) =—P(X], Xoy X35 « 00y Xp) )]

IlepexonuM Tenepn K Qopmyauposke TpeboBaHus, 4YTOGH CH-
<TeMa n JeKTPOHOB uMeJa ONpelesieHHbIH pe3yJbTHPYIOLUH CIHH.
HanomHuM cnepBa OCHOBHBIE CBOHCTBA CIIHHA, y2Ke U3YYeHHble HAMH
B IIpeNbIAYLIEH IJ1aBe.

B cnyuae onHoro sJeKTpoHa BCSKHE olepaTop, AeACTBYOMIHI
Ha CNHHOBYIO TIepeMEeHHYI0, MOXKeT ObTb NpeACTaB/JeH Kak JuHef-
Hasi KOMOHHALUS TPEX ONEepPaTOPOB Gy, Oy, O, ONpeleJasieMblX paBeH-
CTBaMH

o (r, o)=Y (r, — o),
o,b(r, 0)=—iop(r, —o), ()

o, (r, o) =0c¥(r, o).

Ecnu paccmarpuBaTh ¢ Kak ABYXKOMIIOHEHTHYI0 BOJHOBYIO (PyHK-
(10, NepBas KOMIIOHEHTa KOTOpoi paBHa ¢ (r, +1), a Bropas
P (r, —1), To HeficTBHE ONEPATOPOB Oy, Oy, O; GYAET TO Ke, YTO H
Jeicreue matpun [ayau:

P S (O B

Oneparopsl

1 1 1
Sx=750y S8,=50, §=7%0, (7)

YIOBJIETBOPSIOT NEepecTaHOBOUHEIM COOTHOIIEHHAM
SyS; — 8,8, =1i8,,
8,8 — 848, = IS, 8
8,8, — 8,8, =i,
KOTOpble XapaKTepH3YIOT CBOHCTBA MOMEHTA KOJHYECTBA ABHIKEHUS
(BbipaxkenHoro B eanHunax fi). [1o3ToMy nx MOXKHO TOJKOBAaTb KaK
OIepaTopbl NJs COCTABJAOUIHX COGCTBEHHOTO MOMEHTA KOJHYecTBa
IBUKEHUsT 3JEKTpOHA. B ciyyae MHOTHX 3/J€KTPOHOB MOXKHO OTpe-

JeJuTh anajorduHo (bD) omnepatopsl O, Oy, O, AEHCTBYIOUIHE Ha
CIIMHOBYIO [E€peMeHHYI0 3JeKTpoHa Homep [. Mpl OyneM uMmerb

oW =" (r, 05 Iy Oo5 «oo5 Iy —Cp5 o 00),
O p=—io,P(r,, 0,17y 095 .o 7, —0p5 ...), 9
0 =0,p(r, 03 ry, Oo «..5 I't, 053 co)

OnepaTopr U1 cocTaBdadgouIluX CIIHHOBOIO MOMEHTa KOJHUYECTBA
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ABHIKCHUA CHCTEMBL SJEKTPCHOB, BLIDAXKEHHBIE B eIMHUIAX F, MO-
IyT GHITh ONpefeseH ! aHaIoruuHo (7), a HMEHHO,

Sx=']2‘(01x+02x+ s +0'nx):
sy=5 O+ 05+ ... +0u), § (10)
322%(012_}'0'22_}' con o0,

OTH onepaTophl YAOBJACTBOPAIOT TEM K€ NMEPECTAHOBOUHBIM COOTHO-
weHusAM (8). M3 nepecTaHoBOYHBIX COOTHOLICHHI (8) MOXHO BBHI-
BECTH, YTO omeparop

2__ o? 2 2

§*=g, + s} +s’ (11)
AJsl KBaJpaTa COGCTBEHHOTO MOMEHTA KOJHYECTBA ABHIKECHHS 3/eK-
TPOHOB OyNeT KOMMYTHPOBATh ¢ KaXIbIM H3 ONEpaTOpPOB Sy, Sy, S;
H 4YTO €ro COGCTBEHHbIE 3HAUeHUsT GyAyT paBHbI s§(s 4+ 1), rme s ects
II0JIOBHHA WEJOr0 HEOTPHUATENbHOIO 4YHCAA. ECau yucao n anek-

TPOHOB — YETHOE, TO § €CTb LEeJN0e MOMOKHUTENBHOE YHCAO HIH HYyJb.
Ecnu ke n — HeueTnoe, 10 s ects NoJayLenoe 4uesao (noJOBHHA He-

n
YETHOrO 1eJoro uncaa). B oboux cayuasx wncio 5 —s=kF Oyner

HEOTPHUATENbHBIM LEJIBIM YHCAOM. DTO UHMCAO B MOMKHO TOJKOBATH
KaK 4HC/IO Tlap 3/1€KTPOHOB C KOMIEHCUPOBAHHBIM CHHHOM.

[Ipu samanHHOM S cOGCTBEHHbLIE 3HAUEHHUS KaxJ10ro u3 omepa-
TOPOB Sy, Sy, S, NpoGeraiT PsAx yucesa

-8, —s+1,...,s—1,s; (12)

T. €. Bcero 2s -+ 1 snauenui.
Oneparop (11) ans s? mMoxer 6uiTh Npe/CcTaB/aIeH B Bule

n?
sf=n—"-+) Py, (13)
i<j
TAe CHMBOJ P;; 03HAYaeT IePECTaHOBKY CIIHHOBBIX NIEPEMEHHEBIX 0
" 0oj.

Tpe6GoBanue, yto6n cucreMa n 3JIEKTPOHOB HMeJla OIpelesieH-
HBIH PE3YJNbTUPYIOLUIMIA CHHH, MOXKET ObITh Tefepb 3alHCaHO B BHAE
ypaBHeHus

sHp=s(s+ 1). (14)

[octponm dynkumo, yrosaersopsiomyio aTOMY ypaBHeHuio. [To-

n
JIOXKHM k=?——s, H TyCTb O, @, ..., Gp €CTh COBOKYNHOCTb B
PaS/IMYHBIX 4HCes, B3ATHIX U3 psaa I, 2, ..., n. [Tycrs, nasnee,

Fo'lq'Z _“ak=F(0'a10'a2 “en Gak,Uak+lGuk+2 e O'an) (15)

€CTb QYHKUHA OT CIHHOBHIX NEPEMEHHbIX, CHMMETDPHUHAS KAK OTHO-
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CHTE/IbHO aPryMEHTOB Oq,, Oa,, - .., Oq,, CTOSIIAX JIO BePTHKAJAbHON
UepThl, TAK W OTHOCHTEJBHO aPryMEHTOB Oa,, , Oy, . ««+» Oa,,

n
CTOSIIIIMX TIOCJIE uepThl. BBejleM COBOKYIHOCTH (k byHRImit

1Pa,a2 ...ak=¢(f1, Yoy <oy rn) (16)

OT KOODJAHMHAT BCEX 3JEKTPOHOB (3TH (QYHKUHH yXKe He CcoAepiKar
CIHHOBBLIX NepeMeHHbIX). Pynkuuu (16), Tak ke xak u QyHKUHA
(15), cUMMeTpPHUYHBEI OTHOCHTEJNLHO 3HAUYKOB otf, Oz, ..., ok COCTA-
BUM TENEpb CyMMY

w(rlv 015 Fgy Og; «uvy Iy, Gn)""—‘

=(a Za )wa‘%---ak(rl’ f2, Ceey rn)Falaz...ak(G1, 0'2, c ey Gn)‘ (17)
1 Tk

Ha ocnosannu gopmyasr (13) mMoxkHO nokasate, 4to ¢yskuus (17)

Oyner yLOBJIETBOPATL ypaBHeHHIO (14) co 3HaueHHeM S, paBHBIM

n
3 —k, ecan ToNBKO KoopiauHaTHble (yHKuuM (16) cBA3aHBl COOT-

2
HOLIEHUSIMHU

%: ‘palaQ “k=0’ (18)
rie 3HA4YOK o« mpoberaer Bce 3HaueHust 3 paga 1,2, ..., n, 3a
HCKJIIOYSHHEM 3HaYeHuit o, ..., oy Yucao cootHoweHui (18)

n .
paBHO (k—l) !

Hast toro uto6p monmyueHHasi coGcTBeHHas GYHKUHSA onepa-
Topa §* mpeicTaBiasiia GU3HYECKH BO3MOIKHOE COCTOSIHHE CHCTEMEHI
3JIEKTPOHOB C 3a/laHHLIM CIIHHOM, HEOGXOAHMO, YTOGH OHA yIOBJE-
TBOpAna Takxke npuHuuny Ilaymw, T.e. Gb1a aHTHCHUMMeTpuuRa
OTHOCHTE/IBHO TEPEMEHHBIX X;. DTOFO MOXKHO JOCTHTHYTb, BHIPA3HB
no dopmyJe

'lpczla,_, --.ak(rh r2v s ooy rn)=
=e(P)¥(ray ray «vvy Fay|ro,, Tagyp +oor Fay)  (19)
Bce Gynxnuu (16) uepes omuy Gymnkuuo
Y="P(ri, 7o .oy 7ol lpugrs Thyos «.., r,) (20)
OT KOOPAHHAT 3/eKTPOHOB. B dopmyne (19) uwepes ay, ay, ..., ax
0603Ha4YeHbl uHcia 1, 2, ... n, B3ATHE B NPOH3BOJILHOM nopsinKe, u

yepe3 P — Ta nepectanoska

P=(g o0, (21)
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KOTOpas nepesoiut 1 B oy, 2 B ap ¥ T. 4. CumBonom &(P) 0603Ha-
YEHO YHCIO, paBHOE -1, eciu nepectaHoBKa P ueTHas, u paBHoe
—1, ecain oHa HeyeTHad,

Qyukuus (20) MOMKHA YAOBAETBOPATbL CJIELYIOLIHM YCJAOBHAM
CHMMeTpHuu:

1) ¥ aHTHCHMMeTpHYHA OTHOCHTEJbHO NEPBbHIX apryMmeHToOR
(crosimex B (20) cieBa OT 4epThl), HanpuMep,

'llJ(fQ, Fiy T3y eoey rklfk.H, ooy rn)=
=—P(r, ro 13 ooy Tellhsts ovey I)s (22)

2)  aHTHCHMMETDHYHA OTHOCHTENBHO IOCIEAHHX N — & apry-
MEHTOB (CTOSIIUUX CIpaBa OT 4YepPThl), HANPHUMED,

1|J(r1, Toy «oay rk]rk+2, Tetgls Thigy ooey r,,)=
=""lp(f1, Foy vouy rklrk,H, Frioy Thass oeey fn), (23)

3) P obnagaer CBOHCTBOM UHKJIMYECKOH CHMMETPHH, KOTOpoOe
BHIPAXKAETCS PABEHCTBOM

By oeey Thmts TelThtts Togay ooey Fp)=
=Wy ooy Tomis That 17 Thioy ooy )+ .
o TV s Paety Tht g [Pty o oo Pttty Ty Thtgls « e oo Fp) - o
cor TV sy Themgy P Thins ey Tamy, TR). (24)

IlpaBas uacTb 3TOro paBeHCTBA COCTOMT H3 7 — £ WIEHOB, B KOTO-
PBIX apTYMEHT 7 CTABUTCH NMOC/AEL0BATETbHO HA MECTO KayKIOro U3
n-— k apryMeHTOB CIpaBa OT YepTHI.

CBOHCTBO IHKJIHYECKON CHMMETDHH SIBJISIETCS CJAEACTBHEM COOT-

n
"Homenn#t (18). Kaxmoe us atux (k 1) COOTHOIUEHHHA TIPHBOLHT

K OIHOMY H3 paBeHCTB BHZa (24). IlpoBepuTh 3T0 MoXHO Hemno-
CPEICTBEHHBIM BBIYMC/ICHHEM, YYHTHIBAas CBOMICTBA aHTHCHMMETDHH
(22) n (23). Ecau oGosnauuTh uepe3 P IHMKJIHYECKYIO NepecTa-
HOBKY apryMeHTOB (rp, Fptl, ..., In), T.€. TaKyiO NepecTaHoBKY,
B KOTOPOH KaXKAblfl 4NeH UuKAa (rp, rpyq, ..., rn) saMeHsieTcsi cJje-
AYIOWAM WIEHOM, a MOCJEeIHHA YNeH — NMEepPBLIM YIEHOM, TO paBeH-
CTBO (24) MOXKeT GBITh 3aMHCAHO B BUIE

(A+P+P+ ... +PH)p=0 (25)
TpH n — &k YeTHOM M B BHIe
(1—=P+P— ... =P M yp=0 (26)

TIPH 1 — k HeueTHOM.
B uacTHOM ciyuae nByx 3/eKTpPOHOB cocTostHue ¢ HYJIEeBbIM CIIH-
HOM (n =2, k= 1) onucbiBaercs CHMMeTPUUHON dyHKIHeH OT
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KOOPAHHAT, a COCTOSAHHE CO CIHHHOM § = | (n =2, k = 0) — an-
THCHMMETPUYHOH (YHKIIHEH.

Becbma BaxKHbIM NPUMEPOM (QYHKUHH OT 71 apTYMEHTORB 7y, Ig, ...
-+, I'n, YAOBJETBOpPSIIOMEH TPeM CHOPMYJHPOBAHHLIM Bhille ycio-
BHSAIM CHMMETDHH, SIBJISICTCS NPOM3BENEHHE JABYX ONpefeaHTeNell

b= Wihy® @7)
rae
Wi _ Y(ry) oee () i
Ve () «v e (re) ; 28)
Wy O (Ter1)  er B (ry) ,
1IJrz—lz (rk-H) \pn—k (rn) )

OTH ONPenenuTENH COCTARMEHH H3 (DYHKUHM

11’1 (f), 1172 (f), eeey Iq’n—-k (f), (29)

3aBHCAIIMX OT KOOPAHHAT OJHOTO 3JIEKTPOHA, NpHYEM OOJBIUHI OIl-
peAeqnTe] b COLEPXKHT BCe n— R GyHKuMHA (29), a MeHbIIHi —
TOJIbKO NEpPBbIE £ U3 HHX.

Ipenninymue paccykaeHus NO3BOJIHAH HAM BBIPA3UTb BOJHOBYIO
yHkunio (2), KOTopas 3aBHCHT KpoMme KOOpOHHAT elle OT BCex
CHHHOBLIX TMEPEMEHHBIX, Yepes llIpelHHrepOBCKYI0 BOMHOBYIO (BYHK-
uuio (20), 3aBUCAILYIO TOIBKO OT OAHUX KOODAHHAT. IIpn atom kaxk
npuruun Ilaysu, Tak u ypasHenue (14) AJsi COHHOBOTO MOMEHTa
KOJIHUECTBA ABHKEHHS OBbIIH YUTEHbI BIIOJHE CTPOTO.

Hecmotpst ma To, yro Ulpenunreposckast BosHOBAs byHxuUs He
3aBHCHT OT CNHHOBLIX NEPEMEHHBIX, 3HAYEHHE PEe3yJbTHPYIOUIEro
CIIHHA OTPaXKaeTcsl Ha ee CBOHCTBAX, TAaK KaK OT HEro 3aBHCUT ee
CHMMeTpHsl,

OTnM 0ODBACHACTC TOT (AKT, KOTOPHIH Ha NepBHI B3MNIsiA Ka-
JKercs napajokcoM: Hu ypasHenue llpeaunrepa, Hu BoAHOBas GyHK-
LHs. CIHHOBLIX MEPEMEHHbBIX HE CONEePIKAT, MEXY TEM YPOBHU SHep-
THH 32BHCAT OT 3HAYEHHS PE3YMbTHPYIOLETo criuHa. [1apanoke pash-
SICHAETCA  TEM, YTO Ha BOJHOBYIO (YHKUHIO, COOTBETCTBYIOLLYIO
YPOBHIO C NaHHBIM CNUHOM, NONOJHHTENbHO HAKIALBIBAIOTCA YCJIO-
BHA CHMMETDHH, DA3JHYHbIE [/ PAsNHUHBIX 3HAUYEHMH De3ybTH-
PYIOILLEro cruHa. ‘

§ 2. Oneparop ameprum u ero cuMMeTpus

BosmnoBasi (yHkuus, onuchBamomasn CTallHOHADHOE COCTOSIHHE
MHOTO3JIEKTPOHHOR CHCTeMbl, AOJXKHA ObITh COGCTBEHHOI QyHK-
Lueil onepatopa SHEPTHH, KOTOPHIl MO AHANOTHM ¢ KJACCHUECKOL
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MeXaHHKOH MOXHO HanMuCcaThb B BHJIE

n n
ﬁ2
=—WZ Ak+ZU(xk’ Yu 2p) +
k=1 k=1
n
e2
b T VE 5P — 0P (=2

3nece Ay ectb omneparop Jlannaca, nefictyromuii ua KOOP/HHATEI
SJEKTpOoHA HOMep k, a U(x, y, 2z) — norennuanpHas SHEpPrud noJs,
BHELIHEro No OTHOWIEHHIO K 3JICKTPOHAM (HanpuMep, moJs aapa Ist
aroMa WK HECKONbKHX si/iep JUIsl MOJIEKYJIB), ABOHHAS CyMMa ecTb
B3auMHasi NOTEHUHANbHAst 3HEPTHS 3JEKTPOHOB. Oneparop sHep-
run (1) cooTsercTBYeT TOMy CIyualo, KOrma MATHATHOE MOJe OTCYT-
CTBYET; €C/H Obl CHCTEMA 3JEKTPOHOB HAXOLHAACh BO BHelIHEM
MAartHiUTHOM M0JI€, TO ONEPAaTOp SHEPTHH COAEPKAM Gbl LOMONHHUTEN b-
HBbI€ W/ICHBl, 3aBHCSAIIHE TAKIKE H OT CIUHA.

YpOBHH 3HEPTHH M CTAUMOHADHBIE COCTOSIHHS CHCTEMBI OTpeje-
JISIOTCS H3 ypaBHEHHs

+ (1)

Hyp= Evp, @)

rae H ects onepatop (1). M yxke YKa3bIBAJIH HA TO, YTO XOTH Ole-
parop H He comepKUT CHHHOBBIX NEPEMEHHEIX, TEM HE MeHee YDOBHU
SHepruu E 3aBHCAT OT KBAaHTOBOIO uuc/ia S (cnuHOBOrO MOMeHTa
KOJIH4ECTBA ABHIKEHHS). OGDBACHEHHE TOr0 0GCTOATENbCTBA 3AKIIIO-
HacTCA, KaK Mbl 3HAa€M, B TOM, UTO OT 3HAYEHHS S 3aBHUCAT CBONCTBA
cumMMetpun IpennHreposckoil BOIHOBOM bynxnun .

B cayuae aroma oneparop H o6namaer chepuueckoll cumMe-
TPHEH, T. €. €ro BUJ He MEHSIeTCS IIPH JI0GOM NOBOpPOTE KOOpAHHAT-
HBIX Ocedl B mpocTpaHcTBe. TOrna MoMxHO MONYHHUTEL [Ipenunrepos-
CKYI0 (KOODAHHATHYIO) BOJIHOBYIO (YHKIHIO TpeGOBaHMIO, UTOGHI
OHa Oblia COGCTBEHHON (GyHKIHeH onepartopa Aas KBaapata opGu-
TaJbHOTO MOMEHTA KOJHYECTBA ABHMKEHHS (KBAHTOBOE YUCJIO D owu
A COCTABJIAIONICH €ro MO OMHOH H3 ocell (KBAHTOBOE YUCJIO m).
Ecan sta ¢ynkuus, kpome toro, o6manaer CBOHCTBAMH CHMMETpHH,
COOTBETCTBYIOIIHMH OINPENEJICHHOMY 3HAUEHHIO S, TO IIPH TOMOIILK
HEEC MOXKHO IOCTPOHTb BOJHOBYIO (DYHKIHMIO CO CIIHHOM S BHia (2)
§ 1, xotopas 6yner YAOBIETBOPATL NpuHuuny [laynu u 6ymer co6-
CTBEHHOH (YHKLHEH C/IeAYIOIIHX SATH onepartopos: 1) omepatopa
SHEpruW, 2) KBajpaTa OpOHTANBHOTO MOMEHTa KOJIHYECTBA nBHXKe-
Hud, 3) KBajpaTa CIMHOBOIO MOMEHTa KOJIHYeCTBA JNBHXKEHHS,
4) ¥Bajpata mnoJaHOro (op6HTajdbHOrO MWIKOC CIIHHOBOTO) MOMEHTA
KOJIMYECTBA ABUKEHMS, D) COCTABJSIOUIEH MOJHOrO MOMEHTA KO-
JHYECTBA HBHMKenus no onHolt u3 oceit. IToctpoenuwe mocruraercs
pH TIOMOIIH BEKTOPHOH MOMEJH; MBI HAa 3TOM OCTaHABJIHBATLCH
He Oynem.
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B cayuae mByxatomuo# Moaexyibi onepartop sHepruu obGaanaer
He cdepuueckol, a JHWb aKCHAAbHON CHMMeTpHeR (T.e. He Me-
HA€TCSl TIpH TMOBOPOTE KOOPAHHATHOH CHCTEMbl BOKDPYT OCH, COEH-
Hslowe o6a siapa). AkcuanbHas CHMMETDHA TakK¥Ke MOXeT 6biTh
HCIIOJb30BAHA 1J1s1 BBENEHHSI KBAHTOBBIX YHCEN W s YACTHUHOLO
onpeje/IeHNst BOJHOBBIX (YHKIHUH. '

Hcnonbsoanne chepuueckoll umu axcuaabHoil CHMMETPHH CH-
CTEMBl I03BOJISET BBOAUTb KBAHTOBHIE YHCJAA M TEM CaMbIM KJIACCH-
¢uuuposath yposHu sHeprun. OnHako COOGpaxeHHil CHMMETpHH
HEAOCTATOYHO MJIs1 ONPENEJNIeHHs] CAMUX YPOBHEH H CTAllMOHAPHBIX
cocrosinuii. Tounoe pemenue ypaBHeHus (2) mnpencrasasier (3a
HCKJTIOUEHHEM Cay4asi OAHOro 3JIEKTPOHA) HENMpPeoJOJHMble MaTeMa-
THyeckue TpynHoctd. IlostoMy mnpuoGperaer Gosblioe 3HaueHue
PasBUTHE NPUOJ/IKKEHHLIX MeToA0B. Han6osee BasKHBIM U3 3THX Me-
TOLOB fBJSAETCS METON COIVIACOBAHHOIO MOJISA, K H3J0KEHHIO KOTO-
POro Mbl U [€PEeXOIUM.

§ 3. Meron, cornacoBaHHOro noss

YpaBueHue 1qst CO6CTBEHHBIX BYHKLUiL OliepaTopa SHEPruu Mo-
XKeT ObITb MOJYYEHO H3 BAPHALMOHHOTO Hayaga

oW =0, )
rue 14 €CThb BbIpaXeHHue

W:—A’/S@H\pdv, N=Sﬂ;\pdv. @)

B sroit dopMyse Mb MoxkeM pasyMeTb HOX Y BBEAEHHYIO HaMH
B § 1 xoopaunatHyo dymkuuio, He 3aBHCAILYIO OT CIHHOBHIX Mepe-
MEeHHBIX. DJIeMeHTOM 06hema dV KOH(UI'YpPaLHOHHOrO NpOCTPaHCTBA
Gyner Torna npousseienue auddepenuanon KOOpJHMHAT BCEX 3JIeK-
TPOHOB

dV =dx dy dz, ... dx,dy,dz,. 3)

HopMupoBounblit unTerpan N MB MOXeM CUMTATD 3alaHHOH 1O-
CTOSTHHOH,

Hst nokasatenbcTBa Hawero yTBep:IEHHST COCTABUM BapuHanuu
HHTErpasios, BXOASIIHX B (2). B cuamy toro, uto H ectb camoco-
TNIPSIKEHHBII OnepaTop, Mbl HMeeM

o S YHYpdV = S dYHY dV + compsixk. (4)
Kpowme Toro,
5 S Ppav — S S @V + conpax. )
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YMHOXas Bropoe paBEeHCTBO Ha MOCTOSIHHDI BEUIECTBEHHBI MHO-
Kutenb E, BblUMTas W3 NePBOTO H IpHpPaBHHBAS pesyabTar Hy.Jio,
noJayvaem

Séfp (HYp — EVp)ydV 4 conpsixk. =0. (6)

OT0 PaBEHCTBO HOMMKHO BBHITOJHATHCS 1pH NPOHM3BOJNLHON BapHaLUH
BELISCTBEHHOH U MHUMOH 4acCTHu P, YTO BO3SMOXKHO TOJIBKO, €CJH MHO-

XKUTENb MPU 81 NOA UHTerpasoM paseH Hymo. Otciona caegyer
Hp = E. ‘ (7)

OT0 ecTb ypaBHeHHe IIST COBCTBEHHBIX ¢yskuuii oneparopa sueps
run. Takum o6pasoM Haule yTBepKIeHHE 10KA3aHO.

Qu3uYeCKH CMBICA BelHUHHB W €CTb MaTeMaTHuecKoe oxuua-
HHE SHEPTHU CHCTEMBl B COCTOSHHH . DKCTpeMaJbHOe 3HaueHne W
€CTb ypoBeHb 3Hepruu E. UToGb NOAYYHTL HAHHH3LIMIT YpOBeHb, Co-
OTBETCTBYIOLIUI JNAHHOMY 3HAYeHHIO KBAHTOBOrO 9YHCAA S, MBI
AOJI2KHDI IpH BAPbUPOBAHHMH HHTErpasa JOMyCKAaTh K CPABHEHHIO BCe
bynkuun ¢, obaanawniye HYXHBIMH CBOWCTBAMH CHMMETPHH H
YAOBJIETBOPAIOIIHE HEKOTOPLIM OGIUHM YCAOBHAM (CYLIECTBOBAHHE
IIPOH3BOMHEIX, CXOAMUMOCTb HHTerpasos). Yrto6bl mnoAyunTh nocses
AYIOIHE YPOBHH, MBI JOMKHBI, CBEPX TOTO, NMOTPeGOBATh, YTOGH! BOJI-
HOBasi (DYHKUMA OblIa OPTOrOHaNbHA KO BCEM (QYHKLIUSAM, COOTBeT-
CTBYIOIIUM 60/I€€ HH3KHM YPOBHAM.

C uesbIO YyNPOCTHTL pelueHUe 3a8aUu MbI MOMKEM HAJOXKHTL HA
BOJTHOBYI0 (DYHKLHIO HEKOTOPbIE AOMOJHHUTEJbHble yC/JIOBHSA, Hamnpu-
Mep noTpe6oBaTh, 4TOGBl OHA BLIPAXKasaach, COrJacHO (27) n (28)
§ 1, B Bume npouseenenns nsyx OnpeleNuTeNel, COCTABJICHHBIX H3
OZNHO3NEKTPOHHBIX (YHKIMA. B Takom cayuae, BMecTo HamHu3mero
YPOBHS, Mbl TIOJYYHM HECKOJILKO GOJIee BHICOKOE 3HAUEHHE SHEpPrun,
KOTOpOE, ONHEKO, GYyIeT Majio OT Hero OTAHYaThCS. I10JOGHBIM Ke
06pa3oM Mbl MOMY4HM JUIS CIEAYIOUIMX YPOBHEH GJH3KHE K HHM 3Ha-
yeHus.

Bbruneanm pesyabrat noacranosku B W npoussenenus olpepe-
autenei (28) § 2, npuuem GymeM npeanomaraTs GyHKumH Pp(r)
OPTOrOHAMLHBIMH MeXIY co6oi:

(% )0, (Var=5,,, dv=drdydz, 8)

4TO, OYEBMIHO, HE HapyllaeT OOWIHOCTH. [I/Is1 9TOro mpeicTasHM
onepatop sHepruu (1) § 2 B BHIE

i ra ooy rd =Y HoD+ 3 2, 9)

p=1 p>g=!
I‘Ile h2 a2 ag 02
H) == g (Gz +57+52) +U G b 2). (19
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Mbi nosyuum Torza
k

n—k
sz Sﬂ;p(r)H(r)lbp(r)dT'i' Z S‘T’p(’)H(")‘pp(r)df'F

p=1 p=I
G SS ! (r, 1) p‘”(lr’, ) =1 )P drdv +
2 r—r’|
2 (2) 2) 7 oy | A(2) "2
+¢TSSP (r,r)p (Irr,i)rlllp (r, 7| dvdv +

(n (2) (0 7
+e2SS" oo ) geaw, (11

tr—r]

B sroit popmyse mbl 060sHaumin uepes p) u p® crefymouine Bhi-
paKeHus:

k
o (r, r’) =,,§1 By (1) b, ("), (12)

n—k
P, 7= 2y (r) b, (1) (13)

[Tonyuennsie GopMynbl 1OMYCKAIOT HAIVIALHOE TOJKOBAHHUE. [Tpexne
BCETO BBIDAXKEHHE IOJHOH BOMHOBOH (YHKLHH CHCTEMBI uepe3 BOJI-
HOBble YHKIHE {p(r) COOTBETCTBYET NPEANONOKEHHUIO, YTO MBI MO-
2KEM KamIOMy 3/EKTPOHY CHCTEMBbI NPHINCATL CBOI BOJHOBYIO
$yHKUMO (MBI MOXKEM YCIOBHO CKa3aTb: CBOIO op6uty). Ilpu stom
SJIEKTPOHLI PACNaNalOTCs HA 1Ba «pos»: K HEPBOMY PO OTHOCSITCS
SJIEKTPOHbl Ha «OpOHTax» i, Pa, ..., Pr, & KO BTOPOMY — 3JI€K-
TPOHLI Ha OpOUTAX Y1, P2, ..., Ypp. O6a pos OTAHUAIOTCS Ipyr OT
Apyra NpOTHBOMOJIOKHLIM crinHOM. Ha op6utax i, s, ..., y, Ha-
XOLATCA MO JBA 3JEKTPOHA ¢ pasHbLIM CIHHOM, a Ha OCTaJbHbIX
OpOUTAX Yrt1, .., Pu—p 10 OXHOMY SJAEKTPOHY C OXHHAKOBLIM CITH-
HoM. CIHHBEI 3/IE€KTPOHOB Ha NePBHIX & OPGHTAaX B3aUMHO YHHYTO-
2KalOTCsA, a CMHHbBI 3JEKTPOHOB Ha OCTAJbHLIX 1 — 2k op6uTax CcKaa-
AbIBAIOTCS; TAK Kak abCOoJI0THAS BEJHYMHA CIHHA KaXJOrO 3JcK-

1 o
TpOHa paBHa o TGO TIOJNIHBIH CNHH CHCTEMBI I10Jy4yaeTcs PaBHbBIM

n
T k=S, KaK H CJI€J0Ba/N0 0XKHUAATb. ¥ MHOXKEHHASs Ha 3apqna 3Jjaek-

TpoHa e Bequuuna p(r, r), pasHas
k
ep'(r, r)=c¢ le P, (1) P, (14)
p=

MOXeT OBITb HCTONKOBAHA KaK NPOCTPAHCTBEHHAS MJAOTHOCTb 3a-
palla S1EKTPOHOB TNEPBOrO pOsi; aHA/NOTHUHOE TONKOBAHHE AOMY-
ckaeT Beauuuda ep®(r,r). Brpaxkenus xe (12) u (13) ¢ pasumimu
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apryMeH1amu r, r’ He JONYCKAlOT KJaCCHYECKOrO TOJKOBAHHS; HX
MOXKHO YCJIIOBHO Ha3BaTh «CMEIIAHHOH NJIOTHOCTBIOY.

[lepexonum K TONKOBAHUIO BEIpaKeHHs (I1) nnst sueprum cu-
CTEMbl 3JeKTPOHOB. IlepBas cymma npencrasaser KHHETHYECKYI0 U
NOTEHUHAJIbHYIO SHEPTHIO 3JEKTPOHOB NEPBOTO posi B MoJe sjep;
BTOpas CyMMa NpPEeICTaBJASeT TO e caMoe /s BTOPOro pos. Te
YICHbl B IBOMHOM HHTEerpaie, KOTOPbIE COAEPKAT IIOTHOCTD ph or
OIHHAKOBLIX apryMEHTOB, NMPeACTABJSIOT 3MEKTPOCTATHYECKYIO SHED-
THIO 3JIEKTPOHOB NEPBOro post. UseH ke co cMeMaHHOf [JIOTHOCThIO
HE NOIyCKACT K/IACCHYECKOrO TOJKOBAHMSA, W HAJHYHE €0 B BbIpa-
KCHUH 1/ SHEPTHHA MNPEACTAB/IfeT CHEeUHDHYECKH KBAHTOBBIH 3(-
GexT (Tak HasblBaeMasi SHEPTHsT KBAHTOBOIO o6Mena). Bropol asoii-
HOMl HHTErpas MMEeT TOT JKe CMBICJ [/ 3MEeKTPOHOB BTOPOTO pOSi.
Hakonew, nocnennnit npoiinoit unrerpan NpeJCTaBAseT B3aUMHYIO
SJICKTPOCTATHYECKYIO SHEPTHI0 000UX POEB 3JIEKTPOHOB.

[TpuBeaeHHOE TONKOBaHHE HaLIUX dbopmyn xorst u He cTporo, HO
OTJIMYAETCH HArASNHOCTBIO, U [IOTOMY MOJE3HO AJS NOHUMAHUS UX
¢busnueckoro cmbicna. CTPoroe e TOAKOBAHHE BoipaxeHus (11)
CBOIMTCA K TOMY, 4TO 3TO BEIpaXKeHHE NPEACTABJSET pPe3yJabraT
MIOJICTAHOBKH B BapbHPYeMblil MHTErpaJ BOJHOBOH (yHKUHH, 06Ja-
Jawlei Haamexaniell CHMMeTpuer.

CucreMa ypaBHEHHH MJI HCKOMBIX byHkuuiA Yy (r) noayyaercs
nyTeM Bapuauud BbipaxkeHust (11) mpu no6aBounblx ycnoBusx (8).
STa cucreMa uMeer BHJ

(1) (pr (2)
2[H () +V (g (r) — e | L NP0

[r =]

n—k

= Z Agpb (r)  (p=1,2,..., k), (1B)

q=l1

o2, 1

[H )4V Ny () — 2§ 20y (0 o —

n—~k
=Y A (r)  (p=k+1,..., n—k). (16)

q=!

B atux dopmynax seamunua V (r) umeer suauewnne

(1yoo.r 7 2,7 7
Vi =e | LA ELI0 D o (17)

M MOXKeT ObITb HCTOJKOBaHA KaK YMHOXEHHHIl Ha € NoTeHIHaa Beex
9/€KTPOHOB. BesnunHbl Agp CyTb JIarpanHKEBHl MHOXKHTENH, COOT-
BCTCTBYIOLINE YCJIOBHAM OPTOrOHaJbHOCTH (8), KOTOpEHIE JOJKHBL
ObiTh YUTEHBl NIPH cocTaBJaeHHH Bapuaunn 8W. MoxHo CUHTATb, 4TO
HE/LMarOHA/IBHEIC S/1EMEHTBl MAaTPHLUEI Aqp OTVIHYHBL OT HYJASl TOMBKO,
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€C/IH OLUH M3 3HAuKoB Gosiblie WM paBeH Rk - 1, a Apyroil MeHbure
HJIH paBeH k.

3ameTuM, uTo ypaBHeHue (16) muas byukuHn Y, (r) dakrHyecKH
He CONEPKHT 5TOH QYHKUHMH B CBOMX KO3D(DUUHEHTAX, TAK YTO eCaH
CUHTATL BCE OCTaJbHble (YHKUHH, KPOME p(r), H3BECTHBIMH, TO
YpaBHeHHe 1J1g Yy (r) OyAeT JuHeHHbIM.

IT0 CBOHACTBO ypaBHEHHS MOXKHO bopmynupoBath CaeAyOIUM
o6pazoM. [Tosmoxum

n—*k
o2 (r, r') = q‘; (1 —8,) %, (1) W, () (18)

u o6o3nauuM yepes V,(r) BhpakeHue, aHAJOTHUHOE (17), uo BHI-
ancaennoe npm nomown cymm (12) m (18) Bmecro (12) u (13).
Torpa ypaBaenne (16) coxpaHHT CBOI BHI, €C/M B HEM 3aMeHuTh V
Ha V_ n p% na pi.

Ilepeiinem rtemepn k ypasmenmo (15). Bomumenm ero misi toro
Cydas, KOTAa Ha Kax1oit opOuTe MMeeTcs Mo ABa 3JeKTPOHa, T. e.

n

koraa s = 0. Torna n Gyner 4eTHBLIM YHCIOM, k=~2— H obe cyMMBbl

(12) u (13) coBmamyt Tax, YTO MbI MOIKEM OTOpPOCHTb BEpXHHH 3Ha-
4OK mpu p. Kpome Toro, B 3TOM c/yuae MOMKHO CUHTATD Agp Anaro-
HAJIbHOK MAaTpHLEN H MOJOKHTh

hgp=2E8,,. (19)
B pesyabrate 6ymem uMerhb

L () +V 19, () —e2§ £CD g () av' = B, (), (20)

[r=7]
rge
V(r)=2e2slir(£’r—r,)|—d1: @1)
n
o, ry= 2 %, ('), (r). 21%)

g=1
Ecqn renepb BBECTH HOBOE OmpefeseHHe V,(r)

e2S l"’p(",)lz

[r—r|

p(r',r)
|r—1"|

V,(r)=2e? S div’ — dsv’ (22)

H 0003HAYMTh aHasoruyno (18)

a~Fk

Pp(f', r)=q§l(l —6,;4)"])4(”)'\[34 (r),
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TO ypasrenue (20) mepemuinercs B BHIe

pp(r,: f)

5 (0)+ Vo 19, 0) = e § 22504, () av = By, 0,

Ecau B HeM or16pocuth HHTETDAJIbHBIA YIeH, TO OHO MOXKET GObiTh
HCTOIKOBaHO KakK ypaBHeHue lllpenunrepa aast siexktpona B mose
‘C HOTEHUHATbHOH 3HEprHei

O=U()+V, (), 23)

tae U(r) ectb Bxomsmas B (10) noreHuuasbHas SHEpTUsl BHEIU-
Hero noas, a Vp(r)— noTeHuHa/AbHas SHEPrUst OT BCexX IIPOYUX 3JI€K-
TPOHOB, KpoMe naHHoro. [eictBurenbHo, V,(r), Bounc/ieHHas no
<bopmyne (22), nponopunonanbHa [IOTE€HLHANTY, COOTBETCTBYIOILEMY
VIOTHOCTH p — |p |2 HHTerpasibHblil e ujeH B ypaBHeHHwu (20)
HE MOXET ObiTb HCTONKOBAaH Kaaccuueckd. OH MOJYyYna Has3BaHue
[IONpaBKH HA 3HEPTHIO KBAHTOBOro o6MeHa.

Ypaenenns (20) Ges uHTerpasbHOro useHa (BepHee, HECKOJbKO
MeHee TOuHble ypaBHeHHs) ObLIH BIEPBHE NpPeNJOXKEHbl AHIVIHII-
CkuM MmaremaTtukoM Xaptpu (Hartree), koTopmil, ogHako, ne maa
UM YAOBJIETBOPDUTEIbHOTO OOOCHOBAHMSA, UGO HE MOJIbL30OBaJICs npa
HX BBLIBOJAE BApHAUHOHHBIM HAYaJOM H HE PacCMaTpuBaJ BOJHOBOIL
‘QYHKUHH CHCTEMBI 3/€KTPOHOB, a HCXOLHJ H3 TOJNBKO 4TO npuse-
ACHHBIX HAlJSAAHBIX cooOpaxeHuid. Onu GLLIH HA3BAHLL UM ypaBHe-
HHAMH CaMOCOI/1aCOBAHHOrO NOJA (B TOM CMbIC/E, YTO NOTeHuHan V,
BXOLALMH B YPAaBHEHHS ]/ BOJHOBbIX (QYHKUHMH, CaM Bhlpaxaercs
yepea HHUX).

[Tonnbie ypasnenus ¢ MHTerpafibHBIMH UJEHAMH, YUHTbIBAIONLHE
-CBOHCTBA CHMMETDPHH BOJHOBOH (YHKUHH CHCTEMBl AAS JAHHOIO
'CIIMHA, GBbLTM TOJIYYeHBl HaMH M3 BAPHALMOHHOIO Hauasaa. TeMm ca-
MBIM GblaH 0GOCHOBAHBI TaKXKe U ypaBuenus Xaprpu. OHW NOMyduIn
B /IMTepaType Ha3BaHye yPABHEHHI CAMOCOIJACOBAHHOTO MM COMIA-
COBAHHOIO NOJSR C KBAHTOBLIM OOMEHOM,

YpaBHeHHUs COrJIaCOBAHHOIO 110AS ¢ KBAHTOBHIM OB6MEHOM gomny-
CKaloT 1 APYryo opMyaupoBKy, yKasaHHyio Jupakom u otJuuaio-
{1yiocd OT U3JIOKEHIOH TEM, 4TO CHHHOBbIE HEPEMEHHbIE HEe HCKJIIO-
UaloTeA ¢ CaMOro tHaqana, a BXOAAT H B OLHO3JIEKTPOHHLIE BOJHOBLIE
Pynkuud. Boanosas pyskuua (3, § 1) cucreMul 3/eKTpoHOB npH-
OJIMKEHHO BHIPAXKAETCS yepes OfHH ONpeNeIUTeN b BUAA

Yi(x) ... Pi(xn)
L N (24)
Pr (X1) oo Palxy)

‘colepxkamuil ofHOIeKTpOHHbe PynKuun (1) § 1, nas xoToprix n
NOAYYalOTCs ypaBHEHHs COIMJIaCOBAHHOTO TOJA, aHAJOCHYHble Ha-
wuM. [Ipeumyiecrso sToro cnocoba 3akJaouaercs B CPaBHHUTENbHOHA
NPOCTOTE BBIKJAAAOK (TaK KaK NPUXOAUTCH UMETb LeJJ0 ¢ OOHHM Of-
peleyuTeseM, a He ¢ Npou3BeAEHHEM [BYX onpejeauTesneil); Hemo-
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CTATKOM K€ SIBJISIETCS TO, YTO ypaBHEHHe (14) § 1 nasn oneparopa
CIIHHOBOTO MOME€HTa KOJHYECTBA NBHIKEHHS BBINOJIHSIETCST He TOXK-
ACCTBEHHO, a JIMWIb NpH HaAJeXauieMm BLIGOPE ONHO3JMEKTPOHHBIX
Gynkuuit. B cayuae cpepuueckoit CHMMETDHH MOXHO BBIPA3HTb BXO-
AsilHe B onpejeantens (24) Gynkuumu Vi (X) uepes panmanbHble
Gynxunu Ry, u WwapoBble PYHKUHH CO CMIUHOM TaK, YToGL; ypaBHe-
HUA 17151 pafuasNbHEIX QYHKIHE COBIAIH ¢ TNOJyYyaeMbIMH 110 HaleMy
NepBOHAYa/IbHOMY crocoby.

Ypasuenust corsmacosansoro mnons A7si BOJNHOBBIX (YHKUMI CO
CITMHOM MOTYT ObITb BBIBEJCHBI TAK¥Ke W3 TEOpHH BTOPUYHOrO KBaH-
TOBaHHUS.

§ 4. Ypasuenne nas BAJEHTHOTO 3MeKTPOHA
H onmepaTop KBaHTOBOro oGMeHa

Pacemorpum  cnaremy, COCTOAIIYI0 M3 HEYETHOTO uHCHa f =
= 2k 4 1 anexktponos n 06/1a1210LLYI0  CITHHOM, paBHEIM 1/2, Ha-
NIPUMEp aTOM C ONHHM BaJEHTHBLIM 37aekTpoHoM. Tlonnas BoaHoBan
$yHKuMS Takoi cucTempr, HMEIOasT BUA MPOU3BENEHHs ABYX onpe-
zenuteneli, GyneT comepxarth £ BOJHOBDLIX byHRUUH Py, P, ..., P,
KOTOpbie OyAyT BXOAHTH B 06a ONpPENENHTENA, U ONHY BOJHOBYIO
YHKUHIO P, KOTOPast BXOAUT TONbLKO B Gosbwinit onpemenntens, Mo
MOXEM cKasaTb, 4To GyHKIHH Yy, s, ..., P OmHCbIBalOT 2k BHy-
TPEHHHX S/EKTPOHOB € KOMIIEHCHPOBAHHBIM CIIMHOM (no nBa Ha
Kaxnoit «op6ure»), a dpyHxuus ) OMHCBHIBAET BAJEHTHHIY 3JIEKTPOH.

Ioabaysicy dpopmyaoi (11) § 3, Mbt MoxeM Hamucars 3HEpPTHUIO

TaKOIl CHCTEMHE U B BHe CYMMBI

V=W,+Ww, (1)
rae

Wo=2 3 {50 (), () ar +

p=1
+e? S S 2Dl D10 P g (g

lr—r"|

€CTb SHePrHsl BHYTPEHHHX SJAEKTPOHOB M
=30 B ae+
+ e S S 20 DISOE=p (", NSO W) 0, 3)

[r—r]

€CTb SHEPTHS BAJEHTHOTO SMEKTPOHA B IOJE BHYTPEHHHX 3JeKTpO-
HOB. Tlox p(r, ') mu pasymeeM 3lech CMEIIAHHYIO MIOTHOCTD

p(r, r’)———-p;l By (1) 9, (7). (4)
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Ecnu Mbt Gynem BapbupoBaTh BeanuuHy W 1o BceM BOJIHOBBIM
(GyHKUUAM ONHOBPEMEHHO, Mbl BHOBb MOJYYHM YypaBHEHUS COrJaco-
BaHHoro noJs (15) n (16) § 3.

Ho ™Mbl MOXKeM HECKOJIbKO BHAOH3MEHHTb 3aJayy H OIpPedeHTb
crepBa BOJIHOBble (YHKLUUM BHYTPEHHHX 3JEKTPOHOB H3 YCJOBHS
MuHnMyMa BeauunHsl W, Tlocne 3toro ™Mbl MoxeM, cyurad
P1, Pg, ..., Yp 32JaHHBIMH, OTIPENE]HTL BOJHOBYIO QYHKUMIO BHEl-
HEro 3jeKTpoHa {(r) U3 ycJoBHS MHHUMYMa BeauuyuHsl W uiu W’
(mocseiHUe JBE BEJWUYMHBI OTJHYAIOTCS HAPYr OT ApPyra Ha IOCTOSH-
ayio Wo).

Hama BugousmMeHeHHas 3afavya QU3HYeCKH COOTBETCTBYET TOMY,
UTO MBI CIIEPBA ONpefesiseM CTalHOHAapHOe COCTOSHHE CHCTEMBI, CO-
Jep:Kaliell OJlHMM 3JeKTPOHOM MeHbli¢ (aTOMHBIH OCTOB), a 3aTeM,
npeHedperasi noJasipu3aluell aTOMHOTO OCTOBA BAJEHTHBIM 3J/1€KTPO-
HOM, HaX0J UM COCTOSIHHE 3TOro HOCJEeLHEro.

151 BOJIHOBBEIX (YHKIHHA BHYTPEHHHX 3JICKTPOHOB MbI IOJyyaeM
cucreMmy ypasHenu#i (20) § 3, a 4as BaJeHTHOTO JdeKTPOHA —- JIH-
HefiHoe HHTerponudPepeHnanbHOe YpaBHEHHE

HEO+V Ol —e | 20080 g py ), )
rage
V (r) = 2¢? S 21 v, (6)

BoaHoBasi ¢yHKUUSI BaJEHTHOrO 3JEKTPOHA BCE BpeMsl TpeanoJsa-
raeTcsi OPTOTOHAJNBHON K BOJHOBLIM (YHKUHAM BHYTPEHHHX 3J€K-
TPOHOB

{onvnrdr=0 (=12 ..., ». (7)

Herpyauno Buners, uro p(r,r’) u V(r), onpeneneunsie B (4) u (6),
cosnagator ¢ (21*) u (21) § 3, a ypaBHeHue (5) — c ypaBHeHHeM
(20) § 3. CaenosareJbHO, YPaBHEHHIO IUIA BAJEHTHOTO 3JEKTPOHA
YIOBJETBOPSIIOT TaKXKe H BCE BOJHOBbIE (PYHKUHU BHYTPEHHHX 3/I€K-
TPOHOB; BCE€ OHH SIBJSIOTCS COOCTBEHHBLIMH (DYHKIHMSIMU OJMHOTO U
TOro Xe JuHefiHoro HHTerpoauddepeHnHaNLHOTO OliepaTopa, CTOs-
mero B JeBoi uactu (5). OTcioa TakXKe CJAEAYeT, YTO YCJAOBUS Op-
TOrOHaJbHOCTH (6) BBIOJNHSAIOTCS caMu COB0H (T. €. SIBJSIIOTCS CJIel-
CTBHSIMM caMoro ypasHenust). [lapamerpot xe Ep, Bxoasamue B (20)
§ 3, aBasitoTcss cOOGCTBEHHBIMH 3HAQUEHHSIMH TOTO 3Ke oneparopa U
MOTYT 6BITb HCTOJKOBAHEI KaK YPOBHH 3HEPTHH BHYTPEHHHX 3JIEK-
TPOHOB.

BpeneM JuHefHBIE HHTETPAJBHLII ONEPaTop S, ONpeleauB €ro
PABEHCTBOM

r',r)

st =er| LR p () av. ®
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[Mpunomunas snauenne (10) § 3 oneparopa H(r), MBl MOXKeM Ha-
nycaTh Hallle OCHOBHOE ypaBHeHHe (D) B BHIE

— 2 AU () + V ()] — b= Evp. 9)

Onepatop ——s$¢ BXOAHT C/laraeMblM B BblpaxKeHHe MJs1 SHEPrHH
3/eKTpoHa. Ero MOXKHO IO3TOMY TOJNKOBAaTb KaK OCOGBIH BHI 3HEp-
THH, KOTODLIH NPHHATO Ha3blBaTh 3HEPTrHed KBAHTOBOro o6MeHa. U3
BbiBOAA ypaBHeHusi (13) § 3 caenyer, uto Hamuuue wieHa Sy CBA-
3aHO C YYETOM CBOHCTB CHMMETPHH BOJHOBOH GVHKIHH, a 3TH CBOI-
CTBa, Kak M npHHuun [laynm, cBsi3aHbl ¢ HEOTHYMMOCTBIO 3JEK-
TPOHOB JAPYT OT APYra ¥ ¢ HEBO3MOXKHOCTBIO NPOCJAEHAHUTb 38 OTAENb-
HbIM 3JIEKTPOHOM, KOIJla OH BCTyNaeT B TECHOE B3aUMOJEeHCTBHE
C APYTHMH 3JIEKTPOHAMH (HEBO3MOXKHOCTb HAKJ/JIEHTb Ha 3JEKTPOH
SPJBIYOK, YTOOBLI OMO3HATL €ro Iocjae B3aUMOLEHCTBHA). DTa He-
BO3MOXKHOCTb MMEeT MeCTO TOJbKO B KBAHTOBOH, HO HE B KJacCH-
4eCKOH MexaHHuKe (rAe NOHSTHE TPAeKTOPHH MPELNoJaraerTcst Heor-
paHuyeHHo npuMeHuMbiM). [TostomMy TpyzHO npugymarh IJs ofe-
patopa & HarJs[HOe TOJKOBaHUE U HasBaHue. [IpuHsiTOE HasBaHue
«KBAHTOBHIH GOMEH» CBA3aHO C MNpEeACTaBJAEHHEM, YTO 3JIEKTPOHBI
IpyY TECHOM B3aHMOAEHCTBHH KaK Obl.0OMEHHUBAIOTCS MeCTamu.

§ 5. llpumMeHenne MeTOfa COTVIACOBAHHOIO NOJA
K TEOPUH CTPOEHHSI aTOMa

HaunGosee npocToit MHOTO3IEKTPOHHON CHCTEMOH SIBJSIETCS] 3TOM.
[IpuMeHeHne MeTOZa COIMJIACOBAHHOrO MOJS K pacueTy PasnuHbIX
4TOMOB 0OJIEruaercst T€M, YTO €lle JO BO3HUKHOBEHHS] COBPEMEHHON
dopMnl kBaHTOBO MexaHHKH (Teopuu [lpenmnrepa) Bopom Gwuia
JaHa cxeMa CTPOEHHS JMEKTPOHHBIX 000/104eK BCEX aTOMOB, BXO.sl-
HIHX B IIEDHOJAHYECKYIO CHCTeMY aJeMeHTOB Menneneesa. Ha ocuo-
BaHHH 3TOH CXEMBI OKa3blBAeTCAd BO3MOXKHBIM INPHIHCATh KaXIOMY
3JIEKTPOHY B aTOMe ONpeJeNeHHBIE KBAHTOBBIE UHCJA, AHAJOTHUHBIE
TeM, KaKHMH XapaKTepU3yIOTCS B 3ajadye OLHOFO Tesa COCTOSIHHS
OTAEABHOrO 3JEKTpOHa B moJie co cheprueckoil cummerpueir. Cxema
bopa Oblta paspaGoraHa UM Ha 3KCHEDHMEHTAJbHOH OCHOBe,
a UMEHHO, Ha OCHOBAHHM aHAJHU3a CIEKTPOB U XHMHYECKHX CBOMHCTB
atomoB. CBoe TeopeTHueckoe OGOCHOBaHHE cXeMa Dopa nouyuusa
¢ TosiBAeHHeM KBaHTOBOH MexaHuku llpeaunrepa u ¢ passutuem
npuOJHIKEHHBIX METOJLOB KBAaHTOBOH MeXaHUKH, B OCOGEHHOCTH Me-
TOJa COrVIaCOBaHHOIO MO,

‘Ha sa3bike KBaHTOBO!I MeXaHMKH BO3MOXKHOCTb NPHIHCATb KakK-
IOMY 3JIEKTPOHY B aTOMe OINpejleJleHHbleé KBAHTOBBIE YHCJa O3HA-
yaeT BO3MOXHOCTb NPUNHCATL €My ONpelde/]eHHYIO BOJHOBYIO (yHK-
nuio. DTO €CTb Kak pa3 TO NpPEANoJIOXKEeHHe, KOTOpPOe JIeXKHT B
OCHOBE METOJAa COrJIaCOBAaHHOro MoJsd, TAe BOJHOBas ¢GYHKUHA Beeil
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CHCTEMbl BbIDAKAETCS Yepe3 BOJHOBble (DYHKUHMH OTAEAbHLIX 3JeK-
TPOHOB. 3HaHHE K€ KBAHTOBBLIX YMCEJ JAHHOTO 3JEKTPOHA MO3BO-
JISIET ONpeeJHTh OOLHMA XapakTep BOJHOBOH QYHKIHH.

Ilo cxeme Bopa 3eKTpoHb B aTOMe pa3GHBAIOTCA Ha TPYMIbl
SKBHBAJCHTHLIX 3/IEKTPOHOB. Kaxjnas Takas rpynna xapakrtepu-
3yeTcsl ABYMs! KBAHTOBLIMU YHCJIAMH; [VIABHBEIM KBAHTOBLIM YHCJIOM 7
¥ a3MMYTa/JbHbIM KBAHTOBBIM 4YHCJOM [/, mpuueM n==1, 2, 3, ... u
[=0,1,..., n— 1. BHyrpu rpynnsi 34eKTpoHb MOTYT GBITb OXa-
PaKTEepH30BaHbl ABYMA APYTMMM KBAHTOBBIMH 4YHCJaMH: MAarHHT-
HBIM KBAHTOBLIM UYHCJIOM #1 W CIHHHOBBIM KBAHTOBLIM UHCJAOM 1,
NpHYEM M NPHHAMAET 3HayeHua m = —1[ — [+ 1, ..., [ —1, I,

1 o
a ms NpuHHMaeT JABa 3HauyeHHs ms=i-§-. B u3noXeHHOH BhIle

Teopun (§ 3) MB!I yYHTHIBaeM JBa 3HAUEHHs CIIHHOBOTO KBAHTOBOIO
ypcsIa TeM, 4TO NMOoApasieisieM 3/I€KTPOHB! Ha ABa pos. [ToaTomy ass
XapaKTepPUCTHKH BOJHOBOH (YHKUMH 3J€KTPOHA C NAHHBIMH A U [
HaM JOCTaTOYHO YKa3aTh 3HAueHHE MArHHUTHOTO KBaHTOBOTO
gucaa m.

Ecan o603naunth uepes 7, ¥, ¢ chepuueckue KOOPAHHATH C Ha-
4aJIOM B sifipe, TO BOJHOBas (QYHKUHUS 3JIEKTPOHA ¢ KBAHTOBBIMH
uyucramu n, [, m 6ymer UMeThb BHJ

Yoim= "\—/{ﬁ R, (1) }.’Im (9, 9), (1)

rae Y, — waposasi GyHKIUUSA, HOpDMUPOBAHHASA TAK, UTO
0171m®, @) Psin dt dp= 4z @

Heo6x0aMMO OTMETHTb, YTO KBAHTOBbI® YHC/IA, KOTOPHIE CJIyXKaT A
TOAPA3AEAEHHUS 3JIEKTPOHOB BHYTPH T'DYMNIBI, HMEIOT YCJAOBHBI Xa-
pakTep BCJIEACTBUE NMPOM3BOJIA B BIOOpE MOJAPHOH ocH. DTOT mpo-
H3BOJI HE CKa3bIBAETCH, OJHAKO, B TOM CJyyae, KOTAa FPYINa 3KBH-
BaJICHTHBIX 3/JEKTPOHOB 3alOJIHeHa UEJHKOM, T.€, KOorja B Hell
NpeJCTaB/JAeHbl JIEKTPOHEI CO BCEMH BO3MOMKHLIMH 3HAYEHHAMH M.
B rtakoM ciyuae roBopsiT, 4TO Mbl HMeeM 3aMKHYTYIO 3JEKTPOHHYIO
0060JI0YKY.

HanuiueM BblpaxkeHue AJsi CMEMAHHOM IVIOTHOCTH 3JE€KTPOHOB
OJHOTO pPOf, BXOASIUIHX B 3aMKHYTYIO 3JIEKTPOHHYIO o6osouky. [To
onpeneneHuo (4) § 4, Mbl 6yneM HMeThb

+1
Oni (r: r,) = mg—l 'l-pnlm (rr '&’ (D) 'lpnlm (r,1 '6", (P,)- (3)

Ioncrasnsaa cioga 3HaueHHe Ynim B3 (1) K mOMb3ysich Teopemoil
CJOXKEHHS A/ IapoBuiX GyHKIUH, Mbl OyIeM UMeThb

ot (7, )= ZLEL Ry (r) Rat (') Py (cos ), “
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rae
cos y = cos ¥ cos ¥’ + sin® sin ¥’ cos (¢ — ¢’), 5y

a P, ectb nonunom Jlexxanapa. Tak kak y ecTb yroua MeXIy Ha-
npasneHuaMu (9, @) n (¥, ¢’), T0 oH He 3aBuCHT OT BHIGOpaA mHO-
JsipHOH ocH. Popmysa (5) NMO3BOMSET 3aKIIOYATD, YTO 3aMKHyTas
3/JIeKTPOHHas 06osiouka obsanaer chepuueckoli cHuMMeTpHet.

Hne/10 71€KTPOHOB OXHOrO POS, BXOASILIHX B 3aMKHYTYIO 060-
JIOUKY, paBHO 2/ + 1, u, c/Ie0BaTeIbHO, TOJHOE YUCJO 3JEKTPOHOB
Takoi 060JI04KH paBHO 4/ 4 2.

Cornacno cxeme Bopa, GOJIBUIHHCTBO 3J€KTPOHOB aTOMa BXOLHT
B COCTaB 3aMKHYTHIX 000JoYeK. DTH 3JEeKTPOHLI MOXKHO Ha3BaTh.
BHYTpeHHUMH. OCTaJbHEIE 5JEKTPOHLI, KOTOpPhHIE MOXKHO HAa3BaTh
BHEUIHUMH, Pacrno/iaraloTcsi B He3anoJHEHHHX 060JoYKax. 3a He-
KJIIO4eHHeM DeJKHX 3eMeJb M HEMHOTMX ADYrMX 3/JE€MeHTOB, He3a-
TNIOJIHEHHOH 0CTaeTcsl TOJIbKO OJHA 060J10YKa, a4 B 3THX HCKJIOUHTE/ b~
HBIX CAyYasx — JIBe 06OJOUKH.

HauGonee npocThiM siBAsieTCS] TOT CiIyuali, KOrAa BHE 3aMOJHEH-
HBIX 060JIOYEX OCTAETCsl TOMLKO ONMHH (BaJeEHTHbIH) 3/1€KTpoH. B Ka-
YeCTBE NpHMepa TAaKOro aToMa Mbl PaCCMOTPHM aTOM HaTpHS.

IIpn peuwleHHH KOHKDETHBIX 3afay, OTHOCAIMXCA K aToMy,
YAOGHO NOJbL30BATbCH BBEIEHHBIMH XapTPH aTOMHBLIMH €XHHULAMH,
B KOTOPBIX 3apsifi, Macca JIeKTPOHA U JeJeHHas Ha 2n MOCTOSHHAS
[lnanka mosaraioTcst paBHLIMH euHHLe. ATOMHO eXMUHUIeH NJHHbI
Gyner torna 0,53 anrctpema, aToMHOH epuHuuel ckopoctH 1/137
CKOPOCTH CBeTa, a8 aTOMHOH elHHULEH SHEPTHH — YIBOEHHbI MOTeH-
LHaJ HOHH3ALHUH BOLOPOLA, T. €. 27,2 3/JeKTPOHBOJbTA.

B aromHbix elununax omeparop H(r) mas uatpus Gyner paseH

H()=—4A—1, 6)

TaK Kak 3apsn siapa HaTpus pased 11 eaununaM. BHyTpenuue smek-
TPOHBI aTOMa HATPHSl PACHOJATalOTC B TPEX 3aMKHYTHIX 060,04~
Kax. COOTBETCTBYIOLIHE BOJNHOBBIE (QYHKIHH MBI MOXKEM MOJOMKHTb.
paBHBIMH

Yi=%00 V2=V 0 V=V - V=P 0 Vs=1y. (7)

TAe Pnim UMelOT sHavenue (1). CMellaHHasi NJIOTHOCTL BCeX Tpex
oBosouek GyneT HMETb BHJ,

p(r,r =%[Rm(r)Rm(r')+R2a (r) Ry (r") 43Ry, (r) Ry (") cos ¥]. (8)

IMoxcraBasisi 3t BuipaxkeHust B dopmyay (2) § 4 ans Wy, Mu no-
JYYHM SHEPIHIO HOHH30BAHHOTO aToMa HaTpua. B nosyueHHom Bol-
paxeHnH s Wo Mbl MOXKEM IPOH3BECTH HHTErPHPOBAHHE NO yriam,
M TOTAa OHO OYNET COMepKaTh TOJbKO pagua/bHbie byHkunE Ry,
Roo u Ry, JlanbHeilllune Bblunc/AeHHS MOMKHO BECTH ABYMSl CIIOCO--
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GaMK: YMC/ICHHO H/IM aHAJIMTHUECKH. [I/ISl YHCJGHHOrO pelleHHs He-
OGXOMMO COCTAaBUTb BapHALMOHHbIE YDPABHEHHS IS PafHaibHBIX
¢yuxunit; onn 6ynyr umerb BuA, aHasorHuHbi (20) § 3. Mertonuka
UHC/IEHHOI'O pEleHUs] BADHAUHOHHBIX YPABHEHHH OCHOBAHA HAa CIO-
cobe noCaefoBaTe/IbHBIX NPUGAHKEHHI W TO3BOJSET COCTABJSTh
TabJulbl paAHaJbHbIX (QYHKIHE C KeJaeMOH CTENeHbIo TOYHOCTH.
Hasi ycrmemHoro ee mpuMeHeHHs HeOGXOLUMO HMEThb Xopollee Ha-
YaabHOe NpPHO/IHKEHHE, KOTOPOE JIyullle BCEro NMOJAydaTh aHAJHTH-
YeCKHM myTeM. [las 3TOro HyxHO HCKaTb Ry, Ray, Ro B Buie aHa-
JITHYECKHX BbIPAXKEHHH, COLEpXKaulux HeGOJbIIOE UHCJIO Mapa-
MeTpoB. Mbl MOKeM B3sITh, HANIpUMEP,

Ro=ae", Ry=b[l —g@+pr], Ru=crev, (9)

rA2 a, b, ¢ ONpeNeNAIOTCS U3 YCAOBHA HOPMHPOBKH

oo

VIR (12r2ar =1 (10)

(1]

¥ BBIpaxaiotcsa uepes a, B, v. [logctasnas (9) B Buipaxenue fis W,
Mbi nosyuuM W, Kak ApoGHYIo panHOHAJMbHYIO GYHKUHIO OT q, B, v.
[TpipaBHHBas HyJ/MIO NPOH3BOAHBIE OT W, 1o napamerpam a, g, v,
Mbl NIPAXONMM K YPaBHEHHSIM, M3 KOTODHIX 3TH IapaMeTpLl M ONpe-
IenasoTca. B HameM ciyyae Mbl GyaeM HMeThb

=10,68, B=4,22, y=349 (11)
M HAlUW aHAJHTHYECKHE PafuaibHble GYHKUMH GYNyT HMETh BHJ
Rio(r) = 69,804 =105,
Ry (r)=13,602 (1 — 4,967r) e—~422r, (12)
Ry (r) =26,276 re—349r,

Bepst aTn QyHKuMM B KauecTBe HCXOZHOTO TPHOIHIKEHHS, MOMKHO
NOJy4uTb GOJIee TOUHbIe HX 3HAUEHUS] H3 BAPHAUHOHHBIX ypaBHeHuH,
Dynxuuam (12) cooTBeTCTBYeT 3HAaueHHe SHEPIHH HOHU3OBAHHOIO
aroMa Hatpusi, paBHoe Wy = —160,9 aTOMHO# eIMHHIBI, TOrna Kak
Golee TOUHBIM (QYHKIHAM, MOJYYEHHBIM B Pe3yJabTaTe UHCIEHHOTO
pelleHusl ypaBHeHHUI, COOTBETCTBYeT uncao Wy = —161,8,

Haiins pamnanbibie ¢yHkuuu Ry, Ry u Ry, MBI TeM caMbiM
NOJHOCTBIO ONPEJeINIH B NaHHOM NPHOMMKEHHH CTDYKTYpy BHY-
TPEHHHUX 3JEKTPOHHHIX o6GoJouek atoma Hartpusi. Ilocae 3Toro Mbt
MOXeM COCTaBUThb HHTErpoAaudepeHIHaNbHOE ypaBHEHHe 5) § 4
AJs BOMHOBOH (QYHKUHMH BAJEHTHOTO 3JEKTPOHA. Jta (GyHKuUMS Gy-
Aet uMetb BUA (1), rme Ry (r) moayuaercs B pesysbTaTe YHCJICH-
HOTO HMHTErPHPOBAHHS COOTBETCTBYIOLLEIO YDaBHEHHS, KOTOPOE MEI
He GyleM 371eCb BHIIHMCHIBATD.

Pewenne ypaBuenuss (5) § 4 Haer npexze BCEro ONTHUECKHe
TepMbl aToMa Hartpus. Kpome TOro, oHo naer, mpaBia HOBOJBHO



$§ 5} TMPUMEHEHHE METOJA COTJIACOBAHHOI'O rnonag 285

rpy0o, u 3HAYeHHsl PEHTrEHOBCKHX TepMOB. UTo6bI CYAHUTL 5 [OJY-
YaEMOH CTENEHH TOYHOCTH, Mbl NPHBELEM caenyomyro Tabauuny:

Eyp Eq Ey Eg Ej3
Teopust —40,6 —3,00 —1,83 ~0,1860 —0,1094
DKCnepuMenT ~—39,4 —2,16 —1,04 —0,1885 —0,1115

Bce uncna Beipaxens B aroMHbx eaunnnax. s Ta6J/IMLbl BHIHO,
UTO onTtuueckue TepMbl (Eap n Ej;) noayyaorcss ¢ I0BOIbHO Gosb.
WOl CTENeHbIO TOYHOCTH. TaK, MOrpelHocTb B TepMe Ly cocras-
JsieT TonbKo 1,9%. [ast cpaBHeHus ykameM, uTo ecan OT6POCHTD
B ypaBHeHuu (5) § 4 MHTerpasbHLIA 4/ieH, TO 3HauYeHue TepMa Ej;
noaydaercss papHbiM — 0,08895, uto coorsercrByer HOTPEeHOCTH
B 22,40/().

Kpome onrtmueckux TepMoB Hame HHTerpoanddepennanpHoe
YpaBHEHHE JaeT U BOJHOBbIE (YHKLHMH BAJNEHTHOrO 3JIEKTPOHA AJIs
Pa3HbIX YPOBHEH, YTO 103BOJSET BBLIYMCAUTD U BEPOSITHOCTH NEPEXo-
n0B. IlonoGHble BbluMCICHHS 6biin IIPOU3BENEHbl IJIsT aTOMOB HAT-
pust M JTUTHS, IPHYEM TIOJMYYUIOCH KAYECTBEHHOE COLJIACHE C OMBITOM.
B wacrnocry, B caiyyae smurus TIOJIYYHJICS XaPaKTepHBIH AJHA 3TOro
SJ€MEHTA HEMOHOTOHHBIH XOI 3aBHCHMOCTH BEPOSITHOCTH nepexojna
£, — Eg OT KBaHTOBOTO unca n.

Wsnoxennbie Bbime pesysabrathi MOKAa3bIBAIOT, YTO TEOPUS Ba-
JIEHTHOTO SJICKTPOHA B aTOME NEHCTBHTENbHO MOXKET GLITh ¢ GOJlb-
WIOH TOYHOCTBIO YOPMYJHPOBAHA KaK 337243 ONHOIO Tena B 3ajaH-
HOM TI0JIE, €CJIH TOJBKO YYHTLIBATH CHJbI KBAHTOBOIO OGMEHa IpH
IoMOIK HHTerpoAnddepeHHantbHOro ypaBHeHuAs (5) § 4.

OnmHo H3 mpuMeHeHUlI Hawero YPaBHEHHS OTHOCHTCS K BONpOCY
O Tak Ha3biBaeMOM TpaBHJae CyMM. IIpaBuio 3TO OTHOCHTCH K «CH-
JIaM - OCLHJIATOPOB», T.€. BEIHYMHAM, IPOINOPUHOHANLHBLIM KBas-
paTy MAaTpHUYHOrO 3/€MEeHTa IJSI KOOPAHHATEI, COOTBETCTBYIOLIETO
AQHHOMY ITIEPEXONY, H PABHOCTH YDOBHEH 3HEPruu sl 3TOro nepe-
xona. Corstacuo o6b19HOMN popmyaHpOBKe 3TOro npasuia, CyMMa cuJ
OCLLHIIATOPOB, COOTBETCTBYIOUINX BCEM ONTHUECKUM TEPeXOfaM AaH-
HOH CEpHH, NOJIKHA PaBHSATLCS €IMHHLIE. DT IIPABHJIO CTPOTO CO-
Grionaercs IS atoOMOB C OLHHM 3/JCKTPOHOM (HOHB!, NOROGHBIE
aroMmy Bomopozna). Yro ke Kacaercsi APYTUX aTOMOB C OLHUM BA.
JICHTHLIM 3JICKTPOHOM, TO OMNBIT NOKAa3blBA€T, UTO B psje cIyuaen
(uTHE, Tanaui u gp.) yxe IEPBLIE «OCUH/IATOPLI» NAIOT B CyMMe
ypcao, Goabilee exuHune. Harmma TEOpHS LAET ITOMY OGCTOSITE/b-
CTBY OGBSICHEHHE, OCHOBAaHHOE HAa TOM, UTO ypasuenne (5) § 4
HMEET 3aMKHYTYIO CHCTeMY COGCTBEHHBIX QYHKUMH, NpHuEM HEKOTO-
pbie B3 HUX COOTBETCTBYIOT PEHTT€HOBCKHM YPOBHSIM. [Tostomy npu
COCTaBJCHHH CYMMBl CHJI OCHHJ/ISITOPOB HEOGXOAHMO YYHTBEIBATh



286 MHOTO3JIEKTPOHHAS 3ATIAYA u. v

TaKXe U Te (PUKTHBHBIE OCHMJLISITOPH, KOTOPHIE OTHOCATCA K Hepe-
XOlaM Ha 3aHsiTble peHTreHoBcKHe (GoJiee HH3KHE) ypoBHH. Tak Kak
IJF HUX BXOAsILAast B BbIpaXKeHHE IJS <«CHJIBl» PasHOCTb YpOBHeH
OTpHIlATENBHA, TO H «cuaa» ux OyAer orpunarteqpHod. [losromy
B BhIpaxKeHHe JJis MOJHOH cyMMbl OyJeT BXOAUTh M HECKOJbKO (KO-
HEYHOE YMCJIO) OTpHUATENbHBIX wieHoB. OTCIONa SCHO, YTO ecsld BCH
CyMMa paBHA €JMHHUE, TO CyMMa NOJOXKHTEJbHBIX YJIEHOB (KOTO-
pble COOTBETCTBYIOT HAOJIOAAeMbIM ONTHYECKHUM Nepexopam) Oyaer
6oJblie eAuHUIB. KpoMe Toro, Hy:XHO HMeTb B BHAY, 4TO H BCS
cymMma GyneT paBHa €JMHHIE TOJbKO, €CIM B €¢ BHIpaXKEHHH Ipe-
HeGperaTb HEKOTOPBIMH MaJbIMH NONpaBKaMH, CBA3aHHBIMH C KBaH-
TOBbIM OOMEHOM.

OcHOBHBIE NpPUMEHEHH HALIUX YpaBHEHHI K aTtoMaM C OIHHM
BAJEHTHBIM 3JEKTPOHOM OTHOCATCA K pacyeTy ypoBHeH U HHTEHCHB-
"Hocrefi. Kpome rtoro, Oblid crenaHbl MONBITKH Y4eCTh HEKOTOPHIE
pensiTHBHCTCKHE 3G (eKTH, a MMEHHO, PacCTOIHHE MeXJAy TepMamu
ny6maera (ny6/eTHoe paclienyenue).

BeaencrBue TPYAHOCTEH, CBA3aHHBEIX C OHpEJENCHHEM BOJHOBOH
(GYHKIMH BaJEHTHOrO 3JEKTPOHAa Ha MaJbiX PacCTOAHHAX OT fAApa,
NONBLITKY 3TH He JaJu XOPOLIero YHUCJEHHOTO COBIAJEHHUS C ONBITOM,
a ganu Ajas RyGJeTHOro paciienyeHus TepMOB HATPHA H JUTHA
TOJIbKO MPaBHJABHBIA NOPAINOK BETHYHHBEL (3aMeTHM, 4TO MpexXHHe
IOMBITKH, OCHOBAHHEIE Ha GoJiee rpy6oM NpHUOJIMMKEHHH AJAS BOJHO-
BOH (YHKIMM, He JaBaju Aaxe NpaBuJbHOro nopsuaka.) Ilpu stom
BLIICHHJIAch BaXKHas poOJib, KOTOPYIO UTpamoT B GopMmysae aias ay6-
JETHOTO pacllellJieHdsl 4YJIEeHbl, Aamoliie MONpaBKH Ha KBAaHTOBBIA
o6MeH. He UCKI0OUEHO, 4TO 3TH YJIEHBL! MO3BOJAT O00BSICHUTL HabJII0-
JaeMoe [IJis HEKOTOPBIX aTOMOB OTPHUATEJNbHOE 3HaueHHe BEJHYHHDBE
ny6aerHoro pacmensenus. [lpeacrasnsiercs, oiHako, BecbMa Be-
POSITHBIM, UTO IJsi IOCTPOeHHs 6ojiee TOUHOH Teopuu Ay6JEeTHOro
pacien/ieHyust pacCMOTPEHHE BAJICHTHOTO 3JIEKTPOHA B (HKCHPOBaH-
HOM M0Jie BHYTPEHHHUX 3/JEKTPOHOB OKaXKETCA HEAOCTATOUHBIM.

§ 6. CummeTpus onepaTtopa aHepruu
BOAOPONONOA00HOr0 aTroma

B npenwayuiem naparpade Mbl, caenys bopy, xapakrepusosann
KaX1yl0 aTOMHYI0 06GOJIOUKY ABYyMSl KBAHTOBBIMH uyHCAaMH A u [
Tpu nauHOM A yucao [ MOXeT npuHuMaTth 3Hauenns [ =0, 1, 2, ...

., n— 1, Bcero n sHaueHufl. COBOKYNHOCTb BCEX 7 3JIEKTPOHHHIX
060J10UeK, NpUHALIEKALIUX AAHHOMY 1, 00pasyer OfHy «GoJbuIyiO
o60s10uKy». Takas «6osbiiasg» ofonouka objanaer B aTomMe 0coGOH
yCTOHYHBOCTHIO. B ONHOBAJEHTHBIX ATOMAaX JIMTHS, HATPUSA H Mell
NOJHOCTbIO 3alCJHEeHbl COOTBETCTBEHHO OJHA, [BE H TpH «Ooibliues
060si0uKH. DBosbiyo 060704Ky YAOOHO ONHCHIBATL HPH IOMOILHU
BOJIHOBHIX (YHKIHA BOAOPOZHOTO THIA, COOTBETCTBYIOUIMX HEKOTO=
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pomy 3peKTHBHOMY 3apsify sapa, 3HAUCHHE KOTOPOro MOz<HO Orpe-
IeJNTb U3 BapHaUMOHHOTO HadaJja.

O6osHaunm uepes Z HCTHHHBI 3apsii anpa u yepes Z, adpdex-
THBHbIA 3apsil A/ GOJIbLIOH OGOJOYKH ¢ KBAHTOBLIM YHCJIOM 1.
Bmecro ad¢pexturHOrO 3apana Z, ymoGHO paccMaTpHBaTh BesH-
UHHY Pn = Zy/n, NPENCTABMIAIONIYIO CpeiHee KBaJIpaTHYHOE KOJIU-
9eCTBO MIBHXKEHHUS JIEKTPOHA B GOJBLICH 060/0UKe HOoMep n (B aTOM-
HBIX €IHHHIIAX).

Onucanne aToMHEIX 06oJ0ueK NpH TNOMOIUM AaHAJHTHYECKHX
GYHKUNH BOLOPOAHOrO THUNA MO3BOJHET HaXOAMTb NPOCTbie AHAJH-
TAUECKHE BLIDAXKEHUS 1JIsl PA3IHYHBIX DYHKIUH, XapaKTepH3YIOIHX
cBoiictBa atoMma. Hanpumep, dynxuus pacnpeneneHusi KoauuecTBa
JABHKCHHUST SJEKTPOHOB BHYTPH N-H 060/0YKH, HOPMUDOBAaHHAA CO-
IJ1acHO YCJIOBHIO

4§ 0, (p) p2ap =, (1)
0
OKa3bIBATCH paBHOI
gpin’
0. (p) = W)T . (2)
n

[omumo npumenennii TCOPUH CTPOEHHST 3JEKTPOHHBIX 060J0-
HUCK TEOpHST BOAOPOAHBIX (PYHKUMH, NPUHALIEK AL HX JaHHOMY KBaH-
TOBOMY YHCIY 7, MOXKET HMeTb NPHMEHeHHe B TEOPHH SBJIEHHUs
Komnrona wa cBazanmbix 3JIEKTPOHAX M B APYrHX aHAJOFHYHBIX 3a-
Aauax, B KOTOPbIX NPUXOLUTCH HMETb [eJ0 C QyHKUHAMHU, npHRAan-
JIEKAWHUMHI CIIOWHOMY cniekTpy. [lis atoMa Bogopona bl nMeeM,
B aTOMHBIX €HHHIAX,

1
n o7k 3)

Has cniomroro cnekrpa sHeprus E nosoxutenbHa u Bbipaxe-
HHE (3) TOJMyuaeTcss YHCTO MHHMDIM. OT0, ONHAKO, He HCKaOYaeT
IPUMEHEHUS TEOPHH BOAOPOAHBIX GYHKUHH TOYEYHOTO CIEKTPa B TeX
CaAydasX, Koraa mosyqaeMble IPH HX TIOMONIM COOTHOLIEHHS bopmy-
JINPYIOTCA TIDH NMOMOUIN aHAJINTHYECKHX QYHKUHI OT 7. B Takux co-
OTHOUIEHUAX MOXKHO OPMAJbHO NEPEXOAHTb OT TOYEYHOro CreKTpa
K CILIOLIHOMY, IIpHAABAs BEJHYHHE N YHCTO MHHMBIE 3HauyeHusi. [o-
STOMY Mbl OFDAHHYUMCS B NaJIbHEIEeM CAy4aeM TOYeYHOro CIICKTpa.

HUro6bl Hamucatbh ypaBHeHue [lpenunrepa nas BOAODPOAONONO0G-
HOTO aTOMa B NpPOCTPAHCTBE HMIYJIbCOB, HYKHO Ipexjae Bcero
HafTH, BO YTO MEPEXOAUT B NMPOCTPAHCTBE HMIIyJIbCOB oIepaTop yM-
HOxKeHHd Ha 1/r. BosHoBhle dyHKIuu B IPOCTPAHCTBE KOOPAMHAT M
B IPOCTPAHCTBE HMITYyNIbCOB CBSI3aHbl COOTHOUIEHHEM

——i-(xp +yp,t2zp,)
Y (Pes Py )= Se BYTETT 0 (1, g, 2)dxdydz. (4)

1
(2nuh)"2
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Ham uyxHo waiiTH Bunx onepatopa L, KOTOpPHIH nepeBOIHT (PyHK-
o P B dynkuuio Ly, IpefcTaBUMYI0 B BHIE

Ly (py, py P2)=

Ho mbt numeem

1 S—%(xpfﬁypfﬁzpé) (dp’)
2n‘h tp—p"IF

1 ( w GRatun ) 9(n . 2)
G Se ; dxdydz. (5)

—% (¥py+up T 2py) .

T, ®

rie uepes (dp’)=dpdp; dp, o0Go3Hauen sneMeHT ofbeMa B Npo-
CTPAHCTBE MMIY/NbcOoB. TakuM 06pa3oM, oneparop, KOTOpbil B Mpo-
CTPAHCTBE KOOPIAMHAT HMEeT BHJ YMHOXeHus Ha 1/r, npeoGpasyercs
B IPOCTPAHCTBE HMITY/IbCOB B HHTErPasbHBIH ONepaTop

1

L’llJ (pxy Py pz) = 92h S lp’lb_(—ppz 2 (dp,)- (7)

[Tostomy ypaBuenne Ulpenunrepa B nose ¢ Kyaonosoit norexun-
o o Ze?

aJbHOH SHepruei#l -——— GyIeT B NPOCTPAHCTBE HMIYJbCOB HHTE-

rpaJbHbIM YpaBHEHHEM BHIA

1 .z ¥ (p7) ’
P (p) = — £ | ) (), ©)

Tak kKak Mbl pacCMaTpuBaeM TOYeUHbI CIEKTp, AJIss KOTOPOFO 3Hep-
ruf E oTpHUATeNbHA, TO MOXHO BBECTH CPEAHMH KBaApPaTHUHBIH
HMITYJbC ‘

po=+/— 2mE. (9)

lleJIeHHbIe Ha po COCTaBJIAKOUIKE BEKTOpa KOJHUYECTBA ABUIKEHHS
MBI 6y}leM paccMarpuBaTb Kak IIpAMOYToJibHBIE KOOpAHHATH! Ha ru-
NepnaoCKOCTH, HpEJ.ICTaBJIﬂ}OIU,eﬂ CTepeorpa(queCKylo [IPOEKIHIO
map‘a palmyca' €OAUHHUIIL! B UYETbIPEXMEPHOM €BKJIHIOBOM npocTpaH-
cree. IIpsMoyro/bHble KOOPAMHATLI HEKOTOPOH TOUKH HA uiape Gy-
nyT
g == 2PoPx
pi+ 0’

2popy : : :
N=-———>5=sinasin?®sing,
potp

== sin a sin ¢ cos ¢,

{ (10)

§=—§ﬂ32—2,—=sinacosﬁ,
p,+pP

_p=p

T

==C0S a,
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npuuem

g+’ + 0+ =1 (11)

Yrael a, & 1 ¢ npeacTaBaAloT chepuuecKHe KOOPAUHATH Ha H-
nepchepe. Bmecre ¢ TeM yrael O v @ SABAAIOTCH OGBIKHOBEHHBIMH
chepuuecKHMH YIVIAMH, XapaKTepU3YIOUIUMU HalpaBjeHHe KOJanye-
CTBa [BHXEHHf. DJEMEHT NOBEPXHOCTH Ha runepcdepe pasen

dQ =sinadasin® do do, (12)

a nosiHast IOBEPXHOCTh THnepcdepnl paBHa 2. Beexem BMecTo ¢ (p)
($yHKIHUIO

(o, 0, @)= = 05" (05 + P 0 (P), (13)
A KOTOpOﬁ yCJaoBHE€ HODMHUDPOBKH HMEET BHI
pi4p’
20’

v o, oraa={" 22 y@rap={1omrap=1. 19

ECJIH MBI IIOJIOXKHUM JJIsi KPATKOCTH
Zme? Zme?
A= = —

 nepeiieM K HOBBIM mepeMeHHBIM, To ypaBHeHue lpenunrepa (8)
OPHMET BHJ

(15)

(o, 9, ¢) = | L0200 4o, (16)

2m? ®
4 sin2 —
2
.. O
31ech 251n-2— €CTh JMJIHHA XODAB, a ® — AJHHA AYyTd 00JLUIOTO

Kpyra, coefuHsiioned Toukd o, ¥, ¢ U o', 9, ¢/ Ha ueThpexmep-
HOM Ilape, TdaK 4TO

4 sinZ% =E—EP+M—P+EC~0r+x—21)> (17)

Ypasnenne (16) npencrasasier coGoll He YTO MHOE, KAK HHTETpaJb-
HOe ypaBHeHHe /IS WapoBhIX GYHKUHIT yeThipexmepHoro wapa. Co6-
CTBEHHBIMH 3HAYEHUSIMH OYIYT Ueabie uncna A =n (n=1,2,...),
a coOcTBeHHbIMH (QYHRUUAMH OYAyT OJHOPOJAHBIE TapMOHHUYECKHE
NOJHHOMEI cTenend n—1 ot §, n, {, %, T. . GYHKIUU BuAA

\P‘:u(gy Up ;’ X)y (18)

rae u(xy, Xz, X3, X4) €CTb pellleHHe ypaBHeHMs Jlamiaca B ueThIpex-
MEPHOM NPOCTPaHCTBE

0%u
0xy

02u ’u Pu
t 0x; + ax} T 0% =0. (19)
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Kax Bugno us (15), memoe wumcao n ects FMaBHOE KBaHTOBOe
qHCII0. ‘

Takum o6pasom, teopus atoma BOAODOAA OKa3LIBAETCS CBSI3aH-
'HOH C YeTbIDEXMEDPHOH TeopHeir norennuana. Cesas3b 5Ta HO3BoOJsIeT
JIETKO BLIBECTH BCE CBOHCTBA BOLOPONHBIX $yHkunit 1, B wacrHocry,
YCTQHOBHTb I/ HHX TEOPEMY CJIOXKEHHus, CIPaBeNJIHBYIO HE TOJBKO
AL UeNbIX NeHCTBHTENBbHBIX 3HAYeHHH (TOueuHbl crnekTp), HO H
AL KOMIUIEKCHBIX 7 (CIIOIHON cleKTp).

HanGonee cymectsennbiv caexcrtaiem Ha/IHYHA TaKOH CBSI3U
AABJISICTCA YCTAHOBJIEHHE TPYIIb npeo6pasoBaHuil, aOmycKaeMmbix
ypaBHennem Ilpenunrepa aas aroma Bofopona. OueBuuHO, uto
ypasnenne (17) coxpauur ¢Boil Bun, eciu NPOM3BECTH Hal mepeMeH-
HBIMU E, m, , ¥ opToroHannuymo NIONCTAHOBKY, T. €. eclu NoaBepr-
HYTb THRepcepy NpousBOALHOMY UETBIPEXMEPHOMY BpaueHuo. Or-
Ciolla CJAELYET, YTO W HCXONHOE ypaBHEHHe Ulpenuurepa o6aanaer
HE TOIbKO OOBIYHOH chepHueckoit CHMMeTpHeH, HO U 60Jee BBHICOKON
CTENEHbIO CHMMETPHH, COOTBETCTBYIOIIEH YETLIPEXMEDHBIM Bpale-
HUAM. DTHM OGBACHSIETCA TOT AABHO H3BECTHLI ¢axT, 4T0 ypoBHH
SHEPTHH /I BOJAOPONA 3aBHCAT TOABKO OT INMIABHOTO KBaHTOBOTO
uhcia n. HMcenonb3osanue Takoi Gosee LIHPOKOH TpyIIH npeo6pa-
30Banui ypasHenusi llpennnrepa u noasosiser TIOJTYYHTb T€ pe3yJib-
TaTbl, 0 KOTOPBIX MLl TOBOPHJH B Hayaje 3TOro naparpada. Ha non-
poGHOIT popMyaHpOBKe 3THX Pe3y/bTaTOB, a TaKXe Ha HX BHIBOJE
MBbl 3[€Cb OCTAHABJIMBATLCA HE MOMXKEM.”
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TEOPUS OUPAKA

‘I‘.naBaI

BOJIHOBOE YPABHEHUE N HPAKA

§ 1. KBanTtoBas MexaHWKa M TeOPHH OTHOCHTEIbHOCTH

Teopuss Wlpenunrepa, a taxxke teopus Ilayau Hocst Hepes-
THBUCTCKUA XapakTep. B 3THX Teopusix He NpHHATA BO BHHUMaHHE
HEBO3MOXKHOCTb [BHXKEHHS MaTepHa/JbHOH YaCTHLB M pacnpocTpa-
HEHHsl KakuX-1u60 NeHCTBUH B IPOCTPAHCTBE CO CKOPOCTbIO, IPEBHI-
mamoueld CKopocTb cBera. PeastTusucTcKoe o6obineHHe KBAHTOBOM
MeXaHUKH TpebyeT MNpHBJIeYeHHUs HOBBIX (H3HYECKHX IOHATHH H
Jlaxke HEKOTOPOro BUIOH3MEHCHHUS] HHTEPIpeTalidH BOJHOBOI'O YpaB-
HeHus. DTO BUIOHU3MEHEHUE CBSI3aHO C HEOOXOHHUMOCTbIO BBENEHHS
NIOMHMO CIIMHA elle OXHOH HOBOH CTeNneHH CBOGOAB 3JEKTPOHA ©
C HEBO3MOXHOCTbIO €€ HCTOJIKOBATh, OCTaBasiCb B paMKaX 3afaud
OHOrO Tena.

Onnaxko ¢opmasbHas NOCTAHOBKA 3aJaud OJHOTO Tesla (3JeK-
TPOHA) B 3aJaHHOM BHELIHEM 3JIEKTPOMATHUTHOM [0OJe — I0CTa-
HOBKAa, HAaXOAALAaACH B COIJIaCHH C TpeOGOBaHHAMH TEOPHH OTHOCH-
TEJNbHOCTH, BO3MOXKHa. Jta QopmynupoBka Obiiia HalaeHa upa-
KOM, NPEIJIOKHBIIUM CBOE yDaBHEHHE AJIs1 9JeKTPOHA.

B § 13 ra1. 111 nepBofi yacTi MBI BHIENH, YTO BOJHOBOE YpaBHE-
HYe, T.e. ypaBHeHHe, Onpelesiollee 3aKOH H3MEHEHUS COCTOSIHUS
3neKTpoBa (GYHKLUHMU ) BO BpPEeMEHH, IOJKHO UMETb BHJ

., O
H —ih SF =0, (1)

rae H ecTb onepatop 3Hepruu. B TecHOl CBSi3W ¢ BOJHOBHIM ypas-
HEHHEM HaXOISITCH KBAHTOBble ypaBHEHHSl ABHXKEHHS, W3 KOTOPLIX
HaMmu ObUIO ToJyueHo BoaHOBoe ypaBHeHHe (§ 13 ri. III 4. I) u
KOTOPbIE B CBOIO Oyepenb BhiBoAsATcS M3 Hero (§ 4 ri. IV u. ). Ham
HpeJACTOUT Telepb, chaedys wumesMm Jlupaka, o606GHIMTL BOJHOBOE
ypaBHeHHE (1) Ha TeopHIO OTHOCHTEJbHOCTH. MBI JOMKHH 110Tpe6O-
BaTh, YTOGLI OHO GbIJIO HHBApHAHTHBIM O OTHOUIGHHIO K Npeobpa-
30BaHuI0 JIOpeHNa u uTO6L ¥3 HEro NOJAYYAIHCh KAACCHIECKHE yPaB-
HeHHS JBUKEHHS TEOPUH OTHOCHTEJIBHOCTH,
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§ 2. Knaccuueckne ypaBHeHHs ABUKEHHs

[IpunoMHHEM, KaKOH BHI HMEIOT KJaCCHYECKHE yPABHEHHS [BH-
EHHS! TEODHM OTHOCHTEJIBHOCTH M COOTBETCTBYyloline um Jlarpan-
xkeBa H 'aMunbTOHOBA QYHKIHH.

B MexaHHKe TEODHH OTHOCHTEJLHOCTH KOJNHMYECTBO IBHIKEHHUS
Py, Py, P, cBA3aHO CO CKOPOCTBIO X, §, & COOTHOWIEHUSIMHU

_ mx _ my . me
Px_—— _.0.2_, Py—-_—'——‘ —-;)—2—3 Pz'_ —02 ’ (l)
V- Vi V=&

riue -
v?=5¢2+_l]2+2'2 (1*)

H yYpaBHEHUSI ABHXEHHUA 3JEKTPOHA ¢ Maccod m u 3apagoMm —e
B 3JIEKTPOMArHUTHOM I10JI€ UMEIOT BHI

(56, — 28,) — e&,, |

aPy e

a ¢
dpP e

G =— 5 (2B, — i6,) — &, 2)
dP, e ,. .

= — 5 (X, —§7,) —e& ..

M3 HUX Jlerko BBHIBOLMTCS ypaBHEHHe
dT

dar =—e (xgx + ygy + z.gz)a (3)
ae T €CTb KHHETHUecCKasd SHEprud 3JICKT P OHa
2
T=—" (4)
02
\/ e
ITH ypaBHeHHH MOTYT OBITh HOJYYEHHl H3 ¢byrkuun Jlarpanxa

F=—met Af1 =5 — LA, 4 A, + 24) +e®,  (5)

C2
rge © — cxansipuetit u A= (4,, Ay, A,) — BeKTOpHBHIl MOTEHIHA.
OGOoGIIeHH b «MOMEHT®, CONpPSIKEHHBIH C KOODAHHATOR X, paBeH

0L mx e

= = "7
«/“c—z

H aH&JIOTHYHO LISt APYruX KOOD/JMHAT; TAKHM 06pasoM, KMOMEHTHI»
Pxs Py P HC COBNaZaOT C COCTaBJASIOLIMMH KOJHYECTBA IBHIKE-

Ax=Px—%Ax (6)
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uust Py, Py, P, a cBaA3aHpl C HUMH, KaK H B HEPEJATHBHCTCKOM
cJiyyae, COOTHOIIEHUSMH

Pe=pi+2hn Py=py+chy Po=p,+5A ()
(cM. popmyny (16) § 5 u. III). Dneprusi 3JieKTpOHA paBHa
E=J&px+y'py+z'pz—9=vzwz=———e®. 8)

Bripaxasi ee uepe3 o600LIeHHBIE MOMEHTHI, IIOJYYHM KJaccuue-
ckyio ¢yHruuio I'aMuabTOHA

Husee =me* A1+ (p+ £ )" —ew. )

m2c?

§ 3. BoiBoa BOJHOBOTO YPaBHEHHS

Ham HyXHO HaliTH KBaHTOBHI onepaTop, cOOTBeTCTBYomu ['a-
MuabTOHOBOH pynkuun (9) § 2. MEl HauHeMm ¢ mpocTeiilero cayyas
CBOGOIHOTO 3JEKTPOHA, KOTa 3JeKTPOMArHHTHOE NoJe OTCYTCTBYET
M CKaJspHBIH M BEKTODHBIH MOTEHIHABl PaBHB HyJIO. B aToM cay-
yae

1
Hyseo = me? A 1+ =1 (92 + P} + P2). (1)

HM3-3a xapaKTepHOH A/ TEOPHH OTHOCHTEJNPHOCTH CHUMMETDHUH
ypaBHEHHH OTHOCHTENbHO KOOPJAWHAT M BPEMEHH, pas BOJIHOBOC
ypaBHEHUE COLEPKHT JIHHEHHO omepaTop AupdepeHUHpOBaHUs IO
BpeMeHH, TO OHO JOJIKHO CONEpXKaTb TAKKe JIHHEHHO oneparophl
nuddepenunposanust 1mo Koopaunatam. ClefoBaTeNbHO, KBAHTO-
Bblil ONepaTOp SHEPryH JOJMKEH ObITh JIHHEHHBIM OTHOCHTEbHO Ome-

paTopoB
., 0 .. 0 .
pxr=—ih—>-, py=—ih T p.——ih

9
0z’

1. €. OH JNoJXKeH OBITH BUJA

H=pp; + Bopy + Bsr. + Bs : (2)

rie P — HEU3BECTHHIE IIOKA ONEPaTophbl, HE COAEPKAlIHe Dy, Py, Pz
Ho 3Tu omeparopbl He JOJKHBEI COJepXKaTbh TaKxKe M KOOPAMHAT X,
Y, 2, 160 /1t CBOGOJAHOTO 3JEKTPOHA BCE TOUKH MPOCTPAHCTBA DPaB-
HonpasHbl. CueoBaTelbHO, OHH MOJIKHBI JeHCTBOBATbL Hal Ka-
KHMH-TO HOBBIMHM TI€PEMEHHBIMH, OT KOTOPBIX BOJHOBAas (YHKIHUS
teopun 1lIpenunrepa ne saBucena. CMBICT 3THX HOBBIX NEpeMEHHBIX
Mbl YCTAHOBUM HuxKe. Mpl yBHAHM, UTO OHH NIPEICTABAANT 0606Lle-
Hie OIepaTopoB, BBoAuMbIX B Teopun ITayan. -
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Uto6bl yCTAHOBHTH CBOMCTBA oneparopoB f,, MH noTpedyem,
4T06bl MeX 1y KBaZpaTOM SHEPrMH H KBapaToM KOJHYeCTBA ABH-
KEHHUSL CBOGOJHOIO 3/JIEKTPOHA B KBAHTOBOH MEXaHHKE HMEJNO MECTO
TO € COOTHOIUEHHE, KaK U B K/NACCHYECKOH, a HMEHHO,

H?=mc* + ¢ (p% + p2 + p3). (3)

Boiunenum ksagpar oneparopa (2), uMmes B BHLY, 4To B He cO-
ACpKaT KOODAMHAT H, C/IEXOBATENbHO, KOMMYTHDYIOT C py, Py P
HO MOTYT HEe KOMMYTHPOBAaTb MEXAY cO60i. Mbl mosyqum

H? =B+ Bip} -+ B2p + Blp2 +
+ BB + B:B1) px + (BoB4 + B4Bo) Py =+ (B3Bs + Bbs) p:+
~+ (B:8; - B:B,) PyPz -+ (BsB; 4 B,Bs) PzPx -+ (B8 4 B.B) PxPy (4)

1o BbIpAXKEHHE COBIIAJNAET C npenbIy UM, €CaHU 6y11yT BbIT OJ1~
HEHHl YCJIOBUA

B=mct, Bi=p=@=c% BB, +BB,=0 (k. (5)
Ecau Mel npu nomomyu cooTHomenmi -
Bi=ca;, Br=cay, By =ca3, B, =rmca, (6)

BBEJEM BMECTO 8, NPONOPIHOHAJNBHBIE HM ONepaTopHl ¢y, TO Ome-
paTop sHeprud H Hanumiercss B BHIE

H=c(0,p; + ap, + o4p,) + mca,, (7)
a HOBbBIE ONEPATOPHl dp AOJKHBI 6y}lyT y}lOBJIeTBOpHTb YCJIOBHAM

a;=1, o0,+a0q=0 (i=k), - 8}
KOTOpble MOXHO 3alHCATL KOpPOYe

Q;0p —I— Apll; == 26ik (l, k= 1, 2, 3, 4‘). (9)

§ 4. Marpuun® lupaka

Kak Gyner BumHo us pambeiiuwero, OTIepaTopsl o, MOXKHO pac-
CMAaTpHBaTh KaK MOACTAHOBKH Ha/l YETHIPbMA QYHKUHSAMH 1), s, Y3,
P4 MOLOGHO TOMY, KaK MaTpuubl [layiau GhIIM NOACTAHOBKAM I Hax
IByMs Qyuruuamu. Takum 006pa3oM, 00BbEKTOM JeHCTBUS oneparo-
POB @ GYAET COBOKYMHOCTb ueThipeX OYHKIHE, a caMble OIlepaTopbi
MOXHO NPEACTaBHTbL B BHAC MaTPHUL, COCTABJCHHBIX U3 K03 -
LHEHTOB INIOACTAHOBOK.
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COBOKYTIHOCTb QYHKIME 1, P2, P3, P4 MB yacTo GyaeM o003Ha-
Yatb OJHHM CHMBOJIOM v, & MOJCTAHOBKY

P =, + b, + ogh; + oy, |

Py = 0y, + Wy + s+ 0y b,

Py ==y, 9, + a5, + 0559, + a5,

Wy = 0¥, + 0P, + 0y + oy,

OynemM mHCaThb COKpPAILEHHO B BHIE )
P = ay, 2)

Tle, CJAELOBATEJbHO, @ €CTb MaTpHUa

(1)

a1y Gy Gy Q)
Qa1 Qg Q3 Gy
o= . (3)
Oz1 O3z Ogz Oy
lau Oy O43  Oyy
Bripasum onepatophl ¢, Gy, @3, 04, YZLOBJETBODAIOIKNE COOTHO-
wenusaM (9) § 3, uepes omeparophl, aHAJOTHUHBEIE MATPHLUAM, pac-
CMOTPEHHBIM B IJaBe, NMOCBsiIeHHOH Teopun Ilaysau.
[TocTponM u3 MaTpHul ), Oy, O3, 04 II€CTb MATPHI: BO-NEPBHX,
TPH MAaTpHLBL

O, = —lOgt, Oy==—Ii0ty, O,=—Ii0 4)
#, BO-BTOPHIX, TPH MaTPHIHI
0q = — [0y, Pp = QU 0o030y, O == Oy (5)

Jlerko NPOBEPHTH, LTO MATPHUBl Oy, Oy O, OYAYT yAOBJETBOPATH
TeM € COOTHOINEHUsiM, KaKk ¥ MatTpuusl [layJjH, a HMEHHO,

0,0, = — 0,0, =10y,
005 = — 040, iGy» (6)
0,0y= — 0,0, =1i0,.

KsazmpaT Kaxpofl M3 HHX OyJeT paBeH eIHHHIE:
2 — 2 — 2 —
cx——ay-—oz—l. (7}

TlogoOHBEIM K€ COOTHOUIEHHsiM OyAyT YJOBJAETBOPATH M MaTpPHIbI
Oas Po» P MEL OyleM HMeTb

P60, = — PcPp = iPa>
PcPa = — PaPc == P> (8)
0aPp = — PpPa = 0,
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a Takke
0, =0 =p,=1. (9)
IIpoussesiennss MaTpull 0 HA MaTPHUB ¢ GyIyT PaBHH
Pg0x = Oxpq == Qy,
Pg0y = Ty0g = Qly, (10)
Pa0; == 0,04 = 03,

naJee,
Py0x = O pp == ia, 0y,
040y = 0,0 = itya, (11
Pp0, = 0,0 = a0
H, HaKoHel],
PO = 0P, = = [0yU30y,
POy = 0,0, = — iaz0,0y, (12)
. P02 == 0,0, = — ia 00y,

Takum oGpasom, Kak/aasi H3 MaTpull p KOMMYTHPYET ¢ KaXaoil
W3 MATpHLl 0, H Mbl MOXKEM B H3BECTHOM CMbIC/Je CKas3aTh, 4TO
MaTpHulbl p U 0 OTHOCATCA K PA3HBIM CTENEHSIM CBOGOAM! 3J1E€KTPOHA.

Ilob3ysch BLIpaKeHHAMHA IS MATPHI «; Y€Pe3 p H G, MBI MO-
}KeM HamucaTb onepartop sHepruu (7) §°3 B BHIe

H = cp,(0,py + 0yp, + 0.p,) + mcp,. (13)
3aMeTuM, U4TO K YeTbipeM MaTpulaM oy, o, Ga, o4, YIOBJIETBO-
pAoWUM COOTHOWEHUAM (9) § 3, MBI MoryiM 6Bl NPHCOEAMHHTb [Isi-
TyI0, NOJNIOXKAB 05 = pp; 3TA MaTpula GyNeT aHTHKOMMYTHPOBATh
¢ oriepatopoM 3Hepruu (13).
3ajiMeMcsi Tenepb MOCTPOEHHEM MATPHIL € YETHIPLMS CTPOKaMu
H cronbuamy, obaajaiomux GOpMYJHPOBAHHBIMU Bbie OGHIIMI
cBoficTamu. [l 3TOTO paccMOTPHM CepBa TPH MaTPHIbI ¢ IByM#
CTPOKaMH H CTOJIGLAMH, YK€ BCTPeUaBUIHECS HAM B TEOPHHU [Taynu.
OGosnaaas ux tenepb uepes of, o), o), Mbl 6GydeM HMEThb

A=) = ) =) o

‘HpEJll'IOJIOX(I/IM, YTO NOIACTAHOBKHU

A=) 2(G)=(T0) =)=
Ul 3 1 ig 1 -1

NIPOUSBOASATCA HE Hal ONHOH, a Hal ABYMs NMapaMH 4uces (T])

(&
n (7]‘ OJHOBpEMEHHO. DTH ABE napel 4HCEJ MOKHO paccMaTpHBaTh
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KaK OIHy 4eTBEPKY uucen ¥;, Pg, P3, Ps, NPHYEM CONOCTABJICHHE
upcea &, n, £, Mm° ¢ uHcaaMu P, Yo, b3, Yy MOKBO CAEIATH pas-
JIMYHBIMHU criocobaMH.

MO3KHO TNOJIOXKHTb, HaNpPHMEP,

1pl = gr I‘p? = "l, \p3 = g‘, 1134 = n‘ (16)
P, =§, ¢2=§‘» P3=1, ‘l’4=’fl‘- (17)

B InepBoM cJyuae MaTpHIbL, COOTBETCTBYIOI[HE HAIIHUM MNOACTA-
HOBKaM, HamuuIyTCd B BHOE

HJIH XKe

0100 0 —i 0 0 1 00 0)
1000 i 00 0 0o —1o0 of
9=lg 00 1|" 2= [0 00 —i|" % |0 o1 of (8
0010 0 0i 0 {0 00 —1j

a BO BTOPOM cJayuae B BHIE
0010 00 —i 0 1o 0 0
000 1 00 0 —i 01 0 0
91=1000'92'—i000'93—00—10'(19)
0100 0i 0 0 (00 0 —1)

OueBUAHO, YTO NOJACTAHOBKH Cj, Oy, O3, B3ATHIE B OTIEJIbHOCTH,
¥ NOACTAHOBKH Q[, P, P3 B OTHAEJbHOCTH YIOBJIETBOPSIOT TEM XK€
COOTHOINEHHSIM, YTO H MOACTaHOBKH (15) Hal AByMs GYHKUHSMH,
a HUMEHHO,

0903 == — 0307 == [0,

030, = — 0103 = (03,
. (20)

0102 = == 090 = 103,

ol=ol=o03=1,

Po03 = — P3P ==iPy,

0301 = — P;03 = Py,
(21)

010 == — P20, == 03,
pi=pi=p;=1.
C apyro#i CTOpOHBI, MOXKHO NPOBEPHTb, YTO KaXNas H3 MOACTAHO-
BOK O KOMMy’I‘preT C Ka}KlIOﬁ u3 NOACTAHOBOK O, TaK 4yTo
00— Pr0; (i, k = 1, 2, 3). (22)

Kaxmas u3 maTpum p u 0, a TaKkKe MX npousseleHus (22)
MMEIOT JBa ABYKPATHBIX COGCTBEHHBIX 3HayeHus +1 u —l1.
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Tpu martpuubl o;, TPH MaTPHUBL p; U AEBSITb MaTPHIl 0;05 o6pa-
‘3yI0T BMECTE ¢ €IHHMYHOH MaTpuuel cucremMy 16 mMarTpul, KOTOpyHO
MOKHO Ha3BaThb HOJ H O B TOM CMBICJIE, YTO BCIKYIO MATpHLY C ye-
THIPbMSI CTPOKAMH M cTonOLaMH, T.e. ¢ 16 sjeMeHTaMu, MOKHO
BHIDA3HTh B BHIAE JHMHEHHOA KoMOHHanuu 3TuX 16 MaTpuu ¢ 4HC-
JEeHHBIMH KO3QPUIHEHTaMH. ‘

B yacTHGCTH, MBI MOXKEM BLIPA3UThb Yepe3 p; H O; MATPHIB], BXO-
asmue B ypaBHeHue [upaxa, u cBg3aHHbIe C HUMH MATPHIL Og4, Pp,
P, U Oy, Oy O, IDTO MOXKHO CHEJaThb pPasiHuHbIM 06pasoM, Tak

YTO MaTPHHBL, HMEIOIIHE AaHHBIN (GH3NUYECKHH CMBICJA, MOTYT HMETh
pasjnuHylo MateMartuueckyio ¢opmy. B surepatype uame Bscero
ynorpedasieTca NpeAcTaBaeHHe, BBeJeHHoe [[upakoM, KOTOpBIH mo-
JIOXK U : g

0y==0), 0y==0, 0,=0;, } (23)

Pa=P1, Pp=02 Q=03

Cornacro dopmynaMm (15) u (10), cooTBETCTBYIOMME MATPHIUBI oy
OyAyT UMETb BHI

r ___. ! ’r ___ 7 ___
@ =00, 0;=p0y 03==00; O0;=0p, (24)

(MBl cHAORUAN 3TH MaTPHLHE LITPHXOM, YTOGH OTJIHUHThL MX OT TeX,
KOTOpBIMH Mbl OyZLeM IIOJIb30BaTbCA B JaJbHEHIIEM).

Bonee yaoOHBIM B HEKOTOPBIX OTHOIIEHHSIX SIBJASETCSI CJEAYIO-
muil BHIGOp MaTpHU:

Oy = 030;, O,= 0y, 0'z=930'%7} (25)
Pa = 03, Py =00 P == P20,
HJau B siIBHOH (dopme
(01 0 0 0 —i 0 0 (1t 0 00
10 0 o0 i 00 0 _lo —1 00
0x=1o00 o0 —1|" %= }o oo—i!"’z_lo 0 —1 0j*
0 0 —1 o] 0 0 o0 0 0 01
' (26)
10 0 0 0 00 —i 000 —1
01 0 o0 0 0i 0 l 001 0
Pa=10 0 —1 o) ®=lo —i 0 o) P=| 010 ol
00 0 —1 l: oo =100 o
27y

Orciofa noJayyaioress A1 MATPULL @ CJAEYIOINHE 3HAYCHHS:

0 =01, Oy==0g0;, O3==03, 0O4=Py0 (28)
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# B sIBHOU (dopMme

01 0 0) 0 —i 0 0] )
1000 i oool
%“=1o00 0 1| a2=000il’
0010 0 0 —i 0
1 o0 0) 000 —1) (29)
0 —1 0 0 0010|
B=10 o v M= g 10 o
lo oo —1) ~100 of j

§ 5. YpasHenue Jupaxa gad cBoGOJHOro 3JeKTPOHA

Mbl MOxkeM Tellepb HamucaTh ypaBHenue [lupaxa mJs cBoBOx-
HOTO 3JEeKTpoHa B packpuitoM Bume. Ecim H ects omepatop (7)
§ 3, To BONHOBOE ypaBHEHHE

Ho=[c(wps +apy +aps) +meta] o=in 2 (1)

HANHILIETCH B BHIE CHCTEMBl deThipeX aHddepeHnUaTbHBIX ypaBHe-
HUA

. 0, , 0 5} vy O
—ifc a‘i'—t 6152+ ‘p’)—mc?¢4=th_ﬂ,

@
— ific (611:4 6(;1“ alpa ) + mchp, =ik Oc;bta ,

0 , 0 d 5}
(;l;’—z (;b;—- 1l")—mc"ﬂpl—u‘z LI

—ihe

3ameruMm, uTo yaoOHee HCCaeLoBaTh ypaBHeHue Jlupaka, KOria oHO
HamHcaHo B cuUMBoJuyeckolt ¢opme (1), Tak uro ¢opmyaamu
suja (2) HaM NOYTH He NpPHUAETCA I10/JAb30BAThCA.

Munl paccmorpesan nABa BapuaHTta Brifopa marpull. Ilepsbiéi u3s
HuX, npenjoxeHHbIl Jlupakom, cooTBercTByeT Qopmyaam (23) § 4,
a BTOpOIl, IpelJIOXKEHHbIH HaMy, coOTBeTCTBYeT dopMmynam (25) § 4.

Jns HekoTophix ULesell yfoGHO BBECTH TaKoe IipefCcTaBJeHHe
MAaTpUIL o, YTOOBI COOTBETCTBYIOIAA CHCTEMa ypaBHeHHMH IJs ue-
THIPeXKOMIIOHEHTHON BOJIHOBOM (YHKIMH CBOGOJAHOTO 3JEKTPOHA
MMeJia BelllecTBeHHbIe KoabuuneHTsl. [l 3TOro 10cTaTOYHO nepe-
C€TaBUTb B QopMynax (25) § 4 MaTpHUB pz H p3 H M3MEHUTb 3HaK
fnpu MaTtpuue p;. Mu GymeM Torza uMerh BMecTo (25) § 4:

T — ) — )
0, = 0201, Gy = Oy 0,= 920'3, }

P=0pyp  Pp==p0, PI=0p0,

3
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UTo6B OT/IHUHTL HOBEIE MATPHUB OT NPEXKHHX, MBI CHaGHUIH UX
‘snaukom °*). Bce matpuunl (3) HMEIOT YHCTO MHHMbIE 3JI€MEHTBI.

CBsi3b MeX/y HOBHIMH MATPHLAMH H NIPEKHHMH OCYILIECTBJISETCS
KaHOHHYECKHM IIpeo6pa3soBaHHEM C MaTpHUEH

T=—=(02-+ o) (4)
KOTopasi fIBJISIETCst CAMOCONPSAXKEHHONH W YHHTApHOH, TaK YTO
T'=Tt=7T, T2=1. (5)
B camom nene, Mbl nuMeem
Too,T=p;, TpsT=py To,T=—p,. (6)

Hosble Matpuust a; (KOTOphie Mbl 0603HAYHM TeNeph uepes ay) Oy-
AYT CBfA3aHbl C NpPEXKHHMMH MAaTPHIAMH KaHOHHYECKHM Npeobpaso-
BaHHEM

ap = TTa.T. (7)
Onn 6yayT paBHb

a)=0,, @)=0,0, =0, o)=0p,0, (8)
Kak nokassiBaer cpasHenue ¢ (28) § 4, oHH oT/iHYaOTCS OT npex-
HUX TIEPECTAHOBKOH 01 C Q4. DJIEMEHTDLI MEPBBIX TPEX MaTpHIl ol Oy-
RYT BELIECTBEHHBIMH, & SJEMEHTHl 0 — YHCTO MHHMBIMH.

Cucremy uernbipex nuddepeHunanbHbX ypaBHerHil (2) mis Bos-
HOBOH (YHKUHH CBOGOJHOrO 3JEKTPOHA MOXKHO Tenepb HamucaTh
B BHJIE

by o) o) 1 o) me 5
T vt T T =0,

! A o) 1 Ay me

22 2T 0
ax T oy T ez v oo T wi=0
oy ok ov) 1 ay)  me

gy Tty T¥s 0% MO o
ox dy + 0z + c Ot h ¥y =0,

op;  d¢)  av] Loy | me

- —— — ) =
Ox dy 0z c Ot + h ¥;==0.

B sakmouenne nanuumem B sBHOA (opMe CBI3b MEXAy BOJIHO-
BbIMA (QYHKUMAMH 1, COOTBETCTBYIOIHMH BHIGOPY MaTpHIL oy, IO

Hupaky (cornacuo (24) § 4), ¢ HAaWHMH BOMHOBHIMH (GYHKUHSMH.

.

*) Tak Kak peub umer Temepb O HETHIPEXPSAHBIX MaTpHILAX, MOXKHO He OMa-
carTbCsl CMEWEHHs uxX ¢ MaTpruamu [Tayam (14) § 4.
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MBI uMeeM COOTHOIIEHHUS

s b1 =— s W2t s
B BT (10)
\p/=‘lb1+'ll74 w/:__'ll’z“"bs.
3 ol 4 V2
VuuTapHas maTpuia S, COOTBETCTBYIOLLAS NPEOGPa30BaAHUIO
P = S, (11)
papHa
(1 0 0 —1)
__ 1 1{o 1 1 0 =1—ipz.1+i0'2.l—ip302
S=Flio o 1| v v v - 1@
01 -1 0

Uro kacaercst CBsis3n Mexay GyHrunsmu $° H P, COOTBETCTBY!IO-
uteit npeoGpazoBaHUIO
Y =T, (13)

TO OHA jaetrcs dopMmyJsaMu

iU L
W= (— b i) W= (bt i),

Beuny rtoro, uro T?=1, Ttak#e ke ¢GOpPMyJbl HAIOT BEIPAKEHHS
aas 1, uepes P}. Mbr HMeeM

Py = :;”5‘ (W) — i9), b, = .715— (93 — ), (15)

PP

b= (— W), b= (— - )).

§ 6. MpeoGpa3osanue Jlopenua

Mui 3aiMeMcs Termepb L0Ka3aTeJbCTBOM HMHBAPHAHTHOCTH BOJIHO-
BOrO YpaBHEHHUsI MO OTHOLIEHWIO K npeoOpasosauuo JlopeHua u uc-
cJe/l0BaHMeM TeOMeTPUUECKHX CBOHCTB QYHKUHEA P, P2, V3, Y.

IMoaoxum

X=X, Y=Xy 2=Xx3 Cl=1Xx (1)

H BBEACM YETHIPE YHCJA

e =1, e,=eg=e3=—l (2)
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TaK, YTOGbl MOXHO OBIIO HANMHCAThb KBAJPAT YETHPEXMEPHOrO pac-
CTOSIHUA (HHTEpBasa) B BHIE

3
= ds?=c%df? —dx® —dy? —d2? = k;oek dx?. (3)

Hannmewm npeoGpasoBanue JlopeHua B Buxe

Xi= Oekaikxk’ (4)

M

Tle a;r — BELUECTBEHHbIE YKHCJ/IA, YAOBJAETBOPSIOUIHE YCJAOBHAM
3
zZo €10;,a;; = €30y, (5)

KOTOpblE BHITEKAIOT M3 TOTO, 4TO NpeofpasoBaHue (4) monxkHO
OCTaBJIsATh ds® HHBADHAHTHEIM. B cuiy 3TuX ycsioBuit pemenue ypas-
HeHu# (4) OTHOCHUTENBHO X; Haer

3
X;= kZOekakix;, (6)

4 0TCI0la B CBOIO OYepeab BhHITEKAIOT ypéBHEHHH

3
Zo €i0r;01; = €0y, (7)
i=l
YMHOKas BOJHOBOe ypasHeHue (1) § 5 Ha % HalMIIEM €ro B BHJe
3
0 ime a
Zak 0;I)k +_ﬁ—a4'lp+ a;lz =0, (8)
k=1
HJIn
3 all) .
me
D, o Sa g ah=0, ©)

=0 k

ecan Mbi GyleM pasymeTh NOA &y €LUHHUYHYIO MATPHLY.
Cnenaem tenepn sameny nepemenHsix (6). Umeem

3
0 a
'gi=zekalk alb, .
*r 13 *y
TTostomy s
a ime
Z Zekalkak—‘b,‘ +Ta4\l)=0. (10)
dx
=0 k=0 1
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Ecau naM yaacrca HaliTH Takyio (BooOllie roBopsi, HE YHHTap-
Hyio) mMaTpuuy S, uto6e OBLIO

3
=St S= ,;Oeka,kak (=0, 1, 2, 3), (11)
Sta,S=aq,, (12)

TO ypaBHEHHE (10) MOXHO O6yAeT HamucaThb B BHIE
ZS*

a 3aTeM, noJiarad

0"’ -+ ime 22 STa,Sp=0, (13)

P =Sy (14)
u ymaoxasi (13) caesa Ha (St)~! (T.e. NpoM3BOAS HAX UETHIPbMS
ypasuenusiMu (13) nomcranoeky, o6parnyio St), MB NOJYYHM
3

01]; ime ’
+—a’ =0, (15)
kZ—O 0x k h

T.€. ypaBHeHHe TOro e Bula, Kak ucxomnoe (9), ¢ NIpeRHUMA
ManPIIIaMH ox, HO C HOBLIMH HE3aBHCHMBIMH IIeDEMEHHBIMH X, X,
Xy, Xy M C HOBBIMH QYHKUUSIMH P, ¥y, P35, ;. Takum ofpasowm,
6yaeT JI0Ka3aHo, uTo ecAu conposoxdarte npeobpasosarue Jlopenya
nodcranoskod (14) nad gyukyuamu P, TO 804H080e YpasHenue co-
xpanur csoil sud. IpyruMn cjoBamu, GyAerT AOKa3aHa HHBAPHAHT-
HOCTb BOJIHOBOIO YpaBHEHHsS IO OTHOLICHHIO K TIpeo0pasoBaHUIO
Jlopenua.

§ 7. Bun MaTpHuBl S nag npocTPaHCTBEHHOT0 NMOBOPOTA
oceil M aas npeo6GpasoBanus JlopeHua

Ml TIOKaKeM, 4TO MaTpuia S ¢ HyXKHBIMH CBOHCTBAaMH JEHCTBH-
TeJIbHO CYIIECTBYET H, IIPH HameMm BbIOOpe MaTpHI ax, UMEET BHI
p 0O
6 00
0 & B 1’ (1)

)

a

o o = Q

0 ¥
rie o, B, v, O — UeTbipe KOMMJIEKCHBIX MapaMeTpa, CBA3AHHBIX COOT-

HOIUEHUEM
o —py=1 _ (2)
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H HasbBaeMblx oOoOmeHHBIMH NapaMmerpamu Kosfnel — Kueiina
(Cayley — Klein). ConpsixkeHHaa (aXbIOHrHpOBaHHasi) MaTpuua S+
6yaeT UMEeTb BUA

& § 00
B &8 00
+ __
S_'Oan' @)
0 0 p &

Ilpexkne Bcero Jierko NpoBEPUTb HENOCPEACTBEHHBIM BBIYUCIEHHEM,
NpPOU3BE/sl TOCACJ0BATENbHO TPH NOJCTAHOBKH: cliepBa S, 3aTeM ay
u, HakoHen, S+, uto ypaBHeHue (12) § 6 BoimosHsieTCs TOXKAe-
CTBEHHO B CHMJly COOTHOWIeHH# (2). 3ameTum, yTO, KPOME TOrO, BbI-
NOJIHAETCA PaBEHCTBO

Sta,S = Os. (4)

Uro6nl ybenuTbesi, uto Aast moboro npeoGpasoBaHus JlopeHua
MOXKHO BbIOpartb napaMmeTpnl o, B, y, 6 Tak, 4To6bl BBIIOJIHAJUCH H
ypaBHeHusi (11) § 6, Bocnonb3ayeMcs TeM, uTo Kak npeoGpa3oBaHust
JlopeHua, Tak u NOACTaHOBKH S o6pa3yloT rpymmy, T.e. YTO He-
CKOJIBKO TOCJHE0BATENbHBIX Npeobpa3oBaHuil (NOJCTAHOBOK) MO-
TyT GHITb 3aMEHEHB! ONHUM Ipeo6pa3oBaHHEM TOTO Ke Tuna. Camoe
ofulee npeobpasoBanue JlopeHna MoxeT GbITb HOJYYEHO NOCAELO-
BaTeJbHBIM NpHMEHeHHeM NpeoGpa3oBaHHi 4aCTHOTO BHAA, HANpH-
Mep, NIOBOPOTOM KOOPAMHATHOM CHCTEMBI BOKDYT OCeHl X, y, 2 W npe-

o0pa3oBaHus

v
t-—TZ

2 -_—-——:vz , t,=__c_—‘_v?

N i

Ecau MBI 17151 KaXAOTO M3 3THX YaCTHBIX npeoGpasoBaHuil Hai-

IeM COOTBETCTBYIOILYIO NOACTAHOBKY S, TO noiacraHoska S nas 06-

HIero cjyvyad INOJYYHTCH HOCJAeJOBATENbHEIM IPHUMEHEHHEM BTHX

YaCTHBIX NOACTAHOBOK.

Mbl paccMoTpuM cnepBa BpallleHHE BOKPYT OCH 2, TaK Kak st

9TOro cjyyas Martpuua S umeer HaubGosee npoctoil Bul. QopMysibl
IJI51 TOBOPOTA OCeH HamuIIyTCs

X1 ==1x,c08 9 — Xx,5in q, l

. (5)

x5 =x, sing + x,cos @, } ©)
x;", == x3, l
Xf,] = Xg.

ITokaxeM, uTO 3TOMY NOBOPOTY COOTBETCTBYIOT NapaMeTphl
2

a==e » B=0, y=0, d=e ’ )
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Tak 4To MartpHua S Oyner

-1 2
e 2 0 0 0
0 e 0 0
S= L . (8)
0 0 e 2 0
0 0 0 e 2
Ee MOXHO HanucaTbh B BHIE
S =cos % — isin % 303, 9)
HIH, Ha ocHoBanuu (25) § 4,
S=cos%—isin%oz. (10)

My umeem
S*e,S=8%p,0,S=
=P, (cos% +isin%oz)cx(cosﬂ2’——-isin%cz)=
=0, (cos @ +isingo,) o, =p, (0, cOS@ — o, 5in @),

TaK 4ro
af = ST, S = @, cos ¢ — a,sin ¢. (11)

AHAJIOTHYHO 10KA3LIBAIOTCS DAaBEHCTBA
b =S8%a,S = q, singp -+ aycos ¢,
§—S o3S = 03, (11%)
o= SYayS =q,.

Takum o6pasoM, npeoGpasoBaHHbe MaTPULBI O BHIPAKAOTCS

qepes nepBOHaanbume op TAK XKe, KaK HpeOﬁpﬂ:BOBﬂHHbIE Koopau-
HaTh! xk yepes3 nepBOHAYANbHbIC X, T. €., ADYTHMH CJIOBAMH, BbLIIIOJ-

HaloTca cooTHomenus (11) § 6.
PaccMOTpHM Teneps NMOBOPOT BOKPYF OCH X == X;:

X1=1xy,
X% == %,C0S ¢ — x3sin g,

xi==x,sing + x;cos @, (12)
X(,)=x0.
3neck
— P — tain @ e tein @ @
a=c¢os 5, P=-—ising, y=-—ising, 6 =rcos & (13)
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n matpuua S 6yler HMETh BHJ

S = cos 4 — isin-- py0, (14)
nJIH
S=cos + —isin-o,. (14%)

CootHowennst (11) § 6 noxasmBanoTCad aHaJOTHYHO TpelbIAy-
[EMY CJyYaio.
Haxkoueli, 1js moBopoTa BOKPYT OCH Y = Xy

x{=1x;c05¢ + x3sin g,

X5 = Xo,
, . (15)
X3==— X, 8in ¢ 4 x3COs @,
X6 == Xo,
3HaYeHNs napaMeTpoB OyayT
o . — P — 9
a=C0S &, f=—sin 2, y=sin—-, d=cos— (16)

W MaTpuua S, COCTaBJieHHAs MPH IOMOILM 3THX NapaMeTpoB, OYAET
paBHa
Y fein @

S=cos—2—-—zsm—2—c2, 17)

HJIM
Q _ ain @ *
S=cos o —isin- 0, (17%)

Bo Bcex Tpex caydasx MHOBOPOTY BOKPYr OCH X Ha Yroa @
B NOJIOXKHTEJbHOM HampaBJeHHM COOTBETCTBYET YHHTApPHAS Ma-
TpHuLa
— P fain P
S=cos o —isin- 0y, (18)
npuyeM 3TOT Pe3yJabTaT HE 3aBHCHT OT BeiOOpa Matpuu ap. O606-
mas 3TO, Mbl MOXEM YTBEpPKAATh, YTO IPOCTPAHCTBEHHOMY IIOBO-
POTY Ha Yros @ BOKPYT OCH C HaNpaB/sIOUIMMHA KOCHHYCaMu [, m, n
COOTBETCTBYET MaTpHIa

S:cos%——-isin%(lcx—{-mcy—}—ncz). (19)

PaccmotpuM Tenepb coGeTBenHoe npeobpasoanue Jlopenua (5),
KOTOpOE HalHIIeM B BHIE

x{_—_—xl’ Xé=x2,
X X X i X
, 3 0 ; 0 ¢ 3 S (20)
X3 = _—, Xo= I
v? 2
/\/1 _ —62 < /\/1 —_ o I
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TMonoxum
~=thu, (21)
TakK 4TO

—chu, —l —shu, @1

B srom cayuae nmapamerpu 6yayt

! 1
a=e 2, Pp=0, y=0, 6=¢2", (22)

W MaTpula S, KoTopas 3/eCb yKe He GYAeT YHUTapHON, HO NpH Ha-
uieM BbiOOpe MaTpull o MO-TipexKHeMy GyneT suia (1), Hamuwercs

S=chg —sh o, (23)
nJn
S=ch4 —shia, (24)

Jlerko nposepuTh, uTO H Temephb cootHowenua (11) § 6 BbmoOJ-
HSIOTCS.

Has npeoGpasosanusi JlopeHna, COOTBETCTBYIOIETO ABHMKEHHIO
CO CKOpOCTbIO U == ¢ th u BoOML OcH X, MaTpuua S Gyaer

szm%—m%%, (25)

a 4Jas npeoﬁpasoBaHm, COOTBETCTBYIOLIEro ABHXKEHHWIO [0 HAMpaB-
JICHHIO ¢ KOCHHYCAMH l, m, n, MaTpuna S Hanuwmercs

S = ch - — sh %~ (loy + ma, + nay). (26)

Takum oGpa3om, BO BCeX Cayuyasix MOXHO HaHTH MaTpuumy S Buia
(1), ynosnerBopsaiomyio yeaosuam (11) § 6. Tem camuim goxasana
HHBapHAHTHOCTb BOJHOBOIO YPaBHEHHA MO OTHOIIEHHIO K HpeoGpa-
30BanuIo JlopeHua.

3amerum, uto napamerpnl Kafes — KieilHa, a 3HauuT u mar-
puna S, Olperensiiorcsl AJs AaHHOTO TIOBOPOTA JIHIIb ¢ TOYHOCTHIO
Io 3naka. B Hamux ¢opmysax snak MaTpulsl S BHOGpaH Tax, yToGsl
GecKOHeWHO MaJoOMy TNOBOPOTY, HJIH IIpeoGpas3oBaHuio JIopeHua
¢ GeCKOHEYHO MaJIOH CKOPOCTbIO, COOTBETCTBOBaX2 MaTpHUa, 6ECKo-
HEYHO MaJo oTanganascsa ot S = 4 L.
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§ 8. BexTOop TOKa

Mubl BHIEJTH, YTO KaxkIoMy mnpeoGpasosanuio JlopeHia coorser-
CTBYeT onpefie/eHHOe (C TOUHOCTbIO MO 3Haka) MpeoGpasopaHue
GyHRUME P1, P2, Y3, Pa. ITH QYHKUKH NPEACTABAAOT, TAKHM obpa-
30M, CBOEOGPA3HYI0 F€OMETPHUECKYIO BeNHUHHY, NOLOGHYI0 BEKTODY
WIH TEH30py, KOTOPYI0 MOXKHO Ha3BaTb <«TEH30pOM MOJOBHHHOTO
paHra» ujH <IOJyBeKTOpoM». HasBaHue 3TO ONpaBABIBACTCH TEM,
YTO HEKOTOpbIe KBaApaTHUHbIE KOMOMHAUWHH § NpeoGpa3yiorcd Kak
yeThIpeXMepHbIH BEKTOP. B caMoM Jiee, NOMOXKHM

Ak=11)aklp (k=01 1) 27 3) 4» 5), (1)

#au noApoGHee (npH HallleM BHGOpE ap)

Ao =P, + $obs + $abs -+ TR

Ay =% + By + Doty + batbs,

Ay = — i, + iy + ibytps — i,
Ay =D — $abs + Bytbs — ey,

Ay = — Py + Babs + By — by,
As = — iy + iy — by + e

2)

dopmyast (11) § 6 natot roraa
3
A= oy =S aSp="paib = X erande  (1=0, 1,2, 3), (3)

a aTu paBeHcTsa mokasmiBaiot, uTo Ao, Ay, Aj, As mpeoGpasyorcs
KaK COCTABJ/ISIOLINE YeTHpeXMepHoro BekTopa. ®opmynsl ke (12)
§6u (4) § 7 narwor

Ay = Ay, A§=A5: (4)

a 370 3HauuT, uTo BeaHunHb Ay 1 As CyThb ueTbIpeXMepHbIE MHBA-
puanThl. Besnuuabt Ay CBA3aHBI COOTHOUIEHHEM

A+ B+ A4+ A+ A=A (5)

TMoKkaxkeM, UTO €CJAM BeJHUHHB Ap COCTaBNeHH U3 QyHKUHEA 1V,
YIOBAETBOPAIOIUX BOJHOBOMY YPaBHEHHIO, TO HMEET MECTO paBeH-
CTBO

04, 04, DA, | 04, _
ox + ay + 0z + at =0. (6)

c
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st aroro Bhinumenm ypasuenue (9) § 6 u conpskenHoe ¢ HuM

3
5 .
D, % g+ b =0, (7)
k=0
3 -
4] s - *
kz_:o-%ak——t—”;ilpa4=0. (7

YMHOXUM NepBO€ U3 STHX YPaBHEHHH cJeBa HA P, a BTOPOE CIpasa
Ha U Pe3yNbTaThl CJIOKHM. BTopbie uneHb B ypaBHeHHSIX cokpa-

TATCA, © MBIl HOAYUUM
3

Z af (bayp) =0, (8)
‘R

k=)

T. €. ypaBHeHue (6).
Huterpupya (6) mo HekotopoMmy o6memy V, OrpaHH4eHHOMY TIO-
BEPXHOCTBIO O, MIONYYHM

0 .
T S Aydr=—¢ S [4; cos (n, x) - Aycos(n, y) 4+ Ajcos(n, 2)]dr. (9)

14

®usuueckoe snauenune Ay €CTb MIIOTHOCTb BEPOSITHOCTH. DTa Be-
JauunHa urpaer poab Py teopun llpenunrepa. Ms cpasuenns (6)
u (9) ¢ dopmynamu (9) u (7) § 2 ror. IH u. II BhiTeKaer, uTo Bek-
TOp ¢Ap HrpaeT poas BekTOpa S Teopuu IUlpenunrepa u npexcras-
JfIeT aHaJIOr INIOTHOCTH MOTOKA 3J]eKTPoHoB. Kiaccuueckoil maor-
HOCTH 3JIEKTPHYECTBA (0 M BEKTOPY TOKA OV COOTBETCTBYIOT, TAKHM
06pa3oM, KBaHTOBbLIE aHAJOTH

p—> — epp = — e, (10)

PV, —> — eSp = — echap = — ecA, (=1, 2, 3). (11)

§ 9. ¥Ypasnenue Jlupaka npu HAJMYHM NOAS. YDABHEHHS NBHIKEHHS

BriBenenHoe B npeamnymux maparpadax BONHOBOE ypaBHEHHE
IJIL CBOGOJHOrO 3JM€KTPOHA HMEJO BH[

Hp —in St =0, (1)
rae omepatop smeprum H Owel1 pased
H=c(op,+ apy + ayp.) + mclay. 2)

Hawm HyxHO 0606muTb 570 ypaBHeRHe HA CIYYall HAMMYHS S71€K-
TPOMArHuTHOro noas. Kiaaccuueckaa I'aMunbTOHOBa byukuus nms
nonst (9) § 2 nosyuaercs u3 GyHKuMH Ge3 NOJA, €CAH K 5TOH [MO-
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caelHeli npu6aBUTh NOTEHIMANbHYIO SHEPTUIO —eQ U 3AMEHHUTb <MO-
MEHTBI» Py, Py, P, COCTABJAIONIUMU KOJHYECTBA ABHKeHuUs Py, Py, P,
no gopmyaam (7) § 2. Ilonobuyio 3ameny Mbl Aeall yxKe B TEOPHH
[Taynu. ITonpoGyem clenaTh Takyio 3aMeHy U B HalleM PeJISITHBHCT-
CKOM KBAHTOBOM onepartope (2) U NOJOXUM

H=c|aP, + a,P, + o3P,] + mc’a, — eg, (3)
TIe

e e e
Pe=pst+ oA Py=py+34p Pr=p.+74 ()

4 NIOA Py, Py, P, Mbl IO-IIPEKHEMY PasyMeeM ONepaTophl
e O
—ihgy, gy
['naBubIM OGOCHOBaZHHEM TaKOTrO - Iepexofia OT ypaBHeHHs 6e3
TOAst K YPABHEHHIO JJSl 3JeKTPOHA B 3JEKTPOMATHHTHOM MOJeE §B-
JASI0TCH  cJeflyiouine coobpaxenus. Henocpencrsenno nabaofae-
MBIMH (PU3HYECKHMH BEJHUMHAMH SBJASIOTCS 3JEKTPHYECKOE H Mar-
HUTHOe moJsi & " 6. IloTeHuuaNBl Ke SIBASIOTCS BCIOMOraTeJb-

HBIMH MaTEMAaTHYECKHMHU BEJHYHHAMH, ONpee/sieMbIMH JHIlb ¢ TOY-
HOCTbIO 0 NpeoGpa3oBaHus
1 of

A'=A+gradf, ¢'=9¢—7, (5)

KOTOPO€ OCTaBJsIeT noje 6e3 H3MeHeHusl. Mbl JOJKHBI O3TOMY MO-
Tpe6oBaTh, 4TOOH BCe (PU3HUECKHUE CJAEACTBHUS, BHITEKAIOUIHE U3 BOJ-
HOBOTO ypaBHEHHS, OCTaBaJHCh 6e3 M3MEeHeHusi nmpu 3aMeHe A u @
na A’ u ¢’. 3To TpeGoBaHue GyAET BHINOJHATLCS B TOM C/yuae, ecau
Takoil 3aMeHe OyHeT COOTBETCTBOBATb YHHTapHOe NpeofpasoBaHue
onepatopoB H BOJMHOBHIX GyHKuuH. [TokaxeM, 4To mocjefHee Oef-
CTBUTEJIbHO OydeT HMMeThb MECTO, eCJH OMNEepaTop 3SHEPruu OyAeT
umethb BUA (3).

O6osnaunm uepes H’ onepatop Buia (3), B koropom A u ¢ 3a-
merensl Ha A’ 1 @’ no ¢opmyne (5). Ha ocHoBaHuH paBeHcTB BuAA

[~ +4(tet LY|w =" [—in 2+ 2ot ]y ©)

HeTPYAHO TNOKasaTh, YTO €CJH P YyLOBJETBOpseT ypasHeHuwo (1),

TO (byHKUHA
lef

V= "y (7
Oy/leT pelleHHeM YPABHEHHS

.. OO’
Hy —inZ2 —o, 8)
ot
Taxum o6pasom, npuGaBKe rpafHeHTa K BEKTOP-NOTEHLHANY CO-
OTBETCTBYET BBeJieHHe (Pa30BOro MHOXKHTENS B BOJHOBYIO (DYHKIIHIO,
T. €. YaCTHBIA BUJ YHHTAPHOro npeoGpa3oBaHus.




§9 YPABHEHUE NHWPAKA MPU HAJIMUMU TIONS 31t

OueBunHo, uT0 BOJHOBOE ypaBHeHHe (1) c omepatopom 3Hep-
rau (3) ocTaeTcsi WHBAPUAHTHBIM 1O OTHOLIEHHIO K npeobpasosa-
HuAM JIopeHla, Tak KaK BEKTOP-NOTeHUHAN Mpeobpasyercs Mo TOMY

e 38KOHYy, KaK rpalilueHT, a CKaJSIpHBbIA NOTEHLHAJ, KaK _Tait'
Kpome Toro, xak HeTpynso mpoBepuTh, NO-TpexHEMY Oyzer nMeTh
MecTo paBeHcTBO (6) § 8.

®opmalbHO# TOBEPKOH HOBOLO BOJHOBOrO ypaBHEHHS MOTYT
CAYXHUTb ypaBHeHHA ABUKeHus. Ilpunommnas dopmyay (22) § 13
ra. 11 u. I, aas nonHod npoHsBOAHON HEKOTOPOTro oneparopa L no
BpeMeHH

dL oL i
wr =or T3 (HL —LH), (9)

TIOACTaBHM B Hee BMECTO L moc/nefoBaTenbHO X, y, 2, Py, P, P, u
MOCMOTPUM, NOJAYYATCH JIH Y HAC KJIaCCHYECKHE YpABHEHHS JBHIKE-
HHfl, ONOGHO TOMY, KaK OHHM MOJYYaJuChb M3 TEOPHH [Ipenunrepa.
IMonaras

L=x,y, 2,
noJyyaem
. dx . dy . dz
X=—r=cay, =g =Cay, 2=_r=ca; (10)

TaxoBbl omepaToper AN COCTABJAIIMMX CKOPOCTH 3/EKTPOHA.
OHu He KOMMYTHDYIOT MEXIy cO60i, H KBaapaT KaXIOro H3 HUX
paBeH ¢?%, T.e. KBaApaTy CKOPOCTH cBeTa. COGCTBEHHBIE 3HAYEHHS
KaX/J0ro U3 HUX paBHbl =#=¢. TakuM 06pa3oM, BHIXOAHT, UTO KAXKAAH
U3 COCTaBJSIOUIHX CKOPOCTH 3JIEKTPOHA MOXKET, OYAyuH H3MEPEHHOII,
NPHHHMATh TOJbKO 3HaueHua =c. Bonpoc o Tom, umeer ju srtor
napajioKCaIbHbI Pe3yJbTaT (H3HUYECKHH CMBICI, OCTAeTCA OTKpHI-
THIM. ABTOP CK/IOHEH BHJAETb B HeM HeZodeT Teopnu [upaka.

IMosoxxum Teneps

L=Px=px+%Ax

H BBIUHCJIUM d{z". [as sToro Haxoamm cnepsa
i e (94, a4, e ]
5 PuPe — PP = \5 — - )=+ %.,
i e {0A 0A e
COORILIC A S S
i e (04, 0Ay e
ﬁ(Pxpy_Pny)=?(W—W)=7%2' ,

Ha ocHOBauuu sToro umeem

04 j
%=% ot +%[a2(Pny—PxPy)—|—a3(Psz—PxP2)]_

i 1 0A fol
— —l-;—((pr —P.gp)=ce (—c- —a—ti + 5%) — eay /6, + ewF,,



312 TEOPHUSA HHUPAKA M.v

HJIH
dP
dtx = — e(0pd, — 0376,) — e& ,. (12)
BeemeM Tenepb onepaTopw X, _1}}), 2 no ¢opmyne (10) u npu-
d
coenuHdaM K (12) ypaBHeHHs st 7} 74 _ZiTz' . Mup nmonyuuMm
dP . .
dtx = %(y%z’— 2%1/) —e&,=F,,
dpP, e . .
7—=——;(z%x—x%z)—e$y=1’y,} (13)
dP . .
dtz = — %(x%y —y#6,) —e&,= F,.

DtH ypaBHEHHsI B TOYHOCTH COBNAAAIOT ¢ KJIACCHYECKHMH ypaB-
HeHusaiMu (2) § 2.

§ 10. MoMeHT KOJHYECTBA ABHIKEHHS] H BEKTOp CIHHA
B teopun Jlupaka

PaccMOTpHM Tenepb NPOH3BOAHBIE MO BPEMEHH OT ONEpPaTopoB
Ox, Oy, Oz NPEACTABJAAIOUIHX 0000LIeHHE ONepaTOpPOB Hayau. Has
BHIUHC/JIEHUS. HX YAOGHO BbIpa3uTh 10 Qopmynam (5) u (10) § 4
MaTpHUbl o B omeparope 3Hepruu (3) § 9 uepes p W o M nHCATH
3TOT OIlepaTop B BHIE

H = cp,(0,P, + 0,P, + 6,P,) 4 mc%p, — e®. (1)
IToMHsi, YTO OIEpaTOPhl ¢ KOMMYTHPYIOT € OmnepaTopamu 0, Ha-

XoauMm mo obuieit dopmysae (9) § 9 1A NPOH3BOAHOH MO BPEMEHH

do ic
dtx = —qu— [(o,0, — O’xO'y) P, (0,0, — 050;) P.].

Orcrona, Ha ocHOBauuu cBoicTB (6) § 4 MaTpul 6, momyuaeM
do 2¢
_d_tx_ =5 0a (0.Py — 0,P>). (2)

D10 ¥ [ABAa AHAJOTHYHHIX COOTHOIUEHHsS MNeEPENHChIBAEM, HA OCHO-
panun Boipaxenuil (10) § 4 aus MaTpuy @, yepes p M O H ypas-
nenuit nevxenus (10) § 9, B Bune

h dcx

Toa = Pt 2P

h do . ,

&~ = — &Py + AP, 3)
do, . .

5 5[ = — XP, + §Py.
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B knaccuueckoit mexanuke Py, Py, P, nponopuHoHa/bHul £, §, 2
U 1paBbie yacTi ypaBHeHUH (3) o6paTHanCh Gbl B HYJb; JIEBLIE Ya-
CTH TaKxXe Oblid Obl PaBHLI HYMIO, TAaK KaK MEpexXofy K KjaaccHue-
CKOH MeXaHHKe COOTBeTcTBYeT h = 0. 3aMeTuM, YTo HOPSAOK MHO-
XKHUTesnel B IPaBbIX yacTax (3) Gespasauuew.

I[TIpasyio wacTb nepBoro ypasHenus (3) MOXKHO HamucaTh B BHIE

. ) d dP, dpP,

9P+ 2Py=— 7 P, — 2Pt y— —z—.

Ecau samennts snech Py u P, HX BHpaXKEHHAMH W3 YpaBHeHHIY
asiekenus (13) § 9, o ypasHenust (3) panyt

d h
d_t(ypz‘“zpy+_2“ox)=sz_2Fy (4)
H aHaJOTHYHO

d h
W(ZP" —-xPz—}—7 O'y)=2Fx —sz,
d A (4%)
(P, —yP, + 3 0.) =xF, — yF,.

OTH ypaBHEHHSI MOXHO TOJKOBATb K4K AaHAJIOT 3aKOHY KIacCH-
YeCKOH MeXaHHKH, COTJIacHO KOTOPOMY NPOH3BOAHAS 1O BPEMEHH OT
MOMEHTA KOJIHYeCTBA IBUKEHHSA PAaBHA MOMEHTY NEHCTBYIOLLLX CHJL
MOMEHT KOJIHYeCTBA ABUKEHHS UMEeT 31eCh BUL

h
%x=ypz—zpy+70x’ }
My=2P,—xP,+ 1o, | 5)
J{z=xPy——yP,,—l—goz.

OTH BLIpakKeHHs MPeCTaBSIT 060BIEHNe TeX, KOTOpbIe BbLTH TIoJI-
POGHO M3YueHLI HAMH B Pa3fiesaX 3TOH KHHTH, NOCBSAIIEHHBIX TEOPHH
[Maysn. Oun nepexoasit B Buipakennsa I1ay/H, ecin nOJOXKHTD Bek-
TOP-TIOTeHUHA PABHBIM HYJIO (TaK 4T0 Py = py, P, == p,, P, = p,)
H BAfITb IUIS ONIEPATOPOB Ox, Oy, O IPENCTAB/ICHHE B BUAE ABYXPSA-
Heix matpuu [laynu.

Pacemotpum cootpercrayomee o6o6wenne oneparopa

P=o0,P,+ 6,P, + o.P,, (6)

yKe H3YYeHHOrO HaMu NpH Hu3JjoxeHHH Teopuu Ilaynu. Cocrapum
MPOH3BOAHYIO OT oNepartopa P mno BpeMeHH, COOTBETCTBYIOIIYIO Ome-
patopy suepruu (1). Onepatop sHepruH MOXHO BHIPa3UTh uepes P
caenywomuM o6pasom:

H = cp,P + mc*p, — e®, (7)
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OTclofa BHAHO, 4TO €IMHCTBEHHLIM usJeHOM B H, He KOMMYTH-
pyowum ¢ P, 6yner ujeH, coaepkKalllMil CKaJsipHBIA IOTEHUHAJI.
[Tostomy
dpP apP

ie
a = T PO—0P)=

e 9A, aAy 0A, oD oD oD
=?(°_x‘a—t+%Tt+"z—ar) +e("x—ax—+%w+<’zw)’
HaH

P
T e (O'xgx + o'ygy + 6.8>). (8)

Takum o6pas3oM, NpOHM3BOAHAs OT P no BpeMeHH NPONOPIHO-
‘HaJbHa CKaJsiPHOMY IPOH3BEIEHHIO 3JEKTPHYECKOro IOJisi Ha Bek-
TOp CNHHA O, U, KOrJa 3JeKTPHYECKOe Mojie PaBHO HYJIIO, ONepaTtop
P 6yner MHTerpajioM YypaBHEHHH [BHKeHHf. 3aMeTHM, 4TO TaKoe
’Ke ypaBHeHue JBHXKEHHs IJs oneparopa P mnoayduiaocb Obl H
B Teopuu Ilayju, rle onepatop BXOAMT B BbipaXKeHHe [Jis onepa-
TOpa SHEpruy He JHMHEHHO, a KBaJAPaTHYHO.

B reopun ITayinm MBI BCTpeuasnuch C ONepaTopoM

M =o,m, + o,m,+ o.m,+ h. 9)

Mpl mokasaJy TaM, 4TO 3TOT ONepaTop aHTHKOMMYTHPYeT c ome-
patopom P. ITostomy omepatop .4 He Oyaer HHTerpajoM ypasHe-
Huil nBukKedus teopuu Jlupaka naxe s cBOGOLHOTO 3JeKTPOHaA.
Ho B cuiy TOro, 4T0 MaTpPHUA P, AHTHKOMMYTHDYET C MaTpHIed pq,
BXOJsiilell B NepBhli uieH BeipaxKenusi (7) mas H um xomMmyTtupyer
C OCTAJbHBLIMH 4JeHaMH, onepatop M p = p,#A Oyler, NPU OTCYTCT-
BHH IIOJIS, KOMMYTHPOBATb CO BCEMM usjeHaMM onepatopa H u tem
caMbIM OyIeT MHTerpajoM YDaBHEHHH IBHXKEHHH.

[pu OTCYTCTBHH MOJisi onepaTop A MOXKeT GbiTb HalluCaH B BHIE

.ﬂ=oxﬂx+oyﬂy+ozﬂz—%, (10)
rae M., M, M, umeorT sHauenus (5). Bynem pasymers nom A
puipaxkenue (10) Takxe ¥ B TOM Clyyae, Korja BXOAsliHe B ¢op-
MyJbl (B) omepaTophl KoJuuecTBa ABHxenus P, P, P, comepxkar
BeKTOp-morennuass. CocraBuM [1s 3Toro (obilero) cJjyyas BbIpa-
JKeuWe [ TOJHOH MPOU3BOAHOH MO BPEMEHH OT oOneparopa
Mp=p, M. Mbl Gynem HMETb
aA

d

= —ep [0, (y&, — 28 ,) + 0,28, — x8 ) + 0, (x& , — y& )] +
+ epyp [Gx (y%z - z%y) + gy (z%x - x%z) + Oz (x%y - y%x)] (1 1)
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IpaBas wacts sTOr0 BHIpaxeHus obpamiaerca B HYJb He TOJBKO
IPH OTCYTCTBHM NOJIS, HO H B TOM BaXKHOM I/l (pH3HUECKHX NPHIAO-
KEHHH caydae, KOTAa MarHHTHOe MOJIe PaBHO HYJIIO, a 3JeKTpHye-
CKOE€ TOJIe HANpPaBJIEHO MO pPAAUYC-BEKTOPY (LEHTpaJbHOe HoJae).
3anaua 06 s1eKTpoHe B NoJe ¢ UEHTpa/IbHOH cHMMeTpuell Gyner
paccMOTpeHa B caeyooliel raase.

§ 11. Kunernyeckas SHEPIHSA 3JeKTPOHa

Ecan mbl B Bbipaxenuu (3) § 9 uan (1) § 10 naa oneparopa
NOJIHOH SHEPTHH 3JMEKTPOHA OTGPOCHM u/eH C MOTEHMHANbHON 3Hep-
THeld, MBI NOJY9HM ONepaTop

T=C(alPx+a2py+a3Pz)+m02a4’ (1)
T= CPq (UxPx + pry + Osz) + m02pc, (2)

KOTOprﬁ MO2KHO TOJIKOBATh KakK OneparTop AJs1 KUHETHYECKOH JHep-
THH, TIPEACTABJSIIOMIHE aHaJ0r KJIaCCHYECKOH BEJHUHHBI

HJIH

T= mczﬁz =cA/m%?F P4 (3)
14
Vi-&
TI€ U — CKOPOCTb, a P — KOJHUYECTBO JBHIKEHHS 3/J1eKTpoHa. 1o
TOJIKOBaHHE MOATBEpPXKAaeTcsl, BO-NIEPBLIX, aHaJIOTHel MEXIY KBaH-
TOBBIM H KJIaCCHYECKHM BbIDaXKeHHeM NJ NPOH3BOAHOH oT T mo.
BPEMEHM H, BO-BTOPHIX T€M, 4TO COGCTBEHHBIE 3HAYECHUS onepa-
Topa T mo a6comoTHON BesHuuHe Gosblie Mmc?, Ewe 61uxe 6yner
aHaJOTHf, eC/IM Mbl GyIeM COMOCTABJIATL KAACCHYECKHM BEIHUHHAM,
He caMblii onepatop I, a ycpelHeHHOe 3HaueHHe I'efisen6eprosoit
MaTpHUbl /sl 3TOrO OllepaTopa, KOTOPoe Mbl HaiileM B clenyionieM
naparpade.
Cocrasum mpexne Bcero Bhlpakenue s IPOHU3BOAHOH OT ome-
patopa T mo BpemeHu. Mb uMeem 1o o6mei bopmyae
daT aT i
ar = T 5 HT—TH), (4y
npHYeM
H=T—e®, (5)

Ho T saBucur sBuo or BPEMEHM TOJBKO Yepe3 NOCPEACTBO
BEKTOP-IIOTEHUHAA, BXOASUIErO B OMEPaTOpsl P, Py, P,. C npyroi
CTOPOHBI, €AMHCTBEHHBIH UMeH B H, KOTOPHH He KoMMyTHpyer ¢ T,
ectb — e®. ITlostomy Gyner

dar 0Ay 04y 04, oD a0 ow
e\& 57 + 025 +a37 +e¢(ax§ +a20—y+a3$), (6)

at —
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HIH
dT
a7 ec (&, + G2$y+“33z)- (6%)
Ho B § 9 MBI BHmenm, 4TO, COrvIacHO ypasuenuwo Jlmnaka,
t=ca;, §=C0y Z=Cas. @
ITosTomy ¢opmyay (6*) MoxkHO HanmucaTb B BUAE
dT . . .
—d_t'=_e(x$x +y$y+ 28). (8)

dopMaibHO 3TO BbIpaKeHWe B TOUHOCTH COBMAAAET C YPABHCHHCM
(3) § 2.

Uro6n y6enuTbesi, 4TO coOCTBeHHbIe 3HAYEHHs Oneparopa T mno
a6coNoTYOl BeHuMHe Gosblue ric?, cocTaBUM ero Ksaapar. Mei
OJIY4HM, T0Jb3Yysich GopMy/ofi (2) u CBOACTBAMHM MATPHLL P,

T? = m%* + c2P% 9)

Bropoii uneH mpeincraBsser YMHOXKEHHBII Ha ¢? KBajpart caMoco-
npsiKEHHOro omeparopa

P=o0,P,+ ¢,P,+ 0.P,, (10)

yKe H3yYeHHOro HaMH B TeOPHH [Maynu (u. 11I). Ecan Mbt 06o3Ha-

4uM ero coGCTBEHHble 3HaueHHst (KoTopbie OyayT BelIEeCTBEHHbI)
yepes P/, To coGCTBEHHBIE 3HAUCHHS T? Gynyt

7% = 2 (m2c® + P), (11)
Tak 4YTO
T’ = 4 cA/m2? + P~ (12)
H, cJIeJ0BaTEAbHO,
| T | = mc®. (13)

B ¢opmyae (12) Mbl Hanuca/iu Mepell BHIpaKeHHEM C KBalpart-
HBIM KOpHeM ABOiHOI 3Hak. IlokaxeM, 4TO B CaMOM Hej¢ TEOpHd
JaeT LIS KHHETHYeCcKOi 9Heprud COOCTBEHHbIE 3HAUCHHS o6oux
sHakos. HanulleM ypaBHeHHe IJsi COGCTBEHHBIX $yHKUUH omepa-
topa T:

Th = cp4 (0, Py + 0,Py + 0.P2) b + mcpp = T"p. (14)

Ecan ¢yHkuus P €cTb pelieHHe 3TOr0 ypaBHEHHA [1f coOcTBeH-
Horo sHauenus I’, TO QYHKUUS

P = ppP (15)

GyneT pelueHneM s COGCTBEHHOTO 3HAUCHUA —T’. B camom JeJe,
B CHJy TOTO, UTO MATPHIA Py KOMMYTHDYET C MATPHUAMH Oy, Gy, Op
1 AHTHKOMMYTHPYET C p; H P, Mbl OyleM HMeTb

Ty = Tppp = — pp T = — ppT"p = — T'pp,
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T. e
T = —T"y", ' (16)

UYTO U NOKa3bIBAET Hallle yTBEpXKIaeHue.

§ 12. Bropas BHyTpeHHsA cTeneHb CBOGOMI 3JIEKTPOHA

Bo3MOXHOCTL OTpHUATENBHBIX 3HAUEHHE KUHeTHUECKOH 3Hep-
THH TMpEICTABASAET CYIIECTBEHHYIO TPYLHOCTb TEOPHH. Sta TPYI-
HOCTL TECHO CBA3aHA C OTMEUEHHBIM Bbllle NapaioKCOM, KOTOPbIi
SaKJI04aeTCs B TOM, UTO COGCTBEHHBIE 3HAUEHHS ONEPaTOPOB CKOpO-
CTH paBHbl ==¢. M To u npyroe mpexcrasaser mposisienne BTOpPOM
BHYTPeHHell CTeneHH cBOGOLBI 3JEKTPOHA, ONMHCHIBAGMON onepaTo-
PaMH pa, Py, pc (NEPBOH BHYTpeHHell CTENEHBIO cB06OAB MBI CYH-
TaeM Ty, KOTOpasi ONHCBIBAETCS] BEKTOPOM CIHHA € COCTABJAIOMIHMH
Oz, Oy, 0z). DTa BTOPAs BHYTPEHHAS CTENeHb CBOGOLBI HMeeT peJis-
THBHCTCKOE IDOHCXOXKJenHe. OPU3HUECKOE 3HAYEHHE ee COCTOHT, Io-
BHAHMOMY, B TOM, 4TO ypaBHeHHe [Hpaka B M3BeCTHOM cMbic/e
ONHCBIBAET HE TOJIbKO SJEKTPOHbI, HO H NMO3HTPOHBI — YACTHIb ¢ TOR
K€ Maccol, KaK 3/eKTPOHEI, HO C 3apsIOM, PABHLIM 1O BeJHYHHE
NPOTHBOMNO/IOXKHBIM MO 3HAKY 3apSiy 3JEKTPOHA.

Ilpu Takom nounmanun ypasneuus Hupaxa okaswiBaeTcs: HeBo3-
MOMKHBEIM MOJHOCTLIO COXPAHHTh OGBIYHYIO HHTEPIpPETAUHI0 BOJHO-
BOH (QYHKUHH KaK BEJMUHHBI, ONMCHLIBAIOMEH COCTOSIHME OLHON yac-
THUBL OOblYHAsA HHTEDIPETALHs OCTAETCH B H3BECTHOM CMbice npu-
MEHHMOH K TeM BeJHYHHAM (H NMpeXIe BCEro K TeM 3/eMeHTAM
leiizenGeproBbix MaTpHL), KOTOpble He CBSI3AHEI C nepexofiaMH Hu3
COCTOAHMI C MOJIOXKHTENbHON SHEpTHeHl B COCTOSHHS C OTPHLATE/b-
HO# sHepruefl (MJIH ¢ OBpPaTHBHIMU nepexonamu). Yto6ul BHIEUTH
9T BEIHUHHDI, HYXHO MOCTPOMTb IJISi COOTBETCTBYIOMIHX ONEPaTO-
poB TeiisenGeproBol MaTpuub u OTGPOCUTL B HHX TE 3/eMEHTH,
KOTOpbIE OTHOCATCS K MePeXoiaM MexJy 3HAUEHUSAMH SHepruu npo-
THBOIIOJOXKHBIX 3HAKOB (MeX1y 3HAUEHHSIMH TMOPSAKA -~mc? ¥ 1os
panxa —mc?). TIocKONIbKY 3TH 3JeMeHTHI MaTpHUlBl copepxar 6ol

CTPONMEpeMEHHEIC MHOXKHTeNH THNA e*'', rje wacrota » mopsgka
2mc?

7+ TaKas Onmepauus MpHOJIHAKEHHO COOTBETCTBYET yCpeaHeHHIG
32 NPOMEXKYTOK BpeMeHH, OOJIbLIOH MO CPaBHEHHIO ¢ l/ow, HO Manbiil
IO CpaBHEHHIO ¢ OOpaTHOH BEJHYHHOH yacroT, COOTBETCTBYIOLINX
0Ob9HBIM mepexonaM. IlpousmocTpupyem st coobpaskenus Ha
IIPOCTOM NIpHMepe. .

Hoctponm TefisenGepropu MaTpuubl mus ONEPATOPOB Pg, Pp, Pey
BXOASIINX B ONEPATOP 3HEPrUH

H=cpy (0P, + 0,P,+ 6.P,) - mc%, — e®. (1)
CorsiacHo  ¢opmyse (8) § 4, sru OIEPaTOpBl  yA0BJIETBOPAIOT
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COOTHOLIEHUSM
=l B=h =l } @)
PP =10qy Ocfa = 1Pp, p_apb = 1P
IToab3yscy 0603HAUEHHEM
P=0'xPx+0'yPy+Gsz, (3)
HAIMIIEM OMepaTop HEPrUH B BHIE
H = cp,P + mc%, — e®. (4)
[Tpunumasi dopmyay (8) § 10
dP
dt —e(0,&, + Gygy + 0.8,), (5)

MBI MOXKEM YTBEpPXZaTh, YTO NPH OTCYTCTBHH 3JEKTPHUECKOrO MOJA
BeJiMuMHa P sBJAseTcs KOHCTAHTOH HBHIKEHHS.

s moctpoenus I'efizen6eproBbiX MaTpHULl ONePaToOpoOB Pa, Pb, Oc
COCTaBUM AJSi HMX ypaBHeHHs ABH:KeHMs. [lonarasi nanisi KpaTKoCTH

Ime?
0="3—, (6)
MBI NIOJYYHM
d .
% = — W0y, l
dp, P
7 0, ® me Qcs } (7)
doc _ P |
dt @ O )

B naJjbueiiiieM Mbl OFpaHHYMMCSI pacCMOTPEHHEM cJayyas, Koraa
3J€KTPHUECKOe Tfose OTrcyTcTByeT. Ilockonibky B 3toM ciyuae P
ecTh KOHCTAHTA [ABHXKEHHs, MBI MOXeM B ypaBHeHHAX (7) pasyMmerb
nox P me omepartop (3), a sty KoHcraHTy. Torma 3TH ypaBHeHHS
6yayT HMeTb IOCTOSIHHbIE KO3GQHUHEHTH M pPelalnTes BecbMa
IIpOCTO.

BBelneM BMeCTO Pa, Pb, Pc TPH MATPHIIBI

e )
Ty = Pps 8)
Te= (W Pa T+ pc) .

/\/l+mc2

Dr¥ MATPUUBL YIOBJETBOPSIOT TaKHM Ke CoOoTHOlEHHAM (2), Kak
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¥ MATPHUML Py, Op, P,y @ HMMEHHO,

=1, =1, 12=1,

a. ’ b .’ 4 . } (9)

T, =T T, T ==1ITp, ToTy=1IT,.
Marpuusl p BHPaXaOTCA Wepes MaTpPHIbl T 10 GopMy.JaMm
1 P

pa::————______—lr(‘l,'a + FC—'T‘.),

/\/1 + e
Ob = Tp 4 (10)

1 P
oo ().
' e

KO3((hUUHEHTE KOTOPHX OTJIHYAIOTCA OT KO3(GQHUIHEHTOB B bop-
myJax (8) Tonbko sHakoM mpu P.
YpaBHeHHs [BHKEHHS JIf MAaTPHL T GyAyT HMETb BHA

a=—v,
dt
% — e, (1
di,
@ =0
TJe IJ8 KPAaTKOCTH IOJIOXKEHO
2 2 —— e
v=w/\/1+—]:—2=—c'\/m202+P2. (12)
m2c h
Ypasrennsa (11) ¢ ycaosusimu (9) sierko pemnts. M 6yleM HMeThb
T, = — T; Sinvf — 1, €0S v,
Tp = T; COS vV — T, Sin VY, (13)
T, == T3,

Tae Tj, Tz, T3 — NOCTOSHHbBIE MATPHLbI, YAOBJETBODPAIOIIHE COOTHO-
1IeHU M A
=1, =1, =], }
ToTy ==iTy, T30 =iTy, T To=1iTy,

(14)

aHaJIOTHYHBIM opmyaam (9).

ITpumenum k wHafizennoiM [efizen6eproBuim MaTpHUaM onepa-
LI YCDEIHRHHA, O KOTOPOH MBI TOBOPH/IH B Hayaje STOr0 mapar-
pada. Mul 6yaem umers

T,=0, 7%=0, 7,=r1, (15)
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Takum 06pa3oM, ycpeaHeHHble 3Hauenus ['efi3eHGEproBbIX MaTpull
IJIS1 OTIEPAaTOPOB p MOJYYAIOTCA PaBHBIMH

_ p
Pa =

T 5y =0, p,==——m— 1
et + P 3 Ps s Pe ,\/m 3¢ (16)

ToncraBasis 3TH 3HaueHust B omepaTop sHepruu (4), 6yleM HMeTb
H =ct, 4/ m%? + P? — e®. (17)

Ecaun yuecTb, 4TO T3 — MOCTOSIHHAS, KBaApaT KOTOPOH paBeH elu-
HHIE, TO 3TO BbIpa’KeHHe MOJHOCTHIO COOTBETCTBYET KJACCHUECKOMY
Boipaxennio (3) § 11 ansg KHHETHUECKOH SHEPTHH.

§ 13. YpaBsHeHuna BTOpPOro nopsaka

W3 sonnoBoro ypaBHenus [dupaka, npeicTaB/sliOIIEro CHCTEMY
veTbipex AudGepeHuHasbHbIX YPABHEHHHA NEPBOro NMOpfAAKa MJs 4e-
Thipex QyHKLUHI, MOXKHO HCK/IOUHTb ABe QYHKUMH U COCTABHUTb CH-
cTeMy ABYX ypaBHeHH{l BTOPOTO MOPSiAKa AJsl ABYX (PyHKIHE KaxkK-
noe. M3 3Toil cucTeMbl MOXHO 3aTeM, NyTeM NPele/IbHOTC Iepexoaa
¢ —> 0o, TIOJYYUTh HEPEJSITHBHCTCKOE BOJHOBOE ypaBHEHHe sl SJ/eK-
TPOHA B MArHUTHOM moje. DTO NMPUBOAMT Hac K Teopuu [layin,
paccmorpennoil B wactn 111 3Tof KHurA.

Tak kak BLBoA ypaBHeuus [layau u3 ypaBrenus lnpaka npex-
craB/isgeT MHTepec W caM 10 cebe, Mbl LPHBEIEM €ro 3/ecb, XOTs
peay/bTaT M3BEeCTEH HaM 3apaHee.

Uro6el nosyddTb U3 BOJHOBOro ypasHenus [lupaka cucremy
ABYX ypaBHEHHI BTOPOro MOPsiiKa, HalMILEM BOJNHOBOE ypaBHEHHE
B BHIE

T = e®p+ in 2%, (1)

rie T ectb paccmorpeHHbilt B § 11 onmeparop KuHeTHueckoit 3Hep-
ruu sjektpoHa. [lpumenumM K ofeMM 4acTsiM 3TOrO PaBEHCTBA oOre-
patop T ellle pa3; Mbl NOJYYHM IOC/I€ HEKOTODPBIX IpeoGpasoBaHuil

Top=[— i St + e (T® — OT)] + it 2 b+

+ e+ 2ine® 20 —p2 Th )

BripakeHne B KBaApaTHBHIX CKOOKax B NpPaBOH wyacTH mnpeacras-
JSIeT, KaK JErko BHAETb, YMHOXEHHYI0O Ha —ifi MOJMHYI0 NpPOHU3BOL-
nylo oneparopa I Mo BpeMeHH, KOTODPYIO Mbl yXe Buiuncasann (¢op-
myaa (5) § 11). Bupaxenue ansa T Mb TakXKe BBLIYMC/AAJH, HO MEL
JIOJIZKHBEl €r0 HEeCKOJbKO NpeoGpasoBaTth, Briuncass oneparop P? Bo
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BTOPOM 4JicHe (9) § 11, nonyuum, Ha ocHoBauuu dopmya (11) § 9
H CBOHCTB MaTpul o,

T’ = m’* + cQ(Px + P+ Pg) + hec (0xH6x + 0,76, -+ 0.76.). (3)

Ecoan packpuiTh BEIDaKEHHsI BUAA

P = (px_* A)_px+— __zﬁe an_l_ﬁ/P

c

U BOCNOJIb30OBaTbCs AJIs Kpa’fKOCTH BEKTOpHAJIbHBIMU o6o3Hauye-
HUSAMHU, TIOJAYYHM OTCIOAA

T*=m’c"+ c*p* 4 2ec (A - p) —ihec div A + €242 + tec (0 - 58). (4)

Iopcrapum 370 BLIpaxkenune B (2) u BOCHOJB3YeMcs hOPMYJOL
(8) § 11 u cooTHOmEHHEM

div 4+ 22 =o. (5)
Msur nosyuum
[mPct + c2p? |- 2ec (A - p) + (A% — D?) + hec(o-H) + ike(x-&)]p=

62
= 2ifie® "’ i (6)
aTO YpPaBHEHHE MOXKHO TaKyXe HalUCcaTth B BUJE

— &+ 5 — 2 (4 gradp+ -2 20) 4 1y
+ g (A= DY+ £ (0 )+ o (52 E)p=0. ()

m2c?

Harucannoe Bripaxkenne npeacras/iser coGoil deTbipe ypaBHeHH:
Aast yerbipex GYHKUMA Py, Yo, 3, Ya [Ipyu Haumem BeIGOpe MaTpuil
®r B TEPBble 1BAa YPaBHCHHA BXOJAT TOJBKO iepBble ABE (YHKIIMH
Y1 H Yo, a B nocaelude ABAa — TONLKO Y3 M 1y, TAK 4TO ypaBHe-
Hua (7) pacnagalorcss Ha /iBe OT/AeJbHBIE CHCTEMEL.

Bripaxenue (7) ornuuaercs OT peJsiTHBHCTCKOrO 06O0G6IIeHHS
ypaBuennsa Illpexnnrepa, npeisoxKeHHOTO pa3HBLIMH aBTOPAMH [0
BBENICHAS [OHSATHS 3JeKTPOHHOro cnuHa u 1o Teopun [npaxa,
ABYMsl MOCJAEIHUMH YJEeHaMH, CORCPKALIUMH MATpPHIL ¢ H X.

[Tocmorpum, KaKkoe ypaBHeHHe notyyaercst us (6) uan (7), ecu
npeHe6peds MONPaBKOH Ha TEOPHIC OTHOCHTENbHOCTH, T. €. IIPOH3-
BECTH NMpeleJbHBIA NePexXod ¢ —> co B NPeNONOKEeHHH, UTO HEepPrus
qacTvlbl GJIHM3Ka K SHEPrud [OKOs Mmc2,

Oas1 9TOro noJokuM
ime? ;

Pp=1'e 7 ®)
u OyfeM CUMTATDb, 4TO Pp* MeHsieTcs CO BPeMeHeM BecbMa MeJIeHHO
110 cpaBHEHHIO C .
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Jl7s -cTalMOHAPHBIX COCTOSIHME 3TO MPEANOJIOXKEHHe COOTBeT:
CTBYeT TOMY, 4TO B BLIPaXKEHHH
wt

p=10 * (9)
W=me+E (10)

u cunraeM, yro E BecbMa MaJjio no cpasHeHunio ¢ mc2 Tloacrasass
phipaxkenne (8) B ypasuenue (6) u ness Ha 2mc?, Mbl TONYYHM
Ge3 npeHeOpeKeHnl

[ £ e
= i [ iheG - &) + (e +in g ) ¥ (1)

2me?

MBI IoJiaraem

ﬁe * . a'l.p’F .
Ime (“'%)]‘l’ — ih 5=

IMepexoas 3fech K npeieay ¢-—>oo, Mbl JOJKHBI MOMHHTb, YTO
MHOXHATEb 1/¢ B ujeHax, cOAepX alUluX MarHHTHbe BeJHYMHB A
¥ J6, NPOMCXOAMT OT yrnoTpebJieHHs 3JIEKTPOCTATHYECKHX CAHHHUL,
T. €. SIBJSIETCH KOHCTAHTOH. BBHAY 9TOr0 MBI OJIKHBI B JIeBOH YaCTH
(11) coxpanuTh BCe u/I€HBI, TOrJA KaK IIPaBYyIO 4aCTb MOKHO 3aMe-
auth HyJeM. Takum o6pasoM, npubaHKeHHOe ypaBHenue Oyaer

i 2 h * . Ap*
[ o+ 24Y 0 oy =i 2.
Onepatop B JeBofl uactn ypasHenus (12)
* 1 e 2
=g (p+54) —ev+

Gynetr camoconpsieHHbIM. Eciu pasymeTh 3/1eCb MOA O COBOKYIM-
HocTh ABYXpanmbix matpun [layam, Tto omeparop H* cosnaner
¢ oneparopom [layan, paccMorpenHbiM B § 5 Tperbell uacTd 310#
KHHTH, a2 BOJIHOBOe ypasHenae (12) comaner ¢ ypasnenuem [laysn.
BBeneHne geThIpeXPsiflHbIX MaTpPHIL HHYETrO He M3MEHHT [O Ccylle-
CTBY, Tak Kak ypasHeHue (12) 1JA 4eTHIPEXKOMIIOHEHTHBIX QYHKINIT
npHBefeTcs TOTAAa K ABYM SKBHBAJEHTHBIM CHCTEMaM ypaBHeHHH
ANs NBYXKOMIIOHEHTHBIX QYHKUHUH.

To o6crosTenpcTBo, uTo ypaBHenue [Taynu moayuaercs u3 ypas-
Henus [lupaka Kak NpHOJMHXKeHHe, fBJSETCS €r0 NONOJHHTE/IbHbIM
06OCHOBAIHEM. '

B sakJmoueHHe HamuileM BOJHOBOe ypaBHenue (12) B packphl-
tom Bupe. O6o3nauas, cornacno dopmyne (18) § 5 u. III, gepes H®
ornepaTtop

he
2me

(o - %) (13)

HO= o (p+24) —co, (14)

2m
He CofepKalluuil MaTpul, Mpl OyIeM HMEThb
H*=Ho4 p(o « H), (1)
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rje
0__ he
 9me

(16)

€CTh BEJHYHHA MAarHHUTHOT'O MOMEHTa 3JiCKTPOHA.
Pasymesi nog o JByXpsiiHbE - MaTPHIEI IMaynu, BBegenHbIE
B § 1 u III, .

) S s N (R

u 1ox \° JBYXKOMIOHEHTHYIO BOJHOBYI GYHKUMIO (mepBble Be
KOMIIOHEHTbl UeTHIPEXKOMIOHEHTHOH (GyHKUMH J{UpaKa), MB MOXKeM,
mpy HalleM BbIOOPE MatpHL Oy, O, O, (bopmyJn (26) § 4 sroil
rJaBH), HanucaTh ypasrenue (12) B Bume
. . o N a1 O]
Ho, + u[26,9] + (96, — i%6,) %] — i — =0,
* . * * . a’lp‘
H%; + u°[(%8, + i%6,) ¥} — 26,,] — ih =~ =0.

Ananornumpiit BHA GyAyT HMeTb YPaBHEHHS AJs NMOCHEIHHX ABYX
KOMIIOHEHT (q;; o q;;) Onu 6ynyr ornuuatbest ot (18) H3MeHeHHEM
3HaKa B Y/IEHaX, NPOHCXOMSIUX OT O; H 03 (HHAYe rOBOPS, B Yie-
Hax, MPOMOPUHOHANbHBIX Hyx U 6.). [Ipu BeiGope matpun no JLu-
paky (dopmyna (18) § 4) ypaBReHus A5t MOCJAEAHHX ABYX KOMIIO-
HeHT OyAyT NPOCTHIM NOBTOPEHHEM ypaBHEHHI ISt NEPBHIX ABYX.

(18)



F'masall

NPUMEHEHUE YPABHEHHSA JHPAKA K HEKOTOPbIM
PU3UUYECKHUM 3AJAYAM

§ 1. CBoGoaHblA 3JeKTPOH

BonuoBoe ypaBHeHHe AJA CBOGOZHOI'O 3/€KTPOHA HMEET BHJ,

Hp — it 32 =0, (1)
rae, corgacuo (7) § 3 u (13) § 4 ra. 1,
H=¢ (alpx + QoPy + (l3bz) + m02a4» (2)
HIIH
H=cp, (prx -+ Oyly + ozpz) + mCQPc- (3)

Tak kak AaA cBOGOLHOIO 3JME€KTPOHA HMEeT MeCTO 3aKOH COXpaHe-
HHSI SHEPrHH, MBI MOXeM K BOJHOBOMY YPaBHEHHIO HDHCOEIHHHTb
ypaBHeHHe 1Jis1 COGCTBEHHBIX (QYHKUHH oneparopa Hepruu

Hp=W4. (4)

Hasee, onepatopsl px, Py, P: KOMMYTATHBHBI C H wn nmostomy siB-
JAIOTCS HHTerpajJaMH ypaBHEHHI IBHXKeHHs. Tak Kak OHH KOMMY-
TaTHBHbI H MEXKAY COOOM, MBI MOXeM CUHTATb COCTABJAIOUIHE KOJH-
uecTBa ABHXKEHHSI 3aJaHHBIMH YHCAAMH Py, P,, P, U MOXYHHHTH

GYHRUHMIO P L06aROUHBIM YCJIOBHAM

., 0 ’
px¢=~tb7f—=px'tl>,}
., O P
pb=—inGr=pb, | (5)
— 0 __
pzfl‘p__—‘lb az_pz"‘p'

MaremMaTH4YeCKH 3TO PAaBHOCHIBHO TOMY, 4TO MHI 3aBHCHMOCTH BCEX
yeThipeX (YHKUMH ; OT KOOpDAHHAT H BpeMeHH npejroJaraem
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B BUle
i / ’ ’
— (XPx+ypy+ep~Wt
= e (PRt (6)
T. €. pacCMaTpHBaeM IJIOCKYIO BOJIHY.
Eme ognum HHTETpajoM SBJSIETCS ONepaTop

P= OyPy + pry + 002, (7)

»

KOTODBI/i KOMMYTHPYeT Kak ¢ H, 1aK H ¢ px, py, p.. MH Moxen,
CJ1e10BaTeJIbHO, OJUHHHTD ) TaKXKe yCIOBHIO

Py =P (8)

C oneparopom P Mbl yxe BcTpewanuch B Teopun Ilayam, mo Tam
HaM HE€ NMPHXOJHJOCH BHUHC/IATH €r0 COGCTBEHHBIX (BYHKUME, Mo-
CKOJBKY B ypaBHenue Ilay/iu BXOZHT TOMbKO €ro KBajipaT, KOTO-
pblii IpH OTCYTCTBHHM [OJS paBeH

P*=p} + p} + p2 9)

ITosromy, xorama pf, P,» P, 3ajaHbl, BeaHuuna P’ Moxer npH-
HHMAaTh TOJBLKO JBa 3HAUCHUS

Pr=talp+p +p u Pr=—alol ¥ 00 (10)

Onepatop H, BrIpakeHHsli uepes P, GyieT HMeTh BHI
H = cp,P + mc?,. (10

H?=m’c* 4 c?p2, (12)

Tak kKax

coGcrpennbie 3navenuss W oonepatopa H Oyayr
W=+ Vmc" P 1 W=—+/i F 2P (13)

Takum oépaaoM, IIpH 3aaHHOM 3HAYEHHH KOJHYECTBA ABHKEHHU
Mbl HME€EM BCEro UeThIpe pelleHHs

nepsoe W=4+|W| P=+|P]

BTOpOE W=+4|W| P=-—|P|
Tpethe ——|W|, P=14|P) (14)
uereproe W=—|W| =—|P|

[TepBuie gma COOTBETCTBYIOT IIOJIOXKHTEAbHON KHHETHUECKOI
SHEPTHH, H3 HHMX [epPBOE — MAarHHTHOMY MOMEHTY HJH BEKTOpY
ChivHa, COBNajaiouleMy 10 HalpaBJeHHIO C HalnpaBJjeHHeM ABHKe-
HH#A, H BTOPO€ — HANpaBJeHHOMY MPOTHBONOMOXHO ABHMKeHHIO. [To-
CJIelHHe 1Ba COOTBETCTBYIOT OTPMUATE/JIbHON SHEPTHH M He WMEIOT
(Gu3UYECKOTO CMBICIA B paMKax OGHIUHOM KBaHTOBOI MeXaHHKH,
ONepUpyIOLEedl € COXPAHSIOLIHMCS YHC/IOM 3apsAKEHHbIX YacTHIl
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B CYLIECTBOBAHHH TAKHX PEIUEHUH MBI yXKe yOeAu/uch B oOmeM CaIy-
yae B § 11 ro. 1.

Hafigem tenepb colcTBeHHble (PYHKUMH, OMHCBIBAIOLIHE 3TH Ue-
ThIpE COCTOSIHHSI. '

MBI nMeer cucTeMy anareGpanueckux ypaBHenuft (4) u (8), Ko-
Topble hanuiieM (OTGPOCHB Beslle ITPHXH) B BHIE

{ (prx + GyPy + O'zpz)lb =P\l” (15)
(6paP -+ mcpc) b = W1. (16)
DTH ypaBHeHHs CJyXaT IJS ONpeleJeHHs UeThiPEXKOMIOHEHTHOHU
dyukuun p. Ho ypasuenne (15) coxpamsier cMbIC/I H /1S IBYXKOM-
nonenTHoll ¢yHkuuu rteopuu Ilaynu.
Ecau Mbl, cormacio ¢opmyaam § 1 u. IIl, 6ynem pasymers noj
Ox, Oy, O, MaTpuunl Ilayan
0, =0, 0,=0, 0,=0j (17
1o ypapHenus (15) HanummyTCa :

(px —ipy) $2 + b1 =Py, }
(Px & ipy) o1 — p2br = Piy.
Benencreue cooTHomenus (9) onpegenutesb 3TOH CHCTEMBI YpaB-
HeHHH paBeH HyJ0. Mbl MOXeM TOJONKHTb
Yi=A(P+p), b:=r(p;-+ipy) (19)

rae A — NOCTOSHHAA.

Econ xe Mbl Oynem paccMarpuBath (15) Kak ypaBHeHne s
YeTHIPEXKOMIOHEHTHOH (QYHKIHMH M BO3bMEM, B COOTBETCTBHH C (op-
myJaamu (26) § 4 ra. I, B Kauectse Oy, Oy O, MaTPHIB

(18)

Oy=38|, Gy=38; 0,=3Ss, (20)
rape
(o1 o o) (0 —i 0 0] 1 0 00)
10 0 0 i 00 0 0 —1 00
Sl:lo 0 II’ Sl:‘o 00 ——il’ 33=|0 0 —1 o0}
{0 o —1 o) o o i o 10 0 01
(21)

1o ypasHenusi (18) naas GOYHKUME Y1 B Py COXPAHAT CBOH BUA, HO
K HHUM TIPHCOEIHHSTCS [ABa aHAJOTHUYHBIX YPaBHEHHSI WIS DYHKUHH
Ps H Py, a UMEHHO,

—(py 4+ ipy) by — p2P3 = Py, }
— (ps —ipy) s+ by = Pi,.

PelreHye 3THX ypaBHeHHif Mbl MOXKeM HanucaTb B BUAE

‘P3‘=M(Px+ipy), \P4='T‘H(P+pz). ’ (23)

(22)
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Takum o6pasom, peliileHHe ypaBHeHHs (15) A/ 4eTHIPEXKOMITOHEHT-
HOl (PYHKIHMH p COLEPHKHT [Be NPOU3BOJbHbIE MOCTOSHHBIE A H W.
OTHOLIeHHE HX MOXKHO ONpepesuTh M3 ypaBHeHnus (16).

Ipu namem BEI6Ope MaTpull MBI HMeeM, cornacuo (27) § 4 ra. I,

10 0 0] [0 0 0 —i) 000 —1)
01 0 0 0 0 i 0 001 0
‘Pa=|00-1 o> Pe= o —i o ol’pa: 010 of’
oo o —1) i o0 o [—100 o
(24)
u ypasHeHne (16) B packpbITOM BHAe HaMHIIETCs
cPP, — mc*p, =W,
2 J—
cPy, -+ mctpy = Wi, (25)

— cPp; + me*py = W,
— cPP, — mcp; = W,
Bupaxas no popmysam (19) u (23) KOMITOHEHTH BOJHOBOK QYyHK-
LMK yepes A M W, NMOJYYHM OTCIOfa 1BA yPaBHEHHA
(W —cP) 4 — me*n =0,
— meh -+ (W 4+ cP)p=0, }

KOTOpHE MOBTOPsiOTCHA B (25) Mo mBa pasa. IOTH ypaBHEHHS JAIOT
L cP 2
A WP = me (27)

U me2 W —cP’

(26)

Orciola CJAefyeT, YTO OTHOIIeHHWe Afu BEILUECTBEHHO M €ro 3HaK
cosmajaer co 3HakoMm smeprun W. V3 dopmya (27) cienyer rakxe

EE 4 A—p? P (28)

2hn  met 2Au me *

IToxcrasasisi Hafigenuole 3navenusa (19) u (23) KOMIOHEHT BOJ-
HOBOH (YHKLUWM B BhHIPaMKeHHs AJd BEKTOPA TOKA, NMPUBEICHHBIC
B § 8 r1. I, H mob3ysick cooTHouteHusiMu (28), Mbl OyxeM HMeETb

A= 4pP(P+p,), A=0 (29)

n AJs NPOCTPAHCTBEHHO-BPEMEHHbBIX COCTaBJAOIINX BCKTOpPA TOKa

w r
A47 Al_'= ul

0=

Py Pz
Ay A=—T4, A=A ()

me? me

TIpy W >0 wMoxHO HOpMHPOBaTb GYHKUMH Y Tax, 4ToGHl GblIO
A,=mc? a npu W <0 Tak, yTo6H 6bu10 A,==—mc®. Torpa Gyner
mpu W >0

A=W, A=cpy, Ay=cp, A=cp; (31)
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unpn W <0
A=—W, A=—cp,, Ay=—cp, Ay=-—cp, (33)

Takum 06pasoM, npocTpaHCTBEHHbIE KOMIIOHEHTH BEKTOpA TOKA npo-
NOPUHOHAJbHDI KOJHYECTBY ABUIKEHHUs, a OTHOIUIEHHS HX K BpEMeH-
HOH KOMIIOHEHTe COOTBETCTBYIOT OTHOLIGHHIO CKOPOCTH YaCTHILl U
CKODOCTH CBerTa.

B 3akmoueHue samMeTHM, 4TO B HEPEASTHBHCTCKOM NpelenbHOM
cayuae, Korpa sHeprus W Gmuska K —-mc?, BeJMUMHB A ¥ b GJIH3KH
APYr K ApPYry, BCJIEACTBHE 4€ro MMEIOT MeCTO NpPHOJHKEeHHble pa-

BEHCTBA
Y R —hy, PRy (W >0). (33)
Ecim xe | p| < me, HO 2ueprus oTpuuaTeNbHA, TO Oymer
YRy, e —YP (W <O0). (34)

§ 2. 3neKTpPOH B OAHOPOAHOM MATHUTHOM MOJE

Buusinue onnopoaHOro MarHHTHOrO TOJS HA YPOBHM SHEPTHH
3/1eKTPOHA OBINO PACCMOTPEHO HAMH B HEPeNATHBHCTCKOM NpPHOIH-
KeHHH B KoHHUe yactd I, mocamennoli teopuu Ilayan. 3nech Mbr
paccMoTpuM OoJjlee NPOCTYIO 3aladvy, NPENNOJOKHB, UTO HHUKAaKHe
CHJ/IbI, KDOME OJHOPOAHOTO MATHHTHOTO I0JIsl, Ha JeKTPOH He meil-
CTBYIOT, HO OyleM pellaTb ee Ha OcHOBe Teopuu [Hpaka yxe Ge3
JaJibHeHIWHX npeHebpesxkeHu.

[Tosmoxkum, rmose HanpaBJeHO O OCH 2 M 1O abCOJIOTHON BelH-
unHe paBHO |J€|. BekTop-noTeHnuas Mbl MOXKEM TMOMOKHTH PaBHBIM

Av=—31%1y, A=F%]x, A,=0, ()
YTO COOTBETCTBYET B UMJIHHAPHYECKHX (TOJSIPHBIX) KOOPAHHATAX
X=pC0sg, y=opsing (2)
3HAUYCHHAM .
Ap=|510%, A,=0, A,=0. (1%)

3ajgauy Hamy Mbl copMyJHpyeM B JEeKapTOBHIX KOOpAHHATax H
nepeifieM K HHIHHIPHYECKHM (NONSPHBIM) TOJBKO B KOHIE BBLIYHC-
JIEHHH.

Onepartop sHeprun Gyner HMeTb BH[

H =0, (0P, + 0,P, + 0.P,) 4 mc,, 3)
rie
Py=p,—5- |8y, Py=p,+-|5lx, P,—=p, (4
3aecb, KaK M B ciydae cBOGOIHOrO 3JEKTPOHA, HHTErPaOM ypas-
HEHHA [BHXKEHHUsS ABJAETCS ONepaTop
P=0xPx+GyPy+Gsz’ . (5)



§2 SJIEKTPOH B ONHOPOOHOM MATHUTHOM TO.JE 329

KOTODBIH BXOAHT B BBIpaXKeHHE IS onepatopa H. [Ipyram wuHTer-
pajiom Gyner omeparop p., KOTOpBI KOMMYyTHpyer ¢ P.

Mpul MoXeM nosToMy paccMaTpHBaTh COBOKYIHYIO CHCTEMY ypaB-
HEHHUH

Hp =W, (6)
. Py =Py, (7
P =p_p. 8)

Kak u B cryuae cBoGoxHOrO anexTpona, KaXJIOMy COGCTBEHHOMY
SHauenuio omeparopa P GymyT COOTBETCTBOBATH ABa 3HaueHHs W,
a HMeHHO,

W=+ «/m%“ +¢2p* 9)

3ajaya NPHBOAHTCA K HAXOXKIEHHIO COBCTBEHHEIX ¢GyHKUHI omne-
paropa P, T. e. K pelleHHIO ypaBHEHHS (7). Ilpn namem BeIGope
MaTpHIl NEpBble NBa ypaBHeHHUst (7) MOrYT GEHITb HANHCaHBl B BHIeE

(Glpx + Gzpy+ 03Pz)¢=P,¢’ (10)

The op — AByxXpsiaHble Martpuust Ilaynn. Haitns ¢ u ¢, s stux
YpaBHeHUH, MBI MoxKeM HNOTYyIuTb 3aTeM W3 H P4 H3 YpaBHEHHS
(16) § 1. :

Ilpumensis k (10) onepaTtop P emute pa3 u mosab3ysicb mepecra-
HOBOUHLIMH COOTHOIICHHAMH MeXAy onepatopamu Py, P,, P, (mpu-
BeleHHbIME B § b u. Il u B § 9 1. I w. V), noayuum

(Pi+ P+ P+ Lo 6 )) o= Py, (11)

Ecan mbt paspenum sto ypassenne ma 2m, To NOJIY4HM B JI€BOH
UacTi Oneparop, BXOAALIME B onepatop sHepruu Ilayam (19) § 5
u. III u coBmagawoumuii ¢ HuM, ecan 3JICKTPHYECKOe II0JIe PaBHO
HYJIO,

B ypasuenue (11) BXomuT yke TO/NBKO OfHA MarpHlia o3, KOTO-
pas nputom Oyner puaronanabHoi. IToaToMy ypaBHemme (11) pac-
najzaercs Ha 1pa, IPHYEM KaXK/0€ H3 HUX GYIeT CONepPKAaTb TOMbKO
onny ¢yukuuio . Mmes B Buay (3) u (8), Mb moxeM Hamucarh
X B BHIE

e? |36 |2

[pi + P} +e—'@(xpy —yp,+h) (¥ y2)]¢1 =
=P =p)w, (12
eZI%IZ

'ig' (xp, —yp, — B) + — (x2-|-y2)]¢2=
=(P" =), (12%)

e

[P+ 22+
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STH ypaBHEHHs OT/IMYAIOTCA APYT OT APYra TOJBKO 3HAKOM y 4JeHa,
coziepxamero . BbipasuM B HHX ONEPATOPH p, U p, Y€PEe3 Ipous-
BOJHEIE H IOJOXKHM JJs KPaTKOCTH

76 1 ,
B b, g (P =) =L (13)

Mu nostyuum

0%, 0%, . 0Py 01
— ox —TyT—Q‘b(xTy'_yW)’*"

+ () =202l — 1), (14

p, 0% . o o
o (s 3= 45 ¢

+ 02 (2 ) P =20 Q21+ 1) b (147)

B noJsipHEIX KOOpAMHATAaX (2) 3TH ypaBHEHHs NDPHHAMAIOT BHI

Py 1 0y 1 3y o 01 g0 — _
g R G P BRI =0,

R T ISP T SR _
O0p? p 0Op +pz ¢? +21b Ers bp¢2+2b(21+1)1p2_(105*)

K 5THM ypaBHEHUsM Mbl MOT/M Obl IPUATH H Gojlee MPAMBIM NyTEM,
ycxons na oneparopa P, npeoGpasoBannoro no ¢popmynam § 6 u. III
K LMJHHAPUYECKHM KOOpAUHATAM.

Ypasuennst (15) u (15%) Jerko pemaloTcs pasieseHieM mepe-
MeHHBIX. IIpy 3TOM JOCTAaTOYHO PacCMOTPeThb ypaBHeHHE /s OJIHOH
¥3 QYHKUHH §; HIH g, TAK KaK B CHIY (7) aTH QOYHKLHH CBA3aHbL
COOTHOIICHHAMU

Do B b (r— i)y =5 (P PL) by (16)
%‘ﬁ‘ +i %—‘2‘ —b(x+iy =%(P’ + p,) ¥y (16%)

KOTOpHle ABJSIOTC 0606IIennemM ypaBHeHHH (18) § 1 ma cayuait

HaJH4Hs MArHHTHOTO IOJIS.
Ypaeuenns (14) u (14%) mosmyuarorcs u3 (16) u (16*) B pesynb-
TaTe HCK/IOUEHHT OJHOH H3 PYyHKIHUEA {1 U o

IMTosoxuM )
Py = Ae im0, (17)

IZie A ecTb TOCTOSIHHBIN MHOXHTeJb, M €CTb Lesoe YUCI0, a f saBu-
CHT TOJBbKO OT p, H BBEJeM HOBYIO HE3aBHCHMYIO NepeMeHHyIo

£ = bpZ. (18)
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Britekawouee u3 (16*) ypasnenue aas f Gyner
d df 3 m2 _ m 1
— & (Eg) + G+ =+ ") (19)

3710 ypaBHEHHe TOJBKO 0GO3HAUEHUSIMH OTJHYaeTcsd OT ypaBHe-
HUSl s QYHKUUE, CBA3AHHBIX & OOOGILIEHHBIMH NOJMHOMAaMH Jla-
reppa, Koropoe Obl1o paccMorpeno B T V u. II, mocBsimienHo#
teopun Wpenunrepa [ypasHenne (3*) § 3 ri1. V u. I1]. Mu Bunean,
4yTo cOGCTBEHHBIe 3HAuyeHHsA omnepatopa B Jesoil uacta (19) cyrs

1 1
=l p=01,2,.0),
Tak 4To [ OYJAeT IlleJbIM HEOTPHUATRJILHBIM YHCJIOM
1=0,1, 2, ... (20)
TIpu maHHOM ! YHC/IO #1 MOXKET NPHHHMAThb 3HAUCHUS
m=—I —I+41 ..., —1,0,1, 2, ... 2n
B kauectBe COGCTBEHHHX (YHKIMHA MBI MOXKEM B3dTh IpPH M > 0
tm
fim(E)=e 2£2Q7 (B), (22)
npu m <0
Eom
fim € =(=1)"e 2& 2Qiym (&), (22%)

rie Q@ cyrb o6o6leHHbe NOJHHOME Jlareppa, noApofHO HCCaea0-
paHuple Hamu B § 4 r1. V u. II. C atum 3uavenneMm [, (§) Mo

MOKeM NOJOXHThb
Py =Ae~ 0 1, (E). (23)

dyHruus P, BhIpaxkaercs uyepes P, mo ¢dopmyJe (16), KxoTopyio
B MOJSIPHHIX KOOPAMHHATAX MOMKHO HAIHCATh B BHAE

ik et ( op ., O, )
=— —1i bo*, ). 24
Py 7 o \° ” + o™, (24)

Iloncrasansa ciona Bblpa}KeHHe (23) s ,, 6yneM HMeThb

b= gyt be o [ S g —m)f]. (25)
Ha ocHoBaHHH CBONCTB moJHHOMOB Q} (x):
dQ;, (x)

P = —pQiti(x),  [9) § 411 Vw11

#22D Q=+ QT (@ [12) § 4 ra V . 11)
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HEeTPYJHO NOKAa3aTb, UTO KaK JJd MOJOXKHTENBbHbIX, TaK H IJs OT-
pHLATEABHBIX 3HAUeHHH M HMeeT MEeCTO PaBeHCTBO

1 2fim _
e [2§ —d_lg— +(E—m) f,m] =—2f 1~ m+1- (26)
IMoacrasasis (26) B (25), 6yaeM HMeTb '
ih/b .
P =2 ';T,\/pz‘ 20e=tNSF ) gy (B) (27)
PasenctBa (27) u (23) nepenumeM AJs1 KPaTKOCTH B BHJIE

rze Y u P cyTh onpereneHnbie Bbillie (QYHKIHH.

Ypapuenus (10) anst IByXKOMNOHEHTHOH QyHKUHH 1 NMpeAcTas-
JISIIOT TepBble IBa YPaBHEHHS CHCTEMBI

(slPx + S2Py -+ S3Pz) P= Pl‘l’ (29)

A5l yeTbipeXKOMIToHeHTHBIX GyHKUui. B ypasuenusx (10) oy, 09, 03
cyTb AByXpsjaHble Matpuubl ITaynn, a B ypasuenuax (29) si, S, Ss
cyTb yerThipexpsiiubie Matpuunl (21) § 1. CrpykTypa 3THX YeTbipex-
PSLHBIX MATPHI, TAKOBA, 4TO NEPBHIe 1Ba ypaBHeHHs cHCTeMbl (29)
COBMajfaloT, Kak Mbl TOJbKO 4TO rOBOpHJH, ¢’ ypaBHeHusimu (10), a
nocJelHle ABa NOJYUYaIOTCS M3 HUX 3aMeHOH ¥, Ha —py 4 g HA s,
IMostomy ecan ¢yHxuuu (28) yAOBJETBOPSIOT NEPBHIM ABYM YpaB-
HeHHsiM cucreMmbl (29), To BMecTe ¢ DYHKIHAME

'llJ3 = l“Pg, 'll?4 = ‘p? (30)

OHH OYAyT YIAOBJETBOPSATb BCEM YPaBHEHHAM 3TOH CHCTEMBL. ITO
HMeeT MeCTO He3aBHCHMO OT BHJa omepartopoB Py, Py, P;, B yacTHO-
CTH, U IJIS PACCMOTpPeHHOro HaMu B § 1 cayuas CBOGOLHOrO 3JIEKT-
poHa, npuueM ypaBHenus (19) u (23) § 1 cooTBercTByIOT ypaBHe-
Huam (28) u (30) § 2.

BBuiy Takoro COOTBETCTBHSI MOMXHO HE HOBTOPATH BBHIK/IaL0K
§ 1, a tonpko HanoMHHTb dopmyay (13) § 1, ceaswiBalomyio co6-
cTBeHHble 3HaueHust W u P

W = = A/m2ct 4 c2P” (31)
u seiTeKamomlee u3 (13) § 2 Beipaxenne gna P’
P’ = = A/PY + 4n%l. (32)

B 3akaioyenne 3aMeTHM, UTO 3aBHCHMoOCTb QyHKUuH (23) u (27)
OT yrjia ¢ TOKa3biBaeT, YTO OHH SIBJAIOTCS COOCTBeHHBIMH (yHK-
[HAMH oIeparopa

h h
Mo=xpy — YPs + 5 02=Py + 4 0 (33)
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OJs1 cOGCTBEHHOTO 3HAYEHHA
1
t=—(m+5)n (34)

Oneparop . KOMMYTHpYeT cO BceMH TpeMsi omeparopamu H, P u
Pz, BXOOAWHUMH B ypaBHenus (6), (7) um (8). 31oT daKr BEpakaer
aKCHaJbHYI0 CHMMETPHIO pacCMaTpPHBAaeMOH 3alayH.

§ 3. HHTerpannl ypaBHeHHHl NBHXKEHHMS B 3ajave
co cepuveckoil cumMmerpuei

Paccmorpum 3asauy o6 ONHCAHHM COCTOSIHHS 3JIEKTPOHA B IOJIe
C LeHTpa/bHOH cuMMerpHeir no teopuu [upaxka. Ta ke 3amaua
6bla pa3obpaHa Hamu 1o Teopuu Llpenuurepa 8 ror. IV u V u, II;
kpome Toro, B yactu III, nmoceamenuos teopun I'laynu, Mbl H3yunsn
CBOHCTBA MOMEHTa KOJHYECTBA JBUKEHHA 3JEKTPOHA, 06/aHal0lero
cnuioM. Tenmepb Mbl MO3HAKOMHMCS C TEMH OTJHYHSIMH, KOTOpbIE
BHOCsITCA TeopHell [lupaka; sta Teopusi oGbsicHsieT Hajinuue Ryb.e-
TOB M JaeT NOJHYI0 KapTHHY PacLlell/ieHUsI YPOBHe#l SHepPTHH B Mar-
HHTHOM MOJIe.

[Tono6Ho TOMY Kak 3TO IedaeTcsi B KJaCCHYECKOH MeXaHHKe,
ya06HO cnepBa paccMaTpPHBaTh 3ajadyy B NPSIMOYTOJNBHBIX [€KaPTO-
BBIX KOODJHHATAX, a 3aTeM yXKe MepexOAUTb K chepHUECKUM.

B npamMoyrosbHLIX KOOpAHHATaX ONepaTop HEPTHH A/ Hallero
cnyuasi UMeeT BHI

.

H= C0q (prx -+ OyPy + Gzpz) -+ mCQPC +U (f), (1)

nian
H=cp,P+ mczpa + U (r), 2)

rie
P=o,p, + Oyly + 0, (3)

€cTb OmepaTop, BBEJEHHBII HaMH IIPH PACCMOTPEHHH BOJHOBOTO
ypaBuenus Ilayam [dopmyna (11) § 5 wu. III). Pasnuuue 3mech
TOJILKO B TOM, 4TO B TeOpHH Jupaka omepaTopsl /s COCTaBJISIOLIHX
CNHHA Ox, Oy, O NpPEACTAaBJIEHbl YeTHIPeXPAJHbBIMH MAaTPHIAMH, a
B Teopun Ilaysi — IBYXPSIHBIMA.

B teopuu ITaynu Ovlin BBemeHBI omepaTophl

1

My =m, + 5 hoy,
1

My=my -+ 5 hoy, (4)
1

M, = mz+?hcz
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JUTs1 COCTABJISIIOMIMX NOJHOrO (T. €. OpOUTANBHOrO IJIIOC CIIHHOBOTO)
MOMEHTa KOJIHYecTBa [ABHIKeHHA. DTH ONepaTopbl YIOBJIETBOPSIOT
NepecTaHOBOUYHBIM COOTHOLIEHUAM

MMy — MM, = i,
MM e — MMy = iRH ()
uﬂxuﬂy“uﬂyﬂxzihﬂz,

a COCTABJICHHBIH W3 HUX ONEpaTop
1

'ﬂ=0xﬂx+0yﬂy+cztﬂz‘§'h’ (6)
KOTODBIH MOXKHO NPEICTAaBHThL B BHAE
M=o my + o,m, -+ o,m, -+ A, (7)

KOMMYTHDYET ¢ KaXAbiM u3 onepatopos M., M, M, Kpome

TOro, Kak mnokasano B § 5, u. IIl, onepatop JA anTukOMMyTHpYeET
c oneparopoM P, onpenensieMbiMm Gopmyaoi (3):

MP + PH =0. )

B omneparop sneprunm (2) teopun dupaka Bxogut omepatop P,
YMHOXXCHHBIA Ha MAaTpHUY pg, H, KPOME TOrO, BXOAAT [ABa YJ/eHa,
KOMMYyTHDYIOUHE C p.. Tak Kak MaTpHLH pg U P, AHTHKOMMYTHDYIOT,
TO OTCIOAA HENOCPEACTBEHHO CJAEAYET, YTO ONEPaToOp

Mp= 0. M= Mp, (9)

OyneT KOMMYTHPOBaTb C 0.P, a TeM caMblM H CcO BCEMH YjeHaMH
oneparopa 3Hepruu f1, Tak uro Mbl HMeeM

H;/(D_‘l{DH=O, (10)
a 3HAuuT H

47 (Mp) =0, (11)

Takum o6pasom, A5 nons co chbepuyeckofi cHMMeTpHell BenuunHa,
COOTBETCTBYWOILIAs onepartopy A p, Oyner nocrosinHod. Has npous-
BOJIbHOTO 1I0JIs1 NIPOM3BOAHAs 110 BPEeMeHH OT 5TOH BEJHUHHBI Obija
BbiyuciaeHa HaMH B § 10 ro. 1 (dopmyaa (11) § 10).

Mpu y6enuince, 4To B 3ajaue ¢o chepuuyeckodl cuMMerpuefl Tpu
oneparopa: H, Mp==p,.M ¥ M, KOMMYTHDPYIOT MexKILy coOoil;
NO3TOMY Mbl MOMXKEM paccCMaTPHBATb COBOKYIHYIO CHCTEMY ypaB«
HEeHHH

H =My,
ﬁqd¢==kﬁ¢»

(12)
Hp=(m+ =) .
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Tlocnennne ABAa ypaBHEeHHS TECHO CBsi3aHbl ¢ YDaBHEHHAMH [Jist
lWwapoBbiXx QYHKHUMA €O CNHHOM, KOTOpble MBI M3yyaju B 4acTu I11
3TOH KHHIH.

Mbl 0603HAuMIM 3/eCh LeJoe UYHCJAO0, NPONOPLHOHAJNbHOE COB-
CTBEHHOMY 3HAUEHHMIO onepartopa A p, Toi ke GYKBOK R Kak Lesoe
Yncs10, MPONOPLUHOHANbHOE COOCTBEHHOMY 3HaueHuw omeparopa A
teopun Ilayan (popmyna (22) § 1 u. IIl). D10 He MOKeT BHI3BATD
HeJlopa3yMeHHIl, NOCKOJNbKY YHMC/0 k mpunHAMaeT B OOOHX caydasx
ONHH M Te e 3HaUeHHA H (HU3HUeCKH# cMbica onepatopoB 4 u MAp
B COOTBETCTBYIOIIMX TEOPHAX aHAJOIMYEH.

§ 4. OGoGuieHHble WapoBble yHKUHH

Ias HaXOXIeHHa OOIHUX COOGCTBEHHBHIX (YHKIHMH onepatopos
Mp=pcM v M, HeOGXOLUMO TIPe06pPa3oBaTh UX K CQepudyecKuM
KOOpAMHaTaM. DTO nmpeoGpasoBanre Mbl OyleM cOnpoBOKIaTb Ka-
HOHWYECKHM npeo6pa3oBaHHeM YeTHIPEXKOMIIOHEHTHON BOJHOBOMH
(YHKIMH, aHANOTHYHBIM TOMY, Kakoe mnpuMmenssnoch B § 2 u. Il
K IBYXKOMTOHEHTHO!l BOJHOBOH Qynkuuu teopuu Ilaysn.

UeThlpexpsifiHble MaTPHIBl Ox, Oy, Oz, COOTBETCTBYIOLIME HalleMy
BhiGopy Marpuu Jupaka, mbi Gynem ofosnauyath *) uepes s, Sz, Ss.
CoraacHo dopmyaam (26) § 4 ra. I u. V, mbl umeem

01 0 0) (o —i0 0) 1 0 00)
10 0 0 i 00 0 0 —1 00
5=1o0 0 0—1’32=|0 00 —if|> 3=|o o —10] I
joo—1 o o 0i 0 [0 0 01

Uro6Bl BRIPA3UTh onepaTopsl A, U A B chepHueCKUX KOOpAHHA-
Tax, MBI MOXKEM BOCIOJIb30BaThCi (OPMYyJaMH, BbIBELEHHBLIMH
B § 2 u. 11l na ocuose Teopun Ilaysau, ¢ TOH TO/NBKO pasHUUeH, YTO
MBL JOJKHB 3aMeHUTh QUIypHpYyIOIHe B HUX MATPHUBI Oy, Oz, O3 Ha
S,, S3, S3. BoinumeMm rJaBHellIMe U3 3THX QOPMY/ BHOBb (B HOBBIX
0603HAYEHHUSIX) .

B chepuueckux KoopauHatax r, ¥, ¢, CBS3aHHBIX ¢ NPAMOYTO/b-
HBIMH X, Y, 2 OOBIYHBIMH COOTHOLIEHHSMH

x=rsindcosg, y=rsindsing, z=rcos?Y, (2)
oneparopbl M, U A uMeEOT BUL
h
M, =py+ 5 83 (3)

M =(—s,sing 4 s,c08¢) pg+
4+ (— s, ctgOcos g — syetg Osine +s5) pp+ 4, (4)

*) CMeIUeHHSl 3THX MaTpHIl ¢ BBELEHHBHIMH B 4acTH IV omeparopamu Sx, Sy,
S, NI COCTABNAIOIIAX CIMHOBOTO MOMEHTAa KOJHYECTBA JABHMKCHHS CHCTEMBI 3J/eK-
TPOHOB MOXKHO HE OMAacaThbCs.
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rae, Kax oObIUHO, DPry P9y Pe O3HAYAIOT OIEPATOPHI
.. 0 .. 0 .. 0
p,——lﬁgr—, pg-—lﬁw, pq,———thw (5)

(snpouem, onepaTop p, B BhipakeHHs Aas A, u A He BXOZHT).
IIpoussenem KaHOHHUECKOE MPeoOpa30BaHHE ONEPATOPOB H BYHK-
uuii no Qopmyaam, anasoruyusMm (7) u (8) § 6 u. III, a umenno,

' =8SZSt, ¢ =S8, (6)
rae
S=cos—(2’i+is3sin%, St =cos %——i&sin%. (7)

ITocne nmpeo6pazosanust mMbl GymeM HMETb
M= p, (8)
’ ih i
M == s ctg ¥py+ 5 (po— g ctg 8) +sspp + 5+ (9)

Tlpumenum saTeM IpeoGpasoBanue, amamornunoe (21) § 6 u. III,
a HMEeHHO,

M =THTY, " =Ty, (10)
rie
T=cos%+isgsini, T+='cos—g-—is25in%. (11

Mb nonyumMm, kak u B Teopun ITaym,

.//(;/ —_ '//{; = Pps
I{4 ‘h (12)
M= — s—iil—gpq;‘}‘%(Pﬂ_l?Ctgﬁ)'
Haxonen, noJgaras
* _ Ty ” ] * . "
M= /SIS M = v = 4/sin® ¢, (13)
OyaeM HMETb
* S *
M= — 's?nl_ﬁ—l’cp'}'sz’pﬁ’ M, = Dy (14)

Cornacro (7) u (11), MaTpuubl KAHOHHYECKOTO IPeo6pasoBaHus S
u T colepkar TOJBKO ONEpaTOpHl S;, Sy S3, HO He CONEPKAT p,
0, P 1103TOMY BHA 3THX MOC/TEHHX ONEPAaTOPOB LPH Npeobpaszo-
BaHHH HE MeHsieTCs. B 4YacTHOCTH, MBI HMeeM, COIMacHO ¢op-
myae (27) § 4 ra. I,

000 —I

. o001 o

=0~ 410 ol (15)
-1 00 o
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ITocie yMHOMEHHST HAa p, ypaBHEHHe M COGCTBEHHBIX QyHKUHT
oneparopa JA, =p A" MOXHO HamHcaTb B BHJE

JY = Ehp,p*. (16)

Coorsercrayromas ypasrennio (16) cucrema ypasuenuii aus YeThIpex
*
KOMIIOHEHT QYHKUHH ¢* 6ydeT MMeTb BHI

p(P * . * *
“sin® 'll)2 - lpﬁlpz = kﬁ"lp;p

p * . , ¥ x
— =0+ ipy ) = kA,

pq) * . * L]
sin ¢ 1134 - lpﬁ'% = kﬁ'll)z,

p * . * *
sm(pﬁ. P, + Ipeb; = — kfllpl

(17)

Ecan BEIpasuth onepatoper p, u py uepe3 NPOH3BOAHLIE W U3MEHHTH

3HAK B OGEHX YaCTAX HEKOTOPWX U3 3THX YPABHEHHI, MBI MOMKeM
HanucaTh HX B BHAE JABYX OJHMHAKOBHLIX CHCTEM YpaBHEHHH s
JBYX OYHKHME KaxKIas, a HMEHHO,

i o N _,
sin® Jg ag = kb,

(18)

A
sin®  0¢ + 55 =k
H
iy, o
sin® dp 90 ks, (18%)
i ov,  ov
sin®  do + 0 k.

Ypapuenusi (18*) ornmuaiorcs or (18) ToaBKO 3HAKOM npu k.

Takue ypasueHHs yxe BCTpeYaiHCh HAM B Teophu [lay.u IIpH
PacCMOTPEHUH IapoBBIX QyHKUMA co cnunoMm (§ 3 u. III). Mu ux
NHUCaJH TaM B BHJE

1 0z oz ]
sin® d¢ 0% kY,
1 oY O_Y- (19)
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PemenneM Hamux ypasuenuil (18) m (18%) OynyT Qynkuus
P =F (Y (9, 9),
b, =g(r)Z (8, ¢),
P =F(r)Z (9, @),
Py =—g(nY(9 9)
rie Gyuguuu f(r) u g(r) yXe or & U @ He 3aBHCAT. 3aBUCHMOCTDb

HX OT r ONpeleseTcss ypaBHEHHEM JJA COOCTBEHHBIX QYHKIHMI Ome-
patopa 3HeprHH,

(20)

§ 5. YpasHenue Ads paauanbHbiX (QyHKUHH

OGpaTiMcsi Tenepb K ornepaTtopy sueprau. Ilocae npeo6pasoBa-
HHUsl K cepuuecKUM KOOP/MHATaM ero MOXHO HanucaTb B BHIE

H*=cp,P* + mc’p, + U (r). )

Omnepatop P* 1751 4eTbIPeXKOMIIOHEHTHBIX GbyHKRUMY DoJyvaeTcs
%3 COOTBETCTBYIOIIErO OmepaTopa AJIs JBYXKOMIOHEHTHBIX (QyHKUMHA
saMeHoit MaTpull [layas o), Oz O3 Ha YeThIpeXpAAHbIE MaTPUULI
Sy, Sg, S3. Ha ocuopanuu ¢opumyns (37) § 6 u. II1 mMbl nMeeM

* s $
P'=—"py+ S5 Po T SaPr (2)
DroT omepatop CBs3aH C M3yueHHHM B § 4 omepaTopoM
* S
M= — 'Squ]r}‘ Po -t S2P9 3)

TaKHM JKe cooTHolueHueM, Kax U B teopun Ilayau (popmyna (38)
§ 6 u. I1I), a umenHo,

P=s,(p.+1%). @)

Mbl npeanoJiaraeM, 4to 4YeTbiPeXKOMIOHEHTHAs byHKUUA P* ecThb
cobcTBenHas QyHKUMA oOllepaTopa

.//(L =p M, (5)

KOTOpLIfl (B OT/IMuHe OT A*) KOMMYTHDYeT C OMepatopoM SHEPrHH.
[TosTOMY MBI MOXKEM BOCIO/Ib30BaTbesi (GopMysoi (16) § 4 u nouso-

KHUTbh . .
MY = khop. (6)
B cuay cootHowenus (4), Oyner

Py = sy (pr + 2 0) ¥ (7)
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1, CaeoBaTeJIbHO,
_— kh R
paP 'llJ =83 (papr l U r )1I> . (8)

Takum o6pasom, ypaBHeHHe NJA cOGCTBeHHbIX QyHKUWi omepaTopa
SHEprHH HaMHIIeTCs

H' = { c0as:p, + cops3 - + mep, + U () } 4 =Wy, (9)
B 3T0 ypaBHeHHE BXOAST MaTpPHIbL
Ta==0483, Tp==0pS2; T P¢ (10)
KOTOpHIE YIOBJETBOPSIOT TEM K€ COOTHOMIEHHSM
Ty =1IT, TpT,=1iTy, T,Tq=iTp, (1

KaK H MaTpHUB P4, Pp, P, Jlis ynobGersa HajdbHeHIIMX BLIYHCJCHHUHA
BHIIHIIEM MAaTPHUBL T, Tp, T, B ABHOH dopme. MBI HMeeM

(1 00 0 (00 0 —;i (0001

0 —10 0 00—i 0 001 0
17a"—"lo 01 of-’ Tb“l 0o of" %=| o010 of (2

lo 00 —1j lzo 0 0 [—=100 0

Tlepenumem ypaBuenue (9) B BHIE
H Y ={ ctap, + 1y 25 mett, + U (1) bor=wy. (13)

TTonbsysch BupakeHuaMmu (12) aas mMaTpuy T, Ty, T, MB MOXEM
HanucaTh ypaBHeHHs: (13) B packpeirom Buje. [locsne mepenecenus
4jeHa ¢ TOTEHIHAJBbHOH 3HeprHedl B NMPaByl YacTb MBL NOJYYHM

cpy0; — wﬂm metpy = (W — U) ¥,

— epyb, —ic— 11:3 + me*p, = (W —U) ¥,

cpyb; + ic — 11:2 + mepy = (W —U) ¥,
— epg; + i Eh gy — metp = (W —U) ;.

TloacraBAsis clofa 3HAYEHHS 11;* u3 ¢opmyan (20) § 4 u same-

Hsis ONEPAaTOP pr €ro BHIPAMXKEHHEM Yepes MPOH3BOAHYIO, MBI NOJY-
qUM 19 pannanbﬂmx dyukuuit f(r) u g(r) cucremy ypaBHeHHH

—ich —- +w——g+m02g=(W—U)f, ][
i (15)
J

* (14)

. d .
wn—dfi—wa + me*f = (W —U)g,

IOBTOPEHHYIO IBa pasa,
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§ 6. CpaBnenne ¢ ypaBHennem Llpennurepa

B ypasnenusax (15) § 5 MOXHO H36aBHTbCS OT KOMIIEKCHBIX
KO5(PULUEHTOB, MOAOKHB

f+8 [~8
’\/2_ _fl» m:—f‘b (1)
OTKyJa _ _
f1+if2=’\/2f, fl—if2=’\/2g- (2)

CkaansiBasi ¥ BhYHTadA o6a ypasuenus (15) § 5, moayuum njs
HoBbiX GOYHKWHH f; ¥ f; cucTeMy M3 1BYX ypaBHEHMi IIeDBOro IoO-
pAlKa ¢ BeIleCTBEHHLIMH KO3 PHIIMeHTaMH

d_fl_.__lif - —17102—W+Uf
dr r i1 He 2
dh kg —me kWU, (3)
dr rite e 1

Korna sneprus W Gnnska x “mc?, koapduurent npu fy B nep-
BOM ypaBHeHHH ropasno 6oJibllle Ko3pduureHra npu f; Bo BTOPoM
YpaBHeHHH; NO3TOMY f, BecbMa MaJio N0 CPaBHEHHIO C fi:

[Pl <<Ifih " (4)

a ciaenopaTenbHo, QyHKuMH [ H g B ypaBuenuu (15) § 5 mouru
paBHBl IPYr ApPYyry (M IOYTH BeIleCTBeHHH). s cpaBHeHns cH-
crembl ypaBHenuit (3) ¢ ypaBHendem lllpenunrepa mosoxum

W =mc*+ E (5)
, E E—U
u OyneM CYHTaTh BEJMUHHBL er B ;- BecbMa MasbiMH 10
CpaBHeHHIO ¢ eauHuued. Ecan mbl uMu npeneGpexeM, Mbl HONY4HM
0
Bk ome
dr r 'l h '
2 (6)
afy .k E~U

—_2 " s 0

dr + r f2— ke fl’
rie [} u [} —npubauxkenusie sHauenus byHKIHH f, u f,, Uckmouasn
H3 3THX ypaBHeuuil f), mosyuum aas f¢ ypaBHenHe

B a0 Bk—1)k
— 5+~ [+ UR = Ef°, (7)

Ecau MB NOJOKHMM 3fech

D= rR(r), 8)
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TO ypaBHeHHe AJA R(r)
TR 4L R _EECD R 2 e _ye)R=0  (9)

dr? r dr r
B TOYHOCTH coBmajer ¢ ypaBHeHueM Illpeaumnrepa nas pamuasbHoil
¢yskuny (16) § 3 ra. IV u. II, eciu toavko Ulpenunreposckoe
KBAaHTOBOE YHMCJO [/ CBA3aHO ¢ HAIUMM KBAHTOBHIM YHCJIOM £ COOT-

HOLIEHHEM
k(e —1)=1(1+41), (10)

Kotopoe cosnajaer ¢ (17) § 3 u. III. Takum o6pasoM, BBejeHHOE
B § 3 u. Il yncno ! (1. e. mOpsOK OGHIKHOBEHHBIX WIAPOBLIX (YIK-
IHH, Yepes KOTOpbie BLIPAKAIOTCA INAPOBLle (QYHKIHHM CO CIHHOM)
€CTb He UTO HMHOE, KaK a3UMyTa/JbHOE KBAHTOBOE YHCJIO TEOpHH
Hlpexunrepa.

Vs ypaBHeHuit (3) MOMHO HCKJIOUHTb [y M He 1esasi npedebpe-
JKeHUH; IIpY 3TOM NoJydaercs

2 -1 2
Ch RCE-D g4 2 e—u)p =

dr?
_ 1 au ¢ df, _i . (E-=U)
T T Om*F+E~U dr \"dr rfl) F2ce - f1. (11)

B npaBoit uactH cTOAT Majable YIEHH!, NPeACTaB/ALNIHE I0-
IpaBKy Ha TEOPHIO OTHOCHTEJBHOCTH M Ha cmuH. Jlis aByx 3Ha-

YyeHU
k=l4+1 u k=—I, “(12)

NI KOTOpHIX JeBasi yacTh (11) omHa M Ta Xe, 3HaYeHHS 3TOH no-
NpaBKU pas3inyHbl. Pa3HocTh MONPaBOK K YPOBHSIM 3HEPrud (HHaro-
HaJbHBIX 3/IEMEHTOB MATPHIb AJIs NONPABOYHLIX YJI€HOB) AaeT MpH-
6/IM)KeHHOe 3HauYeHHEe PAaCCTOAHHS MEXJy TePMaMH, a MMEHHO,

fe o)

AE=E(R)— E(—k+ )= @k — )| L roypar, (13)

4m?c?
0

rae f%(r)— pewenue ypaBHeHusi (7), HOPMHPOBAHHOE TA4K, YTOOHI
Onli0

{ (Repar=1. (14)
0

OTtMmeTHM 3[ecCh ofHO Iipeo6GpasoBanue ypasHenus (11). Ecan mu

MOJIOZKHM |
E-U
h=a/1+ 5L, (15)
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TO ypaBHeHue mjas ¢ Oyner

d> k(k—1 2
-l o B E-U)e=

dr? r?
__ I 1 dU | k dU (E—=UY
T 9mc* +E—-U \2 ar rar )T TR ¢+
3 dU \?
+ 402me? + E—U) (7 (16)

D10 ypaBHEHHE yXe He COAePXKHT NepBoi NPOH3BOAHOH OT HEH3-
BecTHOH QyHKuMM. Ecay cuntare, uto |- | < me?, TO nocaenHnN

ysieH p npaBoit yactu (16) MoxHO or6pocuTh. B mepsom uaene npa-
BOH uyacTH MOXHO mnpeHeGpeub Bennunnoif E-— U no cpaBHeHHIo
¢ 2mc2.

§ 7. OGmee HccaenOBaHA€ ypaBHeHWi IJs PaauaNbHBIX
VHKUHH

O6paTtuMcsi Tenepb K HccaefoBanuio- ypasaenuin (3) § 6. Idtu
ypaBHeHUs] HMEIOT J(Be 0COOble TOUKH:

r=0 u r=o0.

Haunem ¢ ncenenosanusa B6ausu r = 0. T1o10KHM, YTO NpPH MaJablX
r noteHnyanbuaa sueprusi U(r) pasmaraerca B psij BHAA

U =— -yt amr+ ... 1)

r
Kospduuuent —A; paBeH, Kak Mbl yxKe orMetw/id B § 7 ra. IV
u. 11, npoussenenuio 3apsina aapa Ne Ha 3apsj 3/1eKTPOHa —e, TaK
yro A, = Ne2.
Or6pacbiBasi B KodbdHiMeHTax npasbix uacreil ypasnenuit (3)
§ 6 Bce usieHbl, KpOMe TeX, KOTOpbie ofpamarcsi B 6€CKOHEYHOCT
npu r = 0, nosyynm

df ko A 1 ]
&~ rh=—F7ht ... | o
dis | kg _ A 1
T tTh=gTh+ .|
TMonoxuM, uto BOau3n r=0
f1=a1r”+a;r3+1—|— cees
f,=ayrt+ayrst' 4+ .., (3)

M NOACTaBUM 35TH Bbipaxeuus B ypasreHus (2). IlpupaBHuBas
k03 GHULMEHTHl NMpH re=!, MOJyuHM CHCTEeMY- JIMHEeHHbIX OLHOPOAHBIX
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ypaBHEHHUH
A
o (6 — k) + AL g, =0, |
4, ¢ )
—Geat(eth)a=0 |
i ONUPCHAEJCHHUS ) H Qo Ot YpaBHE€HHsd HMEWT peulcHHe, €CJH
onpeaesnuTe/ib U3 KOI(P(PHIUEHTOB IIPH HEU3BECTHHIX PaBEH HYJIIO
A2
e —k2+ o7 = 0. (5)

Orciona noJgayuaercsda JAJsa MOKasaTe s € 3HauCHHe

g=—=+ /\/k2 —-——'——:i'_‘ao, (6)

TAc & €CTh NOAOXKHTEJbHASI BEJHUHHA

o=/ — N2 (L)', (6

e
ITocrosnuas F; CCTh OTB/IEUCHHOE YHCJO, DABHOE NPHGJIHSH-

1
TEJbHO 137

ITosToMy npH Bcex AONYCTHMHIX 3Hauenusx N u k& Besnuuua,
cToAllas IoJ KopHeM B (6), 6yxer mosnoxuresania. ITocrosnnas
e? 1

V=% =137 )

HOCHT Hasmanue 3oMMmepdenbrorckoit (Sommerfeld) nocrosHHOMN
TOHKOH CTPYKTYPBHL

Takum o6pasoM, B6susu r =0 obltee peluenne ypasHenui (3) § 6
HMeeT BHJ

fi=ar%(1 4 ...)—}—br‘eo[m_‘_ ]' l;
f2=ar30[m+ ]—I—br—%(l-]- o). ]

Yrobul ¢yukuuu f; u f, o6pamanucs B Hyab npu r==0, Heol-
XOIMMO, YTOOB MOCTOsiHHASL b paBHAMACH HYJIO. -

Eeon k2—-1 TO gy= ,\/1 137) < 1. TToaTomy, xots f; u [y,

a cJelloBaTesbHO, H V" OyoyT o6pam,aTbc;1 B HyJb IIpu r =0, "o
nepeoHava/bHas (QyHKUHs P = —r— Oyaer (mia |k|=1) oGpa-
r A/sin

warscsi opu r —>0 B GeCKOHEYHOCTD, KakK

8)

ro7 o VT8 -1, (9)
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B 5TOM MOXHO BHJETb HEKOTOpPHIl HEJOCTATOK TEOPHH. ITO
06CTOATENBCTBO CBA3aHO, OHITh MOXKET, C TeM, YTO HeJab3sl SKCTpa-
nosupoBath Ky/oHOB 3aKOH OPHUTSXKEHHS Ha PACCTOAHHSA CTOJb
MaJible, UTO

Ne?
r

> mec?, (10)
T. €.
r<N-3-107° cm. (11)

3aliMeMCsi Temepb HCC/AENOBAHHEM YPaBHEHHS JJIA GOJbIIHX
sgauennit r. ITomoxum, kKak ¥ B § 7 ra. IV u. 11, uto Ha Gouapminx
DPACCTOSIHUAX MOTEHLUMAJJIbHAA SHEPIUS HMeeT BH[

A B
U(f)=—7+r—2+... (12)
DynmeMm uckaTh peuieHus ypasHenud (3) § 6 B sume

fl———ea’ (alrﬁ“{—blrﬁ_l—l" ...), }
2=ear (a2r6+b2rﬁ—l+ ...)-

IToncraBumM 3TH BHIDAXKEHHS B yDABHEHHS M NIPHpaBHAEM KO3(-
¢$UIHEHTH B UIeHaX HopadKa e rb u % rB=1, Mu mosayuum

(13)

ala—l-ag—@%j—w=0, ]
_ (14)
g m(:?hc W + a0 =0, ]i
4+ W A
b+ 6,75 — g —k)— g, |

o (15)
bl—b_;T‘W—'l‘bﬂ:al%“aQ(ﬁ‘i‘k)- i

ITpupaBnuBas Hy/ai0 ompenennTe]b B ypaBHenusx (l14), mosy-
yaeM AJf TMOCTOSHHON o 3HAYeHUd

o= o A/ — W2 (16)

JleBble wactn ypaBHeHuit (15) uMeior Te XKe Ko03hbHUHEHTDI,
uto u ypasHenus (14). Iloabsysick TeM, 4To onpenenuTe/b U3 3THX
KO3(Q(QUIHEHTOB paBeH HY/IO, Mbl MOXeM MCKJ/IOUMTh M3 YypaBHe-
unit (15) by u by, eciu yMHOXKHM MepBOe ypaBHEHHe HA —q, BTOPOE

a 110_,7:;}}’/_ H CJI0XKHUM. MB [01yuuM
A met4+W A 21 W
Ga— k) + aog; +a " — 0, 2 Y g gy —o,
me? + W

OTKYA3, BHIpaXas ax W a,— - npn nomouy (14) uepes aj,
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6y,U£M HMETH nocJIe ynpomenuﬁ
v A
2[11(16-{— 2(11 Fe . Fe =0.

OTo ypaBHeHHe naeT Ajad f 3HAUEHHE

AW
B=— e - (17)

Tlocrosinublx b; H b, MBl Oompenessitb He Gyiem.
CoofpasHo JABYM 3HakKaM y a obmuii uHTerpan O6yAeT HMeThb
BHJ :
2 7
me*+ W a
f1=ClTe‘"fB(l +—,l + )+

+w by
FCy e gmuy b (1 +-L ) (18)

HJIH

fo = — C,aetrrP (1 +“T;+ )+

+ Coue™r=8 (1 —{—b—rg-{— ) (18%)

Ecan MBI npeanoJoxum
| W | > mc?, (19)

TO BeJHUHHB o¢ U B GYAyT 4aCTO MHUMBIMH U QYHKUMH fi U f OyayT
IIpH r— 0o OCTABATbCsl KOHEUHBIMH NpH JI060M BbifOpe NOCTOSH-
Heix C; u Cy. Ho 3Tu nocrosinnble MBI MOXeM BbiOpaTbh Tak, 4TOOLI
fi u f, o6pamanucsy B Hyab npu r = 0. CjenosareabHo, ML MOXKeM
VTBepXKIaTh, 4To o6saacTe (19) mpUHaLJERHUT CIIOUIHOMY CIEKTPY.
Toueynoro cnektpa B 370l oGsaacTu ObITh He MOXKET, TaK Kak IpH o
4yHCcTO MHEMOM f| # f; He 06a1al0T HHTETpHPYEMBIM KBAJIPATOM.

Ecan xe
—me? < W < me?, (20)

TO BeJMUHHA o OyleT BellecTBEHHOH: MBI OyleM cudTaTh €e IOJO-
xureabHoll. [Tostomy ¢yukuuu fi u fo amu6o GeicTpo BO3pacTaroT
(ecnn Cy == 0), qubo OvicTpo y6mBator (ecan C; = 0) Ha OGecko-
HEUHOCTH, TaK 4TO B 3TOM IIPOMEXKYTKE CHJOIIHOIO CIEKTpa OBIThH
He MOMKET, U JIH0O CYHIeCTBYET TOYEUHBbIH CIEKTp, JH60 BooOLie HET
CcOBGCTBEHHLIX 3HaueHHUH.

Ecau, Hakowen,
W = == mc?, 21)

TO BeJMUMHA o. PaBHA HYJIO, a B obpamaerca B 0ECKOHEUHOCTb, TaK
yro BolpakeHust (18) craHOBsiTCA HenmpUMEHHMBIMH. AcHMITOTHYe-
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CKMe pelueHHs] HAlINX yDaBHEHWH HYXKHO WCKaTb B BAJE, aHAJIOTHY-
oM (11) § 7 ran. IV u. II. Ecan Mbl T0J102KHM

8mA

Oy = g (22)
MBI TIOJIYUHMM, IyTe€M DPACCyXIeHHH, aHa/JIOTHYHBIX TOJNbKO UTO H3J0-
KeHHbIM, 114 cayyass W == —mc?
h — - ha, _ -1
= — C 0 pu T, E L GV L,
4me 4me 23)
N N
Fo= Ce® VT4 Lo Coe™ ™V L
u aas cayuas W=+ mc?
1 1
f=Cie Vet b | Coemim VTt |,
iha Nry l iho. i ] (24)
— (. HM% e, AT A% —ia. 41, 4
f2 Cl4mcea r +-..+Cg4mce r +..,

Korga MB uMeeM Ha OOJbIUMX PACCTOAHHAX NPHUTANKEHHE, TO
A > 0 u BeqMuMHA 0o BeulecTBeHHa. B 3ToM caydae Touka W =
= -mc? npuHAjIEXHT K CIVIOWIHOMY CHEKTDPY 3HEpPruu, a TOuKa
W = —mc? uer. B cayuae xe orrajkuBaHus A << 0 u og 49HCTO
MHHEMO; TOTAa K CILIOIIHOMY CHEKTpY OTHOcHTCS Touka W = —mc?,
a e W = 4-mc?

Takum o6pa3oM, Mbl YCTAHOBHJIH, 4YTO 00JAaCTbiO CIJIOUIHOIO
CrieKTpa OyIeT B cayuyae NPHTsAKEeHHUs

W< —me?, Wx=+me? (A>0) (25)
U B Cjyudae OTTAJKHBAHHA
W<—me®, W>me (A<0), (25%)

TOrga Kak TOqe‘IHblﬁ CIICKTD BO3MOKeH TOJbKO, €CJau
| W | < me. (26)

W3 ypasuenuit (3) § 6 nna paananpHbix GYHKOHI Mbl MOXKeM
BLIBECTH HEKOTOpbie OOIHe CJIeICTBHS OTHOCHTE/IbHO PAaCMOJIOKEHUA
ypOBHeli 5HepruM TOYEYHOro CHeKTpa.

Vumuoxasi nepsoe ypasHeHne (3) § 6 ma [, m BTOpOC Ha f; M
CKJa/biBast, TOJIYUuM

L1y =— [+ W —U) i+ (me’ —w+U) ). (@7)

Vnrerpupyst 310 Bhipaxenwe or 0 10 oo M y4HTLIBAA NOBeJeHHe
(GYHKIMH TOUEUHOro CIieKTpa Ha Mpejenax, MOJY4YHM CjieBa HyJb,
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TOrga Kak IlpaBasi 4aCTb JXaetr

o

Sum—@m=—gwm+ww+m&—mmm.m)
[}

0

Ho mbl 3HaeM, uto mas Toueynoro crekrpa W JIeXKHT MeXAY —mc?
u -+mc?, Io3TOMY NpaBasi 4acTb OTPHUATENbHA, H Mbl HMeeM Hepa-
BEHCTBO

\ U@ —Ryar <. (29)

0

Otcrona caenyer, uro npu U oTpHuaTeabHOM (NPHTAKEHHE) T
B cpeaneM Gosbuwe [3. Kak mbl Bumenu B § 6 dopmynaa (4), sro
Gyner B ToM cayuae, korga W 6ausko K -+mc2, 1. e. korna W > 0.
CrenoBatenbHo, B clyuae NPHTSKEHHs! OTPUILATEJbHHIX YPOBHEH
SHEpruu, NPHHALJIEXKAIUNX TOUCYHOMY CIEKTPY, HE CYLIECTBYeT.

B caysae xe orraakusanms (U > 0) He cymecTByeT MO/IONKH=
TeJAbHbIX YDOBHEH 3HEPTHH, HO MOIYT OKa3aTbCs OTPHLATE/bHLIE.
OTH OTpHUATeNbHbie YPOBHH (KAK H COCTOSHHSI C OTPHLATENbHON
KHHETHYECKOH 3Hepruedl, 0 KOTOPBIX Mbl FOBOPHJIH B § 12 1. 1) ue
MOTYT HMeTb NPSIMOTO (PH3UYECKOTO CMLIC/A.

§ 8. KeanrtoBbie uncna

Cor/slacHO pe3ysbTaTaM Hallero HCCaefOBaHHs, cTalHOHapIIoe
COCTOsIHHE 3/I€KTPOHA B LEHTPAIbHOM IOJIe MOXKET ObITb XapaKTepH-
30BaHO NapAMETPOM 3HEPTHH M KBAHTGBLIMH YHCJAAaMH k M m, H3 KO-
TOPBIX IIEPBOE CBSI3AHO C MOJNHBIM MOMEHTOM KOJHYECTBA JBHXKEHHS,
a BTOpOE -— C COCTAB/IAOLLEN ero 110 ocH 2. [l ToyeyHoro crexrpa
sHeprusi W 6yner 3aBuceTb OT [ieKOTOPOro TPeTbero (IJIaBHOLO HJiu
pajua/ibHOr0) KBAHTOBOTO YHCJA, KOTOPOE BBOAUTCS NpPH pelUeHHH
ypaBHeHHUst A/l pajuanbHblX GYHKIMH, H, KpOMe TOro, OT unciaa &,
KOTOpO€ BXOAHT B 3TH YpaBHeHHsi Kak napamerp. Takum oGpasou,
snech, Kak M B Teopun llpennnrepa, cocrosiiue sJektpoHa mus
TOYEHHOTO CMEKTPa ONHCHIBAETCS TPEMs KBAHTOBBIMH UHCTAMH, NpH-
yeM 3HEPTHs 3aBHCHT OT IBYX M3 HHX.

Kak mbl nokasanu B § 6, riaBHBC uleHB ypaBHEHHs BTOPOTrO
nopsifka, aHasJoruyHoro ypasHenuio Hpexunrepa, comepar ksaj-
paTuyHoe BhipaxeHHe k(K — 1), Torna Kak yucl1o k£ B OTHEJbHOCTH
BXOJHMT JHUIb B nonpapoudblit ymen. Ilpu atom k(k—1) Bxoaur
B ypaBHEHHE Tak ke, Kak [(/-+ 1) B ypaBHenun teopud pennu-
repa, Tak YTO MOXKHO NOJOXKHTb

k(k—1)=1(+1), (1)
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OTKyna
|t —5|=1+7% )

HOSTOMy Te JBa YPOBHsA 3HEPrHH, KOTOpbLIE COOTBETCTBYIOT OJA-
HOMY K TOMY XK€ TJIaBHOMY KBAaHTOBOMY 4YHCJAY # U OAHOMY H TOMY

xe [ (HJIH ‘k —%D, HO JBYM pPa3HBbIM 3HaAYeHHAM K.
k=141, k=—I, 3)

6ynyT BecbMa GJHM3KH APYT K ApYTy, oHr OyayT o6pas3oBbBaTh 1Y 6-
neT1. Uckmouenne npexacrasiasier cayuait [ = 0. Tak kak k He mo-
»KeT NpUHUMAThb 3HayeHHs HyJb, TO OCTAETCsi TOJIBKO OXHMH Yypo-
BeHb, AJA KoToporo k== -+1.

Paccrosinue Mexay TepmMaMmu Ay6/eTa ObLIO BBIYHCIEHO HaMH
B § 6 [popmyna (13)]

Taxkum o6pasom, teopusi Hupaka npaer tpeGyemoe ONBITOM YI-
Boenne (no cpasienuio ¢ tTeopueil Ulpennnrepa) ypoBHell sHepruy,
npuyeM ypOBeHb, M Koroporo [ =0, moayyaercsi mpocThiM, KaK
3TOro u Tpedyer ONbLIT. B 3TOM yaBOEHHH NpPOSIBJASIETCS OJlHA H3 1ABYX
106aBOYHBIX (BHYTDEHHHX) CcTelleHell cBOGOIbI 3/1€KTPOHA, O KOTO-
pbix Mbl roBopuan B § 12 ru. L.

JBa ypoHs ayG/era IPHHATO OTAHYATH APYT OT Apyra 3Haue-
HUSIMA HEKOTOpPOro HOBOFO KBAaHTOBOTO YHCJIa, KOTOpoe 06o3Ha-
yaeTcs GykBoil j. KBanToBOe umCI0 j, Tak *e Kak ¥ [, OIHO3HAYHO
BLIpaxaercss yepes k, a UMEHHO,

=1k~ (4)

Takum 06pa3oM, j MOXKeT IIPHHHMATb MOJOXKHUTeNbHbIE 3Haue-
HUsi, paBHBIE L€JOMY YHCHY C IOJOBHHOH.

Tak Kak YHCJO 3HAaYeHHH MarHHTHOTO KBAHTOBOIO YHC/a M TIpH
nanHoM k pasuo 2|k|, uucso j naer KpaTHOCTb ypoBHS, KOTOpas

6yner paBHA i
21 k|=2j+ 1. (5)

W3 cpasnenus (4) ¢ (2) caeayer, 4TO j OTJIMYAGTCA OT [ na
—+!/5, a UMEHHO, ]

j=l—i—% npu k>0,|}

. 1 (6)
j=!—5 mpu k<0. J

3Hasa [ u j, MOXHO 10 3Tofl opMyJie TIOJNYYHTh 3HAK K, a clenoBa-
TebHO, H caMoe k.

B CrneKTPOCKONMH NpHHATO 0603HAYaThb TEPMBl C Pa3NHYHBIMH
spauenusiMu [ =0, 1, 2, ... 6yksamu S, P, D, ..., npuyem 3Hauye-
HMe j IpHNHCbiBaeTcss y 3TUX OYKB B KauecTBe HHXHEro 3HauKa.
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ConocraBienne KBaHTOBBIX YHCEN PA3JHYHBIM TEPMAM MOXKHO npen-
CTaBHThb B BHAE Cjaeayiouleldl TaGaHILI:

k=41, =0, j=1/2, S,
k=—1, l=1, ]=1/2, P;/z,
k=42, =1, j=3/2, Psp,
=—2, [=2, j=3/2, Dyp,
k=43, =2, j=5/2, Dsp,
) BOHpOC 0 TOM, MeXAY KakuMH TepMaMU BO3MOXKHBI nepexoaent,
pellaeTcss Ha OCHOBAHUU TMpaBHJ/ia 0T60pa.

§ 9. FeiisenGeproBsl MaTpuubl W NPaBHIO ordopa

BoanoBylo ¢yHKUHMIO, COOTBETCTBYIOILYIO KBAHTOBBHIM UHC/IAM 71,
k, m (rie n—rJaBHOe KBAHTOBOE YHCA0), Ml GyieM 0603HAYATH
OykBOil ¢ MM KaKoH-HUGYNb Apyroii Gyksoil Ge3 mITprxa, a BOJ-
HOBYIO QYHKUMIO C KBAHTOBBIMH uucCAaMu n’, k', m’— cumBoOIOM '
U4 COOTBETCTBYIOINEH OYKBOH CO INTPHXOM (3BE3J0UKY %, KOTO-
poil Mbi OTMeda/iH B § 4 BOJNHOBBIE QyHKIHH B CepHIECKHX KOOD-
JAHHATaX, MBI 3[leCb oTOpaceiBaeM).

Ecau dyHKUHA ¢ HOPMHPOBAHA TaK, YTOGH GBLIO

SSS\I)\pdrdﬁqu:l, (1)

T0 37eMeHT I'eil3eHGeproBoil MaTPHLBI 1Jis KaKOi-HHOYAb H3 KOOp-
IHHaT, HampuMep X, 6yaeT paBeH

(v, by ml x|, B m) = (({ xb ar a0 ag =

= {305 @ w0 + oot + b + B9y ar dode. (@)

Ecan nogcrasuts B (1) BMecTo ¥y, ), Vs, P, HX BEpasKeHus (20) § 4,
YCJIOBHE HOPMHUPOBKH HaMHUINETCs

\§ Gt + 200 (77 + Zzydr av dp =1. 3)

OT10 yc/aoBHe OYIeT BHITOJHEHO, eCJ/H

00

| ¢ +egyar=1 (4)

9

T2n

{ § 0r+zza0a9=1. ©)

V=0 ¢==)
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ToxcranoBka xe Bhpaxenui (20) § 4 B popmyay (2) naer
(n, b, mix1, &, m)=(\{x (7 +ge) F7 + 22"y dr dd do. (6)

AnajiorHunble BhIpaXeHusl NOJY4alOTCs JJsi KOODAMHAT ¥ H 2.

Kak u B Teopun llpenmnrepa, TpoilHble HHTErpa/bl BHAA (6)
pasGHBAIOTCS HA NPOM3BEJEHHsT NPOCTHIX WHTErpajoB, H €CHH Mbl
TOJIOKHUM

rotn, s o', &)=\ r(if +gg"dr, 7y
0

10 sneMenTbl [efiaeHGEProBLHIX MaTpHI AJs KOOpIMHAT X, Y, 2 Oy-
LYT paBHbl NIPOU3BEAEHUIO BeNHYHHBI (7) COOTBETCTBEHHO HA

(k, m|sin® cosq |k, m') = SS sin® cos o (VY + ZZ')dodg,  (8)
(k, m|sin®sing| k', m') = SS sin®sing (YY’' +ZZ')do dy, (9)

(k, m|cos®| k', m')= S [ cos o (7¥" +22) at do. (10)

JInsi BHIYHCJEHAS STHX HHTErpajoB BHPAsHM Y u Z no dop-
mynam (4) u (13) § 3 u. 11 uepes y;, .M Y. Mb OyneMm HMeTb

VY o 22 =& =™ (g 4]+ ) sin . (11)

Bouncanm crnepsa uurerpan (10). QueBHAHO, UTO OH OyJer oT-
JHUeH OT HyJA TOJbKO, €Cii m’=m; B 3TOM XKe cayuae oH OyneT

paseH
112

(k, m|cos® |k, m) _—_% S cos & (y,4, + Yoyy) sinddd,  (12)
0
HJIM, eCJH Mbl BOCNOJIB3YeMCs o6osnauenusvu § 4 u. III,
49
(k, m|cos® |k'm)=% S cos® - y(k, m, ®) y (&', m, 8)sin® do. (12*)
0

Bripaxkas 3/€Cb NPOU3BENEHHE COS Oy (k, m, 8) no dopmyie (9}
§ 4 u III

cos® - y(k, m, 9)=

== it:z—_tll y(— k) m, ﬁ)+

k— k 1
VEZMEENED (41, m, 0)+

+ A& +|n;}a(f_-l—|m~” y(k—1,m, ®), (13)

Mbl MOJKEM, Ha OCHOBAHHH OPTOTOHAJIBLHOCTH byuxkuuA Yy, 3aKJII0~
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uiTh, 4yro MHTEerpan (12) Moxker OBITH OTJHMUEH OT HYJS TOJNBKO
B TpeX ciydaax:
B=—%k, k=k+1, kK=kF—1 (14)
B aTux e CJyYasiX OH PaBeH COOTBETCTBEHHBIM KO3(DdHLHEH-
taM B ¢dopmyJe (13), a umenno,

(b, m|cos®|—k, m)=—%§;i—ll, (15)
— 1

(b, m|cos® |k -+ 1, m)= Y midnt 15

(k, micos®|k—1, m)y= V(k+r;)le(f-7|m— D, (15%%)

AHAJOTHUHO BLIYMCASIOTCS JBa NepBhix HHTerpaga (8) u (9).
Jis Boiunc/ieHnst yI0BHO COCT2BHTh, NOAOOHO TOMY, KAK 3TO MBI Jie-
Jaan B § 9 r1. IV u. II, ux sunefinyio komOuHanMio

(k, m|sin®ei® |k, m")=

— e mmirosin. g, m, 0y, m, ) d0du, (16)
KoTtopas 6le€T, O4YeBYJHO, OTJIMUHA OT HYJA TOJbKO, €CJH m =
= m — 1. TIpH BHINOJHEHHH XK€ ITOTO YCJAOBHS OHA paBHA

(k, m|sin®e® |k, m —1)=
1Y
= S sin?® - y(k, m, ®)y (k" m—1,0)do. (17)
p A
Beipasus afiech mpounssefenue sin® - y (&', m — 1, 9) no popmyie (10)
§ 4 u III

T
sin®-y(k',m— 1,1‘})———2%5:—;’7—1/(— K, m, 8) —

N —

 AEE N 1, o4
7 1 kl ’

Mel yGennmesi, uto uuterpas (17) oTsauuer OT HyJs JIHUIL B TEX
Tpex cayuaax (14), korga oun paseH

(— &, m|sinGei® k', m — 1)=2-ﬁ:2—~ﬁ»
4k — 1
(K —1, m|sinei® |k, m—1)=XE=m=DE=m 3 (19)

AVE +m+ D +m)
2% + 1 ’

(" +1, m|sinGe® |k, m —1)=
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WM, ecJH Mbl BhIpasuMm k' uepes &,

(k, m] sindei® | —k, m—1)—g LE=m" |
(mmmmwwm+nnp4p=_4w—@£:m+n,f (199
8l | p — N EEm)(k+m—1) I

(k, m|sinde®|k—1, m )= 5B l

Orciona noayuaiorcs no hopmysam, anaaoruussiM (23) 1 (24) § 9
ra. IV u. 11, saemenmrst martpun (8) u (9), KoTopble MBI BBHIIHILIEM
B BHje TalOMULbL:

(k, m|sin®cosq|k’, m") (k, m|sin®singlk’, m")

B =—h; =t A=
m=m=1 G I T
k= —k VI —(m 1) , VB — (m + 1)
m'=m+1 TR —T T
=kt Ll L A=mG=—m+D i ANE=m(k—m+D
me=m= 2 2k + 1 2 2k + 1
M=kt 1)1 VEEm ) tmt?) | VEFTmEDErmt2)
m=m-+11% 2% -+ 1 2 %+ 1
3/=k—L| | VEEmGEEm=1 | _ i AEEmETm=T)

=m= 2 2k — 1 2 2k — 1
k,’fk—ll: A= (k=m=2) | i Ak=m—1)(k—m—2)

=m+ 2 % — 1 P %k —1

[Tonyuennbie pe3yabTaThl 3akaoualOT B cebe mpaBuio orbopa,
Ha OCHOBAHHH KOTOPOTO MOMKHO CYAHTb, MEXAY KaKUMH TepMaMH
nepexoABl BO3MOMHBI H MEX1Y KaKHMH OHH HEBO3MOMKHDI.

[IpaBuio orGopa AJs KBAHTOBOTO yMcjaa m Oyler TO XKe, 4T0
u B teopun Ulpenunrepa, a HMeHHO, I/ KOODAUHATHl 2 (CBET, I0O-
JIIPU30OBAHHBII 110 OCH Z)

m =m (20)

¥ [Js KOOPAMHAT X M y (CBET, NOJAPH3OBAHHBIA B MIOCKOCTH XY)
m =m=x1. (21)

VYpoBnH, oTAMYAIOUIHECs APYT OT APyra 3HaueHHeM KBaHTOBOrO
yypcJa M, MOXKHO DAasJMUUTh JHUIb B MAarHHTHOM MOJe, HAHPaBJ/IEH-
HOM 110 OCH 2, TIO3TOMY HEeyIMBHTEJIbHO, 4TO B NMpaBH/e 0TGOpa AJId
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m ocb z urpaer ocobylo poJb: ee HanpasJjeHHe (QH3HYECKH OTMe-
YeHO HamnpaBJeHHEeM MarHHTHOTO MOJf.
ITpaBuno or6opa nast k Gyner

B=—k, kK=k+1, kK=~F—1. (22)

1
CorslacHO 3TOMY TNIpaBHJY, KBAHTOBOE UYHCJIO l=‘k —31—-5-

BCerjla MeHsieTcs Ha eAMHMIY, Kak u B Teopun lllpenunrepa. Ho ue
Bce niepexonbl Buaa [’ = [ 1 BO3MOXHbI: HEOGXONHUMO elile BTOPOE
ycJoBHe AN KBAHTOBOFO YHCJA j, @ HMEHHO, uTOGH OHO Jau60 ocTa-
BaJsoch 6e3 M3MeHeHHsi, JIHOO MEHSJOCh TOJBKO Ha enumuuuy. Ha-
npumep, nepexon Mexnay tepmamu Py, 0 Ds, Bo3MOXKeH, TOrna Kak
mexnay Py, u Ds, on sanpelien.

§ 10. Ipyroii BeiBox mpasuaa orGopa

BBuily BaXXHOCTH mpaBusia 0T60pa, MBI NPHBEIEM 31eCh APYroi
€ro BHIBOJ, MEHee 3JeMeHTapHbIi, HO He TPeOyIOUHil 3HaHus mWapo-
BolX (ynkuui. Maes storo BriBosa npuHaniexut upaky.

PaccMotrpum oneparop

1
ﬂz =m,+ D) ho,
¢ cOBCTBEHHBIMH 3HAYEHHUSIMHU
1

Marpuna storo omnepatopa OyaeT IHArOHAJAbHOH OTHOCHTEJBHO
KBaHTOBOro uucaa m. Eciu mMbl 6yeM IHCaTh TOMIbKO 3TO KBAHTO-
BO€ YHCJIO, TMOJApasyMeBas OCTajbHble, TO Mbl GylIeM HMeTb

) , 1
(m 1M, 1) = (m + 5 ) By
PaCCMOTpI/IM TENnepb MaTpHUbl o4 KOOpAHHATHI 2 C dJIEMEHTAMU
(mz m’).
V13 paBeHCTBa MexXAy onepatopamu
Mz —2M,=0 (1
BBITEKAET CJAENYIolee pPaBe€HCTBO ME)KIIy 3JIEeMeHTaMu MaTpHui:
1 ’ ' ;1
(m+—2—)h(m|zlm)~(mlzlm)(m +5)a=0, (2
nin
(m—m')(m|z|m’)=0. (2%)

CJIG,ZIOBaTe.HbHO, TOJIBKO Te 3JEMEHTBHl MATPHIbl IJd Z OTJIHUHBI OT
HYyJId, OJ9 KOTODHIX m = m. B sToMm 34KJMI0YACTCsA, KaK Mbl YxKe
3HaeM, NpaBHJIO 0T60pa JJ1s1 2 OTHOCUTCJbHO KBAHTOBOrO 4HucJa M.
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3aMeTHM Telepb, UTO Hpasuia orbopa s X, Y, 2 Te Ke, UTO
IS X ==CPa0x Y =0CPa0y, Z==CPy0, TNO3TOMY Mbl BMECTO KOOp-
MHHAT X, Y, 2 MOXKeM OmnepHpoBaTh C MaTpHIAMH

O] = Pg0xy U= P4y0y, O3~ 0202

YTO B HEKOTOPHX Ciyuasx ObBaer mpolue. Hanpumep, U3 paBed-
cTBa

M 05 — ag M, =0,
HJIH

Mz —2M =0 (3)
BHITEKAET

(m —m’)(m|2lm')=0, (4)

T. €. NPEXRHUH pe3yJbTarT.
BeigeeM npaBuao or6opa Aast X M Y HIM, UTO TO XKe, A x
u . Umeem

M5 — M= cpa (M, 0, — 0, M) =ihcpa0y,
HJH
M5 — M, =ihy (8)
W aHaJOTHYHO

ﬂzg - y'/{{z = Cpﬂ (ﬂzcy - Gyﬂz) = - iﬁcpao‘x,

A
M, — g M= —ihx. (6)
Vugoxas (6) ma i v ckaaawmsas ¢ (5), OyleM HMETb
M (% igf; -~ (e i) M= (% + ig). ()
ITepexoaa K 3JeMeHTaM MaTPHIB, NOJYYHM
(m—m’ —1)(m| %+ igim')=0, (8)

T. e. TOT e pe3yJ/JbTaT, KaKoH BbITEKaeT H3 (16) § 9.
AHasorsugo NoJayYaeTca

(m—m +1)(m| % —ig|m’)=0. 9y
Otciona ycJoBHe, YTOObI 3MEMEHTH MATpHibl VI X M 15

OblIM OTJHYHB OT HYJ:
m =mx 1. (10)

DTOT BHBOI MOXHO HECKOAbKO BHIOM3MeHHThb. M3 (5) u (6) coe-
Liyer i
Mokt — QMg M+ M — 1% =0. (11)

[Mepexodsi K 3JE€MEHTAM MaTpHIL, GyreM HMeThb
2 . 1 o 7 7 1
(m + 5 tml 2 1) =2 (m 4 5) (51w (0 +5) +
N G At "
+ (mix 1m)(m +'2—) —(m| X |m')=0
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YJTH
[(m —m'} —1](m| % |m’) =0, (12)

OTKyZAa moJyuyaercs NpexHuit pesyasrat (10).
BuisefleM Tenepb mnpaBHJIO OTOOpPa OTHOCHTEJLHO KBAHTOBOTO
uucaa k. Benuunmna kA ecTb coOCTBEHHOE 3HAUeHHE omepartopa

Mp=p M, (13)

TIe
M=o.,m,+ o,m,+ o.m,+ . (14)
Mp ects paccmorpenHoe B § 3 oboGuende omepatopa TeopuH

[Mayu. Cornacuo dopmyne (18) § 1 wu. III, oneparop A yno-
BJACTBOPsIET COOTHOIICHHIO

MP=hM + (m] + m’ + m]). (15)
PaccMorpuM onepartop
L = Mp(Mpz —2Mp) — (Mb2 — 2H}) Mp. (16)
B cuny dopmyaer (13) u BbITEKAaOUISro H3 Hee PaBEHCTBA
Mp =M, (17)
onepatop & MOKeT ObTh HAaNHCAaH B BHJE
L = (p M) (M2 —2M*) — (M2 — 2M°) (0, ). (18)

Benencrsne Toro, uto Matpuua p, KoMmmyThpyer ¢ A ¥ aHTHKOM-
MYTHPYET € 2==(p,0,, MB MOMKeM HaNHCaTh BHIpaxkKeHHe Ias &L

B Bujie
L=, M (M2 — M%)+ (M — M%) M. (19)
Ho us dopmyant (15) BEITEKaeT paBeHCTBO
M2 — M= h(ME — 2M). (20)
Hoabsysicb uM, MBI MOXem HanucaTh BMecto (19)
L=ho, [ MMz — 2M)+ (M2 — M) M]. (19%)

3necs uneHs Bujaa A M CORPAINAIOTCA H MB NOJydYaeM

L = hp (M2 — 2M?) 1)
# Ilocse NOBTOPHOTO NpHMeHeHHs papencrsa (20)

L = h2%, (M — 2M). (22)

Bosppawasice k omepatopy [lupaka Jp M YYHTHBAS AHTHKOM-
MYTATHBHOCTh 2 M p,, Mbl OyleM HMeTb

L = 12 (Mp + 2. (23)
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[TpupaBuHBasi HMCXOAHOE H OKOHYATE/JbHOC BHIPAKEHHSA (16) u (23)
aas omepatopa £, MH NOJYYHM DaBEHCTBO

Mos — MMy — M3 Mp -+ 2Mp — B (Mpz + 2Mp)=0. (24)

[MepefiteM OT ONEPaTOPOB K MAaTPHLAM B TOM INIPEACTABJIEHUH,
B KakoMm omepaTtop A, IuaronajeH. OJEMEHT MaTPHUbl AT Kaxk-
JOr0 ujieHa B (24) MOJYUATCS M3 3JeMeHTa Matpuupl (k|2 |k") nis 2
YMHOYKEHHEM HAa COOCTBEHHble 3HAYeHHs fik niu Kk’ oneparopa A p
B COOTBETCTBYMomei crenesn (Ha fik, ecaum M, CTOHT CaeBa, H
ya hE, ecin M, crour cnpasa ot 2). Cokpamas Ha h°, Gynem
HMETb

(2 — kb — k2 R —k— k) (R 2|k)=0, (25)
WIH
(k+ &Yk —k —1)(k—F& +1)(k]2]k)=0, (25%)
OTKYJa BHITEKAET MPABUJAO OTOOPA OTHOCHTEJbHO ki
B=—Fk k=k+1, B=k—]1, (26)

KOTOPOE MbI YK€ BLIBOJAHJHN HHBIM IIyTEM.

§ 11. Arom Boxopona. PanuanbHeie dyHKUUM

Jlnsi aToMa BOJOPOJA, B KOTOPOM INOTEHIHAJbHAA SHEpPrus
paBHa

Uin=—= &)

r

ypasrenust (3) § 6 g panHasbHbX (QYHKIMH, JONYyCKAIOT TOUHOE
peulenne. B jauHOM caydae 3TH YpPaBHEHHS HMEIOT BHI

A Rl B
ot Epm e (oW )y, |

Mbl OrpaHHYMMCH DPACCMOTPEHHEM TOUEUHOTO CNeKTpa, KOorjia
W2 < m%*. Tlosoxum

AT =W
o=

hic ' (3)

npuyeM OyAEeM CUHTATh ¢ HOJIOKHTEIbHBIM. Hmess B BHLY acumnro-
tnueckue dopmy.n (18) § 7, BBeseM B KaueCcTBe HOBOI HE3aBHCH-
MOH IIepeMEeHHOH BeJHUYHHY

x=2ar (4)
H TOJIOKUM :

W —mecose, a="Csine (0 <e<n). 5)
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CumBoJioM Yy Mbl 0oGosHauuM 3oMMepdebLOBCKYI0 NOCTOSHHYIO
TOHKOHl CTPYKTYDH
e __ 1 (6)

€ KOTOPOH MBI YXK€ BCTPEYAJIHCh.
ITocsie 3aMeHBl epeMeHHBIX ypaBHeHUs (2) mPHMYT BHI

diy ke _ (1 . e yY\; |
rramy —(—7dg3—zﬁmg

dl, k 1 Y
W+;f2=(—-2"tg§+;)fl- }

Yron e yrpaer 34ecb poJb napamerTpa: €ro HyXKHO ONPENEIHTh
TaK, 4To0bl ypaBHeHusi (7) MMesM pelleHHus, KOHeUHble U HENpephB-
Hble BO BCeM mpomexyTke 0 < x < oo u obpamiaionuecss B Hyab
npu ¥ =0 u x = oo.

Beexaem teneps no gpopmynam

7y

F—G F+c
h=—"", fp=—t t)

2sin — 2 cos—

2 2

Ase HOBbE Oyukuuum F u G; 3tH (QYHKHIMM BBIpakKawTcs depes f
i f, crenylomum oGpasom:
F(x)=f,sin%+f2cos%, II

e e | (9)
G(x)=—Ff sm7+f2c053. jl

e

. e
¥YMuoxkast neppoe ypasHenue (7) Ha -ksin<-, BTOpoe Ha oS 5

2
U CKJaAblBada, NOJJAYUYHM

dF | k ! ¥ ]
ar Ty 0=—g Pt (Feose~G), |
ag k 1 Y I} (10)
o 7F=_2_G+“ma(f?—Gcosa). j

M3 5Tux ypaBHEHHI MBI MOXEM HCKJAIOHHTb OXHY H3 bynkuuil G
unn F; pesysbTaToM HCKJIOUEHUS! GYAET COOTBETCTBEHHO

d*F dF 1 : ‘
x2W+x—E+[—z—x2+x(vctga+—;—)__k2+vz]p=0, (11)
nJjau

d°G dG 1
x2717+x—d?+[—zx2+x(vctge—%)—k2+v2]0=o. (11%

OTH ypaBHEHHs TOrO Xe THIA, KaK yPaBHeHHe

X (F NI CHE SPIGREETL P
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KOTOpOe OBbIO HaMH MOAPOGHO HCCAENOBAHO B Iiase, [OCBALIEHHOM
HepeJITTUBUCTCKOI 3a71aue 00 3JeKTPOHE B Kysonosom nose (§§ 3, 4
u 5 r1. V u. II). Uro6m noayuntb coBnanenue ypasHeHus (l1)
naa F ¢ ypaBHenueM (12) pas y, L0OCTATOUHO IMOJNOKHTD

s=2+F—v, p+5=ycige (13)

Jns ypasrenust (11*) mapamerp s OyAeT HMeTb TO Xe 3HAuEHHE,
a uncao p Gyler Ha eAnHHLy MeHblie. C/le10BaTeNbHO, COGCTBEHHbIE
3Hauenus napamerpa y cig e paBHb

yetge=p+AEE—y (p=0,1,2,...), (14)
a coGcTBeHHbIMH (QYHKUOHSAMH OyayT

F(x)= Cx7e 2Q5 (), (15)

G (x)= c'xée‘%Q:,_.l'( x). (15"

Tak kak F u G cBsizannl cucreMoil ypasHennit (10), otHowenune
nocrostHHBIX C 1 C’ GyAeT BMNOJIHE ONpedeJeHHbIM.

Pemasi nepsoe u3 ypasHennit (10) orHocutempHo G, Gydem
UMeThb ’

1 dF
cw=——[rEF+(r+3-3)F]=
sins+k
LA dQ’
=& i 2(pr,—x Q”). (16)
.v +k dx
sSin g

Ho mo cBoficTBY NOJHHOMOB Qp, BHIBEJEHHOMY HAaMH paHee, Mbl

nmeeMm
H

P2 Lo p(p Qs 1139 § 42 V . TI]

Kpome toro, u3 (13) cienyer

2
p(p+8) =y — K~ (17)
Tlostomy ¢yukuus G(x) pasHa
s X
6 W=C-(gks — k) ¥7e Q-1 (x). (18)

Tem campiM niocrosinnas C’ B (15*) Bhipaxena uepes C.
[MocrosinHylo C HyXHO ONpEAeNHUTb M3 YCJOBHA HOPMUPOBKH.
OGo3HaunM, KaK Mbl 3TO jeaasiu npu H3noxenuu teopuu Ulpennn-
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repa, 6yKBOW (@ ATOMHYIO €JHHHILY JJIHHDI
h? .
4= (19)
u 6yKBOfI r paCCTOﬁHI/Ie OT fiipa B 4ATOMHBIX €AuHuUax, T.€. OTHO-

IHEeHHC
r

r ———_7 (20)
IToctostunas a Gopmyas (3) 6yxzer paBHa
_ «\/m204— W2 1 sine

o= fic T a vy (21)

TaK 4TO MEpEMEHHasag X CBsl3ana € r COOTHOIIEHIi .

x=2ar =2 S’;S I (22)
B KauecCTBe YCJIOBHH HOpMHpOBKI/I BO3bMEM
G+ 1) ar =1, (23)
0
HJH
S(fn + ) dy =208 (23%

Bupaxkas f; u f, uepes F H (G, monyyunM
fi+ = (F? 4 G* — 2FG cos e). (24)

[Moxcrasass (24) B (23%) u npuHuMast BO BHUManue, 4r0 F u G
JAPYT K IPYTy OPTOrOHAJIbHLI, Mbl MOXKEM HAMHCaTh yCJIOBHE HOp-
MHPOBKH B BHIE

sin’ &

3
{(r ot Gy dx = 20 (23")
0
Bounc/ass OTCIofa 3HaueHue NocTostHHOR C, NOJIyYuM
1 sint e

C?= ' 2 (25)

-+ (L) Y

uau, Ha ocHosanuu (17),
Y

C2 — (sine +k)  sinfe 95+
PT(p+s+1) 7 ° (257
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Orciona, BBoAA YyHKIHH
1

s s
X) = — e x),
P O= ey W
0yneM HMeTb
F(x) =5t (26)
: 0 - S
G ()= VSM BTQR (). (26
Bennqm{yﬁ yHo6HO 0603HauaTh uepes n':
LI 4
n=sne" (27)
Keagpar ee paBeH
C=pt 2 VE—V R, (28)
TaK YTO BEJHYHHA 7° MAJO OTJHYAeTCsl OT LEJIOro uucJaa
n=p+ikl (29)

KOTOpOE MOXHO TOJIKOBATb KaK IVIABHOE KBAHTOBOE WACJO.
Beoms #* B BHpamenus (26) u (26) MOXeM HaIHCATh HX

B BHJEC s
TR (R) @

G=-1 «/m(%‘)g w Qp-1(2") (379

Tlpu naHHOM TIJIABHOM KBAHTOBOM UYHCJIE A UHCAO R MOXKeT
NpHHUMAThL 3HAYEHUS

bk=-—n+1, —-n+2 ... —1, +1,...,n—=1,n, @I

Bcero 2n — 1 3nauenue. Unesao k£ He MOXET paBHATbCA —A, TAK Kak

toraa HwxKHH{ 3Hayok Q,2 1B (30) crasn6bl OTpHILATENbHBIM; 3HAYE-
HHe JKe £ = - n BO3MOXKHO, TaK KaK B 3TOM cJyuae, corsaacHo (29),

6yner p = 0 u, B cuny (28), n* = k, TaKk 4TO MHOXHUTENb A=k

npu Q,-; ofpalaercs B HYJb.
Ypucao p 6AM3KO CBAI3aHO C paiHajbHbIM KBAHTOBLIM YHCJIOM
reopny Llpenunrepa; a UMEHHO, Ha OCHOBAHHH PABEHCTB

n=n,+I+1=p+Ikl
¥ CBsI3W MeXJIy [ u kR Mbl uMeeM

p=n, npH k>0,} 39
p=n,+1 mpu £k<O0. (32)
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Taxum ofpa3oMm, Mbl HallId coOCTBeHHble (QYHKLHH, COOTBET-
CTByIOHIME TOUeyHoMy cnekTpy. He npencrasaser ocoboro Tpyna
HaWTH pelleHHe HAIIUX ypaBHeHH{ Ajsi sHaueHus W = 4 mc?, co-
OTBETCTBYIONIETO IPaHHLle MEXAY TOYEYHBIM M CILIOIUHBIM CHEKTPOM,
a TakKe JJ/Is1 CIVIOUIHOTO CHEKTpa, HO Ha 3TOM Mbl OCTAHABJMBATHCS
He OyIem.

§ 12. Tonkas CcTPykTypa BOAOPOAHBIX JIMHHI

BripasuM Tenepb dHepruio yepe3 KBAHTOBble uucaa. Mbl uMeeM,
Ha ocHoBaHuu (5) u (14) § 11,

me (p +VEZ—v7) ()

W =mc?cosg = - ,
Vo + VE =¥ + ¥

HJIH, Ha ocHOBaHuu (27) § 11,
W=m02/\/1 —_ v*‘z . (1%

n

®opmyia (1) Hocut HasBaHue GopMyabl 3oMMepdesbaa.

Kaxk ™Mbl yKe oTMeTHJIM B KoHLe § 7, Teopus [lupaka naert sjuechb
TOJIbKO NOJIOKHUTEJNbHbIE YPOBHU. HauMeHblIHid ypoBeHb (OCHOBHOE
COCTOSIHHE BOLOPOJA) COOTBETCTBYET KBAHTOBBHIM uuciaaM k= -+ 1,
p=20, (n=1), oH paBeH

Wo=mc24/T — v. (2)
Becb ToueuHbIH CNIEKTP PACNOJIATaeTcsl B IPOMEKYTKE
me?A/T —yvESW < me?, 3)
TOrga Kak B NPOMEXKYTKE
—me2 < W <me?/T—4? 4)

COOCTBEHHBIX 3HAYEHUH 3HEPruH Her.

Hasa cpaBHenuss Qopmyas 3oMmmepdenbia ¢ dopMmyaon Pun-
O6epra, moayueHHod HaMmu no Teopuu lllpenunrepa, Mbl nepeiigem
K npudankeHHbIM GopmyaaM. Masaexas npubankeHHO KBaJpaTHLIA
xopeHb B (1¥), Mbl 6yIeM uMerb

- 9 ¥ — 9 _____1_ me’y? . _1_ me’yt
W =mc /\/1 S me = PRl (5)
Ho, coraacho (6) u (19) § 11,
2
chv2=—i—, (6)

TorAa kak ¢dopmyan (28) u (29) § 11 marwor
n=n+2(n—|k)(VE =y ~|k|). @)
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TToJsb3ysich STHMY BBIPAXKEHHAMH, NOJIYy4aeM, C TOYHOCTHIO O yJe-
HOB mopsinka mc?yS,
W = 2_ € _ e 8
=mc 2an? 8a nd TzéT—F) ®)
[MepBhii uieH JaeT IOCTOSIHHYIO 3HEPTHIO (pessTHBHCTCKYIO
sHepruipo Mokost). Bropoil unen naer ¢opmynay Punbepra, a rpe-
THI — PEJATHBUCTCKYIO NONPAaBKy K Hefl. Jra nonpaska 3aBUCUT HE
TOJILKO OT TVIaBHOTO KBAHTOBOTO YMCJA 7, HO U OT yucaa k. [Tosromy
ypOBeHb 3HEPrHx BOLOPOAA, KOTopbiil no teopun UlpeanHrepa 3a-
BHCEJ TOJMbKO OT K M He MEHSJICSH TPH H3MEHEHHH a3MuMYyTaJjbHOTO
KBAaHTOBOTO 4uc/ia [, pacnajgaercs 3Jechb Ha psifi BeCbMa OJM3KUX
APYT K APYTy YpOBHe#, KOTOpHIe Ionyuaiorces, ecan B dopmyse (8)
HaBaThb uuMcay k Bce momyctumble 3Hauenus (31) § Il. B pesyas-
TaTe TMOJAYYMTCS HaGJaiojaeMas Ha ONbITeé TOHKAs CTPYKTypa
BOAOPOMLHBIX JHHHUIH 3aMeTHM, 4yTO YDOBHH SHEPrUH 3aBUCAT
TOAbKO OT MOXyJds k (r. e. oT j, a He or [), Tak 4ro, Hanpumep,
tepMbl Py, u Dy, mas Boaopola COBNAAalioT.
Halimem Temepb pasHOCTb TeX YDOBHeH 3HEPruH, KOTOpbie CO-
OTBETCTBYIOT Ay6aeTy oOiell TeOpUM HEHTPanbHOTO fosis (Ry6aery
[1eJ0YHBIX METAJNIOB), T. €. BEJHUHHY

AW =W {(n, k) —W(n, —k-+1). 9)
®opuyna (8) maer, ecan cuutaTbh k> 0 M NONOKHTL k = I4+1,
AW e (10)

2an’l(l +1)°

C 1pyrofl CTOPOHBI, MBI BBIMHC/SIM Ty XK€ BEJIHYHHY L/ OGLIEro
cayuast nentpaabHoro noas (dopmyna (13) § 6). Ilpumennm sty
dopmyay k Bogopony. Mbi nmeeM

oo

hZ 2

=L @i n{ SR ar. (1)
0

B sroit gopMmyse Mbl JOJKHBL MOJOXKUTD

r=ar, [RFdr=rRu(r)dn, (12)
TaK 4TO
ME=2Y (21 + 1)8 R2(r) (13)
a ; ry

MMoapsysice Bbipaxkenuem (11) § 6 r. V ou. 11 ms R, (r) u
2
BBOJsl TIEPEMEHHYIO HHTErpHPOBAHUSA x———%, Oy Y UM

eyt 2041
AE = . 2

a n

g 2=l [QH () dx. (14)
5
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O60o3naunM uaTerpat uepes /. Ecou Mpr nosoxum n—1 —1=p,
2]+ | =35, €ro MOXHO HAIHCATbh B BH[E

0o

[—= S w-2e=:[Q5 ()] dx. (15)

0
Arotr uuTerpas Mp yxe Bbuucasan B § 4 ra V ou. 1T [dop-
myJas (21) u (23)], on paseH

20 +s+1 . n (16)
(s—Dss+1) 2@+DIg+D"

J =

Tonctanoska 3Toro Beipaxkenust B (14) maer

2

— L Y
AE—Qa nl{l 4+ 1) a7

T. e. npexHunil pesyabrat (10).

§ 13. Sraeune 3eemana. [locranoska 3apaud

YpOBHM HEPTHU /1A LEHTPAJbHOrO MOJsl 3aBHCSAT, KaK Mbl BH-
Jean, TOJAbKO OT JBYX KBAHTOBBIX YHMCeJ n H B; TpeTbe KBaHTOBOE
UNCaA0 M B BbIpazkeHHe /sl JHEPruH He BXOJHUT, TAK YTO OAHH H TOT
JKe ypOBEHb MOXKET COOTBETCTBOBATbH COCTOSIHUSIM C Pa3HBIMH 3Ha-
YyeHUsiMH gucaa m.

Ecin Ke NOMECTHTb 4TOM B MAarHUTHOE IoJe, TO KaXALH ypo-
BEHb PACUIEIISIETCsi HA HECKOJBKO OTAENbHBIX YPOBHEH, OTHYalo-
uMxes APYr OT Apyra 3HayeHHeM KBaHTOBOro uucaa m. B atom
COCTOMT TaK HasbiBaeMoe sBiaeHue 3eemaHa (Zeeman). Jlia oGbac-
HeHHsl 3TOro siBleHus Teopus Lllpeaunrepa okasbiBaeTcs HENOCTa-
TouHON; Teopus ke [upaxa paer, Kak Mbl cefiyac NoKaxeM, TOJIHYIO
TEOPHIO 3TOrO SIBJACHHSA, BIOJHE COTIACYIOLULYIOCS C ONBITOM.

O606uienne ypasuenusi lllpeannrepa nHa ciayyail Hajau4usi Mar-
HUTHOrO noJsi — ypaBHeHne [layau-— OblJlo paccMOTPEHO HaMH
B § 5, u. II1. Ho B ypaBnenuu [laynu orGpoileHsl NONPaBKH Ha T€O-
pHIO OTHOCHTEJILHCCTH; MEXJY TeM paclierseHue yposHeil OT Mar-
HUTHOFO TOJIsI, BOOOIIE TOBOPS, TOrO XKe NMopsiKa, Kak 3TH Nonpas-
Kd, TaK YTO MX HYXKHO paccMaTpUBaTh oAHOBpeMeHHO. [loatomy aad
06bsicHeHNs ABJeHusa 3eemaHa HeoOXOAHMO paccMaTpuBaTh ypaBHe-
une Jlupaka, yuuThIBalOllee KaK TEOPHIO OTHOCHTEJIbLHOCTH, TaK H
MarHuTHOe moJe.

IToN0KUM, 4TO MBI HMeeM TNOCTOSIHHOe MarHuTHOe noje 76, Ha-
IIpaBJeHHOe BAOJb OCH 2. BeKTOop-MOTEHUHAT STOTO NOJA Gyler, Kak
Mbl 3HaeM,

1
Ax=__—;-|%l.y’ Ay=-§|%l'x, Az=0, (1)
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a o6o6LieHHas COCTABJAMIAs BEKTODP-IOTEHIHAA IO Yy ¢ Haii-
zdetcs no Gopmy.e

Agdx + Aydy=A,dy,
HJLH

1
—;—l%l(xdy~ydx)=5l%lpgd¢,
OTKyJa
Ag= 51 96 16" =51 36 | sin” . @

IloGaBouHbl YJIeH, KOTOPHIH HYXHO NpuGABHTL K omepaTopy 3Hep-
run Ges moJs

H™=cp, (ﬁ,‘— po+ 25 P + Sap,) +mc*o, +U(r),  (3)
NONyuuTCsl, HO OGLIEMY NpaBuiy, NyTeM 3aMeHs p, Ha
e
Pq, - pq, + '? AlP‘
OGosHauum 3TOT uieH GykBO#i R; on OyjeT paseH
R=1e| o, sr sind. (4)

HroOpl HAATH NMONPABKY K 3HEpPIHH, NPOUCXOAALLYIO OT 3TOTO
YICHA, HYXKHO NPUMEHHTb TEOPHIO BO3MYIUIEHHH H BLIYHCAUTH 3Je-
MEHTBI MATPHLEL OllepaTopa R, COOTBETCTBYIOUHE PAa3IHUHBIM nepe-
xoxaM. Kak mut Buzean B § 7 ra. II 4. I, TJIaBHYIO pOJb HrpaloT
S/IEMEHTBI, COOTBETCTBYIOIIHE [I€PEXOLAaM MEXKAY YPOBHSAMH, BeChbMa
6u3KHMH MeXAy coGoll, T. €., B HalleM caydae, MeX1y YpOBHSIMH
opHoro ayGuaera. [lostomy mbl 6ymeM paccMaTpuBaTh TOJBKO 3TH
HEepPeEXObl U MOJOKHM

n' =n, )

R —1)=kFk(k—1). (5%)

YUro kacaercst KBaHTOBOTO 4HC/IA M, TO oNepatop R KOMMyTu-

pyer ¢ omepatopoM Iud(pepeHUHPOBAHHA TO ¢, T.€. C ONepPaTo-
1

pom A, cOGCTBEHHOE 3HaYeHHE KOTOPOro ecThb (m + ?)h; O3TOMY

(cM. BTOpOIT BbIBOA IpaBuia ot6opa B § 10) marpuua oneparopa R
Gyler NuaroHaJbHOH OTHOCHTENLHO M, TAK UTO HYXKHO TOJOKHTb

m’' = m. (6)
Hawm HYXKHbBI, TAKUM 06p33OM, CaclyrolulHe 3JEMEHTBl MaTPHIIbLI:
(RIR|E), (kIR|—k-+1), }
(—k+1IRIK), (—k+1IRI—k+1)

(KBAHTOBbIE YHC/IA 7 W M Mbl LI KPATKOCTH OMycKaem).

@)
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[Tosnmniii onepaTop sHepruu GyAeT paBeH
H=H"+R,
¥ ypaBHeHHe JJis ero COOCTBEHHBIX (PYHKIHH HanulIeTcs
(H*+ Ry p=W - . @)

[Mpumenss cnoco6, usnoxenupd B § 7 ra. I 4. 11, 6yaem uckatb
TIpHOJIKEHHOE 3HAueHue P B BHIE

Y =c;Pr + eV rt 1, (9

rae P* — co6cTBeHHbIE DYHKLIMH HEBO3MYIIEHHOTO ONepaTopa 3Hep-
run H*. ToxgcraBuM (9) B (8), YMHOXKHM cjleBa HA P U [POUHTE-
TPHPYEM; 3aTeM YMHOXHM Ha $lpi| H TIPOUHTErpUpyeM. Mpl noJy-
YHM JBa YpaBHEHHUS

[We+ (kIR B e+ (kI RI—k + D ey=Wo, }(10)
—k+1[RIR)e, +[W_py) +H(—=k+1R|—=k+ 1]c,=Wq,,
rae Wy ecTb HeBO3MYILCHHBIH ypOBEeHb, COOTBETCTBYIOIIHNE KBAHTO-
BoMy uucay k. [IpupaBHuBas Hymo onpenenaurtesb U3 Ko3pQuIIeH-

TOB NPH HEHM3BECTHBIX €] M €9, MBI Moayunm Aas W xBanparhoe
ypaBHSHUE, KOPHU KOTOPOrO CYTh

v =%(Wk T Wi+ R+ Ropyy) =

i_;"\/(“//k — W1 + R — R )P +41(—E+ 1IRIR) R, (11)
r7e Mbl TOJOMKHJH IS KPaTKOCTH
R,=(k|R|k). (12)

®opmyaa (11) u maer ucupasneHHble 3HAYEHIS YPOBHEH SHEPruu.

§ 14. Boluncienne marpuubl BO3MYIIAIOMIER 3HEPrUH

O6parumcs renepb K Buluncaenuo eanund (7) § 13. IMoassyscs
sHaueHueM (29) § 4 ra1. I maTpuUBl paSs = ap U BeIpaxeHueM (20)
§ 4 ana QyHKUHMEA ¥, moJayunM

(kIR IR)=

=%ei%ISSS rsin®i(gf’ —fg’) (ZY' —YZ') dr d9 dg. (1)

Beipasum saeck f u g uepes f; u fo npu nomomu (2) § 6

— it — i
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npuuem OyjaeM cuutath [; M [, BellecTBeHHBIMH. OVYHKIHH Ke
Y, ¢ u Z(®, ¢) or yr10oB O u @ MBl BHpasuM no GopMmyaam

2

Ywum=:%f50”%ﬂum

I
i
(] 3)
20, o) ——_¢' (" D)op g |
»\/43'5 I
uepe3 byskunu A(9) u B(9), 3aBUCALLHE OT OJHOTO yria 4 (cMm.
§ 3 u. ). Tax xak npu m = m’ noasiaTerpasbHas Gbyukuus s (1)
He OYAeT 3aBUCETb OT ¢, TO HHTETPHPOBAHHE IO ¢ CBEAETCS K YMHO-
KeHHo Ha 2. MBI noayYum

00 o0

(kiR =—Ee121(r (14 17y ar (sino B+ aByas. @)
0 0

ITokaxeM, 4TO HHTErpa] MOXKHO NPUONHIKEHHO BBLIUHCIHMTbL, HE
pewas ypaBHeHHH Jns paamanbHelx Qynxkuuli. CorsmacHo Qop-
mMyse (3) § 6, 3TH ypaBHEHHS HMEIOT BUA

dfy = me—=W4+U ]
ra Efl—_—'m, far | 5
df —me?+ W —U

fz 4= fz*—'—m‘cﬁt—fx- ji

Mul Buzmenn B § 7, 4TO paguanbHble QYHKIHH TOUEYHOIO CHEKTpa
yOpBalOT Ha OECKOHEYHOCTH IO I[I0Ka3aTelbHOMY 3aKOHY M o6Gpa-
matorcst B Hyab npu r = 0. [lo3TOMy MBI HMeeM TOXKIECTBO

o0 o0

ﬁmﬁﬁmw=—gmar+mww—

d d d, d
=—S (WL g, ey e )

3amensii B NpaBOH YacTH IPOU3BOAHBIE HX BHIPAXKEHHUAMH H3
Jubbepennanbupx ypasHeHuil (5), moayunm

o

\ (it gy ar = — w+MSUFfﬁWH—

)

+2e$ g Vv G-ty @
0 I
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BTopoil YieH B NPaBOHl 4acTH eCTb He 4YTO WHOE, KaK HCKOMBIH HH-~
TerpaJ, BXoAsAMHU# B GopMyny (4). 3ametuM Terepb, u4TO fo BeCbMA
MaJio [0 CpaBHEHHIO C [, H 4TO J/Is pacCMaTpUBaeMbIX snayeHuil B
u k', nas korophix k(k—1) = k’(k’—1), pasnocTb W — W (wmu-
puna jy6jera) BecbMa MaJja IO CPAaBHEHHIO C 2mc?, a [ BecbMa
maJo orauuaercs ot f; (o6e QyHKIHH f, u f| nMpuGIHIKEHHO y10B-
JIETBOPAIOT OJHOMY U TOMY Xe yPaBHEHHIO (7) § 6). Ilpunumasi BO
BHHMAHHE HOPDMHPOBKY (QYHKIHI, MOJYYHM H3 (7) npuOaHKeHHOE
3HaueHue WHTerpajia, Bxoisulero B ¢opmyiy (4), a HMEHHO,

o0

S r(1F + fl7) dr =2me (B + £ 1) (8)

0

O6o3naunM GYKBOH ® Tak Ha3biBaeMylo J1apMOPOBCKYIO (Larmor)

Y4CTOTY, T. €. BEJIHUHHY
__el|#]
 2me

) (9)

n BeexeM Beipaxenue (8) B gopmyay (4). Mol noayunm
14
(£ RIK)=— ho(k + & + 1) | sin® (BA + AB)do.  (10)
0
HaM ocTaeTCs BBHIYHC/AHTH HHTErpad

J= S sin® (BA’ + AB’) do. (11)
0

inTerpupys N0 4acTAM M NOJIb3YSACh YPaBHEHHEM (5) § 3 u. Il gas
dyukuuit A n B, nMmeeM

T
J— S cos - (BA' + AB) b=

4]
7

= —(k+F) S cos®(AA’ — BB')d®. (12)

0

Vumuoxkas (11) ma k- k" u ckaaisiBas c (12), moayuum

(k+E + DI =—(k+£) Bew,. u. (Sei" (A+iB)(A"+iB’) dﬁ). (13)
Broast temepb nmo dopmyae ’ o
A+ iB=q/sinde T (y +iyy) (14)
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Halu QYHKUWH 4 H Yy, yXKe HCIOJb30BaHHbE B Teopuu Ilayam
(popmyaia (13) § 3 u. III), 6Gynem umers

(4 & + 1) =—(k+ &) (9,4 — pyy)sinvas, (3%
0

TaK 4TO
g

(kI RIE') =+ ho (k—i—k’)S(yly]’—y2y;)sinﬁdﬁ. (15)

0

B cuny oproronanbHocTH mapoBbix ¢yHKImH P?m, uepes KOTophle
BbIDAXaKTCA Y1 H Yy, HHTErpaa (15) OoT/inueH OT HyJs TOJIBKO B TOM
ciyuae, Korna U'==1, 1. e. mpu ycaosuu (5) § 13. ITostomy sie-
MeHTBl MaTpuubl (7) § 13 ABASIOTCA He TOJBKO CAMBIMH BaKHbIMH
AJ151 BBIYMCJIEHHS] MONPABOK, HO H €IHHCTBEHHBIMH OTJHYHBIMH OT
HyJ1A (OPH YCJIOBHH N/ == n).

Hust Beluucenns uuterpasa (15) 10OCTaTouHO BHIPA3HTH YL H Y
no gopmyne (24) § 3 u. Il uepes o6bLikHOBeHHBIE APOBLIE (DYHK-
UMM M BOCNO/Ib30BATbCA HOPMHPOBKOH 3THX NOCJAENHHX. B peayib-
TaTe MOJydaercs

(kIRIK) =L ho £EE_((EEmE +m)

12k = 1T\ /[ + m) (R4 m)]
—NV[E=—m =D& —m—DI). (16)
Hasas sneco k' sHavemust K =k u k"= —k + 1, noayunm
Ry= (k1R 1K) =ho—p (m+ ). i)
i
(BIR|—k+1)=— ho V"*ﬂ”;)k(f]m‘” . (18)

3amenas B (17) £ Ba —k + 1, nosyunm

R =(—k+1IRI—k+D=no =L (m 4+ 1). (19
k=5

Takum obpasom, Bce Beauuunsl (7, § 13) HaMu BBIUHC/IECHDI

§ 15. Pacuenaenve ypoBHeli B MarHHTHOM noJe

Uto6bl HaliTH cMellleHHble YPOBHH 3HEPTHH, HAM OCTAETCH TONbKO
NOJICTABUTL HAWICHHBIE BBIPAXKEHHS /IS 3JMEMEHTOB MAaTpHUbl R
B Gopmyay (11) § 13. Mt 0603HauuM AJST KPaTKOCTH NOJyCyMMY
TepMoB Ay6aera uepes Wi

%(Wk + W) =W, (1)



PACIIETIJIEHHME YPOBHE¥T B MATHHTHOM IIOJIE 369

§ 18]
H [OJIOXKHM
W, —W_pi1=AW. (2)
[Toacrasasia sty BolpaxkeHus, a takxke (17), (18) u (19) § 14
B dopmyay (11) § 13, Mu nosyunm
W=W,+4+ to(m+1/2) &
1 et
+5 (AW 4+ 2AW - fo —l— Re? . (3)
b— —
2

Ara dbopMmyna LaeT NOJMHOE ONHCaHWe SIBJIeHUS 3eemaHa
Korna marnutHoe nose ciaafo, Tak 410 BeJHYHHA Aw MaJja Mo
CpPaBHEHHIO C paculenyeHHeM TepMoB ayO/aeta AW, MoxHO nmpubJan-
JKEHHO H3BJleub KBaJpaTHHIH KopeHb, npeHebperast KBaapaTtoMm ho.

[Tpu sTOM NONyuYHTCS [OBA YPOBHS:
=W, 4+ AW—]—ﬁm(m—i—Q) — (4)
k~3
W7 =Wo— 5 AW + ho (m + ) 21 (4%)
t)
Wi, ecau nojcraButh BMecto W, m AW ux snauenus (1) u (2),
Wk+hm(m+2) - (5)
)
= (5%)

= Wiy 0 (m + ) ==

w”
2
Kaxaplit TepM pacuienJsiercss B MaruuTHoM nose Ha 2)k| or-
JleJIbHBIX TEPMOB, COOTBETCTBYIOMIUX 3HAUEHUAM
Paccrosinne MeXIy COCeIHHMH TepMaMH DaBHO
k
ho i = fwg, (7)
k=3
rie
k
8= 8)
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eCTh Tak HasblBaeMblii Muoxureab Jlange (Landé). Tak kak stor
MHOXKHUTE/Ib BCErjfa TOJOXKHTENeH, er0 MOMKHO IPeACTaBUTb B BHIAE

. 1
L1} ity
g= ' (9)
k—— 1 ! +—
rae j u [ umeror o6pluHOE 3HaueHHe. ljif pasiu4HBIX TEPMOB, COOT-
BEeTCTBYWOIIHX 3HaueHusM k=1, —1, 2, —2, ..., MHOXKHUTEb
Jlannme npoGeraer ciaeiylollye 3HAYEHHS:
kIl | Tepm g
1
1 0 5 S 2
1 2
—1 1 5 Pp 5
3 4
21 5 Py 5
3 4
—2 2 —2— D3/2 —g-
5 6
3 2 51 Dyq 5 )
5 -6
—3 3 5 Fy =

PaccmoTpenHBlt caydait mpesacrasiasier co60H Tak HasblBaeMoe
«aHoMaJbHoe» siBleHHe 3eeMaHa.

IlepeiineM Temepp X «HOpMaJIbHOMY» sBJA€HHIO 3eeMaHa, HMeIo-
IleMy MECTO B CHJBHBIX MarnuTHeIX noasx. Korma moJse nacronasko
CHJLHO, YTO fiw BequKo 1o cpaBHeHuio ¢ AW, MOXKHO NpHGAHKEHHO
M3BJieub KBaApaTHbIl KOpeHb, npeHebperas KBaJIpaTOM AW. Mnl no-
JYYMM TOTHa ABa YPOBHA

m -!—— an
W** == W() ‘!’“ fiom — AW —1"
HJM, eCJH MH IpeHeGpexeM Takke n AW,
W*=W,+ fio(m -+ 1), (12)
=W, + hom. (13)

B sTOoM ciyuae pacCTosiHHe MEXKAY KOMIIOHEHTaMu 3eeMaHOB-
CKOTO MYJbTHIIETa YiKe He 3aBHCHT OT KBAHTOBOrO 4Yuciaa R H
pasho ho. Takum o6pa3oM, mpH YCHJICHHH 10Js HECKOJBKO KOMIIO-
HEHT, COOTBETCTBOBABIUMX OJHOMY M TOMY Xe M, HO pa3HBIM &,
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CJHMBAIOTCSl B OAHY, B 3TOM H COCTOHT HEPeXOj OT «aHOMaJbHOrO»
ABJeHHs] 3eeMaHa K «HODMaJbHOMY>.

Ecau AW > 0, o npu ycuienun noast tepm W’ nepexonut B W*
u tepMm W” B W** npu AW < 0, naoGopotr, W’ nepexoaur 8 W** u
W*” B W*. Tax Kax KOpeHb XBaJpaTHhl B (3) Npu H3MEeHEHHU BeJu-
yuHbl f coxpaHsier cBOH 3Hak, To 00a TepMa NpH H3MEHEHUH Mar-
HUTHOTO NOJsI He repeceKalorcs.

Best 3Ta KapTHHA B TOUHOCTH IOATBEpKJAaeTca Ha ONbITe, H BhI-
BelleHHble 31ech GopMyanl ObIH HaHIeHB CHAuajJa 3MIHPHYECKHM
yTEM.

Slpnenne 3eeMana HaeT BO3MOXKHOCTb CPaBHHTL C ONBITOM OTHO-
CHTeNbHble HMHTEHCHBHOCTH JIHHHH, COOTBETCTBYIOUIMX HeEpexogaM
MeXIy TepMaMH C [JaHHBIMH R B B’ H Da3/HuUHBIMH 3HAUEHHUSIMH M
u m’. DTH HHTEHCHBHOCTH MOTYT ObITb BBIYMC/IEHB 0e3 3HaHUS pa-
nuanpHeix Qyukuuit. B camoMm neqe, B Bolpaxenusx Buaa (6) § 9
It 57eMeHToB efiseHGeproBbIX MaTpHI MHOXMHTEIb rp(n, k; n/, k')
He 3aBHCHT OT M U m’; nosromy, coraacuo dopmyse (16) § 3 ra. [1L
y. II, yuTeHcuBHOCTH OYAYT NPONOPUHMOHANLHEI BeLHUHHAM

I={|(k, m|sinOcosq|k'm') 4
+|(k, mlsin®sing |K'm’)F+|(k, m|cos® |k, m")F}. (14}
[Moabsysick taGauueit § 9 u popmynamu (15) § 9, mbl noayunm,

HanpuMep, Aas 3HaueHusi K = k-1 u naa cayvaes m’' =m-—1,
m' = mu m’ = m-1 caenywulie 3HayeHHs] BeJHUHHBI [

1 (B — k— 1 ’
=gt =m—), (15)
kR — k 1 ’
1 (& 1) (k 2 ’
=71 +m:5k)4£1;’rm+ L w=m1). (7)

Beanuuna Io Jaetr WHTEHCHBHOCTb CBeTa, NOJAPH30BAaHHOI'O IO
HanpapJEHHIO MAarHuTHOrO I10J/5, a BEJAHYHHBI I_n I+-——-I/]HTeHCI/IB'
HOCTH CBeTa, HOJAAPH30BAHHOIO B TNJIOCKOCTH, HepHeH]lHKyJIHpHOI'/'I
3TOMY HallpaBJ/eHHIO. CyMMa 3THX BE€JHYHH

k+1
I-F+ I+ 1= T

He 3aBHCHT OT M.

3aMeTHM, YTO MHOXMTeJb rp(n, k; n’, k') 3aBHCHT IVIaBHBIM 00-
pa3oM TOJLKO OT KBAHTOBBIX uuces [ u I’ n npuGanXKeHHO paBeH co-
orBeTCTBYlOmeMy MHOXuteao r(n, I; o/, I’y reopun Ilpenunrepa
(bopmyaa (14) § 9 ra. IV u. II), Tak 4ro AJsl ABYX KOMIOHEHT
ny6JeTa 3HAueHHE ero NMOYTH OXHO M TO XKe. JTO 3aMedyaHue jaer
BOSMOXKHOCTb CPaBHHBATh MeXAy COO0OH MHTEHCHBHOCTH 3eeMaHOB-
CKHX KOMIOHEHT, IPUHaAMeKallliX K PA3JIHYHLIM KOMIOHEHTaM oy6-
Jera.



I'masa Il

O TEOPHH NMO3UTPOHOB

§ 1. 3apsgoBoe conpsikeHue

B rnase I teopun [upaka (§ 5) Mbl yKasblBaJM Ha BO3MOX-
HOCTb TaKOro BbI6Opa MaTpHI, NPH KOTOPOM CHCTEMa YeThIpEX ypas-
HCHHH JJ/11 KOMIIOHEHT BOJIHOBOH (YHKIHH CBOGOZHOrO 3J€KTPOHA
UMeeT BellecTBeliHble KoadduuveHTsl (ypaBHenus (9) § 5). Co-
raacHo opmynam (8) § 5, coorBercTByOIME MaTpuubl Jupaka Gy-
YT PaBHbI

=0, o

0 0
1 2 ™= P90y 03 =0y, 0= P30, (1)

rie o, Oy O3 H P, Py, Ps— Marpuusl -upaka (18) u (19) § 3
ra. 1. Jnementol Matpui of, al, o) BeIECTBEHHE!, a 3JEMEHTH
MaTpHIbl 0 — YACTO MHHMBI.

Hanumem coorsercrByOllee 3TOMY BHGOPY MaTpPHUIl ypaBHEHHE
Jlupaka [Jist 3J1eKTPOHA B 3JeKTPOMArHHUTHOM MoJIe.
Mpb1 umeem

Hy = in 2 | )

U 444 CTagHOHapHLBIX COCTOHHI/Iﬁ, Koraga BOJHOBasd (pyHKIlI/IH 34BH-
i

- Wt

CUT OT BPEMEHH 4epe3 NOCPeACTBO MHOXKUTE/A e = .

HY =W, &)
rie

Hy = b (— ine G5+ eA 47) + o (— ihe S - oA 4) +
+ o (— i G e ) + mc%ﬂmpo — DY =Wy, (4)

HamniueM tenepb ypaBHeHHsl, KOMIUIEKCHble conpsikeHHbie ¢ (4),
npuueM H3MeHHM 3HaK B o0eux 9acTAX paBeHcrBa. Mbl Oylem
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HUMETh
b0 - 30 _
o (— ihc% — eAx_ﬂJO) + of (—— ihc%\i—— —_ eAyﬂJO) -+
+ag(— e 20 — oA §0) + Mol + PP =— Wi (5)

DTH ypaBHEHHs OTIAHYAIOTCH OT NPEAbIAYIIMX (TIOMHMO 3aMeHbl 0

ga %) TOILKO M3MEHeHHMeM 3Haka IIpH 3apsjie 3JIeKTpOHA —e U
npu sHauvenuu sHepruu W. Takum oOpasoM, BesMuHHa, CONpSIXKeH-
Hasl C BOJIHOBOH (DYHKIMEH 4acTHIBl, HMeWlleHd OTpHUATebHBH 3a-
PSL ¥ OTPULATEJbHYIO 3HEPTHIO (C BOJIHOBOH (QYHKIUHEH 3/eKTpOHa
B COCTOSIHHMH C OTPHIlATeIbHOH 3Hepruel), MOxeT ObITb B H3BECTHOM
CMBICJIe COIIOCTABJIeHAa ¢ BOJIHOBOW (yHKIMeHl YacTHObl, HMeILiel
[IOJIOKHTEAbHBIA 34PN H NOJOXKHTENbHYIO 3HEepruio (C BOJIHOBOH
dbynkuuell MO3UTPOHA B COCTOAHHHM C TIOJIOXKHTENbHON 3Hepruei).
DTo conocTaB/JeHHE He sABJAAeTCH, OAHAKO, NPAMBIM H OHO He MO-
sKeT GHITh MCTOJNKOBAHO B paMKaXxX 3aJaud OJHOTO Tesja: Takoe ToJl-
KOBaHHEe NpPOTHBOPEYH/IO Obl OCHOBAM KBaHTOBOH Mexanuku. OHo
OTKpbIBAET, OAHAKO, NyTb K HHTEPNPETANHH 3araJloYHBIX COCTOSIHMI
3JeKTPOHAa C OTPHUATEJAbHONH KHHETHYECKOH SHeprued M CBA3AHHOI
¢ HHMH BTOPO¥ BHYTpPEeHHelH creneHH cBOOOAB 3/EKTPOHA, O KOTOPOI
Mbl rosopuau B § 12 ra1. I reopun dupaka.

§ 2. OcHoBHble HJeH TEOPHU MO3HTPOHOB

(dus3yuyeckas HHTEpIperanus BTOPOH BHYTPEHHeH CTeMeHH CBO-
6oLl 3JEKTPOHZ OCHOBaHA Ha pPacCMOTPEHHH 3ajayd o (HH3HYEeCKOH
cHcTeMe, KOTOpasi COCTOHT M3 NMepeMeHHOro 4Hc/a 3apAKeHHbIX uac-
THL, HC B KOTOPOH NOJIHBIH 3apsil He MeEHsieTcsl (TaK 4YTO HMeer
MeCTO 3aKOH COXpaHeHHS IIOJHOTO 3apfna).

MaremaTaueckast GopMy/aHpOBKa 3TOH 3ajgaud TpeOyeT BBeje-
HUs OIepaToOpPOB HOBOrO THIIA, & HMEHHO, TaKHX, KOTOpble nelcT-
BYIOT HE Ha BOJIHOBYIO QYHKIHIO OT ONpeAe/eHHOrO uucja rmepeMeH-
HbIX (COOTBETCTBYIOLIHX CNpefeJeHHOMY UHC/IYy YacTHI), a Ha fo-
CJe0BaTeNbHOCTh BOJHOBLIX (YHKLHHA OT IleDeMEHHBIX IS ONHOM,
IBYX, TPEX H T. [. YaCTHIL, I1€PeBOAs KaXIyl0 TaKylo (QYHKIHIO
B (YHKIHIO OT NepeMeHHbIX [Jisl YHC/Ja YaCTHI Ha eJMHHLY 00Jb-
mwero (oneparop «POMKAEHHS» YACTHILBI) WJIH Ha eIAMHUIY MeHbLIEro
(oniepaTOp «YHHUTOMXKEHHSA» YACTHIUDI).

DTH onepaTopbl HOBOTO THNIA ABJAAIOTCA (PopMajbHEIM 0606uie-
Hy{eM BOJHOBOH (DYHKIMH OT NepeMeHHbIX OJHOH UaCTHIH, a UMEHHO,
onepaTopbl «pOXKAEHHsi» 000011al0T caMy BOJHOBYIO (yHKLHUIO, a
onepaTophl «yHHYTOXKeHHs» 00001Lal0T BEIHYHHY, KOMIJIEKCHYIO CO-
NpsiKEHHYIO C Hel.

Onepatopsl, npeicrasisiouue GopManbioe 0606iienue BOJHO-
BOii (YHKUHH, HA3bIBAIOT HHOrJAa «KBAHTOBAHHOH BOMHOBOH (YHK-
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uMeit», a nepexoa OT OOBIYHON BOJTHOBOM (YHKILIH K KBAHTOBaHHOI
Ha3bIBAIOT <«BTODHUYHBIM KBaHTOBaHHeM». Bropuunoce KBaHTOBaHHe
NpUMeHsieTcsl TaKxkKe K CHCTeMaM, COCTOSIIIHM H3 HeonpeaeseHHOro
yyc/aa He3apsKEHHbIX YaCTHIl — CBETOBBLIX KBAaHTOB HJH (OTOHOB.
D710 cocTaBisieT NpeAMeT KBAHTOBOH 3JEKTPOJHHAMHKH.

Mbl He OyjleM H3Jaararth 3jech TEOPUI0 BTOPUYHOTO KBaHTOBA-
HHsl, @ CONLJIeMcA JMb Ha Haily KHUry «PafoTel no KBaHTOBOI
TEOPHH TMOJA» *).

§ 3. Mogeab MO3MTPOHOB KAK HE3AMOJNHEHHBIX COCTOSIHUI

B 3akJioueHHe CKaXKeM HECKOJNbKO CJOB O NpeasoxkeHHol Jlupa-
KOM MOIEJH JJ5 TMO3HTPOHOB KaK HEe3alloJHEHHBIX COCTOAHHI («Ba-
KaHCHI» WIH «AbIPOK») B HEKOTOPOM (DHKTHBHOM <«IOJHOM HaGope»
5/€KTPOHOB B COCTOSIHHSIX C OTPHLATE/NbHOH KHHETHYecKoi (u noJ-
HOli) sHeprueil. 3apsil 3TOr0 <«IOJHOro HaGopa» INpearoJaraercs
KaKuM-TO o6pa3oM HeHTpaJu30BaHHBIM.

Moneab «nosaHoro wabopa 3JeKTPOHOB» IPEACTABJAsET B H3Be-
CTHOM cMbicsie 00o6IieHHe (MM «3KCTPANoJsALHIO») TOHATHS 3a-
OJIHEHHOH 3JMeKTPOHHOH OGOJOYKH aToMa, OTpHUATEJNbHbIH 3apsl
KOTOPOi HEHTPaJIH3yeTCs NOJOKUTENbHBIM 3aPAJOM aTOMHOTO AApa.
Hen0cTaTOK ONHOTO 3JeKTPOHa B aTOMHOH 000/104YKe MpOsiBJIsiercs
KaK HaJHuHe OJHOTO MOJOXKHTEJbHOrO 3apsla, paBHoro no abco-
JIOTHOH BeJHUMHEe 3apAny 3JeKTPOHa, H NpPeJACTaBJseT CBOEro pola
aHaJOr HJIM MOIeNb IO3HTPOHA.

TIpuMeHeHHe MOHATHSA «IOJHOrO Habopa» K TEOPHH MO3HTPOHOB
e siBASeTcsl, OAHAKO, Jornuecku OesympeuHbiM. Bo-mepsbix, Hemo-
HSITHO, TIOYeMY 3TOT <NOJHBIH HaB0p» OKa3blBaeTCsl HeHTpaslH30BaH-
HBIM, TaK YTO HCXOAHOE NpeJCcTaBJ/ieHHe O «HefTPasNN30BaHHOM I0/-
woM HaGope» siBasiercst HeduanueckuM. Bo-BTOpLIX, camoe MOHATHE
«TI0JTHOrO Habopa COCTOSHUI» HMEET MATEMATHUECKHH CMBIC/ TOJIBKO
Torja, KOra 3TH COCTOSIHHA JHCKpeTHb. B ciyuae e cniomxoro
CIIeKTpPa OTJIHUHTD «IIOJHbIA» HAGOP OT «HENOJIHOro» HEBO3MOXKHO i
HCXOZHOE TIOHSATHE TEOPHHU JHUIIAeTC MaTeMaTHYeCKOro CMBICIA.

TakuM 06pa3oM, Mbl JOJIKHBI [IPH3HATDb, YTO 3aMKHYTOH, JIOTH-
yeckd Ge3ynpeuHOil TeOPHUM MO3WTPOHOB B HACTOAllEe BpeMs elle
ne cymectsyer. Iloctpoenue Takoit TeOpHH, BEPOATHO, norpebyer
BBe/leHHs CYIIECTBEHHO HOBBIX (H3UUECKUX MOHSTHI, B NONONHEHHE
K TeM, KaKHe TPUMEHSI0TcA B OObIUHOH KBAHTOBOM MeXaHHKe.

TTosTOMY Mbl He CT@BHJH 37iech CBOell 3aiaueil CKOMbKO-HHOYIb
[IOJIHOE M3J0KeHHe COBPEMEHHOrO COCTOSIHMSI TEOPHH TNO3HTPOHOB,
a OrpaHHYMJIHChL OOLIMMH 3aMeYaHUsAMH K OCHOBAM 3TOH TEOpPHH.

*) B. A. ® ok, PaGoru no KBaHTOBOI Teopun noas, Hana. Jlenuurpaacxoro
yuupepcurera, 1957. (B cOopwux BowH paboThl, BHIIOJNHEHHEIE M BrepBble OmyG-
JukoBanabie B 1928—1929 rr.)



ITOCJIECJIOBUE

Bnagumup Anexcanaposunu QoK no npasy npuHaiiexasn K TOH
Oaectalel naesie (PHU3MKOB-TEOPETHKOB, TPYAAMH KOTOPBIX OblI0
INCCTPOEHO BEJHYECTBEHHOE 3[aHHe KBAHTOROI TEOPHH.

CopoK mATh JIET HPOLLIO CO BpeMeHH HAIHMCAHHS MM HEPBOTO
HM3JaHMs 3TOH KHMIH — OPHUTHHAJBHOI'0 M CHCTEMAaTHUeCKOro Kypca
kBaHTOoBOM MexaHuku — nepsoro B CCCP u ogHoro u3 mepBbX B
MHupe.

3a 3TO BpeMs KHHTa He TOJbKO He ycTapejaa, HO jJaxe, HaoGo-
POT, XapakTep M NMOCAELOBATeJbHOCTb H3JI0KEHHS, TPAaKTOBKA 4acT-
HbIX BONPOCOB M T. H. KaXXyTcf Temepb 00Jee eCTeCTBEHHBLIMH, YeEM
3TO OblJC TOrJa — COPOK HAThb JeT HasajJ. TaxuMm cBOACTBOM 06.a-
Ja10T JIMWIb T€ KHUTH, aBTOPbl KOTOPbIX CaM¥ aKTHBHO Y4YaCTBOBAJHN
B CO3[4HMU NpeAMeTa U NOHHUMAJH ero ropasno riayboxe, uem 60Jb-
LHUHCTBO COBPEMEHHUKOB.

[lpakTuueckn KaxKAbH pas3fes Kypca CBfA3aH C OPUTHHAJNBHBIMI
padoramu camoro B. A. ®oka— GOJIbIWINHCTBO 3THX paBoT BOILIO
B «30JI0TOH (OHA» KBAHTCBOH TEOPHH — M 3TO NPUAAeT KYpPCy OCOo-
6yI0 IpeJieCTh «IIEPBHUYHOCTH» — (DYH/IaMEHTANBHOCTH.

B coOTBeTCTBHH C 3aroJOBKOM, KyPC He IpETEeHAYET Ha IOJHOTY
nznoxenusa. [lomumo H3I0Keuus QpyHAaMeHTANbHBIX NOHATHH Teo-
puyl LaloTCcsl JHLb IpocTefiiine npunoxkeHus. MHorne 6osee CJI0XK-
Hble BOAPOCH, TaAKHe KaK TeopHus MOJeKyJ, aTOMHBIX filep, TBEPAOro
TeJa M T. I, B KYPC He BOILIH.

M3MeHeHHa ¥ JCHOJHEHHS, KOTOpble BHECEHB BO BTOpOe H3la-
HHe, CBA3aHBI NIpexk/e BCero ¢ BBOJAHCH 4acTblo Kypca —ryaBoi | o
¢UIOCOMCKHX OCHOBAaX KBaHTOBOH Teopuu. B. A. ®oxk cumran
HCKJIOUNTENbHO BaXKHON 3ajauy NPaBHIbLHOA MaTepHaJHCTHUECKO
¢OpMYJIHPOBKH OCHOB KBAaHTOBOH MeXaHHMKH. B3IVISIIbI, H3J0XKEHHbIS
B raape I, 6eliH BbIpaGoOTaHL MM 1OC/JAe MHOTOUHCJAEHHBIX AMCKYC-
cufi w obcyxpenuil, BKIoyas M Axuckyccuio ¢ Huabcom DBopowm
(8 uactHocTH, KpuTnKa B. A. Qokom «IpHHUMOHAJIBHON HeHaO0.110-
laeMOCTH», NO-BHAUMOMY, npusesa bopa K oTkasy or storo nowus-
THSl B ero MO3AHHX paborax). BruMaHHe XK TeOPeTHKO-NO3HaBaTeNb-
HBIM BONpPOCaM, MX HOApOGHOE MOCJAeN0BaTeIbHOE MaTepHaducThue-
CKO€ H3J/I0KEHHe BBITOAHO OTJHYAeT 5Ty KHHMIY OT MHOTHX JApYrux
KypCOB KBAHTOBOH MeXaHHKH.
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KpoMe Toro, B KHHIy no0aBJeHbl TakHe pasiebl, KakK MeTol
CaMOCOTJaCOBAHHOTO MOJsA, BHYTPEeHHSA CHMMETPHA aToMa BOJO-
pola u apyrue. Diarogapsi 5TOMy BTOpOe H3AaHHE MOJHEE O0Tpa-
xkaeT Bkaan B. A. ®oka B pasBuTHE TEOPHH.

HakoHell, HECKOJIbKO H3MeHeH pasjiell, CBA3aHHblil ¢ ypaBHeHUeM
Jlupaka u Teopueil NO3UTPOHA, — TEOPHEH, KOTOPas Gnl1a ceHca-
LLHOHHO# HOBOCTBIO BO BpeMsl HamHCaHHs KHUTH. B. A. ®dox npusna-
BaJ TeHHaJbHOCTb TEOPETHUYECKOro NpeACKa3aHusd aHTU4acCTHIl, HO
pceraa MoJYepKUBas HElNOJHOTY TEOPHH MO3UTPOHA, CBA3AHHYIO € HE-
BO3MOMHOCTBIO CTPOrOro ONHCAHHsI MPOLECCOB POXKAEHHS H AHHHIA-
JSIIHK C TOMOUIBIO YPABHEHHs /s OJHOH YaCTHILBL.

OnHa M3 3aMeyaTesbHbIX OCOOEHHOCTENl HaydHOro TBOpYECTBA
B. A. ®oka — ero nopasuTe/bHas MareMaTHueckas MOUIb — yMEHHE
PELINTb C/OXKHBIE MaTeMaTHueckre 3alauH npocTefillIuMHY M HEOXKH-
naHHbIMH MeTofamu. KoHeuHo, B HauGosbleil CTeneHyd 3TO CBOMCTBO
NpPOABJSAETCS B OPUTHHANBLHBIX HAYYHBIX paGorax, HO W IpH YTEHUH
570l KHHUFH JIeTKO MOXHO [OYYBCTBOBATh APKYI0 MaTeMAaTHHUECKYIO
WHAHBMAYa/IbHOCTL aBTOPA, COUETAIOULYIOCs CO CTPOTOCTDIO, 0GUIHO-
CTBIO ¥ MIPOCTOTOR.

ToarotroBKa K neuaTd BTOporo n3fanus «Hauan KBAHTOBOA Me-
XaHHKA» OKasajachb nocieiHeii pabortoil Baaaumupa Anexkcanapo-
BHYa, KOTOPYIO OH MPOLOJIKAJ ellle B TOCICAHHE THH CBOEH KHU3HI.

MoHO BEIPa3uThb YyBEePeHHOCTb, UTO HHMTATE/Db, KoTOpHLl Oyfer
H3yyaTh KBAHTOBYIO MEXaHHKY IO 3TOH KHHUrE, MOYYBCTBYST PanoCTb
npHOGIIEHHS! K NEPBOMCTOUHUKY, MOUYBCTBYET LyX TOro 3aMedyaTedb-
HOTO BpEeMEHH, KOrfa 3a HeCKOJbKO JIeT TOPHUSOHTLI 4eJIOBEYECKOro
[o3HalMsl ObLIIM HEHMOBEPHO pPacCIiMpeHBI. B. A. ®ox 61 oueBH-
lleM ¥ aKTHBHBIM YHAaCTHHKOM 3TOrO mpoliecca.

ABTOp He JOXKHJ J0 BBIXONA KHHTH B CBET, 0JIHaKO YCreJ mnpaks
THYECKH TIOJHOCTBIO NMOArOTOBHTb €€ K MeYaTH.

Du3UUeCKHl HHCTETYT Ipogeccop M. I'. Beceros

JleHUHIPAJICKOTO TOCYAaPCTBEHHOrO
P yHuBepCHTETA : Mpogpeccop F0. H. lenxos



