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NPEANUCJHOBUE K NEPBOMY U3JAHUIO

B ocHOBY 3TOH KHHTM NOJIOXKEHA JICKIUSA MO yPABHEHUAM
B LeJBIX YHCJax, NpoudTaHHas MHowo B 1951 r. na Martema-
THyecKoil onumnuage B MI'Y. §I nosabsyiocs 3nech cayuaem
BBIPA3UTL GJarojapHOCTbL 32 OKa3aHHYI0 MHE MOMOIIb MOeMy
yuenuky, jouenty H. M. KopoGoBy, nanucaBuieMy 0o KOH-
CHeKTy Moed JIeKUMd IMepBbid, BTOPOH U YacTb TPEThEro
naparpada.
Knura focTymHa MIKOJBHUKAaM CTapIUMX KJacCoB.
A. Teavghond



BBEJIEHUE

Teopust uMzeN H3yyaeT B OCHOBHOM apH(MeTHYecKHe CBOH-
CTBa UHCeJ HATypalbHOTO PSAA, APYTHMH CJOBAMH — EJBIX
NOJIOXKUTENIbHBIX YUCeNl, M NPHHALJEXKUT K YUCJAY cTapedummx
ot/eoB MaTeMaTuxH. OfHON U3 HEHTPAJNbHBIX 3a/1a4 TAK HAa3bl-
BaeMOH aHAJUTHUYCCKOH TeOpUH YHCeJ $§BJASeTCs 3ajaua o
pacrpefleleHHH NPOCTLIX UMCes B HaTypaJbHOM psige. [TpocThiM
YHCJIOM Ha3BIBAeTCA JII000e 1eioe NOJOXKHATENBLHOS UHCIO,
6Gonplliee eAHHHUIE], Jendimieecsd 0e3 ocTaTKa TOJbKO Ha cels
H eHHANY. 3ajaya O pachpejelieHUd MPOCTLIX YHCEN B Ha-
TYpPaJIbHOM psifie 3aKJ0uaercs B H3yueHWUH INIPABUJBHOCTH IIO-
BeJIeHHs UiC/a NPOCThIX Yucesd, MeHbUIUX HeKOTOporo yuciaa N,
npu 6onbmidxX 3HaueHusix N. [lepBnifi pesysabrar B 3TOM Ha-
npaBJeHuu Mbl HaxofuMm em@ y Epxmuga (IV ek go H. 3.),
AMEHHO JOKAa3aTeJbCTBO GECKOHEUHOCTH DPSia MPOCTBIX 4UCe,
a BTOpO# pe3yJsbTaT noche EBkinpa ObT NOTYYeH BENTHKHM
pycckuM marematukoM I1. JI. Ue6wliimeBbIM BO BTOpOH HOJO-
sune XIX Beka. [{pyrast ocHOBHAS 3afaua TEOPUH YHCE]T — 3TO
33j/aua O TPEJCTABJCHUH [e/bIX YHCeJ CYMMaMHd LEJBIX 4H-
cesl ONpeeNHHOrO TWNa, HATPHMep NpoGieMa mpescTaBJe-
HUST HEUYSTHBIX uHucen CyMMOH Tpéx IpocTthix umcen. [lo-
clegHsisi mpoOJema, mnpoSnema [onbidaxa, Obiia peniena
CPAaBHHUTENbHO HEJaBHO KpYNHEHIIHM COBPEMEHHBLIM TpeAcTa-
BUTEJEM TEOPHH UHCeN — COBSTCKMM MareMatukoM M. M. Bu-
HOT PaJIOBbIM.



[pennaraeMasi BHUMAHHIO 4YHTaTesasl KHHTA MOCBsilileHa
TaK¥Ke OJHOMY W3 Haubojee HHTEPECHBIX DPa3JeJoB TeOpHR
yhces, 4 WMEHHO, — PEICHHIO ypaBHEHHH B Ile/blX YHCJAX.

Penienne B ueJblX YMcaaxX anre0palyecKHX VpaBHEHHH C
nesbMiH KosbduuuentamMp GoJiee yeM C OJHHM HEM3BeCTHHIM
npeacrasiasier coGofl ofHY ©3 TpygHeAMEKX mpobJeM TEOPHH
upces. JTUMH 3aJayaMH MHOTO 3aHHMAJ/HMCh caMble BbAAio-
gecs MaTeMaTUKH JPEBHOCTH, HANpUMep IfedecKuil MateMa-
tuK Iugarop (VI Bek no H. 3.), anexcaHApuficKufi Marema-
tuk Jlnodanr (L1 — 11l mex H. 3.) M nyymue MareMaTHKU
Gonee Gausxoll kK Ham 3noxu — I1. Pepma (XVII sex), JI. 2i-
aep (XVIE Bex), Jlarpanx (XVIII Bex) u apyrme. HecMmorpa
Ha YCH/JMS MHOTHX TOKOJEHHH BLIJAIONMXCA MATEMATHKOB,
B 3TCH 00JIaCTH OTCYTCTBYIOT CKOJBKO-HMOY/Ib OOI{He MeTOAb!
THIIA MeTojga TpUIoHOMeTpuyeckux cymMm . M. Bunorpa-
JIOBa, ITO3BOJISIIOMIErO peliaTh CaMble pasJHuHble MIPOGJEMbI
aiaNuTHYecKON Teopui 4HCels.

[lpoGieMa penieHdst ypaBHEHHH B IeJblX 4YHCAAX pe-
lIeHa JO KOHIA TOJBKO JJIf YypaBHEHHI BTOPOH CTeneHH
C JByMsi HeH3BecTHbIMH. OTMeTHM, UYTO [J ypaBHEHHH
JoGOH CrereHW € OJHMM HEH3BECTHRIM OHa He IIpeJicTa-
BJISIET CKOJILKO-HUOYAb CYIIECTBEHHOTO HHTEpeca, Tak Kak
5Ta 3aja9a MOXeT OBITL pelleHa C MOMOUILI0 KOHEYHOI'O
ypcna npo6. Jas  ypaBHeHHH Bblle BTOPOH CTelleHH C
IByMsl HJH Oosiee HEH3BECTHHIMH BeCbMa TpyJAHA HE TOJb-
KO 3a/7a4a HAXOX/EHHA BCeX pelmleHHH B [e/blX YHCAAX,
HO jaxe H Oosee mpocras 3ajgaya YCTaHOBIEHHsSI CYILECTBO-
BaHUs KOHEUHOTO HJH OeCKOHEYHOrO MHOJKeCTBa TakKHX pe-
meHui.

Pemenne ypaBHeHHH B IesbIX YHUCIAX HMEET HE TOJBKO
TeopeTHYecKUH wuHTepec, Takue ypaBHeHHsl HHOTIJA BCTpeua-
I0TCSL B (pu3uKe,

Teopernueckuil uHTEpEC ypaBHEHHH B LEJBIX YUCJAAX JO-
CTATOYHO BEJIHK, TaK KAK 5TH YyPaBHEHHS TECHO CBS3aHbI
CO MHOTHMH mpodseMaMH TeOpHM uucen. Kpome Toro,
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HAEMEHTAPHBlE YacTH TEOPHH TAKUX YpaBHeHUH, H3JI0KeHHBIE
B 9TOA KHUTe, MOTYT OBbITb C yCIEXOM HCIOJNb30BaHL JJf
paciIMpeHHsT MaTeMaTHUECKOTO KPyrosopa yuamuxcs cpenHedi
HIKOJIBI, YYATETbCKUX HHCTHUTYTOB H NeJBY30B.

B 57108 KHHIe H3J0XKeHH HEKOTOphle OCHOBHBIE Pe3yib-
TaThl, NOJYYeHHbIe B TeOPHU peleHHA YpaBHeHHH B Le/bIX
ygcaax. Teopemel, GopMynHpyeMble B Hel, cHaOMXKeHBI JIOKa-
3aTeJbCTBAMH B Tex CJy4asX, KOrJa 3TH JOKa3aTtejbcTBa
JIOCTATOYHO IIPOCTELL.



§ 1. YPABHEHHUS C OJHUM HEHM3BECTHbLIM

PaccMoTpuM ypaBHenne NepBOH CTENEHH C OJHHM HeH3-
BECTHBIM
ayx -+ ay=0. D

[lycrb ko3bbuuMEHTE YpaBHeHHS @y U Qy—- [eJble YUCaa.
§lcHo, YTO pellieHHe 3TOTO YyPAaBHEHHUS

GylleT LEJbIM UHCAOM TOMBKO B TOM cayuae, KOrja g, Ha-
neno jenurtcsa Ha ;. Taxum oOpasoM, ypabueHne (1) we
BCcerja paspeliuMO B 1eJbIX UYHMC]ax;, Tak, Hampumep, H3
IByx ypasuermit 3x—27=0 u 5x+21=0 nepsoe nmeer
mesoe peileHie x¥==9, a BTOpOe B IE/JbIX YUCAaX Hepaspe-
TIAMO.

C tem Ke OGCTOSITENIBCTBOM MBI BCTpeyaeMcsd H B Cay-
yae ypaBHeHH#, CTelleHb KOTOPHIX Bblllie NMEPBOA: KBajpar-
Hoe ypaBHeHHe x?+4x — 2=0 uMeeT Iejble DENICHHS X;==1,
X, = —2; ypaBueHne x2—4x-+2==0 B HeJHIX YHUCJIAX He-
paspemaMo, TAK Kaxk ero KOpHH X;,=2I=})/'2 uppanuo-
HAJIbHBI.

Bonpoc 0 HaxomxJeHHH leJblX KOpHeH ypaBHeHHs n-i CTe-
HeHu ¢ UEJABIMH KO3(bbHIHeHTaMU

QX" @y X" L Fapx+ a=0 (n>1) (2)

pemiaercsi nerko. JlefcTBUTENbHO, NYCTh X=0 — LeJHl KO-
peHb 5TOro ypasaenas. lorja

a,a"+a, 0"+ .+ a0+ a,==0,
Oy= =~ a(@,a" + @z 10" 2+ .« + @)



W3 nocaennero pasencTBa BHAHO, UYTO @, AEJHTCS HA a 06es
OCTATKa; CJEJOBATENbHO, KaXK/blil leJblH KOpeHb YpaBHEHHS
(2) aBnsercs jeauTeseM CBOOOJHOTO ujeHa ypasHeHHs. s
HaXOXKJeHHs UesanlX pelleHMd ypaBHeHHS HAaJO BbIGpaThb Te
H3 Jenutenedl g, KOTOphle NpH MOJCTAHOBKE B YpaBHeHHE
ofpamawT ero B TOXKJIecTBO. Tak, Hampumep, H3 4HCe
I, —1, 2 u —2, mpeacraBasiiollux co0ol Bce JCJAUTENH
CBOOOJHOTO YJ/ICHA YpaBHEHHUS
04 X7+ 2x% +2=0,

T0JabKO —1 siBasiercss xkopHeM. CllejloBaTenbHO, 3TC Yypas-
HeHHE HMMeeT eJMHCTBeHHBIH uenblft Kopehb x== —1. Tem xe
MeTOJAOM JErKO [0Ka3aTb, UTO ypaBHeHHe

2 — 433t x2— x4 3=0

B LEJBIX YHCJIAX HepasperrnMo.
3HayuTeNpHO OOMbIIMH HHTEPEC NPEJCTABISET pElIeHHe
B Il€JbIX YHCJAX YpaBHEHHH CO MHOTHMH HEW3BECTHBIMH,

§ 2. YPABHEHUS [IEPBOY CTEMIEHH
C IBYMS HEU3BECTHbBIMH

PaccmorpuMm ypaBHeHHe [IepBOH CTEleHH C JBYMS HEH3-
BEeCTHBIMHU
ax+ by +c=0, (3)

rie @ U b—yuesnble yucJa, OTJAHUYHBE OT HyJas, a ¢ — IIpo-
H3BOJIbHOE Ljesioe. ByaeM cudTaTh, 4T0 KO3DQUIHEHTH a H'
He HMEIOT OOWHUX jenurtenell xkpome ejuHuub *). [leflcTBu-
TeJIBHO, ecad oOmuil HauboJblIHH JeJUTe]b 3TUX KOxpdu-
UueHTOB d==(@, b) OTIHYeH OT eJUHULb], TO CAPAaBEIJHBbLI
paseHcTBa @=a,d, b=>0,d; ypaBHeHue (3) MPHHKMAET BUJ

(ax + 6,9y d +c=0

U MOMKET HMeThb IeJble peIleHHsi TOJAbKO B TOM Cayyae,
Korna ¢ geautrca HA d. Takum obpasoM, B cayudae
(a, by=d += 1 Bce Ko3duLHeHTb YypaBHeHHS (3) MOJIKHBI
JeJUTbCA Hauesao Ha d, W, cokpamias (3) Ha d, UpUAéM K

*) Takue wuucyia @ M b HABBIBAIOT B3AUMHO npocmelMi; 0603HAUAS
uyepe3 (a, b) obwMil HauGoNbIUKE JeJHTENb HHCeJ a H b, sl B3aUMHO
OpOCTBIX yHMcesa noayumM (a, &) =1,

-
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ypaBHEHHIO
ay X+ by +c,=0 (01“ %) »

Koa(pduLueHTE KOTOPOTO @y U b, B3aUMHO TIPOCTHI.
PaccMorpum cnepsa cayuafl, Korga ¢=10. Ypasuenue (3)
nepenuiuercs Tax:
ax + by=0, (3"

Pemaa sto ypaBHeHHe OTHOCHTEJNBHO X, MOJYTAM:
r==1Y

HCHO, qToO X 6yaeT ONpUHHUMATL I1le/ble 3HAYEHUsd B TOM H
TOJLKO TOM CJayyae, Korja y JeJUTCs Ha a 0e3 ocrarka.
Ho Bcaxkoe 1enoe Y, KparHoe - @, MOXKHO 3alucaTb B BHJAC

y=1at,
rje ¢ NpUHMMaeT MPOH3BOJIbHBIE Ue/ble 3HayeHus (=0, == 1,
==2, ...). [ojgcraBum 3TO 3HAUYeHHE ¥ B NpeJAbIAYULEE ypaB-
HeHHe, TOrja
b
K= — —at= — b,
a

g Mbl mosydaeM (GOpMYJbl, COfepKallue BCe LeJble pelleHus
ypasHeHust (3'):

x=—bt, y=at (t=0, =1, =2, ...).
[epefaém Tenmepp k cayuawo ¢+ 0.

[MokaxkeM mpekae BCero, 4YT0 JIJIA HAXOXKIEHHS BCEX
UeJblX pelleHUi ypaBHeHusi (3) AOCTATOYHO HAHTH Kakoe-
HUOY/Ab OJIHO €ro pelleHHe, T. €. HalTH Takde LeJble UUCaa
Xg» Ygs NI KOTOPBIX

axy -+ by, -+ e=0

Teopewma 1. I[Tycmo a u b 83aumrno npocmes u [%y, Yol—
Kakoe-rubyos pewienue *) ypasHenus

ax+by+c==0, (3)
Toeda ¢popmyiv

x=x,—bt, y=y,+at 4
npu t=0, == 1, Z==2, ... OJarom ace pewenus ypasuenus (3).

*) Ilapy meabix uHCeNl X H Y, KOTOPHE Y/IOBNETBOPSIOT yPAaBHEHHUIO,
Oy/ieM HasblBAaTb pewleHueM W 3aNHCHBATh [X, yl,
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HoxasateabctBo. [lycrs  [x, y] — npousBonbHOe
penienne ypasrenus (3). Torpa us pasencts
ax +by +¢=0 u ax,-+ by, +c=0
nosy4aeM:
a (%o — x)

ax —ax, + by —by,=0; Yy —y=—"5=.

Tak Kak y— Y, —1eJ0e UYUCIO H 4YHCIA @ U b B3auMHO
IPOCTBI, TO Xo— X JOJIKHO HALENO [eJMTbCs Ha b, T. e.
Xo— X HWMCET BHJ
X — x="0t,
rie ¢ —uenoe. Ho Torna
abt
Y—Yo— T:at:
H [oJyyaem:
x=x,—bf, Yy=y,+ at.

TakuM o0pasoM JOKA3aHO, YTO BCAKOE pemerue [x, y]
uMeer Buj (4). Ocraérest emwié nposepuTb, 4TO BCAKAs INapa
ugcea [x;, ¥,], Hoaydaemas no ¢opmynam (4) mpu uenom
t=t¢,, Gyner pemenueM YypaBHeHus (3). UroObl npoBecTH
TAKyl0 [IPOBEpPKY, [MOJACTaBHM  BeJHUHHBl X, ==X, — bf;,
Y=Y+ af, B JEBYIO 4aCTh ypaBHeHUs (3)

ax, + by, + c=ax, — abt, + by, + abt, + c=ax, + by, +c,
HO TaK Kak [X,, y,] — peuwenne, 10 ax,+ by,+c=0 u, cie-
JIOBaTeJBHO,
ax; + by; +¢=0,
T. e. {x;, y;] — peleHne ypaBHeHus (3), YeM TeOpEMa TOJ-
HOCTbIO JIOKa3aHa.

HMrtak, ecim H3BECTHO OAHO pellleHHe YpaBHEHHS ax + by —
—~+¢=0, 10 Bce ocTanbHble pelleHHA HaHAyTcss U3 apudwme-
THYECKHUX IIpOrpeccuil, oOmiHe UjieHhl KOTOPBIX HMEIT BHJ

x=x,—bt, y=y,+at (=0, =1, 222 ,..).

3ameruM, 4TO B Cl1yuae, Korga ¢=~0, HafiieHHble paHbiue
¢GopMy bl peleHH

x=—"bt, y=at
MOTYT OBITb MOJYYEHBl H3 TOJbKO YTO BBIBEJECHHBIX (BOPMYJI
X=X —bt,  y=y,+at,
eciu BbI6paTh X,=Y,=0, 4YTO MOXKHO cJlenarb, Tak Kak
sHaueHuss x=0, y=0 ABIAIOTCS, 0YeBUHO, pelleHHeM ypaB-
HeHUud
ax +by=0.



Kak xe mnafitu Kaxoe-HHOYAb OJHO peIlUeHHE [X,, Y]
ypasHeHus (3) B ofmem ciaywae, Korga c = 0? Hauuém ¢
npHMepa.

[lycts mano ypaBuenue

127x — 529+ 1=0

[MpeoGpasyeMm orHomenve Ko3(pPUiHMEHTOB NIPH HEH3IBECTHLIX.
[Tpexpge Bcero, BLIAEAHM LAY HYacThb HENPABUJBHOH

. 127
Apoou 32-‘:
127
==2+5-
Il 0 3 eHIM i 6
PaBU/IbHYIO APOODL =5 3ame paBHOH ell 1po6bio 52
- 23
Torpa nmonyunm:
127
=2+%g 52
23

[pogenaemM Ttakue ke npeoOpasoBaHUA C TOJYUYEHHOH B

3HAMeHATe/le  HENPAaBHJBHOH JIPOOLIO 53

52 6 1

5

Teneps ucxojpmasi pode mpumer BI/I,EL
LG, ST N

52 2+L

2_3

6

23
Mosropum Te e paccyxjeHust jis ApodH ¢ :

23 5 1
5
Torzaa
15227_2+ 1 I
2 ——
e
5
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. 6
Britenstsi 1enyio 4acTb HENPaBHJILHOR JIpOCH -

6 1
s=l+t5
NpHAEM K OKOHUAreJbHOMY pesy/bTary:
7 1
o4
1
3+ i
L4~

Mbl TIOYYKId BbIPAXKEHHE, KOTOpOe HA3bIBaeTcs KOoHey-
Holl yenHoli unu Henpepwisroll Opobsio. OTOPOCHM moc/eHee
3BEHO ITOHA UenHOA JpoOH — OHY NATYIO, NPEBPAaTHM NOJIy-
HAOULYIOCs [pW 3TOM. HOBYIO HENHyI0 Jpo0b B MPOCTYIO H

BBIUTEM €€ U3 HCXOHOU Jpodu 5

94—t —oq 1 o2 %
24 ] 24+ 1
3+
127 22 1143 — 1144 1
529 52-9 — T52.9°

IMpueéM mnosnyyenHoe Bhipa)keHHE K OOIIeMY 3HaMeHATeJIo
U oT6pOCHUM ero, Torjia
127-9—-52.22 4+ 1=0.

I/I3 COIIOCTABJIEHHA HOJYUEHHOI'0 paBEHCTBA C ypaBHeHHeM
127x — 52y 4+ 1 =0

crepyer, uro x=09, y=22 OGyJleT pelleHHeM 3TOro ypasHe-
HHSl M COIVIACHO TeopeMe Bce ero pelleHHs OyayT COAep-
¥aTbpCca B NPOTpeccusix

x=9+4+052¢{, y=224127¢ (t=0, ==1, =2, ...).

[Tonyyennnli pesynbTar HAaBOAUT Ha MBICAb O TOM, YTO
U B oOWeM cjayuae JJs HAXOXKJICHHS peLIeHHs! YDABHEHHS
ax + by 4+ ¢=0 Hajo PA3/0XKUTL OTHOIIEHHE KO3(DGhUINEHTOB
Opy HEH3BECTHLIX B HENHY Apolb, OTOPOCHTE €€ mociejHee
3BEHO U MPOJeNaTb BHIKJAAJLKH, NOAOOHBIE TEM, KOTOpble OBIIH
NpOBeJieHH BEILLE.
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Jlasi 0Ka3aTesibeTBa STOTO HPENOI0KEHHS GYAYT HYKHLI
HeKOTOpBle CBOHCTBA LEMHBIX JpoGed.
- a
PaccmoTpuM HecoKpaTumyio Apodn —- . OGoszHauuMm uepes
g, YacTHOe M Yepe3 7, OCTATOK OT Jejenud a Ha b. Toraa
NONYuuM:

a=q,b+ry,, ry<b.

ITycts, namee, @,-— 4aCTHOE H 73— OCTATOK OT JAeJeHHA b
Ha ry. Torna

b=qor s+ 13 rs<Trs,
TOYHO TAK JKE ‘

te=qsls+ 1y 7y T3

rg==Qyry+ 15, 75Ty

L T T S S

Benuuuunl ¢, ¢,, ... HA3BIBAOTCH HCROAHbIMU HACMHOIMU,
[IpuBeEHHBI Bhile [poliecc OOpa3OBAHUSA HEMOJHBIX YacT-
HbIX Has3bBaercsi aqeopummom Esxauda. Octatkm oT jlene-
HHSA 7y, I3, ... Y/AOBJICTBOPSIOT HEPaBeHCTBaM

b>ra>r >0 ... >0, (5)

T. €. o0pasyioT pAjA yORIBAIOUIMX HEOTPHUIIATEBHEIX YHCEJ.

Tax Kak uKWCJ0 HEOTPHLATEJBHBIX UeJbIX YHces, He Mpe-
BOCXOAAMMX b, HE MOMeT ObiTh OECKOHEUHbIM, TO Ha He-
KOTODOM Imare Mnpouect oOpasCBaHUs HENOJHBIX YacTHEIX
obopBéics M3-3a o0palleHds B HYJb OUYEPEJHOro OCTaTKa 7.
Tlycts r,— nocseanuil OTJAHUHBIL OT HYNAS OCTATOK B pAjle
(5), torna r,.,=0 n anroputm Eskaupa paa uumcen a u
b npumer BUJ

a=q,b+1,,

b=gyry+ry

ro=@qsr3+ry
Fne™=qn 1 n_1 + I

Fny==qnl g 4 )

(6)
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[NepenumeM nosyuyeHHble paBeHCTBA B BHJE

a

I
-—b——: (h +—b—~, . ¢
T
o + l
"r:'“ qz Ty s
r3
'n 2 1
I'n *qn—lJf— 'n_i b4
n
'n 1
-7)1 =Gn-
b

3amensis sHAueHHe —— B NMEPBOfl CTPOKE ITAX PABEHCTB CO-
2
OTBETCTBYIOIMM 3HAayeHHeM M3 BTOPOH CTPOKH, 3HAYCHHE

g o
—rL—Bpra}KeHPIeM H3 TpeTtbeu CTPOKH U T. A., HOJTYUHUM
3

a
as3JioKeHUe —— B IENHYIO ApoGb
b

1
—Z_:ql+_':"T
BT

. + 1

I
dn 1 —
n 1+ T
Broipaxkenus, nosnyuamomuecs 43 nenHoil gpoOd mpH oTdpa-
ChIBAHMM BceX €& 3BeHbeB, Hauudas ¢ HEKOTOpOro 3BeHa,

Ha30BEM n00x00awum Opobamu. TlepBas moaxoxamas Apobn
8, MOJYYHTCS [PH OTOpachIBAHMH BCEX 3BeHLEB, HAUMHASH
1

92 a.
=g, <+~
Bropas nogxoasmasi Apo0b 8, moayuaercss OTOpachiBaHHEM
1

BCEX 3Be€HbLEB, HayhHad C 7:
3

1
82——’:(]1—{—72* > -z—‘.
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TouyHo Tax xe

1
%'I‘I
HT [
B cuny cnocoBa o6pa3oBaHUsST MOAXOAAIIUMX Apobell BO3-

HHUKAaKT OYeBU/HbIC HEpPAaBCHCTBA

- a
< Ty < s 88> >3, >
3anuuleM k-0 Mojxojsmylo Apobp 3, B BHAE

Pp

=g,  (I<kE<H)

U HalaéM 3aKoH OOpa3oBaHUs UMCJHUTEEH W 3HaMeHaresedl
nogxoAsamux JApoGeil. IlpeoGpasyeM mepBole IOAXOAALLE
JIpobu By, 8, U By

P,
h=q=-"1=73" Py=q,, Q=1
1 1 P
62:(/1_{_32_:___611(/2(7—2{— :”Q—:§ Py=q19:+1; Q=03
1 g 919295+ 1+ g5 Py
3, = —_— = 3 s 8 = =
8 q1+q2+1_ Bt a1 9295+ 1 Qs
qs

Py=q10:9s+ @1+ 9 Qs=q:95+ 1.
Ortciofa monyuaem:

Py=Pyg;+ Py Q=0Qs9;+ Q1.

TlpuMensss WEAyKUUIO *), JIOKa’KeM, 4TO COOTHOMEHUS TOrO
XKe BHja

P,=P, 1,4+ Pro Q=0Q, 19+ Qs (7)

BHINIOJIHAIOTCS JJIs Bcex k> 3.

HelictButesbHO, OycTb paBeHcTBa (7) BHINQJIHSIOTCS IS
HEKOTOpOTO k> 3. V3 onpejlesieHns NOAXOAAINX JApoGeli He-
NOCPEACTBEHHO CJeAyeT, 4TO NPH 3aMeHe B BLIPAXKEHUH O

*) Cm. kHmxky stoft cepun M. C. Comuunckuil, Merog marema-
TuuecKod HHgykuud, [ocrexuspar, 1950,
o
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3, mepefinér B 3,,. CoinacHo

BeJIHUKHB §, HA ,+ qk
+1
HHYKIHOHHOMY MDEAOJOKEHHIO

8. =tk Prage+ Pr s
& Q Qr—19r + Qr—2

, IOJIyUUM:

: 1
3awmensisi .3aech ¢, HA ¢, +
Tkv1

. Poa(pt )+ Pes Pat
k1= 1 =
Qk_~1<Qk + q—k;) + Q-2 G+t

Pp_y

QkAlA‘ ,

Jr41
1

Gh+1

— Prdra+-Pra
Qrrs1+ Qra

Pku

Qk+1
Pri=Pg,+Pr1 Qua=0Qiqpn+ Qui.

Otcioia, TaK KakK 8= , CIeAyeT, YTO

Taxkum o6pa3oM, U3 BHINOJHeHUs paBeHCTB (7) Jid HEKOTO-
poro k>3 caegyer BbinosiHenue ux JAaa k-4 1. Ho mas
k=3 paBeHctBa (7) BBINOJHSAIOTCS, U CJEIOBATENBHO, HUX
crpaBeIMBOCTb YCTAHOBNEHA AJisi BCeX k> 3.

[TokaxeM Temephb, 4TO pasHOCTb COCEAHMX TMOAXOAAIUX
ApoGeit 3, —38, ; yIOBIETBOPSIET COOTHOIMEHH!IO

Y
b= b= (k1) ®)

JeficTBUTENBHO,

Pr_ Proy _ PrQr1—QrPr
Qr Qra QrQr—1

[onbaysick Gopmynamu (7), npeodpasyeM YUCAHUTENDb [OJYYeH-
Ho# Apobu ‘

P Q1= QuPri=(Prafs + Ppza) Qs — (Qpafet Qeod) P =
= — (P 1Qp2— Qk_1p k_z)-

B — 8=

BripaxkeHue, crosimee B CKOGKAax, MOJyuyaeTcs W3 HCXOMHOTO
samenol kB Ha k—1. IloBtopsin Takue e NpeoGpasoBaHUS

D) A. O. Teavdonn 17



AN MONYYAIOUMXCS BBIpDAXKEeHHH, IIOJYYMM, OYEBH/IHO, LeMb
paBeHCTB:

PQpa—QpPpa=(~ 1) (Pk—le—2 ~Qp1Ppa)=
=(— 1)? (Pk—ZQk—3 — Qk-zpk-a) =
v :( - l)k—2 (P2Q1”‘Q2P1):
=(— D (g + 1 —q:9,) =(—=1F2
Otcrona caepyer, 4To
PrQra— QePra _ (—DF 2  (—1*

I

— 0, 4= = =
Be— e QrQr-1 QQr-r QeQen
Ecnu pasnoxenue % B LIENHYIO JpO0Cb HUMEET 1 3BeHDbEB, TO
n-1 noaxojsmasi Apobn 8, coBmajgaeT ¢ %. IpuMensas
paBerctBo (8), mpH k==n noayumm: '
(-1
8, — Bpg= P
QﬂQnAI (9)
a5 = (=D
b n-17" Q1
BepuémMcst Tenepb K pelleHHIO ypaBHEHHS
ax+by+c=0,  (a b)=1 (10)

MepenumeM coorHomenue (9) B Bule
a Ppy (=1

b Quna Qna”

[MpuBoas K obuweMy 3HaMeHATeNi0 U OTOpachlBas €ro, noJgy-
UHM:

aQn—l - bpn—lz( - l)n,
aQu,+b(— P+ (— l)n‘l:().
YMuOXKHM 3TO cooTHomeHnue Ha (— 1)#7i¢. Torna
a[(—1)71eQu 41+ b [(— 1)7cP, ;] +c=O0.
Otciona caeayer, 4T0 napa uucer (%, Y,l,
Xo=(— I)”_lch—-v y0:(~—1)”cP,,_l, (Il) '

asanemes peuwtenuem ypasuerus (10) u coeaacno meopeme
8Ce peulerus amoz0 YpasHewus umerom 6ud

r=(—1)"Q,,—bt, y=(—1)cP, +at
(t=0, =1,=2, ...).
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[MosyyeHHBI pe3yabTAaT MOJHOCTLIO pemiaeT BONPOC O
HAXOXKJIEHUN BCeX IEJIOYUCJCHHbIX peileHuH ypaBHeHUs Iep-
BOHl cTenedHH C JByMsa Heu3BecTHbIMH. [lepefiném Tterepp K
pPacCMOTPEHHIO HEKOTOPbIX ypaBHEHHH BTODOH CTeleHH.

§ 3. IPUMEPbl YPABHEHHMA BTOPOI CTENMEHM
C TPEMSI HEU3BECTHBIMH

Mpumep 1. Paccmorpum ypaBHenue BTOpDOH CTelleHH ¢
TpeMsi HEH3BeCTHBIMH:

R yi=2t (12)

I'eoMeTpruecKH pelleHHe 3TOrO ypaBHEHMs B LENBIX dHCHax
MOXKHO HCTOJKOBATh KaK HaxoxKJeHue BceX NudaropoBhix
TPEYroJBHUKOB, T. €. MNPSAMOYTOJMBHBIX TPEYrOJbHHKOBR, Y KO-
TOPLIX M Karerthl X, y, © TUIOTEHY3a 2z BLIPAIKAIOTCH IIEJBIMH
YHCJAAMU. |

O6osnauum uepe3 d oOWUE HAHGOJILIWIHME AENUTEL TUCE/
xuy: d=(x,y). Torna

x=xd, y=yd,
i ypaBHeHue (12) npuMer BHJ
xid? + y?d?: 22

Orciofa coellyeT, 4To 22 jeautcst Ha d? W, 3HAuuT, 2 Kpar-
Ho d: z=2zd.
Tenepn ypasrnenue (12) moxkHO 3amicath B Bije

2 2 2
xid? + yd®==z21d%,
cokpamas Ha d? noayunM:
2 2 2
X+ yi=z.

Mpl npupiin K ypaBHEHMIO TOTO K€ BHI4, 4TO H HCXOJ-
HO€, NpUYEM Tenepb BeJUYkHBl X; M ff; He HMeIOT OOumux
nemdtenedi, kpome 1. Takum 06pasoMm, mpu pelueHdn ypasHe-
HAs1 (12) MOXHO OrpaHHYHMTBECH cayuaem, Korjga X U y B3a-
UMHO npocTel. MTtak, nycrts (x, y)==1. Torza xoTst Ob ofHa
H3 BEJMYHH X U ¥ (Hanpuwmep, x) Oyjaer HeuétHoil. [lepeHocs
Y? B MpaBylo yacTb ypasHeuus (12), moayuum:

B=2—y%  =(z+y) (2—y) (13)
o 9



O6osHauum uepes d, obuit HauGosbmHH JeNuTeAb Bhlpaxe-
HHil 24y 4 z—y. Torza

2+y=ad,, z—y=bd,, (14)

rje a ¥ b B3aUMHO IIPOCTHIL.
IoacraBasis B (13) 3HaveHusd z+Yy U z—y, WOJYUHUM:

2]
x2=abd;.
Tak Kak uucna a u b He uMeloT OOWIUX JenuTeNEH, TO HO-
JyueHHOE PAaBEHCTBO BO3MOJKHO TOJBKO B TOM CJaydae, KOTJa
a # b OyayT NOJAHEIMH KBajpartami *):
a=u? b=0v2%
Ho Ttoraa
2
x?=u?v?dy
u
x=uvd,. (15)

Hatiném Ttemepb y u z u3 paseHerB (14). Cioxenue 3THX
paBsencTB JadéT:

2r—ad, + bdi—uwdy +v'dy;  z=-2Fa. (16)

Beiuntast BTOopoe us pasencts (14) u3 nepBoro, nogyunm:
2y—ad, — bdy—utd, —v*dy;  y——5Cd (17

B cuny weuérnoctu x u3 (15) nosnyuaem, uto u, v U d,
TagXe HeuétHol. Dosee Ttoro, d;=1, Tak Kak HHaAue U3 pa-
BEHCTB

1t —u?

x=uovd;, U Y= 5

dl

cneoBajio Obl, YTO BeJHYHBR X U y HMeloT ofmui Jesu-
Tenb dy 7= 1, 49TO NpPOTHBOPEYHT HNPENNOJOXKEHHI0 00 HX
B3auMHO mIpocToTe. Yucna w M © CBsi3aHb! CO B3aUMHO MIpO-
CTBIMH YHCJaMH @ M b paBeHcTBaMH

@’==u? b=uv?

H B CHJy 3TOrO caMH B3aHMHO MpPOCTHl; v<[ i, TaK Kak
b<a, uro sicHo u3 paseHcTB (14).

*) HMaBecTHO, YTO NPOU3BEJEHHE ABYX B2aHMEO NPOCTBHIX UHCEJ MOMXeT
GhiTh MOJHLIM KBAZpaToM TOJNbKO TOTA3, KOIA3 KakAblH COMnOXHTENb —
noJIHBIA KBajpar,

20



Hoacrasasin B pasedctBa (15), (16) m (17) d;=1,

NONYYHM Gopayas:
2__ 2 2 2
p=up, y=-t, =-LFU (18)

Oaroujue npu Hewemuolx 63aUMHO npocmulx u U v (v < u)
6ce c80000nbIe om 0Owux Oeaumencld mpouxu yeavlx HOAO-
JCUMEAbHBLX UUCeA X, Y, 2, YOOBAEMBOPANOUUE YPABHEHUIO
(12). [pocToit noacraHoBKOA ¥, y U 2 B ypashenue (12) nerko
NpOBEPUTDb, 4TO HpH JJoOblXx 4 U o yucaa (18) yaosmerso-
PSIIOT 3TOMY YpPaBHEHHIO.

i HavanbHbiX 3HaveHuit u u v Qopmynast (18) npuso-
IAT K CAEAYIOUUM YacTO BCTPEUAtOLUMCH pPaBeHCTBAM:

3+ 42= 52 (v=1, u=3),
524+ 122=132 (v=1, u=>5),
1524-82=172 (v=3, u==95).

Kak yxe ObL10 cKasaHo, ¢opmyasl (18) aator Toabko Te
pelleHHs1 ypaBHEHHs

P+ y=2°

B KOTOpPBHIX 9xC/ia X, Y U 2 He HMeIOT OOmHX JesuTemefl.
Bce ocTanbHble nedble MON0XKHUTEJbHBIE DEleHUs 3TOrO ypas-
HEHUs] [OJYyHalOTCA JOMHOMKEHHEM peuleHAfl, COjlepKauldxcs
B opmynax (18), Ha npoU3BONBHBIA O3ULAA MHOXKUTEND d.

TeM ke myTéM, KakHM Mbl MOJYYHJIN BCe pelleHHs ypas-
Henus (12), Moryr ObiTb noJyueHbl U BCe pellleHHs JAPyrudx
ypaBHEHHH TOro >Ke THMA.

Mpumep Il. Hafiém Bce pemeHns ypaBHeHud

K4 2yt =2 (19)

B LEAblX NOJOXKHTEIbHLEIX, [ONAPHO B3AUMHO MNPOCTHIX YHC-
Jax x, Y, 2.

3ameTuM, UTO €CHH X, Y, Z €CTb pelleHHe YpPaBHEHHA
(19) 1 x, y, z He uMet01 OBULerO AesdTeNsl, OTJAHYHOTO OT 1,
TO OHH M NONapHO B3auMHO MPOCTHL. [leficTBHTE/ILHO. €CiH
X W y Kpardbl OPOCTOMY HdCjay p > 2, TO U3 PaBEeHCTB3

Gy +2 (=G
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cleflyetr, TaK Kak ero Jjesas 4aCTb-— LeJioe YHCJO, YTO 2
Kkpatno p. To ke camoe OyJeT, ecd X M Z WA Y H Z Je-

JATCH HA P.
3aMeTdM, UTO X JOJIKHO OHTb YHC/JAOM HEUYETHBIM 14

TOoro, 4uroObl o0mui HauboJNbWMH Jejutenb X, y, 2 ObLI
pasen 1. [eficTBUTENBHO, €cJM X UYETHO, TO JeBas YacTb
ypasrenust (1Y) OyAeT ué€THLIM YUCJIOM M, 3HAYHT, Z TaKXKe
Hyner uétupiM. Ho x? m 2% Oyayr rtoraa kpatael 4. Orciona
caenyeT, 4to 2y* ROMIKHO JeNHTbCs Ha 4, JIpyTHMH C0BaMH,
4TO Y TOME JOJKHO OBbITb UETHBIM YHCJIOM. 3HAYHT, eCad
X 4érHo, TO BCe 4YHCJaA X, Y, 2 AOJNKHBl ObiTb 4YETHBIMH.
Wrak, B peweHnn Ge3 ofmero, OTAHUHOrO OT 1 Jeautens x
ILoJxkHO Oblth HeuétHpiM. OTCIoa yXKe Caelyer, UTO U Z
ROMKHO OblTh TOXe Hed€THbIM. [lepenocs x2 B npaBylo uacth,
Mbl TOJYYaeM;
2y =22 — = (2 4+ x) (z— x).
Ho z4x u z— x uMetor OOMKNM HaubOJbIIHAM Jejutenem 2.
HefictBaTensHo, nycTb HUX OOMHUI HauGONbBUIME JelUTENb
6yzrer d. Torpa
24+ x=kd, z—x==1d,
rae £ u [— ueanle umcna. CkaajplBas W BulUMTas 5TH pa-
BEHCTBA, Ml OyjieM MMeTh:
2z=d(k+1), 2x=d(k-1).
Ho 2z u x HeudrHbl H B3auMHO upoctol. [loaTomy ofmuil
HauGoabiuufl genutesp 2x u 2z Oyger 2. Orciopa caepyer,
410 d=2.
Z2~-x

z4x .
Wrax, wnan —;—, W —— HeuérHo. [lostoMy uu 4nc-

na
zZ2—X
z4x WH
2
B3aKMHO IIPOCTLI, WJIH B3aMMHO OPOCTHI YHCJIA

Z-+x
2

H z—X,

B nepBoM CJydae U3 paBeHCTBA

2 —

(Z+x> 2 x:yg

2



Cle/lyeT, uTo : .
st x=n® z—x=2m?
a BO BTOPOM CJiyuae M3 paBeHCTBa

+
E 2x(z_x):y2

clesyeT
2+ x=2m?  z—x=n?

rjge i ¥ m—uensle, m—HeuétHoe uHcao H n >0, m >0,
Pemas sTe JiBe CHCTEMBE! ypPABHEHHH OTHOCHTEIbHO X H 2 H
HaxoJsl Y, Mbl MOJNyyYaeM HJIH

:%(nQ—{-Qm?), X = %(n2—2m2), y=mn,

HJIH
g— (B42mY), = (Q@mt—nd), y—mn,

rie m weuérHo. OObefuBss 3TH JABe (GopMbl TpejCTaBICHHS
pelueHust x, Yy, 2, Mbl HoJydaeM OOHLYIO (opMy.ay

x:i%(rﬂ—?m?), y=mn, z:—é— (n®+2m?),
rje m deuértHo. Ho, Ansg Toro uToSH 2z M x OBLIH IENBIMH
yucaaMu, HeoO0XoAuMO, UYToOm n Obuio yérHeiM. [lonaras
n=2b u m=a, Mbl IOJIYUUM OKOHYATEJbHO 00ujue hopmyaot,
Oarougue ece pewenus ypasuerusn (19) 6 yeavix noaoxcumeno-
Holx, 6e3 obueeo deaumeas, 6oabueeo 1, yucrax x, y, 2:

x= == (a2—20%), y=2ab, z=a2+262,  (19)

20e a U b noaoKCUMEeAbHbL, 63AUMHO NPOCHLL U G HEYEMHO,
[Ipn 5THX YCJOBHAX BEJHUHHBI @ H b BbHIOHPANOTCA NPOUS-
BOABLHO, HO Tak, 4TOOH X Obl10 HON0XKHTeNbHO. PopMyJst
(19) peficTBHTeNbHO JAlOT BCE pelIEHHS B LeEJBIX MOJO0XKHU-
TeNbHBIX W B3aHMHO NPOCTBIX YHCIAX X, Yy, 2, TAK Kak, C
OJHO#l CTOPOHBI, Mbl JIOKas3and, 4YTO X, y, 2 B 5TOM caydae
JOJIKHEL DpejcTaBaiTbesl mo ¢opmynam (197), a ¢ Apyrofi
CTOPOHBI, eC/H Mbl 33JajMM 4ucaa a U b, yNOBJIETBODAIOLIHE
HallUM YCJO0BHSAM, TO X, y, 2 OYAYyT JAeHCTBUTENbHO B3AMMHO
npocThl u OyAyT pelucHHeM ypasHeHus (19).
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~ § 4. YPABHEHHNSI BUJA x*—Ay*=1.
HAXO)XAEHHME BCEX PELIEHMHA 3TOr0 YPABHEHHUS

Tlepeiiiém Temepb K pelleHHIO B LeJBIX UHCAAX ypaBHe-
HEH BTOpOH CTeNEHH C JBYMS HEH3BECTHBIMH, HUMEIONIUX BHJ

2~ Ay=1, (20)

rae A — tesoe NONOXKUTENBHOE WHCJIO, He ABJAIONICECH MOJ-
HBIM KBajpartoM. [as Toro urofbl HafiTH NOAXOA K DEIUCHHIO
TaKUX ypaBHEHHH, MO3HAKOMHMCA € PasJOXKeHHAMH B LelHble
Apodu HppanyoHaJbHHIX uHcesn Buia YV A. I3 asroputMma
Eskanga caeayer, 4r0 BCAKOe paLHOHAJbHOE YHCJAO pasJa-
raetcs B LENHYIO Apo6b ¢ KOHEYHBIM YUC/I0M 3BeibeB. MHaue
OGCTOMT J€10 C MppalioHalbHEIME yucaamMH. CooTBEeTCTBYIO-
[IHe UM LenHble Apodu Oeckoweydsl. HaiiaéM, Hanpamep, pas-
JIOXKEHHE B LelHylo Apobb HppalHOHAJABHOrO uucaa ) 2.
[lpeodpasyem oueBHjHOE TOXK/ECTBO

V2-1Hy2+ =1,
5 JR P S—
V241
1 .
24 (¥2—1
3aMeHsisl Pa3HOCTh Ve —1, monyuerHyi B 3HaMeHartese, pas-
HblM €d B CHJY TOXJECTBa BblpaykKeHHEM
.
24 (v2—1 "’

y2—1=

NOJYIUM:
2+ —_—— 2 "‘i‘ —_—
24 (V2—1) 24 (F2—1)
CHoBa 3aMeHHM CKOOKY, CTOALLYI0 B 3HAMCHaTeJe [OCACAHEro
paBeHCTBa, paBHOH el Apo0bI0 U3 TOLO Ke TOXKJeCTBa,
TOorja
— 1
Yo=14 —1
41
1
24 (¥2—1)
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[Tponosxas STOT mpomece, noyduM CREAYIOLUIee PasokKeHHe
V2 B GecKOHEUHYIO HENHyH ApOGh:

I L @1)
S S
24—
24 1
24

3ameTHM, YTO NPHMEHEHHBIH BRIUE METO] PAa3JOXKeHHS B Lel-
HYI0 Jpo6b, OCHOBAHHbIH Ha MCIIOJb30BAaHUH TOMXKJEcTBA BHAA
VmE+T—m) (YVm2+ 1+ m)=1,

TORMTCH He JJisl BCAKOH HPpPalMOHAaJbHOCTH ]/E. ITOT Me-
TOJ, OUEBHJHO, MOXKHO MPHMeHATb B TeX CAy4asax, Korja
nejoe uucao A MoXKeT OblTh IHpejCTaBJeHO B BHJE
A=m?+1, rjle m— HeKOTOpoe IeJNOe, OTJHUYHOE OT HYJS.
(B uactHoctu, npu m=1 nonyuaem passoxenne y 2; m=2
IPUBOAUT K pasJoXKeHHIO V5 u T. 1.). Oxnako u B ofuiem
cJydae H3BeCTHhl CPABHHTEJNBHO HECJOXKHblEe MeroAbl st
paszioxenus ) A B GeCKOHEUHYIO LENHYIO Jpobb *).

Kak u panbule, B ciayuae KOHeyHbIX NeNHBIX ApoBeii,
obpasyem s GeckomeuHoil nenHo#l gpodu (21) mocieosa-
TeJbHOCTh UOAXOAAWHX Apodelt 3, By, B4, ...

81':.:1, 61< V?—;
1 3 N o
82:1+-2—:—2—, 02>l/2v
b=+ — =, H<VZ; (22)
2+~2—
N 17 5
0=... =75 8,>V'2

HT. ]I
Hs cnocoba ofpasoBanua HOAXOAAULHX Jpobell ciepyer,

qT0O B
8l<33<'-'<l/2_v
0 >8>... >V2.

*) CM., nanpumep, Kuury M. B. Apnonbpa «Teopus uyHcen», rjaBa
VI (Yunmearws, 1939 r.) uwau A. 5I. Xunuun «Heunsie apoon» (I octex-
u3zat, 1949 r.).
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Boofie, ecid 3ajaHO pa3joXeHHe B OECKOHEUHYIO LeNHYIO
ApoGb HEKOTOpPOro HMppaiHOHAJIbHOIO YHCJA &,

1
a:(h'i‘—:—']— ,
% 95 + .

.

TO 15 NOAXOAAMMX JApoOell BHINONHSIOTCH HEPABEHCTBA:
By < By e o <AL s By < B By (29)
IpescraBuM nopxoasmyio Apobb 3, B BHe
= Lr
¥, = Q-
CoorHowenus (7)
Po=Pp 1@yt Ppsy Qu=Qa0r+ Qas

NoJyueHHble paHbille JJIA KOHEYFBIX HenHulx japobefl, coXpa-
HAIOTCA K 19 OecKOHEUHHIX HenHelX ApoOed, TaK Kak npH
BLIBO/le 3THX COOTHOMIeHWH MBI HUTJE HE HCIIOAb30BaAH TO,
4yro nenHas apoGp sABasercs Koueuuofi, TlosToMy coxpanser-
csl TaKyKe M cooTHOlleHue (8) MexjJy COCeJHUMH HOJXOAA-
IHMH Jpo0saMHU:

s (—DE .

O bk—-l“Qka‘l' (24)
Hanpumep, ansa noaxojamux jpoGedl pasjoxeHus }2
B LenHylo ApoGb npu k=3 u k=4 nonyuum us (22):

7 3 — ]
83——62:‘5"“_2"—‘—1—_',
5 gl T _ 1
4 712 57 60”
4TO, €CTeCTBeHHO, coOBmaflaeT ¢ pesyJbTaroM, YKaszaHHBIM
B (24).
Hs3 (24), B uacrHocTH, ciaegyer, 41O
_ 1)2k+1 i
By B e — (B, By ) — — )
2k 2+l ( 2etl 2];) Q2k+1Q2k Q2k+1Q:k
[TokaxeMm Tenepb, UTO CHPAaBEATHBO HEPABEHCTRO
1
0 < Pyp— @y, < Dnor’ (25)
2k +1



HedcTBUTENBHO, J€Basi YacTb 3TOTO HepaBeHCTBA MOJyuaercs
cpa3y, Tak Kak corjacHo (23)

P,
a<82k:§£; Qo< Paps  0< Py —aly,.

JoxaszatenbctBo mpaBofi uacTH HepaBeHCTBA (25) Takke
npoxonut Ge3 Tpyaa. B cuay (23) ,

Ogz41 < & < Ogys
cJienoBaTesibHo,
i
8 — 3 —_— a = ———,
25 <Oy 2T O O

P
Ortciopa, saMensist 3y, Ha Q—"’E, no.TyyaeM:
2k

5 1
= a —_———
Qer: szQ2k+1

YMHOXKaa 3TO HepPaBEHCTBO Ha Qyy, MPHXOAUM K XKeJaeMOMY
pe3yJabTary

Py

1
szr.-l )

Py —aQy, <<

[IpuMeHHM Terepb MOJYYeHHble pE3yJbTAaTEl K peLieHH!io
ypaBHEHUH ,
X —2y?=1, (26)

[IpeoGpasyeM JieBYIO 4acTb 3TOIO ypaBHEHHS
2—22=(x—V2y) x+V2 ).

HonoxuM x=0P,, # y:QZk,ur,ue Py, u ng—‘{HCJII/ITeJIb H
3HAMEHATEb COOTBETCTBYIOmEH NOAXOojsmed apo6d H3 pas-

JOKEHUusA 1/7 B lLenHyio jipods. Torpa
Pl —2Q0=(Por, — V2 Qu1) Py + V2 Qyy). (27)

Jlepasi, a 3Hauut, U IpaBasi, YacTh [OJYYEHHOTO paBeHCTBa
aBaseTcs meablM unmcaoMm. JTokaxkeM, 4TO 3TO UeN0e UYKHCJO
6onbllie HyJas, HO MeHbIIe JIBYX M, CJEjOBaTeNnbHO, PaBHO
equnune. s sroro mnpumenuM HepaBeHCTBO (25) mpu

a=y2:
0< Poy = V2 Q< g (28)
27



Orciona. BHAHO, 4TO 06a COMHOXHTeNsi npaBo#i yacta (27)
TIONOXKHUTENbHbl M, 3HAYMT,

Pox—2Q%> 0.
C npyro#t croponsi,
re 1 1 1 1
P2k - 1/2 Q2k<Q2k+1 - Qerfera Qer—z - 2Qer + Qo < 2Qur °
Ho B cuny (23)

P, —
821«; = Q_zl,: > VQ .
Orciopa
V2 Qo < Paso
Py + V2 Qp << 2Py,

H Mpl DOJyuaeM JiBa HepaBeHCTBA J/Is1 COMHOYKHTeJeH# mpa-
BOH uyacTd paBeHcTBa (27):

— 1
P2k - V2 Q2k< 2Q2k ’
Py + V2 Qqu< 2Py

[lepeMHOKeHHE STHX HEPABEHCTB JaéT:

P
Ph—2Q% < Q%: .

[IpumMeHsii HepaBeHCTBO (28), MOAYUHM OTCIOfA:

~ 1
V20Qu+
2 2 Qrr 45, 1
PQk - 2Q2k < Qe - V2 + sz Q2k+1 !

2

M TAK Kak JJa Bcex R >

i { 1
Tl S0 T 10

TO
Ph— 205 <VZ + 5 < 2.

2 2
Takum 06pasoM MHl J0Ka3alH, UTO mnenoe 9HCaO Por— 2Q%
npu JoGoM k2> 1 yJOBIETBOPSET HEpaBeHCTBAM

0< Phr— 2Q3 < 2.



N
Ciie10BaTENARHO,
2 2
Py, — 2Qr==1,

T. e. yucqa x==Py,, Y==Q,, npu JioGoM k>1 naior pemte-
HAE ypaBHEHUH
—2y2==1.

Ml noxka ne 3HaeM, GyAyT Ji HafiJeHHBIE HAMU DelleHHs
ypaBHeHHA (26) npeacTaBaATb coGoff Bce pellleHHs! 3TOTO
ypaBHeHHUsI.

Tenepp y:xe ecrecTBeHHO BO3HHMKAaeT BOIPOC O TOM, Kak
MOJy4uTh BCE DELIEHHA B LEJbIX YHCJIAX X U Y ypaBHeHHUs

— Ay =1 (29)

npu A >0 nenom u V' A uppanumonansuom. Kak Mpr noxa-
JKeM, 3TO MOXKHO clenaTb, €CJH H3BeCTHO XOT OBl OJHO
pewenue ypasHenus (29). Ha npumepe ypaBuenusi (26) wmbl
BHIENH, YTO TaKue ypaBHeHHs HUMeloT pelueHus. Mu 3afi-
MéMcsl cefiyac BONPOCOM O TOM, KaK MOJYYHTb BCE pelIeHHs
ypaBHeHHsl (29) u3 OAHOro omnpeiesiéHHONO €ro pelIeHHs,
KOTOpOe Mbl OyneM HasblBaTb MUHUMAJbHEIM, HJIM HaXMeHb-
UM, OCTamJsAsl IOKA OTKPHITBIM BONpPOC O TOM, BCerha JH
ypaeHenue (29) umeer xorsi 6bl ONHO pelleHMe B HEJbIX
Yucaax, OTJHYHOe OT TpHBHAJbHOTO X =1, y =0.
Honycrum, uto ypapHenue (29) umeerT HeTPpHUBHATbHOE

pewenue [xo, Yo), X0 >0, yo > 0, u

(Hamomuuy, uTo pelleHueM Ha3blBaeTcd Tapa NEJbIX YH-
ceqt [Xo, Yol, YAOBJIETBODSIOINUX ypaBHeHHd0.) Mul Gynem Ha-
3BIBATE 9TO PEUICHUE [Xo, Yo] HAUMEHbWLUM, €CIH TIPA X = Xo

"y = Yo aBywier x +V Ay, VA > 0, 6yner uMeTh HauMeHb-
VIO BO3MOMKHYIO BEeJHYHHY H3 BCEX BO3MOXKHEIX €ro 3Have-
Hul, KoTopble OH GyaeT NPHHUMATH MPH MOACTAHOBKE BMECTO
X ¥ Y BCEX BO3MOXKHEIX UEJBIX MTOJOXKHUTENbHBIX (OTJHUHBIX
OT HyJs) pemeHu#t ypasuenus (29). Hanpuwmep, nas ypasue-
Husi (26) naumenblinMm pemennem OygeT x=3, y=2, TaK KaK

x—}—VQy NpH 3THX 3HAYEHHAX X M Yy IpHMer 3HayeHHe

3-+2)/2, n He CyWleCTByeT Apyroro pelueHUsl yDABHEHHS
(26), uro cpasy BHAHO THpH NONMBEITKe NoA6Oopa MAadbIX Ie-
JIBIX TNOJIOKHUTEJbHBIX YHCEJ, MOIYIU{HX ObiThb pPeLICHUsMH,
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KOTOpOe J1aBajo Gwl AByuneny x4 )2 y snauenue, He Goib-
mee, yeM 3+2 ¥ 2. HeficteutensHo, chaepyiolliee MO BejH-
uyHe pelneHHe ypaBHeHus (26) Gyger x=17, y==12, u #cHo,
uto 1741212 Goabie uem 3+2)2. 3ameruMm TakxKe,
9T0 He cyujecmeyem O08YX HOUMEHbUIUX DPeeHul ypasHerus
(29). Honyctum obpartHoe, T. €. 4YTO €CTb pelleHHs [¥y, ¥4]
U [x5, Y], KOTOpBIE JAlOT OJHO H TO K€ 3HayeHHe IBY4YJeHy

x+VAy. Toraa
4n+VAp=x+VAy, @31

Ho V' A —¥ppanHoHaNbHOE HHCAO, a Xy, Yy, Xg, Ys — LEJBIE
ygcsa. 3HAYHT, KaK 3TO HENOCPeJCTBEHHO CJeAyeT M3 pameH-
ctea (31),

X— %= (g, — y) VA,

4YTO HEBO3MOIXKHO, TakK Kak Xy — Xy — LeJIoe  4HcjIo,

(yo — y,) ¥V A Kax npoH3BeJeHHe [ENOTO uucAa HA Hppalno-
HaJbroe OyJeT HPPAlHOHAJbHBIM, @ LIeJ0e MHCJIO He MOXKeT
OblITh 4UCJAOM HppanuoHanbHbiM. [IpoTuBOpeuyme 310 npoma-
JAeT, €ClU Xy=Xy U Y;==Y,,~—APYIAMH CJOBaMH, KOTJa Mbl
6:8M He JBa pasjHuHBIX pelreHusl, a oiHo. Urak, ecnu
CYIIeCTBYET HauMeHblilee pelleHue, TO TOJAbKO OfHO. 3aMeTHM
Tenepb emé OJHO OueHb BaXKHOS CBOHCTBO pellleHHil ypaBHe-
i’}m (29). Hych [x1, y.] Oyner peweuuem ypasHeuus (29).
orja

—Ayi=1
HIIY

(x1+l/71!/1) (x;“l/z y)=1. (32)

BoBegém Tenepp oGe uactu paBeHcTBa (32) B eyl noJjo-
JKHTE/bHYIO CTeNeHb A:

(%, + VA Y1) (% — I/Z y)r=1, (33)

OcyizecTBAIS BO3BeJIeHHEe B CTelleHb 110 OPaBHJY cTeleHH
f64HOMa, Mbl NOJYyyaeM:

(+VAy)r=xt +nxiV Ay, +

nn—1

+ = A VA Yi=x VA, (39
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rjge x, U Yy, OYAyT HeJBIMA YHCIaMH, TaK Kak nepBbxﬁ,’
TpeTHH W EooOUle BCC HEYETHHIC WJIEHH pas3joXeHHA no
npaBuy creneHd OnHOMa OyAyT UEJBIMH YHCAAMH, & Yér-

Hble uJeHbl OYAyT lUeJbIMH UHCJAAaMH, YMHOXEHHbIMU Ha VA,
Cobupast B OTJEIBHOCTH Hejble CnaraeMmele H UHCaa, Kpat-

Hoie ¥ A, Mbl nosyuaeM paBeHcTBoO (34). Uucna x, u y,. Kak
Mbl ceflyac joKaxem, OYAyT Takike DelueHHeM ypasHeHus (29).

HefictBHTENbHO, U3 paBeHCTBA (34), MeHAA 3HaK y V A, My
1OJ yyaeM PaBEHCTBO
i —VAy)'=x,~VAy,. (35)
IMepemuoxkast nouseHHo paseHcTBa (34) u (35) u BoCcHoONb3O-
BABHINCHh paBeHCTBOM (33), Mbl GyJeM OKOHYATENbHO HMETh:
i+ VA =V A=, +V Ay,) (6, —VAy,)=
= xp— Aya=1, (36)
JPYyTHME CNOBaMH, uTO [X,, y,] ecmb maxoce pewenue ypas-
nerus (29).
Temepb MBI MOXKeM 7A0Ka3aTb OCHOBHYIO TeOpeMy OTHOCH-
TEJBHO perlieHHR ypaBHeHHA (29).
Teopewma ll. Beakoe pewenue ypasrernusa (29)
x— Ay?=1
npu noaodcumensrom A u uppayuonarorom VA umeem eud
[==x,, ==y,], ade
1 —_— —_
Xn="g [(xo + Yo VA)” + (xo — Yo I/A)n],
1 j— —
yn:m[(xo + YoV A" — (% — 1o I/A)q]’
a [x,, Yo] — HaumeHowee petieHue.
JdokaszsartennbctBo. [lonyctuM ofpaTHOE, — HMEHHO,

4TO CYHIECTBYET TaKoe pelleRHe B 11eJibiX NOJIOKHTEeAbHbIX
uncsaax ypasHenus (29) [x', y’], 41O paBeHCTBO

x'+l/z Y =(x, +l/71y0)” (38)

HEBO3MOXKHO HH I[IPpH KAaKOM [E€JOM NOJOXKHUTEJBHOM 1. Pac-
CMOTpUM DpAJ HHCEJN

Xy + VA Yor (%o + l/z Yo)? (% + V/_IZI Yoy «en
DTO — psii MOJIOKUTEbHEIX HEOTDAHUUCHHO PACTYIUX YHCEJ,
Tak Kak xy > 1, yo> 1 u xy+V Ay, > 1. Beaeactsue toro,
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a10 [X,, Yo] — HAUMEHBINIEE pelueHHe, [0 ONpejeseHHIO HaH-
MEHBUIEro peileHus

X +VAY> 5+ V A,
TlostoMy Beerjia Hafifétes Takoe uenoe n > 1, uto
(%o + VA Yo)" <X+ VZ.’/' < (% + VA o)t (39)
Ho x,—VAy,>0, tak Kax
(o +V Ay, (%o — VA Yo) = xo Ayg‘—‘ 1>0.

TlosToMy OT yMHOMKeHMA Bcex useHoB HepaBeHcTB (39) Ha

OfHO M TO 2Ke TOJOXHTeNbHOe uuCTO (¥, — VA y,)* 3HaKH
HepaBeHCTB COXPAHATCH, U Mbl GyJeM HMETb:

o+ V Ay (xg—VAy) << (£ +VAY) (tg—V Ay <<

< (% + VA Yo)™ ™ (xy — VA Yo)".
(40

(Ko + VA Y)Y (xg =V Au)t==(xo— Aya)r=1, (41)
X+ VA4 Yo" (xg — ]/;4 Yo) =%+ VA Yo- (42)

Kpome Toro,
W +VAY) = VA= +VAY) (x,—VAy,)=
=X %y — AY Y+ VAY X — X' Y) =x+V Ay, (43)
TAe X H y— nesbe 4Hcaa H
o=V AYy=(xg— VA yo).

Bocnonbsopaswucs cootHomenusivid (41), (42), (43) u ne-
paeenctBaMu (40), MBI MOJYUHM HepaseHCTBA

L<x+VAy<x+VAy,. (44)

[MoxkazxkeM, 4TO Napa ueablx Hucesa x¥ H y OyleT pelleHHeM

ypasrenus (29). [elicTBHTeIbHO, mepeMHOXKas NOUYJIEHHO pa-
BeHcTBO (43), T. e. paBeHCTBO

Tax kak

TO

*+VAy= x" + VZ y') (xo— VA Yo)* (49)
H paBeHCTBO
X —VAy= —VAY) % +VAyy, (46)
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KoTopoe nosydaeTcsi H3 (43) Henocpezxcrs\enﬂo, eCcJIHl nepe-
MEHHTb 3HaK y VA, nonydaem:
(+VAY) (x-VAy=x~ A=
— (& +VAY) (& ~VAY) (o +VAY) (5~ VA yoy =
=(x"— Ay"?) (x5 — Agdyr =1, (47)
TaKk Kak [x', ¥'] u [%, Y]~ petenns ypasuerns (29). o-
KaXeM, HaKOHeN, 4TO x>0 1 y>0. Ilpexje 'BCEr0 SICHO,
uyTo x He paBHo Hymo. [eficteurtenbHo, ecan x==0, To u3
paBeHcTBa (47) mbl OyjaeM HMeTb:
—Ayi=1,

4TO HeBO3MOXKHO, Tak kKak A>0. [asnee, ecniu y=0, 1o
x2==1, no u3 HepaBeHCTB (44) x > 1, uro HeEozMoxkHO. Ha-
KOHeu, 3aMeTHM, YTO 3HAaKH X H Y JOMXKHBE! OBITE OAHHAKO-

,U,EI/ICTBI/ITGJTI:HO ECJII/I NpeJlloNOXKHTb, YTO 3HAKH X U Y

pasnmﬂbr TO X B —y OyAyT UMeTb yxKe OJMHAKOBEHIE 3Ha-
k. Ec/M Mbl CPaBHHM TOT/la aGCOMIOTHBIE BEJHUMHBI YHCEN

x-H/Ay H x—l/Ay, 10 albconioTHasl BeJHYMHA INEPEOTO
U3 9TUX YHceJa JIOMXKHA ObITh MeHbIle abCOMIOTHOH BeIH-
YKWHB BTOPOTO YHCJA, TAaK KaK B MEPBOM UHCJE BbIMHTAIOTCH
OJIHO W3 JPyroro JBa HHCJa OJMHAKOBHIX 3HAKOB, a B Jpy-
roM ckjaajeiBaiorcda. Ho Mel yxke 3HaeM, 4To

x4+ VAy>1
3HauHT, X —V Ay Takxe mo abCOMOTHON BesyHuuHE GONb-
we egununb. Ho

G+VAD G-V AR =7~ Af=1,
H Mbl [pUIIK K TIPOTHUBOPEUHIO, TaK KaK IPOH3BEJICHUE

ABYX 4HCeJ, KaXJ0e U3 KOTOPhIX NO aGCOJIOTHOH BenHuHHEe
GoJiblUe €JMHHLDI, TAKKe JOJKHO HMETb aGCOMOTHYIO BeJH-

upHy, G0nbuylo epuHnubl. WUtax, sHakum x ¥ y o0fuHAKOBHI
u x+0uy-+0. Ho Torga us nepasenctsa (44) yxe cpasy
crenyer, uto x>0 u y > 0. Uraxk, NpeANoN0KUB, UTO CY-
1eCTBYET pelleHne ypaBHEHUS

— Ay*=1, A>0,
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[#', y'] Taxoe, uTO paBeHcTBO (38) HEBO3MOXKHO HHM HpH
KAaKOM LEeNOM INOJOXUTENBHOM 71, MbI CyMeJH MOCTPOHTL
pelleHue 3toro ypasHenusa [x, y ], ¥ >0, y >0, x u y—
Lesrle, yJjoBJeTBOpsoULee HepaBeHCTBaM (44), KOToOpele npo-
THBOpeuaT ONpeJieIeHHIO HAMMEHbINEro PelIeHHA [X,, Yol
ATUM MBI ¥ JIOKa3aJjd, UTO HNPEANOIOKEeHHE CYIECTBOBAHHSA
pellleHusi, He IpexcTaBJsomerocs no dopmynae (38), npuso-
JuT Hac K mportuBopeudto. Jpyrumu cioBaMu, MBI JI0Ka3aniH,
YTO BCe pelleHHs Hallero ypaBHeHHs MOTYT ORITb MOJTyYeHbl
u3 dopmyas (38).

Hrak, Bcaxoe pemende [x, y] ypasuenus (29) nogy-
YyaeTcsi U3 COOTHOIUGHUSH

X+ VAy=(x+VAy), n>0, (48)
rae [x,, yo] —Hanmenninee peilenue. Menssi B 3ToM mocaen-
HeM paBeHcTBe 3HaK y /A, Ml 6yjeM HMeTb TaKiKe paBeH-

CTBO

x—ﬂy:(xo‘l/zyo)”- (49)
CknajgplBasti ¥ BbluMTass STH DaBeHCTBAa U Jleas o0e 4acTH
COOTBeTCTBeHHO Ha 2 myu 2 A, Mbl HojyYaem:

x= ity = [+ VAY) + (o — VA o)),

| _ _ (50)

y=9a=g5 TV A0~ (f0— VA o],
JIPYTHMH CJIOBAMH, — SIBHBIe BLIDAXKEHHA JJs1 Jio6Oro petlle-
HHA [x, y] Opu TIONOKUTENBbHBIX X H Y. Besikoe pellleHue mo-
Jydaercsl K3 3THX, eca¥ Oparb [POU3BONbLHBIE 3HAKH NPH
Xy U Yp.

Hanpumep, Tak xak Mbl y:Ke BHJeJH Bbllle, YTO Had-
MeHBIINM pelleHueM s ypaBHeHHsA x2 —2y?=1 Oyuer x=3,
Yy==2, TO BCe pellleHHs 3TOTO ypaBHeHHA OYIYT cojep:KaTbCs
B (dopMysax:

fp== [B+2V 2+ (B -2V,
pn= =13 +2V2y ~ 3212y,

oTkyga mpu n=1, 2, 3 mpl mnoJjydyaeMm peiwenus: [3, 2],
[17, 12}, [99, 70].
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3ameTuM, 4YTO uMcJia X, H Y, C POCTOM £ DACTYT Co
CKOPOCTHIO TEOMETPHYECKOR IIPOTrpecCHH €O 3HAMeHaTejneM

%3+ V A Yo TaK Kak BCJIEJCTBHE PaBeHCTBA
Yo+ V Ay (e—VAy)=1

Mbl MOXEM YTBep2Kjarb, UTQ

0<xo—1/Zy0<I

u, 3HAUUT, 410 (Xo— /A y,)" BCerga CTpPeMHTCH K HYJIO
C pOCTOM 7.

3ameruM Tenepb, 4TO ecau ypaBHeHue (29) uMeer XOTd
Obl OJIHO HeTPHBHAJBHOE pellcHHe, — JIPYTUMH CJ0BaMu, XOTg
Obl OjHO pemteHde npu Y <0, —To OygeT cyluecTBOBaTh
HauMeHblllee pelleHHe 3TOrO ypaBHeHHS M TOTJa BCe €ro pe-
WeHHs MOTyT ObTb nosaydeHel u3 Qopmya (50). Bompoc
O CYUIeCTBOBAHHH HETPHBHA/JIbHOIO peIeHHsl 3TOTO ypaBHe-

HHf TNpPH NPOU3BOJLHOM 1LEAOM MomoxutenbHoM A u VA
HppalHOHAJbHOM Mbl IIOKa OCTABJSIH OTKDbLITbIM, a Tenepb
BepHEMCA K HeMy.

§ 5. OBIUMA CJIYUYAH YPABHEHWS BTOPOW CTEIMEHH
C ABYMS HEU3BECTHBIMH

Mer poxkaxeMm B 3TOM mnaparpade, uTO NIpH JIOGOM Ile-
JIOM TOJIOXUTENbHOM A M uppanuoHaibHoM }'A ypaBueHue

X — Ay?==1 (1)

Bcerjpa HMeeT HETDHBHAJbHOE pelleHHe, — JAPYTHMH CIOBaMH,
CYWIECTBYET Mapa LEeJHIX UHCed Xq H Yy, Xo Yo 7 0, KOTOpas
emy ynoBnerBopsier. Ilpe:kpe Bcero, ykaxeM npuéM, nosso-
JISIOMIHH pas/OXKHUTh B LENHYIO po0b NPOU3BOJNbBHOE MOJO-
JKATENbHOe UHCJIO, Bolile MBI Monb3oBajiuch IS pasyioxe-

HUSL B LENHYHO JpoOb CHenuanbHbIME CBOACTBAMH uHcaa V2.
IlycTh a—J1060e nonoxuTENbHOE yuca0, lTorpa Bcerpa cy-
IIECTBYeT LejI0e HHUC/I0, Koropoe OyjeT MeHbllle HJIH PABHO
a u Goapure a—1. Takoe mesnoe uyuciO HOCHT HasBaHue
yeaod wacmu a U oboszHauaercs [a]. PasHOCTb MeXKAY & H
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ero 1eaofl yacThio HasmiBaetcst Opobuoll Qosell wucaa a U
o6osnavaercst {a}. M3 onpegerenn#t uenofi 4actH # Apo6-
HOH JIOIM YHMCNa & HEeMNOCPejCTBEHHO CJeJyeT COOTHOLICHHE
MeXJy HHMH, HMEHHO: :

a—[a)={a)
HiIH
a=/[a]+ {a}. (52)

Tax kak jpoGHasl Joas uMcaad e€cTh PasHOCTb MeXKjy NoJo-
JKUTEJTbHBIM YHCJIOM KW HAaWOGOJbIUKM [eJIbIM YHCJAOM, €ro He
OpPeBOCXOASIIHM, TO JIpoGHAast JondA 4YuUcaa Bcerjja MeHbIle

2
eJMHULB M HeOoTpHHareibHa. Hampumep, nermad uacrtb -57—

5 2, 3
ecTh 5, a japo6HAsi ero JOJs €CTb < meras uHacte )2

ecth 1, a apobHas joasi papHa /2 — l; uemas uactb /52
paBHa 3, a jpoGuas jons paBHa ;/52—3, u 1. f.
BBenéuHoe HaMM oOnpejeseHHe wUenofl dactu M gpobHOH

JOJIM TOJIOKUTENbHOTO YHCAa Q@ MOXKeT ObITb HCIIO/b30BAHO
JUIS1 pa3sioXKeHUs 3TOro 4YHCJa B IenHylo JpoOb. [losoxuM:

1
[alqur {a} =
Torpa
1
a=~q1 _}_Z- (53)

Tak Kak {a} Bcerjla MeHbllle eJUHHHIBI, TO @, Bcerjga 60Jb-
we ejfuHUNbB. Ecau Ob a ObLIO CaMo mesblM MHCJIOM, TO €ro
JApobHas Jioaa paBHATack Gbl HYMO, @; Oblo OBl PABHO.
JeCKOHEUHOCTH ¥ Mbl Obl MMeNH paBeHCTBO a==g,. OtTBie-
Kasfich OT 5TOT0 YAaCTHOrO clyuyas, KOTOPHIA HCKJII0YaeTcs
TeM, UTO Mbl pasjaraeM B HeNpepelBHy0 po6b Hppanuo-
Ha/lbHOEe HHCJAO, Mbl MOXKEM YTBEPXKAATh, UTO & — HOJIGKH-
TenbHOe, OGoJbillee efuHHUB yducA0. C STHM YHCJIOM Q; MHI
[OCTyNaeM TaK XXe, Kak U ¢ @, U IHIIeM paBeHCTBO

1

1
a1=‘72+;;: q2:[a1]: az:{a1}~



[Iposonxkas 3TOT mpollecc, MBI NOJyYaeM pSifl PABEHCTB:
‘1———‘71+% » q1=[a],
%:%+i,%=h¢ _
%=%+%,%=MJ (54)

1
Up—y=4n +o; ’ qnz[an—llv

L T

10T npouece nocNe0BaTeJIbHOTO 06paSOBaHHH LeJIBIX YHCcesd

G1» 92> G3s -+ + s Gy ... B CIydae, KoOTJla d — palHOHANbHOE
a

YHCJIO, — IPYTHMH CNIOBAMH, KOPja d=--, Tje a u b—le-
Jble MONOXKUTEeNbHBIE UHCJIA, — KAaK HeTPY/HO 3aMeTHThb, HH-
ueM He OTJHYAeTcs MO CBOUM pe3yJabTaraM oOT NOJiyYeHHn
HENOJIHBIX YacTHBIX € IOMourblo anropurMa Eskiamaa (cw.
dopmyant (6)). O JoKeH NO3TOMY oGopBaThCA IpH @ pa-
HHoHAAbHOM, [IpH @ MppamHOHANBHOM 3TOT TpoNecC JOoJXKeH
ObiTh OeckoHeUHBIM. JleACTBUTENBHO, ec/d Gbl NpH KaKOM-
HuGyaAb n @, ObIO OBl HEJBIM UHCJIOM, TO OTClofga CJejo-
Bajo Onl, 4TO @, ; ObLTO Obi DANHOHAILHEIM, YTO B CBOIO
ouepeJb BAEKI0 Obl 3a co60#  paUUOHANBHOCTE &,y
4 T. I. #, HAaKOHe!l, DPaNMOHaJbLHOCTL a,. M3 dopmyn (54),

Jlesias moc/ieloBaTeTbHble 3aMeHbl, HCKJIIOUAs tq, Ay, « + - 5 Apoq,
Mbl TIOTYYMM IENHYIO JApo06b
1
a=q+——7 (55)
ntaT
. .
+ I
In + an

KOTOPYIO, TaK KaK 7 MOXHO B3Tb CKOJb YTOAHO GOJBIIMM,
MOXKHO 3anuchiBaTh M B (opMme GeckoneuyHod 1enHod ApodH
1 v
=gt —

q2+q3+‘ ' !
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Kak mni yxe rosopunu Bhiue, B § 4, cooTHOureHue (8)
MeXJy NOAXOAAUIUMH ApOGAMHM COXpaHAETCA B 3TOM Cjydae,
T2K KaK OHO He 3aBHCHT OT KOHEUHOCTH HJH GECKOHEUHOCTH
Jgpo6u. M3 storo coortHowenus (8), Kak Mbl yXe BUIeNH,
cleflyeT AAfA YETHBIX NOAXOAAWHUX JipoCefl HepaBeHCTBO (25),
Sto HepaseHcTBO (25) Oyner omsaTh J€XaTb B OCHOBE JIOKa-
3aTe/IbCTBA CYLIECTBOBaHHA peillenus y ypaeHenus (51), #o
CaMoO JIOKasatelbCTBO OyjeT cJOXkKHee, 4eM B YaCTHOM CJY-
gyae, Korjga A==2. 3a JajbHeHAIUMMH CBEJEHHAMH H3 TEOPHUH
flenHBIX  gpo6efl MBI MOXKeM OTOC/JaTbh YHTareJsd K KHHre
npod. A. 1. Xunyuna «llennsie Jpo6u».

Teopewma III. Hpu aobom yerom nososcumenrvriom A

u uppayuonasvron VA ypastenue (51)
x2—Ayt=1

uMeen Hempusuasvtoe peuterue [xy, yol, Xo >0, g, >0.

HNokasaTenbcTBO BBujy HEKOTOpPOH CIOMKHOCTH JO-
KasaTenbCTBa CYHIECTBOBAHHS pelnenust ypasHenus (5l) mu
pasobbéM 3TO JI0Ka3aTeibeTBO Ha psijg waros. [lepseiil mar
JI0Ka3aTenbcTBa OYJeT 3aK/uarbes B TOM, YTO Mbl JOKa-
KeM CYIIeCTBOB2HHE HEJOT0 MOJOXKHTENBHOrO 4Yucia k, o6-
JaJalolero TeM CBOACTBOM, UTO YpaBHeHUE

2 — A=k (56)

6yner uMerb CeCUHCNEHHOE MHOMKECTBO peUIeHHH B Le/biX
NOJIOKUTEJABHBIX YHcaaX x U Yy, JeficTBUTENbHO, PACCMOTPUM
nyused x2— Ay? u OyZeM B HEIO BMeCTO X H Y MOJCTaB-
JIATh MHCAUTEJH U 3HAMeHATeNd MOoCjiejoBaTesqbHBIX UYETHBIX

nojxoAAmEX JApobefi K wMppauHoBaibHOMY uucay a=} A.
Torpa

2o == Pay — AQpn= (Pys — @Qs,) (Pas + Q). (57)
Ho us Toro, uro
0 Py —aQy, << Q:’m ,
HEnoCcpe ACTBEHHO caenyer:
0 < Py + 8Qay==22Qay + Pay — aQy < 20Quu + g — -

2n -1

VMcnone3yeM 3TH JiBa MOC/IeJHUX HEPABEHCTBA /151 OHEHKH 2y,
3eMmenAs o6a MHOXHTeAs B MpaBOf yacTH pasercTBa (57) ¢
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IOMOLILBIO 3THX HEPABEHCTB GOJbIIHMH BeJHUYHMHAMH, MBI HO-
AyuaeM JJs 2,, HEpaBeliCTBO

0<22n<fQTi:<2aQ2n +‘fQ";—+l><2a+1, (58)

TaK Kak Q,, MeHbile Q,,,;. [lpu NOACTAHOBKE B JBYUJIEH
z=x*— Ay?

BMECTO X M Y, COOTBETCTBEHHO, P,, H Qu, 2 NpUHHMaeT me-
Joe MOJ0XKHATeJbHOE 3Hauenue. LiTak, Bce umcna z,, 24, ...
veey 23py ++. OYJIYT UEJBIMH TONOKHTENDHBIMH UHCAAMH, HE
MPEBBLILACIIMMA OLHOTO M TOro ke uHcaa 2a + 1. Ho Tak xax

a=:} A uppauucHajbHO, TO HenHas ApoGb Oyaer CecKoHeu-
HOH W, 3HAYyuT, TAaKUX Map qucen P,, ¥ @, Oyaer 6Gecko-
HeuHo MHOTO. PasjaHubbIX e cpejd HenbX MOJOMKUTENbHBIX
UHCCJT 2y, 245 +«+s Zans «+. OYAET JIIIb KOHEUHOE UHCJO, TaK
Kak Mmexjay 1 u Bhnosse onpelenénehiM uyuciaoMm 2a-+1, ot n
HE 3aBHCANIUM, MOXKeT JexkaTb He Gojee [2a 4 1] nenawix uu-
ces. Hpyrumu cnoBaMu, GeCKCHeUHLIH DB UYHCEN 2y, 24y o ..
e v Zapy. .. ECTh HE UTO HHO2, KAK NOCJIEJOBATEN BHOCTD KAKHUM-
TO 06pazaM NOBTOPSIIMEXCS NeablXx yucen 1, 2,3, ..., [2a+ 1],
NpHyéM Ee cGs3aTesbllo Jlazke, YTO BCe 3TH YHCJa BCTpeYa-
I0TCA B Bamlefl NMOCKEAOBATeNbHOCTH 2y, 2y %5, »+. 18K Kak
NOCJeJCBATENBHOCTD 23, 24, + .+, Zpps +» - OCCHOHEUHA, & YHCJIO
pasnuunbIX €€ yseloB KONeyHo, TO XCOTH OB OAHO YHCAO k
(! <k <[22+ 1]) B 3Toli macsefoBaTeNLEOCTH NOBTOpSiETCS
CecuHcIeHHQe MHOJKECTBO [as. JIpyrHMH cLOBaMH, CPeAH map
uucen [Py, Q,], [Pgs Quls ooy [Pan, Qonls ... BalLETCs Gecunc-
JeBHOe MHOXECTBO T4aKHX Iap, 4TO BenuyuHa z=x2— Ay?
NPUHEMAaeT NpH NOICTAPOBKE 3THX YHCEJN BMECTO X ¥ Y OJHO
H TO Xe 3HadenHe k. HMTak, Mbl jokasanu cymecTBoBaHMe
‘LEJIOTO TIOJIOKHTENbIOTO Yucsa k, IPH KOTOpOM YypaBHeHHe
(56) mmeer Gecumcyennoe MHOMKECTRO DELUEHHH B IeJBIX YHC-
aax x # y. IlepenyMepyeM cnora STH naphl 4HCeN, ClyXa-
mye pelleHusIMH ypaenenua (56) npu namHoM k, oflosHauuB
ux [ug, vq], [ug, ), ..., [44, U,), ... M GyaeM Torza
HUMEThb, UTO

ul — Avi==t. (59)

3aMeTuM, 4TO TocieJOBaTeNbHOCTb Nap [uy, v;], [#g U], ...
eens [U,, 0,], ... Oyaer wacTeio NOCAEJORATENBHOCTH IIap
YHCJAHTede M 3HAaMeHaTesell Y&THRIX TOAXOASAIMMX Apoled
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yycna @. Ecnu Gbl MBI MOTJIM yTBEpXKJaTh, 4TO k=1, TO Mhl
Obl yKe JOKaszanu, 410 ypaBHeHHe (O1) MMeeT GecuHCJeHHOE
MHOXKeCTBO pelleHMH B IleNBIX 4YHcaax. Tak Kak Mbl 3TOrO
yTBEPXKJ4Th He MOXKEM, TO JONycTuM, 410 B >1 (B mpoTHB-
HOM cjiyyae, kKorja k=1, Bcé yxKe 10KazaHO), U nepeiifém
KO BTOpPOMY WIary Haulero jokasaTejbcrBa. JloKameM Te-
nepb, 4TO Cpejau nap HeJbIX wHced [uy, 04, ..., [4, 04),...
GyneT GeCKOHeUHO MHO[O Map 4uces, AAlOHUX OJHHM H Te XKe
OCTaTKH MNpH JieJeHHH HAa YHCNO k, — JPYFHMH CJOBaMH,
YTO CYWIECTBYIOT TaKHe [Ba HeJblX HEOTPHIATEeNbHBIX WFHCJA
p U g, MeHbIWUX K, UTO JUI GeCUHCJeHHOTO MHOXKeCTBA nap
[ty, 1), .oy [4,, 0,), ... OYAyT ¥MeTb MecCTO paBeHCTBA

un:ank"'p» Up=byk+¢, (60)

rjie a, U b, —uacTHble OT JeJeHud U, U U, Ha k,apu q-—
ocTaTky. JleACTBUTEJBHO, €CJH MbI pasjenuM U, H v, Ha le-
Joe uucao k, kR >1, To MBl nONTy4HM COOTHOWIEHHs BHAA (60),
rje ocraTKu OT jeleHuHs OyJAyT, Kak Bcer/ia, HaXOJUTbCs
mexy Hyném u k—1, Tak Kak ocraTkamu OT JeJieHAS yH-

cen u, Ha k moryr Owith TOMbKO udcaa 0, 1, 2, ..., k—1
H, COBepUIEHHO TAaK yKe, OCTaTKaMH OT JeJeHHs uHces v, Ha B
MOTYT OBITh TOXKE TOJBKO 3TH ke uucsa 0, 1,2, ..., k—1,

TO YHCJIO BO3MOIKHBIX Tap OCTArKoB NpH JeJeHHH YHCeN U,
u v, Ha k Gyger k-k=Fk2, D10 ACHO TaKXKe M3 TOTO, YTO
KaxJo#l nape [u,, v,] COOTBETCTBYeT Hapa OCTATKOB [P, ¢4,
IpHYeM p, H ¢,, KaXKAbLI B OTAGJBHOCTH, He MOTYT NDHHH-
MaTh Gosiee £ Pa3nHUHLIX 3HAUEHHH, a YHCJIO nap NO3TOMy 6y/eT
ne GoJiee k2. Mrak, Kaxnofl nape nejblx ykced [u,, v,] cooTBeT-
CTBYeT napa OCTATKOB [p,, ¢,] MNpH jeseHud Ha k. Ho uucio
pa3NHUHBIX [1ap OCTATKOB KOHEUHO, He HpPEeBbIIUAeT k2%, a 4ucJ/o
nap [u,, v,] 6eckorneuHo. 3HAuuT, TAK KaK B pAAy 0ap [pn. g1l
1Per G2)s -« [Pns @n)s ... HUMeeTCH JHIIb KOHEYHOE UYMCJIO
pasJaHYyHBIX Nap, TO XOoT#A Obl OfHA Jlapa MOBTOpseTcs Oecyuc-
JieHHOe MHOXKECTBO pa3. Ofo3Hauas 3Ty mapy oCTaTKoB [p, ¢),
Mbl M TOJyuaeM, 4TO cymlecTByeT GecuHcJeHHOEe MHOMKECTBO
nap [u,, v,], AJI KOTOPEX HMeloT MecTo paBeHCTBa (60). Tak
Kak He Bce maps! [u,, v,] yloBneTBopsioT paBeHcTBaM (60)
npH HEKOTOpLIX OHpeJleéHHEIX p H ¢, CYIleCcTBOBaHHE KOTO-
PHIX MblI CEHdaC JOKasaad, TO Mbl CHOBa NepeHyMepOBLIBaeM
Bce Te mnapel {[u,, v,], KOTOpHE VJOBRETBOpPSIIOT paBeH-
ctBaM (60), H OGyaem 3TH mapbhl oOGosHauath [R,, S,].
Hrak, GeckoHeunasa nocnenosareabHocTs nap [Ry, S,

40



[Ry, Sal, .. - [R4, S,], - .. €CTB YaCTH NOC/IEIOBATEIEHOCTH 11ap
[u,, v,], KOTOpas B CBOW OYepejb €CTb YACTh [OCJE0BATEe]b-
HOCTH Nap uucauTeseii M 3HaMeHareseHl UETHBIX MOAXOJALLHX
JpoGelt urcsa a. Ilapbl uxces 3TO# NMOCJIEJOBATEIBHOCTH Y0~
BJIETBOPSAIOT ypaBHeHuio (59) M JalOT OAHH H Te ke OCTAaTKH
p U g TpH JeseHAM HA K.

Teneps, mocjie TOrO KakK Mbl YCTAHOBHJIH CYUIECTBOBAHHE
6ecuscJeHHOr0 MHOXKECTBa TaKHX Nap HejbIX MNOJOXKHTEeIb-
HblX ydcea R, u S,, Mbl MoxKeM MepeATH K TpeTbeMy M IO-
cJeJHeMy lIary Haulero JOKasarenbeTsa.

3ameTuM, mpexje Bcero, 4ro mapsl (R,, S,], 6yxyuu na-
paMu uucauTes el U 3HaMeHaTenedl MOAXOAImuUX Apobed, A0/IK-
Hbl GBITb NapaMd B3aWMHO NPOCTHIX YHCeJ, T. €. He HMeTb
o0mux jgenurtenelt. JeHcTBUTENBHO, €CJHM B COOTHOLICHUH (24)
Pop s Rera

3aMeHUTb B Ha 2k M TOJOXHTb By, =:2£ 3§

= T0
Qo 17 Qs

H3 paBeHCTBA
Pap Popa 1

sz sz—l - szsz—l ’

YMHOXHB 0fGe ero yacTH Ha Qy,Qa.,, MB NOJYyYaeM paBeH-

CTBO
Py Qgp 1 — QopPasq=1. (61)

DT0 cooTHOLIeHHE MEXAY UeAbMH sucnaMd Py., Qu,, Popg»
Q,,_; NOKasbiBaeT, 4T0 eciad Py, H Q,, UMeOT OCWIMA 1eju-
Teab, GOJABMIHA ejHHHIBl, TO BCA JeBas YacTb ero joJKHa
Haleno JedHuThcs Ha 3ToT ofwufl jemutenb. Ho copasa B
paBeHCTBE CTOMT eJUHHIIA, KOTOpas He MOXKeT JeNUTbCS HH
Ha Kakoe 1esoe 4ucjo, Gonblllee euHHLBl. TakuMm oGpaszoM,
B3adMHass npocrota umcen R, u S,, KOTopble MOTYT GbITh
TONbKO UHCJUTENSIME W 3HAMEHATENSIMH TOAXOJAIHIMX Apobef,
ycranosieda. M3 cootHomeHu# (7) Tak:ke HeNocpecTBEHHO

CJeNYeT, YTO
Qe<CQ< .. < Q<.

Wsa B3aumuoli npoctotsl uucen R, u S, H TOro obcmoATeNb-
crBa, uyro yucega Sy, Sy, ..., S,, ..., KOTOpHE B3SThl U3
[IOCJIC/I0BATETbHOCTH Pa3UuUHBIX MexAy cobofl uucen Q,,,
TaKKe MeXTy Cc0J0ff pasiuyHnl, HENOCpPeJCTBEHHO CJEJYeT,
4ro B OecKkOHeuyHOM pAAY Apoded

Rl RZ Rﬂ

E, ts“zy.-.,g;l’ ’ e
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HeT OJMHAKOBHIX wuhces, HanuweM jiBa paBeHCTBa, CAelylo-
mux U3 ompejenesus uucen R, u S,:

R}~ AS1=(R, —aS,) (R, + aS;) =k (62)

R} — AS3=(R, —aS,) (R, +aSy) =£, (63)

T7le ToTpexHeMy a=1} 4.
Jlanee umeeM:

(Ry—a8)) (Ry+aSs) =R, Ry — AS,S; + a (R, S; — S,Ry), (64)
TaK KaK a?==/, H COBEpIUIeHHO TaK e
(R‘[ + aS]) (R2 - a52)= R1R2 — ASIS2 —a (Risz it Sle). (65)

Ho R, u S, npu Jenennu Ha k JAlOT OJHH M Te Xe, He
3aBucsmue oT n octatku. CieoBaresibHO, B CHNY COOTHOLIE-
mafl  (60)

R,=c,k+p, S,=d.k+q. (66)

TlostomMy ¢ moMombio JA€rkus npeoOpa3OBaHUil U 3aMeH Mbl
noJiyuaeM paBeHCTBA:
R\Ry — AS,S; =R, (czk + p) — AS, (dsk +q) =
=R [(c;—c)) k+cik+pl — AS, [(dy — d)) k+d ik +-q]=
=Ry [(c;~ 1) k+ Ry ] — AS; [{dy — dy) b+ S]=
=k[Ry(ca—¢;) — AS, (dy —d))] + R — AST=
=k[R) (c; — ;) — AS; (dp — d;) + 1] =kx,, (67)
IJie X, — UeJOe YHCIO, Tak Kak R — ASi=k. CoBepiueHHO
TaK XKe
RS, — SiRy=R, [(dy—d) k+dik+q] —
— S, [(ca—¢;) b4k + pl=
=R [(dy —d) k+S1] =S [(e; — 1) b+ Ry]=
=k [Ry(dy—dy) — S, (c; — ¢))]=kys, (68)
TIe Y,— ONATh UeNoe uHcH0. MOXKHO YTBepKIaTh, uTO ¥
He paBHO Hymo. HeHcrBurennHo, ecid ¥;==0, TO

kY, =R.S; — RS, =0,
Ry R,

OTKY/la

575,
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AT10 MocNeHee PaBEHCTRO HEBO3MOXKHO, TaK KaK Mbl YCTaHO-
P, o

BUJIM, YTO BCe JAPOOH <* MexJy coOof pasivunbl. Pasencrsa
“n

(67) m (65) mokaselBaloT, UTO ‘

(Ry —aS)) (R + aSy)=kx; + aky, =k (x; +ay;,)  (69)

(R, +aS,) (Ry — aS,)=kx, — aky, =k (x, —ay;). (70)

[lepeMuoxkasi Telepb HOYjJeHHO paBeHcTBa (62) H (63) m Boc-
noJNb30BaBUIACL paBeHcTBaMu (69) u (70), Mbl moJsydaeM:

k2= (R} — AS}) (R} — ASY)=
=(R; — a8;) (Ry+ aSy) (R; +aS,) (Ry — a8,)=

=2 (o + ay) (6~ agy) = k2 (6 — A). (1)
Coxpamasi Ha k%, OKOHUATEJLHO MNOJYYHM:
£ — Ayi=1. (72)

Ho y, He paBHO HYJO, a 3HAYHT, U X; He MOXeT ObTb HY-
néM. B mpoTHBHOM ciiyuae cseBa €TOA/I0 Obl OTpHUATEJbHOE
yucso, a cnpasa— enunnua. Mrak, gaxe B npeAnosNoKeHuH,
YTO k He paBHO eJHHHLE, MBI HallIH JBa LeJblX, HE DaBHBIX
HYJI0 YuciIa X; B Y;, KOTOpble YJOBJETBOPSIOT YPaBHEHHIO
(51). DTuM nNOJHOCTBLIO 3aBepiliaeTcs TEOpHS YDaBHEHHUN 1M7a
(bl), Tak Kak Mbl 3HaeM, YTO TaKHe ypaBHEHHS IPH A LeJoM,
A>0, u A HppanuoHalBbHOM Bcersia HMEIOT pellleHHe, a C
NOMOILIBI0 HAUMEHbUIEro pelleHHsl, CYLIeCTBOBaHHE KOTOPOTrO
TEM CAMBIM JI0Ka3aHO, YMEEM CTPOUTb BCE €0 pelleHHs.

[paxktugecku HaumeHbLIee pelleHHE MOXKHO HCKaTh NYTEM
nojbopa x, 4 Y.

Mel nosiHOCTHIO paccMoTpesw, TakuM oOpasoM, cayuad
A>0 1 a=y A UppalUOHANLHO B YpaBHEHHU

2 — Ay?=1.

Ecmm A>0 u a= )/ A —lenoe udcao, TO 3TO YypaBHEHHE
MoxeT OblThb 3anucaso B opme

- a?yt==(x+ay) (x—ay)==1,
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H TaK KaK a-—LeJjioe YHCAO, TO eC/H X, H Y,— Luejble UHC-
Ja, eMy YJAOBJeTBOpsOLiNe, JO/KHBlL UMETh MECTO B OTJAC/DL-
HOCTH pPaBeHCTBA

xptayy=1, x—ay,=1
WM paBeHCTBa

Yo+ agy=—1, xy—ayy=—1,

TaK Kak IPOHU3BeJieHHe JIBYX LeJblX YUCes MoxeT OblTb paBHO
eJMHALE TOTJAa M TOJbLKO TOTjJa, KOTJa Kajioe H3 3TUX uM-
cell B oTjesibHOCTH paBHo 1 wimm — 1. OGe 3TH cHCTEME
ABYX YpaBHEHHI C JBYMs] HEM3BECTHLIMU X, U Yo HMEIOT TONbKO
CHCTEMbl TpPHBHANbHBIX peweHudt: xo=1, y,=0; x,=—1I,
Yo==0. Urak, ypasuenue (51) npu A, pasnom kéadpamy ye-
020 UUCAZ, UMEeM 6 YEAbIX HUCAQX MOAbKO MPUBLAAbHbLE
peuwtenus xo= =1, yo==0. Takue e mpusuarvrsie pewieHus
umeem 8 yeaoix yucarax ypasuenue (51) npu A yeaom u om-
puyamesvrom (NIpH A= —1 yIOBIETBOPSIOTCS CHMMETPHUHbIE
TpHBHANBHbIE petleHHs Xo=0, y,=11).
Paccmotpum tenmeps ypaBuenue Gosee ofuiero BuAa

X — Ap=C, (73)

rie A>0—uenoe, C—uenoe uncio, a=} A — Appanyo-
HanbHOe uHcjo. Mel yxe Bujesd, uto npy C=1 3t0 ypas-
HeHHE Bcerjia HMeeT GeCUUCTEHHOE MHOMKECTBO pelneHHHd B
uenblx gucnax x W y. Ilpu npoussossHeix C u A Taxoe
YpaBHEHHE MOKeT BooOlUIe He UMeThb pemeHui.

Ipumep. Iokaxewm, uto ypasHenuite

X2 — 3yt= —1 (74)

600614 He paspeulumo 6 ueavlx wucarax X H Y. 3aMerTuM,
Hpes/e BCero, YTo KBaJpaTl HEUETHOrO uuCaa NPU Jle/eHHH
Ha 8 Beerga Aaér B ocratke 1, JledCTBHTEJIBHO, TaK Kak
BCsiKOe HEYETHOE YHCIO @ MOXKeT ObiTh 3amucaHo B (opMe
a=2N +1, rie N —uenoe uucao, To

a*=(2N--1)2=4N? + AN+ 1 =4N (N + 1)-}-1 =8M--1, (75)
rie M —uenoe 4ucjo, B CHAy TOro, 4to wiau N, mwim N +1
JOKHO ObITh uérubiM uucsoM. [anee, ecad [Xg Yo] — pe-

mwenue ypaBHeHus (74), TO X, U Y, He MOryT OBITb UHCJIAMH
ojunakosoil uérHoctd. Ecnmm 6Bl X B Y, OblIH OJHOBPEMEHHO

v o 2 o
YETHbIMH WJAKM HEYETHBIMH, TO x?)——?)yo Obliio Cbl YETHBIM YHC-
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JoM ¥ He Momo Guith paBHo 1. Ecom xe x, neudtno, a y,
yéTHO, TO NpHW JeJeHWH Ha 4 x5 naBano 6b B octaTke 1,
—3ys nemanoch Gbl HA 4 U Xy — 3u6 NpY JesleRny Ha 4 faBato
6ul B octatke 1. D10 HEBO3MOXKHO, TaK Kak IpH JEJNCHUH Ha
4 npaBasl yaCcTh TPHBHAJNDBHO J@aéT B acratke —1 wim 3=4—1,
Hakonen, ecmu x, uétHO, a Y, HEUETHO, TO X% jesutcs Ha 4,
—3y; Ba ocHopanmd (75) MoKeT ObITb 3amucaHO B (opMe

_3y§_—__—_-3(8M+1)=—24M—-—3:4(——6M—1)+1

W, 3HauuT, NpH Jesendd Ha 4 ja€r B ocratke 1. [Tostomy

xo—3y5 Npu Jieiennn Ha 4 JOJIKHO ONATHL /aBaTh B OCTAaTKe
1, uTo, KaK Mbl YK€ BHJend, HeBo3MoxkHO. Ilostomy He
CYImIECTBYET LEJbIX YHCEN Xy H Yy, KOTOpPbIE MOIJIM Obl YJIOBJIe-
TBOpSTH ypaBHEHHIO (74).

He ocranapjuBasfice Ha Bompoce, IHpPH KakuX YCJIOBHSX,
panoxkennelx Ha C u A, ypasHeHue (73) OyJeT uMersb pelile-
HHe, — BONpOCe TPYIHOM H DPaspelldMoM ¢ HNOMOIbI0 06miefl
TEODUH KBajApPAaTHUECKUX HppalUOHaJbHOCTedl B ajrebpanye-
CKOM TeorHy umcel, — MBI OCTAHOBUMCS Ha cJyudae, Korja
ypaBHeune (73) UMeeT HeTpHBUajbhble pelneuus. Ilonmpexnemy
HeTPUBUAJbHBIM pelicHHeM Mbl OyJeM HasbiBaTb pelueHue
[x', y'], ecmn x', y'5=0. Htak, nycrp ypasuenpe (73) uMeeT
HeTpuBHaibHOe pewenue [x', y'}; ApyrumH cjoBaMu, OYCTb

x?— Ay?=C. (76)
Paccmorpum npu ToM ke A ypaBHEHue
x?— Ay?=1. 77

DT0 ypaBHeHHE HMeeT OeCUMCIEHHOE MHOXECTBO pelleHHi
B Leabix unciax npd A >0 u uppauuonanbHOM a=y) A, H
Ji060e Takoe ero pemlenue {x, y] Gyner:

X=X, Y=Y,
rje X, H y, onpellenstores mo ¢opmynam (50). Tar xax
[x, y] — pemenue ypasuenus (77), 1o
2 — AP =(c+ay) (x—ay)=1.

PasenctBo (76) B CBOWO odepedb MOXKeT ObiThb IEpEIHCAEO
B ¢opme

" 4+ ayy (x' —ay)=C.
45



IMepemuoXKas MOUNEHHO STH [JBa MOCJENHMX paBEHCTBA, Mbl
nosiyyaem:

(¥ +ay’) (x + ay) (x' — ay’) (x —ay) =C. (78)

(¢ +ay) (x+ay)=x"x+ Ayy+a (x5 +y'%)
H COBEpLIEHHO TaK XKe ‘

(—ay') (x—ay)=xx+ Ay'y — a(x'y + ¥'x).
BocnonbsopaBumch 3TUMH JBYMS DaBEHCTBAMH, Mbl MOXKeM
nepenucatb paBeHCTBO (78) B dopme

[vx+ Ayy+a(Xy+yx)] [xx+ Ay'y —a (x'y +y'x)]=C
w B dopme
(x%+ Ay'y)* — AKy + y'x) =C.
O1uM MBI JIOKa3aJd, 4To ecaH [x', y'] — peulednHe ypaBHeHHS

(73), To 3TOMY YypaBHeHHiO OyjJerT Y/IOBAETBOPATL M napa
uncen [x, yl:

x=xx+Ayy, y=xy+yx, (79)

rae |x, y]— moBoe pemerue ypasnenus (77). Takum oGpa-
30M, Mbl JOKa3aju, uTo ecau ypasueuue (73) umzem xomsa
6ot 00HO pewszHue, mo OHO uMeem uUX OECUUCACHHOE MHO-
acecmso.

Henwb3st, xoneuHo, yrBepxiaarb, 4to opMyaamua (79)
JIaloTCsl Bce pelneHus ypaBHeuusa (73). B teopuu aareGpau-
YeCKHX YHCeJ JIOKa3niBaercsl, 4To BCE pelleHHs B LieJbIX YHC-
Jax ypaBHeHUs (73) MOXKHO MHOJY4YHTb, B3SB HEKOTOPOE KO-
HEeUHoe U onpejenéHHoe, 3asucHilee oT A U C 4HC/IO pelle-
HUl 3TOrC ypaBHCHHUS W pa3MHOKUB UX C MNOMOLLLI0 (OpMYyJT
(79). ¥Ypasueunz (73) mpm A OTpuULIATEJLHOM HJIH PaBHOM
KBajpaty LeJsorc uddcja MoxKeT HMerb He 00/ee KOHEUHOTO
upcja pemleHHd. 3TO HPOCTO JOKA3bIBAeMOE YTBEPIKAEHUE MBI
IpefoCTaBsIeM JloKa3aTh uuratenio. Peulende camblx oOmIMX
YpaBHeHH{ BTOPOH CTeNeHH ¢ JABYMsl HEU3BECTHLIMH B LeJbIX
uhcjax, ypaBHeHUH BHJA

Ax®+ Bxy+ Cy?+ Dx + Ey + F =0, (80)
rpe uucna A, B, C, D, E m F—uenvle, CBOAUTCH C IO-
MOILbIO 3aMeH [epeMEHHBIX K pelleHdio ypaBHeHU# BHAa (73)

46



€ MOJIOXKUTEJBHBIM Wi oTpUnareashbiM A. [lostomy xapakrtep
nosejleHysl pelUeHHil, ecJM OHH CYLIECTBYIOT, TakOH Ke, Kak
H Y ypapuenus tuna (73). [ToaBoas uTor BceMy BHILEH3JIO-
JKEHHOMY, Mbl MOXKEM Tellepb CKasaTb, UTO YPaHEHUE 8mopol
cmeneny ¢ Osymsa Heusgecmuomu muna (80) moscem He umemse
peuleHull 8 yeaulx YUCAQX, MOKCEMm UMemo ux moabko 6 KO-
HEYHOM 4UCAe U, HAKOHey, MOscem umems GeCKOHEUHOE
MHONCECMBO MAKUX peul2HUll, npuuém mu pewlenus Gepymcs
mo20a u3 KOHEHUHO020 HUCAL ODOJUEHHBIX 2COM2MPUUECKUX
npoepecculi, dasaemsx opmysams (79). CpaBHHBas NoBefe-
HHe H XapakTep peureHufi B HeJbIX 4YHCIaX ypaBHEHHHA BTo-
pofi cremenn c JAByMs HEH3BECTHLIMH C [OBeJeHHEM pelle-
HAH ypaBHeHHH MepBOH CTeNeHH, Mol MOXKEM YCTAHOBHTH OJHO
BeChMa cyliecTBeHHOe oScroatenberBo. Mmenno, ecmm peile-
HUSl ypaBHEHHs] NepBOd CTeNeHH, KOrja OHM CYUIeCTBYIOT,
obpa3yior apubverdueckKde IIPOrpeccHd, TO PelIeHHs YpaBHe-
HUA BTOpOH CTeNeHH, KOTJa HX HMeercsd GeCKOHEUHO MHOTO,
GepyTcad M3 KOHEUHOro YHcaa OOOOMEHHBIX TeOMeTPHHYeCKHX
nporpeccuil. Hpyrama cjoBaMu, B ciayude BTOPOH CTelNeHH
napsl [EedblX YHces, KOTOphle MOTYT ObITh pelleHHsMH ypas-
HeHus, 3HAUMTENBHO peKEe BCTPeYaloTCs, YeM IMapH HenblX
yicesl, KOTOpble MOI'YT OBbITh pellleHHsIMH YpaBHEHHs] IepBoH
cTeneHd. JTO 0OCTOATENBCTBO HE caydaidHo. Okxa3blBaercs,
4TO ypaBHEHHs! C JByMs HEH3BeCTHbIMH CTelleHH BHIILE BTO-
po#i, BooSiuie roBopsi, MOT'YT HMETb TOJBKO KOHEUHOE YHCJIO
pewennii, VMckimoueHHs M3 3TOrc MpaBuia KpaiiHe pegkH.

§ 6. YPABHEHHUA C ABYMS1 HEU3BECTHbIMH
CTEMEHH BbILIE BTOPOH

VpaBuenust ¢ NBYMSl HEH3BECTHLIMH CTENEHH Bblile BTOPOH
MOYTH BCEr/Ja, 3a pPEAKMMH HCKIIOYeHHSMH, MOTYT HMeTb
TOJIBKO KOHEUHOE UYMCJIO peIUeHHH B neJblX uucaax X H .
PaccMoTpuM, Npexkjie BCero, ypaBHeHHe

AoX" + X"y + @ XY+ L Lt ayt=c, (81)

rpe n—uenoe 4ucao, Goabliee IBYX, H BCe HHCAA Qg O,
Qgy oo, Q,, C—LEJIBIE YHCJA.

Kak snokasan B nauaje nawero crosetuss A. Tys, makoe
ypasHerue umeen MOALKO KOHEUHOE HUCAO pelderull 8 yeavtx
HUCAGX X U Y, 3Q UCKAKYeHUeM, Moxcem Ooimb, Cay4aes,
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Koeda aeeas OOHOPOOHAR HQCMb 3MO20 YPABHEHUS ecmb Crie-
nenb 00OHOPOOH020 08YuieHa nepsotl cmeneru uAuw Mpéx4yiena
emopoli cmenenu. B 310M nociegneM ciaydae Haiie ypaBHe-
HHe GyjAeT UMeTh ORHY 43 JBYX ¢opm:

(ax + by)yr=c,, (ax®+ bxy+cy®)*=c,,

H TEM CaMbiM CBOJHMTCS K YpaBHEGHHSIM NEpBOH WU BTOpoOil
CTEeNeHH, TaK KaK JJsl CYIEeCTBOBAHHA Y HEro peuleHdd ¢,
JomxaAO0 ObITh n-H CTeneHbIO 1EJOro 4HhcJa. Mol He MoxeMm
3flech u3JoxUTh MerofX A. Ty3 BBHAY ero CJOXKHOCTH H
OTPaHUYHMMCSl HEKOTOPBIMY IOSICHHTEJbHBIMU 3aMedaHusaMi,
JIAIOMMME YKa3aH!usl Ha XapaKkTep AOKA3aTelbCTBa KOHEUYHOCTH
ugcna pewenufl ypasHenus (81)*).

Pasgenum o6e vactu ypasnenns (81) ma y”. Hawe ypas-
HeHHe NMpUMeT TOrja BHJ

x\? x\n-1 x ¢
() +a(2) e Ee=5. 6
Jlns mpocTOTHl U3JI0XKeHUusT GyieM NpefnonaraTb He TOJBKO,
YTO BCE KOPHHM YpABHEHHS

Q2" +a 2" 4., . +a,42+a,=0 (83)

pa3MUYHBLL U YTO 4,a, 0, HO M uYTO KOPHH 3TOro ypaBHe-
Hul He MOTYT OBITh KOPHAMH VpaBHEHHH C LeabiMH Ko3d-
(prLMeHTaMH HU3IIEH CTeleHUd. DTOT cayual fABJAETCs OCHOB-
HHIM B HalleM BOIpOCe.

B Beiciie#i anrebpe AoKaswlBaercs, 4To BCSIKoe anreGpau-
YyecKOe YypaBHEeHHe HMeeT XoTsl Obl OJMH KOpeHb, OTKY]a,
y»Ke BecbMa IIPOCTO, Ha OCHOBAHMM TOrO, UYTO BCHKHH MHO-
rowled JIeAUTC HALENO HA z—ad, €CNIH & —ero KOopeHb,
crmejyeT TpejcTaBleHNe MHOTOY/IeHA B BHJE IIPOH3BEJeHUS

gt + a2t Fa,=ay(z—a) (z—ay) ... (z—a,), (84)
re
rie a,, dg, ..., d,—BCE N KOpHeHl MAAHHOrO MHOTOY/eHa,

[Monb3yscb STUM BbIpA’KEHHEM MHOTOWJIEHA B BHJE NPOM3Be-
JleHns, Mbl MoXeM Nependcath ypasHenue (82) B BHje

a0<—;—~al) (—:——az)...‘(%~an>:y—cn. (85)

*) Jluteparypa no 3TOMy BONpocy cofpaHa, Haupumep, B 0o830pHOR
cratee A. O. T'envdorga «[IpuGamxenus anre6panyecKux 4HceN alrebpan-
YeCKUMH K€ WHCJaMH H TeOpHS TPAHCLUEHJEHTHBIX UKCEN», YCHEeXH MaTeM.
Hayk, Beil. 4, 4(32), 1949, crp. 19.
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Honyctam, 410 cCymecTByer O€CUHC/IEHHOE MHOXKECTBO
pelleHnil B LleabX 4ucaax [X,, y,] ypasHenus (85). dto 3na-
YAT, YTO CYIIECTBYIOT PEMIeHHs! CO CKOJb YIOAHO OONbIIKMH
no afcoMOTHOA BenuuMHe y,. Ecom 6bl cymectsoBaio 6ec-
YICJEeHHOe MHOKECTBO [ap C OTpaHMYCHHBIMM, MeHBbIIHMH MO
a0coMOTHOH BeNHYMHE KaKOTO-TO ONpEJENEHHOTO YHCIA, Y,
H CKOMb Yrofino OOMBIIMMH X,, To A TaKMX X, JjeBas
YacTh Oblna Obl CKOJb YIOAHO BejuKa, a lipakas oCTaBajach
Obl orpanuueHHOH, 4TO HeBO3MOXKHO. [lycTb Yy, Oyier oueHb
Bejuko. Toraa mpasasi wacTe ypaBHeHus (85) Oyler Mana,
a 3HaudT, JojkHA OHITb Maja K Jesas zacth. Ho nepas
YacThb YpaBHEHHs eCTb IIPOH3BejleHHe 7 COMHOXKHTeNeld, co-

JlepKamux ;—: U a,, KoTopoe, 6yAyUH LejblM, 0yeT He MEeHb-

we 1. 3gauMT, MATOCTD JIeBOR YACTH MOMXeT 06YCAOBIUBATHCS
TOJIBKO TeM, 4YTO 7O alCOMIOTHOH BeJWUYMHE Maja Kakag-To
H3 pasHocTell

X

kg,

Yr
$IcHO, YTO 3Ta Pa3HOCTL MOXKeT OBITH MaJla TONbKO B TOM CJIY-
wae, KGTJA @, AeACTBUTENbHO, — JPYTUMH CJIOBaMH, He HMeeT
MecTa paBeHCTBO d,==a+ bi, b+0. B mnporusHOM ecayuae
MOJAYJb Hailefl pasHOCTH He MoxKeT ObITb CKOJb YIOJHO Mas,

bz'—l/< —a) 0> [o].

JBe pasHocTH, JABa MHOMXHTeNs JEBOH uacTd YypaBHEHHs
(85) He wMmoryr ObITb OJHOBpPEMEHHO Majbl 10  MOAYJIO,

TaK Kak
X X
(22 -2 =) - o
Yr Y

B CHJIY TOrO, 4TO Cpejd uucesn a, HeT OJUHAKOBBIX. Ecan
OJlHa PpasHOCTb MEHblle IO MOJAYJ, HJIH abCcoOTHON BeJH-

(86)

a,, —ag|, TO Apyraa B cuay (86) noskHa OBITH

upHe, 4YeM e — O

'l—l

2
1

6oJIbIIIe —2—] a

Hasl BeMYMHA CYMMBI HE NPEBOCXOJHMT CYMMH aGCO/IOTHBIX
Beadund. Tak Kak Bce uncia a, pasjHuHbl MexJy COOOI,

4 A. O. l'easdonn, 4.94



TO HauMeHbUiasi N0 a6GCOJIOTHOA BeMUHHE, WM MOAYJIIO.
pasHocTb |a, —a, | 6yder Goabule HYAA (m =£s). O6Ge3Hauas
eé BenHuuHy 9epe3 2d, Mbpl OygeM HMeTb, 4YTO eCJH IpH
KaKOM-HHOYJb JOCTATOUHO OOJBLINOM Y,, YTO JOJIKHO CJY-
YHTbCSA, TaK KaK Y, HCOUPaHUUEHHO PacTéT,

<d,

Xk

Ee—q

| —a,
TQO

s=1,2,...,n, s+#m. (87

|22 —q,

Toraa, Tak Kaxk aGcoqiOTHasl BeNHYdHA, WIH MOJAYJb,
NpOH3BeJIcHHR paBHA TNPOH3BEZEHUIO abCOMIOTHBIX BeJdYHH,
WM MO;iynell, COMHOXKHTeNeH, Mbl OyJgeM HMeTb M3 ypaBHe-
Hus (85), uro

| ||
—ayl .. |PEa —a
et ve "y ™

[ G

Xz
L
[yk i

,y‘c’ . (88)

Xk
g;e — i

Ho eciim B 3TOM paBeHCTBe Kax Y0 U3 pasHOCTeld ,?— ag
k

S==m, 3aMeHHTb MeHbllell BenHuHHOH d, a |ay| 3aMeHuTH
¢JUHHLEH, MeHbIIE KOTOPOH ueJioe YHCIO |a,| ObTh He
MOXKeT, TO JeBasg dacTb (88) craHeT MeHblle NpaBod, H ML
noJ1ydaeM BepaBeHCTBO

el

dr?

!/
nJIA HEpaBeHCTBO

ng {<\y i Clza,:%’ (89)

rje ¢, He 3aBHCHT OT X, 4 Y, Yucen a, He Oojee n, a nap
%4, Y,], AT KOTOPBIX AO/KHO ObITh NPH KaKOM-HHOYAb i1
cripaBe/JIKBO HepaBeHCTBO (8Y), OecunclleHHOE MHOKECTBO,
TlosToMy cymecTByeT Kakoe-TO OnpejeséqHoe m, Takoe, UuTO
JJIs1 COOTBETCTBYIOWIETO d,, HepaBeHCTBO (8Y) BhIMOjHSETCH
GeCKOHEYHOe MHOMKEeCTBO pas. JIPYruMu cJIOBaMu, ecjd ypap-
neHHe (81) umeer GecKOHeYHOe MHOXKECTBO peLICHHH B lieJbIX
YyHcjax, TO anredpanueckoe ypaBHeHHe (83) ¢ 1eaBIMH KO3(-
(ULHEHTAMH MMeeT TaKOH KOpeHb a, JJs KOTOPOro HpH CKOJb
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YIOAHO GonbIIHX ¢ OYAeT BBLINOJHATHCS HepaBeHCTBO
p l A
a-— = — 90
' q < qﬂ K ( )

rje A—TNoCTOsHHOR, He 3aBHCsUlEEe OT P H ¢ YHCJAO, p U ¢ —
Lesble YuCaa, a 71— CTelleHb YpaBHEHUs, KOTOPOMY d YJ0-
BleTBopsier. Ecau Om @ OblIO NPOU3BOJBHBIM JAEHCTBUT €Jib-
HBIM YHCJIOM, TO MOMHO OBLTO OB €ro Tak BHOpPaTb, YTO
JeUCTBUTEIBHO CYIECTBOBAJIO Obl OeCUYMCJIEHHOE MHOXKECTBO
pemtenuil mepaseHcTBa (90) B nennix uncaax p H g. Ho B
HalleM CJayuyae a ecTb KOpeHb ajreSpawuecKOro ypaBHEHH:
¢ uenblMu kKo3ddumuenramu. Takue uHpcaa HA3BIBAIOTCA
ascebpauyeckumy 1 006133a10T 0CODbIME CBOfIcTBaMu. Cmenexbio
ancebpauyeckoz0 4licaq Ha3bIBaeTCs CTelleHb TOTO ajarebpau-
YECKOTO YpaBHEHHS ¢ LedbMi Ko3bPUIHeHTaM HauMeHblled
CTerneHH, KOTOPOMY 3TO YHCJO YJOBJIETBOpSET.
A. Tys jokaszan, 4ro JAaa aare6papyeckKoro yucia a
CTeneHH 7 HepaBeHCTBO
Pl _~- 1
el |<— -, >3, ©1)
q 51
q
MOXKeT HMeTb TOJbKO KOHEUHOe YHCJIO pelleHHH B HeJbiX
ygcnax p v g. Ho ecnu 72> 3, npasas uactb HepaBeHCTBA
(90) mpu jgocraTrouHo OOJBIIOM ¢ CTaHET MeHblle npaBod

n
yactd HepaseHcTBa (91), tax xax n>_2-|-1. Iosromy ecan

nepaBeHcTtBo (91) MoKeT HMeThb TOJNBKO KOHEYHOE UYHCIO
peulennfl B HeablX uucjaax p u g, 1O HepaBeHcTBO (90) H
MOJABHO HUMeeT TOJIbKO KOHeuHoe YHC/I0 pelueyuid. 3HAUMT,
ypaBueHge (81) MOxKeT uMeTb TOJBXKO KOHEUHOE YHCJIO pe-
meHudl B LeJBIX YHCAaX, KOIja BCe KOpHW YpaBHenus (83)
He MOTYT ObiTh KOPHSMH ypaBHeHUs C LeJbMH KodbduiueH-
TaMyd Hu3Wel, 4YeM n, cremesu. [Ipu n=2, Kak Jerxo
MOXKHO YCTaHOBHTb, HepaBencrBo (90) feficTBHTENbHO MOXKeET
uMeThb OeCuuc/IeHHOe MHOXKEeCTBO pelleHdH B LeJBlX p B ¢
npu HekotopoM A. Teopema A. Ty»> Gwina B JanbHefmeM
3HaguTe bHO ycusena. Chefyer TObKO OTMETHTb, 4TO METOJ,
[0Ka3aTe/NbCTBA €r0 TeopeMbl ApHHIUNHAJNBHO He Aaér BO3-
MOKHOCTH HafiTH BepXHIOIO TpaHHIy sl BeJHYHHBl pelue-
HMH, — APYTHMH CJOBAMM, TIpaHULy BO3MOXKHBIX BEJIHYUH
|x|{ u |y| no ero xospduuuentam ay, a, ..., @, U ¢. ITOT
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BONpOC M cerofiust ocraércss OTKpwiTeIM. He naBas Bosmox-
HOCTH HafiTH TPaHHLY BeJuuyuHH pellenufl, Meron A. Tys
aéT 3aTO BO3MOXKHOCTH HalTH T'PaHHLY JJIA YHCHA PetleHu
ypasueHus (83), mpapja, goctarouno rpy6yio. as otaenn-
HBIX KJ4CCOB ypaBHenuil Tuna (83) 3Ta rpadnua Moxer
6LITh 3HAuMTedbHO yTOuHeHa. Hampumep, coBerCkufi mare-
Matuk B. H. [lesone *) nokasas, 4To ypaBHenue
ax®+yP=1

DU @ LeJOM MOXKeT HMeTh, KPOMe TPHBHAJBHOIO x=0, y—1,
He Gosee OfHOTrO pelleHdsi B ueJbX uHcaaX X u y. Kpome
TOro, OH IIOKa3al, uTo ypaBHeHHe

ax® - bx%y 4 cxy? +dyP=1
MOXeT HMeTb He 6ojee MATH pellieHnil B LeJbX X U Y Opu
nenslx a, b, ¢ u d.

Ilycte P (x, y) OyneT NpOH3BOILHBIA MHOTOYNEH C HeNbIMH
KO3phULHEHTAMH OTHOCHTENBHO X H y,—— APYTHMH CJIOBaMH,
P (x, )= Apx*ye,
rpe A,,—uenble uncaa. Msl GygeM TOBOpHUTB, YTO 3TOT
MHOZ0UAEH Henpueodum, eClil ero Helb3s NpejCTaBUTh B BHjE
NpoH3BejcHUA ABYX JPYIUX MHOTOYJEHOB C LEJBIMH KO3(¢-
duEenTaMi, Kawxbll U3 KOTOPLIX He ecTb IMPOCTO UHCJIO.

OcoBeM U BecbMa Ca0XKHBIM MeTogoM K. 3ureas joxasaa,
yTO ypaBHeHHe

P(x, y)=0,
rge P (x, y)— HenmpuBojdMbli MHOTOUJEH Bbillle YeM BTOPOH
CTENeHN OTHOCHTEJbHO X ¥ y (ADYTMMH CJOBaMM, €CJid B HEro
BXOAMT ujen Buja A, xFys, rpe k+4s>>2), MOXKET UMETb
0eCKOHEYHOE MHOXKECTBO pelleHHH B UEJBIX X H Y TOJBKO
TOT/4, KOT/d CYMIECTBYIOT UHCHA Ay, Ay gy « v ey gy Bgy + v ny Ay
nb,byq .., by, b4, ..., b, TakHe, UTO NpH [0JCTAHOBKE
BMECTO X ¥ Y B Haile ypaBHeHHe
a—fl

X:anf”ﬁ‘a”#lf”_l—f— v +ao+g;—1+ v s +?, y

; _ b_ b_
y:bnt”—*“bn_lﬂll—l_ e +b0+71+"'+71{l
MBI TIOJIY4UM TOXKJECTBO ' :
P(x, v =0
OTHOCHTENBHO f. 3j7ieCh 7 — HEKOTOPOE NEJIOe UHCIO,

*) Jlureparypy mno stomy Bompocy cM. B cratbe A. O. Teandonna
«Teopla uucen» B cOopuuke «Martemarnka 8 CCCP sa TpujuaTh JeT»,
I'TTH, 1948.
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§ 7. AITEBPAUMECKUE YPABHEHMS CTENEHM
BBILIE BTOPOW C TPEMSI HEM3BECTHBIMH
M HEKOTOPBIE MOKA3ATEJIbHBIE YPABHEHHS

Ecnu gna ypasuenu#i ¢ ABYMS HEM3BeCTHBIMH Mbl MOXEM
JaTb OTBeT Ha BONPOC O CYIIeCTBOBAHMH KOHEUHOTO MJIH
GECKOHEUYHOr0 4YHCJIa pelleHuH B LesabX YuCIax, TO Aad
ypaBHeHHH ¢ 6o/ee ueM ABYMS HEH3BECTHBIMH CTENEHH Bbille
BTOPOH JaTb OTBeT HA 3TOT BOIPOC MBI MOXKEM TOJbKO AJisI
BecbMa 4YacTHBIX KJaccoB ypasHeHuil. Tem MeHee B 3TOM
HocJIeIHeM caydae MOJAAETCA paspellenHIo H 6ojiee TPYRHBIH
BONpOC 00 ONpejeneHuu Bcex pellleHHHd ypasHEHUs B LENbiX
yucjax. B kadecTBe npHMepa OCTAHOBHMCS HA TaK HashHl-
BaeMoii BeaHKofl TeopeMe Qepma.

3amedarenbHbll Qpadny3ckuit mareMmatux IIeep PepMa
BbICKA3aJ YTBepIKjecHHe, 4TO ypaBHeHHE

X1 yr=zn (92)

OpH UeJoM #.> 3 He HMEeT pelleHdH B LeJbIX [MOJOXKH-
TeNBHBIX uYucaax x, Y, ¢ (cayuail xyz=0 #CKmoOYaeTcs
NOJIOKHUTENBHOCTBIO X, Y, 2). Heemorps Ha To, uto I1. depma
YTBEPKJAJd, UTO OH HMeeT JOKA34Te]bCTBO (MNOBHAHMOMY,
MeTOJ0M. COyCcKa, O KOTOPOM peub Oyler HUXKE) 3TOTO
yTBEPIKAEHAS, €ro J0Ka3aTeabCTBO BIOCAEJCTBHU He GbLIO
Hafizeno. Dosee TOro, Korja mareMaTuk Kywmmep monpitasncs
ero HafiTH 4 jaxke JAyMaj OfHO BPeMs, YTO OH ero Haes,
OH OOHapyXKMWJI, UTO OAHO MOJOMXKeHHe, BepHOE B 00J1aCTH
OOBIUHBIX Ie/]bIX YHCeJ, OKa3biBaeTcsl HeBepHbIM Ansl Golee
CNOXKHBIX YHCJOBEIX O0Pa3OBaHUH, C KOTOPHIMH eCTecTBeHHO
IPUXOJUTCA CTANKHBATbCA IPH HCC/IeOBAHMH PODJIEMBL
QepMa. 10 00CTOATENBCTBO 3aKJIIOUYAercs B TOM, 4TO Tak
Ha3bIBaeMble yeasle aazebpauyecKue 4wucAa, — JPYruMu Cjo-
BaMH, KOpDHHM anrefpanyecKdX YpaBRHEHHH ¢ LejblMU pauuo-
HaJbHbIMU KO3 uieHTaMu B ¢ Ko3hUIueHTOM IIpH CTapiue
cTemens, paBHBIM 1, —MOTYT He €JUMHCTBEHHBIM CnocoOOM
ObITb pa3noXKeHb Ha NTPOCTble, HEPAsJOXUMBIE B CBOK
ouyepeib, LeJble COMHOXKHTEJNH TOH 3Ke ajredpanueckol
npupojel. OObluHble K€ IeJble Yucja pasnaraioTcs Ha Ipo-
CTBHIE MHOMKHUTEJH e[HHCTBEHHBIM o6pasom. Hanpumep, 6=2-3
U HUKAKMX JApPYTrUX pa3joKeHuil He Jomyckaer BHYTPH COBO-
KYIHOCTH OOBIYHBIX LEJbX Yuces. PaceMoTpuM COBOKYHNHOCTD
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BceX MeJbiX angrefpawyeckux uucen sBuaa m-+n } —5, rae
m U n—oObuHEe Henble uyucaa, JIerko BupeTb, YTO CyMMa
M NpOW3BeJIeHHe JIBYX TAKHX udces onAaTh OYAyT UHCJIOM ToH
xe copokynHocTH. CoBOKYNHOCTL wuuced, objajamomas TeM
CBOJCTBOM,4TO OHA COAEPXKUT JIOObie CYMMbI M TIPOH3BeJeHU
gHceds, B Heé BXOJSIHX, HasplBaeTcsl KoiabuoM. Ilo ompejede-
HUIO, B HalleM KOJblle cojepxatcd uuciaa 2, 3, 14V =5,
1—) —5. Kaxjoe H3 3THX uucesl B 5TOM KOJblie, K4k
JIErKO MOXKHO YCTaHOBHUTB, OyjeT NpPOCTEIM, T. €. He Oyjer
NpeCTaBASsITbCA B BHJAe [POHU3BEJICHHA [BYyX HE paBHBIX
eQHHHUIe LesJblX uyucesa nauwero koaoua., Ho

6=2.3=(1+V —=5)(1 -1V =5);

JApYruMH CJOBaMH, YHC/IO 6 He efUHCTBEHHBIM 0OpasoM pas-
JaraeTcsl Ha NPOCThIE COVHOKHUTENH B HaiieM Kojblie. 1o ke
0BCTOATE/IbCTBO, HEEJHHCTBEHHOCTH PassIOXKEHHs Ha MpPOCTbie
COMHOXXHTEJH, MOXKeT HMeThb MecTo W B Jpyrux, OoJee
CJIOXKHBIX, KOJBLIAX anrefpanyeckd LeJbiXx uucesa. Obnapy-
KUB 3TO0 ob6crostesibeTBO, Kymmep y6epmacs, uto ero
JloKasaresnbcTso ofmell Belukoil teopeMel epMa HeBepHO.
Jlasi npeojosiendst TPYAHOCTeH, CBSA3aHHBIX C HeeJHHCTBEH-
HOCTBIO pa3noxeHHs Ha MHOxHTend, Kymmepom O6bi1a mno-
CTpPOEHA TEOpHUsl HJeanoB, KOTOpas HIpaer B HacTodilee
BpeMsl HCKJ/IOUHTEJbHO 6OJbIUYID posb B anreGpe W TeOpuyd
uucen. Ho paxke ¢ NOMOLIBIO 5TOH HOBOH TeOpuH NOTHOCTEHIO
J1oKasaTh Beaukylo Teopemy Pepma KyMmmep ne coMor
J0Kasan e€ TOJABKO J1Jsl 7, Jeiaunuxcs xorsl Gbl Ha OfHO
U3 TaK HAasblBaeMBIX peryaspHblX InpocTelx  uucen. He
OCTAHABJHMBASCL HA pacUIM(POBKe NOHATHA pPEryJafpHOro
OPOCTOr0  4YHCJTa, MBI MOXKEM yKasaTb TOJbKO, UYTO JO
HACTOAIETO BpeMeHH He H3BECTHO, CYIIECTBYeT JiH TOJILKO
KOHEUHOE YMCJO0 TAKHX MpPOCTHIX YHCEA HJH HX OeCKOHey-
HOe MHOXKeCTBO.

B nacrosdmee Bpems pesnkas Tteopema Pepma foKasaHa
JJIsi MHOTHX 7, B Y4CTHOCTH Jjisl J0GOT0 n, JeJgllerocs Ha
npoctoe uHcao, Medbulee 100. Benuxass teopema $epma
Chirpana 60JbLIYIO POJNb B Pa3BHTHH MaTeMarHKH Gjarojaps
CBS34HHOMY C INONBITKAMH €& J0Ka3aTe/ibCTBa OTKPLITHIO
Teopuit ujpeanoB. Ho npu 31OM crleyet OTMETHTBh, 4TO CO-
BCEM J(DYTUM IIyT€M H II0 APYTOMy NOBOAY 3Ta Teopus Obuia
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NOCTPOEHA 3aMevaTe/]bHBIM pycckuM MaTemardkom E. M. 3o-
JOTapéBsiM, YMEpUWIMM B pacilBere CBOGH HAyYHOH JedTelb-
HocTH. B pacrosillee BpeMsl JOKa3aTeJIbCTBO BEJHKOH Teo-
pemor depma, OCOBEHHO J[0KA3aTEJBCTBO, MOCTPOEHHOE Ha
cooGpaKeHHsX TEOPHHM JIeJUMOCTH 4YHCeJ, MOXET HMerhb
TONBKO CHOpTUBHbIH HMHTepec. KoHEUHO, ecqH 3TO J0Kasa-
TEJIBCTBO GVAET TNOJYUYEHO HOBBLIM M IJOJOTBOPHBIM METOJAOM,
TO 3HAuYeHHe ero, CBJI3aHHOE CO 3HAYEHHeM CaMoro MeToja,
MOXeT Obith ¥ oueHb GosbiuuMm, Craejyer OTMETHTb, YTO
UONBITKY, AeJjamolpecs JOOUTe s IMd MaTeMaTHKM W B Haule
BpeMs1, jpokasatb Teopemy PepMa coBceM 3seMeHTaPHBIMH
cpefcTBaMu oOOpeueHbl Ha Heyjauy. JJaeMeHTapHble coodpa-
JKEHHs!, ONMPAIoWUecsl Ha TEOpHIO JeJMMOCTH 4uceld, ObLIH
uCnoJb3oBaHel ewé KymMepoMm M jpaibHefmiag #ux paspa-
60TKa CaMbIMU BbUIGIOMUMHCH MaTe€MaTUKaMH IOKa HHYEro
CYILECTBEHHOTO He Jiana.

Mbr npuBepéM 37eCh 10Ka3aresncTBO TeopeMbl depma
Ans cayuast n=4, Tak Kak memod cnycka, Ha KOTOPOM
3TO JI0KA34TEJNbCTBO INOCTPOEHO,* OYEHb HHTEPECeH.

Teopema IV. ¥paswenue Pepma
=2t (93)

HE umeem pewleHull 8 yeavix uucaax x, y " z, xyz =0,
JoxasareabcTBO. Mol goka)keM flaxke OoJsee CHJIb-
HyIO TeopeMy, UMeHHO, 4TO ypaBHeHHE

4yt =22 (94)

He HMeeT pEMeHHH B LeJbX YHcaax X, y, z, xyz+ 0.
W3 310# TeopeMbl yxxe ciejyeT HENoCpPejCcTBEHHO OTCYTCTBHE
pemennilt y ypaBmenuass (93). Ecnm ypasuenne (94) mmeer
peuleHde B UEJbIX, OTIHYHBIX OT HyJs uucjiax X, Y, 2, TO
MOXKHO I[pejnoJiarath, yTO 3STH YHCJa NONAPHO B3aUMHO
npocThl. [IeACTBUTENBHO, €CJNH €eCTb pelleHHe, B KOTOPOM
uhcna X B y uMelor ofmuil nauboabmni geqaHtens d > 1, 1o

x=dx,, y=dy;,

rie (%, y;)=1. Pasgenus ofe uactu ypasuenus (94) Ha
d*, mel OyjeM uUMeTh, uTO

dtvi=(5) =4 (95)
09



4
Ho x; m gy —Uensie YdCHa, 3HAUHT, Zy==—;—TOKeE lejoe

upcno, Ecnu 6ot y 2, H Yy Obl1 oOwmuil gesmurenb k> 1,
To X2 B cuny (95) pomxkmo Oplto OBl jenHTbCA Ha R, a
3HAUHT, X; ¥ k& He Moryiu O6ul GbIThb B3aWMHO Hpocthl. Hrak,
Mbl JAOKAasaju, 4YTO €CNM CYLWEeCTBYyeT pelleHHe ypaBHEHHSA
(94) B uesnblX, OTAHYHBIX OT HYJS 4HUCAax, TO CYMECTBYeT
TaK)Ke pelleHHe B LEJbIX, OTIHYHLIX OT HyJS W B3aHMHO
NPOCTBHIX yucaax. [1o3ToMy HaM JOCTAaTOYHO [0Kas3arh, 4TO
ypaBHenne (94) ne uMmeeT peuleHUH B leJabiX, OTJIHYHBIX OT
HyJs W NONapHO B3aHMHO IIPOCTHIX yHCJaX. B jambhefiiem
XOJ€ 70Ka3aTeJbCTBA Mbl, TOBOpA, uTo ypaBHenne (94) nme-
er pemenne, OyjaeM MpeinonaraTb, 4TO OHO HMeeT pewle-
HHEe B IleNhX, [OJOXKHUTEAbEbIX H IONAapHO B3auMHO Npo-
CTLIX uHcJax,

B § 3 mel jokasanm, uTO Bee pewlleddsi ypasBHeHus (12)

X2+ 2 =22 (96)

B UeNblX TNOTOXKUTE/NBHEIX, IONAapHO B3aHMHO NPOCTHIX YHC-
Jgax onpejenstorcd no Qopmyse (18) um umeror BuJ

2 ___ g2 2 2
y=uwo, y="52, =48 (97)
rje ¥ U v— ABa JiOORIX HEUETHHIX, B3AUMHO NIPOCTHIX HOJIO-
JKUTENBHBIX YHCAA.

[pupagum Heckonbkd Apyroft Bua opmyaam (97), ompe-
JeJsioluM Bce peieHnsl ypapHenus (96). Tak kak 4 u v—
HeuéTHBIC YMCJa, TO, NOJIOXKHB

u+tv_ u—v
L, =0, (98)

MBI ONpejlesidM Yhcjia 4 H © DABEHCTBAMH
=a+b, wv=a-0b, (99)

re @ v b-—uensle uncna pasHodl uéTwocTd. PaBeHCTBa
(98) u (99) noxaseiBaoT, 4TO JMIOGOH NMape HeYETHBIX B3auM-
HO HpPOCTHIX UHcea & U v COOTBETCTBYeT Ilapa B3aUMHO,
NpocTuiX udces @ 4 b pasHofl uétHOocTH W uToO JioGOH mape
B3aUMHO NpPOCTHIX Yucesa @ W b pasHoll Y&THOCTH COOTBETCT-
ByeT mnapa B3aUMHO IIPOCTRIX HeYETHHIX YHCel U H U,
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ITostomy, cienas B dopmynax (97) saMeHy # ¥ v HA G ® b,
MBl IIOJYYUM, YTO BCE TPOMKH UENBIX NOJOXKHUTEIbHBIX H-
NONAPHO ‘B3aUMHO NPOCTBIX YHcel X, Y, 2 (x— HeuéTHOE),
SBNSIOMHecs] pelleHUsIME ypaBHeHHs (90), onpepensdiorca Io
popmynam

x=a*— b0, y=2ab, z=a®+0b? (100y

rje a u b—jBa JOObIX B3aWMHO MpPOCTLIX YHCJIA pPA3HOM
YETHOCTH Npu  ycaoBHH, uto x¥ >0. D1H POpMyan NOKAa3bl-
BaKOT, YTO X W y pasHoii uérHoctu. Ecum yparnenue (94)
HMeeT pelleHue [X,, Yo, 23], TO 3TO 3HAYHUT, UTO

EARE VA

IPYTHMH CJIOBAMH, 4YTO Tpofika umces (x3, yi, 2z,) sBadgercs
pemieHnemM ypaBuenus (96). Ho Ttoraa JonXHbl cymecTso-
BaThb JBa uucia a U b, @ >0, B3aHUMHO NPOCTHIX H pasHOH
4€THOCTH, TAKHX, YTO

B=a?— b,  i=2ab, z=a’+b.  (101)

Mol gomyckaeM HpH 3TOM, JJ8 ONpeAeJEHHOCTH, YTO X,
HeuéTHO, a y, uéTHo. [IPOTHBOMNOJOKHOE JOMYyLIeHHe HHYETro
He H3MeHnud0 6bl, TAaK Kak Obli0 Obl JOCTATOUHO X, 3aMe-
HATH HA Y, H HaoGopor. Ho mbl yKe 3HaeM (CM. paBEHCTEO
(75)), uyto KBajpar Heu€THOro umcnaa jgaér B ocratke | upu
Jenennn Ha 4. [losTOMy M3 paBeHCTBA

=2 —b? (102)

caejyeT, 4to a- HeuérHO, a b uérmo. B nportuBHOM cayuae
JeBasl yacTb ITOTO paBeHCTBA Mpu JlenmeHMH Ha 4 jaBana Obl
B ocTatke 1, a mpasad, Tak Kak Mol IIpeAIOJIONKU/IH @ UYET-.
HeM, a b neuéthplM, —1. Tak kak a Heuérno u (g, b)=1,
10 ¥ (a, 2b)=1. Ho Ttorpa us pa,eHctBa

yi==2ba

a=2, 2b=—s?, (108)

rae ¢ 4 §— KakHe-To Lejble 4dcaa, Ho #3  cooTHOweHus
(102) cneayer, uto [Xg, b, a] ecth pewenne ypanrenus (96).
3HaAYHUT,

caenyer, 4To

Xo==m?—n¥,  b=2mn, a=mt+an?
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re m U n— HeKOTOpbie B3aHMHO MpOCThie YHCHa pasHON
uétHoctu. M3 (103) mmeeM:

b rs\?
mn=y5 = '2‘)7

OTKYJa B CHNY B3aUMHON NPOCTOTHL M U 7 CJefyeT, uT0
' m=p?, n=q> (104)

Tlle p 4 ¢— OTJHUHblE OT HyJs ueable undcra. Tak Kax
a=t* u a=m?4n? 10
7+t =22, (105)
Ho
Zy=a*+b*>a’.
TToaTomy

0<t=Va <2<z (2>1) (106)

IMoNnoXUB g=%;, p=Y; U f==2;, Mbl BHUAUM, UTO €CJH
CYULECTBYET pPewleHne [Xo, Yo, Zp], TO JOJIKHO CylLeCTBOBATH
u Apyroe peulenue [X;, yq, 2,], npuuéM 0< 2z, <z, 2roT
npouecc nosyveHas pentenufi ypasnenus (94) MoxHo 1npo-
JIOJDKUTh HEOTPaHHUEHHO, ¥ MBI NOJIYYUM [OCTe]0BaTeNlb-
HOCTh pellleHu

[*0 90 201, [%0, Ypr 21)s + v s [Xis Yo 2] s

NpHuéMm Lesble NOJOXKHUTEIbHBIE YHCHAA 2y, 21, 2o, « vy Zpy oo
6ynyT MOHOTOHHO yObIBaTb; APYTMMH CJIOBaMH, OYAYT BepHbI
JJIsl HAX HEpaBeHCTBA '

G S T > > >

Ho uenble nosoXuTesbHBE 4YHCAAa He MOIYT 0GpasoBaTh
GeCKOHEUHYI0 MOHOTOHHO YOBIBAIOULYIO NOCJ€[0BATENbHOCTD,
TaK KaK B TaKOfl IOC/efloBaTeslbHOCTH He MOXeT OBITb
GoJIblle 2, YeHOB. MBI NpHILIH, TaKUM 06pasoM, K NpOTH-
BODEUHIO, MpPEANONOKHB, uTO ypabHeHue (94) HMeerT XOTH
6bl OlHO peuleHHe B HENBIX X, Y, 2, Xyz == 0. DTUM J0Ka3a+
1O, uto ypapHenue (94) He uMeer pewenuil, Cie/lOBaTeNbHO,
a ypasHeHue (93) He uMeeT pelleHHH B [1eJbIX [OJOKHTENbs
HBIX tqucnax [x, y, 2], Tak Kak B HpOTHBHOM CJyuae, ecJiH
[, y, 2] — pewenne (93), TO [, Y, 22] — pewenne (94).
Memo0 Ookazartesscmea, KOMopoim Mol HOAL308QAUC,
BaKA04aBULIELS 8 NOCMPOCHUU ¢ NOMOUbLIO O00HOS0 DEUIEHUR
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becuucarennotlh  nocaedosamesbHOCmU  pelteruli ¢ Heoepauu-
YEHHO YObIBAIOLUMY NOAOKHCUMECADHOIMIL 2, HOBbIBACMLS MEMO-
dom cnycka. Kak Mpl yXe TOBOPHJH BbILE, OCYIIECTBHTD
3TOT MeToJ B ofieM ciayuae TeopeMn @PepMa MenlaeT I1oka
HeeHHCTBEHHOCTb pa3JIOXeHUus LeJbX uucen anrebpaunue-
CKHX KOJIell Ha NpOCTble COMHOXKHTEIN H3 TOroO e KOnblla *).

3aMeTHM, YTO Mbl JOKa3a/y OTCYTCTBHE lleNbIX pelleHni He
TOJNBKO Yy ypaBHenus (94), HO M y ypaBHeHHs

x4n + y4n: z2rz.
Jllo6onsiTHO OTMETUTb, UTO ypaBHCHHE
=22

uMeeT GeCYHCIEHHOE MHOXKECTBO pelleHHH B IeJsX NOJO-
KUTENbHBIX ulcnax, wanpumep x==2, y=3, 2z==5. Hail-
TH BHJ| BCEX pelieHUH 3TOrO YpaBHEHUS B LEJLIX IOJOKH-
TeJbHBIX X, ¥, 2 MBl TIPEJOCTABJISEM UYHTATENIO,

INpuBeléM emé oA¥H NpuMeEp HA METOJ COYCKa, HECKOMBKQ
H3MEHHB XOJ paccyXJIeHui.

Mpuwmep. Hokaxem, umo ypashenue

2yt =22 ¢107)

He umeem pewleHull 8 yeaslx, OMAUYHbIX OM HYAS HUCAAX
%, y, 2. Honycrum, urto ypasHesue (107) uMeer pellenue B
UeNbIX TNONONKHTEJNbHBIX UHCAAX [X,, Yo, 2] DTH uHcaa MBI
cpasy MoxKeM [peinoNararb B3aWMHO MPOCTHIMH, TakK KakK
ecay Obl OHM HMenH OOGUIMM HAHOONALHIMM paejuTeneM d > 1,

%o Yo Zp :
TO uyHeaa —-, -, —% Takxe Oblii Gbl pewenueM ypas-

venusa (107). Hanuune ke ofumwero jenuresss y jBYX H3 HHX
B/eKJIO Obl 3a co00f cCyiecTBOBRAaHME OBWIEro JAeHuTens y
Bcex Tpéx. Kpome toro, mpeamosnoxum, uro z, — HaUMeHb-
mee W3 BCeX BO3MOXHBIX 2 B pemredusix (107) B nesbix
NOJOXKUTENbHBIX uHcaax. Tak Kak [x,, Yo, 2| — pelieHue

ypasuenns (107), T0 [X0, Yo, 2z ] 6ypyt peuienueM ypasHe-

HUs
X4 22 =22, (108)

*) 3a RanbHeHIIMMH CBEJEHHSMH OTHOCHTEJBLHO BeJHKOH TeopeMul
®epma Mu oTchitaeM K Kuure A. 51, Xunuusa «Benmwkas Teopema Depmar.
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IMonbsysacs Qopmynamu (19°) § 3, naromuMu Bee eable NO-
JoxHTe bHble pemienHsa (108), Mbl BHAMM, YTO CYLIECTBYIOT
TaKHe lLleJble NONOXUTeJbHBle g U b, (@, b)==1, a HeuérHO,
KOTOpbIC YJOBJETBOPSIOT PaBEHCTBAM

2 2
Xo== == (a?— 2%, yo=2ab, zy,=a®4+20%. (109)
2
W3 pasenctBa yo==2ab caepyer, 4t0o b camo RONKHO
6uThb UETHO, TaK KAaK y, uéTHO, Y AeTMTCA HA 4, a a He-
. b
uétHo. Tak Kak —— M @ B3aUMHO IpPOCTHl, TO U3 paBEeHCTBA

2
Yo 2,_ P_
<2> =473
Hel'lOCpe}lCTBeHHO cne,ayeT, qToO
a=m?, —=n?,

rjie m W n— uensle noJoxuTenbHsie M (m, 2n)==1. Ho u3
(109) cneayer
b

= (0~ 207 = =[a*—8 ()], (110)

TZe X, H @ HeuéTHel. Mbl yXKe BHAeNH, U4TO KBaJApaT HEYET-
HOro uyWcJa npu flenenun na 4 paér B ocratke 1. [lostoMy
gesas uacte (110) ppu pexenun ua 4 paér B octatke 1,
b \2 .
a a2—8<-2—> Toxke gaér B octaTke | mpu jgesennnm Ha 4,
3uauut, B paBencrBe (110) ckofka B npaBofl uacTH MOXKeET
BXOJHUTb TOJMBKO ¢ IjitocoM. Temepb pasencTBo (110) MoxHO
3amucaTh yxe B Qopme
Xp=m* — 8n*
wid B Qopme
£+ 2 (2122 = (m2)?, (111)

rhe Xg, # W m — Uefble HOJOXKUTeNbHble H B3aHMHO NPOCTHE
ugcaa. 3HAUMT, YUCTIA Xy, 2n2%, m? o6pasyioT pelleHue ypas-
verust (108), npuuém x,, 2n* u m? B3auMHo npocTol. [TosToMy
onfite B cuay copmys (19°) § 3 mallayTcs TakHe HeJble
gcna p M g, p HeuéTHO, (p, ¢)==1, uTO

2n2=2pq, mP=p*+2¢%, xy,= 2=(p?—2¢7). (l12)
Ho tak kak (p, ¢)=1 u n*=pg, 10
[)282, q:rz’
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rpe s U r—IeJibie BSaUMHO MNPOCThHIE YHCJIA. OTCiO,Ila OKOH-
YaTeJbHO CaelyeT COOTHOWIeHHE

st - 2rt=m2, . (113)

KOTOpOe MOKAaskBaeT, UYTO YHCHAA S, 7, M O6pasyloT pelleHHe
ypaesenns (107). Ho u3 EbimienonyyeBHEIX PaBenCTB

2, =a®+20% a=m?,

caellyeT, uto z, >m. Mtag, umes pemenne [x,, Y,, 2], Mbl
panwd apyroe pewenue [s, r, m], opauéMm 0<m <z, 310
JKe TIPOTHBOPEUHT IpeNOJNOKEHHIO, KOTOpoe Mbl c/enasd,
yro pewenue [x,, y,, 2,] UMeeT 2z, HAUMeHBIIHM M3 BO3MOXK-
HbIX. 1aKuM oOpa3oM, Mpl NPHILTH K NPOTHBOPEYHIO, [OMY-
CTHB CyiiecTBoBaHHWe pelllenus y ypasrenusi (107), u jpoka-
3a/d, uTO 3TO ypaBHeHHe HepaspelllMO B LEJbIX, OTIHYHBIX
0T HyJs uHcjaax.

Mbl npejocTaBisieM Tenepb udTaTeJsM JOKasaTh, UTO
ypaBHeHUA

Xt 44yt =22, X — =22
Xt — =222, t—Adyt=2
Hepa3pelluMbl B IEBIX MOJOMKUTENbHBIX YHC/IAX.

B zaxjioueHde cjiefaeM HeCKOJDbKO 3aMeuaHHdil o Nokasa-
TeJIbHLIX ypPaBHEHUSIX. ¥ pasuerue

aF 4 b =7, (114)

20e a, b u c—uyeavie, He pasuvie cmenexy 080LUKU U HYMO,
Moogicem  UMerne He 004ee 4eM KOHEYHOE YUCAO0 pelleHuli 8
yeablx HUCAQX X, Y, 2. DTO Ke yTBepxkKJeHHe ¢ HeGOJNbIINM
JOTOJHHTENbHBIM YCJIOBHEM oOcTaércs B Ccuie, Korja a, b
u ¢ 6yayT NPOHU3BOIBHLIMH anrebpanyeCKuMa uncjame. Bogjee
TOTO, ypaBHEHHE

Aa* . ..ap - BR ... PR O L p=0,  (115)
rre A, B, C, ABC 0, —uenve, ay, ..., dy B1 «vvy Bro
Tis «+ -5 Tp—LeJBlEe U uHCAA a, B, 7,

a=ay ... d;, =01 ... 00 1= 1

B3aUMHO TIPOCTbI, MOXeT HMeTh TOJNBKO KOHEUHOe UYHCJIO0
pelieBHil B LeADbIX UHCAAX Xy, « ..\ Xpy Yps v o1 Yo 21y s 2
- 3710 yTBepxAeHMe Takxke obobmaerca Ha cayuail A, B C
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¥ a, B, 7, arrebpandeckux *). ¥Ypasuwenus tuna (115) u ux
0000HIeHUST TNPeJCTaBASIOT OOJbLIOH HHTEpec, TaK Kak B
TEOpPUU aaredpadyecKux uYHces JOKasblBAETCS, UYTO KaXKjOMY
anreSpaHyeckoMy ypaeHenuto tuma (81) cOOTBETCTBYeT HeKo-
TOpOe II0Ka3zaTenbHOe ypapuenue THHa (115), mpuuéMm Kax-
JoMy petilernio  ypaBaeHus (81) cooTBeTCcTByeT pelleHue
ypaBuenua (115) B nenpix uncnax. Takoe coorBetcTBHE pac-
OpocTpaHsfeTcs M Ha ypaBHeHHsl OoJee oOmero Tuna, 4eM

81) u (115).

*) Cm. oGsopuyio cratbio A. O. leabdonpa, LUHTHPOBABIIYIOCA Ha
cTp. 48.
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