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NPEAVCIOBUE
K PYCCKOMY TIEPEBOAY

Hetopmio n3naraemoii B 310it Kuure TeOopeTHYeCKoH I Mame-
Mamuueckoll, Kak mnparunpree ee Ha3blBaTh, JOrMKKM HAYNHAIOT
ofbruo ¢ «ynuBepcanbHOl XapaKTepucTuku» JleldfHuya, nocie
UEro nepexomsaT K paboram A. de Mopeana, Byaa, [Hxucesonca,
Hpecepa, Mupca, npunaanexamum XIX B, WM xora a10 B
M3BECTHOM Mepe nNpaBHILHO!, Bce Ke, B OCHOBHOM, MaTeMaruue-
CKasi  JoruKa A0mKHA ObITh OTHECEHA K YHENY HOBeHMX HayuHBIX
JAMCIMIIMH, XapaKTePHBIX UMEHHO Jjis HayKn XX B.

TTpexcne Beero, B XX B. maTemaTuueckas JIOI'HKa, 10 CYIIecTBy,
Crana 4acTbio marematnku. CymectByer psia coo0pasienuit, B cuny
KOTOPHIX CH C/IeyeT Ha3LIBATLCSI HMEHHO MATEMATHUECKON JIOrHKON.
Ee poct o6ycnosnusaercs, B [IEPBYIO ouepennb, norpefHOCTSIMM MaTe-
maTHKu. Cosfanve HeeBKIIMIOBLIX TeOMETPHi, B HCTOPHH KOTOPHIX
OCHOBHOE MECTO MPUHAVIEKUT HAIIEMY cooreuecTeenuury H. H. Jlo-
fauegcromMy, U BO3HUKHOBeHue METOI0B COBPDEMEHHOIH TEOPETHKO-
MHOYKECTBEHHON MaTeMAaTUKH NOPOUIIEL H B MAaTeMaTHUKE TY KPYTYIO
JIOMKY TOHSITHH, NoAIMHHYI0 ABOHCTBEHHYIO CYI[HOCTH KOTODOH
BCKpbin B. H. Jlenun B «Matepuamusme u AMIUPUOKPUTU -
nusmer. Hayka, ¢ ognoi croponsr, nensrrana HEBHIAHHOE emwe B ee
HCTOpHIT PASBUTHE H NPUTOM HE TOJILKO KOJHUECTBEHHOE, HO M KAue-
CTBEHHOE; OHA CTUXMIHO BCTana Ha MyTh MaTepuaNCTHYeCKoi mua-
JeKTHKU. Ho B ycnoBusix UMDepUanu3mMa camelfi Nporpecc Hayxu
NIOPOAMI PeaKk1oHHbIe TIONBITKY HeaJUCTHYECKO] tpunocodun napa-
SUTHPOBATb HA HayKe, WCMO/L30BATh KAXILIT HOBHL yenex ee
B CBOUX nesstX. MIMenHo Taxoro pona Kapruwa, Ha geransx KoTopOit
MBI HC HMEEM 371eCh BO3MOXKHOCTH OCTAHOBUTbLCS, pasBepHy1ach
¥ B 06aacTH npo6aem 000CHOBaHUS MaTeMaTHKH, JIe)KAIKX Ha rpa-
HHULE MATEMATHKK M JIOTHKH. Y)Ke B CaMOM Hauasle HcC/efoBaHuii,
FPUBEAIINX B JajibHeHlIeM K CO3JAHUK HEeBK/NIOBLIX reoMeTpuit,
MareMaTKaM Npum/iock 3aHsATLCA Pa3bopOM Pa3ITHUHBIX BAaPUAHTOB
Paccy>xaeHuii, npeTen0BABIINX HA NMPABO HA3BIBATECH 00KA3AMEL-
(meamy eBKIHIOBCKOTO TOCTYJAaTa 0 napannenbeiX. Taxk Kax npu

! Ecnn He 3a6HBaTh NP 9TOM OPUTHHASILHEIE PAGOTHL PYCCKOTO
yUCHOTQ — Ka3aHCKOTro MaTemarTuka u noruka I1. C, [lopeukoro.
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3TOM 4allle BCero o0Hapy)XHBanoCh, UTO B YUCJIE MMOCBLIJIOK SABHO MJIH
HESIBHO MCMOB3YeTCsT J0NYLIeH e, TIONPOCTY PaBHOCH/IBHOE CaMoMy
HOCTYNaTy, TO BO3HUK/IA eCTECTBEHHAs1 NOTPEeOHOCTb BBIABUTL BCE
II0CLUIKM, HA KOTOPLIX B fIefiCTBUTEIRLHOCTH NOCTPOEHaZ CHcTeMa
«Hauan Epxnuna. O1naxo zaBepuena 9Ta pabora 6blia JdMIObL B Ha-
uane XX B. B U3BeCTHBIX «OCHOBaHMSIX reomeTpui» J. Muawbepma.
Tuavlepm TOUHO NMEPEYUCTUI OCHOBHLIE HEONpefesisieMble OHATHS
repMeTpHH, ¢ MOMOILBIO KOTOPLIX ONPEAENSIOTCS OCTABHbIE e¢ [OHS -
THs, U OCHOBHbIE HEJOKA3bIBAEMble NPEAJIOXKEHUS, € ITOMOMIbIO KOTO-
PbIX JAOKasblBaWTCA BCE OCTANbHBIE npegimxenus. Ho mns  Toro
urofsl  npoBepHTb, YTO  NEPEYHCNIEHHHX  AKCHOM  ReiCTBH-
TC/ABLHO [OCTATOYHO JUIsT AOKA3aTeNbCTBA BCEX BOOOINE HCTHHHBIX
NPENIOKEHHI HEKOTOPOH HAYKM U YTO C MX IIOMOILBIO HeJb3s, Ha®
000pOT, BLIBECTH JIOXKHOE 3aKJIIOUeHHe, HYXHO OO pacmoiarath
0630pOM He TOJIbKO BCEX NPHHMMAEMLIX IOCRIIOK, HO M BCeX nony-
CTHMbIX CPEJCTB BbIBOJA M3 HHMX HOBLIX npejnokenuii. B nocnemmeii
uergepTd XIX B. 3a Takyw paGoty B3sIHMCL HE3aBUCHMO ApyT
or apyra Ileano u @ pece. binaropaps ToMy, 4To NpH ITOM NPUIIOCh
3aHSITBCST BBISICHEHHEM CaMbIX IJy0OKHX M OCHOBHBIX JIOTHYeCKHX
cBs3ell Meu(ly Haubosce IIeMEHTAPHBIMU TOHSTHSIMM W TIpeAJIO-
YKEHUSIMM MaTeMaTHKH, y Ppece CO3AAN0Ch Aaske BIEuaTieHUE, yTO
€My yaanoch onmpenenuTh M HEONpEeNsieMble IOHATUS APUBMETHKH,
AOKa3aTh ¥ HEAOKa3blBaeMble B Heil npejJioxKenus1, cBeast ux K Gosee
00mNM MOHATHAM U NPCIIOKEHHAM (¢3aKOHAM)) JOTHKH. Eme npH
yu3Hu Ppece, B Havane XX B., Pacces oBHAPYIKUA, OFHAKO, B €ro
chcreme nporuBopeure. Hak oKa3anock,—HeCMOTPS Ha TO, UTO MHO_
I'He M3 BCKPHITHIX Ppece KOHKPETHLIX CBsI3€H AeHCTBUTEILHO UMEIOT
MeCTo,—CHCTEMa B LE/I0OM He TOJUTCS, TaK KaK € €ee IOMOublo
MOJKHO J0Ka3aTh BCE UTO Yroguo. UToOw H30exaTh TAK HA3bIBAEMbIX
¢NapajiOKCOB  PACIIHPEHHOIO HQUUCIEHHsI IIDPEAUKATOB», P3ccea
MPHAYMAT CBOI0 HM3BECTHYI0O (DPASBETBJIEHHYIO TEOPHIO THNOB», ¢
KOTOPOH cpasy »Ke OKasaiauch CBSI3aHHLIMH HOBBIE TPYAHOCTH,
obycsioBiennrie ero noJoBHHUATOH M NyTaHOH CyGBHEKTUBHCTCKOI
ycraHoBKoH. OT Bbimepuiero B 1910—1913 rr. rpexrtomuoro Tpyaa
Pacceaa u Yaimxeoa «Principia mathematicas mosxno 6buto HTTH
LaNbWe 110 JIBYM HAMPABJICHHSAM: MOYKHO OBLIO, KaK 3T0 H ¢J1yYH-
JI0OCH ¢ €ro aBTOpaMH, 3aHSITb NO3ULHUHM BCe 0onee M GoJiee arpec-
CHMBHOI0 HAaCTyMJIEHHSI HA MaTepHaNN3M W 3alATBl CXONACTHKH
(BoopysKenupIH Tawoit mpeonormeil B. Paccen e ciayuatine npo-
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naragfupyer ceifiuac npHmeHeHye aTOMHBLIX Oom0 npoTHB CCCP), n
MOKHO GbLJIO C MEHBUMIMME IUIH 60bIAME KOJIeGaHUAMHE (B yCI0BAAX
AMIEPHANACTHYECKOro oOUIECTBA TaKie KojefaHHs BIONHE ecre-
CrBeHHbl), 00Jiee MJIM MeHee CTUXMIHO BCTYNHTL HA NyTh OTKa3a
OT CyOBEKTMBHCTCKMX YCTaHOBOK Pacceaa. VI ToT u npyroit nyrh 6bt-
7 AeHCTBUTEILHO HCTIONIb30BaHL! GYP/KYasHbIMH yYeHeimA. HeoGxo-
RUMO 371€Ch YK€ NOJUEPKHYTb, YTO UACATHUCTUUYECKHE YCTAHOBKH HEN3-
MEHHO TMPUBORMIHM K HOBBLIM TPYAHOCTAM M uTO, HA0BOPOT, camsie
LeHHbIE JOCTIDKEHUSI NPHUHAMIEKAT MareMaTHKaM, BCTaBLIMM Ha
nyTh 0TKa3a oT ¢y0beKTUBU3MA U (OPMATHIMA U CBA3AHHBIX ¢ HUMH
orpaHf{yenuit 3amaca Colep KaTe/ibHLIX CPEACTB HALIEr0 MBILILIEHHS,

3ameTum TaIOKe, UTO CO3AaHHE 0C0GOH TeOpUN MATEMATHUECKOTO
J0Ka3aTesbCTBA (00BEKTOM H3YUeHUs] KOTOPOH ABJISIOTCS ViKe He Co0-
CTBEHHBIE TPEAMETHI MaTeMATUKU—BDONAE YUCeA, Modex, HpPAMbIX,
a TawKe Pynryul, MHONCECME WM OMHOWeHUIl MEXAY UiClIamu,
TOUKAMH H T. Il.,—a NPHEMBl W METOAb O0PAIIEHUS ¢ HHMH B MaTe-
MaTHKe) B PYKaX CnefquaaiCTOB-MATEMATHKOB OKA3al0Ch HYMHBIM
He TOJIBKO B 1eNsIX O0OOCHOBaHMS MaTeMarukKd M PEHIEHHA BO3-
HUKAOWKUX 34ECh TPYAHOCTEH: C MOMOLIbID TEOPHM [0KA3aTeNbCTBA
GbUT Y)KE T0JIyUeH—MPOJOIBKAeT MOdyuaThest U Ceiiuac—psig crie-
UHAJBHBIX M NPUTOM Bce GoJiee u Gonee BaXKHLIX MaTeMaTHUECKHX
pe3yABTATOR,

Ho maremarnueckasi Joruka oOnpaBabiBaeT CBOE Ha3BaHHE
HE TOJIBKO 1NOTOMY, YTO OHA BBIPOCJIa U3 NOTPeOHOCTEH MATeMaTUKH
1, 4TO NOAaBJISIOWee 00JIbUIMHCTBO HOBEHIUNX Pe3yJIbTATOB, AOOLITBLIX
€10, NPUHAMJIKHAT crennanucramMm-maremarnkam. OHa CTpOUTCS Cama
KaK THNHYHAS MATeMaTUYeCKasl JUCUMIIMHA U MOYKET GhITh paccmar-
puBaeMa He TOJBKO KaK JIOTHKA MaTeMaTHKH, HO U KaK MaremaTuia
aoruxu. 6o oHa ABASIETCA B 3HAUMTE/IbHOM Mepe Pe3ysibTaToM npu-
MEHEHUS1 MaTeMaTHYECKUX METOI0B K Tpobriemam GopManbHOit oruky.

U Bce yxe 3HAKOMCTBO ¢ HEil HY)XHO HE TOJbKO MATEMATHKAM.
He roBopa y>xe 0 Tom, uto (uIoCOQCKHE TPYRHOCTH 0GOCHOBAHLIS
MATeMaTHKU UHTEPEeCYIOT M (uiIocodoB, KOHKpeTHnie Npodsiembl
TEOPUM MaTeMATHYECKOIr0 MOKA3aTENLCTBA M, 0COBEHHO, npUMeHe-
HUSl MATEMATHKH K BONPOCAM JIOTHKH JODKHBI UHTEPECOBaTh M CIie-
1HAUCTOB-OrNKOB. OBJAJEB 3JIEMEHTAMI MATEMATUYECKOH JIOruKi,
NOCTeHNE CMOIYT NMO3HAKOMHTBCSI B JafibuelimeM ¢ psinom Gornee
MHTEPEeCHBIX [UIs1 HUX BOMPOCOB. OHU BCTPETAT 3A6Ch U KONKPETHLIE
PE3YNbTATR, OTHOCIAIIHECH K BLISICHEHUIO COOTHOWMCHHSI MEXRY
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CONEPXaTeNbHOM  MCTHHHOCTBIO W (hOPMasbHOl JOKAa3yeMOCTbIO;
H TOJHOE pelieHHe BOMPOCa O PAHMUAX BO3MOKHOCTEH mOCmTeaHeii:
1 TONLITKH HOCTPOCHUA BHIXOASMIEH 3a PAMKM HenocpeacTBEHHBIX
norpeGHoCTell MaTemMaTHKU Joliiku MoOdaabHocmel; U HEKOTOPLIH
HOAXO0 K mpobGnemam undykmusHoil Ageuru; u psin npobaem, Hemo-
CPEACTBCHHO CBA3AHHBIX ¢ 00OGMIEHUAMU KJIACCHYECKOit TEOpHH
CHJLIGTU3MOB MO ADHCTOTENIO; H [aXKEe YHCTO TeXHHYeCKHe Hpufo-
YKEHNS,—HANPUMED, npocTefimedl yacTn maremarnueckoii JOrHKH,
TaK  HABLIBAEMOrO «MCUMCNEHHS] BBICKA3LIBAHMH®, K TOCTPOEHIIO
JNIEKTPHYECKHX DPENTeHO-KOHTAKTHBIX CXEM.-

Yucno pafor mo matemaTuueckoli NOrMKe U ee HPHIIOMEHHSIM
HHTEHCUBHO pacTeT. Kak yxe GBL10 OTMEUEHO, CCHOBHbIE pe3y.in-
TaTul B 9TOH 002aCTH NpHHaNNEKAT ClielUAaTHCTAM-MATeMATHKAM,
Oun ony6aukoBaes! no MPEeUMYIECTBY B MaTeMaTHYECKUX >Kyp-
Hanax. U3 paboT CoBETCKUX YuEHLIX OTMETHM npUHAAJIeKAHEe
A. A. Bousapy, B. M. I'ausenko. H. H. Jezaakuny, A. H. Koa-
Mozoposy, A. H. Manavyesy, A. A. Maprosy, I7. C. Hosurosy,
M. H. Wleiingunrenn, B. H. Iecmaxvey. Eonbimmue: 80 3 mux
HaneyaTano B »MaTeMaTHuecKoM COOPHHKe>, «oxknagax» u «/13Be-
CTHAX> (MaTeMaTHueCKasi cepus) AxageMunu Hayk CCLP, «Yuenux
sanmuckax» MockoBcKoro ymusepcurtera. Ho Bee ke B macrosimee
BPEMST He BBIXOMUT MOUYTH HH OJHOM CTATBH WM KHUIH 110 JIOTHKE,
A2Ke bnementapHoro yuebHHKa, B TOHf uin uHoli Mepe He YYHTbI-
Bawmeld pesynbTaTOB M METOMOB COBPEMEHHOH MaTEMATHYECKOMH
Jorukn. Her 6yKBansHo Hu ognoro pasiena MaTeMaTuyecKoii JIOTMKH,
ADKE CamOTO INEMEHTAPHOTO, FHe, Ka3anoch Obl, BCe yiKe AaBHO
BBISICHEHO, KOTOPLIH He noaseprasicst 6bl gasbHeHmei paspaborke. U
[IPUTOM NOAUAC € MOMCINBI0 JOBOJbLHO CHITBHBIX CPEICTB COBPEMEHHOMH
MATEMATHKH (BPOnie anreGpanyeckux: TEOPUH CTPYKTY, TEOPHH KO-
AL ¥ anredp). B nensax nosnyuenns Tononoruueckux UHTepHIpeTanmi
A1 PA3NHUHGIX  BUAOHM3MEHEHHI MCUYMCIEHUS BhCKAZBIBAHN—
npecrefiwum cnyuaem Taxci HHTEpNPEeTAllUU ABJAETCS 00biuHOe
U3COpDKEHNE NMOHATHI Kpyramu—cTposiTes, Hanpumep, Tak Ha-
SuiGaemble Bytegcrue anzeGpel € 3AMbIKAHUEM, TIPUMBIKAIOMUE K
TOTIOJIOTHY (M B CBOIO OYepefh JAIOIME 3aTeM BO3MOMHOCTD nepe-
{paauposars (opManbHOE U3yueHHE MHOMKECTB B HEKOTOpPHBIE BHAB!
TOTIONOrUiA).

UT00bl UMETL BOSMOMHOCTD CJIEIUTH 34 CoBpemMeHHoOH nurepary-
poii Mo MaTeMaTHHECKOH N10rUKe, HEAGXO0AMMO 1103TOMy OCHOBATEJIbHO
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npopaforaTh, pa300paBILIHCEL JaXKe B JETAJISIX JIOKa3aTeJIbCTB, CHCTE-
MATHYeCKUH KypC, TOCBAINEHHDBI annapaTy MareMaTHYeCKOH JTOrHKH.
Ot naunHawmero, 0ce0EHHO eCM OH HE APUBBIK K YTEHWI0 MaTeMa-
THYECKOH nuTepaTypel, 3T0 MOYKeT NOTpefOBATb 3HAUNTE/IbHOM pa-
00TbI, HO HHKAKOro CHeLUaNbHOr0 3HAKOMCTBA C MaTeMaTUKOM npu
aTom Bce ke He Tpedyerca. He npoiinst sxe raoii HpeBaPHTESIb-
10H CTalMH O3HAKOMIICHHUSI ¢ TEXHHYECKHM ANINAPATOM, HEBO3MOMNKHO
CJIeMTh KPHTUUECKU 33 00WMpPHOH JTHTEPaTYpOil N0 MaTemMaTHYeCKoi
J0ruKe. A ¢JIeANTh HY)KIO HMEHHO KpuThHuecKu. Kaxk ywe Gnuto
OTMEUEHO, B 3apy0e.KHoll jUTepaType IO MAaTeMaTHUECKON JOrWKe
11 €2 MpIJIO.KEHUSIM Mbl MOYKEM BCTPETHTLCSI M C LEHHBIMM Hayu-
HBIMH  PE€3YNbTATaAMH H € PEAaKUHOHHbIMH  WAEATIUCTHYECKHUMH
NONOJ3HOBEHUSIMH HCNIONL30BATh MX B IENSIX TIPOMaraisl Mpakxo-
Oecust. Mcnonb30BaTs BOMPEKM TOMY, YTO 4eM CHUJILHEE OKA3bi~
BaETCSI 110JYUYEHHbIH PE3yabTar, TeM ACHEe IIST Hac, YTO OH HOATBE-
AJlaeT NPaBUIbHOCTh GHIOCOPCKUX MO3NIHMA NHANEKTHYECKOTO Mate-
pHasN3Ma; BONPEKH TOMY, YTO U OYyDIKYa3HBIM yueHLIM GaKTHUEeCK:H
YHAAETCsT MOJY4arb CBOM HaHGo0Jiee BaXKHBIE pe3yibTaThl LEHOIO
B>HYAACHHOI0 ©OTKa3a 0T CyOBeKTHEU3MA U MUCTHKH.
ViseecTHo criennasuCT no maremarnueckoii joruke K. I'edeqn
HeZapoM BLIHYYKACH NPU3HATE, YTO TPYNAHOCTH, CBSI3AHHBIE C  QHIIO-
copckmmu mpolnemaMu MaTeMaTHKH B TPAKTOBKE uX P3IceqoM,
00ycoBieHb CYOBEKTUBH3MOM NOCTEaHEro. UTobbl n3bexars Tpya-
HocTelt aToro poja, HeobXoAMMO TpPH3HATh, YTBEPIKAAEr Tedesw,
YTO MHOXKECTBA BELEH H ONpPEeNeJIsIIoNMe HMX CBOHCTBA M OTHO-
U'€HHs] CYWIECTBYKCT PEabHO, HE3ABMCHMO OT HANIMX CyGheKTHBHLIX
KOHCTPYKim#. «Jlonylwenne TaKuxX O0GBeKTOB,—pacCy’NaeT oH,—
CTOJIb YK€ 3aKOHHO, KaK ¥ fonyienue Gusnueckux res,.. OHU B TOM ke
CMLICIIE HEOOXOAHMBI JUTS MOJIYUEHHS YAOBIETBOPHUTEIbHON CHCTEMBI
MaTEMATUKM, KaK (U3NYECKHE Tena... IS yAOBJIETBOPUTESIbHOLL
TEOPUM HAUINX CHIymteHHH, H B 000HX CJy4asiX HEBO3MOYKHO HHTEP-
NPETUPOBATL NPEAJIOKENHA 00 3TUX CYIHOCTAX, KAK NPeILTOMEHHS
0 «JAaHHbIX». YTOOB CYMUTH O TONJIMHHOM CMEIC/IEe ATHX yTBEP e-
Huil, HY)KHO 0bLs10 Obt 3HaTh, MPaBAa, KaK NOHUMAaeT I'edeab mpouece
00pa3oBanus adbCTpaKuuii, HO BO BCAKOM Cay4ae JOoCTAaTOYHO MoKa3sa-
TEJIBHO V)K€ M TO, KaK BOCNPHHHUMAET YCTaHOBKY Iedeas penensu-
pytomuii ero paSory Bepraiic. «XapaKTepusysi B 1eJ1oM ycTaH®BKY
TI'edens no PunococKomy BONPOCY JIOrHYECKOro 0G0CHOBAHHA MaTe-
MaTUKH,~—HWET Bepralic,—0CHOBHON MyHKT CJIEYET BHIETb B €
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OTKAa3¢ OT TOro BuAa (eHOMEHAM3MA, KOTOPLII CTPEMUTCS «OTMaX-
HYTBCSY OT COMEPIKAHUA MATEMATUKH, U B [IPUBJICUEHHH UM BHUMA-
HUSA K TOMY, 4TO 00mie MaTeMaTHKE U TeOPETHUeCKOH (UIHKe B cMbICIIE
1e00X0AMMOCTH MNpeAnoaaraTh 06BeKTH M OTHOILEHHS Cymecrt-
BYIOIIHMH HE3ABUCHMO OT HAHInX BOCHpI/IHTl/Iﬁ n  YMCTBEHHbBIX
IOCTPOLHUIAN,

A HAPSILY C 9THM Mbl MO>KEM BCTPETHTD YyTBEDK/IeHNE, TIPUHAj-
JIONAMEE TOXE NOBOJNLHO KPYNHOMY cneuuanucry Kappu, uto
(peAIMCTHYECKAst TOYKA 3PEHMs, OYEBHMIHO, HE AOMKHA IIPHHU-
MaTbCa BCepbes B Hacrosimiee Bpemsi. Komeuno, owa sBisieTcs
MEPBOHAYAJIBHEIM  B3TJIA0M — MATEeMATHKA TePROGBITHBIX HAPOJAOB
CYWECTBEHHO OSMEMPUYHA, M OHa ApUEMIeMa /Il TIPOCTHIX apud-
METHYECKUX NPENIOKeHu#, Takux xak 24 2=4. Ho To ofcros-
TeJbCTBO, UTO MHQUHHTHCTCKHE KOHUENLMM CoBPEMEHHOH MaTe-
MaTHKHL  He MMeOT Npoodpasa BO BHEHEM OKPY)EHHH, eCTb
LIYHKT, ne Tpebyiomuii paspaforku», Koneuyno,—nao6asum 3TOMY
Mbl,—Kappu He uMeeT IpefcTaBlIeHus 0 AMaNEeKTHUECKOM Marepua-
7M3Me M npuderaeT K H3mMOOIEHHOMY HPOTHBHHKAMMU maTepHanuama
lipneémy ero Bynbrapusauud. HaoGopor, umeitHasi — ¢  noguumii
MapKCu3Ma-TeHHHU3MA—00pb0a ¢ MaeaNHCTHYeCKHUMU u3Bpane-
HHSIMHI [IPEANIONArAET TAKOE BIANCHHE TEXHUKON Heia, KOTOpoe Q-
3BOJISIET MOBEPHYTb MPOTUB BPara ero ke coOCTBeHHOEe opyxue,

Ipennaraemuiil BHMManuio unTaTess NEPERO)[ PYKOBOJACTBA Mo
QNEMENTAM MATeMATUYeCKOH noruku [J], Tunvbepma n B. Axxep-
MAHA CONEPYKUT CUCTEMATHYECKOE OCTPOEHYE annapaTa. XHUTa Bal-
PoCsa u3 Kypca JIeKuMi M3BECTHOI'O MaTeMaTHKa Konua XIX u nep-
BBIX Tpunuartu net XX BB. J[. I'uasbepma u nanucaua ero YUEHUKOM
Axxepmarom. Punocodexue npobnembl, CBSI3AHHKE C MaTeMaTHue-
CKOif JIOTHKO# 1 e NPUNOXKEHHSIMH K OCHOBAMMSIM MaTeMaTHKY, B
TOM 4HC/Ie W ONPOBEPrHYTHE NANbHEHIIMM PA3BUTHEM HayKk# (op-
MAJINCTHYECKHE YCTAHOBKH Camoro Tuavfepma, B ueil BooGwe He
oGeysxnatoresi. Kuura Gbiia Hameuena NePBOHAYAILHO KaK BBene-
HUE B NOSABUBUIYIOCST MO3YKE ABYXTOMHYIO moHorpaduio JI, Tuas-
Gepman IT. Bepnaiica, NOCBAMEHHY «OCHOBAHMAM MAaTEMATHKU» U
conepxamyn noapobHelt pazbop 0cHOBHBIX Pe3yJIbTaTOB B 9TOM 06-
JacTH, nosefennblii go 1940 r, Iostomy B Heii me 3aTparuBaloTCs,
W/ TIONTH  He 3aTParuBaloTesi, BOMPOCH TaK HA3LIBAEMOl Mema-
A0elKd, OTHOCSIMECST K ofme#t Teopuu HOCTPOEHUST  JIOrHye-
CHUX «hopmannusmony, obcyu aenio MCTO/IOB H BO3MOYKHOCTEIt [OKA ~

.
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3aTeJIbCTBA WX HENPOTHBODEUHBOCTYU M NOJHOTHI; HE 10KA3LIBAETCS
It BBe/leHnast B 9T0H CBA3W, HO BLIPOCWIASL 3aTeM B OOLIYI TeOpHIO
AJITOPUTMUYECKHX  METOAOBE  MATEMATHKH  TEODUSly PeKypCUeHbIX
PyHxyul, a TAOKe HCMNOJb3YOMAS IOCEAHION  (apudMeTn3aus
MeTaJIOrMKu», npuHagnexamas Iedearw. He  nokaszwipaercs,
XOTsl W BHUICHSIETCA  HEoOXOJHMMOCTh TAaKOIr0 JAOKa3aTeNbCTBa,
COBMECTHOCTR TaK HA3bLIBAEMOT0 (Y3KOro NCYHCIEHHS NPERHKATOB»,
Npo  3aKOHbl KOTOPOr0 MOXKHO €Ka3aTb, 4YTO OHU SKCTPANO-
JMPOBAHbI M3 H3Y4YeHHUs] KOHeYHbIX obnacTelf mnpeameToB, ¢
ApeAnonoKeHuem 0 OGeckoHeynocmu o0nacTH, T. €. Haule NpaBo
paccy»xkliaTb B HM3BECTHHIX Cayuasix O GeCKOHeuHbIx 0G1acTax
NPeIMETOR TAK, KAK eCiu 6b OHH Oblnu KoHeunbimn. CoBcem He pac-
CMATpPHBAIOTCST OTJIMYHBIE OT KJAaCCHYECKOH JIOTMKM JIOTHYecKue
«(popmann3mpld, BPOJE HE MOML3YIOIET0CH 3aKOHOM HCKIHOUEHHOTO
TPETLEro «HCUHCJieHusl NroGiem» Koamozoposa MM Pa3TMUHBIX
MHOTO03HAYHBIX @JIOTHK» M T. II.

ABTOpLI CTPOro OI'PAHNYMBAIOT Ce6s CambIM HEOOXO0IHMBIM Mare-
puanom, HO 3aTe [AICT BCE NETaNH [0Ka3arenberB. Uurareln,
BHHUMaTesibHO npopaboTasuiuii Kuury, 6yaer aelcTBATENBHO BIAHLTh
TEXHHKOR fena. Huura wanucana o4eHb ©KATO M JAKOHUUHO
M pacCynTaHa HA YMTATEJNs], MPUBLIKIIEr0 HONb30BATECA MAaTeMaTHUe-
CKOW JUTEPaTypoil. YuuTHIBasi MHTEpecH 0ONEe WHPOKOro Kpyra
upTaresiel, Mbl CHabIWIM ee HeCKOJIBKMMH KOMMEHTAPHAMH, SBJAN-
I{HMUCST HE JONOJIHEHVAMH K HeH, a, B NepByK ouepenb, MOSICHE-
Husimu. Tpexjie BCero 970 OTHOCHTCA K KOMMEHTAPHI0 K I€pPBLIM
ABYM maparpaam BTOpON IaBbl, HMHTePeCHOH IS NpenofaBaTess
3JIEMEHTAPHOH JIOMMKM, NOCKOABLKY OHA TIPeACTaBJiser cofoil u3BeCT-
HYI0 PopMau3annio J0rUKH Apucroress,

Bropoe uananne KHMIMH, C KOTOPOTO CHENAH NEPEBOR, 3HAUH-
TEJIBHO OTJIMYAeTCsl OT nepBoro. B Hem ncnpaBiieHbH HEKOTOpBIE
HETOUHOCTH TIEPBOrO M3[aHHs, HanNpAMEp HeueTKast Qopmyu-
POBKa HpaBUJI MNOJACTAHOBKH JJIS1  «Y3KOro HMCYHUCJIEHHSI Npenu-
Karos». lnTepecHn W cymecTBeHHH 106aBiEHHBIE K TpeTbeil
rAaBe J0Ka3aTesJbCTBa [MMOJHOTBI W HE3ABHCHMOCTH MAJIST CHCTEMBI
AKCHOM M MPaBUJI «y3KOTO MCUHCIIEHUS®, COJAepyKalIHe, B YACTHOCTH,
W3BECTHBIH pe3ynbTaT JlleeHeeliMd, oT KOTOPOrO AATUPYIOT HAYAN0
BLISICHEHUSI TPAHUL BO3MOXXHOCTEH HNS JIOTHYECKHX «MCUUCHEHMH»,
3HAUNTE/ILHO YNyullleHO COjlepsKalieecst B 4eTBepTON riaBe W3Jo-
YKEHHIE («PACIUMPEHIIOr0 HCUHCTIEHUAY, HMEIOWEro 0C000e 3HAUEHHE
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N8 pewenusa  ¢uiiocodermx npobiaem obocHoBanus MaTeMaTHKIL.
Omnako B 3100 cBsizy HYXKHO OTMETUTb cieayomee. C riespio cropa-
BHTDBCSI ¢ TAK HB'?I:IBaQMb!MI/I «CEMAUTHYCKHUMU » napiioKkcamu Paccea
BBCJI CBOIO ¢PA3BETBIICHHYIO TEOPUIO THMOBY, KOTOpYIO pacapocTtpa-
HUT TIpu 3TOM Ha BCIO MATEMAaTHMKY, Co31aB TAKUM 00paszom pnus
MATEMATHKY PAA HOBHIX TpyAHOCTe. Ho ecin oT0pocuTs cybneKkTH-
BHCTCKHE yCTaHOBKU Paccesa, To, HOCKOJIBKY «CEMaHTHYECKHe napa-
TOKCH BOOOMIE HE YTPOMXKAIOT MaTCMaTUKe, B NPHMEHEHHU K Heii
OKAa3bIBAeTCst HOCTATOUHOH ¢IIpOCTast TEOPHST TUMOBY, M3 BTOpOTro
M3MaHus CBOEro yueCHUKA aBTOPHl COBCeM HCKJIIOUHAH  TI03TOMY
“PA3BETBNCHHYIO TEODHIO» U 00CYKAeHMHE CBSISAHHLIX C HEI0 TPyaHO-
creit. Jasa urenus JUTEPATYPEL O (PunoCOPGCKIM npoGaemam mare-
MATHKU 3HAaKOMCTEO ¢ 3TOMH TEOpUElt, oaHako, HeoldxoxnMmo, Kpome
TOI'0, ¢ YHCTO JIOFMYECKON CTOPOHB (CEMAHTHYECKHE NapagoKChy He
TOIBKO BPeACTABNAIOT CaMOCTOSTTE I bHbI HUHTEpEC, HO y WHPOKO
HCTIO/Ib3YIOTCA B YNOMSIHYTLIX BBILE OGI{HX METAJIOTHYECKUX HCCiIe-
AoBanuAX. Ham npeacrasasnocs H03TOMY  Leneco06pazuniM  He
TOJILKO IIPHUBECTH, KAK 3T0 CAenann aBTOpH, Ccamble napaaokes!,
HO pacCKasaTb M 0 BOBMOXKHBIX CHOCOGax CHpaBUTLCS ¢ nHumy,
NPENYOPENHB UUTATENS, YTO CIOMKHDLIH Jlornveckuit anmapar «paa-
BETBJICHHOI TEOPUM THIIOB» IMEET CMBIC) Jump B IIpYMeHeHnn K onpe-
JICJIEHHLIM CHCTEMAM AKCHOM, O KOTOpBIX He3 yToyHenuii, npegycma-
TPHBAeMBbIX 3TOH Teopueli, uweynp3s Paccy>xaaTh 1o npaBunam, Gomee
HJIY MEHEE COOTBETCTBYIOMIMM 3aKOHAM 06bI4H 0 $opmanbroit norumy.
Msl counmn nosromy HEOOXOMMBIM 00ABUTL B IIpUNOeHUn napa-
rpagbl M3 nepeBoro uzmanus KHUTH, TOCBAWIEHHBIE «Pa3BeTBICHHOM
TEOPHH THUIIOB» U CBA3AHHDLIM C HEIO TPYAHOCTAM,

. T'unnéepr pr3pibathiBan annapar MaTeMaTHYeCKON JIoruKYy
B Hajie/Kne C ero noMomwbl onpapgaTh CBOIO fbopmanucmqecxyxo
U HICAMUCTHYECKYIO TOYKY 3pEHUA Ha MATEMATHKY, KaK wHa
COBOKYIHOCTL JIHWEHHBIX COEP/KAHUS dopmyn, xKoropuie NHIYTCA
HO olpeneeHHLIM mpaBdaaM. CIOHAKO ACHCTRUTENLHOE DPAa3BuTHE
JIOTHKH, ¥ NPUTOM C NOMOWBIO MOCTPOCHHOIO CAMUM e T'mibGep-
TOM annapara, oGHapyHI0 HEOCYWECTBUMOCTL  €r0  Hamex,
PasBurue HAyKH ¥ B 3TOH 06/acTH HEH3MEeHHo noaTBepKaaer
IPaBHIILHOCTE (U TocOBCKUX YCTAHOBOK  MAapKCH3Ma-JleHUHU3Ma,
Ho peaxunonnpe Oyp/KyasHble yuennie He XOTHAT NPU3HABATD
sroro. Onu ynopuo f0pTCSl IPOTUB BCAKOTO NPOSIBJICHHST MaTe-
bnaimsma. W nputom BCe Gonee u Gosee arpeccuBHo. OnHy norep
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HesUe  Kpylweiie  jleasiiCrHMecKue  ¢HaeAbld  CMEeLSIoTe s
Apyrusmu, eme fonce peakioHupiMH. B pykax ;:cc:egosa’rczxi{.
BOOPY/KECHHOIO 1ePef0BOil  MAPKCHCTCKO- 1€ 1 THCKOI dusiocodueii,
1 MaTeMATHYECCKAsl J0TMKA CTAHOBHTCS HE TOTHKO opyamem or-
KPbITIST HOBLIX HCTHH, HO 1f CPEACTBOM pa3obaayerius peakimMonuoii
HIe0JI0rHH.

B npumenennn K maremaruueckoii JloruKe 1ram  ocogen-
110 ChcAyeT MOMHUTE NapTuitHoe yKasanHe, cAenamnHoe TOBAPHIIEM
A. A, JXxaHoBemM B ero BRICTYN/IEHHH Ha JAMCKYCCHH IO KHUIC
I'. ®. Anexcanaposa «HMcropus 3anapHo-eBponedcKon Gpunocehun,
~CoBpevennasn Oyp:xyasnasn Hayka,—roBopiT A. A. }Xaauos,—
CHAD/KAET MONOBIMIHY, (uien3m HOBoii aprymeHTanueit, Kotopyio
HEOOXOANMO GECTIOILAKHO PA306AAUATHS. «Homy e, kax ne nam--
¢Tpane nofeJuBHIEI0 MapKCH3MAa H ee tunocodam, —Bo3rnaBnT»
00pBOY TPOTHE PACTJCHHON W THYCHOH Oypsyasvoii wmaeororu:r,

YoMy, KaK He HaM, HaICCHThL eff COKPyIaloue yiapstl»
. C. Anseckan



MPEAVCIOBUE
K MEPEOMY U3[JAHHIO

Hacrosimasi knura wusnaraer TeOPETHYECKVIO JIOTHKY
(HA3BIBAEMYI0 TAIOKe MATEMATMUeCKOH JIOMMKOH, JTOr.
HECKHM MCUMC/IeHHeM v anrebpoil ornk: ) B Toif hopme
KOTOPYI0 OHA NpPHOGpPesa B MOMX YHMBEPCUTETCKUX JieK.
LHAX  TI0  NPUHLIMIHAJBHBIM ~ BONPOCAM — MATeMATHKH
(«[1pHHIMIIBL MATEMATUKIY —3UMHI I cemectp 1917/18 IT.;
«Jlornueckoe HCUMCIIEHME) — 3MMHUI cemectp 1920 r :
«OCHOBaHMS MATeMAaTHKU» —3HMHHH CemecTp 1921722 rr.i.
ﬂpfl TIOATOTOBKE 3TUX JIeKLUI A MONb30BAJICS CYIeCTBeH-
HOM IIOMOLIBIO M COBeTaMM MOero koJUleru BepHaiica; o
Ke CAMBIM THATeJbHBIM  o0pasom o6paGoran Jekiuu.
I/Icnomsogas Y AOII0THHB BO3HUKIMi TAKHM 06pa3om maTe-
PUaJs, MOH yueHWK AKKepMaH, BBIIBUHYBLIMHCS Tem Bpe-
MeHEM 0J1arOfapsi 3HAUMTENLHBIM CAMOCTOSITeJIbHbIM pa-
boram B ofnactu ocnoBaHuii MaTeMAaTUKHU, JaJi, IpU-
BOJMOe HiKe pacusieHeHVe M OKOHYATeNbHOE M3JI0MKeHUe
BCero martepuarna,

Knura pomxna crykuts OTHOBpEMEHHO LEeJIAM IIOAro-
TOBKM M 00Jiervennst noHMMaHUs Cllelylolieli  KHUIH
KOTOpy!0 mbl ¢ BepHaiicoM B ckopom BpeMeHH ceﬁupaemc;l
BROIyCTUTE 1 KOTOPAsT TPAKTYET OCHOBAHMSI MATEMATHKH
TEM OKe CaMbIM MeTOJOM, KAKOH s (TaloKe NpU JesTelb-
Hellllem yuactuu BepHaiica) usnosun B psige TPYHOB:
Neubegrupdung der Mathematik.— Abhandlungen des
mathematischen Seminars der Hambu rgischen Universitit
Bd. 1, crp. 157, 1922; Die logischen Grundlagen det
Mathematik, Math. Ann., Bd. 88, crp. 151, 1922; Uber das
Unendliche, Math. Ann., Bd. 95, crp. 161, 1925,

Férriur 192
cH, 16 siuBaps 1€28 r, Tunsberm

MPEJUCIIOBUE
KO BTOFOMY W3O AHKIO

Bo Bropom usnanuu «OCHOB TeOpeTHUYeCKOH JIOTMKLY
COXpaHeHbI Be3jle KOHCTPYKUUSA H I0CIeA0BATe/IbHOCTD Iep-
Boro u3fanus. ORHAKO JOCTM)KEeHHS HAYKH 3a MOCJe[Hee
BpeMsl C/lefali HeoOXOAMMBIM BHHMMATEJIbHBIA IIPOCMOTP
MaTepyMaJia U BHeCeHHe Pas3/IMUHBIX YJIYUIIeHMH W [omof-
HeHUll, KOTOpoe HeoGXOoArmMo ObIIO ClesiaTh, He BLIXOJA 3a
paMKM nOpe)KHero 00beMa KHUIH.

o cymectBy, raaBel 1 1 11 He IpeTepIliei H3MeHe HUM;
HCKJIIOUeHHeM SIBJisleTCs TOJIbKO KpaTkui ¢G3op OGoJtiee
HOBBIX MCCJIe[IOBAHWH IO aKCHMOMATHKe ICUliCJIeHHst BhI-
ckaspiBaHuil B rs1aBe 1. OT pa3pabOTKU M3JIO)KEeHUsT HCUHC-
JieHust KiaccoB B riaBe 11, camo mo ceOe rKeJsiaTeJIbHOM, MBI
IIOKA OTKA3aJUCh, TAK KaK 3T0 UCUMCIeHHe B ofilleM MO-
CTPOEHMM KHUIM 3aHUMAaeT BCe )Ke HM30JIMpOBaHHOE IIOJIO0-
»Kenue. B rnase 111 mpeyxfle Bcero yayullleHa pelaxiinsi
npaBuJl BHIBOAA /IIs1 MCYMCHEHUS IPeJHKATCB; MPE)KHSsA
popmynupoBka Obuta HejocTaTcuHo ToYHOMH. JloOaBJieHHb
OTCYTCTBOBABIIMEe B INePBOM M3JaHUM [ 0Ka3aTeJbCTBA
He3aBUCHUMOCTH M MOJIHOTHI UCIOJIb30BAHHON B 3TOH riase
CHCTeMbl AKCUOM; pasfejg o0 mnpobiieMe pPaspelMOCTH
JonosiHeHn o630opom Oosiee HOBBIX pe3yJibTaToB. I'taBa IV
morjia ObIThb NIOIBePrHyTa COKpallleHMI0, TOCKOJbKY MO-
Iopo0Hoe paccMOTpeHHMe Pa3BeTBJIEHHOM TeOpud THIOB Pac-
cela YU VYalitxella O0Kasajgoch HeHY)XHbIM, IIOCJle TOro
KaK MnojaBJisitoimee OOJBIMMHCTBO MCCJleloBaTeNied OTKa-
3aJ0cb OT 3ToH Teopuu. 32 cUeT 3STOr0 0Kasajoch BO3-
MO)XHbIM CYIMEeCTBeHHO YJIYYIIMTb W TONOJIHHUTL MOCTPOe-
HHMe MCUMCIIEHHS] MPeJAMKATOB BTOPCH CTyNeHU M CTyIeH-
4aToro HMCuMcjieHust BocOIze.

T epMuHcsiorust 6biia npiicnocobnena k  «Grundlagen
der Mathe: atiks T'minbepra u DBepraiica. Hanpumep,
BhIpAKe! e «PYILIMCHANLIICe  HCUHC/IeHHeY 3aMeHCHO
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MOBCIOAY  HA  «HMCUMCJIeHUE NIpefMKATOBY. Bripa)xenus
@WIOTHYECKAsT CYMMa» M (IOrHYyecKce IIPOM3Be/ie Hile,
B COOTBETCTBUU € OOMWIENPUHATHIM JIOI'HYECKUM CJIGBC-
ynorpelieHneM, IepefesiaHbl HOBCIOAY B «KOHBIOHKIUION
H (U3 HKIIMIOY,

Focopuny H. Bepwaiicy (Lliopux), KOTOPBIA mpoyveu
KOPPeKTYpPY B rpaHkax, s1 0Co0eHHO 06SI3aH 32 MHOrOUMC-
JieHHble COBEeTHI. 3a Pas/vuHble MBICJIA U yKasanus s oJia-
Tofapio TaryKe rocmoj IeHTiena (Fertunreny, koropsiii
[IpOCMOTpes pyxomuch, Apuonbia Ilwuara (Mapbypr)

u Hlonbua (Moucrep). Beem um BBIPA)KA CBOK MCKPeH-
HIOI0  0JIar 0/1a pHOCTD,

Eypruwteitapypr, B A ‘
HOsIOps 1937 r., Kkepman

BBEAEHUE

Teopemuyeckan aoeuxa, HasbiBaeMasi TAKIKe MAMeEMANnL-
YecKoU WM CUMBOAUYECKOT A02UKOL, eCTh IIpUMeHeHHe
GopmMaJbHOr0 MeTOJA MATEMATUKM K O0JIACTH JIOFMKM.
OHa mpuMeHSeT K JIOTUKE TOT Xe A3BIK Gopmy., KOTOpbI
y)Ke M3[laBHA YNOTPebJIseTCst JJisi BBIPA)KEeHUS] MaTeMaTH-
YECKUX OTHONIEHUH. B HacTosimee BpeMsi Gblio Obl yTonyeit
IIpH NCCTPOEHUN KAK0H-11M60 MaTeMaATHUeCK O M CLMILIY HbI
TBITAThCs1  000#THCh JMINL OOLIYHBIM A3BIKOM. BoJIbHMe
yClexXH, KOTOpble CHeJAHBI B MaTeMaTHKe, HanpuMep
B airebpe, €O BpeMeH aHTHUYHOCTH, 00YCJIOBJIGHBl B 3HA-
YHTeJIbHOU CTeMeHH TeM 00CTOSITEILCTBOM, YTO VAAJI0Ch
HAWTH MOJE3HBIH M NPOAYKTHBHBIH (opmasmam. Yero
YAanoch RocTuub G1arofapsi s3blky GOpMys B MaTeMaTUKe,
TO >Xe AOMKHO ObITb HOJYYeHO C ero MOMOINBK M B Teo-
PeTHYeCKOH JIOrMKe, a4 MMEHHO: TOYHAsl Hay4yHas TpakK-
TOBKa ee npemera. JlorudeCkue CBsI3H, KOTOpHle CyIie-
CTBYIOT MeXAY CYXKAeHHSIMH, MOHSTUAMUA M T. 1., HAXO-
AST CBOe BbIpa)KeHHe B (OpMynax, TOJKOBAHUE KOTO-
PBIX CBOOOJHO OT HesICHOCTel, Kakhe JIerko MOrjd Obl
BO3HMKHYTb IIPY CJ10BeCHOM BhIpa)keHnu. [lepexoji K soru-
UECKUM CJIeICTBUSIM, COBEPUIAKIUICS TIOCPEACTBOM YMO-
3aKJI0YeHNsl, pa3jaraeTcsi Ha CBOM MOCJe[HWe 3JIeMeHThl
M TDPEACTaBJIAeTCA Kak (opmaibHoe mnpeobpasoBaHue
MCXOAHBIX (OPMYJ1 [0 H3BECTHHIM IIPABMJIAM, KOTOpHle
d4HAJIOTUYHBl TIPABHJIAM CyeTa B ajrebpe; Jiorudeckoe
MBIUIJIEHNE OTOOPAXKAETCS B A0PUYECKOM UCHUCACHUL. OTO
MCUHCIeHMe [le/laeT BO3MOMCHBIM YCIeHIHBI OXBar IIpo-
0s1eM, mepel KOTOPHIMH NPHHOUIIMANIEHO GeCCHIbHO YUCTO
COJleP)KATeIbHOe  JIOTMYECKOe MbllLieHHMe. K TakOBBIM
NpHHAAZIEKNUT, HampuMep, npobiieMa: KAK MOMHO o0Xa-
PaKTepU30BATL TNPeJIOKEHNST, KOTOpble BOODmE MOryT
OHTh BBBefleHbl W3 AAHHBIX IOCBUIOK. 0c060 BaykHOe
3HaugHHe JIOrMYeCKOe MCUMC/IeHHe mpuolpesio B mocCiel-

2 Qenonm TeOpeTHYGGHO] Jormum
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Hile JIeCATHIIETHS elle ¥ IIOTOMY, YTO OHO PA3BUJIOCH B Heo6-
X0AuMOe BCIIOMOraTe/bHOE CPEACTBO MCCIIe[CBAHUS OCHOB
MaTeMaTHKH.

Miiest MaTeMaTnuecKoif JIOrMKy BrepBble B SICHOM (popme
Obuta BEyBURYTA JlelbHULEM. TlepBhie pe3ybTaThl IoJTy-
uwm fe Mopran (1806—1876) u Bymnb (1815—1864).
- C Bysia HauuMHaeTcs Bce fanbHeiimee passutye. M3 uncia
ero IcCje/oBaTe el HOBYW Hayky oGoratuiu [[keBOHC
(1835—1882) u mpeyxae Beero Ilupc (1839—1914). Hlipe-
AepoM, B ero «Vorlesungen iiber die Algebra der Logik»
(Wleximn no anreGpe Joruxw», 1890—1895), OGbumi ci-
CTeMAaTHUeCKH CcoOpanbl M yCOBePIIEHCTBOBAHK pPas3JIHY-
Hble pe3yJIbTATBl, [I00BITble €ro IpeIIeCTBe HHUKAMU.
«Jlexmn mo anrebpe JOrvKM» OPeACTAaBASIOT COGOM
B M3BeCTHOH CTeleHH 3aKJIIOUMTeJbHOE 3BEHO B Ilelu
PasBUTHA, HauuHawllerocsi ¢ Byns.

OTyacTH He3aBHCHMO OT pasButus OyJieBcko-mpefe-
POBCKOH  anrefpbl JIOrU¥ecKasi CHMBOJMKA —IOJIydMIIA
HOBBIA CTUMYJI [UIs1 CBOEro PasBMTHs Giiaropapsi motpe6-
HOCTsIM  MaTeMaTMKM B TOYHOM OOOCHOBAHMM M CTPOroM
© AKCHOMATUYeCKOM H3JoKeHuu. I'. Ppere omy6ramkoBa
- ¢Bou Tpyanl «Begriffsschrift («Mcuncnenne mousTHID,
1879) n «Grundgesetze der Arithmetiky («OcHoBHBIE
3aKOHBl apupmetku», 1893—1903). IleaHO u ero co-
TPYAHUKM Havaau B 1894 r. wuspanue «Formulaire de
Mathématiques» («@opmysap maremaTuxm), B KOTOPOM
BCC MaTeMaTHuyeCKHe JUCLMUIUIMHBI JOJDKHBI ObLTH GOBITH
HIPEACTaBJIeHBl B JIOTMYECKOM  McuMcjieHnu. [losiBieHue
«Principia mathematica» (1910—1913) Vaiitxega u Pac-
CeJla sIBJIAETCA BbICHIeH TOUKOH 3TOro passurusi. B nemas-
Hee BpeMsi ['MibGepT B psifie TPY/OB M B YHUBePCUTETCKUX
JIEKUMSIX MCI0JIb30BAJI JIOFMUeCKOe MCUMC/ieHHe AJIA TOro,
uTo0bl HA HOBOM IIYTH JOCTHYb TAKOT'0 MOCTPOCHHS MATe-
MATHKM, KOTOpOe [aeT BO3MOXHOCTh YCTAHOBHMTDH HeIIpo-
THEOPEUMBOCTD THOIO)KEHHBIX B OCHOBY MOCBUIOK. [lep-
BOe CBs3HOe coo0meHHe 06 STUX MCCIIeA0BAHMSX MOSBH-
J10Cb B HACTOsllee BpeMst B mepBoM Tome «Grundlagen
der Mathematik» («OcnoBanus maremaruxi, 1934) Cunb-
Oepra u bBepnaiica. '

I'VIABA IIEPBASAL
NCYUCNEHHUE BbICKA3BIBAHUM

Tak HasbipaemoOe MCYMCJIEHME BBICKA3bIBAHMH COCTAB-
JIAET MepBYI0 HeOOXOAMMYI0 9acTh MaTeMATHUEeCKOH 510-
rukgd. Ilopn BhICKaspiBaHMEM CieflyeT IOHMMATh KayKjoe
npedJioXKeHue, B OTHOLIEHHHM KOTOPOTO MMEET CMBICI
YTBEP)KJIATh, YTO €ro COfep)KaHue MCTUHHO MM JIOWKHO.
Hampumep, BmICKasHIBAHHAMU SIBJISHIOTCA:  «MATEMATHKA
€CTb HayKa», «CHEr YepeH», «9 eCTb IDGCTOE YHCJIO».
B ucuucrnenny BeICKasbiBamuii He BXOJAT B Go0Jee TOH-
Kyl JIOTHYECKYH0 CTPYKTYPY NPEMJIOKeHUH, CTPYKTYypy,
KOTOpasi BLIP2)KAETCST B CBSISM MeX1y CyObeKToM MU
npefuKaToM. BbicKasbiBaHWS B HeM paccMaTpUBAIOTCS
KaK 1ej10e, B WX JIOTUYECKONi CBSI3M C [JpPYyI'¥MMH BBI-
CKa3bIBAaHUSIMHU.

§ |. BBeaeHHe OCHOBHLIX JOrMUECKHX CBA3eii

BbicKaspiBauust MOryT OMNpefieieHHbM 06pazoMm coepu-
HATLCSI B HOBBIE BhICKasbiBaHWsl. Hanpumep, moHO u3
ABYX BBICKA3bIBAHWil: «2 MeHblIe 3», «CHer yeped» o0pa-
30BaTh HOBbIE BBICKA3BIBAHMSL: «2 MeHbIIe 3 U CHET Y¢peH»,
«2 MeHble 3 uAU CHET YepeH», «ecau 2 MeHpIle 3, mo cHer
uepeH». HaxoHen, MOXKHO U3 BBICKA3BIBAHUS «2 MeHblle 3»
00pasoBaThb HOBOE BBICKASHLIBAHME: <2 He MeHblle 3»,
KOTOpOE BLIPAXKAET JIOTUYECKYI0 IIPOTHBOTIOJIOXKHOCTD
flepBOro0 BLICKA3BIBAHUS.

CoennHenNsl BbicKa3blBAHMIl 3[leCh PA3rOBOPHO BbIpa-
YKAIOTCST CIIOBAMU: «U», «UAUY, <HE», «LCAU — 0N,

9T OCHOBHLIE COEMHENNUS BHICKA3LIBAHMY MBI BRIPASHM
COOTBETCTBY 10mtell cumBomuKOi. das 0603HaueHUST BHICKA-
SbiBaHuit GyleM ynoTpediaTh 0oJblme JATHHCKYE GYKBBI:
X, Y, Z, U,... 112 Bupaj<eHusl JIOTMYeCKONd CBSI3H
BbICKa3blBAHUI MBI BBOJUM CJIEJ[YICIGHE 5 3HAKOB:

2%
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1. X (uwraercs «ue X») o6o3mauaer KOHTpA JUKTOP-

Hyl0 NPOTUBOIIOJIOGKHOCTE X. X 0003HAYAET BLICKA3bI-
BAHUE, KOTOPOE HCTHHHO, eCan X JIOKHO, M JIOXHO,
ecan X UCTHHHO. :

2. X &Y (unraercs «X u Y») 0603HAYACT BHICKA3DLI-
BAHKE, KO10pOE UCTMHHO B TOM M TOJBKO B TOM CJIyuae,
€C/IM KaK X, Tak U Y MCTUHHEBL

3. X VY (unraerca «X uau Y») obo3Hauaer BhHICKA-
SBIBAHAE, KOTOpOE MCTHHHO B TOM H TOJBKO B TOM CJy-
4ac, KOrja mo KpailHe Mepe ofHO u3 ABYX BBICKA3bi-
Banuii X, Y sipnsiercsi UCTHHHLIM.

4. X —Y (uuraerca «ecau X, mo Y») obGosnauaer
BbICKA3bIBAHUE, KOTOPOE JIOHO B TOM M TOJBKO B TOM
cliydae, Korjga X ucTUHHO M Y J10)KHO.

5. X ~Y (uuraercs «X pasroznauno Y'»), uro nnmryT
TaKKe X 7Y wm X <Y, 006034auaer BBICKA3BIBAHUE,
KOTOPOE TOrfa U TOJbKO TOrja UCTMHHO, Korga X U Y oba
MCTHHHBL MM X W Y o6a J10KHBL. X ~Y o03Hauaer,
TakuM 06pasom, 4To X u Y MMEWT O[HO M TO jKe 3Haye-
HHe MCTUHHOCTH WJIM JIOYCHOCTH.

OtHocuTenbHO 3. cregyeT 3aMeTHTB, uTO  CBS3b
«X WM Y» He HY)KHO cMelIMBaTh C LCKJIIYAKOWNM «UJTH»>
B CMBICJIe JIATHHCKOrO «auf—auty. Hamportus, aro «imu»
HMECT 3HAYCHME «MJTU TAKXKE» B CMBICJIE JIATHHCKOrO «vel»,
T. € JI0IyCKAaeT BO3MOXKHOCTb COCYILECTBOBaHUA X u Y ?,

CootHomenue «eciu X, 1o YV» ne CJIelyeT MOHMMATD
KAK BBIPAYKEHUE [JI1 OTHOMIEHUS] OCHOBAHHUSA U CJIe[CTBHA.
Hamnporus, BeicKasbiBanve X — Y uctunno BCErga ywe B
TOM Ciyuae, KOraa X ecTb JIO)KHOE WAM e Y HCTUHHOe
BBICKa3bIBAHHUE.

Tax, nmanpumep, crepyiomue BHCKA3HBAHUSA caenyer
CUHTATh UCTUHHBLIMHU:

Ecma «pBaykanl 2 paBio 4», To «cHer Oenm .

' VICKAI0UAIOWEE  «HIH—HITHY MOKET ObiTo BHIPWKEHO TpH
MOMOIIA HEKOTOL Ol KOMOUHAIMH OCHOBHLX 3HAKOB. «nu X wiu ¥»

ABNACTCs] OT MUAHHEM X ~ ¥V M BHfaKaeTcss Tak: X ~ V.,
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Ecm «1Baykbl 2 paBHO 5%, TO «cHer Ge.
Ecnu «1BaXael 2 paBHO 5%, TO «cHer yepeH».

JIo)KHBIM e OBblJI0 Gbl BHICKA3LIBAHME: €CJTH ¢« ABAYK I
2 paBHo 4», TO «CHer uepeH». Bce e COOTHOMEHHe
X —Y umeer 06IUM C COOTHOLIEHUEM OCHOBAHMS M caef-
CTBUSI TO, YTO B cJiyyae ucTuHHocTH X —Y H3 HCTUH-
HOCTH X MOYKHO 3aKJIIOYUTL 06 UCTUHHOCTH Y.

CooTHomenne X ~ ¥ He moHMMaeTcs 2j1ech Kak paBHo-
CHJIBHOCTb 110 CMBICTY X C ¥V; OHO HMeeT MeCTO Mgy
JIIOOBIME  IByMSl MCTHHHBIMM, 4 TaKKe My JHOOBIMU
ABYMsT JIOKHBIMM BBICKA3bIBaHUSIMM. Hanpumep, BhicKa-
3bIBAHUSA

(2 1 2 paBHO 4) ~ (cHer Gen),
(2 > 3) ~ (cHer uepen)
HCTHHHABI,

Ocoby0 BayKHOCTb MMeeT elle To ofliee 3aMeuaHie,
4TO, B CWJIy HAWIEro OIpefeeduss OCHOBHBIX JIOTHUeCKUX
CBSI3eH, UCMUHHOCTG UAU AOHCHOCTIL CAOMCHOZ0 BBICKA3bL-
BAHUA 3qeUCUM MOALKO OM UCIMUHHOCMU U AONCHOCIIL
COCMABAANWYUX BHICKA3bIGAHUL, @ He 0m ux codepucanus.
Ecin cokpamedHo 0003HAUUTL MCTUHHOE BbICKA3BIBAHHE
OykBoii N, a noxHOoe—OyKBOH §, TO, HApPUMEP, CBSI3b
—> XapaKTepu3ye1Csi TeM, YTO0 BHICKasplBanus N — R,
FT—>RuF—F ABNAOTCT UCTUHHBIMH, 2 BLICKASLIBAHKE
R—> & — noxupM. s cBA3M & BbicKashiBanue R &R
SIBJIACTCST MCTHHHBIM, a BCe OCTajJpHble: REF, F&R,
& & § —noxupmu. Hambue, RV R, RV F, F\/ R — uc-
THHHBI, & &V §—JioKHo. CBA3b ~ XapaKTepu3yercsi
TeM, 410 R~NR, F~ F— UCTHHHB, MEOKIY TeM Kak
R~F, F~ R—noxusl. Haxouew, R a0)KH0, §F UCTHHHO.
Taxum 00pa30M, MBI HMeeM NPABO PacCMATPUBATL OCHOB-
Hble CBA3M KaK ¢ynKuuu uctunHoctd (Wahrheitsfunktio-
nen), T. e. KaK onpegesenuble GYHKIMH, 7IS KOTOPHIX B
Ka4ecTBe APTyMEHTOB M B KaueCTBe 3HAYeHHIl (QyHKUMH
paccmarpuBalTCs TONMbKO R u F.

st hopManbHOI XapaKTepuCTUKU BBE/ICHHBIX omepa-

UM Crlefyer 3aMeTUTh, YTO TOJbKO OTpuuadde X oHO-
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YICHHO, MEYKRY TeM KaK Bce GCTAJIbHBIE onepauvu siBJisi-
I0TCA [IBY YJIEHHBIMU .

§ 2. dxBuBanewTHOCTH;
3aMeHACMOCTE OCHOBHBLIX CBS3ei

TIpumensa HecKoILKO pa3 OCHOBHBIE CBS3M, MOMKHO
00pa30BaTh U3 JAHHBIX BLICKA3BLIBAHUI 60160 CJ0)KHEIE CBSI-
31 BBICKA3bIBAHWA. Hampumep, M3 OCHOBHBIX BBICKA3bIBA-
Hui X, Y, Z BosHuKaeT Takum 00pa3oM CJIOMHOE Bbi-
CKaspiBanne (X —Y)& (Y —2))&(X vV 2).

Kaxjoe Ttaxoe cioKHOe BhICKA3BIBAHHE Hpencras-
JIAET TaK )Ke, KAK U MOPOCTBIE CBSI3U BBICKA3LIBAHMIA,
ONpeNeIeHHY10 (GYHKUMID HCTMHHOCTH. B Yy HOMSIHYTOM
C/I0)KHOM BBICKA 3BIBAHMM MBI MMeeM nst X, Y, Z BoceMb
BOSMOXKHBIX TpOeK 3HaveHndt; R, R, K R, RN, F;
B BEFH HRhRE RS 33 R
& & . Kaxpoit Tpoiike popmyJroii

(X—=Y)&(Y —2)&(X V 2)

NPUJaeTCsA COOTBETCTBEHHO 3HAayeHue N wuau &. Hanpu-
Mep, xomMbuHamu §, R, F coorsercTByer 3HaueHme HE
B camom pene, cornacho OIIPENEJIEHNI0 OCHOBHBIX CBsi3eid,
MBI MO)XEM 3aMeHUTh

(F—=RNEER—F)&FVEH

Ha
R&F) &G,

flajblie Ha {F & § M, HoKOHel, Ha .
3ameyaTesbHo, UTO HEKOTOPhIE pa3/UYHBIE U3 3TUX
CBA3EH PAaBHOZHAYHBI, T. €. BBIPHKAWT Ty I}e camyio

bynkumo victunroctH. Tax, X pasHosHawno ¢ X: 1BOii-
Hoe OTPULIAHME O3HAUAET TO KE CAMOE, UTO K YTBEPHKe-

Hge. B camom gene, X, Touno Tak e kak X, npu
NOACTAaHOBKe N npuuumaer sHauenue M U npu mogcTa-
HOPKE {§-—3Hauenne F. Takue paBHOSHAYAIVE CBA3M

InsueaAeHm:o cmu 23

BLICKa3piBauMii Mbl Oypem HaseiBaTb B JlajibHeiiliem
«3KBUBAJIEHTHRIMU> H Oy[eM ICaTh KPaTKO

X 3B X (1)
Ceituac Mbl yCTAaHOBUM DS [PYIHMX 3KBUBaJIeHTHOCTEN.
Ilpexxge Bcero o0Hapy)KuBaeTcsl aHAJIOTHS cmocofa (IpH-
MECHeHHS 3HaKOB & M\ CO 3HaKamu ajredpel -+ U - .
VIMEHHO, MMEWOT MECTO CJeJYIOIMe 3KBHBAJIEHTHOCTH:

X&Y sxkBY & X, (2)
X&Y &Z) oxB (X &Y)&Z, (3)
XVYoaBY VX, (4)
XV VZ)ss (XVY)VZ, (5)

XV &Z)sxks (XVY)&(XVZ). (6

VcTHHHOCTE 3TMX (M BCeX MHBIX) 3KBHBaJIEHTHOCTEN
MOXXET ObITh YCTAHOBJIEHA, KaK SIBCTByeT Y)Ke H3 CKa- -
3aHHOrO, cJieflyomum obpa3om: GepeM BCE BO3MOYKHBIE
KomOMHaLUY, KOTOphle MOMKHO 00pa30oBaTh U3 R u F
IJIs1 OCHOBHBIX BBbICKA3bIBaHWM, U yGeXKaeMcs, 4To AJA .
Kapoil U3 Takux Kombuuauuil oe CTOpOHBl paccmMaTpu- -
BAeMOM SKBMBAJIEHTHOCTH BCAKHMiA pas JAwT OfUHAKOBOE
3HAYEHME MCTUHLI MJIM JDKH. D1y MOPOBEPKY NpejocTa- |
BJISIEM UMTATETIO. : .

W3 sKBuBaJieHTHOCTelH (2) = (C) CIeAYIOT KoMMymamus-
Holll, accoyuamugHeil u-QuempubymugHsill 3aKoHsl. B cuity
310 ananoruu ¢ anarefpoit, X &Y HasuBalOT TaKKe
n02uveckoll cymmoil, a X \/ Y — aoeugeckum npoussederuem.
M3 npuBefeHHbIX 3aKOHOB CJlefyeT, YTO JIOTHYECKHE
BBIPAYKEHUA MOYKHO, Kax B asrebpe, «MepPeMHO)KATby HJIU
BBIHOCHTL 3a CKOOKM o00muit muowuresn. C TeM OKe,
BIIPOYEM, YCIIEXOM Mbl MOriM Obl HaspaTh X & Y soruue-
CKUM mnpousBejenuem, a X VY -—unorudeckoif cymmoit,
¥ TaKoe o0o3HaueHuMe B JIOTHKE SBJSIeTCS jayke GoJee
yHoTpeduTe/ILHbIM.  [les10 B TOM, UTO, B OTJMYHE OT

1 Cienyer 3aMETHTb, YTO YHOTfeGneHHOE 31eCh COK[ ameH-
Hoe 0003HaueHUe HKB HE NEHHAMATEKUT K HANUIMM JOTHUECKUM CHM-
BOJIAM. L
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anrebpul, 87eCh UMEET MECTO ellie 6mopoil oucmpubymusioi
3aK0H:

X&(Y V Z) axB (X &Y) V (X &2). (N

B xauecTBe mpumepa, MOACHAOMEro BTOPOil 3akoH
AUCTPUOY TUBHOCTH, MOXKET CIYXKUTH cieayiomee npencka-
3aHue noroawl: «CefopHsA MAET NOXAb, U 3aBTpPa SICHO WJIM
nocyie3aBrpa sicHO». To e camoe yTBepy<geHue Moycer
ObITb BBIDAXKEHO Tak: «CerogHs UIeT NOX[Jb, U 3aBTpa
SICHO, MJI CErOfHS MACT AOKIb U IOCJIE3aBTPA SICHOS.

‘Tak Kak B JIOrMKe OTHOCHTEBbHO ynorpebsienus cinon
¢CyMMay U «TpOM3BeJeHUe» CyIIECTBYET HEONMpesesieH-
HOCTh, TO MBI, BoOOWIEe roBOPSA, 10 BO3MOXKHOCTH Oynem
u30eraTh STUX BBIPAKeHHii. MBI Hasbiaem X &Y komsronk-
yuei X Y, X VY — oussionkyueit X u Y. s X—Y
YTOTpeOHTENIbHO HA3BAHUE UMRAUKAYUA.

B cniy 3akoHa KOMMyTaTMBHOCTH M accONmMaTMBHOCTH
MHOrO4JieHHble KOHBOHKUMM MW JU3BIOHKUMH  MOYKHO
micate Ge3 ckoGoxk. Kpome Toro, pis ZanbHeiiero
YMEHBIICHNST KOJMYECTBA CKOGOK Mbl YCTaHABJMBAaEM,
uTo \/ ceAsvisaem mecriee, dem &, a &, B cBOIO oyepenn,
TecHee, UM — U ~ ., 3HaK \/ MO)XHO He CTABUTb TOYHO
TaK JKe, KaK B anreGpe He CTABAT 3HAKA YMHOXKEHHS - .

- Ilna ynpomenuss KowbIGHKU@H U RM3BIOHKUME Cymge-
CTBEHHBI CJle[lyIOllMe IKBHBAJIEHTHOCTH:

X&X sxB X, (8)
XV X 3 X. (9)

Taxum ¢6pa3om, B KOWBIOHKIMM MJH JU3BIOHKIINH,
B KOTODOH HEKOTOPBI 4YJNEH BCTPEYAeTCH HECKOJIBKO
pa3, MOXXHO MUCaTb TAKOBOM TOJBKO OAMH pa3. Touno
TaK JXe c/e/lyIomuye 5KBUBAJIEHTHOCTH NAKT BO3MOMNCHOCTD
3aMEHATb CJIO)KHBle KOMOMHAIMM BBICKA3bIBAHUI GoJtee
IPOCTLIMHU: :

X &R axe X, ' (10)
X&F axB §. (11)

M3 (10) cnepyer, uTO WCTMHHBIE KOHBIOHKTUBHBIL uler
Beerga MoeT ObITh 0TOpolueH; M3 (1) — 4To. KOHBIOHK-
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M O03HAYaeT JIOKb, €CJIM B Hell BCTPEUYALTCA JIOWHOE
BBRICKa3bIBI HHE.

COOTBCTCTBymmee NOJIOXKEeHNE el MBI UME€eM U B 0OT-
HOUIEHUH IHU3BIOHKUMH:

XV R ks R, (12)
X\ § sxe X. (13)

JIN3BIOHKIMA MCTUHHA, ecJH oHa COJICPYKUT HCTHHHBIIA
ujieH. B [H3BIOHKUMM JIOXHBIH UJleH MOXET ObITb oT-

Opomen.
JUTS MMIUIMKAUMM MBI TAKXKe HMeeM TONOGHBIE COOT-
HOWEeHHUsL:
R— X oxB X, ) (14)
&— X skB R. (15)

MMIIMKAUMs! ¢ MCTUHHBIM NPEABIAYIIUM 4JICHOM 3K BH-
BaJleHTHa ee nochefaylomeMy uneHy. Vmmaukanus c noy-
HBIM NPefbIAYIIMM 4JIEHOM BCerja IpeacTaBiser coboil
HCTUHHOE BHICKA3bIBaHUE.

Haxonell, 71711 OTHOIIEHHST PABHOSHAYHOCTH MBI MMEEM:

X~ %R kB X, (16)

X~§ akB X. (17)

Jns cBA3M OTPHIAHEA ¢ & ¥ \/ MOJyyaeMm Ciefyiolee
Ba)XKHOE COOTHOINeHHe:

X&Y sk X VY. (18)

Ilycrs, HampuMep, X o3nauaer yrtBepyxaenue: «Tpe-
YrolbHUK A  NPSAMOYToJbHBIAY, a VY: «TpeyroibHuK
/\ paBHoOeppenHmliiy. CBasn X &Y COOTBETCTBYET TOIJA

'BbICKa3blBaHuWe: «TpeyrosisHUK A  [PAMOYToJbHBIE U

TPEYTOJBHUK A paBHoGeppenHbiii». KoHTpaauxTopHoii
NPOTUBOIIOJIOHOCTEI0 ITOr0 SIBJISIETCA CJIEYIOlee BhiCKa-
3piBanue: «TpeyrojbHUK A He NPAMOYroJbHBIA  MJM
TPeyroJbHUK A He paBHoOepeHHBIHi», M 3TO BBICKA-

sbiBaHue Belpaykaercss X VY.
TarwoKe MMeem:

XVY sxB X&Y. (19)
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Hanpumep, nycte HIPH HCUBITAHMM II0 MAaTeMaTHKe
Tpebyerca, uTo0bl KaHgupaT Goin CBeAVII N0 KpaitHei
Mepe B ojHOH U2 obnacreil: apudmerve MM reOMeTpHH,
ITycTe X 0603mauaer BhICKa3bIBAHME: «Kangupgar 3Haer
apudmeruxys, Y 006o3Hauaer: «Kangupar 3suaer reomer-
puro». Kannupar ypesnersopsier Tpe0OBaHUID 3K3aMeHa,
ecng X V'V uctHHHO. ‘Haobopor, ecom wangupat npoBa-
JMBAETCS HA HCHBITAHMH, T. €. Nepes HAMU OTpHUIIAHUE
i X\/Y, T0 370 o3Hauaer: «Kangupar we 3Haer
apI/I(jJMGi'_rI/IKE, M OH He 3HAET FEOMETPHHUY, UTO BRIPAYKAETCS
yepes X &Y.

Hpyrue sKBuBasIeHTHOCTY N0JIyUyaeM, IIpUBJleKast 3HaAKU
— U ~.

Taxk Kax BbICKa3biBanue X —> Y 03HAYAEeT, YTO OJIHO-

BPEMEHHO HE MOXeT ObiTb X MCTUHHEIM M Y  JIO)KHBIM,
TO MMeeM:

X—Y sk X &Y. (20)

I/I&nomﬁyﬂ (18), moxHO X &Y mucaTe TakKe B BU e

X\VY n, cornacro (1), —p puye X\/Y. Taxum ofpa-
30M, HMEeM TaK)Ke:

X—Y ake XVVY. (21)

Ecou Bo3bMeM B 3700t 9KBUBAJIEHTHOCTH X BmMecTo X

M UCI0JIb3yeM 10, 4ro X 3KB X, T0 10JIYYUMM HOBOE COOTHO-
HIeHue

XVY ks X VY, (22)

Cormacro (20), umeem ¥ — X sxe ¥ & X. B cuny (1)
BMECTO TNpaBoif yacTH MOXHO 1OCTaBuTh ¥ & X, B cuny

(2) X&Y u B cuny (20) X—Y. Taxum ob6pazom,
10JIy yaem:

X—Y sk Y->X, (23)

Hanee, eciv cnpaBennusbl 06a BbICKa3pIBaHUsI X — Y
HY-—X, 1o 310 SHAYHUT, YTO HE MOTYT OBITH OAHOBpe-

3aveHaemMocms GCHOGHBIX CeA3eli 27

MeHHO X HMCTHHHBIM M Y JIO)KHBIM, H TaK)Ke HeBO3MOYKHO,
YTOOBl OAHOBPEMEHHC Y OblsI0 MCTUHHBIM ¥ X JIOYKHBIM.
Taxkum o6pasom, BeiCKa3bBaHue (X —V)& (Y — X)
03Hauaer, 4To X u Y 00a HMEOT 0JUHAKOBOEe 3HAYeHHE
UCTHHHOCTH WJIM JIOXKHOCTU. JIpyrumMu cJoBamu, umeeM
SKBHUBAJIEHTHOCTbD:

X~Y sk (X—Y)&(Y — X). (24)

U3 ofnpejesieHuss CBA3M ~~ HEIOCPE,ICIBEHHO noay-
yaem, 4TO
X~Y 3kB Y ~ X, (25)

X~Y okB X~ Y. (26)

Hanbiwe us (19) u (18) mosyuaem (otpunasi obe cro-
POHBI 9KBHBAJIEHTHOCTH ¥ HPUHMMAasl BO BHUMAaHMe, YTO,
cornacHo (1), ABO¥HOoe OTpuLaHWE MOKeT OHITH 0TOpO-
1IEHO): ‘ :

[

XVY sxB X&Y, (27)

X &Y okB )?\/17 ' (28)

M3 3THX SKBUBaJIEHTHOCTeH 06HAPYIKUBABTCS MHOMCe-
CIMGEHHOCNTb 6bIPANCEHUIT O00HUX U MeX HCe CAONCIHBLX Gbl-
CKA3bIGANULL ¢ NOMOUbI0 66e0EHNHBIX 3HAKOE. DTO HATAJIKU-
BAET HA BONPOC: He SIBJIAIOTCA JIM HEKOMopble U3 OCHOG-
HbIX A02udeckuX cefsell usamunumu? OTBET yTBEpIATEJICH.
[lpexxge Bcero M3 (24) BupuM, Y10 M0XKHO 060iTHUCH Ge3
3HaKa ~, TaK KakK CBf3b X ~Y MOKeT ObIThb Bbipa)KeHa
aHaKamu — W &. 3artem, u3 (20) u (27) ciegyer, uTo
3HAKM — M V TaKOKe SaMEHMMBI U UTO TaKuM 06pasom
MOXHO 000¥THCh 3HaKaMM & U —. TOYHO TaK IKe u3
(21) u (28) crnenyeT, YTO MOYKHO OTPAaHMYMTBLCS 2HAKAMH
V u —. PaBHpim 00pasom oxasmiBaercst J0CraToyHo 3Ha-
KOB — M —, ub0, corjacHo (28), MOXXHO BHIPA3UTh CHa-
Jaja 3HdK & 4vepe3 \VV M T, a 3aTeM, corsiacHo (22),
3HaK V/ C IOMOIUBI —> M —.

3akd — u = Opes B KauecrtBe OCHOBHBIX (T. e.
npu ynoTpebJeHHH M Bpyrux cuMBoJoB) Dpere; 3naku
V' u 7 Opan Paccen. EctecTBeniee Bcero MCXOOUTL U3
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TIIPECTABIIEHUST 4Yepe3 & M ~ , KaK 3TO HMEET MecTo
B YUCHHH 0 Cy)xpuenvu y Bpenrano. Oco6o uenecoobpas-
HbiM SIBJISETCA ynoTpebienne TpeX sHAKOB: &, \/, —, TaK
KaK B CHJIy 9KBHUBAJICHTHOCTEH (2) — (6) npu aTOM 1oJ1y-
JaeTCst 0CODEHHO NpPOCTAas BHIUMCIUTE BHAS TPAaKTOBKA J10-
FHYEeCKUX BBIPAYKeHUH.

C moMoImpI0 3HAKOB ~ U~ He MOryT GBITh BBIpayKeHEl
BCe cpasu. Taw, ywe X &Y He Mo)KeT Opith BBIDAYKEHO
C TIOMOMbIO 3TUX 3HAKOB. JIJISI OKA3aTe/LCTBA LONYCTHM
CHadaja, 4T0 KaK OCHOBHBIE MCIIOJb3YIOTCSI TOJBLKO BbI-
CKaspiBaHuss X u Y. PaccmoTpum 3atém BOCcemb BBICKA-
3bIBAHMIA:

X,V X, ¥, X~X; X~ X; X~Y; X~Y.

Ecmi oTpunars 0H0 M3 9TMX BBICKA3BIBAHMIL HJIM coeny-
HHUTb 11Ba M3 HUX 3HAKOM ~-, TO IOJIyYMM CHOBA BBLICKA-
3ShbIBAHHE, KOTOPOE IKBMBAJIGHTHO OJHOMY M3 3THX BOCHMIL.
Hanpumep: (X ~ V)~ Y sxB X; (X~Y)~(X~Y) sxe
X~X uT 1. Tak KaK 0CHOBHHIE BbICKa3blBaHUs X u Y
MMEIOTCA CaMu CPEIM STHX BOCBMM BBICKA3BIBAHMMN, TO KAYK-
l0¢ BHICKaspIBaHKeE, KOTOPoe ofpasyercst uz X u Y Iy TeM
HPHMEHEHUA TOJIbKO 3HAKOB ~ U~ , 9KBUBAJIEHTHO OLHOMY
U3 3THX ‘BOCbMH BBICKa3biBaHuil. Ho X &V we sBisiercs
OKBUBAJIEHTHHIM HHM OJHOMY M3 HUX. — ECH Obl CyLIeCTBO-
BaJlo 9KBMBAJIEHTHO® X &Y U obpasyemoe numb np1 10-
MOUM SHAKOB ~-, ~  CJIOXKHOE BBHICKA3BIBAHME, COJEPHKA-
Ijee elile OCHOBHbIE BbiCKas3bBauusi Z, U, ..., T, T0 9KBu-
BAJICHTHOCTD AOMKHA Obia OBl  COXPAaHUTbCS M npu
3amene Bcex Oyke Z, U, ..., T wa X. Ho Takum o0pasom
MBI BO3BpallaeMCsl K Npe)KHeMY CJIyyalo.

Ilpu  npencTaBieHMH CIOKHBIX BBICKA3HIBAHMI 6e3
OTPULAHMS Hesb3ss o0oiTHCch. Hampumep, HeBOZMO)<HO
BLIPA3UTL X 0e3 NpuMeHEeHHsT OTPULAHMS. HeficTBUTENBHO,
BCE BBIDOKEHUSI, COpepIKALIME HEONPEHeseHHbH 3HAK X
M 06pa3oBaHHbBIe NyTeM NPHMEHEHUS &, V, —>, ~, npen-
CTABJIAIOT TOJIbKO TaKHe BBICKASBIBAHUS, KOTOPHIE MCTAH-
Hbl, Korja X WCTUHHO, MeXgy TeM KaK 3HAuYCHHUe
MCTHHHOCTH X TIPOTHBOIOJOYKHO 3HAYEHHIO X.
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Cieflyer OTMETHTB, UTO CBsisb \/ MOKeT ObITH BHIpa-
KeHa IIpH HOMOLIM TOJILKO 3HaKa —>, 0e3 IpumeneHus
OTPHHAHUA. B camom fene, CyIECTBYET 9KBUBAJIEHTHOCTE:

X\VY axkB (X—VY)—Y.

JUit X &Y io106H0e IPecTaBiieHe HEBO3MOYKHO.

B kauecTse Kypbesa ciieiyer YNOMSHYTB, UTO MOYKHO
000MTHCH TaKyKe OXHMM ENUHCTBEHHBIM JIOTHUECKMM 3HA-
KOM, KaK 3ro noxasan Hlepgpep. On wucliosb3oBan B xa-
UeCTBE EJAMHCTBEHHO! cBsAsH X [V, cnopamu: «X u ¥

. HecoBMecTHb». X [ X Torjia paBHosHauno ¢ X. X/X | Y/Y

9KBMBaJeHTHO X /Y, T. e. X VY. A pa3 3HakKu \/
¥~ MOTYT ObITh BRIPA)KeHbI'ilpu romongy mrpuxa Illeddepa,
TO JPYTrHe OCHOBHEIE CBS3H TAK)KE MOXKHO BLIPA3UTBL C €ro
NIOMOLIBIO, :

Ynomsinem emme ciefywomie 3KBUBANEHTHOCTU, BAYKHBIE
AJI1 TIpe/CTaB/enYsi OTHOILEHUST PABHO3HAYHOCTH:

X~Y sk XVY &Y \/ X, (29)

X~Y 3kB (X&Y)V (X &Y). (30)

(29) cnegyer u3 axBuBaseHTHOCTU (24), B KgopQﬁ,
coryiacHo (21), 3HaK —> 3ameHsieM 3HaKamu \/ U . (30)

I0JIydaeM HENOCPEACTBEHHO M3 OLIPERENIEHNA ~.

§ 3. HopmanbHan dopma ANSl NOrHYECKHX BbIpaK eHHiA

Mo cux mop Mbl BHZENH, KAK MOYKHO M3 ONpeesIeHHbIX
OCHOBHBIX BBICKA3bIBAHMH, KOTOpPhie Mbl 0603Hauaem Gyk-
BaMi X, YV, Z, ..., 00pa30BaTh HOBBIC BbICKA3BIBAHMA NPU
NOMOIRM  OTHOKPATHOTO0 MJIM MHOIOK[ATHOTO IpUMeHEeHHS
OCHOBHBIX CBSI3eH &, \/, —>, ~, . DKBUBAJICHTHOC [H, yC1a-
HOBJIeHHpIE B MNpeabifyliem maparpade, yuyar Hac, uTO
AJIS1 COflepIKaTe)IbHO PaBHO3HAUHBIX CBSI3ell OCHOBHBIX Bhi-
CKa3bIBAHUI CYUIECTBY€1 U3BECTHAS] MHOYKECTBEHHOCTH Bbl-
paXKeHuH, NpUYEM OT OJHOr0 M3 ITHX BBIPAYKEHMiT MOXKHO
NEPEXOUTh K JIo0oMy Apyromy. CyecTBeHHO OTMETH1b,
UT0 Kamucooe CA0MCHOE GbICKA3bIBALLIE NYTeM IK6UBANEHITI-
HO20 npeobpasoearusl MoxncHo Npueecmi K U36ecmHoil Hop-
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-

MaabHOl Popme; 3Ta HOpMAaJIbHAS ¢opma cocTouT U3 HeKo-
TOPOH KOHBIOHKLWM AWIBIOHKUMIH, B KOTODPHIX KayK[Iblif
AUSBIOHKTHBHBIA YJIEH ABJSIETCS JIMGO0 0CHOBHBIM BBHICKASLI-
BaHHeM, JIMO0 ero OTPUIAHMEM.

Ha ocHoBanum ycranomnennsix skeupamesTHOCTeHl BBO-
AUM Crienylonme npapuila npeofpasoBanusl BHIPaYKeHMd:

al) Co snakamu & u v/  MomcHo onepuposams Kak
6 arzefpe, NoAb3YACHL accoyUamusHbim, KOMMYMamueHsiM
u oucmpubymusHeim 3aKoHamu:

a2) X moxucro 3amenums na X.

a3) X &Y moxcro samenume soipanceruem X V'Y, a
XV Y —avipanceniem X & Y.

ad) X —Y moowcno 3ameHums soipancernues X\/Y,
a X ~Y —ovipaoceduen XY &YX 1. -
3nech Beerga Mmeeics B BULY 00paTUMOCTL 3aMEHHI.

IIpeoGpasosanne nponcxogut CJeflylommm  o0pazom:
CHAuaJla 3aMeHsleM, MOJb3YsACh INPABUIOM ad), KaKjoe
BbIDAYKEHNE IKBUBAJIEHTHBIM €MY, He COJIEPKALIUM GoJibIe
3HAKOB — U ~. Bripa)kenue, Bo3HHUKIIIee TAKIM 00paszom,
CTPOMTCA nyTeM IpHMEHEHHS] TpeX 3HAKOB & \/, —.
3aTem, C IOMOIIbIO I10C/IEL0BATE/BHOIO NpHMeHeHus1 mpa-
BUsIa a3) BCEIZiAa MOYKeM JOCTHYD TOI'O, YTO YEPTOUKU OTPU-
LAHUA CABMHY1CSl fJajbllle BHM3 M, HAKOHeL, OKaKYTCst
TOJILKO Hajl OCHOBHBIMM BBICKasbiBanusimu. Hanpumep, u3

(XY &Y) v (Z&Y)
cHauaJjia IIojrydaem

(XY &Y) & (Z &Y),
3aTeM, IpU BTOPUYHOM HpHUMEHeHUH a3):

XYV Y&ZVY
W, HAKOHeEIL,
(X&Y)Y&ZY.

1 3aech M 4aCTO Aajblue MBI NIPUMEHSIEM ISt yhaobcTBa ynoms-
HYTbIH BbIWE COCOO 3amUCH, NpH KOTOpom 3HAK \/ He MuImercs.
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Bosnukiuee BripaykeHne 00pascBaHO M3 OTPHIAEMBIX
U HEOTPULAEMBIX OCHOBHBIX BBICKA3bIBAHWH, CBA3aHHBIX
3HaKamu & u V. Teneps npumeHsieM 3aKOH AHUCTPUGYTHB-
Hoctn. Taxum oGpasoM, B HameM HpuMepe HONydYaeM:
XY &YV &ZY.
Hakonerr, ecv Mbl 3amernm 1o a2) X Ha X, X HAa X U

T. Ji., TO BeIpa)KeHue OyaeT npuBegeHo K HOpMAJIbHOI dopme.
B KauecTBe BTOPOro mpuMepa PAacCMOTPHM BHIPAYKEHHe

(X —=Y)~ ¥ —=X).

Ecmu 3pech, cormacHo ad), ycrpaHMM CHaualia 3uaK
—>, TO THOJIYYHM:

XY~V X.
Y samensiem GyKBoii V:

XY ~YX.
Iocsie BTopHuHOro mpumeneHnsi ad) mosnyyaem:

(XY)YX & (VX) XY,
(X&V)YX & (T &X) XY [0 a3)].
X samensiem GykBoii X:
(X&V)YX &Y & X) XY
3aTem, UPUMEHSASA 3aKOH AUCTPHOYTUBHOCTH, IOJyyaeM:
XYX&YYX &Y XY & XXY.
d10 u _€CTb HOPMaJIbHOE BbIpaYKeHHe s (X —Y)~
~ (Y — X). _
Crieftyer OTMETHTD, UTO HOPMAJIbHOE BEIDAYKEHHE, COOT-
BETCTBYIOIIEE HEKOTOPOMY CI0YKHOMY BHICKA3LIBAHMIO, OTIpe-

ReJisieTcsl He OfHO3HauHbIM 00pa3om. Hampumep, ¢ ogHoit
CTOPOHBI, cOrjacHo (29) BriCKaseiBaHUID X ~ Y COOTBeT-

CTBYeT HOpMaJbHOe BbipaXKeHHe XY &Y X. C ppyroii

~
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CTOPOHBI, NMpUMEHAS K NpaBoi yacty (30) 3aKOH puUCTpH-
OytuBHOCTH, noyuaem:

XX & XY &YX &YY.
§ 4. XapaKkTepuCTHKA BCerga~HCTHHHBIX CIOMKHBIX BLICKA3bIBAHMH

HCTUHHOCTE MITH JIOXKII0CTL  CJ10IKHOTO BBICKA3bIBAHUS,
IIOCTpOCHHOT0  ONpefesIEHHLIM  00pa30M K3  OCHOBHBIX
BbICKasplBaHMii X,, X,, ..., X, ¢ [IPUMEHEHUEM JIOTH-
YeCKMX 3HaKoB &, \/, —>, ~, —, 3aBUCHT OT TOI'0, Kax
paclpefesieibl UCTUHHOCTD U JIOXKHOCTh CPETM OCHOBHBIX
BBICKA3BIBAHMI. VICIMHHOCTD MM JOMHOCTD CJIOYKHOIO
BLICKA3BIBAHUS HE M3MEHUTCS, €CJIM HEKOTOPOE BhIpayKeHHe,
lipeacTaBiAomee Co60# 4aCTb AAHHOrO BRICKA3BIBAHHS,
SAMEHSCTCS paBHO3HAYHBIM eMy Bhipa)Kenuem. OTcioma cile-
AYET, MEWY NPOYMM, YTO B HAMIEM MCUMCIIEHHH 3HAK ~
Urpaer poJib, mogobHy0 pojM 3HAKA = B ajrebpe.

IlepBoii sanaueit soruku sABnstercs: madmu maxue
€643l 6bICKA3BIGAHULL, - KOMOpLle  6cee0a-UCmUHHB, M. e.
LCIMUHHbL HE3A6UCUMO 0 MO20, NPeOCMAGASIOM ALl OCHOGHbIE
6bICKQA3BIBAHUA UCIMUHAbIE UAL A0NCHbIE YMEEPHCOCH LS.

TaK KaK MBI MOXKEM Ka)KZOMYy JIOTUUECKOMY BBIpa)Ke-
HHIO IIPUBECTH B COOTBETCTBYE SKBUBAJIEHTHOE eMy BLIpayKe-
Hpe B HOPMAJIbHOH §OpMe, TO AJIs OTBETA HA 3TOT BOIIPOC
HYIKHO pewwums (entscheiden), Kozoa evipancerite 6 HoOp MAAb-
Holl opme npeocmasasem cobotl scec0q-ucmuntoe evicka-
3bl6gHe. ITO BHISICHEHHE TIPOMCXOAUT ¢ HOMOIIBIO ciaenyio-
VX JIETKO ONPaBABIBAEMBIX IIPABHII:

Bl) XX Bcerga vcTHHHO.

B2) Ecmt X wuctumHo, a Y o03Havael NpousBOJBbHOE
BHICKa3plBaHUE, TO XY TaK)Ke SIBISETCS WCTHHHLIM,

B3) Ecit X u Y uctvnnb, To X & Y TaKkyKe MCTHHHO.

OTH mpaBunia cJefyeT NOHHMATb B TOM CMBICJe, UTO
Ha MecT0 X WM Y MO)KHO MOACTAaBIIATL JO0LIe BHICKA3bIBA-
HUS1 WK KOMOUMHAUMM BBICKA3BIBAHUIL.

B coorsercTBHU ¢ npaButamu Bl), B2), B3) n al) Bcerga-
MCTHHHEIMM OKA3BIBAIOTCS BCE BLIPAXKeHHS, KOTOPHIE 6 HOp-
ManbrOU fopme Xapakmepusywmes mem, 4mo & Kancool
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QUSBIOHKYUL N0 Menblueli Mepe 00RO 0CHO8HOe GbiCKa3bleaH I1e
6cmpedaemes 00HOSpeMenHo ¢ e20 ompuyanuem. Uro nopob-
HO€ BbIpa)KeHHe NPe[CTABNAET COO0H MCIHMHHOE BHICKAZLL-
BaHHE NpH MOOLIX 3HAYEHUIX OCHOBHBIX BbICKA3bIBAHUIA,
CIEAYeT ¥ HEMOCPEACTBEHHO M3 OMpejielIeHHsT OTpHItaHUA
W CBsA3e My M <. Ho 370 M equHCTBeHHELR BhIpa)Ke-
HUS1, KOTODBIE BCerja MCTUHHBL, M60 ect B KaKoM-Huby b
KOHDBIOHKTUBHOM 4jleHe HEKOTOPOi HOopMaibHOH QopMmbl,
MMCIOLICM, KOHEYHO, (OPMY AMSBIOHKIUM, KaXK10e OCHOB.
HOE BLICKASLIBAHME CONEPHKUICS B KadecTBe JuGO TOJILKO
HEOTPHIAeMOr0, JIGO TONBKO OTPUIAEMOro MHOYUTENS,
TO STy INSBIOHKLMI0 MOXKHO HPEBPATHTb B JIOMKHOE BHICKA-
SbIBAHME, €CJIH TIOACTABUTL HA MECTO HEOTPHLIAEMBbIX 3HAKOB
BBICKA3bIBAHUU JIOXKHBIE BLICKA3BIBAHMS, 4 HA MeECTo 0TpH-
HACMBIX — MCTHHHBIE. TOrna ofMH KOHBIOHKTHBHBEI 4len
AAHHOH HOPMAJLHOI (BopMbl BBIDA3UT JI0)KHOE BHICKA3bIBA-
HHUE, 3 MIOITOMY W BCe BBIPaYKEHHUE B LIEJIOM Oyner npegcras-
JUITh JIOYKHOE BBICKA3BIBAHNE HE3ABHCHMO O1 TOr0, YTO
HO0CTABJIEHO HA; MECTO elge He OlIDEMIENEHHBIX SHAKOR

" BBICKA3LIBAHUIL.

Toka)kem na HecKOMbKMX IPUMEPAX, KaK, HOJbIYSCh

3THUM METOLOM, 00HapyKUBAOT BCEF/A-UCTUHHOCTh BRHICKA-
3bIBAHMIA. : )

1. X~ X.
Ilpeobpasys cormacro HpaBuNy a4); nojydaem:
XX &XX.
IMocnennee BRIDOKCHYE B HOpMasbHoit hopme comepikur
B Ka)XXIOM KOHBIOHKTUBHOM YJIEHE OCHOBHOE BBICKA3bIBANME
U NIDOTUBONIONIOYKHOE €My; CJIeROBATENHHO, OHO MCTUHHO.
2. X&Y — X.

IpeoGpasys, nmonyuaem:
X&Y V X [no ad)];
XYX [no a3)].

[Tocnepguas JUSBIOHKIUA copepur X u X; ClefoBaTeNL-
HO, OHA MCTHHHA.

3. (X&(X—Y))—Y.

3 Ocmonm TeODETUMECHOU Jermum
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Honyuaem:

X&XY V'Y [1BYKpaTHBIM npuMenenuem ad)],
X(X&Y)Y [no a3)],
XXY & XVY [no al)],

XXY & XYY [noa2)).

Tleppast quswionkuus copepyxur X u X, a Bropas—

Y u Y. Takum o0o06pasom, CcJ0KHOe BHICKASHIBAHHE
(X & (X —Y)) —Y siBsiercsl BCerga-uCTUHHBIM.

§ 5. Npunuun ABolicTBeHHOCTH

OpHo cyluecTBeHHOE 3aMevaHue, XapakTepusymliee
Hame MCYMCJIeHMe, CBSI3aHO C mpaBuioM a3). M3 3toro
npaBuna Clefyer, 4ro 0484 Golpancenus, komopce ofpa-
3yemca U3 OCHOGHIX 6bICKA3bIGAHIT 1 UX ompuyanuil ¢ no-
MOWbI0 MOALKO KOHBIOHKMUGHOI U OU3BI0HKMUBHOI ceasell,
npomueonoAoNcHoe eMy NOAYYAEMC nymem 06 MeHq mecmamu
3HAKO6 & U \/ U 3aMeHbL OCHOSHBIX GbICKA3bI6aHUL UX ompu-
yanuamu.

Mel MO)KeM HCMONIBL30BATE 310 CIELYIOMUM obpasom.
ITycTs ycranoBnena Bcerna-MCTUHHOCTD HEKOTOPOro BhIpa-
KeHus Buaa A ~ B, WK, KaK MbI uHorpa 6y1eM roBOpHUTS,
JIOTMYECKOro ypaBHeHusl. (Mbl ymoTpeOjisiem HeMelLKUe
OYKBBL 1 0003HAYeHMS CJIOMHBIX BBICKA3HIBAHMH, TOU-
HbIH (OpMasbHEIf BHJ KOTOPBIX OCTA€ICA HeOonpefeseH-
HBIM, @ TAK)KE HHOIZAA [JIA cokpamenust.) Tak Kak A ~ B

PaBHO3HauyHO ¢ U~ B, TO MBI [0JIyyaeM CHOBA WCTHHHOE

BbIpayKeHne, oTpuuast ofe 4YacTH ypasrenus. Ecmu ofe
4aCTH ypaBHEHUs! 00pa30BaHbl U3 OCHOBHBIX BhICKA3bIBAHUMN
H UX OTpULAHMIA NyTeM NPUMEHEHMA TOJLKO KOHBIOHKIMIA
1 IUSBIOHKUMA, TO MBl MOYKEM NPHUMEHUTb YKa3aHHOE BBIIE
npaBuno. Mbl mosyyaem mpu stom dopmyay, KoTopas
BO3HMKAET U3 NIEPBOHAYAJIbHOTO ypaBHeHus U ~ B mocpey-
CTBOM 0O0MeHa MeCTaMd 3HAKOB & M \/ W 3aMEHbl OCHOB-
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HbIX BBICKA3BIBAHHI 1LpoTHBOnIOIHOKEBIMEU MM. Tak kak
9TO ypaBHEHHE BCErja HMCTHHHO, TO Mbl MOYKEM 3aMEHHUTHb
B HEM KayKJ0€ OCHGBHOE BbICKA3bIBAHUE IPOTHUBOIIO IO HBIM.
OTUM MBI yCTpaHsIeM BBIMOJHEHHYI0 HAMM IIPEBAPUTENILHO
3aMeHy OCHOBHBIX BbICKA3bIBAHMH HX OTPULAHHUAMU.

Taxkum o0pa3om, IOJIyuaeTcsl caepylomuil npuxyun
oeciicmeenHocmu: u3 ecezoa-ucmuiroll gopmyast U ~ B,
obe cmoponst komopoli 00pa3eéanbl U3 0CHOBHBIX GbICKA-
36l6QHUIT 11 UX oMPUYAHUI NYMeM UCNOAb306AHIA KOHBIOH-
KMueroll 1 OU3BIOHKMUEHOU C6A3€ll, NoaAydaem cHO8A UCMUH-
Hoe ypasHeiille, MEHAL Mecmamu 3HAKL & u \/.

" Taxk,
XY &Z)~ XY &XZ

BCerga MCTMHHO. JT0 (lopMyna mepBoro 3aKoHa JUCTPH-
OytuBHOCTH. I3 Hee no npuHuuny JBOHCTBEHHOCTH
nojiydaem dopmyity:

X&YZ~(X&Y) (X &2Z),

KOTOpasl TaK)Ke MCTUHHA M BBIPA)KaeT B10pPOH 3aKOH JuC-
TpUO yTUBHOCTH.
TouHo Tak yKe MCTUHHON dopmyJe:

(X&X)Y ~Y

COrJIaCHO IIpUHLIKTY ﬂBOﬁCTBEHHOCTY[ COOTBeTCTByeT HCTHH-
Hasa dopmyra: .
XX &Y ~Y.

§ 6. Mn3BLIOHKTHBHAS HOpMalibHas dopma nas aoruueckux
: BLIpaKe HHi

IpaBuno o6pa3oBaHusl OTPHUAHMS MOXXHO NPUMEHHUTH
¢ GoJibiiol moab30¥ [T gena. Mbl BUmEM, UTO Kapoe
JIOTHYECKOEe BEIPA)KEHHE MOMeT ObiTb IIPHBEJEHO K HOP-
ManbHo#i ¢opme. IJra HepmallbHas ¢Qopma COCTOMUT U3
KOH'BIOHKIMA [MSBIOHKIMHA, Ile KOKAbIH AU3BIOHKTHBHBINA
ujeH tipefcTaBiasieT Co0oil oTpUaemMoe UM HEOTPHLAEMOe
OCHOBHoe BhICKasbiBanue. IlIpeoGpasoBanue BBIpaYKeHUs
K HOpManbHoM Qopme NPOMCXOAUT LiyTeM NPHMEHEHUA

3%
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npasui al)—ad). — Hapsagy ¢ ykasausoit dopmoit cyue-
CTBYET ellle 6mopas HopMaAabHAR Popma, KOTOPASI COCTOUT
U3 TUSBIOHKUMM KOHBIOHKIMH. KaKaplifi KOHBIOHKTUBHBIL
YICH SIBJISIETCS OTPULAEMBIM MJTH HEOTPHIIAEMbIM OCHOBHBIM
BhICKa3biBaueM. Mbl Ha3bIBAEM 3Ty HOPMAJbHYIO bopmy
(OU3BWHKMUEHOI», a paHee YCTAHOBJIEHHYI0 B OTJIH-
UHE — «KOHBIOHKMUEHOL»

IMpeoGpasoanue BLIDAYKEHNS K [U3BIOHKTUBHOH HOP-
MalbHOH (opme mpomcxomuT cyepyomum cbpasom: oTpu-
La€M IepBOHAYAJILHOE BBHIPAYKEHHE M TIPHUBONUM  €r0
K KOHBIHKTMBHOX HOpManbHOH (opMe, a 3aTeM BHOBb
OIpUNAEM TII0JIyUY€HHOE BBIPAYKEHHE COIJIACHO HalleMy
upaButy. Mo)KHo BOCTIONIb30BATLCS M TeM 0GCTOSITENILCTBOM,
UTO0 110 OTHOWIEHMIO K mpaBuiam al)—ad) KOHBIOHKLUA
W TU3BIOHKOUST BIIOJIHE [IBOICTBEHHHI.

{10006ro momy, kar u3 romswHKMUEHOII HopMaabroll
Popmol mowcHo eduumame, seasemes au HeKomopoe 6bl-
pbajncenue éce20a-ucmuHnbM UAU Hem, mMax ¢ nomoty6io
OU3BIOHKMUGHOL HOP MaAbHOL PopMut MoycHo yemarogume,
Aéagemca au ono 6cezoq-nomcusim. TloCneHee MMeeT MECTO
B TOM M TONBKO B TOM Ciyyae, eCid KaXAbil [H3HIOHK-
THBHBIN YJIeH OJHOBPEMEHHO ¢ KaKUM-HUOYAb OCHOBHBIM
BLICKA3bIBAHMEM  COAEPIKUT W TIPOTHBONOJIOMCHOE emy
BBICKa3EIBAHME.

JokasaresbctBO 31010 NONYy4YuM Cpasy, eCcsqu yuTeM,

UTO OTPUIAHHE AM3BIOHKTUBHOW HOPMAJILHOM (OPMBI BbI-

PaXKaercsa KOHBIOHKTUBHOM HOPMasbHOI dopmoii, a Tax-
e, 4T0 (GopmMyJia B TOM U TOJLKO B TOM ciyyae Bcerpa

JIOXKHA, KOrja npoOTHBOIOJNOMKHAS eif dopmyna Bcerga
UCTUHHA. ‘

B KauecTBe mnpumepa TpuMeHEHMA U3DIOHKTUBHON
HOPMA/IbHOK (OPMBI PACCMOTPUM CIIOXKHOE BBICKA3LIBAHHUE:

XY&YZ& X&Z.
INpumensis eropoii 3aKon TUCTPUOY THBHOCTH, TIOJly-
uaeM HOPMaJbHyo Qopmy:
(X&V&X&Z\mf&z&x&ﬁv
Y&V &X&Z) V (Y &Z&X&Z .
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3nech KaKAbIi AU3bIOHKTUBHLIE wieq COJICPIKUT Ka-
Koe-HHOY/lb OCHOBHOE BHICKA3LIBAHHE BMECTE C ero 0TpU-

llaHnem: Mepeole ABa X u X, Tpetuii ¥ u ¥V U 4eTBep-
Tl Z uZ. Takum 06pa3oM, BbICKa3bIBaliKe
XY&YZ&X &7
SIBJISIETCST BCETAA JIOYKHBIM.
HH3BIOHKTHBHAS. HOPMAaTbHAS hopMa umeeT mpenmy-
mMEeCTBO 0c000i o6Go3pumoctn. OTnenpHbIe TU3BIOHKTUB-
HbI€ WJICHBl BBIDAXKAWT pPasiuupble BOSMOMKHOCTH, NpPH

HATTMYUU KOTOPBIX JAaHHOE CJIO)KHOE BHICKA3LIBAHME SIB-
JACTCA MCTMHHBIM. TaK, JU3BIOHKTMBHAY HOPMaJbHAS

hopma i Bhpaxkenus X~V Gyger (X&Y) (X &Y),
4 3T0 [aeT BO3MOYKHOCTh YCTaHOBHTH, YTO eciii X ~ Y
AODKHO ObITb MCTHHHBM, TO X M Y 1ODKHbI ObITH JIMGO
00a mCTUHHBI, 1160 002 JI0YKHEL.

§ 7. MHoroo6pasme cHOKHBIX BLICKAa3bIBAHHA, KOTOpble MOryT
GbITh 00pa3oBaHbl M3 JAHHBIX OCHOBHBIX BLICK23b1BAHMIA

Eme o7H0 BakHOe 3ameuanme 06 HCUMCTEHMH OTHO-
CUTCsT K MHOroo6pasyio BhICKa3blBaHMii, KOTOpBIE MOryT
ObITe  00pasoBaHbi € IOMOMBI0 KOMOMHALMY KOHEUHOT'O
YACJIA OCHOBHBIX BbICKaswlBaHMH X,, X,, ..., X,. Mu

'6y,Il6M IIPH 3TOM paccMaTpuBaTh Kak PAasJIUYHBIE TOJBKO

TaKWE€ BBICKA3bIBAHMUS, KOTOPBIE JIOTHYECKH He IKBUBA-
JIEHTHH. B 9TOM mpeamono)enuu ykasanHoe mHoroobpa-
3M€ COCTOUT JMIlb W3 KOHEYHOrO YiC/Aa BHICKA3BLIBAHMIL.

Kax mpt panee YIOMSIHY JIH, BbICKa3biBaHme, 00paso-
BaHHOoe u3 X, X,, ..., X,, O9KBHBAJIEHTHO Apyromy

TOr0 )K€ pOJA BBICKA3LIBAHUIO B TOM H TOJbKO B TOM

Cilydae, ecsm 06a BbICKA3HBAHMSI JIJIs1 JIOOBIX 3HAYEHH
Xy «o-, X, UMET OJMHAKOBOE 3HAUEHWE HCTHHEI MJIM
KU, Mb nMeem mpexpe Bcero 2" BO3MOYKHBIX pactpe-
JieJIeHHH MCTHHHOCTH MJIM JIOXHOCTH OCHOBHBIX BBICKA3bI-
BAHUH, TAK KaK KaKZ0€ 01/eJbHOE BBICKA3BIBAHUE X5
X oo, Xy MOXKET OBbITb KaK MCIMHHBIM, TAK U JIOYKHBIM.
CocrapneHHoe H3 X,, Xy oo X n BBICKa3blBaHue ompe-
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HceuucaeHue 8biCKa3si8aHuLl

JENISAETCS Temepb TeM, YTO JJI KAKOro u3 2" ciryuaesn
YCTAHABMMBAEICS, MCTUHHO JId OHO B 3TOM CJyyae WM
JOKHO. CyHIECTBYET MOITOMY TOYHO 2(2") pasiIMUHBIX
BbICKA3bIBAHMY, KOTOpPBIE MOLyT OLITb 00pasoBaHbl H3
Xy Xg ooy X,

4 pasiVYHBIX BLICKA3BIBAHMSA, 06Pa3yeMbIX € NOMOIIbIO
OJHOr0 TOJBKO X, CYTh:

X; X; XVvX, X&X.

16 pasimyuplX BbLICKA3bIBAHMM, KOTOPLIE MOIYT GBITH
06paszoBanbl U3 X U Y CyTh:

X; ¥V, X&Y; XVY; X—=V; Y—=X;

X~Y: XVvX :
U UX OTpHULIAHHA:

X, V; XVY;, X&Y; X&Y; VY &X;
X~Y;, X&X

Cpeau 2(*™) BrickasbiBaHMIl IBA 3aHMMANT 0C0GOe II0-
JIOXKEHHE: MMEHHO, Bceraa-UCTUHHOE BBICKA3bIBAHUE, KOTO-

pO¢ BhIpa)kKaercsi, Haiipumep, B Bujge X, \/ X, (Mid B Buje
Xy~ X,), ¥ BCerja JIOYKHOE, KOTOPOE MOYKHO BbIPA3UTH
B BUie X, & X,.

PopmallbHblii  0630p PABNMUHBIX BBICKA3LIBALKI, KO-
TOpble MOryT OblTh 00pasoBanbl M3 X,, X,, ..., X,, Io-
Jlydaem € MOMOILLIO CJIEAYIOMEro IpeaoyKeHHs:

Kaxcooe evipancenue, o6pasosarrioe U3 ocHOGHbIX 6bi-
ckasvteanull X,, X,, ..., X,, IK6UAAeHMHO Hexomopoti
KOHTIOHKYUU U3 4Qcmu  MHOMCECMEA 6CeX 4AeH08 pazeep-
HYMO20 110 nepeosy OucmpulymusHomy 3aKoHY 6oLpANCEHU:

(X,&X) V (X,&X) V...V (X, &X,).

Hcxaruenuem A6A210mes moabKo 6ce20a-UCmuHHsIe 8blpa-
acenus. OfHAKO MOKHO M HX He HCKJTOYATh, €CIH He-
COGCTBEHHYH0 YACTMYHYI0 KOHBIOHKUMIO, KOTOPYI0 MBI I10-
JyuuM, He Oepss HM  OfHOro uneHa, paccMaTPHBATH
KaK BCerJa-MCTHHHOE BhICKA3biBaHue. K OHDBIOHKTHBHBIE
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YJICHbl TPHBEJEHHOI0 BbIIlE, HO Pa3BEPHYTOIO BBIPAYKEHHSI
Ulpenep waswiBaer xoncmumyenmamu ot X,, X,, ..., X,.

Jl0Ka3aTesIbCTBO ITOr0  YTBEPIK/IEHHSA Iojyyaem clie-
AyIOIMM 00pa3oM: CHavyaJla BbIpa)KeHue, 006pas’0BaHHOE
u3 X,, ..., X,, DPUBOJIM K KOHbIOHIKTHBHOI HOpMasbHOi
(popme. TaK Kak 3HAYenwe HUCTHUHHOCTH WJM JIOKHOCTH
BbICKA3bIBAHUsSI OCTAETCSl HEM3MEHHBIM, €CIM OTOPOCUTH
UCTHHHBIH KOHBIOHKTUBHBIA UJleH, TO MOMKHO He .3alld-
CBIBATh ¢ KOHBIOHKTHBHBlE YJIEHH, B KOTODBIX BMmecTe ¢ X

copepuicsa X. Ecam, panee, wHcrmoib3yeM IpaBuio,
no3poyistomiee BMecto X Vv X mrcark X, TO KaXK[blii U3
€IEe OCTAIIMHUXCA KOHBIOHKTHBHBIX YJIEHOB CTAHOBHTCH
AU3BIOHKUMEN TOJILKO PA3NUYHLIX YJIeHOB psijga

Xooos X Xppoonh X,

Ecnu B HekOTOPOH JM3BIOHKIMM OTCYICTBYeT Kak X,
1aK M X;, TO Mbl MOYXEM 31y NHIBIOHKUMI PacUIUPHTh,
npuInUMcaB K Heil Bcerpa-noKHbIA wien. (X, & X;) u npu-
MEHHMB TepBbiff IMCTpUOYTHBHBIM 2aK0H, UTO He HM3MEHsieT
HCTUHHOCTH WJIA JIOKHOCTH BLICKa&3biBaHWsl. B pesyibrare
K&K/blif KOWBIOHKTMBHBIN ujeH pjs Joboro @ Gyger

cogepXXath WM X;, UMM X;. 3aTeM HaAM OCTAeTCsT JIMIIb
13 KOHBIOHKTHBHBIX YJIEHOB, KOTOPBIE OTIMYAKTCH TOJBKO
pasJIMUHBIM pacrosio)KeHHeM CBOMX CBS3AHHLIX 3HAKOM V/
YJIEHOB, HAIMCATh TOJILKO onuH. Torpga Bhipa)kKeHHe TpH-
HUMaeT KeJlaeMylo (Qopmy.

Takum o06pa3om, Mbl MOJYYMM JJIST KayJOro BBICKA-
3BIBAHMA, 00pa3oBaHHOIO0 U3 X,, X,, ..., X,, Bolpaxe-
HUE B «Co6epuIeHHOIY KOHCIOHKMUEHOU HOpMAAbLHOT PopMe.

dra HOpMaJbHast (Gopma (C TOYHOCTHIO 10 TOPsIAXa
KOHBIOHKTUBHBIX MM JIM3BIOHKTUBHBIX UYJIEHOB) OjiHO-
3HaY#Ha B TOM CMbICJIE, 4YTO JBa 3KBHBAJICHTHBIX CJIOMK-
HBIX BBICKa3bIBAHMST BHIPXKAWTCST ORHOH M TOH »Xe HOp-
ManbHON  dopmoit. JleHCTBUTENIBHO, CYINECTBYET [JIsl
Xy «voy X, TOUHO 2(™) pasauqtioiX BbIpa)KEHUt B HOp-
MajabHOI Qopme, T. e. CTOJMBKO K€, CKOJMbKO MOYKHO
00pasoBaTh pasjIMUHBIX BBICKA3LIBAHUH U3

Xy Xy ooy X
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YKasaHuasi coBepluieHHAs HOpMaJibHast popma Moer
BHITE  HCIIONIB30BAHA  PASIIMUHBIM o6pasom. Oua MO)Ker
TNOCTY>KUTb TIPeXKjie BCEro sl OTHICKAHUS [IpH ciyyae
Goaee npocmozo npeocmasaenus pns JIAHHOTO CJIOMHOrO
BbICKASLIBAHUsL. € OTOH HENbI0 TPUBOAAT BhIpajKeHHe
K COBeplLeHHOH HOpMANbHOH dopMme M ynpomalor ero
SdTEM, IIDHMEHAS B COOTBETCTBYIOIMX CyYasix caesyio-
liee Nnpasunc uckarderus:

XA&XA, mo ecmo (X &X)V A
skeuesarernmuo .

B kauecte npumepa PacCMOTpUM CJIOYKHOE BBICKA3wI-
Baie A& AB. UTOCH monyuuTh pasnoyenie mo A u B,
SaMEHIEM KOHBIONKTUBHBEIN uieH A dopmy ot A \/ (B&B)
M pACKPHIBAEM CKOOKM 10 IepBOMYy JUCTPHUOY THBHOMY
3axKony. ECaH Hanumem BCTpeUaOIWMACA IBaXKanl yjeH
AB TONBKO OpuH pas, To [OJIyYMM COBEDPINEHHYI0 HOp-
MaJibHy10 Gopmy: :

AB & AB.

Ecm 3nech BblHeceM 3a CKOGKY 06LMH MHOKHTETS A,
T0 noJiyyum A (B&B) u, mo YKa3aHHOMY NpaBUIy HC-
wiodeHus, A. Taxum o6pasom, A SIBIsETCS] CaMbIM npo-
CTBIM BhIpa)KeHueM (opmysini A & AB.

B kauectBe Broporo mpumepa PaccMOTPHUM BHIpaXKeHHe
A& AB. HopmanbHas (opma 31ech umeer Bu:

AB& AB & AB.

3[eCh MOKHO 06beauHHTL TepBHIif o BTOPbLIM H Ilep-
Bblif C TPETbMM uJleHBl. YT0OL) OCymeCTBUTb 06a HCKJII0-
YeHNs, TIePBbI YJIeH NuIleM IBAYK/bI:

(AB& AB) & (AB & AB).

B pesyabrarte ucimouenus nojgyyaem A &B.

3aMeTM Janee, uTO WUCHOJL3OBAHHAS COBepUIEHHAS
HOpMeJibHast (hOpMA JaeT BO3MOIKHOCTL PEWMThL BOMPOC:
6bIPA3UMO ALl HEKOIMOPOE 6BICKA3bIBAHIE, COCIMABACHHOE U3
OCHOGHbIX gvicKasbieanull X, X,, ..., X,, 6e3 npumene-
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RUA 3uaka ompuyanus? OHO BHIPASHMO TaK B TOM H
TOJIbKO B TOM CJy4ae, €CJiM B COBEPIIEHHOH HOPMAJbHOM
hopMe paccMaTPHBRAEMOro  BbICKa 3LIBAHMS OTCYTCTBYyeT
KOHBIOHKTUBHBI wieH X,V X,V ...V X,. B camom
fie]le, €CM HMMEEM HEKOTOpOe BHICKA3LIBaHMe, KOTOpoe
TIocTpoeno u3 X,, X,, ..., X, 06e3 npuMeneHus 3HaKa
OIpHLAHKS, TO 3TO BbICKA3BIBAHME MCTHHHO BCErja, Korjia
Bmecro X, X,, ..., X, NOJACTAB/JAIOTCA UCTUHHBIE BHICKA-
3biBaHyA. BrbickaspiBaHMe )Ke, KOTOpOe COJIEPXKHUT B Kaye-
CTBE KOHBIOHKTHBHOI'0 UYJeHa

X VX,V ...V X,

9THM CBOMCTBOM He 00J1ajaer. TaKHM 06pasoM, yKasaH-
HOe ycioBue HE00X0AMMO. C JpYTroil CTOPOHEI, OHO g0-
CTATOYHO, HOO KaKAbll wiien COBEPIIEHHOIl HOpMaJIbHOM

dopmbl, we paBubit X,V X,V ...V X,, MOXHO BHIpa-
3UTh 0e3 oTpuiaHusi. Hanpumep, mumem:

X, X, X,...X, B Buge (X, & X,&... & X,)—> X,,
X, X, X, X, X. X, .

5+*6
B BHJle

(XZ&X4&X6&...)—>X1VX3VX5\/ ... U T. ..

Benepcrpue atoro poBHo monmopuna u3 2™ ppicKa-
BBIBAHUN, KOTOPblE MOTYT GbITH 0Gpas3oBaHbl U3

Xy Xoyoons X,

‘BBIPAXKAIOTCS Ge3 OTpuuaHus.

§ 8. HononHuTenbubIe 3aMeuaHHs1 K npolieme BCErfa-HCTHHHOCTH
M BbIMOJIHHMOCTH

YcTanoBneHnyio B npeiplymem naparpade coseplueH-
HYI10 HOpMajibHyio (OpMY /s BRIDA)KEHUs, KOTOpOe CO-
CTOMT M3 OCHOBHBIX BBICKA3biBaHUH X, X,, ..., X,, Mbl
OyeM TAlOKe HA3BIBATH KPATKO pasnonceHuemM golpaxce-
HUfg no Xy, X, ..., X,
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ITycth Temeps HaMm [aHO HEKOTOPOe CIIOMHOE BBHICKA-
3bIBAHUE, B KOTOPOM CO/EPIKATCA, Kpome X,, X,, ..., X,,
eile OCHOBHHIC BbICKasbiBahua Y,, Y,, ..., Y . U Barom
Clyyae Mbl MOXXEM rOBOPDHTb B M3BECTHOM CMBICJIE O pas-
JoKeHmt mo X, ..., X,. A uMeHHO, MOHO 1npejcTa-
BUTL BBIDAXKCHUE B BU/IE KOHLIOHKYUU, Y KOMopou Kayc-
Oblll KOHUIOHKMUGHBIL YAeH S6ASencs Ou3toHKyuell ébipa-
HceHUA, 3asuciaueo mosvkoomY,, Y,, ..., Y ., u ooHoil
u3 Koncmumyenm om X,, X,, ..., X,.

JoKasureJbCTBO OYeHb TPOCTOE. JlOCTATOUHO JHIIb
PasJIOKUTE BbIPA)KEHHE [0 BCeM WMEIOLIMMCS OCHOBHBIM
BbICKA3bIBAHMAM, T.€. 10 X,, ..., X,, YV,, ..., Yo
COCAMHHTL BMECTe UJIEHB, COJlep/KAllMe OFMHAKOBLIE MO
OTHOWEHUIO K X;, X, ..., X, KOHCTHTYEHTHI.

Takoe pasnoxenne 1o X, X,,. .., X, MO)eT oKa3arbcs
nmonesHbiM. Mel BujEsM, YTO paspemwiMMocTh BONIPOCA O
8Ce20Q-UCMUKHOCMU  HeKOMOpo2o esipAyceHus, T. €. 3a-
lla4a, B KOTOPOHf [l JAHHOIO JIOTHYECKOrO BhIpayKeHHUSsI
TPeBYeTcs yCTAHOBUTH C IIOMOIIBIO OMpe/eeHHOro KO-
HEYHOIo 1Ipuema, SIBJIAETCS JIM OHO BCerqa-UCTHHHBLIM MIIH
HET, B MCUHUCJIEHMM BBHICKA3LIBAHMI MOJHOCTLIO pelleHa.
OTBeT Ha 3TOT BONPOC IIOJYYAEM C MOMONIBIO npeogpa-

30BaHUA BLIPAXKECHUS K KOHDBIOHKTUBHOH HOPMAaJIbLHOMH-

dopme. JlpoiicTBeHHONH K Npo6JieMe BCeraa-UCTHHHOCTH
ABJSIETCs1 NPOOJIeMa 66INOAHUMOCTIL, T. €. 3ajaya pe-
WHTh !, SIBJASIETCSl M [AaHHOE JIOFMYeCKOoe BbIPAYKEHHE
BCErJIa-JIOKHEIM HJIM )K€ CYIECTBYIOT BbICKA3bIBAHMS,
KOTOpble y/OBJIETBOPAIOT €MY, T.e€. [JISI KOTOPHX OHO
UcTHHHO. Pemenne aTolt mpoGieMsl MOMHO OCVINECTBUTD
NyTeM MPHBeeHHsT BLIPAXKEHHMA K AUSBIOHKTUBHOH HOp-
MaJbHOM (opMe MM >Ke TyTeM INIPUBEJEHUS] OTPHIAHUSA
9TOr0 BBIPAKEHHS K KOHBIOHKTHBHOH HOpMAJbLHOM Gopme.
K atum npoGiemaM Bcerja-nCTMHHOCTH, COOTBETCTBEHHO
BHIIIOJIEMMOCTH, TeIePb MPHUCOEJUHSIOTCA €lle  [Jpyrue
no00Hble YK€ BOMPOCHL.

ITycTh MBI MMeEM HEKOTOpOE BhIpaKeHHE, B KOTOPOM
BCTPEYAlOTCs]  OCHOBHBIE  BBHICKA3bIBAHUA X4, ..., X,

! MocpeacTsom HeKoTOpOro perynsipuoro npuema.—ITpum. ped.
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Yy ..o, Yo 3pees Yy, ..., Y, aycts 0603HagaioT
omnpeieNieHHble TIOCTOSIHHBIC BBICKA3LIBAHUS. BoO3HuKaeT
BOMPOC: KAKHMM  YCJOBUAM  JIOJDKHBI  Y/IOBJIETBOPSTH
Yo Y, ..., Y, uroful npu naw06oM Bui0Ope BLICKA3bl-
BaHMil X Bce BbipayKeHue ObUI0 MCTHHHBIM? W eme Bo-
NPOC: KakKdM YCJIOBUAM J[OJHKHBL Y /10BJIETBOPSTD

Yy, yz! rer ym’

yTo0B!I BbIpa)KeHue OBIJIO BCErga JIOMHLIM?

Ilpu oTBeTe Ha 3TH BONPOCHL Mbl IPUHUMAEM [JisI
npocToTel 7 paBHeiM 2. Tlpu npousponLHOoM n pemenune
IIPOTEKAET BILOJIHE AHAJIOTHUHBIM 06Gpasom. [TycTs pasmoxe-
HYe BhIpKeHusA 10 X, u X, Oyper:

(A) @, (Y, ...,V )X X,&D,(Y,, ..., V) X. X, &
D, (Vy, ..., V) XX, &0, (Y, ..., V)X, X,.

ML MOKeM NpegIiofioyKUTh, 4YT0 Bce 4 dieHa feii-
CTBUTEJILHO BC1pedawIcs B pasjioKenud. Ecnu, "anpu-
Mmep, wied ¢ XX, OTCYTCTBYeT, TO MOYXHO TIPHCOCIH-
HUTL Beipaxenue @,(Y,, ..., Y,) X, X,, B KoTopoMm
®, (Y, ..., Y,,)—Kakoe-HuOyab BCerja-uCTUHHOE CJICHK-
HO€ BbICKA3LIBAHHE.

Mpbr yTBepIKaem Tenepb: 044 moeo 4mobs! Popmyia
(A) oaa awbeix X, u X, Goira ucmunnoll, HesGXooumo u
oocmamouno, 4mobel 6b6in0 WCMUHHBIM 6blCKA3bIBAHUE:

O (Y, ...,V )&0,(Y,, ..., YV )&
DYy ..., Y )&D, (Y, ..., Y )

fAcHo, 4T0 3TO yCJAOBUE SIBISETCS 0CTATOUYHBIM. HO
3TO ycJoBUe M HeoOxopgumo, MO0 eciu Obl, Hanpumep,
®,(Y,, Y, ..., Y,) He Ob;I0 UCTUHHLIM, TO MBbi MOIJIM Obl
3aMeHMTL X, MCTUHHBLIM BBICKA3blBaHUeM, a X, — JIOXKHBIM
BhICKaspiBauem. Torga (A) crano 0Ob 3KBUBAJIEHTHBIM
O (Y, ..., V,), T. e. He UCTUHHBIM.

CooTBercTeeHHbIM 00pa3oM TII0JTyyaem pelieHHe ABOH-
cTBeHHoH mpo6nembl. Bplpakenue (A) B TOM ¥ TOJbKO
B TOM CJiyuae BHIIOJIHMUMO il X, ..., Xp, €ClH

3
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Yo ooo, Y. Tax nogo6paHel, uTO CTIpaBeJINBO
@ (Y, ..., Yoave,v,,..., YoV
o, (Y,..., YIOVO(Y,..., Y.

§ 9. Cucremarnyeckuit 0030p BCeX CHEACTBHH M3 JAHHBIX NOCHLIAOK

B § 4 My monyunim merop, KOTOPRIl JaeT Ham BO2-
MOYXHOCTb HaXO/iM1b BCE CIIOMKHBIE BLICKASHIBAHUS, SIBJISTIO-
IUECST MCTUHHBIMM B CHILY 4MCTO JIOTHYECKHX OCHOBAHMII,
U I JAHHOr0 CJIO)KHOTO BBICKA3bIBAHHS PEILUT, npu-
HALIOKUT OHO K OSTOMY POpy MM Her. Temeps Bo3HH-
KaeT caedyrowyasa 3a0aya: U3 OaHHLIX NOCHIAOK (arcuom)
6oléecinl 6ce CAe0CmBUA, NOCKOALKY MO 603MONCHO cOe-
AN, PACCMAMPUBAT GLICKA3LIBAHUA AULL KAK Hepacyie-
HeHHble yenvle.

[Ipepmonoykum, 4to Ham mano OTIpeseIEHHOE KOHEYHOe
auCso akcuom U, A,, ..., A . Ha BOINPOC 0 TOM, Mpej-
CTaBJITET JM C000I0 HEKOTOpoOe APYroe oIpeneaeHHoe
CJI0yKHOE BbICKa3biBaHHe € noruueckoe ciiencrBue M3 3THX
4KCHOM, MO)XHO BMOJIHE OTBETHThL C ITOMOI[bIO NPEeKHUX
CPEJCTB. ITO BHICKAa3blBaHME OYIET JIOFMYECKHM cuen-
CTBHEM aKCHOM B TOM U TOJLKO B TOM Ciyuae,- eCiiu

(W EA&... &UA)—>C

FAABJIETCS BCETA-UCTUHHON JiorndecKoit ¢opmymoit. Ha-
[IpUMEp, 3aKHUCHNI0 0T A M1 A—> B K B COOTBETCTByeT
BCEIria-UCTUHHOCTE (HOPMYJIRI:

(A& (A— B))— B.

OfHaKko MBI HE MMEEM eIe CHCTEMATHYECKOro 0030pa
BCeX CJIEICTBHH, KOTOpBIE MOYKHO M3BJIEYD. [Tosy unts
TaKOBOH MBI MOYKEM JIMLIL C HOMOMIBIO COBCPIIEHHOM
KOHBIOHKTHBHOH HOpMaJIbHOH (BOPMBI.

IMycte B wammx axcuomax BCTPEYAIOTCSE OCHOBHBIE
BLICKa3pIBAHMA X, ..., X,. M npeacraBisiem cefe Bce
AKCHOMBI COEIMHEHHBIMM 3HAKOM & W BO3HUKINEE TaKHM

1 OTHOCHTENbHO ynoTpebieHHst Hemeukux OGyks cm, § 5.
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00pasoM  CJIOXKHOE BBICKA3BIBAHUE  PA3JIOIKEHHBIM  I10
X - -+, X,. Bosbmem tenepn KaKy0-HUOY b KOHCTUTY-
eH1y or X;, X,,..., X,, KoTopas He BCTpeuaercsi B
Ka4eCTBe KOHDBIOHKTUBHOIO WieHa B 3I0H COBepLIEHHOI
HopmasbHoi Gopme. IMyrem mopxonsmei 3amens X, . . ., X,
MCTHHHBIMY, COOTBETCTBEHHO JIOXKHBIMH, BBHICKA3LIBAHUSAMM,
MOMCHO TIPEBPATUTL 3Ty KOHCTUTYEHIY B [U3bHHKIUK
CIJIOWb JIOXKHBIX BBICKA3biBaHUA, T. €. B JIO)KHOE BBHICKA3bI-
Bauue. C gpyroil cTopoHwl, Giarojapsi 3Tol 3ameHe Hama
COBEpHICHHAs HOpMaJibHasi (GOpMa NEpPeXogUT B UCTHHHOE
BBICKA3bIBaHME, MO0 KaXK/bli U3 e KOHBIOHKTHBHBIX UJICHOB
OPJIMMACTCA OT B3SITOM HAMM KOHCTHTYEHTHI TE€M, 4YTO [10
KpaiiHell Mepe B CIHOM MecTe HeKOTOpblil JU3IBIOHKTUB-
HbIH UJIeH 3aMEHEH eMy NpPOTHBONOJOMHBIM. TaKum obpa-
30M, B3SITAs HAMH KOHCTUTYEHTA HE SIBJISIETCSL JIOruue-
CKuM  creacTeuem 13 awcuom. Ortcioga caepyer, uTo
KK0€ CIeICTBHE U3 AKCHOM B COBEPIUEHHOH HopMalib-
HOH (opme comepkuT TONMBLKO TaKHe KOHCTHUTYEHTHI, KO-
TOPBIE UMEJIUCh V)K€ B PA3JIOKEHUM T10CHIIKH.
Mcnonmbsys aro coobpaykenme, mostyuaem CIIey Homui
00 TPHeM BHIBOTA CJIEACTBHI M3 CHCTEMbI AKCHOM.
Bee axcuomel céssvisaem 3nawom & u oas svlpancerus,
03ruUKUleco maium 06pasom, o06pasyem cosepuieHHyIo
KOHBIOHKMUSHY0 HOpMaAbHYI0 Popmy. TTocae amezo moncem,
evllupas aw0bble KOHTWHKMUGHbE YaeHbl U C6A3b16aS UX
3HaKamu &, noayyams max 6Ce CAeOCMEUSL U3 QKCLUOM 8 CO-
gepiieHHol HopMaabHod Popme. Hcenonsays YIOMSAHY roe
Ha c1p. 40 MPaBUIO HCKIIOUEHHS, MOYKeM MOJyuHTH 3a-
TeM, IIpY cijydae, 60Jiee MPOCTYH 32MUCh  CJieqCTBUS.
B npusesenHoM npnmepe, rae B K24eCTBe aKCHOM B3si-
Thl AW A— B, 3TOT METOJ, BBIIJISINT CJIeiYIOIHMM 00pasom.
Cnauana A& (A—> B) pasnaraem no A u B:

A&(A— B) sxB A& AB,
A&AB sk A(B&B) & AB,
A(B&B)&AB sxB AB & AB & AB.

AB& AB& AB i]peHC'I'aBﬂﬂeT COBRPUICHHYIO HOpMAJbHYH
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dbopmy nmia 31X axcvoMm. Bruipaxenue AB & AB skB

(A& A)B 3xB B sBIsercsl, Takum 00pasoM, CJIeRCTBHEM
H3 aKCUOM.

Jlpyrue clegcTBUA, KOTOpHIE enje MOYKHO NOJIYYUTD
3 Au A— B, cyms:

AB; AB; AB; AB&AB sx8 A(B&B) axe A;
AB&AB 3B A~ B
H, €CTeCTBEHHO,
AB & AB& AB 3xB A&B.

Ecim sxenaem H0JIyuuTh CJIEACTBUSI, KOTOPLIE COTepIKaT
€ul€ HEKOTOpOe Jpyroe BbicKaspiaHue C, He BCTpevalo-
ecCsl B aKCHMOMAax, 10 CJEAyeT pas3naraThb IOCHUIKY He
no AuB, ano A, B, C.

Bosbmem ppyroit npumep. IlycTh Mel MMeeM jiBe
aKCHOMBl: A~ B, B~ C. CHauaja Msl NUWMEM AKCHOMBI
B HOpMaJibHOH ¢opme:

AB&BA; BC &CB.
Ecan pasnoxuis noceixy no A, B u C, T0 MOJTYUHM:
ABC & ABC & ABC & ABC & ABC & ARC.
Omuum U3 cnefcTBuil sIBNsieTCS 37€Ch, HalpHMep:
ABC & ABC & ABC & ABC,
[lpeoGpasyem ero m:
AC (B&B)& AC (B & B)

MU 3aTeMm B: L
AC&AC, r.e. A~C.

Ilpuseem eine gBa OpHmepa NPUMEHeHUs MOL0OHBIX
3aKJII0UeHnH.

Iycts A o3Hawaer BpicKaswiBauue: «Kaykpoe meiicTBHU-
TEJIbHOe YMCJI0 €CTh ajreGpauyecKoe Yuciioy. B o03Havaer:
«MHOXecTBO [eliCTBUTEALHBIX umMces cYeTHO». B Maie-
MATHUKE 70Ka3bIBaeICsl, 4TO:

L]
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Bo-mepBbIX: A-—B, T.e. «Ecau kawgoe pmeitcrsu-
TeJIbHOe YUCIIO eCTh alredpamvyecKoe YHCII0, TO MHOMKe-
CTBO AEHCTBUTEJIbHBIX YHCEJ CYETHO»:

BO-BTOPHIX: B, T. €. « MHO)KeCTBO et CTBUTEILHBIX ynce]
HECYETHO».
ITochinKoii 3gech sBNSIETCS:

AB& B,
WM B pa3BepPHYTOM BUJE:
AB& AB& AB.
Opnum U3 creicreuil siBssieTcst 3mech
AB&AB 3«8 A(B& B) 3xe A,
T. €. [10JIyYacm:

«He xaypoe neficTBuTenpHOe 4uCIO ecTh aJredpadue-
CKOE YMCJI0». IJTO 3aKJIIOUEHHe 0 CYINECTBOBAHMH TPAHC-
LEHACHTHLIX YUCell.

Bo propom mpumepe nycie BhicKaspiBauus A, B, C
03HaYaloT Ccienyomee:

A: «TeopeMa 0 CIOKEHHN CKOPOCTEHi HCTHHHA».

B: «B cucreme HenogB)KHBIX 3Be3x CBET pacnpocrpa-
HSIETCS 110 BCEM HAlIPABJIEHUSIM C OIHHAKOBOH CKOPOCTBIOY,

C: «Ha 3emme cBer pacnipocrpaHsiercsi mo BceM Hampa-
BJICHUSAM C OZMHAKOBOH CKOPOCTLIO».

Tyr nmpejxzge BCEr0 HMEEM MaleMATHUECKOE npepJioxe-
Hue: (A&B)—C, T. e. «EcaM TeopeMa CJIOMKEHHSI CKO-
pocTeil HCTUHHA M eCJI B CHCTEME HEIOABIKHBIX 3Be3]
CBET pacnpOoCTpaHsieTCs1 M0 BCeM HAllpaBJieHMsAM € OguHa-
KOBOH CKOpOCTBIO, TO HAa 3emJie CKOpOCTL pacIpocTpa-
HEHUs1 CBETA HE MO BCEM HAaMpaBJIEHHUSIM OfMHAKOBA».

3areM Mbl 3aUMCTBYEM M3 (U3HUECKOrO ONBITA, YTO
B u C uctunmpl. Takum 06pa3oM, Mbl MMeeM AKCHOMbI:

(A& B)—C; B; C.
B KOHBIOHKTHBHOII HOpMabLHOI (Gopme moCHIIKA UMeeT
BHJ:
ABC&B&C
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M B passepHyTOli (opme:
ABC & BAC & BAC & BAC & BAC & CAB & CiB.
B KauectBe cnemcTBus 31eChH HoJIyuaercs
ABC & BAC & BAC & BAC.
lpeoOpasoBeiBas, mosyvaem:
(B& B) AC & (B & B) AC,
AC& AC,
(C&C) A4,
A.

Taxum 0dpasom, Lonyuaem cregcTeue, uro NIpeIIOKeHHe
0 CJIOKEHMH CKOPOCTell HeBepHO.

M3 mo6bix ABYX mpoTMBOpeuamux APYT APYIY aKCHOM
MOXHO BRIBECTH JlioGoe nperoxende. B camom neste, ecm

MMeeM A M A KaK aKCHOMBI, a B—rxaxoe-uulyap gpyroe
BRICKA3BIBAHME, TO, pasfarasi mochliky A& A no A u B,
nojayuaem:
AB& AB& AB & AB.
Orcrona cnenyer:
AB&AB, 1.c. B.

YKasauHbIt METOJ II03BOJISIET HAM BBLIBECTH Bee crencr-

BUA M3 NMaHHBIX AKCHOM WJIM, IPYTHMU COBAMH, HANTH BCe
CI0YKHBIC BbICKa3bIBAHUSA, KOTOPBIE C4alee, 4yem RaHHOC.
MoykHo Tenepn mocTaBuThH o0paTHEIil BOMpoC: KaKHMe CII0MK -
HBIC  BRICKA3BIBAHUS CUAbHEC [NAHHOTO, T. €. U3 KAKHUX
TTOCBUIOK OHO TNOJIyYaeTcsl B KauecTBe CiencTsUs? Perre-
HUe 3TOH mpobGiembl oJIyyacM crocobom, mnomo6HEIM npe-
ABILYIUEMY: CHAuaNa CJIEACTBUE PA3JIAT3eM (10 BCEM OCHOR-
HbIM BbICKASBIBAHMSIM, T. €. MPUBOAYMM €ro K CoBepIeH-
HOHM HOpMAJILHOM opme. 3arem Gepem KaKde-HUOyAbL He
BCiPEYAIOMMECS B 3TOM pasIIOyKEHHH KOHCTUTYEHTH, npH-
COEqMHSIEM MX 3HAKOM & K CJENCTBHIO U TAKUM obpazom
IIOJTy9aem BCE BO3MOKHBIE TIOCHITKMU.

ARCUOMBL LUCYUCAEHUA BbICKA3bIAHLUL A9

§ 10. AxcHOMBI MCUHCNIEHMA BbICKa3blBa Huil

Axcuomartuueckass Qopma  mus TEOPUU HCUMCIIEHWUST
BbICKA3pIBAHMI T10JTy yaeTcs MOCPeACTBOM BhIGOpaA 13 BCerga-
MCTHHHBIX CJI0KHBIX BBICKA3BIBAHUI HEKOIOPBIX M 3aJaHUS
(GopManbHBIX MpaBui, Mo KOTOpbIM MO)XHO BHIBECTH U3
BbIODAHHLIX BCe OCTaJIbHLIE BCErfia-MCTHHHbIE Qopmy L.
B sioruyeckom ncumciennn 3tv npasuia UrpalwT Ty IKe
PoNb, Kakym HMrpaer B MAaTeMaTUYeCKHX M (PU3HUECKUX
TeopusAX norudeckui BeiBog. Ilpmumua Toro, uto moru-
YeCKHH BBIBOJ He MO)KET OLITb 371eCh MUCHOJB30BAH 0fBIU-
HBIM COziepyKalebHbIM 00pasoM, KpoeTcss B TOM, YTO CaMu
JIOTAYECKHE  CIOCO0bl 3aKJII0YeHHs COCTABJISIIOT HOpegMerT
Halero UCCaeqoBanusl.

Mel 11poBosuM pasnuune MEXAy JIOTUYeCKHMHU OCHOB-
HBIMU (POPMY JIaMU (AKCHOMAMH) U OCHOBHBIMH NpaBHJIaMH
BBIBOJ2 MCTHHHBIX (OpMyJ. B KauecTBe 0CHOBHBIX (hOpMY T
MBI BBOIUM CJIEyIOIIHe deThipe: :

a) XV X—X.

b) X—-XVvY.

) XvY—=YvVvX.

d) ( X—=V)—[ZVX—ZVY]

ITepBast aKCHOMa 03HAYAET, UTO BHICKA3BIBAHUE UCTHHHO,
€C/IM MM3BIOHKIMS 3TOr0 BBICKA3BIBAHHA C CAMHM COGOK
HCTHHHA; BTOpPasi aKCHOMa SBAsE1CA HE UeM MHBIM, KaK
YUOMSHYTHIM HA CTP. 32 TIpPaBUJIOM B2); TPETbSl 2KCHOMA
NOCTYJIUPyeT KOMMYTATUBHOCTb JM3BIOHKLMH; YeTBepTast
aKCroMa BRIPAYKAeT, 4TO B CJlyyae HCTUHHOCTH MMITJIMKA-
oud X —> Y. MOKHO 002 ee ufleHa CBA3ATb JU3bIHKTHBHO
¢ JoObIM BbICKA3piBaHHEM Z. :

Brpouem, 3HaKOM— Mbl MOJIb3yeMCSl TOJIBKO Kak
COKpamennem. X —Y nomKHO ObITb Goslee  yHOGHBIM
cnocobom samucu past X VY. Hanpumep, aKcuoma a) Ges
COKpalleHusl 3amuckBaeIca tak: XV X v X.

J1s1 10JIyyeHns1 HOBBIX (HOPMYJI, KAK H3 MOJIOYKEHHBLX

B OCHOBY MCXOAHBIX $!OPMYJI, TaK ¥ H3 V)K€ BBHIBEICHHBIX
dopmys1, MBI uMeeM clieiyoue Ba NP2BUIIA:

4 OCHOBH TEODETHXECKOM JTOTHKEN
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a) [IpaBu10 nojgcranoBKH

Bumecmo nepemerinozo evicka3sieaiuss (T. e. BMeCTO
60MbIIOA JTATHHCKON GYKBHY) ModiCHO e3de, 20e ama Gykea
écmpeuaemca, nodcmasums o0Hy u my e GHopmyay
ucqucaenus evlcKasvisaHull.

B) Cxema saknwuyeHus

H3 osyx Popmys % u A — B noaysaem nosyw gop-
myay B.

B bmnxaiimem naparpadge Mbl 10gpo6HO pasbscHuM
ynorpefyiende  06GoMX MpaBWJI ST NOJYYEHHS HOBBIX
(GopMyJ U3 y)Ke BBIBEEHHHIX (HOPMYJ WM aKCHOM. 3pech
MBI CleJIaeM elle HeCKOJIbKO 3aMeYannii obmero xapaxrepa
OTHOCHTEJIBHO AKCHUOMATMKM MCYHUCIIEHHST BBICKA3bIBAHMIA
B0oOOIIE.

IlpH yCTaHOBJIEHHH CHCTEMBI AKCHOM Mbl TOJI530BAJIHCEH
TOJIbKO CBSI3sIMH \/ ¥ —, JTO COO1BETCTBYET paHee YCTaHO-
BJICHHOMY (aKTy, UTO YIOMSIHYTHIE ABC CBS3M SIBJSIOTCS
ROCTATOYHBIMU JIST BBIPAXKEHUS BCEX CJI0MKHBIX BRHICKA3bI-
BaHui. Pajn ypnoOCTBa Mpl, NpaBjd, MPUMEHSEM TAKIKe
3HaKH —>, &, ~, OpgHAKO (OPMYJbl, B KOTOPHIX ymorpel-
JIAIOTCS 3TH 3HAKM, CJIeAyeT IOHMMATL IIpU STOM JIMID
KaK COKpAIEHHYI0O 3alMCh AT (GOPMyJl, COLEpP KamuX
TONBKO 3HAKK V ¥ . Tak, Mbl paccMaTpuBaem (opmyny
A—B Kak coxpamenne mIa AV B, A& B—pin
AVB U A~B—maa (A—B)&B—A), 1. e. qin

AV BV BV U [cp. IKBUBANEHTHOCTH (21), (28), (29)
B § 2.

HMcnonb3oBaHKast Hamu  cUCTeMa  aKCHOM  ObUIa
yCTaHOBlIeHa B  OCHOBHOM  Y2iiTxemom u Paccesiom
(B 1-M usnanuu Principia Mathematica). dtumu aBTOpAMU
OblJ1a MCTIONIBL30BAHA €lje aKCUOMa

XV{F¥VI)—=YV(XV2Z),

BBIpaKammas acColUATUBHOCTDL NV3BLIOHKTUBHOH CBsA3U;
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B AasibHelieM ObIJI0 10Ka34HO, 0QHAKO, UT0 3TAa
aKCHOMa He HYIXHa'.

Tak Kak cBsizeit & U, paBHO Kax M cBsIZeil —> 1 -,
TAIOKE  QOCTATOYHO JJISI  BLIPAXKECHHST BCEX  CJIOMKHBIX
BBICKA3BIBAHUH, TO B OCHOBY CHCTEMBI MOMKHO II0JIO)KUTB
M aKCHOMBI, B KOTOPHIX MCHOJB3YIOTCSA TOJABKO & M~ MU
TOJILKO —> ¢ . B HacToswmee Bpema HpOABISIOT 0CODLI
MHTEPEC K CHCTEMaM aKCHOM IIOCJIE[HEr0 POjA, B KOTOPBIX,
CJIeN0BATENILHO, 32 OCHOBY LIPMHUMAIOTCA TOJBLKO UMNALKA-
yua n ompuyanue. ITleppas M3 cucTeM JKCHOM 3TOro
POId, B KOTOPHIX, NOMHMO TOro, B KaueCTBE MpPABWJI
BLIBOZA TIPUMEHFIOTCS HALM TpaBuia o) M ), Obta yera-
HOBseHa emfe Dpere®. Ona COCTOMT M3 CJEAYIOMMUX MIECTH
aKCHOM:

L. X— (Y —X),

2. X=> (Y —=Z)—>(X—=Y)— (X —2Z)),
3 X =Y —2)— Y — (X — 7)),

4. (X—=Y)— (VY —X),

5. X — X,

6. X——>5_(4.

I1y cucremy axcuom Ppere MOKHO 3aMEHHUTb, KaK
TI0Ka3an Jlykailesud, crnepyiouteii Gostee npocToii cucre-
MOH, COCTOAIIEH TOJIbKO M3 TpeX aKCHOM:

I X— (Y —X),
2o (X (Y = 2)) — (X = V) - (X —=2)),
3. (X —»V) > (¥ > X).

MoxxHo pa)ce moJsioKuTh B OCHOBY CHCTEMBbI TOJILKO

Y Bernays, P.. Axiomatische Untersuchung des Aussagenkal-
kils der Principia Mathematica. Math, Z. Fd. 25 (192)6.

® Frege, G., Begriffsschrift, eine der arithmetischen nachge-
bildete Formelsprache des reinen Denkens. Halle, 1879,

4%
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OfHY €AMHCTBEHHYI0 MCXORHYH (opMyny, ofpa3oBaHHYIO
C TIOMOUBI MMILIMKAUUH U OTPULaHUAL.

Huko nepeblit ycraHCBMJ .CHCTEMY AKCHOM WCUHMCJIe-
HUsl BHICKA3BIBAHUI, B KOTOpPOH UCII0JIL3YETCSl  TOJIBKO
wmpux legPepa X |Y, ynomunasumiica Hamu panee®.
Jra cucrema ynoipelnser B KauecTBe eqMHCTBEHHOM
HCXOgHOH (opMyJIBI:

(XTV DU TWIONIV V) (X ]VY (X [V}

Bmecro Hawme# cxembl saxtiodenus B) spech MCrOJb-
3yeTCs (paBuiio: u3 aByxX Gopmys A u A /(B /E€) mo-
Jyuaercs HoBas dopmyna €.

Ipu cnyvae TaioKe 3acmy)kupaer —IpeNoYTERHSI
TaKas CcuCTeMa aKCHOM  MCUHMCJIEHMSI  BBICKA3bIBAHUH,
B KOTOPOIf C camoro Hauazua BBOASTCS OfHOBPEMEHHO BCE
OCHOBHBIE CBSI3M; MMEHHO, B TOM cJydae, Korja tpeldyercs
10 BOBMO)KHOCIM (o0Jiee. SICHO BBIPA3UTL pOJIb, KOTOPASI
BLINAJAET HA Ka)<AYH U3 3THMX OCHOBHBIX CBA3el B JIOTH-
UeCKOM = 3aKJIOUECHHH. CHCTEMA aKCHOM, YCTAHOBJIEHHAS
C TaKoH TOuKHM 3penusi, gaua [unpGeprom n BepHaiicom®.

Bripouem, ¥ B Hammx npasunax al) — a4), bl)—b3)
(§ 3 u § 4) TaroKe CONEPIKUTCS aKCUOMATHKA MCUMCIIEHHS
BBICKA3LIBAHUH . 3[1eChb peub MET 0 cHCTeMe ¢ eqHMHCTBEH-
Hoit ncxopsoil opmynoit X \/ X u 6 npauiami  BeiBOAA
HOBBIX (QOpMmy.JI.

Haxoneu, Mbl yromsiHem eme 3anuMaromee 0co6ce MeCTo
¢UCUYUCIIEHHE HATYpaJIbHOro 3axJioueHusar», «Kalkiil des
natiirlichen Schlifiens»*, ycranosmennoe Ienuenom K

Y Lukasiewicz, J. u. A. Tarski: Untersuchungen iiber den
Aussagenkalkiil. (C. R. Soc. Sci., Varsovie, Bd. 23, Klasse II,
Warschau, 1920),

o2 Nicoj{ J- G. P.: A reduction in the number of the primi-
tive rropositions of logic. Proc. Camb. Phil. Soc. Ed. 19 (1917).
Kj ove Toro, cp. Taoke W. V. Quine: A note on Nicod’s postu-
late, Mind 41.

® Hilbest, D. u. P. Bernays. Grundlagen der Malhematik I, s 66.

4 Gentzen, G.: Untersuchungen iiber das logische Schlie-
Ben I uw II. Math. Z. Bd. 20 (1924). TlonoGrpie sxe MNEeH He3aBH-
CHMO pa3BHUBACT SKOBCKHA. CM. S. Jaskowski: On the
rules of suppositions in formal logic. Studia logica Nr. 1 {1634),

TIpumeper 6vr80da gopmya uz axcuom 53

BO3HUKIIEE U3 CTPeMIeHUsT ynogoOute 6oJsble, yeM g0 cux
nop, GopMaNbHBl  BBIBOA  (GOPMYST  copgepKaTesLHOMY
crnecofy moKasare/nbCcTBa, 00BIUEOMY, HampHMep, B MaTe-
MATHKE. ITO NCUHCIICHUE He COJIEPIKUT HUKAKUX JIOTMIeCKuX
aKCHOM, HO TOJIbKO (PUI'YpPbl 3aKJIHUYeHUil, KOTOphle yKa-
3bIBAIOT, KaKHe CJIeACTBUS MOIYT OBbiTh HEmocpPeJCTBEHHO
[TOJIyUCHBI U3 IAHHBIX NOCBHIIVK, MJIH J0CTABJISIIOT GOPMYJIHL,
B KOTOPHIX YCTPaHEHA 3dBUCHMOCTb OT TOCHUIOK.

§ 11. Hpumeprl BHIBOa Gopmyn M3 aKcHOM

Tenepp ML BO3BpaTUMCS K Hamleil cyuCcTeMe aKCHOM,
cocTostuiet M3 0CHOBHHIX GopMyst a) —d) U ‘npaBuJI BHIBOAA
a) u B).

Hagum pApx npumepoB  cTporo (HopmayibHOrO BHIBOAA
dopmyn u3 akcuoM. Ha 3aToM Mbl 3ajepKHMCS HECKOJIbKO
ROJblIe, TAK KaK ONBIT IOKA3bIBAaeT, YTO HAUMHAKILEMY
00bIuHO 0COGEHHO TPYAHO COXPAHHUTL YUCTO (OPMAsBHYHO
TOYKY 3DEHUSA. :

I'pu BEIBofE GopMy 1 i1es1ec006pasHo HEKOTOphIe 0Co0eH-
HO 4acTO BCTPeU2I0LMecs onepaluy cpopMy aupoBaTh B BUjIe
npou3sgo0nbtx npasua. Takue NpaBuna pas HapBcerga Mpef-
BOCXUIAIOT KOHEUHELIH pe3ysbTaT cOOTBETCTBYIOMEro Gop-
MaJIbHOT0 Mepexofia, J0Ka3aTeNbC1BO )Ke MPaBuia CCCTOMT
B TOM, 4TO jaercsi o0muil Merom, MO3BOJSIOLMIA OCYyie-
CTBUTb 3TOT TepexoJ, B Ka)XKAOM OTAeJbHOM CJyuae,
M0JIb3YSIChb OCHOBHBIMH IIDaBHJIAMM.

[Ipasuno l: Ecau A \/ A — dokazyeman ¢Ppopmyaa,
mo O0oxa3yema maxxce gopmysa NU.

Jl0oKa3aTeqbCTBO  MOJIYYaeTCsl  HEMOCPEACTBEHHO W3
aKkcuoMel a). B pesyspraTe nogCTaHOBKY B a) TOJIy4aem:

A\ A-— A

Taxk kak %\ A goxazyema, To CXeMa 3aKJIIOUEHUS maeT
HaMm ganee gopmyny U.

[Ipasuno 1. Ecau N—Jokazyemas ddopmyaa, a
B — ni0basa Opyzan, mo Popmysa W \/ B asaaemcs maxe
doxazyemoll.
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JT0 NpaBWI0 TMONYYael1cd M3 AKCEOMBI b) Takum xe
o6pasom, kax mpaBwio 1 us a).

Touno Tak sxe axcuomam c), d) cootBercTByioT mpa-
Bana I n IV, xaxk n Boobue xamoi dopmyne, xoro-
Pas BHIDAXAET OTHOWICHHE CJICNOBAHHSA, NPHHANJICKAT W
COOTBETCIBYIOIICE MPABUIO.

Mpasuno I1I: Ecau A\ B—ooxazyemas GHopmy-
4a, mo Ookasyema maxuce Popmyia B\ K.

Mpasuno 1V: Ecau A — B—ookaszyeman dopuyia
u C—raxaa-nubyos Opyzas Popmyra, mo Popmyaa
CUA — CB asasemca maruce Ooxasyemoii.

Popmyna (7):

X—=Y)>[(Z—X)—>(Z—Y)]

Hoxasameavcmeo: Dopuyny (X —Y)— (ZX — ZY)
MOJTydaeM U3 aKcuombl d), samensii B Heit Z ma Z. Ho
ara dhopMmyrna Gymer coBUAmaThL C dopmynoit (1), ecnu Mol
3aMEHUM B Hel CokpameHde —> ero 3HaueHuem.

Mpasuno V: Ecau gopmyast A—B u B—> 6
Ooxaszyemot, mo @opmyasa N— & makyce Ookasyema.

9T0 NpaBUIIO COO1BETCTBYeET ¢opmyie (1). Ono goxa-
SBIBACTCA  Cliefylomum  o0pasom: B (1) MO CTABJISIEM
BMeCTo X, YV, Z, coorBeTcTBeHHo, B, €, A n ABAYKIBI
NPHUMEHSIEM CXEMY 3aKJIOUEeHHUS.

Dopmyna (2): X \/ X.

Horxazameavemeo: X —> X VvV X [uepes I10ACTaHOBKY
X Ha MmecTo Y B b)]

XV X—X [no a)],
X->X [mo npaBuny V], A
IMocnenusia popmyna npeacrasnsier coGoit COKPALIEHRYI0
3anuch Gopmynsl X V X.

Dopmyna (3): X\ X.

dry dopmyny monyyaem uz (2), npumensist npasuo 111,

®opmyna (4): X — X.

Hoxazamenscmeo: (4) ectn CokparleHue JgJsa  dop-

Myasl XX, KOTOpYIo moydaeM u3 (3), ecid MOLCTaBUM
X Ha Mmecro X,
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dopmyna (5): X — X. 3
Hokaszameavcmeo: X—>X [4epe3 mogCTaHOBKY B (4)],
XX — XX [110 mpasuny 1V],
’ X§ [B cuny (3) u npasuna B)],

XX [mo mpasuay 1111
310 U ectb popmyia (5).

~ @opmyna (6): (X —V)— ¥ — X).

Horazameascmeo: Y —>Y [dopmyna (4)],
XY — XY [npasuio IV],
XY — Y X [nopcrasoBka B c)],
XY — Y X [npaBuno V].
3T1c U ecTb McKoMmasl (opmyJa.

Mpaguno VI: Ecau ssipancenue U exooum cocmas-
HOU 4ACMbI0 8 CAOMCHOE BbICKA3bIGAHUE, KOMMOpCe, ¢ Yeabl)
gblpazums 3mo ofcmosmenscmeo, Mol ofosnadum @ (),
u ecau gopmyast A—>B u B—-A 00xa3yeMbl,0 m(:?
gopmyavt D (AU)— D (B) u (I)S?B)—»d)(ﬂ)l) maxace ouxe‘fvl
3yemot. — Bnpouem, dopmymoii 2 M BCeM BBIPAKCHUEN
© B 1e/OM eme He OMpejesIeno O[HO3HAYHO, UTO 1];OJI>K6H0
oznauath @ (). Tak, BelpaKeHHe X —> XY MOXKHO cpo 2(;—
3HauMutph yepes @ (X) B Tpex CMHICTAX, TaK 1<ua.f< 3a X(Y)
MOYKHO TIPHHSTH KaXKjoe M3 TpeX BhipaKenud: A-— XV,
X— Y, A —AY. [papuno VI OpurogHo RJIst KHKAZOro
M3 TAKUX BO3MOXKHBIX ompepeneHuit @ (A).

910 MpaBuIo MOYKeT OBITH BBIPAYKEHO TAKIKe CIIENYIOHM
o0pasom: deéa evipaMcerus, HaxodAwuecs 6 oMHOWENUU
63QUMH020 CAe008QHUS, MO2Ym Oblmb NOOCHQ61EHbL 00HO
gmecmo Opyzoeo 6 Ookasyemyrw GHopmyay.

Hokazameascmeo:  HocraTouno [oKasaTh MNPaBUIIO
AJIs1 TOro ciyuasi, Korga U BCTpeyaercs B ® (A) TosBKO
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omuH pa3 u @ (A) umeer ogHy us dopm A, €A, AC.
Obwmee npasusto mosnyuaem myTem MHOIOKPAaTHOTO MpH-
MEHEHUs1 3TOro MpoCTOro mpasuna, ciposs @, Hauppas
UBHYTPU. VIMEHHO, AJIST KAXKIOT0 YACTHUHOIO BHLIPAYKeHHUS
@’ u3 ® mosyuaem NOCIEOBATEILHO:

O (B) —> @ (A) u D’ (A)—> D’ (B).
Homycrum, cnegosaressto, uto ¥ — B u F— X yixe
RoKaszanu. Torfla MH joKa)Kem:
o) A—-B nu B,
Mbl nosntydaem obe aTtu (opmynbl, nOKa3biBast cHagada
HYTEM i10[CTaHOBKU B (opmyny (6):
(U — B)— (B— )
n , ‘
(B—A) — (A —B),

a 3aTeM UCMoJb3yst T0, uTo A~>B u B— A yxe fo-
Ka3aHHl. :

B) CA—EB; €EB— GA. .

_ Obe ¢opmynbl monyyaem us % — B, COOTBETCTBEHHO,
B — U, npumensiss npapuso 1V.

7) AC— BC; BE— AC.

IJTOT CIyuzil MOKHO CBECTH K B), NpuMeHss HEeCKONBKO
pa3 akcuomy c) ¥ npasuiio V.

B kauvecTse mpumetenus npasuna VI u akcuompl ¢) no-
Ty daeM KoMMymamit6Hocm b oussionkyuu. elicTBuTebHO,
TaK KaK IyTeM MOACTAHOBKM B C) LOJlyuyaeM:

AVB —BVA u BYA—-AVSB,

TO B KaXJAOM CJI0YKHOM BBbICKA3bIBAHMH  JAHU3BIOHKIUIO
AVB Bcerma MOXKHO 3aMeHHTh M3BIOHKIMEH BVUA, u
HaobopoT.

U3 ¢opmyn (4) u (5) u npapuna VI noJjiy4aem aua-

MOrUdHO, 4T U MOXKHO 3aMeHMTh HA U, M HAOGOPOT,

N1pumepsr evi600a Popmya uz aKcuom 57

dopmyna (7): X&Y —-XVY.

Hoxasameavcmso: X &Y sipnsiercst COKpalleHHo# 3a-
nucwio aas X Y. dopmyay XV —3X7 NOJTyyaeM IyTeM
HNO/ICTaHOBKH U3 X—X.

TouHO TaK e U3 X —> X nosayuyaem Gpopmyiay:

dopmyna (8): XVY - X&Y.

- dopmyna (9): XVV.— X&Y.
dopmyaa (70): X &Y —XVY.

Horazameavcmeo: opmynnt (9) u (10) 6e3 coxpameHus
3aMUCLIBAIOTCA TAK:

XVY—-:»):(V:!; 7} )?\/?——aXVY.

Oun postukawr u3 XVY — XY nyTem 3aMcHbl, CO-
raacHo mpapwiy VI, B mpaBoif uactd, COOTB. B JIeBOit

yacth, X HaX uY Ha Y. :

Dopmynel (7), (8) u (9), (10) nator nam, B CBA3M
¢ npasusom VI, mpexHee npasuio a3) (ctp. 30). -

HanbHeiflunm ~ upuMenenvem mnpasuna VI sBjsercs
cliefyromee: TaK KaK COTJIACHO aKCHOMe a) UMeeT MeCTOo
XVX~—X ¥n Tak Kak M3 aKCHOMHI b) B pesyiprare
II0ICTAaHOBKH moJyuaeM popmyny X — XV X, To BbIpa-
KeHue Buaa AV A Bcerga MOKHO 3amensitb Ha A,
n Haobopor.

Popmyna (77): X &Y —-Y & X.
Jokasamenscmeo: XV —V X mojiyuaeM u3 XY —

— XV, UCHOJIL3YST [IPABUJI0 O KOMMYTATUBHOCTU AM3bB-
HKTUBHON CBSI3H. T ’

®opmyna (72): X &Y — X,
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Hoxazameavcmso: X — XV [no axcnome b)],

XY —X [no dopmyze (6)],
X&Y - X.
X&Y — X.
®opmyna (73): X &Y — Y.
Hokazarensctso monyuaem ns (11) (12).
Dopmyna (74): X(YZ) —Y (XZ).

Hoxasamenvcmeo: Z -— XZ [u3 akcrombl b) nyTem Ie-

PECTaHOBKYU JM3bIOHKTHBHBIX UJIEHOB],
YZ —Y (XZ) [npasumo 1V],
X(YZ)~—> X (VY (XZ)) [upaBuno IV],
X (YZ)— (Y(XZ)) X*[KOMMYTaTHBHOCTb JHU3BIOHKLMHA],
X-—>ZX [u3 akcuoMb b) TnyTeM mepecTaHOBKY JH3b-
IOHKTHBHBIX YJIEHOB],
XZ->Y(XZ) [nofcranoska B npessiayuyio dopmyay],
X—Y (XZ) [npasuno V],
(Y (XZ) X — (Y(XZ))(Y (XZ)) [npaBuno 1V],
(Y (X2)) X —Y (XZ)** (3amena AV A Ha A).
M3 (*) u (**) mosyuaem mo npasuny V:
X (YZ)—Y (XZ).
®opmyna (715): X (YZ)— (XY) Z.
Horazameavcmgo: X (YZ)— X (ZY) [3aK0H KOMMy-
TATUBHOCTH],
X (ZY)— Z (XY) [popmyna (14)],
X(YZ)— Z (XY) [npasusio V].
Orciona, npumMensis 3aKOH KOMMYTATUBHOCTH, [0JIyuaeMm
bopmyny (15).
~ ®opmyna (716): (XY)Z—> X (YZ).
Hokazameascmeo:  Z (YX)— (ZY) X [nopcTaHoBKa

B (15)].

~
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[lpumeHsist 3aKOH KOMMYTATHBHCCTH, MOXHO Z (Y X)
3ameHuTh Ha (XY)Z, a (2Y)X ua X (YZ).

Ha ocnosannu ¢opmyst (15) u (16) u npasuna VI 3a-
KJIYaeM, 9TO He TOJIbKO HOCJe[0BaTeIbHOCTh IM3bIOHK-
TUBHBIX WIEHOB, HO M MX COYETAHMS B IPYIIBl MOXHO
[0 [pPOM3BOTY M3MEHATH. Taxkum o6pa3oM, Mbl BoIBEJIH
accoyuamusHblil 3gKon AJIs1 TU3BIOHKTHBHON CBS3H.

®opmyna (77): X &YV &Z)— (X &Y)& Z,
(X&Y)&Z—-X &Y &Z).
Horxaszamenscmeo: X & (Y & Z) siBasieTcst coKpalleHueM

pia XV Z, a (X&Y)&Z gna XY Z. Ognaxo o6a Bbl-
PAKEHHs1, COTJIACHO HAIIMM IIPE/LIECTBYHIHM MPABUIAM,
SKBHBANEHTHEl H [0 NPCH3BOJY MOTYT 3aMEHsTib APYT

npyra.
®opmyna (78): X — (Y — X &Y).

Hoxasameavemeo: (XY) XY [noncranoBka B (3)].

Muave couetasi [U3BIOHKTUBHBIE UJIEHB, MOJyuYaeMm
X (Y XY).

dTo u ecTh UcKoMas dopmysa.

I[Ipasuno VIIL A—(B—€) wxomcem Goimb 3qa-
neneno na B — (A — €) v Ha (A &B)— €.

JlokazaresbCTBO cpa3y MoJiyuaeTcsl W3 HAlUMX MpPaBui,
eCJId 3aMEHUTb COKpaUleHUs — M & HUX 3HAYEeHMSIMH.

MMpasuno VIII: A—(U—B) MOKHO 3aMeHHUTH
Ha A — B.

Hoxasameascmeo: A (AB) moykHo 3aMeHuTh Ha (U A)B
wmn Ha AB.
Popmyaa (79): X (Y &Z)— XY & XZ.
Hoxazamenscmeo: Y & Z—Y [dopmyna (12)].
X (Y & Z)— XY [npaeuno IV].
Touno Tak e monyuaem u3 dpopmynsl (13)
XY&Z)— XZ,
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XY —(XZ — XY & XZ) [dopmyna (18)],
XY &Z)—(XZ— XY & XZ) [uo npasuny V],
XZ—(X(Y &Z)— XY & XZ) [no upasuny VII],
XY &Z)—- (XY &Z)— XY & XZ) [npasuio V],
X(Y &Z2)— XY & XZ [npaBuso VIII].
dopmyna (20): XY & XZ — X (Y & Z).
Horkasameavcmeo: Y — (Z —Y & Z) [dopmyna (18)],

(Z—Y &Z)— (X Z — X(Y & Z)) [axcuoma d)],
Y — (XZ— X (Y &Z)) [npasunc V],
XZ— (Y — X (Y&Z)) [npasuno VI1I],

Y—->X{Y&Z)—[XY —-X (XY &Z)] [noacra-
HOBKAa B axcuomy d)],

XZ —[XY — X (X (Y &Z))] [npasuso V],
X (X (Y &Z)) moxuo 3ameHuTh Ha (XX)(Y & Z) u 3aTem
Ha X (Y &2).
XZ — (XY — X (Y & Z)).

Orcrona, cornacno npasuy VII, monyvaem dopmyny (20).

dopmyan (19) m (20) Bmecie ¢ mpaBunom VI pawr
L0KA3ATeJIbCTBO 3aKOHA AUCTPUOYTUBHOCTH.

JaneHeAKi BBIBOJ (OPMYJT W NMpaBUJ OKa3bIBACTCS
HeHY)KHBIM. [leiicTBUTENBIO, MBI 0OHApPYKHJIH, YTO Tpa-
Buna al)—a4), Bl)—B3), KOTOpBIC MBI paHbLle yCIAHO-
BUJIM, BBIBOJSITCSI M3 aKCHOM KaK ITPOM3BOHLIE NIPABUJIA,
Orcropa cliefyer, 410 BCe BBIBOALI, KOTOPHIE Mbl CfeJIaJu
paHblllé Ha OCHOBE 3TUX IPaBUJI, HANpPUMep Te, KOTOphle
KacaJIuCh NMPHHIHNA [BOHCTBEHHOCTH. M HOPMAJILHOH ¢op-
MBI, MOryT OBbITb NOJIyYeHBl TaxyKe axcuomaTHuecku. Ilo-
3TOMY HE HY)KHO Ka)KIblif pa3 BO3BpAlATBCS K aKCHO-
MaM, 4To0bl YCTAHOBMIb JOKAa3yeMOCTb HeKoTopoit Gop-
mynol. M6o Qopmyna mcuucyeHusi BbICKa3bIBaHWM J0Ka-
3yeMa U3 aKCHOM B TOM ¥ TOJbKO B TOM Cjyuae, Korja
B NpuHajIeKamell el KOHbIOHKTUBHOH HOpMabHOH lopme
Ka)Kasl IU3BHHKIUS COJEPH)KUT ABa YjeHa, U3 KOTOPHIX
OJIUH SIBJISIErCsi NMPOTHUBOIOJIVKHCGCIBI0 APYroro,

Henpomusopeyusocms cticmemst axcuom 61

§ 12. HenpoTHBOpeuHBOCTb CHCTEMBI AKCHOM

AKCHOMATHYECKOE ICCTPOCHHE WCUMCICHHS] BBICKA3hI-
BAHUH [[aeT BO3MOYKHOCTbL CTaBHTb B MCUMCJICHHMU BBICKA-
3bIBAHMI TaKHe BONPOCHI, KOTOPBle MPUCYINM AKCHOMATH-
UECKOMY MeTofy. DBayKHeHwmnMuH u3 HHX ABJAIOTCA:
Henpomueopetugocimey, He3A8UCUMOCMs Y NOAHOMA CUCTEMBI
axkcoM. CHayaJia Mbl PACCMOTPHM BOIPOC O HEMPOTHUBOpE-
YUBOCTH AKCHOM.

Bonpoc 0. HeNpOTHBOPeUMBOCTM MOKET OBITh 3/1€CH
NOCTaBJIEH B MEPEHOCHOM CMbIC/Te. Mbl HAa3LIRAEM AKCHOMBI
HeIIDOTHBOPEYUBBIMU, €CIIM HEBO3MO)KHO ¢ IOMOIIBIO KC-
UM CJICHUsT BBIBECTH JIBA CJIOYKHBIX . BBICKA3BIBAHUS, -HAXO-
ASIIHECs IPYT K JIPYTY B OTHOLIEHUHM 1POTUBOMOJIOMHOCTH,
T. €. mnojyyawmuecss M3 mapel BbiCKa3nBammit X, X,
€C/IM B KaXKp0e U3 HUX BMecTo X NOJCTABUTh OJHD M TO
)K€ BhIpa)KeHuwe.

3To ompejcNieHHe HeNpPOTHUBOPEUMBOCTH JiejaeT Heol-
XOUMBIM  CrejyIOliee mosiCHeHde. 37eCh Kak OyATo
BBIIBUTAETCST HA MePBbIH IJIAH 1O . CPABHEHHIO C OCTAJIb-
HBIMH OJUH OTpejesieHHbIl JIOTHYeCKUN NPUHIUI: 3aKOH
npotupopeunsi. B peiictBuTenbHOCTH Ke gend  ofcromt
TaK, 4T0 10sBJICHUE HOPMasLHOTO NPOTUBOPEUHS, TO €CTh
poxasyemoctb ByX opmyn U, %, ocyguno Gul Bce uc-
YHCTIEHMe Ha 0(ecCMBICTIeHHNCTb; MO0 MBL y)Ke paHblie
3aMETUJIM, YTO eCJIM [0KAa3yeMbl ABa BBICKA3LIBAHWS BHA
A u A, T0 J0KA3YEMO M KAMK[0e PYroe BHICKA3bBAHUE.
HenpoTusopeunBoCTs MCUNCIIEHHA B CMBbICJIE HALIErO Onpe-
AeneHusi, TekuM o0pa3oM; PpaBHO3Ha4YHAa ¢ TeM, 4TO He
KaKaas fopmysia joKasyema. '

YUTo0pl yCTaHOBUTL HENPCTHBOPEUMBOCThL HCYHCIIEHMUST
MBIl [IOCTyMaeM ceayrmuMm o0pa3oMm.-

Bynem moHumaTh 3HaKW BbICKASHBAHWE X, YV, Z,...
KaK apupmeTnyecKue nepeMeHHbe, [JIsI KOTOpPHX B pac-
CMOTpEHHe BXOJAAT TOJNbLKO 3Hauenusi: 0, 1. XVY mu
UCTONIKOBBIBAEM KAaK  apudmeTHuecKoe  TIpoM3BejeHHUE,
a X ompejensem Tak: O paBuo 1 u 1 pasuo 0. Ha ocHo-
BAHUM TAaKOH MHTEPNpeTalHyd KaXKJoe CJI0XKHOEe BBICKA-

’
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3plBaHME TMpencTaBisier Co00H HeKoTopyl apudmernue-
CKYI0 (HYHKUMIO OCHOBHBIX BBICKA3BIBAHMH, KOTOpasi MOYKeET
NPUHUMATH TOJILKO 3Hadenusi -0 umu 1. Ecim a1a Oy HKIUA
TOKIECTBEHHO PaBHA HYJIO, TO JJs1 KPaTKOCTH MBI Oy/ieM
FOBOPUTb ¥ 0 C2MOM CUMBOJIMUECKOM BBIPA)KEHUH, YTO
OHO TOM{AeCcTBEeHHO paBHO 0.

ITO0 UCTOJIKOBAHUE HAET BO3MOMCHOCTb YKZ3aTh TEIEPh
Hekoropoe ofmee CBOWCTBO BceX TeX GOPMyJ], KOTOpHIE
MOryT OBITb BbIBEJEHBI W3 HAWIUX AKCHOM. A HMMEHHO,
L7151 moboi, U3 Icanecaux pacCMOTPEHUIO, CUCTEMBI 3Ha-
yeHuil mepeMeHHBIX BHIBOJIUMBbIE H3 aKcuoM (opmyJisl
B HalleM apuhMeTHYCCKOM HCTOJIKOBAHMM JAKT 3HaYeHHE
0, T. e. TOXKJECTBeHHO paBHLl O.

dtuM CBOMCTBOM, NIpe)Kyie BCEro, 00JanaloT aKCHOMBI
a)—d); MBI YCTAHABJIMBAeM 3TC CJIe/YHOIMUM o0pasom.

Iyrem ucnpiTanuii ybexpgaemes, uto X \V X Bcerga
umeer sHauedne 0. Ortcopa cnegyer, uTo 1 XV XV X
[axcuoma a)] Taroke Bcerja pasno O, notomy uto XV X
HMeeT TO )Ke CaMoe 3HaueHMe, uTo M X.— Hanee, X (XY)
[akcuoma b)] umeer TO »IKe camoe 3HAUCHHE, UYr0 U
(XvX)Y, B CHUJly ACCOLMATHUBHOCTH apUdMeTHYECKOro
npouspeprenusi. OHo, ciegoBaTesibHO, Bcerja pasHo O,
rak Kak OVY pasHo 0. Toxk kak Y VX Bcerga umeer

TO e 3HaueHue, uto U X VY, 10 XVYV(YVX), Kak ua-

cTHhIl caywait gt XV X, Bcerga  pasHo 0. Taxum
ofpazom, ¢opmysa c) Bceraa umeer 3Hauerue 0. Hakowen,
y0exKaemMcsl B UCIVIHHOCTH CKA3aHHOrG M IO OTHOILEHHMIO
K ¢QopmyJie d): neiicTBUlebHO, npu Z=0 OJMH COMHO-
wureab =0, npu Z=1 BelpaKenue Z\ X HMeeT TO
JKe 3HaueHue, uto U X, a ZVVY —To e 3HaueHue, 4TO
u Y; urax, B ciayuae Z =1 QopmyJsa B LIEJIOM 0K33biBa€TCsI

UMEIoIEeH TO e camoe 3HauveHue, yto U XY XV, urto cHo-

B2 €CTb YacTHB cayuad st XX.

Taxkum 06pa3om, Bce YEThIpE AKCUOMBI [€HCTBUTENILHO
001ana0T yKasaHHbiM cBoiicrBoM. Ilpu uCnoJb30BaHUM
ofcux NOMJIOKAMMX PACCMOTPEHUN) MPaBUI, TpHMeHse-
MBIX HamW [70s1 BbIBoja HOeBIX (GOpmMyJ, a MMEHHO mipa-

Hesasucumocms u noaroma cucme Mol 63

BWJI2 MOJCTAHOBKU Y CXEMBl 3aKJIOYEHHSI, ITO CBONCTBO
BCerja coxpansiercsi. B camem gere, uTo Kacaercsl mep-
BOT0 nPaBuJia, TO $ICHO, 4TO TIYTEM TI0ZCTAHOBKM HEKO-
TOPOro BBLIPAYKEHHSI BMECTO MEPEMEHHOr0 3amac 3HaYEeHHI
AJIST 3TOr0 MePEMEHHOr0 BO BCAKOM CJyYae HE MOYKET
Obitb  pacmmpen. M ecsd Ml ¢ mOMOMbBI0 BTOPOro Hpa-
BUsa U3 JBYX Qopmyn A u AB BrBogum dopmyay B
10 CBOHCTBO [JaBaThb BCerga 3HavdeHne O mepPeHOCHTCS
¢ oberx oTMX Qopmyn Ha BhiBeseHuyio (opmyy; u6o
TaKk Kak ¢opmyna U pgaer Bcerpa 3uaveHue 0, To A
BCCrjia MMeeT 3HaueHwe l; Takum ob6pa3om, AP umeer
TO')Ke caMoe 3Hauenue, u4r0 ¥ B, a No3TOMy B TaK Ke,
Kak AB, Bcerja umeer 3Hauewue O.

Mbl Bu/iUM, YTO peHCTBUTENLHO C NMOMOIILI HAMIErO
MCUUCJIEHNST T10JIyYAIOTCST TOJIBKO Takde (opMyJibl, KOTO-
Pel€ TIpH ApH(PMETUYECKOM MCTOJIKOBAHMM AT BCerjga
3HaueHue 0. Ho ycTaHOBUB 9T0, Mbl (paKTHUECKH 3aKaH-
YuBaeM Haile [o0KasaTenbCTBO. B camom pene, gBe

$opmynnl, KoTopele BOsHMKAWT M3 X M X 3ameHoH X
00a pasa TeM >Ke CaMbIM CJIO)KHBIM BBICKA3bIBAHHEM,
0O4eBH/HO, He MoOryT obe ofnagarTb CBOMCTBOM Bcerga
ObiTb paBubIME O; ecJid OfHA M3 HMX BCerja MMeeT 3ua-
ueHre 0, T0 Apyras BCerga MMeeT 3Hadenue 1.

§ 13. He3aBMCUMOCTD M MONHOTA CHCTEMBI

K Bompocy HempotuBopeuuBOCTH, HA KOTOpHI B 0THO-
IIeHUH HALEH CUCTeMBl AKCMOM MBI MOTJTH OTBETHUTH yTBEp-
AWTCNIBHO, TIPUMBIKACT APYToH BOIPOC: SIBJISIOTCSI JIM BCe
AKCHOMBl He3qeUCUMbBIMU [PYT OT ApPYra, Wiu e 6e3 Toii
WM [Ppyroid U3 3TMX aKCHOM MOMHO 000HTHCE *.

OTser rnacuT, YTO HAIA CUCTeMa AKCHOM [eHcTBM-
TeJIbHO yJ0BAETBOpSIeT TPeOOBAHMI0 HE3aBUCUMOCTH.

* ITOT BONpPOC 0 HE3ABHCHUMOCTH CHCTEMbI aKCHOM TAKIKE PEIleH
B HUTHPOBAaHHOH Ha cTp. Bl pabore: Bernays P., Axiomatische
Untersuchung...
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Cuauaja Mbl IHOKaXeM, 410 (fopmyna a) XV XVX
He MO)KeT OBbITb BBbIBEJEHAa U3 OCTAJbHBIX AKCHOM, W IPH-
TOM €CJIM J@)Ke Mbl IMPUCOEMHHM B KauyeCTBE AKCHOMBI
dopmyny XV X; rakum 00pa3oM, Mbl 0JHOBPEMEHHO [10-
KayKeM, 4TO (JOpMYJI1 a) He MOKeT OblTb 3aMeHeHa B Ha-
weit cucTeme axcuom OGoJjiee mpocroit Gopmynoit X X.
JUta jpyruX aKCHeM Jl0Ka3aTesbC1BO  He3aBHCHUMOCTH
TAIOKE [IPOBEJEHO B PAaCLIMPEHHOM CMbICJIE, I. €. OJHO-
BpeMeHHO Oy/ieT MoKa3aHo, 4To COOTBETCTBYHOLIASA aKCHOMA
He MOKeT ObITb 3aMeHeHa akcuomoit XV X.

JlokasaTenhCTBO CHOBA BBINOJIHAEICS € TIOMOIIBIO He-
KoTopoii apu(melviueckoif unrepnperanud. Mol Gepem
B KaueCTBe 3Hauenui pis - nepemenubix X,Y, Z,...
Kaaccel BolyeroB 0, 1, 2 mo Mofynwo 4. 3HaK «\/» NyCTb

CHOBZ O03HauaeT OOLIYHOE YMHOKeHHe, a X empejelsieM

cienyiomum ofpasom: O o3nawaer 1, 1 osHauwaer 0, 2
03Hayaer 2. : .

~ MO)KHO TNpoBepuTb Temephb, uto dopmynn XV X,
b), ¢), d) npu yKasaHHOM MCTOJIKOBAHMH NEPEMEHHbIX
BHIpa)XKakT écezdq BulueT O, U 9T0 CBOHCTBO MEPEHOCHTCS
IpU [pUMEHEHUH 06OMX NPABHJ HA BCe (GOPMYJIbl, BbiBE-
[eHHBble U3 3TUX 4 popmyn. Mbl 3T0 yCTaHaBIMBAEM TAKHM
e crocofom, KaK U TpH 0Ka3aTeNbCTBe HENPOTHBOPEUH-
soctu. TMostomy, ecnm 6 Gopmysia a) moraa ObiTh Bbi-
Befena u3 b), ¢), d) u XV X ¢ HOMOIbI0 HAIWKX NpaBuJ,
TO Bhipa)Keuue XXV X pjd Ka)</[0r0 JONyCTHMOro 3Ha-
gyenus1 X pomxHO 6but0 OB g2Th BhtueT 0. OHAKO 3TOrO
MB He HMeewm. B camom pese, ecJM Mbl TOACTAaBHM
BMECTO X 3HayeHUe 2, TO NOJYyUUM:

2VIV2=0V2=1Vy2=2,

T. €. He Hy/leBOe 3HAayeHMe.
Hezasucumocts axcuoMsl b) XV(XVY) or ocralb-

HBIX aKcHoM ¥ Gopmyssl XV X MBI NOKaKEM CJIC]YIOINM
o6pasom. €unoBa X, Y, Z paccmarpyBaem Kax lepemen-
Hpie, KOTOPble MoOTYT npuHumarb 3nauenusa 0, 1, 2, 3.
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Ho reneps Mbl ollpenenstem cBsisb \ ans sTux mepe-
MEHHBIX Yepes:

0VO =0V1I=0v2=0Vv3=0; IVI=1y2=1y3=1;
2v2=2 3yv3=3; 2y3=2

U uepe3 TpefoBaHMEe, 4YToObl LJisI 9TOM CBS3H BBIO JIHSJICS
3aKOH KOMMYTATHMBHOCTH; jajee, moy O, I, 2, 3 monuma-
€M, coorBercTBeHHo, 1, 0, 3, 2. Kakue Obl 3Ha4YeHUS ne-
PCMEHHBIX Mbl TEIEpb HU BbOPayu, dopmynsl a), c), d)
u XV X Bcerga naior 3navenne O uau 2. 10 CcBOHCTBO
COXpaHsieTcsl 1A BCeX (OPMYJ, KOTOpH€ BBIBOASTCS
¢ momowpto ofomx mpasui wus a), c), d) u XVX.
Mexay Tem Bbiparkenme X (XY) umeer 3nauenue 1, ecoiu
Oepem X=2u Y =1.

_'%AHaJIOI‘I/I'{HO JL0Ka3bIBACTCSI HE3aBUCUMOCTb aKCHOMBI C):
XY (YX). MMonaraem: O pasubiv 1, 1 paBupm 0, 2 pas-
HeiM O, 3 paBHbIM 2. 3aTteM ompejensiem

O\/0=0\/']=O\/2=0\/3=1V0=2\/0=3V0=0;
IVI=1; 1v2=2VI=2; 1y3=3y1l=3;
2v3=0; 3yv2=3; 2Vv2=2;, 3yv3=3.

Jlerko mokasate, uTo dopmyus a), b), d) u XV X
npu 11000if 3amene GOJIbIUMX JTATHHCKUX OYKB UYMCJIAMHU
0, 1, 2, 3 monyvamr 3Hauenne O U YTO 3TO CBOMCTBO
COXpaHsiercst 1pv BbIBOAe HOBBIX (opmysa. Hampotus,
C) lioslyyaer 3HaueHHe 3, ecyiu X 3aMeHSEM UUCJIOM 2,
a Y uucinoM 3. ITo 0Ka3aTeNiLCTBO HE3ABHCHMOCTH faeT
HaM BO3MOXKHOCTb CJleJlaTh elle CJeayIomee 3aKJIlueHye:
accouMaTMBHBLIA 3aKOH

XY 2)(XY)2)
He MOKer OHITH foKasaH 6e3 UCIOJIL30BAHUS AKCHOMBI C).
B camom pene, ecnn B 9roii hopmyrne 3amensem X 3Ha-
ueHHeM 3, YV 3uaueHuem 2, Z 3HaueHvem 3, TO MoJIydaem:
3VEZVI)V(BYV2V3I)=0y3=1y3=3.

B (cronu TeopeTHYecKkoil JIornkn



&6 Hcuncaerie 6ucka3neaniil

Tawum o0pa3oM, accolMATMBHBIA 3aKOH SIBIISIETCS TAKHKE
HE3aBHCUMBIM OT aKcuoM a), b) u d).

OcTaercs eme TMOKa3aTh HE3aBUCUMOCTb aKCHOMBI d)
OT OCTAIbHBIX AKCHOM. JT0O MOKHO C7eJlaTh ¢ MOMOLIbIO
CHeIyHOmeil CHCTeMBI OTPeesIeHHni.

INyctb nepemennble X, Y, Z moryT IpUHUMATL 3Ha-
yeuusa 0, 1, 2, 3, npuuem:

0=1, 1=0, 2=3, 3=0,
0OV0=0VI=1y0=0y2=2y0=0V3=
=3y0=2Vv3=3y2=0.
Ivi=1, 1y2=2y1=2, 1y3=3yIl=3.
2v2=2, 3\/3=3.

Torpa ¢opmynsl a), b), ¢) 1 XV X, a taoKe 1 Bce
BbiBE €HHBIE M3 HUX (JopMyJBl BCErjla IOJIyYalT 3Haue-
are 0. OgHaxo d) mosiydaeT 3HaueHue 2, ecm X =3,
YV=1uZ=2.

Mr! moKa3said, TaKuM o0pa3oM, He3asUcUMOCTIb AKCUOM
a) — d). PaccmoTpum ternepb Bonpoc o noaxome. [lonHota
HEKOTOPOH cHCTeMBl aKCHOM MoOyKeT ObiTh OIpejesieHa
nBosikuM ofGpasom. Bo-mepBbIX, MOKHO 110 3THM TIOHH-
MaTh, yTO BCE UCTUHHBIE (OPMYJIBI HEKOTOPOH cojepsKa-
TeJbHO XApPaKTepusyemoil 0671aCTH MOTVT OBITH [10JTyUEHb!
M3 MaHHOA CHUCTeMbl aKcuoM. Ho IoHsITHE MOJIHOTHL MOXKHO
TaK)Ke MOHUMATL §oJiee CTPOro, IaK YTO HEKOTOpAsl CUCTEMa
AKCUOM Ha3blBaeTCA MOJIHOK TOJbKO B TOM CJydae, €ClH
NpPUCOeHHe HUE K Hell Kakoi-Hu0y b [0 9TOr0 He BIBOMMO I
GopMyJibI BCErla IPUBOANT K MPOTHBOPEUHIO.

[MosHoTa B nepBOM CMbicsie o3dadana Obl 37€Ch, 4TO
M3 aKcMoMm a) —d) MOXKHOC BbIBECTH BCE BCEr/ia-HCTHHHBIE
dbopMysbl MCYMCAEHHS BhicKasbiBaHUH. OHa, KaK Mbl yike
BU7EJIM, UMEET MECTO.

OnHAKO MbI MMeeM 37ech TOJIHOTY u B Oosee cTporom
cmbicsie. MO)KHO y0e MTbCsT B 3TOM CJIE/IVIOIIHM cbpazom:
nycts U — Kakas-uubysb Qopmyna, ne JAoKasyemas U3
akcom. TlveTh B — COOTBETCTBYIGUICE el BeIpayKenue
B KOHBIOHKTMBEOH HopMmaJibhofl Qopme. Tak kak B Tak
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e, Kak M A, He Mower ObITH J0KA3aHO, TO CpedH
KOHPIOHKTUBHLIX W/ieHOB B ACHKHA HallTUCh IU3BIOHKIUA
€, y KoTopoil HUKAKHMe [Ba usiena He SIBISAITCHA NPOTHBO-
HOJIGKHOCTAMM ApYr aas apyra. Fceam B €@ BMecTo Kay-
AOT0 HEOTPHIIAEMOT0 3HAaKa BLICKA3bIBAHUS IMMOACTABUTH
X, a BMECTO KaXK[oro oTpuuaemoro X, TO  MOJYYUM
AUSLIOHKOMI BYa XV X\/XV ... VX, Koropasi, Co-
TJIACHO NPAaRWJIAM MCYHCIIEHMS BBICKA3LIBAHWI, OSKBHBA-
JentHa X. Eciu mpl mocTysmpyem tetieph % B KadecTBe
UCTHHHOH dopmynibl, To 1 B, n €, 1, naxonen, X oxassipa-
I0TCST, B CROIO GUepeh, UCTHHHBIME Qopmynamu. Ho Bepp Ml

MOYEM UoacTaBuTh X Ha mecto X H NoJIyuuTk IIP OTHBO-
peane. Hrax, OKa3blBaercsl, uTO0 CHUCTEMA PaccMoOTpEeHHbIX
A4KCUOM moJiHa.

5%



TJIABA BTOPAS

MCYNCIIEHUE KJIACCOB
(opHOMECTHOE HCYMC/ICHHE TpeHKATOR)

Ta ¢opma JOrM4ecKoro HCYMCIEHHST, C KOTOPOH MBI
A0 CHUX TIOD WMEJM [ieJI0, SBJSIETCS JJOCTATOYHOH pAJIA
TOUHOTO BbLIPAKEHUST JIOIMUECKMX CBsI3eif, B KOTOPBIX
BBICKA3BIBAHMST BBICTYAIOT KAaK HeEpasjelipHoe LeJoe.
OnnHako He Mo)eT OBITb M Peun 0 TOM, UTOGBI MBI BooGiie
Morav oGOMTUCH B JIOTMKE OZHHM TOJIbKO HCYHCJICHUEM
BbICKA3bIBaHUH. C €ro momomblo He MoryT OwiTh Iepe-
NaHbl Ja)Ke Te TIPOCThIe BHAbl 3aKJIOUEHUit, KOTOpbIE
B TPAJMLMOHHON JIOTHKE MPUHATO 0603HAYATH TEPMUHAMHU:
«barbara», «celarent», «darii» u 1. 5. Hampumep, wua-
npacHoii 6bina Obl TOMBITKA OTHICKATH (opMmalibHOE Hpes-
CTaBJIEHHE JJIsT JIOTMUUECKOH CBA3M, KOTOPAS BBIPAYKAETCS
TpeMsl MPeaJIo)KeHHSIMH:

«Bce sropu cmepTHBI;
Kait — uesioBex;
cnegosarensHo, Kaif cmepren».

Ilppyuba aToro B TOM, YTO NpPY 3aKJHUYEHUAX FaKoIo
pofa peub MACT He TOJILKO O BHICKA3BIBAHMAX KaK UEJIOM,
HO Wrpaer CyueCcTBEHHYIO PoJlb BHYTPEHHSS JIOTHYeCKas
CTPYKTypa BbICKASHIBAHWI, BBIPAKAWIASICS  CJIOBECHO
COOTHOULIEHHEM MOKay cy0bexToM M mnpegukarom. ITH
coolpakenusi mo6yI)KIAOT HAC H3MEHWTb HCYHMCTICHUE
UM, 10 KpaiiHell Mepe, ero cojep)KarejbHoe HCTOJIKO~
BaHHe.

§ 1. ComepykaTenbHOE MEPEHCTONKOBAHHE CHMBOIMKY
HCUYHCJIEHHA BLICKa3bIBaHMH

Mgl ymoTpefisied B M3MCHEHHOM HCYHCJIGHMH Te€ He
JIOTHYECKHE 3HAKU, YT0 M B MCUHCJIECHUH BbICKA3bIBAHUIA.
Opnaxo mog X, Y, Z, ... HOOMDKHB Temepb IOHUMATHCS
HE UeJible BhICKa3biBaHMA, a rnipeauxaTsl. Hampumep, X

CodepnccmeseHoe nepeUcmoAKO8INLE Uy 80.: UKL €0

MOXKeT OblThb o0o3HaueHMeM IS mpeguKara «CMEpTEH»
WM «QEJTCSY WM «MMeeT NPHYMHY». CJI0BO «NPeIuKaT»
ynoTpedssieIcs 37ech, B OOLIYHOM B bunocodun cmbIcae;
Mbl MIOHMMAaeM 110 HUM TO, YTO jaeT BO3MOKHOCTbL 0Xa-
paKTepusoBath GymKe odun cyGvexT. OgHaKo B panibHeii-
wel 4acTd 3T0H KHHIH, MMEHHO B TpPCThel M 4eTBepTOi
€¢ rjlaBax, TEPMHUH «IpefHKaT» Oyger ynoTpeGnAaTLea u
B 0oJiee WHPOKOM CMBIC/IE, HA KOTOPOM HaM 31ecy HeT
He0OX0gUMOCTH 0CTAHABJUBATLCS 0oJjiee nogpobuo. Tam
Ml OyaeM MMeTb JIeNI0 ¢ MpeguKaTaMd OT HeCKOJbKHX
cyOveKkToB. IloaTOMy mnpenKaTel B OGBIMHOM CMBICITIE,
KOIOpble B 3TOH TrJlaBe TOJILKO M HMEIICSA B BUAY, MbI
Ha3blBACM 00JIe€ TOYHO OJIHOMECYHLIMU NPEIUKATAMH, HO
B NOCTENVIONIEM H3J0MEHUW SIUTET «OJHOMECTHBII» 60JIb-
el YacTbio ONMyCKAEM.

Ecan X —Kkaxoi-mubo Npeaukar, nanpumep, «Kpacusy,

10 Mo X HY)XHO NOHMMATh [POTUBCIIOJNOMKHBIH npeau-
KaT «HexpacuB». Ecmnm coOosnayute Gyxsamu X u Y,
COOTBETCTBEHHO, NPEMKATBL: «mpexopsmuiiy, «obagaer
no3HaHuEM», TO X &Y ABJIACICA CUMBOJIOM AJis TIpemH-
Karta cmpexojisiltuit u obnajaer mosHandem», a XV Y —
CUMBOJIOM JJIA NpeANKaia «IpexoAsimuii win ofnamaer
nosHavuem». Ilpyrue JsorMueckMe 3HAKM MBI MOYKeM
CHOBA MCHOJIb30BATh KAK COKPALEHHS.

B3siible camu 1mo cefe mpefMKaTBl HH MCTHHHBI, HH
JoKubl. TlosTromy, ecnu yreepskparwr o KaKol-Hubyap
bopmyne X unn X\/Y, uro OHAa UCTHUHHA, TO 3TO [OJHKHO
MMETh WHOH CMBICT, ueM Jio cux nop. Tenepb Mbl Oymem
[I0 5TUM MOHMMATb, 4TO npegukatr X wuma X\/Y Bul-
MOJIHSETCS 111 6ceX IIPEIMETOB.

3THM  yCTaHaBIMBAeTCS HCTOJIKOBAHME BCEX 3HAKOB
B OXHOMECTHOM MCUMC/IeHMM TpeauKaToB. Bce ¢opmysn
TNOY4aloT CMBICK gceoGiyux cymcoenuil. Ytobbl BbIpa3UTDH
00blyHEIE BCeofmMe Cy)KpeHus, Hanpumep: «Bce mogu
CMCPTHBI», MOXXHO CHAuajla BBKKA3alb TAKOE CY)KAEHHe
B opme: «Bce mpegmeTsl cyTh He JIOAM WM CMEPTHBI.
Ecnmu BBecTH 3areM NS mpemMKaTa (UENOBEK» 3HAK
X, AJs NpeMKaTd «CMEpPTeH» — 3HaK Y, To CUMBOJMYe-
CKOE BBIPaYKEHME HALIEr0 CYKACHUS MOJIY4deTCsl B BHjE:
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XVY. CooTBeTCTBEHHO, OTPULATENIBHOE BCeoOLLee Cy e~
Hue, HanpuMmep: «HHKaKol yesoBeK He CoBeplIeHeHy, Bblpa-
Kaerca Gopmynoit: XVY, rge X, Y osnaualor, cootpert-
CTBEHHO, HNPEIUKATHI: «UEJIOBEK», «CoBeplueHeH». Tounas
unTepnperaunda gopmyssl X \/Y raacur: «Bce mpegmeTsr
He JIIOAM WJIM He COBEPIIEHHbI.

Mbl MoO)KeMm Tenepb CHOBA MCKaTh BCerja-MCTHHHbBIE
dopmynel, T. e. Takue (IpMyJibi, KOTopbie IpH MOACTA-
HOBKe JII00LIX MpeUKaToB HA MecTo nepeMedusix X, Y, ...
AAIOT [PEUKAT, NPUHAJIOKAIME  BCeM IIpeIMETaM.
Jlerko 00HApY»XuTh, uTO npu Hooll uHmMepnpemayuy
ucqucrenus  cucmema 6ce20Q-ucmuUHHbIX  HopMyYa  Mme44o
ma yce, 4mo U 6 UCYUCAEHUU 6bICKA3bIBAHUII.

VimenHo, B nNepByi ouepefb, CHOBa HMEIOT MECTO
9KBUBAJIEHTHOCTU al) —a4), KoTopble AT BO3MOMKHOCTh
OCYHIIeCTBUTL MNPeo0pas30BaHUe BbIPAKEHUN K KOHBIOHK-
TUBHOH HOpMaJbHOM (opme. 3arem Jerko y6expmaemcsa,
uT0 (popMyJd, NPUBEJEHHAS K HOPMAJILHOH (opme, Torja
M TOJNbKO TOrAA BCEIJA-UCTHHHA, KOTga  KayKiblid
KOHBHOHKTUBHBIA uleH CONEePKHT AU3BIHKLIMI XV X.
Takum 00pa3oM MOIKHO IiOJIHOCTLI) COXPAHHUTH (OP-
MaJIbHBI  annapat KCUMCIECHMA BbICKASBIBAHMH; HYMKHO
TOJIbKO faTh (opMyJIaM ApPyroe HCTOJKOBAHHE.

Hapsipy c NepBOHAYAJILHBLIM MCTOJIKOBAHHEM
U HCTOJIKOBAHWEM B CMbICJIe WCYMC/ICHHUST MpeIuKaToB,
AR GOPMYJI  MCUMCAEHUST BbICKASHIBAUMA CYL[ECTBYET
ele u mpemoa unmepnpemayus. OFHAKO IO CPAaBHEHUID
C HCUMCIIEHHEM TPEIUKATOB 376Chb peub UgeT He 00 empe
OJJHOM BBEJEHHUM HOBBLIX JIOTUYECKHX COOTHOUIEHHMH,
a JMWb 0 JApyroM cnocobe nperctaBieHuss (GaKToB,
BbIDA3UMBIX € NMOMOLLLI0 HCYUCTIEHWS MpesuKaTos, o0ja-
AaloieM HEKOTODPBIMM NPEUMYINECTBAMM C TOYKH 3PeHUsI
HArASIMHOCTH. ITO Y3MEHEHHE TIPeJCTABIEHUST COCTOMT
B TOM, 4TO BMECTO OHpPENEJeHUA IPEAUKATOB IO codep-
HCAHUK MBI XapaKTePU3yeM UX 10 00vemy. Karkgomy npegu-
KaTy COOTBETCTBYET OMNpPEAENICHHbI «KJ1ace» ! MmpeMeToR,

1 B maTemaTuKe BMECTO BBIPAYKEHHA «KIACC) OBLIYHO ynorpe6-
JISFIOT CJIOBO  «MHOYKECTBON,
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cofiep>Kamuil BCE TMPEIMETH, MJIA KOTOPHIX ITOT TPeIH-
Kar umeet cuity. Ilpy 3ToM, KoHeuyHo, He HCKIOYaerT-
cd W ciaydali KJacca, He cojepyKam[ero BooOI[e HUKAKUX
npeameToB. Telepb Mbl IPUMEM KJACCH 332 O0O0BLEKTHI
UCUMCIIEHUs, KOTOPOE IIpU TAKOH HHTEpIpeTAuuu Mbl
HasblBaeM «UCYUCAEHUEM KAACCO8Y.

[Mog X ciefyeT MOHMMATH KJAcC, KOTOPBIA COCTOMT
M3 BCeX IMpegmMeTOB, He BXogsawux B kaacc X. X&Y
o0o3nauaer nepecedeHue obomx KiaccoB X nY, XyY—
cymmy xjaccoB. X—Y u X~Y moryr, Kak
W ¢ panbliie, pAacCMATPUBATBLCS KaK COKpaleHWsaA [Jist

XVY, COOTBETCTBEHHO JJISI XVY &Y\ X.Ecmropopsr,
4yr0 Qopmysta X UCTUHHA, TO IOJ 3TUM CJIENYET MOHUMATh,
410 X €CThb TaKOH KJACC, KOTOPLIH COCTOMT U3 BCeX Ipef-
MeTeB. [1pu TaKuX onpenesIeHUsIX BCe [TPaBUIa UCUMUCIIEHUA
IPe/UKATOB COPABERJIMBBL 0€3 H3MEHCHUA W JJISA MCYMC-
JieHns KjaaccoB. CoryiaCHO 39TOM MHTEpUpeTauuy, UCTHH-
HOCTL QopMysel X — Y 03HauaeT, 4TO Kjacc, COOTBET-
CTBYIOWUI X, ABJAETCA MOAKIACCOM KJIacca, onpe/esleHHo-
ro gepe3 Y; dopmyna X ~Y HCTHHHA B TOM U TOJIBKO
B TOM Clyuae, ecsid Kjaaceol X U Y TOX/eCTBEHHHI,

O6uree cywuaenue «Bce ntogu cmMepTHH» B UCUUCTICHUH
KJIACCOB MO)KeT ObiTh CHOPMyTHPOBAHO TaK:

«O0reuHeHHblt Kiacc, o0pasoBaHHplil U3 xaacca
HE-JIIOMEl M KJIACCA CMEPTHBIX, OXBATHIBAET BCE MpPEJ-
METBI».

Ero GopmajbHoE BLIPAXKEHHE OKA3BIBAETCA TEM jHKe
CaMbIM, UTO M B MCUMCJICHHH [PEIUKATOB.

§ 2. O0BeguHeHHe UCYMCREHHA KIACCOB C MCUMCACHMUEM
BELICKA3EIBAHHUA

3aKiouenya TPAIULMOHHON JIOTMKH He MOTYT ObITh
BCE (OPMANIU30BAHE! B UCUMCJIEHHM TDEMKATOB, TAK KaK
OTCYTCTBYET BOSMOXHOCTb UPEACTABJIEHHS YACHIHbIX CYMHC-
OeHull. Imo npedcmagieiue noaydaem moAbKo Mymeu
coeQuHeiUs ucqlcsenus 6bICKA3bIGAHUL] € ueqUCienue
npedukamos uau ucyu-tedueMm Kaaccos. Mpl gocTHraem
3TOro o0BEAMHEHHSI Ha OCHOBE TOro coobpayKenust, yTo
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COOTHOWCHWSA MCUMCIEHUS NpPefuKaToB Camu [peacTan-
J107T co00H BHICKA3BIBAHHMS, KOTOpei¢ MOTyT OLITH NOf-
YVHEHbl npaBUJIaM HCYUCTICHHUS BLICKASLIBAHUN., DTa MbICIb
IIPUBOIUT HAC K yCTaAHOBJIEHHI0 KOMOUHUPOBAHI020 UCYLIC-
AerUdA, B KOTOPOM JIOrnyecKkue sHaku &, \/, ~ yooTpe6-
JAIOTCA KaK 17151 CBA3BLIBAHMS BBICKA3bIBAHUY, TAK U 1A
CBSSBLIBAHUA NPEIUKATOB. ’

OnHako B Takom Cllyuyae BO3HMKJIA Obl HeMeaJIeHHo

HEsCHOCTb, KAaK IIOHMMATh BbICKaseiBaHue X. Os3Hayaer
JIM OHO, YTO TIpeAMKAT X He PACTIPOCTPaHseICsl HU HA O HY
Belb, WJM >Ke OHO O03HAYAET: HEBEPHO, uTo X pac-
MpoCTpansieTcst Ha Bce Beurd. Hampumep, ecau X o6osna-

4aeT INPEAHKAT «KPACHBHIA», T0O X HPU mePBOM UCTOJKO-
BAHUM HY)KHO ObisI0 OBl uMTATh TaK: «BCE BEI(M He-
KPacuBbly, a4 IIPM BTOPOM: «He BCE BEHIM KPacCHBey, Mbl
MOYKCM YCTPAHUTD 9TY TPY/HCCTH, NOMEIAsT MPEIUKATHI
MEOXLY ABYMs BepTHKaJIbHbIMM ueptamu. | XVY | Torga
Oymer o3Hauath: mpeguxar X\ Y pacrpocTpaHseTcss Ha
BCe Bemm, a |X|V|Y| Oyger oswauaTe: npeguxar X
PacnpocTpansercst Ha Bce BEIM MAM Tpepuxar Y pac-
IIpOCTpAHACTCS na BCe Bemu. Jlpa BbICKa3bIBaHUA, ja-
BABIIHC HAM TOJIbKO UTO NMOBOX [JA CMEIIMBAHUSA, pas-

JIMYAI0TCS] TeMeph TaK: |X| n |X|. Tpu momomu KoM-
DMHMPOBAHHOIO HMCUMCIEHNS MbI MOYKEM TEIepb BHIPA3HUTD
yacmHsie evicKasviéaua. Hanpumep, BuickaseizaHue «He-
KOTOpbIE UUCJIA HEYETHBI» MOXKHO MpeoGpasoBaTb Cienyro-
mum ofpasom: «HesepHo, uTo Bce umcia weTHb).— ECiH
0003HaUMM MIPEMKAT <UHUCII0» Oyksoit X, a npemukar
«4erHoe» uepe3 YV, To CHauaJjla 3amyceiBaeM BbBICKA3bIBA-

Hue «Bce uucna wernw cumBosMuecku B Buge | X VY.
T1poTHBONONIOXHOE  9TOMY  BHICKA3BIBAHME  BLIPAZHTCS

nostomy uwepes |XVY|. Boobme, |X\/¥| oGosnauaer
BBICKA3bIBAHHE: CYWECTBYIOT BEM, IS KOTOPBIX OJHOBpe-
MEHHO HMeT MeCTo X u Y.

B KoMOMHMDOBAHHOM MCUMC/IEHHH K TIPeAbIAYIINM
BCET/a-HCTHHHBIM (OpMy/Iam npubaB/seIcss Psifi HOBLIX.
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Iogo6uoro popa dopmyamMu, Hampumep, SBISIOTCS:
UX=YV[&|Y —Z)}—|X—2Z|,

1 X|&|YV|~|X&Y

Hcexoga w3z coobpaykenwii, NIPHUBEJEHHBIX B KOHLUE

Chneaymomero nmaparpada, Mbl 0TKA3LIBAEMCSI OT CHCTEMA-
TUIECKOTO II0CTPOEHHUS U MCC/IE0BAHUS 3THUX (POPMyI.

§ 3. CHcremaTHueckwuit BLIBOJ TPAAMIMOHHBIX apHUCTOTENeBLIX
YMO3aKJIIOueHHH

3

Ilocne Toro xak Wawe ucHMCIEHHE MOTYUYHIO HEOHXO-
ANMOC NOTIOJIHEHVE, Mbl IPUMEHMM €r0 K YYEHHI) O JIO-
FMYECKHUX yMO3awJIyeHusix. Peub wuger o T0M, uTO6HI
BBISICHUTb, KAK BBIPAYKAIOTCH KJIACCHUECKHe apUCTOTeJIeRbl
PUrypbl yMO3AKJIIOUEHMS B HameM KOMGMHHpPOBAHHOM
MCYHCJIEHUH U KaK MO)XHO CHUCTEMATU3HPOBaTL U 0060C-
HOBATH MX C TOUKH 3PEHUS] ITOTO0 UCUHCIJIEHHS.

[Togsieykamue pacCMOTPEHHIO YMO3aKJIOUCHWS 06J1a-
AAIT CHCAYIOIUMH XapaKiePUCTHUECKUMHM CBOHCTBAMU:
OHM COCTOAT W3 TpPexX MpejJioYKeHUl, U3 KOTOPHX TPerbe
(3aKyoueHue) mpecTaBisieT coGoi JI0 rMUeCKOe cJeCcTBHE
ABYX NepBbiX (MoChIIOK). KajKaoe U3 Tpex npegsoeHuit
HMEET OfHY H3 YeThlpex (opm:

«Bce A cyrn By (ofuiee yrBepauTesbHOE CYyKjjeHHe).

«HexoToprie A cyrte B» (dacTHOe YTBepAUTENbHOE

CYy>KJeHue).

«Huxaxkoe A He ectb B» (ofmee oTpuliatebHOE
CY)aeHue).

«Heworoppte A He cyIb B» (4acTHOe OTPULATEJIbHOE
CY)KJIEHHeE).

Hna  kpatxoro ofo3HaueHMsi 3TUX YeTtbipeX (opm
00bluHO ynOTPe6IANT riacHele 4, i, e, 0 (B yKa3aHHOii
nocJye0BaTeNbLHOCTH). B Kayecrse oOuiero 3gaKa gJst
STHX YeTbIPEX BHUJIOB CYXK[eHHH Ham OyleT CaYXuTh
CUMBol AB. :

B Tpex npepso)KeHHSX YMO3aKJKUEHUS] BBICTYIAIOT
BCero Tpu MNOHATUSI: nounamue cy6rexma (S), nonsmue
npeouxkama (P) v crednee nonamue (M); pUTOM 3aKJII0~
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uenue umeer Gopmy SP, a U3 MOCHINIOK HepBasi COLEPIKUT
nousatua M u P, a propas M u S. B cooTBerc1BHM
C ITHM MOJIyuyaeM cllefyHOiIHe YeThipe «DUrypbl» ymosa-
KJUeHn *:

MP PM MP PM
SV SM MS MS
SP S SP S’

Tak Kak gjs kaXKgod us YETBIPEX QUIYD CYLIECTBYIOT
UETBIPE BOSMOMKHOCTH JUISI KaKAOro U3 TPexX Ipensio-
YKEHUN YMO3AKJIUCHHST B 3aBHCHMOCTU OT MPHHAJIEK-
HOCTH €ro K OJHOM U3 ueThipex dopm Cy)Kpenuii a, i, e,
0, T0 C YNCTO KOMOMHATOPHOH TOYKM 3PEHUS GbLIU Obl
MBICJIMMBI 256 Das/IMUHLIX BHIOB yMO3aKJIOUEHHII. Opna-
KO 4YMCJI0 BOSMOXHCCTEH CYIECTBEHHO OTPAHUYMBAETCS
TeM 00CTOATENILCTBOM, YTO 3AKIIOUCHHE JTOJKHO CJIE/[0BATh
U3 MOCBUIOK. APUCTOTEsIeBA JIOTHKA YUUT, 4TO RONYCTUMBI
19 pasauyHbIX Buj0B ymosaxmiouenuit. [l1s aTux BujoB
BBCIM TPEXCIIOXKHbIE OTJIMUUTESILHBIE CJIOBA, [IJACHBIE
KOTOPLIX YKAsLIBAKT M0 MOPSIIKY GOPMBI  CY)K/IEHU,
K KOTOPbIM NPHHALJIENAT TPU HPEATIOKEHUA YMO3AKIII0-
YEHUS. Hpum TaKOM Ci10co0e HAMMEHOBAHMA MoJyyaeMm
CIIeJYI0IUUil Tiepedens:

1-a guzypa 2-a gueypa 2-a gueypa 4-;1' Pueypa

barbara cesare datisi calemes

cela'r.ent camestres feriso fresicon

dar_u festino disamis dimatis

ferio baroco bocardo bamalip
darapti fesapo
felapton

ITpogepum meneps ¢ nomowero ucyucaerus npedura-
Moee 3my CoBOKYNHOCMb YMO3AKAIYeHUl: Oelicmelumenbio

1 Cnenyer sametuth, 4TO (MKCHpOBaHME MOCIENOBATEILHOCTH
S 1 P B 3aKMOYMTEILHOM PEATOYKEHUH He SIBJISIeTCS OrPaHUYEHHEM
OBIIHOCTH, TaK KaK Qurypa ymo3akniouenus ¢ PS B KayecTBe 3aKII0-
4EHUS BCErJa MOYKET ObIThb NOJIyYeHA M3 OJHOH M3 HAZBAHHBIX YeTbI-

pex GUIYp myTeM NpOCTOro M3MCHEHMst 0603HAYEHHS M rnepecra-
HOBKH [TOCHIIOK.
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AU OH. codepucum 6ce ncdaemcauyue ydemy euosl YMo-
3aKacHerull 1 Y0 I6AeMEoPANM ALl 6ce NEpeYlcierHble UX
Pa3HoeUOHOCMU Mpeboanilio Av2udeckoll y3edumeavrocmu.
A5t 9Toro Mol Tpe)Kie BCero BbIPA3UM  CHUMBOJIMUECKU
vetbipe Qopmel @, [, ¢, 0 cywaeauss AB. Ecimn mbl ofo-
3HauuMm OyxBamu X, Y npeauxarto:: «ecTb A», «eCThb By,
TO TaKUMH CHMBOJIMUECKHUMH BHIDAGKEHUAMU OYLRYyT:

IXvyl;|lxvyl; lxvyy; | Xvy.

M3 aTtoro cmocofa 3amucH HeMEJIEHHO TI10J1y4aloTca
TPayULUOHHBIC NPABUIA NPoMUEONoA0HCHOcmU {0 pposition)
n o0pawjerus, OTHOCAMUECd K DPacCMOTpDeHHBIM (opmam
cvyKaenus, JeHCTBUTeTbHO, M3 3THUX UETHIPeX CY)KjJeHUi
NOCJIeIHEE BBHIPAYKEHO KAaK IIPOTHBOIIOJIOMHOCTh 1EPBOTO,
a BTOpPOE —Kax IpPOTHUBOIOJIOXKHOCTL Tperbero. [Hanee,
o0e cpeqHMe @OPMYJbl CUMMETPUYHBl OTHOCUTENbHO X
nY, tak urto cymwuenue «Hexoropele A cyTb By OKa-
3bIBaeTCs1 paBHO3HAuHbIM ¢ «Hexoropeie B cyth A», u
TOYHO TaK e cy)ienue «Huxaxoe A He ecThb By»—paB-
HO3HayHbIM ¢ «Huxarkoe B ue ecte A». Hamportur, pjs
¢opm a u o TaKoe o0paieHue HEBOIMOMKHO.

Terepb Mbl MpUMEHHM 3TOT Crocol BbIPAYKEHUS UYeibl-
PHIX GOPM CYIKTeHHST K YMO3AWJII0UCHUSIM, BBeST AJIA Ipe-
JIUKATOB: «eCTh S», «ectb M», «ecTh P» 3Haku X, Y, Z.
Torpa Ka)kjoe ymo3axJioueHne coC rourt U3 Tpex HopmyJ.
[lepBasi nochinKa BbIpa)KaeTcs OfHOM M3 udeTbipex QopMm:

vvol- vz, |7 AT
lYvzli |Vvzl; |Zvy]; vy,
COOTBETCTBEHHO, €€ HOFH‘{QC}(Oﬁ INPpOTHBONOJIOYKHOCTBIO.

Hnsa Bropo#l MOCHIIKM HMEEM COOTBETCIBEHHO OZHY H3
hopm:

\F 1 7 ey hev . ~5 37
Yvx|; [V v X[ | Xvyl; [ XvY,
UM €€ NPOTUBOINONMOXKKHOCTE. B 3axkiwdenun umeem, o1-
pulaeMyIo MM HEeOTPHULAEMYI0, CJHY U3 JBYX (opm:
~r —— ~7 |
IXvz|; [ Xvzl.
(3amerum, uro X, Y u Z Moryt BHCTYaTh HeOoTpHIlAE-
MbIMH TOJIbKO KaK BTOPOH UneH CRa3y.)
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K 3tum (opmanbHbIM yc0BUSAM NPUCOEMHSETCS elile
1pebopanHue, 4100wy TpeTbs (opmyna ObuIa CieacTBHEM
o0€UX MepBLIX B TOM CMbICJE, UTO MPU IIOICTAHOBKE
onpejesieHHbIX npeaukaToB BMecro X, Y, Z o0e mnepBele
(OopMyNBl HE MOTYT BbIIIOJIHATLCA 0e3 Toro, 4Tobbl TO HKe
CaMOe He UMEJI0 MECTa TaKyKe AAA TpeTheid (HOpMynbl.

Temepp HY)XHO MCCJIENOBaTh, Kaxk Onaromapsi sTomy
TpeGOBAHUIO OI'PDAHWYMBAETCSI MHOroo0pasue JOMYCTHMBIX
KoMOMHAUUH DopmyJI.

JJist 3TOro paccMoTpeHusi IOJIE3HO 3aMETUTb, UTO Mbl
MO)KeM, HUUEro He MeHsIsT B KHCTHHHOCTH (QOPMYJIBI, I10-
MEHSIThb MeCTaMU JIBa 4JieHa, CBsA3aHHBE depe3 \/. [lanee,
He CYIIEeCTBEHEH IOPSJIOK CJeJ(0BaHMA MOCBUIOK, M IpH
TOR 00WHOCTH, KOTOPO JOHKEH 00J1agaTh 3aKJIICUHTE b=
HBl BHIBOJ, HERa)KHO, 0003HAUUTL JIM HEKOTOPBIA mpe-
puxar vepes U unu U. Ha ocHOBaHMM 3THX CooDpaKe-
HMIA Mbl MOYKEM KaXXVI0 Napy TMOCHUIOK [IPUBECTH K o[-
HO#l M3 CJIeVKHIMX I1HeCiM HOPMAaJIbHBIX (DOpM:

L juyv] L [uvv] V. TOvV|
aid VW) VWi
. |ovv] v lovv| vi [ovV]
Vaa'al a4 Tvvwl

3aK/wueHde MNPUHUMAET OAHY U3 Gopm (0TpHUAEMYIO
WM HEOTPULAEMYI0):

\ovwl; |[Ovw]; [UVW]; (lUVW .
Ot noporo cmocofa 3amuCH BO3BPAIAEMCS! K HPEKHEMY

TeM, uTo BMect0 V mojacraBnsiem Y wumm Y orowjpec:-
BisAeM, fasee, U, W umu sxe W, U ¢ opHoit u3 nap:
X,Z; X, Z; X,Z;, X, Z u paccmaTpuBaeM 3a1eM BCe
BO3MOYKHbLIE MePeCTAHOBKU IM3BIOHKTHBHBIX YJIEHOB, KOTO-
peie (fIpy nopxoffAlledl oC/ef0BATEILHOCTH TIIOCBUIOK)
DPUBOJAT K OfHOM M3 GOpMANbHO HoNyCTHMBIX TpeXthop-
MVJIBHBIX CHCTEM.

3
o

Boigwo apucmomeaessix ymo3akanovenui

.Ecim MBI 1mpoBepum Temnepb 3TH WECTh Map MOCHIOK
I—VI ¢ Touxu 3penust Toro, 410 MOYKET U3 HUX CJIELOBATh,
To HaitgeMm, npexrte Bcero, uro u3 I, IV, V Henbas
NOJNYUYUTL YMOSAK/IIOUEHUS >KeaeMoro poja.

He#crpurenpho, 1. BbInONHACTCS NPU COBEPUIEHHO IIPo-
H3BONIBHHIX U, W, eciu npemuxar V He MOXKeT ObITb
NpUIMCaH HUKaKod Bemu. 1V. BuImoHsiercst B TOM Clyyae,
Korga V MCTHHHO AJIst BCeX Bewleif, NpU €TUHCTBEHHOM
ycsoBud, uro U BLINOJHsAErcst XoTd 6wl AJIA OQHOH Bewy,
a V. BwolfojHsercst pjst  NpOousBoJibHEIX U u W,
om,ezvibl KOTOPLIX He MNYCTH, ecaud V UCTUHHO 1JIA BCex
Beneii.

" Tocbku VI. 1aK)Ke HE ZAOT HUKAKOrO HAJIEKALIErO
sakmouenus. Moo ana Toro, uTobbl yj(OBJIETBOPHTHL UM
noaxopsAmmum Belbopom V', pocrarouno, uyroosl U u W
MMeJI MECTO KK L X0Ts Obl sl O7HOl Belv. YKasaH-
HBbIE YCJIOBUS, O/{HAKO, COBMECTUME! € JIOKHOCTBIO BCSKOTO
U3 pacCMaTpUBAEMBIX 3aKJIIOUEHUIA.

Beriencreie 9TOr0 NS HAWUX YMO3AKJWOYEHUi MomI-
JeKar pactmoTpennio Tonbko caydan I um 111 O6e
noceiku Il UV V| u [V W/, ecm BBecTH Corpame-
HHE —> W, MC[I0JIb30BATh NEPBYI0 U3 (HOPMYJ, TpHUBEgEH-
HbIX Ha ctp. 73, HeNoCpejCTBEHHO [AIOT COOTHOIIEHHe

{UVWI. Ho 310 1 ecTh camoe CHJIbHOE ClleICTBHE,
KOTOpOe MOYKHO u3BJIedb M3 00eUX MOCBUIOK, TaK K4k
IpU KCTHHHOCTH cooTHOmeHus |U\/ W | ofe nocbiku y10B-
JIETBOPSIIOTCA, ec/it V mosoKuTb paBubpiM W.

B III. mepsast nockuika [U\/ V' | 060o3nauaer, uro cyie-
CIBYIOT Bemu (T. e., 10 Kpaiineil mepe, ogHa Bewb), AJIst
KOTOPLIX OfHOBpeMeHHO BbintoyHsTCA U u V. Bropas

nocsiika |V /W 03HauaeT, 4TO KaXKA2A Bellb, KOTOPASR

obJjagaer cpoificTBoM V, obGnamaer TaKke cBoiicTBom W.
Otcropa ciepyer, YTO CYIIECTBYIOT Belid, JJISI KOTOPBIX

BBIIOJIHATCsL ofHOBpemerHo U n W, wmm uro ¢opmyna
\U/ W | uctunHa.

Odpatho, eciu dopmyna | U\ W | uciunua, To i10ChUIKU
ITI. ypoBnerBopsoTest, Korpa V nosarair pasusiM W.
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Taxkum 06pa3cm, 10JIYUaeTcs, YTO BCe YMO3AKI0UeHU,
pPaccMOTpEeHHBIE HAMH, MOTyT OBITh CBEJIEHBl K IBYM IJIAB-:
HelM GOpMaM, a MMEHHO:

1OV V] UvV|
(MingI (B) [VVW|
UV W ]ﬁvWﬁ

Tenepb Hy)KHO elje OT /BYyX IJIABHBIX (OPM 1i0Cpef-
CTBOM pas3jMUHBIX [0flyCTUMBIX HpeobpasoBanmil mepeiTu
CHOBA K TNPEKHUM BHIPAYKEHUSIM, C [IOMOINLI0 KOTODBIX
Mbl MOKeM pacfio3HapaTh PA3JMYHLIC APUCTOTEJIEBLl BH[b
ymo3axsouendi. Ilpy aToM Mbl 70/DKHBI yUHibiBath Qop-
MajibHele OrPAHMYERUS IPU  YMO3AKJIKUCHUAX, COTJIACHO
KOTOpbIM HeOTpMilaeMble npesuKkaTel X, Y, Z BCTpeuaw1cs
TOJBKO HA BTOPOM MecCie B JU3BIOHKIMM, a Y HUKOIrja He
BCTpedaeTcss B 3aKMoudTeNbHOM npeajokenun. [Harnee,
CJIeiyeT MMeTb B BUJY, YTV B rjlaBHoil ¢opme (A) mepe-
cravoBka U n1 W He [aer HHUKAKUX HCBBIX BHJCB YMO-

3aKJTIOYEHUIA.
Mrak, MBl mosydaem Bce Crocodel YMO3AKJIOUEHHs,

npCUCXojsuMe H3 riaBHoit ¢opmbl (A), HPU- IOMOLLH
HOJICTAHOBOK:
u=Xx, V=Y, W=Z

U=X, V=Y, W=2Z;
U=X, V=Y, W=2Z

[leppasi 13 3TUX NO;/ICTAHOBOK (IIPU COOTBETCTBY IOI{EM
BbIOOpE 1IOPAJIKA IOCBUICK M YJIEHOB JU3BIOHKIUM) MpPH-
BOAMT K YMO3AKJIIQUEHUSM camestres w calen.es, BICpasi—
K celqrent u cesare, Tpetbsi—K barbara.

Hna rnapHoit Qopmbl (B) Mbl II0Jiydaem pasyiMuHbIE
BUIbl YMO3AKJIIOUEHUH H3 MOJICTAHOBOK:

U=X,V=Y, W=2, U=X, V=
U=X,V=Y, W=2Z, U=2,V
U=2Z2 V=Y, W=X.
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IlepBasi MOACTAHOBKA HPUBOZUT K YMO3AKJIIOUEHUSIM
ferio, [estino, feriso, fresison; Bropasg—x darii n datisi,
1peThsi— K baroco, ueTBeprasi—K disamis n dimatis,
usras — K bocardo.

[lpupenenHble CooOpaYKEHUs] NOKA3LIBAKT HAM, YTO
CylecTBYIOT 15 pasnudebiX $opm yMO3aKJOUYeHHil yKetae-
Moro Bujga. Bce oHM NpHHAAJEKAT K ApUCTOTEJIEBBIM YMO-
3AKJII0UEHMSIM, TaK 4YTO0 KJaccHueckuil mnepeuenb GopM
YMO3AKJIIOUEHUI] MCuepnblBa€T BCe BO3MOKHBIE Cly4aH.
OpHako HaILMM MeTONOM Mbl 1ie BOCIPOM3BOAMM BCeX
aPMCTOTENEBBIX CHOCOOOB yMo3aK/ouenus, B nonydenuom
fepeuHe OTCYTCTBYIOT HeThlpe BHAA YMO3AKJIIOUCHHH:
darapti, bamalip, felapton, fesapo. IT0 pacxXoXpenue
IPOUCXCAUT OT TOT'O, YTO CTABLICE TPAAHLUMOHHBIM CO BDEMCH
Apucroresil UCTONKOBAHUE TOJIOKUTENBLHLIX  BCEOOMUX
npepyioykenuit («Bce A cyTs B») He BHOJHE COTJIACYeTCsA
¢ Haweil unrepnperaumeit Gopmyn supa | X\VY |. Mmenno,
no Apucroremo, BbickashiBanue «Bce A Cyth B» cun-
TAeTCS MCTUHHLIM JIMIb, €CJIH CYU'eCTBYIGT TIPEAMETHI,
KoTopbie cyTh A. Hawe oTksioHeHue oT. APUCTOTENISI B 3T0OM
IYyHKTe OMPaBjBLIBAErcsl NOTPEOHOCTAMM MaTeMaTHYECKUX
npuMeHenuit JIOTUKY, rje KjaacTb B OCHOBY ApHCTOTE/IEBO
nosumanue Opl10 OBl HeLenecocOpasHo.

Mbl orpaHn4MBaeMcsl STUMU 3aMeUYaHHMAMH B OTHOIUEHUU
HCUMCJIeHUsl NPEIMKATOB W KJaccoB. TIpaBua, MOMHO
yKasaTh DSl MHIEPECHBIX I1I0CTAHCBOK BONPOCOB; Hampu-
MEp, MOXHO CIPOCH1b, Kakue GopmMynbnl KoOMOHHMPOBAH-
HOT'0 MCUMCJIEHHST TPENCTaBiAT coboit BCeraa-HCTHHHBIE
BoiCKasbieaHiisl. Ot 6osee JeTaJIbHOro pPacCMOTPEHUsT 3TUX
upobyieM Mbl, OHAKO, OTKa3bIBaeMCsl, TaK KaK OHHM (op-
MYJIMPYIOTCS M MCCiIeyloTcst B Oonee o0liel cBSI3H B CJle-
ayiomed rnase. Hampumep, Bompce 0 BCerja-MCIHHHBIX
popmynax KoMOMHMDPOBAHHOIO HCUMCICHUS — pelIaercs
ionHocThIo B § 12 criepyromedf riaBel. Mbl 0TKa3biBaeMcs
TalOKe 01 AKCHUOMATHUECKOr0 H3JI0)KeHus OIHOMECTHOTO
ucuucnenuss npegukaiop!. Mcuuciende KJaccoB, WJIH

/

1 [lonsasi CHCTEMA AKCHOM KOMOUHHULOBAHIOr0 HCUUC/CHUS
¥ OJHOBPEMEHIIO HHTE[ECHOC parHIMjeHune HCUHC/ieNHsl KNaccoB
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O/IHOMECTHOE HCUMCJIeHWe TpefrKaToB, BOOOmEe MpeicTaB-
Jaster co00#f  TOJILKO MOATOTOBKY K pacCMaTpUBaeMOMY
HUDKE HCYUCIIEHHIO IIPEIMKATOB B IIMPOKOM CMBICJIE U [10CTIe
ero BBEAEHWA CTAHOBUTCH HU3JIUINHMM, TaK YTO B JaJIbHEi-
mweM y Hac He Oyjaer HajgoOHOCTH BO3BpawWalbCsl K pac-
CMOTPEHUsIM, 3aTPOHYTHIM B HacToAUlel ryae. HampoTus,
HCYMCIIeHUe BBICKA3BLIBAaHUH ocTaeTCsA HeoTheMIeMoil 0CHOBOH
BCeX MaJIbHeHMUX McCJiefoBaHuit,

nausl BaticGepeom: M. Wajsberg, Ein erweiterter Klassenkalkiil.
Mh. Math. Physik. Bd. 40 (1932) [e¢m. Taroxe COOTBETCTBYIOLIEe
ucnpagnenne B Mh. Math. Physik. Bd. 42 (1925} §. 242},
Bonpoc o BCerga-MCTHHHBIX BBICKAZBIBAHUAX KOMOMHULOBAHHOTO
VCUNCIIEH NS, [ACCMOTPEHHRI TakKe B 5TOH raloTe, paspeuied Guli
yyxe Jpyrum cnocoGom B paborax Jlégenzetina, Crotevd u Bemana,
KOTOpHE ymomsinyThl B § 12 caeayiomed raaBwl. Cp. ocofeinro
uanowenve Lemana B Math. Ann. Bd. 86 (1922).

TIABA TPETLSA

Y3KOE UCUHUCJIEHHE MPEUKATOB

§ 1. HepocTaTouHOCTH npe/ilieCTBYIOIEro HCUHCIEHUA

Kom0nnupoBaHHOe MCUMC/IeHMe CleJIajio BO3MOYKHBIM
Oosmee cHCTeMaTUUeCKOe pPacCMOTpeHHME JIOTHUECKHX BO-
NpOCOB, uYeM COAepxaTenbHast TPagULMOHHAS JIOrHKA.
Oanako, ¢ Apyroi CTOPOHBI, MOMHO CKA3aTh, YTO B OTHO-
leHUW BO3MOMCHOCTH BBIBOJA JIOTHMYECKHX CJIeJCTBHIU KOM-
OuHMpOBaHHOe HCUMCIEHME, TI0 CYIeCTBY, COBMAJAeT
C apucrotesieBbiM. Camble CJIO)KHBIe 3AKIOYEHHUS, KOTO-
Pble BOSMO)KHBI B KOMOWHMPOBAHHOM HCYHMCJIEHUH, MOLYT
ObITE MOJIyYeHB TarKe MyTeM MHOTOKPATHOIO MpHMeHe-
HHSI apHUCTOTeNleBRIX (QUI'YDP 3aKJ/IOUYEHHS.

1o MHeHMIO CTAapBIX JIOTMKOB, pasfelisBiueMycst ¥ Kau-
TOM, JIOTMKA Boo0Lle HCuepNBBANTACh apPUCTOTeJIeBBIM
yYeHHEeM 0 3aKyioveHUH. KaHT rosopur!:

«3ameuaTtesbHO, UTO JIOFMKA [0 CHX NOP He MOIJa
TalOKe ClleJaTb HH  OJHOr0 mIAra BIeped M, HoO-
BU/MOMY, HUMeeT COBepIUeHHO 3aMKHYTBIH, 3axoHYeHHBIH
XapaKTeps.

B peiictButenbHocTy ke dopmanusm  Apucrorens
OKA3bIBAETCs1 HEJOCTATOUHBIM Y)Ke [JISi CAMBIX MpPOCTHIX
JIOTHYeCKUX CBased. B wacTHoCTH, OH NpPHHUUIMANBHO
HeIOCTATOYeH MNpPH PACCMOTPEHUMH  JIOTHYECKUX OCHOB
MaTeMaTHKU. lIMeHHO, "OH OTKA3BIBAETCS  CHOY)XKUTh HO-
BCIOAY, rle HEOOXOMMO CHMBOJIMYeCKH OTOGpa3uTh coom-
HouwteHue mexc0y HECKOAbKUMU npeomemamu,

[Tosichum 3r0 Ha mpocTom mpumepe. Paccmorpum mpes-
Jo)keHHe: «Ecom B aexur mexay A U C, To B nexuT
TaroKe MKy C u A». B 06blUHOM HCUMCIIeHUH BHICKASbI-
BaHUN MBI, TpaBJa, MO)KeM 3aMUCaTh 3TO B Gopme X—Y;

1 B npemucnoBun ko 2-My u3f. «KpuUTHKK 4HcTOro pasyman.
(TTep. H. Jlocekoro, BTopoe uan., 1915, ctp. 9.) (ITpun. nep.)

6 Ceuosm Teoperuweckolt Formku
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TO )Xe Camoe I[IpeACTaBJIeHHe I10JYdYaeT ITO MpeAJIOKeHHe
B OJAHOMEeCTHOM MCYMCJeHUU IpeAuKaToB, HO0 B mochef-
HeM OHO MOKeT ObITb CQOPpMYJHMPOBAHO CHEAYIOUUM
obpazom: «Ecnu ymopsifodeHHasi Tpoiika Todex cO0sajaer
CBOMCTBOM, WYTO BTOPAas TOYKA JIEKUT MEXAY IepBOH
U TpeThbeH, TO OHA TaiyKe obnafaer CBOMCTBOM, 4TO BTO-
past TOUKA JIKUT MeAy TpeTbeil U mNepBoiy. OaHaxo
TaKOe IpeACTaBJleHMe HHUKAK He BHIpAXKAaeT JICTUYECKI!
CYIeCTBeHHOTO0 B 3TOM YTBep(leHUM, a HMeHHO CHUM-
METPHHM COOTHOINEHHs] «MeXAY» OTHocuTesbHO A u C.
[TosTroMy 35TO MNpefcTaBjieHHe KeJb3s1 MCIIOJb3CBATH JUIS
LleJted BHIBOJA U3 PACCMOTPEHHOro IIPeAJIO)KeHUsl BhiTe-
KAIUX U3 Her0 MaTeMaTUYeCKUX ClleAcTBUil. TT0NI0)KeHMe
He U3MEHUTCS] M eCJd Mbl NpUMeHHUM CIioCol BbIparkeHHst
KOMOUHMPOBAHHCIO HCYUC/Ie HUS. :
A TOSICHeHUsl CYWIeCTBYIOHIEro 3[eCh II0JI0MKeHHs!
Belleil IpUBE/EM ellle OJUH MIpUMep, He OTHCCSIIUKCS yiKe
K marematvke. YTBepKAenue «EciM CymecrtByeT CblH,
TO CYIecTByeT OTell» sIBJIsIETCSI, KOHEUHO, JIOrMYEeCKH
camo coboil  pasymeromuMmcs, a OT Y/AOBJeTBOPSIOINEro
HAC JICrMYeCKOro HUCYHCJIeHHs1 Mbl MO)eM Tpe0oBaTh,
4TGOBI OHO BBISIBJISLIO TaKOro poAa camo ccboil pasymero-
IMecsi MCTUHBI, B TOM CMbICJie, 4TOObI YTBep)KAaeMas
CBA3b C IMOMOMBIO CHUMBOJMYECKOr O MpeACTaBIeHUs1 MOrJia
ObITH TIOJyYeHa KaK CHeACTBUE M3 IPOCTHIX JIOTHYeCKUX
OpuHIMICB. OZHAKO B UCYMCJIEHMH, KOTOPLIM MH [I0
CUX IOp 3aHMMaJiucbh, 00 3TOM He MOXKeT ObITb U peuM.
[Tpapfa, mMbl Mo)keM (LIpUMEHSIsT KOMOMHUPOBAHHOE MCYMC-
JleHHe) BHIPA3UTb CUMBOJIMYECKM PACCMOTPEHHOE YTBe PIK/e-

Hde C momompe Gopmynn: [X|—|Y|, rae X, Y osnauvawor,
COOTBETCTBeHHO, NMpeJUKAaThi: «ChIHY, «oTelly. OpHAKO 2Ta
(opmyJia, pas3yMeeTcsi, He MO)KeT IIOMOYb HaMm [0Kasarb
MCTHHHOCTb HALIEro YTBeP)KMleHMsl, TaK Kax Ipd Apyroil
NOJICTaHCBKe BMeCTO X UY OHA MO)KeT BhIPASUTE U JIOYKHbIE
npe/nckeHus. B dopmylsie He BLIpa)keHo TO, Ha 4YeM
[IOKOUTCsT JIOTUYeCKasl CBsi3b MEXKAY Ipe/lblly UM U TICCe-
AYIOIMAM TOpelJO)KeHUsIMM, 4 UMeHHO, 4YTO Hpe/JuKaThl
«OBITH CBIHOM» U «OBITh OTLIOM? CCAEPXKAT OTHOLIEHUEe OJHOT O
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npeimera K Apyrcmy. IleofeOHce )Ke ICJIG)KeHUe Belleit
HMeeT MeCTO IIOUTH BO BCeX 00Jiee CJICHKHBIX CYHKIAe HUAX.

§ 2. MeroauyecKue NPUHUMOLI UCUMCICHHA NPEAMKATOB

[TcckenbKy nDpedlieCTBYIOIee UCYUCIEHHME OKA3aJoCh
HeJACCTATCUHLIM, Mbl BLIHY)K/EeHbl WCKATh APYryw JOru-
YeCKYl0 CUMBOJIMKY. JI109TOMY MBI BO3BpamlaeMcsi elle
pa3 K TOMY MeCTy HalIUX PACCMOTPEHUH, B KOTOPOM Mbl
BIepBble BBHIIIIM 33 Tpefesibl UCUUCIEHHS BBICKA3HBAHUM.
PelmaromyM 1marom siBjsieTCsi 3/leCb pasfiesleHue BLICKA-
3LIBAHUSA Ha CYOBeKT W MpPeAUKAT. JTO "Pa3NcHKeHHe MBI,
CAHAKO, He IOJIHCCTBIO UCIICJIBb30BAJIM, TIOCKOJbKY IIpU
BbIpa)keHUM BBICKA3BIBAHUI MBI SIBHO 0003HAUMIM TOJBKO
IIpeIMKATHI, KO He CyObexThl. [1pUurHa 9TCH crpaHiye HHOCTH
GHMBCJIMKH 3AKJIOYAETCA B TOM, UTO B OTHOLIEHMH (opma-
JIM3MA Mbl UCXCJMJIU U3 UCYUCTIeHUs BulCKasbBauuil. Ecau
YK€ MBIl OTKa)KeMCsl OT TOUKM 3peHUsi, KOTOpasi MCXOAUT
TONbKO M3 HCUMCJIEHMs] BLICKA3bIBAHM, TO IMpU BbIpajce-
HUM BBICKA3bIBAHHS BIICJIHe eCTeCTBeHHO IpeAMeThl (UHOU-
6UOYYmbl) OTAeNNTh T NPUNKCAHHBIX UM CBOHCTB (npedu-
Kamog) 1 3areM ©006a TOUYHO COC3HAYUTD. -

Mb! fleslaeM 3170 TaKMM 06pasOM: JUIsi CHMBOJIUYeCKOrO
BbIpa)KeH!si TIPe[AMKATCB Mbl NpHUMeHsieM FyHKyuoHab-
Hble 3HAKU € NnyemblymU MecHlamu, TIPHYeM B MYCThle MeCTa
TOACTaBAsOTCst  00o3HaveHnst mpeameTos. Hampumep,
MOXKHO  0003HAUNThL (DyHKUMOHANbHBIM  3HaKoM P( )
NpelUKAaT: «eCTb mpocroe yucaoy. Torpa P(5) Buipa)kaer
BLICKA3BIBAHME: «3 eCTh mpecTce umciacy. Ecou  M( )
0003HauaeT MNpemukar «OHITL uedcBexomy, To M(Kail)
o3Hauaer: «Kait ecTb enoBex». Hanblue, eciu OTHOIUeHHE
MeHbIIEro K 60JblleMy Bhipa)kaeM OyHKIMOHAJbLHLIM 3HA-
KOM C JByMs TIycThiMu Mectamu  <(,), 10 <(2,3) cum-
BOJIMYECKY BLIpA)KAeT BbICKA3bBAHME: «2 MeHbLIIe 3.
TouHo Tax >Ke BbICKasHBaHKe «B nexxur Mexxay A u O»
BHpOKaeTcsi B Buae Z(A,B,C). )

Bee matemaTudeckite opmy.ibl HFeJCTABASIOT CCOCH DTo-
10 GHBIE COOTHOMIEHUST MeXKAY ABYMSI VJIM HeCKOJBKHMU Be-
AnupHamy. Hanpumep, dopmyne: Xx-+y==z CoOTBeTCTBYeT
3=
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TpexuieHHb# npeAuKat S(X,y,z). ICTHHHOCTD BHIPAyKe HUsI
S(x,y,2) o3Havaer, 9TO X, ¥, Z CBA3aHH COOTHOLUEHUEM
X+y=2z%4.

K BHICKA3bIBAHWUSIM, BBLIpa)KeHHBIM HOBLIM CIIOCOOOM,

Mbl MO)KeM ITPHMEHSTH CBSI3U MCYMCIEHUS] BHICKA3bIBAHUM.

Hanpumep, oTpuianue BbiCKasbiBaHUA P(5) BbiparkaeTcsi
tak P(5). ®opmyna

<(2,3)&<(3,7)— <(2,7)

BLIpAXKAET BbiCKa3biBahMe: «Ecau 2 meHbiue 3 ¥ 3 MeHbllle
7, TO 2 MeHblle T».

OTCcyTCTBYeT ellle CHUMBOJIMUeCKOe Bblpa)keHue [
eceobyux evicxaszvieanuid. UroObl MogyuuTbh ero, BBeleM,
10 NMpUMepy MaTeMATHKH, HADPsAY CO 3HAKaMM JUIsl OIipe-
JeJleHHBIX TpeAMeTOB (uMeH Cco0CTBeHHBIX) eme Iepe-
MeHHbIE X, ¥, Z,..., KOTOPBIMH Tarx)Ke MO)KeM 3ari0JIHATb
mycTble MecTa 3HaKoB (yHKUMA. Onpedesenroe 3amon-
HeHie TYCTOr0 MeCTa HA3bIBAETCS! 3HAYEHUeM CO0MEeMen-
 eyiowell nepemyeHnol.

3Havenust TepeMeHHOH orpaHuYeHbl BooOme oripefie-
JleHHBIMU BUJAMHU [PeMETCB, CIIpefesisieMbIMU CMbICIIOM
3Haka QyHxluu. HanpuMep, CCHOBHCe COOTHOIIeHUe 3Jie-
MeHTApHCH reoMeTpuu Ha IUIOCKOCTU: «Touka X JIEHKHT
Ha mnpaAMOiL y» Bbipa)kaeTcsl (YHKLUUOHAJLHBIM 3HAKOM
¢ AByMst aprymeHTamu L(x, y). B xauectBe 3navenuit Ans
X 37eCh BXO[AT B pacCMOTpeHHe TOJBKO TCYKH, a JJsi Y
TOJIbKO IIpsiMble.

ECyii B IIYCThle MeCTa JIOrMYeCKuX QyHKUUN BCTaBIIsieM
onpefleJieHHble 3HAYEHUs1 APrymeHToB (T. e. MMeHa CoG-
CTBeHHble WHIUBMAYYMOB), TO II0JIydaeM OnpedeneHHole
GbICKA3bIGAHUA, KOTOpble MOTYT ObiTh UCTUHHBIME WJIH
noykHeMU. Ecu e NycThle MecTa 3HAKCB (yHKIMMH 3a1107-
HeHbl TePeMeHHBIMM, TO 3TUM YlePBOHAYAJLHO He BBIpa-
»KaeTCsl HUKaKOe ONpeflelleHHCe CY)JeHue; HAaJMIO JiMLIb
CUMBOJIMUECKCE BhIpa)KeHMe, 3aBucsiiee 0T COOTBETCTBYIO-

' Ho cux mop ©bio OGBIYHBIM B JIOTHKE HAa3blBaTh MPEAMKA~
TaMU TOJBKO QYHKLMH ¢ OJHUM NYCTHIM MECTOM; OYHKIUH C HECKOJIb-
KUMH NMYCTHIMH MECTAMM HAa3bIBaJIM OTHOUIEHUSIMH. Mbl ynoTpelsiem
34€Cb CI0BO [MpeJanKaT B CamMOM OﬁlueM cMBICJIE,
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muX MepemeHHbIX. Ho mogobHe Tomy xak B anrebpe mbl
numeM OykBeHHble (OPMYJIbI, YKA3LIBAIOMMe, YTO [AJIA
MoObIX YHCJeHHbIX 3HA4YeHUH, KOTOpLle MMOACTABJISIOT HAa
MeCTO mepeMeHHBIX,. BOSHHKAIOMIee 4YKUCJI0BCE PaBEHCTBO
SIBJISIETCST  MCTMHHBIM, MbI MOXKeM TaK »>Ke IOCTyIaTh
W B JIOTHYeCKOM ucuucieHuud. <Dopmya:

<(x, }’)&<(Y: z))-—><(x, 2)

03HauaeT TOrja, 4To AasA modoit Tpoiku X, y, 2, A5 KOTO-
poif  BBIIONHAIOTCS COOTHOLIeHUs1 <(X,1) u  <(¥,2).
BHIIOJIHSIETCST M COOTHoWeH¥e <<(X,2).

OJHOBpeMeHHO C 3TUM Mbl ITOJyYaeM BO3MOYKHOCTD
BLIpa)kaTb BCeoOmye cy)kfeHus. OfHAKO JAJISI TOrO, 4TO-
Obl ¥MeTh BO3MO)KHOCTh IPUMeHSITb  BCeOOIIHOCTL BMe-
CTe ¢ OTpULAHMeM U JIOTUYeCKMMU CBA3SIMA &, V,—,
MBI HyKJlaeMCs1 B oco0om «3Haxe obwrocmuy. ViHave Mbl

He 3Hajy Obl, o©3HauvaeT ju P(x): «Ilas1 BCex X uMeeT

MecTo P(x)», umu: «HeBepHO, 4TO 11 BCeX X MCTHHHO
BBICKashiBaHue P(X)y. ITO BhIpa)KeHre BCeCOMMX CYyKAeHAH
MB!I Oy/ieM NOJyyaTb, NOMell[asl I¢PeMEHHYH0 BeJMYUHY,
NpUHAJIEKAMYI K COOTBeTCIBYIOINEH Jornueckoi ¢y HK-
UM, B CKOOKax Tepel 3HAKOM ()yHKIMH.

Taxum o6pasom, (X)A(X) o3HayaeT: Ajasi BCeX X UMeeT
MecTo A(x). VYkaszaHHble CY)KAeHHs, KOTOpble [AAIOT
MOBOJ K CMellleHAIO, PA3JTMyaloTCsl TOrja Cledyomum ofpa-
soM: (X)P(X) u (OP(x). W3 coobpajeHnil cuMMeTPHH
IJ181 BBIPA)KEHHST YACMHbLIX  CYH(AeHUH MBI BBOJUM OJHO-
BPeMeHHO occOwif «3nax  cywecmeosanusmy.  (Ex)A(x)
BBIpakaeT cyy¢deHue: «CymecTByeT X, [t KOTOpOro
BBIIIOJIHSIETCST  A(X)».

st BBIpa)KeHHsT 3HAKOB COIIHCCTU U CYIIeCTBOBAHUSA
MBI IONIb3YyeMCsi TaloKe oOIUM HA3BAHUeM <(KEAHMOPHL.

[lepeMeHHCe, OTHOCsimeeCst K 3HAKYy COUIHOCTH UM
CYLIECTBOBAHUS, HA3LIBAEM (CEA3AHHbIM NepeseHrblmy. OHO
UrpaeT poJib, aHAJIOIUYHYI0 POJIU TlepeMeHHOH UHTer palluu

1" Aprop ynorpebaseT 37eChk Ha3BaHMe «CKOOOUYHBLIH 3HAK»

{Klammerzeichen). Muor 3amesunn ero Oosiee ynoTpeGHTETBHLIM
TepMuHOM Keaumop. (ITpum, nep.)
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B MaTeMaTHKe; B YACTHOCTH, 0003HAYeHMEe 3TOro Imepe-
MeHHOro He MMeeT 3HaueHHst. B oTinuue OT CBsi3aHHBIX
IlepeMeHHbIX ApYrie IlepeMeHHBle Mbl Ha3bIBaeM «£0000-
HolMU  nepeseHHbMUY .

Uro kacaercs criecoba 3armmucu, TO cilefyeT 3aMeTUTh,
uTo (opmyJia, IMepel KOTOPOH CTOWT 3HAK OOIHOCTH UJIM
CYUeCTBCBAHMSA, CTABUTCS B CKOOKU B TOM chyuyae, eCJIH
GHA COJepP)KUT OJUH U3 3HAKOB &, \/,— U lle 00beAuHeHa
y>Ke depteit orputtanus. Kpome Toro, gist yaobersa o6o-
3peHUsT MBl [PUHMMAeM CJeAyIOMmMe COrJIalieHUs:

BMecTo A(x) numiem npoue A (x),

BMeCTO (x)A(x) — (?)A(x)
u Bmecto (EX)A(x) — (Ex)A(x).

M3 camoro Cmbicsia 3HAKOB OOUIHOCTU ¥ CYMmeCTBOBAHUSI
noJIyvaeM Cjeqylupe OKBUBAJIEHTHGCTH |

(Ex) A (x) 4q (x) A (x),
(Ex) A(x) 4q (x) A (x),
(Ex) A(x) 4q (x) A(x),
(Ex) A(x) 4q (x) A(x).

Ha ocnosanuu amux codepucameavHolx coomioulenu
MOMCHO 3aMeHAMb 3HAK CYUjecmeoeana 3HAKOM o0 yHocmu,
u Haobopom. B CHMBOMMKE UCYMCIIEHHS] HPEIUKATOB MBI
Moryim Obl 00OHTHCH, TaKHM 00pasoM, TPeMs CBA3sIMH,
Heo6xogumbl T0JIbKO 3HAK OTpHLlAHUs, pxajlee, OJUH: U3
TPeX CUMBCNOB &, \/, —> M, HAKOHEN, OMH H3 JIBYX
3HaKoB (x), (Ex).

o cux mop MBl paccmalpuBajM TOJbKO IOSIBJISIO-
IUECsT OTACJILHO 3HAKM OOLHOCTH M CYIIECTBOBAaHMSI.
Mgl mpuxomnum K CylneciBeHHO HOBBIM JICIHUECKHUM obpa-
30BaHUSIM, €CJIM UCMOJIb3YeM TO 00CTOSITENILCTBO, YTO 3HAKU
OOILIHOCTH M CYUIECTBOBAHUSI MOIYT YIOTPeGITILEA KOM-
Ounuposanno. MogoGras KombuHAIMST BO3MOYKHA VIKE B TOM
c.Iydae, KOrfa Mbl HCIIOJb3YeM TOJIbKO MPeqUKATH ¢ OJHUM
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NYCTHIM MECTOM; 0COOYI0 POAb OHAa Mrpaer HpM HaJMUUH
MHOIOUJIEHHBIX npeauKkaToB. Hanpumep, piast pasyunen-
HOro mpeguxkara A(x, y) Mbl MMeeM CJenyioulue npocteii-
wue OpMBI COCTaBJIEHHUSI:

x) (M A y)
«JIs1 BCeX X M pJisl BCEX y umeer MeCro OTHOLIeHUe
A, y)»;
(Ex) (Ey) A(x, ¥)

«CYHIECTBYIOT HEKOTOPOE X M HEKOTOpOe ¥, JLJISI KOTOPHIX
uMeeT MeCTo A (X, ¥)»;

(XM (Ey)A(x, ¥)

T KOKIOT0 X CYH[eCTBYET HEKO10pOe 1, TaKoe, YTo

uMeeT MecTo A (X, j)»;

(Ex) () A ¥)

«CYIDECTBYET HEKOT0poe X, KOTepoe K KaXKaomy ) Haxo-
AUTCST B oTHOMEHWH A (X, ¥)».

UTo0Bl crieNlaTh CMBICJ BCEro CoeTuHEHMs1 O0Jee ACHBIM,
MBI Mor;iu Obl 3[eCh KayKALlil paz mpo0aBisiTb elle OfHYV
CKOBKY W TucaTh, Halpumep, TaK:

(x)[(¥) A(x, ¥)]

(x) [(Ey) A (x, »]-

Ho tak xak u 6e3 Toro Her MoBojga K He0pas3yMeHulo,
T0 CKOBKEM Mbl OGBIMHO omyckaem. Jloryckasi KOMGUHALEY
Ipex u 0OJbIIEr0o YMcJa KBAHTOPOB, Mbl MoJIyyaem, COOT-
BETCTBEHHO, OoJibliee MHOroobpasme coveTanuil 3HAKOB
00IIHOCTA W CYIIECTBOBAHUSI.

U3 nawezo nonumanusn 3naxa obwHocmu évlmexdaent,
umo ¢ seipancenuu (X) (y) A(X, ¥) 3naku obwyyrocmi mo2ym
Getme nepecmasgenvt 0e3 UIMEHEHIIS CMbICAA BbILKA3LI6AHUA.
To »Ke camOe uMeeT MEeCTO [Js 000MX 3HAKOB CYmN[ECTBO-
BaHUS B BBHIPAYKEHHU: '

(Ex) (Ey) A(x, ).

n
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P

Hanporms, B Brlpaskennu (x) (Ey) A (x, Y) NOpsigoK cite-
ROBaHMA 3HAKOB (x), (Ey) urpaer CYWIECTBEHHYI0 POJIb.
-~ Hanpumep, sripacenue:

(x) (Ey) < (x, )

(eciu mepemeHHble X, Y OTHOCATCA K JelCTBUTENLHBIM
YMCNaM, Kak obiactm MX onpeesenus) NpeacTaBIsier
coboli nemunnoe npenoxKenne, a MMeHHO: «lna xkaxxgoro
dHCJIA X CyHIECTBYET 4MCJIO ¥ TaKoe, YTO X MeHplle Py,
T. € I KaKporo ymcna CyImecTsyer 6GoJjibmiees.

Onnako, eciu Mbl nepecTaBuM 3/iechb 3HaKy (x) m (Ey),
70 nonyunm (Ey) (x) < (x, ¥), a 970 — BEIPaIKEHUE 202cHO20
TIDENIOKEHUST, HMEHHO: «CymMecTBYeT YHCIO Y, KOTopoe
Gonplle J060r0 4Ymcia X». Taum 06pasoM, Grarogaps
NepecTaHoBKe 3HAKOB (x) m (Ey) nonmyuaercsi COBEpPIIEHHO
ApYToe BLICKa3blBaHUE, )

JlornyecKoe CoOrHOMEHYME IpE 3TOM TAKOBO, YTO HA
OCHOBaHUM $OPMyJibI (KOTOpasi MOZKe OyfeT BbIBEJICHA):

: (Ey) (x) A (x, ¥)— (x) (Ey) A (x, ¥),

M3 MCTHHHOTO TIPEJJI0MKeHUs Bufa (Ey) (x) A (X, ¥) MmoKHO
saKmounth K (x) (Ey) A(x, ¥), Ho ue nHaobopor.

§ 8. Mpeppapurennubie 3ameyaHua 06 ynorpedreHpn
HCYMCNICHUS NPEANKATOB

Ipexxpe uem npucrymmrsh K CUCTEMAaTHYECKOMY u3JI0-
MKEHUI0 IIPABWJI, HEOOXOMUMBIX JJIs1 NIPUMEHEHUs] MCUMC-
JIEHHsT,  DaCCMOTPUM HECKOJIBKO TIPUMEPOB, KOTOphIE Ii0-
CY)aT HaMm JUIA TOTO, YTOOBI OCBOMTHLCA C CHMBOJIMKOL.

Ilpeykie Bcero MBI moKaMeM, Kak MOMCHO CHMBOJIH~
YECKH BRIDASHTL B MCUMCIIEHNR TIPEIMKATOB AKCLOMbI, NPU
nomowL  KomopuiX Gopmyaupyomcs O0CHosHbe ceolicmea
HAMypaabHozo pada yucea. ITH aKCHOMBI TJIACSIT:

L. -Ara kancdozo wucaa cywyecmeyem o0HO U MOALKO
0OHO HenocpedcmeeHHo caedyrouee,

2. He cywecmesyem uucaa, 3a KOMmopbIM HenocpeocmeeH o
cpedyem 7,
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3. [daa kaxcoozo wucaa, omauqrnoeo om 7, cyujecm-
6yem 00HO U mMOAbKO 00HO Henocpeocmeenno npeduecm-
8ynuyee.

B stux npepnoennsix BCTPEUAIOTCS B KAa4eCTBE UH[U-
BUIYAJIBHBIX [IPEUKATOB OTHOIUEHUS HEMOCPEACTBEHH Or0
CJICAOBAHNA U pasimuus guces. OrHOWCHHE pasyinyus
BBICTYTIA€T HE TOJBKO B BBIP@YKEHUM <«OTJIHYHOE OT I»,
HO M HESBHO B BHIPAKECHUH <TOJBLKO OLHO YHCJI0%; ubo
YTBEPXK/ICHHE, UTO CYINECTBYET «TOJNBLKO ONHO» UMCIIO
M3BECTHOI'0 CBOHCTBA 03HAYAET, UTO He CYWIECTBYET JIBYX
TAKHX pa3iuyHbBlX uwucesd. Pazimuume ecTb oTpulianne
apU(EMETHYECKOT0 PABEHCTBA. '

[Toaromy Mbl BBOpMM npenuKaTh:

= (X, ¥) («x paBHO ¥»)

u F(x, y) («y HemocpencTBenHo CIIelYET 3a X») M MOKeM
NIpH TIOMOL[Y 3THX 0003HaYeHHil NPeACTABUTL NPUBELHHbIE
BbIIIE AKCUOMBI CJEAYIOMNUM 06pasom:

L (x) (Ey) {F (x, ) & (2) (F (x, 2) — = (y, 2))},

T €. 45T BCAKOrO X CyUIECTBYeT HEKOTOpPOe ¥, KOTOPoe
HCIIOCPENCTBEHHO CTIeAyeT 3a X | KOTOPOE PABHO BCSKOMY z,
HEIOCPEJICTBEHHO CJIEAVIOUIEMY 3a X».

2. (Ex)F (x, 1),

T. €. «HE CymecTByer X, 3a KOTOPbIM 1 HemocpejgcTBeHHO
CIEAYET».

3. () {=(x, 1)—(Ey) [F(y, x)&(2) (F(z, x)—>
=(¥,2))]}, T. €. «A75 BCIKOro X, KOTOpO€ ormmuaercs ot |,
CYIECTBYET ¥, 3a KOTOPLIM X HENOCPEAc)BeHHO cuenyert
M KOTOPO€ PAaBHO BCAKOMY 7, 3a4 KO1OPHIM HENOCPENCTBEHHO
CIIEAYET X».

TTosicHuM panee Ha HeCKONbKOX NpOCTLIX TIpUMepax
METOJl 00KA3aMeabeMea B KCUUCIIEHUN TIpeUKaToB. Haunem
C TIDEJUTOYKEHMsl, HENOKA3YEeMOCTh KOTOPOro B MCUMCICHUH
BTOPOH TJaBbl SIBUJACh OHUM 43 (aKTOB, NOKA3ABLINX
Ham Hef0CTATOYHOCTL NpeKHEro ncuucienusi. [Npemyoyce-
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HUe 370 rjacuno: «Ecny cymecTByeT CHIH, TO CYILeCTBYET
otet(y. [TepBoHauanbHOE CUMBOJIMYECKOE BRIPAYKEHWE ITOro
YTBEPIKEHNST B MCUHCJICHHH MPEIMKATOB MMECT BHJ,

(Ex) S (x)—(Ex)V(x),

npuuem S (x) o03HAvaer «X eCTh ChiH», a V (x)—«x ecTb
oren». JloKazaTeJdbCTBO I3TOrO MNPENJIOKEHUs] BO3NOXKHO
JMUlb, €CJM Mbl PAa3JI0)KKM Jajiee BCTpPeYalomuecss B HeM
IpegHKaThl. B IOHsITHM CblHA COREPXKUTCS, € ORHOU CTO-
POHBI, MpEJUKAT «MY)XXUuHa», C JAPYro# — OTHOLIeHHUE
pefeHKa K pOAUTeNsAM; B TOHATMM OTLA — OTHOLIEHKE
K KeHe 1 pefeHKy.

Fca Mbl BB€JEM, B COOTBETCTBUM C 3THM, BMECTO
«x €CThb MY)KUuHay 3HaK M{X) ¥ BHIpa3UM npeguKar
«X U y—DPOAUTENU 2» (WU, TOUHEE: <X U Y, KaK MYX
H JKeHa, MMelT peGeHKa 2z») HpH MOMOIIM CUMBOJIA
K(x, ¥, 2), ToO MBl MOXXeM ompefeauth S(x) Tax:

M (x) & (Eu) (Ev) K (u, v, x)

(«x eCTb CHIH» O3HAYaeT «X eCTb MY)KUuHa, U CymecTBYIT
U ¥ o Takue, 4TO U B KayeciBe My)Xa ¥ T B KayeCTBC
YKeHb SIBJISIIOLCST POMUTENSIMU X»).

TouHo Tax e V (x) ompeaensercs:

(EY)(Ez) K (%, ¥, )

(«X ¢CTh OTeL» O3HAYALT: «CYWECTBYWT Y M z TaKHE, YTO
X M Y, KaK MYXX H jKeHa, sIBJSIIOTCS POAUTENSAMH 2»).

Ec/lg MBI BCTaBUM MOJIy4YeHHble BhpaKenus ans S (X)
¥ V(x), TO paccMOTpeHHOe YyTBepyKieHue Oymer umeTb
BU[:

(Ex) [M (x) & (Eu) (Ev) K (u, v, x)] —>
(Ex) (Ey) (Ez) K (X, ¥, 2).

Jdra GopMyJia BHIPAYKAET OTHOILEHHE CIIEIOBAHUST MEIKIY
[IBYMSl BLICKA3BIBAHUSIMU, M JJIA I0KA3aTEJbCTBA, KOTOPOE
MBI HMIIEM, BONPOC CBOJUICA K TOMY, 4T0OBI NPHUATA 01
MepBOr0 U3 STHUX BHICKA3bIBAHUN KO BTOPOMY 4Yepe3 pPsij
3aKJII0UEHH, U3 KOTOPHIX Kajoe 000CHOBAHO B MCUMC-
neunu. [lpu 9ToM Mbl npuMensieM TpUBLIUHBIA 71T HaC

3ameuana of ynimypebarHUL uCYUTAeHUR npeduramos 0f

T PR,

B MCUMCICHMH BBICKA3biBaHMH M, KOHEUHO, 3aKOHHBI
B MCYLC/ICHAM HPEIUKATOB NIPUHOWL, COTJIACHC KOTGpOMY
U3 [BYX OTHOWEHHH MEXKJIY BBICKASBIBoHUAMH U —s B
n B — € Bcerna MOXKHO 3aKTIOYUTE N —> ©,

Mpexxne BCero, B MCYMCICHUU TPeHKATOB AJSI JTH00BIX
F u G umeeT Mec10 COOTHOIMIEHME:

(Ex) (F (x) &G (x)) — (Ex) G (x),
Co01BeTCTBYIOIEE Qopmysie X & V—Y ucyucicHus BhICKa-
3bIBAHUI.

Ecnu seipaenue (Eu) (Ev) K (1, v, x), sBIsIIOIeecs

HEKOTOPHIM NPEIUKATOM OT X, [JIS1 COKDALLEHUs] MBI
0603HaunM uepe3 N (X), TO MOMYYMM:

S(x)agM (x) & N (x).
Beieynmomanylit crocot 3axjrueHus jgaeT TOTa:
(Ex) S (x) —> (Ex) N (x)°
1y, 1pH NOACTAHOBKE BblpaKeHus st N (x):
(Ex) 8 (x) —> (Ex) (Eu) (E) K (4, v, X).

Ho cymectsyer obmee npensoykenue 9Toro HCUHCIEHUs,
COTNIacHO KOTOPOMY-MOYKHO U3MEHUTh NOPSIOK CJIEAVIOMUX
Apyr sa Jpyrom 0e3 mepepblBa 3HAKOB CyMIECTBOBAHMA.
Jas ByX 3HAKOB CYIIECTBOBAHUS! MLI yYKe YIIOMHHAJA
aro TpejnmKenue; obmee Iipexno)KenMe 10Jgydaercs Io-
CPe/iCTBOM €r0 MMOBTOPHOIO TNpuMeHeHWs. EcIu Mbl Npo-

- UBBEOEM JTY NEPECTAHOBKY, TO O TYYHM BMECTO nocJegHei

GOPMYJIBL:
(Ex) S (x) — (Eu) (Ev) (EX) K (u, v, x).

Ho aro u ecrb Hame yTBepsmenne, ¢ TeM JMIIb pas-
JIHUMEM, UYTO I€PEMEHHBble, CTOSIIIME TiocJe 3HAKA CJIefo-
BaHUS —>, HHAYE Ha3BAHHL.
- JApyrum mpumepoM MOMKeT CAYKUTL l1peaoyKenye:

«Ecau cywyecmeyem oelicmeue, mo cyiyecmeyem u npu-
YuHay.

Ilpeyipe BCerc Mbl MpERCTABIACM 3TO  YTBEPHKAEHHUE
B (opme:

(Ex) W (x)—> (Ex) L {x):
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W (x) osHauaer «x eCTb jeicTBue», a U(x)' «JLC] e%{/b
npuynHar. Temepb Mbl CHOBA pasjiaraeM npeguKaThi JuW,
BBOJISI [BYMECTHBIA MpPEINKAT «X BBI3BIBAET », KOTOPbIH
Mbl 060zHaumM uepes K (x, ). [Mpu arom gis U (x) u W (x)
TIONYYAOTCA ONpefesAonue BbipayK eHus:

U (x) 4q (Ex) K (x, ¥),
W (x) 4q (Ey) K (¥, x).

IMopcTaBaAs 9TH BHIPAYKEHUS, MBI NPUBOAUM Hallle YTBEP-
*ienue K Qopme:

(Ex) (Ey) K (y, x)— (Ex) (EV) K (x, ¥).

WM, YaCTUYHO DNEperMMeHOBbIBAsl MEPEMCHHBIC:

(Ey) (Ex) K (x, ) — (Ex) (Ey) K (x, ¥)-

Jra hopMyJsid €CTb HETOCPENCTBeHHOe CJIRCTBUE MPEIIo-
YKEHUs! 0 nepecTaHoBKe 3HAKOB CYyLIECTBOBAHMSL. Al
YnomsiHyTOE BHILE pazjmuve Mexmy (EX) (y)0 Ta1<’ )*}:e
n (y) (Ex) A(x, ¥) MOKeT 6vblTb npounanTpuupoBagumcmu
HA TIPUMEpE PAGHOMEPHUI U 00bikHOBEHHOU €X0 Moc.
[TycTb Mbl MMeeM KaKYW-HHOYab ONpejesieHHYIo N0CT & )
BATEJLHOCTb OHO3HAUHBIX APUGMETHIECKUX YHKUMH f, ),
fs(x), ..., ompejeieHHbIX (Kak MBI 3TO nEHMe%mc%( u
TIPOCTOThI) AJIs1 BCeX AeHCTBUTENLHBIX 3HAUEHMH X.

3plBAHUE, 4YTO 3T NOCJIEA0BATCIBHOCTD (byHKm/m ot -

KayKoro 3Hayenust X cxouurcss K 0, B HAlIEW CHMBOJIHKE
MOKeT ObITh CHOpMYJIHPOBAHO TaK:

(%) () {< (0, 2) — (Ey) (m [< (v, ) — < (1 fa ()}, 2]

(151 TPOM3BOJLHOIO X CYIeCTBYeT, INpH 6ch<lfw1lex }z}
Oombiem, uem 0, Takoe y, 4ro st BCEX 11, DOJb X e:
BLITIOJIHAETCA HepaBeHCTBC | fn (x)| < z»). Ilpuatom I 5}1
MEHHBIE Yy M 11 OTHECEHB K UeJbIM HUCIIaM, :a}; po;&
npeJiMeroB, MKy TeM Kak X M 2z OTHOCATC p

i yucest. .
ﬂeu?:::;;ﬁﬁge, yro  I0CJeaoBatebHOCTD l(}sg;inxﬁup;?
pagHoMepHo cxomurcss K O anst Beex  3Ha ,

06)31auenun 6 ucucerulr npeouxamos o3

CHMBOJIMUECKH BbIpAYKaeTCsT Tak:

(2) {<<(0, 2) — (Ey) (x) (m) [< (v, )} — < ([ (%), 2)])

(¢AJIs1 BCAKOTO 2, GoJbliero, yem O, Cyi[eCIBYeT Taxoe y,

Y10 I BCEX X M AJIA BCeX 1, GOJIbLIMX Y, BLITOJHSETCSI
HepaBeHCTBO

[ fn () | < 29).

Pasmuue o6oMx yTBep)KjeHnii HAXoaMT CBOe BBIpa-
KEHUE B PA3NIUYHOM IOJIOYKEHHH 3H2Ka obIHOCTH (X).

¢

§ 4. Tounoe ycraHoBneHHe 0GO3HaveHHii B HCUMC e HUH
NpeMKaToB

B kauectBe mnogroToBxum K CHCTEMATHUECKOMY M3.10-
KEHHIO MCUMCIICHHST TPEUKATOB MBI TIPUBEJEM CHAYAJA
MOJIHBIA 0630p MCMONB30BAHHBIX 0603HAYeHHUIL.

Berpewaromuecss B ucumcsienun 1IPeIUKATOB 3HAKH
FABJISIOTCA NpeXKNIe BCEro 3HAKAMM [IJIT nepemeHHslX pas-
JUYHBIX POJI0B. SHAKAMH JJISl [IEPEMEHHBIX BCerga CJYMKaT
HosiblNe MM Majible JaTUHCKHE OyxBbl. Mbl pasnuyaem:

1.. [Tepemennvie evickasvieanus: X , Y, 7, ...

2. Tlepevenrsie npedmems: (AHAMBUYATbHBIE TIepeMeH-

CHLIE)T X, ¥, 3, ...

3. Ilepemennvie npeouxamoi: F (.), G(.,.), H(,0)s ...

IIpu oTOM nepemenHBle MperUKaThl C PASIHMYHBIM YH-
CJI0M NyCTBIX MECT BCEIJAa CYUTAIOTCS PA3JMUHBIMU IEpe-
MCHHBIMU, [aXKe ecJi Y HUX OAHA M Ta jKe GONbIAs
Jatunckasa Gyksa.

Hosichum tenepnb, uTé mbl GyjieM mOHUMATH MOJ Pop-
MYA00 ACUYMCIIEHHS MpeIUKATOB.

Ipexxpe Bcero, mpeaBapuTeNnbHO MBI MOYKEM CKa32aTb,
UTO 10X GopMyJioli Mbl MOHMMAEM BHIpayKeHwe, 1HOCTPOEH-
HOE OCMBICJIEHHBIM 00pa3oM M3 YNOMSIHYTHLIX 3HAKOB JJIA
IIEPEMEHHBIX C ITOMOIIbIO 3HAKOB &, \/, ~, —>, ~, CBA-
SBIBAIOMUX BBICKA3LiBaHUSA, M 3HAKOB OOIIHOCTH U Cylie-
CTBOBaHUs. HO cobuiojenne akCHOMATHUYECKOH TOUKU 3pe-
HUA, KOTOPYH Mbl M3JIOHUM B ClejyioleM mnaparpade
M NPH KOTOPOH [I0KA3aTeNbCTBA 1IPOBOATCS 10 YHCTO
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dopMasibHLIM TpaBuUIaM, He mpuberast K HCTOJIKOBAHHI
JIOTHYECKUX 3HAKCB, JejaerT HeoOXO0ZUMBIM XapaKTepuso-
BATb BLIPAXKEHMS, Ha3bIBaeMble HOPMYyJlaMH, TOJBKO NyTEM
oNuCaHKsl MX (GopMaJbHOrO IOCTPOEeHHs u u3beraThb olpe-
JeNleHuE uepe3 HeyTOUHeHHbIe MOHsiTHA BpOJE «OCMbIC-
JIEHHBI . :

UTto Kacaercss Buia (opmyJ, TO Mbl IpeXAe BCETO
mpejojiaraeM, 4YTO B HMX TIpY H3BeCTHRIX YyCJCBHIX
BCTPEUAIOTCST  [iPEiMETHBle TIepeMenHble—MaJble  JIATHH-
ckue OYKBBI—W I[IpHHAJJIOKAINME MM 3HAKHA ¢OLIHOCTH
M cyecTB Bauusi. Ecnu B Kakoit uuby b popmy e, Hapsiny
¢ NpesMETHOH mepeMeHHoi, KOTOPOH CJY)XUT, HATIPUMED,
X, OJIHOBPEMEIHO BCTPeYaeTcsl IpHHafJieyKamui el 3HaK
oOLIHOCTY MAM CYIUECTBOBAHUS, —B JAHHOM CJiy4ae, CJjie-
[0BATeILHO, (X) Miik (EX),—T0 COOIBETCTBYIOIIAS NEPCMEH-
Hasi BHYTPY (OPMYJibl HA3bIBAETCH cessqnnoli, B NPOTUB-
HOM Cryuae — c60000Hoil.

Mp 6ygem Termepb NCHUMATB TOJ Popmysamu T€ N
TOJBKO 1€ KOMOMHAUMM 3HAKCB Hamero UWCYUCIEHUA,
KOTOpPBIE OKA3bIBAKOTCS TAKOBHIMU B CHAY KOHEUHOIO
uycsaa npumeHeHui CiepyIOMUX npaBuil:

1. INepemensce BhICKa3biBaHue ectb Gopmyna.

2. TlpepuKaTnbie nepeMeHHble, B KOTOPHIX IYCThIC
MeCTa 3AHOJIHEHBl [PEJMETHLIMM MepeMeHHBIMA, CyTh bop-
MY JIBl.

3. Ecau Kaxas-nubygs KomGunaums 3HakoB 2 ectb
dhopmyna, To u A— opmya.

4.  Ecn U u B —xakue-dulyp (OPMYJIbI, IpUUEM
01HA U Ta YK€ TPeJIMETHAS MIepeMeHHas He BCTpeyaeTces CBil-
SaHHOM BHYTPU OHOI (opMYJIBI U CBOOOJHOM BHYTPH APY-
roif, To 1 A &Y, A\V/YB, A— B, A~ B cyrb GopmyJibl.

5. Ecau A (x) osHauaer Kaxyw-HuGynb Qopmyy,
B KOTOpoil TepeMeHHAas X BHICTYIIAeT B Kauyecrse CBOOOJ-
woil mepemenHolt, 10 m (x) A (x) u (Ex) W (x) cyrs Hop-
myabl. To JKe camoe CIpaBe/iMBO COOTBETCTBEHHO [JIS1
APYTUX CBOOOMUBIX MNepeMEHHBIX.

Mp! 1O lUePKUBAEM, YTO COTJIACHO NPUBE/IEHHOMY Ollpe-
JleJIeHMI0 07Ha M Ta Ke IlepeMerHasl He BCTPEUaeTcsl B
$hopMyJie o HoBPeMeHHe B CB0G0 0l M B CBA3ANHOH dopme.

O603HauenUA 6 UCHLZCACLUL NPEOURaAMDE {5

H1st sxonoMul cKo6oK BBeNeM CllefyIONME COrIAMLEHUS:
SHAKK —>, \/, & ~ paselsiioT BLIPAIKCHHSI CUIIBHEE, UeM
SHAaKU 00IMHOCTH U CYiuecTBoBanus1. Hanpumep, (x) F (x) & A
ABJIACTCS 00Jiee MPOCTBIM CHOCOGOM 3allucd st ((x)}:‘

A(x))&A. Ipe)xHee cormamenue, uro & cBsA3bIBAeT TeCHee,
4eM —> U ~, a \/ eme TecHee, UYeM &, OCTAETCH B CuUJIe.
HNaJee, K0 BCAKOMY BtTpeuammemycsi B (popmyne 3HaKy
0BIHOCTA MM CYINECTBOBAHMS HPHHALJIEHKUT ONPEIesIen-
Hasl yacrb GOPMyJibl, K KOTOPOIl OH OTHOCHTCA. D1y vacTh
Mbl OyJieM HaswiBath 061acmbio delicmeus COOTBETCIBYIOLIE-
ro 3HaKa. Tak, B dopmyne:

(x) (F (xy—> (Ey) G (v))

00J1aCTh [IeCTBUsI 3HAKa (X) MpocTHpaercsad go KOHLA
Gopmynsl, B QopMmyne xe:

(x) F (x) — (Ey) G (y)

Jimb 10 3HaKa —>. [lajbHeifmero ymesblueHUsi KOJId-
YeCTBa CKGOOK Mbl [OCTHIAEM C [IOMOIbI CJIEIVIOHIEro
NpPaBUIIA: €CJM HECKOJILKO 3HAKOB OBL[HOCTH IUId CyIre-
CTBOBAHUA CJIEIYIOT HENOCPENCTBEHHO APYyr 3a " PYTOM
ue Oy[yud pasjesierbl CKOOKaMu, TO 3TO BCGFRaHHy}KH(;
TIOHMMATb TaK, YTO UX 00Jacty jeficTBUSI MPOCTUPAIOTCS
A0 OZHOrO U TOro ke mecra. Hanpumep:

(x) (Ey) (z) (H (x, y, 2) & K (, 2)) & L (u)
ectb Oosiee mpocTodt criocof 3anuicu st

) ((Ey) [(2) (H (x, ¥, 2) &K (y, 2))]} & L (u).

Bo nsbe)kanue owmGoK, MBI TIOSICHUM elje ynorpedgJie-
HUe 00ablIUX HeMeyxkux Oyke, HA KOTOPOM MBI BKpATIE
OCTAaHABJIMBAJMUCh Y)K€ paHbllle B MNpUMEHEHWM K UCUU-
CJIERHI0 BbICKa3biBauuii (ra. I, § 5). Otu OyxBel He aBJIsI-
IOTCS1 3HAKAMHK Haero f3plKa opmys, ¥ [PUHLIUITHAJBLHO
0e3 HUX BOOGIE MOXKHO ofoirTuch. OHM CJayKaT JUIb
At Toro, yrobbl 00sieyb B KPATKYIO (JOPMY COREPIKATENb-
Hbie coobulenus 00 ucuucyeduu. [Ipy Takux COODIEHUSX
M5l 06003Haqaem uepes U,-B, €, ... nwobuie Gopmys,
TOYHBI (OPMANBHLIH BUj  KOTOPBIX OCTAETCA HeOmpeie-
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nedHbiM. Tak, A-— B 3amensier w00y HMNIUKALUIO,
Hanpumep, (A— B) —> (B—> C) wm (x) F (x) — (x) G (x).
Uepes A (x) mbr o06o3Hauaem miodylo Gpopmyny, comepra-
Iy CBOGOTHYIO TNeEPEMEHHYI0 X; TCYHO TaK JKe uepes
A (x, y)—dopmyny, B KOTOPOil BCTPEHAIOTCS] CBOOOJHBIE
nepeMeHHble X M Yy, U T. [.

§ 5. AKCMOMBI HCUNCNEHHSA NPEAHKATOB

Mbi miepelinem Terepp, M0 00HO TOMY KaK IPEXKIE Mbl
9TO cfesiayiM [JIsl MCUUCJIEHUS] BBICKa3blBaHMM, K yCTaHo-
BJIEHMI0 CUCTEMEI AKCHOM JIJIsT UCUMCIIEHHUST TIPEIMKATOB, U3
KOTOPOH OCTaJIbHble UCTHHHBIE BLICKA3BIBAHUSA 9TOI'0 HCUHUC-
JleHUs MOryT GbITh TIOJIYYEHBl TIO OIIPEeieJIEHHBIM I1PaBUJIaM.

YcraHoBJieHHe aKCUOM M 1TPaBUJI BHIBOJA, eCTECTBEHHO,
DPOUCXOJUT B COOTBETCTBUM C COAEP)KaTesIbHON WHTEp-
nperauueii popmyn. OgHaKO BBIBOK ¢UCTUHHBIX» (p?pmyn,
N0J1y4aeMbIX U3 aKCHOM, COrJIACHO aKCHOMATHYECKOH TOUKe
3peHnsi, MOJDKEH IIPOMCXOAUTh YHKCTO (GOPMAILHO, TaK,
YTO MBI CoBCeM He 3a00TUMCST O CMBiCle BbIpaYKaeMbIX
¢opmynaMu BbICKa3blBaHW, a YYHMThIBAEM TOJbKO COMEpP-
yKalqgecst B mpaBuiaX npeanucaHusi. ToObKO npu uHTEp-
TpeTaluy MOJYUYeHHHX ¢ [OMOWbI0 (DOPMAJILHBIX OHepa-
Uud pe3ynbTATOB Mbl JODKHBI TNPHHSITb BO BHUMAaHHE
3HaUeHHe 3HAKOB Hallero MCYUCJIEHHS.

J10 copepxaresbioe KCTOJIKOBAHHE MPOUCXOAUT CJle-
aylomum ofpasom. Mbi mpencrapisieM cefe T00MKeHHOH
B OCHOBY 00JaCTb WHAUBUIYYMOB, K KOTOPOH OTHOCATCS
npeiMeTHEIE NepeMeHHble M 3HAKW OOUIHOCTH H cyume-
CTBOBaHMsA. JT1a 00/1aCTh OCTA€TCA HEONPELe/eHHOH; Mbl
TOJIbKO MpejrnoJiaraeM, 4To ©OHA COAEPWHUT 1O KpadHeH
Mepe OJMH MHAMBUAYYM. PopMyNa HCYMCJIEHMS TIpejH-
KaroB JIMWb B TOM CJydvae Ha3biBaeTCsl BCer[la-MCTUHHOH,
UJIM, KaK MBI TOBOPMM TakoKe, o6uesnauumol (allgemein-
giiltig), ecqu, Hesasyucumo ot i0ro, KaKo# Oblna BhOpana
o6nacTb MHAWBMAYYMOR, IIPU BCSAKOIl MPOM3BOJIbHON MOJ-
'CTAHOBKE KAKUX-HUOy b ONpefesIeHHBIX BbICKa3bIBAaHUM,
OTpeflesIeHHBIX NpeMeTOB 00J1aCTH MHJUBUYYMOB M OTIpE-
JeJIeHHBIX 151 3TOi 00JIaCTW UHIUBU"YYMOB IIpeHKaroB
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Had MECTO. MEPEMEHHBIX BBICKA3LIBAHU, CBOGONHALIX npej-
METHBIX TIEPEMEHHHIX W NPEAUKATHBIX IePeMEeHHBIX pop-
MyJla KDKIBIH Pa3 MmepexoJuT B MCTHHHOE BBICKA3bIBAHME.
Ofwesnaunmble GOPMYNIBI  HUCUMCTIEHYSI [IPe/IUKATOB MBI
HA3BIBACM TAKOKE MmoyccecmeernHoLmi Hopmyramu.

IlpuBesem rtenepn COOTBETCTBEHHYID CUCTEMY d4KCHOM,
B KauecTBe OCHCBHBIX JIOTHUECKHX bopMyn MM HMeem,
NPEKJE  BCEro, axCUOMBI UCYMCTIEHUS] BLICKA3LIBA HMIA,
KOTOpble pajd [MpOCTOTBI MBI JAaeM B Toif e caMoit
popme, KAK U paHblile:

a) XVvX—X,
. b)) X—=XVvY,
c) XVvY—=YvX,
d) (X—=Y)—[ZVX—>ZVY]

(U — B nonpe)kHeMy ciefyeT NMOHUMATD KaK COKpalleH-
Hy10 3anuch ans A \/ B).
K a1MM akcuomam Mbl MpPUCOEIUHSEM Telepb B Kaue-

CTBE BTOPOH TIDYNNbl B aKcuoMbl AJNA «6cey W «cywe-
cmeyem»:

&) (1) F(x)—>F ),
fy F ) — (Ex) F (x).

IlepBast u3 3TuX aKcuoM o3Hauaet: «Ecau nperukar F
BBIMTOJIHAETCS JUIsI BCEX X, TO OH BBIIOJHAETCH TaKKe
s gwboro y». .

Bropast ¢opmyna unuraerca Tak: «Ecou npemuxar F
BBIMONHAETCA JJ151 KaKCro-Hubymb ¥, To CYmeCTByeT X,
BJIST KOTOPOI'0 BBINOJHAETCS F».

Lt nostydeHust HOBBIX (GGPMYJT U3 OCHOBHBIX JOTHUE-
CKUX GOPMYJI, PaBHO KaK M3 y)Ke BBHIBEAEHHBIX (opMyJ,
Mbl MME€EM CJIefyIoLHe MpaBMIa. )

a) [TpaBuna nofcTaHOBKHU

al) B tdopmyse nepemenHylo, 0603HAYAIUIYI0 BBICKA-
3bIBaHUE, MOXKHO 3aMenutb JioGoil dopmysolt mpu ycio-
BUH, YTO 3Ta 3aMEHA NPOMCXOAUT OJHOBPEMEHHO BO BCeX
MeCTaX, B KOTOPBIX BCTpEYaeTCA JaHHAs TIEpeN.eHHasd,

7 CcHoBH TEOpPeTNIECKOR JIOTruKM
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.0003HauaOmas BLICKA3biBAHUE, W YTO [PU 3TOM BOOGHIE
CHOBA MOJIy4aeTcst GopmyJsia B CMbICTE OTIpefesIeHHsl, IpU-
BegeHHOrOo B mnpeapinyiiem naparpage. Kpome Toro,
3aMeHa JoNycTHMA JIMIlb B TOM CJyyae, €CjaM 110JCTa-
BJigeMast hopmysia He COAEPKUT NPEMETHOU mepeMeHHOH,
BCTpevarleics B ucxonHoi gopmysie B CBS3aHHOM BUfE.

a2) CpoboJH4as1 upegmeTHasi NepeMeHHas MOXKET ObIThb
3aMeHeHa JpYToi 1peIMETHON IMepeMeHHOH mpu VCJIOBMY,
YTO 32MEHA IPOUCXOAMT OJHOBPEMEHHO HAa BCEeNX MECTAX,
B KOTOPHIX BCTPeudeTcs aTa CBoOopHasl npeaMeTHasy Iepe-
meHHas. TlogcTaBnenHast nepemenHasi He JOJDKHA, KPoMe
TOro, BCTpeuaibest rue-Mubo cBAsaHHOM B mepBOHAYAIL-
HOH ¢iopmyJre.

a3) IlpeqnkarHas mepeMeHHasi ¢ N OYCTHIMM MeCTaMK
npu OMpeJieIeHHbIX YCJIOBUSIX MoOYKeT ObiTh 3aMeHeHa dop-
MYJIOH, copepyKawed no MeHblledl Mepe n CBOGOLHBIX
TIPE[IMETHBIX mepemMeHHbIX. TlycTh F eCTh 3Ta mpeguKaTHAS
nepeMeHHast ¢ 1 OyCTHIMU MecTami, a A Qopmyna, B KoTo-
poit F pomKHo ObITb 3ameHeno. Mel BoiOMpaem u3 Iipef-
METHBIX MEPEMEHHbIX, BCTPEYANUXCsl B (OpMYIie, KOTOpas
MOMKHA OBITH MOACTaBIeHA Ha MecTo F, Kakue-Hubyapb n,
ynopsjoueHble NPOU3BOJILHBIM 00pa30M; NycTh 910 OYAYT,
Hafpumep, Xy, X;, ..., X,. B COOTBETCTBUH C 3THM 0603Ha-
UMM MO/ICTABJIAEMYI0 Qopmysy uepes B (X, X;, -.., X,).
IMopcranoBKa [oflycTMMa Ternepb /MWL B TOM CJIyyae,
eC/M  OCTaJIbHble CBOOOAHEIC [peAMeTHble IePeMEHHBIE,
KOTOPBIE €Ille MOTYT IIPUCYTCTBOBATE B B (X, Xsy - - -5 Xn),
He BCTpewalrcst B ¢opmysie U B KayecTse CBSISAHHBIX
[EPEMEHHBIX ¥ €CJIM B pe3yJbTarTe IMOJCTAHOBKH Mbl BO-
o6me cHOBa roJiydacM dopmysny. TogcTanoBKa HPOUCXOIUT
crenyomum 006pasom: B KaRIOM 0THebHOM Clydae BCTpe-
Y{ NpegUKaTHOM nepeMenHoil F B U nycThie Mecta 3To mepe-
MEHHOIl 3aMO/IHEHbl KaKUMH-HUOYIb MPEIMETHBIMH Tlepe-

MEHHbIMU, KOTOPble MBI (TOJILKO Ha AaHHbIT MOMeHT) 0603Ha- °

4UM uepes a,, @y, ..., G, ITU O, Gy, ..., A, He [JOJDKHBI
ObiTb 0653aTeNIbHO BCE PA3JMYHBIME, HEKOTOpble U3 ITUX
TIEpEMEHHBIX MOI'yT OBITb M OJMHAKOBBHIMH. MbI 3aMe-
HSIEM Tellepb B COOTBETCTBYIoWleM Mecrte F (a,, Goy..., @)
Ha B (a,, a,, ..., ay), T.€. HAa GOPMYIIY, NOJYHAKLUIYIC U3
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B(x,, x,, ..., Xn) [YTEM 3aMeHbl [ePeMEHHBIX Xis Xgy o2 Xp,
BCloAy, TIne OHM  BCTPEYalTCS, COOTBEICTBEHHO Ha
0y, Qgy ..., G,. AHANOTHYHASI 3aMeHAa [IPOUCXOJUT B KAYK-

AOM OTIETILHOM CJiydae BCTpeun F.

B) Cxema saknwuenunsq

M3 mByx dopmyn Buga A u A — B T0JIy4yaeM HOBYIO
hopmyny B.

Y)Cxema gnsa «Bcey U «cymecTByeTy

1) TlycTs mbl BoiBenmu dopmyny 9o — 9B, Yy KoTOpoit
YacTb, CToslas IOCTe 3HAaKa —>, COJAEPIKUT CBOGOIHYIO
IIEPEMCHHYI0 X, B TO BPeMA KaK B U IepeMeHHas] X He
Berpedaercsl. Torga mosnyyaem B KauecTBe HOBoifi BbiBe-
feHHolt Gopmysel A —> (x) B (x).

72) I'lpu Tex ye caMbIX YCJIOBHSIX OTHOCUTENBHO Bupga A
u B (x) noiyuaem uz Gopmynast B (x) — A HOBYI0 dop-
myny (Ex) B (x)— A L.

¢) IpaBuso NepeMmMeHOBAHUSA CBA3GHHBIX
nepeMeHHBIX

CBSI3AHHYIO NIPeIMETHY 10 TepEeMEHHYI0, BCTPeyaroUyocs
B (opmyJsle, MOXKHO 3aMeHSITh Apyroi ceasaHHO# Tepe-
MEHHOH. ATy 3aMeHy cJiegyeT NpOU3BOIUTE OHOBPEMEHHO
BO Bcex mecrax obysactu [eicTBUS u B COOTBETCTBYIOLLEM
3HaKe 0OIHOCTH MU CyIECTBOBAHUS. Ilpu atom npep-
[o1araeTcest, 4To mocse TaKod 3amenst Boobme cHOBa 107Yy-
uaercsl dopmyna. Ecim nepemenHas, KOTOpast MA0JHKHA
ObiTb 3aMeHeHa, BcTpeyaeTcs OHOBPEMEHHO B HECKOJIb-

. KUX KBAaHTOpaxX (¢ pasiMunbiMM ofJacTsiMy  feliCTBuA),

TO 3aMeéHy cjeflyeT NpPOU3BOAUTL TOJBKO OTHOCUTESIbHO
oflHOW o6acTu.

! Mcno/nb30BaHHAsi 31eCh CHCTEMA aKCHOM AJISl «BCE» M «Cyiue-
CTBYET), KOTGpasn Buipaaercss ¢opmynamu e}, fj, a Tarwe npa-
BHTamu Y, Obliia npegnoskena Bepnaticom.

T
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§ 6. Cucrema ToXXAecTBeHHLIX (Qopmyn

Tenepp NCCMOTPHMM, KaK C MOMOINLID NpPHBEAEHHBIX
OCHOBHLIX  JIOTMYECKMX (GopMyJ] M IpaBdll  BbIBOJA
CTpoMTCH BCA CHcTeMa 60 Uje3itaqtimbix NI, KAaK Mbl TOBOPUM
TaKKe, moyccecmcerblx GOPMyJT UCUNCTIEHHS TTPEUKATOB.

C omHoOll yacTUyHOH cHCTEMOIT 3TUX (GOPMYJI MBI YIKE

3HAKOMBI, MMEHHO ¢ TOM 4acTblo, B KOTOPOH BCTpeuaioTCA
TOJILKO TepemexHsle BbicKassiBauus. s aTol vacTuunoi
CHCTeMbl Mbl paHbllie BhiBeJIM Gopmysnl (1) — (20) M rnipa-
Buna I—VIIL. Mel HasbiBaem 3Ty YaCTHUHYI CHCTEMY
CHUCTeMOU modcdecmeenHblx Popmya ucducAeHUA 6blCKA-
3vl3anuil.
"~ Tlpexpe BCero, Ha Pa3/MYHLIX TIPHUMEPAX Mbl U3JIOXKHM
METOJI, KOTOPOMY HY)XHo CJIeL0BaTh IIPU BbiBoae hopmyJl.
3arteM, Kak ¥ paHbllle B UCYMCJIEHHH BbLICKA3bIBAHMM, Mbl
[I0OJIy4¥M elie W HOBbie lpaBuia BbiBefa. Ilpu aTOM
UCTIOJIL3YIOTCSl BbIBEIEHHBIE paHblle GOpMYyJbl W IHpaBujia
MCUMCJIEHUST BLICKA3bIBAHMH.

Mpasuno y': Ilycms met 0okasaau nexomopyw Gop-
myay A (x), kKomopas cocepHcumm c66600HYH NEPEMEHHYIO X.
B marom cayuce doxasyesna maxkxnce Popmyaa (x) A (x).

- Jlokgaameascmeo: M3 U (x), npumenss Npasuna Il
u IIl, nonyvaem:

XV XVYA®E,

XV XV (x)%(x). [(mo npaBuny )],
XV X [dopmyna (3)],

(x) A (x) (cxema 3aKJTIOUEHHS).

Npaeuno &: Bee cBoOopHble U CBA3AHHBIE MpPEAMET-
Hble TlepeMeHHble, BCTpedawiuecss B (opMmyJie, MOMHO
3aMEHSATb [PYTUMM liepeMEHHBIMH, €CJIM TOJBKO CJIefUThb
3a TeM, 4roObl B MeCTax, B KOTOPHIX CTOSJIM OJJUHAKOBBbIE
nepeMeHHble, M TII0CJE 3aMEHbl OKa3aJIMCh OJUHAKOBLIE
IIepeMeHHbIE, © B MeCTaX, B KOTOPbIX HaXOAWJIMChb pas-
JINYHbIE M[epeMeHHble, IOCJe 3aMeHbl OKa3aJuCh TaKKe
pas3JIHUHbIE TIEpeMeHHbIe.
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IexaszaTenbCTBO n'onyqaem, TIPUMEHSTSt HECKOJIBKO pas3
npasuaa a2) u 8). Hanpumep, u3 oCHOBHOH dopmysl e)
nojiygaem popmyay (y) F(y) — F (x) caepyromum o6pasom:

(x) F (x) = F (¥),
(x) F (x) — F (z) (no npasuny a2),
() F (y)— F (2) (o mpasuny 3),
(¥) F(¥y)— F (x) (no npasugy 22).
U3 npasuna &' cremyer, uTo NpaBuJio Y) 0CTAETCA

B, Cuie, ecau B QOPMYJIMPOBKE ITOTO NpaBujla BMECTO X

ynoTpedasTh BCerja Y um KaKoe-Huﬁy,r_Lb apyroe nepe-
MEHHoe. ’

@opmyaa (27): (x) (F (1) V F (x))..
Joxazamensemeo: X VV X [dhopmyna (3)],
F (x) V F (x) (mocpencTBoMm MmojxcTa-
HOBKH),
(x) (F (x) \/ F (x)) (no mpaeuny 1°).
Dopmyna (22): (x) F (x) — (Ex) F (x).
Aoxasameavcmeo: (X) F (x) — F (y) [akcuoma e)],

F (y)— (Ex) F (x) [axcuoma T)],
(x) F (x) — (Ex) F (x) (npasusio V).

Popmyna (23): (x) (A F (x)) — AV (x) F (x).

Aorasameascmeo: (y)(AV F(¥)~>AV F(x) [nogp-
CTaHOBKA B aKCHMOMY €) 4 MpaBujlo &']

() (AV F()—> AV F(x) (3amena A na A).

?

MCHOHBBYFI COKpamenye —>, MBI MOYXEM HaKCaTb
TAKKE:

WAV F ) —(A->F(x)),
[ (AV F(y))&A]— F (x) (no npasuay VII),
[ (AV F () &A]l— (x) F (x) [npaBuio 7);
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¢ nomombio npasusa VII u npasuna & met npeoGpasyem aro
BeIpaYKEHHE B

(x)(AV F(x))— AV (x) F(x).

®opmyna (24): (x) (A--> F (x)) — (A— (x) F (x)).
Hoxaszameabcmeo: Ira $opmyna MHoydaercsi U3 TIPef-
HIeCTBYIOMEH NOCPEACTBOM TOACTAHOBKA A Ha MecTo A.
MpasunolX:Eeau gopmysa N — (B — € (x)) ooxa-
3yema, mo Ooxazyema u Popmyaa U-— (B — (x) € (x)).
IIpu arom A U B He pOMHKHBI COLEPIKATb NMEPEMEHHOR X.
JdTo TNpaBuiI0 ABJNAETCSl paclMpeHueM npaswia yl).
BmecTo gBYX TOCBUIOK MOXXHO B3ATh TAKOKe Jloe jpy-
roe KOHeyHOe UMCJIO0 MOChUIOK. Ilpy 3TOM g0Kas3aTesLCTRO
BIIOJIHE AHAJIOTMYHO TAKOBOMY JJIsSl HACTOSNIEro CIyvas.
Hokazamenvemgo: A — (B — € (x)),

A— (x) (B —> € (x)) [mpaBuyo y)].

Orcioma, npumenss dopmysy (24) u mpasuio V, noJy-
4yaeM HMCKoMyio dopmyny.
dopmyna (25): A—(x)(AV F(x)).
Hokazamenbemeo: A—> A \/ B [axcuoma (b)].

A— AV F(x) (mocpencTBoM HOACTAHOBKY),
A—(x)(AV F(x)) [no npaBuny 7)].

Dopmyna (26): (x) (A\/ F (x)) ~ AV (x) F (x).

Hoxazameavcmeo: Tak kax ¢opmyna (23) aokasaua,
TO J0CTaTOYHO MOKAa3aTb MPaBWIBHOCTb oOpaleHus::
AV () F(x)— (x) (AV F (x)).

(y) F (y)— F (x) [u3 €) no npaBuny&’],
AV (y) F (y) — A\/F (x) (no mpasuiy 1V),
AV (x) F (x) — (x) (AV/ F (x)) [mo mpaBusnamy)usd)]j.

dopmyna (27): (x)(A— F (x)) ~ (A— (x) F (x)).

Hokasamenscmgo: Jra dopmyna nojyuaercs u3 (26)
TaKUM >Xe 00pasom, Kak {24) us (23).

Popmyna (28): (X) (A& F (X)) ~ A& (x) F (x).
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HAoxasameascmeo: CHauama Mbl [J0Ka3bIBaEM:
I. (x) (A& F (x)) — A & (x) F (x).

() (A& F (y)) —> A& F (x),

A&F (x)— F (x) [dopmyna (13)],

(») (A& F (y)) — F (x) (npaBuno V),

(x) (A& F (x)) — (x) F (x) [npasuna y) u 8)],

A&F(x)— A,

(x) (A& F (x))— A [npaBuna V u 8)].
[lytem ucnonb30BaHuA GOpMY Jibl UCUHCIEHNUST BHICKA3KIBA-
Hui

(X—=V)—> ((X—->2)—>(X—>Y &2))

W JIBYKPATHOI'0 TIPUMEHEHHUSI CXeMbl 3aKJIIOUEHHsI MBI IIO-

Jlyuaem 3aTeM M3 IocCjegHell 1 npepupeanccnefdeit popmyn

dopmyay 1.

. A&X)F(x)— (x)(A&F (x)),

) F(y)— F (x).
Orciofa nosyyaem CorjacHO MCUMCJIEHUIO BBICKA3bIBAHUIA:
A&(y)F(y)— A&F (x),

A&(X)F (x)— () (A& F (x)) {mpasuna y) u 3)].

W3 dopmyn I u 11 noayuaercs vckomast Gopmya.
Popmyna (29): (x) () F (x, ¥) ~ () (x) F (x, ).
Hoxazamenvemeo: (z) (U) F (z, u) — (u) F (x, u) [mogcra-

HOBKA B aKCUOMYy €) U TpaBujo 4],
(u) F (x,u) — F (x, ¥} [moacTanoBKa
B aKCUOMY €) u Tpasuio 8'],
(2) (u) F (z,u) — F (x, y) (mo npasuny V),
(z) () F (2, u)— (x) F(x, y) [mpaBuno )],
(x) (¥) F (%, y)— (») (x) F (x,y) [npa-

BUJIA 7) M §)].

Tak e moayuaercss (¥) (x) F (X, y) — (x) (¥) F(x, y),

a moartomy u (29).

Popmyna (30): (x) (F (x) &G (x)) ~ (x) F (x) & (%) G (x).
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Horaszameascmeo: CHagana moKaKeM:
a) (x) (F (x) & G (x)) — (x) F (x) & (x) G (x).

WM{F&G¥)— F (x) &G (x),

F(x) &G (x)— F (x),

F (x) &G (x) — G (x),

) (F () &G (y))— F (x) (no npasuny V),

() (F ) &G (y))— G (x) (no npasuny V).
ITo npaBunam y) u 8) nociepnue nBe POPMYIE MOYKHO
npeoGpaszoBath B (X) (F(x) &G (x)) —> (x) F (x),

T M F®E &G (x))— (x) G(x).

I3 obeux BmecTe nosiyyaem satem:
(X) {(F (x) &G (x)} — (x) F (x) & (x) G (x).

b) HoxasartenncTBo  (opMyns  (x) F (x) & (x) G (x) —
‘ - (0) (F (x) & G (x)):

) F(y)— F (x),
MG (y)— G(x),
W F@) &(y)G (y)— F (x) &G (x),
(x) F (x) & (x) G (x) — (x) (F (x) &G (x)) [npaBuna y) u 3)].

M3 a) u b) nosyuaem mckomyio gopmyy.
“®opmyna (37): (x) (F (x) — G (X)) — ((x) F (x) —
(x) G (x)).

Aoxazameascmgo: (y) (F (y)— G (y))— (F (x) — G (x)),
F(x)— () (F(y) = G(y)— G (x)) (no mpasuny VII),
() F ) — F (9), |
MF®—=(WMF»—G6(y)—>G(x) (npasumo V),
W) F () &) (F () — G (y))— G (x) (npaswio VII),
(x) F (x) & (x) (F (x) — G (x)) — (x) G (x) [mpaBuna 7) us)},
(%) (F (x) — G (x)) — ((x) F (x) — (x) G (x)) (npasuso VII).
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Popmyna (32): (x) (F (x) ~ G (x)) — ((x) F (x) ~
o (x) G (x)).
Horasameavcmeso: (x) (F (x) ~ G (x)) ecTb COKpauleHue
AJsl (%) [(F (x) = G (x)) & (G (x) — F (x))].
[Tytem nomcranoBku B dopmyny (30) nonyuaem: :
() [(F (x) = G () & (G (x) — F (x))] ~ (x) (F(x)—G ())&
(x) (G (x)— F (x)).
I[To popmyne (31):
() (F (x) = G (x)) = ((x) F (x) = (x) G (x)),
() (G () = F (x)) = ((x) G (x) — (x) F (x)).
Mei umeeM, Takum oGpaszom, TpU GopMyLl Buja:
A~B&E,
C— (€E—D).
Otcropa mexHo BbiBeCTH A — (D~ ). Ho 3710 U ecTb

Hale yTBep)KjieHue, ecnu mut 3amenum 9, D, € ux 3ua-
YeHUAMA.

Popmyna (33):
a) (Ex) F (x) ~ (x) F (x),
b) (Ex) F (x) ~ (%) F (x),
¢) (Ex) F (x)~(x) F (x),
_ d) (Ex) F (x) ~ (x) F (x).
Hokazameavcmeo (33a):
~ (¥) F (y) — F (x),
FX)— () F(y) [no dopuyse (6)],
F(X)—(y) F(y) [3amena F (x) na F (%],
(Ex) F (x) — (x) F (x) [mo npasumam ) u 3)].
910 ecTh HamonoBuHy Qopmyia (33a).

F(x)—(Ey) F (y) [u3 axcuomnt f)],
(Ey) F(y)— F(x) [no Gopmyne (6)],
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(Ex) F (x)—> (x) F(x) [npasuna y) u 3)],
(%) F (x)—> (Ex) F (x) [m0 dopmyne (6)],
(x) F (x) — (Ex) F (x) [3amena (Ex)F (x) na (Ex) F (x)].
1o BTOpas nosoBuua (33a). B
Horazamenvcmeo (330): A~ A:
F(x)w?‘(x) (I1yTem I10ICTaHOBKH),
() (F(x)~F(x))  [upasuno 1')].
Hcnonbsys dopmyny (32), monyuaem orcroga:
(%) F ()~ () F (x),
(X) F (x) ~ (X) F (x) [myrem ucronp3osanms (X~Y)—
(X~ ¥), (cp. bopmyny (26), crp. 27).
[lyTem nopcranoBku B (33a) monyuaem:
(Ex) F (x) ~ (%) F (x),
CremoBaTeIbHO:
(X) F (x) ~ (Ex) F (x).

310 u ectb dopmyna (33b).
W3 (33a) u (33b) monyuaem Taxke bopmybr (33d)
v (33c), Tak KaK Uz A ~B MoyKHO NMoayuuts A ~ B.
Popmyna (34):

() (F (X) = G (x)) — ((Ex) F (x) — (Ex) G (x)).

Horazamenvemeo: V3 GopMynbl HCUMCTIEHHS BBICKA3HI-
BaHUi{

(A— B) — (B — A)
ToNlyyaeM ITYTEM ITOACTAHCBKH -
(F (x) =G (x)) = (G (x) — F (x)),
(%) {(F (x) = G (x)) = (G (x) — F (x))} [mo mpasuay y')].
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W3 nocnenueii dopmynnt H0J1ydaeM, UCAOJL3Ys bopmy-
ay (31): '

(¥) (F()—Gx)}— (x) {G(x)— F (x)}.
[Ipu BTOPHUHOM MCHOJIB30BAHUY dopmysn (31) u npaBuna
V mostyuaem otciopa: :

() (F (9= G (x)) = ((%) G (x) — (x) F (x)).

B aroii opmysne Brpaxcenne (x) G (x) > (x) F (x) moxer

ObITh npeobpasoBano, riyTem UCTIONIb30BAHUST popMYJIEI (6),

B (X) F(x)— (x)G(x). Tak kak (x) F(x)~ (Ex) F (x),

(X)G (x) ~(Ex) G (x), To wHCcKomast dopmyaa poxasama.
Dopmyne (34) COOTBETCTBYET CJIeAYIIIee MNpaBuso:

Ecmu 9 (x) — 9B (x) AOKasyema, TO MOMKHO BBIBECTH

TaroKe (Ex) A (x) — (Ex) B (x).

HmeHHo, u3 A (x) — B (x) mo npaBuay 7" Hojyvaem:
() (A (x) — B (x))

U, UCHoNb3ys (34), (Ex) A (x) — (Ex) B (x).

Touno ke Tak, kax us (31) BEiBOpMTCST OpMyIa (32),
nojyuaem u3 (34) dopmyay:

(34) (%) (F (x) ~ G (x)) — ((EX) F (x) ~ (EX) G (x)).
®opmyna (35): (x) (F (x) — A)~ ((Ex) F (x) — A).
Hoxasamenscmeo: (x) (F (x) — A) ectb coKpaIenye 1t

) (F(x) v A).

Hanee umeer mecro dopmyna:
() (F (x) V )~(x) F(x) V 4,

KOTOpas noKaspiBaercs mogo6Ho dopmyne (26).

(x) F () ~ (EX) F (x),
(0 F (x) V A~ (EX) F(x) v A.

Eciu Teneps cHoBa Hanumem COKpalieHue—, TO MO0Jy-

unm (35).

Qopmyna (36): (Ex) () F (x,9)— (¥) (Ex) F (x, ).
ITo yxKe YHOMUHABIIASCA TpPeX(e dopmyna nepecra-

HOBKH, 0 KOTOPO# ObLJIO TaK)Ke OTMEUEHO, YTO OTHOIIEHHE
ClIe0BAHNS CIIPABEAIMBO B Helt TOJILKO B OfHy CTOPOHY .
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Hokazameavcmeo: F (x,y)— (Ez) F (z, )
[mopcTaroBKa B akcuoMy f) U mpaBuno 8],

) (F(x,y) —(E2) F (z, ) [npaBuno y'].
Henonbsys dopmyay (31), nonyuaem:
W) F (6 ) — () (E2) F (2, 9),
(Ex) () F(x,y) = () (Ex) F (x, ¥) [n0 npaBuaam y) u 8)].

§ 7. Npasnno 3amenn; oGpazoBanue NPOTHBONONOKHOCTH
AN HeKOTOpoit dopmynnl

Mocne Toro, Kax Mel BhBENM psig TOXAECTBEHHBIX
hbopmys, 0CTaHOBUMCA eme Ha HEKOTOPHIX 06WUX npa-
BUJIAX, 0CO0EHHO Ba)KHLIX AJISI nonyuyenust o63opa Bceii
CHCTEMBI TOYK[IECTBEHHBIX GOPMYJI.

B KauecTBe mepBoro mnpaBMsa Mbl HMeeM HEeKoTOpoe
pacmmpenne npaBuna VI. [TociegHee rnacusio, uro Bhl-
CKa3blBaHHA, KOTOPbIE HAXONSTCS BO B3aUMHOM OTHOLIE-
HUM CJIEOB3HUS W, TAKUM 00pa30M, SBJSIIOTCSI DICBUBA-
JCHTHLIMU, MOTYT OBITb 3aMeHeHbl ADYT ApyroM. Mel
paculMpuM 3TO NPABMJIO 3aMeHbl cJegylomum o6pazom.

Ilpasuro X: Mycts A(x,y, ..., u B Y,...,u)
Kaxue-nubyib GOPMysIbl, KOTOpHIE CONEPHKAT CBOGCTHBIE
NePeMEHHbIE X, ¥, ... , U U HUKAKUX APYrux cpoOOIHBIX
NEpEMeHHBIX He nMewT. [lycts, pamee, U (x,y, ..., t)
~B(x,y,...,u) noxasyemas ¢opmyna. Eciau umeem
TeNeph HEKOTOPYIo dopmyny €, B KoTopoit B KauecTse
COCTaBHO{ €€ YaCTH OJMH MJM HECKOJBLKO pa3 ¢urypu-
pyver A(...) ¢ KaKUMU-HUOYAL MepeMeHHBIMH  BMeCTo
Xy Vy-oo s U, M eCTH D eCTb GOPMYNIA, MONYYAKWASICI U3
€ nyrem 3amennl B Heit A(...) B HEKOTOPBIX MU BO
RCeX Mectax Ha B(...) B CMBICJIE Hallero Nnpasuia
23), To €~ D aABnAercs TaKKe KoKasyeMoit dopmynoit.

Tak xax npasuno VI mbl y¥Ke uMeeM, TO NCCTATOTHO
NIOKa3aTh, 9YTro M0 o0eMM CTOPOHAM 3KBUBAJIEHTHOCTU
A, y, ... » U) ~B (x, ¥, cesll), nepen Qf(x,y, ceasll)
v nefen B (x,¥,...4) MOKHO TIOCTABUTE OJMHQKOBLIE
KBaHTOPEL, (T. €., HAIPUMEP, MOYKHO HANHCATD:

EX) ) A, 350y u) ~ (Ex) (1) B (x, 9, - . 1))
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JlocTaTouHo MMOKa3aTh 3TO [N OJHOrO KBAaHTOPA.
HTaK, noxaem, uTo B HAIMX TIPEIOJIOMEHUAX Gopmy abL:

() WX, ¥ye oo ) ~(X) B (X, Py« 1),
(EX)U X, 5oy )~ (EX)U(x, ). ..,0)
AOKA3YEeMbl.
s A,y t)~B(x,,...,U4) monydaem 10
npaBuiy '
Ay, ) ~B (X, 9,...,0).
3ateM, ucnonbays Gopmyay (3?), umeem:
A Y, ) ~()B (X, ¥, - -, 1)

¥, TOYHO TaK je, Ha OCHOBAHUM Gopmyasl (34"):
(Ex) WU (Xy. .., u) ~(EX) B (X,y...,1).

B KauecTse pasbHeifmero pesyJjpraTa K 9TOMY TIpH-
MbIKA€T TIPaBHJI0 06PA30BAHMS IIPOTUBONOJOMKHOCTH AJIsI
hopMyJIBL. ]

Hpasnnto XI. Mz nexomopcli gopmyast, 8 xomopoti
He scmpedaemca COKpAUeHUll — M ~ , NPOMUGONOA0NCHAA
et gopmyaa obpasyemcs caedywuLm o6pasom: 60-nepstix,
3HAKU .6CeI0WHOCMU  3aMeHAMCA 3HAKAMU CYi ecmeosa-
HUf, u Haobopom; 60-emopelx, 3HaKu & u \/ 3amenswmes
Opye OpyeoM; 6-mpembux, 3HAKU 6bICKA3bI3QHU u 3HaKu
npedUKAmos 3amMeAA0mes ux ompuyaHusMi.

JloKa3aTeabCTBO 3TOrO MPEJIOYKERMST IPOUCKOTUT Clie-

- pyommum obpasom.

Husa  caygasi, xorja COOTBETCTBYHOIAA q).opmyna
HE CONCPYKUT 3HAKOB OOMHOCTM W CYMECTBOBAHMSI, Mbl
Y)Ke JTOKasajii 3To IpelsoKeHWe B HMCUUCJEHHM BpICKa-
sbiBaHuil. Mcmosbsya ero Tenepr w  paccmaTpuBas
KOMOMHALHUI0O M3 KBAaHTOPOB M UX 00JaCTU [JeifcTBHUS
KaK HeEPa3pbIBHOE I(eJI0€, -Mbl BCerjga MOYKeM LOCTUYb
TOro, YTO OTPULAHHE BCEro BHIPAYKEHUS Oyner NepeHece-
HO Ha Camble Hapy>KHbie KBaHTOPHl. Ecnu Bce BhipajKe-
HUE CTOSIO MOJL OJIHMM KBAHTOPOM, TO 3TO yXKe C CaMmo-
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I'0 Havana nMeer mecto. M3 dopmys (33) menyuaem ganee:
(x) % (x) ~ (Ex) A (x),
(Ex) % (x) ~ (x) A ().

Mcriob3y s 911 9KBUBANEHTHOCTH, MBI MOYKeM nepeaBu-
HyTb OTPMUAHME C KBAHTOpa Ha 06MacTb ero mneficTBUSA.
C arumu 0071aCTAMM JeHCTBUS MBI MOC1ynaeM 3aTeMm TaK
e, KaK 1 Co BCEM BHIPA)KEHMeEM, TI0Ka, HAKOHEL, He JoiijlemM
TOBCIOAY A0 3HAKOB BHICKA3BIBAHUN MJIM MpegUKaToB.

OnucaHHbI MeTO/ tipeo6pa3oBaHUs MOACHHM NIPUMEpPOM.

Mycrs Tpebyerca momyuuts COOTBETCTBYIOLlee Halei
Teopeme NPEACTaBJIEHHE IsT HOPMY IBI:

(x) (Ey) (F (x, ¥) V/ (E2) G (x, y, 2)).
U3z dopmys (33) cravana Cneyer, 4ro: :
(X) (EY) (F(x, ¥) V/ (E2) G (x, y, 2)) ~ (Ex) (Ey) (F (x, ) V/
(Ez)G (x, y, 2)).
Hanble nosyuaem 5KBUBAJICHTHOE BLIpayKeHHe:
(ExX)(0) F (x, y) VV (E2) G (x, ¥, z).

[Tpumensast wacTHLIM Cilyyai Hamero IpepsioyKeHus,
OTHOCAMMACA K MCUYMCTIEHUID BbICKA3bIBAHUM, M paBuid
X, mosyyaem: i

(Ex) (¥) (F (x, y) & (Ez) G (x, ¥, z))
¥, HaKoHerr,

(Ex) () (F(x, ¥) & (2) G (x, 'y, 2)).

3710 4 €CTh B TOUHOCTHU COOTBETCTBYIOIIIEE HallleMy IIpaBuy
npeacraslieHue.
®

§ 8. PacwmHpennstit npuAmMn ABOHCTBEHHOCTH;
HOpPMabHLIe GopMbl

M3 mpaBuna Xl npeaplyiero naparpadga MOXHO
“BBIBCCTH npunyun 060lcmeenHoCmy, KOTOPBIH MBI MOYKeM
[IOHMMaTb, KAaK pacllUpeHNe NPUHIKIA JABOWHCTBEHHOCTH,

! Yepra ceepxy uag Qopmynoi--oro 3HIK €€ OTPHUAHMSA.
{(ITpum ped,)

TRS——

RS L

1Tpunyun desiicmeennocmu f11

BLIBEACHHOI'0 TIPSKJAE MAJIA UCYMCIIEHUS BBICKA3bIBAHUIL.
ITOT TMPHHUMII IJIACUT:

H3 0oxcasyemoli gopmyasl, umerouyeli Popmy umnaureyuy
HAU YPABHEHUA, 6 41eHAX KOmopoll He 6CHpedarmes 3HAKU
—> U ~, nonygaemes cHosa Ooxasyemas Hopmyaa, ecau
3AmeHUMb noecrdy 3Haku 00wjHoCcMU 00HOUMEHHBIMU 3HA-
Kamu-~cywecmeosanua u Haobopom, u, Kpome mozo, obme-
HAMb Opye na Opyea suaku & u \/. B cayuae umnauxkayuu
HYNCHO elye, NOMUMO 3mo20, nepecmasumbv 064 ee 4aeuaq.

Aorazamenscmeo: Ecomm A — B ecth A0Ka3yeMmast
dopmyna, T0 B — A TaKKe FOKA3YEMA; BMECTE ¢ dopmy -
moH B ~ A noxasyema u dopmyna A ~ B. I[Tpeobpa3y-
€M Teilepb A u B 1o npasuny Xl mnpepgbiaymero iapa-
rpata. Mbl B2auMio o0MeHMBAEeM, CJIe0BaTeNIbHO, Apyr Ha
Apyra 3HaKu OOGLIHOCTH W CyIHECTBOBAHHUS, PABHO KAK
M 3HAKM & ¥ \/, M 3aMeHsieM 3HAKM ISl BbICKA3bIBAHMUI
M IIPeIKATOB UX OTpULAHHUSAMU. OIHAKO, TAK KAK Pedb MIeT
0 IoKa3yeMoH Gopmyie, TO IOCJIEAHSISI 3aMeHa MOMKET ObIThb
CHOBA CHATA MyTEeM 3aMEHbI, 10 NPABHJIY NMO/CTaHOBKY, BCEX
SHAKOB BBICKASBHIBAHUI u MPEAUKATOB MX OTPULAHHSIMH.

Pacwpennpli  npunuMn pBoicTBeHHOCTH JaeT HaM
Cpasy 00JbINOE YUC/IO TOXKECTBEHHBIX GOPMYJI, noJiyvae-
MBIX IIOCPENCTBOM TAKOI'0 AyasbHOro npeofpa3oBaHus U3
paHee BorIBeAeHHBIX GOpMY. Y nomMsHeM 37ech BayKuelimue 1.

Dopmyna (26”): (EX) (A& F (X)) ~ A& (Ex) F (x).

Dopmyna (28'): (Ex) (AV F (X))~ AV (Ex) F (x).

Popmyna (29'): (Ex) (EY) F (x,¥) ~ (E¥) (Ex) F (x, y).

Dopmyra (30°): (Ex) (F (x) \/ G (x)) ~ (Ex) F (x) \ (Ex)

G(x).

Popmyil (29) u (29°), B cBA3M ¢ mpasuiom X, JarnT
HaMm CJefyIollee NpaBujio:

IIpasuno XII: dopmyra nepexodum ¢ IKGUBANEHTIHY 10,
€CAll nepecmasums 6 Hell no NPou3sony 08a UAU HECKOAbKO
Henocpeocmeenno  credyrmux 0pye 3a OpyeoM 3HAK08

! Hymepauuss ¢opmyn BuibpaHa Tak, urobhr oHa yKa3sbt-
BaJjla, U3 KaKoW DaHee NOKa3aHHOM TOXJECTBEHHOM (OpMY bl noJjy-
HAETCH, N0 NPUHUMNY NBOMCTBEHHOCTH, COOTBETCTBYIOIIast HOPMYyna.
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o0wnocmu, umewux O0UHAKOBYH o06aacinb Jelicmeus.
Coomeemcmgyiowjee npasuao cnpaceoauso u 048 3HAKGE
cyujecmeosanua. » ‘ )

Ilpu paccmoTpeHuu HCUMCIEHWST BBICKA3blBaHMi OblI0
MOKA3aH0, YTO BCE CJIOYKHBbIE BLICKA3LIBAHUSA MOYKHO IIPH-
-BecTH K o0wed HopmanbHOM gopme. Mbl MO)KeM mpejcTa-
BUTh CJIO)KHBIE BBICKA3bIBAHMA JIMO0 KaK KOHBIOHKUHIO
npocThiX® IU3BIOHKIHHA, MO0  KaK [U3BIOHKLMIO 3JIEMEeH-
TAPHBIX KOH'BIOHKIMIA.

OupepeneHHast Hopmaaenas @opma CylHECTByeT U B
MCUHCJIEHUH TIPEINKATOB. A UMEHHO, MOMNCHO Kancoce 6bl-
pancerue 3aMeHUMb MAKUM, 6 KOMOPOM 8Ce 8CMpedqroujuecs
K6aHMOopsl CMOAM HeompuyjaeMvimMu 6 Hadare, He 6y0yqvu
omcesenvl  CKoOKamu, mak umo éce ux obaacmu ced-
cmeusl npocmuparmea 00 xonya Popmyastt. Qaa amoil
HOpMAALHOU Popmsl ynompebumenbro Ha38aHUe «npedsa-
penncil (prdnexe) HOpMaabHOlI Hopmbly.

IlpenmymecTBO 3TOro " HOPMaJLHOTO IPeCTABCHUS
CGCHOBAHO HA TOM, YTO BhIpa)KeHue, CTOALlee 32 KBAHTG-
pamu, BITOJIHE MOYKET PACCMaTpUBATLCS, KAK MpUHAJJIeXa-
lgee MCUHCIeHuio BeiCKasbiBaunit. Ilpusenedue K HopMmalb-
HOll (hopMe npPOMCXOAUT cllegyomuM 00pa3oM.

IMpexpe Bcero Mbl 3aMeHsieM B PacCMATPUBAEMOM BBHIPA-
YKEHUM COKpalleHHst — U ~ uX 3HaueHuamu. IIpumenss
3aTEM HECKOJIbKO pa3 npaswjio X! mnpeapigymero apa-
rpada, Mbl JIErKO AOCTUIHEM TOT0, UTO GTPULIAHUSA OKa-
KYTES1 CTOSAWMMHU TOJIBKO HAJ MEPEMEHHBIMM BBICKA3blBa-
HMSAIMU W NepeMeHHBIMW nNpepuxaramu. [locie 3T10r0 Mbl
MeHsieM 0603HaUYeHUS CBSI3AHHBIX NepeMeHNBIX TakuM o0pa-
30M, uTo0Bbl BCe KBAHTOPBI MPUHAJIEXKAM PA3IUIHBIM
‘TiepeMeHHBIM. BmecTo

(x) F(x) V(1) G (%)
Mbl IUIIEM, CJIEOBATENIBHO:

) F(x)V )G )

UT O

! Kak u B ucuMcneHuu BbICKasbiBanuit, 2T0T cnocol npeacraB-
JICHHS OTHIONb HE OJAHO3HAaueH,
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W3 Bosnukimero Takum o6pasom JIOrMYECKOro BhIpa)Ke-
HHUST MBI IOJyyaem HOpMaJiLHYH (GopMy, CTAaBS B Hayallo
(GOpMyJInl  BCe KBAHTOPH B TOH NOCIeL0BATENBLHOCTH,
B KOTOPO# OHM BCTPEYAIOTCA B dopmyJie, a BCe ocTasbHOE
ocTaByisi 0e3 usavenenus. O6nacTu JeiicTBUS BcexX KBAH-
TOpPoE OypayT TOraa MpPoCTUPATLCS [0 KOHLA bopmy Jibl.

HonyctumocTs mocneanero npeoGpasoBanusi goKashl-
BaeTca cnepyromum obpasom. IMycrs cipaBenuBocTs 31010
npecOpasoBaHmsl y)Ke J0Ka3aHa sl CJIyuasi, Koraa pac-
CMaTpKBaeMoe BHIDAYKEHME COAEPIKUT MeHblee YUCIIO KBAH-
TOPOB. EC/M KBAHTOPHL OTCYTCTBYIOT, TO Hallie YTBEPHK/E-
H{e TPMBHA/IBLHO. Ecid BCe BHIpa)(eHuwe CTOMT Noj ogHUM
KBAHTOPOM, TO yTBEPIK/EHNE BhITEKAET U3 TPEOJIOMKE HHUS:
B TAKOM Cly4ae Mbl NODKHBI cheldaTh npeofpa3oBaHue
JIMIb 17151 001aCTH AefCTBUSI 3TOrO KBaHTOpa, comepxcameit
YK€ MEHDbIIEE YMCII) KBAHTOPOB. B NpOTHBHOM Ciyyae Mbl
Gepem nepBrIli KBaHTOp Hawlero BolpaXKeHus. OH  cam He
Haxoaurcst B o6nacT feHCTBUA KaKoro-uubygnL Apyroro
keantopa. Ilpumensisi BbiBesieHHbIE GOPMYJIBI:

AV @) F )~ AV F(x)),
) F(x)VA~X)(F(x)VA),
A&(X) F (x) ~ (x) (A& F (x)),
(%) F (x) & A~ (x) (F (x) & A),
MJI1 COOTBETCTBYIOMIME QOPMYJIbI [UIst 3HAKA CYIIECTBOBA-
HUS, Mbl MOYKEM JIOCTUYb TOTO, YTO 3TOT KBAHTOP IlepeBH-
HETCs1 B Havyaslo ¢Gopmysisl, a obnacrth ero geitcTBus Oyzer
NIpOCTHPATLCST Ha BClo Qopmyny. Taxum o6pa3oM, Ml
NIPMXOMUM K NpefblayIeMy CJIy4aw, W COpaseq/MBOCTb
npeo(pasoBaHusT 3TUM ROKA31Ha BOoOLIe.
lpeasapennas nopmanbuas dopma ofnagaer Tem npe-
VMYIIECTBOM, UTO 1IpK 00IUNX UCCIIENOBAHUSIX B UCUMCIIEHUY
npepuKaToB Onarogaps eif Kpyr HOAJeAMUX paccMoTpe-
HUIO (OPMYJT MO)KeT GBITh BHAUMTENLHO OrpaHHyeH. Bce
MKE 0CTACTCA CIIMIIKOM MHOTO BOSMOMHOCTEH AJs1 pasnmy-
HBIX BHJIOB CTOsillell B Hauahe GopMmyabl KoMOHHALMH
3HAKOB 0DI(HOCTH M CYMECTBOBAHMSI, KOTOpYI0 Mbl Oyaem
Ha3blBaTh npucmaskol ¢opmyasl. B 3ToM orTHOWEHUM

8 Ccuopm TeopeTiivecrelt Jdornny
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HHTepECeH pe3ysbTaT CKoJleMa *, SABNAIWMUNACS HeKOTOphHIM
YTOUHEHHEM MPEeaJIOKeHUs 0 MpejBapeHHOH HopMalpHoM
dopme. Tlpepsorxenue Cxonema riacur (s dopmyupoBKe,
KOTOpast HaM 371eCb MOHago0uTcs):

As Kaqoi GopMyJibl HCUUCTIEHUsT PEANKATOB MOYKHO
YKasaTh APYryrw (opMyJy, UMEIMmY He NMpOCTo Mpexsa-
PeHHyl0 HOPMANbHYI0 GOPMY, HO CheLUaNbHO TaKyi0, 4To
BCSKMH 3HAK CYLECTBOBAHMSI NPE/IECTBYET BCAKOMY 3Ha-
Ky o0mHocTy; mpuuem sTa HoBasl (pOPMyNa BHIBOJUMA U
HEBLIBOMIMA OHOBPEMEHHO € faHHOH (opMynoii M3 Ha-
urei CrCTeMbl aKCHOM HCUHUCIIEHUS NPENMKATOR.

B panbHeitimiem Mui Oyjem Ha3bBaTH ¢dopmyny B mpen-
BapeHHoH HopmasbHoil Qopme, B KOTOPOH HuM ojuH 3HAK
CyWeCTBOBAHUST He CJIelyeT 3a 3HAKOM 0OLHOCTH, $opmy-
J0#t B HopMabHoit opme Croneme. JJ1s moKasartesbeTBa
NPeJIOXKEHNST HaM JOCTATOUHO PaCcCMOTPETh ToJLKO (op-
MYJIB, MMeEMIMe UPEeABAPEHHYI) HOPMAILHYI0 GopMy. MbI
MOXXEM JONYCTUTh, AaJjiee, UTo Hama Qopmysa He comep-
YKUT CBODORHBIX NpEIMETHBLIX MepeMeHHbX. B camom mese,
ec/u OBl TRKOBbIE MMETHCE, TO 0CTATOYHO 6BL10 Gbi (B cHIy
AKCHOMBI €) M 1paBuaa Y') paccMoTpers (opmyay, mony-
YAKIYHCsT U3 3aJaHHOH, eCJIM CBSI341b BCE €€ CBOBOHBIE
llepeMeHHble 3HAKaMH OOWIHOCTH, NOMECLMB IOCJeNHUE
B Hauase GopmyJisl. Tlog creitenno mogo6uoro poga dop-
MyJibl MBI OyeM MOHMMATL YKMCI0 3HAKOB obmHuocTH, 32
KOTOPBIMH CJIEAYIOT elle 3HAKM CywWwecTBOBaHus., Torpa
JOCTAaTOUHO II0KA3aTb, YTO /IS KayKKoH (opmyJsisl B npes-
BAPEHHO} HOpMaJIbHOH QopMe, Ho He B popme CKcJema,
MOYHO yKasalb TaKyw ApYryo ¢opmyny, KoTopast B CMbIC-
Jle BLIBOAMMOCIU PABHOCHMJIbHA MepBiH, HO CTelleHb KOTO-
poit HIbKe crefneny MepBoHaAYaIbHON POPMYJIBl. MBI MOYKeM,
Aanee, NONyCTUIL, YTO MPUCTaBKA paccMaTpuBaeMoil (op-
MYJIbl HAUMHAEICS CO 3HAKA CyliecTBoBaHusA. [leiicTBUTE b~
HO, ecim1 Qopmysa, KOTOpylo Mbl 0603Hauum wepes U,
HAYUHAETCS1 CO 3HAKa o0mHocTH, TO MBI Gepem mpeamer-

! Skolem, Th., Logisch-kombinatorische Untersuchungen iiber
die Erfiilllbarkeit oder Beweisbarkeit mathemathischer Sitze
nebst einem Theoreme iiber dichte Mengen. Vid. Skrifter I, Mat.-
nat. Klasse, 1920, Ne 4,
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HYH0 TiepeMeHHYl0, He BCTpedaromylocsi B 2, Hanpumep u,
Y y/IOBJIETBOPSIIOUYIO0 aHATOMMYHOMY TPeOOBAHUIO MIPEUKAT-
HY10 NiepeMeHHy0, Hanpumep G, u sameHsieM U Gpopmyioii:
(Eu) (U &G (1) V G (u)),
KOTOpast, KaK JIerko 00HApy»KuTh, B CMBICJIE BBIBOAMMOCTH
paBHocuibHA A, Tak Kax B obnactm pelictua (Eu) x U
npubapJien UCTUHHBIH KOHBIOHKTUBHLIA uen. Dopmy.a
(Eu) (U &G (u) V G (1)) moxer ObiTh 3aTeM npUBegeHa
K NpefBapeHHOH HOpManbHOH ¢opme T1aK, YToOH B Ipu-
CTaBKE Ha TepPBOM MeCTe CTOSI 3HAK CYIHeCTBOBAHUS.
Wtak, nama Qopmyna HauuHaeics ¢ n(n= 1) sHaKoB
CyLIEeCTBOBAHMS, 34 KOTOPBIMHU CiieflyeT I0 Kpalineit mepe
0/iiH 3HaK of0mHocTH. OHA UMeeT I0ITOMY (QopMYy:

(1) (Exy) - .. (Exp) (0) B (X1, Xgs -+ s Xpy ).

3nece B (Xy, Xy, ooy Xp ¥) GOpMysa B mpegBapeHHoit
HOpMaNbHO# (opme, KOTOPast B KayecTBe CBOGOAHBIX IIpell-
METHBIX TIePEMEHHBIX COREPIKUT TOJIBKO Xy, X, « v .y Xp, Y-
ITyctb H — npepuKaTHasi NepeMeHHasl ¢ 1| nyCInI MU
MecTamu, Koropast He BCTpedaercs B B. Msl 00pasyem

dopmyny:
(1) (Ex,) +.. (Exp) [(EY) (B (s, -0y Xny ) & H (%3, -1, X,9))
V(@) H (%, ...\ Xp2)]e
Ora (opmysia BeBOgEMAa B ToM clyyae, Korma (I) Bb-

BOJMMA, ¥ HaoGopor. B caMom fene, eciu MBI 3ameHUM
B (II) H uepes B mo npasuiy a3), 10 00Jayuum:

(EX) - (EXp) [(EV) (B (Xgy ooy Xy VE&B (X, - - +y Xpr V)
V (Z) % (xl’ re xn’ Z)]‘

Mocne s10ro mMpl MoKem 0TGpocuTh YacTb, MpejCTaBII0-
Wy JIOXKHOE BbICKA3bIBAHUE, T. €.:

(EY) (B (x0 + s Xy ) &B (X, -+, Xy ¥)).

Bugon (11) uz (I) neckommko croxuee. Ipexxae scero,
S )
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MyTeM TNEepeMMEHOBAHUSA CBA3AaHHBIX TEPEMEHHBIX MBI
nonyuaem u3 dopmymnnr (31):

O (F () —Gy)— (3) F () = () G (3)).
ITo npasunam wcuncnenust prickassiBamuii bopmyny:
A— (B— 6)
MOKHO TNpeobpasoBaTh B
B—->AVE
(zpasuno VII). B gaunom CJIyuae Mbl*f0JIyYaem:

WM F @)= (Ey)(F (&G p) Vv ()G (y),
€CM, KpOMe MpaBUIa 06pPa30BaHyMsl NPOTHBOMOIOMHOCTH,
MBI HCHOb3yeM eme, uTo A — B aABasgerca coxparie-

nuem st A vV B. B aroi Gopmyne F (y) a3amensiem Ha
B (X1 «.0s Xpp ¥), a6 (V) —na H(x,,..., %y, y).

[Monyuaem:
¥) B (x,, o X Y) > (EY) (B (%, -, X, p) &
HXo s X VYV OV H (x5 -, X, ).

IIpumensisi 3aTem HECKOJILKO Pa3 npaBusio, copmynupo-
BAHHOE B KOHIE 10KA3aTe/ILCTBA Popmy el (34), monyyacm:

(EX,) - - (Ex) ()8 (x4, -+, X)) — (Ex) . .. (Ex,)
[(Ey) (B (xi, -+ Xy )& H (x4, - ., %,,9)) V
W H X, - x0, D)

Ecmm yuects, uro 1o NpeAnonoXkenuo nocsuika (1)
y)K€ BLIBEJCHA, TO CX€Ma 3aK/IIUYEHUS M [paBUIO Tiepe-
UMeHOBanua 8) pawor popmyay (II),

[Tocne aToro mei npuBoguM dopmyay (II) x npegpa-
PEHHOM HOpMasbHOH QopMe. ITO MOXKHO cuenaTh Tax:
NIpUCTABKY HauWHaeM ¢ (Ex,) ... (Ex,)(Ey), 3arem cTaBum
3HAKH O0I{HOCTH U CYIeCTBOBAHHS, COfepIKauiuecst B BbIpa-
MeHuH B (X,, ..., Xp, J), He MeHsIS UX IopsAKa CJIEfoRa-
HUA, ¥ B 3aKAWUeHHe—3HAK oO0mHocTH (2). Tak Kak
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CTEMeHb Moy yaioutelicst GopMynbl Ha EUMHHIY HIDKe,
yem crenenb (1), To npegnoKeHne o HopMaJbHOM dbopme
CKoJsleMa, Takum 00pasoM, ZOKa3aHo.

§ 9. HenporueopeuuBocTh M He3aBUCHMOCTH
CHCTEMBI aKCHOM

Merog apudmernueckoit HHTEpIpeTalNK, ¢ IOMOUIbIO
KOTOpOro Mbl paHee YCTAHOBUJIM HENpPOTUBOPEUIBOCTD
M He3aBUCUMOCTb axcuom a)—d), fmaer HaMm BO3MOK-
HOCTb BBIICHMTH BOIPOC 0 HENpOmMusopedusocmu, B paHee
BLISICHEHHOM CMBICTIE, Tar)Ke U JJIs1 BCeH CUCTEMBI AKCUOM
uequcaenua npeduramog. Hast 91O LEJM MBl OHKHBI
PacnpoCTpaHUTh ApudhMEIHUECKYI0 UHTEPIIPeTanlo, KOTo-
pas ObuIa ycT2HOBJIEHA TOJBKO [J1A IIEPEMEHHBIX BBHICKA-
3BIBAHKM, HA HEUCNOMb30BAHHLIE €l 3HAKH. ITO [[eNaeTcsl
cienyrnmum o0pasom.

Mnu1 meficTByeM co 3HAKaMM IPEUKATOB TAK JKe, KaK
CO 3HAKaMU BbICKa3blBaHul, paccMaTpuBast Te U ApY-
rHe KaK apudmeTHMUecKHe IIepeMeHHble, KOTODBIE MOIYT
NpUHMMATh TOJbKO 3HaueHust O u 1. [Ipy 3Tom MBI He
00pallaeM BHUMAHUSI HAa TO, KAK B 3HAKAX NPEIUKATOB
3an0JIHAIOTCS nycThle MecTa. KBaHTOpH BClogy oTOpackl-
BaeM. CBsi3b \/ OIIAATh paccMaTpUBaeM Kak apudmerHyecKoe

npoussefenne; nox O monuMaem 1, a nog 1 monumaem O.

[Mpyu 31uxX ompeleNleHUSIX OKA3bIBAETCS TPEXSIe BCEro,
4YTO BCE AKCHOMBI, BKJwuast €) u f), npu Takom apudme-
TUYECKOM HCTOJIKOBAHHUM BCErja MMeKT 3HayeHue O.
Ecinm, panee, omHa wau HECKOABKO (GOPMYJT UMEIOT BCerja
3HaveHue 0, To Jlerko yOemmibesi, uTo Besikasg ppyras
Gopmysia, BeIBeEHHAS] M3 JAHHBIX [0 HALIMM MOPaBUIAM,
TaK)Ke Bcerna umeer snaverHue 0. C apyro#l cTopoHBI, TAK
KaK ABa BbIPAYKEHUsI, U3 KOTOPBIX OHO SABJSETCS OTPH-
LAaHUEM [IPYroro, He MOryT OfHOBPEMEHHO WMeTh 3Haye-
nue 0, To orcioga ciegyer, uro cpegd dopmyJ, Koropble
Moryr ObITh BBIBe/leHBbl M3 HAIIMX AKCHOM, HHMKaKhe jme
He MOI'YT HAaXOJMTbCsl B OTHOIIEHWHM NPOTHABOIIOJIOMNCHOCTH
Apyr k gpyry. Takum o6pa3oM, YCJOBHE HenpoTUBOPeUM-
BOCTH BBIMOJIHEHO.
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Brnpouyem, 3HadeHue pe3yJibTaTa STOr0 J0KasaTesb-
CTBa HEMPOTUBOPEUMBOCTH HALIMX AaKCHOM He cJejyeT
uepeoleHUBaTh. B caMoOM jielle, TIpUBeJeHHOE 10KA3aresb-
CTBO HENPOTUBOPEYUBOCTU COEPIKATEILHO CBOJUTCS K
JONYIEHUI0, YTO MOJ0YKeHHAst B OCHOBY 06J1aCcTb WHH-
BUVYMOB COCTOMT TOJIbKO M3 ORHOTO €JUHCTBEHHOrO
37eMeHTA U, 3HAUMUT, $ABJSAETCS KOHEYHOH. DTo OTHIOND
HE [aeT Ham rapauTud, 4TO MpH CHUMBOJIHYECKOM BBejle-
HUM COJIEPIKATEJIbHO OeCCIOPHBIX TNOCHUIOK CHCTEMA J10-
Kas3yemblIX GOPMyJ1 OCTaHercst HeMpOTUBOpeurBoit. Hanpu-
Mep, OCTAaeTCs OTKPBHITBIM BONPOC, He CTaHeT JU IIpH
HPUCOEAMHEHNH MaTeMaTUUYECKUX aKCHOM [A0Ka3yeMoil B
HalmeM MCUMCJIEHHM BCSIKAs NMPOU3BONbHAst $opmyna. ta
npo6JieMa, peilieHMe KOTOPOH UMeEeT IeHTpallbHoe 3Have-
HHe ;1S MaTeMaTUKH, [0 TPYAHOCTH He MOXeT Jaxe
CPABHUThLCS] C PACCMOTPEHHBLIM HaMH Bompocom. MaTtema-
TUUECKME AKCHMOMBI KaK pa3 TpejnosaraloT GeckoHeuHyHo
00nacTb MHAUBUAYYMOB, a C TOHATHEM 0eCKOHEYHOCTH
CBsI3aHBl TPYMHOCTH M MNMapafOKChl, Wrpalouye pojib B
BONIpOCax OCHOBaHui1 MaTeMaTuKu. UTOObl UMETb BO3MOYK-
HOCTh € YCHOEXOM B3ATLCS 34 paspenleHue 3ToH mnpo-
6aembl, I'unpbepr cuen pake HeOOXOTUMBIM CO3JATh OCC-
Oy Teopuiw. HM3no)Kenne aTOH Teopum, KOoTOpas, KoHeu-
HO, HCNOJBL3YeT pe3yJbTaThl MaTEeMAaTHUECKON JIOrMKH,
B paMKaX 9T0if KHMI'M HeBo3Mo)KHo. [To BceM Bompocam
Ha ee CueT Mbl OTChUIaeM K KHure ['uasGepma u Bep-
Hatica®.

Ho BO3BpaTUMCs K Hamed cucreme axcuom. MH Jjo0-
KayKem TeNepb He3q6UCUMOCMb AKCUOM 3MOl  cucmémsl,
NI0Ka3aB, 4TO IIpy IIOJIyYeHUH TOMEECTBEHHBIX (opMyT
MCYKCTIEHNs] NMPeAUKATOB HeNb3sT OTOPOCUTH _HU OfBYy U3
axkcuom a)—f) u HM ofHO u3 npaBun al)—a3), B), 1) 8,)%.

L Hilbert D. u. P. Bernays, Grundlagen der Mathematik,
I, Berlin, 1934,

2 JlokazarensCrBo He3aBucumocrd Obplio naHo (yrxe mocue
nosiBrenus [ n3nanusa Hacrosimed kuurn) Max-Kunsu, Cp. J. C. C.
McKinsey, On the independence of Hilbert and Ackermann’s
postulates for the calculus of propositional functions, Amer. J. Math.
Bd. 58. Bonee mpocTeie A0Ka3aTeJaLCTBA (U0 CHX Nop HeonyOaMKo-
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B HmKeCseJyIOIHUX [0Ka3aTeJhCTBAX HE3ABUCUMOCTH MBI
UCIIOJNIb3yeM Y)Ke yYCTAHOBJIEHHYI0 HEIPOTHBOPEUYUBOCTh
MCUMCIICHUSI. '

[Tpexxie BCEro Mbl MOKAXKeM, UTO HUKAKasg U3 aKCUOM
a) —d) He sBJseICA JMIIBeH, T. €. UYTO HEBO3IMOMCHO
NOJIYUUTh KaKyH-HUOYLb M3 3TMX aKCHOM U3 OCTaJIbHBIX
C momoupl0 npasui BeiBoga. [Ipu 3TOM MBI KCIIGJIb3yeM
AOKAa3aHHBIH panee ¢akr (rj. I, § 13), 4T0O B YUCTOM
MCUKCJIeHNH BBICKA3bIBaHUH HUKaKast M3 3TUX aKCHOM He
SIBJISIETCSL M3JIMIIHeH ¥ NPUTOM Ja)Ke B cJIyyae MPUCO-
eJMHEHMS] B KaydeCTBe JOIOJHHUTEJbHOH AKCUOMBI elIe

XX, 1. e. XV X.

IMpennonoxum, uTo KaKasg-nulyjs U3 akcuom a)—d)
Jl0Ka3aHa C TOMOIbI0 OCTAJbHBIX aKCMOM U IIpaBUll
BbIBOlAa MCYUMCJIEHMsI NpenMKaTtoB. Torpa us  dopmyn
3TOI'0 [[0Ka3aTeJbCTBA MBI y/aJisieM peuKATHBIE U TIpeji-
METHBIE TlepeMeHHBle CleZyIMuM o06pa3om: oTOpachiBaem
3HaKM OGMHOCTY U CYI[ECTBOBAHUSA, a KarKpoe MpeguKar-
HOE TIepEeMEHHOEe C APrYMEHTaMM 3aMeHsieM IepeMeHHBIM
BhiCKa3biBanuem X. Ilpu asrom npeoGpazoBanuu e) u f)
nepexopAar B gopmyay X — X.

Ho xapaxrep Moka3aTesbCTBa 3TUM He HapyuaeTcs.
[TopcranoBka no npaBunam «l)—a3) mnpeBpamaercst B
HO/JCTAaHOBKY HMCYMCJIEHUs BLICKA3BIBAHWH WJIM )Ke B Ipo-
cToe nosropeHue. CBA3L QopMys 4Yepe3 CXemy 3akJoye-
Hua He Hapywaercsi. [Ipapuino y) m npaBuwio nepeime-
HOBAaHUS NpeBpamalTcss B IIpocToe IoBTOpeHue. Taxkum
o0pa3om, paccmaTpuBaemas Gpopmyna Obuia Obl BeIBOIKMA
43 ocTaJbHbIX akcuoM a)—d) 1 X — X mno mnpaBujam
UCUYMCJIEHHA BbICKA3BIBAHMI, YTO IPOTUBOPEUUT paHee
N0JIyuYeHHBIM pe3yJIbTaTaM.

He3aBuCHMOCTb aKCHOMBI €) Mbl IIOKaXKeM, [0Ka3as,
yro Bce (OopMYJbl, KOTOpPble MOr'yT OHIThb IOJIy4eHbl 0e3
UCIOJIb30BAHUA  3TOH aKCUOMBI, HMEIOT XapaKiepHoe
CBOHCTBO, OTICYTCTByMOLIee Yy 3ToH akcuoMbl. MmeHno,
ec/M MBI BUAOM3MEHHMM (QopMysl, 3ameHsss, HaudHAS

BanHbIe) coo0uIeHb! Ham rocrofamu Bepnaiicom n Apnonbaom Uimua-
rom. JloxKasaTenbCTBa, NMPUBENCHHBIE B TEKCTE, BOCHPOM3BOAAT XOX
mpiciiy  BepHaiica.
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¢ Camoit BHyTpeHHelt obnmactu pmeiictBus, KOKAYI0 4acib
GopMyel, umenmyo Bux (X) A (x), MA @) u 1. 1., Ha
A VXV X, MAM VXV Xur 1., to kaxuas
¢opmyna, Koropasi MOXKeT CHITb mOJyyeHa §e3 UCNOJDb-
30BaHUsI €), TMEPEXOAUT CHOBA B (opmyJy, BBIBOJIUMYHO
B MCUMCJIEHMM NpenuKatoB, uG0 akcuomel a)—d), f) yxa-
3aHHBIM TIPe06pPa3s0oBaHMEM Me 3arparuBalorcs. CBA3hb
¢opmysT Ha OCHOBe IPABMJI IOJCTAHOBKH o), CXeMbI 3a-
KJIIOYeHHs!, NpaBuia Y2) U NPABUJIA [epeuMeHOBAHUS %)
He Hapymaercs. B cryuae cxemnl Y1) KoHeunas dopmy-
ma A —(x) B (x) nepexoant B Gopmysy Buaa A — (x)
B'(x) V XV X, T. e BBBBOUMYIO topmyny. Mexny
rem Popmyna (x) F (x) — F (¥) npespamaercsi B (x) F (%)
V XV X— F(y), KOTOPYI0 3aBeJOMO HeJb3s1 BBIBECTH,
TaK KaK U3 Hee, B CWJIY MCTHHHOCTH TIOCBUIKM, IOJTyYu-
nock 6bl F (y) H, pajee, dyepes IO/CTAHCBKY DO NpaBuily
«3), F(y), T. e. npotuBopeune.

Broase aHaJOrd4HO JO0KAsbIBAEICS HE3ABUCHMOCTD f)'.
Bmecro Toro, 4to0bl 3aMeHATb 4acThb GOPMYJBI, UMElO-
myio Buf (x) A (x), vepes (x) A (x) V X Vv X, bynem 3a-
mMeHsITh (EX) A (x) Ha (EX) A ()& X & X. B ocraapHom
PACCYI)KAEHUsT aHAJOTUYUHB! TIPeJbITYIIUM.

Tem >Xe CAMBIM METO/IOM YCTAHABIWBAEM M He3aBHU-
cumoctb oboux npasui 71) U v2). Ecnu Mpl 3ameHuM Ha
sroT_pas (x) A (x) B Hammx Gopmynax uepes (x) U (x) &
X &X, T0 BCe (FOpMYNBI, KOTOPBIE MOI'YT Gbilb Bbige-
fileHbl B MCYMCJIEHNM NpeluKalcB Ge3 ucIosib30Banus y1),
IepexolAT CHOBA B BHIBOJUMbe {opmyJsl. Hanpotrus,
dopmyna (x) (F(x) V F(x)), BelBoaUMAas U3 Bcell CHCTEMBI
AKCHOM, NEPEXOJUT B 3aBEJOMO HEBLIBOIMMYI0 (Gopmyny
(x) (F(x) V F(x)) & X & X. Orciona cieayer, 410 6e3 mpa-
suna Y1) Henb2st ofoiiruch. Ilyrem samennl B ¢opmysax

1 Camo co6oit pasymeeTcs, ute ¢ HESABHCUMOCTHIO AKCHOME! ) He
HMeeT Huuero ofIero ToT GaKT, YTO 3HAK CYUICCTBOBAHUA B CHCTEME
AKCHOM MPUHIMNNANBHO HE Hy)KeH, TaK Kak Bedb (Ex) U (x) moxio

MOHUMATh KaK COKpawenus ansa (x) ¥ (x) (cp. c. 86).
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uacteil Buaa (Ex) A (x) Ha (Ex) A (x) V X V X nonyuaem
AHAJIOTHUHO £0KA3aTebCTBO HE3ABHCHMOCTH npaBmia y2),

1aK KaK npu 3Toit 3amene dopmysa (Ex) (F (x) & F (x))
HepexXoUT -B HEBBIBOAUMYIO Gopmyy.

HesaBucumocTts npamuna al) ciejiyer U3 TOro, 4ro
0e3 3Toro npasuia BEIBOJHMBI TOJBKO TaKHe hopmynl
C HUHIMBH[YaJIbHBIMM IIEDEMEHHBLIMU, KOTOPhle MMEIOT
0ZHY u3 Gopm '

() A (x) = A (y); A(y) —(Ex) A (x);
() A (x) = (x) A (x);
(Ex) % (xX) —> (Ex) A (x); (Ez) ((x) A (x) —> A (2));
" (Ez) (A (2) — (Ex) U (x))

WK JKe NOoJIy4alTest M3 iaKUX (QOpMyJT nyTeM [IOACTA-
HOBKM Ha MECTO MHAMBHAYAJIbHBIX NepEMEHHBIX MM NYTEM
llepenmMeHOBaHUsSI CBSI3AHHBIX II€peMeHHBIX. VGO aKCHOMBI
e) u f) uMmeroT TaKyl ¢opMy, a ¢ NOMOIIBI0 IPaBHI
BHIBOAA TIOJIyYalOTCsl BCErf@ CHOBA  TOJIBKO (GOPMyJnl
orero popa. HMs aroro cneayer, uTo, Hampumep,
dopmyna  (x) F(x)— (Ex) F(x) 0e3 HcIOJb30BAHUA
«l) He BBIBOAMMA.

HesapucumocTh npapuna «2) ycranap/IMBaeM IyTeM
caenyomero npeobpasosanus. Bo Bcex dpopmynax y nepe-
MEHHBIX [PEeJUKATOB OIMYCKAEM T€ MECTA apryMeHTOoB,
KOTOpble  3aMo0JHeHbl  CBOOOJHBIMUA  MHJIMBHJYaJIbHLIMU
nepeMeHHbIMM z. Hampumep, F (x, z) Itepexoaur B F (x),
G (2)—B G. Tlpu arom npeobpas3oBaHuyM Ka)Kpoe JOKa3a-
TeJLCTBO, KOTOpoe BBINOJHAETCA 0e3 HCMOJML30BAHUS
NpaBUJIa NOJICTAHOBKH [JI1 MHIUBHIYAJILHBIX IepeMeHHbIX,
NepexouT CHOBA B BHIBOAWMYI0 QopMmyny. Ho BriBoau-
masi Gopmyna (x) F (x)—> F (z) npu aToM npeoGpasoBaHuM
REPEXOJIUT B 3aBEIOMO HEBLIBOJUMYI0 dlopmyny (x) F(x)—F
(Bropoe F sIBsieTcsl 37eCb NepeMEHHbIM BHICKA3pIBAHUEM).

AHaJIOTMUHO [OKa3bIBAETCS1 HE33aBUCHMOCTb IpaBUJIA
nepeumenoBanus 8). To e camoe npeoGpa3oBaHue, KO-
TOpOE MBI 1IPOH3BEJM B (JOpMYJIax B OTHOLIEHWH CBOGOJ-
HOro UHAUBHLYAJBHOrO IEPEMEHHOTO 2z, MBI TPOU3BOIUM
Tellepb B OTHOLIEHMH CBSA3AHHOI0 HHIMBHAYANBbHOIO Mepe-
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MEHHOro 2. B JanHOM cllyyae HYHO eme OTOPOCHUTDL
3HAKH (z) ¥ (Ez). [Ipu sTom onsiTh-Taku Gopmyna, KOTO-
past BbIBO/IMMa 0e3 MCTOJIb30BaHUSI IIPABUJIA IIEPEHMEHO-
BaHUS, MEPEXONUT CHOBA B BHIBGAUMYIO hopmyny. Mexay
TeM (e3ycyioBHO BeIBOIMMas Qopmyna (z) F (z) — F (x)
IICPEXOIUT B 3aBE/IOMO HEBLIBOAUMYI GopMyny F —> F (X).

Urolbl T0Ka3aThb HE32BUCUMOCTb IpaBuna o3), MbI
3aMeHsieM B (DOpMyJlaX KaKaylo vacth Buua (%) % (x),
(MU () u 1. f., colepKamylo NepemeHHpli NpemuKar G,
HAa () AV XV X, AV XYV Xur g Toraa
Ka)Kaasi opMyJsa, KOTOpasi BHIBOJMMA 0e3 MCIoJIb30Ba-
HUST [paBuia a3), TEPEXOJAMT CHOBA B BHIBOIUMYH (op-
MyJly. Mexny Tem 9T0 He BHIIOJHSETCS ISt (CPMYJIBL

(X)G () — G (y).

Heo0x0mumoc1b CXeMbl 3aKJIIOUEHHs CJEAYeT M3 TOTO,
uTo 0e3 mHee MoryT ObiThb BbIBej€Hbl TOJLKO (HOPMYJILI
Bufia AV B. B camom jesie, BCe aKCHOMBI MMEIOT aTy
dopmy, ¥ npasuna, sa uckiiouenneM f), CcHoBa AawT
TOJILKO QOPMYJNEI 9TOro poga. Takum o0pasom, Halpu-

mep, dopmyna XV X me MoKeT Obrb BbiBefieHa 0Oes
MCIIOJIb30BaHUA TNpasuia B).

§ 10. HonHoTA CHMCTEMBI aKcHOM

B nepeoii rnaee (§ 13) Mbl mOfUEPKHYJH, YTO 7107-
HOTY CHCTEMBI aKCHOM MOYKHO OIpPEJeJIUTL JBOSIKAM
ob6pasoM. ITosHoTa B 0oJiee CTPOromM CmbICJIE CJIOBA UMeeT
MECTO B CJyvae, Korja NPUCOeAMHEHHE K aKCMOMAaM BCS-
Kod (opMy.iHI, HE BBIBOAMMON M3 HUX, IIPUBOJUT K IIPO-
TUBOpeunIo. Taxol moJHOTE! MBI Tenepb He umeeM. UToGbI
YCTAHOBUTL HeIlOJIHOTY Hallel CUCTEMBl aKCHOM, [0CTa-
TOYHO TOJIbKO HaiiTh QopMysy, Koropas Ipu apudmerH-
YeCKOM HCTOJIKOBAHWH, WCIOJbL30BAHUM HAMM B J0Ka-
3aTeJIbCTBE HENPOTUBOPEUMBOCTH, TOXIECTBEHHO pPaBHA
HYJO0, He Oyiyud, OJHAKO, CJIENCTBUEM W3 aKCHOM.
OnHo#t u3 takux Gopmyn siBisieTcs: o

(EX) F (x) = (%) F (x).
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Uro sTa (opMyna He ClefyeT M3 aKCHOM, npencra-
BJIFIETCS] BECbMa IPaBAONOJO00HBIM Yy)Ke IIOTOMY, UTO
YTBEDIKTIEHNE, KOTOPOE OHA BEIpa)kaer: «Eciu cy weciyer
X, IJIs1 Ko10poro McTuHHO F (x), TO F (X) HCTHHHO Ais
BCEX X»,—3aBCIOMO He BCErja BepHo. B camom pere,
OHO TiepecTaeT ObITH BEPHBIM [I7IS1 NIPOU3BOJILHBIX NpeH-
KaToB F, KaK TOJIbKO 00J1aCTh HHIUBHIYYMOB COAEPKUT
Donee opgHOro ajemenra.

Crporo ¢opmManbHoe J[OKA3aTeJLCTBO HEBO3MOYKHOCTH
BBIBECTH 9Ty (JOPMyJly M3 aKCUOM IIPOBOJUTCA CJIEAYIO-
MM 00pazoMm.

Tlpexxpe Bcero Mbl 3agaeMm CIoco6, ¢ MOMOUILI0 KOTO-
poro mpeBpamaem jorndyeckve GopMyJsibl B TaKMe, KOTO-
ppie  Co/lepKaT TOJIBKO  IepeMeHHBle, 0003HAYAKMIHeE
BbICKaspiBauMsA. C 2TOH LeJbI0 Mbl YCTPaHsEM CHaYaJjia
BCTpeyatomuecs:t B (opmyJsie  cBOGOiHBIE TepemeHHBIe,
CBSISBIBASI MX 3HAKAMM OOLIHOCTH, KOTOpLIE CTaBUM Mepen
BCeit popmysioli. 3aTem MBI 0OCBOGOKJgaeMcsl OT KBaHTO-
POB, 3aMeHsis1 BCAKMI pas,— 3T0 MOYKHO JIeJIaTh, HAIIpH-
Mep, HAUUHAST CHAPYXH,—

(x) A (x) HA A(1) &A(2),
(Ex) % (x) Ha A1)V A (2

B wammx ¢opMmysnax BCTpevaroTCs Tenepb, Hapsay
C NepeMEeHHBIMH BBICKA3bIBAHMAMM, BBICKASBHIBAHMST BHjA
F(), F(2), G(1,2),...

Bce aTM pazimuBble BLICKA3BIBAHMSI MBI 3aMEHSIEM
eme 3sarem (pa3/NMUYHBIMM) IIEPEMEHHBIMH BBLICKA3bIBA~
HUSMMY,

Mul yrTBEpKpaeM Temepb, 4To Ka)kpast dopmyna, Bbl-
BOAUMAsT M3 aKCcHOM, IIOCJE 3TOr0 Inpeofpas3oBaHus Ipe-
BpallaeTCsl BO BCerja-uCTHHHOE CJI0)KHOE BBICKA3bIBAHHUE.

JokakeM 3T0 cHayana must axcuom. JIsl aKcuom
a) —d) 9TO 5ICHO, TaK KaK TaKoe Ipeo6paz0BaHUe MX He

1 1 ¥ 2 ABASIOTCS 31eCh UMEHAMM COGCTBEHHBIMH NPEIMETOB.
Hckmouenne KBAaHTOPOB COAEPYKATENLHO CBOANTCS, TAKHM ofpasom,
K JOMYyWIEHHIO, UTO 00671acTh MHAMBHAYYMOB COLEDMKHT TOJNBKO SJie-
MeHTHl 1 M 2, .
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3arparuBaer. Akcuoma (X) F (x)— F () npeofpasyercs
clepywommnm ofpasom:

) F ()= F (),
((x) F (x) = F (1)) & ((x) F (x) — F (2)),
(F()&F (2)— F (1)) & (F (1) & F (2) —> F (2)),
(A& B—> A) & (A& B—> B).

[TocnenHee BRIpa)KeHHE el CTBUTENBLHO npencTaBasieT
c000i MCTHHHOE CJI0)KHOE BBHICKA3bIBAHME.
AHaJIOTHYHO 7151 AKCHOMBI

F(y)— (Ex) F (x)
uMeeM 1peo0pa3oBaHUS:

) (F (y) — (Ex) F (x)),
(F (1) — (Ex) F (x)) & (F (2) — (Ex) F (x)),
(F()—=F()V F2)&(F2)—F )V F(2),
(A— AV B)&(B—> AV B),

KGropuie TaroKe NMPUBOAST K BCerga-UCTUHHON dopmyie.
Ham ocTaercst eme TONBKO IIOKas3aThb, YTO MNPHUMEHCHHe
npasui a), f), T), 3) He Hapyuwaer aToro cBoiicTaa.
Ecim Mbl umeeM mBe (opMyJsl, BTOpas M3 KOTOPBIX
[I0Ty4aeTcsl M3 nepBOH BCJIEACTBUE NPHUMEHEHUST OPABUI
al) nim «3), To mocne mpeoGpasoBanust ofe (POPMYJIbI
Oynyr CBA3AHBl MNPABUAOM NOJCTAHOBKY HCUHCIICHUS
BBICKA3BIBAHUH WJIM yKe BTOpast hopmyJia GyleT KOHBIOHK-
LueH popmyJ1, Ka)asi M3 KOTOPBIX MOJYYaeTcsl U3 mep-
BOH B pesyJibTaTe IIPUMEHEHUs] MIPABMIA IMOACTAHOBKH
HCUMCIIEHHs1 BhICKasbiBaHUil. IlpaBuna «2) u &) mpespa-
IAKTICS B MpOCThle IOBTOpeHWsi. CXema 3akJIIOUCHHUS
coxpansier cBow GopMy, eciau B Gopmyaax He BCTpeya-
10TCst CBoDO/IHBIE TIpE/METHBIE epeMerHble, Ecau e cxeqa
3aKJIOYEHUST CONIEPIKUT elye CBOJOTHLIE IpeAMETHRIE repe-
MEHHBIE, TO OHA MOXKET TNOTepsATh cBOK Qopmy mnocne
TOro, Kak Mbl IIOCTABUM Bhepeau (GopmyJ 3uaky o0uHo-
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cryd. Hanpumep, us
A (x)
% (x) = B (x)
B (x)
N0ly4aeM HOBYIO CXeMY:

(x) 3 (x)
(x) (¥ (x) = B (x)}
(x) B (x)
Mocne uckmuenua 3HAKOB 06WHOCTH TIOJTyUaeM:

’ A () &A(Q2)
(T ~B(1) & (U (2)+B(2))
B (1) & B (2) )

Ho ara cxema TaroKe cOOTBeTCTBYeT mpaBuam reuyc-
JIEHUS BHICKA3pIBaHUA. AHaNoruyHo ob6CTOUT feno B city-
vae HeCKOJILKUX CBOGOMHEIX IPEJAMETHHIX IepeMeHHRIX.

Ocraercst, HaKOHel, MPABMIIO 7). Bblpaxkenue

N— B (x)

nepexoaur (ecqu N HEe COAEPIKUT CBOGOJHBIX ITePEMEH-
HBIX) € NOMOINBIO Hallero npeo6pasoBaHus B

(%) (A — B (x)),
(QI——e%(l))&(QI——e»%Q))
uT. A A—(x)B(x) npeepamaercs B
A—->B(1)&SB(2).

Ho, mo npasusam ucumcienuss BICKaseBanui, oe
Gopmynbl sxkBuBajieHTHB. Tak >Ke O0GCTOMT Jieslo B cay-
uae, Koria U copepKUT eme CBOGOJHBIE IlEpPEMEHHBIE.
To ke BepHO /11 mpaBHIA 7), MOCKONILKY 0HO Kacaercst
IIPDUCOE/IMHEHUST 3HAKA CyIeC 'BOBa HUS.

Takum o0pasom, MBI JeiCTBUTEILHO JOKa3aju, 4To
BCsikasi GOPMyJa, BHIBOLMMASI M3 AKCHOM, C IIOMOMIBE
Hamero npeo0pas’oBanuss NePeXOJUT BO BCETNA-MCTHHHOE
CJI0)KHOE BBICKA3piBaHUe. Mexay Tem diopmyna

(Ex) F (x) — (x) F (%)
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9TOTO CBOHCTBa He HMeeT, TaK KakK npeobpasopadue ee
[AeT TOCJIef0BATEIbHO:

F(l)\/F’(Q)—aF(l)&F(Z),
AV B— A&B,

A 3TO He BCerja MCTHMHHAA (opmysa MCUUCIIEHUS] BBICKA-
3pIBAHH,

Wrak, MBI mOoKa3anM, YTo Hama CUCTeMa aKCHOM He
noJiHa B 0oJlee CTPOroM CMbIcJie cJioBa. Bo3HMKaer
BGIIPOC, MMEET JIM 3[€Ch MECTO TI0JIHOTA B IPYIOM CMBICIIE,
TAK)KE YIIOMAHYI10M Ha cTp. €6, T. e. HeNb3si JIM H3
OTOH CUCTeMBl 4KCHOM BBIBECTH BCE TO)KICCTBeHHbIe— B
CMBICJIe  Hallero onpejesenust B HauaJe § 5  sToi
TJiaBbl — QOpMyJILI HMCUMCJIeHMST nperukaTcoB. [lonHora
B 3TOM CMbICJIe AeHcTBUTeILHO MMeeT mecTo. [loxasaresib-
crBo ee Obuto paHo K. TDefesiem; B mocsefylomem Mbl
TIPUACPIKUBAEMCS €r0 M3JIOYKEHUs *.

CormacHo coo0parkeHusiM B KOHIle § 8, xkaxaoil ¢op-
MyJie UCUYUCJieHUsT HPEIMKAaTOB MOYKHO NPUBECTH B COOT-
BEeTCTBHE HeKOTOpYH GOpMyNy B HopMalbHeH (opme
Crostema, KoTOpasl BbIBOJlUMA WJIM He BBIBOIMMA OJHO-
BPEMEHHO C panHOMl. [ToaToMy MBI MOXeM OIpaHUUMIbLCS
YCTAQHOBJIEHUEM TOTO, YTO BCE TO)XKJECTBEHHBblE (JOPMy JIbI
B HopMasbHo#i dopme CKoJieMa BBIBOJHMEL.

Iycts

(Exx) v, (Ex)(J’1) "'(J’I)QI(XU vy Xps Y oeees yl)
ecTb noolbHoro posja Qgopmysa.

Ilpexxpe Bcero Mbl 3ameuaeM, 4YTO Kk-rpynmbl (X,
Xigs « + +» Xiz), 00pa30BaHHbIE M3 HEOrDAHMUEHHOTro psjia
IPEJMETHLIX TEPEMEHHBIX X,, X;, X, ..., MO)KHO Nepe-
HYMepOBaTh, YIOpAgoYMBas UX OOBIYHBIM CHOCOOOM il0
Bo3pacrawoueil CyMme UHAEKCOB (i, +i,+ ...+ i), ampu
TOA K€ CyMMe MHAEKCOB — JIeKCUKOrpaguyecku. Tawum

06pa3oM, pAA  HAYMHACTCA C FPYII  (Xg, Xg -+« » Xo);
(Xos Xgs o ooy X1); (Xoy Xgy + o+ y X1y Xp);... OB03HAUUM N-VIO

v Gidel, K., Die Volistindigkelt der Axjome des logischen
Funktionenkalkills. Mh. Math. Physik, Bd. 37 (1030).
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U3 3TUX K-rpynm uepes (Xn,, Xn,, . . . , Xn,). By/leM HoHU-
marb, fanee, noj B, bopmyny:
W (Xngs Xngy « ++ y Xngs X(n-i)i41s X(n—-1)1+2,..., Xn1 )+

[Ipu aTomM MBI 3aMeyaeM, Y10 TNpeJMeTHblE ICPeMCH-
Hple, CTOSIME B 3TOK (opMyJie HoCjie TOYKM C 3amsToi,
OTJIMYAKOTCST OT TEX, KOTOPble CTOSIT IIEPe] STHM 3HAKOM,
a TalOKe 0T BCEX MNepeMeHHbIX, BCTpedatomuxcsd B dopmy-
Max By, (p < n). HanpoTus, BCe MEPEMEHHBIE Xn,, . . . , X,

y®e Berpeuawtcst B gopmynax B, (p < n). Bynem roun-
Mathb, fanee, nog &, nusvionkunw B,V B,V ...V B,,
mop D, — dpopmyny, nosmyqatomyiocst u3 €, B pesynbrare
npucoeguHenns Bhepegd ©, Bcex 3HaKOB 06UHOCTH,
COOTBETCTBYIOIUMX  CBoOOAHHIM  mepemeHHBIM. Kayoit
Gopmyne €, Mel mMPUBOAMM Temepb B COOTBETCTBME HEKO-
TOPY10 OPMyJly HCUMCTIeHHsl BLICKasbiBaHHHA. A MMeHHo,
Mbl 3aMeHsieM 3JIEMEHTapHbIE CoCTaBHble YacTH 3Toil (op-
MYJBl (KOTODBIMY, TIOMMMO TlePeMEeHHBIX BBICKA3BLIBAHUI,
CJIy)XaT IIpeJIMKATHBIE IIEPeMeHHble € UPeJMETHBIMU Tepe-
MEHHBIMH B KAaueCTBe apPrymMeHTOB) TIepeMEHHBIMA BHICKA-
3bIBAHUSIMM, TIPHYEM BMECTO OJUHAKOBLIX 3JIEMEHTOB CTa-
BUM O[MHAKOBbIE TEpEMEHHble BbLICKA3LIBAHMS, a BMECTO
PasJIMYHbIX — pas/iMuHble )K€ IlepeMeHHble BBICKA3HIBAHMA.
Otnecenny®o Takum obpasom k ©, Gopmysy ucuuCIeHUS
BEICKa3biBaHUM HasoBem €. Ouesugno, ¢opmyna €,
TaKkoBa, 4To &, MoyKHO moJtyunTts u3 €,, npumensis npa-
BUJI0 HOJCTAHOBKU al).

Mbr viMeeM Tenepn CIeLYIOLYI0 aAbTepHATUBY:

1. CymecrByer Takoe n, uro &, aBJsieTcs ToOMKAE-
CTBEHHOH (GOPMYJIOH HCUUC/IEHHsT BHICKA3BLIBAHMIA.

2. Hu i Kaxoro n €, He sipnsiercs ToMaeCTBeHHol
GopMyJIOf HCUMCIIEHHST BLICKA3LIBAHUIA

Ml foxaxem:

(A) B cnyuae 1. popmyna

(Exl) ¢ (Ex) (yl) c v (yl)% (xlp ety xi:; yu ey yl)
BLIBOJMMAa U3 CHUCTEMbl aKCHMOM MCYMCJIEHUs NPEeAUKATOB.

(B) B cnyyae 2. yxasannasi dopmysa He sBisercs
TOXKIECTBEHHOM, TaK KAk MOMKHO YKasaTb IIPEJUKAThI,
ompefieJieHHble B 00J1aCTH  HaTypanbHBIX uMCell, KO-
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Tophle, Oyayud mNOACTaBNIEHBl B (JOPMyJy BMECTO He-
peMEHHBIX NPEMKATOB, IIPeBPAllAlOT ee B JIOKHOe BbI-
CKa3blBaHHeE,

M3 atyx npepiioyKeHu#, KOTopele eme JOJDKHH OLITh
HOKAa3aHel, 110JIyyaeM B KauyeCTBe CJEJCTBUI: -

Kaxncoaa moucoecmeennan @opmyaa ucuucaerus npe-
oukamog seafemcs 8 Mo e 8pems u vigooumoii fop-
MYA0lI, m. €. HAWIA CUCMeMA aKCUOM; cocmoawyas u3
ocroenolx Popmya a)—f) u npagua al)--a3), B), 1), %),
o6aadaem C60UCIEOM NOAHOMIbL.

Ecau wnexomopas opmyaa seasemca 6ce20a-ucimun-
Holl 6 o6aacmu HamypasvHsXx 4ucea (Uau 6 Kaxod-aubo
opyzoli cuemnoii Oeckoneqnoli obaacmu  UHOUSUOYYMOS),
m.e. ecau npu a000U 3qMeHe NLEOUKAMHLIX TNELENMeHHbIX
UHOUBUOYAALHLIMU  NTEIPeMUKO-4UCA06BIMIY  NpedUKamamu
U Cc60600HbIX NPEOMEMHbIX NepeMeHHbIX OnpedesenHbiMU
QUCAAMU OHA 8Ce20Q NepexoOUm 6 UCMUHHOE 6blCKA3blaHE,
mo ama fopmysa ecezda-ucmunua 0as awbot obaacmu
UHOUGUOYY MO8, M. €. ABASEMCA MONCOCCNEEHHOII.

TTocnenHee — BayKHOe — NpeJIOyKeHHe, KOTOpoe MOJy-
yaelcs 37€cb B KauyecTBe MOOOUHOrO0 pe3ysbTaTa, MOMeT
ObiTb TOJIyuyeHO camo 1o cefe mpouie; oHO phepBble ObLIO
noKa3aHo Jlésenzelimom .

IlpuBepem Temeps poKasarenbcTBa yTBEpPHKAeHUHA (A)
n (B). Ilpe)xpe Bcero mokakeM HCTUHHOCTE (A). HMTak,
nycTb JIJIs1 Kakoro-Hubynp n1 €, aBnsiercs TCKIeCTBeHHOM
dopmynoit. Tax kak €, nomyuaerca u3 €, B pe3syib-
TaTte NOJACTAHOBKM 110 mnpaBuny al) u, pajuee, D, m0ay-
yaercst uz €, mo npasuiy y), 10 M0CTATOUHO MOKA3aTh,
4TO JJIS1 KayKjoro m:

D,—(Ex) ... (Ex) () -+

et (yl)QI(xl"" 1x}; yll"‘ ] yl)
ABJISIETCS1 BHIBOAUMMOR (opmys10it KCUMC/IeHHsT TIPEAUKATOB.

1 Lowenheim, L., Uber Maglichkeiten im Relativkalkil,
Math. Ann. Bd. 76 (1915). CymecTBennce ynpomeHne METOAA IOKA-
3aTenbCTBA MBI Haxofum B pabore CxoaeMda, YNoMsIHYTOH B KOHue

€ oToil ryaBhl.
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(li\)’lm TOKaYKEM 9T0 ¢ MOMOINbIO MHAYKUMM 110 7. D, UMeeT
opMy:

(o) (x2) v ) Ay, v v, X3 X,y o e e, X))
HMcnonbsys neckonbko pas axcuomy f) u npasuno V,
Mbl MOYKEM BHIBECIH (OpMYyJIY:

B W)Uy s 25 Vi oo, )=
(Exy) - (Exd (V) oo - ) U Cery ooy Xpg Wy eee Y.
Otciopa ¢ 110MOLIbIO TOACTAHOBKU IIONYUHM:
’ (yl)"'(yl)gj"[(xo"")xo; yly"':yl)_-)
= (Ex) o (Ex) () - Uy, ooy X Yy e, W)
M 3areM N0 npaBuwiy y2) u ¢opmyne (22):
D> (Ex) - (Ex ) (0 oo ) U (xaye ooy Xp5 Yape - 00 )
[lycrs, manee, yxe poxasaHa dopmyna:
Dpy—>(Exy) ... (Ex,) ) . -
(yl)%(xn S T ST »yl)'
D, umeer Gopmy:

(Xa) (%2) + oo () €5 7o (%) -+ (X)) (€ V B

WM, TOUHCE:

(xo) (xl) s (xnl) (@n—1

VA (Xngy oo vy Xngs X(n=1) 141y« +  Xpp))e
Mpt y)Ke Ipexpe OTMETHIIH, To IepEMEHHEIC
X(n-1) 1445+ - -» X, B €,; He BXongT; N0O3TOMYy, MCIOJIb-

3ya Gopmyday (26), noayyuM BRIBOAMMYIO (Gopmyniy:
Dn— (xo) (xl) s (X(n—i)l) (@ﬂ—l \4 (yl) . (}’l) A (xmr e
Xngs Vi v o0 Y0))- ‘
dopmyna
X) (FEVEx)—@FXVI(EYGQY)
BoiBouuMa. OnHa mosyyaercss U3 Qopmyan (34), ecau
0

Cenopel TeOLeTHI® 01t JOrHKH
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B Heli F 3aMeHMTs Ha F W NPUHATH Bo BHMMaHHE, UTO
3HAaK —> mpepacraslisieT CoGod Jmwb Cokpamjenue. Hc-
HOJIb3ys  HECKOJIbKO  Pa3 9Ty MOCHENHION $iopMYyIy,
HoJiydyaem fAatiee:

@n"_:’ (xo) (xl) v (x(ﬂ—-i) 1) @n—q \Y (Exl) e
o ABX) () o ) U, X Yy e, YO
T. €.
Dpn—> Dy V(Ex) - (Exp) () -
e U Xy, e, X Y , Vi)
3arem, B CHIy:

Dp— (Ex,) ... (Ex) () -
tee (yl)m(xl’ e Jxk; yl; LI ;.Vz)
JIETKO HOJIyUUM

D= (Ex))- - (Ex) (11) - ) U (g, -y X5 Yy -+ -, 1)
Taxum 06pa3oM, MHAYKUUA SBASETCS MNOJHOM.
Teneps poxakem (B). HonycTuM, 4To Hukaxoe €, ne

ABJIAETCS TOWACCTBeHHOH (BopMyJIoif MCUMCeHMs BBICKa-

seiBaumil. Iast ynoGersa  mocrenyromux paccMmoTpeHuii

Lie1eco00pasHo (GopMyTaM MCUMCIIEHUST BLICKA3bIBaHU €,

IIpUAaTe HEKOTOPYI0 creunanshyio gopmy. €, nonyuaercs

u3 €, B pesynbraTe 3sameHbl IIEPBOHAYANBHBLIX 3iEMeH-

TOB, KOTOPBIC UPEACTABIAIOT COGoH MepPeMeHHbie Ipegu-

Karbl ¢ aprymeHramm M3 psfa x,, X,, X,, ..., HepeMeH-

HLIMM  BBICKASBIBAHMSIMU. JTy 3aMeHY Mbl Gy/aeM ocy-

IeCTBJIATL CJIeAYIONUM o6pasom: F (X,) OyneM 3aMeHITH

IEPEMCHHBIM BbiCKa3biBaHueM F, F (x,) — BbICKa3biBaHHMCM

F., G(x,, x,, X,) — BbICKa 3bIBAHNEM G,,,,s 1 1. 1. Torga

B Xa)xpolt dopmyse €,,, 6yayT BeTpevatncst Bee nepe-

MEHHbIE BRICKashiBanUA u3 €, a Takke eme u ppyrue.

Bcto coBoxynHocTL nepemeHHbIX BbICKA3bi BAHUH, BCTpEUalo-

muxcs B €, MuI MBICTTHM cebe [I€PEHYMEPOBAHHBIMU KaKHM-

HUCYZb 0GPasoM, Tak UTO HMeeT CMbICI rOBOPUTBL 0

IIEPBOM, BTOPOM M T. J. II€PEMEHHBIX BBHICKA3bIBAHHUSIX.

dTa HyMepauUst MOXKeT TIPOUCXOJUTL, HAaPUMEP, TAKUM
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06pa3oM: CHauala HyMeEpyeM BHICKa3elBanusg u3 @, B
KaKoH-mifo rocnenoBaTeNnbHOCTH, 3aTeEM HyMepyeM Te
HOBBIC 1T€peMEHHbI€ BBICKA3BIBAHUS, KOTOPBlE NOSIBJISIOTCS
B, ur g

Tak xax nuxakaa u3 ¢opmyn &, He aBmseTCS] TOXK-
necTBeHHOH (OpMynoH HCUMCIIeHUs1 BbICKA3bIBAHHIN, TO
Mbl MO)EM IlepEMEHHBbIE BbICKA3LIBAHUSI, HMMEIOI{HECST
B HexoTopoM &, 3aMeHHTb 3HAUEHUAMM «UCTHHA»,
«JIOKb» TakuM o6pasoM, uto €, npespaTUTCT B JIOMK-
HOe BbICKasbiBaHue. Mul OyjeM roBopuTh TOrjga, MPHUMBI-
Kast K TePMHUHOJIOTHH, UCHOJIb30BAHHOH Tpepe B HCUM-
CfleHuM BBHICKAa3LIBAHMHA, O BOLIIOJHAKLIEH CHCTEME st

dbopmymnt €,. dna kawmoro €, cymecTsyeT, noHsTHO,
TOJILKO KOHEUHOE YHCJI0 Pa3jiMYHBbIX BBIMOJIHAKIHUX CH-
CTEM; OJHAKO B LeJIOM HX OGECKOHEYHO MHOr0, TaK Kak
BBITMIOJIHSIIOMME CHUCTEMbI, KOTOPHIE OTHOCSITCA K (OPMYy-

Jam €, ¢ pasfUUYHLIME WHIEKCAMH, CUMTAIOTCA, KOHEUHO,
Pas3JIMYHBIMMA,

3areM MBI HOPHUBOJUM B COOTBETCTBHE KAXKIOMY W3
0ECKOHEUHOr0o MHO)XeCTBA [MePEMEHHBIX BBLICKA3bIBAHMIT
OHO3HAYHBIM 00pa30M OJHO M3 IBYX 3HAUEHMil: (MCTHHY»
UM w10Kby. Ecim mepBoe mepemenHoe BbICKa3bIBAHKE
B 0ECKOHCUHOM MHO)KECTBE BLIMOJHSION{MX CUCTEM 3ame-
UIaeTcsd 3HaueHUEM «MCTHHA», TO 3Toil mepemMeHHoit c¢Ta-
BYM B COOTBETCTBUE 3HAYCHME UCTUHA», B TNPOTHBHOM
Cllyyae — 3HaueHHe WIOKb». Mbl paccmaTpuBaem patiee
TOJIbKO T€ BBIMOJHSIOMME CHCTEMBI, B KOTOPBLIX TIEPBOE
IIEpEMEHHOE BBICKA3blBAHME 3AMELIEHO OTHECEHHEHIM €My
TAKUM 00pasoM 3HaueHMeM. LCiM B HUX BTOpoe mnepe-
MEHHOE BREICKAa3biBaHHE BCTpedaelcsl GeCKOHeYyHOe UMCIIO
pa3 CcO 3HaueHHEM (MCTMHA», TO MBI OTHOCUM K HEMY 3TO
3HaueHHe, B IPOTUBHOM CJydYae — 3HAYEHHE (JIOXKbY.
HonobueM e 00pa3oM ycTaHaBIMBaeM 3HAYEHHS [JIA
TIOCJIeAY IONUX IePeMEeHHBIX BHICKA3bIBaHMM, paccMaTpuBas
Ka)KALIH pas ToJIbKO Te€ BLINOJIHAKLIME CHUCTEMH, Yy KO-
TOPBIX IpeNIIECTBYIOIIHE [epeMEHHble BbICKA3bIBAHHUS
HMEKT yyKe YCTaHOBJIEHHBIE 3HAYEHHUS. A

Ecnu 3ameHHM Tellepb NepeMeHHBIe BBICKA3HBaHUS

o=
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NPUBEIEHHBIMY MM B COOTBETCTBHE 3HAYEHWUSIMM, TO BCe
€,, onHOBpeMeHHO NPEBPATATCH B JIOXKHbIE BbICKA3BIBAHMUSI.
Meur onpepesisieM 3aTeM HEKOTOpBIE TEOPETHKO-UHCIIOBBIE
IIPEUKATRI, KOTOPbIE AOJDKHBl YUHUTHBATLCA B KaueCTBe
MOACTAHOBOK IJIs1 NpPEIUMKATHBIX I[lePEMEHHBIX, COfEpIKa-
wuxest B A (X, ..., X5 Vi, ..., Yi). Eciiu, Hanpumep,
BCTpEYaeTCA MPEJMKATHOE IlepeMeHHoe F(,,} ¢ Tpema
IyCTHIMH MeCTaMM, To B Hamux &, Mbl umenu mepemen-
Hble BBICKA3LIBAHMSI Fyy, iy, 4. Mbl ONpepesisieM Temepb
COOTBETCTBYIOUMA  TEOPETHKO-YMCIIOBON  mpeguxaT @
TakuM obpasoM, utobu @ (p, ¢, r) ans JOGLX HaTy-
paJIbHBIX YHCes BCErjia MMeJIo TO 3HAUeHUE, KOTopoe Oblio
MPUBE/ICHO B COOTBETCTBHE Fp o r. Taxkum o6pasom,
KK0MY IIPEJUKATHOMY IePeEMEHHOMY IIPUBOLUTCS B COOT-
BETCTBHE HEKOTOPBIA MHAMBUAYAJIbHLIA TEOPETHKO-YUCIIO-

BOM LIPEAMKAT C TEM K& CaMbM UHCIIOM HYCTRIX MeCT.
Eciu Mbl npuMeMm Telepb B '

(EX)) o (Ex) (1) oo e 0D B Xy o, X3 Yy e n V)

3a 00JaCTh UHAMBUJYYMOB HATypaflbHbIE YHCIa M MOA-
CTABUM BMECTO TDPEIMKATHBIX IT¢PEMEHHBIX OIIpe/iesIeHHbBIE
BbILIIE TEOPETUKO-YUCJIOBhIE TPEAMKATH, TO JerKo oOHa-
PYXXUTb, UTO GopMyJla NpPEBpAn[aeTcs] B JIOycHOE BEHICKA-
SbIBAHME WJIM, APYrUMM CJIOBAMM, YTO

(xa) o (5 (Eyn) -+ (Ey) Wy, o X5 Yur v 0 V1)

CTAHOBUTCS MCTHHHBLIM BGICKAasbiBaHHEM. B camom pnene,
€CI4 MBI BO3bMEM, Haupumep, n-0 k-rpynny Ha-

TYPaJIbHBIX UHCEJI, KOTOPYyl0 Mbl 0603Hayajy Bulue
(ny,...,n), o

Ay ooy My (M—1)141, ..., nl)

mocje  3aMeHbl NPEAUKATHBHIX TCPEMEHHBIX  [OJyuYAeT
OL(EHKY HCTHHHOCTH, NPOTUBONOJIOKHYIO TOH, KOTOPYIH
uMeeT MoCJIefHsIs YacTUYHas au3bloukuusa €, mnpu 3ame-
WeHUH [ePeMEHHBIX BBICKA3bIBAHWUN IIPUBEJEHHLIMU UM
B COOTBETCTBHE OLECHKAMH MCTHHHOCTH, T. e. 3HAUeHHe
MCTHHM. TaK KaK TO j<e CaMOe MMEeT MecTo MM KaK-
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JOH K-rpynisl, YO

() - ) (Eys) - Ey) (X - Xgs Pay o )

UCTHHHO 71 yKa3aHHoH 00JacTH HHAUBUAYYMOB. Takum
ofpazom pokasaHo Takke (B).

§ 11. BriBoa cneacTBHii H3 NAHHBIX MOCKINOK; CBA3b
¢ ToAecTBeHHbiMM dopmyaamu

Ho cux mop MH HCNOJB30Ba/M MCUMCIEHME TpeNu-
KaTOB TOJIbKO [JIs1 BbIBOJA TOM<IECTBEHHBIX (opmya. [Ipu
3TOM NOCHUIKM HAIMX 3aKJIIOYEeHHH, OCHOBHHE (OPMYJibl
d)—f), camu 6bimM TOXKE wmCTO JloTMUECKOi TIPUPOAEL.
Tenepy mMbl [pOACMOHCTPUPYEM HAa HECKOJBKHX THpHMe-
pax ofmuid MeTon (OPMAIBLHOrO [OKA3aTeNbCTBA Cpefi-
CTBAMM WCUMCJICHHS] IIPEUKATOB, KOTODBIA 10 YCTaHOB-
JICHUSI HAIIHX aKCHMOM Mbl MOIJIM JIMINB NPUGJINU3UTESBLHO
OTHCATD.

[Tpu aTom peus upeT o BLIBOAE 3aKJIUECHMH M3 Ka-
KUX-JIM00 MOCBUIOK, KOTOPHE Y)KE HE HMEIOT UYHCTO JIO-
TMYECKOH IIPUPOJIBI.

B noceinkax 6ypyr Temepb BCTpeyaThCA HE ToJBKO
NepeMeHHbIE, HO U UHOUSUOYANbHbIE NPEOUKAMBL, a TAKKE
uroueudyasbrvle npedmemsl. B KauectBe 3HakoB A
MHIUBUAYAJIbHBIX IPEAUKATOB MBI MCHOJIb3YeM JIH60 601b-
wue zpeteckue Oykes, JMOO KoMOUHAUMIO 6oablux Aa-
MUHCKUX OGVKE €O CALOVIOWUMU 30 HUMU MAAEHbKUMU
AamuHcKkumu 6yrkeamu, Hanpumep St, Ms, Dsc, u T. 1.,
WM JKe, JUIST MaTeMaTUYeCKUX IIPEeUKATOB, H3BeCTHBIE
U3 MaTeMaTHK{d 3HaK¥ COOTHOLIEHWH, Bpojge <, >, =,
v T. . IlouaTue dopmynel, BBejeHHOE B § 4, NOJDKHO
ObITH TIPH 3TOM COOTBETCTBYHOIUM 06PasoM pPaciiupeHo.

®opmanbHOe 10KA3aTENHCTBO MPOUCXOJUT CJIEAYIOMUM
o6pa3oM: 3amucbiBaeM CHMBOJIMUECKU TIOCHLUIKM 3aKJII0UE-
HUI M NPUCOENMHsieM MX B KayecTBe OCHOBHHIX GopMyI
(aKCHMOM) K JIOTHUECKUM OCHOBHbIM (opmynam a)— f),
BMECTE C KOTOPLIMH OHM 00pasylT HCXOmHbIEe (OPMYJIHE
ans QopMaNbHBIX onepanui, KOTOPbIE ROJDKHLI BHIMO-
HATBLCA COrJIACHO NpaBHNaM BeiBOAa a), £), ¥), &),
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ITpu copeprxatenbHOM KCTOMKOBAHUH dopmyn crienyer
MMETb B BULY, YTO IPEIMCTHbIE TEPEMEHHBle BOOOILe
He OTHoCATCA 6oJiblIe K Kakoif-To oCTawuieiics Heolnpe-
ReTIeHHO| 061acTH MHIMBUAYYMOB; HATpPOTHB, pon no-
CbUIOK, KaK IPABHJIO, 60Jlee TOYHO XapaKTepusyer, Co-
CTOMT J11 3Ta 00OJACTE M3 UENLIX YHCEN, NelCTBUTENBHBIX
UHCeJ, TOYEK HEKOTOPOil NMOCKOCTH WM KakuX-JinGo
APYyTHX Bemed. MoxeT CHyuduTbCs TaioKe, YTo NMpUXO-~
AUTCA UMETb [0 C HECKOJIbKUMH o6NacTsIMM WHAWBHU-
AYYMOB, KaK 3TO HMEET MeCTO BO BTOPOM H3 NPUBEJEH-
HBIX HIDKE TIpUMePOB. B 3ToM ciyude Mol Byicaemcs
B HCCKOJIBKUX pOAaX IHPEMETHBIX llepeMeHHBX. Torja
NPEAVKATHBIE IIEpeMEHHbIE CJIEAVET pPa3HYaTh TakKKe 1o
pony uX aprymeHToB. AKCHoMBI €) U f) MOYKHO mpu atom
BLIIIMCATL C10JIKO Pa3, CKOJILKO HMEETCS] POJOB Mpef-
metoB. IMonyuatomerocss Gnarogaps 9TOMY yCJ0XKHEHUA
VCYMCJICHUST TIPEANKATOB MOYKHO, OJIHAKO, HU30EXKaTh, TaK
KaK BCErJa BOSMOYKHO — MBI [IOK@)KEM 3TO NPH PaccMo-
TPEHUN BTOPOT0 U3 CENYIOUUX NPUMEPOB — CBECTH CIy-
daM HEeCKONIbKMX o0JacTell WHAMBHAYYMOB K cllydaio
OIHOM eNMHCTBeHHOH 00yacTH.

IMpuBenem cHauama HeCKOJBKO HOPOCTBbIX TIPHMEPOB.

Hist nepsoro mpumepa pacemorpum 3aKJII0UeHHE, B KO-
TOPOM B KauyecTBe OJHOW M3 MOCBHIIOK (UIYPHPYeT enu-
HHYHOE Cy)Kpenue. C 3aKJIOYEHHEM 3TOI'0 POZA Mbl MMe-
€M JIEJIO B M3BECTHOM IUKOJILHOM MpUMepe:

«Bce mopu CmepTHbl; Kait uesioBex, CjegoBaTeNbHo,
Kaii cmeprens». '

B oToM npemsioxeHuM BeTpeuarTes TP UHIUBH-
nyanbHbX o0o3HaueHus. Closam «4eJIOBEK», «CMEPTHBIIN»
COOTBETCTBYIOT ABA mpeanKata Ms(x) u Sf(x), pias xo-
TOPbIX OOIKM POOM NIPEIMETOB MOMET CYNUTAThHCA pon
KUBBIX  CylecTB. TpeTbMM MHAMBMAYAJbHBIM 3HAKOM
CHY)XHAT cobcTBerHoe umsa «Kaiiy. [Moceinky, 3anucannsie
B Buje QopmyJsi, radcAT:

(x) (Ms (x) — St (x)),
Ms (Kait).
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I[lyrem rioactaHoBKHM B dopmyy:
(x) F (x) — F (y)
noJiyqyaem:
(x) (Ms (x) — St (x)) — (Ms (y) — St (y))
U jpanee:
(x) (M (x) — St (x)) —> (Ms (Kait) — St (Kaii)),

Ms (Kait) — St (Kait) [mpasumno B)l,
K St (Kaif). [mpasuno B)].

Ho nocnegHas gopmysa ecTh CUMBOJIMYECKCE BLIPAyKEHHE
Hallero 3axJIyuTeSibHOro mpepyowenns «Kal cmepren».

Cnepyromue psa npumepa 3auMCTBYeM U3 06J1acTh
MATeMaTH4YeCKUX BbiBOJOB. CHayana 3aiimeMcsi TaxkUM
reOMETPUUYECCKUM 3aKJIIOUeHUEeM:

Mocoinka: «depes Oee pasauuxsie mouku npoXodum
camoe Gonvliee 00Ha npamasy.

YrBeprAeHue: «/Joe pazauynvie npamele LUMeOM He
Goaee o0HOU 061yell moukuy.

3pech BCTpeUaloTesl Crepylomue npemukaTel. Ilpexe
BCEro oTHOomeH#uEe A (X, ) «X NEKUT Ha y». Tyt IepBoe
NyCTOE MECTO OTHOCUTCA K pPOAY TOUEK, a BTOpoe—
K pony upsmbix. Janee, BcTpevaeTCs: INpeguKaT pasiv-
uus, T. €. OTPHIlAHHME [peauKaTa TOXAeCTBa == (X, ¥).
IycTele MecTa 3TOro IpegvKaTa MOIYT OTHOCHUTBCS Kax
K TOYKAaM, TaK M K MPSIMbIM; Da3yMeeTCsI, HY)XHO pac-
CMAaTPUBATL YTBED)KACHHUE O TOXKAECTBE TOUKH C [IpsIMOH
BCerga Kaxk JioyKHoe. A Oosbmied 4eTKOCTHM Mbl OyjeM
0003HauaTh aprymeHThl, OTHOCAL[MECS K DOAY TOYeK,
MaJleHbKUMU OyKBaMu, a Te, KOTOPLIE OTHOCATCS K nps-
MbIM, OOJILIUMMH JIATUHCKUMHU OyxBamu '.

CobcTBeHHble MMeHA 7151 MHIMBHAYYMOB 3[€Ch OTCYT-

1 CmemienH® ¢ nepeMeHHLIMH BHICKA3HIBAHMAMH 316Chk GulTh He
MOXKET.
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CTBYIOT. CuMBoJIMUECKOe BLIDAYKEHHE TOCBIIKM TaKOBO:

x) @) {(=(x, ) — (EG) (EH) [=(G, H) & A (x, G)
&A(x, H) &A(y, G) & A(y, H)]).

YTBEP)KILEHI/IG 3aIMAChLIBAETCS:

(G) (H) (= (G, H)— (Ex)(Ey) [= (x, ) &1 (x, G)&A (x, H)
&A(y, G)&A (y, H)]}.

Ecmm pna coxpawesws mor mamumem 9 (x,y, G, H)
BMECTO

A(x, G)&A(y, G) & A(x, H)&A (y, H)

" HCNIoJb3yeM OInpefcsjicHUe 3HaKa —>,  TO NOoCblJIKa H

YTBEPKACHNE NPENCTABATCA ClleAyomuM 06pasom:

() ) (= (x, y) v (EG) (EH)[= (G, H) & % (x, y, G, )]},
COOTBETCTBEHHO

(@) (H) {=(G, H)V(ExX) (Ey)[= (x, ) & % (x, y, G, H)]).

Corstacno mpusenennomy B § 8 npaBuny 06pasoBanus
NPOTHUBONIOJIOXHOCTH MBI MO)KeM Ipeo0pa30BaTh 3TH jiBa
BLIDAYKEHUST B:

@) =9 Vv G [=(G, H) v N (x, y, G, H)]),

@) (H) (=(G, H) V () (") [=(x, ) V ¥ (x, 3, G, H)]).

Ipusogst Temepn 06a BLIDAYKEHHSA K HOopMajbHOU (opme,
Mbl II0JIyYHUM:

DN O EN=09 V(=G Hyv A, y, G, H))Y,
@) (H) () 0) (= (G, H) V (= (x, ») VU (x, , G, H))}.

W3 atux npepcrasnennit HENOCPEACTBEHHO BHAHO, YTO
YTBEDACHHE MOXeT ObITh BbiBemeHo M3 nocsuiku, B ca-
MOM peJie, Gopmyna mAST 1moCLUIKU NEPEXORUT R GOPMYyITY
A YTBEPYKAEHUA, eCMM HPUMEHUTb K AUSBIOHKHASM
aCCOUMATHBHBI ¥ KOMMYTATUBHbI 3aKOHBl, a K 3HaKaM
oﬁmHocm—npaBuno NepeCTanoBKU. OpfHOBPEMEHHO Mb]
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o0Hapy)KuBaeM, 4TO M, Ha0B6OPOT, U3 MCTHHHOCTH y1Bep-
KACHUA MOYKHO 3aKJIIOUMTDL 00 UCTUHHOCTH IT0CHLITKH.

OpHOBPEMEHHOIO TOSIBJIEHUA ABYX o0nacTeit MHuBH-
AYYMOB MOXKHO H30e)aTh CIELYIOUUM 06pasom (0600-
L[eHHe Ha JI0doll cayuyail He HYXKOAETCS B 0Co0OM IO~
ACHEHMH). Mol Mblcum  cefe Toso)KenHoli g OCHOBY
OANY €IMHCTBEHHyl0 00J1aCTh HHIUBHIY yMOB, KOTOpas
COCTOMT M3 TOUEK M IPSAMBIX, M BBOJUM gBa UHMBH-
AyaabHbIX npeguxata: I (x), T. e. x ecTp Toyxka, U I'(x),
T. €. x eCTh mpsiMast. Toraa noCbUIKy B Hamem IIpuMepe
MOXKHO 3amuCaTe ClenynmuM o06pasom:

() D)) &TL(y) &= (x, ) — (B7) (Bu) [T (2) & T (1) &
&=(z, u)&A(x, 2) & A(x, 1) & A (y, 2) & A (y, w)]}.

CooTBeTCTBYIOMMM 006pasoM MoXKHO BbIDA3UTL U YTBEp-
Kpenue.

B kayectse BTOpOro INpUMepa MATEMaTHUECKOIO Bbl-
BOJIa OKKEM npedaoncenue o0 mpai3umusHocmu omHo-
Ulenus Menvuweo K 0onvuemy. ITo pepnoykeHue, mpes- )
CTaBJIeHHe KOTOPOro QopmyJioii:

<ENE< B, 2)— <(x, 2)

HaM yyKe 3HAKoMO, Mbl OygeM MOMMMaTh 37€ch B CMBICIIE,
KaKo#f OHO HMeeT B Y4YEHMM O BeNMuuHAX. Mol Oynem
MPEACTABNATL cefe mycTele MecTa TNpegukaTa < (x, y)
OTHECCHHBIMH K ONpPeMeNIeHHOMY pPOJly BEJIMUMH (HArnpu-
MEp, K QJIMHAM OTPE3KOB WJIU MOA0NCUMeAbHLIM [eHCTBH-
TEJbHBIM 'YMC/IaM) UM GYAeM paccMaTPMBATL 3TOT npeau-
KaT KaK TpoM3BOAHLIA OT INOHATHSA CAoKeHMs. [Lis
TPEXUICHHOT0 mnpefuKaTa X, CIOKeHHoe ¢ y, jaer 2
(und, HanmcaB apudMeTHUCCKHY, X+y=2z) Mbl BBemem
3HaK P (x, ¥, z). C mnoMolgpld 3TOTO IPETUKATA MOYMCHO
OnpefesuTh < (x, ¥) Tax:

(Ew) @ (x, u, y).

(«CyurecTByeT 1, KoTOpOE, Oynyun npubasieHe x X,
faet y».) ' '
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Ecian Mbl MOACTABHM 3TO OIIpefesicHUE B Halle YTBEp- Tax xak (Ew)® (u, v, W) OblIO TpUHATO 34 HCTHHY, To
YKAeHHe, TO TNoCjefHee OPUMET CJeayomui BuJ: . HOJIyyaeM pasee:

[(Eu) @ (x, u, y) &(Eu) @ (y, 1, 2)] — (E)) P (x, 1, 2).

Ew)(@(x, u, yy&® U, 2)— 0 (x, w, 2)).
B stoit dopme MOXHO [OKAa3aThb PacCMaTpHBaeMoe (Ew) (@ ( VI&D(y, v, z) ( )

NpeUIOYKEHHEe, CCJM B OCHOBY CJIOMKEHHs BeJIMUMH MO- CraBsi cmepeu, Mo npasuiy y', 3uaku BCeoGIIHOCTY (1)

JIOYKUTb CJIEYIOIMHE JIBE TOCBIJIKU: U (v), HOJYUHM HAWE YTBEpPIKIeHHe.
1. «JiBe BesMYMHBI BCEraa MOryT ObITH CIIOYKEHBIY, T. €. PasbscHeHHBll B 910M naparpade merop dopmanbHoTO
(E9)® (x, ¥, 2). NPOBEAEHUs I0KA3aTE/ILCTBA, MCXOAS U3 MOCHLIMOK, KO10-

PEIE HE SBJAIOTICSA AOrUYeCKUMMU TOXKAECTBaMH, IIPDUMEHHM,

Ha- . 2
2. «lnf cnoxenuss BeJMUMH UMEET MECTO accouua Fl1aBHBIM  00pasoM, Korma ;i KakoH-inGo Hay4HOI

THUBHBIA 3aKOH: ‘ 06JJaCTH  HY)KHO ~YCTAaHOBMTb OCHOBHBIE 3aKOHBI MMM
X+@+2)=x+y)+z>, AKCUOMBI ¥ BBIBECTH M3 HMX OCTajJbHbIE NpefIOyKeH Ust

T. e.: ; B KauecTBe CyencTBUi. MOXKHO mayke ckazaTh, 40 NOHsI-
[@(x, ¥, W) &D (¥, 2, V) & D (1, z, )] = P (x, ¥, W). THC CHCTEMbl AKCHOM TOJbKO Temephb MOJIYUMIo TOUHYIO

GopMyMMPOBKY, MG0 K monMHOMH aKCHOMAaTHKE OTHOCHUTCS
HE TOJIbKO YCTAHOBJIEHME aKCHOM, B3ATHIX CaMU o cefe
. Ecm  mul ! ’
¢ TNpHMeHEHHeM CBO@'OHHHXH thg;gﬁg;bg(opme 10 OHo HO W TOUHOE YKa3aHHe JIOTHUECKHX CPE/ICTB, FAIONHX BO3-
M YTBEPWJIEHUE NPUBEJIEM K HOP ! MOYXHOCTb [JOKA3aTeNILCTBA HOBBIX NPEJIOKEHHI, HCXO0sT
NpUMeT CJIeYIOIMUH BUA: : U3 akcuoMm. Bompoca o Tom, MokHo JM nyrem dopmasin-
@) @) Ew) @ 1, y) VO, v, 2 VD E W 1) : HOTO BHIBOJIA MOJIYUMTL TaKXKe KaXKpoe NpepIoyeHHe,
KOTOpOe comepyKaTesibHO TpencTaBisier coboif ciencTpue

U3 aKCHOM, MBI KOCHEMCSI B KOHIIE 3TOro naparpada.

O0e MOCBIJIKM 1ipeACTaBJieHH B HOPMaJBbHON (opme

BMmecT0 9TOr0 MO)KHO TAK)K¢ HANUCaThb:

(1) @) (Ew) (D (x, 1, ) &P (y, v, 2) — D (x, W, 2)). . ’ Cucremsl axcuom, IIOCKOJIbKY OHY BOOOIIE MOTYT 6RITH
- YOPMAJIM30BAHEl B PAMKaX PAaCCMOTPEHHOr0 3ech y3Koro
- Th BblBElcHA M3 HaWUx 0o :
9ra fopmyna Mmféegsif;.b BHIBEL , MCUHCIIEHNS TIPeMKATOB, MOYKHO TOJPA3fe/UTh HA JiBa
Cbmﬁ}e(pg;;gf)oglgggnone%emeﬂ.ﬂme, Mbl npeobpasyem HaumM Knacca. Ilog cuctemoit akcuom nepoi CTYMEHN MBI OHHU-

M4EM Takylo, B KOTOPOH OTAe/bHBIE aKCHOMEL HE COJiEp-

NOCBLIKY B! KT IIEPEMCHHBIX MPEIUKATOB, a COACPIKAT 10JIbKO MHIH-
;. ((Efpugc@LI(u;’)v&lg))(u’ v, W) &D (3, v, 2)) —> B (X, W, 2). BulyajbHble Npepukarel. (3gech M B pajibHeHmeMm mop
Ecmm wii mpfuermn’ Ko BTOpoH HOGUIKE TIpABM0 AKCHOMAMHM Mbl TIOHUMAEM TOJIBKO TAKHE MCXOJHbIE bop-
eo6pasoBarth ee B: “ MyJlbl, KOTOPBIE XapaKTepHbl JJIs1  COOTBETCTBYloUICH
VLI (cTp. 59), To MoKeM TP : 001acTH, a He JIOTYeCKHEe OCHOBHble (GOPMyNH § 5,
@ (u, v, w) — [(@(x, u, ») &P (y,v, 2)) —> O (x, , Z)]. ! COCTAB/IAIOINE HEOTLEMIEMYI HYacTbh KAXI0H CHCTEMEl
WUcniobayst npaBulio, COOTBETCTBYIOMee hopmyite (34), , QKCHOM.) ECM B aKcHOMAX MMEOICH M IepeMeHHbie
Teroia BHIBECTH: UPERUKATBL, TO MBI OY/IeM TOBODUTb O CcUCHMIEMe aKCLOM

MOKHO OTCION A 6mopotl cmynen. VICKnioueHne U3 3TOT0 ofpasfesieHist

(Ew) @ (u, v, w) = _ MICIAETCST  TONBKO  [7Is1 ¢ AKCHOM TOXKIecTea. Ecam Mol

(Ew) [(®(x, u, ) & D (y, v, 2)) @ (x, w, 5)]. ’ CHOBa ymorpebum puis lIpeInKaTa TO)KeCTBa 3HAK ==, 10
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AKCHOMEl 9TH UMEKT CHeRYWIUHA BUA:
=(x, x),
= (x, ) = (F (x) > F ().

(B cogepaTesIbHOH AKCHOMATHUKE 3TH 2KCHOMbI gonbuiel
YaCTHIO OTMYCKAKTCS, TAK KAK OHW HMMENT YHMCTO JIOTH-
gecKyio npupoxy. Cp. ri. 4, § 1.) Bo Bropoit axcuome
BCTPEUAeICs IIEPeMeHHbli mpenuKar. Hecmorpa Ha 9T0,
MBI BCe el[e MpUYUCIsAeM CHCTeMbl aKCHOM, B KOTODBIX
liepeMEHHbe TpeUKArsl HMEITCS TOJbKO B AKCHOMAaX
TOKAECTBA, K mepBoii cryneHn. [lpuunna sToro B TOM,
YTO BTOpasi aKCHOMa TOYKJECTBA, MOCKOJIbKY OHa YHOTpe-
Gaste1cs TOJILKO B COOTBETCTBYMOIIEH CHCTEME AKCHOM,
Bcerja MO)KeT ObITb 3aMeHEHa aKcHomamu (e3 IepeMeH-
HBIX nHpeguKaToB. MMeHuHo, BMECTO 3TOH aKCHOMbBI MOYKHO
B3SITh AKCHOMBI, KOTOpEIE II0JIy4alOTCsi M3 Hee, eCJIM NOA-
cTapurb BMecTo F mo mpaswiy o3) WHIMBHYaJIbHbIE
npenyKaThl, BCTPEJAlOMMCCsT B 9T0H CHCTeME aKCHOM,
1, Kpome Toro, CHoOpMyaMpoBaTh B KaueCTBE aKCHOM
(UMMETPHI0 M TPAHSUTMBHOCIL TOXec1Ba. Hampumep,
eCJIM Mbl UMMEEeM B CHCTemMe AKCHOM WHAMBHAYAJbHbIC
npepguxatel @ () ¥ W(,), ToO aKCHOMBI TOXKAECTBA BbIIJISI-
JAT TaK:
= (X, X)
=(x,y)—>=(,%)
(=&, y) &=, 2)) —>=:(x, 2)
=)= @x)=—20)
= (x, y) = (¥ (x, 2) = ¥ (¥, 2))
= (x, ¥) — (¥ (z, X) =¥ (2, ¥))
M COOTECICTBEHHO B APYrux caydasx. Ot crpororo moKa-
3aTeNbCtBA  yTBeP)KJAaeMOH  3aMEHACMOCTH  Mbl  31€Ch
01Ka3blBaeMcs.
Ko BTOpOit CTYNeHH NPUHAAJIEKUT, HANPUMED, CHCTEMA
axcuom TleaHo mJIA Ha1ypaZibHBIX YUCEJ, TaK KaK Gopmy-

JIMPOBKA aKCHOMBI IOJIHOM MHAYKIMM peNlaeT HeoOXogu-
MbiM  ynoTpeGyienue TepeMeHHOr0 TIPEMKaTa, 3aTeM
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CUCTEMa AKCHMOM TEOPHUM MHO)KECIB B IepBOHAYaJIbHOM
dopmynuposke llepmesio, BCecTBUE TNOSIBJIEHHST Iepe-
MEHHOTO npepuKara B axkcuome Bhuibopa. K 1epsoil cry-
IIEHH TPHHAMJICKUT, MEOXAY IpoyuM, TuJLOepToBCKas
CHCTEMA AKCHOM IeOMETPHHM, €CJIM OCTABUTL B CTOpOle
AKCHOMBI HENIPEPLIBHOCTH. AKCHOMBI T€OPUH TPYND TAKMKe
NPUHAAIEKAT K NEPBON CTYIEHHU,

B kauecrmee ocHoenoill npobiemul mym  ecmecmeeniio
803HUKAEM 60NPOC, BOIMOMCHO AU, UMeS Kakce-HUb)Ob
onpecenernice npeoaroucesue 0AHHOll HAYYHOIl 0baacmi,
yCmanosums, [6ANeEMCa AU OHO CAEOCHIGUEM U3 QKCUOM
um nem.

Mol nokakeM, 4To 3Ty npolJieMy MOMKHO CBeCTH
K I1po6JieMe YMCTOro UCUUCCHHUS PEAUKATOB, T. €. K 000-
CHOBAHHOMY B § 5 HCYMCJICHMIO, COfEpIKALIEMY TOJIbKO
HHIVBUyaJIbHbIE Y IIpeKKaTHbie IIepeMeHHbI?, A MMEHHO,
BOIIPOC O JIOFMYECKOH 3aBUCHUMOCIU TPENJIOYKEHUST Or
CHCTEMBl AKCHOM MOXXHO CBeCTH K J[PYromy BONDOCY:
SIBJISAC1CST JIM HEKOTOpasi COOTBETCTBYHUast fopMysIa uu-
CTOro MCYHUCJICHUST TPETUKATOB TOYKAEeCTBEHHOIt Gopmy-
Joi wuim HeT. OgHAKO 3TO MMeeT MeCTO TOJLKO B CIYy-
4ae, ecy CHUCTeMa aKCUOM NPHHAAJIEOKUT NepBoH CTy-
nesu. Mol 00bACHMM J0Ka3aTenbCTBO 3TOr0 Ha KOHKPET-
HOM IMpHMepe.

[Tpu wuccegoBaHUKM JIOTMYECKMX OTHOINEHWMH 3aBHCH-
MOCTH MEXJY Pa3JIMUHBIMK TPYIilaMH aKCHOM TeoMeTpuu
0COOEHHO Ba)XHLIM M UHTEDECHbIM sIBJIsieTcs1 o0Hapye-
Hue Toro 00CT10aTe/IbCTBA, UTO YACTHRIN Ciyyail TeopeMsl
[Tackans, KoTopwlii Mrpaer CyIecTBEHHYI pojb B 06o-
CHOBAaHHH YUeHUA 0 NPONOpUUAX (€3 NPHMeHEHUST aKCHOMbI
HEMPepLIBHOCTH; He MOMKeT Onirb BhIBeeH TOJNBKO U3
aKCHOM CBSI3H, DPAaCHOJIOMKEHH M aKCUOMbl O Mapajiyiesib-
HbIX. Pedb wjer o TOM, 4YTOOBl II0Ka3aTh, 4TO He3aBUCH-
MOCTb Teopembl Tackasisi 0T YHOMSHYTuIX aKCHOM PaBHO-
CHJIbHA HEBBIBOJUMOCTH HEKOropoit ¢GopMyJsl UYHCToro
UCUHCJIEHUS TIPEAUKATOR.

Jnsg 3roro Ham HY)XHO MpeXJae BCero BbIPa3iTh
B HameM HCUUCIIEHHM INoUle)Kalllhe paCCMOTPEHHI0 aKCH-
OMBbI, PaBHO KaK M YIOMSHYTYIO CITELUAJIbHYIO Teopemy
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[Tickans, u nputom 7Tax, uroGel peus wma T0JILKO 06
OfHOM pope Beweid. It Toro yrobel M3Ge)KaThL 1M0AB-
JCHEA  HECKOJIbKHUX  o0J1aCTed  MHAMBHIYYMOB,  Mbl
BOCIIOJIb3YCMCST 1ie TeM, BCerja IPUMCHUMBIM, MeTOMOM,
KOTropeif  GbUI  YHOMSIHYT mpeype, a ADyrum, Clie-
LhaJIbHO TIDUCIIOCOO/IEHHBIM K Hamemy mpumepy. s
9100 JTOCTATOUYHO TOJILKO BMECTO OCHOBHOTO OTHOIIEHUSI
MOKAY TOYKAMM M NPSIMbIMU («TOYKA X JIEKUT HA IpA-
MOH Y» UM «TOYKH X, ¥ ONpefelsior IIPSIMYI0 z») BBeCTH
OTHOMCHME MEOKAY TPeMs Touxamu Ger (X, y, z) («X, y U z
JexKaT Ha opfHOH MpaMoii»). TCUHO 1aK Ke BMECTO OCHOB-
HULIX OTHOWEHHH ME&KAY TOUKAMYU ¥ IJIOCKOCTSIMU BO3bMEM
OTHOWIEHHE MEMKY YeThIpbMA TOuKamMu Eb (x, y, z, u) («x, y,
Z, U JIOKAT B OHOH MIIOCKOCTHY).

K s1um ByM npenuxatam Mol 10J5KHB eme npucoequ-
HIITh OTHOWIEHME TOXKpeCTBa = (X, ¥), a TaK)Ke OTHOIIe-
HIIE «MOKIY» Zw (X, ¥, 2) (¢X JeKUT MOKLY ¥ # z%).

C NMOMOMIBIO YeThIPEX BBEAEHHBIX OTHOMIEHMH MOYKHO
TEIEPb [IPEACTABUTL JIOTMUECKUMH (OpMYJIaMH Bce BCTpe-
vaomuecst B Hamed mpobsiemMe aKCHOMbBI, a TaroKe npep-
Jaoxenne Ilackans. [lpu sToM cymecTBEHHO, YTO Mbl
ofixonumMea B atux (opmynax 6Ges CBOOOHBIX nDpegMeT-
HLIX TICPEMCHHBIX, CTaBst NOBCIOAY Briepefd 3HAKHU OOLIHO-
c1i. Hanmpumep, axcuoma: «Uepes ame Toukm TP OXO{UT
TOJILKO OfHA eANHCTBEHHAA IIpsMasiy BBIPaKaeTcs Qop-
MYJ10i:

(%) () (W) (v) {[Ger (x, y, u) & Ger [x, y, v) &= (x, y) &

' == (u, v)] —Ger (x, u, v)},

B CITOBECHOM (opMme: «eciM X, Y U & Jie)KaT Ha ofiHoif
I SAIMOM, X, Y M v JeXaT Ha OmHOI upsamoit um ecsm,
JIaNee, X OTJMYHO OT ¥, @ u OT v, TO X, # U » JIe)KAT Ha
OnHOM mpsiMoli», Awcuoma: «ECAM jBe NIOCKOCTH HMEOT
0OgHy o0my TOYKY, TO OHH HMEHT I0 KpaiHelt Mmepe
CINE OAHY OOIMYI0 TOUKY, OTJMUHYIO OT NepBoii», BbIpa-
KaeTcst popmyoit

(x) (V) (2) () (v) (W) (p) {[EO (%, y, 2, p) & Eb (u, v, w, p)]—>
(Eq)(=(p, Q) &Eb(x, y, 2, ) & Eb (4, v, w, ¢))}
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AKCHOMe,  CymecTBeHHOH AJIT pacCIIOJIOKEHUST Ha
niockocTu: «Ecmu npsimasi, neamas B mwiockocTy Tpe-
YTOJIbHUKA M He NpOoXopsiias yepes ero BEpKHY, nepe-
CEKaeT OogHy CTOPOHY BTOr0 TPeyrodbHHKA, TO OHa fiepe-
CEKaeT U KaKyio-nubyab Apyryio ero CTODOHY», COOTBET-
CTByeT clenyromasi gopmysa:

() ) () (u) () ([EB (x, y, 2, ) &Ter (x, y, z &
Zw (v, x, y) &Ger (x, y, i) &Cer (z, u, v)] > (Ew){Ger(u, v, w\&
(Zww, x,2) V Zw(w, , 2))]}.

IIpn BBemenuM otHowenus «Gery u «Eb» cnegyer
UMCTbL B BUAY, 4TO NIl HUX CBOMCTBA CHMMETPHYHOCTH
ROJDKHBL  OBITH  CQOPMYJNHPOBAHB B KauecTBe AKCHOM.
Taxkum o6pasom, Ml JOJDKHBEI BBeCTH bopmyny:

(%) (v) (2) {Ger (x, y, 2) — (Ger (x, 3, y) & Ger (y, x, 2))}

W coorseTcTBylomyw nns  Eb. Ceolicmea omuourenus

MoXcoecmea  Takyxe clefyer copmyupoBath B Buje
aKCHOM:

X0 (=) —=(,x),
(%) =(x, x),
(%) ) (2) {=(x, 2) &==(y, 2) — = (x, y)},
() () (@) @) {(=(x, u) & Ger (x, y, 2)) — Ger (u, y, )}
() () (@) (1) @) {(=(x, v) & Eb (%, y, z, 1)) —
Eb (v, y, z, u)},
() 0) () (&) {(=(x, y) & Zw (x, 1, 2)) > Zw (3, u, 2)},
) ) (W) @) ((=(x, y) &Zw (u, x, 2)) — Zw (u, ¥, 2)}.
Yerbipe mocnensue hopmysibl  BhIpayKaloT, uto B KaK-
AOM BCTDEHAIOMIEMCS] OTHOLICHUH TOXKECTBEHHbIE Ipeq-
METBl MOIYT 3aMemath Apyr Apyra.
Mul mbicsiuM cefe saTem mce AKCHOMBI, 3anMcaHHble
B bupe (OPMYN, CBA3aHHLIMM 3HAKOM & B OlHY eauH-
CTBEHHYI0 (opmyny. Ita dopmyna npexcrapnser co6oii

COBOKYIIHOE yCIOBHE, KOTOPOMY MHOAUMEEHD! IIpeIuKaThl
« =, «Ger», «Zwy <Eb> wm, Kax BHIDKAIOTCST MHOTA

1
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B aKCHOMaTHKe, OHA COJleP)XUT HesiBHOEe OIpefiesieHHe
STUX MpepvKaToB. ByjeM 3amucbiBaTh COKPAI{EeHHO 3Ty
¢opmyity B BHpe: '

U (=, Ger, Zw, Eb).

Yactaoe npemtoyxenne Ilackansa npu oObiyHOM Crio-
cobe BoipaXKenust Gopmynupyercs chegyiomum cOpasom:
nyctb ABC u A’B’C’ COOTBETCTBEHHO II0 TPH TOUKH
Ha JBYX NepeceKamomuxcs npamelx. [lycTs Bce ykasau-
Hbl€ TOYKH OTJIMUHBI OT TOYKM IlepeceyeHHs] ITHX HpPs-
mbix. Torma, eciim BC’ mapannensha CB’ u CA’ napai-
nespHa AC’, To 1 AB’ mnapaniien-Ha BA’. 9to npepto-
YKeHMe B CBOH OYEPElb MGYKHO BBIPA3UTb C IIOMOIIBIO
JloruyecKoi QopmyJsibl, B KOTOPOH M3 NpegUKaTOB cojep-
aTcs TobKO = u Ger. O0o3Hauum 3ty GopMysy depes
B (=, CGer).

YTEepeHue, o KoTOPOM WJeT peuyb, FOBOPHUT, UTO M3
U (==, Ger, Zw, Eb)
HeNb351 BBIBECTH
B (=, Ce).

B sToM yTBep)K[eHUHM COfepyKaTe/IbHO-FeoMeTPUYECKOe
ucToNKoBanune==, Ger, Zw, Eb ywxe He urpaer posu. Moo,
B COOTBETCTBUM C AKCUOMATUUeCKOW TOUKCH 3peHust, mpu
ROKa3aTesbCTBE IPeJIOKEHUA U3 TeOMETPUYECKUX aKCHOM
HeJIb3S1 UCMOJIb30BaTh HWYEro, OTHOCALIEroCs K BBejeH-
HbIM CCHOBHBIM TNOHATHsIM, 4To He Obuto Obl sIBHO cdop-
MyJIMPOBaHO B AKCHOMAaX.

[Toatomy MBI M»KeM COBEPIIEHHO HCKJIIOUHUTH - 3TH
npeguKaThl ¥ HAa MX MECTO [I0CTaBUTb UETbIPE NMePEeMEeHHBIX
npefuKara, €CTeCTBEHHO, C COOTBEICTBYIOIHM YHUCJIOM
apryMeHToB:

F(x,y); G(x,9,2); H(x,y,2); K(X ¥,z u).

Hokasyemocts npenoeHus Ilackans ossauana Osl,
4TO [Ji BCSIKMX YeThlpeX TaKuxX npeauxaros F, G, H, K,
AJIA KOTOpPBIX

o (F, G, H, K)
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MCTUHHO, B (F, G) To)Ke HUCTMHHO ¥ UTO, CJIeAOBATENLHO,
A(F, G, H,K)— P (F, G)

€CTb TOXKAECTBeHHAs! gopMmyJsia. Hy)KHo, CcleloBaTesbHO,
YCTaHOBHTb, YTO 3TO He KMEET MecTa :

TakuMm e 00pa3oM pJisi KaXK[[0To APYroro reOMETpHU-
U€CKOro MpPEJIOKEHUST MOXHO YKa3aTh COOTBETCTBYIOUIYIO
(opmMysy MCUMCIEHMA NPEIMKATOB, TAKYI0, YTO npefso-
)KeHHE TOrja M TOJIbKO Torja MpeacTaBsisieT coboit cyef-
CTBHE H3 aKCHOM, KOIria 9ra Joruueckas d¢opmysa
ABNSACTCA TOXKAecTBeHHOH. TouHO TaK »E€ W BOMpoCHE
0 *Henpomueopeqligocmu. MOYKHO TOCTABUTH B CBA3b
C TOXJECTBCHHOCTBIO olpefesieHHbIX Qopmys. Hampumep,
BOIIPOC: SIBJISIIOTCSI JIM TE€OMETPHYECKUE aKCHOMbI, cobpaH-
Hble B Qopmyte '

A (=, Ger, Zw, Eb),

JIOTHYECKH COBMECTHBIMM [IPYr C [PYrOM, OKasbiBaeTCA
PaBHO3HAUHLIM C IpYrUM BONPOCOM: ABJIATCA v QopmyJia

A(F, G, H, K)

He TOXKIECTBEHHOM.

Mel moKeM,, nanee, ckasarb, UTO Kaycoce c(aejcmetie
HeKomopeli cucmemsl QKCUOM TNEPEol cmyneHu Momcen
Goims noayueno maxyce ¢ nomMowjbi0 Npoyecca Hop MaabHO20
ébls00a, Occewyentozo 8 Hauate mozo napazpada. ViGo
TOXKJIeCTBEHRAsA  QopMysa, BbIpaXKAIOIAsi JIOTHYECKYIO
3aBUCHMOCTb MPERJIOH(EHHSA OT aKcUcMm, cormacho § 10
€CTb B TO JXe Bpemsa M jJokasyemasa Gopmyna. Ilocre
MOACTAHNBKH CllelUaJIbHBIX MPeJUKATOB BMECTO IlepeMeH-
HBIX B 3Ty (GopMyny CcXema 3akJIIOUeHHMs [aeT camoe
NpeJIoNKeHHE.

Hamu nociegHye 3ameuanusi 00 SKBHUBaJIEHTHOCTH
3aBUCHMOCTH IPEAJICIKEHUA 0T HEKOTOPOHM CUCTEMbl aKCUOM
C TOX/JECTBEHHOH HCTHHHOCTBIO HEKOTOPGH cIIpefesieHHo#
(hopmy Bl MCUUCTIERUS NPEUKATOB OTHCCSITCS, KaK Mbl yoKe
YIOMSIHYJIH, TOJIbBKO K CHCTCMaM aKCHCM [epBCH CTy-
neHd. Ho M A7 CHCT€M aKCMOM BTOPOH CTYTIEHH HMEIOT
MECTO aHAJIOTHYUHBIE COOTHOWEHUA. TONLKO TOXKAeCTBEHHAS

10 Ocrroput TeOPeTHUYEeCKROH TTornnn
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.

dopmyna, o KOTopo#i MPM ITOM MAET peub, y)Ke He MOYKer
ObITb BhIp@)KeHA CPEACTBAMM Y3KOr0 HCUUCIIEHHS TIpe-
AMKATOB; OHA NPHUHAMJICHKUT K PACIUUPEHHOMY HCUHCITE-
HUIO0 TIPEUKATOB, KOTOpOe JAOMKHO ObiTb PACCMOTPEHO
B 4eTBEPTO riase.

§ 12. MNpoGaema paspewrnMocTH

W3 coobparkenwuii npeapiayiiero naparpada cTaHOBUTCS
SICHOH IPUHUMIIMAJIbHAS Ba)KHOCTH Mpo0JIeMbl, OTHOCS-
ieics K BBISICHEHHIO JJIA RAHHOF (GOPMYJibl MCUMC/IeHUS
NPEeAUKATOB BOIILOCA: ABJIAETCSI JIM OHA TO)K/ECTBEHHOM
GopmyJiolt wiu Her? CoryacHo olpefesieHKIo, JAHHOMY
B § 5, TOX[ECTBEHHOCT HEKOTOPOH (OPMYJBI 03HaUaer
10 Ke camoe, 4T0 M ofmesHauMmocTh 3To# (OpPMYJIbI
ANt Kaxpod obnacth uumuBHyyMoB. Tlosromy rosopsr
TaloKe 0 npobaeme obuesnaqumocmu Popmyav. Touuee
b0 Gel roBOPHUTH He Mpocro 06 o06me3HayuMocTH, a o0
00uiesnauMMoCTH 2151 KXol 0671aCTH  MHMBHAYYMOB.
ToxxpecTBennble GOPMYJIHI MCYUCTEHUST TIPEIUKATOB, CO-
rJ1aCHO BRIBOJIAM § 10, ABNSIIOTCS] MMEHHO TeMu (OpMyJiaMH,
KOTOpble MOIyT OBITb BBIBEJEHHl M3 CHCTEMBI AKCHOMBI
§ 5. lna pemenust npoGaeMs 061e3HAYMMOCTH ITOT (aKT
He MOKeT 0KasaThb HaM IIOMOLIM, TAK KaK Mbl He MMeeM
HUKaKoro ofiiero Kputepust BLIBOIHUMOCTH (OPMYJIBL.

Dopmyna YMCTOro UCYMCIIEHUST IPEAUKATOB, T. €, (hop-
MyJa, B KOTOPOH HET HMKaKuX WHAMBHAYaJIbHEIX 3HAKOB,
HA3BIBAETCS 6bIMOAHUMOI B HEKOTOpOM 006s1acTM WHMBU-
AYYMOB, €CJId MOYXHO 33MEHUTH IIePEMEeHHbIE BbLICKA3bl-
BAHUA 3HAUEHUSIMU «HCTHHAY» U «JIOKb», NePeMeHHbIe
MPEeNKATH — KAKUMU-JIH00 CIenUaJbHBIME  TIPeuKaTAMY,
OTpeJe/IeHHbIME B COOTBETCTBYIOMEH o0sacru uHAMBHY-
yMOB, H CBOOOJHBIE NpeIMETHBIC MEPEMEHHBIE— MH/UBU-
AyaJIbHBIMH npegmeTamy Takum ofpasom, 4rofbl Gopmyna
nepemsa B UCTHHHOE BRICKa3blBaHUe., ECm o HEKoTOpoit
(opmynie roBopAT mPOCTO, YTO OHA BHIMOJIHMMA, TO MPH
9TOM MMEWT B BHAY, YTO BOOOWIe cywecTBYeT 00J1aCTL
UHAMBUAYYMOB, B KOTOPOH MMEET MECTO BLINOJIHUMOCT.
Ecmm gopmyna % B kaxoif-anbyab o6nacty uHauBHIY-
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yMoB He obme3Hauuma, TO, O4eBMAHO, M B COOTBETCTBY-
iomed obnacru BuimoaHMMa, W HaoOopoT. AHANOTMYHO
npocras ofmesHauumocTs GopMyJsil A ¥ BHINOJHUMOCTD

A HAXOOATCA B OTHOLIEHHM YTBEDIKACHUS W OyPHLAHHUS.
- OGe mpobnembr o06jesHauumocmu v GblNOAHUMOCTIL,
9KBUBAJIEHTHBIE APYT APYTY, HAa3bIBAKT TaroKe 00BIYHO
oqHUM Of6mUM  HMEHeM: npobaemoill  paspeltuMocmu
(Entscheidungsproblem) y3Koro ucuucieHus1 npeguKaTos.:
Ha ocHoBaHuMHM 3aMevyanui, cieJlaHHbIX B § 11, MBIl BrpaBe
CUMTaThL ee 24a6Hol npobaemoll mamemamuyeckoll Ao2uKu.
_, TosicHUM Ha HeCKOJIbKUX NpPuUMepax moHaTus ofiie-
3HAYMMOCTH ¥ BHINIOJIHMMOCTH. Hanpumep, o0me3HaYyuMbI
BCe QOPMYJIBI, KOTOPble MBI MOKEM BbIBeCIM M3 JIOTH-
YeCKUX aKCHOM, B 4YacTHocTH, dopmyant (21)— (36) § 6.
EcrecTBenHo, BCe o0llle3HauuMble HOPMYJIbI TAKIKE BBITIOJN-

HUMBI, Popmyna
- (Ex) F (%)

X0Ts1 He o0LIe3HAYMMa, HO BhIMOJHUMA. Beap g0CTATOYHO
TOJIbKO NPY NPOU3BOJILHO BolOpaHHON 00JiacT¥ WMHAUBU-
AyymoB B3aTh BMecTo F fipepukar: «ObITh TOXXKeCTBEHHBIM
‘¢ camum colofty. TakOH npeguKaT BBIIOJHSETCST He
TOJIbKO [JIS1 OHOTO HpegMera, HO jJa)Ke AJisI BCeX IIPeA-
meroB. OTClofa cylefiyer, 4TO BHITIONHUMA TarKe (dopmyJia

| () F ().
HaJiee, BoimonHuMma Gopmyia

(x) F (x, ) & (x) (Ey) F (x, ¥).
HJIH. €¢ BBINOJHEeHUSA [JoCTaroyHo B3AThb B KadyecCTBe

obJacTH MHMBHAYYMOB LeJble 4ucja, a BMecTo F (X, ¥)
NO/ICTABUTL mnpeauKar X < y. HeBuiloJHMMA, Hanmpumep,

thopmyna :
(Ex) 0 (F (x, ) & F (x, ),

ubo ee orpuuLaHue

() (EY) (F (x, X) VV F (x, ¥))
ecTb TOXAecTBeHHas dopmyna. [eitcTBuTensuo, ais
10*
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Kaxporo x cymecreyer ¥ rpebyemoro popa, ubo Mbl
MOYXEM B3SIThb ¥ PaBHBIM CaMoMy X.

[IpoGyieMe pPa3pemIMMOCTH MOXHO Tar)Ke Jaib  eme
Oonee cmpozyw Popmyauposry. Hexoropas dopmyna,
BOOOIIE BLIOJIHUMAS, He JODKHA elle B CUJIy 3TOr0 GHITH
BHITNIOJIHUMOH B Kayko#t obsacTu MHAUBUAY yMOB. Hanpu-
mep, opmyina

‘ (Ex) (Ey) (F (x) & F (),
KOHECUHO, BbINOJHUMA. JlocTarouno ToabKo B3siTh B kaye-
crBe 60JIACTM MHJMBH"YyMOB 007aCTb, COCTOAMYI0 U3
On 1, a BKauecTse M01CIaHOBKY /IS F —npenuxar «x=0».
CymecTBylOT Torra X W Y Takue, 9T0 X=0 H y=0,
umenHo O u 1. OpHaxo sta QopmyJa HeBBIIOJHMMA
B ofyacTM MHAMBHAYYMOB, cocTosimeil M3 OIHOTO eJHH-
CTBEHHOTO 3JIEMEHTA, TAK KAK IIPEJUKAT He MOMKET OJjHO-
BpeMeHHO [JisT O/'HOH U Tol »Ke Beluy BBIMOJHATLCA ¥ He
BBIIIOJIHATECS.  TOUHO TaK »Ke IIPOTHBONOJIOKHAST Bhillle-
yromsanyroi gopmyna '

(x) () (F (x) ¥ F ()

0014e3HAUNMA, €CIIM CYMECTBYET TOJILKO OAHH TpEMET
B 00J1aCTH UHIMBUIYYMOB; B IIPOTUBHOM YK€ CJlyuae— HeT.

Ecom ans gopmynbl B Hexoropoit o6nactyv MnuBujY-
YMOB HUMEET MECTO BHIICJHMMOCTb WJIH 00IE3HAYUMOCTD,
TO TO )Ke CaAMOe HMeeT MecTo M B KawKnoil npyroit o6a-
CTH WH/JUBH"YYMOB C TeM )K€ KOJIMYeCTBCHHBIM (KapaH-
HaJIbHBIM) YMCJIOM HX, KaK 9TO JIErKO II0Jy4YaeTcsi ¢ Iio-
MOUIbI0 B3aUMHO-07HO3HayHOro OoTobpa)kKeuusi obnacTeil
Apyr Ha ppyra. ITostomy 3a nckilouenuem ¢epMmyna oOnge-

3HAYUMBIX (CCOTBETCIBEHHO BHIUOJHUMBIX) B J110001 0fa- -

CTH MHJHBUJIYYMOB, a Tarke (QOPMyJ, HH AJsl KaKoii
o0sacTu He obyaramoMMX ITUM CBOMCIBOM, nocmyaupoea-
Hue o00uje3nauumocmu  (CoomcemcimeeH o 6blNOARUMOCTL)
HeKomopoti avzudecikcil Popmyavl 562emcs IKGUEANCHMHBIM
gelCKa3bIsaru0 0 qucne unousuoyymos. Ilpobnemy paspe-
WUMOCTH MOXKHO CYMTATL DpEIICHHOH B CAMOM INMPOKOM
CMBICTIE, €C/IM MMEeTCS MEer0R, KOTOPBIH aJs1 Kayknol
JAHHOM (OPMYJIBl JlaeT BO3MOKHOCTL PeWMTb BOIPOC:
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048 Kakux obaacmel unOueudyyMos oHa cbuesnayuma
(coomeemcmeento evlnoAHUMA) U OAA KAKUX Hem?

Uro Kacaercst oTHCIMeHUs FPYr K apyry obeux .gop-
MYJUpoBOK mpobyieMbl paspemmMmoCTdH, TO Y)Ke B § 10
OBLIO TOJIyyeHo Ha 310T CUET OJIHO 3aMevaresibHoe npef-
JIOXKEHHeE. :

Ecau wuexomopaa ¢opmynra obujesHauuma ¢ cuemHo-
Geckoneqnoli 06nacmu, mo ona obwesnauuma 6066iwWe U,
cAe006ameabHo, A6a5emea moxccecmeentoll Popmyaot.

Cdopmy/iupoBanHOe [JIs1 BBRIIOJIHHMOCTH, 3T0 IIpejtio-
YKEeHHe [JIaCHJIO Obl:

- Ecau nexomopas iopmyaa 60o615e blnotHUMA, MO 6bl-
NOAHUMOCIb UMeEN Meco U 6 (YemHo-0ecKoHednoll 06.4a-
Cmu uHouUeUOyyMos.

B kauecrBe (mpaBna, 3HauMTenLHO Gosiee TPUBMAIIDL-
HOTO) JOIOJIHEHUS] STCrO NPEerJIoyKeHNs] Mbl UMEEM jajiee:

Ecau nexomopasa opmyaa évinosnuma 6 kaxol-nubyow
obaacmu  uHOUGUOYYMO6, MO OHA GLLNOAHUMQ MaAKHCe

8 Kamcooli o6aacmu ¢ GOALIIUM YUCAOM UHOUBLOYYMOS.

HMmeHHo, onpefefieHde NperUKATOB, BLITOJHSIIOIUX
¢Gopmyny B HekoTopoit obsactu (I), Jierko MOXKHO TaK
paclMpuTh, YTO BHINOJHAMOCTL Oy-€T HMeTb MecTo
1 B objactv uHrMBHYYMCB (I), Kotopas corepxur (I)
B KawecTBe cBoeft wactu. [Jisi aToro Mel BeIGUpaeM U3
obnactu (I) Kakoii-mubo aneMeH1 « ¥ pacnpecTpaHsem
ompesejieHue TnperUKa10B Ha olJacTe ('), paccmarpuBast
BCE 3JIeMEHTHl W3 (I'), KOTCpPBIE He NpHHarJexar K ([),
KaK TOXJeCTBEHHBIE C «. Hampumep, ecim Mbl HMeeM
npeaukar @® ¢ n NycreIMd MeCTaMH, BBINOJIHSWILHUICA
B obiactu (1), To coorBercTByiomuil npengurar ¥ omnpe-
peysgercs B (I')  cneaylomum  obpazom: sl BCeX
Xyy Xy oo -9 X, U3 (I') MMEET MecTo:

WXy Xgyovey X)) ~DP(Tyy Loy ooy En)-
[Ipu 3TOM y; TOKHECTBEHHO C X; B TOM CJydae, Korga
X; NpUHALIOKUT K ([); B IPOTHBHOM CJiyyae OHO paB-
Ho o. M3 cmocofa, xkakum onpegeneHnl NMpegvKaThl, I10-
JlyqaeTCs 3aTeM-—Ha 4YeM Mbl 37ech He 6ygeM B AeTansIx
0CTAHABIWBATLCH — BRIIOJIHUMOCTL B obnactu (I7).



15} 7 YaKoe ucuucaenue npeduramos

Aaa cayuas, xo2oa o6aacme uHOUBLOYY M0S cooepucum
onpedesentce Koredyroe Yucao UHOUBUOYY MO8, 80NpPOC 06
o6 wesnaqusocmu (coomeemcmcerHo 6bLNOAHUMOCNL) 8Ce20q
MoMcem Gblms peiied.

B camom pene, B 3TOM Cllyuae 3HAKM OGIIHOCTH Mo~
I'yT ObITh '3aMEHEHbl KOHCUHBIMU KOHBIOHKUMSIMU BBICKA-
3bIBAHUH, & 3HAKM CYIECTBOBAHUSI —KOHEYHBIMH [(H3DIOHK-
NUsMH  BBICKA3LIBAHMIT, 1 Bonpoc 00 o6mesnaunuMocTu
(COOTBeTSTBeHHO BBITIOJTHUMOCTH) Gopmyanl B ganHoii
KOHEYHOH 00JIACTH CBOAUTCH K BoIlpocy 00 ofmesHaun-
MOCTH (COOTBETCTBEHHO BBIMOJHHMOCTH) HekoTopoit (op-
MyJibl UCUHCJIEHUST BBICKA3bIBAHMIA.

Crenyromuii npumep caefiaet 9To 6ojiee SICHBIM. [ycTs
HYHO HCCJIEA0BATE BONIPOC O BHINOJHUMOCTH (0 PMYJIBL

(Ex) 0 (F (x, x) & F (x, ))
B o0JacTH, cocrosimeit us JIBYX 2JIeMeHTOB. ECHu Mgl
0003Ha4YNM 3JTeMEHTH 3Toi 06nacTh vepe3 O u 1, To KaK-
nasa dopmyna supa (Ex)% (x) B 9Toif obnactu Gymer
pasHo3Hayna ¢ A (0) v A (1), a KaKpast dopMmyna Buna
(x) A (x)—c A (0) &A(1). MosTomy Hawy dopmyy MoxKHO
3aMEHUTb CHavaJsia Gopmy.oii: \ '

B) (FO,0&F 0,9) V () (F(1, H&F (1, )
1 3atem Qopmyoii:

(F(0,0)0&F(0,0)&F (0,0)&F (0,1)) v (F(I, ) &
F(LO)&F(I, )&F (1, 1).

Iocae atoro BOIPOC CBOAMTCA K Taxoil samene F (Q, 0)
F(O, 1) M 7. 1. MCTHHHBIMU ¥ JIO)KHBIMH BBICKA3HIBAHH -
AMH, TIDH KOTOPOHl BEIDKEHME B LesoM IIOJIYYUJIO Ol
SHAYCHHE «UCTUHHO». IPYrUMM CI0BAMHM, BBIIOJHHMOCTD
dopmysel B obnactu ¢ ABYMSI  3JIEMEHTAMM CBOIHTCSI
K BLIMOJHUMOCIH QOPMYJibl MCYUCICHUST BBICKA3LIBAHM:

(A&A&A&B) \/(C&D&C&CQ).

) M3 TIOCTICAHNX Mpefso)KeHudd BRITeKaeT CJleylomee:
SeAl 04 oannoll gopmyant yoaemest noxazame, 4mo ong
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60001ye MOMCem Obimb 6bLNOAHEHA M020a U MOALKO mo20d,
K020Q uMmeem Mecmo 6bINOAHUMOCITIL 8 HeKOMOpol 06 racmu
C ONpeCeseHHbIM KOHEYHbIM YquCcAOM Kk undueudyymos, mo
npobrema evtnosnumocmu  peuleHa 04s écex o0baacmell
UHOUBUOYY MO8,

Mb0o npexie Bcero MO’KHO YCTAHOBHUTH, HUMEETCS JIK
BLIMOJIHUMOCTE B 00JacTH ¢ k wHauBuUpyymamu. Ecmu
3T0 He UMeeT MecTa, To POoPMyJia He BBIIIOJTHUMA HU B KaKoi
of6mactd. ECAHM >Ke ee MOYKHO BHIIOJIHUTL B 3T0il 00a-
CTH, TO 3TO MOXXHO CfeJIaTh M BO BCeX 00J1aCTsIX ¢ 601b-
WIUM 4YMCJIOM HBAMBHRYYMOB. Ham octaetca B Tawom
Cllyuae MCCJIE[OBATH elle TONBKO BHINOJHUMOCTL B ofa-
ctaxcl, 2,..., k— 1 afleMeHTaMi, KOTOPYIO TAK)Ke MOMXK-
HO YCTaHOBMTD.

OTMeTHM TYT e, YTO TAaKUM 00pasoM HeNL3s Jao0-
cTHYb obmero peumeHust npolyemsl paspemnmocTu. Muen-
HO, cyujecmeywom Popmyast, Komopbie He EbINOAHUMbL HU
8 Kakoll Koreuroll obaacmu uHOUCUOYYMOS, HO 6bINOAHU-
Mol 6 06aacmu ¢ Geckorednvim qucaom 3Aemenmoé. K qucny
Takux Gopmyd NpUHAJIEIKHT, HalpUMep:

(x) (Ey) F (x,3) & (x) F (x, x) & (x) () (2) ((F (x, ) &
‘ F(y,z)— F(x, 2)).

9ta dopmyna BbUIOJHSETCSA, Hanpumep, B 00JACTH HATy-
paJibHeIX YMcCeJl mpepuKaTom x <y. Hanporus, pomy-
H[eHWe BLINOAHUMOCTH B 00NacTH € KOHEUHBIM UHMCIIOM
UHIMBUIYYMOB Cpasy >Ke INPHUBOJUT K IPCTUBOPEUUIO.
Honyctum, uTo O — BLIMONHAKNIUKA npeAMKaT. B cuy
ucTHHHOCTH. (X) (Ey) P (x, y) B TaKkoMm ciyyae CYLIECTBO-
BaJsia Obl CKOJIb YrogHO TPOJOHKaeMasi LeAb 3JIeMEHTOB
a,, d,,d,, ... Takasg, uTo Bcerna umeeT Mmecto D (q;, a;.,).
Ho B cuny npearmosioyKeHHOH KOHEYHOCTH 00J1acTy UH[H-
BUAYYMOB, NpM 3TOM cyumecTBoBajim Obl [ u k (k>1)
Takye, YTO @; U @, O3HAYAKT OAMH M TOT YKe 3JIEMEHT.
U3
X3 @) (@ (x,9) &P (y,2)—> P (x,2)

Mbt sty Gl Toraa ® (g;, @;), MOKAY TeM KaK {0JnK-
Ho Obith (x) P (X, X). :
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B 10 Bpems kak npo6iema Pa3pelIuMOCTH B UCYMC-

JIEHNU BbICKa3niBaHHit Jierko pemlajacs, Hallpumep, nyTem

HCII0JIb30BAHMSI KOHBHHKTUBHCH WM JU3BIOHKTUBHON
EOpManbHOH ¢opMmbl (cp. ro1. 1, § 6, a Taroxe 1. 1,§ 8),
npobyieMa paspeliuMocTH B UCYNCJIEHWM HpeTMKATOB

IIpeACTaBAACT Cob0if OYeHb TPYAHYI W B Lesiom OTHIOAb.

He pelicHHY0 1npobnemy. OmnpejeneHHble NPUYUHBI, Ha
KOTOPBIX Mbl TOJpOOHEE OCTAHOBUMCS HUIXKE, 3aCTABIAIGT
JaXe CYUTATh Oe3HAfEHBIMM IOOBITKY  ee IIOJIHOTO
pewenna. Ho BBUAY UeHTpasbHOTrO 3naueHus npodtempl
DonbuIOl MHTEPEC MPegCTABAAIOT MONBLITKH AaTb peureHue
X0TA Obl 771 BO3MOXKHO OoJce ITUPOKUX KJIACCOB
Gopmyn. Msnaraem saykueiimue PE3YbTaTLI, noJiyvyeHHbIe
B 9TOM HalpapJeHUH.

Bo Bcex panpHeitmux paccMoTpeHmsix Mol Cyuraem,
uTO BCe (OPMYJIBI, KOTOPBIMM MEI onepupyem, He cojep-
AT y)K€ HUKAKUX CBOOOJHLIX NPegMETHBIX nepemeH-
Heix. Tpexpae yem moucrynurs x PacCMOTPeHHUIO YacTHbIX
CJIyHaeB peuleHis npo6ieMsl pa3peMHMOCTH, 0CTAHOBHMCS
Ha HEKOTOPBIX NPeJJio ' eHUNX 06lLiero XapaKTepa, KOTo-
Pbl€ HAXONATCA : CBASKH ¢ mnpobneMmoii pPaspemuMocTy.
Hexoropeie 13 atux npemnosxennmit Mpi OTMETUIIU yrKe
B § 8; uMeHHO, NpeaokeHns o npedsarenioll 1opmane-
Holl fopre v Hopmanvrol Popse Crosema. Onu umeror
TO TIPEUMYIMECTBO, YTO NPH PacCMOTPEHHSX BOIIPOCOB
00IIE3HAUMMOCTH WK BBITOJIHHMOCTH hopmyJT MoceRnKe
MOXHO NIDECTAaBUTDL B CIIENHAILHON HOPMUPOBAHHON My
peayuupopanHoii dopme 6Ges ymepba ans- o6mHocTU pac-
CmotTpenuii. [losTomy roeopsit Ttaroke o nreoaoxmceriisx
pedykyuu. Hampumep, npeasnowenne Ckotema YTREPKAET
(ecsty MBI cOpMyNHpYeM ero amech JUIS1 BBINOJTHUMOCTH),
4T0 LJIsT KayKHo# maHHON (opmynsl mcumcnenus npeau-
KaToB MOXCHO yKasarb IPYTYI0 C npUCTAaBKoH B dopme

(%1). - () (Ev)) . . . (Ey,),

KOTOpas OTHOCHTE/IbHO BBHTOJIHMMOCTH PaBHO3HAYHA nep-
BOil. Mbl MoyKem HOSTOMY NPH PeWeHWH NpoGJieMbl Bbi-
HOJIHUMOCTH OTPaHUUHUTBEs (HopMyTamu, NpUCTaBKU KOTo-
PBIX HMEIOT yKa3aHnyio dgopmy,

Hanpueiiiine npemnoyenus storo pona oTHocaTCA UK
TAIOKe K DepyuMpoBanuio GopMys K TaKoBbIM ¢ omnpepe-
JICHHBIME  TIDHCTaBKAMK, WIM K PeYUUPOBAHMIO uuCjA
APTYMCHTOB y HMEIOUIMXCS NpeuKaTHBIX nIepeMeHHBIX
U T. A M3 MHorouucnennnix pe3ysnLTaroB B 3TOM Ha-
IIDABJICHUN MBI YIIOMSIHEM TOJILKO clegyoouue.

Hast kaxpoit ¢OpMyBL MOXKHO yKasark paBHO3HAy-
HYIO €if B OTHOMEHUM BBIMOJIHUMOCTH, B KOTOpOii BCTpE-
4arTcst TOJBKO OJHOMECTHHIE U ABYMECTHBIE TIpeuKaT-
HHIC mepemennbie *. Mo)KHO, pasee, orpaHMuMTbCS Jake
TAKAMU GOPMYNIamMu, B KOTOpPHIX BCTPEYAETCSI TOMLKO OUH
€NMHCTBEHHBI  IBYMECTHBI  nepeMeHHbI NpeUKaT u,
Kpome Toro, mpucraBka umeer Gopmy 2:

(EX2)- - (Exn) (1) (1) (E2) (1) - . (u,)-

IIpu pemenuu npoGneMBl BbImOTHUMOCTH MOYXHO, pallee,
OTPARMYHILCST GOPMYNIAMH, TIPUCTABKU KOTOPHIX HMMeEOT

dopmy *:
| (x,) (%) () (Ey,). . . (Eyy).

HaxoHeil, mpu pewenuu npoGieMsl BEIMOIHHMOCTH Ao-

CTaTOYHO PacCMOTPeTh (HOPMYJIBI, IIPUCTABKM KOTOPBIX

UMERT Qopmy 4: - :
(ExX) (¥) (Ez) (1) - - (1) -

VHTepecyomuxcss 10Ka3arebCTBOM 3THX TIpeAJIoYKeHuil
OTOIMTIEM K UHMTHPOBAHHBIM OPHIMHANLHEIM paboTam °.

! Lowenheim, L., Uber Moglichkeiten im Relativkalkiil.
Math. An. Bd. 76 (1915). :

® Kalmar, L., Zuriickfiihrung des Entscheidungsproblems ayf
den Fall von Formeln mit einer einzigen bindren Funktionsvariab-
len. Comp. Math. Bd. 4 (1936).

8 Gdadel, K., Zum Entscheidungsproblem des logischen Funk-
tionenkalkiils. Mh. Math. Physik. Bd. 40 (1933).

* Ackermann, W., Beitrige zum Entscheidungsproblem der
mathematischen Logik. Math. Ann. Bd. 112 (1936).

* Hanbpueifiine npepnosenus pPeayKuuM Haxonum B paborax:
Pepis, J., Beitrige zur Reductionstheorje des logischen Entschei-
dungsproblems. Acta Lit. Szeged. Bd. 8 (1936); Ske.em, Th., Einige
Reductionen des Entscheidungsproblems. Avh, Vid. Akad. Oslo, I.
Mat.-nat. Kiasse, 1936. Nr, 6.
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- Pacckaxkem Temepb 0 BaXKHEHINMX YaCTHBIX CIydanx,
B KOTOPBIX YAaN0Chb PEMUTh MpobJieMy paspemiMMOCTH.
JTH yacTHLIE c/1yyal 06pa3yIoT HEKOTOPYIO napaJielib C Bhl-
1IEYTIOMSTHY TBIMU IPENJIOKEHUAMH penynupyemocth. Ilpen-
JIOKEHHIO, 4TO JJIs1 KOKIOH (Gopmysnl HcYMCIeHHs mpe-
[MKATOB MO)XHO YKa3aTb PABHO3HAYHYH B OTHOMIEHHM
BBIITOJTHUMOCTH, B KOTOpOH BCTpe4aiorcst TOJBKO OfHO-
MECTHBIE W JBYMECTHBIE IpeJMKATHBIE [epeMeHHHE, CO-
OTBETCTBYET MpeNJIOKEHKe, uTo HpolJjema pemeHa 047
ob6aacmu PopMya, KOmMopeie codepucam MmoabKo 00HONMECTT-
Hole npeduxamrvle nepemernvle. TouHO TaK »Ke HPeJIo-
YKEHHMSIM, KOTOpbI¢ 110 OTHOIIEHHUI K IIpofJieMe pa3pellu-
MOCTH HPeAlPUHUMAIOr penyKUui0 GopMys K TaKOBbIM
C OIIpeesieHHBIMU NPUCTABKAMH, COOTBETCTBYET TOT $HaKT,
Y10 A1 ONpPEAEeIeHBBIX KJACcCOB TMPHCTABOK YAAJOCL
TarOKe JOCTUIHYTh pelleHust npobiembl paspeuniuMoCcTH.
[MpUHIMNUATIGHYI0 BO3MOYKHOCTh pelleHusa B o0siactu
OJHOMECTHHIX TMpefUKATOB YCTAHOBUN BrepBble JIEBEH-
reiim. Bosee IIpoCTHIC MoKasarejabcrBa OBIIM IIpeAsio-
seHel Ckosiemom ® u BemaHom ®. YKazaHHble oKa3aTesib-
CTBA. 10 CBOEMY 3HAYEHMIO BLIXO[AT 3a mpepessl 00NACTH
Y3KOTo HMCYMCJIEHUST TNPEAUKATOB, TAK KaK OHU pemalor
npolJieMy pa3peltinMOCIH, HOCKOJIBKY BCTPEYAKTCA TOJILKO
O/IHOMECTHBIE TpPeIUKATH, W [JIST UCUUCJICHUS TIPEUKATOB
BTOPOH CTYIMEHH, KOTOPoe TMOMJISKUT paccMOTpeHUIo
B ueTpepToil TJiaBe, rje Mbl ¥ BO3BPATHMCA K 3TOMY.

B ciaeaymwmmx paccy)XpeHMsax Ham ypoGHee HMETb
geso ¢ rmpobnemoft  oOmesHauumocTd. Mel  MOXKeM
vOequThCsl B PaspeliuMoCcTH GOPMYJI y3KOT0 HCUUCIIEHHUS

L Lywenheim, L., Uber Maoglichkeiten im Relativkalkiil.
Math. An. Bd. 76 (1915). _
2 Skolem, Th., Untersuchungen iiber die Axiome des Klassen-
kalkiils und iiber Produktation- und Summationsprobleme, welche
gewisse Klassen von Aussagen betreffen. Vid. Skrifter 1. Mat.-nat.
Klasse, 1919, Nr. 3.
8 Behmann, H., Beitrige zur Algebra der Logik und zum
Enstcheidungsproblem. Math. Ann. Bd. 86 (1922).
Ocofenno SICHOC H3JTIOKEHHC UCUYHUCIIEHMA OJHOMECTHBLIX Tipe-
AMKATOB Mbl Haxogum B wHure: Hilbert— Bernays, Grundlagen der
Mathematik I (cp. ocobenno § 5, cTp. 194—195), .
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NPEeIUKATOB, KOTOPbIE COAEpP)KaT TOJIbKO OfHOMECTHbLIE
epeMEHHble TPEUKAThl, CIIEAYIOIMM 3JIEMEHTAPHBIM My~
TeM. Ilycte pasa Hexoropas ¢opMyna U3 YKasaHHOH
o0aciu.

[Mycte k—uucno pasmuuHbIX MPEUKATHHIX 3HAKOB
A, B,..., K, BCTpevaomuxcs B paccMaTpuaemoil dop-
myne. Mol yrBep)kaem: ecau Popmyaa obiyesnaquma o
8Lex CAY4aax, xo20a 0baacms uHOUEUOYYMOE cocmoum cq-
moe Goavwiee us 2F npeomemos, mo ona 60061e obuesnq-
quma.

JNist poxasarenbCcTBa Mbl  JOIYCTHM, UTO paccMaTpH-
Baemast QopMmyJia [711 HEKOTOPOH CHCTEMbI MHANBUAYYMOB,
fompmedt, wem 2°, pU 3aMeHe IIEPeMEHHBIX MpeguKaroB
A, B, ..., K onlpefieJIeHHbIMH NIPEIMKATAMU A,, B,,...,K,,
BbIDA)KAET JIOYKHOE BhICKa3piBaHUE. B Takom ciyyae mul
BbIBE[JEM U3 3TOTO BLICKA3LIBAHWS JIPYroe JIOXKHOE Bbi-
CKaselBaHWE, KOTOpOE TAKyKe IICJIydaeTcss MyTEeM cIelua-
JIM3aUMM pacCMaTpUBaEeMoil (GFOPMyJbI U OTHOCUTCS camoe
Gonbiiee K cucreme 2° UHIUBHAYYMOB.

‘Mbl nogpaspenum npeaMeThl, K KOTOPHIM OTHOCHUTCS
JAHHOE JIOYKHOE BhicKasblBaHue (C mpeguxaramu 4, B,,. . .,

., K,), Ha Kiaccel, IpUUUCISIT fABa npeamera a, b
K OLHOMY M TOMY >€ KJacCy, eC/Ju BBICKA3bIBAHUA
A, (a), B(a), -- -, K, (a)

PABHO3HAUHBI COOTBETCTBEHHO C
A, (b}, B, (b). - .., K, (b),

A, (a) paBHo3HauHO ¢ A, (h),
B, (a) paBHo3HauHO ¢ B, (b),

K, (@) paBHo3HauHO ¢ K, (b).

B pesynbrate mul mosyuum camoe Gosbiuee 2F imac-
coB. B camom pente, mns mpeamera @ BeIpayKeHue A, (a)
MOXKeT ObITh TONLKO UCTHHHBIM WJIH JIOMCHBIM; TO YKe caMoe
ot Bo(@) m T. . B uenmom CymecTsyer, cJjegosa-
1EILHO, TONBKO 27 BO3MOXKHOCTEH 15T pacHpemesieHns
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UCTHHHOCTH WM JIOYKHOCTH Cpeny BbICKA3LIBAaHUM

A,(a), By(a), ..., K,(a),

M eCliM IS ABYX WPEIMETOB 3TC paclpejeseHue CoB-
najgael, TO OHM INPHHATJIEHKAT K OfHOMY KJlaccy.

Ilycte @, %,, ..., %, pa3iAuuHble KJAcChl, KOTOPHIE
Mbl TaKum o0pasom IojygaeMm, NpuyeM, KaK YKasaHo,
n=2*. BosbMem rermepb COBOKYMHOCTL KJACCOB &y, %,,. . .
..., %, B KauecIiBe HOBOH cucremsl npeameroB. ITo oTno-
IWEeHHID K ITUM [pegMeTaM OIIpeaeJuM K TIpeUKaTOB
A,, B,,..., K, ciaegywomum 0o06pa3om: A, BLITOJHAETCS
oA Kiacca o, (p~—1,...,n) TOrEa U TOJBLKO rOrpja,
Korga A, BLUIOJIHAEICST [JIs1 TIPEJMEeTOB, NPUHAAJIEMA-
IUX JIepPBCHAYANbHO K a&p. COOTBETCTBEHHO OIpPEAesi-
orest B, ..., K,.

Eciu 3arem B npoU3BOJIBHOM BbICKa3biBaHWM, 00pa-
30BAHHOM C ITOMOINBIO JIOTMYECKHX 3HAKOB M3 MPEIUKATOB
A, B,, ..., K,, 3amesum A, na A,, B, Ha B,, ..., K,

Ha K,, BO3bMeM B KauecTBe 3HAUeHUi MEPEMEHHBIX.

BMECTO I1€PBOHAYAJILHBIX MPEIMETOB KJIACCh! &y, %y, 5+ o, O,
M 3aMEHUM Ka)K/Ablii ompefesieHHBI mperMeT, BCTPEUal)-
IUHCSA B JaHHOM CJyyae B BbICKasnBaHUM, KJIaccoM,
K KOTODOMY OH NIPHUHAJJIe)XUT, TO BbICKA3blBAHUE Iepe-
XOJUT B pPaBHC3HAYHOE C HUM.

VicTUHHOCTL  3TOr0  YTBep)KJeHUS HeNocperCTBEHHO
Ou€BHUINA, €CJIU COGTBETCTBYIOIIEE BhICKA3bIBAHUE He COep-
YKUT 3HAKOB 001HOCTH U cymecTBoBaHuA. s obuwero go-
KasaTesbCTBa NpeEACTaBUM Cele BBICKA3bIBAHHWE 3aNHCaH-
HbiM B HOPMAJbHOH ¢opMe M OT HCTUHHOCTH HAWEro
YTBEPXKAEHUSA [JisT M CTOSIUX BIEPEeIH KBAHTOPOB 3a-
KJIIOUUM K UCTUHHOCTH ero pjg m-41 KBaHTOpPOB.

W3 5TOro npepoyKeHus, B YaCTHCCTH, CJIEAyeT, 4TO
TO JIOKHOE BBICKA3biBaHHE, KOTOpOE, COTJIAaCHO HallEMY
NPEANOJIOXKEHUI0, BO3HUKAET U3 AaHHCH GopMyJbl mocie
3aMEHbl TlepeMeHHLIX HpeauKaToB A, B, ..., K mnpeau-
Katamu A,, B,, ..., K,, CHOBa IIepexoJuUT B JIGKHOE Bbl-
CKasbiBaHME, €CJM Mbl 3aMEeHUM Ipeguxathl A,, B,,..., K,
Ha A, B,, ..., K, ¥ BC3bMEM B KayecTBe 3HAUEHUil Iie-
PEMEHHBIX KJIACChl &, &y, ..., 0,
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ITosmomy docmamouro peurizmes éonpoc o ecezoa-ucmun-
HOCMU MOAbKO 04 cAy4asn, Koz20a UMeEeMcs camce 6oab-
utee 2* npeomentos, m. e. 4uUCA0 UX KoredHo. B smom nce
caydae, xax Mol sudeau, npolaema paspemumocmu pemaem-
€1 KOHEIHBIM NpUeMOM. '

ECJTM MBI Temepb CHOBA PACCMOTPUM dopmynel, B K010-
PBIX -BCTpeYalOTCA NPOU3BOJLHbIE HNEpEMEHHBIE TIpEaUKATHI,
TO MOXKeM JIerKo yKasaTb paspelmamwmuili npuem pis
001me3nauumMocTi GepMyn, Y KOTOPLIX NPUCMAGKAE cocmoum
MOAbLKO U3 3HAK0E O00WHOCMU UAL MOALKO U3 3HAK0E CY-
IYecmeo6anusn, ull 'y Komopolx ece 3Haxu o6wnocmu npeo-
WECmeym 6cem 3HAKAM CYUeCmEo6aHUs.

[Ipexpe Bcero paccmoTpum GopmyJly nepBoro porna,
T. €. GopMyay Bujaa

(x2) (%) - (%) U (x,, Xy -+ -y X)),

y Koropo#t A(x,, x,, ..., X,) Oosbwe He copepkur 3Ha-
KOB o0mHOCTH WM CymecTBoBaHMA. Ima gopmyaa moe-
0a u moavko moz0a ofiesHauuma, Ko20a 0HA 06Le3HAYUMA
8 obaacmu, codepmucaiyell m uHOUBLIYYMOE.

B camom pene, ecsi Obl B HEKOTOPO# 00JaCTH ¢ um-
CJIOM HMH[MBUIYYMOB, MPEBOCXoAANHUM m, GopMmysna He
Obuta o0mesnauumoit, T0 B 210l 06J14C1 1 CYIECTBOBAJIN
Obl asieMeHTH @y, @y, ..., @, W CHEUHaJILHbIE PeUKATH
TAKME, 4YTO BbIpa)KeHHe

m(ah az) . "am)

npercrapasino Gel  co6eit  JoKuy0 dopmyny. OmHaxo

B 9TOM CJiyyae, KaK HeNICpeiCTBEHHO BUTHO, He ObIJIO

Obl cOwesnauumocru B obnactu (q,, 4, - .., a,).
®dopmyina )

(Exl)' ¢ '(Exm) 91 (xli reey xm)g

Y komopoil npucmaska cocmoum meAbKo U3 3HAK0E cyuje-
Cmeosanun, obujesnauuma, ecAl umeemes 001je3HAUUIMOCTb
8 00Aacmu MoAbKO € 00HUM UHOUBLOYYMOM.
He#cTBUTENBHO, €CTM BblEYIIOMARYTAR (GOpMyNa He
o0u(e3HauuMa, To, BO BCSKOM CJiyqae, He 00Ile3HAYNMA



i58 Vakoe ucuucaenute npeditamos

u (popmyna
popmy (Ex) % (x, X, - -, X), |
KoTOpasi Beab HpeacTaBisier coloit Goree CHJIbHOE yTBEp-
sKpeHne. TaxuMm 06pasom, CymecTBYeT B HEKOTOPOU 00Ja-
CTH 3JIeMeHT a M ChelyuajbHble IIPefHKaThl Takue, 4TO
A (a, ..., a) mpespaiiaeTcss B JOKHYIO (opmyy. Mubl HE
¥MeJM Obl B TAKOM CJydae o0MIe3HAYMMOCTH M B ITOH 00-
JIaCTH ¢ OJJHMM HAIUUM IJIEMEHTOM 4.

Tak e BPOCI0 MOYKHO IOKA3aTh, 4ro Qopmysibl

(xl)' ¢ '(xm) (Eyl) A (Eyn)ﬁ(xl! tot xm? yll R yn)t
y KOTOPBIX BCe 3HaKM OGMHOCTM MAYT. panblle 3HAKOB
CYIIECTBOBAHUA, OfIIe3HAUNMBI, ¢CJTH HMEETCS oﬁmesﬂaqn-
MOCTb B 006J1acTH € m MHUBHAyyMamu. VimMeHHo, msl 06pa-
3yeM AM3BIOHKIUIO BCEX BO3MO)KHBIX dopmyn

! 91 (xlv e 5'xm9 xilv I xin)-
KOTOpble TOJyuai1cst U3 A (Xy, « - oy Xy Y1y + v V) npy
KaKoU-HUOYabL 3aMeHe Yy, ..., ¥, [CPEMEHHBIMM M3 psiia
Xy, +.., Xp. OO003HAUMM 3Ty  [M3BIOHKLUHMIO  YEPE3
B (X, -y Xp)- OueBUIHO, AJIs1 00MACTH U3 M VHIUBUAYY-
MOB M3 00Ie3HaYHMMOCTH
(X)) -« () (EVy) « oo (EVe) U (Xsy o) X Yis -+ V)
cienyeT oOule3HAYUMOCTb IS ’
(%) -+ - (X) B Xy, ooy X
a 3HAYMT, M O0UIe3HAYMMOCTb
(x0) -+ () B (Xes - -4 Xim)
poobme. Ho T1ak Kak (x;) ... (Xm) B (xy - -+, Xp) Wpe-
crapJjisier coGoit Gosee CHUAbHOE BBHICKA3LIBAHME, YEM
(xl) L (xm) (EYI) LA (Eyn) Sl( (xly trey xm) yu e 1yn)p

TO Halle yTBep)KAeHHe J0Ka3aHo '

1 TlocsienHue M3 YNOMSIHYTBIX UACTHBIX CIy4Yaen npobemsl
paspelEmMocTd Gbisn OKOHUATENbHO DEIIEH B pabore Bernays P
und Schiénfinkel M. Zum Entscheidunsgsproblem der mathemathg-
schen Logik. Math. Ann. Bd. 99 (1928). -

(b e%naﬁc nm Wetndunareasn K npobreme paspe-
{IUMOCTH MaTEeMAaTHUECKOH 1OTruKH,) : . -

Hpobaema paspewiuocmu” - B

M3 uucia [pyrux pewieHHBIX YACTHHIX CJlydaep HpoO-
GJleMbl Da3pPemIUMOCTH, B KOTOpPLIX, BIPOYEM, NPUXOAAT
K ILeJld y)Ke He TaKUMH TPOCTRIMM CpefCTBaMd, YIIO-
MsiHeM eme cienyromuit. Jlisa ¢opmys, mpuctaBKa KOTO-
PHIX ¥MMeeT (OpMYy

(%1) « - - (X)) (EYy) (Ea) (z)) - - - (20)s :
TAK)KE MOKHO pemnTh Bompoc o6 o0wme3HaYUMOCTH .
M B atoM Ciiyuae pelieHue Bormpoca 006 06nIE3HAYMMOCTH
BOOOIle MOXKET ObITb CBEJEHO K pelleHHI0 Bompoca 00
00IE3HAUNMOCTY [JIA Ofpeje/IeHHOM KOHeuHoH o06gactu
MHAUBUAYYMOB. OfHAaKO 3TUMH THIIAMHU IPUCTABOK MCUep-
NBIBAKOTCS CyYaH, KOIjda TakuM NyTeM YIAeTCs peluTh
Bonpocel 06 ofmesHaunmoctu. Jist Bcex PyruxX LipUcTa-
BOK MOYXHO YyKasaTb (GopMyJibl, KOTOpble OOCH[e3HAYUMSI
BO BCeX O0JIACTAX ¢ KOHEYHBIM YHMCJIOM HHIUBHAYYMOB,
OfiHaKO He 00I[e3HAYUMBI B 06JacTd ¢ 0ECKOHEYHO MHO-
THUMY HHAUBUYYMaMH .

Yto KacaeTcs ofmero pemeHust mpoBJieMbl paspeuin-
MOCTH, TO TMOKCKM TAKOBOTO MoOCJe HCCJef0oBaHHM, KOTO-
peie mpepnpuHan Yepu, npumelkass K paGortam  Tegens,
ciepyeT paccmaTpuBarh Kak OesHaae)xHele . Ha uznoye-

1 Cp. Gidel, K., Zum Entscheidungsproblem. des logischen
Funktionenkalkiils (npeasaput. u3n. 8 Erg. Wien. math. Koll
Bd. 2 (1932)., Kalmar, L., Uber die Erfiillbarkeit derjenigen
Zahlausdriicke, welche in der Normalform zwei benachbarte All-
zeichen enthalten. Math. Ann. Bd. 108 (1932). Schiitte, K., Unter-
suchungen zum Entscheidungsproblem der mathematischen Logik.
Math. Ann. Bd. 109 (1934).—Uber die Erfiillbarkeit einer Klasse
von logischen Formeln. Math. Ann. Bd. 110 (1934), Ona cayuas,
KOr[a BbIIUEYNOMSAHYTasl MPHCTABKA COAEPYKUT HEe fBa, a TOJb-
KO OJIMH 3HAK CYWECTBOBAHMsI, PEIICHHE MOJYYEHO YH>KE paHblue
Arkepmanom u  Croneuom. Cp. Ackermann, W., Uber die
Erfallbarkeit gewisser Zihlausdriicke. Math. Ann. Bd. 100
(1928); Skolem, Th., Uber die mathematische Logik. Norsk. mat.
Tidskr, Bd. 10 (1928). Yacrnsiii cayuaii sroro poma 6uia yske pac-
cmoTpeH B paCoTe, yKa3annoii B IpeAblAyIIEM [IPUMEYAHHH.

* Cp. nepByl0 n3 yHOMSHYTHIX B NPeNbIAYIIEM MPHMEYaHUH
pabory K. Schiitte.

8 Church, A., An unsolvable problem of elementary number
theory. Amer. J. Math. Bd. 58 (1936). A note on the Entscheidungs-
problem, Correction to a note on the Entscheidungsproblem.
J. Symb, Logic. Bd. 1 (1936).
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HUH STUX MCCIE0BAaHUN B pamMKax JaHHOH KHWrM Mbl He
MOXKEM OCTaHaBMUBaTLCA. OTMETHM TOJIBKO, 4TO 00Ut
paspemalommi MeTox J0JDKeH Gbul OB COCTOSITH B HEKO-
TOPOM PEKYpCUBHOM IIPHMEME [JI1 OTHEJNBHHIX ¢opmy,
KOTOPBIM KaKA0H (QopMyJie 0OTHOCHT OKOHYaTe/lLHO 3Ha-
YyeHue <«UCTMHHO» MM «JoKHo». Ho cymecTBoBaHuMe
TAKOr0 PeKypCHBHOrO Mpuema oTpunaercsi paboToit
Uepya; BO BCAKOM ClIy4ae, HeOGXOUMble DPEKypCUM He
NOANATAlOT Iof ycTaHoBjieHHblt Yepuem ofwmuit Tun pe-
KypCHH, € TOMOIIBIO KOTOPOTO COIEPIKATENIbHO HECKOJIBKO
HEOTIPE/IEJIEHHOE TMOHSATHE PEKYPCUM NOJIVUUIIO H3BECTHOE
dopmanbHOe yTOUHEHHeE. ‘

Urtobbl u36eXaTh HETOPasyMeHUH, CHEAyeT OTMETUTh,
YTO HEBO3MOYKHOCTbL HAWTH BCeo 01Ut paspelIalomuii MeTo
He 03HayvaeT, YTO MOXKHO YKa3aTh OTIPefiesIeHHbie (hOPMYJIbL,
HepaspellinMocTb Bonpoca o0 oO0Ime3HauMMoCTH KOTOPLIX
MOXXHO ObL1o 6Bl moKa3aTh. [lpepnmono)kenue CynecTBo-
BaHMS NOA0OHOro J0Ka3aTeNbCTBA HEMEJIEHHO MPHBOJUT
K npotusope4uio. M3 Takoro fokasatenbcTBa HOJYYHIIOCH
Obl /10Ka3aTeJLCTBO TOro, YTO 3Ta GOPMYJIA He BLIBO-
fMMa U3 cucTeMbt akCHoM § 5. OpHaro, noab3ysach npen-
7o)KendueM nojiHOTH § 10, B Takom cilyyae MOXKHO ObLIO
Obl [0Ka3aTb BBIOJIHMMOCTb OTPUUAHMS 3TOR (QOPMYIIHL.
- Ho takum o6Gpasom Bompoc o6 oGmesnauumocty Obl Obl
penied M NPUTOM B OTpPULATEJLHOM cmbicie. Takum o0-
pa3om, BO BCYIKOM Ciyyae 3ajgada pacliupsite 06J1acThb
TeX GopMys, M KOTOPBIX pemaetcst lpoGJema paspe-

LIMMOCTH, 0CTaeTcs1 M B jajibHeliluem nenHo#h u 3HAYH-
TeJdbHOH.

TJIABA YETBEPTAA ,
PACIIUPEHHOE HUCUYHUCJIEHHE NMPEAUKATOB-

§ 1. HMcuncaeHHe NpeflHKaTOB BTOPOA cTyneHn

K nepeomy paCLIMPeHMI0 Y3KOTr0 MCYHCJIEHMSl HPemu-
KaToB, WJH, KaK €ro eule Ha3blBalOT, WUCUHUCJIEHUS MPERU-
KaToB MNepBo#l CTyIleHH, Mbl NPUXOAUM, YYMUTHIBAsI TO
06CTOATEIBCTRBO, UTO (POPMAII3M Y3KOT0 HCUUCIICHUS SBHO
He 3aBepuied. Tak, Mbl MOXKeM, @pasfla, BbIPa3UTb, 4TO
HekbTOpass gopmyna Ajsl BCeX 3HAUEHU#l BCTpevarmUXCH
B Hell IepeMeHHBIX HPEIUKATOB Bbipa)KaeT HMCTUHHOE
BBICKA3LIBAHKE, HO MBI He MO)KeM BbIPasuTh YTBEP)KIEHHE,
MPOTUBOMOJIOKHOE 3TOMY. B camom pese, eCiiu Mbl II0CTa-
BUM UepTy OTPHIAHMA Haf BCei Q)opmynon,u TO 370 Oymer
03HayaTb, 4TO (opmyna AJs1 BCeX 3HAYEHHH NepemMeHHBIX
npeauKaToB [JOJDKHA BbIPaXKaTh JIOXKHOe BbICKA3LIBAHUE.
OHAKO BO3MOYKHO, YTO HEKOTOpas (opmyJsia MpeacTapiisiet
yTBEp)K/IeHHe, Ipo KOTOpOe HeJb3sl CKasaTh HHU 4YTO OHO
MCTHHHO JJIs1 BCeX 3HaueHuil MepeMeHHLIX MPeIHMKATOB, HH
4TO OHO JIOXKHO JJIA- BCeX 3HAYEHMi INepeMeHHBIX npepgu-
KatoB. Hampumep, dopmyna (x)F (X), KoHeYHo, HH
A1 Kakoifi o00JlacTH  MHAWBHAYYMOB He 00u[e3HAUNMA;
Ho TaKe He spastercst obmesHauumod W Qopmyna
(x) F (x). Uto0Osl BuipasuTh, 4to (x) F (x) He obuesnaunMa,
Mbl OJDKHbI oM Obl pacrmoJiaraTh 3HAKOM CYIECTBOBA-
BUS pJi TpepukatoB. BroJiHe eCTeCTBeHHBIM MpeACTaB-
JisleTcsl MO3TOMY TaKoe pacCuiMpeHde UCUUCTIeHUsT TNPefH-
KAToB IIepBO# CTYHeHHW, I[pY KOTOPOM Mbl 7NpUMEHAEM
3HAKU 06WHOCMU U cYUjecmeoeanus maKmce ¢ €6A3u ¢ nepe-
MEHHBIMLL BbICKA3BIBAHUAMU U NEPEMEHHBIMU NPEOUKQMamu
i paszaudden ceoboonble U cEA3AHHbIE Nepemednble No0od-
Ho20 pood.

[MousaTue JjornyecKo# ¢opmynst, chopmyJipoBaHHOE
B § 4, MOABEPraeTcs B TAKOM Cjiyuae COOTBETCTBYIOUIEMY .
pacuigpennio. Mbl TPAXOAMM K UCHUCAEHUI) npeoukamos
émopoll cmynenu.

11 Ccnomu Teopermueckoit Joruky
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[Tosicunm HecKoJILKUMU npUMepamMy mosyyalomeecs Ta-
KuM 00pasoM paCulMpeRHe BO3MOMKHCCTeH BBIpaYKeHUs.

Popmyna )
(P)(x) (P(x) V P (x))

BbICKa3bIBAeT, uTo (x) (P (X) \V P (x)) BulmosusieTcs s
Kay<poro npeauxara P. ®opmyna

(A) (F) (%) (A— F (x)) ~ (A= (x) F (x)))

BLIpayKaeT, YTO OTHOIIEHUE MEXAy BbICKA3bIBAHUSIMU U Dpe-
FUKATaMHU, OlPEAC/IEHHOE Yepes

() (A= F (x)) ~ (A~ (x) F (x)),

BLIIIOJIHARTCH AJIs1 JTHO0BIX BBLICKA3BIBAHUN 1 HNpeIUKATOB.

H(g",c;ﬁuom YK€ poja ciayvyali BC3HUKACT MPU CUMEOAL-
yeckoli opmyaupoeke npuHyung noHel unoykyuu. Cogep-
XIHUE 3TOTO TNPHUHUMIA MOYKHO BLIPASMTb CJIEIVIOIIUM
o0pazom: ’

«ECIIM HEKOTOPBIH NPEIUKAT BBIICHSAETCS 1JIs uncsa |,
M €CJI NIpU BBINICJIHEHMH LipegMKara KaKHMm Ju60 YUCIoM
OH BBIMCJIHACTCA M HEMOCPEICTBEHHO CJIEYIOUIUM YUCIOM,
T0 3T01 DPEJUKAT BBIITOJIHACTCS KAXKIbIM YHCTIOM».

Ecnu mul BBeem 3HaK Seq (X, ¥) 219 GTHOWEHUSA YHCAA

K HeMcCPEACTBEHHO CJIEAYIOWEMY, TO ITOT MPUBLUI Mbl
MO>KEM BRHIPasUTb GopmyJtoi:

{P (1) &X) (1) [P (x) & Seq (x, y) — P ()]} ~> (x) P (x),
NOCTYJIMpYsl €e B KAaueCTBe MCTHHHOH,

Eciii MBI XOTUM ewie sIBHO BHIPA3UTb CAMUM €DCCOOOM
3aMUCH, YTO 3Ta QOpPMYJIa NCJHKHA BRIICAHATECS 75 BCEX
Ope/iuKaToB P, To cjetyer mnepen (Gopmysoil NoCTABUTH
3naK BeeoOwHocTH (P).

HanpHefimmit xapaK1epHblit Cilydail mpegcTaBisieT Co-
Goit onreceaenue monccecmsa. OTHOlCHUeE TOYKIECTBA
MO>KHO, 110 ONPEJEJIEHHI0, CBECTH K OCHOBHBLIM JIOTHUYECKHUM
OTHCINEHUNM, CUMTAA X TOXKAECTBEHHBIM ¢ ¥, €C/Id KaK-
MbIA TpeNHKaT, BHINOJHSIOMMIACA JUIST X, BBIIOJIHAETCS!
TAKKe 1751 y, U obpatHo. B cmbicie 9Toro pasbacue-
HUST 3HAK  TOWJECTBa == (X, ¥) MOKHC TNOHHUMATHL Kak
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COKpaLleHHe [ij1A BbIPayKeHils
(F) (F (x) ~£(y))-

B npupeneHHslx ciayuyanx ynoTpel/eHue 3HAKa 06IHO-
CTH XOTs U OUeHb eCTeCTBEHHO, HO BCe YKe He HeM3BerHo.
O7HaKo CyulecIBYIOT CJyuad, Korja yhoTpebJieHHe 3Haka
00LIHOCTM HeoOXOAUMO, eCJM He HKeJaTb OTKA3aTbCsi OT
BOKHBIX BO3SMCYKHOCTEH BbIparkeHu. '

Ecnu nio)Kesath, HanpuMmep, BbIPasUIb, UTO KAXKJbIH
opegukaT R (x, ¥), 9KBHBAJCHTHBI TOXKAECTBY, oOsagaeT
CBOMCTBOM CHUMMETpPUM, TO NPHXOJUTCS 3AMUCATH IT0 CJe-
1yromum o6pascm:

(R} () [R (x, ») ~ (F) (F (x) ~ F(y))] -
(x) (W) (R (x, ¥) — R (y, %))}
3nech 3HaK olGmHOCTH (F) Helb3st 0TOPOCKUTh, HE M3MEHsS
CMBICJTa BbICKA3LIBAHHUA.

Kak y)xe Bblme ymoMsHyTo, Ge2 3HAKa OOIIHOCTII
Heub3t 00OUTHCL W Korga o0 ompefesieHHOM BbIpajyce-
HUM HY)KHO CKa3aTh, UTO HE JJIf BCEX 3HAYEHHMI BCTpe-
YAJOUIMXCS B HEM MePeMEHHLIX [PeAHKATOB OHO SIBJISAETCHA
UCTHHHOE dopmynoil. Hanpumep, uToOsl BBIPA3HTb, 4TO
(x) (%) F (x, y) He sipmaeTcst obme3nauumoit Gopmynci, Mol
MOYKEM TNPHMEHUTH (GOPMYTTY :

(F)(x) () F (x,)
WM TaK)Ke PaBHO3HAUYHYH el

(EF)(Ex) (Ey) F (x, ).

Taxoe >Ke ncJoyKeHHe Beled umeer MecTo AT MHG-
rMX UPeJIYKeHHH JIOTUKH, COAEpWALINX YTBEPIK "eHiist
ofmero xapaxkTepa 0 BBICKA3bIBAHMAX M IIpeJMKaTax; 970
NPUMEHMMO, HaNpuMep, K NPERJIOWEHUH, 4TOo JJI Kan-
JI0T0 BBICKA3LIBAHUSA X CYyIIeCTBYeT BbICKA3biBaHUE Y TaKoro
poina, 4ro W3 00OMX BBICKA3blBAHUM Mno KpaiiHell mepe
OJHO, HO K TOJILKO OJHO, HUCTHUHHO (T. €. K NPEIOKEHHK)
0  CYIeCTBOBAHMY IIPOTHBOIOJIOMKHCCTA [JIs1 BbICKA3bIBG -
HusT). B pacmvperHe# CHMBOJIMIE OHO IICTYUACT BRIPRKEHIE

(X)(EV)(X VY & X &Y).
P 1*
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Mexay rem nocpexctoM mpemedt cumponmkH 310
MpeaIoKeHne He MOrso Obl GbiThb mepegaHo.

Pacupenne cumposuxu paer nam Taroxe BO3MOYKHOCTb
(POpPMYNIHPOBATL CHMBOJIMYECKH TaKue npo6jiemMel 1 UX pe-
WEHUsT, KOTOPbIE paHble TpeGoBamu o6CTOATENLHOMO
COAEPIKATENILHOTO OonuCaHusl. §1 HANOMHIO, HanpuMep, pac-
CY)KICHHA, KOTOpblE Mbl IIPMMEHWIM B § 8 ruiam 1.

Ilonyyennnle Tam pesymbTaTel MOXKHO BbIDa3UTL CJiefylo-
WHUMH GopMySTaMu:

(X) (A, X & AX) ~ A, & A,,
(EX) (A X & AX)~ A, V A,.

914 popmynn dawm npasuno, nosgoasiowee 3amerums
6bipancenue, codepiucaiyee Keanmopwt Ons nepemenHvLX
6bLCKA3BIBAHLIT, IKEUBAACH MHbIM BBIPANCEHUEM, 6 KOMOPOM
IMU K6aHMops ywe He ecmpedaromcs. VimenHo, Hafo mno-
CIe10BaTEIbHO PA3BOPAYMBATE BRIPAYKEHHE 110 nepeMeHHbIM
NPUHANIOKAIMM CAMHM BHYTPeHHMM KBaHTODaM, 01'6pa:
ChiBasl 3aTeM BCSIKHIL Pa3 3TH KBAHTOPE! M0 NIPABHIIY UCKJTIO-
Y€HUA, BHIPAKEHHOMY B HAIKUX dopmysrax. Hampumep, us

(X2) (X2) (X, X, & AX, X, & AX,X, & AX,X,)
NOJIy¥aem, Npexae BCEro, MCKIIIOYeHneM KBanTopa (X,)
(X1) (A& A) X, &(A, & A) X))

A &A&A&A,

10 npasuao UCKANYeHUA, KoTOPoe Mbl TeNeph MOXKeM
COOpMYIMPOBATL CHMBOJIMUECKH, N1a€T HAM BO3MOIKHOCTH
pewaTs BONPOC 00 MCTUHHOCTH (COOTBETCTBEHHO JI0MKHO-
CTH) QOpMYJ, B KOTOPBIX COIEPHATC TOMbKo nepemex-
Hple BLICKA3BIBAHUS W TPUHALMIOKAmMe Uy KBaHTODBI.
Hanpumep, B BoimeynomsnyToit dopmyne

(X) (EY) (XY & X&Y)

Mbl TIpEXpe BCEro pa3sBepThIBAEM BbIPAjKe
HUue XY &
mo Y. IMonyyum g’ xay

U Jajblue

(XV(EVY (XY & XV,

H.qucacrue npeduramos emopoil cmynenu 1€5

HMcKioueHne caMoro BHYTpPeHHEro KBAaHTOpa pgaer

(0 XX).
Ho Beipakenne XX siBisiercsi ofuessauuMbiM, MO3TOMY

dopmyna (X)(EY) (XY & X & Y) uctuuna.

Mpobnema paspemmmocT A1 y3KOTO HCUMCIIEHHS

-IIpeaUKaTOB B 000KX €€ MOHMMAHUAX noJiyyaer Tenepb

CBOK) CUMBOJIHYECKYI0 (dopmynupoBKy. Hanpumep, obure-
3HAUMMOCTH (COOTBETCTBEHHO BHINOJIHHMOCTH) (GOpMYJIbi

. (Exy(WM(F(x,x)V F(y, )V G(%, )
B HEKATOPOi 00nacTu  MHAUBHYYMOB COOTBETCTBYeT
B PAaCIIMPEHHOM WCYHCIIEHHH CHPABEAJIMBOCTL (HOPMY.TbI

(FYG)E) ) (FX. )V F, 9V Gy,
COOTBETCTBEHHO (HOPMY JIbl:

(EF)(EG)(Ex) 0) (F(x X) V F(y, v) V G(x, ¥))

st atoit obnacTu.

IIpu umHrepnpeTaluu Jloruueckux Qopmysa Mbl BCerga
MOYKEM MNOJIOXKHUTL B OCHOBY (OpMYJinl, HE CopeprKalgue
Boo01iie HUKAKKX CBOGO/IHbIX MepemenHbIX. JlelicTBUTENIBHO,
B KaKjoli Gopmyiie co CBoGOAHLIMU MepeMeHHBIMU MOYKHO
YCTPaHUTb  MOCJIeHNE, TIOCTABUB Brepeau (GopMmyst
COOTBETCTBYyIOLIME 3HAaKW oOwmHocTH. [Toatomy B Mcumcie-
HUM BTOpOH CTyneHu He MoyKeT ObiThb M peuu o6 obure-
3HaYMMOCTH WJIM  BHINOJIHUMOCTH  (POPMYJ B NpEe)KHEM
cMpicsie. Bcee »Ke MPH MOMOIM 0HOH f0bKO CHMBOJIMKH
CMBICTT (OpMyJT elle He YCTaHaBAMBaeTcsl OJHO3HAUHO,
TaK KaK Mbl ellle He 3HaeM, KaKas o0JacTb UBIUBHUAYYMOB
BRo/MKHA ObITE NONI0)KeHAa B OCHoBY. Hampumep, ¢opmyiia

(EF) (Ex) (Ey) (F () & F (3))

BLIpA)KACT JIOKHCE BHICKAa3biBaHME, €CJM 006J1acTh UHJHBH-
AYYMOB COCTOMT TOJIbKO K3 OJHOr0 3JIEMEHTA; BO BCeX
e oCTaNbHBIX CIAyuadAX OHA NPefcTaBiseT MCTHHHOE Bbi-
CKa3biBaHHUE,



1€6 Pactupennse utqusaeitie npeduxamos

Hop moncoecmeennoimu gopmyaaru UCIUCTEHUST Mbl
Ovaem rteneph MoHUMATb (HOPMYJibI, KOTOPbIE NPH MPCH3-
BCJIBHCM BbIOOpE 00]1aCTH MHAMBUAYYMOB OPENCTaBIISIOT
HCTHHHbIE BBICKA3bIBAHUA. ECIM yroiHo, MOXHO roBCPHTH
TAKOKE 00 o0wesHaunMbiX QopMmynax, NpUYeM, OFHAKO,
0OILE3HAYUMCCTL OTHOCHTCA TOJBKO K  0J1ACTAM MHIMBU-
.yymoB. COOTBETCTBEHHO, MOXKHO HA3LIBATH BLIIOJIHUMBIMK
1¢ (OpMYJIBI, ANST KoTopwiX BooGile CYLIECTBYHT 061acTy
UHIHBUYYMOB, 110 OTHOLIEHHIO K KOTOPbIM 3TU $OPMYJIbl
BHIDOKAKT KCTUHHOE  BbICKA3biBaHWe. OOLIe3HAYUMOCTD
HEKOTOPO# QopmyJibl M 3[eCh BCErfa PaBHO3HAYHA C He-
BBIIIONHUMOCTBIO  (POPMYJIbI, CHAGIKeHHOH weproét oTpu-
ilaHuA.

K To)KjeciBeHHLIM (opMyJlaM OTHOCATCA BCE TOMKie-
CTBEHHbIE (OPMYJIBI Y3KOTO WCUMCIICHUS TIPEAUKATOB,
a raroke u ppvrde. EcnM 3HaK == (X, ¥) NpefcraBiser,
Kak u pasee, cokpamenue a1 (F)(F(X)~ F(y)), T. e.
A1 TIpeuKara TOXAeCTBa, 10 (GopMyJIbl

()= (x, x); () (V) (=, Y)-—>=(, x))
SIBIAOTCS TOXKACCTBEHHBIMU. [anbHellumy npumepamu
ABJIAKTCA

(EF)(Ex) F (x); (F)(EG)(x)(¥) (F (x, ) V G (X, y)).

K puilionnMbiM - opmyJslaM IpUHAnJIEKaT Bce (op-
MyJIbl, KOTCpPbIE [OJYYAKTCS U3 BOUICJIHUMBIX  HopMyI
V3KOT0 WCYMCIIEHHS MTPENUKATOB, eCIU NOCTABUTL BIEpeu
COCTBETCTBYHIIME 3HAKHM CYHIECTBOBAHUS JJIA NpeguKa-
TCB; OJHAKO 3TUMHM DOPMyJIaMu He UCUEPINLIBAETCS COBO-
KYIHOCTb BbINOJIHMMBIX (opmys. Hanpumep,

(F) (Ex) F (x) — (X) F (X))

1HIOKe AIBJISIeTCs] BLITONTHUMOU (opMyioit.

EcrecTBeHHBIM ClleqyICIUM Bonpccom Obil Obl: Helb3st
JII 1 3[€Ch, MOZ00HO TOMY, KaK 370 cAeslaHo B MCUHCIIe-
HUM MPEIUKATCB NepBodl CTyneHW, yKazatbh CHUCTeMY JIo-
TMYECKHX OCHOBHBIX (opmyJ, U3 KOoTopoll BCe jpyrue
TOK/IECTBEHHDIE QOPMYJIBI MOJydyannch Ob! B pe3yJILTaTe
NOCJIER0BATENLHDLIX AeHCTBII MO OMPE/IETICHHLIM [TPABUIaM.
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3aMeTHM 1YT K€, Y10 noanoll cucmemst aKcuoMm 0as moxmc
decmeerHolX Popuya ucqucaetus npeduKamos emopoli cmy-
nenu He cywecmsyem. b nee Toro, Kax noxasan K. I'egens,
AT 000# cucTeMs! GCHOBHBIX (DOPMYJT M HPABKJ BBIBOAA
MOXXHO YKasaTb TOXJECTBeHHbIe (OPMYJIbl, KOTOpBIE
He MOrytr OuIThb BuiBefeHs! '. Bcee ke ania GosnbmuHcIBa
BO3HUKAIOIIUX 3aa4 MOYKHO CUMTATb JI0CTATOUHOHU Cie-
AYIOIIYIO CUCTEMY.

[Ipexxpge Bcero mel Oepem Bce oOCHOBHule opMyJbl
1 MNPaBujla BbIBOAA V3KOI0 WCYUCICHUS TNPERMKATCB,
npyyeM B OTHOUIGHMM NIpaBHJL BbIBOJJA@ HVIKHO HKMeETb
B BUlY, 4TO IOHATHE (QOpMyJbl Telepb pacuypeHo.
K ocHomuoit dopmyne €) Mbl MO)KeM MNpPHUCOEIUHUTH
nwboe YuCa0 OCHOBHBIX (GOpMYJT BUA

(F) U (F) — A (G).

IMpn stom A (F) ectb dopmyna, KoTopas COMEPXKUT CBO-
Gofublil MepemeHnnill Mpepuxatr F u He comepykut G
A (G)—dopmyra, Koropas monayuserca u3 U (F), ecau
no mnpasuay «3) noactaBuTh G BmecTO0 F B Qopmyay
A (F). MoxHo TarOKe MNPUCOEHHUTH B KaueCTBE OCHOB-
HbIX Jio0oe uucio fopmyJ1 BUAA

A (G) —> (EF)A(F).
K 3ToMy I'PUCOeIMHSIOTCA €eme OCHOBHble (opMyJbl,

KOTODHIE TECHO CBfA3AHB ¢ axcuomoli Builopa Teopuu
MHo)KecTB. TlepBass M3 sTux Qopmyn ectb

g (EF) {(x) [Ey) G (x, »)—(Ey) (F (zy) &GX,Y}]
& (x) W) () [(F (x, ) &F (x, 2) —=(y, 2]}
Cubici 370l dropmyJtsl 3aKmmouaetced B cnepyowenm. [pe-
aukat G (X, y) Tem X, IJA9 KOTOPBIX BOOOIE CYULECTB ’ET
y c¢o cBoiictBoM G (X, y), IPUBOJIUT B COOTBETCTBUE

HeKoTopble 3nauenuss y. Hawa ocHeHag — Gopmym
BbICKA3bIBAET, YTO JJIS1 KaXKAO0ro X MO)KHO Bui0path ogHO

1 Gitel K., Uber formal unentscheidbare Sitze der Principia
Mathematica und verwandter Systeme. Mh. Math, Physik. Bd. 38
(1931), ,
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13 [pPUBEIEHHBIX eMy B COOTBETCTBUE 3HAUEHWH TaKuMm
o6pa3om, uté cooTBeTCTBHE OyaeT OfHO3HAYHBLIM. F BhIpa-
JKAeT TaKoe OfHO3HAYHOE COOTBETCTBHE.

Ilycts, manee, A (x, F(.,...))—cdopmyna, cogepia-
masi cBoGOHOE TpeaMeTHOe MepeMeHHoe X M CBOOOAHLI
nepeMeHHblit npeaukaT F ¢ n nycthimu mectamu. Ilycts
A (x, G(x,...)) o3navaer Gopmyiy, KOTOPAsk MOJYUAETCS
n3 A(x, F(...)) B pe3ysbTaTe 3aMeHbl, 110 NpaBuay 3),
Kaxpoli wactu F (a,, a,, ..., Gp) HaLero BbIPAKEHUS
Ha G (x,a,q,,..., a,), npuuem G 00603HAYAET nepeMeH-
Hylo ¢ n+1 nycreimu MecTamu. Torga Mol MO)KeM
NIPUHATD B KaueCTBE OCHOBHOH u Qopmyny
h) X)) (EFY¥(x, F(...))—(EG)(x)A (x,G(x, ...)).
HcTuHHOCTE 310 GOpMYJIHI MBI MOXKeM YCMOTPeTh CJie-
nyomum obpasom. Ecam pas kakporo X cymecrsyer F
Takoe, 4to BeodHsercss W (x, F(...)), TO M MOXKeM
JUISL K&XA0ro x BelOpaTh ofHO M3 3TuUX F, KOTOpOE MbI
0603naunm F*. Ecnau mbl Teneps onpenenum G TaK, 4TO
BbINOJTHSIETCS]

X O)O) - ) G Yoy oo Y~ F(ay -, V)
T0 nojyunm G Buma, MOCTYJUPOBAHHOrO OCHOBHOH (op-
myJtoii h). -

INpaBwia BLIBOJA O0CTAOTCA TEMH JKE€ CaMbIMH, UTO
W NpaBujla Y3KOro HCYHCJIEHHS IPEAUKATOB; TOJILKO
Tenepy mpaBuia Y1), v2),8) ciaegyeT TaK pacUIMPHTD,
4yto0Bbl OHH OTHOCWIMCH TAK)Ke H K IePEMEHHBIM TIPEIH-
KaTaM. '

M3 aTo#f cucTeMnl pojyuaercsi (HA YeM Mbl 37€ChH
He 6ymem Toapo6HO OCTaHABIMBATLCA), YTO Pe3ybTaThl,
KOTOpBbIE Mbl MPEKJE BbIBEAH JJISI Y3KOro HCUUCIEHUS
IIpeUKaTOB, MOryT ObITb, B COOTBETCTBHU CO CMbICJIOM,
pacrpocTpaHensl W Ha HOBele ¢opmysel. Hampumep,
npegto)KeHHe 0 mpegBapeHHolfi HopmanbHON  dopMme,
NpUBL AN 1BOMNCTBEHHOCTH, MpefjIoKenue o6 00pa3oBaHuU
TIPOTUBONOJIOHOCTH AN GOPMyJIbl OCTAlOTCS U Tenepb
HCTHHHBIMM. ToO4HO TaK e KaKnoH ¢opmyse y3KOro
MCUKCIIeBHS NPeIUKATOB, KOTOPAas COREPKUT UHIUBHIY-
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aJIbHbl€ TIEPDEMEHHBIE, MOXXHO NpPHUBECTH B COOTBETCTBHE
KJacC ¢opMyn, B KOTOPHIX COAEPHKATCH NEPEMEHHBIE
npepuKartel. Hampumep, ToMy dakry, 4ro

(x) (F (x) = G (x)) — ((Ex) F (x) —> (Ex) G (x))

[bopmyna (34)] Owna BuiBoguMOU  dopmyofi, Temeps
COOTBETCTBYET BLIBOAUMOCTb KaXK[oil (opMynbl BUfIa

(F) (U(F) — B (F)) — (EF) % (F) — (EF) B (F)).

Jnst BBIBOMA [OCTAaTOMHO TOJILKO TMOBTOPHTB, C COOTBET-
CTBYIOIMM  BHUJOMU3MEHEHHEM, J0Ka3aTesibCTBO  ¢hop-
myssl (34). To e caMoe OTHOCHICS M KO BCEM APYrHM
(opMysiam y3KOro MCUUCIEHUS MPEITUKATOB.

[lon npobaemold paspeuwrtimocmu Bropoi CTYNEHU MbI
noHUMaeM Npobnemy: RSl JaHHOH (OPMYNLI MCUMCIICHHS .
PCIINTL BONPOC, MNpECTABJISIET JM OHA TOXK/JECTBEHHYIO
dopmyny wunu er. INpu Gonee crporoit dbopmynupopke
cefoBano Obi pemiuThb, I KAKUX obnacreii HHIUBUOY -
YMOB (OpMy/na BbIPa)KaeT MCTHHHOE  BLICKA3blBAHUE
M 17 Kakux Her. Tak xax npofjema paspemrmmocTH
BTODOM CTYIleHM BKJIIOYAET B cebs Takyn Xe npobiemy
NEPBOH CTYNEHH, TO He NPUXOFUTCS U AyMaTh 06 o6mem
pewenuy. npoGiemsl pPaspemMMOCTH BTOPOH  CTYMeHH.

EQMHCTBEHHBIH BaOKHBIA YacTHB pe3ysbTaT 3aiJiio-
YaeTcst B TOM (EC/AM HE TOBOPUTH © CJIyuasix, KOTOPble
OTHOCATCA K 00JIaCTH Y3KOr0 MCUHMCJCHHSA 1IPETUKATOB

‘M OblIM TaMm pelleHb), YTO pemieHue YAANOChL MNpPOBECTH

MOJTHOCTBI0  J1st  obnacTH GopmyJs1, KOTOpble COmepyKart
TOJIbKO 00HOMecmtibie MPeNUKaThl. JlOKa3aTeNnCTBO 3TOrO
npupeaeHo B paborax Jlésenzetima, Cxosema w BemaHa,
YUIOMAHYTHIX y)Ke B § 12 npepbinymed riasul. [lpu
STOM PEUICHHE NPo6JieMbl Pa3PEIMOCTH TOJIYYEHO B C1PO-
TOM CMbiCiIe. YTo Kacaercss mogpOGHOr0 M3JI0MKeHUs
paspelaionero anaropuTMa, Mbl YKa)KeM Ha 0COBeHHO
ACHO MOCTPOCHHYI0 pabory bemaHa. 3jech »Ke orpaHu-
YUMCS  KPAaTKOH  XapaKTepUCTHKOH  MCI0Jb30BAHHOIO
merona. Peumenue npo6nemsl pa3pellMMOCTH B o6aacTH
OAHOMECTHBIX MPEJUKATOB OCHOBAHO HA pEIEHHH Npo-
Oaemol uckarodenus [ns sto#t obnactu. INMog npo6emMoi
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UCKJIICUEHUST Mbl mioHuMaeMm BooOwe caepymwoiree. Ilycrs
mana dopmysa A(F, Gy, ..., G, Xys -, X,), KOTOpPAS,
Kpome cBoOOHBIX MepeMeHHbIX npegukaros F, G,, ..., G,
u Kpome cB-00gHLIX MHAMBHAYaJbHBIX MEPEMEHHBIX X,
X.p--e, X, COUNEPXUT ede, ObiTb MOXET, CBS3AHHbLIC
MHJMBHAYAJIbHbIE TIepeMeHHble, HO He CONEepXKUT CBSA3aH-
HBIX MepeMeHHBbIX MpegukaloB. Mel ciipammBaeM, Henb3st
Jii yKazare opmyay 8B (Gy, ..., G, x,, ... ,X;), TAIOKE
He COZEPKAMYI0 CBA3AHHBIX MNEPECMEHHLIX TPEIMKATOB,
TaKyI0 4TO

(F)\)[(F’ Glr v 7Gm: xl: L ] xk)’\"
BAG,, ..., G X0y 0, Xp)
WJIH, 4YTO oO3HavyaeTr TO )YKE camoe:
(EF) W(F,Gy, <. Gy Xy -+ 5 Xp) ~

%(GI"")vaxly ) ,x‘,_.)

SIBJISIETCS]  TOXJIECTBEHHOH (opmynoil BTopol CTyneHu.
Ecim 370 MMeeT MecTo, TO B Ka)Kaoit (opMmyse MOXKHO
COCTABHVIO 4acTh:

(FYN(F, Gy, -, G, X5 -0, X)),
COOTBETCTBEHHO

(EF) U (F, Gy, v\ Gy Xy, - - X,
samensite Ha B (Gy, ... G, Xy, -+, X, ), COOTBETCTBEHHO
na B(G,, .-, G,,a, X,y -+-,%,). Takum o0pazom, Mbl MO-

YKeM IlepeMeHHBH mpeukar F MCKIICUNTL K3 Nofo0HOoro
poga hopmysbl.

OTHOWenue 3TOro X mpoljieMe pa3peliMMCCTH BIIOJIHE
nouArHo. Ecau g umew (opmysly HCYHUCJEHUSt IIPefU-
KATOB, JUIST KOTOPOil MHE HY)KHO HalTH peleHue, TO A,
TIpe)KEe BCero, YHUUTOYKAI CBOGOAHbIE MePeMEHHBIE Mpe-
JUKATLI, TOMeNast B Havajie (opmMyJisl COOTBETCTBYIOWME
3HAKU OOTIHOCTH, W MOrY 3aTeM, ecJId TpeRIONIOKUTD
1pofJieMy MCKJIIOUEHHUS] PeLIeHHOM, UCKJIIOUUTbL MEPCMEH-
Hble MIpeguKATel OAMH 33 [APYrUM, Hauupas ¢ BHYTpEH-
HEro, TaKk Y10 B KauyecTBe OKOHYATEJILHOrO Pe3yJbrara s
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nonyvarp Jub0 3HaueHue «UCTHHHO» WU «JIMKHO», Jndo
)K€ HaJIOKeHHOe Ha 60JIACTb MHIMBHAYYMOB UYHCJIBOe
yCarBHeE,

- Pepyuupopnne QopMysT nyTeMm HCKJHUeHUsT CTaHeT
HOHATHEE HA npHMepe QOPMYJInI

(FY{(EX) F (x) V (EG) [(x) (G (x) ~F (x)) & (x) G (x)]}.
[Ipe>kae Bcero mbl 3amevaem, 4ro Qopmysa

(EF) (%) (AX)V F (x) & B(x)\/ F (X))~ (x) (A(x)V B (x)),

cojepykanasi OfHH M3 OCHOBHBLIX PE3YJbTaT(B, OTHOCSI-
IWUXCST K UCKIJIUEHUI0, SIBJISIETCS TOXAECTBEHHON (op-
MyJIOH, TaK KaK JIEBYH YacTb 310 OSKBUBAJCHTHOCTH
MO<HO mpeodpa3oBaTbh B

(EF) (%) {(F (x) — A (x)) & (F (x) = B (x))}-

Vicnonesys oty (OpMyJly, Msi MOYKeM B Hallleil UCXOAHOM
dbopmyJie MCKIOUUThL TiepemeHHbIH iperukaT G. Hmenno,
Mbl MOXKEM COCTABHYI0 4acTb q)opmynbx o6 pasyouy1o
obnacrp pmeiictBusa pasa (EG),

(2) (G (x) ~ F (x)) & (x) G (x)
[dopmynma (29), ra. 1, § 2; dopmyna 30, ra. I, § 6],
3aMEHUTHL Ha
(DVGIVFx) & GV F(x) & G(x))
WK )Ke HA
X) (G & F(x)VGx)
i Jajblle Ha
(M) F®)&F(x) VG & FVGX)].
CornacHo BblIEYynoOMSIHYTOH OCHOBHOH dopmyne HCKJIO-
yeHust, UMeeM _
(EG) () [(Fx) & F(x)VG () & F )V G (x)] ~

O [(F)&F(x) V F(x)].
Bripajxenue _ _
) I(F () &F (x)) V F (x)]
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B MocnefHell (OpMysNe MOMKHO 3aMeHHTb Ha (x) F (x).
Taxum o6pa3om, Hawa MCXOgHasas ¢dopmyna

(F) {(Ex) F (x) V (EG) [(x) (G (x) ~ F (%)) & (x) G ()]}
NoCJIe UCKJIIOYeHN S MepeMenHoro npeguKata G nepexoaur B

(F) {(Ex) F (x) V (x) F (x)}.

W3 sroit dopmysnsl, ¥ Kotopoit obnacte peficTBus KBaH-
topa (F) umeer dopmy AV A, HenocpeacTBEHHO BHAHO,
UTO Halla MCXofHasl GopMynaa ABNSEICS TO)K[ECTBEHHOM.

Beile Mbl y)Ke OTMETHJIM, YTO MPH HAJMYMUM JIMLIb
O/LHOMECTHHIX TipeguKaToB npoljieMy  pa3pemuMoCcTy
MOYKHO MOJIHOCTbIG pelinib, TaK KAk MeToJ HCKIHUeHUs
AIBJIS1€1Cs1 €IMHCTBEHHLIM MeTomloM Oonee oflllero 3Haye-
HMsI M3 HpPUMEHABIIUXCA K mnpobneme paspeniuMocTH,
TO €CTeCTBEHHO C[ieflaTh [IONBITKY OTBICKATH CHOCO0
HCKJIIQUEHUS, TIPUMEHUMbIH ¥ IPU JONYyLIEHHH JABY-
H MHOMOMECTHBIX NpegyKaToB. Jasi HEKOTOpBIX (opMyJ
crieualIbHONH CTPYKTYypH JeHCTBUTEBHO yaaeTcst ocCylije-
CTBUTh TaKoe HCKJioueHHe. MHOro4uC/IeHHbIe 4YacTHble
pesysabraTel Taxoro poaa Mol Haxoaumm B Iil TOMe
«Jlekumii o anreGpe soruxuy lpenepa (Ernst Schrider.
«Vorlesungen iiber die Algebra der Logik»). Ho, K
CO)KaJIEHNI0, 0Ka3ajochb, YTO MOXHO YyKasaTb (GOpMyJibl,
AN KOTOPBIX y)Ke He CYIIeCTBYyeT pe3yJbTaTa HCKJIoue-
HUSI B OMNpefeJIeHHOM Bblllie CMbICJie; TakuM o00pazom,
npofJjieMa MCKIKYeHns1 Boofmie AoJpKHA IOJYUUTH Oosee
obmyto dopmynupoBKy'. OTHoweHUsA K npolyieme paspe-
IIMMOCTH CTaHOBATCA Torfga Gojiee 3aMyTaHHBIMH.

f

§ 2. BpemeHHe NMpeJHKATOB 0T NpeAHKaToB. Jloruueckasn
TPaKTOBKA NMOHATHS KONHYECTBa

Jlna copepr)kateslbHOM YCTAHOBKH, KOTOPYIO Mbl 10 CHX
MOp KJIAJM B OCHOBY JIOTHUECKOTO MCUMUCJIEHUSI NpeauKa-

L Cp. Ackerman, W. Untersuchungen iitber das Eliminations-
problem der mathematischen Logik. Math. Ann. Bd. 110 (1934).
Zum Eliminationsproblem der mathematischen Logik. Math,
Ann. Bd. 111(1035).
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TOB, ObUIO CylleCTBEHHbIM, YTO Mbl CTPOF0 OTHEJISTH
BLICKA3hIBAHUA M NPEAUKATH OT NpPEegMEeTOB, pacCMaTtpu-
BaEMbIX KaK 3HAYeHWs apryMeHTOB MJI1 IIPEAUKATOB.
OpHaKoO HUYTO HaM Tenepb He MPensATCIBYET PacCMaTpu-
BaTb CAMU npeduxams! U 6bICKA3bIGAHUA KAK npedmemst,
Komopble caymcam apzyMeHmamu npeduxarnos.

Paccmorpum, Hanpumep, Joruueckoe BbIpayKeHWe BUJA
(x)(A— F (x)). Ero MOKHO [mOHMMATh KaK IpefunKar
P (A, F), nepBoe nycroe MeCTO KOTOPOTO 3aHSITO BLICKA3bI-
BaHUEM A, a BTOpOe NYCTOE MECTO — OHOMECTHBIM IIpe-
auKarom F.

JIoyKHOe BbICKasblBaHWe A HaXOAUTCS K KaXaomy F
B oTHOmeHnnu P (A, F); UCTHHHOe BLICKA3biBAHHE TOJILKO
K TakuM F, pis Koropelx (x) F (X) umeeT Mecro.

JpyruMn nmpumepamu CJyXKaT CBOIfCTBA pedfaexcusHo-
Cmu, CUMMeMPUYHOCMU U MPAH3UMUSHOCMU [[BYMECTHBIX
NPeAUKaTOB. JTHM CBOHCTBAM COOTBETCTBYIOT TPH IpeiH-
kara: Ref(R), Sym(R) n Tr(R), aprymedToM R KOTOpLIX
SIBJISIETCA TpEeAMKAT C ABYMS NYCThIMM MecTamu. CHM-

BOJIMMECKHM 3TH TPU CBOHCTBA BLIPAXKAWTCA CJIELYIOLUM
obpa3zom:

Ref (R):(x) R (x, x),
Sym(R):(x) () (R (x, y) = R (¥, x)),
Tr (R) : ()@ @) (R(x, ) &R (y, 2) = R (x, 2)).

Npepuxar = (x, y) (x ToxpgectBenHo ¢ y) ofaagaer
BCEMH TpeMsl CBOHCTBaMH; npegukaT e << (X, y) o6naga-
eT TOJIbKO CBOHCTBOM TPaH3MTMBHOCTH. Takum o6pasom,
dopmysiet Ref (=), Sym (=), Tr (=), Tr (<) npeactas-
JIAIT WUCTHHHbIE BLICKA3bIBAHWSA, a ¢Gopmyssl Ref (<)
# Sym( <) — NOKHBIE BbICKA3LIBAHHS.

JIByMEeCTHbBIM  NpegUKATOM  INPEAUKATOB  SIBJSETCS
«IKeusanrenmrocmey  Aeq(F, G), KoTopast ompegessieTcs
BbIpayKeHUeM (X) (F (x) ~ G (x)); 0HAa COCTOMT B TOM, YTO
npeaukatbl F # G WMCTUHHB (COGTBETCTBEHHO JIOMCHbI)
AJS OHMX M TeX )Ke 3HadeHUH aprymenrop. Jpyrumu
ABYMECTHBIMU TNDEAUKATAMM NPEAUKATOB SIBJISIIOTCS: HeCo-
emecmunsoens Unv (F, G) u umnauxayus Imp (F, G),
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KOTOPbIE CHMBOJIMYECKH onpenesArTCa  4yepes:

(X) (F (x)V G (x)),
() (F (x) = G (x)).

[Ipy Takom noHUMawMK Mbl, NpaBaa, emie He NOJy-
'4aeM pacliMpPeHHs] CHMBOJMKH, TaK KAaK [PUBENCHHbE
NPCAMKaThl NPEUKATOB MCTYT ObIThb BBIpQYKEHbl CPEACT-
BaMy TIPEJLIECTBYIOINEro MCUMCIIEHUs], B TaKue (OpMyJbl,
Kak Ref(R), Sym(R) u 7. f.. cregyeT TOHHMATH JIMIUD
KaK COKpameHust. Pacumupenue nacTymaer JMiub TOrna,
KOrga BBOAATCH MePeMEHHble jJist MPEAUKATOB OT IIpe-
AMKATOB, 4YaCTHBIMKM 3HAaUyEeHUSIMU KOTOPLIX SBJISIIOTCS
NPYUBEEHHbIE UHAMBUYAJIbHbE TIPEUKATEI.

B janbHeiiimem mugo0Hble mepeMeHHbIE  Mbl Oynem
MPUMEHATb CHAuYaia TOJIbKO B OTJIENBHLIX ClydasiX, Tax
KaK CHCTEMAaTHYECKOE MOCTPOEHHE BHOBb PACHIHPEHHOTO
ucuucsennss OygeT OCYLIECTB/IGHO HECKOJILKO Aafblie.
OpHako yKe B 910M U B CiegylolleM Haparpae Mol
YBUIMM, KaKue TIpeMMYIecTBA CBS3aHbl C BBEICHUEM
npeguKaTos OT NMPEAUKaTOB. ‘

[lepBoe Ba)HOE NpUMEHEHHMe MOJIyYaeTCsA NPU JIOTH-
YECKOM WMCCJIEOBAHUMA ITOHATUA KouuecTBa. KonuuecTso
He eCTb npeAmer B COGCTBEHHOM CMBICJIE CJIOBA; OHO
AIBJIACTCST CBOMCTBOM. MHanMBuay ymamu, KOTOPHIM HEKO-
TOPOEe KOJIMYECTBEHHOE YUCJIO MPUCYILe KaK UX CBoliCTBO,
HE MOryT OblThb CaMU MEPeCUMTHIBAEMBIE BEImM, TaK Kak
KKpast Bemb TOJLKO OJHA, TaK 4YTO YMCJIC, OTJHUYHOE
0T eJJMHULIBI, BOOOINE He MerJio 6bl BCTpeTUThest. HaoGopor,
UHCII0 MOLKHO FOHMMATL KaK CBOHCTBO TOrO I1OHATHS,
MOJ  KOTOpOe MNCANAAAIT  BbLIOpAHHblE WHAHBUIY YMbL.
Hanpumep, Tot ¢axr, 4ro upcio uactell cBera nsi7Th,
Bblpa)KaeTCsl Be[ib He Tar: KaKACH 4acTH CBeTa MPUCYIIE
YUCTIO TI5ITh; HO CBOHCTBOM lpeguKata «ObITh YacTbio
CBETa» ABJISIETCA TO, YTO OH BbIIOJHAECTCS TOYHO AJIs
TMSITH UHAUBHAYYMOB,

Cornacuo 3TomMy, uYMC/IAa BBHICTYNAWT B KauecTBe
CBOIICTB NPeRMKATOB, M 1719 Halllero UCUHUCIIEHUs onp edeen-
1Hoe qucao npeocmasasiem coboll  unoucuoyaabielii  npeou-
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Kam om npeduxamog. 3nauenme ITOro Coocoba BIparce-
HU 4UCET OCHOBAHO HA TOM, 4TO HPENUKATHl OT Npeau-
KaTOB, KOTOpble 00pa3yoT YMCIQ, MOTYT OLITb MOJHOCTDIO
BbIPQYKEHbI DU MOMCIM JIOIHUECKOH CUMBONMMKYA. Bemey-
CTBHC 3TOr0 CTAHOBUTCSI BO3SMOYKHBIM YyUEHME 0 YHCHAX
BKICUMIL B sioruky. Haa umcen 0, 1,2 u 1. 1., T. €.
AT TipeAuKatoB  oT npefukatoB  O(F), 1(F), 2(F),
IIDUBEJIEM 371eCb UX BLIPAYKEHUA:

0(F): (Ex) F (x).
(«He cymecTsyer X, IJIst KOTOPOro BBLIMOJIHSIOCH Obl F».)

‘ L(F):(EX) [F () & ) (F () — = (x, 1))
(«CymrecTByeT X, JJist KOTOPOro  BoinosHsgercss F (x),

H FKA0E Y, KOTopoe yposnersopsier F(y), TowaecT-
BEHHO C 3THM X%.)

2(F): (Ex) (EN){=(x, ») &F (x) & F () & (2) [F (2) —
=%, 2) V =(y, 2)]}.

(«CymecTByOT ABa pPas3NMMYHBIX X 1 Y, Bl KOTOPbIX

BBINOJIHSETCSA F, M Ka¥Kaoe 2, KOTOPOE Y[IOBIETBOpSIET

F(z), TOAECTBEHHO € A MM C P».)

PaBHOYMCIEHHOCTD ABYX NpeIuKatoB F U G MOXKHO
MOHMUMATD KaK UHIMBHAYAJbHBIA NPeIMKAT OT mpeguKa-
T0B Glz (F, G). Tak Kax paBHOYMCIEHHOCTL F 1 G 03Ha-
4aceT, 4TO TPEAMETL, lopnagalmue oy F, u npegmer:s,
nopnaparcmue 1o G, MOryT €uiTh B3aMMHO-0GJHOSHAUHO
OTHeCEHB Jpyr ¥ Apyry, To Glz(F, G) mMoxHO ompepe-
JIUTH CJIEAYIOUUM BbI] a)KEeHHeM:

(ER) () [F (x)— (Ey) (R (x, ») &G (1)1 & ) [C (v) —
(EX) (R (x,3) & F (x))] & (x) () (2) [(R (x, ¥) &R (x, 5) —
=2 &R (x,2) &R (¥, 2) — = (x, W]}

CrioKenne uyncen MOYKHO CBECTH K AWSBLIOHKIIMH npe-
AvKaToB. limenHo, ecin F u G HecOBMeCTHblE upeau-
KaTol U MpeauKaty F NpUHAIJIEIKUT YUCITO m, a npeam-

warty G—uucno n, T0 npepuaty F V(G cooTBeTCTBYET
YUCIO m4-n.
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. Tpu TakoM MOHMMAHHM CJIO)KEHMSI WUHCJIOBblE pPAaBEH-
CTBa, BpOJie

14+1=2, 243<35,
CTAHCBATCA YUCTO JIOYUYECKUMH, TOKAa3yEeMbIMHU Nnper10e-

HuaMy. Hanpumep, pasenctse 1-+1=2 BboipaKaeTcsa

4MCTO JIOrMYECKOH (opMyJtoii:
(F) (G)([Unv (F, G) & L(F) &1 (@] —2(F V G));

ee TOXACCTBEHHbIH XapaKTep CTAHOBUTCS OUYEBUMIHBIM,
eC/lM BMECTO mpefuKkarta oT npeguxaToB Unv H BMECTO
NPeUKATOB OT MNpeguKaTtoB 1, 2 MOACTABUTL ONpelensio-
IMe UX BLIPAYKEHHS.

C noMOmpI0 JIOTHUECKMX BCIIOMOTATEJIbHBIX CPEACTB
MO)KHO YCTaHOBUTh M ofmiee mNoHATHe ducha. Ecny
HeKOTOpHI Tmpesuxkar ot mnpegukaros @ (F) pmomked
OpefCcTaBIsATh uucyo, T0 P [O/HDKHO YHOBJIETBOPATH
CNEAYIOMKUM YCIIOBHSIM.,

Jia gByx paBHOYMCIEHHBIX mnpeaukaToB F u G npe-
auxat @ pomKeH ofHOBpPEMEHHO Js1 000MX BBHIUNOJIHATHCS
WM He BhMoNHATHCA. [lanee, ecnu gBa npeauxara F u G
He PpaBHOYMCIEeHHB, TO © MO)KeT BBIIONHATHCA, Camoe
Gonbuiee, s OJHOrO0 M3 ITHX ABYX IPEgVIKATOB.

dopMmanbHo 3TO ycsoBUe Aasl P BHIpKAETCS Cleflylo-
mum o0pa3om: ' .

(P (@) {(®(F) &2 (G)—
Glz(F, G)) & [® (F) & Glz (F, G) — ® (G)]}.

10 BeIpaYKeHHUE B LIeJIOM NIpeICTaBJIsIeT HEKOTOPOoe CBOMCTRBO
npefuKaTa ot npeguxatToB ®. Ecin Mbl 0603HaAYMM €T0 CO-
kpauenHo yepe3 8 (©), T0 MOYKeM, TAKMM 00Pa30M, CKa3aTh!

Yucao ecms npeduxam om npeduxamos ®, obaadaio-
wuti ceolicmeom 3 (D).

TyT BO3HMKAaeT BCe XXeé TPYJHOCTb, KOrjJa Mbl CTABUM
Borpoc 00 yciaoBMM, INPUM KOTOPOM JBA IpeAuKara oOT
npeauxatos ® u W, co csoiicteamun 3 (?) u B (¥),
ONpefieIAIT OHO M TO XK€ YHCI0. ITO YCIOBHE COCTOMT

B ToM, uto ®(P) u W (P) mnA ogHUX H Tex )Ke Mpeau-

KaToB P UCTMHHBI ‘M JJIs1 OfAHHX M TeX »Ke MpPEeIUKaTOB
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JIOMCHBI, T. €. Y10 HMEET MeCI0 COOTHOLIEHME:
(P)(Q(P)~W (P)).

JlonycTum Tenepb, yTo MoJIOYKEHHAst B OCHOBY 061aCTb
VUHIUBUIYYMOB COCTOMT M3 KOHEUHOr'0 4ucJia IPeAMETOB.
Torga BosHuKaeT 3aTpymHeHMe: BCE uYKCIA, KOTOPbIE
Gosbuie KoMMYecTBA NPeAMETOB B 06/1aCTH MHAYBUAYYMOB,
OKa3bIBAKTCS paBHLIMHM, Flanpumep, eCiny 3TO KOJIMUECTBO
menbme 10°° 1 mbl Bo3pMeM m11 @ u W mpepguKathl,
KoTopele onpeaensior uncaa 10°° u 10°°4-1, 10 kak W,
Tak 1 @ He BHLIIOJHAIOTCS HU AN OAHOrO TIpeguKaTa P.
Taxum obpasom, cooTHomeHue

(P) (2 (P) ~ W (P))

BBINOJIHANOCL Ol A1 D u W, 1. ¢, @ » W Bulpaanu Onl
OIHO U TO K€ YuUCJIO. :

Urolbl  yeTpaHWUTL 9TO 3aTPygHEHMe, HEOOXOAUMO
1peanoJIoKUTh, yTo 00J1acls MHAMBUAYYMOB OeCKOHeuHa.
OT 710ru4ecKoro J0KazaTeNbCTBA CYHIECTBOBAaHUA 0OecKo-
HeYHOH COBOKYNHOCTH IIPU 5TOM, KOHEYHO, 0TKA3blBaeMCsl.

OcobeHHO MHTepeCHO TaKXKe, UTO €CJAM IOJIOYKUTH
B OCHOBY JIOTMYECKOE BBEJICHME TIOHATHS KOJMUeCTBeH-
HOro Yyucaa, 10—INpyd CyLeCTBeHHOM, MPaBAa, WCIOJb-
30BAHMM OTMEUEHHOM aKcHOMbl 0ecKOHeYHOCTH — Teope-
THKO-YHCJ/I0Bble AKCHOMBI I[IPEBPAIAlOTCA B JIOrMUECKHe,
Ioxasyemble npefioyKenusi. OpHaxo Mbl He moykem Ommke
KacaTbCsl 3/ech 3TOro ponpoca’. CpAellaHHble 3aMeudaHust
ROJDKHB! OBIMM TOJILKO IIPABUJALHO OCBETUTb HAM BO3MO)K-
HOCTHA NMPUMEHEHUST PACLIMPEHHOr0 HCUUCIIEHHS,

§ 3. Buipamesue OCHOBHLIX MOHATHH TEOPUN MHOKECTB
B pacllMpeHHOM MCUUCIEHHH

“Uto MeXAy Teopued MHOKECTB ¥ MaTeMaTHYecKOH
JIOTHKOI CYH[eCTBYeT TecHass CBA3b, y)Ke Obulo o0Hapy-

1 Moppobioe u 06IIENOHATHOE H3JI0/KEHHE ISTHX BONPOCOB
CM. B KHure:
Russell B., Eintithrung in die mathematische Philosophie.
Miinchen, 1922.

12 Ocuonm TeopeTuUTecKOH HOruKu
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)KeHo BO BTopoil riaBe. OJHM W Te )HKe JOrHYECKUE
GOpMYJILl 110 NPOM3BONY  MOXHO  OblJIO  MCTOJIKOBATH
KaK OTHOILNEHUSI MCXKAY KJIACCaMM HJM KAaK OTHOLIEHUs
ME/Ty OJHOMECTHbIMM IpEHKATAMU, MPUYEM B ofoux
MCTOJIKOBAHUSIX peub 1Ja o0 OAHHX M TeX jHKe JIorHue-
CKUX cBsIzax. M renmepb Mo)xno OymerT noHUMaTb BhIpa-
3YMbie B HAWUEM WCYMCJIEHWM JIOTHUYeCKHe CBA3H KK
TEOPETUKO-MHOYKECTBEHHbIE OTHOILEHMUS.

UTobhl Jiyullle BBISCHWTb 9Ty CBs3b, Mbl MPEX[e
pcero paccMoTpum OimbKe oTHolleHHEe MHOXECTB K fipc-
AUKATAM B Y3KOM CMBICJE, T. €. K TpefHKaram € OJ\HUM
1YCTBIM MecTOM. MHo)KecTBO J1Mbo 3ajaercst myTeMm Iepe-
UUCJIEHHsT ero  ajemeHToB, Jin0o omnpegensiercs Kak
¢iicTeMa Rerfeil, ISl KOTOPBIX BbINOJIHAETCS ONpeJesieH-
bl npefnxar. Ilepeeiid crmocol onpefesieHuss MHOYKE-
CTB2, KOTOPHI BO3MOYKEH TOJBKO JUJIl KOHEUHBIX MHO-
ykecTs, He Tpefyer, coOCTBeHHO, 0C00OTO DACCMOTPE-
nusi. JlefCTBUTENBHO, KKA0e MHOMECTBO, KOTOPOE IO-
Ayuaercsl IyTeM IEPEeUMCNIEHMA €ro 3JIEMEHTOB, MOYKHO
OTPEReHTh N ¢ TIOMOLIBbI0 HEKoToporo npejpukara. Ha-
TIpUMEP, MHOMKECTBO, COCTOAINEE M3 TPeX HHIMBHIYYMOB
a, b, ¢, MOYKHO 3aJaTh KaK MHOXKECTBO TeX Belliell X,
JUI KOTOPBIX BBINOJIHSIETCST NpeiuKar:

=(x,aV=(xbV=(X,o-q.

Mel npepcrapiisiem cefe nodtoMy Ka)Kaoe MHOYKECTBO
onpeaeslcHHbIM C TOMOLILI TpejuKata. [IpH sTOM MbL
JOJOKHBl MMeTb B BHUAY, YTO XOTsl K@OKABHA 1pPelUKart
0JHO3HAYHO olpefesisieT COOTBEICTBYHLlEE €My MHOKe-
CTBO, T. €. MHO)KECTBO TeX IPEJMETOB, KOTOPbIM OH IpH-
HALJIOKHT, OHAKO ONPEeJIEHHOMY MHOMKECTBY NpUHAL-
JIOKHUT He 00UH TOJILKO OIlpefeNII0INil MPEIUKAT; Ha-
[IPOTUB, MHOYKECTBO MOYKET ObITb OTpeieIeHo pasnyHbl-
MU CTIOCOGaMU IPH OMOLIM NpeluKaToB. TaK, MHOYKeCTBO
PaBHOCTOPOHHHX TPEYTOJILHUKOB BJISIETCST TEM )K€ CaMbIM,
4TO KX MHO)KeCTBO PABHOYIOJILHBIX TPEyroJIbHUKOB; WJIN,
feps HemaTeMaTHYeCKUH HMpUMep, MHO)KECTBO HKUBYLIMX B
HACTOsALIee BPEMS HKBAUHBIX YKUBOTHBIX COBIAJAET € MHO-
YKECTBOM IKUBYINMX B HACTOsillee BPEMsl MAPHOKOIBITHLIX.
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LUtolol Ba npeinkata P ou Q OUpeUesSANH G)HO
TO K& MHOXKeCTBO, HeoOXOAMMO H [0CTATOYHO, YTOGbI
5TH HpefuiaTsl ObUIM 3KBUBAJCHTHBIMM, HHAYE ‘TOBOPH
4T00bl OBM Y/IOBJCTBOLSIJIM  CCOTHOINEHUIO Aeq (P Q\"
T. e. (X) (P (x)~Q(x)). B cmbicne Teopuu MHOKeCTE
IpEUKAT OT IMpepuKatos Aeq (P, Q) eCTb, CIe[0BATENbHO,
HE UTO MHOE, KaK TOM[ECTBEHHOCTh P u Q.

Touno TaK e, KaK NpeUKaThl MOHAMAIOTCS B KAYECTBE
MHOYECTB,  MOXXHO MCTOJIKOBATL  OJHOMECTHBIA mpe-
UKAT 0T TNpeRuKaToB F (P) Kai CBOWMCTBO MHOMECTR.
YUTolbl 3T0 MCTONKOBaHMe OBLIC BO3MOIKHO, neobxopnmo
YTuObl BLIIONHAMOCT MJIM HEBBLIIOJHUMOCTB F miist npe.,
AMKaTa P OfHO3HAYHO Ompeaesianach NPUHALIEHKAILUM
P MmBo)ecTBOM; a mo CAEJIAHHOMY Bbllie 3AMEYaHUIo,
peHiamee ycaoBue aJisd 9TOro 3aKkjiouaeTcss B TOM, YTOOBI
BbICKa3bIBaHUsA, KOTOPBHIE IIPUBOJSATCS B COOTBETCTBUE
SKBHBAJICHTHBIM NpPEAUKAaTaM MpH IOMOLM TpeguKaTta F
ObUTH OJIHOBPEMEHHO MCTMHHBI KU 0 HHOBPEMEHHO JlO)KHbIj
Taxum o6pasom, jJist npegnKaTa F [0DKHO BbINOAHATLCS
CHMBOJIMUECKOE COOTHOILEHUE

(P)(Q) {Aeq (P, Q) — (F (P)—F Q))},
KoTopoe Mbl 0603HauyuM CoKpamieHHo B Buje 93 (F).

JTo yCJlOBHE BLILNOJHSIETCS, Hanmpumep, AJs Tpemil-
KaToB OT MPEJIMKATOB, KOTOPBIE 1PEACTABIAT 4YHCIA.
Ha arom cBoiicTBe uncen OCHOBAHO TO, UTO OHM MOTYT
TAK)Ke pacCMAaTPUBATLCS KAK TIPEIUKATH OT MHOMKECTB.
[Ipencrapnenne umcesn Kak CBOWCTB MHO)KeCTB, B Cpas-
HEHMM C NpeACTaBJIeHMEeM MX KaK CBOWCTB NpeJHKATOB,
UMEET TO TIIPEUMMYLIeCTBO, YTO HEU3MEHHOCTh KOJIMUe-
CTBEHHOTO YMCJIa NPU 3aMeHe [pepHKaTa IKBUBAJIEHTHBIM
z1ecb camo coboit pasymeercs.

M3 COOTHOWIEHUST MENY MHOKECTBAMH M TIpEUKa-
TaMM Neayvyaercsi, jaajiee, CBSI3b MEXIYy MHOKCCTBAMH
MHOECTB M NpepiuKaTaMu oT npeauxaTtoB. Ka)kgoe mMHo-
JKECTBO MHOMKECTB OIpENesIAETCSl CBOMCTBOM, KOTOPOE
npucyue NpHHAAMCHKAINUM eMy MHO)KeCTBAM.

Bosbmem Terepp gBa npeguKata 0T MHOMECTB, T. €.
ABa NpeguKkara ot npegukatoB F (P) u G (P), Kotopsie
12%



120 Pacuitiperrioe ucqucieHue npeduramod

yaoBeTBopsT yelosusm 98 (F) n 98 (G). JTUM [BYM
npeguKaTaM OT MHOXeCTB, £ ¥ G, COOTBETCTBYET OAHO
U TO YK€ MHOYKECTBO MH0XKeCTB, ecau F u G JJs1 0AHUX
M TeX >Ke MHO)KeCTB BBIIOJIHAKTCS (COOTBETCTBEHHO HE
pumotasttores). Taum oGpasom, cootHowenue (P) (F (P)~
G (P)) o3HauaeT, YTO MHO)KECTBA MHOMKECTB, COOTBET-
crpylomue F W .G, TOXAECTBEHHHL.

TeopeTHKO-MHOYKECTBEHHY0 HKHTepIpeTaunto pacmm-
[EHHOTO KCYMCJIEHMS MOYKHO PacmpoCTPaHMTL TAIOKE Ha
HPEIVKATH C HECKOJIbKUMH I1yCTBIMM MECTAMU. Kam bt
npeguKat R (X, y) BolaesisieT U3 MHOXKeCTBAa BCEX BO3MOXC-
HBIX map (x, y) ompeaeseHHOe MHOXKeCTBO YINOPsL0YEH-
MBIX T1aP, MMEHHO, MHOXCCTBO Tex nap (X, ¥), AJia KOTo-
puix BhIMOJIHAETCA R (X, ). MHOXKeCTBa, NPUHALJICHKALLIE
IBYM npeaukaTtaMm R, U R,, TOXAECTBEHHbI, €CJIM BbIl0J-
Hsietea cootHomenue Aeq (Ry, Ry), T. ¢. (X) () (R, (x, ¥) ~
R,(x,¥)). Hnsi Toro urolbl MpeauKaT OT NPEAAKATOB
F (R) mor ObITb HCTOJKOBAH KaK TPEAMKAT COOTBETCT-
BYIOUIMX MHO)KeCTB, OH JIOJDKEH YIOBJIETBOPATE COOTHO-
HIeHVD

(R)) (R.) {Aeq (Ry, R)) — (F (R) — F (R))}.
CoOTBETCTBYOMIEE TIOJIOIKEHHE MMEET MECTO JJisA 1ipefiuKa-
ToB € TpeMst n OoJibiie NyCTHIME MECTAMH.

M3 9TOr0 MBI BHAMM, YTO pacCliMpeHHOE HMCYUCIICHHS
CTOJIb ¥Ke XOPouIo JONMYCKAET TEO0PETHKO-MHOMKECTBEHHYIO
MHTEpOPETAlN0, KAK M UMCTO JIOTHYECKyl. YueHue
0 UYMCIAX MOXKeT ObIThb TOJIHOCTHIO N3JI0YKeHO B CMBICIIC
TEOPETHKO-MHOIKECTBEHHOTO TIoHMMaHUsi. Mbl yixe Bune,
yTo INpefuKaTsl 0T NPeAUKaTOB, ONpexesslomue uuca,
C TAKHUM JKE YCIeXOM MOYHO PacCMaTpuBaTh KaK IPeAu-
KaThl OT MHO)KecTB. J[lamee, ye OblJio yKasamo, 4To
ABYM DIpeguMKaTaMm oT MpefHKaTOoB O (P) u ¥ (P), KoTto-
pble MpPeICTaByiAT Yucia, COOTBETCTBYET ‘oguo M TO HKe
upcno B TOM ciyuae, ecnu moxay @ u W cymecTsyer

COOTHOLICHHKE (P) ((D (p) T (p))

Ho oTcioga CleayeT, YTO YMCJIa MO)KHO HOHMMATL TaK
»Ke, KaK MHOYKeCTBa MHOYKECTB. an/I JIoOTHYECKOM OTIIpe-
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AeJieRuM 4ucio ObuIo NpeguKaToM OT MPeIHKATeB, KOTO-
LIl BRINOJHSJICA JJISt BCEX PaBHOUMCJIEHHBIX NPEIUKATOR
U TOJNbKO JUisi HUX.- PaBHOUMCIEHHGCTH TipeUKaTOB
COOTBETCTBYeT SKBHMBAJIEHTHOCTb MHOMeCTB (3KBUBAJIEHT-
HOCTb, TIOHMMaeMasi 3eCb B O0OBIYHOM Te0pETHKO-MHOXKe-
CTBeHHOM cMbiCJe). OT JIOTHUECKOTO MOHSATHSA KOJIMYECT-
BEHHOTO YHCJIA MOXKHO IepeilTH, Takum o0pasom, K Teo-
PETUKO-MHO)KECTBEHHOMY; COTJIACHO 2TOMY HOHHUMAHUIO,
UMCJI0 €CTh He YT0 MHOE, KaK MHOJCECme0 6cex MHO-
YKECTB, IKGUBAACHTNHLIX ONPEOEACHHOMY MHOMCECTEY.

PaccmoTpum Tenepb, KaK oOblYHBIE TMOHSTHSI TEOPUH
MHOYECTB BbIPAYKAIOTCA CHUMBOJIMUECKH B MCUMCIICHWH.

Ecnu P, (x) n P, (x) — cnpegessiomue HpegquKaThl IBYX
MHOMKECTB, TO CYMM@ STHX MHO)KECTB 3ajaeTcsd NpejuKa-
oM P, (X)) P, (x).

P, (x) & P, (x) npepcrapnser nepeccuerve P, u P,. Muo-
WeCTBO P, Conep)KuTcsi B P,, UK P, €CTb NMOOMHONCECTED
MmHoncecmea P, ecnn (x) (P, (x) — P, (X)) aBAseTcs HCTHH-
HbIM yTBepyjenueM. [Ba mHodKecTBa P, n P, sKeueaen-
mrol, eCJIY 3JIeMeHThl 060UX MHOMKECTB MOoryr ObTb DpuBe-
JIeHbl BO B3aWMHO-0JIHO3HAYHOE COOTBETCTBUE JAPYT € IPY-
rom. CHMBOJINUECKOE BbIpayKeHHe 9TOT0 TaKoe e, KaK pJst
PABHOUHCJIEHHOCTH TIPEUKATOB.

BripaykeHue

)@ EAR(x, V) &R (x, 2) =
=y, )] &[R(x, 2) &R (¥, 2) — = (x, ¥)]),
win cokpawenHo Eind (R), o3Hauaer, 4YT0 OTHOLIEHUE
R(x, y), eciu 0HO MMeEET MeCTO, SIBJISETCS BIAMMHO~OIHO -
3HayHbIM. ToOrja CMMBOJIMYECKOE BbIpa)KeHHE (TEOPETHKO-
MHO)KeCTBEHHOM) SKBUBajleHTHOCTH P, U P, TaKoBO:
(ER) {(x) [P. (x) = (Ey) (R (x, ») & P, ()] &
(¥) [P (¥) = (EX) (R (x, y) & P, (x))] & Eind (R)}.

Mruoncecmeo ecex noOMHOMcCeCcmE RAHHOIO MHOMECTBA,
OIIpefiesIEHHOro yepes D, DIpeacTaBiseTcss WHUBU/Yasb-
HbIM T[peAUKATOM oT npegukaToB Te(P) (nau mydume
Te (P, D). Kakaplii mpegukat P, fjis KOTOPOro BHINOJI-
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usercs Te (P), noibked o0nagaTh TeM CBCHCTBOM, 4YTO
BCe ero 3JIeMeHTbl SIBNASIOTCS TalOKe oJleMeHTamu D.
U obparTHo, 1158 KaKaero npepukara P ¢ 9THUM CBOHCTBOM
OJDKHO TayKe BuilosHATLCs Te(P). Tlostomy Te(P)
OTpesesisiercss BbipayKeHHeM

(x) (P (x) = D (x)).

[ycts, pganee, F (P) mnpeacTaBiseT KaKoe-HUOYIb
MHOMECTBO. DJEMEHTBl X 000€0UHEHUA MHONCECME IME20
MHOIICECITIE MHOMCECTE (TEOPETUKO-MHOMKECTBEHHOM CyM-
Mbl 3TOI0 MHOMKECTBA MHOYKeCTB) MOYKHO 0XapaKTEepH30-
BATb TEM, UTO OHU SIBJISIIOTCH 3JeMEHTAMHM IIo KpaiiHed
Mepe O HOro M3 MHO)KeCTB, OIIPEesIsieMblX TaKMME Ipe-
JAUKATAMHU P, 1J151 KOTOpHX BhinosHsercs F (P). CorJyacHo
9TOMY, AJis1 0ObeJUHEHHS MHOMECTB IoJlydaeM ofipeje-
JIAIOUIEE BbIPAYKEHHE

(EP) (F (P)& P (x)).

DJIeMEHTHI Nepecedeillsi MHOMCECITEA MHONCECME XapaKTe-
PU3YIOTCA TeM, UTO OHHU SIBJIAITCS 3JIeMEHTaMH KayKaoro
MHOXecTBa P, i Kotoporo BuimoJiHsgercs F (P). Co-
rJIaCHO 3TOMY, IepeCevyeHMe NPeICTaBASETCH B BUe:

(P) (F (P) — P (x)).

MHO)KeCTBO P Ha3bIBAETCA Yi0pRO00UeRIIbIM, €CHU JIJI51
aNeMeHTOB P onpejesieH npegukat R 0T JBYX Mepemen-
HBIX, He pedJeKCUBHBbIN, HO TPaH3UTHUBHLIA, U KOTOPHIH
A1 TPOU3BOJIBHEIX OTJWYHHKX JAPYr OT APpyra X W ¥
BelmosingeTcss Jubo a3 napel (x, ), Aubo jJst nmapel
(¥, x). «Mnro)ectso P ymopagoueHo npeguxartom R» cum-
BOJIMUECKY BbIPA)KALTCH COTJIACHO ITOMY TaK:

) E{PX)&P(¥)&P(z)] —
[Rx, )& (=¥ VRE)V
Ry, x)) &(R (X, y)&R (¥, 2) = R (x, 2))]}-

Mebl 0Go3Haumm 9Ty dopmyny Kpatko L (P, R).
MHO)KECTBO P HASLIBACTCS  67104He  YNOPA00UEHTILIAL
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npeaukatoMm R, ecin ‘
COPR&EQ QX)) —PX)— .
(ENQ W &(2) Q) —= (2 V R, 2)]}

¢CTb MCTHMHHOE BLICKA3bIBaHUE.

CooTBETCTBYIOLIUM 00pa30M MOXKHO BIPAaSHThb CUMBO-
JIMYECKW B MCUMCIIEHUM BCE OCTaJIbHble IOHATHS, YIO-
TpebisieMble B TeOPHH MHOYKCCTB.

§ 4. Jloruyeckue napafoxchi

B npegpinymux naparpadax mbl BUAEJIM, KaKHE HOBbIE
BO3MOMHOCTH BBIDQ)KEHHUST MOJIyyaioTcss IPU  BBEACHUM
nupeguKatToB ot npepnkatos. Kakpas Gopmyna, KoTopas
cofiep)XuT cBoGoAHBIHA TepeMeHHBI npepuKaT F, MOXeT
pacCMaTPHMBATBCA KaK HMHIMBYAyaNbHbIH MpeUKAT OT
ripegukatoB. Ho B TakoM Cjlyyaé MOYKHO BBeCTH jaliblie
nepeMeHHbIE [JI51 OPEIUKATOB OT MpeAnKaToB. PopMmyna,
KOTOPast CofepyKUT cBoOOAHYI0 IEPEMEHHYI0 TAKOI0 POJIa,
npegcTasisieT WHAMBHAYAJbHLI MpefuKat, apryMeHTamMu
KOTOPOIro CAY)KAT IIpegiKaThl OT NPERUKATOB, U T. . TaKoe
HOCTPOEHME MOYKHO NPOJOJHKATH KaK YrojgHO JaJIEKo.

B Taxom ciyuae, KpoMe IpesmeToB Hawmed obnactu
WHIMBUIYYMOB, TpPEIMeTaMH B pPaCIIMPEHHOM CMbICIie
MOTYT CHY)KUTH TaK)Ke MpEeIMKAThl, INPeIuKaThl OT Tpe-
JHKATOB 1 T. . Bo3HMKaeT BONPOC, HeMb3s JIA IONPOCTY
cObEUHUTD 9TH NPeIMeTbl B PACIIMPEHHOM CMbICTE
B OfHY euHYyI0 007acTh MHAMBUAYYMOB, UTOObL MOYKHO
OblJI0 FOBOPHUTbH He TOJIbKO 00 MHAMBHAYAJILHLIX TIPemy-
KaTax, npeguKaTax oT NofoOHoro popga IMPEIUKATOB H
T. 1., HO W TPOCTO O MNpejuKaTax, a TakKe, uToObI
KaKAp# OpeguKat, omnpejesieHHbil s HoBO# objacrn
WHIWBUAYYMOB, B CBOIM ouepegb, CaM MNpHHALIEKAN
aToit rKe o6nacTu HHAMBWIYYMOB. B 9TOM ciyuae joMKHO
Opli0 ObI MMETHL CMBICT ¥ TPUIKCHBaHUE IIpeguKaTa ca-
Mmomy cebe Kak aprymenty. CToJb HKe ofme cniejoBano
Obl TPAKTOBATH NOHATHE IIPEIUKATA OT NPEAUKATOB U T. 1.

ToTr cnocod, mpy nomMomy KOTOPOro Mbl, MCXOLSI M3
Y3KOr0o UCYMCJICHUS] TPEAUKATOB, NOAHMMAJHCL K bonee
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BBICOKMM IIpeJUKaTaM, He pJaeT Ham gast nopolGHoro
ofpasa jeiicTBuil HuKakoro pykoBopctBa. M6o B pac-
CY)XIEHUAX rpefbiAyImero naparpada Mol Bcerja UMesH
AeN0 C npefiuKaTaMu OT HHIAUBHIYYMOB, HpPeIUKaTAMH
0T TAKUX TPe[NKA10B_ OT WHAMBMAYYMOB W T. K. Ho,
noxanyi, nogobuoe obwee mousiTHe mpeguKara cooTBeT-
CTBYET HETOYHOMY pasroBOPHOMY s3biKy'. M BOT, oxa-
3bIBACTCSL, YTO TaKasl JIOrMYecKasl cUCTeMa He YROBJCT-
BOPSIET ga)ke MOCTYJIATY HENMPOTHBOpeunBocTH. [oasnsic-
IUMCA 3/1€Cb TPOTHBOPEYNMSIM, TaK HasblBaeMbM napa-
00KCcaM, K KOTOPBLIM NPHUXOJSIT, BIPOYEM, W HE3ABUCHMO
OT YyNoTpeGyieHusl JIOTMYECKO# CHMBOJIMKY, MOMHO, B
COOTBETCTBUM C ABOMHBIM MCTOJNKOBAHHEM HCUMCJIEHUS
npeapuKaroB, npupate Jubo Oojee Joruueckoe p coferT-
BEHHOM CMBICJIE CJI0Ba, JIN0O YKe TeOopPeTHKO-MHOYKeCTBEH-
Hoe HCToNKoBanMe. PaslepeM 3jeChb HEKOTOPBIC M3 ATUX
NIPOTUBOPEYUA.

Ilycte P (F)— npepuxar or nmpeumxaToB. Tak Kak
camo P sBJIAETCS NpEAMKATOM, 10 Buipaykenne P (P)
YIPeNCTaBsIseT o000 BbICKA3BIBAHUE, KOTOPOE MOYKeT GbITh
MCTUHHBIM WK JIoXKHBIM. Tlpumep npegukaTta oT npepn-
KatoB, ajsi KoToporo P (P) BbIpa)kKaeT MCTHHHOE BbICKA-
3biBanue, faer orpuuabue npepuxara O (F) («F He Bbl-
NOJIHAETCA HU SIS OHOTO MpEMe1ar), T. €. yHKLUMA

Q(F), KOTOpasl onpepesneics empaxeHuem (Ex) F(x).

0 (0) ec1b cokpamenue gis (EF)O0(F), B3amen uero, B
CBOIO ouepeab, MOXKHO Hanucarb (EF)(EX) F (x). 3ra
dopmyna geHCTBUTENBHO BHIPAYKAET UCTMHHOE CYMN(ICHHE,
a MMeHHO npejpJioxende: «CyIlecTBYIOT MNpepukat F u
npegMeT X Takue, 4ro F(X) BBINOJIHAETCS».

Hanporus, 0(0) ectb 103 HOe BhicKassiBanue. Mmenno,
cornacHo ompepenenuio O, nonyuyaem:

0(0) ~ (EF) (0 (F)) ~ (EF) (Ex) F (x) ~ (F)(Ex) F (x).

dra Gopmyna NpeacTaBsisieT JIOYKHOE BBICKA3HBAHKE,

1 TIpH TeOpeTHKO-MHOKECTBEHHOM HCTOJIKOBAHMN UCUUCTICHHA
TAKOC NMOHUMAHWUEC COOTBETCTBYET HAaWBHOH TEOPHH MHOMECTB.

Jloeuueckue napadokcnt 1£5

YTBED)KaKIee, YTO KAKAbIA NpeuKaT BLITOJHAETCS I10
KpaliHedl Mepe it OfHOro Ipefmera.

WTaK, Mbl MOXKEM MOHMMATh BBIpAYKEHKE P (P) kax
NpeguKar oT P. ITOT NpPefMKAT BHPAXKAeT CBOUCTBO
npeguKara Obl1b NpUCYIKM camomy cebe. Mol o6o3naunm
OTOT [peiuKaT OT mpeaukaroB uepe3 Pd (P) (uurath:
«P npepukaGenbuoy»). Tak Kak Pd, a, CJIegoBa1eJbHO, U

Pd, camo sBisiercs NMpEIMKATOM 0T IMpeJuKaToB, TO H
Buipaykenus Pd (Pd) u Pd (Pd) wumelor cmbic. Ho B Ta-
KoM Ciiydae ogHo u3 ABYX: Jiubo Pd (Pd) ucTuHHO, HHbI-
MW CJIOBAMH, LPEIHKAT 0T NPefuKaToB Pd BHITIOJHSETCS
It camoro cebst u, 3pauur, Pd (P—Td) UCTUHHO; JINGO HKe
Pd (_f’—d) JIOKHO, TOIjja NpeguKaT OT npeguxaTos Pd ne

BLITOJIHACTCS o151 camoro cebsi, 1. e. Pd (Pd) wucTunHo.
Msbl nosnyuaem, cnefosatesibHO, uTO!

Pd (Pd) ~ Pd (Pd).

Ho aro nporusopeune, uGo soruueckoe Boipakeme
HUKOIJa HE MO)Ker ObITh SKBMBAJEHTHbIM CBoell IPOTHBO-
[IOJIOYKHOCTH.

Brepeoie aror mapagoxe Ol oTkphT Piccesem. On
MOXET ObITb BRIDAKEH TaKXKe HA A3bIKE TEOPHH MHO-
KeCTB. 3aech PeUKaTy 0T NpeIuxaTos Pd COOTBETCTBYET
MHO)KECTBO BCEX TEX MHOMECTB, KOTOPble He Comepyar
Camux el B KAYeCTBe SJeMEHTA. ITO MHOYKECTBO MPo-
TUBOPEUHBO MO CBOEMY MOHATHIO, W00, COTJIACHO €ro
OHpENESIEHHI0, OHO BXOJUT B YHUCJIO CBOUX COOCTBEHHBIX
SJIEMEHTOB TOIa M TOJbKO TOrAa, KOrja OHO HE BXOIUT
B KUX YHCHO.

Bropo#t mnapajokc, KOTOPBI Mbl paccMoTpum, Obi1
U3BECTEH YIKE rpeyeckum dunocopam. Ero mpocreiimas
(Popmymuposra TaKoBa: IlycTh HEKTO FrOBOPUT «s1 Jry»
HIH, noapoGHee, «A BLICKA3LBAW Ceifuac JIoyKHoe npej-
JIOKEHUe»; ITO NPeAJIOKeHHe HCTHHHO, MOCKOJbKY OHO
JI0)KHO, U JIOYKHO, IOCKOJIbKY OHO MCTHHHO.

Mbl HECKOJILKO YTOUHMM (OpMYJIMPOBKY 3TOro mapa-
Aoxea, Ilycte P spasercs HaspanueM OnpegesieHHOTO
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JIMIQ, a l—cokpallieHHoe 0003HAYeHUE OIpe1eIEHHOro
MHTepBaJa BpeMeHH. B Tedenue 3Toro npome)xyTka Bpe-
MeHHW ¢ 1ycrs 5 BbiCKaswiBaeT mnpepsloykeHue: «Bce, uTo
B yTBEpKHaeT B NPOMEXYTOK BpEMEHM !, JIOKb» H
B TeueHue BpemeHu f Gojblie HUYEro HE TOBOPUT. ITO
NONyILIeHHWe BO BCAKOM Cllydyae He IIPOTUBOPEYMBO, TaK
KaK €ro MmKHO [IpeJHAMEpPeHHO OCYINECTBUTL Ha CaMoM
nene. YToOB BBIPASUTH €ro B JIOFMYeCKOW CHMBOJIMKE,
0003HauUM BbICKA3biBaHUE, NponsHecenHoe P, Oyxsoit A,
U uCNoJib3yeM 3nak npeamkara Bh(X) co caepyromym
3HaueHueM: «‘P yTeepypaer X B NPOMEKYTOK BpeMeHU 1y,
I7ie 3HaYeHUsIMM aprymeHTa X moryT ObiTb Jo0ble Bbi-
CKa3bIBAHUS.

C nmoMolblo 9TOT0 3HAKA MBI MOYEM, NPEX/e BCero,
BoiCKa3biBaHue U mepepath dopmyJioi:

(X) (Bh (X) — X);

a Halle NpeanosicyKeHue, Yto P B MPOMEIKYTOK BpeMe-
HY [ BbICKa3bIBaeT Npepsokenue A U He TOBOpUT HoJibIne
HUYEro, BbIPAYKAEICA ABYMS (opMysamu:

Bh (2); (X) (Bh (X)) —= (%, X)).
Tenepb MBI MO)KEM TOJYUMTL MNPOTUBOpEYHUE CJIEAYIO-
wuM obpasom. B uctunnym dopmyny A— A Bmecto
BTOpPOTO 4JieHa nmogcTasiisiem Beipaenue (X) (Bh (X)—X),

KOTOpOE Beb SABASETCS CHMBOJMYECKUM BbIPAYKEHHEM
BoicKaspiBanua . Ilonyuaem:

% — (X) (Bh (X) — X).

[To npapwiam McuuciaeHuss, 3HaK pceobumnocTh (X) 37eCh
MOYKHO 0TOpOCHUTB. '

A — (Bh(X) — X).
Orciofia nyTeM MORCTAHOBKM IOJyUaeM:
9% —> (Bh (%) — A).

Tak Kak MOCBUIKM MOYKHO IIEPECTaBUTb, TO 3Ty dopmyny
MOYKHO 3aMEHUTb TAKOH:

Bh (%) — (A — ).
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B cuny toro, uro Bh (%) — uctunnas topmyna, nonyyaem:
A — 9.

flx APYToif  CTOPOHEL, MOXKHO [0KasaTb Taike 9 —s 9.
¥i0o, mpempue Bcero, umeem:

A — (X) (Bh (X) — X)
UIAN Ke:

A— (EX) (Bh(X) & X).
3areM M3 NpefNoNKenHOHl B KauecTRe HCTHHHCH

bopmy b
(X)(Bh (X) — = (%, X))
BLIBOLMM (hopMyJTy:
(X) (Bh (X) & X— = (¥, X) & X)
M U3 Hee fajplie Iosyvaem:
(EX) (Bh(X) & X) — (EX) (= (%, X) & X),
TaK YTO, HAKOHEL, HuMeem:
A— (EX) (= (%, X) & X).
W3 3naueHus roygecrsa CIeyer, uTo
=W, X)&XN -

HCTUHHAST QopmyTa.
Ilo mpapuny y), nonyyaem uzs mee:

(EX)=U, X) & X)— 9.

Jra bopmyna Bmecre ¢ noJyuyenHoll mepen 3TuM faer:
A —> A,

Ho w3 poxasannbix popmyn A —A n A — A crenyer,
uTO KaK A, Tak u A — wcTuHHble QOPMVIIBI, TAK YTO Mo
JCHCIBHTEIbHO IPUUIAY K IPOTUBOPEUMIO.
| [Ipupenem eme TpeTnit mapagokc, BCTpevaIuiics B
p)ei3H00§pa3Hb[x odopmitennsx, Bepasum ero B ciepymome’t
pocToit  dopme: BCsKoe obo3HaueHMe KaKoro-Buby b
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YHuCJIa, MPOMCXOAMT JIM OHO uepe3 coo0menune yCJIOBHOrO
sHAKA WM yKasawue ONpejefisilomero CBoficTea, Tpefyer
13BeCTHON 3aTpalnl BpemeHu. [lodToMYy Ha MNpOTSKEHHH
KOHEYHOTO MPOMEKYTKA BpeMeHH KOHEYHOe KOJIM4eCTBO
mofelt MoryT 0003HaYHTH TOJIBKO KOHEUHOE YUCJIO YMCel.
Ho, ¢ gpyroit cToponbl, CyiecIByeT 0CCKOHEUHO MHOTO
uypcesn. ChaegosareNnpHo, B XX CToJIeTHH HKUBYIHE Ha
3emne moau 3apenomo He o0o3HayaT BCEX UHCCH. Cpenu
He oGo3HaueHHbLXx B XX CTOJIETMM YMCEJT MMEeTCs Hau-
meHbImee., Ho Begb 910 umcio Bce e 0003HAUEHO B XX
CroJieTHH, TAaK KaK s oIpefeJus €ro, yKasap <£ro
CBOIMCTBO OBITb HAMMEHBIIYM uHKCJIOM, He 0003HAUCHHBLIM
B XX croserun. Takum 00pa3oM, nojydaeTcsi, 9To CyIiC-
CTBYeT YKCIIO, KOTOPOE OKA3BIBAETCA KaK 0003HAYCHHBIM,
TaK 1 He 0003HAYCHHBIM.

Urolel 3Ty apryMeHTalui0, uMesi B BHIY HAMEpEHHE
BHIPA3KTb €e B HalleM UCUMCJIEHWH, HECKOJIbKO YTOUHHTD,
Mbl 3aMeHUM MoHATHe o6o3nauenust GoJjiee y3KUM MOHS-
TeM. Mel Oypem paccmaTpuBaTb TOJIBKO TAKHE o0o3Ha-
YeHHs1 YUCNIA, KOTOpble OCYMIeCTBJISATCS B CMbICJe Ha-
el JOruuecKoil CMMBOJIMKM IIyTeM 3aIMCH BHIPAKCHHA
IS onpeeNsiionero yucio npepnkara. lipn a1omM MOj
NpeqUKaTOM, ONpefesilOmMM YHCJIO X, Mbl IIOHMUMAEM
TAKOM NpeguKar, KOTOPbifl BBINOJIHAETCA [JIA 4YHCIA X,
Ho HM st vero Oonbme e nogxoaut®. Tawum ofpa-
30M, MBI NPUXOAUM K clienyloliefi QopmyanpoBKe napa-
JIOKCa.

ITycrs Scr(P) osuauaer cBoicTBO Ipejukara P, €o-
CTOSIIIEE B TOM, UTO cPeaM s3amucanHbix B XX CTOJIETHH
BhIpaYKeHUIl JloruvecKo CHMBOJIMKM TO Kpa#neit mepe
ofHO SBNsieTcst  Bupakenuem i P, 3Hak < (X, ¥)
MCIOJIb3yeM, KaK W Npexje, I Ipeguxara «X MeHb-
e, ueM y»; Ho OYCThle MeCTa 9Toro IMpeguKaTa mycTb
O1HOCATCS K IOJIOXKUTESIBHBIM Y 1eJIbIM  YHCIaM.

3aTem BBejeM [JiS BBIpa)KeHUsI

PX)&m Py —=(x, ),

1 UT0 yHCs1a MOXKHO HCTOJTKOBATb KaK NMPeIUKaThl OT NPEANKATOs,
ANA HACTOAINEH aprymMeHTAlUMH HC HMECT 3HAYCHUA.
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KOTOpOE 03HAyaeT, 4TO X OMpefesieHo IpefukaTom P, co-
KpamenHoe o6o3uHauenye Df (P, x). B KauecTBe COKpalieH-
HOro 0003HAUEHUs [JIs

(EP) (Df (P, x) & Scr(P))
UCUOJIb3yeM CUMBOJL DS (X).

Dsc (X) o3navaeT, CJieAoBaresbH: «Cpepyt  CUMBOJIM-
YCCKHX BbIPA)KEHMil, 3amucatHbIX B XX CToJleTuH, 110 Kpai-
Helt mepe OfHO NpPEACTABJIsIeT NPENKAT, oNpeearmui X,
WM, TOBOPs KpPATKO: «X WO MeHblUedt Mepe OfMH pas
cuMBosMueckn onpegenedo B XX crojeruds. Hakower,
17151 BBIp@YKeHust

Dsc (X) & (y) (< (y, x) — Dsc ()
pcrnonbayem sHak  Mds(x); Takum olpasom, Mds(X)
03HAYAET: «X MMeeT CBOMCTBO OblTb HAMMEHbLIUMM YMCJIOM,
CUMBOJIMUECKH HE ollpefesieHHbIM B XX CTOJIETHM» .
B KauecTBe AKCMOM MBI BBOJIUM clefyromue Gopmy-
Nbl: TPEXe BCEro BBIPAYKEHMs] AJII OCHCBHBIX CBOHCTB
ocrHoweHuss < (X, y):

_ (x) < (%, X)
() (1) (2) (< (x, Yy & < (¥, 2) — < (X, 7)),
¥ 0) (=) V <)V <GX),
(Ex) P (x) = (Ex) [P () & (D) (< (. ) = P ()]

[lepBuie TPY M3 3THX UeThIPEX AKCHOM 03HAYAIWT, 4TO OT-
nowenne < (X, ¥) ynopsoouusaem 1ejble YUCIA, & MOCICH-
Hee, YTO OHO MX 6noafe ynopaoouusaem. 3aTeM B KauecTe
AKCHOM Mbl MMeeéMm CHMBOJIMYECKOE BbIPaYKEHUE JIJIst TOro
{paKTa, 4TO HE BCe UMCJIAa MOTYT 0BT ONPEAETIEHbI CHM-
BOJIM4ECKH B XX CTOJIETHU

(Ex) Dsc (x),
v, HakoHel, dGopmyny Scr (Mds), KoTopass o3HayaeT, UTO
BhipakeHne s Mds (x) sanmucano B XX CTosleTuu, ¥ KO-

Topasi, CJIeA0BATENbHO, IPeACTaBJisieT WCTHHHOE YTBep-
JKjienue, TaK KaK TpeXpe Mbl AeHCTBUTENIbHO 3alucalin

BoipayKenue A Mds (x).
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Tenepe mojxuo mpoBecTH ciepyvioiee  (dopmasbucc
saxyouenue. B popmyy

(Ex) P (x) = (Ex) [P () & 1) (< (v, x)— P ()]
BMeCTO P mogcraBasiem Dsc:

(Ex) Dsc (x) = (Ex) [DSC (1) & (¥) (< (7, x) —> Dsc (3))].
Tax Kak (Ex) Dsc (X) uCTHHHO, To motyuaem:
(Ex) [Dsc (x) & (v) (< (v, %) — Dsc (v)}];
UM OKe, NpUMeHss CoKpamenne Mds (x),
(Ex) Mds (x).
B cuny onpepenenus Mds, umeeT MecTo COOTHOIIEHE
Mds (x} ~— Dsc (x).

Hanee, ucnonbaya ycranosaeHnsie AKCHOMbI, MOYKHO Bhi-
BECTH (opmyny

. Mds (x) — Mds (x) & (y) (Mds (y) — = (x, y)),

Mds (x) ~> Df (Mds, x).

M3 B3sTHIX BMmecTe nocnefHeir gopmysnr TpeTbheii
C KOHUA II0JIyuaem:

Mds (x) — Dsc (x) & Df (Mds, x).
CoorsercTyromee dopmyite (34) mpasuio paer najee:
(Ex) Mds (x) — (Ex) (Dsc (x) & Df (Mds, x)).
Tak Kax (EX) Mds (x) qoka3aHa, To cXeMa 32K e Hust AAET:
(Ex) (Dsc (x) & Df (Mds, x)).

Ecnu  npucoegmuum  dopmyny Scr (Mds), mpunsaTyIO
B KauecTBe AKCMOMbI, TO MOJIYYUM:

(EX) {Dsc (x) & Df (Mds, x) & Scr (Mds)).
B cuny axcnomsr f), umeem dopmyny:
F(Q)— (EP) F (P).
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SaMensisi smech Q Ha Mds, a F(P) na (Ex){Dsc (x) &
Df (P, x) & Scr (P)}, nmomyuum:

(Ex) {Dsc (x) & Df (Mds, x) & Scr (Md<)} —
(EP) (Ex) {Dsc (x) & Df (P, x) & Scr (P)};

4 TaK KakK IOoCblJIKA ABNIAETCs JOKasaHnHoi Gopmynoit, To
HMeeM: :

(EP) (Ex) {Dsc (x) & Df (P, x) & Scr (P)).
[lepecTaByisin KBaHTOPB U UCHOALAYST GOPMYIY
’ (EP) (A& F(P))~ A& (EP) F (P),
nojgydaem:
(Ex) {Dsc (x) & (EP) (Df (P, X) & Scr (P))}.

Tlpn npumesenny coxpamenus Dsc 3To Bblpa)KeHMe Iic-
PeXONUT B

(Ex) (Dsc (x) & Dsc¢ (x)).
C fpyro¥t CTOpPoHBI, MOXHO TaKyKe BeiBeCTH (GOPMYIY
' (x) (Dsc (x) V Dsc (X)),

100 sta Qopmyna moayuaercsi u3 (21) moaCTaHOBKOM.

Ho, B cuny npunuuna pBoMCTBEHHOCTH, gBe MOCe)-
Hue GopmyJibl MPOTHBOMOMOKHBL APYT Jpyry. Msl moy-
YUK, TakuMm o0pas3om, MPOTUBOPEUHeE.

C 9TMMM Pa3/IUYHBIMU NPOTHBOPEUHIMH Mbl HE MOYKEM
paspenathCs, NMPUHAB MPOCTO KaK (aAKT [0Ka3yeMOCTh
HEKOTOPLIX MNPOTHBOPEYalllUX APYT JAPYry BBHICKA3bIBAHUI.
Mo, xaK ToJbKO MBl JOMYyCTHM Kaxue-HUGYb 1Ba

IIPOTUBONOJIOKHBIX ApYyr Apyry sBeipaxceHus A u A
B KaueCTBC UCTHUHHBIX, BCE MCUHCIIEHHE, KaK Y)Ke paib-
e 3aMEUEHO, JIKIUUTCA CMBICTIA. :

IMocmoTpnm Temepb, Kakue CJeICTBUS AJIs1 NMOCTpoC-
HUSl HAlero WCYUC/IeHUA MOJIyualoTCA U3 9TUX HAPajoK-
cop. [lepsnif napagokc noKasbipaeT $ICHO, YTO Mbl HeE
MOYKeM yfoTpe6JIsiTe JIMIEHHOe pa3iuyuil OHSITHE Npe-
JHMKaTa, oMWCAHHOE B Hauaje 3Toro maparpada, TaK Kak
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ero fonymieHue npuseso Obl K HPOTUBOPEUHIO B CaMOM
MCUMCJIEHHH mpepuKatos. JlBa Apyrux napagokca UMERT
VHOI XapaxTep; OHM NPHUBEAEHB 3[6Ch JIMIOL PAfHU
itonHoThl. [1apagoKcel 3TH CBUETENLCTBYIOT TOJILKO O He-
COBMECTHOCTU HEKOTOPBIX YTBeP kaeuuii. B nepBom ciyyae
3T0 OblAn:

Bh [(X) (Bh (X) —X)] u (X) [Bh (X)—
= (X, (V) (Bh(Y)—Y))],
a BO BTOpPOM CIydYae:

(Ex) Dsc (x), Scr (Mds)
n

(PY{(Ex) P (x) = (EX) [P () & () (< (¥, ) = P )]}

Hukakoe U3 3Tux YTBEp)KIeHUH He siBITeTCs JIoruue-
CKUM To)pgecTBoM. Ilapajgokcsl aToro BTOporo poja, ajsd
KOTOPBIX YHOTPEeOMTENIbHO Ha3BaHHE (CeMAHMUYECKUXy,
HE 3aTParuBalT, CJIeJ0oBATEJIbHO, HaIero HCUUCIIEHUS,
TaK KAaK OHO He B COCTOAHMH BBIPA3UTL UX YHUCTO JIOTHU-
yecKull xapaktep. Bosee Toro, mbl [0JDKHB! GbIIM UCIONb-
30BaTh AJIS MX YaCTHUYHOH (hopmanmsauuM CopeprraTesib-
Hble CMOCoObl MbllJleHusi. HaM He DPUXOAUTCS NOITOMY
AJIsT Haulero MCYMCJeHWs NPEAUKATOB M3BJIEKAThH KaKue-
nubo CcJefCcTBUS W3 MNPOTHBOpPeuUd moOCjeqHero poja,
U Mbl He OyjgeM [M03TOMY OCTaH4ABJINBATLCA Ha HUX
noapobuee .

§ 5. Crynenuaroe HcyuclieHHe

Mol Temepp MPUCTYIHUM K CUCTEMATHYECKOMY MOCTPOE-
HUI0O WCUMCIIEHHS, PaCHIMPeHHOro NoCcpeicTBOM BBE/eHMsI
fonee BolcoKHX NpeaukaToB. CoolOpa’keHMs npeapylero
naparpagda IMoKasajid HaM, YTO Mbl HE MOYKEM YIOTpPeGJIAThL
JIMIIeHHoro pasjuuuil moHsATHA TpeauKaTa, HO JIOJHKHHL
pasNuYaTh MpeUKATH MO pPoay MX aprymeHToB. B namem

1 Bonee HOBYI0 TPAKTOBKY CEMAHTHUECKUX TMAapajoKCOB CM.,
nanpumep, Tarski, A., Der Wahrheitsbegriff in den formalisierten
Sprachen, Studia Philosophica. Leopoli, 1935.
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HCYMCIIEHHY 3TO HAXOAUT CBOE BhIPAYKEHUE B TOM, UTO Mbl
MO)KEM YNOTPeGnATh O0Lyl0 MNpeJMKATHYI0 IePEMEHHY IO
TOJBLKO JJIS1 IPeJUKATOB OHOTO H TOT0 YKe poaa.

Mul nMeeM Ifpe)dfe Bcero MHAMBMAYaJbHble IMPegnKa-
Thl U TMPUTOM Pa3IMuHble BWBl WMJIM THitbl TaKOBBIX 10
YUCJIy UX aPryMeHTOB. ITH NPEAMKATHl Ha3blBAIOTCS fipe-
ouxkamamu nepeoit cmynenu. Ilop npeduxamom 6mopot
cmyneHu Mbl TIOHKMaeM NpEeIMKaT, IyCThle MeCTa KOTO-
poro 3aHsTh WHAMBUAYYMaMH WIM [OpeIUKaTaMK Iep-
BO CTymeHu, Hpudem Mo KpalHeil Mmepe OJUH pa3 A0JDKEH
BCTPeuaThCs B KauecTBE APTyMeHTa MPEeIuKaT MepBOM
cTyleny. Bujbl uau THUIBI NIPEIMKATOB BTOPOH CTyIieHH
pPa3aMualoTCsl [o YMCIy M poay UX NyCTeiX mect. CooT-
BETCTBYIOUIMM 00pasom NPUXOAHUM Jajblle K IpeaMKaTam
TpeTheil, YeTpepToil cTynesu u T. 4. [UIA HHAMBU[YaJIb-
HbIX IIEPEMEHHBIX Mbl NPUMEHSIEM CHOBA MaJleHbKUe JIATHH-
cxue GYKBbl, a Ul MepeMeHHBIX NpeIuKaTop — GoJibiine
JATHHCKHE OYKBe. I KaKaoro BBOJMMOIO MePEMEH-
HCIO TpegMKaTa 3apaHee [OJDKeH ObIThb TOUHO yKa3aH
ero TUN, TaK KakK MpaBuja NMOACTAHOBKU (HoPMYyIMPYIOT-
Cs1 TAK, YTO BMECTO IePEMEHHOT0 MOJCTABJISIIOTCS TOJib-
KO TaKue IpeIuKarthl, TAI KOTOPHIX COBHNAAAET C THUIIOM
9TOr0 MEePEeMEHHOro.

Yrodbl KpaTko 0003HAUUTL THII MEPEMEHHOTO Mpefu-
KaTa, Mbl MOYKEM BOCIO0JIb30BATHCS NMPOCTOH CUMBOJIMKOM .
Tun MHAMBUAYAJILHOTO — IepeMeHHoro Mbl 00603HaYMM
Oyxpoii . Ecam Mpl MMeeM nepeMeHHbIH mpeauxar ¢ n
NYCTHIMM  MECTAMM, KOTOPBIM [OPMHAQICKAT apryMeH-
Thi TUOOB 4,, d,, ..., 4, TO TUI 3TOr0 NEpPeMEHHO-
ro TpeguKata Mbl OygeM 0003HAuaTh yepes (d;, 4., -
..., @,). Hanpumep, (({,7),7) Oypmet obosnauarh THI
JABYMECTHOT0 IpejuKaTa BTOpOM CTYIIeHH, Ha MeCTO
MepBOro apryMeHTa KOTOPOr0 MO)KHO MOACTaBIATL [IBY-
MeCTHBI MHAUBHUAYAJbHBIN NPENUKAT, a Ha MeCTO BTOPO-
ro — MHAMBUYyM. [1peanKaTsl, ynomanyThie B § 2 9Toi
rmapel, umeT: Sym—tun ((f,1), O(F)—tun ((i)),
B (®)—run (1)), Imp—rum ((7), (i) u 1. 1.

DTo CTynmeHYaToe MOCTPOEHME MPEINKATCR M HMCUMCIIe-
Hue, OCHOBAHHOE HA HCM, BBEJIM B JIOrMKy Yaimxed n

13 ocmorn TeepeTHIeckod JTOTHIH
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Pjccea B cBoeM (dyHmameHTasbHOM — TIPOM3BEIEHUM
«Principia Mathematica». Hapany ¢ onucauumim pasnu-
UYMEM THIOB NPEIUKATOB, TAK HasbiBaeMoil npocmoti meo-
puell muneg, aBTOPbl TOJIL30BAJIHMCH elle OoJIee TOHKUM
TN0ApasjesieHdeM TIPEIUKATOB, PaA36emeseHHOl meopuell
munog. CorjlacHo 3Toil 1ocneygHei, HeJOIyCTUMO, HAlIpH-
MEp, MPUYHUCIISATL BCE OHOMECTHBIE MHMBU/YaJIbHBIE TIPe-
JIMKATBl K OHOMY M TOMY )K€ TUNY; MHAUBUAYAIDb-
Hble NPEIUKATH [JOJDKHBI pasjiMyaThCsl B 3aBHCUMMOCTH OT
criocoba ux onpeaenenust. Hanpumep, uupuBupyabublit
NpeauKar, ompejesisieMblii IPU NOMOIIM KAKKUX-JTN60 3HAa-
KOB OOLHOCTH WM CyHIeCTBOBAHMs /Uil MpEIUKATOB,
uMeeT OoJice BbICOKMH THII, ueM UHIUBAYAJIbHLIH Hpe-
AUKAT HpocTeiiulero NopsagKa, KoTopulit Y atimxeo v Paccen
HalbIBaKOT «IIPEJJ,I/IKaTMBHbIM.» I/]HJII/IBM}lyaHbeIM npeanKa-
TOM. JTa pasBeTBJICHHAS TEOPUS TUMOB OLIJIA yCTaHoBIIe-
Ha, MPUHHUMAs BO BHUMAHME CEeMAHTUYECKHE TIAPaJ0KChHI.
Ho oua He myHa, TaK KaK 9T0T BMA NPCTHBOPeuHi,
KaK Mol BUAEJIM, HE 3aTParuBaeT paCUIMPEHHOI0 HCUUC-
JieHus npeauratoB. Kpome Toro, ata Teopus IPUBOAHT
K Oosibllomy uucly 3aTpyfHeHMH, HA KOTOPHIX M MbI
0CTAHABJIMBAJINUCL OJIM)Ke B NEPBOM MU3[AHMH 3TOH KHUIMU.
Y Hac Her Dosblue MOGYAUTENBLHBIX MOTHBOB 3aHUMATh-
Cs1 mojpobuee 9T0ii Teopuel, MOCKONLKY HellpOTHBOPEYHU-
BO, KaK 3TO COBCEM HETPYAHO YCTAHOBUTH, Y€ MPOCTOE
CTYIEHYATOE MCYMCIIEHUE. :

IlpucTynas Tenephb K geTajibHOMY MOCTPOEHUIO CTyfleH-
UaTOro HCYMCIIEHMSI, Mbl BCTPeuYadeMCs elle C HEKOTGpoi
TPYAHOCTBIO, OTHOCsIENCSI K Cliocoly 3anucu. Tc ofcTOSA-
TEJbCTBO, YTO MNPEIUKAT BHINOJHSETCS 7151 ONpejiesIeHHBIX
dPTyMEHTOB, Mbl BCerja BbIPaXaJiy 10 CUX NOp, MoMeuast
B cKoOKe, Crepylomeii 3a 3HaKOM APeIHKATA, OTHe/IeHHbIE
APYT OT Apyra 3amsTelMM aprymentel. [lockosbky my-
CTblE MECTA IEPEMEHHBIX NPEAUKATOB 3AMOJHSITCS TONb-
KO TEPEMEHHbIMM, 3TOT cIocob 3amucu  AocTaToueH
1 Tenepb. OpHako fgeno o0CcTOUT MHaue, eciiu B myCTble
MECTa NOACTABJIAWTCA CrelldaibHele npeguxathl. I1ycTs,
Halpumep, F—mnepemenneit npeguxar Tuma ((i)), nycroe
MECTO KOTOporo mnpegHasHavyaeTcst, CJeN0BATENbHO, AJSA

-

Cmynenyamoe ucqucaexue 195

OTHOMECTHBIX MHJIMBUAYAIbHBIX PeguKaToB. [TycTs, nasee,
G —nepeMeHHasi  UII  BYMECTHBIX HMHJIHBHMAYAJIbHbIX
npepukaroB. M3 G momno ofpasosath craeaymue mpe-
JAUKaThl nepemeHHoro x: G (x,x), G{x, y), G (¥, x), npuuem
ofa mocjieAHuX NpeLUKATa COAepHat Napamerp Y. Mul
HE PAcrosaraeM rnoxKa BO3MOXKHOCTbI) BbIPA3UTL NPSIMO,
urto F BLIOJIHACTCS 1A KAKOTo-JIMG0 U3 9THX TpesuKa-
T0B. Mb0 ecim 66l Mbl Hanmucanu, manpumep, F(G), To
HEBO3MOYKHO Obi10 Gbl YCTAHOBUTH, KAKOK HMEHHO O/IHO-
MECTHBIA mpeauxat noapadymesaercss mnop G. Ilpouge
BCEro 9T0 CenaTh MNpPH IOMOWM oNucavusd. Beegem H
KaK' mepemeHHbId npeguxaTt tuma (i). Torjga Mbel MOMKem
UCIIOJIb30BaTh (HOPMYJIbI

(EH) (F (H) & (x) (H (x) ~ G (x, X))

(EH) (F (H) &(x) (H (x) ~ G (x, )))

(EH) (F (H) & (x) (H () ~ G (y, X))
UM e Gopmy bt

(H) () (H (x) ~ G (x, x)) — F (H))

(H) ((x) (H (x) ~ G (x, y)) — F (H))

(H) () (H (x) ~ G (y, x)) — F (H)),

4TOObl BOCIOJHUTL OTCYTCTBYIUIYI0O BO3MOMKHOCTb BbIpa-
3UTb BbIMOJIHEHWE F JUIST TPeX BBILIEYIOMAHYTHIX npepju-
KaToB.

Mo)kHo, BHpPOYEM, MOCTPOUTH DOpPMATTU3M U HE NPH-
ferast kK mofo0OHLIM OMUCAHUSM. [Mpeumymectso artoro
B TOM, YTO COXpaHsieTCsl IIPaBUJIO INOLCTAHOBKHM JIs
[epeMeHHbIX NPENKATOB [aHAOTHYHOEe MpaBuily o 3) ys-
KOro MCYMCJIEHUST MPEAUKATOB], U AKCHOMATHYECKOE II0-
CTpoeHHE CTYNEHYATOro HCUYMCIIEHHST MOYKET MPOTEKAT,
BrIOJIHE aHAJIOrHYHO OOBIMHOMY  IOCTPOEHHMIO Y3KOTO
ucuncaenusa npeauxaToB. ITpu 9ToM Mbl TOJHKHBIL, 04HAKO,
NOATH HA YCJIOXKHEHHe cmocoba sanucu. B Bormeymoms-
HyTOM CJlydae Mbl MOXKeM IIOCTYIOUTb TaK: TIPHCOEH-
HUTh K MepeMeHHOMy F WHIMBUyallbHOE MepPeMEHHOE,

13%*
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HAaOpHMEp X, B KauecTBe MHJEKCA. TOrga Mbl VIMCEM B

Fu(G(x, X)); FolG(x, ¥)); F(G(y. %))

CUMBCJIMYECKME BBIPAXKEHUS] IS TPEX BbIIECYIOMSHYTHIX
BbICKa3biBaHmWii. IlepemeHHaa X B 3Tux Tpex (QopmyJax
SIBJISIETCSL CBSI3aHHOM MepeMEeHHOH U M03TOMY MOXKeT OBbITh
3aMeHeHa JIpyroil mepemeHHo#f Toro e poma. Hamnpu-
Mep, (GopmyJIbl

F:(G(z2); F.(G(y) F.(G,2)

pPaBHO3HAYHBl BbllIENpUBeLEHHBIM (Qopmyiam.

Ecnm mbl xoTvm mnpoBectu Booline 3ToT cmocof 3a-
IHCH C MHAEKCOM, TO Kay/JblH nepeMeHHBI INpeguKaT
BTOpoii M 00Jiee BHCOKOW CTYIEHM JAOJDKEH MOJYYUThH
HeKoTOphil uHgeKc. Ilycte F — mogo0Horo poja n-mect-
Has 1epemenHas. Ilycets G, G,, ..., G, — 0epeMeHHbIE,
paccmaTpUBaeMble KaK aprymedTsl F. Ecau cpegu Hux
BCTPEYAIOTCHA MHAMBHAYaJbHble [€peMeHHble, TO Mbl MX
onyckaem. flyctn

Hll"",Hlf; Hzn R Hziz;"'; Hm:-

1

H

t nin.

IepeMeHHble, TaKue, 4To Aas1 Beakoro k(1<k<n) .

Hy, ..., H,,,-,c NOJJIEXKAT PacCMOTPEHUIO B KaueCTBe apry-
menToB B (;. Terpa F mojiydaeT wuHJEKC

Fryy, ..., tyty; Hsa, ..., Heis; ...; Hna, ..., Hnin,

Ananornuso [ocTynaem B CJiyyae HHANBUYaJILHBIX 3HAKOB

npegukatoB. [lpuBeeM HeCKOJbKO HpUMepoB. Bmecto

Sym (R) Mbl 10K HBI Gty 661 Tenepb nucath Sym,, R (X,)),
smecto Imp (F, G)—Imp,, (F (x), G (y)). Bmecto dopmy-
e 8 (D), paccmorpeHHolt B § 2, HaM HYKHO Obl10 Obl
tenepe Hanucath PP (F), npuuem F wumeer Tun (i).
Mol Bugum oTClofia, 4YTO cHoco0d 3anmucH € MHIEKCAMH
3HAUMUTEJIBHO oTsAromaer Qopmauam. Ina pajsHeitmero
MBI TIOJIOXKMM 103TOMY B ocHOBYy Oojee 1npoctoit
crnocol 3amncu W TONBKO MPH ciyuyae OyaeMm CCbINATbCsA
HA UHAEKCHBHA croce® 3amucu.
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O6paTumcsa Tenepb K BONPOCY O CHCTEME AKCHOM JJIs
TOX/eCTBeHHBIX dopMyJl. s 9TOro mpexjae BCEro He-
00XOMMO ONpefe/inTh ToHsITHE (GOPMYJBL. ITO MOXKHO
OCYIIECTBUTL TAKUM )Ke 00pa30oM, KAk Mbl C/1e/IaI1 PaHb-
me A8 Y3KOro WCYUCJIEHUS NPEHKATOB C MOMOULbIO
npapua 1) —5) § 4, ra. 111, Mbl BOJDKHBEI TOJILKO HMETH
B BUy, UTO Temepb Ml MMeeM Gosibule PasHOBMHOCTEH
fiepeMeHHbIX. YTo KacaeTcst camoil CHUCTeMbl aKCHOM, TO
BO BCSKOM CJlyuae HeJb3f YKa3aTb TAKOH CHCTEMbI, KO-
Topast fapaja Owl Bce 0€3 NCKJIIUEHHMs TOXK/IECTBEHHLIE
bopmynsl '. Bee e cienyomlass CUCTEMA aKCHOM M IPH
Dojtee CJOKHBIX CrIocof0ax 3aKJIUYeHMil, KOoTopble YIOo-
TpeOUTEeNbHEl, HApUMEP, B MATEMATMUECKOM aHA/IN3e
(cp. paccmoTpenus cienymomero mnaparpada), efsa Ju
OTKAKeTCsl CIY)KUTb. JTa CUCTEMA I10 CYL[eCTBY sIBJISICT-
¢l TOJNLKO 0000mieHMEM CHCTEMbI aKCHOM, BBEJEHHOU
NpeKae A1 Y3KOro MCUMCIIeHdsl MPeUKaTOoB.

Idra cucrema o0pasyeTcst cliefyrouum 06pas3om:

I. Tlpe)xe Bcero, B KauecTBe OCHOBHBIX Mbl MCIIOJIb-
3yem CHOBa (¢opmyynl a)—d) WCUHCTEHUST TPEIUKATOB,
npusepennsie B ra. I, § 5.

I1. OcHoBHbIM (opmysam €) U ) Y3KOro HCUUCJIEHHUA
NpeUKaToOB COOTBETCTBYET Cleylolee Ipasusio o6pazo-
BaHWST OCHOBHHIX (opMyJI: IyCTh G U H —TepeMeHHble Ka-
roro-mbo tHHa a, F — nepemennas tuna (a). Torga Kax-
nasg QopmyJia

(11, 1) (G) F(G)— F (H)
H KaKgass Gopmyna
(11,2) F (H)— (EG) F (G)

SBISTIOTCS OCHOBHbIMU. (Cnyuaif, korjpa G uMEET Tuil i,
T. ¢. SBJISIETCSI WHAMBU/JYaAJIbHbIM IEpEMEeHHBIM, [JO0JNKeH
OnITh BKJIOUEH CHOJIA.)

111, Nanbme uayT, B KauecTBe 0C00O0H rpymmbl JLisl
PACUIMPEHHOI0 UCUMCJIeHHS] MPENUKATOB, AKCHOMBI, COOT-

1 3o crienyerT n3 padorsl [edesd, yiKe ynowpapiueiics b §1
aToil ARk,
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BETCTBYIOIIME aKCHOME Bb]ﬁopa TEOPHHA MHOXKECTB U ABJISIIO-

mueca obo0IeHYEeM aKCUOMBI g), YCTaHOBJICHHOH Hamy -

YKe paHblwe [T MCYMCIEHUs BTOPO# cTynenu. [ycrb
F—nepemennas xaxoro-nubo tuma a; G un L —nepemen-
Hple Kakoro-inbo Tuma b; A u H —rmepeMeHHble Tuma
(@, b); T — nepemennas Tuna (b). Torpa:

(1I) (EH){(F) [(EG) A (F,G)—(EG)(H (F,G) & A (F,G))] &
(F) (@) (L) [(H (F, G) & H (F, L)) — (T) (T (G) ~ T (L)]}

JIBIIIETCA OCHOBHOM (hopMyToi.

) IV. Tlycts, manee, L,, L,, ..., L, —nepeMennle Tumnep
v s ooy by, Gu H — nepeMensnie Tuna (b, bs, ..., b))
u A—nepemennas tuia ((b,, by, ..., b,). Torna: |

(V) (L) (L) [G(Lyy -, Ly~H(L,, ..., L)]—>
(A(G)— A (H)) |

ABJIACTCH 0CHOBHOM (opMysioif. (9TH «aKCHOMBI 0Gbex -
noctiy (Extensionalitit) cooTsercTByloT axcmome onpe-
nenennoctu (Bestimmtheitsaxiom) teopun MHOXeCTB. )

INpaBuna BLIBoga HOBbIX hopMyJ1 aHaNOrMYHLI TIPaBH-
/1AM MCUUCICHUS npeaukartoB. ol) u B) ocTaloTcs mens-
MEHHbIMH. YTO Kacaetcs «2), y1), v2), TO, IpUHUMasl BO
BHUMAHHE, 4YTO Tenepb umeercss Oonblie THIOB Mepemen-
gblx, 9TH IIPABUJIA CTJlyeT COOTBETCTBEHHO W3MEHUTh.
<ad CUET pACHIMPEHUS mpaBUia o) HEJIb3ST BCE Ke IOJ-
HOCTbI0 OTMEHMTbL MNPE)KHee TMPaBUIIO a3). [lostomy K
CUCTEME OCHOBHBIX (opmysT HYKHO eme 100aBUTL Cle-
Aywoulee.,

Hycre G, G,, ..., G, — nepemeHHbIe KAKUX-TNGO TU-
ioBd,, a, ..., da,, F—nepemennas runa (a,, a,, ... , an)
A(G,, ... ,G,)—dopmyna, KOTOPAst COMle PYKUT CBOﬁO}lelé
gﬁgiMeHHHe G,,G,, ..., G,. Torga xaxaas dopmyJa

(&

(V) (EF)(G)) ... (G)(F(Gy, ..., G)~AG,, ... , G)

ABJIACTCSt 0CHOBHOW. IJru dopmybl (V) mpegHasHaueHsl
AJs1 TOro, 4To0bl 3aMeHSITL NPU  BLIBOJAX hopmyny co
CBGOO/IHBIMM  HCPEMEHHBIMM, NpencTaBIAnImyY0  37eCh

Cmynenyamoe ucuucAeHue 1€9

BCerjga HeKOTOPbIt WHAMBH/yaNbHbIL Npegukar, rnepemer-
HbIM MPEIUKATOM.

IMonb3ysicb MHAEKCHBIM CIIOCOOOM 3aIMCH, Mbl MOYKEM
dopmysel (V), aist KOTOPBIX ynoTpeGuTe/IbHO HAHMEHOBA-
Hue axcmomol c¢pepthiBaHuA  (Komprehensionsaxiom),
oropocuTh., K 1paBmiam BbIBOJA TOrAA IIPHUCOEMUHSIETCS
obobmenre npasuia 23) Y2KOT0 UCUHCIIeHUs NPeTUKATOB.
dopmyiibt (V) CTAaHOBATCS B TAKOM CJIyuae J[OKa3yeMbIMU.

Jpyrofi nyTh mocTpOeHUs] CTYNEHUATOTO MCUNCIIEHUS,
OTJIMYAKIIKIICA OT OMUCAHHOIO 3/1eCh, COCTOMT B TOM,
uTO NMpK GopMaIbHOM MOCTPOEHUH NPUHIKUIIMAJIBHO KIalyT
B’ OCHOBY TOJIbKO OJ{HOMECCTHBIE MPEIUKATHl PA3MHUHBIX
cTymeHedd. MmeHHO, MOKHO, Hampumep, no Kypamos-
cKoMY' paccMaTpuBarh ABYMeCTHBIA HHIVBUAYAbHBIN
IpeAnKaT KaK OfHOMeCTHbIH 1pejHKaT B 06JlacTH yropsi-
IOYeHHBIX Tap (X, ¥). YnopsipouenHad -mapa (x, y) onpe-
nensierca  (ecny MBl AJ18 ya00CTBA  MOJOKHM  31€Ch
B OCHOBY TEODETHKO-MHOMeCTBEHHBI C0oCo0 BbIpaXKeHUs)
KAK MHO)KEC1BO, 3JIEMEHTAMU KOTOPOTO SIBISIOTCS TOJIBKO
caegylomue 3a MHOMECTBA: MHOYKECTBO € X B KaueCTse
eJIMHCTBEHHOr0 3JIEMEHTA M MHOKECTBO ¢ X MU Yy B Kaue-
CTBe €IUHCTBEHHBIX 3JIeMeHToB. Ilnsi ompepesieHyust aTHX
MHOYKECTB WJIM COOTBETCTBYIOIMX MM IpeUKaToB Heo0xo-
AMM TONBKO ABYMECTHBLI MpeIHKAT TOKIECTBA, KOTophlil,

0/lHAKO, B CBOI0 ouepeab CBOJUTCA K OJHOMECTHHIM IIpe-
nukaram (cp. § 1 or10oit rmaswl). Mbl He MOLUIM 37€Ch
10 9TOMy NYTH B CTYI€HUATOM HMCUMCIECHHH, TOTOMY 4TO
P  TAKOM TOCTPOCHMM MHJMBMyasbHbBIH TpeauKar
F (%, ¥), KOTopblit 00bIYHO MPHHAJJICIKUT TEPBOM CTYMNEHH,
BLICTYIAET. KaK NPEIUKAT CPaBHUTEILHO BHICOKOIl CTYTEHH.
Ho B 0CTaibHOM orpaHuueHHue OfHOMECTHBIMY NIPEANKATA-
MU JlaeT HeKOTopblie (popmasibhble NpenmyinecTBa. Herpe-
THBOPEUYMBOCTh CTYNEHUYATOr0 UCUYUCIIEHMS JIErKO JLOKd3bl-
BaeTCs ¢ HOMOINBI0 HekoToporo obolwmeHuss merona, npu-

meHeHHoro B § 9, ri. 1%

1 Kuratowski, C., Sur la notion de l'crdre dans la théorie
des ensembles. Fund. Math. Bd. 2 (1921).

2 Cp. Tarski, A., Einige Betrachtungen iiber die Begriffe
der o-Widerspruchsfreiheit und der w-Vollstandigkeit. Mh. Math.
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§ 6. IMpumenenue CTYneHUATOT'0 MCYUCICHHS

Crynenvaroe ucuMcieHue MoXeT ObITh HKCIONIB30BAHO
TaKUM >Xe 00pa3om, KAk 3T0 ObI0 MOgpPo0HO W3JI0MKEHO
[Js1 y2KOro ucuucaeHus npeguxaros B § 11, rm. I,
JLJ1s1 BBIBOJA CJIECTBHUM M3 AKCUOM OMpeesleHHOM TeOpuH.
Mo cpaBueHMIc ¢ Y3KUM HCUMC/ICHHEM MPEIUKATOB Mb
UMeeM B 3ToM Ciyyae OoJiee HIMPOKYI BO3MOYKHOCTD
BoIpQ)KEHMsT akcuom U caenactBuit. TlosgcHHM Ha ogHOM
NpUMepe NPUMEHeHHe CTYNEHYATOro MCUMUCIIEHHUs,

Bosemem pnsi atoro olocHosarnue mespuu Oelicmau-
meabHblX 4ucen. JleHcTBATENbHBIE YUCTAa GYAyT NMPU 9TOM
BBCCHbI HE C MOMOMbI0 COOCTBEHHOW CUCTEMBI aKCHOM,
a OypyT cmejeHbl K pauMoOHAJbHLIM YMCTaM. Mel mpu-
HUMAEM, CJIeL0BATENIbHO, paluoHAJbHBIE YMCJA 34 CH-
CTeMy IIpegMeToB 006J1acTH MHAMBHAYYMOB U MBICJIUM cefe
BBE/IEHHBIMH TTOAXO/ANITNE AKCHOMBI J1JI9 OCHOBHBIX apud-
MeTHYECKNX OTHOMIEHUH B 00JIACTH PAUOHANLHAIX YKCe,
TaKUX, KaK cJlo)KeHUe, BbUMTaHUE, OTHOWEHUs Oojplle
M MeHbllie, U T. 1. B maTemaTuke ynorpebutesbHb pas-
JUYHBIe CHocoObl CBeeHUs eHCTBUTENLHBIX YMCENT K pa-
nuonanbHeiM. Haupumep, onpepensior geiicTBuTesbHOE
YHCI0 ¢ MOMOLbI0 KAHTOPOBCKOTO (YHpaMeHTaLHOro
psiia uan ¢ nomompblo OeCKOHeyHo#t pmecaTudHoi, coot-
BETCTBEHHO ABouuHOil ApoOu. Hns ycraHoBienus CBA3sK
¢ Jnorukodt naubomee MOAXOAAUUM ABISETCS METO[
Henexunpa. .

IMo fJedexunoy mbl onupepensiem aeiicTBUTENLHOE YUCIIO
KaK «CeueHue», T. €. KaK MoJpas3pesieHue palnoHalIbHEX
UnceNl Ha fABa Kjacca, €O CAeAYHUMMM  «CBOMCTBaMU
CCUEHM SN :

1. Kapplit 3 gByx KJACCOB CONEPHIUT MO MeHbliei
Mepe ¢0HO PalluOHAJIbHOE YHCJIO.

Physik, Bd. 40 (1933), und Gentzen, G., Die Widerspruchsfreiheit
der Stufenlogik. Math. Z. Bd. 41. (1936). I'enyex 1cnonb3yer T0bKO
YTO YIOMSIHYTOE MIOCTPOCHHKE CTYEHYATOrO CUHC/IEHUs, TPU KOTOPOM
ynoTpebasioTCsl  TONBKO ONHOMECTHBIE NpeauKaTh. IlepeHoc ero
METONA Ha HAUly CUCTEMY aKCHOM He MOPOXAAeT, OAHAKO, HUKAKHX
ocobbIx 3aTpyaneHuit.
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2. B nepsom kJacce He cymectByeT Haubospurero
pallMOHAJILHOTO YuCJIA.

3. EcaM HekoTopoe paumMoHaJIbHOE YHUCJIO IIPHHApJIe-
JKUT K HepBOMYy KJaccy, TO U BCe pailMOHAJIbHbIE YMCIIA,
MEHBIIME ero, TAK)Ke NPHHAMIKAT K MEepBOMy KJaccy.

Ilpu nogpa3peneHuu OMHUCAHHOTO pPofla Mbl MOYKEM
paccmaTpuBaTh BCErga TOJILKO NefBbIM M3 000UX KJac-
COB M B Takom CJlyyae MMeem [eJ0 C MHO)KECTBOM pa-
UHOHAJBHBIX YKCEJ, KOTOPOE MOYKHO IIPeACTABUTL IIPH
MIOMOIIM ONpeflesIAICIIero ero npeguKara.

Tlog pmedicTRATENbHBIM YHMCJIOM Mbl IIOHIIMaeM TOTAA
MHOYKeCTBO palHOHAJILHBIX uHces, pJIs1 KOTOpPOro cylie-
CTByeT oHpefessIomuil npepukat P, Y0BJIETBOPSIOWLUi
CNIeAVIOM TPeM YCJIOBUSIM:

1. (Ex) P (x) & (Ex) P (x)

[«Knaccw, onpegenennbe uepes P (x) u P(x), o6a ne
nycTeiey.]

2. () {P (x) — (Ey) (< (%, ¥) & P (y)))]

(«msi Ka)KAaoro panuoHaJ LHOro uucna, olyajgawumerc
ceoficteom P, cyuecTByer OoJibliee, KOTOpoe TaKie
obsagaer cBoicTBOM P».)

3. () {P (x) = ) (< (y, X) — P (7))}
(«Ecnu x obnamaer cBoiictBom P, TO U BCe MeHbIIHE
palMOHAJIbHBIE YpCIa Y TakKe o0safaet csoiictsom P».)

OTH TPU YCJIOBUSI BMECTE-—Mbl MOYKEM MbLCIHTB MX
COCTUHEHHBIMA 3HAKOM & — 00Pa3yHT «CBOICTBO CEUEHUSY
npeMKaTa. JT0 CBOMCTBO MpeguKaTa Mbl 0603HaUMM uYepe3
Sc(P). Hgpa npeguxata P u Q co ceolictBamu Sc (P) u
Sc(Q) Toraa W TOJILKO TOrHA MPEACTaBISIIOT OJHO U TO
YKe NeHCTBUTENLHOE YHUCIIO, KOrga MHOYKECTBa, COOTBET-
CTByfomgde P wu @, paBHbl, T. €. €CJAM BbINOJIHSETCS!
Aeq (P, Q).

Tenepp Mbl MOXeMm, npexjie BCero, BBeCTH OTHOLIE-
HUe BEJUMUHBI MOKJY [edCTBUTENLHBIMU uuciamu. Jlis
ABYX mnpepukaTtoB P n Q@ co cpoiictBom Sc BRIpaXKeHHe
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=(P,Q) nomKHO B6bITL paBHO3HayHeIM ¢ Imp (P, Q),
T.

e. ¢
(x) (P (x) — Q (x)).
Wnu, B dpopmynax:
Sc(P)&Sc(Q)— (Imp (P, Q) ~ = (P, Q).
Torpa BeickasbiBanue < (P, Q) npumercs ONpeeNIATh uepes

Sc (P) &Sc (Q)—> (< (P, Q) ~ (Imp (P, Q) & Aeq (P, Q))).

Mo)xHo moxasarth cpepcTBaMM MCuMCIeHHs!, uTo 06a 0THO-
weHnss = (P,Q) m < (P,Q) TpPaH3UTUBHL. PaBHbLIM
06pasoM MO)KHO BbIBECTH BCE JPYTHe CBOMCTBA, KOTOpbIe
XapaKTepHsl /11 OTHOIIEHHUST TOPSAAKA.

ClloyKeHne M yMHO)KeHHe feliCTBUTENbHBIX  4HCes
MOJKHQ CBECTH K CJIOKEHHI0 M YMHOXKEHMK) palHoHadb-
ueiX. [pepgukar

(Ey)(E2) (P (1) &Q (3) & (x = y+2))
NPEACTABISIET CYMMY, a MNpeguKaT

(EV)(Ex)(P (1) &Q (2) &(x=y - 2))
[DON3BeIeHHE MEHCTBUTENLHBIX YHCeN, oTipefesIeHHbIX Ue-
pea P uQ (x=y+zu x=y-2z ABIAOTCA 376Ch TPEX-
YWIEHHBIMM OCHOBHBIMM MNpeAuKaTamu B obnactu panmo-
HAJIbHBIX GHCENT). )

Tenepp Mbl MOYKeM 00bIUHBIM CHOCOOOM BBeCTH MIOHSI-
THA 02PAHUYEHHOCMU W1 MOYHOU eepXnell 2paHuybl MHO-
JKeCTBa - IEHCTBMTENbHBIX uuces. MpoykecTBo peiicTBu-
TEIbHBIX YHCeST MPEeACTAaBJIACTCS MPefUKAaTOM OT Npeji-
KatoB A(P), KoTopslil ymoBleTBopsieT yCJOBMIO:

(P)(A(P)—Sc(P) &(P) (Q) (A (P) &
Aeq (P, Q) — A(Q)).

To obcroaTenncTBO, yTo MHOYKecTBO A (P) neiicTBuTeNb-
HbIX YUCEN OrPaHuueHo CBePXy, O3HauaeT, 4YTO Cyuge-
CTBYET [elCTBUTENbHOE uYMCJ0, KoTopoe OOJblIe UM
paBHO KayKIOMY M3 UMCeJ MHO)KecTBa; B (opMysax 3To
BbIpAYKAETCS TaK: :

(EP) {Sc(P)&Q)(A(Q— =@, P)},
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BMECTO ~ 4€r0  Mbl JJIsl  COKDAINEHHS [HUILEM TaK)Ke
(EP)Sch(P, A) uiu cnoBecHo: CYI[ECTBYeT Yucio P,
NpEACTABIAWIICe BEPXHIOI TIPaHUUY MHOMXECTBa A.

Mul mpegnonaraem Ttarxe, uto A(P) copmepyXuT mo
KpaliHell Mepe OfNH 3JIEMEHT, TaK UTO HMEET MecTo
bopmyna:

(EP) A (P).

Teopemy o TouHO#t Bepxmelt rpanuie TeNEPL  MOKHO
ChopmyTMpPOBATL CIELYIOWUM 06Pa30oM: ecau HeKomopoe
MHOXCECTB0 QelicmeumenbublX Yuced UMeem 6EPXHION 2pa-
RUYY, Mo 0HO uMeem MAKyce HAUMEHbULYI0 6ePXHION
epanuyy.

MaremaTiueckoe noOKa3aTENLCTBO CYIECTBOBAHAA TOU-
HOM BepxHell rpanuubl, NPHUBeAeHHOE K npocreiiei
(bopme, coc10UT B TOM, uTO HIA paccMaTpuBaeMoro MHo-
YKECTBA JEHCTBUTENLHBIX YHUCESl, KOTOPOE SBJISETCA MHO-
JKECTBOM MHOYKECTB NepBod cTymenM, o0pasylr ux Teo-
PETHKO-MHOYKECTBEHHYI0 CyMMy (00besunenune). CormacHo
3ameyanuAM § 3 91Ol rJIaBbl, COOTBETCTBYIOIEe A(P)
¢Obeg HHEeHHE MHOYKECTB BBIPYKAETCH npefnKaTOM:

(EP) (P (x) & A(P)).

Mbl of03HauMM 3TOT mpemyMKaT CoKpaIEeHHO Vg (x, A).

Takum 00pasom, OTHOCHTENLHO TNpPeTHKATA Vg (x, A)
HY)XHO MOKa3aTb, YTO OH NPeACTABJISET AeHCTBUTEIbHOE
UHCJI0, KOTOPOE ABMISAETCST TOYHOH BepxXHel rpanuueil
MHO)XecTBa A.

Mpexpe BCero Mbl JOHKHBI JOKA3aTh, YTO MHOMe-
CTBO, oripefesicHHOe BbipaxkeHuem Vg (x, A), Boofne
SIBJIAETCA [eHCTBUTEbHBIM YUCJIOM.

MoyxHo nerko mokasath chauama, yrto Tpu CBOMCTBA,
o0befIHeNHblE 3HAKOM SC, HMMEIOT MECTO ISt Vg. Tlfu-
BelEM BbIBOJI IEPBOTO CBOMCTBA.

Uz
(EP) A (P),
(P) (A (P)—>Sc(P))
3aKJIpuaem:
(EP)(Sc(P)& A (P)).
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Tak Kak HMeeT MecTo
Sc (P)y—> (Ex) P (x),

TO UMeeM:

(EP) ((Ex) P (x) & A (P)).
MocreaHiow (QopMyJy MOyKHO npeobpasosath B

(Ex) (EP) (P (x) & A(P)),

(Ex) Vg (x, A).
PaBHbiM 00pa30M MOMKHO TOKA3ATh!
(Ex)Vg (x, A), 1. e. (Ex)(EP)(P(x)& A(P)).

3ameTuM nmpeykpe Bcero, uro 91y QGopmyiy MOXHO Tpe-
of6pa30BaTh K BUAY:

(Ex) (P) (A (P)— P (x))-

B cuny OpearosioykeHusi 00 orpaHuu€HHoCTH  MHOMKE-
cTBa A, uUMeeM:

(EP) {Sc (P)& (Q) (A(Q — =@, P))j-
Jlanee, UMeET MeCTO

S¢ (P) — (Ex) P (x),

T. €.

cJepoBaTENLHO!

(EP) ((Ex) P (x) & Sc (P) & (Q) (A Q) — = (Q. P))}-
W3 onpenenenns = (Q, P) JIerko mojyuaem:
= (Q. P)&Sc(Q) & 56 (P)— () (P ()= Q (X))
B npexnocnegaeir gopmyJile BbIPayXKEHUC
QAQ—=Q,P)
MOXHO 3aMeHUTH 1Ha

@LAQ— () (P 0—Q )]

HJIH e Ha

(x) (P (x) = (Q) (A (Q —> Q (¥)))-
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13 dopmysl
(EP) {(Ex) P (x) & Sc (P) & (x) [P (x) —
Q) (A@Q —Q ()]}

nojiyuaem rtorja:

(Ex) (Q) (A(Q)— Q (x)),

(Ex) Vg (x, A).
Stum st Vg (x, A) [ioKasano mepBoe CBOICTBO CEUeHMS.
. AHasoruuHBIM 06pasoM AoKashBawTes st Vg (x, A)
cBoficTea 2 ¥ 3 (Ha cTp. 201), TaK 4TO, CJEAOBATEJILHC,
umeetr mecro Sc (Vg).
Mpl moOKa)KeM Terepb

(PY(A(P)— = (P, V),

m. e. wmo Oeiicmeumensroe 4UCAO, coomeememeyroyee Vg,
ectnb GepXHASL 2PAHULA MHOMCECTE, onpedenentozo Pop-
myaoti A (P).

EciM Mbl IMOJICTABMM BMecTo Vg M = oINpefeiaiomne
BBIDOYKEHHSI, TO 8Ta (QOpMyJia NEpPEXOIHUT B

(P) (A (P)— () [P (x) = (EQ) (Q () £ A Q)]
a nocjie npeobpasoBanusg —B
(P) () (A (P) & P (x) — (EQ) (A (Q) &Q (X)))-

[MocjegHee BhlpayKeHHe MOMKHO PaccmarpuBath KaK dop-
MyJly, HOJIyqalomylocst B pesyjbTaTe NPUMEHCHHA aKCno-
mot (11, 2), cTp. 197.

OctaeTcsi eme Nokasath, 4To Vg (x, A) mpexcrabiser
HQUMeHbUL 10 BEPXHIOI0 TpaHully, WU, B dopmynax:

(P) {[Sc (P) & (Q)(AQ — = Q, P)1 == (Vg, P)l.

ECM Mbl 3aMeHHM 3[eCh CHOBA BCe COKpamenua mX
onpenesAcHUAMH, TO 1OJyYHM:

(P){[Sc (P)& (Q) (A Q) — () Q () = P ()] —>
— W) (EP) (P () & AP) —P ]}

T. €.:
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BoiHocst speck 3Hak ofmuocTd (X) Bhepes, Ml HoJydyaem
TAKUM 006pasom:

(P) {[Sc (P) & (x) (Q) (A(Q) &Q (x) — P ()] —
(M (EP)(P' () & A(P)— P ()}

9Ty GOopMyJly Mbl MOKeM BLIBECTH C MOMOIbI0 0600-
menus gopmyner (22), cip. 10].

[puBeeHHIX NPUMEPOB JOCTATOYHO, UTOGHl MOKA3ATH,
YTO CTYIEHYATOE MCUUCJIEHUE FIBISETCS MOAXOAAUIUM CPel-
CTBOM IJIS1 BhIpaKeHUS Croco0OB 3aKJIIYEeHUs] B aHAJIM3e.
TlosiHoe moctTpoeHne OCHOB MATEMATHUKH C MOMONBIY CTY-
MMEHYATOro0 MCUMUC]IEHHA paHo YaiimxedoM u Pacceaom’;
9TO MOCTPOeHHE, MNpPaBAa, YCIOKHeHO Ges Ha,uOﬁHOCTI/I
brarogaps ynotpe6ieHnI0 pasBeTBIIEHHO} TeOpMH THIIOB,
ynomsiuyTod B § 4. OpHako HCKIIIOYEHME 9TOH TEOPHU
M3 [IeIYKUHH aBTOPOB He MpPEeACTABIAET HUKAKHX OCOOBIX
1PYAHOCTE}A.

! Whitehead, A. N., and Russell, B., Principia Mathematica,
2 ed., Cambr;dge, 1925—1927

NPUJIOKEHMU &
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§ 5. MeToR cTyneH4aToro McuucieHus

V3 npoTiBOpeuuil, KOTOpble Mbl YCTAHOBUIJIU, CleAyerT,
YTO0 Hall MeToJ (OPMAJbHOrO ONEePUPOBAHUS OLIMOOYEH.
Ommbra 3Ta MOrja BO3HUKHYTb JIMIIb U3 TOro 00CToATe b~
CTBA, YTO NpHU pacluMpeHUH IepBOHAYAIbLHO YCTAHOBJIeH-
Holt st (Y3Kore) OyHKLIMOHANLHOr O MCYHCIIEHHS 2 CHCTeMBl
AKCMOM MBI [Ie[CTBOBAJU HeJ0CTATOYHO GCTOPOXKHO.

UroObt Ipy HeGOXOAMMOM UCIPABJIEHHHY MeTOJa 3aHATD
ApaBWibHble NO3ULIUHK, BCIOMHUM ellle pa3 GCHOBHOE,
yTO C/leJIaHO HAaMM NPU pACIIMpeHUM HCYUCTeHUT. Mbl
U3JI0KHM 37AeCh coof0pajkeHus Yalitxega M Paccena.

B nepBoHa4aJibHOM MeTofle HCUMCTieHM st (QyHKUME Mbl
NPUHSJIM CHCTEMY MJIM HECKOJbKO CUCTeM WHIAMBHIYYMOB
KAK 3apaHee JaHHbLIe, M ONepupoBaHUe ¢ HepeMeHHbIMH
(B 0cO0EHHOCTH C KBAaHTOpamu) IpUHoGpelio CBOe JIOrHYe-
CKOe 3HayYeHKe 4epe3 OTHOLIeHUE K TAKUM COBOKYIHOCTSIM
VMHIUBUAYYMOB. PaclivpeHue >Ke HCUYMCIIEHUS COCTOAIO
B TOM, YTO Mbl CTaJM paccMaTpuBaTb U BHICKA3BIBAHHA
M NpeJUKaThl KAK UHANBUAYYMBI ¥, TAKUM 06pasom, pomy-
CTHJIM CUMBOJIMYeCKHe BBIPA)KEHHs, JIOTMUEeCKUH CMBICT
KOTOpBIX TpeOOBAJ MNpUBJIeYeHHUs] COBOKYIMHOCTH BbICKA-
3bIBaHUi (COOTBeTCTBeHHO (¢yHKIM).

Ho B peifictBuTeNbHOCTH Takol cmocod ofpamesns
COMHUITeJIeH, NOCKO/IbKY NPH 3TOM HMEHHO Te BbIpayKeHus,
KOTOpPBle IOJIYyYalT CMBIC JIMIIL Yepe3 OTHOLIeHHe K COBO-
KYIHOCTM  BBICKA3bIBAHMH (COOTBETCTBEHHO  (QYHKLHK),
B CBOI0 OYepe[b MNPUUMCIISOTCS K BLICKA3bIBAHMAM WJIH

QyHKUMSIM, Me)KLYy TeM KakK, € JpPyroid CTOpOHBI, UTGOBI

1 M3 nepBOro u3paHnsl 3TOH KHUCH.

2 B ncpBom 1I3BAHHM [IPeMKAThl HAa3blBAJIUCh JIOTMUYECKHMU
QYHKIMAME M HCuUCTIEHHE MPeIHKATOB—OYHKIMOHATBHBIM HCYHC-
aeadem. (MMpum. ped.)
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HMeTb BO3MO)XHOCTb CCbUIATbCS HA COBOKYITHOCTH BbI-
CKa3blBaHWUM Wau (QyHKUMH, MbI JOJDKHBI PacCMATPUMBATH
TICCJIEIHION KaK  3apaHee OMpefleieHHYI. 37eCh Hepej
HaMK, Takum o0pa3oMm, HedTo BpoJe JIOTHYECKOIr0 Kpyra,
M MBH ¥MeeM OCHOBAaHMe NpejnojaraTh, YTO 3TOT KpYyr
SABJISETCA MPUUMHOM NAapajgoKcoB.

Takrm o0pa3oM, eCJu MBI He XOTHM OTKa3aTbesl OT
BO3MO)KHOCTM MpPUHUMATH BHICKA3blBaHUS U (QyHKUMH 3a
3HAUeHUS APryMeHTOB JIOTHYeCKUX (PYHKLMHA, BO3HUKAET
3ajjaya TaK npeobpaszosath (opmanbHoe ONepHpOBaHUe
C e peMeHHbIMM 3HAKAMHU BhICKa3bIBaHUH ¥ QyHKUniH, YTCObI
COMHHTe/IbHBle 00pa30BaHUsT COBOKYMHOCTe#d BBICKA3bI-
BaHUit uan QyHKUMH OBLIM MCKJIHOYEHHI.

Ipecnefyst 3Ty MbICJb, MBI MPUXOJUM K TaK HAa3bl-
BaeMOH meopuu munes WM CMyneHuamomy UCHUCAEHUKD
Yaitxema u Paccena.

B oroif Teopuud Mbl MO)KeM DPa3JMUHUTL ABe pa3Hble
TOUKHU 3peHMsi. [lepBas COCTOUT B TOM, YTO BCe, UTO MOXKET
OLITh MOJCTABJIEHO HA NMycToe MeCTo PYHKIMM B KauyecCTBe
ApryMeHTa, MMeEeT COBepilleHHO HHON Xapakrep, YeM Cama
pyHkumst. JIna XapakTepuCTHKH (QyHKUMH He00X0AUMO
YVKA3aHHe ee ofyacTtu olpefleleHus. COriacHo Hallemy
NPUHIIY, HHYTO, 3aBUCAllee OT camoll (QYHKUMH, He
JOJDKHO B TaKOM CaydYde NpUHAjIexarb K obiacta ee
onpefeneHrsi. Takum 06pasoM, Mbl IPUXOAUM K HEKOTO-
POMY COOTHOLIEHHI0 MeKAY TOHATHAMM, KoTOpble Pacce
HaswiBaeT uepapxueli munos. K mepBomy TUMy NplHafle-
YKAT HMHIMBHYYMbl [epBOHAYAJNbHO JAHHBIX cucTeM. Ko
BTOPOMY THIY MPUHAAIEKAT HHAMBUAYa/IbHble IPeIUKATEL.
Boobme, x (n-+1)-my THmy HpUHAAIEKAT Takde JOrude-
CkMe (QYHKIMH, BCe APryMeHTHl KOTOPBIX WMEIT THIL
=N W N0 MeHbIIell Mepe oAyH—THN 1. Ha kawjoe mycree
MecTo (YHKLUM MO)XHO MOACTABJIATL TOJBKO TaKHe Ipel-
MeThl, KOTOpble MMEIOT TUIl COOTEETCTBYHIIEro aprymeHTa.
CooTBeTCTBeHHBIM 00pa3om ynorpebsicHMe KBAHTOPCB TaK-
Y& OTHOCHMTCS JIMIIb K COBOKYIHOCTH, UMeHUIeH TOT XK
THIL.

Kpome aroit mubican, VYaiirxep #1 Paccesl UCHoAb3yloT
ellle OfHY, HAYUyl0 JAanbile. eHCTBUTEJBHO, MOXHO

14 cenosu TeopeTuYecKol JIornkn
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COMHeBaTbCAA M B IpaBe ofmiero ynorpebaeHus BbI-
pakeHMid, Bpofie: «IAs BCeX HMHAMBUJYAJbLHBIX [Mpe-
JUMKAaTOB», «CYlleCTBYeT WHAMBUAYadbHbIA mNpeguKaTy,
¢[UIs1 BCeX BLICKAsbiBanWiy. Bo3mo)KHO, 4YT0 B  ompe-
AeJleHve KaKoro-vuOyab WHAMBUAYAJIBHOTO  IIpefAMKaA-
Ta BXOJUT KBAHTOP, KOTOPOMY COOTBETCTBYeT Tiepe-
MeHHast It MHAMBUJYaJlbHBIX TPeIUKATOB, T. €. MHBIMU
CJIOBAMU, YTO WHAMBUAYAJbHBIA IpefuKaT oNpefeieH
Uepe3 OTHOUIeHHE K COBOKYNMHOCTH BCeX MHAMBM/YaJIbHBIX
NpeJIMKaToB.,

Wnn pacemorpum Apyroit cnywait. [Mpeancoxerne «Bce
BLICKA3bIBAHUSA HJIM MUCTHHHBI KM JIO)KHBDY CaMO eCTh
TO)Ke BbICkasbiBaHWe. Ho, ¢ Apyroif CTOpoHbl, 3TO BbICKa-
3blBaHUe ONpejieJieH0 Yepe3 OTHOIIEHHE K COBOKYIHOCTH
BCeX BbICKa3bBaHMA. YT00bl M 3fech U3bexartb Kpyra,
npe/laraeTcst CAeAyWIIMH MyTh.

Mur MbiciM cefe, npe)xe BCero, YTO aHa ONpe/iesteH-
Hast ¢0sacThb MHAMBHAYYMOB M B Hell HeKOTOpble OCHCB-
Hble NpeJMKATBI. ITH OCHOBHBle (QYHKIMH MOTYT UMeThb
CUeHb HarnsfHyw I1pupoay. K orci mepsoHauajbHCH
c6acTd Mbl NpHUMeHsieM y3kOe OYHKLIHOHAJIbHCE MCUM-
ClleHHe W 1moJjydYaem, Takum obpas3om, meopuio «nepgoil
cmynenuy. TIpeauKaT 3Toi NepB o CTyNeHY sBJISETCS JIOTH-
"UeCKOH (QyHKUMeH OAHOr0 WM HeCKOJBKHX aPryMeHTCB,
KoTopast Mo)KeT ObITh 00pa3cBaHa K3 OCHOBHBIX NpefH-
KaToB C MOMOLIBI JIOTHYeCKUX ONePalluil «», «HJIU», (Hep,
«eCJIM—TOY, «BCe» U «CylecTBYeT» . CaMo co6oii pasymeeTcs,
YTO ONepalM (BCe» M «CYWECTBYeT» OTHOCSTCS 3[eCh
TOJBKO K HepBOHAYaJbHOM o00JaCTM  UHAMBUIYYMOB,
3anoyHAs NMyCThle MeCTa (YHKUMN MepBOH CTYNEHM MM
nomewas nepef HUMH KBAHTOPLI, Mbl MOJIyYaeM BbICKa3bl-
BaHUA MNepPBOH CTYIeHH.

Temeps MBI IICCTPOUM TeOPUIO -BTOPOH CcTymeHH. Mbl
paccmatpuBaeM QyHKUMM H BEICKa3bIBAHUSI NePBOH CTYNIEHH
KaK HCBYI0 00JaCThb WHAMBUAYYMOB, KOTOPYI0 MbI IIpU-
CCeUHsIeM Kak Clefylinyro obsacte k ofyiactd MepBo-
HAYaJbHbIX MHAMBHAYyMCB. Ecau mbl OepeM 3a OCHCBY
paclMpeHHY0 TakuM c¢0pa3soM CUCTeMy MHAMBUIYYMCB,
TO MBI MO)XeM TOr/la OrpaHUYUTBCS 00JIACTBI0 QYHKUMIM
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M BBICKa3bIBAHHN «BTOpOR cTymenu». OTiMuve oT mpe-
AbILYiliero COCTOMT Tellepb B TOM, YTO apryMeHTHl JIOTH-
YeCKHX (QyHKIUHA, paBHO KAK 3HAKU OOLIHCCTH ¥ Cylie-
CTBOBAHWA, MOrYT OTHCCUTBCS He TOJBKO K fepBOHA-
YaJIbHBIM MHAMBHAYYMAaM, HO M K IpeayKaTaM W BHICKA-
SHIBAHHAM HepBOH CTyIeHH.

ITone6Ho nepexoiy OT MepBOH KO BTOpPOH CTYIHEHH,
MO)XHO COBEpDUIMTh TAKOKe MepeXO[, K TpeTbed M K Golee
BBICOKMM CTYIHeHSIM. :

C moMOmBI0 3TOr0 MeTOfla CTYNEHYATOrO MCUUCIEHHS
Mbl MOJIy4aeM BO3MOMKHOCTb, C OJHCH CTOPOHEI, CJeJaTh
BCSIKOe BCTpevalolligecst BbICKA3bIBaHWe, CBOWCTBO MM
OTHOINeHHE TpefMeTOM Cy)KieHHst; C APYroi CTOPOHHI,
Mbl OKa3bnlBaeMCsi 130aBJigHHBIMM OT COMHUTeJIbHOrO Ofle-
PUPOBAHUST C COBOKYITHOCTSIMH BCeX BBLICKA3BIBAHWHA WU
QyHKUM#A, TaKk Kak [JONyCTUMBl TOJbKO TaKue BbIpa-
JKeHUS], KOTOpble IMOJy4alTCA MyTeM NOC/Ief0BaTe/IbHOTO
00pascBaHusA CTyIleHel, U TaK KaK AJIS TeOPUM oNpe/eieH-
HOM CTYymeHH COBOKYHHCCTb IPeAIMETCB, K KOTOPHIM OHa
OTHOCUTCSI, OrpaHuyeHa.

Uro6Bl 0T00pA3UTE B Halllel CUMBOJIMKe pas3Jjinurie CTY-
neHed, Mbl CHAOIMM BBICKA3bIBAHUMSA M (DYHKI[HU UHCIOBBIMU
UHJexcaMu. OT0 0G03HAYeHMe HY)KHO MOHMMATb B TOM
CMBICJie, 4TO o0nacTbh 3HAaueHWi 3HaKa BBHICKA3LIBAHUM
Xn vy 3Haxa QpyHkuuu F, orpaHuyeHa TAKUMH BbICKa3bl-
BAHUSIMM HJIM (QYHKUHUAMYU, KOTOPble Co/le pyKATCsl B TeOpPHU
n-i crymeHu. OT KaKA0ro BBEIPAYKEHUS!, KOTOpCe JODKHO
IIPeICTABNIATL BBLICKASLIBAHHEe WJIM ONpefesleHHYI0 (QyHK-
U0, MBI Temepb  TpeOyeM, UTOOB KO  BCSIKOMY
BCTpeyal0IleMyCA B HeM 3HAKY BLICKA3bBAHUS M 3HAKY
Gynkumn ObuUl mpUCOeIUHeH HWHAEKC. 3HAK QYHKIMH
Iosiy4yaeT Bcerja OoNbINMH HMHAEKC, UeM KayKAbI H3 ero
APprymeHToB. 3HAK (QYHKLUMHM C MHAeKCOM | Bcerjia uMeeT
B KayeCTBe apryMeHTOB NpelMeThl [ie pBOHAYabHOMN
00/1aCT HHAMBUIYYMCB, :

Hawy akcuombl coBnafawt ¢ aKCHOMaMU Y3KOro yHK-
OMOHANBHOTO VCYUCJIEHUsl., HyXHO TONBKO npu NpuMe-
HEHHH aKCHOM CHASIuTbL IMepemeHHble, ©Oo3Havalcmye
BLICKA3bIBAHHA ¥ (YHKUWM, HHAEKCaMH., BmecTo aKcH-

14%
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OMBI (€): (X) £ (x) — F (V) MBI MMeeM MPABHIIO IS AKCHOM:
BCAKast QopmyJia BHAA:

(x) Fr(x) — F, (J’),
(Ap) Fm (An) —~ F, (B,) ((m > ny)
(G,) Fu(G,) — Fp, (H,)

MOMET ObITb HPUHATA 3a aKCHOMY; IPH 3TOM A, u B, —
IIEDEMEHHLIC BbICKA3blBaHUsA, a G, M H,— nepemenHble
O YHKUIUH, Coorpe1cTBYIOLICE CPABEIUBO T4 AKCHOMbI f)
U npaBuma 7).

[pu noacradoBke HY)XHO CJIeAUTb 3a TeM, uTOOk
BMECTO  MEPEMEHHBIX ISl BHICKA3BIBAHMN W hyHKUMH
NOACTABIIUCE TOJIBKO TAKHME BHIPAYKEHHST /JIS BBICKA 3bi-
BAHUH M (hyHKUMH, KOTOpbIE TIPUHAUICHKAT K TOI Ke miu
meHblieil ctymenu. Tlpy 3TOM MHpEKC BHIPayKeEHUS orpe-
FRIACTCA  ClCAyrmuM 00pa3oM: eciM 17— HAKBBLICW ML,
BCTPEUANOMMHUCS B BbIPA)KEHNU MHIEKC, TO WHIEKC BCEro
BLIDA)KEHUA paBeH 1n1--1 B TOM cinyuae, eGId HMEETCS
KBAHTOD, NPWHANJIEXAIMA TMEPEMEHHOH C MHJEKCOM n;
B IIDOTHBHOM CJlyuae MHIAEKC BLIPAYKEHUSI paBed n.
B (ynKunonanbHLIX BRIPOKEHEAX OmpesesieHue HHJeKca
34BUCAT €ll€ OT TOro, 4T0 CYUIAETCS apTYMEHTOM COOT-
BETCTBYIOWIETO BhIpKeHUst, [IpuMeHsisics K cayuyalo, 37ech
IPUXOMUTCA YBEMUYMBATD MH/IEKC M0 TEX IIOP, I0KA OH He
CTaHeT O00JIbHIE MHJIEKCA BCEX API'YMEHTOB. Hanpumep,
(yHKIMOHANIbHOE BbIp@KeHne F, (X) ~ G, (x) sABnAAeTCA
PEIMCTHBIM [IPEJUKATOM IIEPBOH CTymeHH, HO (yHK-
nueil  GyHxuuii  Bropolt crynenu. Tipu  ycraHoBeHUM
MHJICKCA HEKOTOPOro BBIPAKEHHST K UMCIY BCTpedale-
HIUXCST MHACGKCOB HYKHO MPUYMCAUTL TalOKe BCE Te,
KOTOpbIE, MOXET ObiTb, MMEIOTCS B ONpejefieHMM 3HaKa,
UCII0JIb3YeMOr'0 JJIs1 COKPALIEHHS.

Taxum o6pa3om 060CHOBBIBAETCS HOBast bopma ucyu-
CJICHVSA — cmynendqmee ucqucaenue, NpencTaBisAiice cC-
00it pacmupeHHe mnepBOHAYATILHOTO (YHKIIHOHANBHOTO
HCUUC/ICHUA, TAK KaK MOCJeAHee 3aKAKUYEHO B HEM B Ka-
Y€CTBE TEOPUU NMEPBOM CTYIIEHHU; HO B CPABHEHUM C HAlllUM
NPEAIECTBYMWHAM paciuMpeHHeM (YHKIIMOHATIBHOTO WUC-
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YUCJIEHUs, HACTOSIIEE PACIIMPEHHE CYIIECTBEHHO Orpa-
HUYHBaer (QopmasibHble CIOCOOL OHEPUPOBAHMA.

Tlpewae Bcero yOenumcsi, 4TO ¢ nNOMOWbLIO cmyneH-
4Qmo20 ucqucAeHUR YCMpanAlomesa gelcmynawujue ¢ napa-
Ooxcax npomueopequsi. ECIU Mbl PACCMOTPUM € 9TOH TOUKU
3peHysi TPU TIPUBEIEHHBIX HAMM NAapagoKca, TO OKA3bl-

‘BaeTCA CJeAyiouiee:

B nepBomM mnapajokce 0Tmaj2eT BO3MO)KHOCTL OIIpe-
[€N17b NPUMEHUMYIO KO BCEM TNpejiuxatam P QyHKUHI
Pd (P). Eciu mbi Bo3bMeM BMecTo Hee dyuxuuio Pd (P,)
¢ KaKUM-HuOynb ONpeae/IeHHBIM YHUCJIOBLIM 3HAYEHUEM n,
TO OHA yKe He NPUHAJNEKUT Bosbiie K TeOPUH n-i
CTyDeHH; T10 e BepHo piaa Pd (P,). Tosromy Pd He
MOXKET pPacCMaTPUBATBLCA B KayecTBE 3HAUEHHS apry-

‘menTta P, pust Pd. Taxum ofipasoM, Belpa)<enue Pd (P_d—)

BooOLEe He MO)KeT ObITL 00pas30BAHO.
Bo BTOpoM mapamoxce BhipayKeHue

(X) (Bh (X) — X)

COREPYKUT KBAHTOP BCEOOIHOCTH, OTHOCAIMMICH K COBOKYII-
HOCTH BCEX BbICKasblBaHui. Ecjv mbl Temepb, B cooTBer-
CTBUU € TpcOUBaHUEM CTYNIEHYATOr 0 UCUMCIIEHUS, OTPaHu-
uyuM 06J1acTe M3MeHenust X Kawoii-HUOY[b OnpefesIeHHOl
HAUBBICUIEH CTYMEHBLIO, NPUMUCHIBASE 3HAKYy X HMHIEKC 1,
TO O1arogaps aToOMY BCe BhICKa3bIBaHUE GyAeT ONpeaesieHo
Kak Boiparkenue (11 + 1) crynenu. B cuny atoro, B popmyse

(Xa) {% — (Bh (X)) — X,)}

Boipa)Kenne A He MOKeT ObiThb B3SITO B KayeCcTBe yact-
HOro 3HaueHUss X,, TaK YTO Mbl He MOXKEM IIPHUTTH

K dopmysie A-— A. EnparkasAchb COAEPIKATENILHO: eCIIH
Mbl, Yro0n He TOBOPUTL O COBOKYIHOCTH BCEX Bbl-
CKashiBaHMM, NPUAALMM CJI0BaM Jiuna S W3MeHeHHbIHA
CMbicl: «Besikoe yTBepyKpeHue mepBoii CTyNeHH, KOTOpoe
P MPOMSHOCUT B MPOMEXNYTOK BPEMEHH f, JIOXHO», TO
9T0 HPEJIOKEHUE MOMKET ObITh IHMPUHATO 03 MPOTHUBO-
peunsa 3a MCTHMHHOE, TaK KaK OHO y)Xe o0pa3yeT yTBep-
)Kpendue BTOPOH crymeHH. AHAJIOTHYHO OBGCTOMUT [eJIo,
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ecan B pOpMY IMPOBKE U3PEUCHHST LA B BMECTO ¢y TBEPHK-
JleHUs MePBOM CTYMEHM» CKa3aTh: «yTBEPIKIEHUE Camoe
boapiee BTOPOil CTYIEHM» MM  «YTBEP)K/ICHME CaMoe
Gosbiuee TpeTbeil CTymeHu» U T. 1.

B TperbeM mnapajoxkce B OHATHH CHUMBOJIMUECKM
OTIPEREIAEMOI0 9UCHA (UrypupyeT OTHOIIEHHE K COBO-
KYIMHOCTH BC€X NPEIMKATOB, YTO B BHIPAYKEHUH [/l NpE-
Auxata Dsc(x) ofnapyxuBaeTcss mpHM mosBJEHHYM 3HAKA
cymecrBoBanusi (EP). Eecnu mbl yTouHuM 37€Ch 06pa3o-
BaHME MOHATHIT B CMBICJIE CTyMEHYATOr0 HCYIUCIEHHA U,
BMECTO 10r0 9T00b FOBOPHTL MNPOCTO © CUMBOJMYECKH
ONPENEIAEMOM  9HCTIE, YKAXKeM TOYHO, KAaKoil HaMBbiC-
WeH CTymenu 7071 KHO ObiTb ONpPEAEJISTWOILLEE BLIPAK EHUE,
TO HE NOMYYIUICS HUKAKOro MpoTHBOPewusi; ubo camoe
MeHblee W3 uMces, KOTopoe B XX CTOJETHH He oIpe-
JICJIEHO BhIpaXKeHHEM camoe Oosibliee 17 CTYHEHHU, ompe-
ACJIACTCS, MPaBAa, 3TUM CBOMM CBOMCTBOM; HO MPU 3TOM
ONpEfEIAIONICe BbIpa)KeHHe MPUHALIKUT yrKe (14 1)-i
CTYIEHH.

§ 6. HenocraTkn cTymeHYaToro McdaMcneHUS

Mer BuanM, 9TO ¢ NMOMOWBIO OrpaHMuYeHHS CTymeHei
Halle pacUIMpeHHOe HMCYIMCIIEHUE OCBOIO)KAAETCS OT Mpo-
THBOPEYHH, ¢ KOTOPLIMM OHO OBLIO CONPSHKEHO IpPU He-
OrpaHMYEHHOM Crocobe onepupoBanus. Tenepn clpallii-
BaeTCs1, OHAKO, HE CJIULIKOM JIM CYXKUBaeICsl TaKuUM ofpa-
30M ucuucsieHHe. Mbl gon Hel, Hanpumep, TpedoBaTh OT
UCYUCTIEHUs1, wToObl OHO [aBajic HaM BCe Te Crocobol
3aKJIIOYEHNS, KOTOPBIE MI'PAKGT CYI[ECTBEHHYK DOJb AJIA
050CHOBaHUSI MATEMATHKH.

B 9TOM OTHOImIEHMH HAM MOXKET MOKA3ATHLCS IOAO3PHU-
TeJIbHbIM Y)Ke TO 00CTOSsITeNIbC!BO, YTO Mbl HATAJIKUBAEMCS
Ha TPYAHOCTL HIPU HallleM onpeceserutt moyciecmea. [leid-
CTBUTEJIbHO, TaK KaK B ONPEAENISIOUIEM BLIPAXKEHHUHU
(FY(F(x)~F(y)) x 3Haky dyukuuu F HOMKEH ObITh
NPHCOETHHEH HHIEKC, TO BMECTO OJHOro OTHOUIEHUS TO)K-
AeCTBA Mol MOJIyuaem, B 3aBUCUMOCTH OT Bulifopa HH-
NeKca, pas/IMIHBle NMpPeaMKaTh: =, (X, ,), =,(X, ¥) UT. .
JT0, MpaBja, He BLI3LIBAET OCOOBIX COMHEHWIA, 1noToMy
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YTO BCE 3TU PA3JIMUHbIE TPEIUKATH 1A OMHHX M TeX e
map 3HaueHui X, Y OHOBPEMEHHO BHITOJIHATCS, COOTB.
je BLIMOJHAKTCA. ITO MOKHO YACBMTb C€d€ CJieayIonm
odpasom:

Mpesxkae BCero sCHO, YTO /A KKAOro 1 M3 OT-
HOILLIEHUS .

(Frs1) (Frga(X) ~ Fpn.y §2))
CJ]EJ]_yET OTHOUICHHUE
(F.)(Fr(x)~ Fr (),

TdK Kax o6jacTh 3HaueHu#d F, 3aK/wdeHa B oﬁnacnf
sHaweHu#t Fp,,. MOKHO, cJefoBaTe/bHO,  A0Ka3aTb:

=pa (X, Y) == (x, V).
CnpamuBaeTcs, CHOpaBejuBO JU H of paTHoe:
= (X, ¥) = =a.. (X, ¥).

He BHOCST CYI[ECTBEHHOMH ClelMann3ainu, Mbl MOYKEM 0Ipa-
HUUYUTLCS CHydaem = 1. Mbl MO)KEM TOT[a YCMOTDETDH
CIPABEAHBOCTD TPEUIOKEHNS CORCPIKATEIbHEIM IyTCM
TaK: NMPERUKAT, OTHOCAWMIACA K IpeamMeTaMm, MOXKET OKd-
3aThbCA BHIPAYKEHMEM BTOPOH CTyNeHH Juumb Grarojaps
TOMY, 9TO B HEM BCTPEUAlOTCS KBAHTODH, npUHAJIEKAUe
MePeMeHHbIM  JUISL  BbICKA3bIBAHMK  WJIn cpym(uuu.‘ s
TaKoro NpesuKaTta Mo KHO BedpaTh ¢GopMy IpeacraBiie-
HMS Tak, 9ro0bl 3TH KBAHTOPBI, PaBHO KaK W Te, KO-
TOpHE NPUHAJIEIKAT TNPEAMETHHIM NepPeMeHHBIM, CTOAJH
BHAuaJe, a 3a HUMHU CJejoBaji0 BhIpa)KeHue, KO10pOe,
KPOMe apryMeHTa, MOJJIEKAlIero BHPaXKeHUIo [pefuKaTa,
cogepyxano Obl B KayecTBe aprymeHToB TOJILKO ipu-
HagJIeKAmMe K CTOSMIUM CIepeadt KBAHTOPAM 3HAKM Bhl-
cKaspBAHUN ¥ QYHKUMHA U MPeAMETHBIE NMEPEMCHHDIE. Bui-
pasum, Hampumep, 3TOT MPEAUKAT B dhopme:

(E2) (F,) (EG,) @ (F, G, 2, %).

CorJylacHO, HAlIEMy JONYLIEHHUI0 OTHOCHTENbHO ‘D; fapeau-
kat ®(F,, G,, z, x) nepBoit cTynenu, ubo on 00pa3oBaH
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u3 Nof00HBIX MPEeAMKATOB ¢ noMompbro omepauuit &, \/,
» —>. 3 ==, (x, ) cnegoBano 65 B Takom Ciydae:

@ (Fy, Gz, )~ O (Fy, Gy, 2, 9).

Tak kak 9TO CNpPABEMJIMBO Il BCAKOTO Npefuxata F,
U G, nEPBOH CTYNEHU W JUIST BCSKOIO Z, TO Mbl noJyyaem:

(Ez) (F,) (EG,) @ (F,, Gy, z, x)
~ (Ez) (F,) (EG,) ¥(F,, G, z, ¥).

To e paccyenne MOYKHO NIPOBECTH A BCAKOTO 9acT-
HOTO NpejuxaTta BTOPOH cTymeHu. Taxum obpa3om mo-

Jygaem:
(F) (F. (x) ~ F. (y)),

T. €0 == (X, ¥) = =, (x, ¥) A0Ka3aHo.

OTOM  DACCYHKJICHMH €CTb HeuTO HeyJOBJIETBOPH-
TEJIbHOC, TIOCKONbKY OHO He BefleT K ()OPMajbHOMY Bbi-
BORAY (opMysnl =, (x, y) — =, (x, y) u3 akcuom. Ho Bo
BCAKOM CJlydae CHO BCe jKe TOKA3BIBAET, 4TO B pPasJiH-
UCHMM OTHOWICHHH == (X, J) ele HET NPHHUKNUANLHDIX
3aTpy/ HEHUIA,

CymecTBeHHble TPYIHOCTH BOSHHKAIT, 0JIHaKo, Mpu
HONBITKE BBIPA3UTb B HALIEM MCYMCJIEHUM MOKA3ATENbCTBA
TEOPUH MHOXXECTB W 4HAMM3A. Y)Ke HPU MOMBITKE U3J10-
KUTh HA ASbIKE HAWIEr0 HCYMUCJICHHUST KAHTOPOBCKOE JOKA-
3dTCJIPCTBO  CYIIECTBOBAHMA HECUYETHBIX MHOMECTB MBI
HATAJIKMBAEMCs HA TIOOOHYI0 TPYAHOCTL. BMeCTO MHOIKe-
CTBA BCEX MHOKECTB HEJbIX YMCEJI, COCTABJSIOWEro Npo-
CTCHIUMM NPUMED HECUETHOr0 MHOXKECTBA, 3/1eCh HYIKHO
paccmMaTpuBaTb MHOXECTBO BCeX IPEIMKATOB, OTHOCS-
IMXCA K LeJbiM 9uCIaM, Kak K npeimeram. [lpu arom
COBOKYNHOCTH 3TUX MPEAUKATOB HYXXHO OrPAHHYUTD, HO-
CKOJIbKY 1O CMBICJIYy CTYHEHYATOr0 MCYMCIEHUS Heslp3s
TOBODUTL TIPOCTO 0 MHOMCECTBE BCEX WHMCJIOBBIX IpefH-
KaToB. HampoTup, [l NpeguKaTos, KOTOpBIE HOJIAHBI
DBITH 97IEMEHTAMH PACCMATPHBAEMOr0 MHOYKECTB4, HY)KHO
YCTAHOBUTL HAUBBICHIYK) CTYIIEHb.,

Ecnu n—seiGpantoe uicoo, YKasbBawuiee CTymneHb,
TO MBI HO/DKHBI UMETh [1eJI0 ¢ MHOMECTBOM BCEX YHCJo-
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BLIX NpPEIUKATOB, He Bbllle 7-d CTYIeHU, U peub UOeT
0 TOM, 4TOOBI JOKa3aTh HECUETHOCTb I3TOTO MHOYKECTBA,
T. €. 1I0Ka3aThb, YTO €CAM KakuMm-HUOyab o6pasom BCA-
KOMY LEJIOMY UMCJIYy OFHO3HAYHO COOTHECTHU INIpeauKaT
H3 9TOr0 MHOYKECTBA, TO CpPegd COOTHECEHHBIX IpeauKa-
TOB BO BCSIKOM CJy4ae OKaXYTCsl He BCe NPEIMKATb
MHO)KECTBa.

JKenast moctynute Mo 00pasiy KaHTOPOBCKOIO JOKa-
34TEbCTBA, Mbl MCXO[UM H3 JONYWIEHUS, YTO AAaHO Ka-
Koe-HUOYAb COOTBETCTBUE TPEeOYEeMOro poja, T. e. BLICKA-
sniBanue R (x, P,), KOTOpoe MpU IOCTOSIHHOM 4YuCHie X
BullfOJIHSIETCS B TOUHOCTU OfHMM mpexuxkaTom P,. Pac-
CMOTDUM TOT mnpeguKkat Pc(x), KOTOPBI Torga U TOJIBKO
TOr[& BBINOJHACTCST [JIs1 YUCIA X, KOTJAa COOTHECEHHBIH
9TOMY UMCJly f[peauKaT He BbIOJHAETCA Ajs1 Hero. Ta-
Kum 00pasom, Pc(x) onpenesien (opmytoii:

(Pr) (R (x, Pp) = Py (x)).

OTHOCUTENBHO 3TOr0 NpEIUKATA Mbl MOYKEM JlOKa3aTh
Ha OCHOBEe ero oInpefejleHHs, UYTO OH He COBHAjaeT HHU
C OIHMM M3 COOTHECEHHBbIX YHCJIAaM [peAuKaToB. [lei-
CTBUTEJIbHO, ecjiu Okl Pc cOOTBETCTBOBAnA 4YHENIy m, TO,
C OfHOH CTOPOHBI, MAOJDKHO OblI0O OBl  BBLIIOJTHSATHCS
R (m, Pc); ¢ npyroii CTOpPOHBI, BCJIEACTBUE OMNpegeseHust
Pc(x) u B-cuny o0jHOSHAYHOCTH COOTBETCTBUS TOTHA
NOJHKHO OblTh:

Pc (i) ~ (R (m, Pc)— Pc (im))-

M3 arux aByx coo1HomeHUH MOJIyYusioch GBI MPOTHBOpE-
que:
Pc (m) ~ Pc (m).

Hocse aroro, mo anajoruy ¢ KaHTOPOBCKUM J0OKa3a-
TE€JLCTBOM, Mbl JOJDKHBI Oblm 681 OHTH YIKe Yy LEJIH.
OHaKo Ha caMoM JieJie MBI 0GHAP YIKUIIM TOJIBKO CYIIECTBO-
BaHHE YMCJIOBOTO NpPEJUKATA, OTJIUYHOT'O OT BCEX MPEIUKA-
TOB, OTHECEHHLIX MMPEAUKATOM R K LeJhM YuCiTaM, HO He
AOKa3aJu, 4YTO 3TOT NMPEeAuKaT P¢ NpUHAAIEKUT HALIEMY
MHOYKECTBY; M 3T0 TpedoBaHMEe Ha CaMOM Jiejie HeBhl-
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mosHUMO, 160 MHOYKECTBO COAEPYKUT 10JIbKO MPEAMKATHI
n-# CTyleHd, MeXKAY TeM Kak oNpeessiioulee BbIpayKeHUe
ans Pc (x)

(Pr) (R (x, Pp) — P (x))

(n+1)-it crynmenu. BcrescTBue pasiuuust  CTyneHeit
yeJaemMoe AoKazaieJbCTBO, rakum obpasom, He IoJly-
yaeTcs. »

BrosHe aHa/JOTUYHO C 3THM TIPHUMEpPOM M B HEKOTOPBIX
APYr4X pemakmux Mecrax oOHapy)KHBaeTCs, YTO Ona-
rofapsi Bbi€JICHUI0 CTYyMeHell Mbl TepsieM BO3MOIYKHOCTD
0T00Pa3UTL C MMOMOI[bI0 JIOTMYECKOTO HCUYHCJIEHWST HEKo-
T0pble MaTEMATHUYeCKUE 3aKyouenus. B 0C00eHHOCTU 3T0
MMEET MeCTO M 060cHosanis meopuu (eficmeumensivix
uyces. B maremaTuxe ymoTrpebuIeNibHBI PasJIM4HbIE CIio-
co0bl BBeEHUST JAEeHCTBUTENLHBIX UKCEN; HEHCTBHTENbHOE
YUCJIO OlIpemesisieTcsl ¢ MOMOLIbIY KaHTOPOBCKOTO (yHpa-
MEHTaJbHOTO psifa, OeCKOHeyHO! fecATWYHOH WJH [1Bo-
v4Hoil Apolu, megeKuHposa ceuenust. [List MpHCOCAUHEHH
K JoruKe Haubosee yao0eH gefeKMHIOB METOJ; NPU 3TCM
npu pasfuenusix palUOHAJIbHBIX Yuces1, 06pasyoIux ceve-
Hue, AOCTATOYHO BCerja paccMarpuBaTh TOJBKO KJacce
meHbIIuX. Kiace uin MHOYKeCTBO PallMoHAMbHbBIX UUCETT 3a-
7laeTcsl ONPefesISIIOMM ero npeguxaroM. Takum obpasom,
o AefCTBUTENbHBIM Uuc/IoM Mbl Oyiem NMOHUMaTh Npegu-
Kat, obnagatomuil onpejgesieHHbLIM CBOHCTBOM, TaK Hasbl-
BaeMbIM «CBOMCTIBOM ceueHHsi» SC (P), npHUYEM MBI J0JDK-
Hbl CJIeIUTL 32 TeM, 4ToObl OKBUBAJICHTHbIE IPEIMKATHI
BhIpayKanu ofHo M TO JKe pefictsuTenbyoe wucio. [a-
Jiee, gefcTBUTE IbHbIE YMCIA FO/DKHBI 00paz3oBbIBATL OlIpe-
JleJIeHHO OrpaHuueHHylo o0JiacTh NpenMeroB; n6o =B
aHaJM3e HaM MOCTOSIHHO NMPUXOAMICH UMeTb [EJI0 C Mpel-
JIOYKEHUSIMY 0 BCeX AeNCTBUTENIbHBIX UHUCJIaX, paBHO Kak
0 CyUTeCTBOBAHUM IEHCTBUTENILHBIX uHnCel. Mbl [O/DKHbI
NO3TOMY OTPaHMUUTL MNPEAUKATH, NPUHUMAEMble HAMHK

[UIST  OTIPefeNIeHUA nefCTBUTENbHBIX UMCesd, HEKOTOpOii.

onpepesieHHoit obyactbo 1 Oynem fonmycKaTb, Hampumep,
JMWDb TIPEAMKATHl riepgoll crmiynenu ISl ONPEEsIeHust
fedCTBUTENbHBIX vuces1. JlefcTBrTeIbHOE UNCTo ABJIAETCH,
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TaKuM o0pa3oM, mpeuKaTom mepBoil crynmenu P, ypo-
BJIETBOPSIIOIIMM ONpee/IeHHOMY YcJ0BUI0 SC (P).

CyMMa ¥ npousBejeHue ABYX AeHCTBUTEJILHLIX YuCen
MOryT OBITH MpU 3TOM OMpEAesIeHb! COOTBEICTBYHOMVIM
obpa3oM U (aKTHUUYECKH, B CBOI0 OYepPelb, BLIPAYKEHDI
npeguxaToMm nepso#t crymenu. OpmHako [gpyroil Bompoc:
MoJiyyarTcst v v Gosiee BbICOKME CMOCOObI 3axJiKUeHui
MATEMATHYECKOr0 AaHajMsa M3 Haulel JIOruuecKoi Teo-
puu? K uncnay oco0eHHO BaKHHIX CJIeAyeT NPUUHCIUTDL
npedaoymcenue 0 eepxuell 2panuye, YTBEPKpaiollee, UTO
JJIST BCSIKOTO OI'PAHUYEHHOI0 MHO)KECTBA AEHCTBUTENIbHBIX
ufices1 CYWIeCTBYET BepXHsisl TpaHHiua, T. e. feHCTBUTENb-
HOe 4ucio @, obJjajaloliee Tem CBOMCTBOM, 4TO BCSIKOE
YHCJI0O MHOYKeCTBA << @ U UTO JJI BCSIKOTO [ eWCTBUTEIb-
HOTO 4uela, KoTopoe << @, CYIECTBYeT IO MeHblleHd Mepe
OIHO YHCJI0 MHo)KecTBa, OoJjnbimee ero. He BpaBasch
B nopo0Hyl0 GopManbHYI0 TPAKTOBKY (Mbl 9TO CAeJiaem
B § 8), HeTpyaHO COfepPIKATeNbHO YACHUTL cebe, uTo
B OOpeAeNieHMH MpefuKarta, NMPeACTaBJAIOLIEr0 BepXHIOW
rpaHuuy, J0HKHL Ot Obl BCTpPeUaThCA 3HAKU 06WIHOCTH
M CyLIeCTBOBAHHUS JJIA MPEIUKATOB NEPBOH CTYICHU; HO
3TO0 3HAUUT, YTO CAM ITOT NPeAMKAT JomKeH Obul Obl
OLiTh BTOpOW CTyHeHH U, cjefoBaTelibHo, BooOWwe OH He
BRIpA)KaJ Obl Kaxoro-imbo peiictpuresnibHoro uucia. Ta-
KM 00pa3om, mui BO0OUle HE MOYKEM C MOMOIIbIO HAIIEro
UCUUCIIEHUST IPOBECTH [JO0Ka3aTelIbCTBO CYLiecTBOBAHUS
BepxHell rpaHMlIbL.

§ 7. AxcuomMa CBOJHMOCTH

Ha npusegenHbix npumepax o0HapYyXUI0Ch, UTO - Me-
TOJ CTYHEHYATOI0 NCYMCIIEHMs] CJIMIIKOM OTPAHUYMBAET
BO3MOYKHOCTH JIOTHYECKOT0 BbIBO7A; MbI IIOILITAEMCST 110~
9TOMY TaK BUJOUSMEHUTb 3TO WCYUCIEHUE, Yrobbl OHO
noJjyyuso O0npwue BosmemHocry. PacemoTpum emie pas
J0Ka3a1eJIbCTBO CYilleCTBOBAHMS BepxHell rpannusl. Hepos-
MOYKHOCTb TPOBECTH J0KA3a1eJbCTBO B CTYNEHYATOM HC-
UHCJIEHUU FIPOUCTEKAET M3 TOro 00CTOSATE/ILCTBA, YTO Mpe-
AMKAaT, KOTOPBIH [oJhKeH OBl ONpeeNsiTb  BEPXHION
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rpaHully, Obui Bbllue, uyeMm MepBoil crymenn. [lokasaTesin-
crBo Ob1o Obl 3aBepuieHo, eciam Obl A mopoGHOTO
NpeArKaTa CyLeCTBCBaJl SKBUBAJIEHTHBI} PEIMKAT nepBoil
CTyNeHH, TaK KaK TaKod InpeguxaT aeHCTBHTEJIbHO Bhbl-
paXkas Obl AeHCTBHTENIbHGE YHCJI0. AHAJOTUYHO OGCTOMT
AEJI0 [JI KaH10POBCKOIQ A0Kas3aTeNlbCiBa CYIHECTBOBAHMS
HECYETHBIX MHOXKECTB.

Wcxopst w3 aroro, Y.iimxed u Paccea IPHYMAIH
CHEYICIUHA BBIXOJ M3 IIOJIOMKEHMST: OHM IPHCOCTUHUIIM
K CTYNEHUATOMY HCYHCTIEHUI0 0COOBLIA NMoCTyNaT «aKkcuomy
ceooumocmuy (¢axiom of reducibility»).

B nensix ofuweil $popmyHpoBKE 3T0TO MOCYyNaTa Mbl
pacWHpHM OMpPE/ieJIeHHOe 10 CHX MOP TOJBKO JJs1 Npeau-
KaToB TMOHATHE OKBUBAJIEHTHCCTH, HAa3biBast BoobLie Be
GyHKEMN ¢ apryMeHTamu o HOro W TOro e poja 3KBu-
BaJICHTHBIMHM, €CJIM OHH BBIIOJHSNCS [JIst OAMHAKOBBIX
B TOUHOCTH CHMCTeM 3HA4YeHMH aprymentos. [asice, Mol
BBEJICM HOBBIHl TePMUH, Ha3HBAS (DYHKUMOHAJIBHOE BIPA-
YKEHHE «NpeOUKqmUEHbLMY, €CIM OHO HMEeT CaMyH HH3-
Kyl0 CTynleHb, COBMECTUMYH C DPOJIOM €ro apryMeHToB,
T. €. Ty CTyNeHb, KOTOPasi NPUHAJIEKUT BHIPAYKEHMIO,
COMEPIKALIEMY API'YMEHTI PACCMATPUBAEMOrO BLIPAYKEH MsI
B KayecTBe €UHCTBEHHBIX HEONpefle/IeHHBMX 3HAKOB.

[pUMeHSIST 9Ty TePMHHOJIOTHIO, Hallly aKCUOMY MOYHO
BbIDA3UTL TaK:

«Jlaa ecAkozo écmpedaroujeoca 8 Cmynenyamom uCHuU-
CreHUU PYHKYUOHAALHO0 GbIPAIICEHUS CYUjeCMEYem IKGU-
6AAEHIMHCE NPEOUKAMUBHOE GbLpAMCEHIIEY.

Kak yacTtHblit ciiydail 3pech 3aKiQueHo JomyluleHue,
4TO M1 BCAKOro mnpemukata P, (X) (C HIPOU3BOIBLHBIM
MHIEKCOM I1), apTYMEHT KOTOPOr0o OTHOCHUTCS K mnepBo-
HauanpHbIM NpeaMeTaM MCYHCIICHUA, CYIMECTBYET IKBH-
BAJIEHTHLIH NpeIMKAT MEepBOHl CTYNEHM; T. e., Ha SI3bIKE
UCYMCTIEHUS, LIS BCAKOTO MHJEKCA 1 Gopmyna

(Pp) (EPy) (x) (P (x) ~ Py ())
ABJIETCA WCTUHHON.

Moxno 651;10 Obl 1yMaTh, 4TO BCJIEACTBHE AONYHIEHUS
AKCHOMBI CBOAMMOCTH TOJIbKO 4YTO MCKJIIOUEHHbIE IPOTH-
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BOpeuMsl BO3HUKAIOT CHOBA; YTO 3TO HE TAK, JIEFKO Bbl-
SICHUTb Ha PACCMOTPEHHbIX HaMU MapajoKcax.

YTO KAaCaercsi NepPBbIX ABYX NAapajoKCcoB, TO K HUM
Hall nocTyjaT BooOLle HeNpUMeHUM; K MePBOMYy IOTO-
My, 49To 371ech ¢yHKuusa Pd(P,) yKe MNpeAuKaTUBHa
COrJIaCHO CBOEMY OlipefesieHUt0; Ko BTOPOMY HOTOMY, YTO
Halla AKCHoMa KacaeTCs TOJIbKO (yHKIMOHAJBHBIX BhIpA-
YKeHU#, a He BhIpa)KeHMit [JIs1 BhiCKa3bniBaHuil. B Tpethbem
napajoKce 'BO3MOYKHO lPUMEHEHUEe Hamero MocTyJlara.
O6ycioBJieHHOe CTYIIEHYaTbIM HCYUCJIEHMEM CHSATHE NIpo-
THUBOPEYHsST OCHOBAHO 3[eCb HA T0M, uTo CTylNeHb QYHK-
nuM Mds (x) Ha eAMHMIY Bhlule WHAEKCA (YHKLIHOHAJb-
HOTO 3HaKa P, HesIBHO BCTPEUAIOLIErocs B e¢ oNpefesieHuu;
3TO0 MAaeT HAM BO3MOKHOCTb BOCIIOJIb30BATLCS HAIIUM
HOBLIM jonymenuem. Mel moKeM Temepb yTBEPKAATD
CYLeCTBOBAHUE NPEAUVaTa NEPBOdl CTYNEHN, IKBHUBAJIEHT-
woro Mds(x). Ho artum He BbI3bBaeTCs1 BO3BpallEHUE
npe)xHero OpoTHBOpeuud, 0o, YTBEP)K/As CYLIECTBOBA-
Hue ripejuKara, skeuBajseHTHoro Mds(x), Mbl Begb elle
He [MIIEM CHMBOJIMYECKOI0 BBIDAKEHHS JJIs1  TAKOIo
npeguKaTa ¥ HE MO)KeM [03TOMY Mpeanonaratb, 4TO
dyHKEUs Scr BHITOTHAETCS AJIs 9TOro IpegHKaTta, Tak
4TO OTHAAAET CYLHIECTBEHHOE YCJIOBME [ BO3HHMIKHO-
BEHHsS] TPOTUBOPEYHS.

§ 8. IIpuMeHenHe AKCHOMBI CBOJAMMOCTH

TMocJsie Toro KaK Mbl IOKAa3aJH, YTO ¥ MPU JOilyHIeHUN
AKCHOMBI CBOJIUMOCTH NPHUBEJEHHblE MAPAJIOKCHl MOMPeXK-
HEMy HMCKITIQYAKOTCA, MOACHUM HAa HECKOJLKUX IpUMepax,
Kak Osaromapsi BBeJEHHMIO - 3TOH aKCHOMB! YCTPAHAKTCS
NPEnsITCTBHS, MeIlaiye IJI0/[0TBOPHOMY IIPHMEHEHHIO
CTYIIEHUATOr0 MCYUCTICHUS.

B kayectBe cTOsiuiero ObITh OTMEUEHHLIM MperMylie-
CTBA, KOTOpoe Mbl NoJsiyuyaem Oyrarofgapst 4ONyLIEHMIO 3ToH
AKCUOMBI, TIPE)KAE BCEro YIOMSIHEM, 4TO OHA [JaeT Ham
BO3MOYKHOCTb CTPOro (opManbHO (I KayKAOro 3Have-
HUA 1) BbIBECTU OTHOUIEHUE:

El (x: }) ~ En (x! y)
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910 ypaerca cpenath crepyromum ¢OpasoM.

CHayasa noxaj)kem creaviclee: MycTb CD(P,,)—Q)yHK-
IlMOHAJIBHOE BbIPaYKEHHE, 3aBucsmee ot P,, ¥ Myc1b gas
Hero dopmya '

A) (x) (P () ~ Py (x)) = (@ (P,) — @ (P,))

ABJAETCA AOKa3yemoil B ucyuciaeHHM. Mbl yTBepXK7aem
TOT/d, YTO MOMHO J0Ka3aTbh TaKyKe (QopmyJiy:

B) (P,) D (P,) ~ (P,) @ (P,).

Horasgmeavcmeo. CTaBst Bliepeny 3HAK ofw HOCTH (P))
U UCIoab3yst Gopmyily (34), mbl mojyuaem u3s A):

(EP) (x) (Pp (x) ~ P, (x)) = (EP;) (P (P)) — ®(P)).
Jto BhpaKenue, 0rarogaps 3ameHe
(EPI) (Cb (Pl) — O (Pn))
9KBHBAJIEHTHLIM BolPayKenueM
(P} @ (P,) — D (P,),
MOYKHO 3aMEHUTL Ha
(EP,) (x) (Pr (x) ~ P, (x)) = ((P,) @ (P,) = @ (Py)).

Ecny MBl 37ech IOCTaBMM BIEpenu 3Hax obmHocTH (P))
u ﬂCHOHbSyEM dopmyny (31), 10 momyuum:

P.) ((EP,) (x) (P (x) ~ Py (x))—> (P,) ((P,) © (P)) —
D (Pr)).

Tax xaxk ¢opmyja cjesa oT 3HaKa —> COBNAAACT C Bbl-
PAKEHUEM AKCHOMbI CBOJMUMOCTH, TO Mbl MOJyYaeM:

(Pp) (Py) @ (P,) — @ (Py))

M OTCIOA:
C) (P) @ (P,)—> (P,) @ (Py).

C apyroit CTODOHBI, MMeeM:
(P @ (P,)— @(P,) (upumeHenue axKcHOMbI e)).
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D) (P, ®(Pn)— (P,)®(P,) (no mpasunay {’).

Mz C) u D) nonyuaem B).
Ho P, (x)~ P, (¥) ectb Bblpaerue P (P,), paa Ko-

TOporo pokasyema ¢opmysa A); nbo us
() (P (x) ~ Py (x)) > (P () ~ P (x)),
(%) (Pn (X) ~ Py (x)) = (Pr (¥) ~ P, (1))
Mbl HOJIyYaeM:

(x)(Pn(x)”Vpl (x))'_>[(P1 (x)’\’Pl(y))’—)(Pn(x)”\“
~ P, ()]

Taxum obpasom, u s aroro P (P) umeeT MeCTO COOT-
Homeunue B), T. e.:

(P} (Pp(x) ~ Pp () ~ (P,) (P (x) ~ P, (¥))
WM, MHaue Harucdp.
=, (%, y)~= x, %),

uT0 ¥ TpefOBaJIOCh 0KA3ATh.

Ponb akcuoMbl CBOAMMOCTH OKasbiBaetcst eme Oosiee
3HQUMTEJILHOM TIPU 060cHo8aHUL meopul CelicimeunesbHblX
yucen. Mol y)Ke paspliie KpaTKO yKasauu checol Bbipa-
YKeHUs] JeeKHUH{0OBCKOH TEOpHM B JIOTUUECKOM HCYUCTe-
HUHU.

Crepys [emekunpy, Mbl ompepeisiem el CTBUTEbHOE
UMCJI0 KaK «CedyeHue», T. €. KAK pasOMeHHE DaLMOHAJIb-
HbIX YMCell Ha JiBa KJACCA CO CIEAYICH[AMHU «CBOHCTBAMU
CEUYECHMAY:

1. Kayxjsiit 13 000uX KJAcCOB COREPIKUT I10 MEHbIIleIfI
Mepe 0040 PALMOHATILHOE YHCJIO.

2. B mnepBom kjacce ne cymectByer HauOosbuiero
pPAariMOHAJbHOr0 YHcJIa.

3. Lean Kakoe-nuOyab paudoHanbHoe YKCJO HPUHAA-
JIOKUT K MEPBOMYy KiacCy, TO M BCe MeHbILKe pauuo-
HaJlbHele UWcJIa NPUHALIEKAT K nepBoMy KJacCy.
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Kak yxe Obio panblie YIOOMSHYTO, IPU pasbuesuu
OMMCAHHOr0 POJia BCErja /0CTATUYHO PACCMATPUBATh TOJb-
KO mneppbiii n3 000MX KJACCOB; B TAKOM CJIyuyae Mbl HMeeM
[leJI0 C MHOYKECTBOM paIlMOHaNbHLIX YUCes,” KOTOpce MO-
yKeT OblTb NpercTaB/ieHO C MOMOMIBIO OJHOr0 W3 omnpeje-
JSIOIMEX ero NPeuKaToB.

Mbl mocTymaeM 103TOMY CJeayruum o6pasom: mpu-
HUMaeM palUOHaJLHBIE UMCJIA C UX OCHOBHBbIMH apupme-
TUYeCKUMM OTHONIEHHSAMH 3a CHCTEMY IpesmeroB 0067acTH
WHJMBU,YYMOB.

[Mon AeliCTBUTE/ILHBLIM YHCJIOM Mbl MOHHUMAeM B TAKOM
C/lyyae MHOYKECTBO PALMOHATIBLHBIX YUCes, JUJist KOTODbIX
CYL[ECTBYET ONpejesAIUil NPEeIKaT P, yaOBAETBOPSIO-
Uil CNeIYIonUM TPeM YCJIOBHSIM:

1. (Ex) P (x) & (Ex) P (x).

(«Oripesenennbie yepes P(x) u P (x) Kiacch o0a He mmyc-
ThI».)
2, (x) (P (x) = (EY) (<x, ¥) &P (¥))} -

(«Jlnst BCSIKOTO  PAIlMOHANLHOIO uYHMCda, 006Janamniero

cBoifcTBOM P, cymecTyer Oospliee, TarKe o0majato-
mee cpoiicTBoM P».)

3. (){P () — M@, x1—= PO}

(«Ecnu x nimeeT cBOMCTBO P, TO W BCE MEHbUINME PAlMO-
HaJIbHbIE YHCJIa Y UMEKT CBOHCTBO P».)

ITH 1pU yCIOBMA, B3sAThle BMeCTe (Mbl MOXKEM uX
MBICJIMTL cefe CoefMHEHHLIMU 3HaKoM &), COCTaBJISIIOT
«CBOHCTBO CeyeHHUsI» MNpeqUKara. ITO CBOHCIBO MNpenu-
Kata Mu Oynem oGo3nauate Sc (P). [Ba mpepuxara P
M Q co ceoiicrBamu Sc (P) m Sc(Q) Torga M TOJBKO
TOrga BLIPAYKAIT OHO M TO YK€ [eHCTBUTEILHOE UUCIIO,
KoTga mpuHajiexamue P u Q MHO)KeCTBa COBNAAIOT,
r. e. ecsu BeinoasieTest Aeq (P, Q). YTo0bl y0BJIETBOPUTD
TpefOBaHMI0 CTYNEHYATOro WCUYMCJIEHUsI, Mbl JO/DKHBI
eillie  YCTAHOBUTL [JIS ONPeJeNsICIUX JIeliCTBUTEIbHbIC
YiCcia IPEMKATOB HAWBBLICIIYHO CTyfleHb. B uesisix HanGosip-
1eil MPocToTHl MBI GyjieM AONMYCKATh TONBKO NpeduKanst
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flepeolt  cmynenu pJs  onpejneneHdsl  AcHCTBUTENBLHBIX
qucet.

Tenepp Mb  ycCTaHOBUM MEXXIY JeHCTBUTENLEBIMHK
UKCJIAMK OTHOIEHHE BeJMYMHBL. Jina ;Byx npeaukaros
P,, Q,, o6napawmux csoiicTeom Sc, BbIpa)KeHue =(P,, Q,)
paBHO3HauHO ¢ Imp (P,, Q,), T. e. ¢ o l

(%) (P, (x) — Q. (x))

UK, B BUAEe QOpPMYJILI:

'S¢ (P) & Sc(Q,) — (Imp (Py, Q) ~ = (P,, Q,)).

BuiekaspiBanue << (P,, Q,) Torma OyneT ompejesaThes
BbIDA)KEHUEM:

Sc(P) & Sc (Q) — (< (P, Q) ~ (Imp (P, Q) &

Aeq (P, Q1))

B 1aKoM cnyyae MOKHO [0KasaTh B HCUHCJIEHMH, YTO
o0a orHomenust = (P,,Q,) u <(P,, Q,) TpaH3UTHBHEI.
Touno TaK yKe MOYKHO BHIBECTH BCe OCTaJIbHbIE CBOHCTBA,
XapaKTepHble I YIOPAROUMBAWIIET0 OTHOLIEHHUS.

CnoKeHMe ¥ YMHOXKeHHE JIeHCTBUTENBLHBIX — GMCe
MOYXHO CBECTH K CJIO)KEHHI ¥ YMHOKEHHI0 PaillOHAJIb-
HelX uMcea. Ilpepuxar

(Ey) (Ez) (P, (¥) & Q, () & (x =y + z))
BBIPA)KAET CYMMY, a HpEAnKaT

(Ey) (E2) (P, ()& Q,(5) & (x=1y - 2))
Npou3BeaeHUe AeHCTBUTE/IbHBIX YHCEN, ONpefeseHHEIX ye-
pe3s PuQ (x=y+2z u Xx=y-z 30echb TPeXuwIeHHblE
OCHOBHBIE IIPEJMKATHEI B 00JACTU PallMOHANIbHBIX qucet).

Mbl uMeeM Temeph BO3MOXKHOCTH BBECTH OOBIUHLIM
00pa3oM MOHATUSA 02pAHUYEHHOCMU W eepxmel  2panuybl
MHOXXECTBA NeHCTBUTENIbHBIX uuces. MHO)KecTBO AeiicTBU-
TEJbHBIX UHMCEJl BBIDAYKAETCA MPEIUKATOM I[IPEIUKATOB
A(P), yLOBJIETBODSIOIMM YCIIOBHIO:

(Py) (A(Py)—> Sc(Py)) & (P)) (Q) (A (P) &
Aeq (P;; Q) —> A@Q,)-

15 CenoBm TeopeTmueckon mormum
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VTBepiKIeHue, 4TO MHOKECTBO A (P) pelicTBUTENBHBIX
ypcesJ OrpaHyueHo CBepXy, O03HAYaeT, YTo CYLIECTBYeET
AefcTBUTEIbHOE UMCAo, Oonbliee WM PaBHOE KaXAOMY
4yCJly MHOKeCTBd; B Buje QOpMYJH:

(EP,) {Sc (P,) & (Q.) (A Q) — = (Qu P,

BMECTO Yero Mbl MUIlEM TaKXXe Kpatko (EP,)Sch(P,, A),
WJIH, CJIOBECHO: CYLIECTBYET YUcJ0 P,, MpeACTaBIAKIIES
BepXHuil mpefes MHoKecTBa A.

Mp pomyckaem 1aroxe, 410 A(P,) COZepXHUT II0
MeHblleli Mepe OLMH 3JIEMEHT, T. €., YTO BepHa dopmyJa:

(EP,) A(Py).

3HaueHNAMH aprymenTta A SABJAITCS TOJbKO NPEAUKATH
nepBoi cTymeHu. YUTO KacaeTcst oNpefesIeHusi HauBbiCIleH
cTymeHd camoii ¢yHkuum A, TO 3Ta CTyNeHb [JOJDKHA
oniTh BRIGpana Mo MeHbuiell Mepe pasHoit 2, u6o A(P),
KaK ¢QyHKUMs oT mpefukaTa, He MOKeT OwiTh ImepBoi
ctyneHs. Ho B octraZbHOM OHa OCTaeTCA CoBeplueH-
HO Ipou3BOJibHOM, M Mbl Boifepem 3a uHJAEKC A Kakoe-
HUGYEb onpexesieHHoe n. IlpennoykenHe o BepxHeil rpa-
HMLle MOXKHO Telepb GopMyJIMpOBaTb TaK: ecAu MHOMCe-
cmeo QelicmeumensHbls ulcen umeem eepanuti npedea,
mo OHO umeem mMaxmce HaumeHbWULl eepxHuil npeodea.

MateMaTHuecKoe  MOKA34TEJbC1BO  CYMIECTBOBAHMS
BepxHell rpaHMipl, LpHBelleHHOe K mpocTeHueit ¢opme,
COCTOMT B TOM, UTO [JA paccMaTPHBAaeMOro MHOYKEC1Ba
HeiCTBUTENbHBIX YHCEJI,. TpeLCcTaBaAsKIero cobodl MHO-
MECTBO  MHO)KECTB  IlepBoit  CTymeHM,  ofpasye:ics
MHOKeCTBO, fBASWOMeecd UX cymmoi. CornacHo 3ameua-
HuaAM § 3 a1oil raBel, cooTBeTCTBYKWmAs A, (P,) cymma
MHOYKECTB BHIPAYKACTCA MPEIUKATOM:

(EP) (P, (x) & Ay (P,)).
O0o3nayuM 9TOT NpPeJUKAT [ KPaTKOCTH 4Yepe3
Vg(x, A).
HAas nperuxkara Vg (x, A,) HYXXHO, cJlef0oBaTeJIbHO,

10Ka3aTb, 4YTO OH BbIPAMKALT LeifcIBUTEIbHOE 4HCTIO,
NpeacTaB/AIOHIee BEPXHIOW I'PDAHULY MHOYKECTBA Ap.
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I'Ipemgeﬂacero Mbl TOJDKHB! II0Ka3aTh, 4TO MHO)XeCTBO,

onpefiesienHoe yepea Vg (x, 4,), Boofme sBas
ercs  peit-
CTBUTEJIbHBIM YHCJIOM. " g

Jlerko nokasath, 4TO TpPu -cBOMCTBA, CoenMHeHHKIe

B S;l, BePHB At Vg. BhiBegem mepsoe cBoicTBo.
3

(EP,) A, (P))
(Pl) (An (P,)— Sc (P.))
MBEl SAKITIOUAEM:
, (EP;) (Sc(P,) & A, (P,)).
Tax xak BepHo
Sc (P,) — (Ex) P, (x),
TO MBI MMeeM:
(EP,) (Ex) P, (x) & A, (P))).
[ocnenuioio popmyny moxHo npeoGpasopaTh K BHAY:
(Ex) (EP,) (P, (x) & A, (P))),
T. €. Tojtydaem: .
(Ex) Vg (x, Ap).
Hapsamy ¢ 3Tum MoXXHO nokasatb

(Ex) Vg (x,A), 7. e (Ex)(EP)) (P, (x)& A, (P,).
91y dopmyny Moxno npeodpazoBaTh cHauana x BUAY:
(Ex) (P)(A, (P))— P, (x)).

CornacHo npegnonoKenuio o6 OTPAHUYEHHOCTH MHO)<e-
CTBa A,, Mbl HUMeeM:

(EP,) {Sc(P,) & Q) (An Q) — = (Qi, PY)),
Manee, BepHo: )
Sc (P,) — (Ex) P,(x),
TakuM o6pasom:

(EP,) {(Ex) P, (x) & Sc (P,) & Q) (A Q) — = Q.5 PY)).
15% ’
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W3 onpefienenus = (Q,, P,) nerko mojaydaem:

= (Qi, P) & Sc(Qu) & Sc (P,) — (x) (P, (x) — Q, (x)).
Bripakenue
Q) (A Q) — = @y, Py))
MOXeT OblTe B mpepgnociefHeit ¢opmyne 3aMeHeHO BbIpa-
JKEHUEM:
Q) [A7 Q1) = () (P, (x) = Q. (x))],

HJIH Ke

(%) (P (x)=> (Q1) (An (Q) — Q. (%))
s ¢opmynsi

(EP,) {(Ex) P, (x) & S¢ (P,) & (x) [P, (x) —
Q) (A @) = Qu (D]}

Mbl [OJIYYUM TOrpa:

(Ex) (@) (A (Q) — Qu (x)),

(Ex) Vg (x, Ay).

Takum obpasom, ajast Vg (x, 4,) m0KasaHo nepeoe CBOM-
CTBO CEUeHHsI.

AHaJlorM4HO AOKasbiBaem misa Vg (x, A,) cBoiictsa 2.
u 3. (cm. cTp. 224), TaK uTo, CAef0BaTEIbHO, BepHO S¢ (Vg).

Ho srum eme He ycraHosieHo, uto Vg (x, A,) npex-
crasysieT coboil pelicTBUTEIbHOE YyUCII0. [IJist 3TOTO HY)KHO
Obuto Obl 3HAaTh, UTO NpuHAAJeKamee npegukaty Vg (x, 4,)
MHOIKECTRO MOXKeT ObITh ONpefesIeH0 NPEeJUKATOM MepBoil
crynesd, Ho camo Vg(x, A,) 3aBegoMo He mepBoit CTy-
NeHl, TaK KAK B HeM BCTpewaercs kBaHTop (EP,). 3pech
KaK pPa3 To MeCTO, II€ HCIOJb3YyeTCs aKCHOMa CBOJM-
mocTH. Tlo aroii akcuome umeem:

(EP,) (x) (Py (x) ~ Vg (x, Ay)).

Taxum obpasom, Vg (x, A,) onpedeasiem OQelicmeumens-
Hoe qucao.
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Mol mokakem Teneps:

(Py) (Ag (Py) — = (P, Vg (x, A))),

m. e., Wno Qelicmeuimesbice 4ucAo, COOMEEMcmeywujee
Vg (x, Ap), seasemc 6epxHUM npedesom MHOMCECMEa,
onpegeseqnozo evipancernuem A, (P,).

Eenu mbr nojcrtapum Temeps BmecTo Vg M = ompe-

AENIAI0WME BLIPAYKEHUSA, TO 3TAa (OPMyJia MpeBpamAaeTcs
B Bblpa)KeHue:

Py (An (P1) = (x) [P, (%) — (EQ)) (Q: (x) & A, (Q)]),
4 nocjie nNpeo6pa3oBaHUS — B BbIPAKEHHE:

(P)) (%) (An (P1) & Py (x) — (EQ,) (An (Q)) &Q, (X))).
Iocnennsisi Gopma MosBosIsAET yBUAETH B Halleid hopmyne
pe3ysNbTaT NPUMEHEHMA akcuombl f).

Octaerca eme mokasate, 4to Vg(x, A,) spisercs

HAUMeRbUUM BEDXHUM TPeAeiOM, UJH, B BUpe {bOpMyJIbI,
YyTo:

(P A[Se(P) & Q) (Ar Q)—=(Q,, P))]—= (Vg, P)).

Ecnu Mbl 37eCh CHOBA 3aMeHMM BCE COKPAIIEHHS MX
OTIPEENICHUSAMHU, TO TOJIYYHM:

(P1) {[Sc(Py) &(Qy) (Ar (Q1) — (%) (Q (x) — P, (x)))] —>
W HEP) (PL (1) & A, (P))) — P, (0]}

3uaK o0mHOCTH (X) MOXKHO CABMHYTb 31€Ch BIEPEX;
TaKuM 00pasoM, MOJIYUUM:

(P5) {[Sc (Py) &(x) (Q) (A5 (Q) & Q; (x) — P; (x))] —
V) (EP)) (Py (y) & A, (P)) — Py (1))}

9ty GopMyNy Mbl MOYKEM BHIBECTH C HOMOWpI0 (op-
mynel (22). .

IlpuBeeHHBIX IPUMEPOB KOCTATOUHO, yTo0wI I0KA3aTh,
9TO0 BBEICHHE AKCHOMBI CBOJUMOCTH SBJIAETCS TIOAXOASIIHUM
CpeacTBOM MNpeo0paz0BaHUsl CTYDIEHYATOr0 MCYMCIIEHHSA
B CHCTEMY, C MOMOIILI KOTOPOH MOryT ObITh 0TOOPAYKEHB!
MeTOfbl [0Ka3aTeNLCTB Bhiclueil mMaremaTHkU. [TosgHoe Tmmo-
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CTPOEHUE OCHOB MATEMATUKM C TMOMOILbK CTYHEHYATOFO
Heuucenus 0oi1o BoinonHeHo Yallmxedum v Pacceaom?t.

§ 9. 3aknouurenbHbIe 3aMEYAHHS O CTYMEHYATOM MCUMCIIEHHH

B sroii cBoeit okoHUATENIBHOM opPMe PICCENOBCKAS CTY-
NeHyaTas JIOTUKa npepctapiaser coboit jorudeckuit HHCTPY-
MEHT, NIPUrOAHBIM a)Ke TPU BBIPAKEHUU CJIOMCHBIX JIOTHYe-
CKHX CBA3€H, KaKue BCTPEY3HTCS B TeoPUM JefCTBUTE]Ib-
HbIX 4uces. OgHAKO PacCMOTPHM elle pas UPUHUMITHAJb-
HYH0 CTOPOHY 3TOH JIOTHKH.

TpyguocTh, npuBeaad K YCTAHOBJIEHUIO CTY(IeHYaTOR
JIOTHMKH, COCTOsJIa B TOM, YTO MOHATUA «BCe CBOMHCTBa»,
«BC¢ BBICKA3bIBAHMAY, €CIM OHM YNOTpebssAwTcda Heorpa-
HUYCHHBIM o0pasoM, cogepyaT mnopousslif Kpyr. OcHOB-
Hasi MbICJIb CIYNEHYaTol JIOTUKM COCTOAJIA [PHU 3TOM
B CJICAYIOUIEM: MBI IOJIOYKHJY B OCHOBY OIPEAEJIEHHYI)
0071acTb MHAMBUAYYMOB U TPEACTABNSNIH cebe gaHHBIMU
OmpegesieHHbIe, OTHOCHIIMECS K IIpeMeTaMm 9Toi obacTw,
OCHOBHBI€ CBOHCTBA W OCHOBHBbIE OTHOUleHHA. [lanbHe#-
mue npefuKats [0JIYYATUCh M3 HUX € NOMOIIBIO JIOTH-
YeCKHUX onepauuit. B 3aBucumoctd oT cnocoba ux ormpe-
neneHus, GyBKIUsM NPUIMCHIBAIACE OIIpefesIeHHas CTy-
neHb. Tak KAk npyu 3ToOM MCYUCIICHHE 0KA3aJioch Heso-
CTATOYHBIM JII1 NPUJIOKEHMH, Mbl Homornu cebe 1I0-
CPEACTBOM BBEIEHUA aKCHUOMbl CBOJMMOCIH.

Ho B ueM cocTouT cofepyKaTeNbHbI CMBICT 9Tl
akcuombl? OHa OTHIOIb He OUeBHJHA, KAaK Apyrue NpaBuiia
BbIBOJIA, KOTOPHIE Mbl ME€pPEBesIM Ha 53blIK QOPMYJ HCUU-
ctennst gynxkuuit. Mel MOYKeM CKa3aTh ellle KOe-uTo He
B NOJIb3Y aKCHoMbl CBoguMocTH. [lpu npou3goabHom BH-
0ope 0CHOBHBIX CBOMC {B 11 0CHOBHBIX COOTHOIIEHH aKCHOMA
CBOIUMOCTH, BOOGLIE FOBOPA, 3aBELOMO HE BbIIIOJIHSETCA,
CnegosaTeslbHO, pedb JOJHKHA UTTU O TOM, YTOOLI B KAXK/IOM
AAHHOM Clyyae JOMOJIHUTL CUCTeMY CCHOBHBIX (ByHKUHH
TaK, 4YTo0Obl yAOBNCTBOPUTH TPEGOBAHMIO 3TOM AKCHOMBI.

} Whitehead, A. N. and Russel, B., Principia mathematjca,
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KOHCTPYKTHBHBIM TPHEMOM HeJb3A JOCTHUbL fomo6HOTO
JIO1I0JIHEHNA, 1aK KaK mepBasi CTYIEHb, M0 onpejesenuo,
3aMKHYTa OTHOCUTEJIbHO omlepauuit &, VvV, —, —, (x), (Ex).
Takum o0pasom, 0CTaeTCsl TOJILKO BO3MOYKHOCTH mpeniio-
JIO)KUTDL CHCTEMY OCHOBHBLIX MPERMKATOB [EPBOI CTyHeHH
B BUJIE HEKOTOPOil camo mo cebe CywecTBymowEel CoBo-
KYIIHOCTY, TaK YTO MX MHOroo0paspe He 3aBUCHUT HH OT
(haKTHueCKW JaHHBIX ollpemeneHuii, HH BoolWe OT HAWIKX
BO3MOXXHOCTeH ompefesenus.

d1a o0nacTe QYHKUMIA MiepBoit CTymeHH 10IDKHA ObiTh
HACTOJIbKO 00LIMPHOIA, uTOOBI BBHUMOJHSIIACH aKCHOMA CBO-
pumoctd. Ecau Mer Oymem cuuTaTb TIpeUKATBI Pa3iuy-
HLIMW JIMLIb IOCTOJIBKY, MOCKOJILKY pPasjMyHbl fApHHAJJIE-
yKalume UM  MHOMeCIBA, IIPUHMMAs, CJIeJ0BaTesIbHO,
TEOPETUKO-MHO)KECTBEHHOE HMCTOJIKOBAHHE MCUHMCIIEHUs],
To TpeGoBaHUE AKCHOMB!I CBOAMMOCTH 03HAYAET: COBOKYII-
HOCTh QyHKUUN mepBo#d CTyIeHn A0JDKHA ObiThb HACTOJILKO
ofunipHa, wrcbsl 3akiwuate ye Bce Qynkuud. Ho B
TAKOM CJIyuae MAes CTYNEHYaToro HMCUUCIIeHHS Obisia Obr
0ecmosie3HbIM YCJIOXKHEHHEM, W MOXKHO C CamMoro Havasa
HPEANOJIOKUTh CUCTEMY BCeX (PYHKLMA OTHOrO M TOIO e
TUNA KaK CyLIeCTBYIOMIYyId Camy TI0 cefe COBOKYMHOCTD.
[TosToMy 43 P3CCENNOBCKUX MEH CoxXpanuiach Obl TCJIBKO
nepBas,—uTo HY)KHO CTPOro pasauuaTb MEMAY WHIWBH-
AYaIbHBIME  QYHKUHAMH, QYHKNUAMH WHIUBHYAJIbHLIX
dyukuuii- U 1. 1. CobCTBEHHOE K€ pasjiMyeHue CTyTeHel
ornano Onl. Eciau Mbl 3apaHee KJIafieM B OCHOBY CHCTEMY
BCEX UHAMUBUAYaIbHBIX MPEIUKATOB KAK HEM3MEHHYH COBO-
KYNHOCTb I JIUIIDL ONpefesIsieM 3aTeM KaKkoi-uuby b uHiu-
BUAYaJbHBIA TipegyKaT yepe3 OTHOLIEHHE KO BCeM UHAH-
BUAyaNbHbLIM NpEfMKaTaM, TO JIOTHYECKOro Kpyra He
nosyuaercs. He BBOMTCA Belb. HUKAKO# HOBbIt UBAM-
BUAYaJibHBIN npeguKkar, Ho Jadmb Oosee TouHO 00O~
3HAUaeTCA HEKOTOPHIA ompejesieHHbll MHAMBUAYAIbHbINA
IpeJuKaT uepe3 OTHONIEHHWE KO BCEM MHIUBHYaJIbHbIM
npeaukatam. ITo MeHblneit Mepe Mbl umeem 3pech [€JI0
CO Cllyuaem, HeCYIeCTBEHHO OTJIMUYAIOMMAMCS OT PICCesioB-
CKOIl CTYTeHUaTOH JOTHKM € NPUCOEAHHEHHEM AKCHOMBI
cgogumocTd. M 3geck Mo)KHO OIpeeiuTh INPEAMKATHI
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IEPBOIl CTYNEHH M, ONpefesss CHavyala HEKCTOPHI mpe-
AUKAT BTOpPOH CTyneHW, OpaTb 3aTeM 9SKBUBAJIEHTHBIH
npeuKar nepBoi cTyIieHH.

Cnpawupaerca ogHaKo, KaK NPU TAKOM IOHHMMAHHUU
obcTcuT pgeno ¢ napadoxcamu. Bo3HMKHOBEHHE MNEPBCTO
napajiokca 0CHOBAHO HA TOM, UTO NpeJUKaT yroTpebisercs
B KaueciBe CBOEro coGCTBeHHOro aprymenra. IlopoOmas
NOACTAHOBKA HA NyCcToe MECTO (YHKUUM Teneph HEBO3-
M(KHA, TaK KakK QyHKIUA Bcerja umeer 00Jiee BbiCOKMIT
TUI, YeM KOKgbll U3 ee apryMeHTOB.

Ofa /pyrux napagoKca UMEKT CYmECTBEHHO OTIIHY Hblil
OT MEPBCLro xapakrep. B To Bpemst Kak nepBblit MapajoKc
00HApY)KMBAJI TPOTHBCPEUMe B CAMOM (DYHKLMOHAJILHOM
ucuucsienuu B Toil obmedl ¢gopme, B KoTopoil 0HO TOTAA
0110 chopmyupoBaHo, 06a APyrue yKasbiBAOT JIMUIL HA
HECOBMECTUMOCTb C MCUMCJIEHUEM HEKOTOPHIX YTBEPIKiE-
Hull. B mepsom cilydae sTo Obinu

Bh[(X) (Bh (X) — X)]

(X) [Bh (X) — = (X, (¥) (Bh (¥) = ¥))],
a BO BTOPOM CJydae

(E.)Dsc (x), Scr (Mds)
"

(P) {(E~) P (0} = (EX) [P () & () (< (v, ¥) = P (¥}]}.

Hu opHO M3 3TUX mpegaoKeHuN He BbIpayKaeT JiorHue-
cKoro ToKgecTBa. Takum o0pasoMm, 91U napajoKcul BooOme
He 3aTparuBaloT Hallero ucyucieHus. [losTomy Mbl He
Oynem MmMH OoJIbIIE 3aHMMATHCSA.

Bce e, B camom o0luem [OHMMaHWH, HCUNCTIEHUeE,
KOTOpO€ Mbl TakuM 06pa3oMm Nojydaem, 0e3 [eTasbHOIO
" necnemoBaHuA  ocraertcst eme npobnaematuunbim.  TBepo
00pUCOBAHHYI0 U 3aMKHYTYyH B cefe o0macts Gopmysn Mbl
moJiyyaeM, JACIYCKAasl TOJbKO NEePeMEHHblE, COOTBETCTBYIC-
HIMe MHAMBMYAJIbHBIM TpEeguKaTaM, U CCOTBETCTBYIOLIME
KBaHTOpbl. [Jlist aroil ofnacty Moyer OwITe MoCTaBieHa
U DpobeMa paspeliuMocTy. ‘
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KommenTapuif K § 1 nepBoli raaBel

Hacroamuii xkommeHtapuit uMeeT LeJsbl0 00J1eryuTh
yTeHMe KHUTH [JIS1 YUTATEJIsl, He IPUBBIKIIEro K CTHJIIO
CCBpeMeHHGH MaTeMaTHueCKOH sUMTepaTypbl. B HeM Hame-
yalTCs camble 06I[Me KOHTYpPbl MCUYHCIIEHHst BbICKasbiBa-
Huil ¥ coflepykuTCsl MOoAPCcOHbIH pasGop ccepyKaHus Iep-
BBIX CTpaHull KHUrd. EcTecTBeHHO, YTO 3TOT pas3bep He
MCI He OTPasuTh TOUKHM 3peHUS €ro aBTOpa.

KaaoMy M3 HAC cIyyajcch, BepOsATHO, He pas ymo-
TpeOUTE B CIIOpe BhIpa)keHMe: «Jla 9TO yKe JIOTHUYECKH CJie-
AyeT u3 BamuMx COOCTBeHHBIX CJICB»., UTO 3HAYMT 3[eCh
«JIOrUUeCKU clieflyeT»? B kakoM ciaydyade Mbl MO)KEM CKa-
3aTh MPO OHO yTBeP)KAeHHe, UTO OHO SBJISIETCST WIOTH-
UeCKUM CJle[lCTBHeMy W3 gpyroro (m Apyrux)?—IlonbiTke
JaTh OTBET Ha 3TOT BOIMpPOC, YTOYHEHHIO 3amaca CpejicTs,
C MOMOIIBI0 KOTOPBIX B TAK HA3blBaeMbIX TOYHBIX HAyKaX,
0co0eHHO B MAaTeMaTHKe, 13 OJJHIX I Pe/l10)Ke HiI1 il BBIBOATCA
Jpyrue, «JIOrHYeCKH CJeflyl0lvey V3 HHX, IGCBflleHa, B
OCHOBHOM, HacTOsilllasi Kuura. I1pocTeillias U3 3agay aToro
poAa paccMaTpUBAaeTCs Y)Ke B IlepBGii ee riiaBe.

Tyt peub ufleT 0 HauOoyiee GeMHOM JICTHYECKOM amnma-
paTe, MOCTATOYHOM JJisi BBHIBOJIA JIOTHUYeCKHX CJIE[CTBUH
TCJIbKO B CAMBIX TIPOCTBIX CJIYUYAsiX (C KOTODEIMU, BIIPOUYEM,
HAM NMPUXOAUTCST BCTpedaThCs U BO BCeX 00Jiee CJIOKHBIX
ciayyasx moJchHO TOMY, KaK B CaMbIX CJIGKHBIX c6nacTax
MATeMATHKH MPUXCIUTCS MOJIb3C(BAThCA apudmeTHueCKAMH
onepallMsiIMK C HAaTypasbHbIMKE ykcnamu 0, 1, 2, 3 u T. 1.).
[MpceroTa 9TOr0 ammapaTa CCH(BaHa HAa TOM, UTO Mb
,a0CTparupyemMcst 0T BCeX JIOTMYECKHMX TOHKCCTed MbiCiy,
(BRIPAKAEMBIX B 0OBIYHCM Pasr«BOpHOM M, oc(leHHO, JIHTe-
paTypHOM sI3blKe, M Pa3/IM¥yaeM BBICKA3LIBAHWSA MO CAHOMY

1 KommeHTapuu pepaxrtopa nepesoga—C. A, STHoBCKofi.
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eIMHCTBEHHOMY IPHU3HAKY: C TOUKH 3PeHUS UX UCMUHHO-
cmu WM A0xmcHcemu,

Paccmarpusaewble ¢ Taxoif TOUKH 3peHUs MoGble ABA
HCTUHHBIX BBLICKA3bIBAHUS, BpoJie «[IBaXibl IBa —UeThipe»
nmu «Hamoseon ymep 5 masa 1821 rogas, paBHO Kak
M mo0ble [Ba JIO)KHBIX BBICKA3bIBAHMS, Bpede «Bay<abl
ABa—Iisithe MJIM «CHer dYepekd, TPAKTYHTCS KAaK SKBHUBA-
JIeHTHBle Apyr Apyry. Pasnuuuss meAy HMMH BBICTYNAOT
Jiblb B MIpoLecCe PAasBUTHST JIOTHKU, CBA3AHHOIO BCSIKUH
pas ¢ BhlgCHeHMeM HeAOCTATOYHOCTH Y)Ke IOCTPOeHHOro
anmapara, HeCOOTBETCTBMSI HUCHOJb3yeMbIX UM (opm
BbIpa)KeHHUS MBICIM M CrOoccOUB  BBIBCAA  CJIeACTBHMA
C Codepucqnuem HAyUYHbIX [AUCHUIUIMH, K KOTOPbIM OH
Ro/pKeH MPUMeHSITbCS.

MraK, B MCXC[HOM Y HKTe JIOTMKH BBICKA3LIBAHU I TEYKUT
neapasfieneHiie BBICKASBIBAHUN HAa HCTHHHBIE W JIO)KHbIE.
ABTOpbI CCBCeM He OCTAHABJIMBAIOTCS HpPU 3TOM HAa BC-
npcce O TOM, KAK MMeHHO IIPOMCXCAUT BbIsICHeHME UCTHH-
HOCTH MJIM JIO)KHCCTH BbicKasbBavuil. C Hawe#t Touxy
3[eHUs1, STCrO Eesib3sl C/lesaTh, Ee CMUPAsiCh B KCHeUHOM
CueTe Ha KpUTepuil nmpaxktuxu. 60 McTMHA AJ1a HAC eCTb
CCOTBETCTBME € peaslbHOH (MaTepuasnbHCH) JelicTBUTENb-
HOCTBIO, NpCBepsieMce Ha npawktuxe. [lpu moppasgenre-
HHM BBICKA3bIBAHUK HA UCTHHHblE U JIC)KHDIE B HCUKCAEHUU
BbICKa3biBAHMIL, Kak BooOlle B KJaccuueckoil dopmasb-
HGi JI6TMKe, NpeAnoniaraercst ellle, YTO OHO U TO IKe
BLICKA3bIBAHUE He MOYKET ObiThb OHCBpeMeHHO KAaK MCTHH-
HBIM, TAK U JIO}HBIM, HO JOJDKHO ObITh 00513aTe/IbHO OJ{HUM
M3 JIByX: NU00 MCTUHHBIM, 160 JocHBIM. MeTadu3uky,
0 KOTOPHIX JHreJIbC CCTPOYMHO ICBOPUJI, YTO OHU «MBIC-
JIIT 33AK01YeHHBIMM, HEMCCPe[CTBEHHBIMA TNPOTUBOINIOJIO-
JKeHHSAMU» U -peub HUX «COCTOMT W3 «Ji—[a, HeT—HeT;
YTO CBepX TOro, TO 0T JIYKaBOro», [oJlaraJiv, 4To Bce HaIIX
BBICKA3bIBAHU ST ABTOMATHYECKH YACBIJIETBOPSIOT 3TOMY Tpe-
0cBanmo. MBI XOpOLIO 3HAeM Terepb, YTO HA CAMOM Jelle
3T0 He Tax. «¥ BcriomuHaw, —mucan M. B. Ctanuu eme
B 1904 r.,—pycckux metaduangor 50-X rofoB MPOILIOro
CTOJIETHSI, KOTOpPble HA30HJMBO CIpamMBaad TOr AAIIHUX
AMAJIEKTUKOB, MO0JIe3¢H UM BpefleH AOKIb ANA  ypOXKad,
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M Tpe6OBANH OT HUX <«PElIMTENLHOrO» OTBETA. [IHaJIeKTH-
Kam HeTpyAHo Obul0 AOKa3aTh, uTO Takad H(CTAHOBKA
BCOpOCA C(BeplleHHO He HAyuyHa, YTo B pa3HCe BpeMs
pasyiMYHO CjiefyeT OTBeYaTh HA TakMe BCIIPOCH, YTO BO
BpeMsl 3aCyxu JO)Mb — [10Jle3eH, a B AOXKAJIMBCE BpeMsi—
Oecrosiesed ¥ A2Ke BPefleH, YTO, Cle/lcBaTesibHO, Tpe0o-
BaHHe «pelUMTesIbHOTC» OTBETA HA TAKUH BONPGC SBJIseTCA
SIBHCH raynocTbios,

UrcGbl mpaBuIbHO MCCTABUTB BOMPOC, YTOUHUTH ero
HaCTOJbKO, 4TeOBl OH [OMycKand TOJIbKO OJUH W3 ABYX
OTBETOB: 0@ WU Hem, NMPUXOAUTCS UHOTJA OYeHb OCHO-
BaTe/IbHO NopaboTaTh.

B ucuncieHu BBICKA3BIBAHUM UCXOIAT M3 IpeAroso-
JKeHUsl, 4TO MMeeTCs Y)Ke HEKOTOpbIA 3amac BbICKa3blBa-
HUH, YIOBJETBOPSIOIMUX 3TOMYy TpebcBaHuio. [lpunaji-
JieyKamye I3TOMY 3aMacy BBICKA3bIBAHUSL HA3LIBAOTCS
OCHOBHbIMU WM 3AemeHMapHsimu. 3ajava, ¢ KOTOpoit
HauMHAeTCA MCCTPCeHMe HMCYMCIEHUs], COCTOUT B YCTaHCB-
JIeHHH HeKOTOPLIX CPeACTB, MO3BOJISIOMMX, WMesl Kakoii-
HiOY/b 3amac dJ1eMeHTapHbIX BLICKA3bIBAHUM, HOCTPOMTH
C €ro noMoubi0 HOBBHIe BLICKA3BIBAHUS, VAOBJICTBOPAKLIME
TOMY e Tpe0OBanuIO, T. e. JUOO UCTUHHBbE, JUDOO JOXK-
Hble, U IPUTOM TOJbKO OFHO U3 ABYX. COOTBETCTBYIOIIMe
IpaBUJIA KCUMCJIeHHA Ha3BIBAOT KWHOrAAa IM03TOMYy Impa-
BUnamu o00pazosarnua. Camoe HCYKCIIeHWe BBICKA3LIBAHMI
MO)KHO DY ITOM CTPOUTH BYMS PA3JMUHBIMM cHocobamu:
Iy «bopmanbHO-AelyKTUBHBIMY, WJIH «AKCUOMATHUECKUMD,
U 2) «COAePaTeJbHO-AJIr OPUTMHYECKHMY, MU «TabNuy-
HbIM» (MHOrJa roBOpPAT «MAaTpUuHBEIMP). O6a oHHM u3J0-
JKeHBI B IepBOH rjaBe, rfe AaHO TaK)Ke AOKA3ATeJIbCTBO
9KBUBAJIEHTHOCTH 00OMX IOCTPOEHMIT, HA CMBICJe KOTOPOit
MBI OCTaHOBMMCA B cccOom mpuMeuyaHuu. Ceifyac oxapax-
TepudyeM Bkpatue coba cncccba.

IlpeaBapuTesibHO  3aMeTUM elle, 4YTO TAK KAK MBI
COBCeM He BXOJWM TOKAa B COAep)KaHUe BLICKA3bIBAHWH,
He OTJIMYAeM JaKe APYr OT Apyra MoObIX JBYX MCTHHHBIX
(COOTBeTCTBEHHO JIOXKHBIX) BRICKA3BIBAHM{, TO BCAKOE 3Jle-
MeHTApHOe BHICKA3bIBAHME HAM MPUXOAUTCS paccMaTpu-
BaTh KaK OJHO HepacuieHsemoe IleJicge—0003HauUaeMoe,
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COOTBETCTBEHHO, OfHOH OyKBOM,—KOTOpDOMY HpeAnoa-
raeTcs OTHeCeHHLIM OHO Y TOJIBKO OfHO M3 [ABYX ¢3Ha-
YeHUM UCTUHHOCTHR: UCMUHA UM A034Ch. YrcObl 3a4aThb
npaBuna, MO02BONsONMe 00pa30BLBATE M3 JJleMeHTAp-
HbIX BHICKA3bIBAHMI CJIO)KHbIe, MBI MO)KeM M[OCTYNUTD
Tenepb ABOAKMM CiccoGom. I1pn (popmasibHO-Ie/lyKTUBHOM
cLocoGe 3a6LBAOT BooOme, uTo OyKBE y Hac 000-
3HauaJd  BHICKA3bIBAHMS, W MCXOAST U3 ONpeie/ienns
popmyast. C 1LeJbl0 TOJYYUTb TOCAEJHee MOCTYIUM
TaK.
TlepeunC/uM CHAYaJa 3HAKYW, U3 KOTOPRIX oyayT co-
CTOSITh (hopMYJIbI UCUMCIIeHHs1 U KOTOpPbIE ofpas3yT ero
«andasury. TakuMu 3HAKAMU CJIy)KaT, BO-NEPBLIX, 60Jib-
wMe jaruHekue OywBbl X, Y, Z..., urpawiuie pojb nepe-
MeHHBIX B (opmysax (B «cofepKaresbHOM» TIOCTPOEHIH
MM COOTBETCTBYIOT TNepeMeHHble A BLICKASbIBAHMK).
Kpome TepemeHHBIX H BCIIOMOraTeJIbHBIX 3HAKOB, KOTO-
PBIMM CY)KAaT CKODKM, B Qopmynax OyayT BCTpedaTbCst
elle SHAKM, Hrpalonye poJib  JIOTHUYECKMX MOCTOSHHBIX
(KOHCTAaHT). ABTOPE BBOAAT CjleAlOUMe 3HAKH ITOTO
pofa (njifi BHeCeHMsi HEKOTOpO# SCHOCTH MBI COIOCTAB-
JsleM KOKIOMY ero 3HaueHHe IIPH «COfleprKATeIbHOM?

ICCTPCEHMH) !

l. «—» — 3HaK OTPHL@HHA,
9. «&» — 3HAK, COOTBETCTBYIOIIM COHO3Y «U»,

3. «\/» — COOTBETCTBYET COMO3Y «UJIHY,

4. «—>» — COOTBETCTBYET BLIPAYKEHHUIO «ECJIU... TO»,
5. «~»—03HayaeT: «paBHO3HAYHOY. :

[py OCBeWmEHUH (COAEPHATEJBHOTCY MNOCTPOeHHT HCuuc-
JleHUST BHICKA3bIBAHMH MBI 0CTAHOBYMCA HA KAKAOM U3 HUX
B OT[e/IbHOCTH, TOKA JKe ClleJldeM elle OAHO 3aMeuanHe.

Kpome 3HAKOB: X, vV, 2....—,&, V, —, ~, B KHUrE
ynoTpebAsIOTCs ellle roTHUeCKHe OYKBBI o B, €.,
3HAK (9KBY M T. I. DT0ro pofia 3HAKU He MPUHA/IEKAT
VCUMCTIeHUI0 BhickasbiBaHuil. O TakMx 3HAKAX TOBOPAT,
Yo OHM NPUHALIEKAT He (JIOTHKeD, a  ¢METAJIOrHKeD,
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T. €. COY)KaT 1A QopMyJMpOBKY IpaBHI ofpaleHus Co
3HAKaM{ «IOrnKH», BOOOIle JIs1 MNOCTPOEHUs meopuu
Aoeuxu, «Jloruka» M ¢MeTaJIOrHKa» OTJIHYAIOTCA apyr
OT Apyra, Kak Hayka l, usyuawoumas HeKOTOphIl npeamer,
oT Hayku 11, usyuaowel metoanl Hayxku I.

Tenepb Mbl MOMeM  CchopmyJIMPOBATH onpedeneHue
gopmyabl UCHUCACHUS BbICKA3BLIBAHUII:

1. Byxsol X, Y, Z,... cyTs opmyJibi.

2. Ecom A dopmyna, o u U dopmyna.

3. Ecomm U, B dopmyns, To ¥ A&EYB, AVSB, A—B,
A~B Towe dopmynel.

C nomompbo 3TOr0 OnpelesieHUs MbI MO)KeM HAamUCAThb
CKOJIb YTOAHO MHOr0 pa3HblX (popmyJ. Tak, mocKOJIbKy X
ecTb (opmyJia, 10 u X Qopmysa. ITockoabky X u Y—
dopmyJiel, Tou X—Y To)ke ¢opmyna. Tak kak X ¥ X—Y
bopmysbl, Tou X & (X—Y) Toyke popmyna. Ho X & (X—
He ¢opmyna u X &—>(X—Y) To)Ke He ecTb (Popmysa. Ml
He Oy/[ieM O0CTaHABJIMBATBLCS 37ieCh HA MPABUJIAX, YIIPOLLAI0-
WX BHeWIHUW BUJA (QOPMYJibl, HANpUMep, OTHOCSHIMXCS
K ynorpetnenuio cko00k. OHY JOCTATOUHO SICHO U3JI0MKe HbI
B- TeKCTe. ’

Kpome npaBun o0pazesanusi, ucuuc/ieHBe COJePIKUT
ellle npaBusna npeolpas’oeanud, HasHadeHHMeM KOTOPBIX
U SBJIAETCS KAK Pa3 T0JydeHUe JIOFMUeCKUX CJIeICTBUIA.
Kak u moHsiTwe QOpMynbl, HX MOKHO CHOPMYyaMpPCBATH,
He rOBOPA HM CJ10Ba 0 BbiCKasbiBaHuAX. B § 10, rfie peub
uaeT 00 aKCHOMATHYECKOM MOCTPOEHMH WCUMC/TeHHsl BBI-
CKasbiBanuM, 3T0 Tak u lenaercsi. B nanbHeituriem BbIsic-
HATCS TAKOKe, KaKO#W 3TO MMeeT CMBICI U JIIST KAKUX Liesreid
MOKeT moHamoOureca. Iloka 3ameTum ToJIbKO, 4TO 3TO
MOXKHO CfiesiaTh, BBIOPAaB HeCKOJABLKO (Gopmys («axCHoM»)
U3 3amaca GpopMys HCUMC/EHHS M 3ajiaB NpaBUId BHIBOAA,
T103BOJISII0IME M3 BHIOPaHHBIX (opmys1 moiayuath («IoKa-
3bIBATBY) HOBBlE, TaK)Ke Hrpawllde poJjib BBIie/Is€MbBIX
B ucuncjieHHd. Takoi uMeHHO crocef MOCTPOeHHs Hayu-
HOM TeOpMM M HA3LIBAETCH  «IKCHOMATHUYECKUM?®, HJIH
«popManbHO-IelyKTHBREIMY.  ABTOPBI MOIJIM, KOHEUHO,
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HauaTb ¢ Hero. OAHAKO mpu 3TOM ObLIO Obl CCBCEM HESICHO,
yem cOBACHSETCS BHIGOP TeX WM MHBIX aKCUCM U MpaBuj
BLIBOZA M KAK OXapaKTepu3CBaTh B L€JiOM BeCb I0Jyvae-
MBI C MX MOMOIIBIO 3amac «oxkazyeMmbix» (QOpMyJl, Bbie-
NsleMbIX TakuM cOpasom n3 cfwero 3amaca Bcex Boobue
(opmya ¥CuMCIeHUA. ABTOpBl NCCTYMWW MOITOMY npa-
BUJIbHO, HauaB C «CoJepyKaTeJIbHOrcCy MCCTPOeHUs JIOTHKU
BbICKasbiBaHuil, B xoropom Oykenl X, Y, Z... ynmorpef-
JISIOTCSL  VMMeHHO Kak BBHICKasbiBaHUS, a. JICru4eCKHe
OCCTOSIHHBIE —, &, V, —>, ~ CNpeleJIfloTC COfepKa-
TeJIbHO, T. €. KAK MMelOlMe BIIOJIHe oIpe/iesleHHBIN U MpU-
TOM MMEHHO JICFMueCKH# cmblca. Hcmosb3yemoe aBTopaMu
«aJrOpUTMUUECKOed OMpefleflelte MX Jiydlle Bcero cdop-
MyJUPOBATh C MOMOIIbIO ClefylomMX TabmuL, [lyctb
yMeeM BBICKA3blBaHHe X, NP0 KOTOpCe 3HaeM, 4YTO OHO
6o MCTHUHHO, 160 JIOKHO, HO M TOJbKO OHO M3 JIBYX.
OG03HaunM MCTHHHOCTh BhICKasbiBaHMs OyxBoH U, JIOXK-

HOCTB ero GykBoli 4. Torfa BhickasbBauue X (He X)
Onpe/iesisfieTCsi TaK:

| X-‘ X
1. u g ]
2. Y

. e. eCyti X MCTUHHO, TO X JIOKHO, eclit X JIGKHO, TO X
HCTUHHO. Mbl BHAMM, uT0 eCqu X YACBJeTBOpsieT Tpebo-
BAHMIO TOAUMHSTECH 3aKOHAM KJIacCHMeCKCH (bopmaibe

H(H Jlorukn, To M X YACBReTBCPSieT 3TOmy ke TpeboBa-
HUIO: B KaXKACM BO3MGIKHOM Cjyuae OHO JuBO HMCTHHHO,
nubo NOKHO, M HU B OJJHOM M3 HHX He HMeeT Cpazy
60X 3TMX 3HaYeHHH.

Ecim B HameM pAcIOpsDKeHHM 1MeIOTCS ABA BLICKA3bl-
Banus X U Y, KOKICe U3 KOTOPBIX YACBJIETBOPSIeT OCHCB-
HOMY TpeGCBaHMIO MMeThb OJHO M TOJLKO OAHO W3 [BYX
3HaueHMH U, A4, TO Pa3jMYHBIX BO3MOKHBIX CJIy4YaeB YiKe
yeThipe: Korja X HMCTHHHO, ¥ MOXKeT OBITH KAaK MCTUHHbLIM,
TAaK M JIO)KHBIM; Korga X JO)XHO, AjJs Y OnATb-TaKH
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CCTAaTCST /IBe BC3MOKHCCTH. MBl mcyuaem, takum obpa-
30M, Crepyrompe 4 cayuasi:

X Y
1. u u
2. u A
3. | « u
4, a A

YUTOGh! ClipefleMTh 3HAKH &, \/, —>, ~, T. €. BHIPa)Ke HUS
X&Y,XVY, X—Y, X~Y, HaM HY)KHO B Ka)AcH TabkLe,
onpefesito e kakoe-HUOYAb M3 3TUX BHIpa)keHuil (x 060-
3HavaeT OAMH M3 3HaKOB: &, V,—, ~):

X Y | Xa¥

[
o
I—l

= A B R
EE N~

NOCTaBUTh B KAKACH 13 4YeTbIpeX, HOKA elle NMYCTHIX,KJIETO-
YeK OJHY U TCJbKO OAHYy u3 OyxB u u 4. OueBupHo,
MBl TICCTapaeMCst 3TO CJleJlaTh TdK, uT(Obl BBCAMMbie
JIoruuecKue CBS3KH, MNO3BUIAKIKE W3  9JIEMEHTAPHBIX
BBICKA3bIBAHKMM (6Pa3(BaTh CJICH)KHble, MAKCUMAJLHO COOT-
BeTCTBCBANM  CObIYHBIM  cC103aM  Pasr(BCPHCH  peui.
5l resorw “MAKCHMANILHO COOTBETCTB(BAJIKY, NGTOMY UTO
B PA3r(BOPHCH pedd KaKace CJI(BO, B TOM YK CJle U CGIO3BI,
HMEET MHOXKECTBO PA3HBIX OTTEHKOB, 3aBHCSAMUX OT
KOHTEKCTa, B KOTOPOM OHO ymcTpeGiaeno, Bce 3T0
00raTCTBO OTTEHKCB 3/leChb Mbl He M()KeM Bbipa3uTb. Kpome
TOr0, MblI CBA33aHBI TpeGcBaHueM INCCTABUTL B Ka)Kaoif
KJIETOUKe OfHy W TOJbKO ORHY M3 OYKB U u ..

s coo3a «My 3TO ylaeTcs clieftath BCe yKe HOBOJIBHO
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ecTeCTBeRHO. CooTBeTCTBYIO MMM eMy 3HAK & OMpeeIaeTCs
caeayomei  Tabiuled:
' x| v | x&v

A

H B oRR
S 8 N R

A

T. e. BhickashBanue X&Y cuuTaeTCs UCTUHHBIM :3;30;6
¥ TOJBKO B TOM Clydae, KOrAa UCTUHHBI o0a Bﬁblcxo -
aisi: u X 1 Y. ViMeHHO Tax 1 ynorpe0uisiercst 00bI1H Sror
003 B PasroBOPHOA peud. Tak, KOrpa Mbl qmazmp;mmm
Mol B capaid i JierJin Ha CeHed, TO MOHMMAeM oT R
B TOM CMbICJIe, YTO BepHbI 002 BBICKA3bIBAMMA. )
momyiy B capaip, 2) «Onu JieriM Ha CeHED. e
C cO030M {WMd Je0 OGCTOUT HECKOJIBKO MT}; e,
pex e BCero, GHIBAIOT PasHble WLIMY. Korpa M1>16 qH e
«Ecag KTO M3 ToBapulleil omasjblBajs Ha MOJIE :SI/;CTOB
NOXOMMAN CAYXH O KaKok-HuOyAb MpoKase FHMHYIIIQPOM,
A1 BUIENH KIACCHYI0 flaMy MO3JHO BeuepoM ¢ 0(1)6 1 qera
TO OH OYeHb BOJIHOBaJICsi, M BCe rOBOPHI, KAK bmcne
He BolT0» (UeX0B), — TO He MOHMMAEM 3T0ro B TOMnixhé HHH},{
yro Kaxue-HMUOYIb ABa WU Jd)Ke BCe TpU C%E)lb s
37eCh COIO30M «MJIM» BBICKA3bIBAHUS HE MO'FJIMO BIT > Bepu>
onHOBpemeHHo. HaoGopor, Bo @pase: ¢ HJISIH.PIT m
a Bapenbka moeT emy «BuiloT BUTDHD, uau rnu oy
Hel'0 3aJyMuMBO CBOMMY TeMHbBIMH rnaaaMM,Au BAPYY
3a7beTCs: «Xa-Xa-Xa», U elle oTyeTyiMBee B «A OH T i
na uau Het—u G.Jiblle HU 3ByKay», Wi B «$l SaMeHer(;
Yro XOXNMYIIKM TOJbKO MAAuyT WAl XOXOYyT, cglf:;n oo
JKe HACTpOeHHs1 Y HUX He GbBaeT» {Tam >Ke) «ﬂﬂM H%’eﬂ_
pasfiesurepHce. CoefjuHeHHble 3AeCh ITUM cozolic s
JIOYKeHHsi He MOTYT GbITh BePHbI OAHOBPEMeHHO. Tie T B
y)ke 0 TOM, YTO Hampumep, B BBIpaKeHMIX «I/Igu, oumeb
MO)KeT, Mels cOMasbIBaeT 3peHue?» (YUexoB), « H R
ps1 BCAKYK UyBCTBUTENIHOCTH, UAl, pyTHMH ;mooﬁom;
MepecTan » KUTBY, (MJIMd HMeeT OTIMYHbIM O
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IPE)KHUX CMBICT: YIOTPebssasich, KaK B mCCleHeM IIPH-
Mepe, B CMEIC/Ie ¢TO-eCTb», CBSI3LIBAIOLIEr0 ABA IIpe/JIOye-
HUSI, «MJIM» laeT BepHCe CIIGYKHCE Mpe/UICyKeHNe KaK pas3
B TOM Cliyyae, Koraa cba CBsi3biBaeMble WM IpelJIOKeHHS
O/JHOBPEMEHHO MCTIHHKL ,

B ucuucsieHuM BBICKAa3bBAaHWt B KauecTBe OCHOBHOI
CBSI3KM MJIM Clepalliy, MOPO)KAAKIed U2 ABYX BbICKa-
suiBaHuit X, Y BrickaswBanne X V Y, BoiGupaercs He pas-
Ae/IMTe/IbHOE (MJIMY, ONpeliesisieMoe Clefylleil TabauLeii:

X | v [xyy

2 s B om
H R os o=
= R ao=w

BrickasbBanne XV Y Jo)kHo, ciegcBaTesbHO, B OTHOM
¢IMHCTBEHHOM Cilyude: KCrga o6a CoCTasjAwllde ero
BhICKasbBanusi X u ¥ nokuel. Taxk kaxk BbICKa3biBaHUe
X&Y, Hao6opoT, MCTHHHO TOJBKO B TOM Clydde, KOrjia
06a: X U Y MCTHHHH, To CBA3KM V U & OKa3bIBAWTCS
JBCHCTBeHHBIMM APYr ApYry. CBS3aHHBIH C 9THM «IIpHH-
111 IBCHCTBeHHOCTH®, 0 KOTOPOM YMTaTeJib NPOUTET B TeK-
CTe, 3HAUUTe]bHO yHpcllaeT ucuuclieHue. Mmenno atum
U 00BACHsIETCS BRIOOP B HeM B KaUeCTBe OCHOBHOM CBA3KH
HepasfeMMTeIbHOI'0 (UMD,

! Brpouem, u ¥ Pa3feiHTe bHOTO ¢HIIMY MM EIOTCS HeKoTopuie
ocobennocin, AENawMe BuIBOP (ro B KauyeCTBC OCHOBHOI CBS3-
KH OJis1 onpexpelierruix 1ejel ocobenro noaxoasirum, Eciim zame-
HUTb B COOTBETCTBYIOWHX 120N1nax OyKBy «m» («MCTHHFO®) HA «1»,
a OykBY «i» («101.0)» Ha «0», To B apulMeTMKEe BHYETOB MO
MORYJIO 2 ra3fenuTeNsHOMy uAu GYHET COOTHUTCTBOBATH CJIOKE-
Hue, a CBA3Ke & ymHomenue. Tak Kaxk 3aKous 3T10# apuimernru
X0] 0110 H3BECTPBI, 10 MOAYYAeTCA K€ TOLBKO rpucTasi, HO W N U-
BuIul asg [Jis Fac TexI vKa BulumciatHnii. B c¢uarbe «O Texmuke
EbIUNCJIEF US NTeAN0OKernid B CUMBONU eCKOM JAoruxkes, Marer aTh-
uveckuit cO60puuK, T, 34, Buin, 1,1027 1., U. Y. Werankuu puibu-
paer mo3TcMy. B KaueCTBE OCHOBLOH CBA3KU, Fa[LALy C i, HMEILHO
pa3jeauTenbHOe UAu.

16 OchoBn TeopeTHTeckol JIOTHEE
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13 atoro He crenyer, ogHaxo, GyATO pasfennuTeSnHOe «HAN»
HeNIb3s BHPa3uTbL B TePMUHAX HCYUCIEHUsT BbCKa3bBaHu#. V-
NoAL3yst 3HAKU ~ , & u \/, 9TO MOKHO ClenaTs, HANPUMEp, TaK.
Ecnu Mb roBOpMM, uyTO W3 [BYX BbLiCKa3wBaHui X M Y oxHo u
TOJLKO o0 BEPHO, TO BbHICKAa3biBaHMe Hame— 0003HAYHM ero
uepe3 F (X, Y) - uCTUHHO B IBYX cayuasix: 1) Koraa X MCTHHHO,
a Y noxkHo, uiH 2) Korna Y ucruuno, a X aoxuo. B ocrans-
HBIX ABYX CNyyasX OHO JAOKHO. MBeIMH c/IOBaMH, OHO onpepne-
nsietest rabaunei:

X | v F(X,V)
u u A
u A u
A u u
A A A

Ho oroit ke Tabanuell onpenensiiores w BHCKaswpBanus (XVY)
& X& Y nnn (XVY) & (XVY). delicrBurennuo,

I
X Y \ XVy | x&y I X&Y | (XVY)&X&Y
u u u u A A
u A u A u u
A u u A u i
A A A A i A

Mpt BURMM, YTO KONOHKM 1A F (X,Y) B Bepxaeit Tab une
nana (X\/Y)& X&Y B nwxueit cosnagaior. Tak Kak B ofeux
Tabauuax CoBnajaloT M HCXOQHbE KonoHky aas X u Y, TO Hame
yTBEp)KIEHUE pnoKaszaHo, [IpegoctaBiasieM uMTaTed MOCTLO-
UTb AHANOTHUHYI0 TabNuLy, ONpeRensioyld IIar 33 IIaroMm
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(XVY) &(XVY), n ybennTeca rtaxuM o6pa3oMm, uTo u ara dor-
Myla MOKeT CJ'[y)'KVITb BBIp@KEHUEM AJ151 PA3IEIATEIbHOT O «HJIHY.

Haunbosiee TpyAHBIM JJIs1 HauMHAWIMX W HAUMeHee
COOTBETCTBYIOIMM ymoTpebsienuio B 00bluHONM peun cny-
KT OIpejie/ieHHe 3HAKA —>, COOTBETCTBYHOMIEro YCIOBHOMY
npeiiokennio: «Ecym... Te», leso B Tom, 4TO B pasro-
BODHOH peud TONBbKO A0MCHOCMb YCIOBHOrO NpPEAJIOKeHNS :
«Ecm X, To Y» onpeflesisieTCsi Uepe3 ¢3HaueHUs] MCTHHHO-
CTH» COCTAaBJSMOLIMX ero npeanoxenuit X u Y; ucmun-
HOCMb Ke 3TOr0 NpelyIOKeHHs1 COBIYHO MMeeT CMBICH He3a-
BMCHMO OT Hall¥X CBeJleHUH HacueT HCTHHHOCTU HJIM JIOXK-
HOCTH MpedioykeHuit X m Y, cocTaBismoux CJIOyKHOe
npefjiokenne: «Ecnu X, 1o Y». Tak, npepsioykeHue
«Ecau UBan u Iletp —6paths, mo MBaH u Ilerp—pop-
CTBEHHMKH» UCMUHHO, He3aBUCMMO OT TOro, OpaTbsi JIK
MBan u TleTp, poacTBeHHMKHU JiM OHu. OHU MoryT OBbITh
He OpaTbsiMM, HO pOJCTBeHHMKaMH; OHM MOryT OBITb U He
OpaTbsiMM M He POJCTBEHHHKAaMU, WM TeM He MeHee YTBep-

_ JKAeHHE, UTO eCau oHU OpaThsi, MO OHU. POACTBEHHUKY,

ocraeTcsl BepHbiM. HacbopoT, 4ToOB ACKA3aTh JIGKHCCTH
(0bmiero) ycJIOBHOro TNpeAJiOyKeHUsi: «E¢au roctb umeeT
BUJ /DKEHT/IbMEeHA, MO0 OH He YKpajleT 4acOB ¢ KAMHHHOM
TOJIKU®, OAHA U3 repouHb JlMKKeHca mnpuberaeT K Npo-
TUBOpeYaleMy Inpumepy: «CTOUT OTBepPHYTbCS, FCBOPUT
OHA, M 4YacoB HeT». MHEIMM Ci0Bamu, npefjioykeHue X
HCTHHHO: roCThb JIeHICTBHTEeNbHO MMeeT BUJ [DKEHTJbMeHd,
a 3aKmoveHue Y: «OH He yKpajieT 4aCCB C KaMUHHOH
MOJIKU», TeM He MeHee JIOKHO. JIOXKHOCTHL YCJIOBHOr O
npeioykends  «Ecnu X, 1o Y» Takum o6pa3om Ooka-
3pIBaeTCsA € MOMOIMBI o0Hapy)keHUsi, uTo X MCTUHHO,
a Y nowno. ° :

SameTuM, 4TO M3 YeThIPeX CIyyaeB, PacCMaTpHBaeMBIX
B Cnelylolleit Tabmune, onpeflesnouieil Cao)KHOoe BBICKA-
3nBaHue X— Y, kakace U3 npednoxednid X n Y UCTUHHO
B JByX: X —B IlepPBOM 1 BTOPOM, Y —B MepPBOM U TpeTbeM.
Ho ycnoBHOe mpelsickeHHe UCTUHHO dYallle, Yem 0e3ycnoB-
Hoe. BnoJiHe eCTeCTBeHHO IGITOMY, eC/M Mbl OyJeM Cuk-
TaThb ero UCTHHHBIM He B IBYX, & B TPeX PA3JIMYHBIX CIy-
YasgxX U ompelesUM Ipelyiokenne X — Y Kak JIO)KHCe

16%
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TOJIKO B Y)Ke PACCMOTPeHHOM HaMmHM ciyuae, T. e. korja X
WCTUHHO, a Y JIoKHO. Mbl monmyuum, Takum c0Opasom,
caepyromyto tabuny (C):

X | % |x.»y
.| u a | [
2. u A E
3. A u E
4. | a a E

B ofocHoBaHUe TOro, YyTo U3 BCeX BO3MOKHBIX TabJmIY
paccMaTpHBaeMOro HamH BHJAA UMEHHO 3Ta Haujy4le
COOTBETCTBYeT 00BIYHOMY YTNOTpeO/IeHHI0 YCIOBHOrO Npej-
JIOKEHHUs, 3aMETHM elle Clelylouiee.

W3 vcTHHHOCTY ABYX NpejiioyKeHuit: 1) «X» u 2) «Ecau
X, T0 Y» MBbl 3akyir04aem OObIYHO 00 MCTMHHOCTH NpelJio-

»XeHust «Y». Tak, U3 UCTHHHOCTU NpefsioKeHUi: 1)y«MBan

1 Ilerp—o6parbs» u 2y «Ecau UBaH u [lerp — 6patbs, mo
VBan 1 TleTp — pOJCTBEHHMKN®, MBI 3AKJIOUAEM, YTO
«MBan u Tlerp—pofcTBenHuKH». Taxcit BUJ YMO3aKII0-
YeHdst B TPaJULMOHHOR JIOrMKe Ha3bIBAeTCsl eunomemul-
veexum, v modus ponens. HMrax, ecaum npeanoxeHust
X M X—Y —HCTUHHBI, TO UCTUHHO U TpelIoykeHne Y.
[Towmem B cOCTaBjIeHHOM HaMu Tabnulle cayuyaum, Korjaa
ofa mpemnoxenuss X U X—Y uctvHHBl. MBIl yBUANM,
YTO TaKOM Caydail TOJNbKO OfMH: B HePBGH CTpore, W IpU
aToM Y TO)Xe MCTMHHO. HMHBIMM cicBamHd, Hama Tabnuiga
yCTpoena Tak, 4T0 B Hell cobmopaercs modus ponens:
13 UCTHHHOCTH 000MX mpefyo)kenuit X u X—Y ona mpu-
BOIUT K 3aKM0YeHu0 o0 wuctuHHocTu Y.

JonycTum Tenepb, 4To npelyio)keHue X—Y monpex-
HeMy HMCTHWHHO, a Y JI0)KHO, T. €. B HalleM TNpUMepe
«MBaH u TleTp He POACTBeHHUKW». FICHO TOrfga, YTo OHM
1 He Oparbs, moTomy uro ecau Oul ouu Gbuin GpaThsimu,
mo Obumi 6Bl Y PONCTBEeHHMKAMH. MHBIMM CJICBaMH, M3
UCTUHHOCTU TpefoKeHnss X—Y M JIO)KHOCTH Y MBI 3a-
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KJII0YaeM B TNCBCeAHeBHOM >Xu3HU 0 NOoXHocTH X. Tlocmor-
puM, oTcGpaxkaeTcs s 310 Hale# Tabmuueit! dus sroro
Mbl IOJDKHbI PasbICKaTh B Hell cayuyau, Korga X—Y ucrtun-
HO, a Y nowwno. Taxcl cayyal (nsaTh iMeeTCst TOIbKO OJIUH
3To YeTBepTast CTPOK2, M B Heil JeiicrBuTesibHO X MMeeT
3HaueHHe «1» («JI0XKHO»).

IpeacraBum cebe Temepb, uTO mpeffio)keHHe X—YV
NONpe)XHeMy HCTHHHO, a X JIOXKHO,—B HallleM [pUMeEpe
«MBan u Ilerp —He Opatbsi». Mo)keM J1i MBI CKa3aTh YTO-
HHOYJb B OTBeT Ha BCHPOC: POACTBEHHUKH OHHM WJIM HET?
flcHo, 4ro pacmosaras TOJNBKO STUMU CBEHIEHUSIMH, MBI
ellie He MC)KeM Ha Hero OTBeTUTb: He Oyjyuu OpaTbsimH,
OHHM MCIyT Kak OblTh, TaK U He OBITh POACTBEHHHKaMU. I10-

HHIEM CIATH 0TBeTa C NoMCINbI0 Hameit Tabnunpl. Tenepb

y Hac X—Y uctuHHo u X JckHo. Ho Taxux ciayuaes
B Tabsuue OBa: B TpeTbelt ¥ B uyeTBepPTCH CTPOKe, U MBI
BHJHUM, CJlefl0BaTeJIbHO, YT0, Korga X-—Y WHCTUHHO,
a X noHO, T0 Y MoeT OBITh KaK UCTHHHBIM, TAK U JIOXK-
HbiM: VBaH u TleTp moryT xax ObiTb, Tak ¥ He ObITb poj-
CTBEHHUKAMH,

IlycTb, HakoHell, MCTUHHH o6a npeanoKeHus: X—Y
1 Y. B namem npumepe, «VBaH u IleTp poACTBeHHHMKMD.
$lcHo, YTo B TakOM CjIy4ae Mbl MO)KeM €I¢ He 3HATh,
OpaTbsi OHM WaW HeT. M onaTb-raky B Hameil tabmuue,
npy MCTMHHCCTH X—Y u Y, BO3MOKHBI 06a ciydas:
KaK MCTHHHCCTH, Tak M JoKHOCcTH X (cTpoku 1 u 3).

IMpuBeeHHBIM 3[IeCh PaCCY)KJeHUSIM MO)KHO ObLIO Obl
npujatb U Ooyee crporyile  ¢opmy [IoKasarelbCTBA
TOr0, YTO M3 BCeX BO3MOYCHBIX cIocoboB TabmmuHoro ompe-
ReJieHus1 yCIOBHOr 0 NPe/UICXKeHHs1 ONlpeliesieHue ¢ IIOMOLIBIO
tabnuubl (C) siBisieTcs HanGoJiee COOTBETCTBYIO MM 3aK0-
HaM KjIaccuyeCkod dopmanbHoil noruxku. M Bce )Ke OHO
He oTefpakaeT MNONHCCTBIO YmoTpebiieHUsT YCICBHOrQ
NpeAJIC)KeHUs1 B cObluHCH peun. [eno B TOM, YTO ICCIe/iHee
BooOmie He MO)KeT ObITh (POPMAJIM30BAHO C TMOMOMIBIO
Ta0MULBl, ONpelessomeit HCTUHHOCTD WAM  JIGHKHOCTD
cnoycHoro npeinokeHus «Ecau X, mo Y» depes ucrul-
HCCTh HJIM JIOXKHOCTb COCTaBJASIOIIMX ero IpesioyKeHu i
X u Y. Beap u3 Haweli Tabnuus ciaegyer, uTo NOpel-
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Aocenne X—Y KCTUHHO mpH BCAakoM Y, xorpa X J0XK-
HO; 4 npu BcsAkoM X, Korja Y ucrtuHHO. MHBlmu ciioBa-
MM, UCTUHHEI BCe CJIg[yomide HPelj0oNeHus:
1. «Ecmw 15 gesvtest Ha 2 ¥ Ha 3, To 15 genuTrcst Ha 6».
2. «Ecam 15 jesintess Ha 2 1 Ha 3, To 15 He genutcs Ha 6.
3. «Ecan 12 esmrcana 2 v Ha 3, 10 12 Jeaurcs Ha 6».
4. «Ecimm 12 He pesiutest Ha 2 w1 Ha 3, 10 12 gesmtest Ha 6»,
Bpsi, v B o0bluHOR peyn Mbl COrIaCUMCSI CUMTATD Tpe/-
AOKeHUsT 2. 1 4. HCTHHHBIMU. OJHAKO U3 TOro, YTO CBS3b,
BhIpa)Kaemas yepe3 X—>Y, He BII0JIHe COOTBETCTBYET YCJIOB-
HOMY MHpeUIOKeHHI0 oOBIYHOH peud, He CJlelyeT elle,
KOHeYHe, OyATo OHa Boollue He MMeeT cMbicyia. He Tpyaro

y0eauThbest, cccraBuB Tabnuuy jis Bhpakenus XVY:

>

X vy X\¥Y

RN
S R am
QRN S
EmaR®

YTO 3Ta >Ke CBsA3b MO)KeT OLITb Bbipa)KeHa U 03 crellanb-
HOro 3HaKa «—>» T. e. CBOJUTCA K COBMeCTHOMY YIIO-
Tpefylennio OTPHUIAHMS W «\/», TIpHYeM CMYTUBIIMe HAC
npelIOKeHUsT 2. U 4. MIPOUTYTCA yiKe KAK:

2. 1415 He nemuTess Ha 2 ¥ Ha 3, wau 15 ne genutcs Ha 6y,
4. : «l2 pematca Ha 2 U Ha 3, uau 12 JeauTcs Ha 6».

B cBasu ¢ npuHATBIM Hamu ynorpeliieHneMm CoK03a
«WJIV», TICCNIE[IHMe, BEPOATHC, MOKAXKYTCA Y)Ke He CTOJIb
COMHUTeJIbHBIMA. M BO BCAKOM Cioyuyae sICHO, YTO ymo-
TpeOJleHre 3HAKA «—>» MpPeANIOYTUTEJIbHEe, YeM CJI0BeCHAA
dopma «eCs.... TG», MOCKOJBKY pedb WAET TONBKO 00
omepauuy (COOTBETCTBEHHO CBs3W), BhIpa)kaeMoit Tabiu-
neit (C). Ymorpebsisia 3TOT 3HAK B TOUHO YCTAHOBJIEHHOM
HaMM CMBICJIe, MBI He pPHCKYeM BJIO)KUTH B Hero Kaxoe-
HU0yab HOBCe COfepyKaHue, Ke MpelyCMOTPeHHOe HAIIAM
efpe/iesieHeM M IOCTPCEHHOE HA JIO)KHOM TIpeJIOJIO)Ke-
HUH, Oy/ITO BRIpa)KaeMasi UM CBSISb Jie HCTBHTeJIbHO SIBJISIeTCS
nojiHei  Qopmasimsaumedl yCAOBHOIO Ope/JIOXKeHHUSI,
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IMonuiTky Tawoil dopManuzaumy Suimu OPeNn UHATE JIbI0UcOM
H erc nocnenoBarejsiMM B TAaK HA3LIBAEMOM HCUUCIEHMHA «CTpOroi
UMUK amnMst, Heemorpi na pag HHTEPECHBIX [€3YyNbTATOB. CBS-

_3aHHBIX ¢ HccnepoBaHHeM PA3JAUUHBIX  OpeRIOKEeHHBIX CHCTeM

¢CTPOTOH MMMAHKANMUY, HH 0HA M3 HUX HE MOET NpeTEH 0BATS,
OfHaK0, Ha noaHyw QofManuszauuio Hauboldee o6BIYHOrO BUAa
YCJIOBHOIO NPE110)KEeHNU, HE FOBOL ST y)Ke 0 NOANHHHOK (opMannaa-
UHH ¢IOTHYECKOr0 CeJ0BaHUs».

Bripouem, B oGbluHOM peun BeTpeuarnTes u dopmpl,
OUCHb HAamOMMHAKOLMe CBSI3b «—>» HCYUCJIeHUST BBICKA3bI-
Bamui. Tak, npepnokenne «Ecnu KpymHble HpenpUHU-
MaTesiu He OKa3bIBAIOT OpuTaHCKUM (alicTam (QUHAHCOB ot
TOAICPXKKH, TO ABKIBI [IBA [SITbY BePHO HMEHHO MOTOMY,
UTO MBI He MO)KEM COMHEBATBCS B JIOXHOCTHA ero HOCBLIKHU.

Hrak, B caMOM uCUMC/eHMY BBICKA3BIBAHME Ha si3blke
€r0 TePMUHOB HeJb351 HOPMasIN30BaTh ONHOCTBIO YCIOBHOe
IpeJIOKeHHe U TeM OoJiee He ClleflyeT TPaKTOBaTh
opmyny X—Y xax «X jsoruuecky Biever Y» wiu «¥ Jioru-
YeCKH CieflyeT M3 X», KAK 3T0 MHOrga AesaiT.

Tem ne menee, C MOMOLIBIO CBASH «—>», XOTS K He B CAMO
JIOrMKE BBICKA3BBIBAHHE, @ B ee AM€mMAJoruKe, M3yyamolleii
CTPYKTYpPY (OpMYJT UCYMCIIEHMS BLICKA3BIBAHMH, MOMCHO
OMpelle/UTh IOCTATOYHOE AAS MpoCTeHIIMX ClyYaeB MOHs-
THe IOrH4eCKoro CiaefAcTBUs». UYTo6bl MosSICHUTH, Kak
9TO JeJIaeTCsl, 3aMeTUM, YT0 Cpeld (OPMyJ MCUMCIICHMS .
BBICKA3LIBAHVIA HEKOTOPble OKA3BIBAIOTCA UCTHHHBIMU TIPH
MOGEIX 3HAYeHUSIX BXO[SIMMX B HUX NlepeMeHHBIX. TAKOBHL,

Hanpumep, popmyel: X—X. XV X, X&X. JlelicteutenbHo,
13 TOro 00CTOsATENbCTBA, YT0 X MOMKET HMeTh OHO H TOJIBKO
OZHO M3 JIBYX (3HAYeHMH MCTMHHOCTHY; U M3 ONpefieJieHUsA

CBA3OK ~_, V, & —> MOJIyYaeM, KaK 3T0 BUIHO Ha cJefiyto-
MX Tabaunax:

|
X xux»x X l X [XVX’ X ’ X lx& )‘(lx&)?

u u u u A u u A A u
A A u A u u A u A u

' CBA3b, BHIPA(AEMAsl BHAKOM «—», UHOIAA HA3bIBAETCS KO-
POTKO umMnauagayueli. ‘
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yro popmyssl X— X, XV X, X&X COOTBeTCTBYIOT BCerfa
VICTHHHBIM BbiCKa3biBAHMAM. Karkaas M3 HUX uCTHHHA
npy mo6G.i noAcTaHoBke BmeCTO X Kaxoro-HuOyab Bbl-
CKa3blBaHus, OTBeYUIOIlero TpeGiBAHMAM KJIACCHUeCK( i
¢popmanbHCil JICTHKM, T. e. JOO MCTHHHCTO, JnGO J10XK-
H(ro, ¥ OpuTOM TOJIbKO OHCTO U3 JiByX. Takoro poaa dop-
MyJibl (MpO KOTOpbIE, CCbLIASICH HA MX BCerAd-MCTUHHCCTD,
roBOpsIT MHOTAA, YTO OHM WCTUHHBI TCAbKO B CHJY CBCeif
¢GOpMBI, He3aBKCUMO OT COAE[IKAHUS BXCASIMMX B HUX
CCHCBHBIX BbICKa3biBaHKH) HA3bIBAIOTCS A02UYecKUMU Npeo-
AOMCEHUAMU, A02UYECKUMU MOMCcOeCMeAMU, VIIA 3GKOHAMU
A02UKUL,

31MeTHMM BCe )Ke, YTO HamucaB, HampuMep, XV X, Mbl
He BbBICKA3aJ/IU ellie B JeHCTBUTEIbHCCTH HMKAKCIO YTBep-
JKAeHHMs1, TeM Ocslee KaKk(H-HUOYAb MCTURBL. TCJbKO TI0j-
CTaBI'B B 3Ty (opMysy Kakce-HUOyAb BBbICKAa3bIBaHUe,
Mbl [eHCTBUTENBHO TONYYMM MpelJJKeHue. A uToObI
OHO ObljI0 MCTHHHBLIM, HY)KHO Ha CamoM pesie y0ej uTLCsA
€lue B TOM, 4YTO Mbl MMeeM JeJi0 C BbICKA3LIBaHUeM,
NpeABapUTENILHO  ACCTATOUYHO  0OpaboTaHHBIM, UTCOBI
0 HeM MOXXHO ObL10 paccy)xjaTh I0 3aKOHaM KJiac-
cu4eCKod  dopmanbHCH  Jloruku.  Y0exdeHne ke
. 9TCro  poja co3[aeTCs JiMillb, COHPAACh  Ha codep-
onaHue.

‘Takum ofpasom, npH NpUMeHEHMH Ja)Ke MpcCTelilmeit
YacTu JICTM4eCKCro MCYUC/IeHNS], HAUBO3MO)KHO Ocaee al-
CTPAarupywmeics: OT COJlepXKaHUs1 pacCMaTpuBaeMblX B
Hel BBICKA3HIBAHWMM, ITOC/Ie/IHee HEJIb3A BCe JKe IOJIHOCTLIO
cOpocuTb €O CcyeTa.

Otmerum eme, uto ¢Qopmyna X—X COOTBETCTByeT

00bIYHOMY (3aKOHY TOXECTBAY, hopmyia X\ X —«3axony

HCKJIUEHHOr o TpeTherc» U gpopmysa X&X —«3akoHy npo-
TUBOPeuus». ITMMH (GOpMysamMd He  KCuepObIBaercs,
KOHEUHO, 3allac BCerfla-MCTUHHBIX (GOPMYJ, WM «3aKCHOB
JIOTUKY:» MCUMUC/IeHUs] BBICKA3bpIBaHMU. KX cymecTByer
OecumcieHHOE MHOYKeCTBO,
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CocraBuB COOTBEeTCTBYIOHIMe TAOAUMLEL], MBI ybeaumes,
HANPUMEp, BO BCErJa-UCTHHHOCTH (opmy.:

X—>X, XX,
X—={Y—X), X—(X-—-Y),
(X&Y)—>XY
[X& (X =Y)]—Y,
(X—Y)— ()7 -—>)_(),
(X&Y) =X, X—(XVY),
M MHOrMX Jpyrux, Ha XapaxkTepUCTHKe 3amaca KOTOpBIX

He Dylem ceHuaC ocramaBnuBaThCs. Uprtatenb npoyuTeT
06 3TOM B TeKCTe KHHUTU.

L9 ynpaKHenus BHNOMHMM TONBKO mpoBepKy ass Gbopmy it
(X&Y) > X>7r.

X Y “ Y X&F. X-Y | ¥5v (X&Y) - XY
u l u A A u JA u
u i A u u A u u
A u A A u A u
A A u A u a u

TaKkyJo NpoBepKy MOXKHO BWNONHHTL M Be3 noapoGHOrO BRINUCHI-
Bauus BCel 7aGnuub., Hawa ¢opmyna wmeer sup Y-, rie
uepes A obozHaueHo X&V, uepes B— X 7. Ho BhIpaKeHUe
A~ B Mo.KeT GbiTh JOKHO TONLKD, ecqu 9 HCTHHNO, 2 B — J10.KHO.
Hdnsa Ttoro xe, q'roﬁblg 6bIN0 UCTHHHDBIM, HY.KHO, 4TC0ol HCTUH-
HbIMH 0,11 002, X M Y, 1. e, X GHTO HCTHHHBIM, @ ¥ JOKHb M.,
Ho B Takom ciyuae X—V Gyner noKHbiM, a X— Y HCTUHHL'M.
Mpl, ClI€10BATENBHO, HE MOYKAM YCTPOUTL TaK, 4wroObl MDH HCTHH-
Hoctu U A00UTLCA nocnocTH B. ZuaueHHEM  UCTHHHOCTH Rbipa-

renusi (X&Y) o, XY, Takum ofpasom, Moxer ObTH TOJABKO
CHCTHHA».

C MOMOWBK TaKWX BCerAa-HCTHHHbIX BBIpa)KeHV i, unn
¢3AKONCB JIOTMKHY, Mbl M MO)KEM CIIpeJie/IMTh TelePb MOHsI-
THe «IOrn4eCKOro CAeACTBUSIY AJIST MCUMCJIEHUS] BBLICKA3bI-
BaHni. lmMeHno, mbl Gymem rcBopurh, uro dopmysna B
€CTb JIOrM4ecKOe CEACTBHE M3 MOCHUIOK Uy, Usyyeer, g,
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ecau BoipakeHue (U, & A, &... & A, )—B ecTb BCerja-
MCTHHHAs (OpMyJia MCUMCJIeHMsT BBICKa3blBAHUM («3aKOH
JIOrMKUY).

Taxk Kaxk Msl MPOBEPHIH yiKe, uTO
X&Y »X~Y

BCerja-uCTHHHAA (¢opMmyna, TO MO)KeM CKasaTh, uto Qopmyna
X~ Y ecTh «iIOoraueckoe caeACTBHE» M3 MOCHIIOK X u VY.

Ho onpejlesieHne «JIOrmuecKoro cneACTBHs» TnpHoOpe-
TdeT HACTOAIMH WHTepeC He B MpeflesaX CaMOro MCuK-
ClieHHs] BBICKA3bIBAHUH, a KOr/ia Mbl e peX0/IMM K ero Ipu-
meHeHusaM. ITosicHUM COOTBETCTBYIOINEE ONpejesieHHe Ha
opuMepe.

[TycTb ¥MeeM CIeAYIOIYI0 CHCTeMY ITOCBLIOK:

1. Ha ocHoBHOMt Bompoc ¢uaccoduu 06 OTHOLIEHUH
MEXAY MblIleHHeM W ObITMeM CYHMeCTBYKT TOJIBKO JBa
0TBeTd: MaTepUAMCTHYECKHI MM H[leaIMCTUYeCKUM.

2, MatepuaiuMcTUYeCKUH OTBeT HECOBMECTUM C MHJiea-
JIMCTHYECKHM.

3. Ecau maxucTBl roBopsAT NMpaBARY, TO WX OTBeT Ha
OCHOBHCH Bompoc Quiocouu He MaTepUalMCTHYeCKMH
H He HJAeAJHUCTUUYECKUIA.

HemocpeiICTBeHHO 0YeBUJHO, YTO JIOrMueCKum Crefi-
CTBYEM OTCHOJA sIBJIsIeTCA Mpe/JIOXKeHHe:

4. MaxucTbl He TOBOPAT IIpaBJbL.

Mbl yBupum ceifuac, yTo NpeAnoyKeHue 4, Jao2iiyecku
caedyem w3 npelyioykeHUM 1.—3. 1 B CMBIC/Ie MCUMCJIEHHST
BhICKa3piBaHuil. C 3ToH Lesbl0 3amuineM CHavyajia mpeji-
Joenuss 1.—4. Ha «s13blke», GJIM3KOM K (GISBIKY» 3TOr0
vcuucaeHus (TaKyl 3aluchb Ha3bIBalT WHOrjia Jiornde-
CKoil «dopmanuzanreiy).

B KkauectBe 2JieMeHTapHBIX BblfepeM BHICKA3bIBAHUSA
(uro6pt MoOKA3aTh, 4TO GYKBBI CAy)KaT 3J4eCb He INlepeMeH-
HbIMM, a 0003HAYalT BIIOJIHe OMNpeJieJieHHble BBICKA3bI-
Banus, Mbl X OyAem cHabkaThb 3Be3[0YKAMU):

Xy ¢ ¢Ha ocHoBHOH Bompoc ¢uiocodur JaeTcst MaTe-
PUAJINCTUYECKUHA  OTBeTI». .

*
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Y. : «Ha ocHoBHO# Bonpoc duiocoduy maercs upea-
JIMCTUYECKUE  oTBeT».

Z,: «Maxucrel roBopaT npaspys. (JIOHOCTH 3TOro
VIBe)KAeHUs1 mMbl U OydeM cCeidac JoKa3blBaTh.)

Torga Hamu NOCHUIKKM MpUoBpeTawdT BUA:

L. X, /Y,
2. X, &Y,
3. Zy » (X4 &Y.

3ax/0ueHe K€ IJIACUT:

: 4. Z*,

JUia Hamero nprhmepa (QopMySMPOBKAa onpefeieHUA
JIOTHYeCKOro cJeACTBUA 6y11eT UMETh HpI/I 3TOM BU[A:

Hoxazame, umo 3axaoueHue 4. ecmb j0eudecKoe ¢aeo-
cmeue u3 nocblaok 7.-3., amo 3HAYUM 1NoKA3AMmMb, 4Mo,
€CAU Mbl YHUUMOMCUM 363004KU 60 CCEX Uemblpex @blCKa-
3visaruAx (m. e. GyOem pacc mam pugams Coomeemcmeyougie
um OyKebl He KAK NOCMOAHHblE, A KAK 1epeMeHHbIE ), Coe-
OUHUM 3Amem 6ce noculaku 0py2 ¢ 0py2om cow3amu «&»
U ceaomem noaydeHHoe maxum o00pazom CA00CcHOE @bICKA-
3oleanue 1. & 2. & 3. C0030M «—>» € 3aKmoueHuem 4., Mo noay-
YuM 6Ce20Q-UCMURHYI (Popmyay UCYUCAEHUA @bICKA3bled-
HUll, 01U «3aK0H A02UKUY,

Munbimy ci0BamMd, Ham HY)KHO I0KasaTh, 4TO (opmyJia

(X VY) & X&Y & (Z—(X&Y)]—Z (P)

npu 2006l  «3HAYEHMSIX HCTHHHOCTHY BXOJSIIMX B Hee
OYyKB jaeT ¢cee0a 3HauyeHHe GUCTUHAD.

B npuHuune sTo He TrYAHO NOKA3aTh ¢ [OMOWIBI0 TAGIHIH.
Onnaxo Ttabinua aomKHa OHTH TeneLh AOBONbHO IPOMO3AKOI.
[Tpexne Bcero, B Helt GyleT yKe 8 pa3iHuHBIX CTPOK, COOTBeT-
CTBEHHO HYHCNY ONeMEeHTapHLIX BhICKa3wiBaHuil X, Y, Z. Beus
B K@KAOM Y43 4YETHIPEX BO3MOXKH-IX mas mapsl X v ¥V cnyuaes
BBICKA35/BAUME Z MOKET GblTh KAK MCTHHHBIM, TaK H JOXHbIM.
Ho u cTon0uoB, npenmecTsyloiux MocnenHeMy, B KOTOPOM MEl
OKHlaeM YBHUIET» TOJILKO 3HAUEHUA “«H», 6y11€'l‘ JOCTATO4HO MHOrO,
B COOTBETCTBHM C YUCI0M BCTpeuaromuxc: B Hamell ¢opmyne ¢Ba-

30K V, &, 7, —.
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Bo reeraa-ucruruoctu ¢ v
oFMyns (D) mosino, onHaKko, y6e-
RHTsCst TOPasao npote, dopmyna 3ta umeer BHA: Y

(U & A, & A,) - B,

9Igoa'romy OHAa MOKeT ObiTh NOKHOI TONLKRO, eCliu BCE nocL Ky o,
2y %_ucwxmu, a 3aKnoyeHne B - noxHo. Tak kak B o3rauaer
3ieCb Z, TO ANA noKHOCTH B Heobxo1umo NnosTOMY, uTOobR Z
Obino metuuno. B rakom cnyuae %,, oavavaiomee Z - (X&Y)
32 il ?

Voxer ObiTs ucTuHHO TOJLKO, ecnu X&Y HCTHHHO, T. e. ecau
KdKQIX, Tak n ¥ nownpl, uto TPOTUBOPEUYHT HCTHHHOCTH MOCHLI-
Ku d, o3Havawoweir X \/V. } npmu CJlOBaMH, HEBO3MOXHO pac-
TIPEACIHTDL  «3HAUBHMA HCTHHHOC Ty INEMEHTA] Hb'X BLICKA3bIBA-

HUl X, V, Z rak uTo0bl CaOMKH
as
JIOHCHOGA. ’ dopryna (®) oxazamacs

B atom NpUMepe Hama 3ajiava cocrosina TOJbLKO B Iipo- -

BepKe TOoro cOCTosTesnneTBa, yro SaAKMOYeHUe JelicTBU-
TCILHO ABNSIETCS  A02uyeckuy caeocmeuem u3 NCChUIOK.
I'opaspno MUHTEpECHee npyrasl sajaua: wumes HEKoTOpOe
HUCJI0 MOCBIIOK, NMONYUUTh U3 HUX 6C¢ JIOTUYECKHUE crep-
CTBUS (B CMBICJIE UCUKCIeHIsT BbICKasbiBanni). Mnu 3agava:
MMesl HeKOTOPBIH 3amac KOHCTAaTUPCBAHHBIX (axros,
0003peTh ¢ce (rnrmTemquKne) TMCCHIIKY, CHeICTBUSIMU
}(OTOpbli( OHU MOrjii OBl OBITh, s vcuncnenus BLICKA-
3bIBaHMM 00e 3TH 3a1aun PELIOTCA MOJHCCTBLIO (1 mpu-
TOM HCKJIIOUMTESIbHO HPOCTC). UnTaTens Haliger ux pelue-
HEE¢ B TEKCTE€ KHUIru. 3JleCb MBI OTPAHUYMMCS emmie TOJIBKO
TIPHMEPOM, JIeMOHCTPH pyI0 M HEOCTaTOUHOCTDL MCYMCIIe-
HUST BBICKA3bIBAaHHH  fisi AOKA3aTeNbCTBA [la)Ke CAMBIX
IIPOCTbIX MATEMATHYECKUX NnpensIoIKeHUit.

Teopema o papeucrse g . v
TOK) noﬁasmaaegca 00biuHO s‘};’:’(l/:lf(ﬂ.’[rﬂblx yraon Wy em. uep-
TaK Kak a- B=2¢ (1Bym npambm yroam) a B¢ Tome
=2d, v TaKk Kak mo Cymme (2d) u ognomy ug Cllaraemolx
(3) Bropoe onpegensercs 0AFO3FAYHO, TO 4=Y.
Hpyrumu C/I0BaMM, Mbl MCXOAHM U3 TOCHIIOK :

L. @ B=2y,

2 3+4y=2d,

3. Ecin x4 y=gq u Y+z=a, To x=z2,
H3 KOTO[BLIX TIOJIydMaeM 3aK moueHie i=7.

YTo6b sanucate waww noceiakm u 34KTI0UEHHE HA «A3BIKES
MCHUHCCHHS BBICKASBIBAHUE, Mol JOMKY bl Panbie Bcero BulpaTs
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OCFOBHbIe (3/IEMEHTA[ HBle) N[ eIIOKeHUs. TaKOBLMH, OUeBHAHO,
3/1eCh ABISIOTCs:

Xe 12+3=2d,
o/ Y :b+y=2d,
e Zy :x+y=a,
A Ug ¥+ 2=a,
qepT. V* X =Z
Wera =y.
Tenepb NOCHINKH NEUPUMAIOT BHA:
1", X,,
2’. y*’

3. (2, &U,) - Vs
+ 3aKoueHHe K€ IJIACHUT:
4. Wy,

M urobur 3aKsiouenie Guislo NOFMUECKUM CREACTBHEM M3 MOCHIIOK
B CMbICJIE UCUHCIIEl A BhICKA3niBarull, 1'y)KHO, uT0o6nl ¢oprwyna

[X&Y& ((Z&U) ~ V)] »W

Ovina Bcerna-ucTrHrol. JocTaTouno, 00FAKO, NMONOKUTE BHCKAZH-
Banun X, Y, Z, U, V ucTuHHEMH, a W — NOHBIM, 9T0GbL nomuy-
UYMTL @I0XE» B KauecTBe 3HAueHus 3toit (o] myaul. YTk, 3aKnio-
YEHHUE He MOKET ObiTh NOJIYYEHO U3 NOCBIJIOK CJ EACTBAMM UCUHCIEU S
BbICKa3uiBaHUH. MesKny Tem, ecim Gbl Mbl, BOCNOAL30BABMINKCEH 06LI-
HOCTL10 NOCHIIKN 3.—HHBIMH CJIOBaMH, 0GHAPYIKHB, uTO, KPOME nepe-
VEeHHLIX BbICKa3wmBavruii, CblBalOT M nepeMernbe, 0603BavalOIME
NpesmeTnl (B HiIIEM Crykdae  Yram), — Coenznu noACTav OBKY
yria .4 Ha ME€CTO X, i Fa MECTO ), Y HA MeCTo 2, 2d HA MeCTO a,
To nocniaka 3. npuoGpena 6ol Bua:

3*. Ecm af3=2d u B-+y=2d, To a=¥,
Tlpu gopmasii3auny Ham nowanobunucs Gul Tene b TONLKO BbI-
CKa3biBanHA Xy, YV, ¥ W, ¥ wamu nocsnKu npuoGpeny 6u BUj:
', X,
2. Y,,
3 (Xp&Ys) = Wy,
3akmouenne W, sBIAETCA NeHCTBUTENBLHO JIOTHUECKUM CHEN-
CTBHEM M3 HUX (B CMbICJIE HCUMCJIEHHMS BBICKA3HLIBAHMIA), TaK KaK

dopmyna
[X&Y& ((X&Y) = W)] » W

BCeraa-ucTuHHa. (Utolbl B 9ToM yOenuThesi, gOCTATOYHO BCNOM-
HUTD, UTO U3 MCTHHHOCTH ABYX dopmyn % u A - B B cuny na-
liero onpeacieRua CBA3KU - CHACAyeT MCTHURHOCTH (OpMynnl 8.
HNosTomy, ecnm nocbuiku X, Y u (X&Y) - W ucThaHbl, 10 W
y/Ke He MOKeT ObiTb JIOKHLIM.)
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Mul BuguMm, Takum 06pa3oM, YTOo U3 HeldOCTATOUNOCTH
MCYMC/IEHNs1 BBICKA3bIBAHHH He ClleflyeT, YTO HY)KHO
Boo0Hle MpH3HATBL HErOfHOCTb IOCHe[JHer0 Y OTKA3aThCA
GT Hero, a CJeAyeT TOJbKO, 4YTO HA HEM Helb3s
O0CTaHOBUTbCA. Ero HeoOXo/iMMo pa3BUTh, MoZoiAA G.uKe
K COfep)KaHUI0 BBICKASBHIBAHMH 11 PasgMuuB [a)Ke B 3le-
MeHTADHBIX BBICKA3BIBAHWSX BXOASIIME B HUX IIpefMeTHI.
[lepBble Iaru Takoro pacmMpeHdsi TpefNpUHUMANTCS
y>Ke BO BTOPOH rnase.

KommeHTapuil K § 7 meproit raaBu

"B npefplymemM KOMMeHTAPUM MBI  BBIACHHJIH, 4YTO
HCIIONIb30BAHHOE aBTOPAMU  «COJePIKATENBHCEY ONpelielie-
HZe OCHOBHBIX CBsi3eH MCUMCJIeHVs1 BHICKasbBaHUM:—, \/,
&, —, ~ Jyunie Bcero Mo)<eT GHITH BHLIPARYKEHO € MOMOLIBIO
TabMUL, OTHOCAMMX K Ka)KAOMY BO3MOXKHOMY pacrpe-
igleHul0 «3HAueHMH MCTUHHOGTHY JJIEMEHTAPHBIX BBICIKA-
3bIBAHHN OJHO OMNpeflesicHHOE «3HAYeHMe MCTHHHOCTHD
CJIOXKHOT O BhICKA3bIBAHUs1. Tak, (Ba3b X—Y onpeflensiiach
TabJMIeli:

X Y | X-»Y
u u u
—u— A A
a u u
] a u
Tabnuna 1.

Takas rtabnuua pacnajaercs Ha jBe yacTH, JIeBY10
W TIpaBylo, pasfieJieHHble HAMHM JABYMsI BepPTMKAaJbHbBIMH
YepTamu. B JieB(i YacTH BhIUCAHBI BCe BO3MC)KHBIE pac-
NpeficiieHsi 3HAY¢HUM 3JIEMEHTAPHBIX BBICKA3bIBaHMIA
XuY, B npaBoil —CoOTBEeTCTBYIOmHUe 3HAYe HUS CIIOMKHOr 0
BBICKASHIBAHNSA X—Y. $ICHO, 4TO HMYEro mo CymecTBY He
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USMEHUTCS, eCNU MePecTaBUTh YeTblpe CTPOKH STOM Tal-
Jubl. BhIOpaHHBI HAMU MOPSOK SBJSAETCA CJIOBAPHBIM
(wm nexcuxorpaduueckum). Couetanust 6yxB u u 4,
CTOsInMe N0 CTPOUKAM, PACIOJIO)KEHBl Y HAC TaK, KaK pac-
N0J1araloT CJ10Ba B CI0BAPAX: Mpex/e Bcero, no ajidaBury
HayaJbHHIX OYyKB; B Ciy4Yae COBIAjileHusi HAYyajbHBIX
OyxB—110 anaBuTy BTOPLIX GYKB U T. A. MBI IpHMeM CJ10-
BADHBI TOPSIOK B KAueCTBe KAHOHUYECKCTO M GynieM
B JlaJibHeiIlieM BBINKCBIBATEL BCe TaGJHIBI TOJIBKO B TAKOM
nopsigke. OOpaTMM BHMMAHWE YMTATeAs HA TO, YTO AJIsI
ONHCAHHOr 0 YNMOPSIA0YMBAHUS CTPOK TabJMLbI AOCTATOYHO
Ob110 6Bt paccMaTpuBaTh TOJNBKO €€ JIEBYH yacTb. Byfem
Telepb paccMaTpuBaThL JApYrve CAO)KHBIE BLICKA3BIBAHMSI,
00pa30BaHHble 3 TeX JKe JTEMEHTAPHBIX BbICKA3HIBAHUL
X, Y, nanpumep X& Y, XVVY, X~Y. Ta6auubl, C00T-
BETCTBYIOIME I3THM BBICKA3LIBAHUSM, GYAYT HpM Halem
YCIOBHK  OTJIMYATBCS TOJBKO MOCJHEAHUMH CTO/0LAMH,
[ToaTomy MBI MOYKeM TNPHHATH B KAUeCTBe COKPAILIEHHOI
XapaKTePUCTUKUA KAKIAOT0 X3 HAIUMX BRICKA3LIBAHUIA,
OT/MYalmeil ero oT ApYrux BBICKa3LIBAHUIL, OAUH TOAbKO

3TOT NOCne/iHU M cTON0en. BeickaspBamusm X—Yu X\/Y
OTBeyaeT OMMH U TOT )Ke Cronberr (1, CeaoBaTeNbHO, O HA
U Ta ke Tabauna), Takue [BAa BHICKA3BIBAHUSI Mbl Oylem
HA3LIBATh 9KEUEAACHMHbIMU. TIpUBeNeHHBIN NpHMep MOKa-
3blBaeT, YTO OJMH U TOT )Ke CTOJOELl MOYKET COOTBETCTBO-
BaTh pasnuyHbIM Gopmysam (4MCI0 TaKUX GOPMYT MOXNKHO
Ob1s10 6bl, KOHEUHO, HeOrpaHUYeHHO YMHOMKATh, 10GABJISS,

Hanpumep, popmynsl X&Y, X V(X&Y)u 1. 1n.). OfHaKo
Cpasy OTHIO/b He SICHO, JJs1 KAKAOT0 JIU CTONOLA MOMKHO
nofo6paTe Xo0Tst Gbl OgHY (opmysay NOZOGHOro Buja.
HJst TOro YTOGBI BBIICHUTH 3TOT BOMPOC, MBI COCTABHM
noNHyw Tabmvny, B KOTOPOH BhmmllleM BCe BooGmIe
CTOJOLBI, KOTOPble MOYCHO COCTABUTL U3 OyxB U U 4 (CM.
Tabiuny 2). Obmee uncio Takux cros6uos paBxo 16, Hayg
Ka}(IbIM H3 HUX MBI HAaANMUCaju MO Qopmyie. UuTaTesb
JIErKO MPOBEPHUT, 4YTO 3THM QopmysiaMm AelCTBUTEIbHO
OTBeYAalOT HANKWCAHHBIE MOJ HUMU cTO6uUbL. Tabau-
Ia 2 MOKAa3blBaeT, YTO B Cyuae JABYX 3JieMeHTapHBIX




n
&

Tpusoncenue 11

Ta6nuna 2

A

Xov|v| X~V X & V| X & V| X~V|7 | X7 | X| Vo X| XVY| XX

Xx|v 'X\/)‘cxvy Y -X| X

BoickaswBanuii X, Y 3HakoB—,&,V,
—>, ~ B0 BCSIKCM CJly4de JGCTaTCYHO,
yTGObl ¢ MX IICMCIIBI0 MNpPeACTaBUTD
¢opmynamu Bce BO3MC)KHBIE CTOJIOLBI,
cbpazoBanHble 3 OyxkB u n 4. On-
HAaKO, ecd OBl B HalleM pacHopshKe-
HUU He OBLIO, Hanmpumep, 3HAKa OTpU-
LLaHUsA, Mb) Y)KE He cMoryu OBl 3T0 Clie-
Jath. [leACTBUTENbHO, BCe (POPMYJIHL,
[0JyYeHHBle TOJIbKO ¢ MOMOIIbIO CBSI-
30K &, \/, —>, ~, MCTHHHBI, KoTJa X
v Y o6a HCTMHHBI; B HaLIeH e TabJiu-
lle PCBHO II0JIOBUHA BCeX CTOJ0L0B
(HaunHast ¢ 8-rc¢) OTHOCHUT 3HAYeHHe
WICKB K cayuaw, korga X u Y oba
MCTUHHBIL. AHajgoruusno, ecju Obl B
HalleM PacHopspKeHNU ObUIM TOJIBKO
3HAKM ¥ ~~, TO, KAK 9TO BBISICHEHO
B TeKcTe (CM. ¢Tp. 9), OTHIOJAb He BCA-
kit crosifely Haireil TaGMLBl 2 MO)KHO
Ob10 6B1 mpefCTaBUTh (opmysiciH: He
cymiecTBoBaso Obl, Hampumep, ¢op-
MyJIBl, COOTBETCTBYHOme# 8-My cTos16Ny.

Jlo cux mop MBI pacCMaTpUBAIIU
TOJIbKO CJI0MCHBIE BhICKa3bIBaHUSA, cOpa-
30BaHHbIe K3 JIBYX 3JieMeHTADHBIX BbI-
ckasbiBaHuil. Temepb Mbl HepexOoAUM
K cOmemMy Cayyal CJOKHBIX BBICKA-
3bIBAHK i, 3aBUCSIIMX OT /1 3JieMeHTap-
HBIX BbickashBaHuit X,, X,,..., X,.
Ka)kace Ttakce BHICKAspBaHMe CIpe-
HeJisieTcss Tabauueit, moactucit tabdiu-
e 1. EAuHCTBeHHCE OTJIMYHE CCCTCUT
B TOM, 4TO Tenephb B JieBol uyactu Oy/er
CTOSITH y)Ke He 2, a 7 croJbucs, no
YKCy 3neMeHTAPHBIX BLICKA3blBAaHUIM,
¥ COCTBETCTBEHHO 3TOMY YBEJMUYHUTCS
yucsao crpok. Mel cucsa Gydem ymo-
PS0YMBATL 3TH CTPOKH B CJIOBAPHOM
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HOpsIKe M TAaKUM COpascm 0THeCeM KaKAOMY CJI0YKHOMY BhI-
CKa3bIBAHMIO CTpefefenHblii cTonbel U3 OykB uu 4. CH(Ba
BCTaeT BCIIPCC O TOM, MCKHO JIM T KAXKACT0 TAKCr 0 CTOI01a
nopc6paTh pepmyay, cccraBiaennyio us by X, X, ..., X, ,
CBS3aHHBIX 3HAKAMU — , &, V, —, ~. OJJHAKO npsIMCHi
AyTh, KOTCPbIM MBI LIJIM B ClIy4yae ABYX 3/IEMEHTAPHBIX Bbl-
CKA3blBaHUM, CTAHCBUTCS Temepb HEBO3MO)KHBIM. Y)xe Ans
TpeX 3JeMeHTApHBIX BbickasbBaHud X, Y, Z Hamucatb
NCJIHCCTBIO  Belo  Tabauuy, aHasicruunyw Ttabsaunme 2,
Obls10 ObI AoBCABHO TPYAHO, IICCKOJIBKY HMCTUHHCCTD WJIH
JOKHCCTD Ka)KACr0 M3 TPeX 3JIEMEHTAPHBIX BbICKA3bI-
Bayuii X, Y, Z MOXeT CoueTaTbCsl KAK € HCTHUHHCCTLIO,
TAK ¥ € JIG)KHCCTBI0 KMKACro M3 CCTaJbHbIX, TO BCeX
BOSMO)KHBIX  pacnpefiesieHudl «3HayeHW#  MCTHHHCCTHY
MEXY 2JieMeHTADHBIMM BBICKA3bIBAHHAMH, T. €. CTPOK
B Hamed taGinue, Oyder yxe 2°=8. CieiIcBATe/IBHO,
B KOKAOM CToj0lle mpaBcil yacty HameH Tabauub OyaeT
8 meCT, Ha Ka)k[0e K3 KOTCPBIX HYXHO MOCTaBUTb OQHY
M3 OYKB U MU 4. ITO MOIKHO CAenaTh 28 = 22 =256 cnc-
ccGamu M, CJael(BATeJbHC, Yvcao CTOJIOLCB B HpaBlif
yacTH JomKHO ObiTh paBHO 256!. He HMed BN3MIKHO-
CTH BbIIMCA1L Bce 3TH CT0J0OUBI, Mbl [PUBOAUM 4YACTb
13 HEx B Tabnmue 3, 3aMEHUB OCTLJIbHBIE MHCTOTOUHEM.

0Ob6obwas mpcBefieHHble HaMI PACCYIKAEHHUS, HETPYIHO
cccGpasuTh, 4T0 cciiv Obl 371eMEHTAPHBIX BbICKA3bIBAHHH
ObII0 HE TPW, a M, TO B CcOOTBETCTRYyMOWEH Tabsmue oxa-
3aJcCh Obl Bcero p=2" crpok u 2P=20" cronbuos.

1 B nosicHeHHe K JTOMYy [OJCUETY YKaKeM, uto ecmu Boofure
B HalueMm pacnopsixeHuan umenTcs OyKBbl ABYX POAOB (HANpuMep,
u v 1), 7o ofiee unuci0 Bcex M-GYKBEHHBIX «COBY, KOTOPLIE MOXWHO
COCTAaBUTb U3 ITUX GYKB, pagHo 27, JlIeHCTBUTENbHO, €CAIT MBI COCTA-
BUSIM Y)KE BCE 4-GyKBEHHbIE «CNOBaA», TO 111 NOAYuYeHHs BCexX 5-0yK-
BEHHBLIX «CAOB» JOCTATOYHO OPHIMCATB K KAXKAOMY U3 4-GYKBEHHbLIX
«CITOB» Ka®<IVI0 W3 ABYX HMEIOLIMXCS! B HAIIEM pacropsikeniun Gyxs.
Ctano ObiTh, 5-GYKBEHHHIX CHOB CYIUeCTBYeT BABoe Oonbue, uem
4-GyKBEHHBIX, # BoOGIE k-OyKBEHHHIX €108 BiBoe Dol ie, uem k—1-
GyxBennbix. [MoCKONbKY 0AHOOYKBEHHbIX ClOB MOYKHO 00pa3oBath,
QUEBHIHO, ABa, TO UUCI0 2-DYKBEHHBIX paBHO 2X2==2%, 4uCJI0
3-6yKBeHHbIX 22X 2=2° U T. 1.

17 Cenom TE€OPETHYECKOH Ioruun
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NupiMu crioBaMu, H3 n
3JIEMEHTAPHBIX  BbICKA-
& % % § w « wu 3 3bBAaHWA MOXKHO cocCTa-
BUTL poBHO 2(2%) pas-

8 W = s s w®™ N JHMYHBIX (IONAPHO HEIK-
BYBAJIEHTHbIX) CJIOYKHBIX

| RN = s W = 33 BbiCKaspBaHWil. Mbl Xo-
THM Ka)Kioe U3 9THUX

8 | W % | 3w = BbICKashiBaHWil  BHIpA-
 3UTh 4Yepe3 3JJEMeHTap-

8§ 8 =% u 8 3 « = Hble BbCKAa3bBAaRUS IO-
CPeficTBOM  (POpMYJIHI,

| RN RN RS copepKallel 3HaKM
&, V, —, ~. ScHo,

B} S 3 YTO 3TO MG)KHO CAENATh,
TCJIBKO YKa3aB HEKOTO-
puiit obwuii Mertox mo-

Taonauua 3

F250F251 F252 F253F254 F255 F258

Fou
a

a

P

y

1

Ly
.

ere
e
.

| 2™ 3 R s s CIPOHMA TaKUX dop-
Sl s mmmsesy ML K ushioenuio Ta-

s KOr0 MET0;'a Mbl Tellephb
| " m 3 S s s U MEPEXOAHM.

- 3ameTUM paHblie BCe-
e | RS S S =S a% g yro (a) gBA BH-
0 N8 ommomon o w CKaseBanus: 1) «X» u
N 2) «X UCTHHHOY» — C TO-
. SR W R 2RSS yKy 3peHMs UCUMCTIeHUSA
| m = =3 3= m « BbHCKa3bBaHUM 3KBYBA-
} JIeHTHB. TOYHO TaK
w NRs3a3a831 xe (0) osKeuBaneH-
THbI 002 BBICKA3LIBAHUS:
~ s 3sxsxn s 1)«X»u 2 «X gok-
Ho»'. OOparumca Te-

P~ = SIS

nepp AJXs npumepa K
5 T W R D e o w w CIOKHOMY BbICKAa3biBa-
Huo F,;, (rabnuua 3).

! B maTemaTuuecKoit nOruKe, Kpome KaccHuecKoro cnyuas,
TA¢ pacCMAaTPUBAIOTCST TOJIBKO BbICKA3biBanus JuGo HCTHHHLIE, anGo
JIOXKHbIE, M NDHTOM TOJIBKO OAHO M3 [BYX, M3yualoTCst H Clyuau
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Mpl y)Ke 3HAEM,YTO OHO 3KBMBAJEHTHO BHICKA3BIBAHHIO:
«Fy, McTRHHO». Ho BbickasbiBaume F,,, UCTHHHO TOJIb-
KO B JABYX CJydasix, COOTBETCTBylIWUX O6-if m 8-if
CTPOKaM Haweil tabnuus, rge past F,,, crTosr OyKBhl .
Ilpu srom 6-s1 crpoxa (cM. Tabauuy 3) cooTBercTByer
Clyuak, Korpa:

(I) X noxHo, u Y ucTuHHO, U Z JIOKHO, 3 8-51 cTpoO-
Ka — C/iyuaio, Kcrpa:

(II) X noxHo, u Y noxwuo, u Z A0XKHO.

B cuny yrxe ormeueHnbix Hamu 9KBUBaJenTHOCTEH () 1 (6) 1
ompefe/icHus 3HaKa «&» cayyait (1) moyxHO Bblpasurb vepes:

(") X&Y & Z.

Cnyuait (II) uepes: :

(I X&Y & Z.

Mrax, ecom onuH u3 aByx cnyvaes (I') wnu (I1) umeer
MeCTO, TO BeiCKasmiBanue F,,, ucTuHHo. HaoGopor, eciu
3TO BLICKA3bIBAHWE WCTMHHO, TO MMEEl MECTO OfHUH W3
caydaeB (1) uiu (I1”). BrickassiBanue:

«F g5y UCTHHHOY,

TaKuM 00pa30M, 3KBHBAJICHTHO BBICKA3bIBAHUIO:
(X&Y &Z) V (X &Y & Z).
Mmenno 3710 BHICKAsblBaHHE M MOMKET CJY)KUTh, CJeno-
BATE/IbHO, BHIPA)KeHHEM [IJIS1 CJIOYKHOTO BbICKA3biBAHUS F ;.
Tak kak B cronfue, COOTBETCIBYIOUIEM BbICKA3LIBAHUIO
F,,,, OyKBa u BCTpeuaercsi Ha TpeX MOCJERHUX MECTax

(B Tpex mocjefuux CTpoKax Hawmed Tabnuibl), TO BhICK-
3biBaHMe F,,, MOYKeT OblTb BeIpaX<eHo Qopmysoii:

X&Y &Z)v (X&Y¥Y &7Z) v (X &Y & 7).

TAK HA3bIBAEMBIX ¢MHOTO3HAYHBIX JOTMK». B Takux mormKax BbicKa-
3bBanusa ¢X»n «X HCTHHHO» Yike He SKBUBanenTHul. Ecnm, sanpu-
Mep, MOAPa3aenuTh BCE BHICKA3bIBaHMS HA: 1) UCTHMHHBIE, 2) JTOYKHBIE,
3) beccmbicienubie (JleHUH n06KMA NPUBOAMTD B npUMED GecCMbIC-
AuYysl BbIPAYKEHUE («CANOrn BCMATKY»), TO NPH yCJ0BHU, UTO BBICKA-
3biBaHKne F GECCMBICIIEHHO, YTBEPXKACHME «F MCTHHHO» IO0JHKHO ObITh
KBaauduuupoBaHO HE KaK OGeccMbicauua, a KakK JO0XKb,

17%
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AHanoruyHo, BRICKA3blBAHUE F,,,, UCTHHHOE TOJBHKO OAUH
pa3: Korpa X JoKHO, U Y JIDKHO, U 2 KCTUHHO, BbIpa-
)Kaercst popmyoi
X&Y & Z,

Mbl BUAMM, 4YTO IS KQKIEOTO M3 CJC)KHBIX BLICKA3bIBa-
HUH, us.Gpaaembix cronbuamu npas.ii yacry Hameit
Tabnuiel, 33 HCK/IIOYEHEM OLHCIO eqMHCTBEHHOrO BCerga
JIOKHOIO F,4, CYIIECTBYET 3SKBMBAJEHTHOE €My BbIpaXKe-
HUE, COACPKALIEEe TOJNIBKO 3HAKK , & U \/' U npurcm
uMelomee BIIOJHE OnpeeseHHyo dopmy.

Vimenno, oo mpespcraBisier Co0od  JUSBIOHKLMIO U3
UYJIEHOB, KaXKABIH M3 KOTOPHLIX COAEPKUT BCe 3JIEMEHTAp-
HBI€ BBICKA3bIBAHUSI, CHADYKEHHbIE WM He CHAOMCEHHbIE
SHAKaMH OTPMLAHUA U COe[MHEHHBIE IPYyr C APYIOM 3Ha-
KaMp &. B KawmoM [JU3SBIOHKIUBHOM UJIEHE BCSIKOE
OJIEMEHTZPHOE  BbLICKA3BIBAHWE  BCTPEUAETCS] MNPH  3TOM
107IbKO OJUH pa3. Tawkoe BbpaKeHWe aJIs CAQKHOTO
BbICKA3bIBAHHKS HASBIBACICH €TI0 CO8epUIeHHGI HOp MAABHOL]
Gopmcii. CoseputeHHoll TOTOMY, UTO KAKA0E CIOIKHOE
BbICKA3bIBAHHE MOXET ObITh NpENCTaBneHo 6 amoldl gopae
OHMM €MHC1BEHHLIM ClOCCOOM: Beflb pasHbLIM AW3bIOHIK-
TUBHBIM WJI€HAM COOTBETCTBYIOT pa3Hbie CTPOKU, B KOTO-
PbIX AJI1 HAIIEro CJIOXKHOI'O BbICKA3LIBAHHA CTOUT 3HAye-
HHE «UCTMHHO»; W, CJIE0BATEJILHO, fBe (GOpMYyJbl OHH-
CAaHHOr0O HAMW BHMJA He MOTYT COOTBETCTBOBATH [BYM
SKBUBAJICHTHBIM BbICKA3bIBAHMSIM, €CJIM OHM MMEIOT pasHoe
YUCI0 MVSBIOHKTUBHLIX YICHOB HWJIM eCJTU Y HUX UMEHTCA

-1 Tak KaK ¢ nomMomsbio 3KBUBaNeHTHOCTEH:

X&Y ok X VY,

XVY ks X&VY,

X~+Yoks XVY,

mofible ABa M3 3HAKOB &, V ,~»MOKHO 3aMEHUTL OTPULAHHEM U Tpe-
ToMuM (CM. cTp. 27), TOo sACHO, YTO TaKuMm o0pasoM OyJeT AOKa3aHa
U J0CTATOUHOCTb a0t u3 map:—, &; —, V; , —-.
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ABA Pa3/IMYHLIX JIUIBIOHKTHBHLIX YieHA (C WHaye pac-
NpefCNCHHbINKY 3HAKAMU OTPUUAHKA Haji OyKBamu).

Ho cux mop Mbl HMeJM €70 TOJBKO ¢ HPUMEpPaMH,
3aUMMCTBOBAHHLIMM U3 Taln. 3, . e. €O CJIOYKHBIMH
BbICKA3bIBAHHSIMK, 3aBUCSHUMMH OT TpeX SJI€MEHTApHBIX
BbICKasbplBaHWM X, Y, Z. $cHo, opHaKo, 410 HaWl Npuem
HOCUT CCBEpUIEHHO oOwmmit Xapakrep U Moxer ObiTh pac-
NpOCTPaHeH HA JIKDOEe 4YMC/I0 3JIEMEHTAPHBIX BbICKA3bI-
Banuii X,, X,, ..., X,.

B kauecrBe ynpa)KHeHHs] 3amullicM B COBEPIHIEHHOMH
AM3BIOHKTHBHCN HOpMasbHOH (opme, uepe3 ajemeHTap-
Hble  BbiCKasmBanust X W VY, chnoKHoe BbiCKaspBaHUE
X —Y. Tax xak nocyiegHee ompepensieTcs taauuei 1,
TO TAKUM BbIPpa)KeHMEM JAJIS Hero Oyjer:

(X&Y)\/(X&Y)V (X &Y),

1. €. bopmysa, Bhipaalomasi, uro B Tabiune, onpege-
Na10eil CJIcYKHoe BhicKaspiBanue X — Y, sHaueHUe «UCTHH-
HO» BCTpeuyaeTcsi B MePBCH, Tperbed u ueTBepTOit CTpO-
Kax.

3ameTuM €mle, UTO BbICKASBIBAHHE, BHIPAYKEHHCE C MO-
Moliblo He Bcex OykB X,, X,, ..., X,, Bcerga MOYKHO
3anucarb B BH/e (opMyJibl B COBEpPIIEHHO HOpMaJbHON
dpopme. copepxamedt Bce OykeHl X, X,, ..., X,. Tak,
BLICKA3biBAHME Y MOYKHO BBLIPA3WTL B CCBEpIIEHHOH HOp-
MajbHoH Qopme uepes X u Y cnemywmum cOpascm.

B rabauue, cccTaBleHHCH AJIsT 9JIEMEHTAPHBIX BbICKa-

3biBaHuit X u Y, BbicKasbiBanue Y COOTBETCTBYET CT0Ji0-
uy, cofepyaiiemy OyKBwl (cBepXy BHM3): 4, U, 4, U. OHo,

XYy x
u g u uiu
u /lll-l 21
AU A4
alallul

Tabnuna 4
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CJIEACBATEe/ILHO, MCTHHHO B CJy4asX, COOTBETCTBYIOMUX
BTOPOA M uersepToil cTpokam 7Tabiuuel 4. Bhipa)kenuem
€ro B [M3BIOHKTUBHCH HopmasbHcit  (opme moaTomy
CITY)KUT:

(X&Y)V (X &7).

AHaJOTMYHO BhHICKA3mBaHue X, BHID2)X€HHOE B CoBep-
IIEHHOH HOpMaJibHOH (opme, npuobpelaer Bup:

(X&Y)\ (X &Y).

Cocrapyienne Tabnunst Gulo Obl, OFHAKO, CAUIIKOM rpoe-
MOSAKHMM IPUEMOM DELIEHUs 3ajjaul o NPUBeAeHNH IIPOu3-
BOJIbHOH (hOPMyJibl K COBepUICHHOH AUZBIOHKTHBHOH HOp-
manpHo#l hopme. UnrtaTenb HalieT B reKCTe KHUMM MPOCTC i
obumit mpuem ee pemenus. Mbl 37ech HAIIOMHHM elne
TOJIbKO, YTO CPefM CJIOXKHbIX BbICKAa3bIBAHUI €CThb OfHO,
KOTOpOe HE MOXeT ObiTb BhIpa)kKeHo B Tawcit dopme. Jro
BCErfa-joykKHoe BbICKA3biBaHME.

OnHaKo Takoe BBICKA3bIBAHWE MOXKET ObITH BIPAYKEHO
B [NBCHCTBEHHON K pU3BbIOHKTUBHOM— KOHBIOHKIMUEHOL
cocepwennold HopmanwbHoll  opre, K KOTOpoH MOMHO
npurry caegyrouym cbpasom. Cronben, cooTBercTByIO-
Uil B Hame# tabauie 3, HAampHMep, CNOYKHOMY BbICKA-
3bIBAHUI0 Fg, MOXXHO 0XapaKTepu3oBaTb U C IIOMOLIbIO
N0AHG20 TEPEYUCIICHUS 6(€X CnydaeB, KOTA 3TO BhICKA-
3pIBAHME JI0)KHO. Tak, B nameil 7Tabauue 3 Bbicka3bisa-
HUe Fg JIOKHO B cayvadX, oro0paKeHHbIX B 11ecTol
¥ BOCBMOH CTPOKAX, T. €. LPOTHBOIMOJIOYKHOE €My BBICKA-

3bIBAHME [y UCTMHHO B Cyyasx:
X&y &z
uau
X&Y & Z.
Tak Kak BbipayKkenust «Fy HCTUHHOR M «F¢» 3KBUBAJIEHTHEI,
To AN Fy MBl MoJyvyaeMm [U3bIOHKTHBHYIO COBEPIIEHHYH)
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HOPMaJbHYI0 (hopMmy:
(X&Y&Z) V(X&Y &Z).
O6pa3oBaB e ee IPOTUBONOJIGHKHOCTL MO OCBELCHHOMY
B KHUTe NpaBuny je-Moprasa, Mbl OOJY4YHM JJi1 CJOXK-
HOTO BBICKa3piBaHUs [’ HOBOE BBIpDAYKEHHE, TEMepb yiKe
B TaK Ha3blBAeMOIl KoH®IHKMUEHOI cocepiuenHoll HOp MAnb-
rotl gopme: o _
XVYVZ)&(XVYVZ)

WIH, KCMOJIb3YA NPUHATHIE aBTOpaMy COTJlallleHUsi, OTHO-
camuecs: K crocofam 3amucu dopmya:

XYZ&XYZ.

flcno, uyro B 9rofi hopmMe MOKHO 3anucatb M BCEIVA-
JIOYKHOE BBICKA3blBaHHE (KOTOpOE IIpM 3TOM, OYEBUHO,
Oy/meT CoAepIKaTh 6C€ BO3MOYKHBIE KOHBIOHKTUBHEIE UJICHBI),
HO, Hao0opoT, HeJb3sl BHIpAsHThb BCEra-UCTMHHOE BbICKa-
3LIBAHHUE.

[MogpoOHYyI0 XapaKTepUCTUKY KOWBIOHKTUBHON coBep-
nieHHo#i HODMaJIbHCH (opMbl, MPCCTOM cmocol npUBeleHUs
K Hell BCsaAKoro (Kpome BCerza-uCTMHHOIC) BbICKA3biBaHuA,
a TalOKe OTJIMYHOE OT WCIC/Ib3CBAHHOIO HAMHM 0Ka3a-
TeNbCTBO EQUHCTBEHHOCIM BbIpAYKEHHS1 B -COBEPLICHHOH
HopMmanbHOit (opme uuTaTenn Haliper B -TeKCTe KHUTHU.
Tam >Ke oH YBUIUT pajiee, KAKyl PoJib MrpaeT Bhipake-
HMe B KOHBIOHKTHBHO} COBepIIeHHOH HopmaJibHOi (opme
L pelleHUs 3aJaud 0 HAXOKJIEHHUU 6ceX NOrudecKux
CJleiCTBUI (B CMBICJE MCYMCJIEHUS BLICKA3bIBAHMI) U3
JAHHBIX IIOCBUIOK, PABHO KaK W 3aauM 0 HaxOKAeHuH
BCeX BO3MO)XHbIX TOCBUIOK, U3 KOTOPBLIX AAaHHCE BblpayKe-
HUE MOXKET JIOTHYECKH CJIEICBATDL (B CMbICJIE WCUMCJIEHUS
BLICKA3biBaHuH). OTMETUM TaK)Ke NPOCTOHR M OCTPOYMHBIHA
croco0 MpuBefeHUs (opMyJl WCYUC/IEHUS] BbICKA3bIBAHUH
K COBEpIeHHOH [U3BbIHKTUBHON HopmanbHOH (opme,.
coflepykamuiicss B padore WM. WM. YKerankuua «Apudmern-
3anMA CUMBOJIHYECKol JIOrMKu», momeumieHHoif B «Marte-
maTtuueckom cOopuuke», 7. 35, Buin. 3—4, ctp. 31—
377 (1928_r.).
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Kommentapuit x §§ 10—13 neppoii rram

Kak ye Gbuto 0TMeueHo B KemmeHTapuu K § 1 me Boi
r7aBbl, MCYKCJIEHHE BLICKA3bIBAHMH MOKHO CTPCUTD
ABYMsT pasjiMunibiMM  CoccC(famu: 1) ccolepykaTelbHO-
anr(pUTMHYECKUM, MAH TabauukbiM, u 2) ¢CpmaibHO-
AeAYyKTUBHEBIM, WM AKCUCMATHYECKUM. AkcucMaTiue-
CKCMY D(CTPCeHMI0 MCCBAMIEHB MCC/eAHKe YeThipe Iapa-
rpaja mepBcii rnaBel. B nosicHeHne UX orpaHMYUMCsT 3/leCh
TCJbKO camci ofmell xapaxkTepucTHkcH 3agaum TaKero
HCCTPCEHUsT.

Mb! yxe BHJAeNM, YTO B MCYUCJIEHWM BBICKA3LIBAHM It
(CH(BHYI D(JIb KIPAlT BCerAa-KCTHHHBI® BbICKA3bIBAHMUSI,
MJIU ¢3aKOHBIY JICTUKU. VINEHHC ¢ MX CM(IIbI0 U peludeTcs
33jlaya  OCAyuYeHUs] JICTHYeCKMX CJIeACTBUH M3 JaH-
HBIX MN(CBUICK. Jlajee, Ka)KIbIM [BYM 3SKBKBAJIEHTHbIM
bcpmynam U u B COCTBETCTBYeT 00HA BCerpga-y.CTUHHAS

dcpmyna A~ B. Tak, nape IKBUBAJEHTHBIX (JOPMYyJ:
X—Y u X v Y coctBerctByer ¢cpmyna:

X—-Y~X VY,
nafpe ShBUBAaNeHTEBX ¢cryyn X u _—X__(pcpmyna:
X'\z?.

BCsiKofi cKEMB2JIEHTHOCTHM, HAa OCHOBAHMKM KOTOPOil
N[OUCXCAMT Treolpasenarne GOpPMyn K HOPMAJIBHOM
W COBEPiLeHHOH HOpPMaZibHOM (JopMe, COOTBETCTBYET TAKHM
00pasom Bcerfa-ucTUHHAs Ppopmyna.

Hns nesielt wcuucsieHuil BbICKAswBaHMHB  [cCTATOYHO
MO3TCMY  yKasatb crccch, nmosBonsomuil oxapakTepuso-
BaTh BeCh 3aMac BCerfa-UCTHHHBIX (OCPMYJ1 3TCr o MCUKCTIe-
s, Tlpy axcuomaTuyeckOM TCCTPOeHMHM 9TO AeJiaeTCs
crefyronym copasom. M3 Bcerfa-HCTUHHHIX (DCPMYJT HMC-
YUC/IeHNsT BbICKA3BIBAHK I BHIGUPAIOTCST HEKOTCPHIE, MPH Hil~
Maemble 3a aKCHOMBI. 3aTeM 3a/laI0TCS1 NpaBWJIa, I103RO-
JsiomMe 43 BRIOpAHHBIX (QOPMYJ  «BRIBOAUTLY HGBRHIE,
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Kak axcnows, TaKk ¥ FBIBOLMMBIE U3 HUX (GOPMYsBI Cum-
TAOTCSH 00KA3QHHbIMU.  33/la4a, KOTCPYI0 TPUXCAUTCA
PelaTh npy  AKCMOMATHYECKOM  NCCTPCEHMM, CCCTOUT
B Tak(M BbifOpe akCUMOM M TMpPaBUa BBIBCAA, YTCOBI 3anac
00K azyemolX (GCpPMYJT A*CUONAMUYECK020 TICCTPCEHHST CCB-
DA C 3anaccMm ece20q-UCHUHRbLIX QoPpMYN C00€eprcamenb-
Ho20. YIpn Takol ILCTaH(BKe B(IPCCa SICHO, YTO AKCHUO-
MaTHYeCKCe MCCTPCeHHE KMeeT CMBICTT TOJBKO, eC/id MBI
pacmoynaraem y)<e COfep)kaTenbHbeiM. Ho B Takom cay-
Yae, eCTeCTBeHHO, BCTaeT BOOPCC, Aasi KAKUX Lieded oHo
MC)KeT MOHAACOUTHCA. '

* Jlo1s1 oTBeTa HA 3TOT BCNPCC 3aMeTHM, YTO Ja)Ke B [IPU-
MEHEHMM K MCUMC/IeHHMI0 BBLICKA3bIBAHUIl, paccmaTpuBaw-
LleMy O9JieMeHTapHble BBICKA3bIBAHWA KAK HepacujieHsie-
Mble IleJible, BC3MO)KHO JAanbHeimee pasButue. Ilocien-
Hee Y MPCKCXOAMT HA CAMCM JleJle M NPUTC(M Ja)ke B JIByX
pasauyHbIx HamnpaBjeHusx. Ilpy TabnMyHOM m(cTpCeHHH
nerexcAsT OT ABY3HAYH(T0 HCYKUCEHUS, COCTBETCTBYHO-
HmIEro KjaccuyeCkod (hOpmanabHLil ncruxe, K PasavykLbim
MH(T(3HAYHBIM, Pa3JMUawIMM, HalpUMep. TaKve Xapak-
TePUCTUKH CYXWIAeHHH, KaK HeoGXo0umocmb, 603MONCHOCMD
1 HegoamoxmcHCcCmb W MHCTHe Jpyrre. [Ipu akcucmaTtu-
YeCK(M IUCTP(eHUM H3NEeHSIOT UM C(BCeM CTKAa3bIBAIOTCA
T HEK(TCPBIX @KCHCM MM npasus BhiBcAa. [lpu stom
OKa3bIBAETCH, YTO JISt BCAKCrO TaOJMMYHCTO ICCTPCEeHMS
BCerjla CymecTByeT CCBeLIlIeHHO afIKBATHCE My aKCHOMa-
TUYeCKCe; OAHAKO He BCAKCe AKCHMOMATUYECKHU NI CTPCEH-
HCE MCUuCJeHHEe MOYKeT ObiTh MNOCTPOeHO0 W Tabamuvo.
Taxk HaspiBaeMasi «KOHCTPYKTHUBKAf» JCTHKA, KOTOPYIO,
kKaK nokasan A. H. KenmorcpoB, MGOKHO HCTONKOBATH
KaK ucqucsenve nrobrem W B KCTCPCH HeT «3aKOHA
UCKJIIOYEHHCI O TPeTbercy», WM pasadyHble HCUKCJICHUSA
«CTPOrof MMIJMKANUK?, O KOTOPBIX MEl YIIOMUH3JIM YiKe
B KOMMEHTApuMH K IepBOMYy maparpady, He ACHYCKAalOT,
Hanpumep, AaA3KBATHCrO MM TalJM4YHCIO MCCTPLeHUs.
TabnuuHce HNCCTPCeHKe HeBOSMO)KHO M JUISl TaK Ha3blBae-
MCro «y3KCro MCYHCJIeHUSI MPeAMKATCBY, CeAyHouero B
HacTOsmeM KHUre 3a MCYMCAeHMEM BBLICKA3BIBAHUH U
cTposimierocsl R Hell akcuomaThuecku, Taxum o06pasom,
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aKCHOMATIYECKOe IIOCTPOeHUEe SBJISIETCA (oee OOUIMM,
yeM TalJIUYHOe. '

Mbl nasBaiu TaGnuyHoe MOCTPOeHUE HCYUC/IEHUS BRI
CKA3bIBAHMH CCAEPKATETbHO-JIT OPUTMHUECKMM, A aKCHO0-
MaTuyecK ce —(POopMaabHO-AelyKTUBHBIM, 321MeTHM, OJIHAKO,
YTO M aKCHOMBbI MO)KHO TpPAKTOBATb C00€PyCcAMEAbHO,
NOHKUMas1, HaTlpuMep, BXojsmMe B HUX 6ykBol X, Y, Z,... Kak
BBICKA3BIBAHMS, a 3HAaKu — ,&,\/, —, ~ KAK JIOTMYeCKHe
CBSI3U Me/y BBICKa3pBaHUsIMU. (IKCTaTH, MUMEHHO B 3TOM
CMBICJIE AKCHMOMBI U JOJDKHBI ObITh BCerfa-UCTHHHBIMU
BpiCKa3wBaHusiMu). C Apyro#f cTOpoHB, npu TaGauyHOM
IOCTPOEHUH Mbl (AKTHUYECKM HUCMONb30BAJIH TOJbKO TO
00CTOSITEILCTBO, UTO KaXA0e U3 3JeMeHTAPHBIX BhHICKA-
3bIBAHUI MKeT UMETh OJHO U TOJbKO OLHO M3 ABYX 3HA-
YeHMM: (MCTUHHCY, IO)KHC», M UTO 3HAYeHHWEM 3ABUCSH-
HIEr0 OT 3JIEMEHTAPHBIX CJIO)KHOI0 BBICKA3LIBAHUS OISATH-
TAKU MOXKET OBITb OAHO U TOJIbKO OFHO M3 3TUX JBYX 3Ha-~
yeHd#. [lostomy npu TaGiMyHOM MOCTPOeHMM OYKBHI U
W 4 MO)KHO 3aMeHHUTbL, Hampumep, nudppamp 0 u 7, a CloK-
Hble BBICKA3bIBaHMS, 3aBUCsNME OT 71 3JIeMEHTAPHEIX BhI-
ckaswmBanuit X, X,,..., X, apudmeTHueckumy yHKLMSIMH
OT 11 APTYMEHTOB X, X,,..., X,,, 3HAUEHUSIMA KAXKAOT 0 U3 KO-
TOPBIX MOT'YT ObIThb TOJIBKO O M 1 M KOTOpBE CAMU JIOJI)KHBI
MPpUHHMAaTb TOJIbKO 3TU ke 3HaueHuss O m 1.1

Ho eciin akCOMBI MOYKHO TPAKTOBATD U COLEPIKATENBHO,

TO eCTeCTBEHHO 3ajaTh BONPOC, IN0YeMy MBI FOBOPHM

0 (POPNKAIbHO AKCHOMATHYECKOM  IOCTPCeHHMM  HMCUMCJle-
Husl. [le0 B TOM, 4TO TOJIbKO NPH TAKOM TICCTPCEHWH MBI
MO)KEM 3anuCaTh aKCHOMBI JIOTMKY, He JAejast pasyuuuit
MEXY onpefie/iIEMBIMH C UX [DOMOHIbI) CCHOBHBIMM JIOT'U-
YeCKMMH CBSI3SIMM M TeMH e JICTMYeCKUMU CBSI3SIMM, HO
ynorpebnsieMbiMM B CamoMm omnpefeneHud. Yurarenb YBu-
AUT Goslee KOHKPeTHO, B uYeM TyT JAeN0, HAa MPUBOJUMOM
HIDKe Npumepe (OPMAIM3aIUK  CONep)KaTeNIbHCTO Ompe-
JeneHust JICTUYeCKUX CBA3ell «—s=» 1 « 9. 3eCb Mbl 3AMETUM
TOJIBKO, 4TO ¥ NIpu (hopMaJIbLHO-AKCHOMATHUECKOM ITOCTPOE-

1. 3ameTum, UTo B IOKA3aTeNbCTBAX HeNnpomueo pewusocmu u He3a-
GUIUMOtMU AKCHOM, KOTOPbIE MPOAENBIBAITCA € [OMOLUBIO KaKoii-
Hubynp ux colepmamensholl MHTEPUPETAUUN, aBTOpPAMH uCnonke-
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HUM HCUHCNEHWs1 BBICKA3bIBAHMK Hesb3si coOcittuch mos-
HCCTBI0  OfIHMM TCJIbKO  BBUIVCHIBAHNEM (QOpMYyJI, BHI-
OpaHHBEIX B KauecTBe akCUOM. fIpasusa 6vlgod@ U3 3TUX
(pcpmys H BbIX—/10Kka3blBaeMBIX—(pCPMYJT Hesib3st Cdop-
MyJINPOBATh T(JbKO HA «sA3bike» Gopmys. Mx mnpuxo-
AUTCST pacckasbiBaTh HA  GObIKHOBEHHOM pPasrcBOPHOM
SI3BIKE, KAK 3TO C/leslaHO, Hampumep, B KHWUre MUisl npa-
6UAG  NOCCMAHOGKU W npasuad 3axkawyenud, Hukaxcro
NOPOYHCI 0 Kpyra, COCTOSIEero B TOM, YTO s Odpefe-
JIeHUsI JIOTMYeCKUX CBA3ed HesIBHO HCMONb3YHTCA Te XKe
JICrMYeCKMe CBsA3M, TMIpH 3TOM He TMOJy4yaercs, Tak
K&K B MpaBHJIaX 3THX HJeT peub He O CAMHUX JIOrHMUYeCKHX
CBA3AX WJIM BLICKA3bIBAHUAX, & TOJIbBKO O COOTBeT-
CTBYWOLIMX VM 3HAKaxX, KOTOPble K TOMY )Xe TpPaKTy-
0TCA KAk MarepuajbHble  00BeKTbl,  HaOMCAHHbE,
HANpUMEpP, MeJOM  Ha JCCKe WM YepHWIaMU Ha
Oymare. '

OcHeBHEH nmpcOieMoii 1151 aKCHOMATHYECKOr 0 TOCTPOe- |

* HUS SBASETCS, KAK MBI Y)Ke OTMETHJIM, 3aJada OTOXJIeCT-

BUTb 3aMac 0oka3yemblX (Qopmy.1 C Samiacom ece20a-ucmiuH-
Hpix, T1pu arom, ecau yaeTcs AOCTUYb TOro, YTO 6¢¢ BCerjla-
UCTUHHBIE (OPMYJIbl OKA3BIBAIOTCS [AOKa3yeMbIMH, TO CH~
CTeMa aKCHMOM M I[IpaBuUJ BBIBOJA HA3bIBAETCS HoAHol,
Camo 1o cebe 3THM He TIpefNIONATacTCSA, OAHAKO, YTO 0KA3Ye- .
MCH He MGKeT OKA3aThCs U KAKas-HUOYLb He BCer Aa-HCTHH~
Has (Qopmysa, T. €., UTO AKCUOMATHUECKCE MOCTPCEHME He
mupe tabnuuHoro. HauGonee monnbim Oblio Obl, KOHEYHO,
TAKCE WCYHCIIeHWe, B KOTOPOM JoKasyema BocOme Jiobas
thopmyna. Ho Takast «Jlorwkay Gbl1a 6bl HUKOMY HE HY)HOI,
TaKk KakK € ee NOMCUIbI0O MOKHO Obliio OB 4«0OOCHOBATLY
BCe, YTO YroAno: Jeboe BEICKA3blBaAHHe U NPHUTOM BMeCTe
C ero orpunaHdeM. BropbiM TpefoBaHHeM, KOTOpOe
ROMHKHO ObITh MpejbsiBJEHO K aKCUOMAaTHYeCKOMY I10O-
CTPCEHHUIO, ABJISIETCA MOITOMY TpebcBaHue, 4TcObI Cyune-
CTBCBaJIM HEQoKkA3yemble B 3TOM ICCTPCeHUU QOpMYyJibl. ITO

3ywTcs Tabnuunble onpefeseHns 3HakoB —, &, \V, —, ~, NOCTPOEH- -
BbIC MMEHHO KaK apumerHuecKne (QYHKUMH OT HATypaJibHbIX Y-
CeJsl, 3HAYEHHUSIMH KOTODHIX, B CBOK ouepelb, CIY)XAT HATypaJib-
HBIE YHCJ1A.
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TrebcBaHue KBanuuUMpyeTcsi OOBIYHO KaK Hen pomugo-
pequscems  VCUKCIe HUA.

Mkt ne GyjJiem 37ech 0CTAHABIIMBATHLCS CKOJIbXO-HHOY b
nofp« O0HO HA KOMILIeKCe BCIPCLCLB, CBA3AHHBIX C Henpomu-
60peqUECLIMbI0 U NOAHOMOK CUCTEMbl AKCUGM U TIPABUII
BBIB(/Id MCHMCJIEHUST BBICKA3bIBAHKH, C KOTCPBIMM YUTATeNID
O3HAKCMUTCSl M3 TeKCTa "KHuru. OOpaTHM TONbKO ero
BHHMAHME HA MOHSITHE «CTPOrcil MCNHCOTBI HCYMCIIEHUST
Y 3aMETHM, 4TO, Ja)Ke MGJCKMB B OCHOBY Te JKE BA mpa-
BUJIA NOOCMAHOBKU W 3AKMOYEHUS (WTn «3a4e PKUBAHU ),
KOTOpble WCHONb3CBAHBI  ABTOPAMH, MOXKHD [0-PA3HCMY
BBIOpATb NOAHYI R ONpeliesieHHOM BBILIE CMBICIIe cucremy
AKCHOM HCYMCJIeHHS BbICKAa3bIBAHUIL b,

TaK Kax 3ajaya Halla CCCTOUT NpH ITOM B AKCHOMATH-
4eCKOM OTCOpakeHud TabJHYHCTO nOCTPCeHUS, TO, GbITb
MCKeT, Haufcslee €CTECTBeHHBIM GblJI0 Obl MCMCJIB3CBAHUe
CHCTEeM aKCHMOM B JlyXe Nfeljlaraembix B oJHCH u3 paGor
A. Tapckcero. Tax, Tabmuuy, onpefe/SIOIYI0 CAGHKHOE
BBICKasbiBaHye X-—V, MCKHO 0XapaKTepu3cBaTh Taxcii
CUCTeM W mnrelJiOKeHHI:

. «EcauY vcTuHHC,mo BHICKasbBaHe X—Y MCTHHHOY.

2. «Etau X nOKHO, mo BbickasbiBaHre X—>Y HCTHHHCY.,

3. «Ecau X vctTMHHO U Y ACKHC, mo BbICKA3bIBAHHe

X—Y nOKHO.

Ecin Tenepb MBI 3aMeHMM 3[eCh BHICKA3bIBAHUSA BUJA
«A V.CTUHHO» MJIH «A JOKHO Ha «A» 1 « Ay COOTBETCTBEHHC;
CBASKU «eC/IH ... TC» U ¢K» HA«—» U & COOTBETCTBEHHO,
TO NCJIy4uM BCerfa-HCTHHHBlE, KAK JIErKO NPCBEPUTh,

(opmy b

1’. Y—.\»()(—>Y),
2", X—(X—Y),
3., X&Y XSV,

UrcObl ¢ noMCIBIO 3THX (OPMYJT OTIpefle/UTh BXOASIHe
B HUX 3HAKM ¢—>» U «—», HY)KHO ele, KOHeUHO, ACHaBUTDL

-

! I e3 npaBuna noACTaHOBKY 0GXOAATCH B TAKUX CHCTEMAX, KO-
TOpbI€, KaK, Hanpumep, ynomsivyToe Ha ¢Tp. 52 ucuncnenue eHile-
Ha, COCTOAT M3 OAHMX TOJIbKO MPaBMi BHIBOJA.
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(hopMyJIbl, cHIpelesisiole OTPHLA@HNE, i ICCTAPATHCS BBIPa-
3UTh TPeTbio opmysay, He npulerast K 3HAKYy &. IJTHUM
TPeOCBAHMAM MCKHO YACPJIeTBOPHTE, HAallpHMMep, 3aMeTUB,
4To (hepmMyny 3 MOKHO 3anKCaTh B BU/IE SKBUBAJIEHTHCH el

3. X—(Y—X—Y), a orpunande cxapakTepu3cBaTh,
GKa3aB:

4, «Ecau X wvctunHO, mo oTpunaHie X JIOXKHCY,
U Tak KakK oTpullaHie X MoO)KeT ObITb JICKHO MOABKO
np# X MCTHHHOM, TO M Hao0CpoT:

5. «Ecau orpunanue X sokHo, mo X HCTHHHC», YeMy
COOTBETCIBYWT BCErja-UCTHHHble (PofMyJIbl:

3 —
4. X—-X
5. X—X.

Ho u 3T0 eme nuwes npeABapuTesibHasi HaMeTKA.
Cnosecnas GopmynupoBka npeffiokeHuit 1.—5., npasia,
TAKOBA, 4YTO, CHeAvsl ¢if, MOMHO HOJH(CTbID B(CCTAHO-
BHUTb Ta0/MUbLI, Cnpefesislmue CBI3KY — M OTpUUaHWe
ANA [BYX 3HAuYeHWH IEePEMEHHbIX BbICKAZuBAHWIA: «UCTHH-
HO» U «JIOKHC» Ho Kak UCKAKuWIb, Hanpumep, cayua
DeccmbICIeHHBIX BbICKA3LIBAHUI? M mNepeflaloT nM Hamu
Gopmynst 1°.—5’. (B CoeAuHeHUW C MpaBUIAMM BbIBOJA)
Npu MONbITKe WX Tal0auuHO# HHTepHpeTauuMy Cofepa-
TeJIbHbIA CMbICJI COOTBETCTBYIOLIMX CJIOBECHBIX (L.OPMYJiU-
poBOK? Ha 3T¥ BoNpoChl Mbl €mie HE yMeeM OTBETHUTD.
Hanucas nomobHyl cucTemy akcmoM, HYXKHO. I03TOMY
IIPOBEPUTb 3aTeM, SIBJISIETCS] JIK OHA LOAHOU, T. €. MOYKHO
Jii Ha camoM Jlesie BbIBeCTM M3 Hee (B JaHHOM CJiydae C
MOMOIILI0 MPABMUI MOACTAHCBKY K ¢3a4ePKUBAHUsA») 6Ce
BCEIla-UCTHHHBIE (.OPMYJIbI. =aMETHM, UYTO HeICNHOTY
CHCTENBl aKCHOM TIpOLIe BCro I0Ka3aTb, OTHICKAB BCErfa-
VUCTHHHYK, HO HE3agUCUMyld OT aKCHOM 3TOH CHCTEMBI,
T. €. HCBLIBOAWMYIO B Heil ¢opMmysny. B paHHOM ciydae
TAKOBOH SABJAETCS, Hanpumep, Gopmyna

(X=-V)= (VY >1)~(X~>2Z).

Kpome Toro, cama mo cefe He MCKIIOUeHA BO3MOXK-
HOCTb, YTO Mbi MCIJIM HANKCaTb Kakue-HHOY[b JIHIIHKE
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AKCHOMbI,—KOTOPEle MOTYT GbITb BBIBeJEHEI M3 GCTAsh-
HBIX 10 TPUHATEIM HAMM mpaBumam. MKelaTebHO I10-
9TOMY TDCBEPHUTb M HE3ABUCUMCCMb  axcuoMm. Mp He

HMeeM BO3MO)KHCCTH GCTAHABJMBATLCST HA 3TOM l'IO,IIpCﬁ- ’

Hee, /12 370 U He BXOAUT B HAINM 3afgaun. Mol Oynem ypo-
BIIETBODEHBI, €C/IM HAM YRANCCh HeCKOMbKO 3aMHTepecs-
BaTb uuTaTe/sl He TOJBKO NPUALMIUAIBHCIH CTOPOHC
PELUCHMsL CCHCBRBIX [IS1 BCSIKCTO AKCHOMATUYECKONO I10-
CTPOeHus TpcieM Henpomusopeutgcemu, noanoms: u He3q-
SUCLMCCMI aKCHCM, HO ¥ TeXHMK(H mogyac JAUBOJIBHO
TPYAOEMKHX JI0KA3aTe/IbCTB 9TCro poja.
L

KommenTapuit k §§ 1 u 2 BTOPOH rnaBm

Hcropuvecku weuncnenwe wnacecs BO3HHUKJIO paHbille
MCUMCTIEHNA NPeJIOKeHui  (1nu BbICKasblBaHKH). QHo
ObLIO pa3BUTO YiKe B paboTax Bynau Asrycra Ae-Moprana
CTO JieT TOMY Hasal. B koHlle HpcmUI(ro Bexa cueHb [1o-
ApcOHCe U (BCTCATeNbHCE M3JTOKe I e ITCro LCYKCIeHUs
glzmp? Aano dprcrom Wpenepom B ero«lexin sx o aynrebpe

TUKY», TPU TOMA KOTCLBIX CCeDIKAT
X14717, X114-400 u \?ll!+6£9pHéTpa;gz(1}xT.BeTCTBEHHQ

B nanbueitmem BBISICHMJICCh, OJHAKO, YTO, ¢ OHCH
CTCPOHBI, MCUMCJIEHHEe KJIACCOB CJIMLIKOM CJICIKHO. B Hem
‘MBI MMeeM JIEN0 Cpasy ¢ ABYMS BuMAamu cnepauuit: o/iHu
BBIIOJIHSTIOTCST HAJL KJTACCAMH, IPYIUe HAf 1pe/lJI0)Ke HUIMY,
YTBEPXKAAIOMMMA UM OTPUIAL0 [ MK HEKOTOpble OTHO-
llennst mexply wknaccamu. Tlpu  AasbHeiiuiem aHanvse
OKA3aJ10Ch MO3TOMY yHCGHBIM PAacCMOTpeTh cCHAYANIA olle-
Paluy € MpelJIOKeHUSIMH, He BJaBasiCh B UCCieIcBaHUe
TOro, KaK MMeHHO 00pas3CcBaHbl SJIeMeHTAPHBIE TpelIoyKe-
HUST (CCCTABHBIMU YacTsIMU KOTGPBIX Y)Ke He SIBJIAITCS
OonbIne Kakue-HKOyab Apyrre nreanoxenns). Hceuuche-
HHI0 KJ1ACCCB HAYAJM BpelllCCHIIATh NIGITOMY HCYKCIIe HYe
IpeiICykennt kaK wesnwx. C Apyri CTOpPOHBI, HCYKCIIe-
HUE KJI4CCGB, BBIpCCIlee HeNCCPefCTBeHHO Ha marepuasie
TPAAMIMOHHCH IUKCABHCH JICIMKH, BCe PaBHO 0Ka3aJioCh
HeJlOCTATOUHBIM JUI  ueJleW GGCCHCBAHUS  MATeMATHKH
W JIOrHYeCKCH Qopmanuzalun ynoTpebisieMblx B Heli npa-
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BUJI BBIBOJIa. Ero 3amMeHUJIM MOSTOMY B laibHelileM Gosee
CWILHBIMHA HCUKCIEHHSIMU, 0 KOTOPHIX UAET peyb B rjaBax
TpeTbeil ¥ dYeTBepToil, U 110 OTHCLIEHUI0O K KOTOPBIM OHO
MCKeT paccMaTpuBaThCs, B H3BeCTHCH Mepe, KaK YaCTHBIH
cirydaii. .

B kypce noruku I'mabOepra u AKKepMaHa HCUYMCIIEHMe
KIacceB (MJM OJHOMECTHBIX N[eJUKAaTCB) I103TOMYy CCXpa-
HULCCh JIMHIb KAK PYAMMeHT, MMeIWuMil ckopee MCTCpU-
YeCKOe 3HauyeHWe W MNpeACTaBAIOWUKA €000 MOMBITKY
NOCTPOUTL MCUNCEHUE, A9KBATHOE JIOTUKe ApuCTeTess .
Ho wumenno mosTomMy Bropast TJiaBa TpejCTasJisieT
occOblii MHTepec ANs1 mpeftofiaBaTeNed Jcruku. Meay
TEM el IGCBsimEeHo B opurnHane Toiabko 10  crpa-
HHL, HCYePMBIBAIOIINX, 10 CYWECTBY, 3HAYMTEJIbHYIO YaCTh
coiepkanus cObemucrcro tpyaa  Hlpemepa. Heyausu-
TeJIbHC, UTO U3JIC)KeHKe MeCTaMKl 0Ka3aJILChb CIAMLIKCM KpaT-
KUM U He BIICJIHE ACCTYMEBIM AJIS1 He BJIAAEIONIero ApyrumMu
MCTOUHMKAMM uHuTaTens. IlocslefHee COBSCHSETCA GTYACTH
TeM COCTOATENbCTBOM, UTO ABTCPAM XOTEJICCh, ICBHIUMOMY,
ClleIaTh TPeTbI0 rJIaBy HE3aBHCUMCH GT BTOpCH; m3sarathb
Ke IBAKABI OJMH U TOT >Ke MaTepuaJ Kasajcchb Hellefieco-
06pa3HbIM, h

YuurbBasi WHTepeCH YnTaTeNs, He cobupaomercest clie-
HUabHO M3Yy4yaThb MaTeMAaTUYeCKYI0 JIOTMKY, HO )KeJialo-

! Bripouem, YK€ B MPEIHCTOBAM KO BTOPOMY MSZAHHIO aBTODLI
OTMEYaIT, YT0 camo no cebe ObL1o OB HKENATENBHO MEPECTPOHTD
u3n0xeHHe BTOPOH rnasbl, OueBHAHO, MPH 3TOM HMEETCSt B BHAY
nosipnienyie psina pabor, NMOCBAMEHHBIX TaK HA3SLIBAEMbIM 6).ae6CKUM
aqze6ram, MUMEIOLIMM HEMOCPEACTBEHHOE OTHOMIEHHE K CONEPIKAHMIO
3TOH ryiaBel. 3amMeTHM, UTO M 3Ta YaCTb NOTHKH B NOCJeIHHE oAbl
MHTEHCHBHO DA3BHBAETCS M BCe TECHEE CBA3BIBAETCA ¢ npobremavu
coBpemeHHOH anrebpwl (0cofeHHO TEOPHH CTPYKTYD) H TONOJIOrHi.
M3 noruueckux npHMeHenuil OTMETHM, Hanpumep, uTO BBeJcHHE
B HCUHCJIEHME KJAcCOB, Kpome o0ObiuHbIX onepauMit nepe edenlis,
00sedurHenUa 11 00N0AHeHUS Onepaumm 3ambikaHiiA 4AN0 BO3MOXHOCTh
NOCTPOHTL TOMOJIOTHUECKYI) WMHTEPNPETALHI0 HE TOJAbKO N KJac-
CHYECKO# NTOrvuKU ApucroTenn, HO M JJIS1 JIOTHUECKOTO HCUYUCIIEHUS,
He MoJIh3YI0UIEroCs 3aKOHOM HCKJIDUYEHHOI0 TPETLETO (Norura Bpaya-
pa—Tleitrunra), 4 Tak)XXe aAns CUCTEM TaK Ha3biBaemoil «cTporoit
HMIJIMKAUUNY M JIOTHKM Mojanbuocreit (cm, paGotw I'. Bupk-
eofppa, Cmona, Tapckozo, Mak Kunsu u 1p.).
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IEro MO3HAKOMUTBCH € ee 3JIEeMEHTAMM U BHISICHHTBD MeCTO
B Hell TpaguLUOHHCH JICTUKM, Mbl deM 3/leCb HECKCJIbKO
0oJiee MCIyJIsipHCe M3JICKeHWE MaTepuasa TepBbIX ABYX
maparpadcB BTOrLCH rjiaBbl, He OTKa3biBasiCb MHCrja CT
meBtopennit. Ham npedcraBisieTcss, 4YTO TakCe M3J0-
JKeHMe H0JKHO MoMOYb yuTaTe 1o pa3zclpaTtbCs B CCHOBHCM
copepkanuM BTOPCH rnaBbl, M3J(KEHHOM B TLeThbeM
ee maparpade. Mecra, BbileJieHHble METUTOM, COReRIKAT
AeTajd, KOTOpble MOryT ObiTb CHylieHbl MNP MePBOM
YTeHUU,

AKcHOMaTHYeCKOEe TCCTPCeHHe JIOrMKU BBICKA3bIBAHU M
OKa3a/1(Cb JKBUBAJIEHTHBIM CoAep)KaTeJbHOMY (Tabsanu-
HOMY) IICCTPCEHUIO ee, B KoTopoMm ¢ 6ykBamu X, Y, Z ...
NIOHHMAJIMCh UMEeHHO IpefJiC)KeHUs (T. e. BBICKA3LIBAHHUS,
KOTOpble MO0 MCTUHHBL, JUOO JIOXKHBI, U TIPUTOM H: IIpe-
MeHHO ©JHO M3 JIBYX), a NMOJ 3HAKAMH « », «&, «\/»—
OTPHUAHWE H CBSA3KH, COOTBETCTBYMIIWE, XOTS He [OJ-
HOCTBIO, COI03aM «H» U <«HAW» pasropopuHoit peuu. Of-
HaKO B aKCHCMATHYECKOM MOCTPOCHUN MBI HE II0Jb30Ba-
JIUCHL TeM, yTo 6yKBH X, Y, Z ,... 0003HAYAKT UMEHHO [Ipe/-
JI' )KeHUH, a JIOTHYeCKHUe KOHCTAHTBL « », «&., «\/» W Ip. —
OTPHLAHUE U CBR3KH MKy NpeasiokKeHusMu. IlocTpoeH-
Hasl akCUOMATHYeCKU CHCTeMa A(NycCicaeT MLITCMYy W ApY-
THe UCTOJNKCBAHUA BXCASMUX B Fee CUMBCJI(B. OQHUM U3
TaKUX SBJIAETCS Chelyoliee: Oyaem NOHMMAThL MCH OYK-
Bamu X, Y, Z,.. He npe/UTOKeHUst, a MPeUKATH, KOTOPBIE
MOTYT ObITh NPHOUCAHBI CO CMBICIIOM MpeameTam TCH MM
uHci cbmactu wmccnefcBanvit. Tak, ecqu peub VHAET
0 Belllax, UMeIUX OKPACKY, TO NEeANKATAMU MCryT ObiTL
«Oenbiiiy, «kpackblity, «3enerbliy U T. n. Ecay peub uaeT
0 LeJblX 4uCiIax, TO Mpelrkatamu OynyT, Hampumep:
(UETH(e YUCJ(», «KpaTH(e Tren», «0cbime Ty, «IpCCTCe
qucac» ! W T, 0. Byayus nprnycaH npousBCJbHCMY Npel-
MeTy u3 (61acTu, sl KCTCPCH OH MMeeT CMBICT, MLeAu-
KaT HCPOKAAeT MNfelUIOKeHVe: KCTHHH(e WJM JIOKHCE.
Tax, npunucaB MpeAUKaT «MIPCCTCe YKEJIC» YKcay 7, Mbl

1 TIpocTHIM YHCNIOM HA3LIBAETCS TAKOE, KOTOPOE HE HMeer
JenuTeneH, oTauuHblX oT 1 m camoro ceds.
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IOJIYYUM MCTHHHOe MNpeioyKeHne: «7 TIPOCTOE UMCIIOM.
[Ipunycas >ke er0o uucay 15, Mbl NOJIYUYUM JIO)KHOE INIpell-
Jokenve «15 mpocrce wuyucios. HaoOGopor, npunucas
npefMKaT «0oabile 7» uucay 15, Mbl TIOJYYMM HCTHHHOE
npeyioKeHle «15 Gosibiite 7», IpUIKMCaB YKe ero yucay 7, —
JI0)KHOe : «7 Gosblue 7». 3aMeTuM, YTO BCe pacCMOTpPeHHbBIE
3AeCh NpeluKAThl Ka¥{AblM IpuBe/leHHbIM HaMu IIpeAJso-
JKeHMeM TMPUIMCBIBAOTCS TOJNbKO ORHOMY CyGbexTy.
B nanbHeiiiem mbl OyJlieM Ha3bBaTh NMOAGOHBIE MpeJKAThI
«cBoiictBamu». TlpeMKaThl )Ke, KOTOpble IIOPOXAAKT Mpef-
JIOKeHde (MCTUHHOE WJIM JIOXKHCe), TOJbKO OyAyuu npunu-
CaHbl mape uay GosbllleMy yucay cyObexToB, OyAyT HA3bI-
BaTbCs «0THoWEHKUsIMUY. Tak, «G0sibluey—3TO OTHOIEHUE,
0o Boipa)keHue «7 GoJiblley He SIBASIETCS Tpe[JIO)KeHMeM.
Beipa)kenue e «7 Gosiblite 3» —IpelJiOXKeHHe M TIPUTOM
UCTHHHOe, Boipa)keHue «5 6onblie 7» —T0)Ke NpeAN0KeHHE,
HO TOJIBKO JIO)KHOe. AHANOrM4Ho, BBIPAKEHUS: «UUCTO 7
AencUIm mexcdy uucaamn 5 U 12» U «uucsio 5 aexmcum mencdy
yncnamu 7 u  12» —rpeUI0)KeHUs1, U3 KOTOPHIX MepBoOe
UCTUHHGe, & BTopoe JOKHCe. Ho B 0TanuMe OT OTHOLUEHHSI
«0osibIie», CBSI3BIBAOLIErO JiBAa MpeMeTa, OTHOIIEeHUe
WISXKUT MEXRY» CBA3BIBAeT YiyKe Tpy npeamera. [louucay
Cy0beKTOB, KOTOPBIM OHM MOryT OBITb CO CMBICJIOM IIpH-
MHCaHbl OfHMM M TEM >Ke IpelsIo)KeHHeM (HMCTHMHHbLIM
WK JIO)KHBIM), NpeAUKAaThl pa3fiens0TCsa HA OJHOMeCTHBIE,
JABYMeCTHbIe, TpPeXMeCTHBle W T. A.

«CBOMCTBAY SIBJASIIOTCS, TakuM o0pa3oM, OLHOMeCT-
HBIMKM NpefuKatraMu. B KadecTBe JasibHeHIIMX IIpUMEPOB
OAHOMECTHbIX NpPeJMKATCB NpHBeJeM ellle TAKMe MOHATHSA,
KaK «4eJICBeK», «CTapem», «CJOH», «cecTpa MpuHbD.
IMouarue )ke «cecrpa®» (B CMbICJie OTHCLIEHMSI POACTBA)
SIBJISAGTCST  Y)Ke JBYMeCTHBIM IpefukatoM. Bo BTopoif
rjiaBe pacCMaTpPHBAWTCA TOJbKO CAHOMeCTHbIe MEeIUKATHI.
3aMeTHM TYT )Ke, 4TO BMeCTO OJHOMeCTHBIX IpPeJUKATOB
AJis1 Uesiedd STCH ryaBbl ¢ TeM)Ke YCIIeXOM MOYCHO paccmar-
pvBaTh COOTBETCTBYIOIME MM KAQCCH TpeAmeTcB, cbna-
AALUMX BbIpa)kaeMblM JAHHBIM  [PeJUKATOM  «CB( H-
CTBOM®, WM TOAMAJAlOIMX, WHAue roBops, IoJ o0sem
BbIpa)KaeMOro MM NOHATUsI. lcuuciieHHe OJHOMeCTHBIX

18 OcroBm Teopermaeckot JormEn
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NpeMKAaTOB HasblBaeTCs IOJITOMY MHaUe «HCYHC/IeHHeM
KJIACCCBY, 4

Eciu moHumath Temepb oA Oykeamu X, V. Z,...
0/IHOMECTHEIe TIPe/uKaThl, To BHpaxennsa X, X VY, X&Y
TaK)Ke MOYKHO pAccmaTpuBaTh KAk OJHOMeCTHble Mpefu-
KaThl WM KakK COOTBETCTBYMOIUIME MM KJIACCHl IIPEJIMETOB.
Tak, mog X mbl Oyfem MoHuUMarb ofiee CBOHCTBO BCeX
TeX Npe/METCB, IPUIMCHBAHKe KOTOPbiM Hpefukara X
nopoyciaer He MCTHHHGCE, @ JIO)KHOe MPeJLIC)KeHHE,
WM KJIACC BCEX TPeJMeTCB, KOTOpble He COMAafainT cBOM-
ctBom X. B Kypcax Jicrvky KJIAcC TpeameTcB, cGiajaro-
upx cBiiictem X, cBc3nauaetcst ¢6biuHo X, Kuacc mpes-
MeTCB, He oOyajawumx cBliictBem X, Ha3bBaercsy ACNOJ-
HeHFeM K KJacCy X m cOc3Havaercss uHorga: —x. Ecu
ncp X, sanpumep, 6yJeM NOHHMATDH MPeUKAT «4eTHCE Yd-
ciey, To X Oyjler 0603:avaTh MPEMKLT «HEYeTHOE YUCIIOY,
WK COOTBe:CIBYOIMH eMy KJIACC HEYeTHBIX 4YuCell.

IMog X \V Y mbl GyjeM MoHNMATL obmee CBOMCTBO BCEX
TeX MpeJMeTCB, KOTOphle cOiafal0T, 10 MeHbIUEH Mepe,
OHUM M3 ABYX CBeHicTB: X uau Y uyM KJIacc npefmMeTos,
cocrostuil M3 BeeX (pasaMYHBIX) 91eMEHTOB 000MX KJac-
coB X M y. Takcil xnacc HaspiBaercst OOBIYHO 6YMMOU
KJacCcoB X 1 y U ¢0o3nayaercsi: X4y, Wi XV y. Ecau nop
X Mbl 6yjleM MOHMMATh MpPeAUKAT «AeJUTCS Ha 2», WK
KJAcC BCeX YeTHBIX YHCesd, a MojJ Y —IpelluKaT «[eJUTCsl
Ha 3», WM KJI4ACC BCeX uMCesl, KPATHHX Tpem, To0 X VY
6y et MpeinKaToM, c603HaYa0myM obiee CBOHCTBO Yucel,
IeISIMXes Ha 2wl Ha 3, KOTOPOMY COOTBETCTBYET
KJacc, COoCTosHMi M3 BCeX YeTHBIX YMCeJl M BCeX HeueT-
HBIX YKCeJl, KpaTHbIX TPeM.

X & Y npunumaeTcs Kak IpeAuKaT, COOTBeTCTBYHOUMHA
cOmemy CBGHCTBY BCeX Mpe/iMeTeB, ¢Oyaflalommx OAHOBPe-
MeHHO ofoumu cBolicTBamu X 1 Y, WIH COOTBETCTBYIO M H
eMy KJIacC IpefAMeToB, COCTOsAWMM M3 TeX 9J1eMeHTOB KJac-
CGB X M ¥, KOTOpble TIPUHAMNIEIKAT OJHCBPeMeHHO 000MM
Kjaccam. Takol kiacc HasbiBaeTcss COBIYHO néepeceveHuem
KJAccoB X M y M cGo3Hauaercs X-y. M3 paccMOTpeHHBIX
B NpeJbyHIeM NIpUMepe NMpeAnKaTop: X («¢IeJMTCsa HA 2»)
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" Y(gnenmca Ha 3») C MOMOmBI0 CBA3KK «&» MOjydaeTCs
HOBBIA npeukaT X & V: «genutcss Ha 2 u gesmrcst Ha 3»,
PaBHOCUJBHEIN B apuMeTHKe IpefUKATy «IeJUTCH Ha 6»
U OnpeflefisIOMMA COOTBeTCTBYIOIMI eMy KJIACC uMCes,
MeJIAIKXCA KaK Ha 2, Tak M Ha 3.

Tax Kak 3HAKM ¢—>» U «~» PACCMATPUBANTCS ABTO-
pamy JIMIIb KAK COKpameHusi, T. e. CBOJATCS K Y)Ke pac-
CMOTPeHHBIM HAMU 3HAKAM, TO MBI Ha HUX OCTAHABJIMBATbCA
He Oylem.

Hetrpyano yleguTbcsi Temephb, uTO Beerfla-MCTHHHblE
(hopMysIBl MCUMCJIEHHS BBICKASBIBAHMM IIpH TaKOM MCTOJN-
KOBAHHWM o00pamarwTcst B MNpPeAUKaThbl, BBITIOTHSIOMMECS
IJisi BCeX MpefMETOB paccmaTprBaemoit obmacta, WM
B TAK HA3bIBaeMblii YHUGepLAAbHOIT KAGCC, KOTOPHIA MBI
Oynem ofosHauaTb B JasbHeiimem Oykpoi {.

[IpoBepuM 3T0, HamNpHMep, AJIsI AKCHOMDI

a) XV X—X.

C o70# uenb10 HCKIIIOUNM CHAYANA 3HAK «—», NOJb3YACH TEM,
4TO, Mo ompemeneHnio, X ~ Y ecTs cokpamenne ana X \/ Y. Mu
NoyunMm:

XVXvXx

3aMeHuM 3aTeM B 9Tok GopMyJie NPEIUKATH KNAaCCaAMM M OMePAIUH

Haj nmpeauKaTamu OMNepauMsivu ¢ Khaccamu. Mei nonyuum popmyny
—(x+x} +x,

03H3UAWUIYI0 Teneph HE NMpeROKeHHe (M HE NpeRrKaT), a He-

KOTOpPHI KnacC npeimeToB.

Hcenonbays To 06CTOATENBCTBO, UTO JJs CHOMKEHHS KIacCOB
VIMEET MECTO TOKALCTBO: X-+X=X, MNpeNCTaBslIOmeecs CopepKa-
TEJbHO MOHSITHBIM TTOTOMY, UTO KAACC X+ X, [0 ONPERESIEHHIO CJIo-
KEHUs KJaccoB, COAEP)KUT BCE Te M TOJILKO Te 3NeMEeHTH!, KOTOphle
BXONAT mno KpaliHeli Mepe B OfMH M3 JBYX KJIACCOB: X HJiM X,
Mbl mosnyuaem nanee copnapalomuii ¢ npeabymum Kiace:

—X+X

Haxoneu, Tak KakK—Xx 00 0onNpefeneHUI0 CONEP)KHT BCE Te
npeaMerTsl Hamwed 06/1acTH, KOTOpble He BXOASIT B X, a—X X €CTh
—B CHJy OMNPeIeNeHUusT CAOMKEFHMs] KI1acCOB—KNace BCexX Tex
(1 TonbKO TexX) NMpeAMETOB, KOTOpHE BXOAAT Mo Kpaiineit Mepe
B OIMH M3 IBYX KJ4CCOB:—X HJH X, TO

—x+x=1.

—x (z-4x)-+ x ¥ ecTb, TakuM o0pa3om, YHHBEpCALALIA KJiace.
18#*
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AHanoruuHy0 INpoBepKY AJisI AKCUOMBI
by X—=XVvY

BHIIIOIHMM, HJIJIOCTPUPYS! ee TIOCPeACTBOM KPyroB Dilnepa.
CooTseTcTBYylommil  9Tol akcuome KJaACC —X—4-(X-))
MOXKHO H306pa3uth rpauuecku:

Hapy)xubil «kpyr» COOTBETCTBYeT 3/eChb YHUBepCAJIbHOMY
KJAcCy f, 3am0IHeHHAs TOUKAMM YaCTh €ro NMOBePXHOCTH—
KJIACCY — X; 3aLUTPHXOBAHHAA YaCTh [I0BEPXHOCTH —KJIACCY
x-+y. M acno, 4To BO BCeM yHHBepCaJbHOM KJAcCe HET
HU ONHOM TOYKY, KOTOpas He Bxojujna Obl no xpaiueid
Mepe B OUH M3 JBYX KJAacCoB: — X uaM x-+y. Cymmoii
UX, CJeAcBaTeNbHO, SIBJISIETCA YHMBepCalbHBIM KJjacc.

JIlas crTpororo JlokasaTe/bCTBA Hallero yTBep)KAeHHUS
10 OTHOWIeHHI0 KO BCeM B0oGIe BCerja-uCTUHHbIM Qopmy-
JJaM JIOTHKM BBICKA3bIBAHMH [AOCTATOYHO 3aMeTHUTh, Kak
3TO M ClleJIaHO aBTOPAaMM, UTO OIpelleIeHHbie HAMHU OIle-
pAaLlMK HCUMCIIeHUs] KJacCoB 00JaJal0T BCeMU CBOHCTBAMH
al)—a4), KOTOPHIMH XapaKTePUSYIOTCs Olle palluy ucquce-

HMsl BbicKa3biBaHM.

TaK, clioKeHUWe H IepeceveHue KiaccoB obrapaioT ofa CBOH-
CTBaMH KoMMyMAMUEHOCMU,, ACCOYRAMUEHOCTIA U SUcMpPul ) Tl 6HOCIIEL
(onno oTHocHTENbHO apyroro). Hononuenue K nepeceueHUio nBYX
KJacCoB X ¥ ¥ €CTb CYyMMa HMX [ONNjHeHud—x u—y, T. €.

—(x: y)==x+ (=¥
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Kamxaoe M3 3THX RBYX BbipaKeHuld, COeIMHEHHHX SHaKoM
PaBEHCTBa, MOKET 0oiTb 3aMEHEHO NOITOMY JpYyTrUM.
AHanoruuuo

—(x +y)=—x-(—y).
Haronen, ponniHeHHe K AONOMHEHHUIO X COBNajaer ¢ x, T. €.
—(—x)=x,

a4 3HAKU €« = », «~» ynoTpeﬁanTcsl KaK cOKpameHdst TouHo TakK
/K€, KAK H B HCUHUC/JEHUHM BbICKA3sIBaHHM

ITosTomy Qopmy bl MCUMCIIeHUS NPEIHKATOB (MK UCUHC-
JIEH{st KJIACCOB) MOMKHO COBepllleHHO TaK )Ke NPHBOAUTDH
K HOpManbHC# ¢opme, KaK 3TO [esldeTCsl B UCUMCJIeHUH
BbICKA3bIBAHUN: KaAblif Liar B MpoLecCe IpHBeJeHUs
OyneT 3aMeHsITh BRIpaykaeMblilt Gpopmyioil kace coBmajaw-
mpm ¢ HUM kynaccom. Ho Bce Bcerfla-uctunuble GOpMYJbl
MCYKC/IeHNs] BBICKA3blBaHMH, Oyayduy NpuBeeHbl K HOp-
MaJibHOH KOHBIOBKTUBHOH (OpMe, npeicTaBIAT cobOR
KOHBIOHKUWIO, KaXKAblH 4YjleH KOTOPOH COAEPIKUT MO
KpaiiHeil Mepe OlHy INapy OAMHAKOBBIX OyKB, N3 KOTO-
peIX ofHa cHaf)KeHa 3HAKOM OTPULAHUA, @ Apyrast — HeT,
¥ KOTOpBIE CBA3aHbl APYT € JPYTOM 3HAKOM «\/», T. €.
HPE/CTABISIOT B CyMMe YyHUBepcanbHblfl Kiacc. Hemo-
CPeICTBEHHBIM CJIEICTBHEM OTCIOA U ABJSIETCSI TO 00CTOSA-
TENbLCTBO,YTO U BCE BCETJa-UCTUHHBIE HOPMY JIbI MCUUCTIEHU ST
BBICKA3blBaHWil, B HCYMC/IEHUM KJACCOB IPEBPAIIAOTCS
B (opMmyJibl, NpeACTABJISIIONIME YHHBepcasibHbl Kace

npu Jio6oi#l MOACTaHOBKE B HMX HA MECTO MEpeMeHHBIX

KaKux-oubyab H“HAMBUAYaNbHBIX KJaccoB. HaobBoporT,
ecny xorsl Obl OfKH WieH KOWbHHKTHMBHOK HOpMasibHOU
GopMBl HE COEPIKUT OJHOBpPEMeHHO HU OJHOH OYKBBI
BMecTe € ee OTpMIaHMEM, TO CyLIeCTBYeT Taxas MojCcTa-
HCBKA WHAMBUAYAJbHBIX KJACCCB, IPU KOTOPOH paccMart-
puBaemast popmyJia y)ke He MpefCTaBjsieT COGOM YHUBep-
CaJbHOTO KJ1acca.

Ecnu onpegenuTs Onepauud Han KiaccaMu He CogepyKaTtefb-
HO, KaKk Mbl 3TO caexanan, a akCHOMaTH4eCKH, moso.KuB B OCHOBY
cucremy 4AKCHOM, HEHOCPeACTBEHHG HE COBNAaLAMOYIo M0JHOCTbLIO
¢ npaeufamu al)—ad), TO MOKa3aTeNLCTBO TOr0, UTO B HOBOM
UCTOIKOBAHMN BCAKAsA BCerja-uCTHHHAsE (QopmyJia HCUHCIEHHA
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BLICKAa3wWBaHuil npespamaeTrcs BCerga B YHHBEpPcanbubiil Kmace,
yno0uee npoBecTH HHade. AHAJOFUYHO TOMY, KaK 3T0 Obino cAe-
JIaHO, onupasach Ha TOKAECTBA X+ X= X H —x+4Xx=={, AIA
aKcHoMsl @), AOCTAaTOYHO MNPpeBepuTbL CHauada, ONMMPasch Ha
QKCHOMBI, ONPCACTIAIOUINe ollepany ¢ Kjaccamu, uTo BooOme BCe
aKcuoMsl a)—d) ucuHCIeHHs BolCKA3blBaBMil MpeCcTABNsIIOT B Ha-
mell nHTEpUPETALMHM YHUBEPCANbHHI Kiacc. A 3aTeM MOKa3aTh,
4YTO eCNU KaKue-nudyde (opmysibl NMPEACTABASIIOT YHUBEPCATbHBIN
KJ1AcC, TO M (JOPMYSisl, TOJIYYEHHLE U3 HUX NO NPaBUIaM BhIBO/A
HCYUNCJICHNSL BbLICKA3blBaHmil, AOJ/KHBL TAK/KE TPeACTaBJISITbH YHH-
BepcanbHblil Kiacc.

HeckonbKo pasianuubX cnccofos BbIGopa CHCTEMBl He3aBHCH-
MuolX aKCHOM [7s51 MCUHMCAEHHA KJACCOB, MJM TaK Ha3nlpaemoil
anredpsl Byns, uutartenn mMoKerT Halith B crarbe XaHmMuHemona
(E. V. Huntington, New sets of independent postulates for the
algebra of logic, Trans. Am. Mathem. Soc., 35 (1933), cTp.
207—304, u ucnpaByienue OmMUOK# TaM ixe, CTp 557—8) Becema
npoctolf U3 TAKOr0 Pofa CHCTEM SBISAETCA cneﬂ.ylomaﬂ, npuBeen®
Haa B crartee Lee Byrne, Two brief formulations of Boolean
algebra, Buil. Am. Mathem. Soc. , t. B2 (1946), pp. 269—272:

Muo,xecTBo (Mnn ofnacTb nNpeameToB) A Ha3blBaeTcs Gyaes-
ckolt qazebpoldl OTHOCMTENBHO onepauui, 0003HAYAEMbIX uepes
€.» U ¢—», €CNTH BLIIIOJIHEeH)b! CleAyunHe yCIOogHs:

Apl: Ecau x€ A, To ¥ (—x) €A (3HaK «E» UHTAETCS Kak «mpu-
HaJleKHT» UM «AB/ACTCS 3JIEMEHTOMY).

Ag2: Ecau x€EA u yEA, mo m x-yE AL
Ag3: (x-y)z=x +(y-2).

Agd: x-y=y.x?2

Ag5: x«(—y)=2z. {—z) pasHocuAbLHO XY =X.

Posercmso y =1 npu 5TOM pacCMaTpPHUBAETCA KaK aNemeHTap-
HO€ BHICKashiBaHHe. Kpome Toro, uoﬁaanﬂe'rcs TIpaBUJI0, B CHIY
KOToporo F ()~ F(u), ecu g=u®

L Axcuombt Agl u Ap2 BLIPaKAIOT MHOTAA MHAYE, FOBOPS, YTO
MHOXXECTBO A 3aMkHYmME OTHOCHUTEJILHO omepauuil «—» u «-». OHU
COOTSETCTBYIOT npaBuNaMm o6pa3oBaHusa (upmys, 0603HAYAKWUX
npeaMeTHl (Mepmos).

2 Axcuomamn Ap3 M Ap4 BLIpDHKAWTCHA, WMHBIMU CJIOBaMH,
accoyuamueHoCmy B KOMMYMAMUBHOCTTL OTIEPALMHE ¢.»

% VicuncsieHHe KIIaCCOB MO/Iyd4aercst M3 3TOH CHCTEMbl AKCHOM
IpH KCTO.IKOBAHUK ONepauMH «.» Kak B cmblicle «&», Tak,

U B cmbicae «V». PaBeHcTs0 p==7 paccMaTpHBaercs Kak ZoKa -
3aHHoe.
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Mbl y6eaunnch TakuM 00pa3oM, 4TO B HOBOM MCTOJIKO-
BaHUU BCskas BCerfla-MCTHUHHAS, WM  (YTO O3HAyaeT
3leCb TO >Ke camoe) jAokasyemast (popMyJia HCUHCIAeHHS
BhICKa3EIBAHU NpeBpaIiaeTcss BCeria B npefnKarT, BLIMIOJ-
HSIOIUHACS 17151 BCeX MPe/IMETOB, MJIM B COOTBETCTBYIOIUIA
TAKOMY TpeJUKaTy YHuBepcaysbHbll kuacc. [lostomy
BIIOJIHE €CTeCTBEHHO IMOCTAaBUTh B COOTBETCTBHE KA)KIOMY
TAKOMY TPe[UKATY Npedioncerue, KOHCTATUPYIOIIee 3ITO
00CTOATENbCTBO M YTBeP)KAAIONIEE, CJIef0BATE]bHO, YTO
HEeKOTODPHIH MPe;MKAT BBUIOJHAETCSI 045 6Cex N pedmemos,
WM 4TO COOTBETCTBYWOMMH emy KJacc cosmajgaer c f.
EcTecTBeHHO, Jajiee, CONMOCTABUTH TaxKoe MPeMJIOXKEHNE
U APYruM NpeUKATaM, 3aMeTUB, 4TO ec/ii, HAllpUMep, Ta-
KOU-TO IIPe/lMKAT He BBINONHAETCS AJIS BCeX MPe/IMETOB, TO
COOTBETCTBYIOLIEE Npe/lJIOKeHHe, YTBepHKAalolee ero Bl
IoJIHeHue AJ151 BCeX NMpPeAMEeTOB, JoKHO, Kakaomy npejau-
katy X npu 3tom Oy/ieT NOCTaBJIeHO B COOTBETCTBHE Hpefi-
JIO)KeHHe, KOTOpoe aBTOpbl 0603HauvarwT |X|u KoTopoe
yTBep)KAaeT, uTO NpeAuKar X [PpUHAMJIEHKUT 6Cem npedme-
mas paccmatTpuBaemoit o6nacty, OTC NpeAsIo)KeHUEe MOYKET
OBITb KAK MCTHHHBLIM, TAK 1 JIO)KHBIM, HO ecJu Ha MmecTto X
MBI TOJICTAaBYM B Hero MpefuKaT A, GopmanbHO Tak HKe 06pa-
30BaHHBII U3 NepemeHHBIX mpeAukatoB X, Y, Z,..., KaK
KaKoe-HuOyJ b BCerja-UCTUHHOE BBICKA3LIBAHME M3 Mepe-
MeHHbIX BbickaseiBanuit X, Y, Z,..., T0 npefyioykeHue | A |
OyJeT TOXKe BCerja-UCTHMHHBIM. Ho TOJBKO Temepb Yike
IpPU TPOU3BOJILHBIX TOACTaHOBKAaxX BMecto X, YV, Z..
He npeAno)keHu#, a mpeauxaroB. OHo Dyjer YTBep){(llaTb
UMeHHO, YTO MoJy4yeHHbIH Taxum o0pasom NpeguKaT
BLINOJIHSIETCST 044 gCex npedmemog, —u 310 Oyjler npas-
Joii.

3ameTuM, 4UTO Telepb B HallleM PAacHOpPsHKEHUH OKa-
YKETCs1 HEKOTOpBIH 3amac npeajioXKeHHM, KAaK UCTHHHBIX,
TaK ¥ JIO)KHBIX, KOTOPHEe He OYAYT y)Ke HepacusleHeHHbIMU
LebIMU, HeCMOTPSI HAa TO, YTO He OYAYT COCTaBJeHBI U3
Apyrux npefnoxeHnii. Mucrre us HuX OyAyT CJOIKHBIMU
00pa3oBaHusMHU, COCTaBJIEHHBIMM, CAHAKO, He H3 OJe-
MEHTapHEIX (CCH(BHBIX) NPEUIOKeHVH, a U3 37aeMeHTap-
HBIX NpeJMKATCB, W, HECMOTPS HA CBCKH  CJIOYKHGCT,
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SBASIOIMMUCSA ICOTOMY B I1[eJIOM 3JieMeHTApHBIMU TIpe]-
JOKenusivt. Tak, ecau X c603HauaeT CBUHCTBO (oKeH-
LHAY (MW «OBITh YKeHIWMHCI), a Y —emy)KurHay (1u
«BBITb  My)KUMHCID), a paccmarpusaemcit  c61acTbIO
npeimer(B 6yayT oy, To | X V Y| npelcrapiser cobok
npeptorerre (A): «Bee mopu 1160 yKeHIMHBL, JIMG0 My>K-
uyphb, B pagbreifluem Mbl YBUAMM, 4T0 Onarofapst uUX
CJIGKHCCTY (TCYHee, LTTUPAsiCh HA CNCCCO MX (OpascBaHus)
HEKCTCpBle 3JieMeHTapHble NEeMJIGKeHUs TellePb MOGKHO
OyfeT 3ameHSTb PAaBH(CHIbHBIMH HM CICKHbIME (T. €.
CCCTaBJIeHHBIMM M3 JIpyrux npedncxeHuil). Ojnaxo
B JAaHH(M cJiydae ICNBITKA TPeACTaBUTb II0JIyUYEHHCe
HAMU N[ eJIOKeHY.e B Bujle AM3bIOHKIMU (B): «Bce moan—
JKeHIMHBL  UAu BCe JIIOJAUM—MYXKuuHbY, OyZleT sBHO
HeyllauHcit. Ofa mpeanCxenus: «Bce JH0M —)KeHIM HbD
u «Bce moy —My)XuKHb, —1OKHBL [IpelnOxeHue (B)
[LOTCMY JILKHO, MeXAY TeM Kak (A) MCTUHHO.

He caviukcm ain OejeH, OfHAKO, 3amac MCTUHHBIX 3Jie-
MEHTADHBIX TIPefA¢ eHHH, KCTCpble MBI MC)KeM BBIPA3UTh
TakuM (Opa3(m? Belb € MX HOOMCIIBIO Mbl M()KeM BBICKA-
3aTh 4Te-HL6YAb JILIIb O €cex cpa3dy mpefMerax cbiactul
B jeiicTBUTeIbHLCTU 3amac 3TuT BCe JKe lIKpe, YeM MOXKeT
MUKAa3aTbCsl Ha OepBblif B3rnajg. Bo BCsikoM ciyvyae ero
RcCTaTcuHo, yT(Obl BBIPa3uUTh Bce cOume, Kak YyTBep-
AUTenbHble, TaK W  OTPULIATeJbHble  IpeIOKeHUS,
T. e. Cy)KneHust TuncB A u E TpajMIMOHHCH JIOTHKH.
JefcTBUTeIBHO, Takue CYXAeHUS HETPYAHO 3aMeHUTb
S9KBLBAJIeHTHBIMM HM CYXAEHMAMM O ¢CeX MpemeTax
paccmarpuBaemcit cbsactu, IloscHuM 310 CcHawaja Ha
npumepax.

A xcuy cka3aTh: «Bce cCBeTCKuMe YKEHIMHBI Yy PABHE HbI
B MpaBaxX ¢ CCBETCKMMHM MY)xXuvwHamm». Mory nu s, He
UCKaXKasl CMbICJIA, 3aMEHUTb ITO BbICKA3biBaHue PABHO-
CHJIbHBIM eMY BLICKA3bIBaHMeEM 0 eCex nmpemeTax (byacth, —
B /IaHHOM CJy4yae, eCTeCTBeHHO, 0 BCeX mojpax? —Oka-
3biBaeTcst, Mcry. CTOMT TOJIbKO 3aMETUTh, UTO yTBeprie-
HYe MCe PABHCCUJIbHO BHICKA3BIBRHMUIO : « [1JIST 6€AK 020 11peo-
Mema (WM «AJsi BCSIKOTO uejioBeKa») BepHo, UTO ecau
ATOT HpejMeT eCTb COBETCKas >KeHIIuHa, mo OH VPaBHEH
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B NpaBax C CORETCKUMU MYMKYMHAMMY, YTOGLI OTBHICKATH
cnoC.6 Takoro BhlpakeHusi, Ecnu mbl 0603HAUMM MHIM-
BuJlyanbHbl (KOHKPeTHbI}l, [aHHBIH) nNpeMKAT «COBET-
CKasl )KeHuMHa» uepe3 «CJK», mpelMKaT «ypaBHeH
B NPaBaxX ¢ CGBeTCKUMH MY)KUMHAMu® uepes «YII», TO
CHOKHBINA Ipeukat «CK—Y Ty, unu unave: «CK v Y1y,
OyZeT cnpaBelUB Y)Ke JUIsl BCeX MPEAMETOB PaccMaTpPM-
BaemcH# c6actu, B laHHOM Ciyuae 044 cex awded. Jei-
CTBUTEJbHO, COrJIaCHO HallleMy CIpefeJieHUI0 Clepanuii
«» M «\/» B IPMMeHeHUN K NPeAUKATAM, HNPeAUKAT «( #»
BLITOJIHSIETCST JJisl BCeX TIpe[MeTOB, He SIBJISIOLIUXCS
«CCBETCKHUMM JKeHIMHAMU», MPefUKaT e «CHK\V VI —
Anst BCeX NpeMeTCB, 00 He SIBJSIIOMUXCS «CCBETCKUMHU
JKEHIIMHAMKY, JIM60 «ypaBHEHHBIX B IIpaBax ¢ COBETCKUMMU
Myy»unHamuy. Ho ecaxuill yeaogex uny He «COBETCKAS »KeH-
LIMHA», WJIM, eCJIM uesICBeK, O KOTOPOM HJEeT peub,—
CCBETCKAs )KeHmWHA, TO OH 3aBeJOMO ypaBHeH B Ipa-
BaX C CCBeTCKMMH MY>KUHHAMUD.

AnajicruuHo, ecan s Xouy CkasaTth: «Huxakoe HeyeT-
HOe 4YMCJIO He JlesidTCd HA O» TO, ofu3HAuMB mpeJuKaT
«HeueTHCE YHCJI(Y» YyePed «Huy, mpeauKaT «AeJUTCs Ha O»
uepes «/Jab», MBI MOYKEM 3aMeHMTb 3TO BhICKA3hIBaHHe
CJIEAYIOHYM PABHCCHUJIBbHBIM €MY BLICKA3blBAHMEM O 8C€X
uncnax: [Hu v 46|, T. e. «Besikce unco guGo yetHoe, mi6o
He AenuTCst Ha 6». MHBIMM cioBamM, ecau OHO HeUeTHOE,
M0 0HO yXKe BO BCAKOM Ci1yuae He JeiUTCS Ha 6.

Boobie, Beakoe cyxpaenne Tunma A: «Bce X cyTb V»
MO)KeT ObITh 3aMEHEHO Cy)KueHHeM O 6cex npedmemax,
umeoiuM Bup «| X —VY |y, umu « X VY |», 1 o3Hauao-
I'MM B HOBOM MCTOJIKOBaHWH, 4TO «Bcakuit mpegmeT wiu
He-X, wi Y», 1. e. ecau on obnagaer cBoiicTBoM X,
To o0najaer u cBolcTBom Y. B npumenenum K KJaccaM
TaKoe CYJAEHHE 3aNUCLIBAETCS OGLIUHO B RUAE «X (C P»
W UYMTAETCH «X BKJIOICH B V», WIN X €CTh IIQKJIACC
KJacca y», I «KJI4acC X eCTb YacTb KJacca y».

Ananoruuno, Bcaxkoe cy)Kaedue tuiia E: «Huxkaxoe X
He eCThb Y», MoKeT ObiThb 3aMEHEHO CYy)KLeHMeM O 6Cex

npedmemax, vmeomum Bug «| X —V], um X VY,
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M 03HAUAIOWUM Temeps, uTo «Besxkuil npeamer uau He-)i ,
uny He-Y» T. e. BCAKMM mpeamer, ofnapamowuit CBoii-
cteoM X, He ofnamaeT cBoiicTBom Y. a1 KiaccoB 3TO
MOYHO 3anucaTth B BHAe «XC —)¥» M nOPoUecTh Kak
«X BKJIIOUEH B [omNoJiHeHHE K V%, HO TaKoe BhIpaXKeHue
BCTPEUAETCS! [0BOJBHO PEKo. Oﬁmqﬁuo T0 BBIPANKAIOT
HeCKOJIbKO MHaue, M Mbl paccKaj)kem ceHfdac, KaK MMeHHO.
[pexe Bcero 3aMeTHM, YTO 3HAK «(C», B OTIHUME OT
3HAKOB «.», «-» (MAH «\/»), He SBIAsETCA 3HAKOM
JUIST OMepalui - ¢ KJaccami, MOPOXKAAlomed U3 OJHMX
Kaaccos gpyrue. OH mosBAseTcs Jidilb MCCJIe TOro, Kak
CHIOXKHOMY KJIaccy «—X-+y» yKe MOCTaBIEHO B COOT-
BeTCTBHE YTBEP)KAEHHE, UTO OH COBMAjaeT ¢ YHHBepCATb-
HbIM KJIACCOM, M €CTh 1109TOMY JIMIUbL [PYroe BbIPa)KeHHE
A QopmyJibl

BLIPAXKAWIIEH HEKOTOPOE OMHOWeHe MEXLY KIIACCaMH.

TMoaToMy W roBopsiT 00bIYHO, UYTO 3HAK «(» €CThb
3HaK He omnepanuu, a OTHOIeHUs. Mbl MOXKEM CKasaTb,
YTO, 10 OTMpeAeseHHIO,

XCy~—x+y=_t
Ho B rtakom ciyuae:
XC—y ~—x+(=y)=1t

MY, TaK Kak:

—x+(=y)=—(x-),

XC—Y ~—(x:y)=Lt
Ho ecnu fomosiHeéHue K Kaxomy-HuOymb wiaccy v coBna-
JAET C yHuBepcaanmM KJaccom, TO KJlacC v He colep-
JKUT HY OJHOro dJieMeéHTa WJIH eCTh, KaK TOBOPAT,

nycmoil kaace, 06o30auaeMbiii 00b1uHo 3HaKoM «O». Tak KaK
¥, Ha000pOT, MyCTOit KJIACC eCTh AOTOJIHEHNE K YHUBEp-

e

Kommenmapui x §§ 1 u 2 emopoli 2aasw 2t3

CaJlbHOMY, TO TOC/EAHION (OPMYNYy MOXKHO 3anmucaTh
B BHje:

XC—y ~x-y=0.

Mpasas vacte 970l Qopmyssl u cayKut oBbIUHO Bbipa-
JKEHUEM T Cyopenys tuna E: «Hukakoe X ne ecth V.
OHa uMTaeTCs: «IEPeceyeHHe KJIACCOB X M ¥ MYCTO».

SIcHO, uTO W Ccy)KpeHume THma A MOXHO BBIPASUTH
¢ nomowkl 3sHaka «0» (a He «f»). OHo mTpumer npu
3TOM BHJ:

’ X-—y=0,

03HAYAKWH, YTO MEpeceyeHHe X C JOMOJHEHMEM K )
IycTO, T. €. UTO BCSAKHEI 3/IeMEHT KJAcCa X eCTb B TO Ke
BpeMsi 3JleMeHT 4 KJjacca ). '

Mel mpuBesH 3aech 3TH ONOJHUTENbHLIE BbIPAYKEHUS
[ cy)penuit TunoB A u E mNoTOMY, YTO OHH 4acTo
BCTPEUANOTCS B JIMTEPATYpe.

3aMeTHM, YTO CY)KIEHUs] 000MX 3THX TUIOB OKA3AJIUCH
BbIPA3UMbIMU B BHU[IE DABEHCTBA HYJIIO (MyCTOMYy KJaccy).
Bripa>kenue ux B 31oM BUfe 00bIUHO NpefmoyuTaeTcs Ma-
TeMATHKAMH, MPUBLIKIIEMK ONIEPUPOBATD ¢ YPABHEHUSIMHU.
BooGme, aneMeHTapHbIe MpeJIoyKeHUusi pacCMaTpHBaEMOTO
Hamy BUA YAOOHO BBIPAKATH C TOMOMILI) 3HAKOB & = »
UMM «(C» ¥ CHENHAJIbHBLIX 3HAKOB «+», « +», «—» 7JId
omepaldif ¢ Knaccamy MNOTOMY, YTO MPY STOM HeSb3s
CMEIUATh OMNepalMy Haj Kjaccamy (WM mpeguKaTamu),
[opo)KnawIye HOBblE KJAacCel (WJIM HPefUKaTH), ¢ ome-
palMusIMM HajJ TPEANOKEHUSIMH, TOPOXKAAKWUMU HOBbLIE
npepjiokerus. C gpyroi ctopoHsi, 0603HAYeHHST ABTOPOB
(cocTosimue ToJBKO B NMPUCOEIMHEHUY K 3HAKAM HCUMCIIE-
HUA BbICKa3bIBAHU# NPAMBIX CKOOOK | |, KoTOphle 0OXHOBpE-
MeHHO ¥ (1) yKaswiBaloT Ha TO, UTO HOMELIEHHbIE MEMKLY
HuMU OyKBel 0003HAYAIOT HE BBHICKA3BIBAHHUS, a 1PEIUKATHI,
3HaKy Ke JelcTBuii —onepauuy wWaj npeguxatTamu, u (2)
npesBpamarwT o0pa3oBauHel TakuM 00pa3oM mpeTuKaT
B COOTBETCTBYIOIEE €My HpefIoyKeHue, YTBepKjpalouree,
UTO ATOT TNPENUKAT BLIMOJIHSETCA 048 6cex npedsemos)
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MMEIQT TO TIPEUMYLIeCTBO, UTO MOZYEPKUBAIOT (opMmasibHOE
TOWAECTBO OllepallMii Haj NpPEJUMKATaMH C omepauusimu
HajJ BbICKA3bIBAHUAMU.

TTpeumyLiecTBOM 3THM 0C00eHHO YA06HO MOJB30BATHCS
NPU BLISICHEHUM BAKHOro OOCTOATENBCTBA, K KOTOPOMY
Mbl HOCTefneHHo iepeiigem. XoTa 3amac MCTHUHHBbIX Hpea-
JI0YKEeHU#, KOTopble MOryT ObiTb BHICKA3aHbI {IPU IIOMOLTM
BoipakeHuit Bufa ||, rae A obosnavaer npepukar, 6o-
rade, UeM MOYKET MOKAa3aTbCd HA MepBblit B3TJIAA, OJHAKO
C ero MOMOIbIO HeJIb3si BCE YKe BhIpa3uTh fAa)<e IMpoCThbie
yacTHble TpeasioXkenua tunoB I: «Hexotopele X cyTe ¥»
u O: «Hexortopsie X cyTbh He-¥», Ho BCsKoe wacTHOE
fIpefJIoXKeHre MOXKHO PacCMaTpUBATL KAaK OTpUUAHME He-
KoToporo ofmero. Tak, yTBepXX[as, 4T0 «HEKOTOPHIE X
CyTb Y», Mbl OTpHLdeM, UTO «HuKakoe X He eCTb ¥»;
yTBEPIKAsl, UYTO «HeKoTopble X CyTb He-¥», Mbl 0TpH-
nmaem, uto «Bce X cyTth Y». Takum ofpasoM, cyxpeHue
Tuna I ecTh OTPUNAHUE CY)KpeHWsi Tuila E, a cyxpeHue
tutla 0 —oTpuuanue cyaenus tuna A. Tak Kak cymjae-
HUsl THIOB A U E BbIpa)KalwTcs pPaBeHCTBaMMU:

.’ A: X - y'—'O.
E: x-y =0.

To Cy>penust TMmoB I u O moryT ObiTb BbIpa)KeHbl Hepa-
BEHCTBaMU

I. x-y =0,
0: x-—y=#0, .

3HaK «s5» ynotpebnaercst spech KaK oTpuUllaHWe paBeH-
cTBa. B CHMBOJIMKE aBTOPOB COOTBETCTBYIOWME CY)KIEHUS
JOHKHL OBITh 3amucalbl B BUAE:

I: |1 XVY]|
0: |XVvY]

ppuueM dUepTouxd Hap OyxBamu o003HawalorT omepainu
C MNpefMKATaMM MJIM COOTBETCTBYIOIIUMH KM KJlACCamy
(o6pasnBaHue [MOfOJIHEHM:A), & 4YepTa Haj BCeM BbIpaKe-

Kovumenmapuii v §§ 1 u 2 smopoil 2aasut 2(5

HUEM—oOTNepalMI0 OTPULIAHMA, NPUMEHEHHYI0 K TmpepJo-
JKEHMIO O 6cex npedxemax, BBIPAYKEHHOMY € NOMOIIbIO
BePTUKANbHBIX 4epTodeK. Hak 3To u BbisicHeno B § 2
BTOPO# rjiaBbl, HAM MPUXORUTCS NMPU 3TOM MOJb30BATbCS
y)Ke KOMOMHUDPOBAHHBIM UCUUCIIEHUEM, COCTOSI'MM B HpH-
MEHEHHHU ONepaluil MCUMCIICHUS! BbICKASLIBAHMH K 3JIe-
MEHTApHBIM TPeJIOKEHHsIM, TPUNUCHIBAIOIUM TPeUKAThI
ccem TIpeaMeTaMm paccmatpueaemoit obmactu.

[Tpu 3ToM 0GHApPYKMBAKWTCS HOBhle 00CTOATENLCTBA,
B KOTOPHIX, COOCTBEHHO, U COCTOMT OCHOBHOH CMbICT BBe-
JEeHUA HOBOTO MCYMCJIEHHS] TPEIUKATOB, WJHM KJIACCOB.
Mmenno, okassiBaeTcsi, 4to, KPOMe TeX U3 BhpaKeHui

A(X,Y,Z, ...) uCUMCIICHHS BHICKA3bIBAHMIL, KOTOpbIE
MCTUHHB TPW TOJACTAHOBKE B HUX MPOM3BOJBHGEIX Mpefi-
JioKeduit Ha mecto mepemerHnXx X, Y, Z, ..., H cooT-

BeTCTBYWOIHKX uM Boipakenuit | U (X,V, Z, ...)|, uctun-
HbIX MPU MOJCTAHOBKe HA MecTo nmepemenunx X, Y, Z, ...
NPOM3BOJIbHBIX TMPEJUKATOB, BCETIA-UCTHHHHIMU GYRyT
¥ HexoTopele Apyrue (opmyssl. Ilpumenenue ucuncnesus
BbICKAShIBAHMA K MpPENJIOFKEHUsIM Criennanbuoro Buga | U |,
NOPO>KAEHHLIM HCYMCAIEHHEM OPESMKATOB, PacIlvpseT 3a-

nac BCErpa-UCTHHHBIX QOPMYJ, WY «3aKOHOB» JIOTHUKH.
TaK, M3 aKCHOMbI

) XVX—X,
Kpome TPHBUAJIBHOIO CJEJCTBUS U3 HeEe Ke:
| XIVIX]|—iX]

H BCEr[a-UCTHHHOTO, KAK Mbl y)Ke BbISCHWUIIM, AJIST [POU3-
BOJIbHBIX 3HAYeHH{ IepeMeHHoro mpegukata X Bbipa-
K eHus

| XV X—X|,
MOYXHO MOJIYYNTb BCErfa-UCTHHHYK (dopmysty
| XV X|—|X],

TAe 3HAaK «\/» 0003HAuaeT omepauuiy ¢ NpeaUuKaTaMH,
a 3HAK «—>» CBA3LiBaeT mpepaoycenus. HeficTBUTeNbHO,
0OHa yTBEPKJAeT, YTO eclM BCAKMI npegmer obianaer
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cBofcTBOM X V X (NPHHALJIEOXUT CyMMe KJIACCOB X U X),
To BCAKuil npegmeTr olsagaer u cBoiicTBoM X (mpumap-
JIEKUT Kiaccy X).
ABanoruyHo, M3 aKCUOMBI
b) X—-XVY,
KpoMme BCerga-uCTUHHBIX Gopmy

| X|— X[V Y]
Hu
| X —XVY]
MOYKHO TOJIYUUTDH elle BCErga-UCTHHHYH ¢opmyiy
| X|—=|X VY]

YIBep)KAAKLY0, uTo ecnu o0rem mpegukata X oXBaThbl-
BaeT Bce npeamersi, To o0bem npegukata X V'Y, moba-
BJsliOIEro K MpeameTtaM, ofnagalomum cpoiicTBoM X,
npeaMeTsl, obnagaromue cBoiicTBOM ¥, TO)Ke OXBaTHIBAET
Bce npepMeThl. Ilo avaioruy ¢ 3TUMM JByMsi NpUMepaAMH
Mbl MOrJd Obl MOCTPOUTbL M3 AKCUOMbI:

) XVY—=YVX,

Kpome camo coboit pasymeromuxcs [ X |V |V | — V|V X
m|XVY—YYVX]| dopmyb:

IXVY|—=|YVX]|
IX|VIY]|—Y VX
I XVY|—=|Y|ViX]

M3 KOTOPbIX NepBble Be AeHCTBUTENbHO BCErfa-UCTHHHLL,
TpeThs e HeT. [leficTBUTENbHO, eciy Io KpaiiHeil mepe
OfMH M3 BYX KJACCOB X 4 J COMEeP>KUT BCe IIPEIMETHI,
TO CyMMa HX 3aBEJIOMO OXBaThlBaeT BCe mpeameTsl. OHAKO
€CJIA CYyMMa [IBYX KJIACCOB COJEPIKHT BCE NMPEAMETHI, TO
U3 3TOTO OTHIOAb HE CJeyeT, uTO Mo KpaiHed Mepe
OfMH M3 HHUX COEPHUT Bce mpeaMmertsl. BepHo, Hanp-
mep, uto Bce mpermeThl. (00 oOKpacke KOTOPBIX MOXMKHO
CO CMBICTIOM TOBOPHMTB) «Mb0 Gesble, MHOO He Oesbier.
O/HaKo M3 3TOT0 HE CJIEAYeT, UTO U3 ABYX NpPeAsIOXKeHuk:

Kosmenmapuii & §§ 1 u 2 emopeii enassl 287

«Bce npeamersl Oenbiey u «Bce npegmern He Genple»
ilo KpaiiHeil Mepe ojgHo BepHo. O0a JOMKHSL.

[To Tem IKe MpHUMHAM, KOTOPble MPUBEAEHH aBTOPAMU
B TeKCTe, Mbl He Oy/eM 37ecb 0CTAHABJIUBATLCH MOAPOG-
Hee HAa XapaKTepPUCTUKE 3araca BCerja-uCTUHHHIX Qop-
MyJd KOoMOMHMpPOBaHHOTO wuCuucieHnsi. OTMeTHM JHIUb,
uTO JJI1 NOHMMAaHMA MaTepualla, U3JN0XKEHHoOro B § 3,
0co0eHHO CYIEeCTBEHHB NPUBOJMMbIE aBTOPAMU (OPMYJIbI:

(X—=Y &Y —-Z)—|X—2Z]
(«Ecim Bce X cytb Y u Bce Y cyTh Z, T0 Bce X cyTh Z2»),
* | X&Y |~ 1 X|&|Y|

(« 11 Toro, utoCGbl mepeceyeHUE KJIACCOB X W Y COLEp-
yKajlo BCe mpetMeThl paccmaTpuBaeMoil obnactu, Heobxo-
AVMO M [0CTaTOUHO, 4TOOBI KaXKbIA Y3 KJAcCcoB X U ¥
cojiepyKasl Bce mpepmeTsl ofnactu».)

Jns ucuucieHus BbicKaswiBanuit (u ¢opmaTeHe coBnanaio-
wero ¢ HUM «4yucTOoro», T. €. HeE KOMGHHHpOBaHHOI‘O ¢ UCUYUcCHIi-
HUeM BbICKA3LIDAHHHA, HCYHCJIEHHS NPEINKATOB, WAW KJIAcCoB),
Bce GecKOHEUHOE MHO)KECTBO BCEerMa-UCTUHHBIX NpefIoKeHuil
OKa3aJ10Cb BO3MO)XHLIM BBIBECTH M0 OTIPENENCHHBIM fPaBUAIM U3
KOHeYHoro (1 Ja)ke oueHb HeGOJLINOro) yucia TaKMX TpPensio-
AeHuH, NPUHATLIX 33 akcuomul. M 3pecs pocraTouno npucoem-
HUTEL K HCUHCJIEHHIO BLICKA3HBAHUH, 00BeIHMHCHHOMY G «UHCTHiM»
WUCUHCeHNeM [peJUKATOB, HECKOJbKG HOBHX BCErAa-UCTHHHBIX
dopmyn, 4roObl HOAYYATH BO3MOKHOCTb BHLIBECTH € WX MOMOIIBIO
Bce ocranbHpie, He npuBoga 30eck [JoKaszaTenbCTBa 9TOro0
(Ii)pell.!IO)KEHHﬂ, NPOREMOHCTPUPYEM HA NPUMEPE, KAK NP NOMOILH

OpMya:

X|I-1XVYl, (1)
XVY|-|Y VX, 2)
(X&Y|~ |X| & Y|, (3)

M pacIlUPeHHsnX HAa caydvall GopMyn moBoro Bmaa npaBmA Tnol-
CTaHOBKH W 3aMelpl BmpakeHus U IKBUBAJEHTHLIM €My BHipa-
EHeM B MOYKHO BLIBECTH (opmyny

(X =Y &Y~ Z)—|X - ZI. ‘ 4)

IMpexpe BCEro, NO nNpaBMaAaM MCUMCIeHUs] BLICKa3blBaHuil
(TparsMTHBEOCTH 3HaKa «~») us (1) m (2) cnegyer

[ X1~V VX (6)
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ITopctaBue Tenepr B (1) X > Y pmecto X, u Z Bmecto Y,

aB (6) Y—~2ZBmecto X, u X BMeCTO ¥, MBI MOJYUHM
| X->Y|->|(X->Y)VZ], ()
Y > Z]| XV (Y =>2Z). (8)

[To npaBunam ucuMcneHus BbCKacniEanuit us gopmyn (7) u (8)
nonyuaem satem gopmyny:

(XY &Y =Z)»> ((X>Y)VZI&IXV(Y>Z)). (9

MoncraroBka B (3) paer, manee:
X > Y)VZI&IXV Y »2Z)|~
~(X=>Y)VZ&EXV (Y > 2Z). {10)
Ho no npaBmnam uCuMciennsi NpeAMKaTow, coBnajgawownm Qop-
MajbHO ¢ NPaBUIAMM MCYMCIEr U1 BHICK&3bIBAl Hi:
(X>Y)VZ&XV(IVY>Z)~XVY SZ&XVY /Z,
XVYVZ&XVYVZ~XVZV(Y&Y),
XVZVIY&Y)~XVZ,
X/LZ~ (X~ Z),
OTKyAa:
(X >Y)VZ&EXV (Y >Z)|~|X~+Z]. (11)
W3 gopmyn (9), (10) u (11) nyxsan naw Qopmyna (4) cnenyer
HeMeANMe¢HHO N0 HCOAHOKPATHO YHe -UCIIOJE30BAHEOMY HIANH npa-
BHJIY 3aMeHbl Bbipakenus U SKBUBANEHTHHIM €My Bh!DarKeHnem B.
3ameTHMm, uTO NPHBE €HHAS HAMHU Bullle CUCTEMA aKCHOM Apl—b5
GynmeBckoil anredpet, Oyayun Ho0aBieHa K HCUHCJICHHIO BbICKA3bI-
BaHpi, npeACTaBAsieT y.xe C000if NONHyI0 CHCTEMY aKCHOM JJIs

KOMOHHULOBAHHOTO HCUMCJeHus1. TlokakeM 1Sl TpHMera, Kak
BHIBECTH M3 Hee MpaBuno, COOTBETCTBYHOW ee $opmyJe

IX=>Y|=>(lY->2Z|=-]|X~Z]|),
M HaspBaoweecs OOLIMHO NpUHyuUnoM cuttozussa. [lpaBuno 3To

COCTOMUT B CNEAYIOUEM:
Ecau doxasaner o6e fopuyaer:

j% >8], (1)

|8 €|, (1)
mo OokazaHa u Popmysa

PEXAR (1)

Komuenmapuid k §§ 7 u 2 émopoil 2aaset 2t9

Dopmynsl (1) w (1!), Oyayuir 3anucaHnl 1A A3BIKE HCUNCTEHMS
KTaccoB, NPHMYT BHT

a-—b=0,1) (1%)
be—c=0, ’ (11%)
1M, B CHAY aKcHoMB Apd,
a-0=a, (1%%)
b-1=0. (11%*,

MoACTaBHB, [10/IL3YsICL CBOWCTBAMM PaBEHCTBA, B INEPBYIO U3 3THX
dopmyn b-c Bmecro D (Ha oOCWOBaHMHM BTODOif), MbI NOAYy4HM
a-(b-¢) =a, uau, B cuny axcuombl Ag3, (a-b)-c=a. Ho (cm. 1*¥)
a-b=a. Tlocmeansas nonyuexnass Hamu QopMyna npeoGpasyercs
noaToMy B a-¢=g, MMM B cmay axcuombt A3, B a-—c=0. Ha
43bKe MCUHCIeHHS MpeAHKaToB 3T0 H €CTb dopmyna |2{~> e,
KOTOPY!O HaM HY>KHO ObLIO [OKA3aTh.

B 3axmoueHHe OCTAHOBHMMCS elie Ha [JBYX MOMeH-
TaxX. Bo-mepsbix, OTMETHM IOAYePKHYTYI0 aBTOPaMM pas-
MUY MEeXKAY ABYMs HHTePIPeTauUsiMU MCUUCIEHUS BbI-
CKA3LIBAHMM: OAHOM, KOTOpasl MOJIyyaeTcsi, KOrja Mol ToJ1-
KyeM MepeMeHHble He KaK NPelJOyKeHUsl, a Kaxk INpeau-
KaThl U, COOTBETCTBEHHO, 3HAKU (T, «&», €\/¥, (—>», (~»,
KAK MOPOKAAIME U3 2JIeMeHTAPHbIX MPEAUKATOB CJIOXK-
Hble TMPeAUKAThl (2 He U3 3JIeMEHTAPHBIX MNpPeAaoyKeHu it
CIHOMKHBle MPeNJIOKeHHA), M JAPYyroi, KoTopasi COCTOMT
B 3aMeHe MpeJMKATOB KJIACCAMM M OIepauuil ¢ npefuxa-
TAMH—OMepaUsiMi ¢ KJIACCAMH,

ITepBast MHTePNPETALMA TOPOXIAET NPeIOXKe HUS Clle-
MaNbHOr 0 BUAA, MpUMeHCHMe K KOTOPhIM IIPaBUJT MCUKC-
JeHHs BBICKA3LIBAHMM, Oyarogapsd CCOGEHHOCTAM 3THX
Npe/yIOXKeHNit, $BJIseTCS HMCTOUHMKOM HOBBIX 3aKOHO-
MepHOCTelt, IPUCYIMX TOJIBKO 00beMHeHUIO 00euX HHTep-
npetanyit OJHOr0 ¥ TOrO )Ke JIOrMYecKoro (opmannsma,
A He KAKIO0H U3 HUX B OTAejbHOCTH. Tak, B YaCTHOCTH,
6ArofAPsT  CIOXKHOCTH  9J1eMEHTAPHBIX  BBICK23bIBaHU
suga (%], rAe A B CBOW ouepefb ofo3HAUAET CJTOMKHBI i
npefuxar Buga A, &A, &.. &y, BHPAKEHUE, oOpa-
30BaHHOe M3 || MO HpaBUIaM HCYKMCIIEHUST BBICKA3HIBA-

1} TlonL3yACH CHCTEMOI aKCHOM Apl—D5, HEerpyoHO NOKa3aThb,
ure 2+ —2=y -y, T. €. uT0 2—2 €CTb HEKOTOPbIA MOCTOsiHHBI

(HHAMBUAYANBHBI) KIACC, KOTOPbIi Mbl oGosnaurm 0.

19 Ocuopwm TeopeTHUECHOH FOTHKH ~
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HUH, MOXKeT OBITh 3aMeHeHO BHIpasKeHUeM, 3JIeMe HTa pHbIMU
COCTABHBIMM YACTSIMA KOTOPOro OYAYT yiKe BhIparkeHust
U 51U, -0, |U,|. MBLIIONYUaEM, TAK CKA3ATH, BO3MOMHOCTD,
HOJIB3YsiCh CJIOKHOCTBIO CTPYKTYPBI ¢4TOMA®, Pacysie HUTH
€ro Ha COCTaBHbIE YACTH, M3 KOTOPBIX 06pa3oBaTh HOBble
«atombr. Ilpy JasnibHefimedl 3aMene npeguxaToB wnac-
CaMi HIYero NofobHCro ye He mosyuaercs. TyT npo-
HCXOANT TOJILKO M3MEHeHMe TePMHHOJIOIHH :—COBePHICHHO
TOYHBIH TNlepeBOJ C OJHOr0 s3blka Ha Apyroil. CyTeh gena
B TOM, 4TO M B MCUMCJIEHNH MpPeNMKATOB [Ba NpeAnKaTa,
BLIOJIHSIONWMECS [ OAHUX M TeX JKe NpeAMeTOB, T. e.
UMeIomye OJMH 1 TOT ke 00beM, MOIYT NG CymecTBY He
pas3MuaTbCs: BCe, UTO CHpaBeUIMBO il OJHOTO U3 HUX,
CIpaBelMMBO M st Apyroro. Meqty TeM mnoTpeGHOCTD
pas/IMuATh OHSATHSA He TONBKO 10 003€eMy, HO U 110 CMbIC.Y,
0 ¢nocoby WX 00pPAa30BAHMS, WCHBLITBIBAETCS IIOBCIOAY,
B TOM 4uCjie ¥ B MaTeMaTuke. Tak, BolpaykeHue «X eCThb
paBHOOeAPeHHbI! TPeyroJbHUKY CTAHOBUTCH MCTHHHBIM,
€CJIM HA MeCTO X MbI NOACTABHM IIOHSITHE : «TPeyroibHHK,
VMeOIMA [BA PaBHBIX yriar. OHO 0CTAHETCS HUCTUHHBIM,
KOHEUHO, M eCii BMeCTO 3TCro IOHATHS Mbl IOZCTABHM
cBnajaiomee C MOCHEJHUM 110 00beMy IOHsTHe «paB-
HobepeHHBIl TpeyrompHu» 1. TeMm He MeHee, BpAA Ju
KTO-HHOY/lb COrNacuTCs CYMTATh o06a NPefNOYKeHU S :
(1) «TpeyroabHuk, uMero it ABa DABHBIX YIJa, eCTh
paBHOOe[IpeHHBIH  TPeyrofbHUKY,
(2) «PaBHoGepeHHbIiT TPeYroJIbHHK eCTb paBHoOe[peH-
HLIl TPEYTOJIbHUKY, BIIOJiHe 3aMeHSIOMIMU Apyr japyra.
C «aerxoif pyku» mnpesparvBmerocsi B arpecCHBHOIO
peaKuunonepa Paccesa B 3apy0bexkHoil marepary pe pacnpo-
CTPAaHUJIUCH YTBeP)KMeHUsI, YTO BCE MpPeNIOKeHUSI Mare-
MaTHKH HOCAT aHAIUTHYeCKMI XapakTep M cama 9ra
HayKa sBJISI€TCS JIMIUb TPAHMO3HBIM CoGpaHueM TABTO-
JIOTUH, OCHOBAHBIX HA CTPeMJIeHUM OI'PAHUYUTLCA B MPH-
- MEHEHMH K MaTeMaTyKe OJHOH TOJIbKO 0GbeMHOM JOrHKH.
B Bacrosimee Bpemst cymectsyer y)Ke J0BOJbHO MHOro
NONBITOK B TOH M/ WHOM Mepe AOMONHWTHL «00veMAyI0»

! T. e. «mewomuii aBe paBHble CTOPOHBIY.
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JIOTHKY <CAbI210600» (TAK HASBIBAEMYIO <«IKCMEH3UOHANb-
HYH» —«UHMEH3UOHAAbHO0»). B 9TOM OTHOIEHNH HEKOTOPLINA
MHTepec MPeCTaBAsIOT, IPaB/ia, CIOPHbLle ellle ¥ BO BCAKOM
cJlyuae HY>KAAI0LIMecs B KPUTHUECKOM OCBELIEHHH C TOUKH
3peHHsT [IMANEKTHYeCK(TO MATepUaju3Ma MOMBITKH MO-
CTPOEHUS /A02UKU  MOOAAbHOCMel, HBapaALy C HCTHHOM
M JIGYKbIO passinyaioineil KaTeropuu «He00X0MMOCTH?, (BO3-
MOXKHOCTM» M JIP.

3ameTnM, Aajee, YTO JUIsl CaMoro KOMOMHHPOBAHHOrO
MCUMCTIeHNs1 BBICKA3hIBAHMI 1 gPeANKATOB, NN GyJIeBCKOM
anre0pbl, TaioKe BO3MOXKHBI PA3THYHBIE HHTepIpeTalyy.
OJHCH M3 TaKuX ABJSETCS, HANpuMep, pa3p§60TaHHaﬂ
coBeTCkuM Qusukom B, M. llecrakoBBI M U noxy-
YMBHIAA HWPOKOe TpHMeHerue B paborax MucturyTa
aBTOMaTUKH U TeseMexaHuxkd Axajeman Hayx CCCP
TeOPUS] IIEKTPUYECKUX pesleiiHO-KOHTAKTHBIX CXeM.

I'opasno meHee 3HAYMTENBLHOIl, HO BCE JKe B HEKOTOPOH mepe
nohonpiTHO! SIBNSETCST, HAaNpUMED, CHeAYIoMmasn qac'mquag HHTEp-
npeTanysl Hamero ucuncnenusi. byaem ToHHUMATL noa OyxKBamu
X, Y, Z, ... narypaneHpieuucna 1, 2, 3, ... ; nox BHIPDKEHU-
st « X & Y» u «X V Y», cooTBeTCTBEHHO, «ofmuil HaMGOIlblIJH)P(I
gemqutens uncen X M Yy u «00mee HauMeHbliee KpaTHOe ‘m?:en
n Y»; oog « X - Y|»—prcxkassiBanue «X Jjenut Y», non
«| X ~ Y |p—BbIcKaanBaHne «X aemut Y u Y meaur X». B raxkom
cnyuae GopMybl

1 X&Y - X},
IX&Y > Y,
X =XVY]
|Y = XV Y|

1 Jllecmaros B. M., Anrefpa AByXIOJIOCHBIX CXEM, NOCTPOEH-

JIBIX HMCKJIYKTENIBHO U3 gey{xnonmcuuxos (anrebpa A-cxem),
. XI, e, 6, 1941.

e Ee?rfzhz?ae BI' H., 06 OIHOM CHMBOJIMMECKOM  MCUHCJIEHHH,
NPUMEHHMOM K TEOPUH peJeiHBIX 3JCKTPUUYECKUX CXeM, y;. i%-
nuckn MI'Y, Bom. LXXIII, kH. 5-a (maTemaruka), 1944, cTp. 45—48.

Lllecmakos B. H., Ilpeacrasnenne XapaKkTepUCTHUECKUX ¢¥m‘§:
KA npeanoyKeHnii NoCPpelNCcTBOM BLIPAYKEH U, peaﬂPlSYEMbl)é gene:nm
KOHTaKTHHIMM cxemamu, Mssectns Awxapemuun Hayk CCCP, cep
maTtematuueckas, T. 10, Ne 6, 1946, crp. 529—554.

19*
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HUCTOAKYKOTCA, COOTBETCTBEHHO, TAaK:
«O0muA Hanboabunit nenurens unces X u Y JeanT yucno Xo».
«O6uwi naudonbuil KenuTens Yucen X u Y nenur wiciao ¥y,
«Yucno X penur odmee HauMeHbIIce KpaTtHoe 4ducen X uV».
«Hucsio ¥V nenut ofmee naumensiuee Kpathoe uucen X i Y»,
M BCe 3TH BHCKA3LIBAHUY GYJIYT IIEﬁCTBHTeJ‘H:HO BCerjga-uCcTHH-

HBIMH (DU 7I00BIX  BOSMOKHLIX 3eCh BHAUCHHAX [HCPEMEHHbIX
X unY).

Brickasoinanue
(X=¥V)> (X 2Z)» (X >V &2Z))

fIpH STOM HE/Ib3A CO CMBICAOM MNOMECTHTH BCE B LEIOM MEALY
ABYMAl BEPTHKANHLHBIMU  HEPTaMH, TAK KaK OIHO npegiosKeHue
He MOXET «1eauTe» apyroe. Ho, paccrapup ueptsl cieayiouus,
BIOJIHE eCTECTBENHLIM AR Hallell udtepnpeTanuu, odpasom:

1 X - Y>> ({X>Z > 1XsY&Z]),

Mbl NOJYUHM ONATE BCETia-HCTHHHOE BHCKA3uiBaume: «Fcma X
CAemT Y, To, ecnin X penutr Z, X JAenuT o0Hit HaudoabII Wi
Aemutens Vo n Z. WUueiMd caoBami, scsxui 00Ul nenuTenL

uucen Y 1 Z eCtb B TO yKe BPeMsl 0eNHTETh HX o0LIero HauGo1b-
ue2o neautens,

AHa.’]OFH‘lHO, ﬂBOﬁCTBeHHOC l]pI‘IBEZIBHHOMy BhLICKa3bLIBaHe
Y= X5 (Z>X 5 1YVZsX))

OyAeT BoIpa)KaTh B Hameii HHTEPOpeTIMU, 4yTO 00iHee HauMeHb-

liee KpaTHOe ABYX jednTerdeil 0AHOrO M TOCO >Ke Uicaa X AeanT
uueno X,

Mbl npuBest 3TH  pasNMUHBIE MCTOJIKOBAHIisST (1i1cito
KOTODBIX MO)KHO OBbLIO OBl YBeJIMYMTL) OXHUX M TeX Hce
(‘hopmanbHO) BHIpa)KeHWH HCUMCHeHHS BbICKAa3bIBAHHIA,
uTo0BI IIOMUepPKHYTH elle Pas, UTO 3AKOHBI JIOTMKH He
ABJISIOTCST MPOM3BOJIbHBIMU COrJIALIEHUSIMA, HO OTBJeYeHbl
U3 peanbHOM MarepHaNbHOU JieiiCTBUTEBHOCTH, COOTHO-
IIEHHSA KOTOPOii oTpa)kalwT. IT0oCKo/bKY peub HJeT iIpH
OTOM 0 CaMblX OOHMX COOTHOWIEHUSIX, TPUMEHHMEIX, B
OMPEJlesIEHHBIX YCIOBUSX, K 00bEKTaM CaMoii pasHooGpan-
HOM TIPUPOJIBI, HeT HUYere YAMBHUTEJbHOr0 B TOM, YTO
B UACTHBIX Cjiyuasix, B NPHMeHeHMM K 0oJiee CHELUAIb-
HBIM DIpe/IMETaM MM OTHOLICHHSIM, MBI MOMKEM OTHICKATD
u GoJlee KOHKpPETHBle COOTHOIIEHUS, obnafgawume, Tem
HE MeHee, Tolf yxe oOmeli CTpykTypoif, T. e. TOTUNHS-
0IHecs (POPMATBHO TeM IKe 3IAKOHAM,
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Ente diiep g00us MOACHATbh TAK Hasbmaem;}ﬁ «II]}))H;-
LI CHJUIOTH3May : «Ecau Bce X ¢yTh Y M Bcile Sgy'éqaﬂ,
mo Bce X cyTh Z», T. e. Hamy dopmyny (4, 1\; 2 a
uTo «EC/IH AeBLTH Y MeHs B KoliejbKe, & KOLIEJEK B K p-
MaHe, TO JeHbrM B KapmaHe». AHaJoruynas Tonomrﬁu;fb
¢Kkasi (mpOCTPaHCTBeHHAs!) MHTePNPETILUs MO});;G;T h
oCymecCTBJleHa, KOHeYHo, M Ha MJIGCKOCTH, 561,1!{}1(’)
C MOMOWBIO KPYroB, Kaxk 3T0 W JeJaeTcs JLIMHO
B yuebuuxax Jioruxy., Her Huuero yIuUBUTEN onors
MO3TOMYy M B TOM, 4TO JIOTHUECKHE (hopmyJibl nCT())IH_
KaT [aj)ke AOBOJbLHO ClielMasibHble TeXHHUECKNE H

KOB?Z:;;; JIOTUKH € TPAKTHKOH HeOCIopuma. Hen‘?pocz)\ﬁ
JleHUH rOBOPHJ, YTO (IIPAKTHYeCKAs ueﬂTeanoczx;H ae:m
BeKa MIJLIMApABI pa3 JIeHKHA OblIA MPUBOANTE € Fo
yeJCBeKa K TIOBTOPeHHI0 PasHbIX normqecxuxm{cuo}ﬁ;,
dabst 3TH QUrypbl MO2al TONYUUTH 3HAUCHUE ror(;
KodeuHo, npu 3T0M He cCieflyer 3a61?113aTb MH’?}!)S}(]IEFIIH
MaPKCHCTCKO-JIEHHHCKOr0 TIOJIO)KeHUs1, UTO «MCTH ; corne
KOHKPETHa» M UTO NOJTOMY B pasHbix yCJI0BUA

HMeTh CuJly M pasHble 33aKOHBL
Komwenrapuit K § 10 Tperbeit raanbl

Pesysbrar JléBeHreiima OCOGEHHP HHTEepeceH H%’l}‘g{l\ﬂb}&
YTO OH SIBJSeTCSA MEPBbIM M3 LEJOH CCpUu pmlyq el
B ocHOBHOM Jnuumb B 30-X rojgax TeKylero c"rone '
Pe3yNbTaToB, BbIICHAIIUX OTPaHUYEHHOCTD Bo;ngmxl:em
cTelt s JorHueckux Gopmanuamos. VIMeHuo, e
ciefyeT HemeLJIeHHo, UTO CPe/iIcTBaMUl y3KOro 612%? oneqno'e
NpearKaTOB Hesb3st ONpefie/IuTh HECUCTHOE K no
MHO)KECTBO (Hampumep, MMeKiiee MOUHOCTD 1<ommeiy2;r 5
f. €. PAaBHOMOILHOE MHOMECTBY TOUEK Ha OTDE3K o
no 1). HefticTBuTenbHO, €C/n Obl HEKOTOpAs! q)opmyem/leM
MCUMCIIEHHsl TIPEJUKATOB MOIJIAa CAY)XUTb ONpPENE fen
6eCKOHEUHOT0 HEeCUETHOT0 MHOMKECTBA, TO OHA HE BbII >
nsinach Obl (W OPU KAKHX WHAMBUAYAJIbHBIX 3Haqem:< x
IS BXOASIUIUX B Hee NMPeUKATHBIX riepeMeHHbIX) HI BCJI _
Kol CueTHolt 0067acTH MHMBUAyymoB. Ho B TaKom ciy
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yae @, HaobOpoT, Oblua Obi BCErja-uCTUHHO| B J000iL

CUETHOK ob0nactu HHVMBHUYVYMORB W, 3HAYuT, B CUNy Teo- -

pembl Jl€BeHreiima, Onuta Obl T i i
HCUHUCTIEHUA MpefuKaTos, B cuﬁﬁg;ggﬁgong?Mym"
CAEHU, NPUCOENUHEHNE K HEMY ee OTpuuaHus O o o1
noa:TSOMy K NPOTHBOPEYUIO. eso b
goACTCA e epesocon m-LrsLol 10 CymecTsy.
d NPOU3BOJIbHBIE o6JacT:!

HOTHLIX O0TACrelt 1o s Gue Lo AT MG -
. 91 JI0O BBISICHEHO HA ca

goclfr%;g:ﬁ §H130. HelicTBUTebHO, ecin 151 oﬁﬁwe&
coct Bupameﬂn.en( H}I{:%IusmyyMOB: Gpy Oy v, O, 3aMC-
ey Fx) (x) Ha F(2,)&F (2,)& ... & F (o),
i pooeime (Ex (X)Ha F(a) \/...\V F (=r), TO aKcHOMBI
UCJIeHYA MPENUKATOB NPeBPaTATCS B npo-

CTble CJICICTBHA CHCTe
s MBI AKCUOM .
sbBanmii. Tak, axcioma HCYHUCIIEHUS1 BBICK: -

(x) F (x) — F (y)
obpaturcst B COBOKYMHOCTbL hopmy.i: ‘
F(azl)&F(ocz)&...&F(ocn)—>F(oci), (i=1,2,...,n

I
{AKOas1 U3 KOTOPbIX noJgyyaetrcst no npasuny nogcra-

HOBKH M3 BCerja-uCTUHHOM
1 ¢o
3bIBAHMI BHja: DOPMYIH HCUHCIERUST BiiCIca-

A&A&.. &A -4, (i=1,2, ..., n),

KOTOpY0 MOXXHO paccMaTPHBaTh KakK 06 :
‘ obwenue dopmyn
A— A, A&B — A, A&B->B. AH&JIOI‘W{HO(,p pnpya-

A— B (x),
rae dopmyna A ue COMEPXXUT mepeMeHHoH X, Kk (opmy e
A — (x) B (x),

B
00macTH Q ABNACTCA Hemocpe/CTReHHBIM CJIeJICTBIEM
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W3 MPaBUJIA HCUYMCIIEHUS BLICKA3bIBAHUM
A — B,
A— B,

A—B,&B,&... &Yy,

FIO3BOJISIIONETO MepeiiTd OT COBOKYIHOCTH 11 AOKa3aHHbIX
dopmyn U—B; (i=1,2,...,n) K ojgHoil dopmyne
N —>B,&... &8B,. [I10 npaBuio, B CBOW Ouepenb,
BoITOKaeT u3 0000menust BCerfa-ucTUHHOH  QOpMYJIb!
(A—B)—((A—=C— (A—B&()).]

[TosToMy HeyaMBHTENbHO, 4TO BCe BHBOAUMbIE (op-
MyJIel VICUMCIIEHUST NPEAMKATOB sIBJISTIOTCS BCer/a-MCTHH-
HbIMM opmynamu pjist Jo0oft KoHeuHod obmactu HMHAM-
BUYyyMoB. Eciu Gl uMeno MecTO u obpaTHoe, T. €. BCe
(hopMyJIbl, BCerga-UCTUHHBIE B n00oit KoHeyHo# obnacty,
OblY OHOBPEMEHHO U BbIBOJUMBIMM B HCUUCJIEHMH HIpe-
AYKATOB, TO IOcJeAHee otTepsiio Obl MpaBo Ha CYUIECTBO-
paHpe. JeCTBUTENbHO, B TAKOM c/Ayyae K HEMY HeJb3s
6bis10 6bl OPHCOETMHUTD oOmNpefesieHs GeckoHedHol obra-
cTH, T. €. KaKoit-unubyap GpopmyJint G, He BHUIOJHSIOUIEHCS
B B Kakoli KoHeuHO# oOjacTu wuHAMBUIYyyMOB. Benb
oTPULIAHKE 5Toli dopmyasl Osu10 Obl  BCErja-UCTHHHLIM
B 000 KoHeuuo#l 00J1aCTM MHOIMBHAYYMOB M, CJIE[0BA-
TenbHo, G Obia Gbl BhIBOAMMOIT (GOpMYyJIOM HMCUMC/TIeHMs
npeanxatoB. [pucoenuuenue dopmyisi G npuBofuI0 Oni,
TakuM 00pa3oM, K mpotuBopeuuio. MOKHO AOKasaThb,
ogHaxo (cM., nampumep, D. Hilbert und P. Bernays,
Grundlagen der Mathematik, t. I, §§ 5, 6, ctp. 199 —
207, 209-—265), yToO:

1) ecnu gopmyna ®, cogepyamast TOAbKO MPEAUKAT-
HblE [IEPEMEHHbIE, 3aBUCSIINE OT 001020 aPTyMeHTa, BCeraa
ucTHHHA B J00off KoHeuHO# o0macTy, TO OHA BLIBOJUMA
B HCYMCJIEHWM TIPEMKATOB;

2) B UCYHMCJICHHU INPEAUKATOB CyLIECTBYIOT BCEraa-
ucTugHbte B J000k KoHedHol obnacty dopmynel G, He
BLIBOJIMIMbIE B 9TOM HCUMCJICHWM.
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Takum obpasom sicuo, uTo, ocrapasics B o0nactu
JIOTMKY, ¥Melolelt feno, MojofHO Noruie Apucrorens,
TOILKO €O céouCmEaMU, T. €. MPEAUKATAMM, 3aBUCAMIMH
OT OJHOr0 apryMeHTa, Heslb3dA [aTh ONMpefeeHust Gecio-
HEUHOH 00/1aCT¥ MHIMBH/IYYMOB, COBMECTHOTO € HCUMCTe-
HueM npeauxkaToB. HaoGopor, BBOas B paccmoTpeHue
¢mHouleus, T. e. NPEIUKATH, 3aBUCSU[AE OT NBYX MJIU
DoJibluero yHC/IAa ApryMeHTOB, MOYKHO ONpPENEUTh TaKylo
00J1acTh, o KOTOPOi, X0Td OHA u COmePIKUT OeCKOHEYHOe
"TMCJI0 MHIUBHIYYMOB, MOKHO PacCy)XpaTh IO [paBuiiam
HCUNCTIeHYs MPeMKATOB, OTBJIEYEHHBIM, KAK Mbl BMEJIH
U3 M3YueHus KoHeuHv:x obnacTedl mnpegmeros. PaCrlpO:
CTPAHEHHbI B MaTeMaTHKe CHOCO6 ofpalienns ¢ Gecio-
HEYHBIMM  MHOYKECTIBAMU IIPEIMETOB TaK, KaK eclu Obl
OHN ObiIM KOHEUHBIMI M B TFOTOBOM BHE JIE)AJH nepes
uamu, nofobHo cuucky wusbupareneit ma YYacTKe, cam
o cebe oKxaspBaeTcs, TaKuUM o6pPasoM, He JUITeHHLIM
CMbic/1a. Vicuuc/enue e mpeankaTop npuoGperaer mpaso
Ha CAMOCTOATE/IbHOE CYMIECTBOBAHME, TAK KAK B MpHMe-
HeHUM K OecKoHeuHbIM 06J1aCTsM €ro aKCHOMBI W npasuJia
BLIBO/LA MEPecTAlT ObITh CAEACTBUSMU U3 CHCTEMbI AKCHOM
MCUYMCIIEHUST BBICKA3bIBAHUMA.

Onnako copMyupoBalb Ha «SI3bIKE» HCUHCIIEHMUS lipe-
JIMKATOB QopMyJTy, Koropast Obia Gbl BOOGLIE BBIIOMHU-
MOM, HO HE BLINOJHANACHL Obl HM B KaKOW KOHEWHOH pin
cueTHoM Oeckoneunoit obnactu WHIUBUAYYMOB M MorJa Oul,
TaKuM 06pasoM, CAYKHTbL oOLpefesicHHeM IS HeCYeTHoii
becoHeyHol o6nactu, Kak Mel Y)Ke BUIEIH, HEBO3MOYKHO.
MubiMut cnoBamu, o Takux CBoifcTBax * 0eCKOHEYHHIX MHO-
*KECTB, KOTOPBIMM He 00/IaflaloT HUKAKUe KOHEUHble MM
CUCTHbIE MHOXKECTBA, HENb3sl C MOJIHOW cBOGOgOl paccy-
KAATh [0 NPaBUJIAM, SKCTPANOJHPOBAHHBIM OT OMepH-
POBAHUS C KOHEUHBIMH MHOMXeCTBAMU IIPEAMETOB.

1 B @oaee ofuem cyblcie 5roro ¢a0Ba

CITMCOK JIMTEPATYPbI

VI3 une aa npousBesetinii, BBOASIINMX B MaTeMaTHURCKYIO JOTHKY , .
Mbl* HA30BEM CJeyIolIHe:

Behmann, H., Mathematik und Logik. Leipzig, 1927.

Carnap R., AbriB der Logistik. Wien, 1929,

Couturat, L., L’algébre de la logique. Paris, 1905. (Cyute-
cTByeT pyccxkuii nepeson: JI. Kymropa, AnreGpa NOrikH, ¢ aonos-
nennsmu C. O. Warynosckero 1 M. Cnemnuckoro.)

Lewis C. I. and C. H. Langford, Symbolic Logic. New York,
1932, .
Quine W. V., A System of Logistic. Cambridge (Mass.), 1934..

Russell B., Einfithrung in die mathematische Philosophie.
(Hemeuxnit nepeBon, Gumbel’a u  Gordon’a). Miinchen, 1922.

—u A.N. Whitehead, Einfithrung in die mathematische Logik
(die Einleitung der Principia Mathematica) (Hemeuxuii nepeBox
H. Mokre), Miinchen, Berlin, 1932,

Ins Goree noaHoeo u3ydeHus CyleCTBEHHDI:

Hilbert D. und P. Bernays, Grundlagen der Mathematik,.
T. 1. Berlin, 1934. [B nacrostmee Bpemss CYmeCTBYET M BTODPO#
ToM, cojep:Kauwmii Gonee HOBbIE pesyabTaTel.—Ped.].

Whitehead A. N. and B. Russell, Principia Mathematica,
2 un3n., 1 1., 1925; 11 1 HI T., 1927,

M3 yucna Goqee cmapbix MPOU3BeNeHnH, BCe €lle He YTepABWINX -
3HAYEeHHsN, HA30BEM Cneayloline: '

Frege G., Begriffsschrift; Eine der arithmetischen nachgebil--
dete Formelsprache des reinen Denkens. Halle, 1879.

Frege G., Die Grundlagen der Arithmetik; Eine logisch-
mathematische Untersuchung tiber den Begriff der Zahl. Breslau,

1884.
— Grundgesetze der Arithmetik, begriffsschriftlich abgeleitet.

Jena, 1893—1903.
Peano G., Notations de logique mathématique, introduction

au Formulaire de Mathématiques. Turin, 1894,



Caucor aumepamy pot

Peano G., Formulaire de Mathématiques. 18951903,

Peirce C. S., Collected Papers, uspaunme C. Hartshorne, u
P. Weiss (00 HaCTOSIEr0 BpeMEHH HOABHIMCD TT. I—1V),

Schrider ., Vorlesungen tiber die Algebra der Logik (exalkte
Logik), 3 Toma. Leipzig, 1890—1905.

g o3nakomaennd ¢ MeoPEMUK 0-MHOICE CITIGeHHLIMU 6ORpCCaMU
HAXOAAKUMUCS B TECHOM CBA3U C IOIHKOH, YKa)KeM Ha

Fraenkel A., Einleitung in die Mengenlehre, 3-¢ usx.

Berlin, 1928,

Bronue ucuepmbiBaiomero cnucka ouemnb paspocueiicst  cne-
NHAJIbHOH JIOTHUECKOH nmepa‘rypbl MBI HE MOYKEM JATh U OTChbliIaent
Ha OTOT CYeT K IEHHOH paboTe:

Church A., A Bibliography of Symbolic Logic (The Joumaf
of Symbolic Logic, 1. I, crp. 121—218), comepsxcameii nonmmii
XPOHOJIOTH4ECKH PACMOIOMEHHELI CHUCOK BCeH HTepaTyphl 10 MaTe-
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npus. peo.).

NPEIMETHBINA YKA3ATE/JIb

Akcuoma BbiOopa 167, 168,
AKcuoma cBeprthiBanus (Kom-
prehensionsaxiom) 199.
Axcuombl o0pemHocTH (Extensi-
onalitdtsaxiome) 198.

AKCHOMBI HCYHCJIEHHS BbICKA3bl-
Bauuii 49 u n,

-—»—Yy3K0T0 HCUUCJICHUS TTPEIH-
KatoB 96 u n.

~—» — HCUNCJIEHHST NPEAUKATOR
BTOpOH cTynenn 166—167.

—»— CTYIICHYATOr Q0 MCUHCIICHI ST
195 u n.

ApucroteneBa Jjoruka 73 u o.

ACCOLMATHBHBIA 3aKOH KOH®-
IOHKIUY U AU3BIOHKUMA 23.

Bepxuss rpaHuua, Teopema o
203.
BaavmHoonso3naun0e CooTBeT-
crpue 181,
BriosHe ynopsaaO4YeHHOE MHO-
wecto 182—183.
Beersa-ucTHHHbLIE CJI0KHBIE Bbi-
CcKasbiBanus 32 u x.
Beeobmue cy:aenust 69, 84—85.
Buigon nmpaBun u ¢opmysa B uc-
yyCNMEeHUH BbICKA3bIBAHUIT
53u 4.
— - CHEACTBHIT U3 JAHHBLIX aK-
CHOM B HCUUCJICHUNA BHICKA3LI-
Bauuii 44 u I,

Buisoa npaBust u Gopmy s B ucuu-
Cieauu nupeauxaros 100 u x.

—»-— CJHEACTBUH U3 JaHHBIX aK-
CHOM B MCUHCJIEHMM [peu-
rartos 133 u 1.

Bemonnnmast dopmyna 146, 166.

Beinoaunmoctu npofnema 41,

147,165,

I'pevecrde OykBhl (WX yriorped-
nmenue) 133.

JenexunaoBo ceuenne 200, 218,
223 u .

HeitctButenbusle uncna (o6oc-
HoBaHue) 200, 218, 223 u n.

Jusnionknua 24,

HductpnlGyTHBHbI 3aKOH HCUYM-
CJeHHs BbICKa3slBaHuil 23.

3aknwueHus cxema 50, 98,
3amennt npaBuno 108,
3Hak cyuiecTBoBaHus 85, 161,

Hepapxun Tunos 209.

HanuuieK OCHOBHBIX JIOTHUYRCKHX
cBsizeii 27, .

Hnu—unu 20.

Mmnankaumma 24,

HMunuBuiyasnbhoie suarku 133,

—_—— nepemeHHbie 83.

HuguBuayymsl 83,

HMcuncaenne BbiCKasuiBauuil 19
H 1.



300 ITpedmemnoii ykazamens

Mcuncaenne wnaccos 68 u .
— »— MNpPEeANKaATOR BTOPOIl
crynesu 161 u o,
— »—— — » -— OJTHOMECTHOC
68, 154 u 1., 169, .
pacuiHpernoe

—N— ——H—
161 u 1.
— »— — » — y3Koe 81 u 1.
KpanTtopu 85.
KonnyecTpennoe yncno—ero j1o-
ruueckoe spexenne 174 u 1.
KommyratuBHubtit 3akoH ucuMc-
JeHusT BBICKa3blBaHuil 23.
Koncruryentnr 39.
Houboukuusa 24.
JlatuHcKHe OYKBB (X ynoTpes-
nenue) 93, 133,
Jlornueckasn cymma 23.

MuorooGpazue c/10KHBIX BBICKA-
3brBanmii 37.
MHo)KeCcTBO BNONHE YNOPSIAOUEH-
* yoe 182—183,
—n— yroopsigouentnoe 182,
— BCeX,4aCTHYHBIX MHO~
sKecTB 181—182,
Harypanbselii pag 4HCeJs, ero
cpolicra 88—E9.
He3aBucHMOCTD aKCHOM HCUHC-
Nenyus BeICKa3biBauuii 63.
—P— —» — — »— [PEANKATOB
118 n n.
Hemeuxne 6yKBel (HX ynorpel-
nenue) 34, 95—96.
HenporusopeunBoctu npodaema
61, 117 v m., 145, 199,
Hopmanbuan dopma B ucumcie-
HHHA  BBICKa3b!BaHHH  AH3b-
lonKTuBHasa 35 u A,

Hopmanbnas ¢opma B ncuucie-
HUIl BBICKa3bIBAHN KoHbIOH~
KTuBHast 29 n 0., 36,

—r— = coBepllenHas
39 - 40.

—»— —»— JipejBapeHnas 112.

—»— —»— Crostema 114.

O6aacrs 1eiicTBUsT KBaHTOpa 95.
—»-— HHAHBHAYYMOB 96, 134,
137.

OGocHOBaHME TEOPHH HelicTBil-)

resibHOro uiicsia 200, 218,
223 u 1.

Ob6pasopanue npoTHBOMOIOKHO-
CTH B UCUHMCJIEHMH BBICKA3bI-
pannit 34--35.

—»— —»— —»— [PeIHKaTOR
109.

OGuiesnavamast  popmyna 96,
146, 166.

O6uHocTy 3nax 85, 161,

OHOMECTHOE HCUHMCJIeHHE Tipe-
auKaToB 68, 154 u .

OCHOBHbLIE  JIOTHYECKHE  CBA3il
19,

—n»—  CBOlicTBA paAna  uHCceT
88—89,

IMapagokes: noruveckune 1831 1.,
209 u n.

Ilackans teopema 141 M n.
IepenmenoBanNE CBA3AHHLIX NC-
pemeHHBIX (1paBuio) 9.
I'lepemenubie 1151 BLICKa3bIBAHLTT,
HHMBHYYMOB, npeaKa-

toB 93.
— » — R3S npeaMKaToB 93
193 1 n.

>

I1pedmemnnli yEazameas 301

TlepemenHsle cBsizauHble U CBO-
6orHbie 85—86.

Ilepeceuenne 71, 181, 182,

Tlonnas uuaykuun 162,

IMonxora aKCcHOM MCHUCICHHSA
BbicKasbiBanuit 66—07.

—»— UCYUCAEHHST  OPEINKATOB
122 u na., 167.

Tlopsinox muoskecrpa 182—183.

ITpaBusia HCKJIOUEHHS HUCUMCIC-
HusA BbicKaspipanuii 40, 1€4.

TlpaBus10 nepecTaHoOBKH KBAHTO-
poB 87, 111—112.

ﬂpeﬁm(a‘r Toytecrea 139 u a.,
162—163.

Ipeauxaror OT  TIPEIHKATOB
172 n 1.

TlpeoGpa3oBaniie CIOKHOIO BbLI-
cKaspiBaHust 29 u I,

IMpuruun ABoiicTBeHHOCTHI B NIC-

YHCAEHUH BbICKa3blBaH1iil
3435,

—p— —Hp— —N—  NPEUIKATOB
110 u n.

Ilpucranka 113.

TIpobGnema  BCeraa-ICTIHHOCTIT
B HCUYMC/IEHHH BbLICKA3bIBAHUIT
41 U n.

e —=p— —=d—  TIPEAHKATOB

146 u n., 166

{lpobaema uckmoueHus B 11CUU-
cneHun npemnkaros 169 u a.

Tlpoussefenue noruueckoe 23.

Principia Mathematica 18, 50,
194, 206.

PaBHOYMCIEHHOCTE NPEAUKATOR
175.

Paspeuiumocts npolnema 146
H 1., 169,

PacmnpenHoe ucuucieuue npe-
aukaroB 161 u 4..

PedaexcuBnocts 173,

Civmerpus 173,

Crictema akCHOM nepBoii M BTO-
poit crymenu 139 u n.

CooTBercTBre B3aHMHOOAHO3HAM-
noe 181.

Crynenyartoe ucuucienune 192.

Cyvva noraueckas 23.

Cywva muoxects 71, 181—132.

CyitecTBoganus 3Hak 85, 161.

CxeMa AN «BCE» H «CYMeCcTByeT»
99,

Cxema 3zawsouenus 50, 99.

CxojumocTb OOBIYHASL W PaBHO-
mepuas 92—93.

Teopembl CBOAUMOCTH JI/Isi [PO-
Gr1embl paspemumocTn 152 u x.

Teopema Mackamsn 141 n 1

Teopust MHOxeCTB 177 ¥ A.

—»-— TUIIOB NMpOCTas u pas3BeT-

BienHas 194.

Tyun nepeMeHHOro [peiuKara
193 u n., 209 u &,

Toxaectsennas  dopmyaa 97,
166.

TpagnunonHaa oruka 68, 8i.

TpauauTnsHocTs 173.

V3Koe HCUHCIediie NPeIHKaTos
81 u n.

Yupormienue CI05KHDBIX BbICKA3bl-
Bauuii 49.

Durypsl 3akmoueHust 73 u [,



302 I1pedvmemnntli yrazamens

Dopmyna, onpeaereqve B ucuuc-
NleHuH npeaMKatoB 93 u x.
DyHKIMA uCTHHHOCTH 21,

Yacrtnoe cyxpenue 72 1 n., 85.

Uucno, ero JOrHuecKasl Tpak-
ToBKa 174 u 1.

Yacre muoxectea 181—182,

Weddepa snax 29, 52,

DKBHBAJIGHTHOCTY HCYHCICHUS!
BBICKA3BIBaHkH 22 u N,
OKBHUBANEHTHOCTb, TEOPETHKO-
MHOXXecTBeHHnasn 181,
3xoHoMust ckoGok 24, 95,

TEL i

Tlpeducaogue k pycckomy nepesody
ITpeducaosue k nepgomy u3danurw

OTrTABJIEHWME

ITpeoducaosne ko emopomy uzdanuw

Beeodenue . . . . .
I'aasa nepsasn
Ucuncnenne BricKaswiBanHii
§ 1. BpeneHue OCHOBHBIX NOrMYeCKUX CBsidel ., . . . .
§ 2. DOKBUBAJECHTHOCTH; 3AMEHACMOCTD OCHOBHLIX CBsi3ei .
§ 3. HopmanbHas dopma ans noruuecxux BbIDKeHUH . . .
§ 4. XapaKTepHCTHKA BCErAa-HCTUHHBIX CIIOMHBIX BBRICKA3bl-
"BAHMHA . . . . . L L L o e e
§ 5. Ilpunuun aBoiicTBeHHOCTH e e e e e
§ 6. IM3bIOHKTHBHAS HOpMAasbHAas dopma s normveckux
BRIDAWEHMH . . . . . . . ...,
§ 7. MHOroo6pasHe CJIOIKHBIX BLICKA3bIBAHUH, KOTOPbIE MOTYT
ObITh 06PA30BaHBl U3 AAHHEIX OCHOBHLIX BbICKA3bIBAHMI
§ 8. HomonHutenbHLIE 3aMeYaHns K npobseme Bcerga-UCTHH-
HOCTH W BBINOJIHHMOCTH . . . . . . . . . . . . . .
§ 9. Cucremaruueckuii 0030p BCex CJASACTBHII M3 JaHHBIX
MOCBUIOK . . . . ., ., ., . .. .
§ 10. AKCHOMBI MCUWCNEHUS BbICKA3LIBAHUI .
§ 11. Ipumeps BoiBoga (opmyn u3 akcuom
¢ 12, HenpoTuBopeuHBOCTb CHCTEMBI aKCHOM
§ 13. HesaBucumocTe M noiHoTa CHCTEMBE
Tacea emopan
Mcaucnenue knaccos
{onEOMECTHOe ucUuCHeHBE IPeNuKaTon)
§ 1. ConepsraTenbHOe MCPEHCTONKOBAHMNE CHMBOMUKH HCUMC-
JIeHust BbICKa3wmBauut . . . . . . . . ., . . . .
§ 2. OGbemuHeHUE HCUMCIEHMST KJIACCOB ¢ MCUMC/ICHUEM
BLICKa3bIBaHUH
§ 3. CucremaTuueckuil BHIBON TpPaIMIHOHHBLIX apucToTene-
BHIX YMOBaKJHOYCHMI] e e e e e
I'naga mpemoa
Y3K0e mcumciieHne npeAHKaTOB
§ 1. HepocTatounocTs HpemuecTBYIOMEro HCYMCACHHS .
§ 2. MeroguyecKue TPHUHUMOB WCYHCICHHS TIPEAHKATOB
¢ 3. IlpenBapuTenbybie 3ameyanus ob ynorpedseHun Ucumc-

NIenyst npeuKkaros ., ., . . ., . ., .,

.

Cmp.

14
15
11

68.
Tt
73

81
83

88



wrd

Cmp.

4. Tounoe ycraHOBneHne o0o3Hauennii B HCHUUCACHHH
npeauKaTos . . . e 93
§ 5. Axcuombl HCHIC TRHHST npennKaTos 96
§ 6. Cucrema TOXNIECTBEHHBIX dopmys . . 100
§ 7. TNpasuio - 3ameHbl; o0pas3oBaHue npomsonono,xuocru
nns1 HEKOTOpOii (Qopmynsr . . . 108
§ 8. PacumpeHHbIi npmmun ABOMCTBEHHOCTH, HOpMa‘Ibele
(popmbl 110
§ 9 Henporusopeqlmocrb n nesasucuwocrb cncreum ax\cuom 117
§:10, MMoanOoTa CUCTEMBI AKCHOM 122
§ |1. BuiBoj creacTBii 13 JaHHBIX nocmwr\ caﬂsb c TO;l\'[e-
CTBEHHBIMYU QopMyaaMu . . . . . . . . SN 133
§ 12. TIpoGnema pa3pelnIMOCTH 146
I'1agn wemaepmast
PacuidpeHHOE MCUHCeHHEe npefIHKATOR
§ 1. McuucneHue IpeAMKaToOB BTOPOH CTYHEHH . . ... 16t
§ 2. Baemenue mnpeIHMKaroB OT HAPCAHMKATOB. Jlornyeckass
TPAKTOBKA FMOHATHA KOIIYeCTBa S W /1
§ 3. Boipakenue OCHOBHBIX [IOHATHI TEOPHH MHOXECTB
B paculM PERHOM HCUHCICHAN . S 177
§ 4. Jlornueckue mapazOKChl 183
§ 5. CrymeH4aToe HCUMCAEHHE .. 192
§ 6, Ipumenenue CTYMEHYATOro HC'-IHC"leHHH 200
Npunowxenne |1
§ 5. Meroj CTYyneHYaToro MCHUMCIEHHS . . . « .+ + « « . - - 208
§ 6. HemocTaTku CTYNEHYATOrO0 HCUMCACHHST .~ . . . . . 214
§ 7. AkcHOMa CBOJMMOCTH R 219
§ 8. IlpuMeHEHHE aKCHOMbI csommocm e coeeo 221
$ 9. 3akmouMTeIbHBIE  3AMEUAHHS O crynquaTou HeuHe-
JEHHM . . . . . 230
Hpﬂnomenue 11
Kommenrapuit K § 1 nepBon I'j1aBbl 233
KommenTapuii k § 7 nepBoil riaBhbi 254
KommenTapuit i §§ 10—13 nepBou riasnt 264
Kommenrapuit K §§ 1 u 2 BTOpOH 1I1aBbI . 270
Kommentapuid K § 10 rpetpeit raasnt . . . . - 293
Chnucox aumepamypsl - . .« . o« - . . - 207
JTpedmemnuntii yrasamets . . .« . . 209
Texanrop B. Coroaovk.
Texumuecsn i peaxtop B. IMoares. Hoppektop L. Epycanumcknii.
Cxano B npomssoxcTso 13/VIII 1947 r. IMonnncalio K nelaty 27/X11947 r.

A~1057O Tleq.
i 99/143, 3ak N 738, Tapa:mx 10 000 arz. Ilera 14 p. 60 K.

1. 19. Yv.-uamar. a. 14,9, @opmat 82x1031/ss. Hsaart.

16-a, THorpadna Tpecra «[lozurpaprnuras OTN3a nupu Copere MuHH-

crpos CCCP, Mockea, TpexnpyarbIi 11ep., 9

OMNEYATKH

CTpanunu

Hanewarano

doxmuo 6HTh

Crp. 20, cTpora 2 csepxy

»
B

30,
38,
54,
58,
50,
71,
76,
78,
02,
99,
105,
106,
107,
110,
115,
121,

126,

130,
1317,

»
»
»

12 »

15 »

T cHU3Y
1 ceepxy

15 cnB3y
12 cpepxy

15 cunzy
6 cerepxy (A)
6 »

9 »

13 »

14 chnsy
9 ceepxy
2 »

8 »
& cunsy

12 cuuzy
1 »
T »

X oGo3nauaer
X&Y

Y

XVX

XY

%%

VY &Y

I UV V]
w

(Ex)

B
piY

F

(x)

(Ex)U(x)

vV G (u)

nepPexoinuT CHO-
B4 B BHI-
BOILIMY0
bopmyny.

(Ex)
¢

npenuKara X,
CHGKEHHOE
c ¥y, Haer 2

X oloznavaer

X&Y

X

x| =<l
| <

|

b
~<|

VY&Y
1. |0V V]
w

(Ey)

B(x)

B

F

()

(Ex) U (x)

V G(u)
NEPEeXodUT CioBa

B 10Ka3aTeNbeTBO.

Tak Kax aKCHOMbI

He 3arparupaloica

3THM npeodpasoBa-

HUeM, TO BCAKan

(popmyna, KoTopas

BHIBONIHMA §e3 MC-

fofib30BanNUA « 2,

¢ OOMOmBIO 3TOre
npeodpascBanyst

NepPeXoauT CHOBA

B BHIBOA UMY dop-

myay.

(Exy)

&

MpegHKaTa 4x,
CJIOKEHHOE € ¥,
JaeT 2»



CrpaHuila Hamevyarauno Homsuo GUTh
Crp. 145, » 19 cuusy A %A
» 1580, » 10 » F (1,0) F (1,0)
v 182, » 8 cpepxy MHOKECTBO. MHO)KECTBO MHO-
YECTB.
v 192, w12 0w — P (y) — P (y)
» 193195, Bcropy rae HHAUBUNYAb- | NpeAMeTHHIH (bie)
BCTpeuaercst Hblii (ble) npenuKar (Tel)
TPENITKAT(ThI)
260, cTpoxa 5 cnuay X&Y X&Y
» 262, » 3 » 14 Y
» 274, w7 CBEpPXY X X
» 281, » 17 » ypaBHEH «ypapHeH
w200, » 4 cnusy JIOTUKH JIOTUKOH
v 290, » 5 » OCHOBAHbBIX OCHOBAHHBIX
» 201, » 10-11 ceepxy A 1peiuKaroB,| W NpeJHKaTOB
HaN 6yneB- TarKe
CKO# anred- '
Pbi, TAKXKeE

201, » o 12 »

OnHoit U3 Ta-
KHX

OTMETHM TAKXKe,
410 OJHOil M3
MHTepnperauuii
bynesckon an-
re6pni



