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IMPEOVUCJIOBUE ITEPEBOJYUKA

Mosnorpaduss BHAHHX 3amafHOTePMAaHCKHX MaTeMaTMKOB Hompa-
na Voprenca m Moaxuma BaiinmMana mocBAmena akTyambHOM mpoGie-
Me COBPEMEHHON MaTeMaTHIeCKON QM3UKH — CTPOrOMY HCCJIE[[OBAHUIO
CHeKTpa OmepaTopOB DHEPrMH KBAHTOBHX CHCTEM, COCTOAMUX u3 N
qactun. 3amgaua W3YYICHHA CHEKTPANBHHX CBOMCTB MHOTOYAaCTAYHHIX:
TaMUJIBTOHMAHOB BO3HHKJA B KBaHTOBOH MEXaHMKE M KBAHTOBOM
XHMHAHE Cpa3y Ke Bciex 3a mx poxaenmeM. OnHaKo 3ajada d9Ta BBUAY
ee TPYJHOCTH B TeUeHWe JJINTeJbHOI0 BPEeMEHH OCTAaBAJAach He pemeH-
HO# fajke i OpoCcTeHININX W3 PeajbHHX CHCTEM, M B IPHIOKEHHEAX
OIPAaHHYZBAJIMCE PAaCCMOTPEHHEM pAa3HOTO0 pOAA MOJENbHHIX CHETEM
¥ COOTBeTCTBYIOIAX raMAIAbTOHMAHOB. TonbK0 B 50-X rofax HOABHIMNCE
mepBHe pPabOTH, IOJNOKUBIIEE HAYAJNO0 CTPOTOMY MATEeMaTHIECKOMY
H3Y9YEeHMIO CHEKTPOB OMEPATOPOB SHEPIHH /V-4acTHYHHIX CHCTEM IIPH
N > 2. Cefiuac KonmuecTBO MyGIUKANKY 10 9TOM TeMaTHKe NCIACIACT-
¢ Y)Ke HeCKONbKUMH JeCATKAMH M HEIPEpPHIBHO pacreT.

IlpennaraemMas uuTaTen0 KHMra TONBOMAMT MTOT HMCCIAEAOBAHHAM,
OTHOCAMUMCA K OJHOMY U3 OCHOBHHX HAIpaBIE€HHWH B TEOPHUH CIEK-
TPANBHHX CBOMCTB TaMEJIBTOHHAHOB — ONPENENCHAI0 CTPYKTYPH
CYIeCTBEHHOTO COEKTPa. ABTODH YCTAHABIMBAIOT IOJ0KEHNE A CTPYK-
TYDPY CYIECTBEHHOIO CIEKTPa A OYeHb MHUPOKOr0 KJIacca OImeparo-
POB, OTBEeYAalOIUX OTHOCHTEJIBHOMY [BIKEHHIO CBOOOTHEIX CHCTEM
¥ CHCTeMaM BO BHeMIHEX moaAx. IloaxydeHnne pe3yabTaTh IPUMEHEMEI,
B YAaCTHOCTH, K OIepaTOpaM dHEPIHUH IO CYMECTBY BCeX CHCTEM, Impel-
CTaBIAKMUX NHTEpPEC B IPHIOKEHHUAX, BKINYAA H CHCTEMH C HEJO-
KaJIBHEIM B3aMMOJEHCTBHEM MEKIY YaCTHUI[aAMH.

Cregyer mOg4epKHYTh, UYTO CYIIECTBEHHHIH CIEKTD H3ydaeTcs
B IIPOCTPaHCTBaX (YHKOUH, mpeoGpa3yoIMuUXCA IO NPOHBBOJBHEIM
HEOPHBOAUMEIM IPE[CTABJIEHWAM TDYIN CHMMETPHEH paccMaTpuBae-
MbIX cmeTeM (m omepaTopoB). Tem camuiMm oGecneduBaeTcsa pusmaecKas
OCMBICJICHHOCTD YCTaHABIMBAEMEX YTBEeP;KACHHH (YIMTHBAETCA IPWH-
nun Ilayam) u, kpome Toro, no6rBaerca Goaee rayGoxas uEpOpMaATUSA
0 CTPYKType cymecTBeHHOro cmexkrpa B L, (R3N),

IlonygenHue apTopaMu pe3yabTaThl ABIAITCH Hauboaee CHIBHNMA
4 o0muME M, B 9aCTHOCTH, MOKPHBAIT HPAaKTHYECKH BCE H3BECTHHIO
Pe3yabTaTH 0 MOJIOKEHUH CYIeCTBEHHOTO CHEKTpA.



6 ITpeducaosue nepesoduuxa

Iuckpernrii cnexrp B kaure K. Woprerca u 1. Baiimmana He usy-
qaerca. IlostoMy, mms Toro 4ro6H YHTATENh MOT COCTABHTH IIOJHO®
OpPe/ICTABIICHNE O CHOeKTPAaIbHHX CBOMCTBAX ONEPATOPOB 9SHEPTHH,
a TaKKe B HHTEpeCaxX BO3MOKHHIX IPHIOKEHHH, KHHra cHabKeHa
JOIOJHeHHeM O JHCKPETHOM CIEKTpe TaMHIBTOHHAHOB, HAIHCAHHHM
M. A. Amronmom, Y. A. IllepemesckuM m MHOX. B gomonmenmu max
0630p paboT 0 CTPYKTYPE AUCKPETHOTO CIEKTPa M HaANeHH [OBOJBHO
ofmue OCTATOYHHE YCIOBHS KOHEYHOCTH ¥ OECKOHEYHOCTH 9YHCJA
AHCKDETHHX COOCTBEHHHX 3HAYeHHA 0OmepaTopoB dHepruz N-dacTmd-
HEIX CHCTeM. JTH YCIOBHA HOCAT, HA HAII BBTIAJM, CPABHUTEABHO
BaKOHYEHHHIH XapaxTep.

HKanra, neskamas mepex gmTareieM, Ha@MCaHA I€TKO, SACHO W IH-
TaeTcsa OTHOCHTeNBHO Jerko. OHa JOCTymHA YKe CTYHeHTaM CTapmmuXx
KYDPCOB MaTeMaTHIeCKAX M (UBMIECKUX CHeNHEAIHLHOCTEH, 3HAKOMEIM
¢ OCHOBaMH (QYHKOHMOHAJBHOTO AaHANHM38 M TEOPUH IIPENCTABISHHH
rpyum.

Hecomrenno, aro mororpadusa K. Hoprenca m U. BaitnMana mpen-
CTABHT 3HAYUTONBHHH HHTEpEC [JsA COemHAIWCTOB IO COOKTPAIbHOMR
TeOpHH JuHEHHHX fuddepeHnuATbHNX OIEePATOPOB W [AJA JWL, WHTe-
pecylomuxcsi OpAMEHOHHEM MOTONOB (YHKOHOHAIBHOTO AaHANE3A
B TeOpHH HPe[CTABJIGHWH IPYyNI K MATEeMATHYGCKHM 387a9aM KBaH-
TOBO MOXAaHWKH H KBAHTOBOH XWMUH.

I'. Mucaun



BBEJIEHVE

B macrosmei#t paGore MH uH3yyaeM TraMHJIBTOHOBH OIEPAaTODH
KBaHTOBOM@XAHHIOCKMX CHCTEM, COCTOAMMX #3 /N IPOU3BOJBHEIX
gacTdn. OTH OHmepaTOpH ompefeleHH B mpoctpaHcTBe L, (R3Y),
# OOHYHO HIpeAmoJaraercd, 4T0 OHH HMEIOT BHJ

N

) S= 2 Sp+ 2 Wha,
B=1 A<k

e

3
Sy (@) =5 21 (i 5o +endy (e0)) " (@) + env (an) u.(a),
J=

Whpt (2) = whp (zn— 23) w (2);

Zp = (Tpyy Tpg, Trs) — KoOpAMHATH k-# wacTumu B mpocrpaHcTBe R3,
x2=(x, ... zy) € RN; p, — macca m e; — 3apap k-t gacTumH;
b = (b, by, bs) — BeKTOPHHIH HOTEHIEAN MATHATHOTO LOJA, U —
SJeKTPHIECKUA MOTEHNWAN M W, — IOTeHIHEAN B3amMoneicTBus h-i
u k-it gactmm.

Ecam ¢pysxnun b; u v TO;KIECTBEHHO PaBHH HYJIIO, TO 3aMeHA mepe-
MEHHEIX II03BOJIAET (OTHAENHUTHY ABMKeHHME NEHTPA MacC W IPHBOJUT
K HM3y4YeHWIO TAK HA3HBAeMOr'0 (BHYTPeHHEr0 raMmWJIBTOHHAHA», T. €.
0IepaTopa, KOTOPHIA [eACTBYeT TONBKO HA «BHYTPeHHME» (OTHOCHTONb-
HHE) KOODPJMHATH CHCTEMH; OIpefeleHnsl STHX NOHATHH AaHH B §§ 5
m 6. Hac Gynyr maTepecoBath 06a raMHIBTOHMAHA — KaK MOJHEIA
(B caygae eciu mMeercA HeTPUBHANbHOE BHEIIHEe IIOJe), TAK X BHYT-
peHEmit (B caydae cBOGOIHON CHCTEMEL).

B peiticTBuTenbrocT MEH OyneM H3ydaTh 3HaYHTENbHO Gomee oGmuit
RJIace oneparopon‘ BHJA

m  s= T+2 2 Vji...;,,-l-z 2 Wi

1I==1ﬂ‘<... 231<--I<Jn
THe

2‘2 2Hh



8 Beedenue

— OmepaTop KUHETHYECKOH oHeprmu Bcex dactunm (A, oGosmauaer
JamjIacmaH II0 KOOPAUHATAM Z; = (Zpy, Tpa, Zpg)) H AUA KAMKIOTO

Habopa n HHAEKCOB J;, ..., jn, 1</ < ... <j, <N, onepa-
Topu Vy, ...5np @ Wy, ... j, OOHCHBAOT B3aHMOJEHCTBME YACTHI
Ji» + + +y Jn COOTBETCTBEHHO C BHENIHWM IIOJieM W JADPYT C JAPYLOM.

Ycnosus, Hamaraemele Ha omepaTops Wy, . . ., TAKOBH, YTO €CJIH

Bce Vj; . . .j, TOKAEGCTBOHHO DABHH HYJII0, TO MOKHO OTAEIATH JBH-

JKOHHO IEHTPA MAacC; B 9TOM caydyae MH OyneM pacCcMaTpuBATH BHYT-

PeHHEH TaMAJABTOHHAH.

JanmM cHagana KpaTKAi 0YepK PasBUTHA TEOPHH [V-1aCTHIHHIX
TraMAJIBTOHHAHOB.

IlepBoe cTporoe ompefeneHme CaMOCONPSKEHHON peaxm3anud
raMmIbTOHHAHA (IOJHOTO M BHYTPEHHEro) MiiA jii000f cumcTeMH m3 KO-
HETHOTO 9YMCHA YACTHL, B3aHMOMEACTBE® KOTOPHX APYT C [APYroM
OOMCHBAETCH MOTeHIWAJNaMH (HAIPUMEp, KYJOHOBCKMMH), OHIO aHO
Kato [16]. Bonee o6mue pe3yabTaTh B 5TOM HANPABJIEHHMHN OHIX yCTa-
poBaenn IIrymmenem [25] m Wka6s m Haro [10]; mexoroprie m3 stmx
pesyabsraToB mnpmBefieHH B § 2. OTHOCHTENIBHO TaMUJILTOHHAHOB
cmcreM B obmactsax ¢ rpammmeit cm. Moprenc [11].

Cpasy Kax TONBKO raMHIBTOHEAHH GHUIH OIpE/IeNeHb, 6CTeCTBOHHO
BO3BHHK BOIPOC 00 MX CIEKTPAJBHHX CBOMCTBax. BooGme o:xmmamocs,
9TO STH ONEPATOPH OTPAHHIEHH CHA3Y M YTO HX CIHEKTP COCTOHMT W3
BCEX TOYeK HEeKOTopoit moxyocH [u, oof (p << 0) m me Gonee ueM cyer-
HOTO MHOKECTBA COOCTBeHHHX B3HAUYeHHMN, MEHBIIAX [, IPERENBHOK
TOYKOA KOTOPOrO MOKeT OHTh PasBe JWIb [1; AJds BCOX OTHOCAIMMXCHA
ciofa (msHYECKHMX 3afad PTO, HO-BHAMMOMY, TaK. B TawoM caygae
moxyock [p, oo] mpeAcTaBaseT coGoil CymecTBeHHEHIH coeKTp (cM. § 1).

B amreparype m3ygaimch riIaBHHM 00pasoM TPH Bompoca:

(1) Ompenenenue CymeCTBEHHOTO COOKTPa TaMUJIbTOHHAHOB.

(2) Onenxa wmenma AUCKPETHHX COOCTBEHHHX 3HAYGHMH, T. €. €0G-
CTBeHHHX 3HAYGHMH, HE IPHHAMISKAIMAX CYIIECTBOHHOMY CIOKTPY
(«ameo» o3HawaeT 3hech: HYJNb, KOHEYHOe MHOKECTBO mim Gec-
KOHETHOe MHOKECTBO).

(3) Bompoc 06 oTcyrcTBMEm COGCTBEHHHX SHAYCHME B CYMECTBOHHOM
CHeKTpe, 0CO6eHHO 00 OTCYTCTBHME IOJOKMTEIBHHX COOCTBEHHHX
3HAYCHUI.

Ias npo6aem (2) m (3) moayueHH pemeHUs JUIND JIJA BeChMa IacT-
HHX craysaes. UTto Kacaercs nmpobiaemu (2), Tro Karo [17], Hucaun
u Curanos [37—42], Caitmon [23] noxkasamm, 9ro y MEOTEX mHTepec-
HHX CHCTEM CYIMECTBYeT GECKOHEYHOe MHOKECTBO IMCKDETHHIX CO6CT-
BeHHHX 3Ha4YeHmA; cM. Tarkme Yrmama [26—30]11). Uro wracaercs
npo6aemut (3), To-Karo [18], Baitnmar [31, 32] m Ans6esepmo [1)
YCTAHOBHMIIA OTCYTCTBHE IIOJOKATEIBHEX COOCTBEHHHX 3HAYCHHHA /A
HeKOTODHX KOHKDETHHX CHTYaImiA.

1) IonpoGHEi 0G30p pesyaAsTaToOB mO B8ajade (2) MaH B JOMONHEHWH.—
ITpum. nepes.



Bgedenue o

B oramume ot npoGaem (2) u (3) mpo6Gaema (1) pemena fas BechMa
obmux cuctem. B mammoit paGore ME GymeM 3aHMMATHCA TOJBKO €o.
B 1960 r. Mucaun [38] m3yema ramuasrommasm TmEma (1), rpe
b = 0=v, w,, — NOTeHNUATH TANA KYJOHOBCKEX, U < 0, wyp = 05
T@KOBH, HApAMEP, TAMMJIbTOHHAHKE aTOMOB ¢ uKCHpOBaHHNMH (Gec~
KOHEYHO TsyReNnMu) sppamu. Pesyasrar fHmcamma cocrosn B cie-
AYIOIeM: CYLMIECTBeHHEIA CHEKTD O, (S) mpexcraBaser coboit xyx [u,
oo, rme
p=min {py: j =1, ... N},
gy = min {A € o (S9)}

& §9 — rammaproHmanm CHCTEMH, IOJYJYeHHOM M3 HCXORHOH ynane-
HHeM j-# Jactums. J{oKasaTelbCTBO STOr0 yTBODKAEHHA OHIO ympo-
mero Moprencom B ero He ONy6AMKOBAHHOM B MHPOKOI IIEIATH OTIETE
[12); ommoBpemeHHO OH 06OGmUN AAHHEEA pE3YABTAT HA CHCTEMH
¢ by 0, rme v, wy, ¥ b; cTpeMATCA K EYII0 HA 6ECKOHEYHOCTH JHIIE
B _HEKOTOPOM 0600meHHOM cMEicie (cM., HaopuMep, Hamie CIe[CTBHE
3.14). B 1965 r. ucaur m Cmramos [41, 42] moxasamm amaio-
rEgHOe YTBep)KAeHWme [JIA OrpaHMYeHMil raMmIbTOHMaHA Ha HMOANPO-
CTPAHCTBA CHMMETPHH, COOTBETCTBYIOIMME HEIPHBOAMEIM IIPEJICTaBIIe-
HEAM TPYNOH CHMMETPHA CHCTEMH (9Ta I'Pynma CHMMETDUA COCTOHT
¥3 MePeCcTaHOBOK TOK{ECTBeHHKX JACTHUIl ¥ BPAM[ATeIbHO-OTPaKaTelb-
HHX cmMMeTpmii). Bce aTE m HeKOTODHe [pyrue pe3yabTaTH IIPUBENe-
BH B 0630pHO# cratbe Curamosa [22].

Hns npomsBonbHEXx N-9acTHYHHX cmcTeM (6e3 kKakux-aubo orpa-
HHYeHWI Ha 3HAKM B3auUMOJeHCTBHUiT) CTOAb TAYOOKO ORI H3YUeH
TONBKO BEyTpeHHmit rammisrormas. B 1959 r. Mucnur [37] asorcn-.
POBAJ Pe3yNbTAT [JIA BHYTPEHHEr0 FaMUIBTOHMAHA CHCTEMHE N QacTuI,
¢ KYJIOHOBCKEM B3ammopmeicrsmeMm !). B 1964—1965 rogax B cBasm
¢ 3ajjauamm; paccesaua BaH Buntep [36] mccaemosan cucrems ¢ moTeH-
IEaJaMA B3auMofielicTBuA, yOrBaomumu OHCTpee, YeM KYJIOHOBCKHTE.
B 1966 r. Xymnuxep [9] pacemorpen N-4acTHIHEE CHCTEMH ¢ JOKAIb-
HO KBaJpAaTHIHO WHTErPUPYEMHIMH IOTCHIHANaMH B3aHMOJHACTBHA,
CTPeMAIIEMACH K HYJII0 Ha GOCKOHEYHOCTH. BO BCex aTHX Ciaydadax
Pe8YIbTAT TAKOB: CYIMECTBeHHHI CIeKTP BHYTPEHHEI0 TaMUIbTOHAAHA
coBmajgaer ¢ aydom [p, oof, rme

p = min {u (Z)+ p (Zy},
mpuIeM MuUHEMYM Geperca mo BceM pa30HeHHAM HMCXOMHOH CHCTEME
Ha [B6é HOTPUBHAJbHHE mofcucTeMH Z, W Z, u W (Z;) ecTh TouHas
HIGKHAA rpaHma (II0JHOT0 Wik BEYTPEHHET0) FaMIJIbTOHHAHA CHCTEMHL
Z;. JloxasarenscTBa BaH BmaTepa m XyHNuKepa B CYIIeCTBEHHOM
COBIA/AIOT: B 000MX HCIONB3YyeTcss HEKOTOpoe GyHKIMOHAIbHOE YPaB-
HeHme, BHuBefennoe BeitmGeprom [33] (cm. Tamke Xymnmrep [8])

1) U p3amMopeiicTBHEeM THIA KYJAOHOBCKOTO, IOJHHE NOKa3aTeAbCTBA COOT-
BETCTBYIOIHX TeopeM OHiIm IpHBeneHH B [45‘i B 1960 r.— ITpux. nepes.



10 Beedenue

u BaH Bunrepoum [36]. Bar Bumtep mokasmsaer, uro purypmpyromuit
B 3TOM YPaBHEHHH omepaTop ecth omeparop l'manbepra — IlImumnra,
a XyHOUKep yCTaHABIMBAET JUIIb, YTO OH KOMIIAKTEH, HO TOJBKO 5TO
Ha CaMOM Jlelle I HYKHO. Y KadaHHAs KOMIAKTHOCTD ABIAETCA 1O Cyme-
CTBY Clle[iCTBHOM TOro (aKrTa, YTO B3aUMOREHCTBEA KOMIOAKTHE OTHO-
CHTEJBHO JIaIJIacHaHa, B3ATOTO IO COOTBETCTBYIOIIMM KOODPAHMHATAM
(rounmoe ompenenenue fmamo B § 6). OTMeuenHHIA QarT GBI MCIONB-
sopas HomGoMm [4], koTopmit foKasan amaJOrMYHHA pesynbTAT A
TNPOU3BOJBHEX N-9aCTHYHEIX B3aUMOMNEHACTBHIA, OTHOCHTEJIBHO KOM-
TaKTHHX B 9TOM cMHciae. Pesynsrar Bam Buntepa Ot o6o6men
Ha CHCTEMH ¢ HEKOTODHMH CHOMH-OPOUTANbLHHIME B3aHMOJEHCTBUAMYU
B pa6ore Bpackamma u Ban BunTtepa [3].

ITossxe Himcaun [39, 40] pacnpocrpanun cBom pesyabTaTH Ha CIy-
Yaif OrpaHWIEeHAA BHYTPEHHEr0 FaMIIbTORMAaHa N-9aCTAYHOR CHCTEMH
‘Ha OOADPOCTPAHCTBA, COOTBETCTBYIOIMIHE HEIPUBOXMMHIM IIPECTABIe-
HAAM TPYUOH CHMMETPUH (IEPECTAHOBKH TOKIECTBOHHHIX YAaCTHIL
W BpameHHs ¢ OTpakeHmaMz). CHOBa OKa3ai0Ch, YTO CYIMECTBeHHHN
CIEKTP COBIAaj[aeT C HEKOTOPHM JIydoM [, oof, rae p 3amaercs Kak
CyMMa TOYHHX HIKHUX I'DAHAL OrPaHWYCHAH TaMHIBTOHMAHOB IIOJI-
CHCTeM HA HEKOTODHE IPOCTPAHCTBA CHMMETpHH. Toumas popmyim-
POBKA JIOBOJIBHO CJOKHA, ¥ MH OTCHIIAEM IUTATENA K Hamemy obmie-
My yrBepskperuo B § 11 1),

HoxazareasctBo fHucampa (Kak # AOKa3aTeNbCTBA €r0 MPEKHAX
pe3ynbTaToB) OCHOBAHO HA HEKOTOPOM pasGmeHMH KOOPAMHATHOTO
mpoctparcTea R3N-V, Henasno Baxcaer [2] man soBOE morasaTenn-
CTBO JTHX pesyabTaToB, OmMpamIeecs Ha ypapHeHme BeitnGepra —
BaH BunTepa: o pacmpocTpammn meron XyHOuUKepa Ha 3ajadud, B KO-
TOPHX Y9HUTHBAeTCA CUMMeTpusA. Dalicies 3asaBiAsfeT BO BBEJCHHH,
9TO ero [O0KasaTeIbCTBO OCTAeTCA CIpPaBEeJIUMBHM H B Gomee oGmieit
CATYaIi¥ ¢ IPOM3BOJBHEIME OTHOCHTEIHHO KOMIAKTHEIMA B3amMOJeH-
CTBHAMH; C [PYroil CTOPOHH, PACCMOTPEHNE HEJIOKAIBHHX B3auMOfe-
CTBHUHl OH OTKIAAHBAaET 10 Gojee MO3THMX NyGaMKammi 2).

CxopHEI® Pe3YIABTATH B COBEPUICHHO APYrO# CHTYAUWH OHLIM IOTY-
genn Caiimonom [24]. Om pacecmoTpen N-uacTHuHEE CHCTEMH € Tak
HasHBaeMHMHA HoTeHNuakaMd PoaiauKa, JOOYCKAOIHUE TAKNe IOKAIb-
HB® CHHT'YISADHOCTH, 9T0 TAMHUJIBTOHHAHHK MOTYT GHITH OIpeNeleHH
TOJBKO ¢ HOMOIBI0 KBaAPATHIHHX GopM m pacmupenmit no Opunpmx-
cy. Ucmonrsya mogudpunuposannoe ypapaerue Beitn6epra — Ban Bun--
Tepa, CaliMOH ycTaHABIMBAET [JIA DTOTO CIYYasd AHAJOTHYHEE PE3yib-

1) 3mecs Heo6xomuMo orMeruts eme pabory A. I'. Curamosa u M. M. Curama
[54*], rme BmepBHe OCYMECTBIEHO MHBApHAHTHOE OTHOCHTEIBHO IIEPECTAHOBOR
TORIECTBeHHEIX YacTHI, OTAeleHWe ABIKeHAA IeHTpPAa Macc. Xorsa 3Ta paGora
U He Cofep:Kala HOBHX (mo cpaBHeHHIO ¢ [40]) pesyabraToB, oHa mMena GOMBIIO®
METOJI0JIornIeckoe 3Ha4deHme.—IIpux. nepes.

2) B crathe BaacaeBa [2] uay4eHH IPON3BOJLHE (B TOM YHCI® H HOIOKAIb-
HEE) OTHOCHTENHLHO KOMIAKTHHO Jeyruacmuuntie B3auMopeicTemsa.—IIpum. nepes.
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saril (0OH yYWTHIBaeT HEKOTOpHe cmMmerpmu). Haxomenm, ymomamem
o63oprymo cratsio KHato [19], xoTopas copmepsxmT modrm Bce mepeumc-
JIeHHHEe BHIIEe pe3yabrar, m dexnmm Mopremca [14].

Hama neap — HaTh OnuCaHWe CYIMECTBEHHOrO CIEKTPA BHYTPEHHE-
TO M IOJHOTO TaMUJBTOHHAHOB IPH BechMa OOMMX YCIOBUAX; MH
PACCMOTPHM TaKK@ OrPDAaHWICHHS STAX OIEPATOPOB HA MORNPOCTPAH-
¢TBa cUMMeTpHH. VI3 Hamux pe3yabTaTOB BHITEKAIOT BCe HPENHAYILHE
pesyabraTH, Kpome pesyabraroB CafiMOHA, KOTOpHE IO CYMECTBY
He CPaBHEMH C HaOIEMA.

Hopotko o comepamumm paGorni. B § 1 mpumeogutcs omumcamme
T. Beiins CymecTBeHHOTO CHOEKTPa CAMOCOLIPSKEHHHX ONEePaTOpOB
NP DOMOINM CHHTYJISAPHHX IOCIeJOBATEJABHOCTEH; MH pPacIpocTpa-
HAeM COOTBETCTBYOINAE Pe3YIhTaTH HA CYIMECTBEHHO CaMOCOIIPSKEeH-
HHe fupPepeHNuaNbHLE OMePaTOPH, YTO 096HDb MOJE3HO AJA IPHUIIO-
JKeHHEH K KuddepeHnuaIbHHM omepaTopaM. ITH 0600meEns yixe Oim
mcmonb3oBaHK (6e3 moxasartenbcrsa) B [12].

B § 2 naerca Beemenue B Teopmio omeparopos Illpénuarepa. Mare-
pEax storo maparpada Taxske B3aT us [12] m, BepoaTHO, Xopomo
MBBECTEH BCeM crmemumanucTaM. [[JIs mMOJHOTH MH IPHBOREM BCe JIOKa-
3aTeabCTBA.

B § 3 msywatorca cmMMeTpUUHEIe BOSMYMEHuA V CYMECTBEHHO Ca-
Moconps;KkeHHHX omeparopos I' B mpoctpaHcTBe L, (R™). 3mecr M
BBOOEM i BosMymeHuit V Bamuoe momsaTtme I'-majoctum Ha Oecko-
HEYHOCTH H YCTAHABIWBAEM HECKOJIBLKO MHTEPECHHX CBOCTB I-MalHx
Bosmymernit. IlopaTme T-MaNOCTH CHYKHUT OCHOBOH AN OCTAIBHOM
gactu paboTn. Bce oTHocAmmecs K HEMY pe3ynbTaTh, MO-BUAEMOMY,
ABIAOTCH HOBHMA. B § 4 mam psan nmpmmepos. Tam ycramasamsaercs,
9T0 BCE PaccCMAaTPUBABIIMECA PaHee BOSMYMEHHMS JaliacHaHa COMep-
sKaTca B HameM Kiacce. A mpumep mceBpoxuddepeHnuEanabHOrO Ome-
paTopa m3 TeopeMH 4.13 moxasHBaeT, YTO HAII KJIACC HAMHOTO IIHpe.

B § 5 BBOmATCA omepaTopH, MeHCTBYOIINE TOJALKO Ha 9aCTh Iepe-
MOHHHX. JTOT naparpad HOCAT IJIaBHHM 06pa3oM TOXHAIECKHH XapaK-
Tep W MOAroTaBIMBAaET K 06memMy onpefenennio N-9aCTHYHOTO raMAIb-
ToHmaHa B § 6. B § 7 msygaerca rpynma cuMmerpmu N-9acTHIHOTO
raMunsToEmaga. B oramume ot Mumcamma [39, 40] m Baacnesa [2]
MH DIpefmojaraeM, 4To CPYOIa CHMMETDHH CONEP)KAT He HOIHYI0
IPyNIy BPAaIeHHii,— & TOABKO HEKOTOPYIO €6 KOMIAKTHYI HOATDPYI-
ny !). B atoM maparpade npEBeeHE Tak:Ke IPHMEHsAEMEe B falbHel-
mux maparpagax pe3yabTaTH O CTPYKTYpPe COOTBETCTBYIOIHUX IOA-
IPOCTPAHCTE CUMMETPHH.

B § 8 msyuwaerca cmexTp ramMmiapTOEMaHa CBOGOJAHOH CHCTEMEl
B IpocTpaHCTBaxX cuMMerpmm. llpm sTOoM MBI HMemonnayem (M mOKa-

1) Ciyuwait, Kora 9Ta KOMIAKTHAsA DOATPYNIA KoHeuna, GBI BIIePBHE H3YIeH
B [50*] mua momeky: ¢ GecKOHeYHO TAKENEIME SADAMH; fJIA IIPOH3BONLHHEX
OTHOCHTONbHO KOMIOAKTHEIX MYJIbTHINIMKATHBHHX JBYXYACTHYHEIX B3amMOJeii-
CTBUH AHANOTHYHO® HCCJe[OBaHMe IpoBeneHo B [49*%].— ITpum. nepes.
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3HBaeM) HOKOTODHE® 00m@e pesyIbTATH, MPECTABIAION(EE HHTEPeC
u camu mo cefe (mampmmep, Teopema 8.11).

B § 9 ycramaBimBaeTrcs ONEHKA IOJIOMEHUA CYIECTBEHHOTO
cnexTpa maa ouepartopos Bupa S = I 4 V(I = — A). 1o pemaio-
masg 4acTh B NOJOBHMHE M3 HANIMX OCHOBHHX pe3yabratoB. B § 10
MH ONpefeJfieM CYI[eCTBOHHHH CHOKTD OTPAaHMYCHHH HA IPOCTPAH-
cTBa cmMMeTpyd /N-9acTHYHHX HOJHHX TaMHJIBTOHMAHOB LA CHCTOM
Bo BHemHeM mose. B § 11 copmMynmpoBam amamormuHHE pe3ynbTaT
Aas BHYTPOHHHEX TaMEJIbTOHWAHOB; AOKAa3aTeJbCTBO ero mamo B § 12.

B mpmioskeHEE yKa3HBAeTCs, KaK HANIM PE3YJIbTATH MOKHO 0600-
mMATs Ha ciaydaid N-4acTHYHHX CHCTeM CO CIHHOM, T. 6. Ha CJaydait
AHAJOTHYHHX omepatopoB B mpocrpamctBax (L, (R®M)* muim
(Lq (R¥N-DY)* nng meroroporo k € N.

Amanormuno Hucimry m Cumramosy [38—42] m Wopremcy [12]
MH IPHEMEHA6M M6TOJ PasGmeHms KOOPAMHATHOTO HPOCTPAHCTBA. Jie-
rasTHOe AokasaTeabcTBo Xymnmrepa (9], mcmoassynomee ypasHenme
BeitaGepra — Bar BmmTepa, mpmMeEeHO GHTH HE MOJKET, TaK KAk
HAIIW B3auUMOMNEACTBUA HEe ABIAAITCA OTHOCHTEIHHO KOMIAKTHEIMH.



§ 1. CNEKTP H CYIWECTBEHHbIA CNEKTP CAMOCONPAXEHHBIX
H CYLLECTBEHHO CAMOCONPAXEHHLIX ONEPATOPOB

B aroM maparpade MH ompejenaseM COeKTP CYIECTBOHHO CaMOCO-
UPAKEHHOro omeparopa A B rmnb6ePTOBOM IPOCTPAHCTBE KAK CIOKTP
©€ro CaMOCOLPSKeHHOr0 paciEpeHns A H XapaKTepusyeM HEKOTODHE
IO/IMHOKECTBA OTOTO CHEKTPa, 00pamasch HEmOCPE[CTBEHHO K OIe-
paropy 4, a He K A. ITOT HOAXON 061a/jaeT IpeAMyMeCTBaMA IIPHA Pa-
Gore ¢ nmpdepeHNEATLHEIMA OmEPaTOpaMH. Tak Kak B JHTeparype,
KayKeTcs, HeT MOCTYIHOTO H3IO0KEHHS JAaHHOTO BOIPOCA, TO MH IpH-
BOJMM TOJIHHE [0Ka3aTeJbCTBA.

Jas camocompsAs;keHHOTo omepaTopa A B rman6epTOBOM IPOCTPAH-
crBe H gepes D (4) m R (A) 0603HAaTANOTCA COOTBETCTBEHHO 06.acmb
onpedesechus W MHONcecmeo 3Hadenull omepaTtopa A. Pesoavéenmmoe
MHoxceemeo p (A) — aTo MHOkecTBO Bcex umcea A € C, rakmx, uro
opepatop A — A mMeer orpaHmueHHHN oGparHmi (A — A)~! ¢ oGna-
¢TI0 onpenenenns H; sxsmBanenTHoe ompenenernme: p (A) = {A € C:
R (M — A) = H}. Cneemp o (A) = C\p (4) ABAseTcA 3aMKHYTHM
moiMHOKecTBOM BemecrBeHHOi mpsamoid R. Haxmas maommpoBamHas
ToYKa cmextpa o (A) ecrb coOcTBeHHOe 3HadeHme omepaTtopa A.
Huckpemnunii cnexkmp omepatopa A ompeneinsercsi KaK MHOKECTBO
044 BCEX HMBOIHPOBAHHHX COOCTBOHHHX 3HAYGHHMA KOHEYHOM KpaT-
"octu. Ero pmomonmenmme o, (A) = o (A)\04 (A) HasmBaerca cywe-
CMEEHHULM CnEKmpPOM 1); OH COCTOMT W3 BCOX HPEJEeAbHHX TOYEK MHO-
secTBa ¢ (A) M BCeX H30JIMPOBAHHHX TOUEK, KOTOPHE ABIAITCA COG-
CTBOHHHIMH B3HAYGHHAMH O0eCKOHeYHON KpartHOcTH. Taxmm ofpasom,
ge (A) ecThr BaMKHYTOE NHOIMHOMKECTBO MHOKecTBa R, Torga Kak
04 (A) MosKeT GHTH HEBaMKHYTHIM.

Belony mamee B aTomM maparpade A — cywecmeenno camoconps-
acenHuil omepatop B rmanbeproBoM mpocrpanctse H (r. e. A cmm-
MeTpE4eH U ero 3aMuKanme 4 = A ** ecTh caMoCOIpAKeHHHA ome-

parop; B aToM caydae A — 3TO 6MAHCTBEHHO® CAMOCOLPSKEHHOE pac-
mupenne onepaTopa A). O6o3naunm uepes E (-) cuekTpanbaoe cemeii-
CTBO omeparopa A.

%) Hmorna cymecTBeHHHI CHeKTP HA3HBAIT NPEfENbHRIM (CM., HampuMmep,
{53¢], cTp. 391); MH coxpaHAeM TepMHEONOTHIO ABTOPOB KHHTH.— IIpux. nepes.
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1.1. Teopema. Caedyowue ymeepsicderus 9KEUBANEHMHBL:

(1) A € o (A);
2) EAt &) —E(MA —&g)%=0 daa ecex e > 0; _
(3) cywecmeyem maras nocaedosamesvrocme (u,) 6 D (4), umo

lim inf |ju, || >0 u (A — 4) u, - 0;
(3’) cywyecmeyem makas nocaedosamesvnocmv (u,) ¢ D (4), umo
lim inf u, | >0u A —4) up, > 0. -

Toxasatenscrro. (1) = (2): Iyers A€o (A) n E A+ e) —
— E (A —¢&) =0 naa mexoroporo & > 0. Torga omeparop A — A4
EMeeT OTDAaHWYEeHHHN OOpATHEIA, OmpeNeIeHHHA Ha BCEX 3J6MEHTaX
f € H paBeHCTBOM
a—ati= | a—ptaE @1,

- 00

H, SHAYHT, kEp(Z), B mpormBopedne ¢ (1).
(2) = (3): Buburaem pyErnmn u, € (E (A. +-:—) —E (7»——:—) )H,

lunl|=1; ouesnmmo, u,€D(A) = ||(A—A)u, [|<—:T , HO3TOMY

liminflu,[|=1 & (A—A4)u, - 0.
(3) = (3"): Ilycrs mocienoBateasHocTs (4,) BHOpaEa coriacHo

ycaosmio (3). ITockonbky A ABnserca 3aMEKaHmeM omeparopa A, To
I KaKporo n cymectsyer GyEKOoma v, € D (4), Takas, uro

= 1

|t —vn || + | Autn — Aoy || < -
CnenosaTensHo,

1 = 1

Non >l nll—— & [} (h—A) v 1< (A= By un [l + (L +[A] ) ;
moatomy lim inf ||v, || >0 71 (A — 4) v, — 0. _
(3") = (1): IIpexgmonosxum, uro BumoaseHo (3') m A € p (4). BuiGe-

peM mOoCTenoBaTeNbHOCTD (U,) cormacHo (3’). Toraa, mockoasky ome-
patop A — A m@EMeeT OrpaHWYeHHHHA OOpAaTHH, COOTHOIIEHHE

(A — 4) up = (A — 4) u, - 0 Bxeuer 3a co6oit coorHOmenue u, — 0,
KOTOpO€ NpoTHBOpeuMT yciaosmio lim inf || u, || > 0.

1.2. Teopewma. Credyowue ymsepidenus sKeUEALEHMHN:
(1) A € 0 (A);
(2) dim (E(A 4+ ¢e) —E (A —e)) H= oo 0aa ecex & > 0;
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(3) eywecmsyem maras nocaedosameavrocms (up) ¢ D (4), umo
(Un| Um) = Opm u (A — A) u, > 0;

(3') mo e, wmo u (3), Ho ¢ A, samenennnm va A;
(4) cywyecmeyem nocaedosamesvnocms (u,) ¢ D (A), maxas, umo
lim inf || u, || >0, up —~0 u (A — A) u, > 0;
(4') mo ace, umo u (4), Ho ¢ A, samenennnn na A.
HNoxasaTEabcteo. (1) = (2): Ecam p € g, (4), To mim A
sBAsierca (MB0MIMPOBAHHKIM) COGCTBOHHHIM 3HAa4YeHuEM GecKOHeuHOHk

KPaTHOCTH, WIA A — mpefeiabHas TOYKa cmekTpa ¢ (4). B mepsom
cayzae M mMeeM dim (E (A + 0) — E (A — 0)) H = oo, u, caeno-
satenbuo, dim (E (A -+ &) — E (A — ¢)) H = oo mua Bcex & > 0.
Bo BTopoM cayuae BhGepeM NOCIETOBATeJIBHOCTH (Ap) PAa3IUMYHKX

TO4eK Ap, € 0 (4), cxomamyiocs K A, I 3aT6M MOJOKUTEIbHEE YHCI&
€n, AJA KOTODHX mHTepBanXH [A, — &,, A, + €,] B3auMHO He mepe-
cexaoTca (Tak 410 &, — 0). dasa raxmoro & > 0 maiimerca wmciao
n (e), raxkoe, uto [A, — &,, A, + &;] = [A — &, A 4+ €] nmas Bcex
n = n (g), 1 noaToMy

dim (E(A+e)—E (A—¢e)) H> 2 dlm(E(x +en)—
—E(kn_en»H—‘

(2) = (3): Tax xax dim (E (A+—+)—E (A——+)) H=oc0 punm
BCEX 72, TO, HCHOJNB3YA nn,uyxnmo, MOKHO HAWTH A KaKJOTO 7
5JIMEHT Uy, € ( (h—l— ) (7»-—-——)) H, raroit, uto |u,|=1*%
B (Up|Upm)=0 mpm m<< n CnenopaTensHO, unED(A) (unl Upm) =
=8m & ||(A—A)u, ||< <—— pas Beex n m m; sHawmt, (A— A)u, — 0.

(3) = (4'): IIycrs LOCTIeI0BATENBHOCTD (Uy) YAOBIETBOPSET YCIO-

B0 (3). ITockonbky A —sambikagme omeparopa A, TO Miis KaKIOTO 1
cymecTByer Takas Qymxnus v, €D (4), dro

- 1
“ Up —Un ”+ ” Aun—Avn ”<_

IToaromy
4 —
loall>1— 2 1 (A —4) va | <[ (A= D) n [+ L +]2]) =,

OTKyAa BEpHO, wro lim inf |[v,|| >0 = (A — 4) v, > 0. Haroren,
Un —~ 0, m60 (u,) — OPTOHOPMEPOBAHHAA TOCIEOBATEIHHOCTD, |, 3HA~
9uT, vy —~ 0, wbo u, — v, > 0 mo mocrpoeHmmw.
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(4') = (3'): Ilycrs mocaenoBaTeasHOCTD (Uy,) YROBIETBOPAET YCIO-
smio (4'). He orpanmumBas o6mMHOCTH, MOKHO CUHTATh, 4TO |ju,| = 2
nna Bcex n. Ilo WMHEHAYKOME M3BJeYeM M3 IOCJEIOBATEIBHOCTH (U,)
1I0/TNOCIeI0BATeABHOCTh (u,,k) caepyomuM obpasoM. Ilycrs uy,, . ..

. s Upn, Yme BHOpamH; oGosHawmM dgepes D, mogmpocTpaHCTBO,
HATAHYTO® HA BTH BJIGMEHTH, M 4epe3 P, — OpTOroHaJBHHH IPOEK-
Top Ha D;. Tak xak u, —~ 0 z omepartop P, KoMuakreH, To Pyu, = 0

npu n — oo. CremoBaTenbHO, MOMKHO HAWTH UHCIO Ny,; = Ny, Ta-
Koe, 9TO

1
| Prteny g lIsup {1+ || A—A) ul: u€Ds, |ul|=1}<7-
Tloatomy || Ppin,,,||<<!1 m anemenT

— -1
Up+= ” u"k-i-l_ Phunk.i.l " (unk+1 - Phunk.l.l)
onpefieneH, mmeeT HOpmMy 1 # oproromaner k D,. 3HaumT, mOCHENOBA-

TeXbHOCTH {U,} opTOHOpMEpOBaHA. Ilo mocTpoeHmio,
(A — A) Pyun, 4 | < 1/k, orxyna

“ A—A) vy I unh+1—Pkunh+1 It (A — 4) (unh.H —Phunh+1) <

< (A—A)un,, , ||+% A Beex k.
Taxam oGpasom, (A — A) vy — 0.

(3") = (4): Kaxpmasa mociemoBaTelbHOCTh €O CBOlicTBamMu, TpeGye-
muvE B (3'), obnamaer cBoiicTBamm, TpeGyemmMm B (4).

(4) = (1): Ilycrs Bumoansercs ycaosme (4) m A ¢ o, (A). Torma
aun6o A € p (A), 1a6o A ecTh M3OAMPOBAHHO® COGCTBOHHOE 3HAUOHMO
KOHOYHOM KPATHOCTH; B MI06OM ciiyuae cymecTsyer Takoe &€ > 0, aTo
‘pasmeprocts dim (E (A + &) — E (A — &)) H xomegna. ITycts mocae-
JoBaTeabHOCTh (4,) yRoBuerBopser ycaosuio (4). Ilockoasky u, —~ 0
z omeparop E (A+ &) — E (A — &) xommaxreH, To (E (A 4 &) —
—E (M —¢8)u,—>0. Ionoxam Up =U, —(E(A+ &) —
— E (A — ¢)) u,. Ouesugno, lim inf ||v,|| >0 =

A-¢ oo
10— uale> § -+ | 12—tPa| E@ un|p=
—00 A+e
A-¢ oo
e I e T
—o00 Ate

sHagut, (A — A) u, -0, 4T0 mpoTuBOpedHmT YCAOBHIO (4).
Teopemur 1.1 u B ocoGermocTr 1.2 XapaKTepu3yIT COOKTP U CyIie-

CTBOHHHI CIOKTP CaMOCOIPSIKeHHOr0 omepaTopa A B TePMHEHAX €ro

CYImMEeCTBeHHO caMocomps:Kennoro orpammyenus A. [nsa yrgoOGctea MH

Gynem mmcars o (4) 7 o, (4) BMecro 0 (4) = 0, () cooTBeTCTBEHHC
u GyneM mpu 3TOM TOBOPHTH O CIEKTPe H CYNeCTBOHHOM CHEKTpe ome-
paTopa A.
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§ 2. ONEPATOPHI WPEQHHIEPA

PaccmorpmM dopmanbEui gupdepeHnEANBHEIE OnepaTop BTOPOro
IOpAAKA, ONPENeJeHHH# COOTHOIIGHAEM

Tu= 21 (i0;+ b5 u+-qu
=

mna Beex u€Cp (R™) (C7 (R™) —mHOKecTBO Beex Geckomedno mmpde-

PeHIVDPYeMHX KOMIJEKCHHX (YHKOEA ¢ KOMIAKTHHM HOCHATEIEM

B R™), e 0,=3Z—, a by, ..., by, ¢— BeHIECTBOHHEIE HBMEPHMHI®

¢ysxnmn ma R™, Takwe, uTo |b;|* m |¢|* MOKaTLHO MHTErpHpPYeMEI
m m

u ) 0;b;=0 B curcne oGoGmennsix pynxmumit ('r. e. S ) bidipdz=0
j=1 =1
ans Beex ECy (R’”)) . HdundpdepernmpoBanme B Brpaskerum aua Tu
DOBHEMAeTCS B CMHICI® OGOOMIOHHHX (yHKIIHA.

Ilpm stux ycunommsax, ouwesugHOo, I e€cTh JNWHEHHHIA omepaTop
B npoctparctee L, (R™) ¢ o6nactsio ompegenerms D (T)=CT7 (R™),
B pasa Kaxpo# ¢pymxmmm u €D () mu mmeem

m
Tu= —A+2i ) bjo;u+tb%u + qu,
j=1

m
e b2= 2 b3. Orciopa ciepyer, 49T0
=1

(Tu|v)— (| Tvy= —21:5 S b6, (u*v) dz=0

i=t

ans ecex u, veD(T) (u‘—-cbymm;na, KOMILIEKCHO CONPS;KeHHAs
¢yBknEE u, m ckaispEoe mnpomssefesEe B Lg(R™) ompenmensercs
pasencTBoM (u|V)= S u*v dx) . Muosxecreo D (T') maorro B L, (R™),
®, sHaYHT, omepaTop I CHAMMeTDHYeH.

¥Ypaprerne IlIpégmarepa KOHEUHOH CHCTOMH YacTHI[ B KOHCEpBa-
THBHOM cHJIOBOM moie mMeerT Buf id;u = Tu, rge T — HeKOTOpHI

OmepaTrop ONMCAHHOIO BHINE THIA; TAKHe ONEPATOPH HABHBAIOTCA
noatomy onepamopamu Il pédunzepa.

Has opanoxenuit mamGonee BaskHO 3HATH ycjoBHA Ha Koaddhm-
DuenTH omepaTtopa I', IpM KOTOPHX OH CYIECTBOHHO CAMOCOLPSKEH.
‘Taxme yciosma Gunm monywens Mka6a m Karo [10]; onm BrIoOuUaoT
B ceba pAx JIOKaNbHEX OrPAHMYCHME, KOTOPHE MH ceifuac chopmynn-
PYyeM, I HEKOTOpOe I106aJbHOe YCIOBHE.

2 MHoprenc n Bafigman
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HOas ¢ > 0 m ao6oit maMepumoit pyHknuu ¢ Ha R™ monoxmm

Mg, o (2)= { S g (@) lzlx—ylb—m—ady}l/z

le-yl<i

Vo@={ | lawprda}”,

lx-yl<t

rae € R™. Ilyers Q, 100 (R™) — KIacc Bcex mamepuMHX QyHKIEH g,
Tak®x, 910 BeauyuHa M, o (7) KoHeuHa mpm Bcex z€ER™ m (dymHk-
nusas M, o OrpaHAYeHA HA KAKIOM KOMIDAKTHOM IOAMHOKECTBE IPO-
crpancTea R™. Yepes Q, (R™) o603HaUWM MHOKECTBO BCeX (QYHKIHA
q€0Qq, 10c (R™), nnsa roTopux ¢ynkmusa M, . orpanudena Ha ecém R™.
Ecam ¢€Qu, 1oc (R™), TO o¢yEknma N, HenpepHBHa, a €CIH
g€ Qq (R™), 10 N, orpanmuena va R™.

21. Jlemma. Iyemv a>0 u *€Qq,10c(R™). To20a g€
€ Q348, 10c (R™) dss arbozo B€]0, —°2‘—[ u npu ecex zER™ cnpased-
AUBOD HePaseHCmeo

(Mg, 948 (2)P<LCM g, . (),

20e C > 0— koncmanma, He 3asucsyas om q u Z.
a
Hoxasarenscrso. Jlna f€]0, —- [ mmeem

2
la@) Pla—yP-m-Bdy} <

lx-yl<i
< | le—ypmay [ [q@)Bla—ylt-medy=
Je-yi<1 Jx-yl<1
=238 S lg @) |*|z—y|t-m-=dy,

lx-yl<1

rme ©, — mromans egmangHOA chepu B R™. Jlemma moxasamna.

Berony panee Mu Gyzmem mpefmosaraTh BHIOJTHOHHHME CI6TYIOMAS
JOKaNbHHe ycaoBuA Aixd KoddpdunuentoB omeparopa Ilpégmurepa.

22. lpegmoanosxennsn Dyukyuu by, ... b, u g eewe-
cmeeHHbl; das Hekomopozo o > 0

m
b= 52!1 b; € Qa, loc (Rm) uqc Qa. loc (Rm);
8 cmbicae 0606UeHHIT PYHKYUL BHNOAHAEMCS COOMHOULEHUE

m
8jb,-= 0.
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3aMeTuM, YTO W3 HTUX NPE/IOJOKeHHH BHTOKAET CIPaBeJIHBOCTH
BCeX YCJIOBHit, YIOMAHYTHX B Hadaje maparpada; moaToMy onepaTop
T cummerpmuen. Kpome Toro, B cumy demms 2.1 bj € Qqip. 100 (R™)

o
s 0 < B <.
B pnanpBeHmmX ONmeHKax MH MCIOJb3yeM 0003HAUYCHHE

llulle= { i |u(@) e},

rge Q — orkpuroe MHo)xecTBo B R™. Uepes 2, o603Havaerca oTKPH-
TOe MHOKECTBO, COCTOAINE® M3 BCOX TOYCK, PACCTOSHHE KOTOPHX 0
MeHbINe, 4eM p.

2.3. lemma. Tyemv >0 u q€Qq, 10c (R™). To20a cywecmeyem
xoncmanma C (3asucawas om m u Q), marKas, wmo

| qu la < Com> || Mo, ot |lg,-+Co~m/2 || Nou o,
045 ecex u€Cy (R™), p€]0, 1] w ecex omrpumuz mroxcecme QR™.

2.4, JTlemma. ITyemv B0 u b;€ Qo4p, 10c (R™). To20a cywecmeyem
xoncmanma C (sasucawas om m u P), maras, umo

m
| 2, 21 la < CoP2 || Mo, 31p8ulla, +Co=m2=1 | Nou g,

Oas acex ucCy (R™), p€]0, 1] u 6cex omkpumuz mHoxcecme @ — R™
m

(sdece b= [52 b2}'2).
=1

I[OK&B&TEJIBOTBO 9THX JIeMM OIIHpaeTCda Ha TOMKJEeCTBO

@8) u(@=—[k(z—y)Au@dy+ | ko (lz—yl)u)d,

cupasefnmeoe s Beex u € Co (R™) u Bcex p > 0. 3pecs k, 1 b,
(mns purcmposamHoro p > 0) — BemECTBOHHHE HeNMPEPHBHEE HA HO-
aynpsamoit ]0, oo] ymrumum, ToMmecTBeHHO paBHHe Hyaw Ha [p, oof,
HMeI0MHAe KyCOYHO-HeNpPePHBHEE IPOM3BOLHEE H YAOBIETBOPAIOMHE
(B crywae m > 3) cnemyomuM HepaBeHCTBaM:

|k | <O ™, |k () [<Crt™,
Lhe (M <CO™, | Bplr) | <Cp™
opm r << p, rae xKoncranra C He 3aBmcuT oT r m p. Takme dynxmuEm

Onnm mocrpoern Iltymmenem [25]. Mu mokasmem memmu 2.3 m 2.4
TONBKO AN ciydasg m = 3.

2+
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JoxasaTEnbcTBO aEMMH 2.3. Hduaa u € CP(R™) = p €0, 1]
m3 ToKmecTBa (2.5) BHTEKaeT, YTO

lu@p<{c [ la—yP™lau()|dy+
le-yl<p
2
+eo™ | [u@ldy}'<
lx-yi<p
<2 | Je—ypmdy [ |e—ylomeeldu @) pdy+
Jx-y|<p le-yl<p
+ 2C%p72" S dy S lu (y) Pay <
le-yi<p  lx-yl<p
<cor [ a—yfmooflu@)pdy+
lx-yi<p
+epm [ Ju@Pdp
lx-yl<p

YMuO0%HEM 000 YacTH HOJYYeHHOro HepaBeHCTBa Ha | ¢ (z) |2, mpomn-
TerpupyeM mo Q H IOMEHAGM HOPALOK HHTEI'DHPOBAHHA; IONYYHM

Houls <Cio= [TAu@P | le@Pla—yfi-m-edzdy+
Q

lx-yi<t
+eom [ lu@p | le@pdsay=
Q lx-yi<t

=C1p%|| Mg, sAu|id, +€10™™ || Nou |12,

9T0 ®H TpPe6OBaNOCH TOKA3aTh.

e S)I[OK‘ABATEJIBCTBO aemmel 2.4, [Ipopuddepernupyem TosxmecTso

o @)= — | k(z—y ) L= Au ) dy+

shp(lx—yl) TE=tku (y) dy.

Ilpomssons omeHKE Tak ke, Kak m B JeMMe 2.3, maifem, 9To
lendu@P<m{C | le—yr™|au@)ldy+
lx-y|sp

+Cp ™t S Iu(y)ldy}2<

lx-yi<p
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< Cgpb S |z—y "™ P| Au (y) Pdy +

lx-v|<p

+Co™ | Ju@Pay.
|x-y|<p
IToatomy

I3 sonff< 1t @Plemtu@p de<
=1 Q

<Czp“SIAu(y)lz S |b(2)|lz—y|* ™ Bdzdy+
2 |x-yi<t

+Cp™2 flup | 1p@pdzdy=
e, [EZSTIES
= C20B|| M, 24pAu ||‘22‘, +Cap™2|| Nou "g‘,v
910 u TpeGoBasOCH KOKA3aTh.

2.6. lemma. MycmvP > 0u p € Qgrp, 10c (R™). To2da cywecmeyem
Koncmanma C (sasucsuas om m u P), maxas, wmo

Il Pu lia < CpP/2 || Mp, 348 grad u ||0‘,+ Cp~™/2 || N pu lle,
84z scex ucCy (R™), p€ 0, 1] u ecex omxpumuz muoacecme Q < R™,
HoxrasaTeascreo. Warerpupysa (2.5) mo wacTaAM, mONydIEM
m
@ =— | K(z—y) 3 ZL=L o) dy+ | ho (|2 — y)u)dy,
i lz—yl
OTKY/8 CJEAyeT OIeHKa
lu@p<{c | |s—yp™|gradu()|dy+
I=-yl<p
2
+om [ eia)’<
lx-yl<p
<Co? [ o—y[TmP gradu ) Py +
lx-y|<p

+Com [ JuG)Pay.
lx-y|<p
Yuuoman Ha |p (2) | & MHTETPHEDPYA mo Q, HpufeM K HepPaBeHCTBY

I pu |2 <CspP || Mp, 48 grad u ||5p+ Csp™™ || N pu ||(’2p,
¥O0TOpoe m TpeGoBandOCh MOKA3aTh.
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C moMomp1o emm 2.3 1 2.4 MOKHO B OJJHOM Ba;KHOM YaCTHOM CJIY-
9ae [0KasaTh CYMIECTBEHHYI0 CaMOCONPSIKeHHOCTH omepatopa I.
Haunmem ¢ mpocrefimero caygas by = ¢ = 0. UssectHo (cM. Kato
[15], V.5.2), uto omepatop I = —A CymeCTBOHHO CaMOCOIDsKEH.
Omneparop oGmero Buia 0603HaumM gepe3 S u 3ammmeM ero B Gopme

m
S=T+4+A4, rne T=—Aud = 2ij2 b;jd; + b -+ g. Omepatop
=1

A mnasmBaerca T-ozpanuuennum, ecau D (A) > D (T) =z |Au|| <
< allull + b ||Tu|| mna scex ¢yurmmir u € D () ¢ meorpmmaTens-
HEIMM KOHCTAQHTaMH a, b, ue 3asucamumu ot u. Oupenenmm T-zpanuyy
omeparopa A KaK TOYHY HIDKHIOIO I'DaHbB MHOMKECTBA 4mceld b, Takmx,
qro mpHE HEKOTOpOM g > () BHIOJNHAETCA HANMCAHHOE BHIN® HOPABeH-
CTBO. ’

Xopomo m3sectmas Teopema Pemmmxa (cm. Karo [15], V.4.1)
yTBep/KAaeT, 4To ecam omeparop I CYMECTBEHHO CaMOCOIDSIKOH,
a omeparop A cmmmerpuyer u I'-orpasmueH ¢ T-rpanumeit, MeEswei 1,
To omeparop S= T 4 A .cymecTBeHHO CaMOCOIDSKEH, €ro CaMo-
compsykeHHoe 3aMuikaHme S pasHo I 4+ A m mmeer ob6xacTs ompepe-

aemma D (S) = D (7).

27. Teopewma. ITyeme by, ..., by u g ydossemsopsiom npedno-

aoxncenuam 2.2 u, kpome mozo, b? € Qq (R™) u g € Q¢ (R™) dua Heko-
m

mopozo & > 0. Tozda onepamop A = 2i)) bjd; + b® + q ¢ obaa-
=1

cmoio  onpedesenus D (A) = Cy (R™) seasemcs T-ozpanuneHHuM
(T = — A) ¢ T-zpanuyeii nysv.
JorasatEnscTBo, Ilyers P € ]O, %—[. Torpma, cormacHo Jem=-

mez2.1, dyarmua b € Qyrp (R™). Oymrmmn My, o, Mps, o B Mp g1
orpanmyenn. ITosTromy B cmay memm 2.3 m 2.4 cymecTByeT KOHCTaHTA
C, (ue 3aBucaman oT p u u), Takas, 9To AiaA Bcex pyrkmui u € D (T)
m p €]0, 1] BumOnHAIOTCA OMEHKHE

qull <Cup?2 || Tull4 Cop~™2 || Nqull,
1 6%u || <Cup™2 || Tu ||+ Cup=™/2 || Noau |,

m
| 2381 05| <Cup®> | Tull 4 Cip=ms2=4 1| Nou |
H, CJIeA0BAaTeJbHO,
@8 |l Aull<ACipH? | Tull+4Cip=m/2=4 || Null,
rmge

Na={ | teme+ipompe+ivwiaag}”.

lx-yl<t
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Qyuxuma N orpammuena, ckamem, N (r) << C; nuaa Bcex x € R™.
Ilo pamnomy & > 0 BmOepem Takoe p, €] 0, 1], aro 4C,pf2 < e,
n monoxuM a (g) = 4C,Cspy™/2"Y. Torpa B cmay (2.8) mas Bcex
4 € D (T) cuopasemnmeo mepaseHcTBO ||Au||l<< a (e)]| ull + & ||Tull,
9T0 I TPeGoBAJOCH OKA3ATH.

29. Canepgctsue. Onépamop M pédunzepa S ¢ rosguyuenmanu
by, ..., bm, g, ydosaremeopaWUMU NPEANOAOHCEHUAM MEOPEMBL 2.7_,

CYWECMBEHHO CAMOCONPANCEH, U €20 CAMOCOnDANCERHOe pacuuperue S
umeem obaacmo onpedeaenus D (S) = D (T), 2de T = — A.

§ 3. BOSMYLLEHHA, MAJILIE HA BECKOHEYHOCTH

B nannom maparpade paccmarpmBaoTcs Bo3mymenusa S = T + V
omeparopa Illpénuurepa I'. Ilpm sToM Bcerga mpepgmozaraercs, 4TO
T — cymecTBeHHO camocoupsprenHsit oneparop Illpénmurepa ¢ obra-
creio ompenenemma Cy (R™), a V — cuMMeTpmumHi#t omepaTop
¢D (V) = D (T). Mu ue TpeGyemM, 0AHAKO, YTOOE omepaTop S TakKe
6mn omepatopoM Illpénumrepa B CMECIe OIpeNeNeHHsA, MLAHHOTO
B § 2. Takum oGpasoM, [JONYCKAIOTCA HEIOKAJIbHEE OmEpaTopu V
(r. e. omepaTopH, AaA KOTOPHX HocuTeab PyHkmum Vu m He Bcerma

comepskurcss B Hocmrene Qynkmmum u faa u € C; (R™), takme, Kak
HMETerpajJbHEe WIH mHTerpo-guddepeHnmanbare omeparopu. Hexo-
Topsie npuMepH GyayT npusenens B § 4. Hama raxaBuas meas cocrour
B TOM, 4TOGH YCTAHOBHTH CBA3b MKy CYLNIECTBeHHHMH CIEKTPaMU
0. (T) = o, (S) (B mpepmonoxenmd, 910 S CYLIECTBEHHO CAMOCOLPA-
#KeH) Opm HEeKOTOPHX ycaoBmsax Ha V. Jlyumee mssecTHoe ycaosme
TaKoro tuma — 310 I-KomnaxmHocmi omeparopa V.

Iycrs T 1 V — omeparopu 8 H. Onepatop V uasusaerca I'-kxom-
naxmuuin, eciu D (V) D D (T) u nua xanoi orpaHdyeHHO: mocie-
posarexabuoctH (f,) B D (T), mas xoropoit mocaegosarensuoctb (I'f,)
TagKe orpaHmueHa, mocixepnosareasHocTs (Vf,) comepkmT cxoms-
fyloca IOAMOCIE0BATENbHOCTh. JTO OIpee]eHHe MOKHO cdopmy-
amposats 0ojiee MPOCTO, eCAW MCHOaL30BaTh HoHATHE 2pagura G (T')
oneparopa I. Ilycrs H @ H o6Go3mauaer ruis6eproBo HpOCTPAHCTBO
BCeX yHopamodeHHHx map (f, g) anemenTos us H co cKaIApHHM Ipom3-
BegermeM ((f, &) | (f', &) = {f |f')+ (g |g"). Torna, mo ompene-
aenuo, G () — sro mogupocTpancTso npocrpancrsa H ® H, cocros-
mee us Bcex map (f, I'f) ¢ f € D (T). Ecau D (T) < D (V), To orobpa-
kenme (f, T'f) — Vf ectp nuneitunit omeparop L u3 H @ H 8 H ¢ 06-
anacteio onpenenenus G (7). Oueparop V sBasercs T-orpaHm4eHHEIM
TOrga ¥ TOJNBKO TOrfa, Korga omepaTtop L orpammueH, m I-KoMOAaKT-
HHM TOra H TOJBKO TOrxa, korga L xomMmaxrten. CiemoBaTenbHO,
ecim omeparop V samaserca T-KOMOAKTHRIM, OH Tak:Ke I-OrpaHmYeH;
CHpaBe[IEBO, OfHAKO, MHOTO (ojiee CHIBHO® YTBODKACHHE: eCIH
omeparop V 3ammkaeMm (T. e. ofxajfaeTr 3aMKHYTHM paciIMpeHHEM)
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m T-rommaxTteH, To 0oH T-orpanmueH ¢ I-rpaEmmeil HyJIb (CM. HEKO
caencreme 3.4 mam ToappGepr [5], cxencreme V.3.8). Ham momapo-
Gurea Taxke ciepyrommit dakT: ecam omeparop V T-orpammen, TO
A KaKpoir mociaepmosatensHocTd (f,) < D (T), mas xoropoi fp, — 0
n Tf, — 0, sunonrgerca coorHomenme Vf, — 0. Uto6u moxasats
970, 3aMeTHM, 4T0 omepaTop L orpammden, a mOTOMY HempepHBeH
H, CIEIOBATEIBHO, CJ1a00 HEmpepHBeH. JTO O03HAYAET, 4TO IJIA KaskK-
moit mocaenosareasrocra (f,, I'f,) B G (T), cnabo cxogameiica K HY-
ao, Vi, — 0; 5o (f,, g,) cxopurcs caabo x myao B H @ H Torma
¥ TOJBKO TOrma, Korga f, ~ 0 m g, —0 B H.

34. lemma. IIyemv T u V — makue sambikaeMbie Onepamops
6 euavbepmosom npocmparcmee H, wmo D (T) = D (V), u nyemo T

u V — ux samukanus (m. e. HaumeHbUUE 3AMKEHYMbBE DACUUDEHUSR).
Toz0a caedywowue ymeepicdeHus IKBUEBANCHMIHL:

(1) onepamop V seasemcs T-komnarmuuim;

(2) das raxcdoili nocaedosameavnocmu (f,) B D (T), maxroii, yumo
fa—0u Tf,. — 0, ewnoansemcs coommuowerue Vi,— 0;

(3)D (T) = D (V), u 45 xaxdoii nocaedosamenvnocmu (f,) 6 D (1),
maroii, ymo f, —~ 0 u Tf, — 0, eunosnsemes coomnowenue Vi, — 0;
(4) onepamop V seasemcs T-Komnarmmuwim.

Joxrasateascrso. (1) = (2): Ilyers (f,) — mocumemoBaTexsHOCTH
B D (7), rakas, aro f, — 0 m Tf, — 0. Torga, xax moxasano BHImIe,
Vi, — 0. IIpegmonoxmm, uro Vf, He cxomuTcs cuiasHO K Hyao. Torga
[aA HOKOTOpOro & > 0 W HeKOTOPO# IOCJIe[OBATONHLHOCTH (n;) HMEeT
Mecto mHepaseHCTBO ||Vf,.|| > & mas Bcex j. Ilockompky mociaepmoBa-

reabsrOCTH (fn j) u (Tf, J) orpaHm4eHs, To B cmay (1) mociepmoBaTexn-
Hocth (Vf,,) comep:KuUT HEKOTOPYI CXOAAMYIOCA IOANOCIONOBATENB-
HOCTH (me ), a nockonsky Vi, , — 0, To MH Tax:xe ameem Vf,, ;> 0, o,
970 npomnopeqm‘ sepaseHcTBy ||Vf, ; | > e.

(2) = (3)- Us (2) CIeIyeT, uTO MiA KaKHA0M IMOCIeLOBATeIbHOCTH
(f») 8 D (T), Tako#, uro f, > 0 = Tf, — 0, Mmu umeem Vf, — 0, 1. e.
omeparop V saBiasercs I'-orpaHEIOHHEIM. IIoa'romy IJA KamIoi mocie-
mosarensuocra (f;) 8 D (T), Takoit, gro (f,) u (Tf,) cxoasarca cmiabHO,
nocienosarenbrocTs (Vf,) Tammge CXOQHTCA CHIBHO. Orciona cie-

nyer, aro D (T) = D (V), u omeparop V sapaserca T-orpaHEYeHHEIM.
Mycrs (f,) — mocaeposareasmocts B8 D (T), rtakas, aro f, —~0
z Tf, —~ 0. Torga cymecTByer mociegosarexsHocts (g,) B D (T),
IIg KOTOpOiE fn — gn =0 m T (f, — g,) > 0. Cnemosarensro,
V(o —g)—>0, go—0mu Tg, — 0. B cmry (2) MH Tarxe mMoeMm
Vg, > 0 m, snaunmr, I7fn = V(fn — gn) + Vg —> 0.

(3) = (4): Iycrs (f,) — Taxas OorpaHEYeHHAs IOCIEAOBATENb-
gocts B D (T), aro mocmepmosarensrocts (Tf,) Takike orpaHmYeHa.
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Torga cymectByeT caabo CXONAMAACA MOLIOCIENOBATEABHOCTE (fpn 1)0
pas xoropoii (T'f, !) TaK;Ke crabo cxomuTeA; MyCcTh fp = fuaTf, Pt £

Tpapmx G (T) ectp 3amMkEyTO® mommpocTpancTso B H ® H, moaromy
G (T) cnabo 3aMKHYTO H, CIIETOBATONBHO, g = Tf. Ho cooTHOmeHms
j,.] —f—=0uT(f ;T f) = 0 BaexyT 3a co6oii B crmxy (3) cooTHOme-
mue V (f, ;= f)—= 0, T. e. mOCIEROBATEIHHOCTDH (Vfn j) CXOfIETCA.

(4) = (1): 910 ouemmamo, Tax xkak D (T) <= D (V).

OrpaamumMca fajnee paccMoTpeHmeM omepaTtopos B L, (R™).

3.2. Teopewma. Ilyemv T u V — maxue sambikaemeie onepamopus
¢ Ly (R™), yumo D (T) < D (V).

(1) Ecau onepamop V ssasemcs T-komnaxmuum, mo 043 kaxndozo
e > 0 cywecmeyem makas @Pynryus ¢ € C;° (R™), wmo || Vu || <
<e(lull+ N Tul) + | @ u |l 42 ecex u € D (T).

(2) Ecau 0as kawmdoli gywkyuu ¢ € C; (R™) onepamop u —> Qu
T-xomnaxmen u ecau cnpasedauso saraioveHue ymeepacdenus (1), mo
V saearsemca T-romnarmuuvim.

HoxrasateascTeo. (1): Ecam 310 yTBepxieHEe HEBEpHO, TO
cymecTByeT Taxoe & > 0, uTo aaa Kaxmoir ¢ymkmmm ¢ € CP (R™)
-pafigerca ¢ymknma u € D (T), ymosaerBopsiomias COOTHOMIOHUAM
Hull+ I Tull=1=| Vul| >¢e+ || gu|. Jua xaxmoro n BHbe-
peM @, € C;’ (R™) Tar, 9robH @, (z) =n pua |z |<<n, & Un €
€ D (7) rax, wrobm || up, || + || Tu, || = 17 || Vu, || > & 4+l @attn ll-
Hockonbry mocaegosarensmocts (Vu,) orpammueHa, MH HOIYYEM

7 (@) Pde <l guta I <1 Vit [2<C
jxl<r

Aas Bcex n =>r. Mu Tamke mmeeM || u, || <<1 m, caemoBaTexnHoO,
U, — 0. IIpegmomosxmm, garo D (T) mnoreo (8 L, (R™). Torma T*
eymecreyer, D (T*) mmorro m (v | Tu,) = (T*v |u,)—>0 pas
raknoit pyermum v € D (T*). Hockonbky mocaenosareasrocTs (Tu,)
orpanmueHa, orciona ciaegyer, aro Tu, — 0. Ecau D (T) ne mioTHO,
To paccmarpmsaeM I Kak omepaTop ws ruis0eproBa IPOCTPAHCTBA
D (T) 8 L, (R™ m paccymnaeM, kax pambme. Takmm o6pasoM,
Tu, - 0 B ;06oM ciydae, W, CIeTOBATONbHO, B cmIy demMs 3.1
Vu, — 0, aro mporusopeamr HepaBeHcTBY || Vu, || > e.

(2): B cuny aemmu 3.1 HaM [0CTaTOYHO I0KA3aTh, 9TO COOTHOIIe-
mas u, — 0, Tu, — 0 BueryT 3a co6oit coornomernme Vu, — 0. Mu
MoKeM mpepmonarats, 4to || u, || + || Tu, || < 1. Jlaa opomsBoiab-
Boro &>0 cymectsyer ¢ymknma ¢, € C, (R™), takas, uro
N Vu, 1 <e(lun ll + Il Tun |) + || @etn || a1 Beex n, & @ettn > 0
B cmiy Hammx ycaosmit um Jgemmu 3.1. CaxepoBareabHo,
li_’m sup || Vu, || < ¢ u, smawwr, Vu, > 0.

00
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33.0npengenenne. Ilyetb T u V — oneparopu B Ly (R™).
Omneparop V BasuBaetcs T-masum va bGeckonewnocmu, ecad oR T-orpa-
HOYeH ¥ eCIH AJA Kaxmoro &€ >  cymectsyer Taxkoe ymcio r (g) > 0,
aro || Vul|l<e(lull+ || Tu|]) maa Bcex u € D (T) rakmx, uro
u (z) = 0 mourm Beiony B mape {z: z € R™, |z | < r (e)}.

3.4 Jlemma. Ecau T u V — samuraemvie onepamopu ¢ L, (R™)
u onepamop V seasemcs T-komnarxmwum, mo onw T-ozpanuuen ¢ T-
zpanuyeli, pasnot Hyao, u T-man Ha Geckomewnocmu.

Joxasatenscreo. Ilpumenum yrsepsxnenme (1) Teopemmt 3.2.
Tlepsoe yrBepxnenme neMMH cienyer u3 omeHKHE || @u || << Ce || u ||;
BTOPO® mOXyqaeTcsi, ecay HoAoxuth r (g) = sup { |z 11 & € supp @g}.

Yro6u upmMenuth Teopemy 3.2 k omeparopam Illpémuerepa, mam
OynyT HY;KHH HexoTopHe jemMu. Hak um B § 2, MH Bcerfa mpepamosa-

raeM, uTo obmacTh ompenemenma Hamero omeparopa ectb Co (R™)
M 9TO ero KO3QPMIHUeHTH YAOBAETBOPAIT IPEANOIOKOHHAM 2.2.
HanmomenM Takxe 0Go3HaIeHHE

Q={xcR™ |z—y|<<p Ana =mexoTOporo y€ Q}.

3.5. Temma. ITyemv T — onepamop IMpédunzepa 6 L, (R™).
Has raxcdoti ozparunennoii omrpumoti obaacmu Q — R™ u kaxcdozo
p €]0, 1] cywyecmesyem maras rkowcmawma C (R, p), umo

Il Aulla<C (@, p) {ll wlig, + 1| Tlia }!
npu ecex u € D (T).

Hoxasareascrso. Bosemem f§ €] 0, %—[; Torga B cmny memMmu 2.1

b€Qs8,10c(R™) m p=|gq !”2 € Q248. 10c (R™).

J 1A faHHHX OrpaHMYeHHOrO OTKPHTOro MHO;kecTBa Q — R™ m wmcxa
0 €]0, 1] Mu0xecTBO Q, TaKIKE OrPAHEYEHO, M IOTOMY BCe QyHKIEE

Mq. o qu Mb’,;, Nb’) Mb, 248, Nb,‘Mp, 248 Np

orpammuens B Q,; mycts C, — mx o6mas BepXHAsA I'paHMIa.
3amenum B xemmax 2.3, 2.4 m 2.6 Q, u, p coorsercreenno Ha ¥,

v, o. Torma mus Bcex OTKpHTHX MHOKecTB ¥ m wmcen o € J0, 1],

TakEx, 9ro Yo < Q,, m maa Bcex v € C;" (R™) Mu uMeeM OLNEHKH

Il v lle + 11 0% lle < Cy (0%2 || Av ||g, +0-™/2 || v |lw,),
|2 5=21 by v |l < Cy (082 || Av ||, 4+ 0-™/2-1 |1 ||),
(3.8) ||+ pvlle<Ci (0#2 | grad v]lw, + 0-™2 ||v|lw,),
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rae C, = 2CC,, C — xoncranTa m3 semM. CienosaTeasHo, C, 3aBm-
caT ot Q | p, HO He oT v, ¥ mam 0. CkaankBas MBa NOPBHX HEPABOH-
€TBA, MH IOJYIUM

3.7 | Av |lw <2C, (0¥3)]| Av ||, 4 0-™/2-1 || |lw,),
rHe

A=T+A=2i321 bj0; -+ -4q.

Iyere p, = p/3 = BemecTBennan gpynxuus ¢ € C; (R™) ¢ HOCHTEMOM
B Qp, TakoBa, uT0 @ (z) = 1 masa Bcex x € Q. asa u € D (T) Bo3smem
B(3.7) v=ou, ¥ =Q, 2 0< p, Tar xax mocurens ¢yHrmmii v,
Av, Av copepsemress B ¥, TO MB BHAEM, 4TO

| Av || <2C, (o2 || Av || -0 -m/2=1 || » |)).
@uxcupyeM Temeph Oy << pp TaK, YTOOH 20,08’ 2<1/2. Torpma
HAv I <N To I+ 1] Av Il TvIl+%l| Av||+Cellv]l,s
rpe C, = 2C,0;™2-1, u, cremoBareibHO,
(3.8)  Aulle<II AV | <2|| T (@u) || +2C, |l pu || <
L2|| @Tu||+2C, || pu ||+ 4|l grad g grad u || +

+21 Aoy ull+4]l (Z sore)ul<
<Cs{l Tulla, + 1l grad u lla,, + | 2 llay, + 11 v lla,}

¢ HEKOTOPOi HOBO# KoHcTaHTOM C,, 3aBumcameit or C, W BOPXHHX
rpaEnn QYHKOEA @ X ee HMPOM3BOAHHX, & CJIELOBATOIBHO, OT § H p.

BuGepem Bemectsennyno ¢ymxmuio P € Cy (R™) ¢ HocmTenmem
B Q,,, Takyo, u9To VP (z) =1 mpm z € Q,,, 7 monOKEM W = Pu.
Tornma

Iperadulp={ $2 3 |oupde<
j=1

<2 S P2 {% |(i0,-+bj)u|2+b’|u|2}dx=

j=1

=2 [u* 3} (10,48 (420, + by) ul da+ 2 | bw | =

=1

=2 | {¥Pu* (Tu—qu)+290u% 3} 00) 05+ } do+
=1
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+ 2| bw |2 =2 (w| $Tu)— 2 (w|qu) +

+4 ult 3 O) @05+ b)wy +4illugrad v P+

§=1
2w [P wlP+ || $TulP+2 || pw P+

1
+35 |l grad w |2+ 3|1 bw |2+ Co | v |1, 0

rape C, — BepxHsaa rpammna pas 136 | grad ¢ |2. W3 aroit omeHkH
BHJHO, 4TO

llgrad w|2<2 || p grad u|*+2 || ugrad p |P<

<l rad w6 | b |- 1| pw P+-Co (1 T 18,11 w 1)y
AIA

3.9) I gl‘adwll+Ilbwn<%llgradwu+4ll bw ||+
+4llpwll+Co(ll Tulla, + 1l vllay)-

Hanee memompayem (3.6) ¢ ¥==Qs,, 0<<p, (Tar ar0 ¥o = Q3p, =
=Q,) 1 {yHKnHme# v, 3aMeHEHHOE HA W; 3TO JaeT

llow ||+l pw || <Cy (082 || grad w || +-0-"/2 ||w ]).

BuiGepem 0, cToas Manoe, ato 4C,08/2.<< 1/4 (m 0y << p,); mOACTABIAA
9T0 HepaBeHCTBO B (3.9), moxyamm

Il grad w |+ || bw || <C7 (Il Tu lla, + 1| % lla ),

tne C;=2[Cs+4C,0;™/2]. Tar war w(r)=u(z) mna Bcex zE€Qpy,
MH EMeeM

Il grad u lig, -+ 1| bt llay, < C (I Tu lla, + 1l wlla,),
H HCKOMHIA pesynbrar BHTeKaeT u3 (3.8).

340. Nemma. IIyemv T — onepamop IHpéduneepa ¢ L, (R™);

mozda 045 Kaxcdol gynkyuu ¢ € Cy; (R™) onepamop u — Qu seasemes
T-komnaxmuoiu.

HoxasaTtEnscro. Ilyers (u,) — mpomsBodbHAA OrpaHHYeHHAA
mocaenosarensuocTs B D (T), maA KOTOPOH mIOCIeI0BATEIABHOCTH
(Tu,) rawme orpammyeHa. Ham Hamo AOKasaTh, 4TO JIAA KaMKA0H
dyexnam ¢ € C; (R™) mocaepoBaTenbHOCTH (QU,) CONGPIKHET CXOAA-
mylocsi mogmociefosaTenbHOcTh. l1lycts Q — R™ — orpammuennoe
OTKDPHITO® MHOKECTBO, COMep;Kamee HOCHTeNb QYHKOmE ¢, H p €
€10, 1]. O6oznagmm wepes v, m Av, orpaBmYeHHA Ha 06macTh Q,
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-

COOTBOTCTBEHHO PpyHKIHH U, 1 Au, ¥ 96pe3 w, — OrpaHmIeHHe QYHK-
nuafu, Ha Q. B cmny mpenmonosxennmsa m aeMMH 3.5 (npEMeHeHHOR
K Q, BMecro Q) mocaemoBarexpsocTE (v,) ®m (Av,) ~orpaEmueHH
B L, (Q,). U3 rompecrBa (2.5) BHTekaer, aro w, = — K Av, +

H,v,, tne K, m H, — KOMDAKTHHe HHTerpajbHHO OIEPATOPH
us L, (R,) B L, () (cm. Noprenc [13], Teopema 4.2). IloaTomy mocae-
HAOBATENBHOCTH (w,) B L, () comep:XAT HEKOTOPYIO CXOAAMIYIOCH IOJ-
LOCJIe{0BATEIBHOCTE (W, j); OTCIOfia CJIERYeT, 9TO IOCJeX0BATONbHOCTD
((pu,l:() CXOIMTCH, 9TO M TPe0OBAJIOCH JOKA3aTh.

oMGuHEpYs Teopemy 3.2 m aemmy 3.10, momywaeMm ciaemyrommit
pesyJabTar.

341. Teopewma. IIyemv T — onepamop M pédunzepa ¢ L, (R™),
a V — samuraemwii onepamop ¢ D (V) > D (T). Tozda 0as T-kom-
nakmuocmu onepamopa V Hneobzodumo u docmamouno, umobul 0as

kaxdozo & >0 cywecmeosara maras Pynkyus ¢, € C; (R™), umo
Nvull<<e(Wull+ 1l Tul) + |l e ||

npu ecex u € D (T).
Hammm eme oxmu KpmTepmit T-KOMDAKTHOCTH, KOTODHA HHOTAA
6onee yroben mas mpUIOKeHHH.

3.42. Teopewma. ITyemv T — onepamop I pédunzepa ¢ L, (R™),
a V — samwx aemnii onepamop ¢ D (V) > D (T). Tozda drs T-rom-
nakmuocmu onepamopa V neobxodumo u docmamouno, wmobs onepa-
mop V 6ua T-mas na 6eckoneunocmu u T-ozpanuuen ¢ T-zpanuyel
Kyab.

JloxasaTRancTBo. HeoOXomuMocTh HaMm ysKe YcTaHOBJIeHA (ciaen-
creme 3.4). Jloxaxem gocratounoctb. Ilo mammomy & > 0 BHGepeM
r > 0 rak, 9T06H

IVull <z Wwil+1Tul)

nas Beex Gpyurnmit u € D (7), obpamatomuxcsa B ByAs Opd |z | < 7.
BriGepem eme umcao a > 0, aaa KoToporo

I Vell<alluli+Z N Tull
npr Beex u € D (7). Ilycrs ¢ymkmma ¢ € C5 (R™) rtaxoBa, u9ro
@) =1mpm |2 |<ru0<o¢ () <1 opm Bcex z € R". Dyn-
mas (1 — ¢) u pasEa Hy;o npm | 2 | << r, m, caegoBaTeNbHO,

(343) |Vull<[[Voull+IV(E—g)ull<
Lallgull+7 I Toull+7 (l (1 —)ull+ I T 1—g) u )
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npm Beex u €D (7). Haxee,
Tou—gTu=(1—@)Tu—T(1—9q)u=

=2 grad ¢ grad u + (Ag) u+2i (2 bj9;p) u.
=1
B cuny nemm 2.3 u 2.4 HOpMA IONYYSHHOT0 BHIPAKEHUS OMEHUBAGTCH

BeJIWYMHOR
M|l Au|lg,+C (n) ” U leg

rge Q — HOCUTeNb QYHKIOUM @ M 9HUCIO 1) MOKHO B3ATH CKOJb YTORHO
MalHM. A 3Ty BeIWYUHY, COIJIACHO JeMMe 3.5, MOMKHO B CBOIO Od9e-
Pexb OIeHHUTH BEIHYWHOM

nC (R4, 1) || Tulg,+ (nC (R4, 1) +C (M) Il u|la,.

BriGepem n Tak, aro6u nC (2, 1) < 1. C yuerom moxyueHHHX ome-
HOK HepaseHcTBO (3.13) naer

| Vu | <alll gull 4+ (Il @Tw || + | Tullo) +

+ 72U A= ull+Il (A=) Tull+ || Tulla) +C |l ullo <
Le(llull+ 1fTul) +C v g,

Haxomen, ecam Mn BunbGepeM ¢ymrmmio ¢ € C; (R™) tak, wrobm
@e (z) = C’ mpm Beex z € Q,, To, ouesmuuo, C’ || u || 0, < |l et I,
u B cuay teopemu 3.11 Bce moxasamo.

344. Cnepgcrsme. IIyemv T = —A, D(T) =C; (R™) u
A=2i'2b;a;+b2+q, D(4)=D (),
=1

20e by, ooy by, g aeu;ecmaennu, b* € Qo (R™), q € Qu (R™) dan

Hexomopozo a > 0, 2 dib; = 0 6 cmucae o6obuennuxr Pynryuii u

Npz () = 0, N, (2) " O npu | z | - oo. Tozda onepamop A seasemcs
T-no.unanmubm

JIIOKABATENECTBO, Omepatop A CHMMeTpHYeH H, CIEJOBATENBHO,
saMHKaeM. B cuny reopemst 2.7 ou I-orpanmuen ¢ I-rpanumeil HyJIb.
Onenka (2.8) sumonnaserca mua scex u € D (T mp €]0,1]; dynx-
nus N B 3TO# OmeHKe, OO YCJOBHIO, CTPEeMHATCA K HYMIO Opm |z | —
— oo. [lna mammoro & > 0 BuGepem cagama p € ]0, 1] rax, arobu
4C,oB% < e, a sarem r (e) >0 rax, arobm 4C,p ™*-IN (x) <e
npu Ix | >r (e). Dua scex ymxmmit u € D (T), oﬁpam;alomnxca
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B Hyas upm |z | < r(e), BumoaHserca HepaBeHcTBO || Au || <<
<e(Jull+ HTul). Ilosromy omeparop A saBaserca I-MamxkM
Ha 0ECKOHEYHOCTH, W, CJIELOBATEOIbHO, OH I'-KOMIOAaKTeH IO Teope-
me 3.12.

Boaee o6mue xparepun I'-koMmaxTHOCTH IuddepeHNAANBHOrO OLe-
patopa A mepmoro mopsaxa, rie I' —omepatop Illpépurrepa, mosxHo
maittn B paGore K. Moprenca [13].

Ecau omepatop I cymecTBeHHO CaMOCOIDsKeH, a V cuMMeTpnueH
um T-KommakTeH, To V 3amukaeM u I’ — orpanuueH ¢ I-rpasunei HyaIb
(caencrsme 3.4); moatomy mo Teopeme Pemnmxa omepatrop S =T + V
CYIIecTBeHHO camMoconpsaskeH. Jlerko pugers, gto omeparop I aBiaserca
S-orpaHMYeHHHM H, CIEHOBATEILHO, omeparop V Oymer S-KoMmakT-
HEuM. Kom6unmpys xapaxrepmsanmio 1.2(4') cymecTBeHHOro CmeKTpa
¢ meMMOHi 3.1, MH HOJyYaeM XODOIIO W3BECTHHIA Pe3yJIbTAT O COBIA-
NeHAM CYIMEeCTBeHHHX cmexTpoB omeparopoB I m S. Pacemorpmm
Temeph Goxee o6mumii ciydait, korna omepatop V T-man Ha GeckoHeu-
HOCTH, HO He 00s3aTenbHO I'-KOMIAKTEH.

3.45. Teopema. ITyemv T — cywecmeenno camoconpaHceHHul
onepamop I pédunzepa ¢ L, (R™), a onepamop V cummempuuen u T-
Mman Ha Geckoneunocmu. Ecau onepamop T -+ V cywecmeenno camo-
conpsdcer, mo 6, (T) < 0, (T + V); ecau, xpome mozo, onepamop T
ozpanuder cnusy u (T -+ V)-oepanuuen, mo

min {A: A € 0, (1)} = min {A: A € 0 (T + N}

JoxasaTenscreo. Ilycrs A € o, (7). BosbMeM moCIeX0BATONIbHOCTD
¢yurnmit (u,) B D (T), Takywo, ut0o (U, |up) =6ma (A — T) u, -
— 0; aTo BoaMoskHO B cmay 1.2(3'). Ilasa Toro 9To6H YCTAaHOBHTH CIIpa-
BOJIMBOCTh IEPBOr0 YTBeDKAOHHA TOOPEMH, MOCTATOYHO OKA3aTh,
ato Vu, — 0, 6o 3T0 coOTHOmEeHHme Bied4eT 3a c0GOH COOTHOMEHHE
A—T—V)u,—>0mrornai € 6, (I + V)Bcuay 1.2(3"). Ilo ycio-
BHI0 TEOPEMH CYMEeCTBYeT Takoe a > (), mpu KOTOpOM

(3.16) NVull<<a(lull +H Tul)

s Beex u € D (T); mamee, pua mammoro & > (0 cymecTByeT Takoe
gueno r > 0, guro

(3.17) NVell<<e(lull+ |l Tul)

mas Bcex Qpymrumit u € D (7), o6pamaromuaxca B uyns opa |z | <<
< r. BuGepem Teneps ¢yuxmmo ¢ € C; (R™) rak ke, Kak B JOKa-
saTeabcTBe Teopemsl 3.12, m mpumenmM HepasenctBa (3.16) m (3.17)
CO0TBEeTCTBOHHO K (yHKmmaM ou # (1 — @) u; BocmOab3yeMcs eme
OIEeHKOM’

(3.18) | Tou—@Tul| <C (Ilulle,+ | Tullg,)
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H3 TOro e J0Ka3aTeJIbCTBA. B pe3ynnrTaTe moNy4YnM, 410

IVull<e(lwll 1 Tull) +C (o, + 1 Tullo)

pas seex u € D (T); spmecs C' = a + (a + &) C. Ilpumenmm 3TO
HEPAaBEHCTBO K (QYHKOHH U,. llockoabry u, -~ 0 m Tu, = Au, —
— A—T)u, =0, 710 || uy || gg— O B cny nemm 3.10 u 3.1. Kpome
TOr0, BHIIOJHAETCA COOTHOINCHHEe

| Tun lig, <[A] Il 4n llgg+ | (A —T) un || > 0.

VI3 npUBENeHHKX BLI® ONEHOK BHTEKAET HEPABEHCTBO
lim sup || Vu, || < e lim sup (|| un || 4+ || Tuy, ).

Tax kark u, ~0 um Tu, -0, To obe mocuenoBareasHOCTE (U,)
u (Tu,) orpagudens ®, 3uagmr, Vu, — 0.

Yro6H HOKa3aTh BTOPOE YTBEP:IEHHE TEOPEMEHl, HMOJOKEM Ay =
= min {M: A € 6, (T)}. Torma min {A: A € 0, (T + V)} < Ay, w60
0. (T) < 0, (T + V). CaemoBaTenpHO0, HAM [JOCTATOYHO JIOKa3aTh
HOPABEHCTBO A > A, AiaA Bcex A € 0, (I' + V). Hua pamsoro A €
€ 0, (T + V) subepem mocaenosarenbHocTs (u,) 8 D (T) Tar, arobmn
(up lum) =06,m 8@ A —T — V) u, > 0; 310 BO3MOKHO B cHIY
1.2(3'). Ouesmpmno, u, -~ 0, (I' + V) u, — 0, a Tak kax omeparop T
asagerca (I 4+ V)-orpammuemsniM, T0 ® Tu, — 0. duaa mammoro
& > 0 subepem r > 0 m ¢ynxnmio ¢ € C; (R™) rak sKe, Kak u B mep-
BOI vacTH jgoKasarenabcTBa. B cmay semmu 3.10 gu, — 0 @ motomy
| (Vun | oun) | < || Vun |-l 9u, || > 0, mbo mociemoBaTensEOCTH
{Vu,) orpasmuena coradcuo (3.16). Tax kax omepatop V cmmmerpm-
geH ¥ ¢yExnusa (1 — ¢) u, paBHa HYII0 OpH |z | <r, MH HEMeeM

T Vup [ =@ up) [=(un [V —@)ua) | <
<elu (A —Qunll +NT (1 — Qun|I<
<ellu [ (14 C) (lun ll 4+ 1l Tuq l);

3mech HCHOJab3oBaHAa TakKe omeHxa (3.18). Orcioma caepmyer, wro

lim sup | (Vu, |u,) | <
< lim sup {| (Vu, |oup,) |+ | (Vu, |1 — @) up) } <
<e(d+ C)limsup || u, || (lun I] + 1l Tun )

u, sHaumr, (Vu, |u,)— 0. OGosmaumm gepes3 E (-) cmexrpansHOe

cemeifctBo omeparopa I' (caMoconpsyReHHOTO PacIIMPeHHs OmepaTopa
T). B cany ompenenerns gucia A, u Toro daxra, uro omeparop T
OTPaHMYeH CHE3Y, AJA KaKHOro 1 > (0 BHIOOJIHAETCA HEPABEHCTBO
dim E Ay — ) L, (R"™) << oo. IloaTOoMy m3 cOOTHOmEHHA U, — (
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BuTexaer, uto E (A, — n) u, = 0 um, cregoBaTexsHO,
A=1lim (T + V) u, |u,) = lim (Tu, |u,) =
=lim (Tu, |(I — E (A — M) un) =
=G —m)lim [ — E Qo —m) un IP =24 — 1.

Taxum oGpasoM, A == Ay, 9T0 E TpeGOBaNOCH [OKA3ATH.

3.19. CnengcrBume. Ilyemv T — cywecmeenio camoconpadceHHuLiE
onepamop M pédunzepa ¢ Ly (R™), a V — cummempuunuii onepamop,
T-manvii Ha Geckoneunocmu u makot, umo onepamop T + V cywye-
cmeenno camoconpaxcen u T seasemcs (T + V)-ozpanuuennvin.

(1) Ecau T + V — onepamop WM pédunsepa, mo 0y (T) =
=0, (T + V).

(2) Ecau onepamop T ozpanuuer chusy u e (T) = [p, oo [ daa
Hekomopozo P € R, mo oy (T) = 0, (T + V).

Horasatenscrso. (1): Hyers S = T + V. B cuuny Teopemu 3.15
6, (T) < 0, (S). Tar kar omeparop I' saBagerca S-orpaHAYEHHEIM,
HPelmoJioKeHnA TeopeMsl 3.10 BHIONHAKTCA AJis omepaTopoB S I
—V; mosromy G, (S) < G¢ (S — V) = 0, (7).

(2) B cmny rteopemm 3.15 Mu mmeem [p, oo [ < o, (T + V)
m min {A: A€o, (T 4+ V)} = n; caegosarexsno, o, (T +
= l W, oo [
3.20. 3ameuanue. Ecim omeparop V cummerpmaer u T'-orpanm-
gen ¢ T-rpamuneit, meabmen 1, To mo Teopeme Pemnmxa omepatop
T + V cymecTtBenno camoconpsiskeH u oueparop I' asaserca (I -+ V)-
OrpaHHYEHHHM. JTO SICHO MOKA3HBAaeT, 4T0 B Teopeme 3.15 m cuen-
crux 3.19 omepaTop V me 06sa3aH GuTh T-KOMIOAKTHEIM.

Omeparop V B L, (R™ ¢ D (V) = C; (R™) nasmBaerca cmpozo
aoxasbHim, ecau supp (Vu) conepmn'rcn B supp (u) maa xapon
$ysknuu v € D (V), mam, 9r0 sxBEBadeHTHO, ecam (Vu |v) =0
A Beex pyERmuit u, v € D (V) ¢ supp (x) () supp (v) = &. OueBnpno,
9T0 nuddepeHnEaIbHe ONePATOPH CTPOrO JOKaAbHH. B aToM mapa-
rpade M HATAe (KpoMe mepBoit dacTe caepcrsua 3.19) Be TpeGoBaim
CTPOTOH JIOKAJIBHOCTE Bo3Mymamomero omeparopa V. OpHako, Kak
IOKAa3HBaeT cleJylllad TeopeMa, M3 HAWIAX IPENIOJO0KeHHH BHITe-
KaeT HEKOTOpas (UPHOJIM/KEHHAS JOKAIbHOCTDHY.

3.21. Teopema. IIyemv T u V — onepamopw ¢ L, (R™),
u nyemv V cummempunen u T-mas na beckoneunocmu. Toz20a Oas
Kaxcdozo € > 0 natidemca maxoe p (g) > 0, umo

[ Vu ) I<elluwlP+ITulP+NvIP+ 1 Tvl?)

0aa ecex gpynryuii u, v € D (T), nocumeau xomopwuz supp (v) u supp (v)
omcmoam 0dun om Apyzozo0 na paccmosnue d (supp (u), supp (v)) =

= p (e).

8 Uoprenc m Batinman
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JlokasatEnbcrBo. [as mio6oro 3samagHoro & >0 cymecTByer
rakoe r (¢) >0, uro || Vu ||<<e(lu |l + || Tu |) nua Bcex ¢pymx-
nuii u € D (T), Takmx, aro d ({0}, supp (u)) = r (e). Ilpenmonosxmm,
gro  d (supp (u), supp (v)) = p (e) = 2r (e). Torna anbo
d ({0}, supp (w)) =r (e), mmbo d ({0}, supp (v)) =r (e), a caemo-
BaTeJbHO, Ju0O

HVell<e(lwll+ Il Tul),
nu6o
Nvvli<edivll+ 1l Tv ).
B ao6oM ciayzae
[(Vup) =@l Vo)< e(lul|+ (| TulD v+ TvI)<
<e(llulP+ITulP+ v+ || Tv|P).

§ 4. NPHMEPbI

B xagectBe mepsoro mpuMepa paccmorpum omeparop I = —A
¥ Bo3Mymamoiqmii omeparop V, omnpeneneHHHHE i BceX (yHRImE

u € C; (R™ paseHcTBOM
m
Vu= 2 c’),-a,-haku,
i, =t

Iie aj;, — HempepHBHO AuddepeHNEpPyeMEe (QYHKINM, YAOBIETRO-
pAIEe YCIOBHK aj), (x) — ayj (x)* mua Bcex x € R™. OueBumnano,
omeparop V cmMmerpuueH. Ecim ¢yHKOUM a;, M uX HPOM3BOXHEIE
orpammdyensl, To V sapiamerca I-orpammueHHHM. UToGH yGenmThCH
B 3TOM, 3anumeM Vu B BHJE

m m
(4.1) Vu= 2 amdidsti+ 2 (9ajr) Onu.
J, h=1 i, k=1
m
Oyaroun by = 2 djaj, HENpPeDPHBHH W OrDAHWYeHH, I03TOMY b€

=1
€ Qa8 (R™) J.IJIHJ kargoro €0, 2[. B cunry memmn 2.4 omeparop

m
u— 2 bou
=1

m
T-orpanuuen ¢ T-rpamumeit Hyas. IlomoxmM a?= > |ain|* 1 =
i, k=1

=max {a (z): z€ R™}. Torpa

(4.2) ” ,-,‘?L a,-ha,.akunz _ S l,., é - ,ha,akulz de

m
<Sa2 Z [00pu Fdz L
i, k=1
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<@ S S|6,~8hu|2dx=
i, k=1
= 3 | @w* @tw de=

J, k=1

=a? S |Auftdz=0a?|| Tul2.

CrepoBaresibno, nja Kasgmoro & > (0 cymecrByer KoHCTauTa c (g),
rakas, aro || Vu || < (o + €) || Tu ||+ c (e)|l » ||, T. e. omepaTop V
saBiasgerca I-orpanwuesHuM ¢ I-rpanummeii, He Goabmei o. Haxomern,
OpeanoNoskuM, 9T0 GYHKIKNA a;; ¥ WX HPOU3BOJHEE CTPEMATCA K HY-
a0 upm | £ | > oo; Torga omeparop V Oymer I'-mainmm Ha GecroHed-
Hoctu. [lnA ycraHOBieHHWs 9TOro ¢axkTa AOCTATOYHO IOKas3aTh, 4TO
o6e gactu omepaTopa V B coormomenuu (4.1) T-Manun Ha Geckomeu-
HOCcTH. [lnA mepBoit wacTu I'-MamocTh Ha GECKOHETHOCTH CJERYeT
u3 onenkm (4.2), m6o Tam Mo;kHO 3amenuts o> Ha max {a (z)%: |z | >
=r}, ecim u (x) = 0 upu | z | < r; pua Bropoit wacTy omeparopa V
Hanle yTBEP/KIEHMe BHITEKaeT ®3 JeMMH 2.4, Tak kak Np (x) - 0
upu |z | - oo. Takum oGpasoM, HaMu [OKa3aHA

43. Teopewma. Iyeme aj € C* (R™), aj, = afj,

m m
a(x)={_§l|a,-k(x)|2}”2_>0 u bk(x)=_2;a,a,-k(x)—>0
i r= =
npu |z |—> oo, a =max{a (z): x €ER™}. Toeda 0Oazs T = — A

onepamop
V= ;  Orandy ¢ D(V)=Cy R™)
I R=

cummempuuen, T-oepanuden ¢ T-zpanuyeii, He Goavwel. o, u T-man
Ha 6eckoHeuHoCmU.

44, Cnepgcrsue. Ilyemv ¢ npednososcenusxr meopemvi 4.3 uucao
o menvwe 1. Tozda onepamop T - V cywecmeenno camoconpascer
u 0 (T + V) =0, (T) =[]0, oof.

910 cpasy BeiTekaer u3 caexctsua 3.19 m sameuamma 3.20, Tak
Kak omepatop I' = — A orpanwueH cHu3y (a umeHHO, I = 0) m nusa
gero O (I') = [0, oo (omepatop T yHMTapHO SKBHBAJIEHTeH MAKCH-
MalbHOMY omeparopy ymHO)KeHHs Ha |z |2 B L, (R™)).

Onepartop V He sBisierca T-KOMOAKTHHIM (338 MCKIIOYEHHEM CIY-
qag V = 0). UroOn yGeguTbcsi B 3TOM, BO3bMEM EIUHHYHEIA BEKTOP
y € R™ u pyurnuo ¢ € C; (R™), rakme, ar0 $yHRIHEA

m

g(e)= Z.‘i am (2) ysyro ()

3*
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He DaBHAETCA TOKIECTBEHHO HYN, H 3aTeM BHOepem e >0, musa
roroporo €|l @ || << |l g|l. Ompemenmm mociemoBaTenbHOCTH (U,)
B D (T) paBencTBOoM

tn () =2 @ (@) €597,
Tornga, oueBHAHO, U, — 0 M, KAK HOKA3HBAIT IPOCTHE BHYUCICHUA,
N Tu, | > @ |l m || Vu, || > || g ||. CrenoBatensno, He cymecTByeT
raxo# kouctante ¢ > 0, aro || Vu || a |lu || + ¢ || Tu || gaa Bcex
¢oyurumidz u € D (T), 1. e. T-rpanuna omepatopa V He paBHA HYIIO.
Cornacuo ciaenctsuio 3.4, omepatop V me siBasercA I-KOMIAaKTHHM,

PaccmorpuM Temeph MHTerpajibHHIA OHmEPaTOp
4.5) Ku(@)= | K (z, 9)u () dy.
46. Jlemma. ITyemv K (z, y) = K, (z, y) K, (z, y), 20e K, u
K, — usmepumve pynryuu xa R*™, maxue, umo

S | Ky (2, y) Pdy<Cy 0aa nowmu ecex r¢R™,

S | K (z, y) Pdz<C; 0as noumu ecex y cR™
Toz0a gopmysa (4.5) onpedessem ozpanuuennwii onepamop K & npo-
cmpancmee L, (R™), makoii, yumo || K ||* < C,C,. Ecau, kpome mozo,
S | Ky (x, y) |>dz— 0 npu |y | > oo, mo onepamop K mas na Gec-

KoHeuHocmu, m. e. 0an Kaxcdozo € > 0 cywecmeyem uucao r () > 0,
maxoe, ymo || Ku || < e || u || 044 ecex pynwyuii u € L, (R™), obpa-
wanwuzcs 8 HYysb nowmu 6clody 6 wape | r | <r(e).

IoxasaTenscrBo. IlepBas 9acTh JIeMMBI XODOMO M3BECTHA; MEI
npHEBeeM ee [i0KasaTeabCcTBO pagm BTopoirt wactu. Jlaa u € L, (R™)
nMeeM

|Ku(z)P< § 1Ko @ 9 Py [ 1Ko o) Ple@) Py <
<64 [ 1Ks @, ) Pu ) Pdy
H, CJeJ0BaTEJIbHO,
f1Ku@par<e, flu@p(] 1K@ pPrde)dy.

Orciofia JerKo clefyeT nepBoe yTeepKaeHne JeMMEL. J[na noxasarenanb-
crBa Broporo BHGepeM mno paEHEoMy € >0 umcno r(e) Tak,

9T06H S | Ky (z, y)I2dz<<e*C;, mpm |y|=r(e). Torma
S | Ku (z) |? dz < a’S | u (y) |* dy, 90 @ TpeGoBajOCh OKA3aThb.
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Komburnpys 1y ieMmmy m Teopemy 3.12, momyuaem

47. CnencrBue. B npednososcenusz semmw. 4.6 onepamop K
seasemcs T-komnaxkmhuvim 043 Kaxdozo onepamopa I péduneepa T
e L, R™).

PacemorpuM Temeps mHTerpo-muddepeHNNaNbHREE onmepaTop BHAa
m
(4.8) Vu=ﬁ§}1 Kjpu, ucCy (R™),

rae K; — wHTerpajsbHbHE ONEPATOPH, Takde ke, Kak B jemme 4.6.

Han u € Cy (R™) upm mpomssoasHOoM A > (0 BHOOIHAETCA Hepa-
BEHCTBO

1
(4.9) llouiP<Ilgrad u|P= —(u| Au) <A || Au |2+ gz Il u |2,
L03TOMY

IVl < 3 NEsl (M1 Al +55 llll).

=1

Orcrona caenyer T-orpaEmueHHOCTH omepaTtopa V ¢ Hyxesoii, I-rpa-
maneit gas I' = — A. W3 sroporo yreepmpuenus ademmu 4.6famamo-
THYHO BHIBOAMM, 49T0 omeparop V sBiasercs T-mannM Ha GeckoHed-
moctn. KomMOnaHpYs aror pe3yiabrar ¢ Teopemoii 3.12, moxyqaaem

410. CanepgctBme. IIyemv K,, ..., K, — unmezpasvhiie one-
pamopui, ydosaemeopaowue écem npednosoxcenusm semmv, 4.6, u one-
pamop V, onpedesennwii pasencmeom (4.8), samwikaem (nanpumep,
ummempuuen). Toeda V 6ydem T-komnaxmuwm das T = — A.

JannM, HakoHeN, IpHMED, BOOOHmIe rOBOPs, HEAOKAJIBHOTO CHMMET-
pruBoro oneparopa V, He aBngiomeroca I-kommakTEEM iia T = — A,
HO TaKoro, 4ro 0, (I + V) =0, (7). llyctba € C? (R™) — xoMmiexc-
Hag QYHKOUs, KOTOpPas BMeCTe CO CBOMMHM HPOH3BOJHHMHI HEPBOro
H BTOPOTO HOPAJKA CTPEMUTCH K HyI mpu | x| — oo. OGosmagmm
gepe3 A omepaTop YMHOMKEHHS Ha 3Ty (YHKIOUIO B IPOCTPAHCTBE
L, (R™). Ilycts K — ncesponudpdepennmaibumii 0omepaTop BTOPOro
HopAAKa, MMEIOMJid BHJ

Kf (@) =1im.em™ | k@) efy)dy,

N-»00
- lyl<n

rre ? — ¢ypre-mpeoGpasoBaBme QYHRUHAHA f:

F)=lim @™ | (@) dz,

Jyl<n
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u k — BemecTBeHHas usmepuMaa pyrxnua Ha R™, ynosnersopsaomasn
YCIAOBHAM:

(4.11) |k (y) |<1+4 |y > mna scex y € R™,
(4.12) cymectByer z € R™ ¢ |z | = 1, rakoe, gro
limrn2k (y+nz)=c50 pas scex y€R™.

n->00

Beuny (4.11) omepatop K ompepener Ha mopmpocrpanctse D (K) =
= C; (R™) Bcex ¢ymrumit f € C2 (R™) ¢ KOMIAKTHEIM HOCHTEIeM,
mockonsky pna rtakmx f ¢yskmua (14 |y |?) f(y) xsagparmano
HHETErpupyema.

413. Teopewma. Hyemv A, K — onepamopu, onpedesennvie suue,
V=A*KA u T = — A. Toeda onepamop V onpedesen na D (V) =
= Cy (R™), cummempuuen, T-ocpanunen c¢ T-zpanuyeii, He npesoc-
zodaweii a®, 20e @ = max {|a (z) |: x €ER™}, u T-mar na 6ecko-
neunocmu. Onepamop V ne ssasemcs T-vomnaxkmuwvin (3a uckaioue-
nuem cayuas V = 0).

414. CanengcrtBue. Ilycmov 8 npednosoxenusr meopemvi 4.13 a
Mewvwe 1. Tozda onepamop T+ V cywecmeenno camoconpaxcen
u 0 (T + V) =0, (1) =0, oof.

JoxasuiBaeTcsi 8TO CIAENCTBHE TAK jKe, KaK H ciencrsue 4.4.

JlokABATEABCTBO TEOPEMH 4.13. Omepatop A mMeer 06GiacThbio
onpenenemms L, (R™) m orobpamaer Cy (R™ s C2 (R™) = D (K);
nosTomy omepatop V ompenenen na D (V) = C; (R™). Hasa ¢ynrmumit

- P
f€D(K), ouesmgmo, (1 + |y |*)f(y) = (f — Af) (y); mnoaromy,
menonb3dysa (4.11), Mu momywaem, d9ro

NEFN =k N<IF—AFNIFN A+ 1L AF L
", 3gagnr, AaA Qyexoui u € D (T') cupaBegiuBo COOTHOIMEHHE
HVull=lla*K (au) | <o || K (aw) | < o [lau ||+ o || A (a)]I<

<a(llaull + |ledu ||+ 2| grad a grad u || + || uAa |)).

ITo ycaosmio ana BeAKOro s3agaHHOro &€ > 0 CYmMECTBYeT TAKOe YHCIO0
re >0, aro |a(z) | < e&l3a, |grada (z) | < e/3a m | Aa (z) |<
< ¢/3a upu | z | = r.. CnenoBarensro, eciz u € D (T) mu (z) =0
opE |z | <re, TO

IVull <z @llull+1 Tull+2|| grad u}) <e (ll w41 Tu]);
37ech HMCIIOJIb30BAaHO Takke HepaBeHCTBO (4.9) ¢ A = 1. Ilomoskmm
a, = max {| grad a (z) |: x € R™},

a, = max {| Aa (z) |: x € R™}.
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Torpa, croBa npmmensasa (4.9), momywaem, uro mia ¢yHKmEHHE u €
€ D (T) semosHAeTCA HEPaBEHCTBO

IVell<a(llull + ol Tull + 2e, || grad v || +a, || v |)) <
<o+ ay+a/d)flull + (@ + 2ad) || Tu ||

npu awbom A > 0. CaegosarennHo, onegawop V asagerca T-orpa-

HUI6HHHM ¢ T-rpanumneit, me Gonpmei a*, m T-manum Ha GeckoHneu-

HOCTH.
IlIpu u € D (T) umeem

(ul Kuy=(@20)"™* [ u(@)* { k() e™ii(y) dy do=

= (k@12 Pdy.

9ro BHpaKeHHe BemecTBeHHO, w60 dyurnua k BemectBenna. Haxpman
¢ynxnua f € D (K) copepsxurca B D (T) = H: (R™); moatomy cyme-
cTByeT mociaepoBareabHocTh (4;) B D (TI'), Takas, 410 CIpaBeIEBH
coorHomenua u; — [ u Tu; — Tf. Ilockonsky oneparop K asaserca
T-orpaHndeHHHM, OTHOBPEMEHHO BHIIOJHAETCA B cooTHOmeHnue Ku; —
— Kf, koTopoe moxasuBaer, aro BeamunHa (f | Kf) = lim (u; | Ku;)
BemecrBeBHA A Beex f € D (K), T. e. uro omepaTop K cuMMeTpHyueH.
Crengosartensno, omeparop V = A*KA raxke caMMeTpmdeH.

IloxaskeM, HakoHen, 9To ecim V== 0, To T-rpanmua omeparopa V
OTIWYHA OT HYAA M, 3HAYHUT, COTJIACHO cjaencTsmio 3.4, omepartop V
He sBiaserca I-woMnakTHEM. CoorHomeHue V = 0 Bieder 3a coboit
cooTHOmeHHe a == (; mostomy cymecrsyer ¢yrknua g € D (T)
¢ |lgll =1, rakasa, gto || |a |? g || > 0. Bubepem xaxoi-uuGynb
BekTop 2 €R™ ¢ |2 | =1, ynosnersopsanmmit ycuosmio (4.12),
H TOJOKUM

un (z) =n"%g (z) €™, z€R™, n=1, 2,
Osenuzo, u, € D (1), un 0, || Tuy | > [l || =
Vi (2) = 2m) "™ n%a(2)* | k() ¢ (ag) (y —nz) dy =
= (21)"™? n2e<%a (2)* [ & (y 4 na) 7 (ag) (v) dy.

HOua Bcex y €ER™ B cumny (4.12) BumonHsAETCA  COOTHONMEHH®
n-% (y + nz) > c upu n — oo, a B cuny (4.11) mmeer mecto omenka

n?k(y+ n) [<n?(4 |y+nzP) <<
<n2(+ 2|y1P+ 202 2] <3+ 2|y]?,
rae n =1, 2, . Tak kar ¢pymsxmma (3 + 2 | y|?) (ag) (y) xBagpa-
THYHO HHTErpupyema, To ¢yHrmmm n~%k (y + nz) (ag) (y) crpemsar-
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—~~
ca K ¢ (ag) (y) B cpefHeM KBAaApaTHYHOM M, BHAYAT, ILOCJIENOBA-
TeJIBHOCTH

(2™ w2 [ & (y+ n2) e (ag) (v) dy

cxopurca B L, (R™) k ¢yrxnuu cag. Orciona BuTexaer, 910 || Vu, |
—lc|lllal®g||> 0. Ecan 6u omepatop V mmexn myuresywo I-rpa-
HANY, TO A Kaxkmoro & > (0 cymecTBoBaxo On ugmciao a, > 0,
Takoe, 4TO

HVull<aellull+ el Tu || naa Beex u € D (7).
Ipr e < |¢c ||| |laPgll 2 v = u, Mu mmenn Gu

lellllaPg |l =lim || Vu, || < lim (a. || u, ||+
+elTu, ) =¢

— mpormBopeyre. J[0Ka3aTeIBCTBO BaKOHYOHO.

Omneparop V us Teopemu 4.13 aBaserca pudpdepennuaibHEM TOTAA
H TOJABKO TOrpga, Korga k — mporowneH. C Apyroi cTopoHH, omepa-
rop K, a ciexoBarensHo ® V, CTPOrO JIOKAJeH, TOTAA B TOJIBKO TOTNIA,
xorfa K, a ciegoBaTenseo H V, aBaserca aaddepeENmaNBHEM Ome-
paropoMm (cm. Xearacon [7], crp. 242). Takum oGpasom, oumepatop V
CTPOro JIOKAaJeH TOTAAa M TONBKO TOrfa, KOTAa K — MHOrowIeH.

Bousee o6mue nprMeps omepaTopoB, 06JafalomeEX TeMH Ke CBOX-
CTBAMM, MOKHO IOJYYHTH, BBAB KOHEYHHE HIM Ja)Ke OeCKOHETHEI
CYMMHl OII€PaTOPOB YKa3aHHOTO BHfA.

§ 5. ONEPATOPbI, AEACTBYIOLLHE
TOJIbKO HA YACTb NEPEMEHHbIX

B atom mnaparpade mnpuBefeHH HEKOTODHe IIpefBapHTENbHEIE
PesyIbTaTH, HYKHEE AJisA OIpefeJeHHs FaMEJIbTOHOBHIX OIEDPATOPOB
N-uwactmamnix cucreM, xoropoe Gymer mamo B § 6. Mu Bcerma pac-
CMaTpUBaeM OIEePATOPH, [eHCTBYIOIIUe B I'MIL6EPTOBOM IPOCTPAHCTBE

L, (R®Y) n mmeomme o6nacts ounpeneienas C, (R®N). Bexrop
z € R®N Gynem sammcmBaTh Tak: = = (%, ..., Zy), IMe z; € R3,
Oyers n €N, 1<n<N, s1<j)<j,<...<jn<N. aa
KPaTKOCTH LOJIaraeM: Zg, = (ZLjy, - . «» Zjp); Z(2) — BOKTOP, COCTAB-
JeHHH u3 DepeMeHHHX, He BONIEAMHX B Zgy (ecam n < N); z =
= (Z a» Z@); ¥ (@) = ¥ (Tq), T(x) DA QYBKOEA u, ompeneneHHEIX
Ha R%Y. Ormernm, uTo ecim u € Cy (R®N), To Ansa Kammoro z, €
€ R¥N-n ¢ymxnua u (-, %) npupagaexar Cy (R3M).

54. Omnpepngenenue. Ilycte B — mexoTopuir omeparop
B L, (R%) ¢ o6nactsio D (B) = C; (R®N), Bynem rosopumrs, uro
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oneparop B deiicmeyem moavko na nepemenmbie Za) = (Zg1y - - oy Typ)s
ecaz B mpocrpancTtBe L, (R®") cymecTByer Taroi omepartop A ¢ o6iaa-
crbio onpesenenns D (4) = C;° (R®"), aro (Bu) (z) = (Au (-, Z(g)) (zy)
pas Bcex z € R®N g Bcex u € C; (R%N). O6 omeparope A rosopsr,
9TO OH nopoxdaem omeparop B.

5.2. Teopewma. Jas kaxdozo onepamopa A ¢ L, (R®") ¢ D (4) =
=Cy (R™) u raxcdozo nabopa n yeawx wucen j;, 1 < jy <ja < .

< jn < N, cywecmeyem eduncmeernuviii onepamop B ¢ L, (R“N)
c D (B) = €y (R®N), makoii, ymo B deiicmeyem moavko Ka nepemer-
Hble Ty = (xh, .+« Zj,) u nopoxcdaemcs onepamopoxm A. Onepamop
A cummempuuen mozda u moavko mozda, kozda B cummempuuen,
U CYweCmeerKo CaMoconpaxcen mozda u moavko mozda, koeda B cywe-
CMBEHHO CAMOCONDIANCEH..

JloKABATENECTBO. Omnpemesum  omepatop B pasemcTBOM
(Bu) (z) = (Au (-, 2Z()) (xq) maa Bcex z € RN m u € C7 (R%M).
O=n ob6nagaer TpeGyemumu cBoiictBamu. Ecam C — apyroit omepatop
C 9THMH jKe CBOMCTBaM®, TO B cmiy ompemeineHua 0.1 (Cu) (z) =

(Au( y %) (tq,) = (Bu) () mna scex z € RN u Bcex u €

° (R®*N) m, cmemosarenrHo, C = B.
hYCTB omepatop A cmmmerpmuen. OGosmagmm gepes (- | - )
7 || - ||, cooTBeTCTBeHHO CKaNXsApHO® Mpou3BexeHue u HOpMY B L, (R3").
Nmeem

(Bu|v)= S (Au (-, 2@) v (- Z@))y 22y =
= [ @ (-, 2a) |40 (-, 2@ dre=(u| By)

s Beex u, v € C; (RN). Tak kaxk mmoskectso C, (R®*¥) muormo
(8 L, (R®N)), T0 omeparop B cummerpmuen. Ecau B cummerpumaeH, TO
HaIMCAHHOE BHIIEe COOTHONIGHHE BHIIOJHAETCA A BCEX U, v €
€ C; (R®N). Tlonoxmm B HeM u (z) = uy (2o, Uy (T(p) & ¥ (2) =
= v (Zq) Vg (T(e)), THE Uy, v € C7 (R®™), uy, vz E Cy (R3N-M),
Torma mpu (u, | vy)y 5= 0 momyumm, ato (Au, |vy); = (ul | Avyg )y
I BCeX Uy, vy € Cy (R®"). Hockousry Cy (R®") maorso B Ly (R3"),
omeparop A cnume'rpnqen

Iycrp omeparop A CymecTBeHHO caMOCOIpPsiKeH. Torga MHOMKe-
crso (A — zI) D (A) nnotro B Ly (R) 1A KasKmoro HeBemecTBeH-

Horo z. OGosmaumM uepes D, (B) mopmpocrpamctso C; (R%") @
® C7 (R¥N-M)  cocrosmee H3 KOHOYHEIX CYMM O3JEMEHTOB U =
=vQuw, rae vED@A) m weCl, (RR¥-M), 1. e u (z)=
= v (zq) W (Te) (z = (zq), o) € R®N). {na sTHX dIeMEHTOB MhL

HMeeM
B—zDw@w =(A,—z)vQ w,
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OTKYAa
(B—2I) Dy (B)=(4—zI) D(4) ® C7 (R*"™™).

Jasa mesemecrBenHoro z mogupocrpancTBo (A — zI) D (A) nnorHO
8 L, (R*"), nosromy (B — zI) D, (B), a smaumr, u (B — zI) D (B)
maotHH B L, (R3N), geMm fjoKa3ana CYIMECTBOHHAA CAMOCOMPAKEHHOCTD
omeparopa B. Ecim omepatop A He ABIAAeTCA CYMECTBEHHO CaMOCO-
npsyKeHHEM, To aaA Kaxgoro z € G\ R cymecrByer Qymrmusa f €
€ L, (R™), f 5= 0, oproronansuas & (A4 — zI) D (4). lloatomy mas
Kaxaoi ¢ysxnum u € D (B) u rasporo z, € R¥¥-" pumonnsaercs
coorHomenwe f | (B —zI) u (-, z(,) 1, 35aunt, f @ gL (B — zI) D (B)
Bag Kakpoid ¢ysxmmm g € L, (R¥N-™), CnegosarenbHo, omepaTop
B He sBusercAa CYMeECTBEHHO CaMOCONPs;KEHHEIM. DBcCe [0KasaHO.

Epuncreennniii omepatop B, cymecTByomuii coriacuo Teope-

Me 5.2, Mu GymeM oGo3suagats eped Ajy, . ., ju.
IIyers py, . .., Py — DONOKUTENBHHE gucaa. [afg Kaxkmaoro
Habopa n memmx umcen j;, 1 <<j; < ... <<j, <N, ompemennm

omeparop IV1---in B L, (R®") cbopmynon

X n
Ty — — 3 (2w

Aas Beex u € Cy° (R%), rme A; o6osHauaer namnacuaH IO HEPEMOH-
HO#T x; € R3. HpnmennM KOHCTPYKIIHIO TEOPeMH 5.2 K omepaTopy

A = T#...in, Tlomyaum omepatop Aj, ... i = Tf: ;" , ompefe-
JIAeMEIl PaBEeHCTBOM

. n
Th hu= — Z (2u)t Aju

pas Beex u € CP (R¥). B panpmeiimeM Mul GygeM mmcats Ty, ...,
.N

BMecTo T"‘ ;" T smecro T, ... 5= Ti" N

5.3. Teopewma. Onepamop Ty ... ;, Aearsemes T-oepanuvennbiM
¢ T-zpanuyeti, ne 6oavweii 1; 6oaee mouno: || Ty ... ju || < || Tu ||

das ecex u € Cy (R3N).

Hoxrasareapcteo. Ilycts cumon F o6osmagaer mpeoGpasdoBamme

Dypre B L, (R®N). IIpm u € C;” (R®N), ouwesmpno, (FAju) (z) =
=—|z; | (Fu) () = noa'romy

1Tl = {3 @25, F) @)1} do<
i=1

N
<J {3 @mytiapiFw @)1} de=|iTup,
i=1

910 M TPeGOBaxOCH IOKA3aTh.
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5.4. Teopewma. ITyemvonepamop A e L, (R*™) seasemcs T/t - -in-
ozpanunennvim ¢ T7t-- -3 ngzpanuyeii, ne npesocxodiweii Hexomopozo
uucaa b. Tozda onepamop Aj, . . . j, odnospemenno T, . .. j-ozpa-
nuden u T-oepanuven ¢ Ty, . .. j,- u T-zpanuyamu, He npeeocxods-
wumu b.

HoxasateascTro. Ilo yemopmio aas wammoro & > (0 cymectsyer
Takoe a, = 0, 4TO

| Aully<aellully+ @&+ [| 77 u),

pas Beex u € C; (R®™). Ilosromy mus ramporo 8 >0 cymecrsyer
taxoe ¢g > 0, 910

I Au [ <ef [l lff -+ b+ 821 77 Imu |}
mas seex u€Cy (R¥™). CnemomarensHO,
S [ (Ajs.. .3n8) (Tar Tey) P Az =] Au (-, 22)) “%<
<ellul-, za) lf+O+ORI T u (., 2a) lff =
= S {g|u @y x@) P+ 04 0| Tj. . intt (Zcrs Z2y) [P} dzany

aaa Bcex u € CP (R°M) m Bcex z(y € R¥W-", UnTerpupys mo (),
HOIyqIAM

| Ajs...inte < g | w [P+ B+ 82| To. . nm I
OTKya
I Ass. ..muell << esllull+ @+ 8) || Ti...inte |

pasi Becex u € Cg° (R®N). Tarum o6GpasoM, omeparop Aj, ...

apasierca T, ., j,-orpanwaeHHEIM ¢ T, . . . j,-TPaHMOIeEHA, He Ipe-
Bocxomameit b.
B cuny Teopemn 5.3 omeparop 7'y, ... j, B IOCIefHeM HePaBeH-

cTBé MO)KHO 3amenutrh Ha I'; mosromy omeparop Ty, ... j, TamKe
T-orpanmuen ¢ T-rpannmneii, He mpeBocxomsAmei b.

55. Teopema. ITyemv onepamop A seasemcs Tt --in-masvim
Ha Geckoneunocmu. Tozda 0asn kawadozo & > 0 cywyecmeyem makoe
re >0, umo

I Asa..onte | <e (Jull+ | Tsa. . inn]l)
0aa ecex Pynryuii u € CP (R3V), yaoe/zeln;eopmou;ux yeaoguro: u (x) =
n /

=0 npu ecezx z€R™N ¢ (X |z, B] <re

i=
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HokasATEABCTBO. COriacHO NPOANOJIOKeHHI0 TEOPeMH H Ompe-
meaenuio 3.3, aasa xwboro & > 0 cymecTByeT Takoe r, > 0, 910

4wl <27 e (lwlly+1 77w ||,
pas Bcex ¢ymrmmii w € Cy (R®), YHOBIETBOPANMHAX YCJIOBHIO
w(z) =0 opr |z | <r. CuegosarenbHo, AnA TaKEX QYHKOEE w

| 4w |} <& (Jlw]ff + ]| 7% “Tw]ff).
n
Iyers u€Cy (R*M) 7 u(2) =0 mas seex z€¢ RN ¢ (D) | 23, B2
i=1

HOJOMAM W =1+, Z(,) AIA PUKCAPOBAHHOTO Z 5, € R*V~™, Quesnsmo,
wely R™) 7 w(xy)=0 upu |zy |<re moaToMy

I (Ai..n) (2 2 [ =] Aw [F < (|| w [} || TP w ) =
=e2([|u(-, zw) E+1 Ti...500) (-2 2e) D) -

Nurterpupysa mo z(y,, TOAYIEM

I Ay, .inte [P (I [P+ || T . .inte I)-
Teopema moxasama.
5.6. Te o pewma.Ilycmv onepamop A cummempuuen u Tit--in -max
Ha Geckoneunocmu. Tozda 0as kaxcdozo & > 0 cywecmeyem makoe
pe > 0, umo

[(4j0. . it [ | <E{ [ @ |B+ | Tso. . inte [P+ 012+ 1 Tsa.. 500 (17}

das ecex Pynryuii u, v € Cy (R3N), nocumeau komopux omemosm dpye
om Opyea ma paccmoanue d (supp (u), supp (v)) > pe.

HoxrasateabetBo. Coramacno Teopeme 3.21, ansa Kammoro &€ > 0
cymecTsyer Takoe p, = 0, 9T0

| (Aug [ |<e {Jlua I 11T Py Ao )f 4+ )| 72 |7

nas Beex QyEKmmE u,, v, € CP (R®"), yROBIeTBOPANMUX YCIOBHIO

d (supp (u,), supp (1) = pe. BOE!BMBM (bynxmm u, vECy (RW),
mas  Kotopuix d (supp (u), supp (v)) = pe, ® nonomnM Uy =
=u(:, Ta) vy =V (- z) OpHE QEKCHPOBaHHOM T € RS(N'"’

Torga u,, v; € Cy (R*) u d (supp (u,), supp (v;)) == pe, mO3TOMY
[{(4j4. . .jn18) (s Te2) [V (2 x(ﬁ)))il— [(Auy v | <
Le{lluglff+ 1177 Tug [f 4 o [F 1| Ty |3} =
=e{||u (- ) i+l (Ti...n1) (-1 ze) [T+
+Hv (s 2a@) IE+ 1 (Ts. ..5n0) (5 2 [1})-

JokxassBaemMoe yTBep;kIeHAe IOJyJaeTcs TeHepbh HWHTETrPHPOBAHHOM
o0 .
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§ 6. N-YACTHYHDBIE TAMHIbTOHHAHbI

I'amunomonoe onepamop (wind zamusbmoruarn) N-qacTuaHoi cucte-
MH — 3TO onepa'rop BHAA

(6.0) S=T+ Z 2 Vie...in+ 2 2 Wit .in»
n=1 j1<...<in n=2 j1<.. .<jn

rge T — omepaTop KUHETHIECKOW DHEDPTHH JaCTHI[ CHCTEME, H [JIA
aoboro HaGopa n meamx wmeen j;, 1 <j, <<j, < ... <ja <N,
omepaTopsl Vy, ... yn @ Wj, ... ;, ONINCHBAIOT B3aUMOJEUCTBME HOJ-
CHCTeMEl, COCTOAMEA U3 1 9acTUN C HOMEPAaMHd J;, . .., j, COOTBOT-
CTBEHHO C XIOJIeM BHEIIHeil CHIH H ApYyr ¢ ApyroM. Mu paccmoTpum
8JIeCh 9YACTHHIH Ciaydaif, KOrga BC® YACTHIH HMMEIOT COMH, DPaBHHH
Hyao; ofo0meHwe Ha cilydail HIpPOHMSBOJBHOrO COHHA OymeT maHO
B OPUIOKEHHAN. JIJIH HYJ€eBOr'o COHHA S ABJIAETCA OonlepaTOpoM B Ipo-
crpadctse L, (R3Y) ¢ ob6aacreio ompemeaerms D (S) = C; (RV).
IIpucrynum k mccaemoBammio omepatopoB I, Vi ..., m Wy ... ju.

Omnepatop T kuHeTHIECKOI 9Heprum N gacTur yrke ORI ompefeneH

B § 5; HOIOKATENBHOE YUCIO [y €CTH Macca j-if acrmnm, j = 1, ...
cen N Amnanoruuso, onpenenennmn B§D omepatop Ty oo jp—
9TO 0OmEepPaTOp KEHEeTHIECKOH SHePIHM HOACHCTOMHL jy, . . ., J,-

6.14. Teopewma. Onepamopu Tj, ... 5, u T cywecmeenno camo-
CONPAINCCHDL.

JlokAsATENBCTBO. B cmny Teopemm 5.2 mocTaTogHO HOKasaTh,
ar0 omepatop I/ --in B L, (R’) cymecTBeHHO CaMOCOLIpSKeH.
Onpenennm B L, (R®") omeparop U ¢opmynoi

O @)=JI @)™ £ (@)™ 20, . @uy) ™ 20)

ansa Bcex z € R¥ u f € L, (R®™). U3 atoro ompeneneHns BHAHO, 4TO
omeparop U ymmraper, UCy (R¥) = Cy (R®) u UTit-in U* =
= —A (omeparop Jlamnaca ¢ oGmacreio ompepenenzs C, (R%)).
Xopomo wusBectHo, uTo omepatop —A B L, (R®"), ompenenennmii
Ha C; (R®™), CyImeCTBeHHO CaMOCOLPSIKEH (cM., ganpamep, Haro
151, V 5.2). CaemoBarensHo, omeparop I7t--in yHETapHO SKBHBa-
JIGHTeH CYMECTBEHHO CAMOCOIPAKeHHOMY ONepaTopy Hu IOo3TOMY
CYIIECTBEHHO CAMOCOIPSKOH.

Mu mpepmosaraeM, 4TO AAA Ka)KAO# HONCHCTEMH H3 1 9aCTHIL
Ji» + - Jjn 1 <<n<N) onmeparop Vj ..;, HeACTBYeT TOIBKO
Ha NeDeMEHHE Zj;, . . ., Lj, W HOPOK/AGTCA HEKOTOPEIM CHMMETDHY-
HHM omeparopoM Vit--in g L, (R®), xkoropmit Tt --in -man Ha Gec-
KOHEYHOCTH (3aMeTHM, 4TO, COTJIACHO OmpefeieHmio 3.3, 3TO BiedeT
3a coGoit TJt---Jn -orpammuenHocTs omeparopa Vii--in),
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DusnyecKas MOTHBHPOBKA HANIWX HPEJIOJ0KOHEA OTHOCHTEIBLHO
Vj ... j, cOCTOHT B TOM, 9TO omepaTop Vj, ... j, OIMCHIBAeT B3aWMO-
JeCTBHE MONCUCTEMH j;, . . ., j, C BHEIIHAM CHJIOBHIM IIOJIeM; B 9acCT-
HocTH, It:-Jn -Majmocts Ha GECKOHEYHOCTH HPHBOAMT K MAJOCTH
B3aMMOJEHCTBHs, KOrfla 0 KpaiiHeil Mepe Of(Ha M3 JaCTHI HOJACHCTEMEL
yhameHa Ha GolbmIoe paccTOAHEE OT Havajna Kooppuuat. Taxwe B3am-
MOJIEHACTBAA HA3HBAIOTCA N-UACMUYHLIMU 63AUMO0ETiICMEUIMU ¢ NOAEM.
N3 Teopem § 5 BHTeKaer caenyomee yTBep:KICHHE.

6.2. Canepncrsue. a)Onepamop V;, ... j, cummempuuen u T, ...j,-
ozpanunen ¢ Ty, ... j-epanuyeii, ne npesocxodawyess T --in -zpanuyw
onepamopa Vit---in,

b) Aas kaxcdozo € > 0 cywecmeyem makoe r > 0, umo

Vi, ..ant | <e(lull +1 T . ianll)
dasa ecex gynkyut u € Cy (R3N), ydosaemsopswowuz yeaosuto: u (z) =
= 0 npu ecex z ¢ (i |z )12 < re.
¢) das rasxcdozo i:1> 0 cywecmeyem makoe pe > 0, umo
[ Vis..ant |0 [ <e{[w [P+ Tsr.. jure P+ 0P+ Tii. . iuv 7}
Oas ecex gynryuti u, v € Cy (R*N) ¢ d (supp (w), supp (v)) == Q.

Hasa ompenenenms omeparopoB Wj, ... j, HaM moHafoOuTCA MOHS-

TH® ewympenhux koopduwam wuoachcremul. Ilyers ji, ..., j, —
¢uxcuposannas mopcucreMa 2 <<n< N) # j,4y, ..., jy (upm
n << N) — te u3 gncea 1, . .., N, Koropse B Hee He Bomuid. llycrs
a: RN — RSN — jumeiinoe oTtoOpakenme Buaa ar = (Yy, . . ., Yn)»
rje

n
y,-=h21aihxjk opm i=1, ..., n,

(6.3) .
yi=zj, opu i=n-+1, ..., N,

a 9YHuCia a;p YAOBJIETBOPAIOT YCJIOBHUAM

6.3") @np=p"'y;, mpm k=1, ..., n, rne pt=h§1 Wiy

n
(6.3") 2 (2w5,) "t amajn = (2u)™ 8;; mpm &, j=1, ..., n

k=1
¢ HEKOTODHIME NOJIOMKHTEIbHHMA uucaamu pi. U3 (6.3") r (6.3") cre-
AyeT, 910 pn = W, B TO BPeMs KakK DOJOKUTEJBHbE UMCIA My, . . .
«+. Mn-g MOTYT GHTH BHOpaEH OPOM3BOJBHO; AJA YA0GCTBA MEI
morpeGyem, uto6u pi =Y, mpu i =1, ..., n —1. Torma p — aro
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n
noAnas macca TOACHCTEMH H Y, = =1 ) WjZj, — KOOpAMHATA e
i=t

yenmpa macc. Ilepemennsie yy, . .., Y,-, HABHBAIOTCA SHYMPENHUML
koopdunamamu nopcucTeMsl. OHE WHBAPHAHTHH OTHOCHTEJIHHO TPAHC-
AATME CHCTEMBI KaK MeIoro, T. e. ecnu &’ = (%, + z, . . ., §y + 2), T0-
’
ar = (yh e+ Yn-1s YUn +z ..., Yn + Z).
Uro6m y6egurscsa B aToM, Bo3bMem B (6.3") i =1, ..., n—1u1j =
n

= n. Torma B cmny (6.3) monyamm, ato ' a;;, = 0, OTKyAa H Cie-
E=1

AyeT HHBAaPHAHTHOCTH KOOPAUHAT Y; OTHOCUTONLHO TPAHCIIAIMIA.

W3 coorromennst (6.3") BhITexaeT Tax:ke, 4TO mpeoGpasoBaHHe @
mMeer ompefeadTs | a | = 0 m motomy ofparEmo. Ompemenum B mpo-
crpancrtee L, (R3N) yumrapumii oneparop U ¢opmyioit

(6.4) (UN ) = la |7 Pf (a7'y), y€ RN,
maa f € Ly, (R®Y), Torga UC, (R3N) = C;° (R%Y), u onmepatop T’ =

= UTU* umeer obnacreio ompepeienus C, (R°M) m Mmoxer GHTH
TpeJcTaBIeH B BH/E

I"'=Ti a1 +To+Toe1...n
I/l omepaToph
Ty oon-ty, Tnw Thyy. . N

COOTBETCTBEHHO JIBﬁCTBYIOT Ha IepeMeHHEIe

(ylv LS yn—1)7 Y 4 (yn+l7 sty yN)
H DOPOXIAITCA OonepaTopaMn

n-1 N
— XA, —@WA B — X (2w)t A
i=1 i=n+1

Bo BmyrpenHmX Kooppmmatax T; ... ,_; — 9TO OmEPATOP KHHETHIE—
CKOM 9HeDPru: OTHOCHUTEJHHOTO ABW;KeHHA YACTHI[ mMoacHcTeMH 1, . . .
..., n—1, a T, — omepaTtop HePruM TPAHCIALUA PACCMATpPHUBAE-
Moir cumcremel. Cymma 7. ., =T;... .1+ T, npeacraBiser
c000ji MONHYI0 KHHETHYIECKYI0 HHEDPTHI0 MOACHCTEMB; (PaKTHIECKH
Ty...,» =UTy ... ;,U*. BBegem Temepp omepaTops

(6‘5) Tji...jn=U*Ti...n—1U’ le...jn=U*T';lU’
KOTOPHE MH Ha30BeM COOTBETCTBEHHO OllepaTopaMu enympenneli KUHe-
muueckoti dHepeuU U SHep2uu MpAaHcAayuU NOACHCTEMBL jl’ . . ey jn.

9TH omepaTOpH He 3aBHCAT OT BHGOpa BHYTPeHHHX KoopamHat. Jlei-
CTBHTEJHHO, HEIMOCPE/CTBEHHOEe BEIYHCIEHHE, OCHOBAHHOE Ha COOTHO-
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mernax (6.3), (6.3') u (6.3"), morassBaer, aro omeparop
n

(6.5) Tis..in=—@W™ 2 grad; grady,
He 3aBHCHT OT Bm6opa npeoGpa3oBaHus (6.3) m, ciemoBaTenbHO, OIe-
patop Ty .. . jn="Tj...jn— Tn ... Jn TAK/KE OT HeT0 HE 3aBH-

cut. B qac'mom c.nyqae n = N monaraem T = Tl_ LN T = Tl .. N+

6.6. Temma. Onepamopw T; .. . ;, u Ty ... in CYUECMBEHHO

camoconpsaxcers,, u 0Oan ecex Pymkyuii u € C; (R®N) evinosnsemes
Hepaesencmeo

I Ts. . 500 ||<I| sy 5nte |-
Ecau wabop jy, ..., jn A6asemca nodcucmemoii cucmemst ky, . . .

v kn(n<<m <<N), mo daa ecex Pynkyuii u € Cy (R°N) cnpa-
eea./zuea oyenKa

“ Th. . .5nu” " Tkt. . kmlU ”

JoxrasateasctBo. Ilo Teopeme 6.1 omeparopm T3 ..., B Tp
CYIMEeCTBOHHO CAMOCOIPSKEHH; KaK M B TeopeMe 5.3, MHE IoJIyJaeM, 9To

W T5.. ]| <||T1.. k|| ans seex ugcCy (RY).

Otciofa B cuny (6.5) BHTexaer mepBas 4acTh JeMME. UToOH [0Kas3aTh
BTOPYI0O 9acTh, BHOepeM BHYTPeHHHE KOODPAUHATH Yy, . - +, Ym-1
AiA mojcucreMH ky, . .., k, Tak, 9T006H ¥, . .., Yn_; OHIH BHYT-
PeHHAMA KOOPAWHATAMY [JIs MOACHCTEMH j;, . . ., j,. B TaKEX KoOp-
AHHATAX oHmepaTopH BHYTpeHHe# sHepruu I . . .4 ¥ T; . m-1
ABYX paccMaTpEBaeMHX MOJCHCTEM NIOPOKNAIOTCA COOTBETCTBEHHO
omepaTopaMu

m-1
- 2 Ay = — 2 Ag
i=1
CJIe[I0BaTeNbHO,
IT5.. n-1u||<|| Tt . .m-1u]] Bas Bcex u€Cy (R®M)

A I03TOMY, B CHIY yrm'rapnon 9KBUBAJEHTHOCTH,

I Zsa. ..inte | <\ T . nmt || B BEX 2ECT (RPY).

Jaa KaKA0f DOACHCTeMH U3 N YaCTHL jy, ..., jo 2 << n<N)
ompepennM Teneps omeparop Wy, ... j,, HCIOAB3YA BHYTPeHHNE KOOP-
AUHATH ¥ COOTBETCTBYIOIIWH YHWTAapHH# omepaTop, 3ajaHHHHA ¢op-
Mmynoi (6.4). A mmenHO, MH ompepenseM Wj, ... j, Kak TaKkod ome-
patop c o6xacrsio onpenenernns Cy (R3N), aro omeparop Wi ., ,y =
= UWy, ... j2U* pefictByeT TOJIBKO Ha BHYTPEHHHe KOODAHHATH
Y15 « « +y Yn—y B ODOPOIKNAETCA HOKOTOPHM CHMMOTPHIHEIM OLHOPATOPOM
W? - - - ™1 g npocrpancree L, (R**-?), A-mannm ma GeckomewnoCTH.



§ 6. N-uacmuunbe 2aMusbmoHUAKRB 49

dT0 ommcaHMe HE BaBHCHT OT BHOOpPa BHYTPEHHHX KOODAHHAT.
HeiicTBurensHo, nycts br = (3, . .., Zy) — KOOPJAXHATH, YIOBIET-
Bopaiomue cooTaomenusm (6.3), (6.3") m (6.3") ¢ wosdpdmumenTamu
a;,, 3aMeHEHHHIME Ha KaKwWe-HWOYIb ApPYruWe BeMeCTBOHHE® KO3(du-
nueHTH b;p, m ¢ 2p;i =1 mpu i =1, ..., n — 1. Torma mpeoGpa-
30BaHuMe ¢ = ba~! 3ajaerca paBeHCTBAMMU
n-1

Zz=k210ih.l/h npm i=1, ..., n—1,

z;,=1Y; npu i=n, ..., N,

rae (c;;) — oproroHanpHas Marpmuma mopsagka n — 1. Ecam V —
YHUTApHHIA OIEepaTop, COOTBETCTBYIOINWi npeo0Gpas3oBaHmi0 b cor-
nacuo (6.4), To

(UV*f) (y) = f (cy) mna y € R®N n f € L, (R®M).

Ilosromy omepatop W, ... ,_; HeHACTBYyeT TOJHKO HA BHYTPEHHHS
KOOPAMHATH Yy, . . ., Y, -3 TOTla M TOABKO TOTAA, KOTHZA OIEPATOP
Wi . . .noa=VWj . . j, V* peiicTByeT TOIBKO Ha 2y, ..., Zn.q,

7 mopoxpaomuii omepatop Wi . n_; A-Max Ha GeCKOHEYHOCTH B TOM
¥ TOJBKO B TOM Ciydae, €CIH dTHM CBOMCTBOM 006J1ajiaeT IOPOKEAI0-
muii oneparop W, .. ,_;; Kpome Toro, A-rpaHunH 3THX ABYX ome-
PATOPOB PABHHL.

6.7. CnegcrtBHme. a) Onepamop Wj;, .. . j, cummempuien u

T, ... jp-02panuuen c T; jt - ,j,,-apanul;ezi, He npesocxodaweii A-zpa-
nuys, onepamopa Wh .-+ "1,
b) Jas raxcdozo € > 0 cywecmeyem makoe r, > 0, umo

| Wi ane I <e(lwll+ I Tsi.. in2e )
das ecex Pynkyuii u € Cy (R3N), ydoeaemeoparowux ycaosuio: u (x) =

= 0 npu ecex x, 0aa Komopuz (2 | zj; — g D12 < 1.
i, k=1

¢) Has kaxdozo &€ > 0 cywyecmeyem maxroe pe > 0, ymo
(Wi, sun o) | <e | w P+ T, int P01+ T in P}
dasn ecex Pynryuil u, v € Cy (RM) ¢ d (supp (u), supp (v)) = pe.

IorasaTeEnsctBo. a) Omeparop W*' : - ™! cummerpmueH, moaTo-
My B CHIY Teopemu 5.2 m omepatop W, . . ,_, CAMMeTpudYeH, a cJje-
J0BATeJIbHO, CHMMETpHWIeH omepatop Wj, .. = U*W; ... .4U.
Omeparop W' -+ ™1 A-orpammuen ¢ A-rpaHmmei, cKaem v, a ome-
parop —A mopompaer T, ... ,_,. Ilosromy, cormacuo Teopeme 5.4,
omepatop W; . .. 6yne'r T;.. . n_jorpammgeEHEM ¢ T; . ,_;-
rpaumneii, He Goabpmei Y, ® BBHAY (6.5) omeparop Wj, .. 6yne'r
Ty ... j-orpanmaes ¢ Ty, . . j, -TPaHUIEH, He npeBocxonﬂmen Y-

4 Yopresc u Bahaman
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b) Omeparop W* - - ™1 spuserca A-mansM Ha GeCKOHEYHOCTH.
B cmay Teopems 5.5 mas wamporo & > 0 cymecTByeT Taroe rg > 0,
aro ||Wi...qu | <e(lull+ I T...nqull) maa Bcex ¢ymk-
mEE u € C°° (R N), YHEOBIETBOPAIOIIMX yc.nonmo* u (y) = 0 mpm Bcex

y ERN¢ (2 ly: B2 < re. Hoaoxam u = Uv, rae v € CP(R?Y).
B cany yc'ranannnnaemoﬁ gmsKe. ieMMH 6.8 cymectsyer Takoe r, > 0,

n
aro ecam v (z) = 0 mpm ( N oz — g DR <Lre, T0 u(y) =0

apu (2 | yi 1BY2 < re. lloaToMy mOKa3biBaeMoe yTBepPKIEHHe Cle-

oyet na (6 5) m us ompepenenus omeparopa Wj,. . . j,.
c) B cuny Teopemu 5.6 pmsa raxmoro € > (0 cymecTByeT Takoe
pe > 0, uTO

Wi, -qu |0 [<e{||u R+ TL.. ca-m BP0 IP | T -2 ]B)

mas Beex u, v € CP (R®) c d (supp (u), supp (v)) = pe. Ecam u =

= Uu,, v = Uv,, To no oupepnenenmio oneparopa U cymecTByeT Taxoe
pe > 0, aro mepasenctBo d (supp (u,), supp (v;)) = p. Baeger 3a co-
6oit mepasencTBo d (supp (¥), supp (v)) = pe- Hoa'rouy IOKa3HBae-
Moe yTBep:KieHume caenyer us (6.5) m ompenenenns omeparopa Wy, . . .j,.

6.8. lemMma. Hyemv Yy, ..., Yn-y — GHYMPEHHUE KOODPIUHAMBL
a8 nodcucmemwvl jy, . .., jn. CYwyecmeyiom noaoxcumesvHue KOoH-
CmaumuL ¢y, ¢4, MaKue, 4mo

o 1/2 n-1 n
“ (i,g=1 | 3, — i, P <( gi ly: )% <y (i,u2=1 |23, — 3, ) 12,

JoxrasaTennerso. IlycTs KOOPRHEHATHL ¥y, . . ., Yn-; OIPOREIEHH
coornomenusamu (6.3); kax ormesanocs Bume, u3 (6.3") u (6.3") BriTe-
n

KaeT paBeHCTBO D) a;, = Ompmi =1, ..., n — 1. IlosTomy y; =
E=1
n-1 )
= ) a;, (&, — zy) mpui =1, ..., n — 1, OTKyAA cuenyer cupa-
R=1

BEIMBOCTL BTOPOr0 M3 [OKA3HBAaeMHX HepaBeHCTB. [laiee, B CHIy
Toro gakra, 9ro Marpuua (as);, p=1, ..., » 00paTuMa (u B cuxy (6.3'),
(6.3), o6pa’ranL 7 mopMaTpuna (@;4);, p=1, ..., n-1; CAGKOBATEIBHHO,

ZTjp, — Tjp, = 2 bpyipmak =1, ..., n — 1 c cooTBeTCTBYIOIUMA

xoa(bcbnnnen'ramn by;. Hoaromy Bce tmemﬂ | 5y — x| MoxEHO ome-
-1

HATHb HEKOTOPHIM KPaTHHM BEeJIMIHHH ( Z, | y; [%)¥/%. Jlemma norasana.
i=1
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Dn3puecKas MOTHBHPOBKA HANIEX IPEAUOJOKeHHN 06 omepaTope
Wi ... s, 3akiI09aETCA B TOM, YTO STOT OIEPATOP ONMCHIBACT B3aHMO-
feiCTBHe MeKAY JacTHIAMMU JaHHO! MOJCUCTeMHE, KOTOPOe MaJjo, eCll
X0TA OH OfHO M3 OTHOCHTEJILHHX PACCTOSHHNA MEKAY YaCTHIAME BEJIH-
Ko. Taxme B3amMomefCTBHA HABHBAIOTCH N-LACMUMHBMU 63aUMODeli-
cmeusMu.

Has wampoit moacuereMu ky, . . ., kn (2 < m << N) ompepennm
20MUNBMOKUAGH W 6HYMPEHHULL 2AMUADMOHUAH COOTBETCTBEHHO PaBeH-
¢TBaMu

(6°9) Shj...km=Thj...hm+ . 2 (Vji...5n+W,i1...jn)’
(1. . .jn)C(k1. . .km)

(6~10) Skl...hm=Tka...hm+ L 2 Wii...ﬁn’
@Gt. . .in)C(R1. . .Rm)

rae sammeb (jy ... jp)cc(ky ... ky) OBHAYWAET  BKIOYEHHE
mopcucTeMu  (jy . .. j,) B Doucmcremy (ky ... kp). Hdua omgmo-
9acTHYHOA CHCTeME paju IPOCTOTH moxaraeM W; = 0 m omepartop S;
oupeneasieM paBeHcTBoM S; = T; + V;, j =1, ..., N. Opeparopu
Sky ... rm ABIAKTCA GHYMPEHHUMU O0nEPAMOPAMU B CIEAYIOIEM
CMEHICJIe.

6.11. Teopewma. ITyemv z > ax = y — makoe npeobpasosarue
Koopdunam, umMoO Yy, ..., Ym-1 — GHYMPEHHUE KOOPOUHAMBL AR
nodcucmemvr ky, . . ., kp, (2 << m << N), u U — coomeemcmeyrowuli
ynumapnuil onepamop, onpedeaennuii gopmyaol (6.4). Toz0a one-
pamop USy, ... n, U* Oelicmeyem moavko Ha ewympewwue Koop-
Ounamul.

HoxasarenscrBo. Tax kar omepatop UTh,...n, U* meiicTByer
TOJBKO HA BHYTPEHHHe KOODAHHATH, TO /JOCTATOYHO YCTAHOBHTH
RaHHOe cBojicTBO AnA omeparopa UW;,. j, U* m'paa kaxpo#r mopn-
CHCTeMH j, . .., jn CUCT6MH Ky, ..., k. OgeBEgHO, mMOCTATOYHO
YCTAHOBHUTH 9TO NiA 00HOU CHCTeMH BHYTPOHHHX KoopawmHaT. BriGe-
PeM KOOPAWHATH 2 = ;& TaK, 4TOOH 2, . .., Z,_; ABIAAIHACH BHYT-
PeHHUME KOODAMHATAMH JJIsi HONCUCTEMH ji, . . ., ja, A IYCTH PABEH-
CTBO y = a,2 ONpefeixseT BHYTPEHHWe KOODAHHATH ¥y, . . ., Ym-1
cacteMut ky, . .., kp, TaKue, ato y; =z, upm i =1, ..., n— 1.
Ecam U, m U, — cooTBeTcTByOII@e YHHUTAPHEE® OHDEPAaTOPH, TO
no ompenenenuio Wj . . .j, omeparop U,Wj,. . ;U mpeiicreyer
TOJIBKO HA 2, . .., 2,_; ¥, CIEHOBATEIHHO, OIEPaTOP

UW;j,.. U*=UUW;, . ;,UtU,

cor;acHo ompepeinenuio omepatopa U,, neficTByer ToabKo Ha Y, . . .
« e+ Yn-1, 9TO H TPEGOBANOCH JIOKA3aTh.

B cuny teopems 6.1 m nemmu 6.6 omeparoput Ty,.. p, & ATkm_,,
CYMEeCTBeHHO caMocompskeHH. B cmay cuemcrsma 6.2, memmu 6.6

4%
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® caenctua 6.7 omeparopu Vj,.. .j, cumMerpuduHH B T, . p,-Orpa-
HEYeHH, a omeparopw Wj, .  ;, cuMmerpmansl @ T, . p,-OTpaHmde-
HE OpA (fy, -« ., Jn) < (Byy o o -y Em)-

ChopmynrmpyeM Hame saksiouumenvhoe npednosoicerue:

Oneparopst Sk,.. .k B Sk,...hm CYIIECTBEHHO CaMOCO-
OpS/KeHET W OrpaBWYeHH cHu3y, omeparop T, . .n,

(6.12) amuaerca Sk,...n;,-OTPAHAYCHHEIM, a omeparop
Th,...km — Sh,...km-OTDAaHHYCHHHM JJAA KAKIOH IOJ-
cucreMu k,, . .., k,, cucremn 1, ..., N.

ITpusemeM ofHO HOCTATOYHOE YCIOBME CHPABEAJIHBOCTH HPEIOJIO-
mennsa (6.12). Ilycrs wmexa aj,...j, u bj,...;, 0603HAYAOT COOTBET-
crBeHHO T, . j,-TpaHunmy omeparopa Vj,. .., # Tj, . j,-TpaHEDy
omepatopa Wj, . ., (b; =0 maa j =1, ..., N); torma ecam

. . (afi...jn+bj1...jn)<1’
@Gt...jn)C(1...N)

TO Halle 3aKJII0YUTEJNbHOEC OIPEeINOJIOKEeHIe CIPAaBeIINBO. B YaCTHOCTH,
YKa3aHHOe YCJOBHME BHIOJHEHO, €CJH omepaTop le, ..jn ABJIAETCA

7
le”_jn-ROliliﬂaKTHHIYI,- a omeparop Wj .. j;, — Tj,...;,~KOMIAKTHEM
OO BCEX i, « « vy Jno

§ 7. CHMMETPHH FAMHALTOHHAHA

IIycts y — mpomsBoasHOe OpToroHanbHOe mpeobpasosanme B R3
(7. e. BpameHHe WiIm BPAMEHNE C OTPA’KEHHEM); ONPENeTHM YHATAp-
HHE omeparop B L, (R3N) pasencrsom

UWH@=7F@"2, v, ..., v72y)
paa r € R% u f € L, (R®N). Ouesupgno, onepatop U (y) oToGpamaer
mpoctparctso C,° (R3Y) ma ce6s. Bynem rosopumrs, wro omeparop A
B L, (R®N) ¢ o6uacteio ompenexenust C, (R®N) uneapuanmer omuo-
CUmenbHo Y, ecilu
U®v)A =AU (v).

W3 ompepenenna omepatopos Tj,.. j, u T cuexyer, 410 OHH
FHBAaPMAHTHH OTHOCHTEIBLHO B C € X OPTOTOHAJBHHIX HpeoGpasoBa-
Hmit y; B cuay (6.5') To ke cumpaBemIMBO IIA OmEPATOPOB Tj,...jn
H, 3HaIAT, AAA omeparo poB I . .5, = Tj,. . .jn — Tj,. . j,. Ipo-
HBBOJbHOE OPTOTOHANbHOe Hpeobpa3oBaHme Yy HA30BEM 6pAUyAMEAL-
Holl cumMempueli TaMEIBTOHHAHA S, €CIH ONEPATOPH Sp,.. pm

® Sh,...ry WHBADHAHTHH OTHOCHTENBHO Y NI KaXKI0H HOICHCTEME!
63, - .. kpm; B 9ACTHOCTH, y ABIAETCA BpamAaTeIbHOA CHMMeTPHEi,
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omeparopa S, ecam Bce omepaTopu V;. . ., m W;. . ;, B (6.0)
HHBAPHAHTHH OTHOCHTEIHHO Y. BpamarenbHsie cuMMeTpHE omeparopa
S o6pasyroTr, ouesmgHO, moarpyumy I[' TpexmepHO# opTOroHaJBHOR
rpyoun O (3); M Gymem HasmBath I' epynnoii epawjamesvHoli cuMm-
mempuu omepatopa S. UssectHo, uro O (3) — KoMmakTHas TOMOJO-
rudeckasa rpynma. OroGpaskenne y — U (y) HOMPEPHIBHO B CHIBHOMK
omeparopuoii Tomoxormd. OmepaTopst Sk...n, B Sk1 K, CHMMe-
TPHYHE M MOTOMY 3aMHEKaeMbl; 3HAYHT, HOATPYIOA r 3aMKHYTA.
Creposarensno, I' — KoMmakTHas rpynna, u orobpaskenue y+— U (y)
SBAsETCS HEempPEePHBHEIM IPE[CTABJICHUEM STOH T'PYUNH YHATAPHBIME
omepatopamu B L, (R%V).

m
Ilycrs n; — monoskuTenbHBIE UENHe 4UCIa, TaKue, 4TO 2 nj =
= N. Torma?)

L, (R*™) = g Ly (B 5 U ) =Q U, ().

rae omeparop Uj (y) ompepeleH paBeHCTBOM

(Uf (?) f) (x) =f (v—lxh I Y—Ixﬂj)

pis z € R*™ u f € Ly, (R*™).
K omucanuo#t curyanuum mpuMeHEMHI CHeyomde JeMMH O Lpe-
CTAaBIGHUAX KOMOAKTHHX TpyOu.
IIyers Hy, j =1, ..., m,— ruabGepToBs mpoctpancTsa © H =
m

_
= ® H;. Ins npomsBonnHON KoMmakTHOHX rpymmsi I' oGosmaumm

=1
qepes D, (o € A) ee HempepHIBHAI® HeIPHBOAUMEE YHATAPHEIE (MATPHY-
HEIe) mpeficTaBleHud, a yepe3 UU; — HEKOTOpPOe ee HempEepPHBHOe Ipef-
CTaBjeHHe YHHTapHHMH omepatopamu B H;, j =1, ..., m. Torma
PaBEeHCTBO

U(v)=]_§ U;(y) mas yeTl

ompesenser HeKOTOpoe HempephsHoe npepcrasienme U rpymou I
yHUTapHEIME omepaTopamu B H.

ITycts p o6o3HA"aeT eWHCTBEHHYI0 HHBAPHAHTHYI0 BEPOATHOCT-
HyI0 Mmepy Ha I', a dy # (¢ — COOTBETCTBEHHO Pa3sMEPHOCTH U XapaK-

Tep upencraBiaenus Dg (1. e. Dy (y) = (D} (“) (y)) — oT0 KOMmIEKCHAA

1) Yepes H 1®H2 MBI 0003HATaEM nononHenue npocrpancTsa Hy@QH;. Oasa

omepatopoB A4, B, C B upoctpadcrsax Hy X Hy, Hyu H, cOOTBETCTBEHHO PaBeH~
€TBO A= B?C o3HavaeT, ato eca® fED(B) m g€D(C), T0 fQg€D(4) =
U(f Qg =BfQ Cs.
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da
KBajJpaTHasA MATPHOA HODPAAKA dy B Yo (V) = j21 Dﬁ‘) (y) aaa aoGoro

y€D).
Omneparops

Pro=da [ XUy dp(), a€d, j=1, ..., m,
T

Pu=do [ Xa()*U @ dn(). ac4,
r

ABJIAITCA OPTOrOHAJIBHRMU OIPOEKTOPaMHA COOTBETCTBOHHO B H juaB H,
YA0BJIETBOPAKMUMHA COOTHOIIGHUAM

(7-0) P.i,a- P!.B=6aﬁpj.ay PaPB =6aBPa, o, ﬂEA,
=1, ..., m,
(7.0 NPy a=I;, D Pu=I,
agA acA

rae I; u I — epquangHke oneparopu cooTseTcTBeHHo B H; m H. Ham
NOHANOOUTCA TaKKe COOTHOIIEHUe

.07 da | DR (1)* DY (3) dt (v) = BasBiibi.
r

(Ilo mosoxy aTuX moHATHH m pesyasratos cm. M. A. Haiimapxk [21],
I1.6.)

Jna BcAkoro o € A paccMOTPEM B3aMKHYTHE NOAIPOCTPAHCTBA
H;,=P;o HysHyju Hy, = P.H B H. Eciu o 5= §, To PoPg =0
H, ciIef0BaTeabHO, mpocTpaHcTBa Ho B H g OPTOTOHAIBHHE; aHAJIOTHY-
HO IpH 0 5= P oproroHanbHH mpoctpancTBa Hj o m Hy g, j =1, ...
..., m. B cunry onpenenenns omeparopoB P; o m Pg

Pija Us(¥) = U;j (W)Pj,a m PaU (v) = U (¥) Pa

miaBcexa €A, j =1, ..., muscex y € I'. Takum ob6pasom, orpa-
mauende U; (y) | Hj, o ABAAeTCA YHUTAPHHM OHEParopoM B Ipo-
crpanctse Hj o, u anamormaso U (y) | H, — yHuTapHHi# omepaTop
B mpoctparcrse H, pus Bcex y €T

IIpoussonsnoe 3aMrHyTOE mogmpocTpaHcTBO N mpocrpamcTBa H;
(uma H) nasosem D ,-noposxcdaiowum, ecam oumeparop U;(y) | N
(cootB. U (y) | N) yumrapes B N mus Bcex y € I' u ecim cymecrsyer
OpPTOHOPMHUPOBAaHHHE Gasmc B N, Takoidl, yro Aaa Kasporo y € I’
omeparop U; (y) | N (coors. U (y) | N) B aroM 6asmce mpefcTaBisaeTcs
matpuueir D, (y). Cuemosarexsno, rakpoe D -mopoxpammee IOJ-
OPOCTPAHCTBO KOHEYHOMEDPHO, B ero Pa3MepPHOCTh PaBHA Pa3MePHOCTH
do upencrasiaesua D.g.
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7.1. Il e mm a. (1) Haxdoe D q-noposcdaroujee nodnpocmparcmeo npo-
emparcmea Hj (uau H) codepacumca ¢ Hy, o (coome. e Hy).

(2) IIpocmpancmea Hjo u Ho feaslomecs 0pmozoHasbHuMU CYM-
mamu D -nopoxcdarowux nodnpocmparcme npocmpancme H; uw H
€OOMEemcmeerRHo.

HoxasaTEnscTBO. [lOCTaTOYHO HOKa3aTh YTBEP/KNEHHA, Kacamo-
muecsa mpocrpancTBa H.

(1) IIycre N oGosmagaer Herotopoe D ,-moposkfgaiomee IOAIPO-
crpagcTBo mpoctpaHersa H u {u,, .. ., uda} — OPTOHOPMHPOBAH-
HHit 6asuc B N, Tako#, 9710 AN Kamporo y € I' cmpaBegumBo paBen-
CTBO

da

U(v)uj=§1D%Z)(v)ui’ j=11 ceey, M.

N3 oupenenenus omepatopos P, m u3 tosxaectsa (7.0”) BuTeKaer, 4To

dg

Pauy=do [ e ()* 3} DY’ (v) s di ()=
r

i=1
la
= 3 4 | DR ) DY ) () w=u.
k, i=1 r

Ioastomy u; € Hy, j = 1, ..., m, u, spaunt, N < H,.

(2) Jaa raxgoro y €' omeparop U (y) | H, yumrapeH B Hy;
cienoBarensHo, orobpakenue y — U (y) | H, sABIsAeTCA HempPepHB-
HEIM IpeficTaBIeHWeM rpyunuosl I’ yHmTapHEMHE omepatropamMua B H,.
Kaxnoe Takoe mpejcTaBieHde eCTh OPAMAd CYMMa KOHETHOMEDHHIX
HenmpuBOgUMHEX upencrasienuit (cM. Mopem [20], IV.3), T. e. mpo-
erpasctBo H, pasmaraerca B oproroHadsHy0 cymmy D g-moposkgaio-
mux mofmpocTpaHcTs fis f € B, rie B — HEKOTOpOe mOIMHOMKECTBO
muOkectBa A. B cuny yrBepmpmenus (1) memmm kaxmoe D g-mopo-
sKpaloliee MoATpocTpancTBo npocrpanctsa H comepssurcesa B Hy u Hg
oprororanrbao Kk H, mpm a 5= B. CuegoBareanrmo, B = {ocs, qT10
m TpeboBaloCh TOKA3aTh.

Oasg oy, oy ..., Oy €A momomuEM
m
(7.2) D(y)= @ Da, (y) mus xamporo y€T.

Oro6paxenue y — D (y) ABIAETCA HOOPEPHBHHIM YHUTAPHHM IIpef-
cTaBleHueM rpynos ' m, 3HAYdT, YHATAPHO SKBUBAJEHTHO NIPAMO
CyMMe HeIPUBOAHEMHIX YHATAPHHX HOPEJCTABICHEN, CKaKeM

(7.2') = @ ngDe,

acA(oy,. ..,00m)
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rge A (%, . .., Oy) — HEKOTODOE KOHEYHOE IOJMHOKECTBO MHOKe-
ctBa A u maa Kaxmoro oo € A (A, . . ., Gp) DOINOKATENHHOE IEI0E
YHCIO 7, MOKA3LIBAET, CKOJBKO pa3 mpepcTaBienue D, mOBTOpseTcs
B mpaMoit cymme. Mu gacro Gynmem nucarh (G, . . ., Gp) < O BMECTO
a €A (o, ..., Gnm)

7.3. Jlemwm a. Ilyemv Nj — nexomopoe Da -nopoycdaiouee noonpo-

cmpancmeo npocmpancmea H;, j =1, ..., m. Jas kaxdozo a €

€A (o, ... 0p) cyyecmeyem n, 63aumHo opmozorasvhbixr D, -no-
1 (/2

posxcdarowux nodnpocmparcme My; npocmpancmea H, makuz, umo

® Ny= D EB Ma;.
i=1 QEA(Qy, . . .,am) i=1
m

Hoxrasareascreo. Ilycrs N = ® N;. Cornacuo ycroBuio, ome-

parop U (y) | N yumaraper 8 N mm Kamnoro y €T, m cymecrByer

TAKOH OPTOHOpPMUpOBaHHHI 6a3uc B N, uro gus xamporo y € I' ome-

parop U (y) | N mpencraBasierca B aToM Gasuce marpmmeir D (y) =
m

=® Daj (y). Cormacmo (7.2'), cymecTByer ApPYroii OpTOHOPMHPO-
i=1

BaHHHA 6asuc B N, pasxaraiomuit N Ha OPTOrOHAIBHEE MOANPOCTPAH-

ctrBa My; (i=1, ..., ng; a€A(Qy, ..., 0y)), ABISOIHEeCT
D, -nopokparonuMa, 4To X TpeOOBAIOCH [OKA3aTh.
7.4, Jlemma. Jua a,, ..., ad, €A eunoinsemcs eriiouerue
m
—~~
® Hj: aj < @ H ¢
=1 GGA(GP e .am)
m
~~

HoxasaTEnbctBo. Cornacuo nemme 7.1(2), mpocTpaHcTBO ® H;, ’
=1

m
pasiaraeTca B OPTOrOHANBHYI0 cymmy mopmpocrparcts (X) Nj, tae N
=1

asaserca Dg -mNOpOMKEAamMuM NIOAmpOCTpaHCTBOM, j =1, ..., m.
B cuny memm 7.3 m 7.1(1)

m

QN; = Ha,

=1 aEA(ai, %)

970 u TpPeGoBaANOCH TOKABATh.

7.5. Jlemwm a. Jas kaxndozo oy € A eunoansemcs graoeHUe

Hoyco @ (®H,)

(@gse o o)<ty =1
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ToxrasareascTso. Beuay (7.)°)

PH),.=H; un @H,=H.
acA acA

IToaTomy
2
H= @ (® Hf, aj) ==
Ggyoe o O EA j=1
2 =
=[ @ (®Hj,aj)] ® [ @ (®H',a,)].
(ap- . ,am)'<ao =1 (“1' ve s Op ‘Kao =1

m
—~
Cormnacro nemme 7.4, mpocrpanctso (X) Hj, o ; OPTOTOHANBHO K Hey
=t
ecadm (%, . « .+ Gm) K Qo5 DTO MOKA3HIBAET JIEMMY.
B caegyomeii teMMe pedb mAET O COOTHOIICHHH (O, « « «, Opm) <
< a (cMm. popmynn (7.2) u (7.2") mpum >1).
7.6. Temma. Ecau (0, - . «y Qjgy Qjyy Ajyy Cjt1y » + o Em) < Gg,
mo cywecmeyem no kpaiineli mepe odro maroe o; € A, umo
(al’ o ovy Qjogy Xjy Ajbyy o o vy am) <oy U (ajn (Zj’) < @j.

HoxasateascTBo. OG03HaumM depe3 Dy, ® ... Q Do, mpen-
crapienue rpynon I', ompepmenennoe ¢opmyxoi (7.2). Ilo ycaosmio,
npencraBieHue

D=Dai® e ® D“j_1®D°°j1 ®Daj2 ®Daj+1 ®...Q® Dam

YHATApPHO SKBUBAJIEHTHO HEKOTOPOH HpPAMOH CYMMe HENpPHUBOTWMBIX
OpefcTaBieHuil, B KoTopyio BxoamuT u Dy . B cury (7.2') mu Taxme
uMeeM

Da’-‘ ® Dajz = @ nﬂDﬂ-

BeA(aj,, ;)
IlosToMy D yHUTapHO SKBHBAJIEHTHO NIPAMOiI CyMMe Ipe/CTaBleHHD
Dy ® .. @Day , ® Dg @ Dy, ® ... ® Doy, THE (%5 %) < p.

ITo xpajtneit Mepe OJHO W3 HTUX IPEICTABJICHUA JOJKHO GHTH YHATAD-
HO YKBHBAJGHTHO HEKOTODOHX HpAMOA cymMme, copmep:kamei Dg,, T. e.
cymectByer B € A Takoe, uTo (2j,, &j,) < p u

(ah oo vy Qjg, 6’ Cjt1y o o o <x'm) < Qy,
aro @ TpeboBATOCH TOKA3aTh.

Teneps Ham caegyer oGcyaurb IPYroit THO CHMMETPHH FaAMHUIBTO-
HUHAHA, HASKHBAEMHIX NePeCMAH060YHBIMU cummempuami. 1lycts v —
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HexoTopas uepecraHoska wucex 1, 2, ..., N. 3amagum B L, (R%N)
yaumrapHHiA omepatop U (n) paBeHCTBOM

(U @) ) (@) =1 @a1(1)s +-«» Tarm))

pasa z € RN uf € L, (R¥N). OueBugno, U (n) orobpamaer C, (RN)
Ha cebsa. Hneapuanmnocms onepaTopa OTHOCUTEIHHO MEPECTAHOBKH It
ompefelseTcs Tak jKe, Kak Misa Bpamenwmit. I3 ompepenenus omepa-
Topa T cxefyer, 970 OH MHBAPUAHTEH OTHOCHTEIHHO MEPECTAHOBKHU It
TOT/Ia W TOJIBKO TOrfa, KOTHAA Pnj) = Wy Aaa j =1, ..., N, 1. e.
TOTAA B TOJBKO TOrJa, KOTJla T mepecTaBjAeT MEXKAY co00H gacTHIH
¢ paBHEEIME Maccamu. C [pyro#f CTOPOHHI, €CIM W)= Wj AJIA BCEX j,
T0 omepaTope T,...;, HpeoOpa3yloTcs COIIAcHO CJERyIomeMy

3aKOHY:
U () Tais. . .imy=T...5nU (%),

rge 7 (jy - - . jn) 0003HAUWAET YHOPAMOYEHHHIH 00pa3 IOIMHOKECTBA
j1s + « 5 jn} OPE OTOOpA’KeHWH ; €CIW NUPUH DTOM 7L OTOOpaskaeT
j1» « « + Jn} Ha ceba, To omeparop Tj,. . j, HHBAapHAHTeH OTHOCH-
TeabHo n. Jlaa kparkoct:m Gynmem rosoputs, uro omepaTopsl T',...in
K06GPUGKMHY, OMHOCUMEALHO " TT.

B caay (6.5') omeparoper Tj,...j, ¥, CleZoBaTelbHO, OHEPATOPH
T;,...jn KOBAaDHAHTHH OTHOCHTEIBHO Tt (6CHH [nj) = Wj AIA BCeX j).
Hepecranosky & HasoBeM nepecmanosourol CcUMMempuel TaMEIb-
ToHmaHa S, ecau omeparTopsl Sk,...km ¥ Sk,...h;y KOBAPHAHTHH
OTHOCHTENbHO J; B YaCTHOCTH, 7l ABJIAETCS NEPECTAHOBOIHOHR CuM-
Merpueir omeparopa S, ecam Bce omepaTopsl T, . .in,  Tj...jns
Vi....ijn @ W;j,..  j, xOBapumaHTHH oOTHocuTenbHo . IlepecramoBou-
Hhle CHMMeTPHHU omepatopa S, 04eBHIHO, 06pasyiT HEKOTOPYO HOJ-
rpyuny II cummerpmueckoit rpynns o y; HasoeM Il epynnoi nepe-
CMAN0604HOT cuMMempUy omeparopa S.

IlepecramoBka 5, KOTOpas MeHSeT MeCTaMH ABa djaeMeHTa Habopa
{1, ..., N}, a ocranbHHe 3JIeMeHTH He TPOTAeT, Ha3bIBACTCH MPAKC-
nosuyueti. Ecim TpaHcmoswnus, MEHAIOMAS MECTaMHU i W j, ABIAETCHA
IepecTaHOBOYHOM cuMMerpueit omepaTtopa S, To 6ygeM roBOPHUTh, 4TO
gacTusl § U j moacdecmeennvi. Ilpenmomnosskum, aro zpynna II nopo-
Hdena mpancnosuyusmu moxcdecmeennniz wacmuy. B TaxoM ciydae
PacCMaTPHBAEMYI0 CHCTEMY MOKHO Pa36UTh Ha HOICHUCTEMEI, COCTOSA-
Imue U3 TOKIECTBeHHHIX yacTull, u rpynna Il asasgerca npAMHM npous-

m

BeleHUEM CHMMETPUIECKUX TPy of,.j G=1,..., mecn;=N.

=1

IIycrs E, (¢ € A)—HenpuBoAUMEEe YHHTAPHEE (MaTPUYHEE) IPEN-
crapnenuss rpyunmsl Il m d, m 7Y, — COOTBETCTEEHHO Da3MEPHOCTH
u xapaxtep mnpepncrasienus E,. Paccmorpum omeparopm

a.n P, E)=32 S %, (m)*U (n), ac4,
nell
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rae h—nopsapok rpynnu II. Kax xopomo m3BectHO!), 3TH OmEpaTOpH
ABIAIOTCA OPTOTOHAABHHMHE npoexTopam:a B L, (R®), ymosmerso-
PAOIEMA COOTHOLIEHAAM

(7°7') p (H, Ea) p (II’ Eﬁ) = saﬂp (H’ Ea,)9 o, ﬁ EAb
7.7 2 P@ E)=1.

ITycrs I, — mexkoropas moprpymma rpymuu II, Fg (B € By) —
HeNpHUBOJMMEIe YHUTAPHEE mpefcTasaenus rpymns [T, u P (II,, Fg) —
COOTBETCTBYIOIAE OPTOrOHAJNbHEIE HPOEKTOPH B Ly (R®N). Ilna rask-
moro o € A orpammuenme E, |Il, aBisercA YHETapHHM OpeACTaB-
aenmem rpynns I1, u, ciemoBaTenbHO, YHETAPHO DKBABAJEHTHO HEKO-
TOPOl NpAMO# CyMMe HEIPHBOAMMHX IpeACTaBICHHM
(7.8) E.\ll,= D nghs,

BEBo()
rae B, (@) — magne;kamee mOAMHOKeCTBO MHOKeCTBa By H Aua Kam-
pora B € B, () HONOKATEIBHOE MEJI0e YACIO Ng YKABHBAGT, CKOABKO
pas mpepncrasienne Fg BCTpeIaeTcA B CyMMe.

7.9. JI e m M a. [Jasa npoussosvroti nodzpynnw Iy epynnw I1 npu xasc-
dom o € A eunosnsemcs coomuoweHue

P, E)= > P, Fp),
BEBo(c)

2de B, (o) — mHoxecmeo, puzypupyrouee ¢ gopmyse (7.8).

Hoxasatenscteo. Ilyecrs H =L, (R®N). B cmay nemmm 7.1
P (I, E,) H saBuserca opToroHainbHOi Ccymmoit E,-moposxpanoimmx
mogupoctpaHcTB mpocrpancrsa H. Coraacuo (7.8), kasxpmoe E,-mopox-
Raiomee IOJIPOCTPAHCTBO €CTh OPTOrOHAAbHasA cymma F g-moposkmalo-
ImMuX DOAIPOCTPAHCTB, KOTOPHS, CHOBA B CAIY JeMMH 7.1, comepskarcs
B P (Il,, Fg) H. IlosTomy
P(I,E)Hc p(1,, Fp) H,

( ’ a) ﬂE@w ( 0 ﬂ)
9TO YKBUBAJEGHTHO COOTHOIIGHUIO

P(LE)=_3 P (@ Fp.

BeBo(x)

ITycrs II; — mpomssonbuas moprpymna rpymnum IIy, G, (y € By) —
ee HeNPHBOAWMOE YHHTAPHOe IPE[CTABACHHE I'DYNIH vIIl. Kak m B
(7.8), mmeem

(7.10) E = D nG,,
YEB1()

7.41 Fg| T, = Gy,

(7.11) bl €D ri6y

rme B, (o) w B, (B) — Hapne;xamume mOAMHOKecCTBa MHO;KecTBa B;.
1) Cm., manpumep, [35]. —Ipum. nepes.
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7.12. Jl e M m a. Ilycmov mruoxcecmea B, (a), B, (@), By, (B) onpede-
AeHbl coomeemcmeenno coomuoweruamu (7.8), (7.10) w (7.14). Toeda
04 Kaxcdozo y € B; () cywecmeyem no kpaiineti mepe o0ro P € B, (a)
maxkoe, umo Y € By, (B).

Hoxasarenscreo. B cuny (7.8) m (7.11)
Eo |l = (E,|II,) | I, == n Gy
o| Iy = (Eq | ILy) |1, Be@a) ﬂvegg(ﬁ)ny ¥

Orcoma u u3 (7.10) cpa3y ciegyer yTBepKIeHUE JOMMHI.

Nyers Z = (Z,, . . ., Z;) — npousBoabHOE pa3dumenue paccMaT-
puBaeMoii cuctemsl (T. e. Hamero MEOecTBa {1, ..., N}) Ha k mop-
cucreM Zj;, u uyctb Il (Z) — moprpynna rpymmu II, cocroamas ms
Bcex Taxux mepecTaHoBoK U € Il, wro n (Z;) = Zjpuaj =1, ..., k.
Tax kaxk rpymma Il moposxmaercsa TPaHCHO3MIUAME TOKIECTBEHHEIX
qacran, To rpynna II (Z) mopoxpgaerca TpaHCHO3UIMAMY TOMIECTBEH-
HHX 4YacTHI, NpPHHA[JIEKAmMuUX OfXHOMY #3 MHOKecTB Zj CiemoBa-
reasno, I1 (Z) =11 (Z,) X ... X Il (Z,), rpe II (Z;) — momrpynna,
TIOPOKIeHHAsN 'rpchnhosnnnamn TOKIECTBeHHHX dacTHn B Zj. Oue-

Bupso, L, (R?Y) = ®L, (R®™)), rpe m; — umcao sacTum B Z;. Torma
i=1

BJs HepecTaHoBOK 7t = q; X ... X np € Il (Z) BumoxHserca pa-
BEHCTBO

Rk
U (m) = 5;8; Uy (1),

rpe U, (;) — yaurapHEE omepartop B L, (R3™1), coorsercTByOmMAR

ny € I1 (Z;). Hpumenum xemmy 7.9 x rpynne II, = II (Z). Ilockoabky

Kaskjoe HempmBopumoe npencTapiaenne Fg rpynow I (Z) ects Tersop-
R

Hoe mpomsBenenue (X) Fp, mempusopmMux mpefcrasienmii Fp,
S

rpymnu II (Z;), mut mmeem

.3
P (I1(Z), F)) =) P [1(2)), Fy),

H I03TOMY B CHIY JieMMH 7.9
k
P, E)< 2 Q P{L(Z)), Fp).
BEBo(o) j=1

h
Venopmmess pmamee mmears (Fy, ..., F) < E, Bmecro Fg=QF,,
: z i=1
BEBy(a). Torma mocaexHee HepaReHCTBO MOKHO IEPENUCATH B BHAE
R
P(Il, Ex) < 2 Q) P (I (Z)), F)).
(Fy,.. .,Fh)..z<Ea i=1



§ 8. Cnekmp zamuasvmoruara c60600K0l cucmemn 61

Has omogumpocTpancTB

Ly R*™, Eq)=P (Il, Eq) Ly (R*)

Ly (R™, F|=|P (I (Z;), Fj)Ly R"™)

BHINIOJIHAETCA 3KBHBAJIEHTHOE COOTHOIICHUE

(7.13) Ly(R*™ E,) = P ® L, ®R"™, F)).

(Fya- o oFp) ..<E

§ 8, CNEKTP FAMHNIbTOHHAHA CBOGOAHOH CHCTEMbI

CucreMa gacTHN Ha3HBAETCA c80600H0L, €CIH OTCYTCTBYET B3aHMO~
JeHCTBHE MEKAY 9acTHNAMM CHCTeMH H BHENIHUM MHUDOM, T. €. eClHd
PaBHH HyI0 Bce omepatopsl Vj, . . .j, B npencraBienun (6.0)
rammiabrondana S. M3 coorHomenumit (6 9), (6.10) caxenmyer, uto musA
m1060i CBOGO/HON CHCTeMH NOJNHEM FaMUILTOHHAH S M BHYTDPEHHUH

raMMIBTOHUAH S CBfA3BAaHH COOTHOIIGHUEM
(8.1) S=84+T.

rpe T =T, . y — omepaTop TPAaHCIANHOHHOH SHEPIWH CHUCTEMEL
BubepeM KoopmmHATH Yy, . . ., Y TAK, YTOOH ¥, . .., Yy-4 ABIA
JIUCh BHYTPEHHEMH KOOPJAMHATAMM s BCeil CHCTEeMH, u mycTs U —
COOTBETCTBYOINUA yHHTapHHE omepatop B L, (R®N), ompefeIeH b
¢opmynoit (6.4). Torma, coraacuo ompepenermio (6.5) omeparopa I-
oneparop T” =UTU* peficTByeT TOIBKO HA Yy U HOPOKAACTCS OIE
patopom B = — (2u)* A, rie A — namnacmar B L, (R®) = p =
N

= Y Wj — HOXHAA Macca JaHHOH cuCTeMsl. B cumry teopemsr 6.11
= ~ ~

omeparop S' = USU* peiicTByeT TOAbKO HAa BHYTPEHHME KOOPAMHATH

¥ mopopaercsa HeKoropeiM omepatopoM A4 B L, (R3N-3), YuurmBas

PaBeHCTBO

Ly R*™) =L, R*"%) @ L, (R?)
7 nonarag S’ = USU¥*, moaxyuaem
8.2) §S'=4AQI,+1,®B,

rne I, u I, — equnuuHEle omepaTops cooTsercTBeHHO B L, (R3N-3)
a8 L, (R®. U3 (8.2) BuTexaer, ato omepaTop S’ mMeeT cileqywomue
CHMMETPHH:
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(8.3) (i) Tpamcasmmm ¢, (xq, ..., Zy)>(x+ 2, ..., z§ + 3),
z € R%. Omm o6pasywnT rpynny, msomopdryio R3. Omeparop
S’ UHBapUMAHTOH OTHOCHTeJNBLHO [;, TAK Kak [, JelcTBYyeT

B y-xoopmmEatax mno ¢opmyre (Y, ... Yn) > Yy, - - -
«ew YN-1,» Y~ + 2), & omeparopu [, u B TpaHCIAADHOHHO
HHBAPHAHTHHI.

(ii) Oproromannune mnpeoGpasoBamma y € O (3), meiicTByio-
mue TOJBKO HA KOODAHMHATY IEHTPa Macc, T. e.
(yl? LIRS} yN) — (ylv e YN YyN)'
CHoBa omeparop S’ WHBADHAHTOH OTHOCHTOJBHO STAX Ope-
o6pa3oBaHmil, IOCKONBKY MHBAapHAHTHH omeparopu I, m B.
(iii) Buympennue sepawyenus  (Yy, - - - Yn) > (VY1 -« -«
.+ YYN-1, Yn), TAe y OpEHamAe;RET rpynme I' Bpamarens-
HOH cmMMeTpuE omeparopa S, ompemeneHHOX B § 7, T. e.
moxarpynme Bcex mpeoGpasoBammit y € O (3), oTHOCHTEIBHO
KOTOPHIX Bce omepartops Wj,. . ;, WHBapHAHTHH.
(iv) IlepecTamoBounkI® chMeTpnn x omeparopa S. Ouesmamo,
KOODAMHATA NEHTPA MAacC Yy, HNHBAPHAHTHA OTHOCHTENb-
HO OpPOMBBOJBLHOH I@PECTAHOBKE (TOXKJECTBEHHEIX YACTHI);
HO09TOMY T JEHCTBYET TOJBKO HA BHYTPOHHH® KOOPAMHATHL

B atoM maparpage M He NMpHHEEMaeM BO BHAMAHHE TPAHCIANNH
u paccmarpmeaeM rpymny I' X O (3) X II, mopomxpmernyio cmmmer-
puamum (iii), (ii) = (iv). HempuBoguMue mpencrapiieHus 3TOM rPynIs
mmeror Bug R =D, ® D, ® E, rne D,, D, n E — HenpuBOAUMEI®
npeacraBnenua rpyon I', O (3) m II. CoorBeTcTByIOmUit MpeacTaBie-
EE0 R mpoextrop Pp B mpocrpanctBe L, (R®N) B y-koopamnaTax
OIpefesAeTcs PaBeHCTBOM

(8.4) Pn=Pp,Py ® Pp,
rae Pp,, Py — mpoextopit B L, (R®N-3), coorBercTByromue D,, E,
m Pp, — mpoexrop B L, (R3), coorsercrBynomuii D,.

8.5. Teo pewma. [Ipoekmopw Pp, u Py xommymupyom. ITodnpo-
cmpamncmea

Ly (R*™~3, D,E)=Pp,PgL, (R*"~3),
L2 (Rsv Dz) = PDaL2 (R3)1
Ly (R*", R)= PpL, (R*Y)

npugodam coomeemcmeerrno onepamopw A, B, S’. Jlan npusedennuz
onepamopoe Ap g, Bp,, Sr umeen

(8.6) Sr=Apr ® I;+ I, ® Bp,.
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HorasaTennctso. Omnepatop Py sABAseTcsa JaumHelHOE KomGmHA-
nueil KOHeYHOro gmcia yHmTapHEX omeparopoB U (n) (m € II), ymo-
Baetsopanmux yciaosuo U (n) A = AU (rn). llosTomy pas omepatopa
'Pg BHDONHAETCA cooTHOmMEHme PgA < APg, 1. e. PxD (4) = D (A)
u PrAu = APzu npm u € D (4); caegoBaTenpHO, HOXIPOCTPAHCTBO
PgL, (R®N-3) npusogur omepatop A. Ilokaskem, uro omeparop Pp,
KoMMyTHpYer ¢ onmepaTopoM Py m mpocrtpamctso P L, (R®N-%) mpn-
BonET A. YTBep:kueHHe O4eBHAHO, ecad I' — KOHeuHadg HmOATrpyNma
rpynou O (3): B aToM cayuae omepaTtop Pp, sBIAETCA KOHEYHOH
NEHEHHOH KoMOmmammeit yHmTapHHX omepatopoB U (y) (y €T),
ynosaersopaomux cooraomenuaM U (y) P = PyU (y)u U (y) A =
= AU (y). Ecam rpynma I' Geckoneuna, To '

Pp,=d [ %4)* UM dp ),
r

rae d ¥y — COOTBOTCTBOHHO Pa3MePHOCTH U XapaKTep IPefCTaBICHUT
D,, a p — nuBapuanTrasa BepoaTHocTHaA mepa Ha I'. flcHo, aTo ome-
patop Pp, xommyrupyer ¢ Pg. Jaa kaxpoi dpynxumm f € Cy (R3N-3)
CYImECTBYeT TAK0e KOMIAKTHOe IOAMHO;kecTBO K mpocTpaHCTBa
R3N-3 g0 supp (U (y) f) = K nas Becex y € O (3) u, 3naunr, PyHK-
mua  Ppf mveer xompaktHHiE HocmTeas. Hpome Toro, U (y)f €
€ Cy (R™) m grady (U (v) fl = U (v) [grad;f-y~'] pua j =
=1, 2, ..., N —1. Ilosromy ¢ymxnua

Pof=d | x@)* U fdp )
r

Gecromeuno guddepernupyeMa u €e IPOM3BOTHLIE MOKHO BHUHUCIATH,
nuddepeRnupys mNop B3HAKOM WMHTerpana; cxaepoBarenabnHo, P f €
€C> (R3N-%) = D (A). Haxomen, ¢ymrkmma Ppf ects mpemen
B L, (R®N-%) gomeunmx nmHeiimmx komOumanmii snemerntoB U (y) f
(y €T). Tak xak omeparop A 3aMHKaeM, OTCIOfa BEITEKAeT, 4TO
Py Af = APy f, 1. e. mpocrpanctBo Pp L, (R®%-%) mpusopur A;
3HAYUT, mpocTpanctBo Pp PpL, (R®N-%) rakske mpmBoAmT omepaTop
A. VrBep:xaenume, racapomeecsa onepatopos P, m B, noxasnBaerca
B TOYHOCTH TAK K@, Kak JusA onepatopoB P, um A. Omeparop Pp,
onmpeneneHHK paBeHCTBOM (8.4), 0YeBHIHO, ABAAETCH NPOGKTOPOM
B L, (R®Y), ynosnersopsaiomum BBEAY (8.2) cootmomenmio PRpS’'
< S§’'Pyg. Iloaromy mpoctpanctBo PpL, (R®N) npmBoput omeparop S’.
Haxomen, (8.6) caenyer us (8.2) u (8.4).

8.7. Teo pewma. ITyemv npedecmasaenus D,, D, u E makoew, umo
Py 5= 0. Onepamopu Sg, A p,r u Bp, cywecmeenno camoconpadicers.
Cnexmp o (Sg) onepamopa S’ (m. e. camoconpaxcennozo 3amuira-

Hus SR) coenadaem c¢ samviKanuem MHONCECMEA

A A=A + Ag, A €0 (Ap,8), Ay €0 (Bp)}.
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Ilomsummmo. B cuny npemnonomennsa (6.12) m memmu 6.6
oneparops S, S m T' cymecTBerHO CaMOCONDSIKOHE]; TIOTOMY TO KO
COpaBeiuBO I omeparopoB S', SA’ " IZ . Cornacno Teopeme 5.2,
omeparops A mw B (mopomparomume S’ m T’ cooTBeTCTBeHHO) Tax:ke
ABIAITCA CYMECTBEHHO CaMOCOLPsKeHHHMHA. I103TOMy mpuBeIeHHES
onepatopsl Sg, Ap,p B Bp, CYmeCTBEHHO CaMOCONIDAKOHH (HAIOM-
HHEM, 9TO omepaTop Pp, a 3maunr, u oneparops P Py, Pp) He paBHH
HYI10). YTBep)KIeHHe, KACAIIeecaA CHEKTpPa omeparopa Sk, BHTe-
Kaer u3 paBeHcTBa (8.6) m ommHOM TeopeMH o cemapabelnbHEX omepa-
topax (cM. Mopen [20], I1.6, Teop. 8).

Crnenyromas TeopeMa OTHOCHTCA K CHEKTPY O (Bp.). Mu moxarem
ee B Gouee o6mell GOPMYIMPOBKS, 4eM HAM 316CH HYKHO, HOCKOIBKY
9T0 He TOTpPefyeT HHKAKOA MOMOJHHTENBHOA PaGOTH.

8.8. Teopewma. Paccmompum onepamop T = — A ¢ L, (R™),
D (T) = €, (R™). ITyemv T' — nekomopas komnaxmmuas nodezpynna
2pynnw O (m); D, — nenpusodumoe npedcmasaserue epynnu I'y makoe,
umo coomeemcmeywuli npoekmop P, ne pasen moxcdecmeenno nysio;
T, — npueedennunii onepamop T}(c o61acmeto onpedesenus Py, Cy (R™)).
Tozda

o (T;) = [0, oo;

Oasg mobuiz A =0, e >0 ur > 0 cyyecmeyem maroe D ,-noposxrcdaio-
wee nodnpocmpancmeo N npocmpancmea D (T), umo

u@)=0npu |z|<rml|Tu—tu|<elull 0aa 6cez u€N.

HlorasaTEnncTBo. JlOKakeM CcHayaja IOCIe[Hee YTBED:KACHHE.
Ilycts Q oGosmagaer egmamanyio chepy B R™ m N; — MHOKECTBO
Bcex chepHUECKHX TapMOHHK mopanka ! ma Q; mMHOKecTBo N; mpen-
CTaBJsAeT CO0GOH KOHEYHOMEPHOE IOJANPOCTPAHCTBO IPOCTPAHCTBA
L, (Q) =

@) NI=L2(Q)-

Oﬁosnaan Pa3MePHOCTs IPOCTPAHCTBA N, gepes d;, u mycts Y 5,
=1, ..., d;,— oproropmMuEpoBamusii 6azmc B N, [laa kampmoro

Jy €0 (m) aﬁymm;nﬂ E > Y ; (y'E) aBaserca cdepmueckoir rapmo-

HEKOj mopsAAKa l; mosToMy cymecTByeT yEaTapHaa marpuna DM (y)=

(D(l) (v)), Takasm, gro

4
Yyw)=23D0MYu®, e j=1 ... d.

Jlerko Bmuers, uTo oTobpaxenme y — DP (y) ects ymnapnoe npen-
crapresme rpymusl I'. Ilockomsky mpencrasmenme D (y) ymmrapuo
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SKBHEBAJIOHTHO IPSAMOM CyMMe HENPHBOAMMHX IPACTABICHHHA (rpym-

nu I'), To mopmpoctparcTBo N; pasaaraercs B OPTOrOHANBHYIO CyMMY

D g-nmopoxpalomux HOJIPOCTPAHCTB mpocTpancTBa L, () maa Hexo-
00

TOpHX HempuBopUMEX mpefctasxenmii Dg rpymmu I'. Ho Q) N, =
1=0

= L, (Q) 1 P, = 0; caegoBareibH0, CyMeCTBYeT IO KpaiHeil Mepe

ogHO Takoe I, uto N,; comep:kuT HeKoTOpoe D, -mopoKKaomee IOJ-

npocrpauctBo N (a, 1) Y). Oas f € L, (0, o), || f |l = 1, o6o3naunm

gepes N (a, I, f) mEoxectBo ¢ymxmmit v Ha R™ BEpa

1-m

w@=lal * f(s DY (15), «leR™,

rie Y € N (a, ). Torga N (a, I, f) 6yner D, -mopoxpanmaM TOAIPO-
crpagcTBoM mpocrpaHetBa L, (R™). Ecam f€ CP (0, o0), ToO
N@ll f)cD(@) =

1-m
Tu@=|z| * Lif (2) Y (157)>
rae
Lif 6)= —1" () +
Ilono;xum Temeph

fo () =n-172¢VEisg (1), n=1,2, ...,

_1) ( m2—3)s_2f(s).

rre A=>0, 9 €C; (0, 00) u || @ || =1. Torna
1fall =1 = || Lifn — Afn || = 0 opm n— oo.
ITo sagamasM € > 0 m r > 0 moxkuO0 mopmoGparth n € N Tar, urobH

fn (S) =0 npns rum " Llfn_xfn ”

Orcrona Bugeo, uro N = N (a, 1, f,) asaserca D, -mopoxmanomum
moaupocTpancTsoM mpocrpaHctea D (7T), rtakmM, uto u (z) = 0
opa |z | <<ru||Tu — || <ellu| ana Bcex u € N. B cuny
aemmu 7.4 N copepxmurcas B P,L, (R™) m moromy N < D (T,).
Coraacro Teopeme 1.1 (zacts (3')), A € o (T,); »T0 copasen-
auBo auaA Kakporo A =0, moaromy [0, oo [< o (T,). C mpyroi
cropornl, O (T) = [0, oo ®, 3maumr, o (T,) < [0, oo[; orkyna
o (T,) = [0, oof.

1) Iaa cayuas, Korma rpynna I' KoHeqHa m m = 3, aHAJOTHIHO® YTBEPKMIe-
HHe OHNO paHee AoKa3aHO B [50*].— ITpux. nepes.

85 Topresc m Bafaman
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88. CnemcrBme. I[lyemv P, — opmozonasvisie npoexmopu
6 L, (R™), onpedesennuie gopmyaoii

(Pof) (@) =5 1 @)+ o1 (—2), o==%1.

Ecau PyPy = 0, mo nodnpocmparncmeo N ¢ meopeme 8.8 moxcem Gumo
enbpano mark, wmobw, P,N = N.

HoKABATEABCTBO JErKO cCiefyer m3 TOro Qakra, 94TO MOIIPO-
crpadctBo N (e, I, f), ompefgenennoe B JOKa3aTeabCTBe TEOPEeMH 8.8,
ymosaerBopsier ycaosuam: PN (a, I, f) = N (oc L, ) nia © =
= (—1)" 1 PyN (e, I, f)——{O} A o %= (—1)4L

Ilyers D m E — HeNpUWBOAWMEIC IPEACTABJICHHA COOTBOTCTBEHHO
TPYOOH BpamaTeabHOR cmMMeTpmE I' m rpynms HepecTaHOBOYHO
cammerpua II omeparopa S. O603uauum gepe3 Pp u Py COOTBETCTBYIO-
mue npoexTopu B L, (R®N). Torma mpocrpamcrso L, (R®N, DE) ==
= PpPgL, (R®N) mpuBogur omeparop S. Mu xormM mHajitu cmexTp
IPHBOJEEHOTO 0meparopa Spgp. [AA HEOPHBOJUMEX IIPENCTABICHHI
Dy, Dy,, Dy rpynnu I' B § 7 Guo ompepieneno oTHOmMEHH® (0, 0p) <
< a(eMm. (7.2) m (7.2°)); mMu OGymeM Temephb 3amHCHBATL €ro TaK:
(Dg,, D,,) <D,. Ucnonnsys 0603naueHus TeopeMu 8.7, BBeIeM 4HCIO

8.9) Npr = inf {A: A € 6 (4 p,5), cymectByer D, Taxoe,

) Y (D11 D2)<D nPDxPEPDs:#“-O}‘
Hwxnasaa rpaEp 3mech koHeyHa, motoMy 4To O (Ap,x) < o (4) =
=0 (S), a omeparop S orpammuen cumsy (cm. (6.12)).

8.10. Teopewma. ITyemv S — z2amusvmonuan c60600K0ili cucmemol,
a D u E — maxue Henpugodumvié npedcmasieHus cOOmeemcmeeHHo
epynnu. epawyamensvroli cummempuu I' u zpynnw nepecmanosounoii
cummempuu 11 onepamopa S, umo coomeememeyrowuti npoesmop P ,Pyg
ne paser nyaro. Toz0a das npusedennozo onepamopa S pr cnpasediuso
Dasencmeo
6 (Spr) = [npE, o,

20e wucao Npgr Oaemcs coommowenuem (8.9). Juas awbux A = npg
u & > 0 cywecmeyem maroe p > 0, umo das kaxcdozo r > 0 uau&emcn
D ® E-nopoacdarnuee noanpocmpancmeo N npocmpancmea D (S)
co caedyrowum ceoticmeom: 011 ecex Pymryuii u € N

ISu —Mll<<ellull
u

u(2)=0 npu ( 2 lzi—2; )" >p u npu u‘lZu]zfl

I[OKAsATEJIBCTBO a) Paccmo'rpnM BCE BO3MOJKHEI® napm (D DY)
HeIIPUBOJUMEIX HpeAcTaBieHmii rpynns I', Takme, aro (D}, 2) -< D
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u PD‘l PpPpi = 0. lna R; =Di @ DI® E Bocmonb3yeMcs IpefCTaB-
renmeM (8. 4) COOTBETCTBYIOMEro mpoexTopa Pp, H ompepenuM mpu-
Boxamee mommpocrpanctBo L, (R3N, R;) = Pp L, (R3N) nmaa ome-
paropa S'. Ilpumennm Teopemy 8.7 ¥ mpHBeIeHHEIM omepaTopaM Sg,.
IlockonbKy, coraacHo Teopeme 8.8, o (BD;‘)=[0, oo[, To MH moxy-
9mUM, 9TO

o (Sk,) =[Ppigs oo, TRe P'mE—mm“(AmE) > Mpg-
ITonomum Teneps L, (RsN, DE)= PpPzL, (R3 ). B cany axemmu 7.5
Ly R*", DE) =D L, (R™, R))

u noromy 6 (Spg) < U o (SR) < [npg, ool.

b) Ich'rr, A>NpE. Torna coraacHo (8.9), cymecTsyer Takad mapa
(Dia 2)’ 910 (Dl’ D2)<D PDipEPDa#O n }">|"'D1E""
= min o (4 DiE)' O6o3nauum uepe3 d,, d, ¥ dg COOTBOTCTBEHHO pa3-
mepuoctn npencraBrenuit Dy, D, u E. Ilycrs 3amasu wmena € > 0

ar>0me = % e (d,dyds)~1/%. B cuny teopemu 8.8 maiinerca D,-

noposkfaomee moxnpocrpancTso N, mpocrpancrsa D (B) = €, (R®),
TaKoe, 4To Bce Qyuxmum w m3 N, paBHAITCH HyIW npu |z |<r
¥ YAOBJIETBOPSIT HEPABEHCTBY

B — A —ppe)wl<e [lwll

Hanee, p pg €0 (4 DIE)° IToaromy, cornacuo Teopeme 8.11, moxasm-
Baemoii Hmsxe, Halfmercsa D, ® E-nmopoxpaomee mogmpocTpanctso N.
npocrpadctBa D (4) = C;° (R3N-3), rtakoe, uro

| Av — Wb, 5V | <€ |lv]|l ana Bcex v € N;.

B cuny (8.2) pas Beex ¢pyurmmii v = v @ we v € Ny m w € N, Bumoi-
HaercA HepaBeHCTBO || S'u — Au || << 2¢’ || u ||. BuiGepem opromOp-
MHpPOBaHHEE 0asucH vy, ..., Up (p = d,dg) B mpocrpanctse N,
aw, ... wg (g =d,) B npocrpanctee N, Haxpan ¢ysrmus u €
EN,®N, Imee'r BH]

Y4 q
u= 2 ) CinVj ® wr,
=1 k=1
H OO03TOMY
D q
I Su— Au || < 2¢’ ;1 hZ lem | <
y q
<2¢'(pg)'* (2 2 [en P} =ellull.
= £

5*
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ITo nocrpoenmo, u (y) = 0 opu | yy |<r nus Bcex uEN, @ N,
m cymectsyer p’ > 0 Takoe, 4ro

N-1 _
u(@)=0 npx (3 |5F)" >0 mun scex u€N; Qo

Ilo ompenenenmio oraomenus (Dy, D,) < D u mo nemme 7.3 mpocrpan-
ctBo N;®N, copmep:kar Heroropoe D @ E-mopokpaiomee moxmpo-
crpagctBo M. Ilepexoas o6paTHO K mePBOHAYANBLHHIM KOODAMHATAM
z, M moaysuM taxoe D ® E-mopo:kpaomee DOAUpocTpaHcTBO N
npocrpanctsa D (S), aro gaa Bcex u € N BHIOJHAIOTCA COOTHOMEHAA

ISu—dull<e|lull,

N
u(z)=0 mnpum p;-iI,Z‘,i p,,:c,|< r,

m B cmiy jdeMmH 6.8
N

u(*)=0 npm (Z |2; — =, ]2)1/2>/p=p—'.

€1
i, j=1

Ionoxkum Temepb A = N pg. Jasa awboro & > 0 cymecTByer Taroe
p > 0, aro gusa raxporo r > 0 maitnerca D @ E-moposxpaomee mon-
npocrpaactso N mpocrparctea D (S), o6ragaomee ciefyomuM CBOR-
CTBOM: JJIAA BCOX pymrmmit u € N

|su—(r+5)u]|<Znun
) §

N N
u@=0 mpr (3 lo—af)" >p u upx wi| 3 wl<r,
Orciona Burexaer, uro || Su — Au || < e || u || mas Bcex u € N.

Haxonen, m3 wactu (3’) Teopemnr 1.1 caemyer, aro A € ¢ (Spg),
T. e. 910 0 (Spg) D [Mpe, oo m, 3mazmr, 0 (Spg) = [MpE, -

B poxasatensctBe TeopeMHu 8.10 Guna mCHONB30BaHA CleNYIOMAA
Teopema. IlocKONBKY OHA HpPeACTABIAsAET H CAMOCTOATENBLHKIH HHTEpeC,
Mu chopMyrEpyeM m [OkaskeM ee B Oomee obmeit opme, geM HaM
sgech HyxHO. Ilpm mpmMeHeHWEH ee B JOKasaTenbcTBe Teopemu 8.10
mamo 3amesnts I' ma I' X Il » D wa D, ® E.

8.11. Teopema. IIyemv A — cywecmsenHo CcamoconpaAcerHnbili
onepamop 6 L, (R™) ¢ o6aacmeio onpedesenus' D (A) = C; (R™),
a I' — Komnakmnas zpynna npeobpasoeanuii npocmpancmsa R™,
maxas, wmo coomuowerue (U () f) (x) = f (y~'z) onpedessem wnenpe-
puieroe npedcmagaenue y —> U (y) epynnu I' ynumaprwmu onepamopa
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au U (v) 6 Ly (R™), ydosaemeopaowumu ycaosuio U (y) A = AU[(y)
das ecex y € I'. Tozda das kasdozo Henpueodumozo yrumaprozo (mam-
puunozo) npedcmasaenusa D zpynnu I' coomeemcemeyiowee nodnpocmpan-
emeo PpL, (R™) npueodum onepamop A.

a3 kaxdozo A € 6 (A p), 20e A p — npueedennuiii onepamop, u dis
Kagcdozo & > 0 cywecmeyem maxroe D-noposcdarowee nodnpocmpan-
cmeo N npocmpancmea D (A), umo

| Au — du || < el ul| 048 6cex u € N.

HoxasaTeEnscro. a) Ilyecrs d — pasMepHOCTH mIpefcTaBICHHA
D: y—> (Dj (y)), rme j, k=1, ... d, a p — HHEBapHaHTHaA
BepoaTHocTHasA Mepa Ha I'. Ompemexmm B mpocrpasctee L, (R™)
HeIPePHBHEE OIepaTopH Pj, paBeHCTBaMHU

P,h=dSD1h(y)‘U(7)dp,(v), i, k=1, ..., d.
T

N3 cBoitcTB MaTpmuBHnX aaemenToB Dj, (-) m omepatopoB U (-) cae-
Ayer, d9TO

d
(8.12) U@©®) P ='§‘ D;;j (v) Pra

paa Bcex YEI' mw gua j, k=1, ..., d. Kpome Toro, mcmoabays
(7.0") ¢ omymerERMA WHAEKCAMHE O, [, MO}KHO YGOOMTHCA B CIpaBef-
JUBOCTH COOTHOINGHMHA

(8.14) PiPpg=08;pPnq,

pas Beex j, k, p,q =1, ..., d. B cany (8.13) n (8.14)
PyiPpp = 8;pPj; m PjPj; = Py

Iloatomy omepaTopm P;; ABIAITCA OPTOrOHAJHHHMH IPOEKTOPAMHE
Ha B3aMMHO OPTOTOHAJBHEE nomupoctpancTBa Pj;L, (R™). Cymma

d
Po=3 Py=d [ 1(0)* U () dp ()

i=1 r

€CTh OPTOTOHAJBHKIA IPOEKTOP, COOTBETCTBYIOIKIT npecTaBaeHno D.
N3 (8.14) m (8.15) monyuaem cooTHOmeHHA

P}Pjp=Pw ®m PjPh=Pj,

KOTODHI@ NMOKAa3HBAIOT, 9T0 Pj, — uacmuuno usomempuueckuil omepa-
TOP C HCXONXHHIM MHO3KeCTBOM Pp,L, (R™) B ¢puEAABHREM MHOKECTBOM
Py;L, (R™) (cm. Karo [15], V.2.2).
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IIyers f € PpL, (R”‘) 7 f == 0; Torma cymecTByeT Takoe 4HCJIO

gef1, . d}, aro Pg.f#0. Ilomomum g = || P, f ||7*P f
HUj; = ijg o j =1, d. Ilo mocrpoermio, u; € Pj;L, (lg )
|| uy || = 1; Tosromy (u; | uh) = 8;,, m B cmny (8.12)

U(V)ui:'rg‘Dri(Y)ur ma yel = j=1, ..., d.

9T0 COOTHOmMEHH® MOKA3HBAeT, YTO QYHKUHE U, . .., Uy 06pasyioT
OPTOHOPMHUDPOBAHHHA 6asuc HEKOTOpOro D-mOpPOKAAIOMIEro MmORLIpPO-
cTpaHcTBa mpocrpanctBa L, (R™).

b) IlokaykeM Temeps, 4T0 omeparopu Pj, 06i1amaoT CIeNYOMAM
CBOCTBOM:

(8.16) PjA = APy, g, k=1, ..., d

Orciona, B 49acTHOCTH, OyAeT caefoBaTh, 4YTO NOANPOCTPAHCTBO
Pj;L, (R™ nmpmeBogur omepatop A, a 3HAYAT, W HOANPOCTPAHCTBO
P,L, (R™) npusogur A.

CpaBHeHHe C JI0KAa3aTEIHCTBOM -TEOPEMH! 8.5 MOKAa3HBAaeT, 4T0 HAM
ROCTaTOYHO faA Kampoir ¢ymkmum f € CP (R™) ycraHoBuTH KoMma-
KTHOCTH MHOMecTBa K = l{‘supp. (U (v) f). Hycrp B — npouspoianb-

vE

HOE OTKPHTO® MOKDHTHE MHOKeCTBAa K; IO ImpeAmono)KeHHI0, HOCH-
texs supp (U (v) f) = K, xoMmakTeH, W, CIe[0BATeNbHO, AJA KaiK-
moro y € I' cymectByer [ ——. nogmokpurae B, moxpurma B,
takoe, aro K, < U {V: V € B,}. Coraxacro onpenenenmo omeparo-
pos U (y), Mnomec'rno K, aBagerca o6pasom HocmTens supp (f) mp:
orobpakeHnn ¥y; noaromy mag kasaoro y € I' cymecTByer oTkpuTas
oxpecTHOCTH 3, Takasa, aro Ks < U {V: V € B,} naa Bcex § € X,,.
MguosxectBo {2 ,: y € I'}, Oynyasm OTKDHTHM HOKDHTHEM rpynnm T,
COIePIKUT Hexo'ropoe KOHOYHO® MOJIOKPHITHE {2,, y oy } Cte-

JOBATEIbHO, U B,, o6pasyer KOHEYHO® OTKPHTO® HOKDHTHe MHO-

mectBa K, conepmameeca B ¥B; smaumt, MHOMecTBO K KOMHIAKTHO.
¢) IIycrs saganu A € 0 (4 D) z ¢ > 0. B cany Teopemn 1.1 cyme-
creyer ¢pyuxuusa f € D (4p) = PpD (4), Takas, uro

Hfll=1m | Af =M || < d7'/%.
Mockoasry f = Ppf = 2 P;if, 10 1 = 2 || Py;f ||?; moatomy maii-
AeTCA TaKoe 4meao g € {1 , d}, garo || quf |2 = d-t. Tlomosxmm
8 = |l Pgof I™ Pyyf. Torma g Il = 1 u » caxy (8.16)
lAg —Agll = | Pgq (Af — M) 1| Poof I < @712 ed'/? = &

Ilo moxasamHOMy B 4acTH a) 2JeMeHTH U; = P;,g o6pasyior opTo-
HOPMHEPOBAHHHI Ga3mc HeKoTOporo D-mopokpaomero mMOANPOCTPAH-
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crea N mpocrpanctsa L, (R™). B cuny (8.16) N = D (A) m
Il Auy — Au; || = || Pjg (Ag —Ag) lI<eman j=1, ..., d

Taxum oGpasom, || Au — Au || < e || v || gas Bcex u € NV, 4ro u Tpe-
60BaJOCH MOKa3aTh.

§ 9. HAXXHAA TPAHHLIA CYLLECTBEHHOIO CMEKTPA

B srom nmaparpade M IPHBOXEM [0 HEKOTOPOH CTeIEeHH TOXHUYe-
CKYI0 TeopeMy O CYIMECTBeHHOM CIEeKTpe raMmibToHHaHa (Teop. 9.4),
KOTOpasA, ONHAKO, ABIAETCA pEMAIAM STANOM HA OYTH K OKOH-
gaTeabHHM pesyiabratam § 10 m 11.

Ilyets {phpir} — HeKoTOpO® cemeiicTBO Geckomeuno amdpdepen-
OEpyeMHX BemecTBeHHHX ¢yuxmuii Ha R™,

he{tl, ..., H, ke{, ..., k®)},
le{d, ..., 1L(h Kk)}, r €]0, oof,
OprYeM OPOM3BOAHLIE MEPBOTO W BTOPOr0 MOPARKA (GYHKIEA Dppipe

orpanmieHn Ha R™ paBHOMEpDHO IO BCeM 3HAYeHHAM NapaMeTpPOB
h, k, 1, r'. Paccmorpum B mpocrpamctBe R™ OTKDHTHE MHOMKECTBa

(9'0) Q (hi kv r,9 r) = {x E Rm: Phrir (x) > r,
=1, ... 1, k)}

H TPENNOJOKUM, YTO BHIIOJHEHH CJIEAYIONHE YCIOBHA:

(9.1) Cymecteyer Takoe o > 0, uto0
i) dQ G, k, 1,8, 2R, K, 1, ))y>al(s+t—r1)
onsa seex h, k~=k', s>0,t>0,s+t>r >0;

(ii) d(Q (&, k, 7', 5), CRMA, k, 1’y t)) >a™t (s — 1)
oaa Beex k, k, s>t>0ur > 0.

9.2 C ;(H;Q by By V', ) K(@)mga0<<r<r', roe K (r') —
Heuo’ropoe KOMIAKTHOe IIOfMHOKeCTBO mpocTpaHcTBa R™,
3aBHCAINEE TOJIBKO OT 7.

ITo ompenenenmio, Q (k, k, r', s) = Q (h, k, r’, r) npu r < s.
Hduaa r < s BBeieM MHOKECTBa
Y kr,rns)=Qw kr, QG k r, s.

9.3. lemwma. Jaa dannnx C >0, & € |0, 1] u p > 0 cywyecmsyem

yucao r' > p + 2, obaadarowee mem ceoiicmeom, umo 0an Kazxdol

HeompuyamenbHoli 6opesesckoli mepu B na R™, ydoesemsopsiowei
yeaosuio B (R™) << C, naiidemcs maroer, ymor + ap + 2 <r' < 2ru

hzk BY(h,k, ' r,r4+ap+2)) e
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HoxrasarenbcTBo. BmGepem Takoe HaTypambHOe umCIO J, 9TO
J = e"?CH, n nonoxmm

ri=p+WV+)N@+2)mpmrj=01,...1J,
r=r;+op.
Toraa
r>p+2,r4ae +2<n,<r,
2rj =22rg =20 4-2J (a@p +2) =r" ganj=0,1, ..., J —1.
CormacHo ompenenenmo MHO:ecTB V¥,
Y, by 'y 1y i) N ¥ By Ky 7y 1y Tig) = @

opu k = k', j = i. 3TO COOTHOmeHHe BHIOIHAETCA 1 UpH k 7= k' aua
OPOM3BONBHKX {, j, MOCKOABKY B cmry (9.1(i))

Q (h9 kr 7", rj) n Q (h’1 kl, r'7 ri) = Q,
mwbor; +ry=2r' mpui, j =0, ... J—1. Orcioga BHTEKAET, UTO
J=1 kh)

=0 h§i B(Y (b, ky 1, 11, 1114)) <B (R LC

H IOTOMY
J-1
Z 2 B(\P (h’ kv r!’ T'j, rf+i))<CH°

§=0 Ak
Cueposarensno, cymectsyer Taxoe jo€{0, 1, ..., J—1}, gro

;.2;. B(¥ (b, k, 7', Tigy Tior1)) <JICH L &%

TeM CaMHM JeMMa J0Ka3aHa, C I' = Ij,.
9.4. Teopema. IIyemv S =T + V — cywecmsenno camoconpsa-
acennwil onepamop @ L, (R™) ¢ obaacmeio onpedesenus D (S) =
= Cy (R™), 20e T = — A u onepamop V cummempuuen u vax T, max
u S-ozpanuuen. IIpednososcum, kKpome mozo, umo cnpagediusv. cae-
Oyowue ycaosus:
(i) Has rancdozo € > 0 cywecmeyem maroe p, > 0, umo
[V o) I<e{llwll® +0TwlP+llvI* 4+l TvI?

dan ecex pynwyuii u, v € Cy (R™), ydosaemeopswouuzr coomrowenuio
d (supp (u), supp (v)) = p..

(ii) Jan kaxcooli napw h,k (h€{1, ..., H,k€{1, ..., k®)})
MOXHCHO YKasamv makoil cummempuunuii onepamop V., ¢ obaacmvio
onpedesenus D (V) D D (S), umo onepamop Sy, = S — Vi cyye-
cmeenHo camoconpacen U 0as eécaxoeo & >0 cywecmeyem r, > 0,
maxoe, umo || Vppu || < e (llull + |l Tu l) npu ecex u € C7° (R™),
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ydosaemeopsiowuzx coomrnowenuio supp (u) < Q (k, k, ', s) ¢ uucramu
s, ', noduunarowumucs ycaoguim ro <r <2sms<r’ — 1.

Toz0a o, (S) = [n, o, 2de n=min {np: b =1, ..., H;
k= 1-1 LI k (h)}1 Nrr = min o (Shh)°

HoxasaTeascreo. a) Ilycrs A € o, (S). Torma B cmay Teope-
mu 1.2(4') cymecTByeT Takas ImOCIeA0BaTOAbHOCTH (U4,) B D (S), uro
lu, Il =1, up ~ 0 1 Sup, — Aup — 0. U3 3THX CBOMCTB mOCIE0BA-
TeNbHOCTH (U,,) CHEIYeT CIPABE[IHBOCTh COOTHOMOHHA (U, | Sup ) —-A;
rTaxmm 06pasoM, HaM Hano JOKasarh, uro lim (u, | Su,)=1n. Tax

n-»0co0
KaK mociaefoBaTeabrocTH (U,) u (Su,) orparmueHs, a oueparop I' =
= § — V mo mpennosiokeHuio S-orpaHEYeH, TO IOCIG0BATEABHOCTE
(Tu,) rosxe orparmyena. IloaTomy cymecTByer Takas kKoncranTa C, 4T0
W + Tun I = § (lun P 421 grad u, P+ | Tup P} de<C
i Beex n. [laa rampoin ¢yHROEE U € 61"? (R™) ompepenmm HeOTpH-
narenpHylo Gopemesckywo mepy B, ma R™ ¢dopmyioit

B, (@ = | {|uP+2|grad uP+ | Tu P} do.
Q

fleno, aro B, (R™) < C pusm Bcex n.

b) Ompenennum Temepp HeKOTOpOe pasiokeEWe QYHKIME U,. [las
yno6cTBa 3amucH BCIOAY B 9TOH 9acTH [OKA3aTENBbCTBA ME OIYCKAOM
munexc n. Ilo nagmomy e €] 0, 1] BuGepem umcia p, u I, COTIACHO
npenmonoskeruam (i) m (ii) m momoxmM p = max {p,, re}. B coorBer-
cTBEE ¢ gemmoit 9.3 Bubepem gmcno 1’ (He 3aBHCAIIEe OT W) U 3aTeM T,

sapucamee or B = B,. Ilycts ¢ymrnua ¢ € C” (R) ynosaersopser
yeaosmam: 0 << @ () <1 ngna Becex tER, 9 (t) =0 mpm ¢ < — 1
2 @(t)=1upm t =>0.
Ionoxmm
I(h, k)
(9.5) Opa (@)= I @ (Pruare () = —s—1)

maz€R™ s>0,h=1,..., Huk =1, ..., k(h). OzeBunso,
qT0

Dppe € C* (R™), 0 << Opp,y (2) <1 mas Bcex z €R™
z (B caxy (9.0))
[ O mpm zcCQ (hy k, 7', T+5),
(9.6) Dhns (a:)_{ 1 upm z€Q(h, k, ', r+s41).
IToaTomy

9.7) supp (Pprs) < Q (B, k, ', 7 +5)
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u Bcaeacteue (9.1) (i)
(9.8)  d (supp (Dnps), sSupp (Ppjr)) = a7t (s +¢) sz j+*k

(samermM, aro 2r = r’ no xemme 9.3). Onpenenum QYHROHUE vy, Why €
€ C7 (R™), mOnOKUB vy =U H

R(h)
(9.9) Vh="Uh-1 — 2 Whky Whk = Uy Dhrre

qis h=1, ... H, rae s =ap +1. llpg 2€Q (A, k, 7', r +
-+ op +2) Bumonnserca paBeHcTBO Dy (r) = 8, m, caenosa-
TeABHO, U () = Vp-y (2) [1 — Dpagy (2)] = 0; mosromy

R(h)
(9'9,) supp (vh) o supp (vh-i) ﬂ C [kgl Q (h1 k, r,y 7'+°‘P+ 2)]
u, 3HaquT, B cuay (9.2)
(9.10) supp (vg) = C (hUk Qh, k, ', r+ap-+2) c K (),

e K (r') — KOMIaKTHOe MHOKeCTBO (3ameTuM, 9Tor 4+ ap +2 < r’
cormacHo aemme 9.3).

Ham nonamoburca pap omenox. Ilo mpeqnonoxenuio, CymecTBYeT
HEKOTODPasfg I'PAHHLA Y, AJA IPOU3BOTHHX II€PBOr0 U BTOPOT0 MOPSAAKA
QYHRUEHA Dy, PABHOMEDPHASA OTHOCHUTENBHO Beex h, k, I, r'; moaTomy
HaffeTCsA MOJOKUTENbHOe 9HCIO0 Y, 3aBHCAMEe TOIBKO OT Y, B @,
Takoe, 4TO

9.11) | grad Qpps (@) | < 7,] AQpps (2) | < v, z ERT,

nns Beex h, k m s. OTciofja BHTEKaeT CyMecTBOBAHME TAKOTO Yucaa y’,
3aBUCAIEro TOAbKO oT Yy ¥ H, 910 s Bcex GopeneBCKAX MHOKECTB
Q < R™ u Bcex b ® k BHIOJHAIOTCA HepaBeHCTBA

OA1) By, () < v'Bu (Q), Buy, () < v'Bu ().

Ilpu j == k& $yHEROUHT wy; 1 Wy, EMEOT HellepeceKaomuecss HOCUTENH,
cnefoBaTensuo, (wpj |wpp) =0 =

k(h) k(R
lon-g [IB=lvnll®+ 1;—31 || whe |12+ 2 Re hzi (Vn | whn)-

Haumee,
supp (vs) N supp (Wrr)j=
QM kr,r+ap+1)\QM, k1, r+ap+2)c
¥k r,r,r+ap+2).
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OGozrauuM mocixefHEee MHOMKeCTBO 4depe3 W,,; Torga B CHIY OIpe-
nexenus MepH B,

k(h)

[2392<v,,|w,.,,)| 3 S{lvhlz—{-]whh]z}dz

L %%

<) By, (Y1) + Buyy, (Fai)1 <2V D) Bu (¥
R R

TloaTomy

(9.12) [l wll2—|lve 12— 35 1l wnn Izl

H
< 2 on-alP—1lon 1P =3 llwws 1P| <29 3] Bu (Yua) <27

mocieHee HOPABOHCTBO B3ATO m3 JeMMH 9.3. W3 ompeneneruss GpyHK-
OUE V) BHTOKAeT TOKIECTBO

(9.13) (Vn—1 | SUR-1) = (vn | Svr) + Zh; (Whr | Swrr) +
+ 2Re Ek} (vn| Swrry+ 2 Re% (Whs | Swhr).

Yrobn ouermTh BeamuuHy (Uy | Swpy), monoxmm S =T 4 V;
HCIOONb3ys JemMmy 9.3, moaydaeMm

2(@nl Twmd | < § {[vn B+ | Twns B do< 29 Bu (¥m) <2v'e.
Phr

IlpepcraBuM Qpymrrnmio v, B BEAE V) = U + Uk, € Uh = Up@ppe
H U = U, — Uvp. B cuay (9.6) BumonHseTcs cooTHOmeHue

supp (vi) = CQ (&, k, ', 7 + 1),
u notomy B cuay (9.1) (ii) r (9.7)
d (supp (vz), supp (Wan)) =P = Pe-
CornacHo mpenuono:xernno (i) TeopeMmbl, CIPABeIIHBO HEPABEHCTBO
| (Wi Vwne) | <e{ll vll2+ ITvall2+ 1| wan 112+ || Twpe |2}
Ilo mocrpoenmio m BBEHRY (9.11)

Hva I <l vn |

I Tva | <|| Ton || 427 || grad vp || + v | va |l
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CJIE[[0BATEJABHO,
[(vh | Vwna) | <e{(1+ 47 Il va |2+ 8v* || grad vn |1>+
+ 4|1 Ton [P+ || war B+ 1| Twne |17} <
<Le{(4+8?) By, (R™) + By, R™)} <
<ey' (9482 B. (R™) ey’ (5+8v%) C.
Hcooansys (9.9"), (9.7) # onpenenenue QyHKOHUHE vh, HAXOMHEM:
supp wh) <=L, k, r', 1)\ Q(h, k, 'y r+ap+2)c
¥k r,r,r+oap+2)=Y¥u,
OTKyfia B cmiy JeMMH 9.3
| v 1B < B, (¥Yhn) <V'By (Frr) <y
Tak raxk omepatop V saBaserca I'-orpaHWYeHHHM, TO ONEGHKA
| Vwn 1P <a{ll w2+ || Twns |} <aBy,, (R™) <ay'C

BHIIOJIHAETCH ¢ KOHCTAHTOH a, sasucsamei Tonbko or T n V. U3 moka-
BaHHHIX HEPABEHCTB CIeqyer, 4TO
’ 1/ 172
[ h| Vwpa) | < {y'e%ay’C} " =Cee,

rpe Cy — KoHCTaHTa, He 3aBECAmMAsA OT & B u. OcraeTcd OmEHHUTH CKa-
aspHOe mpomsBepeEEe (wy; | Swy,) mpm j 5= k. CorazacHo cooTHO-
mermo (9.8), HocuTenm GYHKOUA w); B Wy, OTCTOAT APYT OT ApYra
Ha paccrosEme, He MeHbmee o' (2ap + 2) > 2p > p,; mO3TOMY
BBHY IpeAmonoKeHHs (i) BEIIOAHAETCA HEPABEHCTBO
[(wni| Swar) |= [{wns | Vwne) [ <
<Le{ |l was 1B+ 1| Twas 12+ |l war 12+ 1T wns |13} <

<L 2ey'B, R™) < 2ey'C.
IToncraBoBKa Beex aTmx omeHOK B (9.13) maer
| Wn-1| Svn-1) — (n | Sva) — g (Whr | Swrr) | < Cee,

OTKYJa, CyMMEpPYS IO h, mOXydYaeM
(9-14) | (w|Su) — (ve | Sve)— hZh (Wha | Swie) | L Cse,

rne C, m Cg He 3aBHCAT OT € U U.

c) Ilpumenmm pasmoskenme, OmMMCAHHOe B 9acTH b) MOKasaTexb-
CTBA, K KMKAOMY 3JIEMEHTY IOCIefoBaTelbHOCTH (U,). OGosHaumm
KOMOOHERTH (QyHKOuE u, uweped v m wjy. Ilo mocrpoenmio
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| v (z) | < | up (x) | mpum z € R™, m B cuay (9.10) Bocmrensr QyHEK-
num Ui copmepmTcs B KoMmakTHOM MHOKectBe K (r'); caemoBa-
TEJIBHO,

1o IP< | Tun () P da.
K(r’)
Tax xag u, —~ 0n Su, - 0, ro  Tu, — 0, uGo oueparop I aBasercsa
S-orpaEmyenEsM; nmostomy B cmay jgemM 3.1 m 3.10 mgas kampoit
¢yurnum ¢ € C; (R™) BHnoansercs coormomenue Qu, — 0. Orcioxa
BHITEKaeT, 4TO0 vﬁ‘ — 0 opu n — oco. Bemuy (9.11')
| o (124 1| Tof |12 <v'Bu R™) <V'C,
W, 3HaudT, mociaexoBarensrocTh (Sv§’) orpammuena m (Vi |SuiP) —
—~ 0 npm n— oo. Iloctpoenne ¢ymknmm wi}y um coormomenune (9.7)

HOKAa3HBaT, 9T0 Supp (why) comepxurca B Q (b, k, r', r +ap 4 1),
T7ie r 3aBHCHT OT N ¥ YROBJETBODPSAET B CHIY JEMMEl 9.3 HEPaBEHCTBaM
r +ap 42 <r' < 2r. CaegoBarensHo,

supp (wir) = Q(, k, ', r')2fap+1) =Q(h, k, ', r'/2)

pas Bcex n, hmk. Ilo memme 9.3 ' > p -+ 2, 1 0 MOCTPOCHHIO P = Ie.
OTciofa BHEAHO, 94TO 9HCIO § = r'/2 YHOBIETBODAET YCIOBHAM I, <<
<r =2sms<<r — 1. B cuny npegnonoxenus (ii) Teopemsi

R | VantoRy | <e 1Rk 1wl -+ 17wl 1} < 2eB g (R™) < 267/
Ilo ompenmeneBmio 9mCiIa Mpx=min o (Sys) EMeeM
(] Shatt) >ma || w |1 pus meex ueCy (R™),
OTKyZa
(9.15) (iR | Swiky = (WK | SmwhR) +- (WiE | Vinwh) >
>N || wiR |12 — 2ey'C.
Ilpumensas (9.14) x u,, moaydaem

(Un | Sun)—(v "’ISv}}")>h2k (Wrn | SwiRY—Cae > 2 e || WIRIP—Cie >
>N 2 | why ||12—Cie> {1—"')}}" 12} —Cse;

1ocie/lHee HEPABEHCTBO BEITeKaeT W8 oneHkH (9.12), npaMeHeHHOM K Uy, .
Hockonsky (i |SviPy—0 m ||v¥ ||—0 upm n— oo, orciona cie-
Ryer, dTO

A= lim (u, |Su,) >n—Cse

n->00

¥, SsHAUHT, A_>1. Teopema foKazaHa.
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§ 10. CYWLECTBEHHbIA CNEKTP FAMHJIbTOHHAHA
N-YACTHYHOH CHCTEMbI B NONE BHELIHHX CHA

IIyecres S — ramuaproEmad N-4acTHYHOM CHCTEMHI, Haxofdmencs
Oj AeiCTBMEM BHEIIHMX CHJI, T. €. B BHIpDa)KeHUH [isi S He Bce oIe-
paropst V;,...in paBEH BHymo. OGosmaumm wepe3 I' rpymmy Bpama-
TeJILHOM cuMMeTpuE ¥ 4Yepe3 Il — rpynmy mnepecTaHOBOYHOM CHM-
Merpud omepaTopa S; aTm rpynnh O oupeneneHu B § 7. Ecam D
® E — menpuBofuMEeE YHWTADHBIE NPEJCTABICHHA COOTBETCTBEHHO
rpyun I' n I, To D @ E — HenmpuBoimMoOe YHAUTapHOE IPE/ICTABICHHEE
rpyonet I' X II. Ilycte Ppr — COOTBETCTBYIOIHA IpeICTaBJICHHIO
D ® E mpoextop; npenmonoxum, 910 P pp 5= 0, Tak uro nmpuBopgmee
omepatop S mopupocrpanctso PppL, (R®N) HerpmBmanbpro. Hama
Oedb — HAWTA CYIMECTBEHHHI CIEKTDP NPHBEEHHOTO oOmeparopa
S D, E) = S| PpgCy (R%V).

Ilycrs Z = (Zy, Z,) — pa3buenme paccMaTpUBAEMO# CHCTEMH

(r. e. pamero MuoxecTBa {1, ..., N}) Ha 1Ba HemepeceKalOMUXCHA
noaMHOKecTBa Z,, Z,, npuueM Z,; Heuycto. Ilomosxmm
Si(z):'_‘Thlo-ohm'l", . 2 Wii...jm
(g «os Jn)C(RL « .. RR)
ecIHh Zl ={kh ooy km},
(10.1) S2(Z)=Sj, ... ins eclt Zy={j1, « -+, jn}
S, (2)=0, ecnu Z, mycro,

8 (2)=5,(2)+ 5, (Zy).

fcno, uro S (Z) — 31O OmEpPATOP, MONYICHHH U3 omepaTopa S BEIIEP-
KHBAaHHEM BCeX WIeHOB Vj, . j,, IIA KOTOPHX {jy, . .., Jo}NZy #* &,
u Bcex wieHoB Wj, . .jny WA KOTODEHIX {iv -+ Jn}NZ; %+ & onsvo-
BPEMEHHO i | = 1mi=2.

Ipu Z; # & ob6osrauum aepes L,(Z;) IPOCTPAHCTBO KBA/[DATHIHO
CYMMHEpPYeMHX (QYHRIMI mepeMeHHHX &; RisA i € Z;, j = 1, 2. Ome-
parop S; (Z) onpenenen B L, (R®N) u fefictByeT TONBKO Ha IepeMeH-
Hble U3 Zj; NO3TOMY CYIECTBYeT eAMHCTBeHHHI omepartop S, (Z;)
B npoctparctBe L, (Z;), koTopHil mopoknaer onepartop S; (Z) B CMEI-
cie ompepesneHus 5.1; B cuiy TeopemH 5.2 omepatop S, (Z;) cyme-
cTBeHHO camocoupsxen. Paccmorpmm rpyuny cummerpuu I' X II (Z)
oneparopa S, (Z;), rae Il (Z;) — moprpyuna rpymum II, moposxnen-
HafA TPAHCHO3HIMAMHE TOKAeCTBeHHHX gacTul B Z;. Ilycte D;m Ej —
senpuBonumee npencraprenus rpynn I' u I1 (Z;) coorBercTBenno, Pp ;

u Pg, — coorsercrByomue IpoexTops B L, (Z;), m nycre Pp Pg, 5=
+ 0. Torga mpocTpaHCTBO PD Pg L2 (Z;) npuBopuT onepaTop So (Z;)s
0603HaYNM T pHUBeeHHEIH onepaTop gepes S, (Z;, Dj, Ej).
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Ilpencrasasa mpocrpancTso L, (R®N) B Buge L, (R3N) =

=L, (Z)® L, (Z,), mmeem
S(Z)=3S80(Z)®I, + I, ® S (Zy),
rae I; — egmamuHLt omepatop B L, (Z;). B mpeamonosxenum, d4ro
PDJ. PEj %0 opu j =1, 2, DORUPOCTPAHCTBO
Pp,Pg,Ly(Z1) ® Pp,Pr,Ly (Zs)
npuBOAMT omepaTop S (Z) ¥ mpuBeReHHHI 0mepaToOp MMeeT BUJ
(10.2) S (ZDy, Dy, Ey, Ey) = So(Zy, Dy, E) @ I, + 1, ®
® So (Zy, Dy, Ey),

rae I; — egmHU9HKI omepaTop B PD]_PEj L, (Z;).

ITonoxxum
(10.3) n (Zj, Dy, E;) =min o (S, (Z;, Dy, Ej)).

Torna, nockonsry omepatop S, (Z,) ABIAETCA TaMUJIBTOHHAHOM CBO-
GonHoit cuctemn, To, coraacuo teopeme 8.10, o (S, (Z,, D,, E,) =
= [n (Z,, Dy, E,), oo| u, caenoBareasno, cuekrpom omeparopa (10.2)
CHYKUT UONyIpAMAs

l"l (Zl’ Dl’ El) +"I (Z21 Dza Ez)’ oo l'

Hauomuum (cMm. § 7), uro coornomenue (D,, D,) < D pgns menpu-
BOEMHIX mpefcTaBieHuit rpynosl I' o3mawaer, uto D ecTh HempuBO-
BuMasg KOMIOHeHTa mpepcrasienus y > D; (y)®D, (y), a coorHo-
menue (E,, E,) < E pna senpusBogumeix npexpcrasnenuit E, E,, E,
coorserctBenno rpynn II, 11 (Z,) u I1 (Z,),— uro E, ® E, aBaserca
HeIPUBOJMMOIl KOMIOHEHTO! OrpaHWYeHHus npencrasinenus E Ha mof-
rpymny I (Z) = II (Z,) X II (Z,). llonoyxmm

0 (Z, D, E)=inf{n (Zy, Dy, E\)+n(Z,, Dy, E»): (Dy, D2) <D,
(B E,) < E, PDjPEj;&O mas j=1, 2},

z ecan Z,*~ J,

l n(Z, D, Ey=n(Zy, D, E), ecan Z,= .

Tenepp MB MOKeM c(OPMYJIHPOBATH IJIABHBII pE3yJbTaT 3TOrO
maparpada.

(10.4)

10.5. Teo pewm a. ITyemv D u E — makue nenpusodumsie npedcmas-
aenus epynn I' u II coomeememeenno, umo P pPy == 0. Tozda

0. (S (D, E)) =n (D, E), o,
20e 1 (D, E) = min {n (Z, D, E): Z = (Zy, Z,), Z,+ Q&)}.

3ameuanue. [[1A 1PON3BONBHNX HEIPUBOXUMEIX IPEJCTaBJIE-
HO#A D u E rpyun T u II coorBercrBenno, pis kotopuix PPy 5= 0,
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BHIOJHAETCA HepaseHCcTBO 1) (D, E) <0, 1. e. [0, 0o [ = 0, (S (D, E)).
JHeiicTBuTenpro, mpm N = 1 cymecTByer TOJBKO OIHO JOIYCTAMO®
pasbumerme (Z, = {1}, Z, = ) u rpynna Il Tpusmanvma; ciemoBa-
TenpHo, Sg (Z,) = — (2py)"'A, m coraacuo Teopeme 8.8 1 (Z,, D) =
=1 (D) = 0. Ucmonwsyss mERyKOui0 mo yucay vactunm N H Teope-
My 10.5, morygaeM BHCKa3aHHOE YTBepPKIeHHE.

Hoxasatenscto. 1. Uro6u ycranosurs BRakuenme [n (D, E),
oo [ < o, (S (D, E)), mocraroano nokasats, uro [n (Z, D, E), oo [ <
< o (S (D, E)) nnsa Bcex Z = (Z,, Z,) c Z, # &, ubo orciona cienyer,
aro [q (Z, D, E), o | < 0, (S (D, E)). :

Ob6patmMcss cHagana K caydaw Z, 5= (. 3nech HaM HAj0 YCTaHO-
8ATh, 49T0 1aA Beex Dy, D,, E,, E,, rakux, aro (D,, D,) < D,
(E,, E, ;< En PDj PqueO opr j =1, 2, m pmIA BCex A =

>=n(Z, D,, Ey) +1(Z,, D,, E,) Bunonreso coorHomernme A €
€0 (S (D, E)). lonosxam A, = n (Z,, D,, E,); Torna, odYeBHAIHO,

2‘1 =A— ka?"l (Zlv D19 El)'

IOyers Zy = {kyy - .y km} (1 <m <N —1). CornacEo Teope-
me 8.10, mua ramporo & > 0 cymectByer p > 0 Takoe, 4T0 AJA BCHA-
xoro r > 0 mHaitnerca D, ® E,-mopoxpatomee mnogupocTpaHcTBO N
npocrparctBa C, (Z,), obaamaiomee TeM CBOKCTBOM, 4TO [ BCEX
u€eEN

HSe(@Yu—Mull<ellull
.

m
u@=0 mpa (3 lon—mF)">p a npm [z]<r,

rae

inags

m
~_ -1
2= (2 m,)™" 2o,

— meHTp Macc gacrtuxm %y, . . ., kp. Ecam wucno R = r — p momo-
JKATENBHO B TOUKA (Tpy, « « oy xy,) OPEHAANEKAT HOCHTEN QYHK-

nmx u € N, 0

]zki]>|5|—|'E——xki|>r—qax|xkj—xki |>r—p=R
J

g i =1, ... m. Iosromy mng mobwux pmamesx ¢ >0 1 R >0
cymectByer Taxkoe D, ® E,-moposknaiomee mopmpocTpamcTBo N mpo-
crpauctBa C; (Z,), 4To mus Bcex QyHKui u € N HMEOT MeCTO COOT-
HOIIeHUS

IS (Z)u —rull<ellull
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4
u(x) =0 mpm min {|z; |: JEZ}< R

Tak kak A, € 0 (S (Zg, D, E,)), T0o B cuay Teopemu 8.11 cymecTByer
takoe D, ® E,-moposxpaomee mOAOPOCTPAHCTBO [/ IPOCTPAHCTBA
C; (Zy), uro

IS (Z)v—Ap lI<ellvll

nans Beex v € M. O6osBauum vepe3 R’ HamMeHbIIee 4HCIO, YHOBJIET-
Bopsiiomee ycaoBmio: max {| z; | j € Z,} << R’ mpu Bcex z m3 Hocm-
rend GyHKmuu v o Beex v € M. Torma mpoctpancteo N @ M sBasAer-
ca takeM D; @ E; @ D, @ E,-nopoxfaomuM HDOAIPOCTPAHCTBOM
npocrpauctsa Cy (R3N), uro mus Bcex w EN @ M

IS (2) w—hw |l < 24" || wl|

(cp. ¢ "acteio b) morasarexsctBa Teopemu 8.10), rme d — pasmep-
HocTh mpoctpancTBa N Q® M, u w (x) = 0 mna Bcex x, [isA KOTOPHX

min {|2; |: j€EZ)}<<R unm max { |z; |: j€Z,}) > R".

Orciona caenyer, uto || S (Z) w || <C, ||w || ans Bcex w € N @ M, rae
Cl = l A I 2d'/%e.

B cuny (6 12) omepaTop KmHeTHuecKOil omeprmum I sBasercH
S (Z)-orpannyeHHHM; MO3TOMY CYIECTBYeT TaKasa KoHcTaHTa C, > 0,
aro || Tw || < C, ||w|| ona Bcex w € N @ M. Ilo onpenenenuro
omepatopa S (Z), omeparop S — S (Z) ecTs cyMMa TaKHX OHEPATOPOB
V;1 3, ITO {/1s - - Jn} N Z, %= &, m TaKEX omepaTopoB W;i gy
910 naﬁop {ix» -+ ) jn} WMEET HEmyCTO® IEPECEUeHHe C KaK[IEIM
u3 MuEOKecTB Z; u Z,. CoraacHo caepcrBuam (6.2b) u (6.7b), Bce arn
OIEepPATOPH MAJXH Ha N®M, ecnm R B3aATO [mOCTAaTOYHO GOJHIIEM
(B wacTHOCTH, HY)XHO, 49TO0H BHOOJXHAIOCH HepaBeHCTBO R > R’');
6oxee To4HO,

ISw—SZ)wil<e|lw|lmmasexweéN Q M,

ecaz R mocrarouno Bequro. Orcroma BugHO, 4TO Oag Bcex w EN @ M
BHIIOJIHAGTCH ONMEHKA

| Sw—d | < Csllwll,

rae Cy =1 4 2472

ITocTpouM Temeph HETPHBHAJBHOE MONMPOCT PAHCTBO MPOCTPAHCTBA
PpPgC; (R3N), ma koropom omepatop S — AJ man. IIpocrpamcTBO
N ® M sasaserca cymmoii D, ® D,-mopoknaomux mOAIPOCTPAHCTE;
B cmiy omupefenends coortmomenus (D,, D,) <D mnpocrpaHcTBO
N ® M copep:xutr HeKOoTOpoe HeTpHBHAJIbHOe D-mOpokfaomee mOx-
mpocrpaHctBo. Iloatomy mpoctpascTBo L = Pp (N ® M) oramduo
or {0} m conepsxutcss B N @ M. IlpoexTopu Pp m Pgr KOMMYTHDPYIOT.

@ Moprenc n Baknmaun
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Mu poraskem ceifuac CymecTBOBaHMe Takoi KOHCTAHTH C, > 0, uto
| Pew || = Cy [l w || mpm Bcex w €N @ M.
Orcroma Gymer cienoBaTh, 4TO
K = PgL = PpPg (N ®@ M) 5 {0}

— HeTPMBHAJAHHO® HOANPOCTPAHCTBO mpocTpaHcTBa P pPpCe (R3N)
u 1yia Beex U = Prw € K (w € L) cupaBeniuBo COOTHOIIEHHE

NS—=AD)ull=]Pr(S— M)WII<|I(S—M) wl<
LCellwl|<gelull,

U3 KOTOPOro BEITEKAET BKIKYCHHE 7» €o (S (D, E)).
OcTaeTcsi yCTaHOBHTH CYHmECTBOBAHME TaKoil KOHCTaHTH C, > 0,
qT0
I Pew |l = C4 ll w || npm Becex w €N @ M.

Ecau n eI\ (II (Z,) X II (Z,)), Ton"'Z, N Z, J, mmoaToMy 1pH
wEN Q@ M ¢pyurnun U (n) w  w EMeI0T HemepeceKalomuecs HOCH-
Tenu (3aMeTHM, 9TO

w(z) =O0npm min { |z;|: j€Z,} < Ruupn
max{|z;|: JEZ, } = R’
u ato R > R’); cuemosarensHo,
w|U((n)w)=0.
B cuny onpenenenma (7.7) omepatopa Py BHIOJIHAETCA PAaBEHCTBO
(w|Pgw) = (w|Qgw) ¢

OGr=-fr X @ U,

TETN(Z1) X TI(Z2)
rie d (E) m g — COOTBeTCTBEHHO Da3MePHOCTh M XapaKTep Ipea-
craBaenus E u | Il | — mopsapox rpynnu II. Coornomenne (£, E,) .<

»< E osmagaer, uro npenc'ramlenne E|1I(Z) X 11 (Z,) ynmapno
ORBHBaJIeHTHO HEKOTOPO# CyMMe GB n;ED, rae n; > 0 u HempmBo-

=0
nuMble mpefcraBienmsa EH rpynnm Il (Z,) x 11 (Z,) rakoBH, uTO
E® = E, ® E,. [lna coOTBeTCTBYIOIHAX XapPaKTepPOB 3TO HaeT

h I3
Xz (@) =2 nX? (7) gasa scex neIl(Z,) X I1(Z,).
i=0
Taxum oGpasom,

R
0E= i§0 vipiv
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rie v; >0 u P, — mpoexTop, oTBeualommii mpencrapiermio K.
ITo nocrpoenuso

Pyw = w gua Bcex wENQ® M,

®, SHA4WUT,
Pw=0upmi=1, ... k
T03TOMY
(w| Pgw) = (w|Qgw) = v, w|w),
OTKyna

| Pew Il = v ll w |l

Has BaBePIICHMs JTOH TACTH JOKABATENBCTBA OCTACTCA PACCMOT-
pets cayuait Z, = &, Z, = {1, . .., N}. B atom cayuae mam Hapo
HAOKa3arb, 9To Bee A =1 (Z,, D, E) npnnannema'r cuertpy o (S (D, E)).
B cuny teopemu 8.10 gus wamxmoro &€ > 0 um kampmoro R > 0 cyme-
creyer D ® E-noposkpmaiomee NOAIPOCTPAHCTBO /N OPOCTPAHCTBA
C; (R®N), rakoe, uTo fuiA Bcex 4 € N BHIOJIHAKIOTCA COOTHOMEHHS

IS @u—-Mll<elull
u
u(z) =0 mpm min{|z;|: j=1, ..., N}<<R.
Hauee,
S--8,(2)= Vi,..;
12) Gpd oty 47
H B cuny caegcrsus (6.2b)

| Su—S8(2Z)ull<ellull paa scex u €N,
ecad R mocrarouno Beamko. Iloatomy
| Su —Au || << 2 ||u ]|l nna scex u € N,
OTKY#a W CcIefyeT JOKasnBaemoe BRiaioueHme A € o (S (D, E)).

2. Ilenr BTOpOE dYaCTH [OKA3aTeAbCTBA — IIOKA3aTh, 4TO
0. (S (D, E)) < [n (D, E), oo[. IT0o pmemaercs ¢ HOMOIIBI0 TeOpe-
MH 9.4. YUTOOH OpPHMEHHTH 3Ty TeOpeMy, MBl MOJKHE onpene.nmb
«bymmnm Prrir B coorHomenumm (9.0). O6osmaumm wepes Z'*

= (Zhk, Z") BceBo3MokHHe pasbmenua Z = (Z,, Z,) CHCTeMH
{1, ..., N}cZ;, 5 &, upuuemh € {1, . .., N} paBro 1 nmuroc guciao
ameMeHTOB MHO;KectBa Z%*, a mmmekc k € {1, ..., k (h)} caymur
[ HYMeDAIu| PA3IuIHbIX pa36nennn npd QUKCHPOBAHHOM K. I[Jm
Kakpoit mapu (h, k) m xammoro r’' > 0 mycrb {pppir}, L € {1, .

, L(h, k)} — mepegens cregyommx q)ymcmm.

p(E)—(R—1)r, icZf,
(106) p(xi)_p(x])v iezi ’ ]Ezgkv

hr’—p(zl)’ ]EZZ
6*
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rie p(2) =00 +12P)Y? pmna 2z € RS OnpemenuM MHOMeCTBA
(h, k, r', 1) coorrHOmeHnueM (9.0). Torga ycaopma (9.1) u (9.2) 6ynyr

BHIOOJHEHH — 3TO BHTeKaeT U3 mnpuBoxmmoit mmme Jjaemmu 10.8.
B cuny caepcrsmit 6.2c) m 6.7¢c) mpexnonosxenme (i) Teopemnt 9.4

ynoBuetrBopaerca. [asa kampoi mapw (k, k) momommm

Vi = 8 — S (2"),

rae omeparop S (Z) ompenmenen gopmyaoit (10.1). ITokamewm, aro Torna
BHIOJXHOHO U mpepmoioxenue (ii) reopemu (9.4). Ilo mammomy e > 0
BeOepeM umcio r, coraacHo 6.2b) m 6.7b) ogroBpeMerno. Omepatop
Var ABIsETCA CYyMMOil BCeX OmOPATOPOB

Vjﬁ"‘in’ TaKHX, 9TO {jb . ﬂ'jn} n Z’ilh F* D,

H BCEX ONePaTOpOB
W’i-"jn’ TakEx, 970 {j; ... jn} Mot g qan i=1m i=2.
Mu menoap3yeM manee ciexyiomue 3JeMeHTaPHEE HePaBEHCTBA, CIpa-

BefuuBre i ¢ymEkmmm p (2) = (1 4 |z )2
(i) pExy<p@+|yI<pr(@)+p®),
(10.7) i) [|z—y|>p(@)—P®),
(iii) pE)>r=|z|>r—1.
IOyers 2r, +2 <V <252 —2uz€Q (M, k1, s). Ipuic€
€z B cuny (9.0) m (10.6) umeem p (z;) > — )1 +s>=s5>

>r,+ 1; mosromy B cmny (10.7) (iii) BHDOmXHAETCA HepaBeHCTBO
| ; | > re. 13 6.2b) caenyer, uro

1Vi,..5,ull<e (|4 Tul)
opr {jy, ... jo} N ZM* 5~ & paa Becex oymkmmii u € CP (R3N)
TaKmx, ato supp (u) < Q (b, k,r',s). Ipu i € Zk* j € Zh* B cany (9.0)

un (10.6) p (z;) — p (z;) > s>r,, moaromy B cmry (10.7) (iii)
|2 — x5 | > r,. U 6.7b) BuTerkaer, u4To AuaA Bcex QYHKOUE u €

€ C;’ (R®N) ¢ supp (u) < Q (h, k, r', s) cnpaBegauBa ONEHKA
| Wir.sull<e(ull+[I TulD,

ecn’ {jy, -« - Jn}NZM* = & & {fy, . . ., jn} N2 5= F. Tar kax
YHECJIO WIeHOB B BHPa)KeHHH 1A V p, MeHbme, geM 2N*1, 1o

| Vane || <2V e (||l + || T2 |l)

naa Beex pynxnmit u € CP (RY), y koropuix supp (u) < Q (&, k, ', 5);
[epeompeieJinB COOTBETCTBYIOIM 00pas3oM & H I'y, MBIl IOJYYHM, 4TO
ycaopme (ii) Teopemst 9.4 BHIOXHEHO.
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Eciam o6e rpynnst I' u II cocroaT aump u3 HERTpPaJAbHEX 3JI€MeH-
TOB, TO He CYM[eCTBYeT APYTHX UpeacTaBiaeHHi, kKpome D =1 | E =
= 1; moatoMy B 3TOM cayuae P pPyp = I m Ham pe3yapTaT BHTEKaeT
u3 Teopems 9.4, 60 S,, = S (Z"*) mua scex h u k.

B obmem caygae, ogHaxko, MH JOJNKHH MOTA(PHIEPOBATH Teope-
My 9.4 cnepyromum o6pasom:

CF (R*M) samensercs ma PpPgCq (R*™)=D[(SyD, E)).|
Cornacro ompepenermo (10.6), Bce GYHKUUE ppjpj HHEBAPHAHTHH
OTHOCHTENbHO I', W, 3HAYMT, TO e cupaBefauBo AuA QYyEKnuE @},
oumpepenennux ¢opmymaoit (9.5). IlepecramoBkm = € II, oweBmamO,
MOHAIOT MecTaMd QYHROHH pPppyr; 0OJEe TOUHO, pPruie (2) =
= pprrr (nZ), rAE ZM' = nZhk, CaenoBarensno, Dy, (z) =

= QO (M), ® TOTOMY
R

dynxnua ), @,,, uHBapuaHTHA OoTHOCHTENBHO Il
h=1

W3 crasannOro Bureraer, aro ecam u € D (S (D, E)), To dyrkuma
Un, ompefedeHHHe .mepeoii w3 ¢opmyx (9.9), Taxke mpmHAmIEKAT
D (S (D, E)). B cuny nemmu 7.5 m coornomenus (7.13) MH monyguaem

D (S (D, E) =P D (S 2", DP, DY, EY, Ef’)) mpm h>1,
1
rae cymma 6eperca mo Bcem (D{), D) < D m BceM (E{, E) ,_h< E.
zhh

Hasa zu € I (Z4k) X 11 (Zk%) a1 mmeeM @y, (2) = @pp, (n2); moOBTO-
My QYHKOMHE w,;, OONpefeNeHHse BTOpoi u3 dopmya (9.9), aexar B

$D(S (z™, DP, DY, E", ES)),

H, cienoBaTeabHO, HepaBeHCTBO (9.15) BEIOMHAETCA C 1)y, 3AMEHEH-
HuM Ha 1 (Z**, D, E), oupenenemnoe B Teopeme 10.5 (samermm, uro

Spr = S (Z"™)). Iipu h =1 osror] pesyabrar TpuBmamen. Jlokasa-
TeJBCTBO TEOPEMH 3aBEpIICHO.

B [AOKa3aTeJbCTBE OnIa HWCHIoab30BaHA clenymomasa JeMMae

10.8. Jl e M M a. ITycmv muomecmea Q (h, k, r', 1) sadann gopmy-
20t (9.0) ¢ pynryusmu pyyipe, onpedesenrmu gopmyaoti (10.6). T'oz0a
umerom mecmo ymeepycoenue (9.1) ¢ a = 2 u ymeepacdenue (9.2) ¢

K(r’)={m:x€R3N, |z; | <Nr' dus i=1, ..., N}.

Hoxasatenecteo. 1. Jokasameavcmeo coommuowenus (9.1) (i).
Has h = 1 cymectByer TOIbKO OfAHO pa3bmenme Z!'; mosTOMY MOKHO
caumratb b = 2. llyeto k54 k', s >0,t >0, >0ms+ t —r =
=p>0; Torma cymecTByer i€ ZMNZW'. Iaa Touer =z €
EQ Mk, r,s)my€Q(h, k', r,t) BHDOAHAIOTCA OMEHKH

ple)—Gh—10)r>sahr'—p@y)>t
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z B cmay (10.7) (ii)
|z2—y|>|zi—y:|>p @) — P (y) >
>Gh—10)r'+s—hr'+t> p> 0,
910 U TPe0OBaJOCh NOKAa3aTh.

2. Jlokasameavcmeo coommnowenus (9.1) (ii). yers s >0, t > 0,
rr>0,s—t=p>0,2z€QM k r,s) ayeC®, k r, 1).
Ecnu h = 1, 10 cymectsyer i € {1, ..., N} rakoe, aro

p )<t ap(x)>s

OTCIOIa BBITEKAET OIleHKAa

1
|[z2—y|>|zi—y: | >p @) —p(y:) >s—t=p>0.
2

Ecnu b Z> 2, To cymecTByior i € ZM u j € Z!* Takue, 94T0O HMeeT MECTO
[0 KpaifHeil Mepe OJHO U3 CJENYHIIAX HepaBeHCTB:

a) p ) —k—1)r<t,

b) p(y:) —p (yy) <ty
c) hr' —p(y) <t

B cnygae a) cnpasegiuBo Tak:Ke HepaBeHCTBO p () — (b — 1) ' > s
H I0TOMY

|z—y|>|2i—y:i | >p @) — p(yi)>s—-t=p>ip-
2

B cnysae b) Brmommsercs Tak:ke HepaBeHCTBO p (z;) — p () > s
X TOTOMY

le—y|>max {|z;—ui, |y;—=;[}>
>3 (P @) —p W)+ p W) —p (@) >5 (s—1) =50
B cayaae c) Mu umeeM Taxike hr' — p (z;) > s u motomy
lz—y|>|yj— ;> p(yj)—p(xf)>s—t—p> p.
Bo Bcex ¢Iydasx MEH HOaydaeM TpeGyemoe HeDaBeHCTBO |z — y | >
> 0.
3. Hdokasameavcmeo coomnowenus (9.2). Ilyets 0 <r<<r' mz €

€0 (U Q(, k, ', 1), Tak uTo x € § Q (k, k, ', r) npm Bcex h, k.
hhk

Has b =1 cymecTByer i€ {1 ., N} rakoe, uro p (r;) < r; ana
h = 2 cymectBytor i € Z" u j € Z Tanne 9T0 BEIOOJHEHO IO Kpaii-
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Heil Mepe OfHO W3 CAeAYIIMHUX HePABEHCTB:
apl@)—k-—-1Dr<r

b) p () —p ) <r,
¢) hr' —p (z5) <.

B crysae h = 1 maiigem j, € {1, . N} Takoe, uto p (z;) <r.
Jaiee npuMeHAM WHIYKIAI 1O A. Hycn: 2<<h K< N O Pe/IIoJI0KAM,
gro cymecTByeT h — 1 pasmmumnx peanx gmeexn j; € {1, ..., N},
06aalomuIx TEeM CBOMCTBOM, 4TO

p(mji)g(h-—Z)r'-I—rnnﬂ i=1,..., h—1
Bu6epem Z"* rax, urobm Zt* = {j,, . .., j,_o}; TOrAa

hr' —p(z;) =2 —r>r

W, 3HAuYUT, HEDABEHCTBO C) He HMMeeT MecTa mia Z". HoaTomy cyme-
cTBYyeT i € ZM, mua koroporo ambo p (z;) — (b — 1) r' < r, aubo
p(x)—p (xj) < r Opm KakoMm-To j € Z!*; B mepBoM ciaygae

plr)<kh—1r+r,
BO BTOPOM
PE)<p@E)+r<t—=2)r+2r<t—1r +r.
Ilonaras i = j,, saBepmaem mupykmumio. [Ipm A = N ME momygwaem
lz; | <p(z) <Nr paiaj=1,... N,

9T0 ® Tpe0GOBaJOCH [OKA3aTh.
Jasa aTOMHHX cHCTeM ¢ (QUKCHDOBAHHEIMH ANPaMH HMeET MEeCTO
ciaenyomuit Gomee mpocTOil pesyiabTAaT.

10.9. Te o p e a. Ecau 6 meopeme 10.5 ece onepamopvi 63aumodeli-
cmeus er,,5n HEOMpUYamebHsl, mo
Ce (S (D9 E)) = l L (D9 E): oo l’
20e
(D, E) =min{n (Z, D, E): Z = (Z,, Zy), | Z, | = 1}.
HoxasaTEascTBo. B aTOM caywae aaa mo6oro pasbuerma Z ome-

parop S, (Z,) BeoTpuuareneH, u u3 3ameuanua K Teopeme 10.5 BriTe-
Kaer paBeHCTBO 1) (Z,, D,, E;) = 0. CregoBatensHo,

(10.10) n (D, E) =inf {n (Z,, D,, E,): Z = (2,, Z,), Z, #* O,
cymecTByoT Takme D, m E,,
4To (D].’ D2) < Dv (El’ Ez) "z< E’

PEJ'PDj#g ms j =1, 2}’
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X HAM [OCTATOYHO IOKAa3aTh, UTO MJIA Ka)KIoro pasbuenua Z =

= (Zl, Zy)) ¢ Z;=* @ u puas upencranernuit D;, E;, miIa KOTOPHX

(Dl, D,) <D, (E,, E;) < E u Pg; Pp; <0, maiigyrca pasGmenne
z

(Zl, Z,) ¢ | Z, | =1 u npencraBaenns ].3, rpyuns I' u E rpynom
H (Z,), Tarme, uro
(D 1 DZ) <D:
E =< E, 1. e. E comepuTca B OrpaHMYCHMH NpejncTaBieHns: E
£
ga II (Z}),

P50 8 Ly(Z)) m PgPp 50 8 Ly(Zy),

M (Zsy Dy, E)KN (Z,, Dy, Ey).
Mycrs Z — mo6oe pasbmerme ¢ 2,  Z, u | Z, | = 1. B cuny aem-
MH 7.5 CymecTBYIOT IIPOJCTABIOHHSA ].31 2 Dg rpymou T, TaKme, ITo
(Dl, Dg) < Dy, Pg # 0B L, (Z)) u Pp,# 0 B Ly (Z, \ Z,). Torgna
(Dl, Dy, D,) < D u cornacuo nemmam 7.5 u 7.6 HalifieTcs IMpefCTaB-
leHEE D, rpymun I', Takoe, 9To PA %= 08 L, (Zz), (Dgy Dy) < ﬁ,
u (Dl, 2) < D. Kpowme Toro, B cnny neMMu 7.12 CYIeCTBYIOT Hpefi-
crapnenna Eg rpymnm I (Z,(Z,) u E rpynnm II (Z,), ynoBmerso-
pAOmEe COOTHOIIEHHAM
E<E (B,E) < E
4 ZiNZy, 29)

IToatomy cormacmo aemme 10.11 (¢ N, samenmennmniM Ha N — 1), moka-
suBaeMoii amxe, P pp 5= 0, u ms Teopemr 10.5 u pasencrsa (10.10)

ciexyer, 4To
0'(Zs, Dy, E)=min 0 (S, (Zs, D, E)) <
< min g, (S, (22, D,, E))<"l (Z2, D,, E,).

10.11. Temwm a. ITycmv D u E — nenpusodumvie ynumaphsie nped-
cmagaenus zpynn ' u II coomeememsenno u Pp 5= 0 B L, (R3N). To2da

PgPp 0.
IorasaTEnBCTBO. Tak Kak Pp == 0, To mo aemme 7.5 CymecTBYOT
npepcrasaenus D,, ..., Dy, Takue, uTO

PDl#O B L2(R3)1 (Dh "'9DN)‘<D°

Brbepem Temeph B3amMHEO oOpTOroHadbHHE D ;-mOpOmTaOmMue MOA-
mpoctpancTBa M; mpocrparctBa L, (R®) m momoxum

M=M,®M,® ... ® My = L, (R,



§ 11. Cywecmeennwil cnekmp 6HYmMpeHHE20 2BMUALMOHUAKA 89

Taxoii BeiGop Boamosker, 6o M; 1 M;, eciu D; == D;, a OCKOABKRY
B KayKIOro i CYmecTByeT GeCKOHeYHO MHOrO B3aMMHO OPTOTOHAJb-
EHX D;-moposkparommx DOXOPOCTpaHCTB mpocrpaHctBa L, (R%) (cp.
¢ KoxasaTeabcTBOM TeopeMH 8.8), To m B caygae D; = D; TaxiKe MOK-
O BHOpars M; | M;. U8 onpepnenenns oraomenus (Dy, ..., Dy) <
< D cnepyer, aro mpocTpancTBO M comepyKuT HeKoTOpoe D-mopork-
paromee mopupoctpancTBo M. Ilasa kampoit pysknun f € My B RaxK-
Boit mapu x,, %y € II, Taxoit, uto M, 5= m,, mmeem U (n,) f 1L U (m,) [
H, CJIeJ0BaTeabHO,

Pof=1E- 3 tx(m)* U ()0 ran 1€ Mo, {0,
nell
OTKyAa H BHTeKaeT TpeGyemoe cootnomenme PzPp 5% 0.

§ 11, CYWLECTBEHHbIA CNEKTP BHYTPEHHEr0 FAMHJIbTOHHAHA
CBOGOJLHOA CHCTEMbI

Ilyers S — ramMunbsroEmaH cBOGONHOM N-4acTHYHOR CHCTOMH,

a § — ee BHYTPeHHHH raMIIbTOHAAH, O pee oA popMyaoii (6.10).
B cmny Teopemn 8.10 cmexkTpoM omeparopa S B m000M HeTPHBHANb-
HOM mopumpoctpaHcTBe PpPgpL, (R®N) Gynmer moxynpsaMas [y pg, oof.
B sTom maparpage mMu Gygem mayuaTth omeparop S. Coriacro Teope-
me 6.11, ¢ TOMOMpbI0 BBOleHMA BHYTPEHHEX KOOD/MHAT HBYYeHHE
omepaTopa S MOKHO CBeCTH K H3YYeHHIO HEKOTODOro omepaTropa S,
B L, (R®N-%), Coerrp omeparopa S, B 06GmeM ciydae OTIHYEH OT
DOJYHDPAMOH: B 3TOM Jierde Bcero yOeNUTBCA, DPacCMOTpPEB Caydair
N = 2, rorpa S, mmeer Bup

—%VA—I- Wis (8 Ly (R3),

rae omeparop W,, saBaserca A-mannm Ha Geckomeunoct:. Opmaxo,
cornacuo Teopeme 10.5, AN KaKMOro HENPHEBOAHEMOrO IpeENCTaBle-
auA D rpyonu commerpum I' omeparopa S,, Takoro, uro Pp =0,
BHIIOJHAETCS COOTHOIIGHHE

Oe (So, D)=]0, oo].

B pammom caygae rpymma cummerpmm II coctomr camoe Goxpmee:
H3 JBYX 3JIEMEHTOB: €[HHHIHOTO W, BO3MOKHO, TPAHCIO3UIHEA HAIIMX
nByx vacrum. Ho sTa TpamCmO3umus feiCTBYeT Tak 3Ke, KaKk OTpaske-
HAe BHYTPeHHHX KOODIHWHAT, M MOKeT PacCMAaTPMBATHCA B KauecTBe
axementa I'; moaTomMy Her HeoOXomuMocTH NpHEEMATh rpymmy II
Bo BHEMaHme. B cmiy ckasaEHOro M GymeM HmpefmoJaraTh B Jajb-
HeiimemM, 9To N >> 2, X mOKa)KeM, 9TO CYuyecmeenkbiil COEKTD OrpaHm-
9eHusA omeparopa S, Ha Ja000e U3 €ro mMOJUPOCTPAHCTB CHMMETPHE
IOpefcTaBiIfgeT cOGOH HOAYIpPAMYIO.
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Nyers Z = (Z,, ..., Z,) — 0pousBoibHOEe pa3bmeHEe MHOKe-
crBa {1, ..., N} HA m B3aUMHO He IepeceKaoIEXCHd HEIYCTHX
nonMHOKeCTB, 2 << m << N. O6osmauum uepes | Z; | umciao siieMeH-
TOB B Z;; Aaa ypnoGctBa mpepmoaokmM, 410 |Z, | = |Z, | = ...
e =12, |, u 6ynem orokpuecTBaAATH ¢ Z Bce pasbmeHms Z': noay-
wapomueca u3 Z mepenymepanueii mopmuoxects Z;. Ilyers S (Z) —
omepaTrop, HDOJYYeHHHIA M3 omepaTropa S YyJajdeHHeM BCEeX YJIEHOB
Wi,.. .jm» OTBEYAOIWX B3aHMOMEHCTBUAM  MEKAY YacTUIAMH,
TPUHA/IEKAMUME K Pa3jiddHHM HogMHO;KecTBaM Z;. Ecam orobparke-
HHUe X —> ax = Y — TaK0e JUHeiiHOe IpeoGpa3oBaHMe KOOPAUHAT, ITO
Yy - » «» YnN-1 HABIAAKNTCH BHYTPOHHUMH KOODAMHATAME [JIS BCEH
CHCTEME], M eCIW COOTBETCTBYIOIui yHWTapHHi omepatop U ompe-
mexaen paseHcrBoM (6.4), To B cmay Teopemu 6.11 omeparopm USU*
m US (Z) U* peiicTBYIOT TONBKO Ha BHYTPeHHNE KOOPAMHATH U IOPOJK-
AaTCA — B CMECHe ompeneneHus 5.1 — omeparopamu S, m S, (Z),
JeiictBylomumu B npocrpancrse L, (R3¥N-3). Mu mo:xem mraOpHpO-
BaTh 3aBUCHAMOCTH omeparopa S, oT BHGOpa BHYTPeHHHX KOODAHHAT,
n6o omepaTOpH, OTBedYAIOMUe PA3IMIHHM KOODIHHATHHIM CHCTeMaM,
YHHATapHO SKBHBAJCHTHH.

B cayuae m = 2, 1. e. nua pasbuenma Z = (Z,, Z,) HaM TOHANO-

Ourca aABHOe BHpakenue omepatopa S, (Z). Ilyects n= |Z, | =
= 1|Z,| = N — n; sufepeM KOOpDAWHATH 2, ..., 2y TaK, ITOOH
Zyy v vy Zn B Zpiy, s .y Zy-y OBUIM BHYTDeHHEMH KOODAMHATAMH,

a 2, ¥ 2y — KOOPAMHATAMK IEHTPOB MAacC COOTBETCTBEHHO CHCTeM Z,
® Z, (eciu n = N — 1, To mopmcucreMa Z, He HMeeT BHYTPEHHHX
KOODAMHAT; NOCKOIBKY HepaBeHCTBO N = 2 BieueT 3a cOG0# HepaBeH-
¢TBO n > 1, To momcmcreMa Z; HOJKHA MMETh BHYTPEHHWEe KOODHH-
nmatH). Ilycrs v, m v, — moXHEIe MaccH mopcucteM Z, um Z, COOTBeT-
CTBEHHO; OYEBHIHO, L = v; - Vv, €CTh IOJHAA Macca BCeld CHUCTeMH.

Tlonomxum
Y = 2% — 2p,
{11.0) yij=z;gnaj=2,....,N—1,
Yn = W (Vi3 + vazy).
Torma ¥y, ..., Yn-1 OYAYT BHYTPEHHNMH KOOPJMHATAME IS BCEH
cuctemsl. B a1ux Koopmmmatax mpu n << N — 1 mmeem
(11.1) LyRN"3N=L1,(Z) ® L:(Z) @ Ly (Zy),

+1,® 1, @ S (Zy),
rnie mpocTpancTBa Ly (Zo) = Ly (R), Ly (Z,) = Ly (R™), L, (Z,) =

= L, (R3N-3n-3) ompemensaoTcA COOTBETCTBEHHO KOOPAMHATOM Y,
¥ BHYTPEHHEMH KOODAWHATaMH mopfchcteM Z, u Z,; omepatop I, =
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= ——zi—v A peiictByer B mpocrpamcTse L, (Z,), %=$—+é; ome-
patops S, (Z;) nefcTBYIOT B TpPOCTPaHCTBAX L, (Z;) m sBuswotca
MOPOKIAIIUME AJig BHYTPeHHHX omepaTtopoB S (Z;) moncmcrem; I;
— equHHYHHIA omepartop B L, (Z;), j = 0, 1, 2.

B caysae n = N — 1 copaBemiaumBH COOTHOUIGHUA
(11.1) L, (RN-3) = Ly (Zy) ® L, (2),
(11.2") $0(2) =Toy® I, + 1, @ Sy (Zy).

Jna rpynns Bpamarenbroit cummerpud I' omeparopa S mpencrasie-
mue y > U (y) yHurapHEME onepatopamn B L, (R3N-3) onpepensercs,
KaK O0BIYHO, C MOMONII0 BHYTPEHHHMX KOOPJAMHAT PaBEHCTBOM

CWN@ =70 -0 vYn-)
ITosromy B uacTHOM caygae (11.1) Mm uMeem

UR)=U, (1) @ U (v) ® Uy (v),

rie yHuTapHOe mpepacrasiernue y = U; (y) B mpocrparcTBe L, (Z;),
i =20, 1, 2, samaercA aHaaormyHO upeacTaBiaeHuio Yy > U (y)
B L, (R3N-3), Ilna mempmBopgmMHX upejcrasiemmit D; rpymoy I
OIIpefiesIMM COOTBETCTBYIOIMME HPOeKTOPH Pp, B L, (Z;); ecnm Pp, =
% 0, To mommpocrpancreo Pp.L, (Z;) upmsopur omeparop T, mpm
i = 0 = omepartop S, (Z;) upm i =1, 2. .

Jasa rpyonu nepecranosounoil cmmmerpuu I omeparopa S mpen-
CTABIICHEO

n U (n) B L, (RN)

6eL10 ompepeneno B § 7 ¢ HOMONIBI0 MCXONHHIX HEPEMEHHBIX paBeH-

CTBOM
(U () f) () = | (n~"2),
roe
AL = (Zr101)y « « oy To1())-
IToaroMy B TepMHHAX BHYTPEHHHX KOOPJHMHAT ¥ = 4 B IPOCTPAHCTBE
L, (R3N-3) omepatop U (n) [0MKeH ONpPEeIATHCA PABEHCTBOM

(11.3) (U (m)f) (az) = f (an~'z)

paz €R3Nuf € L, (R3N-3), [lnsa axporo pasbuenus Z = (Z,, . . .
« s Zp,) paccmorpuMm moxprpyuny Il (Z), coctosmyio u3 Bcex mepe-
craHoBOK 1t € I, mua xoropux nZ; = Z;, i = 1, ..., m. OgeBugno,

IZ)=0Z,) x ... xXI(Zy),

rge Il (Z;) — moprpynna, mOpOKAeHHAA TPAHCHO3MIUAME TOMKIE-
CTBEHHBIX GAaCTHI B MHOKECTB® Z;.

Hawum mapo maiitu pasnoxenue npexcrasienusa U (), cooTBeTCTBYIO-
mee OPOM3BONbLHOMY pasbuenuio Z = (Z,, Z,). [lnsa mpocToTH HOIO-
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wam Z, ={1, ..., n}, Zy,={-+1, ..., N}; Ttorza Koop-
OWHATH, ompenenenawe ¢opmynoi (11.0), 3amaioTes cooTHOmEHHEM
Yy = ax ¢ MaTpuuei a BUma

B Mn o __ Hnu __bN
’Vi LN ] 'Vi ’Vz LN ] vz
a, 0
(11.4) a= 0 a ’
N 0 Bnet 0 BN
] u n [

Ime a; ® a, cyTh coorBerctBeHHO (n — 1) X n @ (N —n — 1) X
X (N — n)-vatpunur. Ws (11.1) = (11.3) caenyer, aro mpm x; €
€Il (Z,)

(11.5) U@y X mp) =1,Q Uy () @ Uy (my),

rae I, — equEmgHnit omepaTop B L, (Z,) m U; (w;) — omeparop
B L, (Z;), ompepensieMuit ¢gopmynoit

(11.6) (U1 (@)H) (ar2) =1 (aimi'z)

maa z € R* mnum 2 € R3N-32q qna f € L, (Z;). B caysaen = N — 1
umeeMm II (Z;) = {1} u cupaBemnmBo pasmokenue

(11.5) Uy =1, @ Uy (),

coorBeTcTBylomee (11.1°).
B cuny ompemenernus rpynmu I BHmommserca paBeHCTBO

U () S = SoU () gna seex n € II;
AHAJIOTHYHO, COTJIACHO OIpefielieHuI0 omeparopa S, (Z) @ rpynmsl

I (2),
U (n) So (Z) = 84 (2) U (n) pus Bcex n € 11 (2),

m Buny (11.2) m (11.5) mam (11.2°) = (11.5')
Ui (:5) So (Zi) = Sy (Zs) U; (m;) mas seex m; € I1 (Zy).

Haa mempusomumex mpencrasiaenuit E rpynnou I m E; rpynmom
Il (Z;) ompenensiem cooTBeTcTBYyIOmEe HpPOoeKTOpH Pz B L, (R¥N-3)
1 Pg, B L, (Z;); ecim oTH omepaTopsl HEHYJNeBHE, TO MOAIpPOCTPAH-
crBa PgLy (R3N-3) n Pg,L, (Z;) IPEBOAAT COOTBETCTBEHHO OIEPATOPH
So & 84 (Zy).

Paccmorpum remeps monmyio rpymnmy cumMerpmz I X II. Jaa
Benpueonumux npencrasaenni D m E rpymn I’ u II coorsercTBerHO,
TaKux, 9ro PPy 5 0, ompenenum nmpuBefierEw oneparop S, (D, E)
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B moaumpocrpancTBe PpPpL, (R3N-3), Apanormuso fisi HempHBOAHE-
MuXx npepcrasiaenmit D; rpyonu I' m E; rpynnu I (Z;), rakmx, aro
Pp,Pg, s 0, ompenenmm mupumBenemmsr omeparop S, (Z;, D;, E)
8 nopupocrpanctse PpPg.Ly (Z;). Ecim D, — npyroe mpencrasie-
HEe rpynmu I, fasd KOTOpOro CcOOTBeTCTByOmEA HpoekTop Pp,
B L, (Z,) ornuueH oT HyAsd, TO MOIIPOCTPAHCTEO

(11.6)  Pp,L3(Zo) ® PpPrLy(Z)) ® PpyPr,Ls (Z5)
opuBoxuT omeparop S, (Z) M NpHBENEHHHIH OmEPaTOP OIpefiessercd
COOTHONIGHEEM
(11.7) S84 (Z, Dy, Dy, Dy, Ey, E)) =T, (Do) ® I, ® I, +

+ Iy ® So (Zy, Dy, EY) @ I+ 14 @ I, ® 84 (Zy, Dy, Ey),
rne Ty (D) — mpusepennnii onepatop Iy B Pp,L, (Z,); aHamoruasuo
ecan | Z, | = 1, To DPHUBOAAIEM LHOAIPOCTPAHCTBOM Oymer
{11.6") PpyLs (Z) ® Pp,Pg,L,(Z))
¥ OPUBENEHHHH OIepPaTOP OMPEHeNAeTCA COOTHOIIEHHOM
(11-7') So (Z, D,, Dn El) = To (Do) ® Il + I, ® So (Zl’ D,, El)'
ITonosxum
(11.8) 0 (Z;, D;, E;) = min o (S, (Z;, Dy, Ey)).
Torma, mockoasky B cuiy Teopemit 8.8 o (T (D)) = [0, oof, TO

coextpamu omeparopoB (11.7) m (11.7') ABAAIOTCS COOTBETCTBEHHO
O Y PAMEIO ‘

l'fl (Z!.’ Dl’ El) + n (Zz, Dzy Ez), °°[ n ln (Zl’ Dl: E!)$ °°['

Ocraerca 06CynuTh TOT YACTHHIA caygaii, xorga gmcao N = 2n
getHOe, | Z; | = | Z, | = n m mopcucreMu Z, m Z, mosxdecmeerHy
B TOM CMHCJIe, 9YTO cymecTByer mepectaHoBKa T € II, takas, dro
T2, =12y, @ tZy, = Z,. JlnA OPOCTOTH HPEAUONOKHM, 4TO Z; =
={1,...,n}m

1, ...,n, n4+1,...,N
= n+1,...,N, 1, ...,n/°
B uccnegyemom cnywae omepatop S, (Z) HHBAapHAHTOH OTHOCHTEJILHO
T, W MH JOJJKHH paccMorpers Bmecro rpynmu II (Z) rpymmy
fl(z)=11(2) Y +1(2).

Bocnonsayemcs mamee xooppumaramu (11.4), rme Temepnr mpemmoina-
raercsi, 4T0 @, = 4y, T. ©. 9YTO BHYTPEOHHHE KOOPNUHATH BHOpaHH
ONIMHAKOBO Ay o0emx moxpcmcreM. Torma oroGpasxenme

J: Ly (Zy) = Ly (Zy),

(11.9)
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OIpeNe;ICHHOe PaBeHCTBOM

(11.9%) ) War -+ Yn) =f Wnt1r -+ -» Yn-1)

maa f € L, (Z,), saBagercs H30MOTPMIECKHM H3OMOPPH3MOM IIpO-
crparcrea L, (Z,) Ba mpocrpancTBo L, (Z,), TakuM, 91O

(11.9") Sy (Zy) = IS (Zy) J.

Ilpa n € II (Z) yuurapuni onepatop U (n) 3ajaeTcd, Kak H paHbIIe,
pasencteom (11.5). Omepatop U (t) 3amaercs, Kak 9TO CJIeRyeT
u3 coormomenumit (11.3), (11.4) = (11.9), dopmymnoii

(1110) UM f=U (") /f/, ® 2 ®Jfy mna f=(®}1® fa

rae U, (1) — omeparop B mpoctpaHctse L, (Z,), ompeneaseMsit cooT-
HOIIGHUOM

(11.10 (Uo (7) fo) (3) = fo (—2)

maa z € R u fo € Ly (Z,).

Hycrs E®, i =1, ..., p,— Bce HONPHBONWMEE IIPEICTABIE-
mua rpynou II (Z,), = oyers d; m ) — COOTBETCTBEHHO pasMep-
HocTh u Xapakrep mpexncraBaenus E{(). OroGpaxenue n — tnt = xt’

ects m3omopdusm rpynust I (Z,) ma rpyuny II (Z,); mosromy paBen-
CTBO

ED (n)=E{M (n') nua scex nell(Z,)

OLpEAeIsIeT HeIPUBOJEMO® IDONICTABIIOHIO Eg') rpynnu II (Z,) pas-

mepHocTE d; ¢ xapakrepom y» (n'), i =1, ..., p, U Bce HeNPUBO-
Jumee mpepncraBienua rpymos II (Z,) ncqepnmnalo'rcn LpefiCTaBIe-
mmavu E{). Cnegosarensmo, E{» @ E{), i, j =1, ..., p,— a0

BCe HOIpPUBOAUMMEe mpeAcraBiaenusa rpyumnu II (Z)
11.11. e mm a ). I'pynna il (Z) umeem monnomé:i—) +'2p nenpu-
e0dumnxr npedcmasaenuii EM, i< j, u EQ, i, je{1, ..., ph

Coomeemcmeyloujue npoeKmopeL 6 npocmpancmee L, (Z,) ® L, (Z) ®
® L, (Z,) sadaromcs coomHoweHUAMU

P("J) I ® P(‘) (3)_|_Io ® P(J) ® P(z‘i),
PO=11,0 P ® P+ 5-Us(v) ® ¢V (PP @ PY),

20e P§) — npoekmop 8 L, (Zy), omeewalowuli npedcmagienuio EP,

a Q% — onepamop ¢ PWL, (Z,) @ PYL, (Z,), onpeaenennuu cae-
dyrowum o06pasom. Ichmb Ujp, j =1, ..., di, k=1, 2, —

1) YrBepsKmeHus 9TOl JeMMH BHTEKaloT u3 jJeMMH 3.5 cratem [40].— Hpux.
nepes.
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opmonopMuposarkbill 6asuc ¢ npocmpatncmee Ly (Z,), maxoil, umo

4
Uy (@yup= 2 B ()ry irn
r=1
0as ecex j, k u n € I1 (Z,). Tozda
QY (ujr ® Jurd) =uys @ Jum, 045 6cex j, k, r, s,
20e J — omo6pascenue, deticmeyrowee cozaacro (11.9°).

HoxasatenscrBo. OnpenmeinseM IpeICTABIICHHE Edh — paBeH-
CTBaMH

- EW EY 0
Ech (mx:n,)=( t () ® B3 () R . )
0 EY (7)) @ EY (n)
ij 0 EY () @ E (st
E® (T'(mxu,)):( ) o i (1) @ E3’ ( 2)).
1 (1) @ E3° (my) 0

E®  gpuserca HEIPABOJUMHIM IPEJCTABIGHACM TI'DPYHIHI I (2,
aMe0mEM pasmeprocTb 2d;dj, W 3KBEBaJEHTHO mpefcrasieHuio EVY,
npuueM npu i << j pasnm4uEHe mpencraBiends K¢ He sKBUBaIeHTHHE
Mekny coboii (maske ormHocmrenbHo rpynmu IT (Z)). amee ompepne-

JIsieM IPefACTAaBICHHSA Eg):
EY (n1y X 119) = EY (my) ® EY (),
EY (t(nty X 1)) = == O (EY () ® ES (),
rie © — oroGpaxenme, 3a7aBaeMoe COOTHOLIEHHEM

8 ((4r) ® (Brs)) = (AriByy).

EY) ecrs mempuBogmmoe mpejcTaBieHme pasmepHOCTH d} W pasimu-

HEe IIPeCTABICHHS E(;:’ HEe DKBUBAJGHTHHL [PYT APYTY W HPEICTaB-
aemmam EYP. Tax xax

;j(zd,.d,.)zjuzzi‘, di=2 (Zi d})?=2|11(Z)]2=|11 (2)],

rpe | 11 (Z) | — mopsApoOK rpymmb I (Z), To He cymecTBYeT HEKaKHX
ADPYTHX HONPABOXUMHX mpepcrapieHmit rpymnu II (Z) (kxpome EC
" Eg’). XapakTep IPeACTaBICHAA E® puumensercs mo dpopmynaMm

K (g X 719) = XD (1) XD (3) + %D (o1,) XD (1),
XD (1 (314 X 75)) = 0;
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moatomy B cmay (11.5) coorsercrBylomuit mpepcrasiermio E) npo-
eKTOp ¥WMeeT BHJ

piih =% S A (g X ) Iy ® Uy (m4),® Uy (715) =
[T1@ | T X g€I(Z)

=I,Q P{’ @ P+ 1, ® P{ @ PY.
Juns mpepmcTaBienus E:,: MH DOJy4aeM
:I: (“1 X Tg) = X (my) xh (vq)

H, COINIACHO OmpefeneHu0 oTobpaxenusa O,

X (7 (1, X g)) = EXD (7).
B cmny (11.5) m (11.10) coorsercrByOmEM mpefcTaBieHHER EY
ZpoeKTopoMm Gymer
PO=11,® P @ P £+ - Us(v) ® Ry,

rne R;—omepatop B L,y (Z,) @Lz (Z,), samaBaeMHil PaBeHCTBOM

242

Ri =
! [11(2) |

2 X (gyqu))* T U, (715) fo @ JU, () fy
T X 7eIl(2)
ana f=f, @ f,. Tak rak
Us (75) =J U,y (7)) It =JU, (n]") Uy () T,
70, cyMmmupysa mo i, €I1(Z;), M Haxomum

o Ui PPIf, @ JU, () oo

Rif =g
Iﬂ( D1 wedZ0

Iyers ¢yuknum u,, .. ., Ud, 00pasyonT OpTOHOPMUPOBAEHHI (asuc
Bexkoroporo E{ -nopomp;alom;ero TORUPOCTPAHCTBA IPOCTPAHCTBA
L, (Z,), Tar aro

d
]
Uy () up= 2 EP () ur
r=1

Jna ecex k m my €I1(Z,). Aranorm4no mycrts

dm
Uy () vp= Z E(im) (5t4)sn vs.
=1



§ 11. Cywecmeennunii cnekmp eHYmpeHHez0 2aMULLMOKUAHA 97

Honoxum fy=up u fy=Jvy; Torma
PPT Ay = PPvy = 8imbn,

= noaromy B cmay (7.07)

d; dp
4 m
R; (s ®Jvh)_2 }] a2 ET ()% EY (711) e 8imvs @

TeIL(Z1)
® Jur=0;mOjmr @ Jus.

Otciona BHTEKaeT, 910 omeparop R; ofpamaercs B HyJIb HA dileMeH-
tax, oproromamsunx & PO L, (Z) ® P§) L, (Z,), n, 3Haunt, Moxer
GuTb 3ammcam B Buge R; = QO (P(D ® P“)) re, Kak ciegyer
W3 HamuX BRYHCIeHmi, Q¢ b (ujp @ Ju,s) = uj;, @ Ju,, (310 paBen-
CTBO IIOJHOCTHIO ompenenser omeparop Q). Jlemma moxasana.

Ilpu o6cy:xpenuu HCKIOYATENHHOTO CIydYas HaAM HOHANOGHTCH
caegyiomee momarme !). Co6GcTBenHoe 3HaYeHme A omepaTopa

Sy (Zy, Dy, E,) Ha30BeM MUHUMALLHO 6bIPONCOCHHbIM, €CIH COOTBET-
CTBYIOIIEee COGCTBEHHOE IOIPOCTPAHCTBO IpescTaBiaser coboir D, @
& E,-moposkiaoiiee MOAIPOCTPAHCTBO mpocTpanctsa L, (Z,).

11.12. Jlemwma. Hycmv D, u E, — makue Henpusodumvie npeo-
cmasaenusn coomeemcemeenno epynn I' w 11 (Z,), umo Pp,PrL, (Z,) 5=
5= 0. Toeda, ecau uwucao v (Zy, Dy, E,) He asisemes u304UDPOSAHHBLM
MUHUMAALHO  GULDONCOEHHBIM —COOCMEEHHBIM —3HAYEHUeM Ohepamopa
Sy (Zy, Dy, E|) — u moavko ¢ smom cayuae,— daa kaxcdozo € > 0
cyyecmeyiom 0dsa makux opmozonaivkbir Dy @ E-nopoacdawwux
nodnpocmpancmea N; npocmpancmea CP (Z,), umo

1 So (Zy) uj —m (Zy, Dy, EY uj || < el uyll
Oas eécex u; € Nj, j =1, 2.

Hoxasartenscrso.  Ilonowum A = S,(Z,, D,, E,, H=
= Pp,Pr,L, (Zy) nhy = v (Zy, Dy, E,); ouesmano, A, € 0 (4). lycrs
F (-) — cnexTtpanpHoe cemeiictBo omeparopa A. Ecam A, — m3onn-
POBaHHOEe MUHHMAJIBHO BHPOMKIEHHOE COGCTBEHHOE 3HA4YEeHUE Olepa-

Topa A, TO panA pocratouno Mameix & > 0 mpocrpamctBo N =
= [F (A, + &) — F (A, — )] H upencraBiasier coboit oTBeuarwmee
9ucay A, COGCTBEHHOE MOANPOCTPAHCTBO, KOTOPOE IO IIPEIOJIOKe-
Ha0 D, ® E,-mopomparome. Haskaoe Takoe mOAIPOCTPAHCTBO uUMEET
pasMmepHOCTHh d, paBHYI0 pa3MepHocTH mpefcrasienus D, ® E,. Ecau
CYIECTBYIOT BA MOJIPOCTPAHCTBA C YKABAHHHIMHA BHILIE CBOUCTBAMM,
TO pa3MepHOCTDH ImpocTpancTBa /N go/KHA OHTH caMoe MeHbpliee 2d =
= dim N; @ N,, 9T0 OpPUBOJUT K HIPOTHBOPEUHUID.

1) Pamee BBenieHHOe B Tex ke measax B [40], m. 2.6.— ITpum. nepes.

7 HMoprenc u Baigman
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Ilycte Temeps A, He ABAAETCA HB0IMPOBAHHEM MUHEMAJIBLHO
BHIPO;K/IGHHNM COOCTBOHHHIM 3HATGHHEM; TOTAA HIH Ay € O (4), mIR
Ao — COGCTBeHHO® 3HAYEHH® OmepaTopa A KpaTHOCTH 6onbmeﬁ d.
B cuny Teopem 1.1 m 1.2 pgaa mo6oro &’ >0

dim [F (A + &) — F (Ag — &')] H> d.

ITo Teopeme 8.11 cymecteyer Takoe D, @ E,-mopoKpaomee HOAIPO-
crpamcrBo N, mpocrparcrsa D (4), uro

| Au — Agu || < &’ || u || s kasxpoit pyEKmumM u € N,.
Tak kax dim N, = d, To maiigerca ameMeHT v (0 u3 mOJmpOCTPaH-
crea [F (A, + &) — F (A, — ¢&')] H, oproromansuui K N;; HCIOAB-
3yA AaNOPOKCHMALHIO, MOKHO YKasaTh siaeMent w%= 0 ms D (4),
oproroHadbHHE K N, H Takoi, uTo
lAw — dw || < 28 [|w ||.
B cuny uwactm c) mokasareinbcTBa Teopemu 8.11 cymecTByer Takoe

D, ® E;-noposkpaiomee mogupocTpaHcTBO [N, mpocrpaHctBa D (4),
oproroHanbHoe K Ny, 4T0

| Au — Au || < 2e'd? || u || pna Bcex u € N,.
3amenaa 2¢’dY/? ma e, momygaem TpeGyemoe.

Tonoxum
(11.13) %' (Z,, D,, E,) = inf {A € 0 (S, (Z,, Dy, Ey)):A >

> 1 (Z,, Dy, Ey)}.
9dro guexo Goavme, ueM 1 (Z,, D,, E,) Torma @ TOIBKO TOTAA, KOTAa
n (Z,, D,, E,) saBuaferca H30IMPOBAHHKM COGCTBOHHHM 3HAI6HHOM
omeparopa S, (Z,, Dy, Ej).

Hamee, mna mpencraBiennit D.® E rpymou I' X II, rakumx, uro
PpPgL, (R?N-3)5£ 0, u nua paséuennit Z = (Z,, Z;) TOTOKEM
(11.14) 0 (Z, D, E) = inf {n (Z}, Dy, Ey) + 0 (Zy, Dy, Ey)},

I7e HIGKHAA rpaHs 6eperca mo BCeM IPENCTABICHHAM, YIOB-
JIETBOPAIOIIAM YCAOBUAM: PDiPEi %= 0; cymecTByeT TaKoe
upencrasuenue Doy, uro (Do, Dy, Dy) <D m Pp L, (R®) 5
# 0; (B, E,) = E,

3a MByMA, OFHAKO, MCKJIIOYCHHAMIE;
1. Ecau | Z, | =1, 10

(11.14%) n (Z, D, E) = inf {'fl (Zy, Dy, El)}r
Ijle HIGKHAA Tpadb 0epercsa mo BceM HmPeACTAaBISHHAM, YXOB-
mersopsomuM yeaosuaM: Pp Pp = 0; cymecrsyer Takoe
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npepcrasiesne Dy, aro (Do, Dy) < D m Pp L, (R% # 0;
E, < E (1. e. orpammuenme mpepncrasienma E ma II (Z,)
z

conep;kET mpepcrasiaenue E,).

2. B ToM mecrmoumTenbHOM caydae, Korua | Z, | = | Z, | = N/2
n Z, u Z, ToskpecTBenssl, wucao 1 (Z,, D,, E,) mamo samenmTs Ha
% (Z,, Dy, E,), eciu BHOOIHOHH CIOfyIONEe YCIOBEA 1):
(11.45) (i) D, = D,, E, = E{), E, = E{® nna mnexoroporo i€
1, ..., p} (B obosHauenmsx nemmu 11.11);
(ii) m (Z,, Dy, E,) ABuAercs w30IEPOBAHHHM MUHEMAJb-
HO BHIPOKJGHHHM COGCTBeHHHM 3HAUYGHHEM OIepaTopa
So(Zy, Dy, Ey);
(iii) musa Bcex mpeucraBnenmit D, rpymnmm I', Takmx, 9ro
(Do, Dy, Dy) <D m Pp L, (R%) %0, = pua BCex Ipep-
craBennit EJ) Tpynmst 1 (2) (0 = = 1), Taxmx, 9TO0 mpeA-
crasnenne E | Il (Z) comep:xxur EY, sumonmsmerca pasen-
1
creo PoPp, =0, rme (Pof) (3) = 5/ (2) + —"2)-1 (—2) aasn
2€ERS fELy,(R}) 1 @ =4 1.
11.16. Teopewma. Ilyemv D @ E — maxoe Henpusodumoe nped-
cmassernue zpynnut cummempuu I' X II, umo PpPg 0. Tozda npu-

eedennwii enympennuii eamurvmonuar So (D, E) umeem cywecmeen-
Kol cnekmp

0 (So (D, E)) = [n (D, E), oo,
20e (D, E) = min {n (Z, D, E): Z = (Z,, Zy).

3dameuganue. [[ad BCAKOrO HEOPEBOAEMOTO LPENCTABICHHA
DQ®E rpymua I' X I, gna xoroporo PpPrps%<0, BHODOIHAETCA
BepasercTBO 1) (D, E) < 0, 1. e. [0, oo] < 0, (S, (D, E)). 910 0e-
BuAHO Opum N = 2 ¥ Jerko Imoaydaercd IO WHIYKOHH A 00mero
cayqas.

JTloxkasareabcTBo Teopemur 11.16 Gymer mamo B § 12.
B 3akaioueHue sToro maparpada mpmBefeM HPUMep, KOTKa OpEHe-
6peur mckmooumTenbHEM ciaysaeM (11,15) membas 2).

1117. T pume p. Iycrs N = 4. Ilpepmonoskum, uro wactmmur 1
H 3 TOKIECTBOHHH MEXAY co60#, PaBHO KaK ¥ 4acTHOH 2 H 4, a 4a-
crunu 1 m 2 me ToMmecrBeHEH. I'pymma II B sTomM caywae cocromt

1) OrmernM, wro ecnm I = O (3), D — npencrapmemme rpymmm O (3)
seca | m D; — npencrasrenne rpymua O (3) Beca I’, To ycmosme (11.15) (ili)
He BHUoNHAeTcs upu I’ > 0; cM. [40], m. 2.7.— ITpux. nepes.

?) VKasaHHHI HCKIIOYATENBHEI CIYIall MOMKET HMETh MOCTO [Aake

nasn
TAKAX CPABHATENBHO IPOCTHX CHCTEM, KAK MOJNeKyIa Bofopoaa; cM. [40], n. 2.14,
—IIpun. nepes.

7%
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U3 4YeThIpeX 3JIEeMeHTOB:

. (1234) (1234) 1234
To=% M=13214/" ™~ \1432)" "3=(3412)°

IlycTh TaMHIIBTOHWAH HMMeET B
S=T + Wy, + Wy + W,y + Wy,

rge W;; — cpeprdeckun cMMMETPHYHLIE KBAJPATHIHO HHTETPAPYeMHEe
OTHOCHTEJIbHO BHYTPEHHHX KOOPAMIAT &; — &;j HMOTEHIMANH, OIMCHI-
BAOIIAE B3AUMOJEHCTBME MEKIAY HETOKIECTBEHHHIMH YaCTHI[AMH.
Ipynnma BpamarexsHO# cuMMeTpun I’ cosnagaer ¢ O (3). Buyrpennne

raMIIbTOHHAHEL Sm, Sy Sy m S 34 EMEIOT OJLEH W TOT 3Ke MO POKIAT0-
MUl OmepaTop; MHE IMPEAMmOJOKUM, YTO Yy HEro ecTh OJHO OTPHIA-
TeJIbHOe COOCTBeHHOE 3HAaueHME A, W HOT HMKaKuX Apyrux. lssecrHo,
970 3T0 cOGCTBOHHO® 3HAYEHHME IPOCTOe W COOTBETCTBYIOMAA eMy co6-

crBeHHaA QpyHrmES cpepmuecKku cmmMerpmaHa. Omepartopn S,53 u Sy,
OycTh HE HMEIT COOCTBEHHHX 3HAUEHWIA.
BuiGepem npepcrasnenne £ rpynnsi Il caegyromum o6pasom:

E(no) =1, E () = —1, E(n) =— 1, E (ny) = 1.

Ilpencrasnenve D rpymmm ' 6ymer ¢umrcmpoBamo moszme. Ilyctn
Z — xaxoe-HHOyQb pasbmenue ¢ | Z, | = 1, sanpumep Z, = {1, 2, 3},
Z, = {4} T'pynna II (Z,) cocrout m3 m, m 7,; mpeACTaBIeHHe E, =
= E | Il (Z,) menpmsBoguMo u 3apmaerca paBeHcrBamm E, (m,) =1,
E, () = —1. B xoopammarax 2z, = &3 — &,, %, = L3 — T BHYT-
peHHO# raMuJIbTOHNAH HOACHCTEMH Z, 3aUUmeTcs B BHME

1 1
So(Z) = — 5 A — 5 Ay — —— grad, grad, +
4+ Wia (|21])+ Was(]22]),

1 1

re —v—=-u— —|—— Ecan §, 3aMemuTH HYJeM, TO omeparop Sy (Zy)
1 2

uMeeT OJHO o'rpmJ;aTeJILnoe co0cTBeHHOE 3HA4eHME 2\, M HUKAKAX

APYrAX; ero CymeCTBeHHHIM CIEKTPOM CIY:KHT HOAympaMas [Ay, oof.
CobcrBennoe 3HaueHme 2A, HPOCTO, M COOTBETCTBYIOMAsA €My CO0-
CTBeHHAA QYHKIUA CUMMETPHYHA OTHOCHTENBHO 23 M Z,. Tak Kak ome-
parop Pg, sBIsfercs HPOGKTOPOM HA IOANPOCTPAHCTBO AHTHCHMMET-

PHYHEIX COOCTBeHHHX (YHKOUA, TO Yy IPHBEJeHHOTO OIepaTropa
S, (4, E,) amxueit Touroit cuexrpa 6yner 1 (Z,, E,) = A,. Ilockoasxy
omeparop — A, — 2 grad, grad, — A, HeoTpmmarejeH, TO HpH BO3-
pacranuu BenmamHH 1/p, omeparopst S, (Z,) u S¢ (Zy, E,) Taxxe Bo3-
pacrawor. CaexoBarensHo, v (Z,, Dy, E,) = A, pna moGoro mpep-
crapaeaua D,, m B cuny (11.14') nna nwbGoro npencrasienuds D
BHIOJHAETCH HepaseHctso M (Z, D, E) = )A,. ABanoruysui pesyiasb-
TaT UMeeT MECTO JJIA 6CAK020 paaﬁnemm Zc|Z,|=1.
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Hycrs, namee, |Z, | = 2; ecam Zy = {1, 3}, Z, = {2, 4}, m0
n(Z, D, E)y=0 pna aio6oro D. Ecan Z, = {1, 2} Z, = {3 4},
TO mopcucTeMsl Z; U Z, TOMIECTBEHHH; dTO W €CTh MCKIIOYUTEIbHHIH
cuygait. 3pecs [T (Z2) = {n,} u 11 (2) = {m,, ms}; mosromy cyme-
CTBYeT JIMIIb OfHA BO3MOKHOCTH: E, =1 w E, = 1. Hlpu D, 5~ D2
o KpaitHeii Mepe &JiA OZHOrO u3 onepa'ropon Se (Z;, D;, E;)
BHOONHsAeTcH paseHctBo M (Z;, D;, E;) = 0 m, caenoBarenbHo,
M (Z D, E) = \A,. IlosTomy HaM J0CTATOYHO PACCMOTPETH JHIEL CIY-
qaif Dy = D = 1, Korpa

N (Zi, Dy E}) =My g i =1, 2

H A, ABASAETCH W30JMPOBAHHHIM MUHHMAJBHO BHPOKIEHHEIM cOGCT-
BeHEHM B3HAUYeHWEM, T. €. CIyYail, KOIfa CIPaBeJJMBH YCJIOBHA
(11.15) (i) u (11.15) (ii). Tax xax E | Il (Z) = 1, o B (11.15) (iii),
oueBunuo, @ = 1. Bosemem D = 1. Torga emmHCTBEHHO BO3MOKHOE
sHagenue Aus D, — sro 1, omeparop Pp IpOeKTHpYeT Ha HmORIPO-

CTPAHCTBO CepUueCKH cuMMeTPWIHHX QpyBKumit B L, (R3), u mosromy
PmPD0=PDO-—#O.

B sToMm cayqae ycaosme (11.45) (iii) Be BHIOMHAETCSA, W MH HOJIYIaeM,
aro n (Z, D, E) = 2\, u, 3uaunr, n (D, E) = 2\, mo teopeme 11.16.
Ecaun, ograko, D (a ciegoBaTedsHo, u D) ABIAeTCSA IpeNCTABICHHEEM,
COOTBETCTBYIOIMMM C(HepHIeCKEM TapMOEMKAM HOPBOTO IOPARKA, TO
yeaosue (11.15) 6ynmer BoimonreHo; Torga M (Z, D, E) = A, u B, cuny
reopemut 11.16 n (D, E) = A,.

§ 12. NOKASATEJIbCTBO TEOPENDI 11.16
HoxasareabcTBO Oymer cocTosATh M3 [ABYX 9YACTeil.
1. B nepsoit wacTum Mb IDOKa)KeM, 4TO
[n D, E), oo < c, (S, (D, E));

JJIA 9TOrO [IOCTATOYHO [TOKa3aTh, dTO

[n(Z, D, E), o|< 0 (S, (D, E)) gasa raxuoro Z = (Z,, Z,).

a) Haanem co cayuas, korga | Z, | > 1 u pasOueHue Z He ABJAET-
Cs HCKA0UMTeNbHEM. B cuiny onpenenenuns (11.14) wacna m (Z, D, E)

HaM HaNO YCTAaHOBHTH, 4TO A Bcex mpemcrasienuit (D,, Dy, Dy) <
<D u (Ey, E,) .—< E, raxmx, aro Pp Pg 0 u Pp 0, moGoe

quesno A = v (Zy, D1, E) +n (Z,, D,, E,) npuHaNIEKHAT CHEKTPY
o (S (D, E)) Monosxum
Ai=n(Z;, Dy E;) pua i =1, 2 m Ay = A — Ay — A,
ITycrs 3amano & > 0; cormacuo teopeme 8.11, cymecteyor D; @ E;-
moposKIamIue noaupocrpancTsa N; npocrpanctsa Co (Z;), Takue, 410
1So (Ze) wi — Aju | < el u i
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nasa Beex u; € Ny, i = 1, 2. Tax Kak Ay, == 0, To MH MOKeM mpmEMe-
HETH Teopemy 8.8, cormacHO KoTOpoi AaA mGoro r > 0 cymecTBye
takoe D -nmopoxpanmee mogmpocTpaECTBO N, IPOCTpaHCTBA
Co (R®), uro

I Touw —Au << ellull

nu (z) = Onpn | z | < r gas Beex Gpynxnuit u € N,. Honomum M =
=Ny ®N;®N,, acmo, aro M < Cy (R’N-%), m m3 coorHOme-
HEa (11.2) cmepyer omenka

1 So(2) u —Aull<ciellu |l nas Beex u € M,

rae KOHCTaHTA ¢; 3aBHCHT TOABKO OT PasMePHOCTH mOAUpocTpancTsa M
H, BHAQYHT, TOJABKO OT pasMepHocTeil mogupoctparcte D; @ E; m D,,.
Ilyers p > 0 TaxoBo, aro HocmTexb M0GOH QyEkmEE u; € N; comep-
JKETCA B 8AMKHYTOM IMape pafmyca @ ¢ HeHTPoM B Touke 0, Bo BHYT-
PeHHHX KOOPIMHATAX MOACHCTOMH Z;, i = 1, 2. Bosspamasncs k mep-
BOHAYAJNbHHM KOOPHWHATAM Z; W YYATHBAsA jemMy 6.8, Mu BmmmM,
9T0 CYIECTBYeT Takoe ro = 0, 4o

z;j— 2z 2L} opr i=1, 2
5.§z,| i hl\ o OP

NS KaKN0# TOYKH r, NDHHANJIeKAMe#l HocmTealn ai06oi ¢yExmmn
u € M. Cornacmo ompepenenmio (11.4) koopmumaTH y,, MH Takke
EMeeM

n N
1 1
|y,|=|72 Wz ——- 2 ”hxhl>r
j=1 —

masa xkaxporo z € supp (u). Crepoatensno, upH s € Z,, t € Z, BHOOA-
HAGTCA COOTHOIEHHe

n N
1 1
lxs—$f|=|yi+71'2 Wy (Ze—29) — 4 2 P«h(xt—zh)l>"—2ro-

Bubupasg pmocratogEo Goapmoe r > 3r,, mojyiaeM B CHIY CJIeACT-
Bua (6.7h)

| Sou —So (Z) ull<e (flufl+I1 Tou|)
pus Bcex u € M, rme T, — mopoxnaromuit omeparop B L, (R®N-3)
paa omeparopa I BHYTpeHHe#l KHHOTHYECKOi 9Heprmm. Bcaemcrsme

ycnosua (6.12) omeparop T, aBasercs S, (Z)-orpaHHYeHHKIM; OITO-
MY CYIIECTBYeT TaKas KOHCTAHTA C,, 9TO

N Tl <es(flu | 4+118o (2) ull)<ea (1 +| 2] +e) lull < es || ul.
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Taxum oGpasom,

| Squ—2rul|<e(es+1+cs)||ul|=ecs | ull

Ansa Beex u € M.

IocTponM Temeph HETPHBHAIBHOE HOANPOCTPAHCTBO IPOCTPAHCTBA
P ,PpCy(R3N-3%), ma xoropom omepatop S, — Al maxn. B cmny mem-
Mu 7.3 coormomenme (D,, D,, D,) < D Baeder 3a coboit cooTHOmIe-
gua L = PpM + {0} u L — M. Kak u Opu [[0Ka3aTeJIbCTBE TEOpe-
uu 10.5, MH [OOKa)KeM cefgyac CYMECTBOBAHHe® TAKOH KOHCTAHTH
¢, >0, uro || Pxw || = ¢, || w || ansa Bcex Qpymkmmit w € M; orcoona
6yner ciemnosath, 9T0 K = Ppl = PpPgM {0} =

| So—M)v]|=|Pe (So— M) w| <ecs || w||<
Lece|lv]| ana v=Pgw¢ PgL.

Iyers n € IIN\ II (Z); mockonbky pasbmenme Z He ABJIAETCA
HCKJIIOUATENLHEM, TO NZ, | Z, % &, HO nZy 5= Z,. BossmeM j, k €
€ Z, rak, utobHn j #=k, j =t ()€EZ, u k' = a1 (k) € Z,. Nan
TOueK z, NpPUHAMIeKAMEUX HOcHTeNAM PYEKmmA w € M, mMeeM

|2j— 2z | Lo B |Zje— 230 | 27— 210 > 1.

B cuny (11.3), ogmako, |zy — zp | <1 mpm z € supp (U (n) w);
mostoMy ¢yEKnuE w u U (7t) w 061afaoT HEIIePECOKAOMAMACH HOCH-
rensamu u, 3HaumT, (w | U (n) w) = 0. I3 onpepenerma (7.7) BuTe-
xaet, aT0 (w | Pgw) = (w | Qgzw), rme

Os=—2r 3 (@)U (@).
neI(2Z)

OTtcrona Tak sxe, kak B Teopeme 10.5, BHBOIUM CYIECTBOBAHUE TAKOTO
qucia v >0, uaro (w|Qzw)=~v||w|?® u, caegoBaTeasHo,
| Pgw || = v*% || w || mna Bcex w € M.

b) Ilycte Temepr Z — pa3bueHme, OTBEYAIOMIE® MCKIITATENb-
HOMY ciyua. IlonnTaeMcsa paccy;koarh TOYHO TaK ’Ke, KAk B JaCTH a).
Ecim Dy # D, unn ecim E; nu E, He 9KBHBAJNGHTHH OTHOCHTOJIBHO
TPYHOIOBOro m3oMOoppmsMa It — TNT, TO mopupocrpanctBo JN; opro-
FOHAJBHO K MOAUPOCTPAHCTBY N, miasa mwobux D; ® E;-nopokpaomux
mopupocTtpanctB NN; upocrpanctBa L, (Z;), i = 1, 2, rze J — m3some-
TpEIeCcKmiz m3oMopdusm npocrpancTea L, (Z,) Ha L,y (Z,), onpepense-
muii paBeEctBoM (11.9°). Ecam Dy = D, u npexpcraBienusa E; u E,
SKBHBAJIOHTHH, HO Iucio 1) (Zy, D,, E,) He ABIAETCA HB30IHPOBAHHKIM
MHEHEMAJIBbHO BHPOKIeHHKM COOGCTBOHHHM 8HAYeHHEM oOIepaTopa
So (Z4, Dy, E,), 10, cormacHo aemme 11.12, moxHO BrGpaTs Ny 1 N,
TaK, 91066 Ny m J-1N, Guuam oproromansanmu Dy @ E-moposxpaio-
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MEME OOAIpPOCTPaHCTBaMHU mpoctparctBa Cy (Z,), TAKMMH, 9TO
Il So (Zy) wj — M (Zy, Dy, Ey) us | < & |l uy

maa Bcex uy € Ny, u, € J-IN,. CaegoBarensno, N, sBaserca D, ®
® E,-mopo;kpaomuM OpPTOTOHAJBHEM K JN,; NIOJIPOCTPAHCTBOM,
u B cuay (11.9") BumoaHAETCA HEPABEHCTBO

| So (Zo) u —n (Zy, Dy, E)ul|<<ellul|l nna scex u € N,.

OcTanpHas 9acTh [JOKA3aTeJIbCTBA TeNePh IPOXOTUT 6e3 3aTpyn-
HeHUA; B 9aCTHOCTH, AJNA Bcex QYHKmUA w €M = N, @ N, ® N,
m Bcex mepecranoBok & € [IN\ II(Z) cmpasegmueo pasencTBO
(w| U (n) w)y=0. Hpu = € I\ II (Z) omo noxasmiBaerca Tax sxe,
xak B gactu a); upu n € I \ II (Z) = Il (Z) B cany (11.10)

U@ weUy(t) Ng® N, ® IN,,

a 9TO IPOCTPAHCTBO OPTOTOHANBLHO K HPOCTPAHCTBY M.

Hanee, npegmonoxmmM, 9T0 BENONHEHH yciaoBusa (11.15) (i) = (ii).
BriGepem mopupoctpanctBo N,, Kak H paHbine, X HOXOKEM N, =
= JN,. CHOBa [0Ka3aTeJIbCTBO IPOXONUT OECHPEmSATCTBOHHO O TOTO

MecTa, TIe Hag0 paccMorpers BenmumHy (w | Pgw) maa w € M.
Tak xak (w | U (n) w) =0 opm 5 € I \ 11 (Z), To ananormyno mpe-
BEymemy moixydaeMm, uto (w | Prw) = (w | Qgw), rae

~  dg
s=Th7 D 420U (.
nell(Z)

Mpencrasaenue E | II (Z) yuurapHO DKBWBAJIEHTHO HEKOTODPOH OPTO-
TOHAJILHOH CcyMMe HENIDHUBOJMMHIX NPEICTABAGHUA TIpPynuH i} (Z);
IO3TOMY OIepaTop @E OpefCcTaBisieT co000d HEKOTOPYI IHHEHHYI0
KOMOMHAIMI0 COOTBETCTBYIOMMX HPOoeKTOpoB. B cumy memmur 11.11
OTCIOla BEITEKAeT, 4TO
@E= 2 ajkp(jh) + 2 bJPg.)—l- 2 ij(l),
i<k J J

rge KoappunumeHTH HEOTPUIATENbHK B He Bce paBHH Hyn0. CormacHo

npepnonoxernio (11.15) (i), aaa mexkoroporo i € {1, ..., p} umeem
E, = E{, E, = E{». Tak rkax mpocrpancrBo N; sBiagerca D, ®
® E-noposkpatomum, TO, B oGo3HazeHmsx jaemme 11.11, PPN, =
= 8;;N, u amamormumo PY)N, = 8;; N, masa j =1, ..., p; caepo-
BatenbHo, PYMM = {0} naa Beex j <k m PO M = {0} opmjs=i.
ITosTomy

OEw = biPSf)w -+ ciP(_i)w s we M.
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Ecaz b; = ¢; = 0, 10 mpencrasmenme E |11 (Z) me copmepmur
npencrasnernii EY u E?; B arom ciyuae Bumonneno yeaosme (11.15)
(iii). Ipepmomommmm, |ro b; 4¢; >0, m myers uy, .. ., Ug —
TaKkol#l OpTOHOpPMHUpOBaHHHK 6asmc B N,, 910

4,
U, (n) uj=21E(f) (m)r;ur upm Beex j m nell(Z,).
r=

Torpa pysxnum Ju,, . . ., Jua, o6pasyror 6asuc mpocrpancTBa Ny =
= JN; n B cuny aemmu 11.11 copasepgnmBo cooTHoImeHue

Q"" (u; @ Jup) =u; @ Juy.

Takmm o6pasom, oneparop Q? npmBoxurcs ma mpocrpancTee Ny, @ N
parop 1 2

K eIMHAYHOMY OmepAaTopy, M, clefoBarenpHO, omeparop P{ mpmso-
AuTCA Ha OpocTpaHcTBe M K omeparopy

(—;-Ioi%Uo(T)) QLL,=P,Q1,® I,

PPM =P.N,® N, ® N,.
V3 mpuBeneHHEIX PACCY;KIEHHH BHTEKAeT, YTO
| Pgwy= (w| Qgw)=b; || PPw |2+ ¢; || POw |2

nas Bcex w € M.

Ecim b; >0 u P, P D7~ 0, To, cormacuo caencteuio 8.8, MB MO-
eM BHOpaTh mogupocTpancTBo N, trakmm, aro PNy = N,; moatomy
oA Bcex QYHKIOUA w € M Bhmosnsgercs HepaBeHCTBO (w | Pgw) =
=2b; || wlf® Anazormumo ecam ¢; >0 m P_PDO;& 0, To MuKHO
BHGpars moampocTpancTBo N, TaK, 9To6s P_.Ny= N, u (w| Pgw) >
=c¢; || wl? nna scex w € M. B atmx cayuasx JIOKaSaTeJIBCTBO mpo-
XOMT OT Hadaka [0 KOHNA, KAaK W paHee.

Ocranuch He paccMoTpeHHEIME fBa Bapumanra: (i) ¢; = O (u, 3Ha-
wnr, b; >0) u P.Pp =05 (ii) b; =0 (m, smauur, ¢; >0) =
P_Pp = 0. B oboux apmamrax rTpeGopamme (11.15) (iii) ymommer-
BOPSeTCA.

ITycrs, naxomerm, BHIIOIHEHH BCE YCIOBHA (11.15). Ham =mago
moKasaTh, 4T0 Bce A =0’ (Zy, Dy, Ey) + 1 (Z,, D,, 2) npuBaje-
/HaT CHEeKTPY o (S0 (D E)). Ilycrs M = n (Zy, E)),
=N (Zy, Dy, E;) mAy = A — Ay — A,. B cuay (M 13) n (11.15) (11)
Ay > )Ay; mOTOMY CYIIECTBYIOT Takme OproroHanbuHe D, ® E,-mo-
pokpaomue mopupocrpancrsa L,, L, mpocrpamcrsa C5(Z;), dTO
I So(Zy) uj — Ajus | < ellu; |l pus Beex u; € Ly, j =1, 2.
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Ilonowus Ny = L, u N, = JL,, npoporKaeM JOKasaTeJbCTBO, Kak
H paHee; 3T0 BO3MOKHO, IOCKOJBKY IpOCTpaHCTBO JNN; OpTOroHaXB~
H0 K N,.

c) B cayqae | Z, | = 1 mapmo, coraacmo (11.14'), moxasars, uro
A€o (S (D, E)) pna scex A =1 (Z,, D), E,) m pua Bcex mpepcTas-
aeumit Dy, E,, yHOBIETBOPAKOINUX YCIOBHAM, CHOPMYIHEPOBaHHEIM
B (11.14’). 3peck He BcTpeuaeTcA HUKAaKAX TPYMHOCTEH, ¥ MH omy-
CTEM moppoGHOCTH.

2. Bo Bropoil vacrm [OKa3aTeIbCTBA MH IOKa)KeM, 4TO
de (So (D, E)) < [n (D, E), o|. Mu cmemaeMm 3T0 ¢ IIOMOIBIO TEO-
peMu 9.4. OGparaMca cHagaxa K caydalo, xorga rpynns I' m IT rpm-
BAAIBHH. -

a) Paccmorpum pas6mesme Z = (Z,, ..., Z,) Takoe, 4dTO
1Z, 1= ... 2|Zn | 21, m cooTBeTCTBYIOIMH eMy oOmepaTop
8o (Z), ompemenemmwit B § 11. HYCTB h=N—m-4 1, Tak uro

BO3MOKHHe 8HaueRma h — 310 1, 2, . . ., N — 1. Bynem oto:xmecrs-
JATh Z €O BCeMH Pa30OMeHHAMHA Z HOJIY‘I&IOI]IHMKOH n3 Z N3MeHeHHEOM
mopanka mopMuoykecTB. Ilycrs Zh e = 1, ..., k (h),— BCe pas-

J@YHEe pa30meHus i (bnxcnponannoro h. Oas Kamnoﬁ oapH (h, k)
onpene.umu IPAEAIEsKAITHe L, (R3N-3) pymkOomd prpye, L =1, ...

, L(h, k), ¥ >0, cnexyomum obpasom. Ilycrs Z"™ = (Z,, ...
ooy Zy), THE M = N + 1 — h; paccmorpmEM PyHKRIHE

191 { p(zi—z)— @M —=1)r', i€Z;, J€Zs, T s,
D Vv p@—z), i ez
e 2=(zy, ..., cn) ERN w p(z) =1 + |2 P)l/ziv OrpaHAIEM

WX Ha HOANPOCTPAHCTBO, BEIEINSOMO® COOTHOIIGHHOM Z wzy = 0;

crenaeM npeoﬁpaaonanne K BHYTPOHHAM Roopnnna'ram y € R3N-3,
HaKOHeI[, 3aHyMepyeM NOJYYeHHHE (YHKOUE HPOM3BOJHHEIM 06pa-
soMm. Ecam mmuomxecrBa Q (h, k, ', r) = R3N"3 onpepenenn ¢opmy-
aoit (9.0), To Bumonnens ycaopma (9.1), (9.2); ato Gymer moxasamo
gmwxe (memma 12.6). IloaToMy MOKHO IPUMEHHATH Teopemy 9.4,
3aMeHUM B 2TOM Teopeme m HA 3N =3, Sn8aS, I'aa Ty — mopox-
Raomu# onmepartop mas omeparopa I' (kak Geuto moxkasamo B § 6,

B COOTBOTCTBYIOIMX BHYTpeHHMX Koopaumarax I'y = — A). B cmay
caepcreusa (6.7¢) Bmmonmserca npeamonaokenme (i) Teopemm 9.4.
Yro6H yaoBIeTBOPAIOCH yciaoBme (ii), Hamo Hamae;KamuM 0GpasoM
nopo6pars V;,. OrmernM, uto st Bcex £ = ay c y € Q (h, k, ', )
@ [JaA BCex z, j, DPHHANIEKAIEX K PA3IHIEHM HOLMHO)KECTBAM
pas6menma Z", B cmay (12.1) m (9.0) cmpamepmmso Hepanenc'mo
P (z; — x5) > s. B cuny caepcrua (6.7b) moGoit oneparop Wy, ...

YEOBJAETBOPAET NpEAUOaOKeHHI0 006 omeparope V,, ecam na6op
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{j1, - . ., jn} HepeCeKaeTCA HO MEHE® YeM C ABYMA IOJAMHOKECTBAMH
pas6menma Z"*. CiemoBaTennHO, MOKHO B3ATH V,p = Sy — S, (2),
rae Z — mo6oe pasbHeHme Ha fBa TAKHX HOAMHOKECTBA Z,, Z,, 9ITO
KasKi0e IofMHOxecTBO u3 Z'* copmepsxarca mim B Z, mim B Z,. Toraa
Spp=2580(2) =

Npx = min 6 (Sp) = min o (S, (Zy) + min o (S, (Zy) =

=1 (Z) + 1 (Zy)
upm | Z, | > 1 B cany (11.2),
Nar = M (Z)
npa |Z, | =1 B cmny (11.2'). Ilosromy, corsnacHo Teopeme 9.4,

G (So) < [0, oo[, rme n = min {n,: k, k} coBmagaer B paccmarpm-
BaeMoOM 37eCh 4acTHOM caygae ¢ gmciaom v (D, E).

b) O6parames k o6memy cayqato. [laa sToro HaM HY;KHO Mopnmdu-
OHEpOBAaThH TeopeMy 9.4, Kak MH ye JeJald B AOKa3aTeIbCTB® TeO-
pemu 10.5. 3amenum C7 (R3N-3) Ha

D (S, (D, E)) = PpPgCT(R¥),

mpepnonarasi, 910 PpPp+0. B cuny (12.1) Bce ¢ymkmmm pppi
HHBADHAHTHH OTHOCHTENbHO HpeoGpasoBammit rpymmu I'; moaromy
To 3xe cupasegnuBo miaa ¢yaxnumir @,,, ompeneseHHEX DPaBeHCTBOM
(9.5). Ona n € Il $pyEKOUE ppyye B PE3YIBTATE HMOACTAHOBKE I >
> -1z MeHAIOTCA MecTaMH TaKuM 06pasoM, 4TO k OcTaeTCs HOM3MOH-
HEIM; HO3TOMY eciam mus moboit ¢ymrknmm f ma R3N-% mu ompepenmm
U@R)f (I)o,ll)kmynoﬁ (11.3), o U (m) @ pps = Oppee, e k' Taxkoso, 4T
Z™ — gz Cnepomarensmo,

R(h)

dynxkmue ) @y, mrpapmanTHH oTHOcHTensHO I' m II,

=1
u, 3Haunr, ecad u € D (S, (D, E)), To dyHKnEA v),, ompefeleHHAA
coormomernmeM (9.9), rTaxxe npmmamaexur D (S, (D, E)).

PaccMoTpmM Temeph WacTHHE cayuai h = N — 1, xorga ZM =

= (Z,, Z,); npepmonoxnM, uro pasbmenme Z"* He aBaserca mCKIIo-
gqurenpnsiM. CornacEo nemme 7.5 m coorHomermio (7.13),

D (S, (D, EY) = @ D (T, Do) ® D (So(Zy, Dy, E)) @
®D (S, (Zs, Ds, Ex))l,
rpe cymma Gepercs no BceM (Do, Dy, D,) < D u Bcem (E,, E,) '-;.(n E.
Z

B cuny (12.1) yHKOMH ppy;r B PEBYIBTaTe IOACTAHOBKE I+ '
¢ nu € II (Z™) memsatorca MecTamm TaxkuM o06pasoM, 9To h ® k ocTaloTcs
¢urcmpoBarEnME; noatomy BeEAY (9.5) pyEknum O),, NEBAPHAHTHH
oraocmTensHEo rpymus II (Z**). Us ompemenennsa (9.9) ¢pynkmmit why,



108 § 12. Jokasameavcmeéo meopemu 11.16

BEITEKAaeT, 4YTO

wn € P (D (To, Do) ® D (Sy(Zy, Dy, Ey) ® D(So(Zs, Day E))l,

M, CIeI0BATEJIbHO, B CHIY (11 14), uepasencrso (9.15) BHHmoxHAETCA
C Mpr, 3aMeHeHHHM Ha 1 (Z'*, D,

Ipegmonomum Temeps, uto h = N — 1 m pasbmenme Z"* —
uckiaognrensroe. Cormacuo jmemmam 7.5 u 7.9, mmeeM

D (So(D, E)) = D P; [Po,CY (Zo) ® Pn,CT (Z1) ® PuLT (Zo)],

rae cymma Gepercst mo BeeM (D, Dy, D,) < D u BceM HenpHBOJUMEIM
npencrasienmaM E rpymms 11 (Z'*), copepamumes B E | 11 | (ZM%).

CroBa ¢yurnua @,,, urBapmaHTHA OTHOCHUTEIHHO [PYIIH 11 (z'™)
H, CIeJ0BATeIBHO,

win € D Py [PoCE (Zo) @ PoCT (Zy) ® Pr,CF (Za))-

Jlas BCex KOMIOHeHT QYHKUUH Wy, COOTBETCTBYIOMUX IPeCTaBiIe-

muam D, = D, uag E = ED (cm. memmy 11.11), momygaem omeH-
Ky (9.15) ¢ My, 8amenenHuiM Ha 1 (Z;, Dy, EP) + n (Z,, D,, E(’))

Ocraercs paccMoTpeTs KoMIOHEHTH, orpedaiomue D, = D, u E =
= E3). Ecum v (Z,, D;, E{)) He sBusercsi M30IMPOBAHHEIM MEHI-
ManibHO BHPOKIEHHRM COGCTBEHHHM  3HAa4eHHEM OIepaTopa
So (Zy, Dy, E®) unm ecnm PyPpy # 0, 10, mCHONB3YA ABHYIO dop-
Myay pas omeparopa PY, mammyio B memme 11.11, moxygaem Ty e
OIEeHKY, YTO W paHBIIe.

Haxonen, ocraercsa cayuait (11.15). Ilycts NN; — coGerBeHHOE

HOANpOCTPaHCTBO omeparopa S, (Zy, Dy, E{Y), orsevaromee cobeTsen-
HOMY 3HaueHmo 1 (Z,, D, EP), n

H,=N{nD(S,(Z,, Dy, E?)).

ITo ompenenenuio (11.13) amecna v’ (Z,, D,, E{), oHO siBusieTcA TOU-
HOM  HIDKHel  rpaHMIERl CHeKTpa OrpaHWYeHHsA omeparopa

m) Ha mpocrpaactBo H,. CaemosarenaspHo,
PDIPEgi)C?f (Z) =N, H,
¥ aHANOTMTHO
szPE(zi\C'(’f (Zy)c JN,®@ JH;=N, ® H,.

Ecam w — KoOMIOHEHTa (QYHKIME Wp,, COOTBETCTBYIOMAs Ef;’, D,,
D,, D,, T0o no memme 11.11

we PP [Pp,CT (Zo) @ (N, @ Hy) ® (N2 @ H)),
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¥ MH IIOJIy4aeM 49eThIpe OPTOrOHAJNbHEEe KOMIOHOHTHI. Hepnaa KoMIIO-
HEHTa paBHA HYJI0, HOCKOJBKY OHA COAEDKUTCA B IOAUIPOCTPAHCTBE

PQ [Pn,CT (Z0) ® Ny ® Nal=PuPo,CF (29) & Ny & Na={0}

B cuny aemmu 11.11 m yemosmsa (11.15) (iii). Iloatomy ocraercsa ome-
HATH BOIUIHHY

w|S, (Z”k) wy=(w|S, (Z"h) w)
upu

w € PP [PpC¥ (Zo) @ {(N: '@ Hy) ® (H, ® Ny) @ (H, ® Hy)}l-

B cuny npencraBnenms (11.2) mmeem

Se(ZMY =Ty @I, @ I +1,® Sy (Z;) ® I, + Iy ® I, ® 8, (Zy).

Orcopa caemyer, uro mus (,’pymm;nn w 6yneT BHIOJHATHCS OIEHKA
(9.15) ¢ mpx, samemenmmM Ha N’ (Z,, D,, E{") + n (Zy, D,, ED).
CoGupada BMecTe HAafJ®HHEC OI®HKH, BUAHM, 9TO A d)ymcmm Whp
cupaBexInBo HepasercTso (9.15) ¢ 1y, 3aMenennrM Ha 1) (2", D, E).

Ipe h<<N —1 mnonoxmm Z"* = (Zl, eo Zy), THE M =
-—N+1—h>2n|Z1|>|Z2|> = | Z, |- Beegem pasa
omeparopa S (Z"*) BHYTDEHHHE Roopnnnanﬂ cnenyloan 06pa30M
OGo3nauum uepe3 m’ gucio mopcucrem Zj ¢ | Z; | > 1; xpaiiHuid ciy-
qait — srom’ = 0, worpa | Z; | = 1 gnA Beex j. BBeneM BHYTPEHHHE
KOODAMHATH A KaKMOH m3 momcucteM Z; ¢ j <. m’ (ecam Taxue j
CYIIecTBYIOT) B 0603HaumM uepe3 L, (Z;) cOOTBETCTBYIOIIU® MOALPO-
cTpaHcTBa, a ueped S, (Z;) — moposkmaloomumii omeparop AJAsA BHYT-
PeHHEr0 raMWJIbTOHHAHA HojcucreMs Zj. Ilycrs 2y, . . ., 2, — KoOp-
NMUHATH IEHTPOB MACC HAIMMX HOJCHCTEM, & Vi, . . ., Vy, — HX MacCHL
B s1Ex woopgmuarax

m m’
o 1 ~
S(zhk)z_— -—Z -éx’j—Aj-*—Z S (Z;),
j=1 =1

e A; — namnacuaH OTHOCHTENBHO Zj.
BrifepeM Temepp BHYTPEHHH® KOODAWHATH ¥y, . . ., Ym-y AIA
IepBOT0 W3 ABYX CJAaraeMHX B OPAaBO# YACTH TaK, ITOOH

m 1 m-1 1
~2ny = Dy Nt
2 P

rae Aj — nanmacmaH OTHOCHTENIBHO Y; M T— 0meparop TPaHCI-
IUOHHON PHePTUH HOJHOH CHCTEMH, OIpPeReJeHHHH dopmyrnod (6.5').
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DTOro MOIKHO HOGHTHCA, TONOKEB Yy = %, %y = V; H

. 1 1 \-t
Yi=Zje1—Yj» %= (—+ ’
(12.2) . ' ("‘: "M)
Yirr = (%5+1)7 (K55 + VirsZpr)s %ivt = %Ki+ Vi,
j=1, ... m—1.Ilyers L, (Z,) o60o3HaTaeT IPOCTPAHCTBO KBAAPa-
THYHO CYMMEDYeMHX OQYHKIMA IOPEMOEHHX Y, . . ., Ym-1- LOTAQ
3N-3y __ & A
(12.3) LR =&  L.(2)
)

m'
(12.4) So(Zhh)=j§o IN® ...0I1;.,Q5,(Z)® ... ® I,
rae

m-1
’ 1 4,
(12.4) So(Z)=— 3 5 4
i=1

u I; — epmamuHKNiE omeparop B L, (Z;).

Ham my:xHO HajiTH BHIKHION TPAaHANY AJA KBagpaTHIHOH (HopMH
(W | So (Z™) wpy,). Oysrnoma @,,, WHBapHAHTHA OTHOCHTEIHLHO
npeoGpasoBammit rpymnu 11 (Z*) =1 (Z,) X ... X I (Zp);
mMoSTOMY MH moiayiaem B caxy (9.9)

wia €D (D (5o (Zor Do))® D (So(Zy, Dyy E)S - ..

e é D (So (Zm', Dm’, Em'))],
rne cymma Gepercsa mo BeeMm (D, ..., Dps) < D um Bcem mpescras-
aemmam (Ey, . . ., E”")'fa E. Tar rak omeparop S, (Z,) Heorpzma-

TeneH, To u3 paseHcTBa (12.4) caexyer cupasennmBocts onenku (9.15)
C MNpr, 3AMEHEHHHIM Ha

m'
(12.5) inf 321 n(Z;, Dy, Ey),

rae HWKHAA IPaHb Geperca mo BceM npencrasienuaM D;, E;, ynosaet-
BOpAIOmMUM ycaoBmaAM: P D,.PE = 0; cymectsyer D,, Takoe, 4To
Ppo7#%=0u Dy, ..., D’) < D;(Ey, ..., En) 'fhE ITpencrasum,
z
namxee, Ly (Z,) B BHAe
Ly (Zo) = L3 (Zoo) ® L3 (Zo),

rge npoctpancTBo L, (Z,,) COOTBETCTBYeT mEepPeMEHHOH Y, BBOIEHHOR
B (12.2). Torga, mo mocTpoeHM0, MPOCTPAHCTBO

Ly (Zy)=Ls (Zo0) ® La (Z1) @ L3 (Z5)
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0TBEYAeT BHYTPEHHAM KOODIHHATAM HJA IONCHCTeMH Z,|)JZ,, =

Ly (Z)®Ly (Z)® Ly (Z)& ... @ Ls (Zm)
ec'r5~ npencrasienne npocrpanctBa L, (R®N-3) mna pasbmemma 7=
= (Zy, Z3, . . ., Zp,), ananormanoe (12.3). BospmeM Kakoi-HEOYAL
onuH HabOp npenc'rannermn D, ..., Dm: v E, ... En, BXOJIA-

mux B (12.5). Ilycrs npeacrasaenna Dy, u D, Taxoss, 710 (Do, 0) <
< Dy m Ppy,, 50, Pp, % 0; Torma

(D00v DOv Dh ey Dm') < D9
H, IPUMeHAA NBAXAH JeMMY 7.6, ME HaXOfEM TaKoe IPEJCTABICHUE
D,, pns xoroporo

(Doos Dy, Dy) < 5: H (ﬁo, Dy, D, ...; Dp) < D.

~
B cuny nemmu 7.4 mpepcraBierme D); MOKHO BHOpaTh Tak, 9TOOH
Pp, % 0. Amanoruuno B cmiy JeMMH 7.12 cymecTByeT HOIIPHBOREMOE

npencrasiesne £ rpymnu II (Z, U Z,), Takoe, 9To
Py%0, (E,, E,) .;E’, rne Z=(Zy, Z,),

(B, Eg ..., En) .;E.

Cornacuo uacr: 1a) mokasareabcTBa, eciu pasbmenwue (Z,, Z,) CHCTeMH
Z, U Z, ue aBaseTca HCKIOYHTOIbHEM, TO 9mciao 1 (Z,, D,, E,) +
“+ 1 ,(,Zﬂ’ D,, E,) mpuHague;kut cHOeKTpy omepartopa S, (Z; U Z,,
D,, E). CaegoBarensHo,

0 (21U Zy, Dy, E)<n (24, Dy, Ey) 4+ (Zy, Dy, Ey),

H N03TOMY HIKHAA rpass B (12.5) moxer OHTH 3aMeHeHa aHAJIOTHI-
HO#i HWKHEH rpaHBIO AiasA pasbmenmii MHOkectBa {1, ..., N} Ha
m — 1 mogmuoskecTB. Ilpomosxas sTOT mpomecc, MH IPHUAEM K HHEK-
Heil rpaHd, IOJYIeHHON IPEKAe AJa pasbmeHuil Ha [Be MOACUCTEMHI.

IlpuBenennte BHIIE PACCYKAEHAS TOPAIOT CANY B HCKIIOIHTOND-
HOM ciydae, Korga cymecrsyer upeo6pasoBanme T € II, koropoe 0T0G-
paxaer Z, Ha Z, m HaoGopor, a Z; mp: j > 2 NepPEBONHT B cels.
Ho B sToM cayuae pmocrarouno zamermts rpymmy II (Z'*) ma rpymmy

T@EZ™=M(Z,, Z)xT(Z)) X ... X (Zm),
i ()
(2, Z,) = (M (2Z) x T (Zy) U = (11 (Z,) X 11 (Z,)),

¥ npmMeHHTH 9acTh 1b) morasatenscrBa. Mm omycrmM mogpo6GHOCTH,
BasxHO 3aMeTHTH, OfHAKO, 9TO MCKJIIYHMTENLHKI CAyUail MOSKeT BCTpe-
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TATBCA TOJHKO HA IEPBOM IIare peAyKIMu, Tak Kak |Z; | Z, | =
=|Z, |+ 1Z, | > 125 |

CobGupas BMecTe BCe OI@HKH, MOJYYMM IO Teopeme 9.4 HIDKHION
rpaguny 1 (D, E) pas  CymeCTBEHHOTO  CHEKTpa OmepaTopa
So (D, E). Takum ofGpasom, Teopema [OKa3aHa.

B xopme moxasaTenncTBa OBIa MCHOJB30BaHA CIENYIOMMAS JeMMa.

12.6. JI e m m a. Jas PyHKyui ppy i, onpedetennviz gopmyroti (12.1),
u das obaacmeii Q (b, k, r', r), onpederennviz gopmyaoii (9.0) ¢ smumu
Pynryuamu, evnoansiomes ymeepacoenus (9.1) u (9.2).

Hora3aTEnbCTBO.  J[OKa3KeM yTBEp:KOEHHS B 2-KOOPAMHATAX
¢ o = 2; mpeoGpa3oBaHue K BHYTPEHHUM KOOPAHHATAM HACT TOT 3Ke
pesyabTaT ¢ APYTMM 3HAYCHHEM O.

1. Hokasameavcmeo ymeepacdenus (9.1) (i). Haa h =1 cyme-
CTBYeT TOJBKO OfHO pasbmenume, Z'l, Tak 9TO0 MOKHO CUHTaTh h > 2.
HOycrs k%K', s>0,t>0,r >0us+t —r" >0. Torga Haii-
OYTCA Takue 4ucia i, j, i=~j, 970 i U j colepKaTCA B OTHOM HOAMHO-
’KecTBe pasbuenma Z™ um B pasNMUHEIX IIOJMHOKECTBAX pasbuenmsa
Z"’. Tlostomy, cormacHo ompemenenmio 12.1, pmuaa Togexk z €
EQ M, k,r,s)uy€Q (h, k', r', t) BHIOIHAITCA COOTHOMECHUS

24 —p(a—z)>s 1w plyi—y)— @ 1—1)r' >t
B cuny (10.7) (ii)
1
lz—y|>max{zi—y:|, |zi—yi} >3 |zi—z—yi+y;| =

1 1 ,
>7p(ya——yf — 5P (@ —2) > 5 (s+t—1),

uT0 u TpebOBaNOCh JOKAa3aTh.

2. Jlokasameavcmeo ymeepocdenus (9.1) (ii). Iyers s >0, t > 0,
r>0,s—t>0,z€QM k, r,)muyelQ &, k, r, t). Torma
cyIiecTByer Takas mapa wgucen i, j, i = j, aro ambo i, j IpHHALIERAT
Pa3IMYHBIM MOMMHOKECTBaM pa3dueHus Z

Pyi—y)— (2" =) r <t
aubo i, j mpEHANIEKAT OJHOMY HOJIMHOKECTBY pa3bueHHA Z"* n
2=t —p (i — ) <t

B mepsom ciywae mmeem p (z; — zj) — (2" — 1) r’ > s u, ciue-
TI0BaTEJNbHO,

1
|e—y|>max{|zi—y;|, |zi— ¥} > 5| 21—yi— i+ ys| >

1 1
>—2'P(~‘Uz—xf)——P(yt —Yi) > (s—1).



§ 12. Jloxasameavcmeo meopemw 11.16 113

Bo BTOpOM cIIygae BHIIOAHAGTCA HepaBeHCTBO 211 — p (z; — zj) >
> s, W IO3TOMY IO TOH jKe HPUINHe

1
le—y|>5 (s—1).

3. Hoxrasamesvcmeo ymeeprcdenus (9.2). Ilyers 0 <r<<r

az€QB(URQ G, k, 1, 1), Tak aro z € H Q (h, k, v, r) nna Bcex
hk

h, k. llpa h = 1 cymecTByeT TOIBLKO OXHO pa3GueHme Ha N mOgMHO-

#KeCTB, COJIepKAmuX OfUH BiaeMeHT Kaskpmoe. [loaTomMy BHRIOYeHme
z€0Q (1, 1, r, r) Buewer 83a coGoil CymecTBOBaHHE TAKOH mAapH

jl’ j27 jl 7&]'2’ 9T10
p(xji —sz)<r'
Ilna h = 2 obosmaunm gepes Z2* To pasGmemme, y KOTOPOTO Hep
BEIM DIOgMHO)KecTBOM cay:kuT Z; = {j,, j,}. OueBmmuo, Bce ppyrue

IIOIMHOKECTBA COMEP/KAT JHWINs IO ONHOMY dleMeHTY. B cmmy srtoro
o6croaTenscrtsa cootHomenue x € § Q (2, k, r’, r) Baeuwer 3a coboi

U HEePAaBeHCTBO 2r' — p (zj; — Zj,) < Iy WIK CYIMECTBOBaHUE mapH
quceln i, j, OPUHANISKAMAX PA3TAYHHIM IONMHOKECTBAM U YIOBIET-
BOPAKIUX HOpaBeHCTBY p (r; — xj) — r’ < r. IlepBuil cayuait He-
BoamoskeH, u60 2r' — p (xj; — x;) = 2r' — r > r. Bo Bropom cuy-
gae nu6o0 o6a gmena i W j OTAMYANTCA OT j,, j, ¥ TOrJa CYmeCTBYeT
mapa j3v j4v jsrléjb Taxkad, 49TO

4
p (zj— ;) <r' + 1,
au6o OHO U3 quced i, j IPUHAISKAT HONMHOKeCTBY Z, H TOT/la Hall-
jercs jz, He comepsKameecs B Z;, TaKoe, 4T0
’
Pz, —2 ) <r'+r mm p(zj,—z;) <r' 4.
B n060M ciygae MH monydaeMm TPOHKY 4uced jy, j,, jg, AIA KOTOPOI
p(xji—xjh)<r,+2r opm i, k=19 2, 3’
HIN fiBe HapH j,, j, U jg, j,, TaKme, 4TO
p(zj,—z,)<r'+2r n p(zj,—a;,)<r' +2r.
Ilns h=3 Bubupaem pasbmenme Z3* B COOTBeTCTBHE C TOIBKO
9TO IOJNYYeHHBIM Pe3yabTaToM: moiaraeM Z, = {j,, j,, js} mnu Z; =
= {j1, Jo}» Zs = {js, ju}- Paccyspmas, kax m BHme, HaxoguMm Im6O

9eTBEPKY 9HCeI Jy, ja, j3, j4, AUO0 TPOHKY jy, jo, j3 W WDy Ji, Jjss
JIK60 Tpn Hapl:"I jl’ j2’ j31 j4 un jﬁv jG’ TaKuye, 49TO

Pz —a) <4’ +3r

jna i, j, IpHHEajIe;KaIAX OHOMY W3 DTHX IHOIMHOKECTB.
Ucnonssys mapyknmo, nas mpomssoasHorokh € {1, ..., N — 1}
noxydaem nu6o HexoTopsld HaGop m3 h -+ 1 wucen, 1u6o HeKOTOpHIiX

8 Moprenc m BafinMan
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HaGop U3 h ydces W mapy 9HCeN M TaK jJanee, oGranarmue TeM CBOii-
CTBOM, 4TO

plxi—z) <@ —h—1)r' +hr

npu i, j, OPHHANIEKAMHUX ONHOMY H3 YKa3aHHHX IOJMHOKECTB.
Juaah = N — 1 cymecTByeT TOIBKO OJHA BOBMOKHOCTB: B BTOM CJIy-
gae MH moiaysaeM HaGop N 4mcem, w, 3HAUHT,

pxi—z) L@V =Ny P+ (N—=1)r< 2% man i, j=1,...,N.
Ilycts, manee, Touka & npnna};vmemn'r nopupocrparctey B R3N,

OLIPETeIeHHOMY COOTHOIIGHEEM Q) psr; = 0. fcmo, gro z; =
i=1

N
1 . R
= 2 By (z; — x;) AAA BCAKOTO i, M WOITOMY M BCeX i

N N
1 1 -1
Ix:|<7 Z wle—a <5 3 wp (@ —2) <2V,
oTKyna caenyert, uto muOkectBo § (U Q (, k, r', r)) comepxurca
h, h

B HEKOTOPOM KOMIIAKTHOM MHOJKECTBE K (r"), 3aBuCAmEM TOIBKO OT I,
OTUM [[0KA3aTeIBCTBO JIEMMH 3aBepIIaeTcs.

IT puaoscenue
OBOBLLEHHE HA CJIYYAH N-YACTHYHbIX CHCTEM CO CMHHOM

B sToM mpHIOMKeHHH MH NOKa)keM, KaK HAINW Pe3yJdbTATH MOTYT
OHTh PaGmPOCTPaHEHH Ha Ciaydail /N-9aCTUYHHX CHCTEM CO CIIHHOM.
IlpepgmonomxmM, 9TO j-1 YaCTHOA MOKET HAXONHUTHCS B M; PasIHIHHX
COMHOBHX COCTOAHHAX. TOrfa DPOCTPAHCTBOM COCTOSIHUH A CHCTe-
MH, COCTOAIMEHA TOJABKO M3 j-ii gacTHIH, Gymer

Ly (R®X Mj)=L, (R®)®C™

rie M; = {1, ..., m;j} — MHO)KeCTBO BHAYEHHH CHHHOBOH KOOp-
OMHATH j-i YacTHOH, a IPOCTPAHCTBOM COCTOAHWHE BCeil cUCTeMH
Oymer

N N

Q Ly R x M) =L, R x M)=L, R*") ® (QC"™),
N

‘e M = M;.

rue jLL i

TTonueti TaMHJBTOHNAH NTOYCTh HMEeT BH[
=K1V,
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w1 (S
N
D (8)=CF (R x M)=CF R™M(R "),

K — omepatop B L, (R®N X M), peiictsywmuit Toasxo ma RSN
(T. e. HA MPOCTPAHCTBOHHHE KOODAMHATH CHCTEMH) H IOPOKIAaeMEik
omepatopoM I KEHOTHIECKOH SHOPIHH, KaK 3TO GHIO OIpefe/leHO
B § 6, a onepa'.rop V Bapaercsa (bopMynoﬁ

V= 2 2 5,...3+2 2 b

n=1j<. n=2 j;<...<j,

¢H3MYeCKHEA CMBICA  OIEpPATOPOB V,1 el

ato mw B § O.
OmnepaTop Vi, ... 1, ReliciByer TOmBKO Ha (zpocTpaHcTBeHHHE

¥ CIOMHOBH®) KOOPAUHATH 9YAaCTHI jy, . .., jp & nopomnae'rcn cHUM-

n B Wy, w1, TOT 3K,

MeTpUYHEIM omeparopom Vi - Jnnnpochanc'rneL (R®™ X HM,,),

omeparop V¥ - smnserca K’ - in-manum ma 6ecxoneqnoc'rn, rne
omepaTop K" -In meiicTByeT Toabko Hy R®™ m mopo:kpaercs omeparo-
poy Tii-in u3 § 6.

‘I'roﬁu chopMynmpoBaTH HAINE OrPaHUIeHNsA Ha omepaTop Wi, ... jn,
HAJI0 OPe[BAPHUTEJHHO CKA3aTh KOe-4TO 0 BHYTPEHHIX KOOpPAUHATAX.
IIyery {jy, ..., ja}, TAe n = 2,— m0basd DOACHCTEMA CHCTEMEI
{1, ..., N}. Tax xe, Rak B § 6, ompemenmM KOOpPAHHATH WMEHTPA
Mace Bny'rpenrme OPOCTPAHCTBOHHNE KOODAMHATH (HE BKINYAI0-
mue B ce0sa CHTHOBHE KoopauHATH). Kpome Toro, 6ymeMm paccmMaTpum-
BAaTh H 9TH COWHOBHE KOODAXHATH MOJACHCTeMH KaK BHYTPEHHHE KOOp-
DHHATH.

Ilycre ymmrapmuii omepatop U, coOTBeTCTBYHOIWA mOfcHCTeMe
{ixs - - -, Jn}, ompenenen, kKak 1 B § 6 (O AeiicTBYeT TOJNBKO Ha IPO-
cTpaHCTBeHHHe KoopiumuaTh). Torma Wy .. ; npencrasaser coGoi
raxoit omeparop B L, (R®N X M), wro omeparop UWj, ...; U* peit-
CTBYeT TONbKO HA BHYTPeHHHE KOODAMHATH HOACHCTEMH {jq, . . .
<+« Jn} ¥ TOpONKAaeTCA HEKOTOPHM CHMMETPHYHEIM OHEPATOPOM

n

Wiy--3n B mpocrparcTee L, (R¥"-1 X HM,i), KOTOpH#A A-Man

Ha GeckomewHocTE (3mech A — omepatop B L, (R*™™V X HM;,),

mefCTByOmMuiz TONBKO Ha mepemeHHHe u3 R3"-1 g nopomp;aeumn
omepatropom A B L, (R¥"-1)),
Haxogrern, caegyer 3amenuts yciaosue (6.12) caepylomumym o6pasom:
HOas mo6o#t mnopcueremut {jy, ..., jp} HONHHA U BHYTPeHHUIH
FaMUJABTOHHAHK S, ... 7, # S,‘ .}, OTDAHNYOHH CHE3Y; OHEPATOp

8*
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K, ...;, #ABaseres Sy v+ §,"OTPRHUTIGHHEIM, 2 Ky oogy— Siyt,-
orpaHumdeHHsM, e K, .. ; @ Ky, ... j — COOTBETCTBeHHO HONHHI 1
BHYTPOHHUH TaMWJIbTOHHAHE JaHHOA IOJCHCTEMH.

Hawm Hao BHACHATH CBOACTBA CUMMETPHY 9TUX CUCTeM U OIePaTo-
poB. IlepecranoBounas cummerpusa odeBupHa: Aiasa ¢ € I yuurapumi
omeparop U (;) 3amaeTcsi COOTBETCTBYIOmeHl NepeCTAHOBKOH (mpo-
CTPAHCTBEHHHIX 1 CIHHOBHIX) KOODAWHAT dacTull. Jlas mo6oro Hempu-
BOTUMOr0 yHHTapHOro mpexncraslends E rpyomm II mpoexrop Pg
ompenenserca GOPMaIbHO TaK Ke, Kak B § 7.

Yro6H H3YIUTH BPAmATENIbHO-OTPAKATEIBHYI0 CUMMETDHIO, pac-
CMOTPHM CHATAJA CHCTOMY, COCTOANYIO TOABKO U3 j-i sacrumel. B ra-
9eCTBe TPYHONH CHMMOTPUH CIeRyeT B3ATh rpynny I', xoropas momy-
9aeTcsi U3 2-MeDHOH YHHTapHOH TIPYNNH NPHCOEAUHEHHEM O[HOTO
abcrpaktHOro anemenra (I' — aro mHaxkpeBaomas rpymma mia O (3);
©CIH m; HedeTHO, TO MOKHO HCIOJB30BaTh W camy rpymmy O (3)
Bumecto 1; cm. [6], § 9-6, m [35], ra. 15). B o6mem caysae rpymmoit
cummeTpud (i BDAIIATebHO-OTPAKATeNbHOE cuMmmerpun) Gyger
HOKOTOpasA KoMnakTHasg moprpyunma I' rpymmur I'. Mmerores rpymmo-
Brie romoMopdusmu d u d;:

d:T—0@3), d T' > U (m;y),

rae U (m) — a10 m-MepHaA yHATapHAdA rpynna. Ilomosxmm

onp
U? (y) =Uayy®7y (7),
Tae

Uswf (@) =1 (d (¥) 2).

9TH COOTHONIEHAS OLPEeNsIOT YHUTAPHO® HpejcTaBieHme rpymmsl I
8 mpoctpanctBe L, (R?) ® C™}. Amanorugso CcOOTHOIIEHUSA

omp N
Up)=Q U ()

i=1

omp N=1 N
U(y)== ,@ Ud(v)®(j§‘> d;(v))

3a/]al0T YHATAaPHKEE mpejcTaBieHus rpynnk [’ coorBeTcTBEHHO B HpO-
crparctBax L, (RN X M) u L, (R¥N-Y x M). Ilpoexropu Pp
OIpeneNAnTCA ¢ MOMONBI0 WHTerpHpoBaHuUA mo rpymme I' mo orHo-
[NIeHA0 K MHBAPUAHTHOXA BEPOATHOCTHOH Mepe Ha I'.

Temeps Bce Ham| TEOpPEMH MOKHO IepePOPMYIUPOBATH A ITOH
HOBO# CUTyanuu, ¥ JOKA3aTONbCTBA IIPOXONAT TOYHO TAKUM ke 06pa-
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80M. BayxHO BaMeTHThH, 4TO OmEPATOP KUHETUIECKOH DHEPIUHU [BUIKE-
HEA IeHTpa Mace Ja060# CHCTeMH H OIepaTop KEHETHIECKOH SHEPTrAd
OTHOCHTEJIHHOTO ABWKEHHS [ABYX CHCTeM SIBAAIOTCA, KaK U PaHbINe,
omepatopamu B mpocrpancrse L, (R®). B ¢popmy.auposxe reopems 8.11
coornomenune I < O (3) mosxHO BameHuTp coorHomenmeM I' — I
JIOKABATeNBCTBO TEOPeMH He Hyjjaerca B mameHeHmu. Teopema 9 4
BepHa B TOH sKe camoit ¢opme mis OIepaTopoB B L, (R™ x C¥),
eciz T 3aMeHHTH OmEPATOPOM, KOTOpHI paefictByer Toabko Ha R™
7 mopokpaercs omepatopom —A.



Hdonoanenue?t)

0 AUCKPETHOM CNEKTPE N-YACTHYHbIX FAMHNbTOHHAHOB
M. A. Aumoney, I' M. Hucaurn u H. A. Hlepewesckuti

§ 1. 0630P PABOT NO CTPYKTYPE
AHCKPETHOr0 CNEKTPA FAMW/IbTOHHAHOB

Kak yxasnBajoch B aBTOPCKOM BBEJeHHW, OfNHOH N3 OCHOBHHX
8a/1a4 CHEKTPAAHHOA TEOPUH MHOTO9aCTHYHHX FAMIIBTOHAAHOB HADPH-
Ay ¢ HCCIef0BAHEEM CYI[eCTBeHHOI'0 CIeKTDa ABIAETCA 8afada O gmc-
Jle MUCKPeTHHX COGCTBOHHHX S3HAYCHHI.

C mosmumit amcToit MaTemaTmrH ofe Bajaud, B 0GmIeM, OHHAKOBO
BaKEH. OMHAKO A NPUIOKEHHA BajkHee H3YdIeHHMe NHCKPETHOI'O
COeKTPa, MOCKOJBKY LK DA UMEINUX OPAHOANHAIBHOE 3HAUe-
HOe mpobaeMm sAfepHOX (U3UKHE, KBAHTOBOM MEXAaHAKM M KBRHTOBOM
XAMHAHA YOHPaeTcHd AMOHHO B CTPOTHI MaTeMaTAYOCKUH aHAIHNS JACKPOT-
HOM YaCTH CHEeKTpPa MHOTOYACTHYHHX IaMHIBTOHHAHOB.

31ech 30KHO BHGIHTH 3 TPYNNH BOIPOCOB.

1. Ycmoiiuusocmd Keanmoeo-rumuneckux u A0epruL cucmem. ¥ cToi-
9UBOCTh KBAHTOBOM CHCTEME CBA3aHA C HEIYCTOTO# MHOKECTBA TOYOK
HUCKPETHOTO CIEKTPa 6e raMmiabroHmaHa. llosToMy wucciemoBaHHme
AUCKPETHOH YacTH CHOKTDPA OTKPHBAeT HPUHOUNHAAIBHYIO BO3MOK-
HOCTh HPEACKA3HBATH CYIECTBOBAHME WIW HECYIMECTBOBAHHE CJOK-
HHX MHOTOYACTHIHHIX CHCTEM.

2. Czodumocmev npubAUNCEHHWE Memod08 OMBICKAHUS dHepzemu~-
ueckuxr yposwell u cmayuonapruz cocmosnuli. HeobxonumeM ycio-
BHeM O00OCHOBaHUA NpPHGIMKEHHHX METONOB SABIAGTCH TOKAa3aTelb-
CTBO TeOpeM CYIeCTBOBAHUA [JA OTHCKABAGMHX BeIEYZH. B JaEHOM
CIy4ae — 9TO TEOPEeMH O CYMECTBOBAHMM JACKPETHHX COOCTBOHHEIX
3HaYeHWH (YpOBHeX HHEPruu) W OTBEYAINUX MM COOCTBOHHHX (YHK-
nuit (BOMHOBHX (QYHKNuiA CTa@OHAPHHX COCTOSHHIA).

3. Onpedescrue uwucaa CEA3AHHWE COCMOAHUL ¢ 3A0AHHUMU 8HA-
YEHUAMU K8AKMOBHEL Yuces. SHAHNE PACHONOKEHHUs U 9UCIA DHOPreTH-
9OCKNX YPOBHe# ¥ WMCHOJH30BAHME HpaBuA 0T6Opa, pas3pellaromiEx
HIN 3aNpemaloluX IePeXOfH MEXKAYy HAMF, HO3BOJAET IpEICKasH-
BaTh H HHTEPIPETHPOBATH PE3YIBTATH CHEKTPOCKOMHYECKAX H3MEpe-
Hmit [22]. Kpome Toro, xauecTBeHHHe HCCIETOBAHHA HO CTPYKTYpe
AUCKPETHOTO CHEKTPa M CBOMCTB BOJHOBHX (YHKIUWHA C 3afaHHHMHA
SHAYOHHAMZ KBAHTOBHIX 4YHCEN [OJIKHE, NO-BHIUMOMY, JeKaTh

1) B aToM [ONOIHEHHH NPH CCHJKAX Ha PaGoTH, Ko0aBIeHHHE OPH IepPBO-
ze, 8BE3I0YKA, YKASHBAOIAA HA 3TO (CM. CHHCOK JMTEPATYDH), OMYCKAeTCH.—
ITpux. peod.
© Wspateascrso «Mup», 1976.
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B OCHOBE CHCTeMATHKH ONHOTHOHKX MHOIOYACTHIHHX CUCTEM, HAIpH-
Mep aTromoB. [{nA aToMOB Takasd CHCTEMAaTHKa OCYIIECTBIAAOTCH, KAk
m3pecTHO, Tabuuneii MenneneeBa, omHAKO C MO3UIAA KBAHTOBOH MeXa-
HAKE 5Ta TaGamma MOeT GHTH MHTePHPETHPOBAHA TOJBKO B PaMKax
OYeHb rpYyOLIX MOAEAbHHX NPHOIMKeHHA.

Bo Bcex mpmiIO;KEHHMAX HHTEPEC HPEACTABIAAGT HO [JHCKPOTHHIR
CHOeKTDP BOOGIe, 4 AUCKPETHHO COOGCTBeHHHE 3HAYEHHS, MMEIIHe
¢u3maecKuit CMBICA, T. €. TaKme, [JiIA KOTODHX CYMeCTBYIOT duamde-
CcKu peanmsyemuie coGerBemnne ¢yHknum. IloHsatue peammayemocT:
CBABaHO ¢ 3ampeToM Ilaynw m MaTeMaTH9eCcKH BHPAKaeTCA B TOM, UTO
nMeomue GUBHIECKUA CMEICH COGCTBeHHEEe (YHKIUN HOMKHH IPeos-
PasOBHBATBCA @O HOKOTOPHM HEOPUBOXHMEIM HpefcTaBieHusamM E
IpYOIH mepecTanoBoyHo# cummerpum I '), mpmdem Tum mpencraBie-
gunit E onpepenserca copraMm 9acTUi, COCTABIAAIOIIAX PAaCCMAaTpPHBAe-
mywo cucremy N. Tak, maa atoma ¢ amgpom KomeuHo# Macch mw N — 1
saexrponamu rpynoa II maomopdHa cummerpmueckoit rpynme m fomy-
cramule mpepcraBneHuss E orsegaior cxemam IOHra, ompemenseMuM
pasbuenmem umcaa N — 1 ma k nBoex u N — 1 — 2k epunnn [35].

Ecagd MH XOTEM HE TOJBKO IONYYATH (H3WYECKH pealTm3yeMbie
COCTOSIHHA, HO W NPUOACATh MM OHPefedeHHHA Hafop KBAHTOBHIX
T@CeN, TO HAPAAY C BHIIOJHEeHHeM TpeGoBaHMil cmMMmerpu: rpynns II
HYKHO, 9TOOH cobGcTBeHHEe $yHKOUE NpPeoGPasOBHBAINCH N0 HEHPH-
BOTUMHM NOpPEJCTABICHAAM H TPyONH BPANATEIBHOA CHMMETDPHH
CHCTeMH — monHOX rpymnn Bpamenzit O (3) mam HeKoTopoill ee
KomnaxkrHO#t moarpynou I'. Taxum oGpasoM ecTeCTBeHHO BOBHHKAeT
safaga MCCIAGNOBAHAA RUCKPETHOro cmexkrpa omeparopos S (D, E)
u S, (D, E) (em. § 10K, 11K)2). OrMerum, d4T0 YyKa3aHHHIK
cmocob o0Hapy:KeHuA QU3HICCKH POATM3YEeMOr0 NHCKPETHOrO COeKTPA
omepatopoe S (D, -E) m Sy (D, E) Henb3s BaMeHHTh OTHCKAHHUEM
coexkTpa Oq (S) m 04 (S,) Bo Bcem mpocrpaHcTBe L, m mocaenyomum
OpPOGKTHPOBAHMEM HANJEHHHX COGCTBEHHHIX HOAUpocTpaHcTB Uy
Ha nopmpocrpancTBa P pPpl, pusndecku RomycTEMHX GyHKUmE, H6O
opu N > 3 (paske gua atomoB) Mo mmeeM P pPpU, = 0 pas Bcex,
KpoMe KOHEeYHOr'0 9HCJa, JUCKDPeTHHX 3HauYeHHH A. ITO BHTEKaeT
H3 TOr0, 9TO JJIA AaTOMOB (M3UIECKA pEATH3YeMEIH NHECKDPETHHIN
CIeKTD, 34 HCKINYeHAEM He Goslee 96M KOHETHOTO YUCIA TOUCK, JEHKHAT
B CYIeCTBEHHOM CIEKTPEe PaccMaTpPHBAeMHIX oneparopos B L, [40—42].
IlosToMy AucKpeTHHIl CHeKTp, HaiifeHHEINI Ge3 yuera] cmMmerpmwu,
BoOGme roBops, He uMeeT PU3MIECKOTO CMEICAA, KPOMe, MOKeT GHITh,
KOHeYHOr0 9YMCJIa TOYeK.

BosBpamasch K HCCIeZOBAHUI0 CYIMECTBEHHOTO CIOEKTPa, COCTaB-
AAOMEMY COflepKaHde TaHHOK KHHETH, OTMETHM, YTO 9T0 HCCIAEIOBAHAO
OTHOBPEMEHHO ABJAAETCA M HEPBHM H, IOKaayil, Hamboiee TPYLHEIM
8TamoM HA OYTH H3YYeHHA NUCKPETHOro cmeKrpa. [leiicTBHTeNBHO,

1) Mu ucmoasayeM o0G03Ha4eHHsS, BBEJeHHHE B TEKCTe KHHTH,
%) CCcHUIKH Ha OCHOBHOH TeKCT KHUrm cHaOs;xeHH OykBoi K.
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KaK BUIHO M3 IPUBOJUMOTO HUKe 0030pa, BCe CKOJbKO-HUOYIH 3HAUH-
TeJbHEE Pe3yJIbTATH 0 KOHEYHOCTH H GECKOHEYHOCTH 9HUCIa TUCKPeT-
HHX COGCTBeHHHIX 3HAUEHHWH OCHOBAHH Ha 3HAHHA HOJOKEHHA CYINe-
CTBeHHOTO CHeKTpa.

JuckperHuit coexTp mpefcTaBiseT coGof «MeHee TPYyGYI0 CTPYK-
TYPY», 4eM cymecTBeHHHA. Ero Haamume, KOHEIHOCTh miam GecKOHEI-
HOCTDH ONPefedAI0TCsA, KAK NPaBUiI0, Gojlee TOHKWMHE CBOMCTBAMH IIO-
TEHI[AAJIOB, -9eM CBOHCTBA, OTBETCTBOHHE® 33 JIOKAJAH3aNHI0O M CTPYK-
TYpPY CYImeCTBOHHOTO CHeKTpa. Hpome Toro, KOHeYHOCTh miad OECKO-
HEYHOCTh [HCKPETHOI'0 CHOeKTpa TaMHJIBTOHHAHA, BOOGmE TIOBODH,
BaBHCHT OT CHMMETPHH LIPOCTPAHCTBA, B KOTOPOM OH PacCMaTpHBAeT-
cal). IloatoMy ycmexm B HCCIEIOBAHHH HJUCKDPETHOrO OHmEPATOpa,
HecMOTpsi Ha Goapmoe 9mcao pabGoT eMy HOCBAMEHHHX, B3HAYH-
TEJIbHO CKDOMHEe, 9eM YCIeXHd B HCCIEJOBAHAHM CYMECTBeHHOT'O
cHexkTpa. B TO Ke BpeMs 3a mocaefHUe TONH HOJYICH AN Pe3yib-
TATOB O KOHEYHOCTH M GECKOHETHOCTH NUCKPETHOrO CIEKTPA, HMMEI0-
OEX OTHOCHTeNbHO BAKOHYGHHHI Xxapaxrep. IMeHHO oHEH H cocTaB-
AAI0T OCHOBHO® COfep/KAHWEe MAHHOTO [ONOJHEHH.

Haggem ¢ o6mero o630pa paGoT mo CTPYKType NACKPETHOX 4acTH
CHeKTpa.

1. Cucmemw c OGeckomeunum Ouckpemuvim cnekmpom. Bo Bcex
paborax o GeckoHeyHOCTH AmCKperHOro cmekrpa (kpome [59]) nmoka-
3aTEABCTBO HPOBOJHUTCA C IOMOIIHIO IOCTPOSHHA CHENHUAIBHEIX CEMEHCTB
npo6HHX QYHKOME, Ha KOTOPHX KBagpaTudHas opMa, COOTBETCTBYIO-
masg paccMaTpPUBAEeMOMY ONIEPATOPy, MeHbIIe HIKHEA TpaHd ero
CYIEeCTBOHHOr0 cHeKTpa. llepBHe pe3ynsTaTH OHAW HONYYOHH
B 1951 r. Karo [17], ycramoBmBmmM G6eCKOHEYHOCTH NHUCKDPETHOTO
CIEeKTPa C YYeTOM BpamaTeIbHOA CHMMETPHH: [JIs ONepaTopa JHEp-
THH aToMa FeJHA U TeJHOmOA0GHHX IOJOKHUTEILHHX HOHOB ¢ Gec-
KOHEYHO TsDKeJHMH AApaMd 1 OGHaPY;KHABIIMM KOHEYHO® YHCJO TOYeK
OUCKPeTHOr0 CHEeKTpPa B clyuae Amep KoHedHoid macch. Merom Hato
GBI OCHOBAH Ha TOM akTe (COpPABEIMBOM TOJBKO JJsI CHCTEM PaccMa-
TPHBAEMOT0 THNA), YTO FPAHMI[A CYIMECTBEHHOT'0 CIEKTpa He 3aBHCHUT
OT WIeHOB ME)X3JIEeKTPOHHOro BaamMmopeiicteusa. Ilosromy meron Haro
He fomyckam o06o6menua Ha JN-wactmumHe cucreMH mpm N > 3.
C ero moMOmpbI0 YHAJOCH JOKAa3aTh TOALKO CYMIECTBOBAHWE OJHOTO
CBSIBAHHOI'O COCTOSAHMA 0e3 yd4era CUMMETPHHU /I MOJOKHTEeNbHHX
HOHOB ¢ N D3JeKTpOHAMH ® 3apAAOM fAApa Z, -YAOBIETBOPAIOIIAM
yeaosuwo 82 > 5N (N — 1), B upegnonoenun 6eCKOHOYHOCTH MAacCHE
appa (ITyrmam, [52], 1956 r.).

B 1957—1960 rr. I'. M. Hucamenum u A. I'. CuranoBeiM Gr pas-
BAT BAapHANMOHHHIA METOJ [(OKa3aTeAbCTBA CYIIECTBOBAHUA TOYEK
OHECKDETHOT'0 CHEKTpa /JiA aTOMOHONOOHHX CHCTEM C ANPaMH KOHEU-
HOl u GecKoHegHO# MaccH. B aTOoM MeTofe MOKa3aTeNbCTBO KOMIAKT-

1) ITpocreiimuit mpuMep TaKoro omeparopa mnpuBefer B [43].
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HOCTM MUEEMH3HPYOIUX IOCIEL0BaTeIbHOCTEeH OCHOBAHO Ha MOCTpOe-
HOM COeNUAaJbHHX CeMeHCTB HPOGHHX (YHKOmWA, NOKA3HBAIILAX
9HOPreTHIEeCKYI0 HEBHIOMHOCTh HexkommaxTHOCTH. I'. M. Hmeamn [38)
HOKa3aJl OeCKOHeYHOCTh NUCKPETHOrO CHEKTPA /I HeHATPAXbHHX
aTOMOB W WX IOJOKUTEJBHHX HMOHOB C AfpaMm Ji060#f MaccH M i
MOJIOKYJI W HX LOJIOKUTeJbHHX MOHOB C AxpaMu GeCKOHewHO# MaCCH.
B [38] raxsxe monywemo mocraTouHOe yCaOBHe HEMYCTOTH AHCKpeT-
HOTO CHOKTpa JJIsA AaTOMOHmOOGHHX cHcTeM Ges yueTa CHMMETDHH.

9TH pe3yabTaTH GHIEM pacupocTpaHeHH YTuamoi [26] ma cmeTemn
TAIA MOJEKYJA ¢ GeCKOHEYHO TSAKeNHME ANPAMHA OPH HAIHIAW CTATH-
9eCKOr0 MArHHTHOTO HOJIsA, [OCTATOYHO GHICTPO yOhBajomero Ha Gec-
KOHEYHOCTH, 4 B IIPeIOJ0KEHNN ACHMITOTHICCKH CTEIEHHOI'0 XapaK-
Tepa BBaEMOMEHCTBHH (r-¥, y < 2) MeKAY dYaCTHIAMHM.

B 1964—1965 rr. I'. M. #ucams u A. I'. Curanos 0606munu MeTo-
BEKY, paspaGorannyio B [38], Ha samaum ¢ yuwerom cummerpmm. Vmm
Onia gokasaHa 6ECKOHEUYHOCTR AUCKPETHOrO CIIOKTPA FaMEIBTOHMAHOB
4TOMOB W HOJOKHTEABHHX HOHOB C (GECKOHEYHO THKONHMH AXPaME
B (QH3WIECKH peajum3yeMHX NIPOCTPAHCTBAX IEPECTAHOBOYHOM CHM-
merpun [41] m gna a06HX THIOB BpamaTenbHO# cuMMerpnd mpu ' =
= O (3) [42]. Pesynprara pa6orst [41] Grum pacmpocTpaneHE!
B 1969 r. T'. M. Hucamaum n E. JI. MannenreM Ha omepaTopn 3HEp-
THHA NPOHSBOJBHHX MOJEKYJ M WX IOJIOKATEIHHHX HOHOB ¢ GeCKoHed-
HO TSJKOIRIME ANpPaMd A CIydas, KOTfa YYATHBAETCH Iepecra-
HOBOYHAs CHMMETPHSA SJEKTPOHOB M CHMMETPHA PACIOJIOKEHHA SAep
(r. e. xorna I' — romeunas moprpymnma rpymmsr O (3)).

Heckonsko paree I'. M. Hucamn [40] moxkasan GeckomewHocTs mu-
CKPeTHOT0 CHEeKTPA IaMHJIbTOHHAHOB QTOMOB M HX HOJOKHTEJILHEIX
MOHOB C fiipaMA KOHeYHOM MAaCCH i J100HX THIOB IePecTaHOBOIHOK
cummerpuua. B 1972 r. 9. Bancaes [2] 0606mua 5T pe3yabTaTH Ha CH-
CTeMH TAIA ATOMA CO CTeIeHHKMHY B3aHMO[eACTBUAMHE MEKIY TaCTUI[aMH,

IlepBrie KpuTepm: OECKOHETHOCTH MUCKPETHOrO CIEKTPA MHOTLO-
9aCTHIHHIX CHCTEM THIA MOJAEKYA ¢ A0paMU KOHeuHOU Maccw, GHLIH
onyGnuxosans B. Caitmonom [23] B 1970 r. Om paccmorpen cucTeMsl
C DapHHIM B3aHMONEACTBEEM, HMEIOMHUM ACHMITOTHIECKH CTeHeHHOMR
XapaKTep, X YCTAHOBHA JJsA HHEX HEKOTOPHE AOCTATOYHHE YCJIOBHA
0eCKOHEIHOCTH JUCKPETHOTO €NEeKTPa. ITH YCIOBHA BIEPBEE CBONMIN
BOIpoc O OECKOHeYHOCTH [UCKPETHOTO CIEKTPAa MHOTOYaCTHYHOMN
CHCTOMH K aHAJOTHIHOMY BOIPOCY /I HEKOTOPO# 3P eKTUBHOM IBYX-
gacTeyHO# cucTeMH. B. CaiiMoH mpoBea MOKa3aTelbCTBA [ CHCTEM
Ge3 ydera CEMMETDHH H I IPOCTEAINMX CIydaeB NePecTAHOBOIHOM
cummerpun (E—TOKIECTBeHHO® WM aHTUCAMMETPHYHOE I PEJCTAaBJIe-
HEe), 8 TAKKe HaMeTHJ myTh 0606ImeHus pesyabTaToB Ha Caydail mpo-
H3SBOJIPHHX THIOB TepecTaHOBOowHo#t cmMMmerpmm. (Ciegyer ckasaTs,
gro B [23] 61 MpEMeHeH HECKONBKO OTIMIHE OT HCIOJIH30BABITAXCHA
B npegHAymEX paboTax cmocof6 MOCTPOGHHS CEMEHCTB HpPOOGHHIX

$yaRUumii.
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OrmeruM, HakoHen, pabory II. P. fipaesa [59], yxasasmero Becs-
Ma TOHKHE YCIOBHA GOCKOHEYHOCTH NHCKPETHOTO CIIEKTPA Tpexdgac-
THYHOr0 TAMHJABTOHHAHA B CHTYAIWd, KOr[a HapHHe raMAILTOHHAHE
He HMeT OTPHIATeNbHHX co0CcTBeHHHX dgucen. Pesyaptar flpaesa
-OCHOBAH Ha HCCIEXOBAHNHE HOKOTOPOA CHCTEMH HETErPAJILHLX ypaBHe-
Hull, IPEACTABIAIMMHUX CO00i (CEMMETPH30BAHHHIH BAPHAHT» ypaB-
menuit JI. J[. @agneesa.

2. Cucmemwl ¢ KoneuHum Ouckpemmuvim cnekmpom. CaMbie ImepBEe
PesyabTaTH 0 KOHEYHOCTH MHCKPETHOr0 CHeKTpa /N-4acTHYHHX ra-
MuEasTOHEAHOB mpm N > 2 monyumn Yruama [27—29] B 1969 r.
OH Hamen [OCTATOYHLIE YCAOBHA KOHEYHOCTH YHCJIA JHCKPETHHIX
coOCTBeHHEX 3HAuUeHmI omeparopor sHeprmum B L, (R®) masa cmcremu
ABYX OJHOMMEHHO 3aPAKEHHHIX YACTHI, B II0Je HEIMOABMKHOTO IEHTPA
IPN HAJWYHAN BHENTHETO DJEKTPOMAarHUTHOTO moiaa u Ges Hero. Merosn
VrasaMe 8aKkI0OYAJICA B MOCTPOGHMH KOHEYHOMEDHOTO IONMPOCTPaH-
CTBa, HA OPTOTOHAALHOM JOIOJHEHHA K KOTODOMY HCCISIYEeMHH ome-
paTop OrpaHMYeH CHH3Y YMCIOM, SBIAOMUMCA HIKHOH TIpaHBIO
CYIMECTBeHHOr0 CHeKTpa. IIpd 5TOM BechbMa CHIBHO HCHOJIH30BANIOCH
TO 06CTOATENBCTBO, 4TO JAJA PACCMATPHBAGMHX OIEPATOPOB TPAaHHUIA
CYIECTBEHHOTr'0 CIIOKTPa HEe 3aBHCHT OT 1JIeHA B3aUMOJeHCTBHA MOIBHIK-
HHX gactEm Mexpy coGoit. B 19741 r. I'. M. Mucanm [46] moxasan
KOHEYHOCTh JHCKPETHOTO CIEKTPa OmepaTopoB SHEPrdWH B HPOCTPAH-
CTBAX CHMMETDPHM [ OTPHLATEIbHHX ATOMAPHHX HOHOB C AfpaMu
a1060ff MacCH 1 MONGKYJI ¢ GECKOHEYHO TAKONHMH ALpaMu B Ipefm-
HOJIO}KeHUH, YTO CYMMAapHHI 3apAf PacCMaTPHBAGMEIX CHCTOM MEHb-
me —1. anee, JI. P. fidaes [56, 57] moayamn ycroBms romeumnocTHm
JHCKPETHOr'0 CIIEKTPA M pertacmuynozo TaMEAbTOHAaHA S, 6e3 ygera
cumMerpau npu yeaosud, aro 1 (D, E) < 0 (cm. § 11K). U3 pesyuas-
taroB paborn [56] BHTeKaer KOHEYHOCTH JUCKPETHOrO CIEKTPA A
OTpPHIATeAHHOTO HOHA BOXOPONA, & TAKKe AJMA TPeXTaCTHIHHX CHCTeM
< xoporkopeiicremeM. Heckonpro mosxe I'. M. Hucnum [47, 48] ycra-
HOBHJI YCIOBHs KOHOYHOCTH MHCKDPETHOTO CHeKTpa N-uacmuunsz
TaMAJFTOHEAHOB C YU4ETOM MePeCTaHOBOYHOM M IOJHOA BpAMATeIbHOR
cammerpmit. Pesyabratm paGor [47, 48] mpumemmMH k cmcTemam,
Y KOTOPHX OIePATOPH SHePrHd BCEX ONPEeAeNANINEX ') pacmageHmit
WMEI0T HeIYCTOH JHCKPETHHA CIEKTpP, T. €. BCe Ompefeisiolue
pacnapenus «ycroiumsry. Coraacuo [47, 48], nia Takmx cucreM Bompoc
0 KOHEYHOCTH JHCKPETHOrO0 CIEeKTpPA MHOTOYACTHYHOH CHCTEMEL
CBOTUTCA K AHAJOTHYHOMY BONPOCY A HEOKOTOPO# addpexTHBHOR
JABYXYaCTHYHOH CHCTOMH.

Hanee, II. P. fipaes [58] anoncHpoBan HEKOTOPEE YCAOBHA KOHEU-
‘HOCTH JUCKPETHOTO COOKTpa /N-1aCTHIHHX raMAIHTOHHAAHOB Ge3 ygera
CcEMMeTpHH. OJTH YCJIOBHA, Tak e Kak m B [47, 48], orHocarTca

1) Pasbuenme Z HasoBeM onpefensomuM, ecau 1 (Z, D, E) = 1 (D, E)
{cM. (11.14K), (11.15K)).
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K 0mepaTopaM CHCTeM, ¥ KOTODHX BCe ONPeNeNAI0mEe DPacHafeHuA
ycroiumsu. Us yreepsmenms paGotar [58] BHTekaer koHewHOCTH
AHCKPETHOr0 CHeKTPa OmepaTOpPOB SHOPrWH AJA BCOX CHCTEM C KYJIO-
HOBCKHM MJIM OIH3KEM K KYJOHOBCKOMY B3aHMOMEACTBHEM MEOKIY
9acTHLNAMHA, ¥ KOTOPHX B OHPEAeISIONeM DacmajeHHd OfHA M3 IOJ-
CHCTOM HeHTDPaJbHA; B YACTHOCTH — /IS OTPUIATEIBHEX OHOKPATHHIX
HOHOB BCEX aToMoB (mp® HrHOpEpoBaHmm 3ampera Ilaymm). Iaa
CACTEM ¢ KODOTKOJeHcTBHEM YCI0BHA KoHeuHoct: m3 [58), mo-Bmmm-
MOMY, HeCKOIHKO Goiee OrpaEHYATENbHH, YeM yciosma us [47, 48] 1).

B 1973 r. aBrops HacToAMmero fOmMOMHEHHs 0600muIn pPes3yaIbTaTH
cratem [47] HA omepaTOpH B HpPOCTPAHCTBAX CHMMETDHH [JA CHCTEM
THOA MOJIEKYH ¢ AjxpaMu mpomsBoabHoi MaccH [43]. B [43] me maxaa-
AmBaerca TtpeGopaEme YCTOMYMBOCTH ONIPENeNANOIMX PpacHafeHHI.
IMonyuennoe TaM ycioBEe KOHEYHOCTH, Ipy6o roBOps, COCTOAT B TOM,
9TO K@KI0e Ompejielsaomee pacmafeHde NOKHO CORePXKATh HIH
OJHOMMEHHO 3apAKeHHE® MOJCHCTEMH, WA HOKOTOPYIO HMOJCHCTeMY
H3 OTHOMMOHHO 3apPAKEHHKX YaCTHI.

Haxomen, B ymommmasmeiics pamee paGore . P. flpaesa [59]
AHOHCMPOBAHO YCJI0BHe KOHEYHOCTH MAHCKPETHOr0 CHEKTPa OImepaTopa
9HEPIruE TPeXYaCTHYHOX CHCTEMH, Y KOTOPOi HET OTPHIATeIHLHOTO
CYIIeCTBEHHOr'0 CIEKTpa 2).

Merop pa6or I'. M. Hucnamna [46—48] u asTopos [43] aBasercs
pasBETHEM MeTofja Y THAMH W HCmoab3yer mpepioxenHoe B [40] m [54]
pasGueHme KOOpAXHATHOrO IPOCTPAHCTBA.

B crarse [I. P. flpaesa mpumenserca ypasHeHume BeiinGepra —
pad BunTrepa: moxasmBaeTcs, 4TO BCIENCTBHEe KOMIAKTHOCTH BXOJA-
IAX B 9TO YPaBHEHHEe OmEPATOPOB MPENIOJIOKeHHe O 0eCKOHeYHOCTH
AMCKPOTHOT0 CIEKTPA IPHBOAUT K IPOTHBOPETHIO.

B mHacrosmeM [OmMONHEHWHM NIPHBOJATCA pe3yJAbTATH AaBTOPOB
0 KOHEYHOCTH B (eCKOHETHOCTHE AHMCKPETHOrO CHEeKTpa /N-JacTHIHHX
raMEJIbTOHHAHOB B IPOCTPAHCTBAX (YHKOMI (HKCHPOBAHHOHE CHM-
MeTpmHE. OTH pe3YJIbTAaTH HMET, HA HAm B3IAAJ, CPABHATEIBLHO
3aKOHYGHHHI xapaxTep. OHH HO3BOJAIT CBECTH BOIPOC 0 KOHOYHOCTH
unE GeCKOHEYHOCTH NHCKPETHOr0 CHeKTPa raMmiabToHHaHA N-wacTHd-
HOH CHCTeMH K AaHAJOTHYHOMY BONpPOCY /A oONeparopa JHEPrad
ABYX4YaCTHYHOHM cmCTeMH. IloNyueHHHE KDHTEDHH COODIKAT KakK
qacTHH® ciyyam peayasratl paGor [23, 26—29, 38—42, 47, 48,
50], a Taxme OTHOCAMHEECH K KOPOTKOAGHCTBYOIMMM IIOTEHIHAIAM
pesyasrara paGor [56—58].

1) CpaBHeHEe peayusraToB pabor [47] u [58] aarpymmeno, uGo B [47] orpann-
YeHAs Ha NOTEHIEANH POpMYIUpPYIOTCA B KOOPAWHATHOM OPE/CTaBJICHNH, & B & ]—
B NMOYJBCHOM. 3aMeuanue nmpu Koppexmype. YCJIOBUA KOHETHOCTH RHCKPETHOTO
CIOeKTpa OIepaTOpPOB, PaccCMOTPeBHHX B [58], ¢ npocmpancmear cummempuu
monydensr C. A, ByraabrepoM u I'. M. JKucaunny B [61] ¢ moMomso ycoBepmen-
cTBOBaHHOH MeToxuku [48]; omHOBpeMeHHO B [61]] ociabaeHH HEKOTOpHE Orpa-
andenns us [58).

%) Togmas (opMyIMpPOBKA 3TOFO PeayJbTaTa H ero A0KasaTeJAsCTBO faHH B [60].
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Ilpm mccnefOoBaHMH CHOEKTPA [AMUJBTOHMAHOB MH CYIECTBEHHO
mcmonbp3yeM mpenaoxesHoe B [D4] GeckoopmmHaTHOE omumcaHZE
BHYTPEHHEr0 TaMUJIbTOHHAHA, KOTOpOe, KAk HAM I PeJCTaBIAETCA,
yno6Hee ONUCAHUS €r0 ¢ MOMOINHI0 IPUMEHAEMEHX B KHMI'® BHYTPEHHUX
KOOD/HHAT.

§ 2. PA3BHEHHE EQHHHLbI B NMPOCTPAHCTBE
OTHOCHTE/IbHOr0 NBH)XEHHA

B arom maparpade ycraHaBimBaeTCs PAR JeMM I'eOMETPAYECKOTO
XapakTepa W CTPOUTCSA pa3bueHZe eJHHUIEI, KOTOpPOe HAM IOHANO0-
6urcsa B § 4 npm [OKA3aTeNBCTBe OCHOBHHX pPe3yJbTaTOB.

Cnenys [54], BBetem B mpoctpancrse RN cransapHoe nponsBeieHne

1, N
(1‘, y)= 2 Wi (xiv yi)Oa
1
e £ = (Zy, +++ Zn)y Y= (Y1 + - +» Yn), THCHA W; TE 3KE, UTO

B§ 5K, m (-, +)o — cranspHoe mpomssesexue B R%, Hopmy, orsevaro-
Myl CKaJiapHOMY NIpom3BefeHui0 (-, -), 06o3HaumM wepes | - |.

Nna xaxmor mopcucreMH Z = (jy, ..., fa) S N =(1, ..., N)
ompenenmM OpPTOTOHaABHHA mpoexTop p (Z) B RN  dopmymnoi
péZZ)x=y= W1y -+ - Yn)s TRE Yy = &y, ecam i € Z; y; = 0, ecam
i¢Z.

Myers R (2)=p(Z)R™,

R,(2)={:2€R (D), 3} psry=0}
R, (2)=R(Z) O R, (2).

3mecs m jajnee OPTOTOHAJBLHOCTh IOHMMAETCH B CMHICHE BBEJOHHOTO
CKAIAPHOrO IPOM3BENCHHUA.

Ipoexrop B R3N nHa R, (Z) oGosmauum wuepes p, (Z), » = 0, c;
09eBHAHO, P (Z) + pc (Z) = p (Z). N3 ompenmenennmsa IpoCTPaHCTBA
R. (Z) cmenyer, uro ecnm y = p. (Z) x, To npm BCex i € Z

=1 . =
(2°1) Y= Z¢ (Z) = n2), gz Wiz, TAe W (Z) j;z Wy

Takum 06pasoM, BCe HEHYJIEBHEe KOODAMHATH BeKTOpa P (Z) £ paBHH
KOODHHATe ILEHTPA MacC CHCTeMH Z.

llyers Z = (Z,, ..., Z,) — npou3BoIbHOE pasbmenme CHCTEME!
N. Yucno noacucrem B Z Gynem oGo3Hauarp uepes | Z |. Pasbuenus,
cocrosmue ®M3 ofHo# moacmcreMd N = (1, ..., N) m us3 N moxcm-

~~ N
crem (1), ..., (N), o6osHagmM coorBercTBeHHO depe3 N m N. Ilo-
JI0KEM

R, (Z) =z,@z Ry (Z1), Re(Z) =Ry (N) O Ry (Z).
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Ouesupno, R, (\1\/7) =0, f{; (ﬁ =R, (N).
Ilpoekrop B R3N ma Ry (Z) oGosmaumm 4uepes py(Z), x=0, c.
OuesusHo,

1, K
2.2) Po(Z)+Pe(Z)=Po(N)  po(Z)= 2 Po (Z0).

BeeneM Temeph HeKoTOpPHE HuddepeHnHaIbHHE ONMepaTopH, CBA-
BSaHHHIEe ¢ IOCTPOGHHHIMM pas3iO;KeHHAMH npocTpancrea RN,

IsrampoBa crpykrypa B R3N ompepnenser omepaTop grad, craBs-
muit B cooTBeTcTBMe Kaxkmon ¢pymkmmm u € C* (R®N) BekropHOE moxe
grad u xmacca C*! ma R®, u omeparop div, mepeBoAmuit BeKTOpPHOE
mone X kmacca C* ma R®M B pymkmmo div X € C* (R®V). Ilyers
R < R®™ — 1npou3BoibHO® NOANPOCTPAHCTBO X pPgr — OPTOTOHAIB-
uuii npoextop B RN mga R. [las mo6oro Bexropuoro moas X Ha R3Y

IOTOKAM
(prX) (2) = pr (X ().
Onpenennm omepaTopn gradg ¥ Ag.COOTHOIIEHUAME
gradgu=pgrgradu, Agu=divgradg u.

9T omepaTOpH AEHCTBYIOT TOJBKO HA mepeMeHHne u3 B w moposx-

nmamores (B emuicae § SH) omeparopamm grad m A (omeparop Jlamnaca)
B R. Ilycts

V«(Z)=gradr, Ax(Z)=Ag mpu R=R,(Z), »=0, c;

Vo=Vo(ﬁ), Ag=A, (ﬁ)

Onepatopu V, (Z), Ay (Z) GyRyT IIEPOKO HCIOIH30BATECA HAYAHAS
¢ § 3. YcranoBEM HeKOTODHE CBOHCTBA MPOGKTOPOB Py H Pc.

23. Temma. ITyemv nodcucmema Z — N u pasbuerue Z =

= (Zy, . .., Zp) npouseosvrti. Tozda das a6ux z, y € R*N umeom
Mecmo paseHcmea

. 1
W) (@2 @Y =5 DV ity (@ —Zg, Yi—Yios
i, jeZ

@ e@)m P @Y=y D HE)IRE) (@ (2)—
z* 2"¢Z

—(Z")y Yo (Z')—Yyc (Z"))o-

Hoxasateabcro. (i) B cuny onpemenenms mpoextopos p,(Z)
u pasencTea (2.1)

(Po (Z) 2, Po(2) y)=2_; Wi (21— 2 (2), Yi—Ye (Z))o=

= gz B (T4 Yi)o— W (Z) (26 (Z), Yo (2))or
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C ppyro#t cropons,
;%z Willy (B — 21, Y1 —Yso= 24 (2) (;z e (20, Ya)o—
— 1 (@) (z:(2), ye(2))o).

YrBepxpenne (i) moxasamo.
(if) B cmmy (2.1), (2.2)

(Pe (2) 2) 1= (Po (N) 2); — (Po (2) 2)y = 21— zo (N) — (2 — 26 (Z")) =
=2,(2')— 2z, (N), ecnm icZ €Z.

Tloaromy

@4) (pe (@) 2, pe(B)W)= 2 2 1 (2o (2) =0 (W), ye (2)—
—¥e (M= 2 B(Z) (%6(2), yo(2)o—

. — B () (#6 (M), 4o (Mo

2 (2 (2 (2e (2) — 26 (Z), Yo(2')— Yo (27))o=

Z’,Z"eZ

=2u(N) (ZZEJZ B(Z") (e (Z'), Yo (2)0— 1 (D) (2 (IV), Yo (V))o),

9eM J0KasaHo (ii).
25.Cnepcreme. ycmv Z=(Zy, ..., Zy) nZ~=(Z,UZ2, Zs, ...
«o ey Zy). Tozda daa awbuz z, yERsN BLNOAHAETNCA DABEHCMEO
(o (2) 2, Pe(2)Y)—(pe(Z) %, pe(Z)y)=

=W (Zy) 0 (Za) (W (Z1) + 1 (Z2)) ™ (2 (Z9) — Zc (Z3), Yo (Z1) — Yo (Z2))o-

CupaBefIMBOCTb 9TOTO DABEHCTBA JETKO cCiaefyer m8 (2.4), ecam
yaects, 4T0 B cmay (2.1)
Ze (Zy U Zg) = (1 (Z) + p (Za)7 (n (Z) 7 (Z1) +

+ p (Zo) 2 (Z,))-

OGosHauuM COBOKYHIHOCTH BCex pasCmenmii cucreMul N wepes A
u moctpomM pasGmemme mpocrpancTBa R, (V) Ha oGaacrm, oTBegaro-
mue Z € A. Qaa aw6oro amcaa k > 0 ponoxum

26 { K (Z; k) ={z: 2 Ro(N), | ps (2) z[<k| po (Z) x|} npm Z£N,
. K(N; k)={z: z€ Ry (N), | = |< K}
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Iaa nonomurensHrx GyExnmilt @ =a (Z) 1 b= b (Z), sagaBEHNX
Ha MHO;KecTBe A, Takmx, uT0 a (Z) << b (Z), onpexenum o6aacT: )
2.7 M(Z;a, b)=K(Z;b(Z)\N U K(Z, a(Z)).
7z, |z'|<I\Z|
ITo mocrpoenuo,
U M (Z; a, b)=R, ().
Zca
Ileficremrensro, R, (N)=K (N; b (ﬁ)) U K (¥; b(N)). Hosromy
AoCTaTO4HO TOKaszaTh, uto U M (Z; a, b) D U K(Z; b(Z)). IIycrs

xz € U K (Z; b (Z)). Torma Haigercs Taxoe pasﬁnelme Z,, 4910

z € K (Zs; b(Z) m & K (Z; b(Z)), ecnn | Z | < |Z, |. Takkak
b(Z)>a(Z), 0o K(Z; a (Z))< K (Z; b (Z)) n, cienoBaTeapHo,
ZEM(Zy; a, b).

Bcrony pmamee ompepmensem ¢ynkmum a, b Tak, uro a (Z) =
=a(|Z|),b(2Z)=b(|1Z))unanseexZ',Z, |Z' |=|Z]|—1>
=1, cupaBeniMBH HepaBeHCTBA

8 a®(Z")—0b%(2)
28) (fiy) e = — P (8) > @ (2)> 1 (2) (1 +1(2)),

rne

@ (2)=27'p3 ( (V)2 a®(Z') (1 + a®(Z2), p= min ;.

IlocTpoenne dpymrmuit a, b, ynosaersopsomux ycaosusam (2.8), mpo-
BelleM MHIYKIMej m0 4mCJIy MOACHCTeM B pa3bueHmu. BriGepem mpo-
u3BOABHO b (N)=b(1)>0, a (N)=a (1) € (0, b (1)) =, cumras,
gro sHauenus b (Z’), a (Z') yme 3aganu, onpepeaum b(Z)=>b(|Z |y
mia |Z|=1|2 |+ 1 corracao ycaoBuwo (2.8). 3nauenue a (Z)
MO3XHO B3ATH J106sM 13 maTepBaia (0, b (Z)). OtMeruM, 910 HpH TaKOM
onpepenennn BeamuuHH a (1), b (1) MoKHO cHesaTh CKOJB YTOXHO
GonpmuMmu, a BeamyuHH a (k), b (k) mpm k > 2 — ckoap yromHo
MaJIBIMH.

29. lemma, Ilyemv Z=(Zy, ..., Zy) €A u nodcucmema Z
Ke codepacumcs HU 8 o0nom ua mHoxcecme Z;. Tozda

() | po(Z)2|>d(Z)|pc (Z) x| npu z€M (Z; a, b);
(ii) K(Z; b(Z)NM(Z; a,b)=0
das 06020 pasbuenus Zy, | Z, |=|Z |, ccOepacaujezo nodcucmemy Z..

Hoxrasateascreo. (i) Ilycrs Z' — pasbmenme, moaydeHHOe u3 Z
o6veguBenneM moxcucTeM Z; u Z;. Ecam x € M (Z; a, b), 10 z €
€EK(Z; b(Z)) ua ¢ K(Z'; a(Z')). CnenoBarensso, B cuiay (2.6)

(1+a*(Z") | pe (Z2') z P2 P < (14 0*(2)) | pe (Z) z

1) O6nacte M (Z; a, b) oTBewaeT pacmaleHnIO clicTeMH N B TOYHOCTH Ha.
mopcucTeMu n3 Z
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M, SHAYAT,
(a2 (Z') =0 (Z)) | pe (Z) zP < (1 +a*(Z")) (| pc (2) z P —| po (Z') z[3).
‘Orcioia B CHIIY CIeACTBHS 2.0 HOJdydaeM HEPaBeHCTBO
2(Z')—b% (Z Z)p(Z
L | pe (@) P < 2L |2, (2) — 20 (2
Ilo ycnoBmio 1eMMH HAafyTCA MOACHCTOMH Z,, Z; B Z ¥ HHASKCH
s, t€ N, taxue, 910 Z(1Z38,Z(1Z;5t. A 1ak Kak corxacHo (2.3) (i)
@p @) 2, wibs| (Pe(Z) D)= (Pe (2)2); | =] o (2) Po (2
‘TO BHIOONHAGTCH OLEHKa
2
Ty | %6 (@0 —2e (Z) [ <[P0 (2) Po (2) 2.
Hauee, mockoasry po(Z) pe(Z) = po (Z) Po(N) — Po(Z) po (Z), T0 pus
M (Z; a, b)
| po (Z) P (Z) 2 * < 2| po(Z)z P42 o (Z) Po (Z) 2P
<L2|po(Z) 2 P+2| po (Z) x P<2| po (Z) x [*+ 2b* (Z) | e (Z) z |2
TlocemoBaTebHO HCHIONB3YSA IOJNYICHHHE ONMEHKH W YIMUTHBAA, UTO
1 (Zr) 1 (Z0) (1 (Zn) + 1 (Z2)) W2 (V) (20) 7,
BaKkI109aeM, 94TO

f 3 a2 (Z')—-b2(Z
(b ) S AE) | o (2) o< o (B) 2P+ 12 (2) | o (2) .

B cuny (2.8) yreepsxpenne (i) AoxasaHO.
(ii) Hyers 2€c K(Zy; b(Z,)) M (Z; a, b). Torpa
| P, (2) 2 P<| po (Z1) x R<B?(Z)) | pe (Zy) 2P <
L(Zy) |z <¥?(Zy) (1 + b2 (2)) | pe (Z2) 2 2.
Beaepersue (2.8) b(Z,) <b(Z). Iloaromy, cormacHo (i),
d*(Z)| pe (Z2) z P <B*(Z) (1+b*(2)) | pc (Z) 2 |%,
aro npormBopedur (2.8). Jlemma noxasama.
2.10. Caepcreme. Ecau |Z,|=|Z,| v Z,5%= Z,, mo
K(Z; b(Z)NM (Zy; a, b)=(.
JTO BHTEKAeT M3 yTBepKMeHmA (ii) JeMMH, MOCKOIBKY XOTA OGN

ofHA W3 mofcucTeM pasémeHus Z,; He CONePKUTCA HA B KAKOi mopcH-
cteMe pas3bmenmsa Z,.

IlepexoguM K OCHOBHOMY AJs KaHHOTO maparpada IOCTPOEHMIO
HEeKOTOpOro pasGuenus eguHEOH Kiaacca C? Ha R, (N), noguuHEHEHOr0
noxpuTuio {M (Z; a, b): Z € A}, 7 BHACHEHHI0 CBOHXCTB HTOro pas-
OueHnA.
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Hycrs (g;, f,) — pasGmenne epgmmmnon kiaacca C? ma R!, mopum-
HeHHO® mOKpHTHIO ((— o0, 1), (0, 4+ o0)) m Takoe, 4T0 PyHKOHEK
g@®) =Ve (), f @ =YVFf (f) pemecrsennn u npuraaaexar C* (B?);
ompepenmm h () = (¢’ (1)) + (' ()™

Ionoxum npu z E R, (V)

1 |Po(Z)z| =
Wa(Z)(m(zm a(Z)) npn Z N,
b(Z)—a(z)qxl—“(Z)) mpr Z=N,

(212) gz(2)=g(tz(2)), fz2(2)=1(tz(x)), hz(z)="h (tz(2)).

N3 onpepenenns ¢ynkuuit f, g, h B Iz BHTEeKaer, 9T0 fz, g2€
€C*(Ry(N)), fo+gs=1 u |Vofz|*+|Vegz[*=hzqz, Tne

(b6(2)—a(2))2|zP[pc (2) z|"* mpm Z=~TN,
®(Z2)—a(2)? npr Z=2XN.
ITycrs, namee, ez (z) =gz (z) Dz (z), TAe

Q@)= [l fer(2) mwpm|Z|>17 O (@)=1.

(2.13) gz (2)= {

z', 2’|z
B cuay (2.7), (2.11), (2.12)
(2.14) supp (ez (2)) = M (Z; a, b).

2.15. Jlemma. dua ecex k<N umeom mecmo paseHcmea

D eh+ @iy =1.
12\<k

JloKABATEIBCTBO mpoBefeM HHAYKOme#d mo k. Ilpm & = 1 yrBep-
)KueHue TpmBmaanHO, 60 D, = f¥ W eF = g¥.

ITycts nemma cupaBepnuBa ajaa Hexoroporo k = 1. Ilockoasky

B cuny (2.14) m cneacrBus 2.10 ezyezo =0 mpm | Z, | = | Z, |,
Zl 7= Zzs TO
Oy — Dy =Dty ( fo—1)=—0F, X gh=
\Z|=k+1 Z, |Z|=k+1
= — e2
Z, |Z|=h+1
CnepmoBarebHO,

D ezt D= X ke§+®%+i-

Z, |Z|<h+1 Z, |zl

B cmIy IpeNmONOKeHEA WHIYKOWE JdeMMa J0KasaHa.
1/3 9 Ioprenc u Batinman
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2.46. CaepgctBme. Iockosvksy esudy (2.11), (2.12) f¥ (z) = 0,
mo, C02AACHO seMMe,

. 2
. ___.1,
(@) %ez
(i) O¥i= D) ek
ZeA, | Z|>k

N8 coormomenmit (2.14) m (2.16) (i) BHTeKaer, 9TO MHONCECMEO
Ee”z : Z € A} obpasyem pasbuerue eOuHUYbL, NOTHUHEHHOE NOKPHMUIO
M (Z; a, b): Z € A}.

2.17. JleMmma. Hmeem mecmo paseHcmeo
zalvoez P= D €5 (hagz+ 2, hzqz),

ZeA z°, 12'<L|Z|
8de gpynxyuu hz B qz onpedesentr pasencmeamu (2.12) u (2.13).

Hoxasatenberso. HemocpexacrBeHErM puddepernupoBanmem yGe-
#KJaeMCA B CHPABOJIEBOCTH COOTHOINOHUA

Gez = (Dlzmegz + 2 (e%/f%') sz’1
12°1<|2|

rae ei/ffw,ozgi- u {5 u mam ugC2
=g
(Bu = ulAgu—| Vou [*.
Janee, oueBHAHO,

2,2 (€hfz) Ofer =3 0fz- 31}

2, 17'1<|2| z z, |121>|2°|

3amernM, uT0 ®, = supp (6fz-) < supp (fz) N supp (gz-). Ioaro-
My npE z € ®, B cuny demmu 2.15 m caepcrsua 2.16 Bumommsercs
PaBEHCTBO

Ofzr X edf3=0fz-(1— N €f) fZ'2=9fz»-zH iz

z, |21>12°| z,\z|<|Zz’]

flcro, uro mpum z ¢ ©, HAYaIBHO® M KOHETYHOE BHAKEHNA 3/16Ch
TaK:Ke PaBHH MeKAY co06oii (06a paBEH HYIIO).

Tak xak cornacEo 2.14 ©, = supp (D2, 6fz-) = supp (ez’) =
c M (Z'; a, b), o upn x € 0, BBARY cuaencTsua 2.10 fz (z) =1, ecan
Z£Z u|Z|=|/Z'|. Yuarusad 3T0, B CUIY YCTAHOBJGHHKX BHIIe
COOTHOMOHHH IoJayIaeM

3 Oez= Y (0gz-+07z) Diz.
ZeA ZecA
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Hcoonssys 8mech TOECTBA
z§4 (ezBoez +|Voez[?) =0, g2Ac8z+ fzAcfz+|Vogz|*+| Vofz[*=0,
BHTEKAIOIH® M3 DABEHCTB ’;A e3=1, gi+fi=1, naxopmm

2 [ Voez 2= D) hzqz®iz.
ZeA ZeA

3amenmm @2z cormacHo caepctBmio 2.16 w msMeHEM HMOPAAOK CyM-
mmEpoBaHus. Iloayuaomeecs mpy 5TOM PaBeHCTBO @ GyAeT HCKOMEIM,
€CaHM eme y4ecTb, UT0 ezhz = O0npu Z = Z', |Z | = | Z' |.

2.18. Jlem ™M a. [Jas awbozo e > 0 cywyecmsyem uucao C (g) >0
maxkoe, ¥mo

2 [ VezPLC (@) (e + X |z[2e2)+e 2 | po(Z)z[2ed.
ZcA Z,|Z|>2 Z, |Z|=2

HoxasateascTso. B caay (2.12) u (2.13) hzgz<<C|z|2. Iosromy
2 eb(hagzt+ X hzgr)<C X eb|zl?
Z,|Z|>2

Z,z|>2 z, |2 |L|Z)

rge C sasucut oT QyHROmE a um b.
CorxnacHOo ompepenenmio ¢yuxnuit f, g u h,

lim sup [ () g () +h () A" ()]=0.

Cnemosarensno, piaa aioboro e>0 mafigeTca Taxkoe dYmCI0 n=
=n(e, a, b), aro

hogof < 5| Pe(Z) 2|2, hagze¥ <5 |Pc(Z) |

Tornma
2,12 |=2 Z, |7 |=2
+z I§I—2 e}hﬁ Iy (fz’? + g’?)n<

<t D elp(@alr+

z,|2|=2

+C(m)|z[? D eifr+

7,12 |=2

+2 S ehlpe (@ +C ) eh
Zz,|z|=2
o
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Hanee, B cuny cuepcreua 2.16

2 £2 __ 2 2, _ 2 2
z, p§|= b212= z, l;l=2 ¢z z’, |zI' |=2 'fz (z, |2z]|-_-2 gz)z, 1Z][<2 'fz <
< I = 3 e
z,|Z)<2 Z,1Z|>2

Cobupas BMecTe HalileHHEE ONEHKA M HCHOAB3YyA JemMmy 2.17, momxy-
gaeM HAme YTBEeDKICHHe.

§ 3. AHCKPETHbIHA CNEKTP BHYTPEHHEFG FAMHIbTOHHAHA
CBOGOJHOA CHCTEMbI

QopMynmpyeMsle B 9TOM maparpade YTBODKAEHHA OTHOCATCSA
K omeparopy

So=T+ 2 W,
ICN

¢ obxacrsio onpegenexra D (S,) = Cr (R, (N)). 3pmech T= —-% A,
(cM. § 2), Wz — omepaTop yMHOKeEHA Ha QYHKIHIO

(3.1) Wz (x) = Wz(po (Z) x),

npueagaexamyio kaaccy Qg (R, (Z)) (cm. § 2K) m ynosmersopsio-
IMYI0 YCJIOBHIO

(3.2 lim Nwz(p,(Z) z)=0.
10 (2) x |»o0
B cany (3.2) m memmu 2.3K omeparopu Wz aBasmorca A, (Z)-Mann-

Mz Ha Geckomewnoctm. OueBmAmO, omeparop S, — 3T0 omepaTop S,
(em. §§ 6K, 11K) ¢ MyJIbTHNIMKATHBEHME B3aHMO/CACTBHAME
Wyit, =Wz (Z =0y - jn)), SANHCAHHHA B HMHBAPHAHTHOM

pmne. Ilosromy B fampmeiimem omepaTop S, o6os3Hazaercsa IPOCTO
gepes S,. Mu GymeM msyuarp AHCKDOTHHI CIeKTp omeparopa S,
B mpocrpanctax PpPgL, (R, (NV)); orpammuenme omeparopa S,
Ba PpPgL, (R, (N)) ects Sy (D, E).

Ilyers Z = (Zy, . . ., Zy). Ilomoxam

So(Z) = — 5 8o (2)+ Wz, To(2) = —5 Ac (2),

rae
Wz=2 2 W

2382 222,
OueBHpHO,
(3.3) So=5,(Z) R Ic+1,® Te (Z)+ Az,
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rae I, — enmamuHE# omepatop B mpocTpaHcTBe Ly (R, (Z)) m

Az = 2 W,.
z,z¢ zi
i=1,..., k

Onpepeanm rpynns 11 (Z), 11(Z) Tax e, xak B §§ 7K, 11K 1). Jlerxo
Bujiers, 910 II (Z) — mHBapmanTHAA MOATPYNIA I'PYIIE I1(Z). Ilycts
II. (Z) = (Z)/H (Z). TlpomsponbHHE HENPHBOJEMEI® IIPE/iCTABIIE-
Hua rpynow 11 (Z) Oynem oGosmazarh Yepes E(Z), a mempmBopmMEIe
IIPeCTAaBACHAA T'PYIIH H(Z), 6CTeCTBOHHKIM 06pa30M IIOPOK/[aeMEIO
npefcTaBieRAAM: Tpynnsl 11, (Z),— gepes E, (Z). Ilpencrasienms
rpyunst I' B L, (R, (Z)) 6y,ueM o6osnauath wepes D, (Z), x=0, c.
34.0npenenenne. Bygem mmcars
(Do (Z), £y (Z)) < (D, E),

€CIIA [JIf HOKOTOPHX HeNpPHUBOAHMEIX npeacraBiermi D, (Z) n E,(z)
(i) upemcraBiemme D copep:KATCA B TEH30DHOM I POH3BEICHHN
D, (Z) ® D, (Z);
(ii) x0Ts Obl offHa HENPHEBO/EMAA KOMIOHOHTA TeH30PHOTO IPOH3-
Bejenns £, (Z)®E (Z) copepxuTca B upepicraBuesnu E |fiz);

(iii) Pp (Z)PE (z)L‘Z (Ro (Z)) 0.
Ilpu BunonHeEmu ycaopmit (i)— (iii) Mm Takmxe Gyzem mmcats
(3.4) (De (Z), E.(2), D(Z), E,(2)<(D, E).

W3 noxasatexscrsa Teopemur 11.16K caegyer, arto
n(D, E)= min n(Z, D, E),
z,|Z|=22
rae
n(Z;D,E)=  _inf  n(ZD(2), B (2));
(Do (2), Eo (2)) <(D, E)

N(Z; Do (Z), Eo(Z)) =intSy(Z; Dy(Z), Eo(Z)).
Chopmynmpyem Temeph TEOpeMH O KOHEYHOCTH M GECKOHEYHOCTH
AHECKPETHOr0 CHeKTpa omeparopa S, (D, E).

3.5. Teopewma. Ilyemv O4s Oannoii napw npedcmasaenuii D, E
cywecmeyiom pasbuenue Z = (2,, Z,), npedcmaeaenus Dy(Z), E,(Z),
D; (Z), E.(Z), yooeaemsopsiowue (3.4), Pynwyus Vz (p.(Z) z)

1) I'pynna II (Z) onpemenera B § 11K Toabko nus Z = (Z, Z,); B obmem

cay9ae OHA ompefeasercdA Kak rpynma, nopo:xaesHas rpynmoi II (Z) m mepecra-
HOBKaMM TOKECTBeHHHX IOfCHCTEM M3 Z.
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u uucaa ay, by, maxue, ymo
(1) n(D, E)€04(S0(Z; Dy (2), Ey(2));
(i)  Az(2) <Vz(pc(Z)2) npu z€ K (Z; b)\K (N; ao);

(iii) gynryus Vz uneapuawmua omuocumesvHo npeobpasosaruit

epynnn T X I, (Z), Vz (P, (Z)2) € Qu (Rc (Z)) u onepamop ymno-
acenus Ha Vz (pe (Z) x) asasemes A, (Z)-masun na GeckoneuHocmu;
(iv) uucso mouer Guckpemnoz0 cnekmpa 2aMUALMOHUAKA

S:(Z)=(1+7)Tc(2)+ V2 (pc(Z)7)

beckoneuno e npocmpancmee Pg (z)Pp z) Ly (R (Z)) 04 Heromo-

pozo T > 0.
Toz0a muoscecmeo g (S, (D, E)) Geckoneuno.

3.6. Teopewma. ITyemv 0aa Oannoii napw npedcmasaenuii D, E
GBLNOAHAIOMCA YCAOBUSL:

@) n(Z', D, E) >n(D, E), ecxn |Z'|>2;

(ii) 0us Kaxdozo pasbuenus Z, Oas komopozo v (Z, D, E)=
=n(D, E), cyyecmeyem maras Pynryus Vz (pc(Z)z), wmo 8as
HeKomopux wucesa ay, by

Az (#) >V (pe (Z)2), zE€K (Z; b)\K (N; ao);

(iii) mo ace, umo ¢ 3.5 (iii);
(iv) uucao mouex Ouckpemmozo cnekmpa 2aMUALMOHUAHA

S—c=(1—1)Te (2) + V2 (o (2) 2)
043 newomopozo T >0 kKoweuno 6 npocmparncmee
L(Z; D, E)=
= S @ Pp, (z)Pﬁc (Z)L, (R¢ (2)).

(Do (2), Eo (2)) < (D, E)_ De (2) Be (2)
n (D, E) € 0 (So (Z); Do (2): Ep (2)) (Do(2), ﬁc (Z) D (2) £ (2)< (D, E)

Tozda mnoxcecmeo 6g (S, (D, E)) roneuno u uucso v (D, E) re mo-
Jicem 6umb co6cmeeHKHbLM SHAYEHUeM OeCKOHeurOl KpamHocmu onepa-
mopa S, (D, E).

IloxasarenscrBa TeopeM 3.5 m 3.6 GynyT mamel B § 4, a s;ech Mu
BHISACHAM, [JIA KAKHX HOTEHNHaa0B Wz BHIOIHAKTCA YCIOBHA 3THX
teopem. Ilycts Z = (Z,, Z;) — duxcupoBaHHOe pasbmenme.

Ilna cupasegmmeocTn HepaseHctB 3.5 (ii), 3.6 (ii) ¢ mexoropoi
dymknmeir Vz = Vz (|pc (Z) z |), ynRoBaerbopaiomeit TpeGoBa
mmo 3.5 (iii), mocrarouro, wtobm Aus Beex Z, Z \ Zy %+ &, Z ()
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N Z, % @, BHOOJHAAOCH COOTHOMEHHE ')
Wz (po (2) ) = Wz (| po (2)  |)

# cymecTBOoBaau Takme QYHKNUE Vz (f) m amcao r > 0, aro
V o2 () < oo, limog (9 =0,
r -> 00
Wo(t) <vz(®) (Wz(t) > v, (1) mpm £ >

OT0 yTBEeDK/IEHHE JeTKO BHITEKAeT M3 HEPABEHCTBA
(V(Z,Z2)=b(Z))|pc (Z)z| < |po(Z) x| <L (0(2)+v(Z, Z))| pc (Z) 2|,

cIpaesegamBoro fisa Bcex x € K (Z; b (Z)), u upepcTaBaMocTH PYHK-
OMA ¢ OrpAHMYCHHOHX BapHanmmeld B BHAe PAaSHOCTH ABYX HeyOnBaio-
mux (QYHROEA; 37ech

V(Z; Z)= [P (Z, N Z) (2 N Z) p(Z) 1 (V) 0 (274 (Zo)4 2

Jdas copasegimBocta ycaopmit 3.5 (iv), 3.6 (iv) mpm HexoTOpoM

T € (0,1) mocrarouno, wro6n ¢yukmms Vz opm Kaxom-i1mGo r > 0
uMesa BHUJ

Vs (pe (2)2)=q(2)| pe (2) 2| pan | pe(Z)z|>,
e 0 <y (Z) < 2, npuuem
(i) mpu y (Z) < 2 BumoaHsetcs HepaBeHCTBO ¢ (Z) << 0 (g (Z)>0),

(ii) opm 9 (Z) = 2 sHDoNHAeTCA HepaBeHCTBO 8¢ (Z) << —1

(8¢ (Z) = — 1), ecam rpymma I' TpuBmanbHa H moOACHCTEMH Z,, Z,
HE TOKIEeCTBOHHH,

(iii) wpm y (Z) = 2 puHmoanserca HepaseHcTso 8¢ (Z) < — 9
(8q (Z) = — 9), ecnu rpynna I' rpuBmanweEa m mopcucteMul Z,, Z,
TOECTBEHHH.

9710 yTBEeDKIEHHE BEHITEKAeT M3 H3BECTHHX KPUTEPHEB KOHEIHOCTH
u OGECKOHeYHOCTH [HCKPETHOTO CHEKTPA ONEePaTOPOB THOHA S .t
B L, (R® [44]. O6cynum Ttemeps ycaosme 3.6 (i).

3.7. Hyecmv Z — aioboe pasbuenue, 0an komopozo M (Z, D, E) =
=1 (D, E). Tozda us ycaoeus 3.6 (i) ciedyem, umo | Z | = 2 n

(1) cywecmeyem no kpaiinel mepe o0na napa npedcmasienull
SEDE’(ZZ))) Ey(Z)) < (D, E), maxas, wmo n (D, E) € 04 (S, (Z; D (2),

(ii) ecau das Hekomopoli napw npedcmasaenuti (Dy (Z), E'OA(Z)) <
< (D, E) umeem mecmo pasencmeo v (D, E) =1 (Z; Dy (Z), E, (Z)),

1) B cayuae mapHHX B3aMMOJI@HCTBHA 9TO COOTHOIIGHHE 03HAYAeT, YTO MOTEH-
O@aIH [OJIKHEL 3aBHCETH OT | z; — ; |o, m6o mpm Z = (i, j) B cmay aemmu 2.3

lag —z5lo="V (b + b)) Bt | Po (D) 2 |.
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mo 1 (D, E) € 0a (S, (Z; Dy (Z), Eo (2));
(iii) ecau
Q(Z; D, E)={(Dy (Z), Ey(2)):(Dy(Z), E,(2)) < (D, E),
(D, E)<n(Z; Dy (2), Eo(2))),

_inf 1(Z; Dy (2), Eo(Z))>n/(D, E).
(D (2), E(2))€Q(2z; D, E)
C Opyeoti cmopons, kaxdoe pasbuernue Z, das Komopozo v (Z, D, E) =
=1 (D, E) u cnpasedausv mpebosarus 3.7 (i) — (iii), ydosaemsopsem
ycaosuio 3.6 (i).

JIOKABATEIECTBA BCeX JTHX YTBeDKACHHIl HPOBOJATCA B 0OmEeM
apanornyno. Iloxaskem, Hampumep, gro u3 3.6 (i) caegyer 3.7 (iii).
Beemem mpoctpaHCTBO

H(Z;D,E)= D Ppy @ Pg, zL2 (Bo (2))
(Do (Z, Eg (2))EQ (Z; D, E)

m o00o3HAYMM orpaHm4eHue oneparopa S,(Z) ma H ugepes S, (Z; H).
Has oneparopa S, (Z; H) cupaBemnuBa anagorugnas teopeme 11.16K
TeopeMa 0 MOJI0}KeHHM CYMeCTBOHHOTO CIEKTPA: CYMECTBeHHEI CIIeKTD

COBIIAIALT C AYIOM [7] (H), + o0), rne v (H) — MEHAMAJIBHAA U3 HIK-
HuX rpaseit omepatopoB S (Z’; H') [isA BCEBOBMOKHHX H3MeJbUe-

Hni Z' pas6uenus Z
9

H = @ @ X Pp (Z')Pﬁ (Z’)L2 (RO (Z,))‘
(Do (Z), Bo (2) € (Do (2°), By (27) <
CQ&D.E) < (Do (2), Bo (2)
ITpepnonosxkum, dro
(3.8) inf 1(Z; Do (Z), Eq(Z))=n(D, E).
(Do (2), Ey (2))€Q(Z; D, E)

Torpa o4 (S (Z; H)) = §. [eiictBuTensHo, ecin o4 (S, (Z; H)) 4,
TO H3 TEOPEMH 0 CTPYKType cuekTpa omeparopa S,(Z; H) BHTeraer
coorromexnue 1 (D, E) €04 (So (Z; H)) n, crepoBateanro, 1 (D, E) €
€04 (So(Z; Do (Z), Ey (Z)) nna HerkoTOpO#l mapH HpPEACTABICHM
Dy(Z), E\(Z) m3 Q(Z; D, E), B HpOTHBOPeYHe C OIpPeJeleHEeM
muoxecTBa Q. Iloaromy n (D, E) = n (H). Orciona B-cmay ompepge-
JIeHuA ’rT (H) BmTekaer, gto mas Hekoroporo Z', |Z' | > 2, mepHo
paBeHcTBO 1 (Z', D, E) = n (D, E), sanpemersoe ycaoBueM 3.6 (i).
Taxum o6pasom, mpepmonoskenue (3.8) meBepmo u Tem camuiM 3.7 (iii)
TOKAa3aHo.
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§ 4. JOKASATE/NIbCTBA TEGPEM 3.6 u 3.6

Hoxasateascreo TEOPEMH 3.5, Ilycts @p (R™) — muOMecTBO
Bcex ¢mHATHHX (QYHKOUH ¢ HOCHTEIsAMH BHe mapa pagmyca B B R™.
B cmay Teopemst 13 ([44], crp. 31) m Teopemu 11.16K, nas Toro urobm
YCTaHOBHTh GECKOHEYHOCTH MHO;kecTBa 04 (S, (D, E)), mocraroumo
gag awoboro Oompmoro B > (0 mocTpomTh TaKyl0 (YHKOHIO W
ms D (S, (D, E)) N ©p (R,), wr0 (Sqw | w) <n (D, E) || w|?. Co-
raaceo ycaosmio 3.5 (i), B coGCTBeHHOM HOAIPOCTPAHCTBE COGCTBEHHEOTO
suauenns 1) (D, E) oneparopa S, (Z, Dy(Z), Ey(Z)) cymectsyer opro-
HOPMHPOBaHHKIH 6asuc {u; (po (Z2) z)} HEIPUBOXHEMOIO IIPE/ICTaBle~
mra Do(Z) X Eo(Z) rpyomnu T X II (Z).

B cuny yenosus 3.5 (iv) m memmm 4.13, moxasmBaemo#t Ha CTp.
146—147, naa omepatopa S+, (Z), 1, << 7, u HeKOTOpPOro GOJBIIOTrO
B > 0 cymecTeyeT Taxoil (3aBHCAMEI or B) 6asmc {v; (pe (Z) z)}
HenpHBOAEMOro mpeacraBiaenma D. (Z) X Ec (Z) rpyoou I' X l'I(Z),
970

V; (e (Z) 7) € D (8=, (Z)) N @ (Re (Z))
n

(4.1) (S-;! (Z) D; I Di) << 0.

ITockoanky npencrasaennst Dy (Z), D, (Z) u D ynosaersopamT TpeGo-
BaEmo 3.4 (i), TO CymecTBYOT Takye Koa(pPUIEEeHTH C;;, BABACAIIMO

TOJIBKO OT 3THX IPEACTABJIEHHH, UYTO
wy =) cyyv; (Po (Z) %) u; (Po (Z) z) € PpLs (Ry).
OnpepennM GyBEROEE a, b B (2.11), (2.12) Tak, 9ToOH BHIIOTHATACH
mepaseHcTsa (2.8), a(N)—ao, b(Z)=b,, B monokEM W = gz w;.
Ouesmpno, w= Pyw€ D (S, (D, E)) N g (Ro). Mu moxamen,
q9T0 IpH JOCTATOYHO GOJBIIOM
(Sow |w)<<n (D, E) | w|P

Hockoabky mpencraBIeHUA E’o(Z), Ec (Z) = E yposaerBopsAioT
TpeGopammio 3.4 (ii), To B cmay memmu 7.9KH

(4.2) w=Pgw=dw+dy 2 1k@U@w,
7N (2))
rae umena d,, d, MONOKHTENBHH H 3aBHCAT TOabKo oT E, Ey(Z)
E. (Z). Ouesmpso, )
(U () g2) (2) = 82 (@1 ps + - +» Tn1t () = Bz (2)

n
nZ <+ Z npz neIN\I (Z2).
1 Z=(2, ... 2 , 7Z = a2y, . . ., 7Z),
aZ (Eflﬂ(t,), R Wy ’m‘,‘fn?;‘é%‘;ﬁ"’é"‘“(‘i';, oy ii) e 4 o ), e

10 Hoprenc m BalinMan
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Orciona, mcmoassys caepcreme 2.10, momywaem, 9TO
supp () (supp (U (m) ) = & npm n€II\I1(2).
IloaToMy B cumy (4.2)
(4.3) lw 2= (Pgw|w)=dy || |12,
(44)  (Sow|w)=(SoPrW | Py} = (Sqw| Pgib) = dy (Sow | ).
Benencteme 3.3 mMeem
(4.5)  (Sow|w) =(So(Z) w|w)+(Te (2) w| W)+ (A2 | W).
Onennm, pmainee, claraeMbie B mpaBoit wactm (4.5). Ilomosxmm
0=0(a)=R,(Z)\K (Z; a(2)).
ITockoanky
Ao (Z) w=w,Ny(Z) 82+ 2 (Vo (Z) g2, Vo(Z)w;)+ gzho(Z) w,
TO
(46) (S (Z)w|wy=n(D, E) | w|2+ (wiA (Z) g2+
+2 (Ve (2) gz, Vo(Z)wy)|w)<
<N (D, B) || w |24C (| Vo (2) wy | 13+ 1wy 113),
n6o HOCHTeNH HPOMBBONHHX (YHKOUH gz conep:arca B ®. AHamo-
TH9HO HMEeM
<Tc(Z)'zZ;|zTJ)=%II 82| Ve (2) 0| B+ (0| Vo (2) g2 w)) +

+Rew | (Ve (Z) g2, Vo (2) w))<
LT (Z) wy | wy)+C (| wy llo + 11| Ve (Z) wy | 15),
n6o |gz|<1. Orcopa, B cmry HHBAPHAHTHOCTH omepatopa I'c(Z)
oTHOCHTeabHO mpeobpasosammii rpynns I' X II(Z), srrexaer omemxa
(47) (Te (2)w|0)< 3 2 cui*To (2) w1 v +
J

+C (lwy lo+ 11 Ve (Z) wq | 115)-
Haxonen, corxacuo yciosmo 3.5 (ii),
(Az (2) 0] D)< V2 (pe (2) 2) 0] D)<
K Vzw, |wy)+ |V zf 2wy | fzws)|.
B cuny memmu 2.6H
[V zf 2w, | fz204) | <C (||| Ve (Z) fzwon | |2+ fzwy |?) <
LC(lwillo+ 11 Ve (Z) wy | la)-
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Hcnonssysa 8Ty ONEHKY H MHBADWAHTHOCTh QyHKIWm Vz OTHOCHTONB-
Ho npeoGpasosarmit rpyuns I' X 1l (Z), moxygaem

(4.8) (Az (x)w |';;><; 2}, less BV 201 |v)+C (| wy 13+ Ve (Z2) wy | 113).

OnernM Temeph HOPMY W, M €€ IPOMSBONHHX B o6aacTm ®. Hua
9TOr0 HAM HOHAJOGATCA CJIOHYIOMIEe HEePaBEHCTBA:

(4.9) 1 pe (Z) z1*v; Iz, (<21l Ve (2) vi] Il 2

(4.10) ||| po(Z) x| ujllry @+ 1| Po (Z) 2| Vo (Z) us] ||y (2) <+ o0.

Hepagenctso (4.9) ciemyer m3 moxasammoro B [51] (crp. 378), mHepa-

peHCTBO (4.10)— @3 smeMMmel 4.15, KOTOPYI0 MH yCTAHOBHM HUKE.
ITpumensin mepaBencTBa (4.9) m (4.10), a Taxke ydUmTHBasg, 4TO

;€05 (R (Z)) u | po(Z)z|/a(Z)| pe(Z)xz|>1 npu z€w, HaXO[AM

(4.11) ||| Vo (Z) wy |6 <C ;]_lculzlﬂpc (Z)z|™vi| po(2) || Vo (Z) uslla <
{4 iEjlfw'|‘°‘||lpo(zo)“”lIVo(Z) u Il -1l pe (2) =™ Ik, 2 <e(B)J,

rae
o={z:2€Ry(Z), |z|>a(Z) B},

J—_Z leis BILIVe (Z) vs Bl = D) | e1i *(Te (Z) v | v}

1,.7 i, 7

"

e(B)>0 mpm B-—»oo.

AHAJIOrHIHO

(4.12) Hwillo+ 11| Ve (Z2) wy | llo <& (B)J.

IlopcraBum omenkm (4.6) —(4.8) B (4.5); B cmay (4.11), (4.12)
noJIy9aM

(Sow | wy<n (D, E) 1|E||24-§j|cij BT (2)+Vz)vi|v)+e(B)J.
Ecan B crons Bemumko, 4to &(B) <<ty << T, To Bemexpcreme (4.1)

(Sqw|w)<n (D, E) uw||2+2 |eis [2(Sw, (Z) vi|v) <n (D, E) ||w|]2.
Ilosromy BBERY (4.3), (4. 4)

(Sow |w)<n (D, E) |lwlP,
910 W TPeOOBAIOCH [OKAa3aTh.

B nmoxasarenpcTBe TeopeMH OBIM HCHOJNB30BAHH  CJEAYIOMUE
/iBE JIEMMEL.

10*
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4.13. J1 e m m a. ITycmov onepamop S (Z) ydosaemsopsem mpeboea-
#uo 3.5 (iv). Tozda das awbozo 6ocmamo'mo 6oavwozo B> 0 u das

T, < T MoxH0 ykasamev maroe D¢ (Z) X t'm (Z)-noposxdarouyee npo-
empancmeo U = U (B, ©) €D (S,,‘ (Z)), umo

(1) (S'qu | u)<0, u €U,

(i) Uc®p(R.(Z)).

Hoxasateascto. Masa u¢ Pp (Z)PE @D (Sx(2)) m vy <v mmeer
MeCTO HEHOCPeJCTBeHHO HPOBEPAEMOe npenc'ranneuue

(S| u)=(St,gpu| gsu) + (Suifa| f5u) + 8| | Ve (2) u] 12—
— T (14| Ve (2) g5 1P+ 1l u| Ve (2) F5] 12),

rue
20=1v—1, gg=¢ (“’—"(B?)—”'—i), fa=1f (_IPc(be’)zl —1)

(cm. § 2). Tar e kak B memme 2.18, MO HO TOKA3aTH, 9TO 1A J1060TO
¢ > 0 mnafiperca Takoe umcao ¢ (&) > 0, uro

| Ve (Z2) g5 P+ Ve (Z) [ > <efb| Pe (Z) 2|2+ ¢ (e) gb-
Bribepem & << 467, Torpa
(Seu|u)y> (Sngnu | g8u) + (Sx,fpu | fau) —c || gpu |2
B cuny nemmu 2.6K upm gocTaTo4HO MagoM P

1 2
(Swgpu|gpu) = — 5 (Ac (Z) gpu | gpu) —c |l gou |1*-

Tockoarky B obmacrm {r: z € R, (Z), | p. (Z) z | << B} omeparop
—A(Z) ¢ TPRaHAIHHM YCIOBHEM Jlmprxiie mMeeT YUCTO MECKPETHHIR
CHEKTP, HAKOIIAOMUACA K + 00, TO MOKHO yKasaTh TaKoe KOHEYHO-
MepHOe HopmpocTpaHcTBo HpC L2 (Rc (%)), neBapuaHTHO® A OIe-

paropos U (y) X U (n), y€ET, n € i (Z), aro
{(—Ac(Z) gpu|gpu)> 6c|| gpul||* mpm ggu 1 Hp.
CnemoBarenbHo, OpE U | gz Hp BHOOIHAETCA HEPABEHCTBO
(4.14) (Svu | u) =(Sx,fau | fau).
ITocrpoum D, (Z) X E, (Z)-nopoxpmaromee mogmpocTpancTeo U; <
< L, (R, (Z)), raxoe, at0o U, | gpHp m
(S u|u)<<O0 mpm u€U,.

Ilo yciuosuio JeMMH [JHCKPETHHI CHeKTp omepaTopa S; B
Ppy2)PE L, (Re (Z)) O6ecromnewen. Ilycts coGcTBeHHHE PyHKIEE
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JECKPETHOTO CIIOKTPa v{) 3amyMepOBaHEI TaK, 9T0 JUIA K&KAOI0 p
ynxmur {vi)} oﬁpaayroT 6asuc D, (Z) X E, (Z)- ~II0POXK/IAIONLEro
mojpmpocTpancTBa. 'Torja KOHeYHHE JIMHeHHHE KOMOMHAIMH VU; =

=Ecpv“) npa  mo0HX Cp, 2 | ep |2 = 1, Taxxke obpasyior Gasme

D, (Z) x E, (Z )—nopomnalomero HOAIPOCTPAHCTBA. Buberem umcaa

Zp TaK, 106K v vy L ggHg. Tornamv; 1 ggHp. ITo caenyer u3 cooT-
HOIICHHA OPTOrOHANBHOCTH [If MATPHYHEIX JJIEMEHTOB IIPECTaBJIe-

maa D, (Z) X l'i' (Z) v wHBapHAHTHOCTH HPOCTPAHCTBA ggHyp orHO-
curenpno omeparopoB U (y) X U (n) mpr y €T, n€ H (Z). Toaro-
MY MH MOKeM moxoxaTh B (4.14) u=v;. Torma (S,JB vi|fs0:) <O.
Ilyctes wmcao B’ croap Beamko, 910 AdA QYHKROEE v; = gpfp v‘
CIPaBe[JUBO HEPABEHCTBO
(Szvi | vi) <O.
Tak xak QyHKOEE gp- W fp HMHBAPHAHTHE OTHOCHTENBHO npeoGpaso-
Bammit rpymns I' X II (Z), 1o pyEKnun v; (Tak e Kak 1 v;) o6pasyioT
oproronanbHui Gasuc D (Z) X E.(Z)-mopoxpaanmero NOANPOCTPAHE-
crBa. Iloaromy (v; |vy) = (St; Iv,) = 0 mpm i = j. Caepoareins-
HO, mopmpocrpancTBo U, HaTaEyTOe Ha QYHKOUHA V;, YAOBJIETBOPAET
BceM TpeboBammAM meMMH 4.13.
4.15. Temwma. Jun awb6oii co6ecmeennoli gymkyuu u onepamopa
So(Z;Dy(Z), E,(Z)), omeewarweii npoudsosvroii movke A duckpemrozo
CneKmpa, umeem Mecmo HepageHCmao
1 Po(Z) z|ull 4+ 11| po(Z) 2| Vo (Z) u| || < oo.

HokasaTeabcereo. Jloxaskem crHagasa, 4to ecau || | po (Z) z |ul|<
<o, 10 # | |po(Z) x| |Vo(Z) u ||| <<oo. Ilyers §(z)=
_-(1—|-|p0 (Z)z|)Ys. Tak KaKk mO YCIOBHIO

—-i-Ao (Z) u=7Lu——qu,

T0 pm 060oM B>0 s Ppynxnuu gg=g ( | Po (g) z |

PaBeHCTBO

— 1) BHImOJHAETCS

— 5 (@asho (Z) u| ) =M || v [E—(Wap|v),
e v=ggsu. B cuny memmn 2.6K
(Wa]) |<ell| Vo (2) o] 2 4c (&) 0] <
<ellgss| Vo ()] 4c (8) [ su I
Kpome Toro, ouesumso,

— 385580 (2) | v) = 51| 85| Vo (Z) | 11+ (Vo (2) €55, Vo (Z) ()]0),
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OTKYfa ciefyer, 49TO
7112581 Vo (2 | [2—c | ga8 | Vo (2) wl||- | su | <
< — 5 (850 (Z) u| ).
O0beguusA NONydYeHHEE OLEHKH, BHMHM, 4YTO

1888 | Vo (Z)ulll2—clisullllgss| Vo (Z) u| Il <
Lclisull+ellgss| Vo (Z) u|ll%

Taxr kak mo mpegmonosxenmio || su |2 = || uw |2 4+ || | po (Z) x| u|P? <
< + o0, TO H3 HOCTeNHEr0 HEPABEHCTBA BHITEKAET, UTO

HSIVo(Z)ulIl=E_iE I gz s 1Vo(2) u |ll <+ oo.

_ Hoxaxem remeps mepasenctso || | po (Z) z |u || < + oo. Ilycrs
s — omepaTop yMHO)KeHHA Ha QyHKOmO S (z). Ilomoxxmm

D, = Pp,#Pg, 7 (D (5) N D (Ss (2))),
Nullo=Il sull +11So(Z)u|l.

Cnenys meroxy paGoru [55], moxHO moxasarh, uTO

(i) mBmoskecTBO D, HHBApHAHTHO OTHOCHTEJLHO OLEPATOPOB
BBt £ € (— oo, + oo);

(ii) mna w € D, ¢ymrmua %! y menpepHBHO B3aBHCHT OT I
B Hopme || - |l; ®

le-So@ty ||, <c(14+]t]) [l

Ilockonsky, xpome Toro, D,; maotHo B PpyzPi 2L, (B (Z)),
To m3 (i) m (ii) rax ke, kak B [9] (reop. 4), momyuaercss Tpebyemoe
HEePaBeHCTBO.

Jlemma moxasaHa.

JlorasaTENBCTBO TEOPEMH 3.6. Ham mocrarouno yxasaTh KOHeu-
HoMepHOe mopupocrpanctBo H < PLPpL,(R,), Takoe, 4ro ecaum
u€PpPeD (S)) mu L H, 10

(So (D, E)uu)>n(D, E) |lul
B cuny caexcreua 2.16
1
(Sou | w)= D) (Soezu| ezt) = D) (| Voez P u|u)s

ZcA ZcA



§ 4. Mlokasameavcmea meopem 3.5 u 3.6 143

Orcropa ¢ moMompio aemMMmu 2.48 mas mio6oro e > 0 ycramaBimBaeMm
OLEHKY

(4.16) (Sou |u) =(Seequ | equ)—c (e) || egu |1+
+ D) (Seezulezu)—ell| pe (2) z[Mezu |?) +
z,|z|=2
+ D) (Seezu|ezuy—c(e) |||zt ezu|]?).
z,1z>2

IIyers uw€ PpPgeD (Sy). B cuny ycnopus 3.6 (i) m nemmu 4.23,
moxasmBaeMoii Ha ctp. 146, maa mocraroumo mamoro & >0 mosxHO

mono0paTs 4MCIO g, TaK, 4TOOH IpH a(la\;)>ao
(Soezu| ezu) = (n(Z, D, E)—&y) || ezu ||

2¢ (e) a;* <z F;in {n(Z, D, E)} —n (D, E)—¢,.

’

ITockonpky, KpoMme Toro, |Z|> a(N), ecim € supp (ez), TO RmuAA
HEKOTOpOro &, >0 BHIIOIHAETCA HEPABEHCTBO

(4.17) D (Seezu|ezuy—c (&) || |z |ezu ||2) =

z,|Z|>2

>0, B)te) 3 lleaul™

Touno Tak j;xe mOMydYWM, UTO €CIHM €, JOCTATOTHO MAJO, TO
(4.18) 2 ((Soezu| ey —e || po (2) 2 [ esu[?) >
= (n(D, E)+-29) 2’ || eque |I%,
re cyMMma co mTpuxoM Oepercs mo BceM Z € A, TaKMM, 4TO
|Z|=2 u n(Z, D, E)>n(D, E).

Onesum remepsr Benmummy (Spezu|ezu)—el||| pe (Z)x|"‘ezu||2 s
Tex pasbmemmit Z, |Z|=2, paa xoropux 1(Z, D, E)=n (D, E).
Anamormano coorromermio (7.13K) mmeem

PoPsLy (Bo) = _ GB PDoPﬁoLz (Ry(2)) @ Pp oPs L2 (Bo (2)),
rae Dy=Dy(Z), E,‘—-E (Z) m G(Z, D, E) — MBO)XeCTBO 4eTBEPOK
npencraBiaernit (D, E,,, Dy, Ec) < (D, E). Orcopa BmTeKabr, uTO

= p Pp Pg
u G(Z,ZDE) P, ® Pp, PR
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QyHKOuA ez WHBADHAHTHA OTHOCHTEJNbHO mpeoGpasoBarmi U, (y),

U (n), re y€T, neﬂ (Z) u onepatopu U, pmefiCTBYIOT TOXBKO Ha
nmepemennane u3 R, (Z), »=0, c. Iloatomy

(4.19) ezu=G(Z'2D' 5 Pp,Pg, ® Pp,Pg ez.

OTMeTEM, 9TO BCce ciaraeMeie B IOCJHeHEeH cyMMe B3aEMHO OpPTOTO-
HaasHEH B R,. Mcnonwsays cHauaja mOJNyYeHHOE IPE/CTABIEHHE IJIA
QymEKOUE ezu, & 3aTeM paBemcTBO (3.3) m ycaoBme 3.6 (ii), maxomum

(4.20) <(so-% To—e | pe(Z) %) equlesn ) =

= 3 <(So-%Tc-a|pc(Z)x|-'2)x

G(Z,D, E)

X PDoPﬁo ® PpcPﬁcezu | PDoPﬁo ® PpcPﬁcezu> =

> 3 {n(Z:Dy2), E(2)}l| Po,Pg, ® PoPs eati|*+
G(Z,D,E)

+{ (8« (@) +5To(Z)—2| pe (Z) ) X
X PDOPﬁo R PpcPﬁcezu I PDOPE'o R Ppcpﬁcezu> } o
BBapy ycaosma 3.7 (iii)

_inf (2, Dy(2), E,(Z)>n(D, E)+2e,,
(Do (2), Eo(2))€Q(Z; D, E)

ecid €, [OCTATOYHO MAJO.

Ich'rrz G’ (Z; D, E) —MHOXecTBO BCEX YETBEPOK D(,(Z),“lf,‘.0 (2),
D. (2),'k. (Z) w3 G(Z;D, E), nna xoropux (Do(Z), E,(Z))€
€Q (Z; D, E),nnycts G'(Z; D, E) = G\ G'. OrpunatenbHHii CHEKTP
oneparopa S_; (Z) B mpoctparctee L, (R.(Z)) nuckperen, a B mop-
npocrparctee L (Z; D, E) ms L, (R, (Z)) no ycaosmo 3.6 (iv) —
romewen. CienoBaTensHO, MOKHO BHOpaTh wuciao B > 0 Tax, 4T0GH

(S (Z)V]| D)= —e, || D||* npm Beex vE D (S_c (Z)) D5 (B (2))
n

(S— (Z)v|v)>0 mpm Beex vED (S_:(Z))N L (Z; D, E) Dg (R¢(Z)).
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Bynem camrats, 9T0 @ (1?7) > B. Torpa
(S""PDOPEo ® PpcPﬁ.cezu | PDono ® PpoPﬁcezu) =

> —¢&|| PpPg, ® Ppopgcezu I3,

ecin (DOQ E'O, Dm E'c)eG' (Z; D, E), n
(S-’FPDOPEo ® PpoPﬁcezul P-Dopf:o ® PDcPﬁcezu) P4 0,
ecnm (Dy, By, D, Bo) €G" (Z; D, E).

TlopcTaBasas Haliennke onenk: B (4.20) ® yumTHBaAs, 9TO B CHNY
(4.9) opm mManom e omepaTop -'-;- T.(Z) — & | p. (Z) z |~* meorpumare-
JeH, HOXYYHM
(4.21)  ((So—e| P (£) |?) equ| ez >

= 2 n (D, E) i PDOPﬁo ® Ppcpﬁ.oezu "2+
G’ (Z; D, E)
+ 2 (D, E)|| Po,Pg, ® Po Py eau|P+5 Teezn|ezt)=
G*(Z; D, E)
=0 (D, E) || ez |*+ 5 (Toezt | e2u)-
Ham ocranoch TONBKO ONEHHTH BEJIHIHEHY
(Soeﬁu I eﬁ) —¢ (8) I eﬁu "2'
Hcnonssys nemmy 2.6K Toumo tak e, kak B aemme 4.13, mMoxHO

yKasaThb Takoe KOHewHOMepHoe mpoctpamcTBo H < L, (R,), ure mpm
u 1 exH BHDONHSETCH HEPABEHCTEBO

(4.22)  (Seequlequy—c (@) |l egul*> Il egu |2 (n (D, E)+ea).
Iopcrasassa onenxm (4.17), (4.18), (4.21), (4.22) B (4.16), moxywmm,
gro mpu u | exH
(Sou|u)>(M (D, E) + &) (llegu |12+ 2 lezu|l?) +
Z,12|>2
n(Z; D, E)>n (D, E)
+ 3 {3 Teeaulesuy+n(D, Ellesull?) > n (D, E)llu P+ [ul,
nz ;ZI'): 'EZ)L:%DO E)

ree J [u]l >0 mpm || u ||> 0. Teopema poxazana.
B noxasarennctse Teopemu 3.6 Oriia mCIONB3OBaHA CAELYOMAR
JeMmMa.
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4.23. Jlemwm a. ITyemov u € PpPgD (S,). To2da das awboz0 &€ > 0

natidemes wucao ay > 0, maxoe, ymo npu a (N) >ay u | Z | =2
GHLNOARAEMCA HEPAGEHCME0

(Soezu | ezu) =M (Z; D, E)—ég) ||ezu||>.

Hoxrasatenserso. B cany nemmur 2.6 K MoxHO yrasars Takoe IHCIO
€o>>0, aro mus mo6oi pyaxmmu v € D (S,) us msepasencrea (T |v) =

>c¢o |l v |? cnemyer mepamemcrso (S, |v) > 0. IlosTomMy MoxEHO
CYHTATH, YTO

{4.24) (Toezu | ezu) < cll ezu ||2.
Benepcereme (4.19) m (3.3)
(Soezu|ezu) >n(Z; D, E) || ezu |2+
+(Tc (Z) egu | ezu) + (Azezu | ezu).

‘Ouesnpno, (T¢(Z)ezu|ezu)>0. Ilycte W,—opE0 m3 ciaraeMEx
B omeparope Az. Ilo memme 2.6K pas mwoGoro & =0

[{Wzezu | ezu)| < & (Toezu |ezu)+-c (24) || N, w1172 (po (2) @) ezl Iz
Han 2€ M (Z; a, b), cornacEo demme 2.9,
| po (2) z| > d (2) | pe (Z)z|> (1 +b2(2)) %4 (Z) a (N).

BuGepeM a,>>0 Tar, 9To6H upum | p,(Z) z|>(1+ b2 (Z))"2d(Z)a,
BHIIONHANACH OLNEHKA

4 (81) N| Wy 1172 (Po (Z) .’t) < 32/2’

THe &, = & (zmcao caaraemeix B Az). [lanee, BrGepem g, Tak, 9TOGH
2,09 << 85/2. VI3 aTux omeHOK ® omeHKH (4.24) caepyer, 4To

[(Agezu|ezu) | <e|l ezu |2
JleMMa moxasaHa.
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