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NMPEJXNUCJIOBHE
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OHn cocraBjeH NOPHUMEHHTeNbHO K IIHPOKO H3BECTHOMY
yuebuuky WM. I'. Apamanosuua, I'. JI. Jlyuua u JI. 3. duasc-
rosbena «OyHKIUH KOMIJIEKCHOTO repeMeHHoro. Onepanuos-
HOe HucyucaeHue. Teopusi yCTOHYMBOCTH» H MpegHa3HaueH
AJs CTYJeHTOB BTY30B C IOBHIUEHHOH MaTeMaTHYeCcKOH moj-
FOTOBKOH.

Kaxnpili maparpad cGopHHKa HauuHaeTCss € KPaTKOTro
TEOpPeTHYECKOT0 BBEICHH S, COJepKaIIero Heo6X OTUMbIH MUHU-
MyM cBefienuH. TIpHBOISTCA MHOTOYHC/IEHHBIE TIPUMEpHI € NOJ-
pOGHBIMH peLUCHHSIMH, VSCHSIOUHE CYIHOCTb H3J0XKEHHBIX
MeTogoB. [losToMy naHHBIH COOPHHK 3ajau MOXET CJYKHTb
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CunTaeM CBOUM IIPHATHBIM J0JTOM MobJjarogaputh npodec-
copoB M. I'. Apamanosuva u T'. JI. Jlynuwa. Vix poBpoxena-
TeJMbHAass KPHTHKA U LEHHbIE COBETbl HEMAJO CIocoGCTBOBAJIH
VIYYINEHHIO KHHUMH.

Astiopet



FTABAI
dYHKLUUNU KOMIVIEKCHOIO MEPEMEHHOIO

§ 1. KomnsekcHble 4HCAa M JAeACTBHA HaJ) HHMH

KomnaekcHbim qucaom z wasblBaeTcd BbipaXKeHHe BHAd
2=x-iy

(anreGpanueckas ¢popMa KOMIUIEKCHOTO wHC/a), I'Ae X M y— niobuie fefict-
BHTE/]bHbIE UHCAd, a [{—MHUMasl eJUHHNA, YIOBJIETBODPSIWAS YCJIOBHIO
i2=—1. Uncna x W y Ha3BLIBAIOTCA COOTBETCTBEHHO Oelicmsumesbroti u
MHUMOU 4ACMAMU KOMRAEKCHO20 4UcAQ 2z W 0603HARArOTCA

x=Rez, y=1m 2.

Komnnexcnele 4uena 2y=x,-}-iy; ¥ 23=X5-}iys CUNTAOTCA pPaBHLHIMH
Torga ¥ TOJABKO TOTAa, KOTHA Xy =X, Y;=1Yo- IlycTb JaHBI ABa KowmIl-
JMEKCHBIX UHCNA 2y=X; -} 1Yy, Za=Xs+1Ys.

Onpepesenud

1. Cymmoil z,-+ 2, udces z; U 2, Ha3LBaeTcsd KOMIUIEKCHOE YHCJO

2y 2= (% F 20) +1 (1 + o) O]
2. PasHocmpi 2y -~ 25 YHCEN 2y H 2, HA3BIBATCHA KOMILIEKCHOE UHCJIO
21— 2y = (X1 — Xp) 1 (Y1 Y2)- 2

3. Hpoussedenuem 2,2, UMCEN 2, W 25 HA3LIBAETCS KOMILIEKCHOE
qHCI0
242y = (X103 — Y1¥fa) - 1 (X142 +- Xatf1)- 3)

2
4. Yaemuom L

OT JieJIeHHsA KOMIMeKCHOro 4Hc/ia 2, Ha KOMNaeKc-
2

HOE 9HCJIO 25 7~ 0 HasplBaeTcs KOMIJIEKCHOE QHCIO
2 XXk lYs | X — XY 4
P 9 3 +i 2 2 ()
2y x3+y 3 +y3

KoMmiexcioe uneslo Z =x —iy Ha3bIBACTCH CONPANCEHHVIM KOMILIEKC-
HOMY 4HClly 2z=x-|]-iy.




6 OYHKIIMN KOMIIJIEKCHOTO NMEPEMEHHOTO ITJ1 1

HeficTButessHas 4YacTs Rez W MHHMAfd dacth 1Mz KOMIJIEKCHOTO
yhc/ia z BRIPAXKAlOTCS uepe3 COMpsIKEHHBIE KOMIUIEKCHHIE YHcaa clefyio-
muM 06pa3om:

24z L, Z—2
Rez= _g , Imz=i 5 (6)

INpumep 1. MNoxasarts, yto 23 4-25=2; 1 Z,.
JoxaszarenbcTBo. [lo onpeseieHno HMeeM

2y 2p= (X %) —1 (Y1 F o) = (1 — ithy) + (¥ — it} = 21 + 2.
1. JloxasaTh CJIEIyIOle COOTHOIIEHHS:

_— — o [2,\ % —
a) 2,—2y=2,— Zy; 0) 2,2, =22, B) (z_:>= Lir) 24z, =

2
= 2y 2.
Npuwmep 2. Hatith geficTBHTE/IbHBIE PelleHHS yPaBHEHHS
(442 x4-(b—3)y=13 1.

Pemenne. Boigenum B jieroil yactH ypaBHEHHs JelCTBHTENBHYIO
n MuaMyo wacti (4x--5y)+i (2x —3y) =13 4-i. Orcroga cornacuo onpe-
LeNEHHIO DaBeHCTBa JIBYX KOMIJIEKCHBIX YHCeJ ToayvyaeM

{ 4x 5y =13,
2x—3y=1.
Pemagn 3Ty cHcTemy, HaxOmuM

x=2 y=1.

Hafitn peficTBrreNibHble pEINCHHS YpaBHEHHI:

2. Bx—0) (244 (x—iyy (1 +-2{)=5+6i.

3. (x—iy)(a—iby=i> rne a, b—sagaunvie neficTBu-
TeJIbHBIE YHCJaa, |a|F b

1 24 5 L
4. 'ztf+l+i_]/2' rae z=x-+iy.

5. TlpexcTaBUTh KOMIJIEKCHO® YHCJIO

1 1
R ER —iby

B
anrebpanyeckoi opme.
1 217 . o
6. Hoxasats, uro VIEELE _; (X — nefCTBUTEJIbHOE).
x—i V142
1 1
7. Bolpasutbh x W y uepes u M v, eciH m+m:1

(x, y, u, v — pefCTBUTEbHLIE YHCNA).
8. Hafitu Bce KoMmJ/IekCHble 4YHCJa, YAOBJETBOPSIOMHE
VCJI0BHIO 2 =27,



§ 11 KOMIIJIEKCHBIE YUCJA U JAEMCTBUS HAN HUMU 7

Komnnexcnoe uncno z=x-}iy u3oOpaxkaerca B MjpockKoctH X0V
toukoft M C KoopauHatamH (x, y) an6GO BEKTOPOM, HaUaj0 KOTOPOro Ha-
xomures B Toure O (0, 0), a xomen B vouxe M (x, y) (puc. 1). damua p

pextopa OM masmBaerca modyrem \Y

KOMIJIEKCHOTO uHcna 0 o6o3nauaercs "
yepea |z|, TaK uro p=|2z|= i
= ¥} 4% Yron ¢, o6pasopanutii I
pekropom OM ¢ ocvio OX, Hasw- !
BaeTcd (peyMeMimoM KOMILIEKCHOTO § |
udcna 2 M obosHauvaercs @=Arg z; {
OH OTpejeNsercs He OAHO3HAUHO, A I
¢ TOYHOCTBLIO 70 CJaraeMoro, Kpart- ? |
Horo 2m: 5 !
Arg z=arg 2-}2kn U z
k=0, =1, &=2, ..., Pue. 1.
rhe arg 2 eCTb IMIAaBHOe 3HauenHe Arg 2, OmpejgenseMoe YCJIOBHSIMH
—n<Cargz=sm,
opHueM
arctg % , ecmd x>0,
7 -} arctg ~ch~, ey x << 0, y=0,
arg 2= ———n—}—arcig%—, ecmn x <0, y<<O, (6)
7 0 0
5 ecid x=0, y>0,
b1/
— 5 ecin x=0, y<O.
HMeroT MecTo chaefyiomye COOTHOIIEHH ST
. X
tg (Arg z):i, sin (Arg )= o,
* Vatts 0
cos (Arg z) = Y

Jlpa KOMIUIeKCHLIX UHC/IA 2, W Zg PABHB TOTZA H TOJbKO TOTJAA, KOrfa
HX MOLNyJH PaBHB, a UX apryMeHTh JuGO paBHB, JH6O OTMHYAKTCA HE
BEJMUHHY, KpaTHyK 21

t2y |=|2y|, Argz,=Argz,-}2nn (=0, =1, =2, ..).
Mpumep 3. Haiitu Mogynp W apryMeHT KOMIJIEKCHOrO 4HCIA

sin T i COS T
= — —_——1 _—
8 8



8 OYHK UMY KOMIIIEKCHOTO IEPEMEHHOIO [T 1

Pewenue. Vmeem

A T
x=—sm—8—<0, y=——cos§<0.

[1apHOe 3mauedde aprymedTa corjacxo (6) Gyner

arg z==-— n 4 arctg <ctg %) =— q -} arctg [tg <g—— %> =
5

R=—g T

oof w

=— n-l-arctg <tg g > — -}~
CnenoBaTebHO,

Argz=—%n+2kn k=0, =1, =2, ..),

|z|= Vsm —+cos2

9. B cienytomux safgavax gadTH MOAYJb M TJIaBHOE 3Ha-
yeHHe aApryMeHTa KOMMJIEKCHBIX YHCEJ:

a) 2=4+3i; 6) z:—2+21/37i-

BY 2=—T—1, r)z—~cos +Ls1n

1) z=4--3i; e) z=cosa —isina
<n<a<gn>.

Jlio6oe KoMmjexcHoe uMCnO 2=x--iy (24 0) MOXHO 3amucaTe B
TPHTOHOMETPHYECKO! (opme

z=p (cos @i sin @), rze p=|z|, p=Argz

MNpumep 4. 3anucaTh B TPUrOHOMETPHUYECKOH (opMe KoMieKcHoe
q9HCI0 B
2=—1—-iV3.
Pemenne. Hueem
S — V3 _ 9
lz|=V (—1p+(=V3)=2 tgq>=—_V1—=V3. p=—7 T
CJen0BaTeIbHO,
—1—iV3 =2]cos _2 > isin/——zn>
{ = 3 ﬂ, + \7 3 .
INpuwmep 5. Ha#tn pefictBHTeNbHBIE KODHH ypaBHeHHSA

€os X -} i sin x-———%—i—%i.



§ 1] KOMIIJIEKCHBIE YUUCJIA U JEVICTBUS HAL HUMH 9

Pewenne. Jaunoe ypasHeHHe KopHe# He WMeel. B camom fene,

1 . 3
5T0 ypaBHeHHe DaBHOCHJILHO CREAYIOUMM: COSX==-—, silX=7-. To-

. 13
cnefHHe YpaBHEHHS HECOBMECTHBI, TAK KaK Cos? X-|- smzx=-6, 9T0 He-

1
BO3MOXKHO HHM NpH KaKWUX 3HAUCHUAX X.

JlioGoe KoMIUIEKcHOe YHeso 2 % 0 MOXKHO 3amHcaTh B NOKasaresbHOMH

opme
Pop 2=pei?, e p=|z|, p=Argz.

NMpumep 6. Halitu Bce KomIiexcHue aucia 2 2= 0, ynOBIeTBOPAL-
mye YCMOBHIO 2 1=3Z.

Pewenne. Iycts z=pe'?. Torna z=pe*e.

CorniacHO YCOBUIC

pﬂ—lei =1 =pe"iﬁ° unH pn—zeimp= I,

orkyfa p"2=1, 1. e. p==1 ¥ inp=2kni, T. & q;——%, rne k=0, 1,

2, ..., n—1. CiexosarensHo,
Ink

i——

zp=e " (k=0, 1, 2, ..., n—1).

10. Caenyroumue KOMIJEKCHEIE YHCJ/Ia NPEACTaBUTh B TPHTO-
HOMETpHUeCKoH (popme:

a) —2; 6) 2i; B) —V2+iVZ;
r) l—sina—l—icosoc<0<a<g>;

I-}-cosa--isin o
)1+cosa-—zsmoc<o< < >

B MoKasarteabro#t dopme: N
e) —2; x) i; 3) — H) —1—i)3;
K) sina—icosa<%<a<n>; a) 5-3i.

TlycTh KOMIJIEKCHEI® wYHeAa 2y M 23 JAaHH B TPHrOHOMeTpHuecKof

Popue 2y =py (COS @y i Sill @y), 23==Py (COS Gy -}- 1 Sin Py)
Wx npoussesenne HaxoZHTCA MO Qopumyie

212y = P1P [€OS (@y - @3) - £ sin (P, -+ 2],

T. € TPH YMHOXEHHH KOMIJIEKCHBIX YHCeJ HX MOAYJH NepeMHOMKAIOTCH,
a apryMenTs CKJIanHBaiOTCH

21221 =12 ]] 21,

Arg (212,) = Arg 2, -|- Arg z,.



10 DYHKIMM KOMIIJIEKCHOTO TEPEMEHHOTO L 1

UacTHoe 1By X KOMIIEKCHBIX YHCeJd 2, H 25 7~ 0 naxoaurcs no dopuye

2 .
2_12& [co8 (g — @p) -1 sin (1 —@,)],
2 P

T. e
5150 AP prgsan
|y My AT AR

Boapenenne KoMIIeKcHOro uwucja
2= (cos @ --{ sin @)
B HATYPAaJbHYIO CTeNeHb i TPOH3BOZUTCS N0 opMy.se
2 =p" (cos np - sin ng), (8)
|2% |=|z|*, Argzt=n Argz-}-2nk (k=0, =1, ..).
Orciona noayuaerca gopmyna Myaspa
(cos @1 sin )" =cos ne -} sin ne. ©)

Mpumep 7. Buuncaurs (— 1 +iV§)60.
Pewenne, [Ilpescrapum umeno z=—1-i )3 B Tpuronomerpu-
yeckodl Qopue

—14iV3=2 <cos % R4 sin %n)
Ipumensasa dopmyny (8), modyunm
(—14iV3)0 =260 [cos <60 . %n>+i sin (60 - %n)]:
=260 (cos B0t - i sin 50x) = 269,
Mpumep 8. [oxasaTs, 4TO MHOrowJIeH
f (x) =(cos o+ x sin &) — cos ne— x sin ne

Zeantcs Ha x2-11.
Pewenne Hwmeem x2-11=(x1i)(x—1i). Ilo popmyne Myaspa

f (i)=(cos o i sin &) —cos ne —i sin no =
= Cos i+~ i sin noe — cos new — i sin ne=20.

Awagoruuno, | (—i)=0. 3naunr, f(x) geaurca ma x4 1.
11, JloxasaTb, YTO MHOTO4YJEH
f(xy=x"sina — A" xsinno+A"sin(n — ) o

nenuTcs Ha X% — 2Ax cosa -} A2,



§ 1 KOMIIJIEKCHEIE YWCJA Y JEYICTBUS HAJ HUMH 11

12. BblyncauTs:

:1/ 2\40
L
- \6- 1 —i\8
5 (V3-3)% (1)
13. IlokasaTb, uTo
<1—1—itga>nﬁ 1+iig ne
l—itga) ~ l—itgna-
14. okasaTb, 4TO €cJH

(cosae+isina)'=1, TO (cosa—isina)'=1.

15. Tloabsysich QopmyJsioit MyaBpa, BbIpasuTh yepes CTe-
meHy sing M cos@ caeywoulme (QYHKIUH KparHbIX YIJIOB:

a) sin3g; 6) cos 3g; B) sin4g;
r) cos4p; I) sin5g; e} cosHy.

Kopenb n-#f cremenn M3 KOMIJIEKCHOIO 9HC/A 2 HMEET 1 PAa3JHUHEIX
3HaueHUH, KOTOPHe HAXOnATcA MO (opMmyne

Ve=v]z] <cos (P—T{-n—QkE—l—isinﬂ—!_TQkf), (10)

rge k=0, 1, 2, ..., n—1, p=arg 2.

Kopenb n-# cTeleHn W3 aefCTBHUTENBHOrO UYHC/IA @ TaKkKe HMeeT n
pa3anuHbBIX 3HAYeHUl; cpejH STHX 3HAueHuil NeHCcTBHTENLHEX OyaeT 1Ba,
O4HO HWJH HH OZHOTO B 3ABHCHMOCTH OT YeTHOCTH HJIH HEYETHOCTH f H
3HaKa 9HCaa a.

- 4,7 o
Ipumep 9. Hafirn Bce snavernus y 1 —i.
Pewenne. IlpuBognM KoMmnekcHoe 4Hcno | —i K TpUroHOMeTpH-

4eCKOMY BHAY
1~i=]/§[cos <— %)-}—i sin <— —}ﬂ

i

CnenoBarenbHo,

k18 k18

— ST =9 cos & — i sin -
(k=0) y 1 1—1/2<cosl6 i sin 16>'
(k=1) 1/1—1——1/2<c0316n+1sm mn>,
(k=2 VT—=i=y2 (cos%n—}—ism%n),

B o sl 23 .. 23
(k=3) v 1——t-;/2(cosﬁ)n+xsmﬁn .



10 DYHKLIMY KOMIIJIEKCHOTO NMEPEMEHHOTO T 1

UacTuoe 1ByXx KOMNIEKCHBIX uHced 2y H 25 7~ 0 maxoautcs mo dopmyne

z .
2L —=OL feos (g1 — qu) + i sin (g1 — @],
2 P2

T. €
21 121 %
Il="2 Arg t=Argz,—Argz,.
2 [2]” gzz &4 &%

Boasegenne KommiaekcHoro uncna
2=p (cos @ - sin @)
B HATYDAJbHYIO CTelleHb 1 TPOHABOAUTCA To (opMmyne
2" =p" (cos N -~ i sin ne), (8)
2" |={z|*, Argz"=n Argz4-2nk (=0, =1, ...).
Orciona nogyusaerca dopuyna Myaspa
(cos @ 1 sin Q)" =cos ng i sin ne. ©)

HpuMep 7. Bouncaurs (— 1-4-i '3)%.
Pewenwue. [pescraru aucno z=—14-i /'3 B TpHroHomeTpu-
yecKod opme

—14+iY3=2 <cos —2—n+i sin %n) .
Mpumenas dopmyny (8), monyunm
(—14+iV3)80 =260 [cos <60 . %n>+i sin (60 . %n)]:
=260 (cos 505t -}- i sin 50m) = 260,
Npumep 8. JlokasaTb, UYTO MHOTOU/IEH
f (x)=(cos |- x sin &) —cos nov— ¥ sin no

zeautca Ha x2--1.
Pewenmne Mmeem x2-[1=(x{i)(x—i). [lo popuyne Myaspa

f (¢) = (cos -1 sin &) —cos nec— i sin no =
=cos nee- i sin noe—cos na— i sin nee=0.

Ananornyno, f (—i)=0. 3naunr, f(x) genurca Ha x2-|-1.
11. loxasaTb, 4TO MHOTOYJEH
f(xy=x"sina — A" xsinna+A"sin(n — ) a

nequTcs Ha x% — 2hx coso - A2,



§1 KOMIIJIEKCHBIE HHUCHAA WU OEMCTBUA HAL HUMU 11

12. Bolyncauts:

"2\ 40
2) (%‘#) L 6) (220
B) (V3—3i)% 1) (};j) .
13. Jlokasarb, 4TO
<l+ztga>n: 14itgna
l—itga l—itgno*
14. oxasatb, 4TO €CJH

(cosa+-isina)*=1, TO (cosa—isina)’=1.

15. Tloabsysich (opmysioit MyaBpa, BbIpa3uTh uepes cTe-
MeHu sin@ M cos@ caeayloilne (GYHKIHH KparHbIX yIJIOB:

a) sin3g; 6) cos 3g; B) sin4g;
r) cos4g; 1) sinbg; e) cos 5.

Kopenb n-ii creliend H3 KOMIJIEKCHOrO YHC]A z HMEET H PasJMdHbIX
3HAYeHHH, KOTOpPHE HAXOXATCS 1O HOpMyJe

%:"/m(cos” fosin ST (0)

rge k=0, 1,2, ..., n—1, p=argz.

Kopeub n-it crenmenn u3 peficTBUTENALLOrO0 WHC/2 O TaKKE HMEET n
pa3JINuYHBLIX 3HAueHHHl; cpeg 3THX SHAYEHUH AeHCTBHTENIBLHBIX Gyjer 1Ba,
OfHO MJH HH OJHOTO B 3aBHCHMOCTH OT YETHOCTH HJIM HEUYeTHOCTH 1 H
3HaKa gHCIa 4.

Npumep 9. Haiitn Bee anavemns /1 —i.

Pewenne. [IpuBogHM KOMIUIEKCHOE uHca0 1-—1 K TpUroHoMeTpH-

9eCKOMy BHZY
l—izVé[cos <—%>+i sin <—%>]

———-}-an — 2k
Yi=i=y2\cos ——— —}—rsm—4—

Nonaras £=0, 1, 2, 3, HanzzeM

CilenoBaTe IbHO,

(k=0) 1~L4{/2<cosﬂ6—mm 16>

(k=1) VIZi=y2 <co n—!—tsm16>
k=2 =¥ (cos n—}-tsmiin),
(k=13) ]/I—L—V (cos-—ﬂt—}—xsm?gny
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B caepyiomux 3agayax HaATH BCE 3HAUEHHs KOPHs:
16. a) ¥ —1; 6) Vi, s Vi, 1) vV —i.
17. ) V1. 6) Y =T %5 ) V2—2V3i

18. i/lfg (cos % i sin %)

Pasurwe 3agauH

PelinTh ypaBHEHHSA:

19. 2843224+ 324+3=0.

20, #—428-622 — 42— 15=0.

21. Halitu xoMmseKcHoe 4uc/I0 2z, u3oGpaxkeHueM KoTo-
poro sIBJIsIETCSl TOYKA OTPE3Ka Z;Z,, OTCTOSAWAS OT Z, BABOE
AaJblle, 4eM OT 2.

22. B kako#i BekTOp mnepeifpgeT Bektop a-ib mpu 3ep-
KaJIbHOM 0TOGpakeHuH ero B GHCCEKTPHCE MePBOi YeTBEPTH?

23. B kakoli BekTOp nepelfer BeKTOp — V'3+3i noce
noBopota Ha yroJa 90°?

24. To e camoe mJsi BeKTOpa —V'3—1i nocre moBo-
poTa Ha yroam 120°?

25. Hafitu yroJ, Ha xoropbli HaJ0 NOBEpHYTb BEKTOP
4 — 3i, utoObl NOJYYHTh BEKTOP Vs ﬁi'

26. To xe camoe AJIsi BEKTOPOB 3 l/2—l—i2 V2u—5+i.

PewluTh ypaBHEHHS:

27. (x+0)* —(x—i)*=0 (x — neiicTBUTEJIbHOE).

28. cos x-isin x==sin x -} { cos x.

29. Haiitn BexkTOp, B KOTOpHIH nepeiiger mnocse NoBo-
pota Ha 45° u yjaBoeHus BeKTOp z=3--4i.

30. llenrp xBagpata HaXOAUTCA B Touke Zp==1--1,
a ojHa W3 BepIIMH —B TOYKe 2;=1 —{. B kakux TOYKax
HAXOMSTCs OCTaJbHbIE BEPIUMHBl KBajpara?

31. Tlyctb 2y, 24, ..., 2,— KOpHH ypaBHeHusi 2" — 1==0
(n>1).

Hokasatb, 410 2, -+ 25 +...+2,=0.

NMpumep 10. Kakoe MHOXKeCTBO TOueK Ha NAOCKOCTH KOMILIEKC-
HOTO MEPEeMeHHOro 2 ONpefenfAeTCA YCJIOBHEM

Im22>2?
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Pewesnne. Iycrs z=x-iy. Torna
2= (x-}1y)2=(x2 —y?) |- i2xy.

CuaegoBarennHo, Im 22==2xy.

Tlo yechoBuio 2xy>>2 MM xy >>1. D10 HEPaBeHCTBO OMpefeJser
MHOMeCTBO TOUYEK B NEpPBOM W TPeTheM KBagpaHTaxX, COOTBETCTBEHHO HAf
M Tog rumepGosot xy=1.

Npumep 1l. Kaxoe MHOXeCTBO TOueK Ha KOMIUIEKCHOH IJIO-
CKOCTH ONpejefseTcs ycJOBHEM p

——%garg(z—}—l——z)s%n? 7

Pewenue. KommiekcHoe YHCIO
2 l—i=2—(—1-Fi)

u3o6paxkaeTca BeKTOpOM, HAyajoM KoTo- I+
pore sBjfeTcA Touka — -1, a KOHIOM —
TOUKA 2. ¥YTOM MEXIY 3THM BEKTOpPOM H
ocblo OX ecTb arg (z--1—1¢), 0 0H Me-

b1
HAeTCA B Tpefenax or -3 1o 1. Cae- 7 z

LOBAaTeNLHO, JAHHOE HEPABEHCTBO ONpesie-
JISeT yroJl Mexny MNpAMBIMH, BEIXOJALLHMH
H3 TOuKH —Il--i W OGpasylomuMH C OChIO

OX yran B — % H % 7 paguaHoB (pHC. 2). 7

INNpumep 12. Kakas o6Gnacts ompe- Puc. 2,
IesieTcs ycJoBHeM |z | -+ Rez < 1?

Pemesnue. Ilycts z=p (cosp--ising). Toraa [z|=p, Rez=
= pcos @. [lo ycnosHw p-f-pcos @ << 1, oTKypa

1
< .
=1 +-cos
BtoMy YCJOBHIO YAOBJETBOpSIOT BCe TOUKH, Jexallde B o6JacTH, Orpa-
HHYeHHOH KpHBOR

p=m— (ypaBHenne mapaboJibl B MONAPHHIX KOOPIHHATaX).

B CJACAYIOIHUX 3agayax HaWTH MHOMKEeCTBa TOYEK Ha MJO-
CKOCTH KOMIJIEKCHOT'O IIEPEMEHHOT 0 2, KOTOPBIE ONIPEALTIAIOTCS
3alavHbIMHA yCJOBUSMH:

32, a) z—;—}lgl; 6) |22—1]|=a® (a>0);
B) O0=<Imz<Cl.
33. a) I<<|z4+241|1<2; 6) |z - 1l|<lz—1i};

B) l<<Rez<2.
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34. |z—a|< |l —az| (a— gefictBuTenbHOR, |a| £ 1).
35. a) |z|>2+1Imz 6) [z]—Rez<0.
36. Imz2 < 1.
37. d=<|z— 1|+ e+ 1]=<8.
1

38. ) Im(4)<—+; 6) T<Re(g)+Im(5) <.

Npuwmep 13. Kakas xpuBaa 3ajgaerca ypaBuenHem |z--c|--
+1l2—c|=2a, rae ¢ U g— jeHcTBHTE/IbHLIE NONOXHTE/bHHE YHCI,
npuueM a > ¢?

Pewenne. |z-c|—paccrosHue MexLY TOUKAMH 2 H —C; | 2—C |—
paccToAnHe MeXAxy TOdKamH z U c¢. Ilo yc/oBuIO CymMma pacCTOSIHHH OT
TOYKH 2z JO JBYX NAHHHX TOYeK 2;==-——C H 2;=C €CTb BEeJHYHHA IOCTO-
AHHAdA. 3HAYWT, TOUKA 2 JIEKHT HA BJUIMINCE. YpaBHEHHe 3TOTO 3JIHICA
HMeeT BHJ

v
b2
rae b2=aqa2—c2.
Npumep 14. Kakas KpuBad ONpeleffieTcss  ypapHeHHeM

Peweunne. Ilycth 2=x1iy. Hmeem

. 1 1
Re L _k?>+~_§+?:z+2= X
kz - 2 -2 222~ x2fgy?c

=— nm x2fy?—4x=0.

2710 OKPYXKHOCTL (¥ — 2)24-y2==4.

YkasaTb, KakHe JIHHUH ONpENessoTCs  CJIeyIomUMH
ypaBHEHUSIMH:

39. a) Im22=2; 6) Rez?=1; 1) Im <%>=
10. a) Re(—é):l; 6) Im(Z—2)=2— Imz.
41. 2 +722=1. 42, 222+(2+t)z+( —0)z=2.

43. a) |z —i|+|z+i|=4 6)|z—i|—|z+i|=2.

44. a) 2| -3 Imz=6; 6) 3|z]~Rez=12.

45. a) |z—2|=1-2Z}; 6) |z—2z,|=\2—2,,
B) Re (2 —2)=0; r) Re(l +2)=]lz|.

INMpumep 15. Hanucarb B KOMIIEKCHON opMe ypaBHeHHE IpsIMOH
Ax | By4-C=0. an



§1] KOMIIJIEKCHBIE YHCJIA W OEVICTBYSI HAJl HUMU 15

PeweaHne. [lycts z==x-}iy, Z=x—iy. Torga xzz_g—_z, Y=
=2;2i. TMoncraBnas B ypasuenne (11) BHpaxkenns xag x H y, To-
JyUM

A(Z4+2)+Bi (Z—2)4-2C=0
HJH
(A--iB) Z - (A —iB) 22C=0. (12)
Beenem 0603HadenHe
A-+iB=a.
Torga ypapnenue (12) mpumer BHI
aztaz--2C=0.

[Tpumep 16. HanncaTe B KOMINEKCHOHR (opMe ypaBHeHHE OKPYXK-
HOCTH

X242 2x -2y =0. (13)

Pemwe nue. Mueem
Rfyt=|22=22, 2x=2z-}2 2Y=i(Z-—2).
MNoxcrasaaa B ypaBuenue (13), nmomyuum
222 ei(Z—2)=0
22 (1—i)z4(14-17) 2=0.

Mpuwmep 17. Kaxag numia Ha nnockoctn XOY onpenenserca
ypaBHeHHEM

HJIH

2Z24i(z2—7)—2=0? (14)

Pewenne. llycts 2=x-}iy.
Hueem z=x—iy, 2Z2=x%4y%
Ypasuenue (14) npumer BHJ

X2 L y2—2y—2=0
22 (y—1)2=3.

3710 — oKpyxHOCTL paguyca R=1/3 ¢ uentpom B Touke (0,1).

nim

Hanucate B KOMIsekcHo# dopMe ypaBHEHHS CJICLYIOIHX
JIHHUH:

46. a) Koopauuarueix ocefi 0X u OY;

6) npsaMoii y=x;

B) npsmMoil y=kx--b, rae k, b— peficTBUTE/bHbIE.
47. a) PaBuoGouHOH runepboJbl

X2 — 2 =a
6) OXDPYXHOCTH
4y 42x=0,
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§ 2. DyHKUHM KOMIIEKCHOFO MEPEMEHHOro

Toopar, 4ro B ofnactu D oupepenena dyuxuus w=/(2), ecan
Ra¥Joi TouKe 2z€ D ToOcTaBieHO B COOTBeTCTBHe OfHO (OfHO3HAuHas
(yHKuHsa) HIH HECKOJBKO (MHOTO3Haynas dyHruua) 3xagenudl w. [lyers
z2=x-4iy 1 w=u-iv. Torpa 3asHcUMOCTb W=f (z) MEXIY KOMILJIEKC-
HOi1 (pynknnell w M KomnneKcHOH Nepemennoit z MoxeT OBITL ONHCaHa
C NOMOMILIO JBYX NEACTBHTENbHBIX (YHRuMil ¢ U v peficTBUTeJBHEIX me-
PEMEHHBIX X ¥ Yt

u=u(x y, v=v(x Y.

Mpumep 1. Ilyers w=23—iZ.
Monaras z=x-}+iy, w=u-|-iv, noJyuuM

U iv==(x+iy)>—i (x —iy) = (¥ —Bxy® —y) +i 32y — 4 — x).
Crrezoparesib o, DABEHCTBO W =23 —iZ DABHOCHJBHO IBYM DABEHCTBAM
{ u=x3—3xy?—y,
v=23x2y —x— 5.

g caenyiomux OGyHKuAd wallTi HeACTBHTENLHYIO H
MHUMBIE YacTH:
48, a) w=2—1i2%;, O) w=22+}+1i, B) w=i—25

1. _lztl, _Zz
I‘) w—-z:. ﬂ) w—1+21 e) W= z"

DOyHKRIMA W= (2) ocymecrsifger oTo6paxkeHHe TOUeK KOMIMEKCHOH
MJIOCKOCTH Z Ha coomercmymume TOYKH KOMILIEKCHOM TJIOCKOCTH .

B caenyomux 3ajadax Ha#tH o0paswl JaHHBIX TOYEK
IpH YKAa3aHHBIX OTOOpaXKEHHAX:
49. a) zy=—1i, w=2% 6) z,=1-—1, =(z—-i)

B) =1,  w=o1ui 1) z=243i, w=

N[Na

[MycThb B WJIOCKOCTH 2 KpHBag 3ajaHa ypasHeHuem F (x, y)=0,
Yro6n HafiTn yparsenue obpasa @ (u, v)=0 sT0fi KpuBOH B MJOCKOCTH
w 1npu oTofpaKeHMH C MNOMOMBI0 GQYHKIHH W=[(2)=u-}iv, HyxHO
MCKJIIOYHTb X H Y U3 ypaBHEHHH

u=u(x, y),
V=0 (X, Y),
F (x, y)::O.

Ecnu Kpypasi 3ajaHa NapaMeTPHYECKUMH YDaBHeHHSIMH:

) e 0=s0+u )
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TO [apaMeTpHuecKHe ypaBHeHHA ee 06pasa NpU OTOOPaKeHHH W==f (z) ==
= u--iv 6yRyT
u=ulx(®), y (O =U(@), }
v=ulx(), y( @)1=V ().
MNpumep 2. B kakyo KpuByIO O0TOGpakaeTcs ejUHHUYHAST OKpYXK-
HOCTE | 2 |=1 ¢ noMompblo QyHKHHH W =22}

Pewenne. Ilyere z=x-|iy u @w=u-lw. Torza u=x2—y2
v=2xy. VckMouasa x M y U3 ypaBHeHHH

u=x2—y,

v=2xy,

xZ_’_yZ:]'
MOy YHM

urtoz=1.

Wrak, 06pasom OKpy}KHOCTH | 2 [==1 B IUIOCKOCTH 2 ABJAETCA OKPY K-
HOCTb 42} 92=1 B MJOCKOCTH @, NPOXONMMAA ABAXKAH. ITO cliefyeT U3
TOr0, YTO0 TOCKOJABKY @W=22, 10 Arg w=2 Arg z-}-2kn, TaK uto Koria
TOUKA 2z OMHCBHIBAET TOJHYIO OKPYKHOCTB | 2 |=1, TO ee 06pa3 omuckiBaer
OKP YXHOCTL | W |=1 JBaman.

Mpumep 3. Halitu o6pa3 OxpyxHOCTH Z=Rcost-|-iR sin!

(0<< t=<2m) mpu oroGpaxennn w =

N’_IN

Pewenwue. Iyers z=x-{y. Jauuoe,K ypaBHeHue OKPYKHOCTH
"y
MOXKHO 3alHcaTh B Bhje Xx=Rcosf, y=Rsin {, rae 0<<f =< 2n. Orgennm
IefiCTBUTEJbHYIO H MHHMYIO YacTH GYHKUHH w=u-}-iv. Mmeem

oz 2 Pyt 2y
SR A R A
Orcrona
xZ___yZ
T
o 2xy
R

Topcrasasas x==Rcost H y=R sin { B & U ¥, NOJNyuydM NapaMeTpHUECKHe
ypaBHeHMs 006pasa OKpYIKHOCTH

__cos?t—sin?¢

" cos? {-fsin?t

v 2cosfsint

" cos?f-sin?t

==cos 2f,

@)

= sin 2t,

umd u2-o02=1,
Hrak, ofpa3 ecTb eIMHHYIHAA OKPYXHOCTb, MHpOXOZMMAA JBaxIHl,
9To chefyer M3 Toro, uto 0 << f < 2m, H u3 fopmya (a).
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50. YcraHoBuTh, Ha KakHe JHHHH IJIOCKOCTH @ 0Tobpa-
1
KAOTCA € NOMOUIbI0 YHKIHM W= CIelylomye JIHHHA
nJockocTH 2:

r) argzz————g—; I) Rez=Imz;, e)|z|=z

51. Haiitu ofpaser koopaunataex oceii OX u OY mnpu
CHEAYIOUIUX OTOGPAKEHUSAX:

z41 1
a) w=2T_, 6) w=1+4—.
OcHOBHbEEe 3NeMeHTapHbe (PYHKOMH KOMIOIEKCHOTO
nepeMeHHOTrO

1. IpoGro-pannonanbnas ¢GyHKUUA
e ap2" 12" 1. a, |
bg2™ 4-by2™ 1 ... by’
B 4acTHOCTH, paunHoHanbHOHl (GyHKuuell ABNAETCA MHOrOUJIEH
Ww=0ay2" 2" 1 ... ay,.

2. IlorasaTenbnass GYHKUHA e onpegensiercs Kak cymMma aGcoMMOTHO
CXOAAMErocsa BO BceH KOMMJIEKCHOH NIOCKOCTH CTeNeHHOro psna

s 22 Zn
e —l-l—z—}—g o T

TMokasatennHas ¢yHKINS ef 0fNagaer CAEAYWIUIMMU CBOHCTBAMH:
a) et 2= %1, 02 e 2, W 2,— MOGHE KOMILIEKCHbE BEMHIMHBI

6) et BT _pz  (R=0,+1, +2,..), T. e. ¢ sBARETCA nepuo-
guueckoll dbyHKuHeH c nepuomgoM 2mi.

3. Tpuronomerpuueckye GyHKUHH it Z ¥ COS Z ONPEALSAOTCS CTELeH-
HbIMH pSIZaMH:

. 23 z2n+1
st 2:2*—3—!+...+(—-1)n'(2n—_}-1)1+...,

zz 24 z2n
!

cose=1—z -+ —.. (=D —— ...
o T +( )(211)!+ ’
a6CoJIIOTHO CXOAAMMMHACA [PH M060M KOMIJEKCHOM 3nadenun 2. Dyuk-
LMK sinZ U cOsZ nepuojgndeckde c AeHCTBUTE/bHBIM NEpPHOAOM 271 M
. b4
HUMET TOJMbKO JEHCTBHTENbHble HYIW 2=Kk7 H z=§+kn (k==0,

+ 1, #2,.,.) COOTBETCTBEHHO,
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Ilna yHRUME €, sinz u cosz uMerT Mecro Gopmylsl Sinepa

e¥=cosz-}-isinz, e ¥=cosz—Isinz, ()
OTRYZA 1z 12 12 iz
% 4-e” . eff—e”
CO8 2 == mem— sin 2 = ———r— 2
7 pF @
dyuxuna tgz H ctgz ompegensorcs paBeHCTBaMH

sl 2 cos z
tg 2 =-—— ctgz=——. 3
g cos 2’ g sin z ®)
Jlna TpUroHoMeTpuuecKHX GyHKnHi ocTaloTcs B cuie Bce GopMYyJHl TPH-
TFOHOMETPHH.
4, I'mnepGonnueckne ¢ynknuu shz, chz, thz, cthz onpegensorcs
paBeHCTBAMH

_ez__[z ._ez_l_[z
shz———2—, chz-——2 . 4
shz chz
thz:c_h_z’ Cth?—az, (5)

5. Jorapupmuueckas dbynknns Lnz, rge z-£0, onpegensercsa Kax
¢byHruHA, obpaTHag noxasaTe/bHOM, MpHueM
Lnz=lIn|z|4iArgz=In|z|4iarg 2z} 2km 6)
(=0, =1, x2,..).

Sr1a ynKuHa sBAserca mmoroznauHoli. [naBHbM 3pavenueM Lnz nashl-
BaeTcs TO 3maYeHHe, KoTopoe moaydaercs Npu k=0; ono o6o3Hauaercs

Inz=1In|z|-}+iargz
CnpaBeannBsl cleqylOLUHe COOTHOLIEHA:
Ln (z12)=Ln 2,4+ Lnz,

Ln <zi> =Lnz;—Lngz,
2
Lnzt=nLlnz--2nki, tae k=0 x=1,...

6. OGpatnble TpHronoMeTpHuecKie Qynxuun Arcsin 2z, Arccos z, Arctge
onpejensoTcsa Kak GYyHRuHH, obparhble COOTBETCTBEHHO K sin 2, cosz, g 2.

Hanpumep, eciu z=sin @, 10 @ RAa3b/BaeTcsl apKCHHYCOM d9HCIA 2
H 06o3HauaeTca W= Arcsimaz.

Bee 3ti GyHROHR ABAAKOTCS MHOTO3HAUHBIMH H BHIpaXawTcd Yepes
Jiorapugmuueckue GyHKLHHI

Arcsinz=—i Ln (iz4- V' T=22), )
Arccos z=— i Ln (24- V' 2—=1), (8)
14z

[
Arctgz:—anl_Lz. )
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7. O6was crenennas GyHKnua w==2%, rie a=q -} I} —moboe Kom-
NJIEKCHO® YHCJIO, ONpejeJsercs COOTHOWIEHHEM
20— p0Llnz, (10)
Dra (yHKIES MHOTO3HAUHAN; ee [VIaBHOE 3HAUeHHE PABHO
za___ealnz. (11)

8. OGmasn moxasarenbnan QyHKIHA W=07 (a 7= 0—moboe KOMILIEK-
CHOE YHCJIO) ONpelesseTcs PABeHCTBOM

az=Bana. (12
Tnapnoe 3nauenwe 310fi QyHKUMH

a®=e*1%, (13)
52. BuizenuTs JdelicTBHTEJILHY W MHHMYIO 4acTH y clle-
nywomux GyHKUHE:

a) w=e" 6) w=¢e",

B) w==sinz; 1) w=ch(z—i);
1 w=2%; e) w=shgz

X) w=tgz.

ITpumep 4. Haiitu smauenne Monyna OGyHKUHM @=si02Z B TouKe
2=n4iIn (2 V5).
Pewenne. Ilyetb 2=x-4iy. Torza
w==sin xch y-}-ish ycos x.

Monyie GynRumM sinz pasen

| sint 2 | =V sin?x ch2y 4 sh2y cos?x =
=)/ sinZx ch2y - sh2y - (1 — sin2x) = )/ sin?x-I- shzy.
Honaras z=mn-4iln (24-)'5), naiigen
I'sin [+ 1n (2--V'B)] |=sh [In 24+ V5)]=

1
24V5 _,

A0 @4VE) _ o in(24VE) 2+4V'5~
2 = 2

3Tor npHMep NOKA3LIBAET, WTO TPHrOHOMeTpHuecKas QyHKNMA sin 2
B KOMNJIEKCHOH 0oGJacTH MOXeT MPHHHMATh 3Hauelusd, 1O MOAYJiO GOMb-
wHe eJHHHILL
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B caelyOIHUX 3ajavax HaATH 3HayeHwe MOAYJs U rJIaB-
Hoe 3HAUeHHe AapryMeHTa [aHHBIX (YHKIMH B yKasaHHBIX
TOUKAX:

53. w=cosz, a) zl=g+iln2; 6) z,=mn-41i1In2.

54. w=shz, zo:1+ig—_

55. w=2z¢", zo=mi.

56. w=ch%, z,=iIn3.

57. Haiitn norapudmbl c/IeAyOUHX YHCET: )
a) e; 6) —i; B) i; r) —1—1i; n) 3—2i; e) I

58. Haiiru:

1

a) i, 6)ii; B) 15 1) (=% ) <1+’> ;
®) <V3 '>l+i? ®) (1—ip=3,

59. Haiitn Mollysb p M apryMeHT @ KOMIJIEKCHBIX YHCEN:
a) thni; 6) 105 B) 324

Npumep 5 3anucars B anrebpanueckoii gopme Arcsinm % i

Pewenue. Tonaras B dopmyne (7) z 3 i, noayuHM

<) 9)
Orcioga

Arcsin g i=——iLn[—— <%+V 1—}-%2”:
=—i[ln<-g—}-]/1—1—%2>‘+ni+2kni]=
=(2k-F1)ﬂ—i1ﬂ<%+V1+%> (=0, =1, £2,..)

Arcsin,~3:rE i=—iln (]/1 + __g.>=
=—i[lr{ (]/l+v——)+2km}=

=2%n—iln (]/ 1+ % —-) (=0, =1, £2, ..).

c.:];i

Arcsin glz—iLn <
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NMpumep 6. 3anucatb B adreGpanueckoit Qopme Arctg (1 4-i).
Pewenue. [Ilonaras B dopmyne (9) 2=1-~i, noayuum

1+i(+40) i i
Arctg(l+z)—~—L L(l—}-z) _7LHZTL'

Hanee .
Ln <—%+%i>=——ln V5 4-(2k 4+ 1) ;i —i arcig 2.
OxronuarebHO
Arctg(1+i)=—%arctg2+(2k+l)%+7i1n]/§
(=0, +1, £2 ..).

60. 3anucate B anrefpanuyeckoll dopMe  CcIAEAyIOUIHE
KOMIIJIEKCHEIE YHC/a;

a) sin i, 6) cos mi; B) tggi;
r) ctgmi; 1) Arcsini; e) Arctg %;
x) Arccosi; 3) sh YZ u) th i

Npumep 7. Pewntb ypasnenne sinz=3.
Pewenue. 3agaua cBoguTcAd K HAXOXACHUIO BEJHUHHH
z = Arcsin 3.
Bocnonsayemea dopmynoit (7):
Arcsint= —iLn (it - V1= &),
Byaem nmets
2= Arcsin3 = —iLn (3i 4-}/—28)

HJIH, YYHTbIBAA TO, 9TO

V—38=+V§,

noayanm
z=—i[Ln(3+V8):],
Z=—1 [Ln (3..]/§) i]'
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Tar KaK
arg [(3+V/8) i]=arg [(3—V8')i]=%,
| (34V8)il=3+V8, |[(38—-V8)i|l=3-V8,
" Lo[(3 +V8)i]=In (3iv'8‘)+£2i+2km,
rne k=0, =1, +2, ... Crezosarensno,

z=%+2kn—i In(3x V%) (=0, £ 1, 2 ..).

Pemwnth crepywoliue ypaBHEHHS:

61. & 4-i=0.
62. 4cosz+5=0.
63. shiz=—1.

64. sinz=mi.

65. ¢ ==cosnx (x — nedcTBUTENbHOE).
66. 2 1-265°—3=0.

67. chz=i.

68. a) In(z+1)=0; 6) In({—2z)=1.

§ 3. Muddepenuuposanie ¢yHKuul
KOMIIEKCHOr'0 MePeMEHHOr0.
Ycaosua Kouwn — Pumana

Ilycrb odynkuMa w==f(2) omnpegeneda B HeKoTopo# ob6nacw D
KOMIIJIEKCHOrO nepeMenHoro 2. Ilyctb TOURKH 2 M 2 - AZ NpuHajfIexar
obnacte D, O6o3nauum

Aw=f(z4-A2)—f (z), Az=Ax4-iAy.

Onpegenenne 1. @yskuusa w=j(2) HasbiBaerca Augpepen-

M w .
Yupyemot ¢ mouxe z €D, ecqu OTHOUIEHHe 1 MMeeT Koweunwil npepes
npu A2, crpemsmenmcs K 0 npou3BOJIbHBIM 06paszom. ITOT Npexest HAa3H-

BaeTCs npousgodrod Qynkuuu f(2) u obo3madaercAa cumsonoM [’ (2) <mm

' dw
, —=1, T TO IO onpejgen
HJn ek aX 4TO Mo on eHHUIo

Aw
'=f" ()= lim “—. 1
o =f' @)= lim 3 )
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TMonbaydack ycnoBusmu Kould — Pumana, anagutudeckyro QyHKLHIO
7 (2) MOXHO BOCCTAaHOBHTb, €CAH HM3BeCTHA ee JefCcTBUTEJbHAs YacTb
u(x, y) uay MHEMAs "9acrb U (¥, y).

Kpome a10r0, aHANHMTHUECKYIO B OKPECTHOCTH TOUKH 2y QyHRUHIO
f(2) MOxHO BOCCTAaHOBUTb N0 OfHOM H3 CJELYIOUHMX (opMyJI:

ro =2 (hR, LSRG, ©
F(2)=2iv <24520’ z—Q_izo>+50, 6)

rae Co— compsxennoe ancno gis Co=/{ (2}, a Zg— CONPAKEHHOE THCIO
RIS Zg.

IMMpumep 4. Hailtu aHanuriyeckyw Qynkuuio w=F (¢) M0 H3BECT-
HOMl ee [eHCTBUTENbHOW wactH « (x, Y)==2¢¥cosy M JOTOJHHTENbHOM
yeaosun f (0) =2.

Pemenmne Ilepselii cnoco6. HMveem %%z%xcosy. To

. ou OJv
nepeomy u3 yciaosuil Kowd — Pumana gomxno Gbith -a}=0—y, TaK 91O
ov

@=2ex cosy. Orciona v (%, y)= S 2e* cos Yy dy = 2¢* sin y - (), rae

¢ynKRuMs @ (x) MoKa neussecrna. [Iuddepenuupys v (x, y) N0 x W uc-
noab3ya BTOpoe M3 ycnoBuil Koww — Pumana, monpyqum

2¥ siny+ @' (x)=— %‘i:Qex sin g,

orkyaa ¢ (¥)=0, a 3naunr @ (x)=C, rae C=const.
Utax, v (x, y)=2¢%siny-+C, H, creroBatenbuo,

[ () =2e* cos y-}-i (2¢* sin y 4-C) =2¢* - iC.

Mocroaunywo C naiizem u3 ycnous f(0)=2, T. e. 29 4-iC=2; orciopa
C=0. Orser: f(2)=2¢°.

Bropo# cnoco6 Bocrnoabsyemcs ¢opumynoit (5). B nawewm

npumepe u (X, y)=2e*cosy, 2=0, Cy==2. 3unaunt, no gopmyne (5)
4

Gynem muets f (2)=2-2¢? cos gl— —2. Tonbsysch TeM, 9TO cOS Qiz =

= C08 <— % =ch %, TOJIYYHM OKORUYATENbHO f (2) ==2e%.
Mpumep 5. Halitn ananutuueckyio Qysxuuo @=f (2) no usmect-
HOH ee MHuMOH 9actu v (v, y) =23x-+2xy NpH YCAOBHH, 9TO f(—1)=2.
Pewenue. Bocnonbsyemcs copmymoit (6). B mamem mnpumepe
v(x, y)=3x42xy, zg=—1, Cy=2, TaK 40

=2 (3%@“%@ ' EETL>+"’=3"Z+22'
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BOCCTAaBOBHTL AHAJHUTHYECKYIO B OKPECTHOCTH TOUKH 2,
Gy BRUHIO f(z) no usBecTHOl JEACTBUTENLHOH YacTH U (X, Y)
ua MHEMOE U (X, y) ¥ 3HaveHHO [(2,):

1
B.oa) u=yTs (W)=

6) v=arctg L (x>0), F(I)=0;

B) u=x>—y?+42x, fl)y=2{—1.
76. a) v=2(chxsiny—xy), F(0)y=0;
6) u=2sinxchy—zx, F(0)y=0;

B) v=2(2shxsiny -+ xy), f(0)y=3.
77. a) v==— 2sin2xsh 2y }y, f(0)=2;
6) v=2cosxchy—x24y%  F(0)=2.

.Onpegenenne 3. OyHRUMS @ (X, y) HA3HBACTCA 20pPMOHUHECKOL
4 obagemu D, ecnm ona HMeeT B 5TOH 0GJACTH HENpepHBHLIC QACTHblE
NpOM3BOJHHE A0 BTOPOTO MOPAAKA BKAKUUTENbHO H  YAOBJNETBOPHAET
B 310l ob6macrH ypaBHerHIO Jlannaca

Pp 0% _
&2_{_ o2 0.

Ecnu ¢ynxkuua f(z)=u--iv ananutiuna B HeKoTopo#l obnacru D,
TO ee ReHCTBUTEJIbHAA UACTh U(X, ) H MHUMAA HacTb U (X, Y) HBJIAKTCH
FapMOHHUECKMMH B 3TOH 06nactd (QYHKUMSIMH.

Ognago ecmm uy(x, y) m vy (X, y)—mo6eie ABe TapMOHHYECKHe
byuruny, To QyHRUMA fy (2) =uy (%, y)+iv; (X, y) BoBce He o6A3aHa GHITb
aHaMHTAYeCKOl QynKuuell: ANA anAZIMTHYHOCTH fi (2) HYIKHO, 9TOGH (yHK-
UHH 4; H U; JONOJIHHTENbHO YAOBJAETBOPANH yciaoBHAM Kowx —PHmana.

IBe rapmonnueckne QYHKUUH, YAOBJETBOPSIOUIHE YCJIOBHAM (2),
Ha3bIBAIOT cONPANCEHHOU napotl eapmontseckux Qyncyull,

Tlokasatb, uTo clenyoie QYHKIUA ABASIOTCS TapMo-
HHYECK MU

78. a) u=x"42x— g% 6) u=2¢"cosy;
X
D) d=ry ) U=
I) u=arctg%; e) u=In (x*44?).

79. Tlpu Kakux yc/a0BUSAX TpPexuneH U =ax®+4-2bxy 4 cy?
ABJISIETCS TAPMOHHUYECKOH (yHKIHEH?

B crenyiomux npumepax nambl mapel u(x, y), v(x, y)
rapMonnvyeckux ¢yuxkuui. Halitu cpean HuX coOnpsieHHble
napel rapMoHU4YecKuX (yHKIHH.
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80. a) u==3(x2—y?), v==3x% — ¢
X
0 b=grp V=~
B) u=x, v=—1Y,
r) u=e‘cosy+1, v=1-4¢€"siny.

FeoMerpuuecku# cMbIcH MOAydHA
HapryMenTa NPOU3BOZHON

Nycre Qypkuua f(2) ananuTudeckas B Touke 2, H f' (%) #0.
Torga |}’ (z,)| paBeH Ko3buuHeHTY pacTMKeHHs B TOUKe 2, IPH OTO-
Gpaxennu @w=f(2) NIOCKOCTH 2 HA INTOCKOCTb W; TOUHee: NpH | [/ (Zp)| >
> | umeer MecTo pactsaxenue, a npu |/ ()| <1 —cxamme.

Apryment nponaBogHoil [’ (2y) TeOMETPHYECKH paBeH yIray, Ha KOTO-
pblil HYXKHO TOBEPHYTb KacaTeNbHYIO B TOUKe Z, K JIOGOH r/agrofi KpH-
BOM Ma IIOCKOCTH 2, MNPOXoAAmeH uepe3 TOUKY Z,, 4TOGHl NONYUYHTD
nanpaB/ieHye KacateqbHOH B Touke w,=/f(2;) K oOpa3y atoil KpuBoi
ua TUIOCKOCTH @ TP oToGpaxenun w={(z). 3aMetnM, 4TO ecad @ =
= arg}’ (z) >0, 71O TOBOPOT NPOMCXOAZHT HPOTHB YacOBOH CTPE/KH,
a npa @ << 0—no yacopoil.

[Mpumep 6. Hafitn xosdduument pacTaxenus H yron NOBOPOTa

mpH oTobpaenin w=2* 5 Touke 2=V2 i)/ 2
Pewmenune. Hwmeem w' (2)=22 14K uto @' 1

+ 2V

ITepeiina or asreGpaHyecKoil (OpMbI 3aMHCH KOMIUIEKCHOrO 4Hena
212 4-i2V'Z x tpuromoMerpmueckoll, NoqyHHM

emvipiyi =2V 2H

2V2 412 V2_=4<—K—2—+L —V—>——4 (cos:%—}_i sin %>

3naunr,

W@, _yapive =4

I
4 I

arg f' (2 ) =VIriVIT
T
T. . KOS(pUUMERT pacTamenna r=4, a yron mOBOPOTa =,

Hafitn xoapduuneHT pacTsiXeHHs r H yroa HOBOpPOTa @
NpPH 3aJaHHBEIX OTOGpam)enusx w==f(2) B 3aaHHbIX TOYKAX:

81. a) w=¢" B TOUKAx 21=1n2—|—i%— u zzzﬂl—i%;
6) w=sinz B Toukax z;=0 U 2y=1+41,

. s
B) w=2® B TOYKaX 2;=2—1{ " 22=1+z7
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82. BoisgcHUTbL, Kakag dYacTb KOMIWVIEKCHOH IJOCKOCTH
pacTATMBAETCA, & KAKAs CAUMACTCH MPH CIeNYIOUHX oto6pa-
KeHUAX:

1
¥4

a) w=¢% 6) w=lnz B) w=

1 T) w=23,

Ecan oyuku#a w=f (2), anaquTHYecKas B Hekoropo#i obmacru D,
B32HMHO OfHO3HAYHO OTOGpaXKaer a1y o6aacTe Ha 06aacTs D, 10 KpHBasg

L, nexaias B ofnactH D, orofpasmrca B HEKOTOpY KpHBYW L B mio-
CKOCTH @, NJMHA KOTOPOH paBHA

L=\ (2) 11 dz]. M
L

AnanornuHo, o6aact, D B INocKOCTH 2 NepeXxopdT B obiaactb D B

MJIOCKOCTH @, TpHUeM miaomanb obaactd D Bel- v
paxaerca opmy.Joi \

Sy= LS I @) P dx dy. ®) £'(6,2)

Takum obpasom, |f (2) |2 pasen &ros(u-
LMeHTY HCKaXKeHus IJIOmAagH Npu orobpaxe-
HUE W= (2).

INpumep 7. Touka 2=x-iy onuculBaer
OTpe30K

x=1, —l<y<l. (9)

'
UeMmy paBpa AMuNa JMHMH, T0Jydawomedcs
mpu  oroGpaxeHnn ITOro OTPe3ka ¢ NOMOIIBIO
QyHKuHE © =227

Pewenue. MepBoi cnoco®.
Wmeem w==2% nnn

U iv=x2-— y2-1-{2xy,

T. €
{/ U=x2— yﬁy
v =2xy.
Ouepnguo, Ha JunnH (9) Gynem HMerh A'(q 2)
u=1—y2
10
{ v=2y, (10) Puc. 3.

TpuueM NpH WaMeHeHHH y or — | g0 ~+1 v Gyder MeHaTbcd oT — 2 Jo
--2. Y3 (10) monyyaem ypauenue mapaGosst

=1_’3‘f (puc. 3). (1
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dnuna ayru A'B'C’ mapaGosnt (11)
2

2
=2 S ]/1 +9:~ do= g ViFerdv=2¥2 +1n(34+2V2).
; .

(=1

Bropoit cnoco6. Iloabaysace dopmyioit (7), Gyaem uMerb

1
ly=\11@|ldz|={|2]|]dz|=2 51V1_+y2dy=
L L -
1

=4§VWdy=2V§+1n (3+2V72).

[Tpumep 8. BruncnuT, njomaze o61acr#, B KOTopylo npeofpa-
ayercs Npu 0TO6paXKeHHH w=e¢? KBajpar
a—e<x=tate —ety=e (puc. 4).
(a— neficrButensnoe, 0 << e << m, 2=x-1y).

BuluHc/aMTh Npefetl OTHOUIeHHs Tuomajged atux obnacrelf, Korga
e—0. .

Pemenne [lepsuil cnoco6 Hueem w=ef=e*"D=c%lv
uin w=pe‘?, rae p=e¥, @=y. Takum oGpasoM, npu oToGpaxeHuH

g a-€ 174 a+& X

Puc. 4.

w=¢% B IUNIOCKOCTH @ NOJNyYyuM 06/1acTh, OFPAHHUEHHYIO [BYMS JydaMH
arfgw=—¢ ¥ arg w =g 1 lyramMu ABYX OKpPYXKHocTel p==¢? ¢ n p=e®+e
(puc. 5). Iliomagb orobpaxkennoil obnacry Oyger paBHa

e et

Sp= S de S p dp =ee?® 2 (ef* ),

N
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Bropofi cnoco6. [lpumenas dopmyny (8), umeem

R a-te e
Sw= lg)jif' @) [2dx dyzls) e2¥dx dy = S evdx | dy=eere 2 (gt —1).
a—¢g —8
QueBHJHO, YTO Mjomazb o6nacty D S,=4¢2, nostomy
lim i‘-":llm el G 1)=ez".
e->0S; £-0 4g2

83. Hafitu mnmomaab ofpasa keagpara D{0<<x<1,
0=<<y=< 1} npy otobpaxenuy w=2% U JJVIUHY €ro rpaHuiH.

‘ 0

*

ﬂ,ga-e
Poss

)
PHc. 5.

84. Haiitu naowans ofpasa npaMoyroabHHKA
Pl0<n<s<n<y, O<n=y<p<y|

npy orobpaXkeHud W =cosz.
85. Ilyctb 2z onuceiBaeT ofJactb, ONpelensieMylo yciIo-
BHAMU ™~
I i
I<<l|z]|<2, —r=argz<<y.
Haiitn niomans ofsiactu, nodyyennofi npu orobpaxe-
HUU w==2%
86. Haifitu nnuny L coupaniu, Ha KOTOPYKO € MOMOIIBIO
bynkuun w=e® orobpaxkaercs 0Tpesok y==x, 0<< x =< 2m,
87. Ha#itu obnacts P,, Ha KoTopywo ¢yHKUUS ©=¢"
oTo6paxkaer npsMoyrombHUK P {l << x<<2, 0<<y<8}. Bu-
YUCIHTL mioumanb obnactu P, ¢ nomompio ¢opmynsl (8) u
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O06BACHATb, NoYeMy 39712 dopMmyJna JaeT HENPaBUJILHBIH pe-
3yJILTaT.

88. Haiity niomanb ¢urypsl, nosmydaioueiics npH oTo-
OpaxkeHHH TpeyroJbHHKAa, OrPAaHUYEHHOTO JHHHAMH x==0,
y=0, x+y=1, ¢ noMoublo PyHRuHH W=]-}{z.

§ 4. UnterpupoBanne yHkumii
KOMIIIEKCHOTO  MepeMeHHOro

Ilyctb opnosHaunast ¢yHKuMa f (2) ollpenefieHa W HeNMPEpHBHA B
obuactu D, a C— KycouHO-TNajKas 3aMKHyTasi MM He3aMKHYTas KPUBas,
dexamas B D.

Nycrs 2=x-+iy, [ @=u-iv, rae u=u(x, y), v="0v (x, y)— neficr-
BUTE/bHbE DYHKUMH NEPEMEHHBIX X U .

Berancnenue unterpana oT GYyHRuMM f(2) KOMILUIEKCHOrO MEpeMenHoro
2z CBOgUTCH K BbIUMC/IEHUIO OCLIUHBEIX KPUBOMKHEfMBIX HAHTErDANOB, a
HMEeHHO,

ii(z)dz=§:udx——vdy—|—i§vdx+udy. ()

Hnrerpan §f (2) dz, BooGuie TOBOpPS, 3aBHCHT OT IIyTH MHTerpHpoBanus C.

Ecan f (z) — amanutiueckas ¢yHKuMS B OfHoCcBs3HO# obnactd D,
TO WHTErpaj HE 3aBHCHT OT NMyTH MEBrerpupoBaHud. B atom cayuag

{F (@ dz=0,
L

rre L — moGoli 3aMRHyTHI KycouRo-raagkuii KoHTYp B ofaact D.
Ecnu xpuBag C 3a1aHa NapaMeTpUUECKUMH YPaBHEHHSIMH

x=x (1), y=y(@®

M Haua/bHas ¥ KOHeunble TOUKM pyr# C cOOTBETCTBYIOT 3HAUEHMAM Napa-
Metpa t=1, t=1t;, TO
1y
gf @dz={f [z (017 ) dt, @
1
rae i

z)=xO)+iy ().

Ecnu ¢ysxunsa f(2) anaautauna B OZHOCBA3HON obuaactu D, copep-
®Kaled TOuKH Z, M 21, TO HMeer mecto dopmyna Hewroua—Jleiibuuna
2
21
[ 1@dz=0@)~0 =00 @
29 \

rae O (z) — Kakag-1u6o neppoobpasHas gna $yskunu f(2), 1. e @' ()=
=f (2) B obnactu D.
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Ecin Gynxumu { (2) ¥ @ (2) aHanuTHUECKHe B OJZHOCBA3HOH oGnacTy
D, a 2, " 2 — TPOM3BOMbHbIE TOUKH 3TOH 06nacTd, TO HMEET MecTo
¢opMyJla HHTErPHPOBanUs N0 HACTAM:

[i@¢@d=tae@| o0 @d “

3amena TepeMenHblX B nMHTerpanax or GyHRUMH KOMIUIEKCHOTO mepe-
MEHHOTO TPOM3BOANTCA AHAJOTHYHO cayual (yHKUMH geficTBHTENBHOrO
nepemeriHoro. Ilycrs amnanuTuueckas ¢yHnknua 2==@ (w) otoGpaxaer
B3aMMHO OAHO3HAUHO KOHTYp C B 2-NJIOCKOCTH HA KoHTyp C; B w-nJjo-

ckocetd. Torga
(S:f (2) dz= § flo@) ¢ (@ dw. )

1

Ec/it 0yTb MITErPHpPOBaHHA ABJAACTCS NONYNPAMOH, BRIXOLAUIEH N3 TOUKH
25, WM OKPYMKHOCTBIO C LEHTPOM B TOUKE 23, TO MOJIE3HO ALNaTh 3aMEHY
nepeMeHHOR BUAA .

z—zy=pe'®. 6)

B nmepBoM cnyuae ¢@==const, a p-—jelicTBUTe/NbHAA TIEPEMEHHAS HHTE-
rpupoBaHnsA, BO BTOPOM clydae p==const, a8 ¢-—JelcTBuTeNbHAS Mepe-
MeHHasl MHTEerPHPOBAHHA.

INpumep 1. Bomucaurs Hurerpan

(1 4i—22) dz

no NMHAAM, COEJUHAKUMM TOuKH 2; =0 H 2,=1--1i,
1) no mpsawoi;
2) mo mapaone y = x?;’
3) mo noMaHol 21232, rae Zz=1.
Peuwenue Ilepeniumem nogblHTerpanbiyo GYHKUHIO B BHIE
14i—22=(1—2x) i (1 +2p).
3peck u=1—2x, v=142y.
[pumenss dopmyny (1), nonyuum

§(1+i—2§) dz={ (1 —2%) dx— (1 +-29) dy -+
C
i §(1+2y) dx 4 (1 —2%) dy.

1) Ypasuenue npsamoii, nmpoxoasuei gepes tourn 2y =0 ¥ 2y =11,
Gymer y=x, 0=<x <1, a suaunr dy=dx. [loatomy

I
V(1 4i—22) de={[(1 —20) — (1 +-29)] dx+
C 0

1

+i {1120 (1 —20)dx=2 (i —1).
0

9 M. JI. KpacHos u A4p.
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2) Hna napaGoubl y=x% umeem dy=2xdx (0 <x=<<1).
CnenobartenbHo,
i

§(1 +z—22)dz=§ [1—2x— (1 +2x2) 2] dx +
i
+i §[1+2x2+(1~2x) 2x] dx=——2—|——§—i.

3) Ha orpeske 2,20 y=0, dy=0, O0=<tx=<<1. Ha orpeske 232,
x=1, dx=0, 0 <<y=<c1. Hcrmonesys cBo#icTBO /JHHEHHOCTH KPHBOJIH-
HeliHbIX HHUTErPaJIoR, MOJy4HM

§(1+i—22)dz= 3 (1 +i—2z)dz+ | (141—22)dz=
2123 252,
1 i

1
=§ (1—2x) dx+z§dx—§ (142y) dy+i§ (1—2-1)dy=—2,

0

Dror npHMep TNOKa3HIBAET, 9TO HHTErpajg OT HENpepuBHOH, HO He
aunaJuTHYECKOH QYUKIHH 3aBHCHT, BOoGie rorops, 0T GOPMEl IYTH HHTe-
rPHUDPOBAHN .

Npumep 2. Buuvc/uTe MHTErpaJ

;(22-}-22) dz

rje C —ayra okpyxHocrd |2 |==1 (0 < argz << ).
Pewenne. [lonoxum z==¢¢, torga dz=ie'®do u

n
§(z‘+22> dz= § ie® (29 - 1) dp =
J
=i § (20 e19) dp = etsep o) [T 2.

Ipume p 3. Buudcaurb uHTer pan é eedz, rie C—oTpesox mpamofl

y=—2x, coemuusomell Touku 2;=0 H 2z,==7—.
Pemenue. [lapaverpuueckue ypasHenus JunHd C ecTb

x=1, =—t
WIH B KOMIUVIEKCHO® dopme
z=t—it,

rle JeficTBHTeNlbHOE MepemenHoe ! uamenserca or 0 Jo .
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Mpumenss dopmyay (2}, noxydum

. T T —
iezd-?: S ottt (1—iydt=1 —L)§ eIt fff — %is g1+t :=(e" + i
0

Mpumep 4. BuuHCIHTL HuTerpana

249
i’L (322 4 22) dz.

I—i

Pewenne Tak Kak nojeiHTerpainhas ¢yHKORs [ (2) =3284- 22
aHaJIUTHUHA BCIOAY, To, MpuMensa dopmyny Heiorona—Jlefi6iuna, nafizem

24i 241
| Ertme=@tn| " =

, 1—i
11—
= (24084 (24 )2 — (1 —i)3 — (1 —i)2 =T 4 19i.
[Tpumep 5 Buumcnuts murerpal

i
§z cos 2 dz.

Pemenne Dyuruuu [(2)=2 1 @ (2)=C052 ABAMOTCA AHANHTH"
veckumu Bciony. Ilpumensis Qopmyay WHTErpHpoOBaHHA MO HacTAM, No°
JAy4uM

i 1 i
§2coszdz=§z (sin 2)’ dz = (z sin z),;—é sin z dz=

1—¢

i
=i simi-}-cosz Oz;——sh l4-chl—1=

OnHo3HauHbie BeTBY MUOro3HauHoH pyHR U
Touxkw pasBeTBIEHHA.

Iycrs dynkumg w==f (2), anaintuueckas B oGnactu D, orobpamaer
D na obnacte G, u TaKosa, uto 06GpaTnHad (QYHKIHS Z==@ (W) MHOrO-
3HauHa B objacty (. Ecas cymecTBywT oaHO3HauHble, aHAJIATHYECKHE
B ofiactt G YHKIMH Z=@,; (W), 2=, (@), ..., &I KOTOpHX gaHHas
byuruua w=f(2) asnsercH obpaTHold, TO QYHKUHH O (W), @, (@), ...
Ha3bIBAIOTCS OOHOHAUHOIMU  gemeamu Gyukyuy ¢ (w), onpefeNeHHbIMH
B ofnacta G. .

Hanpumep, pynxuus @w==2" Kaxjo#l TOUKe Z, CTABUT B COOTBETCTBHE
e/INHCTBEHHYIO TOUKY Wy, HO ONHON u Tofi Xe Touxe w, (w %= 0, w = oo!)

n
$yHKuMA 2=17/ @ CTAaBUT B COOTBETCTBHE 7 PA3AUUHBIX TOUEK MAOCKOCTH
Z, Ip¥ 3ToM ecau W ==pe'd, To 3TH n 3nauenuit z HaxonaTea Mo opmyaan

zk=rgwk, e
n 6 2%
r=1/o.tph=;+7” (—n<B<m k=0, 1, 2, ..., n—=1). (7)

2*
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Ilyctb ogHocBs3nas o6nacte (G CONEPIKHT TOUKY Wy, HO HE COAEPHKHT
ToyeRk w=0 n w=00. Torga pasauuHbiM (UKCHPOBAHHLIM 3HAUEHHAM &
(=0, 1, 2, ..., n—1) npu oznoM H TOM Xe BbiGope uucna B, (nampu-

n o —
Mep, Bp=arg w,) COOTBETCTBYIOT pAa3NU4Hble BeTBH QYyHKUUH z=1/w.

Touka, oGnagatomas tem cBoHCTBOM, 49TO 00X0j BOKPYT Hee B JOCTa-
TOYHO MaJO#f OKPEeCTHOCTH BJjieueT 3a co6oil nepexoz OT OHOH BeTBH
MHOTO3HAQUHOW (YHKUHM K Jpyroi, HAasbiBAETCs moukoll passemeieHus
paccMaTpuBaeMoll MHOFO3HAuHOH (QYHKIMK. TOukamu pasBeTBJeHHS (yHK-

n
nuM 3/ @ ABAATGE Toukn w =0 H w=0c0.
Iocne n-xpaTHoro 06xoxa BOKPYT TOUKH w =0 MBI BepHeMcs K NepBo-

. n—
HauaJbHOH BeTBH (DYHKUAK 1/w; TOUKM pa3BeTBNEHHdA, 06najailiye

TaKuM CBOHCTBOM, HA3bIBAIOTCA Q42e0pQudecKUMl TOYKAMH pa3BeTBJEHHA
nopsaaka n—1. B raxpoit u3 3tuX ToueK PyHKUMA MMEET TOJbKO OZHO

3nauyenue: VO =0, ?/oo:oo, T. e. pasnuuHbie BeTBH QYHRUMH B 3THX
TOYKaX COBIAJAIOT.

Ilnsa norapupmuueckoll ¢yurnum @w=Lnz Ttoukamm passerBiennd
gaasioress 2=0 u z=oco, npuueM LnO0=o0o u Ln co=co. Jlio6oe koneu-
HOe YHCI0 06X0j0B (B OXHOM H TOM XKe HANpaBJeHHH) BOKPYT TOUKH
z=0 He npuBeger K NepBoHadanbnoit BeTBH GyHkyun Ln 2. Taxue touku
BeTBJIGHUS HA3LIBAlOTCS Aceapudmuyeckumy. Tlpn HnTerpupoBanuH Heol-
XOZMMO BhZedATb BeTBb MHOro3HauHof (YHKuMH. 2TO gocTHTaeTcs
safandeM 3HAYEHAA MHOro3uaynolf GyHKUHH B HEKOTOpOH TOYKe KOHTYpa
HHTErPHPOBAHN 5.

Ecny Kouryp unrerpupoBanus C 3aMKHYT, TO HAYaJbHOH TOUKOH 2
MyTH HHTErPHPOBaHUS CUHTAETCA Ta TOYKA, B KOTODOH 3ajaHO 3HaueHne
nogeHTerpanbHoil GyHKnuu.

[Tpramep 6. Buuucnuth HuTErpan

N S dz '
—
z
C
rge C—BepXnas nyra okpyxnoctn |z |=1. Has ¥z Gepercsa Ta mersb,
a5 Kotopoii Y1 =—1

Pemenne. MNepsuii cnoco6 ®yurnus 'z umeer gsa sna-
qenn:

Ve=|z| (cos%——}-i sin %),

~ e sin (@ )| =— 121 {ooe $ism L
V?—|z|[cos<2—}—n>+zsm\21,n‘ !zl\\co\ 2—|—ism 5 |
rze g;:arg z.

aK Kak 3HaueHHs z GepyTcs HA eHHHUHOA OKpyr.HOCTR, TO |2 |=1,
M, CIeNOBATeNbHO,

— QP
V2 ==cos g isin o,
Ve =-cos %—isiu (g
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Yenosuio Y1 = —1 yzoBnerBopser BTOpoe 3HAUECHHE
—_ q) .
Ve = —C08 -5~ SIn 52)— 8)

B caMom gene, nycts z=1, toraa argz=0 u
V1 =—cos0—isin0=—1.
[pumensas ¢opmyny Hbrorona —JlefiGunua, nonyunm

:1=2(VTT_VT).

—1

g dz S_d;=2]/zv

JVz )V
C 1
TNonaras B dopmyne (8) 2= —1, Haiigem
— arg (—1) . . arg(—1) L L AN
YV —=1= [cos g i sin ——5 = —|c0s % i sin o) = —1.
Cornacno Bui6Opy BetBn HmeeM )/ 1= —1 H OKOHUATENBHO MOMYHHM
dz
S 22 o —i).
z
2V

Bropoli cunoco6. I[lonaraem z=peiq’, rae p=1, a @ Mensercs
()

or 0 zo z. W3 ycnosus VT:—I. caexyer, 4To Vei—q’=e .
B camom nese, npn @=0 monysum ¢¥=e'=1 n

(9

el<2 +ﬂ> (p=0=e”‘=cosn+i sinmw= —1.
Teneps

n . s . a
dz ie'? e’ de . ’(%“”)
P N T
é A 5 e‘(?“”) ;
NC AN
_2;(5 )

1n3
Npuwmep 7. Bouucaurs uurerpan [ = S —nz—zdz no nyre oKpyx-

1
Hocrd | z|=1 (Inz—raaBnoe snauenne Jaorapudma, Inl1=0).
Pewmenue. ITepBoii cnoco6. Ilpumenss dopmyny Heiotona—
JlefiGnuya, monyynm

i i
o In3 z Indz ¢
{= —* — 3 -
S 4z Sln zd (In 2) T |,
1

_Inti—Intl  In%i 1 <ni>4_n4

4 4 T
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Bropo# cnoco6. [enaem 3ameny nepemenHol

Inz=uw, dw—g;

Hyra oxpyxunocrs |z|=1 mnepexoXuT B OTPe30K MHHMOH Ocu, 3aKJIO-

AY
uennofl mMexay toukamu (0, 0) u <0, %)

Hurerpan npmmer Bug

Tperuifi cnoco6. Ilonoxum z7=e® (3recy p=|2z|=1).
Toraa

Inz=ip, dz=ie"?dg.

7
JeficTBHTENbHA S nepeMeHHas ¢ H3MeHsercd B INpejnesax 0<q) —é—

B atoM ciyuae mnonyuaem

n
3@3e'Pi d(p 2
oo

ﬂ4
o 64

4
= Pdop= (P

S0

Ol/?bg“:]

BHUYHCTHTL CAEAYIOMHE HHTErpasbl:
89. {zImz2dz, C:|z]=1 (—n<argz<0).

(@]

90. {el#"Rezdz, C—upsmas, CoeluHAOUAT TOYKH
2,=0, z,=1+1.
91. S Inzdz (lnz— rnaBHoe 3HaveHHe Jsorapudma),

(@]

o

C: |z]==1, a) nayanbHas TOYKa NyTH HHTErPHPOBAHHUSA 2,=I;
6) z,= — 1. O6x04 NpOTHB uYaCOBOH CTPEJIKH.

{zRezdz, C: |z|=1. O6xon mnpotus uacosoil
¢
CTPEJIKH.

93. {zzdz, C: |z|=1. OB6xox mpOTHB yacoBOii CTPeJKH.
[
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94, Sze’dz 95. gRezdz, C: a) z=(2+i)t (O<<t<<1);

6) JIOMaHaﬂ COCTOﬂHlaH us orpeska [0, 2] meficTBUTENBHOM
OCH W OTPE3Ka, COENMHSIONIEro TOUKH 23 =2 u 2,=241.

—1—i i1
96. | (2z+1)dz. 97. § 2°dz. 98. §(3z4 22%) d.
1+ 0 1

99. {e"dz, C: a) ayra nmapaGonn y=x*, coepumsiomas
c
ToukH 2z, =0 U z,=1+i; 6) OTPe30K NpsAMOH, COSNUHAIOWNH
3TH XK€ TOUKH.

100 Scoszdz, C: oTpe3ok HPsIMOH, COCHUHSAIOWMHUN TOUKH
o

11 .
=51 22=:IE—I-L

101. S V3 C: a) BepxHss MOJOBHHA QKPYXHOCTH |2|=1;

BH6PIpaeTC$I T4 BETBb (byHKU.I/IH_VZ aas Kotoport V=1,
6) |z]=1, Rez=0; V=i=L2(1-0.

102. S—d—z—, C: BepxHsis NOJOBHHA OKPYXHOCTH |2|=1;

4/z3

c
GepeTcsl Ta BeTBb (DYyHKUHH w=y2% 111 Kotopoii Vi=l.
9i ﬁ i
103. | (z*—2z)e? dz. 104. {zcoszdz.
1i+i ; 0
105. {zsinzdz. 106. {(z—i)e~dz.
1 0

107. S l-n—z(%j—Tl)dz no fyre okpyxHoctd |z|=1, Imz=0,

Re2201

In

108. dz no OTPe3Ky IpsIMOH, COSAMHSIOMER TOYKH

é\) P I

=14 z,=1i

i
sinzcos zdz.

=
e!/)_,_

109.
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i

110. S 1_;)-t__g_zdz no npaMoH, COeJMHSIOUIEH TOYKH 2y ==

S22
. 1
un zy=Ii.
i
coszd o o
111. 2% o AMOH, COeNUHAIOUIEH TOYKH 2y =— 1]
Vsin 2 P !

—1
U 2,=1{; BplGUpaeM Ty Be1Bb (PYHKUHH V'sinz, ans kotopoit

Vsin(=D=iVsinl.

112, gRe(sinz)coszdz, C: [Imz|=<1, Rez:-%.
¢

113. SzIm(zﬁ)dz, C: |Imz|<1, Rez=1.
¢

i
114. Szezzdz.
=i
115. {tgzdz, C: myra mapaGosm y=12, coepuusiomas

Touku z2=0, z=1-41.

§ 5. Hurerpanpras dopmyasa Komu

Ecnmu ¢yRRuHa [ (2) ABasleTcsl anasuTHyeckol B obaactd D, orpa-
HHYGHHON KyCOYHO-TJajKHM 3aMKHYTHM KoHTypoM C, B Ha caMOoM Kom-
Type, TO CHpaBegauBa uuTerpaipHas dopmyna Kourn

Z—2y

=g § rak o en) )

rie xouryp C o6xomurcs TaK, uto ofnacth D ocraercs Bce Bpemsi cieBa.
Murerpasnuaa dopmyna Kouln no3Bo/iseT BHIUHCAATL HEKOTODLiE
HHTETrPaH.
[MTpuwmep 1. Boiydcante HuTErpan

chiz
T——_‘ dz .
2244243
lz]=2
Pemenue. Bryrpd OKpy»XHOCTH |2|=2 3uamenatejb ApoGH
ofpautaercs B Hyab B Touke 2,=—1. [Ing npumenenda dopmyis (1)
MepenuileM HHTerpan B caefylolleM Bufe:
chiz

chiz _ chiz _ 243
S 12+4z+3d2“ S (z+1)(z+3)dz_l S 2_(__1)dz,

lzj=2 z)=3 zi=¢
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h 2
3pech zp=-—1 n PyHRUMA [ (2) = ;:-l—l

| 2] =< 2. Tostomy

ABJIACTCA aHAJUTHUECKOH B Kpyre

w

ch iz o Coach(—=h o
g mdz~2mf(~l)—2m—2~——_mchz-—mcosl.
|zi=2¢2

Mpunmep 2. Monbsysace uurerpanbuoit gopmy.oft Kouwn, BHUHCHHTD

HHTErpaJ
e
S 6 dz,

C

eCJIH:

1) Clz—2{=1

2) C: |z2—2]=3;

3)C: |z2—2]{=b.

Pemenne. 1) B aaMgnyroft o6nacry, OrpaHHIeHHOH OKPYKHOCTHIO
Qz —2|=1, nogumrerpadbhas QyHKuHs aHAIMTHYECKAsH, TIOITOMY. B CHIY
Teopemsl Kown

e’
S dz=0.

22 —bz

lz—2|==1

2) Buyrpu o6nactd, orpaHHueHHON OKpyKHOCTBIO | 2 —2[==3, HaXo-
gurca ogra Ttouka z=~0, B Kortopoii 3HaMenatenr ofpainaerci B HYJb.
[Mepenwwem muTerpaid B BHIE

e
e’ S 2—6
SzT:szd2= 2
lz—2)=3
&
Oynruna f(z):z g fpaserca aHaJIMTHUYECKOR B panHO# 06JAcCTH.
IMpumensin uurerpansuyo dopmyny Kown (29=0), moJayuum
S ' am o= L) T
22—6z z2—6|z=o 6, 3°

lz—a|=3

3) B ofnactu, orpanHueHHOH OKDYXKHOCTBIO |2—2|==5, Wneem 1Be
TOUKH 2=0, 2=406, B KOTOpBLIX 3HAMeHAaTe b NOALHTErpadbHoll ¢yHKEHH
ofpautaercs B Hyab. HenocpegcrBenHo dopMyny (l) MPHMEHSTL HENb3A.
B asroM crnyuae pia BoiuMcienus HHTerpajJa MoXHO NOCTYNATh Tax.

1 .
7 g 4@ mpocreiiume. Vineem
1 1 1 1

IMepBrit cnoco6. PasnoxuM npo6b e

1
Z_62 6 2—6 6 z
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TloacraBasia B uuTerpall, IOMYYHM

S A S e’ dz_ 1 S & dr
262 6 z—6 6 z

|8—q|=38 |#—2|=8 |g—9|=8

1 1 £38 __ |
= 1236 . — - ;
8 2nie 6 2mi = 3 U

Bropo#t cnmoco6. TlocTpoHM OKPYKHOCTH Yy H Yy € LEHTpaMH
B ToukKaXx 2=0 H z=6 JOCTaTOUHO MaJbX DajHyCOB TaKHX, YTOGk
OKPYXHOCTH He TlepeceKasich U USJHKOM JIeXalH B Kpyre |z2—2|<5
{puc. 6)e

Y

2 Ve
(0 2 Z

Puc. 6.

B TpexcBasHolt ofsacTH, orpanHueHHOl OKpyXHocTamu |[z2—2|=5,

Y1 ¥ Y, TONbHTErpanbHas QyHKuma Bciofy aHaawtuuHa. Ilo Teopeme
Kommn ana MHOroceasmofl o6Jactd

e?” dz _g e? dz % e?" dz
22—62 Y 22—62 22—-62°
| 2—21=5 Y1 ¥s

K kaxmomy wHrerpaay B NPaBofl 4aCTH MOXKHO MPHMEHHTb HHTErpasbHYIo
dopmyay Kommw (1). B pesysbrate mosyuum

22

z2 z3
e dz e .e
+-2mi —
=0 2

€38 —1
22 62 2—061z =

i,
z2=0 3
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C mnoMoupio uHTerpassHO# opMyJssl Kowu BEIYHCIHTH
caeaylolHe MHTErpassl:

e? e? cos 2
116. S s e 17, S S dz.
z2|=1
lz—11=—; |z]
chz sin (2 —1)
118. Etidz 119. mdz
lg—2|= {e—1—i|=1
20. 82 4. 2. | 2 e,
lz]=1 zg? T2 lz)=3
dz dz
122. lg,S:sm. 123. ,,,S=4W—(2+9)'
124 ——z—gz_:_ll) dz, C:x*sty'ls=3".
¢
sinz s (2—1)
125. —'——Z—Z‘TZ————dZ
|z]=2

Ecav dyuruus f(2) aHaauwtdyna B obnacti D U Ha ee rpanune C,
TO JJis JIOGOro HaTypasbHOrO n HMeeT MecTo (dopmyla

f"“ (20)___Ll g i f(Z) dz (2)

- b
2mt P 2-—zg)t™

e zpe D, 2z C Qopmyiofi (2) MOXKHO NOJNbL30BAThCA ANA BBIYHCE-
HUS HEKOTOPBIX HHTErpaJos.
[Tpumep 3. Buyncauts unrerpa’

s 71z
—dz.
S (1)
jg—1]=1
nz
Pemenue. Iogsiurerpadsiag GbyHKous @=17 gBasieTCA  aHa-

JHTHUeCKOH B ofiactu |z—1|<< 1 Beiofy, XpoMme ToukM Zo= 1. Boige-
JIMM TOfi 3HAaKOM HHTerpana GyHKuHIO f (2), ABASOMYIOCA aHaIHTHYeCKOH
B Xpyre | z—1| =< 1. Jlng 3T0r0 nmepenywiem NOAEHTErPANbHYIO GYHKIHIO
B BHje
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H B KauecTBe | (2) BO3bMeM (szujl_nlz)z. INonaras B ¢opmyne (2) n=1, no-
JY4HM
sin 2
(2l Y T
yz_g_l 1) dz =2mf’ (1).
HaxoguM npoussonnyto
I (2 _< sin nz>’__ ncos 12 - (2 1) —2 sin mz
. A FERY EESE
TCIONA
) 2necosn @
= =7
CienoBatebHO,
S sin nz dz———lzi
1z2—1) I(ZZQI)2 N 27

IIpumep 4. Bouncanrb uurerpan

chzdz
EripE—1)
=2
Pemenne. IlepBHf cmoco6. 3uamenarenn (z-1)3(z—1)
nojeHTerpansHoll GYHKIHH ofpanaerca B HYqb B JBYX ToUkax 2y= —1,

zy=1, nexaumiMx BHYTPH Kpyra |z |=<2. Paznoxum Ha mnpocrefime
IpO6H bYHKHHIO

1 1 1 1 1 1 1 1 1

GF1PE—1) 8 z—1 8 z41 4 (z+12 2 @+1p°
Ucnodn3ya JanHelinocTs MHTErpata, NOJTYydHM
chz 1 chzdz 1 chz
—0f fre flzez dz —
er P E—1) N IREE I 21
S chz 1 chz
|=

RV MINCERDE
lzl=

Iz=

dz.

K neppuM 1BYyM HHTerpajgaM T[pHUMEHAeM HHTErpaibHyl0  GopMysy
Kot (1):

chz
—1

dz=2michl,

S Chzdz:chhl.
z+1
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Tperdii W derBepTHil HHTErpafnl BHIYHC/SEM C NOMOUWbo Gopmydn (2).

SA (Z:}iz) dz =2 (ch 2)’ . =-—2nishl,
S zc_k’izl 2;1(@12) e T chl.
z|=2
ORoHuaTebHO NOMYIHM
8_2 o 1)612(2_ 1)=2n18Ch 1_?msch 1+711_ omish 1 —
) -—%m‘chl:s——————hlzml ni:—g—i,

Bropofi cnocob. IloctpouM OKPYXKHOCTH y; H Yy C UEHTpAMH
B TOuKax 2y =—1 H Z,=1 [0CTATOUHO MaluX PaguycoB TAaKHX, 4TOOHI
OKpYXHOCTH He NepeceKaluch H LEJHKOM Jexanu B Kpyre {z|<<2.
B TpexcBsaaHofi oGJacTk, OrpaHHueHHOR OKPYKHOCTAMA |2 |=2, 1 H Vg,
NOXBIHTEr panbHas cbym{unﬂ Bcrony aHajautnuxa. Ilo teopeme Kowmwn ang
MHOrOCBA3HOH 0ONacTH HMeeM

chzdz chzdz
&JHJP@—U—S@+JP&—U+

chzdz
S@+U”%4Y )
Y

2

K nmepBomy mHrerpasay npasoff wacTd (3) npuMerHM dopmyny (2), npepn-
BapHTEJNbHO NPENCTaBUB NOgblHTErpalbuyo QyHKLHIO B BUIE
chz
chz z2—1

E+1PEe—1) -+

ABJISIETCS  AHAJUTHYECKOH BHYTPH vy, TNOTOMY B CHJIY

OyuRuHA ZCE 2

1
Gopmynar (2)
chz

S chzdz HS z—1 d_gnz chz>”l _
Gripe—1) YerIip ¥~ 2 <2~1 r——1
Yi Y1

2e14chl -
4

Ko sropomy wuurerpany B npaBoii uacTd (3) mpHMeHseM HHTErpajbHyio
¢opmyny Koumm (1)

chz
chzde ¢ (513 , chz _..¢chl
S(z—|—l)3(2—l)_S Py plc el oy 11 MRkl

Yz
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OKOHYaTenbHO NOMyUaeM

chzdz 271 chl chl  m
82(z+1)3(z—1">‘_“’ £ T =y
lel=

BriuncauTe cienymolite HHTerpassl:

Cos 2 sh22
126. | = 127. | g,
Jz|=1 lz|=1
sin — 2
4 zshz
128. S (z———l)z(zté-)dz‘ 129, S —(22—_1-)—2—d2
jz—1]=1 Jz[=2 .
2dz ch &t##
130. Il—§’=6m(z_}_—4). 131. Iz_§|=dmz dz.
1
132 S Lcos—i— dz 133 ——ej—dZ
: 23 z--1 77" ’ @442
lz|=1/2 z—2, =1
134. LY 2
lz|=1/2
eiz
135. mdzo
lz—1j=1/2

§ 6. Pagpl B kommuaekcHoN o0nacTH

HyC’l‘b HMeeM Pl C¢ KOMINEKCHBEIMH 4JIeHaMH

R T A N X )

n=1
TAe Zp=Xp-}tYn.
Psx (1) cXomurcs TOrza W TOJALKO TOTZA, KOrja CXOmuTcA Kak pax

D N N (2)
=1
TaK M pAl ’

Bttt = 3 Y ®)

n=1

Pan (1) uaspiBaercsi aBCOMIOTHO CXOASLIHMCH, €CJIH CXOIHTCH PN

'zlf‘|—1221+-~~‘|—fzﬂ+---=E|zn'- @

n==1
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Psaner (2), (3), (4) siBasgioTcd pAfaMH C QEHCTBHTEJbHLIMH UJeHaMH,
¥ Bompoc 06 WX CXOAUIMOCTH DEIN3eTcd ¢ TOMOULbIO W3BECTHHIX NPH3Ha-
KOB CXOJIHMOCTH PAROB B AeHCTBHTEJBHOH 061acTH.
Ilpumep 1. Heenenosars na cXoauMocTb Paf
e8]
em
X
n= i
Pemenune. Hmeem e*=cos n-isinn. Takum o6pasom, Bonpoc
0 CXONUMOCTH JaHHOr0 PAAA CBOJMTCS K BOIPOCY O CXOIXHMOCTH DANOB

¢ NeACTBHTEJbLHLIMH QJIeHAMU!
[gs]
cos n sin n
ne H ne "
n=1 na==]

Kaxaeli U3 3THX pafoB cxoxutcs abconiorHo. CaefoBaresbHo, NaHHBIR

pAx cXonuTes abcoJoTHO.
Ilpumep 2. UccaenoBaTh Ha CXOOHMOCTb Psij

Pemeuwne. HMeem

)/
*©  sin —
cxoavrca. CaepoBatenb-

n=1

& cos —
n
Paz Z ~— pacxomutes, a pax Z

n=1

HO, HmaHubf PAX pacXoiuted.

Hccnenosath Ha CXOAHMOCTE pAalH:

m »
nsin in
137. Z ne,

136, 3 i,
n=1 n=1
138, ¥ osin? 39. Zﬁ—_
Z 5n2 ! nVn
n=1

n==1
R en (i
e " i
140, Zﬁ . Y LET
n=1

2=192 co5n
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\' shiVn < Inn
142, zm 143. Zs—hz_n

n=I1 n=1

% chi% o
1y ot 145, Y

n=1

n
tginn’
n==1

CrenenHofl papn. Pan suna

CoF ezt cpt .= E cp®, (5)

n=90

rie ¢y, ¢ U T. I.— KOMIIEKCHEIE TIOCTOSIHHEIE, A 2 — KOMILIEKCHAsA Tepe-
MeHHafl, Ha3HBaeTCHA CHIENeHAbM PAGOM B KOMIJEKCHOH 06jacTH.

Teopema AGenda Ecau cmenennod pad (5) cxodumcs npu He-
KOMOpOW SHAYEHUU Z==2y, MO OH CXOOUMCA U NPUmMOM AOCOANOINHO ApU
écex sHaBHusx 2, Oan Komopbix |z|<<C|zy|. Ecau psd (5) pacxodurnca
npu z=z;, mo OH pacxodumcs U npu A060M 3HA4eHUU 2, DAL KOMOPO2O
l2|> 12|

O6nacth cxogumocth psina () ecTh XPYr ¢ WEHTPOM B Hauaje Koop-
JHHAT.

Paguyc cXODHMOCTH CTeNeHHOro psja olpefensiercd no (dopMmynam

R=tlim L2l 20 ©®)
a—co | Cnr |
HJIH
R— 1
—_— 7
lim ”V l¢nl @

€c/TH COOTBETCTBYIOUIHE Npefesbl CYUIecTBYIOT.
NMpumep 3. OnpemesuTb paguyc CXOAHUMOCTH CTENEHHOro psAla

[e)
2 cosin- 2"
=0

Peure nue. Mmeem

—rn 1
c,,=cosin=€—;:-e—=ch n.
Haa paxoxaenus paguyca CXOZUMOCTH R TpuMeHseM dopmyay (6):

. [chn| . chn

= lim ————— == lim ———— ==

R T w0, WD

. chn

= lim

nocoo COM-chljshn-shl

. 1 1
“all,mm chitihm-shl chljshl

1
€ )
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TaK Kaxk

1-fe2n

en_}_e*ﬂ
—ewm

lim tha= lim ——1—== lim
et—e
n—co n—o0 n— o0

HMrak pagHyc cXOZHMOCTH JAHHOTO CTENMEHHOIo psna R=e¢ L.
IMpumep 4. Hafith paguyc cXOOMMOCTH CTENEHHOTO pAna

D (i
n==0

Pemeune. Haxogzum Monyab xoabduuuenra c,==(1-i)™%

n

on =100 = 14 n= (Y 2)" =22,

Ipumenas ¢opmyny (7), Haiinem pamgdyc CXOFMMOCTH JNAaHHOTO PAAA
. 1 1

n— o0

HafiTh paguychl CXOAMMOCTH CJELYIOMHX CTeNeHHbIX
PSLOB:

146. ) e"2". 147.
n=10

=
8 1[M]8
m«
s
N
=

3

148. <2> 149.

e

YN
S
_*

n=90 n=1
150. Y chiozn 151 ¥ () 152 3 it

n=1 n=1 n=>0
123, Zsin%i-z”. 154, Z COS”% 2",

n= n=1

2 001 “w N

155. Z m 156. Zo(n+L)Z .

n=0 n=

(o]
157. Psag D) 2" uMeer pajuyc CXOXHMOCTH r, a PSR
n=0
[e ]

D) €i2" —panuyc CXOLMMOCTH r'.
=0
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OleHuTh paauyc CXOAUMOCTH R CJeAYIOWHUX PSIOB:

a) Y (aatenzy 6 X (a—c) b
n=0 n=>0

B) Y CnCn2™; r) n gn (cn # 0.
nZ:JO ’ ngo n

Pangw Tefinopa u Jiopauna

dyuxuua f(2), OfHO3HAUHAA W AaHANIHTHUeCKas B TOUKe Z==2, pas-
JnaraeTcs B OKPECTHOCTH 3TO# Toukm B crenemHofd pan Teiiiopa
[eo]

[@= 3 cnle—2)" @®)

n=0
rae Ko>pHuHueHTH ¢, BbuHcAMOTCR MO dopmyam

g @k e
-—-57‘[? (2—20)n+1 - nt . (n—‘or 1, 2, ...),
r

Cn

9

rie I'— OKpyXHOCTb € WEHTPOM B TOUKE Z==2, UeJHKOM Jexallas
B OKPECTHOCTH TOYKH 25, B KOTopod ¢yHRuua f(2) amanautHuna. (3gech
nonaraem Ol=11==1.) LleHTp OKPYKHOCTH Kpyra cXOMMMOCTH HaXORHTCH
B TOUKE 2o, 3Ta OKPYXKHOCTb NPOXOJHT deped 0cobyr TOUKY § (yHK-
mid f (2), Oamxafimyo K TOYKe Zp, T. . PajHyc cXOpuMocTd paja (8)
6yIeT paBeH pPacCTOSHHIO OT TOUKH 2, N0 OGanxkafiweit oco6o ToukH
obyHKund f (2).
Hdns pysxuoui
In (1 +-2), (1+2)*

MMeioT MeCcTO CJefyioulHe pasioxends B pax Tefaopa B OKpecTHOCTH
TOUKH 2p==0:

In (1-}—2)*————2—2—22-1—5;——...4-(—— 1)”_1%-1—... (R=1), (10)
B B

B uwactroctH, NmpH @ =— | DONAYUHM
1——%=1_z+22_ (= DRr . (R=1), (12)

Mpumep 5. Pasnoxuts B pap Tefsopa B OKPeCTHOCTH TOUKH
2,=0 ¢dyuxnumo
z
fe=z—5—3

HCToJb3ys pasnoxende (12), ¥ HaltTH DagMyc cXOXHMOCTH psfa.
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Pewewune Pasnoxum panmyio OyskKnuio Ha npoctefitine apobw
z 1 1 31
—22—-3 7 4 z-|—l+ 42--3"°

TIpeoGpasyem MpaByio 4acTb CIeXyKOWHM 0GpasoM:
1 1 1 1

TO=3TZ 772
1— =
3
Mcnonbsys pasioxenue (12) ¢yuxnuu ljl—z’ TOJTYYHM

2
%) ZZ (1—z-h22 23t )——(1+%+%+...>=

._L — _2 _§ 3 .___i 22 7
=7 <_ 3 z—|—gz —272 +...>- 3—|—322 3 8.,

Bamxaitmel K Touke 2zy=0 ocofo#i TOukOR naHHON GyMKnHH 4B-

Jgaercs Touka z==— 1. IlosTOMy pajuyc cXOAMMOCTH INOJY4EHHOrO PsAna
R=1.
ITpumep 6. PasjoxuTb [O CTeMeHAM pa3sHOCTH Z2—3 OGYHKIHIO
1
Fey= 3—22°

Pewenue [IlpeoGpasyem ganHyo GYRKUHMIO cAefyIOWUM 00pasoM:

1 1 1 1 1
3-2% 3-2(—3+3 —3-2(—Y 31+_§_(2_3)'

3amenss B pasioxenun (12) z Ha %(z——3), NoNy4nM

3+QZ= —%[1 -—% (z—3)—|—£ (2‘3)2—23 @—33+ ]:
- _%Jr?% (z—3)— g_: (2—3)2+§§ (e—3)p—...
STt psx cXomuTCA TpU YCIAOBHH
|5 -3 )<t
HITH 12~3]< 3 , T. € paiiyc CXOIMMOCTH paja R = -
Hpumep 7 HafiTn neckonbKO MepBEIX W/EHOB PA3NOMEHHS B PSR

0 crenensaM z ¢ynKuuH f(2)=1g2 u HalTH pajgHyc CXONMMOCTH paAja.
Pewenne Ilycts HCKOMBI DAA HMeeT BHI

f @) =co et Fed ..,

I'Ie

=20 w0, 1,2 ) o O=f@=0.
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Jns maXoxjeHns 3HaueHHH TpOH3BOAMEIX [ (2) B Toyke z==0 npogng-
deperypyem byexuHo. Hveem

Il (2):@ win () =14-f2(3), (13)

I @=2@F @,
Fr@=20 @+ @ @l

V@ =203 ()" @+F @ @) (14)
M @=208"@+4" @F" @+ 1" @)

Ionarass B (13) u (14) z=0, nHafigem
FOo=1 fO=0 " ©0=2 fV0=0 fV0)=16; ...

Ilogcrannas HafineHHble 3HAueHH A NPOHU3BOJHLIX B pAm, MOJYYHM
2 16
tgz=z45 B85+ ... (15)
31 51
PR . . 1
Bamxaiuted o0co60ii Toukofi K Touke 2=0 saBasercs TOURA =,

2

a
ITosToMy pagnyc CXOEMMOCTH MOJYUeHHOrO psfia sz,

B caexyiomux 3apavax JaHHble OYHKIHH PasJIOKHTH
8 psan Tefinopa, WCnoab3ysl TOTOBbLIE PA3JIOXKEHHs, U HAHTH
paguychl CXOHNHMOCTH PSJOB:

158. sin (224 1) no cremensam z-- 1.

11
159. cosz mo crenedsM z—I—T.
160. ¢ no cremengm 2z— 1.

1
161. o 0o creneHsMm z -+ 2.
z+1
162. m Nno CTeneHdaM 2.
2
163. o, Mo CTENeHsAM 2.
164. cosz% no crenedsaMm z. 165. Shz% IO CTENEHAM 2.

166. In(2—2) no creneHsiM z.

167. In (2 4+2—2%) mo cremeHaMm z.

Halitn HeckonbKO nepBbIX YJIEHOB DAa3/OXKeHHS B psl
no creneHsiM z chaepylomux ¢Gyuknu#. Hafitu paguyc cxo-
IHMOCTH PSIOB:
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1 1

168. 1. 169. S Ta
1
170. ‘(2_—z+—5' 171. ln(l—}-e‘z).
1
172. Incos z. 173. In (1 +cos2). 174. el—2,

175. Ha#itn dynxuuro f(z), aHaIHTHYECKYIO B Kpyre
lz|=<1 u npuHEMaomylo Ha OkpyXHocTH |z|=1 sHaue-
nue

a—cos 0 -}-i sin 6
m—, a>1, e—-argz.
Q
176. Tlycts dynKnus f(z)= D, axZ* aBIsA€TCA aHATUTH-
k=0
yeckoll B kpyre |z|<< 1. Hokasarh, 4YTo cpeanee 3HayeHHe
Q)

QYHKUMH —5- Ha OKPYMHOCTH |z|=1 paBHO a,.

[lyete nam pan

e

C.n
Tt et T D e O

n=1

€1
z2—2y (z—z )

Ecmw ¢_, £ 0 u cyuwecTByer woHewsni upepes

r= lim ‘c‘”—"l’, (17
n -0 Ic-n I
TO 3TOT pAL CXOFHTCA B 06JacTH
|2—2y | >r. (18)
[s'e)
. (140"
Npuwmep 8 Hafitn o6nacts cXogumoctH psina TR

n=1
Pewenue 3pech c_,=(14+0)"1, c_, 4= (140", 2,=0.

Tostomy
r= lim '_(lﬂ: lim | 1+i|=]/§_
n— oo

Hanneit pag cxomures B ofuiacTd |2 | > Vo,
INpumep 9. Halitu oGaactb cXopuMocTH psza
[se]
sin it
(@4
n=1
Pemenne HUmeem

C.p=sinin="shn, C_py=ish{n-41).
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54
ITosTomy
ish(n-+1 sh (n
r=tim ESROED] g shet)
now |ishn| neoo  SHE
1. ell+1 _eAﬂ.—] 1 e__e’Zﬂ‘l
= lim == =e.
n-+ 0o et —en ”Lﬂ; 1—e™?" ¢
Cnenosatesbuo, psjp cXomutca B O6JacTH | 2-i |>e, T. e. BHe Kpy-
ra ¢ NMeHTPOM B TOUKe 2Z3=-—{ H PajgHyca e

OanJIEJIPITb 06J1aCTe CXONMMOCTH CJIEAYIOMUX Psl0B

V (VZ+iva)
177. Z = )nz,,. 178. zl———z”————,

n=1
o]

179. Z o 180. 3 e (iz)™
n=1 n=1
\ 1 n2-n
181. Zlm 182, 2 T
v 31 % (+1—i)y”
183. ”Zl——(zwi)ﬂ. 184, P
Psan Buna
2 Cn (2—2,)" Z (z_z n+ Z Cn (2—20)" =
n=-— o0 n=1
+(2 2)n+ (2—-20) +~
19
cXonuTCs B 06/1acTH, B KOTOPOH cXoxsarcd pAjbt 19
Cn __ €
Z (z—2)" —2—’20+(2—’20)2+ 20)

@

n=1
(2—20)" =co~F01 (2 —2) +Cp (2 —2)

s
L)

0
Iycrs pax (20) cxogurcs B OGJMACTH |2—2,|>>7, T. . BHe xpyra

C HEHTPOM B TOUKe Z=2y W pagdyca r, a psag (21) B kpyre |z2—25| <<

Toma ecJu
1) r> R, 1o pax (19) pacXomuTesa Bcony,
2} r<<R, 10 paa (19) cXogured B Koubhe 1 << |[Z2—2 | <<R. 3neck

r=0, 0<<R<<{+4oo.
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HNpumep 10. Onpenenutb oGaactb cXOIMMOCIH PALA

© i ©
Z oin n (Z—]—l)"
e+ 1) e
n=1 n=0 ein-i-?
oad s
in
enue Jasa paza ——— HMee
Pem Lns paz 2(2—{-1)” M
=1
Cp= ein, Copqy= PALas IR
CaeoBarebHO,
lei”‘“’]
r= lim ——— =1,

n—co Ietn ]

Tepsuifi psa cxopurca B obnacru [z2--1)>1.
[

(z—2zy)"
s creneusoro psga —%__ ymeem
n=0 ein-{-?
—in— —iat D~ 5
Ch=¢€ » Cn+1=e .
Ero pagnyc CXOZMMOCTH
—in—-—; |
c .
R= lim ——l-—ﬁ—‘—-= lim ¢ =1
P e neoo | —i(nh)—
e

Bropo#t psap cxomurcs B obaacte |z-+-1)<Cl. Haunmfl pap
ZHTCA BCIOAY.
HOpumep 11. Onpegeants 06aacTb CXORHMOCTH paALa

nzl ((ij__;z;:: + ngo (z -1(-5 2z>n.
N (34
@+ )"

n=1

Pewenwne. Jaa pana HMeeM

Coa=34+4)" c_p_1=@F4)"*L

Cregoparensuo,
R+ 1
i LB

= li 34-4i|=5.
noeo | (34" ni»mooI 4]

55

pacxo-
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o0
. 2 2{\"
Tepsuift paa cxogurca B ofnacth |22 |>>5. Hdaa pana E 3 >

n=0
HMEEM

Cn=06""  Cpy1=6""1
IMostomy PagHyc CXOZHMOCTH 3TOrO CTENEHHOTo DPsja Gyner DaBeH

"ﬂ
R == 11m I—%"—ll—l 6.

On cxomurces B ofactd |24 2i | << 6.

Hrag, r =5 << R=6. CnenoBarenbHo, JaHHBIA Dsj CXORUTCHA B KOJb-
ne 5<C|z+21) <6,

OI]})EIIEJII/ITB 06JacTH CXOJUMOCTH CJEAYIOUIX pPALOB:

185. Z( —|—m>(z+l+t)" 186. i(ﬁ:?i

n=1\ n=1

187. Zn )”+Z (1 +in) (z— 2 + 1),

n=20

188.

/\
\_/

8?[\4

189. (2+1_l)n+ Zn(z—i—l—t)"

B
II

s
R
+

I#s

190.
n=1 n=0
\ " sin in \ e—i)" _
191. Y o + P Ol =1)
n=1 n=q
[eo) (-_ 1)'1, o 2”
192" Zl nizn —,— Z non
AR I N I
193. ¥ G+ 2 Gy

x
l
||
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l 1
194, — Te=0 + 7

n(Z-——l)n
(_ 1) (21)"—'

iDs

0

L,V Ly ne, i
195. ~+ ¥ 2% 196 ——5+ ¥ (— 1)@ 1"
n=0 n=0

197. i‘-’;,+ i;—" (b # 0).

n=1 n=0

®dyurunsa f(2), OZHO3HAUHAA H AHANUTHUECKAS B KOJblE r << |z2—
— 29| <<R (ume uckmodYawTca ciydad, xorja r=0 n R=--c0), pas-
Jaraercsl B 3TOM Kofplie B pdAx JlopaHna

® —1

f= D =)= Y cal—z"F Y -z (D)

n==—co n= —0oo n=0
rie xoaddhUUHEHTH ¢, HaxopdaTca N0 ¢dopMyJaM

1 g 7 (2) dz

‘aTom N\ Tz

(n:O, + 1, + 2 ) (23)
T

3neck ['—mpoussonbHAaf OKPYIKHOCTb C LEHTPOM B TOUKe 25, JeXaumas
BHyTpPI JAaHHOro KoJasbua.
B dopmyne (22) pan

—1 o)

Y a—wr=) =

n==—0o0 n=1

Ha3biBaeTca TVIABHOM YacTelo PaAxa Jlopawa, pap

o0}

Z Cn (2— 2p)"

n=0

Ha3blBaeTCsl NPaBHIbHOH uacTblo pAjga Jlopawa.

Ha mpakTHKe TIpH HaxOXjAeHHH K03hdHOHEHTOB C, CrapanTtcsd Habe-
ratb npuMeHeHHst GopMya (23), TaK Kak OHH NPUBORAT K [POMO3AKUM
BuKjagKam (QOBIMHO, €c/AH 3TO BO3MOMKHO, HCINOJAL3YIOTCS TFOTOBHE Pas-
Joxennst B psif Tefsopa sneMeHTapHHIX GYHKUHH.

IMpumep 12. Pasnoxars B pag Jlopaua B Komeue 0 << |z—1|<C
<2 ¢yHRguio

1
=

1
22—1)
ABAsieTcA aHanutHueckoft B Kombne 0<C|z—1]<C2. KoadpuuHeHTsl

Pewenne, TlepBorfi cmoco6. @ynkmua f(2) =
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psna Jlopana Haxogum no dopmyie (23)
1

o S((zz_l)2 e L S dz

"Tomi V-1t YT o Y G L
r r

rae T'—mo6as oKDPyIKHOCTL C UEHTPOM B TOUKe z,==1, jexamas B jaH-
HOM Kojbiue.

Ecn 74-3<<0, T. e, n<<— 3, TO UOAEHTErpaipHas (yHKUUA
—— . yJeT avaJJUTHUeCKOH BO BCeX TOYKaX, 3aKJIOUeHHBIX
e s rae A :

BHYTPH OKpyxuoctH I, B ToM uHcne ¥ B TouKe z=1. B aroM ciayuae

dz N
\ e=rrrermo

r

T. . ¢p=0 npn n=-—3, —4,... Ecan n+-3>0, 1. e. n> —3, 70,
npumensas dopmyay (2) u3 § 5 ana pousBoxHoH J060ro mOpAAKa OT
ananuTHyeckoll OYHKIHH, ITOJYyYHM

1

I N W R S S it B

C""2m§ =1 =Ty dzﬂ+2|(z+1)2J 2-1
_ L =0y (=1 e
e R L PR L

Hag n=—2, —1, 0, 1, 2, ... umeem

o =D (043

onta  °

Pax Jlopana mna paHnoA ¢QyHRumM B Kodble 0<C|z2—1} <2 Gyper
HMeTh BU[
+w

-} oo
1 — 1)»

n==-—2 ne=-—2
WY

i1 1 1.1 .3 1
E—1p ¢ G=1F Tz=1 "1 8D+

5 3
+§4 (z— 1) — 6 —1)34...

Bropo# cnoco6. Ham HyXHO NpeacTaBHTb f(2) B BHIe CYMME
CTeneHe#l (NOJMIOKHTEIbUBIX H OTPHIATEJbHEX) pasHoctd (z—1). Ilpeo6-
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pa3yeM JaHHYIO GYHKUIHIO ciefyiomum obpa3om:

N NS VIS SN WAL
[@O=G—e~7\i=1 71 =

1 11 1 1 1 1
—Z_(z——l)z_71—z~1+71—z—|—1+f(2+1)2’

(24)

[TepBbie [Ba cCjIaraembiX B Npasoil wactd (24) MMeOT HYKHBIH BHI, TaK
Kag TpeicTaBAsloT Cofoft cremenH pazsoctd (2 — 1).

IMocnepnve JABa cjaaraeMblX 3andiueM B BHJe

1 1 1 1 1 —1\72
241 @—Dt2 2 | z—1' (zFIp T[‘+< \]

14— 5
INpumenas popmyay (12), a sarem dopmyay (11) mpn o= — 2, monysum
L I s I
(2+11 ! |1_2 2—2—1_’_——2(—;!2—1) (22-1>2+
+”2(*2“311)(_2“2)<z;;>3+...]. {26)

Toxacraenss (25) u (26) B (24), Hafizem

(ﬂil)zz%(z_ll)z “%z_lﬁl[’ - 2-1 <2—1>

_<z—21\)3+,,_J+%[1 ])—|—22(z-1)2 (z—l)a+ ]

Win
1 11 11 3 1
@12 4 -1 dz—1 TETgEh+
3

5
—|—6—4(z- 1)2_62(2_1)3—*_

Mpumep 13. Pasnoxuts B pag Jlopaua ¢pyHxnuo
{
—1
[ () =22 cos o

B OKDECTHOCTH TOUKM Zg==0.
Pemenne. Jua 1060ro KOMILUIEKCHOTO { HMeeM

IR R S
cosb=l—%+g gt
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1
INonaras §=?, MOy IHM

t T B
2 [a——"1 —_—— ———— =
208 =2 (1 M T s )

1 1
+iE g

—af

8]

Hay
1

1 1 1
2 e 122 R
2% cos P 5 —+2 +4'22 6!24+

D10 passoxkeHHe CIpaBepnuBO Ans JwGolt Toukd 2z £ 0, B zanmom cay-
yae «KOJblO» NpPejCTaBAseT cOO0H BCH KOMIJIEKCHYIO MJAOCKOCTb ¢ OZHOM
BeIGpome "Holt Toyko#l z==0. 310 «KOJIb1O» MOXKHO ONPEAENHTH C 1OMOUILIO
cnenylouero coornomenns 0 < |2 —90| < +co. 3aecs r=0, R=-4 o0,
2y=0. JlauHaa QyHKUHA ABAAETCS AHAJHTHUECKON B YKA3aHHOM (KOJbIEy,

ITpuwmep 14. Paccmorpers pasauunbie pasnoxkeHus B pajx Jlopana

(byHRHH 9
_ 2z4-1
f=z7,—5"

npuusB zq=0.

Pemenue ®@ynrRuua f(z) HMeeT 1Be 0COGbe TOUKH: 2Z;==-—2
H 2,=1. CnejoBaresbHO, HMeeTcad TDPH <KOJbLA» C LEHTPOM B TOYKe
20=0, B Kax10M H3 KOTOPLIX f(2) fBJIAETCH aHATHTHUeCKOI:

a) Xpyr |z <1

6) Kombio 1 << |2]<C 2

B) 2 <C |2 |<C-- cO-—BHEWHOCTh Kpyra |z{=<2.

Haiizem psagw Jlopana gna GyHRIHK f (2) B KaXIOM H3 3THX «KOJeny.

Ipeacrasum f(2) B BuZe CyMMH 3jeMeHTapHLEIX Ipobeit

1
I :z_—}»_Q_‘“z_Ll' @7

a) Paanoxenve B kpyre |[2[<Z 1. Ilpeo6pasyem (27) caepyomum
obpasom:
1 1 1 1

1

f(z)=2—1+2—}—2=§ 2 1—2° (28)

12

2

Hcnoas3ys gopmyay (12), monyuum
i_l_z:1+z_)_z2+z3+..., 2] <1, 29
i 2 2 2 .

Z:l‘é‘l“z¥g+--.y|zl<2' (30)

I+ 5
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Moactabass (29) n (30) B (28), monyuum

I 1 2 2 7
52—2%%=7~T+§~T6+--'~(1 NIPRIP NI I

li

D10 pasioxende aBagerca psagoM Teiinopa GyHRuMH f(2).
6) Pasnowxenue B Kombue 1<C|2/<C2. Pap (30) mna ¢yHRumu

——— OCTaeTcfl CXOAAMUMCS B 3TOM KOJIblE, Tak Kak |z | < 2. Pag (29)

Z
145

st GyHKHHH [— Pacxomutea aia |2 | > 1. INosromy mpeoGpazyem f (2)
clegyoumum o6pasom:

+5 (31

Tpumenssn ¢opmyay (12), monyunm

1 1 1 1
Z

1
JroT pax cXoaHTCA /A ,? <<l, 1. e. mpu |2]|> L.
MoacraBass (30) u (32) B (31), natizem

2241 1 2z & 0B 1 1 .
Aje—2 2 ETE T T TET T

z 16
HJaIn
o0 o0
2211 1 1 2
—2—+—= Z ATy Z on
21z2—-2 2 2
n=1 n=0
B) Paanoxenue a1a 2| >2. Pan (éO) 1 GyHRIHU 7 Tpu

1=
2

1
2] >2 pacxogurcd, a paa (32) nia ¢GyHKuHH I GYLET CXOAMTBCH,

] ——
F4
T4k KaK ec/d |2 |>>2, TO U NOjaBHO 2| > 1,



62 SYHKIIMN KOMITJIEKCHOTO TEPEMEHHOIO a1

®yuknmo f(2) npeactaBum B TAKOM BHfE.

R R YA |
fO=g ——+7 —T1=7 |77+
14 1~ R

z
Henoabays dopmyay (12), noayunm
1 2 4 8 1 1 1
f(z)z? (1 —?—’—z?——?"—l—... +1+?+?+EE+ ...>=

1 1 5 7
—?(2—7+§“§ )

HAR
2241 2 1 5 7
'23 s "z—4+ tew
StoT npuMep HOKasblBAeT, 4TO IJA OZHOH W TOH ke GYHKuUHH f (2)
pan Jiopaua, BOOGWe roBOpsi, HMeeT PA3HBI BHA IJIA Pa3HHIX KOJeN.
IMpumep 15, Pasnoxuts B pag Jlopana dyuxuuio

22—3
f(z)_zz—Sz—i—Z
B OKPECTHOCTH ee OCOBBIX TOWeK.
eweHHde. Ocobble TOUKH pyHREUH f (2): 2y=1, z,=2.

1) Pasinoxenue f(2z) B OKDECTHOCTH TOUKH z;=1, T. e. B Ko/lblie
0<|z—1]< 1. IlpegcraBum GyHKuHiO f (2) B BHEE CYMMBl 31€MeHTap-
HBIX ppobelt

2:-3

1 1
z2—3z+2:z—1+z—2'

TpaByio uacTh mpeofpasyeM TaK:
22—3 1 1
2-324+2 z—1 1—(z—1)"
Tpumensin passoxenne (12), B KOTOpOM 2 3ameHeno Ha — (z—1), no-

JIYUAM 03 1
prp i ks ta U ol Gt Al Gl e SB
HJIA
22--3 i .
22— 3212 =1 Z (z— D). (33)
n=0

2) Pasnoxenue f(2) B OKPECTHOCTH TOUKH 2,==2, T. €. B KOJblie
0<]z2—2|< 1. Umeem

23 1 11 1
P o Ry i Ry R by e ) R

=zi'_2 +l—2—2)+@E—22—(z—3)°+...
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223 1
FER A R

s

== (34

n=0

Pa3noxuTb B psx JlopaHa B okpecTHocTH TouKH 2=0
crenyioliue QyHKIHR:

198.

201.
204,

207.

sz 199. ¥02, 200. £
o7 L 1
S 202, z3e?, 203. 2* cos -,
TamZ g5 =22 906 £2L
14-cos 2z l1—e?

temr, 208. —— .

Pa3noxuth clelyomue Gywkuuu B psx Jlopana B yka-
32HHBIX KOJIbILAX:

209.
210.
211,
212.

213.

214.
215.
216.
217.
218,
219.
220.

(Z—_Q)—‘(z—_§, a) 2<)2|<3; 6) 3<|z|< +00.

1
17 a) 0<jzi<<l; 6) 1<<lz|<<+ oo,

! a) 1 <<|z|<<4; 6) d<c|z|<<+00.

e+ A+

Ez”%ii_jg_—z: l<lzi<2.

22725%_}2—» a) [2|<ly 6) 1<izi<?;
B) 2<|2z| < co.

5%1, l<|z42]<3.

m%:g. l<|z+4+2|<4.

'23—2—_272_;_3» 2<lz—1<< 4 o0,

5

4
EnE-n <<z
1
L1
(;21—4)2, 4<<|z2+2| <<+ oo,

0<|z—i|<2.
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§ 7. Hymu ¢ynxuun. Hsoanposanueie ocobble TOUKH

. Hynun ¢yuxrunu. Iycre ¢ysxuus f(2) ABnseTcs aHaMHTU-
YecKoli B TOuKe 2, Touka 2, HaseiBaercs nysem ¢yuxyuu f(2) nopadka
(HJIM Kpamrocmu) n, eclMH BBHIOJHSAITCS YCJAOBHS

F@o)=0, [ (2)=0, ..., "V (20)=0, ['"™ () 0.

Ecin n=1, T0 TOuKa 2, Ha3bIBaeTCA NPOCTHIM HYJEM.

Touka zg mo20a U MOAbKO Mo020a ABASEMCA Hyiem n-20 nopadka
yrkyuu [ (2), arasumuueckol e mouke 2,, xozda 6 Hexomopoil Okpecm-
HOCIMU 3MOL MOUKL UMEem MeCHo paseHcmeo

f@)=E—2)" ¢ (3,
20e uHKyUA @ (2) aHarumuuRa @ mouke zg U

N
Npuwmep 1. Haitty nyan dyuxunn | (2)
HX TopafoK.

() 70,

I J-cosz u onpependTs

Pewenne. IpupaBuupas f (z) HyI0, NOTYUHM COS Z2=—], OTKYAa
zp=@2n+1)n (n=0, +1, +2, ...)—nyau jzanuofi o¢ynxkuuu. amee
7 [@n4-1) ) =—sin 2n 1) 7=0, -

' 1(2n4-1) n] =—cos 2n-- 1) t=1£0.

CunegoBaTenbno, TOYRH Z,=(2n- N a (n=0, %1, x 2, ..) sasadworca
HyJSIMH BTODOTO TMOpsigKa AaHHOH (hyHKuHH.

MMpuwmep 2. Hafitn vyan yHRumu f (2) =1—¢® n onpegenuts HX
MO IKH.

Pewenne. [lpupaBunBas [ (2) Rym©, RafigeM RYJIH 2, ==2nmi
(n=0, x1, ..) dyurund f(2). Hamee

P (2nm) = — 2™ = 1 £ 0.

Urak, [(2nni)=0, ' (2nmi)z~0, clegoBaTenbHO, TOYKH 2, = 2nml

(n=0, =1, + 2, ..)—npoctbie ByaH GyHKUHY [ (2) =1—¢?.
IMpumep 3. Hafitu mopagor Hyasa 2p=0 ana byaruuy

G p—

T z—sinz

Pemenne. Hcnonpsysa pasnoxende dysxuua sinz B pag Ted-
Jopa B OKPECTHOCTH TOUKH 2y =0, monyunm

28 28
f(z)zz—sinz_z_<z_z_3+zs_ >_
3t s
28 Fad 1
B o = 22 =2 1 22
3 5t 3 e T 35t
TNoxoxum
P @R)= :
1 22
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Torga f (2) =2%p (2), rae @ (2) — GYHRUMS, aHAJUTHYECKAS B TOUKe Zy =0,
npudem @ (0) =6~0. Cnegoparesbro, TOUKa Zo==0 gBJsleTca AAs1 AaH-
Hofi QYHKUMH HYJEM HATOro Nopsamxa.

[Tpumep 4. Haittn wymn ¢ynkunn f (2) =(224-1)3shz n onpege-
JATH HX TODSTKH.

Pewenwue. Tlonaraa f(2)=0, nonyunm (22--1)3 sh 2=0, orkyja
221 1=0 uan shz=0. Pewas st ypaBrenusa, HAXOIMM HYJH (yHK-
unud f (2):

Ze=o— i, 2=i, z=khni (k=0 x1, £2,..). *

[Tycth 2= — i, T0rga [ (2) MOXKHO INpeAcTaBUTL B BHjE
f@=E+0P9 @),

rae GYHRuHA @ (2) =(2—/)3shz sapageTcs anAJHTHUECKON B TOUKe 2 =
= —i, npuueMm @ (—{)=8ishi=-—8sinl1=£0. 1o oszHauaer, uro
TOYKa Z==—1{ ecTb HYJ/b TPETHero NopsfKa. AHAJOrHUHO AOKAa3HBAeTCH,
yTO M TOUKa Z={ ABJAETCA HYJeM Tpernero mopsgka. Mccieayem mynw
2=kt (k=0, x1, + 2, ..). Ipoussognan

P ()=62 (2L 1)2shz- (21 1)3 chz

B TOUWKAX Z=kni OTaHuna or HyJq. CieloBaTe/nHO, 2= kii— HyJH
nepBoro Hopsfjxa.

Y caenyromux GyHKUHA HalTH Hyad H OUPENEJHTb HX
NOPSIAKH:

221. a) f(z)=2" +-42% 6) f (2) =%,
222. a) f(e)=2"sinz 6) f (2) =222,
223. a) [ (z)=1+chz; 6) (1) =01,
224. a) f(2)=(z+ni)shz; 6) f(2)=cos 2%,

225. a) f ()= +n®) (1 +€*);, 6) f(2)=cosz +chiz.
Haifitu nopsangox Hyas z,=0 pis caefyomux QyHKuHi:

296. f(z)=—-226——2. 227, f(z)=en% —glrz,

5 =(n%)
228. f(2) =5y 229, f(2)=2(chz — 1) - 2.
230. f(2) =22, 931, f(2)=(¢—e*")In(1—2).

232. f(2)= 2% (e — 1).
233. f(2)=6sin2? 4 2% (25 —6).
3 M. JI. Kpacuor u ap.
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234. Touka z, aBagercs HyJeM Nopsajgka A A GyHK-
UuH @ (2) W HyneMm nopsaaka m aasg QyHRUHE P (z). Uem
ABAAETCA ToYyKa 2, AJs QYHKUHH

a) (2)+¥(2); 6) 9(2)-¥(2); ‘B) i—g?

2. MUsonnpoBagnne ocobGble TOUKH, TouKa 2, nasniBaercs
U30AUPOBAHKHOL 0co6oll moukod GYHKUHR [ (2), €c/H CYIIECTBYeT OKpect-
HoeTh O << |2—2y| << § 3T0if TOUKH (C HCKJIIOUEHHOH TOYKOf Zp), B KOTO-
poit f (2} anasMTHUHA, KpOMe CAMOH TOUKH Z = Z,.

Touka 2, HasmBaeTcs yompanuMoi ocobol mouxoi Gysryua” | (2),
ec/ld_CyuIecTBYeT KOHeuRmli Mpegen QYHKUAH f (2) B TOuUKe 2,

I[Tpuwmep 5.

OcoGas Touka dynkuun [ (2) ects 2;=0. Mmeem

m f @)= mE—L_1.

z—0 z—0

CuenosartennbHo, touyka 2,=0 ecTb ycTpaHmMas 0co6asl Touka,
Toura 2, HaseiBaercs noarocom Qynkuuu f(2), ecmm lim f(2) =co.

&> Z

0
las mozo 4mobsi moukg zy ObiAa nOACOM yrkyuu [ (2), Heobxodumo

w docrnamouno, 4molbt sma mouka GbiAa Hysesm 045 (yrkyun @ (2) zf_(z_)‘
Toury z, masbiBawr noswcom nopadka n (n==1) yukuun f (2), ecnu
1

9Ta TOYKa fBJAsfeTCA HyJeM NOopanKa n Aad QyHRnuH q;(z):—f(_z) B
ciayyae n=1 MOJIOC HA3LIBAIOT IPOCTEHIM.
MNpumep 6.
1
f@=5-
. i3y
Ocobas Touka 2,=0. IosoxuM 2=pe'?, Torza f(z):—(—)a—_ Oue-

BHJHO, 4TO [f(z)[:p%, OTKyZa cjiefyeT, uTo |f (2) | HeorpanHdeHHO BO3-

pacraer, Korja 2 — 0 no swomy saxony. CaegoBatennno, !im f (2) =co,
20

T. €. Touka Z,=0 ectv nomoc 37tofi bynxuuu. iag byskuui ¢ (2) =23
Touka 2,=0 ecTb Hy,Jb TpeTbero NOpAnKa, a 3HaYHT, 2,=0 sABIAeTCH
HOJIKOCOM TPeThero mopsjka aasa GyHKuHH f(z):z—g_
Jas mozo umobbl MoK 2, ABAAAGCL NOMOCOM NOpAdKa N, QyHKYUL

f (z) neoOxodumo u OJocmarmouto, umolbt gyrsyuio [ (2) moscHo Geiao npeo-
z
crmasume 6 8ude f(2)== -i(—)—,
E—z)"’

2y & ¢ (29) #0-

20e yrkyus @ (2) aHAALMUYHA 68 MOuKe
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Npumep 7.
- sin z
¢ BL2—z—1
@yHRuHA [ (2) ¥MeeT Ape 0cobbie TOuKM 2==-—1 U z==1. Hccaepyem
touky 2=—1I1. IIpeicrasum | (2) B BHpe
sin 2
z2—1
2) = —
O=erp
31ech
sin 2
|
sin 1
aHaJMTHYHA B OKDECTHOCTH TOUKH 2=—1, mOpHueu q;(——l)——-¢0
CnegoBaTesInHO, 104Ka Z2=—]1 sBAgerca JABYKPATHLIM [OJIOCOM jaHROH
byHKUMH. AHAJOTHUHO, 3amHcaB QynKuHio [ (2) B BHje
s 2
EEDE

() 2-——1 ’

3aRMouaeM, 9T0 TOYKa z==1 ecTb IpocTofi mosoc 3TOH (GyHKuuH.
Touka 2, HaswiBaercs cywecmeenno o0cobotl moukod GyHKuMu f (2),
ecd B TOuKe 2y byHKuUHsa f(2) He HMeeT npejga HH KOHEUHOrO, HH
GecKoHeTHOro.
MMpumep 8 Onpegennts xaparrep ocoGoil Tourn 2==0 ynKnuH
1

[ =e
Pewe nue. Paccmorpnm mosenenne 310fl GyHKUHH Ha AeficTBHTENb-
1

o i s X2
Hofi 1 mmumo#l ocax. Ha geficreutensHoll ocH z=x u f (x)=¢* — c©
1

npu x — 0. Ha manmoii ocu 2=iy u f (iy)=e ° — 0 npn y — 0. Cne-
IOBaTeNnHO, Tpexen f(2) B Touke 2z=0 He cymecrByer HH KOHeY-
Hbilf, M Geckoneunblii., Touka z==0 — cyuecTBenHo ocobas Touka yHK-
uuH f (2).

OnpegennTs xapaktep 0co6oil TOYKH 2z,=0 ggas cuie-
JYIOIIHX q)qumﬁ'
1

235. a) e 6) cosz_1+zi, B) z z+2 .
sin 2 shz
236. a) e‘z-l—z—l; 6) 2—shz*

3%
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Ha#ltu ocofble TOYKH H OnpefesUTb HX Xapakrep y cJe-
Oyomux QyHKUMH:

1 1 —cosz
237. a) T—_—gi?l’—z'; 6) —Z,Z_OS_‘.
1
238, a) e* 5 6) cosl
4
2.8 grgw O Fita
1
2, inL. L
240. a) % 6) zsin—; B) zsh—-,
ZCOS~L—
241. a) m; 6) th Z, B) ZCth.

HMetor Mecto ciegyrouiue yrBepKieHus:
1. [as mozo umobe: mouka 2, Gotha ycmpanuModl 0coboti moukoid gynk-
yuu [ (2), Heobxodumo u docmamouro, 4mobbl A0paroaCKoe pasnovcenue f (2)
8 o:cpecmﬂocmu mouKu 2, He co0eprcar0 2aasHolt 4acmu.
2. [as mozo umobsl mouka 2, Gbira noarocoMm gynkyun f(2), weobxo-
duno u docmamouro, umobbL 2AG8HAR 4ACHb AOPAHOBCKO20 pA3ACHerUs f (2)
8 OKpECMHOCIUL 2, COOEPICALR AULLD KOHEUHOe HUCAQ UACHOE

FO) = L +ch(z—zo)" Cx #0).

=

Haubonowuti us noxazameseti crmetlereil y passocmeil 2—z2,, codeprca-
wuxcs 8 3HOMenamensx usenos 2aaemoi wacmu pada Jopana, cosnadaem
¢ nopadkom noatoca.

3. Touka z, moz0a u MOAbKO MO200 ABAREMCA CYUECHBEHKO 0c0ob0l
moukoil 0an gymxyuu [ (2), xKoeda 24a8HAL uacmlb ee AOPOHOBCKOZ0 pA3AO-
KCEHUS 8 OKPECIHOCIUL MOYKY 2y CO0epHcumm OeCKOHedHO MHO20 4ieHO0s.

Npumep 9. YcraHOBHTb XapakTep 0co60d TOYRH 2,=0 ¢yHKuHH

l—e?
z

f@)=
Pemenue. Mcnosmbsys pasaoxenne B psapg Teitjopa gnsa dymk-

LHH ¢ B OKPECTHOCTH TOYKH Z, =0, MOyuHM JIOP2HOBCKOE PasJOKeHHe
GbyHRUMK f (2) B OKPECTHOCTH HYJS

fo =5 t—en=p[1-(1—+5—F+.]-
=i_<z—§+§-.. )—1 2r+3,2

D10 pasmoxkeRHe He comepXKuT TJaBHOH wacTH. [Tosromy rouka zg=0
ABJIAeTCA YCTPAHHMOH 0CO060H TOYKOH,
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dyuruus f(2), poonpejetennast B Touke 2=0 exunnue#, T. e.
1—e?
f@&) = z

1, ecn  2=0,

ey z2£0,

ABJISIETC AHAJIHTHUECKOH H B TOuKe Z5=={.
IMpumep 10. Onpegesants Xapaxrep ocO60H TOUKH Zo=0 QyHKIHH
1—cosz
f@=——.

Pewenune Paznaraa ¢ynkuuioo cosz B psg Teilgopa no crere-
HSM 2, TONYYHM JIODAHOBCKOE DasjioxeHHe GYHKUHH f(2) B OKDPeCTHOCTH
HynA:

N 1 /22 24 26 28 z10

f(2>—77<2—1—m aar )

1 1 z 28

ABE WA TEHZ BTN

Pasnoxenue B pap Jlopana dyukuMH f(2) B OKPecTHOCTH TOUKH 2; =0
COZEPIKHT KOHEUHOE YHC/IO WIEHOB C OTPHUATENbHBIMH CTEMNEHSAMH Z.
CnenoBaredbno, towka 2,=0 sBaserca NOTOCOM NATOro MOPALKA, TaK
Kak HaWGOJbIIHI TOKasaTenb CcTelleHH y 2, COAepXauMXcsa B 3HAMeHa-
TeaaX WIEHOB rJaBHOM uyacTH pajga Jlopana, paBen MNATH.

Npumep 11, Onpesesnte xaparkrep 0cof0H TOURKH Z=1 (yHKIHH

1
f@)=@—1)e L

Pemenue Wcnoapdys pasnoxenne

uz = uld
Eu=l+u+§i+a+...

 momaras u=- HOJIy4HM JIOPAHOBCKOE pa3jiokenve QpyHKuuH f (2)

-1
B OKPECTHOCTH TOUKH Z,==1:

1 ! 1
[@O=C=N|l+7=7+g (z—1)2+31(z——1)3+"']=

1 1
=le=Dtary = T

d10 pasliokenHe conpepX)HT GeCKOHEUHOE MHOMXKECTBO WIEHOB C OTpHna-
TedbHHMH crenensmH 2— 1. Cregoparefibro, TOuka 2y=1 sBJAeTCH
CyliecTBeHHO ocofolt Toukoit dyrruua f (2).

Onpenesuts xapakTep yKasaHHbIX OCOOLIX TOYEK:

oq0, 11082 g gag, T2

2—m 22211 zy=1.
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2a0. B2 gz —0. 5. T2 2, =0,
246, oS —  zgm—m. 287, Sl 50, 7z =—1
) z4m 0 : ’ ZGT’_QZL’_ZU 0T 0T ’
aa8, MLET) 0. 249, T 40,
g?ie 1 .22
250. %Té, 2= —¢€. 251. COS?+SIHT, 20=0'

1
252. Zsh?’ ZO=0'

§ 8. Briuerni. Boluucaenne unTerpasos
C MOMOILGIO BHIYETOB

[Tycte TOURa 2, ecTb H301MpPOBaHHAfA ocoBag Todka QyHKuuH f(2).
Bowemon GyHKnHH f (2) B Touke 2, HashBaeTcs YHCJI0, 0003Hauaemoe
CHMBOJIOM Tres f (2p) H OlpeAensieMoe PaBeHCTBOM

resf(zo)zg—;t—igﬁf(z) dz, (1)
1

({pyrue oBosnauenns: ves [f (2); 2.}, resf (2).)
=2

_ B KauectBe KOHTYDa Y. MOXHO B3ATh OKDYIKHOCTb C 1€HTPOM B TOUKe 2, 10~
CTaTOYHO MAJOr0 pagHyca Takoro, 4ToOLl OKPYKHOCTb HE BLIXOAHJIA 34
mpefesiel O61ACTH AHATUTHYUIIOCTY QYUKLHM f(2) H He cOofepikana BHYTPH
ApYrHX 0coGbiX ToueK bynKuuu f(2). BoiweT GyHKuuu paBen Koa(uuuen-
Ty TOPH MHHyC MNepBOH crelend B JIODAHOBCKOM DAas/joXeHHH [ (2) B
OKDECTHOCTH TOUKH =2

res [ (zo) =c_4. (2)

Briuer B ycTpanumoil oco6ofi rouke paBeH HyJIIO.
Ecun Touka 25 ecTh noJwc A-ro NOpAgKa (yHKUHH f@), 10

res [ o) =gty lim ST 47 @) 2"k @

B cayuae npocroro nosmoca (n=1)
res [ (zg) ==lim [t (2) (2 —2p)}. @
2~>2p
Ecin ¢ynkuusi f(2) B OKPeCTHOCTH TOURH 2, NPEICTABIACTCA KAK 4acT-
HOE JIByX aHaJIUTHUeCKHX GYHKNH

r4
t4

-8

He) =

<

npruem @ (29) = 0, P(Zp) =0, a Y’ (25) 720, 1. e. 2y ecTs npocTol Homoc



§ 8l BBIUETbI 71

dynxyun f@2), T0

res  20) = o &)

Ecin touka 2; ectb cymecrseHHo ocoGasi Touka ¢yHRuuH f(2), To
I HaXOXJeHHs res | (z,) Heo6Xoaumo Hafitn Koadduuuent ¢_; B Jopa-
HOBCKOM PasfioxeHHH QYHKUHH [ (2) B OKPeCTHOCTH TOYKH 2,; 3T0 B Gyjer
res [ (2o).

[Mpuwmep 1. Haiitn Beverst dynxunu

sin 22
) =—"
23— . 22
4
B ee OcOOBIX TOYKax.
sin 22
Peue uue. Oco6bIMA TOYKAMH QYHKUHH —————— SBJISIOTCS TOUKH
23 __Jl z2
4
T
2=0wu = B touke z=0 nMeeM
. sinz? 1 4
lim f (2) =1Im —— lim =——
P Z2—0 F z2—0 11 n
z —_—

4

CregoBarenibHo, To4ka 2=0 ecTs ycrpaHHMas ocofast TOUKa dhyHKpHH
f (). Mostomy
res f (0) =0.

B Touke z=% limf (z2)=00, T. . TOuKa z:% ecTh ToJMoC (MepBroro
n
z=
nopsagka) byukunu f (2).
Corniacio gopmydne (4) umeem

resf(%): tim f(z)(z—%‘): lim J%%(z—f‘—%
o0 Z

2T 23— 4
4 4
= lir sin 22 —lf)sir[ﬂz
- 2 mz 16
Z2—>
IMMpuwmep 2. Hafitn Bewersl QyHKUHH
eZ
O=erre—y
B ee 0cOCHIX TOUKAX.

Pemenne. Ocobeie TOURKH GYHRUHH f(2) cyTh 2= —1 u 2=2,
Toyra 2= —1 219 QynKuMH [ (2) ABAdeTcsa MOJIOCOM TPETHErO TOPAAKA.
CorntacHo dopmyse (3) umeeM

T arf et \ 1 (22—62410)ef 17
resf(=D=g lIm g (z—2> S TTemr T TR
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Touka z=2—moJloc TIepBoro mopsaIKa, noaToMy no dopmyJe (4)
e2

resf (2)= hm (z+1)3

1

Mpumep 3. Haittn Bouerst oynruud f (2) = 71 B ee 0COBHIX

TouKaX.
Peweunune Ocobue TOUKH f (2)—HYJNW 3HameHartels, T. e. KOPHH
ypasneins 244 1=0, Mmeem

T ;38 3 i
n=c b, z=c b, z=e ! z=c .
[osw3ysice dopmystol (5), nmoayuaem
37
1 11—ty
resf(21)=4—z§ i 7€ ,
z=e 4
n
! ks
res [ (2 =75 R ,
z=e 4
1 1 i
_ %
res f (23) = 533 =Tl
z=e
, 37
1 1
—_—— = — €
res f (24) 423 --iE 4 .
z—e 4

Mpumep 4. Hafitn Bruer ¢pyHnxuuu
| () =23 sin %

B ee 0COGOH TOUKe.

Pewenue. Ocobag Tourka ¢yHKUMH f(2) ecrb Touka z=0. Ona
ABJSAETCA CYUIECTBEHHO ocofofi Touroit Qymxuuu f(2). B camom nene,
JIOpDAHOBCKOE pasJokeHHe GYHKUHH B OKPEcTHOCTH TOUKH Z==0 HMeeT BHJ

11
=23 e e =_— e —_—
fe) =z (zz 3726 T 50 > B TR

T. e CONepKHT OeCKOHeuloe YHCJIO WICHOB B raBHOd uyactH. Brmuer
dynkuuH B touke z=0 papen Hymo, TaK Kak KoaddhHuleHT ¢_, B JNOpa-
HOBCKOM PAa3JIOXEeHMH DPaBeH HyJ.

Hafith sblueTH! B OCOGHIX TOYKAX CJACAYIOMHX (YHKUHH:

253, f(z)=—22_, 254, | (2)= 2",

AL
4
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255.

257.

259.
261.

263.
265.

267.

269.

Teopema Komwn oBBueTax.

BBLIYETHI

chz

@D E—3)"

F& =25

1

Fid

f(2)=

f&) =tz

f(z)=cos —lz— 428,

l-——cosz

f(z)= —g- 264.
elZ
Fo) =1 268.

f(2)==ctg2z.

256.

258.

260.
262,

73

4

f2)=5—"—.

4——SiHZZ
2
[ O =Frpe—p

f(z)==2%sin —;.

i(z)z____si_n_g_g__l_z‘
(z+i)<z—»2—>
g 1
f(z)=¢ T

cosz
2) =—"—.
f(2) A
22n
F @) ==

(n> 0 uemaoe).

Ecau ¢ynxyus | (2) Aasraemes

ananumuveckoil ua epanuye C obaacmu D u sciody enympu obaacmit,

B0 UCKAIOHEHUEM KOHEUHO20 4UCAQ 0cOBbiX MOoueK 2y, 23, vus

z__
Pewenwue B obaacrd |2|<C4 dyEKuus f(z):%.__

n

gf(z)dz:2m' > resf(zg).
C k=1

BCony, KpoMe Touek 2=0 1 z=— [,
Tlo Teopeme Kowu o Bbluerax
e —1
z2+
lz|=4

, 2ny MO

(©)

1
aHaJIUTHYHA

42

———dz =2ni (res f (0) -f-res [ (—1)),

Touka z=0 ecrp ycrpanumas ocofas Touka GyRKuMH [ (2), HEO

lim et
20 2(Z+l)

=1,
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Iostomy res f (0)=0. Touka z=— 1 —noJoc MepROTO MOP LKA
resf(—l)— lim {.i__l__ (Z_’_l)}_l_e—l
zm>—1 2@+

Takum o6pazowm,

g _ez_—l_dz_zﬂ-(]_ - 1)
71z P i e .

lz[=4

Mpumep 6. Boudcauth wuTerpan S tgzda.
| 2 | =2
Pemenue. B obnacty D: {2|<<2 ¢ynruua f(@)=tgz anamm-
THUHA BCIOLY, KPOME TOHeK z=—72£ H z=——%,

noJsitocaMH. Bee ppyrue ocofbe TOuRM zk:—%—}—kn dynruun f (2) =1tgz

ABJAUUXCA TPOCTRIMU

nexar BHe oBmactH D W M03TOMY HE YUHTBHIBAOTCHA,

Humeem
resfi——smz 1
2/ (cos2)’ x
2=
2
resf<—-—£ ___sinz .
2/ (c082) |e=—=nj2
Tlostomy
tgz dz=— 4ni.
J2|=2 .
el
[Tpumep 7. BuuHcauth HHTErpaj ~2‘2—|—_1dz'
lz—i]=32
el/zz
Pemwenne B ob6mactn D: |z—i|<<3/2 dynruus f(z):—zm

HMeeT gBe OcOOHe TOUKH: 2=i—NOoMIoC NepBoro mopagka H 2=0—
cyllecTBeHHO 0cobasi TOUKa.
ITo dopmyne (5) nmeem

RV

22

g1

res f (i) = PRt

JlJsi naxoxjeHus Beera B Touke @ =0 HEOGXOXHMO HMETb JIOPAHOBCKOE
pasnoxenue GyHxnHnp f(2) B okpectnocty Toukd z=0. Opnako B gaH-
HOM cJydae HCKaTh psa Jlopana HeT HeoOXogumocTH: QyHRumd f(2) uer-
Has, ¥ NO3TOMY MOXKHO 3apaHee CKa3aTh, 4TO B ee JIOPAHOBCKOM DasJo-

KEHHH OYIyT COREPIKATLCA TOJBKO UYETHbIE CTENeHH 2 H 5 Tak uro
¢_1=0 u, clegoBaTenbHo,
res f (0) =0.
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[To teopeme Kowmu o Beruerax

el/z‘
2211
Je—i] =32
BoaucauTh HHTErpANb:
270. S 2tg nz dz. 271.
lzj=1
e? dz
272, S T 273.
tz]|=2
974. 2sin—dz. 275,
lz{=1;2
zdz
276. ! 13 277.
tz+1]=4
e? dz
278. m. 279.
|le—i|=1
(W&

9 Lox v
280. 55:—612, C: —9—+T—

281.

282,

284,

285.

286. S 2 sin - d.

R T
dZ, C: ?—l_—@)——

C
283. g——”—l-— dz, C: x*-4y2—16.
&

_m
=—.
g 2dz e
) ety
C: x2/3+y2/3:32/3.
et — 1
i A2
lz—1i| =3
g siznnz d.
A 22
iz|=V3
\ 2 dz
sin3 2z cose *
lz]=1
et? dz
e (Z—ﬂ‘)3 )
|z | =4

1.

——0dz, C: x2+4+y2—2x=0.

dz, C: f;—{—y2=l.

I,
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287. S (2 1) el dz.
|2121/3

288. i (sinz—lz—{—e"‘2 cos z> dz.
1z ;2/3

ITpunoxxeHne BEIYETOB K BHIYHCAEHHIO
onpejgeJeHHbBX HHTErpanosB

I.WUnrerpaasl or pauvonansnelx dynruuin Ilycms

m (%

=G e P M Q) —
n

MHOFOWIEHH COOTBETCTBEHHO cTelleneil m W n. Ecanm f(x) nenpepriBua

Ha Beeft feficTBuTeNbHOR ocH (Q, (x) £ 0) U nZ==m-2, T. e. cTenenb

3HaMeHaTess1, [0 Kpalinedl mepe, Ha [Be eAMHHub GoJblle CTEMEHH YH-

cJuTelsl, TO

o

f (x) — paunonainnas oyskuua, f(x)

=

-+ oo
§ (0 de=2nio, (7)

Pm(2)

Qn ()

rie ¢ O3HayaeT CyMMY BblieTOB QYHKUHH [ (2)= BO BCeX MOAI0-

cax, PAacmOJOMEeHHHX B BePXHEH MOJyMN0CKOCTH,
Mpumep 8. Bomucants HHTErpan

oo

x2dx
I= S o (a>0).
x2
. T —_ .
Peuwenmne. Tax Kak NonpmmTerpadbHas GpyRKUuA f (x) Fr e
uerHas, TO
x
I— 1 x2dx
) (x2 o)t "
z

BeeneM ¢yrKRpI0 f(z):m, KOTOpas Ha JAelcTBATENLHOH oOcCH,

T. €. IpH Z=yx, coBnagaer ¢ f(x) Pymxuua f(2) HMeeT B BepXuel Io-
JYyTIOCKOCTH MOJIKOC BTOPOr0 MOPAZKA B TouKe Z=ai. Bruer f (2) oTHO-
CUTENBHO 3TOr0 MOJIOCA

res f (m)==hm i[f (@ @—a)?l= Ll dr__=z 1_
T a2 ) = Z-—rn?lidz[ (Z—f-—az)z]’
, 2a:2
= lim

1
z—a (@4-a2)? “dar
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Toasayace Gopmyaolt (7), nonyunm

i +S x2dx 1
)

! n
'2”1'4—617-—?4—(1'.

BouucauTh C/AEAYIOMHEe HHTerpafbl ¢ 6eCKOHEUHEIMH Mpe-
nenaMu:

o] _|7.oo
289. Og%dx' 200. | @q—a;’z——m
” (@a>0, b>0).
oo too
201\ 292, S mi’;—)g
00 +o0
9. | w9 e
+Oox4+l ' x2m
205. S trdx. 296. S T d.
+000 ;C: dx
297. SOO T2 208. \ @
e xtdx
209. S e @>0, 6>0),
—|—OO
300. [doxasarp dopmyJty S (1_,_?2)%1 :12— G(Qn.;nl)
11. Wurerpans Bupa
SOR (%) cos A x dx, SOR (x) sin Ax dx, (8

rae R (x) —npapuabnas pauHonanbHas apo0b, A > 0--umoGoe Bemecr-
BeHHOE YHCJIO.

ITpn BoIUMCNIEHHH TAKHX HHTErpajoB yJOGHO TOJL30BAThCS CAELYIO-
e nemmoit JKoppana:

Ilycmo g (2) —dynkyua, anarumuueckas 6 sepxrell NOAYNIOCKOC-
my (0 <<argdz<Im), 3a UCKAIOUEHUEM KOME4HO20 WUCAG 0COGHIX MOUeK,
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U cmpemumes € smod hoayhdockocmu K uyaro Apu | 2| —oco. Toeda
npu A>0

lim \ g (@ dz==0, (9)
2de kormyp Cp— NOAYOKPYNCHOCIL & eepXxHell NOAYRAOCKOCHUL C HEHMPOM
p “r p

e mouke 0 u paduycom R (puc. 7).
Npumep 9. Buuucaure uBTErpan

©

x sin ax
IZS—xZ—_l_—kz-dx (a>0y k>0)_

Pewenne Bsezem Bcnomoratessnyio ¢ynKuulo

zetaz
PO =

224k
Herpyano BugeTs, 4TO eclH 2=x, T0 Im f(x) coBNmazaer ¢ NOXuIHTE-
. N X sin ax "
rpaseHoll Qynxuned q;(x):m, PaccMOTpEM KOuTYyp, yxasanubiil
v ua puc. 7. Ilpu gocrarouno GoJbuiom R
na  xonrype Cp dyHRUHA g (2) =

2
G =Zim YIOBJIETBOP fIeT HEpaBeHCTBY

|8 (2)] <% R 5@+ W CIeRoBatesbio,

g (2 CTpeMI/ITCﬂ K HyJOo 1pu R — co.

-2 7 s z JHauur, mo Jemme )Kopaana
Ii 2 20
Puc. 7. Row AR CT (10
R

Jag moGoro R > k To TeopeMe O BhrYeTax HMEeM

R
xelllx el 2
Sx2+k2 x+SzZ+k2dz nia,

zelllz zelaz 1
— s — ok
o= lerml= i Erme- ]

B npegene npu R — oo, yunrhiBas coornowenue (10), nosyunm

rie

O .

Xetax .

———— dx =mie %,
X2+k2
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OT}IQJIHH CJIEBa H CIIPaBa BCUIECTBCHHBIE W MHHUMBIE YacTH, NOJYydHM

+ 0
g x sin ax

x2+k2

dx=mne

B cuay Toro, uro monmmTerpasbHas (yHKUHS UeTHAs, OKOHUATEJHLHO
MO JIyYHM

zi—ak
{ 5 €.

Brraucautb chaenylomue HHTErpanbn

+00 +00
xcos x dx xsinx
301. S m. 302. S mdx.
¢ cos x dx ? cos x dx
303. \ @ re 304. —SOO St
" Ccosax ¢ cOs X
305. \ 2% dx (@>0). 306. | 2y (0>0)
0 0
C cos mx ¢ xsin x
307. 0\ dx (m>>0, a>0). 308. §mdx.
7 €08 Ax ¢ in ax
X33
309. S i g (>0 810, § s d
. . (a>0).
x% cos x dx 3x% —q?
s \ 312. § e cosmdr.
INpumep 10. Beryuconuts HuTErpaN
1:8%& @=>0, b>0), (11)
0
Pewenue. BeegeM yHKUMIO f (z):Tz;?:b—z) T4Kylo0, 4TO NPUZ =X

Imf (z) coBnagaer ¢ mogemrerpannhofi dhyHkuuedt B (11). ®yHRuuA f (2)
HMeeT OCOGEHHOCTb Ha BCLIECTBEHHOH OCH-—IOJIIOC TepBOro MOPSIKa
B Touxe 2=0. [TosToMy Kouryp HHTerpupoBanus BeiepeM T4k, KaK yKa
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3aH0 HA puc. 8 (oco6as Touka 2==0 oGXONHTCS MadBIM MOJYKPYTLOM
C, (r << b); monykpyr CR BHIGHD 26M TaK, uTo0b1 b << R).

Tagum 06pa3oM, BHYTPH 3aMKHyTOr0 KOHTYPa HaXONMTCS JHIUb OZHH
nonoc GyHKuMH f (2) B rouke z==bi. Cornacuo teopeme Koun o BelgeTax

—_r

ptax d elaz d elax dy
\ st | sere e e+ \ s
- ¢, r
eiaz )
+ g Z @5 dz = 2nio, (12)
Cr
vne . . )
doz o pl0Z (7 i) _ e__i
°=zfiiz (Zz—l—bz)—zl_l,n;i Z@EL0y) 2 (13)

3aMeHsA B mepBoM HHTerpante (12) x Ha — X ¥ 06bENHHAS €T0 C TPeTHHM
HHTErpasioM, NoJaydnM
—_r R .,
W plax dxt elax dye
X060 T Y TE e T
r

elax _ g~lax

R R
O - o simn ax ax
\\\) _S ﬂﬂ+ﬂ>”‘”lguﬂ+wr
r r (14)

-R -r 0 r R z

Tax xkax
i elaZ 1
Pruc. 8. im i
e'az
TO MOABIHTErpaNpHast GyHKIHUA TET npeAcTaB¥Ma B BHIE
_e 11 %@
2 (207 b2 2 z
rae lim (2)=0. Tonaras z=re'?, HaxomnuM
z=0
iaz § 1 dz VP (2) ; 3
€92 (2 z in ,
T

r r r

WnTerpan B npaBo#i uacth (15) mpu r — 0 uMeer npegenoM Hyab

0
lim \ § (re'?)dg =0. (16)

r—;()h
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Haxonenu, cornacHo nemme )KopnaHa, YeTBepTell HHTErpan B neBon

yacta (12) cTpeMuTCs K HYJIO IpH R — 00, HO0 by HKIHA g (z)_

(22+b2>
CTPEMHTCA K HYJO TPH |2 | — oo
lim €% 0 17
At Y i = an
R

TakuM ofpaszoM, OpH R-—co u r—0 pasencrBo (12) c yuerom
cootaouenuit (13)— (17) mpuunMaer BHI

oo
'2i‘ sin ax dx m'___m.g—i”
(03 b2
0
OTKYAa
@xX
sin ax —ab
Sx(x2+b2)d 2b2(1 )
0

BrigncauTE crepyrolge HHTErpaJsl:

X

313. 314 \ O,
§ g ¥
315. gcosax——cosbxdx (@>0, b>0).

§
316. \ st d

0

III. BetudncneHue HHTerpanoB coAepXallHX mo-
KaszartelbHYy byHRUHIO.
Ipumep 11, BoluHcauTb HH- M 4
terpanst ®penens
o8] [e 8]
11:8 cos x2dx;~ 1,:8 sin x2 dx,
0 0
3HadA, 9410
[e8]

§ o= ¥ dlegt, (18) 4 # “
Puc. 9.

4.\[&

i22
Peumenue. PaccMOTpHM BCIOMOrarenbHyl QyHRuuw f(2) =e*" n

KOHTYp, YKasauubiil Ha puc, 9 <prronoﬁ cek10p OBAO, rae 0A =0B=R
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TJl 1

H L BOA:%), BuyTtpn 3toro xoutypa f(2) ananutHueckad H IO Teo-

peme Koun

0BAO 0 a0

R : ;a2 2
ei? dz:‘e”‘2 dx—|—§ e dz 4 S e'®" de=0,
R

ITokaxeMm, uroO

(19)

lim { ¢ dz=0. (20)
R—>co Cp
. dg
[eficTBuTeNbHO0, nonarag 22=2E§, nonyuyuM dz— ~ u
2VE
it
§ 7 gy — S W—édgy
R Tge =7
rne I‘Rz—quBepr IYyTH OKPYXHOCTH pajvyca R2,
Dyukuns g (§)=-—— ynoBrersopser ycjaosHaM jemmsl JKoplaua,

2V

a 3HAyHT,

R0
1

PRz 2V§ R—»oocp

LT

i~ i
Ha otpeske AO: z=pe ¥, 22=p% ? =p%, 0<p<R. Orcrona

;T iR

0 i
S P dr =0t gp=—p ? % e dp

AO kR

ot .
lim S dg= lim Se’z dz=0.

@y

Tepefign B (19) ¥ upemeny npu R— co ¢ yuerom (20), (21) u (18),

GyneM HMeThb

o L
5 12 Fid
§ e dx —e 4]—/32—

1 T 1
in x2dx= — T Sl
sin x2 dx 2]/2—)—L2

HJIH

cos x2 dx—i

oteg
g

OTKyJa noayuaem

[eel

0

[o0)
1 ./n ¢ 1 F
2 g — i in x%dy— — i
Scosxdx 2]/2, Ssmxdx 2]/2,
0

22)
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NMpumep 12. Buuncaurs MHTErpan

+ wo
eax
)

Pewmenne. Boepes Benomoratefbnyo QyHRUHMIO
eﬂZ

f(z)”—“w

83

w KOHTYD, yKa3danuelit wa puc. 10 (mpaMOYyronsHHK cO cropoHamu 2R u
2r). BHyTpH 37010 KOHTYpa f(2) anainTiyya, 32 HCKAIOYEHHEM TOUKH

)\
¢ i
or o
)
D l 4
- 7 & z
Puc. 10.

2=, KOTOpasa fABJAAETCA ANA HEE NPOCTHIM MOJIOCOM

res f (i) = e

T+ey

ITo Teopeme Kom o Brrderax

pam! A
— —_— ea‘n:l'

2 =i radd

{t@de+ § 1@ d+ § f(2) a2t S [ (2) dz= — 2stieawi.
DA AB BC

cD

Ha orpesre DA: 2=1x, — R << x << R; nostomy

& ax
- e
| =\ e

pa g
Ha orpesre AB: z=R--iy, 0<y < 2m; nostomy
002 ea(R—}—iy) eaR
= =
Te? |~ | TpeR o | S R_1"
3Haunr,
o
aR aR
S sS ; 1dy:2ge 1—+0 npy R-— oo (6o 0 <<a << 1).
et — e —
AB ]

(23)

(24)

(25)
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AHanorHuHo monyuaem
—~—aR

{rja 1

(26)

(27)

S f @) dz<<—— 21—~ 0 mpn R - co.
&b 1—e .
Ha orpesre BC: 2=x-2mi, — R <<x =< R; mostom
+ y
. o (Xt2mi) i R ax
S=S de=—-€2" S l——mdx
BC R —R
Tepexona x mpeneny B (23) npu R — oo H yuuthiBas (24) — (27), noay-
p peneny B ( p y
qHM
+o oo
—Ezf—-dx'~ezaﬂi S dx = — 2muedri
14-e* Tded ™ ’
— 0 — 0
OTKyZAA
+o .
eax v 2nieo™  n;
14-e¥™ " Laani_| sinam’
— 0

BHyucuTh clepyiolie HHTerpaskl, CoACpKaniue noxasa-

TeNbHYIO GYHKIHIO:
[e 8]

317. { e=**cosbxdx  (@a>0, b>0).
0

o 2
YKasauue. Baarb f(2)=e %", koHTyp - NpSAMOYrOMbHHK €O

CTOpOHAMH 2R H =—
pouautt 2R 2a’
‘Fooeax,_ebx

318. S—de O<a<l1, 0<b<1)

- 00
Qz

€% . gb2
Yxkasanwue. Bs;m,f(z)=l—e—z,

IV. Boiudcaenue HHTErpanoB BHJa
o
S R (cos x, sin x) dx,
0

KOHTYp —Kak Ha puc. 10.

(28)

rie R -—panuonansHad QYHKuHA cOSX M siflX, KOHeUHas BHYTPH [1po-

MeXYTKa HHTErpHDPOBAHHA.
; dz
Tonaraem eé* =z, torga dx:l—z— "
sin X = —=
’ Az

Oueprpno, B 5ToM cayuae |2 |=1, 0=Cx < 2n.

Cos Xx==

241 2Z—1
22 :
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Huterpan (28) npunumaer BHJ
{ F )z, (29)
o

rae C —OKpYXHOCTb eJHHHUHOTO pajmyca € HeHTPOM B Hauame KOODIH-
nar. Cornacno Teopeme Komm o Bbiuerax murerpan (29) pasen 2moi,
rie G €cTb CyMMa BbMETOB OTHOCHTEHALHO MOMIOCOB, 3aR/IOUEHHHX BHYTPH
oxpyxHocTd C.

27

[Tpuwmep 13. Bouncaurs unrerpan [ = g ( dx (a>b>0).

a-1-b cos x)?
0

PemeHHe. IlpuMenssi MoACTanOBKY el*=2z, moxyuwum mocie Tpo-
CTHIX MpeobpasoBaHui

4 z2dz 4 . ¥
[=T§m=72nl Z ['eSF(Zk)-
k

=1

n

BHyTpH exMHHYHOrO Kpyra NpH ycnaoBuH, uro a >b >0, Haxomurcs
TONLKO OfMH TOJKOC (IBYKpaTHbLii)

otV AR
R S
Boraer GyHKuH F(z)=m OTHOCHTEJILHO STOTO TOMIOCA
T d 2 (2—2z) ~ab —32
res F (z;)= Zh_}rr;l & {m}_—a— (a2 —b?%) -
Uraxg,
__ 2mab
(@ —b2)32
BulyucauTh coaenyomne HHrerpainl:
2
dx
319. §1——Wiﬁ (O<p<1).
m 23
cos? 3x dx
320. [S 1—2pcos2x4-p2 O<p<D.
2 p
cos 2x dx
32l S 1—2p cos x4 p? (p=>1).
b
«TT d
399, cos x dx (0<p<1).

1—2p sin x-+ p2
0
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2n

393, SHCO” @>1).
0
T

324. {ctg(x—a)dx (Im a > 0).
0
T sin? x

325. Sa+bcosx (@>b> 0).
0
2n

326. S 1—}—acosx O<a<l).
0
2m

327. § (a+bmsx), 0< b<a).

§ 9. Jlorapudmuueckuii sbiyer,
Mpusuun aprymenta. Teopema Pyuwe.

Jlozapug nuveckolt npoussodnoti GyHRUMH [ (2) HaserBaeTcs QYHROUS
¢ (2), sBaAOmANCA TPONU3BOAHON oT jgorapudMa GyHRuUEHA f (2)

[ @)
@ =[lnf @) ="
OcolbiMH TOuKaMH GYHKUMH @ (2) MOryT ObiTh TOJNBKO HyJAH HJIH OcoBhie
TOUKH GYHRUHH [ (2). .

Briver sorapudMuueckodl Npou3Bopuofi GYHKNHH [ (2) OTHOCHTEJnHO
TOUKH, apjsiollediea HyleM bYHKuMH f (2), paBeH NOPSAIKY HyJd, a OTHO-
CHTe/IbHO TOYKH, sBAAwUledca momocoM OYHKuMH f (2), —NOPARKY 3TOrO
MOJOCa CO 3HAKOM MUHYC.

II pnMe p 1. Haiitn Bbetsl sorapudMuueckoil 1pou3BogHol QyHK-

1yabct f(z)— OTHOCHTEJNbHO ee HyJeH H MOIOCOB.

—}-1

Pemenne. Jlannaf GyHKUHA uMeeT OGeCKOHEUHOE MHOKECTBO
ApocTHX Hydedl 2=k (k=0, + 1, 22 ..) U og¥H UpOCTOH TONIOC
z=— 1, Orcroga

G - - re_
ziel?:rrf(z) 1 (k=0, =1, =2 ..), Zieil @ 1.

HafiTn BbMeTH MOrapu@Muyeckux MPOM3BOLHBIX IAHHBIX
dYHKIHE OTHOCUTENBHO WX HyJe#d M I10JI0COB:

328. f(z)= Sl“. 329. f(z)=cos?z
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330. a) [(2)="2%; 6) f(z)=sinz.
[Tycrs dyskuisa f(2) 70 ananuTHuHa BO BCeX TOYKAX 3aMKHYTOrO
koutypa C. Besuunna
1 Sf’ @,

2ni p f(2)

Ha3bIBAETCA  A02apudhMuuecKiM  Boriemonm  (yHKkyul f(2) OTHOCHTENLHO
3aMKHYTOr0 Koutypa C.

Teopema o norapudmMHuecKOM BhElueTe. [Tycno Pynxkyus
f (2) ssasemca anarumuneckod 8 samknymoil obaacmu D, kpose koweyrozo
wilcaa noaocos, 1 Ha eparuye C amoi ofaacmu He umeem HU wyted, wu
noatocos. Tozda pasuoctme mexdy wucrom ryaed u noaocos f(2) 6 D,
nodcuumannex ¢ ux nopadkamu, Gydem pasHa roeapugMudeckomy gvluermy
ynkyut f(2) omuocumensro samkrymozo konwmypa C:

: imdz=N~P,

2 ) [

ede N — wucao nysed 2y ¢ D, P— nucao noawcos f(z) 6 D.
Jlorapudmudecku BelueT MHOroujeHa

n
Qn (z): E akzk
k=0

oTHOCHTENbHO, KOHTYPa C paBeH YWCJay HYyMefi 5TOro MHOrOuJeHa (C yue-
TOM UX KparyocTH) B obnactu D, orpannuenHoil KoHrypoMm C.

IMpumep 2. Hafitn norapudmuueckuil Bouer dGyHRuuHH f(2) =
= i(;hzl oTHOcHTeNbHO KoHTypa C: |z |=38.

PRES

Pemenue. Haxoaum wynn 2, dyukunu f(2). das storo peuiaem
ypasrenue chz=0 nan e?+e?=0. 3auucaB mocJexHee ypaBHeHHe
B Bufe e¥=—1, nHafitem 2z=Ln(—1)=(2k-+1)m, TaR uTO 2} =

2k 41

2 .

IeHHs MOA0COB  (GyHRUMH f(2) peluaeM ypasseHue e%—1=0 uau
¢é=1. HUmeem iz=Lnl=2mni, z,,=2mn(m=0, x1, =2 ..)
B kpyre |2 |<C8 naxogarca nyau

ai(k=0, =1, £2, ..) (sce nyam upocthie). s HAXOXK-

zkzgli%l_im' (=0, =1, =2, -3)

¥ TIpOCTHE MOJTIOCH
2, =2mn (m=0, x1)

Gyurnuu  f(z). Yucno uynefi N =6, uucnao nomocoB P=3. Cie-

LOBAaTeNbEO, ;
L R @) g3
5 o) dz=6—-3=3.

.

j21=3
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Npumep 3. Hailty norapudmuueckuit Boter QyHKUHHA
1422
F@) "1 —cos 2nz

OTHOCHTEJNbHO OKPYIKHOCTH | 2| =T7t.

Peweyue. Ilonarasa 1+22=0, HaXoguM JIBA TPOCTBIX HYNsA
oyuruny f (2): oy=—i, ag=71. [Nomaraa 1 —cos2nz=0, uafigem 10110k
oyuRuud f(2): 2p=n, n=0, * 1, + 2 ... Kpariocte nonwocos k=2

Kpyre |z|<nm naHHaﬂ (pyHKunﬂ HUMeeT JBa TPOCTHIX HYAd
Qy==—1i, G,=1 B CeMb IBYKPATHLIX IOJIOCOB

=3, B =2, y=—1, 2,=0, z;=1, z;=2, z,=3.
Urak, N=2 u P=7. B cuny Tteopemu o JOT aPHOMHUIECKOM BhlueTe

moJyuaeM, uTo JlorapumuyeckHil BuueT AaHHOH ¢yHKuMW f(2) oTHOCH-
TesbHO OKPYXKHOCTH |z |==7t Gyzer paseH

1 @) 7.0
o S 7 T2=—l2
j2l=m

B caenyionux 3agavax HafiTH JorapupMHYECKHE BHYETHI
JauublX QYHKIHUI OTHOCHTENbLHO yKa3aHHEIX KOHTYPOB:

331. f(z)=l—ﬁ,

332, f(2)=cosz+sing,
333. f(a)=(e—2),
334. f(2)=thg,

335. f(z)=tgiz

386. f(2)=1— th?z,

o000 O

IIpuuwuun aprymenra. Jocapuguuueckull souem gyuryuu
f (2) omnocumeabro samkHymozo  koumypa C  pasen  Npupaueruro
Ac Arg f (2) apeymenma f () npu ob6xode konmypa C, OJerennomy Ha 2w:

1 ¢ @
2m§ 7o) dé— A Argi(z

CnegoBateibHO, Pa3HOCTh MeXAY UHCNOM HyJell M TOMIOCOB QYHRuuH
[ (2}, 3agmouenusix B obxacty D, pasua

1
N—PzﬁAcArgf(z).-

JIlpyrumu caosamH, pasgocte N — P paBHa uncay o60poToB, KoTO-
pHle coBepliaeT B IVIOCKOCTH W BEKTOP, HAYIUUE H3 TOYKH @ =0 B TOURY
w=f(2), KOrja TOuYKa Z omHcblBaer XouTyp C (uHeso 060POTOB Cum-
TaeTcA 10N0XHTENbHEIM, eC/IH BEKTOP Bpan(aeTCs IPOTHB Y4COBOM CTPe/KH,
U OTpHLaTeNbHEIM B NPOTHBONOJOKHOM cilyuae),



§ 91 TIPYHIIATT APTYMEHTA. TEOPEMA PYIIE 89

B uwacrtdoM cnyuae, xorga dhyHKuHs W=/ (z) ABageTcA aHaMMTHUE-
ckofi B ofnact¥ ) u Ha ee rpanume C, Ha Koropoil oma He ofpaliaercs
B HYJD, JoTapHdMHuecKHil Buider f(2) oTHocHTelpHO C gaeT yHelo Hy-
neit f(z) B D, Rotopoe paBuo H3MeHenH Argf(2) mpu obXope KoH-
typa C, X eJIeHHozvxy Ha 2m:

%ﬁ§ff((z)) dz= ACArgf(z)__

n
Bro HMeeT MecTo, Rampumep, MMA MuOrourtena Q, (2)= Y, akzk
£=0
Npumep 4. Hafitu uncno Kopuefi B 1upaBoii mONYMIOCKOCTH
Re2>0 ypaBnenns
LR =2"+24428—-8—1=0.

Pewenue. B cuay mpuHAuMua aprymesra uHe/o HyJeld BHYTPH
Kotypa C paBHO

1
N= o5 Ap Arg Q5 (2),

rge XouTyp C cOCTOWT W3 monyokpymuocty Cp: [2[=R, Rez>0, u

ee guaMeTpa Ha MHHMOH OcH; pajuyc R cuHTaeM CTOJb GOJBIIAM, YTO
BCe HynH MHOrounena @ (2), Haxopsmuecs B UpaBol MOJMYINOCKOCTH,
MoNanawT BHYTPh Hoayxpyra {z2|<< R, Rez>0. Hmeewm

Orcioga
Arng(z)—Arg[25<l+ +5 ——_—)]*

=Arg 254 Arg <1 + — -|_;__§_L\=

Ipupamende aprymenta Q@ (2) TPH o6Xofe B MOJOKHTENLHOM Halpas-
Jeunn nonyoxpyxnocTh Cp GYZeT pabo

Mg M Qs () =5Ac,, Argz -8 Arg<1+ _;W_ﬁ_L),

TepefizeM B 3TOM paBeHCTBe K Npefeny mpu R — oO:
lim Aq_Arg Qg ()=
ol Cp 205 (@)

=5 hm AC Argz+ hm ACR Arg (1 = _l____ﬁ__i)_
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O6a mpeziena B TpaBoif wacTu CYIECTBYIOT M PaBHblL COOTBETCTBEHHO
lim Ap_ Argz=nm,
R—c CR &
. 1 2 8 1
[Il’] A A — ——— — — | =,
Rioo Cr T8 <1+ z—l_z2 Fad 25> 0

Taknum o6pasom,
lim A, ArgQ; (2) =bm.
Roo R

IMycrs Tenepb TOuKa 2 JBHKercss 10 MHHMOM OcH OT Z2=={R 10

2=-—1R. Tlojoxum z2=1f, —R={=<CR. Torga
Qs ()y=u () +iv (=24 — 11 (P>—23—8),
OTKYJa
v=15—2/3_ 8. M

310 —napamMeTpHuecKne YpaBHeHHA JWHHH, KOTOPYIO OMHCHIBAET TOYKA
w=_Q;5 ()) B nuockoct (u, v), KOTrAa TOYKa 2 npoberaer MHUMYIO OCb
csepXy BuH3. JIaa UocTpoenus 5Tofl JMHHH HafgeM TOUKH ee lepeceye-
HAA ¢ KOOpAHHATHEIMH ocaAMH Ou u Ov. [IpHpaBHAB u W U Ky, TOJaY-
YHM COOTBETCTBEHHO

#—1=0 nmu t== [, 2)

£5— 23— 8t =0 ui ¢=+ 2, {=0. 3)

3ametnM, uT0 ypaBHeHHA (2), (3) He wWMeroT OOWHX Kopuel (neficTsu-
TeNbHHX), Tak 9T0 MHOrownled (; (2) ue umeer HyJ/delfl Ha mMuuMOH ocH.
CuepoBarenbHO, NpHMeHeHHE NPUHIHIIA apryMeHTa K KOHTYpY C 3aKOHHO,
Kopuu ypasneunii (2) ® (3) pacuosaraeM B TNOpAgKe YOBIBaHHS, T. €.
B mnopAfKe O06OXORa2 KOHTYPa, H HaxXOJHM COOTBETCTBYIUIHE 3Haue-
HUA U WU

Ne ¢ u v
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JaJnee ) )
lim u=-co, lim v=* co.
t—>tco {—t oo

I1H NaHHbE TO3BOMAKT UOCTPOMTb HHTEPECYIOULYIO Hac JHHuo (puc. 11).
13 puc. 11 Bugno, ut0 BeKTOp @=() (2) NOoBepHeTcA HA yrod @ =37

Puc. 11.

B OTPHLATENbHOM HanpabieHHH. CiegJoBaTtessHo,
A Arg Q5 (2) =5 —3m=2m,
OTKylla YHCa0 HyJaeli B Upasoif NONYIIOCKOCTH Gyler pasho

27

IMMpumep 5 Haitrn uyncno Koprelt ypasHenus
Q, @ =2-—-22—5=0

B [paBoll TOJYTNNOCKOCTH.
Pemende Bubupaem Kouryp C, Kax ykazaHo B npumepe 4.
Torpa

ACR Arg Q; (2) :ACR Arg 27 —22—5) =
2 5
=ACR Arg [27 <1 —?__”:
=7ACRArgz+ACRArg (1 —_~~>=

2 5
=7 —l—AcR Arg (1 —;——?7>—r7n npy R — oo,
Tonaraem z=if (— R <<t{=< R). Torxa

Q) =1t () +20 () =— 51 (— £7—21),
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OTKYHA
{u=— 5,
v=—1 (15 +42).
Tax rak w=%0, 10 npuMedeHWe MNpPUHIEOA apryMeHTa 3aKOHHO

(Q; (2) Ha MHuMOll OCM He WMeeT Hyseil). Ora AuHKHA —TpAMan (puc. 12).
Bekrop w=Q, (2) Aenaer nMOBOPOT B OT-

Y pHLaTeNbHOM HalpaBJeHWH Ha 7T pa-
nuag. 3Haunr,
e — =0
T ACR Arg Q; (2) R_)mm 7
4 3]
6n
= — = 3’
2n
o 7 = 1. e. KaWHOe YypaBHeHue wuMeeT TpW
» KOPHS B MPaBOH NOJYNJOCKOCTH.
Hus crenyomux  ypaBHEBHH
Puc. 12 onpeaeauTh 9YHCJI0 I(OpHEﬁ B nipa-

BOH TOJYILJIOCKOCTH:

337. #4222 4-3224212=0.

338. 22—22—5=0. 339. 2*—4224+-5=0.

340. 22°—2>—72+5=0.

341. 25524 —5=0. 342, 22 —241=0.

Teopema Pyuwe. [yome dyncyuu f(2) u @ (2), anasumuseckue
8 samgrymoit obaacmu D, ozparusennoill xoumypom C, 80 8cex mouxax
smoeo kornmypa ydosremeopsiom repasencmsy |f 2) | > @ (2) |. Tozda ux
cymma F @)=f @)+ (?) u dynkyua [ (2) umetom 8 obracrnu D oduna-

K080€ wUCA0 Hyaeté (C Yy4eTOM HX KpaTHOCTH).
Npumep 6. Hailtn yncao nyneil pyHkuuu

‘ FR)y=28—45+22—1
BHYTPYU eJHHHUHOTO Kpyra |z|<C 1.

Pewmenne. TlpexcraBum pynkuuio F (2) B BHae cyMMsl IBYX (YHK-
uuit f (2} ¥ @ (2), Kotopble Bhifepem, Halpumep, Tak:

f(@)=— 425, PR)=2aB422—1.
Torga Ha OKpPyXKHOCTH |2 |==1 Gylem HMeTb
1) |=| 42| =14,
[ @)|=|8+2—1|< |84 |22|}1=3.

Wrak, na rpaumue |2|=1 Kpyra Buino/userca HepaseHctso |f (2) | >
>|@(®) | ®yarnua f(2)=-—42% nmeeT nATMKpaTHEl HyJb B Hayane
Koopauuar, B cuny Tteopemn Pywe ¢ynrRuns

FO=f@+9@=2—i+a—1
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uveer B Kpyre |2|<C 1 usath myseli. 3ameTnM, 9TO Bo3MOXeH M Apyroil
puifop QyHKWMA f (2) ¥ @ (2), Haupumep, Taxoi:

fR)=28—45, ¢ (g)=22—1.

Mpumep 7. OupesennuTs uhcio KOpHeH ypaBHenns
26 —62--10=0
pHYTpH Kpyra |z|<C 1.
Pewmenue. Ilonoxum, Hanpumep, f(2)=10 n ¢ () =28 —62. Ha
OKpYXHOCTH |2 |=1 nmeem

@ 1=10, |o@)|=|z—62|<|2*|+6]2|=T.

Mrak, BO Beex TOUKaX OKPYKHOCTH [z |==1 BHINOJHAETCA HepaBeHCTBO
f@]>e @] Pyukuua f(@)=10 nme Hmeer Hynelh BHYTPH Kpyra
z|<C1, a_ sHauut, no reopeme Pyle, He Hmeer HyJed H yHKuHA
28— 62-1-10.

Tosab3ysick Teopemoil Pymie, Ha#T1¥l Yuci0 KOpHeH LaHHBIX
ypaBHeHUll B yKa3aHHBHIX 00JacTsX:

343. z4—38—1=0, lz]<<2.
344. 2424 1=0, 17} < 5
345, 2222 1==0, lz) << 2.
346. #4-62+4-10=0, |z|<<I.

347. 27211 —1824-10=0, {z| < 1.
348. 28 —620—284-2=0, |z|{ << 1.

IMpumep 8 Crombko Kopuell ypaBHEHHS
254+ 1=0 )]

Haxomurcead B Koubue | <Cizf<C2?

Pewmenue, Ilyers N-—uncino Kopueft ypasHewus (4) B KoJabpue
1l <|z|<<2 Torxa N=N,—N;, rae Ny —uucno gopuefi ypasHerns (4)
B Kpyre |z|<C1, N,—uncio Xopued ypaBHeHus (4) B Kpyre |z|<C2
(Ng == Ny). Herpyano BHAeTH, YTO Ha OKDYIKHOCTH |2Z|==1 ypaBHeHue
(4) xophell ue umeer: ecau |2|=1, 10 |24—5Bz4-1|==3.

JIna naxowgenna Ny Bo3wMeM f (2)=— Bz, ¢ (z)=2*4-1. Ha okpyx-
Hocty |z |=1 wumeem |f(2)|>|q@ (2)|, TaK KaK |f(2)|=]|—5z|=5,
| @) |=]z2+1]=<]z]|*+1=2. Qyuruua f(z)=-—5z B ¥pyre [2]<C 1
HMeeT OZHH HYJb, ClefoBatennHe, N,=1.

IOns naxoxkzenua N, BosbmeM f(2)=2%, ¢ (2)=1-—-b52. Ha orpyx-
oo |2 | =2 mteew |12) (> [(@)), mac kax (@) =12 =21~ 1o,
[@()|=|1—bz]=<1+5]|z|=1]. Oyuxuus f(z)=2* uMeer dernipe
KOopHA B Kpyre |z|<C 2, u, chaegoBatensno, Ny=4,

Uneno xopred ypaHenus (4) B kosene 1<C|2|<C2 Gyger N =

=4 -]1=3
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B crepyromux 3ajauax onpejesUThb KOJWYECTBO KOpHeH
NaHHHIX YpaBHEHHH B YKa3aHHBIX KOJbIAX:

349. 42* —2922 1-25=0, 2<lz| < 3.

350, 27 —5zt422—2=0, l<lz|<< 2.

351. 26—82410=0, 1 <|z|<3.
Mpumep 9. Halitn gucno Kopue#i ypaBHeHHs
22 —qaef =0, rae 0 <<a<<e™,
B ejuHAuHOM Kpyre |z|<C 1.
Pewenwne. Ilonoxum f(2)=22u ¢ (2)=—ae?. Ha oRpyxHoCTH
J2|=1 umeem
If @y I=lzl2=1,
I @) |=|—ae®|=a'e?|=ale"V |=ae* <ae <1

B cHay yenoBuilh —l=<x =<1 u 0 <<a<Ce™.

Urak, | ()| > @)], ecnn |[2|=1. ®ynkuua f[(2)=22 B Kpyre
lz | << 1 umeer IByKpaTHbI KOpeHb B HayaJje KoopauHaT. CnegoBaTelbHo,
no TteopeMe Pylle HcXOIHoe YypaBHeHHe B Kpyre |2/ <1 nwmeer jBa
KOp HA.

3ameuanue PaccvorpuM peficTBHTENbHYIO GYHKuu© F (x)=
=x2—qe*. Ita QYHKuuA RA oTPeske — | <<x < | nenpepuBHa. Kpome
TOTO,

F(—1)=1-—ge1>0, TaKk Kak 0 <Cae™l <<e 21,
FOy=—a<0,
F(l)=1—ae >0, TaK Kak a < el

Taknm o6pasoM, HAa KoHuaxX oTpesKos — l<Sx=<<0u 0 <<x<C1 dynk-

uua F(x) TpuHMMaer 3HaveHHf pasHmX 3HakoB. OrclOja clenyer, uTo
JaHHOEe ypaBHeHHe B Kpyre |z|<C 1 uMeer 1Ba JeHcTBHTENLHBIX KODHHA
pasHBEIX 3HAKOB.

B caexyronux 3azavax onpegesurtb YuCI0 KOpHeH JaHHBIX
ypaBHEeHH B yKa3aHHuIX 00JacTAX:

352. et=z (A1), |z]< 1.
353. &=aqaz2", rae n—muarypanibHoe yucaIo U |a|>
lz|<<R.

354. 22—cosz=0, |z}« 2.

355, 24 —sinz=0, jz|j<<m.

356. 22fchiz=0, |z]<0,5,

357. chz=22—4z, |z|<<1.

358. 2°=4z, |z} << 1.

R
R
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IIpruwmep 10. Haftru uncno Kopueil ypaBHenus
A—z—e?==0, A>1,

p mpapoii momymiaockoctd Rez > 0.

PemeHde. PaccMOTPUM KOHTYD, COCTABJEHHEI H3 oTpes3ka [—iR, iR)]
§ npaBoil TONYOKpyxHocTH |2 |=R. Tlonoxum f(}=2—L u @ () =
— ¢ % Ha orpesre [—iR, iR], rae z=iy, uMeeM

@ |=]iy—r=VREL@E=VR=1>1,

lp @) |=|e?|=]e|=1,
H caefoBaTensHo, |f(2) | > | ()|

Ha mnoayorpymx-octH |2|=R, rne Rez=x>0 upu aocraTouno

GonpmoM R (R > A--1), nmeem |f (2)| > | @ (2)|, Tax Kak
|[f@|=lz—hi=]2|—A=R—1>1,
lo@|=|e?|=|e " Wi=|e¥e|=c¥eV|=e*<1 (x>0).
Ilo reopeme Pyle BHYTPH YKa3saHHOrO KOHTYpa MPH KAk yrogHo Go/buIOM
R 1aHHOE ypaBHeHHe HMeeT CTONBKO e KopHeH, CKOJNLKO HX HMeeT

ypeBreuHe f () =2z—A=0, T. e. ogun KOpemo. A S3HAQYHT, M BO Beeil
[IpaBOfi TONYIJOCKOCTH A2HHOE ypaBHeHHe HMeeT efMHCTBEHHEIA KOpeHb.

359. [lokasath, Yro ypaBHeIIHE zehz=l, rne A>1,
MMEET B €IHHMYHOM Kpyre |z |<Z1 enuHCTBeHHbIH AeHCTBH-
TeJAbHBIH U MOMOMKU™CAbHBIH KOPEHD.

360. Ilokasats, uto ypaBHenue |+4-z+4az"=0, rae n—
BaTypatpHOe Yucno, Oosbllee €AUHUIB!, IPH BCAKOM o HMEeT
B Kpyre |z|={2, mo kpaiinei Mepe, OAMH KOpeHb.

361. Ilycts f(2) M @ (z)—DYyHKIHH aHATHTHIECKHE B He-
KOTOpOH OKpecTHOCTH TOYKH @, C—KpPYr C HEHTPOM B TOUKE
@ Takoi, 4TO BNOJb OKDYXKHOCTH 3TOr0 Kpyra HMeeMm

laf (2} |+ 1B ()| <7

[Mokasatb, uto ypaBHenue F (z2)=2z—a—af(z)—Pp(z)=0
nMeeT BHYTPH Kpyra C OZHH H TOJBKO OAHH KODEHb.

§ 10. Kondopmubie oTobpaxkenus

Orofpamenne w=f (), coXxpaHsdouee YIIb MEXIY JMHEHAMH, HA3bl-
Baetca Kougopmubm. EcnM mpu 3TOM coXpansercs H HallpaBjieHHe OT-
cyeTa yryoBs, TO TakOe OTOGpakeHHE HA3bIBAETCS KOHPOpmHbLM omobpa-
oeruem nepgoeo poda *).

*) KoudgopmMuoe oto6pakenne, IPH KOTOPOM YIVIbI COXPAHAIOTCA TOJb=
KO 1no a6CcomOTHOH BesqWuHie, HO M3MeHSeTcs HalpaBjeHHe oTcyera Ha
TIPOTHBOMONOKHOE, Ha3bBAETCA KORPOPMHLIM 0M0Bpaxceriem 8Mmopoeo poda.
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Orobpaxkente w=f (2) HasbiBaeTcs KoHpOpMHBIM B o6nactd D, eciu
OHO KOH(OPMHO B Kax10oil TOuKe 3T0H 06aacid. JIad toro utoGel orobpa-
KeHHe w={f (2) 6u10 KOHGOPMHEIM B 06aacTH D, HeOGXOAHMO W JOCTa-
TO4HO, 4To0l B D byHKuuA w="{ (2) Gblia aHaAHTHUHA W ee NPOH3BOAHAs
f' () Gnna ornxuHa OT HyJA.

O6mue TeOpeME TEOPUU KOHPOPMHH X
otobpaxeHUN

I. CymecrByer amanuruyecKas ¢(YHRudsS @=f(2), OoTOGpaxawas
B32HMHO OJHO3HAYHO W KOH(OPMHO OFHY ORHOCBAZHYIO MJAOCKYK 06MacTh
D ua gpyryw G, ecns TOABKO HH OfHA M3 3THX ofJacTefi #e cOBmagael
€O Beel MJIOCKOCTbIO ¢ OfHOH BLIKAIOUEHHOH TOUKOH WM Bcell pacmm-
peHHOH TJOCKOCTRIO (TeopeMa Pumana).

MwmeeTca GecKOHeyHOe MHOMKECTBO aHANHTHUECKHX QyHKUHH, ocyluect-
BAAIHEX oTOoGpamenne o6nacty D Ra o6nacte G. EpuMucTBEHHOCTH OTO-
Gpawatomell (pyHKunu w=f (2) Gyner oGecheuena, ecad UOTPeBOBATH,
49TOGH BBITOMHAAOCH OJHO H3 VCJOBHI:

a) 3ajannan Touka 2, ofiactn D mnepemaa B 3afaHHYO TOUKY W,
o6nactu @, a JHHMA, BBIXOAAWAS U3 2, NOBePHYJach HA ZAHHBIH yro.a
& (o= (2), arg[ (2)=uar);

6) Touxa zy, ofmactH D W TOuka 2y TpaHUUBL! Y TepellX cOOTBETCT-
BEHHO B TOYKY @, ofnactd G W B Touky @ rpannus I [wy,=F (z,),
wy = (21)];

B) TpH TpaHHUHbBIE TOUKM 23, 2, 23 0Gaactd D mHepeutnw B TpH rpa-
HHUHBIE TOYKH Wy, W,, Wy obiach G [w; =] (2y), W= (2), w3=" (23)]-

B cnyuasx 6) u B} ¢ynkuust f(2) npeanonaraercst uelpepelBHOH B
3aMKHyTOll oGnactu D.

II. MpuHunM B32aHMHO OfHO3HAYHOTLO COOTBETCTBHA
rpanuu. [lycTs obnacts [} orpannyeHa ryiafikuM HJIM KyCOUHO-IJIagKHM
Rourypom y. Ilyere ¢ynkuna w=/f (z), ananutuueckas B D W Ha vy,
orofpaxaer KOHTYp y Ha HeKOTOpki# Kouryp I', orpanuunpatwoumi obnacts
G, upnuem Korza TouKa z OOXOAMT KOHTYp y Tak, uto obnmacte D oc-
TaeTcs cJeBa, COOTBETCTBYIOUiasd TOUKAa @ O00XOZHT KouTyp I' Tak, uro
obnacte G Takke ocraercsd cjeBa. Torpga o6aacts D ¢ moMolp GyHK-
UMK @ ={ (2) 0To6pa3nTCca B3aHMHO OJHO3HAUHO H KOHDOPMHO Ha o6xacts G.

III. Mpusunn cuMmmerpuu. Ilyets ob6aacts D, cogepKaias
B COCTaBE CBOeH rpanulb! PEKOTODBifl NpAMOMHHeHHBIH OIPe3oK y (KoHeu-
HOH HmH GeckKOHEUHOH JMMHBI), oTOOpaxaercs QyHKuHel w==[ () Ha
ob6aacte G Tak, 4TO Yy NepeXoAuT B NpAMOJuHeHHBIN oTpesok I', BXogd-
muit B rpanuny obnactu (puc. 13). OGo3HauuM COOTBETCTBEHHO depes [
n L npawele, na KotopuiX femar orpesku y U I'. Ilpuuuun cummerpuu
yTBEpXKA2eT: ecld GYHKuMS w=/f (z) aHaauTuusa B obnact™® D, a Takxe
BO BCeX BHYTPEHHHX TOYKaX TDaHHYHONO OTpes3xa y, To 3Ta GyHKuua
aHaMUTUYHA TaKxke B o6macty D*, cuMMerpuuHofl ¢ D OTHOCHTENbHO
npaMoii [, ¥ obnagaer TeM CBOHCTBOM, YTO JKOGhE JBE TOUKH 21 W 2y
(M3 KOTOPHIX 01Ha JIeXUT B D), CHMMETPHuHble OTHOCHTeNbHO [, OTOGpa-
KAOTCA B TOYKY W; H Wy, CUMMETPHUHBIE OTHOCHTENLHO OnsivMoH L.

[Ipumep 1. B o6nactu D, orpaHuueiliioi KOHTYPOM v:

4y —2x=0,
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3aana GyHKIUs
w=32 1.

B karyw ofnactb nepeiiger D upu orofpaxkeHu#, ocyllecTBasieMoMm 3ToH
byHKUnEH?

Pewmenue, Ilyere 2=x-}iy, w=u-~iv. Torma coorHoumenne
w=3z--{ mepenuuercd B BHAe u--iv=3x-4i (3y41), tag uro u =3,
v=23y-+1. Orcroza x:%‘ y:UT_—l.

Koutyp y oto6pamaercss B Kontyp I':

<%>2+<2;_1>2—2 . %:0 i (u—3)2-(v—1)2=9,

T. €. OKPYXKHOCTb pajuyca 3 ¢ uenrpoM B Touke M (3, 1). [lonoxy-
Te/lbHOE HAMNpaBieitHe 00X0ja KOHTYpa Yy COOTBETCTBYET HOMOKHTENbHOMY
HanpaBleHulo  o6xoza  Kod-
typa I'. B 3TOM mOiKHO yOe-
IUTbCS, 337aB KOHTYpH RNapa-
METPHYECKHMH ypaBHEHUSIMH:

Y: x=1-tcosp, y=sing,
0<g<om,
' u=34+3cosq,
v=3singp+1, O0=so<2n.

CorsacHo UPHHUMIY B3aHMHO

OJHO3HAYHOTO  COOTBETCTBUSA P ®
rpaauy obnacte D oTo6pasnt-
¢ B o6nactb G-BHYTPeHHOCTD otty
OKPYHHOCTH,  OrpaHH4eHHOH v 7
routypom I\ ¢
37O MOKHO UPOBEPHTE €llle 6"
W Tak: B3ATh JIOOyH TOUKY
2€D n nailitn ee oGpas 1pu Puc. 13.

orofpaxkenud w=232-}i{. Ha-
NnpaMep, TOYKA z=1 mepexoguT B TOURYy w=3-i, KoTOopas HAXOZHTCH
BHyTpH 'Kourypa I.
puwmep 2. Jaus TOuRH 2y=2-131 u 2,=3--2i, cHMMeTpPHUHLE
LT
—i T
OTHOCHTENBHO TpsMOft y=x. [loxaszate, ur0 QyHKuMA w=e 2 z mepe-
BOJUT 2y U 2, B TOUKH @W;=3—2i U Wy,=2—3i, CHMMETPHUHEE OTHO-
CHTeILHO NPAMOH gy ==— X.

. T
i
Pemenune HerpyaHo npoBepuTs, uto GyHKUHA @ =€ 2z omo-
LT
—i T
6pakaer NpAMYIO y=—x B NPAMYI0 y=-—x. yuKuua w=e ° 2z ada-

AWTHYHA BCIOAY. B cuay UpHHOMNA CHMMETPHM TOUKH 2; =231 U z4=
= 342/, cUMMeTpHUHbIE OTHOCUTENbHO NPAMOH y=x, TepeliyT B TOUKH
W =3—2i 0 wy=2-—-3i, CHMMETPHUHEIE OTHOCHTENBHO TP AMOH Y = — X.

4 M. Ji. Kpacdos H Ap.
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KordopMubie oToOGpakeHuUSs, OCYUE€CTBASECMHE
5MeMEHTAPHBIMU GYHKIUAMYU

Jlunetfinaa oy HRuua. JIunefinad pyHKuyus w==az-b, rje a
H b—rocrosiliHble KOMIJIEKcHble dncaa (a 7 0), ocyuectBaser Kondopm-
Hoe OTOGpaxkeHHe MOJHOH IJIOCKOCTH 2 Ha TOJHYK INIOCKOCTb W@, TaK
Kak mpH nwoboM z AmeeM @' =a = 0.

YacTrele cayuau:

l. w=z-}b (1)
ocymecTBasgeT Npeo0pasoBanne Napajfienbloro mepeHoca.
2. w=eltg, (2)

rlle oo — JeACTBHTENEHOE UHC/O, OCYINECTBJIsAET peolpasoBanne NOBOPOTA
BOKPYT Hauana KoODIHHAT Ha Yroa o.

3. w=re, (3)
rje r-—JedcTBUTe/bHOE TONOKHTENBLHOE YHCIO0, OCYIECTBAAET Npeobpa-
30BanHe 1006HA ¢ UEHTPOM NORoGHA B Hauale KOOPAHHAT, r — KObQH-

HHEHT 1nogo6us.
y O6unit cayuali nunefinoro oroGpa-

@ KeHUd
Y

w=az-+b, rue a=re’t, (4

ocyuiecTBAsAeTCA TyTeM TOCAes0BaTeNE "

. A HOTO TMpHMeHeHHA: 1) TOBOpOTa OKOJO

N Hayalla KOOpAMHAT Ha yroa «, 2) upe-

v N o6pa3oBaHdsl mogobus ¢ peHTPOM NO0f0-

At — - — % p 6uA B Hauane KOOPAMHAT H KO5(-

GHIHeRTOM 10ZOGMA, paBHEM £, 3)

napanfenbHOro IMepeHoca € TOMOIIBIO

Cy=ter @ BEKTOpa, COOTBETCTBYIOLIEr0 KOMIJEKC-
HOMY 4HCay b.

OrmernyM, 4TO JHHe#Hoe wpeolpa-

30BaHHe OCTaBJAAET HelOABHKHLIMU JBC

21

A 5 TOUKH 2;=00 U 22=L. Ipu a-=
2 v l—a
HoJyuaeM 2,==00, T. €. B 3TOM C/yHae
o6e HemnoABHXKHLIE TOUKH COBNAJAIOT.
IIpumep 3. Hafitu nuneiinyo
Puc, 14. byHKIHIO0, 0TOGPAXKAIOUYIO TPEYrONbHUK
¢ BepwnnaMu B Toukax U, 1, i B njo-
CKOCTH 2 Ha TIONOOHbIH eMy TpeyroasHHK ¢ Bepwwuiamu 0, 2, 1--¢ B
TJIOCKOCTH . .
Pewmenwne [lepBuit cuoco6. M3 puc. 14 Bugum, uto A\ ABC
nepexomut B nogobunlt emy A A;B,C; nyteM cleayiomux onepamui:

1) 1oBOpPOT OKOMO Kawana KOOpJMHAT HA Yrox 7, YTO COOTBer-

4
CTByeT fpeo6pasoBaHHIo
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2) npeoBpazoBanne NOJOGHS C LEHTPOM B Hayage KOOPIMHAT N KO-
abunnenton r=F2 <Tax Kax AAlgleQ>:

Wy = V2w

3) napannennneli mepenoc, cMmemaomuii touky C (0, 0) B Touky
Ci (1, 1) (nonyuaem b=1--1):

W=wy-}1-41.
5 _ _
YuureBas, uto e A 1_/2_2__,- 1/2—2, LOJIYUHM OKOHUATEJLHO
f 2
w= 2(—%~1V2>z+1—I—z—(l-z)(l—l-l)

T
Brofoii cnoto6. Ilycte uckomas (yHKUHA ects W=az-b,
rge a W b-—T10Ka HeoUpejeNelHble KOHCTaHTH. [lo YClOBHIO 3ajaun
touku 2y=0 ¥ z;=1 AoMKHH NepefiTH COOTBETCTBEHHO B TOYKH Wy =
= 1~}1 1 w; =0. [lonyuaen cucremy ypas-

HEHH JI4 OlpefesieHua a H b: y
1 f-i=b,
{ 0=a-o.
Orcrona a=—1—1i, b=1-}:, a sHauwr,
w=(1+1)(1—2). )

Oyaruua w:%.

Toukn M u M’ HasmBawOTCA CUMMET-
pPUUHLIMH  OTHOCHTENBHO OKPYXHOCTH T,
ecnH

1) oHH HaxomsTCA Ha OAHOM Nyde, BHXOAAUmEM H3 LEHTPa OKPyXK-
HOCTH;

2) mpoWsBejeHHe WX pPAacCTOAHHA OT WEHTP2 OKPYKHOCTH paBHO
KBajpary paguyca oKpyiHocTH: OM - OM’'=R?2 (puc. 15).

Sameuanne ToukH OKpyxkHOcTH I' cHMMeTpuuHbl caMuMm cele
OTHOCHTE/JLHO 3TOH OKDPYIXIOCTH.

Jna pedtpa O OXpyxHOCTH I' cHMMeTpHuUHOH TOWKOH OTHOCHTENBHO
T' aBnsercs GeckOHeuHO yjafeHHasds TOUKa.

Ecnn menrp oxpyxuoctd I' naxopuwrcs B Hauaje KOOpIMHAT U OfHA

A3 CHMMETPHUHBIX OTHOCHTeNpHO I TOouek wasobpaxkaeT KoMIJeKCHOE
2

YHCAO 2, TO APyras COOTBETCTBYeT KOMIIEKCHOMY UYHCLY -g-

1
IIpeoGpasoBanue W==—- COCTONT H3 ABYX CHMMETPHUHBIX OTpaxe-

WA OTHOCHTEJbHO eAMHHYHOH OKDYXHOCTH H OTHOCHTENBHO JeiCTBH-
TenpHoH ocu (pHc. 16).

4+
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1 o
[peo6Gpasosanue W= — ABIsETCS KoH(oOpMHLIM BO Bcell pacluupen-

HOM T/IOCKOCTH, npuuem Touke z={0 cOoTBeTCTByeT TOouKa W =00, 4 TOU-
Ke z=00 cooTBeTcTByer Touka w=0. (Cunraior, 9To yron mexay /n-
HASMH B GeCKOHEYNO yaaleHHON TOuKe OAHOH M3 IUIOCKOCTeH (2 MM w)
paBed yray Mexkay ofpa3aMi THX JMHHA B Hayase KOOpAWHAT APYroH

nnockoctd.) OxpyxHOCTH (a TakikKe NpAMblE) OPH OTOGpaMeHHH w=—

nepexogntT B OKPY:KHOCTH WJAH Ipst-
Mble. HenogsnxHble TOuknM 2;=-1
1 2y=—1.

ITpumep 4. Hafitu oGpas ox-
py®HOCTH |2|=3 mupH or1oGpaxe-

¥

i~

HHE W=-——~
2

z Pemenmne Ilycts 2=x-1y,

w=uwu-+tv. Torga cooTHOWEHHe
25

z = Tepenuuerca s BHje
25
x-iy
25x 25y

e g

ut1o=

OTKyZa

o
51N

2bx 25y

U= Vo= ——— a
Puc. 16. x24-y2° x2 Ly? @
YpaBHeHHE OKDYRKHOCTH |2 |=3 B JeKapTOBLIX KOOPAHHATAX 3am¥lleTcs

B BHJe
X2 g2 =9. (©)
Hckamouaa us (a) u (6) x u y, TONyunM
o g [25\2
w +U =<§' ,

25
T. e. OKPYXHOCTb pagHyca RZ? C IeHTPOM B HauajJe KOOPAMHAT B

NJ0CKOCTH .
Hdpo6Honnuellnaa byHKuUuRA

az--b
w=Ta (6)

rre a, b, ¢, d— KOMIUIEKCHLe TOCTOsAHHbEe ¥ ad — br =2 0 B3auMHO ofHO-
3HAYHO M KOH(OPMHO OTOGparkaeT pacClHMpPellHyt MJOCKOCTb Z Ha pac-
WHpeHHYO nJocKocTh w. [TpeoGpasoBanie, ocymiecTBiasiemoe APOGHO-JTH-
HeliHoH QyHKLMeH, Ha3blBaeTcs ApoGHO-auHelineiM. Kaxoe apobHO-Huel-
HOe Npe0f pa3oBaHue MOKeT ObiThb MOJYYEHO C NOMOULBK) MOC/IEA0BATENLHOTO

C 1
[pUMEHEHUS JHHeAHbX npeobpa3oBaluil U IpeoGpasoBanus BUla w= 5
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CpofictBa apobHo-nHHEHHOTrO
npeo6GpasoBaHus

I. Kpyroeoe ceolictBo. [IpoGuo-tuHeliHOe NMpeoGpasoBaHHE OKPYK-
HOCTL OoTofpamaer B okpyxHOCTh. (I1paAMasn JMuHuA cyHTaeTCd OKPYIKHO-
CTBIO GeCKOHeyHOro pajguyca.)

II. CeofictBo cuMMeTpuH. [IBe TOUKH 2y H 2;, CHMMETPHUHHE OTHO-
cuTeNbHO OKpyxHOocTH C, 0TOGpaMKATCsl B TOUKH W H Wy, CHMMETPUY-
Hble OTHOCHTENLHO OKpy:kHOCTH I', HA XOTOpylo OTOGPaxaeTcsa OKPyXK-
Hoctb C.

CymtecTByer efHHCTBeHHaA Apofuo-JmHelHaA QyHKUMA, KOTOpPasa TPH
3ajaHHEBe TOUKH 2, 24 23 INIOCKOCTH 2 [EPeBOJHT B TPH 3djAaHHLIE
TOUKH @y, Wy, W3 IOCKOCTH w. OnAa HMeeT BHA

W—w; Wy3— @y, 2—2) 23—2
W—-w, Wy—W, 2Z2—2 23—z

™

Mpumep 5. Hafith apoGro-iuneiinyo ¢yHKUMIO, NePEBOASILYIO
TouKn 2; =1, 2,=1t, 23=-~1 B ToukH wy=—1, w;=0, wy=1.

Pemensue BocnonbsoBaBwuce Gopmynol (7), Oymzem uHMmerb
wtl 1—-0  2—1 —1—i orRVIA Wi T
w—0 T—(—0) z—i —1—1» ™4 itz

3ameuanne. Ecnu ogna u3 Touek 2, wam w, (k=1, 2, 3)
ABJsiercsl GeckopeuHo ynanennoH, 10 B Gopmy.Je (7) Hajo 3aMeHUTb efH-
HH1AMH BCe Pa3HOCTH, COjAEpXKaiuiHe 3Ty TOUKY.

Hanpumep, €clli 2;==00 H W, =0C0, TO MOJNyYUM

w—w 1 23—2 w3 — W) (23— 2.
(R N BT w=w1+(3 1 (% 2)‘
1 Wy— Wy 2Z—2 1 2—2y

[MpuBeneM ABe yacTo yruorpeGaawouuecs popmysl:
1) ®ynkuus

z2—2,

2=z,

w =gl )
oToBpa¥KaeT BepXHIOO NOAYMIocKOCTh [m2z>0 nHa eunuunbft Rpyr
|w|<<1 Tak, 4yTo TOUKAa 2==2;, AZANNOH UOJYNJOCKOCTH MepeBORHTCH
B weHTp w=0 Kpyra. 3xech ¢— A1060e AeHCTBUTENbHOE YHCIO.
2) dyuxuus

;o 2— 2y

w=¢v—2>0

1—2z23,

®

oTo6paxkaeT efMHHUHBIY KPyr | 2| << 1 Ha enuununnit Xpyr |w | <1 12K,
YTO TOYKA Z =2, OEpPBOro Kpyra nepexogur B uenTp @w=0 Broporo

362. YKasarh reoMeTpHYecKH#l CMBIC] (CABHF, pacTsiXe-
HHE, NOBOPOT) CJAESAYIOUKX peobpa3oBaHHi:

a) w=z++3i; 6) w=z-+5; B) w=iz
L 1—§

r) w=e %2 w=32; €) W=—= 2.

) X) ) Vs )

/
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363. Haiitn ofmuii Buj HenblX JHHelHbIX QyHKUUH,
€ MOMOUIBI0 KOTOPBIX OCYUIECTBJSIIOTCA NpeoGpasoBaHHA:

a) BepxXHeH noaynJockocTH Ha cebs;

6) BepxHed NOJMYNJOCKOCTH HA HHXKHIOW I10JYyIJ0CKOCTD;

B) BepXHefl MOJIyNJ0CKOCTH Ha NPaBYK NOJYNJIOCKOCTb.

364. Ha xakyio o6aactb oroGpaxkaer ¢yHKIUSA w——-é—

noaynomnocy 0 <<Rez<l, Imz>0?

365. Haittu gpo6Ho-nunelinylo ¢yHrOuw, otobpaxa-
oy Kpyr |z|<C 1 #a noaynnockoctk Im 2z >0 tak, uto6H
Touku —1; 1; i mepemsim B Touru oo; 0; 1.

366. Hafitu woudopmHoe oTofpaxkeHne Kpyra |[z|<Ib
B Kpyr |w|<<1 Tak, utoObl Touku — §; 4-4-3i; 5 mepeuunu
B TOYKH —1; i

367. Haiitu ¢ysxunio w=={(z), oroSpaxaouryio KoH-
dopMHO eZMHHUYHBIH Kpyr Ha ce0s M Takylo, 4To

a) f<%>=0, arg f’ <é>=%

6) [(0)=0, argf’ (0)=— 3. |

368. Halitu ppobuo-muHeliHylo dyHKIHU0, oTobpaxa-
oyl Kpyr |2—2|<<3 Ha Kpyr |w|<Cl Tak, uT0GH
?oqm; —1; 5; i}/5 nepemwnu coOTBETCTBEHHO B TOYKH I;
5 369. Ha xakywo o6saacrb B IJIOCKOCTH @ 0TOOpasuT GyHK-
s w=i;—;—z BepxHull noaykpyr |z|<<1l, Imz>0?

370. Halitu ofpas obmactu D: 1=<<|z|<<2, O<sargz<c
s%— npu otobpamennn w=-—-+1.

371. Hafitn obumi Bua ApobHO-nUHEHAHbIX NpeoGpasoBa-
Huil, NpeobpasylomMX BEPXHIOW MOJYNJIOCKOCTh Camoe
B ceba.

Crenennada GyHKEHSA

w=2", (10)

e n==2—1lea0e MNOJOKHUTENbHOE THCNO.

OroGpaxeiiHe, oOcyllecrBisgeMOe cTeleHHONH GyHRuHell, sBAseTcs
kROHQOpPMHBIM EO Beeli naockoctd, Kpome TOuKH z2=0: npu 2=~ 0 umeem
w=m"1 npu z=0 w' =0. [Ipu 2=0 KoudnpmiiocTs HapyilaeTcH,
TaK KaK npd orobpamennd c¢ nomombio ¢y (10) yranl ymenwtwi-
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N

gatorcs B # pad. Yroa 0 <(p<2——; ¢ynxuneil (10) orobpaxaercs B3a-

HMHO OfKO3HAYHO Ha BCK MJIOCKOCTb @ C pa3pe3oM IO NMOMOKHUTeNbHOH
yacTH JeHACTBHTeNbHON ocH, mpuueM aydy ¢ =0 coorBercTByeT BepXHHH,

70 . "
a ayly @==—--—HWKHHE Kpail paspesa. Taxkoe e orofpamxenne mo-
JyunM LS KamjJoro M3 YIJOB, Ha KOTOPble INIOCKOCTb 2 Pa3GuBaoT
7
nyun @=—— (f—uenoe u4ucno), npHyYeM 0OPY  OTOGPAXKeHHH yrJa

2(/3—1)“<q)<glﬂ (k=1, 2, ..., 1) HA TIOCKOCTL C Pa3pe3oM Jydy

6)
Puc. 17.

2(k—N)m
o= (n)

. 2km . .
COOTBETCTByeT BEpXHHH, a Jqyuy QD=T~—HPI}KHPIH Kpan
paspesa.

[Mpumep 6. Orobpazuty cexrop O <Cargz < % Ha eqUHNYHBIH

™[

i -

Kpyr | w]| <1 TaK, 4rofbl TOuKa 2;=¢e nepemia B unentp w;=0,

a rouka 2,==0—B TOuKy wy=1.

T

4

HUH {=2% 0T06pa3uM Ha BepXHWIW Hoaymiaockocrs Imf >0 (puc. 17, 6).
T

'8

Peumenmne. Cekrop 0 < argz<<-- (puc. 17, a) ¢ nomombo GyHK-

Toura z;=¢
t,=0.

3atem oroGpasum mosymiockocTs Imf >0 Ha Kpyr |w | <1 Tak,
uTO0H TOUKA f;=¢ Hepemia B wentp Kpyra (puc. 17, 6). Bocnonbso-
BaBLINCH (OPMYTOU

MepeilleT B TOUKy # =2f=1, a z,=0 mnepeifiger B TOYKy

w:e”——z_zo
2—2’
TIOJTY 4MM
weero it
R
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TpeGosanne, yTo6bt TOUKa f3=0 mepelmia B TOUKY wy==1, Jaer ¢'? =
== —1]. IlogcraBnsia B BupamKeHHe AJS W 3HAUCHUe €'9==-—] U =24,
HOJNyUHM OKOHYaTeJbHO
22—
W=
241

I[Mpuwmep 7. Halitn dyuKuuo, 0T06pamaoulyo BepXHIOW MONOBHHY
Kpyra |2| <1, Imz >0, Ha BepXHIO0 HonymaockocTs Im w > 0.
Pemenne 3azanHas o6nacTb mpeicrabBaseT coGOH ABYYTOMhHHK

C BEPUIMHAME B TOUKAX 2;=-—1 1 2 =1 H yrJOM 0pH BepUIRHE a=g
(puc. 18, a).
4
.
2 G
2,1 = %0 3 ‘ u
“ 5) 5)
Puc. 18.
BcnomorarenbHas  bysKuu t:}—j__—z ocyiecTBasieT KoHdopMHoe
oro0pax{eHHe 3TOr0 [IBYYroOJbHMKa Ha IepBHH KBajpaHt MNJOCKOCTH f
(puc. 18, 6). dyuruua w=1* uau w:(iT_‘-:-jz naeT UCKOMOe OTOOpa-

Kenue (puc. 18, 8).
[Toxasatenrbnaa U nNorapudmuueckasd PyHKUHUH.
OroGpakenne, ocyulecTB/IsSEMOe MOKAa3aTedbHOfl (QyHKnHeH

w = ¢?, (11)

KOHQOPMHO BO Beell MIOCKOCTH, TaK Kak w’' =e? =0 BO Bcgkoll KoHeu-
HOH TOUKe IJIOCKOCTH 2.
Ecau niockocTb 2 pasGHTh Ha H0J0CH

2kt < Yy<<2(k+Nn (=0, x1, =2, ..),

TO Kampas U3 3THX Hojloc 0Tofpasutces dyHKuuell w@ = e? B3aUMHO OfHO-
3HAYHO HA BCIO IJIOCKOCTb W C Pa3pe3oM BROJbL IOJOMUTENbHOH udacTH
neficteutensHoOl ocu. [Ipn 3TOM cudTaeM, YTO HUMKHeH rpaHune Y= 2km
NOJOCHl COOTBETCTBYET BepXHUH Kpall paspesa, a BepXHeH rpaHHue y=
= 2 (k4-1) m —umxHnit Kpa#t paspesa. [lpn 3TOM TOUKH 2, =X} 1Yy H
2p=xpt (Yo} 2km) (k= 1, 12, ...) mepexogdT B OJHY H Ty XKe
TOYKY NJOCKOCTH . IJTO 03HauaeT, 4TO NOKa3arelbHas (QYHKUMs
ABJasieTcs OeckouedHoancTnofl nepuopuueckoil ¢yHKIHeN KOMIJIEKCHOH
nepeMeHnOH 2 ¢ MHUMbIM HepuoloMm 2y, OO61acTbi0 €e OHOMUCTHOCTH
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ABaseTcs Mobaa 1ojoca yy =< y << yo-+ 27, oTobpakamomascsa Ha NOMHYI0
MJIOCKOCTL @ C DaspesoM 1O nyuy arg wo=1y, (puc. 19).

OrmeTuM, yTO NOKa3aTenbHasa GYHKUHA W==e® He ofpalllaeTcd B Hylb
HY TIPH KAKOM 3HAYEHUH 2.

y
(yﬂ:f/z i

i\ ,,,//

s

Pac. 19.

o

[MTpumep 8. Bo uro mpeoGpasyercd mHoOJMyMoJOCA
0 << Imz<<2n, Rez <0
¢ noMoMb GYHKIUH W= e??
Pewenune. [lonoxum z=x--iy, w=e?=e*.etY=pe'¢. Torna
p=¢¥, o=y, rme —oo <x<<0, 0<Ty<<2n,
Tak 4to O <<p<<l, O<C @ << 2m. OueBugHO, TOUKH W=pe'?, yHO-
B/IeTBOP AIOWIHE 3THM YCJOBHSIM, 3aNMOMusOT RPYr | W |<C 1 ¢ pa3peaoM no

OTPe3Ky MpsaMoOH, coepuHawile# Touku w=0 W w=1. B camom jene,
oGoHjeM KOHTYp y o6JacTH D B NONOKUTENbHOM HANPaB/JIeHHH, HAauuHas

¥
@ U
Ly i
y Ry z
2)

Puc. 20.

¢ yuactka | (—oo<x<<0, y=0). Janee {I (x=0, 0 <y<<2m)n
Hagonen, /// (y=2mn, a x mamensaerca or 0 go — co). OueBupuo, 3THM
yuactkam B liflockoctd @ 6yayT coorserctBoBare yuactku ', [I', 1]/,
rae yuactok I’ coBmajaer ¢ BepXHHM KpaeM paspesa, a I’ —c¢ HIKHAM
Kpaem (puc. 20).
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Jlorapudmuueckasn ¢ynxuns
w=Lnz (12)

ompefiensercst Kak (QVHKuHS, o6parHas mokasaTenbrofl. JJa onpexenen-
HOcTH 6yjeM paccMarpiBarh TIJlaBHOe 3Ha4eHHe Jorapudma 2, T. e. TO
3HaueHHe, KOTOPOe COOTBETCTBYET IVIABHOMY SHAUYeHHIO ApryMeHTa

Inz=In|z|-+iargz —n<<arge==m
Dra QyHKUMSA avaJHTHYeCKas BO BCeX KOHEUHBIX TouKax 2240 w @' =
= 0. 3uaynr, oro6pameHHe ¢ MOMOWBIO GyHKUIUHM ©W=InZz KoH-

¢opMHO BO Bcex TaxHX Toukax. Ormernm, uto ToukKH 2=0 n z=c0
SBJSIOTCA TOUKAMH pa3BeTBieHHsa QyHKuHH w==Lnz, npuyem LnO=co
H Lnoo=co.

Jlrofoe KoHeyHOe YHCMO OGXOKOB (B OAHOM H TOM ’Ke HANpPABJECHHH)
BOKpYr ToukH 2=0 He npuBegeT BHOBb K NMePBOHAYa/lbHON BETBH QyHK-
uun Lnz. Takue TOUKHM pAa3BeTBJeHNS] HA3HBAIOTCHA JOTAPHOMUUECKHMH.

Mpumep 9. Haitu ¢ysxuuo, 0To6paxamnmyo NIOCKOCTb 2 C pas-
Pe30M BIOJb OTPHUATEILHON 4YacTH BewecTBeHHOH ocH 0T Toukn 2=0
I0 TOYKH 2==—CO HA MHOJoCY — 1 < U <(JT B NJIOCKOCTH .

o e
L. T
//% % -

wy=-1t
6)

Pemenmne. [Ipu paccMOTpeHHH NOKazaTellbHod (YHKNHN ©=?
6u0 yKasano (erp. 104), uro moGam nosoca Yy <=y << Yo} 27 oToGpa-
aetes 310fi Qynxuvedl Ha MOJHYIO [JIOCKOCTb @ ¢ paspesoM M0 Jyyy
arg Wy = y,-

Paccmotpum oGpartioe oToGpaxeHHe, a HMeHHO, oToGpaxeHue I0-
JIOCH! Uy =S U << Uy 27, TAe vy==— 1 MJOCKOCTH @ Ha BCK IJJOCKOCTh 2
¢ pa3pe3oM MO Jyd4y argzy="Uv,=-— 1 (puc. 21). OueBnguo, TaKoe oro-
Gpamxende naeT QyHKuus 2=e%; cjeAoBaTe/IbHO, HCKOMOE OToGpaixenye
6yner w /ln/z—ln Jz}+targz Korga Touka 2 mpoGeraer NO HUXKHEMY
Gepery Paspesa [ or x=—co g0 x=0, TO B IJOCKOCTH @ COO1BeTCT-
BYOIAS] TOUKA OMMIIET JHHHIO ' OT #=--00 0 U=-—00 (U=-—m).
Hanee, Korga TOYKa 2 mpoGeraer HO BepxXHeMy Oepery paspesa [] oT
x=0 J0 x=-—cO, TO B IVIOCKOCTH W COOTBETCTBYIOUAS TOYKa OMNHMIIET
aurmrio [J7 0T u=— o0 10 U=+ oo (v=m), TaKk 410 06JacTb D u
coorBercTBylomas eff oGmacte G ocrakorca TMPH 00XOJe KOHTYPOB CHpaBa.

=

N

N\
N

Puc. 21.
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Tpuronomerpuuecrkue GYyHKIUH
W=sin 2, @=C0os?2. (13)
Hna aio60ro KOMOJMEKCHOrO 2
or% o pIZ eiz_l_e»iz

. e
SiNZ=———— (082= .
i ’ 2

N

[Mpumep 10. Bo yro oro6pamaercsa noaynonoca 0 << x <<, y>0
(puc. 22) ¢ momoup PYNKUHA cOs 2?

I\

S~

NN\ 7 /// //

7/
Puc. 22,

Pemenne. Hmeem cosz=cos(x-+iy)=cosxchy—isinxshy.
Ecsn TouKa 2z npoGeraer yuacTok rpatunst [ oT y=-Foco 0 y==0
(npx x=0), To cooTBeTcTBYIOULAS TOUKA B NMJIOCKOCTH @ Tpoberaer yda-
crox /' ot u=-+4 oo go u=1 (npu v=0). Ecnm Touyxa z npoGeraer
yuactok I] or x=0 g0 x=a (mpu y=0), TO W=cosXx oONHIer yua-

croxk I’ ot u=1 po u=-—1 (upu v=0). Haxonen, ecan Touka z mpo-
Geraer yuactok [/ or y=0 po y=-4 oo (OpH x=71), T0 W=-—chy
npoGeraer yuactok [/ or u=-—1 gm0 u=-—oo (npu v=0). Hrax,

ec/y Toyka z OGXORUT rpanuuy NOJIYIOJNOCH O<x<m, y>0 rax, 4T0
nosynosoca ocraercs cfieBd, TO TOYKA @ npoleraeT cnpaBa HaJEBO BCIO
NeACTBUTEABHYIO OCh, K NO3TOMy H3 NMPHHIMIA B3aHMHO OZHO3HAUHOIO
COOTBETCTBHA CMEAYeT, YTO QyHKUH] W=C0S2Z OTOGpaxaeT paccMaTpu-
BaeMyI0 MOJIYNOJOCY HA HIKHIOW [OJYILIOCKOCTh @. AHAJOrHYHO TOKa-
3uBaercs, uro mogymonoca 0 <<y << a1, y <0 oyuknuelt w=cosz or0-
6pakaeTcsl Ha BepXHIOK MOMYIMOCKOCTL W.

Cropose nosynonocsl x=7, Y <0 COOTBeTCTByeT OTPE30K — QO <<
< u < —1 pefictBUTeNBHOR OCH TJIOCKOCTH @, cropore 0 <<x <<, y=0
(npoxoaumoit ot t X 0) coorBeTcTBYeT OTpe3ok —I1 << u<C1 W cTOpoue
x=0, y<<O0—otpesok 1 << ¢t <4 0o. Orpesox —oo < u << —1 geficTpH-
1€/IbHOH OCH TJIOCKOCTH @ NpoGeraeTcs ABaxIM, a4 HMEHHO, Ha Hero
orofpaxaercst cropoHa x=71, y >0 mepBofl nonynomochi H CTOpOHA
x=7, y << 0—BTOpoll mostynosocy. UTo6hl oTOGpameHne wW==cosZ Gbi10
B3aHMHO OfHO3HauHIM, HAJO B IJIOCKOCTH W cleflaTh Daspe3 BROML neficT-
BHTEJIbHOH OcH OT —00 10 —1 (a Takxe OT 1 Jo - ooj.
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Urak, ¢yrxuns w=cosz orofpaxaer nonocy 0 << x <<m ua scio
IJIOCKOCTb @ ¢ Pa3pe3amu NO JelcTBUTENBHOH OCH OT —oO g0 —1 W oT
1 10 4-co.

dyuruuga )KyKoBchoro

1 1
W=— |24 — 14
/ 7 |2+ (14)
sIBJSIETCS AHAJMMTHYeCKOH BO Beefl MmOcKocTH, Kpome Toukn 2=0, rze
OHA MMeeT IOMIOC [IepBOro MOpsiKa.
1 1
Tpoussognas dbyuxunn YKyKoBcKoro w’=§ 1 — 7 =0 npn 24

= + 1, a 3HauuT, OTOGpaMeHue, OcyllecTBJsAeMoe 2TOH QyHKuUHMel, Besje

Puc. 23.

koupOpMHO, KpoMme ToueK z=+ 1. Dyaxkuua © = é <z—|—zi> oTO6pa-
®aeT KOH(opMHO 06/1acTh [2] <1 HA Bcio IJIOCKOCTE @, Pa3pesanHyio
no orpe3ky [—I, 1] peficteurensHofi ocu TIpaduna oGaacTd — OKpyX-
HOCTh |2 |=1—o0TOGpaxaercd Ha 3TOT OTPe3OK, MpHyYeM BEpPXHssA MOJYy-
OKPYXHOCTb OTOOpAXKAEeTCA HA HIKHHE, a HHXHAA —Ha BepXHuil Kpaw
paspeaa.

Auasoriyso o6nactb ,2|>1 oTtoGpaxaercd Ha BTOPOH 3K3eMIUAp
IJIOCKOCTH @, pa3pe3anHoH no orpesky [—I1, 1] neficTBHTenbHOI OcH,
nprueM BepXHAA NMOAYOKpyXHOcTs |2]=1, Imz >0 oroGpaxaerca Ha
Bepxnufi Oeper, a HMKHAS TNOAYyoKpyxHOcTh |2 |=1, Imz<C0—na
HUXHUA Geper paspesa (puc. 23)

Besikas oKpymHOCTh pagumyca R A1 orofpaxaercs ¢dynxnded (14)
B IHIC C HOJYOCSIVH

e
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u doxycamn B Toukax (— 1, 0) n (1, 0) Jlywi argz==9 (KpOMe 9=0,

7
3, n> 0TOGPAIKAIOTCS] HAa COOTBETCTBYIOULME BETBH THIEPGOJE!
u 02
cos2p  costp

7
ayun argz=0, argz= = -5, argz==7 OTOGpaXKaTCH HA ABAXKIL NpO-

GeraeMple GeCKOHEWIBE OTPE3KH AEHCTBH1ebHON WM MHHMOH oOcefl.,

J 5

Puc 24.

[Mpumep 11. IMToae3yach dyukuueii JKykopckoro, Hafirn o6pas
06J14CTH

T
0<]z| <, 0<argz<z.

Pemeunne. [MogcraBum z==r¢'? B pysxuu KyKkopexoro

e ]

w

H BBIIEJTHM JefCTBHTeNbHYIO I MHOMYH 4acTH; MOJNYYHM

u:% <r—)—%> cos @, \
(1)

o=t _L>-
= \r ] sing.

OfX0ifl KOHTYP CeKTOpa B TOJOXKUTEeAbHOM Hanpabiennn OABO (puc. 24),
nojyuuM orpe3ok OA mepefifer B GeCKOHEYHHIA OTPE30K AEHCTBUTENb-
HOR ocu, npoGeraemuifi o1 U =--co g0 u=1 (puc 25), ayra AB oxpyx-
HOCTH |2 |=1 mepeiiser B OTpe3ok JelcTBUTeNbHOH ocH A'B’, a orpesox
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BO nepefizer B KpHBYIO

uJ_;%(,JF;), U=K4?<,_L>

wm ui—ovi= é (runep6ona).

° 2

z 1 I

Puc. 25.

CornlacHO [OPHHUUNY B3aMMHOOJHO3HAYHOIrO COOTBETCTBAS [PAHHIL
HOJyYMM, yTO 3ajaHHbll ceKTOp mepesoputcs GyHinHell JKyKoBckoro
B 06JjacTb

uz—v2>~12—, u>]§, v <<0.

372. Haiitn ¢yHKuMo0, otobpaxalouylo o06JacTh %<

<< arg z<< m Ha 06JacThb 0<argw<%.

373. Or10o6pasuTh Ha BEPXHIOW MOJYIIIOCKOCTh €AHHHYHLIH
KpYr C paspesoM, MAYUIUM OT HEHTpa N0 JeHCTBHUTEJBLHOM
ocH.

374. Oro6pasutb MIOCKOCTb ¢ MPSAMONUHEHHBIM pa3pesom
no BemecTBeHHOH ocn 0<<a<<x<Cbh HaA BEPXHIOW MNOJY-
NJ0CKOCTb W.

375. OTo6pasuTh NJIOCKOCTb 2z € NPSAMOJNHHEHBLIME Pas-
pesamp (—oo, b), (a, 4-o0), rae a U b BeIECTBEHHS,
b < a, Ha moaynJaockocth Imw > 0.
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376. Haiitn ¢ynKuHio, 0To6paxalonyto Nepsuil KBagpanT

O<argz=< % Ha Kpyr|z|<< 1 Tak, yToOH TOukam z=1-1,

z=0 ortBevaau Touku w=0, w=1.

B cnenyloumx 3azagax Halith obnactb IJIOCKOCTH W, Ha
KoTopylo GyHKNuA @ =] (2) oTobpaxaer xaHHyw o6Jjactb D
IJIOCKOCTY Z:

377. w==2*+41, D: uerBepTh Kpyra |z} <1, 0 <<argz <<

<3
378. w==¢%, D: noJgynonaoca 0<Imz<;, Rez << 0.

379. w=Inz4-1, D: uyacrtb KpyroBoro koJbua 1 <C
< lz|<Ce, 3axJjioueHHass B yrae 0 <argz<Ze.

Hafitn ¢ynxuuio, oro6paxaioulylo KOHGOpMHO Ha Bepx-
HIOIO MOJIYIJIOCKOCTD KaXKAYI0 H3 yKasaHHBIX o6Jjactel:

380. Cexrop |z|<<2, 0<argz<~}k

381. O6nactp |2}<<2, |z—1|< 1.

382. Tlomocy a<<Rez<< b, a>0.

Haiity dyHxiyy, otobpaxawompume:;

383. Kpyr |z|<C1 c paspesoM mo pazuycy OT TOUKH
z=0 10 TOYKYM z=— 1 Ha DoymoONOCY — M < ¥ < %, U << 0.

384. Tonymosocy 0 << Imz<<m, Rez>0 ua moaymnjo-
ckoctb Imw > 0. x

385. Ilosocy — oo <<Rez<+ 00, 0<Imz<-; Ha nno-

CKOCTb @ C paspesaMn —co<Zu=<—1, v=0n l<Cu <
< 400, v=0.

386. Jlyuky, orpaHuUueHHyl0 OKpy:kHocTAMH |z— l|=1,
|z ~2|=2 nHa nonocy 0 << Rew<1.

387. O6nacth, 3aKJMOUYEHHYIO MEXAY ABYMS OKDYXKHO-
CTAMH, NMEPECEeKAIOUIUMHCS B TOYKAX z=a U Z==b 00X yr-
aoM mh, 0<<A <1, Ha nosymaockocth Imw >0 Tak, 4To6e!
z=q nepenia B w=0, a z=b—- B w=0c0.

388. Hcnoub3ys dyHrnuo MXyKoBcKoro, HallTH QyHKIHIO,

oTobpaxalouylo Koaplo 1 <|z|=<2 Ha obsaacTb %—{—
+%2<1 ¢ paspesom —4=<u-=<4, v=0.

389. O106pasurb BepxHIOW Hojymiaockocth Imz>0 c
HCKJIIOYEHHBIM TOJYKPYTroM \z\<17 B Kpyr |w|<l.



rTABA I
ONEPAUHOHHOE WCYWUCJEHHUE

§ 11. Haxomxpenue n3oOpaxennit 1 opurunanos

Pynryuelt-opueuna oM HasbBaeTca mo6as KOMIJIEKCHO3HAYHas (yHK-
uua [ (f) peAcTBHTe/ILHOTO aprymeHTa {, yAOBMETBOPAKINAS YCIOBHAM:

1°. f(f) wirmerprpyemMa Ha JII06OM KOHeyHOM HHTepBaje OcH [ (n0-
KalbHO HUTETPHpyeMa).

2°, Ins BceX OTPHLATENbLHBIX f

[ )=0.
3°. f(¢) BospacTaer He OhICTpEe MOKa3aTeNbHOH GYHKUHH, T. €. Cy-
IeCTBYIOT TaKHe nocrosuueie M >0 u 5,=>0, 470 gas BCeX f
17 (t) 1 < Me™". 0
ITpumep 1. Tlokasats, w10 dyuruus

e? sin 3, >0,
ro={
0, <0,

ABnsercsd GYHRUHeH-OpHTHHANOM.
Hefictsutensno, Gynkuud f(f) 10KaAbHO MHTErPHpyeMa:
ty
{ exf sin 3¢ dt,
4
CYIIECTBYET AJS JIOOBX KOHEUHDLIX [; H /5.

Yenosue 2° BLINONHEHO B CHAY 3ajaHHfA (YHKIWH,
Haxonen, mjis JM0ObIX BellleCTBEHHBIX {

| e2f sin 3f | = 2!,
T4k 4ro B KauecTBe M B ycIOBHH 3° MOXKHO B3dATb JI060€ udcno == 1:

sg=2.
[Ipocreftmedi GpyHRUNEHA-OPHIHHANOM ABJAETCA TAK HA3bIBAEMda exH-

HuuHasg QyHkuua Xesucaiiza =
L o,
wo={y |2,
) .
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QueBU 110,
o), >0

venO={y " ,Z,

TaK uTO eCau @ (f) yaoBaerBopser ycaopuaM 1° H 3°, to @ (f) 1 (f) yxe
VIOBJETBOPAET BCEM YCJIOBHSIM, HAJLaraeMbiM Ha GYHKUHH-ODPHPHHAHL.

390. I'lpoBepuTs, Kakue U3 YKa3aHHBIX GYyHKIUA SBAAIOTCS
GyHKIHAMH-OPHT UHA TAMU

a) f(t)——btn (f), b>0, b£1; 6) f({)=e2+ (1)
B) () =7—3 3 n (2); ) f () =10 (1);

n [(t)y=ch@—i)m(t); e) f(t)=tgm();

®) f (@)=t (1) 3) [ (H)=e""cos i (t);

u) [ (fy=e"n () K) f(f)=e""n();

DFO=pr®  WEO=1+ X )ini—h)
b=

B pannmefimem AMA cOKpameHus 3anucH 6ydeM, KaK TPaBHJIO,
nucaTs f (f) Bumecto [ (f) m(f), cudTad, 4TO paccMaTpuBaeMbie HaMH (YHK-
V¥ TIPOJOMKeHbl HYJeM 15 OTPULATeNbHBIX f.

Haobpadcenven pynuxyuu f({) no Jlannacy sassBaercst dyHkuna F (p)
KOMIIJIEKCHOTO TepPeMeHHOro p=s-+io, OnpexensieMass PaBeHCTBOM

+ o0

Fipy=§ fyerat 2)
0

Tor ¢akr, uto F (p) ecte uso6pakenne f(f), 6yleM CUMBONHUECKH
3aNUCHBATDL TaK:
fO)==F(p)

®ynkuua F(p) onmpepelNledHa B NONYNAOCKOCTH
Rep=s>s, u aBAsgeTCca B3TOH NONYNJAOCKOCTH aHAJH-
THUYECKOH hpyHKLHUe.
[Tpumep 2. [Monpaysace onpegeneHnem, Halith u3oGpaxedHe QyHK-
uuH
f)=et,

Pewenne. Jaa oyuxunn j(f)=e umeem s,=2. [osTomy nso-
Gpaxenne F (p) OyneT BO BCAKOM CJyuae OMPejeleHO H aHaJHTHUHC
B noaymiockoctd Re p > 2. Hmeem

o] 4-co

F(p)= § ezte~ptdt:0§ e P2t gf

t=Fob 1
=— = 2).
t=0 p—2 (Rep=s>12)

=_1—_e_(p—2)t !

—(p—2
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1
Urtaxk, F(p)szQ‘ Ora ¢pyHKUMA aHaMwTHuHa TpH Re p > 2, M, Kpome
TOro, OHA aHalUTHYHA BCIOAY, 32 HCKJIOUeHHeM TOYKH p=2. D10 He
HMpOTHBOPeynT choPMyNHPOBAHHOMY Bhille YTBEDIKIEHHIO, TAK KaK MOcjen-
Hee TapPaHTHPYyeT adaNuTUYHOCTE F (p) Npu Re p =5y, HO BOBCe He
YTBEPKAaeT, 410 eCln Re p <Usy, TO F (p) BCORY HeaHaMUTAUHA.

[Mosnsysick onpenesenneM, HalTH H300pakenus CJaenyio-
mux QyHrmhit:

391. f()y=t.  392. f(f)=sin3i.

393. f()y=te'. 3%4. f()=1" (a>—1).

395. Moxer Ju byHKIHA @(P)=‘C%p‘ CJIYXHTb H3006pa-
XKEHNEeM HeKOTOPOro OpuruHasa?

CeolictBa npeobGpasosanus Jlanaaca

I.CBoficteo nuHefiHOCTH, Jna MO6HIX KOMIJIEKCHHX MO-
CTOSHHEX & H

of (1) 4-Bg (1) = aF (p) +BG (p)

(3mech ¥ BCloAy B janbHeiillem cuntaeM [ (f) = F (p), g (f) == G (p)).

Hailltu usobpakenne dyarmuii;

396. 1--¢.
397, 2sinf—cost.
398. {44 e,

II. Teopema nogo6uyg. [dua moGoro mocrosinHoro o >0

flan =57 (L),
[Monb3ysick TeopeMoii mopobusi, HaliTH U306paxkeHus cle-
AyIOUUX QyHKIHA:
399. f()=e". 400. f(f)==sin4t.
401, a) f(f)y=coswt;  6) f(f)=sh3t.
402. Tlycts f(f)==F (p). Hafitn usobpaxenune QyHkiuu

{
— a > 0 HEOOCPEACTBEHHO U C INOMOUIbIO TEOPEMbI
a p p

noxo6us.
[Monbsysich TeopemaMu JMHEAHOCTH U NOxOOHs, HAHTH
H306pakeHusl CJAeAYIOmMX Gy HKIMM:
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403. f(f)y=sin%t. 404. [ (t)=sinmi cosnt.

405. f(f)=cos®t. 406. f(t)=sinmi sinnt.

407. f(f)=sin*{. 408. f (f)==cos mf cosnt.

[Il. Tuddepenunpobanre opuruHanaa Ecnu dysxpnu
F@y @)y ..y ['™ () aBasioTes yHKIMAMA-ODATHHATAME H f (£) = F (p),
10

' () = pF (p)—f (),
' @)= p?F (p)—pf O)—F' (0),
fo () = pF g )*P”“f 0y —p"~ 2" 0)—...—f """ (0),

rae nox f®! (0) ( .., n—1) nounmaetcs lim f& (f)
=40

[Tpumep 3. [Noneaysack Teopemoii 0 grddepe HHUPOBAHUH OPUTKHAA,
HaliTH H306paxenne QyHKuuu f({)=sin?f.
Pemeunmne. [lycrs f () =F (p). Torna

&) = pF () —f ©O).

Ho f(©0)=0, a f ()=2sinfcost=sin 2 = p2—2|—4' CnepoBarensHo,
2
WZPF (p), orxyna
2
F ———— == sin? £,
(p)= p(pEF4) "

[Moab3ysace Teopemoii 0 auddepeHIUPOBALHH OpPUTHHAJA,
HalTH H300pamenne CJAEAYIONHX QYyHKIHI;

409. f(f)=cos??. 410. f(f)=sin®t.
411, f () =tsinof. 412. [ (t)=costL.
413. f (f)=tcos of. 414. [ (f)=tet.

IV. Indpdbepenunposanne uaobpaxenund. Jduddepen-
IUPOBaHHE H306PaXKeHHS CBOAMTCHA K YMIIOMEHHIO Ha (— f) OpHrHHana

F' (p) = — 1 ()

FW (p) = (=" (®).
IIpumep 4. Haittu usobpawetine GhyHKuuu
f () =26t

HJH, BoOOILe,

!
Pemenne. Hmeenm et = ITo Teopeme 0 pudhepennupoBaHHH
p—

= te!. Jlanee

H306p akeHH 51 <;1_—1> = — ¢, oTKyzna

1
(p—1)?

1 ’ 2!
=—f(lef) mam ——— == 2%’
[ ] j ) (p—1)*"
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Halitn nao6paxkenus ciaexylomux (yHKIHI:
415. f(t)=1%cost. 416. f(t)=t(e' +-chi).
N7, f(H=(-+1)sin2¢. 418, f(t)=1sh 3.

V MuterpunpoBanue opUr¥Haga HrerpupoBasne opu-
rHHaNla CBOMTCHA K JeJleHHIO M306paXeHHs Ha p, T. e. ecln [ (f) =F (p),
TO

¢
=
OSf(r)dr,_ b

¢
[Tpumep 5 Hafirn nao6paxkenue ¢GyHKIHH Sef ar.
1

Peuwenue. Viveem ef == ——I—T [To Teopeme 06 HHTerpupoBaHHUH
p—

; 1
p—1_ 1
P oplp—l)

OpHruHasa S et dr=
0

Haiitu nsobpamenus caAefyIomux QyBKIHH:
¢ {

419. f(t)={sinvdr. 420. f (ty={ (v 4 1) cos ot d.
0 0
¢ ¢
421. f(y={rsh2vdr.  422. f(f)={cos® ordr,
. 0 0
t t
423. f(H)={ch wrdr. 424, f(ty={ve " dr.
0 0

VI. HuterpupoBanne Hao6paxenud Ecan SF(p)dp

. 08
XOIUTCS, TO OH CJYXHT H300paxeHHeM (yHKIHH et

ITpumep 6 Halitn nzoGpakenne byHKUNH -51%{
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Pemenue Kax uasecrro, sin t':‘ﬁ%——l' [TosTomy
o]
sint _. dp © @
- S Egt'_—l—-—-——arctg p ,p =3 —arctg p=arcctg p
P

(zns muorosHaummx GysKuui Lnz, Arctgz w t. 1. Gepem ux raaBHbie

BeTBd, A5 KoropwX In 1=0, arctg lzg T, A.).

Halitn nsofpakeHus CIeiylomHx (QyHKiHi:

i __ ot H
4. 0 L 6 15, 5 L
— — 2
496. a) 1 tcosz‘; 6) cos f tcos z‘.
{1 {__ 1t
a27. a) 512 6) O28

C nomompo TeopeMb! 06 HUTETPUP OBAHMK M300paKeHH JIeTKO BEIGHC-
JSTIOTCSl HEKOTOPHE HeCOGCTBEHHBIE HHTErPaJibl.
[Tycts f(f)==F (p), W NycTb CXOAMTCA HecOOCTBeHHHIH HHTerpaJs
[ee]
f®
e dt. Torna

0
o

oo
4
O a=\ Fipyan @
0 0

rae HuTerpal cnpasa MOXKHO BbIYHCAATL MO HOHO)KHWJIYOCH.

[Tpumep 7. Boruncauts uHterpan S .S_tf
0

Pewenue Vueem sinf = AET Tlo dopuyne (3)

[es] [ee]

sin £ dz oS
S —T—dt Szz+l——arctgz o

Briyuc/auTe UHTErpABL:

e at _ bt

428. . ~dt (@a>0, b>0).

e sin at
——d

429. ;

¢ (0 >0, a>0).

L33 P
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& —af __ 8
430. S‘L—t—eitsinmtdt @>0, p=0, m>0).

0]

Ae=# 1 Be Bt | Ce™ 1t f De™ ¥ d

431. ;

{

Sl Q

(A—{—B+C+D—O, «>0, $>>0, >0, §>0).

439, Scosat—cogbtdt (a>0, b>0).

Sin at sin bt sinaf sin bt

433. t  (@>0, b>0)

omg =

VII. Teopema cuemenns. Ecau f(f) =F (p), mo d2a moGozo
KOMRABKCHOZO Py

Dot

e F (O =F (p—po) @
Mpumep 8. Hafitn usocpamenne pynxuun f ({) =€ cos 2t
Pemeunne Hmveem cos2f== ;2:_—4 IMo Teopeme cuelteltia (py =
=—1)
_ . p1
e t [oe] 2f = N TCE I
T (pH 124

Hafitn nsobpaxeHus CJIeXYIOUHX (QYHKIHH:
434. a) e¥sint; 6) e cosnl. 435. e .13
436. e'sht. 437. te'cost. 438. &3 sin?t,

439. e * cos? Bt.

VIII. Teopema 3anasgmsanusa Ecauw f({)=F(p), mo
028 206020 NOAOHCUMEABHOZ0 T
f(t—1) =€ PF (p). )

Teopemy 3anasgeBannsl yAoGHO HCMOJBL30BATH NPH OTEICKAHWH H3O-
Gpamenns QyHKuHil, KOTOpPHe Ha pPa3HbBIX yd4acTKax 3aJaloTCHA pasHBIMH
aHaMUTHYIeCKUME BBIDAMKEIH AMH.

[Tpumep 9. Haiitu u3oGpaxenue yHKuuM

fE—=D=¢—=1Pn({-1).

Pewernue JHas oyuxuuu f () =121 (f) uMeeM
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Tlo teopeme 3amasgeiBanns ana GyHKuuH (f—1)21n (f— 1) nmeem

(t—1pn =1 =P 2

37ech CyIIeCTBEHHO, uTO HuleTcA H3oGpaxkeHne dyvkuuu (f—1)2n (f—1),
T. e. GyHKUMH, paBHOI Hymo mpu < 1.

Ecnw paccMoTpeth byuxuuwo fy () =(E—1)21 (f), o ana Hee nmeln
6or fy (f)=(f2—2{+1)m (/) ¥ mO CBOHCTBY JHHENHOCTH

.2 2 1
(f“—l)zﬂ(t)f-;:,—"p‘z R
Haiitu usobpaxenue QyHKIHA:
440. sin(f—b)n {({ —b).
441. cos2 (t—b)n (t—b).
442, ey (1 —2).
Hailtu wn3obpamxenus cuenyiomux GYHKOUH, 3ananHbix
rpaguuecku:

443.
0 / ¢
/ /
444,
7 7 7 t
_/ ’_.___ —
P
445,
9 ! 2 t
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6. 71 0 npu 0=<1!=Cq,
1= e npu t >a.
r(t
\ ()
I~
Jv a t

0 npu O0=<f=<<Caq,
447. f(H= ] —e % ppy t>q.

()

A

o — #t)

|
]
! |
[
g a t ar P
ft) g—luz 3 14 7
P I
449, 77 /! 450. -,
I L
0 a b' 4 —4L s_]

451. Iycrs dyukuus f(¢f) nepuoauyeckas ¢ nepuogom T
ectb QyHKiuHA-opurunan. Ilokasarth, uro ee HsoGpaxkeHue
no Jlannacy F(p) naercs dopmysnoit

o

~

T
1

F(p)=——=5 \ 7ty at

M onpeleneHo B NOJYNJAOCKOCTH Rep=s>> 0,
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Halitn  usofpaxkenuss  caefylOWUX  NEpHOAHYECKHX
dbyHKuui:

£(t)
02 /m

7t)
454. Wdz 455. f(t)=]sint|.

456. f(f)=|cost|.
(e}

457. ' PN

4 n 574 4

F(h)—= sinf npu 2kn <¢<<(2k41)m,
L 0 npu (2k + 1) n<<i<<(2k+2) @
458. Tlokasats, uto ecan f(f) = F (p), to

a

) n(t—a)=F (p)—\f(t)e " dt.

0

(k=0,1,2,..).

B mpaxtuxe ONepamMOHHOrO HCHHC/IEHUA NPUXOAUTCS WHOTHA CTAMKH-
BaThCsl C TaK HA3BBAEMbIMY OCOOMIEHHBLIME (GYHKUHMAMH *), UIPAIOUIUAY
BAXKHYIO POJIb B COBPEMEHHOH MaTeMaTHKe.

OnuuM u3 npeacrapurefiell oSoCuleHHBX GyHKuul ssasercsa O-dyHk-
uMs Jupaxa O (f), KoTopas ompegeJsercsa tax [2):

0, ecan £-£0,
00, ecnu =0,

B
2 {8t/ &y dt=f (0),

o

1) 6 (t):{

*} Crporoe onpenenenne o6obueHHBIX  (QYHKLMEA CM., Hampumep,
Bxnare U. M Tensdanmga u ' E. Wuanosa <«OGo6imenHse
GYHKNUA H JelicTBHA HAJL HUMU», Bbm. 1, duamarrus, 1959,
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rae (o, P)—moGo# wurepsan, comep:xautuit touky (=0, a f(f) — dyux-
1, HenpepwBHas B Touxe f=0.

Ananornuno onpefensercs ¢yHxkmHs O (f— 1) — O-QyHKIUA, cocpe-
JloTOueHHaA B TOuke f="1.

B teopun oGofweHHsX ¢yHRuHHA § (f) paccmaTphBaercs Kax Mpo-
1, t>0,

0, t<0,
N ()=051(t). ©)
Ananoruuno, npu mo6oM T
N (f—1)=0 (f—1).
3amernM, uto MNpOH3BOfHAd (GYHKOMA T (f) B OGLIMHOM CMEICJIE PaBHa

Hymo naa BeeX f£0, a npu =0 He cyulecrByer.
CnpasegmiBel GopMynsl

M3BOJHAA eJHHHYHOH (YHKUHH 1) (t)={

o) =1,
Ot (t) = p™, m—uenoe =0, (7N
S(t—rty=er.
Paccvorpum  dyHxmmio  f (f), HMeomlyl0 pPa3peiBEL [epBOTO  poja
B Touxax £, (k=1, 2, ..., n) co ckaukamu
hsz(tk""o)—f(tk_o) (k=1, 2, v sy I’L)
Ilycre f(f) uenpepeisHO auddepeHnuEpyeMa B HHTEpBanax (i, fr 1)
(k=1,2, ..., n—l)ynmpu £ <<t; u t>1{, Torma
n
I O= O+ 2 md—te), (®
okr=1

n
e fL (H=f@)— E hyn ( —£) —«comxnyTany dynxnua. Takum oGpa-
=1

30M, NMpOHM3BoAHas pa3puiBHOH GyHknuH f (f) cocraBaserca H3 ee OOHU-
HOil TIpousBopHofl [ (f) (B wHTEpBanax rnagxoctd f(f)) u cymmer O-yHk-
Ui B TOYKaX pasphiBa C COOTBETCTBYIOLUIHMH CKauKaMH B KauecTBe Ko03¢-
¢duiHedToB. D10 NpPaBHMO BaXKHO A4 NPABHJABHOTO TPHMEHEHHS TeopeM
OTlepPaiIOHHOTO HCUMCAEHHA K Pa3pbiBHBIM (QYHKUH AM.

PaccmorpuM, nanpumep, byHKuMIO f (f), onpegenseMyio Tax:

[h=n)—2q¢—-1+n{—-2).
Ipumenas dopmyny (8), HaXomum
fry=0(t)—20 ¢t —1)+8 (¢t —2),
OTKYJla COTVIACHO cOoOoTHowenuaMm (7)
F(y=1—2ePf¢2P,

Jlanee

1 2 1
== - e Pl ¢,
f().p ) +p
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YTO JaeT CHOBa
fO=n@—2n¢—=1)-+n(¢—2).

Hectporne paccyspaenns Ges yuera ¢opmyns (8) mnpusenn Gbl X cie-
aywomemy. IlpousBogHas f(f) B OOLIUHOM CMBICIE paBHa HYJIO BCIOLY,
kpome Touex (=0, f=1, f=2, rxe oma He cymecrsyer. Ho 1torga u
mHrerpan Jlanmaca or f’ (f) Toxe Jomxed GblThb paBeH HyMoO, OTKYI2 ¥
#300paxeune f(f) monyuaercd paBHEIM HYJIO, UTO SIBHO HeBEpHO.

459. Pemmth 3agauy Ne 454, Haiins cHauzaja usobpaxke-
HHe TpoH3BOAHOU ¢yHKUMH [({), a 3aTeM wn3o6paKeHHe
camoii dyHkOoHM f(f).

460. Ilyctb @ u b— 1Ba MOJOKHUTEALHBIX UHCHAA, H DYCTh
f()==F (p).

[lokasarb, 4to GyHKIHSA

flai—b), t> 2,

g()= b
05 t<?1

b
1 =P p
uMeer H3oGpamenue —e F{-) (coBmecTnas Teopema

noAo0usg M 3anasiblBaHHsg).
461. Haiitn usobpaxenuss GyHKIHH:

sin<2t—-“—>, t>7,

a) f ()= ! N
0, t<§;

cos (3t—2 , f>£,

o 10| ETE >R
0, t<ﬁ3;

h(3t—6), (>2,
mfm={s(0 AN

IX. Teopema yMHOXeHUd (TeopeMa ©O CBepTKe).
I pousgederive Osyx usobpaxcenut: F (p) u © (p) makyce Agagemca u306pa-
HCeHUEM, NpUYEM
¢

F(p)® (p) .='§f (M) (t—1) dr. ©)

Wnrerpan B npasoli gactd (9) BasmBaercs ceepmxot PpyHxumi f(f)
# ¢ (f) u oGosHauaeTca CHMBOJOM [ () % @ (f).
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INpumep 10. Hafitu usoGpamenue dyukinu
¢
vy =\ ¢t —1) e dr.

0

Pemenue O&ynkuua P (f) ectb cbeprxka $ynxmuil }(t):t "
@ (£)=¢f. o TeopeMe yMHONKeHUs

b ()= () =F (p) D (p) = . ! !

TR =1 -y
Haiitu nsobpaxenne caenyiomux byuximmi:
¢
462. { ¢/~ sinv dr.
0
? ?
463. S cos (t—1) e?" dr. 464. S (ft—m)2ch tdr.
0 0
? 1
465. § (f—1)" f (v) dv. 466. {2 12 4.
0 0

MNepsas Teopema pasnoxenun Ecau F(p) — anasrumu-
YeCKAR PYHKYUR 8 OKPECMHOCIL BeCKonedro yOQACHHOL MoKy M u pasna
8 well HyAro L ecau A0paroSckoe pasnoicerue F (p) 8 oxpecmmocu Gecko-

8

c

Heuro yoarennol mouku umeem aud F (p) = . ~F, Mo opueunasom F(p)
k

f(t)zkz (kikl)l ¢,
=1

467. Halitu nzobpaxenue dyukuun f(f)=J, (f) — Gecce-
JIeBoil (yHKUHH HYJeBOr0 HOPSAAKaA.
468. Haiitu nsobpaxenne ¢ynkuun f(f)=J,(¢).

469. T1 w0 J, ()= Vel =p)"
0Kasatb, 4T0 J, (f)= VTl

=

I

cayrum pyHkyus

470. Tlokasarb, uTO

tﬂ”(z]/t‘),:-—p,}+1 elr (n=0, 1, 2, ..).

471. Honnsomer Jlareppa onpenensiores dopnmy.roi

! oqn

L,,(t);'—%w(t"e ) (n=0, 1, 2, ...
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Ilokasath, uto

L,,(t)—,:%(l——%)ﬂ (n=0, 1, 2, ..).

472. Hailtu nsobpamenne dyuxuuu f(f)=Int.
473. Tlokasatb, 4T0

" 1
erf t :'—‘:,
(V1)- .
rae

¢
erf (¢) =‘]72: § e~ du.
7

BLuncauTh HHTErpaJb:

¢ tu
474. a) f ()= \ 2L qu,  t>0;
§ 1 uz
6) f(t):S orde, >0
0
B) () — § IO gy, £ 0.

475. Hailtu snavenus ynkuuu f(f) 1 ee nepeulx IBYX
IPOU3BOIHBIX OpPH {— 40, ecan

. p+4-1 ’ ' ree .
H=—F—"—=H 1), 1), ) — OpUTHHAJIBI.
FO = 5ommpry 1 1O 17 (0, 1 () op

Orbmckauue opUrHHada N0 H306pameHuo. JAd Ha-
XOXgenusa OpHruHa/ia f (f) Mo H3BecTHOMY wu306paxeHH F (p) mpume-
HATCA Cllefyromue IpUeMel:

[. Ecan F(p):%((pp)) €CTb NPaBU/bMAA  paugvoHanbHast Jpo6h,

TO pasnarawT 3Ty Apob Ha CyMMy TpPOCTHX ApoGell n HaXOAAT OpHIH-
Hagel NS KaKZ0# mpoctoit xpoGH, menonesys ceofictsa I—IX mpeo6pa-
soaHna Jlamiaca.
MMpumep 11. Hajitu opuruan  gna  dyskuum  F (p) =
1

(P—=1) (p*+-4)
H

p
PemeHnue Pasgaraem F (p) B CyMMy mnpocthix apoGeii:

1 A, B . CptD
p(p—1)(p*+4 p p—17T p*44
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Haxogs koshduunentst A, B, C, D, Toayuaem

p_ b1
+4 5 Pyt

OpuruHans pias Kamjgofl s MpocTHX JpoGed B MpaBoit YacTH (10) Ha-
xogarca npocto. Mcnonabsys cBOHCTBO JMHEHHOCTH, HaXOIXHM

1 1 1 4
Fl=—+55=1T5 7 (10)

1 4 1
—_—— et L — ——si
f= 1+56+5c032t lostt.

Npumep 12. F (p):w—z—_:_—l—)g. Haiitu opurunan f(¢).

Pemenune B pganmom caywae F(p) yxe ecTb npoctasg ApOGh.
Ilnd HaXOXKIeHUS OPUTHHANA BOCHOMb3YeMCSl TeopeMOH YMHOXeHH: H
TeM, 4TO

1 = sin ¢
pTe e
Vmeem
1 1 |
PO =i =me1 7T
¢
=~ § [cos # —cos (2T — f)] dv =

sin (t— 1) sin tdr=

S TN

| —

=
—-——% ’ ! iCOst———i sim £.

1
tcosf—T sin (2v— 1) 0= 5

p
Mpumep 13 F (p):ﬁ_ Haittu opurunan f(%).
Pewenne. Haanune muoxurens € P ykaswiBaeT Ha HeOGXONU-

1
MOCTb TIpHMEHeHUf TeOpeMbl 3alasjbiBaHHI. 3nece T=1, W—?’—e_t,
O3 TOMY

=g Uy @—1).

e P
p+1

11. C momolbio BTOpoil TEOpeMbl Pas3/oXeHHs, KOTOpas yTBepXKjaer,
4T MpH ONpefeNeHHLX yCloBHAX Ha F (p) opurumatsom ans F(p) cay-

KAT QYHKLHUS
F(ty= D) res[F (p)er], (11)
(Pr) ’

rIe CyMMa BblUETOB Geperca IO  BceM OCOOHM TOUKaM py  (yHK-
nuu F (p).
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B uactHOCTH, ecav F(p):%%l%—npannnbuaﬂ panHoHanbHasg ApoGb,
TO OPHTHHANOM ee CIAYXKHT QYHKuHA
21 i dnk—l p
im =T {F(p) e (p—pp)"}, (12
Yl w,—1 {F (P)e” (p—pr)"k}
)l pP=py dp k

rae pp— Nomocet F (p) KpatHoctH n, u cymma B (12) Geperca mo Beew
nonwcaM F (p).

Ecnu Bce moaock F (p) mpoctsle, T0 dopmyna (12) ympomaercs n
MpUHUMaeT BHJ

Q (Pr) Put, (13)

1R' (Pr)

)=

Haiitn opurunan f (f).

%\ -
e D~

Npumep 14 F(p):_z‘T)z-

Pewenue Oyukuusa F(p) uMeer momoch p; =1, py=— 1, Kax-
aetht BTOpore mopsaxa. Ilo dopmyne (12)

(f) = lim [ tJ'+1' [”em]' L yons
1m 1m —_— | =
FO= 0 b 2T =T, 2
JOna ganuplx uso6pameHHA HaAATH OpHUIHHAIBI H NO-
CTPOUTH HX rpauku:

476. Fp) =22 477. F (p) = ;’”
—2p —3p
478. F (p) :;_1. 479. F (p) :57_—3-.

Haiitu oparumanel Do 3agaHHoOMy H300paxeHHIO:

1 1
1
1 = )
184 F(p) = g 485. F(p) = 5= 2
2p% L2 42p 12 1
6. F(p) = TLs . 87 F () = Gy
. p+2
B88. L) = prmpr—a 7 e
!
489- F(p): m (n: 1, 2, .-.).

pip+1p+2)...(p+n
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1

{rJo 1o

190 Fp) = Gepom s £ o1
2 1-2p—1
B F () = st
492. F (p) = -t— 193. F(p) = zo b2
P pP+4p+-5p
_ I — P21
194. F(p) = =7 495. F(p) = ooy
B sz . e P pé’fzp
496. F (p) = =1 497. F(p) = P—2p 15 G-
o3P ep
198. F(p) = o1 199. F(p) = 75—y
500. F (p) = —pp (62726 %4 3¢ ),
2 -p/2
501 F(p) = sy 5=y 992 FO) = sormyran:
p 9 20 fe 3P -p/3
503. F(p) =yt g+ 504 F(p) = ;o

Teopema Ddpoca. Iycers f(f) =F(p), unycts O (p) u g(p)—

aHandThdecKue Q)yHKuHI/I TakKHe, 4ro

Q(p)etiP =gt 1) a4
Torza
Fla@@@p = f@e vdu (15)
0
B uactuocty, ecan @ (p) = ; =Vp, 10
Vp'
b ey
P (* T)ﬁl/ﬂf (16)
[lostoMy ecau ussectHo, uro F(p)==j(f), T0 mno Teopeme Ippoca
Vp)\
HaXOZHM OpUTHHAN A4 ( Vo i
F(Wp) . 1 LTy
Vo .—Vagf(r)e T. (17

Hcnoabsyst teopeMy Aidpoca, HAHTH OpPUTHHAJBI CIENYIO-
ulx GyHKUHH (a— BellecTBEHHOe 4YHCJO):
—Vpx/a e—aVe

505. F(p)= 506. F (p)=": o
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- —Vi¥ra
VP(%"" )
500. F ( i
R e )

Hcnonn3yss Teopemy 2ppoca, BBYHCIUTE CIEIylOUIHE
MHTETPaJbL:

1 o0
510. [ ({)=-—=\ chre~*/#dt.
Vat §
511. I(t)=]7%—tj‘cos Te— 4 ¢,
0
512. I(t):—llfj‘”h e dt,
T 0
513. 1 (f)= Vlﬁj T sinte— =4 dr.
0

§ 12. Pemenne 3apaun Komn pn1s 0GLIKHOBEHHBIX
AHHeHHBIX Au(depennHanbHBX ypaBHeHUH
C MOCTOSHHBIMH KO3ddHIMEHTAMU

Iyere umeeM pubdepeHuUanbHOe ypaBHeHHe (19 NPOCTOTHL ﬁToporo
nopsKa) p
2x dx
G 7 +ay d_t+a2x B =Ff®), 1)

rme day, 4y, az—const, ay=~0.
ByzaeM HckaTh pelieline ypaBHeHus (1), ynoBJeTBOpsAiOIlee HAuasb-

HBIM YCJIOBH M
x (0) =x,, X (0)=ux;. 2
Mycrb x () ==X (p), f(#) == F(p). MNpumenaa x obeum uactsam (1) mpe-
o6pasoBanne Jlanjaca ¥ HCNOJB3Ys TeopeMy O autepeHHpOBaHHY OpHU-
rHHana ¥ cBoHcTBO NUHeHHOoCTH npeoGpasoBanus Jlannaca, BMmecto pud-
depeHnuanbHOro ypasseHus (1) ¢ HauaJbHBIME YCNOBHAMH (2) mOJyuaeM
onepaTopHOe ypaBHEHUe ,

(@ +arp + a2 X (p) — (GopXo - aoxy -+ a1 %) =F (p). (3)
B M. JI. KpacHoB H Ap.
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U3 (3) naxomum
F (P) -1 appxo -+ aoxy -} a3
X (p)= . 4
2 BP?-ayp -+ ay ®
910 taK HasbiBagMOe ollepaTopHoe pelneHHe. Haxopa mo X (p) opurHHan
X (f), ML Tem cambiM HafineM OyHKuHK X () — pemenue 3ajaun Koum
1 =2.

O6wnit cnyuali pewenns sajayd Koww s IuddeperuHanbHOTO
ypaBueHHsl 7-TO TNOpsAgxa MNPHHUUIHANBHO HHuYEM He OTJIHYAeTCH OT
cayuasa n=2.

IIpuwume p.

x" 4 x=2cost x (0)=0, x (0)=—1

Pewenue.

x(()=X(p),  x (O =pX(p)—xO0)=pX (p),

O =P =pr O =X O=PX () +1, eost Lo,
PX (p) +14 X (p) =22

P
orcloza
2p 1
X(p)=rg——g———.
P = T
Haxomum opursnan mnsa X (p). Opurynan gns byHK un p2—1|—1
1 L
pT—l—_l == sin £,
Has HaxoxpeHHs OPHIHHANA A/A BYHKLHH (p22+1)2 BOCTIOJIB3YeMcs,
Hampumep, Teopemodt o gudipepenuHpOBaHHH H3OSpamenns (cM. § 11):
2p < 1 > .
= — =={sint,
(p?4-1)2 PP+1/p

3nauur, X (p) ==t sin{—sinf=(—1) sins.
HUrax, x (f)=(t—1) sin¢.

Pewnrs cienyomue nuddepeHnuasn e VpaBHEeHHUs1 npu
8aJlaHHbLIX HAYaJbHBEIX YCJIOBUSX:

514, x' +x=¢", x(0)=1.

515, x' —x=1, x(0)=—1.

516. x' +2x=sint, x (0)==0.

517. x" =1, x(0)=0, x (0)=1.
518. x" - x'=1, x(0)=0, x"(0)=1.
519. x"+x=0, x(0)=1, x"(0)=0.

520. x" 4 3x' =¢, x(0)=0, %" (0)=-—1.
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521.
522.
523.
524.
525.
526.
527.

528.
529.

530.
531.
532.
533.
534.
535.

536.
537.

538.
539.
540.
541,
542.

543.

544.

545.

546.
547.

5*

PEIMEHWE MU PEPEHUMAJIBHLIX YPABHEHUN

X —2x =e¥,

x4 2% —3x=e",
X" 45 =1,
x"4-2x" =tsint,

x4 2x" L x=sint,
x" —x"=sint,
Xy =t,

£ —2x" - x=¢;
X" +2x" +5x" =0,

X —2x +2x=1,
x4+ x'=cost,
x4+ 2x" + x=12,
x" 4 x"=sint,
X"+ x=cost,

X" x5 =1,

X" +2x"+5x=3,
xV—x" =cost,

X +2 4-2x=1,
x4+ x=1,

x"+4dx =1,

X" —2x" 4 bx=1—¢,
x" 4 x=0,

X" 4 x" ==cos {,
xm + xl =et,
MV ey =1,

x4 x" =cost,
X' —x'=Il,

x (0y=x" (0)=0.
x(0)=0, x"(0)==1.

131

x(0)=x" (0)=x"(0)=0.

x (0) =x' (0)==0.
x(0)=0, x" (0)=—

x(0y==0,

1.
x(0)=x" (0)=x" (0)=0.
x (0y=—1;

x" (0} =0.

x(0)=0,
x(0)=—1,

X (0)=1.

X (0)=2,

¥ (0)=0.

x(0)=x" (0)=0.
x(0)=2, x"(0)=0.
x(Oy=1, x"(0)==0.

x(0)=x" (0)=1, x"(0)=0.

x(0)=—1,
x(0)=—3,

x (0y=1.
¥ (0)=1,

x" (0)=0.

x(0)=1,
x(0)==0,

x' (0)=0.
x (0)=—

1,

¥ (0)=x" (0)=0.

x (0)=x" (0)=0.
x(0)=—1,
x(0)=1, x'(0)=0.
x(0)=x" (0)=0.

x (0) =0,

x (0)=

0.

¥ (0)=—1,

X (0)=2.

x(0)=—2,

¥ (0)=x" (0)=0.

£ (0)=0, ¥ (0)=2,

¥ (0)=0.
£(0)=x"(0)=x"(0)=

== x" (O) =

£ (0)=2, x'(0)=0.
x(0y=x" (0)=0.

|
/

/
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548.
549.
550.
551.
552.
553.
554.
555.
556.
557.
558.
559.
560.
561.
562,

563.

564.
565.
566.

567.
568,
569.
570.
571.

572.
573.

574.
575.
576.

OINEPAIIMOHHOE HWCUWCJIEHUE [TJT IT

"4+ x'=cost, x(0)=0, x" (0)=-—2, x"(0)=0.
¥ +2x +x=t  x(0)=x"(0)=0.

X —x +x=et, x(0)=0, x (0)=1.
x"—x=sint{, x(0)=—1, ¥’ (0)=0.

X" +x=e, x(0)=0, x' (0)=2, x" (0)=0.

¥ +x=2sint, x(0)=1, x' (0)=—1.

¥ —2x" 4+ x=t—sint, x(0)=x"(0)=0.

¥+ 2x +x=2co0s?t, x(0)=x"(0)=0.
x"+4x=2cost-cos3t, x(0)=x"(0)=0.
x"+x=te +4sint, x(0)=x" (0)=0.
x"—x'=té, x(0)=1, x' (0)=0.

' +x'=4sin?¢, x(0)=0, ' (0)=—1.

X" =2x"+x"'=4, x(0)=1, x'(0) =2, x"(0)=—2.
X" —3x +2x=¢, x(0)=x"(0)=0.
x'—x'=x(0)=0, x'(0)=1.

" x=g e, x(0)=x (0)=x"(0)=0.

X"+ x=tcos2f, x(0)=x"(0)=0.

X' Fnix=asin(nt+a), x(0)=x"(0)=0.
x" 4 6x" 411X 6x=141t+ 12

x (0y=x"(0)=x" (0)=0.

¥V - 2x" 4 x=tsint, x(0)=x"(0)=x"(0)=x"(0)=0.
¥ —20x" (2482 x=0, x(0)=0, x"(0)=1.
x"+4x=sint, x(0)=x"(0)=0.

M fx'=e,  x(0)=x"(0)=x"(0)=0.

xV -yl =cos £,

x(0)=x"(0)=x"(0)=0, xM(0)=y.

X —4x=sinotsing s, x(0)=I, & (0)=0.
xV —Bx" 4 10x" — 6x=0,

x(0)=1, ' (0)=0, " (0)=6, x" (0)=—14.
X+ x fx=te, x(0)=x"(0)=0.
x"+x=tcost, x(0)=x"(0)=0.

K4 3% —4x=0, x(0)=x (0)=0, x (0)=2.
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577. x" +3x"+3x +x=1, x(0)=x"(0)=x"(0)=0.
578. x" +x=1, x(0)=x"(0)=x"(0)=0.
579. x" +@2x=a[n{)—n{—-b)], x(0)=x"(0)=0.

rrt) -

/
580. / 4 x”—{—x=f(t)/
_i L x(0)=x'(0)=0.
f(t)
2-___
581. ¥ +dx=f(1),
x(0)=x"(0)=0.
a / 2 ’
#(t)
582 % 3 X" +x=F(1),
 — . 2(0)=1, ¥ 0)=0.
r(t)
e it
583. /\ ¥ 4 9x = (£),
> x(0)=0, ¥' (0)=1.
(t)
sed. X" — 2 x=] (1),
a da da [4 )C(O) = (0):0

585. UYacTtHia Macchl m JBHKETCS NPSIMOJNHHEAHO MO
neficTBHeM BOCCTAHABJIMBAKOWIEH CHJBI MAX, TPOMOPUHOHAIb-
HOfl CMeIeHMIo, H CWJIbl COMPOTHUBJIEHHS 2muv, NPOTOPIUHO-
HalbHOH ckopoct. B MomenT Bpemenu f=0 uacruya Ha-
XOJHTCS Ba pPacCTOSHHH ¥, OT NOJOXKEHHs DaBHOBeCHs H
obJafaer cKopocTblo U,. IlokasaTth, YTO €CJIM MMEeT MeCTO
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paBeHCTBO n2=A2 — u2, TO CMeIeHUe JacTHIbl ONPEASTALTCH
BhIpaxKeHHUEM

17 e [nx, cos nt 4 (vy + 1xo) sinnt].

586. UacTtuma Macchl /m MOXET COBeplIaTh MaJjble KoJe-
GaHUs OTHOCHTENbHO HOJOXEHHS DABHOBECHS H HAXOAMTCA
o BO3JEHCTBHEM BOCCTAHAB/IHBAIOUIEH CHJIEI mn2x, npo-
nopluoHaibHol cMemenno. OHa BLIBOAHTCS H3 COCTOAHHS
OKOS MOCTOsiHHOH cujoll F, JeficTBylomeHd B Teyenue Bpe-
menn T. TlokasaTb, uTO ammuTyjAa kKosebanus paBHa

2F . nT
o SiD g TP i>T.

587. MaTeMaTHUeCKMH MasiTHHK AJIHHB [ BBHIBOLHTCH M3
NOJIOKEHHS] PABHOBECHS MaJbIMH OTKJIOHEHHAMH TOYKH HOL-
Beca B FOPH30HTAJILHOM HaNpaBJCHHH. [lokazatb, 4TO €CJH
TOyka IOJBeca nepemecTujach Ha paccTosiHHe d, TO OTKJIO-

Henwe MasTHHKAa pasHo a(l— cosnf), =2~

I

588. UacTtuua 6polleHa BepTHKAJbHO BBEPX CO CKOpO-

cTbi0 v, Ha Hee [QeHCTBYIOT CHJIA TAXKECTH H CHJa COHpo-

tuBJeHus 28mu. IlokasaTh, 4YTO B MOMEHT BpeMeHH ! OHa

gt | g+-2kv, okt

6yNeT HAaXOAMTbCA HA PACCTOSHHH — o 45— (1--e%)
oT ToYKu Opocanus.

589. MarepuasibHasi TOYKA Macchl 2 rpamMma JBHIKETCH
npAMOTHHEAHO [OA AeficTBueM CHJBL F, BO3pacrawoumed na
@ nuH B cexyuay. B HavanbHIA MOMEHT TOYKa HAXOLHTach
B HauaJe KOOPJHMHAT M HMela cKopocTh Uy=10 cm/cex.
3uas, 4TO HAuaJbHas Beauyuna cuabl Fo=4 XUHBI H 4TO
na paccrosuun 450 cu 0T Hayana KOOpPAMHAT CKOPOCTH
v=105 cm/cex, ONPefeJHTb 3HAYEHHE BEJHYHHDLI 4.

590. Marepua/bHasi TOUKA MACCHl /M JBHKETCA TPAMOJIH-
HellHO, OTTaJKHBasfch OT Hawala KoopauHat O ¢ CHIOH E,
PSIMO TIPOTOPUHOHALHOM paccTosHUIO (F = 4mx). Ha Touxy
JefACTBYeT CONpOTHBJIEHHE cpeanl R=3mv. B HawasapHbIf
MOMEHT pacCTOsIHMe OT Hayaja paBHO 1, a cKOpOCTh papHa
nymo. HaliTh 3akoH ABHXKEHHS TOYKH.

591. TsKesasi TOYKa Macchbl /m mnajaeT B Cpele, cCompo-
THBJICHHE KOTOPOH HPSMO [IPONOPIHOHATLHO NEPBOH cTe-
nenu ckopoctu. Onpeneqnts HaHGOMBIIYIO CKOPOCTL TOYKH,
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ecan mpu v==1 mjcex cuna CONPOTUBJIEHHS paBHa OLHOH
TpPeTH Beca TOYKHM H HayalbHas CKOPOCTb Up==U.

592. MaTtepuaJjbHasi TOYKA MAcchl /7 ABHIKETCH B CPEAL,
CONpPOTUBJIEHHE KOTOPOH HPSAMO NPONOPHUOHATLHO nepBoi
CTEMeHH CKOPOCTH (KO3(PUIUEHT NPONOpPIHOHANLHOCTH k).
Kakoe paccrosinue JIpOMNeT TOYKA JO OCTAHOBKH, €C/IH e
cooBimena HauajbHas CKOPOCTb Up H KPOME CHJbI COIPQTHB-
JIeHHsI HUKAKHX APYTHX CHJ HET?

593. Tskesnas OJHODOAHAs IENOYKA MAccChl /M U JTHHBL
9! meXuT HA TVIAJKOM TOPH30HTAJbHOM CTOJE TakK, 4YTO IO~
nToBHHA ee cBemnBaercs co crona. Onpelenutbh IBHXKEHHE
LEMOYKH BO BpeMs €€ COCKaJjb3blBaHHA CO CTOJA U HalTH
BpeMsl COCKaJIb3bIBaHHS.

504. Touka Maccel /M HAXONHTCs Ha NPSAMOK, TPOXoAs-
mefi uyepes xaBa uentpa A n B, paccTosiHueé MeXJy Koro-
peiMu 2d. LleHTpHl TMPUTATHBAIT TOUKY C CHJIAMH, HPAMO
TPONOPIHOHANBHBIME PACCTOSHUIO 10 IEHTPA, K03 hunuent
NpPONOPHHOHAIBHOCTH ME* ONMHAKOB M5 060UX [EHTPOB.
B Haua/dbHbll MOMEHT TOYKA HaxOJUTCS HA paccTosiiHui 4
ot cepeaunbl O orpeska AB, He nmes HavyaabLHOH CKOPOCTH.
Onpenenutb 3aKOH ABHMKEHUS TOYKH.

595. HemogpuxkHubiil uentp O NPUTATHBAET TOYKY MacChl
m ¢ cuaofi F=wmr, The r — pACCTOSAHHE TOUKH OT 3TOTO
HEHTPA M |\ — NOCTOSHHBIH KOI(GHIHEHT. B nayaJjbHbli MO-
MenT r—a H ckopocth v==0. Yepes CKOJbKO BPEMEHH
Touka pocturHer uenrpa O?

506. Jlogke cooOlIeHa HayadbHask CKOPOCTh Uy==6 #/cer.
Uepes 69 cex mocJje Hauana IBHXKEHHMS 374 CKOPOCTb yMEHb-
maercss BaBoe. Hafith 3aKOH ABHXKEeHUs JOLKH, €C/JIH CHJE
CONPOTHBJEHHs BOABl NPSMO [PONOPUHOHAIbHA CKOPOCTE
JIOJKH.

597. MarepHnaJibHasi TOYKa Macchl /m == 2 COBEpIIALT NPAMO-
nuHefiHole KoneGauus no ocu Ox HOL IEHCTBHEM BOCCTa:
HABJIMBAIOWEH CHJBI, TPONOPIHOHANLHON PACCTOAHUIO TOUKF
OT Hauana KoopAHHAT (Ko3(pdHUHEHT NPONOpHHOHaIbHIOCTY
paBen 8), M BO3MyUIAOWEH CHJIbI F=4cost. HafiTn 3dkor
JBHKEHHS TOUKH, €CJH B HayaJbHbIH MOMEHT x=0uv=0

598. OnpenenuTh ABHXKEHHE MATED HaJIbHOH TOYKH MACCHI 17
NpUTSATHBAEMONl K HeMOIBHIKHOMY LEHTDY () cuJoif, npsMc
PONOPLIHONAJIBIIOI  PACCTOSIHHIO  H paBHO# Kk*n Ha pac
CTOSLHMHM, PABHOM €IHHHUIE AJHHbL.
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B wavasnbubii MOMEHT TOYKa HAaxoj[HJach Ha paccios-
HUE a oT ueHtpa O H HMeJa CKOPOCTh U, NepHeHHKY-
JSIpHYI0 K npsiMOH, cOefuHsIome# HavasJbHOe NMOJOKEeHHE
¢ uenrpom O,

599. Pewnrts 3anauy Ne 598, npeanosarasi, uro touka M
OTTaJKHBAETCS OT HEHTPa ¢ CHJIOH, MPSIMO NPONOpIHOHA/b-
HOH paccTosiHMIO, NMpH TOM XKe KosddHiHeHTe Nponopiuo-
HATLHOCTH.

600. K uenu, cocroameil u3 emroctn C M HHIYKTUB-
HOCTH L, coeguHEeHHbIX HOC/EeL0BATENHHO, B MOMEHT BPeMeHH
t=0 npunoxena 3.x.c. E cos(of-toa). Havampusle Ttok
H 3apsiy paBHbl Hymo. [lokasaTb, yTO TOK B MOMEHT ¢ pa-
BEH

E{wsin(wf+a)— ncosasinnt — o sina cosnt}z(Tzl_—n—zT

rae n?== : mpejnosaraercd, 4to n?s o2,

1
e
601. K uenum npejpblaymero npumepa, ¢ HyJ€BbIMU Ha-
yaJbHBIMH TOKOM H 3apsifOM B MOMEHT BpeMeHH f=0, npu-

JoXeHa 3.4.c. Esinnt ¢ pesoHaHCHOH 4YaCTOTOH. Hoxa~//
E, . s 1
3aTb, 4TO TOK paBeH itsm nt, Tae n*=pp.

602. K conporupnenmo R, obnajamouiemMy WHAYKTHBHO-
erblo L, mpunoxkena 3. 1. c. E sin (of +o). Havanpholit Tok
paBen Hy/mo. Ilokasarts, 4TO TOK paBen
1
2

2

Rt
E {sin (v—oye I fsin(offat y)} (R? 4 L2@?)

rae tgy:%.

603. K penu, B KOTOpyIO IOCJENOBATENbHO BKJIOYEHD!
L, R, C ¢ HavajabHbIMH TOKOM H 3apsiA0M, paBHBIMH HYIO,
npujoxena ».4.c., pasHas Ly npu O0<t=<T u E, npu
t>T; E,, E,—nocrosiuuse. [Tokasars, uro npu ¢t >T TOK
B LENH paBeH

Ey ot o Es—Ey , i1 B
Srettsinnt —=5—"e sinn(t—T),
1 2

e M=§% " nZZEl j[i» TPHYEM IpENO/Iaraercs, uTo
n:>0.
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604. Dens, cocTosiiyas W3 HHIYKTHBHOCTH L, conpo1us-
geHns R u emroctu C, COEIMHEHHHIX HOCJAENOBATEbHO,
BKJIIOYAETCA Ha IoCTOSHHYIO 3. 4. ¢. E. Hauanbublfi 3apsix
H TOK paBubl Hy.aio. [Tokaszate, 4To Tok [/ B MOMEHT Bpe-
MEeHH { paseH

[ EEZ e Msinnt mpu n2>0,
=1
E 4 2
l = fe npu n?=0,
L
1 R? R
2 - N — i
The m"=re—qp W=gr-
[lycTe mMeeM ypaBHEHUE
ao (1) '™ (a1 O ¥V O+ a Y x O)=] 1), )
rze ap (), a; (f), ..., ap (f)—muorowrens! no { cremeu® =im, a f(f) —
GyBKuuA-opuriHasg. Bygem npennomaratb, uro 3agausa Kown
X Jto="Xo, X" |pm0="2%3s 200, £ ft:ozxgngl) (6)
Zna ypaBHenus (5) HMeeT pelleHHE.
Ilyctb
x () == X (p)-

B cuny rteopemer o auddepeHnupoBaHuN 306D aKEHHA

thyts) (1) = (—1)* 4 {L( ENE=
dp"2

dk
— k o pS” s —
=(-1 ‘—i;;[psx (P)—pS lxy— ... —xfs—N].

3pech L {x'$ (f)} — usobpaxenne dyukuuu x'S? ().

Taxum o06pa3oMm, NpuMeHss K obenm uactsaM ypasHeHus (5) mpeo6-
paszopanue Jlanaaca, Mur npespatuM (5) B guddepennyansHoe ypapHeHne
m-ro NOpsigKa OTHOCHTeAbHO usobpaxenna X (p) dysKkumA x (f). Ecan
m << n (B yactHocTH, m=1), T0 3ajaya HHTErPHpPOBaHHA YypaBHenus (5)
ynpolgaercs.

Opuwmep. Hafith ofmee pemense ypaBHeana fx”—2x% =0. (7)

Pemenue. HNyers x (f)== X (p). Torzna

¥ () = pX (p) —% (O),
X" () 5 pX (p) — px ©)— ¥ (O),
(= — ;;i/; {p2X (p) — px (0)— ¥’ (O)} =

_ X 0)

T —2X (1) +x 0).
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YpaBHenHe (7) TpHUHHMaer BHJ,

—pzd—X@ﬂ)——Q X (p) = x (0)—2pX (p) 4 2x (0) =0
HJau X 0
3
d ”+~ X (p)= "pﬁ). ®)

Vnterpupya ypabHende (8) Xax JaHHeliHoe HEOJHOPOJHOe ypaBHeHHe
OTHOCHTENIbHO X (p), HafizeM

X0, G
X (p)= p +p4,
OTKYJa
3
x(O)=x(0)+Ciqp

€CTh pellleHHe UCXONHOro ypaBHEHHA.

Hafitn pemenus ypaBHenuit:

605. 1x" (2 — 1) x"+(t—1)x=0.

606. {x" 4 2x' =0. ,

607. x" 4+ (t+ 1) x+ix=0, x(0)=1, ¥ (0)=—1.

608. x"+(t+b)x¥=0, x(0)=—1, ¥ (0)=0 (b — nwofoe
JNEHCTBUTENbHOE HHCJO).

609. X" +ixX—(t+1)x=0, x(0)=x (0)=1.

610. x"—{x' +nx=0, n—uenoe, n>0 (ypaBHeHHE
Uebbimepa — JpMuTa),

a) x(0)=1, x(0)y=0, n=2%k
6) x(0)=0, X (0)=1, n=2%11.
§ 13. HUnrerpan Mwoamens

Ecan dynxuns f(f) menpepmBHa Ha [0, 4 00), a dyHruusa ¢ (f)
HenpepoiBua auddepennupyema Ha [0, + o) H

F(p=1@®, ()=o)

TO ;
F(p) ® (p)'——.§f<r)q>(t—r) dr.
Orciopa 1o Teopeme 0 nn@@epeuunpoaaﬂnn OpHTrHHana
PF (p) D (p) =1 (1) +Sf ¢’ (t—1) dr. (1)

D10 —Tak HaselBaemas Gopmyia ,[Zfoame/m.
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[Tyctb TpeGyercsa pewnTh anHeitHOe audpepeHnUanbHOE ypaBHeHHe
C MOCIOSIHHBIMM K03hdUIHEHTaMH A-TO TOpSAAKa

L[] = age™ () +apxe ™™V () .. -apx ()=F (1), 3,0,  (2)
Npy HyJeBbIX HayaJbHEX YCJIOBHAX

x(0)=x"(0)==...=x""1 (0)=0. (3)

(3To orpauMueHHe Ha HauaNbHbIE YCJAOBHA HeECyUIECTREHHO: MpocTolt 3a

menolt ucKoMofl GyHKNHMHK 3ajjaly ¢ HEHYJNEBEHIMH HAauyalblbIMH YCJIOBHAMH

MOIKIIO CBECTH K 3ajlaye C HYJNEeBHIMU yCJIOBPIﬂMH.)
JIOHyCTPIM, Y10 H3BEeCTHO peleHne ypaBHEHHA

Lix]=1 4
¢ Toft e JeBOil 4acThiO H NpaBofl YacTblO, PABHOH €JMHMLE, NPH yCIO-

pusix (3). [lepexofsa K omeparopHbIM ypapieHusM, 6yzeM HmeTh (A (p)—
H3BecTHEI! MHOTOW/EH OT p)

A(p) X (p)=F (p) ®)
ans (2) u |
A(p) X1 (P)=; ©
_Fo e
ans (4). U3 (5) naxogum X (p)~/l ) aus (6) A(p) T OTKyaa
X (py=pXy1 (p) F (p). Cornacuo dopmyne (1)
¢
PXi (P F(p=T0n O+ imst—nd. =~ (@
0
YunteiBad, uto x; (0)=0, nonyyaem ,
X (P =pX: () F(p) = {1 (0% =) du. ®
]

Orciofia peurenne x (f) ypasueHHs (2) NpH HyJNeBBIX HaualbHLIX YCJOBHAX
(3) Gynmer uMelb BUJ
¢

x(t)=\ (@) x; ¢—7) dv, )
0

rae x; (f)— pewenue 3agaun (4) — (3).
INpumep. Ucnoneaysa gopmyny [roaneas peuluTs ypaBHeHHe NpH
3aJalHBIX HAYa/JbibIX YCJAOBHSA

1
1 —’—@t ’
Pewenmne paCCMOTpHM BCIIOMOTaTeJbLHYK 3azauvy

X () —x, (=1 x1(0)=x; (0)=0.

X(t)—x ()=
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IprMeHAs OmepanHOHHbd MeT0Z, HAXOAHM

1

Xy (p):b—(-p—z————l)’

OTKyza
¢
% ()={shrdr=cht—1
0
o popmyne (9)

¢

t
x ()= S T:l_LE;sh (t—1) dr=—12—(et——te’—l)+sht-lnl%,
0

C nomousio gopmyast Joamensi pelluTh YpaBHEHHs € 3a-
JAHABIMH HAYAJbHBIMH YCJIOBHAMH:

611, %" = x(0)=x"(0)=0.

612. x"=arctg1, x (0)=x"(0)=0.

613. ¥ =tln2t,  x(0)=x (0)=

614. x”——x’=ljreh £ (0)=x (0)=0
” 1 ,

615. x +x:2_—?c&7’ £ {0)=x"(0)=0.
616. x" 4 x—= 4+1tg"t’ % (0)=x (0)=0.
4 1 J
617. x" 4 x= Sprmery x (0)=x"(0)=0.
” 1 14
618. x —}-x———m, x (0)y=x"(0)=0.

. 619, x"—x=tht, x (0)y=x" (0)=0.
620. x4 x—2_|_smt, x (0y=x"(0)=0, x" (0)=0.

§ 14. Pemenne cucrteM JuHelinbiX An(depenHaTbHBIX
ypaBHEHHH OmepaLHOHHBIM MeTOAOM

Pemmenne cucreMb! auHefiHnX aunddepennnansHNX ypaBHeHH# ¢ mo-
CTOAHHBIME KO3(dHIIHEHTAMH ONepayHOHHEIM METOJOM MPOH3BOIUTCA IO
TOH e cXeMe, uTO ¥ pelleHHe OxHOro audgepeHHalbHOTO ypaBHEHU.
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[Tyers, Hampumep, HyXHO pewutb cucTeMy AubbepeHIHaNbHbIX
YPaBHEHHH BTOPOro mopsAaxa

n

d
D o S b G+ e ) =1 B
k=1
(i=1, 2, ..., n),

rZe a;p, bip, Cip— cOTSt, PR HAUYAJIBHBIX YCJOBHAX
% O)=0p % (0)=P. ©

OGosnauas uepes X, (p) u F; (p) usoGpamenusn xi (1) u f; (f), or cucTeMbr
(1) ¢ yuerom (2) mepefizeM K OmepaTOPHON CHcTeme

n

3 @ik b cin) Xg (p) =

k=1

P+ X l@irp+big) o +0inBe] (=1, 2, ... n). 3)

k=1

Peuras cucteMy (3) Kak JUHEHHYIO anreOpanueckyr0 CHCTeMY YpaBHeHHH
oTHOCHTENbHO X (p), Hafimem Xp (p), @ 3arem uX OPHTHHANM X (f) (k=
=1, 2, ..., n). 9tu nocneguue OyayT pemlesusmH 3ajauH Kowm pnsa

CHCTEMBI (1)
IMpumep. Pemurh cucremy ypaBHEHHH

{x”=3<y—x+”z),

Y =x—Y,

2 =2z,

x (0)=x" (0)=0,
y(0)=0, ¢ (0)
z(0y=1, 2 (0y=0.

Pemenue Ilepexoga K omepaTopuOi cHcTeMe, MOJy4YHUM
pPX=3(Y —-X+12)
{ p2y +1 - X —_ Yy
p?l—p=— 1,

e X (p)=x(), Y(p)=y @), Z(p)==2(h).
Pemras mocieguiol0 cucremy oTHocutensro X (p), Y (p) u Z(p)

MOy YHM
3=l
X0y

_ 3(p—1) 1
Tpr (e (P4 prD
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Haxoaa opurunans s X (p), Y (p), Z(p), nonyuaem

x()-—— (l—t)—%cos 2t—}—~— sin 2f |
y(y=— 2 (l—t)-]-— cos?t——:é— sin 2f —cos t,

z(t)-—cost.
Pemute clucTieMH ypasHeHHI:
621. X 4+ y==0,
{ ,+x~ x(0)=1, y(0)=—1.

622. x4+ x=
y+y —x+e
¥ —y —2x42y=1-—-2t,
x"+24 4+ x=0,
x(0) =y (0) = (0)=0.

¥ =3+ 2x+y —y=0,

—¥ x4y —5¢ +4y=0,
x(0)=x (0)y=y (0)=0, y(0)=1.

x(O)y=y(0)=1.
623.

624.

625.

{y’ 2x+2y, x(O)=yO)y=1.

626. 2% —x 4+ 9 —y" — ¢ — 3y=0,
{2ﬂ+x+ﬂx y +y —5y=0,
x(0)=x"(0)=1, y(0)y=y (0)=0.
{ Xty —y=¢é,
2% 4y 4 2y=cost,
X =—xtyt+zt+é
{y

N

627.
x (0)=y(0)=0.
628.
x—y-z4e,

x+y+z+4,
x(0)=y(0)=2(0)=0.
x(0)=—1, y(0)=0,

y, X5 z(0)=1.
2 =—x—y,

I

629.

~
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§ 141
630. { ;:g;_zz %(0) i(g,());;_(()})z L
Z=3x+y,
631. ¥ =3y—zx, 632. (X =2x—y-+2,
{M=y+X+e‘”. y=x+z
Z=—3x+4+y—2z
t(0)=1, »y0)=1. x(0)=1, y(0)=1,
z (0)=0.
633. X =—2x—2y—4z,
Yy =—2x4+ y—2,
Z = Jx4+2y47z,

x()=y(0)=z{(0)=1.

634. X =—x4+ytz4t,
{ ty = x—yt+z+86,
2= x+y+t+z-+4,
x(H=y(l)=2z(1)=0.

635. Xo = — CX,,
xi = —CXy + CxO’
Xn=—CXy+CXp 1,

% (0)=1, %3 (0)=x, (0)=...=x, (0)=0.

636. {3x’+2x—|— y=1,
¥ + 4y + 3y =0,
x (0) =y (0)=0.
x'=2x+4+y—2,
637. [2ty’=x+3y+z,
612’ =— x -+ 7y + 52,
x()=y()=2()=1.

X oam=ho i 0y—2, y(0)—4.

638. ,
{ —2x+y -y:t:
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639. D/ekTpoH BeLIETaeT U3 HavasJa KoOOPAWHAT C Ha-
yajapHoll CKOPOCTbIO ¥, HanpasjeHHo#t no ocu Ox. Haiitu
3aKOH JBHKEHUsl 3JeKTPOHAa, NpefnoJaras, 4To Hampsike-
HUe MATHUTHOrO noJjsi M NOCTOSHHO M HalpaB/JeHO mep-
NeHJUKYJASAPHO K niockoctu xOy.

640. CHapsan BblI€TaeT W3 OPYHLHs CO CKOPOCTBIO ¥, M/ceK
moj yraom 45° k ropusouty. Haiitu, npenebperast conpo-
THBJICHHEM BO3JyXa, HaubOJLHIyI0 BLICOTY, HA KOTOPYIO
NMOJHHUMAETCS CHApAN, W MECTO €ro najeHHus.

641, DnekTPOH JBHIKETCS B MATHUTHOM [OJ€ NOCTOAH-
noro Hanpsteuusa H. Halitn tpaexropmio, ecsu HadannHas
CKOPOCTb ¥, 00pa3yeT yroJ o c HanpaBJeHHEM MAarHUTHOIO
OJIsl.

642. Onpepenuts JBHXKEHHE TSKEJIOH MaTepuaabHON
TOYKH, GPOLICHHOA ¢ HayaJbHOH CKOPOCTBIO ¥, OJ YIJIOM O
K TOPH3OHTY, B CPEAe, CONPOTHRJICHHE KOTOPOH NpPONOPILH-
OHaJbHO NEPBOH CTeneHH CKopocTH (F=mkv).

643. YacTtuuma -Macchl m C 3apsiiOM e BblIeTaeT M3 Ha-
yasa KOOpauHaT co ckopoctbio (4, 0, 0) Ha nee gefictByer
MOCTOSIHHOE MarHuTHOe noJe H, mapannennsoe ocu 0z, u
CONMPOTHBJEHHE CPelnl Rm¥, TAe ¥ — CKOPOCTb YACTHILbI.
Ilokasatb, YTO €€ KOOPZHHATE B MOMEHT BPEMEHH ! DaBHHI

kue™ k¢
k2 _’_A’Z

(ekt —cos M+ % sin M) ,

—kt
yz_k;‘T”ﬁ—}-k—ie:ﬁ (A cos A + £ sin At),

efl
%:

644, Yactnna aBmEKercs B CONPOTUBJsiomelcs cpeje,
JedcTBylolied Ha Hee ¢ cUod F=2\w, rae @ — ckopocth
yacTHubl, u npuraruaercs X Togke (0, 0) ¢ cunod pPr
(m=1). B touke (a, 0) wactuna o6.sagaer CcKOpPOCTbIO Uy,
napasienpHoli ocu Oy. TlokasaTb, 4TO npu p>> A TpaeKTo-
pHsl YaCTHIBl ONPENeNseTcsl ypaBHEeHUsIMH

rge A= ¢ — CKOPOCTh CBETA.

x=ae 't [cos ot —}—% $1n ootJ ,

A

4 _ .
y=-¢ ! sin wt,

rae o=)"p2— A%
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645. MarepuanbHas touka A ¢ Macco#l m, HaXOLHBHIASCH
Ha paccTosiHHH @ ot ocH Ox, NOJAyYu/Ja HaYalbHYK CKO-
poCTb ¥,, napaJjnenbHyw ocu Ox. Touka A mputsirusaercs
ocblo Ox ¢ cunoii F, npsiMO IpONOPIIMOHATbHON PACCTOS HUAIO
or Hee; KOp(HUUMEHT HPONOPIHOHAJILHOCTH paBeH mk2.
Haiitn ypaBHelHsl ABWKEHUS H TPAeKTOPHIO TOUKH.

§ 15. Pemenne MuTerpajbHbiX ypaBHeHnih Bosbreppa
C APAMH CIEeLHATLHOr0 BHAA

HumeeparbHoim  YpasHenuesm HaselBaeTcl ypaBHEHHe, CONepkallee
HCKOMYI0 (QYHKIHMIO MOJ 3HAKOM nHTerpana. Hanmpumep, peuienue 3agaun
Kown

=i 9, ¥x)="Yp

KaK H3BECTHO, CBOAHTCA K DEIIEHHIO CJASAYIOUIEr0o HHTErpajbHOro ypas-
HeHUM:

g= {1 o) dety,

Ecnu uckomas ¢yHKuMA y BXOAMT B ypaBHewue JuHellHo, TO HHTErDaJb-
HOe ypaBHEeHHe HA3BIBAeTCA AUHEUHBIM.
YpapueuHe BHIA

b
y@=fm+ K& Hy@a v

(@ ¥ _b—TOCTOSIHHEIE) HA3LIBAGTCA AUHEUHbIM UHIMEZPAALHOIM Y PAGHEHUEM
Dpedeosvma emopozo poda, 3uecs K (x, f), f(x)—sajanscle QGyHKuuL,
y (x) —uckomasa ¢ynruna. PyHkuuw K (x, f) HaswiBaioT Adpom ypasHe-
nua (1).
YpaBHenye
X
g =f+{K (x y()dt @

a

HAsbIBAIOT AuHellHbIM  UHMe2pasbRbIM  YpasHenueM Boasmeppa emopo2o
pooa
Ecnu B ypasHenusax (1) u (2) f(x) =0, To ypaBHeHHs HAa3EIBAIOTCA
00HOpOOHbIML.
¢/ MCKOMafd (YHKIUHA y (X) BXOAHT TOTHLKO MOJ 3HAK HHTErpaa,
TO nMeeM cOOTBETCTBeHHO ypaBHewnsa @pegronbma unx Bosbreppa nep-
BOTO poja

§K@ hytydi=f) nmm (K (o )y dt=Ff(»
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YpaBuenus BHJA
)+ | K (x—t o) dt=](» 3
0

c Agpom K (x—%), 3aBHCSHIEM JHIIb OT PA3HOCTH AapryMeHToB, hpex-
crapasor coboli Bamublli Knacc ypaBueHuil Bossteppa. Onru Huorga
Ha3blBAKOTCH YPABHEHHSAMU Muna ceepmKu.

Ilycre HMMeeM UHTETpanbHOE ypasnenue Bosnteppa THDA CBepTKH

X

‘P(x)=f(x)+§K(X—f)qJ(t)df. (4)

Dynem mpepnosnarath, 4to f(x) u A (x) A0cTaTodno raajkde GyHKUHH K
HMET KOHeuHbll mopsigox pocra npu x >-0. B zroM cayuae u @ (x)
npu x =0 nmeer KOHeuHHH [OpPSAOK pPOCTa, a 3HAYHT, MOXKET ObITH
nafineno wusobpamenwe bynkuuit f, K wu ¢ (mo Jlamnacy). Ilycre
D (p) =@ (%), Fp)=f(x), L(p) =K (x). [Ipumensas k oGeunm vactam (4)
npeo6pasoBanke Jlanndca H noab3ydAch GopMysoft ceeprxkum (cMm. § 11,
IX), 6yzem nmerhb

@ (p)=F (p)+L (p) D (p), ®)
OTKy[4
@(p)=1~:F-(L%, L(p)#1. ©)

Jas @ (p) HaXoguM OPHFHHAM @ (X) — pemelHe HHTErpajbHOTO ypaBHe-
HUs (4).
puwmep. Pemnrb HHTErpasbHOE ypaBHEHHE

X

Q) =cosx+| (x—8 o at. ()
0

Pemenne. INepexons X nsobpaxenuam H pacCMaTpHBAsA HHTErPas
KaK cBepTky $YHKUMH, NOAYyuHM HA OCHOBAHWYM npaBuja H306paeHud
CBEPTKH

1
® () =55 © () ®)
OTKyza .
@ (p)= ) =T 9

Haxons opurnnan s @ (p), monyuuM pellleHne HMHTErpajlhHOTO ypap-
nenusa (7)

(p()t):—é—(cosx—l—ch x. (10)

Peiwite uHrerpajbHble ypaBHEHHS:
X

646. @ (x)=sinx+ {(x 1) (1) dt.

0
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647.

648.

649.

650,

651.

652,

653.

654.
655.

656.

657.

658.

659,

660.

PEIIEHUE UHTEIPAJIbHBIX YPABHEHUM

() =x+5 | (r—1Pp()dt
0

1
2

[0 (x)=x+§sm(x— £y (f)dt.
0

¢ (x)=cosx+{ o (t)ydt.
0

p(x)=1 +x+chos (x— 1) @ (f) dt.
0

X

o) =5+ gu—ﬂﬂH@UMt

D)= 45 \ (k=P o)dr
0

q)(x)—x—}—QS [(x—t) —sin(x — )] p (¢) dt.

X

P (x)= smx—}—QS cos (x — ) @ (£) dt.
cp(x)—l—2x—4x2+

F 1 [B+6(c—1) — 4 (x— ] @ (1) dt.

0

1

p)=1+5 \sin2(x—1)p () dt.

@ (x)=¢"—2\ cos (x — 1) @ ({) dt.

—

(x—63 @ () dt.

o
Sty O 3

p)=1++¢
cp(x)zx—sxsh (x— )@ (t)dt.
0

q)(x):shx—gxch(x——t)qa(t)dt.
0

147
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AHanoruuHO pewlalTCs HHTErpasbHble ypaBHenus Bosabreppa nep-
BOro pozma c¢ sgpoM K (x, £), 3aBHcAEM TOJALKO OT DAa3HOCTH X—f,
T. e. yPaBHeHHS BHJA

§KW—0¢Mﬂ=H% (1n

rie f (x)—wusBecrnas PyHKuUA, @ (X)—HcKoMas GyHRnuA. [1pH 510M MBI
npeanosaraem K (x, x)£0, utO TaparRTupyeT CylUleCTBOBAaHHE pelleHHs
ypaBHenus (11).

Iycrs F (p)==f(x), L (p) =K (x); ® (p) =@ (x). IIpumensisn K oGeum
yactaM (11) mpeoGpasopanue Jlanmmaca W UCNONAb3ysl TEOPEMY O CBEPTKe,

OyleM HUMeTb

L(p)-®{(p)=F (p),
OTKyZa F
O P=rd, Lo (12)

Opnmﬂz;n ana @ (p) Oyjer pewleHUEM @ (x) HHTErpPaNbHOTO YpaBHe-
Husa (11).

Pelnth MHTErpajbHbe ypaBHEHHUS:

ge ¢ () dt=x.

0
662. g-]o()f—t)fp(i) dft=sin x.
663. ;Sccos (x—He()di=sinx.
664. :S:ex ‘¢ () dt=sinx.
665. ;Sccos(x—t)qa(t)dt—-x—l—xz.
666. :S:ez D (t) dt = x2e*.
667. S:ch (x =g () dt =sh x.
668. :S:ch (x—tyo()dt=x.
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YRazaugeitl MeTOjl pemeHud ypapHeHud (4), (11) mpH/TOXHM TaKxe
K cHeTeMam nmerpanbumx ypaBHenuil Bosbreppa Buja

o; (%) =f; () + ES =D or®dt  (i=1,2 ..., 8. (13

k=10
Ipumensaa K o6eum uacram (13) mpeoGpasoBanne Jlannaca, moayuyum

s
D; (=Fi(P)+ X Lie(0) O (p) (=1, 2, ..., o). (14)
k=]

Pewasn aty CI/ICTeMy ypaBueHul, nurxeiiHywo otnocurensno @y (p), Haiizem
o () (L=1 ..., S), OpUTHHAJH AAA KOTOpHIX X GyLyT pelileHueM
HCXO0HOU CI/ICTeMbI HHTerpanbuerX ypapaenu (13).

[MTpumep. Pewnth cucreMy HHTerpasbHHX ypaBueHuil

§ b g (t dt+§ (x—1) @y (1) dt,

X

@g () =14 sh (x— 1)y (t) df — 0( el % g, (8) dt.
0

Pewenue Ilepexons K usolpameunav H HCHONb3YA Teopemy
o ceeprxe, oy (Dy (p) =@y (), Dy (p) 7= P2 (%)

1 1 1
D, (p) :F+m 0, (P)+p7 D, (p),
1 1 1
D, (P)=?+Em D, (P)“m D, (),
o Ptp—1 pP—pi+1
Dy (p) = D, (p) =

plp—1)(p2+1)’

Haxogum opurunane gas @y (p) u @, (p):

(p—1(p+1)(p2+1) °

. | U 3
q;l(x)&H—?e +§smx-§cosx,
1
P2 (x)————? (cos x - ch x) — sin x.

DyHRIUH @y (X) A Qq (¥) ABIAIOTCA PelIeHHAMH HCXOLHOH CHCTEMBL
HHTErpabHbIX ypaBHEHHIL.

Pemuth caefyomue CHCTeMBl HHTeTpaJbHbIX ypaBHEHHH:

X X
¢ ()=1—=2 (N, (1) dt + (g, () dt,
669. 0 0

@ ()= — {0y (1) df + 4 (5—1) g3 ()t
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91 (x) =€ + [ @ () df — { e, (1) dt,
670. ! 0 0
P () =—x—{(x—1) o, (i)df+8q>z(i) dt.
0
(pl(x)=x+8q>1(t)dt+S<x-t)cp2() :
671. 0 i
¢z (X) =1 —Se‘x‘”% (@) dt + ¢, (1) dt.
0 0
¢1 (x)=¢" — § @1 () di + 4§e(x Doq () dt,
672. x° 0 .
9 () =1={e g (1) dt + (@, (¢) dt.
0 0
Py ()= 2x-S(x—-tml(t)dtﬂ%(t)dt,
673.
(pz<x)——2—4S(pl(t>dt+3§<x—t>(p2<t)dt
o1 (%) =2—{ (x— 1) o1 (1) dt —14 ( 0, (1) dt
674. : i
Py (X) =1~ §0q)l<t>dt S(x—t)cmt)dt.

§ 16. AunddepeHunanbhbie ypaBHeHHA
C 3amasfblBAIOLIUM APryMeHTOM

B pagne TeXHuuecKHX 3ajau NPUXOJUTCA HMerb AeN0 ¢ Juddepen-
OMaNbHEME YpaBHEHHAVH, B KOTODhIE HEH3BecTHad (yHKLHA BXORUT mpH-~
pas/MuYHbLIX 3ilauenHdaX apryMeHra, Hanpumep:
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TakHe ypaBHeHHS Ha3bBAIOTCA OUPPEPeRYUAADHOIMY  YPABHEHUAMU
¢ omraoHstowumuca apeymenmamy. Ecaw T, (f) — nOCTOAHHBIE, TO MbL
UMeeM Tak HasbiBaemoe dudipeperyuaneHo-pasHocmnoe  ypasrenue Eean
1, >0 u crapwas mpousponuas BxojauT B AuddepeRuHaNLHO-pa3HOCTHOR
ypaBHeHHE TOJbKO NPH OZHOM 3HAYeHHM apryMeHTa, He MeHblIeM BceX
IPYTHX apryMeHTOB ¢QYHKuHMY M NMpON3BOLHBIX, BXOAUMX B yPaBHEHHe,
TO ypaBHeHHe Ha3bIBaeTCs OugheperyUaNbHbIM YPABHERUEM ¢ 3ana30618010+
wuM apayMernmom (sanpumep, ypasHewua (1) u (3))

Iycte pano puddepentinannHoe ypaBHeHHE € 3alld3AbBAOIMM apry-
MeHTOM C MOCTOAHHBLIMH KOaddHyleHTamMu

n—1

()= 3 ape® (t—1p) -+ (O), (4)
k=0

rae ap=const, Tp=const>=0 (0 << ?¢<<-}co) Boabvem pag¥ 0pOCTOTE
Hy/eBhie HayaldbHHE YCMOBHA

x(0)=x'(0)=...=x""1 (0)=0. (5)
Tlpn 3rOM MBI MOJIaraem
x(f)=x (H=...=x""V ()=0 paa ¢t <O0.

[Ipumensss X oGeMM wuacTaAM (4) mpeoGpasoBanue Jlamsmaca M MONB3YACH
NP 3TOM Teopemoil 3ama3nmBakHg (cMm. § 11), momyunm omnepartopHoe
ypaBuenue s X (p) = X (f)

n—1 —
X ()= 3 awptX (p)e K HF(p) e F)=f® (6
b=
OTKYyza ’ r
X (p)= _! (p) ) o

pr— Z agphe” H

Haxozns x (f) —opurunan yia X (p), onpejenasemoro dopmyJoii (7), monay -
yaeM pelllenre ypaBHeHRd (4), yIOBAETBOp AOLIee Haua IbHbIM yea0BHAM (B).
I[Tpuwmep. PemnTs ypaBHenue
¥ (Hh=x({t—1)31, x(0)=0

Pemeunue. [Tepexona x H3oGpaxeHuaM, NOJYuHM
_ 1
pX (p)=X (p)e "-l—;,
OTKyja

X(p)=

1 1 1 1
Lo

p
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dna x (f) nonywaem
£ ()= (O)+ g (== ) oo ot = W7 %
- — Bk
XN(E—n)f...= Z (ﬁt(ﬂ—)m—ln(t—k)-

Pemuts chepyiouive ypaBHEHHS:

675. x" (f)—x(t—1)=t, x(0)=x"(0)=0.

676. x" (1) —2x' (t—1)=1t, x(0)=x"(0)==0.

677. x" ()=2x"(t—1)—x(t—2)+1, x(0)=x"(0)=0.
678. x" (H+2x" (1 —2)Fx(t—4)=t, x(0)=x" (0)=0.

Jlnsa padbepeHnnasbHbEIX ypaBHEHHH ¢ 3aMa3npiBaONMM apryMEeHTOM,
OMHCHIBAIIKX INpopecc ¢ nociegeHcTBHEM, yaCTO BCTPEWAKITCH 3akaud
B clepyoued MocTanoBKe:

Hafitn pemtenne ypaBHenus x (£) nns £ ==y, npuueM g1 BeeX f =< f,,
IJA KOTOpLIX 3HAUEHHA X (f) BAMAIOT Ha TOC/]eLyIOUIHe 3HAUEHHA Deule-
uus npu =0, dyskuns x (f) sagaercd.

Tax, nanpumep, cTaBHTCcs 3ajayd. HaWTH HeNpephIBHOE pelleHHe X (f)
npy { ==, ypaBHenud

x(fy=Ff(t, x({f), x({—T)), 7T>0-—comnst,
eci JIaHO, uTO X ({}= @ () Bast fy—T <1< fo.

3nech ¢ (f) —3ananHas HelpepbiBHAS (QYHKOHUS, HasblBaeMasi HauaAe-
noil gpynryuel, OTpesox [t —T, fy], Ha KOTOPOM 3ajaercs ¢byuKuHsa @ (f),
Ha3bIBAETCSA HAUAAbHBIM MHOXCECTBOM.

Pemmenne snnefiHoro ypasuenns (4) ¢ 1I0CTOSHHBIMA K03ddunmHenTaMK
1 TOCTOAHHBIM 3anasjblBaHueM B cJaydae, KOrja HauajgbHas GyHRmus
OTJMYHA OT TOH(AECTBEHHOTO HyJs, TAKMKE MOMKHO HCKATb, HCHOMb3Ys
npeoGpasopanne Jlansaca. Ilokaxem 310 wa mpumepe.

INpumep.

¥ (H=x(l—1), pt)=1, —1l<t=0

Pemenue.
x()=X(p), ¥ () =pX () —x0)=pX (p}j—1,

pX (p)—1 =(§oe"l”x (t—1) dt.
0

Jlenas sameny TepeMeHHBIX {—1=2, nomyuyum

(e8] o0
{erix—1yat={ ePervix) de==
=1
0 0 o0
=¢ P S e Py (2)dz-f-e P S e~ Py (z) dz ==
-1 0
_ e~ P2 lz=0 _
=e P , FeTPX (),

—p

R ==—
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TaK Kaxk x (2) =1 ana — 1 <<z << 0. OxoHyaTensuo

Y
X () —1=220L L (p).
Orciona
|—e? 1 l—e P
XO) ==t e e
P p P < p

1 e™P g2p e kp
_._;< — +...+_I)T+...>
-
+(—p—)~(1+——+ A )=
=_+__+e;+ ek
R e

Haxona opurunan ana X (p), monyuaev pellleHHE HCXORHOrO ypaBHeHHH

x(t):(l—}—ltl) +Zt“k+1 Nt —k+1).

Pewuts craexyiouine ypaBHeHHS:
679. x' ()=x(—1), ()=t —1=<t=<0.
680. x' (H)=x(t—1) 4+t ooO)=1, —1=<<t<0,

x'(t)+x(t—g>=o,

¢ (f)y=cost, —-5=<t<<O.

§ 17. Pemenue HexoTOPHIX 3aJady MaTeMaTHUCCKOH GU3HKH

OrpannynMes clyyaeM, Korja uckoMas (GyHKUMsA 4 33aBUCHT OT ABYX
HE3aBHCHMbIX TepeMeHHHX x u £. I[TepeMeHRYW x GyneM paccMaTpuBath
KaK NPOCTPaHCTBEHHYIO KOOPJIUHATY, TepPeMEeHHYI0 [ —KaK BpeMs.

PaccmotpuM, HanpuMep, ypaBHeHHe TellJIONPOBONHOCTH

du d?u
— =2
=@ s+ ) M
(a? — mocToAHHA ).
Pas6epem nepByr0 KpaeByio 3ajauyy ;na ypashenus (1):

Hality pelne-
ane u (x, t) nuddepenunansroro ypasuenusa (1) ans O<x <</ u =0,
YIOBMETBOPIO{ee HayalbHOMY YCIOBHIO

u(x 0)=¢ (%) @)

H KpaeBbIM yCJIOBH M

w(© )=\ @) u(l =1ps(t). ©)]
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0%u (x, 1)
Ox?
bynkuan £, ABAOTCA opurdmadamu. OG03HAYUM uyepes

Mpennonoxam, 9to U (¥, 1), u f(x, f), paccMarpuBaeMHe Kak

[ee]
Up, x)= S u(x, tye Pidt 4
0
usoGpaxenne byurimuu u (x, £). Torga

0

du _, S@i U Pu U

2z Pt =""_
FP e dt

ox dx ' 0x2 T de * (5)\

IMo npapuny nuddepe nupoBaHHsA OPHIHHAJOB NMOAYUAeM € yUETOM Ha4anb -
HOTO ycJIOBHA (2):
ou _.

ST PU—o M) ©®
Hpennonoxum, aro §, (f) U P, (£} ABAAOTCA OPUTHHANAMU H
P (O=1(p) %o () =Y (). (7)
Torna rpanuunble yc/IoBHs (3) pater
Ulgeo=Y1(p)y Ulsr="(p) ®)

Takum ofpazoM, onepaTopublil MeTO) TPHBORMT pemenue sapaud (1), (2),
(3) x pewenno oGbIKHOBEHHOrO AutdepeHiHaNnsHOr0 yPaBHeHRA

dazy
@ S —pU+ @ () +F (5, p)=0 ©)
IpH rpasnuHblX ycaosuaAx (8), rae F (%, p) == (%, t). Peman 3agauy (9),
(8) H ofpamas moiyuennoe peienve, Halinem QYHKUHIO « (x, {), ABaAIO-
myloes pewenneM 3agaun (1), (2), (3). AHajoruuHo pemarorca H Apyrue
KpaeBble 3ajjaud j/iA ypaBHEHUS TEINIONPOBOAHOCIH, 4 TAKKE KpaeBble
3afaun Qias ypaBHeHHs KojeGaHH{l CTpyHH

02 0%
apr = a1 (5 1) 0
Teserpaduoro ypasHewHa (cM [2] u [9])
d%u % ou
672“026?4—(0“1—[5)5?4—0‘5”:0 (11)

M HEKOTOpHIX ApPYrHX ypaBHenuil Gosee obliero Buja.
Bagava. Kounwt crpynsl x=0 u x=I[ 3aKpel/eHsl 3KecTKO.

nx
Hauanbzoe oTKnoHeHHe 3agano pasenctsoM u (¥, 0) = A sin " O<x<)
Haunaneasie ckopocty paBubl wyao. Haiitu o1kaonenns u (x, t) nput > 0.
Pemenue [JuidepeHnnansuoe ypaBuenue
2u 1 0%

o ol (12
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HauyaJbHble YCJIOBUA

i ax  Ou(x, 0)
u(x, 0)=A s T —T-——O, (13)
KpaeBble yCMOBUA
u(©, H=u(, H)=0. (14)
Tepexonsa K H3oOpamxennsanM, OyneM umeTsb
@v o, pA nx
Ex_z—ﬁu ——— sin — 7o (15)
Uleeo=U Ix11=0' (16)
Pewas ypasHenue (15), momyuum
U (x, p)=C,eP*/? | Cye™ P¥/2 +—-AL;—H? sin I—tlf
p23- 0
YunteBaA Kpaeswie ycnoBus (16), nHaligem
Ux p)= Apo ol sin,
g, 7 )
PP+

Opuzrunaiom gna U (x, p) aBasercsa ¢yHKuHA

nat . mx
ux H=A cos—l— sin =,
ROTOpas GyleT pelieHHeM NOCTARJAelHON 3ajaun.

Pemuts caenyooiue 3agavu:

682, % — (x>0, £>0),
u(O H=u, u(x, =0
0
683. Sr="k axz (x>0, t>0),
u(O, H=0, u(x, 0)=u,.
684. F=rTY (x>0, t>0),
u(O fHy=acos of, u(x, 0)=0.
685. L=k 7% (x>0, t>0), \
u(O, fy=asinwt, u(x, 0)==0.
d
686. 55—k (x>0, 1>>0),

u (0, 6y=e¢ (1), u(x, 0)=0.



156 OTMEPALIIIOHHOE WCYUCJAEHHE [TJ 1D

687. Haiitm pacnpenesenne TeMmepaTtyp B CTEpXKHE
0<Cx=<<! np® YCJAOBHH, YTO HOTOK TeMm/JIa He NPOXOLHT
uepes rpaHuny x = 0; apyras rpasuuna x==/ coxpaHuser
NOCTOSIHHYIO TeMileparypy 4,; HayaJdbHast TeMilepaTypa
CTepXKHs paBHa u,=const,

688. Haiitn pacnpenesenne TeMIepatyp B NOJAYOrPAHH-
YeHHOM CTEpIKHE, eCJIH Ha JIeBOM KOHLE CTepHs] IPOHCXO-
AUT TEIJIOU3JYy4eHHe B Ccpedy C HyJeBOH TeMmeparypoil.
Hauanbuas temnepatypa cTep:KHs u,=const. .

689. Crepxewb jIMHB] | HAXOAHUTCSA B COCTOSIHMH HOKOS,
ero koHen x=0 sakpensaed. B moment spemenn {=0 K cBo-
GOZHOMY KOHIy CTCP:XHA NpHAOKeHa chHja F (Ha equHuny
NJIOLIAAHN), HANpaBJeHHAast BnoJab crepxkus. Halitu xoneGanue
CTEPKHS.

690. CrepskeHb nOjBeUIeH BePTHKATbHO W 3aleMJeH
TaK, 49TO CMeuICHHE BO BCeX TOYKAaX pPaBHO HYyJI0. B MOMeHT
BpeMenu {==0 crepxeHb ocBo6OXKIaeTCS, OCTABAsICh 3aKpen-
JIEHHBLIM B BepxHell touke. HallTn 3ak0H KOoeBaHus CTEPKHA.

691. Pewwuts ypaBHeHHE

02 02
GG bra—

npu HyJIEBbIX HAuaJLHBIX U KpaEBb]X YCJIOBI/IHX
%l —0, u(0, y=u(l, {)=0.

W t=0

692. Opnopognasi crpyda, 3akpenJeHHass Ha KOHIAX
x=0 u x=I[, UMeeT B HauaJIbHLII MOMEHT BpeMeHH (hopMy
napa6oJ/bl, CHMMETDWYHOH OTHOCHTEJBHO NepHneHpuKyJasapa,

u ]t=0=0,

{
IPOBEJEHHOTO uepes TOuKy Xx=-. Onpeneqantb cmemeHue

TOYE€K CTPYHbI OT H})HMOJII/IHEI“IHOI‘O NOJMOKEHNA paBHOBECHS,
npeanogaaras, 4Yro HadaJbHBIE CKOPOCTH OTCYTCTBYIOT.

§ 18. JluckpetHoe npeoGpa3osBanue Jlanaaca

INycrts umeem KommekcHoswayrylo dyukpuo f () peficreurenbhoro
aprymeHra f, olipejesensyio gia t==0.

PaccmorpaM  nocaegosaresshocts {f (m)} (n=0, 1, 2, ..), Roro-
Pyl KOpoTKO 6yneM 0603Hauath nNpOCTO f (1) U HAaswBaTh peutemuarmott
pynryueti. Oynxuns f (f) HassBaerca nopoxcdarowed gynkyued gna f(n).
Takum oOpasoM, aprymenr pemreryaToH GYHKUMY' TpHHEMAET TOJABKO
uedble 3HaYeHus, NpHUeM [/ OTPHLATEIbHbLIX 3HAayeHWH aprymera
pelieryarasi GyHKIHA paBHA HYJIO.



§ 18] JNUCKPETHOE TNPEOBPA3OBAHHUE JATJIACA 157

Huckpemnoin npeobpasosaruen Jansaca pemerdartofi dyuruun f(n)
Gylem HaseiBarb GYHKUHIO F* (p) KOMIIEKCHOro apryMedra p=s-}-ig,
OTMpefeasAeMyl0 DaBEHCTBOM

= 20 e Pf (n); m

mpelnoJaraeTcs, 9To paj cOpaBa CXORHTCH.
@ynxyumo f (n) 6yzeM HasbiBaTh OpUrHHagoM, a F* (p)—ee H306pa-
H#eHueM ¥ nacarhb

F* (py ==[ () wmu [ (n) == F* (p).

3Hxauenne Re p=s*, ana xoroporo npH Re p=s>s* pag (1) cxo-
IHTCs, a OpH § < s* —pacxogutcs, HasbBaerca abcyuccod cxodumocmu.
OyurpHa F* (p) ectb mepuoanmueckas QyHKuHs c NepHOROM 27, aHANH-
THueCKas B MOJYIJOCKOCTH Re p > s¥,

Ecan peweruaras ¢yHruus f(n) YIAOBIETBOPSET YCJOBHIO

H(n) | << Metom, @

TO aGCUHCCa CXOJHMOCTH S*<C A4, H, Caeg0BarelbHO, H300paxeHue Taroi
Gyskuun cymectByeT. Boobule, BcAKas ¢yarnus f(f), aBasomascs
opurnHaJgoM A5 oGHuUHOrO mpeofSpasosanus Jlamiaca, Topoxjaer peler-
garyo GyHKHHIO f(n), 0AA KOTOPOH OMpeneseHO JUCKPeTHoe Npeobpa-
soanue Jlangaca F* (p).

Npumep 1. Tloab3ysch onpepesedueM, HalTH  H306paxenne

by UKL HH
f(ny=en

Pemenue. OueBnpno, 3ta QyHKuHs yAOBJIETBOpser yCJOBHIO (2)
¢ Ap=1 u mpousponbheiM M > 1. 3naunt, ee M306paxeHHe CYLIECTBYET.
ITo ¢opmyse (1) maXomum

[ee}

e8]
*(p)= 2 gTpte = 2 ¢TI = l_el arpr (Rep>-—1). ®3)

n=0

OrMetuM, 9TO pemeruatas OyHKuus f(n)==en® usobpakeHHs He
HMeer, TaK xaK AJs gee abcuycca CXOAHMOCTH §* papHa GeCKOHEUHOCTH.

[onbaysich olipeneneHneM, HalTH H306paKeHUA CJIELYO-
HUX QyHKIHA:

693. f(n)=n (n), rac n(n)={

694. [ (n)==n.

695. [ (n)=¢€".

696. f(n)=a" (a@>0, az1).

1 npu n>0,
0 mpu n<0.
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OcnoBHble CBOWCTBA JUCKPETHOTO
npeo6pasoBanuda Jlanagaca

[.CBo#ictBo JaunseBivocTu., [daa mo6bX KOMIJEKCHEIX
MOCTOSAHHHX @ U B

af (1) +Bg (m) =aF* (p)+BG* (p).

(3neck u Bcrony B gannHellmem f(n) = F* (p), g (n) =~ G* (p).)
NMpumep 2. Halitu usoGpaxenne gyHruuu f(n) =sinn,
Pewenne [lo popmynam Duiepa

tn —in
—e 1 i
sin I’L:‘—"—.———=*—-€m———~€_m.
2i 2 21
Hneem
©
; 1
. —npyin —
e~ Ze e T
n=0
e»in.;___l_.__
. 1_e—rp+i) .

Tlo cBoficTBY MHHEITHOCTH

e L 1 . 1 »_ eP sin |
S S T D [ D)~ 2P — ePcos 1 1 °

Haiitn usofpakeHHus CAenyoOmux (QyHKLHA:
697. f(n)=cosn.

698. f(n)==sinan (o=comnst).

699. f(n)=shn.

700. f(n)=e" —2e?.
701. f(n)=cos*n.

II. Teopems omepexeunsg UusanasauBanusa [lycme
) —=F*(p), u nycmo k— yenoe nosoacumenvroe qucao. Toz0a

k—1
f<n+k).—-ekﬂ[F* () — X ™ (m)]- @
m=0
B uacrrocty, eca f(0)=f(l)=...=f(k—1)=0, 10
f (n k) = ekPF* (p). 6
Anarozuuno,
f(n—k)==c®PF* (p) (f(n—Hk)=0 dan n<k). (6)

Mpumeq 3. Hafitn usoGpaxenue dynxmun f (1) =2 (f () =0
npy n << 2).



§ 18 JUCKPETHOE NIPEOBPA30OBAHMUE JIATIJIACA 159

Pemenune. IKwmeem
er -~ .;_ =_ip_
I—el™P  eP—e’
ITo Teopeme 3amasgbiBanuga u3 (6) HaXxomuM (k==2)
e? 1

n-2 _: =D =
E i gy eb (eP—e) *

Haiitu usofpaxenus ciaenylomux Qyaknuil

702, f(n)==m(n—Fk).

703. f(n)=¢""*3),

704. f(n)=sh2(n—1)-n(n—1).

705. f(n)=(n-2)2

III. Teopema cmemenunn Ecau F*(p)=f(n), mo da ao-

6020 KOMNAEKCHO20 Dy
F* (p—po) == e"*" f (n) @)

[Tpumep 4. Hafitu usobpaxenne dynxuun f(n)=ne?”,

Peuwenne. Hwmeem
e P

AT T

Ilo Teopeme cMeIUEHHA MOJgydaeM (pg=2)
e‘(p’Z)

20 > —— -
esmn = [[—e P 22

Haiitu usobpaxkenusa ciaenyomux QyHKIUR
706. f(n)==e"sin2n.

707. f(n)=n2%".

708. [(n)=e€*"chn.

IV. InddbepernyupoBanue usobpamenna [duddepen-
HupoBanye M300paxKeHHst CBOAMTCA K YMHOMKEHHIO OPHTHHAJIA HA — H:

AP ) == (0 ®)
HAH, Boobire,
L
I {F* (0} = (— 1 nkf (n). 9)

IMpumep 5. Halitn uso6paxkenne GpyHRuuH [ (n)=ne”.
Pemenue HMuveem
er

[ —
el —e
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To reopeMe o aubdepeHINpOBaHHH H306paKeHHs NOJTYYHM
d( ep > epfl

n_~__ e Y=
e dp \eP —e (eP—e)?”

Halitn nsofpaxenns ciegyroliux QyHruui:
709. f(n)==n2e".
710. f(n)=n2.

711. f(n)=nsin<n %)

V. Teopema 06 wuTerpupoOBaHHHM H306paxenud
Hycmp pewemuaman gyuxyus [ (n) ydosremeopaerm YcA08UAM

Foy=0, LA _ ym [0y, (10)
{ =0 4510 {
Tozda
L { re oy an )
14

m. e. Oeserue OpUSUHAAQ HA N COOMBEMCMBYEM UHME2PUPOBARUID u300pa-
aenus 8 npedesax om p do 0o,

Bameuanuag a) Ilpu f(0)£0 unrerpan B npasoil wactu (11)
Gyzer pacXopfuluMcs, H, 3HAUHT, ,TeopeMa 00 MHTErPHPOBAHHH H300pa-
XKeuus He Gyfer clpaBejpinBa.

6) Ecan

t)‘ 0 lim f.%—_—aio,

{—> 10

o0

Wear\roran (12

P

B) Ecau g1s m=1, 2, ..., k BHIoJuenbl ycJ0OBHSA

o
lim 225 =0,
=10 m

f_’%)__. S S F*(p)dp ... dp, (13)
p

T. e. Jlelleye OpHrHHAAa Ha n* COOGTBETCTBYeT k-KpaTHOMY MHTETPHpOBaA-
HHI0 H306paikeHusa or p RO <o.
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et—1—n

Npumep 6. Hafitn nsoGpamenne pewersaroil Gy HKIHY -

Pewenune. Ilycrb f(n)=e"—1—n.
IposepseM BumosunMOcTs yeioBHil (10). Mmeem

[
F(0)=0, lim 6y ==t
f>a0 b inio

f__
= lim (e 1—1)=1—1=0.
t—»+0 t

HaxopuM n3o6paxkelne dyukuny f (1):
er epP ep

n__{—n-—- _ —
e —1—n= eP—e eP—1 (eP—1)2"

Tak wak yciaosHs (10) soinosnenct, 10

(o]
e"—1l—n [ ep 24 PP dp —
n P ep—1 (er—1E T

14

e

P
eP—e 1 o0 eP—1 1
:[lne!’——l +eﬂ-1]lp =ln eP—e er—T1°

shan

:lln (eP —e)—1In (e —1) —|——ep—l_—l]

IMpumep 7. HadAitw wusolpaxenHe peweryarod byHKIHH

(e #£0)

Pewenne. Ilyers f (n):sh an. Hveem

= 1im % o0,
b0 fab0

Mso6paxenne bynxuun f (1)

1 epP
shan 5 (e!’—e“ el’-—e'“>'

Hso6pamenne faHHO# (yHKuHH HafileM, HCNOJAb3ys cooTHowerwe (12):

[os}

shan | 1 ep eP
ety | (==
P | -
=a-i 0l [In (P —e*) —In (P —e %] | ==
I eP —e% oo 1, eP—ee
.__OL—l——II‘lp eap—a+§ln67_—ea.

6 M JT Kpacnos mu ap.
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Haiitu usobpaxkenus ciepyomunx ¢yHkuui:

712 £ @>0, az 1) 713 B (g 0),
1-—cosan n—shn
714, Lm0 715, 2=,

VI. InddbepennupoBanue no napamerpy. IlycTb opu-
THHAJA W H300paMeHHe COzepkKaT NMapaMerp €, He 3aBUCAllHi oT n u p,

H 1yCTh
F*(p, &) = [ (n, &).

OF* (p, &) . 0f(n, &)
de T g

Torna

(14)

T. €. MPOH3BOAHAA TO & OT M306paxkeHHsA eCTb H30GpakeHHe NPOH3BONHON
100 & or opuruuana I[IpexnonaraeM, 4rO BCe STH NMPOH3BOIHBIE CYMIECT-

of (1, &)

BYIOT § ——z-— eCTb OPHIHHAI.

[Tpumep 8. Halitn nsobpakenne ne* (o — BellleCTBEHHOE).

Pemwmenne Vveem eo? =

et ITpuMem o B KawecTBe mnapa-

meTpa. Ha ocuoBe Teopembl 0 auddepeHnHpOBaHHH TI0 MapaMeTpy

ep ’ M ny’ orn
m>a-” (e =ne.
Orciona
- ePe*
to(eP—en2

HaiiTu nsobpaxenus cjaenywomux QyHkuu:
716. f(n)=ncosan.

717. f(n)=n?shan.

718. f(n)=(n+2)chan.

VII Wuterpruposanue no napamerpy. Ecm f(n, g) =
— F*(p, €), rne napamerp e He 3aBUCHT OT N M p (Eg=<<€=CA), IO

e

VF(n, ey de= [ F* (p, e) de, (15)

&

T. € WHTETPHPOBaHHe IO TapaMerpy & OpPHTHHAJA COOTBETCTBYET HHTer-
PHDOBAHMIO H306paAXKEHHA N0 mapaMeTpy &.
Mpumep 9 C nomompbld nHTErpupOBanHsA 110 MapaMerpy HaiiTh

" 1 —cosen
nsobpaxkenne pewerdaroll QyHKguH ———
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Pewenue Humeenm
sin en -~ ef sing
* e2P —2ePcose-1°

Vinterpupyem JeByio H NpaBylo yacTH TOr0 COOTHOIIEHHA 11O Hapamerpy &
B ipefesax oT go==0 10 &:

e e
in en de - eP sin e de
S - .
: e2P —2eP cosg-}- 1
0 ¢

Orcroga nonyuaem

l—cosen 1 e
PR 2D __ QoD =
P 5 I (¢ 2e cosaa—i—l)‘0
=—%- [lo (e2P — 2¢P cose - 1) —In (e2P —2¢P 4-1)).
Uraxk,

1—cosen _1_1 €20 —2eP cos & 4~ 1

n T g (@=1yp

IlpuMmensis WHTErpHPOBAHHE MO NapaMeTPy, HaHTH wu3o0-
GpaxeHus CJCAYIOMHUX (yHKILHA:

%" — g% chen—chn
719. _—_[l_—. 720- -_T_

799 sin(e—1)n-cos(et+1)n

n

sin sn

721.

Teopema ymMuHoXeunus HaoGpaxennil [Iycms
fu() == Ft(p), 2 ()<= F1 (p)
moeda

F (p) - F% (p) = mewmmmo N fn—=m. (16
m=0

IMpumep 10. Hafitu opuruHald, coorBerctBywilnil uzobpaxkeHHio
e2P
@ —e) =Y’

Peuenune. Ysobpaxkenue F* (p) MOXHO NpeNCTaBHTh B Bujfe IHpo-
H3BejeHusl KBYX H300paKenni

F* (p)=

* o, FE ____L s e
o & Q(P)—ep__ - .

Fi (p) =
i\p)= el — el
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ITo Teopeme ymHOXeuus

n n

n. 2 -n
F* (p) — Z MmN = ot Z e’zng——z —el —e——:__ T

m=0 m=0

ITonb3ysicb TeopeMofl yMHOMKEHHsI, HaHTH OPUTHHAJHI
IJIsl CTeAYIOMHX H300paxkenuii:

723. F* (p)=(——?p—— 724. F*(p) = e

P =Ty (eP—¢)" [—e PR eP 1"
e2P

126, F*(p) = =g or =y

eP —e)(eP — 1)~

725. F* (p) = al

VUsoGpamenue pasnocrteil. Passocmbio nepgoeo nopadxa
peurersatoi ¢yHxnuy f(#) HasblBaeTCca BeqMUMHA, 0003HAUAEMAH CHMBO-
oM Af (1) ¥ onpegendemas PaBEHCTBOM

Afmy=f (n+1)—f (). (7
Pasnocmeio emopoeo nopadka A2f (1) HasblBaeTCsl BeMHUHHA, DAaBHas
A (m)=Af (n4-1) — A (1) (18)
uian, yunresas (17),
Af (W)= (n4-2) = 2f (n+1) 4 (). (19)
BooGute, pasHocTh k-ro mopsnka AKX (n) onpenensercsa cooTHOMmEHHeM
AR (ny= AR (n4-1) — ARIf (n) (20)
HJH .
A ()= 2 (=1 CLf ke =1, (21)
7=0
rie lez = ]T('Eli_lw — OHHOMUAMbHEIE KO3DdDUIHEHTEL.

Mpumep I1. Hairru pasnocru pna dynxnun f(n)=2n2
Peure uue. ITo oupesesennio mepeas pasHoOCTb

Af (n)=2(n +1)2—2n2 =2 (2n1-1).
Bropas pasnocTb
A% (n)=Af (n- 1) — Af (M) =22 (v + 1) F1]—2 204 1) =4,
OuepHgHO, BCe pPasHOCTH 0OJiee BBICOKOrO MOPSIKA PARHBL HYJMO (Cpap-
HUTe C NPOM3BOMHEIMH OYHKUHH [ (f) = 22).
B caenpyomux 3aga4aXx HaHTH pasHocTH k-ro Nopsaxa:
127. f(n)=3n+2. 7128. f(n)=e*". 729. [ (n)=n*—n.
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[Mycts f(n) = F* (p). Toraa
Af (n) == (€P — 1) F* (p) — ePf (0),
AZf (n)y <= (e? — 1)2 F* (p) —eP (eP — 1) f (0) —e? Af (0)
T 1.
Boo6ie, o
ARf (1) < (P — )F F* (p)—eP D) P —1)F1A(0),  (29)

v=0

rae nonoxeuo A% (0)=f(0). Ha coornomeuns (22) naxonnm

k—1
» AF (O
P 0= e D o ey Lo 84 0L @)

V=

rie Lp {ARf (n)} —usoGpamenne A®f () B cMolce AMCKPETHOro mpeafpa-
soBandq Jlamnaca.

Ecii, B wacrHOCTH, A“f 0)=0 (v= , R—1) HAHU, YTO 3KBH-
BaJIeHTHO, f(O)___f(l)- =f(k— )=0 TO q)opMyna (22) npmoGperaer
0co6eHHO IIpocToll BHJI

ARf (n) <= (eP — 1)} F* (p),

T. e. OllepanMd B3IATHA_ Pa3HOCTH £-r0o MOPANKA OT OPHCHMHaNa OrBeyaer
yMuOXKeHHe n306paxenus na (ef — 1)%.
I[pumep 12. Haiiru usoGpazxenne GyHRmuu f(n)=n2
Pewmenne Hueem

Af (m)=2n--1,
Af(n)y=2n43—-2n—1==2,
ARf(n)=0 (k>2).

Hanee f(0)=0, Af(0)=1, A2f(0)=2. Ionarag B panencrse (23) k=3,
GyzeM HMeTb .

. e eP Af(0)

f(n) - F*(p)= @ —1) : e —1y

e 1 2 _eP(eP 1)

* “Er—1yp (°+ep_1+(ep_1)z)— e —1F -

Haiitu usobpaxenus QyHKIHH]
730. f(n)=nd.

n(n 1)

731. f(n)= .
732, f(n)=(n——k)2n(n——k).
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Uso6paxenne cymumbl. Ilycrb f(n)—peueryaras Qynxuus,
vnMeloulas M3obpaxende

[ (n) == F*(p).
PaccmoTpum cymmy .
> fm)
m=0
Torpa I
Zof(m) A

T. €. CyMMHPOBAHHIO OPHTHHAJIOR OTBEUaeT JesleHHe H306paKenus Ha eP — 1.
BooGule, k-kpatHOe cyM_MMpogaHne OpHrWHANa COOTBETCTBYeT jele-
HHIO H306pamendd Ha (eP — [)%.
IMpuwmep 13. INonpsyack Teopemoit 06 y306paXKeuu! CyMMEl, HalTH

CyMMy
E me™,
m=0

P

Pemenue, MHaoGpakenHe ne” parHo @5——? . Tloatomy co-
r1acuo Teopeme 06 M306paKeHHH CYMMEL
n—1
ep+1
Z met = (el’—e)2 (el’——l)
e ep eP e—1 ePh1
T e—1)2 [ep— 1"t 7 ° (el’~e)2]
Lt gy le—1)nen
e
ChnegoBaTennHo,
n—1
I e(l—e™) 4 (e—1) ne® ]
e~ 17
m=0
Haiitu caepymomue cyMMbl:
n—1 n—1
733. D) m2. 734. ), mcosma.
m=0 m =0
n—1 n—1
735. D) m(m—1). 736. >, e"cosmo (nz=2).
m=0 m==0

®opmyna o6pamenns Ilycrs pemlersatras ¢yHkuua [ (1)
nMeeT CBOMM HsobpaxenveM (QYHKIHIO F* (p) KOMIUIEKCHOrO IepeMeHHOro
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p=0-it, Tne F*(p), B cuny csoeil nepuoguynocts: F* (p42mi) =
== F* (p), paccmaTpBaeTcsi B OCHOBHON mosoce — A << Imp<<n (—n <<
<T=m).

Ecan ussectuo usobpaxenue F* (p), 10 opurnuan f (n) MOXHO HaliTh
no dopmyse o6paumeHss

ct-in

f(n)=§:; S F* (p) e"? dp, (24)

¢c—imn -

rae ¢— Jo6oe fAeHCTBHTeNbHOE UYHCJI0, 6oJblilee, yeM abcmyucca CXOLH-
MOCTH S*.

B ciywae, xorja F* (p) ecTb IpaBuibHas papHoHastbHas ZpoGb
QTHOCHTENIBHO eF, uMeeM

f ()= D res [F* (p) ernvp), (25)

¥

rze cymma GepeTcsl o BceM momocam (GyHKHH F* (p), pactonoxeHHBIM
B monoce —7 << Imp << u na ee rpawune Imp=n. Ecin p,—npo-
CTOH MOJIKOC, TO

res [F* (p)eP™ V)= lim [F* (p) (eP—ePy) P® DYy (o)
P, p—p,
eC/IH XKe p\,—HOJI}OC nopAanKa fv, TO

res [F* (p) eP" 1] =
v
NN SETI ﬂl-[F*(p) (P — ePyy'y e 1], (7)
(ry—1)! p—p, deP'7yL)

IMpumep 14. Hcuonesys cdopmyny (25), HaliTy OpurHHaji, coor-
BETCTBYIOIHH H300p aXKe HHIO

epP
F (”)ze_—‘—zp—sep+2 .

Pewenmne Haxogum uyiu snamenarens. Vimeem e2P —3eP -2 =0,
oTKypa e’ =1 H e? =2. 3mauuT, p; =0, py=1In2—1upocTele ByJH 3Ha-
MeHaTeNs, a CJef0BaTeNbHO, OHM ABJAAOTCA IPOCTLIMH NOJMIOCAMH OYHK-
mu F* (p) B ocHoruoit monoce. Haxogum soraetsl dynrmun F* (p) ePin 1)
OTHOCHTEJIbHO THX NoJtocoB, MMeem

L P (eP—1) . _en
F* pin—1)] — _een—") pouvl_ e
Jes 1F*(p)eroh] ,}T@[(eﬂ_l)(eﬂ_Q) e ] Jm =l
P( p__ 1n2) p(n—1)
- N G P —
res [F*(p)eP'*V'|= lim =
pny FT )Pl = oy =Ty =)
on nin?2 n 2*
= lim € == 4 = € = 9N,

p»m2ef—1 ™21 2]
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Crenoparessto, mo QopMyse (25) nonayuaem
F(n)=—1-2"

[MMpumep 15. C nomompio dopmyssl obpallenusi HalTH OPHUTHHAJ
AaA QyHROUU
F* (p) =i
(P)——g;,_—l.

Peurenne. Dyuxnus

N PP —
PI= e =1y P )

HMeeT 1Ba NPOCTHIX TOMOca B ToukaX p; =0, p,=inm ocHOBHOfl mnoJocH
—n<Imp=wm

- . el (eP 1)l {
es [F*(p)cP" V]= lim = =
po ) = i o=y @~ 2
P (ep_ein) epn—1)

res [F*(p)eP" V)= lim

p=in p—>in (ep._ 1) (gp+ 1)
— lim epn - pimn _(_ 1)n—1
pmimeP—1 e 2

CornacHo dopmyse (25)
1
: Fn) =g+ (=1

HaiiTu opuruHa/dpl And CAeIyOmMUX H306paxeHu:

787. F* (p)= —% 738, F* o
37. F* (p)= =35 D) = e
20
739. F* (p)'='ez—§"_m 740. F* (p):é‘li_.__]‘
% f JE— gp
P
742. F* (p)=(?ie_—e)§.

Pemesde pPasHOCTHBIX YypaBHEeHHH ¢ DOMOW bW
BRMCKpeTHOro upeoGpasopauug Jlannaca. YpasueHne

BHjA
F(n, f(n), f(n4-1), ..., f(n4-k)=0 (28)

HJIH
Fn, f(n), AJ(n), ..., A%f(n)=0, (29)

rre f(n)-—uckoMas pemeruatad (PyHKuHsA, HasbBacTCH PA3HOCTHAIM
ypaBHenveM k-TO UOpfgKa.
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YpaBrenve Buza (28) caomﬁca K ypaBHeHHIO Buga (29) mpH mo-
MOLIH pOpMY Ikl

F(n-k)=F (1) +-CLAf (n) - CRA%f (n)+ ... A% (m), (30)
a npu uomomy GopmyJisl

ARf (ny=Ff (n+4-k) — Ckf(n+k~1)+0f(n+k—2)~
e (= DRf (1) (k=0, 1, 2,...), (31)

Ek—1)...(k—m1)
m!
ypasHenne (29) croguTca K ypasHenHwo (28).
Ecnu ypasHenne (29) JMHeliHO OTHOCHTENBHO f(n) M ee pasuocrefi,
TO OHO HA3BIBAETCH JMHEHHBIM Pa3HOCTHBIM YypaBHeHHeM. JlnHeifHoe pas-
HOCTHOE YpaBHEHHe MopAAKa R C NOCTOAHHBEIMH KO3(phupHeHTaMH HMEeT
BHJ

rie Ckmz — OuHOMHANbHBEE KO3(hHIHEHTH!,

boARf () 4-b,ARTf (R) £ .. by~ f (M) =1 (), (32)
rae @ (n)—3ajzanuasd peumerdarast GyHKuHd, f (1) —HCKOMan pemrerdaTas
dynxuHs, by, by, ..., by—mnocroaunbie, upniem by =0, by £ 0.

3amenns B ypasHenun (32) pasmoctn A7f(n) (m=1, 2, ..., k) mo
¢dopmyde (31), nonyuum apyTyio GopMy pasHOCTHOTO NHHEHHOTO ypaBHEeH Hd:
aof (n4-R) Faf (r-Hk—1) 4 .. Fapf (1) =9 (1). (33)

Ecan @ (n) =0, 1o ypasuenna (32) u (33) HasblBawICa OAHOPOA-
HetMH, ecan ke @ (n)5£0, TO 3TH ypaBHeHHA HA3BIBAIOTCA HEOZHODPOS-
HBIMH.

PasnocrHoe ypaBuenne, cogepmamee f (1) u f(n--k), Ha3bBaercs
pasHOCTHBIM ypaBheHueM k-ro nopagka (k>>0). Taxum 06pa30M ypas-
Hende (33) npH gy~0 W ap~0 ectb HEOZHOPOAHOE JMHEHHOE DPA3HO-
CTHOe ypaBHEHHME k-TO TOpsAfKa.

[Topsigox pasnocTHOTO yPAaBHEHMA MOMeT He COBIAjath o nOPAAKOM
HaWBeICHIeH pasnoctd, BXOgsanefl B Hero, eciam pasHoctHoe ypaBHeHHe
3auucano B BHae (32).

Npumep 16. PassoctHoe ypamhenHe

ASF (1) 442 (m) +-BAF (1) -+ 2f (n) =
Hocjae 3aMeHsl B yeM pasHocTedl no dopmyde (31), IpHBOAHTCA K BUAY
fnt-3)4f (n42)=0

HJH

Fr4-1) +f () =

T. €. ABJACTCA PAa3iOCTHBIM ypaBHeHHEM IeDBOro mopsagxa.
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Onpenesuth HOPSAKYU CACAVIOMKX PA3HOCTHBIX ypaB-
HEHHH:

743. A% (n) + 4403 (n) 4-4A%f (n)—F (n) =0.
744, A3} (n) + 3A% (n) +3AF (n) +f (n)=n3+1.
745. A% (n) 4 202f (n) -+ Af (n)=2"

746. A%} (n) +4A° f(n) ++ 6A% (n) + BAT (n) + 2f (n)=sin i

HauasnpHble ycnoBHA 1A PA3HOCTHOTO YypaBHEeHHsl k-TO0 NOpHAIKa
8ajaOTCA B Bujle 3HaueHudl pewmeTuartofi ¢dyHKuHH f(n) W ee pasHoctedl
a0 (k—1)-ro mopaaka BKIOUMTENbHO TMpHU n=0, eciu ypaBHeHHe UMeeT
dopmy (32), mmu B BHAe 3sHaueHufl pemersatodr dyukpuu f (1) 1UpH
n=0, 1, ..., k—1, ectn ypassenue umeer Qopmy (33).

Pemenre JHHEHHBIX DA3HOCTHHIX ypaBHeHMH c NOCTOAHHEIMH KO3d-
dunneRTaMH MeTOJOM JIHCKDETHOro mpeoOpasoBanHa Jlammaca 1pow3so-
QUTCA TO TOH Ke CXeMe, 4TO ¥ B CJyuae KJaCCHUIeCKOro npeofpasoba-
uns Jlannaca. Tlpumenss AucKperHoe npeofpasoBanue Jlanjaca K Takum
YPaBHEHUAM M HCUONb3yS TEOPeMBbl JNHHEHHOCTH, ONepeReHHA HJH H30-
Gpaxenusi pasHocrefl, Mbl UPHXOZMM K [POCTOMY JHHellHOMY a/lreopau-
YyeCKOMY YPaBHeHHK OTHOCHTENbHO u306pamenns F* (p) Hckomolt dyuk-
uHH f (1) (yxe c y4eToM HawanbHeIX ycmopui). Paspemas 310 anreGpau-
uyecKoe ypaBHEeHHMe OTHOCHTeNbHO F* (p), MonyduHM olepaTopHOe peineHue
Pa3HOCTHOTO ypaBHeHHs, OPHTHHAN JJA KOTOPOro GyleT MCKOMEIM pelle-
HHeM HCXORHOTO PAa3HOCTHOrO ypPABHEHWS, YAOBJETBOPSIOMKM MOCTAaBJeH-
HbIM HadajbHEIM YCJIOBH M.

INpumep 17. Halitn pemenne ypaBuenng

flab)—ef (=1,  [©)=0. (39)
Pewmenne. Ilycts f(n) - F* (p). Ilo teopeme ympexpeHus
f(nt1) == ePF* (p).

ITpumensas k o6eum vwacTam (34) nuckpertnoe 1peoGpasoBande Jlamjaca,
NOJy4HM ONepaTopHOe ypaBHeliHe

el
eP—1°

ePF* (p) —eF* (p)=
OTRyAa
F* ( )-___“L___
P =g er—1)
Dynxnus F* (p) umeeT gsa mpoctelX momoca p=0, p=1:

1

res [F* (p) e? VP] = lim el =
p=0[ () | lim 7 —2°
res[F* (p) e VP] = 1= e
p=1 Te—1 Te—1"
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CregoBatesibHO, 1o dopmyde (25)

et —1

fm)=——"

e

Peumnts chaefyomue JuHeiHble OTHOPOJHBIC PasHOCTHHIE
ypPaBHEHUS:

747.
748.
749.
750.

751.

752.

f(n+1)—2f(n)=0, [O)=1.

fin+2)+2f (n+1)+[(n)=0, F(0)=1, [(1)=0.
f(n4+2)—2f(n+1)42f(n)=0, f(0)=0, f(1)=1.
f(n+3)—3f (n +2)+4f (n+1)—2f (n) =0,
f(0)=0, f(1)=0, f(2)=L
[(n+4)+f(n)=0, [(0)=0, f(l)y=1, [(2)=0,
[ (3)=0.

f(n+3)+3f(n+2)+3f (n+1)+[(n)=0,
f(0)=0, f(1)=0, f(2)=1.

Pemurs caegyionye JuHefHble HeoAHOPOAHBIE PA3HOCT-
Hbl€ YPABHEHHS:

753.
754.
755.
756.

757.

758.

1) +2 (m)=n,  [(0)=0.
f(n+2)—4f(n)=4", [(O)=F())=1.
f(n4+2)+f(m=1—(=1"% [(0)=0, f()=1
F(n+2)—6f (14 1)+ 9f (n) =n- 3",

f(0)=0, f(1)=0.
f(n+3)+3f (n +2) 4 3f (n + 1) + f (n)==cos nx,
f(O)=0, [(1)=0, [(2)=0.

F(n+3)—3f (142 +3f (- 1) —F () =n,

f0)=0, f(I)=0, [(2)=0.



FrJ1IABA 11
TEOPUSI YCTOMYHUBOCTH

§ 19. lonsaTtue 06 ycroiluuBocTH peleHus
cucteMbl AHpdepeHUHANbHBIX YpaBHEHHH.
Mpocrtefiiue TUNBI TOUSK MOKOS

[lycTn uMeeM cucTeMy OBLIKHOBEHHHX AH((epeHuMANBHHX ypaBHe-
HAH
dy;

S =i gy Yan yn)  (E=1 2,00, ), (1)
rle g—fyi (i, k=1, 2,..., Nn) CyWeCTBYIOT ¥ HeNPepHBHEl, H MyCcThb §; (f)
i3 .

(i=1, 2,..., n) ects peluenue 3T0H cHCTEMbl, YAOBIETBOpsiOMiee NpH

t=1{y yCNOBHAM .
Pito) =0} (=1, 2,..., n)

Pemenne @; () (i=1, 2,..., n) cucrems! (1) HasbiBaeTcs yemotimusom

no Jlanynosy, ecan ansa moboro g > 0 moxHo mogo6pare § (€) > 0 Takoe,

4TO 1A BCAKOro pemeHns y;(f) (i=1, 2,..., n) Tolt ke cucremur (1),

HauaJpHble 3HAYEHHS KOTODPOTO YIOBJIETBOPSIOT HEpaBeHCTBAM
0 .
(b1 (t)— 92| <8(e) (=1, 2..., n),
RN BeeX [ =1, CnpapelNHBbl HEPADEHCTBA
lyi()—e: () [ <e (=1 2,..,n), 2
T. €. OMH3KHe MO HAvYaJbHEIM 3HAYEHHUAM peleHns OCTATCst GJH3KHMU
LA BeeX f =1, ’

Wuetvn  cnopamu, pemenne @; (f) (=1, 2, ..., n) ycrofunso, eciu
JOCTaToOUHO GJHM3KOE K HEMYy B HAUAJBLHBI MOMeHT f=t{, pemenne y; (f)
(i=1, 2,..., n) ana Bcex {==f, COmepXKUTCH B CKONb YrOZHO y3KOH
e-Tpy0Ke, MOCTpOeHHOH BOKPYr peweHus ¢, (f) (i=1, 2,..., n).

Ecau npH cxoas yrogxo manom § >0 Xorsa Obl I 0ZHOro pemieHHs
yi (f) (=1, 2,..., n) uHepapencrBa (2) ne BHINONHAKTICA, TO pelIeHHe
@; () (i==1, 2,..., n) HasbIBaeTCa HeycrnotiyussiM.

Ecnu pewmenne @; (f) (i=1, 2, ..., 1) He TOJABKO YCTOHUMBO, HO,
KPOMe TOrO, YIOBJETROPSIET YCHOBHSIM

=0 @) =0 (=1, 2., 1), 3)
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ecs | Y; (to)-—q>l!"<6, TO pemelte ¢; (f) Ha3bIBaeTCA ACUMNMOMUYECKU
YCMOoUH uBbLM.

Borpoc 06 ycrofiuuBocTH pemienus @ (£) cHcTeMbl (1) MOmeT GbITh
cBejeH K BONpOCY 06 yCTOHYMBOCTH HyJseBOro pemenus x; (f)=0 Heko-
TOPO# HOBOI cHcTeMbl ypaBHelHil, noaydaomefica u3 (1) nunefinoit 3ame-
HOH HMCKOMBIX (yHKuui

a)=pi)—@ ) (=1 2..,n), *

rie X; (f)—HOBble HeH3BeCTHbEe GYHKNMH, PaBHbIE OTKJIOHEHHSIM MPEXMHUX
Hed3peCTHEX QyHRUMA y; (£) oT QyHKnHE @; (£), onpeneasOUX HCCaeay-
emoe pemende. ITosromy B paibHefimem GygeM cumTarth, YTo Ha ycTofuy-
BOCTb WCCJENYETCA HMEHHO HyJsieBoe pemende x; (f) =0 uam, 9t0 TO XKe,
pacTionoXeyHasa B Hadaje KOODAHHAT TOUKA NOKOS CHCTEMB! ypaBiHenuil

dx;
E’?:lp,-(t, Xiy K owr %) (=1, 2 ..., n). (3)

BMecTo TepMuHa HyJeBOe DeuleHHe GYAeM yIOTPeGJATL TepMMH Mpugu-
(AbHOE DeilieHUe.

B nupumenenun K 10ouke moxoa x; (£)=0 (i=1, 2,..., 1} ycjaosune
YCTOHUMBOCTH BBITJAJHT TaK:

Toura nokoa x; (=0 (i=1, 2,..., n) cucmeme (5) yemodinusa no
Jlanynosy, ecau Ora kawcdozo € >0 moocro nodobpame 8 (e) >0 maroe,
umo u3 mepasencmsq | x; (f) | <8 (e} (=12, .., n) credyen |x; (f) | <
<8§1'=1, 2, ..., 0 npu t=T > 1,

pumep 1. Kaxgoe pewense ypasienus
dx
7= ®
YCTOHUHBO. .

HeficteHTensHO, pellleHHe X, (f) 3TOTO ypaBHeHHd, YIOBJETBOPAIIEe
HayaJbHOMY YCJOBHIO X (fg) =X}, ecth x; (f) = x?=const,

Paccmorpum apyroe peweHue x, (£) ypasaenus (6), yaosJerBopAwllee
HAYaJbHOMY YCJIOBHIO

Xy (f0) = x3- (7N
Ilns aTHX pelenudl umeeM |¥y (f) —x (f) =) x3—x} | nna vcex £. Cue-
JIOBaTtesibHO, gaA Beakoro & >0 cymecrnyer 8 >0, nanpumep, d=¢
Takoe, 4ro KaK TONMbKO [x3—x}|<C 8, 70 mna pemennfi x, (f) u x; (f)
OyAcT BHINOJAHATHCH HePABEHCTBO

[, () —x, (1) |=] x5 —x} | <& mpu BeeX =1,

CrnegoBatenbo, moGoe peluenne ypaphenHa (6) ycroduupo. OgHako
ACHMIITOTHYECKOR YCTOHUMBOCTH Het

|4 () —x0 (1) | =] x§—x3 | +>0 mpu £ —F-co.
IMMpuwmep 2. Kakpoe pelleHue ypasHeHu#
dx
7 +*=0 8

acHMITOTHUECKH yCTOHYHBO.
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B camom flene, ofmiee pemieHHe ypaBHEHHS MmeeT BHJ
x (f)=Ce™t. ©

Peutennsi xy (1), %, () ypaBrewus (8), yjoBJeTBOpAIOIYe HAYAJIbHEIM
yenoBusam Xy (fg) =x0, X, (f)) =x3, cyTb

% ()=x0e" (t—to), X (fy=x3}e™ (t—to),
Orciopa
[ %2 () — 21 (1) |=| 28— 3} &= =70 — Ocripn ¢ — o0,

YTO O3HAYAET ACHMIITOTHYECKYK YCTOHYHBOCTb JMOGOr0 peuleHHs ypaBHe-
Hus (8).

Mpamep 3. Peumenne x(f)=-—1 ypaBHeHua %E__ I—x2 ()
HEYCTOiyuBO, TaK Kak TpH f —-} 0O Bce pelleHHs YpaBHEHHS
20—t __ (1 —
x(t)=(1 +X0) 62 7 (1 x())
(Lx0) 7500 (1 — 1)

crpemsirest K 1. Pemenwe x (f) =] 51010 ypamuenus cOTnacHoO ompefe-
JeHWK acHMITOTHUECKH YCTOHUMBO.

TTone3ysch ospenesienneM, UCCIeJ0BaTe HA YCTOHYMBOCTD
pelleHHs CIefyIOmUX YPaBHEHUH W CHCTEM:

dx
759. F+x=1, fc(0)=1.
d
760. S=—t(x—1),  x(0)=
dx /1 1
761, 5 —2x="1, *(3)=—7
d
762. 5 =2xt, x (0)=0.
dx
763. at———cost x(0)=1.
dx
@ =Y
764, 1 ¢ x(0)=y(0)=0
Y = — 3y —2x
5 y—2x,
dx
765, | & 0)=y(0)=0
: dy x(0)=y(0)=
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ITpocrefimue Tunel Touer nok O Ilycrs umeeM cucremy
aupdepeHnnanbHplX ypaBHeHud

L=r )
o ®
EZQ (xv _l/)

Toura (x5, y,) Ha3EIBAETCHA MOUKOL NOKOA MM OCOGOL MOYKOW cucmemsy
(4), ecmt P (x, yo) =0, Q (%o, yo)=0.
PaccMorpuM crcremy
dx
df = X+,
. dy (1)
Ezazlx'i‘azzy»

“n %2l 0 Touka (0, 0) anas-
Qg1 Qg

1
erca Toukol nokos cHeremsl (1). Hccnepyem pacrmonoxkenue tpaektopuil
cucreMel (1) B okpecrHOCTH 3TOH TOUKH. Minem peurende B BHje

rre a;; (i, f=1, 2)—mnocroauusle u

x=auet,  y=ouett. )
Jlns onpepesenHs k [ofyuaeM XapakTepPHCTHHECKOe YPaBHeHHe

ay —Fk Qya

dgy Qge —k =0 @)

PaccMoTpuM BO3MOXKHBEIE CYUaH.

I[. Kopnu XapakTepucrHuecKOro ypaBHeHH A fpeli-
CTBUTeNbHEB U pasaununsl [Togenysan: 1) & <0, £y << 0. Touka
TIOKOs1 ACHMNTOTHYECKH yCTOHUMBa (yCToifuuBmilil y3enm). 2) By >0, ky > 0.
Touka mNOKOf HeycTOHuMBA (HeycTofumseifi y3em). 3) &y >0, ky <0,
Touka mnokosi neycrodumBa (ceano). 4) k=0, k;>0. Touka mnoxod
neycrofiunpa. 5) k; =0, ky << 0. Touka nokOA yCTOMUMEA, HO He acHMI-
TOTHYECKH.

II. KopHH XapakKTepHCTHYeCKOTrO YPaBHEeHHA KOM-
nnexcuble: ky=pqi, ky=p—gqi. [Mogcaywan: 1) p<<0, g=£0.
Touka TOKOA acHMOTOTHUECKH ycroftuuBa (ycrofuueelil ¢okyc). 2) p >0,
g#0. Touka muoxos HeycroifiumBa (HeycToituupmifi Qokyc). 3) p=0,
g#0. Touka nokos ycrofiwnBa (umenrp). Acummrornueckofi ycroftyn-
BOCTH HeT.

III. Kopun Kparuole: k=~ [logcayyau: 1) ky=Fk, <0.
TouKa MOKOS aCHMITOTHUECKH ycrofunBa (yerofunBeill y3en). 2) k, = ky > 0.
Touka nokos HeycrofiumBa (HeycroiuuBmH y3end). 3) ky=£ky,=0. Touka
HOKOs Heycroifunsa. Bo3moiken HCKIIOUMTENbHBIH chaydali, Korja Bce
TOUKH UJOCKOCTH SBJAIOTCA YCTOHUMBHIMH TOUKAaMH TOKOS.

Sameyanue Ecnum 06a KOpHA XapaKTepUCTHUECKOrO ypaBHEHHUA
(3) umelor OTPHUATENBHYIO NeHCTBHATENbHYK dacTh, 70 TOYKA [OKOS
acHMITOTHYECKH YCTOMuMBa.

Ecan e Xora Gk OfHH KOPeHb (3) uMeeT NOJIOXHTE/bHYIO JEHCTBH-
TeJbHYIO 4acTh, TO TOYKA MOKOS HeyCTroWdHBa.
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AHanoTH4HBEIE YTBEPKIEHUA CHNPABEIMMBL M JIA CHCTEMbl JHMHeHHBIX
OHOPOAHBIX ypaBHeHHH C NOCTOAHHBIMY KO3(PHIHeHTAMH

n

dx, .
E";:E ax, (=1, 2 ..., n) @
j=1

NMpumep 1. Ycrauosuts xapaxrtep ToukH noxos (0, 0) cucremu

{ X=y,
- y=—x
Peumwenne B gansom cnyuae
an=0, ap=1; ay=—1, a5=0.
XapaKTepPHCTHUECKOE ypaBHEeHHe
[ —k 1

—1 —k =0 nm k4+1=0.

Kopnt XapakTepucTuyecxoro aBHEHUA Ry o= {-—UHCTO MHHMbIE.
L2
Touka TIOKOd — NEHTD.

YcraHoBuTh xapaktep rouku tokos (0, 0) B crenymowmux
CHUCTEMAX!

it=x—y, =4y —x,

766. ¢ 767. { .

{y=2x+3y- j=—9xty.

t——2x—3 t—x—2

768, {)f e 769. {x X
y=x-+y. j= 2y — 3x
¢ =3 —_—

770. {x *+ 2, 771. {x *+2,
g=x-4y. §y=—2x-3y.
. X =2x—y-22,
=—2

772. {’f_ xty’ 773. | j=5xr—3y+32,
y=—x-0 fe==— x—22.
i=x-3y+4z,

774, | j=4x—T7y+-8z2,
Z=6x—Ty-}7z.

Jns cucteMBl ABYX JMHeHHBIX ypaBHeuMi C NOCTOSHHbIMH ZeficTBu-
TenbHEMY KoaddunHenTaMu
{ X =ayx - ayy,

. 1
V=091 -+ a5y o
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XapaKTepHCTITHECKOe yPaBHeRHe (3) MPUBOZHTCA K BHIY
R24ak a,=0.

1) Ecan 511>0, as >>0, 10 Hysnesoe pemenne cHcTems! (1) acmmmoro-
THUECKH YCTOHUHBO.

2) Ecmu ay; >0, a,=0, 10 Hynesoe peluleHHe YCTOHYMBO, HO He
4CHMIITOTHYECKH,

3) Ecim a;=0, a,>0, TO nynesoe pemeHne YcTONUHBO, HO He
aCUMITOTHYECKH. '

4) Bo BCcex ocTa/IbHBIX CJyYadX HyJesoe peieHHe HEyCTOHYHBO;
OJHAKO TpH a1=a02=0 BO3MOXKEH HCKJ/IOUNTeNbHBIN ciyual, Korga uyne-
BOE pellleHHe YCTOMYMBO, HO He aCHMITOTHUECKH.

I“_IpﬂMep 2. OnpegesdTh 3Hauenus UOapaMeTpa o, [pPY KOTOPOM
yCcTOHUNBO Hy/eBOe pellleHWe CHCTEMbL

{x;y,
y=(@—1)x—ay.

“

Pemenne. XapakTepHCTHUECKOe ypaBHeHHe U1l NAHROH cicTeMBbl
HMeeT BHL

’———k 1 0

a—1 —a—t|"

Wi k2 4okt 1-—-a=0. 31ece gy=0a, ay=1—a.
AcuMIITOTHUECKAS YCTOMUHBOCTD HYJIEBOrO peulends GyjeT uMeThb
Mecto npH >0, 1 —a >0, 1. e. upu 0 << o <C 1.
YcTofiunBocTs, HO He acHMOTOTHueckasd, Oyzer B JABYX cayyasx:
a) a>0, l—a=0, T e mpn a=1;
6) o=0, 1—a=>0, r. e upn a=0.
[lpn Becex ApyrHX 3HaueHHAX O HYNEBOe pellleHHE HEyCTOHYHEO.

Onpenenuth 3HaYeHHUS DapaMerpa o, IPH KOTOPBHIX HYJe-
Bhle peIleHHs CJAeLYIOWUX CHCTEM YCTOHYUBHL

775. i=y, 776. { X =—x+ty,
{ y=>5ax —a’x. { i = ox — oy,
777. I=o0%x—3y, 778. [ i=y+ox,
{y———ax—{—4y. {y=——-x.
779. r=oax—y,
j=oy—z,
Z=oaz—x.

Npumep 3. B miockoctd napaMerpoB o u P nailtu o6iacrH,
B KOTOpHIX YCTOHYMBO HyJIeBOe pellleHHe CHCTEMbl YpaBHeHHH

{ X=0x+P—20p—1)y,
J=x—"y.
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Pemenue. XapaKkTtepUcTHuecKoe ypaBHeHHE CHCTEMbL
a—k B—20p—1]
1 —p—k |

R (B—) k41 -0f —p=0.
4=P—a, G=I1+op—p;

@ W @, ABJAIOTCHA HENPepbiBHBIMH (QYHKIHAMH OT & H [b, 103TOMY 3HAKH
a; M a4y GyAyT MEHATbCA TaM, e a4, =0, =0, T. e, Ha upamofi p—a=0

P

0

nait

3zech

v Ha runepbone 1 -afp—P=0. Orn nunun pa3buBawT UJOCKOCTb Mapa-
metpos <, f ua uernipe obmacru 7/, I7, II], IV (puc. 26), B kaxpoi
U3 KOTOPBIX 3HAKH @, H dy TMOCTOAHHBEL B03bMeM IO 0gHOI TPOH3BONBHOMN
TOuKe B KaxgoH o6GjacTH H ONpejesHM B 3THX TOYKAX 3HaKH KosbhdH-
UHEHTOB @y H Gs.

O6nactb I: B Touke (— 1, 1) mumeem 0;=2>0, g=—1<0.
HyJeBoe peutende cHucreMel B 31ofi 06jactd HeycTOHYHBO.

Obaacrs //: B TouKe (0, % HMeeM a1=%>0, az=?>0.

Hynesoe pewenne cucrembl B 0GnactH [/ acHMITOTHYeCKH yCTOHYHBO.
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O6nacts [11: B touke (1, 0} umeem gy =-—1<0, ay=1>0. Hyne-
poe pemende B obsactd [/] neycroHumso.

OGnacte [V: B Touke (2, —2) nMeem a;=—4 <0, ag=—1<0.
Hynepoe pemiende B 3710i 0674CTH HeyCTOH4HBO.

Hccnenyem Ha ycrofiuMBocThb HYyJIeBOe pellleHHe Ha rpanupaXx pac-
CMOTPEHHEIX Bblllle ofnacTefl.

1) f}:l—_l_&, o << 1 (rpauuna mexpgy obsactamu / ® /). Ha sroit

rpannue @ >0, ¢, =0, Tak uro HyJeBOe pemeHHe Ha Hell yCTOHYMRO,
HO He aCHMITOTHUYECKH.

2) p=o (rpauupa Mexpgy o6nacramu /I u [/]). Ha stoii rpanune
a,=0, g, >0, TaKk 4TO Hy/JeBOe pelileHHe HA HeHd yCTOH4YMBO, HO He
ACHMIITOTHUECKH.

3) ﬁ:l—lg, o> 1 (rpanmua wmexpy o6nacramu [/J u IV). Ha
370# rpanune a; <70, a,=0, Tak 9r0 Iy/NeBOe pelileHHe Ha Hell HeyCTOH-
9HBO.

HMrak, uyJesoe pelleHHe acHMNTOTHYECKHM ycTofiyHBo B oGnmacrd [/
H ycTOHUHBO, HO HE acHMNTOTHYecKM Ha rpanupe oGgact [/.

Hast crepyomux CHCTEM B MJIOCKOCTH NapamMeTpoB o U
f wafiTH ob6sacTH, B KOTOPHIX HYJNEBOE PEmIEHHE yCTOMYHBO:

780. {)&=——x+ay, 781. {xzax—}—ﬁy,
g=px—y j=x+oy
782. {)&=ax+ﬁy, 783. [ i=—a*x—f%,
j=—"Px+(x—2)y. j=(*—1lyx +
+ @+
784. {£=(a2—ﬁ)x+(1+ﬁ)y,
j=— Py
785. {x‘————o@x—(ﬁ—{—l)y,
§= (a4 + 1) x—4y.

§ 20. Bropoii meron Jlsnynosa
DyHRUHA U (Xy, Xy, +.., Xp) Ha3BIBACTCA onpeae/zeuuo. ROAOKHCUMENbHOU
n

6 H-oxkpecmuocmu E x?=< I | Hava/a KOOpJHHAT, eC/H OHA [OJOKH-
i=1

TEJbHA BO BCeX TOUKAX 3TOH OKPECTHOCTH, 32 MHCKJIOUeHHeM Hauana Ko-

OPAMHAT, [Jle OHA PaBHa HyJO;

n
v (X%, X ..., %5) >0, ecan E x>0,

i=l1
v (0,0, ..., 0)=0.
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~ .
Hanpumep, byHRUHS v=x}+ x} 4 x? GyzeT onpefesento NOI0OKHTENbHON
GyHKINEH B NPOCTPAHCTBE NEPEMEHHHIX X, Xp, X3 @YHEnusA u=x{--x3
Oyger JMIIb 3HAKONOCTOAHHON B 3TOM IIpOCTpaHCTBe, HO He OmnpejelleHHO
NOMOXKUTENbHOM, TaK Kak OHa oOfpauiaercd B Hyab Ha Bcelt ocu Oxg,
a He tonbko B Touke (0, 0, 0), u oua e GygeT OnpejeNeHHO IOAOMKH-
TeJNbHOH B NPOCTPAHCTBE Xy, Xo

n
Ecant o (%, %3 ..., %2) <O mpu X 6>0 no(0, 0,...,0)=0,
=1
TO OYHKUMA U (X, Xa, ..., Xp) HA3BIBAETCH OnpedescHuo Ompuuyamerbrol.
Dynruusa v (¢, xy, Xa, ..., Xp) HA3LIBAETCA OHpeOCAeHHO HOA0NCUIMENb-

xott ¢ H-ORpecTHOCTH Hauana KOODAMHAT W TNpH f ==f;, ecAM CylleCTBYeT
Takas He 3aBHcAWas OT [ ONpefeseHHO MOMOKHTeNbHaA QYHRKUMA @ (X,

Xay oios Xp)y uTO U(L, X1, Xg, ..., Xp) =W (Xy, X3, ..., Xp) OpH BceX
YKa3aHHBIX 3HaueHusx aprymentos u v (f, 0, 0, ..., 0)=0.
[Myctb umeem cuctreMy auddepeHnuanbHeIX YpaBHEHUH 7
dx; .
d-t—‘zf,- (£ X1, Xg ooy Xn) (=1, 2, ..., 1), {§)
H nyctb
O (f-Xy, Xgy ooy Xp)

ecTh HempepHBHO Jubdepennupyemas GyHKHHS CBOMX apryMeHTOB.
TMosnas npoussogHas OT { GyHKUMM U (f, X1, Xy, ..., Xp), BHUACJCHHAR
B cuay cucteMbl (1) (BoMb MHTErpanblBIX KpUBbIX), paBia

n n
dv Qv dv dx; _dv o
d_t—ﬁ a}:”d—t——at &fl (t, Xys Xgy oy xn)- (2)

i=1 i=1

Ecnn npasbie uact cuctemnl (1) He cogepxkar fBHO f, T0 TaKag cucTeMa
Ha3sbiBaeTCs ABTOHOMHOH HJIK CTALMOHADHOH.

[. Teopema A. M. JlanynHoBa 06 ycroliunBocr?u. Ecau
cucmema  dupdeperiarvrore  ypaswenud (1) makosa, 4mo cyuecmsyem
ynxyun v (f, %y, Xg, ..., Xp), ONpedeseHHO NoaOCUMeALHAA Npu T ==,
8 Hekomopot H-okpecmuocmu nauara koopduuam, RpoudsodHas Komopoll

v
g7 » BOUUCICHAAA 6 CuY cucmensl (1), wenoaoocumenvua, mo mpusudis-

Hoe petdenue cucmemol (1) ycmotiyugo.

II. Teopema A. M. lasnyHoBa 06 acCUMUOTOTHUECKOH
ycTodumBOCTH (caAydail aBTOHOMHBIX cHcTeM). Eciu  asmoHomMuas
cucmema Oupeperyitarorbix Ypasuerul

dx; .

E:f,- (X1, X2, oevy X)) (=1, 2, ..., 1) (3)
MaKosa, 4mo cyuecmayerm QYHKYUS U (Xy, Xg, ... , Xp), ONpedesexHO Noao-
Humenbras 8 nekomopoti H-okpecrmuocmu nasase koopounam, npouseodHan

. dv
KOMOPOU —, BbMUCICHHAR 6 CUAY CUCIIEMbL (3), onpedererno ompuya-
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meavua, mo mpusuanenoe pewenue x; =0 (i==1, 2,..., n) acumnmomu-
uecKU Yemouyuso.
GOynxrgun v (¢, X1, xg, -.., Xp) ¥ U (Xy, X2, ..., Xp), OUTYPHpPYIOLIHE

B IPHUBEJSHHBIX BBlille TeOpeMax, Haswlparotea (yuxuuamu Jlsnyrosa.
Hasosem oGnactblo v >0 KRakyw-uubyab 06JaCTh OKPEcTHOCTH

n
2 ¥} = H navajza ROOpAHHAT NPOCTPaHCTBa NEPEMEHHEIX Xy, X, ... Xp,
i=\
OrPaHUYEHHYIO NOBepXHOCTbKD U=0, B KOTOPO# GYHKUUA U NDUHUMAaeT
[OJIOXKUTENbHEIE 3HAUEHUA.

JlonyeruM, yto GyHKuus v ofnajgaer caeVIOUIMMH CBOHCTBAMH:

1) npu cKOAb YrogHo OOJIBIUMX 3HAYEHHAX ! B CKOJIb YrogHO Masoil
OKpECTHOCTH liayasa KOOPAMHAT cyllecTByeT ofiacts v > 0;

2) B obnacty v >0 ¢ynkuus v orpannuena;

3) B obnactn v >0 npomspoguas CTZ;, cocTaBJeHHasgs B CUAY CH-
cTeMbl ypaBHeHHH (2), onpeaesieHHO NOMOXKHUTE/bHASA.

III. Teopema H. T. HetaeBaoneycrofiuusoctn. Ecau
018 cucmemst duddeperyuarorox Ypasrenud (2) MoMHO valimu YKy,
ydosaemsopsiouyyio Ycrosuam 1), 2), 3), mo mpusuasbroe peusenuc smot
cucneMsl Heycmolauso.

3ameuanue. Ecau B cucreme (2) Bce f; He 3aBuCAT ABHO OT f,
10 ¢ynrumo JIanyHOBa HYXHO HCKaTh Kak He 3aBHCAL(YIO SBHO OT f.

Jlpumep 1. Mcenegopath na ycrofumpocTb Tp#BHAJIbHOE DemleHue
CHCTeMsl

dr _
dt
d

G 01— =3,

— (x=2y) (1—42- 3y?),

Pemenune. Bo3bmem B KauectBe v QyHRuuw ¢=x2-}242. Ona
ABJsieTcs, BO-IePBLIX, ONpejeNeHHO TOJOKHTEJBHOH, a BO-BTOPHIX, ee

MPOH3BOAHAA B3ATaA B CHJIY CHCTEMBI, DAaBHA

dy
d_tv
do_ovdx , 00 dy
df — oxdf Toydt
— 4y x4y (1 =228yt = — 2 (1 —x2—3y?) (2 - 2% < 0

NpH JOCTaTOYHO MAJBIX X H Y.
Mgl Blg#M, uTO BHIOJMHAKTCA Bce ycjoBus Teopemur A. M. Jlany-
HoBa 06 YCTOMYMBOCTH.
CnegoBatenbHo, TpuBHanbloe pemeHne x =0, y =0 ycroiiunso.
INpumep 2. Mccnegopats Ha yCTOHUMBOCTL TPHBHAMbLHOE DPelIEHHE
CHCTEMBI

=2 (29— x) (1 —x2—3y2) —

dx

d—t=—5y—2x3,

dy 3
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Pemenne @ynruus v=yx2y2 y10BNETBOpPsIET YCJIOBHAM TEOPEMEI
A. M. JlanynoBa 06 acuMnrtoTnyeckofl ycrofumBocTH:
o, y)=0 v (0, 0)=0

2 th = 0 (— By — 24%) -1 2y (B — 3y%) = — (dxt |- 6y) <O,

v
T. €. a?=0 ToNbKO npn x=0, y==0, n 3HAUUT, ecTb ONPEAETIEHHO OTPH-

narenbHasa Qyukuna. CregoBarenbHo, pemenne x=0, y=0 acumnroTu-
YecKu YCTOMUYHBO.

[Mpumep 3. Hccnenoparb Ha ycTOWYMBOCTL TPHBHANMbBHOE pellleHHe
2BTOHOMHOMN CHCTEMBL

dx

L — y2

a=— T
dy

a Y +x.

Pewmenune. Bosbmem B KauectBe 0 (x, ) GyHKnuio
1 1
—_— y3 —y3
V=g +xy - 3 4
3gech o6nacTbio v >0 ABAseTcs, HanpuMmep, ofaactb X >0, y>0.
B o6nactu v >0 nmeem
dv Odvdx  duvdy 9 9
= TS . 2)2
& ~oxdl Tagar TRk >0.

Cornacno teopeme H. I'. UeraeBa 0 HeycroiumBocTu pemenue x=0,
y =0 HeycroiiunBso.

IMoxakem Ha npuMepe OxMH Merox MOcTpoenus (yHkuuH JIAnyHoBa,
Ha3LIBaeMBlli MeTOJOM fenenusa nepemeHHHX ([4]).
PaccMoTpnM cncreMy ypaBHeHHI
{ X =ax3-}- by,
y=—cx4dy
W TonniTaeMcs HaHTH i nee dyHkpuio Jlanynosa B Buge
v (X, y)=F1 (x)+F2 (y)r

rae Fy (x), Fy(y)—HeKoTopble NOKa Heu3BecTHEE fudibepeHuupyemble
(byRKIAH.
B cuny cucremn (4) 6yzem umerb

O=F{ (x) X+ F; () § =F (x) (ax® 3-by) — F; (1) (cx—dy?).
TorpeGyem, uto6bl dyHKnHA ¢ uMena Tako# XKe BHA, 4YTO M GYHKIUA
v(x, §), T. e. 4TOGBl M OHA NpeAcTaBisJgack B BHAe CYMMBl ABYX ¢y HK-
UuA — 0gHOH, 3aBUCHLIEHd TONBKO OTF ¥, APYrOfi — TOBKO OT y. [aA aToro
1eo6X04uM0, 4TOGEL MMEJIG MEecTO TOH(AEeCTBO

F (x) by— F; (y) ex=0.
Pasnensis nmepeMennbie, HOJNyIUM
cx by

Fi(g  Fiy) '

4
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H, CIE0BaTeNbHO, Kaxkaasd u3 Apofeli f0aKHA ObITh OCTOAHHON BEJHYH-

nofi, nanpumep, papHOH 5 - Torga 6yaeM HMeThb

ex 1 by _l
Filxy 20 Fiy 27

0TKYyZa
Fl ()C) =cx?, Fz (y):byzv

TakK 4To

v (x, yy==cx24-by?
HccnexoBarh Ha yCTOHYHBOCTL TPUBHAJBHOE peILEHHE
CHCTEM:

t=—x+y-— 3xy2—%x3,

S
786. o 787. {x y==v
j=—gx—gy—2" J=—x—T4"
R=—2x —y+ 2xy* —35°, &= — xyt
788. 789. { . ’
j=gx—y—xy =19 j=gx*
¥ =—5x— 9y 3xy® — x8,
790.
. {y’=3x—4y——2x2y—~éy3.
X=— x—2xy%— xy°
791.
j=—oy—xy— x*y’
X=—3x 4 xy* — £3yS
792. (| 1
{y=—7x2y~—y3
S gt o 3 5
793. {x XTI g, {’f g
j=y—x'y". j=x+y
. 1 1,
f=—gXx— 5,
)(';::——Qy——x?’, o 3 3
lé:——%z—Qxyzz
| ; (v=1x"+ 24+ 32°).
f=gy—x—7 1,
7917.
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§ 21. HccaenosaHue Ha YCTORYKBOCTD
1o nepeoMy TPUOAUKEHUIO

’

IMycte HMeem cucremy aupdepennnanbHLIX ypaBHeHHH

dx; .
jzfi (tr X1y Xgp eevy xn) (Lzll 2:---: n)» (1)
rze f; —mudpdepenuupyeMbie B OKpeCTHOCTH Hadana KOOPAMHAT (QYHKUHH,
f: (¢, 0,0, ..., 0)=0.
Uccnepyem Ha yctofiumBoctb 104Ky moros x; =0 (i=1, 2, ..., n)

cucremsl (1). Ilpemcrasum cucremy (1) B OKpeCTHOCTH Hauaja KOOpAMHAT
B BHje

n
dx; .
G N g xR 1y Ty e x0) G=1 2 ), @)
j=1
n
rze R; MMEOT TOPAJOK Bhle MEpPROTO OTHOCHTEMbLHO 2 X} (e

=1
takTHueckH pasaoxuM npasue uactu (1) mo dopmysae Teiopa B oxpe-
CTHOCTH Hayasia KOOpAMHAT). BmecTo TOYKM nokoa cucremsl (1) mecie-
IyeM Ha yCTOHUYMBOCTb TOYKY INOKOS JNUHEHHOH cucTeMbl

\
n

dxi

dt:Zai/(t)xj (i:l, 2»---: n)’ (3)

j=1

HaspIBAEMOM cucmemol ypaswenull nepsozo npubAudiCexua WKW AUHEQPUSU-
posarnott cucmemoil das cucmemol (1y.

Bo3nuKaeT BOMpOC, BJEYeT JH YCTOHYHBOCTh (HEYCTOHYMBOCTL) TOYKI
MOKOs cHcTeMb! (3) yCrofuMBOCTh (HEYCTORYHBOCTH) TOYKH NMOKOS HCXO0A-
Hofi cuctemul (1). BooGute ropops, cTporoit cBsasy Mexny cucremamu (1)

n (3) Her.
( IMpumep 1. PaccmoTpum ypapHeHue
dx _ ,
= @

3zech f(f, x) = x2 Jlnneapuaupopaunoe ypapHeHWe 1A ypaBHeHua (4)
HMeeT BHJ

dx :

Pemenue x () =0 ypaBreHns (5) aBagercs ycToHuuBHIM (cM. erp. 173).
Ono xe, OyjayyH pelleHVEeM HCXONHOTO YPaBHEHHA (4), He ABngeTCA ANA
Hero yeroituuperM. B camoMm gese, Kamgoe JAeficTBUTE/NbHOE DeuleHHe
ypabueHua (4) HMeer BHJ

%o
T l—tx,

X
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1
§ TlepecTaeT CYLIECTBOBATbL NpH t=x—(x l¢mo = %) (peuieHHE HEmpomoJ-
0

JKaeMOo}.
[Mpumep 2. PaccMorpuM Henuuelinoe ypamHeHue
dx - '
E ‘-———x——x"’et. (6)
JIMHeapusn pOBanHOE YpaBHEHNE MMEET BUJ
dx
E =X, (7)

Pemenue x (f)=0 ypasHennd (7} HeyCTOHuURBO, TaK Kak Kaxpde peinenue
3TOr0 ypPaBHEHHS HMeeT BUJ

N

x (t) =Cé, .

M, oueBnaHO, 4T0 | X (f)|— J-cc mpu {— 4 0o. C apyroit cropomsl,
pemenne x ()=0 ypapneuus (6) 7B7AAETCA ACUMNTOTHYECKH YCTOHYUBEIM.
B camom gene, ofluee pellleHHe 310r0 ypaBHEHHs1 HMeeT BHJ

9 —~1/2
x(t)=Cef[1 +5c (eaf—l)] =0

H, OUYEBHJHO, CTpeMHUTCs K Hymo npu f— 4 co.

OnHaxo npyu ONpejieseHHbIX YCJHOBHAX yCTOAYNBOCTL (HeyCTOHYHBOCTD)
pellleHusi CHCTEME! TepBOro NpHOAMIKeHUs BAYeT YCTOHYMBOCTL (HeyCTOMH-
YIBOCTb) pelmenud ucxognofl cucremsl (I).

OrpaunyHMcs AJs TPOCTOTHL CaydaeMm, Korma Kospdunuestst a; (f)
B (3) mocrostdele. B 3TOM ciyyae TOBOPSAT, YTO cHcTeMa (2) cTamuo-
H2apH2 B NepBOM NpPHOGIMKEHHH.

Teopewma 1. Ecau cucmema ypasuenusd (2) cmaytoxopra 8 nep-
aoM npubnuxceduu, ace wiemst R; oeparuuensi not u pasiazaiomes 8 paov

n
no CMenesam Xy, ..., X, 8 HeKomopol obaacmit 2 x}<<H, npuuen
i=1
PaBAONCEHUSL HOMUHAIOMCA YACHAMU HE HUdCe BMOp020 nopadka, G 8ce KopHL
XAPAKME PUCMULLCKO20 YPABHEKRUA |

ay—k Qg R
g Gap—Fk " G | _g )
Gp1 Qns eer Qpp—Fk

umelom ompuyamensioe OeliemsumenoHsie NACTLL, MO MpPUBHLAALHOE petie -
nue x;=0 (i=1, 2, ..., n) cucmemer (2) Qcumnmomuuecku ycmoiuuso,
M. e. 8 3MOM CAYQe BO3MONHO UccAeQ08AKUE HA YeMOLMUBOCING MO REPBOMY
npubayxceruro.

Teopewma 2. Ecau cucmema ypaswenuid (2) cmayuonapra 6 nep-
som npubaunceruu, sce gynxyuu R; yoosaemsopawm ycrosuam meopeMor 1
u xoms bot 00UK U3 KOpHel XapakriepUcmudeckozo ypaswenus (8) umeem
noAosCUMesbHyro  Oeticmsimeapryio  wacme, mo Mmouka nokos x; =0
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(=1, 2, ..., n) cucmemv (2) Heycmoiluusa, m. e. U 8 IMOM Cay4Qe 803
MOWHO UccAed08aHUe HO YCMOUMUBOCTe N0 HEPBOMY NPUOAUNCEHUIO.

3ameuanne Ecmu pefictBHTenbHBE dYacTu BceX KOpHeH Xapak-
TEePHUCTHYECKOTO ypaBHEeHHs (8) HermosoXuteNbHb, NpHYeM AeHCTBUTEND-
Hag yYacTh XOTA 6B OfHOr0 KODHSL paBHA HYMK, TO MccegoBanyue Ha
YCTOHYHBOCTE N[O NePBOMY NPHOMMKEHHIO, BOOGIUIE TOBOPHA, HEBO3MOKHO
(B TOM ciydae HAUHHAIOT BAHATb HeJuHelnwe uneHH R;).

I[Tpumep 3. Hccnegoparh Ha yCTORYMBOCTD TOUKY HOKOS x=0,
y=0 cucremst

{/ =—x+4y+ 2=y 9
y=x—3y+11y% ®
Pemenue Heauuelinbie unensl ygoBJETBOPAIT YCJIOBHAM TEOpEM

1 n 2. Uccegyem Ha ycTOfUMBOCTbL TOYKY NOKOS CHCTEMBL TIEPBOrO MpU-
6Mnxkenns

{ FE A (10)
y=x-—3y.
XapakrepucTHueckoe ypaBHEHHe
—1—%£ 1
1 ~—3—k l=0
HMeeT OTpHuaTellbHble KOpHH kl,zz-QiVQ—. CnepoBate/bHO, Ha-

ocHOBAHHH Teopembl | Towka Nokos x=0, y=0 cucrem (9) u (10} acummn-
TOTHUECKH YCTOluMBa.
[MTpumep 4. PaccMoTpuM ypaBHeuue Koje0aHHA MasTHHKA

X4-aX4-bsin x==0. (an
3gecb x—yroJ OTKMOHEHHS MAfTHHKA OT BepTHRamu. ¥Ypashennto (11)
COOTBETCTBYET cHCTeMa
k=
(o s (12)
y=—ay—>bsinx.

Touxn moxos cucreMn (12) .
x=kn (k —mnemoe), y=0. . (13)

UccnepyeM Ba ycroftumpocTb Toury nokoa x =0, y=0, noxyuato-
mytoca w3 (13) mpu k=0. Hcnoassysa pasnoxenue

. x3
sin x=x——3—l+ ey

sanumeM cHcreMy MepBoro NpuGJIHIKeHH R .
fe=
{ T (14)
y=—bx—ay,

XapakrepycruieckKoe ypaBHeRHe KOTOpoi

At+ad4-b=0. (15)
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Ecin a>0, b>0, 10 Kopun ypasBuehnsa (15) UMelOT OTpHILATENbHEIE
BelIeCTBEHHblE YAcTH, H, CAEJ0BATeNLHO, TOYKa noxos x==0, y =0 ycroii-
YHBA N0 NEPBOMY NPHO/HKEHHIO.

Wccrenyem temepb Ha ycrofiumBocth Toury (rt, 0), uro coorBeTer-
syer k=1. Mcmosbaya pasnoxetne

— )3
si £ = — (x —m) -)—M——
3!
¥ [epeHocs HauaJo KOODAMHAT B TOURY x=7, y==0, OpugeM K cucreme
x=y,
(i, (16)
y= bx—ayy

XapakreplcTHYecKoe ypaBHEHHe KOTOpOH
M 4-ah—b=0. (17)
TMpu a>0, b>0 xopnn 310r0 ypapHenust GygyT HKeHCTBUTEJbHBIMU
% pa3nblX 3nakoB. CnegoBatenbho, Touka nokod (, 0) ABnsercs Heycroli-
uuBol ToukoH anA cucremsr (16).
Mpumep 5.
' { X=y—xf (% y),
Yy=—x—yf x y)
rre dysRmusa f(x, y) pasnaraerca B cXOmslluiica cTelleHHOH psx
0, 0)=0

nig,
Peuwenue. JiuHeapusnposansag cucreMa HMeeT BHJ

{?=% (19)

=X,

(18)

TouKa NOKOA CHCTEMH (19) ectb (0, 0).
Xapaxkrepucruueckoe ypaBHeHne cuctemu (19)

—k 1

L |0 mm EI=0, (20)

MMeeT UHCTO MHHMblE KOpPHHM Ry o== {. Touxa moxos (0, 0) cucTemsr
nepsoro npubmmkenns (19) ycroiumsa (uentp). Tak kax aeflcTBUTEND-
Hble YacTH KOpHeH XapaKTepHCTHYecKOro ypaBneHHS (20) paBHB HYJIO,
TO COrJiacHO 3amedanuto na cTp. 186 Bompoc 06 YCTOHYMBOCTH TOYKH
noxos (0, 0) rpeSyer gonmonHuTeAbHOro Hccnegosanus. s Hcclegosa-
Hug na ycrofiunBocTb ToukM mokost (0, 0) cucrembr (18) npmmenuM BTO-

poit meron Jlanynosa. Depsa v (x, D=7 (¥ y?), Haxogum

Y et (5 0.

Ortciopa: ecsmm f(x, 4)=0 B gocratouno MajoOHl OKPeCTHOCTM Haua-
Ja KoopauuaT, TO Toyka nokod (0, 0) ycroiiyBa, ecam f(x, )
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TNOJIOKUTENBHO ONpefeseHHas GyHKIUg B HEKOTOPOH OKPEecTHOCTH Hayana
KoopamHar, TO TouyKa mokos (0, 0) acuMuroiuvecky ycrofiuuBa; ecin
f(x, ¥) <<0 B pocTaTOYHO MajOH OKPECTHOCTH Hauala KOOPAUHAT, TO TOUKa
nokos {0, 0) mneycrofiuuBa. ITOT NPUMEP MIMIOCTPUPYET TOT (PAKT, YTO
B HEKOTOPHIX cAyuYasdX Helb3sg CYAHTh 06 YCTORUMBOCTH TOUKH [OKOA IO
nepBoMy NpPHGIUKEHHIO.

Wcenenosath nHa yCTOHUHBOCTH IO NEPBOMY NpUOIHIKE-
Huo Toyky nokos x=0, y=0 B caeaylmmx cucreMax:

A k=— x4 2 —3x2
708, | YT AT A —ox
§=3x—2y -+ 252 4 ¢*.
%

I

= —sinx -+ 3y -} x°,
799. L1 1
= gx—2—5 Y.
800, ,.z=2e"+5y——2’+x4, -
J=x-+6cosy—6—y>
801 X=—3x+4yJsin®x— 12,
" j=—2xFsiny - el
802. f=x-—2siny — ¢ sinx,
=2y —3x— x5
P — 2 28int,
203, {x x y+x2+y
j=x-+y—y"
804 ):c=2x+851ny,
g=2—e"—3y—cosy.
S05. {£=—4x+%siny——3x2,
j=—2+2+y+4".
¢ — — 4y — x5, £=10sinx—29y 4 3¢,
o6, | T YT s, { sinx—29 + 3¢°
§=3x— y. §=>58x—14siny 44

e 12
808. {)b b=
g=— x5

809. MccaenoBath Ha YCTOWYHBOCTL TOYKH MOKOSl MasT-
HHKA, K KOTOpPOMY NpPHJIOKEH Bpamaomuid MomenT L:

Xd-at+bsinx=L, rae |L|<<0.
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. § 22. AcuMnToTHYecKas YCTOHUYUBOCTL B LIEOM.
YctoiunsocTh mo Jlarpanxky

ITycto nmeeM cucTemy arddepeRuHANbHBIX YpaBHeHUH

dx;

dt:fi (ly X1y eeey xﬂ)7 fi (t, O, rO):O (i:‘l: 27‘--) n)’ (1)

H OYyCcTbhb 3T1a CHCTEMa ompeneneHa B MOJAYIpPOCTpaHcTBe ’

n
Qila<t<<+ o, Zx;:’<+oo

i=1

FoBopaT, 4t0 TpuBHaNbHOE peurenne x, =0 ({=1, 2, ..., n) cucremn (1)
ACUMPITOMUYECKY  YCmOtuUB0 8 LeA0M, eCii OHO
1) acuMnToTHYeckH ycTOHuMBO NO JlauyHoBY;
2) Beaxoe Apyroe pemenue x, (f) (i=1, 2, ..., n) cucremu (1) o6aa-
Jaer CBOHCTBOM
lim x; (=0 (=1, 2,..., n).

{-+ 0

Apanornuno onpepensercs acUMNTOTHYECKAd YCTOHUHBOCTL B HEJSOM
HETPUBHAJILHOTO peleHus cucreMs (1).

Mul GylleM B OCHOBHOM OrpaHUMYHBAThCS ABTOHOMHEIMH CHCTEMaMH,
T. €. TaKUMH, TNpapBble YacTW KOTOPBIX HE 3aBHCAT SABHO OT BPEMeHH [

%i=fi (s ooy Xp), 10, ., =0 (i=1, ..., n). )

dynruuo Jianywosa v(xy, ..., X,) Ras0BeM Geckoreuro Goabuioil,
ecly gadA Jw60ro moJOXUTENBHOTO uucia M cYIIeCTBYET HOJOKHTeIbHOe
n
uncso R Takoe, 4r0 BHE' cdeprl 2 xf:RZ IIMEeT MECTO HepaBeHCTBO
i=l1
v> M.
Teopema (06 acHMNTOTHYECKOH ycTofiuMBOocTH B uenoMm). Ecau
cyuiecrnayermn  Geckorewrno 00abuiaR onpedesertHo NOA0HUMEALHAR QYHKULA
dv dv
U(xy, ..., Xp) makas, 4mo d_t<0 sne E u 7 =0 na E, 28e mHoxce-
cmso E ne codepacum yeroix mpaekmopuil (RpOME HYJeBOro MOJOXKEHHA PaB-
HOBecud), Mo Mpuguaabroe peuerue cucmemst (2) bydem acumnmomuqeckis
yomotuuso 8 UeaoM.
I[Tpumep 1. PaccMoTpum ypaBHeHHe

Rx2% 13 =0. 3)

SanuweM ypasnenue (3) B BHZe 3KBMBAJEHTHOH eMy CHCTeMul YpaB-

HeHH |
X=y,
4
{5t g
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B kauecrBe ¢yHRUMH JIanyHOBa U (X, y) BO3bMEM GYHKIHIO
1 1
v (% y)=7yz+ s

Hmeem

dv | ,
J7 = WXL = Oy — Xy Py = — R
Ouesngno, uto ¢ (x, y) —co npu x24-y2 oo, Hanee, o (x, y) obpa-
maercs B HyJb TOJBKO Ha ocaX KOOpImuaT (MHOMecTBO E). Ouesugno,
YTO HM OZHO pellleHHe, 33 HCKIOUeHHEeM TOYKHM NOKOA B Hauale KOOpjH-
HaT, He OcTaeTcst Ha 3TMX OcaX npH BeexX £==0. B camom nene, Bo Beex
TOYKax ocu OY, ornuumblX OT Hadana KoopauraT O, yrioBof Koad-
(HIIEeHT

dy —x3—x%

dx Y

nMeeT KOHEYHOe 3HaueHue, a NOTOMY Ha 3TOH OCH He MOXeT JCXKATbi
ayra tpaektopud. C gpyroil cTOpOHE, Tpu moaXome K ocy OX yraosofi
dy )

KoahduumeHT de ¥ noromy Ha oce OX He MOryT HaXOLHTbCA JYrH
TpaegTopufi. CnegoBaTesbHO, MHOMKECTBO £ He COLEPXKHT IE&NbIX TpaeK-
TOpHI (KpOMe HMayasJa KOODJMNAT).

B cuay reopembl touka mokos (0, 0) o6nagaer momuwolt acHMNTOTH-
uyecKOH yCTOHYHBOCTBIO.

810. IlokasaTth, UTO ecJH TpPHBHAJBHOE DelleHHE JHHeH-
HOf  aBTOHOMHOH CMCTEMbl ACHMIOTOTHYECKHM YCTOHYHBO
B cMbicae JIsgnynoBa, TO OHO ACUMNTOTHYECKH YCTOHYHBO
B LEJ0M,

HccnenoBath Ha aCHMITOTHYECKYIO YCTORYHMBOCTD B IEJOM
HyJeBble pewlenus ypaBuenuil (cm. [4], ctp. 53—54):

811, $4 84 (824 1)x=0.
812, %+ & 4 (42 + £+ 2) (2x 4 x8) =0.
813. ¥+ x% "% X% 4 2x=0.

Moxer okasatbes, 4ro cucreMa (2) He objajpaer NOMHOM YCTOHRYMBO-
CTBIO, HO TE€M HE MeHee JJIs Hee MOXKET CYIIeCTBOBATb 06JaCTh ACHMITO -
THUECKOH yCTOHYMBOCTH.

[Mog oBnacTbio ACHMITOTHUECKOH YCTOAYMBOCTH cuCTeMBl (2) TOHM-
MaeTcs 06/acTh, cojepiKamiasg Hauano Koopgaunar O u ofiagawomias TeM
CBOHCTBOM, UYTO BCe TpaeKTOpuu, Hayupawuuecs B 21off obaacTty, cTpe-
MaTcd OpH f — 0O K HaYaly KOODJIHHAT.

B sunefiunix cucreMaX Bcerga OblBaeT TOJBKO NOJIHASE YCTOHUYHMBOCTD,
TOrz2 Kak B HEJUHeHHEIX cHcreMaX OHa MOMeT HE 6BITb TaKOBOH.

Teopema. Hycmov (xy, ..., Xp) — QYHKLUSA, UMEOUAS KENPEPLIBHbIE
HacMuble Rpou3eodHble Nepeoeo RopAdKa 048 ecex x. Obosnastum 4epe3 2
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MHONCECINED BLEX MO4EK, 208 U (Xy, «.., Xp) << L. Ecau mHoxcecmso Q oepa-
HUMEHO U 8 HEM
vy, ooy x2) >0 npu x;5£0,
(=1, 2, ..., 1),

2) D (Xgy veny X)) <0 npu x;5£0

MO HA4AA0 KoOPOUAAM — ACUMAMOMULecKy Ycmoluueoe No0HCEHUE PAGHO-
gecust cucmemvr (2), a Q;-—obracme acumnmomuueckod ycmolyusocmu,

[MTpumep 2. ¥Ykaszarb 067acTh acMMUTOTHUECKOH yCTOHYHBOCTH
ypaBHeHHs

Ete(xt—1)L+x=0 (e < 0)

(ypaBnenne Ban-gep-Ilons).
Pewenue, Ilepennmem ypasHenue B BUJ€ CHCTEMEL

P = —x.

EnvHcTBenHAas TOWKa NOKOsA — Haya/lo Koopaunar. BosbMmem v (x, ) =
2 2 . x2 )
= x__—fQ—_y_ Torga o (x, y) =yy+xX = —¢&x? <§ — ]}, Ouesugno, 0 =<0
npu x2<<3 (e <<0). TarkumM 06pasoM, B Kpyre x2--y2<< 3 umeeM: v >0
npu x¥*4y2z£0 v 0 <<0 npu x2-Fy2£0, T, e. 3TOT KPYr cOAepKUTCA
B 06jacTH acUMITOTHYECKOH YCTOHYHMBOCTH.
YerofiauBocTh No Jlarparxky. Ilycrte umeem. cucremy

rre f; (f, %y, ..., Xp) YZOBJETBOPAIOT YCNOBUAM TEOPEMbl CYIIECTBOBAHHSA
M eIUHCTBEHHOCTH pellleHHs chcTeMbl (5) pad BeeX f & [f;, +-co0) n Jo-
ObIX X1, vvvs Xpo

Onpenenenue. Cucrema (5) HasmBaerca yemoluusod no Jlae-
paHKCY, eClU Bce PelleHHsl 3TOH CHCTeMbl ONpefefleHb! H OTPaHHYEHB! Ha

Ito, + o).
814. IlokasaTb, 4TO Bce peIEHHS] YpaBHEHHS
. 1
x(t)+<a2+—l-_p§>x(t)=0

orpanmnyensl Ha [0, 4 oo).
815. Tloxasarh, YTO BCe pelleHHsl ypaBHEHHUS
\ 2 1

orpanuyensr Ha [0, - c0).
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816. Ha npumepe yparuenui

a) % (t)— > % (&) +x (1)=0;

6) ¥(t)+5 () +x(H)=0

nokasaTb, 4TO M3 OTPAHHYEHHOCTH BCEX PEIUEHMH «mpeneib-
Horoy ypasuenuss £ (f)-}x(f)=0 ne caexyer orpaHuyeH-
HOCTH pellleHH#A HCXOLHOTO ypaBHEHUS.

§ 23. Kpurepuit Payca — 'ypsuna

Bosbiioe npakTHYECKOe 3HaueHHe MMEKT Heo0XOAuMble M LOCTATOU-
Hble YCJIOBHMSI TOTO, yToOBl BCe KOPHH anreGpanyeckKoro ypaBHeHUs C Be-
[ecTBEHHLIMI KO3(D(PHIHEHTAME Qy, G, ..., Op

f(7\,)Ea(,?\,”_!_a}}\,”_l—I—._,+aﬂ_17"+an=0 43

HMeJN OTpUuaTenbHbe BeillecrseHHble dactu. He uapymas o6unoctH,
MOXKHO TIPEeJIOJIOKATb, HTo gy > 0.

IMonoxuresbHOCTh BeeX KO3(PUIMEHTOB — HEOOX0uMOe, HO He J0-
CTaTtOyHOe ycJI0BHe Ins TOIO, 4YTOGH Bce KOpHm ypaBHeHHs (1) Guuin
pacnoJIoKeHsl clleBa OT MHHMOHA ocu (B ciyuae ypasHenuit I-i# u 2-ii cre-
NeHH 3T0 YC/IOBME M gocTaTouHoe). HeoGXogMmee H gocTaTOYHHE YCJO-
BHS OTPHIATENbHOCTH BemecTBeHHbIX yacTeH KopHed ypashennsa (1) paum
Payc u HesaBHcHMO OT nero [ypsur.

Ycnosusa Payca—Lypsuna Jan mozo umobut 6ce KOpHu
ypasrenus (1) umesu ompuyamenvnsle sewecmeennoe Hacmu, Heobxodumo
w OQocrnamouro, umpbet Cbial NOAOKCUMENLHBIMUI 6Ce 2Aa8Hble Oua2oRanb-
Hote mutoper mampuyve Iypeuya

a a 0 0 ... 0

s a, a3 a5 ... 0 | )]

Muorounen f(A) cTeleHu 1 z= 1 HA3LIBAIOT YemOUUsHIM MHOZOHACHOM,
eC/IM BCE €r0 KODHU Ag, Ag, ..., Ap UMEKOT OTPHUATENbHEE AeHCTBHUTENb-
nee uacty Red;<<0 (j=1, 2, ..., n}, 1. e. Bce KopHu ycroflunsoro
MHOTOUJIeHA pPaclioJIOKeHb! B JeBOl MOJYMI0CKOCTH.

Marpuna T'ypeupa cocrapaserca Tak. Ilo raasrOft puaronadu pac-
nosiararTest KosgguiuerTsl MEorounera (1), naunHas ¢ ay a0 a,. CronGusl
COCTOAT NOOYEPENHO H3 KO3GhGMUIHEHTOB TOABKO C HEYETHEIMH HJH TOBKO
C dYeTHBIMH MHJeKCaMH, HpudeM B YHCJAO MOCHENHHX BRJOUYaeTcs Koad-
¢uyent g, Bce Hegoctaromme snemeHth, T. e. KoaHuUHEHTH ¢ HHIEK-
camut, GOIbIIMMH 7 Hau MeHpiidMu 0, 3aMeHAIOTCH HYAAMH.
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['naBhele puaronanbHble MUHODLI MaTpHusl [ypsruna

a a 0
ay Qg
Ay=ay, A= ) Ag=|a3 a5 o}, ...,
as Qg
Qs Gy 03
a,a, 0 ...0
a3 ag a; ... 0
An=\ay a, a3 ... 0 |- (6)]
000 .. a,

Takum oGpa3som, ycnaobue I'yppuua BBEIVIAZHT TaK:

Ay>0, Ay>0, ..., A, >0, 4
3aMeTHM, uT0 TaK Kak A,=A,_;*d,, TO NOcjiejHee H3 YCJIOBHH A, >0
Moxer ObITb 3aMEHeHo TpeGoBaHHeM an > 0.

IlTpumep 1. Hccnengosars Ha ycrofiumBocTh TPHBHAJbHOE pellienve
ypaBHeHus

VgV 7" 4y 4108 43y =0,
Pewenyue. CocraBisem XapaKTePHCTHUECKOE YpaBHeHHe
[ () =A5 A2 -{-7A3 4 432 4 10A 3 =0.

3pech qy=1, a;=1, a,=7, ay=4, a,=10, az=3.
BeiliycolBaeM pnaroHajnHble MHHOpH [ypBHna

1 10 00
47110
Dg={3104 71|=3A,=3.8=24>0,
0 03104
0 00 03
1 100 L lo
4 71 1
Ba=|y 04 7|=108=3]4 71|=
0 0310 3107
=50—3 (49 -3 —10—28) =8 >0,
1 10
Ag=|4 7 1]|=5>0,
310 4

{1
A, = =3>0,
: |47l -

Ay=1>0.
7 M. JI. Kpacsos H Ap.
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Urag, A; >0, A; >0, Ay >0, A, >0, A; > 0. Crefosatenbso, Tpu-
BHAJbHOE peietue y =0 ypaBHEHUS ACHMOTOTHYECKH yCTOHUMBO.

Boiuncienna MOXHO BecTH TaK., CHauana cOCTaBJsEM MHHOD Ag.
3aTeM mOOC/Ie/OBATEAbHO BHIYHC/IAEM MHHOPHL Ay, Ay, Az v T. 4. Ecim
BCTPETU/ICA OTPULlATeNbUBl MUHOP, TO cHCTeMa HeyCTOHUMB2 W JajbHeil-
IIMe BBIUHC/ACHHS W3/IHIIHH.

Ecnu kosbbunuentst ypaBHeRHA (1) 3ajanmsl Kak Ydcna, TO yco-
BHg (4) Mserko mpopepsotcs. Ecam e KosdduuuedTs! ypasHeHHs (2)
coflepkar OyKBennble NapaMerphbl, TO BbIYHCTEHHe ONpeflefutenedt npu
fonblwinX £ 3aTpyAHATENBHO.

MoxHo moKasaTk, 4YTO ec/M yC/OBHA (4) BHNMOJHEHM, TO Bee Koa(-
¢unpenTet MHOTOWIEHA (1) NOJIOXHUTEN bHBL

a>9, a >0, .., a, >0 (5)

Kaxk yxe orMeuasnoch, yciaoBusi (D) SBJAIOTCA HEOOXOJMMEIMH, HO Iie
ZOCTATOUHBIMHE IUIst TOTO, 9TOGH BCe KOPHH f (A) pacnosiaraiuch B JieBOif
noayniaockoctd Red << 0. Opnako npH suimosneHun yciaosuil (5) Hepa-
BencTsa (4) yXe He ABJAIOTCA HEIABHCUMBIMH. Tak, HampHMep, IpH
n=>5 yciaosus Payca—I'ypBuua mNpUBOLATCY K JABYM HepaBeHcTBAM:
Ay >0, Ay >0. 310 no3ponuo Jiverapy u Illunapy ycraHoBHTH Apyrue
YCJAOBHS YCTOIGHBOCTH, B KOTODPHX YUCIO AETEDPMUHAHTHBIX HEpABEHCTB
TIpHMEPHO BIBOE MeRble, yeM B ycnoBusax (4).

Yecanosusna Jlpenapa—Illunapa. [Jas moeo umober mnoeo-

4NeH
f) =ah" M 14 dap shta, ("

uUMer 6Ce KOPHU € OMPUUAMEAbHbIML Qelicmaume sb Ruimy wacmamy, Heob-
x00uUMO U 00CMAmOUHO, 4inodeL:
1) 6ce kospputyuenmor muozousena f(hy boiau noaoxcHUMEss HbL

a >0, a, >0 >0 ..., a,>0 (5)]
2) umean Mecmo JemepMURAHINHbIC HEPABEHCMEA
Ap >0, Ay >0, ... ©)

(3aeck, Kak u pambule, A,-—onpegeanrens PypBuua k-nopsgka)
[Tpumep 2. PaccMOTpuM TO XKe ypapHEHHe, 47O W Ha crp. 193:

vV gV 79" 4y 104" 43y =0
3xech
dGp=01=1>0, =70, a3=4>0, 04=10>0, 03=3>0,
T. €. [epBoe ycaoBHe xpurepus Jlbenapa—Illunapa Bunonueno.

Jasee,
1 10 0
4 71 1
M=ty 194 7780
00 310
11 )

T. €. BLIIOJHEHO ¥ yCJOBHE 2.
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Takum 06pasom, TpUBHAJNbHOE pelleHUe YPABHEHHS ACHMITOTHYECKH
yCTOHUMBO.

HUccnegoBath Ha ycTOHYMBOCTE TpUBHAJBHbIE DEIIEHUA
ypaBHEHHH:

817. y"V47y" 4+ 12y" + 234" 4 10y =0.
818. y"V+42y" + 4y +2y" 45y =0.
819. yV+y" +3y" + 2y +y=0.

820. y¥ 424" 4-3y" +2y" 4y +y=0.

Ilpu xakux snaveHusix o GYAYT YCTOWYMBH TPHBHAJb-
Hble PEIICHHS CJAENVIONIUX VP aBHEHHH:

821. ¥’ oy’ + 2y +y=0?
822. y'V 424" 4y oy’ 4- 3y =0?
823. y"V43y" 4oy’ 42" 4 y=0?

Ilpu kakux swavennsx o u P OynyT yCTOHUMBEI TpH-
BHAJbHbBIE PEHICHHS CJCAYIOUIMX YPaBHEHHH:

824. y" oy’ +2y" +Py=0?
825. y" +ay’ By +3y=0?
826. y'V+ay” 424"+ By +y=0?
827. Kako#t Bun umeoT yciosus ['ypBuna i/ Boappar-
HOTO ypaBHEHUS
M4 pW 4 g+ ph+1=0
(p ¥ ¢ neficTBUTEALHbIE)?

§ 24. TeomeTpuueckuil kpuTepnii ycrofyusocTu
(xputepuit Muxainosa)
IMycte nmeem auddepennuanbioe ypasuesue n-ro [opfAaKa ¢ MOCTO-
SAHHBIMHM BelilecTBeHHBIMM KO03hdHUInenTamMu
aoy'™ + a1y .. - apy =0. {1
Bompoc 06 ycroftunsoctn pewenns audipepennnansuoro ypasuenna (1)
CBOZUTCH K BONpPOCY O PpacHoJOMeHHH KOPHefi XapaKTepHucTUYecKoro
ypaBHeHHSA
QA a1 La,=0 2)
Ha KOMIJIeKcHOR nnockocTu. Ilociepumit peuraercsl ¢ moMombw HUXKe-
crepyromero kputepus Muxaiiosa,
7*
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IMyery ftaH xapaKrepuctnueckuii MHOTOY/eH

[ (M) =ah* 4-a;A" 4. F-ap_ A +an. 3)
TonerapuB B HErO A== 10, NOJYUAM
f (o) =u (@)+iv (@), 4)
rae
U (0) = Qp — Gp_s0% -} Gp_got—..., } 5
U {0) == p_10 — Ap_z0° +Ap_50°—...

Bennunny f(1@) cornacso (4) u (6) Opu 3ajaHHOM mapamerpe W
MOXHO H306pa3uTh Ha KOMILJeKCHOH IUIOcKocTH 40U B BUmE BeKTOpa.
Ecan usMmenarth napamerp ® B MHTepBane (— CO, 4- CO), TO KOHel, 3TOro
BeKTOpa ONMINEeT HEKOTOPYK KpHBYIO, Kaxnasd TOYKa KOTOPoH coot-

BETCTBYET ONpEjeNeHHOMY 3HAUYEHHIO ().

IMoryuennnlli TakuUM o6pasom  rogo-

rpad BekTOpa f (1) uaskiBaeTcst Kpusoll

Muxatirosa gna mnorounena f (A) (puc. 27).

Ilpn u3MeHeHMH ® OT — CO 0 -~ O

{\"u) BeKrop [ (iw) MOBepReTCHA HA HEKOTOPHLH

yron @. Ecmu wmuorounen f(A) umeer m

g “ " RopHeH C NOJIOXHTENbHbIMY BellleCTBEHHBIMK

qacTAMH, 2 OCTANbHHE f— /1 KOpHed ¢ or-
PHIlaTeILHBIMH, TO

g=(n—mn+tm(—n)=(n—=2myx. (6

v

-

[ ————

Puc, 27. S3ameuanue Tak Kak QyHruus

u () derHadA, To KpHBag Muxafinosa chm-
MeTpH4YHA OTHOCHTeNBHO oOcn Ou, M TO03TOMy JOCT4TOYHO CTPOMTh
yacth KpuBOil MnxalnoBa, oTBeualollyl0 M3MeHeHMIO Mapamerpa o ot 0
20 - co. Torza dopmyna (6) npumer Bug

Hnsa ycrofiunpocTd pewmenus ypaBHEHH?( (1) Heo6XoguMO M HOCTa-
TOuHO, YTOOR Bce KOPHM XapaKTepucTHueckoro ypasHenus f(A)=0
MMeJM OTPULATENbHEE BellleCTBeHHEIE 4acTH, T. €. B dopmyse (7) ZOMKHO
6ot m=0.

Orcloga BHTeKaeT chaegylollaf (QOPMyIMpoBKa Kpurepus Mu-
xafinopa: [ua yemoduusocrnu mpusuanvroeo pewenus yYpasnenua (1)
neobxodumo u docmamourno, urmobot:

1) sexmop [ (t@) npu usmenenuu ® om 0 0o 4~ co cosepuiur nosopom

1 n "
HA Yeon @=n -5, m. e, cdeaan v 00opomoe npomie «acoeolt cmpeaki;

2) eodoepagp f(tw) npu usmewerun o om 0 do - co we npoxodua
4epes HYAesyro MoUKY.

Unaue, dasn ycmoduueocmu peumsenus ypasuenus (1) ueobxodumo u
docrnamouno, umode kpusas Muxalirosa fpoxodusa Noowepeduno 1 x8ad-
PAHITIO8 NPOMUS 4aCOOL CIMpPeaKl, OKPYICas 6ce BpeMs Haua Lo KoopOuram.
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[ToouepeHoe MpOXOXKJACHHE KBajPaHTOB O3HAyaer, 4TO KpHBag IO-
ouepeNino TepecekaeT ocH Koopaunat. CnejoBaTe/bHO, KOOPAMHATBL U ()
# v (®) TOueK KpuBofi MHXalijoBa HAA YCTOAUUBOCTH peIUEHHS NOJMKHBI

NOOYepesHO 06palaTthes B HYJIb.
Orcioga BHTeRaer Bropas ¢op-
MyJHpPOBKa KpHTepHud yc-
TOHYHUBOCTH Muxaitao-
B a:

Haa yemoduugocmu  peulenus
ypasrerus (1) neoGxodumo (a npu
yeaosuu, 4mo Kpueas npaxodums-
cA Npomug 4acosoli CIpesky — u
docrmamouro), wmobbt 6ce KOpHU
ypaenenuti u (@)=0, v(w)=0
Goiry  sewjecmaeHnbiMy . fepe-
MexcarowguMuca  Opye ¢ OpyeoM,
m e. umobe Mewly ao6biMu

v

Puc. 28.

deyma  kopuamu odwoeo u3 smux ypasmeruld Haxoduica kopers dpy-

2070 YpAGHEHUA.

Ilpuwmep. MHcciegoBaTh Ha YCTOHYMBOCTL TPHBHANBHOE DeLUCHHE

ypaBHeHus

Y1V 429" -3y +24' 45 =0.
Pewenne CocrapisgeM XapaKTepUCTHYECKHH MHOTOWIEH

F () =M 203 3A2 A+ 1.

Hanee [ (10) = o*— 203 — 302 - 2ia 41,
u (@) =ot—302 41,
v (0) = — 203 20 =20 (I — 0% =20 (1 —) (Il + ).
Byzem wmaMenarb ® oT 0 1o —-co m moctpouM Kpusyio (puc. 28)
u==u (0),
{ v=0 (®),
0 3—V'5 3+V5
o ! 2
ull 0 —1 0
v{0 + 0 —
Iim  —=0.
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Yros moBopora papifyca-seKtopa

11

¢=4E=(n—2m)7,

2

Orcrona n—2m==4; n=4; cnenosarensuo, m=0. TaruM 0Gpasom,
BCe KOPHM XapaKTEePUCTHUECKOr0 YpaBHEHUs JekaT B JIeBOH TOJNYIIO-
CKOCTH, T. €. TpHBHajbHOe pemehne y==0 acuMuToTHYecKM ycTOHumMBO.
K >ToMy Xe BBIBOLY MOXKHO OHIO MpuiiTH, Hcxoas us xpurepus Jlee-

rmapa—Illunapa, NocKOABKY Bce KoagduuueHTE XapaKTepHCTHYeCKOro
ypaBHEHHs] MOJNOXKUTEbHB X

210
232
012

Apy=03= =4>0, Ay 3=4,=2>0.

HccnenoBaTh Ha yCTONYHBOCTb TPHUBHAJDbHHE peIICHUS
ypaBHEHHH:

828. 24V +4y” +3y" + 3y’ +y=0.

829. 3y'V 4+ 4y" +3y" + 3y’ +y=0.

830. yV 454V 4+ 10y" + 11y + 7y + 2y=0.

831. y"V+5y" 4+ 4y” +3y" + 2y=0.

832. yV 4 24"V 4 2y" 1-46y” + 89y’ + 260y =0.

833. yV 4 yV+Ty” +4y” + 10y +3y=0.

834. yVI' 4 TyV1 4 23yV + 37y'V + B56y” + 36y + 124" +

+4y=0.

835. y'V+ 3y +4y" + 3y +y=0.

836. y!V - 7y" +18y" + 22y  + 12y =0.

837. ¢V +2¢y" +3y" + 2y +y=0.

838. ¢V + 11y” +59y" + 107y 4- 60y = 0.

839. y'V +5y” + 18y" + 53y’ + 60y =0.

840. y'V -+ 6y" + 15y" + 18y 4 10y =0.

841. 4"V +4y" +10y" + 124" + 5y =0.

842. y" +6y" + 11y +6y=0.

843. y'V+7y” 4 12y" 4-23y" 4 10y=0.

844. yV4-3y” +3y" + 3y +2y=0.

845. V424" +4y" +2y" +5y=0.

846. y'V 424" 8y +5y=0.

847. yV+4y'V +5¢" + 24" +4y=0.
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§ 25. D-pazbuenua

IMycr, umeem nmuelinoe guddepennuanbHoe ypaBHeHHe C MOCTOSH-
HBIMH BEIECTBEHHBIMK K03duIHeHTaMu

Aoy + a1y "V .. - a,y =0. (1)
Ero xapakrepucTHUecKoe ypaBHEHHe WMeeT BUJ
a2 02" L -a,=0. @

Hnsa cyxnenus o6 ycToHuMBOCTH peiwenus ypasHeHns (1) HeT HeoG-
XOJMMOCTH BHIYHCAATb KOPHH X2paKTePHCTHYECKOrOo ypaBHenHs. Jlocra-
TOYHO JHMIIL YCTAHOBHTb, YTO BCE OHH JIeKaT B JeBOH TOJYIJIOCKOCTH.
OG6BIUHO BCTPEYAIOTCA ABE NOCTAHOBKH 3TOH 3ajaud.

[Teppas Cunras saganunMn Bee KOsddumuenTE ypaBHenus (1),
yCTAHOBHTb, YCTOHYMBO JM pellI€HHe 0PH 3THX 3HAYEHHAX KoadhHuH-
€HTOB.

Bropasa Cuuras 3agaHHBIMH HEKOTOPble KO3((UIMEHTH ypaBHe-
Hua (1), ompepesuTh, NPH KaKMX 3HAYEHHAX APYTUX Ko3ddHIHeHTOB
pewieHHe ypaBHEHUs YCTOMUHBO.

MocTtpoenne obaacrtes ycToOHYHBOCTH

INNonstueo D-pa3dGuenun. [lycTs uMeeM XapakrepHCTHYECKOE
ypaBHeHHE

2" a2 - Fa, =0. 2

CoBOKRYNIHOCTL 3HaueHnit KodhduunenroB ypaBHesns (1) MOXKHO pac-
CMaTpUBaThb KaK TOYKY f-MepHOro npoctpaHcTsa R, Kaxpo#l Ttouke
npocTpanctsa Ry COOTBETCTBYET

onpejeneHHoe 3Hauenye Koshbunves- V/

TOB Gy, Gy, +.., Qp, @ CJELOBATENb-

HO, M ONpejfeseHHOe 3HAYeHHe Bcex . @

KopHe#l 2y, 2y, ..., Z, Xapakiepu- Kk KgpHed (n~k) napred
L

crudeckoro ypashenus (2). Ecom
B R, cyllecTByer Takas 00JMacTb, 4TO
KamJ0H ee TOUKe COOTBEICTBYeT Xa- .
paKTepucTHYecKoe ypaBHEHHE, BCe 7
KODHH KOTOPOTO JIXKAT B JIeBOH IO-
JYNJIOCKOCTH, TO 3Ta 06/acTb Hasbl-

BaeTcs 06AQCMbio~ ycmondusocmy, a e
THTIepPIIOBED XHOCT b, OrPAaHHYHBAOUIAS
ee, Ha3sweBaercd eparuueti obaacmu Pue. 99

yemotiyusocmy. TlycTb, HampuMep, B

XapaKTePHCTHYECKOM YypaBHeHuH (2)

Bce KO3(pdUuUenTsl, KpOMe IBYX, CKameM d; H (y, — KOHKPETHbIE yHxcJa.
IlpepnonoxuM, uYTO OPH HEKOTODHIX ONpegeNeHHblX 3HAYEHHSX )

M g, IaHHOE ypaBHeHHe B IJOCKOCTH KODHed (T. €. B IJIOCKOCTH 2)

HMeer k KOpHeH, jexamux cnesa, W (n—Fk) KOpHeH, neXamux crnpasa

OT MHHMOH och (puc. 29).
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Ha nnockoctn A (n/10ckocTb napameTpoB gy M () CYLIECTBYET KpH-
Basl, orpaHuuMBawlas Takyw oGnacte (puc. 30), xaxaag TOUKa KOTOPOI
onpesesiser MHOTOWIEH, Takxe HMeOmUA £ xopHel, JexallHX CleBa,

H n— k KOpHell, JeXalUX CIpaBa OT MHH-
a, @ MOM ocH. ITy o6aacte 0603HAYNM yepes

D (k, n—£k) (k—uence, O<ck<n).
Drx,n-#) Hanpumep, ecau XapakTepHCTHUECKOe

ypaBHEHHE HMEET TPeTbi0 CTelleHb, T. €.
n=3, 10 B oflleM clyuae B MPOCTPaH-

4 & ctBe KO03(bHIAEHTOR MOTYT OBITh YKa3aHh!
O6MacTH
Puc. 30. D@, 3), D(, 2, D2 1), D@3, 0).

O6aacts D (3, 0) n Gyner o6nacTbi0 yCTOHUHBOCTH,

3amernM, 410 HeKoTOpsie ofaacT, B uwacrHocra D (3, 0), moryt or-
CYTCTBOBATb.,

Pas6uenne mpoctpaHcTBa  KO(DDHUHEHTOB  XapaKTePHCTHHECKOro
ypaBHeHHs Ha OGJNacTH, COOTBETCTBYIOUIME OJHOMY H TOMY Ke YHCHy
KopHefi, pacmoNOXeHHHX B JEeBOH MOAYIIOCKOCTH MJIOCKOCTH 2, Hasbl-
Baercad D-pasGueHHem mpoctpaHcTBa KO3(hOHIHEHTOB.

Ananorugyo MOXHO TOCTPOHTH D-pa3CHeHue MpocTpancTBa JMOGbIX
napamerpoB, OT KOTOPHIX MOTYT 3aBHCeTb KO3G(pHIHEeHTH XapakTepHCTH-
4ecKoro ypaBHeHHsI.

[MTonoxkum, 9To B XapakTepHcTHUECKOM ypaBHEHHH (2) Ko3hHIHeHTH
3aBHCST OT ABYX OapameTpoB & W 1} (3TMHM napamerpaMd MOryT OwiTh,
B YaCcTHOCTH, MPOCTO ABA Koa(OdHuUHEHTa paccMaTPHBAEMOTo ypaBHEHHS).

Paccmotpum ceMeficTBO MHOTOH/IEHOB

@& w=EP@+1RE+RE, 6

rae (€, n)—BemecrBeHHse napaMerpel, a P, Q, R~—-u3BeCTHbE MHOrO-
ueHs OT Z C BelecTBeHHBIMH KoapHuHeHTaMu.

3azaua craBHTCA TaK:

B maockoctn mnapamerpoB (€, 1) (WIocKocth w) Hafitn oGnacts
D (n, 0) takyw, uto gas JwGoii toukn (&, m) €D (s, 0) muorouwnen (3)
Oyzer UMeTb BCe KOPHH 2 B JIeBOH HOAYNJAOCKOCTH, MU yGegHTbcd, UTO
TaKoll o0macTH HeT.

[Mocrpoenne oGaacredt D (k, n—k) ©OCHOBaHO HA ClEAyOLHX Cc006-
paXeHH AX:

1. KopHu anrefpanuecKoro ypaBHEHHs HENPEPLIBHO 3aBHCAT OT €ro
K03(uILHeHTOB, T. €. ecnd Ko3hduuHeHTE MHorouneHa f(z, £, 1) Mano
H3MEHHTb, TO H KOPHH €ero M3MeHSATCA Mano.

2. Ecau Touka (£, 1) nexur Ha rpanuue obaactd D (R, n—&k), To
X0Ta Ob! OfMH KOpeHb MHorowdeHa (3) JeXXHT Ha MHMMOI OCH, T. €. rpa-
nuna D-pasbuenna ssiasgerca ofpasoM MHHMOM OCH IWIOCKOCTH Z.

HefictBHTenbHO, ecaH, Hanpumep, touxka (E, m) €D (n, 0), 10 MHO-
rouned (3) MMeer NpH 3TOM BCE KOPHH B JIeBOH NOJMYIIOCKOCTH,

Ecnn (, v) aexur sue D (n, 0), 10 Muorousen (3) mmeer XOTa On
OLMH KOPeHb B MpaBOH MONYNIOCKOCTH.
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[Tpn HempepniBHOM ABHKEHHH ToukH (£, ) Hu3 obaactu D (n, 0)
B COCEIHIOK HENpepeIBHO MEeRAIOTCS KOpHH Muorounena f (2, g, ). Tax
KaK UPH 3TOM TOABAdercd Xord Obl OAHH KOpeHb B MpaBoil HOJdyNJIoCcKO-
CTH, TO B Npoliecce H3MeHEHHA (€, 1)) OH JOMKeH NEpeceys MHHMYI Och
(ocb Oy). 210 Gyzer, Xorza touka (§, 1) mnepeceder TpaHHuy o6aacru
D, 0)

IMycte 2=x--iy—xopedr wmHorounewa f(2, E, ). PaseHcTso
f@ & m)=0 paBHoCH/bHO paBeHcrBaM ,

{EM @ 9) Ny (% Y+ us (%, §)=0,
o1 (% 9)+mve (v, 4) s (%, §)=0,

rJe Uy, Uy, Uz M Uy, Uy, Uy— BEU(ECTBEHHBIE H MHHMEIE 4aCTH MHOTOUJe-
HoB P, Q m R cCOOTBETCTBEHHO.
Ecay ompenemtenn cucremsr (4)

®

Uy Uy

A= 0, .

U1 Vg
TO cHcTeMa (4) 0JHO3HAYHO paspellHMa OTHOCHTENbHO & M M:

{ E=E(x o),
n=n(x y).

Vpasuenns (b) B TouxkaX, rze A A0, onpegensior oZHO3HAYHOE OTO-
GpaxeHHe INIOCKOCTH KopHefl muorouwnena f(z, £, 1) Ha muIockoCTb napa-
merpos (&, M)

O6partHoe oTofpaxkeHHe HEONHO3HAUHO: GHUKCHPOBAHHON Nape 3Haue-
unfi (€, M) orBeuaer, BooGuie roBops, n kopuell. Ecnu onpepenutens
cHereMb! (1) B TOuKe 2y =x,-}-iYy, oOpamaerca B HyAb, TO cHcTeMa nubo
HecoBMecTHa, MHO0 OZHO ypaBHEHHe ABJASETCA CJEACTBUEM APYroro.

B 3toM mocnegHeM ciayuae Ha IUIOCKOCTH TapaMeTpoB @ CYLIECTBYET
uenasg mpamasg, cocrosmas H3 touek (§, 1), AnA KOTOPHIX 24==Xy -} Yy
gaBnsercsd KopHeM MHorouneHa f(z, &, v)). Taxymo TOuky (X, Y,), a Tak-
e COOTBETCTBYIOULYIO eH mnpaMmylo OyaeM HasblBaTh UCKAHOYUITEAbHbIMU.

HafizeMm Ha nnocKoctH mnapamerpoB (€, 1) Te TOUKH, AnA KOTOPEIX
MHOrOwJeH (3) HMeer XOTA Obl OAHH YHCTO MHHMEIL KOpenb 2=1iy,

[eoMeTpHueckoe MeCTO TAKHX TOUEK COCTOMT M3 JIMHHH, NapameTpH-
uecKHe ypaBHeHHA KOTOPOH ecTb

E=E (O, v,
— 6
{n=n(0,y) (moo<y<+eo) ©®

®)

H KOTOPYI0 MOXKHO NOJAYUHTh, mNosarag x=0 B ypasuenuax (5), a Tax-
Ke H3 MUCKIUUTENbHBIX NPAMBIX, OTBEUAIOUIHX HCKJIOUHTEbHBIM TOUKAM
ocu Oy (ecsl TAKOBHE UMEIOTCH).

3ameTnM, 9To ypasHeHHs (6) nator ofpa3 ocu Oy mpH oTOGpame-
uun (B).

D10 reoMeTpHUECKOe MecTo TOueK §ymeM HaseBaTe aunued L.

Jlunna L pasGuBaeT MAOCKOCTb NAPAMETPOB HA HEKOTOPOE UHCIO0
CBA3HBIX OO6nactedl.
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Kaxgas u3 TakHX oGnacreli o6najaer TeM CBOHCTBOM, 4YTO g JIO-
Goii ee ToukH (&, ) MuHorowien f (2, &, 1)) HMeeT OfHO U TO XK€ UYHCIO
KopHell, pacmonoxeHHbIX B JeBOH MOJMYIIOCKOCTH, T. e. sBagerca o6Ja-
creto tHna D (k, n—k) (0=<k<<n).
Takum o6pazoM, NUHHA L —rpanuna HcKOMoOro D-pasGHeHHs.
Paccmorpum oroGpakenue (5) NIOCKOCTH Kophedl Ha NJIOCKOCTb Ma-
paMeTpos

{ E=&(x, y),
n=1(x y)

[MpoBeseM uepes TOUKY (X, Yo) ABe JMHHH TOPH3OHTANbHYIO [ H BepTH-
KaneHyw [[

L7 !
g 7 (ZnyY) ; )
7°
"2 / z, )
@pgp) T (2Yo) : (60.70) 'z,
7 z K
Puc. 31. Pue. 32.

Onpeseneunne Ecan nanpasnenve nosopora or I K Il coxpa-
usercsl mpu orofpamenuu (B), To roBOPAT, YTO OTOOpAKEHHE COXpAHAEN
OpUeRMayuo B TOYKE (Xg, o); B TNPOTHBHOM c/ydae —uTO OHO He (oxpa-
naem opuermayuio (puc. 31 u 32).

9 om
0x Ox

08 on

0y dy
xenne (D) B Touke (x,, y,) coxpanger opueHraunwo. Ilpn I <0 opnen-
tauusa Hapymwaercd. Ecan [ =0, 10 BONpPOC O COXDAHEHHH HJH HecoXpa-
HeHMW OpHEHTALUHMH pellaioT CTaplide Npou3BogHeie. MoxHO mHOKasaTb
(cm. [9B), uro sHak ompegesutens [ coBmagaeT cO 3HAaKOM OIIpeje/HTeNA
A, Tre

Ecnu onpegennrens [ = >0 B TOUKE (X, H), TO otobpa-

Uy Ug
A=

Uy Ug

Tak uro ecan A >0, TO orofpamxenue ¢ MIOCKOCTH KOpHell Ha MJIOCKOCTh
napameTpoB coXpaHgerT opHentanuo; ecan A << 0, TO opueHTauus Me-
HAETCA.

PaccMorpuM onAth pa3fHeHHe MMOCKOCTH © (IOCKOCTDL apameTposB)
ua obnacry D (k, n—£k) (k=Sn) W oGo3naunm uepes L rpaHuny 3THX
wOnacrefi. IlonoxuTenbHEM HallpaBieHHeM Ha L 6yaem cudTath TO, KOTO-
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pOe COOTBETCTBYET BO3PACTAHHIO y (HAUHHAA C y==— 0O); IIPH 5TOM KPu=
Bag [ MOMEr COCTOSTh W3 HEeCKOJIbKHX BeTBell M mPH moaHoM 00Xoge
oct Oy ee yyacTKH MOTYT NPOXOZHTCA MO HECKOMBKY pas (He Gonmee 7,
rze n—creneHb MHorounmesa f(z, & n))-

PaccMoTpuM  HeKotopni#l  y49acTok @y
KpuBoH L W TNpPeANoSOXKHM, YTO NPU NOJHOM w3
ofxoze ocH Oy oH O6GXOAMTCA r pas, T. e. w
YTO 3TOMY YYaCTKY COOTBETCTBYET r Yy9acT-
KOB yityp p=1, 2, ..., ) ocu Oy. Ilono-
®uM g,=1, ecaH HampaslienHe YRyl coB-
najaer c Hampamiennem ocu Oy 4 e, =—1
B NpOTHBHOM Cnydae. [TonoxHM — Tagke g,
8,=1, ecin Ha yhyl onpegenutens A >0
n §,=-—1—8 nporuBdoM cayuae. [ITyctb
TOYKa W, [BWrasch HeNpepelBHO [0  He-
KOTOPOMY JIOCTATOYHO MajJoMy NyTH, NepecekaeT Ayry wyw, C/ieBa
HanpaBso (puc. 33). DtoMy UYTH B IJIOCKOCTH Z COOTBETCTBYeT r NyTeil,
nepecekanux OTpesKu yhyll ocH Oy. Ecan g, .6, >0, 1o coorser-

CTBYOUIHH TYyTb HJAET M3 JeBoH NOJYIUIOCKOCTH B NPABYIC W MHOTO4/en
fe & =8P @+1Q@®+RE

npuoGperaeT Ha HeM OAMH KOpeHb C TOJOXUTeNbHOHR neficTBHTenbHOM
4acThl0O M TepsAeT KOpeHb C OTPULATEJNbHOH JefCTBHTENBHOH 4acThIO;
B cayuae €, -9, << 0— naoGopor.

HefterButensio, nycre g, -8, >0. D10 Mmomer Owte B ABYX cily-

Puc. 33.

uaax: 1) g,=1, §,=1; 2 g,=—1, 8, =— 1. B nepsom cayuae na-
npaB/ieHHe OTpe3Ka ykyl ocH Oy copnazaer

Y7 ¢ TMONOXKUTENbHEIM HalpasdeHueM 310f ocu

(e, = I) u coxpansiercs opuentanus (8, =1),

yf T. €. €clld B INIOCKOCTH © Mbl [€PEXOLHM
P N . AYTY W@, CIeBa HanpaBo, TO M B IJIOC-
‘9/# “ KOCTH 2 MBI TEpexofWM c JieBoil Tmoay-

IJIOCKOCTH B IpaByro (1. e. ock Oy nepe-
ceKaeM TOXe cjeBa Hampaso, pHC. 34).

Bo sropoM ciyuae BekTop yhyL ma-
mpaBied B CTOPOHY, HPOTUBONOJOXKHYIO

Puc. 34 Hanpasnesnio Oy (s, =-—1). Tar XKak

CT w=-—1, TO OpuentauHa B 3TOM cilyyae

MEHseTCs, W NPH nepeXoje clesa Hampaso

B IJIOCKOCTH @ MbI ONATh 10JyuaeM MepeXog cneBa Hampapo B TIOC-
KOCTH 2 uepes ocb Oy.

Ananoruuno paccuarpuaercst cayuah g, -9, < 0.

Vrak, npu nepexoge ¢ JegOd CTOPOHH OyrH Ww,w, KpuBOH L Ha
MpAaByI0 CTOpoHY MHOrouted f(z, & 1) tepser

N=¢d;+e,0,4 ... +-2&,0,
KOpHefl C OTPHUATEeNbHOR feficTBHTENBbHON YacThio,

[Tpumep Bomuerpagcroro. Jam muorounen f(2)==2%+
-+ E22 - nmz--1. Ha#itn ofnacre D (3, 0).
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Peweunwne Ilonarags z=1y u pasgenss AefcTBHTENLHYIC H MHH-
MYIO 9ACTH, Halizem TapamerpHuecKHe ypaBHeHHs KpuBoil L:

1

gzﬁ, 7]=!J2

dro—nexamas B NePBOM KBaxpaHte BerBb rumepGonsl E=1. Ilpu
nossoM ofxone ocu Oy (y Memgerca or —cO 10 |- 0o) runepbona ONH-
cbiBaeTcs 1Ba Pa3a, T. €. r=2; OpH ITOM OAHH pa2 rumepGosia TMPOXo
IMTCA B OZHOM HANUpPaBJEHMM NPYW M3MEHeBHH y oT — co 10 0

74 \¢ g

w, &~-1

wp J Z

7 3 &~/

Puc. 35. Puc, 36.

Ilpn panbrefimem naMmeHenHH y oTf 0 jpo oo runepGoa mpoXo-
IMTCA BTOPOH pas, HO yxe B NPOTHBONOJOXKHOM HAampaBiaeHuu. Takum
00pasoM, OTpesKy w;w, KpuBOil L oTBeuarnr gBa otpeska ocH Oy: ylyl
Y3yt (pmc. 35 m 36). Onpegemurens A Ha ocH Oy paseH A (1y)=— y3.
Cnenoateseso, 8, =1 o npu pu=1, y<0), a d3=—1 (6o upn

p=2, y=>0). IIpn mnuepexoge TOUKH w
7 gyepes wyw, cdesa HaupaBo tepsgerca N
KOpHe#l ¢ OTPHuATENbHOH YacThiO, Ije

N= 8161 —’—8262 =2,

D(30)
B nauane Koopauuar E=1=0 MHoro-
2(12) uned f(2) npunumaer BHR 2311 H
. 1+.)3
7 g Hmeer KOpHN 2y =— 1, zmz——%l/—,

CJIe0BATENbHO, 06MacTb 10j THOepGo-
Puc. 37. noi ects D (1, 2). O6nacre Hag ru-

uepfonoit ecte o6sacte D (3, 0). B

caMoM fgene, TpPH [epexoje H3 3TOH
o6nactd B D (1, 2) MuorowneH f (2) norepan ABa KOPHs ¢ OTPHILATE/bHOM
BEUECTBEHHON YacTb0 M NPeBPaTHACA B MHOCOWIeH, HMeWHi ogHH Ko-
penb ¢ orpunarenbHoit BeuecrsenHoif uwacteio. CregoBatensHo, B 06-
JlacTH Haj THOep6osoH OblIo TpH KOpHA C OTPHIATENbHOI BeuecTBeHHOI
yactbio (puc. 37). JlNA TpoBepKH MOXKHO B3ATh TOUKY E=1=3, B
KOTOPOH MHOTOWIEH NPHHUMAeT BHZ

231322 13241

N MMeeT TPeXKparHellf KopeHb 2=—I.
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Taxkum obpasoM, maaa noctpoenus D-o6nacrefl mocrynaeM Tak:
1. B maorounede f(z, §, m) monmaraem z=iy, orgensaem gelcTBHTEND-
HYIO ¥ MHHMYIO YaCTH H UDHDAaBHUBAEM HX HYJIO:

{ Buy (4) + 4z (9) -+ us () =0,
gur () +1vz (1) +vs () =0.

Pewas (7) otHocHTeabHO £ W 1), TMOAyuaeM

{E=EW%
n=mn(y)
— TapaMeTrpHuecKHe ypPaBHEHHA JHHUH L.

2. Crpoum kpuBy L Ha NJIOCKOCTH NapamerpoB, H3MeHsAd y B mpe-
Jenax oT —aoo JI0 - co, OpuueM ecnu B ypaBHenHsAX (7) & — nepsoe mo
HOPAAKY HANHWCaHHA [EpPeMeHHOoe, a 1) —BTOpoe, TO NPH IOCTPOEHHH
KpuBoif L cucremMa KoopauHat £OM jomkHa GHTH UPaBOM.

Ecmu npH  HEKOTOPOM 3HaueHHH y onpegenutens cHcreMs (7) #
onpeaeauTeNH

Q)

wy —u
1 3
A =

Ay= 7

—Us Ug v —Us

ofpamairca B HyJb, TO NPH 3TOM 3HAYEHHH Y OAHO u3 ypaBuenuit (7)
ABRfAETCA CJEACTBHEM JPYTOro, H JJA 3TOr0 3HAueHHd Y4 [OJyuaeM
B IockoctH EOY He TOUKY, a NPAMYW JMHHHIO (0co0ag WM MCKJIIOUH-
TeapHad nmpamad). Ee MH TakXe BKJMouaeM B rpasuny D-pazduenus,

Ecnu Kosdduuuent upH crapuieM 4/1eHe XapakTepHCTHUECKOro ypas-
HeHHA 3aBHCHT O NapamerpoB & u 1), TO, NPUPABHUBAA 3TOT KO3(hGULH-
eHT Hy/I0, [0Ny4aeM ypaBHEHHE ene OonHOH ocofoil MpaMoli, coorBer-
CTBYROUEH Y = 00.

Ecnu, naxoner, onpegenurens cucreMs! (7) A= 0, to rpanuneit D-pas-
GHeHHA CAYXKAT TOJNBKO OcoObIe TIpAMbIE.

3. Boigensiem cBsiample o6aacTH, Ha Kotopele [, pasGHBaer MIOCKOCTb
NapamerpoB. 10 H Gyayr obaactd D (k, n—£k) (0 << k<< n).

4. OnpegenseM Xapakrtep stuX oGnacrel, T. e. HaXoguM £ H n—Ek.
Jna storo BhIOupaeM B KaxaoH wu3 obnacted D (B, n—k) 1o oguoff
TouKe (§, 1)) M HCCAEAYeM TOJMyueHHHH MHorounen f (2, &), M) ¢ UHc-
JIOBBIMH  KO3(DPUUHEHTAMH HAa yCTOHYMBOCTE C TOMOIUBIO H3JONKEHHBIX
BbIIIe KPHTEepHeB ycrofuMpBocTH Muxaisoa uan Payca—I@ypeuna (cM
§§ 23 u 24).

Tloctpouts D-06JjacTi jJsi CJAELYIONMX MHOTOYJIEHOB:

848. 2% +E2% + 1z 6. 849. 24+ E2% fn2 442+ 1.
850. 23 +E22 4 11z +n. 851, B+ (22+2)E+nz—4.
852, 244234822+ z4m. 853, B 4+3224Ez41.
864, 2 4E2+(z4+ 1)+ 1. 855, 28422 +Ez46.

856, 28 42224+ E(z2— 1)+ m. 857. 224 E(224+2)+2+2n.
858. £ +322 +mz + 1.

859. §(B+ 2% +n(22+ 1) +22.

860. £E(*—2)+n(2+2z- 1)+ 1.



206 TEOPUST YCTOMUUBOCTU [T 111

§ 26. YcroliunBocTh peiieHui PasHOCTHBIX ypaBHEHHH

I. Pemenne ofHOPORHBIX NHHEeHHHX Da3HOCTHHX
ypaBHenHii ¢ MOCTOAHHBMH KoabbHuHeHTaMH. Ilycrs
¥MeeM pA3HOCTHOE ypaBHEHHe NOpsAjpKa k:

fiotk)tafntk—1)4 ... +af(m)=0, (1)
rge ap=~0; f(n)—muckoMas OYHKIHA NENOYHCJIEHHOTO  apryMeHTa;
ay, ..., Qp— JeficTBUTENbHHE [OCTOSHHBIE.

Jnsa HaxoxaeHHs He TPHBIAMNBHHIX (HE HYJEBHX) pemleHHid ypasHe-
Hua (1) cocraBasem XapakTepHCTHUECKO® YpaBHeHHe

A pa AR L eap A ap=0. (2
Iyctb Ay, Ag, ..., hp— KOpHH ypaBHEHuHs (2).
B03MOXHEl ClIeyOUHe Cydan:
1) Ay, Ag, ..., Ap— BeleCTBEHHEIE H Pa3/uUHbIE.
O6uee pewtenue ypasHenus (1) 6yzer
fF)=CAL+CoAj+ ... +Cphps 3
rge Cy, Cs, ..., Cp—POH3BOJIBHEE [OCTOAHHEE, KOTOPHE MOryT OBITH

OlpeneaeHnl, €C/MH 3axaHbl HagaNbHBIE YyCIOBUA

f @) =fo, FMy=fu s fle—1)=fp_.
2) KopHn XapakTepucTuuecKOro ypaBHEeHHS AeHCTBHTEJIbHBIE, HO
cpexH HHX ecThb Kparaete. [lycre, manmpumep, Ay=hAe= ... =A;=h, T. e

A sABAAeTcA j-KpaTHHIM KOpHeM ypaBueHHa (2), a Bce ocranbHele k—j
KOpHEH pasiuuHble.
Obuiee pewenne ypasHenHs (1) Gyzer

F=C R+ o+ R C W O (9

3) Cpean KopHelt XxapaKTepHCTHUeCKOrO ypaBHeHHs (2) MMETcd mpo-
oTcle KOMIJIeKcHeie Kopud. [TycTh, HaDpHMep, A/1A ONPegeleHHOCTH

M=a-+if, Ay =0 —if,
Ay =y 48, M=y —19,

OCTa/NbHBE KOPHH geiiCTBUTENbHEIE M Pa3MHuHbLIE,
OG6uiee pelieHve UMeeT BUA

f(r)y=Cy | A |®cos (narg Ay) 4 Cq | Ay | sin (1 arg by) -+
+Cy| A ["cos (narg hg) +-Cy | Ag | sin (1 arg Ag) +
FCA + - +C A (5)
4) B cayuae, ecin Ay=a-+if sABAAeTCA j-KPATHEM KOpHEM ypasb-

HeHusd (2) (jé7 , T0 A= —if} Takxe OyneT j-KpaTHbIM KODHEM H
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ofuiee pelieHHe HMeeT BHJ
f)y=(Cy+Con ... +-Cyn/71) | Ay " cos (n arg Ay) -+
F(Cia+Crpn- ... +Con/ 1y | Ay | sin (n arg Ay) +
—l—Czj+1 21+1+ .+ C M (6)
3ameuanune, Kopeab A=0 coorBercrByeT TpHBHAAbHOMY (HYyJe-
BoMy) pewenHio [ (n) =0.
I[Tpuwmep 1. Haiitm ofimee pemenne ypaBHeHHsA
[(n+2+4f (n+1D)+f (=0
Peunieune. CocTaBnsneM XapaKTepHCTHUECKOE YpaBHEHHE
AL 4h4-1=0.

Ero KopuH Ayj=—2—V'3, hy=—21)'3 pasnuunsie H geHcTBHTENb-
Hble, C/Ef0BATENBHO, }

Fy=C; (—2—V3)"-+Cy (—24V3)".
ITpumep 2. Hafity ofilee pemenne ypaBHeHnd
O3 =3F (Y3 (D —T ()=
Pewenne Xapakrepuctuueckoe ypabHeHHe HMeeT, BHA
—3M4-3h—1=0 nmm (A—1)3=0.
Orcroga Ay=Ag=0»A3=1. Obmee pewenne Gyzer
f(n) =(Cy--Con+C3n?) - 1" =C, +Cyn - Cyn?.
I[Tpumep 3. Halitn ofuiee pemenue ypaBHeHHd
fin+29—2f (n +-1)+2f ()=
Pemwenne XapakrepucTaueckoe ypaBHeHHE
—2h+2=0
HMeeT NpocTHe KOMINIEKCHHE KOpHH
M=1-41, ho=1—1i.

Haxoanm

-

[1xil=V2, arg (1 4+4) ==

Ot6wee pemeune HMeeT BHJ

l\./‘=

n
x =
fimy= 012 cos 7z 4 +C2 sin%— 2? (Clcos 7 +Cysim 4>.
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Mpumep 4. Haiitu ofiuiee pemenne ypaBHeHHS
f (n+4) -2 (n+3) -+ 47 (n-+2) —2f (1+1) — 5f () =0.
Pemenne. CocrapnsgeM XapakTepHcTHUecKoe ypaBHEHHe
A 2A3 - 402 —2A —5=0.
Ilepenumenm ero B BHzE
(A2—1) A4 2A-}-5) =
Kopun 6ynyr
=1 Ay=—1 Ay=—142i, Ay=—1-2i
3nech
f—14=2i |=V'5, arg(—1-2)=mn—arctg?2.
Ofwee peueHHe faHHOTO ypapHeHus OYyAeT
f (n)=Cy-Cy (— 1)*4[Cy cos n (1 — arclg 2)
° n
4C, sin n (n—arctg 2)]52

HIAN
n

F(1)=Cy+Cy (— )i (— 1)n 52 [C4cos (n arctg 2)— Cy sin (n arctg 2)].

Pelutes cienyroude pasHOCTHble ypaBHEHUs:
861. 3f (n+2) —2f (n+ 1) —8f (m)=0.
%2fm+@+wm+m+wm+n+nm—
FO)=L f(1)=2 [(2)=
863. 4f(n+2)—8f(n+1)—1—5f(n)=
864. f(n+ 3)—8f () =0
865. [ (n-+4)—F (n+2)+ 2 (14 1)+2f (=0
Il. PemeHne HeOJHOPOMHEX NHHEHHBI X PA3SHOCTHHX

ypasHeHui# c nmocroaHHbBIMH KosdpdpuuuenTtamu Ilycms
KMeeM HeOZHOpOAHOe JHHefHOe PasHOCTHOe yPaBHeHHe k-ro nopsjxa

find-R)~aif (tpk—1) ... Fapf (1) =g (1) ™

C TIOCTOSHHbIMH geHCTBUTENbHEIMH Kosbouuuenramu ay, ..., ap OOlee
pelieHHe 3TOro ypapHeHHA HpejcTaBager cofolf cyvmy o6ImEero peluesHs
COOTBETCTBYIOWIErO OJHOPOAHONO YPABHEHHA H KAaKoro-aHG0 9acTHOro pe-
IIEHHSl HEOQHOPOAHOTO ypaBHEHUA.

1) Iycre npaBas wacTb g (1) ypaBHenua (7) uMeeT BHJ

g (my=r"u(n),

rae ¢ (n) —MHOTOUNEH OT A CTeNeHH f, @& r— LEHCTBUTENBHOE UHCJIO.
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Ecnu r He aBagerca KOPHEM XapaKTepPHCTHUECKOTO YpdaBHEHHA (2),
TO uacTHOE pelleHue [ (1) HlleTcs B BHJe
F(n)=rtu(n),

rae u (I’L)——MHOI‘O'XJIQH CTENeHH 117, €CJIN XKe r SABAAETCA J-KPaTHHM KOPHEM

ypaBHenus (2), 10 J(n)—MHoro'meH crenesd m--j.
2) Ecan nmpaBas 4acth g (1) ypaBHeHHA MMeeT BHZ

gM=uWsiman uam g(n)=u (1) cosan,
TO YaCTHOE pelleHHe Hueres B BHAE
7 (n) = (n) s ewn 12 () cos e

3) Eciin g(ny=u (n)shan uan g(ny=u (n)chan, T0 vacrnoe pe-
lIeHHe Haiercda B BHAE

~

F(n)=a (n) sheun - (n) ch aun.

3zech ¥ B IyHKTE 2) J(n) H (& (1) —MHOrOYIeHEl, CTeneHb KOTOPHIX
ompegensercA Mo IPaBUy, YKa3aHHOMY B NyHKTe 1).
[Tpumep b Haiiru ofmee pemeHde ypaBHeHHS

Fn+2)—4f (n1) +3f ) =2"- (1 1). ®)

Pewenue XapaKrepHcThuecKoe ypasHeHue A2—4h-+3=0 mmeer
xopHn Ay=3, Ay=1. OOuee pemeHue COOTBETCTBYIOWEr0 OAHOPOLHOTO
ypaBHEHHA

f(my=Cy -3"4-C,

Tak Kak udcio 2 He ABJASETCS KODHEM XapakTepuCTHYecKOro ypaBHeHud,
TO 4ACTHOE pelleHHe HeOAHOPOAHOTO YPaBHeHHs HILEM B BHJE

fm=2n (An-B), ©)

rze A ¥ B —ieonpegenedsoie Koadduurentnl. Ilogcrasass (9) B (8),
MO YUAM

on+2 (An4-2A +~B)y—4 - 2771 (An+ A4 B) 3. 2" (An4- B)=2" (n-}-1)
HJIH
4 (An4-2A+B)—8(An+A-+B)+3 (AnB)y=n-1.

Orctoga HaXOAUM

44 —8A 1-3A=1, = 1;

844-4B—-8A—8B-+3B=1, B=—1,
Takum o6pasoM, 4acTHOE pelleHHe ZaHHOTO YpaBHEHHA

fry=— 27 (n4-1);
ofuee peleHye
f)y=Cy-3"+-Cy—2" (n4-1).
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B cneayiomux sagauax HaidtH 0OHIMe pelIeHHs MAaHHBIX
HEONHODOAHBLIX JHHEHHBLIX PAa3HOCTHBIX YpaBHEHHI:

866. f(n+2)—2f(n+1)—f(n)=n.
867. ;E?)t28+2f (n+1)+](n)=3"-32, |(0)=0,

868. f(n+2)+f(n)=sin2n, f(0)=0, f(l)=1.
869. f(n+3)—3[ (n+2) + 3] (1 + 1) —f () =e".
870. f(n-+ 3)+8f (n)=2" \

IIl. YcTofiunBoCTh PeweHH i PA3HOCTHHX YyPpaBHe-
HH . Pewende [* (1) pasHOCTHOrO ypaBHEHMA MOpAIKA k, YIOBNETBO-
paolee HaualbHbBIM YCJAOBHAM

* Oy=1s, Pr=ft . PE=D) =,

Ha3elBaeTCs ycToHumBbIM, ecan gas Jwoboro e >0 cyuecrByer 6 (g) >0
TaKoe, 9To AAA JO60ro peulenns f-(n) ypasHenus (1), yxOBIETBODAMOLIEFO
HauaJbHBEIM YCMOBHAM

f(O):fo, f(l):‘flv ver f(k“l)sz—b

W3 COBOKYNMHOCTM HEpPABEeHCTB

[fo—fE1<<8 Ih—Fr1<<® .., lfea—fi_iI<?

coieqyeT HepaBeHCTBO | f (n)—f* (n)| << e npu nwbom n == 0.

Ecaim npm ckoab  yiogso  MajgoM O (g) >0 HepaBencTBo
[f(m)—f*(n)|<<e He BHNONHAGTCS AR KAKOTO-MHGO pemeHus f (n),
TO peleHne [* (1) Ha3wBaeTCS HeycmoduusbiM.

Ecan Xpome BHMONHeHHA HepaBeHctBa |f(n)—J* (n) | <C& Bmoa-
HAeTCs TaKXKe YCIoBHe

tim [] (n)—f* (m]=0,
n-—>oo
To peiedue f* (1) HasbIBACTCA QCUMNMOMULECKU YCrmolyUgoim,

HccnenoBanne Ha ycroffuMBocTh pemedds f* (1) HeOAHOPOAHOrO mH-

HeflHOro PasHOCTHOrO ypaBHeHHA

fint-ky+aif (nHk—1)4-...Fapf () =g (1)
€ NOMOIbIO 3aMeHbl @ (1) =/ (1) — f* (1) CBORMTCA K HCCIEIOBAHUIO YCTOH-
yHBOCTH HYJEBOTO (TPUBHANBLHOIO) pelleHHsd OAHODOAHOrO ypaBHeHHS

@ (n+k)+a@ (n-k—1)+...4apg (1) =0.
B panpheifimeM Mel OrpaHHumMcsd HcCC/e10BAHMEM YCTOHUHBOCTH TOJALKO
TPHBHANBHLIX PeeHHR OAHOPOAHEX YpaBHEHHH.

[Tpuwmep 6. HMcxons u3 onpenenedus ycTOHUHBOCTH PAa3HOCTHOIO

ypaBHeHH#, HCCA€0BAaTh HA yCTOHUMBOCTh pelleHHe ypaBHeHHd

o (n-+2)—2f (1-+1) 7 () =0, (10)

yAOBJETBOpsAOWee HauanbHuM ycaosusm f(0)=0, f(1)=0.
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Pemenune. Pemende 2aHHOrO ypapHeHHs, YjOBJeTBOpAOLEe Ha-
YanbHbIM YCJHOBHAM

f(0)=0, f(l)=0, ects f (1) =0
<n60 u3 (10) f(”+2)=f(n+l)——éf(n)>,

JlioGoe pelenne 3TOr0 ypaBHeHHA, YIOBIETBOpsmwuee yenoBuaM f (0)=Ff,,
f(1)==f,, nmeer Bug

f* (”)Z#[%COS %IE—Hfl“‘fo) sin ’}f‘]

BosbMem npoussonbHoe £>>0 W mokaxkeM, u9r0 cymectByer O (g) >0
Takoe, uto OpH |fo—O0| <8 wu [f;—0] <8 wuMeeT MecTo HepaBeHCTBO

<&

1
IO—ﬁMH=?ﬁfﬁm%1Hh-mmd?

g BeeX n==0. 210 ¥ GyAeT 03HAYaTh COTJIACHO OMNpPENeNeHHIO, 4TO
HyJieBoe peweHne f* (n) =0 ycrofiunso.
QOUeBUIHO, YTO
nn . nm
€08 —- L (fy — fo) sil —-
focos 7 +(—fo) 4'<Hu+wr4u
211/2 — 2'1/2
<|fol+lh—lol<ifol+IlFIfol<=2(fol+If)

==

=

e
ma Beex n=0. Ilostomy, ecam |[fo|-4-|fy] <<, T0 # NOXABHO
10— f* (1) | << & nnsa Bcex n == 0. CnegoBarenvHo, ecl, HAIPHMED, B3ATh

e
d(e)=-4, 10 Wpy [fo| <8 n |fy| <8 Oyner BhmoaMATLCA HepaBenCcTBO
J0—f* (n) | <<e mrs Beex nz=0, tak 4ToO HyJeBoe pelleHue LAHHOTO
ypaBueHusd yCTOHUMBO. JTa YCTONUMBOCTE ACHMITOTHYECKAH, TaK Kak

T . ha
Focos "y -+ (1 — fo) sin 7
lim [0—f* (m)]=—lim =0,
n—>co n—o on/?

Hcxons w3 onpeneneHuss yCroHUHBOCTH, HCCJEL0BATH
Ha YCTOHYMBOCTb HYJIEBbIe PelIeHUs CJASLYIOUIMX Pa3HOCTHEIX
ypaBHeHHUH:

871. 8f (n+2) +2f (n 4 1)—f (n)=0.
872. f(n+2)+f(n)=0.

873. 4f (n+2)—4f (n+ 1) 4] (n)=0.
874. f(n+2)—6f(n+1)—T7f(n)=0.
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Ina necnefoBavua HAa ycrof{uMBOCTL HyneBoro pemenus [ (n) =0
ypaBHeHHA (1) monMb3yloTcs cnepyroluM OOIWMM  NPaBHIOM:

. Ecnn Bce KopHH XapaxTepHCTHYECKOro ypapHelus (2) M0 MOXY/TIO
MeHbme eUHHNE, TO pewenue f(n) = 0 ypaBHeHus (1) acuMOTOTHUECKH
yCTOHUMBO.

2. Ecan xota Gbl OfHH KOPeHb XapaKTePHCTUUECKOTo yDaBHEHUS IO
MOny. 110 Gosblie equuHibl, TO pelveHHe f (1) =0 HeycroiiunBo.

3. Ecn XapakTepHcruueckoe YpaBHEHHME WMeeT IMPoCThie KOPHH ¢
MOAYJAMH, DaBHEIMH eJHHHLE, a OCTaJbHHE KOPHH, €CJIH OHH ecTh, 1O
MOZIYJII0 MeHbIe egHHHubl, TO pemeHne f(n) =0 ycroiiunpo, HO He acuM-
NTOTHYECKH.

4. Ecnu xapakTepHcTHUECKoe yPaBHeHHE HMEET XOTs Obl OJHH Kpat-
HHil KOpeHb ¢ MOAyJ/eM, DaBHLIM e€juHHue, TO pewmenne [ (n) =0 He-
YCTORUUBO.

YKazaHuoe NPaBMJIO CBOZUT BONPOC O yCTOHYHBOCTH HYJEBOro pe-
medHsa ypaBHeHHs (1) K BHICHEHHIO TOMO, KA&KOBBI MOZYIHM KopHell Xa-
paxTepACTHUECKOr0 ypaBHeHHA (2).

Mpumep 7. WccneposaTs Ha ycroHuMBOCTH HYJEBOE pelueHHe
f (ny =0 ypaBHenus

2f (n+2)—2f (v 1)+ () =0

Pemenne. Cocrapasiem XapaKTepHCTHUECKOE YpaBHeHHe

—2h-+1=0
Ero xopuu 7»1,2=1_‘2 L. Hwmeen
1+ 1
7\, = =« 1,
] 1 2] 2 V2

cnejoBatesbHo, peuenne f (1) =0 3t0r0 ypaBHEHHS ACHMITOTHYECKH
ycrofiungo.

[Tpuwmep 8. HccnegoBars Ha YCTOHUYHBOCTL HYJeBOe pelleHHe
ypaBHEeHHS

F(n4-2) =2 (n~+1)+5F (m =
Pewenne. XapakrepucTudecKoe ypaBHEHHE
—2)4+5=0
HMEeT KOpHH
=142 hg=1—2i.
Hmeem
M=) hs|=]1 x2|=V5 >1.

OGa kopua 10 Mogy/Mo GOJBIUE EIHHHUE!, 3HAUWT, pemente f(n)=
= 0 HeycroHuuBO.
M3BecTHO, uro GyHKuuA
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oTOGpakaeT BHYTPEHHOCTb ENHHHUHOrO Kpyra WJIOCKOCTH A Ha JIEBYyKW
MOMYIIOCKOCTb TOCKOCTH @. KOpHAM XapaKTepHCTHUECKOro ypaBHe-
HHR (2), MeXamuM BHYTPH eJMHHUHOTro Kpyra |Al<C1 (T. e. mo Mogymo
MEHBUIHM eAHHHUIB]), OYyAyT COOTBETCTBOBATH KOPHH NpeoGpa3oBaHHOTO
ypaBHEHHs

@+ DFfay @+ DFL @ —1)4...4-a, @— 1) =0
HITH
bgwk - bywk 1 ... b, =0, (1n
NeXAUHe B JEBOf MONYIIOCKOCTH INOCKOCTH W,
Bompoc 0 pacnonoxeHHH KopHelt ypaBrenns (11) moxer Gbirk pe-
mweH ¢ nomoumbio Kpurepua Payca —IypBHua HAHM xpHTepHa Mmuxafinosa.
*IMMpumep 9. Halith Heo6XoxuMbie H JOCTATOUHBIE YCJOBHS TOTO,
410 KOPHH XapaKTEePHCTHUYECKOro ypaBHEHHH

A2+agh =0 (12)
HaXonATCA B eqMHHUHOM Kpyre [A | < 1.
Pemenne Ilosaraem hzgj. Torpa ypasuenue (12) mpu-
MeT BRI
@412 40y (@41) (@ —1) 40 (@—1)*=0
HJIH
(1 4-ay+ag) @4 (2— 2ay) W (1 —a; 4-a5) =0. (13

K wmuorouneny (13) npumensem Kpurepuit Payca—[ypBunma (cm.
§ 23). Marpuna 'ypeHna umeer BUJ

2—20, l4a+ta
( 0 l—a+ az> '
[naBHble MarosatbHEIE MHHOPHI MaTpHue! [ypBHuUa
Ay=2—2a, Ay=(2—2ay) (1 —a;-}+ay).
B cHay yKasanHoro KpHTepua JOMKHO GbITh
l4+ay+a3>0, 1—a3>0, 1—a;4+a,>0. (14)

HMrak, xapakrepHctnuecKoe ypasHenne (12) umeer B xpyre |A ] <1
KOpPHH TOTJa H TOJIbKO TOTAa, KOTAa BHNOMHAWICA ycnosBus (14).

CnenctBHe JluHeliHoe 0AHOPOHOE Pa3HOCTHOE YpaBHEHHE BTODO-
ro nopagka ¢ MOCTOSIHHBIMH KO3(pHIHEHTaMH

fn+2)+af (n4-1) f-aof (=0

MMEET acCHMNTOTHUeCKH Yycrofunmpoe HydeBoe pemenne f(n) =0 Torza u
TONMBKO TOrZa, KOrja ero KosduIMeHTH yaoBmeTBOpsioT ycaoBhaM (14).

IMTpumep 10. UccnenosaTh Ha YCTOHYMBOCTB HYJEBOE pelieHHe
f () =0 ypaBHeunsa

9f (12— 2f (n+ 1)+ (n) =0.
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Pemenne [Ilepennmmem 310 ypaBHenue B BULE

Fr+2)—F (2t )+ 5 fm) =0.

3zech gy =—1, ay=0,5. [lostomy
14a,4-a,=0,5>0,
' ]va2=0,5>0,

l—al+a2:2,5 >O
Yenosua (14) kputepHsa Payca—IypBuia BHIOMHEHH. 3HAYHT, pellleHke
f () =0 acumnrorHueckn ycToHYnBo.

[Mpumep 11. HecnepoBath Ha yCTOHUMBOCTD HYJ/IEBOE pelleHHe ypaBs-

HEHH A
fn+2)+F (n+1) +2f (m) =0.

Pewenmne, 3gech a;=1, a;=2. lmeem

1+a1+a2:4 >0,
1 —ay=—1<0.

Hynesoe pemenue Heycmﬁqﬂmo.

Jnst caepyomux pasHOCTHEIX YpaBHEHHil HalTH Heo0Xo-
JUMBI® U JOCTATOUHble YCJOBHSI ACUMOTOTHUECKOH yCTOHYH-
BOCTH HYJEBOro PEIICHHA:

875. a,f (n-3)+a,f (n+2) +asf (n-+1) +asf (n)=0.

876. [ (n+4) 4 pf (n+2)+¢f () =0.

877. [ (n+5)+ pf (n)=0.

878. af (n4-5)—bf (n)=0, a=0, b>0.

Hcnoabsys kpurepuit Payca—I'ypBuua, ucciexoBarh Ha
yCTOf;IQHBOCTb HyJIeBO€ peileHHe CJASAYIIHX pasHOCTHRIX
ypaBHeHui:

879. 11f (n+4)—8f (n+ 3) -+ 8f (n+2)— 4 (n -+ 1)+

+ f(n)=0.
880. f(n-4)+F(n+8) 1 (n)=0,
881. 127 (n-+-4)—3f (1 +3) +2f (1 -+ 2+ 2f (n+1)—

— 2f (n)=0.
882. 7f (n - 4)—4f (n+3) +30] (1 +2)— 4] (n + 1)+
+3f (n) =0

883. f(n+5)—F(n+1)+f(m)=0.
884. f(n+-5)—f (n--2)— f (n)=0.
885. f(n+5)+7(n+ 1)—f(n)=0.
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3

a V3de
11. Ykazaunue. Tak Kak x2—2hxcosa-t+A2=[x--A (cosax -+
+-isine)] [x-+M\ (cosee—isine)], TO Hago moxasarb, 4T0 f[A (cosa +
+ i sine)] =0.
12. a) —219 (14iV'3); 6) 20 (14i); B) 1728; ) 1.

13. YKazanue  BocnmonandyeMcss COOTHOMIEHHEM

iarc’[gg

lfitga
l—itge
= Cos 1 Silt & H nDpuMeHHM (opMyny MyaBpa x umcamTenio
T cos (— o) i s (— @) P puyay HY

H 3HaMeHaTeNIo.
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15. a) 3 cos? @ sin @ —sin® @,
6) cos® ¢ —3 cos g sin? g;
B) 4 sin @ cos? —4 cos @ sit® @;
T) cos? @ — 6 cos? g sin? @ 4-sint ¢
X) 5 sin @ cost p—10 cos2 EER) + sin® q;
e) cos® @ — 10 cos? @ sm2 ¢ -5 cos @ sin? @.

16. a ng,é) e V_(1+z _(+ V3 i), i

1 7 3 . .3
r) _(cos~8——1 sm§>, i(cosgn +i sin o n).
17, a) =1, ®i;

*
6) ﬁ(l—}—i, V3 <——cos%+isin1£2>,
1/12<sin 51 cos 12)
B) = (V3 —i).
18. ‘f’/ﬁ cosG"—]—isin 6, Y2 (sim 12° i sim 12°);
V2 <— ———l—t ‘f/é (cos 42° —1 sim 42°); /2 (sin 24° — i cos 24°).
9 —(1+%/§); —1+‘/ ,/21/'3. 20. 5; —3; 1 + 4i.
21. z:ﬁgﬁ, 92, b-tai. 23. —3—iV3. 24, V3—i.
25. Pemeuue. [To ycnoBHw 3agaun HveeM (4 — 3i) (cos @ -1 sin @) =

5
Vﬁ' V2

‘ 4cos @3 sinp=—

___i_(—— 14i) unu { Orcroga sin ==,
2 | —3cosp+4simp= 0
) { Vﬁ
cos (p=—71V02 ,T. e g q;:——i, a, 3HauUT, @ =-— arctg%.
26. @:%n. 27, xp=cig k—: k=1, 2, ..., n—1).

28, xkz%-}—kn k=0, +1, £2 ..). 2. —V24+i7V32

30. 2y =341, z,=143i, 2g=—141i.
32. a) IpaBas moMymaockocTh, BKMowag u ock OV
6) BHe JIEMHHCKATBl (¥% — y2— 1)2-} 4422 =ad;
B) mosoca Mexay npameiMz y=0 H y=1, BxjgoOUan 3TH
IpsMbIe.

33. a) KonuentpHueckoe KOJbiO, OrpaHHYEHHOE OKPYKHOCTSAMH pa-
mycoB Ry=1 1 Ry=2 ¢ uentpoM B TOuKe 2Z5=— (2--i). OGe oKpyx-
HOCTH TIpHHAJJIeXKaT MHOKECTBY;

6) uwacTb TJIOCKOCTH, PAclOJIOXKEHHAas HUXKe NPpAMOH y=1x,
B) mojoca MEXAy NpAMeIMH X=1 u x=2.
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34. BuyTpeHHOCTb eUHHUHOH OKPYIKHOCTH.
x
35. a) BuemnocTb mnapabodnl y:7—2;
6) neficrBuTenbHas moayoch, BKJIw4aA ¥ Touky (0, 0).

36. BayrpenHocTb runepGoabl xy=-—

7
£y x2
37. Koabpesasg o6/1acTb MEXAY 3JTHICAMH T+§=1 n TE+
—|—%=1, BK/04ag M CaMH 3JIIHICH.

38. a) BuyrpennocTb OKpYX)HOCTH X2 (y—1)2=1;
6) 06aacTb, 3aKMOUEHHAA MEKIY OKPYRKHOCTAMH

(=124 G—=1)=2n (r—2)24(y—2)*=8.

39. a) I'mnepGona xy=1; 6) runepbosa x2—y2==1; B) OKPyXKHOCTDH
(g 12=1. . |
40. a) OxpyxHOCTb <x———2—> —l—yzz-z; 6) runepGoaa xy=-— 1.

41. I'mumep6ona x2—y2:—;-_
2
42. OxpyxKHOCTB (x+1)2+<y — _;.> = %

2 2
43. a) dnaunc %+%= 1;
6) ays Ha ocH OY or —1 go —oo.
g\2
<y‘|—z> 3 2 L
3\ 3yey 7
4 2
3\2
(x*7> s

ey

44, a) I'mnepGona

6) 3aaumnc

45. a) OxpyxHOCTh ¥2-Ly2=1,
6) mpamas, NePHeHAHKYAAPHAA K OTPe3Ky 212; M Ipoxojamas
gepez ero cepejHuy; |
1\2
ey
B) rutepbona x—§> ¥=7;
r) mapabona y2=2x-}1.
46. a) 2—2=0mn 242=0;, 6) 22 i (z—32)=0;
B) k (z-+2)}-2b+i (z2—2)=0.
47. a) 221 22=12q% 6) 2z-}-2-+Z4i(z—2)=0.
48, a) u=x-2xy, ov=yi—xl—y, O) u=x2—y? ov=I142xy;
)

X
B) u=23xy— x5, v=1—23x%y 443 1) “=aTp v=x2_‘l,/_yz;
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g u=tT 2=yl =g
(41242 (x4D2+ 42
o u %2 —y? _ 2%y

Tty TRl
y -
49, a) w=—1; 6) w=—3—4i; B) w=—g-

5-4-12;
13
50. a) Oxpyxiocts u?--v2==4, npoXogumas NO XOAy Hacopofi
CTPEJIKH;
6) ocb Ov (mckaouasg Toury O), HNpoXomuMas Tak: cnagana or 0
1o -+ oo, a 3ateM ot — cc 10 0
0 B) ayy, uaymufi no GuccekrpHce [/ KOOpAMHATHOTO yraa u3
o B 0;
r) nyd, UIYUMH 10 GrncceKTpHce | KoOpaHHATHOTO yraa H3 co B 0;
I) 6uccektpuca I/ KooppuHaTtHOrO Yyria, upoGeraemas H3 0 1o
o0, u Ouccektpuca [V KoopauHaTHOro yria, npoGeraemas us co B 0;
€) TOJOXHTeAbHAd JeHCTBHTENbHAs NoOJyoch, NpoGeraeMan U3
+ oo B 0.
51. a) Ocp OX nepexozur B ocb OU, mNpuueM NPH H3MEHEHMH X OT
— 0 jo - oo ock OU npoberaerca oT 41 10 — 00 ¥ oT -+ 00 g0 ~+1
(touka 1 ncknionaerca). Ocb OY nepeXoiuT B OKpPYMHOCTD UZ2-f-p2=1.
6) Oce OX mepexogut B ockb OU Tak ke, Kak H B NyHKTe a).
Ocb OY mnepexogur B npamylo u=1, mnpoGeraemyro ot Toukd --1 jo
I4-icom or 1 —ico go 41 (touka | HcKmaouaercs).

N w=—

52. a) u=e"*cosy, U= — ¢ ¥ sin y;
6) u=e*"" cos 2y, v=— """ sin 2y;
B) u==sinx chy, v=cos xsh y;

) u==chxcos(y—1), ov=shxsin@y—1I1);

U= FE YR IN2— 4REY (o0 [9fm (x2— ) 4210 2+ xy]

0= ¥ ININZ — 4Ty i Topm (x2—y2) 1210 2. xy]
k=0, =1, =2,...)

B)

e) u=chxcosy, v=chxsiny;

N sint x cos ¥ v shychy
) " ch?y-—sin2x’ 7 chly —sin2x’
3 m 5
53. 2) p=7, @o=—7g; 0 p=7, Pp=7

54. p=chl, q30=%. 55. p=1I, (p0=——%—.

56. p=cos? (In 3), @,=0.
57. a) 1+4-2kwi. 3peck W janee, ecan He OTOBOPEHO NPOTHBHOE,

{ . I .
k=0, =1, £2,...; 6) <2k—7> 7, B) <2k+—2—> mni;

) In ]/Q—}—(Qk—%) i
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m In Vl—S—]—(an———arctg %—) \i;

e) —-<2k+%>n+2mn-i (b, m=0, 1, &2,..).
58. a) e—<2k+_;>n; 6) e<2k+%>ﬂ; B) e 2k,

o Tarsm, e—<4k+%>n_ o e(i—l)(Zk-{-%):rc.

" 23/2ea<2kn—‘%>—s<g+mm—2kn>i.
59. a) p=0, ¢ —Heonpenesex;
6) p=e2*%, @=In10+2mn (b, m=0, +1, +2,..;
B) p=09¢2%%, @=—In3-}2mn (e, m=0, =1, +2, ...

60. a) ishm; 6) chm B)ith—g—; ) —icthm

1 . 5
~ e
@k+1)—iln (Y 241); Qk_%%_i,n V3—1)
k=0, =1, +2 ..}
X) kn—}_—%—ln 2; 3) i m) 0.
61. zk=<2k-%\ F17) (k=0, =1, £2,..).
/

62. zp=(2k4 1)+ In2 (=0, =1, =2 ..).
63. zk=<k———12—>n k=0, + 1, +2, ...

64. zop=2kn—iln (Va2 1—n), 2z =0k+1)n—

—iln (Y m2F1+n) (=0, +1, +2..)
65. x=0. 66. zgp =2k5i, 2y, =2k+ni+In3
(f=0, 21, +2,..).
67. z,=In (1+V§)+<2k—|——;—> u, zZ=In (Vté-l)'}-(?k——é) il

(=0, £1, =2 ..).
68. a) 2=1—1i; 6) 2==—e-1i. 69. a) Her; 6) ga; B) HeT,
r) 23, J[) Her; €) Ja; X) HeT; 3) HeT; H) HeT, K) Ja.
73. YRasaunue Jna mobelX AByX HampabieHnil, Xapakrepusyio-
muXxcA eIUHUYHEIME BeKTopaMmH s m nl, cBs3aHHHEIMH ychaoBHeM nt=iso,
HMeloT MecTo 06o0uteHuble yemosua Kou — PumaHa

u_do o _ou 1
ds on’ ds  on’ M
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Uro6et moayunrh yciopusa Koww —PumaHa B nonspHbX KoOpOHHATaX
ou_ 1o odv_ 10u ®
g o dp’ Op P op’
Hajo B KawecrBe sO B3ATh €NHHHUHEL BEKTOp KacaTelbHOH K OKDYXHOCTH
|2]=p, HalpaB/leHHWI NPOTHB YaCOBOH CTpenkH, a 3a 1% — pexTop
BHyTpeHHell HODMaJMH K OKpYXHOCTH. Kpome 5T0ro, Hajzo yuectb, 910
d 0 d @
on~  0dp’ ds pdg’
Torga nerxo w3 (1) momyuum (2). Orvernwm, uto yciosus Koun —PHmana
B JI€KapTOBLIX KOOpJHHATAX

ou_ow o ou
Ox dy’ 9x Oy
nonyuatoress u3 (1) mpu s0=I, nd=i.
75. a) f(z):%; 6) f@=Inz B)f@=22+42z
76. a) f(2)=2shz—22 6) f(2)=2sin2—2; B) f(@)=4chz-}22—1,
77. a) f(@)=2Cos22+2;, 6) f () =2 (cosz— 1) — iz -2
79. a-+¢c=0. 80. a) uer; 6) za; B) Her; I) na.
1 T
8L a) =2 Qi=-p; r=—, B—— %
6) ri=1, ¢, =0, ry=) ch2l—sinl, @,=—arctg(ig1-thly;

2\
B) ry=15, @ =—arctg—; r2=3<1+%),

| 4=

@y = —arctg

4
nr—4
82. a) Tlonymmockocte Rez>>0 pacraruBaercsi, MOAYMIOCKOCTh
Re z << 0 cxamaercs.

6) B mofoii Touke z (kpome 2=0), sexauefi BRyTpH OKpYRHOCTH
fz|=1, HMeer Mecro pacraxkenue, a IJa% ToUeK, JeXKalHX BHe 3Toil
OKPYKHOCTH — CXKaTHe,

B) To ke, uro u B nyHgre 0).

r) Yacrth KommmekcHO# TMJAOCKOCTH, Jexallasgs BHYTPH OKPYIKHO-

1 .

cTH |2 le , CKUMAercs; 4actb TJIOCKOCTH, /NeXalas BHE 3TOH OKpyX-
3

HOCTH — pacTATHBaETCs.

83. 35:%, ly=2(1+V2)+In(34+2V2).

Lo -;xl (sh 2y, —sh 241) — y2;y1

84. Sp= (s1n 2xy — sin 2xy).

85. 7,5n.  86. V2 (e —1).
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87. JlaHHBIH NPAMOYTOJbLHHK OTOOPAXKAETCH B KOJbIO €< | w| =< €2,
maonagb Kotoporo paBHa (et —e2). Ilo ¢opmyne (8) noayuaem
4 (e —e?), Ownbra NPOHCXOAUT H3-32 TOrO, YT0 NPH 3aLAHHBIX YCJIOBHAX
oToOp akeHHe He ABJNETCS B3aHMHO OXHO3HAUHBIM.

1 7t 1 .
88. 7. 89. 3, 90. —4- (@"—1) (1+l)
91. a) 2ni; 6) — 2mi. 92. 0. 93. 0. 94 (i—1)e.
96. 2) 244 6) 6421 96, —2(I+i). 97 —1. 98 —(—1).

99. a) ecosl—1-jesinl; 6) ecosl—1-fiesinl.
100. —(14ish1). 101 a) 2(i—1); ©) 2)/2i.
102. 21V 2—41-i2)V 2. 103. —Te2(3—2)¢. 104 e 1—1.
105. cos 1 —sin 1 —ie™t. 106. 1-—cos 1-+i (sin 1 —1).
1 2

1 (n 29l v
107. 8(4+31n2>—|—181n2. 108, — %

/
109. %[1——cos (2-21].  110. ——’\tgl—}—%tg?l—}—%th?l)—l—ithl.
11 YV 2shI+4i(Y2sh1—2V sin I)-

1 1, 4
112. Ish2+7z. 113. —3- 114. 0.

115. — In V/'sh2l - cos?l - arctg (tg I - th 1).

116. 0. 117. . 118, “C; Ly 19, insha
2 i
120, 0. 121 iz mchm. 122 0. 123 — .

124. i2usinl-chl 125. 0. 126. —mi. 127, 7.
n@4+2V?2. _m ne
— _129. 0. 130. —g. 131 +7sh 1.
3n}e,
32 I,
134. — 2mi. 135, ——%e‘. 136. Pacxoaurcs.

137. Cxogurca. 138. Cxomurca. 139. Cxoaurcs. 140. Pacxopurcs.
141. Cxopurca. 142. Cxomurca. 143. Pacxomurca. 144. Cxogutts.

145. Pacxomurca. 146, R=1. 147. R=1. 148. R=V2.
149. R=oo. 150, R=1. 151. R=co. 152. R=1.
153. R=1. 154 R=1. 155. R=co. 156, R=1.

14 ’
157. B cayuasix a) u 6) RZiﬁ—%:lJ; B) R=rr';

128.

132, n2. 133, —

r) R=

\\| -

158. — sin 142 (24 1) cos 1,}_; (z-+1)2 sin 1-§~?(z—i— 1)3cost—...,

R=o0,
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159.

160.

161.

162. —
163.
164.

165.

166.

167. 1

168.

169.

170.

171.
172.
173.
174,

175.

177.

181.

OTBETbHI
1 Tt 1 m\2 1 q\3
]75[1+<Z+ T>—2—I<Z+I> —‘3I—<2+Z‘> +.-.]’ R:CO.
- 1 1 1
Ve[1+7(2z—1)+w(22——1)2+3!23(22-1)3—1—...],
R:OO.
r 5
—glirretar Serp g et R=3
1 9 41
H5—_—2—5\2—ﬁ522—'“, R:l.
—jz-f23 b —2"—..., R=1
1 Lz, 2 R=00
+2<21+H+“" =oco. R
1 /22 24 26
7<E+E+BT+“‘> R=oo
In2— <2+2 i3 g 8+ > R=2
522 .18
+2 2.4 38“"’ R=1.
1 1
27 +3! ZJF5'2325+ o R=w
1 1 =N
T3 taE? 3;23 B, R=VIe@ V3t
1,1 4 —EFT
€+6—2-Z—m22+§1623+..., R:V1ﬂ25+n2-
1 1, 1 _
n2—52+gm?—Frm 2+, R=m
1, 4 44 ]
—Q-I—z—)—4—rz4—|—6—lzf+..., R——Q.
22 24 11 _
Im2—F+3otog et R=%
3 13 ‘
e<1+z+—2Tz2+31—z3+...>, R=1,
1
f(Z):———-E, IZI<1
|z\>V4 178. |z|>2 179. |z|>et 180. [z]|>e.

}z+1!>%. 182. |z—2——i|>—;—. 183, |2-2i|>3. 184,

[24-1—i|>1. 185, |z+11i|<1. 186 |z—i)<<2. 187,

O<|z—24i|<C]l. 188. 2<C|2z|<C4. 189. Pacxopurca Bciofy. 190,

l<|z|<<2. 8L |Jz—i|>e 192, 1<<|z]<C2. 193, [24+1]>2.
194 0<<jz—ij<C2. 195. 0<<|z|<<l. 196. 0 <f2z—1|<CL
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197. ) Ecnn [a|>|b|, To BCloZy pacxopurcs,
2) cnn|a1<!b| To cxogutcAd B Kosbue ja|<<|z|<<|b|.
1 28 25 4 16 64

198. 2 ar +5, ,+... 199. ﬁ 2*4_1_ z3—|——25—...
1

200. —+1 +21+3!+ 201. + +2124'31+41+

202, z3+22+§ +ﬁ+m+'“ 203. 24—f+4T—(5!7+“‘

42 46 40 1| 2 a4 g
204 5755 41225+6! 5 e 25 it Tar
206. 1 2.z o07. 2. 1 .1 2
: +§T+3!+41+"‘ c A TaE T T T
1 1 1 2
208. 5~y — o
o0 [e8) oQ
721 n-1__9r-1
200. a) — ¥ & __1_2 z)” yr—2m
3
n=| n=0 n=l
o0 oQ
1
210, ) - — 2 (—1yn 2 6) 2 -
n=0 n=0

211, a) He pasnaraercs:

2201 B2 242 25-2
o §< B 24 T T +>
212 \ (__1)'1—1 (‘1)
: 2" + ont
n=1 n=0
(e8] oo o0
(=" ny. n —1)”
213. a) 2 [n;— on ]zn 1 6) Z leﬁ"" 2 (2n+1 2n;
n=1_ n=|\ n=0
oo
I np (—2)"
n=1
(e8] (e8]
! @ +2)"
214. 2 EEyT i 215. He pasnaraercs.
n==| n=0
1 - on—2 < +2 4n
- I’L
206, —+5 ) oy 27 o Yy e
n=2 n=0

o]

1 [ve]
220+ .
218. - Z EY z P
n=0

n=1
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i LN
209, — 5ty 2 iy ="

n. 4'1’1
220. D rmye
n=]
221. a) z=0-——Broporo nopsaiKa, 2y, ;== 2{ —nNpocrole;
6) 2p=nn (n=x1, * 2, ..)—npocThle.
222. a) z=0-—rTperpero NopsAgKa, Z,=An (n=%1, £2, ..)—
NpocThie;
6) z=0 —mnpocro#i, z,=nni (r=x1, *2, ..)—Broporo
10p sIAKa.
223. a) zp=@2n-+1)m (n=0, x1, £ 2, ..)—BTOPOTO NOPsIKA;

0) z,,=(4n+1)%£ (n=0, x£1, + 2, ...)—BTOPOro nopsKa.

224, @) 7==-— N —BTOPOTO NOPAKa; Zy=nmi (n=0,1, £2,.. )—

6 zn:—.]/(Qn—y-l)% (=0, =1, +2 ..),
2= 1/(2114—1) % —l-i—éﬁ—npocme.

225. @) 2y, 3= & 7/ — BTOPOrO IOPAJKA,

Zp=02n+hwi (n=1, =2, x3, ..)—npocrue,
6) nyneit Her.

226, Broporo nopsiaxa. 227. Tperbero nopsaxa. 228. [Tpoctofi Hyab.
229. Tpervero nopsAgka. 230. Tperpero nopsijxa.

231. Broporo mopsaka. 232. Tperbero mopsgxa. 233. Iaruanua-
Toro nopspka. 234, a) Hysem, NOpsjoK KOTOpOre He HHMKe ueM
min (n, m);

6) HyleM nopagka f-m;
B) HYJEM TOpsAKa n—m, €cJH 1 >>; NpaBUAbHOH TOUKOH,
He gBasiomedca HyJaeM, ecaH n=rn; 0c060i TOYKOM, ecian
n<<rm.

235. a) [Mosmoc TpeThero nopsanka; 6) roMIOC YeTBEPTOro I0pPALKA;
B) NOJKC BTOPOro fOpsiAKa.

236. a) TTomoc npocrod; 6) NOJIIOC BTOPOrO MOpsAKa.

237. a) z,l=(4n—|—l)g (n=0, =1, *x2, ..)—nomocsl BTOPOro

1op A1Ka;

6) z=0-- ycrpauumas ocofas TouKa.

238. a) z=— 2—cyllecTBeHHO 0cO0asA TOUKa;
6) 2=0--cymecrBenHo ocobas TOUKaA.

239. a) z=0—nosmoc BTOPOro MNOPAAKa, Z==-—1-—10050C BTOPOro

nopsiaxa;

) z=0-—nomoc Broporo mnopsgka, 2==2nmi, n==z=*1,
+ 2, ...—1NpocThie NOJKOCH.
240. a) 2=0— cymecrBento oco6asa Touxka; 6) 2==0-- cymecTBeHHO
ocoGas Touka; B) z=0— cyuiecrseHHO 0ocofaa TOuUKa.

.
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241. a) 2z=0-—cymectsensu oco6as TOYKa, 2==2a% (n=tl,
+ 2, ...) —I0JIIOCH BTOPOro NOpsiKa;

6) z-Sn—l— ——) ne (n=0, x1, 42, ...)—OpocrThie 10.IOCKH]

B) 2= ycrpaHuMmas — ocobas  Touka, 2Z=am (A= A1,
+ 2, ...)—1pocThie NOJIOCH.

242. YCTpaHnmaﬂ ocoGas touka. 243. [lomoc mpocrofi. 244. [Tomoe
npocrofi 245. YcrpaHumasn 0cobas TOuka.

246. CyuiecrBenHO Ocofas TOuKa.

247. 2=0—noaoc YerBepTOro NopsAgKa, z=—l—ToJ/aoc npocroil.

248. YcrpanuMas ocofas Touka. 249. Ycrpahnumas ocofas “Touka.

250. [Mosroc mpocroil. 251. YcrpaHuMmas ocobas TouKa.

252, CyuwecrBenno ocobas TOuKa

253. resf (0) =0, res,‘(—f—f—>=i , resf(g-+ﬂn>;_—_

11

—8
n2(2n4+-1)@dn+1)
(n=0, 41, =2, ..).

254. resf (0)= 54

255, resf (— )= — ! %Si cosl, resf(@)=— 1-%2)-32 cos 1,

h3

res f (3) =

( i QTU/B- 20

3
256. resf[(——l)”%—l—nn]: ) 4

e 6+ Cn—1)m

b

257. resf(0)="5, resf (I)=e. 258. resf (—1)= 52- tes f(2) = 217,

259. resf(0)=0, resf(z;)=0, rme z, (k=1, 2, 3, 4)—=xopnu
ypaBHenus 28 -1=0.
1

260. resf(O):——E, 261. res f (0) =0.
262 e & ! 4 -
. resf(—t)zgshQ-L, resf<§>=————(e+2e 1.

263. resf(O):—-%_, resf(3)——2-—s1n2<g>.
264. resf (0)=0. ~
265. resf(~ 8 =", resf (=) =5, resj()="%

8 M. JI. Kpachos & ap.
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266. res f(0)=— %, res f (g) =0, 267. resf (ij=—

268. res f (1) _2n@n—1 (Qn(;—Q)l.).!.[Qn— (n—2)] )

269. resf (n)=0 (n=0, =1, +£2, ...
270. 0. 271. 0. 272. (1—2¢"Y ni. 273. 2 (1 —e ) 7.

274, —-l—m'. 275. 0. 276. »%—IHS-H[. 277. 2ni.

3
278. [cos 1--sin 1 i (sim 1 —cos 1)]%. 979. ;. 280. 0. 281.2m’%,
289. 0. 283. 2n1i. 284. Sir‘«l_:l;—“’—“ i, 285. 0. 286. 0. 287. 3m.
n n
288. 0. 289. —_. 290, ———
V2 ab (a-b)
3 (2m)! oy
A
m 5b2 — b"—5a— 2
294, 2(b2_a2)3< L > 295. .
T 2 11
296. __—272‘1—’——1. 29 ? 298- ?-
n sin I
n
n n
- —_ p73 — i
299. o T 3o1. 3¢ (cos 1 —3 sin 1).
302. %6_4(2003 21sin 2). 303 %e—z (2e—1).
I I 5
304, o3 305, —— o V2 [eo5 -0 sin L
3 2V2 V2 ]/2
13
X -a T ma T in
306. Qae . 307. 2ae . 308. Vge sin 5.
afa_l T oo gy ea 0
309. 16<e o). 810, F@—a)e® 311 0.
312. 4—% ¢=0m (362 — g2 — mb (3b% +a2)].
1 1A b—a
- _— —.p1
313. 5 314. 5 (1—e1). 315. 5

— be
no mema 2 1 T 14
316. QF—F <m+;>. 317. 7“/—6' e .

2r nt(l—p-4p?)
318, i (ctg am — ctg bm). 319, T 320. 1=,
321, 2\ 899 0. 323 0. 3. m.
p =10 Va=1
2

325. ﬁ T (a—VaE—02). 32.

Vl—a2'
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I o 8. Zr_e/sm f() =1 (k=zxl, 22, )
329.  res ff [B __3 (=0, x1, x2,..),
e= Tk @
e I'@_ 0, .
330. a) =es0 o = 1, res @ 1 (=0, x1, x2,..);

14
=5k

6) res w:l k=0, x£1, £2, ..).
2==R f(
331. — 2. 332, 3. 333. 6. 334. — 3. 335. —3. 336. —4. 337. 2.
338. 1. 339. 1. 340. 1.
341. 2. 342, 5. 343. 3. 344. Her.
345. 6. 346. Her. 347. 11. 348. 6. 349. 2. 350. 3. 351. 4. 352. 1.
353. n. 354. 2. 355. 4. 356. Her.
357. 1. 358, 1.
362. a) w €)—nmapajJenbHelll IepeHoc; B), T) H €)-— NOBOPOT;
) — pacTsukenHe.

363. a) w=az-}b; 6) w=—az}+b;, B) Ww=—1{(az+b),

rIe a ¥ b—geficrBurensHnle uncia, a > 0.

364. Ykasauue. [onarag z=x-iy, w=u-+iv, Nonyuum

TEfe T T e

O6xons rpaHHny noaynonochl Hamphmep Tak, uro o6nacTb ocraercs
C/leBa, B CHJY NPHHUHIA COOTBETCTBHS TpaHHy HAaxOAMM, uT0 06pasoM
nonynonocsl 6yger” 4eTBepPTHIi KBagpaHT c BIOPOWIEHHBIM MOJSYKPYrom
1

365, w=1i 11+z Bocnonbsosarecs gopmynont (7).
2z
366. w=—1—0—:%, Bocmoasaosarbes Qopmyaoi (7),
367. Pewenne. Bocroapsopathea GopMynoit w=’® IZ_:; , TIe
e 0
Z,~—TOUKa MepBOTO Kpyra, [epexofsuias B LeHTp Broporo. B cayuae a)
1 L1 i1
HMeeM f<—2—>—0, T. & Zp=—. Ucnonbays ycaosne arg f <7>_7,
1/ . 22—
MONYUHM (=5, Urag, w=1i 5> B c1yuae 6) aHajsor#auno Tony-

9HM W= — {2.
5—z+V5(i—1) @+

368, w= — .
5—z4+ V5B (1) 2+ 1)

369. Ilepprlil KBagpanT IJIOCKO-

CTH w.
8+
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370. O6nactb %g]w——l |=1, —Tngarg (w—1)=0.
371. w:—-%, rie a, b, ¢, d—nwb6be BemecTBeHHble uucaa,

yIoBJeTBOp FOLHe YCaOBHIO ad — be > 0.
44

T
—_i _ - -
372. wy=2¢ 2, w=Vw,=Vze *Y1=1).
. 14w, \ <1+V5>2
373. w1=Vz, w,= W=wi= =3
! V : 1— Wy ’ ) 1—VZ
M. =, —]/-z"a)-l.__]//z—a

b—z"-

— __‘“’1_ =N/ ¢
875, wy=2—aqa, w,= w, = (b—a)" Vwo ]/z——b'

376 wy=22, TOrfa w,],.4,;=21. Cornacio dopmysae (8) w=

e

—2 2—2 .
=eo 2 19 = p—_ 1.
e w1 5 =0 o U3 yenoBus w (0) == 1 HaxoauM, uto e 1
2i—22

OxonuarensHo w=2l—+—22—
377. Bepxuuil monykpyr |w—1|<<1, Imw >0.
378. Yermepts xpyra |w|<<1, 0<argw <%_
379. [llpsMOoyrombHHK C BeplIMHAMH B Toukax 1, 2, 2--ie, 1-kie.

z . 20
380. w1=z—_~2, w2=2mw1, w=3w2=e 2—2.
T (2—a)

: @, ba
382. w1=2—a w2=b p UUI’ Ww=¢ 2=¢ —a
383. w=1Inz.

- wy-+1 1-—e?\2
384, wy=¢e7?, w,=—w, Ws=— 2 0= —
1 2 1 8 ——w2’ 3 1—’—3—2

385. w;=2:2, w2=w1+%, W = sin W, = sin <2iz+g->=ch 2z.

—a\i/h
386. w=2-z 2 . 387, w= C<Z C;>/ , Tne C—krommiexcHas no-
CTOANHAS.
388. w_2<z+—i—>
1 1 wy—1 422—4jz 11
89, w,= = — =2 =
389, w1 =2, v, 2<w1+w,>’ @ wy+1 42431

390. a) [a; 0) na; B) Her; r) na, m) Ja; €) Her; XK) HeT, 3) 1a;
W) HeT; K) 1a; M) ma; M) Aa.



391.

396.

401.

404.

406.

408.

410.

413.

416.

419.

422,

425,

426.

427.

428.

431.

433.

435.

438.

440.
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1 3 | T(@+1)
. 392 i 398 oTE 3. — 305. Her.
Pl gg7, 2P 395 P2E20 42 5o | 4
. 397, . 398, . 399. . 400. )
p* pi+1 2p* (p+ 1 p—a p*+-16
p 3 2
) ———s: 6) ——— . 402. aF (pa). 403, —————,
Ve O Eoe Pe) P (p?4-4)

m (p?+ m? —n?) 405 pP4-7p
(p?-+m2-nB2—4m2n2 - T (p24-9) (pP4-1)

2mnp 173 p 4p
(P> m?F-n?2 —4min2 107. ?(p +p2+16_"p2+1>'

p (p2+m2+n?) 409, 212
(P2 +m24-n2)2—dmnt - ppt+4 -

6 All 2amp 412 pt-}-16p2 24
(P21 (P29 " 7 (P22 T p(p2d-4) (p24-16) ¢
p2— @2 1 2p3 —6p
e 414, <. 415, .

(p*+w?)? (p—1 (p?+4-1)3
2(p2+p+1) 2p?-+-4p1-8 6p
. 417, 418 —
(p2—1)? (p?+4-4)2 (p*—1)

L P+ p® + po* — o? 4
—— . 420. . 421, .
p(p*+1) p (P w?)? (p2—4)*

p? -+ 202 1 2
. 423, . 424 —=
p? (p* +4w?) pr—w? p(p+-1)

P, ptt 1. Vprdd
a)lnp_l,ﬁ)ln ’ ,B)gln R

VETL, o L Pt
a) ln———p———, 6) §1np2_'__1

P 1. p+l
a) 1np_1 p,c)lp_l_

b a B a
lnz. 429. arctga, 430. arctg E—arctga.

) ) 6 b
1 la+b 1 . p—m
o In a_b|‘ 434. a) e 6) o

3! 1 p2—2p

. 436, L A48T
(p+ 1) (p—1H2—1 (p*—2p+2)?

1 —

_______i_?;f_ 439. ! + pta =,
2(p—3 2 (p—32+4 2(p+o) ' 2[(pta)2+4p7]
e g T _peP g O

P R RN T PN )y
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—e P — 9P p2P
1—e . 1—2¢ y +e
1—2¢7PLe2P e—ap
. 6. .
p? p+b
be~ap 1—e 9P e ap __g7bp

" . 449,
p (p-+b) p? p*

o0}
1\ (=D @k 1) 1—eP (1—e Py
a0, o R s, s, L Tip
14p—e? L Lyperr

B4 oy 485 e e

T
1 % ° ) 1
455 pz+1(”+ —e) T i

— 3P — g P
% 8 . pe 18 . Je~2p
pPP+9 ®) pr—9°
; p
462. . 463. .
(p—1) (P>+1) (p—2) (p2+1)
2

|
464. a5, MEW) 4ee 2

p2(p2—1)" 7 pr P (p+2)°

467. Pemenune. Masecruo, uro J, (f) = 2 (—1)*
k=0

443.

5.

417.

461, a)

fok
e 2).

PaccmorpuM  ¢yHRmuio F (p)= Dra ¢yHRuUMA aHATHTHUHA

1
Vpdl
B OKpPECTHOCTH GeCKOHEUHO yAaNeHHo#l ToukwW, T. €. npu |{p|>R, rae R
fIOCTATOYHO BEJIMKO, W ofpamaercss B TOH TOUKE B HyJb. Halizem ee
JODAHOBCKOE pAa3/oKeHHe B OKPECTHOCTH OECKOHEUHO YHAJNEHHOH TOYKH:

o0

1
1 i 1\ 2 (—1)* (2k)1
F(p)= L) S 2————
o=y () = D

CornacHo TNepBofi TeopeMe pasNoMeHuss OPWUTHHANIOM Jiast F (p) 6Gyfer
¢byHKINA

- __1\kp2k
o=y (—(k!;—QQ—Z—wo .
k=0

1
Vortl®

Tarum obpasom, J, (f) =
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468. Pewenne Hssecrio, uro Jy (f)=—J; () [2]. Hcnonb3ys
pesyabraThl NpefbIAyulell 3a7aYn U TEOpPEMY O NHbbepeHIUPOBAHHK OPHTH-
Hasla, HaXojuM

I()=—p P g Yeiiloe
Vot VT Vil
469. Pewmenwue. Ilpn n=0 u n=1 ¢opmyna
Doy = WL
Vi+1
BepHa. [IpuMeHHM Mero] mareMatHuecKoll uHayknuH. Tak kax

2n)=Jny()—Jdna () 1 Joy (=0 (1==2),

+J0(O)=—‘

TO
L WrPET—p)
VP Fl
_ WP EI—p)" (VFET—p)"
V1 VT
470. Pewmeune. PaccmoTpuM ¢yHRINO
T
F(p)=—prne » (n=0,1, 2, ..).

Jo@)=dps()—2/n—

Hmeem
— e E
- - ) (—1)
F(p)= e E klpn+k+1
k=0 k—O
@€x
(—1)ktn+k
CuenoBartessHo, f (f)= Z T k)i 3ameuas, 4rto

co i 4k
P \ B L
1o @V)= Z Rl (n-FB)
k=0
noayuaaem [ (f)=tv2, QY1)
B uacrsoctu, npu a=0 Jy (2 VZ),:‘—IEe'l/P.
471, Tlonoxum ¢ (f) =t"e~¢. Tlo Teopeme CMeuieHus
nl

CES

et =
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Herpyano nposeputs, uto @ (0)=¢’ (0)=...=¢" 1 (0)=0. Cornacuo
TeopeMe O nﬂ@@epeﬂuuposa}mn OPHIHHAJIOB
ne—t p" - nl
o ety =

GRS

I/Icnonbayﬂ TEOpeMy CMeLleHHd, HAaXOXUM

dn n L p=Nt-nl 1 1\»
L, ()= n, i (et = L—Emjl——=~p\<l—;> (n=0, 1, 2, ...).

Inp C , < 1 1 >
472, ——L = e C= lim {1 4+ — ... +——In n}—nocro-
S, e C= lim {1k T

qHHas Dilnepa (cM. [14]).
473. Pemenwue. Paccvorpum dyuxkmmo [ (f)=eferf (V1)
# nycre F (p) ectb usoGpaxende f (f). Vmeem (erf )’ =

Va
1
) =eterf (V't) = () b 1
o v V =[O+ = M
Mepexopa u306pa}K8HPIHM n yuurwBag, 910 f(0)=0, u3 (1) nafinem

1
pF (p)=F (p)+ —=, otkyna_F (p) =—————. 3gecp M HCmO/b30-
V =1 Vp

BaJu pesynbraT 3ajaun 394 m 10, uwro I' <7>=]/E. Hraxg,

_ 1
derf ()= ———=.
4 e—1Vp
HpﬂMeHﬂﬂ TeopeMy CMeIedud, ORKOoHYaTe/NbHO HaXOJauM
erf (Y1) = N —
pVp+1

a74. 2) %e‘f; 6) %e“”; B) Zn(t—1).

475. f (0)=0, f @) =1, f (©)=0.
476. (t—1D2y(t—1). 477 (t_2)n(t—2)
478, ef 2 (t— 2). 479. e8Iy (1—23), 480. ¢ ¥ sint.
1
(et —pg3t — — IR AP
481. 2(e e73%), 482, 5 (sint—fcosf). 483. lemt.
a _t_ Ty 9
484. 1—egt—tet. 485, —Q-lfg—ge%inwg3 . 486. %+2e“ sin £.
1 1

1 2t __ —t __ 1
487. {—sim £, 488. Ee TSe 10cos?t——§ sin 2¢.

489. 1 —net4n(n—1)e — . F(—1)re ™,

490. Ee—‘/zl—Q—_ sin V—Bt— ¢ cos]—/i t]-
3 V3 2 2
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491, et (1 —19). 492, é et? <cosV (V3 sm-l—/g-3 t)—-%e"

493. 5-1- ¥ @sint—3cost). 494, %(e‘zf—ef-}-fitef)_
495. Qet+et/2 <% SIH']/_;t——COSKi )

496. %tef ; te ti2 <cosV t+ V'3 sin KQ—S— )

497, %ef—l sin2 (E—1) M (¢—1)-Lcos 3 (F—2) 1 (t—2).

498. ({—3)e I (t—3). 499. eIyt —1)—n (t—1).
500, sit {—2n(E—2+2sin (¢ —~3)n(¢-—3)+3sin (t—4)n({E—4).
501 sh(t—1)n(t—1+ch2(t—2) n(¢—2).

Y L P 2SR L WP A
enfi=)—panalim L=t

503. (t— 1)1 (t— 1)+ (—2)2 1 ¢—2) + (¢ —3)3 1 (f—3).

504. n<t~—%>——cos<t——%>n<t—é> 505. l—erf( th)

e~V ali
Ve Ve W

-ap

506, Pemenue.

Ionaraem @ (p)=

1
V'

U 110 TeopeMeé 3anasgnBaHHA

Orciona F (p)=

F
(V)= (l/ )2
Fpl=@t—an(it—a=f@.
ITo reopeme Ddpoca

CI—I—/—;]:' ! Cio(r—a)n('c—a)z;r":’d'r=
’ PV; ’ V7r7 5

pz’

12
(t—aye *dv=

12

g dv=I, ()+12 ()

S g
®y é‘”
RE3Q



234 OTBETHI
3nech
¢ =T 1 S T -2
Il(t)z——_S te Hdr=—re (— e ¥ =2]/~e ¥
T
Vnta Vni —a
F_w a ST a P _®
Iy (t) = ——o Se ‘”drz—_g e ‘“dt-——ge M=
at Vit it
a 0 1]
2
( 2V 0 oo
2 S — 52 S __s2
=0\ —= e ds——=\ e " ds|,
\l/n 0 V” 0
rae s—___I_
2Vt
a a
Cnefosarenbho, [ =q |erf — ) —1]=— a Erf —T) H
+ 0 [ (21/:) ] (Wt
OKOHUaTeNbHO
e—avr a

pVp

507. <t+°§> Erf (2—%_> —a ]/%

508. aet ot prt (X L onyT
<2th Faky

7 -«
_:‘2]/~e ‘“——aErf(
7

)

2Vt
@
e #

)

509. P e Ve L _ Ve
. eWeHHE, ——————=—— —_—————————————— |
pla+Vp) VeVpa+yp)
ITosaraem
1 _ —aVp
O p)=-—=, Fp)=amrr.
Vr Vo la+Vp)
Orcrona
e~ap 1 /e op ey i ]
FO = ) \

1
F[ﬂ(t

— o) —e Mty (f—a)) = ().
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[To Teopeme Apoca umeem

12
[[—er@w] ¢ A g =

VD i g
pla+Vp) " aVFtOS

o o 12
S S ds— 1 S e‘[at_aa_}_ff]d'cz
al mt o

1
T a

2
Vn

oo T 2
\ — Vit
%m( “4)_ 1 Seaa+"2te (m*" )dr—

acat+o)
=iErf( °°_>—e 2 S 7 4z,

a V“

Urak,

.-.(ﬂ/p 1 a patata) o -
L prt _ EBrf (- _taV t>,
pla+Ve) <2Vt> a <2Vt+

T2

[os]
S chve #dr.

510. Pewenue [ ()=

]/n
CpasuuBas I (¢) ¢ ¢opmynoii (17), crp. 128, Bumum, uro f(f)=cht,
p p 1
a 3uaunt F (p)= . )e=—=,
—1 Vo
noayauy @ { F(Vp)*—__——:'] (), otkyna I (f)=eé’.

511. l(t)_e—t 512. I(t) 2et 513. ] (f)=2te".
514. ()_(H-l) et 515, x (f)=— 1.

516. x (f) = L_—C‘%———W 517. x(t)=t+%t2.
518, x(t):tl 519. x (fy=cost.
2
et ot __ 2
520. x (%) 4e+126 3 -
1
821, x (t) =7 (1—e* -2te*).
1
522. x(t)=~§(36t—e‘3f—2e‘f). 523, x (f)=¢—sint.
2 . 2 14 1 2
524. x ()=gze -t—gcost—}—Q—ssmt——?tsmt—gtcost.
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525.
526.
527.
529,
530.

531.
532.
533.

534.
535.
536.
537.
538.
540.

541,

542.

543.

544.

545.

547.
549.

550.

551.

OTBETHI .
x (t) —-% et —tet—cost).
x ()= % e —t—14 % (cos £ 3-sim ).
x(t):% 12—1-f-cos f—sin £. 528, x(t):—é—ﬁet—l—tef.
x (@)= % et sin 2 —%e” cos Qt—%

x(t)=~2—(1-—etcost+e’ sin £).
x () =2+ % (e7f —cos ¢ sin #).
x () =12 —4+6—5ef—tet,
x(t)_2t+ ! (e -cos £ —sin £).

x ()= mt-cosH—sin i

I....l\')[v—-

() ==1 — %t2+2t—4+e".

| o

x ()= 5 + %e‘f cos.2t+% e~! sin 2¢.

1
x ()= —2—(cost+cht)-t——l.

| .
x(t):i(l—e“tcost——e"sint). 539. x (f)=1—2cost.
x (f)= 1t—l—cos?t——% sin 2¢.

3 ¢ 3

______ ! = ot g -

x(t)__25 555 ¢ C082t+256 simr 2¢.

ge V3 L o Vgt

cos —Q—t—]—ﬁe smT .
()= — 1-—7(sint+cosl+6’t)-

1 3
x(t)=7et+§ sin H——;— cost—1.

x ())=ch t——%ﬁ——[. 546. x(t)=2+12 (¢ +sinf —cos B).

x(t)=ef<1~t+%t2>—1. 548. x(t)=~gsint———;tCOst.
x () =2t tet 1f—2
b Lo, V V3
x(t)——3e 3 5 t—3V3s1n—2~t
1 3 . 1
x(’)=—‘z€t——qe t——7 sim £.



552,

553.

555.

556.
557.
559.
560.
562.

564.
565.
566.
567.
568.
570.
571.
572.

573.

574

575.

577.

578.

579.
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_ 1 = V3, 1 V3
x(t)_-i — e + cos——t-}—V_ sm—2—t
x (fy=cost—1cost. 554. x(t)=2+t———;— cost-i—%tet——%e‘.
2 , 6 3 4
PO D o S o S &} .
x()=1 o8 € 5 te 25c052t+25 sin 2¢

x(t)-- ¢ sint 2t+ (cos 2t — cos 41).

x(t)—tef_ef+cost+2 sin { — 2f cos . 558, x(t)=ef<t~—t+1)

x(t)-2t—3+39f—-%(stt—Qcos?t—l—Qe 9,

x (fy=4t-+-3—2¢. BBl x(f)=e2 —ef —te!.

x(t):Set—3—2t—t2—%, 563. x(t):%—ef<t2—3t+—g—>+
V3 V3¢) Lt

2 _ —
+36 (VSsm t cos 5~ 53

4
x(t)=§ sin 2t -9 sint—%tcos?t.

X (1) = g [sin 0t cos o nit cos (nt )]

1 4 35 1 4
x(t)=€t2~—~g-t+€g——e‘t—|—7e‘ -—2—76 t

x(t)=—"2—fi[3tcosl+(t2———3) sim £].
1
x () =F e sin f}t. 569. x (7) :—_——13_ sin t—% sim 2.
1 , 2 1.
x()=q5 ¢ — 2+§Cost——§smt.
x(f)=lf2+(1—v)f+(v—l)+(L—y>e—f+%(cost—sint).

1
x ()= ch 2t — 10 €08 H— 16 08 2t. .

x (0 =e’ (cos ¢+ sin t——\ —’—_3—31.

x (@)= % — 2 (coslg ]Qm ]/3 > é-(t——‘)et-

X ()= (€ sin {1 cost—sin ). 576. x(t)—__—_glez_,e-z,(:it_*_l)].
x(f)=1— ( +t+1>

x(t)=1__;_e—t 2, COslf3

2 _
x (;f)=m—‘;[sin27 N () — sin® —(Qﬂn (t——b)].
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580. x (f) = [s1r12—n H—2 sm2 7] (¢t —1) -} sin? —QYI(t—-Q)]

581. x(t)=—;—<t—17 sin 2t> n(t)—[(t—l)—% sin2(t—l)] X

X Nt — 1)+ ; [(t_Q) 1o (t—Q)]n t—2.
582. x (#) =[b-} (1 —b) cos £} () +[b— bcos(t-a)]n(t——a).
583. x(t)—lsm3tn(t) (3[(t—l)—§s1n3(t——l)]n(t——l)—

_3[@—2)—% sin 3 (t—Q)]n t—2 + %[(t—a -

—%sin3(i—3)]n(t—3)

3
584 x (t)= 3, (— 1)*[1 —ef ket et7Fa (t —ka)] q (¢ — ka).
E=0

585, Pewenue YpaBHenHe JBUXKeHHS mk=— wdL-—2mux;
x(0)=1xp, X (0)=uv,. Omnepartoptoe ypaBHeHHE HMEET BHJ
p2X — pxy— vy -k 2up X —2ux) +AX =0,
2px Uy pxy
pE+-2up +4
X (ptwApxo+9 X (p4-M) + Bxo+Yy
e T R

otkyna X (p)= HIH

(p)=

rae nZ=A—p2.
Haxons opurunan anfd X (p), NMonyunm

x(f) —-L €8 [nxy cos nf - (Wxg -+ v,) sin nt] .

586. YpasHenHe JBHXKEHUS
mE=-—mmx L-Fn({)—Fn(—T), x@0)y=0, £(0)=0.
587. VpaBuenne geuxenns £=an?—n2, x (0)=0, £ (0)=0.
588. YpaBHenue jBuKeHHS
mi=—mg-—2kmx, x(0)=0, x(©0)=v,
580, Pewenne mk=F. )

B nawem cayuae m=2, F=F;-af=4--at, TaK uro ypaBueuue (1)
IpHoGpeTaeT BHJ
2% =4-at, )

OriepatopHoe ypaBHEHHe HMeeT BHJ 2 (p2X—10)=%+p%, OTKYZa

)
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Haxons opurnian ans X (p), monyuaem
x(t)=132-t3+t2+10¢.
IIJHI OIIpEIL/ICHU A BeJHUYHHB a uMeeM CNeJyoilylo CHCTEMY:

150 =28 1 3 4 108
=g Hh+104,

at?

108= 22 1 21, 1-10,

OTKYAa HaxomuM, uro ty=10, a=3.
590. VpaBHenHne IBHKEHHS
mi=4mx—3mx,
x(0)=1, £(0)=0,

x () =% (def -4,

591. YpaBhenHe ABHxeHHs mK =mg—AX.

1
B cuny ycnosus 3ajaun h:T mg npH v=1 Mfcex, Tagk YTO OKOH-
¢

yaTeJbHO MOJNyuaeM ypaBHeHHe 2
@— _1_ v 4} 0)_0 PR e. oo~ v
a8z 1O=0Y 0
%) 5
otkypa v ()=3\1—e 3/, Upax =3 Mpu f=co.
592. YpaBHeHue XBMKEHHS 4
mk=— kX, x (0)=0, X (0)=v,,
-t
x(t):’z%’(l—e m > xmax=r%0—° mpH ¢ =co.
z

593. Pewenne Onumem IBHKeHHe HHX- Puc. K orsery 593.
Hel0 KOHuA HEMOUKH. BbifepeM Hauano KOOpju-
HaT B Touke O (cM. DHCYHOK) M HampasuM och Ox BEH3. Torga Hauaib-
Hble YCJOBHS OYLyT

x@=I x%£0)=0 (uermouka HEmogBHKHA)

Ecnu abepucca KOHWAa ecTb ¥, TO JABHKYIAS CHJAA paBHA Becy 4acTH
LeNOYKH, CBHCAKUEH CO crona, T. e.

_ng
F——2[ X. .



OTBETHI
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Takum o6pasoM, auddepeHnransnoe ypapHenHHe JIBHKEHHS TaKOBO
x (0)=/, X (0)=

m’V—TZ X,
Ve /¢
)c(z‘)=§<e1 o t‘ 21>.

Ilo sToMy 3ax0HY ZABHKEHHE OYaeT NPOUCXOAUTH JO TOIO MOMEHTa
T, xorza nemouka LEJMKOM COCKOJB3HET €O crosia Mel HaiifieM 3TOT

MOMEHT, TOJIOKHUB X = 2{
Tl/_Q% r 27
+e ,

4=

TV g
% noayunm ypaBHeHue

O603HayuB 2=¢
-4z 1=
TaK KaKk emy

z; orGpacuiBaev,
s onpepeneHust T

orkyna 2 =2—V3 <1, z,=24+ 3.
COOTBETCTBYET OTpHUATElpHOE 3HAMEHUE T. Hraxk,

TONYYMIH yDaBHEHHE
£ % _
24V'3, omxyza T= < In (24+1/3).

594. Ypapuenue JIBHKEHUs
miE=—2mxk?, x (0)=a, % (0)=0, x()=acos (V2 kt).
595, ¥Ypasuenne ABMIKEHHS
mi=— umyx, x(0)=aqa, % (0)=0, t:Q T
0,016

596. YpaBuenue IBUKEHHS
mt=—k% x(0)=0, %(0)=6, x(f)=600(
2 (cost—cos 2t) ,

597. YpapHeune gBHKEHHUS
0, x ()=~

X44x=2cost, x (0)=0, £ (0)=
F= — mk¥ uau

0)=a, £(0)=0;

) 0, 9 (0)=u,.

42

+v_ 1'

TpaekTopust TOuKH—3/MHUIC:
k2

—_~

X
4

598. YpaBuenne BHKeHUS mr
X=— k2,

_vz_kzyr

Q’k ’-\
[
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599[ VpaBueHus JBHXKEHHA
X=kx, x(0)=qa, Xx(@O0)=
y=ry, yO)=0, y(©0)=v,

Tpaekropus TouxH-—rHIEpGONa:

x2 2
a—z—5—2 I
R
Al
600. 1 v. dt2+CQ E cos (0t o), Q=0 Sl P
[ &Q d
601, 1. v. dtz +C Q=FE sin nt, Q| 0, E‘Q_ t:0=0,
602. 1. vy —+R/=E sin (wf o), 7 =0,
{=0
X d
6. 1. y. LOF + R4 LQ=Em()+(Ea—Egm—T),
dQ
=0, ==| =0.
to il
604. 1. y. Q+Rd?+ Q=FE,
=0, > =
Q't— A P 0
605. x (f) = (cl+cth)ef 606, x () =
607, x ()= 608, x(h)=1.  609. x(f)=¢e.
k
fas
610. 3) x ()= Z (=15 2551 € s
S:k=U
f25+1
_ - s
6) x(t)_go( DS 251 Cf oy

611, x (f) =t arctgt———l Im (1422,

612, x () = %z )arctgt———ln (1+t2)—}—2
B/
613, x (0 = (0%~ lnt+18>
614.x() ef — 1—(t+ln2) (ef+1)+(et+1) In (ef 4 1).

g &5
. 4 2
615. x (f) =sint - (’*V— aretg —- V3 )4-@05[ In(2 +cos §) — In3 cost
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616.

617.

618.

619.
620.

621,
623,

624.

625,
626.

627,

628,

629,
630,

x(9

x ()

x (9

OTBETH!
:]——9————_“]/3 cost—l—ﬁ sin ¢ In V————E Smt—Q‘—
3 27 36 V'3 smi+-2

=cos? arctg (cos #) —% cos

——]{i cos f arctg (V'3 cost),

9

§—

1
——sin¢-In
212

sin t—]/2_1
s t+V§ )

==sin { arctg sin { - cos? -

x(@#)=cht—sh{f2ch¢ (arctg e’—%—)_

X ()=

X ()
x ()
x(0)

1 {m V2 +cost|
2V2 V2 —cost
—1n(3+2]/2_)}-
th—t~+l
(2 sim £ - 1)\ arctg —2_ =
Vﬁ V3 6

=, y(f) =—¢t. 622, x (f)=¢, y (1) =¢l.
=2(l—et—tet), y(t)=2—1t—2 2",

= o e, ()=

In2cost—cost ln (2 sin £) — ¢ sin £ 4

x (f)y=¢’ (cos{ —2 sin #), y (t)=ef (cos? |3 siu £)

x (f) -———(ef—}—Q cos 2f -sin 2t), y () =

1, 3

—}i— (Bef — 3t — 2fe3t) |

Q(t 1
oS O —
ef—cos 2t 2sm2t),

t —_—
x () =el— 35 °€ 17c0st+17smt 9
1
._______t i U —
y@O= e+516 —l—”cost 7 Sin £
x () 1 _2f+ —2+—e’+£e2t+ie3t
12° 6 3 207
y(t):%e_zf_}_i_ge‘f 2_%(}_’_%22’_’_%63! ,
~ 18 AR R,
z()= 15¢ ~—2—e + 3 e? +3 e8
x()=—¢é, y)=0, z ()=¢".
2 1
x(l)= 5 @ —e?), y ) =7 B +-27), z()=
1

5

3eat + e~ 2t) .
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3e72 (11 —da)e? 3
2+a) 4(2—a) a2—4’
_ a2 (11 —4a) e’ (ad-1) e
VO0=—tprat re—a T a1
632, x ()=2—¢", y()=2—c¢7, 2()=2"'—2.
633. x (f) =6ef — o2/ —4e3!, y (f) =3ef — 2%, z (f) =63’ o2 — B¢,
1 13 1 2 3
6834 x () =— ez by — 2t g g Bt
1 13 1 2 7
YO=1gatiy =2 gi+3+gyt

13 1 4 1
e)=— g tt+g gt

631. x(t)=4

635. x,, (t)=e‘“%ﬂ (m=0,1,2, ..., n),

636. x(t)z%_é_e»t_%e—mm’ y(t)=%(e_t—e—6m f)
637. x(¢)=%+—§—t, y(t)=%t2—%, z(t):%t §t+152
638 x ()= oot bl =Rt t

639. YpanHeHns IBHKEHHA 3/1€KTPOHA

Lﬁ=—?1x@=ax@=%

| my=Ls 4O =05 0=,
__vyme . eHt _mevg g[_—]_t)
x(t)_—eH sim———, (t)_-——eH (1 cos .
TpaekTopHsa 3JMEKTPOHA x2+yz—2%1v_°y=0.
640. YpaBHeHHA [BHKEHHA
( mi=0, x(0)=0, % (0)= )

8] [
[NTE R e o

| Mp=—gm, y(@=0, (O =
{
v2 v2
Haubonbimas Bbicota H:—.ZZ-T; TOYKA MajeHHs x=—é’—,
641. Iycrb 3/MexTPOH BbyIeTAET M3 Hauala xoopnuHar. BriGepem
och Ox TMapannejnbHO HampaBjeHH MarautHoro moast H, a och Oy Beife-
peM Tax, uTo6bl BEKTOD D, Jexan B KOOPAWHATHON 1a0cKoCTH xOy.
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Torpa ypaBuenusn psmxenus Gypyr
mi=0, £ (0)=0, £(0)=uyycosa,

my=—L 2 y©)=0, O =vysinc,

gzefy, 2(0)=0, 2 (0)=0.

Tpaekropus anekTposa

{yzw_&%;l&z:o,

X =1U; COS C.
642. VpasHe:us pxBuxeHus
{ mi=—kmx, x(0)=0, X (0)=uv,cose,
my=—mg—kmy, y(0) =0, 9 (0)=vysine,
2O=2PE by, = DEIEFE ey

.

643. Ypasuenus gpBHmeHHT

l m.ﬂ:':——e-?j)—km)a, x(0)=0, 1(0)=y,

my:‘ecﬁx_kmy, y0)=0, »©0)=0,
[ mé =— kmz, 2(=0, z(Q)=0.
644. YpapHeHus aBukeHns
mg=—2h%—p2, x(0)=a, % (0)=0,
{ my=— 29 —p, y(0)=0, y(0)=v,
645, VpapueHHs #BuKeHus
mi=0, x(0)=0, %(0)=u,,
{ m =— mk2y, y (0)=a, y(0)=0,
x () = v,t, Y (f) =a cos kt.
Tpaexropus Touxu y=acos <z%> .

646, ¢ (x):ésh x—l—L sim x.

647, @(x):% (ex e ¥ % cos 22 VU LA Ve W e V?’Q x>

648. ¢ (») :x—l—g 1B,



649.

650.

651.

652,

653.

655.

657.

659.

661.
662,

663.
665.

667,

669.

670.

671,

672,

673,
674

OTBETHI 245

Q(¥)= ezx—l——cosx—l—A s x.

Vgx——]/é sinﬁx>

q>(x)=2+x—e7 <cos 5

113 1 1
_____ 2 __ p2X " 43
PW==1 8x+8x+16€ Pak

Vis_ys a3,

@(x):LQe‘x—l—g e"—l— 7€ —*/2 <cos

¢ (x) =—:13— <e"—e"‘+]—/2— sin ]/Q_x) . 654. @ (x) =xe*. .

¢ (x) =e*. 656. ¢ (x) =%—%cos V'3 x.

@ (x) =chx—xe* 658. ¢ (x):% (ch x-f-cos x).
1 5

q)(x)=x—€x3. 660. q)()—vtshl/

¢ )=1—x

X
¢ ()=, (x), 1ax aro { Jo (x—1) Jy () &t =sin x.
0
p)=1 664 @(x)=c*
q>(x)=l+2x+éx2+%x3. 666. @ (x) = 2xe* - x%*.
2

P=1 668 ¢¥)=1—>.

pW=c*(1—-x, @x =% e +% "e_x“% e

— p2X — X
Q1 () =e¥, @ (x)= g5 ¢
3 3
P (x)=% v (Y3 sin]—/Qi x—}—QcosV—2 x>——~:13,
_ e V3 1 . V3 )
X)=¢ S e X ———8iH — X/,
P2 (%) <co 5 73 >

@y (x) = (x4 2) sin x -} (2x 1) cos x,

1
P2 (x)—L xcos X —x sin x+— sin x.

¢ () = gsmx——l/—sh]/(}x P () =—2ch V3T x.
Pr()=2*(1—x), ga(¥)=e*(1—x.
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675.

676.

6717.

678.

679.

680.

681.

682.

683.

684,

685.

OTBETH
o { __ p)2k+s
X ()= Z ((QT_’)_:;)I—Y] (t— k).
k=0
Oo Ok (f — R)kT3
ro= 3 A nu—n.
r=0

(k1) (¢ —R)*F+

* (= k91

n(E—k).

s

e
I
=3

t— QR+ (B 1)
&3

(—1)* ( 1 (£ — 2k).

=
T
s

|
[=3

k=1
x (f) =cost
X
/ 2V ke
uix, H=up\ 1 ~—2—, e gz
\ Va
=
2V ke

2

(%, t)=u1]—/2§ S e ? d
0

® —
uint)—ae VT cos(mt—-x]/ )——
a{ _
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¢ 7
686. 1 (x, 1) = —> D
(X, ) =———= T T
2V nk S v 3
0 (t—v°
2
687. I1. y.%‘zazg_x.‘z‘, 0<x<!, t>0,
ou
1 |gmp == g, ox 0=O, 8] ot = U1
| e
(% ) =u+
2 2
LA N et~ () B e
n 2n—1 2t
n—=
2
688. II. v. %:az%, x>0, t>0,
U |pep=1Uo, %L;i 0=hu lymgy A =comst,
2
w(x, ) =ug | erf — X ¥ T h2a% Erf/——x,——l—ha]/t_ .
(0 0[ 2a]/t+ {\Qal/t
Ilpu pelleHHH 3afauH BOCNOJb30BaTbeA Teopemoii Adpoca (em. § 11).
2u 1 *u
689. 1. V- 32 =3 > O=x=!, t>0
o ou| o du(l,h _F
¢ lgo=0, B | =0, u(@©, =0, = F
. (2k+1) nx 2k 1) net
ry gr g (Ve S e B
wlo =T — =g QF -1y
k=
, 2w 10w g .
690-,& y éxz——ﬁ*tﬁzﬁ' Oé)CQl, >0,
ou|l o oou(l, by
u !t-no 0' W o ’_‘Or u(ov t)_ov 0x =V,
gx (2l —x)
u(x, f) o
1) (x— 2
6ai . <o (2% )Q(Zx o cos (k—l—Qll):n:cf
___g_ 2 (—l)k
32 (2k - 173
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691,

692.

693.
696.
698.

700.

702.
704.
706.
708.
710.
712,
714,
716.
717.

718,

OTBETHI

u (%, ﬂz—%(x3—21x2+l3)+

o s CRHD A L @R

8hl4 { {
T 2 @k -1y
k=0
2u 2u
=2
Ay 5 =5

_ Ahx (l—x) du (x, 0)

(, 0)=—"5 2, Sl—0, w0 f=u(, )=0,

©  cos (2k 1) nat sin (2k41) nix
324 [ {
w(x, f)=—f

T Qk4-1)3
k=0
1 e P 1
e 694. sk 695. (=7~
eP eP (e — cos 1)
eP—a- 697. €2 —2eP cos | -1
eP sim o i 699 ePsh 1
e2P —2¢P cos ot -- 1 " oe2P —2P ch 141
ep 2eP 1 eP 1 eP (eP — cos 2)
% 701 — —
eP—e eP—Ve ' ol 2e1’—1+2 €20 —2ePcos2+1°
el1=kip 703, o37 /
T 03. ¢ (

P (2ch2—ef)sh2 o P (420 —3ePt )
e —2eP ch 2--1 -~ ) (e?—1)3
eP~1 sin 2 707 ePT2 (eP -e?)
e2P — 2eP~1¢os 2-}-¢72" T (eP—e%)3
eP (e —edch 1) 709 ePrl (eP ¢}
e2P —2e0p~3 ch 1 -8 T (eP—e)3
eP (eP 1) 711 (e2P—1)eP
@—np - U @
1 . sim &

el —
lna—l—lnep_a 713. oc—}—arctgm_

V e2P —D¢P cos a1~ 1 1 eP— et
In T . 715, —41In ]/epj
eP [(1 {-e2Py cos oo — 2eP}
(€% —2¢P cos o+ 1)2
2P (e3P 1. 2¢2P ch 0. —6eP -2 ch o) sha
(e2P — 2P ch o - 1)3
P (230 — B5e2P ch o -1 4eP ch? oo —ch o)
(e2?—2eP ch a - 1M?

Ox=<!, t>0,

eP
eP —ed

—1—e* P _821-211) .




719.

721.

722.

723.

726.

728.
729,

730.

733.

735.

736.

737.

740.

741.

743.
745.

747.

750.

752.

754.

756.

758.

eP —
s—so—l—ln———e—_

8o

e

sin e

g -}-arctg Py

2 (8 —1) 4-arctg

] —en

724.

cos &’

OTBETbI

720.

1
2

sin 2¢

eP —cos

1)

1—

P

] —e2tn )

1

AR f ()=
P (@0 - 4eP 1)

—e2

2

@1y

n(n—1)@n—1)

6

n(n4
2

2¢

725.

727. Af (n) =3,

(84—~ez)k
Af (n)=2n,

A2 (m)

nn—1)n—2)

3

731.

734.

(k=1,
=2 A*f(n)=0 (k=
eP

(n—1 sm2n

In

— arctg

sin 2
el —cos2°
n ) p—

AR f (1) =0
2,3, ..).

732.

_So(,
2

€2l —2eP ch 141
€2l —2eP che41°

1—e (I—ep

(k=2 3, 4

n-—
2

sin2

3, 4,..).
Qefl—k)p

[e4

2 sm %—

(1 —ecos @) (1 —e” cos nor) €1 sin o sin noc

n3ntL,

L (1)

n—-1 9on/2 7
a7y 27/2 §in y

Broporo mopsika.
TlepBoro nopagxa.

27,

4

738.

— = Sl

e2—2ecos a1

5r—3n

1 nfl

2 2
Snn

742.

718. (—1)" (1—n).

1—2712 cos %‘ 751,

—n"
—3.973 __ (_Q)n- 3

4n1

2

n"—n

753.

sint - COS

739. sin 2%

.

n(n—

2

2

2

) e,

744. Hyanesoro nopsixa.
746. TpeTbero mopszxa.

749.

nmu
2172 gin —
4

(n—1)7
4

3n—1 4 (—)"

nn—1y(n—

né

o

n4

2

8

3

n3

5

. 373

e
8

3n

757.

% .

[e4

2 sin? -

2

249

)
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759. Acumnrtornueckd ycroiiuuo. 760. AcHMITOTHYeCKH YCTORUHBO.
761. Heycrofiuuso 762. Heycroiiuupo 763. YcToliuuBo, HO He acHMmro-
tueckH. 764. Acumnrortudecku ycroiuuso. 765. Heycrofiuuso. 766. He-
ycrofuuBeit doxkye, 767. Llentp. 768. Ycronuusnii Qoxyc. 769. Cexnno.
770. HeycrofiuuBseiit ysen 771. HeycrofiuuBeilt ysen. 772, Ycroiuupeii
ysen 773. Touxa (0, 0, 0) ycroitunsa. 774. Touxa (0, 0, 0) neycrofiuusa.
775. Acumnrotueckd ycroiiguBo npH a« << 0. Bo Bcex ocTampHEIX Cay-
yasgX HeycrtoHuuBo. 776. AcHMOTOTMUECKH ycToHuuBO mpH o << 0; ycrod-
YHBO, HO He AacHMITOTHueckH npu «==0; neycroituno npm o >0.
777. HeycrofiunBo mpu Bcex . 778. oo=<0. 779. as——é—. 780. Acum-
OTOTHYECKK YycrofiumBo npH of << 1; ycrofiuMBO, HO HE aCHMITOTHYECKH
npu aP=1. 781. AcuMmnroTHyecku ycToiuuBo 0pH P << al(x>0);
ycTofiuuBo, HO He acumnrToTmieckn UpH: 1) a=0 (B < 0); 2) p=a?
(o << 0). 782. AcHMNTOTHUeCKH YCTOHUHBO npu o2+ P2—20 >0 (o < 1);
ycroiiunBo, HO He acummroTHuecku npu: 1) a=1 (| >1); 2) a?--p2—
—20.=0 (0=t <1). 783. HeycrofiunBo mpu BceX 3uaueHHsX o H f.
784. Acummrotuecku ycroiuupo npu a?-+p2—PB << 0, ycrofuHBO, HO
He acummrorHuecku npu o2 --P2—P =0 (@ ~0, p£0). 785. Ycroitunso,
HO He acuMmnroTHyecku mnpu P-2a-1=0; acumnroruuecku ycroiiunBa
MPH BCEX OCTAJbHLIX 3HAUEHHAX o0 M P 786, AcMMNTOTHYECKH YCTOHYHBO.
787. AcnMOTOTHYeCKH YCTOHUHBO. 788, ACHMITOTHYECKH YCTOMUHBO.
789. VYcrofiuuso. 790. Acumnrotuueckd yctoiumBO 791, ACHMOTOTH-
4yeckH ycrodumBo 792, AcumnroTuuecku ycroifumBo. 793. Heycroitunpo.
794. Heycrofiunso. 795. AcuMHTOTHYECKH yCTOAuRBO. 796. AcuMmirorH-
yeckH ycroudupo. 797, AcmMoroTuueckn ycroifiuuso. 798, Heycroitunsa.
799. Ycrofiunsa. 800. HeycrofiumBa 801. Ycroiunna. 802. Heycroiiunsa.
803. HeycroitunBa, 804, AcuMnrornuecku ycrofiumsa. 805. Ycroltuupa.
806. IccaeaoBanue MO MepPBOMY NPHUOMHXKEHHIO HEBO3MOXHO. C MOMOLIBIO
odyuxuun JisnysoBa ycraHaBiubaeM, urto Touka (0, 0) acuMnToTHueckn
ycroiiunBa. 807. Touxa mnoxoa ycrofiumsa. 808. Hynesoe peuenne
CHCTeMB! TePBOTO NpHOMMKeHHs HEYyCTOHUHBO, a JJs TOJHOH CHCTEeMBI
OHO AcHMITOTHYECKH YCTORYMBO.

809. Ecin a>0, b>0, 10 ycnoBHe YCTOHUHBOCTH HMEET BHJ
cos T >0, tne T=(—1)* xy -k

(=0, 1, 2,..), xo—:—arcsin% (em. [3D).

817. Ycrofiuuso. 818. Heycrofiuuso. 819. Ycero#uuso. 820, Heycrofiuuno.
821. Ipn a>—:—23—, 822, PemeHne HeycToHumBo npH JuoGom o. 823. Ilpu

a>%, 824, IMpu aw6orx (¢, P) u3 obnacth G (CM. PHCYHOK).

825. Ipu moGeix (o, B) w3 obnactn G: @f >3, >0 >0 (cMm. pucy-
HOK). 826. PemeHnue HeycroiiwmBo NpH Jw6HX (a2, P). 827. p >0, ¢ > 2
828. Bce xOpuM B JeBoH MOJNYIUIOCKOCTH; pellleHHe YCTOHYHBO (CM. PHCY-
HOx). 829, JIBa KOpHS B JeBoli MOJYIUJIOCKOCTH, JBa KOPHA B NpaBOH;
pemeHHe HeycTofiumBo (cM  pHCyHOK). 830, ¥Ycroiunpo. 831. ¥cToHyYuso.
832. JIBa XOpHs B NpPaBoil NONYIJIOCKOCTH; pelleHHE HeyCTOHYHBO
(cM. pHcyHox). 833. Vcroliumpo (oM pHcywox). 834, Ycroiuuso.
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>

Puc. k orsery 824. Puc. x orsery 825.

v v

Q‘ , j %\h e _C:_Es_a.

r‘ 260 4
Puc. x orBery 828. Puc. K oreery 829. Puc. X oTsery
832.
v v

™~ A
\_/

Puc. x orpery 833. Puc. x orsery 842

’ 1 4
2 v r
— 7] 4/\ A\ U
!

Puc. K orsery 844. Puc. k orsery 846.
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OTBETbI

835. Ycroiuuso 836. Ycroiuuso. 837. Pewenue ycroituuso 838. Ycrofi-

yuBo. 839. Ycroiiuuso. 840. Ycroitungo.

841. VYcroiiunso. 842. VYcroifi-

YuBO (cM. pucyHOk) 843. VYcroiuuso. 844. Umncto MHUMbIE KOPHH;
7
7
D(30)
D(40)
=1

b(2) 734

¢ 3 7 2(2,2) ¢

Puc. g orsery 848,

7
N
4
ENY
2030)
g ¢

Puc. x orsery 850.

852.

7
2(22)

B
BN

U

1 7=U
P01 pray)

Puc. X orBery 852,

D(5,0)

peuedyde HeyCTOHUHBO
HOJYTLIOCKOCTH;

(cM.
pemenne HeycTofiunbo. 846. JIBa xopHA B upaBoil

Puc. x orsery 849.

47
2003 2(30)
2
D(21)
a 2 2012) 3
Puc. x orsery 85l.
853. 854.
7 v 7 D13.0)
2)12)
oug) 2090 e ;
D\zy sy 77
Puc. x orsery 853. Puc. X orBery 854.
pucynox). 845. Jlpa KopHA B TpaBoit

NONyIUIOCKOCTH, pemieHHe HeyCTOHYMBO (CM. DHCYHOK), 847. [IBa KOpHA
B MpaBOd MNOJYIJIOCKOCTH; pPelleHHe HeyCTOHYHBO,
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855. 856.
7
DI30)
S, 2y
P~
g 221) 3
4 212) 3
Puc. k ormery 855. Puc. x orsery 856,
857. 858.
7
2300
a é
2.4 74
& 2(12) 4
Dz

Puc. x orsery 857. Puc. & orpery 858.

859,
7
Di(34)
860.
4 7
2(en a12) b(21)
aIND(2.0)(2 s
D(12) 20 T
2021) t-p?
7 G
20(43)

Puc, x ormery 859. Puc. x orsery 860.
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861.
862.

863.

864.

865.

866.
867.
868.

869.

870.

871.
THYECKH.
875.

876.
877.
879.

THYECKH

OTBETH
fo=c 24—
f(R)=(—1)" @n2—Tn+1).
f(n)= <K2§)n [ C, cos (n arctg ) 4 C, sim <n arctg )J

fm)y=2" <C1+C2cos -+ Cjy si 3n>.
)= (= 1 Gy Co 1y 12 (03 cos™ 4.¢, sin J—‘)

fr=C0-V2)"+C +V§)”—?.

fn)=2-3"4(—1)" (8n—2).

1 nn | sin2(n—1)
f()y= —tg2 cos~—+sm —}———————QCOSQ .

ﬂ
f(n)=Cl+Czn+C3n2+—(—_——?.
f(my =2" <6+C1cos +-Cy sin :)

AcumnrorHuecKd ycrofiupo. 872, YcroiiuHBO, HO He acHMNTO-
873. AcummnrotHueckH ycroiiuuso. 874. Heycroiiuuso.

aotay4-az4-a3 >0, y—aF-a;—a3 >0,
3(ag—ag)+a1—a, >0, 3(a+a)—ay—a, >0,
a3 — a3 —agay - ay03 > 0.

1—g>0, 14+p+g>0, 1—p+g¢>0.
—1l<<p<<l. 878.|a|>0.

Acumurotrueckn ycroijunso. 880. Heycrofiuupo. 881. Acummro-
ycrofiauso. 882, Heycrofiuuso. 883. Heycrofiynso. 884. He-

yeroiiuuso. 885. Heycroiiunso.
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