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NPEAUCIOBHUE

CoBpeMeHHOMY HHXKKEHEDY YacTO NPHXOJUTCH HMETb
JIeJo ¢ 3ajayaMH, KoTopole TpebyloT OT Hero Xopoiuefi
MareMaTHuecKol MOArOTOBKY H TBEPAbIX HABLIKOB B NpH-
MeHEeHUH pa3HooOpa3HbIX MaTeMaTHYeCKHX Metonos. Pac-
IIHpEeHHe MaTeMaTHYeCKOro Kpyrozopa HHXKEHEDOB He-
MaJo COCOOCTBYET HOBBIM JOCTHXKEHHSIM TEXHHKH.

Bapuaunonnoe ucumciaeHde ABJASETCS OJHHUM H3 HAaH-
fonee BaXKHBIX &M TPHJAOKeHHHA pasdenoB KJjaccuue-
CKOTO MaTeMaTHYeCKOTO aHa/ju3a. B Hacrtosilee BpemHd
B pSJ€ BTY30B BapHalMOHHOE HCUHCACHHEe BKJIOYEHO B
00s3aTe/IbHYI0 TIPOrpaMMy Kypca BbICUIEH MaTeMaTHKH.
BoJsibuioe KOJHYECTBO 3ajau TO BapPHALHOHHOMY HCUHC-
JIeHHIO COAEepXKHTCA B H3BeCcTHoM CcOOpHHKe 3ajau
H. M. Tonrepa u P. O. Kysbmuna. OgHako 3T 3a7auH,
B OGOJBIIHHCTBE CBOEM /[IOBOJLHO TPYHAHble, Haubl 6e3
yKasaHu#l K HX pellleHHI0, NO03TOMY HAauUHAOLIEMY Oy
ObIBAOT 4acTo He MmO cHiaaM. MHoro xopomux 3ajau
paccessHo N0 MHOT'OYHCJAEHHBIM KypCaM BapHAUHOHHOMO
MCUHCJTEHUs,, HO HEKOTOpble M3 ITHX Kypcos crajn 6ud-
auorpaduyeckofi peJKOCThIO.

ABTOpBL 3ajaJUCh LEJAbI0 AATh HEKOTOPHIH MHHHMYM
3ajay N0 OCHOBHHIM pa3jienaM KJIacCHUeCKOro Bapiia-
IUOHHOTO HCYHCJECHHS H CO3HATEJbHO HE KacaduCh BO-
NpOCOB, CBSI3AHHBIX C TEOpPHeHd ONTHUMAJbHOIO YHpaB-
JIeHHuA,
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NPEABAPHUTEJIbHBIE 3AMEYAHHSA

I. Ecin A — npou3BoJibHOe MHOMXECTBO 3JIEMEHTOB, T0 yTBep-
KIeHHE €INEMEHT A NPUHAOAeHUT MHONECT8Y A» CHMBONHUECKH
3anNUCHIBAETCs Tak: a & A.

amuch a & A (uin a&EA) osuauaer, uro 3jaeMedT a He OpH-
Ha[JIeXKuT MHOXKecTBY A.

Ecit A u B — mHoXecTBa, TO yTBepkaenne «A agaserca noo-
MHOMCecT8OM MHONecTéa B» (cuMBosnuecku: A < B) osHauaer, 410
BCSIKHIT 9ieMeHT x MHOMecTBa A OpHHal/eKHT ©# MHOXKecTBY B.

2. O6beanHeHde ¥ nepeceveHHe JIBYX MHOKECTB A u B omnpe-
HeJsI0TCs CeAyIomuM 06pasoM:

O6sedunenue AU B = {x|x = A uau x & B} ecth COBOKYIHOCTD
SJIEBMEHTOB X, TNpHHaMJeXalHX XOoT OBl O0JHOMY H3 MHOMKECTB
H D
nepecevenue A()B = {x|x = A, x < B} — coBokynHocTb 3de-
MEHTOB X, HpuHajiexauwux kak A4, rak u B.

3. Ecim A — HeKoTopoe MHOMKECTBO BEIUECTBEHHBIX uucesa, TO
sepxnell epansio (Tounol eepxuell epamsio) A Ha3piBaeTCH HauMeHb-
mee BellleCTBeHHOe ynCao M, Takoe, uto a << M aas Bcex a & A.
HiHBiMu csi0Bamy, M-—Bepxmm rpais A, ecau gas Jgwboro a e A
uMeeM a << M, Ho xakoBo O6bl uy Opio &€ >0, xora 65t H Kak
YrOAHO MaJioe, Hafifiercsl 1o KpafiHell Mepe 0AuH anemeHT b = A Ta-
KO#, uyto M —¢& < b,

Ecau Takoro umucsia ue cyllecTByeT, To B KauecTBe BepxHel
rpann A mpuuuMaetes oo,

B ofonx cayuasx BepXHAs rpaHb MHOXecTa A o06o3nauaercs
sup A. AnazoruuHoe onpeieieHue jpaetca W NS HUNHE epanu MrHO-
sicectsa A, obosunauaemolt inf A. '

4. Jlunelnbotm npocTparcreom HasblBaeTCs MHOXKeCTBo R ane-
MEHTOB X, Y, 2, ... TPOM3BOJILHOM NMPHPOAH, AAA KOTOPHX oOmOpene-
JIEHB! OfiepallHy CJAOMEHHs W YMHOMEHHs] X Ha 4YHcJia, NpHYeM Bbl<
NOJIHEHB CAeyIolHe aKCHOMBL:

Drxty=y+x

2) (x+y)+z—x+(y+2)

3) cymwecreyer Takoli asaemeHT 0 (HyJeBofi 3/eMeHT), uTO
X+ 0 = x naa moboro x = R;

4) nas Kaxpaoro x € R cyllecTByeT TaKoil saeMeHt —x  (ripo-
THBONONOXHKIN 5JeMenT), uro X + (—x) = 0;

5) lex==x;

6) @ (Bx) = (af)) x;

7) (@ +B) x=oax 4 Bx;

8) a(x + y)=oax + ay.
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5. Jlunetinoe npocTpancreo R Ha3wIBaeTCH HOPMUPOSannbM, eCIA
KaXJOMY 3/eMeHTy X € R N0CTaBAeHO~ B COOTBETCTBHe HeoTpHLA-
Tenpioe AeficTauTebHoe wucao || X || — HopMa 3Toro asemenra, opH-
YyeM:

1) | x| =0 Torbko npn x==0;

2) flaxll=jaf-fxl;

3) lx+yl<<lxf+ |yl (akcnoma TpeyrospHHKa aJa Hopw).

6. Muoxecrtso M a/neMeHTOB X, y, 2, ... J1i000H NPHPOALI Ha3bi-
BAETCA METPUHECKUM NPOCTPAHCTEOM, eCAW KaxkAoH Nape aneMen-
TOB X, y H3 M mocTaBjeno B COOTBETCTBHE HEOTpHILATe/bHOE NCHi-
CTBHTEJABLHOE YHCA0 P (X, Y) Takoe, 4TO

1) p(x,y) = 0 torxa u TOABKO TOrAa, Korxa x = y (akcuoma
TOXKJECTBA);

2) p(x,y) = p(y,x) (akcuoMa CHUMMETpPHU);

3) p(%,y) +p,2) = p(x,2) (akcuoMa TpeyrobHHKA).

Uncio p(X,y) HA3LIBAETCS pPACCTOAHUEM MeNOYy 3IAeMeHTaMU
XHy.

Beskoe  nudefinoe  HOPMHPOBAaHHOE MPOCTPAHCTBO  ABJAETCH
MeTPHYECKHM: AOCTaTOUHO NOJOKHTh p(x, y) = || x — yll.

7. lIpoctpancreo  Cla, b] — OpOCTPaHCTBO  BCeX HENMPEpBIBHBIX
Ha [a, 8] bysrumi y(x):

lyly= max [y(x)l
as{x<Ch
Mpocrpancrso  Cila, b) — npocTpanctso Bcex PyHruui  y(x),
HenpepbiBHLIX Ha [a,b] BMecTe Co cBoell mnepBoil IIPOH3BOAHOMN:
lgle,= max |y(x)|+ max |y (x)]
<x<<h <x<b

RS A X5

Ipocrpancrso Cyla, b] — npocTpancrso Beex dynkuuii y(x), He-
npepuiBHbiX Ha [a, b] BMecTe ¢ NPOM3BOAHBIME OO N-r0 HOPAIKa
BKJIOYHTEJBHO (7 — (PUKCHPOBAHHO® HaTYypa/lbHOE YHCAO):

n

holg, =2 max [y® ()],

b= AKX D
Hnorpa 8 Cala, b] nHopmy saemenra y(x) onpemensdioT Tak:

lyl= max {{g@)L 19 ®)h oo, 19 x)[}
alx<<h



FrTABA I

3KCTPEMYM ¢oYHKLIHH MHOTHX -
NMEPEMEHHBIX

§ 1. BeaycaoBHbi aKcTpeMyM

ITycts B Hekertopoit o6nactu D eBKAMAOBA N-MepPHOTO IPOCTPaH-
n
crBa E° sanana dyuruns f(x, Xs ..., Xn) HAH, KOPOTKO, f(%).
Mpl ckaxeMm, 4TO B TOuKe Xo =D ¢yuxuus [(x) OJocrueaer
€60220 HAUGOALWEE0 (HAUMEHbUIE20) 3HAYEHUA, eCNM KaKoBa Obl HE
6bli1a Touka x = D, nMeeM:

Fx) < F (xo) (F (x) 2T (x0))-

Teopema Beftepmrpacca. Beakaa ¢ynxkyus, Henpepois-
HaA 6 3aMKHYTOU Ozpamuuennod obaactu, O0ocruzcer 8 Hell C80€20
HAUbOABIUE20 U HAUMEHOULE20 SHAUEHULL.

Onpenenenmne l. Ilycts dpyuxuus f(x) onpenenesa B o6na-
ety D < E™ Touka x0 = X[y vens xn) & D Hasbisaercs rourod
CTPO2020 Maxcumyma (COOTBETCTBEHHO TOUKOL CTP02020 MUHUMYMA)
dyskuny f(x), eciu cylliecTByeT Takasi oKpecTHocTh € (x(®) TOUKH
x®, uro BhmoaHsieTcst HepaseHCTBO [(x) << f(x®) (cOOTBETCTBEHHO
F(x) > f(x®)) npag Bcex Tolek x = Q(x®) N D, x 5= xO,

Touka crpororo makcuMyMa (COUTBETCTBEHHO CTPOroro MHHHs
MyMa) XapaKTepH3yercsl TE€M, 4TO

Af=f(x) —f(x®)<0 (coorBercTBenHO Af>>0)

npy Beex X = Q(x®) 1 D, x %= xO, -

Ecan ke gnas Toukw X cyuiecTsyerT Tagas OKpECTHOCTD
Q(x™), uto s Beex Touek x & Q(x) | D Bumoauserca yc/a0BHE
F(x) << F(x®) (coorsercrenno f(x) = [(x®))}, to rouka x® Hasw-
BaeTCs IPOCTO TOHKOU MAKcumyma (COOTBETCTBEHIIO TOUKOL MuMi-
mymay.

Onpeneaenne 2. ToukH MaKCAMYMa U MHHHMYMa QyHKLUNY
f(x) uassiBawTca TOUKaMU IKCTpeMyMma HTOH (QYHKLHH,

{. Tloabsysce onpenejeHHeM, HAaHTH TOYKH 3IKCTpeMyMa
QyHRL:

a) [ (xy, %)) = 5]+ 5
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2 2 2 2
xi+ x5, x4+ x50,

1, X x5 =0;
2 3

B) f(xl, x2)= X[ — x5

B ofnactu D {x% + < l}.

Teopema | (reo6xoanMoe yciaoBue skerpemyma). [Tycre
Pynryus f(x), x = (x1, X3, ..., Xn), ONpedesena 8 HeKOTOPOL oK~
PeCTHOCTU TOUKIL x‘0’=(x?, xg, cees x?L). Ecau sra rtouxa asanercs
TO4KOL IxcTpemyma Gynkyuu f(x) u ecau 8 370l 104Ke CYUeCTEYIOT

6) [(x1, %)=

npoussooHsie e (i=1,2,..., 1), 70 onu pasusl HYyaw
i

of (x(o>) .
——==0 (i=1,2 ..., n)
dx;

Ecau ¢ynxyua f(x) Oudppepenyupyena e rouxe axcrpemyma xO,
70 ee Qupepenyuaa pasen Hyaw 8 310d Touxe: df (x9)==0.

Mpumep 1. Haittu Touky skcrpeMyMa oynkunu z = x? 4 42

Pemenue Touku skcTpeMyMa HaxoAATCsl CPexu TodYeK, AAs
KoTOpux dz == 0. B HameMm cayusae dz = 2xdx -2y dy. Yciosue
dz = 0 BuifosHsieTcss B eJHHCTBeHHoft Touke x =0, y = 0. B ca-
MOM pedqe, ecii X =y =0, To dz = 0. OGparHo, nycts dz = 03
10JIL3YAChL NPOU3BOJBHOCTLIO dx U dy, BhiGepeM dy = 0, Torna 0 =
= dz = 2Xdx ¥ B CHIy NPOM3BOJBLHOCTH dX OTCIOZA CJEAYeT, uTO
X == 0. AHanornuHo noayuwaem, 4to # y == 0. B rouxe (0,0) umeeMm

= 0, BO BceX K& JpYrHX Toukax 2 == x2- y2> 0. Tlostomy

tTouka (0,0) saBasgercs TOuKOA CTPOroro MHUHHMyMa adas OYHKUHMH
Z = x2 4 2

Ecan pacumputh Kaacc yHKHHA, B KOTOPOM HLIETCS 3KCTpe-
MyM, BK/MouHB QYHKHIME He AudbepeHnHpyeMble B OTAeNbLHEIX TOY-
Kax, NPHXOANM K cjeaylomeMy HeoOXOAHUMOMYy YCJACOBHIO
3KcTpeMyMa.

Ecau xO ecrs touska axcrpemyma Qyrryuu (X1, X2y ..oy Xa), TO

8 370l Touke KaHAAA HACTHAA NPOu3BOOHAS (i=12...,n)

dx;
Aub0 pasHa Hyaw0, Aubo He cyujecTsyer.
Mpusmep 2. PaccmotpuM BepxHIOIO 1040CTh KoHyca 2% ==

== x4 4%, 2= 0. OueBupto, 8 Touke 0(0,0) ¢yHKuHA 2z HMeeT
z z
munuMyM. Ho B 2Tofi TouKe —— H —— He CYILIECTBYIOT,
y I dy yut y

Onpenenenne 3. TouykH, B KOTOPBEIX BLINOJHAETCA HEOOXO~
J¥Moe ycnoBHE 3KcTpemyMa &yHKUuE [(Xx), HasbiBaloTes Kpuruues
CKUMU TOYKAMY 3ITOU PYHKYUL.

Toukn x©®, B koropuix df(x©®)==0, HasmBawTca CTayuonap-
Hoimu Toukamu Qyrkyun f(x).

Yeaosue df (x(9) = 0 5KBHBaJaeHTHO YCJIOBHIO

of (x@) _

j==1, 2, «v., A)
o7, 0 (i=1 n)



§ 11 ' BE3YCJIOBHBIFE 3KCTPEMYM $

Hannune KpHTHUECKOH TOUKH eille He rapaHTHPYeT HaJHYHe 3KCt
tpemyMa ¢ydkunn. Hanpumep, mna ¢yskuun 2 = x2— y2 Touka
(0,0) ectb crauscHapHas TOYKA, HO 3KCTpeMyMa OYHKIHM Z B 3TOH
TOUKE HeT: B JI0GOH KaK yrojgHo Majoll okpectsoct# todkn (0,0
(YHKUMA [PHHAMaET KaK INOJOXUTEJbHElE, TaK H OTpHUATeNbHH
3HaveHHus.

1°. JocrarouHbie YCIOBHA CTPOrOro 3kCTpeMyma
Onpepneaenne 4, Ksagparuunas dopma

n
A(x)=A(xl, Koy ooy xn)= 2 a; %% p
=1

aij=a]i; i:j=1) 2,-~') n,

Ha3blBAETCS NOAONHUTEAbHO (COOTBETCTBEHHO OTPULATEADHO) ONpe-
desennot, ecan A{x)> 0 (coorsercrBenno A(x)<C0) ana awloi
Touky x € E, x5 0, u ofpawaerca B Hyab Todbko mpu x = 0,
T. € IpH X == Xg ==, ., == X, = 0,

Kpanpatnunag ¢opMa HasblBaeTCd HeOTPUYATeAbHOU, €CJaH oHA
HWHKOra He NpPHHHMaeT OTpHUATenbHHX 3uaudeHufi. Hanpumep, dop-

2
Mu %]+ x5+ ... a2 n (x 4+ %3+ ... -I—xn)2 ABJAAIOTCA Hes
oTpunaredsubMy gopmanmu. Ileppast w3 HHX ABJAeTCH NOJOKHTEbs
HO onpexenesHolf, Tak Kak oua ofpamaercs B Hyab TOJBKO [pH

X; = Xy = ,,.= X, = (; BTOpas ¢opMa yxe He OyHeT TNOJOXKH+
TeAbHO OnpeaeneHHOH, Tak Kak oHa ofpalaercs B HyJhb, HampHMepy
npu x;=1, xo=—1, 3 =x=...=x, =0

KBanpartuuynasa ¢opMa, ABIA0OWAACH [OJOXKHTENbHO HIH OTPH=
naTeJpHO ONpeneNeHHOHN, HasblBaercst onpedenennold Keadparuurod
¢opmad.

KBajparnunad ¢opma, NpUHHMAKOWasA KaK MOJOXKHTE/IbHEE, TaK
H OTpHUATe/bHbE 3HAYeHHUSH, HA3LIBAETCH HeonpedeeHHOw.

Teopema 2 (poctarounbie YC/IOBHA CTPOrOro 3KCTPEMyMa),
Hycre ¢ynkyus [(x) onpedesena u umeer nenpepsignbie npoudsols

Hble 8TOPO2O nopﬂdrca 8 HelCOTOpOﬁ OKPECTHOCTU TOUKU x(O} =

=(x?, xg, ey x?,)u nycre xO sgaserca crayuonaprol TOUKOU PyHK

yuu f(x). Ecau xeadparuunan (opma

n

O 9% (2@
A(dsy, doyy oo dii) = Y ai( 0x)
4

ij=1 !

dx; dx (1)

T. e. gropoi Ougpdepenyuar pyukyuu [ 8 rouxe x©, seaaercs nos
A0%UTeAbHO onpedesennoil (oTpuyareasno onpedenennoll) Keadpas
TU4HOL Popmoil, TO Touka X® s8aaeTCa TOUKOL CTPO20EO MUHUMYMA
(CO0T8ETCTBEHHO TOUKOU CTPO2020 MAKCUMYMA); ecau rceaapamtmag
$opna (1) ssasercs neonpederennod, 10 8 TQ4ke X0 3KcTpemym

Her,
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Kputepull Cusssectpa noaoxcutessHol onpedesgnHocTy Kea-
dparuunoti ¢popmvi. IIns Toro 4TOGH KBaApaTKhuHas dopma

n
A(x)=A(xy, %2, vy Xn)= a; %%, (2)
i, j=l1
y KOTOpOit a;p=a;; i,j=1,2, ..., n, 6blna NOJOXKHTEJNBHO Ollpe-
NeJIeHHOMH, HeoOGX0AHMO U A0CTATOUYHO, uTOoOLI B

ap Qg Q|

31 Qi
a; >0, >0, Q1 Az Q23 {0, ...
gy Qi
a3p Q32 Qg3
an Q2 ... A

Q1 Q2 «v. Qup
S IR DY

PR
D N

An1 Qupz +«+ Qun
Has toro uro6bl KBagpaTuuyHas ¢opma (2) 6bl1a OTPHLATENBHO
onpejiesenHol, HeoGX0AUMO H JOCTATOYHO, 9TOOH
A Gz Agg
>0, Gy Ggp Gy |<0, ...
Q31 A3z Q33

Ay Az
ary <0)

Qo1 Qo

an G2 ... Qin

Qyy Qg2 ... Qgn
S (—1)">0.

an1 Qn2 <.« Qnn

Cayuatd n == 2, Tlycth ®yHkuus f(x, y) onpeneneHa U HMeeT He-
NpepLiBHbie UYacTHbIE NPOH3BOAHEIE BTOPOTC JOPSAKA B HEKOTOpOH
OKDECTHOCTH TOYKH (Xg, 4o) H NyCTb {Xo, Yo) ABJRKETCA CTAHHOHAD-

HOH TOYKO#, T. €.

f),c (*0r %0) =f; (%0+ %0) =0 G
Toraa, ecan B Touke (Xg, Yo)
Ty — ()’ > 0, (4)

TO OHa fABJAETCd TOYKOH 3KCTpEMyMa, a HMEHHO MAaKCHMyMa, €CiH
B Heft

" rr

fre<0 (g, <0),
H MHHHMYMa, ecJlH

s 74

w>0 (g >0)
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Ecan xe B tauke (Xo, o)

J,c,:c ;’y - (fz,c’y)Q <9,

TO KCTpPeMyMa B Touke (Xo, yo) Her. Hakonen, xoraa

14 4

Frdgy — (F)? =0
B TOuKe (Xo, Yo), TO B HEH 3KCTPEMYM MOXKeT OhITh, 4 MOXET H He
6uiTe, B 3TOoM nmocaexmeM caydae TpeSyercs JOMOMHHTEIbHOE HCC.I€-
JNOBaHHe,

MMpumep 3. PaccmorpuM dyukuud z = x* 4yt z = —x'—

—y, 2= xt—y! Touka (0,0) siBasilercs cralHoHapHON TOUYKOH
AJd Kaxaoi u3 2amx ¢yukuufi ¥ B 3TOl TOUKe A KAXKAOH U3 HUX
” /4 I4 B
Zyext By —\Zgy) =0,

Herpynno Bugers, uto Touka (0,0) sBasercss TOUKOH MHHU-
MyMa aast nepBofl QyHKUMH, TOYKOH MaKCHMyMa — IS BTOPOil U He
ABJIsIeTCA ToukKofl 3KcTpeMyma A/ TpeThefl. B camoM jesie, BO BCeX
Tpex cayudasx 2(0,0) = 0, uo B nepBoM ciyuae B Ji00oil OKpecT-
Hocty Touk (0,0), Kpome caMoOH TOUKH, 3HaueHHs QYHKUHH [0JO-
JKHTeAbHBIE, BO BTOPOM — OTPHIIaTesbHBIE, a B TpeTheM Cayuae
dyurnua z = x*— y* B a1060fl 61U30CTH OT Hayaaa KOOpPAHHAT IIPH-
HAMaeT KaK TOJOMHTENbHBIE 3HaueHus (Hanpumep, npu x 5% 0,
y = 0), Tak ¥ oTpuuaTejbHbie (lanpumep, npu x =0, y 3= 0)."

ITpumep 4. Ha#ity skcrpemyMm GYHKIHH Tpex MepeMeHHBIX

f=x2+4y?+ 22 — xy + x — 22

Pemwenue Haiizem craugonapHue TOYKM 3afaHHOR (YHK-
unu f. g sTOro cocTaBuM CHCTEMY ypaBHEHHit
of
'5; = 2X — Y + 1= 0,
of
—07 =2y —x=0, }
oF

'a_z'=22!—2=0,

peiast KOTOpyio, MOMYUHM Xy == — %, Yo=— %, =1L

2 1
CocraBuM KBaapaTHunyo dpopmy (1) B Touke Py (-— 3T 3 1)-

Hmeem
” 14 4
fxx=2' fxy=_1! XZ::O’
/4 ” ”
fpe=—L fu=2 fy2="0,
4
=0 Fy=0 =2
B Touke P, moayumm
ay =2, ap=—1, a;=0
gy = —1, Qo =2, ay3 =0,

a3 = 0, Qgp == 0, A3z — 2;
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TaK 4yToO i
ap a 2 —
a“>0, l " 12 =] ]=3>0;
oy Q22 -1 2
2 —1 0
—1 2 0j=6>0.
0 0 2

Ucnonbayss kputepufi CuanBecTpa, 3ak/1iouaeM, 4TO KBaJAPaTHYHAA
dopma — MOJIOKHTENLHO ONpejesieHHasd, a 3HAuYMT, COrJacHo Tee-
pemMe 2, 104ka Py ABNAETCA TOUKOH CTPOroro MHHHMyMa, RpHYEM

4
f(Py)=— 3
IIpumep 5. Hafitu skcrpeMyM ¢yHKUWH JBYX DEPEMEHHBIX
z=x%2(6 — x — y).
Pewenne Hafinem cranuosapHee TOYKH:
2, = 18x%y? — 4xy? — B2y =0,
z, =125y — 2x'y — 3x%y2 =0,
oTKyda X; =0, =0 u xp =3, y, = 2. INoayunan xBe cTauuo-

HapHHEE TOYKH PI(O 0) u Py(3,2).
Haiinem BTopble npo3BoiHbIe 3apaHHOfl QYHKIHH

2y, == 36xy® — 12x%% — 6x4°,
z;'y =12x% — 24 — 6x3y,

z;’y = 36x2y -_ 8x3y - 9.7c2y2

” ” 7
B Touke P, umeeM 2, =2z,  ==2z . =0, Tak 4TO 2

P vy T Zxy xx°zyy
-(zxy =0, H BONPOC O HANHYHH ODKCTPEMyMa B 3TOR Touxke

0CTaeTCsl OTKPHITHIM. [ peluensust 3Toro BONPOCA HANO IPHUBJIEUDL
CTapIuHe NPOH3BOLHLIE.

B Touke P, nMeeM 2y, ==—144, z;y=—-162 z y-——-—108
Ouesnano, 2y, - 2y, = (2, )2>0 a TaK KaK 2y, <0, TO B TOuKe

P; (3, 2) umeer MECTO MAKCHMYM, NPHUEM Zmax = 108.

 MccnenoBaTh Ha MaKCHMYM H MHHHMYM CleAyiOLlHe
¢yHKURH: -
2. f=(x—1)2—242
3. f=xt+yt— x2+4xy—-2y .
4 1=+ e,
14-%—
5 1=y 7
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6. f= +4x+ +— (x>0, y>0, 2>0).

1. [= -xy+y —-2r+y

8. f=sinx-siny sin(x+y) O<x<<n, 0y <),

9. f=xl-'x§...xg(l—xl—2x2— ves —NX,)
(xl>0: x2>05 LS | xn>0)-

10. IToxasath, uro ¢yuxuua z=(1- e¥)cosx—
— ye¥ nMeeT OeCKOHEYHOE MHOXECTBO MAaKCHMYMOB H
Hil OJHOTO MIIHHMYyMa.

11. SIpiserca i AOCTAaTQUHBIM A9 MHHHMyMa GYHK-
uui f(x, y) B Touke Mg(Xo, o) yCI0BHe, uTOGL 5Ta PyHK~
nHst IMeJTa MHHHEMYM BJOJb KaXJOH npsaMof, Hpoxond-
el depes Touky M,y? Paccmorpers mpumep [(x,y)=

=(x—¢’) (2x— y*).

12. Tlokasartb, 4T0 B OT/IMUHE OT (hyHKIHH OJHOH Ne-
peMeHHON yKe s QYyHKUMH [ABYX NepeMeHHBIX Cylue-
cTBOBaHHe B oOOsactn D eZMHCTBEHHOTO 3KCTPEMyMa —
MaKCHMyMa WJIH MHUHHMyMa — ellle He O03HAyaeT, uTo
3TOT 3SKCTpeMyM o006g3aTelbHO JAOCTaBiAsier HaudoJbliee
HJIH HaHMEHbllee 3HaueHue (byHKuHH BO Bcell obnacTi.
Paccmortpers npumepst:

a) 2=x>— y? + 2e—%,
—o0o L x<+oo, —oo<Ly<-4 00f
6) 2==x3—4x2 -} 2y — 4%,
D{-5<x<5; —I<y<<1h
13. IlycTe mana mnepHoAHuecKas ¢ INEpPHOAOM 2n

dyukuns f(x). Cpean Bcex TPHTOHOME1PHYECKHX MHOTO-
WIEHOB KH-TO NOpAnKa

n
—0;—" -+ 2 (ar cos kx 4+ Py sin kx)
k=1

nyreM noa6opa ko3ppuuMeHTOB oy, Pr TpeGyeTcs HaNTH
TOT MHOrOuJeH, HAJAs KOTOPOTO CpelHeKBaApaTHuHOe
YKJ/IOHEHHeE, OnpefiesiseMOe DPaBeHCTBOM

Tr 2
6i=—2-1-,; lf( )———E(akcoskx-kﬁksmkx)]dx.

-—g k=1

HMEET HanMCHLIICEe 3HaucHue,



14 OKCTPEMYM O®YHKUMIM MHOIMX ITEFEMEHHbBIX rint

2°. Metoa uanckopeitwero (rpagmentHoro) cnycka. [Iycts cras
BHTCA 3ajaua 00 OTbICKaHHM MHHEMYMa ¢ysruxy f[(x), rae x =

= (%1, X2, ..., %m). BO3bMeM HEKOTOPYIO TOUKY x0=(x?, £ o1y,
H BbIUHCJIHM B 3Tofi TouKe rpasueHt ¢GyHKuuu [(x)

gradf(x) = ¥, 20D )

i=l

o 1
rie e, €, ..., €n — OPTOHOPMUDOBaHHMI Gazuc B npocrpaHctee R .
Ecnu grad f(x°) = 0, To nonaraem

xp=xy—hi(grad f(x%), e) (k=12 ..., m)
rae h; > 0 pmocratouno mano. Ecam grad f(x') 5= 0, To moanaraem
xi = x,lz — hy(grad f (x1), ep), (B >0),

H BooGuie, ecau grad f(x=~1} 5% 0, To

P=xPtt—p (gradf(x" ), e,) (k=12 ..., m), (hy>0).
Ilpu onpenenenssix yciosusx (cM. [18]) noaydaem MoHOTOHHO yObI-
Balomyo fnocieposatensHocts {f(x*)}. Ecauw x*-—>% u X — TouKa
MuHEMyMa yHxuun f(x), to grad f(x")—>0 npu n - oo,

IMpumep 6. Hajitu Touky Muuumyma (byHKIJ.HH f(x) = £
Pemenne BosbMem, Hanpumep, touky x° = 1. Hwmeem

grad [ (x%) = 2x% = 2{ 5= 0.
IMosTomy
=40 f.2=1—24 rue h>0.

gradf(x') =2(1 — 2h)i.
Ecau hq&—;-, to gradf(x')=%0 u
x2=x!'— 21 (1 — 28)=(1 — 2h)%

[popoaskas 3TCT NPOLECC, HAXOLHM
x"=(1—2m"

Haanee,

flcno, uto ecan 0 << h << 1, 10 x*»—>0 npu n—oo, Touka x =0
1
ecTh Touka MHHHMyMa ¢yuxuun f(x) = x% Ecau ke h=—2—, T0

x'=0, grad f (x!)=0, ¥ Mu nOJywaeM CTanHOHAPHYIO NOCJe0BA =
TenbHOCTh {0}, pesen KOTOPoOi ecTh HyJIb.
!;I pu M ep 7. Haiith Touky MuHHMyMa ¢yukuan f(x,y) =
= x24- 4%
Pewenne BossMem, nanpumep, Touky (1,1), 7. e x0=1,

y° = 1. Haxogum
grad f (1, 1}==2i+ 2.
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Tax kax gradf(l, 1) 540, To monaraeum
$N=x0—2x%h =1 — 25,

Y=y~ 2y%h=1— 2h. (>0

Hmeen
grad [ (', 9')=2(1 — 2h) i+ 2(1 — 2h) j % O (hq’:%),

nostoMy OepeM
X2=x! — 2xt e h= (1 — 21)?,

1
. h>0, h?&—)
Y=y — 2t h= (1 — 2h)2 ( 2

Tlponoaxkas 3T0T Hpolece, NOJIYUUM
M= —2n)"
Y =(1—2n)",
Tak uro nmpu 0 << h << 1 6yneM HMeTh MNOCJENOBATEAbHOCTL TOUEK

Mn(x», y»), cxoisulyiocs K Touke munuMyma M(0,0) sapauHoi
§yurunu, OueBHAHO, 4TO

grad f(x", y") =2(1 —20)" i+ 2(1 —2A)* j->0 npu n-—> oo,

Mrak, touka MumuMyma oyukuun f(x,y) = x4 52 ecTb TouKa
(0,0).
MetozoM TpajHeHTHOro CNycKa Hal¥TH TOYKY MHHHMYMa QyHKIUH

2==x% 4 y?— 2% 4 4y + 5.

§ 2. YcaoBHbId 2KCTpeMyM

Ilycte uMeeM dyHKUMIO 2 = (X1, X2, ..., Xa) OT n nencaet-

o f

HEIX, ONPefeseHHYI0 B llekoTopolt ofaacti D mpocrpancrsa E .
TlycTe, ¥poMe TOrO, Ha Xy, X2, ..., Xn HaJOXKEHO elle M AOMO.I-

HUTENBHBIX ycioBufl (m << n):

@1 (%1, X ovey %) =0, }

(1)

Qm (X1, X200 ey X)) =0,

HasbIBa€MbIX YPaBHEHUAMH CBA3H.

Myers £'% = (x, 13, ..., £%) — suyrpennsn touka oGaacta D.

FoBopar, 4T0 f (%) Xg +-., X,) HMEET B TOuke (x?, x5 0o, x9)
yero8roui maxcumym (COOTBETCTBEHHO YCAOBHOLE MUHUMYM), €CJIL
HepaBeHCTBO

0 ,0 0
F(xp %9000y xn)<f(x1, X9 vees xn) (2)
(coo'rBeTCTBeHHo f(xl, Koy eery xn)>f(x?, xg, . x?l)) BBITTOJ=

HACTCA B HeKOTOpOﬁ OKPECTHOCTH TOUKH (x(f, xg, se ey xg) npu
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YCJIOBHH, HTO TOYKH (xl, X9y 00y xn) u (x?, xg, vers x%) yaoBae.
TBOPAIOT ypaBHeHHsM CBsasH (1).

MMpumep 1. Pynkuus 2z = x? 4 y? umeer 6e3yCJAOBHBIA MHHH<
MyM B Touke (0,0), pamumil uyswo. Ilpucoenunnum ypaBHeHue CBA3H
x4 y—1=0, 1. e. Gyaem HCKaTb MWUHHMYM AaNiJILKAT TOYEK Mno-
BepxHOCTH 2 == X’ y? aumip AN Tex SHa4eHUH X W y, KOTOpbIE
YAOBAETBOPSIIOT ypaBHeHHIO X - y ~ 1 = 0. Yc/0BHBIH MHHHAMYM He
Moxer pocturathest B Touke (0,0), Tak K2k 3Ta MocAefHss He YXO-
BJIETBOPsIET YDABHEHHIO CBsi3M. PaspellliM ypaBHeHHe CBSI3H X -~
oy —1 =0 oTHOCHTEJBHO Yy ¥ TNOACTABHM HafileHHOe 3Haueiue
y=1-—x B ypaBHenwe floBepxHocTH. [lomyuum 2z = x%- (1 —
~— x)2 — ¢dynknuio onxoll nepemennoft. Mccenys ee na skctpemyM,

1

. 1 .
HailleM ¥xp =, Zmla== 3 B cusny ypaBHeHus CBA3M HaiileM
11

27 27 2
Hoft B nepecevenun napaBosonfa 2 = x% 4 y? MIOCKOCTHIO X 4§ —

~1=0

1
Yxp = Touka eCTh BEDIIMHa napabousl, fonyueH-

AHaOrHYHO MOJKHO MOCTYTIMThL U B 6one\e ofIeM ciyuae.

IMycrs umercs ycaosubill skerpeMyM QyHKuuH 2 = f(x, y) npa
Hainuuu cea3d @ (X, y) = 0. Jonyctum, uto npu paccmMaTpHBaeMblX
3HaUeHHAX X ¥ Yy ypaBHeHHe @(x,y) = 0 ompenenseT y Kak OJl0-
sHauHyio auddepennupyemyo ¢yHkuuio y = $P(x). [logcraBass B
$yHKuHIo f(X,y) BMeTO y QYHKUMIO Y (x), nodyuaeM (YHKUHIO OX-
HOfO nepeMennoro x: z = f(x,Pp(x))= F(x). DSxcrpemym (6e3-
YCJIOBHBI) @YHKUHE f(x) fABASETCS HCKOMBIM YCIOBHHIM SKCTPEMY-«
moM ¢ynkuun f(x,y) npd Hanuuud ceszn @(x,y) = 0. dtoT Cno-
co6 npakTHyecku He Bceraa yjioGeH, Tak kak oH Ttpebyer daxTHue-
CKOTO pelleHHs ypaBHeHHs (X, y) = 0 OTHOCHTEJNBbHO KaKoi-1HG6O

fnepeMeHHoil.
Ong  ortbickaHHS  3KCTpeMaJbHBIX 3HAueHHil (QYIKUHH 2 ==
p= f(Xy, X2 ..., Xn) TPH HaaHuHp cBasel (1) noab3ylOTCa METOAOM

Heonpeze/eHHLIX MHOXKHTeJelt Jlarpanxa.
Merod muoomcurened Jaepansca. TlpennonoxuM, uto:

1) oyukunu f(x), X, ..., Xn) H P {%;, X ..., xn) (=1,
£, ..., m) HMeT HelpEepEIBHLIE YACTHbIE [IPOH3BOJAHbIE [1€PBOTO MO~
panka B obnactu D;

0¢; .
2) m < n w paHr MarpHubl 5l = L2, .,m j=
!
=1, 2 ..., n, B Kaxnofi touke oGnacti D paBen m.

Cocrasasercs HoBast dyuxuua (byukuusa Jlarpanxka)
m

o=+ X Ay, 3)
i=]

riae A:; — HeonpejeeHHbIe OCTOSHHbIE MHOXKUTEIH.
Pynxuua O (xy, X ..., Xp) HCCAEAyETCH Ha Oe3yCJOBHBI 3KC
TPEMYM, T. €. COCTABJSETCA CHCTEMA YpaBHEHHH '
o0 o0 o

'a—x'l—=0, '5;;30, 224y 6xn

=0, “4)
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H3 KOTOpOil M U3 m ypaBHeHHH CBAIH
¢=0, @,=0, ..., @ =0

onpeens1cs 3HAYCHHA NapaMerpoB Ay, A, ..., Am H KOOpAHHATH
(X1, %2, ..., Xn) BO3MOXHBIX TOUEK IKCTpEMyMa.

Ycnopuss (4) ABASIOTCA HeOOXOAHUMBIMH  YCJAOBISAMH  9KCTpe-
MyMa xak OyHkuuu Jlarpanika, TaK ¥ HCXOAHOH QYHKIHH 2 ==

= f(xh X2, vves xn)'

Ecan Touka (x?, xg, ooy x?L) AIBJASIETCA  TOYKOH yCJ0BHOrO
SKCTpeMyMa n1a QYHKuMH f(Xi, X2, ..., Xz), TO OHa fBJIsETCS CTa-
LHOHapuofl TouKod Aas ¢ywkuud Jlarpauwxka, 1. € B 3TOH TOUKe
Gx =0 (i=1 2 ..., n). Hrobs HccrenoBaTh CTALHONAPHYK

0 0 0 1))
TOUKY (X{, X3 «.., *,) Oyuxumn Jlarpamxa O(x;, Xy oo, X,)
Ha YCHOBHEIH 3KCTPEMyM, HAJ0 COCTaBHTbL KBajipaTuuHylo dopmy
n—m

B(dx), dey .oy dx,_ Y= X b, dx dx, )

t,]_-l

n—

T. e. Bropo#i auddepennnan $yuxuuu Jlarpanxa B 310l TOUKE c yue-
TOM ycnoam"x

ayp;
dxl-l- dxg—l—...—i— a;p, dx,=0 (i=1,2, ..., m). (6)
1 Xn

dx

Ecau xBagpatuusaa ¢opMa (D) — ompejieseHHas, TO B TOUKe
(x?, xg, N x?t) 6yzeT CTPOTHI YC/IOBHBIfF SKCTPEMYM, a4 HMEHHO:
CTPOTHH YCNOBHLIH MaKCHMYM, ecIH KBaapaTtHuHas ¢opMa (D) —
OTpHUATEBHO Ofpeje/eHHas, W CTPOrHH YCJIOBHBIE MHHHMYM, €C/IH
kBajpatuunas dopMa (D) — MOJOXKHTENBHO OlpeseneHHas.

Ecan xe kBagpaTtnuyHas dopma (D) — HeompeaeseHHas, To Tod-
Ka (x?, xg, vens x?L) He fABJsfeTCA TOUKOH YCJOBHOIO 3KCTpPEMyMa.

6 .0 0
, .
Takum o6pazom, Ha/lHuMEe B TOUKE (xl, Xop veny xn) 6e3ycaoB

HOro Makcumyma (MusuMyMa) mias Qyukuny Jlarpamxka (npH Ha#f-
JeHHbIX 3HaueHHsIX Ay, Ag, ..., Am) BJeueT 3a cofofl HaauuHe B
3TOfl TOYKe YCJOBHOTO MakCHMyMa (MHHMMYMa) aast QYHKUAH 2 ==
= [(x1, X3, ..., Xn) OPH HAJHYNU CBsA3EH

O (% X - eny X,)=0 (i=1,2 ..., m)

OrcyTersue 6e3ycjiOBHOrO SKCTpemyMa aist QyHkuun JlarpaHxka
©(x), %2, ..., Xn) €llle He O3HAYAET OICYTCTBHE YCJAOBHOIO IKCTPE-
MyMa a5 QYHKWHH f(X1, X2, v .y Xn).

Ipumep 2. Hafitn SKCTpEMyM (YHKUHE 2 = Xy TNpU YCAO-
By y —x = 0. .
«. Pemenue CocraBasem dynkuuio Jlarpanxka

O (x, y) =xy+ (g — )
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H BBINUCBHIBAEM COOTBETCTRYWOIIYIO CHCTEMY AJa Onlipene/eHHs A KO-
OPAHHAT BO3MOXHbBIX TOUEK 3KCTpEMyMa:

o0

G =v—r=0l

Ly _ ! (1)
—W==x+h—‘0, l

y—x=0. ]

U3 nepBoro ypaBueHus HaxoxauM A == y. IloscraBasia Bo BTOpOE, MO~
ayunM x + y = 0. Hrax,
x+y=&}

y—x=0,

otkyna x =y = 0. Ilpu sTom noayuaem A == 0. Takum o06pa3soM,
coorBeTcrByomas ¢yHkuus Jlarpamxka umeer Buy D(x,y) = xy.
B Ttouke (0,0) @ (x,y) He uMeeT (e3ycjOBHOTO IKCTPeMyMad, OJHAKO
YCJAOBHBIE 3KCTpeMyM (YHKUHH 2 == Xy NPH YCJOBHH § = X HMEETCH.
JeificTBHTENbHO, B 9TOM CJAydae Mbl HMeeM 2 = ¥?, OTKYAa BHIHO,
yTo B Touke (0,0) ecTb yCJIOBHBIH MHHHMYM.

INNpumep 3. Hafith ycaoBHHIl 3KCTpeMyM (QyHEIIH

f(x, 4, 2) =xyz (8)
HpH yCJIOBPIHX
91 (%, 9, z)=x+y—z—3=0,} _ ©)
Q% ¥ 2)=x—y—2—8=0.

Pemenne CocraBum dyuxunio Jlarpanxa .
D(x, y, 2)=xyz+M(x+y—2—3)F A (x—y—2-—8)

M BHMHIIEM CHCTEMY YypaBHEHH{t AJd ONpejeseHus TNapaMerpoB Ag,
A2 H KOODAHHAT BO3MOXHBIX TOUEK 3KCTPeMyMa:

@
=yz+r+Ar=0,

dx

g—(;—=xz+7»1—-}~2=0,

D ( (10)
55 =X =M — k=0,

x+y—2—3=0,
x—y—2—8=0.

Pemas cucremy ypasuennit (10), noayunm

11 231 11 5
== =T Y=g 2=y

M=
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Bropoit .u,ﬁd)q)epenuﬂa.n d)yHKqu (D (%, y, 2) pasen

2
eo=22 SF dx2+ D ay +
am 0
+2g +2—-—d dz+2 5 dy dz.

B namem cayuae
AP =2zdxdy+2ydxdz+ 2x dy dz. (11)

Bocnosb3oBaBiunch yCJAOBHAMH cBf3H (9), noayumm
dx+dy—dz=0,
dx —dy —dz=0, }
orkyna dx=dz, dy=0. [oxcraBass sto B (11), noayuum
B (dx) = 2y dx2

B crannonapHof Touke B = —5dx?<0, T. e. B TOUKE

U5 Y eew waken 3 .
T T T g HMEeM MaKCAMYM, PaBHHE fmax= 35"

Mpumep 4. Halitu skerpemym ¢yunxuuu 2z = cos® x 4 cos? y
IIpH  yCJIOBHH

14
y—x=7-
Pemenne. CocraBasem ¢pyukuno Jlarpanxa

© (x, y)=c052x+coszy+h<y_x__1_‘_)

M BHIHCHBaeM CHCTEMY yDaBHEHHE Iasi ompejesennd llapamerpa }
H KOOPJMHAT BO3MOXKHLIX TOUEK BKCTPEMyMa

oD

——=—2c08 xsinx— A ]
ox I
b
~5§——-—2cosysmy+ O,i
T
y—x—g=0]
HJH
sin2x =—A2, (12)
sin 2y = A, (13)
T
y—x=-1—. (14)

Hs (12) u (13) mmeeym sin 2x + sin2y =0 nm
2ssin (x + y) cos (y — x} =0, (15)
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V2

Cornacno (14) umeeMm cos(y ~ x) = 35 %0, a noromy us (15)
nosyuaeM, uto sin(x -4 y) =0, oTKyna
%+ y=kn, E=0, =1, =2 .., (16)

Pemasn coemecTno ypasuenna (14) un (16), 6ynem HMeTs
kit T

X=—z

k
5 — g y=——2£+%, E=0, *=1, =2,... (17)

Haxonum Bropuie npousBoaubie ¢pyuxuun @ (x, y):

020 9*@ 020
= —9 —
Ix? c0s 2%, dx dy 0, day?

B Toukax Pp (—kzl_% k; + ) HMeeM

= —2 cos 2¢.

(D:,c,x r/ - (07, )-—4cos (kn——i—t-) cos (kn +-Z—)=s
=2cos Zkn=2>0,

3naunr, B Toukax P ecTb yCaoBHHA 3KkcTpeMyM. [anee, npH

k=2n
=—)2<0,

n

0?0
ax2

P

a IOTOMY B TOYKax P, — YCIOBHHHA MaKCHMYM

2
Zmax =1 + —— V
Npu k=2n-+ 1 Gyner
D —
T |, TV
2n+1

TO €CTb B TOYKAX Pyyyy — YCJIOBHEIA MHHHMYM

Y2
Zmian =1 9 ¢

B caepyomux 3agauax HafiTH yCMOBHHIHA 9KCTPEMYM.
14, f=xy npu x2+ y?=1.

15. f= x4 42 npu -12‘-+—§-= 1.

16. f8= xyz npu ycxosusx x -+ y -+ 2=>5, xy 4 y2+

17. f:=ex” npu x+ y=a.
18, f=6—4x—3y npu x>+ y¥’=1.,
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19, f=x—2y+ 22 npu 2+ 4?4 22=09.
20. f=sinxsinysinz npu x+y+z=%—, x>0,

y>0, 2>0. :
21. Jloka3aTb HepaBeHCTBO
Syt n .
L2, a>1, x>0, y>o0.

22. Hafitu wnanGosbinee 3HAUYCHME NPOU3BEACHUS
xyzt HEOTPHUATEeNbHBIX uHCea X, Y, 2, ! OpH YCJAOBHH,
YTO WX CyMMa COXpaHseT NIOCTOSIHHYI0 BEeJHYHHY X -+
F+y+z4t=4c

23. Hafitu xpaTtuaiimmee paccrosinue ot touku M (1, 0)
10 sanunca 4x2 4 9y? = 36.

24, Hafitu paccrosine Mexay napa6osoit y = x? u
npamofi x — y = 5.

25. Hafitu cTOpOHB HpPAMOYrOJbHHKAa MAaKCHMAJbHOH
oAy, BnucanHoro B XKpyr x2 4 y? = R2

26. B map pamuyca R BnHcaTh UHJIMHAP ¢ HAHOO/b-
Hieil NOJHOA HOBEPXHOCTHIO.



TTABA II
3KCTPEMYM &YHKUHOHAJIOB

§ 3. dyukuuonan. Bapuanus GpyHknHoHARA U ee CBOHCTBA

1°. Onpeneneuns ¢yuxunonana, Bamsocts kpusmx. [lycte nan
HexoTophii kaace M dyuruuit y(x). Ecan kaxpoft pyHKuuu y(x) e
& M no HeKOTOPOMY 3aKOHY IOCTABJIEHO B COOTBETCTBHE ONpefesieH-
Hoe wHcso J, TO roBopar, uTo B Kaacce M onpenened gyukyuonar J,
n mayt J = J[y(x)]

Kaace M dynxkuui y(x), Ha KOTOpOM omnpene/eH (yHKIHOHAT
Jly(x)], nasviBaercs 064acToi0 3adanus QyHKYUOHAAA.

pumep L. ITycts M = C[0, 1] — coBoKynHOCTE BCEX Henpe-

puiBHBIX GyHKUMA y(x), sajanHbX Ha oTpeske [0, 1], u mycTb

1
Iy (1= [ 50 dx. (M
0

Torpa Jy(x)] ecro ¢yHrnuonan or y(x): Raxaofl ¢pyskunu y(x) e
e ([0, 1] orseuaer onpegenenHoe snauenne Jly]. IMomcrasaaa B (1)
. BMecTo y(x) KOHKpeTHHle (YHKUUH, Mb OydeM IMOJydYaTb COOTBET=
cryoutue 3nauenns J[yl Tak, ecau y(x) == 1, to

1
JNl= [ 1edx=1;
]

ecin y (x) =e*, to
1
J[e”]=fe“"dx=e—— 13
0

ecau ¥y (x) =cos mx, TO
1

J[cos nx] = f cos ix dx = Q.
0

MMpumep 2. Ilyerb M = Ci[a, b]— knacc ¢ynxunit y{x),
HMEIOLIHX HeMpepuIBHYI0 HPOU3BOJAHYIO Ha oTpeske [a, bl, u mycrs

Jy]=y¢ ("9)» rae  x < [a, bl (2)
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fcuo, uto Jly(x)] ecTb ¢ynkunoHnan, onpepeneHubifi B yKa3aHHOM
Knacce (YHKHMA: KaxAok ¢(GYHKUMH M3 3TOTO Kjacca CTaBHTCA B
COOTBETCTBHE ONpejleNeHHOe 4YHCJO — 3HAayeHHe INPOU3BOLHON  3ToM
(yHKIUHK B (PMKCHPOBAHHOH TOUKeE Xo.
Ecnu, HanpuMep, a=1, b =3 n xo=2, 10 ang y(x) = x?
HMeeM:
Il =2xlp =%

s y (x) =x2 41 noayuynum J[x2 4+ 1] =4 nJiﬂ y(x)=1In (1 + x)

6yleM uMeTb J[ln(l+x)]=m =3
M x=2

MMpumep 3. Ilyete M = C[—1, 1]—knacc ¢ynxuni y(x),
HenpepblBHLIX Ha otpeske [—1, 1], u myets ¢(x, y) — 3amaHHas
OYHKUHS, onpeflefleHHAss M HempepbiBHasg Oas Beex —l <<rxr <<l w
IS BCeX HelCTBUTeNbHHIX ¥y, Torga

1
Ty @l= [ olx y(]de (3)
-1

6yneTr (GyHKUMOHAJOM, ONpejeJeHHHM Ha yKazaHHOM Kaacce (yHK-
uuii, Hanpumep, ecomn ¢ (x, y) = TO AJs y (x) = x uMeeM

1

Jx] = fl—ﬂ_‘%—;':O, a npn y (x) =1+ x nMeem

—r
T+y??

-1
1
xdx

J[l+x]= fm=an3—arctg2.
1

IMpumep 4. Ilyers M = Cifa, b]—rnace Pynxunit y(x),
HMEIOWIMX HENpepHBHYI TNpPOH3BOAHYI0 y'(x) Ha orpeske [a, bl

Torpa
b

Ty @)1= [ Vit g™ () de (4)

a

6yaer GYHKUHOHA/IOM, ONpefeJeHHBIM Ha 3TOM Knaacce GyHKuHil.
@®yuknuoHan (4) reoMerpHueckKH BHpaKaeT IJIHHY JYIH KPHBOHK
Yy = y(x) c xoHuamu B Toukax A(a, y(a)) u B(b, y(b)).

Bapuayued nwnu npypaujenuem Oy aprymenra y(x) ¢yHKu#o=
Hana J[y(x)] HasbiBaercst pasHoOCTh MEXKAY ABYMS (YHKUHAMH y(Xs
U Yo(x), NpHHAaLTeXAalIMMH BLHIOpaHHOMY KJaaccy M ¢yHKuuii:

3y =y (x) — o (x)- (8
Has knacca £ pas auddepennnpyeMbix ¢GYHKUMH HMeeM
(05)® = 85® (x). ]
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FopopsT, uTO0 KpuBbe ¥y = y(X) u y = y,(x), 3ajaHHLIe Ha OTpe3ke
[a, bl, 6ausku 6 cmbicae GAU30CTU HYyAe6020 nOPAdKa, ecnd |y (X) —
—y1(x)| Mana ma [a, b]. T'eomerprueckm 310 O3HayaeT, yro 9ITH
KpUBble Ha OTpe3Ke [a, b] 6.u3ku no opdunaran.

Bynem roBopdTh, UTO KpHUBHeE Yy = y(x} u y == y,(x), 3afaH-
Hble Ha oTpeske [a, b], OAKM3KU B cMbIC/Ie GIK3OCTH NMEPBOro MOPAAKa,
ecant y(x) —yi(¥)]| u ly' (x) —y; (x)l Mannt Ha [a, b). [eomerpu-
YeCKH 3TO O3HAuY4eT, YTO KpHBhLie HA OTpesKe [a, b] Gausku kax no
OpJMHATAaM, TaK W [0 HanpaBJeHHAM KacaTeNbHhIX B COOTBETCTBYIO-
X TOUKAaX.

Kpusbie y = y(x) u y = y(x) 6ausku & cmbicie 0AU3OCTU
k-20 nopadka, eciu MOLYJIH

ls() =g, (D] |¢" ) =g D]y oo os |99 () = 4 (2)]

Mansl ua {a, 6]
Ecau kpupble 61u3kn B cMuCJe GIH30CTH k-ro Mopsifka, TO OHH
Tem Gosee Oan3KHM B cMbicae OJaH30CTH /11000r0 MEHbLIETO MOPSAAKA,
y sin n?x
ITpumep 5. Kpubnie y (x) == —, s TAE N JOCTAaTONHO Be«

JuKo, # Yi(x) =0 mua [0, n] Ganske B cMblcie GIH3OCTH HYAEBOrO
NopsiaKa, Tak KaK MOAY/b Pa3HOCTH

sin nx
n

l -
<';1‘v

ly (x) — g1 ()| =

T. e. Ha BceM orpeske [0, m] 3Ta pa3HOCTH 1O MOAYJIO Maaa NpH A0=
CTaTouHO GOJILIIOM fi.
Bun3ocTu nepBoro mopsijixa Her, Tak Kak

ly'(x)-—yi(x)[=nlcos ngxl,

2
H, HanpuMep, B TouKax x=—n—125— HMeeM Iy'(x)-—y:(x)]=n H,

I4 4
3HAYHT, ly (x)—y (x)l MOXeT OHTb cjenaH Kak yroiro 6oJb-
WM NP A JOCTATOUHO GOJbIIOM.

sin nx
IIpumep 6. KpuBnie y(x)=——-r-l—2—, TAe n JAOCTAaTOUHO
Beauko, H y,(x)=0 Ha [0, nr] 6Gimskn B cMmbicae GM3OCTH

nepBoro nopsaka, uéo

sin nx I
1y () = g1 () | = | 2 | <
- J
’ ’ cos nx 1
l!l (x) yl(x)l—l—T s

Manul,
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B caepyowux npuMepax YCTaHOBHTD nopaAmoK Giu-
80CTH KDHBBHIX.

27. y(x)=7cl§s_i_iﬁ—, yi (x)=0 na [0, 2x].

28, y(x)== sin x , y, (x)="0 =na [0, =nl.

29. y(x)=sin % y, (x)=0 na [0, 1].

Paccroanuen mexcdy wpusoimy y=f(x) uy==f, (x) (a<x<<b),
rae f(x) u f,(x) HenpepuBHble HA [a, b] QYHKUHH, HA3HBAETCH He~
oTpHuaTeNbHOE WHCJAO P, PaB-
HOe MakcuMyMy | fy(x) — gh M)
— [(x) | Ha otpeske a<Tx < b! A

p=0plfi(x), f(x)]=

= max_|fi(x)—f(x)](7) S/
asx<h . Y 4
ITpumep 7. Hafitn \g/

paCCTOSIHHE O MEXIY KpH-
BBIMH y==x U y==x?Ha oT-
peske [0, 1] (puc. 1). —

Pemenne. Ilo onpege- 0 7 x
Jgeunio p== max |x?— x|

o<l
wm p= max (x— x?).Ha Puc. 1.
0Lt

KoHnax otpeska [0, 1] QyHkuua y= x — x2 obpamaercs B HYJb.
HauneM MakcuMyM ¢yHKUHE y = x — x? na orpeske {0, 1]. Umeem

1
E‘a

y =1-2x; y =0 npH x

TaK 4TO
1
== max =(x — x? —
P 0<x<1y ( )I 7

m]-—-

B caenywowux npuMmepax HafiTH PacCTOSHHA MEXAY
JafdHbiMM KDHBLIMH Ha YKa3aHHBIX HHTepBajax,

30. f(X) = xe—xr fl (X) = Os [0’ 2]'
31. f(x)==sin2x, [i(x)=sinzx, [0, g—] ’
32. f(x) =1, Hx)=Inx, [e}, el

Iycry kpusble y = f(x) u y = fi(x) umelOT Ha 0Tpe3Ke [a, 2]
HeNnpepHBHEEle NPOU3BOAHME N-TO NOPLAKA,
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Paccrosanuem n-20 nopadka mexcdy kpusoimu y = f(x) 0 y =
== f|(¥) HasbiBaercs HauGO/BIIUIA M3 MAaKCUMYMOB CJe[YOIMHX Be-
JIHYHH:

@ =f@ ][R =7 @] [ @) = )]

Ha orpeske [a, b]. Bynem o6o3nauate 3To paccrosiHHe Tak:

Pa=pu[fi (1) F(x)] = max = max bl R =Pl ®)

HanHoe Ha cTp. 25 omnpelleneHHe PAacCTOSHHA MeXJly KDHBHIMH fB-
JfeTcd B CMBICJAE HOBOTO OfpefefeHHs PACCTOSHHEM HYJ/IEBOTO IO=
psaKa.
ITpumep 8. Haiith paccrosiHie mepBoro mopsiika Mexjay KpH-
BEIMA [(x) = x2 # f;(x)} == x® na orpeske 0 << ¥ << 1. ,
Pewenune Haiizem npousBoanbe naHnbx Gyukuui f (x) =
7
=2x, [ (x)==3x2 u paccmorpiy DYHKuME §i(X) = X2 — XPH ya(x) =
= 2x — 3x2, Hafinem ux nauGo,ibilie 3Hauennsi Ha oTpeske [0, 1]

9}

Lol

ol
L.J{N
=

Puc. 2,

4
Hmeem y|=2x —~ 3x% IpupasruBas 5Ty NPOHIBOLHYIO HY.IO, HAXO-

2
UM CTalHoHapHbie TOYKH (YHKUHM y((X): x; = 0, Xy =3 Hanee,

; 3HaUeHHe Y1 (X) HAa NMPaBOM KOHUE PaBHO

4
Y1l =05 41| 57

2
=7
y1(l) = 0. Orciona

po= max |[x®~— x?]=  max (x"’—-x3)==—2i-.
0<x<1 0gx<1 7
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HaiigeM Tenepb paccTosiHie Po HyJ€BOro IOPAAKA MEXAY NPOH3BOA-
4
HbiMa f(x) = 2x u f (x)= 3x%

Py = max ]y;(x)l= max |2x—3x°]
0L x< ! 0<<x<1

IMocrpoum rpadux dynkumm y = |2x — 3x?] (puc. 2). Ha pucynka

BUJHO, UTG Do = . TakuM 00pa3om, paccTOsHHE P; MEPBOrO MOPSAKa

Mexay KpuBbiMH [(x) == x2 u fi(x) = x® Gyger pasuo

p1 = maX (pg, Po) == L.

33. Haiitu paccTosiHMe NepBOro NOpsaKa MeXIy KpH-
BoIMHU [(x¥)=Inx, f (x)= x Ha orpeske [e7] el
34. Haiitu paccTosiHHe BTOPOTO MOPSANKA MEXKAY KpE-

BbIMH [(x) = x, fi(x)= —cosx Ha oTpe3Ke [O, —;—]

35. Hanru paccrosiune 1001-ro mopsaka Mexny KpH-
BHIMH [(x) == €%, f,(x) = x ua orpeske [0, 1].

£-0KpecTHOCTbIO n-20 nopadka kpusoi Y = [(x)(a < x << b)
HA2BIBAETCH COBOKYNHOCTh KpPHBHIX § = fi(x), paccrosiHus n-ro no-
pAlka KOTOpHX OT KpuBo# y == f(X) MeHblle €.

pn=0n[f(x), 1 (x)]<e. )

€-0KPeCTHOCTb HYJEBOTO NOPSJKa HAa3BIBAIOT CUAbHOL &-0KpecT-
HOCTOIO pynkyuu y = [(x).

CuJjibHasi &-OKDPeCTHOCTb KPUBOH Y == [(X) COCTOMT H3 KPHBLIX,
PAcToNIOKEHHbIX B NMOJOCKe WHPUHBL 2& BOKPYr KpuBeH y = [(x).

£-OKPeCTHOCTb INEPBOTO NOpsJKa HAa3LBAlOT cjabol €-oKpecT-
HOCTBIO QYHKuuY y = f(x).

2°. Henpepmgaocts (ynxkuuonana. ®yukuuonan Jly(x)], ompe-
feseHHBIH B Kjacce M (QyHKUHA y(X), Ha3bIBAETCH HENPEpbIGHbIM
npH ¥ = Yo(¥) B cMbicse OJH30CTH n-TO NOpsiAKa, ecan Ass JoGoro
uyncsaa € > 0 cyutecTByer uHcao M >> 0 Takoe, 4TO A/19 BCex Jony-
CTUMBX (GYHKUUH y = y(X), YAOBJIETBOPAOIINX YCIOBHAM

L e)—go (x) [<n, |5/ (D=9 ()| <o o] 6 (£) =5 () | <,

pumonnsaetcs  uepasenctso |Jy(x)] — J{yo(x)]| << e. Hunmu cao-
Bamu, |J[y(x)]—Jlgo(x)]} < e, ecan

pn Y (x), yo(x)1<ne
dyHKUNOHAN, HE SABAAIOUWIHICS HENMpPePHBHHM B CMbicjae 6J130-

CTH Nn-TO mnopsaka, 6yfAeM Ha3LIBATb pA3pPbi6HbLM B CMEICAEe YKa3aH-
Ho#i 6umzoctH. [lojaras

¥ (x) =y (x) + a0® (x) (k=0,1,2 ..., n),



28 ., BKCTPEMYM ®YHKLHOHANOB [ra i

rae @ —— HEKOTOPBIA napametp, a ©(X) — npou3BoybHaA (PYHKEHS H3
Kaacca M, saMeuaeM, u10 ]

lim y(k)(x)'=yg‘)(x) (=012, ..., n),
a>0

H onpege/ekde MHempepHBHOCTH (yHKuHOHada npH Y(X) = Yo(x)
MOXKHO 3aIHCATh TaK:

lim J [y (x) + ao (x)} = J [0 (x)].
a->0

ITpumep 9. Iloka3zats, uro GyHKUHOHAN
1

Iy = [ [y () +2¢' ()] dx,
0

onpeaeaennsiit B mpocrpancree Cif0, 1], mempepuisen Ha QYHKHHK
Yo(X) == x B cMBIC7Ie GNH30CTH NEPBOTO MOPAAKA.

Pewenne BosbMem mpoussosshoe uHcno & >0, [Toxaxew,
YTO CylmecTByeT uncao 1 > 0 taxoe, uro [J{y(x)]—J[x]| << e, kax
TomeKo |y(x) — x| <n u |y (x) —1] < n. Hmeem

1 .
Wiy @]l =| [ s (0 +2 () ~ 5 — 2] dx | <
- ]

1 1
<fly<x)—xldx+2fly’(x)—udx.
0 [}

Bri6epem n=—§—. Torza aas Beex y(x)e= Cy[0, 1], mns xoTopux

lym—xl<g 1 ¥ ®-1l<g,

6
yaen Hers 11 ()] — 7 [x] | <e.

Hrak, paa Beskoro € > 0 cymecrsyer 1 > 0, manpuMmep, 1]=-§-,

TakKoe, 4TO Kak Toabko Pfy(x),x¥]<<m, 1o |y (x)]—J[x]] < e.

DTo H o03HauaeT, COIJIACHO ONPeJEsIeHHIO, YTO AaHHLIA (QYHKHHOHA

HelipepulBeH Ha (YHKUHH Yo = X B CMbicjie GJU30CTH [EPBOro I0-

pagxa. Jlerko BupeTh, uro 3TOT YHKIHCHA/ HEnpephHiBeH B CMuICje

6aM30CTH nepsoro nopsaka Ha Joboft kpusofi y(x) = Cyl0, 1),
ITpumep 10, PaccMorpuM ¢yuxunonan

JIF ()l == F (x0)s

rae bynxkumn f(x) & Cyfa, b] 1 %o < [a, b].
JToT QyuUKNHOHAN pa3phBeH Ha Jwo6off dynxuuu f(x) B cmbicae
6ausoctH Hynesoro nopsaxa, B camoM nese, nycth @(x) Taxosa,
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uyro @'{x) = 1 u |@(x)| < m na orpeske [a, b]. ,Bosbmeu 'Q)YHKHHIO'
F(%) = fo(x) + @(x), rne fo(x) & Cila,b]. Toraaf (xg) =fo (%) +1.
Ouesnano, uto plf(x), fo(x)]<<m, 7. e kpusre f(x) r fo(x)
6IM3KK B cMblcse OJM30CTH HYNeBOro nopsfika. B To ke Bpems
Ji(x)]—Jifo(x)] = 1, 1. e. 3sHaueHns ¢ynkuwonasa He GIH3KH NPH
oGO GaM30CTH HYJEBOTO HopARka aprymentoB f(x) u fo(x).

Tounee, cymecrsyer ¢ > 0 (uMenHo € << 1) Takoe, 4TO KaKOBO
661 Hu Oblio M > 0, Hafimytca f(x) Taxue, 4to

polf, fol<n = [J[[1—=7lf]l>e

STo u 03HauaeT pasphiBHOCTh (ynruuoHana J[f] B emblcae GiH30CTH
HYJIEBOTO TOpsAKa.

IMokaxeM, uTo 370T (PYHKUHOHA] HeNpepHBEH B CMbICIe GJIH30-
CTH NepBOTO NOPsiAKA,

Bosbmewm Jo6oe € > 0. Hmeem

|71 =T o ] 1= F (x0) —fo (o)
OvueBupno, 4To ecan B3aATh 1 == ¢, To npu pif(x), fo{x)] << n Oy

ZieM HMeTh
I =T [fo ()] <6,

4TO B TpeGoBasoch JoKa3aTb. DTOT NPHMep NOKa3HBaeT, UTO U3 He-
DpepHBHOCTH (YHKHHOHANA B cMmbicle GJIH30CTH N-TO NOpAAKA HE
clefyeT, BooOuie TrOBOpS, HeNpEPHIBHOCTD (YHKUHOHANAa B CMHIC/@
G6ausocTH GoJsiee HU3KOrO MOpPSAKA.

ITpumep 11. PaccmorpuM dyHKuMOHAN

n
Ty ()= f y'* (x) dx,
0

onpeneneHHui B npocrpancTee Ci[0, x]. ITokaxeM, ¥r0 RanHbill GyHK-
DHOHAJA HAa (YHKIUHK Yo(X) = 0 pa3puiBeH B cMHcae GAH30CTH Hy-
JIeBOro mopsiiKa.

JeficBuTeabHo, nycTh Yo (x) = 0 Ha [0, n] u yn (x) = Smnnx ¢

Torna po[yo (), yn (x)]=—r-ll— H po—>0 1mpr n—> oo,
C apyroft cToposH, pasHocTh

ki1
T1gn () = Ly (] = [ 212 gp o 2
0

ne 3aBucHT oT #. TakuM o6pasoM, npu n—>oo J[ya(x)] He crpe-
Mutca K Jyo(x)] = 0, n caenoBaTenbBn, naHHBIH (YHKUMOHAT pa3e
pHBEH B eMHC/e GIH3eCTH HYJAeBOTO NopafkKa Ha QyHKOuH yo(x) ==
=0,
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TIpenocraBiasieM uYHTaTel0 J0OKa3aTb, YTO: PaCCMOTpEHHBI (yHK-
I¥OHan HenpepbiBeH Ha ¢GYHKUUA yo(x) =0 B cMmbicjie OJH3OCTH
NiepBOro nopsjka.

UccnenoaTr Ha HENPepPHIBHOCTh CJeAylomHe (YHK-
LIHOHAJHI.

36. J[y(x)]=y(x0), rne ¢pyuruun y(x)e Cla,b]n
¥pe[a, bl, B cmbicie GJIM30CTH HyJEeBOrO HOpsAAKA.

37. J{y(x)] = max|y(x)|, rne dpyuruun y(x) Hempe-
PHIBHEL Ha OTpe3ke [a,b] (B cMmbic/ie GJH3OCTH HYJIEBOTO
HopsiAKa).

38.

0, ecin y(x) mpuHHMaeT xotd Obl OJHO
OTpHIATENbHOE 3HAYEHHE,

J[!/(x)]=i —;, ec y (x) =0,

| 1, ecm y(x) >0, npuuem y(x) =0,
B CMBIC/e GJH30CTH HYJEBOro MOPSAKA.
{

39. J [y (0)]= f | ¥’ (x)ldx, rne pynxuun y(x) uMeT
; ,

HenpephIBHbIE NepBLIe NPOH3BOAHHIE Ha orpeske [0, 1]:
a) B cMbicje GJIH30CTH HYJAEBOro Nopsiika; 6) B CMHCHE
6J1M30CTH NIEPBOTrO nopsijka.

F28

40. J [y (x)]= j Vi + y* (x) dxnHa (b‘yHKLlI/II/I Yo (x)=0,

0
rae ¢yukupd y(x)=C[0, n]: a) B cMmbicsie GaH30CTH
HYJEBOro nopsaka; 6) B CMbICJge GJIH30CTH HEPBOTO IO~
paaKa.
11
41. Jy (x)]= j (1 4 24"(%)) dx na dyurmuu y, (x)=0,
0
rae ¢ynkunuu y(x) e C( [0, =], B cmbicae 6ausoctu mep-
BOTO TIOpPSIKA.

Tipumep 12. Ilokasars, uto GpyHKUHOHANX
1

J[y(x)1=jx3V1+‘ 7 (x) dx,
[}

omnpeneseHHH Ha MHOxecTse (yukunit y(x) & C[0, 1], Henpepsisex
Ha QyHKUHE yo(X) = X? B cMBic/1e GJIH3OCTH HYJ/IEBOrO NOPHAAKA,
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Pemenue Ilomoxum y(x)=x%+4 an(x), rae n(x)=C {0, 1],
O — K3K YroiHo MaJo,

i
Ty =T {x2 4 on(x)]= f BY T+ Fan(x)Pds=
0

1
= [ @V TFF T2 () F o (9 dx,
¢

ITepexoas kK mpeaeay npid o — 0, moJdyydM H3 5TOro paBeHCTBA
1

ﬁm]QUH=fxﬂ”+mﬂu=JM%
a->0 g

4TO H 03HaYaeT HellpepblBHOCTL (YHKIMOHANa HA (YHKUHH Yo = x%.

Onpenenenne Ilycrs M — qnneiiHoe HOpMHpOBaHnHOE NPO-
cTpaHCTBO GYHKUAA Y (x). ‘
®yukuyonan L[y(x)], ompenenennuit B mpocrpancree M, Has3w-
BA€TCsl AUHEUHbLM, €CJIH OH YIOBAETBOPAET YCAOBHSM:

1) Licy (x)]=c-Lly(x)]
Ife ¢ — NpoH3BOMBHAN NMOCTOSIHHAS,

2) Ly (x) +y2 ()] =L [y (x)] + L [52(x)),

raie yr(x)eMuy(x) s M,
Hanpumep, ¢pyHkuuonas

b
qun=fw%n+yunu,

- onpeaenennntii B npocrpanctee Cilg, b], oueBnmHo, sBiasercs JiH-
HeAHBIM. .
Jlpyroe onpezejeHue JuHelHOCTH (yHKLHOHaA:
dyuxuuonan L [y(x)] HaspiBaercss auneiinoim, ecnn oy 1) Hempe-
puiBeH H 2) jaag mobHX y;(x) EM H y(x) &M ynosaersopsier

YCAOBHIO
Ly (%) +y2 ()] =L [y ()] + L [92 (x)].

42. TIokasaThb 3SKBUBAJIEHTHOCTH IIPUBEAEHHBIX BbILIE
onpenejeHuil NHHeHHOCTH QyHKIHOHAJMA.
43. Tlokasats, uto ¢yukuuonan Lly(x)]= y(xo)—
JIMHEHDBIN.
44, Tloxasatb, 4yto ecau Liy(x)]— aunehinnit ¢yux-
Lyl __ g | =0
LHoHAJ U OTHOUIEHHE vl = npu fly(x)l| =0,

a0 Ly(x)]=0.,
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8°. Bapuauus dyukuuonana. ITycte dynxumonan J{y(x)] sanan
Ha MHoxectse M ¢Qyukunlt y(x). [lpupauenuem pyHkyuoHara
J{y(x)], orsewaiomum npupawmeHHio O8y(x) aprymenrta, HasblBaeTCs
Be/IHYHHA

A=Ay ()] =Ty (x)+ 6y (x)] =7 [y (x)] (10)
(8y (x) =5 (x) — y (x), rze y(x) & M, §(x) = M).

ITpusmep 13. Halitn npupamenne ¢ynxunonana
1
Nyl = [ y(x) ¢ (x) dx,
0

onpefenennoro B mpoctpanctse Cy[a, bl, ecau y (x)=x, y (x)=+2%
Pemenue. Hueem

1 1 1
AJ=J[x2]—J[x]=jx22xdx— [x-l-d_x=f(2x3—x)dx=o.
0 0 0

45. Ha#tn npupaineHne ¢yHKHMOHAMa, PACCMOTPeH-
Horo B npuMepe 13, mosoxus y(x) = e*, yi(x) =1,

Onpenenenune Eciu npupamedne GyHKUHOHaJa

AT =17y (x) + 8y] — J [y (x)]

MOXKHO npeacTaBuTh B BHIEC
Al = L[y(x), 0y] + B(y(x}, 6y) 641,

rae Lly(x), Oy} — sunehnbll no oTeowendio K Oy PyHKOHOHAn H
B(y(x), dy) =0 npu {10yl = 0, To AUHeliHas To oTHoweHHio K Oy
vyacth npHpaulenus QyHruHoHana, T. e. Liy(x), Oy}, nasuBaerca ea-
puayued pyuxyuonasa u obosHauaercs &J. B srom cayuae ¢yHK-
nuoHan J[y(x)] naswiBaercs Ougppepenyupyemoim B TOUKe y(X).

_46. ITokasate, uyTo Bapuauus &J dyskunonana
J[y(x)] (ecim oHa <CylmecTByeT) ONpEAENHAETCH ENHH-
CTBEHHBIM 06pasoM.

" Ilpumep 14. Hoxasats, 4T0 dyHKuHOHAA
b
iy (= [y ds,
a

sajanubti B 1npoctpanctse C [a, 8, nmp@epenuupybu B KaXaoh
TouKe y(X) 3TOr0 MpOCTPaHCTBA,
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Pemenue,
Al ety 408yl —J[y]=

b b
= [ +oy ) ds— [ y(mds= [ oy(x)dx.

b
TakuM ofpasoM, AJ= ‘[ Sy (x) dx. Ato Hecrb  JHHelHBI
(YHKIKHOHAJ OTHocmeano S8y (x). B pmauHOM cayuae Bce mpHpamie-

HHe (QYHKUHOHaMa CBeJOCh K JHHEeHHOMY (YHKHUOHAMY OTHOCHTENBHO
Oy (x). PaccmarpuBaembllt QyHKuMOHaA AupdepeHnHpyeM B KaxK0H
o

Touke y(x) u ero saphanua O = J. Oy (x) dx.

47. IlokasaTh, 4TO BCAKHEH JHHEHHHII HeNpepLiBHbLIR
dyHkuuonan J{y] Bcerma nnddepennupyem.

INpumep 15 INokasars, uro GyHKUKOHAN
71y]= j ¥ (x) d,

onpenenennnift B npocrpancte Cla, b], muddepenuupyem B Kaxpofi
Touke Y (x).
Pemenne. Hmeem

b

b
8 = [y () +oy (2 dr — [ y? (0 dx=
a a

b b
= [wmywdet [Greras (D

Ilepsuiit uuTerpan B npasofi yacti (11} nps Kaxaol ¢QuxcupoBan-
HO# ¢yHKUHH y(X) ABIAeTCH JHHEHHBIM OTHOcHTesNbHO Oy (x) OymHk-
nuonasoM. OueHAM BTOpoit MHTerpaa B mpasoli uactu (l1), Mmeem

b b

[ @y de= [ 1oy () dx<

a a
b
<( max 18y ()] ):j dx=(b—a) ] by (x)]? =
=((b—a)lldyfl) 101
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Ilpu || 8y || - 0 Bennuuua
(b—a)ll dy || = 0.

Takum ofpasom, npupamenne AJ ¢yHKIHOHana NpeACTaBMMO B BHIE
cymmel Ly, 8yl n no6aBku, uMeomell BTOpoH NMOPAAOK MIJNOCTH OT-
Hocutesbio ||0yll. Corniaceo onpexenenmio, fanublft dyHKunoHan siB-
nAeTcss nHddepeHIHpYeMBIM B TOUKe y(X) W €ro BapHauHd

b
8l =2 j 4 (x) 8y (x) dx.
1

48. Haa o¢ysxkuvonata J[y (x)]———fy?(x)dx 0JIo-

0
KUTh y=2x, 0y =oax* u cpaBuuth 8J ¢ AJ npu a=1;
— 0,1 0,01,

1

49. llns Qynxuuonana Jly(x)]= f xy3(x)dx mono-

0
KUTh y=-¢e", dy=uax. CpaBuuts AJ c &J npu a=1;
0,1; 0,01.
50. Tlpomepurts judpdepeHuupyeMOCcTh CJAEAYIOUIHX
(OYHKIHOHAJIOB!

1) J[yl=y(a) B mpocrpanctee C [a, b].
2) J[yl=y(a) B npoctpanctee C,[a, b].

3) J[y]=\/1 + y”*(a) B npoctpanctee C,[a, b.
4) Jlyl=]y(a)| B mpocrpancree C [a, b].

51. Tlokasats, uro ¢yHkumonan J2{y] anddepennu-
pyem, ecau puddepennupyem J{y]. Hanucate Bapuauuio
I2y. )

52. Tlokasatb, 4T0 PyHKIMOHAJ

b
Tl = [ F(x, g () ds,

onpeneneHHbifi B npoctpaucree Cla, bl, roe f(x,y)— He-
npepbiBHas (YHKLMST CBOMX apryMeHToB, ofJajawmouias
HeNpepbhIBHHIMH YaCTHBIMH [POH3BOAHBIMH [0 BTOPOro
HOpsiilKa  BKJAIOYHTEJBHO B oOjdactH aQ<sx << b,



§ 31 ' OYHKUMOHAJ. BAPHALUS OYHKIHOHAIA 35

—oo < Yy << oo, IuddepeHuUpyeM u €ro BapUAAIus
UMeeT BHA
b

3f (x,
61=J%ay(x)dx.

a

IIpumep 16. Paccmorpum (yukuHoHan
b
Hol= [ Fo g (0, 9 (0) dr,
a

onpefefenusiil B mpocTpanctse Cifa, b] HempepuiBuLIX pyrKuuit y{x)
Ha oTpeske [a, b], o6nanarOmWUX HeNpepHIBHLIMH NPOH3BOLHBLIMH 233
Boro nopsaka. Pyukuua f(x, y, y’) HempepbiBHA 110 COBOKYMHOCTH
CBOHX apTryMEHTOB H HMeeT HeNpepHIBHbIC YacTHHE [POH3BOAHLIE RO
2-r0 mopAlKa BKIOUUTENLHO B o6nactu

a<r<h —w<y<too, —w<y <+ oco.

Hafigem npupamenue ¢yskunoHasa AJ, oTBeuaiomee NPHpPALIEHHIO
Oy (x) aprymenTa, rae 8y (x) = C, [a, b]. Hmeenm

b
My = [Foo+on v +o)—F(x 0 )de (12)

ITo ¢opmyne Tefinopa
f(x: y+ 6.‘/» !/' +6!/') - f(xy Y, !J’)=

]
! 8y’ + R(x, 4,4, 8y, by"), (13)

of
=yt gy

rne R(x, y, y', 8y, 8y’) — ocratounnlii unen Qopmyas Tefinopa.

Ioxacrasags (13) B (12), monyunm

b
Al [y ()] = f (% oy + %7 by’) dx+

b
+ [ R v o oyae g
a

IMepBoe cnaraemoe B mpaBoil wactu (14) JuHelHO oTHocHTeJbHO By
u Oy’. IlycTb BCC BTOpbie yacTHBIE NPOM3BOAHbIE Gynkuuu f(x, y, y')
0o y u Yy’ He NPEBOCXOAAT N0 aGCOJMIOTHON BeJHYHHE HEKOTOPOH
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KouctanTt M > 0 B orpannuenHolt no y u y’ obaacrn. Toraa cnpa-
BeJJINBa OlLEHKa

b b
[1R G o v, 00, 89y L ax<2M [ Hoyldr=2M (6 — )y 12
a a

3necs |8y ll= max (]&éyl, |8y’ |). Takum o6pasom, BTOpOE
' a<x<h

caaraeMoe B mpaBoli dactu (14) — BTOpOro mopsiAka MajJoOCTH OTHO-
cutessro ||8yll. CnegoBatenbho, cornacHo onpefe/eHHio, GpYHKIHOHAM
Jly] mudpoepenunpyem B mpocrpanctse Ci[a, b] u ero Bapnauus

uMeeT BHf
b

8/ [y] = f (—% oy + -béyfT 6y') dx. (15)

ITpumep 17. Haiirn papuauuio ¢pysknuonana
1
Iyl = f (y'e¥ + x4} dx.
—1

Pewenue Oyuxung f(x, y, y’) = y’ev -+ xy?, ocueBnupno, He-
npepLIBHA [0 COBOKYIHOCTH TEPEMeHHBIX X, y H Y, AMeeT yacTHble
MPOH3BOZHbIE BCEX NOPANKOB MO § H 4, orpaHHueHH:e B Jio6oit
OrpaHMueHHOH 06/1aCTH H3MeHeHHsS mnepeMeHHbix y H ', ITostomy
DaHHEIA ¢(yHKUHOHaN AKQpepeHunpyeM B npoctpaHcree Cyf—I1, 1]
1 ero BapHallis coraacHo ¢opmyse (15) pasHa

1
O] == f [(y7e? + 2xy) by + &? 6_1/'] dx,
-1

63. Onsa ¢ysrnHonana
Iy @)= [ (s'y + xy")dx
1.

NOJIOKUTh y==Inx, 8y == —k%::rl)‘

¢ 6J[y(x)] npr k=1, 0,1; 0,0l.
64, Jlaa ¢yHkumoHana
1
Iy (1= [ (2y” — y?)dx
0. o
NONOXHTh Y= %, Oy = kx% cpaBHHTE AJ[y (x)]
c 8/ [y(x)] mpu k=1; 0,1; 0,01,

u cpasuuTh AJ [y (%)]
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55. Il1a dyukunonana J[y(x)]= f y” sin xdx noxo-

6
¥KHUTh y==sinx, &8y=~Kkcosx; cpaBuuts AJ[y(x)]
¢ 8J[y (¥)] rast k=—1; 0,3; 0,03.

56. [Tokasatb, uro ecan GyHRUUS [ (X, 2|, 22, +ov) Zmyp)
HMeeT HenpephlBHbIE NPOU3BOLHBIE 2-T0 MOPSIAKA 0 BCEM
apryMmeHTaM B ofjactd as{xsCbh, —oo <2, <+ o0
(k=1, 2, ..., m+ 1), To pyuruuonan

b
Iyl=[Flx g (), ¢ (), ..o, 4™ (D] dx

nuddepennupyeM B npocrpancrse Cp,[a, b] u ero Bapua-
LU MMeer BUJ

— _(Zf_ _?.f.. ’ of m ’
w._af( PR A Ry ’)dx. (16)

4°, Bropoe onpefleienne Bapuauuu dyuknuonana. Bapuayued
dyuryuonara Jy(x)] B Touke y == y(x) Ha3piBaeTcs 3HAUEHUE NPO-
napomiion ¢pyHkuuonana Jy(x) 4 aby(x)] mo mapamerpy @, korza
o = 0:

o = % Ty () +ady () lgmy (17)

Ecau cyuiecTByeT BapHauds (yHKIHOHA/Na KaK rJaBHas JHHef-
Has YyacTb ero IpHpalieHHs, T. €. B CMbICJe MepBOro onpese/eHus,
TO CywlecTByeT K BapHalHs Kak 3HaueHHe MNpPOM3BOAHOA 1o mapa-
MeTpy o npH & == 0 U 3TH BapHALM¥H COBNaAAIOT.

Ilpumep 18 Tlonb3ysce BTOphIM oHpefeseHleM, HafiTu Ba-
prauuic QyHKUMOHAAA

b
Ty (x)] = j 92 (x) dx.

" Pewenne. Bapnauns sroro dyHKuronajsa B CMBICHe NEPBOro
olpese/ieHust PaBHa

b
by=2 [ y(x) 0y (x) dx
a
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(cM. npumep 15). Hafinem. Bapuawmo dynxunonana J[y], nom;syxcx:
BTOPBIM ONpejeseHHeM Bapuauud. Mmeem

Ty () + a by (1) = f [y (x) + ady ()] dx.
Torna

;—al[y+a6y]=2f(y+a6y)6ydx
a

H, CN1€A0BATEJbHO,
b

a3
o =2/ ly+a0ullomg=2 [ gty av.

a

Bapuanuu ¢GyHKUHOHaNa B CMbLIC/Ie NEPBOrO H BTOPOrC Onpesnes
TeHHI COBMajnaloT.

Hast crenyiollux GYHKLUHOHAJNOB HANTH BapHaluio B
COOTBETCTBYIOUMIMX IIPOCTPAHCTBAX B CMHIC/E BTOpPOrO
onpeseneHHs.

b

57. J[y]= [ (x+ y)dx.

a

b

88. J{yl= [ (4 — y")dx.

a

1
59. J[yl=1*(0) + [ (xy 4 y”)dx.
0

b1
60. J[yl= f y’ sin ydx.
0

61. Halitu Bapuanuio ¢yHKUNOHANA
Iy yo, -y Y=

= f F(% y, (%), e Y, (s YR Y (1)) dx
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rne f-— HenpepbiBHasg (GYHKUHS CBOHX apPTYyMEHTOB, HMeo-
Hias HeNpepbIBHble YACTHble IIPOHU3BOJAHBIE 10 BCEM CBOHM
apryMeHTaM B HeKOTOPOH orpaHuyeHHol obmactu ( us-
MEeHEeHHS NOCJAeIHUX.

3ameuanne Bropoe omnpenenedHe BapHauud (yHKUHOHAJA
HeCKOJIbKO LINpe MepBOoro B TOM CMLIC/IE, UTO CyLECTBYIOT (pyHKUHO-
HaJbl, H3 NpPHPAIIEHUS KOTOPHIX Heslb3f BHIAENHTb IAABHOH AUHEHHOH
YacTH, HO BapHalHsa B CMEICJe BTOPOTO ONpeAeseHHsi CyIecTBYeT.
TlokaxeM 3TO Ha mpuMmepe (GYHKUHHE, AJAS KOTOPHIX CHOPMYIHPOBaH=
HOe YTBepKJeHHe PaBHOCHJILHO TOMY, UTO CYIIeCTBOBaHHE MPOH3BO/-
HBHIX 110 J1060MY HamnpaB/eHHIO HeJOCTaTOUHO AJs CyuecTBOBAHHSA
Anddeperunana GyHKUHRH.

ITycrs

X, .
Fx y) =t =L sin 2 (x2 4 y2 5= 0),
Vet 42 2

rge ¢ ¥ @ — NOJApHEe KOOpPAHHATHI TOoukKH (x, y). HacrHble mpous«
BOJHbIE 5= H 3y CYIIECTBYIOT B KaxKJoH TOuKe W B Hayale Koop-
JHMHAT PaBHBEl Hy/MO, HO AH(p¢epenudan df He cymwecTByer B Hauanae
KoopunHaT. B camom pese, npu manuuun df rpaaueHt GyHKLHH

B HauaJe KOOPIHHAT paBHaJCH OBl B TOM ciayuae HyJd0, a MOTOMY
paBHaJiach OB HYJI0 TPOH3BOJHAn NO moGOMY HampaBleHHIO

if_(d();_()) Mexny TeM, Kak Jerko y6eauTocs,
af (2} 0) =-% sin 2q,

uyto Boo0uie OTAHUHO OT HYJAA. 3aech @ — yroJ, ofpa3oBanHHi Bek-
topoM [ ¢ oceio Ox. -

5°. Bropas Bapuanus tysxkuuonana. dyukuuonan Jlx, yl, 3aBu-
CAWMN OT ABYX SJEMEHTOB X H y (IPHHALJIEKAIIUX HEKOTOPOMY JIH+
HeHHOMY MpOCTPAHCTBY), HasbiBaercsl OuAuUHelHbIM, ecad npH (HkK-
CHPOBAHHOM X OH INpe[cTaBJsieT cofoH NHHefiHbI (QYHKHUOHAA OT Y,
a npu (GUKCHPOBAHHOM Y — JHHeAHBIH (yHKuHOHan or x. Takum
oGpasoM, (pyHKuHoHan J{x, y] Gunnueen, ecsay

T {oyx; + aoxs, yl= i [x1, y] + azd fxs, g,
T [x, Biyy + Boye]l = B1J [% 1] + BT [x, 5]

Ionaras B OususefiHoM (YHKLHOHANE Y = X, MNOJyuaeM BbIpaxKe-
Hue J[x, x], HasnBaemoe KeadpaTU4HbIM (DYHKYHOHAAOM.
Bununefinsiii GyHKIMOHAN B KOHEUHOMEPHOM MPOCTPaHCTBE Ha-
3LIBAETCS Ouaunednotl Gopmod.
Kpaapatuunsiil ¢yukinuonan J[¥, x] Ha3bIBa€TCs NOAOHUTE.IbHO
onpedesennvis, ecad J [x, X] > 0 aas 1:06oro HeHY/IEBOIO 3/MeMEHTa X.
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Hanpumep,
1) Buipaxenne

I(x, 5= jA(t)x(t)y(t)dt

rae A(t) — dukcupoBannas Henpepus}zax dbyukuus, npexcrabaser
cofoii GuanHefinnii (QyHRnHoHad, a f A (t) x? (t) dt — ksanparnu«

a
HEA (QyHKnHoHan B npocrpancrse Cla, b), npuuem ecam A(f) >0
npu Bcex f{ & [a, b], T0o 3TOT KBajApaTHUHBIA (GYyHKUHOHAJ GyaeT mo-
JIOXKUTEJILHO ONMpeAeeHHbIM,
2) Bripaxenne

b
f [A) 2 () + B@) x (6) 2" (¢) + C (1) x'* (1)) dt

npeacTaBiseT coGofl mpHMep KBaAPaTHIHOTO @yuxunouana omnpene-
JIEHHOTO 1 BCeX (PYHKUMHA u3 npoCTpaHcTBa Cila,

3) U
) Hanrerpan -

| [k 0@y asat

rae K(s, {) — durcupoBaHHas QVHKUHS ABYX HepeMeHHBIX, fBJgercs
. GuauHelHpiM (yHKUHonanoM B Cla, b

Onpeaenenne. [lyets J[y] — Pynkunonan, omnpeleseHHLId B
KaKOM-JH60 NUHeHHOM HOPMHUPOBAHHOM MPOCTPaHCTBE.

Ml ckaxem, uTo ¢yHkuuosan J{y} uMmeer BTOpylO BapHauuiw,
ecan ero npupamenve AJ = J{y 4+ dy]— J[y] MoxHO 3anucate B
BHIE

AT = Ly [89] + - L [4) + B 1 Sy I, (18)

rae Ly[8y] — nuneitnuii q.)yHKuHOHaJl Lo[6y] — kpagpaTHunuit dyux-
unonan, a §— 0 npu oyl - 0.

Kpagpatnunbii cpyHKuHOHan Li[8y] 6ynem nasuizath eropod sa-
puayueii (BropuiM fuddepenunanoM) dyHkunonasa Jly] u oGozua-
yate 8.

BTopas Bapuaumns q)ynmmonana {(ecan oma cyuecTByer) ompe-
JensieTcsi 0JJHO3HAYHO.

ITpumep 19. Haiitw sropyio BapuanHio ¢yHKUHOHana

t

Iyl = f (xy? + y°) dx,
0

onpegenennoro B npoctpanctee C)[0, 1] dyuxuuit y(x).
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Pemenue HueeMm ..
A =Ty +0by]—J[yl=

1
= f [x(g+ 0924+ (v +6y) — a2 — y'*ldrx =2
[}

i
= f [2xy 8y + x (89)2 + 35" 8y + 3¢’ (8y')% + (8y’)?) dx =
[}

1
= f (2xy 8y + 3y"* 6y’) dx +
[}

1 1
+ [ e + 30 Gyl dx+ [ Gy ae. (19)
0 0

Tlpu ¢urcupoBannoM y(x) mnepsoe cjiaraeMoe npasoft uyacrtu (19)
€cTb JHHefHbd oTHoCHTelIbHO &y (X) QyHKUHOHAT;, BTOpPOE CJjaraes
Moe NpaBOd 4acTH eCTb KBaApaTHuHBIA (yHKiMonasd. HakoHen, no-
clegHee, TpeThbe c/laraeMoe npaBofl YacTH J0ONyCcKaer OYEBHAHYIO
OLeHKY .

1 1 1
[ (09 dx | <dmax oy 17 [ 1007 1ax < [ 1057 1dx f0y)2
0 0 0

(nopma B cmulcse npocTpanctea Cif0, 1]), orkyna mugHO, uTo 37O
caaraeMoe npeacTaBaMo B BHie [B-[|0yll2, rme B —0 mpu [Oyll — 0.
CorJyiacHo onpelesennio, JaHHbH YHKUHOHAA HMeeT BTOPYIO BapHas

uuio 6% u oHa paBHa '

1
827 =2 f [x (89)% + 3y’ (8y’¥] dx.
[}

* 62. JlokasaTb, 4yTO KBajpaTHuHblfl (YHKHHOHAN XU«
depeHuupyeM, H HaHTH ero BTOPYIO BapUAILHUIO.

63. Hanmucate BTOpylo Bapuauuio (¢QyHKUHOHAIA
efw, ruoe F(y)— nBaxian auddepenunpyeMeii Qynka
BHOHAJ.

64. TloxasaTh, YTO QyHKHUOHAJB BHIA

b
Iyl= [ Fx y, y)dx
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B npocrpaucrBe Cfa, b] aBnsiorcs aBaxan auddepen<
LUPYyeMbIMHU, €CJAH mojablHTerpaibHas QyHuust F obJaa-
JlaeT HelNpepbLIBHBIMH IIPOM3BOAHBIMH [0 TpeTbero no-
paiKa BKJIOUHTEJbHO, H HalTH BbIpaxKeHuWe HJA BTOPOH
Bapualuu.

Beepem ¢yukuuio @ (a) = J[y 4 ady]. Bropas papnauua 82/

odyukunonana J[y] onpexenseTca Takke uepe3 BTOPYId MPOH3BOIHYIO
¢yuruun Ofa] B Touke o = 0:

d’® (a)

2f =l
o2 i

=0

Hasi QYHKUMOHANOB MHTErpajbHOro THMA, KOTOPbie MH OyjgeM
TIPEMMYILeCTBEHHO paccMaTpuBaTh, 06a 3TH OnpejeqeHHs COBNALAIOT,

HafiTn Bropnie Bapuauun
b

65. J[y]:fp(x’ oy, ..., ymdx.

66. J{y]= ff F(x, y, 2, 24, 2,)dxdy.
G

b
67. Iy, ..., y,J:fF(x, Yir coer Yy Ypo ooey Y3) A

a

6°. 3kcTpemym dyHkuvorana. HeoOxoauMoe yciaoBue 3IKCTPE-
myma. [osopsit, uto oyukuuonan J{y(x)] nocruraer Ha KpHBOH
Y = yo(x) makcuMyMma, ecam sHauenus ¢yHKuuosana J[y(x)] na
moBoit BM3KOHA K Yy = yy(x) kpuBoit He Goablue, ueM Jlyo(x)], T. e.

M =Ty =g ()] <0

Ecan AJ << 0, npuuem AJ = 0 tomwko mpu Y {(x) = yo(x), TO
FOBODPHT, YTO Ha KpHBOH y = yo(x) mOCTHraeTcst CTPOrMH MakKCHMyM.
AHa/sOTHYHO ONpefesnAeTcsa KpuBasd y = Yo(X), Ha KOTOpOH pea-
auayerca MHHHMyM. B stoM cayuae AJ = 0 na BCeX KpHUBLIX, Oin3-
KHX K KPHBOH ¥ = yo(x). ' ’
IIpumep 20. [lokasarsy, uro ¢pyHKUMOHAN

1
Iy )= [ 2+ g7 ds
0

Ha KpuBoil y(x) == 0 AOCTHraer CTPOrora MMHHHMYyMa.
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Pemenne [Has moGofi uenpepuBHoit Ha [0, 1] dyskuun y(x)

uMeem
1 i 1

M =Ty (x)]—17[0] = f(x2+y2)dx—fx2dx= fy?dx>o,
0 0 0

TIpHUEM 3HAK PABEHCTBA JOCTHTAETCA TOJBKO NpH y(x)== 0.

Cunvnetii u caabeul sxcrpemymet. ToBopsaT, 4TO GYHKUHOHAT
Jly (x)] nocturaer ua KpHBOH Y = Yo{X) cUABHO20 OTHOCUTEALHO. D
MAKCUMYMQ, €CH I BCeX AONYCTHMBIX KpusHX Yy = y(x), pacno-
JIOXKEHNHX B HEKOTOPOH E-OKPeCTHOCTH HYJIEBOTO MOpsiaKa KPHBOH
y = yo(x), umMeen

Iy ()] <7y ()]

AHATOrHUHO ONPENeNAeTCs CUAbHBIL OTHOCUTEAbHBIL MUHUMYM QYHK-
LHOHAJa.

ToBopsnt, uto ¢yukunonan J[y(x)] mocruraer Ha KpuBoi y ==
= Yo(X) 06020 OTHOCUTEALHOLO MAKCUMYMQ, eclY [JiA BCEX MOMV-
CTHMBIX KPHBBIX Y = y(X), DACMOJOKEHHBIX B HEKOTOPOH €-OKpecT-
HOCTH NepBOro Nopsiaka KPHBOH y == yo(x), umeeM

Ty (D] <7 [yo (#)].

Ananorpuno onpepensieTcsi cAaGbil OTHOCUTEAbHBIL — MUHUMYM
¢$byHKUHOHANA.

MakcuMyMBl 1 MHHMUMYMBI (CHubHBle U c/abble) OGYHKUHOHAIa
Jly] Ha3EIBAIOT OTHOCUTEABHBIMU IKCTPEMYMAMLU.

Beakuil cuibHEI 3KCTPeMyM ecTb B 1O Ke BpeMs # caabulfl, Ho
He Hao6oporT.

SxerpemyM Gyukuuonana J{yl ua Bcer copoxymHocTH QYHKRUMI,
Ha KOTOpbIX OH OnpefiesieH, Ha3LIBAETCHA AGCOAIOTHOIM 3KCTPEMYMOM.

Beakuit aGcoOTHOIR 3KCTPEMYM fABJAseTCA €Aa0bIM H CHJABHLIM
OTHOCHTENbHBIM 3KCTPEMYMOM, HO He BCSIKHIl OTHOCHTE/BHBIH IKCTpe-
MyM Gyzner aGCOMOTHLIM. :

MTpumep 21. PacemoTpuM GyHKUHOHAM

T

Ty )= [ 92 (1 =y ax
0

B npoctpanctse ¢yuxuui y(x) = C[0, n), ynosneTsopsiomux yeao-
sui0 y(0) = y(n) = 0. OTpesok [0, x] ocu Ox paer caabuiii Muuiu-
MyM J. B camom gene, nna y =0 umeem J =0, a a1 KpuBLIX,
PAClOJIOXKEHHBIX B E-OKPECTHOCTH IePBOro NOpsiAKA ITOTO OTpesKa,
rne € — no6oe MOJIOXKHTEJNbHOE UHC/IO, MEHbllee €NHHHIBL, HMeew
|g’] <1, Tak 4TO MOABIATErpatbHOE BbIpAKEHWE MOJIOXKHTENbHO MPH
y # 0 u, ciefoBaTenbHo, GyHKHHMOHaN o6paiaeTcsi B HyJb JHilb
npu y = 0. 3HauuT, Ha ¢yHKuuy y = 0 pocruraercss caaGull MHHH-
MyM.
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CuibHbill e MHHHMYM e AOCTHraercd, JLeCTaTOUHO TOMOKUTE

y (x)———l— sin nx
Vo '

Torzna

n
J[y(x)]:—:;fsinznx(l —~ ntos? nx)dx =
0

-~ =
8

k14 k14
== L f sin? nx dx — R f sin? 2nx dx = X
n 4 2n
0 0

M npH # AOCTATOUHO GosbinoM mas Hamux Kpushix J << 0. C npy-
rofi CTOpOHBI, BCE 3TH KPHBHIE NPH 7 NOCTATOUHO GOJBLUIOM JeXaT
B CKOMb YTOAHO ManoH OKPECTHOCTH HY/NEBOrO TNOPAfKa KpHBOH
y = 0. HUrak, cuibHBi MUHAMYM He jAocTHraercss npu y = 0,
ITpumep 22 (Befiepmrpacc). PaceMoTpuM GyHKIUOHAT - i

1

= [ ey®an g(=D==1 g=1
~1

Umeem J[y] = 0 ua orpesge [—I1, 1], npuuem J[y]l = 0 Toawko mpu
y(x) =0, 1. e y(x) = C = const. @yuruug y(r) = C npuuan-
aexut K Kaaccy Cil—1, 1] ¢oyukumii, umeomux Ha orpeske [—I, 1]
HenpephIBHYI0 NPOH3BOJHYIO epBOro NMOPSJKA, HO HEe YIOBJETBOpSET
3ajlaHHBIM KpaeBniM yedomusaM. Cuenosatenesso, Jly] > 0 pas Bcex
y(x) = Ci[—1, 1], ynosaersopsiomux yeaosuam = y(—1) = —I,
y(1) == 1. Takum o6pa3oM, GYHKHHOHAT HMEET HHIKHIOW TIPaHb, HO
oHa He JocTHraetca Ha KpuBblx y(x) & Ci{—1, 1]. B camom peue,
PaccMOTpHM OIHOMAapPaMETPHUECKOE CEMEHCTBO KPUBHIX

X
arctg E—

Yo(x)=—7, a>0.
arctg Y

BT# KpuBHiEe YIOBJETBOPAIOT KPAEBHIM YCJIOBHAM Yg (—I1) = —I,
Yo (1) = 1. B npenene npu & -0 noayunm yHKUHIO ,
—1, ecmn —1Lx <0,
g(x)=[ 0, ecan x=0,
+1, ecan 0<xL,

KM §(x) = sgn x (puc. 3). h
~ -Dra dyukuus NpRHAKIEKHT K Kadecy GyHruMl, KycouHo-gad-
¢epennupyembix ma otpeske [—1, 1],
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HyvceM
1

. 2d
Nl = [0l
2 (a2+x2)arctg27z-

1

2a J‘ x2dx 2a (1 warctg 1)
2 T = - o 1
arctgz—(i— ¢ @t x arctg? L o

HAcuo, uro Jyel—0 npu o-+0. Ha npemenshoit dynkumu §(x),
yAOBJETBOPAIOILEH  KpaeBbIM ycaosuaMm F(—I1) = —1, §j(1) =1,
¢ynkunonan J[y] npuHuMaer 3HaueHHe, paBHoe Hymo: J[j] =

g A
=5Qnx
y 9
9= Yo lT)
-1 0 ! \;3
~f
Puc. 3.

Takum o6paszoM, dyukuuoHan J{y] mocruraer CBoero MHHHMYMA
Ha KpUBO# J(X) = sgn X, KOTopas NPHHAIJIEKUT K Kjaaccy QpyHrunf,
Kycquo-nuqxq)epeHunpyebex Ha oTtpeske [—1, 1], HO He npuHaAne-
KuT Kaacey Cif—1, 1

Teopema (Heoéxonumoe ycioBHe SKCTpeMyMa ¢yHKHUOHAJa),
Ecau Ougppeperyupyemei ¢pynxyuonar J[y(x)] docrueaer 3xcrpe~
myma npu y = yo(x), ede yo(x) — 8HYTPEHHAS TOUKQ 06AQCcTU Onpe=
desenun HYHKYUORAAA, TO NPU ¥ == Yo(x) uMeem

87 {yo (x)] = 0. (20)

Dynrimy, s Kotophix &J = 0, 6y11eM HA3HBATH CTAUUONAP-
LAY zpymcqu;mu )
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Hcnoab3yss Heo6xoAuMOe YyCaOBHe 3KcTpemyMma (20)
H OCHOBHbI€ JeMMBl BapHAUHOHHOTO ucuuciaenus {15},
Ha#iTH QYHKUHOHAJBHBIE YpaBHEHHSA JHJIA ONpeae/eHus
CTaLHOHAPHHIX (QYHKUHH CleAyOIIHX (GYHKIIHOHAJIOB:

b b
68. J[ol= | [ K(s, ho(s) @) dsdt+

b b
+ [ () ds—2 [ @()f (s)ds,

rie K(s,t)—3amaHnas HenpepriBHAs CHMMETpHuYeCKasd
£ B o6 D{ags <b} f
'HKIHUA OT § U f B obsactu s f(s)—3a«
lNaHHas HenpepbiBHas ¢YHKUMS Ha [a, b]; ¢(s)— uckos
MBIl HenpepblBHbIH (DYHKUHMOHAJIBHBIH apryMmeHT, s
o0

69. J[ol= [ [p(0e" (W +20(x+ Do(x—1)—

- — @ (x) — 20 (A ] (D dx,

raie (GYHKIMOHAJBHBIA apryMeHT @(x) HenmpepbiBeH [
HMeeT KYyCOUHO-HelpepbiBHbie [IPOH3BOJAHbIE BO BCeM HH-
TepBate —oo < x < -+oo; p(x) umeer HenpemeHy
NpOU3BOAHYIO, f(X)— HelmpephiBHA,

70. J[o f [0 (1) 9" + 4 (1) 9* (x) — 20 () F (9] d,

P () =@y @ (1) =0,

rie p(x) HMeeT HENpepbiBHYIO MPOU3BOIHYIO, §(X) H
f(x) HenpepwBHEI W (VHKNHOHA/bHBIA apryMeHnT ¢(x)
JBaXK bl HENPepHBHO AubepeHuypyeM.

§ 4. Npocreiias 3agauya BapUALUOHHOTO UCUHCACHHS.
YpapHeHue Jiiaepa

Ilycrs ¢yukuus F(x, y, y’) uMeeT HenpephIBHbIE HACTHBIE MPO-
H3BOJHBIE IO BCEM apTYMEHTaM.J0 BIOpOro NopsiKa BKIIOYATE/BHO.

Cpenu Bcex ¢yHrRuui y(X), UMEWIIHX HENPEPHIBHYIO MPOH3BOJ-
HYIO M YAOBJIETBODSIOIUX TPAHHUHBIM YCJOBHAM

yla)=4, y(b)=25, (1)
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HaliTh Ty QYHKUMIO, KOTOPasi HOCTaBAseT cnabulii sKeTpemyM (yHK-
HUoHany

b
Iy W)= [ F(n o 9)dx, @

JlpyruMyu cnoBaMy, NpocTedllas 3afaua BapHAUHMOHHOrO HCUHCACHHSA
COCTOHT B OTHICKaHMM c/aaboro skcrpeMyMa QyHKuHQHansa suia (2)
Ha MHOXeCTBE BCeX INaJKUX KPHBBIX, COENMUHAOINHMX JABE 3ajaHible
Touku Pi(a, A) n Py(b, B).

Teopema 1. [an Tozo urober ynxyuonaas (2), onpedesen-
Houl Ha MHOdCecTSE (hynkyul Y = Y(X), UMEHOUUX HenpepuieHYyIO
nepsyr0 Nnpou3BodHylo u yO0BACTEOPAIOUUX 2DAHUUHLIM YCAOBUAM
(1), doctuear wa Oannod Gynxyuu y(X) >sKcTpemyma, reobxodu-
MO *), uTOBuL 3T PYHKI{UA YOOBACTEOPALQ YpaABHEHUO Jiiiepa

d
Fy—WFU'::O' 3)

Hnrerpasbuble KpHBHIE YpaBHEHHs JHiepa Ha3bIBAIOTCA IKCTPE-
Mmanamu (JarpaHzeBbl KpHUBbIE). YpaBreHue Siiepa B pa3BepHYTOM
BHJIE:

Y () Fpy+ 4 () Fyp+Fop—F, =0  (Fu, #0). (4

YpaBHenue (4) npexcraenaser cofoit AnddepeHnyasbHoe ypas-
Henue BTOPOTO MOPAJKA, TaK UTO €ro oflnee pelieHHe AO/UKHO 3aBH-
ceTb OT ABYX MPOHM3BOJIBHBIX NOCTOSHHEIX. 3HAueHHsl 3THX HOCTOSIH-
HBIX, BOOOIE rORODS, ONPEJeNdOTCA H3 FPaHMUHLIX ycjaoBufi (1).

DxrcTpemyM QyHKIHOHaNAA (2) MOXKET peai30BaTbCA TOMBLKO Ha
Tex YKCTpeMasisix, KOTopble yAOBJETBOPAIOT ycjaoBHAM (1).

Kpaepas sanaua :

d
F,— ' F=0,

yla)=A4, y(b)=B8B

(6)

He Bcerja HMeer pellleHHe, a eC/H pellleHHe CyIecTBYeT, TO OHO MoO-
3eT ObITb He eIUHCTBEHHbIM.
[Tpumep 1. Ha Kakux KpPUBBLIX MOXET JOCTHT4Tb 3KCTPEMyMa
yHKUKOHAN
2

f[y(x)]=j(y'2~2xy)dx, y()=0, y@==1?

*) 370 yciaoBHe HEOOGXONHMMO AJf cjadoro skcTpemyma. Tak Kak
BCAKHH CHJIBHBIH 3KCTPEMYM dABJSETCA B TO K€ BpeMs H cnabbM, TO
aw6oe ycnosue, Heo6xoauMoe Aaf €1a6oro sKcrpeMyMa, Heo6X0aUMO
U JJS GHJIBHOTO.



18 SKCTPEMYM ®YHKIHOHANOB i

Pewenue 3xech F(r, y, §') =y —2xy, Tax uro. ypashe- '
Hie SDiinepa umeer Bua y” 4 x = 0. OGwmee pelleHne ypasHEHHS
Bhurepa ects

3
y(x) ==+ Cix+ C,.

I'panuunbie YCJIOBHS JAOT cncreMy JuHefHHX ypaBHeHHA pas
onpepenenuss C; n Cy: .

C+C= ]
i
J

1
Orciona Cy==-—, Cy==0. CrefoBaTe/bHO, HKCTPEMYM MOKET [0+

ol c>|-—

20+ Cy=

CTHTaTbCsl AMIb HA KPHBOH

=X g2
—-6(1 x2).

TTpumep 2. Hafitu sxcrpemann dyuxuuonana
3

Ty (= [ Gr—pudx
1
YIOBJETROPAIOMHEE TPaHHUHHM ycaoBHaM y(1)==1, y(3)=14 —é—
Pemenune, Yparuedne Ditrepa umeeT BHA 3x—2y==0,
OTKyAa ¥ (x) == —3— x.

3
Tak Kak sKcTpeMajb = -=X He JOoBJAETBOpAET CJI0BHIO
=13 y

y(1) = 1, ro naHHaa BapuaudoOHHa§ 3ajaua DEHICHHH He HMeerT,
IMMpumep 3. Hafitu sxcTpemann byHxudoKaNA

2n
I N=[ o~y ax,
0
yZAOBJAETBOpSAOIME rpanuuneiM  yoaosuam y(0) = 1, y(2n) = 1.
Peuwienne YpaBHenne Diiepa uUMeeT BUA y "+ y=0; ero

OGN pelieHHeM sIBJAETCH

y(x)=Cjycos x 4+ Cysin x.

- Hermoabays rpaHuudbie YCHOBHS, TOJTYUHM

\
y(x)==cos x4 Csinyx,

rae C — Npou3BO/ibHAA nocTofAHHaA,
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TakuM o06pa3oM, nocraBieHHAas BapHanHORHAs 3afada HMeeT

GeCUHCIEHHOE MHOXKECTBO DElIEHHI,

Ha#fitu sxerpeManu caeaywomux GpyHKUHOHAIOB:
0

. Ilgl= [(12xy —y")dx; y(—D)=1, y(©)=o.

-1

2 ,
72 Jlgl= [ (v + 200 + 1) dx; y(1)=1, y(@=0.
1
1
7. J[y1=0f\/y(1+y'2)dx; yO =y ()=

1
M. Ilyl=[gy"ds yO=1, y()=VT.
1]

E1

75. Jlyl= [ (4ycosx+ 4" — y*) dx;

; yO=0, y(m)=0.
76 J[yl= [ (" — P — e dx

. yO=0, yy=ct
7. Igl= [(¢" —2x)dx; y(—1)=—1, y()=L.

-1

0
8. Ilyl= [ ~20)dx y(~1)=0, y(O)=2.
-1

79. Ilyl= [ (s + yy)dx y()=0, y(&)=1.
1

Ypanuenne Jitepa (3) mas ¢dyuxuuonana (2) ecrb auddepen-

uuajbHOe ypaBHEHHe BTOPOro NMOPAAKA, TAK UTO pellleRke y == yix

ypasuetnsi Ofiiepa NOMKHO HMeTh BTOPYio mpoussomyio y”(x). Oxn-

Hako OBBAIOT CIyuad, Korza (QYHKUMS, Ha KOTOPOH (PyHKUHOHAT
b

Jy}= f F (x, y, ') dx RocTHraeT 9KCTpeMyMa, He ABJIACTCA ABAXK-

a
A RubdepeHunpyeMOi.



50 OKCTPEMYM SYHKIIMOHAJOB [T 11

ITpaumep 4. Pysxuuonan
Tyl= [y &1 —y @) ds
-1

NpU IPAHHUHBIX YCIOBHSX
y(=D=0, y(H=1
JOCTUTAeT CBOEr0 MHHHMYMa, PaBHOTO HY/MO, Ha (DYHKOMH

0 mpu x<0,
v(x)—-—{ npt x> 0.

Xotsa ¢yHKRUMA v(X) ¥ He uMeeT BTOpOH NpOM3BOAHON, OHA yHOBIe-
TBOPSIET COTBETCTBYIOIIEMY ypaBHEHHIO Diiepa.

HefictButensho, Tak Kak F(x, y, ¥’) = y*(1 —y’)?, 1o nonaras
Yy = v(X), noJNyuuM ypaBHeHue Jisepa .

2v(1 —ov')? + d [202(1—0’)]—0 (6)

Ho cornacuo onpenenenuto byskuuy v(x) 6yinem umers Ha [—I1, 1]
Fo, = —20%(1 —v’) = 0, a 3HauuT, # WF » =0, W XOTA ypas-
Henne Dillepa (6) ¢opMmanpbHO uMeeT BTOPOH MOPANOK,-a v”(x) He
CymecTByeT, MOLCTAHOBKA v(X) B ypaBHeHHe Jiinepa olpaulaer ero
B TOXKJECTBO.

Teopema 2. Hycrs y = y(x) ecto pewenue ypaswenus Ii-
aepa

d

Fy—wa/=0.

Ecau ¢ynxyus F(x,y,y’) umeer nenpepuigrvie H4ACTHbIE NPOU3EO0-
Hble 00 8TOPO20 NOPAdKa EKAIOHUTEALHO, TO 80 8CeX TOYKAX (X,Y),
8 KOTOpbLX

Fyy (59 (), ¢/ () %0, (7)

pyrkyus Yy == y(x) umeeT Henpepui8HYio B8TOPYIO NPOU3BOIHYIO.
CnepcrBue, JIkcrpemass Yy = y(x) ModeT uMeTs U3A0M
TOALKO 8 Tex TO4KAX, z0e Fy, » = 0.

Tak, B npumepe 4 Fy,y,=2y2 ofpaiaerTcss B HyJab B TOY-
Kax ocn Ox; SKCTpeMaJb MMeeT H3J0M B Touke X = 0.
Teopewma 3 (Bepuwreiin). [lycte umeem ypasnenue

y'=F(x, 4, 9) (8)

Ecau ¢pynxyuu F, Fy, F, nenpepotenst e xan0oi KoHe4HOU Touke
(%, ¥) Oas a106020 KoHeuHO20 Y U ecAu CHULECTBYIOT TAKAR KOH-
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cranta k>0 u Takue, ozpanudenusie 8 KAXAOL KOHEYHOR HACTU
NAOCKOCTU hyrKryuL

a=a(x, y) =0, B=p(x, ) =0,
Fy(x 9, 4") >k, 9)
[Fx g ) |<ay”+8, (10)

T0 4epes aobuie dse Todxu naockocty (a,A) u (b, B), umerowjue
pasauunste abeyuccer (a = b), npoxodur 00Ha u TOALKO OOHQ UH-
Teepanvraf Kpusas y = ¢(x) ypasuenusn (8).

Mpumep 5. lokasaTb, uTo uepes Jo6ble fABE TOUKH [IO-
CKOCTH C DPa3jiHuHpIMH aGcuuccaM# NMPOXOJIHT OZHA M TOJNbKO OAHA
3KCTpeMasib GyHKUHOHAaA

J. e~ 2" (y* — 1) dx.

Pewenne, Ypapuenue Diljepa ana paunsoro GyHKuHOHaIa

UMeer BUA .
y'=24{1+y7),

n Teopema 3 npuMeHuma. B camoM zese, B JaHHOM ciyuae

Fluyy)=290+y") n Fy=20+y")>2="r
Janee,

LF (x99 =12y (L+ 9 I<219197” + 2191,

Tak uro a=f=2]y|>0. .

ITpumep 6. [TokazaTs, yTo He uepe3 BCSIKHE JBE TOUKM MO~

CKOCTH C pa3/MyHbIMH abCuuccaMM MOXMKHO IPOBECTH 3KCTPeMallb
dynkunonana

®ro

10 =[G+ Vigy?)ax
Pemenue YpasHenue Diijepa uMeeT BHA

g =2y (L +y?)" (11)

u teopeMa 3 He MPHMeHHMa, Tak Kak ycaosie (10} ue BumosusieTcs
(F(x,y,y’) pacrer mo y’ OvicTpee, ueM BTopast crenensb y’). Oanako
OTCIOfa €lle He CJe[yeT, UTO HE uepe3 BCSKHe JBe TOUKH C pas3iny-
HbIMU aGCIHCCAMM MOXKHO NPOBECTH SKCTPEMalb.

Ilonaras B ypasuenuu (11) y' =p, y"=p—%, NOJIY4HM

dp__ 2y2
p@-—2y(l+p)

uaya
pdp

[T
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1
Vi+p?
C—VityT =1

dy _Vi—(y*—C)?
dx y:—C i

HHTerpHpys, HAXOAUM = =y?—C uM

Orcroaa

(12)

rpge C — BeecTBeHHas NOCTOsHHAA.
Herpynno npoBepuTb, 4TO /sl BceX 3HaueHWH Y, YAOBJAETBO-

pAIONIUX, HanpuMmep, ycnoBuaM 0<Xy << b, tae 6>V 2, nuu npu
KakoM JOMycTHMOM 3HaveHWH mocTosinoil C mpaBas ugacTh (12) me
6yner BeliecTBeHHOH,

80. I[ToxasaTp, uro uepe3 Jio6Gble JBE TOYKH IIIOCH
KOCTH HPOXONUT OJHA H TOJBKO OJHA 3KCTpeMaJjb Q)YHK‘
nyoHaJs a

HyWl=[Vi+y@+y dn

Mpumep 7. JlokasaTy, 4TO BCSAKOE ypapHEHHE

¥ (x)=F(x 4 9) (13)
ABJAIETC ypaBHeHHeM Jfiiepa AMA HEKOTOporo (pyHKuuHoHana
Ty (1= [ F(x 4 v)dx. (14)

1) Kax onpenensercs ¢yukuus F(x,y,y") 1o dynruuu

fxy.9)?
2) Haiitu Bce OyHKUHOHAMH, AJS1 KOTOPHX 3KCTPeMaJsIMH SHB<

AFI0TCA TPAMBlE
y(x)=Cix+ C,.

Pemenne DBygem nckatp QyHKUHOHAJ, At KOTOPOrO ypas-
Henne Jilsepa

Fy—'Fylx—Fylyy""—Fylyly”=0 (15)

coBnafiaer ¢ ypasHenueMm (13), D10 3HauMT, U9TO HOMKHO HMETb
MeCTO TOXZECTBO MO X, y, y':

Fy_Fylx‘—Fyly’y,—'Fy'y"f(x’ Y, y') = 0.
JuddepeHuupys 370 TOXKAECTBO 10 Y/, NONYIHM
3 ’ ~ - . ——
Fy'y’x + Fy,yry Y + Fylylyl f + Fy’y’ fy, = 0.
MonoxuM u==F, ., Toraa AN QYHKUHE 4 MOJYudM ypaBHeHue
B YacTHHX NPOH3BOJAHBIX:

du , Ou ou o
=5 TV 7;!7'+f'gy—r+fyf'u-—0- (16)
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TakuM o06pa3oM, HaxoXIeHue (PyHKIHOHAna, T. €. HaxOXKIAcHHe
dynruuu F(x,y,y’), cBOAUTCA K HHTErPUPOBAHHIO JIMHEHOTO ypaB-
HeHus B yaCTHHIX npousBoAKBIX (16) M k mocaexywomeft KBanparype.

PacemoTpum BTo?oﬁ sonpoc. B sToM ciyuae ypasuenne Siuiepa
JIOMKHO uMeTh BHA y” = 0 u ana ¢yHkuunE u nonyuaem B cuay (16)
ypaBHeHue

ou , Ou
&5 TV —a—y‘—o- (17)

Ipounterpnpyem 310 ypasnenue,
YpapHeHHe XapakKTeDHCTHK HMeeT BHA

Huterpupys sty CHCTeMy, HoaydaeM
y'=Ch y=Cx+ Cy,

orgyna Cp == y—xy’. [Nostomy oGumee pemenue ypasuenus (17)
TaKOBO: , ,

w(n g y) =0 y—xy),
rae @ ~ npoussoapHas AuddepeHnupyemas - GyHKUAs CBOHX apry-
MentoB, OTcwoaa

Flx,g.2)=a(s ) +B0ny) + [ =00t y—tdt, (18)
0

rae o{x,y) u B(x,y) — Npon3BOAbHHE (YHKUMM CBOHX apryMeHTOB,
YROBJETBOPAIONINE COOTHOMIEHHIO

da 13/}

—

dy ox
U3 pemenns BuAHO, U4TO CYLIeCTBYET HecKoHedHOe MHOKECTBO Bapha-
IUOHHHIX 3afay, IJA8 KOTOPHIX ypaBuenue (13) saBaseTcs ypasHe-

HHeM 3inepa.
IIpocrethine cayuau uxTezpupyemoctu ypaswenus idaepa.

1°. F e samucutr oT y: F = F(x,y).
B stoM ciyuae ypaBHeHue Diilepa uMeer BUA

Fy(x, y)=0. (19)

PeilicHHe 5TOTO KOHEYHOIrO yPaBHEHHS He COJEPIKUT 3/EMEHTOB NpPo-
H3BOJa M TO3TOMY, BoOGIe TrOBOPs, HE YHOBJETBOPSET TPaHHYHBIM
ycaoBuam y(a)= A, y(b)= B.

Jlums B MCK/IOUMTENbHBIX CAyyasix, korpa kpusas (19) npo-
XO04UT 4epes rpamuunsle Touku (a,A) u (b, B), cymecTByer KpuBas, -
Ha KOTODOR MOKET AOCTHraTbCH SKCTPEMYM. :
TTpumep 8. Haiith 3xcTpeMann ¢pyHKuMoHaNA

/2

J[y(x)1=f y(2x—y)dx, y(0)=0, y(—';—):=
0

[N

wla
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Pewenne. VYpasaenne Diiiepa uMeer Bui 2¢x — 2y =0, 1. €.
y = x. Tak KakK TpaHHYHble YC/IOBHsA YIOBJETBOPAIOTCA, TO Ha NpHA-
/2

MOH y=x WHTeTpaA J' y (2x — y) dx MOXKer [OCTHTaTb SKCTPEMyMa.
0
_ by
Ilpu apyrux rpaHHuHBIX YCIOBUAX, HanpuMep, y(0)=0, ¥y (E-) =,
3KCTPEMasb ¢ = X He MPOXONUT uepe3 rpaHuudbie Touku (0, 0) H
k4
7!
Jlaud He §MeeT pelleHHus.
2°, F 3aBMcHT OT ¥’ JIMHEHHO, T. €.

Flx, , yYy=M(x, ) + N (x, y) v'.

YpaBHeune Jiijiepa B 3TOM CJayuae HMeeT BRI

, TaK uTO TNpPH 3THX IrpaHHUHBIX YCJOBHSAX BapHalHOHHAd 3a-

(20)

IMosyuennoe ypaBHeHHe, Kak W B cayuae 1° sBadercs KOHeuHnM, a
He jpuddepennuassHbiM ypaBHedneMm. Kpumaa, onpenensiemas ypas-
d

HeHHeM W_W=O’ Boofule roBopsi, He YIOBJETBOpSAET Trpa-

HUYHBIM YCJOBUSM, H#, 3HA4HT, BapUAallMOHHAsA 3aJaya, KaK NpaBHJO,
He HMeeT peuleHHs B KJacce HenpepblBHEIX (vuknui. Ecan B He-

KoTopoli o6nactn D nnockoctu xOy W—Tx_ = (, TO BHIpaxe-

wue F(x,y,y’) = M(x,y)dx 3 N(x, y)dy sasrgerca noadsim pgud-
¢depenunanom M QyHKIHOHAN

b (b, B}

Iyl =[Fle gy ar= [ (Mdr+Ndy)
a (a, A)

HE 3a4BHCMT OT TOYTH MHTErPHPOBAHMA: 3HAYeHHe (YHKIHOHANA
Jly(x)]—onHo u TO Ke Ha JONYCTHMBIX KDHBBIX. Bapnanuonnas
3ajaua TepsieT CMBICL

IIpumep 9. HcenenoBars Ha 3KCTpeMyMm (yHKIHOHAM

b
Iy 1= [ +20) dv v@ =4 y(B)=B.

Pewenue 3necy F nuuediHo 3aBucHr or y’. HMeem

6M__2 a/v__2 4 oM ‘6N=O

ay Y e = y  ox
SHAUMT, MOJBIHTErpajbHOe Buipamxenne (Y24 2xyy’) dx ecrv nod-
Hbift auddepenunan. CnenoBartenpbHO, HHTErpas He 3aBHCHT OT IYTH



$ 4 TIPOCTEMIIASL 3AJAYA BS

HHTeTPHPOBAHUA: ...
b (b, B)
Tyl=[ @ dvt2ydn= | d(w)=
a (a, A)

= xy? |F=b = pB2 — ad?,

no Kakoil Obl KpuBoff y(x), npoxoisiueil uepes toukn (a,4) R
(b,B), Mbl Hu unTerpupoBaiu. Bapuaumonsas 3agaua He HMeetr
CMBbICTIa, .

3°. F 3asucut quws ot y', 1. e. F = F(y').
Ypasuenne Ditiepa uMeeT BUA

Y/ 4
Fyyy”=0. 21)
B 3tom ciayvyae 3KCTpeMalisiMH fIBJASIOTCS BCEBO3MOXKHbIE NMpsMEIe JH=~
HHH
y=Cix+ Cy,

rie C; u Cy; — NpOU3BOJIbHBIE NOCTOSIHHBIE.
ITpumep 10. Hafiru skcTpeMann dbyHKuMoHanNa

b
Hyl= [ Vi4y 0 dn  yl@=4  y()=B.

Stor dyHKuMOHan omnpeienser AJIHHY KDHBOH, COEIMHSAIOIEH TOUKH
{a,A) wu (b, B). T'eomeTpuuecky 3azaqa CBOJHUTCH K Da3bICKaHHIO
KpaTuaiiel JHHHH, COSANHSAIOIEH NaHHBE TOYKH.

Pemenue. ¥YpaBuenne Jitnepa umeet suj y”(x) = 0. OGuiee

peilleHue
y(x)=Cx -+ C,.

OKcTpeMalib, YAOBJETBOPAKLLAS FPAHAUHBIM yeaoBusiM y(a) = A n
y(b) = B, ectp, OueBHAHO, MpAMas, NPOXOAsHIAsT Uepe3 TOUKY
(a,4) u (b, B): -

B— A
y=——g (x—a+4

4°, F ne saBucut oT y, T. e. F = F(x, ¢').
B atoM cayuae ypaBHenue ditnepa WFy’ (x, ') =0, oTKyaa
Fy(ny) =0y, (22)
rae C| — npoM3BoJbHAs [OCTOSIHHAR.

Ypasuenue (22) ects auddepeHnuaibHOe ypaBHeHHe [epBOro
nopsiaka. Murerpupys ero, HaxOJAHM KCTpPeMaJy 3a]auH.



56 B3KCTPEMYM ®VHKIIUOHAJIOB a1

Mpumep 11. Cpexn xpHBHX, coemunsomux Touku A (1, 3) u
B (2, 5), wafiTh Ty, Ha KOTOPOH MOXET MOCTHraThCsi SKCTPEMYM
¢yHRIMOHANA

2
Ty ()= [ ¢ () (1 + 229 () d.
1

Pemenue. Tak kak F He 3aBUCHT OT Y, TO ypaBHEHue
. d n— 2,7y
Dfinepa uMeeT BHA E;Fy' (x, y)=0, nau Ti?(l + 2x%y')=0,

OTKYAa
14 2x%y’ = C,.

c,—1 L . 1-—¢
Torapa y = ~55z» TaK 4t0 ¥ (x)=—x—-+C2, rae C, =—7 "
TakuM ofpasoM, 9KCTpeMadsiMH ABAsSETCA CeMeHcTBO rumepiol.
BuigeauM sKcTpeMmadb, NPOXOAAIRYI0 uepe3 3aiaHHble TOukH. Jlis
onpenefeHus IMOCTOSHHBIX C: u Cy CoCraB/igeM Cucremy

3=C] + Cy,
ci
5= 9 +C27

OTKY A4 CI =4, C;=7. Vckomas skcTpemans y(x)=7— %.

5°. F He 3aBHCHT 4BHO OT X, T. . F=F (y, y’). B sroM cay-
yae ypaBHeHHe Dilyiepa NPHHAMAET BHJ,

" __
Fy—FW,-y’ ~ Fyyroy”=0.

YMHOKHB 06e yacT# 9TOro ypaBHeHHs Ha y’, B JeBOR wacTH moay=

YHM TOUHYIO IPOH3BOIHYIO, T. €. -d—x—-(F —y'+F,)=0, otkyna
F—y' «F,=C, (23)

rae C)— Ipou3BOJLHASA INOCTOAHHAs. DTO YpaBHeHHe MOKeT ObTh
ﬂpOHHTeI‘pHpOBaHO nyTeMm paspelleHus OTHOCHTEJ/IBHO yl H paspene-
HHSA MepeMeHHBIX MM NyTeM BBEJSHHS MapaMeTpa.

ITpumep 12, (Haumennuiee conporusiensue noroky.) Omnpene-
nuTh GopMy TBepaoro resa, ABHIKYULErocsi B NOTOKe rasa ¢ HauMeHb-
MM CcONpoTHB/IeHHeM. Byzxem /s npocToTHl paccMaTpHBaTh TeJO
Bpalienust (puc. 4)..

Pemenne Cudras, 4ro IJIOTHOCTH rasa AOCTATOYHO Maja H
MOJIEKYJ/IBl OTPaKaloTCsl OT MOBEPXHOCTH Tesla 3ePKanbHO, And Hop-
MaJbHOR cocTaBiafollefl JAasnenust OGyfeM HMeTb Cjeiyollee BhHpas<
WMEHHe] | N

p=2pv?sin? 6. (24)
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34ech p - NJIOTHOCTL ra3a, U — CKOPOCTb ra3a OTHOCHTENBLHO Teqa,
@ — yron Mexay CKOpOCTbIO M €€ TaHTeHIUaNbHOH COCTABJSIOLIEH,
Japnenue nepneHAuKyJAsipHO K TNOBEPXHOCTH, TAK UTO MOMKHO

gA
Hanpabnenue 8
———
10moka R
F———
2030 0 ! Z
————
Puc. 4.

sanucarh COCTaBASIOYIO CHAHL O OCH Ox, Ie#CTBYIOIYIO HA KOJBIO
1
IIUPHHOH U+y )2 dx n pazuycoM y(x), B BHIE

dF = 2pv? sin2 0 [Qny (1 + y’z)v’] sin @ dx. (25)

Ilonnas cuna, AeficTBylomass B MNOJOXKUTEJIbHOM HanpaBleHWH OCH
Ox, pasHa
1

F = J‘ 4mpv? sin® Oy (1 4+ ¢'*)" dx. (26)
i} .

Yro6sl yOpocTHTb 3ajauy, NPeanoNokK UM

7 .
7

9 .
(EP DT
Torga cuna conpoTHB/eHHs GyAeT PaBHA
! /
F = 4zipv? f ¥’y dx. (@7
0

sin @ =

3apaya COCTOWUT B TOM, YyTOGH HafTH Takyio dynkuuio y(x), npu
KoTOpofi F npHHAMAaeT HaHMeHbllee BO3MOXHOE 3HAUeHHe, IHPHUEM

y0)=0, y()=R (28)
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YpaBuenue Diiiepa mis dyukuuonana (27) uMeer BUA
7 d 4
!/3—3'3;(%’/ )=o0. (29)

YactHoe peinenue y == 0 5TOro ypaBHEHMSl HENpPHEMJIEMO B CHAY
rpaHuuHbix  yonoBui  (28). Ypasuenwe (29) MoxHO mepemHucarth
B BHAE

v+ 3yy’y” =o0. (30)

Vmuoxasa obe uacty (30) Ha y’, 3ameuaeMm, YTO jeBas 4acCTb eCTh
(y’%y)’. Wurerpupys, HaltmeMm

v’y=C}
Otcrona
‘== y=(Cix+ O (31)

Henoabays rpaHHunbie ycaoBus (28), moayynMm

s
Cl="8l_'i CZ=0r

y=R (%)%,

T. €. KOHTYD € 3aJaHHbIMH KOHEYHBIMM TOUKAMH, [PH KOTOPOM COMPO-
THBJCHHE TejJa MHHUManbHO, fABJAsfeTcs mnapabosoit cremenn 3/4.
I[MTpumep 13. Haittu skctpemanb GyHKHHOHAIR

b
qun=fll}i—w.

OTKY A

TPOXOASAILYIO 4epe3 3ajanHble Touku (@, A) u (b, B), nexaimye B Bepx-
Helt MOJYMIOCKOCTH.

Pemenune Tak kak noasiHterpanbHas QYHKOUA He COAEPHKHUT
ABHO X, TO ypaBHeHHe Diijiepa corjacHo (23) naer

ViTs _
y

I4

Y y
gy Vity?

ITocne ynpowenufi moayuum y Vl +y* =0, rae C;=—

= C.

Hurerpupys nocnennee ypasneHue, wainem (x -+ C2)2+y2=
ceMeHCcTBO OKpyKHOCTeH ¢ mentpoM Ha ocu Ox. Mckomoil 6yner ra
3KCTpeMalfb, KOTOpas MPOXOAHT uepe3 3aflaHHble TOUKW. 3ajada
HMeeT eJMHCTBEHHOE pelleHHe, TaK KakK duepe3 Jofbie IBE TOuUKH,
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neXaliHe B BepXHeft NOMYNJIOCKOCTH, HPOXOAMT OIHA M TOJALKO OAHA
TIONYOKPYIKHOCTD € UeHTpoM Ha ocu Ox,

3ameuanne. Cornacio mnpuuuuny Pepma nyrb CBETOBOro
Jyda, pacnpoCTPAHSIOIIErocs B HEeOJHOPOAHON [ABYMepHOH cpege co
CKOPOCTBIO U(X, Y}, ABAAETCH IKCTpeMasbio QyHKUHOHAA

X1 — e
Vity?
Ho= [ Lt
Xo

Ecan ckopocth cBeTa U NpOMOPLUMOHAJBHA Y, TO Kak BHAHO H3
Pa3o6paHHOTo NpPUMEPd, CBETOBble JYyYd NPeJACTaBJA0T co60i0 JAYrH
OKDYIKHOCTeH, UEHTPBl KOTODPBIX JiexkaT Ha ocd Ox.

IMycry sapana xpusas g, Onruseckod OAunod kpuseoil ¢ Ha3o-
BeM BpeMs T(g), B TeueHHe KOTOPOro MPOXOMHTCSl 5TA KpuBas MpH
ABHIKEHHM 1O HeH CO CKOPOCThLIO CBeTa U{X, ).

Bynem pacematpuBath BEpXHIOW MNoaymiIockoers y => 0 Kak
ONTHYECKYIO cpelly, B KOTOpOH CKOpPOCTb cBeTa B KaXJOH Touke
paBHa OpjJHHaTe 3TOH TOUKM v == y. JlyuaMu cBeTa B 3ToH cpene
6yAyT, KaKk Mbl BUJEeNH, TOJNYOKDYIKHOCTH ¢ IeHTpamM# Ha ocH Ox.
MoxHo moKa3ath, YTO 4acTb AD MOAYOKPYKHOCTH ¢, OAWH H3 KOH-
LoB KOTopoH Jexur Ha ocu Ox, uMeeT GeCKOHEUHYIO OINTHUYECKYIO

yA

U V4 I

Puc. 5.

nsmay  (puc. 5). Touku ocn Ox GyneM Ha3bBaTh NMO3ToMy 6Gecko-
Heuro yoanenHvimu, ByZeMm cuMTath NOJYOKPYXKHOCTH ¢ UEHTPAMH
Ha ocH Ox npAvoiMu, ONTHUECKHE IJMHbI AYr TaKHX [0AYOKPYXKHO-
CTelt — UX OUAUHAMU, yeAamu MERAY TaKHMH NPAMBIMH — YIVIH Me-
X1y KacaTeNbHBIMH K IONIYOKPYMKHOCTAM B TC¥Ke HX NePECEueHHf.
TlonyuuM IJIOCKY!0 TeOMe1puIo, B KOTODOH COXPaHAOTC MHOTHe
nonoxenus obbuHON reomerpus. Hanpumep, uepes nBe TOukH MOXHO
NPOBECTH OLHY H TOJBKO OLHY npAmyro (4epes jgBe TOYKH Ha HONy-
IJIOCKOCTH MOXHO TPOBECTH TOJIBKO OLHY MOMYOKDYIKHOCTb C L€H-
TpoM Ha ocu Ox). [lapaasessreimu OyleM cudTaTh HABe npaMmsie,
uMeIie o6y GeCKOHeYyHO YyAadeHHYlo TOuKy (T. €. ABe MHOJy-
OKPYKROCTH, Kacawlukecsi _APYr Apyra B Touke B, nexaieli Ha
ocn Ox), Torna uepes paHry.0 TOuKy A, He JeXallyilo Ha npamod g,
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MOXKHO NPOBECTH JBe npasmwvle q, ¥ gp, NapaineivHile ¢. Ilpameste,
KOTODBIE NPOXOLAT uepe3 TOuKy A W JeKar B BepPTHKaJbHHX yriax
I u IIl, nepecekawT npamyr ¢, nNpaMsle, jgexampe 8 yraax Il u
1V, — ee ne nmepecekaior. .

7y

Puc. 6.

Ml monyuun# Tak Haseizaemyio Mofeab Ilyankape reoMeTpHu
JloGaueBcKoro Ha mIocKocTk (pHC. 6).,

HafiTn skcrpemManan (QpyHKIHOHAJIOB:
b

Iy (9] = [ [2xy + (2 + &9) y')dx;
: y@=4, yB)=8

1

82. Ily(0] = [ (" +xy)dx; y(©)=0, y()=a.
0
/4

83. J[y(x)]=f(y —y)ds; y(0)=1, y(n) V2
Q

84. ][y(x)]xf(y’z—gf)dx; y() =1, y(@@)=—1.
0
1

85. Iy (N]= [ (s + 4 )dx; y(O)=1, y(1)=2.
4]

1
86. /[y (= [ (s +y")dx y(©=0, y()=1.
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87. Iy (Ol = [ (4" +49)dx yO =&, y()=1.
. 0
1
8. Iy (= [ (2 — ) dx; y(O)=1, y(I)=e.
0

89. J[y ()= [ (xy' + ") dx.

-

90. J [y (1] = (y +y73) dx.

91. Iloxasate, uro auuedunfi GyHxIHOHAT

b
Iy =[p(y +a(Dy+r(Dds,

Dg___}e‘ﬁg -

rae p(x)=Cla, b, g(x)=Cla, b], r(x)=C|a, b], He
HAMEeT 3KCTPEMYMOB.

92, Ilycts JaH GyHKIHOHAT

b
Iy @l= [ F(x, g, ') dx

u rpanuunsie ycaosus y(a)=A, y(b)=B.

IMTokasarb, 4TO ecau K NOABIHTEIpaJbHOMY BLIpaKes

unio F(x,y,y')dx no6apute noauuil audpdepeHnuan maio-
6oit pyHKRuMH 4 == u(x,y), TO ypaBHeHHe Diinepa ocTa«
HETCH MPeXHUM.

93. Iy ()] = [ (4> + " + 29¢*) dx.
2

0. Iy ()= [ (s* — ¢ —8ychx)dx,
0

95. Haiity s3xkcTpemanu (yHKIHOHANA
b

Iy @l= [ *(yrdx

a
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i 10KasaTh, 4TO OpH 7 >>1 ABe TOUKH, JexallHe MO
pasnble cTopoHHl oT ocu Oy, He MOryT OBITH COELHHEHBI
3KCTpeMaJbIo.

Bapuayuonnsie 3a0a4u 8 napamerpuyeckot gopue. B paie 3a-
nau Gosee ynoGHO, a Hopoit M MNpocTo HEOOGXOHHMO, IO/Jb30BATHCH
napaMeTpHyecKuM 3ajaHueM JUHHi

x=q(t)
y=1 ()

rae ¢ynkumn @(f) u () HenpepblBHBI M HMEIOT KyCOUHO-HEmpe-

pHIBHBIE MPOM3BOMHble, mpuueM §2(¢) 4 P2(f) % 0.
Ilycrs naH GYHKOHOHA

}r t0<t<tl!

t

o= [Flxyidi= [Fitx 9 50d, (6
c f
. dx . dy
rae X=gre Y=
Yro6bt 3HaueHus ¢yHKuHOHANA (32) 3aBUCeNH OT JIMHMM, a HE
OT ee NapaMeTpPH3alMH, KOTOPas MOXKeT OCYLIeCTBJSTbCH pa3JHd-
HBIMH CNOCO6aMH, HeOGXOAMMO H JOCTaTOYHO, YTOOH MOXBIHTErPalh-
Hast (YHKIHUS He cojepiKasna sBHO napameTp ! M Oblia NMOJOKHTEIb-
HO OJHOPOJHOM NMEePBOIl CTeNeHH IO aprymeHTam X, y:

F(x, y, ki, k) =kF (x, y, %, §), k>0 @3)

Hanpuwmep, B dyuxkunonane

Ie= fxdy—ydx
Cc

I0AbiHTerpajbHas (PyHKuMA HOJOXKHTENBHO OIOpPOJAHA MNepBoit cTe-
neHd. B camoM nene, 3gech

F(x, y % 0)=xg—yx
¥ OYEBHIHO :
Fx, y, kx, kj) = kF (x, y, %, §).

Ecan munua C:

x=0 ()
y=1 (i)

noctapaser GyHKuMoRaay Je SKCTpeMyM B Kaacce guuuit C, coedm-
HAIOMAX NaHHBlE TOYKK (X0, Yo} H (X1, y1), To OYHRIuE @{f) u P(f)

}y t0<t<tlv
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YAOBJIETBODSAIOT ypaBHeHuAM iinepa

d

Fe—ar (F)=0 ]I »
d I} (34)

Fy—r (F)=0. |

Ogno u3s ypaBHennit (34) ecth ciencTBHe LPyroro.
BeitepmtpaccoBa ¢gopMa ypaBHeHus Jiliepa
._=___x£______y_"a_._ (35)
ro Fie (a4 g)h

3aech r — pagMyc KpHBH3HHL 3KcTpemasu, F)— o6imee 3Hauenne oT-
HOWIEHH
P T
FERR =R

l

NMpumep 14. Hafity skcTpemann dyHKuyuoHana
(x1, y)

J = f ¥’y’” dx.
(0, 0)

PeureHue ITockoapKy BOSMOMKHBL IKCTpeMasiH, KOTOphle Tnepe-

ceKaloTCsl TPAMHIMH, Napajjenbubive ocH Oy Gonee, ueM B OLHOM
TOuKe, NepefifileM X pacCMOTPEHHIO 3ajJaud B NapaMeTpPHUYECKOH

dopwe.
Cuutas x = x(t), yTy(t), HaxXxOAMM, 4YTO HNOAHHTErpanbHas

(OVHKUMS HMeeT BUL y"’--—i,—;fc U SBJSETCS IOJNOXKHUTENLHO OLHOPOL-

HOH NepBOil CTeneHW OTHOCHTEIBHO X H 4.
Ileproe us ypaBHeHuit (34) npuHEMaeT BHUL

d (9 _
ar )=

OTKY A2

Hnrerpupys nocienHee ypaBHeHHe, HaXOJUM
2 2C1)C + Cz.

Hs YCJAOBHsT HPOXOXKICHUA BSKCTpeMaan yepes Ha4aJi0o KoGpAaH-
Hat HaxomuMm, uro C, =0, Bropoe TrpaHHuYHOe YCJIOBHe [JaeT
vl
2x1 ’

TaK YyTO OKOHUATeJbHO

=
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ITpumep 15. Hafitn skerpemany GyHKuHOHa/ A /
1y
o= [ VFFF+a (2 —y)] .
to

Pewenue. Ilonaras
F(x, 9 % §) =V F 5% + a? (xj — y),

BuauM, 4To (yHKUMS F OOJOMKUTENLHO OXHOPOAHA NEepBOH cremeHH
OTHOCHTENLHO X U Y.

Bocnonnsyemcs BefiepmitpaccoBoit ¢opmoit ypaBHeHHs JiJepa,
Hteem .
F.. 1

Lz g2 , == — q2: =2t =
Foy=d, Fyx a? F, 7 T yz)’/z .
ITostomy ypaBuenne (35) mpHHHMaeT B LaHHOM CJyuyae BHJA

-—l— = 2q2,
r

1
TakuM oOGpaszom, KpuBH3HA - 9KCTpeMamM MOCTOAHHA. Cnenosa-
TeJbHO, 9KCTpeMaJH — AYTH OKPYXKHOCTH, B UACTHOCTH, IIOJHEIR

OKDYXHOCTH, eClH
x (o) = x (1)), }

y(te) =y (£).
Hai#tiru sxcrpemann HKIIHOHAJIOB:
p y
(x1, 1)
52 — 242
9. Io= | L=
0,0
L3 2 2
N _3 y/x.
97. Jo= | L= 41,
X
0,0
(1.0

98. Jo= [ (K-V&F 3 —iy)dt, K>0—const.
(—1,0

§ 5. OGo6menns npocTedilel 3agauu
BAPHAUHOHHOTO MCYHCJEHHUS

1°. ®yHKUMOAANB], 3aBUCslIMe OT MPOH3BOAHBIX BbICHIETO MOPSA2
ka. ITycts umeeM dyuxnmonan ;

Iy (x)] = f F % g () 0 (), ovo, 9™ (x) d, (1)

Xy
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rae F — ¢yuxkuns, auddepenunpyemast n -4 2 pasa no BceM apry-
MeHTaM, y(x)e Crlxy, x1], a rpainulble ycjaoBys nMel0T BHI

(%)=t ¥ (¥o) = ++er 477V (x) =47V,
4 4 (12=1) (n—1) (2)
g{r)=yn v (x)=yp .,y (x)=y"""

Drerpemananyu ¢yHkupoHana (1) npu yosopusax (2) sBasioTes
HHTeTpaabnble KpiiBble ypaBHenus 2itiepa — [lyaccona:
d

d? ] d"
Fy—TdTFy/ +‘EC"Z—‘Fy”_ e +(.—I)HWF}/(”)=O. (3)
INpumep I. Hafitn skerpemans dpyHKmHOHAE

1
Iy (0] = f (360x%y — y”*) dx,
0
y(0)=0, g (O=1 y)=0  y (1)=25
Pemenue VYpapuenue Diaepa — [Iyaccona pmecT Ui
d? ;

-2
350x2 P

(—2y7)=0 nan  yV(x)= 18042
ero ofiee penienne —
1
¥ (1) =5 2° + C1x® + Cox® + Csx + Cu.

Hcnoar3ys rpanudHble YCI0BHS, HOAYUHM

rof wo

Cl=‘ ’ C2='—3, C3=l, C;=0‘

Mcromasn skcrpemalb

y(x)=—;j x6+-g—x3-—3x2+x.

PaccMoTpuM 3apady, B KOTOPOR Ha rpaHuue 341aHbl HE BCe
yeaoBus (2), a MeHblllee HX UACJO, TAK UTO B OOLIEM DEUIEHHH YpaB-«
HeHusa JHaepa [o0cAe HCNOAL3OBAHWSA TPaHH4HBIX yeaoBuli  eule
ocralTcsi cBOGOxHHe NocTonHHBe. [l pelueHnsi Takofd 3agaud He-
oGxoxnuMmo Hality Bapuauuio ¢yskuuonasa (1), npeo6pasoBaTh ee
€ yYeTOM B3alaHHHIX TPadUUYHBIX YCJOBHHA W, NPHPABHAB BapHauHio
HYJIIO, TOJYYHTbL LOMOJHATENbHble YCAOBHS HA TPAHHILE.

ITpumep 2. Hafttn Kpusyw y = y{x), pealu3yoiyn 3KcTpe-
MaJabHOe 3HaucHHe (DyHKUMOHAAA

b
1o =+ [ @ ax @

IIpH yCJIOBHSAX .
y(a)y=0, y(b)=0. (6)

3 M, JI, Kpacaos # AP |
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Pewenue YpaeHenue Diliiepa — IlyaccoHa unseer BHI
V) ey —
y ' (k) =0.

Ero oGuee pemenne

y(x)=Cy 4 Cox + Cyx? 4 Cux? (6)
COlepAUT 4YeThIpe NpPOH3BOJLHHIX noctosHubix C; (i =1,23,4), u
JJsT UX OonpejeneHHs 3aJaHBEIX TPaHUuHBIX YycooBHft (5) HepocTa-
toyHo. IlosTomy, coriacHo BbIIIECKa3aHHOMY, HaxOQHM BapHaLHIO

tyuxunonaaa (4). Moayunn
b

81yl = [ v (o) d. (7)
Hnterpupys (7) no uactaM ABaXAH, 6yleM HMCTh
b

8/ [l = o () 8y’ () o= [ 57" () by’ () dx =

b
— Do W=y WL+ [V Wy @ @)

Bripaxenue (8) noamxuo ofpalmaThcss B HY/Abh Ha IKCTPEManu
y(x) ¢yukuwonana (4). W3 npouspomnpnoctu ¢yHkuuu Oy(x) cue-
ayer, uto yaVi(x) = 0; 310 ectb ypaBHenue Oiinepa — Ilyaccona
nas dyekurouana (4). Ho ecam unrerpan B npaBoit uwactu (8) o6-
paiaercs B HYJb, TO Kpaesoe sbipasicerte

[y (x) 8y (x) — y""" (x) by (D)1}

TaKXe [0.1KHO 06pamaTbes B HYIb TOXKAECTBEHIIO.
Tak kak Oy(a)= 8y(b) =0 (kouun sakpenseir), TO MNoaYy-
‘YaeM, YTO JOJIKIO ObiTh

y” (6) by’ (b) — y” (a) by’ (a) = 0.
B cuay npoussodbHoctH Beanuud Oy’ (6) u Oy’ (a) HeoGXomumo
noJjiyuaeM
y' (a)=0, 4" (b)=0. ©)

Yenosust (9) Bmecre ¢ ycaoBusamu (5) ORHO3HAYHO BBEIAETAIOT
IKcTpeMalb U3 ceMefictBa (6): y{x) = 0.

2°, dyukuModaanl, 3apucamine oT m ¢yHkumi. daa dyukmuo-
HaJla, 3aBUCAIIEro OT M QyHKUHI y((X), ..., ym(X),
Xy
A 4 '4
I [yl) !/2, 10, !/m] = f F(x, !/1, !/2; taey ym; ylyy2, LY ym)dx (10)

Xy
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HpI/I rpaHHqulX yCJIOBHﬂX Buaa
ve (%) =y  wp(x)=4y (=12 .., m), (I1)

3KCTpeMann HaxoAdaTcs U3 caelylolefl cucTeMbl AudhepeHIHaibHbX
ypaBHeHHH BTOPOro mopsjka:
4 F 0 (k=1 2 ) (12)
-— = =1, 4, ey, M
4, dx yl'e T

F

Ha3blBaeMLIX CHCTeMoll ypaBHeHui Jiiiepa.
INpumep 3. Hafitm sxcTpemasnu pyEKunoHana

2
Ty (), 2zl = [ 0+ 22427 d
1

NpH TPaHNYHBIX YCJAOBHAX
y(h=1, y@=2 =2()=0, =2@)=L
Pewenue Cucrema ypasHeHuil (I2) B naHHOM ciyuae uMeeT
BHA =0, }
z—2"=0.
Pewas 31y cuctemy, HaXogum
y=Cix+Cy 2z=0Che*+ Cie™,

B cuay rpanuusbix ycjoBHE HMeeM

Ci=1, C=0, Cim—p—, Cim———
1= 1, 2 =Y, 3—‘62_1’ 4 e? 1"’
TaK 410 HCKOMAas 3KCTpeMaJh:
y=x, ]
_osh(x—=1) ¢
2= shl ]

ecTb MPOCTPAHCTBEHHasi KPHBas, ABIAIOWLAsCA MepecedeHHeM [BYX
UHJIKHAPHYECKHX NOBEPXHOCTE. :
ITpumep 4 Halitu 3xcrpemand QyHKuIHORANA

I
Ty (), 2 (0] = [ (292 — 297 + ¢ — 2%) d,
0

€CJIH
y(0)=0, y(@)=1 2(0)=0, =z(@=-—1

3*
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Peweunne CucTema ypasuenuit (12) uMeer BuI
¥ +2y—z=0,
2+ y=0,
OTKY1a, HCKII0uass QYHKIGIO 2, DOJIYUHM
gV 24" +y=0.
OGuiee pemenne 3TOrOG ypPaBHENHsST HMEET BHJ,
Yy (x)= Cycos x4+ C,sinx 4+ x (C3 cos x + C, sin x).
B cuay rpannunex yeaosut y (0) =0, y (%) = | noayuaem C;=0,

CS == — 4 BHAUNT,

n’

. . X
y(x)=C,sinx 4 Cyxsinx — - Cos %,

7
OyHRUMIO 2 HalifeM H3 ycaoBHg, uTo z =y” 4 2y. Mueeu
. . 1 .
z==Cysinx -+ C;(2cos x4 xsinx) +—T-E—(2smx—xcosx).

IMocroanunie Cy ¥ C, HAXOAHM H3 rPaHnyHHIX ycgaoBuit 2 (0) =0,
z (n) = — 1, uro paer C,==0, C, ~ npoussosbro. Toraa

. 1 .
z=Czs1nx+7‘—(2 sin x — x cos x).
E
CeueficTBO sKCcTpemaded:

. X
y=C;}smx—-”Tcosx,

J

e o e e

\ 1 .
2 == Czsmx-{—;-t—(Q sin x — x cos x),
rae C, — NPOUsBOJBLHAS HOCTOSHHAA.

3°. PyHKIHOHANW, 3aBHCHMME OT (PYHKUKA HECKOJIBKHX He3as
BHCHMBIX nepemennsix. PaccMorpuM QyHKIHOHAJ BHAa

Jh(nw]=ffF(m%zé§,%§yud% (13)
D

rae F — rpuxan anddepenunpyeMasi GpyHKIUsa CBOUX apryMeHTOB, U
NPeANoN0KEM, uTO Hulercs QYHKINA 2 = 2(x, y), HelpepLBHASA BMe-
CTE€ CO CBOMMH RPOHM3BOAHBIMH [0 BTOPOro MOPSAAKA BKJIIOYHTENLHO
B obGsactu D, mpumnmaromas Ha rpanune I' o6mactu D sapannbe
3HAUEHUA W jJalolias 3KCTpeMyM yrkndonary (13).

Ecan Ha nosepxHoCTH 2 = 2(X,y) peainsyercs B5KCTPEMYM
dbyukuuonana (13), 1o QysKuHA z = 2(xX, y) YAOBIACTBOPsieT ypas-
HeHHI0 Diinepa — OcTporpaickoro

Fa = 5 (Pl = (P =0, (14)
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a 0
rae 5;{Fp} H —@{Fq} — NOJIHLIE YaCTHHIE NPOHIBOJHBIE IO X H

10 y COOTBETCTBECHHO:

9 9
2 (P = Fpe+ Fpe oo+ Fp 0”+qu e (15)
d dq
W{Fq}———'qu'*‘qu'a_"y'{"qu (3J+ qq 0_/ (16>

dz Oz
3pech nna KpaTKOCTH 0G03HAYEHO =P ey =

Ypasnenne (14) mnpencraBaser cobofi HeoGxoximioe ycIoBHe
skcTpeMyMa dymkunonaga (13). OuHo spisercst ypaBHeHieM BTOPOTO
nopsAjKa B YACTHHX [POU3BOAHBIX, INPHUEM HILETCA peuleHne 2z =
== z(X, y), IpURUMaOLlee Ha rpaHule [’ 3a7aHHbe 3HAUEHHS.

Ilpumep 5. Hanucare ypasuchue Iiliepa — Ocrporpaickoro
A14 (pYHKILHOHAAA

Iz (x, 1)} ff Z g;)]dxdy

Pemenne Hueem F(x, ¢, 2, p, ¢) = p?— g% Tag uTo co-
raacuo (14) monyumm — v (2p) — e (—2¢)=0 pm

%z 02z

o e = O

Jas pyuknuonana

J [2 (xly Xgy eney xﬂ)] =

= J‘J tee J F(xl) X2y eney Xy 2, P1y P2y eony Pn) dxl dx? e dxrz, (17)
D

Tae p =73 , ., 1), HEODXO1HMoOE YCJIOBIE 3KCTDEes

MyMa Bplpaxaercs CJAeXYOLHM ypaBHeHueM Jfscpa — OcTporpages
CKoro:

J &

F,— 59—{%}=0 (18)

—

i=

M B DasBepHYTOM BHAe

ap;

1

F —Z( Faoy  Fapy 0t 2 Foypy 2 )_o (19)
) i=1 /:1

Peuieine 5TOTO0 ypaBHeHHs — QYHKIUHA 2 == 2(X1, X2, ..., Xn)——HA

rpannne I' n-mepHoli ofiactd D poskHE yAOBJAETBOPATH 3aRaHHBIM
FpaHHYHbIM YCJIOBHSM,
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Tlipumep 6. Haiitu ycnosusa, 1npu  KOTopHX  GyHKUHA
2(X1, X2, ..., Xn), NPHHHMAIONIAS 3ajlaHHble 3HAYCHHs Ha rpaHuUE
T o6aactu Q, naeT MHHHMYM HHTerpaay Hupuxae

D(z)= JJ J (ﬁ) dx,dxy ... dxy,.

n
dz \?
Pemenne. B ston cayuae F=V <~———) T. e. F He 3a-
e axi !

i=1

BHCHT ABHO OT Xj, X3, ++4, ¥, 2. ClI€N0OBATENBHO,
2 mpp i=j,
F,=F, =F =0 F ==
2 zp; Py 7 PPy 0 npu %],

¥ no ¢opmyrae (19) noayunv

(n-meproe ypasuenue Jlamnaca).

3ameuanue Lcan noj sHak uilterpaia BXOAAT NPOM3BOAHHIE
GbyHnruun 2(x, y) Ao nopaika A, TO ypaBHeHue Jiiiepa — Ocrporpaj-
CKOTO MMeeT BHI

F o] F o} a2

z—'&_{ 2} _a_y{Fzy} + Ix? {Fayu) +
02 a2

+2 dx dy {Fayy} + oy? {Fayy— -+

an
+ (_l)n ayn {Fzyy vee y} =0, (20)
L Rg——

n

Dpumvep 7. Hamucars ypasHenne difiepa — OcTporpaackoro
Aas GyHKuHoHaNA

T2(x, y)]=

02 92z \2
=ff 0x2 aJ ) +2<m) ~ 22f (x, y)]dxdy.
Pemenue, Mueem
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Cornacuo (20) maxonum
02 0%z 02 0%
-—2i(x’ !/) + 6)(2 ( ax2)+ ayz (2 ay2)+

a? 0%z
+2 dx dy (2 d0x Oy )_O
atz dz

Oxt +2 BDx2 012 dy? + aJ _f(xr ).

HJIH

Tocsenee ypaBHeHHe KOPOTKO 3aNMACLIBAETCS TaK:
Adz=[(x, y).

Haiitn SKCTpeVIaJIH ClIeAYOWUX (DYHKIHOHAIOB:

99. Iy ]~j(y + 24" + 4" dx;

y()=0, y(1)~o, y(0)=1, y' ()= —shl,

(4]

100. [y (W] = [ (240y — y"")dx;
—1

y(=h=1L y(0)=0, y'(—=1)=—45,
g (0)=0, y7(—1)=16, y”(0)=0.
101. J [y (x jb (v + " dx;
yla)=1y, (ba)—yl, Y@=y, yO=y.
102, J [y (0] = (b (v + yy")dx;
yla)=4, y'(a)=A2, y(b)=B, y'(b)=B..
103. /[y (x)] = [ (" + g7 dx
y(0)=0, y(l)0='shl, v 0=1, y(l)=chl,

104. Haftty skcrpeMasns GYHKIHOHAIA

)= | (v
¢



79 DKCTPEMYM ®YHKILIMOHAJIOB [TV I

IpH YCAOBHAX
y(0)=0, y (=0, y(I)=L
/4
105. J[y (), 2 (x)] = f (22 — 42+ ¢ — 2N dx;

0

4(0)=0, y(%>=l, 2(0)=0, z(z)=1.

*106. J [y (%), z(x)] = f <2xy — y’2 -+ 3;_3) dx;
1

y(1)=0, y(—=D)=2, =z()=1, z(—)=-—1
)

107. 7[y (0, 2] = [ (s + 2" —22)d;
0

y©=0 y(5)=1 20=0, z(3)=L

108. J[y(x), 2= [ (s + 2" + 2y)dx;

w Te—

y(O)y=1, y(1) 2(0)=0, =z()=1,

109. [Tokasats, uto ypaBHenus OSiijepa AAs (PyHK=
LHOHAJA

?)

b
Iy, 21= [ F(x, y, ¢, 2, #)dx
a

/,IxonycxaxoT CaeAyloliHe INE€PBLI€ HHTEr paJible

1) -g!—f,—=C, ecau I He CONEpPXKHT y;

oF
2) F—y' gy, -2 %—:C, ecan F He cOIepKHUT X,

Hanucars ypasnenna difinepa — QcTporpajckoro ajs
¢yHKIHOHAJIOB:

110. J[z(x, y)]=
— £ f [(%—)44_ (g: )“+ 122} (x, y)] dxdy. |




§ 6] HHBAPHAHTHOCTL YPABHEHHS 3MJIEPA 73

11, I[z(x, 4)]= fj' (22 4+ 22 Y dray.

112, Iz xb@,“,%n

__ff f ‘;a(xl,..,, x")<aiz)“‘

]—-l

— (X, ores xn)z-—l—sz(xl, veny X)]dx dx o on dXne

113. BriBecru puddepennnajbioe ypaBHeHHEe MHHH-
MaJBHEX NMOBEPXHOCTEIl.
114. Hafitn skcrpemasds GyHKpHoHaga

11
J[z(x, )]= J‘J-ezy sinz, dxdy
00
npu ycaoruax z(x, 0)=0, z(x, 1)=1.

§ 6. Hapapuaurnocrs ypasuenus ditnepa

Ecau dyurunonar

b
Tyl= [ F(x 99 dx

npeo6pasyercsl NocpeICTBOM 3aMEHBl He3aBUCHMON TNepeMeHHON uaH
OJHOBpEeMEHHOU 3aMEeHON HCKOMOM (PYHKUHH H HE3aBHCHMOM mepeveH«
HOil, TO 3KCTpeMadn (PYHKUMOHAAA HO-NpeXKHEMY HaXOAaTCsa M3 ypas<
Henust 3fijiepa, COCTABJIEHHOTO A/ NpeoGpa3oBaHHOrO HOABIHTErpalk<
HOro BblpaxKenus. B 3ToM W COCTOHT HHBADHAHTHOCTD YDaBHEHH
Dfnepa,

IIyers x=x(u, v), y =y (u, v), npudeM

Xu Xo

Yu Yo

#+ 0.

Torna
fF(x, 4 y) de =
’
= J' F [x {u, v), y (u, v), M—u,—-:l (xu-l- x,05) du =

xu + xuvu
= | o o o) au
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H IKCTpemMajan UCXOJHOro (byHKLlHOHaJIa OnpefesasttoTcst B3 ypaBHEHHH

Bitrepa ana dyuxwionana | ®(u, v, v;) du:

d
G)U_WCI)U,:O.

ITpumep [ Hafitu skcTpemanu (ynkuuonana
g
I{r]= f Vietride, e r=r(q).
0.

Pewcnne Yparuenne idepa anaa 3Toro PyHKuUOHANZ

4 (_r__) —0
]/r2 + dy Vr“’ +r?
3aMeHa nepeMeHHBIX X == r cOS ¢, y = r sin @ naer
Vit do=Vi4y dy,

¥ Mbl IPHXOAWM K (DYHKUHOHANY BHAA
b
Ilyl= f Vit y®ay,
a

1,14 KOTOporo ypaBHeHHe 3finepa ectb y” = 0, Tak uro
y = Clx + C2.
3HauiT, SKCTPEMasu HCXOJHoro (PyHKHHOHAaTa JAloTC ypaBHeHHMH
rsing==Cyrcos ¢ +4 Cp,

rae C; u Cy — NPOH3BOJIBHBIE NOCTOSHHBIE,
Ilpumep 2. Hafitu skcTpemanu (pyHKUHOHANA

In2 . -
Ily]= f (e""y’2 — exy2) dx.
0

Pewewnue. Ypauenne OJitnepa paas RaHHOro ¢yHKNHOHanMA
HMeeT BHA

y//___yl_}_e?xy____o'

CrenaeM 3aMeHy mepeMeHHbBIX

{ x=Inu,
y=u.
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Toraga HexoAHBIT GYHKIHOHA Npeobpa3syercs K BHLY
2 2
- ’”2 du 2
I o) = f(e ns, 2,75 gl ”02)7= (v — 0% au
1 1

¥ A8 Hero ypasHeuwe JiHiepa v” 4 v = 0 nerko unrerpupyercs:
v=_Cicosu-+ C,sinu.

ITepexoas X nmepBOHauaTBHHIM KOODAHHATAM X, ¥, HOJAYUEM ypaBHe-
HUe 3KCTpemaneil B Buae

y=C,cos e’} Cysine’.

115, HafiTu skeTpemann ¢yHKIIOHANA
D
J= f rsinchr2+r’2dcp.

Ps

116. Tloxasath, uTo 3KcTpeMann (GyHKUHOHAAA
Py
J= ff(rsincp) Vr2—|—r’2 do
Do

BCeTZla HaXoJATCS B KBajaparypax.
117. Haiitn sxkerpemann ¢gyHKuuHONagIa

b
J=fo2—I—y2V1—|—y’2dx.

Kak n gis cayuyas ORZHOTO NepeMeHHOro, vpasschnue 3iinepa —
OcTporpajickoro WHBapHAaHTHO OTHOCHTEJLHO fpeofpascBauuii Koop-
JIMHAT,

INNpumep 3. 3anucarb ypasHedne Jlanlaca

e L %)
dx? ayr

B NOJISIPHBIX KOOPAHHATAX.
Pemenune. Paccmorpum dyHKUHOHAN

DIz (x ) = [ [ (2+22)ax ay.
4]

YpaBHeHHe 3Iifinepa — OcTporpaackoro aas (QyHKiHoHaAa ecTb Kak
pas ypaeuenue (1). Ilepefizem B ¢yuKUHuOHAZE OT JeKapTOBHX
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>

KoopZuHat (¥, y) K moldapHeIM KoopamxataM (P, @): x == pcos @,
Ty = p sin ¢. Umeen

dp dp dp sih(p 0p _ cosg
By T 8@ ay-—smcp, ax o ' 9y o
O1ciona

Dlz{p, @)1=

= [ 3o 2 g 5o s

1
= [[les+5) e
G

Coctasasin ypaeuerie IDfi.iepa — OcTporpaickoro AJs nociel- .
Hero uuTerpania, MPUAeM K ypaBHeHHIO Jlamiaca B moasApHBIX Koop-
JHHaTax:

1
7 Zoo + 02pp + 20 =0.

§ 7. INone sxcrpemaneit

CeMeiicTBO KpHBHIX Y == y(¥,¢) obpasyer cobcTgexrHoe noare
6 3adaunoli obaactu D niockoctn xOy, ecau depes KamAyl TOUKY
(x,y) aroit obaacTH DIPOXOAHT OAHA L TOJbKO OAHA KpHBag ceMeli-
cTBa ¥y = y(x,¢).

Yraoso#i kosdpduunedar p(x,y) Kacarenpnoll K Kpusofi cemefi-
cTBa ¥y = y (X, ¢), npoxossiell yepes TOYKy (X,Y), HAa3bBaeTCs HaA<
KAOHOM 10As 8 TOUKe (X, Y).

CeMeficTBO KpHBBIX Y = y(x,c) o6pasyer (EHTpAAbHOE TO.Ie
B oGaactu D miockocrn xOy, ecaw 3T KpHUBHIE MOKPHBAIOT 0e3
caMonepecedeHuil Bcio 06.1acTh D u HCXOISIT U3 OAHOH TOUKH (Xo, Yu),
nexamefi BHe ofaacty D. Touka (xy, yo) HasbiBaeTCs LEHTPOM
Ny4Ka KPHBHIX,

INNpumep 1. Buyrpu kpyra x%--y% <1 cemellcTBO KPHBHIX
y = Ce*, rne C — npou3BO.IbHAS nocrom{x—[aﬂ B uacrHoctH, C =0
oﬁpaayer cofcTBeHHoe MOje, TaK KaK 3TH KpUBHe HHUTHe He mepe-
CeKaloTCsi M uepe3 KaxIyio TOUKy (X, y) Kpyra NpOXOAUT OJHA ‘M
TOJBKO oOfHa KpHBas 3Toro cemeiictsa (psc. 7). Haknor noas
B NpOH3BOJLHOI Touke (X,y) paBeH

p(x, y)=Ce'=y.

ITpumep 2. Cemelictso napabon y = (x -} C)* BHyTpH Kpyra
X2 4 y? = 1 coGerBennoro mosisi He 06pasyer, Tak Kak pasjuyHble
KpHBHe ceMeiiCTBa IHEPECEKalTCss BHYTPH Kpyra H He MOKPBLIBAKT
Bcio o0sacth (puc. 8).

ITpumep 3. CeMmeficTBO KpHBBHIX Y == Cx ofpasyer LeHTpafb-
Hoe noJie B o6sactd £ > 0, ’
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O6pasyior au node (coGCTBeHHOe MJIH UEHTPAJbHOE)
caeayioine ceMeflcTsa KpI/IBbIX B YKa3aHHBIX 0bjgacTax:
7 i
118. y‘—'C ‘rgx 0 4, —--—2—<y<72..
119, y=C - cos x;

a) Jxl<Zy 6) T <i<<m B)x|<m.
4 2

120, y=(x—Cf% 2 +L <.
121, y=C (x> — 2x);
a) 0<x<1; 6) —1<Cx<3; B) %gxgi;-.

n 7
a) —<x<§“,

— . 42 2

123, y=e"*tC; x* 4 < 1.

Ecau nose (coBcrBentioe waM leHTpaJjbHoe) 06pa3oBaHo cemedt-
CTBOM 3KCTpeMmaJsiell HeKOTOpOll BapHaUHMOHHOH 3aJayH, TO OHO Ha3hbl-

BAETCs 110AeM IKCTpemanell.
IIpumep 4. Paccmorpnm yrkuuonan

1
Iyl = f y? dx.
[}

Ero 3skcTpemaiamu siBasiorcs npsaMble y = Cyx 4 Cs, CewmeiicTBO
akcerpemadeit y = C» ofpasyer co6cTBeHHOE [0J€, a CeMelcTBO
skcTpematefi y = Cix ofpasyer LeHTpajbHOe TMoNe C UEHTPOM
B HauyasJe KOOpAMHAT.

124. na ¢pyuruuonaaa

a

Iyl= [ "+ y)dx,  a>0,

0

yKasaTh COBCTBEHHOE H LEHTpaJbHOE NoJe KCTpeMaJell.
125. To xe — nns ¢yHKuHOHAJNA

T4

= [ (" — " + " + 4)ax.
0
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[Tycts KpuBasm y == y(x) siBjfAeTca 3KCTpeMajblo (yHKUKOHAIA

Xy
Jyl= f F(x, y, y) dx,

Xo

npoxoisueil yepes toukn A(¥o, yo) u B (x4, y1).

ToBopaT, uro axcTpeManb y = y(Xx) 6K.At04eHa 8 COGCTEEHHCE
rnoae 3xcTpemaaed, ecin HaiiieHo ceMelicTBO aKkcerpematel y=y{x, C),
ofpasyloniee noJe, cOAeplKalllee Npu HeKOTopoM 3HaueHnn C = Cp
9KCTpeManb ¥ == y(X), NPHUEM 5Ta SKCTpeMadb Yy == y(X) He JeXKHT
Ha rpaHune obsmactu D, B kotopol cemerictBo y = y(x, C) obpasycr
noJie.

FEcan nydox skcTpemadeil ¢ meHTPOM B TOuKe (X, o) B OKpecT-
HOCTH 3KCTpeMamn y = y(x), mpoxozxsuieil uepe3 Ty e Touky, 06-
pa3syet MoJe, TO FOBOPAT, UTO HALUOEHO UeHTPAAbHOE N0.1e, BKII0UAI-
lee HAHHYIO BKCTPeMasip Y == y(x). 3a napaMeTp ceMedcrBa Y ==
= y(x,C) npuuuMmaeTcs yraoBoii Ko3((QHUHEHT KacaTte.IbHOH K Kpi-
BEIM NY4Ka B TOYKe (Xo, Yo).

ITpamep 5. Pacecmorpum  HpocTeiilylo  BaphauyouHyio  3a-
Aavy /14 (YHKUHOHAJIA

2
Jyl= f (y73 + sin? x) dx.
0

a) Tlyets y(0)= 1, y(2)= 1. Ceneiicreo skctpamanefi AaH-
HOro (hYHKHHMOHANa oONpefedasieTcs ypasHenneM y == Cyx -~ Ca 3a-
JIaHHBIM TPaHUYHHIM YCJIOBHAM yJOBJETBODSAET 3KCTpeMatb y = l,
3ta 9KCTpeMaslb BKIIOUAETCA B COGCTBEHHOE TMosie 3KcTpemageif
y == C3, rne C2 — NpOU3BOABIASA NOCTOAHHAS.

6) IMycrs y(0) = 0, y(2) = 4. IKcTpeMasrnio, OTBevawmeil
3TUM TPaHHYHBIM VC/JOBHSIM, SBJAsfETCA MnpaMas Yy = 2x, KCTop&ad
BKJIIOYAETCSt B LEHTpajibHOe noje skcrpeMasteli y; = Cix (Cy— npo-
H3BOIbHAA NOCTOsSIHHAA) ¢ weHTpoM B Touke O(0,0).

ITpumep 6. PaccmoTpuM mpocreilillylo BapHauHOHHYIO 3a4ady

1
Jlyl= fy’- (2x-—%y') dx,
—1
y(——l)=0,y(l)=%.

Pemenne ypaBueuust Diytepa mmeer Bujg y= x2 -4 Cix -+ Co.

. x ~
dxcrpemans stofl 3ajauy y = x? + < — 7 MOKHO BKTOUHTE B COG-

o X
CTBEHHOE IoJe sKcTpemadell y = x? -+ T -+ C, {puc. 9).
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IMokaszatp, UTO 3KCTpPEMaJH CHeRYIOWHK IPOCTEHIINY
BApHAUMOHHBIX 3aay MOXKHO BK/AKUHTb B NOJe 3KCTpe-
MmaJell (cofcTBeHHOE HJIH LEeHTPaJsbHOe),

- !/‘

Sy

[SSTESN

o

N

iia

Puc. 9.

1 -
126. J[y]=f(y'2—2xy)dx; y(0)=y(l)=0.
0
1
127, J[yl= [ @'y + y")dx; y(O) =1, y(1)=e.
0

128. J[yl= [ (s°— y")dx (a>0, as* ka);

02 y(0)=0’ y(a)=0.
129. J[yl= [ (4" + Ddx; y(0O)=1, y(@)=3.

0
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Onpenenenne, Ilycte umeeMm cemeficteo @(x,y, C) =
IVIOCKHX KpHBBIX.

C-OuckpumunanTom 3T020 CemelicTea Ha3bIBaeTCs reoMeTpuue-
CKOE MecCTO TOuek, onpeleJ/sieMoe CHCTeMOll ypaBHEeHHH

O(x, y, C)==0,
A (x, y, C) (1)
aC °]

B ofwmem ciayiae B coctaR C-AUCKPHMHHAHTa BXOAAT orubaiouniie
ceMe{icTBa, TEOMETPHYECKO@ MEeCTO Y3JIOBHIX TOUEK H reoMeTPHUECKOe
MeCTO TOUeK 3a0CTPeHHSL.

Ocubarowers cemedcrea ®(x,y,C) = 0 HasniBaercs KpHBas, KO-
Topas B KaxAoll cBoCH TOuKe Kacaercs HeKOTODOH KPHBOH AanHOro
ceMeiicTBa M KaK/JOro Y4acTKa KOTOPOW KacaeTcst GeCKOHEUHOe MHO-
3KeCTBO KPHBBIX CeMeilcTBa.

Ecan uMeeM nywok KpHBRIX ¢ mentpoM B Touke A (%o, Yo),
LEHTP Hy4YKa HpHHAAMeKHUT C-THCKPUMHHAHTY.

INpumep 7. Hafitu C-guckpuMuHAHT ceMeficTBA KPHBBIX § ==
= (x—C)2,

. Pewewnune VYpasueuns (1) B nanHoM cayuae HMeOT BHA

y—{(x=CyP=0, }
2(x—C)=0,

otkyna y = 0. Herpynuo nposeputs, uto Juunsg y = 0 eCTb OrH-
Gawomas nanHoro cemeiictBa. B camom jnese, B #06oft TOUKe X == Xp
anaua y = 0 nMeeT o0WYIO KacaTenbHyld ¢ COOTBeTCTBYIOIeH KpHu-
BOH ceMeficTBa y == (X — x0)2. Jlanee, kakoii O MaJHil Y4aCTOK
JuHuu y = 0 MBI HH B35JH, ero Kacaercs 0OeCKOHeYHOe MHOXKeCTBO
KPHBBIX JaHHOro ceMefictBa. B ZanHom ciayuae C-IHCKPUMHUAHT €O-
CTOMT H3 OJHOH orufaiouiei.

B caeayoomux npuMmepax HaiiTH C-IXHCKPUMHHAITHL
34/aHHEIX ceMelCTB.

130. y=Cx+ C-
131, y(C—x)—C?==0.
132, (x —C)2+4 y2=1.

Ecau ngyra AB kpusoft y = y(x) umeer oradunyio ot A ofmywo
Touky A* ¢ C-guckpumuHantoM nyuka y = y(x,C) c ueHtpom
B TouKke A, cozepxaliero AanHyio KPHBYMWO, TO TOYKa A* nasuBaeTci
TOYKON conpaxcenrnold ¢ Touxkoi A.

IMMpumep 8 PaccmoTpum onHomapaMerpuyeckoe CeMe{cTBO
kpuBblx y == Csinx. C-puckpuMuHau1 »3toro ceMmefictBa onpese-
JIsIeTCsl ypaBHEHHAMH

y—Csinx==0, }
~— sinx =0,
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T. e. npefcraBaseT coGoft JAMCKPETHOE MHOXKeCTBG Touek (km,0),
k= 0,41, +2 (TOUKH nepecedeHHs CHHYCOHiH ¢ ockio Ox). Bass,
Hanpumep, C = 2, moayyuM KpHUBYIO y == 2sin x, NpHHaAIEKALYIO
JAHHOMY NYYKy CHHYCOHA ¢ ueHTpoM B Touxke O(0,0). Ecam apyroit
Koney B (puc. 10) npyru KpuBoH y == 2sinx wumeer abcuucey

gk ‘

|

n

T B(1.§)

Puc. 10.

e (m,2n), T0o ayra OB Oyjger cofepixaTbh elle OAHY TOUKY
(kpome Toukn O0(0,0)), npHHapsexkamyio C-AHCKPpUMHHAHTY, a
uMeHHo Touky OF*(m,0), KoTopas OyIeT CONpsiKEHHOH € TOUKOH
0(0,0). Ecmm 0<Cx<{m, TO TOYEK, CONpHXKENHHX € TOYKOIl
0 (0,0), Ha ayre OB wuer.

133. Hauo cemeiictBO KpuBnix y = C- (x — 1)x. Hag-
TH TOUKY, conpsizennyio ¢ Toukoil O (0,0).

134. daHo cemenictBo KpuBnx y = C-.shx, Haiitu
TOUKY, conpsaxeHHyto ¢ Toukoii O (0,0).

1°. Jocraroudoe ycjaoBue SIKoGM BO3MOXKHOCTH BKJOUYEHHS
9KCTpeMasln B LEeHTpajbHOEe INoJe 3kcrpemanedl, Jlna Toro utobul
ayry AB skerpeManu MOXKHO ObLIO BK/IIOUHTB B UEHTpasbHOe HOJ€
IKcTpeMaJtell ¢ uedtpoM B Touke A (Xxo, Yo), /A0CTATOUHO, 4TOOLI
Touka A%, conpaxkennaa ¢ Toukoil A, He ;nexkana Ha ayre AB.
ITpamep 9. Pacemorpum QyHKIMOHAN

Iy ()] = j (42 —9y* e — 1) dx,

0
y(0)=0, y(a)=0.

TlpoBepuTb BO3MOXKHOCTH BKJIOUeHHs 3KcTpeMaan y =0 B ILeH-
TpaJsibHOe MoJe 3KkcTpeMadeil ¢ neutpom B Touke O (0, 0).

Pemenne Ypaswenue 3ilepa a/s A4FHOTO (YHKLHOHAJA
umeer Bug y” 4+ 9y = 0. Ero ofuiee pewienne y(x) = Ci sin 3x -4,
~+ C2cos 3x,
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E knt
cJH a;é—3—, k —uenoe  wACAO, TO  IKCTPEManblo, yao-

BAETBOpAOLLEH 3alaHHBIM TDAHHYHBIM YC/JAOBHSIM, sIBASieTCs NpsMast
y = 0. Ecotu paccMOTpeTh ORHONapaMeTpHYECKoe ceMefiCTBO 3IKCTpe-

manefi yy == Cysin3x, TO, KaK Jerko npoBeputb, C-IHCKPUMHHAHT
. kn
3TOro CceMmelicTBAa COCTOMT M3 TOYEK (—3-, 0}, k—ueioe 4HCIO;
T " o
nosroMy, ecaH a<--, TO TOUYKH, conpsiKenHoll ¢ toykoit O(0,0),

Ha 3KCTpeMaau Yy = 0 ne 6yﬂ€T, " TOrja 3Ty 3KCTpeMaJsb, QUCBHIHO,
MOXKHO BKJ/OYHTb B ULEHTpAJbHOE noJe SKCTpGMaJleﬁ C HEHTPOM

B touke O(0,0). Ecau xe a>—g-, TO Ha 3KcTpeManu y = 0 6yner

colep:kaTbcs MO KpafiHefi Mepe oOjHa TOuKa, COMpsiKeHHas € TOU-
kot 0(0,0), m nocrarouHoe ycsoBxe $IKoGu He BBINOJHSETCH.
B srtoM cayuae skcTpeManu y == C;sin 3x moas He o6pasyior.

Anaauruseckas gpopma ycaosus Hxobu. Tlycrs uMeeM npocred-
1yl BapHAUMOHKYK 3ajauy

Ny (9= [ Fx g 9)dn

y (x0) = s, y(x)) =y,

Ecnu pewenne u = u(x) ypasHerus Sko6u
d d ,
(Fyy——d—x-Fyy,)u———d—x—(Fy,y,u)=0, (2)

yaoBJAeTBOpsIOIee yCaoBHIO u(X) = 0, oOpamaercs B Hynap eme
B Kakofi-HHOYAb TOUKe HHTEpBala Xo < X < Xi, TO CONpsIXKEHHast
¢ A{xo,yo) Touka A* nexur wa ayre AB skcrpemanu (touka B
HMeeT KOOpAHHATH (X1, y1)).

Ecnn cyumectsyer pemenue u(x) ypaBHCHHA {KOGH, yIOBJIETBO-
pilomwee yeaosHio 4(xg) = 0 u He obpamalomeecs B HYJb HH B OJHOM
TOUKEe MNOJYHHTEpBada Xo << X < Xy, TO Ha ayre AB HeT Touek,
conpsikennnix ¢ A. B sToM cayuae ayry AB sKcTpeManu MOXKHO
BKJIIOYNTb B HEHTPalNbHOE MOJe 3KCTpeMalefi ¢ LEHTPOM B TOuKe
A (xo, §o).

B ypasuesun (2) B dynxunu F,, (x, ¥y, y), Fyy (y, x, y) n
Fyy (x, y, y’) BMecTo y(Xx) Hamo MOACTABHTbL MPaBYI0 4acTb YpaBs
HeHus sKeTpeMann y = y(x, Co).

Mpumep 10. Bemmonneno nu ycnoeue Sko6u AAs 3KCTPeManH
(hyHKIHOHAIA

1y 1= [ (2 + ) ax,
0

npoxoasutei uepes Touku O0(0,0) u B(a, 3)?
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Peurense Ypabuenne $IKo6H B RaHHOM Cayuae HMeeT BHIT
u” = 0. Ero ofwee pemenne: u(x)= Cix-+ C,. M3 ycioBus
u(0) = 0 naxonuM, uro Cy==0, Tak uro & = Cix. Hu npu xakou
snauennn a > 0 stu pemenns # = Cix (Ci %= 0) B HyJab He oGpa-
maioTcd. 3HAYMT, TOUKM, conpaxennoll ¢ voukoii O(0,0), na ayre
OB skcrpemadan HeT., C/1€10BaTEIbLHO, €€ MOKHO BK/IIOUHTL B IieH-
Tpa.bHoe mode sKcTpeMmadaedt ¢ uewrpom B Ttodxe O(0,0). Herpyano

NpoOBepHThL, 4YTO HCKoMO# SKCTpeMaabio ABJASIETCA TIPAMAA y=‘z X,

KOTopasi, OYeBd,1N0, BKIIOHACTC B lLEHTPasibHOe nosde 3KcTpeMantell
Yy = Cyx.

[Mpusmep 1. Bunoaswcno au ycaosue fkobu aas sKcTpesaiu
¢yuKuHOHaa

a
= [ (g2 =4y’ ) dy, 7_,_/ 1 ,
Iyl Oj y 4" +e %) dx (a \n—{— )n)

rpoxoasutefl epes toukn A(0,0) u B(a, 0)?
Pemenae Ypasnciue §ko6u umeer Bua u” -+ 4u = 0. Ero
ofuice pelienne
u{x)==Cy sin2x + C;cos 2x.

U3 yeaosua uw(0) == 0 naxoanMm, yro Ci =0, rtak uro u(x) ==

: by
= Cysin 2x. Ecan a<7, T0 QyHKIHA u(x) He obpaimgaercs B HY.Ib

npu 0 << x << a, ¥ ycaosre SIKOGW BLINOJHEHO; €CINH Ke a>%,
TO pelleHne ypaBuenus fAKoGA u == C,sin2x ofGpalllaeTcsl B Hy. b
B TOYKE x=—g—, npuransexkaiell orpesky [0, a], v Ha Ayre 3sKcrpe-
Mard =0 (0 < x =T a) naxoauTcs TOUKa, CONPAKEHHAT C TOU=
koit A(0,0). Takum obGpasom, npy a>% HE CYLUECTBYeT UEHTpalbe
HOro noJs 3KCTpeMmasell, BKAIOYAIOWEro AaHHYIO 9KCTPeMadb.

B cieayomux 3ajavyax IPOBEPUTH BLIMOIHHMOCTb yC-
aoBust dxkodu.

.

1

135. J[yl= f (12xy + y'2 + 12 dx;
,_; y(=1)=—9, y(1)=0.
136. J[y]= [ 4"+ 99" — 3x)dx; 4 (0)= 0, y (a) =0,

0

1
187, Iyl=[(L+5%)dx  y(O=gy(1)=0.
0
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188, Ilyl=[yerds; yO =1, y@=0b (a>0).
0 .
2m

139. Jlgl=[ (" — Ddx; y(0)=0, y(2m)=1.
0
140. Toxasats, YTO ecaH NoAHHTErpaabHass GQYHKLHA
¢dyuxoHaNa

, .
Tyl= [ F(x, ) dx

He COAepIKHT ABHO y, TO KaxkjAasd 5KCTpeMasb Bcerja Mo-
JKeT ObITh BKJIOUEHA B 110J1e 3KCTpeMaded.

3ameuanue Yciobue HKo6H sBAAeICH HEOOXOIMMbIM AT
DOCTHIKEHHs 3KCTpeMyMa (yHKuHoHagda J[y(x)], T. e. Ha 3KCTpe-
Mamn AB, pealusyoleii sKcrpeMyM, conpsiKeHHasi ¢ A TouKa He
MOXeT JeXKaTb B HHTepBade Xy << ¥ << x). Hanpusep, 1j1s QyHKUHO-
Haja
a

o= [t + ) dx,  g(@=y(@=0,
0

MHHHMYM focTHraercs na skerpeMand y(x) = 0. Ha srtoft sxcTpe-
MaJsu HeT Touek, compskenunix ¢ toukofi O(0,0).
ITpumep 12. Ina ¢pynxuucraia

5
57

= [ =y =0 y(3a)=0
0

na skcrpeMann y(x) == 0 sxcTpeMyM He AOCTHTaeTcst HOTOMY, UTO

g uurepsare |0, ) JexuT, conpsxennaa ¢ Toukolt (0, 0)

4
Touka O*(m,0) (6o peiuenuem ypaBHenua fkobu u” 4 u =0, oA-
pamatoomuMes B Hyab npu x = 0, asasercs u(x) = Cisinx, u u{x)

5
ofpamaercs B HY/Mb TAKXKe U B TOyKe X =N & (O, T ")
7
B camom pnene, B kauecTse «6H3KO0» K y=0 KpHBOi{l Bo3bMmeM

sin — nx 5o
, A5 KoTopoii yenosus y (0) =y (5—) =0

KPHBYI0 Y, (X) == 3

n?
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’ 4 4
OUeBH/HO BHIIOJHSIOTCSH, & ¥, (x) == 55 cos 1 5 x. Torjaa. noayuum
J[0]=0, a
sin—4— nx ‘
—2 =
"
i:‘[ 4 i:‘l,'
77 L, (4n ) 7
— f jm_(i_idx_ J (i)zc Sz(ir_l_x) dy ==
- nt 5n) %\ 5 .
0 0
5n 1 18
8n? ( n? 25 )< 0

npu smwobom meaom n = 2. CaenoBarenbio, skcTpeMadb y(x) =90

He JOCTaBAsieT MUHHMYM JaHHOMY (QYHKIHOHa’dy, Tak Kak Ccylle-

crByioT Gausk#e K y(x) == 0 KpuBble, Ha KOTOPBIX 3HaueHHUs (YHK-

HiOHana oOTpHuaTesnbHB. BossMem Temepb  ceMelCTBO  KPHBHIX
.4

Yn (x)=—n—sm? x, ofaanawomux 6aH30CThI0 JMOGOr0 nopsiaka no

oTHolenHo K Kpueo# y(x) == 0. Jlerko Bugers, uto

Caepnosarenbio, sKkcTpeManb y(x) == 0 He nocTaB.seT H MakCHMyMa
JNaHHOMY (DyHKUHOHATY.

141. Ilycts B $yHKLKOHATE ;
b
Igl=[F(x g, y') dx
a

nojLIHTErpanbias Gynkuust F uMeeT orpaHuueHHble yacr-
Hble' TPOM3BOJHLIE TPETbEro MOPSAJKA MO IEPEMEHHBIM Y,
Yy’ BO BCAKOH OrpaHHYeHHOH o6.1acTuH H3MeHeHHs y H y'.
[Moxasatek, uto ecan y = y(x) u y = y(x) + n{x) — nse
6/113KHE 3KCTPEMaJ/H, TO C TOYHOCTBIO 10 BEJHYHHBI BhIC-
IIero mopsika MaJloOCTH CpaBHHTENLHO C pacCTOSTHHEM
IIePBOTO INOPAAKA MEXKAY 3THMH 3KCTPEMAaJsIMU (yHKIHS
n(x) ynosaeTsopsieT ypaBHenno SIkoGu:

’ d
Fym+ Fyym' — ax (Fyym+ Fyryrm’) =0,
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2°. Hoctarounble ycnoHsi Jlexanipa. JlocraTounpiM ye/aoBHeM
JIJIA BKJIOYEHHs] IKCTpeMadu (pyHKUHOHAa

Xy .
Iyl= f F{x, y, ¥)dx;
%
y(x)=yo yl(x)=y
B rnoJe 9KCTpeMaﬂeﬁ ABJASAETCA BbINOTHEHHE ycu/lelmoeo yC/lOBltﬂ

Jexandpa.
OHO cOCTOHT B TpPeGOBAHMM BHLIIOJHEHHS HEpaBeHCTBA

Fy,y, >0

BO BCeX TOYKax paccMaTpHBaeMmoli 3KcTpemaau (1. e. 0pH BeeX
X € [x0, x41]).
[MIpumep 13. Jan dpyHKUHOHAI
2

Iyl = f (y"* + %) dx;
0

y(0)=1, . y(2)=5.

DkerpeManu — npsiMble Yy = Cx + Cz. HMckoMoft 3KcTpeMajbio, yao-
BAETBOPAKOIICH 3a4aHHBIM I'DAHHUHBIM YCJAGBHAM, sIBJsIeTCS NpaAMas
y=2x-41.

B nannoM cayuae Fy,y,= 12y’2 +2 H BO BCEX TOUYKaX 3KC-
TpemMann y = 2¢ 4 | umeeM Fyy=3502>0. Yeusiennoe yciaosne Jle-

JKaHJApa BBIMOJHEHO H, CAeNOBaTe/NbHO, 3KCTpeManb y = 2x -+ 1 Mo~
keT OBITbh BKJIOYeHa B [oJe 3KcTpeMadseil.

3TO BAAHO H HeNocpeicTBeHHO. JKCTpeManb y = 2x -+ | conep-
KUTCSl B OJHONapaMeTpHueckoM ceMelicTBe sxcTpeManedl y = 2x -+ o
(¢ — napaMerp), obpasyomux cofcTBEHHOE MOJe.

IIpumep 14. Jan dyuxunonan

1
f (x297% + 124°) dx;
-1
y(=D=-—1, y()=L

PemweHnne. YpaBuende Diinepa Aas 3Toro QpyHKUMOHAIA HMeeT
BHI
x2y” 4 2xy’ — 12y = 0.
Ero o6uiee pemetne —
y=Cyx*+ Cox—*

[TocTaBreHHBIM IPAHHYHEIM YJOBHAM YIOBJETBOPHAET SKCTpeMalb
y = x°
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Ee uean3sl BKMOYHTL B node. EAMHCTBEHHEIM OaHOmapaMerpHYeCKHM
ceMelcTBOM — 3KcTpeMaJiel, Colep:KauiM ee, sBJASETCS CeMeficTBO
y == ax® TlocienHee He noxphiBaeT o6sacTH, COAepXKalledl TOUKY
¢ a6eunccoit x = 0 (uepe3 Toukn ocH Oy ¢ opAHHATAMH, OTIHYHBIMH.
OT HY.Is1, SKCTPEMANH 3TOro ceMeificTBa He NpoXoaar).

B manuoM ciyuae Fy,y,=2x2, u yciosue JlexaHngpa He Bhl-
noausercs npu £ = 0.

HpOBepHTb BO3MOXHOCTb BKJAIOHEHHA SKCTpeMaJIH B
no’ae 151 CAeAyIOmux (PyHKIHONAJNO0B:
!
142, I{yl= [ (4" — yy")dx; y(0)=0, y(1)=0.

0

143. J[yl= [ y”dx; y(0)=0, y(a)=b>0.

0
¥

e, 1l)= [ n) VIF 5 W

by

y()=yo yx)=y, nly)>0.
145, 1yl = [ (65" — y'")dx

0

y(0)=0, y(a)=b a>0 b>0.

§ 8. JocraTounble ycaoBusi akcTpeMyMma (DyHKUHOHAAA

PaccmaTtpuBaerca npocTeiiuiast BapHandoHHasi 3ajada naa GyHK=
uMoHala

Hol= [ F(x v, ¢)dx, (1)
!/(Xo)=;os ¥ {x) =y (2)

1°, Hocrarounnie ycaosus Beiiepmrpacca. Pyuryued Bedep«
wrpacca E(x, y, p, y’) HasuBaeTcs ¢yHKuus, onpesedsieMas paseH-
CTBOM

E(x, 4, p, y') =
=FQ, 0 9y)—Fxy p)— (@ —p)Fplx, v, ), (3)

rae p = p(x, y) — HaKJOR MoJas 3KCTpeManed pacecMaTpuBaeMmofl Ba«
pruanHorHo# 3afaun (1)—(2) B Toure (x, y).

HocraTounble ycaosusi ciaboro sKcTpemyMa.

Kpusaa C docrasaser caaboui sxcrpemym pyusyuonasy (1),
ecau.
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1. Kpusas C ssasercs axcrpemainto pynkyuorasa (1), ydos
- 8.1eTBOPAIOWEd 2PAHUHHBLMN Yycao8uam (2), T. e. ABAACTCA PEUICHUEM
ypasrenus Juaepa das ¢ynkyuonasra (1), ylosaersoparowum ycao«
suay (2).

2. Okcrpesars C moxcer ObiTb 8KAIOHEHA 8 noae 3IKCTpemaaed;
8 1acTHocTu, 3ro byder, eciu G61n0AHeHO ycaogue Sxobu.

3. Oynxyus Beuepurpacca E(x, y, p, y') 0oasHa cOXpaHATH
BHAK G0 6cex Toukax (X, y), Gauskux K sxcrpemasu C, u 643 6.aus-
Kux & p(x,y) sunaqenud y’. Pynxyuonaa Iy] 6yder usmers maxcumym
na C, ecau E << 0, u munumym, ecau E = 0.

[ocratoutsle yejaOBHA CHABHOrO 3KCTpPEMYyMa.

Kpusas C OQocrasaser cuavneil 3kcrpenym (pyucyuonasy (1),
ecau:

1. Kpusas C seaserca akcrpemaasio ¢ynkyuornara (1), yoo=
saergopaowel] eperutroin ycaosuamn {2).

2. Jrcrpemans C moscer boiTo srAIO4eHa 8 noae 3KcTpemaned.

3. @yrkyus Bedepwrpacca E(x, y, p, y’) coxpanser 3Hax 80
gcex Toukax (x,y), bausxkux k sxcrpenasd C, u 649 npouU3EOALHbLX
anadenud Y, Hpu E << O Gyder maxcumym, a npy E = 0 — munu<
MY M.

3ameuanne YceaoBne Beflepurrpacca Heo6xoinMO aasl HaMd-
uds 3KCTPEMyMa B CACAYIOLIEM CMbIC/IE — ecail B TouKax 3KCTPeMalH
JUIL HEKOTOPHIX 3HaueHHil y' ¢yHKu#g E umeeT NpOTHBONOJOKHBIE
311aKH, TO CHJIbHBIH 3KCTpeMyMm He nocturaercs. Ecan 310 cBoilcTBO
HMeeT MeCTO MpH CKOJb YrofHO GJM3KHX K p 3HaueHHsX y’, TO He
JLOCTHTaeTcst ¥ caabblit 9KCTpeMyM.

Opumep 1. Hcenezosate Ha sxeTpeMyM (yHKIHOHAS

1

= [ +y)d,  y@ =0 gyn)=2
0

Pemenue, YpapHeHne iiepa A5 JaHHOTO (YHKUHOHAJA
umeer Bug Y'y” = 0, TAK UTO SKCTPEMAJSIMH  SBJSIOTCS NpsMble
y(x) = Cix 4 Cp. DKcTpeManbio, YAOBJACTBOpsomeli 3a7aHHBIM Tpas
HHYHBIM YCJOBHSIM, fiBasieTcs npsiMasi y = 2x. Hakaou noas B Tou-
Kax 3Tofi sKkcTpeManu p = 2, OueBHAHO, AaHHAs 3KCTpeMalb y = 2&
BK/IOYAeTCsl B UEHTpaskHOe fo.1e 3KcTpemanefl y == Cx ¢ ueHTpoM
B Touke -0 (0,0), Herpyano TtaxiKe npoBepuTh, uTO B JaHHOM Cay-
yae BbiIoJHEHO ycaosie SIkoGu. YpasHenue §ko6H B jgaHHOM cCay-

d_ o s
yae uMeeT BHA =~ Ti_x—(Gy uw')==0, rhie B CHAY ypaBHEHHs IKCTpE-~

Maan uMeem y’ = 2. CnenoBaTesbHo, ypaBHeHHe SIKOGH NpHMET BHA
u”(x)=0, otkyna u(x)== Cx -+ Co. M3 ycnopus u(0)==0 mnomy-
yaem C; = 0. Tak rag 310 pewenne # = Cyx npu C, 5= 0, Kpome
To4KH X == 0, HHrjie B HyJb He ofpamiaetcsi, TO ycnoBHe $IKOOH BhI~
NOJHEHO,

CocraBaseM dynrkumio BeltepmTpacca:

E(x 9,0 9)=y9°+y —p—p—(—p) B2+ )=
=y —p)y(y T 2p)-‘
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IMepBHil MHOMMTeNb BCerga HeoTpHuaTedeH npH JoGuX y', a BTO-
poH mnoJsoXKHTeNeH npH 3HaueHusx y', 6auskux K 2. CnexosaTesrHO,
BBHIMIOJIHEHBl BCe YCJAOBHA CyWleCTBOBaHHS cjiaboro Munumyma, Oa-
HaKoO, KaK Jerko BHIeTb, ecad y’ < —4, T0 ¢yHKuus £ Gyaer ysie
OTPHLATENBHOH, M A0CTAaTOMHOE YCJOBHE CHJBHOIO 3KCTpeMyMa He
BLHITOJHAETCH, TaK KakK B yclo-
BHSIX CHJBHOTO 3KCTpEMyMa Tpe-
Oyercst, uToObl (yHKUHA Beiiep-
~ umtpacca E coxpausina 3Hak npu
MOGBIX 3HaueHHAX y'. YuHTHBAdd
3ameuanye Ha cTp. 89, 3akio-
YaeM, 4TO CHJIBHOTO 3KCTpEMyMa
B J@aHHOM CJyyYae HeT.

Ilpumep 2. Hceaenosats
Ha 3KCTpeMYyM (QyHKUHORAJ

1
Iyl = f <x+2y+%y’2)dx,
0

Peuenne YpapHenue Ji-
Jdepa Zas 3TOro  (yHKUHOHEJAA
uMeer BujJ y” = 2. drcrpemans-
M ABJSIIOTCS  napadoss y =
== x? 4 Cix -+ C3. xcrpemann,
YIOBJIETBOPAIOMAA  [PAHHUHBIM
YCa0BHAM, ecth § = x? — x. Co-
crasJjsieM  ypaBHenne  SIkoGH

N . "o__.

P (u)=0 nm u”" =0
Ero o6wee peuwenne u(x) =
== (x4 Cy. Ycnosne u(0) =
=0 paer Cy=0, a Tak KakK
u(x)=Cix npu C; =0 uurae
Ha orpeske {0, 1] B HyJb He 06-
pamwaercs, KpoMe TOUKH x = 0, To ycnoHe HKoGH BHIIOJHSETCH, U
3HAUHT, IKCTpeMAatb y == X — X MOXKHO BKJIOUATL B HEHTPanbHOS
noae skctpemadefl ¢ uenrpom B Touke O (0,0), a umeHno: y == x% 4~
-+ Cx (puc. 11). dyuruus Befiepmirpacca umeeT Bul E(x, y, p, y') =

Puc. 11.

=5 (¥ — p)2.01ciofa BHAHO, UTO [Js NMPOM3BOMBLHBIX 3Haueuui Y’

1
6yper E = g(y’ — p)?>0. CaefoBaTelbHO, HA 3KCTPEMaln y ==
== X% -—x JaHHBA (yHKUHOHAJ JAOCTHraeT CHJBHOTO MHHHMYyMa, KO-

topuifi paped J[x* — x] = 3

UccaenosaTs Ha OKCTpEeMyM  caefyolHe ¢GyHK-
LLHOHAJIH. :
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1

146. J[y]zJ.ex(yi’-i—é—y’Q) dx; y(@) =1, y()=e.

0
1

147. I{yl= [ e’y dx; y(©)=0, y()=In4

0

148. J[y]:fyx—;dx; y(D=1, y(@) =4
1

149, J[y]=f Zf ; y(0)=0, y(a)=0b,a>0,b>0.
0

1

150. Jlyl= [ (1+2) y”dx y(©)=0, y(h=1.
0
72

151, 11= | (= y")dx y@ =1, y(3)=1.

0

2
152. Jlyl= [y (1+29)dxy(—D)=1y@) =4
-1
1

3 A .
183 Jyl= [(g"+yVdxy(—D=—1,4(1)=3.
-1
2°, Hocratounse ycnosus Jlexaunpa. [lycrs Qyukuua F(x, 4, y')
uMeeT HeNpephiBIYIO YacTHYIO npousBo,lmy}oFy,y, (x, ¥, y’) u nycTob

skerpemanb C BKIIOUEHa B 1oJie SKCTpeMase.
Ecan na skerpemann € umeem F, ., >0, 1o Ha kpusoi C po-

cTuraercs cnabuiif munnMym; ecan Fyo . <O Ha sketpemaan C, 1o

Ha Hell poctdraerca caalbifi MakcHMyM ¢yuknHonana (1). dtu yeao-
BUSI Ha3bIBAIOTCS YCUACHHbIMU Ycaosuamu Jlexcandpa.
B ToM cayuae, Korga Fy,y, (x, ¥, ') =0 B Touax (x, yj,

6nu3KuX K SKcrpemann C, npu IPOM3BOJBHBHIX 3HAUCHHAX y', TO
‘MMeeM CHUJbHLIA MHHHMYM, a B ciayuyae, KOrfla Ais yKa3HHbIX 3Haue-
HHH apryMeHTOB Fy,y, (%, ¥y, ¥')<<O0, uMeeM cuabHBI MaKCHMYM,

ITpumep 3. HecnenoBaTh Ha 3KCTpeMyM (YHKIHOHAI
1

1= [P —a)ds,  y@©=0  y()=—2
0

(o — moGoe AeACTBHTENbHOE YHCJTIO),
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Pemwenue Tak kak mnoastHTerpasibHas QyHKUHA 3aBHCHT
TONBKO OT Y’, TO 3KCTpPeMansiMH sBAATcs npamble y == Cix + Ca.
DKTpeManblo, yIOBIETBOPAIOIEH TPaHHGHBIM YCJIOBHAM, 6yIeT upd-

Masi y == —2%, KOTOpas MOxKeT ObITb BK.1I0YeHa B elTpajLHoe Node
skerpemadelt ¥ = Cx. Ha 31ofl aKcTpeMans Hak/aoH moas p = —2.
Hanee wmaxoxuMm Fy/y,r—:(iy'. Ha panHOl 3KCcTpeManu HMeeM
Fy,y,=——12<0, T. €. Ha JAHHHH Y = —2xX pocTuraercs caadsiil

MAKCHMyM (pyHKunoHada. TIpH nNpOH3BOJIBHBIX 3HaueHusix Y’ 3HaK
F s He coxXpamsieTcsi, Ce10BATeNbHO, NOCTATOMIbE yCIOBHIA CHIbs
HOTO MaKCHMyMa He BBITIOJIHSTIOTCS.

Pyukuusa Befiepitpacca E(x, y, p, §’) B LaHIOM CJIyude HMCET
BHJT

E(x, 9, p )= ~p)(y +2p)

1l TIPH HEKOTOPBLIX 3HAUCHKAX Yy’ OHAa HMEeT NPOTHBOMOMOKHBIE 3HAKY,
VunreiBas 3aMeuaHHe Ha cTp. 89, MOJYYKM, YTO CHIBHOTO MaKCIl<
MyMa HeT.

ITpumep 4. HccreaopaTs Ha 3KCTpeayM QYHKHHOHA

1=j(e”'+3)dx, y () =0, (2=
0

Pemenue IdgerpeMansMu aBasores npamsle y = Cux -} Ca
JKCTpeMasblo, Y10BJAETBOPSIOUWIEH rpaHUUIBIM YCTOBHSIM, SIBJAETCS

x
mpAMan Y =53 ola MOKET GHTh BK/MIOUEHA B NEHTpaibHoe noJe
,
sketpeMantefi y = Cx. B pamnom cayuae F../ (x, y, y')=e’ >0
x
npu go6ex sHavenusax y’. ChaegosartessHo, Ha 9KCTpeMadd y== 5

(OYHKUHOHAT HMEET CHJABHBIT MHHHMYM.
IIpumep 5 Hceaenosars #a 3sxcrpemyMm QyHKHHOHAR

Tyl = J‘Vl‘;r*y dr, y(0)=0, yla)=yn.

Pewenue TNoawurerpansias GyHKUHs He 3aBHCHUT SBHO OT X,
caefosaredbho, noayyaem f—y’-Fy'= €, uau B HaweMm cayyae

Vl-l-_ylz _ y'f___- ¢
Vy VyVity?

! 2 2
——_—_——:_—-—___—=C1 Haun y(l+y’)=Cl,
ViVity?

OTKYZa
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rae Cy= —%— . IonoxuM y’ = ctg —;— . ByzeM uMeTn y = C sin? —;—:
1

y

= —2'— (1 — cos t). Naxee,

dx = dy  _ Cisin £t = C, sin2—t—d1‘.
ctg—t— 2 ctg—t— 2
2 2

Wnrterpupyd, noaydim

x=0C, fk—c%ﬂ‘l:%’—(t——sint)—l-cz.
Wrak,

x=0C,(t—sin )+ C,, }
y=C,{l —cos 1)

— napaMeTpHYECKHE ypaBHeHusi ceMeficrea UMKAoHA. M3 yerobus
¥{0) = 0 Haxonum, ato Cz = (. [Ty4oK UKKAOHA

x=C (t —sinf), }
y=C (I —cost)
o6pasyeT HeHTpaibHoe moJge ¢ uexdtpoM B Touke O(0,0), BKaoyawo-~
lee 3KCTpEManb
x=R (¢ —sint), }
y==R(l —cost),

rge R onpeleneHo U3 yCToBHA MPOXOMKJAEHHs IHKAOHIBI uYepe3 BTO~
pyio rpanuunyio Touky B(a, y1), ecan a < 2nR (puc, 12).

0 2nR z

Puc. 12,

Hcnonasayem ycnosue Jlexannpa. HMmeem
1

F,boe=—1____ 59
y'y —_ 22\2
. Vy(t4y?)
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npy JMo6LIX 3HayeHHAX y'. 3HauuT, Ang a << 2nR Ha nukmouie
x==R (t —sint), }
y=R (1l —~ cost)

NaHHBIfl QYHKIHOHAN UMeeT CHJIBHBHI MUHUMYM.

Hcmnonp3yst ycaosue Jlexkauapa, HCCJAEN0BATh Cie-
mypomue QyHKIUOHAIH Ha 3KCTPEMYM:
1
154. 7lyl= [ (" + )dx; y(O)=—1, y(h=1.

0
3

x3
158, J[y]zf—yﬁ-dx; y(2)=4, y(3)=09.

2

156. 71yl = [ (s —209")dxs () =0, y@)=1.
1

157. J[y]=f(1 —e=")dx; y (0)=0, y(a)=">(a>0).

‘ 0

1
158. J[y]=fyy’2dx; y(0y=p>0, y(l)=g¢>0.
0

159. HccrnenosaTy Ha 3KCTpeMyM (QYHKIUHOHAI
1

Iyl= [ (g + > + Ddx, y(©O)=0, y(H=1,

0

IPpH pas3JanYHbIX 3HAYECHHSAX mNapaMeTpa e.

ITpumep 6. (3anaua diinepa). CrepxKendb pnuuHow0 [ onnpaercs
CBOWMH KOHILAMH H nojsepeH jasjenuio P. Ilpn onpeaenennom
sHauenuu P (xpuTudeckas cuaa Diijgepa) NPOUCXOOHT MPOAOJBHELE
n3rn6 crepxus. Tpefyercst onpefennTh HaHMEHBIIYIO — BEJAMYHHY
cuabl P, pamouiyio npoaosbHeil H3ruo.

Pemenne Ilycts E£—wmopyae yapyrocrd, [ — HanMeHbUIHA
MOMEHT HHEDUHM HONEPeuHBIX CEYeHHil CTEepKHA, P -— PaliHyC KpH-
BH3HEI, (¢ — yroJ KacareJbHOH € OCbIo.

IToTeHunanbuan sHeprus waruba ompepensieTca QGopMmyaoil

U,=1E1j§-
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Ilpy onyckaHHHM KOHUA CTEPXKHS Ha BEJHUYHHY

[
a:f (I —cosq)dS
0

NOTECHHHAJbHAS SHEPrHA CTEPXKHfA YMEHbIIAaeTcsl Ha
i

Uy=Pg=DPl—P f cos ¢ dS.
Q

Ecan norenunanbHast sHeprusi no nedopvaunu Gbila paBHa HY.IIO,
TO TocJse neopMalud OHa BhIpa3uTcs dopMmyaol

I
U=U1—U2=J-<%E1—E)I2—+Pcosq>) s — P,
¢

2

ds . e
Tak kag ¢ 27‘5 u (B cayuae MaJbX 3HaUeHHH @) cos @ =~ | — 5

TO

2 i
4 [ler (= £ (g -
0

B CJIyuae DaBHOBECHs NOTeHOUAAbHAasl 3HEpPrHsi NMpHHHMaeT MR-
HUMaabHOC 3HaueHHe. HOSTOMy pelleHHe 3agadd CBOAHTCA K OIMpe-
ACJeHHIO MHHHUMYMa HHTerpana

I
gl = f [151 (%)2 - Pqﬂ} dx.
[4}

B paHHOM cayuae

— dg \? 2
F=EI (7;) Pe?,

¥ ypapHeHue Jiljiepa NpUHHMaeT BHJ

¢ +a’p=0, rae a’= ?P—

£

O6uuiit HHTErpat 3Toro ypasHeuus Gyuer
¢=C;sinax + C;cosax.
Tak Kak npu Manelx 3HaueHMsX @ umeeM tg @ & @ H, KpoMe TOro,
/
tge =y, 10
Yy’ = Cysinax 4 Czcos ax,
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OTKy A )
Cycosax C,sinax

p + p +C.

y(x)=

Ecou HMXKuH KOHEI CTepKHA HAXOJAUTCS B Haua’e KOOpJIHHAT,
To npu X =0 6ynet y =0, a 3nauut, C;=C=0n

C, .
y (¥) = —Zsin ax,
o
ITposepun  pumoanedne yeaowwii Jlemanipa un Sxobn. Oue-
BHHO, UTO yCiAOBHe JIeKaH1pa BBII0IHOHO!
0%F
—— = 2E1 >0.
’
P
Vpasuenue fxofu umeer BHA
Elz” 4 Pz=10 HaH 2" 4 a’z =0,
npuduem 2(0) = 0. Iosromy pruende ypasrenus $fko6u 6y1er
z == Asinax.

kx
Oynkuusa z ofpamtaercs B UyJb 0Pl X, = (k=1,2...) Tax

T
yTo ycroBHe $Slko6H Oyner BLINOJHENO, €CTH l>—a—. Orciona
312
12

HanMenblltee 3HaueHHe KPHTHUecKol cHasl Jiiiepa Gyder

P> El.

pot.]
Pmin = 7 Ll
Ilpu stom

eCTh ypaBHenue Kpusofi maruba.

3°. @urypatpuca. ITycrs uvees QyHKUHOHA
b

1yl =[F(x g v) dx.
a

Dynem cudtaTh ¥ H Yy napamMeTpaMd M PacCMOTPAM (PYHKIHIO
Y = F(x, y, y') kax ¢yHkuuio aprymenta y’. I'padux stoil pyHKunu
Wia MIOCKOCTH NepeMeHHBIX (y', Y) uaseisaercs ¢ueyparpucod. He-
TPYAHO NPOBEPHTL, uTo ¢yHkuus Beiltepwirpacca E(x, y, p, y¥') ectb
pasHoOCThb OpAMHAT (HUrypaTpuchl H KacaTendbHoH K Hel, NpoBeleH-
Hoi B Touke ¢ afcnuccoll y' = p. 3HAKONOCTOSIHCTBO (YHKuHA Beifi-
epuiTpacca AJs HEKOTOPHIX 3HaueHHH Y’ O3HayaeT, uto puryparpuca
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JIeXKHT Haf KacaTenbHOR HMAM NOA HeR AJs YKasaHHBIX 3HaueHuit y’.
B s3TOM cayuae uMeeT MecTo clabbiff sKcTpemyM. Ecam ¢uryparpuca
JIEKHT C ONHOH CTOPOHB OT KacaTeabHOH# I/ BCEX 3HaueHuil y’ o
LJs 3HaueHHi mHapaMeTpoB X H gy, OGMH3KUX K TOYKAM 3SKCTpeMaltH,
TO HMEET MECTO CHJAbHBIH SKCTPEMYM.

Jlocrarounoe ycnoHe Jlexauapa B 9THX TepMHHAX BBINISIHT
Tak: ecau Oaa ecex Towek (X, y), Oauskux K 9xcTpemaiu, uzypa-
Tpuca 8cr00y BbLINYKAQ UAU B02HY1A, TO UMEET MECTO CUAbHGLUE 3KC+
TpemyM.

ITpuMep 7, HccmegosaTh Ha 3KCTpeMyM (BYHKIIHOHAJ

a

Iyl=[y*dr @>05 5O =0, yl@)=b b>0.
0
Pewenue IkcrpemansMu spiastores npambie y = Cix -+ Co.

Hckomast 3KcTpeMafdb ONpejensieTCsl ypaBHeHHeM y=- % Ona

'8

0 ) Lo b
yr=b Ty

Pac, 13.

BKJIOYAeTCd B HeHTpasbHOe Ioje 3KcTpemanefl. B nannoM ciyuae
° 2

(duryparpucot asasercs napabona Y ==y'" (puc. 13). Jlerko Bu-

JeTb, YTO (PUrypaTpHca He/HKOM JEXKHT Haj KacaTelbHOH, mnpoBe-

JIeHHOH K Hefl B TOUKe p == x npu Jo6uix a u b, a £ 0, Caeno-

: b
BATeALHO, SKCTPEMalh § == —-X JOCTaBJACT NaHHOMY byHKUHOHANY

CHJIBHBIA MUHUMYM.
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ITpumep 8 HccnenoBaTb Ha 3KCTpeMyM QyHKIHOHAT
a
J=[vy*dn y©@©=0 y@=b b>0.
0

Pemenune  Hcxomolt SKCTPEMablo  ABJseTCs  NpAMas

b o
= ;x, KOTOpas BKJIOYWAeTCH B IEHTpPaJbHOE I0JE 3KCTpeMal/ien

Puc. 14.
y = Cx, ¢ nenrpom B Touke O(0,0). Duryparpucoll asasercs Ky6u-
yeckas napatona Y =y'3 (puc. 14). g 3madenudi y’, gocratouso

GAM3KHX K SHAYCHHIO p=" GbHurypaTprca JexkHT Haj Kacareab=

. o . R
HOJA K Hell, IPOBeJEHNO! B TOUKe ¢ abcuHccol ¥ = U3 puc. 14

BHAHO, YTO ¢(HrypaTpuca IepeceKaeT KacaTe/lbHYH0 B Touke ¢ afc-

7

1uccoil =_T H JjieBee 3TOH TOYKH pacnosioKeHa Haja Kaca-

b
TenbHOH, 3HAUUT, Ha SKCTPEMalH Y= ¥ RocTuraercs cjabbld MH-

HHMYM.
3aMertuM, uTo ecad p =0 (370 orBeuaer ciaydaio b == 0, sKkc-
TpeManblo fBJIsgeTCs OTpe30K ocH Ox), To KacaTeabHOH K (urypa-
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Tpuce aABasgeTcs ock Oy’, a cama Touka O(0,0) sBaseTcs TOUKOM
neperufa ¢urypaTpucH. YuHTHBaf 3aMeuaHHe Ha CTp. 89, BHAuM,
49TO B CKOJIb YTOAHO Magofi okpectHoCTH TtoukH O(0,0) ¢urypa-
TPHCa HMeeT MOJOXKHTEJbHBIE H OTPHUATENbHBle OpPAHHATBHL JHAUMT,
¢byuruus Befiepwitpacca E HMeeT NPOTHBOMOMOMKHBIE 3HAKH DU
CKOJIb YyroaHo 6aM3KHX K p = 0 3HaueHHsX y’, H CAENOBATENbHO, B
STOM Cjlyuae He JOCTHTaeTcsl H cnalblii SKCTPEMYM.

[Mpumep 9. [lokasars, uro skcTpeMans y = 0 papHalUUOHUON
sajauu

1
![y]=f(y’2—yy’3) de;  y(0)=y(1)=0
0

jgoctaBasier C1aGeil MUHHMYM (GYHKHHOHATY.
PeuweHue Ycnosue Jlekanjapa B JaHHOM cayyae AaerT

—_— — ’ J—
Fy,y, |y=0 = (2 — 6yy )]y=0 2>0,
T. €. HAa sKkeTpemanu y = 0 gocruraercss cnabuiii MueaMyM. IToka-
KeM, YTo HA Hell CHABHLIH MHHHMYM He Accruraercs. IlocTpoum ¢u-
’2 73 o
rypatpucy Y =y  —yy A gHaueHuit y >0 (puc. 15). Hs

Yy

Puc. 15.

puc. 15 BHIHO, UTO KacaTenbHas K (urypaTpuce, npoBejedHas B TOu-
. 1
Ke ¢ aBcunccoll p = 0, mepecekaer ¢uryparpucy B Touxke Y’ =?.

Takum o6pasoM, s Touek (x, y), rme y = 0, GAM3KUX K TOuKaM
skcTpemann y = 0, ¢yHkuns Beflepurrpacca E npH 3maueHusx y’,
1

MEHbIIUX 7’ NOJOXKUTENbHA, @ MpH y’>—!-/- — otpuuarencua. Co-

rJacHO 3aMeyaHHI0 Ha cTp. 89, CHabHoro MuHHMyMa Hetr, Anajorsi-
HOe sipfieHHe HMeeT Mecto U aasd y << 0.,

3T10T mpHMMep XapakTepeH TeM, UTO H3 BHIMOJHEHHS YCIOBHA
Fy,y,>0 Ha SKCTpeMalu AJs JIOGBIX y' He C/IeLyeT HAAHYHs CH/b-

HOTO 3KCTpemyMa.

4*
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C noMoulblo (UTypaTPUCH HCCAELOBATh HA 3KCTpe-
MyM caeayouiie GOYHKIHOHAJBL:

1
160. /[y]= [(1+0¢"dx y(O©=0, y()=~2.

0

2
161. J[yl= [y (1 +2y)ds y(-D=y@)=L

a
162. J[yl= f (1 —e=v")dy
0

=0, y@=b (@>0, 5>0).
163. J[y]= f 6y" —y" + yy)dx

4

y(0)=0, y(a)=b (a>0, b>0).

3aMeuaHue JlocTaTCuHoe YCJI0BHE 3KCTpEMyMa MO BTOPOi
BapHaLuH.

HeorpuntaresbHocTs BTOpOll BapHalliH Heo0XonuMa, HO He J0-
cTarouna AaAsl Toro, uto6e dynkumoman J [yl mocruran wa manHO#
KPUBOH MHHHMYyMa.

ITpumep 10. PacemorpuM ¢yHKuHOHAT

i
Tgl= [ 9 () e =y ()] dx
0

B npocrpascree C(0, 1). Ypasueune Diinepa umeer Bua Fy = 0 uin
y = 0. Bropas BapHanus ¢yHKUHOHana Ha 3Kcrpemann y =0,
0yl

1
827 [0, 8y) =fx(ay)2dx
0

nosoxuTenbHa Ias Raxnaod 8y %= 0. Oanako dynruuonan I [y] npn-
HHUMaeT B MOGOH OKPEeCTHOCTH HYAs H OTpHUATesNbHble 3HaYeHHs; LO-
CTaTOYHO NpH 3aJaHHOM € >> 0 B3ATbH QYHKUHIO

(x) C—xte, 0<<x<e,
Yg \x) =
0, x=e.

4
Torpa J{ye]= —'—%-<0 pas JoGoro € >0,

Fl
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Onpepmeanenne. Kpagpatuuyublli dyukuuonan L.(h), sanau-
fblff B HEKOTOPOM HOPMHUPOBAHHOM IIPOCTPAHCTBE, Ha3bIBAETCHA C(il.it-
HO MOAOXCUTEAbHBIM, eCH CYUIECTBYET TaKoe IOCTOsHHOe & => 0, uro

Ly(h)Zklh?
Jast Becex h.
JdocTartounoe ycaosne MHUHHMYMa. Jas Toe0 4ro-
oot ynrxyuonaar J[yl, onpedesennolii 6 HOPMUPOBAHHOM NPOCTPAH-
CT8e, umes € CTAUUOHAPHOU TOUKe Y == Yo MUHUMYM, OOCTQATOH4O,

uTobbe npu y = yo eeo @ropas sapuayus O6lad CUABHO OO U-
TeAbHQA, T. e. YTO6bL BLLNOAHANICH YCAOBUE

8% [y, Oyl =k 0y 1%
gde k=const, £>0.
4°, TTycts HumeTca 3KCTPEMYM (YHKUMOHA/a

Jyw, yor ooey ynl=

Xy
7 ’
= f F(x, Y Yav vvvs Yoo Yo Yoo v v vy y,'i) dx, {4)
Xg
saBHcsimerg oT # Oyukuui yy (%), ¥s(x), ..., Yo (¥) 0pH IPaHHU-
HBIX YCJOBHAX ’
Up (%) =VYrp Ve (3)=Yp (k=12 ....n) ()

Ycurennoim ycaosuem Jlexandpa HaspBaercs TpeGoBanie
BLINIOJIHEHUS] HEPABEHCTB

Fy'y’>0’_

F,, F,, ...F,,
ylyl Y1Yo Y4,

L 4 F o
ylyl _l/I_l/2 F.,., F/r-..F//

>0, ..., | woyy Yoy Uy, | >0 (8)

F.,., F.,
YY) Yals S e e e e e e e e e
F,, F,,...F,.
Yo Yp¥s Yp¥n

BO BCEX TOUKaX paccMaTpuBaeMol 3KcTpeMaaH ¢dyukuuoHana (4).
Ycunrennom ycaosuem Sxobu wnasviBaercs TpeGoBaHue, 4TOGHI
0Tpe3ok [xo, x;] He COgepKaJ TOUKH, CONPSNKEHHOR ¢ TOUKOR Xo.
Ycunennoe ycinoBue Jlexanzpa (6) B coeAHHEHHH C YCHJAGHHBLIM
yciaoBHeM SIkoOH oGecneunBaioT CyLlecTBOBauHe [0 Kpaikedl Mepe
c1aboro MuauMyMa ¢yHKuHoHaAa (4),



102 SKCTPEMYM &YHKLIMOHAJIOB rn

Mpumep 11. Heenenoats Ha SKCTPEeMyM (YHKIHOHA

1
Iy, 2]1= f (v + %) dx, 7
0
y(0) =0, 2M=Q} (8)
y(D=1, 2z(1)=2,
Pemenue. Ypasuewus Jfinepa nas ¢yurunonana {(7):
ylf P O, zII j— O,
Tax uTo
y(x)=Cy - Cpx, }
2(x) = C3 -+ Cyx.
Hcenonssys yeaosus (8), moayunm
C‘=O, Cz=], Ca=0, C4=2o
UckoMasn akcTpemalsn (x)
y(x)=x,
9
2(x)=2x } ©)
€CThb TIpAMas, NPOXOAsUAst YePe3 HAYAMO KOOPHHHAT.
Hwmeem
Fop=2 Fu,=0, F,=0F,,,=2
Vennennoe ycaosue Jlemanapa BHIIOJHSETCA!
Foow F o 2 0
vy Tz
F,..=2>0, = =4>0. (10)
vy Furyr Fprgr 0 2

TIpoBepuM Temepb BHINOJHHMOCTb YCHJAEHHOTO ycJoBHs Hxobu.

Onno u3 onpefiefleHufl CONPSIKEHHON TOUKM TakoBO (cM. [3]),
Tlycts uMeeM ceMelcTBO 3KcTpeMmasnell QyHkuuoHana (4), BEXOAS-
WHX H3 HAYaJbHON TOUKM (Xo, Yio, ..., Yne) TOA GIH3KHMH MEXKAY
co60fi, HO JHHe{IHO He3aBHUCHMBIMHU HANDPaBACHUAMH.

Touka x* & [xo, x1] HA3BIBACTCA CONPAKCEHHOL ¢ TOYKOE Xo, €CTH
CyLIECTBYET MOCAGAOBATENBHOCTE 3IKCTpeMalell, BBHIXOAAIIMX W3 Ha-
YaJbHOH TOYKM M KaK YrOAHO GNM3KHUX K JaHHOH 3KCTpeMaJH, Takas,
YTO KaX[iad U3 5THX SKCTpeMalell mepecekaeT NAHHYIO 3KCTPEManb
H abcuuccHl TOUEK NepecedeHHs CXOASITCS K TOUKe x*.

B naHHOM NpuMepe JKCTpeMassiMH 4BJAOTca mpsMble (9). Bee
sKeTpeMasty, Beixonsimme u3 Toukn (0,0, 0), nepecexaror sKctpeMadb
{9) rtonsko B 3tofi Toyke. Creaosarennno, orpesok [0, 1] uaMeHedus
X He COJepIKUT TOUKH, CONPSIKEHHOHR ¢ TOUKOH xo = 0. TakuM o6pa-
30M, BHIIOJHEHBl H yCHJIEHHOE YCa0BHE JleKaHpapa M yCHIEHHOE YC-
aopue Sko6Gu, Tak uro skcrpeMmadn (9) npocramasier dyHKUMOHATY
(7) cnaGolit MUHHEMYM, -
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HMcenefosaTh Ha 3KCTpeMyM cJaefylomue GyHKIHO-
HaJIbl:

1
164. J[y(x), z(0]= [ V1t y"+ 7dx,
g0V =0, y(1)=2, 2(0)=0, z(1)=4.

1

165. 7y (¥, z(®)]= f (4" + 2" + 42)dx,
0

y(©0)=0, y(1)=1, 2(0)=0, z(1)=0.

§ 9. YcaoBHBI 3KcTpEeMyM

1°. Usonepumerpuueckas 3amaua. Jlycrb maubl ABe (QYHKUUA
F(x, 9,9y n G(x, 4, 4).

Cpenu Bcex KpuBblx y = y(x)& Cylxe, X3}, BEOML KOTOPHIX
(pyHKIMoHan

Klyl= fG(x, y, y')dx
Xo

TUPHHUMAeT 3aJaHHOe 3Hauedde [, ONpejendTs Ty, AJA KoTOpo#
PYHKIMOHAX
Xy

gl= [ Fx g y)dx

Xo

TNPHHHMAET 3KCTPEMatbHOe 3HAueHHe.

OtHocurensHo ¢yHKUuA F n G npeamnonaraeM, 4To OHM HMEIOT
HenpepbiBEbIE YACTHEIE [POM3BOJHBIE TIEPBOr0 H BTOPOrO INOPSIAKOB
npul Xo <X X <{ Xy H INPH MNPOH3BOJbHLIX 3HAUEHHAX MepeMeHHbIX
yr y M

Teopema Dinepa. Ecau kpusas y = y(x) Oaer akcrpe-
MYM PYHKYUOHANY

X

Iyl = [F(n g ¢)ds (m

Xo
npu ycaosuax

Klyl= [G(x v v)dx=1 y(x)=g0 s () =pp (@)

u ecan Y = y(x) He ssaserca skcrpemarvrd Gynxyuonara K, 10
CyujecTéyeT KOWCTAHTA A TAKAA, 4TO Kpusas Y = y(x) ecrb
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BKCTPEMAAD BYRKIUOKANG
Xt

L= [1F (s 0. ) +20 (g, 9N dx, @)

o

Mpumep 1. (3anaua Hdunoust) Cpexn 3aMKHYTBIX KPHBBIX
IJHEBL 20 Ha#TH Ty, KOTOpasi OorpaHyuuBaer HAHGOABLIYIO [IOMIAAb.

Pemenne 3aMerHM IMpexje Bcero, 4ro paccMaTpHBaeMast
Kpupasi 10KHa OblTh BHNYKJOA. B caMoM Hene, B MPOTHBHOM Cay-
yae cyuecrsoBana Om mpsvas L (puc. 16) Takas, uro ecam 3ep-
KajbHO OTpPasuTh B Hell Kycok rpanuusl BCD, 1o noayunm o€1acTb
onnweil Mo ajix, YeM [epBoHayadbHast, NP TOH Ke [JHHE Ipa-
HHILHL,

Puc. 16.

Ilanee 3aMeTHM, uTO BCsIKast OpPsAMasi, KOTOpas AEJUT [OMOJaaM
3aMKHYTYI0 KPHBYIO, OrpaHHYMBAIOILYI0 HAHOGOJBIIYIO [VIOIAAb, 6y-
LT JeJUTh NONOJaM M CaMy 3Ty nJjomafib. B caMoM geje, ZOMycTUM
npoTHBHOE H mycrb nmpsMas Ly He o6aanaer stuM csofictBoM. Orpa-
3UB TOTAa 3epKanbHO OKoAo Li Ty uwacte GHrypnl, Kotopas HMeeT
GéaplIyI0 MJaoMIafb, MH NOJYUWAH GBI KPHBYIO TOH ¥XKe IJMHB, HO
OrpaNUYHBAIOIYI0 GONBUIYIO HJAOLIANb.

Bub6upast 3a ocb Ox n06yi0 M3 MPAMBIX, AeMSAIIHX KPHBYIO IO=
nojiaMm, NMPHXOQUM K CJjelyiolllell NOCTaHOBKE 3a1ayd.

Haittn mumuo y = y(x), y(—a) = y(a) = 0, xotopas npu 3a-
AanHof AauHe | >> 20 OrpaHHYNBaeT BMECTE € OTPE3KOM ~—a<LX<ld
ocn Ox HanGoabwyio MWiolmlaab. TakuM o6pasoMm, 3agava cBesach
K pasbicKaHp 3KCTpeMyMma ¢yHKUHOHANA

a
Hyw= [s@ds, y—a=g@=0, @
-
IPH JONOJHHTEJbHOM YCJAOBHH, YTO

a
Kly(0)l= fVl+y’2(x)dx=l (I > 2a). (5
-a
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CocraBiasieM BCIOMOraTeNbHYI0 (QYHKIHIO
H=F+a0=y() +2V1+4"(x (6)

H paccMaTpHBAEM BCHOMOraTelbHEI (QYHRLHOHAN
L= fH(x y, y’) dx. (7)

Ypasuenne diiepa ans ¢yuriuonana (7) uveer BHJX

__d_(__M_):l
CAV I+

Ay’
Vl——l- v’

Paspemtast nocirejinee YpaBHEHAE OTHOCHTENBLEO Y, HAXOXRM

iy_ — x4+ Cy

dx Vm.
Hnrerpupys ypasuenue (8), moayunm

(x+ CoY o+ (g + Co)2 = 12
- OKPYXHOCTb pagnyca A ¢ uexrpom B touke (—Cj, —C.J, Ilo-

crostHubie Cy, Cz2 1 mapaMerp A onpejenseM H3 IDAHHUKLIX yCJAOBHIE
y(—a) = y(a) = 0 u wH3onepuMeTpuyeckoro ycaosus (5). Hmeem

C3=a%—(C, —a),
Cg = }vz - (Cl + a)2v

OTKyna
=x-+ Cl.

(®)

OTKY 2a

Cy=0, C, =V A — a2,
TaK uTo ‘

p=VA—x2 —VAM—a® u y¢=

_ £
Vi—r

Torna yeaoBue (5) paer

a
Adx x = a
— n — = 91 in —
j pEg A arcsin ) ea 2A arcsin A
-a
HI
_‘_’__s;n_l_
A 2% °
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Peiiag 970 TPaHCUEHJEHTHOE OTHOCHTENbHO A ypaBHeHHe, HAaXOQHUM
HEKOTOpoe 3HaueHHe A == Ao, a 3aTeM HaxoguM Beauuuny Cy=

VAO a“,
1] L1
Herpynuo 3amerutsb, 4T0 ypaBHeHHe 7 = sin g5 Beerna HMeeT
. !
pewenne. JelicTsuTenbHO, nonaras —— == f, CBeJeM 3T0 ypaBHEHHEe

22

2a 2a
~l—t, rjle B CHAY YCJAOBHA 3aAauH ——l—=a< l.

s 4 T
Oyuxuus ¥ = sinf umeer B Touke f = ( HAKJIOH KacaTeJbHOHA e

K Bugy sinf=

a ¢GyHKUHA Yy = of umMeeT MeHolH# HakaoH. CiefoBare’bHO, rpa-
¢uku stux ¢ynkuud umeior, Kpome touku O (0,0}, eme no kpalised
Mepe OJHY TOUKY HepeceueHHs!.

30K0R 83QUMHOCTU u3ONepumMeTpudeckux 3sadaq. IJKCTpeMand
(byHKIHOHaNA

Xy
Ty (= [F(x, 5, y)ds

fIpH AONOJHHTENDHOM YC/JI0OBHH
Xy
Kly(x)] = fo(x, 4, y') dx = const

Xy

COBMafaloT ¢ 3KcrpeMansmu ¢yuxkunonana K[y(x)] npm yerosun
J{y (x)] = const.

C noMOMBI0 3aKOHA B3aHMHOCTH H3 3azadd JHIOHBI monywaem
CleLyIOIHE DE3yJbTatT: Ccpedu 6cex JSAMKHYToLX Aunutl, Ozpaxuti-
saouyux 300auny0 naowjadeo, aunuell MUHUMAALHOL OAuHbL A6AACTCA
OKPYHCHOCTD.

Jror pesynbTarT Jerko MOJAY4HTb HENoCpeJACTBEHHO, eciAd BOC-
nonblsi;marbca napamerpuyeckofi ¢opMoli BapHauMOHHONl 3amaud.

yCTh

x=x(t), [x(to) = x (£},
y=y (t), [y () =y (t1)]

ecTh ypaBHeHUs NPOM3BOJBHOH 3aMKHyto#l nueuH. Bompoc csogures
K pa3biCKaHMIO 3KCTpeMyMa (pPYHKLHOHANA

[ gt at

}, LIty

TpH YCIOBUH .
J (x§ — yi) dx = C.

Bsoas B paccMorpenue GyHKUMIO
F= (22 + 92" 4 & (x5 — y3),
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_mosayuyaeM (cM. crp. 64), uTOo A% KpHBOH, Jjawolledl SKCTPeMyM,

XpHBH3HA —— TOCTOSHHA:
1
—_—= A
7

3HAuUT. HCKOMas 3KCTPeMab — OKPYIKHOCTb.

C noMompi0 8aKOHA B3aUMHOCTH MOryT OBITb pelieHbl Ge3 BCs-
KUX BbHIUHC/IEHUN HEKOTOPBle «BapHAlMOHEBIE® 33JauH 3JIeMEHTapHOH
reOMeTpHH.

Tpumep 2. Iokasarh, yto: 1) U3 Bcex TPEYrOJAbHHUKOB, HMEIO-
HIMX 3aaHHOE OCHOBaHWe M 3a/aHHBIH NepHMeTp, HauOoJabLIYIO ILIO-
Hiadb HMMeeT pasHOGEApEHHBII TPeyroJbHHK; 2) NpH 3aJaHHOH ILIO-
aiH B 3a7aHHOM OCHORAHUM PaBHOGEAPEHHLII TPEYTONLHUK HMeeT
HauMeHbUIMA NepuMerp.

Pewenne 1) BoasMmem sjaunc, ¢oxycamH KOTOPOrO cJymar
KOHLB OCHOBaHWA paccMaTpuBaeMblXx TpeyroinHUKoB (puc. 17). Us

Puc. 17.

CBOMCTBA ZIJHOCA 3aKauaeM, 4to Bce tpeyroaeHukuy ACB uMeloT
OAHH ¥ TOT Xe nepuMerp. GueBHAHO, YTO HaHGOMBUYIO NMuoMWAAbL Oy-
JeT HMeTb TPEyroJbHUK C HanGOJbLIeH BBEICOTO, 4TO OTREuaeT CJIy-
Yai0, KOrjla BeplIMHa TPEYroJbHHKA CoBMNafgaeT ¢ Bepiunroil Co 3a-
aunca. Tpeyronbuuk ACoB B 3TOM Ciayuae — paBHOOELPEHHBIH.

2) CornacHo 3aKOHY B3aMMHOCTH HaWMeHBIIH{ MepuAMeTp IIpH
3a7auHOf IVIOIAA¥ M 3afaHHOM OCHOBAHMH HMeeT paBHOGexpeHHEI
TPeyroNbHHK. g

IMpumep 3. Hafitu MurUMyM HHTErpata

b1
J[y]=Jy'2 (x) dx
0

n
NpH  YCAOBMM fyz (x)dx=1, y(0)=y(n)=0.
i
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Peuwenne CocraBuM BCnoMOraTeJabHBIH (PYHKIHOHAJ

Liygl= f (y? + Ay?) dx
b

¥ BHIHLIeM [/ HEro ypasuenHe Dinepa
R T ) (©

XapakreprcThueckoe ypasuenue r2—A =0 nau ry, 5= * /% . Sleno,
Y10 A KOJKHO ObITL MEHbUIE HYJS, TAK KAK ecJH AOUYCTHTh, 4TO
A >0, To oBuiee pewenne ypaBHenus (9) OyZeT HMeTh BHI Y ==
= C; ew‘ 4 Cge"w‘ * p rpapmupme ycaoBus  y (0) =y (1) =0
GyayT yaoBaeTBopsaThcf Todpke nmpH Cy; =0, Cy==0, 1. e. npu
y(x)==0. Ho B TakoM cjayuae He OyneT BHIIOJHATLCHA YCJAOBHE
Tt

[yz (x) dx == 1. Anasornuso B cayuae A ==0 pewenxeM ypaBHeuus

0

Ofinepa (9), YIOBJAETROPSIOWHM 3aJAHHBIM TPAHUYHEIM YCJIOBHAM
6yner ¢yuruus y (x)==0. [ostomy cunraem A <0, TAK UTO ryp==
=+V —hi, u obmum pelienuem ypasnerus (9) Oyger y=
= C,sin} — A& x4+ CycosV — A x. Yeaosue y (0) = 0 naer Cy=0,
a ycaoBue ¥ (n) =0 naer —A=Fk? (k=1, 2, ...). Hrax, y(x)=
== Cysinkx, rie C; noxa me onpeieneno. Bocmonb3oBaBINCh yC/Io=

T
BHEM CBA3U J‘ y? (x) dx =1, noayunm
6

T
IC% sin? kx dx = 1,
0

oTkyna C;= j:]/% . 3raunt, y(x) = i—“/—i— sinkx. Ho cpenn

N 2 .
sKcTpeMadtell Y= & ]/—E- sin kx, npoxoaswux uepes touxku (0, 0)
# (w, 0), ycaoBrio §lko6u yZOBAETBOPAWT TOALKO ABE, 8 HMEHHO
2 :
y{x)== — sinx Ha aTux skcrpemansx

n

a1
J[y]==jy’2(x) dx=f%cos2xdx=l.
6 ¢

IMpumep 4. (Bamaua Keansuna.) Ilycts maockocts XOY mo-
KPBITA MAccoll ¢ HenpepLIBHOM MIOTHOCTBIO M (X, y) M MycTb Ha ma0- .
CKOCTH JaHa KycouHo-riaakast kpupasgs C ¥ Ha HeHl [Be TOUYKK
P‘, n Pz. '
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Cpenn Bcex KDHBBIX 3aJaHHONR AJHHBL [, COGAMHSIOLIHX TOUYKH
Py n P,, nafitn 1y, KotOpast BMecTe ¢ Ayroii PiP; xpupoit C orpas
HHunBaer o6aacte D ¢ MaxcuMaabHoit Maccod, Toukn Py u Pz Mo
I'YT COBHALATh. :
Pewenue Bremem dynkuuio

Vs =] uis g dn

Torna, cornacao gopmyae Ipuna

Hw, » dxdy=ff%‘;— dxdy=§ v ay,
D D T

rae KoHTYp T' cocTOMT M3 KpuBol L M yvacTka PPy naHHOH KpH«
Bofi C. MuTerpas BROJIb 3TOrO MOCTENHETO yuacTKa HMeeT H3BECTHOE
3RaveHne, KOTOpoe Mbl oGo3nauuM uepea K, IlostoMy, cumras, 4ro
KpuBras L 3ajaHa mapaMeTpHYecKH

= { R

(0 } th<<t< 1y,
y =y (f),

noayuaem

[{nes pdxay= fvu, 9§ di+K.

D t

3apaya cmejach, TaKAM 06pa3oM, K HaXO0XKJNEHHIO MaKCcHMyMa
(yHKuKHOHAI

1y
I,= jV(x, y)y dt
to

NpH YCIOBHH, 4TO

BBeneM BCIOMOratelbrylo QyHKIHIO
F=Vy++AVi+3?

¥ BoOcmogbayemcsd BefiepuiTpaccoBofl ¢opMolfi ypamHeHns Diaepa,
Himeem
i Fiy A

Fx.tJ:E-’ yr— > 1T 2 = (224 g2’

Tak uto ypasuexHe Diinepa B ¢opme Beitepmrpacca Oyner HMET)

BHI
1 oV
A oox?

L.
==
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WM, YUHTBIBas BEIpaxeHHe aast ¢pyHkuuu V(x,y),

1 _ pix oy
ro PR
rae r — paluyC KpHBH3HM HCKOMON KPHUBOM.

B cayuae, xoraga m(x,y) == const, nosygaem, yTo KpuBH3HA HC-
KOMO#l KpHUBOH [MOCTOSIHHA M, CAEXOBATE]bHO, 3JKCTpPeMaisMH sB-
JSHOTCSL OKPYKHOCTH. SICHO, 4uTO OHM nocTaBasioT byHKuMoRaay Jp
MAaKCHMYM.

Hzonepumerpuneckumy 3ada4amy HasplBAIOT TaKXKe TakHe Ba-
pHalMOHHbIe 3aa4d, B KOTOPHIX TpeOyercsl ONpEeRenuTh IKCTPEMyM
P yHKLHOHANA

Xy

Iyl= fF(x, Yo U oo or U Uts U onos Yp)dx  (10)

Xo
IpU HaMWYUH TakK Ha3biBaeMbixX H30HepHMeTpH'{eCKHX yCﬂOBHﬁ 1
Xy
14 U4 14
fG,. (% U1 Ysr vevs U Yo U oeos V) dx =0, (11)

Xa
(=12 ..., m),-

rae l; ~— NoCTOSIHHBIE,

Jns nosyyeHHst OCHOBHOrC HeOGXOJUMOro YCJIOBHSI B H3OMEpH-
METPHUECKO# 3aja4ye O HaxXOXKIeHHn 3KcTpeMyMa ¢yHKuuorana (10)
mpu Hanuuuy cpAsell (11) Hago cocTaBUTh BCIOMOraTe/bHBH QyHK-

nuoHaA
X

oly)= | F+ﬁmmym (12)

Xy i==1 /

rae Aj~— NOCTOAHHBIE, H HAMUCaThb AJAA HEro ypaBHeHusi Jizepa.
Tlpoussoasuble nocrosiuubie Cy, Cs, ..., Can B GOlleM pelleHHH CH-
cTeMBbl ypaBHeHH# Jfiiepa M NocTosHuble A1, A2, ..., An ompene-
JSIOTCS M3 [PAHHYHBIX YCAOBHH

Y (o) = Ypo Y (X)) =¥y (k=12 ..., n)
¥ H3 H3OTepHMETpHYecKuX ycaosuil (11):

Xy
jc,dx—:l, (i=1,2 ..., m).

Xo

Mpumep 5. Halltw sxcTpeMans B H30nepUMETPHYECKOA 3aade
o6 skcTpeMyMe dyuKuHoHaja

1 .
Ty (x), 2 (x)]= f (y* + 2" — 4x2’ — 42) dx,
a

p(0)=0, =2(0)=0, y(h)=1, =z()=1,
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npH yCJIOBRH
1 ~
J. (y?—xy — 2% dx=2 (13)
0
Pemenne, CocraBasieM BCHOMOTraTeIbHHH GYHKUHOHAT
1
®— f [y + 27 — dxz’ — 4z + A (y"" — 2y’ — 2'%)] dx
0
K BBHUINCHIBAeM JJIf Hero CHCTeMY ypaBHeHHH Jilaepa
d ’ ’ e
a5 2+ 2y — hx) =0,
—a— L o sy =0
dx ¥ 2r="5
pelias KOTOPYIO, NOJYYHM
Ax? 4 2Cx

Z(JC) =§Tlg-—§—-v_7»5—+c4

+ C2’

I'panpunbe yCI0BHA AT

. 3A
'-Cl=’_‘§—'l__'4'p Cy=0, Cy=2(1~-—2), Cy=0,
TdK 49TOQ

Ax2 4 3L+ 4)x
y(x)=——4m——:

2 (x)=x.

Jas naxoxjenust A BOCHOMb3YEMCS H30NEPHMETPHUECKHM YCJIO-
2ix + 34+ 4

T(1+4A)

Brem (13). Tak kak y’ (x) = » a 2’ (x)=1, To mo-

Jaygaem
1
(@Ax+3h44)?  (2hx+3h+4) x _
j[ BU+a2 41+ 4 _‘]d"“2’

OTKY/Aa noCa€ OPOCTHIX, HO TPOMO3AKHX BHIKIAAOK 6yﬂeM HMEThH
ypaBuenue Aqad olpeleNeHHs A:

5 (232 + 46+ 24) = 48 (A2 + 2+ 1),
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Orcioga A==~ 10 H Ay=~— —}—2— IMoxcranosgoit B (13) yGes
It i

12
KAAEMCs, UTO Ay==— ] MIOUePHMETPHUECKOMY YCAOBHIO HE yAO:

10
BJETBODSIET, a A =—-7 YIOBIETBOpSIET.

HcroMasn skcTpemasnb onpejensieTcss YDaBHEHHSIMH

© 7x—bx?
y(x)::‘""—-i'_a ]}
2 (x) =x. ]

Npumep 6 IlyeTs crepmeHs AJUHB ! 3anenad B TOUKax
(%o, Yo) u (X1, y1). 13 Teopuu yopyrocTy M3BeCTHO, UTO MOTEHIHA/b-
Has SHeprusi CTepKHA B AeQODMUPOBAHHOM COCTOSIHHH NPOTOPLHO-
Ha/JbHa HHTErpajy, B3siTOMY BJAO/b CTEpPHHA, OT KBajApaTa ero KpH-
BuaHbl TlpuMeM 3a HE3aBUCHMYIO MePEMEHHYI0 AJAMHY CTEpXKHS §,
OTCUUTHIBAEMYIO OT TOUKH (Xo, Yo), ¥ oGo3Hauum uepe3 6(s) yron,
06pasoBaHublil KacartenbHofi K crepxkHio ¢ ocbio Ox. Kpupusna Oy-
JAeT BhIpaxatbest npoussofHoit 6 (s) u HHTerpas, sKCTPEMYM KOTO-
poro HIlercsi, UMeeT BUJ

]

I= f 16 (s)]° ds.
0
Hasectno, uto
dx=cos0ds, dy=sinfds,

BHAYMT, MBI HMeeM CAeLYIOIHE YPABHEHHS CBA3M:

4 |

fcosﬂds::xl-—xo, jsinﬁds=y1-—~yo. (14)
0 0

KpoMe T0T0, 3a1€1alKOCTh CTEPKHAS PaBHOCH/IbHA 3a7anHIO dyHRUHH

0(s) npns—-Ons

0(0)=a, 6(l)=b. (15)
Cocrasum ¢yrxumio Jlarpauxa
@ (6, 0')= 10" (s)]2+ A; cos 8 + Ay sinb.

®yukuus O He CONEPKAT HEIABHCHMOM NepeMeHHOW s, a NOTOMY
MOJXKHO ¢Pa3y BBINHCATH NePBHIT HHTErpan ypaBHEHus Dijepa:

P=C4 A cos8 4 Aysin6, (16)
BeeseM HOBBE HOCTOANHHE
2 VaZ+ 2]
C+ Val+aZ

h=C+ VA +1, #=
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H BMecTo O BBefeM HOBYIO MepeMEHHYIO

0 — 9, A,
= , rae 0=arctg %,
P 2 0 g A‘l

Teneps (16) npusogHTCA K BHAY

Vh {e— E2sin2 @
ds V1i—kZsing,
OTKYJAa HOJyuaeM

2 j do
=— —— |- 5.
Vi VIi—kZsin?g T

TocTosinunle A, k2, g U Sy MO/KUBl ONPELEINTHCS M3 YCAOBHH
(14) u (15).
JerapToBbl KOODAHHATH TOUEK CTEPKHS HAXOAATCHA Tak:

dx==cos0ds==cos (2¢ + Oy) ds, dy=sin0ds=sin(2¢p -+ 0y) ds,
HIH B CHJIY TOLO, UTO

ds =——= _?L__ ,
ViV i—kisin?g
noJyunm
dy — ? cos (29 -+ 8y) do,  dy=— 2 sin (2 + 6)

V k(I — k% sin? ®)

OTKY[a ¥ H Yy ONPeieasioTCAd MPU MOMOILH KBaApPaTyp.

VB (1 — &% sin? @)

Hafity axcTpemManu B CJSAyOMIHX H30MepHMeTpHUE-
CKHX 33jJauax.

166. 3adawa o noaosceHnun pasrosecus TAxCeA0l 00-
HOPOOHOU HUTU o0 delicTauem Cuibl TANCECTL.

Cpeay BCEX MJOCKHX JIMHHU JJHHBL [, KOHILI KOTODBIX
Jexat r3ajanusixtoukax Mg (o, yo) u My (x1, y1),Hality
TY, ¥ KOTOpOil OpANHATA UEHTPA TSHECTH MHHHMaJbHA.

167. /[y (9] = fy (Wdx,  yO)=1, y(l)=86,
npH  yCJAOBHH fy(x)dx=3.
¢

1
168. 7y (= [ (2 + y”"())dx, y(@©=0, y(l)=
0

1
IpH YCJIOBHH f y(x)dx=2
0
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1 ~
169. J[y(x)]=fy'2(x)dx, yO=0, y()=-,
0
1

npH yC/JIOBHH J [y (x)—y’z(x)]dx=T2_,
0

2°, BapuallnonHO#l 3ajavefl HA YCJIOBHBI 3KCTPEMYM ABJAETCS
TakKe 3ajgada JlarpaHxka HaxOXKAEHHS 3KCTpPeMyMa (YHKLNHOHA1A
Jlyt, ..., y»)] 0pu ycioBmy, uTO Ha (QYHKUMH, OT KOTOPHIX 3aBHCHT
(yHKIHOHaA J, HaJloXKeHn HEKOTOpHE CBSI3U.

3apavya craButcsi Tak. HafiTu skcrpeMyMm ¢yHKunoHana

X1
4 4
J=JF(x, Uis veor U Ui s 1) A%, (17
X
yj(x0)=yj01 yj(x1)=.l/,1 (]=1) ey fl),
NPH HaMYUUH YCAOBUH
(% Ypp oo0r 4,)=0 (i=1, ..., m; m<n), (18)
KOTOpHI€ CUHTAIOTCSH HE3aBHCHMBIMH.
Teopema. DPyukyuu y1, Yo, ..., Yn, PEGAUIYIOUUE IKCTPEMYMN
pynxyuonasa (17) npu waauvuu ycaosuii (18), yoosaersoparor npu
cooTaercreyowens 6vibope muoxcuresedr hi(x) (i=1,2,..., m)

ypasueruam Jisepa, COCTABACHHbIM 042 (DYHKYUOHAAA

X4 m
. !
P= J [F +¥ kicpi:I dx.
Xo i=1

O6osuauum Zas kpatkoctu F - Z A, ——CD(x Yy ooes Uy)s
Toraa ¢yukuun A, (x) u y; (x) OnpelLeJIH}OTCH H3 ypaBHeHHH Dii-

Jgepa
d

O ———0, =0 =1, ..., n
T T (j )
H
(pi(x: !Ip---,,l/n)=0 (i=1,..., m).

YpaBHeHHS cpt == ( MOJKHO CUHTATb ypaBHeHUsMU Dfinepa anst QyHk-

nrotana J ecom apryMeHTaMH (yHKUHOHaJa CYHTaTb HE TOJIbKO
GYHRURE Y1, Y2, ..., Yo, HO H (YHKUUH Ai(x), ha(x), s Am{X).

Mpumep 7. Haitrn KpaTyajillee paccrosiHue Mex{ny TouRaM M
A1, —1,0) u B(2, 1, —1), JexRamuMu Ha NOBEPXHOCTH 15x — Ty
+2—22=0.
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Peurenue. MasecTHo, uyTo paccrosHHe MeXIy ABYMs TOUKaMH
A(xo, Yo, 20} ¥ B(x4, ys, 1) Ha nosepxHoctu 9(x, y, ) = 0 omnpe-
peasieTcs no ¢gopmydae

Xy
1= J‘V1+y’2+z’2dx.
Xa

rae § = y(x), 2 = 2(x).
Hano mafitn mumumyM [ nmpu yciosun @(x, y, 2) = 0. B Ha-
meM cayuae

=1, x =2, o(x, y, 2)=16x—Ty+2z—22,

CocTaBHM BCUOMOraTeabHE QYHKUHOHAT
2

= [V1+y’2+z’2 4+ (x) (155 — 7y + 2 — 22)] d
f
i

H BHIOHIMEM ypaBHEHHst Dii1epa AN Hero:

e e

d 2
DAY 1 +y7+27
¥
Pemum cucremy ypassenuit (19) — (20), ucnomnsays ycroBue cBssH

16x — 7y + 2 — 22=0. (21)

Uckomeie ¢yHKIHA ¥ =y (¥) # 2 =2z (x) YAOBJAETBOPAIOT CIEAYIO-
1AM TPAHUYHBIM YCJIOBHAM:

g(N)=—1, y(=1 2(1)=0, z(2)=—1. (22)
Yuuoxkasi ypasuensne (20) Ha 7 w cxaazsiBas ¢ (19), noayunm
L(_y’+._7z’ _)_0
dx Vl+y’2+z’2
y/ + 72
Vity™+27
2 =7y — 15. : (24)
Tlogcrasass 370 sHauenHe z' B (23) u pewas nonyuennoe pudde-
peHuualpHoe ypaBenne, Hafinem y(x) = Cix 4 Cs. Ipauuusne ye-
jgosua (22) nawr €y = 2, C2 = —3, Tax uTo
y(x)=2x-3, (25)

OTKY A&
=C. (23)

Uz (21) umeem
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Hs (24) ¢ yuetom (25) HaxoinM
2{x)=1—x (26)

(rpaHuunble ycaoBusi mas ¢yuxunu (26), oueBUAHO, BHIOJHAIOTCS),
M3 (19) nan (20) moayyaem A(x)== 0. Mckomoe paccrosuue;

2
| = f V1+y’2+z’2dx=]/a.
1

3TOT pe3yJnbTAT Cpa3y NOJYUaeTcs N3 OUEBILINBIX TFeOMeTpuye-
CKHX coolpakeHnil.
3°. Teonesnueckne anuny. [lycTh MOBepXHOCTL 3ajaHa BEKTOp«

HHIM ypaBHEHNEM .
=r (4, v). (27)

Feodesuueckodl aunuell HasplBaeTcsi NHUHHS HauMeHbIIeR IIHHEL,
Jexauiasi Ha JaHHOH NOBEPXHOCTH M COeAMHsOWIad ABe JaHHble
TOYKH MOBEPXHOCTH.

YpaBHeHHsT TeOAe3NMUeCKHX JAHHUI MOXKHQO NMOJAYYHTH KaK ypaBHe-
Hua Oiisepa, COOTBETCTRYIOUIME BapHALMOHHON 3ajaue o Haxokpme-
Hity KpaTyailllero paccTOSIHHS HA NCBEPXHOCTH MemJy ee NBYMs 3a-
NAHHEIMH TOUKaMH.

Jluuust, nexamas na nosepxnoctu r = r(u, v), MoxeT GuTh 3a-
LaHa MapaMeTPU4eCKHMH YpaBHEHHSIMHE

w=u(t), v==u (). (28)
Jlanga ee oTpe3ka MeXIAY TOUKAaMH, COOTBETCTBYIOIIHMH 3HAYe-
HHaM fg M !; napaverpa f, paBua :
i

Ju, v]= f 1/Eu’2 + 2Fuwv + Gu'* dt, (29)
% .

rae E, F, G — xoapduunenTs nepsoli KkBaapaTHYROR GOpMEl MIOBEPX=
noctH (27), 1. e.
S(2, 3, pa(l, 2, gu(Z, 2)
E”(’aﬂ’ 3 )’ F‘“(FJ’ ) 9=\% @) 0

.
3nech {a, b) — ckanspHoe TPOH3BeJeHHEe BEKTOPOB @ H b.
Jaa dyukumonana (29) cucrema ypaBHennil Diljiepa umeeT BHJ,

E,,u’2 + 2Fu'v” + Guv’2 d 2 (Eu’ + Fv’) —0
VE? forwe + G U VES £ 2Fdv + Go® 6
Evu’2+2Fuu’v’+va'2 d Fu' + Gv =0

VEu’2+2Fu’v’+ Gv* At VEu'2 + 2Fu’v - Go”*

Mpuwmep 8 Cpenu Bcex KpHBLIX Ha cQepe paauyca R, co-
eHHAONHX JaHHBIE €e ABE TOUKH, HAfTH KpHBYW Kpartuafiumed aamd-
HH (reoje3HuecKyld KpHBYIO).
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Pemenue. Ilycts @ — noarora, 6 — wpora Toukn Ha cdepe,
a ¢ = @(0) — ypaBHeHHe HCKOMOH KDHBOI. B HaHHOM cayuae HMeeM

r=r(0,0)=x(p,0)i+y(0,0)j+2(p 0) k.
ITosTomy
E=(ry r))=Rsin®0; G=(rg, rg)=R% F=(rg r))=0.

Orciopa no ¢opmyne (29) nMeem

6, 6,
J1g, 8] =R f V@@ F sin?0dg? =R f V1 Fsin?8- g (8) de.
6, 8,

MoaumHTerpadbHoe BHpaXKenue Iie COLEPKUT HCKOMOA  YHKUKH
@ (0), nostomy ypaBHenue Diiepa Gyner

_ sin2 0. ¢’ (0)
VI +sin26-97(8)

d
-d—e- f@/‘——: 0, rae f(p'

TaK 4To
sin® 0. ¢ (0) —c
P] B
Vl—[— sin? 0+ ¢’ (0)
OTcroga
’ C C
¥ (8) = e = —_—
sin 0 Vsin 0—Cy Cy
sin?0 1— —"
sin? @
— Cy - C,d (clg 6)
sin®0 1/ (1 — € — C ctg’0 Vi-c)=cleg’o
Hurerprpys, n0JIyusM
@ (0) == arccos _Clc_tg_e__ 4+ C,
1—-C}
HaH
@ (0) = arccos (C+ ctg 8) + C,, rxe c.—-_——c‘___ .
Vi-ci
Orcona
Csclg 0 ==cos[q (8) — C,] ~
HTH .
ctg 0 = A cos ¢ () + Bsin g (), (32)
rie
__cosC, __sinC,
A=—7F— B=—7—

Yumuoxkas o6e uactn (32) Ha R sin 0, noayunm

R cos 6 == AR cos ¢ sin 8 + BR sin ¢ sin 0
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WK, Nepexols K AeKapTOBBIM KOOpJAHHaATaM,

2=Ax + By.

310 — ypaBHeHde TLIOCKOCTH, NPOXOMsiHied wvepe3 IeHTp cdhepbl H
nepecekamwoweil cpepy mo GonbuioMy kpyry. Takum ofpasoM, kpart-

vaiitiasd JUHEUS (Teofe3nueckasi) €CTb Ayra OoJabIIOIO Kpyra.
Hpumep 9. MokasaTs, uro B Kaxao0# TOouKe 10060 reogesu-
yeCcKoH Ha TNOBepXHOCTH BpAlIEHHst NPOM3BeAeHHe pajmyca napal-
el Ha CHHYC yria MeXLy TeofesHueckofi M MepHIHaHOM ecTh Be-
JIYHEA nocTosHNAs (reopema

Kuepo).

Pemwenune  YpaBHenue no-
BEPXHOCTH BpAIleHus! B LMWIHHADH-
YECKHX KOOPIMHATAX HMEET BUJ
x=pcosq, y=psing, z=7f(p)
Hatinem xoa¢¢uunentst E, F n Gi
E=1+[" F=0, G=¢3,

Tak uro auddepeHuuan nInde 1y-
' rH dS Ha nOBepXHOCTH BpalleHHs
uMeeT BHJ

as=V ¢ +(1+1)o" do.

leonesnveckne JUHUM HA NOBEpPXHO-
€TY BpallleHusA ABJAIOTCS SKCTPEMA-
a9MH G YHKUHOHAMA

©
Puc. 18, [ Vo +(1+1)e" do.
[

IonviHTerpaipias QyHKUUs He COXEPKHT SIBHO @ ® MOTOMY MBI
cpasy noJayuaeMm

= const

p?
2 2 2
Vet (+1)e
HIH p"’-@—— const. 3ameuad, uto o dg) =
yaeM p smm—const, 4TO u# TpeGOoBaNOCh JOKA3aTh.

sin ® (puc. 18), moay-

170. Hafitn kparuaiiilee paccrosiHue MeXAY TOUKaMH
A, 0, —1) u B(0, —1, 1), 1exawMn Ha NOBEPXHOCTH
X+ y+z=0.

171. Hafite reoge3nueckue JHHHN KPYIVIOrO UHIHHAPA

r=R.
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§ 10. BapuauuoHHble 3aja4n ¢ NOJBHKHBIMH TPAHHLAMH

1°. Hpocreimas 3afava ¢ noABHXKHmMMH rpanuliamu. [lycrs
F = F(x, y, y') — rpuxant auddepenunpyemast byskuust CBOUX ap-
FYMEHTOB H MyCThb B MiockocTH XOVY 3apmannl IBe Kpusble

y=g(x}) u y=1(x), (D

rae ¢(x) € Ci[a, bl u P (x) = C[e, bl
PacemoTpuM (yHKIHOH a1

Il = [ F(x, 9.0 dx, )
Y

ompeneNeHHBIl Ha FAaJKUX KPUBBIX Y = y(Xx), KOHHB KOTODBHIX
A(xo, yo) u B(xy, y1) sexar ua 3zanauublx Juuesx (1), Tak uro
Yo = @(xo), y1 =P (x1). Tpebyerca HaliTu 3KcTpemyM OGYHKUHO~
Haaa (2).

Teopew a. llycto kpusan y: y = y(x) Oaer sxcrpemym Qynk-
YUOHAAY

IW = [ F(x 9.9 dx
Y

cpedu scex kpusslx Kaacca Cy, coeQunsamwuux Ose npou3sonbHbLe
TouKU 08yx OarHbix Kpusbix Y = @(X), ¥ = $(x). Tozda kpusas y
ABARETCA IKCTPEManvio u 8 Konyax A(xo, yo) u B(x;, y1) kpusol
Y BbINOAHAIOTCA YCAOBUSR TPAHCEEPCAALHOCTY

FH@ =y Fyll_, =0 }

3
[F+ 0 =) Fy],_, =0 ®

TakuMm ofpa3oM, AJs peIUEHHS mpocreiilielf 3afaud C MOABHXK-
HBIMM rpaHHIaMH Hafao:

1) HanucaTe M peliluTs COOTBETCTBYIOWee ypaBueHde Iiinepa.
B pesysabrate moayuuMm cemefictBO sKcrpemadneil y = f(x, Ci, C2)
3aBHcsnlee oT AByx napaMetpor Cy u Co.

2) M3 ycioBuit TpamcsepcadbHocTH {3) H M3 ypaBHeHUI

f(x()’ Cli Cz) =@ (xo): }
Hxy, €y, Co) = (%))

onpegennts nocrosuisie Cy, Co, Xp, X1.

3) Bomuucauth skcrpeMyMm ¢yukpnonana (2).

Mpuwmep 1. Hafitu ycnoBue TtpaHCBepcasbHOCTH AaA (BYHK-
nnoHana

4

X - .
Hgl= [ F(n ) ™2V Vigy? ds, ()
L

f(xy) #+0
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Pemenwue, Iycrs JeBHll KoHel 3KCTPeMadH 3aKperyieH B TOU=
Ke A(xo, yo), a mpaBbiil KoHel B (X1, y1) MOMKeT nepemewmarsecs 1o
kpuBoil ¥y = P(x). Torna monyuum

[F+ @ —y) F,l 'x=x, =0.
B HameM cayuae
F=1(x )87 VIgy®, Fye=f(n g ey 2L
L+

YCxomxe TpaHCBepC&ﬂbHOCTPl 3anuiercd Tak:
[f (%, y) earcta y’ Vl +y/2 +

+ (=) f(x y)e”dgy"—‘_"_]/iﬂﬁ] >

I+y x=x,
Orciona, B cuay yeaosns f(x, y) 5= 0, nonryyaem
Lkt ISy (6)

T+ 9y
Tcomerprueckd ycioBue (6) o3Hauaer, 4TO 3KCTpeMann y == y(x)
IOJIKHBEL TlepeceKaTb KpHRYIO y == ¢ (X}, m0o KOTOpOfl CKOJNBL3HT rpa-

T
HUYHAA TouKa B (xy, y1), MOA yrjaon s

yh

AL

Puc. 19,

B caMmoM pgene, cooTHouleHue (6) MOXKHO TNpenCcTaBHTb Tak: Mo+
JIOKUM, UTO KacaTesbHas K 3KCTpeMmaan B Touke B(xy, yi), nexa-
wef na KpuBoH y == YP(x), nepecekaer ocb OX nom yrjioMm ¢, a Ka=-
caTelbHast K 3aJaHHON KpUBOH g == P (x) — mon yroM § (puc. 19).
Torpa tga=y’, tgp =19 u aemas yacTe d¢opMmyan (6) naer

tg (B—a); no~1=tg -—% » TO3TOMY ﬁ—a=——i:—, OTKyZAa

n .
o=f-4 3 UTOH Tpe6oBanoch NoKasath,
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Mpumep 2. Hafitu paccrosiHde MexAy napabonofl y == x% u
ApSMOH X -— Yy = 5.

Pemenne 3anaua cBOANTCH K HAXOXAEHHIO 3KCTPEMasbHOrQ
3HauYeHHst MHTerpaJta

Xy
J=J.l/l+y”2 dx (7)
Xy

Npu YCTOBHM, UTO JeBBI KOHeNl SKCTpeMalH MQXKeT HepeMelllaThes

no KpuBo#l y = x%, a npaBblit — M0 npAMofl y = x—25, TakuMm o6-

pasoM, B HallleM caysae uMeeM @(x) = x%, P(x) = x — 5. O6uzee

peweHne ypaBHenus Dilnepa 6yneT: y = Cix 4= Cy, rae Cy u Cy —

[POH3BOJIBHbIE NOCTOSIHHLIE, KOTOPEIE HPEACTOHT OIpeliesHTb,
Ycaoens TpancBepcansHocTd (3) HMEIOT BHI

— y,
1 2 + (2% — y’) —._.—___.——} =0,
[V Y ( Vl +y,2 e
Vit +a-nyt=|| -0
[ Vity® s,

rae y’ = Ci, YpaBHenus (4) B HawleM cJayyae MPHHHMAIOT BHJ

Cixg+ Cy==1x, }
Cixy 4+ C2=x1—5.

UrakK, HMeeM cHCTEMY HeTHpeX YDaBHEHHH OTHOCHTEBHO YETHIPEX
HeusBectHbX Ci, Ca, Xo, X1}

—————e C
Vit o+ (20— C)) ——sle— =0,
1+ (2x%~—C) Vite
VIl + (1~ ¢y —Ee =, (8)
Vit
Cxo+ Co=x3,
C1x1+C2=x1—5a

pewast KOTOPYIo, HNOJYUYHM:
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3
3uaqnT, ypaBHEHHe IKCTPeMadH eCTh y == — x - 5 1 paccroanue

MeXAYy 3afgaHAMu napaboJoii u npamoi pamuo
2. 23

8
=‘f Vit (=12 ds=V2 x ___%Vf_,
1
5 7
172. Hafitn kparuaiimee paccrosiune ot Touky A (1, 0)
J0 saaunca 4x® -+ 9y? = 36.
173. Hafitu kpaTyafimiee paccTosiHHe OT  TOUKH
A(—1,5) no napaboast y? = x.
174. Ha#itu xpaTuafiliee paccTOsiHUE MeEXKIY OKpYyXK-
noctbio x2 4 y2 =1 u npamoil x + y = 4.
175. Halith xpaTyadimee paccTosiHHe OT TOYKH
A(—1,3) no mpsimoit y = 1— 3x.
176. [Jokazatb, uto ansl GYHKUHOHANA BHAA

IHyl= | hix, ) Vi+y” ax,

X0

rae h(x, y) #0 B rpaHuYHBIX TOYKAX, YCJAOBHA TPaHCBep-
CaNbHOCTH HMEIOT BHJ

’ 1 1
y (X)—— (p/(x) wl(x)t

T. €. YyCI0BHA TpaHCBEPCAJNBHOCTH CBOIATCA K YCJOBHAM
OPTOTOHAJNBHOCTH.

noy ) =—

2°, 3ajaya ¢ MOABUKHLIMH FPAHALAMU AJA YHKIHOHANOB BUAA

Iy, 2] = f F(x y, 29,2 )dx 9)

Tlpu nccneroBanuy Ha sKCTpeMyM $yHKUHOHAMA (D) cunTaeM, 4TO
x0Tsl Obl OAHA W3 rpaHuunsix Touek A(xo, Yo, 20) win B(xy, yi, 2))
nepeMeiaeTes no 3aJlaHHoi KPUBOM.

IkctpeMyM J [y, 2] MOKeT KOCTHraThCA JHIIbL HA HHTErpajbHHX
KPHBBIX CHCTeMBl ypaBHeHHH Diiiepa

d )
Fy= v F!{ =0,

d ¢ (10)
Fo— o F o.]
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Tlyers Touka A(xe, Yo, 20) 3aKpenneHa, a [Apyras rpaHuuHas TouKa
B (x4, y1, 21) Moxer nepeMewlaTsCs MO HEKOTOPOH KPHBOH, 3alaHHON
YpaBHeHHAMU

= X y
y=09(x) } ()
z=1 (x).
Ycenosue TPaHCBEPCAJbHOCTH B 3TOM CJyuae TNPUHUMAET BUHI
FH (@ =) Fy+ (8 =2) ]| _, =0 (12

AHasOrHyHO BBITHCHIBAETCH YCJOBHE TPAHCBEPCAJBLHOCTH H AJS Je-
BOTO KOHna (€c/H OH TOXKe NEpeMeillaeTcst BAOAL HeKOTOPOH KPHBOI

y= 9 (1),
2 .
[F+@ ~y)Fy+ (W =2)F, ]| _ =0

X=X,

HDpumep 3. Haiitu Kparuafillee paccTosiHe OT TOUKH
M (%o, yo, 20) Ho npAMOR
y=mx+p, }

z2=nx-4gq.

Pemenpe 3anaua CBOAUTCH K HaXOXKJAEHHIO SKCTpeMyMa
(MMHUMYMa) HHTErpana
X1

Iy, 2]1= (VIer’z+z’2 dx (13)
P
Tnpu yCJaOBHH, yTo HpaBbel KOHEL 3KCTpeMasd MOXKeT nepeMelnarncs
o npaMoit
y=mx+ p,
(14)
z=nx+gq,

T. e. B HalleM cjayuae GYHKIHH ¢ H ) HMeIOT COOTBETCTBEHHO BHJI
e(x)=mx+p, Y(x)=nx+q.
O6iee pemieliie COOTBETCTBYIOmEN CHCTeMBl ypaBHeHMH Diiiepa
6yner
y=Cy+Cy }
2=Cyx+ Cy,

rie C; (i =1, 2, 3, 4) noanexar onpeneneHuo.
YcanoBue TpaHCBepCATbHOCTH (Ha NPABOM KOHIlE) BBINISIOHT Tak:

(15)

r

| R ) P —
[ Vity?+27?
z/
+ (n'_zl)_————————— ] =0,
vl + y'2+ 212 X=X
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OTKyHa, B Culy TOro, uro y = C;, 2’ == Cj, noayuum

14 mCy+nCy=0. (16)
Coornotiene (16) BulpamaeT ycJOBHe NepNeHAUKYJISPHOCTH HCKO-
Mot mpsimolt (15) k 3amauHolt npamol (14).

Bocnosb3yeMess Tem, uTo uckoMasi npsiMas (15) mpoxomur ue-
pe3 Touky M (xo, Yo, 20):

Yo==Cixo+ Cy, 2o = Csxo + Cy, (17)
a Take TeM, yTO TpaBblii KoHenl mepememaercs no npsamolt (14):
Cixy+ Cy=mxy + p, } (13)
Cyxy +Cyo=nx; +q.

U3 nsatu ypasuenuit (16), (17) u (18) nano onpeneauts Cy, Ca, Cs,
Cu W %1 (Xo, Yo, 20, M, 1, p, § —3a1audble yucaa), [as HaXoX[Ic-
HUg uHTerpana (13) nmocrarouno 3matre X1, Cq u Cs Humeem

o+ m{yo— p)+n(2—4q)

1= 14+ n2+m? ?

¢, — %+ mn (2o — q) = (1 + n?) (yo — p)
T m (g —p) F (2o — q) — (mFEad) kg

Cy= nxo + mn (yo — p) — (1 + m?) (o — q)

m(Yyo— p)+n(zo —q) — {m* +n?) x°

INoncrasasis »Tn Besmuunnsl B (13), mogyuum
h=min/ [y, z]=

— — 2
=]/x3+(yo~p)2+(zo~q)2— ['t°+m(f/°_l~,fz)1:,2(2° oL,

Ecnu rpanuusas touka A(Xe, Yo, 20) HENOZBUKHA, a Apyras rpa-
HUYHas TOYKa B (X1, Y1, 21) MOKET NEpeMeillaTbCs N0 HEeKOTOPOH Mo-
BEePXHOCTH 2 == ¢(X, y), TO YCJOBHS TPAHCBEPCaJbHOCTH OyRyT:

[F=v'Fy+ (@i~ 2)F ]l =0 ]
[Fy + Fo)] l

Yenous (19) coBMectHo ¢ ypaBHenueM 2 = ¢(X,y), Boofule ro-
BOpA, AAKT BO3MOKHOCTB ONPeIesHTh [BE NPOU3BOJBHBIE MOCTOSIH-
Hele B ofwieM pelleHnu cHcTeMsl ypaBuenufl Disiepa (aBe ppyrie mo-
CTOSIHHbIE ONpPEHeNRIOTCH M3 YCIOBHS IPOXOKIEHHS KCTpeManu de-
pe3 HeNOABMXKITYIO TOuKY A (Xo, o, 20)).

Ecau noaBsu:xHOM TouKoil fiBasiercss rpaHuunas Touka A (%o, Yo, o),
TO MPH X = Xo HOJydyaeM YCJOBHA, COBeplIeHHO aHAJOTHuHBlE YC/0-
pusam (19).

Npunwmep 4. Haiitn kpatuahimee paccrosgHue or toukn A(l, 1, 1)
oo chepnl

x=h (19)
=0. |

X=X

+yrt=1 (20)
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Pewenne 3anaua cBOOMTCS K HCCACAOBAHHIO HA IKCTPeMyM
¢dyHknHoHasa
1

Iy, 2]= f Vl + ¢ () + 2% (x) dx, 1)

X1

rxe touka B(xy, Y1, 21) nomkHa Haxozutned Ha cdepe (20). DKcrpe-
MalaMi dyHKIMOHaNAa (21) gB.asioTca NpsiMble

= Cix + Cy,
y 1+ Cy } (22)
2=Cyx+ Cy.
M3 ycnoBus npoxomjenns skcrpeMans (22) uepes touky A(1,1,1)
nojiyuaeM
(o Cy=1,
1 + 2 } (23)
Cit+Ci= 1L
Ycnosust tpadceepcansHOcTH (19) ¢ yuetom (22) uMmeioT BHZ
,2
T I— y
1 r2 -+ 2,2 BESSwEs ———
[V ¢ Vit +2?
—x 2’
+( phe—————— Z,) ——} = O, 3
View—y Vit + 22|y
v 2 (—y) ]
: + . =O,
[ Vit +27 Vi +7 Viee—p ||,
OTKyZa TOcJe HeCJOXKHBIX NpeoOpa3oBaHHH OyleM HMETb
2 — Cyx, =0,
1 3X1 } (24)
CIZI —: Csyl = O,

rle Xi, Y1, 24 — KOOPAHHATBEI UCKOMOH TOUKH 5.
Hs ycnoBuA TNPOXOXKAEHHs 3SKCTpeMand (22) wepes TOUKYy
B (x4, yy, 21) umeeM

= C1x C,,
I/ 1*1+ Ce } 25)
2)=Cgx; + Cy
Hs (23), (24) u (25) naxomum
Ci=1, C;=0, Cy=1, C,=0
TaK uTO ypaBHEHHe SKCTpeMalin
y==x } (23)
z=x.

Tak kak Touka B (xy, y1, 21) NOMmKHA JexaTb Ha cdepe (20), To

¢ yueroM (26) noayuaewm, uto xf + x% -+ xf =16 x==% 75.—_
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TakuM o6pasoMm, IrosyuyaeMm ABe TOUKH
I { 1 i I [
B e ——, — H Byfr —, = —, ———],
’(V3’ V3 Vs) 2( V3i' V3’ Va)
Herpynso Buners us reome%mqecxux coobpaxenuit, uTo 3KCTpeMalb

(26), coeannswomasn Touky A ¢ roukoit By, naer ¢yurumonany (21)
MUHHMYM, DaBHHH

1
ntn = f;/1+1+1 dx=}7F —1,
1

V3
a sKcrpemanb (26), coepnustouiass Touky A ¢ roukoit Ba, Aaer Mak-
CUMYM

1
Jmax = f ﬁdx=l/§+l-
i

V3

3amenanue 1. Ilpn BbiBOge yCAOBHE TpaHCBEpCabHOCTH
(24) Mum Gpamn @ (x, y) =V 1 — x2— y2. HerpyaHo IpOBepHTD,
uro ycnosHsa (24) coxpausiores, ecan @ (x, y) = — Vi—x—y2.

3ameuanue 2. M3 reomerpuuecknx coobpaxeHH#i BHIHO,
4yTo 3KCTpeManb (26) oproroHasbHa cdepe x% 4 y2H4- 22 = 1.

INIpumep 5. PaceMorpum Ty ke 3anauy o6 akcrpemyMe (yHk-
nuoHasa (21}, Ho B KauectBe A Bo3bMeM nenTp chepot O(0, 0, 0).

Pemenue O2kcTpeMatisMM (YHKUHOHAJNA ABJASIOTCA npsMbie
(22), u ycsioBue npoxoxipenus sxcrpeMajn uepes touky 0(0,0,0)
cpasy paetr Co = C, =0

Yca0oBUS TpaHCBEPCAJIBHOCTH OYAyT NPeXHUMH:

2 — Cax; =0,
1 3% } @7)
Cizy — Csyy =0,
a yCJIOBHS Ha NMOABMKHOM KoHne Oyayt
yi=Cxps }
28
2= ngl‘ ( )
Hakoxern,
x? +- yf + zf =1. (29)

HOna onpenenenus naru peanun Cy, Cs, X1, Y1 M 2t Mbl HMeeM
nath cooTHowedn#t (27), (28), (29), 3 KOTOpHIX He3aBHCHMBIMH
ABJSIOTCSH TOJMBKO TPH:

y1=Cix,

2= Cle: (30)
S+t a=1
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Hcnonbsya cootnowenus (30), Haxomnm

1 1
Y= ——, == e
Vi+cltc T Vit el
2= !

e m———,
Vitciycl

rie Ci, C2 — NPOH3BOJIBHBIE NOCTOAHHBIE.

DTOT NpPOH3BOJ SACEH M3 IeOMETPHYECKHX COOOpa)KeHHil: pace
crosinue oT toukn 0(0,0,0) no cheps (20) onuHakoBO no JGOMY
ManpasJ/eHHIo, T. €. NPH M106BIX 3HAUEHHAX CinC

3uayenue ¢pyHruUHoHaJa J [y, 2] Ha 3KCTpEMansx

y= Clxr }
& == Cax;
paBHO 1
Virciic
M= [ Vi+d+cae=t.

0

TTpumep 6. Hafitu ycroBHe TpaHcBepcasipHOCTH Aad QyHK-
i OLENE

X4
Tp 2= [ (oo, 2 Vity +27 dx, (31)
Xo
ecan Touka A(Xo, Yo, 20) 3aKpemseHa, a Touka B(xi, y1,21) J€KHT

HA NOBEPXHOCTH 2 = (X, y).
Pewmenne., B nanHOM cayuae YCHOBHA TPaHCBEPCAIBHOCTH

6ynyr
(1+ei-2)| . =0
(v + (py-z ),V—xx
HIH
i vy _
7 =7 = .
Px X=X, Py x==1x; 1 X=x

3710 eCcTh YCIAOBHs Napaie/bHOCTH KacarteasHoro sekropa v{l,y’, 2’}
K HCKOMOH 3KcTpeManu B Touke B(X1, y1,21) €  BeKTopou

_ 4 4 o
R {cpx, Py ——l} HODMAaJIH K TNOBEPXHOCTH 2 == (X, y) B TOH XKe TOY-

ke. Takum o6pasoM, 0is GyHKuuoHastoB Buna (31) ycjoBHs TpaHCs
BEPCaJbHOCTH CBOAATCS K YCAOBHAM OPTOTOHANBHOCTH.
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177. TlokasaTb, YTO ec/H YCJIOBHe TPaHCBEPCaJbHOCTH
coBfazaer MpH BCeX HAYAJIbHBIX HAHHBIX C YCJIOBHEM Op-
TOTOHAJBHOCTH, TO NOAbIHTerpasbHad ¢yukuus F umeer
CJAeAYIONIYI0 CTPYKTYPY:

F=f(x, 5,20V 427,

rie f(x, y, 2) ecTb mpousBo/bHas audepeHUHpyeMast
bysRUNA X, Y, 2.

178. Hatitu xpatuailiiee paccrosHue OT TOUKH
M(0, 0, 3) no nosepxHocTH 2 = x2 -+ 1%

179. Haiitm «kpatuafillee paccTodlye OT  TOUKH
M(2, 0, 5) no noeepxHoct 2 = x2 + 42

180. Hafitu kparualimee paccrosinie MeExAy MOBEpX-
HOCTAMH

2 2 2
wFE+S=1 1 2+p4+2=4

181. HccnenoBarh Ha 3KCTPEMYM <1>3fHKuH0HéJ1
Xy
Iy, A= [ (g + 2" + 292)dx
0

npu yeaosusx: y(0) =0, 2(0) =0 u Touka B(xy, yi, 21)
MepeMeIaeTcs o MJIOCKOCTH X = Xi.

3°. Teonesnueckoe paccrosue, Beanuiny urrerpasna
B

Hgl=[ F(x 9.4 dx, (32)
A

B34TOr0 BJOJb JHHUHM Yy OT TOUKH A o Touku B, masmBawor J-dau-
noi smpun y. Ecau y — skerpemans, To J [y] nassiBaor eeodesuue-
ckum paccrosnuem mexdy Touxamu A u B, uinm xe [-paccroanuen,
a caMy skctpeMans — J-npamod.

INpumep 7. Hafitu reonesnueckoe paccTossHHE OT TOYKH
A(0, 0) mo Touxkn B(l, 1), ecan 310 paccrosiime ompefensercs ¢ mo-
MOLIbI0 GYIKUHOHANA

-

B
Iy]= f v’y dx.
A

Pemenne. Teogesnueckoe paccrosune ot ToukH A o Touku B
€CTb 3HaueHue JAHHOTO (YHKIMOHAJA HA SKCTPEMAJH, COCAHHAOIEH
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3TH TOUKH. ¥YpaBHeHue Dfinepa
7 d 7 4 4
2y~ o= 7)) =0 wm gy Ay =0,

Jlerko BUAETH, UTO
4 !2 ——— i 4
y" Y=o (9y'),

Tag uTo 2yy’ = C; u y*==C;x + C,. Ucnonnsys rpauddube yc/o-
BHA Y|, =10, y |y =1, mosyvaem C;=1 C,==0, Takum o6-
pasoM, sKcTpeMasslo, coeauHsomedt Toukn A u B, Gyizer napaboaa

yr=1x.

Hanee, 2uy’ =1, yy’ =~;—, M CJe00BaTedbHO, (yy’)?=%. Teosge-

3UYECKOE DACCTOANHE Mexay ToukamMu A u B, corsacuo ompepese-
HUIO, PABHO

1
UAm=f%m=%
0

Tycte nana auHas Z: ¢(x, y) = 0.

Teodesuueckum paccrosnuem TOouku B, nexamen pue 2, 1o
STOM JIHHHH, HA3HBAIOT TeO/E3HUECKOe PACCTOsHHe TOuKH B 10 TOUKH
A & 2 rakoe, uro dyHruHouasn (32) BHYHCAETCH BAOJb IKCTPE-
Maau vy, coefuHsiomell Toukn B u A, npuueMm y nepecekaeT JIMHHIO
& B Touke A TpancBepcasbHO,

J-oxkpyrcrocToio  (2e00e3uteckod OKPYNHOCTHIO) HA3HLIBAOT JH-
Hil0, BCe TOYKH KOTOPOH HAXOAATCA Ha OAHHAKOBOM reoje3iuecKoM
PAcCTOSAHWM OT 3afaHHOf TOUxXM., AHA/NOTHYHO BBOAATCS TNOHATHSA
J-snaunca, J-runep6oisl.

HDpumep 8 Hafitu J-oxpyxuocts ¢ uentpom B touke O (0, 0)
pazuyca R, eciu reofe3wueckoe paccTOsHHe oOnpefeasercs ¢ Io-
MOLIbIO YHKLHOHAA

B

Jyl= f vy’ dx.
A

Pewenne, 2xcrpemanun QyHKHIHOHANA NepeceKaloT recaesnue-
CKYI0 OKDYJKHOCTb TpaHCcBepcanbHo. [lis 3sKcTpeManeli umeem (cM,
npeasLAymsit mpuMep) .

y¥==Cux,  2yy =C

H, c1enoBare/bHO,

5 M, J, Kpacuos B Ap,
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Hs YC0BHA TPaAHCBEPCAABHOCTH
y2yl (2(pl — y/) . O

HAXOZHM, W10 YIIOBOH K03QHUHCHT KacaTenbHoll K J-OKpYXHOCTH

q>’=£2—- H, 3Haunt, auddepenuransroe ypaBHeHHe J-OKpyXHOCTH
€CcThb y’=—42;, oTKyaa ypasneude J-okpymuoctd: y* = Cx. Haz

HaXoXK/JeHHs Besuuuunt C 3aMeTuM, 4TO Ha TreOLE3UUYECKOd OKpYXK-
Hoctu JexkuT touka (C3,C), a ypaBHeHHe reoJle3HUecKOro pajguyca

x
(T. e. 3KcTpeManm), MPOXOASINEr0 yepe3 3TY TOUKY, €CTh y2=—6-,

Orcioza yy = H, 3HAUHT,

L

2C
Cc? [old

1 c

= 7)2 = =

R J(yy)dx J4C2dx 7

CaenoBarensho, C = 4R ¥ reone3nueckas OKPyKHOCTh pamuyca R

C LEHTPOM B Haua/Je KOODJAHHAT HMe€T ypaBHeHUe y* = 4Rx.
MMpumep 9. Haiitu J-okpykHOCTb paguyca R ¢ LEHTpOM B

Touke O(0,0), ecnu reosesnyecKoe paccToside onpepnensercs QyHK-

1IHoHaJ0M =
B

Hol= [ Vi4y7 () dx
A

Pewenne 2rcrpemansaMu (yHKIHOHAJA AB/SIOTCH IpAMBIE

y = Cix - Cz2. VI3 ycaoBusl NPOXOXKJAEHHS SKCTPeMasedl uepe3 TOuKy

0(0,0) naxonum, uro C2 = 0, Tak yro y == Cyix, u 3HAYHT, y' =l,
x

YcioBHe TPaHCBEPCAJbHOCTH B JAaHHOM C/aydYae COBnajaer ¢ yc-

JIOBHEM OPTOTOHA/JbHOCTH, H IOTOMY YIJI0BOH KO3(¢QHIHeHT Kacas

TeabHON K J-OKpYKHOCTH — = — —y,—. Caenosarensto, Audde-

X
peHnuansHoe ypasHenue J-okpymuocrn: y’ ==~ =, Orciona ypa-

Brenue J-okpymuoctH: x% - y2 == C2. Ha 3TOfA OKpPYKHOCTH JNEKHT
touka (C,0). YpaBHeHHe reoZe3nueckOro pannyca, NPOXOAAILEro
yepes 3Ty TOuKy, ectb y = 0, Tak ut0 3 = 0 u

c
R=6f dx=C,

TaksuM o6pasoMm, C = R ¥ ypaBHeHHe HCKOMOH reoiesuuecKofi OK-
pyXHocTH paguyca R ectb 0OGbIYHOE YpaBHEHHE OKPYKHOCTH
X2+ 42 = Re,
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3aMeuaHnue DBpegennele NOHATHA MNO3BONSIOT TOBOPHTL O
HeeBKIUA0BOIt reoMeTpuy ¢ auddepennsanom ayru

ds=F(x, y, y') dx.

Ecan F= Vl + 4% (x), 7O, KaK MH BHIENH, J-npsaMble npespa-
wamoTcs B 0OblYHbIE MPAMBIE W HAlla reoMeTpHs NEePeXOAHT B 00bly-
HYIO eBKJHAOBY reOMeTpHIO.

ITpu npoussoabhoi dyukuuu F, yiosaerBopsiouefl JHIbL 0Obly-
HBIM YCJIOBHSIM HENPepBIBHOCTH H AH({epeHuHpyeMOCTH IO BCEM
TPEM aprymMeHTaM, BBeAEHHAS IeoOMETPHSi Majo 110X0XKa Ha OOHUHYIO
TeOMETPHIO: uepe3 pBe TOYKH He BCErja MOMKHO NpOBecTH J-mpamyio,
H MOMXeT CJyYdTbCSs, YTO uepe3 MABE TOYKH IIPOXOAHT HECKOJBKO
J-npsMBIX W, C/ef0oBaTeNbHO, J-pacCTOSHHE MEXIy IBYMS TOUKaMH
HC €CTh OJHO3HAYHAS (PYHKUHS KOOPAHHAT.

182. Haiitn reofesnyeckoe paccTOsIHHE OT TOUKH
A(0, 0) no Touru B(l, 2), ecaid 3T0 paccrosiHue onpene-
JifeTcsl ¢ noMouibio yHKUHOHAJA

Hyl= [ (*+ y")dx

183. Hafitn reonesnueckoe paccTosiiie OT TOUKH
A(0, 1) mo toukn B(l, 1), ecnm aTo paccTosiHue onpeje-
Jsiercd pYyHKUHOHAIOM

Iyl= [ (1255 + y") dx.

184, Hafitu J-okpy&HOCTb paguyca R = 8 ¢ HeHTpOM
B Touke O (0, 0), ecnu reoaesnyeckoe pacCTOSIHHe ompe-
nensercss QyHKUMOHAIOM

Iyl = [ y"dx.

§ 11. Pa3poiBHbie 3afaud. OAHOCTOpOHHHE BapHAUUU

1° PaspeiBHbie 3agaun. JKCTpeMaaws Yy == y(x) dyHKuHOHATA

Iyl = f F(x, y y') dx (1)

ABJIAETCH NBAXK/H HEWPEPHIZHO nupdepennupyemoit pyHKuued, ecau
npoussonHas Fy. . (%, y{x), ¥’ (y)) ue obpamaerca B HyJab. Berpe-

qaioTcsd, OJHAKO, BapHauMOHHble 3a1a4H, B KOTOPBIX IKCTDEeMyM I0-
CTHTaeTC Ha KpHBOH, #BJSNMEHCA JHUIE KyCOUHOT/IAAKOM.

5'
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a) PaspumBHHe 3agauH mnepsoro pojna PaccMo-
TPUM 3ajauy O HaXOXKJEHHH KCTPpeMyMa ¢QyHKnuonana (1), cuuras,
YTO MOMYCTHMBIE KPHBHIE YIOBJETBOPSIOT FPAHHYHBIM YCAOBHUAM

y(x)=uyo . yl{x)=um (2)
H MOIyT HMeTb H3J0M B HeKOTODOfl TouKe c¢ abcuuccoil ¢ {xo < ¢ <<
<< x1). DTOT H3J0M BO3MOXKeH JHb TaM, THAe Fy,y,==0. B rouke

H370Ma 3KCTpPeMasb AO/KHA YAOBJETBOPATL YCJaOBHAM Befiepuitpac--
ca — dpiMaHa
F =10
* ly=c+0 !

o F= " Fy) | o=0-

Fy x——c—O—-
. - @3
(F—y'Fy)|

BMecTe ¢ YyCJIOBHSMH HENPEPHBHOCTH HCKOMO[ 3KCTpPEMAa/lH OHH IO~
3BOJIFIOT ONpelesUTh KOOPAHHATHL TOUKH H3/I0MA.

Ha xaxnoM u3 aByX OTpeskoB [xo, ¢] ¥ [c, x4] sKcTpeMmanb 10:1-
¥Ha YNOBJETBOPATh ypaBHeHHIO Diinepa, 7. €. AuddepeHuuanbHOMY
ypaBHeRHIO 2-ro nopsaka. [lpu peuieHHH STHX ABYX ypaBHeHHil mo-
JIy4aloTCA yeTbipe [POH3BOJIbHBIE NOCTOSIHHBIE, KOTOpHIe, BooGile ro-
BOpSA, HaX0AATCA M3 rpaHuyuslx ycioBuil (2) u ycaosuil (3) B Touke
H3J0Ma.

IMpumep 1. Hafitu snoMaHble 3KCTpeMadu {(ecad OHH Cymic-
CTBYIOT) (QyHKHHOHANA

X=0—

a

Iyl = f (% — y?) d.
¢}

Pemenue 3anumem nepBoe H3 ycaoBui (3), KoTopoe n0J-
JKHO BHIIOJHATBCS B TOUKE U3j0Ma:

F =F 0<e<a)

Y lee—r—0 y’ x==¢+0

B AaHHOM cnyqae OHO HM€eT BUI
Yy (c—0)=y (c+0)

¥ o3Havaer, 4T0 npouspoaHas y'(x) npu x == ¢ HenpepwiBaa. Caegno-
BATEABHO, TOUEK M3/10MA HeT. DTO BHAHO M M3 TOrO, 4TO B NaHHOM
cryvae Fy,y, ==2>0 seaony. [osromy B paccmarpupaeMmoll 3ajave

3KCTPEMYM MOKeT JOCTHraTbCs JHIIbL HAa TAAaJKHX KPHBBIX.
Mpumep 2. Halitu nomaHbie 3KcTpeMann yHKIHOHATA

2
I= [ —6ydr, y©=0 y@=0,
¢

JONycKas, 9TO Yy’ MOXKET HMEeTb OJHY TOYKY DasphlBa, OTBEUAIOILYIO
abcnucce x == C. \

Pewenue. B nanHom caydae Fy,y, = 12y’° — 12 moxer 06-
pallaThCs B HyJb H [IOSTOMY BO3MOMKHO HA/IHYHe H3JOMOB 3KCTpE-
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mand. Tak Kak moAbHTerpanbHas GYHKUHS 3aBHCHT TOJLKO OT ', TO
SKCTPEM AJAMH ABJSIOTCA NPsMbE

y= C,x + C?-
Toaoxum

y_=mx+n (0<x<e), _y+=px+q‘ (e x<<2).
U3 rpannynnx yciaosult Haxonum n==0, ¢ = — 2p, Tak uro
y_=mx, y, =p(x—2) (4)

YcaoBie HenpepHBHOCTH 3KCTPEMANH AaeT
me==p(c—2). (5)

BruinnumieMm ycaosus Bel‘iepm'rpacca — Ipamana. Umeeu
F,o=4y"" — 124,
F—y +F,==~3y"+6y"
Mockoabky g, = m, y;_ = p, noJyuaeM

4m® — 12m = 4p® — 12p,
— 3m* 4+ 6m? = — 3p* 4 6p?

unu
(m—p)(m"’+mp+p2—3)=0.} ©)
(m? — p?) (m? + p* — 2) =0.
Bropoe ypasHeHne B (6) cpasy maeT m == p WIH M = —p WIH

m? 4 p? —2=0.

Pewiene m = p [JOJXKHO ObITH OTGPOUIEHO: NIPH HeM 3KCTPeMadb
HMeeT HeNpepulBHYIO POH3BOAHYIO, @ M3 yciaoBHs (5) mosmydaem, uto
m == 0, T. e. 3KCTpeMasab — OTPe3oK ocH OX.

Takum oGpaszoM, peillenue cucTeMbl (6) CBOAMTCS K PpeleHHIO
¢J1eqyIomHUX CHCTEM YpaBHEHNH:

mpb s ] Y
m*+mp 4 p?=3
]
2 29
, m +‘p2 } 8)
m? 4+ mp - p? == 3.

Pemenne cucremsl (7): m=V3, p=—V3u m=~V3, p=V3.
Pewenne cucremsl (8) naer m = p H AOMKHO OblTh OTOPOLUIEHO.
Urak, m = -—p u ycaosue HenpepuiBioctd (5) Adaer ¢ = L
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CnenoBaTeJbHO, HCKOMbBIE SKCTPEMAJIN:

y_{ V3 x, o<1,
—V3(x—2, 1<x<2,
y‘—{ — V3 % 0L x<1,

V3i@x—2), 1<s<<2

185. Haiita sxcrpeMaJau ¢ yraoBO# TOYKOH Ajs dYyHK-
Hy0H4.14a

2
Igl=[¢" (= 1Pdx,  y(0)=0, y@)=1.
0

186. Hafitn pewende ¢ OfHOH yrJ0BOH TOUKOH B 3a-
Jaue 0 MHHHMyMe QyHKUHOHAJa

4

Iyl= [ (¢ — 1Py’ + 1Pds,  y(©0)=0, y@)=2.

0

187. CyluecTBYIOT JH pelleHus C YIVIOBBIMH TOUKaMH
B 3ajaue o6 IKCTpeMyMe ¢YHKIHOHAJa

Xy

Hyl= [ (" + 20— ¢)dx, y()=90 ylx)=un.

Xo

188. Haiitu pemenne ¢ yrioBoii TOUKOH B 3agaye 06
3KCTPEMyMe (QPYHKIHOHaMAa

1
Hyl= [p(U=yNdx, y(=h=0, y()=L
-1

189. Hafitu pemenne ¢ yrioBofi TOUKOH B 3ajaue O
MHHHMYMe (yHKUIHOHAJa :

;3]
j (v —24")ax.
L2
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190. B 3anaue 06 skcrpeMyMe ¢yHKuHOHAAA

(xl’ly\)
J siny’ dx
0, 0}

HaATH HEeNpepbIBHOE pemleHye, a TakxKe pelllente ¢ yrao-
BOH TOUYKO,

3ameuanue Yciosus (3) Beitepmrpacca — dpamana gony-
CKAIOT CJENYIOUIYI0 reOMeTPHICCKYI0 HHTEPNpeTalHIo.

Hoctponm duryparpucy, 1. e. Kpusyo Y = F(x,y,y) xak
dyrKumio or y’.

Torna ycnosus (3) 03nauaior, UTO NpH 3uaueHMAX napamerpoB
¥ == ¢, § = 1, OTBevAIOWHX YIVIOBOH TOuKe, (UIypaTpHCA AOJKHA

' ’
uMerh 00IWyio KacaTe/ibHYI0 B TOMKAX C abCuuccaMu g =y (¢ —0)

’ 4
Hy, =y {c+0). .

OnHoBpeMeHHO MoAyuaeTcsi Hardsfdas UHTEPnpeTauus yc/Ja0BUA
Fp 5 0. HCKIOUAIOLIEro BO3MOXHOCTE — H3/0Ma 3KCTpeMaJeit.
Hejicteutensro, ecnn, manpumep, Fy,y/>0, To durypaTpica BH-
NyKsa, H Kacare/dbHble K Hefl,
npoBejieliHble B ABYX PasHBIX }Y
TOYKaxX, He MOFYT COBMNAJaTh.
Tak uro skctpemasr B sTOM
cayvyae He MOMeT HMeTb H3-

JoMa,
Paccmorpum  onars  3a-

Aauy o6 OTLICKaHHH JOMa- —

HBEIX 3KcTpemaned dyukuno- ~VF | -V3 V3 |6

Hana (cM. mpumep 2 sTOrO
naparpada). Mmeem

2
Jlyl= f (y* —6y"°) ax,
0

PR U

y(0)=0, y(2)=0.

OKCTpeMaIAME  SBAAIOT-

¢ npample.  Quryparpuca Puc. 20.
4 2
Y=y"—~6y" B paunom
Clyuae He 3aBHCHT oT ToYkH (X, y). Oma mmeer ofwmyw Kacaress-
HYyI0 B touKkax ¢ abcuuccamn y' = + }'3  (puc. 20). Tlosromy ycao-
BuA Beiiepwrpacca — Dpamana GyAyT BLIIOJHEHH, €CH B KauecTBe
JIOMaHbIX SKCTpeManeli 6paTh JIOMaHbie, 3BeHbA KOTOPHIX 0GDPA3yIOT
)

yroa 1-3- ¢ ocelo Ox.

Ha nomano# yi ¢ ondoli yriosoil Touxoii (puc. 21} dynxuuonan
imeer sHauenne J[y] = —18, To ke snauenme J [y] Gyser umers na
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JIOMAHOH y2 C HBYMA YIJOBBIMH Toukamu (pHc. 22), Ha JoMaHOH ys
¢ TpeMs YIJIOBBIMH TouKamu (puc. 23) u T. I.

7\
1
[
L\
|
{
|
i —
0 f 2 z
Puc. 21.
44
|
\ 92
| -
a I
Puc. 22,
YA
b 1 \Ys
| i
1 ] i
a 1 2 I
Puc. 23.

6) Pasprsune s3afayu BToporo pona. Paspes-
HbLMU 300a4amy 6T0P020 poda Ha3LIBAIOT 3aJauUH HA OTHICKAHHE KC-
TpeMyMa (QyHRKLHOHaJa

Hol= [ Fixy, y)dx, ©)

X
_ y(xy) =y, ¥ (x2) =y, (10)
B KOTODOM NOJABIHTErpanbHas GYyHKUAS paspuiBHa,
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Iycts, Hanpumep, F(x,y,y’) TepunuT paspHB BAOJb JHHHH
y=@(x) u nycrs F(x,y,y’) paBHa Fy(x,y,y’) 1no ogHy CIOopoHy
auund y = M (x) u pasua Fa(x,y,y’) no apyryo.

B cayuae CylecTBOBaHHs JIOMaHO#l 3KCTpeMasay IOCHeLHAT CO-
CTOHT M3 KyCKOB 3KcTpeManell y == yi(X) u y == p2(x), HMeolHUX
obwyio Toukry (¢, @(c)) Ha JuHHH pa3pHBa, Tae € € (x4, X2). Jasn
onpeneseHHsa JOMaHOH 3KCTpeMaJH IoJydyaeM fABa AHpdepeHuHalb-
HBIX ypaBHeHHs Diiepa, ofiHe pellleHHs KOTOPHIX COAepKar ue-
Thipe NpOU3BOMBHBEIX MOCTOAHHBIX Cy, Cz, Cs, Ci [l HaxoXnaeHHs
STHX TOCTOSIHHBIX, a TakKe aGCuHCChl € TOUKH BCTPedH 3KCTPEMaH
¢ kpusoit y = @®(x) wumeeMm: 1) gBa rpamHuHeiXx ycjaosusg (10},
2) aBa ycnous, rpebywine, uTo6B OpAHHATHE KOHIOB 3KCTpeMasiel
B TOYKe CTHIKa OBIIH paBHBl OpJHMHAaTe KPHBOH y = O (x) H, Hako-
Hell, 3) yc/a0OBHe Ha CTHIKe

Fyb (@ =) Fiy] o =Fo @ =0 Fyp | e (D

J1ux yvcaosufl, BooOle roBops, ROCTATOYHO IJIA HAXOXKJAEHHS JO-
MaHoil 5KCTpeMallt.

Mpumep 3. (3anaua o npenomieHnu Jayua csera.) B cpene I
CBeT DaCMpOCTPanfeTcsl ¢ MOCTOSHHO{ CKOPOCTBIO Uy, B cpefe Il —
¢ mocrosHHON ckopocThio vz, Cpeza I ornesena ot cpemst 11 kpu-
Boit y = @(x).

BhiBeCTH 33aKOH Npe/IOMJIEHHst Jyua CBeTa, Hayuero u#3 Touxku A
cpeart 1 B Touky B cpenwt II, 3uad, yTo snyy NPOXOAHT 3TOT MyTh
B HayMeHbLIIH IPOMEXYTOK BPEMEHH.

Pewenune 3araua CBOAHTCH K HAXOMKIEHMIO MHHHMYMa HH-
Terpasa

e —_ b —
2 g )
jzf_biy_dx_!.fb_ﬂ_dx’ (12)
Ui 2]
a ¢

Tak Kak TepBblii ¥ BTOpOit HHTerpansl B (12) 1alor BpeMs, HyXKHOe
ANS nepexona Jiyua U3 TOuKM A [0 JuuHU pasfena M OT JHHUH pas-
JeJa 10 TOukH B.

Hmeem paspeiBuyIo 3agauy BTOPOTO pOJa: 34eCh

.2 T, /2
Vity Vity
Uy Uy
Haxomne}me KyCKOB SKCTpeMaJle}"l CBOOHTCH K pa3bICKaHI/I}O SKCTpe'

Madell ¢pyHrunoHana
[ Vityas

KOToOphle, KaK H3BECTHO, €CTb IpAMbIe. Cnenona’renbﬂo,

h=mx+n, ya=px+4q.



138 ’ 3KCTPEMYM ®YHKLIHOHAJOB [TV 11

3anuwem ycaosue (11). Hmeem N
3 2
ro_ g OF Vit 91 1 _
1T T = - — 3’
%, “t Ux‘/ I+ Ul/l+y;
F2—' 7 6F2 . l .

Yo—7 = e
I4
% Uz l/ I+
Hoxcrasnsas st Bepamenus B (11), Halimem

14+ @'y 1+ @'y
+0y Y2 (13)

o 1+l 14df

ITycte Yy — yroJa, o6pa3oBaHHHA KacaTeJbHON K JIHHHH Pa3fiena B TOY-
Ke ¢ ¢ ocpio Ox, o — yroa Jsesoro Jayua ¢ ocsio Ox, B — yroa npa-

Boro Jyua. Toraza (I)'=tg Y, yf=tg o, y§=tg[3 u ycaosue (13)
IpHMeT BHJ

l1+tgatgy _ 1+teBtgy
v VIi+tgZa o,V 1+1tg?p

cos{y—a) __ cos(y—B)
v, - vy '

i

rae y—a H y—f§ — yrael MeXAy JyuaMH # KacaTeldbHON K JHHMH
pasneia. BBOAS BMeCTO HHX yriinl ¢ H 6 MeXKIy HOPMAJbio K JHHHH
pasiena M JyyaMH, MajaiolldM H TPEJIOMJEHHBEIM, NOJyHaeMm

sin g Uy

sin O v,

= const,

T. €. H3BECTHHIH 3aKOH TNpeaoM/JieHUs Jyua CBeTa.

2°, OpnocToponnue Bapuaund. Mmerca sgcrpeMyM  GYHKUHO-
Hazla

Xy
Jy]l= f F(x,y,y)dx, (14)
y(x)=yn ylx)==y, (15)

Ipu yCHOBHH )
y—o(x)=0 (nmm y — @ (x)<0) (16)

(orpaHMuMBaIOLINEe YCJIOBHS MOryT ObITh u GoJee CJIOXKHOrO BHAA).

B stoM cayuae HcKOMasi 3KCTpeMaJjb MOXKeT COCTOSITb U3 KYCKOB
3KCTpeManel, Jexamux B objgacty (16), ¥ KYCKOB rpaHMOH y =
== @(x) aroil oGnacTd, B ToYKkax cTHIKA YKa3aHHBIX KYCKOB HCKOMasd
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3KCTpeMaJab MOXKeET ObITh I‘J'lanKOﬁ, HC MOXKeT HMeThb U YIJoBbIE
TOUKH,

ycnonue B TOYKE CTbIKa UMEET BH]I

[FOuy)—F (x5, 0)— (@ —0)F, (x4 9)] | 0.

x——x

Ecan Fy,y,'aﬁ(), To B TOuKe cTHKa M(X, j) sKcTpeManb Ka-
caercst TpaHuubl ¥ = @(x) o6.;1acTh.
Mpumep 4. Hafitu xparuaitumii nyts u3 touku A(—2, 3) B
Touky B(2, 3), pacnosaoxeHHslil B 006,aCcTH y << X2
Pewenne. 3alavya CBOZUTCS K HAaXOXKAEHHIO 3KCTpeMyMa
PyHruuoHara
2

= [ Vity @as (7)
-2
npH yCAOBHAX

y<x?,  y(—2)=3, y(2)=3.

OKcTpeMansMH dyuknuonata (17) aBasioTCA NpsAMbE

y=C;+ Cyx.
B naHHOM cayuae
1

%0
(+y2 @]

H HCKOMas 3KcTpeMasb GyAeT COCTOATh H3 KycKoB npamuix AM u
NB, xacaressunx K napaGone y = x%, u kycka MON stofi napa-
Goanl (puc. 24). O6o3HauuM ab-
CHHCCHl TOueK KacaHus depe3
X u —X (ucnosbayem cHMMe- Y
TPHIO 3ajauu). B Touke Kacawus /7
COBIaJAIOT OPAHHATHL H YIVIOBBHIE i
Ko3hounuentsl nmpsamoft u Kaca- 4AJ3) 128123
Te/bHON Napalonnl, Tak 4To GYy- ’
EeM MMeThb

C) + Cof = 2, } (18)

Fylyl ==

iz

C apyro#t cTopoHH, KacaTeablias
IOOMXHa IMPOXOAHTHL Uepe3 TOY- _2' _,‘ 7 / Z
ky B (2, 3), crenoBatesbHO,

Ci +2C,=3. (19)

£
Puc. 24.

Ucrmouass C; n C,; ua (18), (19), Haxomum #*—4x+3 = 0, or-
Kyla ¥y = 1 u % = +3. Bropoe 3Hauenne X% He noaxoanT. Hrax,
=1 Oraoaa Cy=-—1, Ca=2. Hckomas sKCTpeMaab
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(eruHCTBEHHAS) ecTb
[—2x—l, ecin —2<{xsc— 1,
y=3 x2, ecan — Iy,
l 2x — 1, ecau 1< e,

SlcHo, uro ona mocraBaser ¢yHKuuoHany (17) MuHUMYM.
191. Ha#tn KpuBBble, HA KOTODbIX MOXKeT AOCTHIaTb-
¢l IKCTpeMyM (yHKIHOHAJA

10

Ipl=[ y*dx, y(©=0, y(10)=0

0

NPH YCJAOBHH, YTO AOMYCTUMble KPHBbie He MOFYT IPOXO-
AUTb  BHYTPH Kpyra, OrpaHHYEHHOTO OKPYKHOCTbIO

(x—=5)24y*=0.

192. Cpenu KpuBbIX, COeJMHSIOMWNX Toukd A(a, yo) H
B(b,y), naiita 1y, KOTOpasi AdeT IKCTPeMa/bioe 3Hade-
Hue QyHKIUOHAMY

b
Hyl=[yV1—yy" dx
a

npu yeaosusix y =0, 1 — 4%y2 = 0.

§ 12. Teopus IamuabroHa—SAkoOu. BapuauuoHHble
NPUHUKNB MEXaHHKH

1°. KaHonuueckan (ramuanTonopa) dopma ypasHeuuil diinepa.
Ypapnenus difinepa ana QyHKUHOHAIA

"[yh Y2, o0 ey yﬂ]=

X3

= f F(x’ Y Y v er Yps .1/1,’ .l/;v (X y;;)dx (1)

Xy

HMCIOT BHJ

F ———(F ,)=0 (k=1 2,..., n) 2
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B cayuvae, korza onpejhenuTenb
F r F r s LR F r 7

Y4 Y192 Y,
F,» F,, .. F.,,
Y4y Yolo Y29n | 0, (3)
F,, F, ., ... F,,.
¥4 Y,Y9 Yu9,
NOJOXKHUM
Fr=p, (k=12...n) 4)
k

Hs ypasuennit (4) moxiuo BwepasHTh y,'a Heped X, Yy Yor oo es Yy
P1y P2y oo ey Pni

’
Y= Qp (¥ Yis Ys +o o1 Ypp Pps P2 oo Pp)- (5)

Oyuruya H oT DEPeMEHHHIX X, Y1, Yoy «ves Yns Pls P2y oo vy Prs
onpejlenseMast paBeHCTBOM

P ={—F(x, Ui U evor i G e 1)

O

Y=0;

n
- 2 y;’aFy/ (x, Yps oves Yy y;. e y:;):l
k=1 k

HAa3bIBAETCS 2aMuATOHUAHOM 0aR (ynkyuonara (1).
FaMuabTOlIMAH YIOBJETBOPSET CJELYIOIHM COOTHOIIEHHSM:

oH =dyk; 6H=_dpk (k=1,2,...,n). (7)

op,, dx 9y, dx

YpaBHeHHs1 (7) Ha3bIBAIOTCA KAHOHUYECKOU WIH 2AMUALTOHOSOU
cucremoli  ypasuenu IJdaepa (2); TepeMeHHHE Y1, Y2, ++., Yn,
Pi, P2, ..., Pn HA3HIBAIOTC KAHOHUUECKUMU NEPEMEHHBIMU.,

3amevaune 1. YcaoBue (3) nas  dynkumonana Jy] =

X
=f F(x, y, v')dx maer Fy,y, = 0 Ha [xy, x2).
X1
3ameuanne 2. YpasHenus (4) paspelIMBl OTHOCHTEIBHO
r
Y, B Lle1IOM Ha OTpesKe [xi, X2], BooOume roBops, He oAHo3HauHO. [IpH

BBIIOJHEHHH YCJOBUHA TEOPEMBl CYIIEeCTBOBAHHA HEBHON OGYHKIHH
MMEET MeCTO JIOKasbHasd OJHO3HAuHas Pa3pemiHMOCTb ypaBHeHHH (4).

IMMpumep [. CocraBHTb KaHOHHYECKYIO CHCTEMY ypaBHEHMX
Ofinepa nas dyHxnxonaia

ﬂ‘ 2 2
o v = [ v =2+ o)
0
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Pemenune. B namem cayuae

72

2
F=F(x, 4, v 41, 95) =20190 — 2* + 4] — y -

IMonaraem
F.,=p F,=p,
r 2
¥ Y,
Torza

4
Pi=21  py=- 20

3aech omnpeaennresb

Fr/ Fr ’
Yy Yy l2 0 420
F,. F., 0 —2| )
Yoy YyYs

4 ’ ..
Paspemass noayyeHHble COOTHOLWIEHHH OTHOCHTE/IbHO Yy, Yo, HakAeM

’ p ’ P
vi=% =g

Haxonum ramusibronHan fansoro ¢yHKHHOHAJA!

H—_-_~(—F+y{F,+y;F ) ==
Y '=Dx

2 2

2 2 P Py

= (20w + 25+ 4] — ) g =22+ =
1 2

‘e P2
Y972

Hcnoabsys cootnomenuss (7), DOJNYydHM KAHOHHUECKYIO CHCTEMY
ypaBHenHH Dfinepa:

dy_ o, dy» _ _p2 |
dx 2’ dx 2" |}
dpr _ ) dp: _

de 4y + 2y,; —d—;-—-g!/x- ’

3neck yr1=y,(x), yo=y:2(x), p1=pi(x), ps= p:(x) ABasoTCA
HEH3BECTHBIMH (YHKUHAMH OT X,

. Hpumep 2. CocraBHTb KAHOHHUECKYIO CHCTeMY YypaBHeHuil
Sfistepa aas yHkuHOHATA

Iy 9o] = f yigs (5% 4 41 + yo) di.
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Pemenue. 3xecp
_'lez (x + yl + J2)
HaxonuM vacTHHE DPOH3BOJAHHE

— 2,2 22
F .=y, F , =y
vy L))
ITonaraeu

2 9 22
PL=Y¥2  P2=11Yp

7 ’
DTH COOTHOWIEHHS HE coAepxar IIPOH3BOAHBIX Y1» Yo HEH3BECTHHIX

4 4
GyHkIMA Yy, H yy NO3TOMY Yy K Yy HEJIb3sT BHPA3HTH Uepe3 mepe-
menHble py H pz. CiegoBaTegbHO, AJAA 3TOr0 (YHKLUHOHAKA HEJb3sA
COCTaBHTb TaMu/JbTOHHaHAa., B arom npuvepe ycuosue (3) e Bu-
T0JHAETCSH

F/I FII
12131 Yi¥2 B 0 0 —0
F,, F,,| loo|
Yol Yoy

MMpumep 3. CocraBuThb KAaHOHHYECKYID CHCTEMY ypaBHeHnil
Diinepa paa dyHkuHonana

Iy) = f xyy”’ dx.
Pemenue. Hmeenm

F = xyy’®, Fy,= 3xyy’2.

ITonoxum p == 3xyy'2. Orciona

YA
y=_—1/3xy ! y=]/ 3xy

Janueifi GyHKuMOHAA HMEET ABA raMuJbTOHHAHA

H _—-(—-F+y’F ,)
H Yy , p
v—V 3%

= 2xyy’® 2 " ,
— P 3V3
y= / 3xy V Y

= (=F+yF,) ly’=l/31‘ 31/3 V P
Xy
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B COOTBETCTBHH C HTHM MH NOJYYHM /[BE KAHOHHUECKHE CHCTEMH
ypasuennii diiaepa:

dy oM _ _~/ P ‘
dx ~ Op 3xy * l}
dp _ _OHy __ 1/ P |
de — 9y 3] 3xyd '
L p
dx 3xy *

CocTaBuTh KaHOHHUECKHE CHETEMBl YpaBHeHHH Dfinepa
RJs CAeRYIOWUX (GYHKIHOHAJIOB: -

193. J=f xyVy dx.
194, J = f xyy” dx.
195. /= | Vet 2 Vit dr

2
196. J = [ (v + 53+ 4)) dx.

i

197. /= f (24 yy] + gl dx.

3
198. J = J‘ <2xyl -y + %—) dx.

2°, Ypasueune TIamuabrosa — Slko6u. Teopema Sko6u. Kanos
HHuecKas CHcTeMa ypaBHeHuf Dfisiepa (7) sasadercs CHCTeMoORl ypa-
BHeHufi diiepa AnA pyHKIHOHATA

%[ n )
—~
I = f l:zpkylk_ﬁ(xvylr veny ynv Pis vves pn):]dx»

X1 k=1

€CTH Y1, vuvy Yny P1y vv+y Pn PACCMATPHBATH KAK HEH3BECTHHIE QYHK-
1HH OT X.
Januslli @ynxkunouas J seasercst pelileHdeM ypaBHeHHS B 4acT-
HBIX IPOM3BOAHLIX NEPBOro NOpPsiAKa BHAA
_?GLV—"'H(X:’ Yty eoes Yn, ﬂ; —al; csey 'a_—LV—)‘_'Ol
x . Oy " Oy 0Yn

KOTOpoe Ha3sblBaeTcs ypaswenuen [amusvrona — fkobu,



§ 12] TEOPHUSI TAMHJLTOHA — SKOBH 145

Teopema Slxo6u. lTycre W 2648eT¢ noansim unTe2pasom
(cm. [B]) ypasnenuna Tamuavrona — fxobu, yoos.seT8OPAOUUM

YCAOBUIO '
2w oW oW
0y 0Cy 0y, 9Cy """ 3y, 0Cy
oW oW 723174

0y2 0C| ayz 002 v ayz OCn = 0.

oy o’w 02w
0y,, 061 6y,, 0(:2 L dy,, GC’,,

Tozda pasencrsa

aw ow
———=B —== k—l,2,..., s
ack k! ayk pk ( n)

ede Cn u By — npouseosvnbie nocroannsie, dawoT peuierue Kanouts
ueckoll cuctemvi (7), KOTOpoe Ba6UCUT OT 21 npou3BUAbHLLE nO-<
CTOAHHBLX.

ITpumep 4. Haiitu skerpeManu dyiKuHoHana

X
J='foL+y2Vl+y”dx

X3

fIpY DOMOUIH pellleHWsl ypaBHeHHS I aMHJIbTOHA — SKOGH.
Pewenne [das nomyuenus ypasHeHus [ammuabnrona — Sko6u
HaxOAHM raMHJLTOHHAH AAHHOTO ¢yuKunouana, Mmeem

H=—V &+ =
YpasHenue I'amuibrona — flko6u nMesT Buf

nian . R 2
(Gr) +(Sm) =+ ®)

ITepenniueM ypaBHeHHe (8) B BHAE
oW\, awy ,
(ﬁx)—x+(0y y=0

U NPUMEHHM METOXR paspeneHus NepeMEeHHBIX, HCHO, 4yT0 €CJAH 1o~
TpefoBaTh, uTOOL .

2 2
(35 -emme. (v
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rae C — npOM3BOJbHAS IOCTOSHHa#, TO ypaBHenHe (8) Gyner ymo-
BJeTBOpsAThed. OTCIOAa HAXOAHM

aW a]V —
52— C Y = 2
5 =V~ 7C, 3y Vy*+C.

TMonuwil Hurterpan ypasaenusa (8) Gyner:
W == fVm dx+ fl/y"’—-i-fdy=
—-—;—,wc]/x2 C—-———ln lx+VsE—=C Cl—i——yVy"’—I— C+
+-§~ln|y+Vy2+C| + Co,

rae C 1 Cy — NpoOH3BOJLHLEIE NOCTOSHHELE,
O6uiee pemenne ypaBHenus Dfaepa gannoro GyHKuHOHANA

HafileM H3 COOTHONIeHHS -%‘—Z— =%—, rae A — npousBoJbHAs 1O-
crosinnasg. Mmeem
x
—— = | x+ V¥ =C]
Ve —c l 4 +
C 1 1 Y

-+

+T(x+Vx2—C)Vx2—C +—4— ViE+cC

+<mly+VyZFC ’
2 nlytVy +5 4 (y+VEFCOVyEFC

ITocae HecaOXKHBIX YNPOUIEHHH HOJYYHM

y+Vy2+c T ooy LHVEFC _ (4= x oA),

=
-

In

x+VE—=C x+ViI=C
OTKY/4 OKOHYATeALHO 6yAeM HMeTh
1 — A2 A2 1)
2 —_y? =
x 1 =Y C( 54 ) .

'

310 — cemeficTBO rHnOepGo.
Haiitn skctpeManu ciefyouiux (pyHKIHOHAJIOB:
X2

199. J = [ xy V' dx.

X1
e

200, J = [ xyy” dx; y(1)=0, y(e)=1.
1
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X2
201. 1 = [ G(y) V1t dx
X, .
202. Haiite MuauMyM GyHKLHOHAA
1

1= [ (39" 4oy +y +9)ds,
0

ec/IM 3HAYEHHs HAa KOHLAX HHTepBasja He IaHHL.
203. Hafitu ¢yukuuio moast p(x, y) u caMo moJje
SKCTpeMaJeH, NPOXOJALIUX Yepe3 HAyaJo KOOPIHHAT,
(pYHKUHOHAIA
(x, y)v =
/= VIt v g4y (y > 0).
0,0 Y

204, Cpenn Jumuufl, coejuHfomWuX npamyio x=0
¢ Touko#t M, (x;, y1), tae x; > 0, y; > 0, HafiTH Ty, KOTO-
pasi AaeT MHHHUMYM (YHKLUOHAJY

Xy

J=fl/—‘j—y'dx (4> 0).
0

IlycTb uMeeTcs GyHKHHOHAT

Xq
Iol= [ Fxy.y)dx

Xi

H JaHo ero noJe skcrpeMmaneft ¥y = @(x,C). Torna B Kaxaoil TOYKe
Mo/l H3BECTHO HaNpaBJeHHe TPAaHCBEPCanH INoJd, Npoxopsauled ue-
pes 3Ty TOouky. Bce Tpaucmepcanm noas mosydaloTCsA KaK pelUeHUd
nnddepenunalbHOro ypaBHeHHs MepBorod nopsaka:

Fy 5 0 0, 0 (x, O] 2L = H[x, 9(x, C), o(x, C)]

rie BMecro napamerpa C, oNpeAeNsIOLIEro 3KCTPEMAaJH NOJsA, HaA0
TIOACTABHTh €ro BHIPAXKEHHE uYepe3 KOOpAUHATH TOyek moJas. 3aech
H(x y, p) — raMmuabToHHaH.
[Tpumep 5 Haiitn TtpaHceepcany nasa I10aAs  3KcTpeMmadelt
¥ = Cx (yukuuonana
B2}

J = f y* dx.

*1
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Pewmenune. Haxomum ramuabronuan pannoro ¢yHku#ouana.
Hmeem )
F=y", F,=2y (Fy,y, =2 #£0).

yl
IMonaras p=F ,, HafileM y'=—’21. Torpa
2
H=(—y*+24 - y)l , =4
y=—

Tpanceepcanu moJayunm, petuas AH(depeHUHAbHOE YpaBHEHHE
F l y ) ’
y~Cx p=2y'=2C .
rae Bvecto C HaJZO HNOACTAaBHTH €r0 BHpaX{CHHe Y€Pe3 KOOPAHHATH
TOYeK IoJas C=—z—. HmeeM
dy

2!/" — =

LA ‘ HJIH 20 == C?
y=Cx dx 4 p=2C

Tak xag C %= 0, To 2-di=C HJH 2—dl=—y—. Otciofa HaXonuM,
dx dx X

4TO ceMmeficTBO TpaHceepcadeli y? = Cx — napa6ofHl.

-

205. Haittu Tpasdceepcaan JJasg NoJsA 3KcTpemaJiel
y =Cx ¢dyHKIHOHANA

X3
J= f F(y’) dx.
X1

206. Halitu Tpamceepcaau st mosst 3IKCTpeMaJed
y = x 4 C ¢yuxuuonana

X2

I= [ (sg" —2yy")d.

X1

207. Haitty TpancBepcann JAnf TNOJS 3KCTpeMased
x2
y=x— " OyHKUHOHAIA

= f‘/y(l—y’z)dx (€C>0, x>0, y=0)
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3uas ypasneune Iamuibrona — fko6u

oW oW
W+H(x, Y, 7_1—/—)—0

Aas QyHKUHOHANA

Xy
J=fFmeM&

X1

MOXHO BOCCTAHOBHTb NOAHMTErpanbuyio ¢yuxumio F(x, 4y, y’). Tlo-
caAefHasA sABJAsSETCA pelleHHeM gudgepeHnnanbHOro ypabBHEHHS Nep-
BOrO HOpsiKa

F—zF;=—H(x, Y, F;), (9)

rae H(x,y, p) — raMuAbTOHHAH HCKOMOTO (yHKuHoHada; F (X, y,2) —
uckoMas QyHKIHA (X M Yy paccMaTpHBAlOTCA Kak [apaMerphl).
Tlocne HaxoxaeHus F(X,y,2) B Hee Hal0O MOJCTAaBHThL BMeCTO 2
NPOH3BOAHYIO 4.

3ameuanue Ypasnenue (9) ssaseTcs ypasseHmeM Kiepo.
O6ulee pemenne ypashenus Kuaepo, Kax npasuio, oTépachiBaercd,
TaK Kak B 3TOM cJyuae noablHTerpanbHas ¢yuxuus F(x,y, y’) Gyxer
JuHefiHd OTHOCHUTE/BHO Yy’ H BapHAUMOHHAS 3ajaua He BCerjga pas-
pewunma (cM. § 4). ITosromy Gepercsa ToabKO ocofoe pelieHue ypas-
HeHusa Knepo, kotopoe GyJeT aBaATbCs HcKoMOl QyHKuMed F(x, y, 2).

Tpumep 6. Ypapuenne I'amunbrona — ko6 mis 3agaun o6

X3

sKcTpeMyMe ¢yHkunoHana J == f F(x y, y') dx unmeer Bug

X1
() + (3 =

Hafitu ¢yakuuo F(x, y, y').
Pewenne, PaspeludmM pganHo€ ypaBHeHHEe OTHOCHTEJNbHO

oW
dx.l/lmeem

w LAY

dx _1/x+y (dy)
ow PR i"V_)"’_
Ox _1/x Ty (dy =0

ChaesoBaTebHO, TaMHLTOHHAT

HIpOH3BOAHOR

Jifess

H==V @+ 4 —p%
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Vpasnenne (9) mas HaxoxaeHHs HcKoMol dyHxumH F HMeeT

Ay
aF _ 2 2_(ﬂ"_)2
F—zdz—]/x+y dz ) * (10)

iTpoaug¢epenunpyem no 2 obe uactu ypasnenus (10):

AF &
dF  dF 2 4’F dz dz?
dz  dz dz* / 2 1 o (dF )2
-l ¥ty dz
< , da’F -
OrépacuBas cayyal, Koraa —d-27=0 (oH paer obuiee pemteHu?).
SOTYYHEM
ar
dz
‘ dF \2
Vet —(g)
N . dF
Paspewas 3TO COOTHOMEHHE OTHOCHTELHO MPOHIBONHOA ——»
valiaem

ar _zV2+y? (i1
dz Y1+ 22

[Toacraeass (11) B (10), 6ynem HMeTD

2V e+ v A Cl o I
F=2z
Vl-l—z“’ +‘I/x+y ]/1-!-22

=VZ+ @ Vit 2

Taxnm o6pasoM, HCKOMas NOJBHTerpadbias QyHKIUA HMeeT BHA

F=Vx +yVity™

B ciepyioulux npuMepax HaWTH QYHKUHOHAJbI, €CJIH
H3BeCTHB HX ypaBHeHus ['amuabroHa — SIKOOH:

(34 (2) =1
209. 4 —5;— - = = 1%y
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210. 4xy 20 (—"K)Q =0.

oy
211, (x &7 )+ (v %1)2= 224 2

3°. BapHauuoHHBE NPHHIHUIBI MEXAHHKH.
a) lpunyun TIamuavrona — Ocrpoepadckozo. Ilyets HMeercs

cHCTEMA 1 MaTepuatbHbiX Touek My (Xs, ys,2x) (R =1, 2, ..., n),
Macchl KOTOPbIX COOTBETCTBEHHO paBhbl mp (B =1, 2, ..., n). Ilo-
JIOKHM, YTO ABHIKEHHE CHCTEMb! MOAYHHEHO CBA3SIM

(p/(x7 yv 2, t)=0 (]=I: 2y"~y m)’ rie mén, (12)
H NpOHCXoadT noa aekictheM cud Fu(Xa, Yo, Zu) (= 1,2, ..., 1),
HMCIOMIAX [oTeHuxan (cunosyio ¢yurkuuw) U = U(xn, yr, 28, t):

ou ou ou

=y Ye=7gy fe=g-
% Yy E

Kunernueckas sHeprust »1ofl cucTeMs! Syper paBHa

n

r=g Y me (5 + 6+ )

k=1

ITycTs u3 HEKOTOPOro MO.I0KeHHS A, COOTBETCTBYIOMIErO MOMEHTY
BpeMeHH ! == {), 3Ta CHCTeMa NepeMecTHaacb K MOMEHTY BpeMeHH
t = t; B nonoxenne B. M3 Bcex BO3MOXKHBIX NepeMelleHHH CHCTEMBb
3 A B B BbIGupaeTcs KjacC AOMYCTHMBIX IBH3KeHHil, a HMEHHO Tex
JBHXKEHNH, KOTOpble COBMECTHMBI € 3a/aHHHIMH CBS3AMH M B 3a4aH-
Hpll NMpPOMEKYTOK BpeMeHH [fo, 1] mepesoaaT cuctemy uz A B B.
JeficTBuTeIpHOE [IBHKEHHE CHCTEMBl H3 MOJOXeHHs A B moso-
XeHue B ymosnerBopsier HeoGxoiuMomy ycaosuio 8 = 0 aKcTpe-
MyMma HHTerpaga
i
J = f(T—l—U)dt. (13)

2

KaxaoMy AOMyCTHMOMY JBHIKEHHIO CHCTEMHB COOTBETCTBYET 37
Gyuruuit x4 {t), ye(f), 2.(f) (=12, ..., n), onpefeneHHBIX
B NpOMexyTKe [to, }4], yaOBAeTBOpsIOmMUX ypaBHeHusM (12) u HMelo-
IUX 3ajgaHHble 3HAueHHs Ha KOHWAX NpOMexyTKa [fo, 73], Taxum
ofipasoM, HMeeM BapHAUHOHHYW 3afady co ceasamu (12) # sakpen-
JIEHHBIMH T'DaHHIaMH. )

Hast  pewendss 3voii 3agauH cocTaBaseTCs BCIOOMoOrartejabHas
Gyuruus Jlarpanxa

m
F=T+U+ 24"
i=1
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W panA Hee BHIMMCHIBaeTcss cucTeMa ypasHenu#l 3iaepa — OcTpo-
rpajcKoro:

m

¢ —X a2 o

myx, = k“'Z f()dxk—— ,
j=1

m
i, —Y A ()2
=Yy~ 3 105y, =0 (14)
=1

mkzk—Zk— A:] (t)—é.z:_o'
i=1

Ypaerenus (14) coenaganT ¢ gHdepeHIHANLHBIME YPABHEHHSIMH
JACTBHTENLHOrO ABHAKEHHS CHCTEMb.

6) Mpunyun naumensweeo dedcrsusn 6 gopue Jaepannca. TTycts
cBA3M @; H notexuuan U ne 3aBHcAT oT BpeMeHu f. B atoMm cayudae
uMeeT MecTo HHrterpan smeprun I — U = h = const. Hurerpan

t
J=J T dt
t‘

HasbiBaeTcst AeficTevem. Ma unterpana (13) caexpyer, uro
t t t
J(T+U)dt=2 f Tdt — f b dt.
to ty

t

Jas pelicTBUTENBHOrO ABHXKEHHA, no npHHuuny [amuibrona —
Octporpaackoro, uHTerpas AefCTBHS [JOMKEH UMeTb MHHHMAJbHOE
3HayeHue:

t
1= 1at=min.
t

IMpuruuny HauMeHbluero JefCTBMA MOMKHO ILpuAath Qopmy
Axobu:

f]/2w+h)ds=min
Y

(ds — muddepenunas Ayrn y), B KOTODOH HCK/IOUEHO BpeMsl.
3ameuanne 1. 3aech CYHTAIOTCA HOMYCTHMBIMH JABHIKEHHIMU
TaKkHe, KOTOpHle YJIOB/ETBOPSIOT ypaBHeHHAM cBsA3Nl @;(x,y,2) =0
(=12 ..., m) u ypasaemnmio T — U = h ¢ tem xe caMuyM 3Ha-
YyenHeM h, 4TO H 415 AeHCTBHTEIbLHOTO ABHIKEHHSH, H KOTODble HMEIOT
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(HKCHPOBAaHHOE HaYa/bHOe H KOHEYHOe MOJIOKEHHSs H (HKCHpOBali-
HbIH HauyasbHBIH MOMeHT BpeMeHH fo. KoHeuHbld MOMEHT BpeMeny
1151 HHX He (HKCHPOBaH.

3ameuanue 2. [lorenunanbHass 5Heprus BXOAHT He B HHTe-
rpajt, a B jgonoaHutensHoe ycnosne T — U == h, CocTas/isieM BCmO-
MoraTe/bHy0 ¢ynKuuio Jlarpasxa

m
1 1
~5T+5W0+n+ Y by
. =1

3areM nuweM ypaBHeHHsi Jisnepa — OcTporpaackoro Hatmedl 3a-
Jlaul, KOTOpbLle ABJSIOTCS YpPaBHEHHAMH AeHCTBHTEJILHOIO IBHKEHUS:

. U e N oy,
Mty = dx, +22 ! ox, '
=

m
i oU Jg;
il = g+ Mk gy

m
. aU + 9 2 2 aq)i
m,é, == ——- —_—
KT 9z 175z
3 o k
=l
IMMpumep 7. Mexons u3 npHHumna HauMeubllero neficTBHA,
HafTH TPAaeKTOPHIO MaTepHaI»>HOH TOYKH (eAHHHYHOI Macch), IABH-

XKyulefca nog AeHcTBHEM CHUJB! TAXKECTH.
Pemenne. Hanpasum ock Oy BBepx, TOrla NOTEHNHAJ] CHJIbI

TskecTd GyneT pased
U=—gy. (15)

~ CoryiacHO NpRHUHMIY HauMEHbIIero nefiCTBusl Ha HCKOMOil Tpaex-
TOPHH y HHTErpas

1= (VI TR as (16)
Y

DoJ/IKeH HMeThb MUHHMAaJabHOe 3HayenHe, ClenoBaTebHO, TPAeKTOpUSA
TOuKH GOyaeT 3KcTpeManpio ¢yukumonata (16). IToacrasasas (15)
B (16), moayunm

Xq -
1= [VZl=ay V1i+y7dx, (17)
X1
Vpaeuene I'amusabTona -— JKoGu uHmeer Bup
W W \?

(5r) + (%) =2t—an.
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Ero noaHslil nHTErpan 6yner
W = Ax + fl/2h—2gy —Ady=
[ 3
£ —— — — A? /o
Ax 32 (2h — 2gy )y’*+ B,

" rae A v B — npoH3BOALHBIE MOCTOSHHBIE.
Haxoaum sxctpemann dyuxunodana (17):

£+ % (2h — 2gy — A7) =C
HJan

e - B —)e- —_
y-—g o7, o2 (x—C)%4 A u C= const,

B wyacrHocTH, sKcTpeMadH, NMpOXOAfALIHE 4ePe3 Hawdan0 KOOpil-
Hat, HaligeM Ha ycaoBus y{0) = 0. IlonryuaeM oiHonapaMeTpHueckoe

cemeficTBo napato.
g Vo =&

—_ 2 LA S ——
y=—sppE t—g —*

212. HafiTii TpaekTOPHIO ABHXKEHHUS TOYKH B IJIOCKOCTH
noa AeficTBHeM CHJbl OTTalKHBaHHA oT ocu Oyx, mpomop-
LIHOHANBHON PACCTOSIHHIO TOYKH IO 3TOH NMpsIMOK U Ha-
npassieHHOH mapasiensHo ocu Oy 1pH yCNIOBHH, UTO HH-

o v
TerpaJ XHBOH CHJABI HMEET BHI 7—%—=0, UCXo-

s U3 HHTerpaJa AeHcTBHSA
Xy
I=[yVi+y dx (>0,
Xy

213. MaTepna/jbHas TOUKA ONUCHLIBAET OKPYKHOCTH
p==2Rcosq¢ (p, ¢ —nonsapHBle KOOPAHHATHI) pajauyca

R nmop nmefictBHeM LEHTPANbHON CHABI rok o6paTHO Mpo-

NOPUUOHANBLHOH WSTOH CTENeHH PacCTOSHUSA OT IEHTPA,
HaxolAulerocs B Hauaje koopAuHaT. [loxkasars, uro Ha

J60f Ayre 3TOH oKPYXKHOCTH (— _’2.': <LK < —g—)

HHTerpan HeACTBUS [OCTHraeT CHJAbHOIO MHHHUMYMa.

214. M3yuuTh [ABMIKEHHE MAaTepHAJbHOH TOUKH IOJ .
HeHCTBHEM TPHTATUBalOUleH HeHTPaJbHOR CHJIBL, TpOTOp-
HHOoHa/bHOR paccrosiHuIo OT neHTpa O, HCXOAS M3 TpHH-
LHIa HauMeHbUIero [eHdCcTBHs H NpuMeHAs meron [a-
MHJbTOHA — AK06H.



rTABA I

APAMbBIE METOILbl BAPUALHOHHOIO
UCYHCJIEHHSA

§ 13. Koneuno-pasnoctubiii Meron 3iinepa
Ilyers gaHa mpocrefiilas BapHanMOHHas 3afada: HafiTH SKCTpe-
MyM (QyHKIHOHana
b
Ng=[Flngyrds y@=a y®=8 (1
a ,

B Metone Dittepa aHavenus ¢ynxunonana (1) paccmarpuBaiores
He Ha NPOYMSBOJBHHIX, AONYCTHMBIX B 1aHHON BapuauMonHoN 3amaue
KDUBBIX, @ JUlUb HA JIOMAHBIX, COCTABJCHHBIX W3 3aJaHHOTO YHCAA 7
npAMOJNMHERHHX 3BEHbEB, ¢ 3afaHHBIMK acOUHCCAMH BepPIUNHH

b—a

a-+Ax, a+2Ax, ..., a+(n—1)Ax, rae Ax= Pl
Ha sTux aomanbix ¢yukumonan J[y(x)) mpespamaercs B ¢yHRUHIO
D(yy, Y2 +--, Yn~1) OPRHHAT Y1, Y2, ..., Yn—1 BEPLIHH JOMaHOM.
OpnuuaThl yi, Yo, ..., Ya—t BHOHPAOTCH Tak, YTOGR! (GYHKUUSA
O(yy, Yo .-+, Yn—1) KOCTHrANA BKCTPEMYMA, T. € OHH ONPEALJAIOTCH
H3 CHCTeMBl ypaBHEHHIl
o0 o o0 ‘
- =0, —=—==0, ... =0. 2
0y Oys "7 0yn— @)

Tlosyuennaa nomatas spasercd NPHOGINIKEHHLIM pelleMdeM Ba-
pranuonto#t sanaun (1).

IMMpuwmep. Haifirn npubnmxenHoe pelleHHe 3a1ayd O MHHH-
MyMme (QyHKIMOHarA

1
Iy (x)1=j(y"+2y)dx; y(0)=y (1) =0,
; _
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Pemenne. Boapmem Ax = 1—;—-—0— = (0,2 B NONOXKHM

Y=gy (0)=0 y=y(02), y,=y(04,
y3==y(0,8), «=y(08). y=y(l)=0.

3HaueHHs NPOH3BOAHKIX MPHUGIHKEHHO 3aMeHuM no dopMyse

r Y41~ Y
Yo=Y (%)~~~
Torna
, -0 ’ _ Y=t ’ __Ys—U
y (0) - 0,2 1 !/ (072) - 0'2 ? y (0’4) el 0'2 ’

’ . Y4 — Y3 ’ . 0'—'.’/4
y (016)_ 0’2 y y (0,8)'—" 0’2 .

Haunnifi HHTErpas 3aMeHseM cyMMoft no Gopmyse NPAMOYTONLHHKOB
f fx)dx =~ [fa) + F () + Flx2) + oo 4+ fxn-1)] Ax.

Bynem uvern

@ (Y1 ¥ Yo 42) = [(—é%)z + (y_g()%y_,y +20 + (y_a(;’,—’g‘y?‘)?"'

+ 245 + (&

U3 )2 +20s + (__ ‘o%)z + 2y4] 0.2,

CocrapnseM cucreMy ypaBHeHHH Ans ONpese/eHHsl OPAMHAT Y1, Ys,
Y3, Y+ HCKOMOI J10M aHO:

61,‘2‘"3%—6%{2"'y20;2%+2_0
61,“2'7?%— y20-(;2y1 y3002y2+2_O ’
(Tl,ﬁ"g%=y3o—62y2— 002 +2=0

(%'%%= St o =0

HaH
2y — y, = — 0,04,
= Y1 + 2y — ys = — 0,04,
- Y2 +2!/3°‘y4=‘—0704:
~—y+2 =-004



§ 14} METOJ PHTUA. METOJ KAHTOPOBHYA 157

Pewenne 310if ccremn Y1 = —0,08, y; = —0,12, ys = —0,12,
x%—

Yi = —0,08. 3HaueHHA TOYHOrO pelleHUT § == B COOTBET-

2
CTBYIOUIMX TOYKAaX COBNAjaloT €O 3HAYEHHAMH NPHGNHKeHHOro pe-
IIEHHS. i ’

Hajith npubaukenHsie pellieHns 3afad O MHHHMYMe
(YHKLHOHAJIOB:

1
215. J[yl= [ (4" + ¢+ 2x)dx; y(©)=y(1)=0.
0
Ykasaune. Bante Ax = 0,2.
1
216. 7 [y]= [ (4" + D)dx
0

a) y(0)=0, y(1)=0,
6) y(0)=0, y()=1.

§ 14. Meron Purua. Meton Kauroposuua

1°. Meroa Purua. Wges Metofa COCTOMUT B TOM, 4TO NPH pasbi-
ckanuu sKerpemyMma ¢yakumosana J[y(x)] paccmarpuBaerca He Bce
NPOCTPAHCTBO LOMYCTHMBIX (PYHKUHKH, a JHMIUb BCEBO3MOMKHLIE JHHed-
Hble KOMOMHAUMH JONYCTUMEIX (YHKuMH BHAA

n
!/n(x) == i}] a; 0, (%), (1)
=]

rae ;- LHOCTOsHHBIE, a CcHcTeMa {@:(x)), HaswmBaemas cucremoll
KoopOunarHolx yaxyul, TakoBa, 4To (GYHKuMH i(X) JuHEHHO He-
3aBMCHMBI B 00Da3yioT B paccMaTpHBaeMOM NDOCTPAHCTBE MOJHYIO
cHcreMy (QyHKIHH. :

TpeGosanne, 4To6b Yn (X) OBIH NONYCTHMBIMH YHKIHSMH, BO-
ofuie rosops, HakJaablBaeT Ha KoopjHHaTHhle GYHKUHH ¢;(x) He-
KOTOpLie [ONOMHUTENbHLIE YCJAOBHS THIA YCJAOBHH TIJIaIKOCTH HAK
YAOBJETBOPEHHS] TpakUUHbIM YC1OBHAM. Ha takux JHHEHHHX KOMGH-
HaumAx ¢yukunonan J[y(x)] o6pawmaercs B QyHKUMIO apTyMEHTOB
Ay, G2, oovy Ua:

IHyn ()] =0(ey, 0y ..., an). 2)
HaxonuM Te 3HaueHHT Oy, ®2, ..., O, KOTOPHE AOCTABAMOT (yHK-
nad @(ay, Az, ..., On) 3KCTPEMYM; AJS 3TOrO pPelllaeM CHCTEMY,
BooGUle roBOpA, HEJAHHEHHBIX OTHOCHTENBHO G, &2, ..., %n YyPaB-
HeHul
) b :
=0 (i=1,2 ..., n), 3

6al
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¥ HalIeHHble 3HaveHHs o; nogcrasiaseM B (1). IToaywennas TakuM
ofpa3oM INOCIef0BATENLHOCTh {Yn (X))} sABAAETCS MHHMMH3HPYIOLIEH
NI0C/eA0BATENbHOCTHIO, T. €. TaKOH, NJd9 KOTOpOH mnocsaeroBaTestb-
noctb 3HaueHnl Qynxumonana {J [ya (x)]} cxoauTes K MHHHMYMY HJH
K HMKHell rpaHu 3HaueHHd ¢yHxuxoxasa J[y]. Onnako u3 TOro, UTO

lim J[yn (x)] = minJ [y (x)],
n—»oo

eme He caeAyer, uto lim y.(x) = y(x). Murumusupywolas nocie-
n-> oo

ZOBaTEJIbHOCTh MOMKET H HEe CTPEMHThCS K (GYHKUHH, Deanusyoueil
3KCTPEMYM B Kjacce AOMYCTHMBIX (pyHKLHI.

MoxHO yKasarh ycaoBus, o0ecneyHsaillue CyHECTBOBaHHe ab-
COJIIOTHOrO MHHHMyMa (YHKUHOHATAa K ero AOCTHXKCHHE HAa (YHK-
X {y (1)}

B caydae, korja Huiercst 3KCTpeMyM (GyHKUHOHAIa

X2

Ty = [ Fx 59 dx

v

Xy
y{x) =y, ¥ (x2) =y,
9TH YCJIOBHS TAKOBBI: :
1. ®yuxuna F(x,y,2) HenpepblBHA MO COBOKYMHOCTH CBOHX ap-
TYMEHTOB NpH Jwofom z u npu (X,y) & D, rnpe D — 3amknyras 06-
JgacTb naockocti XOY, B KOTOPOIT ek ar JHHHH Y, (X).
. 2. CywecTByoT Koncrautst o >0, p > 1, B, 113 KOTOpHIX

F(x,y,2) =alz|’4p,

KaKoBO 6bl HU GLINO 2 H s 1060# ToukH (x,y) = D.

3. @yuknua F(x,y,2z) uMeeT HenpepbiBHYI0 4ACTHYIO HPOH3BOI-
Hylo F.(x,y,2), upuuem »srta npoussogHas st J0GOH TOYKH
(x,y) =D ecrb HeyCuBaiomas QVYHKUHS OT 2 (—oo << 2 < +-o0).

CodopMyanpoBanHble BhIE YCJAOBHA BHIHOJHSAIOTCSH, B YaCTHOCTH,
Jst QYHKUHOHA/N0B BHAA

Hol= [ [p () v+ () 52+ 2r () ol i,
y=a,  yw=b

rae p(x), q(x), r(x) —3ananHble HenpepbiBHbE Ha [Xy, X2] DYHKuHY,
npuueM p(x) HMeeT HeNpepHBHYIO NPOM3BOAHYIO p/(x) H p(x) > 0,
g{x) = 0.

Ecan rtakuM MeTofoM omnpegenasercst aGCOMOTHLIA SKCTPEMYM
¢yHKUHOHANA, TO NpHONHKEHHOEe 3HAYEHHE MHHHMYMa (YHKIHOHA/a
noJaydaercss ¢ H30GLITKOM, a MakcuMyMma — ¢ HejocratkoM. OT ynau-
HOTO BBHIOOpA CHCTeMbI KOOpAMHATHBIX Gyukuuii {p:(x)} B 3Hauu-
TeNLHOH CTENEHU 3aBHCHT YCNeX NDHMEHEHHSl 3TOro MeToAa.

Bo MHOMHX cayuasix JOCTAaTOYHO B3fATh JHHEHHYIO KOMGUHAUHMIO
ABYX-TpeX OYHKUHE @i(X) AAs TOro, YTOOHl MOJYUHTb BIOJHE YHAO=~
BJIETBOPHTENbHOE NpUOIMKEHHe K TOUHOMY pelleHHI0,
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‘B cayuae, - koraa NpHXOAMTCS HaXOAHTb NPHOIHKEHHO IKCTpe-
my™ dyHgnHoHanoB J[2(X), X2, ..., Xa)], saBHcAmux or ¢yHKuni
HECKOJIbKHX HE3aBHCHMBIX NeDeMeHHBIX, BHIGHDaeTcs KOOpAMHATHAS
cucrema GyHxURA

@1 Xy, Xgy oo ey Xn)y @2(X1, X35 0evy Xn)s ovny Qm (X1 X2y o eey Xa),

n ﬂpHﬁJIH)KeHHOe pemeﬂne BapHaLLHOHHOﬁ 3a4auyl Hiercd B BUAL
m
2= 2: Gy (X Xy veey %)
=1

roe Ko2hGUUHEHTH O, — HeKOTophle nocrosuubie uucaa. Haa onpe-
De/eHns] MX anaJOrHYyHO NPeAbIAyLIeMY cOCTaBASeM CHCTEMY Ypas-

, 0O
HeHu il 5&-—;=0 (k=12 ..., n), rae ®(o1, &%z, ..., &n) — pe-
8yJbTAT HOJACTAHOBKH Zm B Qyuxunonan J [2].

Opumep 1. Haitru npuGankeHnoe peleHne 3afaduu O MHHH-
MyMe QyHKUHOHANA

1

I{y)= f (y* — y? + 2xy) dx, (4)
0

y(0)=y(l)=0 (5)

H CPABHHTH € TOYHEIM DELICHHeM.
Pewmenwne CHcTeMy KoopauHaTHRIX (yHKuui ¢p(x) BbiGepeM
TakK:

9, (x) =(L—x) x* (k=12 ...).

OyHKUHH Qs (X), OYEBHAHO, YNOBJAETBOPAIOT KpaeBhIM YC/IOBHAM
®r (0) = @p(l) = 0, aBasioTcs AMHEeHHO He3aBHCHMBIMM H Tpej-
crasJsior B npocrpadceree C) [0, 1] noanyio cueremy. .

INpu k=1 mnonyuyaem yi(x) = ai(x — x?). Iogcrasass 3to
BbipaxkeHue 18 yi(x) B dyHruuonan (4), moayunm

i
Iy, (x)] = f [of (1 — 26 — a2 (x — )+ 20,x (x — f)] dx =
b

i
=I[af(l—4x+ 4x2—x2+2x3—x4)+2a1(x2—x3)]dx='
)

3 9 1
=—ﬁa,+—6—a,=®(al).

h

Kosad$puunenT o) HaxoauM H3 ypaBHEHHS

@

3 1
Po 5 TE=0
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5
OTKyHAa a; = ——l—é'. ChenoBaresbHo,

3 13 e
yl(x)— _1§x+ 18 X%

Tounoe peleHHe YpasHeHnne Ditepa Ajas AAHHOTO QyHK~
LM OHaMa:
yl/ + y p— x.

Pewas 370 HeozHOpoaHO® NHHEAHOE ypaBHEHHE, HAXOAHM

p

y(x)=Cycos x4+ Cysinx 4+ x.
Ucnoabays rpanuunsie ycaoBast y (0) =y (1) = 0, DonyuuM oKOH=-
yaTeabRO:
sin x
sinl’

y(x)=x—

CpaBuHM TOUHOE pemieHne ¢ NMPHGIHKEeHHBIM!

x Tousnoe pemenne Tpabamkenioe peieine
0,00 0 0
0,25 —0,044 ) ~—0,052
0,50 -0,070 —0,069
0,75 —0,060 —0,052
1,00 0 0

ITpumep 2. HaliTy npHOGJIHKeHHOE DpeleHHE HeJHHEAHOro
YpaBHEHHS

” 3
y,=?y21

yaoBaIeTBOpsomee yeqaoBusm y(0) =4, y(1)=1.
Pemenne. Droi kpaeBofl 3agmaue oTBeyaeT BapHAlUOHHAA
3ajmaua

1
I= [+ de g0 =4 yO)=L
0

Bynaem HCKaTh pemrenne B BHIE
yi(x)=4—3x+4a,(x —x%),

rae, OYEBHAHO, y, (x) mpn JmoGoM 3HAUEHHHW O; Y/IOBJACTBOPAET 3a-
JaHHBIM KDA€BLIM YCJAOBHSM. '
Hmeem .

1

J i) = [ o (1 = 20) = 3P + [4 =32 4 0, (x — )% d,
0
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OTKYA2 .
2] {1~ 221y (1 — 20 = +
51 ¢ - .
+3(x—x)[4—3x+a, (x— x2)]%) dx.
Yenosue 971yi] =0 npHHHMAaeT BHJ
oq,

9a} 4 4900, + 1407 =0,

TaK 4T0 AAA o; = — 3,0413 mosyuaem BCIOAY HOJOXKHTEAbHOE De-

LIeHHe 3a1ayH
y1 (x) == 3,0413x2 — 6,0413x 4 4.

Hafitn npubanXKeHHble pelleHHA CJASRVIOUWHX 347144
o MHHUMYMe OYHKUHOHA10B. CpaBHHTb C TOUHBIM pe-
1eHHeM.

1
217. 11y (A= [ (4" +29)dx; y(0)=y (1) =0.
0
2

218. J[y ()] = [ @y + g2+ y")dx y(O)=y (@)=0.

0

219. Hafitn npubauKenHoe pelleHHe 3aXayyu o MUHH-
MyMe HHTerpaJfa
1
IHyWl= [ —ry)ds y(-1)=y(1)=

-1
1

TPH JTONOJHHTENbHOM YCJOBHH fyz (x)dx=1.
-1

ITpuwmep 3. Hafite -npubanKennoe pelueyHe 3anaud o6 3KcT-
pemyme ¢QyHKUHOHAIA

J [z (x, y)]——ff T -g—y-) —QZ]dxdy,

rae D — kBagpar: —a<{x<a, —a<\y< aH Ha rpaHuue KBai-
para z2=0.
Pemenue [lpuGruxennoe pelleyue G6YAEM HCKaTh B BH/S
2o (x, y) =, (x* — a?) (4 — a?).

6 M, J. Kpacuos u AD.
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QueBHano, Tak MNOCTPOeHHaA OYIKUHA 2o (¥, y) YAOBJAETBOP €T
HOCT4BJCHHBIM [DPAHHYHHEM ycaoBusMm. [logcTaBass 2o (¥, ¥),

7/ 4
2o (%, y) m 2, (x, y) B QyHRIHOUAN, NOJYYHM TNQCAE HHTECPHPO+
BaHHSA

256 9 8 32
J [20] =5 %% — 5 a,a L) (%)-
Haaee, © "
ob 512 . 82
day = a5 W4* g @*=0,
5 5 2 2) (42 2
OTKYAa Gp=—fg=7, TaK 4TO Zo (x, ) = o (x? — a?) (y? — a?).

220. Hajitu npu6/auxennoe pelieHHe 3ajaud o6 5KCT-
peMyMe (yHKUHOHANA

i i ][ (85 o 4 (5 + o axa
D

rne D — oGnacthb, OrpaHHuEHHAs] 3JJIHICOM —5 + F =1,

- 221, Haiitu npu6anKeHHOe PelIeHHE 2, (x, y) 3ajaun
0 MUHHMyMe€ (YHKUHOHAJA

i 1= [ [(%) + (25 asar

rae obaacte D: x>0, y>0, x4y <1, u dynknusa
z(x, y) ynosierBopser Ha rpaHune I x=0, y=0,
x4 y=1, ycaosno z|,= ¥*+ y2

2°. Merton KantopoBuua., DToT MeTO] 3aHUMaeT NPOMENKYTOUHOE
NosOKEHHe MEeXKIY TOUHBIM pellleHHeM 3agaud U MeTogoM Putua #
IpHMEHsIeTCs LJs1 HCCaAelOBaHHA HA 3IKCTpeMyM (YHKIHOHAIOB

R / [2 (xb Xgy 000 xn)]’ (6)

32BHCAIIKX OT (YHKUHH HeCKObKHX HE3aBHCHMBIX NEpeMeHHBIX
(n = 2). Kak # B cayuae Merona Purtna, BoIGupaeM KOOPAHHATHYIO
cacreMy GYHKUHA {@k (X, X2, ..., ¥n)} H npuGaHKeHHOe pelleHHE

HIEM B BHIE
m

zm=kzl, ay (%) @ (%) X wees X,) )
=1

HO Tenepnp Koaq)(pnuﬂemm oy (x;) SABAAIOTCA HEH3BECTHBIMH (YHK-
HUSMH OQHOH U3 HE3aBHCHMBIX NEPeMeHHBIX.
Gynruuonan (6) ma ¢pysxkuuax suga (7) npeapamaeTca B (yHK-

uuosan J [oi (%), @a(x;), ..., am(x;)], 8aBucamen or m Qysxuui
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o1{X;), az(x;), ..., &m(%;). T PyHKUMH BLIOHpPAOTCHA TaK, YTOOM!
¢ydkunonan J AOCTHraJa 3KCTPeMyMa, H ONpeAeAsloTcst M3 HeoBxo-

AHMBIX YCJIOBHIt 3KCTpeMyMa (yHKuHoHana J.
Hcnoanzys merox KauToposuua, mosydaem npubiuKeHnoe pe-
nieHue, Booflie rosops, Gosee TouHoe, ueM B Metole PuTua npwu
TeX e KOOpAMHATHHX GYHKUMAX {Qa(X1, X2, ..., Xa)} H C TEM XKe
YHCJIOM M Y/IE€HOB NPHOJMKEHHS.
MIpumep 4. Halitn npubnuxkenHoe pewesne ypasueHns [Myac-
COHa
—as<x<a,

Az=—1 MOyTOJBHEKE D: 8
B MPAMOY) H {—-b<y<b (8)
npH ycroBun 2 =0 Ha KOHTYpE.
Pemenune YpaBuenue Az = —I| gaBasercs ypaBueHHem Iif-
aepa — Octporpajckoro aas GpyHKLHOHARA
0z\? 0z \?
Iyl = fbf [(Fx’) + (@—) - 22] dx dy. 9)

Peurenye umeMm B Buje
2 (x, y) = (b — y%) a (x);
$yHKuHA 21(X, y), OUEBHAHO, YAOBJIETBODPSET TPAHHUHBIM YCJOBHAM

(8) Ha npamMblx y == =£b.
Moacrasnas 310 3Hauenne 2; B yHkuuonan (9), Haxooum

a
] = f ({% ba” + g Bat — 3 b%)dx.  (10)
-a

VYpasueune iinepa naa dyuxunonana (10)

” 5 5

— R e —— l
&~ * T (1

VpasHenue (11) ecTp suHeiiHoe oaMOpojHOE ypaBHEHHEe C IOCTOSH-
HbBIMH KO3((HUHEHTAMHE H ero ofuiee pelleHHE:

5 x 5 x 1
a(x)=C| ch 1/‘3 —I')-+Cz Sh‘l/"g"{7+—2‘.

Hocrosuupie Cy; # C, HAXOZHM M3 IPAaHHYHBIX YCJAOBHHA
a(—a)=ua(a)=0,

uTo AaeT C;=0, C;=~ , TaK YTO

N S
5 a
-2°h1/?‘b‘
B
°"1/‘2'I
B a

ch —2-7

a(&)=% I—

6*
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Takum ofpasoM, noayyaem

5 ox )
b2—y2‘1__ Ch]/—2__b—

2 (5 9) =25 2
5 a
Ch-}/ ??7; J

Jas noaydeuusi Goslee TOYHOTO NPHOJHIKEHHS MOXHO HCKaTh pelie-
HUHE€ 3aayd B BHjAe
22 (x, y) = (0> — gy oy (x) + (b7 — ¥*)? 0z ().
222. Haiitu npu6imKkednoe pelieHne ypasuenns [lyac-
coHa Az = —1 B obaactu D, ABAAOLIENACS PaBHOCTOPOH-
V3
3

HUM TPEYTOJbHHKOM, OrpaHHYE€HHBIM IIPAMBIMH Yy=t—x

i x = b, ofpallaioliieecs B HyJb Ha rpaHule 3TOH o0aa-
CTH.

223. Haiitn npubamKenHoe pelleHHe ypaBHeHusa Az ==
= —1 B o6aactu D, sBasawowefica paBHOGOUYHOH Tpane-

/3
[Helf, orpaHuYeHHod NpsAMBIMHU y=:tl—§—x Hx=1,

x = 3, obpamamolleecss B HyJb Ha IpasHue 3Toi obiacti.

§ 15. Bapuaunonnsie MeTOABl HAXOXKAEHHA
cOOCTBEHHBIX 3HAYeHUH ¥ COOGCTBEHHBLIX QyHRUMI

VYpasrenne lIrtypma — JluyBusag
d ,
—= WY+ aWy=ly, ()

rae p{x) > 0 HMeeT HeNpepLIBHYIO MNPOH3EOIHYIO, §{Xx) — Helpe-
PEIBHA, HPH YCJIOBHAX

y(a)=0, y(8)=0 @

a8 J1000r0 nefiCTBUTEJBHOTO HJAH KOMILIEKCHOTO A Bcerza HMeeT
HyJeBoe (TpHBHAJbHOE) pemeHue y == (.

CoBOKynHOCTh ypaBHeHHs (1) W rpasMuHBIX ycjoBHH (2) Hasbi-
BaioT kpaegol 3adaued Ultypma — Juysuran (1) — (2).

Te 3navenus mnapaMerpa A, TpPH KOTophIX KpaeBas 3ajgava
(1) — (2) wuMeer HeTpuBHalbHble pelieHHsa y(x) %= 0, HasbBawTcH
COGCTEOHHbIMIL BHOYGHUAMY, d CaMH 3TH DEILEHHS — COBCTEeHRbIMY
pynryuamu dannoil kpaeeotd 3adauu.

Ypapuenne (1) ectb ypapHeHHe Diinepa, OrBedaiouiee cJeiyio=
el 3afade Ha YCAOBHEIH SKCTPeMyM: HalTH MUHHMYM QYHKIHO-
Ha/la

b
Iyl = f (py’® + qy?) dx 3
a N
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npu yeaoBuax (2) u ycaoBHH

[rwae=1, (4)

Ecnn nerotopas ¢yHKIHA y(x) GyneT penieHreM 3Toll BapHa-
HUOHHOH 3apmaun, To oHa Oyper ¥ pellenueM 3agauu (1) — (2), or-
JIMYHBIM OT TOXKAECTBEHROTO HyJs B cHay ycaosusa (4). ITostomy
co6cTBeHHEBle 3HaueHHss H coOCTBeHHble (YHKLHU KpaeBoli 3ajpauu
HItypma — JInyBuais Ha3BIBAIOT Takke COGCTBEHHBIMH 3HadYeHHSIMH
H ?Z)ﬁCTBeHHbIMH (yHKUMAMH (YHKuuoHana (3) HpH ycaosHax (2)
H .
CofcTReHHAA (QYHKIHA by(x) Ha3LIBAETCA HOPMUPOBAHHOL, eC/H

J.y"’(x)dx=1.

INpumep 1. Hafiry coBcTBenHble 3HaYeHKs U COGCTBEHIIbIE
hyHRUHE PYHKIHOHANE

3
1= [ [r+ 37y — vl dx (5)
0
NpH YCA0BHAX
yO=0, y@3)=0, ©)
3
[rmac=1. 7)
0

Pemenune ¥Ypasrenue llrypma — JInyBuans umeer Buf

d
—y— = (e +3)y =1y
uan

@x+3)72y"+402x+3)y + 2+ Dy=0 3)

VYpaBHenne (8) noncraHoBkofi 2x -+ 3 == e! cBOAMTCS K JHHEAHOMY
ypaBuernio ([11], CTp 143) ¢ moctoanHBME KO3((QHIHEHTaAMH

dt'z +4 +(7»+1)y—0 (9)

Ero xapakTepHcTHueCKoe ypaBHeHHe

4R+ 4k + A+ 1=0 (10)
1 ].lr—-—-'
k1,2=—’2—‘i? '_A'.

HMeeT KOpHH
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PacemoTpuM TpH cayuas.
1) A < 0. Torza o6ee pemesHe ypaBuents (9) 6ymer

y (1) = CyePt 4 Cyet,

rae by u ky, — peficTBuTeNbHEIE uMCJIA, 4 3HAUHT, ofllee pelICHHE
ypanuenus (8):

g (x)=C1 (26 + 3)" 4 Cy (2x + 3)",
Ipanuunue yeaosus (6) pamwor
C 30 4 3k =0,
C;- 9% + czg’% =0, }

omyaa Ci=0,Co=0u y(x)=
2) A=0. Torpa

y ()= (Ci+ Cot)e 2,
a 3Haynr,

y(x)=[Ci+ CyIn [(2x + 3)]

1
Va2x+3
M3 rpanHuHHX YyCTOBHH NoJyyaeM
Ci+C,In3=0, }
Ci+CyIn9=090,

orkyaa C, =0, C;=0, a suaunt, y(x) =0,

3) A > 0. Toraa k1,2=—é—‘ii

nends (9):

5 H ofujee peuleHue ypas-

£

y(l)=e_2 (C, cos Vo t 4 C,sin 1297 t).

2

Ilepexons k mepeMenHofl ¥, monysuM

Cy cos[ lg)b In (2% 4 3)] + C, sin []—/;— In (2x + 3)]
Yy (x)= Vm (11)
I'pannunnie ycaoena (6) pawor
C, cos(]/;b In3) + C, sin (l/;x In 3)—.:0,
(12)

AV \ 'y
Clcos(}2h lr19)+Czsin(VA 1n9)=0, J
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Cucrema (12) GymeT uMeTb HETPHBHANbHBIE pEIUEHHH, KOrja ee
Onpe JeJHTENb PaBEeH HYJIO:

cos ( Vi In 3) sin ( VA In 3)

2 2 0
)
cos(2 In 9) sin 5 In9
HaH sin (VxlnB—- ‘gx ln3)=0, T. e. sin(VzX ln3)=0, oT-

Kyda — In3 =nn. Co6cTBenHue 35aUeHHs GyAyT:
4n?n®
A =~ (n=12,...)

Bepa moGoe ypaBueHne cHcTemut (12), manpumep nepBoe, B TOA"
craBJ/fs B Hero A, BMeCTO A, HOJyYHM

Cicosnn 4 Cysinpnm=0
HJH 0,2(—21)n=o, orkyna C;=0. IToagoxue 8 (l1) C;=0 &

4n2n o
An=-l—n5—3—, HOJyYHM COGCTBEHHHE (GYHKLUHH HaHHOH 3ajauu

sin [nn In (2x 4 3)]
In3
Vax+43
Koa¢duuuentol C; HaXOQHM H3 YCJOBHSI HOPMHPOBKH
3

f y?, (x)dx=1,
Q

n=12...)

Yn (x) = Cy

yT0o naer 9
Cpo= bt —,
" Vin3
a 3HauHT,
y sin[nnlnl(:,\:;—l— 3)]
Yn(x) == (n=1,2...)

in3 V2x+3
B caemyoomux 3agauax HalTH coOCTBEHHBIE 3Hauye-
HHSl B COOCTBEHHBIE (PYHKIIHH:

1
224. J[yl= [ (s*+ y")dx,
0

1
y(O)=y()=0, [grds=L.
) ¢
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2 2
225, J[y]=fx2y’2dx, y(l)=y@2)=0, fy2dx=l.
: i I

e

226. /[yl = (64*+ +%y") dx,

1

y(1)=1y(e) =0, fyzdle.
1
21

227. T lyl= | (»—y")dx,
; 2n

gl =y@n)=0, [ pdc=1.

1

228. Jlyl= [ 35" — (x+ 179" ax,

4}

i
y (0)=y (1)=0, f yrdx=1,
0

Co6cTBenHBIe 3HAYeHHss W COGCTBeHHBle (QYHKUHH BapHALBOHHOI
3agaun (3), (2), (4) obnanaioT paAOM Ba’KHBIX CBONCTB,

1) Ecin Am # An—1Ba pAa3IHUHBIX COGCTBEHHBIX 3l1aueHis
¢yskudonaaa (3), npu yemoBuax (2) u (4), a Yym(x) 4 yn (<) —
COOTBETCTBYIOUIHE HM COOCTBEHHBIE DYHKUHH, TO 3TH QYHKIHU Ym (X)
H Yn (X) opTOrona’dbHLL T. €.

b
f Ym (%) yn (2} dx =10 (m = n).

a

2) Bce co6cTBeHHBle 3HaueHus A, (yHkuuonana (3) Beue-
CTBEHHHL

3) Ecnn An ecTb cofcTseHHOe 3HaueHue ¢yHKIMOHana (3), a
Y= (X) — COOTBETCTBYIOMIAA HOPMHDOBaHHas cobCTBeHHAss (yHKUUH,
TO

I [yn (£)] = An.

4) Haumenbillee u3 cOGCTBEHHBIX 3HAaueHHH COBNAAAET C MHHH<
MyMoM ¢QyHKUHOHAMA (3) npH ycnoBuax (2) H (4),
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INpumep 2. JloxazaTh HepaBeHCTRO
n n
[wa=[rwd, s@=y@=0.
0 0

n

o . 2
Pemenne. Halizem min f Yy~ (x)dx mpn ycioBugx
0

n
[rwa=1, 3O =y@=0.
0
Ypasuernne Dillepa AJs (pyHKLUOHALA
T
1yl= [ [y (0 = 247 (0] v
0

HmMeeT BHA
y'+riy=0, y(0)=0, y(n)=0.

169

CoGcTBesHbe QYHKUHH MOcjenHel 3afiaudl cyTh Yo (x) = sinnx, a

co0CTBeHHBE 3HAUYEHHA An = 12,

Hauvenbiiee cobGcTBeHHOe 3Hayenuwe ecrs Ag = I,
COIJ1acHO CBOKCTBY 4)

a
min f y'2 (x)dx=1.,
0

ITostomy,

CaenoBatesbro, Ana JoGolt  dynkuun gy (x), Aas  Koropoi
T

f y? (x) dx =1, Hmeem
; ‘

n F14
[ max> [ g ax
0 0

sin x
DTo HEPaBEHCTBO YJAYUIIMTL HEJb3st, TaK Kak npu ¥ (x) ==

HMeeMm

n n

2
fy{ (x)dx=fyf(x)dx=l.
0 0

N
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14
3ameuanne. Eum f Y (x) dx=Fk? 5= 1, TO 3amaua cBo-
0
. _yx)
IuTCA K TUpeAnAymed nyrteM BBeiends dyHKuEH 2 (x) = e

IMoab3ysick 3KCTpeMaibHBIM OIPEjeI€HHEM COGCTBEHHBIX 3Haue-
HHUM, yKaxeM crnocoObl HX NpHOMHMKEHHOro BBIYHCAEHHS C HCIOJb30-
BanHueM MeTola Putna. Ilpu 3ToM ciaemyer HMETh B BUAY, YTO METOR
Putna paer pis co6eTBeHHOro 3HayeHHs NMPHOIMIKEHHE C H3OBITKOM.

MMpuMep 3. Hailtn npubanxenso nepBoe coOCTBEHHOE 3HAaye-

HHE 3ajgaul
¥+ My =0,
y (=) =y (1) =0.

Pemenne 3amaua o MHHEMyMe dyHKIHOHAJA
1

f y’2 dx
-1

PR YCAOBHAX

1
g(~=)=y()=0 = fy?(x)dx=1
-1

ABJAeTCA H30NEPHMETPHYeCKofl 3aiauell H CBOAMTCA K 3ajaue O MH-
HHEMyMe (QyHKIHOHasa

1
J = f (y'z —— hzyZ) dx,
~1
aaa KoTopoH ypaBhenHe JH/epa coBmajaer ¢ 3afaHHBIM AHpepen-
UManbHbiM ypaBHeHHeM ¥” -+ A%y = 0; y(—1) = y(1) = 0.
O6mee pemenne ypaBHeHHsi ecTb y(x) == Cicos Ax 4 Cy sin Ax.
U3 rpa’HHuHBIX YCAOBAH HaXOLUM
Cycos A — Cysin A= 0, }

Cicos A+ Cysind =0, (13)

TaK YTO YC/JAOBHEM CYIIECTBOBAHHSA HeHYJIeBOr0 peuleHHd CHCTeMBbI

(13) sBasercs ycnosHe sin2A = 0 uan A = nTn

Takum o6pasoM, [ HEPBOro COGCTBEHHOrO 3HAYEHHS HMEEM
k11
2,2—'—— —_— H OCHOBHOH TOH CTPYHBI TOYHO JaeTcHd ClHIeHHeM
! 2
nx n - . .
Yy == cos 5 A=E; mepBuit o6epToH y==sin Ky, A= m; BTopoi

ofepron y = cos —?3-2’1{, A=—g—n HT. X
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ByaeM HCKaTb JLisi CPABHEHHs HPUGUIIKEHHO HeTHble pelleHHs
'(ueTHBle TOHA CTPYHH) B BUJAE MHOTOY/€HA, PACHOJOXKEHHOro Mo ueT-
HbM cTeneHsM X. BosbMeM KoopamnaTHele (hYHKUHH B BHIE @ (¥) ==
= xZh-2 .y (k =1, 2, ,..) u OyleM MHUHHMHU3HPOBATb (YHK-

m

nuonan J Ha QyHRKUHAX Yy (x)=2 LA (x). OrpasnunBasich

k=1
Y1(x) = c1g1(x), bynem mmers J =l (—g— - i—g-?ﬂ), TaK 4TO 148
OnpeneeHHs €1 MOJAyYaeM :
ar 8 16 2)
7oy =20 (g =55 ) =0

M tax kak J0KHO ObiTh ¢y %= 0, To A? = 2,5. Depg B KauecTBe Yy

. y=c19; (x) + c20: (),
HalaeM

—2(8 E_z) 8 152) 2 (88 ‘62)
’"”*(3 5 +2c’c‘"<15 105 ‘”2(105_51‘57‘ ’
H aag onpeﬂeﬂeHH;{ C1 K ¢y 1oJyuyaeM CUCTeMYy |

16 32 ,) 0

f

o (18 3‘2_2) 16 _ 32
<3=c,"c‘(3_v157L +c2(15 105

1
ar (16 _ 32 ., 176 32 2)
002_c1(15 105”‘”2(105 35 M) =0y

VesoBueM CYUIECTBOBANMS HEHYJEBEIX DemeHuil ¢; M ¢, nociaenHed
CHCTEMBI fIBJIAETCH DPABEHCTBO HYJID ONpele uTeNs CHCTeMBl, HTO

maer A'— 23474 63 =0, otkyma A}=246744, A}=2553256.

CpaBHHM HallleHHHE NPHOJHIKEHHEIC 3HAUYEHHS Af H 7»5 C TOUHEIM.

/

2
2 T 2
Tounoe 3HaueHHe A €CTh (—) ~ 2,46740, TouHoe 3maueHHE A,

, 2

2 : ' ‘ by
ecrh (3%) ~ 22,20661, Tak 4TO IOJyuenHOe NpPUGMIKEHHE IJIA A“:

BecbMa TOYHO, B TO BpeMs KakK AJs BTOporo coGCTBEHHOrO 3Haye-
HHSI TOJyyeHo rpyGoe npubaixeHue.
INpumep 4. Haiitu nepsoe colGcTBeHHOE 3HaUeHNE 3afayH

g A+ %) y=0, y(=1)=y(1)=0.
Pemenne BosbMeM B KauecTBe KOODIHHATHHX (pyHKOUH
dyarun @af{x) = 1 —x2* (k =1, 2, ...), OUeBULHO YIOBJETBO-

pAwuiMe TpaHHYHbIM YT JTOBHAM. anHHMaﬂ .

y()=c (1 —&%) +ea (1l = 1),
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MOCTABHM 3aXaly O MHHHUMH3auHu (GYHKUHORAJA
l -
Igl= [lr' =20+ sy,
-1

JIT KOTOPOTO HNaHHOE YpaBHEHHe ecTh ypaBuenue Diiepa. Dynem
HMETb

_ o(8 128 ) (E_ﬁ) 2(2_5888 )
f—cl(g—mx +2ie\ 5= ) el = 5 )

Ina onpepesensst ¢; H ¢p NOJytiaeM CHCTEMY

aJ 8 198 16 64 )
=2 (5 =5 )+ 20 (5= 57 =0, |
a7 16 64 32 5888 i
Be, = 2 (T"E”)“Cz (T"m”)*o- j

Ycnosue Cyw€CcTBOBAaHNSl HEHYJEBOrO PEIICHHUSA nocJelHel CHCTeMH

HaeT
52A% — 10684 4 2079 =0,

OTKY[a, B3B MeHbIUHH KOpeHs, HaxoauMm A, ==2,1775.
Mpunyun Pases. Tlycte unMeeM 3afiauyy O COGCTBEHHBIX 3Ha-
qeHHAX

Lo== 2 (p L) +e@y=n @y (9

oy @+py (a)=0, o +pi>0, }

’ 2 2 (15)
Gy (0) 4+ Boy (0) =0, a3+ B; >0,

rme p(x), p (x), g(x), r(x) nenpepmeun na [a, b]; p(x) >0 na
a, bl.
Oyuknuio  y(x) nasosem Odonycrumoi (y = D), ecau oua
ABaXIH HeNPEpHBHO JIubdepenuupyeMa H yJOB/AETBOPSIeT Kpae-
BHIM ycmoBusaM (15).

Ilpennonoxum, Yro /s KamKA0OH AonycTUMOoil QyHKUUM Y (X) Bbl-
MOJIHAETCS YCJIOBHeE: ’

b

[ oL@ ax>0.
a

B aTom ciywae kpaeasd 3anaya (l4) — 15) umeeT anlb XeHCTBH-
Te/bHble COOCTBEHHBIE 3HAUCHUS A.

3anave 0 COGCTBEHHHIX 3HAYEHHSX MOKHO IOCTABHTH B COOTBET=
CTBHE CJAEAYIOULYIO BAPHALMOHHYIO 3a4a4Yy:
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CpeAM BceX AONYCTHMBIX (YBKUHA y(X) TaKHX, 4TO
N .
fr(x) yrdx >0, (16)
a
b

f yL (y) dx

« . a .
HaliTH Takywo, AJs KOoTOpofl —p——— ==min,

2
[renyay
a
Tlycts y = P1(X) ecThb pemerne 310i 3apavd,
Ecan Ay ecTb MunmManbHoe 3naueHHe, T. €. eCAH

b b
[orwar [ oL
}\q -'——“yITéHD ab = 2 7 »
fr(x) g2 dx fnp%dx
a a

TO A1 ABJSAETCA HAHMEHBIHHM MOJOKHTENbHBIM COGCTBEHHHIM 3Haue-
HHeM, a P3(X) — cooTBeTcTByIOlIefl eMy cobcTBenHoit ¢ynknueii.

Ecau ua nonyctHMble GyHKUHH, KpoMe ycioBus (16), HaxoxHTb
€elle OJHO YCJOBHE .

J. rpydx==0

a

(yc/ioBue OpPTOrOHAJIBHOCTH), TO 3ajava
b

f yL (y)dx

2 =min
- -

f ry?dx

a

cHoBa 6yleT UMETh HEKOTOpoe pelmeHue Pq(xj.

Ecan As — COOTBETCTBYIOLEE MHHHMaJbHOE 3HAUeHue, 10 Az Gy-
JleT caeAyoUM 1o BeauuuHe (A2 == A1) COOCTBEHHBIM 3HAUEHHEM,
a Pa(x) — cooTBeTCTBylOmER eMy cobGerBerHofl yuxnue#, oproro-
HadpHOU K P1(x). BooGue, ecqau yiKe W3BECTHBHI MepPBHE £ MOJOXKH=
TeJbHHX COOCTBEHHBIX 3HaueHHM

M<lh <o <
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H COOTBEeTCTBYIOILAA HM OpTOrOHAaJ bHag CHCTEMA €cOGCTBEHHBIX

byHKUHE
by (£), by (6)s ooy Wy (%),

TO Ccaeaywluiee coO6CcTBEHHOE 3HAYCHHE paBHO

b
[ oL@ ax

. a
Mgy = min
yD

b ’
J. ry?dx !

a

NPHYEM Tellepb paccMaTpHBaioTCA Te AomycTumble dyHkuuH y(x),
I KOTophiX, KpoMe (16), BuimosseHbl cheayiouide JOTOJMHUTENLHbIE
YCAOBHS:

b
fr(x)q;v(x)y(x)dx=o (v=1,2 ..., k)

a

Ecau B ypasueunu (14) dyukuusa r(x) >0 wa [e, b), To naa
OLIEHKH CBepXy HaHMeHbIUEro MOJIOKHTEALHOrO CcOGCTBEHHOrO 3Haue-
HH A; 49acTO HCNOAL3YIOT CAeAYylollee HEPAaBEHCTBO (TMpHHLUHMM
Paaes):

b
[ oL ax

S
3 .

I rytdx

a

M<

Mpumep 5 C nomouno npunukna Pates ouennts M g
caenylolllell KpaeBo# 3anaun:

—y'=d, y©0)=0  g()=0

Pemenne. B namem cayuae L{y)=—y” 1. e p(x)=

=1>0, g(x)=0 & r(x)—l>0 wa (0, 1]. O!GBH[[HO a; =0,
ﬂl—-l ay=1, ,=0, Tak o0 a,+[5,——l>0 a)+ﬂ2=l>0
B kadectpe gonycTumoll Gpyukuus Bo3bmem y (1) = | — x% coraacuo
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npuuunny Pajes 6yneM HMeTh

1 1
[ewar  [20-mar 4
< =2 =—=-=25

T ' T
f ry’dx f (1—x2)dx 15
0 0

2
L5
OTMeTHM, YTO TOUHOE 3HAYEHHE 7L‘=——l-1— ~ 2,4674,

B crnenywoummx 3agauax OLEHUTb HauMeHbIne coOct-
BEHHble 3HAUCHHUSA:

229, —y"=Ar(10— ) y; y(—D=y(l)=0.
230. —y”"=2Ay; y(0)=y(1)==0.

Meron KanropoBuua (MeTOX NpUBEAEHHS K OGBIKHOBEHHBLIM aH(-
depeHnHalbHBIM YDPaBHEHHSAM) TakKXKe MOXeT GHTbh HCMOJb30BAH B
3ajaue pasHICKaHus coOCTBeHABIX 3Hauenuil u ¢yHruuil. Ilycrs, Ha-
npHMep, HMeeM ypaBHeHHe

Az+2Az=0
B obaacta D u nycrn
2 ]P = Oy

rae I' — rpanuna obaactu D,
Bynem Hckath pelieHHe B BHIe

m

em == 2 G {x) Pp (x, ) + Py (% »),

npuueM KoopiaunaTHbLie GYHKUHM @p{X,y) W leu3BecTHule TOKa
GyHKURH s (x) BHOepeM Tak, 4roOH 2, (X, y) obpama’iuch B HyJb
pcogy Ha I @yskumu o (x), oz(x), ..., Om(x) AOJXKHH yIOBJe-
TBOPAThH CHCTEME ypaBHEHHH

[ Bantrz,]0, 0 dy=0 (k=12 ..., m) (7)

Dy

n ofpamartbcs B HYJ b NMpH KpaiHHX 3HAYEHHAX apryMenta. 3Aechb
D, —- ceuenne o6nactu D npamoit x = const.

Te suauennss Dy, npu xkorophix cucremMa (17) umeer HerpH-
BHAJILHO® perienne, AajiyT NpHOIHMKEHHYIO BeJHUHHY COGCTBEHHBIX
3HaYeHHH, a CcaMH pelleHHs JanyT Hpub/HkKeHHe K COGCTBEHHBIM
yHKUHAM. C .
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Mpumep 6. Hafitu npubinxenHo nepsoe coGcTBeHHOEe 3HA<
yEeHHE H NEPBYIO COGCTBEHHYI QYHKIUIO 3aJaud

Az 4 Az=0, 2lp =0,

rae obnacte D — npsamoyroaeHuk: —a < x<Ka, — by <o,
Pemenne HMmem pewenne 3agaud B BHAE

2 (x, y) = (y* — b 0y (x).

ypaBHeHPIe (17) B 3TOM Cayuae IpUMET BHUE
f [20,+ (P =67 ol + A (> = 6%) 0] (4 — 6D dy =0

HJIH

16 5. _E{,_é_ 3) .
5 el +(15M 5 6% a =0, (18)

oy (—a)=qa;(a)=0.
O6umee pemenue (18) ects

5
a(x)=C,;sin 'l/}u ?b—z-'x-l—Czcos ]/A——éb—z-x,

YuHTHBas CHMMETPHIO 3ajauH H BbIGHpas YaCTHOE pELIEHHe, MOMYe

yaem
C; =0, Cgcos]/}u-—wa——o

OTKyJa fCHO, YTO HETPUBUA/ALHOE PellCHHEe NOJMYUYHTCHA TOJAbKO, €c/H

]/A—% a=(2k— 1)3;

(2k — 1) 2 5

A= (2a)? 267 *

B uacrroctd, ang B = 1 maxomum

n? 10
A=
(2a) (20)
BMECTO TOUHOTO 3HAYEHHA
mn? mn?

= Tay T e

Omnbka mensie 1,3%,
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Jast mepBoft co6cTBeRHO#H GYHKUHE noayuaeM OPUOTHMKEHue

nx
2y (x, y) = (y* — b%) cos TR

B crepyomux safgauax HafATH npulauXKeHHO mepBoe
coOCcTBEHHOE 3HAUCHHE:
231, y” + My=0, y(0)==y (1)=0.
232, y" 4+ A2+ cosx)y=0, y(0)=y(x)=0.
233. Hafitu npubauxenHo nepsoe cobCTBeHHOe 3HAUE-
HHUe 3a/a4H
Az+h2=0, z| =0,

rie o6aacts D — KPyr eAMHUYHOLO Pagyyca C IEHTPOM B
Haya/jMe KOOpJHHAT,



OTBETbl U YKA3AHHUY

1. a) fuin=0 B 7Touke (0,0); 6) fmax=1 B Touxe (0,0);
B) skcTpemyma HeT. 2. DxcTpemyMma ner. 3. fmig== — 8 B Toukax

Ve, =V2) a (=V2, V2); B rtouke (0, 0) skcTpémyva mer.

4, fmin =0 B Touxe (0, 0); B TOUKAX OKPYKHOCTH x? 4 y? =1 umeer
MECTO HeCTPOrHH MaKCHMYM. 5. Fmax=V 3 B Touke (1, —1).6. fmiq = 4

B TOYKE (%, 1, 1). 7. fmin=—1 B 7Touke (1,0). 8 [fpin=

3V3 o 2w\, 3V3 non
=——C B TOUKE (~3—, —3—-), Fnax = g B TOuKe (—5, 3)
nt2
9 = (__1_.__) 2 IIDH Xy == X, = == X.'. == ._2~
. fmax_ n2+n+2 PH Xy 2 “or n n2+fl+2.

11, Her. 13. Uneaa a, u f, Aomxknub 6uTs Koadgunuentamu Oypre

i 1 1
bynxkuun  f(x). 14 fmm=——; B Toqxa)f (7——_2_—, --75_—> i

——l— -—1——) fma‘<=—l— B TOYKaX <—I_, —l-:) 4 <———l_—
Ve vz ) T 2 Va2’ y2 va'’

1 36 18 12
— —]. 15, = — B TOuke (——, — . 16, {mimn =4 B Tou=
l/ ) fmin 13 (13 13) min
4 4 4 7
kax (2.2, 1), (1,2,2) & (2,1,2); fmax =4 - B TouKax (3 g’g)’
a?
7 4 4 4 7 4 Tz ’
Lo 2 L2 = 8. =
(3; 3 3) (3: 3 3)- 17, fmax=¢e 18, frtn 1

3

4
B TOUKE ; Tmax==11 B Touke (— 5 ——5—>. 19. fmin=—9

4.3
5’ 5
B 1ouke (~—1,2, —2); fmax=9 B Touke (I, =2, 2). 20. fmax=-g
xR
6' 6

7t
B TOYKE (—6—, ) 21. Ykaszaune MHckaTe MHHHMYM YHK~

41/5"

e 2= % (x" 4 y™) npu yenoBun x4 y=3S, 22, ¢t 23. 5

[ =ad

1972

24. —5—. 25. Ksanpar co croponoit a=RV?2. 26, Pamuyc
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OCHOBAHHS UHAMHAPA I = LS 1/2-!———4—_—:, BrlcoTa A=R 1/2———2::.
2 Vs V5

27. [lepBuii. 28. B.nualaocm mo6oro mopaska. 29. BauzocTs aoGoro
nopsiaka. 30. p==e” . 3l.p=1. 32 p=e—1. 83 p=e—1.
on 43 o

34. P2 =

6

38. PaspuiBeH (paCCMOTpeTb NOCJAEI0BATENbHOCTD Yy (X) ==

. 35. pjo01 = e. 36 Henpepsnisen. 37. HenpepuiBen,

sin rzx)

39. a) Paspnisex; 6) Henpepunen.240. a) PaspuBen; 6) HenpepbiBeH.

41, Henpepusen. 45. A == —28 .
48,
o al 57 a?
Al=u 4 —
1 1,2 1 T
—01 —0,098  —0,1 o —a
001 001002 0,01 =
7. 3 .
49. AJ=-§—(E—¥(I+G(3——6)G2+—G§-; 8 = 3(e . 1) @

o 87 AT

| 4,7919  6,6821
0,1 0,4792  0,4963
0,01 0,0479 0,048l

§0. 1) Ha; 2) na; 3) za; 4) wer. 51 82 (yl=2/[y] 6/ [y}

53. AJ =3k + —— k% 8/ =3k

.4 :% 8l

1 4,582 3

0,1 0,3158 0,3

0,01 003016 0,03
5

=t B
54. A= k= k% 0] =k

k AT 8J

1 2810 1,667
01 0,181 0,167
0,01 00168 0,167

55. AJ = -g- k2 8J = 0;

k o7 AJ
—1 0 13333

0.3 00,1200

003 0 00012
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b : b
57. 8/ = [ dydx. 58. 87 =2 f (y by — v’ 8y’) dx.

1 A
59. 87=24(0)+ 8y (0) + [ (x8y+ 2y &y’) d.
0

o
60. 6J = f (y" cos y by + sin y by’) dx.

b
d .
61, 8] = J‘(*Léyl + iéyz—l— +-—0—f,-6yn)dx.
J \y 9y, %y,

62. 8% [y, y] =27 {8y, 8y].

63. 8% W — oF W ((sF)* + 6°F).
b

m
65. 62/ = f 2 5 (k) 0y(1) 8y 84D dx,

a k,I=0
66. 621_” [F” (62)* + F”, b2 02 + .
G
RPN +F”, ,((Sz )}dxdy.
Fyfy
b n
2y ”
67. of_f [ 2 Fy e 80 S0+ 2 o 8y, 8y, -+
a Li k=1 ;k— Yi¥e
+ 2 F”I [ 6!{1 6yk dx.
i k=1 Yi¥y

68. Beectn B paccMoTpenHe (PyHKUHOHAJ
I{@+an] = (a)
H BOCNOJB3OBATLCS BTOPHM onpegenesneM BapHauuu. TpeGomaHue
68J =0 nNpUBOAHT K HHTErpajbHOMY ypaBHEHHIO

b
[k ne@ds+om—fm=o.

69. TTocTynast aHaJIOTHYHO TOMY, KaK CHEeJaHO B NpelBAyILEM
npHMepe, HAXOAHM, UTO (YHKUHOHANLHOE ypaBHeHHe Jiliepa, Bhipa-
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Jamlee obpamenre B HyJb mepBoft BapHauuH, ‘umeer caepyouni

BH]I: i
(re") —o(x+2)—@(x—2)+ o (x)+f(x)=0

3710 ~— cmemanHoe AHQdEPeHIHaNbHO-PASHOCTHOE YPaBHEHHE. .
’ sh{(2—x
70, —(p@’) +go=F(x). Tl y=—1x3%72 y= _(s'kT_)"
73. JIBe skcTpeman -

14+ (Bx2V2)(@x—1)
- 4V =1) b

B —— . L .
74. e  skcrpemant y=V(x—|— 1)?, y=V(3x —1)%,
75. y=(C + x)sinx, rpe C — NpPOH3IBOJIbHAS NOCTOsAuHASA. 76. Yy ==

_lp—x % _7 1, _ I3
2[e + (14¢e) xe 1]. 77.y—6x——6—x.78.y—-—€x—-

1
i %%+ 2, 79. y=1Inx. 81, Murerpan He 3aBHCHT OT IlyTH HHTe-

TpHDOBAHHS; BapHANMOHHAA 3ajaua HE HMeeT CMiIcaa. 82, y==0,
ecan o=0; npu o0 raagkoil sKcTpeManH He CYLIECTBYeT,
83. y=cosx. 84. y=cosx+ Csinx, rae C — npoussosibHas 1o-

crosunan, 85, y—x+ 1. 86, y== shx g7, y—ez(l""’ 88. Her

shi”’
SKCTpeMHJIeH ypaBHeHUe Di/iepa He HmeeT peiwensii, 89, y= C |
-+ sz—T 90. Her skcTpemaneit. 93. y=C,e*Coe™ x-l—%xe .
94. y=2chx. 96. y= L;l—ime 97, y=2x. 98. OXpPyXHOCTH
1

3
-:—=K. 99, y= (1 — x)shx. 100. y ==—xﬁ—.-(x3+6x+l). 101. 3kcTpe~

MyMa ner, 102. BapuauHosHas 3ajava He HMeeT CMBIC/A, TAK Kak
TIOJ 3HAKOM MHTErpajia cTOMT MOMHbE AHdPepernral 103, y (x)=sh x.

1 y(x)=sin2x
104. y==—2—x2, 105.{l ()= — 2 + 32+J‘l$2 .
=-—..l. 3 — e
106 ‘ g (x) (x* 4 5x — 6), ‘07 {y(x)._.s.mx,
lz(x)_x 2 (x)=sinx,
108. ! y () =7+ L
z(x) =1L

0z \? 9%z 9%z
110. (??) W"‘(ay) Soe=1(x9). 111. 8ar=0.
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n .
oo J dz ’
112, Z-a—x—-(ai(xl, . xn)—BT)+c(xl,..., X,) 2=
=f(xl) ey xﬂ)'

113. Pemenne 3anaua craBurca Tak. Cpeam nosepxHocTeit
z = f(x,y), pacnonoxeHHsix Hajx oGmactbto D njockoctH xOy u
NPOXOASILIMX Yepe3 3afaHHYI0 3aMKHYTYIO NPOCTDEHITBEHHYIO KpH-
BYI0, HMEIOLIYI0 CcBOeil mpoexkuMeil rpanuuryio Kpusywo I' ofmaacta D,
HafTH TaKylo, MJIOMAAb KOTOpOH

= | [V

MHHMManbHa (3afava Inarto). Has 3Toft 3anaun puddepeHinaib:
HOe ypaBheHHe JDiisiepa ecTb

__‘?_ Px T a Py
“Vital+el  FVitoltel
WIH B pasBepHYyTOM BHIE

Py (1 + qai) — 29,y®xPy + Py, (1 + (pi) =0.

310 M ectb HCKOMOe AHddepeHuHa bHOe ypaBHEHHe MHHAMAJbHBIX
nopepxHocTell. Pusnueckoe ocCyllecTBieHHe MHHHMAJIbLHOH MOBepX-
HOCTH JaeT, HampHMep, MbUIbHAs MJI€HKA, HaTSIHYTash HAa TPOBOJOU-
HYIO TeTVIIO. .

114, z(x,y) = y. 3azaua UMeeT e[HHCTBEHHOe pellleHHe, XOTH
rpaHHuHBIe YCJIOBHS 3afaHLl He Ha Bcel rpaHHile.

115, recos@+ Cy,=C, lnlrsinqa—{— Vrzstq)—Cf .

117, x?co0s C; — y? cos Cy — 2xy sin C, = C,.

118, Llentpansroe mnose. 119. a) CobcreHnoe noge; 6) ueH-
TpaJsbHOe TNoJge; B) noas He ofpasyior. 120. Co6erBedHHoe noae.
121, a) LlenrpaJsbHoe noJie; 6) noas He of6pas3yloT; B)-CcoGCTBEHHOE
none. 122. a) Llenrpanbuoe nose; 6) coGCTBEHHOe noge; B) MOMS
He oGpasyior. 123. lons we 06pasyioT, Tak kKak 3To ceMefCTBO KpH-
BBIX TIOKpbIBaeT He Bcio obaactb D. 124, y = Cy ch x o6pasyior cob-
CTBeHHOe noJe 3KcTpeMmadted; y = Cash x o6pasyior neHTpanbHoe
nose arcrpeManedl. 125. y = Ccos ¥ 06pa3ymr coGCTBeHHOe NOgE
skcrpeMadefl; y = Csin X 06pa3yioT leHTPajbHOe [OJe 3IKCTpeMa-

=0

" %
Jae. 126. DrcrpeMany y = ry (1 — x?) BrmoOuaeTcs B HeHTpPaAbHOE

3

o X .
nojle 3KcrpeMmadeii y=C,x——6— ¢ uentpom B Touke O(0,0).

127. DkcrpeManb y = e* MOKHO BKJIOWHTH B .COGCTBEHHOE NoOJe
skcTpemadneli y = e* -+ C. 128. Ecin a < m, 1o 3KcTpemanab y = 0
MOMCHO BKJIOUHTb B LEHTpajbHOe HoJe 3IKCTpeManedn y = C'sinx
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¢ ueutpoM B Touke O(0,0). Ilpu a > nm ceMeiicTBO KpuBBIX
y = Csinx nons #e ofGpasyer. 129. dkcrpeMans y == x 4 1 BKIIO-

yaerca B cobcTBeHHoe note y=x-+0C. 130, y = — 14—

131y (-Z——x) = 0.132. 4> — | = 0. 133.0%(1,0). 134. Compsiennod

Touk# Her. 135, Buinonusercs. 136, Beimosnserca npu Jqo6oM a.
137. Ycanosue $lxobu BuimonHeno. xkcTpeMadp § = 0 MOMXKHO BKJIO-
YHTb H B UeHTpaJbHOe H B COOCTBEHHOe N0Je 3KcTpeMadeil. 138, Yeio-

BuHe §IKo6H BBINOMHEHO. - JKCTpeMadb Y = x+ 1 woxuo

a
BKJIOYHThL B I[leHTPaJbHOE NOJe 3KCTpeMased ¢ LEHTPOM B TOuKe
A(0,1). 139. Vcnosue $Ixo6m wme suimonmexo. 142. Ha. 143. Ha.
144. Ta. 145. [da, uwo ycioBHe Jlexanipa BHINONHEHO JHUb NPH

z—<l. 146. Ha oyHKunM y = €% 1OCTHraercsl CHJAbHBIH MHHHMYM.

147. Ha ¢yuxunn y = 21n (¥ 4+ 1) pocTHraeTcs CHJbHBII MHHHMYM.
148, Ha oynxkumu y = x® gocruraercd caaGuifi MunuMyM. 149, Ha

npsaMoft y=-5 ¥ nocruraerca cnabuit MuiumyM. 150. Ha kpusoit

_In (i +x)
y In2
Y = cos x 4 sin ¥ gocTHraercs CHJIBHBIA MakcuMyM. 152. JkcTpeMyM
Ha HelpephlBHBIX KPHBHIX He jocturaetcs. 153. Ha npamoit g =
== 2x -+ 1 pmocruraercs cnaGoiii mMuuuMyM. CHIBHOFO 3KCTpeMyMa
Her. 154. Ha skcrpemanu y == 2x — | [10CTHraeTcss CHIbHBII MUHH-
MyM. 155, Ha skcTpemann gy == x? gocTHraercs CHJIbHBIH MHHHMYM.
156, Ha skcrpemamn y = x— 1 pocturaercss cnabblii MHHUMYM.

a
157. Ipn | b ] < —=
pa | b] %

Munumym, a npuf b| >

nOoCTHraeTess CHAbHBIAE MuHHMyM. 1561, Ha xpusoit

b
Ha 9KCTpeMaJu y = -— X JI0CTHraercs Cjaa6olii
a

a a
—— — cna6uift MakcumyM. [Tpn | b | == ——
V2 y l V2

sKcTpeMyM  He  pmocturaercda. 188,  Ha  skcTpemann gy =

3,
= V[(q’/2 — p'/’) x4 p%]2 npu p 5= g nocTHraercs cjaabbif MHHH-

MyM; [IpH p == § 3KCTPeMaJbi0 SBASAETCA NpaAMas § = p, NOCTABJAIO-
mas caalefi MUHUMYM,

h—t
S Va

sh—L-

Ve

fHouany CHAbHBIA MHEUMYM. 6) Ilpn £<0, le|>—ﬂl—2 9LCTPEMATD

159. a) [Tpu & >O SKCTpeMalb y = noctaBaseT pynk-

. X

S VTel

y=—1— AOCTaBAAeT (QYHKUHOHAJY CHABHBHA MaKCHMYyM.
) sin ~——— C

Viel
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B) Ilpu & = 0 pemenne sxcrpemasibHOR 3aZayH B KiacCe Henpephin«

HBIX (QYHKUU He CylleCTBYeT.
x—1

Pacemorpum QyHRUMIO g, (1) =€ Ve (e >0), sBasOWYIOCT
peluenueM ypasHenus Jfinepa ey” —y = 0 ais AaHHOro (PyHKIHO-
Hana. OynKuus ye(x) yAOBIETBOPAET rpaHHUHOMY ycioBHio y(l)==1
TOYHO, a BTOPOMY TIpaHHuHOMY ycaoBHio y(0) = 0 oHa He yaoBJje=
tBOpsieT. Opuako lim gz (0) =0. IIpu &0 noayuaem u3z yg(X)

>0

«MpenenbHOe DellleHHEe»
\

0, 0<<x<y,
y(x)=
1, x=1.
160. dxcrpeMans y=—-—2—1nl(—nl—;_—£)— naeT  CHJLHHI MH-
HUMyM. 161. Ha skctpemanu y(x) = | uMeeM CUABHHE MUHHMYM.

l_/;)i. JOoCTUraerca cja-

<

b
162. Ha skcrpemasnn g (x) =—3—x npu F<

JocTHraeTcs caabblii MakCHMyM, NpH

" b 3
GHIi MHHUMYM, NpH - > ‘2
b V3 .

— =g AaKe cnabeifi  sKcTpeMyM He pocTuraerca. 163, Ha
. b .

IpAMOIl § = — X Tipn b << a pocruraercs caabbil MHHHMYM; [pH

b > a — cnaGuliiMakcumyM; npu b = aV'3 — cunbublil  MaKCHMYyM,

a npu b<a]/3 HeT HH CHJIBHOTO MHHHUMYMa, HH CHJLHOTO MakcCH-

myma. 164. Ha skctpemann y = 2x, = 4x pocruraercs cnabblit
MHHHMYM.
y =
165. 2xcTpemanbio sBasiercs napa6ona N , KoTopast
z=2x*—x
BKIIOUAeTCst B LleHTPaJbHOe NoJe SKCTpeM adeil
y=ax
. ()
z=x*+Bx

(o, § — napaMerpn), ¢ uenrpoM B Touke (0,0, 0). Brnomsenue ycu-
JleHHbX ycaoBui Jlexxanapa ouesuano. ITokaxeM, 4To Ha orpeske
0<<x<{1 He cOmepXKHTCA TOuKH x* CONpSIKEHHON ¢ Toukoil
x ==0. Inag 310ro AOCTAaTOYHO YOEAUTBCSI, YTO IKCTpeMaau ceMeii-
crBa (S) He nepecekaloTcs ¢ NaHHO# 3KcTpeMmasbio npu ¥ [0, 11
B camom pese, momyctum, uto B Touke Xx* & (0, 1] mepecekarorcs
Kakue-HHGyab nee 3KcTpeManu cemeiictsa (S). Torza 6ymem umerthb

@ x = ayx”, 1
2 2
EAIE S TR AR A o PP j

Orciona BbITeKaeT, 4T0 o = a2 H Py = P2. CrnemoBaresbHO, HH-
Kakue JBe pasHble 3KCTPeMalH He MOryT nepecekarbcd. TakuM 00~
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Pa3oM, YCHIEHHOe ycaoBHe $1X06H BHIMOJHseTcs Ha orpeske {0, 1] u
BooGuUIe Ha JI060M OTpe3Ke KOHEUHOH [JIMHBL
—C

166. CemeiicTBo sKcTpemadedt g (x) = C, ch — c 2 — A IIpo-
1

H3BOJbHEe nocTosiHHele C;, Ca2 M napamMeTp A oupenensioTcsl H3
yCaoBHHA

x—C £n—C
yo=clch“—0?‘——2——7\1, yl=CICh—l_é_l-_2'—A’)
Xy

T L2 g x1—Cs xo“02>__
fVl-{—y dx——C,(sh o sh C =1

X.

167. y(x) =3x?+2x-+ 1. 168 y(x) =% 2sinnnx, rae n-—
nesoe uudcgao. 169, y(x)=%(2x—-x2). 170. V6. 171, r=R,

13 V—I.—O

4 —_— —
2=C; 4 Cpp. 172, —. 173. }'20. 174. 2}y 2 —1. 175. ——.
1 2@ Vs V V 10

178. —‘%“— 179. V17 + 416 (-g-—lfé‘). 180. 1. 181. Ecm
cos x; 7= 0, TO B3KCTpeMyMm MOXET HOCTHraThCsl JHIIb Ha NPAMOR
y=0, T

. Ecan xe cos x; =0, T. e. x1=—§-+nn, rjge n— ueJjoe

2=0

queao, 10 y = Cysinx, 2= — C, sin ¥, rjae C, — npou3BoJbHas 1o~
-3

crosnuas. 182. 7 (4, B) = 4 cth 1. 183.7 (A, B) — % 184, 5= 213,

185. Jlomanmpe JIMHHHM, COCTaBJeHNEE H3 OTPE3KOB NPAMBIX Y= X H
y=1 nam H3 OTpe3koB mnpaMuix y=0 4 y==x— 1, aaoT abco-

JIOTHBI MunumyM. Ilpamas y=-5x naer caabuii  MaKCHMYM.

186, y=—x mpy 0T <Cl; y=x—2 npn 1< x<<4 W y==xnpu
0<<x<3 y=—x-+6 npu 3<x<C4. Ha To@l u xpyroit Jomano#
¢yHKuMOHAT JOCTHraeT abcosioTHOro MMHumyma. 187. He cymecr-

0, x<(Q,
ByiorT. 188, y={ 5 x ;O. 189, dkcrpeMasH — NpAMBHE JHHHH.
Ecamn %3——?— l< I, TO CyuiecTBYIOT 7Ba Pa3pPHIBHLIX PeUIEHUS —
27 41 .

JIOMaHHE JHHUK, napajiefibHee GHCCeKTpHCaM KOOPIHHATHHIX YIVIOB,
190. IIpamas y = xig @, coeauHsAIONMAs 3aJaHHBIE TOUKH, HaeT CJa-
6ot makcumyM, ecan 0< tg @<, corabuil MuHaMyM, ecr t< tg @ <
< 2m, 4 1. a. JloManas JIHHHs, COCTABJEHHAS H3 OTPE3KOB INIPSIMHX,

—1
nt (n — neaoe

4n
TaHTeHC YrJoB HAak/JIOHa KOTOPHX paBeH —5

YHCJIO), A3eT CHIBHHE MHHHMYM.
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191,
:t%x, 0<x<—l§-.
glx)=y £V9—~(x—3p, %<x<%i.
:i({-;;—!o—)——, %—<x<10

192, dkcrpeMadH — SJIIHICH

L+Cy? v I

¢ ueHTpamn Ha ocd Ox. Tpanuua gponycThMmMoi ofnacTa ompenc-
asiercst ypaBHeHHaMH y =0 n y? = +2(x— C;3) (nociaexHee ecro
pewenne ypasueuns 1 —y?y'?=0). Ilapamerpm C; u C, noaGu-
patoorest Tak, uro6u smmunc (1) npoxoxwn uepes 3ajgaHubie Touku A
u B. Ha nyre sniunca ¢ysxrumonas pocturaeT Maxkcumyma. Ecnu
nytb or Touku A JHo Toukd B Bui6path mo AyraM Asyx napa6oa
(4, BO3MOXKHO, 1O OTpe3Ky npamoii ¥ == 0), TO NOJYYHM paspbIBHOE
peilieHie, Ha KOTOPOM (YHKIHOHAJA ROCTUraeT MHHuMyMa (min J=0),

dy _ xy* dp ¥’y dy _p dp __ p°

193. F¢ = 4% dx = 2p° 4. o = 2%y’ o
95, S ____ P 4 ¥y
de  Valfyg—p?' ds  VZ2+ 52— p

196. dy, P dp, =0 dy; py  dp, = y,. 197 d!il P

dx 2" dx O dx 27 dx

dy, D1 dy, - dps __
198. P = ._2_' ——x = V—pz, ..._2x, - _...0'
Y P1 dy2 - dpl — P2 _
___.dx_.___é_' r —sz. _7_2, ___.dx_o

199, y3=Cyx* 4 C,. 200, y3=In%x. 201, x=C X

2 x— |

X j ——__—L—+ C,. 202, Ha sxcrpemant y == ad 2x -
Vel -c

AOCTHTAeTCS CHJBHBIA MHHHMYM: min J = — 5 203. p(x, y)=

T

2 2
Ty DxcTpeMani — NOAYOKPYKHOCTH ¥ = VC1 — (¥ —Cy)
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c peutpamu Ha ocu Oy, y=V2C1x — x% — 3KCTpEMAH, NPOXOLs-
mpe uepe3 - Hauano O (0, 0); mnose -- BepXHAA NOJYMIOCKOCTS.
204. dyra okpyxuocts ¢ pentpom B Touke O (0, 0), npoxopsmas

yepes Touky M (x;, ¥;) naer cunbHuIf -MunAMyM, 205, xF y =,
206. danuncut 3x2 — 8xy 4+ 6y?=C. 207. x° + 2y%—3xy? —2x J—C

208. f=V1+ 4% 209, f=xy Vy'. 210, f=xyy’’

211. f——-"/ (x, + )(x2y’2+y2) 212. llenmas amnnus.
213. ¥Yxazauune, Hurerpaa peficrus J= f ‘l/.—+2h><
X Vp + o’ ’dy. 214, TpaegTOPHE — SJAHICH —C—~ + —211—2_3_1— -
— 7(;2(_%_"_%"_——3_5(;) Xy = -SI—XSP— 215. Tounoe pemenue y——%’f— —x.

216. Tounme pewenns, a) y =0, 6) y==x. 217. Tounce pemenue

2sh x
Y —x. 219, ¥k a-

3aHHe npubIHKEHHoe peuleHHe HCKaTb B Buie Y, (x) =
n

Y =—; (%% — x). 218. Tounoe peutenne y=

= (1 —x?%) Z a,x%* Tounoe pemenne y= cosel . 220,  Vka-

2
k=0
8aHHe B KaueCTse KOODAMHATHOR GQYHKUMH B3STb Xxy; TOrJa
b2 — g2
Z, = P xy. 221, Yxa3aHHe .B KaueCcTBe KOOPANHATHEIX
dyuknuii  B3aTe Qo (x, y)=x*+ 4% o1 {x, y)=xy(l —x—1y),
P (%, )= 2"y (I —x—4), ..., on (% y)=x"y (1 — x —y). Torna

(%, y) = x* + y* + xy(I — x — y)[3,0401 — 0,0562 (x - x?)].
222. Y x a3aHHe NepBoe NpHO/HIKEHHe MCKaTh B BuAe 27(x, y)=

==(y _43_)a(x). Torza zl(x,y)=*%(1"%)(y2—f?;)'

3 1 1—-3° 2.3
223, 2 (%, y)—_*-l-z(y2__—3—x2)( =30 ¥~ T35 x5 — 1).‘

224, Ap=14n22 gy, (%)==V2sinamx (=1 2,...).

. nw X
2 02 sin( lnx)
2925, 7””“_‘_“'—?114;:_;12@" Jn(x)—+7~]—rl—y2r7~- 226, Ay =
In x .
4 2.2
= B gy YESO(mIng

4 Vx

227, Ap=1—1% yn(x) === l/?‘{i— sinnx (=1, 2,...).
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228,
Sm[nnln(l-{—x)]
13 1In2 2 4+ 4n2n? In2
z‘n=——‘%m_-!;§£"—: Un(x) =%
2 Vinvz viFs

n=1,2...)

229, Bepey y=1— x%, noayunM A, g—%%. Tounoe sHayenue

1
M———4-

yeHHe A,——-nz. 231. Z}l=l~0; rounoe sHauenne Al==m’, 232, A,=0,493.
233, A =6; 2, (x, y) =a (x2+ y:—1).

. 230, Bepem y == x (1 — x), noayunm A; << 10. Tounoe sua«
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