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ABTOp KHUTM — M3BECTHBIIl aMEPHKAHCKHI MaTeMaTHK — paccMaTpUBaeT OCHOBHBIE T10-
HATHSA U 331241 KBAHTOBOH MEXaHHUKH C UMCTO MaT€MATHYCCKOH TOUKH 3PEHHS, M0JIb3YSACh Tep-
MMHOJIOTHEH COBPEMEHHON MAaTEMAaTHKH.

[lepBasi ryiaBa nocpsiileHa K/1acCMUeCKOl MeXaHHKe CHCTEM C KOHEUHbBIM UMCJIOM CTerle-
Hell cBOOO/bI U CTATUCTHUECKON MexaHuKe. Bo BTopoli riiaBe 06CyKAal0TCsl OCHOBHbIE MOHS -
THsI KBAHTOBOK MEXaHHUKH, [IPHUEM IIPOBOJAATCH MHOTOUMC/ICHHBIE MTAPAJI/Ie/IH C KJIACCHUCCKOM
MexaHHKOM. TpeTbs ri1aBa nocBsilieHa KBAHTOBOH MEXaHUKE aTOMA U CBS3aHHBIM C Hell BOIIPO-
cam TeopHH npeacraBiaeHuil rpynm. Ot untaresed He TpeOyeTcs Crielua bHON MOATOTOBKH 10
husnke.

Kuura npencrasiisieT uHTEpeC 1JIs MATEMATHKOB (HAUMHAsSI CO CTYAEHTOB CTapILUMX Kyp-
COB), ’K€J/IAILIHUX 03HAKOMHUTBCSI C OCHOBAMM KBAHTOBOH MEXaHUKH U MaTeMaTHUECKUMH 3a/1a-
uaMH, BO3HHKAIOLMMHU B MeXaHUKe. [1J1sl unraTesieil, 3SHaKOMbIX C KBAHTOBOH MEXaHHUKO, BECb-
Ma LEHHO OCBeILEeHHEe PUHLMITHAJBHBIX BOIIPOCOB PA3J/IMUHBIX PA3/1e/I0B 3TOH HAYKH C HOBOM
TOUKH 3PEHHUS.

Pedakyus aumepamypor no
mamemamudecKum HayKkam



[MPEAVNCJIOBUE PENJAKTOPA INEPEBOJIA

Artop 3101 KHUrK JI>K. MaKKi — KpyITHbIH aMepUKaHCKHI MaTeMaTHK, U3BECTHbIH CBO-
UMK paboTaMu MO (PyHKIMOHAJIBHOMY aHAJIM3y W T€OPUM MpeACTaBjeHuil rpynm. B TeueHne
HECKOJIbKHX JIET OH UMTaJl JIEKIUH 10 MaTeMaTHUECKHUM OCHOBAM KBAHTOBOH MeXaHWUKH JIJIs
CTYJ€HTOB-MaTeMaTHKOB [apBapickoro ynuBepcurera. Brioc/iencTBun 3TH eKuuu OblIN U3-
JIaHbl OTJIeJIbHON KHUTOH, MepeBojl KOTOPOH MpejJiaraeTcsi BHUMaHuio untatessi. Bo Bpewms
coero noceniennsi Coserckoro Cotoza B 1961 1. [k, Makku cnenan uHrepecHbie 0630p-
Hble JIOKJIaJbl [0 KBAHTOBOH MeXaHWKe U TeOPHUH MpeacTaBjieHnil rpynm B JIeHHHrpajackom u
MocKoBCKOM yHUBepCHTETAX.

Knury Makku MoxxHO 6bls10 Obl HA3BaTh ,, KBaHTOBas MexaHuKa J/1st MaTeMaTHKOB . 1151 ee
UTeHHUsi He TpeOyeTCst HAKAKUX MPeIBAPUTE/bHBIX 3HAHUI 110 MeXaHUKe U (pusrke. ABTOp naer
TOUHbIE MaTeMaTHUECKHe OmpejiesieHust BceX (PU3HUECKHX MOHSATHIH, BCTPEUAIOIIMXCS B H3JI0-
YKEeHUH, U yJessieT 60JblIoe BHUMAHHE BO3HUKAIOLIUM 110 XOJ1y U3JI0XKEHHSI UHCTO MaTeMaTH-
ueCcKMM Boripocam. Kak npaBu/io, 3T BOMPOCHI 1I0OBOJBHO TPY/HbI; HEKOTOPbIE U3 HUX PellieHbl
JMIb HEJIABHO, JIPYTHe JIO CUX TIOp 0CTaloTcs HepellleHHbIMU. [ IpuHATHI aBTOpoM crnoco6 u3-
JIOXKeHUsl TpeOyeT OT UHTaTe s 1I0BOJbHO BBICOKOH MaTeMaTHUeCKOH KyJbTypbl. Teopust MHO-
JKECTB, TOTMOJIOTHSI, TEOPHSI MEPHI, 3JIEMEHThI (PYHKIIMOHAJIBHOTO aHa/IM3a, abCTpakTHast anred-
pa, TeH30pHbIH aHa/MM3 Ha addepeHIpyemMbIX MHOr00Opasusix — BOT HEMOJIHBIN TepeueHb
MaTeMaTHUeCKOro arnrmapara, UCroJib3yeMOoro B KHUTE.

XoTs aBTOp U €T KpaTKoe BBEIeHHE B CMIEKTPAJIbHYIO TEOPHIO CAMOCOTPSIKEHHbBIX OTe-
paTopoB, 0ObSCHSIET OCHOBHbIE MOHSITHSI TEOPUH U DepeHIIHPYyeMbIX MHOTOOOPa3Ui U JIPYTUX
paszesioB, He BXOASAIIMX B OObIUHbINH YHUBEPCUTETCKHUI KYPC MATEMAaTHKH, KHUTY BCE 2Ke HeJTb3s]
CUMTATb JIETKO MOCTYMHOMH AJ1s1 cTyaeHToB. OHAKO, MO HallleMy MHEHHIO, YCUJIUS, TIOTpaueH-
Hble HA UTEHHE TOH KHUMH, C JIMXBOH OKYNAalOTCs yI0BOJILCTBUEM, KOTOPOE MOJIyuaeT YNTaTE b,
BHUJIS, KAK U3 TMPOCTHIX M €CTECTBEHHBIX MPEANOJ0KEHUH CTPOrO MaTeMaTHUECKH BBIBOJSITCS
HeTpUBHAJbHBIE hruduueckue caenctsus. Hanpumep, B r1. 3 onpesesnsieTcsi CTPYKTypa aToM-
HBIX CIIEKTPOB U BBIBOAUTCS Nepuoanueckuil 3akoH 1. M. MenzesieeBa 1o cylecTBy U3 eIMH-
CTBEHHOTO MPeANoJoXKeHHs: 06 HHBAPHAHTHOCTH 3aKOHOB MPUPO/Ibl OTHOCUTENLHO JBHKEHHH
NPOCTPAHCTBA.

Knur takoro poja, usnaraioonmx Qguavueckue TEOPUH Ha $13blKe UUCTOH MaTeMaTHKH,
HEMHOTO BO BCell MHpOBOIl JuTeparype. K3 HHUX KBaHTOBOH MexaHMKe MOCBSIIEHbI KHUIH
[" Befisisi, JIx. pon Heitmana : ) v ta kuura Jk. Makku. [lepBble 1Be KHUMM HAMMCaHbl B KOH-
e 20—x u nauajne 30—x ronoB, nosromy kuura J:x. Makku, 6e3ycjioBHO, Oy/ieT MHTepecHa U
crieUaJ/InCTaM, U JIOIsIM, He 3HAKOMbBIM C KBAHTOBOH MeXaHUKOII.

') Weil H., Gruppentheorie und Quantenmechanik, Leipzig 1928 (pycckuii nepesox: Beiin I, Teopus rpynn
u kBaHtoBasi Mexannka, OHTU JTHTBY, Xapbko. 1938); von Neumann J., Mathematische Grundlagen der
Quantenmechanik, Berlin, 1932 (pycckuii nepesox: don Heliman, Matemartnueckine KBaHTOBOH MeXaHUKH, H3/I-
Bo "Hayka", M., 1964).



MMPEAVCJIOBUE PEHAKTOPA CEPUMU ?)

BaHnasibHOl MCTHHOI, OCHOBAHHOI Ha OMbITE ThICSUEJETHI, SIBJSETCS MOJOKEHHE O TOM,
UTO B3aUMOJIEHCTBHE MAaTEMATHKH U (DU3HKK MOXKET ObITb MJIOJOTBOPHBIM /i 00€UX HayK.
ToHKOCTb 1 1JyGMHA COBPEMEHHbIX (PU3HUECKUX TEOPHH J1e/1al0T CYLLLECTBEHHO BaXKHBIM U3Y-
UeHHEe WX JIOTMUECKOH U MAaTeMaTHUECKOH CTPYKTYPbI, OJTHAKO B KHHUrax, OMyOJUKOBAHHBIX 3a
N0CJIe/IHHUE TO/Ibl, OUEHb PEJIKO MOXKHO HalTH Takue uccsenoBanus. Lienab nyGankauun 1aHHoi
CepUH — HaNTH JIOCTOHHOE MECTO J/Isl KHUT MOJI06HOT0 HarnpasjeHus. B Hux maTematuueckas
(bU3MKa TPAKTYeTCsl KaK MOMbITKA BBEJICHHsI CTPYKTYPbI B (hH3nueckue Teoprd. Mbl Hajeemcs,
yTO TpejiaraeMasi BHUMaHHIO UHTaTesell Cepusi SBUTCS IOCTYMHBIM H3J10KEHHEM COBpPEeMeH-
HbIX JIOCTHKEHHI MaTeMaTHUeCKOH (DPU3UKH.

A. C. Yaiimmen
[Tpuncron, Hoto-JTxepcu
Apryct 1963 1.

2)B CIIA kuura n3zana B cepii MoHOrpadmii Mo MaTeMatHueckoii ke (Mathematical physics monograph
series), BbIXosiiIel o obulelt penakuuei A. Yaiitmena. — [Tpum. pes.



[MPEAWCJ/IOBUE

[1pu ureHnu Kypca JieKTop 0ObIUHO cocTaBJsieT GoJiee WM MeHee MOJIHbIH KOHCIEKT Mpo-
UMTAHHbIX JIEKLMH, KOTOPBIM MOIJIH Obl [10J1b30BaThCA C/ylIaTe/d. Takoi KOHCNeKT Obll co-
CTaBJIeH, B YaCTHOCTH, 110 KypCy MateMaTHUeCKUX OCHOB KBAHTOBOH MEXaHHUKH, IPOYHTAHHOMY
B [apBapnackom ynusepcutere BecHoit 1960 r. Tekct HacTos11Iel KHUTH 10 CYIIECTBY MPEACTaB-
JisieT COOO0H 3TOT KOHCIIEKT, B KOTOPOM, OJIHAKO, PaIMKaJIbHO IepepaboTaHbl OT/e/bHbIE MECTa,
UCIIPABJICHbl MHOTOUMCJICHHBIE MEJIKHE HETOUHOCTH U JOOABJICHO KOPOTKOE MPUJIOXKEHHUE.

Kypc sekuuii, mosioxKeHHbli B OCHOBY THX 3aMeTOK, Npe/IHagHavascst /sl CTyJ1eHTOB, KO-
TOpble 0CTATOUHO CBOOOAHO 0OpallaloTes ¢ abCTPAKTHBIMM MATeMATHUECKUMH [TOHATHAMH U
B TO K€ BpPeMsl I0UTH HE3HAKOMbI ¢ (DU3UKOH HJIM COBCeM He 3HatoT ee. [Ipeanonaraercs, uto
UUTATEJ/I0 U3BECTHBI OCHOBHBIE TMOHATHS aOCTPAKTHOH asreOpbl, TEOPETUKO-MHOXKECTBEHHOH
TOMNOJIOTHU U TEOPUU MePbl; KPOME TOTO, JAeTCsl KpAaTKoe BBeIeHHe B O€CKOOPAMHATHbII TeH-
30PHBII aHa/IM3 Ha MHOrooGpasusix knacca C'® 1 B TEOPHIO CAMOCOIPSI2KEHHBIX O11€paTopPoB B
T'HJIbOEPTOBOM MPOCTPAHCTBE.

Llesibto Kypca Obl10 H3/10:KeHHEe KBAHTOBOH MEXaHMKH M OT/Ie/IbHBIX Pa3/esloB Kjaaccuue-
CKOM (PU3HKH C TOUKH 3peHusi, 6osee OJIU3KOH UMCTOMY MAaTEMATHKY, UeM MPUHSITast OObIUHO
B (u3uuecKoil uTepatype. B cooTBeTCTBUM ¢ 3TUM GoJiblilee BHUMaHHUE yessieTcsi 00LIHO-
CTH U TOUHOCTH (DOPMYJIHPOBOK, UeM MeToJaM peleHus: 3anau. C Apyroil CTOPOHBI, Mbl OT-
HIO/Ib HE CTPEMHUMCS K MOJIHOM CTPOrocTH. Bo MHOrMX ciyuasix MoJiHoe UcCJe/IoBaHHe YBEJIO
Obl HAC CJIMLLKOM JaJIeKO B CTOPOHY, B JPYTMX BO3HHKAIOT HETPUBHAJIbHbIC MAaTeMaTHUECKHE
npo06./1eMbl, KOTOPbIE eLLe 2K1yT CBOETO pelleHHsl. B HeKOTOPbIX cayuasx MoJryueHHe 3aKOHUEH -
HOM KapTHHBI IPOCTO Ka3a/l0Ch CKOpee YTOMUTE/LHBIM, UeM MPOSICHSIOLMM CyTh jies1a. Kopo-
ue rOBOPS, Mbl CTPEMUJ/IUCH AATh HAOPOCOK BIIOJIHE CTPOrOro UCCJCAOBAHUSA, KOTOPBIH 000K
KOMIIETEHTHBIF MaTeMaTHK MOT Obl IOBECTH JI0 KOHLIA, 38 UCKJ/IIOUEHHEM PeLIeHHUs] HECKOJIbKHX
60J1ee WK MEHEee TOUHO [TOCTABJICHHBIX MATEMATHUECKUX 3a1aU.

B cooTBeTCTBHM ¢ HAlLMM HaMepeHHeM He M0J1b30BaThCsl 3apaHee (PU3UUeCKUMH Mpeio-
CBIJIKAMH Mbl CTapasiiCh OMPEIE/siTh BCE UCMOJb3yeMble (PU3HUECKHE MOHSITHS TOJIBKO C 10—
MOILbIO TEPMHHOB UUCTOH MaTeMaTHKH M OCHOBHBIX MOHATHI NMPOCTPAaHCTBA U BpeMeHH. Ha-
111a OCHOBHAsI TOUKA 3PEHHsI COCTOUT B TOM, UTO U3MeHeHHEe (PU3HUECKOI CHUCTEMBI BO BpEMEHH
MO2KHO OIHUCaTh C MOMOLIBIO OHONapaMeTpruuecKol noayrpymnmsl U, neficTBytollell Ha HeKo-
TOPOM MHOKECTBE .S, M UTO (PM3HUECKHE 3aKOHBI SIBJISIIOTCS yTBEPXK/CHUSIMH, OTHOCSILLIUMHCS
K CTPyKType S 1 ,,uH(pUHHTEe3UMaIbHOH 06pagyionieit noayrpynnsl U. JTa Touka 3peHust CH-
CTeMaTHUeCKH pa3BUBaeTCs B IVI. | B IPUMEHEHHH K KJIaCCHUECKOH MeXaHHKe; B HECKOJIbKHUX
paszesax paccMaTpUBAIOTCS CJyuau pas/anuHON creneHu obuHocTy. [Tocaennuit pasaed, no-
CBSILLIEHHBII CTATHCTUUECKON MeXaHHKe, COCTaBJISIET €CTECTBEHHBIH MepeXol — 110 IBYM pa3-
JIMUHBIM MyTSIM — K KBAHTOBOH MeXaHHKe. B 1. 2 ¢ Tol xKe TOuKM 3peHHs] U3/1araeTcst KBaH-
TOBasi MEXaHHUKA; MPH 3TOM IOJUEPKHBAIOTCS MHOIOUMCJICHHBIE MapaJliest ¢ KJaCcCHUECKOoH
MexaHHKOH. B uactHocTH, nocsieiHle TpH pasjesa Ivl. 2 ecTeCTBeHHbIM 06pa3oM B3aUMHO O]1-
HO3HAUHO COOTBETCTBYIOT [OCJEIHUM TpeM pazjenam . 1. [1aBa 3, nocssilileHHast KBaHTOBOH
MEXaHHKE aTOMa, 3HAYUTEJIbHO KOPOUE OCTAJbHBIX U IIPEACTABJsIeT OO0 HeuTo GoJiee O/1n3-
KOe€ 110 JIyXy K OOLLENPUHATON TPAKTOBKE.

Heckosibko HehopMasibHBIN XapaKTep JEKLUHMOHHOTO Kypca B H3BECTHOH Mepe CJIy>KHT
OMNpaB/IaHHEM HEKOTOPbIX HETOUHOCTEH. Ecin untareso nokaxercst, uto B Kakoi-1u60 dpop-
MyJle Hy>KHO H3MEHHTb 3HaK, TO, CKOpee Bcero, oH OyJleT Npas; BO3MOXKHO, UTO MOTYT BCTpe-
TUTBCS M GoJiee cepbeatble oMOKH °). TouHo Tak e HalmM GuOaMorpaduuecKHe yKasanms
HOCSIT JIOBOJILHO CJlydaiiHblil xapakrep. MaJiniliHe roBOpHUTb, UTO Mbl HAXOIUJIMCH O] CHIIb-

) HeckouibKo HEeTOUHOCTEN yeTpaHeHo NpH nepesoje. — [Ipun. nepes.
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[nasa 1

KJACCHUYECKAS MEXAHHUKA

1.1 [TlpenBapuresbHble 3aMeUaHus

O603HaunM uepes .S MHOXKECTBO BCEX ,,COCTOSTHUI** (PU3NUECKOI CUCTEMBI; IPH 3TOM MbI [TPEJI-
roJiaraeM, uro ,,COCTOsIHHe" 3a/1aeTcst HEKOTOPbIM HAGOPOM apaMeTPOB TAKHM 00pPa3oM, UTo
COCTOSIHHE CHCTEMbI B MOMEHT BpeMeHH t = ty > 0 0JIHO3HAUHO OTpE/IeIsieTCsi COOTBETCTBY -
[olMM (PU3HUECKHM 3aKOHOM M cocTostHueM ripu ¢ = 0. Hanpumep, cocrosinie cucrembl n
B3aUMOJIEHCTBYIOLIMX MaTepHaAbHBIX TOUEK 3aiaeTcsi 3n KOOPJAWHATAMH TOUEK U 371 KOMITO-
HEHTaMH CKOpocTeil 9THX Touek. [TyeTb uist Kaxkioro s € S u st kaxjaoro t > 0 uepes Uy(s)
0603HaUEHO COCTOSIHME CHCTEMbl B MOMEHT BPEeMEHH ¢, eCJii B MOMeHT BpeMeHH 0 cucrema
Haxoxusack B cocrosinuu s. Torna Uy 1/1st Kaxaoro (MKCHpoBaHHOTO ¢ GyjieT npeobpa3oBaHy-
em S B S. lanee, U, (Uy,(s)) — cocrosiHue, BO3HUKAOLLEe uepes t] eIMHULL BPEMEHH T0CJ1e
cocrosiiust Ut, (s), a U, ($) — cocTosiHie, BO3HHUKAIOLLEe Uepes to €/IMHULL BpeMeHH MocJie Co-
cTosiHUs s; TakuM o6pasoM, Uz, (Us,(s)) — cocTosiHHe, BO3HHKatOLLee uepe3 ¢ + to eIMHHLL
BPEMeHH MocJie COCTOSIHUS S, WIH Uy, 44, (s). pyrumu cioBamu, st Becex t1 > 0 ntg > 0
MMeeT MECTO PaBEHCTBO

Ut1+t2 = Utl Utz (1.1)

OTcroza cjeyeTt, uTo MHOXKeCTBO Beex Uy siBJsiercst noayepynnoi npeodpasosanuit. [Tosy-
rpymnmna, napameTpu3oBaHHast A1eHCTBUTENbLHBIMI UMCAAaMH TaK, UTO BBIMOJHSAETCS yeaoBue (1),
HasbIBaeTcst odHonapamempuieckoi noayepynnoi. Takum o6pa3om, U3MeHeHHe HEKOTO-
po#i (PU3HUECKOH CHCTEMbI BO BPEMEHH OMHUCHIBAETCS OJHOMAPAMETPUUECKON MOJIYyTPYMOi.
Mbi 6yjieM Ha3bIBaTh ee JUHAMUUECKOLU NOAY2PYNNOL CUCTEMBDI.

Ecan kaxnoe U; siB/sieTcs B3aMMHO OJIHO3HAUHBIM OTOOpaxeHueM S Ha S, T. e. cylle-
ctByer U; %, 1o mbi 6ynem mucath U_y = U, !, mie T — Tox/ecTBenHoe npeoGpasoBatHe.
[1pu 3ToMm ycsioBue (1) BbinoJsiHsieTest 715l BCeX £1 U tg, U Mbl MIOJIyuaem odHonapamempue-
ckyto epynny. Mbl GyeM HMeTb J1eJ10 TJIaBHbIM 06pa30M C CUCTEMAaMH, KOTOPbIE SIBJISIIOTCS
00pamumolMi B TOM CMbICJIE, UTO HX THHAMHUECKHE TOJYTPYIITbl MOXKHO PACIIMPUTD J10 OJ1-
HoMapameTpUUeCKUX IpyIi, Kak yKa3aHo BbllLIe.

Ecum Hawa cucrema o6patuma, TO Ka)Kjioe S JIeKUT Ha OJHOH U TOJIbKO Ha OJIHOM ,,0p-
6ure; Moy opOUTOIl OHUMAaeTCst MHOXKeCTBO BeeX Touek Uz(s) npu (PMKCHPOBAHHOM § U Te-
pementom t. Kaxknasi opbura — HekoTopasi KpuBasi B .S. BooGiiie roBopst (Mbl OCTaHOBUMCS
Ha 3TOM o/ipoOHee B Pa3/IMUHBIX YACTHBIX CJyuasix), S o6JanaeT 10M0oJHUTEbHON CTPYKTY -
poii, KoTopasi M03BOJISIET TOBOPUTH O ,,KacaTeJIbHbIX BEKTOPax™ K Kax10i opOUTe BO BCeX ee
Toykax. Tem camblM JMHAMHUeCKasi rpyrra Mno3BoJisieT MPUIHCATh KaXI0H Touke S HeKOTO-
pblil ,,BeKTOP®, T. €. MOPOXKAAET ,,BeKTOPHOE MoJie” Ha S. DTo BEKTOPHOE I0Jie Ha3blBAETCS
,,MHPUHHUTE3UMAILHOH 00pasyoliei COOTBETCTBYIOLIEH IPYMITbl H BO MHOTHX CJyuasiX OTHO-
3HAUHO OIpeIe/IsieT IPyIy. DTO Upe3BblUaHHO BaXKHO, TOCKOJIbKY 0ObIUHO (PM3HUECKHI 3aKOH
BbIPAXKAETCS 3HAUUTENBHO MPOLIE NPH OMMCAHUH HH(HHUTE3UMAJIbHON 06pasyloliieil TPy,
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8 1. 1. Kraccuueckas mexanuka

ueM TpH OMHMCAHUK caMoil rpynnbl. B camom nene, usnueckne 3aKoHbI MOUTH BCEraa 1aioT-
sl B HH(MHUTE3UMAJIbHOI (popMe H, /ISl TOTrO UTOObI M0JyUUTh OPOUTHI TPYIIbI, TPUXOUTCS
MHTErpUpoBaTh AU hepeHInanbHble ypaBHEHHUSI.

B Tom uacTHOM cityuae, Koraa S siBJIsieTCst OTKPbITBIM MOAMHOXKECTBOM 1.-MEPHOT0 €BKJIH -
JI0BA MPOCTPAHCTBA, Mbl MOXKEM BbIPA3UTb MPHUBE/EHHBIE Bblllle COOOPAXKEHHsI B 3HAUMTE/b-
Ho GoJiee onpenesienHol hopme. (bosee obume cayuan mbl pacecmorpum noaauee. ) [1pu stom
Kaxk/ast opoura B S siBJIsieTCsl KpUBOH B 7-MEePHOM [1POCTPAHCTBE, OIUCHIBAEMON 1o (DYHKLIHS -
MH OT t: q1(t), g2(t), . .., gn(t). 31ech

(q1(t), .., qn(t)) = Us(q1(0), ..., qn(0)).

Ecsin Bce nponsBojnbie ¢ (t), ..., q,(t) CyLLECTBYIOT, TO OHM CJly»KaT KOMIIOHEHTaMH Kaca-
TEJBHOTO BEKTOpa K €IMHCTBEHHOH OpOuTe, MPOXoasilell uepes Touky qi(t),. .., ¢gn(t). Mbl
6yzieM roBoputh Toraa, uro U muddepenumpyema. O603HauMM 1 KOMIIOHEHT KacaTeJbHOro
BEKTOpa K OpOHTE B TOUKE (g1, . . . , ¢p) UEPES

A?(Qlw . '7Q7L)7A2U(Q17' . '7Q7L)7 o 7A1({(Q1a o 7Q’n)'

Torna kaxnasi opéura t — qi(t),...,qn(t) ynoBaerBopsier cucreme nudepeHInaIbHbIX
yYpaBHEHUH
d_qtl = A?(‘ha s Gn),
%:AQU((]D---?(]TL)? (1.2)
ddi; = r[{((ha +qn)-
Ecun Agj SBJSIIOTCS phepeHIHpyeMbIMH (DYHKLMSIMHU ¢1, . . . , G, TO, COVIACHO KJIacCHUe-

CKOIl Teopeme eIMHCTBEHHOCTH /sl H(pepeHInaibHbIX YpaBHEHHH, uepe3 3a/laHHyI0 TOUKY
NPOXOIUT He GoJiee OHOH KPUBOI, ynoBJeTBOpsioliel cucteme (2). Takum o6pasom, Agf oJ1-
HO3HauHO onpenestor U. Ecou Agj CYLLECTBYIOT M phepeHIpyeMbl, Mbl GyieM FOBOPHTB,
uto U nBaxbl uddepertmpyema. Takum o6pazom, Mbl HMEEM €CTECTBEHHOE B3aUMHO OJTHO-
3HAUHOE COOTBETCTBHE MEXKJLY JIBAKJIbl U PepeHIIIpyeMbIMU O/IHONTAPAMETPHUECKUMH TPYTI-
namu Ha S U HeKOMOPbLMIL HENIPEPLIBHBIMU BEKTOPHBIMH TOJISIMH Ha S. Mbl MOKeM ycTaHaB-
JIMBATh (PU3HUECKHIT 3aKOH, 3a/1aBasi IBHBIM 06pa3oM (hyHKLHH A?.

3ameTnMm, uTo He Kaxjoe auddepeHpyemMoe BeKTOpHOe ToJie Ha S siBJisieTcst o6pasy-
I01ell HEKOTOPOH OIHOMapamMeTpuuecKoil rpymnmbl. Teopema cyiiectBoBanus ajs nuddepen-
LHaJIbHBIX YpaBHEHHIT 06ecrieunBaeT TOIbKO CYILIECTBOBAHHE JIOKAJbHBIX PellleHHil; HETPYIHO
MOCTPOUTBL PUMEPBI, B KOTOPBIX II06a/ibHOe peliieHue (T. e. rpynna Uy ) He cytectByer. bosee
TOT0, HEM3BECTHBI HHKAKHE MPOCTbIe HEOOXOIMMbIE U JI0CTaTOUHbIE YCJIOBHS J/1s1 CYILIeCTBOBA -
HUsT I06aJIbHBIX peltieHni. C IPyroii CTOPOHBI, U3 CKA3aHHOTO BbIllE SICHO, UTO BEKTOPHOE
noJie MOXKeT OIpeJesisiTh HEKOTOPbIH 00paTHMBbIi (PM3HUECKHE 3aKOH TOJILKO B TOM CJyuae,
KOTJIa CYyLIECTBYET HMEHHO IJ100a/1bHOE PelleHHe.

Kak Mbl yBUIM B Jla/IbHElIIEM, B IPUMEHEHHH K CHCTeMaM ¢ GECKOHEUHbIM UHCJIOM CTe-
neHell CBOGO/IbI H3JI02KEeHHbIE Bblllle CO0OpaKeH st MPUBOIAT K M hepeHIIHalbHBIM YpaBHe-
HUSIM B UaCTHBIX NIPOM3BOJIHBIX. B KBaHTOBOI MeXaHHKe COCTOsIHHE HUKOT/IAa He MOXKET ObITh
OTMUCAHO KOHEUHbIM UMCJOM KOOPJMHAT — JlaXKe B TOM CJiyuae, KOrjia JJisi COOTBETCTBYIOLIEr0
KJ1aCCHUECKOro COCTOSIHUS 3TO MOXKET ObITh cliesiaHo. Takum o6pa3om, B KBAHTOBOI MeXaHHKe
Mbl BCerja noJjyuaeM auddeperinansb,Hoe ypaBHeHHe B UaCTHBIX MPOU3BOJIHBIX (HJIH CUCTEMY
Takux ypaBHenuii). OHo HasbiBaercst ypaBHennem L penunrepa.

OcHnoBHas rpynna t — Uz Urpaet oueHb BaXKHYIO POJib B TEOPETHUECKHX HCCJ/IeI0BAHUSIX,
XOTSl €€ PEJIKO MOXKHO BBIITUCATH B IBHOM BUJIE.
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1.2 3akoHbl MEXaHUKH CUCTEMbI TOUEK

[lyctb 1, Y1, 21, T2, Y2, 225 « - + s Ty Yny Zn — KOOPAHHATHI 1 TOUEK B HEKOTOPOH €BKJIMIOBOH
cUcTeMe KOOPJUHAT. BbITh MOXKeET, caMbiM OCHOBHBIM 3aKOHOM KJIACCHUECKOH MEXaHHKH CH-
CTEMBI TOUEK SIBJISIETCS TO, UTO ,,6y/1yllie’ KOOPAMHATHI ONPEEsIIOTCsS KOOPJAHHATAMH H HX
MPOU3BOJIHBIMU TI0 BPEMEHH B HEKOTOPBIH (PUKCHPOBAHHBIH MOMEHT BpeMeHH. Takum o6pa-
30M, MPOCTPAHCTBO S BCEX COCTOSTHUN MOXKHO OTOXKJECTBUTb C HEKOTOPHIM MOJMHOXKECTBOM
6n-MepHOTO €BKJIMI0Ba NpocTpaHcTBa. Mbl OylieM rpeanogaraTh MoKa, uto 3TO MOJAMHOXKe-
CTBO OMKPbLMO; 3TO 03HAYaeT, rpybo roBopsi, UTO OTCYTCTBYIOT ,,cBsi3u"“. ByneT yno6Ho 060-
3HAUUTb BCE KOOPJIMHATHI OJIMHAKOBBIMU OYKBAMM q1, . . . , G35, @ COOTBETCTBYIOLIHE MIPOU3BOJI-
Hble 110 BpeMeHu — GYKBaMH V1, . .., Us,. [1peanonaras, uto nuHamuueckas rpynna U nBa-
Kbl T hepeHIpyeMa, ee MOXKHO MOJYUUTh MyTeM UHTErPUPOBAHHUST CUCTEMbI OOBIKHOBEH -
HBIX U epeHInaNbHBIX YPaBHEHHH CJIeyl0ILero BUa:

dq;
d_tj = AX(q1, .- q3n, V1, - - -, V3n),
dv;
d_t] = Aj(Ql?”’?Q?ma'Ula'-- av3n)'

Bouee Toro, mockoJibKy 1o onpenenennio v; = dq;/dt, Bce GpyHKIMH A? U3BECTHBI, U Mbl [10-
JlyuaeM CHCTeMy

de

P—— =Q)~7

da

dv;

d_t] :Aj(ql,...,qgn,’Ul,---,'U?m)-

3ameTuM, uTo UMEHHO 3Ta cUcTeMa 6n ypaBHEHHH MepBOro MOpPsiika MOJIyUaeTcsi U3 CHCTEMBI
3n ypaBHeHHI BTOPOro NnopsiaKa

d*q; A dg dgsn
W_ ](ql,...,Q3n,%,..., dt)
C MOMOIIIBIO CTAHAAPTHOTO TIPHEMa — 3aMeHbl MEPBBIX POU3BOAHBIX BCIIOMOTATE/IbHBIMHU T1€e-
pemeHHbIMH. JlasibHeliIHe NPEOI0KEHNST OTHOCHTENILHO (PU3HUECKUX 3aKOHOB GY/lyT orpa-
HUUeHHAMH Ha PyHKLMH A ;. Mbl Oy/1eM paccMaTpuBaTh TOJBLKO TAKHE CUCTEMbI, OTHOCHTEILHO
KOTOPBIX MpeJiroJiaraeTcst ciejylolee:

(1) dbynxumnn A; siBasitorest (yHKLMSMH TOJNLKO [IEPEMEHHBIX gx U HE 3aBUCAT OT Ug;

(2) cylecTByIOT TaKHe 110/10XKUTe/IbHBIE KOHCTAHTBI 1725, UTO

8771]'.4]' . 8mkAk
Ay 9q;

b

(3) BesunHbl mj A SBJSIOTCA YACTHBHIMH IPOU3BOHBIMA OT HEKOTOPO# (yHKimn — V' 1),

$ICHO, UTO KOHCTAHTbI 17 B IPENOJIOKEHNH (2) HEOIHO3HAUHO ONPe/Ie/IsioTCs (DyHKLHAMH
Aj. Mbl MOKEM yMHOXKHTb BCE 772 HA OJIHY H Ty 7K€ MOJIOKHTE/IbHYIO KOHCTAHTY, He Hapylias
paBeHcTB (2). C apyroit CTOPOHBI, OTHOLLEHHS M5 /1My, OTIPE/IeJICHBI, €C/IH COOTBETCTBYIOLLHE
yaCTHbIE TPOU3BOHBIE He 00PALIAIOTCS B HyJIb. EC/IH MBI yc/10BUMCS cunTath, uto m; /my, = 1
BO BCEX CJIyuasiX, KOTJla 3TO OTHOILIEHHE He OIPeJIeISeTCsl U3 paBeHCTB (2), To cpagy xKe yBH-
JIUM, UTO BCE BEJIMUMHBI 172 OJIHO3HAUHO OIPe/Ie/ISI0TCS, KaK TOJIbKO OJHOM, U3 HUX TIPUITHCAHO

') Kak cremyer n3 manbHefimero (cm. ctp. 11, rie BBOAUTCS TOHATHe SHEPTHU M (YHKLUMH [AMUIBTOHA), PH
9TOM mpejmnosaraercs, uro 'V sBjsercss yHKLUHeN TOJAbKO OT KOOPJAMHAT g, U HE 3aBUCHT SIBHO OT BPeMeHH t.—
[Tpum. peo.
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ornpeiesieHHoe 3HaueHne. BriGop 01HOro TaKoro 3HaueHusi — 3TO BBIOOP €IMHHUIIBI MACCHI; TTO-
Jlyuatolecs B pesyJibTare UncJia m; Ha3blBaloTCs MacCaMH, aCCOLIMMPOBAHHBIMM C COOTBET-
CTBYIOIIUMH KoopauHaTtamu. Ha npakThke okasbBaeTcst, UTo msg4+1 = M3k4+2 = M3k+3, TAK
UTO Ha CaMOM JleJle Macchl sIBJISIIOTCS CBOMCTBaMH yacTHiL. [Ipennonoxkenue (3) nouru caenyer
13 (2): B COOTBETCTBHH C U3BECTHOH TeopeMoi M depeHinaabHOro neurcaenus V Beeraa cy-
11LeCTBY€EM JIOKAJIbHO, M BO BCEX CJyUasix, KOra S 0HOCBSI3HO, MOXKHO, COEJIHSISI 3TH JIOKAJIb -
Hble V, OCTPOUTH OJIHY IJ06asbHyt0 GyHKUMIO V Ha BceM S. Ecin ke S He npearnonaraercs
OJIHOCBSI3HBIM, TO TpeOOBaHUe (3) CTABUTCS OTAEJNBbHO.

Dynkuust m;jA;(qr,...,q3,) yacto o6o3Hauaercs ueped Fj(qi,...,q3,) ¥ Ha3blBaeTcs
KOMIIOHEHTOH CHJIbl, OTHECEHHOH K j-i KoopauHate. Bennuuna p; = mjv; Ha3blBaeTCH KOM-
TIOHEHTOH umnyabea (Koauuecmsa 08udceHs ), CONPsIKEHHON KOOpJMHATE ¢; 2). YpaBHeHwusi
JIBHKEHUS, 3aMUCaHHbIE Uepe3 CUJIbI U UMITYJIbChI, TPUHUMAIOT CJETYIOIIMH BUIL:

dgj _ pj  dpj

= =F;
dt mjv dt ]((ha 7q3n)a

a npejosioxkenue (3) npeacrasisiercs kak F; = —9V/0q;. B aTom ciyuae roBopsr, 4To CHJIbI
KOHCcepsamugHol u umerom nomenyuan'Vv.

[TockoJbKyY v M p;j OHO3HAYHO ONPEIEJAIOT APYT PYra, Mbl MOXKEM CUMTATh, UTO COCTOSA-
HHUE Hallefi CUHCTEeMbI OITMCBIBACTCS TapaMeTPaMH ¢; U p; BMeCTo ¢; U v;. Koneuno, npu atom S
CTAHOBUTCS JPYTUM MOAMHOXKECTBOM 6n-MepHOTo npocTpancTBa. Korna S paccmatpuaetces
KaK MHOKECTBO BCeX BO3MOXKHBIX ¢; U p;, OHO Ha3blBaeTcs (ha3oBbIM MpoCTpaHCTBOM. [leii-
CTBUTEJIbHOE 3HAUeHHE Mepexojia K (ha30BOMY MPOCTPAHCTBY CTAHET MOHSTHBIM HUXKE, KOT/Ia
OyJleT laHa TPAKTOBKA 3THX BOIPOCOB, He 3aBUCSIIAS OT BbIOOpA CUCTEMbI KOOPMHAT.

[Ton unHTerpasom Haieil cucTeMbl Mbl GyneM MOHUMATh (DYHKIHMIO o, OTIPEeJIeHHYI0 Ha
(ha30BOM MpocTpaHCTBE S U MOCTOSIHHYIO Ha Kax 1ol opoute Uy. Ecan ¢ nnddepenumpyema,
TO, KaK HETPY/IHO BUJIETD,

d _ Op dq Op dgs, = Op dp Op dpsn
dt[ (Us(s))]e=0 = Oq1 dt ~ Oqs, dt +8p1 dt - Opan dt
Gen . L O pw eV dp oV
dgr m1 " Og3, m3n,  Op1 Oqn Opsn Ogsn

[Toatomy  siB/sIeTCSt MHTErpaJioM B TOM M TOJIBKO B TOM CJIyuae, KOT/ia MocJie/iHee BblparKeHne
PaBHO HyJIIO TOXK/IECTBEHHO 10 BCEM ¢ U P.

BoJiee o61imm o6pasom nyctb W — jio6ast iBax bl auddepeniypyemast ojHonapamer-
prueckast rpynna, BV, ..., BY¥ CIV ... C¥ — komnonents ee nudnHUTESMMANBHO 06~
pasyolieli; kaxaoe BV u C’]W — ¢yHkuMs Bcex g v p. Torna QyHKUHUS @ MOCTOSIHHA HA Op-
Ooutax W B TOM U TOJILKO B TOM CJlyuae, KOrja

8<,0 Op
a‘h 8q3n

Oy
ap1

330
ap?m

w
B1 CEEEY + B3n + Cl an -
[IpearnosoxKum, uTo BEKTOPHOE M0J1e, KOMIOHEHTAMH KOTOPOTO M0 MOPSKY ABJSIOTCS CJW

u —BJW €CThb MHO?KECTBO BCEX YACTHBIX IPOU3BOJIHBIX HEKOTOPOIl (PYHKIIMH ¢, T. €. IPENoJ0-
JKHM, UTO

3 HanncaHHOr O BbIllE TOXK/IECTBA CPasy CJEJyeT, UTo ¢ OyleT noctosinia Ha opéurax W. Ta-
KHe BEKTOPHbIE T0JIS HTPAIOT BaXKHYIO POJib B Hallleil Teopud. OHYM HAa3bIBAIOTCS UHDUHUMe-
SUMANOHOLMU KOHMAKMHKHoIMU npeobpadosanusimu. Ecau nupuHuresnmanbtas obpasyto-
was rpynnsl W siBsisieTest HHQUHUTE3WMAa/IbHBIM KOHTAKTHLIM NIPe0Opa30BaHUEM, T. €. €CJIH

92 .
*) OmnpeneneHne UMMyJbca, 1aHHOE 371eCh aBTOPOM (p; = mwv,; = mg, ), CIPaBEAINUBO TOJBKO B TOM CJyuae,
KOTJa q1, - - . , @n OOPA3YIOT AEKAPTOBY CHCTEMY KOOpAWHAT. —/Ipum.peo.
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CYILIECTBYET Takasi PyHKIHS @, UTO

e Oy
W__~ pWw___~*
OJ aq]" J apj

)

Mbl TOBOpUM, uT0 W sIBJISIETCSl 0OOHONAapamempuueckoll epynnot KORMaKmrolx npeobpa-
30s8aruii. PyHKLMS ¢ OJHO3HAUHO orpesiesisieT W H cama 0IHO3HAUHO orpe/ie/isieTcs FPyInok
W ¢ TOYHOCTBIO JIO aJUIMTUBHON KOHCTAHThI. Mbl GyjieM Ha3biBaTh €€ (PyHOAMEHIMANbHbIM
uHsapuaxmom rpynns W.

Mbel nokaxkem Tenepb, UToO Halla AMHaMHuecKas rpynna U siBjsieTcs oJHONapameTpuue-
CKOM IpyNIoi KOHTAKTHBIX peoOpa3oBaHuii U, CJIeI0BATe/bHO, HMERT XOTsl Obl OJIMH HeTPH-
BHAJIbHBIH HHTerpas. Mbl 10/KHBI HAHTH (DYHKLIHMIO (KOTOPYIO Mbl 0603HauuM H ), Takyo uTo

OH p; OH 0V
op; m;  Og; g
I/I3 HepBOﬂ prl_[l_[bl paBeHCTB MbI BUAHUM, UTO H JIOJIZKHA UMETb BUJ1

2 2 2
V4 D3 P3n
5my | 2my +...+ oms, o(@ q3n)

a U3 BTOPOI, UTO MOXKHO Nos10xKUTh Hy = V. Takum 06pazom, pyHkLmst

2 2 2
P P2 B v gs) (1.3)

H(q1,---,G30,p1,---,P3n) = omy | 2my S
n

nocrosiiia Ha opourax U. OHa Ha3blBaeTCs UHmMe2pasoM dHepeuu Uil pocTo anepeuetl
cucrembl. ToT (akt, uTo OHa OcTaeTcst MOCTOSIHHON BO BpeMEeHH, MPECTaB/IsIeT COO0H OJIUH H3
ACIIeKTOB ,,3aKOHA CoXpaHeHust sHeprun. Mcnonbays H, Mbl MoxkeM nepenucats auddepen-
LHaJsIbHble yPaBHEeHHUs! IBUKEHHS B TAK Ha3blBaeMOii ,,FaMH/IbTOHOBOM (hopme

dg; 0H dpi  OH
dt — 9p;’ dt  Og

B stom konrtekcTe hyHkims H Ha3bIBaeTCs raMUJILTOHMAHOM, WK (pyHKLMEeH [amuibTona, cu-
creMbl. Mbl 3aMeTuM, uto H sBJisleTCsl CyMMO# JIBYX CJlaraeMbiX, OJIHO U3 KOTOPbIX 3aBUCHT
TOJIBKO OT KOOPJIMHAT, a IPyroe — TOJBKO OT CKOPOCTel. DTH JBa C/JaraeMbiX HA3bIBAIOTCS
COOTBETCTBEHHO NOMEHYUANbHOLU U KUHemUu1ecKol anepauetl.

[Tycts W — onnonapamerpuueckasi rpyrnmna KOHTAKTHBIX TpeoOpa3oBaHuil ¢ hyHaaMeH-
TaJIbHBIM HHBAPUAHTOM ); TOCMOTPHM, MTPH KAKOM YCJIOBUH (PYHKILIUS ¢ OYI€T MOCTOSIHHOM Ha
opburax W. [1pou3sBoss 3amenbl B oJydeHHOH Bbillie (hOpMYJie, Mbl IPUXONUM K CJIEIYIOLIEMY
YCJIOBHIO:

0o 0y Op OY Op OY Op O _, (1.4)

Oq1 Op1 " Oqsn Opsn  Op1 O Opsn Ogsn '
BripaxkeHue B JieBOH UacTH 3TOr0 paBeHCTBA [B3STOe ¢ 0OpaTHbIM 3HaKOM. — Ped.] Ha3biBa-
ercst ckoOko# [lyaccona dhyHkmil ¢ 1 ¢ u o6o3nauaercs [¢, ¥]. sleno, uro [p, ] = —[¥, ¢]
U, CJIeJloBaTeNbHO, [¢, 1] = 0 Toraa u ToJbKO Toraa, Koraa [¢, @] = 0. DTo o3Hauaer, uto

(DYHKLIMS 0 TIOCTOSIHHA Ha opOMTaX OJHONapaMeTpHUECKOl Irpyriibl KOHTAKTHBIX Mpeobpaso-
BAHHi, ONpeesieHHON (DyHKLMEH 1, TOr1a U TOJBKO TOI/A, KOTAA ¢ MOCTOSIHHA HA OpOUTaxX
OJIHONIApaMETPHUECKOl IPyMIbl KOHTAKTHBIX MpeoGpa3oBaHuil, onpeesieHHoH (pyHKUMed .
B uactHoM ciyuae, Korna ¢ = H, Mbl noJiyuaem cJieflyloliuid BaxKHblii npuHumi. [lycts ¢
— (pyH1aMeHTaIbHbII HHBAPHAHT MPOU3BOJILHON OIHONAPAMETPHUECKOH MPYIIbl KOHTAKTHbIX
npeo6pasosanuit W¥. Torna ¢ siB/asieTcs HHTerpaJoM Hallleil IMHAMHUeCKO# CHCTeMbl B TOM
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TOJILKO B TOM CJlyuae, Korjia npeodpasobanust WY nepesonsr H B ce6st. Tem cambiM Mbl 1101y -
yaeM COOTBETCTBHE MeXKJly MHTerpajaMi U OJHONapaMeTpUueCKUMH Ipynnamu ,,CHMMETpHii®.
MbI CKOPO YBHIM, UTO U3BECTHbIE HHTErPAJIbl UMITYJIbCA U MOMEHTA UMITYJIbCa COOTBETCTBYIOT
CUMMETPHSIM [IepeHoca U BpalleHHUs! IPOCTPAHCTBA.

[Ipennosoxum Tenepnb, uto S 1 KaxK10ro PUKCHPOBAHHOTO Habopa q1, . . . , g3 CONEP-
WUT 1y - -+ 5 Q30 D1y - - - » P3n IS TIPOU3BOJILHOTO HAOOPA P1, . . . , P3n. OO03HAUNM uepe3 M oT-
KpbITO@ MHOKeCTBO B 3", cocrosiiliee U3 BCEX g1, - - - , G3n, BXoasauwx B S. [lyets t — Uy —
NBaxbl U depenHipyemasi oaHonapamerpuueckas rpynmna B M, HHPUHATE3UMANBHOH 06-
pasytoleil KOTOPOH CJIy:KUT BEKTOPHOE MoJie ¢ KoMIoHeHTaMu Dy, . .., Ds,. Torna Hekoto-
pBIM Crtoco60oM, 0OBSICHEHHE KOTOPOTO HaM yI00Hee OTJIONKHUTH J10 CJAeaylolero pasnena, U

WHJlyLIpYeT oiHonapamerpuueckyto rpynmny W Ha S ¢ HpHHUTe3MMaIbHOH 00pasyollei

0D;
aq?m '

n
Di
=1

s g ey

~ _OD;
Pi 5

3
=1 =

3n 3

0D;

Dl,...,Dg y — E Pi
' i—1 " O i

Mbl cpagy ke BUanM, uto W siBJisieTcst oHoNapaMeTpHuecKoil rpynnoi KOHTAKTHBIX Mpe-
oOpa3oBanuii ¢ PyHn1aMeHTaNbHBIM HHBAPUAHTOM

1 D1(q1, - q30) + -+ P30 D3n(q1, - - @3n)-

Ecan U TakoBa, uro H octaercsi HHBapHaHTHOH 1pu Bcex Wi, To yHKLMS

p1D1(q1,. .. q30) + ... + D30 D3n(q1, - - -, q3n)

OyJeT MHTErpaJioM, JIMHEHHBIM 110 BCeM p;. Takue MHTerpaJibl, KOrjia OHH CYLIECTBYIOT, HA3bl-
BalOTCSA JIMHEHHBIMH MHTErpa/JiaMu HMIYJIbCOB 2 ).

BaxXHbIM ciryuaeM, KOTIa MMEIOTCS JIMHeHHble MHTErPaJibl HMITYJ/IbCOB, SIBJISIETCS CUCTEMA,
y KOTOpPO# (pyHKLMs1 V 3aBUCHT TOJIBKO OT PACCTOSIHUI MEXK/y UaCTHLIAMH, HATIPUMep IBHKe-
HHUe NJ1aHeT Wik 6oJiee 0OLIMI cayual, Korna

n

Wi — W

Fi(z1,91, 215+ s Tny Yny 2n) = ZGij(lwi — wj|)#
=1 i
J#

e w; — BeKTop (4, Yi, 2i),

s = wjl = @i = 2% + (i = 13)? + (21 = )%

a (Gj; — HEKOTOopble HerpepbiBHble (DYHKLHH, ONpe/ie/ieHHble Ha [0J10XKHTe/IbHON YacTH aeki-
CTBHMTEJIbHON OCH M Takue, uto G5 = Gj;. [lycTb B 3TOM ciayuae t — A; — Jmobas ojHonapa-
MeTpHUecKasi rpymna npeobpasoBaHnil TPEXMEPHOTO MPOCTPAHCTBA, COXPAHSIONIUX PACCTOSI-
nue. Torga coorBercTBHE

T1,Y1y 21y -+« Ty Yny Zn — At(xlayla Zl)a ceey At(xnvynv Zn)

omnpejiesisieT HEKOTOPYIO oiHoNnapameTpuueckyio rpyny U Ha M, 115 KOTOPOii COOTBETCTBYIO-
wasi W ona S ocrasasier H HenaMeHHOH. B 3TOM MOKHO y6eIuThCsl, TPOU3BOJISi COOTBETCTBY -
I0LLHE BBIUUCIIEHHST; KpOME TOr0, 3TO Oy/1eT HEMOCPEICTBEHHO BbITEKATh U3 COOOPaKeHUH, KO-
TOpBIE HE 3aBUCSIT OT BBIOOPA CUCTEMbI KOOPJMHAT M OYJ1yT NPUBE/ICHBI B CJIEYIOILEM pasiee.

Takum o6pasom, kazkoii rpyrnne t — A; Mbl CTaBUM B COOTBETCTBHE HEKOTOPbBIH HHTErpaJl,
JIMHEHHBIH 1o umnyabcam p. Ecan Aq(z, y, 2) = (x +t,y, z), TO STOT HHTErpaJ MpeBpallaeTcs

) B noanMHHIKe CTOMT pocTo momentum integrals (HHTerpaJibl HMIYJILCOB), HO, TTOCKOJBKY peub HAET O JiH-
HeHHON KOMOMHALMHK MMITYJIbCOB, HaM INpeJCTaBseTcs 00Jee YAauHbIM TEPMHH ,,JIHHEHHbIC HHTErpasibl HMITyJIb-
COB“, XOTsI OH 1 HEe MPHHSIT B PyCCKOl HayuHO# iutepatype. — [1pun. peo.
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B p1 + pa + p7 + .. .. TouHO TaK ke rpyrnna BCeBO3MOXKHBIX I€PEHOCOB B HANPABJEHHH Y NTPH-
BOJIMT K UHTErpaJly pe + ps + pg + ..., a rpyIia epeHocoB B HallpaBJeHUH z — K UHTerpaJsy
P34+ pe+po + . ... DTH TpU UHTErpasia Ha3bIBAIOTCS KOMITOHEHTAMH (COOTBETCTBEHHO IO OCSIM
Z, Y U Z) UMIyJsibca cucteMbl. ToT (hakT, UTO OHHU ABJISIIOTCS] HHTErpaJaMH, COCTaBJsIeT Collep-
)KaHHe 3aKOHA COXpaHeHMs uMIlyJibca. PaccMarpuBasi nepeHochl 1o JAPyruM HanpaBJeHHsIM,
MOXKHO TOJIUHTb JIPyTHe UHTerpaJibl, HO OHH He AT HUUEro CYLIeCTBEHHO HOBOro. Bee oHu
SIBJISIFOTCS] JIMHEHHBIMU KOMOHHALMSIMH C IOCTOSIHHBIMH KO(h(DULIMEHTaMH TPeX yzKe ONUCaH-
HBIX UHTErPaJioB.
Paccmotrpum Teneps rpyniy

(z,y,2) — (xcost + ysint,—xsint + y cost, z)

BCexX BpaLLleHI/lfI OTHOCHTEJIbHO ocH z. OHa [IPUBOJIUT K UHTErpaJly

(P3j—2 g3j—1 — g3j—2 p3j—1)7
1

n
j=
Ha3bIBAEMOMY MOMEHTOM MMITyJIbCa OTHOCUTENILHO OCH z. AHAJIOTHUHO OTPEIE/ISIIOTCS MOMEH-
Thl UMIYJIbCA OTHOCHUTENLHO Ocell & U iy. MOMEHTBI UMMYJIbCa OTHOCHTENLHO OCEH, HMEIOIINX
JIpyrue HarnpaBJjIeH|st U MPOXOJSIIMX uepe3 Touku, oryrutbie ot (0,0, 0), TakKe sBJSIOTCS UH-
TerpajsiaMmu, HO BCe€ OHH MPOCTO BBIPAXKAIOTCS Uepe3 1IeCTh YxKe MoJyUeHHbIX. Mbl nouepKu-
BAaeM 3TH TEOPETUKO-TPYIIOBbIE ONpe/ie/eHUs] UMIYJIbCa U MOMEHTa UMITYJIbCa, TTOCKOJbKY
UMEHHO 3TH ONpeJeNeHUs J0MyCKaloT HauOo/Iee eCTeCTBeHHOe 000011IeHHe B KBAHTOBOH Me-
XaHHKe.
OTtob6paxenue

P1 p3
(qlv"'7q37hp1a"'7p37l) - (qla"'aq?)Na_a---a_n)
my m3n

yCTAHABJIMBAET B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXKJy (ha30BbIM MPOCTPAHCTBOM S,
paccMaTpuBaeMbIM Kak MHOXKECTBO BCEBO3MOXKHbIX 3HAUEHHE ¢ U p, U M€PBOHAUAJILHO Bbi-
GpaHHbIM POCTPAHCTBOM S’ BCEBO3MOKHbBIX 3HAUEHHE ¢ U v. DTO OTOOPAKEHHE MEPEBOUT
¢ynkumio H Ha S B dynkumio H' va S’, rie

2 2
mivi L Manl3,
> et

Hl(Qla"'?Q?)’n?Ula"'7v3n)= +V(Q1,~~7Q3n)-

YpaBHeHus1 IBHKEHHSI, BbIpaXKeHHble uepe3 H', UMeloT BHjL

i _ - dvi_ OH 1
a Y dt 0q; m;
TaJee,
L _OH 1
v 8’1)1‘ mi’

[TO9TOMY Mbl MO2KEM IeperuncaThb UX Tak:

dgi d (OH' OH'
— =v;, — = .
dt " dt \ dv dqi
HaKOHeL[, [roJiarast
miv? mgnvgn
L(Q17"'7Q3n7v17"'7v3n): +—_V(Q17"'7Q3n)7

5 5
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MbI IToJIyyaemM
d (oL _ 0L du _
dt 8vi _8qi’ dt Y

WJIH, B OOLLENPUHATOM, 6oJiee KpaTKol hopme,

d (OLY 0L

i () = o
YpaBHeHHs! IBMKEeHHs], 3aUcaHHble B TAKOM BHJIe, HAa3bIBAIOT ypasreruamu 8 gopme Jla-
epandxca, a L — aaepanacuarnom wi ¢pynkyuell Jlaepanica cuctembl. Ypasuenus Jla-
rpaHKa MHTEPECHBI TEM, UTO OHM SIBJISIIOTCS] B TOUHOCTH YpaBHEHUSIMHU Dilsiepa /il HEKOTOPO#
ornpesie/IeHHON 3a/1aud BapuallMoHHOTO ucuncyaenusi. [losromy dynkuus L onpenensier opou-
Tbl rpyMnbl Ur HEKOTOPBIM BHYTPEHHUM 06pa3oM, He 3aBUCSIIUM OT 0COOEHHOCTEN BbIGPaHHOK
CHCTEMbI KOOPJIMHAT.

JleficTBUTesIbHO, MycTh £ — MpoU3BoJibHAS MojXxosiias aMddeperHunpyemas GyHKIHS,
onpesesieHHasi Ha S’; MPEINOIOKUM Takxke, uTo S’ ist Kaxa0ro Habopa (g1, . - . , g3, ) COnep-
KT TOUKH (q1, - - -, @3ns V1, - - - , U3p) JJISI BCEBO3MOXKHBIX HAGOPOB (1, . .., U3y). [Tych M —
MHOKECTBO HAGOPOB 1, - - . , §3, COOTBETCTBYOIIMX Toukam S’. [Tycts, nanee, ¢’ u ¢ — nse
Toukd B M, u q1(t), ..., q3,(t) — nuddepenumpyembie GyHKIHH, ONpeie/ieHHbIe Ha OTpe3-
ke [0,1] u Takue, uro KpuBast qi(t), ..., g3, (t) uemikom snexur B M, npuuem (¢;(0)) = ¢, u
(¢i(1)) = ¢ Torna na6op (qi(t),...,q3n(t),qi(t),. .., d3n(t)) MOKHO NOACTABUTL B DyHK-
1o L U MpOMHTErPUPOBATh MOJyueHHOoe BbipaxkeHue 1o ¢ ot 0 10 1. TeM camMbiM Kax10# Kpu-
Boit C'B M, coenunsitoiieil ¢’ ¢ ¢”, Mbl CTaBUM B COOTBETCTBHE HeKoTOpoe urciio I(C').

Mbl HILIEM YCJIOBUS, KOTOPBIM JIOJIKHBI YIOBJIETBOPSATH (DYHKIMH @;(t), UTOOBI COOTBET-
cTBytolast kKpuasi C' nasana ¢yukuuonany I(C') ,,crauponaproe® 3nauenue. bosee Touno,
ecain 1;(t) TakoBo, uto 1;(0) = n;(1) = 0, 10 ¢; (t) +en;(t) = CZ Gyner ,,I0MyCTUMO# KPUBO*
1151 JII0OOTO (JI0CTAaTOUHO MaJIoro) €; Mbl roBOpHM, uto C' 1aeT cralimoHapHoe 3Hauenue [ (C'),

€CJIn

L 1iem

de =0

e=0

JUISt KaxK 100 (pyHKIMH 7). HecsoxkHoe paccyxieHne, KOTopoe UHTaTe b MOXKeT HallTH B J1I000M
yueOHUKe BApHALIMOHHOTO UCUHCJIEHHS], TIOKA3bIBAET, UTO KPUBAsl, ONpe/le/ieHHast (PyHKUMIMU
gi(t), naer craunoHapHoe 3HaueHHe I TOr/ia ¥ TOJILKO KOTA1a, Koryia ¢;(t) y0BAeTBOPSIOT 11dh-
(hepeHLIMaIbHBIM ypaBHEHHSIM

% (g—;(lh(t)?m7Q3n(t)afi1(t)a~~7Q3n(t))) = g_;(Q1(t)7"'7Q3n(t)a‘j1(t)a"'7Q3n(t))-

Korna £ — narpan:xuan Haieit CHCTEMBI, 3TO B TOUHOCTH ypaBHeHus1 Jlarpanxka. Tot daxr,
uTO Ha opOuTax rpymibl Uy yKa3aHHbIH HHTErpaJl IPUHUMAET CTALMOHAPHOE 3HAUeHHe, U3Be-
CTeH KakK npurnyun anuibmona.

1.3 0OO600611eHHbIe KOOPAUHATHI U AU depeHIUpPyeMble MHOTO-
ob6pasus

Muorna 6biBaer y1o0HO NepeliTH K HOBOH CUCTEMEe KOOPAMHAT, B KOTOPOH KOOPJAHHATHI He
TOJIbKO HE ABJIAIOTCS MPAMOYTOJIbHbIMU, HO MOTYT IIPOU3BOJIbHBIM o6p330M 3aBUCETb OT Ipsi-
MOYTOJIbHBIX KOOPJMHAT HECKOJIbKMX Pa3JIMUHBIX YacTHll. bosee Toro, paccmarpuast cucre-
Mbl, B KOTOPbIX UMEIOTCSl ,,CBSI3U, YI0OHO YMEHbIUUTh YHUCJO KOOPJIHHAT, OCTABHB TOJIbKO
T€, KOTOPble MOTYT M3MEHSTbCSI HE3aBUCHMO OT OCTaJIbHBIX, a 9TO, BOOOLE IOBOPSl, MOXKHO
c/leNaTh TOJIBKO JIOKa/dbHO. Hanpumep, ecan M — noBepxHOCTb cepbl, TO HeJb3s1 HANTH
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JIBe HerpepbiBHble (DYHKLUMH f W g, KOTOpble 1aBaju Obl B3AHMHO OJHO3HAUHOE OTOOpaxKe-
uue ¢ — (f(q),g(q)) noBepxHoctn M Ha HEKOTOpOE MOAMHOKECTBO TUIocKocTH. Hakowel,
NpeCTaBIsis pe3dyJbTaThl B (hopMe, He 3aBUCSLIEH OT BbIGOpa CHCTEMbl KOOPAMHAT, HEpel-
KO MOKHO IJ1y02Ke POHUKHYTH B CYTb Jlesla. TakoBbl NPUUHHBI, NOOYMBLINE HAC AaTh 3/1eCh
6oJ1ee abcTpakTHOE 0600111eHHe MaTeprasa, pazobpanHoro B pasa. 1.1 u 1.2.

JLa1st Toro, uToObl ONpaBAATh ONpe/leseHust, KOTopble OYyT 1aHbl HUKEe, Mbl HAUHEM C J10-
Ka3aTeJIbCTBA TEOPEMBI, XapaKTEPU3YIOLLLEH BEKTOP B E™ ¢ MOMOIIBIO YACTHBIX MPOU3BO/HBIX,
KoTtopble oH onpejiedisieT. [Iyetb O — oTKpbITOE MOAMHOKECTBO MpocTpaHcTBa E™; 0603HaUUM
uepe3 &9 MHOKECTBO BCEX JIEHCTBUTENbHBIX (DYHKIIMH, KOTOpPbIe onpenesnensbl Ha O v mpuHaj-
Jiexkar Kjaccy C°°) T. e. UMEIOT HelpepbIBHbIE YacTHbIE TPOU3BOJIHbIE BCeX MOPsiIKOB. MHO-
2KECTBO €€ ABJACTCA KO JI b Il O M Ct)YHKU,Hﬁ B TOM CMbICJI€, UTO OHO 3aMKHYTO OTHOCHUTEJ/IbHO
ornepatuii cj0KeHust 1 ymHoxkenust. st kaxknoit f € Eg, Kaxnoro a = (ay,...,ap) € O
v Kaxaoro v = (vy,...,vy) € E™ paccMOTPUM JEHCTBUTENbHYIO (DYHKIHMIO Ha MPSMOIl
t — f(a+tv). OHa onpejiesieHa yisi BCeX 10CTATOUHO MAJIbIX ¢ M TAKXKeE PUHAJIIEKHUT KJaccy
C*°. Mul onpesienisieM f,(a) Kak

4 (a+ tv) = lim flatto) = f(a).
dt i—o =0 t
of
3amerum, uro ecain v = (1,0,...,0), 10 fy(a) = 87(a1, ..., Qp); QHAJIOTHUHbIE PE3yJIbTAThI
1

UMEIOT MECTO JJIs1 OCTaJIbHbIX YACTHBIX ITPOU3BOJIHbIX. BOO6].L[€

fola) = vy 8_:U1(a1""’an) + vg aa_;i(al""’a”) +...+vna—%(a1,...,an).
Takum o6pasowm, f,(a) Bcerna npeacrapssier CO60H KOHEUHYIO JIMHERHYI0 KOMOHHALIMIO YacT-
HBIX TTPOU3BOJIHBIX MEPBOTO MOPsiKA OT (PyHKLHMH f B Touke a. [TockoabKy fi,(a) = Afy(a),
BeJIMUMHA [, (a) HMeeT CJIe/IyIOlLy0 FeOMETPHUECKYIO HHTEPIIPEeTaltIo: f,,(a) ecTh UIMHA BeK-
TOpa v, yMHOXKEHHAsI Ha MPOU3BOJIHYIO (PYHKLMH f MO HampaBsenuio v. PUKcupys a u v, pac-
cMoTpUM (yHKLHoHa [“Y| nepeBoasiuil pynkumnio f € Eg B uncio f,(a). Herpymro yoe-
JIUTHCS B TOM, uTO [V 06J1aiaeT cieayommu GopMaibHbIMH CBOHCTBAMM:

(a) 1°(f +g) =12"(f) +1%"(g);
(b) 1°°(f g) = f(a)1""(g) + g(a) 1" (f);
(c) [%Y(f) =0, ecamn f nocrosiua.

Kpowme toro, ecau (%Y (f) = 14" (f) nsi Beex f, Tov = w. Takum o6pasom, oToOGpazkeHue v —
%" sIBJISIETC ST B3AUMHO OJITHO3HAUHbBIM, T. €. BEKTOP ¥ TIOJIHOCTBIO OMUCHIBAeTCS (DYHKIIMOHAJIOM
%Y. Mbl mokax<eM cefuac, uTo Kaxk/plil (hyHKIIMOHaJ, 06/anaioniuii ceoiictBamu (a), (b) u(c),
COOTBETCTBYET HEKOTOPOMY BEKTOPY.

Teopema. llycmo a — nHekomopas mouka O, ul — pyHkyuorar, conocmasasio-
wui kaxcooll pyukyuu f € €9 Hekomopoe uucao l(f) mak umo

(i) USf+e)=1Uf)+Usg),
(i) (fg) = fla)U(g) + g(a)l(f)

(iii) I(f) =0, eca f nocmosHHa

oas cex fugusép;

Toeda cyujecmsyem eduncmsennoil sekmop v, maxkoi umo l(f) = fy(a) 014 6cex f €
Eo.

JdokaszareabcTso. [Ipexne Bcero samernm, uto us (ii) u (iii) caenyer, uto (A f) =
A(f), ecam A — npousBosibHast KoHCTaHTa. [Ipeanosnoxxum ternepb, uto O He TOJIBKO OTKPBITO,
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HO ¥ BbiNykJ10. 115t 3ananubix f € Egux € O nosoxkum ¢(t) = f(a + t(z — a)); Torna

1 T
f(x) = fa) = (1) — ¢(0) 2/90'(15) dt:/Z(fﬂj—aj)fj(aﬂ(ﬂf—a))dt,
0 0o J=1

rae uepes fj 0603HaueHa yacTHas NPOU3BOAHAsA f 110 j-# nepemenHoi. [Tyctnb

1
Aj(azl,...,mn):/fj(a+t(93—a))dt;
0

TOraa, Kak HeTpyaHO BUAETD, Aj [PpUHAJICKHUT 8@, H UMeET MECTO TOXKIECTBO

f(wlv"'vx’n):f(ala"'a +Z (331,..-,£Un)-

Jj=1

[Tpumenss To ke camoe paccy»K/eHHe K Kax/10i GyHKLMH A, nojyuyaem

Aj(zy, ... xn)—c]—i—z a;) Aij(z1, ..., 2n),

rne ¢; = Aj(a) = fj(a). [loncranoBKa 9THX BbIpaxKeHHIl B MpeAbIIyLee TOXKACCTBO AaeT
HOBOE TOK/IECTBO:

f(xl,...,xn)Ef(al,...,an)—l—ch( i — aj) +Z i —ai)(xj —aj) Aij(z1,..., Tp);

Takum obpasom, I(f) = 0+ > cjl(x;) + 0. [locnennuii unen paBeH HyJi0, MOCKOJIbKY OH
TnpejicTaBJisieT co60i CYMMY HECKOJILKUX WIEHOB, B KAXKJI0M M3 KOTOPbIX 084 COMHOXKHTEJISI
0o0palaloTcs B HyJib B TOUKE a:

l(hlhghg) = hl(a) l(hzhg) + hz(a) hg(a) l(hl) = 0,

eci hi(a) = ha(a) = 0. [Monoxum v; = l(x;), Torna I(f) = > v;fi(a) = 12"(f).

Tenepb npennonoxxum, uto O He 0653aTe/IbHO BBITYKJI0. 3aMETHM, UTO ecJii f = 0 B HEKO-
TOPOM OTKPBITOM MHOKECTBE BOKPYT TOUKH a, T0 [( f) = 0. JleficTBUTEIbHO, Mbl BCET/Ia MOKEM
BbIOpaTh g € € Tak, utobsl g(a) = 1 u g(z) = 0 BHe MHOXKecTBa, rae f(x) = 0. Takum
obpasom, fg =0, T.e.

= U(fg) = f(a) U(g) + g(a) I(f) = O+ I(f) = U(F)-

CJienoBatesbHO, ecyi f1 U fa COBMAnaloT B okpectHocTH a, To [( f1) = I( f2). Tenepb BbiGepem
OTKpPBITOE BBIMyKJI0e MHOKecTBO O Tak, utobbl a € O C O. st o60oil GpyHkimn f u3 &«
BbiGepeM g € ¢ Tak, utobbl f(x) = g(z) B HEKOTOPOIT OKPECTHOCTH TOUKH a. Ecam g1 u ga —
JIBe Takhe (PyHKIIMH, TO, KaK JIOKAa3aHo Bbillle, [(g1) = I(g2). CaenoBarenbHo, 1(g) He 3aBUCHT
OT BLIGOPA g, @ 3aBUCHT TOJILKO OT f. O603HaunM 310T hyHKLMoHa uepes I( ). SlcHo, uto ais
[ Buinosmstiores cofictsa (i)—(iii) u, nockosbKy O BBITYKJI0, CyLLIECTBYeT TaKOi BEKTOP v, 4TO
1(f) = 19°(f) nsBeex f € Eor. Hoecn f € Ep, 10 1(f) = I(g) 1151 HeKOTOPOil DyHKIMK &
u3 €9, KOTOpast COBMajaeT ¢ f B HEKOTOPOK OKPeCTHOCTH TOUKH a. [Tostomy I(f) = [*Y(g) =
1%Y(f), 1 10Ka3aTeIbCTBO 3aKOHUEHO.

[Tyctb Tenepb S — Npou3BOJIbHOE MHOXKECTBO, @ € — KOJIbLIO IEHCTBUTEbHBIX (DYHKIHMH,
onpeJieJIeHHbIX Ha BCeM S, TpUueM /st JIIOObIX IBYX Pa3/IHUHBIX TOUEK P U ¢ U3 S CYLIECTBYET
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¢dynkunsa f € &, rakas uro f(p) # f(g). MHOXecTBO S cTaHOBHUTCS XayCA0PHOBBIM MPO-
crpancTBoM 1) (a Ha caMoM JleJie ke BIOJIHE PeryJisipHbIM POCTPAHCTBOM), €CJIH CUMTaTh
OTKPBITBIMH Te MHO2KecTBa O C S, y KOTOPBIX 1151 KaXK/10il TOUKM ¢ € O CylIeCTBYIOT (DyHK-
i fi,..., fn, € Eue > 0, Takue, uto us HepaseHets | fi(p) — fi(q)| < e&,i=1,2,...,n,
caenyert, uto p € O. B 1o Tonosiornu Bee (hyHKLUMM U3 € HETMPEPBLIBHbI, M €€ MOXKHO orpejie-
JINTb KBUBAJIEHTHBIM 00Pa30M Kak cJiabefillyto U3 TOTOJIOTHE, TPH KOTOPBIX COXPaHsIeTCst 3TO
cBoiicTBO. MBI Gy/1eM rOBOPUTH UTO HEKOTOpast AeHCTBUTEbHAS (DYHKLMS [ A0KAA6HO TIPU-
HaIeKUT €, €CJU Kaxk1asi Touka ¢, B KOTOpoil (yHKLMS f orpeseneHa, COIepKUTCS B TAKOM
oTKpbITOM MHOKecTBe O, uTo f orpesiesiena Bcioy Ha O M COBIMAAET TaM C HEKOTOPOH (hyHK-
upei uz €. Ml 6yneM roBoputh, uto € npespatiaer S B mrHocoobpasue kiacca C, eciu
BBITIOJIHSIOTCS CJIE/TyIOLIHE JBA JIOTIOJNHUTENbHBIX YCJIOBHUS:

(a) mobas pyHKLMS, onpeneseHHasi BCIoay Ha S 1 JJOKaJbHO MpUHAIeKaias &, 1eHCTBU-
TeJIbHO MPUHAIEKHUT E;

(b) naist MoGOK TOUKK g € S CYIIECTBYET HEKOTOPOE OTKPBITOE MHOXKeCTBO O, g € O C S,
1 HEKOTOPOE B3aUMHO OJIHO3HAUHOE U B3AUMHO HellpepbiBHOE 0ToOpaxKeHHe € OTKPBITOrO Moj1-
MHOKecTBa G n-MepHOTO eBKJIMI0BA NpocTpaHcTBa K™ Ha O, Takue, uto pyHKums f, onpee-
JieHHast Ha O, JIOKaJbHO MPUHALIEKUT € TOrIa U TOJILKO TOr/a, Korja f o 6 siBjsieTcsi 6ecKo-
HeuHo U depenmpyemort Ha G.

[lyctb 21, .. ., &, — QyHKIMH, OnpesieieHHble Ha OTKpbITOM noamMHoxkecTBe O C S; 060-
3HaunM uepe3 ® orobpaxenne p — (x1(p),...,zn(p)). Ecom @ ycranasiusaer B3aumMHoO o1~
HO3HAUHOE COOTBETCTBHE MeX1y O H HEKOTOPBIM OTKPBITHIM MOJAMHOXKeCTBOM G MPOCTpaH-
ctBa E™, u @1 ob6aanaer cpoiicTBamu, onucaHHbiMU B nyHKTe (b), Mbl Gy/1eM rOBOPHTL, UTO
Z1,...,ZTy 00pasyrom cucmemy Koopournam st O U A0OKAN6HYIO cucmemy Koopounam
JuIst Kaxaoi Toukn ¢ u3 0. $lcho, uto yHKIMY, 06pasyloliie CUCTEMY KOOPIMHAT, JIOKAIbHO
npuHajnexar €. boJjiee Toro, us (b) cienyer, uto Kaxaasi Touka ¢ € S UMeeT JIOKaJibHYI0 CH-
CTeMy KOOPJIMHAT, T. €. JIEKUT B HEKOTOPOM OTKPBITOM MHOYKECTBE, UMEIOIIEM CUCTEMY KOOp-
aunat. HetpynHo nokazarth, UTo Kaxkast Touka UMeeT JIOKaJIbHYI0 CUCTeMY KOOPJIMHAT, 11e/H-
KOM COCTOSIIILYIO U3 OTpaHHUEHHH Ha MOAXO/ISIIIEe OTKPBITOE MHOXKECTBO HECKOJIbKUX (PYHKIHH
u3 €. Koneuno, pyHKLMH U3 € 0OBIUHO He 00Pa3yIOT CHCTEMbl KOOPAMHAT /1S Bcero S.

MoxxHo npenctapJsiTh cebe MHOrooOpasue kiaacca C™ Kak pe3dyJbTaT Coe/IMHEeHHs] HECKOJIb-
KMX OTKPBITBIX MOJIMHO2KECTB €BKJIM/I0Ba NPOCTPAHCTBA; 3TO COEJIMHEHHNE TPOU3BE/IEHO TAKUM
06pa3oM, UToObl COXPAHUJIOCh MOHSATHE OECKOHEUHO AU depeHLnpyeMoil PyHKLNH ((yHKLIHH
Kaacca C'°°). Mbl OyzieM B JlasibHelILIeM roBOPUTh O (DYHKLMSX M3 € Kak 0 (yHKLMSX KJacca
C° na S, a 0 pyHKUMSAX, JOKAJIbHO NPUHAAIEKANINX & — Kak 0 (PYHKIHMAX, KOTOpble 6eCKO-
HeuHo [ depeHLrpyeMbl B CBOEH 00/1aCTH ONpe/ie/IeHHUSI.

Ecaun S ¢BsizHO, TO, KaK HETPYIHO BHIETh, KAXK/Asl TOUKA UMEET JIOKAJIbHYIO CUCTEMY KO-
OpJIMHAT C TeM K€ CaMbIM UHCJIOM KOOPJIMHAT, UTO U J1106ast Ipyrasi Touka; Mbl 6y/1eM Ha3biBaTh
3TO uucyo pazmeprocmoro S. Tlpencrapisiercst ya0OHBIM MPUHSITh 3TO MPENOJOKEHHE H,
HauuHasi ¢ TOr0 MOMEHTA, CUMTATh, UTO S HMeeT pa3MepHOCTb n.

[Tyctb S — mpousBosbHOe MHOTOoOGpasue kiaacca C°, u € — KOJbLO BCeX (DYHKIINi
kjaacca C*° Ha S. I'lox (KacaTesibHbIM) 8eKMOpOM B TOUKE ¢ € S Mbl Oy/1eM MOHUMATh NPO-

) IMoamuoXKecTBO (O eBKINI0BA POCTPAHCTBA HA3BIBACTCs OTKPHITBIM, €CJIH A1 060l Touku P € O cyle-
CTBYET TAKOE TOJIOXKHTETBHOE UHCJIO €, UTO BCE TOUKH P/, pacCTOsIHIE KOTOPBIX 110 TOUKH P MeHbILIe &, TPUHaIe-
KaT MHOXKecTBY O. HeTpy1HO MpOBepHTh, UTO OTKPBITbIE MHOYKECTBA 00J1a1a10T CJIelyIOLIHMH CBOHCTBAMU:

1) o6beanHenne M0G0H COBOKYMHOCTH OTKPBITHIX MHOXKECTB OTKPBITO;

2) nepeceueHne JMOObIX IBYX OTKPBITbIX MHOXKECTB OTKPBITO;

3) ecain P1 u P, — pazyiiuHble TOUKH, TO CYLIECTBYIOT HerepeceKalouecs oTKpbITbie MHOXKecTBa O1 1 Oz,
Takue uto Py € O1n P2 € Oa.

[TonsTre xaycnopdoBa TOMONOTHUECKOTO MPOCTPAHCTBA MOJyUaeTCs, €C/IH NPUHATb 9TH CBOFACTBA 32 AKCHOMBI.
[lycTb S — nMpon3BoOJIbHOE MHOXKECTBO, H F — HEKOTOpPOe CeMEeHCTBO ero MoJAMHOXKECTB. DJieMeHTbl F Mbl OyieM
Ha3bIBATb OTKPBITBIMM MHOXKECTBAMH. ECJ /151 3TOro cemMeficTBa MHOXKECTB BbITOJIHAIOTCS NMePeynC/IeHHbIE BhILle
cBofictea 1, 2, 3, To Mbl GyieM rOBOPUTB, UTo S sABJISETCS XayCcA0P(OBBIM MPOCTPAHCTBOM (B TOMOJIOTHH, KOTOPas
3ajaercst ceMeiicTBOM F).
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M3BOJIbHYIO IEHCTBUTENBHYIO (PYHKIHIO v Ha €, YIOBIETBOPSIOLLYIO YCJIOBUSM

(a) u(f) +v(g) = v(f +g),
(b) v(fg) = glg) v(f) + flq) v(g),
(C) ’U(C) =0,

ecau f U g npuHamiexkar €, a ¢ — NPOMU3BOJIbHASE KOHCTaHTa. Mbl OyleM uacTo 0603HauaTh
v(f) uepes f,(q) ¥ Ha3bIBAThL €rO YACTHON MPOU3BOAHON (DYHKIHMH f B TOUKE ¢, ONpeIe/IsieMOil
BEKTOPOM v. SICHO, UTO MHOXKECTBO BCEX KacaTeJIbHbIX BEKTOPOB B TOUKE ¢ 06pasyeT BEeKTOp-
HO€ MPOCTPAHCTBO HAJL M0JIEM AEHCTBUTEIBHBIX uncel. Mbl Gy/leM Ha3biBaTh €ro Kacamenb-
HbLM NPOCMPAHCMBOM B TOUKE ¢ U 0003Hauath V.

[lyets 21, ..., %, — CHCTEMA KOOPAMHAT J/Isl OTKPBITOrO MHOXKecTBa O, coaepKalllero
g. Torna nas ymo6oit pyHkumun f € & cyuecrByer 6ecKoHeuHo auddepeHupyemast HyHK-
wist f, ONpeie/ieHHast Ha HEKOTOPOil OTKPBITOil okpecTHoCTH (21(q), ..., Tn(q)), Takas uto
flp) = f(@1(p),...,za(p)) mast Becex p € O. Mbl MoxeM 06pas3oBaTh MPOM3BOJHbIE

of of of
oz, ——(x1(q), ..., zn(q)) n Oynem 0603HaUATHL UX Uepe3 P . U

. M3 nokasaHHoO¥ BbI-
q

TpUHaIe-

0
111€ TeOpPeMbl HEMOCPEACTBEHHO CJIEIYeT, UTo s Kaxkaoro f pynkums f — 8—f

T
q

J

KHUT Vi, K UTO 3TH 1 3JIEMEHTOB 11POCTpaHCTBa Vy, 00pasylor B HeM Gasuc.

Takum o6pasom, Mbl BUAMM, U4TO /ISl m-MePHOro MHOroo6pasus knacca C'*° kaxuoe V,
SIBJISIETCS] N-MEPHBIM BEKTOPHBIM MTPOCTPAHCTBOM, U KaxK/1asl JIOKaJIbHAasi CUCTeMa KOOPJMHAT
/1Sl TOUKH g orpejie/isieT HeKOTopblil 6asuc B npoctpancTse V. Ilpole ropopsi, Kak ToJb-
KO B OTKPBITOM MHOxKecTBe ) BBeJi€HA CHUCTEMA KOOPIMHAT, Mbl MOXKEM OTOXKJIECTBUTb €ro
C OTKPBITBIM MMOJAMHOKeCTBOM E™, 1pu 3T0M HauboJiee 0OLIMii KacaTe bHblil BEKTOP B TOUKE
qg=(q1,---,qn) UIMEET BUJL

en 2L
q7 Y 8:{,'”

q

[Ton konmpasapuanmmuoim sekmoproim norem L Ha S Mbl 6y1eM MIOHUMATH CONOCTaB-
JICHHE KaXKJI0H TOUKe ¢ € S HeKOTOporo snementa u3 Vy : ¢ — Ly € V. Ecim L — xonTpaba-
pHaHTHOE BEKTOpPHOE Nnovie, U f — GeckoHeuHo JuddepeHLrpyemas (GyHKLHs, TO Mbl MOKEM
Onpese/uTb HOBYIO (pyHKLMIO L( f), 3acTaBasisi Ly AeficTBOBATh Ha f MPH KaxKIoM g. J1pyrumu
canoBamu, L(f)(q) = Lq¢(f). Ecom L(f) — cdynkums kiaacca C qst Beex f, To Mbl Gyjiem
FOBOPHTB, UTO L — KOHmpasapuarnmnoe sekmoproe noe kiacca C.

[TycTb O — OTKpBITOE MHOXKECTBO, B KOTOPOM UMEETCSl CUCTEMA KOOPAUHAT (1, . . ., Ty ).
Torna kaxoe KOHTpaBapuaHTHOe BEKTOPHOE MoJie L onuckiBaercst B ) CBOUMH KOMIOHEHTa -
MM OTHOCHUTEJIbHO 6a3UCOB B V;, Onpesie/ieHHbIX KOOPAHHATAMU L1, . . . , Tp. Mbl UMeeM

0 0
L=A(z1,....,2n) =— + ... + An(z1,.. ., 2pn) —,
81’1 8$n
1 of of
L(f):Al(i’l,...,i’n) e + -+An(m17---733n) a$n.

Jlerko Buzieth, uto L Oyer 6eckoHeuHo auddepeHmpyeMbpiM TOr1a H TOJILKO TOMa, Korja Aj;
OyayT 6ecKoHeuHo b depeHIHpyeMbIMU JIJIsl BCEX JIOKAJIbHBIX CHCTEM KOOp/IMHAT.

Kaxknoe BektopHoe noJie kiaacca C'* orobpaxaet € B € Tak, UTO BbIOJHSIOTCS CJIEIyI0-
LHe€ TOXKIECTBA:

(a) L(f +8) = L(f) + L(g),
(b) L(fg) = f L(g) + g L(f),
(c) L(e) =0
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st Beex f 1 g u3 € ¥ Bcex KOHCTaHT c. [lpyrumu cioBamu, L onpenensieT HeKoTopoe dug-
depenyuposanue B koble €. O6patHo, nyctb D — Jio60e nuddeperiypoBanue B &, T. €.
orobpaxenue € B €, ynosJerBopsitoiiiee yeaoBusm (a), (b) u (c). s kaxmoro ¢ € S nosoxum
Ly(f) = D(f)(q). Mbl HemennenHo y6exaaemcs, uto Ly NPUHALIEKUT V, U UTO, COOTBET-
CTBEHHO, ¢ — L4 npeacTaBsier cOO0H KOHTPABAPHAHTHOE BEKTOPHOE noJie kiaacca C°, takoe
uro L(f) = D(f). Takum o6pa3om, KOHTpaBapHaHTHOE BEKTOPHOE T1oJie Kaacca C'™ MOXKHO
OJIHOBPEMEHHO paccMaTpUBaTh Kak orpejie/leHHOro Bua otobpaxenue € B E.

Ecan L n M — KoHTpaBapHaHTHble BEKTOPHbIE N0J1s Kaacca C'°°, TO Mbl MOXKEM I10J10-
KHTb 110 onpenesennto (L + M), = Lq + Mg, u torna L + M cHoBa Oy/ieT TaKHUM Ke BeK-
TOPHBIM MOJIeM. AHAJIOTHUHBIM 06Pa30M Mbl MOXKEM YMHOXKHTb KOHTPAaBAaPHAHTHOE BEKTOPHOE
noJsie k1acca C™ Ha gyHkumto f knacca C'° M N0JyuMM KOHTpaBapHAHTHOE BEKTOPHOE 110-
Jge fL. MoxKHO TaKxKe OrpelesuTh ,ipoussenenne” L u M, uto y:ke MeHee oueBUaHO. [Lsi
3ananHbix L u M wmbl nosaraem [L, M|(f) = L(M(f)) — M(L(f)) nas Bcex f € €. SlcHo,
uro [L, M| ob6aanaer cBoiicTBaMu (a) M (C), yKa3aHHBIMH BHIILIE; HEMOCPEACTBEHHBIE BBIUKC-
JIeHHsl NokasbiBatoT, uto (b) Takxe BbinosiHsiercsi. Takum o6pa3om, [L, M| cHoBa siBJsieTCst
KOHTPaBapHaHTHBIM BEKTOPHBIM MoJieM Kjaacca C'°. | YMHOKeHue", onpeiesieHHOe TaKuM 006~
pasoM, TMCTPUOYTHBHO OTHOCUTENBLHO CJIOKEHHS U ,,aHTHKOMMYTATHBHO' B TOM CMbICJI€, UTO
[L,M] = —[M, L]. OHo, KOHeUHO, He acColMaTHBHO. BMecTo 5TOro 0HO y/I0BJIETBOPSIET TAK
Ha3bIBAEMOMY TOXK1eCTBY SIKOGH )

[[L, M], N]+[[N, L], M] + [[M,N], L] = 0.

Mrak, MHOXKeCTBO KOHTPaBapUAHTHBIX BEKTOPHbIX ToJiel Kjacca C'> obpasyer To, uTo 06bIu-
HO HasbIBalOT a1eebpolii Jlu.

[lyers V naist kaxkioro g € S 0603Hauaet MpocTpaHCTBO, COMPSIKEHHOE K Vo, T. €. Mpo-
CTPAHCTBO BCeX JIMHeHHBIX (yHKuMoHaI0B Ha V. Mbl npejlocrasiisieM untaTesio yOeuTh-
cs1 B TOM, uTO, X0Ts1 Vi M Vq* BCErJa UMEIT OJMHAKOBYIO PAa3MEPHOCTb W, CJIEAOBATEJ/bHO,
M30MOP(HBI, MEXK/ly HUMH HET HHKAKOro ,,eCTeCTBeHHOro" nsomopcusma. [lpasua, kaxkueli

6asuc vi,...,v, B V, ecTecTBeHHbIM 00pa3oM omnpeje/iseT HeKOTOPbI JBOHCTBeHHbIH 6a-
3UC l1,...,lp B V|, @ HMEHHO, [, — €MHCTBEHHbII JINHENHbI (hyHKIMOHAJ, U1 KOTOPOTO
lp(vy) = 6;?. Jlanee, ecsiu 3aiaHbl vy, . . . , Un H, CJAEIOBATENbHO, 1, . . ., [, TO MBI MOXKEM I10-

CTPOMTb HEKOTOPBIE H30MOP(H3M
c1v1 + ...+ v — clly ..+ eply

Vy Ha V[, 0JHAKO 3TOT M30MOP(H3M 3aBUCHT, BOOOLLE roBopsi, oT BbiGopa Gasuca. Tosbko
B TOM CJ/lyuae, KOIjla Mbl MMeeM BHyTpeHHee NPoM3Be/ieHHe B V, M orpaHHuMBaeMcsi OpToro-
HaJIbHBIMH 6a3MCaMH, Mbl 110JlyuaeM eIMHCTBeHHbIH n3oMopduam. Takum oGpazom, npu uc-
M0JIb30BAHUHU TPOM3BOJILHBIX KOOPAHHAT, KOTOPbIE Mbl CE€HUAC paccMaTpuBaeM, He0OXOUMO
NPOBOJUTH TLIATEIbHOE pa3rpaHHueHHe Mexly sJementamu Vg u snementamu Vo', Tlon ko-
sapuarnmuoin sekmopHoin nosem W na S Mbl OyleM [OHUMATh conocTasjienue ¢ — W
KaxJ10i Touke ¢ € S Hekotoporo sJementa V', Ecin W — koBapuanTHOe BEKTOpHOE 110~
Je, U L — KOHTpaBapHAaHTHOE BEKTOPHOE T10JIe, TO MOXKHO 1JIs BceX g oO6pasoBatb Wy(Lg)
U M0JIyUHTh, TAKHM 00pa3oMm, JeicTBuTe bHyI0 (hyHKimo W (L), onpenenennyio Ha S. Eciu
W(L) € & nist mo60ro KOHTpaBapHaHTHOrO BeKTOpHOro nosisi L kiaacca C'™, To Mbl Gyjiem
FOBOPUTL, UTO W — KOBAapHaHTHOE BEKTOPHOE MnoJie Kaacca C™.

[Tycts f € €. Torna ans kaxoro g € S ukaxaoro v € V, MoxkHo o6paszoBars f,(q). [Tpu
(PMKCHPOBAHHOM ¢ ¥ ITePEMEHHOM ¥ 3TO JIMHEHHBIH (DYHKLHOHAJ, T. €. CYLLeCTBYeT e/IMHCTBEH-
Hblil s51emMenT Iy € V', Takoii, uto f,(q) = lg(v) nast Bcex v € V. dtoT mneibiii hyHKIMOHa
HasbiBaetcs dughpepenyuaron f 6 mouxke g u o6osnauaercs uepes (df ),. KoBapnanrnoe
BEKTOPHOeE MoJie Kiacca C', noJiyuatolieecs pu cornoctabieHnn (df ) Kaxoil Touke q € S,

-
) DTO TOXKECTBO HA3BIBAIOT TaKxKe TOXKAeCTBOM [Tyaccona.— [Tpum. peo.
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Mbl GyzieM 0603HauaTh MpocTo df u HasbiBaTh dughgheperyuarom f. Tor cakr, uro df npu-
HaWVIEKHUT KJaccy C'°°, HermocpeICTBEHHO cJlelyeT U3 oueBuaHoro Toxaectsa df (L) = L(f).

[Tpennosnoxum, uto (x1, ..., Z,) — CHCTEMA KOOPIMHAT J/Isi HEKOTOPOTO OTKPLITOTO MHO-
xectBa O B S. Torna ans kaxaoro g u3 O ((dz1)g, - . ., (dry)q) — HeKoTOpbIil 6a3uC K ecTe-
CTBeHHOMY 6a3ucy B Vi, orpejiesieHHOMY CUCTEMOH KOOPIMHAT (Z1, . . ., Ty). DTO CJEIyeT U3
Toro, uto dz; /0r; = 6; HenocpeicTBeHHO BUIHO, UTO KOMIIOHEHTAMH df OTHOCHTEJIBHO 3TOTO
ecTecTBeHHoro 6asuca B Vq*, sigsiiorest Of /0xq, ..., 0f /Oxy,. Takum o6pa3om, (KoBapHaHT-
HO€) BEKTOpHOE NoJie df eCcTh KaK pas To, uTo (PU3HKH HasbiBaloT rpaadeHtom (gradf). [To-
CKOJIbKY (dz1, ..., dx,) npeacTaBiaser coboil 6azuc wisi Bcex ¢ € O, nauboJee oblilee KoBa-
puanTHoe BekTOopHOE noJie W knacca C*° umeet B O Bun ay dxy + . ..+ ap dx,, TH€ 1, . . ., Qp
— noaxojsie pyHkUUK knacca C*°. Takum o6pasom, camoe o0l1llee KOBapHaHTHOE BEKTOp-
Hoe noJie Kaacca C°°, BblpaxKeHHOe B JIOKAJIbHBIX KOOpPJAMHATAX, MPEACTaBJsieT co60il MPOCTO
thopmasbHblil ddepentman. OTcroa U U3 U3BECTHBIX TEOPEM aHaJ/M3a HeNocpeiCTBEHHO
CJIeIyeT, UTO He KaxKJ10e KOBapHaHTHOE BEKTOpHOE moJie Kiaacca C'° MOXKHO MpeaCTaBUTh B
tdopme df. Te nudpdpepeniimalibl, 115 KOTOPBIX ITO BO3MOXKHO, HA3bIBAIOTCS M0 4HbIMU.

[Tyctb V' — mpousBosibHOE KOHEUHOMEPHOE NEHCTBUTEbHOE BEKTOPHOE MPOCTPAHCTRO.
[Ton n pa3 KoBapHaHTHBLIM U T pa3 KOHTpaBapUaHTHLIM TeH30pOM Hajl V' Mbl OyjieM MOHUMAaTh
JIeUCTBUTENIbHYIO (DYHKLIMIO F' OT n + m aprymMeHTOB, W3 KOTOPbIX MepBble 1 MPUHALIEKAT
npocTpaHcTBy V/, a nocJjenHue m — MNpoCTpaHCTBY V', JIMHEHHYIO 110 KaXK/IOMy apryMeHTy
oraenbHo. Hanpumep, mo6oit anement V* sijisieTcsi TeH30poM KoBapuaHTHoro nopsiaka 1 (1
pa3 KOBapHaHTHLIM TEH30POM ), @ JEMEHTbl V' MOKHO pacCMaTpUBaTh KaK 3JeMeHTbl V** u,
cJ1e/10BaTe/IbHO, KaK TeH30pbl KOHTpaBapHaHTHOro rnopsiaka l. ,,BHyTpeHHUM npousBeieHnem
B V HasbIBaeTCs TEH30p KOBAPUAHTHOTO Mopsifika 2, 00/1a1al0lni 10MOJTHUTEIbHBIMUA CBOM -
CTBaMH CUMMETPHH H NOJIOKHUTEJIbHOMN OIpe1e/IeHHOCTH.

[Tyctb F' — npousBoJibHBIH TeH30p KoBapranTHoro nopsiaka 2. Torna ans kaxmoro puk-
cupoBanHoro vg € V' F(vp,v) Kak JUHEeHHbIH QyHKIHOHAN OT v npuHaaiexur V*. Tem ca-
MBIM OTIpeJIe/IeHO JIHHeiHoe oToGpaxenue F npoctpanctsa V B V*, takoe, uto F(vg,v) =
F(vo)(v). O6patHo, Kaxj10e JuHeiiHoe oToOpaxkeHde V' B V* MOXKHO MOJIyUUTh TAKMM CIIOCO-
GOM H3 HEKOTOPOrO TEH30pa KOBAPHAHTHOTO ropsiika 2. Ecii F B3aHMHO 0JIHO3HAUHO, TO Mbl
roBopum, uto F' HeBbipoxk/eH. B ToM ciyuae, Korna F' HeBbIpOXKJieH, Mbl MOXKeM 00pa3oBaTh
F~1, KoTopoe 1oJiyuaeTcs aHaJJorHuHbIM 00Pa3oM U3 HEKOTOPOrO TeH30pa KOHTPABAPHAHTOrO
nopsiika 2.

[Ton mensoprown nosem T KOBAPUAHTHOTO MOPSIIKA 1 H KOHTPABAPHAHTHOTO MOPSIIKA 1
Ha MHoroo6pasuu (S, £) kinacca C'™ Mbl Oy/ieM NOHUMATh COMOCTAaBJIEHHE KaXKI0i TOUKE g U3
S nekoroporo Tensopa Ty HaJl BeKTOPHBIM npoctpancTsom V. Ecam Ly, . .., L, — KoHTpasa-
puaHTHble BeKTOpHbIe NoJ1st, U Wy, . .., W, — KoBapHaHTHbIE BEKTOPHbIE MOJIS1, TO Mbl MOKEM
3aj1aTh PyHKIHIO

T(Li,...,Ly,W1,...,Wp),

MOJIOXKHB
T(Ly,...,Lp, Wi, ... ,.Wi)(q) =T (v1,... 00,00, ..y lm),
rie
vj = (Lj)g ulx = (Wi)q-
Eciau

T(Li,..., Ly, Wi,..., W)

— ¢yHkuus kaacca C™ ust mo6bix L u Wy, kinacca C*°, 1o Mbl 6y/1eM FroOBOPUTb, uTo 1" —
TeH30pHoe MnoJie kiaacca C°. SIcHo, uro

T(fL/1+g &leQv-"aLnana---an):
:fT( /1aL27-"7L’rLaW15"-7Wm)+gT( llla"'aLnawla---an)
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anst Beex fugus € npeex Lj u Wy, 0 4TO aHaJIOTMUHOE TOXKIAECTBO MMEET MECTO IS KaXK-
JIOTO U3 OCTAJIbHBIX apryMeHTOB; IPYTUMH CJoBaMH, MyHKMs 1" iuHelHa Hajl € 10 KaXKJIOMYy
aprymenty. OGparHo, nycts 1" — mo6ast PyHKIMSI 1 + m apryMEHTOB CO 3HAUEHHUSIMU B &,
y KOTOPOH TMepBble 1 APTYMEHTOB — KOHTpaBapHaHTHbIE BEKTOPHbIE 10Js1 Kaacca C°, a no-
cJIeTHHe M apryMeHTOB — KOBapHaHTHbIE BEKTOPHbIE MoJisi Kjacca C°. Mbl npenocrasJisiem
yuTaTes 0 yOeUThCs B TOM, uTo ecy T jiuHerina Hajl € 10 KaXKoMy apryMeHTy, TO OHa 0~
pOXKJa€eTcsl, Kak MoKa3aHo Bbillle, HEKOTOPBIM OJIHO3HAUHO ONpeJie/ieHHbIM TEH30PHBIM M10JIEM
T’ knacca C*°.

Eci T'— TeH30pHOE 110J1€ KOBAPHAHTHOTO MOPSIJIKA 7 U KOHTPABAPUAHTHOTO MOPSIKA M,
aqi,...,Qr — CUCTEeMa KOOPAUHAT /ISl OTKPBITOro MHOKecTBa O C S, TO q1, . . ., g} ONIpeie-
st 6asuc ¢, . . ., @i B Kak0M Vg 1 aBoficTBennbiii 6asuc I, . . ., I B kaxom V,*; sHauenus
T nipu 3TOM ONpeieNIIOTCs €ro 3HauUeHUSIMH

Aﬁ:;;jjj (q) = T(<p§1, e cpgn, l?l, e lgm)

Ha s/eMenTax 3THX 6asncoB. [Tostomy Tensopnoe mosie T' MOXKHO OMMCaTh (Ha MHOXKECTBE
0), ykazaB 3HauU€HHUs €ro KOMITOHEHT Ag;:jjj:f: npH KaxkaoM q. TeHzopbl yacto onpezesitoTes
UMEHHO TaKUM 00pa3oM.

Mbl GyneM HHTepecoBaTbCsl IVIaBHBIM 06pa30M KOBAPUAHTHBIMU T€H30paMH BTOPOrO 10-
psiika, /15 KOTopbIx oToOpaxkenue V, B V¥, onpesnensiemoe Ty, HeBbIpOxk/IeHO. C NOMOLIbIO
TaKUX TEH30POB MOKHO 1peo6pa3oBbiBaTh KOBAPHAHTHOE BEKTOPHOE 110J1€ B KOHTPaBapHaHT-
Hoe u o6patho. B uacthom cayuae, korna T'(L, M) = T(M,L)nT(L,L) > Onpu Ly #0,T
HA3bIBAETCS PUMAHOBOL MEMPUKOL.

[Iyete W — HekoTOpoe KoBapHaHTHOe BeKTopHoe mnoJe Ha S kiaacca C°. Ilns Kax-
Joit napbl L, M KOHTpaBapHaHTHbIX BEKTOPHbIX Movieil Kjaacca C'° Mbl onpesiesiiM (hyHKLHIO

W (L, M) xnacca C*:

W(L, M) = L(W(M)) — M(W (L)) — W([L, M]).
OueBunaHo, uTO W(L, M) = —W(M, L), v noutH TaKk:Ke OUEBHJIHO, UTO
W(Ly + Lo, M) = W(Ly, M) + W(Ly, M).

Mbl nokaxem, uro st Becex § € € W(OL,M) = W (L, M) un, caenobareiibHo, uto W
JIMHelHa Haj € Mo KaxK0My MepeMeHHOMY. 3aMeTHM CHauasa, uto

BL(W (M)) — M(W (6L)) = OL(W (M) — M(8W (L)) =
— OL(W (M) — M(0)W (L) — 6M(W (L)) = 9{L(W (M)) — M(W (L))} - M(O)W (L).

C npyroit cTOpoHHl,

[0L, M](f) = OL(M(f)) — M(OL(f)) = OL(M(f)) — M(O)L(f) — OM(L(f)) =
= {0[L, M| — M(9)L}(f),
M03TOMY
(0L, M] = 6[L, M| — M(0)L,
CJIC0BATEJIbHO,
W ([0L, M]) = 6W (L, M]) — M(0)W (L).

Wrak, okaswiBaercst, uro W ([L, M]) u L(W (M))— M (W (L)) auHeiiHbl Haa € ¢ TOUHOCTDHIO /10
OJIHOTO H TOTO 2Ke MonpaBoyHoro uieHa. [Tockosbky W npeacrabisieT co60i pasHOCTb MEXKILY
HHUMH, 3TOT ujieH cokpaiaercsi, 1 W okasbiBaercs juneiinbiM Han €. M3 chopmympoBannoi
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BbIlIE TEOPEMbI Mbl 110Jy4aeM Terepb, UTO CYLIeCTBYET €IMHCTBEHHbIH KOBAPHAHTHBIH TEH30P
BTOpOro nopsizika (KOoTopblil Mbl 0603Hauaem uepe3 dW u HasbiBaem auddeperipmanom W),
TaKoM, 4TO

dW (L, M) = W (L, M) = L(W(M)) — M(W(L)) — W(|L, M)).

$Icno, uTo dW aHTHCHMMETPHUEH 110 CBOUM JBYM apryMEHTaM.
Boiuncium dW B uactHom ciyuae, korna W = df. [1o onpeneniennio [L, M| Mbl uMeeM

dW (L, M) = L(W(M)) — M(W (L)) = W([L, M]) =
= L(df (M)) — M(df (L)) — df ([L, M]) =
= L(M(f)) = M(L(f)) = [L, M](f) = 0.

Hrak, neo6xoanmoe ycjiosue toro, uto W = df nas nekoropo# f, ectb dW = 0. 910 ycjoBue
He SIBJISIETCSI JIOCTATOUHBIM BOOOIILe, HO OHO JIOCTATOUHO JI/Isl JIOKAJIbHOTO TpesicTaByaenus W B
Buze df . [1poiiie Bcero B 3ToM y6eIUTLCS, BIUUCINUB KO3 hULeHT W B HEKOTOPOH CHCTEME
koopauHar. Ecoimu W = ayjdg; + ... + agdgg, 10 dW|ij = 0Oa;/0q; — Oa;j/0q;. [Toaromy
dW = 0 roria u ToJ1bKO Torza, Korna da;/0q; = Oa;/0g;; 3 3TOTO YCJIOBHSI, KAK H3BECTHO,
BBITEKAET, uTo a; = Of/0q; B HEKOTOPOI OKPECTHOCTH KaXKJI0¥ TOUKH.

Boo6iiie Mbl roBopum, uto nosie W aamxknymo, ecau dW = 0. MHOXKeCTBO BCeX 3aMKHY -
ThIX W eCTb BEKTOPHOE MPOCTPAHCTBO, B KOTOPOM TOUHBIE W COCTaB/ISIIOT HEKOTOPOE MONPO-
cTpaHcTBO. PadMepHocTh (hakKToprnpocTpaHCcTBA 3aBUCHT TOJIBKO OT TOMOJIOTHH S U HAa3bIBAaeT-
sl epBbIM ukcJaoM bert MHOroo6pasus S. To UUCI0 PABHO HYJIO, €CJIH S — BHYTPEHHOCTD
eIIMHMUHOTO 1apa B E™, 1 paBHO eiMHULIe, ec/ii S — BHYTPeHHOCTh KoJiblia ©).

[lycts t — ¢(t) — ,,6eckoHeuHo ryajgkasi Kpusasi“ B S, T. e. dhyHKIus1, oToGpazkaroias
OTKPBITOE CBSI3HOE MOJMHOXKeCTBO I 1efCTBUTEILHOI TIpsiMoil B S, Takasi uto f(g(t)) € C°
st Beex f € €. Ilns kaxoro tg € I orobpaxeHue

df (q(t))
f — Uty (f) = dt )
t=to
OUEBHJIHO, Y/IOBJIETBOPSIET YCJAOBHSM, COIEPKAILIMMCS B OMPe/IeJIeHHH KacaTeIbHOro BEKTOpa
B ¢(to). Mtak, vy, € Vy(to); Mbl Ha3bIBaeM vy, KacameAavHolm 8eKmopom Kk kpusot q(t)

B ¢(tp). 3amMeTuM, KCTaTH, UTO €CJIM y HAC UMeeTCsl HeKOoTopasi puMaHoBa Metpuka G, Ha S,
10 /G () (Ve V¢) — JUIMHA BEKTOPA Uy M Mbl MOMKEM KaXKJIOMy KOHEUHOMY CErMEHTY Harllei

KpHBOﬂ [MOCTaBHUTb B COOTBETCTBHE €I'0 NJIMHY

b
/ z/ Gq(t) (’Ut, Ut) dt.

[lyctb Teneps t — Uy — HeKoTopasi ojHONapameTpuueckasi rpymnmna aBToMophU3MoB
(S, £); mox aBTOMOP(PHU3MOM v TOHUMAETCsI B3aUMHO OJIHO3HAUHOE 0TOOpaXKeHue S Ha S, Ta-
Koe uto f € € Toraa u TosbKo Toraa, Koraa foa € €. [1peanosoxum, uro Bce opoutbl t — Uy
Ha S — GeCcKOHEeUHO ryiajikue KpuBble. Torna nockosibKy Kaxasi Touka g € .S JIeXKUT B TOUHO-
CTH Ha OJIHOi OpOMTE, TO, TOCTPOUB KacaTesbHbIH BEKTOp K 0pOUTe, MPOXOJISILIEH uepes g, Mbl
MOJIyUUM OTpe/Ie/IeHHbIH BEKTOp B Touke ¢. [TocTpoeHHOe TaknM 06pa3oM BEeKTOPHOE M0JIe Mbl
GysieM 0603HauaTh uepes LU u nasbiBath nHHHUTE3MMAIBLHOI 06pasyiolei rpynnb U. Eciu
LY — BexropHoe noJie k1acca C™, 10 Mbl 6y/1eM FOBOPHTb, uto U — oiHONapaMeTpHyecKast
rpynna kJjacca C°°.

%) Iycrs, nanpumep, W = (zdy — ydz)/(x? + 3?), a paccmatpuBaemas o61acTh — Koablo 1 < z2 +
y? < 2. B okpectrocth oGoit Toukn W = d arctg(y /), Ho arctg(y/z) Heb3st ONPENeUTh KaK O/IHO3HAUHYIO
HENpephIBHYIO (DYHKLHMIO BCIOLY BHYTPH KOJIbLIA.
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[TycTb O — OTKpbITOE MOAMHOKECTBO S, I0MyCKAaIOLlee CUCTEMY KOOPIMHAT (1, . . . , Gp)-
Torna wactu op6ut U, nexaiiue B O, MOXKHO 3anucaTh B KOHKPeTHOH (hopme: Kaxk1asi opouTa
3anaercs n pyHkuusaMu ot t. Kak u B pasn. 1.1, 311 pyHKIMH yI0BJAETBOPSIOT CUCTEME OObIK-
HOBEHHbIX 1 epeHIHaIbHBIX YpaBHEHHI

dq

dt = Al (Q1a 7QH)7

dgn

_ AU
dt An (q17 ) qn)a
AU AU _ LU 6 % -

riue Ty Ay KOMITOHEHTBI OTHOCHUTEJIbHO Oa3uca, onpeae/sieMoro CUCTeMou Koop
JHUHAT q1,...,Qn. HOSTOMy, COINIACHO KJ1aCCUUEeCKOH TeopeMe €AMHCTBEHHOCTH ,U,I/l(b(bepeHLll/l-

a/bHbIX ypaBHenuil, LY onnosnauno onpeenser U aist mo60f 0HONapaMeTpHueckori rpyr-
nbl U kaacca C™.

[Tyctb S — mHOrooGpasue knacca C°°, npeacrasasioliee coboii ,,KOH(HUTypallHOHHOE
NPOCTPAHCTBO" HEKOTOPOil (husnueckoli cuctembl * ). [lyets f : ¢ — f(t) — KpuBasi Kiac-
ca C* B S. Torna naist Kax/10i TOUKH tg BEKTOP U (y), Kacatenbhbiil K f B f(to), noKasbiBaer
,,CKOPOCTb" CUCTEMBI, ,,JIBHXKYIIEHCS 110 TpaekTopuH f, npu t = to. Ecsin B HekoTOpO# cu-
creme koopamnar f(t) = (qi(t), q2(t), - - ., qk(t)), TO B 3TOi cUCTEME KOOP/MHAT BEKTOP V(1))
MMeeT KOMIOHEHTHI ¢ (o), - - - , 4k (to). [ToTOMY 3a1aTh BCe ¢ U ¢ BCe paBHO, UTO 3a/1aTh TOUKY
go M3 S 1 BeKTOp U3 V.

Hpyrumu cjioBamMu, MHOTOOOpasue COCTOSIHUI (DU3HUECKOH CHCTEMBI, Y KOTOPOH COCTOsI-
HHUS1 ONPeIeJISIIOTCS 3alaHHEM [IPOCTPAHCTBEHHBIX KOOP/IMHAT U CKOPOCTEH, HMeeT crielHallb-
HBII B DTO — MHOrooGpasue KacaTe/bHbIX BEKTOPOB HEKOTOPOTO JIPYroro MHOroo0pasusi
BJIBOE MeHbllIel pa3MepHOCTH. BoJiee Toro, Kak Mbl yBUIMM, BBE/IeHHE HMITYJIbCOB BMECTO CKO-
pocreii (p BMECTO ¢) B HHBAPHAHTHOH (hopMe 03HAUAET, UTO Mbl BBIOMPAEM ClelalIbHOEe 0TO6-
paxenne Kaxuoro V, B V" 1 onucbiBaeM COCTOsIHUSI ¢ OMOLIbIO /iemenToB V" Ho, npexe
ueM BEpHYTbCS K MeXaHHKe, HaM Hy»KHO 00CY/IUTh HEKOTOPbIe 0COObIe CBOMCTBA TAKMX MHOTO-
00pasuil KacaTe/IbHbIX BEKTOPOB.

[Tycts S — MHoroo6pasue kiacca C°°. O603HaunM uepes Sy MHOXKECTBO Beex nap (g, v),
rne v € V. Ecam (g1, ..., gn) — cHCTEMa KOOPJAMHAT JUISl OTKPBITOro MHOxKecTBa O C S, TO
d/0qu,...,0/dg, — 6azuc V, nast kaxporo ¢ € O. [Tosromy Kaxnoii touke 7~ 1(0) ecre-
CTBEHHBIM 00pPa30M CTABHUTCS B COOTBETCTBHE HAOOP 27 IEHCTBUTEJBHBIX UHCEJ; 3/1eCh T —
orobpazkeHue Sy Ha S, KOTOpoe repeBouT (¢, v) B q.

Mei 6ynem roBopuTh, uto GyHKIMs f, onpeneneHHas Ha Sy, puHaieKuT €y, €Cn OHa
GeckorneuHo auddepeHurpyeMa B Kax10M MHox)ecTBe 7~ L((9) OTHOCHTEIbHO HHIyLMPOBaH-
HO CUCTeMbl KOOPAHMHAT. Mbl NIPeOCTAB/ISIEM UMTATENIO CAMOCTOSITEILHO YOCUTBCS B TOM,
uto Ey npeppalaer Sy B MHorooopasue kjaacca C°°. 1o MHoroobpasue 4acTo HasblBaeTCsl
KacameabHolm ny4KomM (KacaTebHbIM PACCJIOEHHBIM TPOCTPAHCTBOM ) HalL S.

Eciom S7 u Sy — JoGble 1Ba MHOroo6Gpasust kiacca C'™, ¢ — HeKOTopoe 0ToOpakeHue Sy
B S2, TO Mbl TOBOPHM, 4TO ¢ — oTOOpakeHue kaacca C'*°, ecqu f o o € C* Ha Sy mist mob6ok
bynkuuu f € C* Ha Sy. [lyetb ¢ — Takoe orobpakeHue, u g € Si. [lnst kaxaoro v € Vg u
NpoH3BOJILHON PyHKIMK f kaacca C°° Ha S2 Mbl MOKeM 06pasoBath (f o )y (q). Pukcupys
v ¥ MeHsisl f, Mbl 1oJiyuaem (pyHKIHIO Ha (PyHKUMSX Ka1acca C°°) onpesie/leHHbIX Ha MHOTO-
obpasun S, KOTOpasl, KaK HETPYAHO YOeIUThCS, YIOBAETBOPSIET YCJIOBUSIM, COLEpKALLUMCS
B ONpeJie/IeHHH KacaTeJIbHOTO BEKTopa B TouKe ¢(q). Mrak, cyliecTByer eIMHCTBEHHbIH BeK-
T0p W € Vi(q), A5 KOTOPOTO (f © ©)y(q) = fuw(p(q)). Herpynno Buners, uto w jmneiino

7Y KoH(hUrypALHOHHEIM IPOCTPAHCTBOM MEXAHHUECKOH CHCTEMbI HA3bIBAETCS COBOKYMHOCT BCEX BO3MOYKHBIX
MOJI0’KEeHH T 3TOH CHCTEMBI (T. €. TOJIOXKEHHH BCeX ee ToueK 6e3 yueTa UX CKOPOCTeil), HanpuMmep, AJs CHCTEMBI, CO-
CTOALLEH M3 KECTKOTO CTePKHA, NePeMelaollerocs no miIocKocTH, KOH(MHUrypalHoHHOEe TPOCTPAHCTBO ABJAETCA
MPOU3BEJEHHEM IVIOCKOCTH U OKPY:KHOCTU. — [Ipum. peo.
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3aBMCHT OT v. ITO JMHeliHoe oToOpaxenue Vy B V,;) Mbl OylieM Ha3bIBaTh i depenumranom
dp|, oroGpaxenns ¢ B Touke q. Ecan (g1, ..., ¢n) — cuCTeMa KOOPAMHAT A/Isl HEKOTOPOTO
OTKPBITOrO MHOXKecTBa O C S7, coepKallero g, a (s, ..., Sy) — CUCTEMA KOOPJMHAT st
HEKOTOPOTo OTKPBITOro MHOKecTBa O’ C S, comepKaiiiero ¢(q), To ¢ ONUChIBAETCS M PyHK-
LUSIMU 7 ICHCTBUTE/bHBIX TIepeMeHHbIX s = fi(q1, ..., ¢n). Jlanee, 3T cuctembl KoopauHaT
nopoxpaiot 6asucel B Vg u B Vi (g). SlcHo, uto mMarpuua d<p|q OTHOCHUTEJIbHO 3THX 6a3UCOB
nveer s || 9f;/axl, |-

[Tyctb Tenepb S = Sy, S2 = Su @ = «. Torna st Kaxno# Touku (s, v) € Sy mudde-
penuma dm g,y orobpaxaer Vs, smHeiHo B (B nefcturesnbroctd Ha) Vs. Econ L — moGoe
KOHTpaBapHaHTHOE BEKTOPHOE MoJie kiacca C'°° Ha Sy, Mbl MOKEM MPUMEHHTD dTr(5 ) K L5 1)
1 MOJIyUHTh HEKOTOPbIH 3s1eMeHT V. [lJ1s1 KazK10ro UKCHPOBAHHOIO S Mbl HMeEM, CJieJ10Ba-
TeJIbHO, HEKOTOpOe OToGpamenne v — dm(sy)(L(sy)) U3 Vs B Vs. O603Haunm 310 0T06pa-
wenue TF. Mul 6y/1eM HasbiBaTh KOHTPABAPMAHTHOE BEKTOPHOE MoJie L creyuatbroLit, ecn
3T0 OTOGpPaKeHHe ABJISAETCA TOKNECTBEHHDIM ISl BCEX S, T. €. €ClH dT (s 1) (L5 ) = v IR
Bcex s U v. Eco (g, . .., gn) — CHCTEMa KOOPJMHAT /11 OTKPBITOTO MoaMHOKeeTBa O C S,
aqi,...,Qn, W1, ..., W, — COOTBETCTBYIOLIAsH CHCTeMa KoopauHat s (), To cucrema
0OBIKHOBEHHBIX AU((epeHLHaNbHBIX yPaBHEHHH, COOTBETCTBYIOLIAs Haubosiee 0611eMy KOH-
TPaBapHAHTHOMY BEKTOPHOMY 110J1t0 L Ha Sy, UMeeT CJie/lyolLni BUJL:

dq;
— =B G w1, W),
dw;
d—t] :Aj(QD"'vqTL?wl""’wn)'

MblI IpelocTaBIsieM YHTATEI0 YORIUTHCSI B TOM, UTO L SIBJISIETCS CHIELHAIbHBIM TOT/IA U TOJIb-
KO Torjia, Korjaa
Bi(qi, ... qn, w1, ..., wy) = wj 1JIs BCEX J.

Ho cucrembl ypaBHeHHU# niepBoro rnopsiika Bujia

dq]' dwj
E:wj7 ?:Aj(qla"'7qnaw17"'7wn)a
— 3TO B TOYHOCTHU T€ CUCTEMBI, KOTOPBIE [T0JYyYalOTCsT U3 CUCTEM BTOPOro MOpPsIIKa
d?q; dq dqy,
a2 =Aj(Q17~--7Qm%,---,E)

BBEJICHHEM BCIIOMOTaTe/bHBIX MepeMeHHbIX w; = dg;/dt. ViTak, HHBapHaHTHO omnpeiesieH-
HbIM MaTeMaTHueCKMM 0G'bEKTOM, COOTBETCTBYIOLIUM CHCTeMe AU pepeHIHaNbHbIX YpaBHe-
HHUIT BTOpOTo Mopsijika Kiaacca C'™° Ha S, siBJIsieTcs] crielidaibHOe KOHTpaBapHaHTHOE BEKTOP-
Hoe noJie Knacca C'° Ha Sy .

[Tycts £ — ¢ynkuus knacca C* na Sy, ut — 6(t) — Hekoropast KpuBasi kiacca C'™ Ha
S. st KaxKzoro ¢t 0603HauMM Kacare/ibHbli BeKTOp K KpuBoii 0(t) uepes 0’ (t). Torna mst Becex
t napa (0(t), ¢ (t)) npuHaniexxur Sy, 0 Mbl MOxKeM paccmatpuBath (yHkumio L(6(t), 0 (t))
MepeMEHHOTO0 ¢ U ee HHTerpaJ Mex1y (PUKCHPOBAHHBIMH TpeiesiaMi. B KoopauHaTtax sToT uH-

TerpaJi MMeeT BHU
b

[ @@ n®. a0t

a
OTcrosia BUJHO, UTO TOHSITHE KACATeIbHOTO Myuka Sy, COCTaBJSIET €CTECTBEHHYIO OCHOBY IS
MHBApUAHTHOTO OMHCAHUS 3aj1au BapHALIMOHHOTO UCUMCJ/IEHHS], BCTpeUatomxcesi B (hopMysin-
poBke npuHuMna [amunbroHa.
MtuoxectBo Sy~ Bcex nap (g, w), e w € V¥, MoxKeT GbITb IpeBpalileHo B MHOrooOpasue
Ka1acca C'°° coBepllieHHO TeM ke 00pa3oM, Kak Sy. ITo MHOroobpasue Mbl OyeM Ha3bIBAThH
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KOKacaTeJIbHbIM MyuKoM Ha S; oToOpaxeHue (g, w) — g kaacca C' Mbl o-npexkHemy 060-
3HauaeM uepes 7. Mcnosbsyst oro6pakeHne dm, Mbl MOXKeM BbIOPATh HEKOTOPOE ClelnalbHOe
BEKTOpHOE moJie Kaacca C'*° Ha Sy-, KoTopoe Oy/leT UTpaTh LEHTPaTbHYIO POJib B (hOPMYJIH-
POBKe 3aKOHOB MEXaHUKH. DTO M0J1e orpeJlessieTcs ceyolmm oopasom. st ka0 Touku
(q,w) € Sy« oroGpaxenue dm(g ) ABAACTCS JUHEHHBIM oToOpaxkennem Vg, .,y na V4. Co-
npsikeHHoe orodpaxenue (dm);, . (w) npeacrapisier coboii auneiinoe otobpaxenue V' Ha

(g:w)
V(“; w)" DT0 JMHeAHOe 0TOOPAKEHHE IEPEBOUT 3IEMEHT w € V,* B HEKOTOPbI JIeMeHT N0Jist
Vv . Takum o6pasom Mbl Kaxk10il Touke (g, w) € Sy« CTaBUM B COOTBETCTBHE HEKOTOPBII

(qw)
3JIEMEHT V(’; 1) M TIOJIYUaEM TEM CaMbIM HEKOTOPOE KOBAPHAHTHOE BEKTOPHOE MOJIe. Mbi Gy iem

HA3bIBATH €0 PYHOAMEHMANOHOIM KOBAPUAHMHLM BEKMOPHLIM NOAEM MHOL000PA3USL
u 0603HauaTh uepes W0,

[lycts (q1,--.,qn) — HEKOTOpasi CHCTEMA KOOPJMHAT JUIsi OTKPBITOrO MHOXKecTBa O H
(@1, -+, Gn,P1,---,Pn) — COOTBETCTBYIOLIAsS chcTeMa KoopauHat aas 7 H(O). Torna nau-
Gosiee obliee BeKTopHOe noJie Ha 7~ () C Sy« MOXKHO 3anucath B BUJE

ardgr + ...+ andg, +b1dp1 + ... + by dpy,
re Bce a v b sapasiores GyHKUMAME p U g. Herpyano Beiuvcantsb a v b 1is W0, TTockosibKy

F(Qla s qny Pl - 7pn) = (Q1a B aQR)a

dm B KaXX101 TOUKE HMEET MaTPHLLy

10 0 0 0
01 0 0 0l
00 10 0

matpuua (dm)* noJyuaercst U3 3Toi MaTpHilbl TpaHcrionupoBanieM. CrenoBatebo, (dr g ) (p) =
(p,0), 1. €. aj = p; nb; = 0. pyrumu caosamu, W9 = p;dq; + ... + pp dg,. Orciona, B
uactHoCTH, caeyet, uto WO siBjisieTcss KoBapMAHTHBIM BEKTOPHBIM MoJieM Kaacca C™ U Mbl
MOKeM 06pa3oBaTh aHTHCHMMETPHUECKOe KOBapHaHTHoe TensopHoe nose dW0 Broporo no-
psinka kaacca C™. Herpyano nojcuunrats, uro marpuua dW0 B Tex e koopaunatax umeer
BUJL

—1

Tak uto dWV Hure He BHIPOXK/IEHO.

TTycTh st KAKI0r0 KOHTPABAPHAHTHONO BEKTOPHOTO roJist L Ha Sy« knacca C uepes L
0003HaueHO KOBAapPHAHTHOE BEKTOPHOE 110J1€, TaKOE, UTO E(M ) = dWO(L, M) 1151 Bcex KoH-
TpaBapuaHTHbIX BEKTOPHBIX NoJieil M knacca C*°. U3 nesbipoxkaennoctn dW0 caenyer, uto
oToGpaxenue L — L MHOMXKeCTBA KOHTPABAPMAHTHBIX BEKTOPHBIX TToJieii Kaacca C™ Ha Sy«
Ha MHOK€CTBO KOBAPHAHTHBIX BEKTOPHBIX MoJiell Kacca C'° Ha Sy« B3aUMHO OJIHO3HAYHO U
SIBJIIETCA OTOOpAXKEHHEM Ha BCe MHOKeCTBO. Mbl OyieM HCMOMb30BAThL TOT 2Ke 3HAK ~ I

obGpaTHoro otobpaxenusi, Tak uto L = L. Eciaiun

0 0
Fan—+b

L=aj— +.. by —,
" 9q1 oqn Op1 " Opn
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TO, KaK HETPYJAHO BUAETD,

L=bdg1+...+b,dg, —ar1dp1 — ... — a,dp,.

Ecim f 1 g — dyskimn kiacca C Ha Sy« T Mbl MOKeM 06pasoBath pyHkwuio dW O (df | Zlé),
KOTOPYIO Mbl GyJIeM COKpallleHHO 0603HauaTh uepes [f, g|. B TepmMuHax p u g Mbl iMeem

_Of 0, Of 95 Of 0g of o

[f’g]_ﬁ_fn@m T 0¢,0p, Op10qr T OpnOgn

T. €. ckoOky [lyaccona dpynkumii f u g.

OtoGpaxenne L — L KOHTpaBapHaHTHBIX BEKTOPHBIX MOJEl HA KOBAPHAHTHbBIE T03BO-
JISIET TIepEHEeCTH UMEIOILYIOCS KIAaCCH(PHUKALIMIO KOBAPUAHTHBIX BEKTOPHBIX M0JIeH (3aMKHYThIe
noJist — Te, st Kotopblx dW = 0, TouHble noJist — e, uist Kotopbix W = dH ) Ha KOHTpa-
BapUaHTHble BEKTOPHbIe 1oJist. Mbl GylieM Ha3biBaTh KOHTPAaBAPHAHTHOE BEKTOPHOE mnojie L
2aMUNBMOHOBOLM 8 yeaom, ecau L = dH, v 10karpoHo eamusbmorogelm, eciu L = W rne
dW = 0. JIoka/bHO raMHUJILTOHOBOE BEKTOPHOE 110J1€ MOXKHO MPEICTABUTh B BUJIE dH B Heko-
TOPOH OKPECTHOCTH KaKJIOH TOUKH, HO TTPU ITOM MOKET He CYLIECTBOBAThL (DYHKIIMH, KOTOpast
rojuJiack Obl J1s1 Bcero MHoroo6pasusi. Bo Besikom cityuae, nuddepeniinanbibie ypaBHeHMs,
ornpeie/isieMble TAKMM BEKTOPHBIM T0JIEM, HMEIOT TaK Ha3biBaeMylto ,,coopmy [amusbrona™:

dg; OH dpi  OH
dt  9dp;’ dt  Ogi

[Tycte U n V — onnonapamerpuueckue rpymsl kjaacca C'* aBromopduamon Sy«; rnpeji-
MOJIOKHM, UTO MX HH(UHHTE3UMabHBIe o6pasyioue LY u LY sBasiiorcst raMuIbTOHOBBIMU B
uesom, 7. e. LY = df u LV = dg. Torna ckopocTh naMenenust g BoJb opout U paBHa

LY(g) = df(g) = AW (df, dg) = [f,g].

Takum o6pasom, ckoOku [lyaccona UMEIOT Ty »Ke MHTEpIPeTaluio, uTo U B pasa. 1.2.

Onnonapamerpuueckue rpymnbl U Kiaacca C°, uHpUHUTE3UMANbHBIE 06pasyloliie KoTo-
pbix LY ABISIOTCSA JIOKAILHO FaMHJITOHOBBIMH, MOTYT ObITh KOPOTKO 0XapaKTepPU30BaHbl CJle-
JyIOLIMM 06pa3oM. ITO HMEHHO Te IPYMb, y KoTopbix Uy 1 octassiior dWC unBapuanTHBIM.
Hpyrumun cioBamu, HazoBeM aBToMopusm A MHoroo6pasust Sy« kiaacca C* konmakm-
HoLM Npeodpa3osarnuem, eciim (dA)q’w oroOpamaer Vg, Ha Vy(g ) TAKUM 00pPa3oM, UTO
(dW?) g0 TEPEXONT B (dw?) A(quw)’ TOT1a HMEET MeCTO TeopeMa (KOTOPYIO Mbi He Oy1eM 110~
KasblBaTh), yTBEp:KAIOLIAsl, UTO HH(UHUTE3UMaJIbHAsI 06pasytolasi 0JiHONapaMeTpHUECKOI
rpynnsl ¢ — Uy JIOKaNbHO raMUJIBTOHOBA TOTJIA M TOJIBKO TOTJIA, Koraa Kaxaoe Uy siBisiercs
KOHTaKTHBIM npeo6pasoBanueM. [103ToMy JI0KaJbHO raMUJIBTOHOBBI KOHTPaBapHaHTHbIE BEK-
TOpHBIE 10JIs1 HA Sy« MHOT/JIA HA3bIBAIOT HH(DUHUTE3UMAJILHBIMH KOHTAKTHBIMHU 11peoOpa3oBa-
HHUSIMH.

MbI TOIrOTOBJIEHBI TEMEPh K TOMY, UTOObI BEPHYThHCS K (PU3HKE H 000OIINTL 3aKOHbI MeXa-
HUKM CHCTeMBbI Touek, chopmyinpoBanHble B pasit. 1.2. Bmecto Toro uro6sl npeanosarars, uto
31 KOOPIMHAT HaLIMX 7 TOUEK MPHHAJJIEXKAT HEKOTOPOMY OTKPBITOMY MOAMHOXKECTBY E5™, Mbl
MpeanosaraeM ToJbKO UTO OHH MPHHAIIEKAT HEKOTOPOMY MOAMHOXKeCTBY M, KoTopoe cTa-
HOBHTCs1 MHOroo6pasuem kjaacca C'°, ecsin 3a € NMPUHSATH MHOXKECTBO BCEX OrpaHHUeHHi Ha
M ¢ynkumit knacca C* B E3™. Hanpumep, Mbl MoKeM 3anath n(n — 1)/2 KOHCTAHT ¢;j 1 B
KauecTBe M B35ITb MHO?KECTBO BCEX HAOOPOB L1, Y1, 21, - - -  Tn, Yn, Zn, TAKUX, UTO

(xi - mj)2 + (yz - yj)2 + (Zz — Zj)2 = Cjj-

Jl1s1 Toro uTOo6kI 10MYCTHUTD ellle GoJiee 001U cayuai, HanpuMep TakoH, KOrla MpoCTPaHCTBO
SIBJISIETCSI HE ,,TVIOCKUM ™, a ,, KPUBBIM®, Mbl Oy/IeM MIPOCTO CUHTATh, UTO 3aJIaHO aOCTPAKTHOE
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MHOKecTBO M ,,BO3MOXKHBIX KOH(bUTypatmi*, u uto M sBJsieTcss MHOroo6pasuem kiacca C'™
OTHOCHUTEJIbHO HEKOTOPOTro MHOXKeCTBa £ JeHCTBUTEIbHBIX (hyHKIME Ha M. Ecom t — o(t)
— KpuBast Ha M, ONMUCHIBAIOLIAsi HEKOTOPOE BO3MOXKHOE M3MEHEeHHe KOH(HUIypaLHH CHCTe-
Mbl BO BDEMEHH, TO KacaTe/bHbIil BEKTOP ¢’ (t) CJYyKUT MEPOii CKOPOCTH H3MEHEHHST CHCTEMBI
B MOMEHT BpeMeHH t. JleficTBUTEbHO, ecau (g1, . .., q,) — JIOKAJbHasi CUCTEMA KOOPJMHAT,
Tak uto t — (t) onuckiBaeTcs (J10KaNIbHO) 1 GYHKUMAMU 1 (1), . .., qn(t), TO TPOU3BO/IHBIE
5THX (DYHKIME B TOUKE o CJIyKAT KoopauHatamu ¢’ (tg). B COOTBETCTBHM C HALIMM TTPEXKHUM
MPEoJI0KEeHHeM, UTo Oy/1ylilee CUCTEMBbI ONPEIEJISIeTCsI KOOPAUHATAMH H CKOPOCTSIMH B OJIHH
(bMKCHPOBAHHBIN MOMEHT BPEMEHH, Mbl IIPEJIToIaraem Tenepb, uto ¢(to) u ¢’ (to) BMecrte onpe-
JeJIsIoT Oy ylee. DTo 03HAUAET, UTO MHOXKECTBO COCTOSIHUI HaLlleH CUCTEMbI MOXKHO OTOXK/1e-
CTBHUTb C MHOKECTBOM TOUEK KacaTe/ibHOro nyuka My . Mbl HCKJ/IIOUaeM U3 pacCMOTPEHHS Tak
Ha3blBaeMble HETOJIOHOMHbBIE CUCTEMBI, MIPeANoaras, uto Kaxodas Touka My sIBJsIeTCs] BO3-
MOXKHBIM cOCTOsIHHEM. Mbl Gy/ieM Mo-1pexKHeMy NpejoJararh, UTo Hallla cucteMa ooparima
1 1 yno6cTBa Oy/ieM CUMTaTh, UTO IMHaMUUecKasi rpynna t — Uy siBjisieTcsi oiHonapaMmeTpu-
uecKol rpynmnoii knacca C'°°, X0Tsl CTOJb CHIIbHOE OrpaHUUEHHE U He SIBJISIeTCS] HEOOXOIMMBbIM.
Koneuno, U3 Hatiero onpesesieHusi COCTOSIHHI CJIEIyeT, UTo HHPUHHTe3UMaIbHasi 06pasyto-
was LY rpynnbl t — Uy GyjeT crelyasibHbIM KOHTPaBapHAHTHLIM BEKTOPHBIM roJieM Ha My.

B cooTBeTcTBHH ¢ HallIUMU NipearnosoxeHusimu (1)—(3), crenanubiMu B pasj. 1.2 oTHO-
CHTEJILHO YCKOPEHHI A, Mbl IPUMEM 3J1eCh OHO MPEJOJO0KEHHE, KOTOPOe OJHOBPEMEHHO H
0600112€eT U BKJIOUAET BCe CYIlleCTBEHHbIe TpeboBanus, conepxkaiidecs B (1)—(3). [lycts T
— IpPOM3BOJIbHAs pUMaHOBa MeTpuka Ha M kjacca C°°. Torna anst Kaxuoi Toukn ¢ € M
meTpHKa Ty onpejesseT JMHeHHOe 0ToOpaxKeHHe Tq npocrpatcersa Vg Ha Vf. Mcnoabayst st
0TOOPaXKEHHUSI, Mbl MOXKEM [TOCTPOUTH B3AHUMHO OJIHO3HAUHOE OTOGpaKeHHe BT : My — My-,
nooxus BT (q,v) = (g, T,(v)). Slcno, uto BT n o6partoe oto6parenne npuHaiexar Kiac-
cy C*®. Tosromy t — Ul = BTU(BT)~! — onnonapamerpuueckas rpynna aBToMopgus-
MoB My~ knacca C°°. Halle 0CHOBHO€ TPeNoJIOKeHHe 3aKJI0UAETCS B CJIEYIOLIEM.

Ha M cywecmsyem makas pumanosa mempuxa T, umo epynna t — UL umeem
2aAMUNBMOHOBY 8 UYCAOM UHPUHUMEIUMANbHYI0 00paA3YIOUYIO.

[lycts H — ta gyHKkuus kiaacca C*° Ha My «, 1151 KOTOPO# dH siBasiercs TpeOyeMol UH-
(buHHTE3nMAIbHOH 00pasytolielt; pyHKLHsT H , KOHEUHO, ONpeeIsieTCsl OIHO3HAUHO C TOUHO-
CTbIO JIO JUIMTUBHON MOCTOSIHHON W Ha3bIBA€TCs raMUJIbTOHMAHOM Halleil cucteMbl. Mbl yBH-
JIM, UTO OHa onpesiessieT He Tobko U7, Ho u MeTpuky T H, C/1eloBaTe/IbHO, epBoHauaIbHYI0
JIMHAMHUUECKYIO IPYTIy Halllell CHCTEMBI.

[lyctb g1, . . ., gn — CHCTEMA KOOPAMHAT /ISt OTKpbITOro MHO2KecTBa O C MU (q1, .. ., Gn, V1, . - -

— COOTBETCTBYIOLIAs CHCTeMa KoopauHat s 7w~ H(0) € My [ycetsb
! / /.
Ty(viy .oy Un, U1, .05 0y,) = E gij(q1,- -+, qn) Vi T
i’j

Toraa

(Tq(vh cee 7vn))i = Zgij(‘ha ce aQn) Uy
J

1 ’
(Tq (pla s apn))l = Zgz](qla B qn)pjv
J
rJle KOOPJIMHATHI p; B POCTPAHCTBE V" ABOMICTBEHHBI K KOOPJMHATAM v B POCTpaHCTBe Vi U

gt (ar, -, an)ll = llgii(ar, - - an)lI 7

Mel umeem

(BT)_l(qlv" 'aq’napla"'vpn) = (qla"'aqnazglljpja" azg;”p])v
J J
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M03TOMY PaBEHCTBO dg; /dt = v; IpeBpallaeTcst B paBEHCTBO
dg;
a Z g;j Dj-
J
[TockoJibKy, Kpome Toro, dg; /dt = OH /Jp;, Mbl iMeeM

OH ,
o Z 8ij Pj>
oTKy/A
1
H = Ezg;jpipj +,

rae V — ¢yHKLUMST TOMBKO MepeMeHHbIX ¢;. [lycTb aist kaxaoro g € M cumsod T(? 0060-
3HAYaeT KOHTPABAPHAHTHBII TEH30p BTOPOTO MOPsiIKA, KOTOPbIf MepeBoutT w 1 w' u3 V,* B

Tq_ L(w)(w"). Torna Mbl BuauM, uto H uMeeT CJie1yioluil BUIL;

Hgw) = 3 0w, w') + V(a),
rie V — Hekotopast pyHKuMs kjaacca C°° Ha M. Koneuno, H 01H03HauHo onpejieisieT (hyHK-
uuio V(q) = H(q,0); cnenosarensto, H onpenensier T° u BMecte ¢ num Metpuky 7. 3ananue
ke T' 1 'V MoJIHOCTBIO OTpeJiesisieT IBUKEHHE CUCTEMBI.

[Tpennonoxenusi (1)—(3), Kak HETPYHO BUJIETh, SKBUBAJIEHTHBI TPEGOBAHUIO, UTO METPH-

3n
ka T' He TOJIbKO CYLILECTBYeT, HO i HMEET CrIelHallbHbIi BUIL Y M j VY, TJI€ 11 — KOHCTaHTbI.
=1
Metpuka T, Tak e Kak m;, onpeiessercs He EILHHCTBeHl]-IbIM 006pa3oM; HECKOJIbKO pas/nu-
HbIX T MOTYT COOTBETCTBOBAThL OJIHOI M TOM 2Ke CUCTEME; IPYTHMH CJIOBAMH JIB€ COBEPILIEHHO
pasanunble hyHkuuu [amMmunbrona H MOTYT MPUBOIUThL K OJHOH U TOM 2Ke OJHOTapaMeTpuye-
ckoit rpynrne B My. C 1pyrofi CTOpOHbI, BO MHOTHX BaxKHbIX cJyuasix 1’ orpejiesisieTcst 0j1-
HO3HAUHO C TOUHOCTBIO JI0 MOCTOSIHHOrO MHOXKUTeJIsl. bosiee Toro, Bo Beex cayuasix, Korna B
BbIGOpe T MMeeTcst GOJIbILINE MTPOU3BOJI, €10 MOXKHO YCTPAHHUTb, JOMYCTHB, UTO Hallla CUCTe-
Ma B3aUMOJIEHCTBYET C HEKOTOPBIMU APYTUMH cHcTeMaMu. CyllleCTBeHHAs HEOTHO3HAUHOCTD B
BbIGOpe 1" BO3HUKAET TOJILKO TOT/1a, KOTJIa Mbl H30JIUPYEM CJIMIIKOM MaJlylo 4acTb (PU3HUECKO-
ro MUpa.

Har ocHoBHOI 3aKOH MOKHO ¢(pOPMYJTMPOBATH IKBUBAJIEHTHBIM 00pa3oM 6e3 BBeIeHHUS
mMHoroo6pasust My«. [Tyetb L — smobas pyukuus knacca C° na My uq @ t — q(t) —
HekoTopast KpuBasi kiacca C'° na M. Torna eciin a u b (a < b) npuHauiexar o6Jacti ornpe-
neJienust GyHKLMH ¢(t), To Mbl MO2KeM 06pa3oBaTh

b
/me¢th

Ecuiu Ha kpuBo#i ¢(t) 9TOT MHTErpaJl IPUHUMAET CTAlMOHAPHOE 3HaueHHe (B 0ObIYHOM CMBbICJIE
BapHALIMOHHOTO UCUMCJ/IEHHST ) OTHOCUTE/ILHO BCEX KPUBBIX ¢ C TEMHU 3Ke KOHLIAMH, ¢(t) siBJisieT-
cst akempemanvio pynkunn L. Teopema, 10Ka3aTesbCTBO KOTOPOI Mbl OIyCKaeM, yTBepK/1a-
€T, UTO MpoeKuru Ha M opOUT Halllell raMHUJIBTOHOBOH NTMHAMMUECKOH rpymniibl U sBJSIIOTCS
KCTpeMasIsIMU (DYHKLUH
1
£(g,v) = 5 Ty(v,v) = V(o).

O6parno, nyctb U; — Mpou3BoJibHAS OJHOMApaMeTpuuecKas Tpymnna aBToMOp(hH3MOB

My kaacca C*, u L — HekoTopast pyHKLMs Ha My kiaacca C° Buna

L= 5 Tv.0) = V(a),
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rie T — pumanoBa metpuka Ha M, u 'V — nefictButesnbHast gpynkuust Ha M. Ecom npoek-
unm op6ut U Ha M siBasiiorest sketpeMadsmu £, 1o t — Ul nmeer raMH/IbTOHOBY B 11€/10M
MH(pUHUTE3UMANBHYIO 00pasyollyo. J1eficTBUTeIbHO, Mbl MOKEM MPHHSITh

5 2w, w) + V(o)

3a (ynkumio [amusnsrona Ha My« . OyHkums L Ha3bIBaeTCst larpaHKMaHOM CHCTEMBI, (hopMy-
JH/IPOBKy OCHOBHOTO Ol‘paHH'-IeHHH, HaJ/JlaraemMoro Ha U, B TepMHHaX 9KCTpeMaﬂbelX CBOHCTB 'EJ
MOKHO PaCCMaTPHBAaTh, KOHEUHO, KaK 0oJiee 001yt hopMy npuHIKna [aMusibToHa, yroMsiHy -
Toro B pasj. 1.2. EcrecTBeHHO, Mbl MOXKEM pacCMaTpHUBaTh SKCTPEeMasbHble CBOHCTBA JIIOOBIX
HHTErpaJioB BUJa

/ Lq(t), 4 (1)) dt.

a

rae L — npousBodibHas GyHkuus Ha My knacca C°°, He 06513aTe/IbHO KBaapaTHuHas Ha V.
Kpome Toro, pagymeercsi, CyLLLeCTBYIOT FaMUJILTOHOBbI B LI€/JI0M BEKTOPHbIe 10J1s KJaacca C'°
Ha My, JuIst KOTOPbIX COOTBETCTBYIOWAsH (hyHKLMs H He KBajpathuna Ha V". OkasbiBaercs,
UTO COOTBETCTBHE MEXKJy IKCTPEMaJIIMM BapUALIMOHHBIX 3a/1a4 W HHTErpajibHbIMH KPUBBIMH
raMUJIBTOHOBBIX B 11€/10M BEKTOPHBIX MoJel kjaacca C°° nMeeT MeCcTo B 3HaUUTEJbHO GoJlee
o0llell CUTYaluHd, UeM pacCMOTPEHHAst Bbillle. Mbl OrpaHUUMMCSI 3/1eCh OTIMCAHUEM T1epexoia
or L K H B TOM YaCTHOM cJlyuae, KOrjla UMeeTcsl COOTBETCTBYIOLIEe B3aMMHO OJIHO3HAUHOE
orobpaxkenue My Ha My «.

PaccmoTpuMm npexkiie Bcero KoHeuHoMepHoe BeKTopHoe rpocTtpaHeTBo V. KacarebHbiM
NPOCTPAaHCTBOM MHoroo6pasus V' knaacca C*° B mo6oil Touke siBasercs camo V. [Tostomy
JI000€e KOBapHAHTHOE BEKTOPHOE MNoJle K1acca C™° Ha V gBJ/sieTcs B TO 2Ke BpeMs 0ToOpaxe-
HHeM Kjiacca C® V B V* &),

[Tyctb L — npousBoJibHasA neiicTBUTEMbHAS QyHKIMA Ha V kaacca C'°°, Takasi, uTo KO-
BapUaHTHOE BeKTOpHoe noJie dL kinacca C'°° 3a1aeT B3aHMHO 0JIHO3HAUHOe oTobpaxeHue V
na V* Herpyano nokasatb, uro (dL)~! umeer sua dL° nis nekoropoit ynxuun L0 knacca
C™ na V* 1 uTo Npou3BoJIbHYI0 nocTosiHHyo B L MOXKHO BEIGpATh TaK, UTOGHI BBITOJHSIOCH
paBeHCTBO

L) = 1w (1) = L),
rae v = (dL)_l. [1pu 3TOM MBI, KOHEUHO, OTOXKAecTBJsieM V 1 V**. [lasee, L9 = £, TTosro-
my £ — L0 npencrapaser co6oii B3aMMHO 0JHO3HAUHOE COOTBETCTBHE MEXKLy HEKOTOPHIMH
dysxumsamu knacca C® na V' 1 HekoTopbiMu (pyHKIMAMH Kaacca C® na V* %),

[Tyctb Tenepb L — HekoTtopast pyHKUMs Kjaacca C'* Ha My, KoTopasi IpH KaxK1oM (puk-
cupoBaHHOM ¢ € M Kak (yHKUMs HaA V; yIOBJIETBOPSAET YKa3aHHOMY Bbillle YCJ0BHIO. Mbl
MoxeM oGpasoBathb GyHkimio (L,)° Ha Vs rorna (g, w) — (L4)%(w) Oyner dyHkumeit kiac-
ca O na My~, kotopyio Mbl 0603Haunm L. [To-npexxnemy L% = L. HeTpyaHo yeMoTpeTh,
uto ecsiu L — JlarpaHkuan IMHaMHuecKoil cuctembl, To LY — ee ramu/ibTORHAH.

Korna mbl, HCTI0J1b3Y$1 Hallly OCHOBHYIO pUMaHoBY MeTpHKy 1, otoOpaxkaem My Ha My,
Mbl MOKeM paccMaTpuBaTh My« KaK MPOCTPAHCTBO BCEX COCTOSIHMIA U Oy/IeM Ha3bIBATh €ro B
9TOM cilyuae (ha3o8oim nPOCMPAarcmaom cuctemsl. JlefictBuTe bHbIe (DyHKUMM HA My« Mbl
Oy/1eM Ha3bIBaTh HabOA00aembiMiL WK OUHAMULECKUMIL NePeMeHHbIMU.

Tenepb Mbl MOXKeM Ge3 Tpyna 0600IIUTL OCTa/bHbIE pacCyKaeHus pasa. 1.2.

OyHKIHH

qu(w, w), V(q)+ qu(w, w)

V(q), 5 , 5

8) 310 oTOGpAKeHHe NPUHANIEKHT Kaccy C'°° HO, BOOOILE FOBOPS, He SBJISIeTCs JIMHeHHBIM. — [Ipun. peo.
%) Iepexox ot dynkun £ na V & pynxunn £° na V* nassizaercs mpeoGpasosaruem Jlexanapa; cM., HampH-
mep, leabdann M. M., ®omun C. B., Bapuauuonnoe ucuncienue, @uamarruz, M., 1961. — lIpun. nepes.
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— 3TO HAbJII01aeMble, KOTOPbIE HA3bIBAIOTCSI COOTBETCTBEHHO MOTEHLHUABHON, KHHETHUECKOH
W 10JIHOH 3Heprueli cuctembl. HabJmonaemast, nocrosiHuas Ha opOUTax IMHAMMUECKOH IPYIITIbl
U (KOTOpPYIO MBI CUMTaeM Tenepb AeHcTBYolel Ha My + ), Ha3bIBAETCSl HHTErPasiOM CHCTEMBI.
Hekotopas nabmonaemast f kiacca C'™ sBJisieTcsl MHTErpajioM TOT/A U TOJILKO TOTJIa, KOTJia
[f, H] = 0. Buacruocru, [H, H| = 0, tak uro nosmast sueprust H = V+1 /5T sisnsiercst unre-
rpasiom. BooGie eciu df — undunnTesuManbhas obpasyiouas rpynel Uf asromopduamon
My -+, To f SIBISIeTCA HHTErpaJIoM TOT/a H TOJILKO Tora, Koraa H noctosuHa Ha opoutax U,

[lycte t — Ay — mpousBosibHAsT OJIHONIApaMeTpHUeCKast rpynna aBToMopguamoB M, u
LA — ee undunuTesumanbhas obpasyiomas. Kaxioe npeo6pasobanue A; sB/sieTcsi aBTo-
mopdusmom M, T. e. (dA;), otobpaxkaer V, mneiino Ha Vy, (). ((alAt)j;)_1 orobpaxaer V,*
JIMHEHHO Ha Vjt(q). [Tosromy

(0, w) = (Ae(q), ((dA)) " (w))

SIBISICTCS B3AMMHO OJIHO3HAUHBIM 0TOOpakenHem AY muoroo6pasust My« na My-+. Ouesni-
Ho, uto t — AY — onnonapamerpuueckas rpynna asToMmoppuamos My «. Mbl HasbiBaeM ee
TpYNIoN, MOPOXKAEHHOH Ay.

PaccMoTpuM Ternepb MHOHHHTE3MMABHYIO 06pasyolyio LA rpynmsl A;. OHa conocTas-
JseT Kaxkno# Touke g u3 M BekTop v U3 V. bynem paccmarpuBaTh BeKTOp v KaK JIMHEHHYIO

¢ynkumo Ha V. Takum o6pasom, LA onpesensier Hekotopyio (yHKIHMIO Ha My«: (¢, w) —
A LA o —~1A A0
L7 (w), koTopyto Mbl 0603HaunM (. FIMeeT MecTo Teopema, CoracHo koropoii dp = L

(l0Ka3aTesbCTBO Mbl NpejlocTaBJIsieM uuratesto). Jpyrumu cioBamu, HHPUHHTE3UMAIbHAS
o6pasyiowasi rpynnbl A°, mopoxkaeHHoi rpynnoii A, raMHJLTOHOBA B LEJIOM, a Ta (hyHKLHs]
Ha My, muddepeHiman KoTopoit onpeessier 3Ty 06pasylollylo, COBMaaaeT ¢ goLA. DyHK-
uud Ha My «, KOTopble JiMHelHHbl Ha Bcex V¥, Ha3bIBatoTCsi 000011IEHHBIMU UMITYJIbCaMH. Mbl
MO2KEM TOJIyUHTh HHTErpaJl Hallleid CUCTeMbI, JIMHeHHbIH Ha KaxkaoM V', 13 Jio6oi oaHonapa-
MeTtpuueckoii rpynnsl A B M, kotopasi octasisier 1" 1 'V Heu3MeHHbIMU. Takue MHTerpasbl Mbl
Oy/ieM, KaK U BbIllIe, HA3bIBATh JIMHEHHBIMH MHTErpaJaMy UMITYJIbCOB.

M3 Bcero H3/oKeHHOro cJelyeT, uTo /sl TOro, UTobbl OMUcaTh peasbHylo (PU3HUECKYIO
CHCTEMY, IOCTATOUHO OMUCATh MPOCTPAaHCTBO M Beex KOH(UTypaluil U 3a1aTh PUMAaHOBY MeT-
puky 7" Ha M u noteHuman V. [Tocsie sToro cpasy ke MoxKeT ObITb BblTMCaHa HHOUHUTE3N -
MaJibHast 06pasylolas CHCTEMBI, M Mpe/icKa3aHne OyLyllero NoBeIeHUS CUCTEMbl CBOJMTCS K
3ajiaue (4acTo BeCbMa CJI02KHOH ) HHTErPUPOBAHUST CHCTEMbI 0OBIKHOBEHHBIX AU(hepeHuHalb-
HBIX yPABHEHUH.

B 3ak/toueHne 31oro pasesa npuBeieM HeCKOJIbKO NPUMepOB.

B He6ecHoil MexaHuke M siBJisieTcst 3n-MepHbIM €BKJIMIOBBIM ITPOCTPAHCTBOM BCEX KOOP-
JWMHAT 1 pacCMaTpHUBaEMBbIX IJIAHET, a KHHEeTHUeCKas U MOTeHIIMaJ/IbHAsi SHEPIHsl BblpaxKarTcs
Tak:

2 2 2 2 2 2
T(X1,Y1, 215+ s Tns Yy Zns V1, « - -, U3n) = My (v] + 05 +v3) + ...+ my(v3,_o + 05, 1 + 03,

mgm;

n
V(xlaylyzly"'axnaynazn)=_ G :
3; V(@i —25)? + (yi — y;)? + (2 — 2)?
i

rie m; u G — KOHCTaHThl, onpesessieMble 3 onbita ). Ctporo rosops, chopmyanposaH-
Hasl BbILIE TEOPHSI HE TIPUMEHHMA K 3TOMY CJlyualo, OCKOJbKY (GyHKLHUS V uMeeT 0coOOeHHO-
cTi. OIHAKO 3TOT HEOCTATOK MOXKHO YCTPAHHTh, H3MEHUB V MPH OUeHb MaJIbIX 3HAUCHHSIX
pacCTOsIHUI TaK, YTOObI C/1e/1aTh CTOJKHOBEHHE HEBO3MOXKHbIM. [Ipn n = 2 nosyuatormecst
JuddepeHInanbHble YpaBHEHHs MOTYT ObITh MOJHOCTBIO MPOUHTErPHPOBaHbl. B pesdysbrare

19 B neficTBHTENLHOCTH 117, — MOJMIOBHHA MACChl 4-i TOUKH, a G — yueTBepeHHas rPaBHTALHOHHASA TOCTOSAHHAS.
— [1pun. peo.
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OKAa3bIBAETCS, UTO TJIAHETHI IBUTAlOTCS MO (PUKCUPOBAHHBIM OPOUTAM OKOJIO OOLIEro LeHTpa
TSKECTH. DTH OPOUTHI SIBJISIIOTCSI B 3aBUCHMOCTH OT HauaJIbHbIX YCJIOBUIH 3JUIMIICAMH, Mapa-
60s1amu uan runepoosamu. s m > 2 U3BECTHBI TOJMBKO OT/IE/IbHbIE UACTHBIE PE3YJIbTaThI.

B 006bluHOl MeXaHUKe HAKJIOHHBIX TJI0CKOCTEH, pbluaros, 6J10KOB, BOJUKOB H T. Jl. Mbl CHOBA
MMeeM KOHEUHYIO CHCTeMY MaTepHaJsIbHbIX UACTHULL C KOOPAUHATAMHU X1, Y1, 21, - - - y Ty Yns Zn,
HO 3]leCh MMEIOTCS ONpeie/ieHHble CBsI3H, Tak uto M siB/sieTcs noamMHoroo6pasvem E3" kiacca
C°. Ecam och z BeIOpaHa nepreninukyaspHoO K MOBEPXHOCTH 3eMJH, TO (hyHKIHUs V SBJseTCS
orpaHuuenrem Ha M pyHKLHMH

miz1 + ...+ Mnzn,

a T — orpanuuenuem Ha My QyHKIHH
2,2, .2 2 2 2
m1 (v + 03 +v3) + ...+ M (V5,5 + V3,1 + V3,)-

B nunamuke o6bIuHOTO ,, TBEpAOTO Tesa“ M — 1ecTHMepHOe MHOrooOpasue, KOTopoe MoJy-
yaetcst 1pu nepeceueun n(n — 1)/2 (3n — 1)-MepHbIX rUIEPIIOBEPXHOCTEH BH/IA

(i — ) + (Y — yj)* + (2 — 2j)* = dij,

rze Bee d;j — KOHCTaHTHI.

1.4 KoaebaHusi, BOJNHbI U THJIbOEPTOBO MPOCTPAHCTBO

[Tyerb (g, w) — crauuroHapHasi Touka (ha3oBOro MpOCTPAHCTBA IMHAMHUECKOH CHCTEMBI, T. €.
Ui(q,w) = (q,w) nisi Bcex t. DTO UMEET MECTO TOrJA W TOJbKO Torja, korja w = 0 u
(dV)q = 0. Toukn mHoroo6pasust M, B KoTopbix dV oGpalliaercsi B HyJb, Ha3bIBAlOTCS MOU-
kamu pasrosecus cuctembl. Yejosue (dV), = 0 He0OXOAMMO (HO HEJOCTATOUHO) ISl TOTO,
uTo6bl 'V MMesa JIOKAJbHBIH MaKCUMyM HJIH JIOKAJIbHBIH MUHUMYM B Touke ¢. UToObI y3HATH,
umeet i 'V MaKCHMyM HJIH MUHUMYM, HYKHO pacCMOTpeTh Gununerinyto hopmy B, na Vg, mar-
pHLa KOTOPO#i B HEKOTOPO# chcTeMe KoopamHat umeet Bua ||02V/9q;0q;||. [B nusapuanthoii
dopme B(L, M) = L(M(V)). 3nauenne B(L, M) B TouKe q 3aBUCHUT TOJILKO OT Lg n M. |

Eciu By (v, v) > 0 npu Bcex v # 0, To (hopMa HasbIBAETCS 0JI0KHTEIBHO ONPe/IeJIeHHOT,
1 'V uMeeT JIOKaJbHbI MUHUMYM B TOUKe ¢. B 3TOM c/yuae KuHeTHUeCKasi SHEPTHUs B TOUKE
g Oyner 6oJiblie, ueM B Jit000H GJIM3KON TOUKE; €CJIH CUCTEMY CJIerKa BbIBECTH U3 COCTOSIHUS
paBHOBECHS ¢, OHA HE CMOKET YHTH 1aJIeKO OT 3TOTO COCTOSIHUS, TAaK KaK MPH ITOM €€ KHHETH -
uecKasl HEpPrusi H, CJ1e0BaTeIbHO, BEKTOP CKOPOCTH J0J/IKHBI OblIH Obl 00paTHTHCS B HYJ1b. B
COOTBETCTBHUH C ITUM Mbl OYyJIeM Ha3bIBaThb ¢ TOUKOMH yCcmoi4uso2o paBHoBecHst. Eciu n1BHxKe-
HHe HauUHeTCs BOJIM3U TaKOH TOUKH (C I0CTATOUHO MaJioil HauaJbHOH CKOPOCTbIO ), TO CHCTEMa
OyJIeT 0CTAaBATbCS OKOJIO STOH TOUKH B TeUEHHE BCEro JBUAKEHHS.

Janee, MmHoroo6pasne BOJIM3H Kax/I0H TOUKH MOXKHO armnpoKCHMHPOBATh KacaTe/bHbIM
NPOCTPAHCTBOM; €CJ/d 2Ke M npeacrasisieT coO0l JMHeHHOe NPOCTPAHCTBO, U TOUKA g pac-
10J107KeHa B HauaJsle KOOPAMHAT, TO 1" MOXKHO anmnpoKCHMHPOBATb TEH30POM C MOCTOSIHHLIMH
Ko3uumentamu, a yHkurio V — KBaapaTHuHoOi (OPMOH, BXOISIIEH B pas/ioKeHHe 3TOH
dhyHkumu o dopmyaie Teisopa. Ipyrumu cjioBamu ,MaJibie” KosieGaHust TIPOU3BOJILHOM CH-
CTEMbI OKOJIO TOUKH YCTOHUHBOTO PABHOBECHST MOXKHO M3yUaTh KaK IBUKEHHE CHCTEMBI CO CJle-
NYIOLWUMH CBOUCTBAMHU:

(1) M — KoHeuHOMEepHOE BEKTOPHOE MPOCTPAHCTBO,

(2) V — noJioxkuTe/IbHO onpejiesieHHast KBajpaTuutas hopma,

(3) Ty He 3aBUCHUT OT gq.

Takyto MexaHHuecKyto CUCTEMY Mbl OyJIeM HAa3bIBATh AUHELUHOL CUCMEeMOL.

[Tycts M, 'V, T oGpasyior siuHelinyio cucremy. Torna Vi, B Kax10i Touke g MOXHO ecTe-
CTBEHHBIM 00pa3oM OTOXKAeCTBUTb ¢ M, U, cienoBaresbHo, My = M @& M Toxe sBJsieTcCs
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BEKTOPHBIM MpocTpaHcTBOM. Anasoruuno My = M @ M*. [Tockosibky My« sBJIsieTCs BeK-
TOPHBIM IPOCTPAHCTBOM, OHO MOZKET ObIThb OTOXK/IECTBJIEHO CO CBOUM KacaTeJ/IbHbIM IPOCTPaH-
CTBOM B MPOM3BOJILHOMN TOUKe, H KOBapuaHTHoe TensopHoe noje dW° conocrapisier Kax ol
Touke My« HeKOTOPbIi Gu/MHelHbI (yHKIMonaa Ha My«. Herpyano yeranosuth, uto dW°
MOCTOSIHHO U NePeBOJUT (1, 11, w2, l2) B l1(x2) — l2(x1).

Ec/n NpuHATH NOJ0XKUTENBHO ONpejiesieHHyl0 OuMHeldHyo ¢opMmy 1’ 3a BHyTpeHHee
npoussesieHue, To M CTAaHOBUTCSI KOHEUHOMEPHBIM TH/bOEpPTOBBIM MpocTpaHcTBOM. [lycTb
VO(p,) — Gununeiinas Gpopma, cootseTcTByOAs KBaapatnunoii popme V() = VO(p, ¢).
MbI MO2KeM 0GbIUHBIM CTI0COGOM NpUBECTH KBajapaTuunyio popmy VO(, ) ,,K riaBHbIM 0CsIM
OTHOCHTEJILHO CKaJisipHoro npoussenaenust 1'(¢, ). Ilns 9TOro 3aMeTHM, uto /st KaxK10ro
dukcupoBantoro ¢ € M cootserctBHe ¥ — VO(1), ) — JMHEHbIA (yHKIMOHAN 110 1),
103TOMy CyllecTByeT BeKTop ', st kotoporo T(v, ') = VO(3, ¢); sicho, uto ¢’ amHeiino
3aBHMCHT OT (p, TaK UTO Mbl MOJKEM T0JI0KHTh @' = /o F(¢), tie F' — HeKOTopblil 0JIH03HAUHO
onpeze/eH bl JuHelHbA onepartop u3 M B M. [Tockosbky

V(g) = 5 T(F(9), 9) = 5 Tl F(9),

Mbl BUJIMM, UTO Hallla CUCTEMa BIOJHE onpesiesisiercst 3anannem 1" v oneparopa F. [lanee, no-
CKOJIbKY

T(F(p),v) = T(F(¢), ) = T(p, F(¢)),

oneparop F' camoconpsaicer OTHOCUTENbHO cKasisipHoro rpoussesienust 1. CorsiacHo H3-

BECTHON Teopeme M3 JIMHEHHO! anreopel, B M cyliecTByeT 6asuc @1, . . ., Pn, I KOTOPOro
— 5 N — o el .

T(pi, i) = 6; nF(pj) = Ajpj, tie Aj 1eACTBUTE/IbHbI M T10J10KUTEJIbHbI; OJI0KUTE/ILHOCTD,

KOHEUHO, CJIEJIyeT U3 MOJIOXKUTeNLHOM onpeneseHHocTd T'(F(p), 1). B cucteme KoOpauHAT Ha

M, onpejiesieHHOI 9THM 6a3UCOM, HMeeM

1 1
V(ql,...,qn)=§A1q%+...+§)\nqi

H(Qla"'7Qnap17"'7pn) =

1 1 1 1
T RIS T N P

2 2
1 5 2 Lo 2
= 5 (pl +/\1QI) +.ooot 5 (pn+/\nqn)
[TosTomy ypaBHeHUsi [aMU/IbTOHA HMEIOT BUJL
Pi = —\i¢i, Gi = D
Otciona §; = —X\jq; 1 ¢; = a; sin(y/\it — 0;), vie a; U 0; 3aBUCAT OT HAUYAJIbHBIX YCJIOBHIA.

OTMeTHM HECKOJIbKO CJenCcTBUH. B sto6oli uHeliHOl cucTeme:

(1) KoopmMHATHI ¢; UBMEHSIIOTCS] HE3ABUCHUMO JIPYT OT JIPyra; CUCTeMa MpPeCTaBsieT COO0H
o0 be/luHEHHE N HE3ABUCUMbBIX CUCTEM, Y KaXKJIOH U3 KOTOPBIX MPOCTPAHCTBO KOHMHUTYpallnii
OJTHOMEPHO;

(2) koopnuHara g; KosiebJeTcst OT —a; 10 a; U 00paTHO C UACTOTOH v, HE 3aBUCSILIEN OT
HauaJILHBIX YCJIOBHI M paBHOK v/, /27,

(3) u3MeHeHHe HaYaJbHBIX YCJOBHE BbI3bIBAET M3MEHEHHE TOJILKO aMILIUTYL a;, (BETHUHH
KoJieGaHui) U a3 (MOMEHTOB BpeMeHH, KOTJla ¢; IOCTUraeT MaKCUMyMa U MHHUMYyMa ), HO He
BJMSIET HA (POPMY ITHX ,,TIPOCTHIX TAPMOHUUECKHUX " KoJIeGaHUH.

YacToTsl v; = v/\;/2m Ha3bIBAIOTCSl OCHOBHBIMH, WJIH XapaKTePHCTHUECKHMH, YaCTOTAMH
CHUCTEMBI.
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Caienyer noauepkHyTh, UTO ,,HOPMaJbHble KOOPJUHATHI, KOTOpPbIE COBEPIIAIOT HE3aBUCH-
Mbl€ TIPOCThbIE TapMOHHUECKHE KoJleGaHUs1, HUKAKUM eCTeCTBEHHBIM 06pa30M He CBSI3aHbl ¢ Op-
TOrOHAJILHBIMH KOOPJMHATAMH MepBOHAaua/bHbIX yacTeil. C Apyroi CTOPOHbI, OJHAS SHEPTHS]
nepBOHAUAJIbHOI CUCTEMBI B COCTOSIHMH C HOPMAJIbHBIMU KOOPAMHATAMH (1, - -« y @y D1y - - - 5 Pn)
paBHa

n
%Z(p?-l—)\jqj Z/\](I] sin?(\/\jt — 0;) + cos*(y/Ajt — 0, ZQ?TQ 2 2
j=1

H 3aBUCHT TOJIbKO OT aMIIJIUTY L KoJieGaHUH HOpMaJibHbIX KOOpAHWHAT. 3aMeTHM BI[O68BOK, qTo
Ha KaxJ0H Op6I/ITe JBU2KEHH S MTOCTOSIHHA HE TOJIbKO TOJIHAsi 9HEPrus, HO U KaxK/ias €€ 4aCTb
27‘(’2 ]2 jz, COOTBETCTBYIOLLLAA OHpeﬂeJIeHHOI/I HOpMaJIbHOH KOOpJAHUHAaTe. Mbl MoXKeM rOBOPHUTb
[Mo3TOMY O ,,CIIEKTPAJIbHOM pa3ﬂ0}K6HHH 9HEPruu CUCTEMbI Ha KaXKJ0H OHpeILeJ]eHHOI/l 0p6me
(I/IJ'[I/I B orpeae/leHHOM COCTOHHI/II/I). ST0 yacTo BbIpaxKaroT € IOMOLIbIO mepeoL, 3aJlaHHOM Ha

MOJIOXKUTEJBHON YaCTH IEHCTBUTEJBLHON OCH: Mepa MHOXKeCTBa E paBHa

2271_22 2

v,eE

Tenepb Mbl XOTHM BEpHYTBLCS K 3a/laHHON HaM JIMHEHHON CHCTeMe M U3YUUTb ee JIBUKEeHHe
B LIeJIOM, He Tprberasi K OMOLLM HOpMaJibHbIX KoopaHaT. M3 ypaBHenuil ¢; = p;, pi = —\ig;
MbI [IOJTyUaeM, uTo §; = —N\;¢;, Wi, B HHBapUaHTHO# (opme, ¢ = —F(yp). DT0 ypaBHeHHe
MO2KHO MOJIyUHTh, KOHEUHO, B JIIOOOH CUCTeMe KOOP/IMHAT WM Cpasy B HHBAPHAHTHOH hopMme.
CooTBeTcTBYyIO1IIEE ypaBHEHHE MepBoro nopsinka Ha My = M & M umeeT BUIL

.6) = (6.~ F(9).

Ecuin BeKTOpHOE POCTPAHCTBO pacCMaTpUBAETCst Kak MHOrooOpasue kjaacca C'°°, To KOHTpa-
BAPUAHTHBIMHU BEKTOPHBIMH MOJISIMH Ha HEM SIBJISIFOTCSI IPOCTO (PYHKLIMH, OTOOPazKarollme 3T0
BEKTOPHOE MPOCTPAHCTBO B Ce0s1; NOITOMY MOXKHO FOBOPHUTB O JIMHEHHBIX KOHTPABAPHAHTHbBIX
BEKTOPHBIX M0JIs1X. I3 mocsieiHero ypaBHeHust Mbl BUIMM, UTO IMHaMUUecKasi rpynna B M & M
UMeeT AuHelHyio nHhUHUTE3UMaJIbHYI0 obpasyioltyio (¢, 0) — (0, —F(p)). OTciona cpa-
3y 2Ke CJellyeT, uTo JuHaMuueckas rpynna B My« = M @& M* Takxke jMHelHa (MTOCKOJIbKY
KaHoHuueckoe otoopaxenue My B My « JIUHEHHO).

[Iyctb X — KOHeuHOMepHoe JeHCTBUTEIbHOE BEKTOPHOE MPOCTPAHCTBO, U A — Mpous-
BOJIbHOE JiHHelHoe npeoOpasoBanne X B X. [luisi ymo6Goro nosnHoma P ¢ 1efCTBUTE/bHbI-
MH KO3(HIIMeHTaMH Mbl MO2KeM 06pazoBath P(A) ¢ momolipio (hopMasbHOI MOJCTAaHOBKH H
MOJIyuuM TakuM 06pa3om romomopduam P — P(A) Kosblia BceX MOJMHOMOB Ha MOJIKOJIbLIO
KOJIbLIA BCEX JIMHEHHbBIX NpeoOpasosanuil X B X.

BoJiee o61mm o6pazom st 110600 eiicTBUTeNbHON yHKIMK f(x), pasJaraioieiicst BO
BCIOJIy CXOASALIMICS CTENEeHHOH Pl ag + a1 x + asr?+. .. COOTBETCTBYIONMH psift agl + a1 A+
as A% + ..., KaKk HEeTPY/HO BHJIETh, TAKXKe CXOJMTCS U 1aeT HaM BIIOJIHE OTpe/ie/IeHHbIi orepa-
Top f(A). Cootserctpre f — f(A) — cHoBa romomopusm Koviell. B uactHocth, e numeer
CMBICJI U151 BCeX JIEHCTBUTENBHBIX t U YIOBJIETBOPSET TOXKACCTBY e(hitt2)A — g1 ot24 Tagpy
o6paszom, t — et — ofHoNnapameTpuuecKas rpyrnna HeBbIPOXKACHHBIX JTUHEHHBIX TPeo6paszo-
BaHuil X B X. OHa, KOHeuHo, siBJsieTcsl rpynnoil kaacca C™; ecan paccmarpuBaTh X Kak
MHoroo6pasue kinacca C*, U ee HH(PUHUTE3UMAJILHON 00pasytoLLel CYKUT AUHellHOe KOH-
TpaBapUaHTHOE BEKTOpHOE noJie p — A(p).

Takum o6pasom, rpynna t — e naer siBHoe perenne aMQhepeHIHaNILHOr0 ypaBHeH s,
OMpeJIesIsieMOro NMPOU3BOJIbHBIM JIMHEHHBIM KOHTPABAPHAHTHBIM BeKTOpHBIM nosieM A. [Toutu
OUEBHUJIHO, UTO Jt00ast oJiHONapaMeTpuueckast rpynna kjaacca C° HeBbIPOXKIEHHbIX JIMHEH-
HBIX Peo6pPa30BAHUI HMeET JIMHEeHHYI0 HH(UHUTE3UMAJIbHYI0 00pasyolilylo; Ha CaMOM Jiej1e
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MOKHO T0Ka3aTh, UTo J100ast oHONIapaMeTprueckas rpyrna JUHeHHbIX peoOpa3oBaHuid, 10
KpailHell Mepe u3amMepumasi 1o t, NpUHaWIeKUT Kaaccy C.

B paccmaTtpuBaemMom ciyuae Halla AMHaMHUecKast Tpyrina CoXpaHsieT HEKOTOPOe MOJI0KH -
Te/ILHO OnpejieJieHHoe cKaJisipHoe npoussesenue ' ):

((2:0)I(p.0)) = H(p,6) = 5 T(F(p), ) + 5 T(6.6).

MbI MoxKeM BooGlie HAiiTH yCJI0BHS, P KOTOPhIX et coxpansier HekoTopoe cKassipHoe

npoussenenne (ly) B X. M3 asementapHoi T€OPHUH BEKTOPHBIX NPOCTPAHCTB U3BECTHO, UTO
(B|BvY) = (pl) nas Bcex o u 1) Torna u ToJbKo Tora, Korna B* = B~!; onepatop B,
00121210111 THM CBOHCTBOM, HAa3bIBAETCS OPTOTOHABHBIM (OTHOCUTE/NLHO 3a7aHHOTO CKa-
JISIPHOTO np0H3BeﬂeHHH) Janee, kak Bcerna B orepatopHom ucuncaenuu, f(A*) = (f(4))%,
TaK uTo orepatop e oproronasen Torna u ToLKo Toraa, Korfa et t = (e4t) "1 = (=4t
Urak, t — eA? — ojHonapameTpuueckas rpyrnna oproroHa/bHbIX peoGpasoBaHmii Tora 1
TOJIbKO TOrza, Korga A* = —A, 1. e. Korna A Kococummempuuen.

[TycTh A — NPOM3BOJILHBIN HEBLIPOXK/IEHHBI KOCOCMMMeTpHueckHii oneparop. Torna A2
CHMMETPHUEH, T. €. camocorpsikeH. boJiee Toro,

(—A%p|yp) = (—Ap|A*p) = (A*p|A*p) > 0,

T. €. —A? He TOJILKO CaMOCONPsizKeH, HO HMeeT TOJbKO MOJI0KHTe IbHbIe COOCTBEHHbIE 3Haue-
nust. [Tosromy —A% = B2, rie B caMoconpsizKeH, MMeeT TOJbKO MOJIOKHTeIbHbIe COOCTBEH -
Hble 3HAUEHHs] U KOMMYTHPYeT CO BCeMH ollepaTopaMH, KOTopble KOMMYTHPYIOT ¢ A. [ToJ10:Kum
J = AB~Y;rorna J? = —1I,J* = —J u J xommyrtupyet ¢ A. [Ipespatum X B KOMILIEKCHOE
BEKTOPHOE NPOCTPAHCTBO, NOJIOKHUB i = J (); Torna A GyieT IMHEAHBIM 0TIepaTopoM B 3TOM
KOMILJIEKCHOM rpocTpaHcTse. [1o/10KuM

(pl)1 = (pl¥) —i(Jpl);

Toraa _
(elv)1 = @le)1,  (ele)r = (vle) > 05 ¢ # 0,

(il)1 = (Jol) —i(JPplv) = i(elY) + (Jolv) = i(el)r.
[Tostomy (¢|1)1 — cKassipHOe pou3BeieHHe, KOTopoe npeBpaiaer X B KOMNACKCHOEe KO-
HeuHOMepHOe rH/Ib6epTOBO NpocTpaHcTBO. [TocKobKY

(Jetpley) = (e Tplety) = (Jol),

rpynna e ocrasJsier hopmy (¢|p)1 HHBApUAHTHOH U sIBJIsIETCs, TaKUM 06pa3oM, oJiHONapa-
MEeTPHUECKOH TpyNnoi yrumapuoelx npeobpasosanuti. Uudunureaumasnbublil onepatop A
KococornpsikeH (T. e. A* = —A) otHocUTeNbHO ([@)1, U Mbl MO2KeM NOJIOXKUTh A = B, rie
B camoconpsikeH.

[Toneenem uror. MHpHHUTE3MMAIBHOI 00pa3yolileil 0HOapaMeTpUUecKo Ipyibl op-
TOTOHAJIBHBIX TPEOOPA30BAHUN B KOHCUHOMEPHOM IeHCTBUTEIbHOM MHJIbOEPTOBOM NIPOCTPAH -
ctBe X sIBJISIETCS KOCOCHMMeTpHUeCKUH JIMHelHbIN onepatop A. Ecan A HeBbIpOXKJIeH, TO
MOXKHO MPEBPATHTL X B KOMIJICKCHOE T'HJIbOEPTOBO IPOCTPAHCTBO TAKMM 006pa3oM, UTo CTa-
poe NEHCTBUTENbHOE CKAJISPHOE NPOU3BeAcHHE OyNeT ACHCTBUTEbHON YACTbIO HOBOTO KOM-
TJIEKCHOIO CKaJISIPHOTO MPOU3Be/leHHs], a A 1o-npekHeMy OyieT KOCOCHMMETPHUHBIM U JI1-
HEHHBbIM. YMHOXKeHHe Ha ¢ B X MOXKHO OTPENe/UTh TaK, uTo —iA GyIeT NOJ0KUTENBHO onpe-
JIeJICHHBIM CaMOCOIIPSKEHHbBIM OIIePAaTOPOM, M 3THM YCJIOBHEM KOMILIEKCHAs CTPYKTypa orpe-
JIEJIACTCS OJHO3HAUHO.

At

1) CkansipHoe npou3BeieH e BEKTOPOB & 1 1) B THILGEPTOBOM NIPOCTPAHCTBE BCIOJY B 9TOI KHHTe 0603HAUALTCS
cumBogioM (§|n). — IMpum. nepes.
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Mbl MOKeM CcuHTaTh, UTO Halla IMHAMUYECKAsl CUCTeMa ONpejie/sieTCs 3a/laHueM KOHeu-
HOMEPHOTO JIeHCTBUTEIBHOIO THIIbOEPTOBA IPOCTPAHCTBA X M CAMOCOIPSIXKEHHOT0 orepaTopa
F na M, npuueM raMU/JIbTOHHAHOM CHCTEMBI CJTYKUT PyHKIHS

1
2

B neficTBUTE/bHOM BEKTOPHOM MPOCTPAHCTBE Mbl MOXKEM, KOHEUHO, He YUHMTbIBATh pas-
nuiy mexxkay M u M*. Kococummerpuunas undunuresnmasbias obpagyionias A nuHamuue-
CKOil rpymimbl nepeBout (¢, 0) B (0, —F(¢)), Tak uto A% nepesoaur (p,0) B (6, —F(6)). Ta-
KM 06pasoM, —A? ecThb B TOUHOCTH oniepatop I, oueBHIHbIM 06pPa3oM pacnpocTpaHeHHbii
cMuaM @M. Ecim ¢1,. .., @, — M0NapHO OPTOroHaJbHble BEeKTOPbl B M, /Il KOTOPbIX
F(pj) = Ajgj, 10 B2(95,0) = Aj(g;,0) u B(p;,0) = \/Aj(,0). Hanee, (5,0) opro-
roHaJbHbl B 1poctpaHcTse M @ M, paccMaTpUBaeMOM Kak KOMIIEKCHOE MH/IbOepPTOBO MPo-
crpaHcTBO. [TosTOMY camoconpsikeHHblil onepatop —iA MMeer uncia \//\_] = 27v; CBOMMH
coOCTBeHHbIMH 3HaueHUsIMU. TakuM 06pa3oM, Mbl MOXKeM NPEBPaTHTh (Ha30BOE MPOCTPAHCTBO
Hallell CHCTeMbl B KOMILIEKCHOE MH/IbOePTOBO POCTPAHCTBO Tak, UTo

(1) 3HaueHMe raMUJIBTOHHAHA HA KaXK/I0M BEKTOPE PABHO MOJIOBHHE KBAJIpaTa HOPMH;

(2) nMHaMMueckas rpyrnmna siBJsieTcst OJHONapaMeTpUUecKol rpyIoi YyHUTapHbIX Npeos-
pas3oBaHui;

(3) ecan 3anucaThb 3Ty rpyniy B hopme t — e , TO COOCTBEHHBIMH 3HAUEHHUSIMH CaMO-
COTIPSIKEHHOTO ornepaTtopa B OylyT OCHOBHBIE UACTOTHI CHCTEMBI.

Ecun 6bl MBI NIOMBITAJIMCL PACTIPOCTPAHUTL CO/lepxKaHHe pasjl. 1.3 Ha chucTeMbl ¢ GecKo-
HEUHBIM UMCJIOM CTereHed ¢BOOOAbl — KOJ/1e0/II0LIHeCs CTPYyHbl, MeMOPAHEI U T. II., — TO MbI
BCTPETUJ/IH Obl TPYJHOCTH TEXHHUECKOrO XapaKTepa, BO3HHKAIOLLHME H3-3a OTCYTCTBUS 10CTA-
TOUHO OOLLeH TEOPHH €IMHCTBEHHOCTH JI/Isl ypPaBHEHHIl C YaCTHBIMH TTPOM3BOHBIMH, a TaKxKe
M3-32 OTCYTCTBHSI OUEBHIHOMN ,,eCTECTBEHHON TOMOJIOTHH B COOTBETCTBYIOLIMX GECKOHEUHO-
MepHbIX 1pocTpaHcTBax. C Jpyroii CTOPOHbI, CPABHUTE/ILHO BLICOKO PAa3BUTAst TECOPHS JIMHEH -
HBIX OIepaToOpPoOB B GECKOHEUHOMEPHBIX BEKTOPHBIX TIPOCTPAHCTBAX TO3BOJISIET MPOBECTH 10—
CTATOUHO M0JIHOE 000OLIEHHe Pe3yJIbTaTOB, MOJYUeHHBIX Bbille B HacToseM pasjedne. [To-
JIyUaIoLasicst IpH 3TOM TEOPHUs IPUMEHUMA K OMHMCAHHUIO ,,MaJsbIX" KOJeOaHHH B CILIOLIHBIX
cpejlax, a TakKe 3/71eKTPOMArHUTHOrO MoJisl U, 110 KpaiiHell Mepe hopMasibHO, OueHb OJIM3KO
MPUMBIKAET K KBAHTOBOH MEXaHHUKeE.

Mbl HauHeM ¢ KpaTKoro 063opa (6e3 10Ka3aTe/IbCTB ) HEKOTOPbIX OCHOBHBIX (DAKTOB Ma-
TEeMaTHUECKOH TEOPHH JIMHEHHBIX OMepaTtopoB B rMabOepTOBOM npoctpaHctse. [Iyete X —
BELLECTBEHHOE HJIM KOMILJIEKCHOE TH/bOePTOBO NPOCTPAHCTBO, KOTOPOE Telephb yxKe He Mpejl-
noJiaraetcst 00s13aTe/IbHO KoHeuHoMepHbIM. [Tyetb (¢|i)) — ckansipHoe npoussesieHue B X,
T. €. (PyHKLHMS ABYX NepEeMEHHbIX, JIHHEHHAs M0 TTepBOMY MepeMeHHOMY H Takasi, uTo (¢|y) > 0
s # 0u (@) = (|p). Ml Gyem npeanonarath, uro X — cenapabeivHoe Tiib-
6epTOBO MPOCTPAHCTBO B TOM CMBICJIE, UTO OHO SIBJISICTCSI MOJIHBIM U CernapabesbHbIM MeTpH-
UECKHM MPOCTPAHCTBOM OTHOCHUTENLHO MeTPUKH p(p, 1) = /(¢ — ¥]p — 1). DTn ycaoBus,
KOHEUHO, aBTOMATHUECKH YJIOBJIETBOPSIIOTCS, ecsii X KoHeuHoMepHo. Ham OyayT HyKHbI JiH-
HeliHble OrepaTopbl, KOTOPbIE He OIpe/ieJieHbl BCloly Ha X M He HerpepbiBHbL. OJIHAaKO Mbl Oy-
JIeM 06bIUHO PACCMATPUBATH TOJILKO TaKHe OMepaTopsl, 00/1aCTh ONpe/e/eHnst KOTOPBIX MJI0T-
Ha B X (T. e. UMeeT CBOMM 3aMblkaHueM Bce X ). HeTpyaHo npoBepuTh, UTo JIMHEHHbIH ore-
paTtop HernpepbiBeH TOMAA U TOJILKO TOT/1A, KOT/Ia OH OTPAHUUEH B TOM CMBIC/I€, UTO OTHOLICHHE
IT(©)|l/|l¢ll orpanuueHo, Korna ¢ npoGeraer Bce HeHyJieBble sjeMeHTbl X. Ecam orpanu-
UEHHBII JIMHEeHHBII orepaTop orpe/e/ieH Ha MJIOTHOM MHOXKeCTBe, TO OH HMeeT €IMHCTBEHHOe
OrpaHMueHHOE paclInpeHHe Ha Bce PocTpaHcTBO X . Mbl 6yeM No3TOMy NpearnosnaraThb, €Ciu
HE OrOBOPEHO IPOTHUBHOE, UTO BCE JIMHEHbIe OrPAaHHUEHHbBIE ONePaTOPbl ONPe/Ie/IeHbl BCIOJLY.

st puxcupoBanHoro ¢» € X cooTBeTCTBHE ¢ — (p[1)) 3a1aer HenpepbIBHOE JIMHEHHOE
oroGpazkeHHe X BO MHOKECTBO KOMIIJIEKCHBIX UMCEJI, T. €. HEeTPePbIBHbII JIMHEHHbIH (DYHKLIM-
oHas Ha X. MoXHO 110Ka3aTh, 0OPATHO, UTO KaK/Iblil HETPEPLIBHbIN JHHEHHBIH (DYHKIMOHAJ

(p,0) — %(9|9) + =(F(p)|p) na M & M.

2mwit B
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Ha X NpeacTaBJsieTCsl B TAKOM BHJIE, TIPHUEM COOTBETCTBYIOLME 3J1€MEHT 1) ONpeessieTcsl
0JIH03HauHO. Takum 06pa3om, UMeeTCsl eCTeCTBEHHOe B3aUMHO OJIHO3HauHOe oToOpaxkeHHe X
Ha X* — MHOXKeCTBO BCeX HerpepbiBHbIX (yHKLHOHAM0B HAa X . [Tycts T — mo6oit orpanu-
ueHHbIH oneparop Ha X; Torna GyHkums ¢ — (T'(¢)[¢) anuHeiina u HerpepbIBHA NPH KaXKJIOM
(pukcupoBanHoM 1. [TosToMy 1/1s1 KazKa0T0 9 CyLLIECTBYeT €IMHCTBEHHBIH 3/1€MEHT 10, TaKoH
uro (T'(¢)|Y) = (@|¢*) st Beex ¢ € X; s/1eMeHT ¥* JIMHERHO 3aBUCHT OT 1); 3TO JIHHEHOe
npeoGpazoBaHue o603Hauaercs uepe3 1™ v Ha3biBaeTcs conpsikeHHbIM K 1. JIcHO, uto one-
parop T orpanuue 1 uro T** = T'. Kak U B KOHEUHOMEPHOM cJryuae 1’ Ha3blBaeTcsl CaMo-
conpsikeHHbIM, ec/in T = T', u KococonpsiKeHHbIM, eciiu T* = —T'. Tak ke, Kak U B KOHeu-
HOMEpHOM cJ1yuae, 1’ siB/IsIeTCsl B3aWMHO OJIHO3HAUHBIM OTOOPAXKEHHEM Ha BCE MPOCTPAHCTBO,
COXPaHSIOLMM HOPMY, TOIJIa M ToJIbKO Toraa, korna T*T = TT* = I, 1. e. T* = T~!. Takue
onepaTtopbl 1" Ha3bIBAIOTCS YHUMAPHOLMU.

WurepecHo pacecmorpeTb 000011ieHHEe MOHATHS CAMOCONPSKEHHOCTH (M KOCOCOTPSIKEH-
HOCTH) Ha Takue orepaTopbl, KOTOpble He orpejieieHbl Ha BceM X U He orpaHuueHbl. [TycTb
T nnHeeH W onpeiesieH Ha ioTHoM B X noanpoctpanctse D. Torna npoussenenue (T'(¢)|v)
ornpejiesieHo 151 Bcex 1 B X U BceX ¢ B D, HO yxke He 06513aHO ObITh HEMPEPBIBHLIM M0 (o TPH
Kax/10M (PUKCHPOBAHHOM ), MOCKOJBKY orniepaTtop 1’ He HempepbiBeH. C Ipyroil CTOPOHBI, 3TO
NIPOM3BEJICHHE MOXKET 0Ka3aTbCsl HEMPEPLIBHBIM /I HEKOTOPBIX ¢ 1axKe B TOM CJlydyae, KOraa
orepatop 1" He HeNpepbIBEH.

[Tycts D* — MHOXKeCTBO Bcex 1, st KoTopbix (hyHkuroHas (1'(y)|y) HenpepbiBeH Mo
@. Jlost Kaxoro ¢ € D* 3TOT JIMHEHHBIN HerpepbIBHbIN (PyHKIHOHAJ, Onpe/iesieH b Ha D,
MOZKeT ObITb OJIHO3HAUHO MPOJIOJIKEH Ha BCE MPOCTPAHCTBO U MO3TOMY OIpeJiesisieT HeKOTO-
peiii anement ¥ B X: (T'(¢)|Y) = (¢|v*). [To-npexuemy Mbl npuHnMaem ¢* 3a T%(1)), HO
oneparop T rerepb He 06s13aTesibHO onpesenieH Beioay. Ecom D* = D u T(p) = T*(p)
17181 Beex o u3 D = D*, mbl roBopum, uto T’ camocornpsizked. KococonpsixkeHHOCTb onpeie-
JISIETCST aHAJIOTHYHO. 3amMeTuM, uTo BbinosiHerus yeosust (T(p)|1) = (p|T(v)) st Beex ¢
W 1 u3 D He 10CTATOUYHO JJIs cCaMOCONpsizKeHHOCTH. M3 Hero cienyeT Tosbko, uto D C D* u
T(p) =T*(p) mns Becex ¢ € D. Takue onepatopbl 1" HA3bIBAIOTCS CUMMEMPULHOIMLL.

He Bceryia GbiBaeT BO3MOXKHO paclMpHTh 06J1aCThb ONMpeiesieHHsi CHMMETPHUHOTO orepa-
TOpa Tak, UToObl OH CTaJI CAMOCOTPSIKEHHBIM; B TEX CJIyuasixX, KOria TaKoe MpoI0/KeHHe BO3-
MOKHO, OHO He BCer/ia eMHCTBeHHO. CHMMETPHUHbII 0repaTtop, KOTOPbI HMeET e/IMHCTBEH-
HOE CaMOCOMPSKEHHOE PaCIlIiPeHne, Ha3bIBAETCS CYULeCmBenHo camoconpsicednolm. Ec-
m X = L2(—o0,+00), u T — oneparop, KOTOPbIiil CTABUT B COOTBETCTBHE KaX<I0H Herpe-
pbIBHO jhepeHIpyeMoil (hYHKIIMH, PABHOH HYJII0 BHE KOHEUHOTO HHTEpBaJia, ee Mpou3-
BOJIHYIO, YMHOXKEHHYIO Ha 4, TO T cHMMeTpHueH, HO He camocornpsikeH. OH CTaHOBHTCS ca-
MOCOTIPSI?)KEHHBIM, €CJIH PACTIPOCTPAHUTDL €r0 Ha BCe aOCOJIIOTHO HerpepbiBHbIE (DYHKLMH H3
L2(—00, +00), NPOU3BOJIHBIE KOTOPBIX TaKxKe npuHamiexar L2(—oo, +00). MoXHO 10Ka-
3aTh, UTO CAMOCOIPSIKEHHBIH 0MepaTop, orpe/iesieHHbIi Ha BceM X, OrpaHHueH.

[Tox opToroHa/ibHbIM fononHennem M+ samkuyToro noanpocrpanctsa M C X noHuma-
€TCsl MHOXKECTBO BCEX TAKHUX BEKTOPOB 6, J/ist KOTopbIX (A|p) = 0 st Bcex ¢ € M. MoxHO
1oKaszaTh, uto M+ = M 1 uto kaxbiil Bektop @ € X MOXKHO eIMHCTBEHHbIM 06Pa30M Npeji-
cTaBuTh B BUsie § = 01 + 0y, e f; € M w6, € M~ Slcho, uto 0y, ,,cocTaBasiomas BEKTOpa
6 B M, nuneiino 3aBucut ot 6. Mbl nuuiem 01 = Ppy(0). Unuraresns 6e3 Tpyia 10KaxKeT, uTo
Py — orpaHuueHHbll CaMOCOTIPSIXKEHHBIH 01lepaTop, KOTOPBIH SIBJSIETCS ,,MWIEMIIOTEHTHBIM *,
T. €. P]%4 = P]y[.

O6patHo, nycTb P — orpaHuueHHbIN JJHHEHHBIH CAMOCOTPSIXKEHHBIN UIEMIIOTEHTHbBIH Ore-
parop. Torna MHOXKecTBO 3HaueHMil PP coBnajaer ¢ HyJieBbIM MOAIPOCTPAHCTBOM Olleparopa
I — P v siBasieTcsl 3aMKHYTbIM noanpocTpanctsoM M npoctpanetsa X . [Tockonbky

o =P(p) + (¢ — P(p))
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(v = P(9)|P(0)) = (P(¢) — P*(¢)0) =0,

Mbl BUIUM, uTO0 P = Pj;. [TosTOMYy HMeeTcsi ecTeCTBEHHOE B3aMMHO OJIHO3HAUHOE COOTBET-
CTBHE MEXK/1y OTPAaHHUEHHBIMH CAMOCOIPSI)KEHHBIMU HJIEMITOTEHTaMH, C OJIHOH CTOPOHBI, U 3a-
MKHYTBIMH [OJIIPOCTPAHCTBAMH — ¢ JIpyroi. [1o oueBHHBIM NPUUHHAM CAMOCOIIPSIKEHHbIH
UJIEMIIOTEHTHBIH OMepaTop, aCCOLMHUPOBAHHBIN C JAHHBIM 3aMKHYTHIM MTOJIITPOCTPAHCTBOM, Ha-
3bIBaeTCsl (OPTOTOHAJILHBIM ) 1p0EKMOPOM HA ITO TIOANPOCTPAHCTBO, U TPOU3BOJILHBIN Orpa-
HUUYEHHBIH CaMOCOMNPSIKEHHbIH HAEMIOTEHTHBIN OMlepaTop Ha3bIBAETCS TPOEKTOPOM.

[lyctb Py u P, — npoekropbl Ha M; u My cootBerctBenno. Torma M; L Mj (T. e.
M, C M2L uM; C MlL) TOrJa M TOJbKO Toraa, korna PP, = P, P; = 0. Mbl roBo-
pum Torzia, uto P; u P, oproroHajbhbl. bojsee o6uwmm obpasom, ecin PiPy = PP, 1O
PP, = P3,P; — P53, P — P53 TOXe fIBJSIIOTCS IPOEKTOPAMHU: 3TH TPH MPOEKTOpa mnomnap-
HO OpTOroHasbHbl. Boobule ecau P, . . ., P, — NPOEKTOPbI, KOTOPbIE MONapHO KOMMYTHPYIOT
Mexy co00H, To, 00pasyst BCeBO3MOXKHbIE POoU3BeaeHust U3 Pj u I — Pj, Mbl 1I0JyuaeM ce-
MeNCTBO 1PoeKTopoB P, ..., P/, KOTOpbIe MONapHO OPTOrOHAJBHbI, U KaXK/blil 3 TIPOEKTOPOB
Pj onHosunauno npescrasisiercs B Buie cymmbl Py 4 ... 4 P} . OTciona ciiejyer, uto Kaxjoe
CeMEeNCTBO KOMMYTHPYIOLLIUX TPOEKTOPOB MopoxKaaeT GyJieBy aiarebpy poeKTopoB, B KOTOPOH
PNP,=PP PPUP=P +P,—-PPuP =1-P.

[lyctb Tenepb Py, ..., P, — nonapHo OpTOroHaJbHble MPOEKTOPbI, Takue uto I = Py +
...+ P,,. Torna kaxplii BeKTOp (0 B X MO2KHO OJJHO3HAUHO MPEJCTABUTH B BUIE ©1 + . . . + ©n,
rJle @; JeXUT B MOANPOCTpaHcTBe M, Ha KoTopoe 1poekTupyer Pj, uMeHHo ¢; = Pj(yp).

[Tyetb A1, ..., Ay, — NPOU3BOJIbHBIE pas/IMUHble JeHCTBUTE/IbHBIE uncaa. Toraa
n
A= E i Pj
J=1

— orpaHHUeHHBIH caMOCONpsiKeHHbIH onepaTop. HeTpynHo BUAETH, UTO 715 HEKOTOPOTO KOM-
TJIEKCHOTO unc/ia A HeHyJsieBoil BekTop € € X, st kotoporo A(f) = A6, cylecTByeT Toria
M TOJILKO TOTJA, KOTJa A PAaBHO OJIHOMY M3 Aj, M BCE COOTBETCTBYIOLIHE BEKTOPhI COCTAB-
JII0T MHOXKeCTBO 3Hauennid Pj. TTostomy nis oneparopa A, npeicTaBieHHOro B yKa3aHHOH
Bbillle hopme, A; U P; onpesesenbl oHo3HauHO. Korna X KOHeUHOMEepHO, KaxK/Iblii caMoco-
NPsIKEHHbII orepaTtop MoxKeT ObIThb Mpe/ICTaBJ/IeH B TaKol hopme, HO /151 6ECKOHEUHOMEPHOTo
MPOCTPAHCTBA 3TO JIAJIEKO HE TaK, JaKe eCJIM M0JIb30BaThCsl 6eCKOHEUHbIMU cymMamu. [TycTb
X = L2%(S, ), rne 1 — Mepa Ha Muoxectse S. [TycTh g — HEKOTOpasi orpaHHueHHast H3Me-
pumas BelectsenHas dyHkums Ha S u Ag(f) = gf. Torna Ay — orpannuenHblii camoconpsi-
KeHHblil onepartop, npuuem Ag(f) = Af Torna u ToabKo Toraa, korna (g — A)f = 0 noutu
Bcro/ly Ha S. Ecain g npyHUMaeT Kax/10e CBoe 3HaueHHe TOJIbKO Ha MHOXKECTBE Mepbl HYJIb, TO
f = 0 noutu BCiozy U SIBJISIETCS HyJIEBBIM 3/1eMeHTOM rpoctpancTBa X . OTcioa cpasy BHJIHO,
UTO CYLLECTBYET MHOTO IPUMEPOB OrPaHHUEHHBIX CAMOCOIPSIZKEHHBIX OMEePaTOPOB, HE UMEr0-
IMX HA OJTHOTO COOCTBEHHOTO BeKTOpa. C pyroil CTOPOHBI, HETPYAHO 0606IINTL Pa3J0KeHHe
A =" \;Pj Ha mo6oii caMOCOIPSIKEHHBbI 011epaTop, eCJH MPeICTaBUTh €0 HECKOJIBbKO HHa-
ue.

Jlns Kaxkaoro GopesieBckoro '?) MHoxKecTBa E Ha J@HCTBUTE/ILHOI MPSMOi 0603HAUNM
uepes Pg cymmy P, + Py, + ...+ P ,rae A;;, ..., \;, € E, aocranbhble \;j He BXOAAT B E.
Torna coorserctBHe £ — Pg BroJIHE ONpe/eisieT NPOeKTopbl Pj U cOOCTBEHHbIe UMCJ/Ia A;.
HeficTBuTeIbHO, ecan { A} 03HAUAeT MHOXKECTBO, COCTOSAIEE U3 OJIHOM TOUKH A, T0 Ppyy # 0

12) BopesieBCKie MHOKECTBA M0 ONpeIe/IeHHIO PECTABIAIOT COGOI 3IeMeHThI HAHMEHBILIEro CeMeficTBa MHO-
JKECTB, KOTOPOE COJIEP?KUT BCE OTKPBIThIE MHOYKECTBA U 06J1a/laeT CJIe/lyl0LHMH IByMS CBOHCTBAMMU:

(1) monosHeHue JOO60OTO MHOYKECTBA M3 ITOTO CeMeHCTBA MPUHA/IIEXKUT CEMEHCTBY;

(2) nepeceuenne A1 N Az N ... mo06oOii CUETHON MOCJIEI0BATEIBHOCTH MHOXKECTB H3 3TOTO CeMeiicTBa TaKxkKe
NPHUHAJIEXKHUT CEMENCTBY.
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TOTA H TOJIbKO TOTAA, KOraa A = A;j JUIsi HEKOTOPOTO j, U COOTBETCTBYIOLLMI PoeKTop Pry 1y
pasen P;. [lanee, 910 cooTBeTCTBHE 00J1a/1aeT CJIe/lyIOLIMMH CBOACTBAMM:

(1) PgPp = Pgnp nisiBcex Eu F

(2) Py = 0; Pp = I, rie R — Bcs JieiicTBUTE IbHAS NIPSIMas;

(3)PEIPE1 +Pg,+..,ecuE=EUEU... HEiﬂEj =0nput # j.

3neck P, + Pg, + ... 03Hauaet npoektop P, onpeie/ieHHblil paBeHcTBOM Py = Pg ¢ +
Pg,po+ ... 5 Bcex ¢ € X, WK, UTO 9KBUBAJICHTHO, [IPOEKTOP HA 3aMKHYTOE JIMHEeHHOe MPOo-
CTPaHCTBO, NOPOXKEHHOE [TOITPOCTPAHCTBAMHU, HA KOTOPbIE IPOEKTUPYIOT P, Ps, . . .. Jlio6as
(DYHKLMSI, KOTOpasi CTAaBUT B COOTBETCTBHE OOPEJIEBCKMM MHOXKECTBAM IPOEKTOPbl B HEKO-
TOPOM THJILOEPTOBOM MPOCTpaHCTBe U obJanaer cBoiicTBaMu (1)—(3), HasbiBaeTcst npoek-
mopnot mepoii. llycts P : E — Pg — npousBoJjibHas npoekrtopHasi Mepa. Torna agis
Kakoro Bekropa ¢ u3 X coorserctBue E — (Pg(p)|p) Gyner o6bIUHON HEOTPHLIATETBHO
Mepoli Ha JeACTBUTE/ILHOI MPSIMOi, U Mbl MOKeM 06pa3oBaTh unterpaisl [ f(z)do(x), rie
a(E) = (Pe(p)|p). Mbl 6yaem 3armicbiBath stot nurerpan tak: [ f(z) d(Px(p)|¢). Herpyn-
HO BUJI€Tb, UTO JUISl pACCMOTPEHHON BbIlLIe NIPOEKTOPHOH Mepbl I, COOTBETCTBYIOLIEH ornepa-

n

Topy A = > \jPj,
j=1

[adP0le) = S AEile) = (Al
j=1

[TockoJibKy onepaTop A 0IHO3HAUHO OMNpeJesieTcs KBaapaTHuHoil popmoit (A(¢)|y), Mbl mo-
JIyUnJIn (hopMy.JTy, BbIpaxKarollyio A HemocpeacTBEeHHO uepe3 MpoeKTopHyio Mepy P 6e3 BBe-
JIEHHUSI IPOEKTOPOB F;.

[Iycts Teneps P : E — Pg — Npou3BOJbHAS IPOCKTOPHAs Mepa, OFPAaHHUEHHAS B TOM
CMBbICJIE, UTO Py — TOXK/IeCTBEHHBII orepaTop Il HeKOTOPOro KOHeUHOro uHTepsasa J. Ml
MOKeM 3a1aTh KBaapatHutyio popmy B(yp, ¢) Ha X, M0J10:KHUB

Blp.¢) = / d(Py()[)

st Beex ¢ € X. Jlajee MOXKHO 10OKa3aTh, UTO CYLLECTBYeT €IMHCTBEHHbI OrpaHHUeHHBbIN
CaMOCOIPS?KEHHBIN orepaTop B X, TAKOH, UTO

(A" (p)lp) = By, ) = /wd(Pm(sO)lso) st Beex p u3 X.

Boo6iue st 060H HeorpaHHUeHHOH NPOEKTOPHON Mepbl P CcyllecTByeT €MHCTBEHHbIN
HeorpaHHueHHbIl camMoconpsiKeHHbiil onepatop AP, onpesenennblii Ha MHOMKeCTBe Beex ¢,
s Kotopbix [ 22 d(Py()]p) < 00 1 TaKoii, 4TO 15 BCeX BEKTOPOB (9 U3 3TOTO MHOKECTBA

(A”¢lg) = B(p, ) = / rd(Po(0)]0).

CrniekTpaJsibHasi TeopeMa MpeacTaB/sieT co60i obpalleHle 3TOT0 yTBEPKAEHHUS, a UMEeH-
HO: JI06O# caMocoNpsizKeHHbIl orepatop umeeT Bux A 11 HeKOTOPO# 0HO3HAUHO ONpe-
JIeJIEHHOH TPOEKTOPHOH Mepbl P (crekTpaabHON Mepbl 1aHHOro onepatopa). Herpyano mo-
Kasarh, uto onepatop AP orpamuuen torza u TosbKo TOrA, Korua orpanuueHa mepa P. B
UaCTHOM cJyuae, Korjia X UMeeT OpTOroHasbHblil 6a3ucC 1, @2, . . ., COCTOSILLMA U3 COOCTBEH-
HBIX BeKTOpOB omnepatopa A, T. e. A(¢;) = Ajp;, Mepa P cocpe/oToueHa Ha MHOXKeCTBe
E = {\1,\a,...}, 7. e. Pg — TOXecTBeHHbIi orepatop B X. O6GpaTHO, €Cjii CyIIeCTBYeT
cueTHoe MHOXKeCTBO E' = {1, Ag, ... }, Takoe, uto Pg = I, T0 X uMeer 6a3uc, COCTOSIIHI U3
COOCTBEHHBIX BEKTOPOB onepatopa A ¢ co6CTBEHHbIMH 3HaUeHHsIMHU ;. B aTOM ciyuae roso-
pAIT, uTO A UMEET 4UCMO MOUeUHbLL CNeKmp.
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YacTo GbiBaeT MoJie3HbIM MPEICTaBIsATH cebe CHEKTPAIbHYI0 TEOPEMY HECKOJLKO HHAUE.
B uactHom cayuae, korna X = L2(S,u) u A(f) = gf, rne g — neficTBuTe/IbHAs H3Me-
puMast (hyHKIIHSI, 10Ka3aTeIbCTBO CIIEKTPAJILHONH TeOPEMbl CPABHUTENbHO TPUBHAJILHO. Jlefi-
CTBHUTEJILHO, MOXKHO HENMOCPE/ICTBEHHO YOEIUThCS B TOM, UTO COOTBETCTBYIOILAS TPOEKTOP-
Hast Mepa P comnoctaBJ/isieT KaxJ10My MHOKeCTBY E nipoekrop f — ¥ f, rie ¥(s) = 1, ecau
g(s) € E,u(s) = 0, eci g(s) ¢ E. C 1pyroit CTOPOHBI, STOT CJIyuail He sIB/ISIETCS CJULI-
KOM UaCTHBIM, KaK 3TO MOXKET TokasaTbcsi. MoxKHO J10Ka3aTh, UTO /s 3aJlaHHOTO CaMOCo-
npsiKeHHoro oneparopa A B X cyluecTByeT Takas Juneiinas usomerpus Vi X — L2(S, p),
uro VAV ! umeer Bun f — fg. D10 yTBepKIeHHE MOXKHO PACCMATPUBATL KaK yCHJIEHHYIO
(hopMy CrieKTpasibHOI TeOPEMBI, TOCKOJIbKY CIIEKTPa/ibHAsi TeOpeMa HeroCPeICTBEHHO U3 HEro
BBITEKAET, HO MPOBECTH JI0KA3aTe/IbCTBO B 06paTHOM HarpaBJieHHH He Tak rpocto. Yuraresio
OyJIeT 10JIE3HO YOEUTLCS B CIIPABEAJUBOCTH TOM (DOPMbI CTIEKTPAJILHOM TEOPEMbI B UaCTHOM
cJyuae, Korjia orepaTtop A HMeeT UMCTO TOUEUHBIH CTIeKTP.

[Tosib3ysich CrieKTpaibHOM TEOPEMON, HETPYHO TMPUIATH CMBIC/ BbipaxKenuio g(A), rie g
— JieficTBUTeNIbHAs GopesieBcKast (hyHKLHS IEHCTBUTEIBHOTO epeMEHHOr0 1 orepaTtop A ca-
MocorpsizkeH. [lyetb P — npoekropHasi Mepa, COOTBeTCTByollast onepatopy A. st kax-
J10r0 GOPEJIeBCKOr0 MHOXKECTBA Ha JIeAiCTBUTEIbHOM TPsIMOi nos1oxkuM Pg, = Py-1(py. Torna
E — Pj — npoekTopHasi Mepa, U Mbl onpejiesisieM g(A), Kak COOTBETCTBYIOLIHI caMOCo-
npsiKeHHbIH ornepatop. MOKHO MoKa3aTh, uto oToOpaxenue g — g(A) coxpaHsieT CyMMbl
¥ TIpou3Be/ieHns1 U uto onepatop g(A) orpaHuueHn Toraa U TOJLKO TOr/a, Koraa (yHKUMS g
orpaHuueHa Ha JOMOJIHEHUH HEKOTOPOro MHOxecTBa E, st kotoporo Py = 0. B uacrho-
CTH, sintA u costA orpaHuueHbl 1JIsl BCEX JEHCTBUTENbHBIX ¢ U BCEX CAMOCOMPSIKEHHbIX A.
[TosTomy oneparop

e = costA +isintA

onpejiesien B JI060M KOMIJIEKCHOM MMJIbOEPTOBOM MpocTpaHeTse. SIcHo, uto 4 — omnona-

paMeTpHuecKas rpyrna yHHTapHbLIX OflepaTopoB, HerpephiBHAs B TOM cMbicJe, uto (€4 (p)[4))
HernpepbIBHAS (PyHKLMS ¢ 17151 BCeX @ U ) u3 X.

O6parHo, nyctb t — Uy — npou3BoJibHAsI OJIHONapaMeTpHuecKasl yHUTapHasi rpyna.
CoryacHo ¢yHaaMeHTanbHOH TeopeMe CTOHA, CYIIECTBYET €MHCTBEHHBIH CaMOCOMPSIKEH-
HbIil orepatop A, Takoii, uto ¢4 = Uy 1151 Beex t. MITak, B 6eCKOHEUHOMEPHOM KOMILIEKC -
HOM T'H/IbOEPTOBOM IPOCTPAHCTBE COXPAHSETCS B3aUMHO OJHO3HAUHOE COOTBETCTBHE MEXKIY
OJIHONAapaMEeTPHUECKMMH YHUTAPHBIMU TPYNIAMH MU CAMOCOIPSIXKEHHBIMU oriepaTopamu (1pu
9TOM JIONyCKAIOTCS M HEOTPAHHUEHHBIE OMepaTopsbl ).

Ecan X — nefictBuTesibHOE THILOEPTOBO MPOCTPAHCTBO, TO YMHOXKEHHE HA @ HE UMe-
eT cMbiC/Ia, M Mbl He MOXKeM 06pazosaTh e'*4. C apyroii cTopoHbl, eci onepatop A Koco-
conpsiken, To onepatop A? caMoconpsizKeH, H Mbl MOXKeM T0CTpouTh g(A), rae g — Jio-
6ast uerHast yHkuusi. Ho nockosibKy J106yto QyHKIMIO MOKHO MPEJICTaBUTh B BUJE g(z) =
hi(x) + xhe(x), rie hy u hg — ueTHbIE, TO Mbl MOXKEM M0JI0KUTL g(A) = h1(A) + Aho(A). B
YACTHOCTH, MOYKHO MOCTPOUTH €4 1 M0Ka3aTh, UTO 3TH OMepaTophl 06Pa3yloT OIHONAPAMET-
PHUECKYIO PYIITy OPTOrOHA/bHBIX NPE0OPAa30BAHMUIA.

OO6parHo, Mbl MOKeM NPUMEHUTL TeopeMy CTOHA W 110Ka3aTh, UTO Kaxk/asi HerpepbiBHAs
OJHOIIapaMeTpHUeCKas IPyIa OPTOrOHAJIbHbBIX IPE0OPA30BaHUl B ICACTBUTEILHOM I'H/IbOEp-
TOBOM NpOCTpaHCTBe UMeeT BUIL et e onepatop A Kococonpsizen. Hakonel, ecin A nme-
eT 0OpaTHBI OnepaTop M CaMOCONPSIKEH, MOXKHO, TaK K€ KaK U B KOHEUHOMEPHOM CJyuae,
JIOMOJHUTL X J10 KOMIJIEKCHOTO THibOepTOBa MPOCTPAHCTBA TaK, UTo A Oy/eT KOMILJIEKCHO
JIMHEHHBIM KOCOCOIPSI?)KEHHBIM OIlepaTOpOM, H HOBast HOpMa BeKTOpoB OyJleT paBHa CTapoi.

BosBpatuasich K puanke, Mbl HAUHEM H3yUeHHE CHCTEM C OECKOHEUHOMEPHBIM KOH(HUTypa-
LIMOHHBIM [IPOCTPAHCTBOM C H3YUEHHS] CUCTEMBI, COCTOSILLICH U3 CUETHOIO MHOXKECTBA HE3aBH-
CHMBIX CHCTEM, pacCMaTpUBaeMbIX Kak enunas cucrema. [lyets My, Mg, ... — KoHcurypa-
LIMOHHbIE [TPOCTPAHCTBA ITHX HE3ABUCUMBIX CUCTEM, KOTOPbIE Mbl JI/Is1 ONPEACJICHHOCTH U VISl
MPOCTOThI OyJeM cuuTaTh JHHEHHbIMU. Torna a3oBbIM MPOCTPAHCTBOM, COOTBETCTBYIOLIUM
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kaxaomy M;, Gyner M; & M7, n nunammueckast rpynna UJ 6yner oaHonapamMeTpHuecKok

rpynmnoi JiIMHeHHbIX peobpa3oBanuii t — Utj B M; @ M. KoHdurypauroHHbIM NpocTpaH-
CTBOM OO'bEJMHEHHON CUCTeMbI OYAET MPH 3TOM MHOKeCTBO M Bcex GeCKOHEUHbIX M0C/1e10-
BaTeJIbHOCTEH @1, P2, ..., Tle ¢; € M;; nBuxenus B M ONMCHIBAIOTCS OJHONApamMeTpHye-
ckoit rpynmnoit t — Uy B (ha30BOM NnpocTpaHcTBe A BCeX GECKOHEUHbIX MOCJIEI0BATEbHOCTEH
01,01, 92, 1la, ..., rne (@5,15) € M; @ JV[;‘, npUueM, KOHEUHO,

Ut(p1, 11, 2,2, ... ) = (U1, 1), U (2, b2), . . ).

Jlo cux nop Bce o6¢tout 6J1arononyuno. O1HaKo, €Csiv Mbl [IOK/1EM Jlajiblie POCTOro oMU -
CaHUs IBUXKEHHS] CUCTEMbI H MOMNBITAEMCS] BBECTH FAMUJILTOHHAH CUCTEMBbI HJIH pACCMAaTPUBATh
A Kak KokacaTeJibHbII MydoK Haa M, Mbl BCTpeTHMcsl ¢ 3aTpyaHeHusimu. [1poctpanctso M
€CTECTBEHHBIM 00pPA30M SIBJISIETCS] BEKTOPHBIM, HO M* — comnpsizkeHHOe MPOCTPAHCTBO K M
— HE COBNAJaeT CO MHOXKECTBOM BCEX MOC/IeN0BATeNIbHOCTEH [1, g, ..., THe l; € Jvt;‘ Jeii-
CTBUTENBHO, 1 (1) + la(p2) + ... UMeeT CMbICJ ISl BCEX 1, P2, ... U3 M TOria U TOJIbKO
Torza, korja l; = 0 s Bcex j, Kpome KoHeuHoro uucJa. Takum o6pasom, A, ectecTBeHHOe
(hazoBoe NpocTpaHcTBO, He ecTb MEBM™. Eciim 6bl y Hac GbJI0 TOJIbKO KOHEUHOE UMCJI0 CHCTEM
(M, U7), n pynkumst HY 6blia 6b1 ravuasronnanom cuctemsl (M, U7), To dynkims

H(¢17117¢27Z27 .- w‘Pnaln) = Hl((phh) + H2(<p2712) Tt Hn(@nvln)

6bl1a Obl raMusIbTOHMAHOM cucTeMbl (M, U). OHako B HalleM c/yuae umeercsi 6eCKOHeUHOoe
UMCJIO CJaraeMbiX, U psifi, BooOlle roBopsi, He 6yneT cxomuthbesi. Koneuno, dynkums [amuiib-
TOHA OIpeJiesIeHa TOJIbKO C TOUHOCTBIO 10 aJUIMTHBHON MOCTOSIHHOH H, OAOUpast 3Ty MOCTO-
SIHHYIO CTielMabHbIM 06pa3oM ISl KaXKa10i (hyHKIHH HI, Mbl MOXeM JOOUTLCS TOrO, UTOObI
panus H7 cxoausicst Ha ojIMHOKeCTBe A, BK/IOUAIOIIEM TPAeKTOPHIO 060K 3a/1aHHO TOUKH.
OnnHako, Mo-BUAMMOMY, He CyllecTBYeT (hyHKIMHU H, KoTopasi Obl ONUCKIBA/IA IBHKEHHE BCEH
cUCTeMbl B LeJIoM. JIyulliee, UTO Mbl MOXKEM CJleslaTh, 3TO PasJioKUTh A Ha HerepeceKaroly-
€Csl MHOXKECTBA, KOTOPble HHBAPHAHTHBI OTHOCHTENILHO JIBUXKEHHH, U HA KaXKJIOM U3 KOTOPBIX
ornpejiesieHa HekoTopast pyHKUMs [amMusibTOHA.

Onnako Ternepb, 4ToObI MEPEHTH OT OJHOTO MOAMHOXKeCTBa A, umeroniero gyHkimio [a-
MMJIBTOHA, K JPYrOMY, MPUACTCS MEHSITb MOJIHYIO0 HEPrUI0 CUCTEMBI Ha ,,0€CKOHEUHYIO BeJU-
UMHYy. DTO HABOJMUT HA MBICJIb, UTO TOJBKO OJIHO U3 ITHX HETePECEKAIOIIMXCSI MHOXKECTB UMeeT
(hU3HUECKUI CMBICJT H UTO HY2KHO MPUHSATH 32 (pa30BO€ MPOCTPAHCTBO MOJAMHOKECTBO, COJEP-

Kautee 0,0,0, . ... Ecan a70 cenath, To KOHQUIypaUMOHHOE MPOCTPAHCTBO TAKKE CY3UTCS U
ctanet noaMHokecTBOM M C M, COCTOSIILIMM U3 BCEX MOC/EN0BATENbHOCTEH ©1, P2, . . . , /IS
KOTOPBIX

1 2
v (@1,301)"‘\7 (@2,302)+...<OO,
rie V] — CKaJisipHO€ IPpOU3BEJIEHHE B M], OHpeI[eJIF[eMOG MoTeHLHAaJbLHOH BHGPFI/IGI/I daszo-

BbIM [IPOCTPAHCTBOM CTaHOBUTCS M @ M, rae M — MHOXKECTBO BCeX M0C/IEA0BATELHOCTE
1,12, ..., IJIs1 KOTOPBIX

Ty, 1) + T2 (lg, 1) + ... < oo,
rie T7 — ckaJsipHoe Npou3BeieHHe B M, onpenenisieMoe KuteTHiecKoit sneprueit. [1pn stom

M elle HeJb3sl OTOXKIACCTBUTbL C CONPS2KEHHBIM NPOCTPAHCTBOM K M, 1 MBI He MOXKeM Ge3
JaJIbHeHILIMX U3MEHEHHUH POBECTH PACCy2K/1eHHUs, CBsI3aHHble ¢ (hyHKLHel [aMuibToHa B KO-
HEUHOMEPHOM CJlyyae.

CambIM CYILIECTBEHHBIM BO BCEX 3THX PACCYKIEHUSIX SIBJISIETCS, KOHEUHO, TOT (DAKT, UTO
OHH JIAI0T aJIFOPUTM Iepexojia OT eIMHCTBeHHON (hyHKUMH Ha (Da30BOM MPOCTPAHCTBE K MH-
(brHHTE3UMAJIbHOH 06pasylollell IMHaMUuecKo# rpynmbl. Mbl 1a1M ceiluac Tako# alropuTm,
NPUMEHUMBIF K HEKOTOPOMY KJ/1aCCy JIMHEHHbBIX CHCTEM; 3TOT KJIACC BKJIOUAeT paccMaTpHuBae-
MBI CJIyual, a TAaKKe BCE KOHEUHOMEPHbIE JIMHEHHbIE CHCTEMBI.
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[Tycte M — neficTBUTE/IbBHOE BEKTOPHOE MPOCTPAHCTBO, KOTOPOE Mbl OyleM CUMTATh
,IJIOTHBIM® B HalleM [10Ka ellle He orpe/ie/IeHHOM KOH(UIypalMoHHOM npoctpaHcTse. [TycTb
V u T — Nos0KHUTEIBHO ONpe/ie/ieHHbIe CKaJIsIpHblE MTPOU3BeaeHUst Ha M, KOTOpbIe Mbl CUH-
TaeM MOTeHUHAJIbHON U KUHETHUeCKOH sHeprueil cootBercTBeHHO. [TonosHsss M no Hopmam

V(e 0), VT(p.9), V/V(e,0)+ T(p,¢), NONYyIUM COOTBETCTBEHHO THJILOEPTOBBI 11PO-
crpanctsa My, Mz, M. [TocKosbKy TpeThsi HopMa GoJiblie MepBbIX ABYX, KaK/10e U3 NepBbIX
JIBYX TIPOCTPAHCTB eCTeCTBeHHbIM 06pa3oM siBisiercst paciunpenreM M. Eciu 06a 314 pac-
ILIMPEHHUST MOJIOKUTENIBLHO OTpeiesIeHbl (Mbl PACCMOTPUM TOJIBKO 3TOT ciyuail), To My u Mp
MOYKHO paccMaTpUBaTh Kak nonosHenus M.

[Tyerb H — neficTBUTE/IBHOE THILOEPTOBO NPOCTPAaHCTBO My & M, v nycTh onepatop J
onpesie/ien caeayioumm o6pasom: J () onpenesnen, ecan ¢ € M C My, npuuem J(p) = ¢,
TJIe ¢ B TIPaBOil UacTH paccMarpuBaercst Kak ajemenT My. Takum o6pasom, onepatop J nme-
€T TUIOTHbIe 06JIaCThb ONpeJie/ieHNs] U MHOXKEeCTBO 3HAUEHHI, JiexKallle COOTBeTCTBEHHO B My
U My. Torna J* — conpsikeHHbIH oriepaTop — ornpesesieH Ha MHOXKeCTBe Takux 8 € My, s
KoTopbix (hyHkmoHan ¢ — V(J(p),#) HenpepoiBen 1no nopme Mp. Takum o6pasom, J*(6)
— eJIMHCTBEHHBIH BekTop 6% € My, Takoit, uto V(J(p),0) = T(p, 6*). HerpynHo ybenutsb-
cs1, uto J* ompesesieH Ha MJIOTHOM noaMHOxKecTBe My U uto J** = J. 3amerum, uTo, no-
CKOJIbKY CKaJisipHble rpousBesienust 7' u 'V pagdsiuunbl, J* HM B KAKOM CMBICJIe He SIBJISIETCS
TOK/1€CTBEHHBIM OMepaTopoM. JIerko nmpoBeputhb, uto onepatop A B H, KOTOPBIH MEePEBOIUT
(p, ) B(J(p), —J*(¢)) (ecam J u J* onpe/ie/ieHbl Ha STHX BEKTOPAX ), KOCOCOMNPsiKeH. [pyr-
nat — e, nefictByiomas B hasosom npocrpanctse I, H ABIAETCS TOI IMHAMHUECKO# IPyTI-
101, KOTOPYIO Halll aJITOPUTM COTOCTABJISIET ,Jarpatkuany” V, T'.

HeTpymo Bujiets, uto s Beex o u3 M mbl umeem V(p, ) = T(J*(¢), p); nosromy
orpanuuenue J* Ha M — 3T0 TOT caMblil orepaTop, KOTOPbIi N103B0JsIeT BblpasuThb V uepe3 T'
W KOTOPbIH Mbl B KOHEUHOMEPHOM cJiyuae (cM. ¢Tp. 32) o6o3Hauanu uepe3 F. J1jist Toro uto6bl
nojpo6Hee BbISICHHTb CBSI3b MPEJIIOKEHHOTO BhILLIE aJTOPUTMA C HALIUMH MPEXHUMH Pe3yJib-
TaTamu, HaM yl00Hee OyJeT pacCMOTPETh JIPYroil ornepaTtop, a MMEHHO €IMHCTBEHHbIH CaMo-
conpsikennbiii oneparop B M, Takoii, uto (K (¢)|@) = V(yp, ¢); cKanspHoe npousseienne B
JIeBOi UaCTH paBeHcTBa GepeTcsi B cMbic/ie npocTpaHeTBa M. PaceMoTpuM uacTHblil cayuaii,
korna K umeeT uMcTo ToueuHslid cnektp. [1yctb @1, @2,... — OPTOHOPMHPOBAHHBIN 6a3uc
co6cTBeHHbIX BekTopoB oneparopa K. Torna st mo6oro Bektopa ¢ = q1p1 + gaw2 + ... U3
M, Kak HETPY/IHO BLIUHC/IHTD,

rie m; onpejensiores u3 papeHcts 1/m; + 1/p; = 1. Takum o6pa3om, Mbl MO2KeM BbIOPATh
Gasuc B M, B KoTopoM M T 1 V IPUBOIATCSA K AMATOHAILHOMY BUJLY, H, CJIeJI0BATELHO, Hallly
CHCTEMy MOXKHO pacCMaTpHBaTh KaK COBOKYITHOCTh HE3aBUCHMbIX FaPMOHHUECKHX OCLHJLIS-
TOpoB. MOXKHO HEMOCPeCTBEHHO YOEIUTHCS B TOM, UTO IMHAMHUECKAst IPYIINa, KOTOPYIO Mbl
OfpeJesIuIi € MOMOLLbIO orepaTopoB J U J*, coBnaaaer ¢ TOH, KOTopasi MoJydaercst nyTem
COe/IMHEHHUST IMHAMUUECKHX IPYIIT OT/Ie/IbHBIX OCLUJISITOPOB U CyKeHHs (Pa3oBOro npocTpan-
CTBA 10 MHOXKECTBA TeX TOUEK (g1, G2, . . . ), B KOTOPBIX MOJIHASI 9HEPTHST KOHEUHA.

Ecin (¢,9) € M@ M u Uy — aunamuueckas rpynna, 1o Uy (¢, 1) Gyaet auddepeniupy-
emanput =0wu

d

S(Up0))| = Al ) = (6, —T"(9).
t=0
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B 60.1ee npuBbIuHOI 1 GoJiee KpaTKOil (hopMe Mbl UMeeM

L) = @I @) um E =y, W),

Takum o6pasom, ,,BeKTOp KOH(HUTypalu® ¢ yIoBAeTBOpsieT U depeHasbHOMy ypaBHEHHIO
BTOPOro nopsika: d2p/dt? = —J*(p). B npuioKeHnsiX ¢ 0GbIUHO ABJSETCS CKAISPHON WK
BEKTOPHOH (pyHKIIHEH B TPEXMEPHOM MPOCTPAHCTBE, a J* — nuddepeHumabHbIM onepaTo-
powm. Korna ¢ paccmarpuBaercst Kak (GyHKLHsI OT ePEMEHHBIX X, ¥, 2, t, @ He KaK (DyHKLHs OT ¢
co snauenusimu B M, ypaBHenue d2¢/dt?> = —J*(p) cTanoutcs audpepeniaibHbIM ypas-
HEHHEM B UACTHBIX POU3BOJIHBIX, IPUHUMAst BUIL 0% /0t? = —J*(¢), HMEHHO B TAKOM BHle
0ObIUHO POPMYJIHPYIOTCS (PH3HUECKHE 3aKOHBI.

B takom o611eM Bujle, B KAKOM Mbl MOJIYUHJIH 3TO YPABHEHHE, €ro Heslb3sl CUHUTaThb Y/10-
BJIETBOPUTEJIbHBIM. J1J151 TOro 4TOOBI MOJYUHTh U3 HErO BIOJIHE ONpe/Ie/IeHHYI0 THHAMHIECKYIO
TPYIIIy, Hy2KHO OFPaHHUHTB PACCMATPUBAEMBIF KJ1acce ¢ U Jp /Ot TaknM 06pa3oM, UTOObI MOK -
HO ObIJIO 10Ka3aTh COOTBETCTBYIOLLME TEOPEMbI CYLLECTBOBAHHS U €IMHCTBEHHOCTH.

B kauecTBe npumepa paccCMOTpPUM MaJible KoJieOaHHsl CTPYHbI, CKPEIJICHHOH B JBYX KO-
HEUHbIX TOuKaX. 31ech M — MPOCTPAHCTBO BCEX IBAXKJIbl MU hepeHIpyeMbiX (HYHKIMH Ha
0 < z < I. takux, uro f(0) = f(I) = 0; snemeHT f € M ONUCHIBAET OTKJIOHEHHE CTPYHBI OT
NpsIMOi KaK (DyHKLHIO PACCTOSIHUS OT JIEBOTO 3aKPENJICHHOrO KOHLIA;

wn-if (L) w
0

1
T(f, ) = / P d,
0

rie k U (o — TOJIOXKHTEJIbHbIE KOHCTAHTBI, 3aBUCSILME OT MaTepHuasa, U3 KOTOPOro ciesnaHa
CTpYyHa, U OT ee HaTshKeHHsl. DTH BbIpaxKeHHs] MOXKHO MOJIYUHTh U3 3aKOHOB MEXaHUKH CHCTe-
MbI TOUEK, paCCMaTpUBast CTPYHY Kak Mpee/bHbI CJIydail Mocae10BaTeIbHOCTH MaTepHalib-
HBIX TOUEK, PACTIOJIOKEHHBIX BJIOJIb TIPSIMOI U OTpe/ieIeHHbIM 06pa30oM B3aMMOJIEHCTBYIOIIMX
mexk iy coboi. [TockosbKy

1 1
df \ 2 d2f k_ (d%f
f— —_— = — _— = —_—— T —_—
vr.f =k [ (dx) do——k [ T pan— 27 (1),
0 0
Mbl BUIUM, UTO OIrpaHHUEHHE oriepaTopa J* Ha M HUMeeT BUJL

kod2f
fo-EdT
i da?

Cuuras Tenepsb f pyHKUMEH U ¢, ToJlydaeM KJacCHueCcKoe ypaBHeHHe KoJieOaHHH CTPYHbI:

0 f k 9%f

M 9

[1pu ugyuenuu Kosie6aHuii ynpyroro TBeporo Tesa, 3aHMMaloLlero KoHeunblit 00beM R B
E3, konurypaumontoe npoctpanctBo M sIBJISIETCS MHOMKECTBOM BCEX JIBaXIbl M depen-
MpyeMbIX (PyHKLMI Ha R ¢ BeKTOPHBIMHM 3HAUEHHSIMH, KOTOPbIE Ha IPaHuLle R OPTOroHa/bHbI
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K HOpMaJIH K IpaHHuHO¥ MoBepXHOCTH. DeMeHT f = (I, 1l2,13) € M onucbiBaeT (BeKTOpPHOE)
OTKJIOHEHHE OT MOJIOKEHHs] pABHOBECHST MM (DYHKLIMIO 110J10:KeHHsI TOUKH B R. B 3TOM cityuae

T(f,f>:u///(l%+l§+l§>d:cdydz,
R
B i | lz\?
R
ol;  0ls\% [08ly 0dl3\? [0l  Olx\?
raf [ ] (W@ *(Wa—y) oy tas) t
R

2 2 2
+2 <%> +2 (%> +2 (%) dxdydz,
ox dy 0z
1€ i, ¢1 U C2 3aBUCSIT OT MatepuaJia, i3 KOTOpOro COCTOUT Tesio. Mbl peocTaBJisieM uMraTe-
JII0 BBIBECTH OTCIO/IA KJIACCUUECKHe YpaBHEHHST KOsleOaHHUH.

[Tosryuentbie Bbiiie (hOpMyJIbl OUEBUAHBIM 06pa3oM 06pa3om 060611aI0TCs HA TOT Cayua,
KOTJIa HMEETCSI HECKOJIbKO COTIPUKACAIOIIMXCS YIIPYTHX CPEJl WM OJIHA, B KOTOPOH [, ¢1 U C
MEHAIOTCA OT TOUKH K TOUKE. AHaJIOI‘H'-IHI)Ie (i)OpMy.HI)I OTMHUCBHIBAIOT KOJIeOAHHS )KI/lILKOCTGﬁ H
rasos..

Bo3Bpamaﬂc1) K 06LLI€fI TEOpPHUH, OTMETHM, UTO TOUHO TaK K€, KAK B KOHEUHOMEPHOM CJ1y -
uae, Mbl MOXKEM BBECTH YMHOXKeHHE Ha t B PAa30BOM MPOCTPAHCTBE TAKUM 00pa3oM, UTO JMHA-
MHuecKasi rpynna t — Uy ctaHeT ojHonapameTpuueckoii yuutapHoii rpynmnoii 2 e B —
CaMOCOTIPSIKEHHBIH OTepaTop.

Korna oneparop B nMeeT UMCTO TOUEUHBIH CMEKTP, KaK 3T0 0ObIUHO ObIBAET JI/1s1 KoJieba-
HUI KOHEUHOH Cpelibl, Mbl MOXKEM pellinTb 3aj1ady Koiiw, T. e. 3anauy ,,ipeickasanus’, ciaeny-
1o1UM o6pasoM. T1ycThb 1, @2, ... — opTOroHa/bHbIA 6a3UC COOCTBEHHBIX BEKTOPOB B:

Blpj) = Ajei;
Torga
i\t
Ut(pj) = €7 ;.
[Tostomy, ecsin coctosinie cucrembl 1pu t = 0 3anaetcs BekropoM € € My & My, TO BeKTOp

0, COOTBETCTBYIOLLMII COCTOSIHHIO CHCTEMbI B MOMEHT BpeMenH ¢, pael 6; = €5 (6). Pasio-
»KUM BekTop 6 1o 6a3ucy 1, 2, .. .:

0 =c101 + cobs+ . ...

Torna ; — ennHCTBeHHBII BEKTOP, KO (DULMEHTHI Pa3/10KeHHsT KOTOPOTo Mo 3TOMy 6asucy
cyThb crettit coe®2t . KoHeuHo, BCe 3aBUCHT OT TOTO, YIA€TCs JIH Ha CAMOM JIeJIe TTPOBECTH
CNEKTpaJbHbII aHa/IM3 onepatopa B u HalTH ;. B psise Knaccuuecknx 3aaad 3T0 MOXKHO PO~
JleJ1aTh COBEPLIEHHO SIBHO, IPHYEM COOTBETCTBYIOLIHE (j COCTABJISIIOT PA3/IMUHbIE H3BECTHbIE
CeMeHCTBA OpPTOroHa/bHBIX (yHKUMHA. MTak, korna B MMeeT UMCTO TOUEUHBIH CIEKTp, ABH-
JKeHHe MOXKHO I1POaHa/IM3UPOBATh, PA3JIOXKHB €r0 Ha He3aBUCHMbIE [IPOCTbIE FTaPMOHHUECKHE
KoJ1e6aHusl, TOUHO TaK Ke, KaK B KOHeUHOMepHOM cJj1yuae. OHaKo BaXKHOE OTJIMUHE COCTOUT B
TOM, YTO Telepb HMeeTCsl 6eCKOHEUHOE MHOXKECTBO TAKHX He3aBUCHMbIX KOJIeOaHHI.

Korzna B He uMeeT UUCTO TOURUHOIO CIEKTPa, Mbl MOXKeM IPUMEHHUTh CIIEKTPAJIbHYIO Teo-
peMy M CUMTaTb, UYTO Hallle TMILOEPTOBO IPOCTPAHCTBO OTOOPAXKEHO JIMHEHHO U M30MET-
PHUHO Ha KoHKperHoe mpoctpaHcTBo L2(S, 1) Tak, uto omepatop B nepelies B oneparop
g(s) — A(s)g(s), rme A — Hekoropasi aeiicTBUTeNbHAs GyHKIMs Ha S. Oneparop Uy npu
3TOM IepeiIeT B oriepaTop

g(s) — e)g(s),
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1 Mbl MOKEM JIaTh CJIEIyIOlllee MPaBUJIo uisi petierust 3agauu Ko, [list 3a1aHHOr0 BEKTOpa
0 naiinem coorsercTByioLil Bektop B L2(S, 1) 1 0Goanaunm ero . Torna cocrosnuio Uy (6) B
L2(S, 1) coorBetctByer Bektop O(s) e ($)t. Bo MHOMMX C/yuasix, MpeacTaBAsIONHX HHTEPEC,
sneMenThl My @ My SIBISIOTCS KOMILIEKCHBIMU (byHKIMsiMU Ha F3 1 onepatop 6 — 6 nmeer
06paTHBbIii ,,MHTErpa/IbHLII onepatop®, T. e. cyuiecTByeT Gpynkuus K na E3 x S, Takas, uto

Q(x,y,z):/K(:r,y,z,s)é(s) du(s)

17151 Beex @ Ha nyioTHoM noanpoctpancte My & My. Ecan 310 uMeeT MecTo, TO MHOTHE Tpa-
€KTOPHH Hallleil CUCTEMBI, T. €. (DYHKUHH 2, Y, z U t BUaa Ux(0)(x, y, z), MOTYT ObITb 3aMHcaHbl

B (hopme
/ K(x,y, z,5) e0(s) ds
¥ MOTYT PacCMaTpUBATbCS Kak ,,HElpepbIBHbIE CyNeprno3uLuu ™ (hyHKLMI BUAA
K(CL’, Y, %, 80) eiA(SO)t'

Ecm T u V HWHBAapHAHTHbBI OTHOCHUTEJIbHO IE€peHOoCa BpaLL[eHI/Iﬂ MpOCTpaHCTBA, TO 3TH
OCHOBHbI€ Ct)YHKLIHI/I [NPUHUMAIOT BU]L

ei[aa)+by+cz—G(a2+b2+02)t] .

)
B 9TOM CJlyuae S — MHOXKeCTBO BCEX TPOEK a, b, ¢, a hyHkims G 3asucut ot B. C noMolLIbio
COOTBETCTBYIOLLETO MOBOPOTA (DYHKLIHIO

ei[aa}+by+cz—G(a2 +b2+c2)t]

MO2KHO HpHBeCTH K BULLY
(illz—G(2)]

I

rie a®+b2+c? = 12, TIpu pUKCUPOBAHHOM T 5TO — MPOCTOE FAPMOHHUECKOE KoJleGaHue ¢ ua-
croroit G(12)/2m. Tlpu pMKCHPOBAHHOM ¢ IeHCTBUTEIbHAS M MHUMAs! YACTH 3TOFO BbIPAXKEHHUS!
— KOCHMHYCOHMJIa/IbHast ¥ CHHYCOW/Ia/IbHast ,,BOJIHBI® C JJIHHON BOJIHBI 27 /1; TIPH H3MEHEHHUH ¢
5TH ,,BOJIHBI® JIBHXKYTCS! B HANPABJEHHH BO3paCTaHust  co ckopocTbio G(12)/1. B obiuem cay-
uae 3TH (PyHKLHH

ei[az+by+cz—G(a2+b2+c2)t]

Ha3bIBaroTcs ,,IIJIOCKUMH BOJIHEIMI/I“, pacnpoCTpaHsitOlIMMUCS B HallpaBJ€HHH BEKTOPa (CL, b, C)

CO CKOPOCTbIO
G(a® + 0>+ ) /Va2? + b2 + 2,

1 UMEIOILIUMH JJIMHY BOJIHBI
2r/Va? + 0% + 2.

Takum 06paszom, 1BUKeHHE Halllel CHCTEMbI MOXKHO MPEICTABUTH B BUJIE CYNEPHO3ULIMH M1J10C-
KMX BOJIH, PaclpOCTPaHsIIOILMXCS B PA3JIMUHBIX HAMpaBJEHUSIX W UMEIOLLUX Pa3HYyI0 JIHHY
BOJIHBI.

BooGliie roBopsi, CKOpoCTb OYIET TaK:Ke MEHATLCSI ¢ H3MEHEHHEM JIJIMHbI BOJIHBI, HO €CTh
HECKOJIbKO BaXKHBIX UaCTHBIX CJyuaeB, korna G(v) = /v, H, C/ieloBaTe/IbHO, UMEETCST €/IHH-
CTBEHHasl ,,CKOPOCTb BOJIHBI. B 3TOM cJyuae ,,lleHTp" JIOKaJbHOr0 BO3MYLLEHHUs paccMaTpHu-
BaeMoli cpejibl Oy/IeT IBUraThCsl C TOH XKe CaMoi CKopocTblo. Ecsi ckopocTh pacrnpoctpaHe-
HHUS1 3aBUCHUT OT JUIMHBI BOJIHBI, TO LEHTP JIOKAJIbHOTO BO3MYLLEHHST MOXKET JIBUIaThCsl CO CKO-
pOCTbIO, OTJIMUHOH OT CKOPOCTEH BCEX BOJIH, BXOJSILINX B CYNEPHO3HLIHIO, aXKe €CJIH BCe 3TH
CKOpOCTH OJIM3KH JIPYT K Apyry. B aTom ciyuae ,,rpynnoBasi® CKOpocTb w paBHa

dv

= —)\—
w v d)\,
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rjie v(A) — BOJIHOBAsi CKOPOCTb MJIOCKOH BOJIHBI WTHHBI A. Bee 9TH yTBep:kaeHHst MOXKHO 06-
OCHOBATh C MOMOLIBIO CTPOrOro aHAJU3a, KOTOPbIi, 0JIHAKO, yBeJ Obl HAC CJMILIKOM J1aJIeKO B
CTOPOHY.

Ecsin Mbl paccmatpyBaem BoJiHbI B GECKOHEUHOH YIPYro# cpejie, TO BCe 3TH pe3yJibTaThl
COXPaHSIOT CHUJTy, HO OCHOBHBIE TJIOCKHE BOJIHBI MMEIOT CBOUMH 3HAUEHUSIMH BeKTOpbl. OKa-
3bIBA€TCsl, UTO 3/1eCh BO3MOXKHBI JIBa cJyuasi. Korjia BeKTop neprieHanKyJisiped HarpasJieHnio
pacnpocTpaHeHHIO BOJIHbI, BOJHA HA3bIBAETCS nONepeuHoll, a Korja napajiened — npo-
doabHoli. BosHoBasi CKOPOCTb HE 3aBUCHT OT JJIMHBI BOJIHBI, HO Pa3/HuHa /sl MPOAOJbHOM
W T10TePEYHOIl BOJIH.

B 3aksiouenue 31oro pasaena Mbl BKpaTlle pacCKaKeM, Kak cjeiyeT 00001HUTh ITH pac-
CY2KJIeHHs1, uTOObI BKJIIOUUThL 3J1€KTPOMArHUTHYIO Teopuio cBera. [Ipupona cBera siBaisiiach
NpeMeTOM CMOPOB Ha MPOTsKeHUH Bcel ucropun guauku. B 1800 r. kaszanock, uto Mox-
HO GOJILILIMHCTBO SIBJEHHH OOBSICHUTD U C MOMOLIBIO THIIOTE3bl O CBETE KaK O MOTOKe ObICT-
PO IBHKYIIMXCS UPE3BBIUAMHO MaJbIX UACTHIL, U C TIOMOIIBIO THITOTE3bl O BOJHOBOH MPUPOJIE
csera. C Ipyrofi CTOPOHbI, HH OJIHA U3 THIIOTE3 He J1aBaJia BIOJIHE YI0BJIETBOPUTENLHOTO 06b-
sicHenus Bcex sipjenuil. OnHako ryaBHbIM o6pazom Gaaronapsi padore [Onra u ®penens B
1801—1827 rr. Bce 10JI3KHBI ObLIM B OOJbIIEH WX MEHbIIEH CTENEeHH COIVIaCUTLCSI C TEM, UTO
CBET MpeJicTaBJIsieT coO0il rornepeuHblie BOJIHbLI B HEKOTOPOI HEM3BECTHOH CpeJIe.

B caenytoie copok JieT GblI0 MOTpaueHO MHOTO YCHJIHMH Ha TO, YTOOBI OMPENETUTh PH-
poJly 3TOi cpejibl, KoTopast Obljia HazBaHa 3pupoM. ToT (akT, UTo BOJIHBI L0/KHBI ObIIH ObITH
nornepeuHbIMH, GbLJIO OUeHb TPYHO COTVIACOBATH C TeM (haKTOM, UTO Cpe/a, B KOTOPOil pacrpo-
CTpaHSIeTCsl CBET, COBEPLIEHHO OTJIHUYHA OT yrpyroro tesa. Jlajsee, B COOTBETCTBHH C TeopHel
pacrpocTpaHeHnsi BOJIH B yIIPYyroil cpee Kaxbli pa3, Korjaa nornepeutas BoJHa rnepeceka-
€T IpaHully pasjiesia JIBYX Cpejl, J0/KHA BO3HHKATh TAKKe MPOJ0JbHAsT BOJIHA, HO HHKAKHX
9KCMEPUMEHTANBHBIX TIOITBEPKIEHHI CYILIECTBOBAHHUS MPOJOJBHBIX BOJH HAHAEHO He OBLJIO.
DTa TPYyAHOCTb OblJIa JIMILbL OJHOH M3 TeX, C KOTOPbIMM CTOJIKHYJICS — 10 KpalHel mepe ¢
Marematuueckoil Touku 3penusi — Mak-Kysod B 1839 r. On nokasaJ, uto BoJiHbl OyIyT
pacnpocTpaHsTbCs B YIPYrok TBEPOH Cpejle TaK Ke, KaK pacrpocTpaHsiioTes, Cy/s Mo Ha-
6J110/IEHUSIM, CBETOBBIE BOJIHBI, €CJIM MPUHSATH, UTO (PYHKIUS MOTEHUHAJBbHONH SHEPTHU UMeeT
BH/I, OTJIMUHBIH OT YKa3aHHOTO BbIllIE, 8 HMEHHO paBHa

2 2 2
o, al, ol, 0l ol, 0l
a — || t\l=-5) t|5 5 drdydz.

oy 0z 0z Oz or Oy
B uacTtHOCTH, B 3TOM CJlyuae Ha MOBEPXHOCTH pasjie/ia He BOSHUKAET MPOJI0JIbHBIX BOJH. O/1-
HaKo (pM3MUECKHe TPYJIHOCTH OCTaBaJUCh, H pabora Mak-KyJsioda nosroe Bpemst He Gbljia
npu3HaHa. Mbl yIIOMsiHyJIH ee TOTOMY, UTO 110 MaTeMaTHUeCKOo# (popMe ee pe3yJibTaT CoBaja-
€T C MoJIyUeHHBbIM B OKOHUATEJILHOI TeOpHH. 3aMeTHM, uto noteHimas Mak-Kyaoda ormua-

€TCs OT NMOoTeHUHaJMa HAaCTOAULCTO YIIpyroro TBEp/1oro teJia TeM, 4TO B HEM BMECTO KOMIIOHEHT
CHMMeTpH‘{eCKOﬁ 4aCTH TEH30pa nepeMemeHHﬂ

or 0 0z
or 0 0z
oxr Jy 0z

MCTOJIb3YIOTCS! KOMITOHEHTbl aHTHCUMMETPHUECKOI UaCTH 3TOr0O TEH30pa.

OxkoHuaTe/IbHBI OTBET B JIEBSITHA/ILATOM BEKEe Ha BOMPOC O NPUPOJIE CBETA OblJI 1aH TOJIBKO
nocJie passutust Papaneem 1 MakcBes10M TEOPHH 3JIEKTPOMATHUTHOTO MOJISI.

K 1800 r. 66111 H3BeCTHBI (haKThl O NPUTSZKEHHH H OTTAJKHBAHUH 3apSIAKEHHBIX TeJT U Mar-
HUTOB M pa3paboTaHbl OT/Ie/IbHbIEC MaTeMaTHUECKHE TEOPHH 3JIEKTPOCTATHKH U MAarHUTOCTAaTH -
k1. OIHAKO TO BaXKHeHIIee OTKPBITHE, UTO H3MEHSIIOLIEECs SJIEKTPHIECKOE T10J1e HHAYLIUPYeT
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MarHuTHoe moJjie U o6partHo, 6bu10 enle Brepend. Tosabko B 1800 r. Bosibra noctpous smaek-
TpHUUeCKylo 6aTapero U TeM CaMbIM J1aJl BO3MOXKHOCTh 9KCIIEpUMEHTaTOpaM MoJ1b30BaThCs M0~
CTOSTHHBIM 3JIEKTPUUECKHM TOKOM. JIBafuaTh JieT crnycTsi Dperel OTKPbLI, UTO TOK, HAYLIHH 10
MPOBOJIOKE, MOXKET BbI3bIBAThH OTKJIOHEHHE MATHUTHOI CTpesiKH, a B 1825 1. Amniep ony6Jmko-
BaJl U3BECTHBIN MeMyap, B KOTOPOM JIaBaJjiach MoJHast KOJIMUECTBEHHAS TEOPHUST STOTO SIBJEHHUS.

Cuieftytolinii 3HaunTeILHbIN war 6611 cienan Papaneem, kotopbiil B 1832 r. nokasait, uto
B [1POBOJIOKE, Mepe/iBUraeMoi BOJM3H MaruuTa, Bo30y:K1aeTcst sJieKTpuueckuil Tok. Gapaneii
Urpaj OCHOBHYIO POJib B Pa3BUTHH (DU3UKH B TE€UEHHE JJIUTENBHOTO MOCJEAYIOIEro nepruo-
Ja BrioTh 10 1855 1., Kora 3TUMHU Bonpocamu HauaJsi 3anuMatbest Makcesent. M @apanedi u
MakcBesi1 paccMaTpUBaJIi 3J€KTPOMArHUTHBIE SIBJICHHUST C TOUKH 3PEHHUS ,,[TOJIEH ", T. €. B LIeH-
Tpe UX BHUMaHHUsI HAXOJMJIMCh CUJIOBbBIE T10JIs1, BbI3bIBae€Mble 3apsilaMi, MarHUTaMH . T. 1., a
He camu 3TH 00beKThl. OKa3aa0Ch, UTO MOTEHIMAJBHYIO SHEPTHIO CUCTEMbI, B KOTOPOIl CHJIbI
BbI3bIBAIOTCS B3aUMOJIEHCTBHEM 3aPsi/IOB, MOXKHO BbIPa3UTh B BHJIE MHTErpasia

;///(Eg-l—Ej-i—Ez)dazdydz,
™

rne B, E,, E, — KOMIOHEHTbI 3JIEKTPUUECKOTO 1104151, a k — JIU3JIeKTPHUUEeCKast TOCTOSIHHAS
OKpy2Katollel cpefibl. AHAJIOrHUHBIM 06Pa30M MOTEHIMAJbHYIO SHEPIHIO, COOTBETCTBYIOLLYIO
CHUCTEMe MarHUTOB, MOXKHO 3aIMUCaTh B BUJIE HHTErpaJia

%///(Hg-l—HyQ—FHf)dazdydz,

rue H;, Hy, H, — KOMIOHEHTbI MATHUTHOTO M0JIs1, & (4 — MArHUTHast IPOHULAEMOCTh CPEIbl.

Makcesesut 1 @apajneil paccMaTpuBali 3J€KTPOMArHUTHOE 110J1e KaK HEKOTOPYIO BO3MY-
LIEHHYIO YIIPYTYIO CPely M TTOKa3aJH, UTO JIEKTPOMArHUTHBIE SIBJICHHS MOXKHO OMHCHIBATh KaK
B3aUMOJIEHICTBHE MEXK/1y BELIECTBOM U [10JIEM, TPUUEM TOCJIEIHEE paCCMaTPUBALTCS KaK Mexa-
HMYECKas CHCTeMa ¢ O@CKOHEUHBIM UHCJIOM CTeNneHel CBOOObI, MOA0OHAs yIIPpyroMy TBEpAOMY
TeJy.

MakcBesu ciiesal upe3BbluaiiHO BaXKHOE TEOPETHUECKOe OTKPBITHE, TIPElyraaan, uTo Tak
JKe, KaK CyLIECTBYET MarHUTHOE MoJe, HHIYUMPOBAHHOE SJEKTPUUECKUM TOKOM, JIOJIKHO CY-
111leCTBOBATh MAarHUTHOE M0J1e, UHYLIUPOBAHHOE MEHSIIOLLUMCS 2JIeKTpHUecKUM noJieMm E. OH
NpHIIIEJ K BBIBOLY, UTO ToJie H T0KHO OnpenensiTbest (hopmyJion

10F

tH = - =
ro c Ot

Ecan 106aBUTh 3TO COOTHOILIEHHE K YK€ HU3BECTHbIM, TO MOJYUHUTCS 3HAMEHUTasi CUCTEMa
ypaBHeHHﬁ MaKCBeJIJIa, orpeaessdonias MUSMEHEHHE BO BPEMEHU 2JIEKTPOMATHUTHOTO T10J1s1.
B ITyCTOM IPOCTPAHCTBE, CcBOOOJIHOM OT 3apsiioB U TOKOB, OHa UMEET BUJL

1 0H 1 0F

E=--2_ H=-Z

rot c ot’ rot c ot’
divE =0, divH =0,

rje ¢ — KoHcranta. Herpyano uekimounts E win H U3 9THX ypaBHEHUI U [TOJIyUHTh CJIeIyI0-
1HEe YPaBHEHHS:

OPH 0*H O0*H 10°H

0%z * 0%y * 92z ¢ 0%t

0°E 0°E 0°E 1 0°E

0%z * 0%y * 2z ¢ 02t
Orcrofa HETPYHO BHJETH, YTO 3JEKTPOMATHUTHOE BO3MYLLEHHE PACIPOCTPAHAETCS BOJHO-
BbIM 06PA30M CO CKOPOCTBIO ¢. Besmuuna ¢ okasanach paBHOI CKOPOCTH cBeTa, U MakcseJi
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MIPEJITTOJIOKUJ, UTO CBET HA CAMOM JIeJIe MTPeJICTaBsieT COO0H KOIeOaHUS 3JIEKTPOMArHUTHOTO
noJisi. dta Touka 3peHusi (¢ MoauduKaiusiMu, 06yc0BJEHHBLIMU KBAHTOBOH MEXaHHKOM ) 5IB-
JisieTcst OOLLENPUHSTON 10 HACTOSILLIETO BPEMEHH.

HetpynHo cBszath Teoputo Makcsesia cBOGOJHOTO 3J1€KTPOMATHUTHOTO MOJISi ¢ OCHOB-
HBIM COJiep:KaHneM 3T1oro paszena. O6osnaunm uepe3 M{ E'} BeKTOpHOE MPOCTPAHCTBO BCEX
JBaXK/bl U dhepeHIHpyeMbiX (DYHKIHI C BEKTOPHBIMM 3HAUEHHSIMM Ha TPEXMEPHOM Ipo-
CTPaHCTBE, TAKHUX, UTO

iﬁ///(E§+EZ+E3)dmdydz<ooudivE:O.

[Tonoxxum .
V(E, E) - Zw///(Ei B2 4 B2)dedy dz

1
T(H,H) = Zw///(Hg—FHyQ—i—Hf)dxdydz,

rie H — BEKTOPHOE 110J1€, OITHO3HAUYHO olpejie/isieMoe CJACAYIOIUMHA YCJOBUSMU!

1 0F
rotH:EE, ///(H§+H§+H§)d:rdydz<oo,
divH =0,

JeficTBuTeIbHOE THIILOEPTOBO MPOCTPAHCTBO M OJHONApamMeTpHuecKas rpyrna opToroHasb-
HBIX [1PeoOpa3oBaHU STOr0 MPOCTPAHCTBA, TOCTPOCHHBIE TAK 2Ke, Kak Ha cTp. 41, npuBoasr
K ,,3aKOHaM JIBH:KeHHs1 Uil EJ, KoTopble NpeBpallaTcs B ypaBHeHUss MakcBedia, eciiu rnpu
b hepeHIIHPOBAHHH MBI 110 ONPeJIeJIeHHIO TpUMeM 3a H BeIHUnHHY

1 _,0F

—rot” " —.

c ot

B onpeneneHHoil Takum 06pa3oM ,,MexaHHUEeCKO CUCTeMe" SHeprust 3/1eKTPUUECKOro Mno-

JIsl IPEBPALLAETCs B IOTEHLIHA/BHYIO SHEPTHIO, SHEPTUst MArHUTHOTO M0/ — B KUHETHUECKYIO
sHepruto. BmecTo Toro, 4to6bl IPUHUMATh 3a OCHOBY E, Mbl MOKEM BbIPA3HUThb BCE BEJUUHHDI
uepes A = rot ~!(E), rie divA = 0. Torna KuHeTHUeCKast SHeprus OyjieT paBHa

2 2 2
17r/// <% — 8AZ> + <8AZ — aAz) + <8Ax — %> drdydz.
4 0z oy ox 0z Jy ox
Takum o6pa3om, Mbl BUUM, ouemy nipuemsieM Meto Mak-Kyasoda.

Jl1st Hac oueHb BaXKHO, UTO MaTeMaTHUECKHI aHAIM3 AMHAMUUECKOH IPYyMIbl MeXaHHue-
CKOH CHCTeMbl OKA3bIBAETCs BIOJIHE TIPUMEHHMBIM H K H3YUEHHIO 3J1€KTPOMAarHUTHOTO MOJIs,
MOCKOJIbKY OH 3aBHCHT TOJIbKO OT TOTO, UTO HH(HHUTE3UMaJbHast obpasylolias 3ToH rpymn-
Tbl UMeET HEKOTOPYIO onpejieieHHyio popmy. B uactHoCTH, Mbl MOKeM FrOBOPUTH 06 HMITyJIbCe
1 MOMEHTE HMITyJIbCa MOJIsl H, €CJIH T10JIe COCPENOTOUEHO B KOHEUHOH 06JIaCTH MPOCTPAHCTBA,

paccMaTpUBaTh €ro Kak cHcTeMy (6€CKOHEUHOTO UMC/Ia ) He3aBUCHUMbIX TaPMOHHUECKHMX OCLIMJI-
JISITOPOB.

1.5 Crarucruuyeckasi MexaHuKa

[Ipu n3yueHun MexaHHUeCKOH CHCTEMbl C OueHb OOJIbLIMM YHCJIOM UacTHLL, HallpUMep Mak-
POCKOMHUECKOH (DU3MUECKOH CHCTEMBI, COCTOSIIIEH U3 OFPOMHOTIO KOJIMUECTBA UPE3BbIUANHO
MaJlbIX ,,aTOMOB", JIBUKYLLMXCH 110 3aKOHAM KJIaCCHUECKOH MeXaHHKH, HeBO3MOXKHO orpejie-
JINTb COCTOSIHME CHCTEMbI B OOBIUHOM CMBICJIE CJIOBA, T. €. HANTH BCE KOOPAMHATBI H CKOPOCTH
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qacCTul. 9KCHepHM6HTbI, KOTOPbI€ Mbl MO2KEM CTaBUTb, NAlOT HaM TOJIbKO HaCTHUHYIO I/lHq)Op—
MaLHMIO O COCTOSTHUM CHUCTEMBI, U caMmoe GoJibliee, Ha UTO Mbl MOXKEM PaCCUHTBIBATh, — 3TO
HaNTH BEPOSITHOCTb, C KOTOPOH CHCTEMA HAXOJUTCSI B MPOU3BOJIbHOH 3a/laHHOi 06J1acTH (ha-
30BOro npocrpaHcTBa My «. Mbl J10/KHBI PACLIMPUTD TOHSITHE COCTOSIHUSI TaKMM 06pasoM,
4yTOObI BKJIOUUTL B HETO 3TH BEPOATHOCTHbIC pacClipee/ieHHUsl U 3aMEHUTb MEXaHUYECKYIO 3a-
Jlauy — M3YUHUTh, KaK [lepeMeLlaloTcsl C TeUeHHeM BpeMeHH TOUKH B My «, — 3ajnaueii ,,cTaTu-
CTHUECKOH MEXaHUKH — U3YUMTb, KAK MEHSIIOTCSI CO BpEMEHEM BEPOSITHOCTHbIE Mepbl B My «.

O603Haunm uepe3 A(My«) MHOKECTBO BCEX BEPOSITHOCTHBIX Mep Ha My «, T. €. CUETHO
AJUIMTUBHBIX Mep «, ONpe/le/IeHHbIX Ha BCceX O0pesIeBCKUX MOAMHOXKeCTBaX My« U TaKHX, UTO
mepa Bcero My~ paBHa 1. Eciin o € A(My+) 3amaer cocrosinue Haiteil cuctembl npu ¢ = 0,
ut — U; — nvMHamuueckas rpynra Haiei CHCTeMbl, TO BEPOSITHOCTb TOT0, UTO COCTOSIHUIO
Halleld CHCTeMbI NMPU ¢ = {1 COOTBETCTBYET TOUKA g U3 OOPEJEBCKOro MHOXKeCTBa F, B Tou-
HOCTH paBHa BEPOSITHOCTH TOI0, UTO COCTOSIHHIO CHCTeMbI NPpH ¢ = () COOTBETCTBOBAJIA TOUKA
g U3 MHOXKeCTBa Ut_ll(E); TakMM 00pa3oM, COCTOSIHUE NIPU ¢ = t1 3a/1aeTCsl BEPOITHOCTHOH

mepoil £ — « (Utjl(E)). O603uauum sty Mepy Uy, (). Tora Mbl m0JIyunM 0HOMapaMer-
pHUecKyto rpynmy ¢t — U, B3aHMHO OJHO3HAUHBIX npeo6pazoBannii 060611EHHOTO (ha30BOro
npocrpancTsa A(My~«) Ha cebsi. B craticTHueckoii mexanuke BMecto Uy U3ydaror U,.

Ha My« onpenesnena HeKoTopasi €CTeCTBEHHAst Mepa, KOTOPYIO Mbl Oy/leM HAa3blBaTh Me-
poii JInyBHJIst M KOTOpasi HrpaeT BaxKHyIo poJib B 3Tok Teopuu. Ecam (g1, . . ., g,) — cucrema
KOOPAMHAT ISl OTKPbITOro noamHoxkectsa O C My= v (g1, ..., qn, D1, - -, Pn) — COOTBET-
CTBYIOLAs CHCTeMa KoopauHat aist m~1(9), To obblunas jgeGerosa mepa B E2" onpesessier
HekoTopylo Mepy B~ 1(O). MOXHO IPOBEPHTH, UTO 3Ta Mepa He 3aBUCHT OT BHIGOPA KOOP/IH-
HAaT q;; €AMHCTBEHHON Mepo# Ha My «, KOTOpasi COBIA/aeT C TaKOH MepOoi Ha KaxK/1I0M MHOKe-
ctee 7 1(0), saBasierca mepa JluyBuans. Mbi Gynem o603Hauath ee A. Ee MoxHO onpe/enTh,
KOHEUHO, Cpasy »Ke HHBAPMAHTHLIM 06PA30M, HCXOJsl M3 ocHOBHOTrO Tensopa dWP. U3 storo
ornpeJie/IeHHs OUTH HeMOCPEICTBEHHO CJIelyeT, UTO A HHBAPHAHTHA [PH KOHTAKTHBIX Mpeol-
pazoBanusix, T. e. A(E) = A(A(FE)), eciiu A — HEKOTOpOe KOHTaKTHOe rpeobpa3oBatue. B
YaCTHOCTH, ecsiu t — U — nuHamuueckasi rpynna Hatueit cuctemsl, To A(Uy(E)) = A(E) ns
BCextu .

[TycTb p — npousBoJibHAsI HeOTpHLIATEbHAS GopesieBcKast PyHKLHs Ha My «, Takast uTo

/ pd\=1.

My«

[Tosnoxum

ay(E) :/pd)\.

E

Torna a, siBnsieTcst BeposiTHOCTHON Mepoil Ha My« U, CJIeloBaTe/IbHO, ONpPe/e/sieT HeKOTO-
poe coctosinie. COCTOSIHUSI TAKOTO BHJIA HA3bIBAIOTCS COCTOSIHUSIMU C BEPOSITHOCTHOM TJIOT-
HOCTBIO p. VIMeeTcs mocraTouHo ocHOBaHHIl CUMTATh, UTO OHH MMEIOT ,,004IbIlIyI0 (pU3HUe-
CKYyI0 peasibHOCTh M0 CPaBHEHWIO C JIPYTHMH COCTOSIHUSMH. M3 Teopembl JInyBuais (T. e.
3 MHBAPHAHTHOCTH \) cpagy ke cieyer, uto Uy(a) HMeeT BepOSITHOCTHYIO TIOTHOCTh JTS
BCeX t, ec/in ee UMeeT . JleficTBUTEIbHO, HEMOCPEICTBEHHbIE BLIUMCJ/IEHHUS TOKA3bIBAIOT, UTO
Ut(ap) = ay, e p'(q) = p(U; 1 (q)). Ecam po indpcpepenimpyema, u Mbl 10J103KHM

p(tvqlv ---54qn,P1, - - apn) = pO(Ut_l(QL ey GnyP1y - apn))a
TO p yoBJETBOPsieT AU hepeHIHaIbHOMY YPABHEHHIO C YACTHBIMHU TTPOM3BOIHBIMH

@ _ 0OpOH Oop OH  Op 8_H op OH

= o 4+ 2
ot 0q1 Op1 0qn Opn, ~ Op1 Oqu Opn 0qyn
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Juddepennmanbhbiil onepaTop, CTOSIIIMN B IPABOi UaCTH PaBEHCTBA, SBJSETCS HH(PUHUTE3H -
MaJlbHO# o6pasyloliieil oJiHoNapaMeTpuueckKoi rpynrbl peo6pasoBaHUil (hyHKLMI p, KOTOPYIO
MOPOXKIAET U. dro ypaBHEHHeE SIBJISIETCS] aHAJIOTOM B KJ1aCCHUECKOH CTaTUCTHUECKOH MeXaHH-
Ke ypaBHeHusi LlIpennnrepa B KBaHTOBOI MeXaHHKe.

Hac 6ynyt oco6eHHO HHTepecoBaTh ,,CTallMOHAPHbIE COCTOSIHUSI, T. €. COCTOSIHUSI, KOTO-
pble He MeHsIIoTCsl co BpeMeHeM. Eciii, Hanpumep, BEPOSITHOCTHAS TJIOTHOCTb p SIBJISIETCS OJ1-
HOBPEMEHHO HHTErpajioM, TO ¢, OyJIeT CTalMOHAPHLIM COCTOsIHMEM. Mbl BBe1eM Terepb HeKo-
TOpPOE OJIHONIApaMETPUUECKOE CEMEFICTBO COCTOSTHHUI, KOTOPBIE HA3bIBAIOTCA KAHOHUUECKUMU
ancambaanu [L66ca n UrpaloT OCHOBHYIO POJib B CTATHCTHUECKOH TepMoMHaMuKe. Mbl pu-
XOJIUM K 3TOMY CeMEeHCTBY COCTOSIHUH, OTBEUAsi HAa CJEYIOLMH BOMPOC: KAKOE COCTOSTHUE CO-
OTBETCTBYeT MUHUMYMY HH(OpPMALIMH, KOTOPYIO Mbl MOXKEM TOJIyUHTh O Hallel cucTeme, Mpu
3a1aHHOM OKHaeMOM 3HAUEHHH SHEPTHH, T. €. [IPH 3aaHHOM 3HaueHun unrerpana [ pH dA.
Takoli Bonpoc HMeeT CMbICJI TOJILKO B TOM CJlyuae, KOrjia y Hac eCTb KaKoi-To crocob uamepe-
HHUS CTEMEHN HEOTIPEIEJIEHHOCTH COCTOSIHUS. DTOT Cocob MoAcKa3biBaeTcsi Teoprer Huhop-
MalMH, B KOTOPOH CTeIeHb HeONPeIeJeHHOCTH, COOTBETCTBYIOLLAST MHOXKECTBY H3 72 BO3MOXK-
HOCTEH, j-5 U3 KOTOPbIX OCYLLECTBJACTCS C BEPOSATHOCTBIO P, H3MEPALTCS BEJTHUHHON

1 1
p1log— + ...+ pylog —.

b1 Dn
Te ke coobpakeHusi, KOTOpble MPUBOJAT B TEOPHH HH(OPMALIUK K 3TO# (hopmyJie, O3BOJIsI-
I0T HCIIOJIb30BATh JUIsl HALIMX Lesell Buipaxenne [ plog(1/p) d), ecan npuHsith, GbITH MO-
JKET, HECKOJIbKO COMHHUTE/IbHOE MPEANoJIoKeHue, uTo (6eCKoHeuHas) Mepa A XxapakTepuayer
TMOJIHYIO ¥ aOCOJIIOTHYIO HEOTIPe/le/IeHHOCTh. Mbl, BO BCSIKOM ciiyuae, OyJieM CJie/loBaTh STOMY
OOLIENPUHSATOMY TPE/IOJ0KEHHIO (KOTOPOE OMpPaB/bIBAETCS MOJyUaeMbIMU C €r0 MOMOILbIO
pe3yJsibTaTaMH ) ¥ IPUMEM YKa3aHHbIH Bblllle HHTErpaJi 3a Mepy Heorpe/1eJleHHOCTH.

Jlerko nokasarb, uto (yHKLHUs p, MaKCHMU3npylowast unrerpan [ plog(1/p) dX npu 3a-
nauHom [ pHd\ = E, umeer BuL p = Ae H/B rne A w B — koncrautbl. Koneu-
HO, MOCKOJIbKY (r, JOJ2KHA ObITh BEPOSITHOCTHOH MEpOH, JIOJIXKHO BbIMOJHATLCS PABEHCTBO
A [ e H/B @)\ = 1, TaK uT0 MIOTHOCTH p IOJIKHA HMETh BHJL

e—H/B
[e H/Bax
rae B BoiOMpaeTcs Tak, YTOObI BBITOJMHANOCH YCA0BHE

[ He /B )

F=5—
Je /B ax

B cucremax, Kotopble HAaC B NepByIo ouepesb Oy1yT MHTepecoBaTh, H OyJeT yl10BJIeTBO-
pSATh CJIEIYIOLIUM YCJIOBHSIM:

(a) H > 0;

(b) P(B) = [ e~H/B d) u cymecrsyer npu seex B > 0;

(c) [ He H/B g) cymectsyer npu Beex B > 0;

He H/B g\
(d) IGW — HeorpaHuueHHasi HeyObIBatollast GyHKIMs oT B.
[1pu 5THX NpernosoKeHusIX, MON0KHUB
He H/B g)
By — LA
P(B)

Mbl YBUAUM, UTO AJI1 Ka>KA0Io 3HAaUCHUSA FE CyHeCTBYET B TOUHOCTH OJIHO 3HaU€HHE B, TakKoe,
uro p = e~ /B /P(B) ynosnersopsieT TpeGyeMbIM ycioBHsIM. MbI Gy/leM HA3bIBATL €r0 K-
HOHuueckum cocmosinuen lu66ca mist 3anannoro snauenust E. 3nauenue [ plog(1/p) dA
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npu p = e/B/P(B) okaswiBaerca pasnbiM log P(B) + E(B)/B. Ecan chcrema yno-
BJI€TBOPSIET ycsoBUAM (a)—(d), MOXKHO BBIUMCJIUTH JielicTBUTeNbHBIE yHKIMH P(B), E(B) u
S(B) = log P(B)+ E(B)/B, 1 BO3HHKAET BOMPOC OTHOCHTE/LHO (PU3HUECKOTO CMBICJ/1a THX
(yHKLHI 1 B 0COOEHHOCTH TapameTpa B.

[TpenrnosioxKum, uto Mbl HMEEM J1Be He3aBUCHMbIE CHCTEMBI ¢ raMUJIbTOHHaHamMu Hy v Ho
B COCTOSIHUSIX, ONpeJie/isieMblX napameTpamu By 1 B cooTBercTBeHHO. Torna o0beiMHeHHast
cucreMa Oy/IeT HAXOAUTbCS B COCTOSIHMH C TJIOTHOCTBIO

e—(H1/B1+Hz2/B2)
Py (By) P»(Bs) ’

KOTOpoe OyJIeT KAHOHMUEeCKUM cocTosiHueM [u66ca Torna u Tobko Toraa, korja By = Bs.
Ecsu By > By, TO eIMHCTBEHHOE cocTosiHue [166ca

e(H1+H2)/B
P(B) '

st Kotoporo E(B) = E1(B1) + E2(B2), 6yer onpenessiTbesl napameTpom B, Takum, uTo
By > B > By, T. e. Mbl GyjieM umetb E1(B) > E1(B1) u E2(B) < E2(B3). 1as Toro uto6sl
MOJIyuHJI0Ch cocTosiHUe [M66ca, sHeprus 10J/rKHA MepeTekaTh U3 BTOPOH CHCTEMbI B [1EPBYIO
JI0 TeX Mop, noka B He cpaBHsioresi. Takum o6pasom, oTHollenre B v E(B) HanoMHHaeT 0T-
HOLLIEHHE TeMIIePaTypbl U KOJIMUECTBA Tell/la, COACPKALLErocs B MaTepHalbHOM TeJle.

HanomHuuM BKpariie OCHOBHbIe (DAKTBI, OTHOCSLLMECS K MTOHSITHSIM TeMIIePaTypbl U KOJIH-
uecTBa Ternvia. Hatie 06b1uHOE MpecTaB/ieHHe O TeIIe U X0JI0/1€ MOXKHO YTOUHHTh, HCTI0Jb3Y
CBOKCTBO OOJIBIIMHCTBA BELLECTB PACLIUPSTHCS IPU HAarpeBaHHH. BbIOpaB MpoH3BOJILHO OJIHO
13 BELLECTB (HarpuUMep, PTyTh) KaK HEKOTOPbIF CTaHapT, MOKHO H3MEPHUTb PA3HOCTb TeMIle-
patyp Mo paclUMPEeHUIO WK COKPALLEeHHIO 00pasLia U3 BLIOPAHHOIO BELLeCTBA B ,,TepMOMeTpe*.
To, uto noctpoeHHast TakuM 06pa30M LIKaJa MOKET 3aBUCEeThb OT IPUPO/Ibl BHIOPAHHOTO Bellle-
CTBa, PEACTaBJIseT COOOM JIMLIb BpEMEHHYIO TPYAHOCTh; HH2Ke OyZIeT 0Ka3aHo, KaK ee MOXKHO
npeojo/ieTb. Korzia Belecta ¢ pas/iMuHOl TeMepaTypoil PUXOASIT B CONPUKOCHOBEHHE, TO
UX TEMIIEPATypbl MEHSIOTCA 10 TeX 110, NOKA OHU He IOCTUIHYT HEKOTOPOTro 0OLLEro CPeIHero
3HaueHHsl. DTO cpejiHee 3HAUCHHe 3aBUCHUT OT OTHOCHTEJILHOTO KOJIMUECTBA JlaHHbIX BElLeCTB:
ueM Oodsblie OyneT BelecTBa ¢ 6osee BBICOKOH TeMIIePaTypOH, TeM Bbllle OyleT KOHeUHast
Temreparypa, 1 06paTHo.

Tounble u3amMepeHHst 10Ka3bIBAIOT 11€1€C000Pa3HOCTb BBeeH s OoJiee WM MeHee TOUHOTO
MIOHATHA KOJIMUECTBA Tell/1a, IPUUYEM 3a €IMHHILLY KOJIMUeCTBA Tell/1a IPUHSATO Terl10, Tpebyemoe
JUIsl HATPEBAHUSA CTAHAAPTHOIO KOJIMUECTBA CTAHAAPTHOrO BELLECTBA OT HEKOTOPOH CTaHAAPT-
HOM TemIepartypbl 10 Apyroil cTaH1apTHOH TemMnepartypbl. Korzia Temnso nepexoaur oT oJHoro
TeJsla K IPYroMy, KOJIMUeCTBO TeMJa, OTePSIHHOE OJIHUM TeJIOM, PABHO KOJIMUECTBY Terlla, Mo-
JIyUEHHOMY JPYrHM. 3aMeTHM, UTO €CJIM Mbl JI/Is1 U3MEPEHHUs KOJIMUeCTBa Terl/ia UCHoJ/b3yeM
CTaHAAPTHOE BELLECTBO, TEMIIEPATYPy KOTOPOrO HYXKHO MOAHATb B HEKOTOPOM CTaHIapTHOM
MHTEpBaJe, TO HAM HUIJe He NPUXOAUTCS CTAJNKUBATLCS C TE€M, UTO U3-3a POU3BOJBLHOCTH B
BbIOOPE TEMIIEPATYPHOH LIKaJbl Mbl PaCIoslaraeM TOJbKO COMHUTENbHBIM CII0COO0M CpaBHe-
HMS JIBYX Pa3HOCTEH TeMIeparyp.

CkaszaHHOe BblllIe OTHOCHTEJIBbHO COXPAHEHHsT KOJIMUECTBA TerJla NPUMEHHMO TOJIBKO MO-
CTOJIbKY, [TOCKOJIbKY ITOTE€HLIHA/IbHASA SHEPTHs MEXaHMUECKHX CUCTeM He MEHARTCs B [IpoLiecce
pacimpenust u cxkarust. Hanpumep, ec/in ras, paclimpsisichb, NoJHUMaeT HEKOTOPbIH Ipy3, OH
OyIeT OXJIAXKAaThCsl, XOTSl HHKAKOoe JIPyroe TeJsio NP 3TOM He HarpeBaetcsi. C pyroft cTopo-
Hbl, KOI/1a HEKOTOpAas CHCTEMa, KOHCePBATHBHAS B IPYTHX OTHOLLEHUAX, TePsIeT SHEPIrHIO U3-3a
,TPEHHs", TO TPyLLHMeCs MaTepHalbHble Tesla BCET1a HarpeBaloTCs, a HA OJIHO U3 OKPY2KAIOLLIUX
TeJl He oxJiaxkaaeTcst. OJIHUM M3 BeJIHUaiiliMX OTKPBITHH CepelMHbI 1eBSITHAILIATOrO BeKa sB-
JIIETCSl KOJIMUECTBEHHbIH 3aKOH COXPAHEHHsl SHEPTUH, CBA3bIBAIOLLINI N3MEHEHHs TeJI0BON U
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MexaHuuecKoi sHeprud. Koria sHeprusi Tepsiercsi py TPEHHUH, KOJMUECTBO BblIEJIMBLIETOCS
TerJa npsiMo NMPOoNopLUOHAJILHO KOJMUECTBY MOTepsiHHON sHepruu. boJiee Toro, Ta ke camas
KOHCTaHTa MPONOPUHOHAJBHOCTH MOSIBJISIETCSI PU MEPeXo/ie TeNJI0BOH SHEPTHH B MeXaHHUe-
CKYIO [1PH PACLIUPEHHUH. DTO OTKPBITHE, ECTECTBEHHO, BeCbMa YKPEIHUJI0 MO3ULIMH TeX, KTO CBSI-
3bIBaJI MTOBbILLIEHHE TEMIIEPATYPbl C YCHJIEHHEM HEBHIMMOIO JIBU2KEHHMSI aTOMOB BellleCcTBa,
9Ta TOUKA 3peHUsl cTaja OOLIENPUHSITO.

XoTd TenJioBast SHEPrusi SBJASETCS OHOH U3 (DOPM MEXaHHUECKOH SHEPTHH, €€ HEeJTb3sT CBO-
60J1HO MPEBPATUTb B MOCJIEHIO, H OHA NPeJICTaBIsIeT COO0H CPABHUTENBLHO ,,0€CIOoe3HY0 "
thopmy snepruu. TemyoByto sHEpruio MOKHO 06pPATHTh B MEXaHHUUECKYIO, TOJLKO ,,3aMIaTHB "
3a 9TO HEKOTOPbIM 00Pa30M; B YACTHOCTH, HeJb3s1 IOCTPOUTL CUCTEMY, MEHSIIOLLLYOCSI 110 3a-
MKHYTOMY LIMKJIY TaK, UTO € IMHCTBEHHBIM PE3YJIbTATOM 3TOI0 U3MEHEHHSI CJIYKHUT Nepexo/1 Ter-
JIOBOH SHEPTUH B MEXAHMUECKYI0. DTOT NPUHLMIT MOXKHO TOUHO C(HOPMYJIMPOBATH HECKOJIbKH -
MU Pas/HUHbIMU crloco0amMH, KOTOpble B COBOKYITHOCTH U3BECTHbBI KaK 8MOpPOL 3aKOH mep-
MOOUHAMUKU.

MoxHO yTBep2K1aTh, UTO €CJIM HeKoTopast ,,06paThMasi TernJioasi MalliiHa“ paboTaer B UH-
TepBaJie MEXKJLy JIBYMsi TeMIIepaTypaMH, MOrJIoliast TeMJIo npu 6oJiee BLICOKOi Temmeparype 17,
OT/IaBast HEKOTOPYIO €ro uacTh rpu GoJiee HU3KOH Temreparype T4 1 NpeBpaliasi HEKOTOPYIO
€ro 4acTb f B MEXaHHUECKYIO IHEepruio, To f He 3aBUCHT OT YCTPOHCTBA MallIMHbI, a 3aBUCHT
TOJIBKO OT paccMaTpuBaeMbix Temrepatyp. HeTpyiHo yoenuTbest, UTo cylecTByeT HeKoTopast
MOHOTOHHAS! (DYHKILHUS o, €AMHCTBEHHAS] C TOUHOCTHIO JI0 MOCTOSIHHOTO MHOYKHTEJIS U TaKas,
uTO
o(T7) — (T3)

p(Ty)

[Tonarast T = (T"), Mbl 10JTydaeM €CTECTBEHHYIO aGCOMIOTHYIO LIKAJy TEMIIepaTyp, He 3aBu-
CSILLYIO OT CBOMCTB KAKOTO-JIMOO OT/IEJIbHOTO BELEeCTBA U TAKYIO, UTO

N1, T3) =

T 1T

f(TlvTQ) — T1

OO6bIUHO HOPMHUPYIOT  TaK, UTOOLI MEXK/IY TOUKAMH 3aMep3aHUsi U KUIEHUsT BOJIbI COlEpKa-
gock 100 enunuiy pasnoctu Temneparyp (100 rpamycos).

MHBapuaHTHOCTb f MMeeT CTPOroe KOJHUECTBEHHOE BbIPAXKEHHE, OMUCHIBAIOLILEE CBSI3b
MEK/1y CTEMEeHbIO PaclIMPeHHsl MaTepHaJ/IbHOIO TeJla U €ro ClOCOOHOCTbBIO MOMVIOLATh TEII0;
JMoO0e OTKJIOHEHHE OT 3TOH CBSI3H MOXKHO OBIIO Obl HCITOMB30BATH JUISI TOCTPOEHHS TaK Ha3bl-
BAEMOI0 ,,BEUHOr0 JIBUraresisi BToporo poja‘“. DTy HHBAPMAHTHOCTb MOXKHO 3arucarb B hop-
Me TpeGOBaHHUS, UTO HEKOTOPBIH ompeesieHHbli auddepenimal, 3aaaHiblii Ha MHOroo6pa-
3UH ,,pABHOBECHBIX COCTOSIHUI, siBJIsieTcst nuddepeniinanom GyHKIud. dta QyHKUUS, equH-
CTBEHHA$1 C TOYHOCTBIO JI0 aJUIMTUBHOH KOHCTAHTbI, HA3bIBAETCSI SHTPOIHEH CUCTEMbI U UTPAET
LEHTPaJIbHYIO POJIb BO BCEH TEOPHH.

B KoHl1le 1eBATHAIATOTO BEKa Jle1aJIMCh MONBITKH BBIBECTH BTOPOi 3aKOH TEPMOJMHAMHKH
U €ro CJIeJCTBHS U3 3aKOHOB MEXaHHKH, OIUPAsiCh HA TMIIOTE3y O TOM, UTO TeMJI0Bast SHEPrus
sIBJIsIETCs1 OOBIUHOM MEXaHWUECKOH HEPTrHel aTOMOB, U3 KOTOPbIX COCTOMT TeJo. KysbMuHaum-
efl STUX MOMbITOK IBUJIACh CTaTHCTHUECKasl MexaHHuKa [M66ca 1 runoresa, uto 6ecrosne3HoCTb
TEMJIOBOK SHEPTHH KOJIMUECTBEHHO COOTBETCTBYET CTEIEHH HAlllero He3HAHHUSI TOUHBIX JIBHXKe-
HUH, BBI3bIBAIOLIMX 3Ty 3Hepruto. TouHee, ObLIO HalE€HO, UTO MOJE/b TEPMOIMHAMHUECKHUX
SIBJICHHI MOKHO TTOJTyUHTh, CUMTAs], UTO COCTOSIHUSI aTOMHBIX IBU?KEHHI SIBJISIFOTCS KAHOHUUE-
ckumu ancamb6,isimu [n66ca, u unreprperupysi B kak abeoJoTHyI0 TeMneparypy, E(B) — kak
KoJinuecTBo TenJa, S(B) — kak sutponuio. Koneuro, st Toro uro6sl nepesectu B, Bbipa-
JKEHHOE B €/IMHUIIAX HEPTHH, B €IMHULIBI TEMIIEPATYPbl — TPAyChl, €r0 HY?KHO YMHOXKHTb Ha
HEKOTOPbIA MHOXKHTe/b. COOTBETCTBYIOLLAS ,,yHUBEpCaJbHAs MOCTOSIHHASA  Ha3bIBAeTCs M0-
cTosiHHOH Bosiblimana u o60o3HauaeTcst o6buHO uepes k; B = kT
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Jlio6ast runoresa o CTpyKType BellecTBa, MPeACTaBISIONIast €ro Kak CHCTeMy B3aUMOJIei -
CTBYIOLLMX UACTHIL, FAMHUJBTOHUAH KOTOPBIX yJIOBJETBOPSiET ycaoBUsiM (a)—(d), chopmysiupo-
BaHHBIM Bbille, faet ¢opmysbl T — E(kKT) uT — S(kT') njisi TernioBoi SHEPruu 1 HTPO-
MHK KaK PyHKLMIT aBCOJMOTHOH TEMIEPATYPbI; 3TH (POPMYJIbl MOXKHO CPABHHUTD C pe3yJibTaTaMu
IKCTIePUMEHTA.

Mbl 3aKOHUMM 3TOT pasjiesl H3yueHHeM HEKOTOPbIX UACTHBIX CJIyuaeB, KOTOPble UMEIOT
Ba)xKHOe 3HaUeHHe J/Is Tepexoja K KBaHTOBOH MexaHuke. BHauasie, onHako, Mbl ciesiaem
HECKOJIbKO 0OLIMX 3aMeuaHuil o Metojie Beluncsenust P, B u S. [1pexe Bcero, HaMm Ha caMmom
JleJie He Hy»KHO MHTerpupoBath 1o My «. Bce onepaumu MoxKHO nepeHecTH Ha JIEHCTBUTE -
HYI0 TIpsIMYIO cJieyiolm o6padom. [ToioKuM 11711 Kaxkioro 60pesieBCKoro nojaMHoxKecTsa F
nefictBuTesbHOi npsimoii B(F) = A(H~Y(F)). Torna HetpyaHo nokKasarh, uto

o

P(B) = / e~ B ap(z)

0

E(B) = % O/xe—ff/B 3 (@),

rae 8 — TOJIbKO UTO ONpeje/ieHHass Mepa Ha JAeHCTBUTE/IbHON npsamoi. [lasee, ncnosb3ys
00OblUHYI0 TeopHio npeobpasoBanust Jlamsaca, Mbl MoxkeM npoauddeperurposars P(B) no
npasuity JIefOHULIA U OJyUHTb CJIEYIOIMUIH Pe3yJIbTaT:

P'(B) = /e—:C/B% dB(z) = %/me—z/B dB(z) = %
0 0

Takum o6Gpasom,
d
E(B) = B?>—1log P(B
H, TIOCKOJIbKY
S(B) =log P(B) + E(B)/B,

HaM OCTaeTCsl BBIUUCJAUTD TOIbKO 0iMH MHTerpaJt. Oynkuus P(B), uepe3 KOTOPYIO MOXKHO Bbl-
pasuTh BCe oCTajbHble, Ha3blBaeTCs pasaessioieil gpynkuuen. M3 teopun npeobpasoBanus
Jlanyaca cienyert, uto P U 8 onpenesisiioT Apyr pyra 0JIH03HAUHO.

B kauecTBe nepBoro npumepa Bbiurcaum 3, P, E u S s ,uieanbHoro rada“, KoTopbii
CUMTAETCsl COCTOSILIUM M3 1 TOYEUHBIX MACC, 3aKJIOUEHHbIX B HEKOTOPOH 3aMKHYTOH 4acTH
npoctpaHcTBa oObeMa V' 1 He B3aUMOJIEHCTBYIOLIMX MexX 1y coboil. Torna

2 2
H=2LL 4 4 P
2m1 27713n

€CJIM ¢; TAKOBbI, UTO BCE YACTHLbI PACIIOJI0KEHbBI B 3a/IaHHOI YacTH MpocTpaHcTBa, U H pas-
HO GEeCKOHEUHOCTH, €CJld XOTs1 Obl OjIHA W3 YACTHILL HAXOAUTCS BHE 3TOH yacTu. Bbluncienne
B([0, z]) siBJIsIeTCS IPOCTHIM ypayKHEHHEM B MHOTOMEPHOM MHTErPUPOBAHUM M JIaeT pe3yJib-
TaT

B0, z]) = V" \/m1 - ... ~mzn Cp 22,

rie Cy, 3aBUCHT TOJILKO OT 7. [TostoxKum

D, =C,vmy-... - Mm3n;
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Toraga
00

P(B) = 37” D, V™ / e~/ B 3271 .
0

[Tosiarasi x = yB, nojiyuaem
[e.e]
3n n -y . 3n/2—1 p3n/2
P(B)=7DHV e Yy B> dy =

0
oo

D, B3n/2 v /e—y y3n/2—1 dy = v B3n/2 Ay,
0

_n
2

rie A, 3aBUCHUT TOJILKO OT 1 M mj. Hakonel,

E(B) = B? 4 log P(B) =

dB
d 3n

=B%— (log A, 1 —log B) =
7B (og +n ogV-i-2 og )
3n1 3

=B _ "B
2B 2"

3 .
1. e. E(kT) = —nkT, u Mbl 1oJiyuaeM KJIaCCHUECKHI Pe3yJbTat, uTo y/e/bHasl TerjoeM-

KocTb (T. €. dE(KT) /dT') nneanbHOTO OJITHOATOMHOTO ra3a He 3aBUCHT OT 0O'beMa U TeMrepa-
TYpPBI ¥ TIPSIMO MIPOTOPLIMOHAJIbHA UHCJTY UMEIOLHUXCsl aTOMOB. M 3Mepsist SKcriepuMeHTaIbHO
dE(kT)/dT, moxHo HaiiTh nk U, C1e10BaTe/bHO, ONPEAETUTh OIHO U3 UHces k U m (UHCTIo
aTOMOB B 3a/IaHHOI Macce rasa), Korja Jpyroe u3BectHo. Mbl IMeeM TakzKe

ES(KT) = k log A, + nk logV—i-gnk' log kT+gnk=
=nk logV—ank log T + Al

rjie A], 3aBHCHT TOJILKO OT 1. B K/IaCCHUECKOI T€OPHUH SHTPOITHSI OTPEJIEISIETCS TOJBKO € TOU-
HOCTBIO 10 aJUIMTUBHOH MOCTOSIHHOM M 3aBUCHT OT 1" U V' Tak ke, KaK B MOJYUeHHOM HAMH
paBEHCTBE.

B KauecTBe BTOpOro rnpumepa Mbl paCCMOTPHM MOJI€J/Ib TBEPOTrO Tesla — CUCTEMY 1 aTo-
MOB, B3aMMOJIEHCTBYIOIIMX TAKUM 0OpPA30M, UTO HUX JBHKEHHS TIPEJACTABJSAIOT COOOH MaJble
KoJIeOaHHsI OKOJIO HEKOTOPOH KOH(Urypaldu yCTOHUMBOrO paBHOBeCHsl. Mbl BBIUHCJUM 151
takoii cucreMbl E(kT') v BbIBeleM 3aBUCHMOCTD YJIEJIbHOM TEIMJIOEMKOCTH OT TeMIIepaTyphi.

Kak Mbl y:ke BUJe/IM, B JHUHEHHON cUCTeMe Bcerja MOXKHO BbIOpaTh KOOPJMHATHI TakK,
UTO OHA pacrajaeTcs Ha He3aBUCHMbIE CHCTEMBbI, UMEIOIIHE OTHOMEPHbIE KOH(DUTYypaIlHOHHBIE
NPOCTPAHCTBA, €IMHCTBEHHAs! KOOPIMHATA KOTOPbIX COBEPLUAET [IPOCTble FrapMOHHUYECKHE KO-
gebanusi. HerpynHo nokasathb, uTo BeJMudHa P 1151 TpOU3Be/IeHHs IByX HE3aBUCHMbIX CHCTEM
paBHa npousBeieHUto cooTBercTBYOLMX P. [Tostomy, ecsin 0603HauuTh uepes P¥ QyHKLHIO
P 1151 mpocToro rapMOHHUECKOro KoJieOaHusl ¢ 4aCTOTOH v, a UaCTOThI MPOCTBIX TapMOHHUE-
CKHMX KOJICOAHHH, HA KOTOpbIE pasJaraercst IBHKEHHEe HALEH CUCTEMBI, MOJIOKHUTh PABHBIMH
V1,2, ..., V3, TO P 1715 Hawell cuctembl OyaeT UMETb BUL

P(B) = P"(B) - ... P""(B).

I[aﬂee, raMWJibTOHHAH MPOCTOr0 rapMOHHUYECKOT'0 OCHUJIATOPA UMEET BUL

2
p
H(Qap) = % +gq2a
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nosromy (([0, z|) paBHsieTcst IJIOLIAAN (PUTYPBI

2

p 1)
i, i < ,
2m+2q w

T. €. 1JIo1la il BHYTPEHHOCTH 2J1J/IMIICA

2 2
P d 1

Vamo)? | (Vaajm?

7(V2mz) (\/%) = x27r\/%= %

rjie ¥ — uacTora ocluistopa. JpyrumMu cioBamu, P oT/iHuaeTcsi ToJbKO MHOXKUTe1eM 1 /v
oT JieGeroBoil Mepbl Ha npsiMoi. OTclo/1a nosyuaem

9Ta 1Jiola/Jlb paBHa

7 B
PY(B) = %/e—x/B dr = —,
0

cJiea0BaTebHO,

B3n
P(B) = ;
( ) Vl'V2'---'V3n’

[MO3TOMY

d
E(B) = B? B [log B —log(v - ...- vsn)] = 3nB,

tak uto E(kT) = 3nkT. Mbl 10Ka3aJiu, uto yJe/bHast TEMJI0EMKOCTb He 3aBUCHUT OT XapakK-
TEPUCTHUECKUX UACTOT U OT TEMIEPATyphl, a 3aBUCHUT TOJbKO OT UMCJIa aTOMOB. DMITHpHUUE-
CKHH 3aKOH, OTKpbITHIN B 1819 1. Tiosionrom u [1tH, 3akjouajcsi B TOM, UTO BCe JIEMEHTHI B
TBEPJIOM COCTOSIHHM UMEIOT OJIMHAKOBYIO aTOMHYIO yI€/IbHYIO TEMJI0EMKOCTb, T. €. OJIHHAKOBYIO
YIEJIbHYIO TEIJI0EMKOCTb C MOMPaBKOK Ha pas/iHuMe KOJHUeCTBAa aTOMOB B €/IMHHLIE Beca (T. €.
Ha pas3/MuHbIA aTOMHBIN Bec). Cyl1ecTByeT MHOTO HCKJIIOUEHHH W3 3TOTO 3aKOHA, HO OH, KaK
NPaBUJIO, BBITMOJHSAETCS MPH IOCTATOUHO BLICOKUX TemrepaTypax. CTaTHCTHUeCKasi MeXxaHHKa
OOBSICHSIET ITOT 3aKOH, HO He OO'BSICHSIET €r0 HAapylLeHHe MPH HU3KHUX TeMIlepaTypax.

Tor dakr, uto Ha Kaxk/10e He3aBUCHMOe KoJiebaHHe TIPUXOIUTCS OJIMHaKoBast uactb E(B)
HE3aBUCHMO OT €r0 YaCTOThl HA3bIBAETCS 3AKOHOM PABHOMEPHO20 pacnpedererus Hep-
euu. Eciv nonbiTaThest IPUMEHHTD €ro K cHeTeMe ¢ 6€CKOHEUHbIM UHCJIOM CTerneHel cBo6o1bl,
JUIS1 TOTO UTOObI H3YUHTh BJIHMSIHUE TeMIlepaTypbl Ha H3JlyueHHe, TO BOSHUKAIOT HEKOTOpbIe ce-
pbesHble TpoThBOpeunsi. B nepBom pasjelie cienytolliei rjiaBbl Mbl pacCKakeM 00 3THX [IPOTH-
BOPEUHSIX U MOKaKeM, KaK HX YaCTHUHOe 00'bsICHEHHE NPUBEJIO K BO3HUKHOBEHHIO KBAaHTOBOH
MeXaHUKH.



[naBa 2

KBAHTOBASI MEXAHHUKA

2.1 Crapas KBaHTOBasi TeOpHUs

B KoHlle 1eBSITHAMIATOrO BeKa y PU3HKOB ObIJIO JOCTATOUHO MPHUMH UCTILITHIBATD Y10BJIETBO-
penue. Enmunasi Teopus, cBonsiias Bce siBJeHUS] K HBIOTOHOBOH MeXaHHKe, 11araja oT ycrexa
K YCIIexXy H yzKe BKJIIouaJsa CBeT, 3JIeKTpPOMarHeTu3m u temnJo. Kasasnoch, uro gpusnka B 0CHOB-
HOM 3aBepllieHa — OCTaJ0Ch TOJbKO HANTH €llle HECKOJIbKO JECATHUHBIX 3HAKOB OCHOBHBIX
KoHcTanT. OIHaKO Ha FOPU30HTE COOUPAJIUCh TYUH: MOCTENEHHO HAaKaMJIMBAJIUCh JaHHbIe IKC-
MEePUMEHTOB, KOTOPbIE IO/IKHBI ObIJIH TIOUTH COBEPILIEHHO Pa3pyLIUTh TPAJUIIMOHHYIO CXEMY.

XoTsl MaKpOCKOTIHUECKHE SIBJIEeHHS] OOBSCHSINCH B KOHEUHOM CUeTe JIBHKEHHEM CBepX-
MHKPOCKOITMUECKHMX YACTHIL, TOJIBKO K KOHILY JI€BSITHA/IIIATOrO BeKa CTaJI0 BO3MOXKHBIM HCCJle-
JIOBaTh CBOMCTBA OTJIE/bHBIX YACTHLL, U, B3AThIE M0 OTAEJIbHOCTH, STH YaCTHIIbl OKA3aJUCh BO
MHOTOM HEHbIOTOHOBBIMH. MIHTepecHO oTMeTHTh, uTo MakcBeJsl, KOTOpOMY BO MHOTOM 00s1-
3aHbl CBOUM PA3BUTHEM TEOPHS JEKTPOMArHETH3MA H CTaTUCTHUECKAs! TEPMOJMHAMMKA, ObLIT
TaK:Ke OpraHu3aTopoM M rMepBbiM aupekropoM Kasenmuiickoit saGoparopuu B Kem6pumke
(AHrsust), rie ObUIO MOCTABJIEHO MHOTO BaXKHEHIIHX OMBITOB C 3J1EMEHTAPHBIMU UACTHIIAMH.
MakcBeJi Bo3raiaBiisiyl 3Ty JlabopaTopHio co BpeMeHH ee ocHoBanusi (1871 1.) 1o cBoeii cmep-
™ (1879 1.). Ero npeemunkom 6bis1 Pasedt, kotoporo B 1884 . cMeHus 1BaalaTHBOCHMUJIET-
Huit JIk. JIx. Tomcon. Tomcon pykoBoaua paGoramu jaboparopuu ao 1919 ., korna stot
nocT 3aHsi ero yuenuk Pesepdopa. Mmenno B atoit ma6opatopun ToMcon OTKpBIIT 3/71€KTPOH,
Busibcon nzo6pest cBoio KaMmepy 1 GbIJIO C/IelaHO MHOTO JIPYTHX BbIIAIOLIMXCST OTKPBITHIL.

Xorst HauGoJ1ee MoJiHoe HapylieHHe HbIOTOHOBOH (DU3MKH ITPOUCXOIUT HAa aTOMHOM YPOBHE,
MMEIOTCS] U MAKPOCKOTIHUECKHUE SIBJIEHHS, B KOTOPBIX 9TO HapylleHue naet ceGst 3HaTh, H UMEH-
HO M3 MOMBITOK 00'bSICHATL TaKKe sIBJIeHUs] BO3HUKJIA KBAHTOBASI TEOPHSI.

PaccMoTpuM 3/1eKTpOMArHuTHOE T0JI€ B HEKOTOPOH KOHEUHOH YacTH MPoCcTpaHcTBa. Mbl
BHUJIE/IH, UTO €r0 MOXKHO OMHUCATh KaK JIMHEHHYIO MEXaHMUECKYI0 CHCTEMY H, CJIeI0BaTe/bHO,
KaK COBOKYIMHOCTb HE3aBUCUMBbIX OCLUJIATOPOB. [T03TOMY B /11060M JaHHOM COCTOSIHUM HMe-
€TCsl HEKOTOpOe pacrpe/ie/ieHHe ero SHeprul MexKy STHMH OCLIMJISITOPaMH, U 9TO pacrnpesie-
JIeHHe SKCTIePUMEHTAIbHO H3MePSIETCS CMIEKTPOCKOITMUECKMMH MeToIaMH. EcTecTBeHHO 02KH-
JIaTh, UTO JIJISl KAXK/I0H TeMIepaTypbl CylIECTBYeT HeKoTopoe cocTosinie [ub6ca ,,repMoiMHa-
MHUECKOTO PABHOBECHS“ M UTO 3TO MOXKHO HabJII01aTh KCIepuMeHTa bHo. [1pn Haaiexammx
YCJIOBUSIX CMEKTPabHOE pacrpeeeHie SHePrul U3/IyueH sl 3aBUCHT TOJBKO OT TeMrepaTy-
pbl, @ He OT paccMaTpuBaemoro Belllectsa. C pyroii CTOPOHbI, MOMBITKK TEOPETHUECKH 00bsIC-
HUTb MOJTydalolieecs Mpu OMNbITe pacnpesiesieHie MPUBOAAT K MapajoKcaibHbIM pe3dyibTaTaM,
KOTOpbIe Mbl cefiuac OyieM 00CyKIaTh.

31ech ¢ caMoro HauaJia BO3HUKaeT HEKOTOpoe 3aTpy/iHeHHe, CBSI3aHHOE C TeM, UTO Mbl HC-
cJiejlyeM cucreMy ¢ 6eCKOHEUHbIM UHCJIOM CTereHell cBoOO/bl. DTO 03HAUaeT, ¢ OJHOH CTO-
pOHBI, UTO y HAC HET Ternepb Mepbl JIMYBHILISA, C TOMOILLBIO KOTOPOi Mbl CTPOUJIM COCTOSTHHSI
[u66ca, ¢ npyroit CTOPOHBI, UTO, pasJarast CHCTeMy Ha He3aBUCHMble FapMOHHUECKHe Koseba-

55
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HUsl, MbI IOJIy4aeM Terepb OeCKOHEUHOe YHCJIO OCUMJIJIATOPOB € 4aCTOTaMH Vi, Vg, ..., CTPE-
MSILIUMHUCS K 6ECKOHEUHOCTH.

MoxHo nonpo6oBaTh 060HTH 3TO MepBOe 3aTpPyAHEHHe HENOCPeACTBEHHO MPUMEHSIST K
cJyuaro 6eCKOHEUHOMEPHOH CUCTEMbI Pe3yJIbTaThl, MOJyUeHHbIE PH UCCJIEI0BAHHH KOHEUHO-
MepHBIX JIMHEHHbIX cucTeM. MMenHo sto cnenan Pageit B 1900 r. On npeanosioxus, uro 3a-
KOH paBHOMEPHOTO pacripe/ie/ieHnsi SHePruk COXpaHsieT CUIly, U, He obpaliiasi BHHMaHHsl Ha To,
UTO OTCIOJIA CJIelyeT GECKOHEUHOCTD MOJHOM SHEPTHH, BbIBEJ HEKOTOPbII 3aKOH CIIEKTPaibHO-
ro pacrpezesienus. st NpsiIMOYrosibHON UYacTH MPOCTPAHCTBA OCHOBHbIE YACTOTHI Vg, Vg, . . .
MOKHO TOJIyUHTb HEMOCPEICTBEHHO U3 pasJsioxenus Dypbe; BooOIie /it TOCTATOUHO GOJIb-
woro o6bema V' cyiiectyer npumepHo (8wv2/c3)V v uactor v; B MHTepBajie MEXIY V H
v + 0v. 311eCb ¢ — CKOPOCTb CBeTa, U Jv MaJo 1Mo CPABHEHHUIO C ¥/, HO JOCTATOUHO BEJIHKO
JJ151 TOTO, UTOObI COIePKATh 3HAUUTE/IbHOE UHCJIO OCHOBHBIX UACTOT V/;.

[1pu Bo3pacTanuu v 4acToThl pacroJiaraloTest Bce 6oJ1ee MIoTHO, MPUOJIHKAsCh K Herpe-
PBIBHOMY pacrnpeeseHuio ¢ miotHoctblo 872 /3. TIpumensisi 3aKoH paBHOMEPHOTO pacpe-
JIeJIeHHs1 SHEPTHH, Mbl NIPUITMCBIBAEM KaxKJ10i yacToTe v; sHepruio k7" u nosyuaem ¢opmyry
P3aes, B COOTBETCTBHH C KOTOPOI SHEPrUsi U3JyUeHHs], OTHECEHHAs K e/IuHHLle 06'beMa B HH-
TepBaJie 4acTor (v, v + dv) npu temneparype I' B COCTOSIHMM ,, TEPMOJIMHAMHUECKOTO PABHO-
Becus1“ paBHa

8mv2kT dv

3

PaJieft Obl1 BO3HArpakjieH 3a CBOK CMeJIOCTb, KOrjla OH yoeauscs, uto ero opmysia co-
rJIacyeTcs C OMbITOM MPH MaJbIX UaCTOTAX H BBICOKHX TeMIepaTypax,— TOUHee, KOraa OTHO-
uenue v/T nocratouno MaJgo. Kak u ciie1oBaso 0xKuaaTh, 3To COBIajieHHe HapyLlaJaoch MpH
GOJIbILINX 3HAUEHHSIX /T — OIbITHI HE MOTJIH MOATBEPAUTH GECKOHEUHOCTD MOJHOK SHEPTHH.
Onnako BuHom Ha HeCKOJIbKO JieT paHbliie OblT MPEIOKEH PYroi 3aKOH, KOTOPbIH Corya-
COBAJICS C 9KCMEPUMEHTAILHBIMU IaHHBIMH TIPH 60JIbLINX 3HaueHusiX /1. Mbl He Oy/1eM Mbl-
TaThbCSl BOCCTAHOBUTL HECKOJIBKO MyTaHoe (hu3nueckoe 000CHOBaHUe, nanHoe Bunow, a npo-
CTO TIpHBeJieM ero (opmy.Jy, 3amensioliyio hopmyay Pases npu 6oabiinx v/T; Ona umeer
BUJL

AvPe ITsy,

rie A 1 b — KOHCTaHTBI, KOTOPbIE JO/DKHBI OMPEIESThCS U3 onbiTa. JTa (hopmy.ia npoTH-
BOPEUUT 3aKOHY PABHOMEPHOTO pacrpesie/ieHHsl SHEPTUH U He MOATBEPKAAETCs OIMBbITOM IPH
Magbix v/T. C apyroit CTOPOHBI, OHA MO3BOJIET H30eXKAaTh Napaaokca GeCKOHEUHOCTH MoJl-
HO HEPrUH — TakK Ha3blBAeMOi yJbTparo1eTOBOH KaTacTpodbl. YCTpaHeHHe NPOTHBOpe-
uMsl MEXKJLy ABYMS1 IOMOJIHSIIOLLMMH JPYT Apyra 3akoHamu PaJsest 1 Buna 6b110 01HOI U3 Bark-
Hellnx 3aaad, crosiuux nepen dpusukamu B 1900 1., 1 ¢ 310l 3anaueil ycrelHo crpaBuics
Makc [Tnank.

Mbul BeIBesieM cefiuac 3akoH [11aHka ¢ moMollpio paccyzkKaeHHi, aHaJOTMUHbIX TeM, KOTO-
pble ucnoJgb3oBas cam [1naHk, Ho 06JieueHHBIX B HECKOJIBLKO UHYIO (hopMy.

[Tpennonoxum, uro, Beipaxkast P uepes [3 /151 CJyuasi rapMOHMUECKOTO OCLMJLISTOPA, Mbl
3aMeHUM (3 annpoKcUMHUpylollell ee auckperHoil Mepoi. Harnomuum, uto S paBHa JeGero-
BOW Mepe, YMHOKeHHOH Ha 1/v. Ee M0XKHO annpokcuMUpoBaTh Mepoil [, COCPeroToueH-
HO B OTJIe/IbHBIX PABHOOTCTOSILLMX JIPYT OT JApyra TOUKax, Kax/asi U3 KOTOPbIX UMEET OJIHY
1 Ty XKe Masyto Mepy h. Ecin paccrosinue Mexk1y COCEITHUMH TOUKAMH PABHO @, TO MHTEpBaJl
0 < t < Na = zx O6yner umerb mepy Nh. Eciu s1a Mepa pasna x/v, 1o Na/v = Nh, T. e.
a = hv. Tenepb Mbl MOXKEeM BBIUHCJIUTD

e o]
Py(B) = /e_I/B dBp(z) =h+he B phe 2B = p(l4+e /B 2w/B L ),
0
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MBI HMeeM reoMeTpHUeCKy1o POrpecchio co 3namenareieM e~ /B cymma koropoii pasua
_
1 — e—hv/B’
CoorsercTaytolee £ paBHO
Py(B)  hv e~ /B hv

Ey(B) = B? = = :
n(B) P,(B) 1_e /B cw/B_q

Jliist cucreM, KoTopble JI0MyCKaloT pas/ioxKeHHe Ha He3aBUCHMble OCLIMJLISTOPBI C YaCTOTaMH
Vi, V2,... Mbl IOJIyUaeM CX00AUULLCS PSIIL

hl/1 hl/2

En(B) = hn/B 1 T ohwa/B 1

+...,

u hopmy.ia Pasiesi npunumaet Buj

8r° h
3 /KT _ 1

ov.

Koneuno, npu h, crpemsiiemes K Hymo, Ep, (B) cTpeMuTcsi K 6eCKOHEUHOCTH, ¥ HOBast hopMy-
Ja Pasiest npespattaercst B crapyto. C 1pyroil CTOPOHbI, HE3aBUCHMO OT TOTO, KAKOE 3HaUEHHe
MBI IpHAauM h, ecan B3sith v/T HacTosbKo MasbiM, uto /T moxuo anmpoxkenmuposarth
MepBLIMH JIBYMS U/leHaMHU TeilJopoBCKoro pasaoskenus, To e*/¥T' —1 npeppamaercsa B hy/kT,
¥ Mbl CHOBA MPHUXOIHUM K cTapoit popmy.se Pases. HaoGopor, ecan mMbl Gynem cuutats v/T'
HACTOJILKO GOJIBIIMM, UTO MOXKHO Gy/eT npeHeGpeunb emwnuieii no cpashenuio ¢ /KT 1o
thopmyJia MPUHUMAET BU]L

83

h e_hy/kT(SI/,

1. €. OyzeT conaznath ¢ dopmyJoit Buna npu A = 87h/c3 u b = h/k. U3 s1ux ypasHenuii
OJIHO3HAUHO orpesieisitoTest b U k, 1 OKa3bIBAeTCs1, UTO HalIeHHOe TaKuM 06pa3oM 3HaueHue k
COBMAJIAET CO 3HAUEHHEM, [T0JIYUEHHBIM paHee APYruMu MeToaMu. [ lnaHk, cunTaBiimii cHaua-
Jia, uTo h CTpEeMUTCS K HYJII0, 3aMETHJI, UTO MOXKHO MOJyUHTh YHHBEPCAIbHYIO (DOpMYyJTy, €C/n
MOJIOXKHUTH h PABHBIM 3HAUEHUIO, OTIPe/leISIEMOMY U3 HAMTMCAHHBIX Bblllle paBEHCTB. DTa HOBas
(husnueckasi KOHCTAHTA, TaK K€ KaK U MOJyUaloNIMiCs 3aKOH U3JyUeHHs], HOCUT €ro HMS.

Mbel1 Buzienu, uto 3akoH [lnanka conepxxut 3akoHbl BuHa u Pasiest B KauecTBe 4acTHBIX
ciyuaeB. OH Tak»Ke COBIIAJAET C SKCMEPUMEHTOM BO BCEX MHTepBaJiaX uacTtoT. EauHcTBeH-
HBIM €r0 HeJIOCTATKOM SIBJISIETCS TPOU3BOJIbHBIH XapakTep 3aMeHbl 3 Ha [j; 3TO PABHOCHILHO
MPEINOJIOKEHHIO, UTO SHEPTHS FTADMOHUUECKOTO OCLHMJLISITOPA C YACTOTOH I MOXKET MPUHUMATh
TOJIbKO KpaTHble hv 3HAUEHUS.

Crnoco6 [Tnanka MoxkHO TPUMEHHTD TaKzKe /151 BBIBOJIA G0Jiee TOUHOH (hOPMYJIbI yIe/TbHOM
TernioeMKocTH. Ec/in B opmyJie sHepruu, cojiepKalleicst B TBEPAOM TeJsle, 3aMeHUTh k7T Ha
hv/(e" /KT — 1), 10 BMecto E(kT) = 3nkT nosyunrcs

Ny
E(kT) = Z ehvy /KT _ 1
j=1

T. €. yIeJIbHAst TEIJIOEMKOCTb Ha CAMOM JIeJIe 3aBUCHT OT V/j I0BOJILHO CJIOXKHBIM 06pa3oM. Ec-
JI1 Obl y1aJ10Ch ONPEJIC/IUTD V;, TO MOJIYyUH/1ach Obl COBEPLICHHO TouHas (hopMmyJia /s yle/b-
HOM TeryioeMKocTH. Bo Besikom cityuae, Mbl BUIMM, uto npu hv;/kT, 3HaunTeIbHO MEHBIINX
eHuLbl (1715 Beex j), E(kT) npubausuresbio pasHa 3nkT. Otcioaa sicHo, oueMy 3aKOH
Hiosonra u [1tu BeINOJIHSIETCSI TIPH BBICOKKX TeMIlepaTypax v HapyllaeTcst PU HU3KUX. Takoe
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MCCJ/Ie0BAHHE YeIbHOH TeMI0oeMKOCTH 6b110 HauaTo JiHITeiHOM B 1906 1. 1 npopo/keHo
MHOTHMH JIPYTUMH yU€HbIMH, B uacTHOCTH Jle6aem.

B 1905 r. Diinreiin nokasas, uto passuBas uaen [lnanka, MOXKHO f1aTh KOJHUECTBEH-
Hoe 0ObSICHEHHE TaK Ha3bIBAEMOro ,,(hoTo3jeKTpuueckoro addekra®, otkpbitoro B 1899 r.
JUx. JTx. Tomconom u 1. Jlenapaom. 911 pu3MKn HE3aBUCUMO JPYT OT Jpyra YCTaHOBHJIH,
yTO yJIbTpaHO/IETOBBIE JIyUH, Na/alolle HAa MeTaJJIMUECKYIO MJIACTHHKY, BBIOUBAIOT U3 Hee
371eKTpoHbl. bosee Toro, B 1902 1. Jlenapa nokasaJ, uto Haua/ bHast IHEPTUST ITUX JTEKTPOHOB
COBEpILIEHHO He 3aBUCHT OT MHTEHCHBHOCTH MaJIal0LIero CBeTa, a 3aBUCHT TOJIBKO OT €ro JUh-
Hbl BOJIHBL. [10 K/1accHueckoil Teoprn B3aUMOJICHCTBHS 3aPsII0B C 3J1€KTPOMATHUTHBIM MOJIEM
9HEPrust JIEKTPOHOB JIO/KHA CYLLECTBEHHO 3aBUCETh OT MHTEHCHBHOCTH MAMIAIOLIEro CBETa U
NpH MaJIoi HHTEHCUBHOCTH JIOJKHA BOBHUKATH G0JIblIast 3a/1€PXKKa BO BpeMEeHH, B TeUueHHe KO-
TOPOH JIEKTPOH CMOKET HAKOIMHUTb IOCTATOUHYIO SHEPruio. JTa 3a1epKKa He HabJ0anach.
DWHILTEIH [TOKa3aJl, UTO €CJIH B COOTBETCTBUH ¢ (hopMmy.10il u3syuenusi [lnanka cuurath sHep-
THIO 3JIeKTPOMATHUTHOTO T10JIST C OCHOBHBIMH UACTOTAMH V1, Vg, . .. PACMaalolIeics Ha ,a-
KEeTbI* C 9HEPTUsIMU huy, hve, . .., TO HETPYAHO OOBSICHUTL (POTOIIEKTPUUECKUH I(DPEKT Kak
pe3yJIbTaT CTOJIKHOBEHHST ITHX MTAKETOB C 3/1eKTpoHaMu. KoJiuecTBeHHbIE CJIeICTBHS 9TOMH M-
noTesbl ObIIN MOJATBEP2K/IEHbI PSIIOM SKCIIEPUMEHTOB, U IaBHO YMePI1iast KOPIYCKYJIsipHasi Teo-
pHst CBETA BHOBb BEPHYJIACH K 2KH3HH.

OnHo 13 HanboJiee 3aMeuaTeIbHbIX TIPUMEHEHHI KBaHTOBBIX Mjel npuHaniexut H. bo-
py, KoTopblii B 1913 1. ¢ MX MOMOILBIO BbIBEJ TEOPETHUECKYIO (DOPMYJTy VISl CTIEKTPasbHBIX
JIMHUI Bojtopona. Kaxkiblil XHMUUeCKUil 3JIeMeHT TPH JI0CTaTOUHOM BO30Y:K/J€HHH MCITyCKaeT
JIyUH, CIIEKTP KOTOPBIX COCTOUT U3 ONpe/Ie/eHHbIX TOHKHX JIMHHUH, XapPAKTePHBIX /15l JAHHOTO
ssieMenTa. OueBMHAsA 3a/laUa 3aKJI0UAIACh B TOM, UTOObI HAHTH 3aBUCHMOCTb MeXXJy 3THMH
JIMHUSIMH M BHYTPEHHEH CTPYKTYpOH aTOMOB paccMaTpuBaeMoro sjeMenTa. OnHako o6 3Tof
BHYTPEHHEH CTPYKType OblI0 M3BECTHO CJAMIIKOM MaJio 10 Tex nop, noka B 1911 . Pesepdopn
He ¢J1eJ1aJ1 CBOEro BayKHEHIIEro OTKPbITHSI.

PaGorasi B Manuectepe Hajl pacceUBaHMEM (-UaCTHLl, UCITyCKAeMbIX paJHOaKTHBHBIMH
BellecTBaMu, Pesepdop npuiiiest K BbIBOJLY, UTO aTOM JIOJI?KEH COCTOSITh M3 UPE3BbIUAHO Ma-
JIOTO TOJIO’KUTE/IBHO 3aPSIAKEHHOTO S/IPa, OKPY2KEHHOTO 3JIeKTPOHAMH B KOJIMUECTBE, 10CTa-
TOUHOM /ISl HEHTpa/u3alMK 3apsijia sijapa. DTH 3JeKTPOHbI, Kak cuutas Pesepdopi, nomx-
Hbl ObITh pacrpeiesieHbl B npejiesax paccrosinusi, npumepHo B 300 pas npeBbillaloLero a1a-
MeTp sizipa. OH NPeoNoKuI, ajee, 4To UMCJI0 3JeKTPOHOB MPUOJIU3UTENBHO PaBHO MOJI0-
BMHE aTOMHOTIO Beca (HCKJI0uast BOAOPOJ, ISl KOTOPOTO 3TO HEBO3MOXKHO), M UTO 3TO UHCJIO
onpeJiesisieT XMMHUeCKHe CBOHCTBA COOTBETCTBYIOILIETO dJIeMEHTa. DTa MOJIe/b, KOTOPasi 0371~
Hee Obl1a YTOUHEHA U MPHUBEJICHA B COOTBETCTBHE C KBAHTOBOH MEXAHHKOH, TEMepb SIBJSETCS
O6LIENPUHATOH.

[Tpumensist BBIBO/BI K/J1aCCHUECKON MeXaHHKH K Mojesn Pesepdopaa 01HO3/1€KTPOHHOTO
aToMa BOJIOPOJIA U YUMTbIBAsI U3 BCEX 3JIEKTPOMATHUTHBIX 3P(PEKTOB TOIBKO 3J1€KTPOCTaTHUE-
CKH€, Mbl HAXOJIMM, UTO €CJIH SHEPrUsi 3JIEKTPOHA MEeHbLIe HEKOTOPOrO OMPEIeJICHHOTO Tpe-
JeJ1a, To OH OyJIeT BpallaThCsi 10 3JJIUNTHUECKOH OpOUTe BOKPYT 1IeHTPa Macc ero camoro u
sapa. Ha kaxaoi opoure 3/1€KTPOH HMeeT MOCTOSIHHYIO SHEPrHio, HO /sl PA3JIMUHBIX OPOUT
MMeeTCsl 11eJ1blil KOHTHHYYM BO3MOXKHBIX SHEPrHii.

Bop 3ameTus, uTo MO2KHO NpeicKa3aTb OCHOBHbIE CBOHCTBA CIIEKTPa BOLOPO/IA, €CJIH NPH-
HATh CJIe/YIOLIHE TIPEITOJIOKEHHS:

(a) BO3MOXKHBI TOJILKO TaKHe OPOMTHI, HA KOTOPBIX 3HAUEHHE MOMEHTA MMITyJIbca KPaTHO
h/2m;

(b) xorza 3/1eKTpOH NepecKakuBaeT ¢ OJIHOH OPOUTHI HA IPYTYIO, PA3HOCTb SHEpruil £y — Ey
npeBpalliaercsi B uasyuenue ¢ uactoroil (Ey — Eg)/h, T. e. B ,,()0TOH" WJIM KBAHT 3JIeKTpOMAr-
HUTHOMH HEPTHH ¢ 3Heprueil By — Ey = hv.

Wneun bopa Gblin nozHee pasBuThl TaKUM 06pa3oM, UTO C HX TMIOMOILbIO CTaJ0 BO3MOXK-
HBIM OO'BSICHUTB CMEKTPbl 60J1ee CJI0KHBIX ATOMOB; MHOTOUHCJICHHBIE IAHHbIE CTIEKTPOCKOMHH
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3a KOPOTKOE BpeMsi Obl/IM yIIOPSII0UEHbI U OHATHI, XOTA €Ll COBCeM HEIAaBHO 3Ta 3ajaua Ka-
3a/1aCh COBEPLICHHO Oe3HANCKHOM.

OnucaHHbI TPHEM COUueTaHHsl 3aKOHOB KJ/1aCCHUECKON MEXaHMKH CO B3SITBIMM C MOTOJIKA
,,[IPaBHUJIaMH KBAHTOBAHHUS **, HECMOTPS1 HA €0 MHOTOUMCJICHHbIE YCIIeLLHble IPUMEHEHHUs Obll,
OUEBUJHO, HEYAOBJIETBOPUTE/bHLIM. He Obl10 He TOJMLKO TeopeTHuecKoro 000CHOBAHUS, HO
Jaxe obulero crioco6a noJyueHust 3tux npasuJ. [IpaBuia, ykasbiBatolue, Kakoi IHCKPeTHBbI
psZ 3HAUEHHI MOXKET IPMHUMATD Ta WJIK UHAS [IePEMEHHAst, CTAHOBUJIMCh BCe 60J1ee CJ102KHbI -
MH U JIeTaJIM3UPOBAHHBIMH 110 Mepe yCJI02KHEeHHs1 M3yuaBlunxcs cucteM. boJiee Toro, Bo MHOrHMX
CJIyuasix HOBbIE MPaBUJIA BCTYNAJN B Pe3KOE MPOTHBOPEUHeE C KJ1aCCHIeCKOH (PU3HKOH U B TO
>Ke BpeMsl He MOIVIH MOJIHOCTBIO 3aMeHHTD ee. [1/1s1 00bsICHEHHsT OJIHUX SIBJICHHH PUXOJUIOCH
UCII0JIb30BATh BOJIHOBYIO TEOPHIO CBETA, /151 00'bSCHEHHUS APYTHX — HOBYIO KOPITyCKYJISIPHYIO
TeopHto. Jlasee, B COOTBETCTBHH C KJIACCHUCCKOMN 3/1€KTPOJIMHAMUKON 3/1€KTPOH, ABHKYLLHIACS
no opoure bopa, 10/1:keH HenpepbIBHO M3/1yUaTh SHEPTHIO M B KOHLIE KOHLIOB YNACTb HA SO,
HO 9TOr0 HE NPOUCXOJIHT.

Hakonen B 1925 1. Tefizen6epr u Ll pennnrep He3aBUCUMO APYT OT JAPyra OTKPBLIH 001He
NpaBMJ/1a KBAHTOBAHUsl, KOTOPbIe 3HAUMTENLHO OTJIHUAMUCH 110 (POpMe, HO, KAK CKOPO BbISICHU-
JIOCh, OBLIH 5KBUBAJIEHTHBI IPYT JPYTy. DTO OTKPHITHE A0 MOLIHBIH TOJUOK Pa3BUTHIO (DH-
3MKH, U 3@ KakMe-HHOY/b NAThb JeT 0O'beMHeHHbIMH yeuausimu [eiisen6epra, lpenunrepa,
Hupaka, bopa, bopna, ¢on Hefimana u npyrux yuensix Obl1a co3znana HoBasi, 6oJiee coBep-
LLIeHHAs MeXaHHKa, KoTopast

(a) BKJIOUA/IAa KJACCHUECKYIO MEXaHHKY B KauecTBe IPe/e/IbHOrO cJyuast 1is OOJbLINX
Macc M pacCTOsTHUI;

(b) ycranaBsuBasia CyllleCTBOBAHHE MTPABHJI KBAHTOBAHHSI M UX TOUHYIO (hopmy;

(c) oObsicHsNIa, KAKMM 06pPa30M BELLECTBO U H3JyueHHe MOIyT ObITh OJHOBPEMEHHO BOJI-
HaMH W 4acTHLAMH, U JI0Ka3biBaJsia cTabujbHOCTL OpOUT Bopa;

(d) nosBoJIslsIa MOHSATH MHOTO paHee He 00bSICHUMBIX SIBJICHHI, B YUaCTHOCTH BaJIECHTHOCTD
U 3aKOHbl 00Pa30BaHUs XUMHUECKUX COCTMHEHHUH.

OTa HOBAsI MEXaHMKA HA3bIBACTCS] KBAHTOBON MeXaHHUKOM. [Ipex/e uem nepexoanTts K ee
M3JI02KEHHIO, Mbl XOT€J/IH Obl T0IUEPKHYTh, UTO [IPABHJIa KBAHTOBAHHS ABJIAIOTCA B KBAHTOBOM
MeXaHHKe CJIe/ICTBHEM TEOPHH, a He OCHOBHBIM CPEJICTBOM ee (DOpMYIHPOBKH. B 3TOM cMBIC/IE
Ha3BaHHe KBAHTOBOH MeXaHHKH siBJIsieTCsl HeylauHbiM. OHa siB/IsieTcsl, CKopee, H3MEeHEeHHbIM
BAPUAHTOM CTATHCTHUECKON MEXaHUKH, B KOTOPOM IPU U3yUEHHH H3MEHEHHS] BePOATHOCTHBIX
Mep BO BPEMEHH yKe He IPeJIoaraeTcs, uTo JABUKEHHE STHX Mep MOPOXKIAeTCs ABHKEHH -
eM Touek B (pa30BOM MPOCTPAHCTBE. 3aKOHbl KBAHTOBOH MEXaHHKH HAKJIAbIBAIOT HEKOTO-
pble OrpaHUYEHHs] HA BO3MOXKHbIE OJJHOBPEMEHHO paclipe/lesieHUst BEPOSITHOCTEH pas3JIMUHbIX
HabJI0/laeMbIX, a TaKKe JaloT AU depeHlnanbHble ypaBHEHHs!, HHTETPUPYsT KOTOPble MOXKHO
HAUTH U3MEHEHHEe 3TUX pacrpesieseHuil co BpemeHeM. Bee ocrasbHOe AB/ISleTCs CJIeICTBHEM
3THX 3aKOHOB.

2.2 KBaHTOMexaHWYeCKU aHaJjor (pa30BOro NnpocTpaHcTBa

B k/1accHueckoi craTucTHueckoil MexaHnuke HabJmoaemast sipsisiercst 6opesieBCKoM (hyHKIHe
Ha a3oBoM rpocTpaHcTBe My «, COCTOSIHHE — BEPOSITHOCTHOH Mepoil Ha My+; TeM cambIM
Kaxknoi nape (f,a), rne f — naGaionaeMasi H o — COCTOSIHME, MOXKHO MOCTaBUTb B COOT-
BETCTBHE BEPOSITHOCTHYIO Mepy &y Ha MPSIMOIi, NpUnucas 60peieBCKOMy MHOxkKecTBy £ mMe-
py a(f~Y(E)). Beamuuna p(f, a, E), no onpenenennio pashas o f ~1(E)), ectb BepoATHOCTh
TOT0, UTO H3MepeHHe HabJI01aeMoil f y CHCTEMBbI, HAXOJISILENCS] B COCTOSIHUM v, OY/IeT NPH-
HaJIeKaTh MHOXKeCTBY F.

B kBaHTOBOJ MexaHHKe Mbl Tak:ke Gy/leM OrepupoBaTh HeKOTOpoil hyHKumeil p(A, a, E),
IIPUIHCBIBAIOUICH ONPEAEICHHYIO BEPOATHOCTb KaXKIOU TPOKKE, COCTOALICH U3 HAOMIONaeMOH
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A, cocTosiHusl v 1 GOPEIEBCKOTO MHOXKeCTBA E NIEHCTBUTEIbHBIX UHCes, HO He OyaeM npej-
noJiaraTh, 4To P MoJyyaercst Kak BepoSITHOCTHAsI Mepa Ha KJaccuueckoM (ha3oBoM NMpoCTpaH-
CTBe.

Pa3BuTHe KBAHTOBOH MeXaHWKH MPUBEIO K HEOOXOJAUMOCTH CTPOTOro aHaJju3a Mnpolec-
ca U3MepenHs; pe3y IbTaToM TOr0 aHa/IM3a SBUJIOCH yTBEPKAeHHE (B KOJHUECTBEHHOI (hop-
MyJIHPOBKE H3BECTHOE Kak MPUHLMIT HeonpeseneHHoCTH [eiidenbepra), corsiacHO KOTOPOMY
MPUHLMITHAJIBHO HE UMEET CMBICJIA TOBOPUTL 00 OJTHOBPEMEHHBIX MO 4HbLX 3HAUEHHSIX KOOP-
JIMHAT W cKopocTel yacTuilbl. Mi3mMepeHusi KoopaMHaT U cKopocTel CBsi3aHbl APYT C JPYrom
TaKMM 00pa30oM, UTO OKa3bIBAIOTCs GECMJIOIHBIMU BCE MOMBITKH MTPUAYMAaTh KCIIEPUMEHT, KO-
TOPBIA MO3BOJIUJ Obl IPUITUCATH TOUHBIH CMBICJI YTBEPKJIEHUIO: B MOMEHT BPEMEHHU ¢ uacTUla
P naxoauTes B TOUKE T, ¥, 2 H HMEET CKOPOCTh Vg, Uy, V.

C 1pyro#i CTOPOHbI, MO?KHO TIPHUIHUCATH TOUHBIH CMbICJ YTBEPXK/IEHUIO: B MOMEHT BPEMeHH t
COCTOSIHME CUCTEMbI TAKOBO, UTO H3MEPEHHUS T, Y, 2, Uz, Vy, Uz HMEIOT CTATUCTHUECKHE PaCIpe-
JIeJIEHHST, COOTBETCTBYIOIIHE BEPOSITHOCTHBIM MEPaM 1, a2, a3, 31, B2, B3 HA NEHCTBUTEILHOM
npsSMOH. JTO 0OBACHSETCS TEM, UTO U151 ONPe/iesIeHNs] BEPOSATHOCTHBIX pacrpeae/eH|il MoX-
HO TIPOM3BOJIMTH HU3MEPEHHS Ha OOJILIIOM UHUCJIe KOMUH JaHHONW CUCTEMbl, BLIOUpasi pasJivu-
HbI€ MHOKECTBA K3EMIISIPOB CUCTEMBI JIJI1 U3MEPEHHUST 3HAUEHHH pa3/IMUHbIX HAOMI0OaeMBbIX.
[Ipotiecc n3mMepenusi, KOHEUHO, CYLIECTBEHHO MEHSIET COCTOSTHHE CHCTEMbI, H TIOJTyUeHHYI0 HH-
(hopMalyio MOXKHO MTPUMEHSITH TOJILKO K TEM 3K3eMIJISIpaM U3 Halllell COBOKYIMHOCTH, KOTOPbIE
He NojiBeprajuch ucnbitaHusiM. [ToapobHoe o6cyxieHne 3Toi BaxKHOH 0COOEHHOCTH KBAHTO-
BOH MeXaHUKH uMTaTesb MOXKeT HallTH B kHure o Hefimana.

[TockoJsibKy He HMeeT (PM3UUECKOTO CMbICJIA TIOHSITHE TOUKH (DA30BOTO MPOCTPAHCTBA, M0-
HATHE BEPOSITHOCTHON Mephl Ha (ha30BOM MPOCTPAHCTBE TaKxKe TepsieT cMbic/1. C Apyroi cTo-
POHbI, KaK Mbl BUJIEJH, MIO-TIPEXKHEMY COXPaHSIeT CMbICJ COTIOCTABJIEHHE KaxK/10H HabJo1ae-
MOil B JAHHOM COCTOSIHUH HEKOTOPOH BEpPOSITHOCTHOH Mepbl Ha MPSIMOK. DTO MO3BOJISIET Me-
PEHECTH C HEKOTOPBIMH YTOUHEHUAIMH MOHATHE COCTOSTHUS U3 KJIACCHUECKON CTaTUCTHUECKOH
MEXAHUKH B KBAHTOBYIO MEXAHHUKY.

Ham 6yzer yno6HO BBECTH OCHOBHBIE MOHSITHSI KBAHTOBOH MeXaHHUKM aKCHOMATHUECKH.
MBI TOCTPOUM CTPOrO OTpeNe/ieHHYI0 MaTeMaTHUeCKYI0 MOJIeIb U OMHUIIEM ee (PU3UUECKHIT
CMbICJT HACTOJILKO TOUHO, HACKOJBKO 3TO BO3MOXHO. UunTarenb ybeauTcsi B TOM, UTO Hallll
AKCHOMBI UMEIOT PA3JIMUHYIO CTeNeHb (PU3UUECKON T0CTOBEPHOCTH: MOKA ellle He TMPeaCcTaB/Isi-
€TCsl BO3MOXKHBIM MOCTPOUTH KBAHTOBYIO MEXAHHKY B €€ COBPeMeHHOil (hopMe, OCHOBBIBASICH
Ha BIOJIHE JIOCTOBEPHBIX M €CTECTBEHHbIX aKCHOMaX.

[Tyctb B — MHOKECTBO Bcex 60pesIeBCKUX MOJAMHOXKECTB JIeHCTBUTEIbHOMN NpsiMoil R. Mbl
npeanosaraeM, 4to HaM 3ajiaHbl 1Ba aGCTPAKTHBIX MHOXKeCTBa A U 8, U (hyHKIIHS p, KOTOpast
Kax0# Tpoiike (A, a, E), e A € A, « € 8§ u E € B, cTaBUT B COOTBETCTBHE HEKOTOPOE
neiicrBuTebHOe unesio p(A, o, E), 0 < p(4, a, E) < 1. Mbl npeanonaraem, uto p o6/anaer
HEKOTOPBIMH OTIpe/Ie/IEHHBIMU CBOHCTBAMH, KOTOPbIE Mbl TT€PEUUC/IsieM B BUjie akcuoM. dusn-
ueckd A Hy»KHO TIpeJICTaBUTh cebe KaK MHOXKECTBO BceX Ha0J01aeMbiX Hallel (pu3nueckon
CHCTEMbI, a § — KaK MHOXKECTBO Bcex ee cocTosiHuil. Besmmunna p(A, a, E) eCTb BEpOSITHOCTb
TOT0, UTO U3MepeHHe HabJI01aeMOl A B COCTOSIHUM v OY/IeT UMETh 3HAUeHHe, TIPUHAJIeXKAalllee
MHOXKecTBY E. Bpems Mbl oKa cuutaem (pPUKCHPOBAHHBIM; H3MEHEHHE COCTOSIHHH B 3aBUCH-
MOCTH OT BPEMEHH Mbl PACCMOTPHUM B JlaJIbHEHIIEM.

Akcuomal.p(A,a,2)=0,p(A,a,R) =1;p(A,a, EyUFE2U...) =

118

p(A7 a‘/ Ej)y

=1
ecau Ej — nonapro Henepecekatoujuecs 6opeaesckue MHOMecmsa. ’

[Tosioxum as (E) = p(A, o, E). Akcroma | 3ak/10uaeTcst pocTo B TOM, UTO (v 4 JIJIsT KaXK-
noro A € A ¥ Kaxnoro o € 8§ 1o/kKHa ObITh BEPOSITHOCTHOH MEPOH.

Akcuoma2. Ecauup(A,a,E) =p(A',a,E)dasscexau E,mo A= A'. Anaroeuuno,
ecau p(A, o, E) = p(A, o/, E) das 6cex Au E, moa = d/.

Akcroma 2, Takium 00pa3oM, TJIACHT, UTO JABYM PA3JIHUHBIM COCTOSTHUSIM JIOJIXKHbBI COOTBET-
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CTBOBATh Pa3J/IHUHblE BEPOSITHOCTHBIE pacIipe/iesieHust X0Tsl Obl OJIHOM U3 HAGJIIOIaeMbIX, U JIBE
pasJ/inuHble HabJII0laeMble JIOJKHBI HMETh Pa3J/iHuHble BEPOSITHOCTHBIE PACIPe/iesIEHHsT XOTsI
Obl B OJIHOM COCTOSIHUH.

Axkcuowma 3. [lycmo A — npoussosvroli aremenm A, u f — aobas deiicmsi-
meaoHas boperesckasn pynkyus Ha npamoi. Toeda cyuecmsyem nabaodaemas B € A,
makas, umo p(B,a,E) = p(A, o, f1(E)) oas6cexa € Su E € B.

M3 akcrombl 2 caejtyer, uto B 0JIHO3HAUHO orpejessieTcst o A; Mbl 6y/ieM 0603HauaTh
ee uepe3 f(A). dusnuecku Habmonaemasi f(A) CTPOUTCS CJeyIOIIMM 06Pa3oM: UTOObI H3Me-
puth f(A), Hy?KHO U3MepPUTb A U K pe3yJsibTaTy NpUMeHHTb (yHKLHIO f. Eciin u3/10:KUTh 3T0T
croco6 nocrpoenust Hab/oaeMoit B B TepMuHax BepositHocTel p(A, a, E), To Mbl IPHIEM K
akcuome 3.

B cuty akcHOMBI 3 Bee Takue Bhipakenus, Kak A2, A3+ A, 1— A, e uT. 1., AMEIOT CMbiCI,
ecsin A — HaGJgonaemasi. B uactioceru, ecain f(x) = A, rie A — HEKOTOpOe JIeHCTBUTE/IbHOE
unciio, To f(A) He 3aBUCHT OT A 1 OyJIeT Ha3bIBAThCsI TOCTOSTHHOK HAGJI0/1aeMO¥i CO 3HAUEHH -
€M A WM IPoCTo HabGJI0IaeMOH A.

Axcuoma 4 Ecau oy, 00,... — anemenmor 8, ut; +to+...=1,0<t; <1, mo
cyujecmsyem cocmosanue o € §, maxkoe, 4mo

o
p(A,a,E) = Zt]p(Aa Oéj,E)
=1

orsecex E e BuAe A
M3 akcHoMbl 2 caieflyer, uTo COCTOsSIHHE «v OJIHO3HAUHO ONpPEeJIsieTCsl 110 a;j U tj; Mbl Oy-

[e.°]
JeM 0603HauaTh ero uepes » | t;ja;. PU3MuecKn OHO COOTBETCTBYET COCTOAHMIO, B KOTOPOM Mbl
=1
3HaeM, UTO HAXOJUMCS B Cg)CTOHHHH Quj C BEPOATHOCTBIO tj. OHO HAa3bIBACTCS CMECHIO COCTO-
sHUI ;. Ecaii cocTosiHHE o HeJib3sl TTOJTYUHTb KaK CMeCh JIByX COCTOSIHHUI, OTJIMUHBIX OT HEro
CaMoro, TO v Ha3bIBAIOT YUCMbIM cOCMOAHuen. (Mbl npenynpexaaem uuraresasi-(pusmka, uto
akcroma 4 He siByisieTcst popMyJIMPOBKOH ,,TPUHIIMIIA CYTIepro3uliK . B 3TOM npuHuune peusb
WJIET O UHCTBIX COCTOSIHUSAX, a B aKCHOMe 4 — 0 CMelllaHHBIX. )

[Tpexke uem nepeuncsiTh AajbHEHIINe aKCHOMBI, HAM HY?KHO Oy/IeT BBECTH HEKOTOpPbIE
HOBbIE MOHSTHSI, OCHOBAHHbIE Ha Y:Ke CPOPMYJIHPOBAHHBIX aKCHOMax. Mbl Gy/ieMm HasbiBaTh
HabJmo1aeMyio A BOIIPOCOM, €CJTH B Ka’KI0M COCTOSTHUH (v Mepa (v4 COCpeioToueHa B Toukax 0
ul,T. e ecanay(0,1) =1 15 Bcex ae. Ml ipejiocTaBiisieM UMTATENI0 yOEIUTHCS B TOM, UTO A
SIBJISICTCS BOMPOCOM TOIJIA M TOJILKO Tor/1a, Korja A% = A. Mul GyjieM 0603HauaTh MHOKECTBO
Bcex BorpocoB Q. B Tom, uTo cyiecTByeT orpoMHOe KOJIHUECTBO BONPOCOB, MOXKHO YOEUThCS
caenytoum oopasom. [Iycts E — npou3BoJibHOE HOPesIeBCKOE TOJIMHOKECTBO IEHCTBUTE b~
HOW NpsIMON, M g (x) — dyHkums, pasnas | npy x € Eu0npu z ¢ E. Torna ¢p(A), Kak
HETPY/IHO BHJIETD, OYJIeT BONPOCOM; Mbl Gy/ieM 0603Hauath 3ToT BOMPoC uepes Q. JTo Ha-
6Jo1aemMast, Kotopast IpUHAMAaeT 3HaueHue 1, Koraa uamepenre A NpuBOAMT K 3HaUeHHIO B E,
1 paBHa 0 B poTHBHOM cJyuae. B 3ToM cMbic/ie OHA COOTBETCTBYET BOMPOCY: MPHHAIIEKUT
JIM U3MepeHHoe 3HaueHne A MHOKecTBy E?

Ecam dpukcuposath A, T0 Q4 Gy1eT COBOKYMHOCTBIO BONPOCOB, MapaMeTPH30BaHHOI 60~
pesnieBCKUMH MHOXKecTBaMH E. J1ist Hac GyaeT BazkHO, UTO 9Ta MapaMeTpH30BaHHasi COBOKYI-
HOCTb BOITPOCOB OJIHO3HAUHO OTpejiesisieT A, T. €., KaK uMTaTesb MoxKeT 6e3 Tpy/ia NPOBEPUTH,
U3 TOTO, UTO Qg = le n7si Beex E € B, caenyer, uto A = A’. [lyerb Q) — npou3BOJIbHbI
BOTIPOC, U (v — TIPOM3BOJIbHOE cocTosiHKe, mpuueM ag({1}) = s; Torna ag({0}) =1 — s, 1
17151 moboro MHoxkecTBa E € B ag(E) pasno 0, 1, s uin 1 — s Tora 1 ToJIbKO TOTA, KOrja H1
0, uu 1 He npuHaniexxatr E; u 0 u 1 npunamiexar F; 1 € E,a0 ¢ E;0 € E,al ¢ E cootBeT-
ctBeHHo. [TosTomy g BriosiHe onpeniensiercs uucaom s = ag({1}). Mel onpeneanm mq(Q)
Kak ag({1}). Torma m, — Hekortopas neiicTBUTe/bHAS (DYHKIMA HAa MHOXKECTBE BCEX BOMPO-
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COB, U UnuTaTesIb 6€3 0COO0T0 TPY/IAa MOXKET YOETUTHCS B TOM, UTO €CJIH My, (Q) = Mq, (Q) 1s
BCcex (Q, To v = Qua.

DyHKIMU M, €CTECTBEHHBIM 00PA30M OTIPENESIOT UaCTHUHYIO YITOPSA0UeHHOCT Ha Q TO-
IJ1a ¥ TOJIbKO TOr/1a, Kora mq (Q1) < mq(Q2) st Bcex cocrostuuil . HeTpyaHo yctaHoBUTD,
UTO OTpeeseHHOe TAKUM 00pa30oM OTHOILIEHHE YIOBJIETBOPSIET YCJIOBUSIM, BXOISIMM B OMpe-
JieJieHHe YaCTHUHOMH yIOPsI/IOUEHHOCTH:

(1)ecmn Q1 < Q21 Q2 < Q3,10 Q1 < Q3;

(2) Q < Q nnst Beex Q;

(3)ecin Q1 < Q2u Q2 < Q1,70 Q1 = Qo.

st mo6oro Bonpoca () Habmmonaemasi 1 — () Takxke sIBJASETCS BOMPOCOM. DTO BOMPOC,
OTBET Ha KOTOPBIH BCEra NpoTHUBOMOJIOXKEH OTBETY Ha Bornpoc . Borpockl Q u 1 — @ B oTJiu-
ule OT MPOU3BOJILHON Mapbl BOTIPOCOB SIBJSIOTCS (PYHKIMSMHU OJTHOH U TOH 2Ke HabJ01aeMoi
(a nmMeHHO (), ¥ TO3TOMY UX MO2KHO 3a/1aBaTh OJIHOBPEMEHHO.

[Tyctb Q1 Q2 — Bonpochl. Eca Q1 < 1 — Q2 Wi, uTo 5KBUBAJIEHTHO, €CJ M (Q1) +
ma(Q2) < 1 /st BCeX COCTOSHHUIA v, TO Mbl Oy/1eM TOBOPHTb, UTO Q1 H Q2 HE MepeceKaroTesi, u
nucath Q1 O Q2. Pusnuecku 310 O3HAUAET, UTO HA BOMPOCH Q1 1 Q2 HEBO3MOXKHO OJIHOBPE-
MEHHO OTBeTHTb ,,1a".

YT006bI ry62Ke MOHSITH CMBIC/ COOTHOIIEHHH Q1 < Q2 U Q1 O Q2 pacCMOTPUM CJiyuai,
B KOTOpOM (1 = Q‘gl, HQy = Q‘gz, rne A — Hekotopasi HaGonaemast. Torna 1 C Ey
KBUBAJIEHTHO COOTHOIIEHHIO Q‘gl < Q‘gz, a F1NEs = 0 5KBUBAJIEHTHO COOTHOIIEHHIO le O
Qi

Tenepnb Mbl Mokakem, uTo Bce chOpMyJIMPOBAHHBIE IO CHX TOP AKCHOMBI BBIMOJHSIOTCS B
KJIACCHUECKOH MeXaHUKe, U TOCMOTPHM, K UeMy CBOJISITCSI HAllIM MOCTPOEHHS B KJ1aCCHUECKOM
cayuae. Habsonaemast B 5ToM ciyuae npejicTasJsieT co60i NpocTo 60pesieBCKyI0 (DyHKLHIO
g Ha My ~. Uuratesib 6€3 Tpyjia yCcTaHOBHUT, uTo HabJmonaemast f(g), onpeeseHHas B akCHo-
Me 3, sBJsieTcst 0ObIUHON KoMnogulmel dyHKimi f o g. Bonpoc — 310 GopenieBckasi pyHK-
1Hs1, KOTopasi MPUHUMAET TOJIbKO 3HaueHust 0 U 1; oHa ofHO3HAUHO omnpejesiercs GopeneB-
CKHUM MHOXKECTBOM TOUEK, B KOTOPbIX OHA IPUHUMAET 3HaueHue 1, 1 ee yI0OHO OTOXK/IECTBUTD
C 9TUM MHOKeCTBOM. Ecain 310 cnenath, To onepatms Q — 1 — ) oKaxkercs nepexoaom ot
MHOKECTBA K €ro JI0NoJIHEHHIO, (Q1 < (2 Oy/leT 03HAUaTh TEOPETHKO-MHOXKECTBEHHOE BKJIIO-
uenue, a Q1 O Q2 OyleT 03HAUATh, UTO MHOXKECTBA He nepecekaiorcs. OyHKIUS My, 0TO6-
paxkatolllast BONpoChl BO MHOXKECTBO JIEHCTBUTEJIbHBIX urces Mexiy O v 1, craHeT Mepol o Ha
My+, a pynkumns E — Q%, rne g — Gopeneckas GyHkuus Ha My, OyseT 0To0paxKeHuem
E — g Y(E).

BosBpainasich k 00111eMy cayuato, 3aMeTHM, uTo eci A — HekoTopasi HabstofaeMast, U
FEn, Es, ... — Henepecekatoluecsi 6opesieBckue MHoxkecTBa, £ = E; U Eo U ..., To 14
KaXKI0T0 COCTOSTHUSI v € 8 Mbl HIMEEM

(o)

ma(Q%) = p(A,a, ) =Y p(A,a, Bj) = > ma(QF,).
j=1

j=1

BoJiee TOTI0, B CHJIy dKCHOMBbI 2, Qé OJIHO3HAYHO OIpeAeadaeTCs U3 CJACAYIOULIEro yCjaoBHUsI:

ma(Qn) =Y ma(Qf,) 11 Beex a.
=1

A . A A A _ NHA A
EcrecrserHo HasbiBaTh () CyMMOH BonpocoB Qf, , @z, , - - - Mnmcats Qg = Qi +Q%, +- . ..
Boo6iiie Mbl 6yjieM rOBOPUTb, UTO BOMPOC () SIBJISIETCSI CYMMOI HellepeceKatolXcsi BOPOCOB

QlaQ?a'--:
Q=Q1+Q2+...,
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eci Jyisi BeeX o U3 8 my (Q) = me(Q1) + ma(Q2) + . . .. CoryiacHo akcHome 2, CylIecTByeT
He GoJiee OJIHOTO TAKOro Borpoca () JUisl JaHHOH TOCJIe0BaTeIbHOCTH 1, (2, . . . ; OJIHAKO,
B0OOI1le TOBOPSI, HET HUKAKOH TrapaHThH, uTo () BCeraa cyuiecTByeT. Mbl rapanTupyem 3To cy-
LIECTBOBAHUE HallleH CJeAYIOLLIeH aKCUOMOH.

Axkcuomabd. [Tycmo Q1,Q2, ... — NPOU3BONLHAA NOCAEO0BAMENbHOCb BONPOCOB,
makas umo Q; O Q; npu i # j. Toeda sonpoc Q1 + Q2 + ... = Q cywecmsyem.

ATOT BoOMpoc () MOKHO HHTEPNPETHPOBATH KaK BOIMPOC, OTBET HA KOTOPBIH yTBEpPAUTE-
JIEH B TOM H TOJIbKO B TOM CJlyuae, KOrjia yTBEpPAUTEsIEH OTBET XOTsI Obl HA OJIMH M3 BOIIPOCOB
Q1,Q2, . ... [Tone3Ho Takke 3aMeTHTb, UTO () SIBJISIETCS] HAUMEHBIIIUM BOIPOCOM, KOTOPBIH
60JIblIIe KaXKJI0T0 U3 (Q; WJIK PaBeH eMy, TaK UTO €ro MOXKHO ObLJIO ONPEIeIUTb UCXO/IsT TOJBKO
13 yMopsi/IoU€HHOCTH MHO?KECTBA BOTPOCOB. DTOT (DAKT HE BMOJIHE OUEBH/IEH, U Mbl IAJIHM €T0
JloKasaTtesibeTBO (npuHaaiexaniee P. B. Kaaucony).

Teopema. Ecau R> Qjnpuscex j,uQ; OQjnpui#jmoR> Q1+ Qa+...

HoxkaszateabcTso. [Tokaxkem cnauana, uto ecin Q@ O Q", RO Q uR O Q", 10
RO (Q + Q). Heictsuresbho, R + Q' + Q" takxkKe 10JKHO GbITh BOIPOCOM, KOTOPbIE Mbl
o603naunm uepes Q"'. Torna n71st Beex a

ma(R) + ma(Q') + ma(Q") = ma(Q") <1,

CJIIOBATEJIBHO,
ma(R) + ma(Q' + Q") < 1,

otkyna R O (Q' + Q). Hanee, nockosbky R > Q; mst Beex j, 10 (1 — R) O Q; mst Beex
J, ¥ 0 HHIYKIMH rosiydaem, uto (1 — R) O (Q1 + ... + Qn) s Bcex n. CaienoBaTesbHO,
R> Q1+ ...+ Qy nas Bcex n. [Tostomy

ma(R) =2 ma(Q1+ ...+ Qn) = ma(Q1) + ... + ma(Qn)

JUIS1 BCEX N U a, T. €.
ma(R) P ma(Ql) + ma(Q2) + ...

J1s1 BeeX . CateioBaTesibHo, R > Q1 + Q2 + . . ..

Mcnosb3yst MoHATHE CyMMbI HeMepeceKaroluxcst BOMPOCOB, Mbl MOYKEM 3aMUCaTh OCHOB-
Hble CBOHCTBA OTOOpaXkeHuss £ — Q‘g MHOKecTBa B B Q u hyHkumn Q@ — mq(Q), oTo6-
paxatoiel Q BO MHOXKECTBO JEHCTBUTENbHBIX ynces. PaccMOTpuM cHauasa oTobpaxKeHue
E — Q3. s kaxioro A otoGpakenne Q4 umeer ciielyiolue cBoficTpa:

(a)ecnt ENF = @, 10 Q4 O Q%;

(b)ecan E; N Ej = @ npu Bcex @ # j, TO leuEgu... = le + ng + ..

(c)Qz=10,Qf =1.

[1pousBosibhylo dyHkimio ¢ : E — g, otrobpaxaiolilyto MHoXKecTBO B B Q, ynosie-
TBOPSIIOLLYIO YCA0BUSIM (a)—(c), Mbl Oy1eM Ha3bIBaTb MepOLl CO 3HAUEHUAMI BO MHONMCE-
cmee 80npoOcos UL 80NPOCHOL mepoli. VI3 1okazaHHoil TeopeMbl CJIelyeT, UTo KaxKiast Ha-
O/ofaeMast OIHO3HAUHO OMNpPEeeJseTCs COOTBETCTBYIOLICH BOIIPOCHON Mepolt ' — Qg, TaK
UTO Mbl MIME€EM eCTeCTBEHHOE B3aUMHO OJIHO3HAUHOE COOTBETCTBHE MeX1y HaOJI01aeMbIMU U
HeKomopoimi BONPOCHBIMU Mepamu. Hatua cienyroriast akcuoma rno3soJisieT OnyCTHTh CJI0BO
,,HEKOTOPBIMH .

Axcuoma 6. Ecau g — npoussosvras 80npocHas mepa, mo cywjecmsyen maxkas
nabaodaemas A, Q3 = qp daa 6cex E € B.

3HaueHHe 3TOH aKCHOMbI MOXKHO O0BSICHUTB CJeyloumM oopazom. [Ipennosnoxum cHa-
yaJia, 4To OHa He BbinoJHsiercsi. [lycth A’ — MHOXKECTBO BCEX BOMPOCHBIX Mep, U MyCTh
P (q,, E) = my(qp) nist kaxaoro g € A’ kaxnoro a € 8 u kaxiaoro E € B. Torna,
Kak HETPYJHO BHEThb, MHOXKeCTBO A’ (3ameHsttoiiiee A ), MHOXKeCTBO 8 U (hyHKIHs p’ yI0BJ/Ie-
TBOPSIIOT akcHoMaMm 1 —5, a Takzke akcuome 6.
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Haunee, ecan Mbl oToxkaectBumM A € A ¢ Qg e A, ro A craner uactbio A’, u dyHKIHsT
P, paccmarpuBaemasi Ha A, coBrnajiet ¢ p. JIpyrumu cjioBamu, BbITIOJIHEHHE aKCHOMbI 6 Beerjia
MO2KHO 00€CIIeUUTh, PACILIMPUB MHOXKECTBO A.

HetpynHo nensitb (hU3HUECKUI CMBICJ 3TOTO paciiupeHusi. Ecii Mbl HMeeM MHOKECTBO
BOIPOCOB EJ — ¢, NOCTaBJIEHHBIX B COOTBETCTBHE GOPEEBCKUM MOIMHOKECTBAM JICHCTBH -
TEJILHOH MPSIMOi TaK, UTO BBITIOJHSIOTCS yCa0BUS (a)—(C), TO Mbl MOXKeM 3aaaTh HabJ01a-
€MY10, OTOK/IECTBHB BOINPOC ¢g C TAKUM BOIPOCOM: MPUHAIEKHUT JIM U3MEPEHHOE 3HAUEHHEe
Ha6J1101aeMOi MHO2KeCTBY E ?

Paccemotpum tenepb gyHkimio @ — mq(Q). das kaxnoro a € 8 dyHkuus my,, obaanaer
CJIelyIOLLIMMH CBOMCTBAMMU:

(a) ecant Q1, Q2, ... — BOMPOCH, TaKHe uT0 Q; O Q; NPH i # j, T0 Mo (Q1+ Q2+ ...) =
ma(Ql) + ma(QQ) +.

(b) ma(o)v ma(l) =1

()0 < mu(Q) < 1 s Beex Q.

[1pou3BoJ/ibHYI0 1EHCTBUTENBHYIO (PYHKIIMIO, OTNPe/ie/ieHHY10 Ha MHOXKecTBe Q BCeX BOMPO-
COB U 06J1azalolIyio CBOHCTBaMHU (a)—(c), Mbl Oy/ieM Ha3bIBaTb BEPOSTHOCTHOH MepOH Ha BO-
npocax. OTo6pakeHue o — Mg, YCTAHABJUBAET B3AUMHO OJIHO3HAUHOE COOTBETCTBHE MEXKTY
COCTOSIHUSIMU U HEKOTOPBIMH BEPOSITHOCTHBIMU MepaMM Ha BOMPOCaX.

Bb1o 661 0ueHb CO6JIa3HUTENBHO 100ABUThH AKCHOMY, YCTAHABJIUBAIOIILYIO, UTO KaXK/1asi Be-
POSITHOCTHAsI Mepa Ha BOTIPOCAX €CTh My, JI/Isi HEKOTOPOTro v € 8. DTO YTBEP:KJIeHHE, OUeBH/I-
HO, BBIMOJIHSIETCS B KJaccHuecKol Mexanuke. OHO Takxke BBITIOJIHSAETCS (UTO y»Ke JIaJeKo He
OUEBHJIHO) B TOH MOJI&/IM KBAHTOBOH MeXaHHUKH, KOTOPYIO Mbl B KOHIIE KOHIIOB NoJiyunm. Eciiu
Obl Mbl 100ABUJIM TAKYI0 aKCHOMY, TO Hallla CUCTEMa BIOJIHE OMpe/iesigach Obl YaCTHUHO YIO-
psizloueHHBIM MHOXKecTBOM Q 1 onepauueil () — 1 — ), Mbl MOTJIH Gbl TOT/IA OTOXKJECTBUTH A
CO MHOKECTBOM BCEX BOMPOCHBIX MeP, 8§ — CO MHOXKECTBOM BCEX BEPOSTHOCTHBIX Mep Ha BO-
npocax U BOCCTAHOBUTDH p KaK (DYHKILIMIO, TIePeBOISALLYIO0 TPOHKY @, m, E' B m(Q ). Hakownell,
ecJ/ii Obl 3Ta AaKCHOMA He BBITNOJIHSJIACH, Mbl MOTJIH Obl PACIIMPUTD § TaK, YTOObI B MOJyUeHHOH
cucreMe akcuoma Oblia BepHa. OiHaKo Mbl BCe-TaKH He MojaaauMcs Takomy co6J1asny. [eso
B TOM, UTO COCTOSIHUSI HEJIb3sl KOHCTPYMPOBATh (DU3HUECKH TaK, KAK Mbl 3TO Jiesiaju ¢ HabJ1o-
JIaeMbIMH, 1 I03TOMY Obl10 Gbl OUeHb TPYHO 1aTh MPaBA0Noa00HOe (hH3HIECKOe 00bsICHEHHE
3TOH aKCHOMBI.

Bo Bcsikom ciyuae, Halla cucteMa MOXKeT ObITh OMHUCaHa Ternepb 3alaHieM TPeX JeMeH-
TOB: YACTHUHO YNOPSiIOUeHHOr0 MHOXKecTBa Q, onepaiyu (Q — 1 — () Ha HEM M HEKOTOPOTO
MOJIMHOXKECTBA BEPOSITHOCTHBIX Mep Ha Q. Jljisi Toro uto6bl yOeIUThCSl B 3TOM, MTPOBEIEM 06-
paTHoe NOCTPOEHHE: IOCTPOUM TPOHKY A, §, p, OTIPaABJASACH OT aOCTPAKTHOIO UACTHUHO YIO-
PSIZIOUEHHOTO MHOXKECTBA, B KOTOPOM OTIpeJIesIEHO ,, ION0JIHEHUEe™, ¥ 3a/IaHHbIX HA HEM ,,BepO-
SITHOCTHBIX Mep*.

[Tyctb £ — npoK3Bo/IbHOE YaCTHUHO YIIOPSIIOUEHHOE MHOMKECTBO, U @ — a’ — HUHBOJIIO-
TUBHBIH aHTHaBTOMOp(H3M B L, T. e. oro6paxenue L B L takoe, uto a”’ = auuz a; < ag
caenyer ahy < ay. Bynem nucarb a; O ag, ecam a1 < aly. Mbl GyjieM Ha3biBaTh 0TOOPaKEHHE
a — a' opmoeoHarbHbIM OONOAHEeHUeM, €CJTH OHO 00JaaeT CJIEYIOIIMMH JIOTOJHUTE b~
HbIMH CBOHCTBAMH:

(a) ecs ay, ag, ... — sqeMeHTbl L Takue, uto a; O a; NIPH @ # j, TO CYLIECTBYET €IH-
CTBEHHbII HAUMEHbLIHI 3JIEMEHT a, TaKOM, UTo @ > a;j NpH Beex j (Mbl Oynem 0603HaYaTh €ro
uepeza; Uag U...);

(b) a1 U a) = ag U d)y, st Beex aq ¥ ag (Mbl 6yieM 0603Hauath a U a’ uepes 1);

(c)ecmma <b,tob=aU (b Ua)'.

SlcHo, uto @@ — 1 — @) ecTb OpTOroHaJbHOE JIoNOJHeHHE B Q.

Ecim a — o' — npousBoJibHOE opToroHa/bHoe jomnosiHenre B L, To Mbl ONPeJIeHM Be-
posiTHOCTHYI0 Mepy Ha L (OTHOCHTE/IBLHO ornepaiwn ') Kak (yHKIHIO m, oToOpaxaroliyio L B
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orpe3sok [0,1], st kotopoit m(1) =1, m(1’) =0wu
m(ay UasU...) =m(a1) + m(a) + ...,

ecim a; O aj Npu i # j.
Ecai a1 < ag, ¥ m — BeposITHOCTHAsI Mepa, TO

m(az) =m(a; U(abUar)) =m(ar) +m((ah Uay)) = m(ay).

Ecam st HekoToporo cemerictBa F BEpOSITHOCTHBIX MEp BEPHO 06paTHOE, T. €. /iU U3
toro, utro m(aj) < m(az) st Bcex m € F, caenyer, uto a; < ag, 70 F Ha3bIBAETCS 101~

o0
HblM ceMeicTBOM. Ecii uist Kax 10t nocsieioBatesibHoct m; € F mepa |, tym;, e t; > 0
i=1

[e.°]
v Y t; = 1, rakke npuHamiekut F, o F Has3bIBAeTCsS CTPOTO B6LAYKAbIM. SICHO, UTO BCe
m; 1npu a € § 06pasyloT CTPOro BHIMYKJ0€E MOJHOE MHOXKECTBO BEPOSITHOCTHBIX Mep Ha Q.
Hakoweli, oripesiesiuM Mepy L Ha eliCTBUTENbHOM NPSIMOil CO 3HAUEHUSIMU B L KakK PyHKIIHIO
E — Lg, oro6paxaroliyio B B L 1 06J1a1a10111y10 C/IeyI0IHMMH CBOHCTBAMHU:

(a)ecotn ENF =0,10 Lg O Lp;

(b)ecn E;NE; =0npui # j, 70 Lg,up,u.. = Lg, ULE, U. ..

(C)Lg = 1/, LR =1.

HetpynHo nokazaTh CJiely1oliyio TEOpemy.

Teopewma. llyemov a — o' — opmoconarvrnoe donosnenue Ha NPOU3BOLLHOM
HaACMUUHO YnopsaodoueHHom mHodxcecmae L, nycmo § — NPOU3BONbHOE NOAHOE CMPO-
20 BuinyKAOe cemelicmBo sepoimuocmuolx mep Ha L (omruocumervno onepayuu ') u
nycme A — MHONCECMBO 8CeX Mep HA OelicmMBUMENbHOL NPAMOL CO 3HAUYCHUIMU 8 L.
s kasxcdol mpotiku L,m, E, ede L € A,m € 8§, E € B, noaowcum p(L,m,E) = m(LEg).
Toeda A,8 u p ydosiremsopsom akcuomam 1—6. boaee moeo, cyuecmsyem 83aUumHO
00dHO3HauHOe coomsememaue mexwcdy L u Q, coxpansiowee nopadok, npu KOmMopom
onepayuu a — a' coomsemcmayem onepayusi Q@ — 1 — Q.

[oBopst MmeHee hopmasibHO, MOHsATHE cucTeMbl A, 8, p, yoBJeTBopsitolleil akcuomam [—6,
9KBUBAJIEHTHO TOHATHIO YUACTHUHO YMOPSIIOUEHHOTO MHOKeCTBa L ¢ OPTOrOHAJBbHBIM J0TO0J -
HEeHUEM U C 3aJ]aHHBbIM Ha HeM MOJIHBIM CTPOTO BBIMYKJbIM CEMEHCTBOM BEPOSITHOCTHBIX Mep.
STa 3aMeHa ONpaB/bIBAETCS TEM, UTO CHCTeMBbI L, 8 MPOLIe HCCIeI0BaTh, UeM cUcTeMbl A, 8, p.
Mui 6yaem HasbiBath Q = L 102uKodi naieli cuctembl | ). UacTHUHO YropsiloueHHOe MHOMKe-
cTBO L BCEX BOMPOCOB MrpaeT TaKylo »Ke pPoJib B HallleH CUCTeMe, Kak (Pa3oBoe MPOCTPAaHCTBO
B KJIAaCCHUECKOH MeXaHUKe. DTa aHAJOTHs CTaHeT ellle 6oJiee MOJHOM, eC/ii Mbl OyJleM Mpe-
CTaBJAThL ceOe Kaccuueckoe pazoBoe MpOCTPAHCTBO Kak OyJieBy asire6py Bcex 60pesieBCKUX
MOJIMHOXKECTB, a HE KAK MHOYKECTBO TOUEK.

Jlo cux nop Hailld akcMOMbl OblJIM OJIMHAKOBO MPUMEHUMbI W K KJIACCHUECKOMH, U K KBaH-
TOBOH Mexanuke. Celiuac, HaAKOHEIl, Mbl BbIJIEJIUM KBAHTOBYIO MEXaHHKY, PUHSB HEKOTOPOE
MPEJINOoJIOKeHHe OTHOCHTENLHO CTPYKTYphl Q. CHauaga, olHaKo, Mbl BBEJIEM HEKOTOPHIE M0-
HSATHSI, KOTOPbIE MOXKHO OOCYIUTD, He JieJ1asi IOTIOJHUTENbHBIX TPEINON0KEHHH OTHOCUTENBHO
Q.

[Tyctb A — nabmonaemas, u nyctb £ — GopesieBCKOe MOJAMHOXKECTBO JEHCTBUTENLHOM
npsivoii. Econ Q4 = 0, 1. e. ecant aua(E) = 0 nipu Beex a € S, Mbl ckaxkeM, uto F umeer Me-
py HyJb oTHOcUTenbHO A. O603Haunm uepe3 O 4 00beIHHEHHE BCEX OTKPBITHIX HHTEPBAJIOB,
HUMEIOLLUX MepY HYJIb OTHOCHTeNLHO A. JlokasaTesnbeTBo Toro akra, uto O 4 caMo HMeeT Me-
py HyJIb OTHOCHTEJbHO A ¥ COIEPKHUT JII0O0E OTKPBITOE MHOXKECTBO MEPbI HYJIb OTHOCHTE/Tb -
HO A, SIBJISIETCS] IPOCTHIM YIPaXKHEHHEM M3 T€OPUH (PYHKIIMH JIeACTBUTENBHOTO MepeMeHHO-
ro. 3aMKHYTO€ MHOKECTBO, COCTOsILEee U3 BCEeX JIEHCTBUTE/IbHBIX UMCEJ], He TIPHHAJLIeKALLIUX

') Cwm. cratbio Bupkroda u on Heiimana [Birkhoff G., von Neumann J., The Logic of quantum mechanics,
Annals of Math.,37 (1936), 835].
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O 4, Mbl OynieM Ha3bIBaTh cnekmpom A u o6o3nauath uepes S4. Kaxnas touka x, ais Koto-
poi Qfm} # 0, KOHEeUHO, MPUHALIEKUT S 4. MHOXKECTBO BCeX TaKUX ToueK Oy/eM Ha3blBaTh
moueunoin cnekmpom A. Ecan Toueunslii criektp A siB/sieTcst 60peieBCKUM MHOXKECTBOM,
JIOTIOJIHEHHE KOTOPOTO UMEET Mepy HYJIb OTHOCHTEIbHO A, TO Mbl 6yj1IeM TOBOPHTh, UTO A HMe-
€T 4ucmo moueursitl cnekmp. Mol yBUANM, UTO TPAaBHJIA KBAHTOBAHUS BBITEKAIOT U3 TOTO,
UTO HEKOTOPble OCHOBHbIE HAOJII0/laeMble UMEIOT HEeMyCTOl TOUeuHblil criekTp. Mbl Gyjiem ro-
BOPHTB, UTO Hab/onaeMast A oeparuiera, eciu ee CrekTp S4 COMepKUTCS B KOHEUHOM HH-
TepBasie. Haumenbliee nosoxurenbHoe uncsio N takoe, uto |x| < N s Bcex © € Sy, Oyner
Ha3bIBaTLCS HOPMOL HabMmo1aeMol A U 0603HauaThest uepes || Al|.

[Tyctb A — mpousBoJibHasi orpaHuueHHasi HabJtoiaemasi, o« — TPOU3BOJILHOE COCTOSI-
nue. Torna a4 — HeKOTOpasi BEpOSITHOCTHAs Mepa, KOTOpasi CKOHLIEHTPUPOBaHA Ha UHTepBaJie
—||A|l € z < ||A|); nostomy unrerpan

+o0o

/ xdoa(x)

—00

cyLectByeT. Mbl 6yeM B COOTBETCTBHH ¢ OOBIUHOM TEPMUHOJIOTHEH TEOPHH BEPOSTHOCTEH Ha -
3bIBATh 3HAUEHHE ITOrO UHTErPaJla MAMEeMAMULeCKUM OHCUOAHUeM, WIH CPeOHUM 3HAYe-
Huem HabonaemMoit A B coctosiuun . Ml GyzieM 0603HauaTh ero uepes mq(A). Ecaim A —
BOIIPOC, TO (v4 CKOHLICHTPUPOBAHAa B ABYX Toukax 0 v 1

+o0o

ma(A) = /:UdozA(az) —0-aa({0}) +1- aa({1}) = aa{1}.

—00

Takum o6pazom, m,, B IPUMEHEHHH K BOIIPOCY JIAE€T TO XKe 3HAUEHHE, UTO U CHMBOJI M, B €10
MPEKHEM CMbICJIE.

[TpenrnosioxKum Terepb, UTO B Hallel CHCTEME BBIMOJHSIETCS CJeyoliasi akcHoMma, CBsi-
3aHHasi C aKCUOMOH 2.

Axcuowma 2. Ecau my(A) = mq(B) 041 8cex cocmosanut o, mo A = B.

Torna n/ist 1ByX 3a/laHHbIX OrpaHHUEHHBIX HaOJt0aeMbix A1 U Ao GyJIeT CyllecTBOBATh He
6oJiee oHON HabJ01aeMOl A3, Takoil, uto mq(As) = ma (A1) + mq(A2) 175 Bcex cocTo-
sHuil «. Ecan HaGmonaemast Az CyllleCTBYeT, TO ee eCTeCTBEHHO Ha3BaTh Cymmoi A + As
HabsoaaeMbix Ay U Ao, Takum 06pa3om, NMpH HAJHUHK aKCHOMBI 2 Mbl MOXKEM OIPEIE/IHTD,
UTO Mbl TIOHUMaeM 1oJi cyMmoll A + As, XOTsl 3Ta cCymMMa M He Bcerja cyiiecTtyer. Ec-
am Ay = fi(B) u Ay = fo(B), To HeTpyaHO MoKas3aThb, uto A; + Ay CylllecTByeT U paB-
Ha (f1 + f2)(B). He cauiikom TpynHo noKa3ath, uto Bcerja, Korna Ay + Ag cyllecTByer,
|A1 + Ao|| < ||A1|| + ||A2||. danee, oueBuaHO, uTO €Cjii COOTBETCTBYIOLIHE CYyMMBI CyILIe-
crByloT, 70 (A+ B)+C = A+ (B+ C),A+ B = B + A, 1, KpoMe TOro, BbIMOJHSIOTCS
0ObIUHbIE TOXKIECTBA JIJIs YMHOXKEHHsT HabJTi0laeMbIX Ha BellleCTBeHHbIe uhca. [Tosromy, ec-
Jn Ay + Ay cylllecTByeT BCerjia, To orpaHUueHHble HabJo1aeMble 06pa3yioT HOpMUPOBAHHOE
JIMHERHOE MPOCTPAHCTRO.

[Tpennosoxenue, uto A + B CylIeCTBYeT BCErIa, SIBJSETCS OCHOBHBIM MPH TOM MOCTPOE-
HUH KBAHTOBOI MEXaHUKH, KoTopoe TpuHsATo Chrasiom ). OTHpaBHBLIM MyHKTOM €TI0 TeOpHH
CJIYXKMT HOPMHUPOBAHHOE BEKTOPHOE MPOCTPAHCTBO BCEX OrpaHHUEHHbIX HabJionaeMbix. M3
HAILIMX aKCHOM CJIGJIYeT, uTo Mmq(A2) > 0 s KaXkIoro CoCTOSHUS v M JUIsl BCEX HabJIio-
JlaeMbIx A, U3 Orpe/ie/ieHUsi CYMMBbI CJIEJLY€eT, UTO

Mma(AA + uB) = Amqo(A) + pmq(B).

%) Segal I. E. Annals of Math., 48 (1947), 930—948; A mathematical approach to elementary particles and
their fields, Lecture notes, University of Chicago, 1955, Ch. 1.
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Y Curaza cocTostHHe MO ONpe/IeIeHHIO eCTh ICHCTBUTEIbHAS (DYHKILIMS HA MHO?KECTBE OTPaHH -
UeHHbIX Ha0J110/1aeMbIX, KoTopast 06JalaeT STUMH JIByMs cBoficTBaMu. C Halllell TOUKH 3peHus,
9TO OmNpejie/ieHHe J0IMyCKaeT CJHIIKOM MHOTo cocTosiHui. He Kaxaoe cocTosiHie B CMbIC/Ie
CuraJsia cTaBUT B COOTBETCTBHE KaxK/I0H OrpaHHUeHHON Ha0J110/1aeMoil HEKOTOpoe pacripe/ie-
JieHre BepositHocTell. CocrosiHust Curasa — 3To, MO-BUANMOMY, BCe MPEeIeJbl TAKUX COCTOSI-
HUH, KOTOpble IEHCTBUTE/IBHO CTAaBSIT B COOTBETCTBHE KaxK/10H HaOJ0/1aeMOH BEpOSITHOCTHOE
pacripe/ie/ieHue; B IPUMEHEHHUSIX TaKHe ujleasbHble ,[Ipe/le/IbHble COCTOSIHUS uacTo OblBalOT
YIOOHBIMH.

Ecsn cymma A + B Bcerja CyliecTByeT, TO Mbl MOXKEM ONPeJIe/IUTh ,,CHMMETPU30BAHHOE
TPOM3BE/IEHHE™ IBYX OrPaHHUEHHbBIX HAG/TI01aeMbIX, 0J10:kHB Ao B = [(A+B)%?— A% — B?] /2.
B Toit Mojies, KOTOPYIO IEHCTBUTE/IBHO MCIIOJIb3YeT KBAHTOBAsl MeXaHuka, A o B nucTpuoy-
THBHO OTHOCHTEJIbHO CJIOXKEHHSI, 1 MHOXKECTBO BCEX OFPAaHHUEHHBIX HabJ1I01aeMbIX 06pasy-
€T KOMMYTaTHBHYIO HeacCOLMaTHBHYIO ajarebpy TaKOro THUMa, KOTOpblil aire6panucThbl Ha3biBa-
10T HOPJIaHOBOH anre6po (I;IopﬂaH — (bU3HK, KOTOPBIH HAua/1 U3yueHue ITHX aareOp UMeH-
HO B CBSI3H C KBAHTOBOH MexaHHKoi1). K coxkasieHHto, HeT HHKAKoro H3BECTHOrO (PM3HUECKOro
ornpaBaaHus MPeANoJoKeHuo, uto A o B Bcerna nuctpubyTuBHo, a Jlaynencaarep u [llepman
NPUBEJIM [TPUMEPBI, MTOKa3bIBAIOLIME, UTO IMCTPUOYTHBHOCTD HE BbITeKaeT U3 akcHoM Curala.

[TycTb Q1 M Q2 — BOIPOCHI B KIACCHUECKOH MeXaHHUKe, T. €. GopesieBCKUE MOIMHOKECTBA
My «. TTosroxxum

Ri=@Q\Q1NQ2, Ro=0Q2\Q1NQ2, Q3=0Q1NQa;

torna Ry, Ry u (Q3 monapHo He nepecekatorcst, U Q1 = Ry + @3, Q2 = Rz + Q3. B o611em
cJlyyae MOXKET W He CYLIeCTBOBATh TpeX BONpPocoB Ry, R U (Y3, TAKUX, UTO

RiORy, RiIOQ3, ROQ3, Qi=Ri+Q3 Q2=Rx+Qs.

Ec/n Takue BOmpochl CylIeCTBYIOT, TO Mbl Oy/1eM TOBOPHUTh, UTO (1 U (J2 COBMECTHBI HJIH JO-
nyckarom odnogpemenrole omsemol. ONpaBlaHUeM TaKOH TEPMHHOJIOTUH CJIYXKHT JIETKO
JIOKa3blBaeMasi Teopema, yTBepaKaatonias, uro Q1 u Q2 J0MyCcKaloT OHOBPEMEHHbIE OTBETHI
(B 9TOM CMBICJIE€) B TOM U TOJIbKO B TOM CJlyuae, KOTJa CyliecTByeT HabonaemMas A u 6ope-
JieBCKHe MHOXKecTBa E1 u Fo Ha NpsiMol, Takue, 4To Q’gl =Q1 ¥ QgQ = Q2. boJiee o61HM
00pa3om, Mbl Ha30BeM JIBe Hab/onaeMble A 1 B 10myCcKalonuMi OTHOBpeMeHHoe Hab o1 -
Hue, ecau Qa4 QP nonycKaloT ojHOBpeMeHHble OTBETb ISt 060l napbl £ u F us B. B
Halllell KOHEUHOH CHCTeMe aKCHOM MOXKHO OYJIET I0Ka3aTh, uTo JiBe HaOsonaembie A U B jl0-
MyCKaloT OIHOBpeMeHHOe HabJI0/IeHHe TOTJIAa M TOJILKO TOT/Ia, KOTa CYLIECTBYIOT HabJ01ae-
mast C' 1 6openieBckre hyHKUMH f 1 g, Takue, uto A = f(C) u B = g(C'). Brnio/siHe Bo3M0oXKHO,
UTO 3TO MOXKHO MOJYUHTh U3 y2Ke UMEIOLUXCST aKCHOM.

[1pennosioxkum, uTo Halla CUCTEMa TAaKoBa, UTo JoOble Ba Borpoca Q1 U Q2 J0mycKa-
10T OJIHOBpEMeHHbIe OTBeThl. Toraa, Kak HeTpyJHO BUJIETh, Hallla CUCTEMA SIBJISIETCS CIMpPYK-
mypot, T. e. 175 JIOObIX IBYX BOTMPOCOB (J1 M (J2 CyLIECTBYET HAUMEHbIIHMH H3 BOMPOCOB,
60JIBILINX KAXKI0T0 U3 (Y; UK paBHBIX eMy (OH o6o3Hauaercs uepe3 Q1 U Q2), 1 HAUOOJIbILIHI
13 BOMPOCOB, MEHBIIUX KAXJI0T0 U3 (); WK PaBHbLIX eMy (OH o603HauaeTcst uepes Q1 N Q2).
Hainee, 3ta cTpykrypa siBjsiercsi OyseBoi anre6pol B TOM CMbICJIe, UTO HA Hel 3a/1aH HHBOJIIO-
THBHBIH aHTHaBTOMOPHU3M Q — 1 — @, st KoToporo QN (1 — Q) =0, QU (1 —Q) =1, a
TaK¥XKe BBIMOJHAETCS OUCmpUubymusHoLl 3aKOH:

Q1N(QUQR3) = (Q1NQ2) U(Q1NQ3)

OO6paTHO, HETPYIHO BUJIETh, UTO €CJIM Halla cucTeMa siBJsieTes OyseBoi anrebpoi, To Jooble
JIBa BOIIPOCA JOMYCKAIOT OMHOBPEMEHHbBIE OTBETHL.

Jlaxke ecsin y Hac UMeIOTCs BOIPOCHI, He JI0MyCKalollie 0JHOBPEMEHHbIX OTBETOB, TO Oy-
JIeT 10 KpakiHer mepe jiBa Bonpoca — 0 1 1, — COBMEeCTHBIX C JitoObIM BorpocoM. Mul Gynem



68 1. 2. Keanmosas mexaruka

HAa3bIBATb MHOXKECTBO BCEX TAKUX BOTIPOCOB yermpom Q, o6o3nauats ero uepes C(Q). Scwo,
uro C'(Q) Bcerna siBsisiercsi OyJieBoii asre6poit. [1penosoxkum, uro C(Q) conepKuT sj1eMeHT
Qo, ormunbiii ot 0 1 1. Torna 1 — Qo Takxke npunaptexur C(Q), u 060ii 1pyro# Bompoc
R € Q onpHogHauHo npejcTanJsiercs B Buje Ry + Ro, tie Ry < Qo u Ry < 1 — Qq. Takum
obpasom, Q ecThb ,[ipsiMasi cyMMa* IByX 4aCTHUHO yIOpsII0UeHHbIX MHOXKeCTB Q1 1 Qg, rie

9 ={Q:Q<Qo}, 2={Q:Q<1-Q}

MmuoxectBa Q1 1 Qg yI0BJIETBOPSIIOT BCEM HALLIUM aKCHOMAaM, U Mbl MOYKEM PaCCMOTPEThb
UX LIEHTPbI U PA3JI0KUTh HX JlaJiblile, €CJIM 3TO BO3MOXKHO. Mbl MO2KEM MOMbITATHCS PA3JI0KHUTh
TakuM o6pasom Q B npsamyio cymmy Q1 @ Qo @ .. ., riie Q; Hepasa0scumsl B TOM CMbICJIE, UTO
UX LIEHTPbI TPUBHAJIbLHBI. KOHEUHO, KaK MOKa3bIBaeT NpUMep KJ1acCHUeCKOH MeXaHUKH, BOOO-
11l TOBOPSl, MOKET He CYILIEeCTBOBATh TAKOIO JMCKPETHOro passoxKeHusi. C pyroil CTOPOHHI,
JIOCTATOUHO SICHO, YTO C TIOMOIIIbIO COBPEMEHHOH T€OPUH HEMPEPBIBHBIX MPSIMBIX CYMM MOXKHO
10Ka3aTh, UTo Kaxjoe Q siBJsieTcs ,,[IPSIMbIM HHTErpaJjioM ™ /K ,,HeNpepbIBHOH MPSIMOK CyM-
Mol Hepasnoxumeix Q;. [1pu 5TOM, KOHEUHO, Takas HenpepbiBHAs CyMMa OyaeT Oys1eBoi aJi-
reOpoii B TOM H TOJIBKO B TOM CJlyuae, KOTJIa BCE €€ HepasJ/loxKUMble KOMITOHEHTbI TPUBHAJIbHBI,
T. €. SIBJISIIOTCS] OJIHOTOUEUHBIMH MHOXKECTBAMH.

C TOUKH 3peHHs1, IPUHATOH B 3TOM Kypce, OCHOBHOE pasjMude MEXIy KJIACCHUECKOH U
KBAHTOBOH MEXaHHKOH COCTOUT B TOM, UTO B KBAHTOBOI MeXaHHKe HMEKTCS BOIPOCHI, HE J10-
MyCKalolllie 0IHOBPEMEHHbIX OTBETOB, T. €. Q He siB/sieTcst GyJieBoit anre6poi. MoKHO NOUTH
Jlasibllle U YyCTAHOBHUTb He TOJIbKO TO, ueM Q He sIBJISIeTCsl, HO U TO, ueM OHO siBJisieTcs. [To-
UTH BCE COBPEMEHHbIE TEOPHH KBAHTOBOH MEXaHUKH OCHOBBIBAIOTCS O0Jiee UM MeHee SIBHO Ha
CJIelyIOLLEeM MPeo0KeHHH, KOTOPOe Mbl IPUMEM 3a aKCHOMY.

Axkcuoma7. Yacmuuno ynopsodouerHHoe MHOMECMBO BCeX BONPOCOB 8 KBAHMO-
80U MEXAHUKE U3OMOPPHO 4ACMUYUHO YNOPAOOUEHHOMY NO BKAOUEHUIO MHOMCECMBY
8CeX BAMKHYMbLX NOONPOCMPAHCME OECKOHEeUHOMEPHO20 cenapabeibrno20 KOMNACK -
HO20 2unbbepmosa nPocmMpaHcmaa.

DTa akcuoMa HOCHT COBEpILIEHHO HHOM XapakTep, ueM akcuoMbl 1—6. Bee npenbinyiime
AKCHOMBI ObLJH B IOCTaTOUHOH CTENEeHH eCTeCTBEHHbIMU U (PU3HUECKH OIpaBJaHHbIMH; aKCH-
oMma 7 Tipe/ICTaB/sieTCs COBEPIIEHHO MPOU3BO/LHOH. [Touemy Mbl ee puHsian ? MoxKeM Jii Mbl
ornpasjarh ee rnosijeHue ? Yro erte Mbl MOIJIM Obl PEUTOJN0KHTL BMeCTO Hee ? Mbl 06Cy MM
9TH BOIPOCHI 110 OUYEPE/IH.

Jlerue Bcero oTBETHUTH HA MEPBbIH U3 HUX. Mbl IPUHSIIN 3TY aKCHOMY, TTOCKOJIbKY OHa ,,pa-
60Taet", T. €. IPUBOJIUT K TEOPUH, KOTOpasi 00'bsICHSIET (PU3HUECKHE SIBJIEHHUS U YCIIELLIHO Npeji-
CKAa3bIBaeT pe3yJibTaThl IKCIEPUMEHTOB. BO3MOXKHO, UTO KaKOe-TO COBEPLIEHHO HHOE Mpe-
noJioxKeHue Obl10 Obl HHUYTh HE Xy2Ke B 3TOM OTHOLLIEHHH, HO, O-BUAUMOMY, HE HAHJEHO HH
OJIHOTO TAKOTO TIPE/ITOJIOKEHHs ° ).

B uneane xoresoch Gbl HMETb HEKOTOPBIH MepeueHb (PU3HUECKH MPABAONON0OHBIX MPei-
N0JI0’KEHHH, U3 KOTOPBIX MOKHO OblI0 Obl BLIBECTH aKCHOMY 7, MJIM, 3@ HEUMEHHEM TaKoro,
nepeueHb, U3 KOTOPOro BbITEKa 0 Obl HEKOTOPOE MHOXKECTBO BO3MOXKHOCTEH /sl CTPYKTYPBI
Q, npuyeM BCe U3 HUX, KPOME OJIHOH, TPOTUBOPEUHJIH Obl pe3yJ/ibTaTam J10J/KHbIM 06pa3oM Mo-
CTaBJIEHHbIX SKCIIEPUMEHTOB. B HACTOSILLIMI MOMEHT TaKOro rnepeuHsi akCMOM He CYLLECTBYET,
W HUUTO HE BBIHYK/JIA€T HAC MPHUHSTb aKCHOMY 7, KaK JIOTHUeCKH HEU30EXKHYIO0.

C npyrofi CTOpOHBI, 3Ta aKCMOMa BOBCE He SIBJISIETCS COBEPIIEHHO CJAyUYailHOH, KaK 3TO
npejicTaBJsieTcsi ¢ nepBoro Barsaa. Ecsu Mbl 3amenum Bonpoc: ,,Yem n0/kHO ObiTh Q 2% 60-
Jiee POCThIM BOMIPOCOM: ,, KakuM Mbl 10J1KHBI B3SITh Q, uTOOBI OCHOBHBIE (DU3HUECKHE 3aKOHbI
MMeJIH IIPOCTYIO M U3SILLHYI0 (hopMy 2, TO Mbl IPUJIEM K HECKOJIbKMM BO3MOXKHBIM BapHaHTaM
AKCHOMBI 7, KOTOPbIE HE CJAUIIKOM CHJIBHO OTJIMUAIOTCS OT MPUHSATON HAMH (hOPMYJTHPOBKH.

%) B 9TOM OTHOLIEHHH HHTEPECHbI OCIeTHIE PAGOTHI psita MaTeMaTHKoB B YKeneBckom yrusepenrere (Jauch,
Stueckelberg 1 1p.), NocBsillleHHbIE BEILIECTBEHHBIM H KBAT€PHHOHHBIM THJIbOEPTOBBIM MPOCTPAHCTBAM.
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B 5T0#1 ¢BSI3U Mbl paCCMOTPUM Cefuac, B KaKHUX C/yuasix YaCTHUHO YMOPSII0UEHHOE MHO-
JKECTBO MOXKET ObITh ,,[1ouTH OyJieBol anreGpoi. Hanomuum, uto 6yseBa anre6pa — 3T0 JuC-
TpUOYTHBHASA CTPYKTypa € A0NoJHeHHeM. To, uTo B HallleM YaCTHUHO yNOPS0U€HHOM MHOXKe -
CTBE UMeeTCsl JIONOJIHEHHE, U JlazxKe OPTOrOHAJIbHOE JI0TOJIHEHHE, CJIelyeT U3 IPEKHUX aKCHOM.
B uensix ,,peryssipHOCTH" padyMHO MPENoJ0KHUTh, UTO OHO SIBJISIETCSI CTPYKTYpPOi. Mbl norbl-
Taemcsl HaliTH HeKoTopoe ocJabJieHne IMCTPUOYTHBHOTO 3aKoHa aN (bUc) = (aNb)U(aNc).
B uactHoM cayuae, Korja a > ¢, 3TOT 3aKoH npuHuMaet Bux a N (bUc) = (aNb) U c. O6par-
HOE HeBepPHO: CLLLeCTBYET MHOIO HeIMCTPUOYTHBHBIX CTPYKTYP, Y KOTOPBIX U3 YCJIOBUS @ => C
BbITeKaeT, uto a N (b U ¢) = (a N b) U c. Takne CTPyKTYypbl HA3bIBAIOTCS MOOYALPHOLMU WITH
dedekuHO086IMU 1 XOPOILIO H3YUEHbI.

JleneKUHI0Bbl CTPYKTYPBI C IOMOJHEHHEM MOXKHO CUMTATh HanbGoJlee NPaBUJIbLHO YCTPOEH-
HBIMHM UAaCTHUHO YNOPSII0UEHHBIMH MHOKECTBaMH 1ocJie GyJieBbix anre6p. Bo Besikom ciyuae,
OHM SABJISIOTCA HanOOJee PEry/IPHbIMHU U3 TeX, KOTOPble CePbe3HO M3yuasuch. B uacTHOCTH,
€CJIM HaJloXKeHbl HEKOTOPbIe YCJIOBUSI KOHEUHOCTH, TO U3BECTHO OU€Hb MHOI0O€ O BO3MOXKHON
CTPYKTYype IeIeKUHAOBbIX CTPYKTYP C JOTMOJHEHHEM.

[Tycts F — npousBosibHOe (He 0653aTe/IbHO KOMMYTAaTHBHOE) TeJO, a Vg, — BEKTOp-
HOE MPOCTPaHCTBO HAGopoB U3 1 3J1eMeHToB JF. Torna yacTHUHO yropsiloUeHHOE MHOXKECTBO
L5, BCeX noanpoCcTpaneTs Vy ,, ABJISETCS IEAKHHA0BON CTPYKTYPOF € I0NOJHEHHEM H HMEET
MeCTO cJeflytolas Teopema: nyctb L — JIe/IeKMH/I0BA CTPYKTypa C JIONOJIHEHHEM, B KOTOPO
LUEMoukn a1 < ag < ... < @p UMEIOT OFPAaHUUYEHHYIO JJIHHY; Toraa L siBJsieTcsi npsiMoi
CYMMO¥ CTPYKTYp Buaa L, U €llle HEKOTOPbIX CTPYKTYP, He coJepKalluX Lenouek JJIMHbI
6o.bLe 4.

[Tpu OTCYTCTBUH YCIOBHI, HAJIOXKEHHBIX HA LIENOUKH, aHAJOTMUHOM TeopeMbl HeT ), Ho 1o
MeHblLel Mepe BIOJIHE J0MYCTHMO MPEJoNoKHUTh, UTo Q sBJISIeTCs IPSIMONH CYMMOH WJIH Tpsi-
MbIM HHTErPaoM HEKOTOPbIX O€CKOHEUHOMEPHBIX 0600wmenni L, HanGonee oueBuanbivm u3
TaKUX 000OLLEHHI SIBJISIETCS] CTPYKTypa BCeX 3aMKHYTbIX MOJITPOCTPAHCTB HEKOTOPOro GaHa-
XOBa NPOCTPAHCTBA.

Hanee, Kakyranu u aBTOpOM JI0Ka3aHO, UTO €CJIM B CTPYKTYpe BCEX 3aMKHYTBIX MOANPO-
CTPAHCTB JICACTBUTENLHOIO UJIM KOMILIEKCHOTO GaHaxoBa MPOCTPAHCTBA OIpele/ieHa ornepa-
LHs1 OPTOTrOHAJILHOTO AOMOJHEHHS, TO HOPMY OaHaxoBa MPOCTPAHCTBA MOXKHO 3aMEHHTb Ha
9KBUBAJIEHTHYIO TAK, UTO IPOCTPAHCTBO MPEBPATUTCS B THJILOEPTOBO NPOCTPAHCTBO C OUEBH/1-
HBIM OPTOTOHAJIBLHBIM J0M0JHeHHeM. Kopoue roBopst, Mbl €CTeCTBEHHbIM 00pa3oM MPUXOAUM K
TOMY, UTO HauboJiee BEPOSITHBIMU ,,KaHAUaTaMH" Ha yuacTHe B MPSIMbIX CyMMax M HHTerpa-
nax crpyktyp ssasiotess LF u L€, rne L® — crpykTypa Bcex 3aMKHYTBIX MOMNPOCTPAHCTB
JleficTBUTeIbHOTO THAbGepToBa npoctpancTsa, L& — cTpyKTypa Bcex 3aMKHYTHIX MONPO-
CTPaHCTB KOMIJIEKCHOTO TH/IbOepTOBa NpocTpaHcTBa. He yuntbiBast noka 6oJiee 3K30THUECKHUX
BO3MOXKHOCTeH BbIOOPA CJlaraeMblX, Mbl BUAHUM, UTO [IPOU3BOJI B BBIOOPE Halllell aKCHOMBI 7 3a-
KJII0UaeTCsl JIMLLb B TOM, UTO Mbl [IPEIIOJIaraeM HaJmuue ToJbKO 00H020 CJIaraeMoro, a Takxe
B TOM, UTO 3TO CJIaraeMoe OINPEesIeTCsl KOMNACKCHoIM (@ He IeHCTBUTE/IbHBIM ) THIBOEpPTO-
BbIM [IPOCTPAHCTBOM.

[IpeanonoxKenue, 4To UMeeTCs1 TOJBKO OJIHO cJlaraeMoe, PU3HUECKH COOTBETCTBYET Mpeji-
TNOJIOZKEHHIO, UTO Kaxk/asl HeMOCTOsiHHAsL Ha0Jo1aeMast He J0MyCKaeT OJHOBPEMEHHOrO Ha-
OJII0JICHHs] C HEKOTOPLIMH HabJ/1t0/1aeMbIMH, — TPE/IOJN0KEHHIO, UTO IPUPOJIA YCTPOEeHa J10-
CTaTOUYHO pa3yMHO. Kpome Toro, ecTecTBeHHO HauaTh UCCJEIOBAHUE UMEHHO C 3TOrO CJlyuas
M3-3a ero MaTeMaTHuecKoil npoctorbl. C Jpyroil CTOPOHBI, B HeJlaBHeH paGoTe 10 ,,BbICILIUM
npasusam ot6opa” Yailtmena, Buka u Burnepa npunumaercs, uto, 1o KpariHeil Mepe B HEKO-
TOpPBIX cJyuasix, Q siBjsieTcst NPsSIMOK CYMMOH, U CYLLLECTBYIOT HEIOCTOSIHHbIE YHHBEPCAJIbHbIE
(coBMeCTHbIE CO BCEMHU JIPYTHMHU ) HAabJTI01aeMble.

Heckousbko ciioxkHee 00bsICHUTDL 3HaUeHHe BbIOOPA KOMIIEKCHOTO BEKTOPHOIO IPOCTPaH-

*) Cm., onHako, cratbio Kannanckoro [Kaplansky 1., Any orthocomplemented complete modular lattice is a
continuous geometry, Annals of Math., 61 (1955), 524—541].
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CTBA BMECTO JeHCTBUTE/LHOTO0. B caenytoliem pasesie Mbl yBHAUM, UTO CYLLECTBOBAHHE YMHO-
»KEHHS! Ha ¢ JlaeT BO3MOXKHOCTb MEPEHECTH Ha KBAHTOBYIO MEXaHHUKY OJIHO M3 HauboJiee CHIlb-
HbIX (hOPMaJIbHBIX CBOMCTB KJACCUUECKOH MEXaHHKH, a IMEHHO €CTeCTBEHHOE COOTBETCTBHE
MexK 1y HabJl0JaeMbIMU W OJIHONIapaMeTPHUECKUMH MPYIIaMi CHMMETPHH.

Crpykrypsl L8 u LC asasiores:, BeposiTHO, HanGoJ1ee 0UEBUAHBIMH 0G0GIICHHIMHI Lgn,
HO OHH OTHIO/Ib HE SIBJISIOTCS] €IMHCTBEHHO BO3MOXKHBIMH 060011eHUsIMU. JlelcTBUTE/IbHBIE U
KOMIIJIEKCHbIE UHCJIa He €IMHCTBEHHbIE UUCJIOBbI€ CHCTEMbI, Ha/l KOTOPLIMH MOKHO CTPOMTH
r'u/ibOEPTOBO MPOCTPAHCTBO. DOJIBIIMHCTBO PYrUX BO3MOXKHOCTEH MPHUIETCSI, CKOpee BCero,
OTOPOCHUTb M3-3a HECBSI3HOCTH WJIH JIPYTUX MOJI0OHBIX HEY100CTB, OJIHAKO OCTAlOTCs KBaTep-
HHUOHBI, U Mbl JIOJDKHBI paCCMaTPUBAThb CTPYKTYPY 3aMKHYTbIX MOANPOCTPAHCTB KBAT€PHHUOH-
HOTO rMJILGEPTOBA MPOCTPAHCTBA KaK BO3MOKHYI0 3ameny LC. iMeloTces Takke BO3MOKHOCTH
JIPyroro poja.

Crpykrypy L€ MOKHO TaK:Ke ONpefe/IuTh KaK CTPYKTYPY BCEX CaMOCOTPSIXKEHHBIX HeM-
MIOTEHTOB B KOJIbLIE BCEX OrPAHUUEHHbBIX JIMHEHHbBIX OMlepaTOPOB B KOMITJIEKCHOM M'HJIbOEPTOBOM
NPOCTPAHCTBE. DTO KOJbLIO MpeacTaBJsierT co6oil npumep toro, uro Mroppeit u pon Heiiman
Hassa/ akTopom ). B ciryuae KOHEUHOTO unc/ia u3MepenHii Bee (akTophl HMEIOT TAKOH BHIL,
HO B 6ECKOHEUHOMEPHOM CJlyuae TaKUMH SIBJSIIOTCS TOJIbKO (hakTopbl THNa 1. Jlyist Kaxaoro
thakropa thna 11y, Il u I11 MoxXHO 06pa3oBaTh CTPYKTYPY BCEX €0 CaMOCOMPSIKEHHBIX
MJIEMIIOTEHTOB, KOTOPYIO TaK:Ke MOXKHO pacCMaTpHBaTh B KauecTBE BO3MOXKHOH MOJEJH /15l
Q. B nefictButenbroct on Heiiman numes B BUIy HMEHHO 3TO MPUMEHEHHE, PAa3BUBAst T€O-
puto dakropos. boJiee Toro, st pakropa thna 117 cooTBETCTBYOLLAS CTPYKTypa Oy/eT aesie-
KHUHJ0BOM, TOT/1a KaK, HECMOTPSI HA Te COOOParKeHHUs1, C MOMOLIbIO KOTOPBIX Mbl MOTUBHPOBAJIU
Beesente L& u L€, 91i cTpyKTypHI He ABAIOTCS BHIOJHE [eeKUHI0BLIMA. Bripouem, cTporuii
3aKOH MOJLYJISSPHOCTH TPEJICTABJSIETCS], MOXKaJyH, uepecuyp CHJIbHBIM B Te€X CJyuasiX, KOria
OTCYTCTBYIOT CHJIbHbI€ YCJIOBHSI KOHEUHOCTH.

Bbl110 Obl 0UeHb MHTEPECHO MOAPOOHO UCCJIE10BATh OCJAEICTBUS, K KOTOPBIM MPUBEJIO Obl
HU3MeHeHHEe aKCHOMbI 7 B TOJIKO UTO YKA3aHHBIX HATPABJIEHHUSIX, OJJHAKO TAKOEe UCCJIeIoBaHHE
noKa He nposejieHo. [1oaToMy Mbl 3aKaHUMBaeM Ha TOM HaLIW ONpaBJaHUsl U MPOJI0JIKAEM
BBIBOJIUTD CJIEAICTBHS U3 aKCHOMbI 7 B TOM BHJIE, B KAKOM MbI €€ C(hopMyJ/IHPOBAJIH.

[Ipexxnie Bcero, U3 yrnoMsiHyTOH Bblilie TeopeMbl KakyTaHu H aBTopa HermocpecTBEHHO cJie-
JIyeT, UTO U30MOP(H3M, 0O KOTOPOM FOBOPHUTCSI B aKCHOME 7, MOKHO BCer/ia BbIGpaTh TakK, uTo
€CJI1 BONpoc () COOTBETCTBYET 3aMKHYTOMY NOANPOCTPAHCTBY M, TO 1 — () COOTBETCTBYeT 3a-
MKHYTOMY T0ApoCTpaHcTBy M+ — oproronanbHomy jonoJtenuio M. lanee, Gynet y1o6Ho
OTOXKJIECTBUTb KaXK/10€ 3aMKHYTO€ MOANPOCTPAHCTBO C IPOEKTOPOM Ha 3TO MOANPOCTPAHCTBO.
JpyrumMu cJj0BaMH, Mbl MOXKEM CUHTATh, UTO y HAC UMEETCsI B3AUMHO OJJHO3HAUHOE COOTBET-
CTBHE MeK/ly 3/1eMeHTaMM Q U npoekTopaMu B 6eCKOHEUHOMEPHOM cerapabe/ibHOM ruiboep-
ToBOM npoctpancTBe I, takoe, uto eciiu P ~ Q, 01 — P ~ 1 —Q,unecim Q1 ~ P u
Q2 ~ P5, 10 Q1 < Q2 TOrA M TOJIBKO TOTJA, Korjaa PPy = Po Py = Py

Haueil cnenyrouteit 3anaueit 6y1eT ycTaHOBUTh, KAKHE Mepbl Ha BONPOCAX JIO/IKHBI CUM-
TaThCsl COCTOSIHUSIMM, U GJiaroiapsi OIHOM ryiyb6oKoii Teopeme [J1McoHa Mbl YBUUM, UTO CYllle-
CTBYET TOJILKO OJIHO pa3yMHO€ pellieHre 3TOl 3a1aun. Mbl HauHeM ¢ HeKOTOPbIX IPUMEPOB Mep
Ha MHOXKECTBE BOIIPOCOB.

[1ycTb ¢ — NpOH3BOJIbHBII BEKTOP B HallleM rHyibOepToBoM npoctpaHcTse H. [11s Kaxio-
ro Boripoca @ 1nosioxum my, (Q) = (P(¢)|p), rie P — cootercTByloLIMi NpoekTop. OueBu-
HO, UTO M, €CTh HEKOTOPAs BePOATHOCTHas Mepa Ha Q. JIpyrue npuMepbl MOXHO MOJIYUHTb,
06pasysl BhITyKJIble JTMHEHble KOMOUHALMH Y11y, + Y2, 4. .., Taey; = 0,7 = 1, 1 p;
— eIMHUUHbIE BeKTOpbl. CorsiacHo Teopeme [yMcoHa, HUKAKUX HHBIX TPUMEPOB He CYILIECTBY -
eT: Juisl J1o6oil BEPOSITHOCTHOM Mepbl ™ Ha Q CYLLECTBYIOT MOCJ/Ie10BaTe/bHOCTb @1, P2, . - -
3/71eMeHTOB H eIMHUUHON VTUHBI (KOTOPbIE MOXKHO BbIOPATh OPTOrOHAJIBHBIMHI ) H MOCJ/IEI0BA -

®) Onpenenene (HakTopoB M HauafibHbie CBEACHHS O HUX Hanokewel B . VII kuurn Haiimapka
[Haiimapk M. A, Hopmupoantsie Kosblia, M., 1956]. — [Tpun. peo.
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TEJILHOCTb Y1, Y2, - - . [TOJIOKUTEJBHBIX UHCE/I, YAOBJAETBOPSIOLIAS YCJIOBHIO Y1 + Y2 + ... = 1,
Takue, 4To M = Y1My, + Y2My, + .. .. JlokasarenbeTso [ncona sTofi B BhICLIeH cTenenu
HeTPHBHA/ILHOI TeopeMbl MOKHO HAlITH B €ro ctathe °).

Mbl 10/12KHBI pellUTh, KaKie U3 9THX Mep COOTBETCTBYIOT cocTosiHMsAM. Kak oTMeuasoch
paHee, HET HUKAKUX OCHOBAHMI 3apaHee MPeroJararh, UTo BCe Mepbl COOTBETCTBYIOT COCTO-
SIHMSIM, OJIHaKO OJiarojiapst Teopeme [VIMCOHA Mbl CMOXKEM JI0Ka3aTh 3TO, €CJIM MPUMEM ellle
OJIHY BITOJIHE MIPAB/IONOI00HYIO aKCHOMY.

Axcuowma 8. Ecau Q — sonpoc, omauurelli om 0, mo cyujecmsyem cocmosanue o,
045 komopoeo mq(Q) = 1.

Teopewma. Kamodas mepa na mroxecmse 80npocos cOOM8EMCMBYem HeKoOmopo-
MY COCMOAHUI.

HokazaresbcTBo. [lycTh o — npousBoJibHbIN e1MHHUHBIN BekTOp B I, 1 P — nipo-
€KTOP Ha OJIHOMEPHOE MOANPOCTPAHCTBO, MOPOKIEHHOE . COrIacHO aKCHOMeE 8, CyLIeCTBYeT
COCTOsIHHE @, JUIs1 KOTOPOTro m(Q)) = 1, rie (Q — BOIMpoC, COOTBETCTBYIOLIHI PoeKTOpy P.
B cuuy Teopems [nncona,

Mo = V1M + Y2y + ...

NIPU HEKOTOPBIX 7Y; U ;; TO3TOMY

0=mqa(l - Q) =mI[1— (P(p1)lr1)] + 721 = (P(p2)|p2)] + -,

T. €. v;[1 — (P(¢;j)]¢j)] = 0 n1s Beex j. Caenoaresibho P(p;) = ; 1UIsl KaXKIOTO j, T. €. 1151
Kaxao0ro j ¢; = c¢jp, rae |cj| = 1. Takum o6pasom,

my, (P') = (P'(¢j)le;) = (P'(cjp)lcip) = (Pelp)

s Beex P’ OTciona clielyer, uto my, = My, 1S BCeX j, MOITOMY ) YjMy, = My, T. €.
Ma = M. CJ1e10BaTeIbHO, My, COOTBETCTBYET HEKOTOpPOMY cocTosiHHIo. [TockosbKy ¢ —
[IPOU3BOJIbHBIM €MHHUUHBIA BEKTOP, M KaXKAas Mepa Ha BOIPOCAX MMEET BUJ Zyjm%, TO,
NPUMEHSISl aKCHOMY 4, Mbl MoJlyuaeM, uto Jitobasi Mepa Ha Q COOTBETCTBYeT HEKOTOPOMY CO-
CTOSIHHIO.

HerpyaHo BUIETh, UTO BCe COCTOSIHMSA, KOTOPLIM COOTBETCTBYIOT Mephbl Ha Q BHJIA 1My, I/1e
Y — eILI/lHI/I'-IHbIﬁ BEKTOP U3 J‘f, ABJAIOTCA YUCTBIMH COCTOAHHUAMU. O'—leBHILHO, 4TO BCe OCTaJIb-
HblI@ COCTOSIHMSA He ABJAIOTCA udCTbIMH. [Tostomy ¢ — m,, — oToOGpaxeHHe eIMHHYHOMN
cepbl THILOEPTOBA MPOCTPAHCTBA HA MHOXKECTBO UMCTBIX COCTOSIHUE Halllell CUCTEMBI. DTO
oroOpaxKeHHe He B3aMMHO OJIHO3HAYHO, HO Mbl MOXKEM HEMOCPEICTBEHHO YOEIUThCSl B TOM,
uTO My, = My, TOIJA TOJILKO TOIJA, KOTa ¢ = ¢ Ui HEKOTOPOro KOMILJIEKCHOIO UHcJa ¢,
paBHOro Mo MofyJio 1. TT03TOMy, eC/il Mbl OTOXKAECTBHM  C ¥y, TO MOJTYYMM B3aHMHO OJI-
HO3HAUHOE COOTBETCTBHE MEXK/1y €IMHUUHBIMH BEKTOpaMHU B THJIbOEPTOBOM NpocTpaHcTee J{ 1
YHUCTbIMH COCTOAHHUAMMU.

Tenepb mocMoTpuM, Kak BBHINVISIIST B CBeTe aKCHOMbI 7 Ha0Jll0laeMble Halleld CHCTEMBbI.
CoryacHo o0111e#i TeopuH, Ha0J1I01aeMble B3AUMHO OIHO3HAUHO COOTBETCTBYIOT MEPAM CO 3HaA-
UEHHUSIMH B MHO2KeCTBe Bcex BonpocoB. C pyroi CTOPOHbI, Mbl OTOXK/IECTBUJIN Telepb BOMPO-
Chl C TIPOEKTOPAMH B T'HJIbOEPTOBOM MpocTpaHCcTBe. Takum 06pa3om, HabJ01aeMble COOTBET-
CTBYIOT B3aUMHO OJIHO3HAUHBbIM 00pa3oM MPOEKTOPHBIM MepaM B HalleM I'HJb0epTOBOM Ipo-
ctpaHerBe. Ho, cormnacHo criekTpaJjibHOM TeopeMe, CyLecTBYeT eCTeCTBEHHOe B3aHMHO OJIHO-
3HAUHOE COOTBETCTBHE MEXKY MPOEKTOPHBIMU MepaMu U (He 00513aTe/bHO OrpaHHUEHHBIMH )
CaMOCOINPSKEHHBIMU orlepatopaMi. OO0beIMHsIS 9TH JIBa COOTBETCTBHSI, Mbl yCTaHABJIMBAEM
B3aUMHO OJIHO3HAYHOE COOTBETCTBHE MEXK/y HaOJ/I01aeMbIMU U CaAMOCOTPSI2KEHHBIMH Orepa-
TOpamH.

[Tycte A — npousBoJibHBIH camoconpsiKeHHbli onepatop B H, ¢ —NpOH3BOJbHBIN €11 -
HUUHBIA BeKTOp, U E — GopesieBckoe MHOKecTBO. KakoBa BepOSITHOCTb TOrO, UTO B UHCTOM

5YGleason A.M.,J. Math. Mechanics, 6 (1953), 885—893.
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COCTOSIHUH, OTIPE/IENIIEMOM (o, U3MepeHHe HabJIoaeMol, onpeesiseMont A, 6yaer naBartb pe-
3yJibTar U3 MHOXKecTBa F ? J1j1si Toro uToObl OTBETUTHL HA 3TOT BOMPOC, HYKHO CHauaJia nepek-
TH K IPOEKTOpHOI Mepe P4, onpesiesisieMoli orepatopoM A cORIacHo CreKTpaibHoOl Teopeme.
Torna npoekTopom, COOTBETCTBYIOLIMM BOMPOCY: ,,JI€XKUT JiM 3HAUeHHe Halllel HabJII01aeMOk B
E?*“ — 6yner P4, a uckomast BeposiTHOCTb GyieT pasHa (P4 ¢|p). Mbl MoXKeM Terepb KpaTko
chopMyJIHPOBATH OCHOBHBIE M0JIOXKEHHST KBAHTOBOH MEXaHHUKH.

Habawodaemole 83aUumMHO 0OHOZHAUHO COOMBEMCMBYIOM CAMOCONPINCEHHIM ONe-
pamopam 8 cenapabesoHom OeCKOHeUHOMepHOM euavbepmosom npocmparcmee H.
Yucmeoire cocmosiHus 83aumHO 00HO3HAYHO COOMBEMCMBYONM 0O0HOMEPHbIM NOONPO-
cmpancmsan H. Bepoamuocmuoe pacnpedesenue, Komopoe coomsemcmayem Ha-
barodaemoil, onpedeasemotl onepamopom A, 8 HUCMOM COCMOSHUL, Onpedessiemom 00-
HOMEPHOIM NOONPOCMPAHCIMBOM, NOPOHCOCHHOLM eOUHUUHOIM BEKMOPOM @, 3a0aemcs
dhopmynoti

E — (PA(9)l9).

ede Pj — npoekmopras mepa, COOMBEMCMBY0OWAL onepamopy A coeracho cnek-
mpaavHot meopeme. Kaxcdoe cocmosnue npedcmasasiem coboil Hekomopyto (8006w e
2080ps, 6ECKOHEUHYI0) BOLNYKAYIO KOMOUHAYUIO YUCMbLX COCMOSAHU.

BBeI[eHI/Ie CaMOCOIPsA2KEHHbIX OIEPATOPOB B 9TOM MECTE MOIJIO MMOKA3aTbCsl HCKYCCTBEH~
HbIM, TTOCKOJIbKY Mbl TYT BEPHYJIUCh 00pPAaTHO K OCHOBHOH TIPOEKTOPHO# Mepe JI/Ist TOT0, UTO0bI
MOJTyUUTh CTaTUCTHUECKOe pacrpeenenre Habmonaemoil. OMHaKo, Kak Mbl cefuac yBUAHM,
orepaTopbl camu 1o ceGe UrpatoT OueHb BaXKHYIO POJIb BO BCEH TEOPHH; B MPUJIOKEHHSIX Obl-
BaIOT U3BECTHBI MIMEHHO OTMepaTOpPbl U TpeOyeTCsl HAUTH UX CTEKTPaIbHOE Pa3I0KeHHE.

B kauecTBe 1nepBoro rnpumMepa HernocpeaCTBEHHOTO MPUMEHEHHsI OMePAaTOPOB Mbl BbIUKMC-
JIUM cpejiHee 3HaueHue HabJI01aeMoi, onpeesisieMoi ornepatopomM A, B COCTOSIHUH, OTpejie-

JIIEMOM . Ono 6yﬂeT paBHO
+o0o

/ zda(z),

—00

rJle v — COOTBETCTBYIOLIAst BeposiTHOCTHast Mepa, T. €. E — (P# (p)]¢). Ho, corniacho crek-

TpaNLHOU TeopeMe,
+00

/ rd(PA(9)|0) = (Aglp);

—00

MI09TOMY HCKOMOE CpejiHee 3HaueHne paBHO (Ag|p), T. €. MOXKeT ObITh BbIpaXKeHO Herocpei-
cTBenHO uepe3 A u ¢ 6e3 obpamenns Kk P4, Koneuno, ecau onepatop A HeorpaHHueH, TO
BeKTOp A, He Bcersia ornpesielieH, Ho, MOCKOJIbKY HeorpaHHueHHasi HabJiio/1aemMas He o6s3aHa
MMeThb CpejiHee 3HaueHHe BO BCEX COCTOSIHUSIX, Mbl M He JIOJKHBI OBLIH 03KUAATh, uTo (Ap|p)
GyJleT orpe/ie/ieHO TIPH BCEX .

[Tyetb A} u Ay — orpaHuueHHbIE CAMOCOMNPsIKEHHbIE orepaTopbl, npuueM (Ajp|p) =
(A2¢|p) npn Beex . Torna, 3amensisi ¢ Ha € + ¢ u 3actaBisisi ¢ poGeraTb BCEBO3MOXK-
Hble KOMIIEKCHbIE 3HAueHusi, Mbl 6e3 Tpyaa noJayuum, uto (A16|y) = (A20]y) nis Beex 6
v 1 u, cenoBatesibio, Ay = Ag. [ToCKOJIbKY, KaK JIErKO BHIETb, OrpaHHueHHble HabJI0/1ae-
Mbl€ COOTBETCTBYIOT B TOUHOCTH OTPaHHUEHHBIM CAMOCOTPSIKEHHBIM orlepaTtopam, akcioma 2’
BBITOJIHSIETCS], M TIO9TOMY Mbl MOYKEM BBISICHHTb, BCEIJIA JIM CYLIECTBYET CyMMa JIBYX HabJI0-
naembix. M3 roxnectsa

((A+ B)ple) = (Aplp) + (Belp)

Mbl Cpagy Ke 3aKJouaeM, uTo st JIIOObIX IBYX OrpaHHUUeHHBbIX HAaGJ/I0aeMbIX CyIIeCTBYeT
CyMMa, M 4TO O[eparop, COOTBETCTBYIOILMH TOH CyMMe, sIBJISIETCS CyMMOMH OIepaTopoB, CO-
OTBETCTBYIOIIMX JAHHBIM Ha0Ji01aeMbiM. [10CKO/IbKY IBa HEOrpaHHUEHHBIX CAMOCOTIPSIKEH -
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HBIX OIlepaTopa MOIyT MMeTb HellepeceKarolnecst 06/1aCTH ONpeiesIeHHs], Mbl, 32 HCKJIIOUeHH -
€M CIIeLIMaJIbHBIX CJIyuaeB, HUUEro He MOXKeM CKa3aTh O CyMMe JIBYX HeOrpaHHUeHHbIX HabJI0-
JIaeMbIX.

[Tyctb A’ — HekoTopasi HaGJmo1aemast, U A — caMOCONpPsiKEeHHbII 0repaTop, KOTOpbii eif
COOTBETCTBYET; MyCTh, Jajee, f(x) — npousBosbHasi 6opeseBcKas pyHKIMs Ha NpsiMOi. Mbl
MOKEM OIpeeuTh HabuoaaemMyio f(A’) B COOTBETCTBHH C aKCHOMOR 3, M CAMOCOMNPSIKEH-
HbI# onepartop f(A) Tak, Kak Mbl 3TO ies1asii P 00CYKJIEHHH CTIEeKTpaIbHOI TeopeMbl. byzer
s onieparop f(A) coorBercrBoBath Habsonaemoit f(A’) ? Jlerko nokasars, uro Gyuer. Jleii-
CTBHTEJIBHO, MPOEKTOPHAsK Mepa, cooTBercTBylolast f(A), ectb £ — P;‘_I( f)» @ BONIPOCHAS

mepa, coorsercrByotasi f(A’), ectb B — Qj}il( B) [TockoJibKy Q‘I‘}' u P;i‘ COOTBETCTBYIOT
JIPYT IPYTY MpH Bcex F, Hallle yTBepKAeHHe BEPHO.

[TycTb ¢p — COOCTBEHHBIH BEKTOP CaMOCOTPSKEHHOTO ornepatopa A, U A — COOTBET-
CTBYylOlIlee cOOCTBEHHOE 3HAUEHHE; TOr/Ia P{ﬁ}cp = T € (P§<p|<p) = 1l,ecu A € E,

u (P4ele) = 0 B npotusHoM cayuae. JIpyrumMu c0BaMu, COGCTBEHHbIH BEKTOP CAMOCO-
Npsi2KEHHOTO OrepaTopa OMpeJiesisieT COCTOsIHUE, B KOTOPOM COOTBETCTBYIOLAsi HabJi0/1ae-
Mast HMeeT C BEpPOSITHOCTBIO €JIMHHLA COOTBETCTBYIOILee COOCTBeHHOe 3HaueHne. O6partHo,
ecJi (PS\}<p|go) = 1 1151 HEKOTOPBIX p, A 1 A, TO P{"}\}(go) = ( M, KaK HETPYJHO 10Ka3aTh,
A(p) = Ap. Ecain A nmeer uncTo TOUEUHBIH CMEKTP, H ©1, P2, ... — 6a3UC U3 COOCTBEHHBIX
BEKTOPOB C COOCTBEHHBIMH 3HAUEHHUSIMH A1, A2, ... COOTBETCTBEHHO, TO KaK/Iblil € IMHHUHbII
BEKTOP ¢ MOXKHO OJIHO3HAUHBIM 00Pa30M MPeACTaBUTh B BUJIE €11 + cap2 + .. .. Herpymro
MOJICUHTATb, UTO B COCTOSIHHH, OIPE/Ie/IIEMOM BEKTOPOM ¢, HabJ10/1aeMast, COOTBETCTBYIOLLAS
A, IpHHUMAET 3HaueHue \j ¢ BEPOSITHOCTBIO |¢j|? M MPUHHMAET 3HAYEHHe Ha JIOMOJHEHHH K
MHOKECTBY {A1, A2, ... } C BEPOSTHOCTBIO HYJIb.

Ecsin A — Touka HerpepbIBHOTO CrieKTpa orepatopa A, To He Gy/1eT COCTOSIHUI, B KOTOPBIX
3HAUEHHE \ IPHHUMAETCS C MOJIOKHTEIbHON BePOSITHOCTBIO. C JPYroil CTOPOHBI, MPH JII0OOM
€ > 0 npoekrop P[f\‘_ e \te] OYZICT OTJIHUCH OT HYJISA, W OGO eMHHUHBII BEKTOP U3 MO/IPO-
CTPAHCTBA, COOTBETCTBYIOLLETO 3TOMY MPOEKTOPY, OMPeJIe/IsieT UNCTOE COCTOSIHHE, B KOTOPOM
HabJ10/1aemMast ¢ BepOSITHOCTbIO €IMHHIIA TPUHUMAET 3HAaUeHHe MeXy A—¢e U A+&. Mbl ripeio-
CTaBJISIEM JI0KA3aTeIbCTBO 9THX YTBEPIKACHHI UMTATEIO.

[lyctb A 1 B — camocornpsikeHHble oriepaTopbl. B Teopun ornepatopoB ecthb Teopema,
yTBepzKaaoLasi, uto ecjiu A u B orpannuensl, To AB = BA Torja u TOJbKO TOTJA, KOrja
PE“PB = PFBPE4 npu Bcex E u F. [TockosbKy nocJ/ieiHee ycjaoB1e HMeET CMbICJ HE3aBUCH -
MO OT TOTO, OrpaHHUeHbl JIH onepatopbl A 1 B, Mbl IPUMEM €ro 3a ornpejeeHne KOMMYTH-
poBanusi B 0611ieM cayuae. Mbl GyieM, TaKHM 06pa3oM, roBOPUTh, UTo A U B KOMMYTHPYIOT,
TOTJIa U TOJIKO TOTJA, KOTJIa COOTBETCTBYIOLME HAGJ/I01aeMble J0MyCKalOT OJHOBPEMEHHOE
HabJ10/IeHHe B OTpeJiesIeHHOM Bhillle cMbicsie. Ha camoM siesie Terepb Mbl MOXKeM J1aTh GoJiee
YJIOBJIETBOPUTE/IbHOE 0ObSICHEHHE HALLEro Orpe/eseHust ,,0lHOBPeMEeHHON Ha0J1101aeMOCTH .
Ecan A u B KOMMYTHPYIOT, TO, KaK 3TO CJie/lyeT U3 o0L1lel TeopeMbl, CyIIIeCTBYET CaMOCONpsi-
*eHHbli onepatop C' u 6opesieBckie pyHkumu f u g, takue, uto A = f(C)u B = g(C).
[Tostomy HaGmonaembie A’ 1 B’ SBJISIOTCST (DYHKIMSIMH OJIHOE U TOH ke Habmonaemoi C u
JIEHCTBUTEJILHO JIOMYCKAIOT OJIHOBpeMeHHOe Hab ioneHne. O6partHo, e A’ u B’ orpanuue-
Hbl 1 JIONYCKAIOT OJTHOBPEMEHHOE HAGJII0/ICHHE, TO Mbl MOXKEM FOBOPHTb 00 HX MPOU3BE/ICHUH;
oreparop, COOTBETCTBYIOLHE 3TOMY IPOU3BEIEHHIO, IO/KEH ObITh paBeH

(A+B)?—A*-B?> AB+BA
2 N 2 ’

.72 .
Oneparop, coorercTBytoinit A’ B’, ¢ 0/1HOI CTOPOHBI, 10/KEH ObITh paBeH

1 [A(AB+ BA) (AB+ BA)A| A?B+2ABA + BA?
2 2 * 2 B 4
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a c apyroii — pasen (A%2B + BA?)/2; nostomy ABA = (A%?B + BA?)/2, n 10 e camoe
BepHo st f(A) u g(B) npu jio6bix GyHkuusix f u g. Takum oGpasom,

PpPf + PEPS

Juist Becex E u F'. YMHOXKAas 3TO paBEeHCTBO Ha PE“ CHauvaJa cJeBa, a 3aTeM CIpaBa, MoJyuaem
JIBA YPABHEHUS; BBIUMTASA OJHO U3 HUX U3 APYroro, HaXoAuM, uTo PfE“PB = PI{? PE“, T. €. uto A
U B 1efiCTBUTEIBHO KOMMYTHPYIOT.

Ecan A u B He KOMMYTHPYIOT, TO HMEIOTCS HEKOTOpbIE OTpaHHUEHHs Ha CTeNeHb, ¢ KO-
TOPOH BEPOATHOCTHBIE PACTIPEACJECHHS 3TUX HAOJIIOIAEMbIX MOTYT OJIHOBPEMEHHO KOHLIEHTPH -
pOBaTbLCS OKOJIO OTAENbHBIX TOueK. Mbl MOXKeM MOJIyUUTh KOJHUECTBEHHYIO XapaKTePUCTHKY
CTeMeHu AUCTIEPCHH WM ,,pa3Ma3aHHOCTH" § HEKOTOPOH HabJ/1I01aeMOH B JAaHHOM COCTOSIHHH,
U3BJIeKasl KBAJIPAaTHBIA KOPEHb U3 CPEJIHEro 3HaUeHHsl KBajJipaTa pa3HOCTH Mex 1y HabJtonae-
MOH U ee CpeaHuM 3HaueHueM. Eciim A — COOTBETCTBYIONIMI OMepaTop, U ¢ — €IUHHUHBIN
BEKTOP, ONpeJIesIOIIHIl COCTOsIHUE, TO Aucnepcusi §( A, ¢) BbIUUCsETCs 110 (hopMmyJie

52(A,0) = (A — (Aglp)D)*()|p) = ((A* — 2(Ap|p) A+ (Aplp)*I)elp) =
= (A2%¢lp) — 2(Aplp)? + (Aplp)? = (A%plp) — (Ap|p)*.

[Tycrb Teneps A u B — J1Ba caMOCOIPsI)KEHHBIX OllepaTopa, a ¢ — BEKTOp U3 fepeceue-
HUst UX obJiacTell onpenesienus, Takoi uto AB(p) u BA(p) onpenenenbl. Haiinem HUXKHIOW0
rpanuily uisi npoussesienust (A, p) 6(B, ¢); Mbl UMeeM

23(Ap|By) = (Ap|By) — (By|Ap) = (BA(p)|p) — (AB(p)|p) = (BA — AB)(#)|¢),
CJIC0BATEJIbHO,

[((BA = AB)(p)l#)| < 2/(Ap|Bp)| < 2[|Ag]| - | Be|-

Samensist 3ecb Ava A — al u Bua B — bl, rie a u b — npou3BoJibHbIE UHCJA, H MOJIb3YSICh
TEM, UTO
(B—bl)(A—al)— (A—al)(B—0bI)=BA— AB,

MbI [10JIy4aem
[(BA = AB)(9)|¢)| < 2[|Ap — apl| - [ By — by

Ho

52(A, ) = (A2%0|p)— (Aplp)? = (A—(Aplp)p|(A—(Aplp)D)p) = (A= (Aplp) D¢l
T. €.
0(A, ) = (A= (Aplp) Dol = |Ap — (Aplp) el

M03TOMY
[((BA = AB)(9)|#)| < 20(A, 9) - 6(B, ).

U [IPOU3BEJICHUE NBYX Imcnepcnﬁ OrpaHUY€HO CHU3Y YHUCJ/IOM

((BA = AB)(¢)|#)|
5 :

Mbl yBUIMM faJiee, uTo €cJidi A — orneparop, COOTBETCTBYIOUIMI MPSIMOYTOJIbHONH KOOP/IH-
HaTe, a B — orepatop, COOTBETCTBYIOIIHI TIPOU3BOJHOI 3TOI KOOPIAHHATHI [0 BPEMEHH, TO
i(AB — BA) TOJIbKO HEKOTOPBIM CKaJISIPHBIM MHOXKHTEJIEM ¢ OTJIHUAETCST OT TOXKIECTBEHHOTO
oreparopa, fpuueM CKaJisip ¢ 00paTHO MPOMNOPLUHOHAJIEH Macce, acCOIMHPOBAHHON C COOT-
BETCTBYIOLIEH KOOPJAUHATOM; M03TOMY ISl Kaxjioro cocrosiiusi 6(A, ¢) 0(B, ¢) = ¢/2. s
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OGbIUHBIX MACC BEJIMUMHA /¢/2 3HAUUTENILHO MEHbILIE, UeM JIMCTIEPCHs, POMCXOIsLIAs H3-3a
olM60K Kcnepumenta. [Tosromy st /OOBIX MPAKTHUECKHX LieJIell MOZKHO CUMTATh, UTO 06€
HabJII0/1aeMble HMEIOT BEPOSITHOCTHBIE PaCTpeiesieHHs], 0OIHOBPEMEHHO CKOHIIEHTPHPOBAHHbIE
B Toukax. OJIHAKO JIIsi MacC aToMHOro pasMepa +/c/2 HMeeT ropasjio GoJiblliee 3HaUeHHe, U
CTAQHOBHUTCSI HEBO3MOXKHBIM C/IeJIaTh OJIHY U3 IUCTIEPCHH 10CTATOUHO MaJIOH, He CJIHIIKOM yBe-
JnunBast Bropyto. CoorHoienue 0(A, p) 6(B, ¢) > ¢/2 siBJsieTcst TOUHOH (POPMOIt H3BECTHOTO
TNpUHLIMIA HeornpeesieHHoCTH [eiidenGepra. Besmunna ¢ okasbiBaercst paBHoit h/(27wm), rie
h — nocrosinnas [lnanka.

B 3ak/ouenne 31oro pasjesa Mbl MpUBeieM GoJiee U3SIIHOE ONUCAHHE CMEIIaHHbIX CO-
CTOSIHUI NpH oMolLLH orepatopos. [1ycTb A — orpaHnueHHbIil cCaMOCOMNPSIKEHHbII onepaTop
C YUCTO TOUEUHBIM CIIEKTPOM, 1, P2, ... — IOJHAS OPTOHOPMaJIbHASI CHCTEMa COOCTBEHHBIX
BeKTOPOB U A(p;) = Apj. Ecam [A1|+|Xa|+. .. < 00, TO MBI Gy/1eM rOBOPUTD, uT0 A — 0ep-
HbLLL OTIEPATOP, WM ONIEPATOP € KOHEUHbIM cAedoM, ¥ OyleM HadbiBaTh Tr(A) = A+ Ao +. ..
caedom oneparopa A. Bonee o6umm o6pasom, nycts C' — NMpOU3BOJbHBIH OrpaHHUEHHBIH
oneparop, A = (C+C*)/2u B = (C'— C*)/2i. Torna A u B orpaniueHbl, CaMOCOIPSIKEHbI,
n C = A+ Bi. Mbl ckaxkeM, uto C' siIepHbIi oniepatop, ecJii TAKOBBIMH siBJisiioTcsl A U B, 1
noJsioxkum Tr(C') = Tr(A)+¢Tr(B). Jlerko nokasarsb, uto ecjin C' — NPOU3BOJIbHbII SIEPHbII]
orneparop, To AJs JI0OOro OPTOHOPMUPOBAHHOIO 0a3uca i, Y2, ... B JH Oyner UMeTb MeCTO
pasJioxKeHne

Tr(C) = (Cle1)lp1) + (Clp2)lp2) + - -

npuueM psiji cxoautest abeomotHo. OTcioa HenocpeacTBeHHo caenyet, uto Tr(Cp + Cy) =
Tr(Cy) + Tr(C3), ecam Bece Tpu cieia cyliecTBytor. HerpynHo takxke nokaszats, uto Cq + Ca,
C1S n SCy 6ynyt siiepHbMU onepatopamu, ecan C1 u Cy — siiepHble onepaTtopbl, a S —
oGO orpaHUueHHBIH JIMHEH B onepartop; 6osee Toro, Tr(SC1) = Tr(C4S).

[Tyctb Tenepb ¢ — eaunnunblil BekTop B I, u P, — oneparop ¥ — (¥|p)ep, T. e. npoek-
TOP Ha OIHOMEPHOE MOAMPOCTPAHCTBO, COCTOSILLIEE U3 BEKTOPOB, KPATHBIX ¢, CJIE/I0BATE/BHO,
s/IepHbIi oniepatop co caenoM 1. Booblie npoekTop Ha KOHeurOMepHOe OANPOCTPAHCTBO
OyJIeT s1/IePHBIM OMepaToOpPOM, CJle/l KOTOPOTro paBeH Pa3MEePHOCTH COOTBETCTBYIOLLETO MOAMPO-
cTpaHerBa. Ecan S — mo6oil orpaHHueHHbIH JIMHEHHBIH onepaTtop, To

(PpS(o)le) = (S(o)le),

1 111 ', oproroHaiibhbX K @, (P, S(¢')|¢’) = 0. [Tosromy, paccmarpusast ¢ Kak uacTb 110J1-
HO OPTOHOPMAJILHOI cHeTeMbl, Mbl Iostyuaem Tr(P,S) = (S(¢)|¢); cienosarenbHo,

my(P) = Tr(P,P) = Tr(PP,)

Vsl Kaxkjioro rnpoekropa P. lanee, nyctb A — npon3BOJIbHbBIA OrpaHHUEHHbIH camoconpsi-

>KEHHBII SIEPHBIF ONepaTop ¢ HEOTPULIATE/ILHBIM CIIEKTPOM H CO ¢aieoM 1; @1, w2, ... — ero
cobeTBeHHble BekTopbl. Torna A(p;) = v, e vy; = 0, v1 + 72 + ... = 1, v s mo6oro
NpPOeKTOpa

Tr(PA) = Tr(AP) = yimg, (P) + yamg, (P) + .. .;

nosTomy st 0GOro orneparopa A ¢ ykazaHHbIMH Bbiliie cBoiictBamMu P — Tr(AP) ectb Mepa
Ha MHOXKECTBE BOIPOCOB, T. €. COCTOSTHHE.
O6parHoe Toxe BepHo. Ecain o« — Jsiio6oe cocrositue, TO

Mo = V1M, + V2Mpy + -+ -5
raey; = 0uyr + 2 + ... = 1. Bektopsl ¢; He 00513aT€ILHO OPTOrOHAJBbHbL, OIHAKO

A:'71P<P1+'72P<P2+"'
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IIPEACTaBJACT COOOH OrPAHNYECHHBIH HEOTPULIATE/ILHBIN CAMOCOIPSXKEHHBIN OIIepaTop Co cJle-
aom 1, u Tr(AP) = my(P) n7s Bcex npoekropos P.

Mrak, Mbl 10Ka3anu, 4TO COCTOSIHUSL MOXKHO MOCTaBUTb BO B3aUMHO OJHO3HAYHOE COOT-
BETCTBHE C HEOTpHUATEJIbHLIMH CaMOCOINPSIKEHHBIMH SIIEPHBIMU OflepaTopamu co cJeom |
TaKUM 00pa3om, UTo JIJIsi COOTBETCTBYIOIIUX APYT Apyry HabJmoaaeMon o u oreparopa A 6yner
BBITIOJIHATBLCST paBEHCTBO Mg, (P) = Tr(PA) nuisi Bcex npoekTopos P.

3ameTuM, UTo cpejiHee 3HaueHHe orpaHUueHHON HabJIolaeMol, onpejessieMoii CaMoco-
NPSAKEHHBIM O1ePaTopoM B, B CMELIAHHOM COCTOSIHUU Y1ty + Y2y + . . . PABHO

N(Beilpr) + ... = nTe(BPy,) +... = Te(B(n Py, +...)) = Tr(BA),

rie A — omnepartop, onpeaesioltii COCTOSIHHE.

MHrepecHo, uTo, ONUCHIBAsI COCTOSIHUS OMepaTopaMH, Mbl MOJYUHJIH TOUHOE B3AHMHO OJ1-
HO3HAUHOE COOTBETCTBHE B OTJIHUHE OT TOTO, UTO Mbl HMEJIM MPH MPEJICTABIEHHH UMCTHIX CO-
CTOSIHUI €IMHHUHBIMH BEKTOpaMHU. IT0 00bsICHsIeTCs TeM, uTo 1pH |¢| = 1 oneparopbl Py, 1 Pe,
COBIMAJIAI0T; HEOJHO3HAUHOCTb BO3HUKJIA U3-32 TOTO, UTO MbI [BITAJIUCh ONUCHIBATH TPOEKTOPHI
Ha OJIHOMEpHbIE MOANPOCTPAHCTBA HEKOTOPLIMH BEKTOPAMH B 3THX MOJIITPOCTPAHCTBAX.

CMellaHHbIe COCTOSTHUS M OMIepaTopbl, OMUCHIBAIOLLME UX, OblIH BBEEHb B KBAHTOBYIO Me-
xaHuky (on Heiimanom. OHu UrpaioT LEHTPabHYIO POJib B CTATHCTHUECKOH KBAHTOBOH Mexa-
HuKe. Marpuiia onepaTtopa, onpeesisiiolllero CMellaHHoe COCTOsIHME (OTHOCHTE/IbHO HEKOTO-
poro noaxosiiero 6asuca ), U3BecTHa (pU3nKaM Kak matpuua rmiaotHocty pon Hefimana.

2.3 KsaHToBasi nuHamuka v ypaBHeHue Lllpenunrepa

J1o 3TOr0 MOMeHTa Mbl 3aHUMAJIUCh KBAHTOBOH CTATHKOH — B3aMMOOTHOLIEHUSIMU MEXK]Ty CO-
CTOSIHUSIMU W Ha6JII0/JaeMbIMU B HEKOTOPbIH (PHKCHPOBAHHbINH MOMEHT BpeMeHH. B 3Tom pasje-
Jie Mbl 6yJIeM pacCMaTPUBATh KBAHTOBYIO IMHAMUKY — 3aKOHBbI, 10 KOTOPBIM COCTOSTHUSI MEHSI-
10TCSl ¢ TeueHUeM BpeMeHH. HecMoTps Ha ,,He/leTepMUHHPOBAHHBIN ' XapakTep KBAHTOBOH Me-
XaHUKH, TPOSIBJSIONIMNACS B TOM, UTO B HEH BO3MOXKHBI TOJIbKO CTATHCTHUECKHE YTBEPKICHHS
00 0xKMJaeMbIX pe3dyJibTaTax u3MepeHusi HabJl01aeMbiX, OKA3bIBAETCS, UTO CBSI3b COCTOSTHUN
B pa3/iMuHble MOMEHTbI BpEMEHH CTPOTO JeTePMHHUPOBAHA; JAPYTHMH CJOBAMH, COCTOSIHUE B
MOMEHT BpeMeHH to > t1 OJIHO3HAUHO OTIPEJIESIETCS] OTPE3KOM BPeMeHH ty — t1 U COCTOSTHHEM
B MOMEHT BpeMeHH ¢1. TOuHO Tak ke Kak B KJaCCHUECKOH MeXaHHKe, Mbl MOJTyuaeM 3/1eChb OJ1-
HoMapaMmeTpHuecKyto noJyrpynny ¢ — V; npeo6pa3oBanuii 8§ B §, Takylo, UTO €CJIM COCTOSIHHE
CHUCTEMBI TpH t = t1 ObLIO v, TO NIPU ¢ = t2 OHO GyzeT Vi, 4, ().

[lycTb a1, cvg, ... — COCTOSIHUSA, @ Y1, Y2, ... — TMOJOXKHUTENbHbIE UMC/IA, CYMMa KOTOPBIX
pasna 1. [Ipeanosnoxum, uro npu ¢ = 0 Mbl HAXOAMMCS B COCTOSIHMH (v C BEPOSITHOCTDIO 7;;
TOrza NpH t = to MBI C BEPOSITHOCTBIO 7y; HAXOAMMCS B cOCTOAHNU Vi (cr;). Takum o6pasom,
ec/iu npu t = 0 Mbl HAXOJIUMCS B COCTOSIHUM Y1 Qv + Y21 + . . ., TO IPU t = tg Mbl HAXOUMCS
B cocTostHun 71 Viyorp + Y2V + .. .. pyrumu ciioBamu, Kaxaoe V' coxpaHsieT BHITYKJYIO
KOMOMHALMIO COCTOSIHUH. DTH u3nueckre coobpaKeHnst B COBOKYITHOCTH C €CTECTBEHHBIM
MPEOJI0KEHHEM, UTO /sl KaXK10H (PUKCHUPOBaHHOH TPOHKH A, a, E nus A x § x B BeposiT-
Hoctb p(A, a, EY) 10/uKHA MaJio MEHSATHCS 32 KOPOTKHIl NTPOMEKYTOK BPeMeHH, MPUBOJAT K
CJIeyIOIEMY IOTIOTHEHHIO Halllel CHCTEMbl aKCHOM.

Akcuowma 9. 3adana nekomopas odHonapamempuueckas noiyepynna t — Vi
npeobpasosanuil § 8 § makas, 4mo 048 Kax Aol nocaedo8amesbHOCMU INeMEeHMO8
a1,Q0, ... U3 8, KAHOOL NOCAe008AMENbHOCMIU V1,72, ... HEOMPUYAMENbHbLX YIUCeA C
cymmoii 1 u das gecex t = 0 cnpasedauso pageHcmaso

Vi(vian + 200 +...) = 11Vi(aq) + 2 Vi(az) + ...

u 028 Kascdotl mpoiku (A,a, E) € A x 8 x B gepoamuocme p(A, Vi(a), E) asisemcs
HenpepoleHol pyHKkyuel t.
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Tax ke KaK B KJacCMUeCKOH MexaHHKe, Mbl OyJ1eM TOBOPUTh, UTO Hallla CHCTeMa 0OpaThma,
ecJiM Kaxkjoe npeobpaszoBanue V; umeer ob6paTtHoe rpeoOpa3oBaHue V;_l. [Tonarast V_, =
V;‘l, Mbl nipeBpatuM ¢ — V3 B oaHonapamerpuueckyto rpynmny. Mol Oynem paccMaTpuBaTh
TOJIbKO 06paTHMblE CHCTEMBI.

Kak Mbl nokaszanu B KOHLE NPeAbIAYLIEro pasiesa, 8 MOXKHO OTOXKAECTBUTb CO MHOXKEe-
CTBOM BCEX CAMOCOIPSI2KEHHBIX OMepaToOpoB CO CJIEAOM | M ¢ HEeOTpULATEIbHBIM CIIEKTPOM.
Takum o6pasom, Kaxnoe V; siBjsiercst oToOpazKeHHeM oriepatopo Ha oneparopsl. [lyers U
— NpOM3BOJILHBIA yHUTapHbIil onepatop B J(. Slcho, uto A — UAU ! — oroGpaxenue §
Ha 8, coxpaHsitolilee BblyKJble KoOMOUHaUMK. To xKe camoe BepHO, ecsi U — aHTHUYHUTapHBIH
oneparop, T. e. antuuneinoe (U(Ap) = AU(p)) 1 coxpansiioliiee cKaisipHoe IPOU3BeeH e
oro6paxenue u3 H na H. C Apyroil CTOPOHbI, MCNOML3Ys pesyJibTathl Kaaucona 7), MOKHO
110Ka3aTh, UTO KaXK10€ B3AUMHO OIHO3HAUHOE OTOOpazKeHHe & Ha §, COXPAHSIOLLEE BbITyKJIble
KomGuHalmu, umeer Buil A — UAU ™! | rne U — yHuTapHbIil WM aHTHYHHTApPHbI onepa-
top. Hanee, eciiu Uy u U onpenessiiorT 0HO U TO ke 1npeobpaszoBaHue § B §, TO oneparop
Ul_lUQ KOMMYTHPYET CO BCEMH oreparopamMmu A U3 § 1 M03TOMY, KaK HETPY/IHO 110Ka3aTh, pa-
BEH TOXKJIECTBEHHOMY OI€paTopy, YMHOXKEHHOMY Ha KOHcTaHTy. Takum obpasom, Uy = cUs,
riie |c| = 1, nockosibky Uy u Uy yHUTapHBI (MK aHTHyHUTApHBI). [lJ1st kKaxoro ¢ BeiGepem Uy
TaK, utobbl V3(A) = U,;AUt_l, Torja

V;fl-l-tz (A) = Ut1+t2 A Ut:—li-tg = V;fl ‘/;52 (A) = Utl Ut2 A UtglUt:17

caenoBarenbho, Uy, 44, = c(t1,t2) Uy, Uy,, e |c(t1,t2)| = 1, B uactnocty, Uy = c(t, t) U2,
orkyna Uy = ¢(t/2,t/2) U, 3/2. [TockoJsibKy KBajipaT aHTHYHUTAPHOTO OIlepaTopa MpecTaBJsieT
co6oil yHUTapHBIi oriepaTtop, Uy sIBJISIETCs] yHUTAPHBIM OTePaTOPOM IPH BCeX t.

Ecim bl ipumennm Uy K YHCTOMY COCTOSIHHIO P, TJIe (0 — HEKOTOPBbIE €IMHHYHBIE BEKTOP,
TO

(Ut Py Ut_l)(Ut(SD)) = Ui,

U; P, Ut = Py,

Takum 06pa3om, UKCTOE COCTOSTHHE, OMPEIEISieMOe eIMHHUHBIM BEKTOPOM (o, 3a BpeMsi ¢ Te-
PEXOJIUT B UHCTOE COCTOsIHUE, ornpeiesisieMoe Bektopom Uy (). Hasnee,

P(A; ay, E) = ay(Pf) = (PEele);
(A, Ut(aw)7E) = (PE4 Us(9)|Ut(9));

caenoBaresibho, (P Up(p)|U(p)) mist Kaxaoro npoekropa P HENpepbiBHO 110 ¢ TPH BCEX @,
nostomy (Py, Uz(¢)|Us(¢)) 1151 Bcex ¢ U 1 HenpephiBHO 110 ¢ coryiacHo akcHome 4. C pyroii
CTOPOHB,

(Py Ur(9)IUs(9)) = (U(@)[9) (@|U(9)) = [(U(@)|0)[ ;

caenoBatensho, |(Uy () |1)|? HenpepbiBHO Mo ¢ npH Beex ¢ 1 .

He uamenss Vi, Mbl MoxkeM 3amenuts U Ha a(t) Uy, rae |a(t)] = 1. MoxHo nokasaTs,
UTO 9Ta 3aMeHa MOKeT ObITh MPoM3Be/ieHa TakuM o0pasom, uto (Ux(p)|v) OyneT HenpepbiB-
HO 1O t W TIpH 3TOM c(t1,t2) = 1. (MBI onycKaeMm J0CTaTOUHO JUIMHHOE JieTajlbHOE JI0Ka3a-
TeJILCTBO. ) JIpyruMu CJI0BaMH, Mbl MOXKEM HAlTH Henpepol8Hyio OOHONAPAMEMPULECKYIO
yHumapnyio epynny t — Uy Takyio, uto Vi(A) = Uy AU; ! npu Bcex t u A. Ecin a — npo-
M3BOJILHOE JIEAICTBUTENILHOE UHCJI0, TO t — e~ “ U, onpenensier Ty xe camyto rpymiy V., Ho 310
JIMHCTBEHHAs] HEOIHO3HAUHOCTD; rpynna Uy onpesiesisieTcst ¢ TOUHOCThIO 10 e~ 4. Mpl Gy1em
HasbiBaTh t — U; dunamuueckoi epynnotl naweil cucmemol. Ee cylllecTBoBaHHE MOXKHO
paccmarpuBath Kak OCHOBHOI OCTYJIAT 0011ei KBAHTOBOH JIMHAMHKH.

"YKadison, Annals of Math., 54 (1951), 325.
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[1pumensisi reopemy CtoHa K yHurapHo# rpymnne ¢t — U, Mbl MOXKEM 3aricath 3Ty TPYMIy
B Bute t — e "t rne H — HekoTopblil caMoconpsiKeHHblil onepatop, U —iH — uH(u-
HUTe3UMaJsIbHast o6pagyiolast rpynmnsl t — Uy, CamoconpsikeHHbl#l onepatop H, KOTOpbI#
MOJIHOCTbIO OTIpeieIsieT IMHAMUKY Halllell CUCTeMBbI, Oy/1eT Ha3blBaThCsl OUHAMULECKUM One-
pamopom. OH Urpaet Takylo e poJib B KBAHTOBOH MexaHHKe, Kak QyHKuus [amuibrona —
B KJ1accHuecKoi. Tak ke Kak U 3Ta (yHKLHsI, OH ONpe/ie/isieTcsi ¢ TOUHOCTbIO 10 aIMTHBHOM
nocrosinHoi. Koneuno, oneparop H oaHo3HauHo onpesensiercs rpynmnoit Uy, Ho 3ameHa Uy Ha
e, skBUBaAJIeHTHA NPUGABJIEHHIO K H TOX/1eCTBEHHOro olepaTopa, yMHOKEHHOrO Ha a.

[TockosbKy H — camoconpsiKeHHbIl oriepaTop, eMy COOTBETCTBYET HeKOoTopast HabJ1o/1a -
emas, ¥ 3Ta HabJ1o1aeMasi, KOHEUHO, IBJSIeTCsl OJIHOH U3 HauboJiee BaxKHbIX. Kak Mbl yBUaNM,
OHa C TOUHOCTBIO JI0 TIOCTOSIHHOTO MHOYKHTEJISl paBHA BeJIHUMHE, SIBJISIIONLENCS aHAJI0rOM MOJI-
HOH SHEPIrUuM B KBAHTOBOH MEXaHHUKE.

[TycTb @9 — HeKOTOpbIH eMHUUHBIH BeKTOp U3 obsactu onpenenenust H. Torna B Mo-
MEHT BPeMEHH ¢ COCTOsIHHUE, KOTOPOEe B MOMEHT BpeMeHH 0 OnpeiesisiioCh BEKTOPOM g, OyaeT
onpenesthes Bekropom Uy (o) = e pq. Tlonoxum oy = e~ o Torna o kak Gynkims
t ynoBseTBopsieT iU depeHmasbHOMy YpaBHEHHIO

L i (g)

10 aberpakTHast popma u3BectHoro ypaBuenus Ll pennnrepa. OHo urpaer takyio »ke poJib B
KBAHTOBOH MeXaHHKe, KaKylo ypaBHeHHe [amuibroHa—$IkoOu urpaer B KjaaccuyecKol mMexa-
HUKe. DT0 — nuddepeHasbHOe ypaBHEHHE TIEPBOTo Mopsiika (B 6€CKOHEUHOMEPHOM MPo-
CTpPaAHCTBE), pelleHHst KOTOPOTo SIBJSIOTCS TPAEKTOPUSIMU UHCTBIX cocTosHui. Hike mbl ne-
peBeJleM ero B KOHKPETHYIO (hopMy, TpHUeM ¢ OyyT KOMIJIEKCHBIMH (DYHKLIMSMU 31 TIepeMeH-
HbIX, a H — HeKoTopbIM 1 depenimaibibiM onepatopoM. ¥Ypasuenue L penunrepa npespa-
THUTCSI TEM CaMbIM B ypaBHEHHE C UACTHBIMH IPOU3BOAHBIMH MEPBOTO MOPSIJIKA MO BPEMEHH.

[ycTh ¢ — co6eTBenHblil BeKTop onepatopa H, Torna H(p) = A u e H (p) = e™# .
[Tostomy e~ () u ¢ npu Beex ¢ onpenessioT To e camoe cocTosinue. JIpyrumMu cJ10BaMH,
COCTOSIHHE, OTIPEIe/ISIEMOE (p, SIBJISIETCS CTallMOHAPHBIM B TOM CMBbICJIE, UTO OHO HE MEHSIETCSI CO
BpemeneM. O6patHo, ecan e " () = p(t)p, T. e. ecam @ onpeseisieT CTaUMOHAPHOE UHCTOE
cocrosinue, 10 p(t) = e~ u, caenosarenbho, H(p) = . CrauyoHapHble YUHCThIE COCTO-
SIHUSL — 3TO T€ U TOJbKO T€ COCTOSIHUS, KOTOPbIE OMPENesIoTCs COOCTBEHHBIMH BEKTOPAMH
JMHaMHUecKoro oneparopa H.

Koneuno, H MoXeT He HMeTb COOCTBEHHBIX BEKTOPOB. PaccMOTPUM MPOTHBOMOJOKHbIH
cayuai, korjia H umeer uncto Toueunslii cniektp. [1yctb 1, w2, ... — noJHas cucrema co6-
CTBEHHBIX BEKTOPOB, U H (;) = Aip;. Ec/in ¢ npeicrapisier HEKOTOPOE UMCTOE COCTOSIHUE, U

Y =c1p1 +cop2+ ..., TO
Ur(¥) = cre” ™1ty + cpe ™20y 4.

Taknum crioco60m Mbl MOKeM TOJyUHTh peliieHne ypaBHenust Ll penunrepa B siBHOM BHJIE.

B kBaHTOBOI1 MexaHKKe Mbl OyjieM HasbiBaTh Habsoaemyto A’ unmeepaiom, eciv ee Be-
POSITHOCTHOE pacrpe/ie/ieHHe He MeHsIeTcsl co BpemereM, T. e. ecan p(A', ay, (), E) ne saBucut
oT t pH Bcex ¢ U E. D10 03HAUAET, UTO

(Pg Ui(0)|Urp) = (U; ' P Us()|0)
He 3aBUCUT OT t H, cJieaoBaTeJbHO,
(U7'PE Us(p)lp) = (PE(9)|0)

npu Beex t, B u ¢. Takum o6pasom, onepatop Uy KOMMYTHPYET ¢ PE“ npu Bcex t u E. Ho
no oO1LelH TeopeMe TeOpHUH onepatopoB Up KOMMYTHPYET CO BCEMH PE“ NpY BCEX ¢ TOT/A M
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TOJIBKO TOT/1a, Koria KommyTupyioT A u H. Takum 06pa3om, HHTErpasbl — 3TO B TOUHOCTH Te
HabJ1101aeMble, U1 KOTOPbIX COOTBETCTBYIOLLHE OllepaToOpbl KOMMYTHPYIOT ¢ H.

[TockonbKy H KOMMYTHpYyeT caM ¢ co00#, COOTBETCTBYIOLLAsl HabJlt01aeMast sIBJISIeTCsl HH -
TerpaJjioM, MrpaloLuM BeCbMa BaxKHYIO POJib B KBAHTOBOH MexaHuke. Mbl yBUIUM 1aJsee, UTo
3TOT MHTErPaJl TOJbKO [MOCTOSHHBIM MHOXKHTEJ/IEM OT/IHUATCS OT aHaJI0ra HHTerpaJ/ia Hepruu
B KBAHTOBOI MexaHHKe. Takum 06pa3oM, cTallMOHApHbIe COCTOSIHUSA JIIOOOH CHCTEMbI B KBAH-
TOBOH MEXaHHKE — 9TO B TOUHOCTH T€ COCTOSIHHS, B KOTOPbIX HEPrUsl MMeeT Olpe/ie/IeHHOe
3HAUEHHE C BEPOSITHOCTLIO eIMHULIA.

st 3apanHoi HabJ1101aeMOl, KOTOpas He SIBJISIETCS] MHTErPaJioM, MOXKHO BBIUUCJIUTh X0
M3MEHEHHs ee CpelHero 3HaueHus co BpemMeHeM. [lycTb A — camoconpsikeHHbIH oneparop,
COOTBETCTBYIOLLMH 9TOH HAOJIOJAEMOH, a ¢ — €IMHUYHBINA BEKTOP U3 00JIACTH ONpeNesICHHS
A. Torna, ecsin npu t = 0 cUCTeMa HAXOJUIACh B COCTOSIHUM, ONPEIE/ISIEMOM ¢, TO B MOMEHT
BpeMeHH ¢ Halla HabJnogaeMasi OyieT UMeTb Cpe/lHee 3HAaUeHHe

(AU)|U(9)) = (U7 AU(9) )

dopmaJibHble BBIUHCIEHHS, KOTOPbI€ HMEIOT CMBICJI IPH HEKOTOPBIX OrPaHHUEHHsIX Ha @, TIPH-
BOAAT K 3Hauenmio (i(HA — AH)p|p) 1st TPOU3BOAHON 3TOTO BblpaxKeHusi no ¢ npu t = 0.
Ecan A u H orpannuensl, TO 3TO BBIUHUCJIEHHE BCET/Ia UMEET CMbIC/I, U Mbl BUIIUM, UTO CYyIle-
CTBYET e/IMHCTBeHHas HabJo1aemMast, a UMeHHO HabJllolaeMast, COOTBETCTBYIOLLAS OTlepaTopy
i(HA — AH), koropast 00/1alaeT TeM CBOFCTBOM, UTO B KaX/IOM COCTOSIHHHU €€ CpejiHee 3Ha-
ueHHe paBHO MPOU3BOIHOM M0 BpeMeHH CpejiHero 3HaueHusi HabJ110/1aeMoil, COOTBETCTBYIOLLEH
oneparopy A, B 3ToM cocTosiHuH. EcTecTBeHHO Ha3BaTh 3Ty Ha0J101aeMyl0 TIPOM3BOIHON 10
BpEMEHH OT JaHHOH HabJII01aeMOi.

Ecsin A v H neorpanuueHHbl, TO BO3HUKAIOT TPYAHOCTH, CBsI3aHHbIe ¢ TeM, uTo A 1 H Mo-
YT He UMeTb 00J1acTell onpe/ie/IeHus], pacrooKeHHbIX Hy?KHbIM 06pasoM. Ecin, onHako, aeno
06CTOUT GJIATONOJYUHO, T. €. €CJIH CYLLECTBYET e0UHCMBEHHbLI CAaMOCOTIPSKEHHBII orepa-
Top, coBnanatouuii ¢ 1(HA — AH ) Ha TexX BEKTOpaXx, I/ie MOCJIeIHHUIT ONIpeJiesieH, TO Mbl Oy/1eM
rOBOPHTH, UTO HabJt0aemMasi, cooTBeTCTBYIoAs A, mddepeHuypyema no BpeMeHu, U Cuu-
TaTh ee MPOU3BOAHON HAGJIOAAEMYIO, COOTBETCTBYIOLLLYIO €IUHCTBEHHOMY CaMOCOIPSI)KEHHO-
My paciuupenuio onepatopa i(HA — AH).

[Tonsitne npousBoaHO# oT HabJI0/1aeMOH 110 BpeMeHH OyleT GoJiee Mpo3pauHbIM, €C/Iu
Mbl HECKOJIbKO H3MEHMM Hallly TOuKy 3penus. [lyctb A — camoconpsiKeHHbIH omnepaTop,
¢ — eJIMHUUHBIN BekTop, 1 W — yHuTapHoe npeobpasoBanue. Toria BeposiTHOCTHOE pac-
npenenene B — (Ph W(p)|W(p)) nabmonaemoii, cootBercTByloleii onepatopy A, B
COCTOSIHHUH, oripejiesisieMoM BekTopoM W (), coBrnanaer ¢ BepOSTHOCTHBIM pacripejiesieHn-
em (W=LPA W ()|p) nabmonaemoii, cootserctsyioieii onepatopy W~ AW, B coctosinuu,
onpejiesisieMoM . JIpyruMu cjioBamu, ecyid Mbl GyjieM CUHTaTh COCTOSIHUS (DUKCHPOBAHHBIMH,
a HabJo/1aemMble — MeHsIOLWMHCS 110 3aKoHy A — U, LA Uy, 10 1 /15l u3MeHeHns Bepo-
STHOCTEH CO BPEMEHEM MbI MOJIYUMM TOT K€ CaMblil pe3yJbTart, uto u paHee. ILis Toro uroObl
NpeCcTaBUTh cebe Pa3HULY MEXKy STUMH JABYMsI TOUKAMH 3peHus, PU3HK MOXKET CPAaBHUTb MO-
nenb L penunrepa (Mensiommecs CoCTosiHus ) U Mojiedib [eiizenGepra (Mensioipecs: HabJ0-
naemble). B monesnu [eiizenGepra noHsiTue NpoM3BOIHOI HEKOTOPOI HabJ1101aeMOF 10 BpeMeHH
SIBJISIETCS HEMOCPEACTBEHHBIM U OUEBH/THBIM.

Bce pesysibraThl, mosyueHHble 17151 OIHONapaMeTPUUECKOH rpy bl ¢ — V3, MOXKHO, KOHeu-
HO, TPUMEHUTD K JII0OOH 1pyroii ojiHONapaMeTpuueckoi rpymre ,asromopduamo” 8. Kaxknas
Takas rpynna t — W; umeer BUIL

Wi: A= UY AUN),

rie t — UYY — HenpepbiBHast oHONapaMeTpuueckas rpyria yHHTapHbIX peoGpasoBaHHii,
onpeneasieMasi mo W olHO3HAUHO C TOUHOCTHIO 10 YMHOMKEHHSI HAa KOMIJIEKCHYIO (PYHKIHIO
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Buna e~ Cornacno teopeme Crona, U}V opnosHauHo onpejiessieTcst CBOeil HHHHUTE3H -
MaJibHOil o6pasytotieit —iAW . Takum 06pasom, ec/ii Mbl OTOXKIECTBUM JiBe HaGJloJaeMble,
OTJIMUAIOLIMECS HA KOHCTAHTY, Mbl MOJIYUMM B3aUMHO OJIHO3HAUHOE COOTBETCTBHE MEXJY Ha-
6J110/1a€MbIMH, C OJIHOI CTOPOHBI, H HEMPEPBIBHLIMU OIHOTNAPAMETPHUECKHUMH IPYNIaMHi aBTO-
MOp(hHU3MOB & — C IPYyrof.

DTO BMOJHE AHAJOTMUHO COOTBETCTBHIO, KOTOPOE HUMEETCsl B K/JIACCHUECKOH MeXaHHKe
MeXJy HEKOTOPbIMH D depeHIpyeMbIMU HAbJIIOIaeMbIMH, C OJIHOM CTOPOHBI, H OJIHONApa-
MeTpPHUECKHMH TPYNIaMi KOHTAKTHBIX MpeobpaszoBaHuil — ¢ apyroil. B sTom ciyuae Touno
TaK ke JiBe HabJIoIaeMble, OTJIMUAIOLIMECs] HA KOHCTAHTY, IPUBO/IMJIN K OJIHOK U TOH »Ke rpyTire
KOHTaKTHBIX 1peo6pazoBaHuii. Mbl MO2KeM ONpe/ie/InTh MPOU3BOJIHbIE HAGJI0IaeMbIX OTHOCH -
tenbio UV Tak e, Kak otHocuTeibio Uy, U MOJIyulTh /1S ONepaTopa, COOTBETCTBYIOLIETO
Npou3BOIHOM, opmydty i(AB — BA), B KoTopoii B — ornepartop, COOTBETCTBYIOLINI 1H(de-
peHLmpyeMoil HaGoaeMoi, —i A — uHduHHTesUManbHas o6pasytoast rpynnbl UV, Takum
o6pasoM, Beipaxkenue i(AB — BA) urpaet B KBAaHTOBOI MeXaHHUKE Ty XKe pPOJib, UTO H CKOOKH
[lyaccona B k1accuueckoit mexanuke. B uactHocTH, Hab01aemMast, COOTBETCTBYIOLIAS Orlepa-
TOpY A, SIBJISIETCS] HHTErPaJOM B TOM M TOJIKO B TOM CJlyuae, Korjia oneparop H WHBapHaHTeH
OTHOCHTEJILHO IPYMITbl aBTOMOP(U3MOB, OIPe/Ie/IsieMOii onepaTtopom A.

2.4 KaHoHHYecKoe ,,KBAaHTOBaHUe" KJlaCCUUECKHUX CUCTEM

o cux nop HabJito1aemMble Obl/IM BBeIeHbI COBEpLIEHHO abeTpakTHO. Tenepb Mbl ocTapaemcst
COIOCTABHUTb UX C HAOJIIOIaEMBIMH KJIACCHUECKOH MEXaHHKH M HAalUTH B KBAHTOBOH MEXaHHKe
AHAJIOTH WJIM YTOUHEHHST YHCTO KJaCCUUECKUX TIOHSITHH.

[IpennosioxKum, uTo Halla KJaCCHUECKast CHCTEMA OTHOCHTCS K T€M, KOTOPbI€ Mbl pACCMOT-
pesu B pasi. 1.2, T. €. COCTOUT U3 M TOUEK, HMEIOLLMX KOOPIUHATHI q1, . . . , §3;, B HEKOTOPOH
NPSIMOYTOJILHOM CHCTEMe KOOPAUHAT. AHAJIN3, KOTOPbIH MPUBEJ K HEOOXOIMMOCTH OTKa3aTh-
Csl OT NPHITMCHIBAHHS TOYHBIX 3HAYEHHH OJIHOBPEMEHHO @j M ¢j, HEIPUMEHHUM K 3a/laue OJIHO-
BPEMEHHOIO U3MepeHus ¢; ¥ ¢j. [103TOMy MbI IPEANO/IOKHUM, UTO VISl KAXKIOTO j B FHIbOEp-
TOBOM IPOCTPAHCTBE KBAHTOBOI'O aHaJsora Halllell K/JacCUUeCKOH CUCTEeMbl MMEEeTCsl CaMOCOo-
TNpsizKEeHHBIH onepaTop () U UTO TH ONepaTopbl KOMMYTHPYIOT JPYT € APYroM. 3aMeTHM, UTO
3TO NPEAINOJI0KEHHE COIVIACyeTCsl ¢ aHaJIorHel Mexkly KoMMyTaTopamu 1 ckookamu [lyacco-
Ha, MOCKOJIbKY cKoOKa [lyaccoHna /mo6bIX IByX KOOpAMHAT (HA CaMOM JieJie 1axKe JIIoObIX IBYX
(byHKLMH, 3aBUCSILINX TOJMBKO OT KOOPJMHAT ) TOXK/IECTBEHHO PABHA HYJIIO.

$lcHo, uTo J1I060€e H3MEHEHHE CUCTEMbI KOOPJIMHAT, HCIIOJIb3YeMOI /151 TOTO, YTOObI 3a/1aTh
0JIO2KEHHE HALIUX TOUEK B [IPOCTPAHCTBE C MOMOLBIO UMCEJI, BBI30BET COOTBETCTBYHIOLLEE W3-
MeHeHHe HabJoaaeMblx. Hanpumep, ecsi CIBUHYTh HaUaJ/10 KOOPAMHAT HA JIBE €IMHHLIbI B CTO-
poHy yObiBauus , To ), 3amenurcss Ha Q; +21 nna j = 1,4,7, ..., rie I — ToX/1eCTBeHHbIH
onepatop. C pyroi CTOPOHBI, TAKOH CABUT HJH JitoG0e pyroe GopesieBCKOe B3aUMHO OJIHO-
3HaYHOE 0TOOparKeHHe MPOCTPAHCTBA Ha ce0s1, COXpaHsoLlee pacCTOSIHUS, ITepeBe/leT BOIPOoC
B BOIIPOC U COXPAHUT YIOPSA0UEHHOCTb 1 onepauuio () — 1—¢) B Q. Ho, kak u3BectHo, 1060
aBTOMOP(U3M CTPYKTYPbl C OPTOrOHAJIbHBIM J0MOJHEHHEM BCEX 3aMKHYTBIX MOJITPOCTPAHCTB
ru/ibOepTOBa NMPOCTPAHCTBA MOPOKIAETCS] HEKOTOPBIM YHUTAPHBIM MIPe0Opa3oBaHueM, KOTO-
poe ornpeJeieHo 0JIHO3HAYHO ¢ TOUHOCTBIO JI0 MOCTOSIHHOTO MHOXKHUTens: P — UPU ™! rue
P — npoeKTop Ha COOTBETCTBYIOIIee MOANPocTpaHcTBO. OTCIONA C/IeIyeT, B UaCTHOCTH, UTO
JUIsi I0OOTo MepeHoca B rpoctpatetse (x,y, z) — (z — a,y — b,t — ¢) CylIeCTBYeT yHUTap-
Hoe npeo6pasobanue Uy p ., Takoe, uto Uy p Q) Ua_’b{c paBuo Q; +al, Q; +blwin Q; +cl B
3aBUCUMOCTH OT TOTO, SIBJIICTCS JIU ¢, KOOPAUHATOM 110 OCH T, Y WM 2.

Ha camom niesie Mbl MOXKeM, €CJId 3aXOTHM, UCTO0JIb30BATh Pa3JiMUHble CUCTEMbI KOOPIH-
HaT /151 HaOJIIOJICHUST HaJl Pa3JIMUHBIMM YaCTHLAMH M U3MEHSITb UX HE3aBUCUMO JIPYT OT JIpyra.
Takum o6pasom, ais mo6oro nepenoca q; — g — a; B npoctpancTse M Bcex HaOOPOB U3 3n
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KOOPJMHAT q1, . . . , g3 CYLLECTBYET YHUTAPHBIA onepatop Uy, .. 45, , TAKOK, UTO /LIS BCEX j

Uar,asn Qi Uay .. as, = @i + a1

Bpemenno 3abynem o cyuectBoBanuu onepatopos Ug, ... 45, U PACCMOTPHM OIHO CJI€I-
cTBHe Toro (hakra, uto Bce (); KOMMYTHPYIOT Mexy co6oil. [TycTb s ,,npsiMoyrojbHoro
6OpeIEBCKOrO MOAMHOXKECTBA F1 X - - - X F3p, 1J1e Bj — GopeJsieBCKHe [0JIMHOXKECTBA Ha Mpsi-

MOH, PE, x...x Es, ONPeIe/sieTcs Kak Pgll . Pg;”n". [TockosibKy Bce PQ’ KOMMYTHPYIOT MEXKTY
co60M, Pg, x.. x B, SIBJsI€TCS poeKTopoM. Jlajiee, HeTpyIHO l'IOKa3aTb, 4TO OTOOParKeHHe

Ei1 x ... X B3y, — Pgx.. xEsn

UMeET €IMHCTBEHHOE PACIUMPEHHE 10 MPOEKTOPHOU Mepbl Y — Pg,3aJaHHON HA MHOXKECTBE
Beex GopesieBCKUX noamuokects M = E37. (Onpese/ieHue poeKTOpHO Mepbl Ha MpsMOKi
JIOMyCKaeT OUeBUHOE U HEMOCPEACTBEHHOE 0600I1IeHHEe Ha ITOT C/Iyuall; YNTaTe/Ib MOXKET CaM
chopMyIpoBaTh 3TO 0000IIIEHHE. )

Hcnonb3yst 3Ty Mepy, HETPYJHO MPHIATh CMbICJ BbipaxeHuio f(Q1,...,Qsy,), rae f —
Jobast feficTBUTeNbHast GopesieBcKast (yHKLMsI Ha M: 3TO camocCoINpsiKeHHbIH ornepartop,
JUIsl KOTOPOTO COOTBETCTBYIOLIE! TTPOEKTOPHOH Mepoil ciyxut E —  Pp-1(py. SlcHo, uto
f(Q1,...,Qn) koMMyTHPYET CO BceMH Q. Eca o6paTHoe Toxxe BepHO (T. e. ecu to60oii ore-
parop, KOMMYTHPYIOLLHF CO BCEMH () j, MMEeT TAKOH BUJL TO Mbl CKaXKeM, uTo () 06pasyioT noi-
HYHO CUCMEMY KOMMYMUp yrowux onepamopos. HerpyaHo nokasaTs, UTo 310 ObIBA€T B TOM
U TOJILKO B TOM CJIydae, KOrjla MHOXKECTBO 3HaUeHul Mepbl Y — Pp 06pasyeT MakCUMaJIbHYIO
OyJieBy aare6py MPOEKTOPOB, T. €. HU OJIMH U3 TPOEKTOPOB, He BXOASAIINX B 9TO MHOXKECTBO, HE
MO2KeT KOMMYTHPOBATh CO BCEMH MIPOEKTOpPaMH U3 Hero. Jlasiee, MOXKHO MoKasaTh, uTo OyJieBa
anre6pa MPOEKTOPOB, 3aMKHYTasi OTHOCUTE/LHO CUETHBIX OYJ/IEBBIX OMepalii, SB/seTCs MaK-
CUMaJIbHOH TOIJIa U TOJIKO TOI/1a, KOr/la CYLLIECTBYET TaKOH BEKTOP ¢ B HallleM MHJbOEPTOBOM
NPOCTPAHCTBE, UTO KOHEUHble JIMHeHHble KoMOuHauun ¢1 Pg, (@) + c2Pp,(p) + ... (Pg, u3
JIAHHOI a/re6pbl ) MJIOTHBI B THILOEPTOBOM MPOCTPAHCTBE. DTOT BEKTOP ¢ HA3bIBAeTCS TOI/1a
LUKJIHUECKUM BEKTOPOM CEMEHCTBA.

[Tpenrnosioxkum cHauasa, uto @ 1eHCTBUTENbHO 00pasyeT M0JHOe CeMeHCTBO KOMMYTH-
PYIOLLMX OMEpaTOPOB. ITO MPEAINOJ0KEHHE OCHOBAHO HA TOM, UTO B KJIACCHUECKOH MeXaHHUKe
Jo6ast HabJolaemast, UMetollast HyJieBble ckoOku [lyaccoHa co BceMu KoopanHaTamu, Jei-
CTBUTEJILHO sIBJsieTCS PyHKIMEH KooparHaT. OT 3TOT0 MpernooKeH!s TPUAETCS 0TKAa3aThCs
Korjia Mbl NiepeiiieM K KBaHTOBOI MeXaHHKe aToMa, MOCKOJIbKY 3J1eKTPOH UMeeT CTeleHb CBO-
60/1bl (CMHMH), y KOTOPOH HET KJlaccHuecKoro anasora. OHako HaM y100HO TOKa MPUHSATb 3TO
NPeJoJ0KEeHHE, TOCKOJbKY OHO YIIPOCTHUT Hallly paGoTy M [TO3BOJIUT HAM JIBUTaThCsl B HY2KHOM

HAMpaBJICHUH.
[lyceth ¢ — umkAMueckuii BekTop OyJieBoil aireGpbl Bcex npoektopos Pg, torna £ —
(Pg(p)|¢) — Hekoropasi mepa p Ha M. [1yers Eq, Ea, ..., Eg — HenepeceKatolecsi G6ope-

JIeBCKHe MHOxKecTBa B M u XE] — XapaKTepUucTHueckKas qﬁ)yHKHI/Iﬂ E], Toraa
i Xp T CXp, T T CsXpg — ¢, Pe,(p) + ¢, P, (p) + ... + CSPES(QD)

— JuHeliHoe 0ToGpaxkeHue MIoTHoro noanpoctpanctsa L2 (M, 1) Ha MIOTHOE TIOANIPOCTPAH -
ctBO H, npuuem

e, Pe, (@) + ... +c PEs ZCZC] Pg,( )lPEJ chc_] PEmEJ( )lgD) =

1,7
—ZW Pr, (¢ Z|c]|2 =/

M

2
du.

¢ X, + ... —I—CSXES
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Takum o6pasom, Hallle JIMHEHHOe oTOOpaXkeHue coxpaHsieT Hopmy. [ Iponosrkas ero o Herpe-
PBIBHOCTH, Mbl TIOJIyudM yHHTapHoe oToGpaxenne L2(M, 1) na JH, npuuem oneparopy Pg B
3 npu 3TOM OTOOpAKEHHH COOTBETCTBYET, OUEBHHO, onepatop f — X, f B L2(M, ). O1-
clojia cpasy cJelyer, uto onepatop @; B H coorserctsyer onepatopy f — q;f B L2(M, p).
Jpyrumu cioBaMH, npeanoJaras, uto onepaTopbl (), COOTBETCTBYIOILHME HAOMIOaeMbIM KO-
opJMHaraMm gj, 06pasyloT MoJIHOe KOMMYTHPYIOLee CeMefiCTBO, Mbl IPHXOAMM K KOHKPETHOM
peannsaunn H B Buge L2(M, ), rie 4 — HeKoTopasi KoHeuHast Mepa Ha rpocTpaHcTBe M
BCeX HAOOPOB q1, . . . , G3p, IPUYEM (); CTAHOBHUTCS ONIEPATOPOM YMHOXKEHHS Ha ;.

Mepa p, KOHeuHo, He orpesie/ieHa 0JIHO3HAUHO. JIefCTBUTE/IbHO, €C/IH  — MPOU3BOJIbHAS
(KoHeuHast WM TOJILKO o-KOHEUHasi) Mepa, ofpejeseHHasi Ha 60peJIeBCKUX MOIMHOKECTBAX
M, umerolas Te e HyJieBble MHOXKECTBa, UTO M fi, TO oToOpaxkenue f — /p f, rie p —
npoussoanas Pagona—Hukomuma ®) Mepbl ;1 0THOCHTEILHO v/, ABJSETCA YHHTAPHBIM 0TOOPA-
wennem L2(M, 1) na L2(M, v), KOTopoe KOMMYTHPYET ¢ yMHOKEHHEM Ha Jio0y10 (DyHKIMIO Ha
M. C npyroii CTOPOHBI, HEOTHO3HAUHOCTH B BBIGOPE MEPBI TAKMM 00pa30M MOJHOCTHIO OMHCA-
Ha: HyJleBble MHOKECTBA f €CTb B TOUHOCTH T€ MHOXKECTBa, JUIsl KoTopbiX Pp = 0 1 nosromy
BITOJIHE OMpPe/Ie/IeHbl.

HMcnonbayem ternepsb cyliectsoBanue onepatopos Uy, .. qs, . Mbl NOJTyunm cpasy xe, uto

Uar,.azn PEUG a5, = Prr,

rae B/ — pesysibrar neperoca E Ha —ay, ..., —asy,, T. e. eciin Py = 0, o u Pgr = 0. Criento-
BaTeJ/IbHO, HyJIeBble MHOXKECTBA Hallled Mephbl ( MHBAPUAHTHBI OTHOCHTEJILHO NepeHocoB. Ho,
KakK M3BECTHO, Jl00asi GopesieBCKasi Mepa B KOHEUHOMEPHOM BEKTOPHOM MPOCTPAHCTBE, Hy-
JieBble MHOXKECTBA KOTOPOH MHBAPUAHTHBLI OTHOCHUTEJILHO MEPEHOCOB, HMEET Te XKe HyJIeBble
MHOKeCTBa, UTO U 06bIuHas JiebGeropa Mepa. [103ToMy Mbl MOXKeM CUMTaTh, UTO 4 — JebGeroBa
Mmepa.

[Ipexjie ueM MpoaoKATL OTOXKAECTBIEHUE IPYTHX HAGJIIOIAEMbIX, 3aMETHM, UTO He 0051-
3aTeJIbHO Y KAXKJI0H KJIACCUUECKOH HAOJI01aeMON 10/KeH OblTh KBAHTOBBIA AHAJIOL, a €CJIU
TAKOBOH UMEETCSI, TO OH MOXKET OMNPENIeJISiIThCS He eMHCTBEHHBIM 00pa3oM. B kiaccuueckoi
MexaHuke HaunboJsee obias HabJ/0AaeMasi €CTh POU3BOJIbHAST (PYHKLMS 670 OCHOBHBIX Ha-
OJII01aeMbIX 1, - - -, (3n, 1, - - -5 (3n, @ B KBAHTOBOH MeXaHWKe Mbl MOXKeM OpaTh 0oJiee WM
MEHee Hp0H3BOJII:>HI)Ie Ct)YHKU,I/IH TOJIBKO OT T€X H86JHOIL8€M]:>IX, OHepaTOpr KOTOprX KOMMYTH-
PYIOT JIpyT ¢ ipyroM. Mbl MOKeM NoJyuuTh pasHooGpasHbie HabJo1aeMble B KBAHTOBOI Me-
XaHHKe, HECKOJIbKO pa3 MocJ/en0BaTe/IbHo 00pasyst CyMMbl M HCTIOJb3yst GopesieBCKUe (DyHK-
LMK OJIHOTO MEPEMEHHOr0, HO 3TH HabJ0laeMble He OYJyT B3aHMHO OJIHO3HAUHBIM 06pa3om
COOTBETCTBOBAThH KJACCHUECKUM HabJioaeMbIM. Jlasiee, MOCKOJILKY KJaccHuecKast MexaHuKa
ABJIAETCA HpE[[eJIbeIM cJjayuaemMm KBaHTOBOfI, HET HUYEro YAUBHUTEJIbHOTO B TOM, UTO UMEETCs
HECKOJIbKO Pa3JIMUHbIX KBAHTOBBIX HAGJII0/IaeMbIX, COBMAJIAIONIMX B KJIACCHUECKOH MeXaHHKe,
T. €. TIpu nepexojie K npeneny. C Apyroii CTOPOHbI, Mbl yCTAHOBHUM €CTECTBEHHOE COOTBETCTBHE
MEXKJy OCHOBHbLMU KIACCHUECKUMH HA0J/I0/1aeMbIMU U COOTBETCTBYIOLIMMHU UM KBAHTOBBIMH.

[Tpeanosioxkum, uto B Hawlell cucTeMe Kaxjoe Q; Abaserca Hab/o1aeMoi, auddepen-
LMPYEMOil OTHOCHUTEJILHO BPEMEHH B TOM CMbICJIE, KaK 3TO OblJI0 OMpejiesieHo B pasil. 2.3, u
Qj — COOTBETCTBYIOIIUE MPOU3BOAHBIE. DOpMaBLHO Qj =i(HQ; — Q;H), rne H — noka
ellle HeU3BECTHBIH JIMHAMUUECKHUH orlepaTop Halllel cucteMbl. [1o oueBUaAHBIM cOOOpaKeHUSIM

) IycTb 1 M v — JBE MepEI B OTHOM H TOM 3Ke npocTpancTse S. Teopema Pagona—HHKOIMMA yTBEPIKIALT, UTO
€CJIM 3TH MepPbl YI0BJIETBOPSIOT HEKOTOPBIM CJ1a0bIM TPEOOBAHUAM PEryJIIPHOCTH U €CJIH T KayKJ10T0 MHOYKEeCTBa
E C S, mepa u(E) xoToporo paBHa HyJio, Mepa v( E) TakKe paBHa HyJlo, TO CYLLECTBYeT H3aMepuMasi QyHKLHs p
Ha S, KoTopasi sIBJsieTcs ,, IJIOTHOCTBIO MepPbl ¥ OTHOCHTEJIbHO MEPHI £ B TOM CMbICJIE, UTO

W(B) = [ o) du(s).

E

dra (byHKU,I/IH 00OBIYHO Ha3bIBAETCS l'[pOH3B0,Z[HOI>1 Panona—Hukonuma MEphbI 110 Mepe L.
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Mbl Ha3blBaeM Qj Ha0JI0IaeMOH CKOPOCTH, COOTBETCTBYIOLIEH KoopauHare g;. Hlanee, na-
OJ1r01aeMble HMITYJIbCA B KJIaCCHUCCKOH MEXaHHKE ONPEe/ISIOTCs TaKHM 00pa3oM, UTO OHH He
CBSI3aHbl HEITOCPEACTBEHHO CO CKOPOCTSIMH, U JIMLIb I0TOM OKa3bIBAETCS, UYTO UMITYJ/IbC PABEH
CKOPOCTH, YMHOKeHHO#1 Ha Kouctanty ). MmnyJise pj Hanpumep, ABJsETCs HaOJI01aeMO},
aCCOLMUPOBAHHOU C OJHONAPAMETPHUECKOH IPYIIIOA KOHTAKTHBIX IIPe00Pa30BaHUN, TIOPOXK-
JIEHHOH OIHONIapaMeTpUUeCKOM rPyInou

(q1,---,a3n) = (Q1,- -5 Qj—1:95 — Ay Qj+15---,G3n)

B KOH(UIypaLHoHHOM npocTpancTse. Ho 51a rpynna nHayunpyer rpymiy yHUTapHbIX [1peo6-
pasoBanuiit Wi B H = L2(M, p):

WIP(qry .- qan) = V(q1s - QG—1,Gj — Qs @jt1s - - -+ G3n)-

1 3Ta OHONIapaMeTpHuecKasi TPyMna HMeeT KOCOCONPSKEHHYI0 HH(UHUTE3UMAbHYIO0 06pa-
3ytoliyto —d/0q; KoTopast COOTBETCTBYET caMoCoIpsizKeHHOMY oneparopy (1/i) 0/0;. I1pen-
MOJIOZKHM, UTO KBAHTOBAsI MEXaHHKA COOTBETCTBYET KJIACCHUECKOH HACTOJBKO, UTO HAaO/I01a-
emasl, accouuuposannas ¢ W7, 1. e. naG/ojiaemasi, ornepatop KoTopoil paBeH MH(HHATE3H-
MaJibHOl o6pasyrolieii W/, yMHOxKeHHO# Ha 4, paBHa HabJ110/1aeMOil CKOPOCTH Q], YMHOXKeH-
HOI Ha KOHCTaHTy c;. Bynem npono/karh noka gopmasbHbie BbIK/IAAKH, HE OCTaHABJIUBAsCh
Ha Bornpoce 06 o6JacTH onpejeseHus ornepatopa. Torja Hallle NperoJoKeHne NMPUHHMAET
BUL

. 1 0
— i(HO: — Q:H) = — —
Q; =i(HQ; — Q;H) ic; g’
OTKy A
1 0
HQ; —QH=———.
9= Qs ¢j 9g;
JaJgee
aQQk Qka 27eC'HHk7éj7
! 0? 02 0
— Q- Q= =2—;
2] ) E
aq]' 8q]' 8(]]
[103TOMY, [10JIOKHB
2
RS PN o)
=1 €j 94;

MBI TTOJIYUMM, UTO ]IS BCEX j

HrQ; — QjHr = HQj; — Q;H

CuaenoBarenbHo, H — Hp KOMMYyTHpYeT co BceMH (Qj OTKyla BbiTekaet, uto H — Hrp ecTb
Hekoropasi yHkums (. Mrak, H — Hp ecTb yMHOXKEHHE Ha HEKOTOPYIO JeHCTBHTE/IbHYIO

(yHKUMIO Y KOOPJMHAT q1, - - . , 3n, T- €. H UMeeT CJIe/yIolIHil BUJL:
1 8%
] =1 €

O6patHo, ecin H umeer Takoil BHJ, TO Q] oyner pasno (1/ic;)0/0q;. Tlpeanono-
KHM Tenepb, uto Y auddepenunpyema. Torna Q; = (HQ; — Q;H) ecTb yMHOXKeHHe Ha

%) Tociennee yTBepy/eHHe He BCEra BEPHO, CM. ipuMeuanne Ha crp. 10. — [Tpus. ped.
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—(1/¢j)0Y/0q; (nockombKy () j KoMmyTHpYeT ¢ Hr). DT0 03HaUaeT, uTo B JIOOOM ,,10CTATOU -
HO IVIAJIKOM* COCTOSTHHHM 1) CIIPABEJIMBO PABEHCTBO

d? 1 /oY
@) = (Fov]v).

BosbMeMm Ternepb w TaKuM, UTO HHTErpaJl

/ W(QL (R Q3n)|2 d/,L
E

oueHb GJIM30K K | J/I5 HEKOTOPOro BeCbMa MaJioro MHOKeCTBa £ U UTO 9TO yCJIOBHE COXpaHsi-
ercsl B TeueHHe HEKOTOPOro BPeMeHH (TIpHUeM MHOXKECTBO E/, KOHEUHO, MOKET H3MEHSITLCS ).
Torna 1 onpenessieT cocTosiHUE, B KOTOPOM KOOPJHHATBI C IOCTATOUHO BBICOKOH TOUHOCTBIO
MMEIOT OrpeJie/ieHHble 3HaUeHHs. 3a 3TH onpe/ieieHHble 3HauUeHUst MOKHO TPUHATH (Q1 () [¢),

o (Qan (W) 0). Mlanee, oy oY
(%w‘ 1/)) J 94 S

NpUGJIM3UTEIBHO PaBHO 3HaueHuto JY/0g; B TOuke

(@), - -, (Qan(¥)|0)).

Jpyrumu cjoBamu, Hailla KBaHTOBasi cHCTeMa OyeT anmpoKCHMHPOBAThH KJACCHUECKYIO CH-
cTeMy, 3a/laHHyto HpdepeHIHaIbHbIMH YPaBHEHUSIMHU

o de O
T ae? aq]"
T. €. KJIaCCHUECKYIO CUCTEMY C MaCCaMH Cq,...,C3p U l'[OTeHLlPIaJ'[bHOfl SHGPFI/IGI:I Y. OﬂHaKO

Halllh YypaBHEHUS MO2KHO TaK2Ke 3alliucaTb B BUIE

d%q; Y
4 :_ha_

ih ——
< dt? 0q; ’

rjie A —TNpoU3BOJIbHAS KOHCTaHTa. TakuM 0O6pa3om, Hallla CHCTeMa anrnpoOKCHMHUPYET TaKxkKe
KJIACCHUECKYIO C MaccaMu cih, . . ., c3pfi M NoTeHuMabHON 3Heprueid AY . [To3TomMy Mbl He MO-
JKeM Cpasy OTOXKJIECTBHUTB ¢j C MaccaMH m; U Y ¢ OTeHLMA/bHON SHeprueil V cooTBeTCTBEeH-
HO, @ MOXKEM TOJIbKO CUMTaTh, UTO OHM OTJIMUAIOTCS HA TIOCTOSIHHBIA MHOXKHTEJIb: ¢j = m;/h,
Y = V/h. st moGoro h KBaHTOBasi CUCTEMA C IMHAMHUECKHUM OTepaToOpOM

3n

h 1 0% V
j=1 q;
B HaJJIeXKalllUX YCJOBUSX BeJIeT ce0s1 aHaJIOTHUHO KJIACCHUECKOH CUCTEME C MACCAMU 1My, . . . , M3n

¥ roTeHunanbHol sHeprueit V. CootsercTBylolee ypaBHenue Llpeannrepa cyuiectBeHHo 3a-
BUCHT OT 3HaueHus h.

Aok 1 9% 7 109
A0 =32 g TR T

Haxe ecoim V = 0, T. €. ecjid yaCTUUBl He B3aUMOJIEHCTBYIOT, BeJIMUMHA h HE COKpaulaer-
cs1. Takum o6pa3om, HEKOTOpPbIE CBOWCTBA KBAHTOBOH CHUCTEMbl 3aBHUCSIT OT 3HAueHusi A, HO
9TH CBOMCTBA TEPSIOTCS TPH Mepexojie K Kaaccuueckomy npeseny. OQHUM U3 TaKMX CBOHCTB
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SBJISIETCS CKOPOCTh, C KOTOPOH BEPOSITHOCTHBIE PACIIpEe/Ie/IeHHsT pacilIbIBAIOTCA C TEUCHHEM
BpeMeHU. UeM MeHblile Mbl BO3bMeM h, TeM MejlsieHHee GyIeT MPOUCXOUTD 3TO paciljbiBaHUE.
ITOT paKT He ABJAETCS HEMOCPEACTBEHHO OUEBHIHBIM, HO €70 MOXKHO JI0Ka3aTh, H3yUHB HAIIU
ypaBHeHHs1. M3 5KCNepUMEeHTOB, B KOTOPbIX 00HAPYKHBAIOTCS HEKJIACCHUECKHEe CBONCTBA CH-
CTEeMbl, MO?KHO HAHTH OTHOLLECHHUSI m; / Fi; TO3TOMY, 3Has1 172 Mbl MO2KEM HAHTH A. DTa BeJMUMHA
OKa3bIBAETCsl YHUBEPCAJbHON KOHCTAHTOM, TeCHO CBsI3aHHOMH ¢ nocTtosiHHo# [lnanka. Tounyto
CB$13b Mbl OOCY/IUM HHKE.

3ameTrum, uTo, BEIOpPAB COOTBETCTBYIOLIMM 00PAa30M €MHHILY MACChl, Mbl MOYKEM CUMTATh,
uto h = 1. Ecsiu enuHna Macchl ellle He BbIOpaHa, Mbl MOXKEM M0 OIpPeIe/IEHHI0 CUMTATD
Maccy, aCCOLMMPOBAHHYIO C j-Fi KOOPAMHATOH, PABHON UMCIy cj. DTO ONpejesieHHe Cora-
cyercs ¢ 0ObIUHBIM OMpeJieieHheM Macchl, HO He TpeOyeT MPOU3BOJBHOTO BHIOOPA €IMHHUIIbI
macchl. JIpyrumu cjioBaMu, B KBAHTOBOH MeXaHHKEe UMEET CMbICJI TOBOPUTb 06 ,,a0COJIIOTHO!
Macce u (nocJie BbI60opa e/IJMHULL BDEMEHH U JIJIHHBI) Mbl UMEEM ,,€CTECTBEHHYIO €/IMHUILY Mac-
cbl. KoHeranty /i MOXKHO pacCcMaTpUBaTh KAK MHOXKHUTEJIb MTPOMOPLHMOHAIBHOCTH MEXKJLY ITOH
€CTEeCTBEHHOH MACCOH U MACCOH, IPUHATOM J10 NOSIBJICHHUSI KBAHTOBOH MEXaHHUKH.

[TonBenem KOpOTKO UTOTH. Mbl BBISICHUJIH, UTO JJIsl 3a/IaHHON KJaCCUYECKOH CUCTEMbI 1
TOYEK C IPSIMOYTOJIbHBIMU KOOPAMHATAMH q1, . . . , §3n, MACCAMH M, . . . , M3y U INOTEHLHAb-
HOH yHKIMeH V MOXKHO CJe/lylolliMM 00pa3oM MoJyudTh KBAHTOBLIH aHaJor. [lycth H —
THJIbOEPTOBO MPOCTPAHCTBO BCEX KOMIJIEKCHBIX (DYHKIIME C CYMMHPYEMbIM KBAJIPATOM OTHO-
CUTEeJILHO Mepbl JleGera Ha 3n-MepHOM eBKJIMI0BOM MpocTpaHcTBe. [1ycTh Kax 1o Koopau-
HaTe gj MOCTaBJIeH B COOTBETCTBHE onepatop ymHoxenus Ha gj: Q;(f) = q;f. Ilyers H —
CaMOCOTIPSIKEHHBIH oriepaTop, NepeBoAsIINE (DYHKIHUIO 1) B

3n
Z 1 azw v Y
<M 8q] h
rie A — HeKoTopasl yHUBepcaJibHasi KOHCTaHTa, onpeessieMasi U3 skcrepumenTa. Torna us-
MEHEHHMEe Hallel CUCTEeMbl BO BPEMEHH 3a1aeTCsl OJIHONapaMeTPUUECKON IPYIIIOH et ym,

B 1udepernanbHoil hopme, (yHKLHS COCTOSIHUS ¢ H3MEHSIETCsI CO BpeMeHeM TakuM 00pa-
30M, UTO BbINOJIHSIeTCs1 ypaBHeHue Ll penunrepa

B nopsiike npepocrepexkeHust Hy»KHO CJ1eJIaThb HECKOJIbKO 3ameuaHuil. Bo-mnepBbix, Mbl He
YTBEPKAAeM, UTO Mbl HALLJIH €MHCTBEHHYIO KBAHTOBYIO CHCTEMY, HMEIOLLYIO MPe1eJIOM 1aH-
HYIO KJIaCCHUECKYIO CHCTEMY; Mbl YTBEPKAAeM TOJIbKO, UTO HALIK OJIHY Takytlo cucteMy. Mbl
YBUJIMM, U4TO CYUIECTBYIOT U Jipyrue. Jlajee, XOTsi Mbl U IPUBOJIMJIM APTYMEHThI B 110J1b3Y TOTO,
UTO UMEETCsl TOJIbKO OJIHA CUCTeMa, oOJsaaarolast 10CTaTOUHO MPOCTBIMHA CBOHCTBAMH, Mbl He
MIOKA3aJI1, UTO 3TH aPTYMEHTBI MO2KHO JJOBECTH JI0 CTPOrOro NOKA3aTe/bCTBA.

Bo-BTOopbIX, Halle onMcaHhe KBAHTOBOH CHCTEMbl HE MOJIHO, MOCKOJIbKY (pOpMaJibHbIi
i depeHIHabHbIHA OMepaTop, KOTOPbIH Mbl ITHUCAJH BhIIIE, MOXKET UMETh 60Jiee OHOTO Ca-
MOCOIPSI?)KEHHOTO pacLIMPeHHsi, ecyid OH UX BooOlle umeeT. Ha camoMm jiesie B 6OJIbLIMHCTBE
cJIyuaeB, MpeACTaBSIONINX (PU3HUECKUI UHTEpeC, HMeeTCsl YI00HbIH cnoco0 CTPOUTh Takoe
pacluMpeHHe U BO MHOTHX CJIyuasix OHO J1axKe e/IMHCTBeHHO. Kpome Toro, oTBeT Ha GOJIbILIMH-
CTBO (pU3UUECKHUX BOTIPOCOB OOBIUHO HE 3aBUCHT OT TOTO, KaKoe paciiuupenue Gepetcs. Takum
00pa3oM, 3Ta HeOJITHO3HAUHOCTb He siBJIsieTcsl cepbesHoil. [Toapo6Hoe neesenoBante BaxKHOTo
YACTHOTO CJIyuast MOXKHO HaiiTH B cTathe Karo 7).

Ha6monaemast ckopoctu hopmasibHO paBHA

: ih 0 h 0
Q)= i(HQ; — QH) =~ =

m; Oq;  im; aqj '

10y Kato T., Trans. Amer. Mat. Soc., 70 (1951), 195.
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ITOT Oneparop UMeeT ,,eCTECTBEHHOE  CAMOCOINPSKEHHOE pacllupeHre: HHUHUTE3UMAIb-
Hyto o6pasyolityto rpynnsl Uz, yMHOXKEHHYIO Ha h/im;, re

Ut(d)(qlv v 7Q3n)) = w((ha s qj—1,45 — ta qj+1s--- aq3n)

[TosTOMY MBI TPUHUMAEM ITO CAMOCOTIPSIPKEHHOE PACILIMPEHHE 3a CTPOTO OIpPe/Ie/IeHHbII aHa -
Jior HaBJTI01aeMOil CKOPOCTH. VIMest iuHaMUuecKH il oreparop, a TakKe OrepaTopbl, COOTBET-
CTBYIOLIME HAGIIOAEMbIM KOOPJMHAT H CKOPOCTH, Mbl pacriojiaraeM MaTeMaTHueCKOH Mojie-
JIbIO, KOTOpasl B TIPUHIIMIIE TTO3BOJISIET OTBEUATh HA BCE JIOMYCTUMbIE (PU3HUECKUE BOTIPOCHI.

[TocmoTpuM Ternepb, B KAKKHX Mpeiesiax Mbl MOXKEM MOCTPOUTL KBAHTOBbIE aHAJIOTH 0ObIU-
HBIX TIOHATHH IMHAMUKH. Mbl y2Ke yKa3biBaJii, oueMy caMoconpsizkeHHbli onepatop (1/7) 9/0q;,
JIOJKEH PACCMaTpPUBATBCSI KAK KBAHTOBBIH aHAJIOr KJIACCHUECKOH HAGJII0aeMOH HMITYJIb-
ca p;. C apyroil CTOpPOHbI, MOCKOJbKY HabJ/1I0J1aeMOi CKOPOCTH COOTBETCTBYET OIepaTop
(h/im;) 0/0q;, Mbl 1O/KHBI Obl/M Obl CUNTATh OMEPATOP UMITY/IbCA PABHBIM

(O _hOD
" imjan _iaq]"

€CJ1i Obl Mbl XOT€JIH HMETh YHCJIEHHOE COOTBETCTBHE MEXK/LY STHMH HAOJI0IaeMbIMH TIPH Tiepe-
X0JIe K KJIaCCHUECKOMY TIpejieTy. DTO MPOTHBOPEUHE BBI3BAHO TEM, UTO B K/JIACCHUECKOH MeXa-
HHUKE HMITYJIbC OTPEIEJISIETCS TOJIBLKO MOCJIE TOT0, KaK BbiGpaHa elMHHIa Macchl. J1eji0 06¢TonT
TOUHO TaK K€, J1aXKe €CJIU Mbl TIPUMEM TEOPETHKO-TPYIIOBOE OMPEIeeHHe, MOCKOIbKY 0T06-
paxenne My Ha My« 3aBUCHT OT BbIGOpA €IMHHULBI MACChl. DTO MPOTHBOPEUHe OTIIAJAeT,
€CJIM UCTOJIb30BATh €CTECTBEHHYIO €IMHUILY MACChI, T. €. puHsiTh & = 1. Ecn Ham notpe-
GyeTcst UCMOJb30BaTh JIPYTHE €JIMHHIIBI MACCHI, Mbl JI0JDKHBI GY/IeM CUHTATh UMITYJIbC PABHBIM
(h/i) 0/0q; BMecTO Gogsee ectecTBeHHOTO (1/7) 0/0q;.
HerpynHo nokasarb, 4To CyMMbl

iew 0 K 0 he=~ 0
DO e D D D DY o

rie (q1,---,93n) = (T1,Y1, 21, -+ - Tny Yn, Zn), ABJASIOTCS UHTErPATIAMH JIBUXKEHHUS, €CJIH 110~
TeHUMaJbHasl sHeprust V TakoBa, UTO UMIYJIbC B COOTBETCTBYIOLLEH KJIaCCHUECKOH cUCTeMe
coxpansiercsl. Takum 00pa3oM, B KBAHTOBOI MeXaHHKe, TaK »Ke Kak M B KJ1aCCHUECKOH, UMe-
€TCsl 3aKOH COXpaHeHUs1 umIlyJibca. Ha camom zesie ero MoxKHO BbIBECTH HElOCPECTBEHHO U3
TexX xKe cooOpaKeHHH CUMMETPHH.

AH&JIOFH'—IHOE 3aMedyaHue NIpuMEeHHUMO U K MOMEHTY UMITyJIbCa. Mui ornpeaeJ MM KOMIIOHEHTY
110 OCH z MOMEHTA UMIyJIbCa OTHOCHTEJIbHO Hauasla KOOpJMHAT Kak HabJ1l01aeMyto, COOTBeT-
CTBYIOLLYIO YMHOXKEHHOH Ha F/i UH(UHUTE3UMAJIbHON 00pasylolleil oHOapaMeTpHUeCcKOk
IpyNIibl B HalLeM r'MibOEPTOBOM IPOCTPAHCTBE, MOPOKIAECHHOH rPyNIoi BpallleH!il BOKPYT OCH
z. ®opMaJibHO COOTBETCTBYIOIINH OMepPaToOp OKA3bIBAETCS PABHBIM

B3 (o)
ij:l I 8yj I 81’]' )

Briosine anasioruunbl onpeseseHus U BbIpaxKeHHs JIJIsT MOMEHTOB HMITYJIbCa OTHOCHTENb-
HO JIpyruX oceil. Mcnodb3ysi nosisipHble KOOPIMHATBI, HETPYIHO HEMOCPEICTBEHHO BBIUHCIUTD,
YTO OMepaTop MOMEHTA UMITY/IbCa HMEET UUCTO TOUEUHBIH CIIEKTP U COOCTBEHHbIE 3HAUEHHS SIB-
JISIIOTCS 11eJIbIMU KpaTHbIMU A Takum 06pa3om, KBaHTOBast MEXaHHKaA JaeT 00'bsICHEHHE OJIHOTO
13 OCHOBHBIX MIPUHLIMIIOB CTAPOI KBAHTOBOK T€OPUHU MIPH YCJIOBHH, UTO Mbl IPUMeM fi = h/27.

B knaccuueckoli MexaHHKe BblpazKeHHe MOJIHOM SHePruH uepe3 KOOPAMHATHI ¢j U COOTBET-
CTBYIOLLIHE UMITyJIbChI P; UMEET BHJL (B IeKapTOBbLIX KoopauHaTax. — Ped.)

1 1
—§ZEP?+V(QL---7Q3«:¢)-
j=1 "
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DTO BbIpayKeHHe COXPAHSET CMbIC/I, €CJIH Mbl 3aMEHUM ¢j M p; Ha ONepartopbl, KOTOPhIE CO-
OTBETCTBYIOT UM B KBaHTOBOiH MexaHuke. Torna V(Qq,...,Qs,) OyleT NpocTo ornepaTopom
YMHOKeHH$ Ha (PYHKLHIO: @ — V - ¢, U Mbl IPUXOIUM K ((hopMasIbHOMY ) oriepaTopy

3n
B2 0%y Vv
D D R
j; Qmj aq]2 h

KOTOPBIH, MO-BUAUMOMY, JOJKEH SIBJSITHCS KBAHTOBBIM aHAJIOTOM HEPrHH B KJ1aCCHUYECKOH
MexaHHKe. 3aMeTHM, UTO 3TO B TOUHOCTH BblpazKeHHe JI/Isl IMHAMUUECKOro orlepaTopa, yMHO-
»KeHHoe Ha h. [ToaTomy Mbl O onpedesenuro cuutaeM SHEPTHIO B KBAHTOBOH MeXaHUKe Ha-
6J110/1aeMOH, COOTBETCTBYIOLLLEH TMHAMHUUECKOMY OIepaTopy, YMHOXKEHHOMY Ha h. DTOT orle-
parop, OUEBH/IHO, SIBJISIETCS] HHTErpaJioM, T. €. B KBAHTOBOH MeXaHUKe BbIIOJHSIETCS 3aKOH CO-
XpaHeHUsi 3Hepru. Mbl OJYUHIIH TaKKe yI00HOe 3MIHPUUECKOE MTPABUJIO JI/Is1 3aITOMUHAHMUS
(hopMaJsIbHOrO BbIpaXKeHHUs1 IMHAMUUECKOro orepaTopa H, cjejloBaTesbHo, ypaBHenus LLpe-
JuHrepa: 1) BbIPAa3UThb KJ1ACCHUECKYIO SHEPTHIO uepe3 deKapmosgsl. KOOPAUHATH U UMITYJIbChI;
(2) 3aMeHNTb KaxKblil UMIYJIbC p; onepatopoM (h/i) 0/0q;, 1 KaKIyto KOOPIUHATY ¢; Ore-
paTopom ¥ — @q;4; (3) pasie/uTh Bee BhlpaxkeHue Ha h. Kak Mbl yBUIMM HUXKe, CyllecTByeT
6oJiee ob11as npoleaypa, NpUMeHuMast U K 060011leHHBIM KOOpIUHATaM.

Ecan mMbl 0603HauMM €aMOCONPSIKEHHBIH OMepaTop, COOTBETCTBYIOWMI pj, yepes P u
BOCIOJIb3yeMcsl TeM, uto orepatop P dopmanbHo paseH (h/i) 0/0qj, TO Mbl TIOJYUHM CJle-
JyIOLIMe COOTHOLLIEHHS (BBINOJHAOLLMECs, KOTrla HeorpaHHueHHble onepatopbl Q; 1 Pj y10-
BJIETBOPSIIOT HEKOTOPBIM YCJIOBHSIM ):

QiQr — QrQj = PjP, — P P; =0,
QiPx — PeQ; = ih &}

DTH paBeHCTBA U3BECTHbI KaK ,,KOMMYTaLMOHHbIe cooTHOLIeHHs [eiizenGepra®. Ouu uHTepec-
HbI T€M, UTO (32 HCK/IIOUEHHEM MHOXKHTEIS /i) MX MOXKHO ObLJIO HAMHCATh allpUOPH, HCXO/s1 U3
AHAJIOTHH MEXK1Y CKOOKaMH HyaCCOHa 1 CKOOKaMH KOMMYTAaToOpa, a TaKxKe TeM, UTO 10 HEKO-
TOPOFi CTeneHH (KOTOPYIO Mbl yTOUHUM HHXKE ) OHH OJHO3HAUYHO OMPEJIEAIOT KOHKPETHYIO pea-
JIN3AalHIO ho

Q) = B =75

KoHeuHo, B K/acCHUeCKOl MeXaHMKe HMEIOT MECTO aHaJIOTHUHble COOTHOLICHHs (g, qr] =
_ , _ sk
[pjs Pkl =0, [gj, p] = &5
Yro Kacaercsi 0HO3HAUHOCTH, O KOTOPOH MbI TOJIBKO UTO YIOMSIHYJIH, TO HaMm Gyjer
HETPY/IHO YCTAHOBUThL TOUHYIO TEOPEMY CPagy »Ke 10cJie TOro, Kak cooTHolllenus [efizenbepra
OyayT copMyHpOBaHBI B TaK Ha3biBaeMoii ,,popme Beitia, B KOTOPoil pUrypupyior TobKO
orpaHuueHHble orepatopbl. O603HaunM uepe3 U7 ojiHonapamMeTpuuecKyio YHUTapHyIoO IpyIiy
s — e auepes V7 rpynny t — e~ Torna U7 n V7 onpenensior Qj v P; n cootnoule-
nust lefizen6epra popmasnbHO SKBUBAJIEHTHBI CJIEIYIOLIAM:

viuf =utul, Vivi=vivy,

S
Ui vk =vkui i hst (2.1)
[ycers Teneps U, ..., U™, V1 ... V3" — npoussosibHble 67 HenpepbIBHLIX OIHONapaMeT-
PHUECKHMX YHHTAPHBIX TPy, IEHCTBYIOILIMX B TOM K€ CaMOM I'HJbOepTOBOM rpocTpaHcTBe H
U y0BJIETBOPSIOIMX yesoBusM (3). B cootserctsun ¢ Teopemoii Ctona u con Heiimana ')
H moxkHO 3anucath B Buje npsiMoil cymmbl H = Hy @ Ho & .. ., tae kaxoe H; nepeso-
nutes B ce6s Beemn U2 1 Beemn V¥ u kaxnoe H; Moxkio 0To6pasuth ynurapho na L2(E3")

1) Tokazarenberso, npusesentoe hon Heiimanom, em. B Annals of Math., 33 (1932), 567.
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TaKUM 06pa3oM, uto onepatopbl U NepexomsT B onepatophbl Y — e~ **94) 1 oneparopsbi Vtk
Nepexo/IsiT B ONepaTopbl

¢(Q17- . '7Q3n) - 1/’(‘11, ey qk—1,49K — hta dk+1y - - - 7Q3TL)'

JlornosHuTeIbHOE NPETIONO0KEHHE, UTO UMEETCS TOJIbLKO OJIHO cJlaraeMoe, BIOJIHE SKBMBA-
JIEHTHO NPENOJIOKEHHIO, UTO () 06pasyloT NOJHOE CeMEHCTBO ONEPAaTOPOB.

Ecan H peannsosano B Bue £2(M), Kak yKasaHo Bbllle, TO KaxIblii BEKTOP COCTOSIHHUSI
1 siBaIsieTcs (pyHKLMEH ¢ cyMMUpyeMbIM KBaapatoM Ha M u Kaxaasi Tpaekropus e~ *H(q))
sBysiercst GyHkurein Ha M x R, rne R — neiictBuTesbHas npsivasi. dta QyHkuust 3n + 1
NIEHCTBUTE/IbHBIX EPEMEHHBIX HA3bIBAETCS BOAHOBOU (DY HKYUel CUCTEMBI.

Mbl MoxxeM 3anucarb ¢ B BUJIE \/ﬁeis, rie p = |¢|% a S — nekotopas neficTBUTe/IbHAS
¢ynkuust Ha M x R, onpeiesieHHast ¢ TOUHOCTBIO 10 QJUIMTHBHOMN NMOCTOSIHHOH. PyHKLMHK p 1
S BMeCTe 0JIHO3HAUHO ONPELESIOT ¥, U p UMeeT OUeBU/IHbIA (PU3HUECKHIT CMBICI: ecid B —
6opesieBCKoe MoAMHOKeCTBO M, TO

/"'/p(Q1a"'7Q3n)dq1a"'adq.?m
E

€CTb BEPOSITHOCTB TOTO, UTO B COCTOSIHUY ) U3MePeHHsl ¢; AaayT Habop (g1, . . . , g3, ), IPUHAL-
Jexkauui MHoKecTBY E. OyHKuMs S Tak:ke MMeeT NPoCToi (PU3HUECKUI CMBIC/I, KOTOPbIH,
OJIHaKO, MeHee oueBHeH. [Ipeanonaras, uro ¢ 10CTaTOUHOE UMCJIO pa3 AuddepeHLrpyema,
BBIUMCJ/IMM CPeJIHee 3HaUeHHe j-I KOMITOHEHTbl UMITyJIbca, T. €. Pj(1|1). OHo paBHO

h o — h 0 ‘ .
f/"'/i¢dQ1,~--,dQ3n=f/"'/f<ﬁe’5>~\/ﬁe Sdqi, ... dgs, =
7 7 0
/ /( )dQ17~~~7dQ3n / /Z—dQIa~~~adQ3n:
13 .0S
7 8q]'

[Tockosibky p — 0 nipu ¢; — =00,

9
/---/a—pdql,...,dQ3n:0
4

W Mbl BUJUM, UTO CpeHEEC 3HAUCHUE P] paBHO

/ / ~—dqi, ..., dgs,.

EcJin cocTosiHue 1) TAKOBO, UTO p CKOHLEHTPUPOBAHO B OJIHOK TOUKE, T. €. q1, . . . , 3, TIOUTH
3aBEJIOMO JIexKaT BOJM3U ), . . ., g3, TO KOMIIOHEHTBI MMITYJILCOB OYIyT HMETh CPEHHE 3HA-
uenust, 6amskne Kk 5/9q; (40, .. ., q5,). B mobom cayuae

oS oS
(Q17 N ~7Q3n) (h%(qu B 7Q3n)7 N '7h@(q17' o J]?m))

€CTh BEKTOPHOE MOJIe€ B KOH(UIYPALMOHHOM MPOCTPAHCTBE, KOTOPOE CTABUT B COOTBETCTBHE
Ka’KJI0My MHOXKECTBY 3Hau€HHIl KOOpJMHAT MHOXKECTBO 3HAueHui UMysbcoB. CpeHee 13
9THUX 3HAUEHUIH UMITYJIbCOB OTHOCHTENILHO TUVIOTHOCTH p PABHO CPEHEMY 3HAUEHUIO UMITYJIbCa
B cocTosiHuU \/pe™®. B aTom cmbicie Bektop h(DS/dqy, . . .,05/0qs,) onuchiBaeT UMIYIbC
COCTOSTHHSI.

Yurates1o, BO3MOXKHO, MOKAXKETCsl MHTePECHOH 3anuch ypaBHenust LLpenunrepa B Buje
CHCTEMbI JIBYX JIeHCTBUTE/IbHBIX yPaBHEHHI OTHOCUTEIbHO (DYHKLME p U .S, B 0COGEHHOCTH 151
cJlyuast OJIHOK uacTHbl. B 3TOM cjyuae nosiyuaioresi ypaBHeHusi, Upe3BblUaiiHO MOX0XKHE Ha
ypaBHeHHsI THAPOIMHAMUKH, IPUUEM p UIPAET POJIb MJIOTHOCTH XKMAKOCTH, a S — MoTeHLHaNa
CKOpOCTEH.
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2.5 HekoTopble npocTeiiliie NnpuMepbl U NMepBOHaYadbHble OT-
KpbiTusi LLlpenuurepa v leiizen6epra

Paccmorpum cayuaii, korna n = 11V = 0, Tak Ha3biBaeMyio CBOGOHYIO uacTuily. [lyctsb
q1 = 2,492 =Y, g3 = 2, TaK UTO

h (0% 0% 0%
Hy) = 2m (83:2 0y? T 8z2> '

MbI MOXKEM MOJYUHTh CMIEKTpabHOE pasnoxKenne H B BHOM BHIE, HCTOJb3Ys PeoOpas3o-
Banue Oypbe. Kaxkaplii exunnunbiii ekrop ¢ 8 H = L2(E3) oaHosHauHo npejcTabisiercs B

BUJIEC
1 b
v <2'7r)—s/2/ / / W(a,b, c) W) da dbde,
—0o0

rie 1 Takxke umeeT Hopmy | B L2, npuuem st Takux 9

+o0o
=g [ ] [ e e dodvae
™
—00

aHaJIorHuHble BblpaxxeHust umetorest wist (1/7) 0 /0y u (1/i) 0 /0z. Takum obpasom, H (1))
ecTb npeo6pasoBanne Oypbe oT

i .
%(cﬂ +v?+ 02) U(a,b,c).

Orcrona caenyer, uro ec/d npu ¢t = 0 BoJiHOBast (hyHKLMS ¢ UMeJsa rnpeobpasoBanue Pypbe

¥(a,b,c), 0 Y(x,y, z,t), B MOMEHT BpeMEHH ¢ UMEET BUJL

400
1 N . )
(27T)3/2 / / /d)(a? b, C) ez(aw-ﬁ-by—i—cz) e—(zh/Qm)(a2+b2+c2)t da dbde,
—00

Takum o6pasom, ¥ (z, y, z,t) npeacTasJsieT co60il HeNpepbIBHYIO ,,CyNepro3uLnio’ PyHKIMH
NnepeMeHHbIX x,y,2,t BU1a

ei[(ax—i—by—i—cz) —(R/2m)(a?+b2+c?)t] Va2+b2+c? [(ax+by+cz)/\/ a?2+b2+c2—(h/2m)V/ a2+b2+02t]

Takasi pyHKLHMST ONUCHIBAET ,,TVIOCKYIO BOJIHY, KOTOPAsi IBUKETCS CO CKOPOCTHIO % va?+b% + 2
B HarpasJieHHH, TepPIEeHHKYJ/ISIPHOM [JIOCKOCTH ax + by + cz = 0, 1 UMeeT JUIMHY BOJIHbI
27 /v a? + b? + ¢2. Tpeanosioxkum, uro ¢ = 0 BHe MaJIoii 0GJIACTH BOKPYT TOUKH ag, by, Co.
Toryia KOMIOHEHTBI HMITYJICA 110 OCSIM &, Y U 2z JIOJXKHbI UMETb 3HaueHusl, OJ1M3Kue K hag, hbg
1 hcy COOTBETCTBEHHO, U 1) (PYHKIMS x, Y, 2 U t ABJASETCS CyNepro3nlIdeil MIOCKUX BOJH C

JUIMHOH BOJIHBI, OJIM3KOH K
2 2mh

Vi +i+d  p

rie po = +/(hao)? + (hbo)? + (hco)? — 3HaueHne, BOIM3H KOTOPOTO GY/IeT HAXOMUTBCS M0JI-
HbII UMITYJIbC. TakuM 06pa3om, ecii B HEKOTOPOM COCTOSIHHE HMITYJIbC C BEPOSITHOCTbIO | Ha-
XOJUTCS BOJIU3H pg, TO BOJHOBAst (DYHKIHUS IBJISIETCS CYTEPIIO3HILMEN MJIOCKHX BOJIH € JJIHHOM
BOJTHBI, 6JIN3KO# K 27mh/pg. B 9TOM cMbIC/Ie CBOOOIHOM YACTHIIE C HMITYJILCOM P COOTBETCTBYET
BOJIHA JUIHHBI 2707/ p.
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B 1924 r., B nocsieHue 1HU CTApoil KBAHTOBOH TE€OPHH, ie Bpori/ib BBIABHHYJ YHCTO yMO-
3PHUTEJIbHYIO TEOPHIO, COIVIACHO KOTOPOH YaCTHLE C MMITyJIbCOM P COOTBETCTBYET ,,BOJIHA™
JUIHHBL h/p. Bekope 9Ta TeopHst MoJstyunsia SKCrepuMeHTalbHOe MOATBEPK/IEHHE: Pa3IuIUHbIM
YUeHbIM yjasnoch Hab/oAaTh AMMPAKLMOHHYIO KAPTHHY OT IyuKa 3JIEKTPOHOB C MMITYJIbCOM
D, BIIOJIHE AHAJIOTHUHYIO TOH, KOTOpas MOJyuyaeTcst OT PEHTTCHOBCKUX Jiyueld ¢ JJIMHON BOJI-
Hbl h/p. KBantoBasi MexaHuka jaer oObsiCHEHHE 3TOMY SIBJIEHHIO TIPH MPE/NOJN0KEHHH, UTO
h = h/2m; TakuM 06pa3om, Mbl T10/1yuaeM BTOPO€ SKCIIEPUMEHTa/IbHOE MOATBEPK/IEHHE pa-
BeHCcTBA h = h/27.

Broxnosaiennslit paboroii ae bporis, LpenrHrep nonbitajcs nocTpoUTh ,,BOJTHOBYIO Me-
XaHHKY", KOTOpPast OTHOCH/1aCh Obl K KJIACCHUECKON MeXaHHKe TaK Ke, KaK BOJIHOBAs ONTHKA
OTHOCHTCS K TeOMeTPHUECKOH. DKCIePUMEHTHPYsl C BO3MOKHBIMH BOJIHOBbIMH ypaBHEHUSIMH
¥ COOTBETCTBYIOLIUMH UM CTOSIUMMM BOJIHAMH U IIPUMEHSIS CBOU WJEH K JIEKTPOHY B aTOMe
BOJI0POJ1a, OH MPHLLIEJN K yPaBHEHHIO

% 9% 0% 2m e?
83:2+8y2 8z2+ﬁ E+,/:U2+y2_|_22 ¥ =0,

rie E — sHeprusi aJieKTpoHa, m — ero macca, e — ero 3apsii, K — HeKoTopast KOHCTaHTa.
N3syuast 310 ypaBHeHHe, OH C/ies1a/] OCHOBOMOJAraIoLIee OTKPLITHE, KOTOPOE COCTOSIIO B TOM,
uTO

(a) aTO ypaBHeHHe MMeeT pelleHHs], YI0BJAETBOPSIOLHE HEKOTOPbIM €CTECTBEHHbIM Tpe-
GOBaHUSIM PEryJIsIPHOCTH, TOTIA M TOJIBKO TOT/A, KOTJlAa 3HAU€HHe SHEPrud E NMpHUHAIEKUT
onpeJie/IeHHOMY JIMCKPETHOMY MHOKeCTBY 3Hauennit: met /2K 2, me? /SK? me* /32K2,. . ;

(b) 3Tn 3HaUEHHS1 COOTBETCTBYIOT yPOBHSIM 3Hepruu bopa m/ist aToma Bogopoa, ecsiu npu-
nath K 3HaueHue h/2.

Taknum o6pasom, Ulpenunrep Hates crnoco6 nosyuats 3TH IMCKPETHbIE 3HAUEHHUS], HE Bbl-
JIBUrasi HIKaKuX MpeaBapuTe/bHbIX TpeOoBatuil uckpeTHocTd. B 1926 u 1927 rr. oH ony6.n-
KOBaJ1 psijl cTatel, o3ar/asJ/ieHHbX ,, KBaHTOBaHMe Kak 3a/aua 0 COOCTBEHHbIX 3HAUEHHUSIX ", B
KOTOPBIX OH HCI0JIb30BaJ U 006CY/IUJI HEKOTOPbIE CJIEACTBHSI CBOETO BaxKHEHILIEr0 OTKPbITHSI.

Teneps, koHeuHo, HeTpyHO MOHATL OTKpbITHE LLpeannrepa. Ecou Mbl Bo3bMeM npejiio-
»KeHHyto Pesepdopiom Mojiesb aToMa BO0PO/1a — TSIzKeJI0€ MO0J0KUTEIbHO 3apsizKeHHOE s1J1-
PO 1 3JIEKTPOH C PABHBIM 10 BEJIMUHHE W POTHBOIOJIOXKHBIM 110 3HAKY 3apsiioM —e, Bpallla-
IOLLUACSH [0 HEKOTOPOH OpOUTe BOKPYT AApa, — W He OyleM YUMTBhIBATH ABHXKCHHUE f1pa, TO
MOJIYUUM KJIACCHUECKYI0 MEXaHHUECKYIO CHCTEMY, SHEPIUsl KOTOPOi paBHa

62

L2, 2, 2
2m (b2 47y +22) Va? +y? + 22

[Tepexonst K COOTBETCTBYIOLLEH KBAHTOBOH CHCTEME, Mbl [TOJIyUHM, UTO HAOJIIO1AE€MOH SHEPTHH
COOTBETCTBYeT AU (epeHHabHbIN OrepaTop

R (0% 0% 9% 2
Y T om Ox? 8y2+8z2 N
Tty +z

2m
B rHLGepToBoM npoctpancTse L2(E3). CTauMoHapHbIMH UMCTBIMM COCTOSIHUSIMU Hallel CH-
cTeMbl OYIyT COCTOSIHHS, OmpeniessieMble COOCTBEHHBIMH (DYHKLMSIMHM 3TOTO oreparopa, a
COOTBETCTBYIOLIMMH COOCTBEHHBIMH 3HAUEHUSIMH OYyJ1yT 3HAUEHUS] SHEPIHH, KOTOPble TOUHO
omnpeniesieHbl B 3TUX cocrtosinusix. Ho muddepenumpyemast dynkums ¢ 6yner co6CTBEHHOM
(byHKLMeN 3TOrO0 Oorneparopa ¢ cOOCTBEHHbIM 3HaUeHHeM E Torja U TOJIbKO TOrJla, KOrja oHa
YIOBJIETBOPSIET YPABHEHHIO

I e A e’y _
2m \ 0z? = Oy?  02° N

Ev,
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HJIHN

% 0% 0%  2m €2
w2 T tar T e\ Pt a2 )V 0

) z TeF+ Yy +z
910 B TounocTH ypaBuenue llpenunrepa, rne K = h. Tor hakr, uto nosyuatoimecs mpu 3ToM
cOOCTBEHHbIE 3HAUEHHUS COBMAJIAIOT C HA0JI0/IaeMbIM CIIEKTPOM BOJIOPOJIA, COCTABJISIET TPEThe
MOATBEPK/IeHHE paBeHCTBa f = h/27.

Heckonbkumu mMecsiuamn patee lefiseH6epr HaMeTH/1 COBEPLIEHHO MHOH MOJXOML K ecTe-
CTBEHHOMY OO'BSICHEHMIO SHEPreTHUeCKHUX YPOBHEH B aTOMe, KOTOPbI Obl1 M03/HEE Pa3BUT
[efizen6eprom, boprom u Mopnanom. leiizenbepr xores co3naTh HOBYIO MEXaHHKY, B KOTO-
poil He (uryprpoBasii O6bl Takue He HabJi0/1aeMble HEMOCPEACTBEHHO (PU3HUECKHEe MOHSTHS,
KaK M0JI02KeHHe U CKOPOCTb 3JIEKTPOHA. PyKOBOICTBYSICh TYMAHHBIMH, HO BIOXHOBJISIIOLLIUMU
BPUCTHUECKUMHU coobpaxKeHHsiMH, [elideHbepr npHuiies K pacCMOTPEHHIO aHasloroB udde-
peHUMaJIbHBIX YPaBHEHHH KJaCCUUeCKOH MEXaHUKH, B KOTOPBIX NepeMEHHbIMH CJIyKUJH Oec-
KOHEUHble MaTpHULbl. DJIEMEHT, CTOSILLMI B n-H CTPOKE U B m-M CTOJOLE TaKOH MaTpHLbl, B
HEKOTOPOM CMBICJ/Ie COOTBETCTBOBAJ MEPEXO/Y C M-T0 HA n-H YPOBEHb SHEPrHH CUCTEeMbL. B
PasBUTON UM TEOPHH KaxK/10H KOOPIMHATE KJ1ACCHUECKOH CHCTEMBbI ITPUITHCHIBAETCSI HEKOTOpast
MaTpHLa (;, a Ka2KJI0My UMITYJIbCY KJIaCCHUECKOH CUCTeMbl — HeKoTopasi MaTpulia P; npuuem
TpebyeTcsi, UTOObl MATPHLLLI YI0BJIETBOPSI/IHN CJEAYIOLUM YCJIOBUSIM:

(a) Py Qj — Qj P, = % &%

(b)PkPj —Pij = QkQ] —Qij = OILJIHBCQXij‘;

(c)y maTpuubl H, nosyuatorieiicst NoACTaHOBKOH Pj 1 Q) B K/1aCCHUECKOE BbIpaxKeHHe s
9HEprHH, BCe He MaroHaJbHble 3JeMEeHThl paBHbI HyJIIO; IHaroHabHble 37eMeHTbl H npuHu-
MaloTCsl 32 yPOBHU SHEPTHH CHCTEMBI.

OkasaJjioch, UTo 3Ty 3aj1auy MOYKHO PELINUTb /I PA3JUUHBIX HHTEPECHBIX KJIACCHUECKHUX
CHCTEM M B pe3dyJsibTaTe MOJYyualoTcsi Te K€ YPOBHH IHEPTHH, UTO W B BOJIHOBOH MeXaHHKe
[ penunrepa. Yurateso, 3HaKOMOMY CO CB$I3bI0 MEXKJLy ONlepaTOpaMy U MaTPULIAMH, SICHO, TIO
Kpaiiteii Mepe hopMasibHO, MOUEMY 3TO JI0JIXKHO ObII0 NMostyunThest. Oneparopbl, KOTOpbIe Mbl
MOJICTABJISIEM B K/IACCHUECKOE BbIpaXKeHHe SHEPrH, uToObI Mo/yunTh oneparop LLpenunrepa,
KOHEUHO, yJ10BJIeTBOPsitoT ycaoBusiM (a) u (b). [Toaromy, ecsin BBecTn 6asuc, B KOTOPOM orle-
parop Lllpenunrepa 3anucbiBaercsi 1MaroHagbHON MaTpPHIIEH, TO MATPULBI HAILIMX OMEpaTo-
poB OyIyT yIOBJETBOPSAThL YCJAOBHSIM (a)—(C) M AHAroHasbHbIE 3J1eMEHThl MATPHLILI OTlepaTopa
UIpenunrepa 6yayt ero co6CTBEHHBIMH 3HaueHHsIMH. Jlasiee, KaK Mbl BUIEJH B MPeblIyILEM
pasneJe, ypaBHenusi (a) u (b) UMEIOT MO CYI1ECTBY €IMHCTBEHHOE pelleHHe.

Otu ulien, BBeleHHble [eiizenbeprom, Lllpenunrepom, bopuom u Mopnanom, npusiek-
JIU OTPOMHOE BHMMaHHWe, U MHOTHE MaTeMaTHKM U (u3uku, B ocobennoctu upak, bop u
on Hefiman, cioco6¢TBOBAN WX HCCeIoBaHui0 U pa3BuTHio. K 1929 r. yeunusamu atux yue-
HBIX CTapasi KBAHTOBAsl TEOPHUSI U ChIPble HJIEH, O KOTOPBIX Mbl TOJBKO UTO FOBOPUJIH, ObLIH
npeBpalleHbl B CHCTEMATHUECKYIO TEOPHIO, SIBJSIIOLLYIOCS 000061eHHEM K1acCHUECKOH TeOpHH
1 U3BECTHYIO Terepb KAk KBAHTOBAsI MEXaHHUKaA.

2.6 0O60O6uUIEHHbIE KOOPAUHATDI

B sToM pasnesie Mbl oKazkeM, UTo MNpaBuJIo ,,KBAHTOBAHHS“ K1ACCHUECKO CHCTEMBI, IaHHOE B
pasi. 2.4, MoxKHO nepeopMyJIHPOBaTh TAKMM 00Pa30M, UTO OHO Oy/1eT IPUMEHHUMO U K GoJiee
OOIIIMM CHCTEMAM, PACCMOTPEHHBIM B pasil. 1.3. Mbl HaUHEM C YHCTO MAaTEMATHUECKHUX 3aMe-
YAHUH.

[Tycte M — HEKOTOpOE MHOXKECTBO, B KOTOPOM OIpe/iesieHO MOHsITHE 60PesIeBCKOr0 MHO-
JKECTBA, T. €. 321aH0 3aMKHYTO€ OTHOCHUTEJ/IBHO JOMOJHEHHS] U CUETHOrO 0ObeIMHEHHUST CeMei -
CTBO MOJIMHOXKECTB, KOTOPble Mbl Oy/ieM Ha3blBaTh HopesieBCKUMU MHOKecTBaMu. [lycte C' —
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HEKOTOPBIH Kaacc mep Ha N, T. €. MHOXKECTBO BCEX 0 -KOHEUHBIX Mep, HMEIOLLHX Te JKe HyJie-
Bble MHOYKECTBA, UTO U OJiHA U3 3THX Mep. st Kaxkioro v € C' Mbl MOKeM 06pa3oBaTh IMJlb-
6eproso npoctpancto L2 (M, a). O603nauum uepes Ty, o, OTOOpaxkenue f — \/daq /das f;
s1cHO, UTO Th,yq, — yHUTapHOE OTOOpaxenue L2(M, ay) na L2(M, az). [lanee, MoCKOJIbKY
TosasToias = Taias, MBI UIMEEM B3aUMHO COIVIACOBAHHOE CEMEHCTBO KAHOHUUECKHX 0TOOpa-
xenuit mpoctpancts L2 (M, o) apyr na apyra. OTciofia CJIelyeT, 4To Mbl MOXKEM TOBOPHTDH 00
L2(M, ) Kak 06 0JHOM MPOCTPAHCTBE, 3aBUCSILEM TOJLKO OT C, a He OT BLIGOPA OJHOIO M3
s7eMeHToB C'; 9JIeMEHTOM 3TOro THIbOepToBa MpocTpancTda He Oyaer ceMeiicTBO COOTBET-
CTBYIOLUX APYT APYTY IPH OTOOPAKEHUSX Ty, 0y, 31€MEHTOB L2 (M, @), o € C, 110 0tHOMY 3
Ka’kJ10r0 MPOCTPAHCTBA.

D10 rH/ILOEPTOBO MPOCTPAHCTBO MOXKHO 3HAUNTEJILHO MeHee IPOMO3JIKUM 00pa3oM OrlH-
catb Tak. s sanannoi gpynkumn f us L2(M, o) noctpoum Koneunyio Mepy | f|?a 1 dyHk-
unio f/|f]. Tem cambiv mbl otoGpasuan L2(M, ) Ha MHOKecTBO Beex nap (ag, h), e aj
— KoHeuHast Mmepa Ha M, Takasi, uto a;(E) = 0 st Jilo60ro HyJ1eBOro MHoXKecTBa E Mepbl
a, a h — 6openeBckasi (pyHKLMsI, oToOpaxatouiast M Ha eIMHHUHYIO OKPYXKHOCTb |z| = 1.
Koneuno, Mbl MOxkeM 0TOXK1eCTBHTb (1, h) u (a1, h’), eciu h = h' moutn BCiomy OTHOCH-
TesbHO av. Torna otobpaxenue f — (|f|%a, f/|f]) Gyner B3anmHo oaHO3HAUHBIM, NpHUEM
e g = Tayapf. 1ie f € LXMW, 1), g € L2(M, ) 10 (£, £/1£1) = (g2, 8/lg]),
NOCKONLKY g = +/day /das f. dpyrumu ciiosamu, napa (| f|%a, f/|f|) ne 3aBucur ot a, Ko-
raa f nepexoaut u3 oanoro L2(M, @) B ipyroe u, cienoBaTebHo, 3Ty apy MOXKHO paccMar-
pHUBaTh KaK 3JIeMEHT HEKOTOPOTO ,,eCTeCTBEHHOr0" riibOepToBa npocrpaHctsa He. Herpyn-
HO BBIUMC/IHTD, uTo cKaisipHoe npoussenenue (| f1)%a, f1/|f1]) v (| f2|*c, f2/|f2]), koTopoe no

OTIPEICJIEHHIO JIOJI?KHO PABHATHCS f f1f2 da, MoxKHO 3anucaTh B Buie
M

STy
A7
M

_ [N Ty Jd(fiPe) d(1f2Pa)

— J J2 d
ATV da da
M

|f1]|f2| dex

[Tocsie Toro Kak ceanbl TH 3aMeUaHUs1, Mbl MOYKEM JIaTh HEMOCPEICTBEHHO (popMasibHOE
ornpejie/ieHHe eCTeCTBEHHOro ruyboepToBa npocrpanceTsa He st knacca mep C. [lyetb o, 1
aip — JI00ble JIB€ KOHEUHbIE Mepbl, ONpe/ieeHHble Ha BceX O0pesieBCKUX MoaAMHoxKecTBax M.
TpuBuasbHO npoBepsiercst, UTo Mepa

pe [,
dOég dag
E
He 3aBUCHT OT a3, TIe a3 — J1l00ast KOHeUHasi Mepa, ornpejiesieHHast Ha BceX 60pe/IeBCKUX M0/~
MHOKecTBax M, OTHOCHTEJIbHO KOTOPOH cvp U crg abCOMIOTHO HernpepbiBHBL. Mbl GyemM 060-
3HauaTh 3Ty Mepy uepes /araz. [lycTsb Teneps Heo — MHoxkecTBO Beex nap (a, h), rie a —
KOHeuHasl Mepa, orpejiesieHHast Ha Bcex 60peJsieBCKUX Mo IMHOKecTBaX M 1 abCoJI0THO Herpe-
pbIBHAsI OTHOCHTEJIbHO 37eMeHToB C', h — GopesieBckas pyHKMs, oTobpaxatomiast M B eau-
HHUHYIO OKPYKHOCTb |2| = 1, 1 («, h) otoxaectBasiercsi ¢ (a, h'), ecaim h = h' nouru Bcro-
Jly OTHOCHTEJILHO Mephbl cv. VI3 npenbityimx paccyxaenuit caenyet, uto Heo MOKHO (M 1pu-
TOM €/IMHCTBEHHbIM 06pa3oM) NPeBPaTUThb B MHJIbOEPTOBO MPOCTPAHCTBO, MOJOKHUB CKaJsIp-
Hoe npoussesnienue (aq, hi) v (ag, ho) pasibiM [ hihg dy/aqaz. [pn stom f — (| f|2a, f/|f])
Gyner ynuraphbiM otobpaxenueM L2(M, a) na Heo s Beex a € C. [lyers Teneps M —
MHoroo6pasue Kjaacca C u 6opesieBckre MHOKecTBa B M onpeessioTest 0ObIUHbIM 06pa-
30M, HCXOAS U3 €ro TonoJorud. Eciu Mbl BBeeM JIOKAJIbHYIO CUCTEMY KOOPAHHAT B OTKPbI-
ToM MHOXKecTBe O C M, To nnpoobpas JyieberoBoil Mepbl B ™ OTHOCHTEJIBHO OTOOPaKeHUs
x — (qi(x),...,qn(x)) MHOXKecTBa O B E™ nact Ham HeKoTopyio Mepy B O. HyJ/ieBble MHOKe-

CTBa 3TOH MepbI HE 3aBUCST, OUEBHIHO, OT UCI0JIb3yEeMOIH CHCTEMbl KOOPAMHAT, U HE CJIHLLIKOM
TPYJHO [10Ka3aThb, UTO CYLLECTBYET Mepa Ha M, HyJIeBbIMH MHOXKECTBAMH KOTOPOH B KaXK/IOM
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O ABJSIOTCS B TOUHOCTH HYJIEBbIE MHOXKECTBA Mep, OMpPEIe/IseMbIX JIOKAJbHOH CUCTEMOH KO-
opaHat. Mbl 6y/ieM HasblBaTh KJacc Mep, COOTBETCTBYIOLLMI 3TOH Mepe, ecrmecmgeeHHolm
Kaaccom mep Ha M. [uab6epToBO NPOCTPAHCTBO Il €CTECTBEHHOIO KJacca Mep Mbl OyeM
Ha3blBATb eCMeCcmeeHHblM eUNOepPMOBbIM NPOCMPAHCMBOM MHO2000pa3us  0603Ha-
yatb uepe3 Hoy.

Mbl GyieM roBopuTh, uTo Mepa v Ha M npuHauiekuT Kaacey C'°, ecaiu B Jil000# cucTeMe
KOOpMHAT ee npousBoaHast Pajona—HuKoaMMa oTHOCHTEILHO Mepbl, OnpeJleJieHHOi chcTe-
MOl KOOPJIMHAT, s1BJIsieTCs (hyHKLMeH Kaacca C°°. MoKHO 110Ka3aTh, UTO MHOXKECTBO BCeX Map
(a, f), Takux, uTo U v M f TpUHALIeKaT Kaaccy C°, sBJsieTCs MJIOTHBIM MOPOCTPAHCTBOM
Fe; Mbl OyzieM 0603HAYaThb €ro uepes J—C?v[ Y HA3bIBaTh MOANPOCTPAHCTBOM Kiacca C'*° npo-
crpaHcTBa Hyy.

Ecmn V' — mmo6oit aBromopduam M kak MHoroo6pasust knacca C*°, o V' onpenessier
B3aMMHO 0JIHO3HauHOe oTobpaxenue Hy Ha FHy, KOTOPOE, OUEBU/IHO, SIBJISIETCS] YHUTAPHbBIM
(mpruem J—C?v[ oroOparkaercsi Ha J{g’v[). B uacTHOCTH, Kaxaasi ofHONIapaMeTpruecKast rpymnma
aBromopusmoB t — Vi MHoroo6pasust M onpeesisieT 0/HONapaMeTpHUECKYI0 YHHTApHYIO
rpynny t — Uz na Hyp. Cornacho teopeme Ctona Uy = e, rie K kococonpsizken. Mbl XOTHM
CBsI3aTh KococornpsiKeHHblil orepatop K B Hj ¢ KOHTpaBapUAHTHBIM BEKTOPHbBIM MoJieM L Ha
M, Kotopoe siBsisieTcst HHpUHUTE3UMaNbHOH oOpasytoutei rpynnbl V. [Tyctb o — Geckoneu-
HO U(phepeHIpPYEeMBbIii 971EMEHT eCTeCTBEHHOro Knacca mep Ha M, u nnyctb Ho g peasnzoBaHo
kak £L2(M, a). [Ipsimoe BbluMc/IeHHe MOKa3bIBAET, UTo /15 Beex 6ecKoHeuHo amddepenumpy-
eMbiX yHKLMI f ¢ KomnakTHbIM Hocutesiem K (f) = L(f) — (0/2) f, tie o — npousBojHas
npu t = 0 KBaJpaTHOro KOpHs U3 Npon3BoiHoil Panona—Hukoauma no Mepe o Mmepsl v, npe-
00pa3oBaHHON ¢ oMoLIbIO Vi, T. €.

_d [V
o dt da

o
B uacTHOCTH, ec/H Mepa ov MFHBapHAaHTHA OTHOCHTeJIbHO TpeoOpasoBanuit Vi, 1o L(f) = K(f).
MOXKHO 110Ka3aTh, UTO ¢ SIBJISIETCS €IMHCTBEHHON NEeHCTBUTENbHON (PYHKIHEN, IS KOTOPO#
oneparop f — L(f) — (0/2)f sBasiercs popmasibho kococonpsikenbim B L2(M, a), 1. e.

/L(f)gda-l—/L(g)fda—k/afgda:0.

[TosToMy 0 MO2KHO OTIpeNeIUTh HE3ABUCUMO OT TOTO, SIBJSIETCS JIM BEKTOPHOE noJie L uHpu-

HUTe3UMaJIbHOI 06pasylollieil HeKOTOpO# ojiHoNnapamMmeTpuueckoi rpynnsl. Ecau (g1, ..., qyn)

— TaKasl JIOKaJIbHast cucteMa koopaunar, uro o(E) = [dqy,...,dg,, u L =3 a; 8/dgj, 10
E

o OKasbiBaeTcs paBHoOil y  a; Jaj/0g;. [TosToMy B COOTBETCTBHH C OOBIUHOI TEPMHHOJIOTHEH
KJ1aCCHUECKOro BEKTOPHOTO aHaJsu3a Mbl Oy/1eM Ha3blBaTh o AMBepreHuuel L OTHOCUTEIBHO v
U nucatb o = divy L.

[TycTb Teneps T — pumaHoBa MeTpHka kjaacca C°° Ha M. [List Kaxk 108 pyHKUMH ¥ Kac-
ca C* nuddepenunan dip’ GyneT KOBAPHMAHTHBLIM BEKTOPHbIM T10JIEM KJacca ', Kotopoe ¢

MOMOIIBIO TeH30pa T’ MOXKHO TPeBPaTHTb B KOHTPaBapuaHTHoe BekTopHoe nosie dypT’. C npy-
roit ctopoHbl, Ha M nmeercst Mepa ar knacca C'°°, KAHOHHUECKUM 00pa3oM COOTBETCTBYIO-
ast Mmerpuke 7'. Ml He Oy/1eM MBITATLCS OMUCATH €€ TOUHO (XOTS 3TO H He ObLI0 Obl CJIHIIKOM
CJIOXKHBIM ), 2 OTPAHMUMMCSI 3aMeUaHHEM, UTO 9Ta Mepa 3aJaeT TOT CaMblil n-MepHbIi ,,00beM ",
KOTOPBII MMOJTYUUTCS1, €CJIH PEIBAPUTEIBHO ONPEEHUTD ,,JVIMHY KPUBOH ¢ (t) MHTErpaJjioM oT

\/T(dgo/dt, dp/dt). Oneparop ¢ — dive, (dpT) Gyner Torna b depenumranbHbIM OrepaTo-
POM BTOPOTO MOPSI/IKA, KAHOHHUECKH COOTBETCTBYIOIMM 1. Ecsin M — eBKJIMJI0BO NPOCTpaH-
cTBO U 1" — 0OblUHAas €BKJIMI0BA METPHKA, TO ITOT OMepaTop B MPSIMOYTOJIbHBIX KOOPAMHATAX
UMeeT BUJL

0?1 0?1

7
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T. €. sIBJsieTcsl OObIUHBIM JarlacuaHoM. B ofliem ciyuae oH HasblBaeTcst 0nepamopom
Jlanaaca—beaompamu merpuxku T'. Ha noanpocrpanctse 6eckoHeuHO T depeHinpyeMbiX
(DYHKIIMIT C KOMITAKTHBIM HOCUTEJIEM OH SIBJISIETCS CHMMETPHUECKUM OMePaTOPOM OTHOCHUTETb -
HO cKassipHoro npoussesenust B L2(M, ar). CaieloBaTesIbHO, PH KAHOHMUECKOM 0TOGpaKe-
nun L2(M, arp) na FHoyp OH onpesiesisieT CHMMeTpHUecKH il onepatop B Hayg. Mbl GyjieMm 0603Ha-
yaTh 3TOT oneparop uepes V7.

Jns mo6oit neiictButeibHol GopeneBckoi (ynkuuu Ha M o603HauMM uepes @ camo-
conpsiKeHHblii onepatop B Hog, Kotopbiii nepesomut (g, h) B (| f|2a1, h) u onpenenen, ecan
[ 1f]? day < oo. Koneuno, ecain Mbl peannsdyem Hog kak L2(M, a), T0 Q £, CTAHOBHTCSI IPOCTO
ornepaTopoM yMHOXKeHHs Ha (PyHKLHIO f.

[Tycthb Tenepb poab M urpaer E3" u H — dynkuus [amuibToHa, onpeesiemast oTeH-
urasiom 'V U Maccamu my, . . ., may,. [lycts T — meTpuka B M, onpesesisieMasi KHHETUUECKOH
uacTbto sHeprun H. Torna, Kak rnokasblBaeT HeMoCpPeACTBEHHOE BbIUMCJ/IEHHE, KAHOHHUECKOe
orobpaxenue L2(E3", o)) (e o — mepa JleGera) na Hoyc nepeBoaut hopMasibHblil AMHAMK-
yecKHii orepaTop, COOTBeTCTRYIOLIMI (eM. pas. 2.4), B oneparop —hV 7T + Qy/h, a oneparo-
Pbl, COOTBETCTBYIOIIME HAO/IIOIAEMbIM KOOPMHATAM ¢j, — B Qg, . [lpyrumu cioBamu, npasusio
,KBAHTOBaHUS“ /151 KIIACCHUECKOH CHCTEMBI, IaHHOE B pa3l. 2.4, MOXKHO repedopmMyJaHpoBaTh
caetyolmM obpasom: nmyctb M — KOH(pUrypaluoHHoe MHOroo6pasue, 1' — MeTpHKa KHHe-
THUECKOH 3Heprun U 'V — (yHKLMSI NOTEHLMANIbHOH SHepruu; Toraa: (a) ruib0epToBo Mpo-
CTPAHCTBO COOTBETCTBYIOLLEH KBAHTOBOI cHCcTeMbl eCTb Hayg; (b) 1151 KaxK 101 neficTBUTEIbHOM
Gbynkuuy f Ha M cooTBeTCTBYIOL1Ast KBaHTOBas HabJ1101aeMast OTpeJle/IsieTCs OrepaTopoM @ f;
(¢) mmHamuueckuii oneparop copnanaet ¢ —hV7 4+ (1/h) Qv Besjie, rie 3TOT onepaTop orpe-
JIeJIeH.

B sr10il (hopMy/IpOBKe NPaBUJIO KBAHTOBAHHS HE 3aBUCHUT OT BbIOOpa CUCTEMbl KOOP/IH-
HAT ¥ UMEET CMBICJI /ISl TIPOM3BOJILHOTO KOH(UTYpallMOHHOTO MHOTO0Opasust M knacca C°,
T. €. JUIsl BCeX IMHAMHUECKUX CHCTEM, PaCCMOTPEHHbIX B pasjl. 1.3. Mbl roBopuM, uTo rnoJyua-
[ol1asicst TAaKUM 06pa3oM KBAHTOBASI CHCTEMA SIBJISIETCSI Pe3y/IbTaTOM KAHOHHUECKOTO KBAHTO-
BAHMS1 UCXOJIHOH KJlaccHuecKol cucTeMbl. C MOMOILBIO pacCyzK1eHUH, BIIOJIHE aHAJOTHUHbIX
TEeM, KOTOpPble MPUBOJUJINCH B MPEbIIYLLIEM pasfiese, MOXKHO 110Ka3aTh, UTO UMEETCS TOJIb-
KO OJIMH Cc1oco0 KBAHTOBAHHUS, Y10BJETBOPSIIOLLMI HEKOTOPBIM MPOCTBIM €CTECTBEHHBIM YCJ10-
BUsiM. KoHeuHo, ocTaercst BOIPOC O CyLECTBOBAHUH M €IMHCTBEHHOCTH CAMOCOINPSIKEHHOTO
pacupenust popmasbroro onepatopa —hV7 + (1/h) Qv, oaHaKo 3amMeuanust, clelaHHbIe 110
3TOMY TOBOJ1y B KOHLIE MPE/IbIIYLIIEero pasjiesa, COXpPaHsIoOT CUJTY.

Mbl 10/1KHBI HAMOMHHUTB UMTATEIO, UTO TIPH UCMOJIb30BAHUH KOOPAUHAT, OTJIMUHBIX OT JIe-
KapToBbIX, HA0J/II01aeMYI0, COOTBETCTBYIOLLYIO HEKOTOPOH (PYHKLMH KOOPJIHMHAT, MOXKHO I10-
CTPOMTB TOJIBKO TOT/IA, KOTJ1a 3TA (DYHKLIMSI SIBJISIETCST OTHO3HAUHOMN U 1I€HCTBUTE/IbHON Ha KOH-
durypaumonHom MHoroo6pasuu. Tak, st cpeprueckoil cucTeMbl KOOPAUHAT T, 6, o (/151 OJ1-
HOM YaCTHLIbl ) HEe CYLLECTBYeT Ha0.110/1aeMOl (T. €. CaMOCOMPSIKEHHOTO orepaTopa), COOTBET-
CTBYIOLLEH 6§ MM ¢, TOCKOJIbKY OHH He SIBJISIFOTCS OJIHO3HAUHBIMU (DyHKLMsIMU. C 1pyrofi cTo-
pOHBI, OYIyT CYLIECTBOBATh OMEpPaTopbl, COOTBETCTBYIOLIME sinf, cosf, sing, cosp u T. 1.,
TOUHO TaK »Ke Kak oreparop, COOTBETCTBYIOLIMI pa3pbIBHON QyHKUMH 6, T7ie € cuntaercs: Me-
HeoUleHCs B peaenax ot 0 1o 27.

Mo2KHO paclMpHTh NOHSITHE HA0J1101aeMOi, BKJIIOUMB B PACCMOTPEHHE BOIIPOCHBIE Mepbl,
onpeJieJieHHble HA MHOr000Pa3HsiX, OTJIMUHBIX OT AEHCTBUTE/ILHON NpsiMoil. Eco 310 cenats,
TO HOBBIM Ha0J1101aeMbIM He OY/1yT, KOHEUHO, COOTBETCTBOBATH CAMOCOIPSI2KEHHbIe orepaTo-
pbl; BOOOLLE rOBOPS, UM COBCEM He OyIyT COOTBETCTBOBATb KaKHe-JIMOO OMepaTopbl B THJlb-
6epTOBOM IPOCTPAHCTBE COCTOSAHUN. MOXKHO, HAarpumep, MOCTaBUTb B COOTBETCTBHUE yIily 6
NPOEKTOPHYIO Mepy, OrpeJleJieHHYI0 Ha €IMHHUHON OKPYKHOCTH |2| = 1 KOMIJIEKCHOH MJ10C-
KOCTH; TOT/1a KaxK/blHl BeKTOp ¢ € JH cocTosiHus OyIeT Onpe/e/isiTb HEKOTOPOE BEPOSITHOCTHOE
pacnpejiesieHHe Ha OKPYKHOCTH |z| = 1, W 3TO pacnpejesenne OyeT BIOJHE COMVIACOBAHO C
BEPOSITHOCTHBIMH PaCIIPEe/Ie/IeHUSIMU, OTIPe/1e/1sIeMbIMH OOBIUHBIM 06PA30M ,,HACTOSILLIUMU " HA-
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OJ1101aeMbIMU cos O U sin 6 B 3TOM COCTOSIHUK. B 1€HCTBUTE/ILHOCTH B 3TOM CJlydae MoJiyueH-
HOM HabJ10/1aeMO MOXKHO IMOCTABUThb B COOTBETCTBHE YHUTAPHBIH onepatop B H. O1HO 0606-
LLIeHHE CIEeKTPaJIbHOM TeOpeMbl YCTAHABJIMBACT B3aUMHO OJHO3HAUHOE COOTBETCTBUE MEXKIY
NPOEKTOPHBIMH MepaMi Ha IMJOCKOCTH M TaK Ha3blBAeMbIMH ,,HOPMaJIbHBIMHU® OllepaTopamH.
HopmaJsibHble orepatopsl CO CMEKTPOM, JIEKAIIMM Ha OKPYKHOCTH |z| = 1, — 3TO B TOUHOCTH
YHUTApHBIE ONepaTop.l.

HaGmonaemas ummy/ibca B KJacCHUECKO# Mexanuke — 3T0 (GyHkums g Ha My, Takas,
uTO dg sIBJIsieTCsl HH(UHUTE3UMAJIbHOI 06pasylolliell HEKOTOPOil 0JIHOMapaMeTpHUeCKOH rpyr-
bl Ha My« , TOPOXKICHHON OJIHONIapaMeTPHUEeCKOi rpynnon Ha M. DTa ofHONapaMmeTpruecKast
rpynna Ha M rnopoxKaaeT oJHoNnapaMeTpHuecKyto yHUTapHyto rpyniy Ha Jy g HHUHUTE3H-
MaJibHasi 06pasylollasi MocJe/iHel, yMHOKeHHast Ha fi/i, sIBJIsIeTCs] 110 OIpe/ieIeHHIO orepa-
TOPOM, 3a/IaI01LHM COOTBETCTBYIOLIYIO HA0,1I0/1aeMyl0 HMITyJIbCa B KBAHTOBOH MEXaHHKe. DTO
OIpe/lesIeHHE €CTeCTBEHHO H MOATBEPKAAETCS TeM, UTO COOTHOLLEHHE MEXK/Y CKOPOCTBIO U UM~
MyJIbCOM B KJIACCHUECKOH MeXaHHKe COXPaHsIeTCs B KBAHTOBOH MexaHHKe; HabJo1aeMas CKo-
POCTH, COOTBETCTBYIOLIAs Ha0JI01aeMOil KOOPMHATBI, Orpejie/isieMoil onepatopom (), 3a1a-
eTcsl, KoHeuHo, onepatopom i(HQ s — Qs H).

3ameruM, uTo HabJOlaeMbIM KOOPJMHATBI H HMITYJIbCA COOTBETCTBYIOT BIOJIHE OIpejie-
JIEHHbIE caMoconpsiKeHHble onepatopsl B Hy. Junamuueckuit onepatop H (orpesesieHHbI
(opmasbHO) iMHelHO 0TOOpaxkaer @y It 10CTaTOYHO IIAAKHX f Ha HEKOTOPOE MOAMHOKE-
CTBO HaOJIOIAeMbIX UMIYJIbCA, U KUHETHUeCKasi yacTb H omnpenesnsiercs (Mo KpaiiHel mepe
(hopMasibHO) 3TUM oTOOpaxKeHHeM. Bblio Gbl MHTepeCcHO 10BeCTH (DOPMaJIbHYIO UaCTh STHX CO-
0oOpaxKeHuH 10 CTPOrOH TEOPHH.

EcTecTBeHHOE r'H/IbOEpTOBO NPOCTPAHCTBO H o\ YIOOHO UCITIO/IL30BATH 15l IPSIMOTO CPaB-
HEHHS KJACCHUECKON W KBAHTOBOH MeXaHUKM. HarnoMHum, uTo B KBAHTOBOH MeXaHHKE pac-
CMaTpUBAIOTCS OJIHONAapaMeTpUueckue rpymnibl aBToMopduamoB FHqg, TOra Kak B KJaccuue-
CKOH — OJIHONapamMeTpHUeCKHe rPyIbl aBTOMOP(HU3MOB PYrHX 06'bEKTOB, €CTECTBEHHO CBSI-
3aHHBIX ¢ M, a MMEHHO KOKacaTeJbHbIX MyukoB My «. [Tycth teneps ¢ = (o, €*%) — npous-
BOJIbHBIN 371eMeHT Hoyg, Takol, uto pynkuus S muddepentmpyema. Oynkuus S onpeneneHa
TOJIBKO ¢ TOUHOCTBIO JIO CJlaraeMoro, KpaTtHoro 27, Ho auddeperumaln dS onpejiesieH oiHo-
3HauHo 1 otoGpaxaer M B My-. [Tonoxum B, = a (dS™(E)) as m1060ro 60peseBeKoro
muoxecta £ B My «. Torna 5, — koneunas mepa Ha My «, CKOHLIeHTpHpoBaHHas Ha d.S(M).
Hanee, B, onnosnauno onpesensier . Takum o6pasom, ¢ — 3, €CTbh B3aMMHO OIHO3HAYHOE
oroOpakeHue MJI0THOro NOANPOCTPaHCTBA Hypp BO MHOXKECTBO BCEX KOHEUHBIX Mep Ha My «.
[Ton nefictBrem nunamuueckori rpynmbl B Hoyq Mepbl B, asuxyres B My «. Ecin 3, ckonuen-
TPUPOBAHO BOJIM3H OIHOH TOUKH, TO ABUKEHHE 9TOH TOUKH B My« OyaeT NPOUCXOAUTh BOJIHU3H
TPAEKTOPHUH COOTBETCTBYIOLLEH KJIAaCCUUECKOH CHCTeMbl. Bblio Obl HHTEpECHO 1aTh CTporoe
JIOKa3aTe/IbCTBO HEKOTOPOil TOUHOH TeopeMbl, OTHOCsIIeHCs K 9THM cBAssiM Fp 1 My« 12).

2.7 JluHelHble cMCcTeMbl M KBAHTOBAHHWE 3J1€KTPOMArHUTHOTO MO~
Jsi

B pasn. 1.4 Mbl nokasaJu, Kak MoxKHO nepeopMy/IMpoBaTh KJaCCUUECKY MEXaHHUKY JIMHEH -
HOM cUcTeMbl, UTOObI IPUMEHHUTB €€ K CHCTeMaM ¢ OECKOHEUHbIM UMCJIOM CcTereHel CBOOOIbI.
B stom paznesie Mbl MOKaxKeM, UTO Mepexojl OT KJAACCHUECKON JIMHEHHOH CHCTEMbI K KBAHTO-
BOM MO2KeT ObITb [TPOBE/IEH TaK, UTO OH OY/IeT HMETh CMbICJI TAKKe 151 CHCTEM C GECKOHEUHbIM
UMCJIOM CTerneHel cBoO0bl. Mbl MoKazKeM 3aTeM, UTO KBAHTOBAHHOE 3JIEKTPOMArHUTHOE 10JIe
NpeJCTaBsieT COO0H TaKyto MOJeJIb /ISl TEOPUH U3JTyUeHHs], KOTOpast M03BoJIsIeT 00beIMHUTD
BOJIHOBBIE M KOPITYCKYJ/ISIPHbIE ACTIEKThI 3TOH TEOPHH.

12) Takast Teopema n0oKa3ana B pa6otax B. IT. MacsoBa (Yerexn Matem., nayk, 14 (1959), seim. 3, 161—168; 15
(1960), Bbin. 1, 211-219). — lTpun. peo.
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B 3TOM U B cJie/lyIollnX pa3iesax Ham NPUIETCs YacTo MOJIb30BAThCS OHSITHEM ,, TEH30P-
HOTO NPOU3BeIeHHs " THIILOEPTOBBLIX MPOCTPAHCTB, U Mbl HAUHEM C KOPOTKOT0 0630pa Heo6X0-
JIUMBIX HAM CBOHCTB 3THX [TPOU3BEIECHHH.

[Tyctb H; u He — THabLOepTOBHI NpocTpaHCTBa. AHTHOUIMHEHHBIM (DYHKIIMOHAJIOM Ha
H1 x Hy mbl 6ynem Ha3bIBATh TAKYI0 KOMIJIEKCHYIO (DYHKIIHMIO f, UTO

flarpr + azp2,0) = a1 f(p1,0) + a2 f(p2,0)

[, 0101 + ax02) = a1 f(p,01) + a2 f(p,02),

TJe a1 ¥ G — KOMIUIEKCHBIE UUCAA, A Y1, Y2, @, 01, B2, 0 — anementsl Hy u Ho. Has o € Hy
uY € Ho mensopuoin npoussederuem o P (0603HaUaEMbIM TaK: © @ 1) 10 ONPe/IeEHHIO
Ha3bIBAaeTCsl aHTHOUTUHEHHbIN (PyHKIIMOHA

(p @) (01, 02) = (p[61)(¢]02).

[Tyctb (H1 ® Ha)' — MHOKECTBO BCEX KOHEUHbIX JIMHEHHBIX KOMOHHALMI aHTHOHIHHEHBIX
(yHKIHOHAOB BUIa ¢ @ 1. HerpynHo nokaszartk, uto B nmpoctpanctse (H; @ Hsy)' MoxHO
€IMHCTBEHHBIM 06Pa30M BBECTH CKaJ/IsIpHOE POU3BE/IEHHE, KOTOPOE Ha JIEMEHTAX BUA ¢ & 1)
3anaercst popmyJIok

((p1 @ ¢1)[(p2 @ P2)) = (p1lp2) (P1]th2).

Mbei Gyniem HasbiBaTh (H1 @ Hsa)', cHaGKEHHOE STUM CKaJISIPHBIM TIPOU3BEICHHEM, MTPE/ITEH-
3opHbIM npousseneHnem ' 1 Ha. Ero nonosmenne siBsieTcsi ruibOEpTOBBIM MPOCTPAHCTBOM,
KoTopoe Mbl 6y/1eM Ha3blBaTb TEH30PHbIM Ipou3BeieHHeM rnpocTpaHcTs Hy u Ho v o603HauaTh
uepes Hy ® FHy HerpyaHo nokasats, 4To U3 CXOAMMOCTH 110 HopMe Ha (H; ® H2)’ BbiTekaer
npocrasi (MOToueyHasi) CXOAMMOCTb COOTBETCTBYIONIMX (hyHKIIMOHAMOB HAa H; X Ha Tak uTo
Kax/bli a71eMeHT H; @ JHo MOKHO OTOXKAECTBUTH C HEKOTOPBIM aHTHOUJIMHEHBIM (PYHKLIHO-
HaJsiom Ha Hy x Ho.

[lyetb 1, o, . .. — opTOHOPMAaJILHBIN 6a3uc B Hj 11, s, ... — OpTOHOPMaJbHBIH 6a3UC
B H5. Torna, kak HEeTPyAHO NOKA3aTh, ; @ 1; 00Pa3y0T OPTOHOPMabLHLIH 6asuc B Hi @ Hs.
Boo6iiie nycTth

J{l :LQ(Ml,Oél), J'CQZLQ(MQ,OQ),
Hy = LEM1 x Mo, o1 X az).

Ecan
feLiMi,aq), geL* (Mg, az),

TO
fg e LMy x Mo, a1 X ).

[IpocToe BbluKc/ieHHE TOKA3bIBAET, UTO HMEETCS eCTeCTBEHHOe YHUTapHOe oToOpaxeHnue Iy ®
Ho na Hs, koTopoe nepeBoUT f @ g B fg.

Paccmotrpum cayuaii, korna Hy; = Hy = H. 3amkuyroe noanpoctpanctso H @ H, no-
POXKJIEHHOE 2JIeMEHTaMH BUJ1A ¢ @)+ 1) @ @ SIBJSIETCS], KAK HETPY/IHO BUJIETh, MHOXKECTBO BCEX
Tex ajeMeHToB H @ H, KOTOpBIM COOTBETCTBYIOT pyHKIMoHAbl Ha H X JH, He MeHsIoIHECs
NP NlepecTaHoBKe CBOMX apryMeHToB. Mbl 6y/1eM Ha3blBaTh 3TO MOANPOCTPAHCTBO CUMMEM -
pureckum men3opHoin npoussederuem H Ha cebst H o6o3HauaTh ero uepe3d H Q) H. Ana-
JIOTHUHBIM 06pa3oM Mbl onpeneanm H @) H — anmucummempuueckoe meH3oproe npo-
usgedere — Kak MoANpOCTPAHCTBO, MOPOKIEHHOE BCEMHU JIeMEHTaMH BUA ¢ @ 1) — 1 @ .
Hetpynro Bunets, uto HQOH u H @ H aBasiorcs opTOroHaJbHBIMU JTOMOJHEHUSMH JPYT
apyra. lefictBurenbHo, onepatop Ha H & I, KOTOpbIii epecTaBJisieT apryMeHThbl y aHTHOMJIH -
HeHHBbIX (PYHKIIMOHAJIOB, OTHOBPEMEHHO CAMOCOTIPSKEH U YHUTAPEH U MOITOMY HMEET YHCTO
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TOUEUHBIH CMIEKTP, cocTosMi U3 AByX Touek: | u -1. [1poussenenus H QO H u H @ H spas-
10TCSl OJNPOCTPAHCTBAMH, COOTBETCTBYIOLIMMH 3TUM COOCTBEHHBIM 3HAUCHHSIM.

OueBuanbIM 06pazom 06006111asi BbIIENPUBEAEHHbIE OMPEIeeHNs], Mbl TTOJYUMM aHTHITO-
JIJIMHelRHble yHKIMOoHaNbl Ha Hp X Ho X - -+ X H,, 1 TeH30pHOe npousBesieHne Hy @ Ho ®
-+ ® H, — nonoJiHeHUe JIHHEHHOM 000JIOUKH MTPOU3BENEHHH 1 ® 2 ® - - - ® @y, IPUUEM

(P1 @ @p|p1 @+ R Yy) = (L1 @ Y1) - .. (Pn @ Pn)
TouHo TaK ke CYHIECTBYET €CTECTBEHHOE YHUTAPHOE OTO6pa)KeHHe
22(3\/{1 XMQ Xoee xJV[n,al X Qg X« xan)

Ha
L2(My, 1) @ L2 (Mg, a) @ -+ @ L2 (M, o)

3ameTum, B UaCTHOCTH, UTO THJIbOEPTOBO MPOCTPAHCTBO COCTOSIHUI CUCTEMBI 72 TOUEK SIBJISI-
€TCsl TEH30PHBIM MPOU3BE/ICHUEM IPOCTPAHCTB COCTOSIHUI OT/Ie/IbHBIX Touek. Kaxnas nepe-
CTAHOBKA 1 HOMEPOB BbI3bIBAET HEKOTOPOE YHUTApHOE Npeobpa3oBaHue rnpocrpaHctsa H &
H® - @ H (n mHOKUTEEH). MBI GyieM 0003HaUaTh 3aMKHYTO€ MOJIITPOCTPAHCTBO 3TOTO
NPOCTPAHCTBA, COCTOSILLEE U3 BCEX BEKTOPOB, KOTOPble HHBAPHAHTHBI NP BCEX ITHX MPeol-
paszoBanusix, uepea H®OH O ... © I 1 Ha3bBaTh €ro CHMMETPHUECKUM T€H30PHBIM [TPOU3-
BeJleHHeM n 1pocTpaHcTB H. 3aMKHYTO€E MOANPOCTPAHCTBO BCEX BEKTOPOB, KOTOPbIE MEHSIIOT
3HAK NOJ JeHCTBUEM JII0OOTr0 U3 IPe0Opa30BaHUi, COOTBETCTBYIOIINX HEUETHOH TIePECTAHOBKE
HOMEpOB, Mbl Oy/1eM Ha3blBaTb aHTHCUMMETPUUECKHM TEH30PHBIM [IPOH3BeeHHEM H 0603Ha-
yatb uepe3 H A H @ ... @ H. Yreepxkaenue, uto H @ H @ ... ® H ecTb npsimasi cymma
HOHE®...OHuH AH B ... A H, asasiercsi, KOHEUHO HEBEPHBIM (MTpU 1. > 2).

[lyere 11,13, . . ., T, — orpaHudeHHble JiuHeHHbIe onepatopbl B (1, Ha, . . ., I, cooTBeT-
cTBeHHO. Torna cylecTByer eIMHCTBEeHHbI orpanuueHHbli onepatop 7' B Hi @ Ho ®. .. @ H,,
TaKoM, 4TO

T(p1®p2®@...®pn) =Ti(p1) @ Ta(p2) @ ... @ Tn(pn).

Mbei o603Hauaem ero uepe3d 11 @ T ® . . . ® T, U Ha3bIBaeM T€H30PHbBIM [1POU3BEIEHUEM Olepa-
Topos Tj. Ecaiv Bce T ynutapHbl (camoconpsizkenbl ), To U 17 Gy1eT yHUTapHbIM (COOTBETCTBEH-
HO CaMOCOMNPsKEeHHbIM ). J1J151 HeOrpaHUUEHHBIX CAMOCOMPSIKEHHBIX OMEPATOPOB MPUXOUTCS
U3yuaTtb BONpoc 00 06J1aCTH OINpelesIeHHsl, HO OH OKa3blBAeTCsl HECJIO2KHBIM, TaK UTO MOXKHO
BCer/ia OMpeJIe/UTh HEOrpaHHUEHHbIH CaMOCOoNpsiKeH bl onepatop 17 ® To @ ... @ Th,.

[yers t — U!, j = 1,2,...,n — ojgHONapaMeTpHUECKHE YHUTAPHBIE TPYIIIIbI B T1PO-
crpanctBax Hy, Ha, ..., H,. Tornat — Ul @ U @ ... @ U — ofHonapaMeTprueckas yHu-
TapHas rpynmna B npoctpaHctse 1 @ Ho @ ... @ I, KoTopyto Mbl GyeM 0603HaUaTh uepes
UloU?®...0U™

[lycts K7 — undunuresumanbHas obpasyioluast rpynibl U7; Toraa Hec/10KHbIe BbIUKC-
JIEHUSs! [TOKa3bIBAIOT, UTO

(K'@Iele..eD+(IK*®@I®... 1)+
+(IRI®K*®..00+...(I®I®...9 K™
ABJISIETCS UH(PUHUTE3UMAJbHON 00pasyoLleil rpymnibl
UleU?®...@U"

MmeHHO Tako# BHJI MMeeT KBAHTOBbIH JMHAMHUECKHI OMepaTop KJIACCHUECKOH CHCTEMbI 7
HEB3aMMOJIEHCTBYIONINX YACTHIL.

EcmH =Ho = =H,=HuU'=0U?=... =0U"=V,0VRV®...0V
nepeBoauT Kaxaoe U3 noanpoctTpaictB HOQHE® ... OHuH A H @ ... @ H Bcebsau
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orpejiesisieT TaM OjIHoNapaMeTpuuecKre yHUuTapHble rpyrbl. Mbl OyjieM Ha3blBaTh HX CHMMET-
pPHUUECKOH U aHTHCUMMETPHUUECKOH n-ii cTenenbio V 1 o603Hauath uepesa VEVE ... OV u
VAV ®...d V cooTBETCTBEHHO.

[Tyets Hy, Ho, ... — nocyenoBaTesbHOCTL THILGEPTOBLIX NpocTpaHeTB U H — MHO-
o0

JKECTBO MOC/IE/IOBATENILHOCTEN (01, 2 ..., TaKux, uto @; € H; u > [|p;]|? < oo. To-
J=1

rina camo H o4eBUIHBIM H €CTeCTBEHHBIM 00Pa30M SIBJISIETCS] TH/ILOEPTOBBIM MPOCTPAHCTBOM.
Mbl HasbiBaeM 3TO TMJLOEPTOBO MPOCTPAHCTBO NpsiMON cymmoit JH; n o603HauaeM ero ye-
pe3 Hy @ Ha @ ... Ecou U/ — onnonapamerpuueckas rpynna B H;, To yHUTapHylo rpyny
UloU?@... BH; @ Ha @ ... MOKHO ONPEEUTD CJIe/yIOIIMM 06Pa3OM:

Ut U?®.. )ile1,02...) = (Uter, Ukpa, ...).

Mui nasbisaem U @ U? @ ... npsimoit cymmoii rpynn U7,

Bephemcst terepb K KBaHTOBOH Mexanuke. OnvH M3 HanboJ/ee BAXKHBIX Pe3yJbTaTOB
pasn. 1.4 s3aksouascst B TOM, UTO JIMHEHHAsl KJaccuuyeckasi CHCTeMa onpejiesisieT Ha CBOeM
(ha30BOM MPOCTPAHCTBE CTPYKTYPYy KOHEUHOMEPHOTO THJbOEpTOBa npocTpaHcTBa Ho, OTHO-
CHUTEJIbHO KOTOPOH IMHAMMUECKast IPYIINa sIBJIsSIeTCs OJIHONapaMeTpHUEeCKO IPyMoi yHUTap-
HbIX IpeobpasoBanuil V. Ceilluac npu KBAHTOBAHWH 3TOM JIMHEHHOI CUCTEMbl B COOTBETCTBHH C
NpUHLMIAMH, C(HOPMYJIHPOBAHHBIMU B pa3/l. 2.4 1 2.5, Mbl 110/JlyddM 6€CKOHEUHOMEPHOE MHJIb-
6epToBO NMpocTpaHcTBO J{ U 0JIHONAapaMeTpHUECKyto FpyIIy YHUTapHbIX NpeobpazoBanuil U B
J. CnpaimBaetcs, CylIeCTByeT JiM Kakasi-iu6o npocras cBsidb Mexxay U u V' ? OkasbiBaer-
Cs1, UTO 1710 06CTOUT UMEHHO Tak. B uacTHocTH, Gy/1eT NoKa3aHo, UTo UMeeTCsl eCTeCTBEHHOe
yHUTapHoe otobpaxenue J Ha

CoHyed (J‘fo@g{o) D (J‘fo@%o@g{o) D...,
Takoe, uto U nepexojuT B
IoVeo(VEeV)a(VEOVEV)®...,

3neck C' — 0iHOMEPHOE KOMIJIEKCHOE M'H/IbOEPTOBO MPOCTPAHCTBO H I — TOXK/ECTBEHHO PaB-
Hast eIMHUYHOMY orepaTopy yHuTapHas rpynna B C.

[Tyete H™ = FHo & FH1 & Ho @ ... — npousBoJbHAS NIPSIMAsi CyMMa KOHEUHOMEPHBIX HJIH
6ecKoHeUHOMepHbIX THbOepToBbIX npoctpancTs Hj. Ecam Xo, X1, X2,... — npoussoJib-
Has MOCJ/IeNA0BATEJbHOCT OFPAHUYEHHDIX JIMHEHHbBIX OMepaTopoB, npuuem X, nepeBoaut H;,
B J(j + 1), To Mbl onpenensiem oneparop X = (Xo, X1, X2,...)" B H, nonaras

X (o, ¢1, 02, ) = (X5 (1), Xo(po) + X7 (p2), X1(1) + X3 (3),- - -)

NP YCJOBHUH, UTO 00€ MocJe/loBaTeqbHOCTH npuHamiexkar H”. HerpyaHo ycTaHOBUTB, uTo
onepatop X camocornpsikeH. PaccMOTpuM Ternepb uacTHbI cayuai, Koria

Ho=C, H,=H10H1O ... ®H; (n mHOKUTE]EN)

st kaxknoro ¢ € Jq nosoxum

n+1
X£0) = /= Pasalp 2 6),

rae uepe3 P, 1 0603HaUeH NMPOEKTOp NMPOCTPAHCTBA

Hi@H, @ @H; (n+ 1 MHOKHTED)
Ha €ro 3aMKHYTOE MOAMPOCTPAHCTBO

H1®@H1® ... ®H; (n+ 1 MHOKUTED).
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HpOCTOE BbIUHCJ/IEHHE ITOKA3bIBACT, UTO /I ONIEPATOPOB
— 14 ¥ 14 r
X‘P_(XO’leXQa"')
BbITTOJIHAETCS COOTHOLUEHHE

((p2]1) = (p1]92))
Xnggaz — Xmel = 5 I

(Be3ne, rue JieBasi yacTb UMeeT cMbica). Kpome Toro, mout oueBUIHO, UTO /IS KAXKI0TO YHH-
tapHoro onepatopa W B J{; Mbl uMeeM

Xwi(p) = eV X eV,

®)

rae eV — ynurapnbiit onepatop, nepesosiuuii Kaxkaoe H, = HQOHE ... ©®H B cebau

COBMNAJAIOLLMIl HA HEM C orpaHuueHuem orneparopa W @ ... @ W. B uactHocth, ecam Hy —
hasoBoe MPOCTPAHCTBO KJIACCHIECKOH KOHEUHOMEPHOIT JTMHEIHO! cHCTeMbl, a t — Vi — ee
JMHAMHUECKast TPYIINa, TO
— oVt -V
Xyyp) =€ Xpe .

[Tyers Hy = M & M*, rie BekTopHOE NpoCcTpaHCTBO M sIBJIsIeTCs] KOH(UIYpPaLMOHHBIM
NPOCTPAHCTBOM CHCTeMbl, U T' — JyiMHeiliHoe otoOpaxkenue M na M*, onpenensieMoe KHHETH-
ueckoil sneprueil. [lycth B — oneparop, BeieHHbli Ha cTp. 34, T. e. § — 1 /sT(B(0), B(0))
€CTh MoTeHIHa/bHasi PyHKIUst cucTeMbl. [TosioKuM mjist Kaxaoro o1 = (61, 11) us M & M*

fer (0,1) = hlx(0) — 1(B(6h));

Torza f,, muneino na M@GM™, paccMaTpMBaEMOM Kak BELLECTBEHHOE JIMHEAHOE IPOCTPAHCTBO,
1 KaXK/IblHl BelleCTBEHHbIH JIMHEHHBIH (pyHKIMoHAT Ha M & M* 01HO3HAUHO MPECTaBJ/ISETCs B
Buze f,. Jlanee, HeTpynHO BBIUMC/NTL CKOOKY [lyaccona [fy,, fi,]; OHA OKa3biBaeTcsi paBHO#

h(l1(B(62)) — 12(B(01))),

T. €. MHUMOF YaCTH KOMILJIEKCHOTO CKaJISIPHOTO MPOU3BEJICHHST 1 U 2 B H1, yMHOXKEHHOM Ha
h. CoiegoBaresbHO,

h
X%Xsﬂz - szchl - ; [fwl’fwz] I,

M €CJIM MOCTABUTL B COOTBETCTBHE KaXKIO0K HAOJMOAaeMON f, CaMOCONPSIAKEHHbIA OnepaTop
X, KOMMYTaLMOHHbIe cOOTHOLLIeHus [efideHOepra ynosaersopsitorest. M3 toro, uro

— oVt -V
X%(¢) =€ )(()47 (& s
Mbl BBIBOJIUM

1
~(HX, — X,H) = X (),

rie —iH — KococonpsizkeHHast HH(pUHUTe3UMabHAast 06pasyiolas rpynnsl t — e'*. Ho, kak
TMOKa3bIBAIOT BbIUMCICHHS], fa() = A*(f,), uto paBnsieTcs ckoGke [lyaccona knaccuueckoi
sHepruu ¢ fi,. Takum ob6pasom, h H u X, yl0BJIETBOPSIOT B TOUHOCTH TaKHM K€ KOMMYTa-
LHHUOHHbIM COOTHOLIEHUSM, KaK OINepaTophbl, moJdydyaronecs rnpu KaHOHHYE€CKOM KBAaHTOBaHWU
Hallell KJacCHYeCKOH JIMHEAHON CHCTeMbl M COOTBETCTBYIOLLME SHEPTHHU U HaOJM01aeMbIM fo.
[Tockonbky onepatopbl X, aist (yHKUMi fi,, paBHBIX Hy/110 Ha M, 06pasyroT, Kak HeTpy-
HO BHUJIETH, MOJIHOE KOMMYTHPYIOLLEE CEMEHCTBO, Mbl MOXKEM COCJIAThCSl HA TEOpEMY €HH-
CTBEHHOCTH, YNOMSIHYTYI0 B pasil. 2.4. Mtak, Mbl nokasa/u, uTo rujibOEpTOBO MPOCTPAHCTBO
J{ KBaHTOBOHM CHUCTEMbl, COOTBETCTBYIOLIEH Hallell KJIacCHUeCKOH CHCTeMe, MOXKHO oToOpa-
3UTb Ha
H=Cae e (Hi®H:)+...
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TakuM 00pa3oM, 4TO ONepaTop, COOTBETCTBYIOIMIA HAOMOaeMOH f,, nepeiner B X, a 1MHa-
MUUEeCKasi rpyrnma — B rpynmny

e =IevVeVEV)a(VEeVEV)a....

Muaue rosopsi, Mbl MMeeM CJeylollee SKBUBAJEHTHOE OOBLIUHOMY MPABUJIO KBAHTOBAHMS
KJ/1aCCUUECKOH CHCTeMbl, IPUMEHUMOE B TOM cJlyuae, KOrja cucrema JinHefiHa. [IpeBpaTtum
(hazoBoe MPOCTPAHCTBO B KOHEUHOMEPHOE THIbOEPTOBO MpocTpaHcTBo Hy, TaK UTO AMHAMH-
ueckKas rpyImna CTaHeT OJHONAapaMeTPUUeCKOH rpynnoi V' yHUTapHbIX NpeoOpa3oBaHul, TaK,
Kak 3To onucaHo B pasll. 1.4. O6pasyem oHONapaMeTpHuecKyo rpymiy

eV =ToVe(VEeV)e (VRVEV)®....

IT0 1MHAMHUECKas Tpyrna Hallel KBaHTOBOH cucTeMbl. 115 KaxK/10ro 1eHCTBUTEIbHOTO JIM-
HeiHoro yHkuuonana f na Hy soibepem ¢ TaK, utobnl f = f,. Torna X, Gyner camoconpsi-
>KEHHBIM OI1epaToOpPOM, COOTBETCTBYIOLLUM HabJo1aeMol f.

[lycTtb 11, 9, . .., V5 — OCHOBHbIE UACTOThI HallleH KJacCHUECKOH CHCTeMbl; Torjaa cob-
CTBEHHbIE 3HAUEHHUS] KBAHTOBOTO JMHAMHUECKOTO OIMEepaTopa, KOTOpble COOTBETCTBYIOT COO-
CTBEHHBIM (PyHKIHMSIM B nojripoctpanctse Hy, paBHbl 271, 27y, ..., 271k, [Tostomy coot-
BETCTBYIOLIME COOCTBEHHbIE 3HAUEHUSI OMlepaTopa HEPruu paBHbl 2mhyy, 2whie, ..., 2whyy,
Wil hvy, . . ., hvg, ecid Mbl ipumeM i = h /27, J1ist coGCTBEHHBIX (DYHKIMH U3 MOANPOCTPaAH-
ctBa I @ Hy >TH 3HAUEHHS MPEACTAB/AIOT COOOI BCEBO3MOMKHbBIC CyMMbl h(v; + vj), 115
noanpoctpancta JHi © Hy @ Hi — BceBo3MoxkHble cymMMbl h(v; + v + vg) U T. 1. Takum
06pa3oM, 0OLIHH BU COOCTBEHHOTO 3HAUEHHSsI SHEPTHH 3aaeTcst (hopMyJIof

h(nivy + nova + ... + ngvg).

Yuratesb MOXKeT MPOBEPUTb, UTO 3TH 3HAUCHHS] HA KOHCTAHTY OTJIMUAIOTCS OT TeX, KOTOpble
MOJIyUHJIUCh Obl B pe3yJ/ibTaTe KAHOHMUECKOrO KBAHTOBAHMSI B €ro MpexkHel opme. 10 06b-
SICHSIETCSl TeM, UTO KOMMYTALIMOHHbIE COOTHOLLEHHS ONPEeJsIOT SHEPIUIO TOJIBKO C TOUHO-
CTBIO JIO a/UIMTHUBHOH 1ocTosiHHOM. HanomHum, uto BooOlle U B K/1aCCUUECKOH, H B KBAHTO-
BOH MeXaHHMKe SHeprusi onpeyesseTcsi ¢ TOUHOCTbIO 0 aJUIMTHBHOH noctostHHOH. [Ipu Ha-
11I€M HOBOM CI0COOe KaHOHMYECKOr0 KBAHTOBAHHUSA 3TA MOCTOSIHHASA BbIOUpaeTCs APYruM 00-
pazom — 6oJ1ee YIAUHBIM C TOUKH 3PEHHs 0000ILIEHHs Ha 6€CKOHEUHOMEPHOE IIPOCTPAHCTBO
Hy = H(V).

[IpenmyiiecTBO HOBOrO crioco6a KBAHTOBAHUS JIMHEHHBIX CHCTEM 3aKJ/I0UAETCs B TOM, UTO
BCE [OCTPOCHHUS TPUMEHHUMbI HE TOJIbKO K KOHeUHOMEPHOMY, HO U K 6€CKOHEUHOMEPHOMY I1pO-
crpanctBy H(V'). EnnncTBeHHOE OT/IHUHE COCTOUT B TOM, UTO B GECKOHEUHOMEPHOM CJlyuae
X, Oyzet onpejiesieH TOJIbLKO /151 HEKOTOPOTO MJIOTHOIO MHOXKeCTBA (DYHKLMOHAJIOB f.

Takum 06pa3om, y HAC UMeeTCsl eCTECTBEHHbIH Cr0cOO KBAHTOBAHHS G€CKOHEUHOMEPHbBIX
JIMHEFHbIX cucteM. Ecoi HaM 3aj1aHa Takasi cCMCTeMa, TO Mbl JI0JDKHBI peasM30BaTh ee JMHa-
MHUECKYIO IPYIIy KaK OHONAapaMeTPHUECKYI0 YHHTAPHYIO TPyIITy Ha (Da30BOM MPOCTPAHCTBE,
paccMaTpMBaeMOM Kak I'MyibOepPTOBO MPOCTPAHCTBO, U MPOAOJIKATH TAK, KAK [10KAa3aHO BhILLIE.
ITO NOCTPOEHHE MOXKHO MPUMEHHTb, B YACTHOCTH, B TOM CJyuae, KOrja poJib KJ1aCCHUECKOH
CHCTEMbI MIPaeT 3J1eKTPOMArHuTHoe roJjie. B 3Tom ciyuae, Kak 1 BO MHOTHX JPYTUX 110100HbIX
cJIyuasix, y106HO BBECTH CaMOCOIPsIzKeHHBII orepaTop N Ha pazoBOM NPOCTPAHCTBE

CaoHV) e (HV)OHV)) +...,
KOTOprﬂ Ha Ka>J10M MOANPOCTPAHCTBE

HVIOH(V)® ... ®H(V) (n mHOXKUTENEI)
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paBeH TOXK/IECTBEHHOMY OIepaTopy, YMHOXKeHHOMY Ha 7 (omepatop N orpenessieTcst STHMH
YCJIOBUSIMH OJIHO3HAUHO ). COOTBETCTBYIOLLLYI0 HabJlt01aeMyto Mbl Oy/1eM HasblBaTh HabJlto1ae-

Mo¥ ,,uncia yactuit”. Boo6iie o cocrosinun, onpenensemMom BekropoM i3 (V)@ H(V) ® . ..

(n MHOXKHTEJIEH ), TOBOPSIT KaK O COCTOSIHHH, B KOTOPOM ,,MMeeTcst 1 uacTuil. Hem 310 oObsic-
Hsiercst ? J1efiCTBUTE/IBHO JIH B TAKUX COCTOSIHUSIX CHCTEMA BesleT ceOst MOJ00HO CUCTEME U3 1
yacTuil ?

Mbl yxke Busiesn (M. cTp. 78 1 83), uTO omepaTopbl, COOTBETCTBYIOLIME HAGJIOIAEMbIM
9HEPrUH U UMITYJIbCa KBAHTOBOH CHCTEMbI, MOXKHO MOJYUHTh KaK HH(DUHUTE3UMaJIbHbIE 06pa-
3ylolle HEKOTOPBIX OJIHOMIapaMeTPHUECKHX TPYIII YHUTapHBIX oriepaTtopoB. [Ljisi CHCTeMBI, CO-
CTOSIIIIEH U3 OJTHON CBOGOHOM UacTHLB (CM. cTp. 89), OyzeT BepHbIM U 60Jiee CHIbHOE YTBEp-
Kienue. [lyerb A — rpynna Bcex JBHKEHMEH NPOCTPAHCTBA, § — rpyrnmna Bcex rnepeHocoB
BpeMeHH U ' — rpynna npeo6pa3oBaHui IPOCTPAHCTBA-BPEMEHH, IOPOKACHHASA OArPYIIA-
MU A, 6 1 npeoOGpaszoBaHUSIMU

(z,y,2,t) — (x —ut,y — vt, z — wt, t).

Hmeerca ectectsennoe otobpaxkenue v — U, 3Tofi rpynnbl I' B rpynny yHUTapHbIX onepa-
TOPOB B T'HJLOEPTOBOM MPOCTPAHCTBE HALIeH CUCTEMbI, TAKOE, UTO JJ/I JIOObIX y1 U Y2 U3 I’
oneparop U,, U, U;l}ﬂ KpaTeH eIMHUUHOMY W TIPH 3TOM HaOJIr0laeMble KOOPJHHATHI, a TaK-
K€ SHEPTHH ¥ UMITYJIbCa MOYKHO MOJYUHTh KaK HH(PUHUTE3UMa/IbHble 00pasylolie HEKOTOPbIX
OJIHONapaMeTpHUeCcKHX NoArpynn rpynmsl I'. B 5ToM cMbic/ie MOXKHO CKasaThb, UTO KBAHTOBAS
MeXaHHKa OJIHOK CBOOOJIHON YacCTHIbl BIOJIHE ONMUChbIBaeTcsl oToOpaxenueMm v — U,. I1o
oToOpakKeHue MpecTaBJ/seT OO0l MPUMEp TOTo, UTO Mbl Ha3oBeM (CM. cTp. |17) npoekTus-
HBIM YHHTapHbBIM [pejicTaB/ieHHeM rpynisl I,

B cneuuanbHOR TEOPUH OTHOCHTEJILHOCTH IPYMIOH CHMMETPHUH NMPOCTPAHCTBA-BPEMEHH
sBasieTcst He I, a apyrasi rpynna L Tofl »ke pasMepHOCTH, cojiepxawasi A v 6 B KauecTse
NOArpyn; ee Ha3biBaloT rpymnmnoi [lyankape uiu HeonHopoaHoi rpynno# Jlopenua. Herpynno
MOCTPOHTbL KBAHTOBYIO MEXaHHUKY OJHOH CBOOOIHON YacTHLbl, KOTopasi Oblia Obl cOrJlacOBaHa
C NMPUHLMIIAMU CIIeUMabHON TeopuH oTHOCHTesbHOCTH. [Tosyuatoiiasicst KBaHTOBasi cucTemMa
BIIOJIHE ONUCBIBAETCS] HEKOTOPBIM [TPOEKTUBHBIM IPEICTaB/ICHUEM TpyIbl L, NpuueM BO3HHU-
KalollMe TaKUM 00pa3oM MpeJICTaBJIEHHsT OKa3bIBAIOTCS UACThbI0 HEKOTOPOH OOJbILIEH CHCTEMBI
Npe/ICTaBJICHHI C aHAJIOTHUHBIMH CBOHCTBAMH.

OTH NpeJCcTaB/IeHHs MOKHO HCIOJb30BATh VISl TOCTPOEHHsI KBAHTOBBIX CHCTEM, M0/100-
HBIX CHCTEMAaM, OMUCBIBAIOIMM CBOOO/HBIE PEJISITUBUCTCKHE UACTHIIBI; €CTECTBEHHO CUHUTATD,
UTO 3TH CHCTEMBbI OIUCHIBAIOT HEKOTOPble 06001eHHbIe yacTHLbl. OO0O61IEHHbIe YaCTHLb OT-
JIMUAIOTCS OT OOBIUHBIX IVIABHBIM 00PA30M HAJIMUMEM ,,BHYTPEHHUX CTereHell cBOOOAbI: y HUX
MOTYT ObITb Ha0JIt0aeMble, KOTOpPble KOMMYTHPYIOT CO BCEMH HMITYJIbCAMH H TEM He MeHee He
ABJSIOTCS (PYHKUMSIMH OT UMITYJIbCOB (K TAKUM HAOJII0JaeMbIM OTHOCHTCS1, HATIpUMep, ,,CIIHH",
KOTOPBIH Mbl U3yUHUM B pasil. 3.4). HekoTopblie 13 060011I€HHBIX YaCTHLL OTJIMUAIOTCS OT KJac-
CHUECKHX ellle OoJIbllIe: OHW HMEIOT HYJIEBYIO Maccy (MOKOs1 ) U He UMEIOT HAabJII01aeMbIX KOOp-
JIMHAT.

Bo Bcsikom ciyuae, ypaBHeHusi MakcBesijla MFHBAPUAHTHBI OTHOCUTEJIbHO IpyTiibl JIopeH-
ua, Tak uto rpynna L ecTecTBEeHHbIM 00pa3oM ,JelCcTBYeT B MH/JIbOEPTOBOM MPOCTPAHCTBE
CoHV)D (HV)OH(V)) + ..., T. e. Mbl IMeeM TpejICTaBJIeHHE TPYIbl L YHUTapHbI-
MH oriepaTopamu B 3ToM nipoctpanctse. [ToanpocrpanetBo H (V') ”HBApUAHTHO OTHOCHTEJ b=
HO BCeX OIepaTopOB ITOTO MpeCTaB/eHus1, 1 onpenensiemoe Ha H (V') ,noanpencrasienne’
rpynnbl L 0Ka3bIBaeTCsl KaK pa3 TAKUM, KAKHe OMUCHIBAIOT 000OLIEHHYIO CBOOOIHYIO UACTHLLY.
Boo6ue kaxoe ciaraemoe

H(V)@IH(V)® ... ©H(V)

MHBAPHAHTHO OTHOCHUTEJILHO OMEPAaTOpPOB MPECTABJICHUS TPYIIbl L, U WX JIEACTBHE HA 3TOM
MOJMPOCTPAHCTBE UHyLpyeTcst neicTBrUeM Ha H (V).

O
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3amerum rernepb, uto ecan H (V') — runb6epToBO MPOCTPAHCTBO KBAHTOBOH CHCTEMBI IS
OJIHO# uacTHLibl ¢ tMHaMuueckod rpynmoil V, 1o H(V) @ H(V') — ruib6epToBo MpocTpaHCcTBO
KBAHTOBOH CHCTEMBbI U3 IBYX TAKHX HE3AaBUCHMBIX UACTHLL U COOTBETCTBYIOLLEH THHAMHUECKOI
rpynmnoi siBasercs V' @ V. Touno Tak xe

HV)oH(V)®---@H(V) (n MHOXKHTeJCH)

— ruJb6EPTOBO NPOCTPAHCTBO KBAHTOBOK CHCTEMbI U3 1o TAKUX 2Ke He3aBUCHMbIX uacTHLL. Ta-
KHUM 00pa3oM, ecJii Obl peub 1114 0

HV)oHV)®- - @ H(V),

aHe o
HV)IOH(V)® ... ©®H(V),

ObLJ10 Obl BIIOJIHE €CTeCTBEHHO CUHUTAThb, UTO B COCTOSIHHUH, OIPEAL/IIEMOM BEKTOPOM U3
HV)@HV)@...0H(V),

MMeETCsl 1 UaCTHLL, KaXK/1asi U3 KOTOPBIX JIBUXKETCST HE3aBUCHMO OT JIPYTHX 110 3aKOHAaM, Orpe-
neJsieMbiM nefictereM rpynmst U, B H(V).

B uem cocrout 3Hauenue ,,cummerpusatn’ — nepexoza ot H(V) @ H(V) @ ... @ H(V)
KHV)OH(V)O ... ®H(V) ? Uro Boobliie, HE3aBUCHMO OT KBAHTOBAHHS 3JIEKTpOMAr-
HUTHOTO T10J151, 03HAUAET TOT (DaKT, UTO B HEKOTOPOI KBAHTOBOI CHCTEME H3 1 OJIMHAKOBBIX
HE3aBHCHMBIX UaCTHIL IOMYCTHMBIMH CUHTAIOTCS TOJIBKO T€ COCTOSIHUS, KOTOPBIE COCTABJISIOT
CHMMETPHUECKOE MOITPOCTPAHCTBO TEH30PHOTO TTPOU3BEIEHHS, MTOJYUAIOIIErOCs B pe3yJibTra-
Te KaHOHMUECKOTr0 KBaHTOBaHHUs ? [10CKOJIBKY 3TO MOAMPOCTPAHCTBO MHBAPHAHTHO OTHOCH-
TeJIbHO JIMHAMHUECKOF TPYIIIbl, Mbl HMEEM €CTECTBEHHO OTpeJie/IeHHYIO0 KBAHTOBYIO CHCTEMY.
[Tpu sToM, onHaKO, MHOTHE HabJI0IaeMble TepSIOTCsT; HabJI0IaeMbIM HOBOH CHCTEMBI COOT-
BETCTBYIOT TOJILKO T€ CAMOCONPSIKEHHbIE ONEPATOPbI, KOTOPbIE ME€PEBOIST CHMMETPHUECKOE
MOANPOCTPAHCTBO B CEO1.

DTOo 03HAUAeT, B UACTHOCTH, UTO HE CYLIECTBYET HAOJO1aeMON /15 KOOPAUHATBI & OIHOH
OTpeJle/IeHHON YaCTHIbl, 8 €CTh TOJNbKO HabJII01aeMble /1151 CHMMETPHUECKHX (DYHKLHI OT KO-
OPIMHAT M0 OCH X Beex n uactull. Koneuno, 3nast

T+ X2+ ...+ Ty, :U%+33§+...+:U,21,
i U N S B, N B}

Mbl MOXKEM HAHTH Z1,Z32. .., Tn, HO HE CMOXKEM ONPELE/INTb, KAKOE U3 STHX UMCEJ] COOTBET-
CTBYeT KarkJ10i uacTHLie.

[Tycrtb, Hanipumep, n = 2. EcJiu Mbl 3HaeM, uTo £1+22 = a U :U%-i-az% =b,TOX1Z2 = (a2 —
b)/2 1, CIeJIOBATENILHO T1 M T2 ABJSIOTCS KOPHSIMH KBapaTHOro ypaBHenus =2 — ax + (a? —
b)/2 = 0. OiHaKO HET HUKAKOTo croco6a orpe/Ie/iuTh, KaKoi KOpeHb paBeH 1 M KaKoil — xa.
dusnueckH 3TO 03HAUAET, UTO UACTHLBI B TAKOH CHCTEME BOBCE He TIOX0XKH Ha OUJIIHAp/IHbIE
1Iapbl B TOM CMbICJIE, UTO OT/Ie/IbHAsl UACTHLA [TOJTHOCTBIO JIMLIEHA HHWBHLYaJ bHbIX CBOHCTB,
KOTOPBIE MO3BOJIUJIN Obl OTJIMUUTB €€ OT JPYTHX; IOMEHSIB MeCTaMH JIB€ YaCTHLbl, Mbl IPHIEM
K TOH Ke caMmoil (hM3HUeCKOl CHCTeMe, U He HMEEeT CMbICJ/Ia TOBOPUTH O KOOP/MHATE X OJIHON
OTpEJeNEeHHON U3 9THX YACTHLL.

[TosicHuTb 5Ty cuTyauuio nomoxker ciaeyrolas asajorus. [IpeacraBum cebe cTpyHy, Ha-
TSIHYTYIO MEXK/1y IBYMSI CTEHKaMH ¥ HAXOJSILLYIOCST B COCTOSIHUM, TTOKA3aHHOM Ha puC. |,

R -~

Puc. 1.
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MpHUEM CTPEJIKH YKa3bIBAIOT HAMpPaBJeHHe, B KOTOPOM JIBUTAIOTCST COOTBETCTBYIOLLME BO3MY-
1ieHus (BoJiHbl). Hepes HeKoTopoe BpeMsi 9TH BO3MYLLUEHHS ,,TIPOHJYT OJIHO uepe3 apyroe™ u
CTpyHa MPUET B COCTOSIHUE, MOKA3aHHOe Ha puc. 2. Emle

-~ R ——

Puc. 2.

uepe3 HEKOTOPOE BPeMsi BO3MYILIEHHSI OTPA3SITCS OT KOHIIOB, TOHIYT 00paTHO U CTPyHA NMPUIET
B COCTOSIHUE, [TOKa3aHHOe Ha puc. 3, Ec/ii Mbl OyjieM paccMaTpuBaTh 3TH JIBa BO3MYLILEHHS Kak
OTJIe/IbHbIE 3JIEMEHTBI, TO HaM TIOKAXKeTCsl, UTo TPH

R -~

Puc. 3.

nepexojie OT COCTOSIHMUSI, U306Pa’KEHHOT0 Ha PUC. 1, K COCTOSIHUIO, H300paXKEHHOMY Ha PUC. 3,
OHM MOMeHsIIMCh MecTaMM. C JIpyrofi CTOPOHbI, camMa CTPyHa HAaXOAUTCSl HAa PUC. 3 TOUHO B TOM
)K€ COCTOSIHUM, KaK M Ha puc. 1.

OkasbiBaeTcs, UToO BCE ,,9JeMeHTapHble YacTUllbl” B (hu3nKe 00/1a1al0T 3TUM CBOHCTBOM
HepasJIMUMMOCTH U MX HY?KHO MPEJCTaBJsATL cebe CKopee KaK BO3MYLLEHHs CTPYHbI, UeM Kak
OT/Ie/IbHbIE KJlaCCHUECKHe YacTullbl. Bo MHOrMX ciyuasix, OJHaKO, WHIAWBUIyaJbHOCTb Ya-
CTULL 0O6Hapy»K1BaeTcsl 6s1arojiapst ToMy, YTo BMECTO CHMMETPHUECKOr0 MOANPOCTPAHCTBA 10—
KpPaTHOTO TEH30PHOTO NPOU3BE/IEHHUST MTOSIBJISIETCS] aHTHCUMMeTpUueckoe. B cuMmerpuueckom
cJlyuyae roBOpsIT, UTO YaCTHLIbl MOAUMHSIIOTCS cTaTHCTHKe bose—diiHiuTeiliHa, W HAa3bIBAIOT UX
6030HaMH; B aHTUCHMMETPHUECKOM CJlyuae roBopsiT o cratuctuke ®epmu—/lupaka u o dep-
MHOHAX.

BosBpauiasicb K KBAHTOBAHHOMY 3JIEKTPOMArHUTHOMY T10J110, Mbl BUJIMM, UTO €0 MOXKHO
9KBUBAJIEHTHBIM 00Pa30M paccMaTpUBaTh KaK COBOKYMHOCTb OECKOHEUHOr0 UHC/1a He3aBHCH -
MbIX HEPa3/JHUMMBIX YACTHILL, MOAUMHSIOIMXCSH cTaTHCcTHKe bose—ditHiireiina. D1 yacTHLbI
HasblBaOTCs (hoToHaMU. Mbl OUEPKHUBAEM, UTO 3Ta KBAHTOBAsI CHCTEMa — OJIHOBPEMEHHO U
KBAHTOBaHHAs KOJeOJIIOLLIAsICsl Cpela H KBAHTOBAHHASI COBOKYIHOCTh UACTHLL, BCE 3aBUCHUT OT
TOro, KaK HabJtojlaeMble paccMaTpHuBatoTes. Takum o6pa3om, 3Ta MateMaTHuecKasl cucTema
BKJIOUAET U BOJIHOBbIE, U KOPIYCKYJISIPHbIE aCTIEKThI 3JIEKTPOMArHUTHON TEOPHUH U3J1yUeHHUs], U
napajoKc BO3HUKAET TOJIbKO H3-3a MOMNbITKH CJMIIKOM IPUMHTHBHO NPeICTaBUTh cebe husn-
UECKYI0 KapTHHY.

3ameTuM B 3akjioueHue, 4To GOTOHbI OTJIMUAIOTCS KJIACCHUECKUX UACTHIL B IBYX JAPYTHX
otHoleHusx. [1pu nepexoje K KjaccHueckoMmy rpejiesy OHM He MOoUHHSIIOT 3aKkoHaMm HbtoTo-
Ha, a JBUraloTCsl BCerjga co CKOpoCTbio cBera. Kpome Toro, y HUX MMeeTCs Hekslaccuueckas
HabJto1aemMast criiH. Mbl GyjieM roBOPUTb O HeM Mo/ipoOHee B CJIe/lytollel IV1aBe B IpUMeHe-
HUM K JIPYTHM YaCTHLAM — 3JIEKTPOHAM.

2.8 CrarucTryeckasi KBaHTOBasi MeXaHUKa

CraTucTuueckasi TepMOJIMHAMUKA, KOTOPYIO Mbl pacCMaTpUBa/iM B pasi. 1.5, moutH nmoJHo-
CTbIO MEPEHOCHUTCS HA KBAHTOBYIO MeXaHMKY. J1/is1 Toro uToObl HAaliTH KBAHTOBBIN aHaJlor Ka-
HOHHUECKHX cocTosiHui [M66ca, Mbl HllleM CMelIaHHO€e COCTOSIHUE, OTIpejiesisieMOe HeOTpHLIA-
TeJIbHBIM CAMOCOIIPSI?KEHHBIM s1/IepHBIM orepaTopoM L', KoTopoe COOTBETCTBYeT MaKCHMaJlb-
HOH HeOoNpeieIeHHOCTH, TTPH YCJOBHH, UTO HabJo1aemMasi sHeprust Hy uMeer (pMKCHPOBaHHOE
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cpennee 3Hauenne E. Mbl Bujen, uto 31o cpeanee 3nauenne pasto Tr(I'Hy). st Toro uro-
Obl H3MepATH ,,CTETeHb HEONpe1eeHHOCTH  cOCTOsIHUSA ', Mbl JI0JI2KHBI CHOBAa 06paTHTbCS K
TEOPHH MH(POPMALIHH.

Ecan @1, p2,... — MoJiHasi OPTOHOPMUPOBAHHAsI CHCTeMa COOCTBEHHBbIX BeKTopoB ' n
I'(¢j) = 7%, T0 71 + 72 + ... = 1 u cocrosHue, onpenensemoe onepatopom I', ectb
V1 Qpy + Y2 Qpy + - -, TIIE Qi) — UHCTOE COCTOSIHME, ONPEJIeJIsieMOe BEKTOPOM ;. Ecin npu-
HSITh, UTO UUCTbI€ COCTOSIHHSI COOTBETCTBYIOT HYJIEBOH HEOIPEIETIEHHOCTH, TO TeOpHst HH(OP-
MallMM PEKOMEH]IyeT NPUHSITB 3a Mepy HeorpeeaenHocty I' Bemmunny - y; log(1/7;). Hanee,

J
C MOMOIIIBIO OMEPAIMOHHOTO HCUUCJIEHHST Mbl MOXKeM nocTpouTh orepatop ['log I u ycrano-
BUTh, UTO

(I'log ') (5) = (5 log;)(¢)):

CJie10BaTeNbHO,
> (vilog7;)(g) = —Tr(T'logT).

J

Jpyrumu cji0BaMu, Mbl HILIEM TAKOH M0JI0KUTeNbHBIN sitepHbli onepatop I, uto —Tr(I" log I')
SIBJISI€TCS MAKCHMaJIbHBIM NpH rpannuHoM ycqosud Tr(I'Hy) = E. Mcnosb3ys MeToibl BapH-
ALMOHHOI0 HCUMCJ/IEHHs] B IPUMEHEHHH K OrlepaTopam, MOKHO 110Kasath (cM. KHUry ¢oH Heii-
MaHa), uTo JIOJIXKEH HMEThb BUJL Ae_HO/B, rie A u B — konctantbl. [Tockosbky Tr(I') = 1, Mbl
JIOJ2KHBI UMETh

A= [Tr(e_HO/B)} - ,

TakK uTo
e—Ho/B

" Tr(e Ho/B)

Koneuno, nis Muornx Hy sTa 3ajaua okaseiBaercsi Hepadpetnmoil. OHaKO /151 MHOTHX HH-
TepecylolnX Hac cucreM Hy o6JaiaeT cie/lylolMi CBOIICTBAMH:

(a) Hop ©MeeT unCTO TOUEUHBIH CIIEKTP, M BCe COOCTBEHHbIE 3HAUEHHsI HEOTPULIATE/IbHBI;

(b) P(B) = Tr(e Ho/B) cymectsyer npu scex B > 0;

(c) Tr(Hg e~ Ho/B) cymectsyer npu Becex B > 0;

(d) Tr(Ho e~ Ho/B) / P(B) — orpannuennas MonoToHHas yuxuus ot B. Ecam a1 Takoro
Hp N0JI02KUTD

r

Tr(Hy e~ Ho/B)
PB)

TO, OUEBM/IHO, JI/ISl KAXK/10r0 3HaueHHs1 F OyJeT CyllecTBOBATh B TOUHOCTH OJIHO 3HaueHHe B,
Takoe, uto oneparop e 10/B / P(B) 6yner ynosaersopsith TpeGyeMbiM ycsioBusM. CMeliaHHoe
COCTOSIHHE, OIPeJie/IsieMOe THM OMepaTOPOM sIBJISIETCS] KBAHTOBBIM aHAJI0rOM KAHOHHUECKOro
cocrostHus [n60ca 11 3aJaHHOTO 3HAUEHHS! SHEPTHH,

Mbl MoxKeM npuiaTh HalUM hopMyJiaM elile 6oJibliee CXOACTBO € KIaCCHUECKUMH, BbIpa-
3UB CJIejlbl uepe3 COOCTBEHHbIE 3HAUEHUS A1, A2, ... onepaTtopa Hy. O6padyem u3 co6CTBEH-
HbIX 3HAUEHHUH TaKylo M0CJE10BATENLHOCTb, YTOObI KpaTHble COOCTBEHHbIE 3HAUEHHS TOBTO-
PSIMCh HY?>KHOE UHCJIO pas3 U, KpoMe Toro, A\ < Ap < ... ; Mbl MOXKEM 3TO CJIeJIaTh, TOCKOJIBKY

E(B) =

o0
pan 3 e~ /B cxomnres. Torna
J=1

o

PB) = e/ - / /B 4, (),

j=1 0

rie 5, — Mepa, KOTopast PUIHCBIBAET KaXK0My G0PEeJIEBCKOMY MHOKECTBY UHCJIO COOCTBEH -
HBIX 3HaUeHHil, KOTOpble B HeM coziepxKatcs (¢ yuetom KpatHocTH). B uacthoctn, 54([0, z])
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€CTb YHMCJIO COOCTBEHHBIX 3H8'—I€HHIZ, KOTOpbI€ MEHbIIEC X UJIX PABHbI €MY. I[aﬂee,

;fox e~®/B dg,(z)
P(B)

E(B) =

M, TOUHO TaK JKe KaK B KJacchueckoM cayuae, E(B) = B2P'(B)/P(B). Mbl nosyuaem Teo-
pHI0, COBEPLLIEHHO aHAJIOTHUHYIO KJIaCCUUECKOH 3a O/IHUM BaXKHbIM HCKJIIOUeHHeM. Hernpepbis-
Hast mepa j3, riae 3([0, z]) — mMepa MHOKecTBa B (0a30BOM MPOCTPAHCTBE, HA KOTOPOM KJ1aCCH-
UeCKHil raMHJIBTOHMAH He MPEBbIILIAET =, 3aMEHSIeTCST IMCKPETHOI Mepolt g, rie [q([0, z]) —
UMCJI0 COOCTBEHHBIX 3HAUEHUI onepatopa Ho, He MPEBBIIAIOIIMX £. DTO HATTOMUHAET HAM Ty
NPOU3BOJILHYIO 3aMeHY HelpepbIBHOH Mepbl Ha IMCKPETHYIO, KOTOPYIO Mbl C/Ie/1aJH ISl TOTO,
uyToOBI MOJIYUHTh 3aKOH uanyueHust [1nanka. Tenepb y Hac ecTb TeopeTnueckoe 0ObsICHEHHE
9TOW 3aMeHHBl.

JleficTBUTE/IbHO, KaK Mbl BUJIeJIM B pa3il. 2.7, coOCTBeHHble 3HaueHust Hy Juist cayuast npo-
CTOrO FapMOHMUECKOr0 OCLHMJIITOpPA paBHbl (2k + 1)whv, rie v — yacTota OCUMJIISITOpA U
k =1,2,.... Boluuras koncranry why us Hy, nonyuaem 2mwhy, 4whv,. ... Takum o6pasom, 3,
npunuceiBaer Mepy | kaxkno# Touke Buaa 2kmhy u mepy O mpou3BoJbHOMY MHOXKECTBY, HE CO-
JepKailieMy 3Tux Touek. CJ/ief0BaTe/IbHO, €CJIH Mbl €llle pa3 MpearnosoXum, uto h = h/2m, To
YBUJIUM, UTO Mepa [, paBHa Mepe [, (BBeIeHHO Ha cTp. 56), yMHOXKEHHOI Ha h~!. TTocko/bKy
YMHOKeHHe Mepbl Ha KOHCTaHTy He MeHsieT E(B), Mbl, HCX0/I51 U3 OOLIMX MPUHIIMIIOB KBAHTO-
BOH MeXaHHKH, TPUXOUM K (opmysie, BbiBeneHHOH Ha cTp. 57. Takum o6pazom, KBaHTOBas
MeXaHHMKa M03BOJISIET PellUTh NpobJseMy, ¢ KOTOPOil HauaJoch pasBUTHe CTapod KBAHTOBOH
TEOPHH.

3ameTHM, UTO B KBAHTOBOH MeXaHHWKE Mbl He BCTpeUaeMcsi ¢ TPYAHOCTSIMH, CBSI3aHHBIMU
¢ oTcyTcTBHEM Mepbl JIMyBHIIS B (Da30BOM MPOCTPAHCTBE Halllel GeCKOHeUHOMEPHOH cUcTe-
Mbl. Bce cructembl, KoHeuHo- 1 6€CKOHEUHOMEpPHbIE, UMEIOT B KaueCTBe KBAHTOBOTO (ha30BOT0
NPOCTPAHCTBA CTPYKTYPY 3aMKHYTbIX MONPOCTPAHCTB cenapabeibHOro 6€CKOHEUHOMEPHOTo
rHIbOEpPTOBA MPOCTPAHCTBA, I7le aHAJMOTOM Mepbl JINyBU/LIA SIBJsIETCS Mepa, KOTopast Comno-
CTaBJISIET KaK/J0MY 3aMKHYTOMY MOJIIPOCTPAHCTBY €ro Pa3MEPHOCTb.

Murepecto cpaBHUTL B 00LeM cayuae Mepy [y, N0Jyyalollylocs B KBAHTOBOH MeXaHHKe,
¢ Mepoil 3, noJstyuatoleficst B KlacCHueckoi MexaHuke. [Tocko/IbKy H3BECTHO, UTO KJaccHue-
CKasi CTaTUCTHUECKAsl MEXaHMKa COTJIacyeTcsi C KCMEPUMEHTOM TMPH BBICOKHMX TeMrepaTypax
M HE CoIiacyeTcs NIPH HU3KHX, CJIe/lyeT 0XKMAaTh, uTo 5 U 34 OyLyT NIPUBOJMTL K TOH XKe ca-
Mo# (hopmyJie yae/bHOM TEeMI0eMKOCTH MPH BBICOKHUX TeMMepaTtypax. DTH CO00paKeHHs U Teo-

[e.e]
pust npeobpasoBanus Jlannaca <a — [ e " da(t) | npUBOAAT K MPEINOJNOKEHHIO, UTO Mepa
0

B4(]0, z]) acumnrotnuecku (npu 6osblunx x ) 6yaer kpatHoi mepe ([0, x]), T. . uto npees

L A0.a)
T—00 BQ([O’ x])

CYLLLECTBYET. DTO JICHCTBUTEJNBHO OKa3blBAeTCsl MpaBUJIbHLIM. B aHanuse umeloTest TeopeMsl,
KOTOpbI€E MO3BOJISIOT MOJTYUHUTh ACHMITOTHUECKHE (POPMY.JIbI 7151 COOCTBEHHbBIX 3HAUEHHH T (-
(hepeHLManbHbIX onepaTopoB. [Ipumensisi ux K ypaBHenuto Ll peannrepa, Haxoaum, uTo

L B02)
T—00 /8(1([07 x])

riae N — pa3mMepHOCTb KOH(UIypallMOHHOrO MpocTpaHcTBa. Takum 06pa3om, Mbl UMeeM, € OJ1-
HOI CTOPOHBI, TeopeTHueckoe 00bsICHEHHEe aleKBATHOCTH KJIACCUUECKOH U KBAHTOBOH CTaTH-
CTHUECKOH MeXaHUKH MPH BBICOKUX TeMMepaTypax, a ¢ JApyrok CTOpoHbl — (u3nuecKoe moj-
TBep2KJleHHe TeopeM 06 aCUMIITOTHUECKOM pacripe/ie/ieHHH COOCTBEHHBIX 3HAUEHHI.

— (2nh)",
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[naBa 3

TEOPUA TPYIII1 U KBAHTOBASI
MEXAHHUKA ATOMA

3.1 [IlpenBapuresbHble 3ameyaHus

KasaJsioch Obl ecTeCTBEHHOH MOMbITKA TeOPeTHUECKH 00bSICHUTD CIIEKTpaJibHble H XHMUUECKHe
CBOHCTBA aTOMOB, IPUMEHSIST KAHOHHUECKOE KBAHTOBAHHUE, OMHUCAHHOE B pas/l. 2.4, K K/1accH-
uecKol MeXaHHUeCKOH cHcTeMe, COOTBETCTBYOLLLEH Mosiesin atoMa Pesepdopra. Onnako 310
00bsSICHEHHE OKA3blBAETCS HEBEPHBLIM I10 JBYM PA3J/IMUHBLIM NPUUHHAM. B neficTBUTENLHOCTH
CYLIECTBYET OZHOBPEMEHHO U OOJIbLIEe ¥ MEHbILIE CTALMOHAPHBIX COCTOSIHUH, YeM CJIeLyeT U3
3THX OOLLIMX COOOpaKeHHH.

OnHa 13 OCHOBHBIX 33724 3TOH IV1aBbl — OO'BSICHUTB NPUPOJLY U 3HAUCHHE TeX H3MEHEHHUH,
KOTOpbI€ NPUXOJUTCS Je1aTh. [lajiee, HE3aBUCHMO OT TOrO, HCIOJIb3YeM JIH Mbl KAHOHHUECKHE
WJIH KaKHe-/M00 UHbIE TIPABUJIA KBAHTOBAHMS, MATEMATHUCCKHI aHAJN3 [TOJYUAIOLINXCS KBAH -
TOBBIX CUCTEM OKa3bIBACTCS HEOOBIUAHHO CJIOXKHBIM; TPYIHOCTH, KOTOPBIE 3/16Ch BO3HUKAIOT, B
HEKOTOPOM OTHOLLEHHH aHAJIOTHUHBI TEM, KOTOPbIE BO3HHKAIOT B 3a1a4e 1 TeJl B KJACCUUECKOH
MeXaHHKe.

Mbl HauHeM 5Ty ry1aBy ¢ 00CYy2KA€HHS ABYX OOLLIHMX METO0B, KOTOPbIE 03BOJIAIOT OJyUHTh
MH(OPMALMIO O CTPYKType COOCTBEHHBIX 3HAUEHHI SHEPTHH CJIOKHBIX KBAHTOBBIX CHCTeM. B
OJHOM M3 HUX C ITOMOLLIBIO TCOPHUH NPEACTABJICHUH IPYII UCIONb3YIOTCH CHMMETPUH CHUCTE-
Mbl. B pyrom npeanosaraercsi, 4to laHHast CHCTEMa MoJyuyaeTcst ,,MajibiM BO3MYLIIEHHEM * U3
HEKOTOPOH 60J1e€ MPOCTOH CUCTEMBI, COOCTBEHHbIE 3HAUCHHST KOTOPOH H3BECTHBI, U HCIIOJIb3Y -
I0TCS1 Pas3J/ioxKeHHsl B CTENEHHOM psijl 10 apameTpy BoamylleHHs. O6a MeTo1a 4acTo UCIOJIb-
3yloTcs coBMeCTHO. [Ipu u3yuenun aroma, HanpuMep, €ero MOxKHO arnnpoKCUMHPOBATb CHUCTE-
MOH, B KOTOPOH 3JIEKTPOHbI HEe B3aWMOJEHCTBYIOT U JBHTAlOTCS B 001IeM c(hepuueckn CUM-
METPUUHOM MoJie. DTa CUCTeMa OUeHb 6orata CHMMETPHUSIMH, H €€ MOXKHO JIeTa/lbHO H3YUHTh C
MOMOLLIBIO TEOPHH TIPEACTAaBJACHHI. 3aTeM MOXKHO MCCJ/IEI0BATh PeaslbHYyI0 CHCTEMY, almpoK-
CUMHPYsl €€ CTEleHHbIM Pa3J/I0XKeHHEM COMVIACHO TEOPUH BO3MYLLCHHH.

3.2 (OcCHOBHbIE MOHSATHUSI TEOPUU NPeCTaBJAEHUNA rpynn

[lyctb G — JloKa/IbHO KOMIIAKTHAsl Ipyrina, T. €. 'pyIna ¢ 3aJaHHON Ha Hell TonoJorued, or-
HOCHTEJ/IbHO KOTOPOH OHA JIOKAJIbHO KOMITAKTHA U TPYITIOBbIe Ollepalii HenpepbiBHbL. [Henpe-
pol8HbLM YyHUmMapHolm npedcmasgaeruem L rpynnbl G Ha3bIBaeTCsl M0 ONpeeeHHI0 0T00-
paxkenue x — L, rpynnbl G BO MHOXKECTBO YHHTAPHBIX OMEPATOPOB B HEKOTOPOM (DUKCHPO-
BaHHOM I'HJibOepTOBOM npocTpaHcTse H(L), Takoe, uTo

(1) Lyy = Ly Ly, nns seex x vy us G
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(2) orobpaxenne x — L, (¢) rpynnel G B H(L) HerpepblBHO Ha G IS KaXKJ0T0 (DUKCH-
poBanHoro Bekropa ¢ € H(L).

OxkasblBaeTcs, UTO VISl BBIITOJIHEHHSI 9TOTO MOCJEAHEr0 YCJ0BHS JOCTATOUHO HAJIOKHTh
3HauMTebHO GoJiee ciaboe TpeboBaHue utobbl © — (L. (p)|t)) Obla GopeseBcKoil hyHK-
et Ha G st Beex @ u 1 u3 H(L). [TockosbKy Mbl He OylieM pacCcMaTpuBaTh HUKaKHX
JIPYTHX MPEACTABJEHUH, HaM OyaeT YA0OHO /151 KPaTKOCTH BMECTO ,,HETMPEPbIBHOE YHUTAPHOE
npejicTaB/eHHe’ TOBOPUTL MPOCTO ,MpeicTabienre’. Ecan G — rpynna Beex asuxenuii B3,
f € L2(E?) n nns kaxaoro o € G no onpenenenuio (Lo f)(z,y,2) = f(a™ (z,y, 2)), T0
onepatop L, YHUTAapeH U o« — L, ecTb npejicTaBieHue rpynmnsl G. KoHeuHo, ofHonapamer-
pUUecKHe HerpepbIBHblE YHUTAPHbIE TPYMIbl, O KOTOPBIX 11J1a peub BhILIE, €CTh B TOUHOCTH
NPeJICTaBJCHUS aJUIMTUBHO MPYIIbl BELECTBEHHOM MPSIMOI.

[lycts cHoBa G — mnipousBodibHas rpynna. Ecoau L u M — npencrabienust G U cyle-
cTByeT yHuTapHbiii oneparop U, oro6paxatoumit H(L) na H(M) rak, uto UL, U~ = M,
1711 Beex & € (5, TO TOBOPSIT, uTo npesictapienusi L u M skgusarenmroL. JLnst mobbix L u M
Mbl MOKEM MOCTPOUTh HOBOe nipejictaBenne L & M, nonoxuB H(L & M) = H(L) & H(M)
u (L& M)y(p1,902) = (Lpp1, Myp2); 9T0 NpeiCTaB/IeHHe HA3LIBACTCS NPAMOL CYMMOL
npencrapyenuit L u M. MHOKeCTBO BCexX 3J1eMeHTOB Bujia (1, 0) eCTb, OU€BH/IHO, 3aMKHYTO€
noanpocrpanctBo H(L & M), tHBapHaHTHOE OTHOCHUTEJIbHO Beex orepatopoB (L & M).

Boo6iie, ecan Hy — Takoe 3aMkHyTOe noanpoctpanctBo H (L), uto L,(H1) C Hy s
Bcex © € (G, To orpaHnuenust Ha H; Bcex onepaTopoB L, ONpeessitoT HEKOTOpoe MpecTaB-
nenne LY rpynnbl G B npoctpanctse Hy. Mbl nasbibaem L70 nodnpedcmassenuen, onpe-
JleJIsieMbIM 3aMKHYTBIM MHBapHaHTHBIM nojuipoctpancTBoM Hy. M3 Toro, uro 3y 3aMKHYTO H
MHBapHaHTHO, TPUBHAJILHO CJIEJlyeT, UTO ero OpTOroHa/bHoe Jono/HeHHe Hi Takke HHBA-
puanTHo. [lasiee, MouTH OueBUIHO, YTO L 3KBUBAJIEHTHO L’ ¢ L}Cf, MO3TOMY MOXKHO T0-
MbITAThCS PA3JIOKHUTB JAHHOE TIPEICTABJICHHE B IIPSIMYI0 CyMMY NOAnpeacTaByaenuil. [Tonsitue
NPsIMOI CyMMbI MMeeT oueBH/IHOe 000011leHHe Ha cayuall HeCKOJIbKUX M JlaxKe GeCKOHEUHOro
UMCJ/IA CIAaraeMblX.

Econ H(L) He umeeT cOOGCTBEHHBIX HHBAPHAHTHBIX MOANPOCTPAHCTB, WJIH, UTO IKBHBA-
JIEHTHO, ecsii L Hesb3sl 3anucaTh B BHJE MPSIMOH CyMMBbl IByX HEHYJIEBbIX MpeICTaBJICHHI,
OHO HasblBaeTcs Henpusodumeim. B uneasne xoresoch Obl Kax10e NpeCTaBAeHHe 3anucaTh
B BHJI€ TIPSIMOI CyMMbI HETIPUBOANMBIX MPEACTABJEHNH (ObITh MOXKET, 6ECKOHEUHOTO UX UHC-
Jla), HO 3TO yJlaeTcsl c/leslaTh TOJbKO B UaCTHBIX cayuasix. B o6luem cayuae umeeTcsi IpUMepHO
Takasi XKe CHTyalusi, Kak JJIsl CaMOCOIIPSKEHHOT0 ornepatopa 6e3 UUCTO TOUEUHOTrO CIEKTpa.
JeficTBUTENBHO, MTpe/ICTaB/IeHHe a/UIMTUBHON IPYMITbl BELLIECTBEHHON MPSIMOM SIBJISIETCS MpPsi-
MOi1 CyMMOF HEMPUBOJUMBIX TOTJIA M TOJILKO TOT/A, KOTJIA €r0 CAMOCOINpsKeHHast HHUHUTE-
3uMaJjibHasi 06pasyloliasi UMeeT YHCTO TOUeUHbIH crieKTp. C Apyrofi CTOPOHBI, COMVIACHO H3-
BecTHOH TeopeMme [lerepa-Beiins Kaxnoe npeacrapiente Komnakmmod rpynisl G siBJjsieTcs
NpSIMOK CYMMOH KOHEYHOMEPHbLX HENPUBOIUMBIX NpejicTaBjaeHui. Mbl OylieM UMETb JIes0
IJIaBHbIM 06pa3oM ¢ KOMIIAKTHBIMU TpyINnaMHi U He Oy/leM NbITaTbCsl OMepUpPOBaTh C ,Hernpe-
PBIBHBIMU " Pa3JIO2KEHUAMHU.

[IpencraB/ieHne, KOTOpoe MOXKHO PasJioKUTb B MPSIMYIO CyMMY HENpPHUBOAMMbIX, OyjeTr
Ha3bIBaTbCsl duckpemmoim. J1s1 TMCKPETHOTO MPEACTABJAEHHS] €CTECTBEHHO MOCTABUTh BO-
npoc, B KAKOH Mepe 3TO pas/oxKeHHe eIMHCTBeHHO. Ha 3ToT Bomnpoc HETPYyIHO OTBETHTH,
HCI0JIb30BaB 06006111eHne pyHnamentanbHon Jemmbl ypa. Ecau mbl nepenuiiiem ycioBue
UL, U = M,, orpeiesisitollee 3KBUBAJIEHTHOE NipeacTaBieHne B Bujae UL, = MU, To
OHO OyJIeT UMeTb CMBICJI YIS JIIoGOro orpaHuueHHoro onepatopa U, oro6paxaioiero H(L)
B H(M). [TpousBosibHBI orpaHHueHHbIi onepaTtop, otobpazxkatouwmit H(L) B H(M) u yno-
BJIETBOPSIIOLLMI 9TOMY TOXKJIECTBY, Mbl Oy/leM Ha3blBaThb CIJIETAIOLMM OfepaTtopoM st L u
M. BeKTOpHOE MPOCTPAHCTBO BCEX CIVIETAIOLLMX ONEPaTOPOB VISl peAcTaBaeHuid L u M Mbl
o6osHauaem uepes R(L, M). Ecan L =, To mbl nuiiem BMecto R(L, M) = R(L, L) npocto
R(L) v nasbiBaeM ero KOMMYTHpYIOLLIe# anre6poit npeacrapsienus L.
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[Tyers L n M — npousBosibHbIe NpeacTaB/enus i T — npousBoJibHbli a7emMenT R(L, M).
Torna nyseBoe npoctpaHctBo Np oneparopa 1’ Oyzer, OUeBHHO, 3aMKHYTbIM HHBApHAHT-
HbIM TioanpoctpaneTBoM H(L) u 3ambikanne Ry MHOXKecTBa 3Hauenuit T GyJieT, CTOJb XKe
OUEBH/IHO, 3aMKHYTbIM HHBapHaHTHbIM nojpoctpaHcTsoM H (M ). lanee, orpaHuuenne T Ha

1 5 o
N ectb anement Ty € R <LNT , MRT) , KOTOPbIi B3aUMHO OJIHO3HAUEH M MMEeT MJIOTHOE
MHOKeCTBO 3HaueHHil. M3 oblieil Teopuy onepatopos cJeayet, uto Ti MOKHO PasjiokKHThb B
1
IIPOU3BEIeHHE CAMOCOMPSIAKEHHOro orepatopa u3 R <LN T ) M HEKOTOPOT0 YHHTAPHOTO OIlepa-

Topa, oro6paxaiouiero N4 na Ry. TOT yHUTapHbIil ONepaTop yCTAHABIMBAET SKBUBAJIEHT-
HOCTb MEXKJLy LTy MBT_ Takum 00paszom, Mbl IpUXo UM K jiemme Lypa.

Jlemma Ulypa. EcauT € R(L, M), mo oepanuuenue Ha 0OpmocoHarbHoe 00-
noanexue Hyaresoeo npocmparcmsea T sksusarenHmno oeparnuueruto M na samolkarue
mHoocecmea snaverutl T

Caencreue 1. R(L, M) ceodumcs k Hyao moeoda u moabko moeoa, K020a Hu-
Kakoe noonpedcmasaexue L He IKBUBANeHMHO HUKAKOMY nodnpedcmasaeriio M. Mot
bydem eosopume moeoa, umo L u M 0ussioHKmHbL.

Caonencreue 2. Ecau L u M nenpusodumoel, mo R(L, M) = 0 moeda u moavko
moeda, koeda L u M He aksusareHmmeol.

[Tpennogoxkum, uto R(L) comep:KUT orepatop, HeKpaTHbIH ToxKecTBeHHOMY. Torna, rno-
CKOJIbKY BMECTE C KaXK/IbIM orepatopoM 1’ mpocTpancTBO R(L) COIePKUT COMpsiKeHHbII ore-
parop T™, 9T0 MPOCTPAHCTBO COAEPAKUT HEMOCTOSIHHBIN caMOCONpsiKeHHbIl onepaTtop. Cie-
JI0OBaTeJIbLHO, MO CeKTpa/bHOM TeopeMe R(L) conepKUT HeTpUBHa/bHbINA poekTop. Ho, ecsun
R(L) comep:KUT NPOEKTOP, TO MOAMPOCTPAHCTBO, COOTBETCTBYIOLLEE STOMY TIPOEKTOPY, HHBA-
pHaHTHO OTHOCHTEIbHO L. CJlefioBaTe/IbHO, Mbl UMeeM

CaencrBue 3. L nenpusodumo moeda u moavko moeoa, koeda R(L) cocmoum
MOALKO U3 0Nepamopos, Kpammuolx eOUHUYHOMY.

[Tpennonoxum, uto L u M — npumapHole NIPEACTABJIECHHSI B TOM CMbICJIE, UTO OHHU SIB-
JISIIOTCS1 TPSIMBIMM CYyMMaMH TOMapHO SKBHUBAJIEHTHBIX HEMPUBOAUMbIX MpeACTaB/eHui: L =
L1 La®...,m=M &My®....Ecnu Lu M 3kBUBaJIEHTHbI, WU, B 60Jiee 0OIIEM CJTy-
yae, He JIM3BIOHKTHBI, TO CyLIleCTBYeT HeHyJ1eBol ajement I € R(L, M). Daement T He MOXKeT
ObITb HyJ1eM Ha KaxaoM J((L;), nostomy, orpanuumsas 1" Ha HekoTopoe H (L) u 3atem npo-
eKTHpysi Ha HekoTopoe J((M}), Mbl MOXKEM MOJYUHTb HeTPHUBHAMbHBIH 1eMeHT R(Lj, My,).
[Tostomy L; u M}, 5kBUBa/IeHTHbI. TakuM 06pa3oM, B IPUMapHOM [1pe/ICTaBJeHHH HeTIPUBO/IH -
Mast COCTABJISIIONIAsT ONpeJie/ieHa C TOUHOCTBIO 10 SKBUBAJIEHTHOCTH, U /IBA TPUMAPHBIX Tpe-
CTaBJICHUS! IM3BIOHKTHBI, €CJIM UX HEITPUBOJMMbIE COCTABJISIIOILIME HEe SKBUBAJIEHTHbI. MOXKHO
TaK»Ke M0Ka3aTh, UTO /1BA S5KBUBAJIEHTHBIX TIPUMAPHBIX MPEACTABICHHST HMEIOT OJITUHAKOBOE KO-
JIMUECTBO HEMPUBOAUMbBIX COCTABJISIIOLLMX.

[Tyctb Tenepb L — npou3BOJIbHOE AUCKPETHOE TpeCTaB/eHue. [pynmnupyst 5KBUBaJIeHT-
Hble HeITPUBOJIMMbIe NIPe/ICTaBJIeHHs], Mbl MOXKeM 3anucath L B Bune L1 & Lo @ ..., rne L; —
JIU3BIOHKTHBIE TPUMapHble npeactasaenus. [lycte M = My @& Ma @ ... — apyras npsimast
CyMMa JIM3bIOHKTHBIX NIPUMapHbIX npeacraieduil. [1yers onepatop U ycTaHaB/HBaeT 9KBU-
BaJleHTHOCTb Mexxy L u M. TouHo, Tak ke, KaK 3TO CJIeJIaHO BbllIe, MOXKHO MOKA3aTh, UTO
U nosxen orobpaxars Kaxuoe H(L;) Ha HekoTopoe JH(M},) U ycTaHaB/IMBATh SKBHBAJIEHT-
HOCTb MeXKJly npejcTaBieHusiMu L u M. lanee, ecnu L = M, 10 Kaxplit a7eMeHT R(L)
JoJKeH oTo6paxaTh Kaxkaoe J((L;) Ha ce6s. OTcroa HenocpeacTBeHHO caenyeT, uto H(L;)
— 00HO3HauHO onpedenertoie noonpocmparcmsa H(L).

Taknm 06pazom, IMCKpeTHOE MpeJICTaBIeHHE OJJTHO3HAUHO MPE/ICTABJISICTCS B BUJIE MIPSIMOH
CYMMBbI IMCKPETHBIX IPUMaPHbIX [PeJICTaBAEHHI U KaK/10€ IUCKPETHOE TPUMAPHOE MPeICTaB-
JIeHHe pasJjaraercs (He 0JJHO3HAUHO) B MPSIMYI0 CyMMY MONAapHO 9KBUBAJICHTHBIX HEMPUBOU-
MBbIX MpeJicTaB/ieHHi. Henpupoaumble ciaraemble orpeiessiioTest 0JHO3HAYHO ¢ TOUHOCTBIO J10
9KBUBAJICHTHOCTH, U KPATHOCTb, C KOTOPOH OHY BXOJSIT B JAHHOE MPEICTABJIEHHE, TaKXKe O]1-
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HO3HAUHO onpejeaeHa. Mel XoTHM 0c000 NOUEPKHYTh, UTO MHHBAPHAHTHBIE MTOAMPOCTPAHCTBA,
(burypupyolile B 0JHO3HAUYHOM pasJioxKEHUH Ha PUMapHbIe MOANPE/ICTABACHHUS, IEPEBOISIT-
cs1 B ce0s1 KaxK/IbIM v/1eMeHToM R(L).

3 BbILLIEH3/I07KEHHOTO CJIE/lyeT, UTO Mbl Oy/1eM 3HATh AUCKPETHbIE MPEJICTABJIEHHS TPYIIb
C TOUHOCTBIO /10 9KBUBAJIEHTHOCTH, €CJIH Mbl Oy/1eM 3HAaTh BCE HEITPUBOAUMBIE MPEICTABJIECHHS
C TOUHOCTbIO /10 9KBUBAJIEHTHOCTH. B uacTHOCTH, Korjia rpynna KoMInakTHa, Mbl Oy/1eM 3HaThb
BCE MPeJICTaBJEHUS], €C/IM Mbl Oy/leM 3HaTh BCe HEMPUBOIMMBbIE [1Pe/ICTaB/IeHHs (KOHEUHO, CHO-
Ba C TOUHOCTbBIO 10 SKBUBAJICHTHOCTH ). 3a/1aUa HAXOK/IEHHUS BCeX HEMPUBOAUMBIX MPEICTAB-
JIEHWH JIaHHOM rpyribl, BOOOILE rOBOPsl, upe3BbluaitHo TpyaHa. O1HaKo, BO MHOIHX CJydasix
9Ta 3ajaua petena. Ecim rpynna abesieBa, To, Kak 3TO BBITEKAET U3 CJICJICTBHS 3, BCE HEMPH-
BOJIUMbIE [TPE/ICTABJIEHHS] OJIHOMEPHbI U UMeloT BUAL = — X ()], rie [ — eMHUUHBIN oriepaTop
1 Y — HeNpepbIBHbIH rOMOMOP(U3M JAaHHOH TPYMMbI B FPYMITY KOMIJIEKCHBIX UHCEJ, PABHBIX
no moayJto 1. Ecam rpynnoit siaisiercs iedicTBUTE/IbHAS NIPsiMast, TO OOLLMEA BUJL TAKOTO TOMO-
Mopuama 3aaercs hopMyJIoi T — €Y, riie y — GUKCUPOBAHHOE JEHCTBUTEILHOE UMCIIO.

OnHa M3 HeoOXOJMMBIX HaM IpyII, Y KOTOPOH BCe HENpHUBOJAMMBIE MPEICTaBJEHUS HU3-
BECTHbI, — KOMIAKTHAs! TPyMIa Beex BpallleHuil TpeXMepHOro npoctpanctsa £3 oTHoCHTe b~
1o touku 0. ITyets Xj;,5 = 0,1,2,..., — NpocTpaHCTBO BCeX KOMIIEKCHBIX (DYHKLMIT Ha
efmHHYHON cepe S? npoctpancTBa E3, paBHbIX OrpaHHueHHI0 Ha S? OJHOPOIHBIX MHOIO-
WJIEHOB CTEIeHH j, YJ0BIeTBOPAIOIMX ypaBHenuio Jlansnaca. Hetpyano Buaets, uto X; nme-
€T pa3MepHOCTb 2j + 1 U sIBJISIeTCSl 3aMKHYTBIM MOJINPOCTPAHCTBOM MMJIbOEPTOBA NPOCTPAH-
crea £2(S?). lanee, npeoGpasosanue f(z,y,2) — — f(a"(z,y, 2)), rie a — Bpallenue
BokKpyr 0, nepesoaut X; B cebs M fABJIAETCA yHUTApHLIM. Takum 0Opa3om, Mbl ONpe/e/Iu/In
(27 +1)-MepHOe yHUTapHOE MPeJICTaBAeHHE PYITbI BpALleH I, KOTOPOe Mbl 0603HAUHM Uepe3
D;. MoxHO 110Kasarb, 4to Kaxj10e D ; Henp1MBOJMMO H UTO KaxK/10€ HelPUBOJMMOe YHHTAapHOE
TpeACTaB/IeH!e IPYIbl BpalleHHil 9KBUBAJIEHTHO OIHOMY U3 D).

[TycTb Tenepb K — 3aMKHyTast OJArpyrna Halei JJoKkaJabHO KoMNakTHoO# rpynnbl G. Ecin
L — nenpuBoauMoe npeacrapienue rpynmbl G, TO Mbl MOXKEM OTPAaHHUUTD €ro Ha K U Mosiyunm
npejcTasyeHde rpynnsl K. I1o npejacrasiaeHue He OyzeT, BOOOLLE roBOPsl, HEMPUBOIUMbIM, H
€cJId OHO OYJIeT IMCKPETHBIM, TO Mbl MOXKEM 110CTAapaThCsl Y3HaTh, HA KaKue HeNPUBOJMMbIE
npeacrabieHust K OHO passaraercsl U ¢ KAKHMH KPATHOCTSIMH OHM BXOJSIT B JIaHHOE TIpesl-
craBJsieHne. J1isi KBAaHTOBOH MeXaHMKH HauOOJIbILINIA UHTEpeC MPEeICTABJSIIOT Cle/lylolire JBa
cayudas: (a) G — rpymnna Bpailenuii, a K — noarpynmna BpailleH’il BOKPYT OTpeesieHHOH OCH;
(b) G — npsimoe npousBe/ieHHe IpyMIbl BpallleHHi Ha cebs1, a K — | inaroHajibHast Noarpymn-
na“, T. e. nojArpynmna Bcex nap (x,y), rie x = y.

Paccmorpum cayuati (a). Torna K nzomopdHa rpynne KOMIJIEKCHBIX YHCEJ, TIO MOJLYJIIO
paBHbIX |, M 061wl BUA aBTOMOphH3Ma 3T0i rpynnbl: € — €™ e m — npoussosbHoe
Lesioe uncsio. Bynem o6osnauars npeacrabienue ¢ — e™9T uyepes L,,. Torna nerpyano
noKasarh, uto D; orpannuenHoe Ha K, 5KBUBAJIEHTHO NPSIMOK CyMMe

L ;&L j 16 L1 LD L1®---&L;.

[1pexie uem paccmaTtpuBaTh cayuaii (b), cinesaem HeckoJbKO 06UMX 3amMeuanuil. Ecou L
1 M — HenpuBOAMMBIE NpeacTaBJeHus rpynn G U G2 COOTBETCTBEHHO, TO (z,y) — L, & M,
— npejacrasienue rpynnbl G X Ga B ruib6eproBoM npoctpancTse H(L) @ H(M). Mbl 060-
3HauaeM ero L x M u Ha3plBaeM BHELIHUM KPOHEKEPOBCKHM IIPOU3BEICHUEM NIPEACTaBICHUN L
1 M. OHo Bceria HeMpHUBOJMMO, M JUIsl LIMPOKOTO KJ1acca rpyIi, BKJIOUAIOLLEro Bce KOMIaKT-
Hbl€ TPYMIIbl, MOXKHO M0Ka3aTh, UTO KaxK/10€ HEMPUBOJMMOE TpecTaB/eHue rpynibl G X Ga
OJIHO3HAUHO NpeacTaBasercs B Buae L x M, rne L u M — nenpuoauMble npeacrasienus Gy
1 G2 COOTBETCTBEHHO.

Ecin G; = G = G, MBIl MOXeM 00pa3oBaTh AHATOHANLHYIO MOArpyrny G rpymibl
G1 x Gy = G x G u pacemorpeth orpanuuetne L x M ua G. TIocKo/bKy Mexiy rpyri-
namu G 1 G UMeeTCst eCTeCTBEHHbII H30MOP(H3M, MbI MOJYUAEM, TAKHM 00Pa3oM, HEKOTOPOe
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npeacTasJeHre rpynnsl G, KoTopoe, Boobule roopsi, Oyaer npuBoauMbiM. Ml 0603Hauaem
ero L @ M u HasbiBaeM (BHYTPEHHHUM ) KDOHEKEPOBCKHUM MPOU3BE/IeHHEM T1pe/ICTaBIeHHi L 1
M. Ecau Mbl onpeesM/Id BCe HeNPUBOAUMbIE NTPeAcTaB/eHUst (G, TO Mbl MOXKeM MOIbITAaTbCA
pasioKuTh L @ M 115t K108 11apbl HRPUBOAMMBIX NpejcTasiaenuil L u M u, Takum o6pa-
30M, COCTABUTb HEUTO BPOJE ,,TaOJ/HLIbl YMHOXKEHUS™ [JIs1 Halllel rpynmbl. SIcHO, uTo ciyuait
(b) ynomsinyToil BbIlLIe 3a/1aUd SKBMBAJICHTEH COCTABJIEHUIO TabJIMLbl YMHOXKEHHs ISl [IpeJi-
CTaBJICHUI1 IPYNIlbl BPALIEHHHA. JTa 3a7aua UMeeT IPOCTOH OTBET, U Mbl [IPUBE/IEM pe3yJibTaT
0e3 J10Ka3are/IbCTBa:

Dj @ Dy = Dj © Djjpj+1 D -+ © Dj,

dta dopmyna uzBectHa Kak pasnoxenve Kiebuia-lopnana. Mrepupysi a1y dopmy.y, Mbl
CMOXKEM HalTH pasJ/ioyKeHHe Ha HeNpHUBOJUMbIE MPEJICTABJIEHHUs YISl JI0O0r0 MPOU3BEIeH s
L1 ® Ly ® -+ ® Ly, T. €. 11 OTPAHUUEHHS HA IMarOHaJIb JII0OOTO HETTPUBOHUMOTO MPEICTAB-
Jenust rpynnbl G X G X - - - X G (n MHOXKUTeJ€el ), rie G — rpynna BpalleHuH.

3.3 Bo3myuieHus v TeopeTUKO-rpynnoBas Kjaaccuukauus coo-
CTBEHHbIX 3HaUE€HUH

[lycts U — npejcrabienue KomnaktHoli rpynnsl G, um nyers LY, L2 L3 ... — mnoxe-
CTBO BCEX PA3JIMUHBIX HEMPHUBOJAMMBIX MpejctaBieHuil rpynnbsl G (,Bcex™ W ,,pas/HuHbIX",
KaK BCErja, ¢ TOUHOCTBIO 10 3KBHUBaJIeHTHOCTH). [lycts H — caMoconpsiKeHHbIH orepaTop
B JH(U), KoTOpblit KOMMYTHPYeT co BceMt Uy, x € G, 1 HMeeT UHCTO ToueuHblil criektp. [TycTb
H=FH1eHa®Hsd ... — paznoxenue H, UHAYUMPOBAHHOE OTHO3HAUHBIM PA3JIOKEHHEM
U na npumapHble npeacTasJ/ienus, npuueM H; — ruab6epToBo NPOCTPAHCTBO MPSMON CyM-
MbI HECKOJIbKHX 3K3eMrsipoB H(L7). Tlyetb Ay, Aj ... — coGcTBennble 3Hauennst H u Ha,
— NOJUIPOCTPAHCTBO BCeX COOCTBEHHbIX BEKTOPOB ¢ COOCTBEHHBbIM 3HaueHueM ;. [Tockoiib-
Ky Kaxjoe Uy KoMMyTHPYeT ¢ H, OHO KOMMYTHPYET O BceMu Py , rae Py, — MpoekTop Ha
no/npocTpaHeTso Hy , u, ciiefoBatesbHo, nepeBout Kaxjioe Fy B cedst. [Toaromy kaxioe
H, onpenessier HekoTopoe noanpecrasiaenne U 1 pasnoxenne J(y  Ha npuMapHbie 3a1aer-
Cs1, OUEBUJIHO, TAKMM PasJ/ioxKeHHEeM MPOCTPAHCTBA:

j‘f)\J Z(U{AJﬂj‘fl)@(HAJDJ{Q)@....

Takum o6pazom, FHy, N Hj, — nonapHo opToroHasbHeIE MOANPOCTPAHCTBA, KOTOPbIE B CyMMe
nator see H. Hagee, Hy N Hy npencrasisier co00i 0OMHOBPEMEHHO COBCTBEHHOE TOIPO-
CTPAHCTBO /151 oneparopa H u NpoCTPaHCTBO HEKOTOPOTO NPUMAPHOTO MpeAcTaBeHust U.

MoskHo nokasark, uto (z,t) — e*U, — npencrasienue rpynnsl G x R, rie R — aj-
JUTHBHAsK rpyrna npsiMoi, u uro Hy N Hjy, — NOAMPOCTPAHCTBO MPUMAPHOTO MPe/ICTaBIe-
HHs1, OTIPE/IeIIEeMOTO HeNPHBOAUMBIM TIpeicTaBiennem (z,t) — eMPLE. Orciona caenyer,
uro kaxpoe Hy, N Hy umeer pasmepHocTb, JinGo paBHyio () wim oo, JIMGO KpaTHyio pazmep-
HOCTH dj, IPOCTPAHCTBA J{(Lk). [Tostomy, ecan U conepKUT HENPUBOAUMbIE HEOIHOMEPHbIE
KOMITOHEHTbI, TO HEKOTOpble W3 COOCTBEHHBIX MOJNpocTpaHcTB H 06s13aTe/ibHO OyyT HMETh
pasMepHOCTb, Godblyio 1.

[TosiB/ieHHe KpaTHBIX COOCTBEHHBIX 3HAUEHHI B KBAHTOBOIH MeXaHUKe Ha3blBAIOT BbLPOINC-
deruem. Mol BumuM, uto cumMmerpust H B CMBbICJ/I€ JIeBOH MHBAPHAHTHOCTH H OTHOCHTE/b-
HO KOMIIAKTHOH YHUTaPHOM IPyIIbl BbI3biBaeT BhipoxkaeHHe. Eciu kaxnoe H)y nepecekaercst
TONLKO ¢ oMM JH, M ecsiu 3TO Mepeceuerue UMeeT Ty xe pasMepHocTb, uto u H(LF), 1. e.,
JIPYTHMH CJIOBaMH, ecsii H He umeeT 60J1bliIe KPAaTHLIX COOCTBEHHBIX 3HAUE€HHUI, UeM 3TO HeoO -
XOJIMMO /TSI €0 TPUHAJIEKHOCTH R (L), To roBOpsAT, uTo H He MMeeT CalyyaiiHbIX BbIPOXKIEHHIT
(orHocuTesibHO U'). Ecoin H He uMeeT cay4atinoLx BBIPOXKIEHHI, TO ero COOCTBEHHbIE 3Haue-
HHsT MOYKHO KNaCCH(DULMPOBATH C TIOMOLIBIO HEMPHBOUMBIX MPeJICTaB/eHuil L) B TOM cMbIC/e,
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UTO KaxK10€ COOCTBEHHOE NOANPOCTPAHCTBO SIBJSETCS B TO 2Ke BPeMs IPOCTPAHCTBOM HEKOTO-
poro onpejenienHoro LY. B 01HOM BaXKHOM cJiyuae, ¢ KOTOPbIM Mbl Gy/1eM MMETb JIEJI0, HMEIOT-
Csl CJTyuaiiHble BHIPOXK/ICHHSI, HO TOJIBKO TAKHE, UTO C IaHHbIM J()  MepecekaioTesi HeCKOJIbKO
pasauttioix Hy. B Takux cayuasx, T. e. B TeX Cjyuasix, Koraa kaxioe nepeceuenue FHy N Hy
umeeT pagMepHocTb 0 WK dj, WM, UTO SKBUBAJIEHTHO, KOTJIa BCE MPUMapPHble KOMIOHEHTHI
npencrasienns (z,t) — e U, HenpusomuMbl, 6yeM FOBOPHTh, UTO HET CePbE3HbLY Bbi-
POXKIACHUH.

Ecsin H — Ha6J110/1aeMasi SHEprii KBAHTOBONH CHCTEMBbI, TO MOXKHO yOEIUTbCS B HAJIMUHH
BbIPOXK/ICHHI, H3BMEHHB CUCTEMY TaK, YToObl HAPYLIMTH CUMMeTpHIo. Toraa Kaxioe A; pacna-
JAeTCs Ha CTOJIBKO PAa3JIMUHBIX 3HAUCHHIH, KaKoBa pasmepHocTb Hy . MOXKHO HapyIHTL CHM-
METPHIO CHCTEMbI TOJIbLKO YaCTHYHO, TaK, 4ToObl H3MeHeHHoe H kommyTHpoBsaJo ¢ U, s
U3 HEKOTOPOH 3aMKHyTOH noarpynnel K C G. B 3ToM ciyuae \; pacnajgaercs Ha MeHbLIee
KOJIMUECTBO YaCTel, U MPUPOJIA ITOr0 paCUIeNJIeH s A; OyJeT TeCHO CBsA3aHa C pasJioXKeHHeM
orpaHHueHHil Ha MOArPyrNy K COOTBETCTBYIOLIMX MpeacTaB/ienuil LF.

[lyers G, K, H u U Te e, uTO H BhIllle, U MyCTh /st Kaxkjoro € € [0, 1] 3anan camoco-
npsikennbli oneparop He, Takoit, uro H® = H. Mbl npenonaraem, 4to 3aBUcHMOCTb H ot
€ YJ0BJICTBOPSET TAKUM YCJIOBUAM IVIAJIKOCTH, UTO BCE POBOAUMbIE HHXKE [TOCTPOCHUS UMEIOT
CMBICJT H, KpoMe Toro, uto U, H® = HeU, nnsiBcex © € K nBcexe € [0, 1].

[Tycts A; — coGetBenHoe 3Hauenne HO, u mycTh HeT Cepbe3HbIX BBIPOXK/IEHHUI, T. €. orpa-
Huuenre U Ha JHy sIBASIETCST MPSIMOI CyMMON Pa3JIMUHBIX HEMPHBOANUMBIX MPEICTABICHHI.
[Tyers L¥ — oo u3 nux, Pj, — npoekrop Ha Hy, N H.

[osoxknum He — HY = W*e u ir = PjrWePj (Mbl e Gy/ieM ceifuac 0CTaHaB/IHBATHCS
Ha TPYAHOCTSIX, TPOUCXO/SILLIMX H3-3a CJIOXKEHHS U BBIUNTAHUST HEOTPAHUUEHHBIX OMEPaToOpOB ).
Torna W%, — caMoconpsizkeHHbIil OrepaTop B KOHCUHOMEPHOM IHJILOEPTOBOM NPOCTPAHCTBE
H, N Hg. Ero cmbicsi COCTOUT B TOM, 4TO COOGCTBEHHbIE 3HAUEHHS OllepaTopa

2wl
de gk o
paBHbI KO9(h(ULIMEHTaM MPH WIeHAX MEePBOro MOPsIAKA B PA3/I0KEHHH 0 CTEMEHSIM € TeX Co6-
CTBEHHbIX 3Ha‘{eHI/lfI Hs, KOTOpre l'IpI/l E = O CBOJIATCA K CO6CTB€HH]:>IM 3HAUE€HHUSAM, COOTBET-
CTBYIOLIMM COGCTBEHHbIM BekTopam u3 Hy N Hj. ITOT (hakT cocTaB/isieT OCHOBHOE YTBEpP-
KJIEeHHue TeOpI/lI/I BO3MyLLleHI/lfI nepBoro nopﬂm{a. He 386OTF[CI:> (0] CTpOFOCTH, [TOKa»xeM, noqemy
3TO POUCXOMUT.
HyCTb (pe — BeKTOp B g‘f, aHaJIUTUUeCKH SQBHCHLLH/Ifl OT €, TaK UTO Mbl MO2KEM ITHUCATb

o° =" tepr +e2pa+ ...,

e ¥ € fJ-C,\J N Hy. [pennonoxum, uto ¢ — cobGCTBeHHBIH BeKTOp HE ¢ cCOGCTBEHHBIM
3HAUEHUEM
)\E:Aj+a15+a2€2+...;

Toraa

[HO+ W5 + (W= W) [¢° +epr + 22 +...] =
= (\j+are +age® +..)(@° + pre + pae® +...).

Ec/in MBI BOCIOJIb3YeMCSl JIMHEHHOCTLIO ONepaTopoB U JMCTPUOYTUBHBLIM 3aKOHOM, a TaK:Ke
tem, uto HO(¢%) = X\;¢0, 10 mocsie yuuutoxenust CBOGOHBIX UJIEHOB Mbl CMOKEM PA3JIe/IUTh
pe3yJILTaT Ha € U [OJYUHTh PaBEHCTBO

W5 wWe — W5

ik k
a1 + A1 +e(...) +2(..) = Hpr) + —22(6%) + ——— () + Weir +(...).
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[Tpoektupyst sarem Ha F(x ) N Hj, u yeTpemasis € K HyJTi0, NOJTyUaem

W5 (¢)

a1¢” + \jPj(1) = PipH (1) + lim 6

Ho H? kommyrnpyer ¢ Pjg u HOPjr(¢1) = A\j P (1), mostomy

1. €. ©° sIBJIsIeTCS COOCTBEHHBIM BEKTOPOM OTlepaTopa lin%( 3./ €) € COOCTBEHHBIM 3HAUEHNEM
E—

ay. Ilpennosarasi, 4to UMeeTCsl MOJHOE MHOXKECTBO COOCTBEHHbBIX BEKTOPOB, aHAJIMTHUECKH
3aBHCSILIMX OT € W cBosimXCst ph € = 0 K sementam J{y, N Hy Mbl MPUXOINUM K BIBO-
Jly, UTO B NIEPBOM NPUOJIMAKEHHN COOCTBEHHbIE 3HaueHust H, Ha KOTOpbIe pacLIenJIsieTcs Aj,

1) (2 .
UMEIOT BUIL A\j + aagr), re ag ), aé ), ... — COOCTBEHHbl€ 3HAUEHHs OrepaTopa hII[l)(W;k/E)
E—

u k npoGeraer Bee 3Haueusi, juist Kotopbix Hy N Hy # 0. B cayuae, koria Her ciyuadHbix
BBIPOXKJIEHUH, k GyJIeT 0IHO3HAYHO OMPEESITHCS UUCIIOM J.

M3/uiHe roBopUTh, UTO MOJBE/ICHHE CTPOroi OCHOBBI MO 3TO (hOpMasibHOE MOCTPOEHHE
TEOPUH BO3MYIIEHHUH BK/IIOUAET 11€JbIH Psi/l HETPUBHAJbHBIX MATEMAaTHUECKUX 3a/1au. DTHM 3a-
JlauaM MoCBsillleHa oOLIMpPHAst JUTepaTypa, K KOTOPOi Mbl OTChlJIaeM UMTaTe/Isl 3a JajbHei-
My nojapobHoctsamu. B Tpynax MexayHapoaHoro matemaruueckoro konrpecca 1950 r.
(Proceedings of the 1950 International Congress of Mathematics) 6bl1 BK/IIOUeH KpaTKuii
00630p Pesnxa pesyJsbraToB B 3TOH 06J1aCTH, IOCTUTHYTHIX K TOMY BpeMeHH. Pedepatsl 6osiee
no3aHuX paboT, NpUHALIEKAIINX TAKUM aBTopam, kak Karo, Hans n Bosibd, MoxHo HaiiTh B
Mathematical Reviews.

Bosspallasch K TeOpUH TPy, MONbITaeMCsl HAiTH CBA3b PaclIenIeHus Aj Ha A + 6(1%”
W pasnioxenus orpannuenus LF na noarpynmy K. Jlasi npocToThl Mbl Gy/1eM paccMaTpuBaTh
TOJIBKO TOT CJTyuai, KOraa HeT CyuaiHbIX BEIPOXKIEHHH, T. €. KOT/Ia /ISl Ka2KJ0TO j CYLIECTBY -
eT eJIMHCTBeHHOe k = k(j), Takoe, uto J—C,\J = J—CA] NHpn P; = Pj, # 0. [TockosibKy
U, P; = P;U, nas Bcex x, Mbl cpagy naitem, uro U, P;We P; = P;WeP;U, nns Beex x u3 K.
Takum o6pasom, W;k(j) KommyTHpYeT ¢ orpannuennem U Ha Hy = FHy ;) u noarpynmy K.

Ho orpanunuenue U Ha Hy, ;) €CTh B TOUHOCTH HENIPUBOAUMOE MPEJICTABICHHE L*0) rpynnel G.
Orpannuenne LFU) na K umeer pasnoxenne LFU) = ST 1(k(5), 1) N;, rae N; — nenpupoau-

(2
Mble MpejicTaB/eHns noarpynnbl K v ¢pyHKums kpatHoctH (k, i) — I(k, ) 3aBUCHT TOJIBKO OT
K uG. Ilyctb
Hy, = Higy = HY @I @ K

— oaHO3HauHOe pasnoxkenue H , COOTBETCTByIOLICe pasokenuio orpannueHns LF0) na
noarpynny K Ha npumapHble KOMIIOHEHThI. Torna W]‘? k(j) lepeBoUT J{i\g " B ce051 U COOCTBEH-

e (@)

Hble 3HaUEHUS Wj,k( ) B H A, IMEIOT KPaTHOCTh, KPaTHYIO pa3MepHOCTH d; npeacrasJjeHus N;.

Ecou HE He vMeeT cJ1ydyaiiHbIX BbIPOXKJIEHHH, TO Wf k() Oy/leT UMETb B TOUHOCTH CTOJIbKO
pas/IMuHbIX COOCTBEHHBIX 3HAUEHHH, CKOJIBLKO (He 00513aTe/IbHO Pa3J/IMUHbIX ) HENPHBOIMMBIX
KOMITOHEHT HMeeT OrpaHHueHre Ha K TpecTaBIeHHs LFU) | Kaxoe U3 3THX COGCTBEHHBIX
3HaueHHii Oy/leT UMeTb KpaTHOCTh, paBHYIO pagmMepHocTH cooTBeTcTBYtolero N. Takum o6pa-
30M, COGCTBEHHOE 3HaueHue \;j onepatopa HC, cOOTBETCTBYIOLIEE HEPUBOIMMOMY MPEICTAB-
nenmio LFU) rpynmel G, paciuenisiercs npy nepexose K H Ha CTOJLKO 3HAUCHHIT, CKOJILKO
HeNPUBOIMMbIX KOMITOHEHT HMeeT orpannuente LFU) na K.

B yacTHOCTH, Mbl BHIMM, UTO COOCTBEHHbIe 3HAaUeHUs orepatopa H® MOXKHO CHAOAWTb
JIBOHMHBIM MHJIeKCOM Kk, 7. [lepBblfi MHAEKC k yKasbiBaeT, KAKOe HEelpUBOAMMOE Mpe/cTaBIle-
Hue rpynibl G COOTBETCTBYET TOMy COOCTBEHHOMY 3Hauenuio HY, paciueniensemM KoToporo
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MoJIyueHO 3TO COOCTBEHHOE 3HaueHne H®, BTOPOil UHJIEKC yKa3biBaeT, KAKoe MpejcTaBjieHne
rpynnbl K cOOTBETCTBYeT caMoMy COOCTBEHHOMY 3HaueHHto H €. HaeKce ¢ MOXKHO pUMeHsITh
TOJILKO TOT/1a, KOTJIA € JIOCTAaTOYHO MaJO, TAK UTO J/1s1 JII0ObIX PA3JIMUHBIX OTLIENJIEHHbIX CO0-
CTBEHHbIX 3HAUEHHI MOKHO MPOCJIE/INTh, U3 KAKHX [TePBOHAUAJIbHBIX 3HAUEHUI OHH BO3HUKJIH.

Ecsn K kommyraTtuBHa u [ (k, ) npuHumaet 3Hauenusi Tosibko O u 1, To 1Jist 3ananubix k, i u
JIAHHOro COOCTBEHHOI0 3HAaUeHHUs1 Oy/1eT CyLeCTBOBAThL He GoJliee ueM 0JIHOMepHOe COOCTBEH -
HOE MOJUTPOCTPAHCTBO U CTALUOHAPHOE COCTOSIHHE CUCTEMbI OYJIET MOJHOCTBIO OMUCHIBATHCS
3ajlaH1UeM SHEPIUH U JIByX HHIEKCOB k, i.

3.4 Cdepuueckas cuMmmMeTpusi U CIIUH

PaccMoTprM KaHOHMUECKOe KBAHTOBAHUE KJIaCCHUECKOH CUCTEMBbI, COCTOSIIIIEN U3 OJIHOM ua-
CTHLBI, IBUXKYUIENCS B ,,[10J1€ LIEHTPAJIbHBIX CUJI*. [aMUJIBTOHUAH TAKOH CUCTEMbI paBeH

1
— (P2 +pp+p2) + V(Va? +y? + 22),

2m

rae V — neficTBUTe/IbHAS (PYHKLMS, 3a/1at0111ast TOTEHLMAJbHYIO SHEPruio Kak (hyHKLHMIO pac-
CTOSIHUSL OT ,,LleHTpa CHJI*, ™ — Macca uacTulbl. Ecim m — wmacca ssektpona u V(r) =
—e? /7, Tie e — 3apsi1 31eKTPoOHa, TO Mbl IOJyuaeM Mojiesb Pesepdopaa ais atoma Bogoposa
(6e3 yueTa ABHKEHHUS 3HAUUTEIBHO GoJlee TsKesoro siipa ). COOTBETCTBYIOLLNI IMHAMHUUECKHH
orneparop sIBJISIeTCsI HEKOTOPBIM CaMOCOIIPSIKEHHBIM pacilipeHreM hopmalsibHOro auddepen-
LIMaJIbHOTO oreparopa

2 2 2 2
. (8¢+8w+8w)+\7(\/x2+y2+z2)¢,

2m \ 0x2  Oy? 022

JeficTByIolero B ruab6eproBoM npoctpanctse L2(E3). Tlyets G — rpynna Beex BpalleHuil
okoJ10 Touku (0, 0,0) B E3. [lns kaxoro Bpatienus o € G oneparop

(Uaf)(wa Y, Z) - f(()é_l(l’,y, Z))

GysieT ynurapHbiM onepatopom B L2( E3), kotopbiii kKommytupyer ¢ H, n oo — U, GyzeT npe-
crap/eneM rpynnsl G' B L2(E3). Takum 06pasom, Mbl MOKeM NPUMEHHTBL TEOPHIO, PA3BHTYIO
B Npe/IbILyILIeM pasjiese, H MoJyuuTh ecTecTBenHoe pasnoxenre L2(E3) B npsamyio cymmy
Hi @ Hy @ ..., rae kaxnoe H; unBapuantuo otHocurensno H n U, n npencrasnenue U,
orpaHuueHHoe Ha J{;, mpuMapHo.

Mbel MoxkeM BbIOpaTh 0603HauUeHUs Tak, uToObl orpanuuenue U Ha Hj, Obl10 IPAMOi cyM-
MO# npejcTabaeHuil D paamepHocTh 27 + 1, onucanHbiX B pasjl. 3.2. MoxHO nokasarh, uto
Kaxaoe D; BXoauT B pasnoxkenue U ¢ KpaTHOCTbIO oo. [IeACTBUTENbHO, Mbl MOXKEM pac-
cmatpuBath E3 kak S? x RT, rae S? — eaunuunas cdepa B E3, a Rt — nosoxureinb-
Hast uacTh JeiicTuTeIbHOI ocH. Takum o6pasom, L2 (E?3) ecTecTBeHHBIM 06pazomM H30MOP(HHO
L2(S?) @ L2(RY), a U, umeer Bun U/, @ I,, tie o — I, — equnnunoe npencrasiende L2(RT)
ua — U, — npencrasaenne B £L2(S?), unyuuposannoe aefictBuem B S rpyiibl BpaleHuil.
Janee, rpynna Bpallenuii 1eicTByeT Ha S? TPaH3UTHBHO, U IOATPYIINA, OCTABJSIONIAs HA Me-
cre oziHy Touky (0, 0, 1), siBaisiercst rpyrnoit K, BceX BpallleHH# OTHOCHTEJILHO OCH 2.

M3 o611ieit TeopeMbl TeOpHH NPeICTaBJIeHHI cieyeT, uTo U’ conep:kuT Kaxkaoe D; poBHO
CTOJILKO pa3, CKOJIbKO pa3 orpannuenue Dj Ha K, CONEPKUT €IMHUUHOE NIPE/ICTABJIEHHE, T. €.
onut pas. Takum o6pasom, U' = D1 @ Da@ D3é. ... [ycts J{; — OJIHO3HAYHO OTPeJIeJIEHHOE
noanpoctpanctso L2(S?), na koropom U’ cBommurest K Dj; Torna H; = H; @ L2RT)YnU
conepKUT D 6ECKOHEUHO TOro pas.

Paccmorpum orpanunuenue H na ;. [Tockoabky 310 orpannuenue H; KOMMyTHPYET CO
BceMU U, HETPYIHO J0KA3aTh, UTO OHO JI0JKHO UMETh BUAL [ & H}, rae H]' — HEKOTOpHIH ca-
Moconpsikennblit onepatop B L2(R1). HenocpeacTsentble BluMC/IeHHs! TTIOKA3bIBAIOT, 4TO HJ’
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TNpeCTaBJIsieT coO0i CaMOCOTNpsKeHHOe pacluupente IuddepeHnanIbLHOro onepatopa BTo-

pOro nopsiaka
2 . .
¥ -2 ( L d (7«2@) _ J—UT'; 1)1/;) + V().

2m \r2dr \' dr
st tex 'V, KoTopble Hac Oy1yT UHTEpPeCcoBaTh, TOT ONepaTop UMEET U HeNpepbIBHbIH, U TO-
UEUHBII CMIEKTP, KOTOPLII ABJSACTCS 1POCHIbLM; Mbl Oy1leM HHTE€PECOBATLCS TOIBKO TOUCUHbIM
CHEKTPOM.

O603HaunM uepe3 J{;’ JMcKpeTHylo uacth npoctpanctsa L2(RT) otHocuTebHo onepa-
topa H’, T. e. cyMMy COGCTBEHHBIX MOIPOCTPAHCTB oneparopa H ]' Torna fJ-C; Oy/ieT npsMoi
CYMMOJ OTHOMEPHBIX MOANPOCTPAHCTB, B KAXKI0M U3 KOTOPbIX onepaTtop H. J’ MOCTOSIHEH, U 110~
3TOMY J{? = J{;@J—C;-' — JIMCKpPeTHas 4acTb J—C; OTHOCHTEJIbHO oneparopa H; — OyaeT npsiMoi
CYMMOI1 (2j + 1)-MepHbIX MOANPOCTPAHCTB, B KaXKI0M H3 KOTOPbIX orepatop Hj NOCTOsIHEH,
a npejcrassenne U cBoautest K Dj. B uacthom cayuae, korna V(r) = —a?/r, cobeTBeHHbIE
3HaueHus1 H; paBHbl

ma4

S22k 45+ 1)2

rae k = 0,1,2,.... 3nech k-e coberBennoe 3nauenne H; paso (k + j — j')-My coGeTBen-
HOMY 3HaueHuto H,s, T. e. UMeeT MecTo cJjydariHoe BbipoxieHue. Kaxioe co6cTBeHHOe 3Ha-
UeHHe COOTBETCTBYET HECKOJIbKUM Pa3MuHbIM D U HMeeT KpaTHOCTh, PaBHYIO CyMMe UX pa3-
mepHocTeil. [Ipunsaro HasbiBaTh k + j + 1 = n n0OAHbIM WIW 2AQ8HbIM KBAHTOBBIM YHCJIOM
COGCTBEHHBIX BEKTOPOB ¢ cOGCTBEHHbIM 3HauenreM —ma’/(2h*n?) (310 mpocTpaHcTBO MMeeT
paamepHocTb 1 +3+...). O co6CTBEHHBIX BEKTOpaX, JexKalux B J;, rOBOPST, UTO OHU UMEIOT
opbumanbrHoe KBAHTOBOE UHCJIO 7.

Mbl paccMOTPUM TOJILKO TOT cJyuail, Koraa V(r) 10cTaTouno 6/M3K0 K —a? /7 st HeKo-
TOPOTO @, TaK UTO COOCTBEHHbIE 3HAUEHHUST 3a/1a10TCsl (POPMYJIOH

ma4

C2R2(k g+ L)

rjie 2. Jexut Mexay 0 u /o v 3aBUCHT r1aBHBIM 0GPA30OM OT jj, CTPEMSICh K HYJIIO [PH BO3PAC-
TaHuu j. B 3T0M ca1yuae coOGCTBEHHbIe 3HAUEHHUS, COOTBETCTBYIOLLHE HEKOTOPOMY OIpe/e/IeH -
HOMY j, MOXKHO PacroJIOzKHUTh B MOPSIIKE BO3PACTAHUS U 110 aHAJIOTHH C MIPE/IbLLYILUM CJlydaeM
Mbl OyZleM CUMTaTb, UTO COOCTBEHHBIE BEKTOPbI, COOTBETCTBYIOLIME K-My COOCTBEHHOMY 3Ha-
UEHHIO B 3TOM PsiJly, UMEIOT [VIaBHOE KBAHTOBOE UMCJIO k + j M OpOUTa/IbHOE KBAHTOBOE UHCJIO
J. MHoXKecTBO Bcex COOCTBEHHbIX BEKTOPOB onepatopa H ¢ IJ1aBHbIM KBAHTOBBIM UUCJIOM 7 U
OpOUTABHBIM KBAaHTOBBIM UMCJIOM j OyaeT Toraa (25 + 1)-MepHbIM MOAMPOCTPAHCTBOM MPO-
crpancta L2(E3).

[naBHOe KBaHTOBOE uMCJIO COOCTBEHHOTO BekTopa H ompenensier (MpUOIU3UTENBHO)
9HEPrUI0 COOTBETCTBYIOLLErO CTallMOHAPHOTrO cocTosiHUS. Kak o6cTouT ne10 ¢ opOUTaibHbIM
KBAHTOBBIM urcsioM ? OnpesiesisieT Jid U OHO 3HaueHHe HEKOTOpol HabJonaemoil » Mbl yBH-
JIUM, UTO OTBET Ha 3TOT BOMNPOC M0JI0xKUTesIeH. BernoMHuM, uto HabJ/1101aeMbIMH MOMEHTOB UM -
MyJibca SIBJSIIOTCS HH(MHATE3UMAJIbHBIE 00pa3yloliie OHONAPAMETPHUUECKHUX TPy Bpalle-
HUF OTHOCHTEJIBHO PA3/IMUHBIX OCeH, yMHOXKeHHble Ha h. OTcrosa cJeyer, uTo Kaxkjasi Ha-
6J01aeMas MOMEHTa MMITy/Ibca nepeBoaut J; B ce6s u kommytupyer ¢ H. [lanee, kpaapar
HaOJII01IAeMOl NOAHO20 MOMEHMA UMNYALCA, T. €. CyMMa KBaJpaToB MOMEHTOB MMITyJibca
OTHOCHUTEJIbHO TPeX B3aUMHO NePIeHANKYJ/ISIPHBIX 0Cel, KOMMYTHPYeT co BceMH Uy, U 03TOMY
paBeH NOCTOAHHOM Ha KaX/10M HEeTPUBOJMMOM MorpocTpancTse J(;. DTa NoCTosAHHAA MOXKET
3aBMCETh TOJILKO OT 7, M BblUMC/IEHHE NOKa3bIBaeT, uTo oHa pasHa j(j + 1)h2. Takum o6pasom,
B COCTOSIHMU C TJIaBHbIM KBAHTOBBIM UMCJIOM 7 U OPOUTAJIbHBIM KBAHTOBBIM UMCJIOM j SHEp-
TSl U [TOJIHBI MOMEHT UMITYJ/IbCa UMEIOT Olpe/le/IeHHble 3HAUEHHsI C BEPOSITHOCTBIO 1, mpuuem
3HaueHHe MOJHOr0 MOMEHTa UMITYJIbca paBHO fi\/j(7 + 1).
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Boipoxenye, BbI3BaHHOE C(hepHUECKON CHMMETPHEH, MOXKHO YCTPAHUTh, HAPYILIUB CHM-
meTpHuto. Ha camom jiesie 10cTaTOUHO HAaPYLLIMTh CHMMETPHIO XOTs1 Obl uacTHUHO. [ Ipy uyuenuu
aroma Jyist 3Toro HauboJiee ynoOHO MOMECTUTb aTOM B OHOPOAHOE MArHUTHOE MOJIE; TIPH 5TOM
rpyNIoi CHMMeTPHH CcTaHeT noarpynna K rpynibl G, cOCTosiLLas U3 BCeX BpallleHHiI OTHOCH-
TeJIHO NPSMOH, POXOAALICH Uepe3 Haua/10 KOOPAUHAT U NapajlieJIbHON HAPABJICHHUIO MOJIS.
[Tockosbky K abesieBa, OHa MMeET TOJIBKO OJIHO HEMPHBOJAUMOE MpPe/CTaB/IeHHe U COOTBET-
CTBYIOLLLAsi CUMMETPHsl He BbI3bIBaeT BbIPOXKIeHHI. [TpuMeHsist TeopHto, pasBUTYIO B NPe/iblLy -
11eM pasjene, M yuuTbiBas, uto D;, orpaHMueHHoe Ha K, pacnajaercs Ha 25 + 1 OIHOMEPHBIX
NPEJACTABJICHHH, Mbl JOJDKHbI 02KHAATH, UTO KaxK10e COOCTBEHHOE 3HauUeHHe, COOTBETCTBYIO-
1lee COCTOSIHHIO C OPOUTANBHBIM KBAHTOBBIM UMCJIOM 7, pacnajercs Ha 2j + 1 pasinuHbix
3HaueHHUH, Koraa cchepuueckast CUMMETPHs 3aMEHHTCsl LMJIMHAPHUecKoil. PaciiensieHne Ha oT-
JIeJIbHbIe COOCTBEHHbBIE 3HAUCHHUS, T. €. PACLLCIIICHHE CIIEKTPAJIbHBIX JIMHUA B MATHUTHOM T10JI€,
HasblBaeTcs aghghexmom 3eemana.

Ecsin Mbl BoiGepeM oMpesie/IeHHYI0 OCb, HalIpUMep oCb z, To orpanuuenue U Ha K, v Ha
(27 4+ 1)-MepHOe MOJITPOCTPAHCTBO BCEX COOCTBEHHBIX BEKTOPOB C OCHOBHBIM KBAaHTOBbIM
YUCJIOM 1 U OPOUTAILHBIM KBAHTOBBIM UHCJIOM BBI30BET pasbueHue 31oro (25 + 1)-MepHoro
NPOCTPAHCTBA Ha 2j + 1 0JIHOMEPHbIX HHBAPHAHTHBIX MOITPOCTPAHCTB. BekTopsl, Jiexalliie B
OJHOMEPHOM MHBAPUAHTHOM MOANPOCTPAHCTBE, HA KOTOPOM orpaHuueHue U Ha K umeer BUI
0 — "9, HasbIBAIOT BEKTOPAMH, HMEIOIIMMH MA2HUMHOE KBAaHTOBOR UMC/I0 1. 3alaHHO
TPOHKE KBAHTOBBIX UMCEJI COOTBETCTBYET B TOUYHOCTH OJHO CTALIMOHAPHOE COCTOSIHUE, TAK UTO
3TH TPOHMKH MOTYT CJIy?KHTh MHAEKCAMHU JI/Isi HEKOTOPOro 6a3uca COOCTBEHHBIX BEKTOPOB JUC-
KpeTHO# uactn H. KoHeuHo, 3TH TpU KBAHTOBBIX UMCJIA HE MOTYT IPUHUMAThL IPOU3BOJbHbIE
3HAUCHHS HE3aBUCHMO JPYT OT JPYra; UMEIOTCS CJIeYIOLIHe OrpaHHUEeHHS:

Im|<j, 7=012,....n—1, n=1,2.3,....

MaruutHoe KBaHTOBOE UMCJIO M TAKyKE MMEET HEMOCPEJICTBeHHbIH (PU3MUECKHI CMbICII.
Hetpynno noacuurats, 4To COCTOSIHHE ¢ MATHUTHBIM KBAHTOBBIM UMCJIOM 71 — 3TO TAKOE CO-
CTOSIHHE, B KOTOPOM KOMIIOHEHTA MOMEHTA UMITyJ/IbCa OTHOCHTE/ILHO OCH z paBHa fum ¢ Bepo-
SITHOCTBIO 1.

Ba)XHO OTMETHTb, UTO MarHMTHOE KBAHTOBOE UMCJIO BCETJla CBSI3aHO C BHIOOPOM oOIlpeie-
JICHHOTO HANpaBJIeHUs B IPOCTPAHCTBE. MOMEHTBI UMITY/1IbCA OTHOCHTENILHO PA3JIMUHBIX OCeH
He KOMMYTHDYIOT JPYT C JAPYrOM, H B COCTOSIHHHM C MArHUTHBbIM KBAHTOBBIM UMCJIOM 712, B KO-
TOPOM MOMEHT HUMITyJ/IbCA OTHOCUTEJILHO HEKOTOPOI OCH HMEET OlpejleJieHHOe 3HaueHue hm,
MOMEHTBI HMITYJIbCA OTHOCHTEJILHO APYTHX Ocel OyayT o6sanath aAucnepcue U OyayT NpHHU-
MaThb BCEBO3MOKHbIE 3HAUECHHsI C HeHYJ/ICBOH BEPOATHOCTDIO.

[1poBe/ieHHbIi Bbillle aHA/INM3 TIPUMEHHM He TOJIbKO K aTOMY BOJIOPO/Ia, HO U K HEKOTOPbIM
JPYTMM aToMaM, TakKUM, KaK aTOMbl JIMTUS, HATPUSl U KaJus; B 3TUX aTOMax OCHOBHYIO POJlb
UrpaeT €JIMHCTBEHHBIH ,,BHELIHUI® 3/1€KTPOH, KOTOPBI MOXKHO CUHTATh JABHXKYLIUMCS B ce-
pHUUECKH CUMMETPHUHOM roJie. OHAKO MPH TOUHOM HUCCJIEIOBAHHH CHEKTPOB THX 3J1€MEH-
TOB OKa3bIBAETCS1, UTO BMECTO KaXK/J0T0 3HAUEHHST SHEPIHH, MTPE/ICKA3bIBAEMOT0 TeopHeil (NpH
J # 0), Ha caMoM JieJie UMEIOTCS /IBa OUeHb OJIM3KUX 3HaueHus1. Jlajiee, B MAarHUTHOM MoJie 3TO
IpeACKa3biBaeMoe COOCTBEHHOE 3HAUEHHE NOJKHO OblI0 Obl pacnafarbes Ha 25 + 1 3Haue-
HHiH; BMECTO 3TOTO JIB€ KOMIIOHEHTHI COOCTBEHHOTO 3HAUEHHUS PACLLENJSIOTCS Ha 27 U 25 + 2
3HAUEHHH COOTBETCTBEHHO. B atome Bomopoaa 3ToT a(pheKT MacKupyercs: pesisiTHBUCTCKUM
3 heKTOM, KOTOPbIi €10 MOJHOCTbIO KOMITIEHCHPYET.

Herpynno mommduipoBars Hallly TEOPHIO TaKMM 00pa3oM, uToObl OHa aBaja 00bsicHe-
HUe TUM siBJennsiM. Eciu Mbl 3amennm ruib6eproBo npoctpanctBo L2 (E3) na L2(E3) x Ho,
rae Hy — HeKoTopoe rn/ibOepTOBO MPOCTPAHCTBO KOHEUHOH PA3MEPHOCTH 1, U 3aMEHUM KaxK-
Jbiil camoconpsikenubiil oneparop Q B L2(E3) Ha Q ® I, To Mbl I0JIyuMM KBaHTOBYIO CHCTEMY,
COBEPLUEHHO aHAJIOTHUHYIO TIePBOHAUYA/IbHOM; H3MeHeHHe OyeT COCTOSATb TOJIbLKO B TOM, UTO



3.4. Chepuueckas cummempust u Cnium 117

KPaTHOCTH BCEX COOCTBEHHBIX 3HAUEHUH YMHO2KATCsl Ha N, a TaK2Ke B TOM, UTO MOSABATCA HEKO-
TOpPbI€ HOBbIE HabJIl0laeMbIE.

JlonosHuresibHoe BblpoxKaeHue H ®@ I cBsizaHo ¢ TeM, uto H ® I KOMMYTHpPYeT CO Bce-
mu orepatopamu Buaa I ® V, rine V' — ynurapuslii oneparop B Hy. Ecau yerpanuts 310
BbIPO2KJICHHUE ,,MaJsIbIM BO3MYyllleHHeM  onepatopa H & I, To Kax/10e COOCTBEHHOE 3HAUeHHe
H ® I pacnanercst Ha n yactedl. Iyt Toro utoObl NOJyUnTh HAOMI0aeMoe pacllelJieHHe Ha
JIBE UacTH, JIOCTaTOUHO B3siTh 1 = 2. Kak MoxkHo cornacoBaTh 10T nepexos ot L2(E3) k
L2(E?) ® Ho ¢ TeMu cooOpaxKeHUsIMH, KOTOPble NPHBEJIH HAC K KAHOHHUECKOMY KBAHTOBA-
Huto ? OTIsAbIBAsCh Ha3ajl, Mbl BUIUM, UTO 3TOT MEPEXOJl HAXOAUTCS B TIPOTHBOPEUHH TOJBKO
C OJIHAM HaLIKM PeIoJ0KeHHeM, KOTOPoe Mbl IPHHSJIH B KauecTBe HanboJiee pocToi pabo-
uell r'UNoTe3bl, 2 UMEHHO C TeM, UTO OflepaTopbl () 06PasyloT 1040 KOMMYTHPYIOLLEe CBOF-
ctBo. Jlasiee, o6CysK/ieHHe 3TOro BoNpoca Ha cTp. 88 nokasbiBaert, uto nepexon ot L2(E3)
K L2(E3) @ Ho — eaMHCTBEeHHbIH MyTh H36aBUTHCA OT TOrO MPENOJOKEHH s, He HapyLLas]
KOMMYTalIMOHHbIe cooTHOLLeHus [efisenOepra.

Kak tosibko Mbl ipumem L2(E3) @ Ho, rie Ho — aByMepHOe rH/ib6epTOBO POCTPAHCTBO,
B KQUECTBE MMJIbOEPTOBA MPOCTPAHCTBA HALIEH CUCTEMBI, Y HAC BO3HUKHET PSiJL BOMPOCOB:

(1) Kakot#i usien nyxxkH0 106aBuTh K H @1, uT0ObBI MOTYUHTh AHHAMUUECKHI ONlepaTop HOBOH
CUCTEMBI ?

(2) Kakoii husnueckuii cMbICJI HMEIOT HAa0JII01aeMble, COOTBETCTBYIOILME CAMOCOIPSIZKEH -
HbIM oniepatopaMm Buna I @ T', e T — camocornpsikeHHbii onepatop B Hy ?

(3) Kakue nuamenenusi Hy»KHO BHECTH B HAllly TEOPHIO CUMMETPHI M KBAHTOBBIX UHCEJ, UTO-
Obl OHa OblJIa COTJIACOBAHA C HOBBIM MPOCTPAHCTBOM COCTOSIHUI U 0O'bsICHSA/IA 3aMeHy 25 + 1
Ha2ju2j+27?

Ham Gyziet yno6Hee OTBETUTh HA 3TH BOIPOCH! B 0OPATHOM MOPsIIKE U HAYaTh C HEKOTOPbIX
KPaTKUX YKa3aHHi OTHOCUTEJILHO OJIHOrO 0000OLLIEHHUs TeOPUH TpejcTaBaeHuil rpynm. [Ipen-
ctaBsienne U Tpymnmbl BCeria onpeiesisieT HeKOTOPbli TOMOMOP(U3M 3TOi TPYMIlbl B IPYMITY
aBTOMOP(U3MOB CTPYKTYPbl C OPTOTOHAJILHBIM JIONIOJIHEHHEM, KOTOPYIO 06pa3ytoT 3aMKHYThle
nojrnpoctpaHcTea ruiboeprosa rnpocrpanctda H(U). OnHako oOpaTHOE He BCeria BEPHO, 1a-
K€ €CJIM HaJI0XKUTh HEKOTOPbIE IONOJIHUTE/IbHbIE TPeOOBAHUS HEIPEPbIBHOCTH.

Kaxblit oTe/1bHbIH aBTOMOP(H3M MTOPOKIAETCSI HEKOTOPIM YHHTAPHBIM O11€paTopoOM, HO
3TOT ONEPATOP OMPEALNAETCH €AMHCTBEHHBIM 00PAa30M TOJBKO C TOUHOCTBIO JIO MOCTOSIHHOTO
MHOXKHTEJIsl, U He BCer/la MOXKHO BbIOpATh 3Ty MOCTOSIHHYIO OJTHOBPEMEHHO /ISl BCEX JIeMEeH-
TOB IpyMIbl TaK, UTo0bl Uyy = U U,. C 1pyroit CTOPOHBI, He3aBUCHMO OT TOT0, KaK BbIOpaHbI
M0CTOsIHHbIE, Mbl UMeeM Uy, = o(x, y)U,Uy, rie o — HekoTtopast hyHKLMs Ha G X G co 3Haue-
HHSIMH BO MHOKECTBE KOMIJIEKCHBIX UHCe, paBHBIX 110 MofyJito 1. CoorBerctBre © — U, Ha-
3bIBAETCSl TOIIA o -NPEJICTaBJCHHEM WIH NPOCKMUBHbIM NPeOCmaBAeHUeM, C MYAbIMUNAU-
kamopom o. Ecin Mbl 3amennm Uy Ha p(x)U, = UL, o x — UL Gynet o’-npejcraBiieHneM,
rae

a(z,y) p(zy)

7D = o)

My IbTUIIIIMKATOPI 0 M 0 HA3BIBAIOTCS B 3TOM CJyuae noaoOHbIMU. HerpynHo BuaeThb, uro
KJ1aCChl MOIOOHBIX MYJIBTHIIIHKATOPOB 00PA3YIOT IPYIy OTHOCHTE/IBHO MOTOUEUHOTO YMHO-
»KeHust. Ecain a1a rpynna (KoTopyro Ha3blBaloT IPyNnoi MyJIbTHIIMKATOPOB ) CBOUTCS K €11 -
HHUUHOH, TO J0CTaTOUHO pacCMaTpHUBATh TOJLKO OObIUHbIE MpeacTaBieHus. Kak ykazaHo Ha
cTp. 77, neso 06CTOUT UMEHHO TaK B cJlyuae, korja G — JedCTBUTe/IbHAS TTpsiMast.

Onnako, Kora G — rpynna Bpatenuii £3, rpynna MHOXKHTe e CONEPIKUT OJIMH HeTPH-
BHAJIbHBIH 3JIEMEHT U Mbl BbIHYK/I€Hbl pACCMaTPUBATh MPOEKTHBHBIE MpecTaBaeHusi. OueHb
MPOCTO ONUCATh Bce 3TH npesacTabienus. [Tyets SU(2) — rpynna Bcex KBajpaTHbIX YHHTAP-
HBIX MaTpHLL BTOPOro MOPsIKA C ONpee/nuTesieM, paBHbIM 1, a N — noarpynna, cocTosiias
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1) (o )

Herpyano nokasars, uro SU(2)/N usomoptna rpynne ppatuenuii £3. [Tostomy Henpu-
BOJIMMbIE MPeACTaBJieH st D} OnpeaeistioT HeNPUBOAKMBIE MIPEACTAB/IEHHS D;. rpynnel SU(2),
KOTOpbIE CBOJISITCS K €IMHUUHOMY NpeJicTaB/eHnio Ha N .

[Tycts L — nipousBosibHOE HenpuBouMoe npesictasienne SU(2). Torna no semme [lypa
orpanuuenue L Ha N JI0/KHO ObITh KOHCTAHTOH, KOTOpasi, oueBU/HO, paBHa | win —1. Ecau
oHa paBHa 1, To L ornpeiesisieT HenpuBoaumMoe npejctasienne Ha SU(2)/N u, cienoBateib-
HO, JIOJDKHO OBbITb OJHUM M3 D}. Ecan ona paBna —1, To Kaxjaomy anementy u3 SU(2)/N
COOTBETCTBYIOT JIBa YHUTApPHBIX Oreparopa, OTJHUAIOUIMXCs APYr OT Apyra 3HakoMm. Cuuras
OJIMH U3 HUX MPOU3BOJIbHBIM (HO H3MEPUMBIM ), [10JTyuaeM MPOEKTUBHOE Mpe/ICTaBIeHHe TPyI-
bl SU(2) /N, MyJIbTUTIJIHKATOP KOTOPOTO HETPHBHAJIEH.

OxasbiBaercs, uto SU(2) uMeeT 0IHO U TOJBKO OJIHO TaKOe MPeCTaB/IeHHE /s KaxK/0i
ueTHOl pazmepHocTH. Mbl 0603HauaeM 3To MpejicTaB/ieHHe pasMepHoCTH 2m uepes D! /-

13 JIBYX 3JIEMEHTOB €€ LeHTpa:

Takum o6pasom, D;- onpeneneno ais j = 1,3/2,2,%/5,3,... ¥ Bcerna uMeer pa3zmMepHOCTh
2j + 1. Korna j uenoe, D} onpenensier npeicrasnenne D; rpynnst SU(2)/N. Korna j noay-
uenoe, D’ onpesiesisier IpoekTHBHOE npejctapenune SU(2)/N, KOTopoe Mbl Takke 0603Ha~
unm uepe3 D;. Takum crioco60M Mbl NOJYUHM BCe MPOeKTHBHBIE npejcTanienus SU(2)/N.
OkasbiBaetcs, uto opmysa Knebuia—lopnana

Dj @ Dy = Djj—j) © Dyj—yr 111 & -+ & Dyt

COXpAHSIETCs1 HE3ABUCHMO OT TOTO, SIBJSIOTCS JiM j U j' LEJBIMH HJIH TOJYLEBIMH, TIPHUEM
NpsiMble CYMMbl H TEH30pHbIE MTPOU3BEICHHSI ONPENesIIOTCS /sl IPOCKTHBHBIX TPe/ICTaBJIe-
HUI OueBHIHBIM 06pasoM. JIBymepHoe npencrasietue D) /a 0COOEHHO MPOCTO ONHUCATL: 3TO
— TpeJicTaBjIeHHe, KOTOPOE MePEBOUT Kax1ylo MaTpulty Uz SU (2) B cebsl.

BosBpalasch K HalIUM BOIpOcaM, Mbl HAUHEM C 3aMeHbl pejcTaBiaenus a — Uy, HeKo-
TOPBIM MPEJICTaBJIEHHEM, HMEIOIMM B KauecTse hasosoro npoctpanctsa L2(E3) @ Ho. Bo-
Jiee TIyOOKHI aHaJIM3 1okasaJ Obl, UTO 3TO MpeJCTaBJAeHHe N0KHO UMeTh BUL U ® L, rne L
— HEKOTOpoe JIByMepHoe 00bIUHOE HJIH MTPOEKTUBHOE MpeJIcTaBIeHre Hallel rpynmbl. [pynna
BpallleHUi MMeeT JIBa Takux npeactasaenns: D1/, n Do® Do. M3 hopmy.ibl Kiiebua—Topaana
U HalUX TpeblIyllIiX PACCy>KACHUH CJeLyeT, UTO HEelNPUBOAUMBIMHU MOMANPEACTABICHHUIMH
U @ L siBasitorest B nepom catyuae D 1/, u Dj 1/, Bo BTopom — Dy, e j = 0,1,2,....
Tonbko nepBast U3 ITHX BO3MOXKHOCTEH COIVIACYETCS C TEM IKCIEPUMEHTANbHBIM (haKTOM, UTO
YPOBHH HEPTHH pacnajialTcs Ha 2§ U 2j 42 uactu BMecTO 2j 4 1. Takum 06pa3om, Mbl IPUX0O-
JIUM K TIPEITIONOKEHHIO, UTO aBTOMOP(IU3M Halllell CHCTEMbl, COOTBETCTBYIOLINI BPALLEHHIO v
B [IPOCTPAHCTBE, OPOKIAETCS YHHTAPHBIM 0nepaTopoM Uy @ (D1, )a, M 3TO NPENONOKEHHE
00bACHAET HAOJIOJaeMO€e PACLLECIICHHE YPOBHEH SHEPTHH.

3amena U Ha U @ D1, OKasbiBaeT BMsiHKE Ha HAOJII0laeMble MOMEHTOB UMITyJibca. Orpa-
nuuenne U @ D1, Ha 0iHONAPAMETPHUECKYIO NOArpyMny K BpallleHHH BOKPYT OCH 2z UMeeT
MH(UHUTE3UMabHYI0 06pasyloliyto Buaa i(Q* @ I + 1 @ QF), rie h 0 — caMoconpsiKeHHbIil
ornepaTtop, COOTBETCTBYIOLLIMI MOMEHTY HMITY/IbCa OTHOCUTEJILHO OCH 2 B HAlLed MpocTeiilei
MOJIeJIH, a (2§ — HEKOTOPbIi CaMOCONPS2KEHHbIH OrepaTop B IByMepHOM npocTpaHcTse Ho.

B cooTBeTCTBUM € HALLIUM OOLMM IPUHLIMIIOM Mbl OTpe/iesisieM MOMEHT UMITYJIbCa OTHOCH-
TeJbHO OCH 2z KaK HabJII0aeMylo, COOTBETCTBYIOLLyI0 onepatopy A (Q* @ I) + h(I ® QF).
OH oTyiMuaeTcst OT oreparopa, MoJydyatollerocst Npu KaHOHHUECKOM KBaHTOBAHMM, Ha UJleH
R (I ® QF), KOTOpbIi, KaK OKa3bIBAETCS, MMEET COOCTBEHHbIE 3Hauenns 1 /oh. Jra nabmona-
eMast Ha3bIBaeTCsl CIMHOBBIM MOMEHTOM MJIM CIIHHOM (OTHOCHUTE/ILHO OCH z). Takoe Ha3BaHue
(OT aHMVIMICKOTO Spin — BpallleHHe ) CBSI3aHO C TeM, UTO pacllerieHHe CreKTPasbHbIX JHHUI
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Ha Mapbl B CTapoil KBAHTOBOH TEOPUH ,,00bSICHSJIOCH™ TIPUITHCBIBAHUEM 3JIEKTPOHY JIMILIHEH
cTerneHu cBOOO/Ibl — BPALLEHHs] BOKPYT COOCTBEHHOH OCH. XOTs 3J1€KTPOH, KaK Mbl Terepb
MOHUMAaeM, CJUIIKOM MaJo MOX0XK HA KJIACCHUECKYI0 YaCTHULLy, YTOObl MOXKHO OblJI0 TOBOPHUTH
0 ,HacTosIllleM BpalleHHH", (PU3UKH MO-TPE;KHEMY HaXOIsAT 3TO MpeCTaB/IeHHe 10CTATOUHO
noJie3nbiM. C Hallell TOUKH 3peHusi, OCHOBHOE COJIep2KaHHe THIOTE3bl O CIIHHE 3aKJII0UaeTCs B
CYLLLECTBOBAHHUM JIOTOJNHUTE/IbHON HA0J1101aeMOii THIIa MOMEHTa HMITYJIbCa, COOTBETCTBYIOLLEH
oneparopam h (I ® €f), rie posib a MOKeT Urpath x, y UiH z. [To oueBHIHBIM cooOpaKeHH-
siM HaOJl01aeMast, COOTBETCTBYIo1ast uieny i (2 ® I), Ha3biBaeTcst OpOUTAJIbLHBIM MOMEHTOM
UMIyJIbca (OTHOCUTENBLHO OCH 2 ). CoxXpaHsieTcs, KOHEUHO, TOJIbKO MOJIHBIH MOMEHT MMITyJIbca
OTHOCHTEJIbHO KaKOH-JIHOO0 OCH.

Onnum 13 HaubGoJsiee HHTEPECHBIX CBOWCTB OMEpPaTOPOB, OMPENESIONIUX CIIHH MOMEHTa
UMITYJIbCa, SIBJISIETCS TO, UTO OHM KOMMYTHPYIOT C OflepaTopami, onpeieIsiiollliMi HabJ1o1ae-
Mble KoopauHaT. Onepatopbl CliiHA He KOMMYTHPYIOT IPYT C IPYTOM, HO MPH 100aBJAEHHUH JTI0-
60ro M3 HUX K orepatopam, orpeie/siiolliM HabJ1aeMble KOOpJIMHAT, 00pasyercs MoJHoe
KOMMYTHPYIOLllee CeMeHCTBO ornepaTopoB. boJiee Toro, sicHo, uTo Jto6OH camMOCOMpsiKEHHbIH
oneparop B L2(E3) ® H(D1 ,) nosyuaercst npoctoii anrebpanueckoil KoMOHHaLHel onepa-
Topos Buta A® I, rie A — camoconpsikenubiii oneparop B L2(E3), u onepatopos criuna. Ta-
KHUM 06pa30M, Bce HoBble HabJTi01aeMble, 06pa3oBaBlIMecs B pesybrate nepexona ot L2(E3)
kK L2(E3) ® H(Dx1y,), NOSBUINCH BCJIEACTBHE CYLIECTBOBAHHS CIIHHA M BbIPAXKAIOTCSI uepe3
Hero.

Junamuueckuii onepaTtop Haiiel MOAU(UIMPOBAHHON CUCTEMbI MOXKHO 3aricaTh B BUIE
H ® I+ J, e H — nuHaMUuecKuil oniepaTtop, MoJyvyatlyics B pesyJibTaTe KAHOHUUEeCKOro
KBaHTOBaHHs, a J — TaK Ha3blBaeMoe ,,CMIHHOBOE Bo3Myllienne™. OnepaTtop J MOXKHO B Mpo-
CTOH W CUMMETPHUHOH popMe BbIPA3UTh uepe3 KJAacCHUeCKUi noteHuuasn V 1 HabJtolaeMble
MOMEHTA HMITYJ/IbCa CJAELYIOIHUM 00pa3oM:

1 V(J2 L+ 2
J= W27 g0 g 0 4 ¥ 0 QY + 07 0 )

T o2m? [t g? 1y 22

rJie ¢ — CKOpPOCTb cBeTa. Kak nokasblBaeT MPUCYTCTBHE ¢, Mbl HE CMOIJIM Obl OObSACHUTD 3Ty
(bopMyJly TEOpPEeTHUECKH, He TpHUBJIeKasl ClielHaJbHON TeOPUH OTHOCHTEJBHOCTH, UTO BbIBEJIO
OBl HAC 32 PAMKH 3TOr0 Kypca.

BrIsSIcCHUM Tenepb, Kak BJHSET CYLLIeCTBOBAHHE CIIMHA HA 3aaHHe COOCTBEHHBIX BEKTOPOB
9HEPTUH C TIOMOILbIO KBAHTOBBIX unces1. CIIHHOBOE BO3MyllleHHe J HACTO/IBKO MaJlo, UTO M03-
BOJISICT HAM [10CTABUTh B COOTBETCTBHE KaXKJ10My cOOCTBeHHOMY BeKTopy H @ I+ J coGCTBeH-
HbIH BeKTOp H & I, Tak UTO HAM HY>KHO [TEPEUUCJIMTD TOJIBKO COOCTBEHHbIE BEKTOPbI [ & 1.

[IpocTpancTBO Beex COOCTBEHHBIX BeKTOPOB H ¢ IVIAaBHBIM KBAHTOBBIM UHCJIOM 70 U OPOH-
TaJIbHbIM KBAHTOBBIM UMCJIOM [ HMeeT padMepHoCTb 2]+ 1 u onpenesisieT 2(2(+1)-MepHoe noj-
MPOCTPAHCTBO COOCTBEHHBIX BeKTOPOoB H ® I. B coorBercTBHN ¢ (hopmydiont Knebia-lTopnana
orpatnuerue U ® D/, Ha 9TO MOANPOCTPAHCTBO SIBJSIETCS MPSIMOH CYMMOH D;_1/, ® Dj 1/,
COOTBETCTBEHHO Hallle MPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB pa3Jiaraercst B MPSIMyI0 CyMMy
JIBYX NIPOCTPAHCTB pa3mepHocTed 21 u 21 4 2.

CoOCTBEHHbIE BEKTOPBI, KOTOPBIE JIeXKaT B [IePBOi YaCTH, UMEIOT [VIaBHOE KBAHTOBOE UMC-
JI0 1, OPGUTA/ILHOE KBAHTOBOE UMC/IO |, BHYTpEHHee KBAHTOBOE UMC/I0 j = | — 1 /9 U cIMHOBOE
KBaHTOBOE UKCJIO s = — /5. BeKTOPBI, JIexallue BO BTOPOi UaCTH, UMEIOT [VIABHOE KBAHTOBOE
UMCJI0 1, OPOHMTAJILHOE KBAHTOBOE UHMCJIO [, BHYTpEHHee KBaHTOBOE UHCJI0 j = | + 1 /o 1 cru-
HOBO€ KBAHTOBOE UHUCJIO § = 1/2. 3Hasi Jo6ble 1Ba U3 TPeX KBAHTOBBIX UMces [, j, S, MOXKHO
onpeJleJIMTh TpeThe U3 paBeHcTBa j + s = [. KBaHTOBOe uncio j B OTsiMUMe OT [ M S UMeeT
TOUHOE 3HAUCHHE, He 3aBHUCsLLee OT NPEeANoNoKeHus, uto J mMasno. [y1aBHOe KBAaHTOBOE UMCJ/I0
n onpejlesisieT COOCTBEHHOE 3HaUeHHE SHEPIHH TOJBKO ¢ TOUHOCTBIO 10 HeOOJIbLLIOH MONPABKH,
BHOCUMOH BO3MYILLIEHUEM J.
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MhuozxxecTBO Bcex COOCTBEHHBIX BEKTOPOB C JIAHHBIMH 3HAUEHHSIMU [VIaBHOTO, OpOUTAJIb-
HOTO M CIIHHOBOTO KBAHTOBBIX UMCe sBJIsIeTCS (27 + 1)-MepHBIM NPOCTPAHCTBOM, Ile j —
BHYTpeHHee KBaHTOBOe uncyio. CoOCTBEHHbIE BEKTOPBI MOJHOTO MOMeHTa uMmyJibea /i (27 ®
I+ I ® Q) oTHOCHTE/ILHO OCH z 06Pa3yIOT eCTeCTBEHHBIH 6a3UC B STOM NPOCTPAHCTBE, MPH-
ueM COOTBETCTBYIOLIME COOCTBEHHbIE 3HAUeHUs MEHSIIOTCs1 OT —hyj 10 Ay ¢ uHtepBaJjom f. Ec-
JIW J SIBJISIETCS] TTOJIyLIeJIbIM, TO BCE COOCTBEHHbIE 3HAUEHHSI IBJISIIOTCSI ITOJyLIe/IbIMH KPATHBIMH
h. D1H noJyLiesible MHOXKHMTE/IH Ha3bIBAKOTCS MATHUTHBIMH KBAHTOBBIMM UMCJIAMH 1M COOTBET-
CTBYIOLLUX BEKTOPOB U COCTOSAHUI. FIMeeTcs B TOUHOCTH OZIHO COCTOSIHUE € 3aJaHHBIMH IV1aB-
HbIM, BHYTPEHHUM, MarHMTHbIM M CIIHHOBBIM KBAHTOBBIMH UHCJIAMH N, j, M, S, TIPUUEM TPH H3
HHX MO2KHO BbIOPATb IIPOU3BOJIbHBIM 00PA30M TAK, UTOObI BBINOJHAIUCDH C/1eAyIOLIHE YCAOBU:
s =41/, |m| < jum —noayuenoe, j = 1/2,3/2,%/2,..., n— uenoe u Gosblie uem j + s.

[Tocko/IbKy OCHOBHOE BCTpeuarollieecs 3[eCh MPeACTaB/ICHHe TPYNIbl BPALLIEHUI HMeeT
BUL U @ Di,, 3J€KTPOH CUMTAETCS ,,YaCTHLIEH CO CIUHOM L/o%. st npyrux ,,5emenrap-
HBIX YacTHIL" npeacraBiaeHne D1, MOXKET 3aMeHsITbes Apyrumu. Eciin 31y posib urpaer Dj,
TO FOBOPSIT O UACTHLIE CO CITMHOM j. POTOH, HanpUMep, UMeeT CIUH |, HeKOTOpble Me30Hbl —
crud 0.

3.9 AToM c n 3aekTpoHamu U npuHumn [ayau

Knaccuueckasi MmexaHuueckast CHUCTEMaA, COOTBETCTBYIOLASA MOJIEJN Pe3ep¢)opﬂa artoMa ¢ n
9JIEKTpOHaMH, UMEET raMUJIbTOHHaH

(82 + )2+ () ne? _
— 2

n
j=1 LT YT gL,
7]

(MBI O-TIpeXKHEMY TIpeHeOperaeM ABHKEHUEM s1Ipa ). 3/1eCh m U € — Macca 1 3apsijl 3J1eKTpo-
Ha COOTBETCTBEHHO

62
T‘ij

rij = \/(wi —x5)? + (i — y5)? + (2 — 2)*

[1pu KaHOHMUECKOM KBAaHTOBAHHUH 3TOH CHCTEMbI Mbl [TOJIyUHJIH Obl KBAHTOBYIO CHCTEMY, MHJIb-
GepTOBLIM POCTPAHCTBOM KOTOPOii c1yxKu/o 6bl L2(E3), a nunamuueckum onepatopom H —
HEKOTOPOE CaMOCOIPs2KEHHOEe paclinperne hopMasibHOro audepeHiinansbLHoro oneparopa

I n 52 52 52 2 2 n
=1\ 9% Yj % j=1 56]2-+y]2+2]2 ij=1,

[Monoxum H = Hy+ H”, rie Hy — camocornpsiKeHHOEe paciiiipeHre hopMasibHOTO -
(hepeHILIMaIBLHOTO OMIepaTopa, noJayuaemMoro u3 H orépacbiBaHniueM nocjenHero uiena. Mol Bu-
UM Terepb, uTo ecau paccmarpusath L2(E3") kak L2(E3) @ L2(E3) @ -+ @ L2(E3) (n
MHOXKHT€JIEH, COOTBETCTBYIOLMX 7 3JIEKTPOHAM ), TO onepatop Hy MOxKHO 3anucarh B BUje

n
H=) Iele -oHole ol
=1

J-¥ MHOXKHUTEJb Tie H' — camoconpsikenHoe paciimpenue GopMaibHoro auddepenimaib-
HOrO oriepatopa

h (0% 0% 0% e?
b= 5= 2 2 2] v
2m \ Oz dy 0z h/72 + y2 + 22
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B L2(E3). Unen H" onucbiBaeT B3aMMOJIEHCTBHE JIEKTPOHOB U IPENATCTBYET MOJHOMY pas-
JIO?KEHHIO Hallleil CHCTeMbl B TEH30pHOe 1pou3se/ieHne. OKa3blBaeTcsl, 0HAKO, UTO TOT UJieH
MO2KHO allIPOKCHMHUPOBATH ONePaTOPOM BUAA

(I@I@...@H’”@...@I),
1

J

rne H" — onepatop L2(E?) Buna v — f(\/x2 + y2 + 22) . Takum 06pasom, Mbl Gyjiem
CUHTATh, UTO

n

n
H=> (Il -oH+H" @I ---0I)+P,
j=1
rae P — ,,MaJjoe BO3MyllleHHe .

Mbl Buie/n B IpeJiblIyLLeM pasjiesie, UTO KAHOHHUECKOro KBAHTOBAHHSI HEJIOCTATOUHO J1a-
K€ B CJIy4de aTOMa C OJIHUM 9JIEKTPOHOM, U B COOTBETCTBHH C Pe3yJIbTaTaMU 9TOTO Pa3/1eJia Mbl
cpasy xe samennm L2 (E3) na L2(E*) @ H(D1y,),a H' + H" —wa (H' + H") @ (1 + J),
rie J — npyroe masoe Bo3myilenue. Takum 06pa3om, TiiibOEPTOBO MPOCTPAHCTBO HallleH CH-
cTeMbl OyZIeT TeH30PHBIM [POU3BEICHUEM 21 MHOXKHTEJNEH, 12 U3 KOTOPbIX O€CKOHEUHOMEPHBI,
a JIpyrue n uMeloT paamepHocTb 2. Ecyin Mbl ot6pocum J 1 P, TO MOJyUdM CHCTEMY ¢ GOJTbIIION
rpynnoi cummerpuil. Kaxnas nepecraHoBka n CHMBOJIOB M KaxK/10€ MHOXKECTBO 7y Bpallle-
Huit E3 onpesensier ecrecTBeHHbIM 00pPa3oM YHUTAPHBI OrlepaTop, KOTOPhIil KOMMYTHPYET ¢
HEBO3MYLLEHHBIM IMHAMHUECKUM onepatopoM. Kak u B pasj. 3.4, Mbl MOXKeM ONHUCHIBATH CTA-
LIMOHAPHBIE COCTOSIHUSI TAKOH CHCTEeMbl KBAHTOBBIMU UHCJIAMH.

J1efiCTBUTENIBHO, TTYCTh 1, P2, - - - , P — HAOOP COOCTBEHHBIX BEKTOPOB orepartopa H' +
H"', npuuem ¢ MMeeT KBaHTOBbIE UMC/A Ny, jk, Mk, Sk (Mbl CUMTaeM, 4To B pocTpancTee £3
BbIOpaHa HEKOTOpast onpejiesieHHasi OCb — HampHuMep, oChb 2). Tora ¢ ® w2 @ Y3 & - - @ @y,
OyneT cOOCTBEHHBIM BEKTOPOM HEBO3MYLLEHHOIO JHHAMHUECKOIO OllepaTopa; 3TOT BEKTOP MbI

MO2KEM 321aBaTh 41 KBAHTOBbIMU UHCJAMU: 11, M2, -« « s M3 15 525 -« - - 5 I3 L, T2, « « o, M5 S1, 82, - -«

Hagnee, Takue BeKTOpbl 06pa3yoT 6a3nuc TMCKPETHOH YaCTH MPOCTPAHCTBA OTHOCHTEJIBHO Ha-
uiero orneparopa. Mbl NPeoNoKUM, UTO HACTOSILIMK JHMHAMHUECKHI OMepaTop HACTOJIbKO
0JIM30K K HEBO3MYILIEHHOMY, UTO KaXK/bIH €ro COOCTBEHHBIF BEKTOP COOTBETCTBYET TOJBKO O/1-
HOMY M3 BEKTOPOB 1 & (o2 @ - - - @ (P, TAK UTO OA3UC COOCTBEHHBIX BEKTOPOB 3TO0 OllepaTopa
TaKXKe OMHUCHIBAETCS] MHOXKECTBOM 47 KBAHTOBBIX urces. CoCcTosiHUEe, COOTBETCTBYIOIIEE HA-
OOpY KBAHTOBBIX UMCEN M1,M2y -« s T J15 525 « - -y Jr 1, T2y - o s M5 S1, 52, « « « 5 Sp, MOXKHO
MPEJCTaBUTh ce0e KaK Takoe, B KOTOPOM MEPBbIH 3JeKTPOH HAXOAUTCS B COCTOSIHUM C KBaH-
TOBBIMH UMCJIAMH 11, f1, M1, S1, BTOPOH — B COCTOSIHHH C KBAHTOBBIMH UUCJIAMH M2, j2, M2, 52
UT. L

[1pu conocraB/ieHHH TOH TEOPHUH C JAHHBIMH CMIEKTPOCKOIHMH OKA3bIBACTCSl, UTO B Hell 10—
JIyuaeTcsi OueHb MHOTO JIMIIHMX COOCTBEHHBIX BeKTOpoB. Ha camom nesie BcTpeuatoresi e W
TOJIBKO T€ U3 3THX BEKTOPOB, KOTOPBIE JiezKaT B AHTHCUMMETPUUECKOM MOITPOCTPAHCTBE

(L2(EB%) @ H(D1s,) @ (LX(EY) @ H(D1s,) @ ... ® (L2(E*) @ H(D1,)

TMOJIHOTO TEH30PHOTO NPOU3Be/IeHUs. J1J1si OOBbSICHEHHST STOTO §IBJIEHHSI TIPUXOJIUTCS BHOCHTb
elle O/IHy MOMPaBKY B KAHOHMUECKOE KBAHTOBAHHE: THJIbOEPTOBBIM POCTPAHCTBOM HallIeH CH-
CTeMbI JI0JKHO ObITh N-KpaTHOE aHTHMCHMMETPHUECKoe TeH3opHoe npoussenenue L2 (E3) @
H(Dx,) na cebs, a He OJIHOE TEH30PHOE POU3BE/IEHHE; IMHAMUYECKHM ONePATOPOM J0JKHO
ObITb OrpaHHUEHHE HA 3TO AHTUCHMMETPHUECKOE MOANPOCTPAHCTBO MEPBOHAUANBHOTO JIHHA-
MHUECKOT'0 011epaTopa. JTo CYLIECTBEHHOE YyMEHbLIEHHe IPOCTPAHCTBA COCTOSIHUI OKa3blBaeT
CUJIbHOE BJIMSTHHE HA OCHOBHbIE HA0JII0IaeMble Halllell CHCTEMbl: HEKOTOPbIE U3 HUX TPOnaaa-
IOT, JIpyrHe OTOXKIECTBIIsI0TCS. Ha 9ToT ciyuail mouth 10CJI0BHO MEPEHOCHTCST BCE TO, UTO Mbl
roBopu/in Ha ctp. 102—103 0 cUMMeTPHUECKHX TEH30PHBIX MPOU3BEAEHHUSX. DJIEKTPOHBI, TaK
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Ke KakK (POTOHBI, HMEIOT ropasio 6oJbliIee CXOACTBO C BO3MYLLEHHSIMU B yIIPYToH cpejie, uem ¢
KJaCCHUECKMMH YaCTHLLAMHU: MEHsIsl MeCTaMH Kakue-J1M00 J1Ba U3 HHX, Mbl HE BHOCHM HUKaKOro
M3MeHeHHs B PU3UUECKYIO CHCTEMY.

B cooTBeTcTBUH C TepMUHOJIOTHEH, TPUHATON Ha CTp. 103, 3JIeKTPOHbI IBJSIOTCS (hepMH-
oHamu. Tot hakt, uto OTOHBI ABJMSIOTCSI GO30HAMH U UMEIOT CIHH 1, @ 3J1€KTPOHBI SIBJISIIOTCS
(epMHOHAMH 1 HMEIOT CTIHH * /2, OKa3biBaeTCst MAIoCTpaLmeli 061Iero 3akoHa: 6030HbI Bera
MMEIOT LieJIbIf CITHH, a (DePMHOHBI — TOJIyLIe/IbIH.

[Tyctsb @1, P2, . . ., o — COOCTBEHHbBIE BeKTOPHI oniepatopa H' + H"' ¢ KBaHTOBBIMH UKC-
JaMU N1, N2, . . .5 1,2, - - -3 M1, M2, ...} 81, 82,.... [or1a COOCTBEHHbIE BEKTOPbI ©;; @ @i, @
c- @ 4, D€ 11,12, . .., 1y, — MPOU3BOJIbHASA NEPECTAHOBKA HHJEKCOB 1,2, ..., n, COOTBET-

CTBYIOT OIHOMY M TOMY K€ COOCTBEHHOMY 3HAUCHHIO HEBO3MYLICHHOIO JUHAMHUECKOrO OIe-
paropa B [OJIHOM TEH30PHOM [1POU3Be/ieHHH. Jlasiee, HETPYHO I0KA3aTh, YTO MHOXKECTBO BCEX
JIMHEHHBIX KOMOMHALMI BEKTOPOB @, @ - - - @ 5, NI€PECEKAeTCsl ¢ AHTHCUMMETPHUECKHM TeH -
30pHBIM NpousBesieneM n npoctpancts L2(E3) @ H(D, /2) TIO IPOCTPAHCTBY PA3MEPHOCTH
He GoJiblIe 1, mpUueM 9TO nepeceueHre UMeeT Pa3MEepPHOCTL | TOrIA M TOJILKO TOIAA, KOTA ¢;
JIMHEHHO He3aBUCHMBL.

OrTcrona caie1yeT, uTo ecJiv BCe 1 UeTBEPOK KBAHTOBBIX UMCEN Ny, J1, M1, S1; N2, j2, M2, 525 . . .
PasJIMuHBIL, TO CYLLECTBYET B TOUHOCTH OJIHO CTALlHOHAPHOE COCTOSIHHE, COOTBETCTBYIOLIEE 9TO-
My HaOGOpPy KBAHTOBBIX YHUCEJI; 9TO COCTOSTHHE HE 3aBHCUT OT TOT0, B KAKOM MOPSAAKE CTOAT UeT-
BEPKHM KBAHTOBBIX unceJl. Eci xKe XoTs Obl JIBe U3 9THX U€TBEPOK PaBHbl, TO COOTBETCTBYIO-
LLIEr0 COCTOSIHUS He cylllecTByeT BoBce. TOT (haKT, uTo He CylIeCTBYeT CTallHOHAPHOTO COCTO-
SIHUSA, B KOTOPOM JIBA WJIK OOJIbILIEE YUCJIO0 SJMEKTPOHOB UMEIOT OJMHAKOBbIC KBAHTOBbBIE UHC/IA,
HasbiBaercs npuHumnom [Taymu. On 6bl1 chopMyIMPOBAH 10 OTKPLITHS KBAHTOBOH MEXaHHKH
B TCPMHHAX CTAPOH KBAHTOBOH TEOPHH.

[Tocsie ykaszaHHBIX BbIlLIe HCIIPABJIEHHH KaHOHHUECKOE KBaHTOBaHHe aToma Pesepdopa
JIaeT MaTeMaTHYECKYIO MOJIeJIb ATOMHBIX AIBJICHUH, KOTOPAs UPE3BbIYAMHO YCIIEIIHO OO bACHSAET
U TIPe/ICKa3blBaeT Pe3yJibTaThl CIIEKTPOCKOMHUECKHX H3MEePEHHI U XHMUUECKHX OIbIToB. OKa-
3bIBACTCS BO3MOXKHBIM, 10 KpalHeH Mepe B IPHUHLIUIE, CBECTH BCIO XUMHIO K UMCTO MareMa-
THUecKHUM 3ajauam. K coxkasieHuto, 3TH 3ajiaun, Kak MpaBUJIo, HACTOJILKO CJIOXKHBI, UTO Jlaxe
C MOMOLLBIO COBPEMEHHBIX BBIUUC/IUTENLHBIX MALIMH Mbl HE B COCTOSIHUM 3aMEHHUTb XUMHUKA-
sKcrepuMenTaropa. [lasee, nosyueHHast Mojiedib sIBJISIeTCS TOJBKO MPUOJIH3UTENLHON (NpaB-
J1a, B OOBIUHBIX YCJIOBHSIX 3TO NPUOJIMAKEHHE BIOJIHE JOCTATOUHO ), TTOCKOJIbKY OHA He TIPUHU-
MaeT BO BHMUMaHHe 3((eKTOB, CBS3aHHbIX C TeopHell oTHocHTesbHOCTH. Korna sHeprun Ha-
CTOJILKO BEJIMKH, UTO PEJISITHBUCTCKHE 3((heKThl HTPAIOT BAXKHYIO POJib, IPUXOAUTCS CTPOUTH
HOBYIO, GOJIee TOHKYIO TeOPHIO, KOTopasi pa3paboTaHa MoKa TOJbKO YaCTHUHO M elle OYeHb
HECOBEPLLUCHHA.

Bo MHorux c/yuasix KBaHTOBasi MeXaHHKa aToMa 103BoJIsieT 0JyYHTb CPABHUTE/IBHO MPO-
CTYIO KQUeCTBEHHYIO KAPTHHY XMMHUECKHX SIBJICHUH, B TO BPEMsl KaK TOUHOE KOJIMUECTBEHHOE
OMNMCaAHHE UX UPE3BbIUAlHO CJI0XKHO MJIH BOOOLE HEBO3MOXKHO. B KauecTBe oHOro rnpumepa
MBI B 3aKJIIOUCHHE KOPOTKO PACCKaXKeM O TOM, KaK KBAHTOBAsk MeXaHHKA OODBACHAET Cylle-
CTBOBAHME MEPHOIMUECKO CUCTEMBbI 3/1eMEHTOB. YuTaTes b yBUAHT, UTO HCIIPABJICHHS Halllel
CHCTEMbI, CBSI3aHHbIe CO CITMHOM M ¢ npuHuMnoM [laymu, urpator npu sTom BazkHyto poJib. He
TOJIbKO JJAHHBIE CIIEKTPOCKOIUH, HO H XUMHUECKHE CBOHCTBA 3/IEMEHTOB OblJIM Obl COBEPILLIECHHO
JPYTUMH, ecyii Obl KAHOHMUECKOE KBAHTOBAHHE OblJIO HEMOCPeACTBEHHO IPUMEHHUMO K aTOMy
Pesepdopna.

Ecun 661 He npuHumn [1aysn, To HanbGoJsiee yCTOHUMBBIM CTALlHOHAPHBIM COCTOSIHUEM aTo-
Ma ObL10 Obl TAKOE, B KOTOPOM KaXKIbIH 3JICKTPOH HAXOAUTCSA B COCTOSIHUH C IVIABHBIM KBaH-
ToBbIM urcsioM 1. [TosTomy caeioBasio Gbl 02KHATh MOCTENEHHOTO 6oJiee WM MeHee MOHO-
TOHHOT'O U3MEHEHHUSA CBOMCTB aTOMa C BO3PACTAHHEM UHMCJIA SJIEKTPOHOB, & He IIEPHOAUUECKOTO
M3MEeHEeHHsl, KoTopoe HabJto1aeTcst Ha camMoM Jiedie. OiHaKo B cuaty npuHumna [lay.um B cocro-
SIHMU C [JIaBHbIM KBAHTOBBIM UHCJIOM | MOXKeT HaxoAuTbCs He GoJiee IBYX 9JIEKTPOHOB: KOI/a
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n = 1,1 = m = 0 u s MOXKEeT IPUHUMATD TOJLKO 1Ba 3Hauennst ! /5. [TosTomy, Korna Mbl ne-
PEXOMM K aTOMy JIUTHsI C TPEMsl 2JIEKTPOHAMH, XOTs1 Obl OJIHH 3JI€KTPOH JIOJKEH HAXOJUThCS
B COCTOSIHUH ¢ 1. = 2. Bo3M0KHO Bcero 8 3/1eKTPOHOB ¢ 1 = 2: MoXKeT ObiTh [ = 0, m = 0,
s=+1/2uml=1m=—1,0,1, s = £1/2; rakum 06pa3om umetorcs 2 ssekTpona ¢ [ = 0
n 6 ¢! = 1. Korna mbl nepeiiieM K HaTpuio, atomy ¢ 11 3/1€eKTpoHaMH, OIMH U3 HUX JIOJ/DKEH
Oy/1eT HAXOJUTbCS B COCTOSIHUU C 1 = 3.

Tak npono/mkaercst u nanee. CyliecTByer Bcero

202-0+1)+22-1+1)+...+22(n—-1)+1)=2(1+3+5+...)=2n

pas3JIMUHBIX MHOXKECTB KBAHTOBBIX UMCEJI, €CJIM TVIaBHOE KBAHTOBOE UMCJ/I0 paBHO n. [Tostomy
BILIOTb 10 aToMa C 2 + 8 4 18 + 1 = 29 3/1eKTpoHaMH — aTOMa MeIH — He JOJIKHO ObITb
ATOMOB, B KOTOPbIX OJIMH M3 3JIEKTPOHOB BbIHYK/IEH MepeiiTH B cocTosinve ¢ n = 4. Ha ca-
MOM JieJie, OIHAKO, B3aUMOJIEHCTBHE 3JIEKTPOHOB H3MEHSIeT COOCTBEHHbIE 3HAUEHUS] SHEPTHH
HaCTOJIbKO, UTO GOJIbILIEMY IJIABHOMY KBAHTOBOMY UHCJIy He BCEr/la COOTBETCTBYET GoJiee Bbl-
COKHH ypoBeHb 3Hepruu. Kak nokaseiBaeT 6oJiee TiIATENbHBIH aHAIN3, N1€HCTBUTEIbHbIH MO-
psnok Oynet takos: 1-0, 2—0, 2—1, 3—0, 3—1, 40, 3—2, 4—1, 50, 4-2, 5—1, 60, 43,
5—2,6—1, 70, 6—2 (31ech nepBoe UUCJO paBHO 1, a BTopoe paBHo [). Boobiie, korna co6-
CTBEHHbIe 3HAUEHHS] SHEPTHHU JUIst IBYX 1 OJIM3KO JPYT K APYTY, COOTBETCTBYIOIME COCTOSTHUS
MOTYT 3amnoJHATbCS B o6paTHOM ropsizike. [IpuBonrmas Hike TabJmia MoKasbiBaeT, CKOJb-
KO 3JIEKTPOHOB KaKJ10ro THMa (T. €. C JaHHBIMH 1 U ) HMeeTcs B aToMax, HauuHasi ¢ 18-ro u
KoHuast 30-M.

[TocJie unHKa 3aroJiHeHNe 1LIeCTH COCTOSIHUI THIA 4—1 1aeT rnocJie0BaTe/IbHO aATOMbI raJi-
JIis1, TepMaHusi, MbIlIbSIKa, cesieHa, 6poma U KpunroHa. 3anosHenue coctostuuit 5—0, 4—2u 5—
| npopo/kaetcsi TOUHO Tak e, kak 4—0, 3—2 u 4—1, 1 naer HOBYIO cepHio U3 18 3/1eMeHTOB,
HAUMHAIOILYIOCS ¢ AKTUBHOTO MeTaJ/lyla M 3aKaHUUBAIOLILYIOCS MHEPTHBIM Ta3oM. TosibKo nepe-
XOJIs1 K aTOMy € D8 3JIEKTPOHAMM, Mbl MoJ1yuaeM 3JeKkTpoH ¢ [ = 3. Mmeercs 14 cocrosinuii
THNa 4—3, U 2J1eMeHThl, BHEILIHHE 3JIEKTPOHbI aTOMOB KOTOPbIX HAXOJASATCS B 3THX COCTOSHH-
51X, HAa3bIBAIOTCS peaKo3eMebHbIMU. OHH MPEACTaB/SIOT HEKOTOPYIO aHOMAJIHIO, MOCKOJbKY K
TOMY BpPeMeHH, KOTJIa 3JIEKTPOHbI JIOHIYT 110 COCTOSIHUSI H—3, si[pa CTaHyT CJHUIIKOM BEJHUKH,
4TOOBI OBITH YCTOHUMBBIMH.

Tabauya 1.
Yuci10 316 KTPOHOB B Pa3JMYHBIX COCTOSIHUSX
CocTrosiHue 3J1eKTpoHa
2—1[3-0|3—1[{4-0(3-2{4-1|5-0
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ATOMbI, B KOTOPbIX HpI/l6aBJIF[eTCH l'[epBbeI 9JIEKTPOH C HOBBIM OCHOBHbIM UHCJIOM, UMEIOT aHa-
JIOTHUHBIE CBOHMCTBA. JTO aTOMBI BOJ1IOPOJia U aKTUBHBIX HICJOYHbIX METAJJIOB. Te aTOMBI, KO-
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TOpPbIE UMEIOT HA OJIUH JIEKTPOH MEHbIIIE, SIBJISIOTCS MHEPTHBIMU ra3aMu. AHAJIOMHUHO 06CTO-
UT JIeJIO C IPYTHMH 3JIEMEHTaMH, TJi€, BIIPOUEM, MEPHOIMUHOCTD MPOSIBJISIETCSI HE CTOJb SIBHO.
Jlmna nepuonoB, KoHeuHo, Mensietcsi. [1epBbiil mepron uMeer IiMHy 2, C/eyiolye 1Ba —
JUIHHY 8, caieftytoliine iBa — 18 W nocjieinnil noJiHbii nepuoa — ayiuHy 32. [epBbiit U BTopoii
3JIEMEHTHI TIEPBOTO MEPHO/IA MOAOGHBI TEPBBIM U MOC/EHUM JIeMEHTaM CJIeyIOINX ABYX Te-
pHOJIOB cooTBeTcTBeHHO. [lepBble 1Ba U MoCJ/Ie/IHHE LIECTh 3JIEMEHTOB U3 TIEPHOJIOB JJHHBI 8
NoI06HBI COOTBETCTBEHHO MEPBBIM JBYM H MOCJIE/IHUM LLECTH 3/1eMeHTaM MePHOJIOB IHHbI 18,
HakoHer, ec/in HCKIIOUNTBL PeIKO3eMeJIbHBIE 3JIEMEHTBI, TO OCTAIOLHMECs 3JIEMEHThI TIepHojIa
JUTHHBI 32 TOJI0OHBI 3/1eMeHTaM MePUOJIOB JJIHHbI 1 8.

Mbl He 00'BACHWIIM, KOHEUHO, TIOUEMY M3 TIEPUOANUHOCTH KBAHTOBBIX UMCEJ JOJKHA CJle-
JI0BaTh MEPHOIMUHOCTb XUMHUECKUX CBOHCTB. [l/1s1 3TOr0 HaM norpe6oBasnoch 6bl MOCTPOUTH
KBAHTOBYIO TEOPHIO XUMHUECKHUX PEAKLHH, UTO HEe BXOIUJIO B HAILIM TIJIAHBI.
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MNPUJIO)KEHHE.

1. Boiciine npaBuaa or6opa. Bospacratoumii HHTepec K 3ToMy BoIpocy no6y»K1aeT Hac
OCTAHOBUTLCS HA HEM HECKOJIbKO M0ApoOHee, He OrPAHMUMBASICh KPATKUM 3aMeuaHHeM Clie-
JIAaHHBIM Ha cTp. 69. Mbl BUIe/ 11, UTO KBAHTOBAsI MEXaHHKA B €€ KJaccuueckoii (hopme, UyLei
ot (hon Hefimana siBasiercst cenctBuem cemu GoJiee Wi MeHee eCTeCTBEHHbBIX akCHoM (1—6 u
8) 1 o1HOI GoJlee WM MeHee MTPOU3BOJILHON aKCHOMBI 7. ApryMeHTbl, KOTOpble MPUBOUJINCH
JUIs1 ONIPABJAHKS STOH aKCUOMBI 7, BIIOJIHE MO3BOJIS/IM HAM [IPUHATL ee B 6oJ1ee 00L11eM BUIE.

Bbl10 66l HHTEpECHO MOCMOTpeTh, Kak H3MeHHUTCst Teopust poH Hefimana, ecsin oc1abutb
AKCHOMY 7, MPEeJTO0JI0KHB, UTO JIOTHKA MOXKET UMETb HEeTPUBHAJILHBIN LleHTp. [1J1s1 Bcex cucrteM,
YIOBJIETBOPSIONINX aKCHOMaM | —6, LIeHTp JIOTHKH SIBJISIeTCS] o-MOJHON GyJ/1eBOi aareGpoi, 1
NpOCTEHILIMM cayyaeM (KpoMe TPUBHAJIBLHOIO) SIBJISIETCS] TOT, Korja ata ajarebpa JAMCKpeTHa,
T. €. KOTJIa KaXK/Iblil 3/1eMEHT ajreOpbl sBJseTCs 00beIMHEHHEM MHHUMAJIbHBIX 3J1€MEHTOB.
[Ipu 3TOM MUHMMaJIbHBIE JIEMEHTbI OMpPEIE/ISIOTCS OJIHO3HAUHO W BCSl JIOTHKA B LIEJIOM O/1-
HO3HAUHO NPEJCTABJSACTCA B BUJE IPSAMON CyMMbl CBOUX KOMIIOHEHT, UMEIOLLIUX TPUBHAJIbHBIE
ueHTpbl. Takum 06pa3oM, ecTecTBeHHOe HeGoJIbloe ocabJeHre aKCHOMbI 7 COCTOUT B CJle-
JyIOLLIEM.

Axcuowma7. Jloeuka L cucmemor umeem ouckpemmuolil yeump, u Kanioas KoM-
NOHEHMQA YeHMPANbHO20 PABAONCCHUSL UBOMOPPHA CMPYKMYPe 3AMKHYMbLX 10ONPO-
cmpancms cenapadenbrHo20 6eCKOHeUHOMEePHO20 2Uibbepmosa npocmparcmasa.

[Tyets L = L1 @ Lo @ ... — TaKoe pas/oxkenne n H; — rujab6epToBO NPOCTPAHCTBO,
coorserctBylouee L;. TTonoxkum H = Hy @ Hy @ .. .; Torna L usomopdna noactpykrype
Lo CTPYKTYypbl BCeX 3aMKHYTBIX nojupoctpaHcTs H, 3amkHyToe noanpocrpanctso M C H
npuHauIeKuT Lo TOrIa U TOJLKO TOrAa, Korna M aBJ/sieTcsl 3aMKHYTOH JIMHEHHONH 000J10UKOH

noanpocTpancts My, Mo, ..., rne M; C H;. Ilycth o — BepostHocTHas mepa Ha L 1 a; —ee
o0

orpannuenue Ha L ;. Torna oz;- =yjaj,raey; >0, > v; = 1 — BepoaTHocTHast Mepa Ha L;.
Jj=1

O6partHo, ec/t au; — BeposiTHOCTHast Mepa Ha Lj, e j = 1,2,. .., U y; — HeoTpULATe/bHble

ﬂeﬁCTBHTeJIbeIe yucJa C CyMMOﬂ l, TO CYLIECTBYET €IMHCTBEHHAs BEPOSITHOCTHAsI M€pa & HA
L, Takas, uto
Oé(Ml,Mg,...) =7 oy +Y200+ ...

CoobpaxKeHusl, aHaJIOTHUHbIE TIPUBEJEHHBIM Ha CTP. 71 W UCHoJb3ylolle akCHoMy 8 U Teo-
pemy lucona, cpasy e MPUBOAT K 3aKJIOUEHHIO, UTO KaxK1asi BEPOSITHOCTHAsI Mepa Ha L
orpeiesisieT HEeKOTOpoe COCTOSIHUE.

$IcHO, uTo Mepa o MOXKeT ornpeje/siTb UNCTOE COCTOSIHUE TOJILKO B TOM CJlyuyae, KOrja
a(J;) = 0 nns Beex j, kpome oaHoro. Takum oGpasom, HauGoJee obliee YHCTOe COCTOSHHE
Mbl [IOJTyUHM, BbIOMPAsi TPOU3BOJIbHBIF €IMHHUHbIH BEKTOP ¢ B HeKoTopoM H; 1 roJiaras

a(My, My, ...) = (PM] (©)le),

rie Py, — npoekrop Ha Mj. CooGparkeHusl, IPUBEJIEHHbIE HA CTP. 72, MO3BOJISIIOT HAM, KaK
1 NIpexJIe, OTOX/IECTBISAT HAOJMOAAEMbIE C CaMOCOMpPsKeHHbIMU onepatopamu B H. Onna-
KO Terepb HabJIl01aeMyto ofpejiesisieT yxKe He Jto0oil camoconpsikeHHblil onepatop A B I, a
TOJILKO TaKoii, y KOTOPOro Bee onepatopbl P4, BXOASIIME B €ro CHeKTpaibHOe pas/oKenue,
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SBJISIIOTCS TIPOEKTOPAMH Ha 3JeMeHThl L. DTO HMEEeT MECTO B TOM U TOJIbKO B TOM CJyuae,
Korzna A nepesoaHT Kaxuoe H;, B cebs. MTak, Mbl HMeeM B TOUHOCTH Ty K€ CHTyalHIo, KO-
TOpasi OMUcaHa Ha CTP. 72: UUCThble COCTOSTHUSI COOTBETCTBYIOT €IMHUUHBIM BEKTOPAM B HEKO-
TOpPOM TH/ILGepTOBOM NpocTpaHcTBe H, a HabJ0laeMble — CaMOCOIPSIKEHHBIM OllepaTopam
B . Onnako Ternepb BCTPEUAIOTCS yXKe HE BCE eIMHHUUHBbIE BEKTOPBI U HE BCE CaMOCOMpsi-
»KeHHble oreparopbl. BeKTop ¢ BcTpeuaercst TOJbKO B TOM CJlyuae, KOIJla OH JIEXKHUT B OJIHOM
U3 3aMKHYTBIX MojuipocTpaHcT H;, a camoconpsiKeHHbIi onepaTop A BCTpeuaeTcsi B TOM H
TOJIbKO B TOM catyuae, koraa A(JH;) C J(;, ans Beex j. [To Tepmunosornn Yaiitvena, Buka u
Burnepa [Wightman, Wick, Wigner, Phys. Rev.. 88 (1952), 101-105] mexxny F(; u Hj, nipu
J # k nelcTByIOT ,,BbICILIME NIPaBUJa 0TOOpa“. B TOJMBKO UTO yIIOMSIHYTOH CTaThe MPUBOJISITCS
(busHUecKHe NOATBEPXK/ICHHS! TOTO, UTO TH BbICLIKE MpaBUia 0TOOpa JA0JKHbI CYLLLECTBOBATD.
DKBUBAJIEHTHOCTb (DAKTa CYIIECTBOBAHHUS BBICILIUX MPABUJ 0TOOPA U 3aMeHbl aKCHOMbI 7 aK-
CHOMOH 7’ He3aBUCUMO 3ameTuJ1 [enpu Muruen.

OkBUBaJeHTHast (POPMyJIMPOBKA aKCHOMbI 7’ 3BYUHT CJEAyIOLIMM oOpa3oM: Jioruka L
9KBUBAJIEHTHA CTPYKTYpe BCEX 3aMKHYTbIX MOINPOCTPAHCTB IMibOepToBa npocrpaHcTBa H,
MPOEKTOPbI HAa KOTOPbIE MPUHAJITIEKAT HeKOTOpoii anrebpe don Heitmana, umeronied nuckper-
HbIH LEHTP W He cojlepzKallell KOHeUHbIX KOMITOHEHT. Ecsii Mbl 0TOPOCUM OrpaHHUEHHsT Ha aJl-
re6py ¢pon Heitmana, To npuiem kK HoBoMmy oc/1abJIeH|I0 aKCHOMBI 7, TP KOTOPOM LEHTp L yxKe
He 06513aH ObITb IMCKPETHBIM H JI0ITyCKaeT ,,60€CKOHEUHO MaJible” KOMITOHEHTbI B LIEHTPaJIbHOM
pasJiokKeHuH; B 3TOM CJlyuae Joruka L H3oMopgHa MHOXKECTBY BCeX MPOEKTOPOB B (akTope
¢on Heiimana — Mioppest tuna Il nan [11. Mbl He OyieM nbITaThCs1 1aTh MOJHBIH aHAJTU3 3TO-
ro 6oJiee 0OLLErO C/1yuasi, a OrpaHUUMMCS TOJIBKO JBYMSI 3aMeUaHusIMHU; 1) ecsin LeHTp umeer
HEJIMCKPETHYIO UacTh, TO YHCThI€ COCTOSIHUS HE MOTYT CYILIECTBOBATh; 2) €C/IM LEHTP HEUC-
KpeTeH, TO MOTYT CyLIeCTBOBATh OJIHONAapaMeTpUuecKue rpymnrbl aBTOMOP(U3MOB, KOTOpbIE
3(h(heKTUBHO NEHCTBYIOT HA LEHTPE; MHPHUHUTE3UMANIbHBIE 00pa3yIoliie TAKUX TPy He CO-
OTBETCTBYIOT HUKAKUM HA0J110/1aeMbIM.

O6cyxKienre BBICILMX MTPaBUJ 0T60pa U OJIM3KHX BOMPOCOB C HECKOJIbKO MHOM TOUKH 3pe-
HHUS uMTaTe b HailleT B paboTtax iBeinapckux yuennix [Lauch, Helv. Phys. Acta, 33 (1960),
711-=726; Lauch, Misra, tam xe, 34 (1961), 669—709].

2. NlonoanutenbHbie 6udanorpaduueckue ykazanusi. Hurarenb Hainer noapoGHoe
CHCTEMATHUECKOE H3JI0KEeHHE TeOpHH 6eCKOHEUHO U hepeHIInpyeMbIX MHOr0OOPa3Hil B KHU-
rax Jlenra [Lang S., Introduction to differentiable manifolds, Wiley-Interscience, New York,
1962] u Xesracona [Helgason S., Differential geometry and symmetric spaces Academic,
Press New York, 1962; pycckuii nepeoj: Xesracon C., Jluddepenimanbuas reoMmerpus 1
CUMMeTpHUECKHe MPOCTPaHCTBa, U31-BO ,,Mup®, M., 1964].

W nest nenosib3oBanust Teopuk HHGOPMALUMK 151 00bSICHEHHUS! POJIM KAHOHUUECKUX COCTOS1-
nu# [u66c¢a (pasz. 1.5) Bo3HMKIA y aBTOpa HE3aBUCHMO, HO BIIEPBbIE MOSIBUJIACH B JIMTEPATYPE,
no-sugumomy, y Jlkeitneca [Jaynes E. T., Phys. Rev., 106 (1957), 620-630].

Bornpoc o pa3sioxeHud B NPsIMO# MHTErpaJl, MOJAHATHIN Ha cTp. 68, Obl1 H3yueH ApsaHom
Pemcu B ero rapsapickoil nucceprauuu. [To-BuanmMomy, nosyuuTh 3/€Ch 10CTaTOUHO OOLIHH
pe3yJibTar OyeT 3HAUUTEIBHO CJI0XKHEE, UeM MpeJrioJiara aBTop, Korja nucasl 3Ty CTPaHHLLY.

YTBep:K/IeHHEe OTHOCUTE/ILHO BOIMPOCOB, JIOMYCKAIOLIMX OJIHOBPEMEHHbIE OTBETHI, C/le/1aH-
HOe Ha cTp. 67, Obl1o noKa3aHo Bapanapamkanom |Varadarajan V. S., Comm. Pure Appl.
Math., 16 (1962), 189-217]. lokazaTesbCcTBO 06JieUeHO B JIOCTATOUHO H3SIIHYIO (hopMmy
,,HEKOMMYTAaTHBHOH TEOPHUU BEPOSITHOCTEH U ee CBsA3€eH C KBAHTOBOH MEXaHUKOH.

[ToHsiTHE ,,ecTecTBEHHOro rMbLOGEpPTOBA MPOCTPAHCTBA", UCITIOJIb30BAHHOE B pa3/l. 2.6 sl
000011IeHHbIX KOOPJIMHAT, ObLI0, MO-BUIMMOMY, BriepBble ony6ankoBano LlBapuem Schwartz L.,
Publications de I'lnstitute Statistique Univ. Paris, 6 (1957), 241-256], koTopblii TakKe BBeJ
ecTeCcTBEeHHbIe PoCcTpaHcTBa LP. ABTOp NpHilies K STOMY MOHSITHIO HE3aBUCHMO, U OHO BCTPe-
yaJioch B HEOMyOJJHKOBAHHOM BapHaHTe 3THX 3aMeToK 1956 T.

pyrue noaxosbl K KBaHTOBaHHIO B 0000IIIEHHBIX KOOPAUHATAX MOXKHO HAHTH B CJIEyI0-
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Hied JuTeparype:

1. Brillouin L., Les tenseurs en mechanique et en elasticité Chap. [X, Dover, New York,
1946.

2.de Witt B. S., Phys. Rev., 85 (1952), 653—661

3. Segal . E., J. Math. Phys., 1(1960), 468—488

Crpannupl 171—175, rae uaer peub 0 6€CKOHEUHOMEPHBIX JIMHEHHBIX CHCTeMAaX, OblJIM Ha-
NUCaHbI MOJL CUIbHBIM BJMsiHMeM ctathd Kyka [Cook J. M., Trans. Amer. Math. Soc., 74
(1953), 222-245]. PazButue 3T0i TeMbl U JaJbHEHIINE CCIIKA MOXKHO HalTH B KHure CuraJjia
[Segal I. E., Mathematical problems of relativistic physics, American Mathematical Society,
1963; rotoBUTCS K MeuaTu pycCKui mepeBo).
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