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NPEANCIOBHUE

B macrogmei Kuure uararaeTca ofUH U3 aCHMIITOTHYECKIX
METOOB JHHEWHOoW MaTeMaTM4ecKodl PUIMKH — METOI KaHo-
HHYECKOTO omeparopa. ITa KHHATA ABIAETCA MPOROINKeHHEM
u passuTueMm pabor [38], [39], [43].

OcuoBHEIE ueN HACTOAMEH KHUTH H3JI0KEHHL BO BBeje-
unu. Huura cocromr m3 nByx gacredl. B mepmoil wacrum mo-
CTPOEHA TeopUA KAaHOHHYECKOTO OIepaTopa, BO BTOPOH dacTu
KHUTHW LpUBeIeH PAX DPHIOKeHHHE KaHOHHYECKOTO OLeparopa
K KOHKPETHBHIM 3ajadaM MaTeMaTudecKoil Quamiu.

ABTOpH cUATAIOT CBOMM IPHATHRIM [JOJIOM BEIPA3UTh
6rarogaprocts C. M. Iugmnuuny, cremapmemy psif MEeHHEX
3aMevYaHmil.

Asmopur



BBEJEHHE -

1. Pasnnuueie 3afadm mMaTeMaTHuecKoll u TeopermuecKoi
QHU3UKYN IPUBOAAT K AuddepeHHaJbHEM YPaBHEHAAM ¢ 4acT-
HHIMH MPOM3BOIHKIMHA, KOTODPHE COJEp:KaT MaXbii mapameTp
pH CTAPMUX OPOU3BOAHNX, [ mocTpoerns npulbamKe b X
peImeHHi TaKHX ypaBHeHHI M3XaBHA NPAMEHIOTCS aCHMITO-
THYECKIe MEeTOJIE.

B mocmennue pmecaTHNeTHS ACHMIOTOTHIECKHEe METORBI Jil-
Helinoil MareMaTnueCKol QUMK IePe;KUBANT NEPHOJT PaciiBe-
ta. Cdepa pmeHcTBHsA STHX METONOB DACIIMPAETCA: OHU He
TONBKO IPOROIKRAIOT HPHMEHATHCA B TPAJUIMOHHEIX pasfe-
Jax MareMaTH4ecKo#l GU3MKU, HO H OKa3hIBAIOT CYIHECTBEHHOS
BIMAHEE HA paszsaTHe o0meR Teopun AudepeHHaNbHEX
ypaRHeHHI ¢ WacTHRIMH IPOM3BORHHIMU. B mociegmee Bpemsa
BHRISACHMIOCEH, YTO CYMECTBYET eJUHHI MONX0M K MeNoMy pAAY
3affav, KOTOPHeE HAa HePBHIIl B3TIAX BechbMa RaNeKd OpPYT OT
apyra. lMeHHO, OJJHE M Te ;Ke METOJHl IPUMEHIIOTCSA K 3aJade
00 mcenefoBaHNH ocobennocTell BeMeHTAPHHX pemeHu aug-
depeHnMaTbHEIX YpaBHEHHH, K BompocaM JOKANbHOH paspe-
muMocTH AudepeHIMalbHEX YPaBHEHUN, K HCCIETOBAHIIO
ACHMITOTHKY pemeHusA 3agaun Homu ¢ GHCTPO oCHuiaupyio-
MIMH HAYaJbHBIMHA AaHHBIMH, K 3ajla9e 0 PacupocTpaHeHHH
pPas3pHBOB (GYHAAMEHTAJBHOTO PeHIEHNS TIunepdoandecKoro
YpaBHeHuA, K 3ajade O pAaccesHAHM B KBAa3HKIACCHIECKOM
npubJanKeHun AJiAd yPaBHEHHHE KBAHTOBOM MeXaHWKHU, K [O-
CTPOEHHIO BEICOKOYACTOTHOH AaCHMITOTHKM 3ajad TeOpUH
JuQpaKnun BOJH, K 3agadaM 00 acHMITOTHKE COGCTBEHHHIX
3HAYeHN# U COOCTBeHHEIX QYHKIUN auddepeHIHaTbHNX Ome-
PaToOpoB, K HCCIEAOBAHMIO o0COGeHHOCTEH pemenuit mu-
depeHnuaNBHEIX ypaBHeHUH ¢ UACTHEIMA IPOM3BOMHEIMHA
C aHAIUTHYECKNMU KodpPumueHTaMH H K APYTHM 3ajadaM.

B macTosme#l KuHre m3TaraeTcs OfUH U3 OCHOBHBIX ACHM-
OTOTHYIECKUX METONOB JNHHeliHoll MaTeMaTHUeCKol (M3UKM —
MeTof KaHOHUYECKOI'0 OIEepaTopa W HPUBORWTCA PAX HPHIO-
MEeHHHl MeToJa K KOHKDETHHM 3ajadaM. JTOT METOJ IO-
BBOJIACT NOCTPOMTH AaCHMIUTOTHKY B IleJOM peIleHHA 3ajadd
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Homn ¢ GHCTPO oCHMAAUPYIONNME HavYadbHHIMA KaHHHMU,
pelmenns 3afaqM O IOJe TO4eYHOr'0 HMCTOYHHMKA B HEOTHOPON-
HOH cpefie B KOPOTKOBONHOBOM HNpUGNIKOHHNM H DelleHui
pAnfa aApyrux 3agad. M HageeMCs, 4TO BO3MOKHOCTH METOHA
KaHOHMYEeCKOT0 omeparopa nadeKo He WMCYEPIAHH; B 9acT-
HOCTH, BTOT METOJ, HECOMHEHHO, Haiiffer IpHMeHEHHe K Kpae-
BHIM 3ajjadaM MareMmaTuuecKoil ¢uaumKm.

MeTo KaHOHMYECKOT'O OmEpaTopa ABASETCHA OTPaKeHHeM
ray0oKoTo AyasmaMa BONHA — 9AaCTHIA: B KBa3WKIaccHue-
CKOM IpubJauKeHENH KBAHTOBOMEXaHNI6CKHIe BeTHIMHE OMICH -
BAlOTCA B TepMUHAX RJIACCHYCCKOH MEXAHWKH, 8 3aKOHH BOI-
HOBOH OLTHKHU NEPEXOJAT B 3aKOHH reoMeTpHuecKod ONTHKH.
MaremMaTH4ecKUM SKBHBAJEHTOM HTOLO [AyaJau3Ma CHY/KHT
IBolicTReHHOCTD, CBA3LIBaIOMmasn nmpeobpasopanne Dypbe U Ka-
caTeJbHEe HpPeobpasoBaHMUs.

B ocHoBe MeToma KaHOHHYECKOTO OIEPAaTopa Je;KaT ujieH,
Bocxogamue K II. JeGato, I'. Buprrogy [73], B. A. Dory
[62], C. JI. Cobomeny [52], H. Jlepe [34] u mmorum gpyrum
MaTeMaTuKaM u (QU3NKaM.

Bo BBefenmm K HacTOsAmeHd KHATE MEL IOCTAPATHCH, OT-
BIGKasgch OT HEOOXOMUMMHX, HO [O0CTATOYHO TI'DOMO3JKHUX,
TeXHAYeCKUX Jieraneil, u310KUTh BCe OCHOBHEIE MJEH, METOJIL!
U pe3yabTaTH HACTOAMEH KHurm.

2. Tunwunbiv mpEMePOM 3afad, KOTOPHE PacCMATPUBAIOT-
¢A B Hacrosme#l KHure, sBAseTcs 3agata Homm c GHCTpO
OCHUINUPYIOMUMHA HAYAAbHHMH [JaHHHMH I YpaRHeHHA
[Ipegunrepa

20— — T AY4-V (2) (0.1)

Plimo =, (2) exp [+ S, () |- (0-2)

3necy z € R*, ¢yurmuu V (z), S¢ (x) BemecTreHHO3HAYHB
u Geckoneuno puddepernupyemur, Gyarmma P, (z) € C5 (R™),
T. e. ¢uHATHA U OecKoHeudo nauddepeHnupyema. Tpebyerca
BHYACIAATE acumurorury pemenns samauad (0.1), (0.2) mpu
h— 4+ 0unopm z € R%, 0 <<t << T, . e. 3a n1060e KOHEYHOS
ppema T.

CoorBercIByOmMue acCHMOTOTHYECKHE POPMYIH HOCAT Ha-
3BAHUE (KBAUKAACCUUECKOe NPUBAUICCHUESY WIN (KBA3UKAACCU-
Yeckas AcCUMNMOMUKAY,
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O6o6mas Ty 3ajiady, PacCMOTDAM YypaBHEHHE
L (z, A'D ) u (z) = 0, z € R, (0.3)

o BceMm mpoctpascTRe R™. 3mech A >0 — Goxbmioli mapa-
metrp, L — muddepermuanbHEN onepatop
m
L (z, A1Dy) —_—, D ag (2) (A1D,)®
o[=0

1 OPUHATH CTAHAAPTHHE 0003HAUEHUA: 0= (0, Qgy s « .y Op) —
MYJABTHHHEKC, 0; == 0 — mexasie umena, | o | = of - oy -
4ot a,
1 9 1 d
Da=(7 0 T 5)
o 1 4 (=t 1 4 \%n
Dx“(? 63:1) (Taxn) ’

Qyurnus
m
L(z, p)= X aq(z)p*
la]=0
HaseiBaercsa cumsosom oueparopa L (sgech p = (piy Pa, -
LR ] pn))-
Ypasuenue lpeguurepa (0.1), oweruguo, umeer sug (0.3),

e A =h":

L,z E, p):E—}—%(P, py+V ()

(£ — mBoiicTBeHHAs K { HepeMeHHAas). YTJOBHIMH CKOOKa-
mu (-, - ) 30ech u Janee obo3iavyaercsa CRajJsgpHOEe NPOM3BE-
menue (HEPPMHUTOBO).

Muorue ypaBHeHus MaTeMaTHUeCKOll Pu3HKM TaK:ke nuMe-
tor Buf (0.3), naupumep ypapuenue ['eabmronsna — ypaBHe-
HIEe BOJHOBOH ONTHKM U BONHOBOH aKyCTHEH:

(A - k*n? (2)) u (z) = 0.
B mamnom ciywae k = A, a cumBon L (mocne pmenenus Ha k2)
uMeer BUT ‘
L (z, p)= —(p,"p) +n*(x).
Acumnroraueckue (upu k — -}-oo0) GopMyns mia peme-

Huit ypaBuemna l'enbMronbOma HABHBAITCA KOPOMEOBOLH(EbL-
MU (OIH  GHICOKOYACTMOMHBMU) GCUMNRIMOMUKAMUL.
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Bup (0.3) umeror Tax:xe cucrema ypaBHenm# Mawkcrenia,
cucrema Jlmpaka, cumcTemMa JUHEHHOH TEOPHH YIPYTOCTH
H MHOTHE [Apyrue.

Hac unTepecyer acummnroruka mpu A —- - 0o HEKOTODOTO
pemernus ypasuenus (0.3) Bo Bcem mpocrpamcrse R. He
0ymeM moKa YTOUHATH IIOCTAHOBKY 3aMayd; B KAa4eCTBE MPH-
Mepa MOKHO NpefCTaBUTh cefe 3afady O pPacCesuuH s
ypaBHeHUs [exbMTONBIA.

Haunem ¢ eme Gosree mpocToit 3ajfaun 0 MOCTPOSHUN aCAM-
OTOTHYECKOTO pemenus npu A — oo ypasmemna (0.3)
8 HeKoTopoil obmactn mpocrpamcresa Ry, Pemus o1y moraab-
HYIO 3a7a4y, MOKHO 3aTeM IONKTATLCS CIUMTH U3 JTOKAILHbIX
pelmeHuii peleHwe B ILEJIOM.

3ajaua 0 TOCTPOGHHU aCHMITOTHRH PONICHHH, KaK H3BECT-
HO, COCTOMT M3 ABYX uacreii: 1) mocrpoenme dopmanbuOro
aCUMIITOTUYECKOTO pemieHns; 2) cTporoe oGoCHOBAHHE MOXY-
YeHHOIl aCHMITOTHKH.

Metonpr penienus 9THX ABYX 3ajja4, Kak mpasuio, abco-
JI0THO Da3TH9HH, # BO BBeJeHUW OYIeT pPacCMATPUBATHCH
TONBKO HepBasf M3 HHUX.

Chenaem eme omHo 3amedanme ¢ TeM, 4ToOH HE BO3Bpa-
MATECA K DTOMY BONPOCY.

Sameuvanue Hosbdunumenrnr omeparopa L npen-
monaraiorcs GecKoHewHO AuddepeHuupyeMHIMA [pH  BCeX
z€R" a B caysae uHagmoOHOCTH — (UHATHBIMA WHJIH e
OBICTPO BEIXOMAMIAME HA KOHCTAHTH Iipu | z | — oo. CmmBox
L (z, p) Bemectrennosnauen. [lasee, Bo BBEJGHUH ML O3B0~
nuM cebe m3narats Bee GaKTH Ha ypoBHe O0MEro moJoxeHnsd,
T. €. IHCATH YTBEDKASHUA, KOTOPHE CTAHOBATCA MaTeMaTH-
YeCKM KOPPEKTHHIMH IoCje J00aBAEHUS eCTECTBEHHBIX Ipef-
nonoskenuii. HoppeKTHoe wmamoKenme BcCeX HTHX (AKTOB
U COCTABJAET COTEP/KAHUE HACTOAMEN KHUIH.

3. Bynmem ucrars pemenue ypasuenus (0.3) B Bume fop-
MaTbHOTO DPANA

u(x, M) ==exp [iAS (z)] ,-__20 (N~ ¢, (z), (0.4)

roe S (x), @; () — Henssecture ¢ynrmau. Ecauw xoaddu-
OUeHTH omeparopa L mocrosmubl, To ypasmemue (0.3) umeer
TOYHHE pemeHHA B BHIE IUIOCKHX BOJH

u (z, A) =exp [iA(z, p)],
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rae p — nocroguusrit BekTop. @ynrmmo (0.4) MokHO HHTEpD-
OpeTHPOBATL KaK MCRAKEHHYI0 ILIOCKYIO BOJHY.

dror Meroy — HcKaTh pemenue B Buge (0.4) — wamasHa,
eme co Bpemen I'puma u Jluysuaasa (1837 r.), Oun m3BecTes
B OOHKHOBEeHHHX qudpPepeHmuanbHex ypaBHenusx. [laa
ypaBHEHHIl ¢ YACTHLIMH NPOM3BOMHEIMH DTOT METON OHLI
OpeIosKeH 3SHAMEHUTHM aHTTHICKIM QU3NKOM H MATEeMaTHKOM
ITI. JleGaem ® 1911 r., a Takixe Bemrneaem, Bpummosnom,
Hpamepcom miis 3amau kamropoii mexammkm (meroq BHB).

Moncrapum psg (0.4) B ypasmenme (0.3), coxpatuM Ha
sxenomenty exp (iAS) ofe uwacTH HOAYUEHHOIO YpPABHEHHSA
O HpupaBHsieM K HYmi0 KodPduumentsr mpu cremensx (i)Y,
(iA)~ 1. Kosdumment npu (ih)® pasen L(z, 98 (x)/0x)@o (2);
OTCIOfia HAXOMUM, UTO

L(z, Z2) 0. (0.5)

Lus ypasuenns Illpenuurepa ypasmernue (0.0) ecth ypanHe-
une lamunbrona — fIko0u KnaccHmuecKol MeXaHWKH:

e (VS V (2) =0, (0.6)

Pemenne ypasmenus (0.6) ectb Kiraccmueckoe Oeticmeue.

Yparuenne (0.5) GyneMm HaswiBaTh ypaeHernuem I anuivmo-
na — A kobu nnm xapaxmepucmuieckum ypasgHeriieM, OTBeda-
omuym ypasaenuio (0.3). Ilna ypasmenus [enbMronbiia xapak-
TePHCTHYECKOe YPABHEHNE €CTh W3BECTHOE U3 TeoMeTpHUIecKol
OLTUKU YpaBHEHUWE JlUKOHAIA:

(VS (2))* = n® (z).

Dyuknuio S () — pemenne ypasmenusa Famunprona — fKo-
6u — OydeM HasHBaTL zapakmepucmukol omeparopa L
unu deticmeuen (mo amanornu ¢ ypasmenuem (0.6)). Mur pac-
CMAaTPHBAEM TONLKO BEIIECTBEHHBIE XapaKkTepUCTURM. VHEIMu
CT0BaMH, YpaBHEHHE

Lz, p) =0,

rae p = (p1, . . -, Pn), ROJKHO ompeneaats C~-MHOT006pasue
MaKCHMaabHON BO3MOKHOH pasmepmoctn 2n—1 B mpocTpan-
cree R: X Rp.

Ypasuenne Famunbrona — fIko6u (0.5) ecth Henmueiinoe
ypaBHeHHE ¢ YACTHHME IPOM3BOMHEIMH LEpPBOr0 HMOPAIKA.
Taxoe ypassenne mosxer au6o BQBCe He MMeTh pemenmid Ges
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ocobéEEOCTEH BO BCeM mpocrpaHcrBe R}, mmbo Kiace TakdAx
pemeHHE MOMKeT orasarhbcA Becbma Oepmpiv. Hampuwmep, Bes-
Koe pemreHHe ypaBHeHHA slikoHana (VS (z))? = 1, npunan-
aexamee C* (RY), ABuserca auneiinod ¢ymrmmeir z. 910
U eCcTh Ta OCHOBHASA TPYZHOCTH, ¢ KOTOPON MBI CTAJKHBAEMCSH
NP DOUETKE IOCTPOUTH ACUMITOTHYECKOE DEIIOHAe B I{8IOM—
Bo BceM mpoctpaHcTse. Heanss HOCTpoUTd pemesue B 1eIoM
B Buge psga (0.4) — m1d mOCTpOGHHMA pemeHus B IEIO0M
TpeOyTCA HOBHE HJEH.

Hauneum ¢ uccaeorannsa ypabuenuss [amunnrona — flko-
6u (0.5). UroGrr BEIIETHTH €HHCTBEHHOE pENIEHNE, IOCTaBIM
sagauy Homm ma (n—1)-meproM wmmoroobpasum z = [ (y),
y€ U, rnpe U — obnacts B Rj™:

S (z) = 8¢ (). (0.7)

OpnuM W3 CAMEIX 3aMedYaTeJbHHX JOCTHKEHHWI awaamsa
ABNAETCA CcBefeHHme uHTerpmpoBaHma samaud Homum (0.6),
(0.7) nna menuueiHOTo ypaBHeHHA IEPBOTO IOPANKA ¢ 4acT-
HEIMH HPON3BOJHEIMI K MHTEIpHpoBauuoo 3afaun Komm s
cucTeME OGHKHOBEHHHX jgudpepeHrnnaibHLX ypaBHEHUHA

dr _ 0L (z, p) dp _ 9L(z, p) (0.8)

A - op ' di dz
¢ pmamgmMup Komm

Zl—o=2(), pl=o=p"(y), ye€U. (0.9)

3mecs z° (y) = f (y), a p°® (y) Oynmer yrkasamo mmme. Cucremy
(0.8) Oymem mnasmiBaTh cucmemoli Iamuabmona, accouupo-
BaHHOH ¢ oneparopoM L, uim Guzaparxmepucmuueckoti cucme-
moti. DazoBme TpaekTopuu cmcreMsl [ammiabroma {z =
=z (¢ y), p=p(, y)} B Pasoeom npocmpancmse RI*,
GymeM wWaswWBatTh Ourapakmepucmuramy ypapuermsa (0.3)
HIU IPOCTO MPAeKMOpuAMU, a HUX uUpoexgud z = z (f, ¥)
ma RE — ayuamuy. Hmwe MBI mcmonbayeM psaj H3BECTHBIX
($aKTOB U3 TEOPUU YPaBHEHNH] ¢ YACTHEIMU N POUSBOIHEMA U U3
riIaccudeckod mexaumkn (cm. [4], [13], [16], [26]1, [51], [52]).
IlepeMenusie £ GyneM Ha3HBATh K00PIUHAMAMU, TIEPOMEHHIO
D — UMRYAbCAMU.
Bhoxar OnxapakTepucTuku nMeeM

dS = (p, dz). (0.10)
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Ilpuumna, B cuny woropoil pemenue S (z) sagaun Komn
(0.6), (0.7) mosxer okasaTecsA HerIagrodl yHKmueil, TaKoBa.
@dasoBEHe TPaeKTOpUU TaMEJIBTOHOBOM CHCTeMHl He IepeceKa-
JOTCA B CHIIY TEOPeMbl CYMECTBOBAHMA M eUHCTREHHOCTH LA
HOPMalIbHOH cucreMEl OOHKHOBEHHHX auddepeniimaibHEX
ypaBuennit. (IIycrs, miad mpoctorh, pemenue 3agaun Homm
(0.8), (0.9) cymectByer u GeckoHeuno guddepeHIUPYeMO IpU
eex £ € R.) Opmako mpoeKnun GuxapakTepHCTHR HA Z-IPO-
¢TpaHcTBO, T. e, ayum = = z ({, y), MOTYT IepeceKarbCsd,
Kacarncsa, cobupaTnCsi B OQHY TOUKY
ur. 1. [Hogcaum Gonee mogpobHO, K ueMy
sro npuBopmr. Oyswuua S, B caay
(0.7), (0.10), umeer BuUS

i
8zt =56+ | (p 5 ) o

(=)

rae wHTerpan Gepercsa BIOLD TPAeKTO-

pua x =z (¢, y), p = p (¢, y). Takam

obpasom, S — raagkad QyHKIUA B (KpH- Puc. 1.
BoamHeHHKX Koopauaaraxy (¢, y). Ecan

coorBercTBEE Z< z (f, y) B3aUMHO O{HO3HATHO, TO BMECTO
KooppguHar (i, . .., Z,) MOKHO BBecTH KoopaumuaTH (£, ¥,,...
.« vy Yn-1). [Lasa TOTO HEOOXOMUMO oTIHYKE OT HyIA AKOOHAHA

- oz (¢, y)
J (¢, y)-det=———a<t’ o

Ilpu ¢ = 0 sror AKoOMAaH OTIMYEH OT HYIA, uTo GyHeT
HOKa3aHO HUKe; OJIHAKO BOBce He 00A3aTexbHo, YTOOH AKO0H-
aun J (¢, y) Ol oTam4eH OT HyJd mpH Beex (£, y). B Toukax,
rae J = 0, nepemensnste (¢, yy, - - ., Yn—1) ABIAIOTCA HETIAJ-
KHMH HJIHM HEONHO3HAYHHMH (PYKumAMH 0T (X, ..., Z.),
Tak uTo S Oymer HeTHAamKoON WIHM HEOAHO3Ha4YHON PYyHKIHeH
oT z. B onTWKe NpHHATO HA3HBATH MHOT000pasHA, HA KOTO-
pux J (¢, y) =0, raycmukamu cemefictBa nydeRn z ==
=a(t y) (ye U, t€ R), a rourn va ayue z = z (¢, ¥?),
B Koropwix J (¢, y°) = 0, — gorasvrsimu Toukamu (puc. 1).

Hrax, cymecrBoBaHme RayCTHK ceMelicTBa Jyuedl z =
"= 2 (f, y) ecrb OPENATCTBHE K MNOCTPOCHHI0 ACHMITOTHKZ
Buga (0.4) B memom. _

4. 3amermM, wro xora cemelictBo ayden z = z (¢, y)
HMEeT KayCTHKH, CeMeHCTBO TpaeKTOpHH z =z (¢, y), p =
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= p (¢, y) me ameer Kayctmk. Ilycrh gt — cdsue sa epema t
BHONb TpaeKkTopui; B wactHocTH, g (2° (y), p°(¥)) =
= (z (¢t y), p(t y). HNaunmie Homu (0.9) ompemensror
(n — 1)-meproe wmHoroo6pasme AJ™! B ¢asoBom mpocTpaH-
cTBe. IT0 MHOroo6pasme BoBCe He ABJAETCH NPOU3BOIBHEIM:
HeOOXOAUMEIM YCIOBHeM CcoriacoBagma 3afad Homu gna
ypasgenusa lamunabrona — fIkobm m gua cucremsr [aMmns-
roua samasercs, B cuny (0.10), Tak HasHBaeMoe «yCIOBHE
HOJIOCKI»:

(P° (), dz° (y)) = dS, (y), yeU.

JTo ycaoBHe o3Hauaer, uyTo jguddepennmanbuaz 1-gopma
n

ol =(p, dz) = 2 p;dz; (0.11)
i=1

samrHyTa (1. e. do' = 0) Ha HauaxbpHOM MHOToOOpasmm A},
Muoroobpasus B pasosom mpocrparcrse R, Ha KoTophix
samMruyra QopmMa o', T. e,

dot= Y dp; A da;=0, (0.12)
=

Ha3HBAWOTCH J4A2PAHNCEEHBIMU MH02006pasuamy, U SABIAIOTCA
BayKHeAmuM OoO0BEKTOM aHAJNTHYECKOW Mexaumuu. VHevu
CIOBAMH, JarpaHyKeBO MHOT000pasme — 3TO TaKoe MHOTO-

o0pasue, Ha KOTOpOM j {p, dz) me zasucum om nymu (io-

KaurbHO). Hak m3BecTHO M3 aHANUTHYECKON MEXAHUKH, CIBUT
gt coxpamser dopmy »? = do', Tak UTo HmpH cABUTE BIOTD
$a30BHX TPaeKTOPUH JAarpaH;KeBo MHOT000paswe HepexomuT
B Jarpap;keBo. B wacrroctm, Muoroo6pasue A} = g' Aj™! nar-
pamwxkeBo. Bomee Toro, «rpyGKa TPaeKTOpPHI», T. €. MHOKECTRO
A= U AR,
—oo <t << ©

ectb (n -f- 1)-MepHOe marpamaceBo mmorooGpasme. Ilms mpo-
cToTH 6yfAeM CUHTATL ero ONHOCBA3HHM (puc. 2).

JlarpamkeBo MHOTOOGpasue BIOMKEHO B 2n-MepHOE UpoO-
crpaactBo RY",, wotopoe OyZeM HaswBaTh Ha3oesm npo-
cmpancmeom. BBemeMm o6GosHawenme r = (x, p) MIA TOUYEK
$a30BOr0 TPOCTPAHCTBA.

JlarpamsxeBo MHorooGpaswe A™! m ecTb TOT OCHOBHOM
KaaccuYeCKHi 00BeKT, KOTOPHI acCONUMPOBAH ¢ KBAHTOBHM
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06BeKTOM — omepatopoM L:
L (z, A7'1D,) «— A™

Mu mocraBuM BO TJIaBY yIia He ypaRHeHme [aMunbrona —
fIrob6um, a ero pemenune S (z) n TarpamKeso MHoroo6pasue A",

Ha marpamsesom MeOroo6pasun (onrocBsa3rom) A" ofHO-
3HAYHO OIpejeseHa QYHKIHA

T

S (r) =S8 (%) + S p, dz. (0.12)

r0

(Bmecn 1, r € A", touyra r’ ¢urcupoBaHa, HHTErpayx Gepercs

mo mobomy mytm Ha A", coemumspomemy Toukm 1° # 1.)
Ecau Toura r = (z, p) € A®

JemaT BOJNMBM  HAYANBHOTO d

muoroobpasusa Aj-1, To p ogHo- e

3HAYHO BHPAMKAETCH Yepes <

p = p (x). Hosromy S (r) = L
=8 (z) (r=(z, p(); npasa l
KpaTKOCTH MBI 06O3HAa4aeM Off- /
HOI 1 ToH ke GyxBoit S u PyHEK- ?

Z

muio S (r), ompemejseHHYIO Ha

MHOTOOOpasun A", U melcTBRHE ¢
S (z). Ho ¢pyurmua S (r), B or- Ay
amune oT S (z), ompemenemHa

rnobanbHo. Oyurmua S (r) Puc. 2.

SABIAETCH CBOEOOPABHEIM «aHA-

NUTHYECKUM TpofoskenneM» Gyaruun S (z), a MEOro00pasue
A" — 9T0 aHanor pPHUMAHORON MOBEPXHOCTH [IfA (YHK-
nuu S (x).

Momomum AR = A" () {0 << ¢t << T} — a10 KyCcOK TPYO-
KH TpaekTopmii. Jlo Tex mop, moka A} pnddeomopduo
npoextupyerca ma RY, ¢ymrmua S (x) sBagerca raajg-
Ko#t, a ¢yurmmio S (r) MOKHO paccMaTphABATh Kak (YHK-
IHI0 OT .

Jlarpammesno MuOrooGpasme A" obragaer ciaeqyomuM
3aMeYaTeNbHLIM CBOMCTBOM: B KAadyecTBE JTOKAJBHHX KOOD-
amaaT ®a A" Bcerma MoskHO B3ATh Jmbo 2z, ambo p,
au6o wHabop )

(p(a), ), (@)= (g s aik)v ®) =@ - - ﬁjn'_k)v
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He COflep/Kamiuil COupsIKeHHBHIX KOOPHAHAT W HMIYIBLCOB
(1. e. map Buga (x;, p;)). Caegoratensuo, noxanwHo S (r) ecTdh
¢ysKImA 1ub0 OT 2, 160 OT p, AN60 0T  (P(a) T (py). B oxpe-
crHOCTH TOUKE r € A", Koropaa He mpoekTupyerca puaddeo-
mopduo ma RE, moxuo mepeiitm aub6o B p-npedcmasierue
(T. e. B3ATH B Ka4eCTBe KOOPAWHAT UMIYIBCH p), nubo B cMe-
mauHoe (z, p)-mpepcraBienue (P, Z@,). llepexom B p-
IpefACTaBJIEHNe OCYIECTBINETCA ¢ MOMOIIBIO RpeoGpa3osaHus
Jexcandpa.

Tenepr Hama 3agada 3aKA0OYAeTCA B TOM, 9TOGH mepeiitn
B p-IpeACTaBIeHNe (MM B CMEMAaNioe KOOPAHHATHO-AMIYIbC-
Hoe mpejcrapreHne) B mexommom ypasmemum (0.3).

9. Jlaa roro 4rolel sHaTh MPUGAM;KEHHOE PEIIeHUE YpaB-
nenus (0.3), manpumep, ¢ Trourocthio go O (A1), meobxomgumo
HARTH (ymRou @0 (x) (cm. (0.4)). Hdma $ymemum ¢, (z)
HOJIyYaeM YpaBHOHHe

Py () aL (z, p 0L (z, p)
< oz >+2 2 0pJapk

PS@ , (2)=0, (0.13)

oz dxp

rae p = 08 (z)/0z. PaceMoTpuM 9TO ypaBHEHHE BIOJb Jyda
z =z (¢, y). Torma, Kar HeTPYAHO BUHETH,

99 OLN _ d%
ox ' op/  dt !

rie d/dt — npomnsponauas B cuny cucremsl [ammasrona (0.8),
rak qro (0.13) — 510 OOBIKHOBeHHOE AUPPepeHIUAIBHOE
ypaBHeHHe BHOJb nyda £ = z (¢, y) (Ipu PUKCHPOBAHHOM V).
Ono masmBaerca ypasgueniem neperoca. llpumensas wuspect-
HY1I0 dopmyny JIAyBuaiIsd, TonydaeM, Y10 YpaBHEeHNE HepeHo-
ca mMeeT BW

14 s Lo PLEp) | _
7w V=g 255 e=0 019
N I=

mez =z (t,y,p=pEy,J =J( y). Orcona nemen-
J6HHO BHITEKAOT ABa Ba)kAeHmmx ¢awra.
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1. CuopaBegmuBa Gopmysa Kommymayuu
L (z, A'Dy) [ 1% exp (mS)] =
. 1 1
=exp (i18) 7= [ L 2, D)o+ Rug+0 0]
(A =+ 00), (0.15)

roe Rji — omeparop HepBOro lIOpE[JIKa'

— 2L (z, p)
1”7 22 “ozjop; ! (0.16)

n p = dS (z)/ox B popmymax (0.15), (0.16).
2. Thaemsl 9ies acHMOTOTHKYM pemerus u (x, A) mmeer

B
t

v N =00® ) T exp[ih(S,0)+ | (v, d)) —
0

4
2

®L(z, p)
A dt] (0.17)

Oy

3mecs z =z (¢, y), p = p (¢, )

Bonee Touno, dopmyna (0.17) ompepmenser ghopmasvroe
acumnmomuueckoe peuternue ypasumenua (0.3) (r. e. Lv =
= 0 (A~%), re v — mpaBas 4acTb YOpPMYIE (0.17), H U UMeeT
mopagor O (1)).

Hax pugno ua dopmyast (0.17), rmaBuuil unen acCHMOTOTH-
KU pemeHus YpPaBHEHHA B 4acTHHX mpouasogubix (0.3) BEI-
HUCHBAETCA B TEPMHHAX KIACCHIECKOH MEXaHHKHA — €ero
MOJKHO BHUYHCIANTH, ECTH W3BECTHO pemeHme 3agayu Ho-
mu (0.9) ansa cucremun 'amumasrona (0.8). Ilo sroit mpuuune,
B wacTHOCTH, acuMmuroruueckme gopmyas tuna (0.17) mocsT
Ha3BaHME (KBAaSHKJIACCHYECKOE HPUOIUKEHHIE,

Brime y:e 6mira yeramoBieHa CBA3L MemAy QymKnumeid S
U JarpaHKeBHM MEOT000pasueM A”; yCTAHOBMM aHATOTHIHYIO
CBA3D Me:qmy arobmamom J (¢, y) m mmorooGpasmem A"
Toura r = (z, p) € A" napamerpusyercs nepeMeHHEIMH (£, y);
noxoxuMm 1 (£, y) = (z (¢, y), p (¢, y)). Bregem Ha A“ o0nem
do™ (r) mo dopmyae

do™ (r (¢, y)) = dt dy.
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O6vem do™ MHBapHaHTeH OTHOCHTEJIBHO AWHAMHYeCKOH cucTe-
M=t (0.8). Unmeem

dx
do™ (r)

| Tty =

Bregem na A" (8 mpegnomnoskernum, uro A" muddeomopdro
npoektupyerca Ha Rj) omepartop

don . c
Ko (D) @)=} 25 exo [ | 0, a2 [0 a),
70
(0.18)
rae r = (z, p), € A" — durcuposannaa rtoura. Torga,

B cuay (0.13), (0.16), cmpamemnuBa ¢opmyna KOMMYTAIHH
(L (z, A'Dy) K ynp ()] (x) =
— K[ L@ P o)+ R () (@) + 00D, (0.19)

AIN, KOPOTKO,

LK =K (Lj+ - Ry) (0.19")

¢ Tourocthio Ko O (A7%). I[Ipokommytuposas £ ¢ K, momyua-
. 1
eM 3Ha4UUTeJbHO Gomee mpoctod omepatop L le, 9eM

HCXOMHHI omepartop £, Tak Kak L ecTh onepatop yMHOKEHUA
Ha ¢pyurmuo L (z, p), a Ry — nuddepennuaabuei onepatop
OepBOr0 MmOpAAKA.

Teneps 3amagy 0 TOCTPOSPHUHN ACHMITOTHIECKOTO PEINEHUS
ypapuenns (0.3) Momuo pemath Tak: GygeM HCKaTh PEIICHUE
B BHje

u:K(cp0+—i%cp1+...). (0.20)

[Tpumenenne dopmynan wommyranum (0.19) maer ypasmenus
Lz, p) =0, Rigy=10

u 1. . Ileproe ypasmenme — anrefpamdeckoe, BTOpPOE —
ypaBHeHHe IepeHoca, T. e. 00HKHOBeHHOE TU(epPeHINAIbHOe
ypaBHeHHe IIepBOTO NOPAJKa BAOADL ($as3oBOH TpaeKTopua
cucremMbl l'aMmibTOHA.

Urax, B cayde, korma A" quddeomopdHO mMpOoSKTUPYETCA
ua R}, mpomenypa mOCTPOSHHA aCHMITOTHYECKOTO PEINeHUA
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aMeeT BHT
£ > A" — K,
KB RI
3nech £ — KBaHTOBHI 00BeKT, A" — KiaccHueckuii o6LEKT,
Kn — KBasUKJaccuuecKui OOBEKT.
IIpusefenntie BhIIE PE3yJbTaThl WajoxkeHsl B §§ 1—4.
6. IlepeiitemM K p-mpeJCTaBIEHUI0O B HCXOJHOM YpaBHe-
pma (0.3). 3ameruMm mpesxde Bcero, 4ro omepatop L MOKHO
IpefcTaBUTh B BHJE

L (z, M'Dx) u(x) = Fy 5 oul (2, p) Py, zopt (2). (0.207)
3meck Fj, ,.p ects A-npeobpasosanue Pypove:

A
27

Fy, xopu (2) = ( )ﬂlz S exp [ — i) (x, p)lu (x)dz,

VL = el/k,
Caegys @eitumany, OGynem 3samuceiBats omepartop (0.207)

2 1
B suge L (z, A"'D,), T. e. cHauama npomsBogmTCA Auddepen-
HUpOBaHUeE, & 3areM ymMHo:keHne Ha ¢yErumn ot z (eM. (0.3)).
Qopuyay (0.20°') mpumeM B KadecTRe oONpejleeHHA A~
ncesdodugpepernyuarviozo onepamopa (h = m.p.o.). Keam
CHMBOI gl (z, p) — momuWHOM WO MEPEMEHHHM p, TO OIEPATOP
1

L= L (z, A'D,) — nuppepennmanbemii. B mpornBEOM
ciydae omeparop £ He ABAferca JuddepeHUATbHEM, OTHAKO
coxpausieT, npu IoAxofAmeM BHOoOpe Kiacca CHMBOJOB
(cm. §2), pam BamEX cRoHCTE guddepeEnEaNbEOTO OIEPaTo-
pa. B wactHocTH, mpu A — -+ oo cHpaBegAUBO ACHMITOTH-
YeCKoe pasiiosKeHne

Z ¢ (z) exp (iAS (z))] ~ exp [iMS (x)]Z (N7 @; (),

e @ € Cy (R, S€C” (R, S— BemecrsennosHavHasi
¢yaruua (B caydae AaddepeHOUAABHOTO omepaTopa pax
ofpriBaerca). ITo MO3BOJAET HCKATh ACHMITOTHYECKOE peie-
sue ypasuerua (0.3) B sume (0.4) u B ToMm ciayuae, KoTHa £
apiaserca He auddepeHmuanbHEIM, a A-mceBroguddepeHm-
QIBHHM OHePATOPOM.
' B wnacrosmeit RKHure paccMaTpHBaTCA k—nceBnonmbd)e—
DeHNUAaJRHbe omeparopsl ¢ cuMBodamu Kaacca T3, Ommmem

2 B. II. Macios. M. B. @enofnox
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3TOT KJace, NJA IPOCTOTH, B ciyuae, Korxa cumBon L (z, p)
me s3apucut oT A. Dynxnua L (z, p) € T}, ecrm ara yHroua
Geckomeuno guddepennupyema mpu Bcex (z, p) € R X Rp
M eCld CIpaBeJINBH OLEHKH

| DEDAL (z, p) | <Cap (142 )™ (141D D™,
(z, p)ERE X Ry,

A M06HX MYJIBTHHHAEKCOR O, f.
O6penunenne |J 777 Bcex kaaccos 17} oGosmaunm gepes T',.
meR
B uacrrmoctu, ecau L (x, p) — moJMHOM CTENeHW He BEIIIE,

yeM m, 10 L € I?, Tar 4T0 mupepeHumATHHEE OIEePaTOpPh
¢ TONHHOMHANHHHMHE KOdPQUIueHTAMH CcoOfep:KaTcad Cpenn
paccmMarpmBaeMHIX Hamu omeparopoB. IHamee, muddepenina-
aXbHEE 0mepaTopi ¢ KodpdumnueHtaMu, HOCTATOTHO GHCTPO
CTAOMINBNPYIOMIMMUCA TPH | £ | —> oo, TaKike OPUHAIIEHKAT
riaacey 7. Kpome Toro, krace Ty COREPIKAT ONEPATOPH CABH-
Ta, T. €. OmePaTOpHl BUAA

rae k€ R®™ — nocrosimawit sextop. CuMBoxn L Takoro omepas
Topa pasen exp li(zx, h)] u npurapnerxur waaccy I7.

B § 2, reopema 2.12, norasaso, 4To0 KOMOO3HIUA A-IICEB 0~
muddepeHnmaIbEEX omnepaTtopos (¢ cumBomamu Kaacca 7T)
ecTh CHOBa A-IceBHomudepeHNUanbHEIH omeparop ¢ CHMBO-

Jom Kmacca Ty.
Bymem mecxats pemenue ypasmenus (0.3) B sume A-mpe-

o6pasosaansa Dypre or pyaxumum v (p, A):
w(x, M) =F3 v (p, M).

IopcraBnas B ypapuenune (0.3) mw mpuMeHsAs cileBa omepaTop
F), pox, monyuaeM ypapuenme (0.3) B p-mpefcTaBIeHuu:

gv (pv }V) = 0,
roge o603HaYeHO

~ 2 1
Z =F; opl (x, VD) F3lpss. (0.21)

Oneparop £ Gymem masmBath npeobpasosanuem Dypve one-
pamopa £. HeTpynouo Buners, 4ro

~ 1 2
Z=L(—M\"D,, D).
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Ecan £ nmeetr sug (0.3), 10

m
Zv= 2 (—A'Dp)* (au (p) ).

|loat]=0
Ouepatop £ ecTh CHOBA A-T.J.0., T. €. KIacC A-I.J.o.
nHBapUAHTEH OTHOCHTENBHO A-mpeoGpasopammit Dypre. Ilo-
HTOMY YacTHoe acuMmmroriyeckoe pemennme ypasHenna (0.3).
MOMRHO HCKaTh B BHje A-mpeobpasoBanua Dypbe or GHCTPO
oCOWLIMpYIomell dKcmomenTs, T. e. oT pana smpa (0.3):

u(z, A)=F5 'y [exp (iIMS (p)) jg @79 ()], (0.22)

AHaIOrMuio MOKHO HCKATDL PelieHne B BHUIe A-peofpasoBa-
upa Dypbe mo YacTH mepeMeHHBIX.

Homsiit mmace acumurormueckux pemenuit Brpa (0.22)
# MQBBOJSET PentuTh 3a7ady O MOCTPOEHUH AaCHUMITOTHKHN pe-
mernuA ypasuenus (0.3) B wemom. Hoporko mpouenypy mo-
CTPOGHHA PEIeHHS MOKHO onmcarh tak. Kemm nHag obaacThbio
Q< RE memar TOAbKO Takme 00JgaCTH («IHCTEDY) JarpaHikeBa
muOT006pasua A", koropoie nupdeomopdHO HPOERTHPYIOTCS
ma Q, To pemenwe v paBHo cymMe sremomenT suma (0.4) (mo
gncay Juctor). Ecam obnacts £2 cofepkUT KayCcTUKY, TO
B OKPECTHOCTH KayCTHKU peINeHNe MMEeTCs B BUOE DKCIO-
HeHTH B p-mpepcraBrennu (1. e. umeer Bup (0.22) anbo ama-
JIOTHYEHHN, rjie A-mpeoGpasoBamne Dyppe Gepercs mo gacTh
mepeMeHHEX). VM3 5THX KYCKOB CHIMBaeTCA acCHEMOTOTHYECKOS
pellenne B HEIOM.

HUccrenyem Gomee 1o/ po0GHO CTPYRTYPY PEINeHAA B p-Tipef-

craBiaenun. llockonbry £ ecTh CHOBa A-I.JI.0., TO ACHO, UTO

IS pemenua v ypasmemms Zv — ( cupasegimBa QopMyaa
Bua (0.17). @opmyna rommyranum Buga (0.19), ouesmpHo,
HMEeT MECTO M B p-IPE[CTaBIeHHH.

IIpn wcmonb3oBaHMM p-HPENCTaBIEHAA MH HEMEIICHHO
cTalKmBaemca ¢ npobiemoil BrGopa npeacrapremusa. VmenHo,
oyers A" qudpdeomopdro mpoertupyercs u ma RE, m ma Rp.
IloaToMy acmMOTOTHUECKOE pemmeHme MOKHO HCKATh B BH-
Te (0.4) u B Bume (0.22). Kak cBasamn Me:RAy coGoil aru
IpercTaBJeHusa pemenna?

UYrobnr pasobparbca B 9TOM, BHUUCIMM ACHMITOTHKY A-
aopeobpasopasusa Dypre GHICTPO OCHUIIMPYIOIEH HKCOOHOH-

THL. [lycrs dynrmma ¢ (z) € €7 (R™), pysxmun S (z) € CT (R?)
2*
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m fysxnua S (r) BemecrsesHosHauHa, F = F, .., Ilpu-
MeHsAA MeTof crammoHapHO# ¢asm (eM. § 1), moayuaem

F[ @) et " exp a5 (2)) ] (r) =
0x (p) ]1/2

=exp (—25") o (@ (p)] det 252

X exp (IMS (p)) +O (VY. (0.23)
B a0t popmyne p = ai(;)_, S (p) — dyurmuUaA, ABoMCTBEH-
gaa no I0nary ¥ dyarmun S (z) (TaK qro & == %(;1), nm ==

dz(p) _ S(p)

: 0z(p)
= inerdex ek Marprna o 9
Yeckas, inerdex 4 — oTpuOaTeJbHbI HHAOKC HHEPIUH (THCIO
OTPHUIATeNbHEX COOGCTBEHHLIX 3HAYEGHUH) BEIIECTBEHHON CHM-
MeTpuuecKoil Mmarpumn A.

[Ipn BmBofe acummrotmueckoit dopmynsr (0.23) mpep-
moJjiaraerca, 4To Marpuma Sy, (Z) HEBHpPOKIEHA Ha Supp ¢.

Qopuyaa (0.23) BripaskaeT eme OJUH HHTOPECHHH (arT:
A-mpeoGpasosaune Dypre JoKanuzoBaHHON GHCTPO OCIHI-
IUpyomeil YKCIOHEHTH CHOBA SBIAETCH JOKAIA30BAHHOMN
OHCTPO OCHHINHUpYIONeH oSKcHoHeHTOH. [leficTBUTENBHO,
A-mpeoGpazosaune @ypve ¢yukuuum ¢ exp (iAS), rne ¢ —
PunuTHas raagkas ¢yurmua n det Sy, 5= 0 ma supp @, ume-
er Bup ¢ exp (ilS) + O (A1), roe ¢ — GuBMTHAA GyHRIHA.

Ucxona ma aToro pesyabrara, BBefieM omepartop Ha A™:

(K yn9 (1)) (z) =

= F?:,ip»x (l/

— CHMMeTpH-

r

[ s [ . -

P

—@(p) ) o () @. (0.24)

3mechr = (z, p)uz = z (p) — ypasuenne Muoroobpasua A",
HeTpynHo npoBepHTh, 4TO CIpaBedauBa GopMylNa KOMMYyTa-
{11304

ZR-K (L+—iirRi) (0.19")

(¢ TounocThio fo O (A-2)). BHUHCAAA acCUMOTOTUKY HWHTErpa-
aa (0.24) mo meromy crammoHapHO# ¢ask, MOLydYaeM CBA3H
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wemny K m K:
Ko =e~-1mmi2Kq -+ O (M), (0.25)

3meck m — meXoe YHUCIO,
. oz
m == inerdex 9z (p)
ap
Hrak, ¢ TOYHOCTLIO Ji0 MHORHUTENA e™™/2 (1 ¢ TOYHOCTHIO [0
caaraemoro mopsaaka O (A 1)) mmeem K = K. Ananormuso
OGCTOMT JIeNI0 B B ToM ciyyae, Korga A" nuddeovopdo npoek-
tupyercsa Ha Ri wma Ry % epy* Mu M3I0KUIN Pe3ynbTaTH
§§ 5, 6 macroameR KHUTH:

Ouerngro, gro uwmemo m (cm. (0.25)) mocraTouno sHATH
mo Moiaymw 4, tak Kak e = 1. CpasHeHAe pasTHMIHBIX
npefcTaBNeHU INsd pPeueHus NPUBOJUT K HOKOTOPOMY Helo-
uncaenHoMy uHBapuanTy mod 4. Vimenso, nycts A" guddeo-
MOPPHO MPOEKTUPYETCA HA JArparmsKeBEH KOOPAWHATHEE ILIO-
CKOCTH (P(yyy @) 4 (D@ T@). Tormga Bo BceX HEOCOGHIX
TogyKax r € A" (1. e. TaKHX, OKPeCTHOCTH KOTODHX muddeo-
mopdro mpoextumpyrorcs Ha RE) nmeem

9z~ (r)

. ox r .
inerdex -22@ ™ — jnerdex — @~ (mod 4).
0P 0P ~.

()

7. lloctpoum acnMunroTHdeckoe pemenme ypasrenus (0.3)
B IeqoM. YCTpouM HOKpHTHE MHoroobpasusa A" Kapramu
{Q;}, B KayKA0ll U3 KOTOPHIX B KAUECTRE JOKATBHEX KOOPIH-
HaT MOKHO B3aTh aubo z, mubo p, Jubo cuemuaabHHEA Habop
(P> ), HE cofepsRamuil CONPSAMEHHHX KOOPIHHAT
H uMOoyiascoB. Yerpomm C™-pasbuenme epmmumn: 1 =

= }:‘, e; (r), supp e; < Qj, A paccMOTPUM (PYHKIIIO
(Kn (1)) (#) = Z ;K (@) (e; (M @ (M) (). (0.26)

3mecs @ € CF(A™), c; — HekoTopme TocToAHHbE. (OHmepa-
Top K (92;) mmeer sup (0.18), ecam z — xoopamsater B Qj,
Buy (0.24), ecin p — KoopouHATH B Qj, U aHAJOTHIHHIH B
(6.3), ecm woopmmuaTH B Q; cyTH (Do), ). MmuOroobpa-

sme A" mppepmonaraercA OopHOCBA3HHIM (mHave |\ (p, dz)
MOKET BABHCOTHL OT IIYTH),
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Ocraercs 06BACHATH BEGOpP WOCTOAHHHX cj. Mul BHIGe-

0
peM ®X Tar, wrobn mas omeparopa K = Kjn 6nuia cmpa-
BegauBa PopMylia KOMMYTamuH

LKo =K (Lo+- Ro) +0 (), (0.27)

ITycrs, gms mpocrorsl, ataac {€2;} cocrour M3 ABYX Kapr
Q, Q,, ux mepeceuenme Qy, = 2; () Q, ABEgETCA 00IACTHIO,

q)ymm;na 0 E CB°(£212). Namnee, myers L (z, p) =0,
xp (z, p) =0 ma A" 1 < j << n Ilonowmum K; = K ().

Mrioom ms (0. 19) (0.19")
LK =X (c.Ky (e19) + K5 (,9)) =
= ‘17 (CiKi (i (e.) ) + oK ('j_t (e29) ) ) +0 (A% =
R () e )
ek, (S o) |+ 047,

Hua Toro urobu gopMyna KoMMmyTramuu OHITa CIPABENNNBA,

He0oO0XO[MMO U [[0CTaTOYHO, YTOOH BEIpAKeHHEe B KBALPAaTHEIX
6 O (1. Us (0.25

croOKax mmeno nopsmor O (A7Y). Us (0.25) wmeem npm

P € Co'(Qu2)

imm

Kpp=e 2 Kpp+0 (M1,

TaK YTO BHpajsKeHWe B KBaJpPaTHRIX CKOOKax paBHO

Ki[(ci——f‘cz mzm ? )(P]‘{“O(}V_i)-

CieloBaTeNIbHO, MOJKHA BHIIOTHATHCA TOMKIECTBO

imm

5 dez _

o e T =
d81 dez

B Q. Tak Kak ey fey=1 38 Q,, 10 — | == = 0,
A TOITOMY

dzm,

ci—coe 2 =0,

JT0 H ecTh He0OXOAMMOe YCJIOBHE CHIABKH.
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AHauiM3 HpPONERYPH CHIMBKA NOKA3LIBAaeT, 9T0 Kod(pdm-
OAEHT C; BHIPAKAETCA TePe3 BeIHIAHY

ind I (79, 7).

3meck I [r% r] — oy, coegmugommii Heocobne Togkm r® €
€A" m r€Q; mnumgekc ind — HeEKOTOpoe Iel0e TUCIO.
Ilompobroe ompefenenwe W cBoiicTBA WHAeKcAa ind, KoTOpHMH
ORI BBEJEH OJHUM M3 aBTOpPoB HacTogmelr kmurm [38],
[39], mpmBemenw B § 7.

Ecuom ind I = 0 gua awoboro samrHyTtoro myrtn I ma A",
to ¢opmyaa (0.26) oumpegensier omeparop

Ko €3 (A" — €™ (R}) (mod O (A1),

ROTOPHIl HABKIBACTCH KANOHUYECKUM OREPAIOpoM.

Basxkmelimum cBoficTBOM KaHOHHYECKOTO olleparopa AB-
asgerca ¢gopmyna xommyrammm (0.27).

ITpm TaxoM mocTpoeHnH KamoHHYecKmii omepatop K ompe-
mexen ¢ Tousocteio go O (A™') (mpm A — J-o0). IT0 O3HA-
9aeT, UT0 IPHE 3aMeHe aTiaca, PasCUeHUs eIMHAIH K JIOKAIE-
HBX Koopauuat B Kaprax ¢ymruma (K¢ (r) (z) samerserca
pyseaneii (Ko () () = (K¢ () (@) 4 0 (™). Moo
YTOYHNTh KOHCTPYKI[MIO KAHOHHYECKOrO OmepaTopa Tak, 4To0-
0wt oH Gour ompeneaen ¢ Tognocteio 0 O (AN), tme N =1 —
a060e ¢purcuposannoe wmcao (cm. § 9).

Ocramosmmecs Gosee moxpo0mo Ha CTPYKType KaHOHHYe-
cxoro omepatopa. @urcupyem MuHOrooGpasme A", orme-
gennylo TouRy r® € A", a ramme kaprm Q;, KoopampoaTH
B aTmx Kaprax m pasbuenme egmmunni. Yepes E (A") obo-
3HAUUM MHOJCECE0 0CO6HL moyer (OTHOCHTENBHO IPOEKTH-
posanus ma R}) muoroobpasus A" B oxpecTHOCTAX TakHX
TOYeK HeNh3d B KadeCTBE JNOKAJILHHIX KOODAHHAT BHIOHPAThH
KOOPIEHATHL &y, . . ., Ly. Jlaxee, mycth m,x (A") (mam,
KOPOTKO, M,2) — mpoeknua Mmuoxkecra = (A™) nma RE,
Koropyio Oymem maswsiBaTh kaycmukoii. PaccMorpuM QyHRIEO

u(z, 1) = (Ko (1) (z, 1),

rie ¢ € Co(A"), K = Kin
1) Ilycts @, supp ¢ — npoemma HOCHTENA QYHEOER @
Ha R m U < R} — obuactb, KoTopasm He IepPECEKAETCH
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¢ =, supp ¢. Torma
u(z, ) =0@R"Y) (A +x)

paBHoMepHO Ho z € U.

Taxmm o6pasoM, pyuxnua K¢ JOKaIX30BaHA B OKPECTHO-
crte T, supp ¢ upm A > 1.

2) ITyerp Touxa z° € m, supp @, Ho TouKa z° He JeKAT
Ha Raycrmke, ITycth, mia mpocToTh, B TOUKy z° mpoexTH-
pyerca TOJNBKO KoHedHoe wmcao 1, r2, ..., rN Tower MHo-
roo6pasma A". Torga

N r‘j .
u (2% M) = D) cjexp (ihj (p, dzy @ (') &0 (A1),
j=1 r0
rae ¢; 5= 0. Taxmm ob6pasom, (K¢) (z°) ects cymma GwicTpo
OCHANIAPYOIAX DKCIOHEHT, ecAd Touka z He JNKAT HA
KayCTHKE.

3) Hawonern, nycrs Touxa z° € m, supp ¢ m JeswAT Ha
raycrmxe. IIycTh, /st MPOCTOTH, HMeETCA POBHO OFHA TOYKA
r® € A®, xoropas mpoexrtapyercs B Toury 2°. Ecanm B oxpectHo-
cre Touk#m r' moxHO HWa A" BROGparTh NOKANbHEE KOODHH-
BAaTH (P(y), Z@), TO, ¢ TOTHOCTHIO O MHOKATEIA, IO MOXYIIIO
PABHOIO eAWMHHUNE, WMeeM UpH ¥, Oamskmx ® 20,

u(z, k)zF“‘[]/,F(i%lcp(r)x

X exp (iKS (ps dx) — (T (Pewr ) P(a)))] . (0.28)

r0
3pece F1 = Fxfpm_,x(a), MHOToOGpasme A™ samaerca
YpaBHeHHAMHA
Ty = Tiay (Piarr Tp)s Py = Pepy (Pears Tep)-
Taxmm ofpazoM, B OKPECTHOCTH KayCTHIECKOR Touxm 2°
pyuxnus K¢ ects npeobpasoBanme Dypre GHCTPO oCIENIA-
pyolieil sKCHOHEHTE (T. €. KOHTHHYalbHAd CyMMa OBICTPO
OCTIIIAPYIOINNX BKCIOHEHT).
Hurerpax (0.28) Mopo sammeaTh B BHAE
w2, M=442 | b (P, 2) exp (1AS) dpeay  (0.28')
RE
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T[ie TePeMEHHEE Z UTPAIOT POJh HapaMeTpoB, S=3I (Pig, L) —
pelecTBenHo3HaTHan pyuxnua. Cranumonapane TOUKA Gase S
(kaX QYHKIMM OT HMEPEeMEHHHIX Dy, OPH (HKCHAPOBAHHOM I)
OILIpeJieNIAI0TCH W3 YDPaBHOHHSA

Ligy = T(a) (Pears x(fi))-

Herpynamo npoBepurb, 4T0 6CAM TOUKA T HE JEJKUT HA Kay-
CTHKE, TO COOTBETCTBYIOMNE CTAIUMOHADPHHE TOIKH Po, =
= Doy () Gaskt S HeBHPOWIEHH W aCUMITOTHKA WHTE-
rpaga (0.28) Buraucisgercs ¢ MOMOIBI0 METORA CTAI[MOHAPHOM
¢dase. Ecam ke ToYKa z JeKET HAa KayCTHKE, TO COOTBET-
CTBYIOIAS CTAanMOHADHAA TOUKA (ass S Bepo:kmeHa. B arom
ciydae sBHOE BBHIYUCJIEHHE ACUMOTOTHKH WHTETPAlia IpPef-
cTaBsieT GOJNBINME TPYNHOCTH; MOKHO YTBEP/KIATH TOJABKO,
970
u (x, &) ~ const-A" (In A)™ (A — -o00),

rge r > 0 — pamuoHaJIpHOE 4UCIO0, M — IejIoe gucio. B ga-
crroctu, gymemaa (K¢) (z, &) pacter mpm A — -;-oo, ecam
TOYKA £ JIEGKUT HA Kaycruke. IToT (akT (peskoe Bospacra-
HUA€ WHTEHCUBHOCTH CBETA B TOYKaX (OKYCHPOBKM JYUeil)
M30aBHA WM3BECTeH B omTnKe. [ime Apxumep c:er pHUMCKHiE
¢aror B Cuparysax, MCHONH30BaB HapabonwdecKoe 3epKAIO,
COCTaBJIeHHOE W3 OTHOJMPOBAHHEIX MENHLIX IUTOB,
Opsako wHTepec HpeRCTABIAET He MOBeAeHNe (YHKIHA
u (z, A) B purcmpoBaHHO# RaycTHdeckKoi Toure z°, a acmMn-
rToTHUeCKWe (BOPMYIH, paBHOMEePHEE H0 z (Opm A —> -}-00)
B HEKOTOPON oOKpecTHOCTH Kayctuweckoit tourm z°. Tawme
dopMynE yHaeTcs MOKA UTO MOJYYUTH TOJBKO B IPOCTeHMAX
cryusasax. Hanmpmmep, nycrs MuorooGpasme A" samaercsa
ypaBHeHmAMH B OKpectHocTH Toukm p = O, = = O:

xy=pi, pj=08/0z;  (j=2),
e S = S (py, Tgy . . ., Ty) € C% upm Manmix | p; |, |25 |[.

Torpa unrerpax (0.28) — ommoxpaTHunil, p,, = p1 & $aszo-
Basg ¢ynkmua S uMeeT BuUf

S = —(2/3) pi + x1p.

B »oroM caydae riaBHHI WIEH AaCHMIOTOTHKE HHTErpaia
u(z, A) (upm Mmammx |z |) BEpamaerca uwepes QyHKIUIO
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ditpr — Doxa

o0

5 15 Sm exp [i (at—l——tg—)]dt.

via)=

OpHako pame npu n = 1 acuMOTOTHKA HHTErpaia
# (z, A) B OKpPECTHOCTH KAYCTHKH He BEIPAKAETCH dYepes
HA3BEeCTHEIE cuemyualibiie Qynkmnu. UTo0n yOequThesa B DTOM,
AOCTATOYHO pACCMOTPerh KaHOHHYECKHMIl omepaTtop, OTBe-
varommit kpmpoit r = p* (k > 3) ma mrockocrm (cm. § 8).

Samady 06 wWcCHefoBAaHMH ACHMOTOTUKA KaHOHHYIECKOTO
omeparopa BOIM3H HKayCTHUYECKUX TOUYCK MOKHO IIOCTABHTH
TaK: MOJKHO JIM CBECTH BHIYMCICHUE ACHMITTOTUKI WHTEIPAJIOB
Bufa (0.28’) K BHYHCIEHHIO HEKOTOPHIX ODTAJOHHHX WMHTE-
rpanos? Pemennio sTo#t 3agawn mpepmmecTByer samada o0 uc-
caegoBaHmY 0COGeHHOCTeH Jarpam:KeBEX MHoroodpasuii (1. e.
0 cTpyKType Muomecrea X (A™). B pasmeprocTAx B <9
0COOEHHOCTH JaTPAaHyKeBEIX MHOT000pasnii MOJHOCTHIO pac-
raIaccupuuuponansl B paGore [3], u B atom caygae acummTo-
THRa © (z, A) BHpa)KaeTcaA Yepes HTAJOHHEIE WHTETPaLI,
T. . 4epe3 HOBHe cmenmanbume ¢ymxmmm (cq. §§ 7, 8).
Opmnaro camm 5TH cHermuanbbie GYHKIAN B HACTONIEE BpeMs
MaJI0 HCCIETOBAHEL.

8. Tlepeiimem Ko Bropoi wacTu mactoameil kuuru. B aroi
JaCTH KaHOHAMYECKHA omeparop LPHMEHAETCH NiAd MOCTpoe-
HAS ACHMITOTHKYM penreHuil CAegyiommx 3agad.

I. Acumnrormra pemenua sagauu Homm ¢ GBICTPO OCIHI- -
AUPYOIMYMY HaYaAbHHIMH [aHAEKMA a9 A-niceBmomudde-
PEHNIUATBHHX YpPaBHEHWI.

II. Bamaua o pacceAHUH B KBA3ZMKJIACCUTCCKOM HpHOIH-
weuun (upm b — +0) gua cramuonapuoro ypasmenms llipe-
OuHTepa.

I11. 3agaua 06 oTHCKAMAR aCAMITOTHRY HEKOTOPHIX CePIi
COGCTBEHHHX BHAYCHHH M COGCTREHHHIX (QYHKUUE A-TICEBFO-
muddepeHIIaabHbIX CAMOCOTPAKEHHX OIePATOPOB.

Umenno, B § 10 paccmarpmBaerca 3samaga Homm

Lpy=N1Dp-+H (¢, z, \1Dx) v =0,
W lgmp = ¥y (x) exp [ixSo (@)1,

rge x € R*. [lna mpocTotH paccmMarpmBaercs ciydail, Korpa
cumBon H (f, z, p) me sasucmr ot A. Dymumma Y, (z) €

€ Co(R™), dyuxmma S, (z) € C*(R™) m BeleCTBEHHO3HAY-

(0.29)
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ga, cuMBoll H — BemecTBeHHO3HaYHAsA PYHEIMA Kaacca C™°
Ilnst ymoOcTBa dGHTaTeNb MOKET CUATATH, HANPUMED, UTO
I — muddepentmannpuEit omepaTop, KoQOHIMEHTEH KOTO-
poro IpH IPOM3BORHLIX IO II€PeMEHHEIM T; ABJIAIOTCA IOJH-
HOMAMH 0T T mam OHCTPO CcTabuam3upyorcad Ha OecKoHed-
moct. ITpumepom sagaum Homm suga (0.29) caymumr sagadga
Komm (0.1), (0.2) gna ypasuenus Ulpemunrepa ¢ morenmuma-
aom V (x) € & (R™).

Tpebyercss HocTpouTh ACHUMUTOTHKY PeneHus 3a0aqn
Kommu (0.29) B memom 3a aioGoe Romeunoe Bpemsa I' (r. e.
upm 0 <Lt T, z € RY).

C sagaueit (0.29) ecrecrBeHHEIM 00pa3soM acCOMEUPOBAHO
JarpamkeBo muHorooOpasme A pasmepmoctm n B ($asoBoOM
mpocrpanctBe R ,. 9ro MHoroofpasme 3amaercs ypasHe-

HAAMU
=y, p=0aS,[yloy, yecRY,

u pudpdeoMophHO IpPOEKTUPYETCH HA KOOPAUHATHOE IIPO-
crpamcrso Ri. 3amauze (0.29) orBewaer cucrema TaMmianToma

dx oH dp oH
AT op ' dr T oz (0.30)

ITycre g' — cuur BEONH TpaeKTOpWi 3TOM cHCTEMH 3a Bpe-
Ma ¢t Pemenme cucremsn [amuinroma c mapgeMu  Homu
(z, p) ltMOEA o6osmaunm {z (f, y), p (¢, ¥)}.

Cupur g* mepesognar JTarpamKeBo MH0r006pa3ne A} B mar-
pamieBo muorooOpasme A} = giAl. Ecam T > 0 mocrarou-
Ho Mano, 1o upm O <Ct < T wmmorooOpasma A} pudpdeo-
MopHO mpoertHpyercad Ha R}. B atom caydae (T. e. mpm
HOCTPOEHNM ACHMITOTHKE penieHusa 3ajaum Homm B Majiom)
MO;KHO IPOCTO MCKATh HPHGJIMKEHHOe pPemieHne B BAJE PANA
(0.4), 1. e.

N 3
P (2, 7, A) =exp [iAS (¢, z)] %‘O (i) P, (¢, ).

Oyurnua S (¢, ) yHEoBIeTBOpsAeT YypaBHeHHMIO IaMEIBTO-
Ha — fAKrobm

- ﬂ+H (t, z, )
v namnne Komm ompegenssores ms (0.29):
S Jj=o = So (2).

ll
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QOyurmua S (¢, x) umeer Bm:
S (t, 2) =S5, (y)+5 [{p. =y—m]dr.  ©31)

B aroi dopmyme =z —x(t y), mHTErpa; Oepercs BIOIb
rpaekTopum ramuiabromopoil cmeremu (0.30).
Hus ¢ysrmum 1, monydaeMm ypasuenwe IepeHoca (CPe

(0.14))
1 &2H

1 d =
T/?Tit—(VJwO)_ 2 9z dp Wo-

3necyr J — axobman:
oz (¢, 1)
J (¢, y)=det oy

n

a‘fgp = 2 aa 2H . BriGepem nannsie Komn coregyomuym o6pa-
30M:

W, li—o = ¥, (2)-
Torga

ot 2= TOD oxp [ L 5mpdt T ), (0.32)

rme z = z (¢, y) u unrerpan Geperca BIONE (Pa30BOM Tpaek-
TOPUMH.
Tarmm o6pasoMm, GyHKIAS

v (t7 L, ?\') = exp [iMS (t’ .’.ZJ)] Yo (t, -’13),

rie S, Pp ompepmeasrorcss us coormomenmi (0.31), (0.32),
Touno ygosiaersopser gamunv Homm (0.29) m ynosmerBopser

ypasmermo (0.29) ¢ Toumocteio mo O (A% (r. e. Lv =
= 0 (M ?)). PaccmarpuBas caemyionme UpuOIRKeHAA, MOMK-
HO DONY4HTH QyHENmI0 vY, KOTOpasg TOYHO YHIOBJIETBOPSET
gauneiM Homwu m ymosaersopsier ypasuenmio (0.29) ¢ tou-
mocteio Ko O (A~N) mpm mobom N = 2.

B toM cayuae, korga cumBoa H He 3aBHCHT OT { B HOPOK-
AaeT caMocoupsKeHHHN omepatop B L, (R"), MoHO cTporo
KOKA3aTh OJMB0CTE HMCTHHHOI'O PEIMeBHsa Y H IPHOIUIKeH-
Horo pemenmus vN B Hopme L, (R") (cm. mpegnosxkenme 10.3).

Takmm o0pasoM, BHYACIEHHEe ACHMIOTOTHKEA peIMIeHHS
saaym Homm (0.29) sa mamoe Bpemsa # cBogHTCA K HEHTe-
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TPAPOBAHMIO CHCTEMH OOBKHOBeHHHX JapQepennmaabHEIX
ypabuenmit (cmeremnt I'ammawroma). ITpm »srom acmmmTo-
rad9ecKue (GOPMYJH IS PEIMeHWI BHIACHBAIOTCA B TEPMH-
HaX KJIACCHICCKOH MEXaHWKH.

OrMmermM emie 0gHO BaskHoe obcrosrennctso. Ilyers M —
HeKoTopoe MHOKecTBo B PasosoM mpocrpauctse Ry ,. aiee,
oycere 114 (M) — MHOMKeCTBO, BaIONHEHHOe TPAeKTOPHAME
3a Bpema 0 <C¢={ 7T, xoropwie B MoMeHT Bpemennm ¢ = 0

suxonar m3 M. Wmmmm caosamu, I, (M) = | g'M
0<i<T

(rpy6ra Ttpaerropmit). BospMem B KadectBe [/ MHOMKECTBO
M = {(z, p) € R®: z € supp Po, p = 08, (z)/0z}.

Torma suppv ({, z, L) comepsurca B mpybre ayuell
Iy . (M) — 910 mpoekimss tpyGrm Tpaekropmit 1I; (M)
HAa 2Z-IPOCTPAHCTBO. ITOT (PAKT CoXpamsercA W EIA BCeX
foJiee BHCOKAX NPHOMIGKeHHE UV,

Hawansasie Hamaole

Y im0 = Yo () exp [iLS (z)]

MOYKHO HMHTEPIPETHPOBATh KaK BOJNHOBON MaKeT, JOKAaIU30-
BaHHBIA Ha supp Yo. [Ipm A > 1 sBoMOIUA BTOTO BOAHOBOrO
maKera IPOWCXOJAT 10 BaKOHAM KJIACCHYECKON MEXaHHKH;
B YACTHOCTH, HOCHTENL Supp { (£, z, A) mepeMemaercs ¢ mame-
HeHueM t BRoab TPYOKM Jyydeil (eciau mpeneGpednr Bejwdu-
ramn nopagra O (A1), B srom cmbicae o0suHO yHOTpes-
JSEeTCH BEIpAJKEHTIE (KBAHTOBAA MeXaHMKa MEPEXOIUT B Kiac-
cuuecKyo mpu 2 — Op,

Mopuyxna (0.32) coxpanser cmay Ko Tex mop, HOKa SAKO-
G6man J (¢, y) me ofpamaerca B HYIb, MIN, HHEIMA CA0OBAMI,
00 Tex Iop, IoKa JarpamKennl MHorooOpasusa A?, 0 < ¢ <
<< T, muddeomoppno mupoexrmpyrorcs mHa RE. B rourax,
B KoTOpHX AKobmaH J ofpamaercsa B Hynb, DPHOIMKEHNE
puma (0.32) wmesepwo,

UT0o6E HOCTPOATH ACHUMITOTHYECKOE peMICHHE B IeJI0M,
T. €. 3a Jd060e KoHegHOoe Bpems I', BOCHOIL3YOMCH TeXHHKOM
KAaHOHMYEeCKOT0 OIepaTopa. J3aMeTHEM MNpeKZe BCero, d9ro,
BHOpDaR Ha HAYANBHOM MHOTo0Gpasum Af obbem do™ (z) =
= dz, Moxuo gamHee Homm (0.29) Bmpasmts wepes KaHo-
HAYECKHUI omepaTop:

P limo = € (K by () ().
0
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3peck Yo (r) = o (x), r=(z, p(x)) m v =4S (2°), THe
r® = (2% p (z%) — ormeuenHas TouKa Ha MHOToOGpasuu Af.

HelicTBHTEABHO,

S(p, da) —_5(0S0(x J0z, dz) = 8, (2) — S, (2.

o
(3mecs 7 = (z, p (x)) m ms (0.18) caenyer mpemcTaBIeHme
HavaJIbHBX NAHHHX uYepe3 KaHOHMYecKuit omepatop Kap.)
Ha marpamsxeBom wmmorooGpasmu A Boifepem obbem dof,
VHIYIUPOBAHHET 06beMoM do™ ma A u ¢a30BbIM moToKOM g\
Ucnoawsya Qopmyny wommyramuu (0.27), HeTpyZHO IOKa-
3aTh, 9T0 QYHKIUA

v(t, z, A) :e“f’KAn\p (0.33)
¢

To9HO YyroBuerBopser maHuniM Romu (0.29) w ymoBuerso-
psaer ypasuenmio (0.29) ¢ toumocteio mo O (A2)., DyHrmuUE
8,9 Ierxo BEpakatores gepes Yo, L (cm. § 10); Gosree moxpos-
wo dopmyna (0.33) Oymer BHOHCaHa HEKe A YpPABHEHAA
IIpegmurepa.

I'py6o roBops, BTOT pPe3yanTAT MOKHO CHOPMYIUPOBATH
TAK: €CJ¥ HAYAJbHBE FAHHEE UMEIOT BUJ

P lt=o = KAZ}%’
TO ACHMITOTHKA pelmeHus B MOMEHT Bpemenu ¢ paerca dop-
MYJI0H’
V=K o

C TOYHOCTBIO [0 HEKOTOPOTO MHOKHTENA,

B nedoranpubx TOYKAX MOKHO BHIMCATEH $0Jee LPOCTHE
acuMnrotTadeckue ¢Gopmyani. IlpusBemem sTm QopmyaH muas
ypasuenusa Ilpemunrepa, 7.e. maa samaum (0.1), (0.2).
Ourcupyem medoranbuyo Toury (£°, z°), m myers yl, ...

., yN— Bce Toukm rakxue, uro z (% y’) = z° (1. e. aymy,
KOTOpLl B MomeHT Bpemenu ¢ = 0 BmIxoguT H3 TOuKH y',
sa ppems { = {* mpuxomur B TouRy z%). Torga upu 2 — 40

J(O y9)

v (e, xo>_}]¢(y>/ £
Xexp(TSj——-igi w)+0(h). (0.34)
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3mechk ,
8;=8,() + | (@2—V @),
0

w; — underc Mopca nyda x = z (¢, y’), 0 << ¢ <<, xoro-
pHi B mampoM CiydYae paBeH WHMCIy HYNe# (¢ yd4eToM HmX
kpatHoctn) sxobmama J (¢, y') ma aywe. Tarum oGpasom,
1; PaBHO wmcay Kacamuii ayda z = z (¢, ¥') 3a Bpema 0 <C
< t<Ct° ¢ Kaycrukoii cemeitctBa ayweir {z = z (¢, y)}.
B mpocreiimem caydae, worga N = 2 m sarobuau J mmeer
POBHO OjnH, H IPUTOM OPOCTOH, HYJIL Ha OJHOM W3 JTUX
ayqeit, a va gpyrom J == 0, gopmyna (0.34) oGwano murep-
OpeTHPYeTCA TAaK: «HOPH Mepexoge 4vepes KaycTHRY ¢asza
MeHSeTCs Ha —7Tt/2».

3anaga Homm gns ypasmenms lllpenunrepa paccmorpe-
ma B § 12.

Io-mpesxremMy (Kak W TPU MaJbx BPeMeHAX) acUMITOTH-
yeckoe pemenue v (¢, z, A) (cm. (0.33)) sagaum Komm (0.29)
JOKANM30BAHO B OKpecTHOCTH TpyoRm ayweir [lg . (M).
Nmenuo,

vtz A) = 0GR (A = 400)

BHe 11060#1 PEKCHPOBAHHON OKpeCTHOCTH 3To# TpyORH. OTMe-
THM eme pas, 970 B § 10 mocrpoema acHMHOTOTHKA pPeIMeHHS
sagaun Homm B nemom, T. e. mpum Bcex z € R"™ m 3a aoboe
KoHegHoe Bpemsa 7.

B § 11 paccmarpmBaerca sagawa Komm (0.29) gaa cmcre-
MH ypasuenuit ({ ectb N-BeKTop, H ects apmuroBa (N X N)-
MATPHUIa) B OPERLION0KEeHUN, 9T0 COOCTBOHHBIC 3HAYCHUSA A,
Marpunst f mMeror mocToAHEYI0 KpartHOocTh, O0mas cxeMa
LOCTPOEHNUA ACHMIUTOTHKH TAKas jKe, KAK M TJIA CKANAPHBIX
ypaBHeHu#l; OTMOTHEM TOJBKO HEKOTODHe HOBEE 00CTOS-
rexbeTBa. Cmcreme (0.29) orBewaer y:xe me ommo, a m =1
ypapmeru#i [ammabrona — fAxobm

Bo it hy (t % )=0

(o 4mecay pasiHYHHX COOCTBEHHLIX 3HAYCHWHA /i, MATPHILI
H). CoorsercrBenno sajgage Homm (0.29) otBewaer m cmcrem
Fammabrona um m marpammeBHX muorooOpasmii A} 4. Cyme-
CTBEHHO YCJIOKHAITCSA YpaBHeHHA HEepeHoca, B 0CO0eHHOCTH
B TOM Cjxy4ae, Korfa Marpuna A wmeer KpaTHbie KOpHH. ITH
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ypapuenus npusefens B § 11. B cayuae cmcTemur mpomcxonnT
noAspusayus HAYAIBHOI0 BOIHOBOTO Hakerta. ViMenno, mycrs
BCe cOOCTBEHHBIe 3HadeHMA MAaTpumnel [ — mpocThHe Ipa BCeX
(¢, z, p). Torga mpocrpanctso RN pasiaraercd B mpaMyro
cyMmMy N HHBapUaHTHEX IOZIPOCTPAHCTB Martpuisl [ mpm

a06ux (4, z, p); COOTBETCTBEHHO HAYalbHHU BerTOp 4Y°
n

IpefcTaBiAeTcs B Bufe CyMMH 2, Y COGCTBEHHHX BeRTO-

j=1

pos marpunu H (0, z, p), tae p = 88, (z)/0z. Acummuro-
THKA pemenus, B ODepBOM UPUOIMKEHAN, €CTh CyMMa OwCTpo
OCIMLIMPYIOMUX 9KCIOHeHT (UpH MAaJHX BpeMeHaX; IpH
foNpmUX BpEMeHAX — CYMMa KAHOHHIECKHX OIEPATOPOB,
meitcTBylommx Ha Bekrops VY Bmpma exp (iAS;) ¢, tme ¢ —
cobcrBenHn Bekrop Mmarpuus H). Tawxmm oGpasom, ucxoj-
HEI# BOJHOBOH maKeT 1 |;—p pacmafaercs Ha /N BOJHOBHIX
NaKeTOB, KayKAHA M3 KOTOPHIX [ABUIKETCA TO TPACKTOPUAM
CBO€Il TaMUIBTOHOBOH CHCTEMEI.

B § 14 paccmarpusaercss ypasuenue /mpaka (sTo cumcre-
Ma U3 YeTHPeX YpaBHEHHH mepBOTo MOPSAAKA IO IePeMeHHHM
t, z, @ MmaTpuna H wmMeer 1Ba ABYKPATHHIX COOCTBEHHHX 3Ha-
genus). C momompio modydeHumX B § 11 pesymnraTtos moxy-
weHa acmmuroTHKa pemenus 3agadsun Homm (0.29) gna cmere-
mel Jlmpara. [lokasamo, wro cuMHOBaA MOMADPH3AIHA HMEET
KiIaccHIeckuin mpemen mpm kA — Q.

KHpowme toro, B § 14 npusegen umoi, sem B § 11, monxox
K BHIBOEY YPaBHeHZIH mepeHoca.

3amaua o pacceanmu mia ypasuenus [lpegmprepa mpu
h — 0 paccmorpena B § 12; mpm 5TOM MH OTPAHAYHAVCH
TONBKO OPMYIMPOBKAMU Pe3YIbTATOB, MOTyYeHHHX B [27].

3amaga III paccmarpmsaercs B § 13. Mwmenmo, paccmar-
pHBaeTcsa ypaBHEHHE

A (1) p = Ev, (0.35)

rae # (h) — camoconpsyKenHsit omeparop B L, (R™) ¢ wmicro
AUCKPOTHHM CHEKTPOM, HOPO:KACHHEN h l-mcesgommddepen-
IAAIBHHIM (POPMATBPHO CHMMETPHYIHEIM OIEPATOPOM

1 2 1 12
&L =5 I|L(x, kD) + L (z, hDy)]

¢ BENIeCTBEHHOBHAYHHIM M riagrum cuMBoixoM L (z, p).
Xopomo m3BecTHA KOJOCCANPHAA PASHANA MERAY OFHO-
MEepPHHIMA K MHOTOMEDHHIMY 3afadaMH Ha COOCTBEHHMIO
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sHageHnA. PaccMoTpuM, [yl CpaBHEeHHSA, [(Be TaKWe 3aJaqd:

—p (x) + V@) p (z) = Ep (z), x€R,

—Ap (2) + V(@) (2) = By (x), z€R" (n>2).
Co6crBennne yaxuun npamagiaesrar L, (R"). [Tycrs V (z) €
€C”(R"), V(r)—> 400 mpm |z |->o0; TOrfa CHEKTP
Ka:Kgofl w3 sTMX safadw ducro AUCKperen. llpm n = 1 mgas
HOCTATOYHO MMPOKAX. RKIACCOB MNOTEHNNANOB BHUECIEHA
H acuMOToTAKa COOCTBEHHHX sHaweHuil L, mpm m — oo,

M ACHMIUTOTHKA COGCTBEHHHX (PYHKIHU Pp,. [lig coOCcTBEHHBIX
3HAYCHAR CIPaBeIiINBA ACHAMOTOTHYECKasa (opMmyira

VE,—V(z)dz=ma+m/2+0(1) (m — oo).

V(x)<Em

Ilpr n = 2 gnAa co6CTBeHHBIX BHAUEHWH MOJIYyYeHA aHa-
JOTHYHAA ACHMOTOTHYECKAS (POpMysa, OFHAKO CKOJBKO-HH-
O0yap obmue pesyabTaTh 00 ACUMITOTHKE COOGCTBEHHLIX (QYHE-
mui orcyrcTByoT. Bostee Toro, maske B Tex cayuasx, KOTma
3aada HONYCKaeT pasfgejeHme NePOMEHHHIX, yIaerca IONYy-
IUTh KBASHK/IACCUYIECKHE ACUMITOTHYECKHE POPMYIH TOIBKO
JJIA HEKOTOPHIX CIEIMAJBHBIX Cepuil cOOCTBOHHHX (yHKINIH.
Ilox ®easuraaccuueckoll acumnmomukoi TOHAMAETCA ACHMI-
TOTHYECKAA (POopMylNa, HAUMCAHHAS B TePMHHAX KjIaccudie-
CKOiT MexaHuKRH (T. €. BCe BXOAAIAE B 5TY GOPMYIY BeJIHTAHBL
BHIPAKAIOTCA Yepe3 XapaKTepPUCTURE HEKOTOpPOro cemeHCcTBa
($a30BEX TPAEKTOPHIL).

ITo-BugaMoMy, monpocTy He CYmiecTByeT KBa3mKIacCHue-
CKO¥ aCUMITOTHKU BCeX COOCTBeHHHX (yHEIui (¢ Goabmumu
HoMepamm) ke mia ypasuenus Illpemunrepa.

Bepnemcs ® sagage (0.35). Uro6m moayauts HHOOPMAIMIO
0 CHeKTpe 5TOU 3ajaduu, JOCTATOTHO MOCTPOUTH nOYMuU co6-
cmeernyio gPynryuro (eMm. demmy 13.1), 1. e. mpmbamKeEHOE
pemenue ypasaenusa (0.35). 1o memaercs ¢ HOMONIBIO KOH-
CTPYKIIIA KaHOHHYECKOro omeparopa. Ilycrs Aamo KoMOmaxT-
HOe Jarpam:keBo MHOTooOpaswe A", Iesammee Ha MHOMKECTBE
yposua L (z, p) = E = const cmmsoma L, pymxuma ¢ €
€ C*(A". Ilycre 3to wmuOroofpasme WHBAPHAHTHO OTHO-
CHTeJILHO COBUIOB BJOJb TPAGKTOPHHA NUHAMHYECKOH CHCTe-
MEI, aCCOI[MAPOBAHHOY ¢ cmmBosoM L. PaccMorpum BHpa-
menme (Ko (r)) (z) upm $uxcmpoBamnoMm h = A7, rie K =
= Kan. Brpaxenme K¢ gapiasiercss, BooOime roBops, HEOFHO-
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r

sHauHON (yHRIUMEH z, TAK KAK HHTETPAI S(p, dz) moxer
r0
3aBHCETh OT HyTu uHTerpuposammg. Hpome Ttoro, HHEEKC
ind £ [r° r] ramsxe MoikeT OHTL HEHYJIEBEHIM.
Buiscugerca coaegyiomee: jjs TOro 4To0H BBIpayReHue
u = (K¢) (x) 6bo ogmosuagnoit gpyurimeit z (upu ¢akcu-
poBamaoM h), HeoOXOHMMO H [HOCTATOYHO, uTOOH

h‘l(S)(p, dx)——g—-indv:%tm, (0.36)
¥

e m — uejoe UHCIO, IJAA A000TO BaMKHYTOIO IyTH %,
Aemamero Ha Muoroo6pasmm A" Ilyers Hy (A", Z) —
OZHOMEpHAsI Ipynma romojoruil muoroobpasms A" ¢ nexo-
9MCJeHHHMY KoddunmuenramMu, p; — ee pasmepnoctb. Torma
goctatogHo, 4tobb cootmomenns (0.36) BemosHSIMCH A
BCeX 0asuCHBIX TUKIOB Vi, . . ., Yp, Tpymus Hy (A%, 7).
Ecam p; = 1, 1o coormomenua (0.36) BumoamsrmoTces IIs
HEKOTOPOTO AUCKperHOro Habopa 3navenmit 2. Ecam p; = 2,
10 coornomenus (0.36) MOryT He BHIOIHATHCA HU IS 0JHOTO
snagenus h. Ouesmgno, uro Bcem coorHomenusaMm (0.36)

(mpm ¥ = y1, - . -; Vp,) MOIKHO YIOBIETBOPHTB, €CJNU HMeeT-
CA CeMefCTBO KOMIAKTHBIX JATPAHKEBEIX MHOI000pasmil
{A" (2) }, TaaxKo 3aBUCSIEe OT Py HAPAMETPOB & = (Olzy - .« »

.., Qp,). B oroM caydae MOKHO HOCTPOHTH CEPUI0 IOUTH

coOCTBeHHHX QYHKOURE omepatopa <% (2), Yro I0O3BOJSAET
HOKA3aTh ACHMUTOTHKY HEKOTOpO# cepuu COGCTBEHHHIX 3HA-
genmit omepartopa A4 (k) (reopema 13.3). Onrako He ymaercs
CTPOTO HOKa3aTh GIM30CTH DTUX MOYTH COOCTBEHHEIX QYHRI[AA
K WMCTUHHHKM COOCTBeHHHIM (PYHKIEAM. B KagecTBe ImpmMmepa
B § 13 paccmorpema samada Ha coGCTBeHHLIC 3HAUEHWA RIS
omeparopa Jlammaca — Beabrpamu wma chepe B R™.

AHajorw4iHasg KOHCTPYKIMA B cjiydae ypapuenus Ilpe-
namETepa Osuta mocTpoena pamee k. Hemmepom [75]. Tlaxee,
B HACTOAMEH KHHTe He pPACCMATPUBAIOTCS KpaeBHe 3aJaqH
0 YpaBHEHUH ¢ YACTHHMY LIPOW3BONHEIMEA. ACHMOTOTHYE-
cKHe cepmy COOCTBEHHBIX 3HAYEHUT M COGCTBOHHHX (PYyHKIHA
omeparopa —c> (z) A B orpaumvennoii o6xactu 8 R" ¢ myie-
BeIMH yclioBuamu Jlmpuxie uin Hellmana Ha rpaHune mecie-
moBamsl B paGorax [5], [76].-
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B nacrosiimeil KHATe He pacCMAaTPHBAIOTCA 3agaud Audpar-
AN 3JEKTPOMATHATHHX, AKYCTHYECKUX U JgPYTUX BOJH;
5TEM BompocaM mocBameHsl momorpaduum [1], [5], [6], [7].
[11].

MeTto KaHOHWYECKOTO OIlepaTopa 3a IoCJaeqHee BpeMs
modyuuyl passmrtme B pame pabGor (cm. [8], [27] — [30],
[42] — [43]). Kpome mepeuncinenmBIX BHIOE 3agaq, BTOT
MeTO[ UPHMEHSACTCH B 3ajade 0 PAacIPOCTPAHEHUN PA3PLIBOB
pemerus sagaan Homm Aas runmepGoanIecKUX ypaBHeHNH;
00 sToM KpaTko cxaszano B § 10, rme mpuBenens Tawsxe aurte-
paTypHble CCHIIKM.

B nacrosmell KuETe MB He [6JIAeM TMOUBITEY HBI0KUThH
ni¥M Fajke IPUBECTH 0030P BCET'0 MHOT000pAa3Wsa acHMOTOTH-
YeCKUX METOH0B TUHEUHOU MaTeMaTH9eCKoll USUKM, 4 CTAaBAM
cpoell 3ajaveil M3JI0KUTH TOJNBKO OJUH W3 3TUX METOH0B —
MeTo]] KaHoHWYecKoro omeparopa. B uactHOocTH, 31€Ch He
HaILIM oTpaskeHus ajdreSpamueckme mmen L. Jlepe, cyimect-
BEHHO PAa3BHBAIOIINE METON KAaHOHUYECKOTO OIICpaTopa.



YACTHBH 1

KBAHTOBAHUE HOJISI CKOPOCTEN
(KAHOHUYECKNN OIIEPATOP)

§ 1. Metor cranmonapsoii ¢asbr.
IIpeoGpasosanue Jle:xangpa

KBasuxiaccmaeckoe NpuONM;KEHNe NPHBONAT K HHTE-
TpajiaM oT OBICTPO OCHEINUPYIOMWAX QYHRIUNE, ACUMOTOTHRA
TAKHX MHTETPAJOB BEIGMCIACTCS ¢ MOMOIIBIO METOHA CTAIMO-
HapHO# ¢asw. B arom maparpade mpuBejena cBojxa OCHOB-
HEX POopMYN MeToHa CTAIWOHAPHON (assl, a TaKmke ompese-
Jendme W OCHOBHEIE CBOHMcTBa IpeobpasoBamma Jlexammpa.

1. Metog cramuonapuoii dasm. IlpmBemem ocHoBHDIE
pe3yabTaTh 00 ACAMIOTOTHEE OBICTPO OCHMJIIADYIOMMX HHTE-
IpajioB BHFa

J @ @ exp (@5 (@) da,

rie A — Gomsmol BemecTBeEHHE mapamerp. Ilyers Rf —
moayocm A =1, A< —1. 3mecr ¢ (x), S (z) € CT(R™),
¢yurmua S (z) BemjecTBeHHOBHAUHA, QyHKOEA ¢ (z) PuHAT-
wa. Toura z° maswBaerca rkpumuieckotli (MR cMAYULOHAPHOLL)
tToukodl ¢yrrmmu S (z), ecam 9S (2°)/dz = 0; xpurmueckas
TouKa HepHpoxgena, ecam det 928 (2%)/0x® == 0.

Teopema 1.1. Hyecmev gyuryus S (x) umeem Ha
SUPD @ eJUHCMEENHYI0, U RPUMOM HeSUPOHCOeHHYI0, KpUmu-
ueckyo moury z°. Toeda npu A sewecmeenmuz, |A | =1,
u npu awéom yeaom N =1

I(h) = 5 ¢ (2) exp (iAS (z)) da =
N-1
=" exp (iAS (2%) D) a; (¢, )AL Ry (M), (1.1)
=0
Bdece aj {p, S) = (P;p) (z°), 20e Pj; — aunetinui duggpe-
DeRyuasbHbiil onepamop nopadka 2 ¢ roauyuenmamni
u3 waacca C®. Jas 0cmamounoz0 waena UMeem MECo OYeHKA

N
| By (M) |<Cyh 2 || 9 ]lcarny (1.2)
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20e P = P (N) << c0. 3deco
VA >0, 4>0;, VA=i|VAI|,A<<0. (1.3)

Horasareanctso cM. [60], Teopema 2.2; B [60] comepsunTca
0030p JETEpaTypH IO METOXY CTAIMOHADHOW (hasH.

Xopomo wu3BECTHO, WTO WMEHHO CTANMOHAPHEIE TOUKH
BHOCAT OCHOBHOH BKJIAX B ACUMITOTHKY OBICTPO OCIMIIIH-
pyoInero HWHTErpada.

Ilycte A — BemecTBeBHAA CUMMETPHYECKAS HEBBIDOK-
geHHas (n X n)-marpuna. Bsegem ofospauenums: sgn A —
CHI'HATypa KBagpaTudrHoil ¢opmsl ¢ maTpunes A, inerdex 4 —
uHfeKe wHepumu Martpunkl A. Ecam v, — umcao modosR@-
TeIbHHX, V. — WHCIO OTPHIATEIbHEIX COOCTBeHHHIX 3HAa-
JeHuid matpuns A, TO

sgn 4 = vy — v_, inerdex 4 = v._,
sgn A -+ 2 inerdex 4 = n.

@opmyna (1.1) maer acuMnTOTHYECKOe PA3N0LeHAE WHTO-
rpaxa I (A) opm A —> f£oo. [HaBHHE dWiIeH ACHMITOTHAKE
uMeeT BHJ

I\~ ( . )”/2
828 (a0) -

X ¢ (2% exp | 1S (a0) + F-sen o8] (A > fro0). (1.4)

det_az_slﬁ‘il‘“zx

dx2

Koodpgunuenter pasmosenus (1.1) ompegensmorca wo ¢op-
myae ([60]), teopema 2.3)

N
I (3)=b, 0" exp [iAS (2%] X (V1) L (9 (z) x
i=0

X exp [iMS (2, 29]) lemxo+ A" NRE (A),  AERL  (1.5)

3nccs
(S & ),

8 (z, x°>=S<x)—S(x°>—i<6 Zo (@ —a), @—a)),

1/2

)

= (2m)™/2 ,d ot Ml 025 (x") )

exp (- sgn
aN=§+N+1—[ﬂ3i3] (1.6)
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I JJg OCTATOYHOTO TJIeHA CIpaBemimBa ONeHKA mpm A=1
[BY (W) [<Cx [| @ llgvgny: (1.7)
rae v=7v(N)<oco.

Acmmurotugeckme pasznoskenus (1.1), (1.5) Mommo mmg-
depeHnmpoBaTh J1060€ TUCIO PA3 WO A, C AHATOIMIHON OIEH-
Ko# 0CTaTO4YHOTO WJeHa.

B omnomepHOM ciydae mmeloTcs Gojiee TOIHEIE (OPMYIH
m omenxm ([60], reopema 2.1).

Opuaro Tteopemoil 1.1 B wuctoM Bume pegro IPHXOTUTCS
H0JB30BAaThCA, Tak KaK B npumiaosrenuax I (L) o6raHo 3aBUCHT
0T MOIOJHHUTEABHEX MeJIeHHO MEHIIMUXCSI mMapaMeTrpoB o,
rge o € R® ITyers Q < RE — womeunas oGmxacrs. ITo ama-
gormum ¢ cumBoixoM 9. Jlammay «O» Brenem

Onpegmenenune 1.2, Oyarmua u (o, &) npunadae-
acum kaaccy O (2), ecanm BHIOJHEHH YCJIOBUA:

1) u (0, X) € CT(Q X R}).

2) Jasa awndoro xommakta K C Q, pua ai06oro MyJIbTH-
uHmekca o u pas aoboro meaoro f =0

| DeDfu (0, ) | < Ca,p, A" (€K, LER]). (1.8)

Ananormano BBogurca riaace On(Q) (A € R3). Tunmunsim
npuvepoM QyEEmuE Kaacca On(Q) cayskar (yHKmusa

u (0, 1) = A"¢ (o) exp (iLS (),

rae ¢, S € C*(Q) m pynrnua S BemecTBeHHO3HAYHA.

)
Homomum 0T, (Q) = [ 0OZ(Q). Cupasexnmso
Hpegmomenne 1.3. Umeiom mecmo 6a0%cenus
1) Oh, (Q) -+ Oh, (Q) < 03 (), m = max (my, my).
2) Om, (Q) On, () < O +my(£2).
3) MOn(Q) < Onyt(Q).
4) DgOn(Q) = Om +101(9)-
5) DEOL(Q) < 04(Q).
Ananoeuunse aoxcenus umeom mecmo Jasa Kaaccos On(Q).
JloxasaTensCcTBO 0UEBUAHO.
Paccmorpmm muTerpax

I, o= ¢ o &) explirS (z o)lde.  (1.9)
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C@ogmyﬂﬂpyem muddepeHnmATbHEE YCI0BAA Ha (YHKIHAH
¢, o

1) g € CT(G X Q X R}), SECPG x Q), dyarmua S
BEIIECTBEHHO3HAYHA.

2) CymecrByer Kommakr K < G rtamoil, 4ro npoeRus
n, (supp ¢) ma RE comepmurcs B K.

3) Jas 06X MYIBTUMHIEKCOB o, f, ¥

| DEDEDYg (2, @, 1) | < Cu, p, A7

upu (z, w, &) € G X Q X R{, rge m — purcuposanmnoe quciao.

ChopmymupyeM YCI0BHA fia CTAIMOHAPHYI TOIKY, T. €.
Ha pelneHue ypaBHEHUS

S (z, m):O 1 10)
oz ) ’

4) TIpm rassgoM o € Q ¢yurmus S (z, ©) umeer eguH-
CTBEHHYIO KPHTHYECKYI0 To4uRy Z = z° (w) € Q.

5) inf |pj(w) | =8 >0, 1<j<<n p;(0) — cob-
2 928 (20 (0), )

dz2 )

Teopema 1.4. Hyemw ycaosus 1)—>5) ewnoanens.
Tozda daa I (A, ®) npu (h, ®) € R} X Q cnpasedauso pas-
aovcenue npu aodon yeaom N = 1:

I (A, ©)=2"""?exp [iLS (2° (0), ®)] X
N-1

X X a; (9, 8; 0)ATP LRy (A, 0). (1.11)
i=0

CTBEHHBIE 3HAYCHUA MaTPUILI

30ecv a; = [P; (0, z, D,) ¢l npu z = 2°(0), 20e P; —
aunelinsle dugdepenyuanvibie onepamops nopsadka 2j ¢ Koagh-

Puyuenmamu kaacca C*. Ocmamounwii usen Ry (o, A) €

E 0;n~n/2—-N (Q)
Taaenwti  uaen  acumnmomury  umeem  eud  (ecau

¢ (2° (), ®, &) =0 npu &> 1)
I (A, 0) ~ (21/1)™* @ (x, ®, 1) X
x exp [iAS (z, ©)] ) dot 25 ©) \‘“2 %

28 (z, o) ):I

X exp [—?— sgn ( pr (1.12?

x=x0(0) "
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Cnpasedausa maxxce gopmyaa muna (1.5) (¢ oyenxoi
ocmamounozo uaena muna (1.7)).

JlorasareascrBo caegyer us [60] (reopema 2.4). Toumo
Tarad jxe QopMynaa mMeeT MeCTO, ecam YCJI0BUA TeopeMsl 1.4
somonnenst mpE A € Ry m Berss |/ A BmGpama B coorset-
creuu ¢ (1.3).

2. h-npeoGpasosanue ®ypre. Bymem mcmouanzoBaTh Ipe-
oGpasoBanme (Dyphbe, 3aBHCAMEe OT BEMIECTBEHHOTO mHapa-
MeTpa A == 0:

(Fa, zsptt (2)) (p):( : )"/zjexp[—ihw, plu(z)da. (1.13)

2mi

ObparHoe mpeobpasoBanme HMeeT BHJ
_ A n/2 R
(F5 ot () (@) = (=)™ | explidca, p)lv(p)dp. (1.14)

Brecs Vi = w4, Vi = e-iw/t — persn J A (cm. (1.3)).
Anajoruasno BBommTCcH A-mpeoGpasoBamue (Dypre mo wacth
IePeMEHHBIX.

B § 2 mam nomagoGurcs

JJemma 1.5, IHyemv ¢ (z) € CT(R™), S (x) € C(R™),
gynryus S (x) eewecmsennosnauna. IHyemv M (g, S) =
= {p: p = 0S5 ()/0x, x € supp ¢} u G (p) < Ry — obaacmy
maraz, umo G (p) N M (g, S) = . Tozda 0das awbozo
yeaozo N = 0 u dan awbozo myavmuunderca o

| D5 [(F5, xp (@ () exp (iAS (2)))) ()] ] <<
<Cy oMYA+ IpD", AERE, peG(p). (1.15)

Howrazarenncrso. Bocuombsyemes gopmymoi

) 1 .
£iAS(%) = L (eirS@), (1.16)
0 oS oS -2
L=.Ziaj(x)m;, aj(x)=—(§(ji)— ——a_a(cgi ’
]:

rae S (x) — mocrarowno raapkas pyHxiua u VS (z) 5= 0. Toraa
Fy, wsp (9 () exp (idS (2))) =
A \n/2 ¢ ,
= (z1)" ] m@ pexp (S @) — @, p)1da, (1.17)

n

a
(.p1=tL(P, tL; — Z 'ﬁj—aj (.'13)-

j=1
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Nmeem

a8,
0<C(1+]p)<IZE pi1<C(1+1p))

o (548 e

upm z €supp ¢, pE€G, |a| >0. CregorarensHo, mnpm
A€ R¥, p € G nepas wacth (1.17) He IPEBOCXORUT IO MOXYIIIO
peamuanuet C | A Y271 (1 4- | p [)7. CooBa nmpumensa (1.16),
monydaem (1.15) mpu | o | = 0. nddepenrtuporanme no p
OPUBOUT K WHTETPANY TOI'0 ke BHIA.

O6rrunoe upeobpaszoBanme Dyphe mepeBOTUT HPOCTpai-
ctso llsapma S B cebsa; A-mpeoGpasoBanue Mypbe mepeBogUT
B ce6s mpocrpancrso IliBapma S} (mnm S3), saBucamee or
mapamerpa A.

I pocmpancmeo S (RY), 1o omnpenesicHUd, COCTOHT M3
dyurmuit u (z, L) € CT(RY X R}) rawux, 4ro muaa ao0bix
MyabTHuHiekcoB o, f mpm z € R*, A€ R} smmoausercs
omenka | zPDgu (x, A) [gCaﬁxl“'. Ananormuso BBOZHICH RPO-
cmpancmeo S;, (RY).

HIpegnomenne 1.6, Ecau u (z, 1) € ST (RE}), mo

A2 wapt (z, A) €8T (R)).

Anagoruuioe yreeps;kuenne crnpasegauso mia u € Sy (RE)
u gisa Fi'y . .. Ipegnorenne [NOKa3HBAaeTcss CTAHAADPTHBIM
AHTETPUPOBAHMEM IO YaCTAM.

3. IIpeoGpasosanne Jle:mxamppa. PaccmorpmM BHadamde
oguoMepubi#t cayuaid. IHycre I': y = § (z) — Bunyrmas go-
CTATOUIO TJAaJKad KPHBag Ha IIocKoctd. Ilpm TaxoMm cmo-
cobe samanmsa KamAod TouKe I' craBUTCS B COOTBETCTBIE
mapa umecex (z, S (x)). [Ipomemem 4depes KaKAYO TOIRY
KpuBoil KacarteapHyi0. IloiydenHoe ceMeilCTBO IpPAMEIX HA
IIOCKOCTH 0JHO3HAYHO ompeneiisier Kpusywo I', m I' apaserca
ormGaromeit sToro cemeiictsa. IlosToMy B KadecTBe HOBBIX
KoopauHaT Kakmoil Toukm ' MOJKHO B3ATH mapy ImCed, KOTO-
PHe OTHOSHAYHO OMpENeasIoT KacaTedbHylO K [' B aToll Touke.
Ypasuennme KacateapHoil ¥ I' B Toure (z,, S (z,)) umeer BuR

y =8 (@) x + (S (z0) — xS’ (20)),

Tax 10 mapa (S’ (zg), S (ze) — zoS’ (z0)) omnosuauno ompe-
meusier TouRy (zg, S (zy)) € I'. BBenem moByo mesaBmcEMYI0
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e PeMeHHYIO
p=2S8"(2) (1.18)
F HOBY (DYHKITHIO

S{(p)=ap—S (x). (1.19)

B otoit popmyne z = z (p) ects QyHKIHA 0T p, OUpEHeTIeH-
nas ypasuenueMm (1.18). IIpeoGpaszopamme
_ L: (z, § () — (p, 3 (). (1-20)
S sapaBaemoe Qopmyramu (1.18),
(1.19), masmiBaercss npeolpasosa-
nuen Jlexmandpa wunu racamesn-
HbLM npeobpasoeanuem. Dynruusa
S (p) maswiBaerca deolicmeennoll
P ro Oney ® ¢pyurouun S (z).
B cuny BrimykIocTH QyHKTHU

S (z) coorBeTcTBUE MOWAY T U p
y2=x3 B3AMMHO OQHOBHAYHO (OYCTH, JJIs

upocrorer, S (x) € C* (R)). Us

(1.18), (1.19) caenyer, wro

Puc. 3. dS (p) =8 (p)dp =
=zdp+ pdx— S8 (z)dxr=zdp,

rak 910 8’ (p) = Z, W HoxydeHHbe POPMYIBl TPUOGPETAIOT
CAMMeTPUYHBI BHN:

p=>58(), z=5 (@), S(@@+S(p)=zp. (1.21)

Ecam xpmBas ' He sBjasgercsa cTporo BEUYRIOH, TO mpe-
obpasoBanme Jlesraumpa umeer 0COGEHHOCTH.

Hpumep 1. S{z) = (1/3)2z3. Oyuxmma S (p) =
= =+(2/3)p%? neognosnauna (ee rpafmr — «Ka0OBY, puc. 3).

Mprmep 2.8 (z) = (1/4)2%, S (p) = (3/4)p*3. Oynx-
g S BHIIYKJA BCIOAY, HO HE SABJIAETCH CTPOTO BHITYKJIOH
B r1ouke z = 0; ¢yarmua S umeer 0Co0EHHOCTH B TOYKE
p (0) = 0, a mmenno: S” (0) = oo.

IIpeoGpasosanue Jle:xammpa uneoawmusno, v.e. L* =1
(I — roxnecTsenHoe mpeofpasosanme) — om. (1.21). Haaee,

eciu Kpueasg ¥y = S (z) BHILYKJIA, TO KpEBasg ¢ = S (p) Tak-
Ke BHIYKIA, TOCKOIbKY ds’ (p)dp = 1/8" (z) =0, Kpoue
roro, §” () 3" (p) = 1. |
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B caywae mMHormx mepeMeHHEIX mpeobpasoBamue Jlerxam-
npa sagaercsa amamormuso (1.18),(1.19), rme z, p € R™

p =208 (z)/0z, g(p) ={z, p)—=S (), (1.22)
UM, B CHUMMETpHYHON (opme,
p=08 (2)/0x, z=45 (p)/dp,
8 (2)+ 8 (p) ==, p.

IMpuregeM ocmoBHBIE cBolicTBa mpeobpasosanms Jleswam-
mpa {(cm. [15], [26], [63]). Hycts G — oGracts B R%, dyEKR-
s S (z) € C*(G) m wmuoroobpasue z,1; = S (2), = € G,
nMeer OTAMYHYI0 0T HYJAA TaycCOBY KPHBHBHY, T. €.

de t” 25 @ “7&0, 2€G. (1.24)

(1.23)

Torga, mo Teopeme 00 oOparHO#l (YHKIUU, YpaBHEHH® p =
= 08 (z)/0z 3amaer gudpeoMopPusM HEKOTOPH X FOCTATOTHO
MaJsbslx okpectHocredr Uy, Vo touek z°, p® = 84S (z°)/0z coor-
percreerno # S (p) € C7(Vy). Hume z € Uy, p € V.

1) IlpeoGpasosaume Jle:wamgpa HHBOMOTABHO — CM.
(1.23).

2) CopaBegiuBo TOKIECTBO

228 (z) 9285 (p)

e —apT:I' (1.25)
HeiicTeuTensHO, .
d:c = d (65 (p)/op) = 68 (p)/op*dp,
== 028 (x)/022 dx.

3) I‘ayccmsa KPHBN3HA MHOI‘OO6paBI/IH Prrr =S (p), PE
€ Vy, OTIWYHA OT HYAA:

dot| 25D | oo, pe, (1.26)

I 9T0 MEOTr000pasHe BEIIYKIO, eCIM BEIIYKIO MHOT00Gpa3ue
Zny1 = S (x), € Uyp. Caenyer us 2).

Hpumep 3.5 (z) = —;—(Ax, ), Tne A — BellecTBeH-

Hafd HEBRIPpOHIACHHasA CHMMETpHUYECKas MAaTPHIA, Torma

p = Az, §(p) =%(A"‘p, p).
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AmasoruuHo BBogurca upeobpasoBaHme Jleymamiupa I0
qacTH nepeMeHHHX. [IpeobpasoBanue JleyxaHapa Ha3HIBAETCA
TAKIKE KACAMEABHBM NpPeobpasosanlem.,

VYeranopuM cBA3h MeKAY A-mpeoOpasoBanmem @Dypbe
n upeoGpasoBannem Jlesaugpa. [lycrs BBIIOIHEHH YCIOBUA:

1) S@ec™), ¢ @) €CF(U), dpynsmma S (z) Be-
uiecrBeHo3HawHa (U — ofmacts B RY).

2) Orobpaskenne z— p = 48 (z)/ox ectp pmuddeomop-
fusm Unwa V. Rj.

Torma cumpasegianBa

Teopewma 1.7. Ilpu awbom yeaom N =1, p € R*,
A€ RE umeenm

[Fy, xp (@ () exp (iAS (2)))] (p) =
== eX] [i}».ST(p) ———ii inerdex _________0256(::2(17)) ] X

x |de t—-—ﬁzs‘”p ™ (v o)+
N
+ 3} A7 (Ba) () + Bew (P, 1) (1.27)
k=1

Ocmamounnii uwren R_yx € Oy (R3).
Sameganne 1.8, Ommcamme omepatropoB R, HaHO
B reopeme 1.4. Pasnosxennme (1.27) MosiHo guddepennmuposars
#A1000e YHCEO Pa3 IO P M U0 A C COXPAHEHNEM DaBHOMEDHOU
o p, A OlEHKN ocraTouHoro wieHa. [lasee, ecan G — BHem-
HOCTH 00xactH G' D {p: p = 8S (x)/0z, x € supp ¢}, 10 gun
0CTATOYHOTO YIeHa \MeeT MecTo Gojxee Todnas omenka (1.15).
"JloxasareabcTBO 7Teopemu 1.7. Jlemaa
vacts (1.27) pasma
L\ /2 .

(42 )" § o @exp (S @) — (@, p1 e,
CramuoHapHEIE TOYKM OQYHKIMH, CTOAmMEN B JKCIOHEHTE,
ompefeasaioTes 3 ypaBeemua 95 (z)/0x = p; B cuay yedo-
BUA 2) CTalHOHAapHAsg TOUKAa % = z (p) eNMHCTBeHHA WPH
z € U n meBHpOskaeHa. B aroit toure S (x, p) — (p, = (p))=
=S (). -

Hpumenum wmerox crammoHapHoOd d¢asm (reopemy 1.4);
poib o mrpaer p, a B KadectBe £ BoseMeM V. Torpa cyme-
CTBOBAHME PA3JIQKeHHA U0 CremeHsaAM A~! m omeHKa ocrarou-
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HOTO WieHa cieflyoT u3 TeopeMmul 1.4. Bramcaum nmpepskcmo-
HeHIHAJIbHHH MHOKNTENb B TJIABHOM WIeHe AaCHMITOTUKH.
IHpu » >0 or pasen

(2?” )n/2/2n n/2 o )\d ot BZS(x

-1/2

“im 02S
X exp { i sgn %zx) ]

62 S (z)

x=x(p)

-1/2 228 (2
exp [-21 (sgn w; ) —n,)]
qro maer mam (1.27).

Caepmcrrue 1.9, B ycrosusx meopemw 1.7 umeen

(71, con (@ (@) | det 22| exp (s (x))](p —

det & S (P)

=@ (x) ’ det

x—x(p) ’

1/4

= (z (p)) exp [AS (p)]
X exp [-— - inerdex &gz;’iJ +R—1 (py ). (1.28)

Oyenka 0CMAamouHo0z0 uwiena ma e, umo u 6 meopeme 1.7.
JHoxrasarenscrso caepyer us (1.27) u (1.25).
Qopmyra (1.28) momyckaer CJIEAYOLIYI0 HHTePECHYIO
nurepuperannic. Paccmorpum B mpocrpamcrse R* = RP X
X R} mmorooGpasue

={(x,p)t er,p=—aSa—ii}'

B ycaouax reopemst 1.7 ypasHenme A" M0:HO 3amHCaTh

B BH]E
S
={(.’IC, P)- £ = aal(,p) s PEV} ’

Tak 4T0 B KadecTBe KoopAmHaT Ha A"™ MOMHO B3ATL HIN I,
uan p. Ilyers x — roopuuwumater Ha A"™; Torga

op (x) __ 328 (x)
det e = det ol

U AHAJOI'MYHO, €CIN p — KOOPAHHATHL HA An, TO

o0x(p) 4., 925(p)
det 29 =det T
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Torga ¢popmyna (1.28) mpuMer CHMMETPHUHHI BHI:
i) /2 .
[P, v @ @) [ det EEL [ exp (05 @) | () ~

¢ (2 (p)) ldet =0 Y exp (108 (p)) X

X exp ( — —l2£ inerdex —ang’)—) (1.29)

¢ TOYHOCTHIO [0 WieHOB mopAnxa O (A1),

Commerpus dopmyret (1.29) sBaseTcss cieACTBIEM YHHTAPHOCTH
npeobpasopanus ¢ypse. [eiicTBUTeNBHO,
F (9 () exp (1S (@) =& (p) exp (i1 (p))
(smecp F = F, ., A > 1 1 anens mopsaaxa O (M) orGpomensr. Cie-
JOBATeIbHO,

flo@pa={17wea.

Ecau q)yﬂmmﬂ ¢ (z) TORAAM30BAHA B OKPECTHOCTH TOYKH &, TO QYHK-
nusg (p (p) morATH3OBAHA B OKPECTHOCTH TOYKH p = p (), T.e.

| @ (2) |2 dz =9 (p) |2 dp.
Otcioga caegyeT, 9TO

ey & <151/ [ 2] de
(cp. ¢ (1.29)).

4. Meron craguoHapHoit (asei 1A AGCTPAKTHHIX (PYHK-
puii. Wsioskenssie B 1. 1 pesyapTaTH 00 acCHMOTOTUKE MHTE-
IrpajioB OT OHCTPO OCHUMJLIMDYIOIMEX (PYHKIEA MOKHO pac-
IPOCTPAHUTH HAa HHTEIPANH BHIA

CD(A):S exp [i4S (2)] ¢ (z) da. (1.30)
Rn
3mecs A — omepatop, A: B — B, rne B — GamaxoBo mpo-
CTPAHCTBO; TOUYHHE yCIoBHs Ha omeparop A Gymgyr chopmy-
ANpORaHB HEe. [lajee, BCIONY B JaJbHEHILEM IIPEIIONa-
Taercs, YTO BHIOJHEHE YCIOBHA:
®1.1. Oysruums S () € C*(R™) u BelmecTBeHHO3HAYHA.
®1.2. Oyarmua @ (z) € C7(B).
3uecs Cg(B) — waacc ¢ymrmuit ¢: RE— B co 3Haue-
HAAME B GaHAXOBOM HDOCTpaHCTBe 5, KOTOpPHE (GECKOHEUYHO
muddepenmupyemut npu < € R® m punmTHH.
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Ilaa unrerpaxoB Bupa (1.30) moayumm acmMmrorudecKme
PA3IOReHNs, AHAJTOTHUHHE TEM, KOTODHE OHIN HOJYICHHE
amsi mererpaios Buma (1.1). Bee gokasarenncrBa mpopomgaTca
o 7o ke cxeme, 9T0 W A5 waTerpanoB suga (1.1) (cp. [55],
[601]).

Brenem o6osmagenusa: D (A) — obgacTh OmpejereHust,
0 (A) — cuertp u p (4) — pPe30oNbBEHTHOE MHOIKECTBO Ole-
paropa A. Bremem yciopue

A 1.1, Omeparop A sBisierca MHPUHUTE3UMANLHELIM OLE-
pPaTopoM CUIBHO HempephBHON rpymnmer {exp (it4d)} orpamm-
YeHHBIX OIEepParopoB Ha ocu —oo < ¢ < oo,

Wz sroro ycmomumsi BEITeKawr ciemyiomue daxter ([18],
[21])). CymectByer ® >>0 rtakoe, uTo

|l exp (it4) || << Meo't, tER, (1.31)
rie moctoauras M ue sasmcur ot f. Cuextp ¢ (4) cofepsrurca
B moxoce | Im p | << @ Rommaexcuofi miaockoeTn p. Pesos-
BesTa R, (4) = (pJ — A)™" omeparopa A (I — egunmynni
OIepaTop) ABAAETCH TOIOMOPPHOLE OHEPATOPHOSHAUHON (yHK-
nuell p Bue moxocH | Im p | << o m yoosmersopser omeHKaM

B <Ce(l+ [pD? (1.32)

B obaact | Im p [ = o -+ &, rge € > 0. Kpome Toro, cupa-
BeIJIUBH (POPMYIH

exp (—pt-+idt)dt= —iR_;, (4) (Rep> ), (1.33)

exp (— wt+iAf) di =iR_;, (A4) (Rep <—w). (1.33)

éﬁ-—ﬁo ot—33

B wacrmoctn, mpu | Re ¢ | > » omeparop (4 - iel)™!
CYWECTBYeT W OTpaHudeH.

Hpuwmep 4. Pacemorpum omeparop A = d/dt B Tuib-
fepToBOM  IPOCTPAHCTBE = L, (—o0, 00). TI'pyuna
{exp (itA)} ects yHmTapHas Tpynua CIBHIOB

exp (it ) £ () =1 (v ).

Cumertp 0 (4) coBmagaeT ¢ BEWECTREHHOM O0CHI0 — 00 <<
< << oo, O6macrs oupepenesus D (A) omepatopa 4 =
= d/dt cocront uz pymxumii f (t) € L, (—oo, oo), abcomaoTHO



’
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HeNpPepHBHLIX U TakuX, 910 ' (t) € Ly (—oo, oo). Omeparop
(4 + iel)? CYmeCTByeT U OIDAHHYeH LDH aioboM &, He
ne;KaleM Ha MHAMOW OCH.

Myere N > 1 — nenoe umeno, Torga QyHRiuM f(r) €
€ D (AN) spasiorca TaagkuME (Bce mpoumsBomHbie P (7)
X0 mopaAgKa k = N — 1 BKJIIOUUTENIHHO abCOJI0THO HEmpe-
pueanr). Hpome toro, D ((A 4 ig)N) = D (AN).

Jemma 1.10. Hyemov ycacsus ®A.1, ©®.1.2 v A 1.1
GULNOAHEHHL U

grad S (z) = 0, z € supp o. (1.34)
Toz20a npu awbom yeaom N =1
@ (4) € D (4X). (1.35)

JlokaszaTexhbcTBo. DBOCHOTB3yeMCA TOMIECTBOM
exp i (4 + ie) I) S ()] =
= (4 + iel)t Lexp [i (4 4 iel) S (@)1,

n

L=—i|vS@]|?> ab;i? Tz,

j=1

rie | Ree | > 0. HWurerpupys mT0o dYacTAM K YYHTHIBaA
¢uaHTHOCTS QYHRUME @ (), DOXyIaeM

© () = (A+ie1) ™ | expli (At ieD) S ()] 'LY (550 (1),

rme 'L — ¢opMaxbHO compssxeHHHi ¢ L omepatop. Ilocaern-
uu# mHTErpai, B cmiay ycaoeusa A 1.1, mpumapmmexnr mpo-
crpactry B, rtax uro @ (4) € D (4Y). Jlemma moxrasama.

B gacraoctu, ecnium A = d/dt, B = L, (—o, ), 10
O (A) ecrb GecroHedno nudpdepenmupyeMas QYHKIMA OT T
(8 ycaomuax memmu 1.10),

Tenmeps uwccmenyem ciaydail, xorga ¢asa S (x) mmeer ma
SUpPP (¢ HeBHPOK/EHHbE CTANUOHADHBIG TOUKH. B cuiay mem-
el 1.10 gocraTouno OrpaHmUATHCH PACCMOTPEHHEM CIyYas,
KOT[[a MMeeTCA TOJLKO OfHA cTalmoHapHas Touka. [lokasa-
rexbetBO  opmyan (1.1) ocHoBaHO HA CHGAYIOMUX IBYX
¢darxrax: Ha jgemme Mopca m Ha dopmyie

{ exp ur)ydo= 4ot )/ 2 (ImAz0).  (1.36)
0
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Bnecs A 5= 0 — umeno, Betsb )/ A BuGpana B DOIYIIOCKO-
crr Im A4 > 0 Tak, uro ]/A >0 opu A > 0.

JJemma Mopca [44]. Hyeme gynryus S (z) seye-
cmeeHHo3HAYRa U beckoneuno Juggdepenypyeme 8 OKpecmHo-
cmu moukl 2%, KOmopas S6Asemcs HesupONCOeHHOT Kpumuie-
ckoti moukoii pynryun S (x). Tozda cywecmeywm okpecmuocmu
U, V mouer z = 2%, y =0 u dugdgeomoppusm ¢: V—> U
‘kaacca C™ marue, umo

(Soq) ) =S (=) +5 2wy} (1.37)

J=t

3mecs Wu; — coGeTBeHHHe 3HAUeHHs Marpuus Sy, (2°)
det ¢’ (0) = 1.

Uro6H mMerh BOBMOKHOCTh HOAYUHTL AHALOT (POPMYIH
(1.1) prs wmarerpajgos Buma (1.30), meoGxogumo oKasarTh
omepaTopusifl amaior Qopmyarr (1.36).

Jemma 1.11. Hyemv onepamop A ydosaemsopsem
yeaosuw A 1.1. Tozda npu Re ¢ > o onepamop

. 00
28—‘”[/11

(Aiel)~ 172 — S eh S exp [it2 (A+iel)] dt  (1.38)
0

ecmb  OzpaHudeHHwl onepamop, Odeiicmeylowuii us B ¢ B,
U €cnpaeedaugo COOmMHOUEHUE

(A + iel) 22 g = (4 + ie) g (1.39)

npu awbom g € B.
Hoxaszarteancrso. Tak Kak mo ycmoBmwo

|| exp lit* (4 + iel)] || << M exp [#* (o — Re ¢))

u Re ¢ > o, To uarerpan (1.38) cxomurcs no HopMe # ABAALT-
cA orpaHnueHHEM oumeparopoM (us B B B). Ilepemuosxus gBa
maTerpaia supa (1.38), moxydmm ABYKPATHHH CXOOANIEHACH
o0 HOpME HHTEerpal

(A4 2= — 2 { { exp i (124-B) (A +ieD)] dt 4.

c!_’-;g
ot—1g
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ITepexons K DOJMAPHEIM KooppudaraM (r, ¢) H yUATHBAZ
gopmyay (1.33), momxyuaem
4i /2 0o
(A iel)~ Ve — — 4 S dyp S exp [ir2 (A + ieD)] r dr —
0 0

T

— S exp [i (A~ iel) p] dp — (A + eIy,
0

JleMMa poka3zama.
Caegcreme 112 Hyemwv yeaosus aemmwnr 1.11 evr-
noanentt U Re ¢ << —w. Tozda cnpasedausa Gopmyra

Sexp[—i(A—}—ieI) 2] dt = Vf e/t (A+iel)™ 2. (1.40)
0

3dameuwanue 1.13. IIycrs yeaosme 4 1.1 Bumonreno,

lexp (itd) | < M, t€R,

u 0 (A) He comepsxur noxyocu (—oo, 6], § > 0. Torma cmpa-
BeqIuBa QdopMyira

[+]

A‘“?‘:%e-i”ﬂ* S exp (i2A dt). (1.41)
0

. Omeparop A-Y% B — B orpamuuen, u (A2 g = 4-1g
gas mioboro g € B.

Toumo Tak jKe KOKA3HBaeTCH

Jemma 1.14. IIyemv ycacsue A 1.1 swnoaneno,
Ree> o u j =0 — yewoe uucno. Tozda

g exp [i (A +iel) 2] dt =
0

=T ( 141 ) exp [‘—4” G+1) ] (A+zen 92 (1.49)

Jlemma 1.15. IHyemv ycaosue A 1.1 swnosneno,
Ree> o, § >0, j =0 — yeaoe uucao, g € B. Tozda npu
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a06om yeaom N = O cnpasedauso pasaodcerue
]

5 oxp [i (A iel) 21/ dt- g =

0

=g (=) e[ U*“)] (A+ieD)~tD/2g 1
N

+exp i (A+iel) 8] D) ep (A+ieD) ™ g+gy, (1.43)
k=1

2de g €D (AN*Y), ¢, — nocmosnHble.

IHlorasarenscrtso. IlpegcraBpmM wmHTETpAI IO
orpesry [0, 6] B Bume pasHOCTH WHTErPaNoB IO HOAYOCAM
[0, o0) u [8, o0). lusi mepBoro us 9THX MHTETPAJIOB CHpa-
pegauBa popmyaa (1.42); Bropoil MHTErpasN LPOMHTETPUPYEM
0 9acTAM:

oo

[expliatienertiag—
[

= — 2 (A--iel)y exp [i (A4 iel) 2] g [F

Fi(Aiel)t { exp i (A iel) 2] (Y di-g. (1.44)
3

Taxr wax
llexp i (4 + iel) 21 ]| << M exp [(—Re ¢ + o) 3]

n Re ¢ > ®, To BHewHTerpaJbHAs TOACTAHOBKA HpH § =
= -+ oo ofpamaerca B HyAb. VHTerpai B mpaBoil wacTH
pasenctBa (1.44) cxomurcs mo HOpMe; CIeT0BAaTEAbHO, OCIE/-
Hee ciaraemoe B gopmyae (1.44) upumamzeskur D (4). Ilpo-
moJyKkadg WHTErPHPOBAHHE ©HO vacTaAM, moixydaem (1.43).

SaMedarne 1.16. Iyers A =d/dr, B =
= L, (—oo, o). Torga pasmomenme (1.43) ectb acmmuTo-
THYeCKOe pasiokerre o raagroct pysrmun O (4) (O (4)—
marerpart u3 (1.43)), Tak KakK OCTATOUHBIA WIEH g, HpUHALIe-
uT o0JacTH ompemerenus omepartopa d/dtVii.

Hoxyanm ocrOBEYIO POPMYRY METONA CTAIMOHADPHOM da3H
B OHOMEPHOM CIyuae.

Jlemma 1.47. Hyeme yeaosus @ 1.1, ©® 1.2, 4 1.1
eunoanentt, Re e > @. Tozda npu awbom yesom N =1

4%
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cnpasedauso pasaodceHue

o0

S exp (i42?) ¢ (z) dz =

—_ 00

R N
= (A+iel)™ 2 ) (A+iel) eyt gy, (1.45)
k=0

ede a, € B, gy €D (AN™).
HJoxasareuxnncrso. PaccMorpum muTerpai

® (4) = S exp [ia? (4 - ie])] ¢. (z) da,
0

e o0Go3HATEHO @ (z) = exp (e2?) ¢ (z). Dyaruusa ¢, (z)
¢uHNTHA.

Hycrs ¢pyurumma ¢ (z) uMeer HYIb NOPALKA M B HAdajie
woopaunar. WHTErpmpys mo dacTAM, IOJIydaeM

@ (A) = - (A iel) Fel2)

x=0

e (Apiel)t [ exp lia® (A teD)] L (922 d,

z

OL’;8

=

Pe (=
z x=0
ecThb dJeMeHT mpocrpascerBa B, rmax uaro P (4) € D (4).
IloBTopss HHTETPHPOBAHHE WO WACTSIM, IOAY4aeM, UTO

®(A)eD (A"), e k = [g] — 1.
Ilpepcrasmm ¢yErmuo ¢, () B BHIE

Beaw m>=2, 7o

= (), wociemuuil WHTErpAX

N
P (z) = D) 02" + Py (2), ®; € B;
j=0 '
trorga Qyrnus Py € C*(B) u umeer Byap mopanka N 4 1
B HAaUaJe KoopauHAT. BReleM CPe3a0myls CKAJIAPHYIO QYHEK-
muo ¥ (z) € C3(R), TompmecTBeEHO paBHYI 1 B OKpecTHOCTH
| £ | << 6 Havama KOOpAMHAT, M PACCMOTDHM HHTErpaj
& (4) = S exp (ida?) ¢ (z) y (z) da.
0
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B cuay nemmu 1.10 umeem
@ (4)— D (4) e D (4"

npu #i00om mexom N = 0. Heiiersurensno,

® (4) —® (4) = | exp (142Y) ¢ (2) (1 — x (a)) d,
2 .
q)yHI{ﬁ;nH ¢ () (1 — X (x)) € Cy(B) m TOXIECTBEHHO paBHA
gymo mpu | z | << 8, rak uto dasza S (z) = 2? e nmeer cra-
NUOAAPHEIX TOUEK Ha Hocurede dTod Qymrmuu. Vveem

N o
D (4) = 2 S exp [i (A + iel) 2?] 2y, (z) @; dz 4
=0 0

=0
+ | exp i (A4 160) 2% Py () e () dz, (1.46)
0

rae Y. (€) = y (z) exp (ex?). Ouncupyem M > 1; rorga
npu poctarouno Goxbmom N (mopsagka 2)) mmeeMm 1o J0Ka-
BaHHOMY BHIIIE, 9TO Hocxexuuii waTerpan B (1.46) mpumamme-
war D (AM),

Haxee,

S exp [i (A4 ie) 23 xixe (z) dz =
0

]
= S exp [i (A+iel) 2% o' dz +
0

+ g exp [i (A +iel) 2?] 2’y (z) d.
: ;
Has wnurerpazos mo orpesky [0, 8] cmpaBegamsa Qopmy-
na (1.43). Wmrerpanx mo moxyocu [8, oco] mpommrerpmpyem
N0 YaCTAM; TOTAA IONYYHM BEIpasKeHWe

— 5 (At iel) o exp [ (A4 ie]) %] foms -+

oo

+g (At iel) | oxp [i (A4 ied) 22 1= (7 M%e (2)) da.
]
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ByneM uHTErpHPOBATL 0 YaCTAM [ajee W 3aMeTHM, 4TO BHe-
HHTerpajhHasi MONCTAHOBKA B HHTErpaje mo moxyocu [§, oo)
COKPATHTCA CO CIAraeMEMEH Bufa cy exp [i (A + el) 8% X
X (4 + iel) 8%)*, nxogamumu B pasiomenne (1.43) mure-
rpara mo orpeswy [0, 6]. Hamomumwm, uro ¢pymkmus y ()
dumwtHa u uro ¥ (z) =1 opn |z | << 8.

TeM caMBIM JOKa3aHo, 9TO

exp [i (A ie]) 2%) @ @yye (x) dz = e (A iel) "9+ D20, 1 gy,

Ct—g

roe gy € D (AM) u M =1 moxHO0 B3ATL M00BM, ¢ = const.
OnoHUYATEIHHO MONYYAEM pAa3IOKeHNe

M
O (4) = 3 (A+aeD)” "Dy g,

rme hy €D (AM+Yy u M > 0 MOxHO B3ATL IIOOLIM.
fIBubte POPMYABl mEA KODPPMIHEHTOB p MBI He IPHUBO-
JIIM; OHM TOYHO TaKHUe jKe, KaK M B CIydae WHTErDaJOB BHA
o
S(P () exp (iAx?) dz, tge A -—> J-oo.
0
ABajormvHOe pa3JOMKEHNE CHpAaBEeNIUBO JIA HHTErpala
Buma @ (4), Bagroro no moxyocu (—oo, Ol. Jlanee, merpyn-
HO LPOBEPHUTH, 4T0 OPH CYMMHDPOBAHHN DTHX Dasio:keHuit
claraeMmele, CORep:kalljue IeJEe CTemeHHm omeparopa (4 +
+ iel)™l, cokpamaiorcsa, u MH HoaydaeM pasiosxenme (1.45).
AHaJOrn4Ho TOKA3HLIBACTCH
Jemma 1.48. Hpu ycacsusx semmwr 117 u npu
Re ¢ << —o cnpasedauso pasaoxcenue (1.45) dan unmezpasa

0o

N
S exp (—ida?) ¢ (¢) de= D (A—iel) ™" V2, + gy, (1.47)

— 00 k=0

2de by € B, gy €D (ANH).

Pacemorpmm  n-wkparseiit umterpanx (1.30) u moxyuum
agagor reopemsr 1.1.

Teopewma 1.19. Hyeme ycrogus ® 1.1, ®1.2u 4 1.1
sunoanenst, Pymryus S (r) umeem Ho Supp ¢ posHo o0mYy,
U npUmMoM Heswpoxcdenuyo, cmayuonapryn moury z°. Tozda
npu Re e > o u npu awbom yesom N =0 cnpasedauso
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Ppa3A0IHc cHUE

@ (4) = exp [iAS (2] (44 ie]) ™™ x

% (E-—iSI)—v—/z[ Z (A+ial)_k (A——iSI)‘l ahl]+gN1
0<h4I<N
(1.48)

n

20e ay; € B, ocmamounwii waen gy €D (AN+[5]+1).

3mech Vv, — 9YUCI0 MOJIOKHUTENBHEIX, V_ — YHCIO OTPH-
IATeIbHHX COOCTBEHERX B3HadeHuit Marpunsl Sy, (20).

HMorkasareabcrtTBo. B cuny gemmsr 1.10 moxuo
CUATATh, YTO SUPP ¢ COJEPIKUTCA B CKOJAb YTLONHO MajoH
(m0 purcuporauuoi) okpecrocTn Toakm z°. ITo memme Mopca
MOJKHO CHeNaTh IJIAfKYH BaMeHY mepeMeHusix z = f (y)
rakyio, 910 2° = f (0) u aro gyurima (S ¢) (y) Gymer KBaj-
patwasoil dopmoit (1.37). Tammm obGpasom,

® (4) —exp (148 (@) | exp (S5 S w}) G W) dy), (1.49)
v j=1

rge V — oxpectHOCTH TOUKHM Yy = 0,
@@ =(Pe)) (y) detf' ).

K ummrerpaxy (1.49) GymeM mocnemoBaTelbHO HPUMEHATH
Meroy cTanuonapHoi gassr (1. e. memmer 1.17 n 1.18) mo mepe-
MEHHEIM Vi, Y3, + - -» Yp. PACCMOTDUM HEHTETDAI

} ¢ iA ~

©, (4) = | exp (5-nt) ® @) dye
Ecam p; >0, To mo zemme 1.17 sTor mETETpa: HOomycKaeT
pasmosxerue (1.45), wosdduimenTs KoTOPOro — QPUANTHBIE
riagkme QYHROAH OT TePEeMEHHHBIX Y, . . ., Y. DB CIAydae
1 << 0 mpumennma xemma 1.18. 3arem momyuemmoe pasio-

JKeHHe YMHOMKHOM Ha eXD (% Mszg) , TIPOUHTEIPUPYEM IO

_nepeMeHHO# y, m npumennM gemmy 1.17 nim mzemmy 1.18
B 3aBUCHMOCTH OT BHaKa [,. llpomommas sToT mpomece,
nonyuaeM pasinoskenme (1.48).

Tnasunit wien pasiomenusa (1.48) mmeer Bujg

® (A) =c exp [iAS (9] (A +iel) "> (A—iel) ™ @(z%) + gy,
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rie g1 €D (A[EIH) u

¢ = (2m)™? | det Sy, (z°) | % exp [—l-g- sgn Sy (x")] .

Pa3BuToiil B 9T0M IYHKTE METOf CTAINOHApPHON (asH AIA
abcTpakTHHX (QYHKOWHA OPUMEHSETCH IMIPU MCCIeTOBAHKEA
pacmpocTpaHeHWS pAa3pPHBOB pemeHua 3agaud HKomm [38],
[40].

§ 2. Hcesponuddepenunaabupie OUEPATOPHL

Hycrs L — pudpdepenumaibHslii omeparop, 3aBHCAOIHIA
oT GOJBIOTO mapaMerpa A H A TaK BXOJUT B OIEPATOP, UTO
OpH RaKION HpPOMBBOHON 0/8xj nMeeTcsA MHOKHTEIh —
Mannid mapamerp A~l. Ilpumensas omepartop L k Qymrmum
¢ exp (iAS), moxyuaem

L lg (2) exp (S ()] = oxp (S (=) Q (z A7),

rge Q — HOAMHOM [0 mepeMeRHON Al

B srom maparpade BBopurcs mosATme A-mceBpogaddepeH-
IMAaasHEr0 omeparopa (. K. 0.), KOTOPoe ABIsAerca 0606mie-
HmeM womsituA JAuddepeHmuaibuoro omeparopa. Heo6xo-
OEMOCTH TAKOTO 0000merus BHsAcHUTeA B § 5. IlpuBemenuasn
Bume QopMyna HelicTBus AudepeHnMHANBHOTO ONEpPaTOPa
Ha ¢yurmuo ¢ exp (iAS) mpu Goabmmx X HEPEHOCHTCH
u Ha A-mcergonumpdepennumanpHHA omeparop (ecam S —
BeMECTBeHHOIHATHANA, ¢ — QUHNTHAN QYHKIUK), C TOH JANL
passumei, uro Q Gymer y:xe me moamEoMoM OT A, a acmmm-
TOTHYGCKHM PANOM To CremeHamM AL

1. Oupenexenne  A-ncerpopuddepeHnnansaoro onepa-
ropa. IIycrs L (z, p), u () — cransapunie pyuxmau. Cirexysa
(DeiirMany, OymeM HCIOIL30BATH CHeAyIONHE 0003HAYCHUA:

(x, Dx)u(x) Fpl:L (2, p) Fropu (),
L(x, Dx)u(ﬂﬂ) Filx (FaspL (2, P)u(2)).

2.1)

Nupercr 1 m 2 nmoka3sBaoT, KaKOd M3 0IePaTopoB Z,
D, » Bupaxemnmn L (z, D,) pefictByer mepBHM H KaKoH
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pedicreyer BTopeM. Hampuwmep, ecan L (z, p) =a (z) pj, TO
ou (z)

T
ox;

1 2 s
L(x, Dy)u(z)= — i (a (z)u (x)).

2 1
L(z, Dy)u(z)= —ia(z)

Onepartopu Bupa (2.1) massiBatorca nceedoduggpepenyuanb-
numl  onepamopamu (. A. o.); ¢yurmus L (z, p) Hasw-
Baercs cumeosom U. 1. 0. Teopus m. a. o. moctpoena B pabo-
rax [25], [68].

2 1 1 3
Oneparopu L (z, D) u L* (z, D,), rme L* — omeparop
¢ cuMBOosIOM L (z, p), ABAAOTCA OPMANBHO COLDSKOHHHIMMA:
R 12
L(z, Dy)=L* (z, D).
dro o3HagaeT, UYTO

2 1 1 2
(L (2, Dx) ¢, ¥) = (o, L*(z, Dx) V)

aaa  ao6nx Qysrmuit P (z), ¢ (z) € Cg(R™ upm coorBer-
CTBYIIMX VCIOBHAX Ha CUMBOI (CM. HM3Ke), I'/ie CKaJsipHOe
mponsBefieHne MMeeT BH[

(@, ¥) = o) P da.
Rn
B wactHOCTH, Oomeparop
1 2 2 1
L =L (z, D;)+ L*(z, Dy)

ABAsieTcA (OPMANBHO CHMMETPUIHEIM.

Mmn 6ymeM paccMaTpPHBATH M. M. 0., 3aBHCAIIKE OT Bellle-
cTBeHHOTO mapamerpa A %= (. QopmaabHO A-m. 1. 0. BBO-
ourcsa mo gopmyre

2 1

L (z, A Dy (N Yu(z) =
=F; osel (2, p; (M) Dy, woptt (7). (2.2)
Hpm A =1 uMwm moayuaem oOmumHmZi 1. 1. 0. Dyuxusa

L (z, p; (iA)~') masmBaercsi cumeosom A-u. g. o. (2.2). Hpm

ITOM
L(z, p; (M) — L (z, p; 0)
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upu A — oo. ToYHEIE YCI0BHA Ha CHMBOX OYHAYT IIPHBEIEHH
HIUGKE,

Mst paccmarpmBaeM omepaTopH Buma (2.2), BaBucAIue
0T mapaMeTpa A, IO TO# NpUYMHE, W0 MHOTHE YPaBHEHUI
MaTeMaTHdeCKol (u3nMKm comepsRaT mapamerp A, KOTOpPHIL
BXONWNT B YPABHEHNS HMMEHHO TaK, Rak B (2.2).

HDpumep 2.1. Ypasuenue Hlpemunurepa:

ih 0D P Ay (@, )4V (@ (D). (2.3)

970 ypaBHeHHEe OHHCHBAET [IBIKCHHE HEPEeIATHBHCTCKON
KBAaHTOBOH YACTHI(H MACCHl m B IOJE C MOTeHIHAJNBHOR dHep-
ruefi V (z). Homaras h = A~!, moxywaem x. o. Buma (2.2)
¢ CHMBOIOM

Lz, t, p, E)=E+—2%n—<p, p+V(2).

3mech L — pBolicTBeHnas mepemenHas K [ (3Heprua).
Hpuwmep 2.2. Ypasueune Iexbmronpna:

(A 2+ k2 (2)) u (z) = 0. (2.4)

JTo ypaBHeHUE ONNCHBAGT PACHPOCTPAHEHHE CBETOBBIX
(a Tarse IIEKTPOMATHUTHHIX M AKYCTHUYECKUX) BOJH daCTO-
Tel k& B cpefe ¢ Koapdumumentom mperomienns n® (z). Pas-
neauB obe gacTm ypasHeHus Ha k% m momaraa A = k, moxy-

gaeM 1. 0. Bujga (2.2) ¢ cumsoxom L (z, p) = —{(p, p) +
+ n? (z).
Opuwmep 2.3. Paccmorpum pasHOCTHYIO CXeMY
ﬂ+1__2un n-1 n —ouh n
R e S REYY

hn  hm
O BOJIHOBOIO YPABHEHUA Lj; = Uy, DA UN = U (—2—; >

n a >0, &0 Heoonssys ¢dopmyay e/df (z) =
= f (z + h) u anazormunyio dopmynay mis f (¢ - ch), noxy-
qUM  YPaBHEHUE

[sinZ (~Z—Dt) — o 2sin? (% Dx) ] u(x)=0,

KOTOpO€ paeT HaM pas3HOCTHYIO CXeMy, €CJIM 3HadeHud u
B3ATH B TOUKAaX CeTKH. ITO YpaBHeHHe KNMeeT BHA

LMDy, A DYu =0, h=»xr1l,
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roe L ects A-m. ;. o0. ¢ cumBomoM L (z, t, py, Do) =
= sin? (po/2) — a2 sin? (apy/2).

Onuniem Kjgacc CHMBOJIOB.

Onpenenenue 2.4 Oyuxnua L (z, p) npunadie-
acum raaccy T™, eciy BHIIOJHEHH YCIOBHA:

1) L (z, p) € C°(REX RY).

2) Jlus #00HX MYJIBTHUHIEKCOB o, P

| DEDRL (2, p)I<Cap (1 +|2[" (1 +[p ™,
(z, p) ERy X Ry. (2.6)

Taxum obpasom, Qpyuaxnua L (z, p) pacrer uHa Gecroneu-
HOCTH HE OBICTpee MOJIHMHOMA [0 £ M m0 p u Auddepenunpo-
Bagne L o  w WO p He MeHdeT HopsAXa pocra. lIpmmepsn
cuMBotoB kiacca T™: 1) moamsomer or (z, p) cremeHm m;
2) cumBosx w3 mpumepa 2.3.

Ilepemennsie * m p B cuMBode 1™ paBHOIPABHH.

3damedanune HKumacc ™ oramgaercs 0T KIAcCOB
Xépmannepa Sp's (muddepenumporanme mo p cumpoaa L €
€ S}'s yMeHbIIaeT MOPARZOK pocra L mo p). ITo pasimunme
00yCIIOBIEHO BajilagaMi, KOTODHE MK paccMaTpHBaeM.

Onpepmexenne 2.5 Oyuruusa L (z, p; (iA)™) npu-

h

nadaewcum waaccy TT, eCHM BHIOIHEHH YCIOBHUA:

1) L (z, p; (M) € C7(RE X R} X Rj).
2) Ipu xobom pexom N = 0

L(z, p; (iM)) =
N
:hzo (@ Ly (2, p) 2"V Ry (2, p; (M7, (2.7)
3necs Ly € T™ u gua nmio0HX MYJILTHHHAEKCOB o, [ ¥ s
ao6oro mexoro y =0
| DEDEDYRy (2, p, &)]1<
<Copy(I-+[z)™(I+pD™  e=(M" (2.8)

mpn (z, p, A) € Rk X Ry X Rj.
Amnanoruuso BBogmTes Kiaacc 7. TummumeiM mpumepom
N

cnvBoia Eaacca 17 caymnr Qysrmua L = DR x
0

X Ly (z, p), rme Ly € TT'. B wacTHOCTH, U3 OHpefeNeHHA 2.0
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clenyer, 4To
| DEDSL (2, p; (M) |<
<Cos(1+fz)™ (L +|p D™ (z, p, M ERT X R, X Ry,
(2.8")
Eciun
L(z, p; (MY €ETT,
TO

oL 7}
EET?, —b;;LETm, ijETz}-,’i, ijET$+1.

2. JleiicTBue A-mceBnopudepeHONANTLHOTO OnepaTopa Ha
OBICTDO OCHUANHPYIONMIYI0 DJKcmoHenTy. Hamra Ommswaiimuas
meab — HOJXYIATH KaKue-1uGo (1acTHHe) GopMasbHEE acHMI-
TOTHYeCKU® IIPH A — J-00 pelneHMs ypaBHEHHs BHJA

2 1
L(z, ADy; (i)Y u(z, A)=0.

Ecan Lu = D) ap (AD)* u, € R u wodddunuents ay
0

IOCTOSHHB, TO PENIGHHA MOKHO HCKAaTh B BUme exp (iAS (z)).
Bosee Toro, B ciiytae mpocThX KOPHEH XapaKTepUCTHUGCKOTO
ypaBHeHHA BCAKOe peimeHme Oymer AupelHOH KoMmOwHammei
DKCIOHEHIMANBHNX pemeHufi. PYKOBOACTBYSACH BTUM NpHU-
MepoM, Gymem HMCKaTh pemieEne B Buje (OPMAJIBHOTO pAmA

exp 108 (2) 3] ()™ i (o).

Ipu s1oM HEOOXOMUMO BHSICHHTE, KaK [AeficTBYeT A-1. [. o.
Ha GHICTPO OCHWIIMPYIONYI0 DHCIUOHEHTY, T. 6. HAa QYHRIWIO
suga ¢ (z) exp [iAS (z)].

Hyers z € RY; Torma

( i d ) exp [iAS ()] = ' (2) exp [i2S (2)],

A dz

(725 )" exp AS (@)1 =

=[5 @P+5 5 (2) 8" (z) |exp [iAS (x)].
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HerpyaHo MOKA3ATh M0 MEAYKIHE, TTO
(3 )" Exp1AS @)]) =
= exp [iAS ()1 (8" (@)™ + = (87 (@)™ 8" (2) +
+0(7r2)].

IIpumensas dopmyny Jledbuuma, moayvaeM
(7)o (@ exp (@S (@) =
= oxp [iAS (2)) [ (8" (@)™ @ (2) + 5 (8" (=)™ @' (2) +

—1 ' — " ca\—F
2D (8 (@) 87 (@) 9 (2) + S @7 (R @],
i=2

roe R; — muddepernuannueiii oneparop mopsgka j. CumMsox
omeparopa (;d ) ects L (p) = p™, m Tax Kak dL/dp =
= mp™1, d@L/dp? = m (m — 1) p™-2, To MH moayIaEM
JJIA JAHHOTO Omeparopa
L (A"1Ds) [¢ (=) exp (iAS (&))] = exp (iAS (2)) [L (8" (2)) @ () +

1 dL (S’ 1 d2L(S "
+ (dp(z)) (@) o 2ih flpz(x)) '@ e @+ - ]

drta Popmyra ocraerca B cuiae guas guddepeHiumaIbHOr0 oIe-
2 1

paropa L (z, AD,) ¢ mepemensnMn Kosgduiumenramu, Tak
KaK MH BHavuale AumddepeHmupyem Mo z, a 3aTeM yMHOKAaeM
NOJIYUeHHEE BEIPA)KOHHA HA QyEKmma or z. Hakose,
TMOCKOJIBRY OmepaTophl 9/0z;, 8/0x, Ha raagkux QYHKIHEAX
mepecTaHOBOYHE, TO HMEET MecTo QopMyaa

L () 37*Ds; (1)) [¢ (2) exp (A8 ()] =
= exp (iAS (2)) 2 (1) B; (@, Da)o (), (29)

rge R;—nuueiinme . o. mopsamwa j. B wacrmoctm, ecau
L — gquddepeHIEaIbHHA 0nePaTOp NOPSAIKA 72, KO3(DPHIHOH TH
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KOTOPOro — HOJMHOME 0T (iA)~1, ToO

S
(By) (2) =L (=, 55 0) ¢ (2), (2.10)
(Rig) (2) = (L2 28 E00 0@,
1 2L (x, 9S (x)/0z; 0) 02S (z)
+[7S ( ap2 ¥ 92 )+

k(e wie) |

-

](p(x). (2.11)

Teopema 2.6. IHyemv cumeon L(x, p; (IM)HETT,
Pp(x)€Cy (R, S(2)cC” (R™ u gynryua S (x) sewecmeen-
nosnauna. Toeda npu A=1 u npu awbom yesom N=0

L (azc, A,“éx, (W)™ 1o (z) exp (iAS ()] =
N
— exp (IS (x))j;,) (i\)7 R; (x, Dy) @ (x) + O_y_y (2, A). (2.12)

30ecv R;(x, D) — auneiinwii duggbe penyuasbusiii onepa-
mop nopadka <. ¢ koagpPuyuenmamu u3 raacca C™ (R).
Haa ocmamounozo waena umeem mecmo OyeHKa
| DEO_y-i (2, M KCA™ V(U ]2])7, (2.12)

20e 1 >0 — awboe, x € R". Jaa Ry, Ry cnpaeedausw. gop-
aryawe (2.10), (2.11).

JJoxasareaxncrtso.llyers u (z, ) — mesas 9acTsh
(2.12). Torpga

u(z, N)=

= ()" [ exptir@, PIL G, p; @) 1, M ap, (213)

I(p, W= [ ¢ @ exp (A8 @) — (@, P da.

Oycrs M = {p: p = 8S (x)/0z, x € sup pp ¢} u G (p) <
< R} — BHemHOCTH KOHEWHON of6IacTH, G G NM=g.
yCTpOI/IM C”-pasbuenue egmunmbl: My {p) + 1, (p) =1, p¢€
€R*, rHe m (p) — Qumrsan (ymkman, supp 1, (p) <
<G (p), H COOTBETCTBEHHO HOMOEMM U (z, A) = u; (2, A) +
-+ uy (z, A). Hanee, mpumensasn ¢opmyny (1.16), momyuaem
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upu £ # 0
uy (2, )"):

= — 77 | exp lir (@, p)] zoiu(p, M L(z, p))dp.

CrmemoBareabHo, mpu |z | ==
luy (@, M) | < 07»‘1"(1 + lz )™

rge N =0 — mo6oe. Crosa mpumensaa (1.16) u yanrtuBas
TMOJYYEHHYIO BHIIE OIEHKY IIA | U, |, HAXORUM, HUTO

luy (2, ) | S CyA N+ |2z )7V, z€R?

upu awbom N 2= 0 u 4ro Takue ke OINEHKH BEPHLHI JJIA BCEX
OPOM3BOJIHHIX OT U, no z. [lamee,

uy(x, A)=
= ()" { 2@ p @0 @ () ne(p) exp 09 (@, v, )] dy dp,
V(z,y, p)={(x—y, p)+S ) (2.14)

n aror MHTerpaa Geperca mo Kouednoit obaactm B R X R},
lyers z € K. Ilpumenum teopemy 1.4. Dyuknms ¢ (Kak
QYHKUMA OT Y, p) HMEET NHCTBEHHYI CTATMOHAPHYIO TOYKY
Q). y=2zx, p=03S (x)/0z. llycrs H (x) — MarpAna U3 Bro-
PBIX TIPOUBBOJHKIX 10 nepeMeHHuM (y, p) OYHRIUE B TOY-

ke Q (x), . e. H:lm, 1<j, k<<n. Torma

det H () = (—1)", sgn H () = 0 u coGcrBenHse 3HAYe-
wus martpans H (x) pasuer 1. Ilaiee,

¥ (2, Q (2)) = S ().

Ecam |2 | << R, 7o us teopemst 1.4 mu morxygaeM (2.12),
(2.12"). Ecan R > 0 gocraTodHo BENHKO, TO HHTErpas; IJjsd
Uy He COMEPIKUT CTALMOHAPHHIX TOUEK ¥ B CHIy JjgeMMer 1.5

lug (@, M) IS CA N (L 4z )N, |z |=R,

rge N = 0 — mioboe; apaJorudHas OLEHKA BHUOJHAETCH
IS BCeX MPOMBBOIHLIX U, o z. Tem cameiM (2.12) morasamo.

CanemcrBue 2.7. Acumnmomuueckoe pasiodcernue
(2.12) movcno dudepenyuposamsv no x u no A awbéoe wucao
pas. Teopema 2.6 6Ges usmenenuil nepermocumcs HQ CAYuail

LeT1m
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Ecan K — xommnaxt B R%, To popmyaa (2.12) gaet acmmi-
TOTHYECKOe pPasioenne (yHKOUM

L(z, 5D (i) [ (2) exp (iAS (2))]

B acCHMUTOTHYeCKH# psaf mo cremensm (iA)™ mpm A — oo
pasaoMeprO 1o z € K. WUz (2.12) cmepyer, 4rT0 3TO pasio-
JKeHHe MMeeT BH[

oxp [— iAS (2)] L (2, A*Ds; (12)71) (oxp [iAS (2)] 9 (2)) ~

~ 3

laj=0

A1 88 o ye
ar O (x’ ﬁa(z:x); (M) X

Dy (¢ (z) exp [ihS (z, y)]) ly=a:
rge o0o3HaYeHO

S »=5@)—sw—52, a=v).

JIJIH KiIaCcCHYeCKUX II. . 0. aCHAMOTOTHYIECKOE Pasioxe-

2 1
mne ¢ymrmum u (z, A) = L (z, D,) [exp (iAS) ¢ ()] 6Gouro0
noayuero B [68

amMeganue 2.8, QGopmyna (2.12) cnpasegausa npn
MeHee MeCTKUX YCIOBMAX HA CHMBOI.

Hpeganomenune 2.9, Iyems Q< R"* — roneunas
obaacmo, L (x, p; (M) € CT(Q X RE X R}), dynwyus L
umeem paaaoscenue (2.7) u ycaosue (2.8) svnoaneno npu
(z, p, M) € K X Rk X Rf ¢ woHcmawmoi, sasucsujeii om
o, B, v, K, 01a npoussoaviozo romnarma K < Q. (9mom
kaacc  obosnavum cumsosom TH(Q).) Toeda meopema 2.7
ocmaemcs 6 cuae, ecau S (x) € CT(Q), ¢ (x) € C;'(R); ocma-
moynbtli waen O_yn_y (z, N) €0 n_1(Q

9T0 upe;IoMeHNe CIHELyeT W3 JOKAasaTeldbCTBA Teope-
MH(2.6. Ananoruvaao OPMYIMPYETCH PesyAbTAT AJIA KiIacca
™(Q).

Ilycts obGmacts ©Q um ¢ymrmum ¢(z), S(z) Te xe, gro
H Bhme, u ¢yurmmm @ (z), S (z) durcuposamw. Ilomomum

S
M S, 9)={p: p=251

Mpeagnomenune 2.10. Hycmov ycaosus onpedesenus
2.5 eninoanentt npu (z, p) € @ X U (p) u DXL (z, p; (iM)™) €

) xESUPP(P}-
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€ L1 (U (p) daa awbozo mysvmuunderca o u dan awbozo
z € Q. (30ecv U (p) — obaacmyb, codepacawyas M (S, ¢).)
To20a ece samaiouenus meopemer 2.6 ocmaiomes ¢ cue. - -
JoKazaTexbcTso. YCTPOUM pasOueHNe oWHHILL
M1 (p) + M2 (p) =1, p€ R, rne ny (p) — ¢unnrHas QyHk-
nus, supp 1 (p) S ug(p) umy (p) =1 ma M (S, ¢). Ilycrs
Q; ectb A-u. ;. 0. ¢ camBoaoM L (z, p; (iM)~1) n; (p). Us go-
Ka3aTelnnCTBa TeopeMel 2.6 caegyer, uro ¢opmyira (2.12)
nMeer Mecto maA Gyurmum Q, (geirS). Jlamee, Qg (geirs)
nmeer Bum (2.13), m Tak Kar 0S8 (x)/0x = p upum A >=1,
pEsuppmy, To [DEL (p, M) | < Cpx oA N1+ |p ) mpm
k =1, p € supp 1. CJIG,U;OBaTeJILHO,

|02 (9e9) (2) | <
<O [ LGz, py @07 [ (p) (141p )7 dp<<

<Cy(@)A-N
mpu aoboM z.
Hanpnmep, eciu L = | p |, To gocrarouHo morpeGoBaTh,
arobu 08 (z)/ox = 0 npm z € supp ¢.
Touno Tar e, Kak u Teopema 2.6, moKasnBaercs
Teopema 2.11. Bee ymeepm&enuﬂ meopemti 2.6

ocmawmes e cuae 0aa onepamopa L ( A 1D,C, (iM)71), ¢ mot
AUWd pasnuyets, wmo

oL (z, 8S (x)/6x; O 6

a
+[’ . {62[1 (. 6;5;17(21) (?z, 0) 62(;5;&.1:)) |
L (n S o) |+ (FRnT ) Je @

(2.15)
OrMeTuM, 49TO
1

-
L(z — D= ()7 [0 () exp (0S5 ()] =
=(=)" {2 ey ewein© o)+
+(p, z—y)ldpdy.  (2.16)

3. Kommozummus A-meeBnoaud pepeHnAaIBHEX OmePaTO-
pos. Ilycts T — Kiacc Bcex A-I. [. 0. C CHMBOJaMHU KJac-
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ca I u .9 — obrpeguneHue Bcex Kiaaccos .7 '. OueBmpamno, 910
T .7 — JInHeWHBe TPOCTPAHCTBA HAJ nolem C. Ioramewm,
aro wmace J ABiagercd auare6pod, T. e. YTO KOMIIO3HITHS
ABYX A-m. . 0. ecTh A-U. f. 0. B Kauecrse ofxacTm ompefe-
JIeHus A BCeX A-I. 7. 0. BbIGmpaercs mpoctpanctso Cp (RY).

Teopewma 2.12. Hycme £4, L, — Mncesdodugpepen-
yuaabHsle onepamopw kaaccos 7 Ni, G N2 coomeememsento.
Toeda ux npoussedenue L,L, ecmov A-ncegdodugige peryann-
Hul onepamop kaacca 7 Vit

3aMedanue. ITa TeopeMa He BHTEKAeT U3 H3BECTHHX
TEOpeM O EOMIIOBI/I]_II/II/I ncesonuQdepeHIMaIbHEX  OepaTo-
pos [25], [68]. Jlexo B ToM, wTo B mMTHpOBaHHHEIX paGoTax
paCCManHBaIOTCH HHBIE KJIACCH CHMBOIOB L: 5TH KIACCH
TaKOBEL, 4T0 Auddepennupoarue cumboaa L (x, p) mo mepe-
MEHHHIM P YMEHBIIZeT POCT CUMBOIa upH | p | — oo. Vmenso,
Tpebyercst, wrobm mis awboro Kommakra o < RE m gua
JIO0KX MYIBTUHHAEKCOB «, [ ¢ HEKOTOPOH KOHCTaHTOU
Cq.8, gy BHIIOIHAINCEH ONEHKM

| DDA (2, p) |<Covp gp(1H]p)™ W, zest, peRn.

Wwmeroreas u gpyrue o6o0mienus dTUX KIACCOB, OJHAKO OHH
He cofiep:kaT B ceGe kKnacc I7' maske B TOM CIyuae, Korja
cuMBoa L He 3aBUCHT OT A.

Ipum porasarenancrse Teopemsr 2.12 Ham monajio0uTea Goiee
mupoKull Kiaace A-uceBpopmdepeHuHATBHEBX OIEPATOPOB,
geM Kaace 77°. A MMEHHO, paccMOTPHUM A-I. [. 0., CHMBOJEI
KOTOPHX HMeIOT pasHBil pocT mo ¥ W mo p Wpu |z |— oo
u upu | p | > co. Bregem

Ounpemenernme 2.13. @yurnma L (z, p; (iA)1)
npunadaexncum kaaccy TT™ ™2, eCiIE BHITIOJHEHH YCIOBHA:

1) L (z, p; (i) € C” (R X Rp X Rf).

2) Jlns a00HX MYJIBTHHHEEKCOB &, § ® nuas ailoro
1eaoro wucixa y == 0 BOHUIOXHAIOTCH OICHKIH

| DEDEDYL (2, p; &) | < Depy (1+|2)™@A+]p)™  (2.47)
upu (z, p, A) € R} X R} x Rj.
3) Ilpu mo6om mexom N = 0 cmpaBefawBo pasio;KeHUe

N
Lz, p; )= 2 e'La(@, p)+ oM Ly, pi o) (2:18)
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Husa dymrnuit L, Ly.y Bemonnsaiores ycaosmsa 1), 2)
(mng L, — npm A = 0).

OGosmagum Teped J ™M ™2 KjacC BCEX A-T. A. 0. C CHM-
BOJIAMM, DPHHANIEKAIIUME Kaaccy 7™z,

IIpumepom cumsoia wiacca T ™M CY;RAT QYHKIAA

L(z, p)=
=14z B™2 (4| p ™ exp [i ((, @) 4-(p, B))], (2.19)

roe @, b -— mocrosuEHe n-BeKkTOpH. Ilpu n = 1 w npwm Heasrx
my, my, =z 0 IpocTeAmuM UPHMEPOM CIYKHT (QYHKIUA

L(z, p)=am™pm2exp [i (z+ p)]-

Ilpuerymnm kK poxasarenscrBy teopemst 2.12. Jlaa ompe-
HeJeHHOCTH OTDAaHWYHUMCH CJIydaeM, KOTjJa omepaTopsl ug-
¢epeRnmupoOBaHNA JeHCTBYIOT mepBBIMHU, T. €. OIepaTtopsl L j
AMEIOT BUL

2 1
Lj=L;(x, N1Dy; g).

3necs n mamee e = (jA)7L,
Jemma 214, Hyemov onepamopw X, &L 5 npunadaencam
raaccam J ™ By T M k2 coomeememeento, u nycmo my << — R,

ky<< —n. Ilyemv @gynryus u () € Cy(R"). Toeda cnpa-
gedausa gopmyaa

(LoZiw) () =FFposxl (@, i €) Fa copu(z),  (2.20)
ede Ppymnryus L pasna

An( : ~ ~
L (z, p; 8)::(—2—n—) SGXp liMp—p, T—x)] X
X Ly (z, p; &) Ly (2, p; e)dz dp.  (2.21)

Horasareaxbcerso. Us ompememenmsa A-m. g. o.
(em. (2.2)) mmeem

z & 7»(3'”)/2
(L2l yu) (x)_(—T)”/z(zn—)n

+(0, D) Ly (2, P; &) Ly (%, p; &) u(p)dpdzdp, (2.22)
rie mHTErpat; Gepercs mo Beemy mpocrpancTey Rp X RE X

X R% a u(p) = Fy, wopu (). Oynrnus u (p) yOGmBaer
6ricTpee 060l cremenm | p | mpm | p | — oo. Ecam m,; <<
. 5

| expin (b, 2— 2+
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<< —n,.ky << —n, 1o waTerpan (2.22) cxofurca aGCOZNTHO,
Mensas nopsanox HHTGI‘pHpOBaHI/IH nonyqaeM d)opmyma (2 20),
(2.21).

Jemma 2. 15. Hycms yeaosus aemmvr 2.14 SWNOAHEHL.
Toeda Ppynryus L (z, p; &), sadannas gpopmyasoii (2.21),
npunadaexcum kaaccy g Titma kithy

Aoxasarenscr B o. CnenaeM B maTerpame (2.21)

3aMeHY NepeMEeHHHIX T = y--z, p=g¢q- p; Torga
Aho\m ,
L(-% p; 8): ('2_n) S exp [“‘ﬁv(y, 1 X
X Ly(y+2, p; &) Ly (2, g+ p; €)dydg.  (2.23)

asosas ¢ymrums S = — (y, ¢) UMeeT EAMHCTBEHHYIO
cTagumoHaprylo Touky ¥ = 0, ¢ = 0. Ycrpoum C -pasGuenne
eqmaansi: 1 =mny (y, 9) +-1.(y, @ B RJ?, 3pecs ny —
¢unnTHAA QYHKOHH, paBEAA 1 B oKpecTHOCTH Hauaja Koop-
mrHar. CooTBercTBeHHO pasofbeM maATerpana (2.23) ma fAsa:
L = L™ - L (nogmurerparhHoe Bhpasenue B LY ormu-
9YaercA OT IOJHHTETPANLHOTO BHpaseHHd B (2.23) MHORETE-

aeM 1;).

Narerpan L™ omeHHM ¢ TOMOINBI) HHTErPHPOBAHHUA IO
4acTAM, a K mHTerpany L™ mpumeHEM MeToj CranumoHapHOR
dass. Marerpmpys mo wactaM ¢ yueroMm Toskaectsa (S =

= —(y, )
exp (iMS) = iAM (exp (iAS)), (2.24)

- ° 7 a
M=(gP+lyP* X (w5 +vi5g)
j==1
oJXyIaeM ’
L® = At (2™ 5 exp (iMS) M (LyLany) dy dg.
3pgeck ‘M — GopMadbHO CONpsIHEHHHA ¢ M omeparop

H apryMmeHTH BceX (QyHKnmmi Te e, 9T0 H B (2.23).
Nmeem, B cmay (2. 24),

tM — g
M*-Ei (o 35+ b5 75) +e-
- =
3pmecs QyErnmum a;, b; mmeior mopsmok O (r~%) mpm r =
=V1yP+ lgP—> o0, c=0("), u ory acmunroraxy
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MOKHO Auddepennuposarh dGoe aucao pas (T. e. D%a; =
w0 (r~271%1) npu r — oo 1 1. 1:). auee, xaace ™ * ‘rmBa-
PHAHTEH OTHOCHTOJILHO 0NEPAaTOPOB nmbtbepemmpOBaHMH D a0
Dp , De, 9T0 ciellyeT HEMOCPEACTBEHHO U3 OMpejieleHns 2. 13.

o YCIOBHIO

m 1t

|LLy | <CU+|y+2P) 2 A+pP) 2

mg _kﬁ
X(1+]zP)® (1+]g+pP° =CQ. (2.25)

ITa OMEHKA H BCe MOCJeYONIHe UMEIT MECTO IPH BCeX Bemie-
CTBEHHEIX Z, P, Y, g  upu A = 1. [as BceX UPOH3BOJHHX
dyuknuu L,L, cupaBemaussl onenknm Buma (2.25), ToabKO
¢ APYTUME TocTosHHEMHE C.

B cuxy ycTaHOBJIeHHHX BHIIIE CBOUCTB KOPPUOUEHTOB
omepartopa ‘M W omeHKH (2 25) mmeem

| *M (LiLgno) | < CQ (1 4 )2

opu (g, y) € supp 1, (HamoMHEM, 9T0 I == 1y >> 0 HA SUDP 1,),
U TaKWe jKe OMEHKN CHPABeIJIHBH [OAf BCeX MPOH3BOIHEIX
dyarmun ‘M (L,L,). AHaTormumo OKABHIBAETCH, dUTO

| *M7 (LiLymy) | < CO (1 -+ )71 (2.26)

n Bece npoussonusie pyrknun ‘M’ (LL,n,) AomycKaoT Takwe

e OneHKH. [l KpaTKOCTEH BCe KOHCTAHTHI, BXOMAIIHE

B oumeHkH, obGo3magaeMm oOfmHOH m Toif e OykBoit C.
Bocmoanbayemcsa HepaBeHc'rBOM Murpe [25):

] ~ 1|8

rme &, n € R™ I/ImeeM (my << O)

A+Tz+yP)i<CA+]|2P)E A+|yp)

CaepoBaTeabHo,

muims Btk - -2
O<C(A+]2P=2 U+ pP*" W+lyPal(A-+igP) *.
T (2.27)

HamomuuM, gro muTerpmpoBamuwe B gopmyre (2.23) umpoms-
BOAUTCA IO HepPeMeHHBIM Y, g. llociae MATETpEpPOBaHUA TO
9acTAM [JiA HOALHTErPANHHOT0 BEPAKEHUA IOXYIaeM OLEeHKY
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BHJIA (2 27), na eme ¢ muokurenem A= (1 -1 |y |2 4 | q |2)77/2,
rge j >= 0 — mi6oe. IlosToMy, ecam B3ATL j TOCTATOTHO
60311,1]1141\4 U OPOUHTErPHPOBATH 3TY OMEHKY IO TEPEeMEHHBIM
dy dq, To nua dymenmu LD momyunmM oHEeHKY

my4-mg kiths

|IL2|<O (1) 2 (1+IpP) * . (2:28)

3meck j = 0 — awboe. Touno Takue ke OOGHKH, B CHIY
JIOKA3aHHOTO BHIIE, COPABENIMUBH W AJAA BCeX IPOU3BOTHEIX
dymxmuu L, rax uro, oweBmmuo, LD € Tme ke,
Paccmorpum mnrerpan LY, xoropril Gepercs mo orpasu-
YenHo# obnacth, Tak Kak QyHKUMA 1; QuHHTHA,
Tonomum

F=Li(y+ 2z pe)Ly(z, ¢+ p; &)y, 9
I[To dopmyne Teitmopa ummeem

f= 2 fep(z, p)y*gP+fn- (2.29)
fel+-1BlsN
Maszosas ¢yurnusa S = —(y, ¢) B mmrerpame LD umeer

eAUHCTBEHAYI0, W IPUTOM HEBHIPOKICHHYIO, CTANHOHAPHYIO
toury y = 0, ¢ = 0. Ipumensasa Meroy craruoHapHO# (ask
(reopema 1.1), momywaem, uro wuHTErpasmst

Jop = (—2%)" 5 exp (ihS) y*qPn, (y, g) dy dg

npn L — -+ oo nmetor Bug J, p= A~ 1217181 (acummrorngeckmii
pag mo cremenam A~'). [lamee, ¢yurnum f,p TPOHOpIHO-
HaxbHbl npoussogabiM DEDE (Ly (2, p; &) L, (x, p; €)) u mo-
TOMY LPHHAJIEHKAT Hﬂaccy Tratme, kithe - CregoBaTedsHO,
Bce QYHRIUH

fupdap € THMe hiths,

Wcnoonbays wHTErpalbHYI) (OPMYIy HJAS OCTATOTHOTO
qrena [ B gopmyre (2.29), moxydaem, 9TO

1

N= 2 yggas(z, P, Y, G €)s
laf4|Bl=N+1
rae pas QyHEOUE g mpE (y, g) € Supp 1y COPaBeJJIUBE
OlleHKH
mi+mg hitke

zp) * (+|pP *

| gapl<<C(1+
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H TaKkme jRe OUeHKN (C APYTHMH KOHCTAHTAMH) HMEIOT MECTO
[IA BCeX IpousBOAuHX QyHEumit g, 4. Mcmonssys To:kmecTso
(2.24) n mHTErpmpyA IO WACTAM, IOJIYydYaeMm

Top= S y*qPny exp (ikS) dy dg =
=i\ ( exp (iMS) ' M (yqPgapny) dy dg.

o

Koaddunments omeparopa M’ mmeror Bup cp-r‘zj, rie ¢ —

DOJUHOM OT HEPEMEHHKHIX ¥, ¢, a QyuKmua y*gP wmeer HYIDL
mopsagka N - 1 B mavane wooppunar. [TosroMy mpu ¢uxcu-
poranHOM j u mpu N = Mj mocratodHo GOaBIIOM (QYHKIIHA
M (y*, qPg,pni) ecTh CymMMa IPOM3BOMHBIX QYHKIUE g4
¢ KoapduImenTamMn, ROTOPHE ABIAITCA HEIPEPHBHEIMA QYHK-
ouAME OT Y, ¢ B OKpecTHoCTH Hagada Kooppuuar. OTrciona
BEITeKaeT omenKa (2.28) nus wWHTerpama .INGB H IS BCex
er0 NPOMBBOAHHIX [0 NEePEeMeHHHEM x, p mpu j << j (N), rme
j (V) > oo mpu N — oo,

Tem camuM gua ¢ymunum LY mokasamo cymecTBOBAHHE
npejcraBiaenus (2.18) u omenka (2.17) upu y = 0. Vmeem

(1) Ao\ 3
L7 = Z Jap T (QE) E Jap-
la|+1Bl<N |atl+Bl=N+1

Wurerpaant J,p pasuaraorcs B ACHMOTOTHYECKHE PSAbI
mo cremenaM ¢ = (iA)~!, Koroprie MoskHO AEpPEPEHIHPOBATE
a
5’}:7
BOAHAA MO & MHTErpana J,, eCTh HHTErPas TAKOTO ke BUJNA,
ymuokennnit Ha A?. Tak ®ak npm gocrarouno GomsiuromMm N

IS WHTerpaia faﬁ copaBegiamBa oneHka (2.28), rme j =

J .
nowiaenHo (reopema 1.1). Ilaxee, == iA? TAK 9T0 MPOU3-

= —2 —n, T0 J‘;‘Bl <L C mpum rakom N. Tem camum

a
%
orenxa (2.17) nxs ¢ymrmmm LY pgokasama mpm y = 1;
aHAJOTWYNO MNPOBOAUTCA ONEHKA IpPH BCEX ¥y == 2.

Tem campiMm pokaszamo, gro L&V € Jmitms, kith: qrg
B coueTaHmm ¢ omemko# (2.28) mua ¢ymxmmm L® goKass-
Baer, dro L € Tmutme kithy

HorasareapcTBO Teopemnl 2.12 Mpr cBeieM K ciaydaio,
paccmoTpennoMy B memme 2.15. [{ua sToro neobxopmmo mpe-
o0pasoBaTh KoMmosumuio L,¥; Tak, Tro0H YMEHbIIUTH
OOpsAoK pocra cumMBoxa Ly IO T W YMEHLIATH IOPALOK
pocta cmmBoaa L, mo p. IlpemBapmTenbHO YCTAHOBHM eINe
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ONHO BayKHOE CBOHCTBO K—nceBnonnd)d)epeHnnaanmx ome-

PaTopoB.
Teopema 2.16. Ichmb onepamop Z E g mk, gb'ynn—

yus u (x) € Cy(R™). Tozda dan awbux Myﬂbmuunamcoe a
U O0as aw6ozo yeaozo uucaa N Z= 0 cnpasedaues, oyenku

| D% (Zu) () 1< Co, v (1127 (z€R™, A1), (2.30)

Tarum o6pasom, Pynryus FLu ybuseaem npu |z | — oo
Ovicmpee 41060l cmenen | & | emecme co scemis RPOUIBOOHBLMIL.

JorxasareuxnbcTBo. Yerponm pasOueHne emumHIIH
raacca C* B R 1y (2) + 1, () = 1, tne dynxmma n; (z) €
€ C7(R™ u my (x) = 1 B oxkpectooctu Toukn z = 0. Torpa
L =%1+ L, rtHe L; — onmeparop c¢ cuMmBoiaoM ;L.
Nmeem
(Lou) () =

=(—5=)"" { explitca, piima (@) L(z, p; eVu(p)dp.
(2.31)

Bocmoapayemess TOsIeCTBOM

exp [iA (z, p)] = A (exp [iA ¢z, P))),

!‘r I_Z 2 Ty~ 5'p;

k__
Murerpupys mo wacram, moaydaem

(Za0) (@) = — (=) 5 [ exptin @ pIme () x

—2mi

fz (252 Liw p) B ()42 2 2) |dp. (2.32)

Tak wraw (i)yﬂmmn oL/op; € T™ *, a $ynrmus u (p) yGs1-
BaeT mpu | p | — oo OncTpee mai0God cremenu | p | BMecTe
€O BCEeMH LPOU3BOJHBIMH, TO

() @1<h? (L fe)m

MTpofomsan WETErpUpOBAHUe MO YACTAM, noﬁyqaeM OLEHKY
(2.30) pua pymrnmn L,u. Bomee Toro, B mpaBolt wacTé STOH
OIeHKH MOKHO A06aBmTs MHOHTENs AN (mpum A >=1).
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Oyarxuua L,u umeer Buf (2.31), rie ciemyer 3aMeHUTH
N, (x) Ha 1, (z). HogmuTerpansuas ¢yErous ¢uuuTHA OO Z,
T4k Kar 1 (z) € C;(R™). Naxee, maa $ymknum u (p) cupa-
sejurupst onerkn | u (p) [ << Cx |p AN mpu [p|=1,
A >=1, npm awbom neaom N == 0 (memma 1.5), u takme e
OIeHKN CHPABENIHBH IS BCeX MPOM3BOJHBIX 3TOM QYHKOUH.
IloaToMy MOHO camTaTh, 9TO0 CHMMBOX [ (MHUTEH IO P, T. €.
g0 L= 0 opu |p | >=1.

CiemoBatenbro,

(L1u) (z) =
=1y (2) (—2%)71“ exp [ih (z—y. pL(z, p; e)u(y)dydp,

rme mHrerpaa Oeperca mo komeunoil obmactm B Ry X Rj.
ITpumensa meron cranmonapHoit dassr (Teopema 1.4), moay-
yaeM, 9TO TOCHefHmiT HHTerpal ABISeTcA OTPAHNYEHHOH
dynknueit ¢ mpu A =0, n u3 ¢umurHOCTH QYHRIUHM 1),
BuTekaer omenka (2.30) naa ¢ymenum £yu npu |a | = 0,
Urobr moxyguts onenky (2.30) mpm |« | > 1, nepenumem
dopmyny mas £, B BuUME

(L) (2) =
=@ (5)" § [ exp =@ PIL (2, p; &) u@G+2)dydp

n 3aMetnM, 9ro nuddepeHNUPOBaHAE DTOTO MHTETPAJIA IO X
NPUBONUT K HHTETPaly TOro e BHAA. TeopeMa AoKa3aHa.

Jorasarteanbctrso teopemu 2.12. B cuny
reopemsr 2.16 ¢yurmua (£,u) (z) yOmBaer Geicrpee mi06oi
creneny |z | mpu |z | — oo, A == 1. losToMy KOMOO3HIHA
£, (£1u) (x) ompenemena. JleficTBmTensHoO,

Lo (Lyu) (x) =
=( 3 )m 5 exp [ik(z, p)l La (x, p; &) Zu (p) dp;

— 270

et e’

¢yurmua ZLyu (p) upm A > 1 yGusaer Gwictpee nioGoii cre-
menu | p |upm | p | = oo, TAX UTO MOCIETHUH WHTErPAN CXO-
nurca aGeomtorHo. Ilepemuurem »ToT mHTErpa; B BUJE

(ZaZ) (@) = (—55)" | explidz, pyix
X L§ (z, p; e) (—A2A 4 )Y (Z4w) é) dp,
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tae LV (¢, p; €) = Ly (z, p; &) (1 + 1p ), u N >0
BeibepeM pmocrarouno Gousumum. Cumson L{Y) mpmuajre:xut
Kkraccy T%k-N Oyurnua (Lqu) () mmeer smy (2.31),
rae L = L;, 1,=1, Tar 4ro

(=2 2Ae+ )Y (L) () = (L5 V) (2),

tie Z£1(-2M ecrs A-m. 1. 0. ¢ cumBozoM Kiacca J7M+2N. A1
Nrax,

Loliu= L8 LMy,

rge omeparop Z(M ynosizerBOpserT ycmoBuAM Jemmsr 2.15.
Yro6H nMETH BO3MOKHOCTH NPAMEHHTH 3TY JIEMMY K KOM-
TO3UI U ;ng) xyZN), HeoOXOMUMO YMEHbBIIATD poct cuM-
Bosta L{~2M) 1o z. [us sToro, Kak m B HOKABATENLCTBE TEO-
pemnt 2.16, npesmcraBum omeparop L(-2M B Bmpe LM =
=Ly + £15, THE L1 — omeparop ¢ QUHWTHEIM L0 &
CHMBOJOM, a cuMBoX Ly, ouneparopa L3, TOKIECTBEHHO
pasen Hymo npu | x | << 1. Hpamensnsa & ¢yurumn (£ ,,u) ()
TY K€ IpOLeAypy, Koropasa Oura ImpHMeHeHa B JOKa3aTelb-

cree Teopemsi 2.16 Kk ¢ymruum (ZLq.u) (x), moaywaem (cM.
(2.32)), uro

(1) @) = (=g7) " [0 2, p1 o ()

X 2 LY (2, p; © (iM) ™' Du (p) dp.

Jor]=0

3pecs M > 1 — pocraTogno 0oabiroe meJgoe UYHCIO, a CHAM-
Boabl L{® € T™—% %, rne g >=1 wmomer OwTb CHEIAHO
CKOJb yrofuo GoabimuM 3a cuer ypeauwgenms M.

Haa wommosmmmum ZL{MZ;; TeopeMma BHITeKaeT H3 JTeM-
Mel 2.15; TouHO TaK ke BTA JEeMMa NWPHMEHHMA K KOMIOB3H-
muaM LNZLP, rae £ n ects A-m. 1. o. ¢ caMBoaom L.
Onmnaro omepatopst LML nmeiicTByoT He Ha QYHKINMIO
u (z), a ma pyEKnmo 2%u (z), THE 2% = 2% . . . z». U3 ¢u-
HETHOCTH (QYHKIUH U CJeLyeT, 4To ecau £ ecTh A-I. [O. o.
¢ cumsogoM L wpacca T™ k, To .

Z (2% (2)) = (Fu) (2),
rme £ ecth A-m. I, 0. ¢ cuMBOXOM Kiacca I+l R, Ilns

IOKA3aTeIBCTBA DTOTO (AaKTa HOCTATOYHO B dopMyme BHUa
(2.31) pna A-m. m. 0. OpOMHTErpHPOBATH MO YACTAM IO dp.
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WNrax, morasano, uro Rommosunus L,L, AByx A-u. 1. o.
ecTh CHOBA A-I. [I. 0. ¢ CHEMBOJIOM Kiacca T™ % mpm HEKOTO-
pHX m, k. Buamcasas mopaiKH paccMOTPEHHBIX BEHINE OIe-
paropoB LM, L@ wu yunreiBas Jgemmy 2.15, Herpynmo
MOKAa3aTh, 9T0 M = My -+ My, k =k -+ k.

M3 morasarenncrBa Teopemsr 2.12 Brirekaer Gomee o0umil
pe3yIBTAT.

Teopewma 247. ITyemv £; € T™i ki, j =1, 2. Tozda
romnosuyus Lol €I ™E m=my -+ m,y, k=Fk -+ k.

IlpusBemem ¢opMyaIbl A KOMIOOBHLHUH MIBYX A-TIICEBO-
mnddepeHNNATbHRIX OIEPATOPOB.

Teopema 218 Hycmv MA-ncesdoduggpepenyuasvibie
onepamopwt £;, j = 1, 2, npunadaencam raaccam I ™ ki,
npuiem onepamopy dugPepenyuposanus Oelicmeyiom nepevlmu.
Toeda cumson L onepamopa £ = L,Ly1 umeem 6ud

L, (:2c, ?»'U%x; &) [Ly (:i, }»“1li7x; g)u (x)] =
(L0 (2, WD) oLt (2, A D u (2)+
+ e2L3 (912:, 7»‘11390; gu(x). (2.33)
3decv & = (i)Y, omepamop L€ F mutma Rithe y

L (x7 p) = I, (x1 pP; O) L2 (xv P, 0)7 (234)

n
) _ 9Ly (x, p; 0) 0Ly (z, p; 0) | 9Ly(x, p; &)
L™ (2, p)= 2 a0 TR E =0

(2.35)
Howrasareasncrso. [IpeacraBienue (2.33) Baive-
Kaer m3 Teopems 2.17 m ompenenenusa 2.13. Ocraerca moka-
3ath dopmyan (2.34) u (2.35). IlomeiictByeMm omepaTopom £
Ha OHCTPO OCHUANUPYOIMYIO  BKCIHOHEHTY u == ¢ (z) X
X exp [iAS ()], e o9 € C (R, SE€CT(R™) u ¢asa
S (x) BemecrBennosnauna. Torma, B cuxny Teopemn 2.6, nmeem

(ZLu) (x) = exp LiAS (@)] [Rop + eR19p + O (&%)]
(e — 0). (2.36)
Ouerra O (&%) paBHOMEpHA To z Ha A0GoM KoMmmakre. DyHK-

nun Reg, R mmeior suy (2.10), (2.11), rme L — cmmBox
omepatopa Z£.

=t
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Teneps ¥ QyarmEn U I[OCJIe}IOBaTe.III:-HO npnmeHnM omepa-
Topu L1.8 L,. Nmeem

(Z40) (2) = exp 1118 ()] [Rip +eRlg] + 0 () (e 0),

rae Qymxnmu Rl ompemensworcs mo caMBony L c TIOMOIBI0
dopmya (2.10), (2 11). Ocrarounmii aaen B mociaepmeir op-
Myle mpmHagresxur Kiaccy Ofy (z, A) (reopema 2.6), Tax uto
1 Z0() 1< Clel
opu z € R”, 1 CiemoBaTeabHo,
(L2 (1) = exp [IAS (2)] [ L5 (Rhp -+ eRYg)] + O () =
— oxp [iAS (2)] [RE (Rlg) -+ eR? (Rig)+ e RI(Rlg)] + O(¢)
(e —0).
CpAaBH]?IBaH ary dopmyny ¢ dopmyaoit (2.36), moryaaem
Ryp=R:Rlp, Ryp=R\Rig+ R (Rlg)  (2.37)
naa moboit ymrmun ¢ € Cp (R™). Caemosarensro,
L® (z, p) = Ly (z, p; 0) Ly (z, p; 0),

rie p = 08 (x)/0z. Tak kax B kKagecTBe S MOKHO B3HATH
a6y noneiinyw @yarmuio, To dopmyaa (2.34) noxasama.

3ameruM, 410 To:EAecTBa (2.37) HMEIOT OfMH M TOT e
BUA M Aan A-nuddepeHnuanbHEX, U Aasa A-uceBmoarddepen-
Ouanbubex oueparopoB. CiaenoBaTembHO, MOCTATOYHO MOKa-
sare Qopmyny (2.37) miaa A-muddepeHnumaJbHBIX omepa-
TopoB L3, £, a B d1oM cayuae dopmyans (2.33) — (2.35)
BHITeKaioT w3 QopMmyns JlehGuuia.

Togno rax ;xe HoKa3wBaeTCAa GOPMYNIa KOMHOSHIUHE B TOM
ciyuae, KOT[la LOPAJOK felicTBuA nuddepeHnupPOBAHESL B YM-
HO’KeHUA B omeparopax Z£; umoii, wem B (2.33).

§ 3. Ypasuenwe Tammabrona — Hrobu.
Cucrema 'amnabrona

YacrHoe ¢opMalbHOe ACHMUTOTHYECKOE perieH#e YpaB-
nenns L (:3, AID,)u =0 wumemM B Buje
u (z, A) = ¢ (z) exp [iLS (x)].
Tor;u;a $ysrmua S (z) YJIOBJIeTBOpHET ypaeHeHqu F anuLb-

mona — Hrobu -
: : -as (z) .
L (x a ) =0,
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KOTOpPO® ABIAETCH XapaKTepHCTHUECKUM JUIA ~ ypaBHOHIA
Ly = 0. XapakTepuCTHIeCKHM YPABHEHHEM /A ypDaBHEHHS]
HIpeIerepa ABiasAercsi ypasHeHme Iammabroma — fIxobum
KJACCMYeCKOH THHAMAKE; YpaBHEHMIO I‘enbmronbua QTBe-
9aeT ypaBHeHHe diKoHAma.

3agaua HKomm pgia ypasueams - Iamuasrona — fkobm
3KBUBANEHTHA Bafaue Homu nas cucmemwr Iamusvmona

ldx _ oL (z, p) dp _ 8L(z, p)

dt ~ ap at Az

Hauannssie pganHEe o006pasynT B ($asoBoM IpoCTpaHcTBe
(z, p) Muoroo6pasme pasmepuocts n — 1: ¢ = 2% (o), p =
= p’(a), & = (@4, ..., Qu_y). lIyers (z (¢, @), p (¢, @) —
pemenue 3amagn Homu 5ToH CHCTEMEI.

Ilpemarcmorenta ¢ (x) ymoBIeTBOPAET YPABHEHHIO Hepe-
HOCA, T. €, OOKKHOBEHHOMY JHHeHHOMY HapdepeHnuaIbHOMY
ypaBHEHO NepBoro MOpPAAKA Bjoab JAyua z = z (¢, a).
Ilprmenerne popMyast JInysBuimas gaer riaaBHbd 4IeH acHMI-
TOTHKH B MaJOM: '

u(x)=]/J(8a)exp[z}»S(x)+ Szaa[;(z;b '].

3meck  swobmar  J (£, o) = det a;;gta %)
H3MeHenne IJIOMAMN CeTeHUs JydeBodl TpyORu. Ira dopmysna
TIpHUTojiHA, BoOOME roBOpA, TOJILKO Ipu Maiux | ¢ |

1. Xapaxrtepucruueckoe ypasnenue (ypasHemue I'ammiup-
toHa — fIko6m). Paccmorpum ypasuemme

XapaKTepH3yeT

L (x, A."Dx; (@A) Hu (z) =0. (3.1)

Hac murepecyor dopMaibHbe ACHMOTOTHYECKNE pEIIOHWS
3TOTO YpaBHEHHA upA A — oo, Ilyerh G — Komeymas
obnacts B R%.

Onpenpenenme 3.1. Dyskmaa u (z, A) € OF (G)
HAa3BBaeTcA pewerien ypasuenus (3.1) no modyro O, (G) X
X (mod Oyn (G)), ectm Lu (z, A) € Oty (G).

B paforax mo acuMuToTHUYECKHM MeTOJlaM B TeopmH Am(-
depeHnUaNPHEIX YpDaBHEHHHE B JTOM -CIydae IHIIYT, YTO
« (z, 1) ectb acummroTmYeckoe pemenwme ypapHemma (3.1)
¢ rogHOCTRI [0 O (A™™) mpm X > ooy, Bymem uckarb
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gactuoe pemenme mod O, (G) B BmOe
u(z, M) = @ (z) exp [iMS (2)]. (3.2)
W3 teopemer 2.6 u dopmynm (2.10) caemgyer
Openaonomenue 3.2, ITycmo cumson L (z, p; (iA)1) €
€ Tm, gynryus S (x) € C*(G) u sewecmeennosnauna, Pymr-
yus @ (x) € C3(G). Myemv S (x) ydosaemesopsem ypashenuio

L (z, S (z)/ox; 0) = 0, z€G. (3.3)
Toz0a gynryus (3.2) ecmv pewenue ypaswenus (3.1)
mod 07, (G).

Ypasuerue (3.3) GyneMm HaseIBaTh ZaparmepucmUiecKUM
ypashenuem (uian ypaswenuem Iamuavmona — Hrobu) nus
ypasuenus (3.1). Baemem

Onpeneaennme 3.3. BemecrBennosHaunasas QyHK-
mua S (x) wHasweBaeTca A-zapakmepucmukoli A-T. . oO.

1
L (z, MDDy (iM)7Y), ecam pus moGoit ¢ymkmum o (z) €
€ c5@)

2 1
L (z, XDy (D)) [ (2) exp (kS (2))] = O (M)
(A — 4 00) (3.4)
npu KamjaoM ¢uKcupoBaHHOM x € G. A-xaparrtepuctura S (z)
VIOBJIETBOPSAET XaPAKTEPHCTHICCKOMY YPaBHEHUIO.
SamMmegannme 3.4. B oOmeit rteopunm ypaBHeHuit

€ UACTHHIMH LPOU3BOJHHME IPHHATO APYroe oOnpejenenue
xapakrepucturu (cM., maupumep, [71]). Umenno, ¢ymuums

S (z) € C*(G) masmBaerca zaparmepucmurot puddepen-
HUaIbHOTO omeparopa L, eciIl oHa YIOBAETBOPAET YPABHEOHMIO
LY (z, 84S (x)/ox) = O, (3.5)

rge L° — raammas wacrs omeparopa L (r. e. crapmas omuo-
poimas dacTs moimHoMa L (r, p) oT IepeMeHHEIX p).

9T0 ompejeNeHne SKBUBAICHTHO CIENYRINeMy: (YHEIUA
S (x) ecTs xapaKrepucTmra omeparopa L, ecam jisa moGoit

dyaxmma @ (z) € C7(G) BHIOXHAETCA COOTHOILIGHHE

L (2, Ds) [ (x) exp [ihS (@)] = A™0 (1)

opu z € G, A— o0, T M — mopAxok omeparopa L.
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, IIpmmep 3.5 XapakrepuCTHYeCKHEe YDaBHEHHS NiA
ypasuerns Ilpegmurepa (2.3) m pnas ypasuenua leasu-
roasma (2.4) UMEIOT COOTBETCTBEHHO BHI

SrE(E) @ oo
(5] - @

IlepBoe m3 mux ects ypasHenue ['ammabroma — Hxolwm,
ONMUCHBaOIge ABUKEHUE KJIACCHYECKOH YACTHIBL MACCH M
B IoJie C MOTeHMHarbHoM sHeprueir V (z). Bropoe ects ypas-
HeHHe reoMeTpUdecKodl OLTHKY (ypaBHeHHe diikoHaia), OmM-
CHBAIOMIEe DPACIPOCTPAHEHHWE CBeTa B Cpefie C IIOKa3aTeleM
npesomrenus n? (x). Pemenme ypapmenua (3.6) B wiaccu-
4eCKON MeXaHWmKe Ha3mBaerca Jdeticmeuem, pellleHue ypas-
#enusa (3.7) HasHBAeTCH B ONTHKE JUKOHAAOM.

Ecan sie Bocnoab3oBaThCs OMpPENEIeHHEM XaPaKTePHCTH-
Kn (3.5), TO XapaKTepHCTURE BTHX YPABHEHUH YNOBIETBO-
PAIOT ypaBHEHUSM

()0 (52)

COOTBETCTRBEHIIO. B dyacTHocTu, ypaBueHme ['enbpMronbia He
HMEEeT BEMIeCTBEHHHIX XapaKTepPUCTUK, OTIUYHLIX OT TOM-
JeCTBEHHON MOCTOAHHOM, a xapakrepucTuku ypasuernus [ilpe-
muarepa umewnor Bug S = § (¢f). Coraacuo (3.5) xapakrepm-
cruku ypasHeHus lllpeimarepa coBmajaioT ¢ XapaKTePHCTH-
KaMU ypaBHEHUA TEILIONPOBOJHOCTH

du

=0 Au,
KOTOPOE PESKO OTAMYAETCA U0 CBONM CBOWCTBAM OT YPABHEHUS
lpegunrepa.

QOusurn ge-PpaxkTo CIUTAIOT XapaKTePHCTHKAME YypaBHe-
Hujl llpenmurepa n I'enpMroabna UMeHHO DellleHHs ypaBHe-
una Namursrona — HAwobu (3.6)  ypaBuerus siironana (3.7),
TaK KAK HMEHHO OTH YPABHEHUA OLNCHBAIOT COOTBETCTBHE
MEKIY KBAHTOBOK H KIACCHUYCCKOH MEXAHMKOI H MEXRITY
BOJNHOBOH ¥ IeoMeTpHYECKOil oLTHKOH.

Houarue xapaxkTepucTuRE Ku@depeHINATBHOr0 (HIHE ICeB-
nomnddepeHnnaILHOr0) omepaTopa HEOJHOSHAYHO U OIpe-
7eJseTcA TeM RIAacCoM 3ajjad, ROTOPHe AJAs BTOTO OMeparopa
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paccmarpuBalorcA. [lasg paccMaTpHMBAeMOro HAMH KJIACCA
sajad mpurofHo ompexnenesue (3.4), mo me (3.5).

Mpenaosxerne 3.6. l-zaparmepucmuru das h-nces-
dodughdie peHYUAABHBLT OnEPAMODPOE

2 1 t 2
L(z, MDg; (iM)Y), L (z, M1Dy; (M)
cosnadawim.
2. Buxapaxrtepncrmku. ¥Ypasmenne (3.3) ecth Henmmen-
HOe ypaBHEeHNEe B JaCTHHX IPOH3BOJHLIX LEPBOTO ILOPIMIKA.
U3 raaccmueckoro amaimsa H3BECTHO, 9TO HMHTETPHPOBAHUE

9TOTO YPaBHEHHUS CBOJNUTCA K MHTETPHPOBAHUIO CHCTEMEL
00HKHOBeHHHX AuQdepeHuuaIsbHHX ypaBHeHNH

dz oL (z, p; 0) dp oL (z, p; 0)
T G T (3.8)

Iry cucremy OyneM Ha3HBATL OuULapAKMePUCTUYECKOL
cucmemol’ wmuam  cucmemoll lamuasvmona [IA omepaTopa
L (z, D (iM)1).

Baeneum caepyronryo repmunosoruo. IIpocrpancrso R¥ =
= R} X R} OymeM HasHBATL Hasz06tm RPOCMPAHCINEOM.
lyers x =z (8), p = p (8), t € I = (¢4, £,),— pemenue cucre-
met lammabrona. Hpusywo {(z, p): z =z (), p=p (), t€ I} B
$asoBoM DpPOCTPAHCTBE  HA30BeM  OuIAPaAKmepucmukoi,
a ee mpoexumio Ha RE, T. e. xpuBywo {z: z =z (), t € [},—
AYHoM UTU mpaermopueti. ITa TePMUHOJOIMA 3aMMCTBOBAHA
U3 TEeOMEeTPUIECKOH OUTHKH H KIACCHIOCKOW MOXaHUKH
(cM. mpmmep 3.5) M HaXOAUTCA B CIHEAYIOMEM COOTBETCTBHM
¢ o0meupuHATOMN:

fuXapaKTepUCTHKA «> OAXapPaKTePHCTUIECKAS TOJIOCKA,

ay4 (TPaeKTOpHA) <> GHXAPAKTe PUCTHKA.

Beogy B § 3 npegmomaraercsa, Wro BHIIOIHEHO YCIOBHE

L 3.1. Oysrnaa L (z, p; 0) € C* (R: x R}) u Bemect-
BEHHO3HATHA.

Ipusenem pax mssecranix [131, [161, [26], [51] croiicts
cucteMsr I'aMuabrona. HaIIOMHI/IM, qro ckobroti Hyaccona (f, g)
CRAMAPHHX (QyHKIuH f (:c P), & (z, p) masnBaerca QyRKOEA

&)@ P ={5 )=+,

Hpepnmomennme 3.7. lpouseodnas _tﬁyrmquuf (z, p)
8 cuay cucmemwr Iamusvmona pasna ckobre Hyaccona (f, L).
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Dynryus L (x, p; 0) asanemes nepsvim unmezpaiom cucmemsl
Tamuavmona.

JLowrasareansncrtso. Ilpoussomgmasn ]'F(:c, p) dysx-
nuu f (x, p), B CHIY CHCTEMB FaMI/IJIBTOHa, paBHa

fe n=(5 G0 =&, =)=t D= p).

Taw waxw L =(L,L) =0, to L (z, p; 0) ecr» meprsi
HHTETPAIL.

IIpennomenne 3.8. Iyemv S (x) — pewenue za-
parmepucmuueck0z0 ypasHenus e obaacmuy G x° u I =
={(z,p):x=2(), p=p(@{), t€ 130} ecmv Gurapar-
MepUCmuKa, 0meeiayas HAUAALLHBM OGHHBLM

rlimo=2% Ppl=o= aSa(xO) (3.9)
Tozda npu (x, p) €T umeen
a8 (z)
= (3.10)
ds (x d
) < (1), L8 > (3.11)

HNoxaszaTenxasctso. Bee pacemorpenuss Hpou3Bo-
nareas npu L € I = (—06, 8), rne 6 >0 jocratouno Maio.
Pacemorpnm sapagy Homm

dy _ oL(y, a3 (y)/ay; O) |
a 3p oY

U IOJO0KHM
q () = (Soy) (1). (3.12%)

Pemenme zajaum (3.12) cymecrByer m eEUHCTBEHHO IIPH
t€ 1. lIlorasxem, wuro (y (£), ¢ (f)) — pelenme CHCTEME
Tamunsrona (3.8) upnu ¢ € I; Torga us (3.12), (3.12") u exun-
crBernocTd  peienua 3amgagn omwm wmer momyamm (3.10).
,Hmb«bepemmpya (3.12) mo t u nuddepeHnUPYT TOMAECTBO

=0 = x0 (312)

L (z, ; 0) =0 mo z, momyuaem
dg () _ 925 (y () oL (y(2), a(2); 0)
dt 9x2 ap ’
s (z) | 98 (z)
OL(;:, - ,0) 02S(x)aL(x, o ,0) o
iz -+ B2 ap -

6 B. II. Macaios, M. B, ®egopiox
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Ilogerapiaaa x = y (f) B mociefaee COOTHOMOHUE, MOAYIaeM

de(t) _ 9Ly (¥), a(¥); 0)
dt ap| ’

T. €. Bropoe M3 ypapueHmit (3.8).
Hamee, Bmounp I' mmeem

ds (z, t) aS (1)  de(2) dz ()
di =< oz ' dt >=<p(t), dt >’

oTkynma caexyer (3.10).

3. 3ajaua Komn ma maockoctn. ITocraBum 3ajaay Komm
mag ypapuenma (3.3) va maockoctu z, = 0. Tar kKak 370
ypaBHEHHE HeIUHeinoe, To, Boolme roBOps, HENOCTATOYHO
sagate S (z) wpu z, = 0. Homowum =’ = (x;, ..., T, 1),
P = (P1, - - + Pn_1). Sadauett Kowu pus ypasuenna amuis-
Toma — fIKoGM HasoBeM CREIYIIMYIO 3aauy: HallTH peireHue
ypaBHEHHUA, YAOBIETBOpPAMee mauHuwM Homm

Sen=o =S (z"), 2 €U, (3.13)
BS ' ! ’4
My Al CO A (3.14)
3necs U’ — onpecrnocrh tousn £ = 0 u S, (2'), p° (z') —

3aflaHNble BCIECTBEHHO3HaUNbe Qyaxnuu Kaacca C™ (U').
Oyurimuun Sy (), p® (') DOMKHE YAOBAETBOPATH YCIO-
BHAM coriacoBamma: mopm ' € U’

L, 0, p°(z'); 0)=0, (3.15)
(P (), dz'y=dS, (z'). (3.16)
Iociaennee ycmoBue HasmBaeTcs ycaoeuem noaocku [26], [51].

damauy (3.3), (3.13), (3.14) ¢ ycaoBUAME COrIACOBAHUA
(3.15), (3.16) Gymem wWaswBaTh aazpawdcesoii sadaveti Kowu

(cm. § 4).
Jdemma 3.9. ITyemo
9L (0, pn (0); 0)
— = 0. (3.17)

Toe0a pewenue aaepandcesoll sadawu Kowu cywecmeyem
u eduncmeenno 8 Hexomopol orpecmrocmuy mouku r = (.

Hdoxasarenncrtso. Homomamy = (Y1, . . .y Yn_1)s
u nycrb {z (¢, y), p (¢, y)} — pemenne sanaau Honm

Tlh=o=( 0),  Ppl=o=p"() (3.18)
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aisi cucremn [ammiabroma (3.8). ITo pemerHme cymecTByer
u egmucTBenno npu ¢ € I (y) 5 0, ecm murepBan I (y) Aocra-
togHo Max. B okpectHocTH ToukE £ = ( B KagecTBe IOKAIb-
HEIX KOOpAMHAT MOHO BHOpaTh (y, !), IOCKOIBKY AKOOH-

_ dz(¢, y)
ag J (¢, y) = det )

?_(Q__ppf—())_@ +# 0 (em. (3.17), (3.18)).

Ecnr S (x) — pemenme marpamkesoil 3amaun Homm,
TO BHONBL TpaeKrTopuu cucreMul ['aMuiabroHa HMeeM

as _/, A
7?“<p’ dt

(upenmoskenue 3.8). IMosTomMy momomm

B rtouke £ =0, y =10 pasen

£
St =S+ | (p@. v, =Dy dn. (3.19)
0

Qyurmua S (z) Gecromeuno guddepennupyeMa B OKPeCTHO-
ctu Toukn z = O u ygosaerBopsier ycaoBuam (3.13), (3.14).
Hamee, npu Mauasx ¢, y

Lz (¢ y), p (4, 9); 0) = 0. (3.20)
HeiictBurensiio, L sABIsAeTcs NepBHM HHTEIPalOM CHCTE-

Mu (3.8), a mpu ¢ = 0 (5.20) Beimoamsercsa B cmay (3.13).
IMoraskem, gro

as ,
p(t, yy=2L D) (3.21)

Torga ms (3.20) momyuum, garo S (z) ects pememme (3.3).
IMomomum Sy (¢, y) = S (z (¢, y)); Torma pasemctso (3.21)
9KBHBANGHTHO CHCTEME

o5y _ <’6t> 0
M= 6S1 <’5y> 0.

1<]<n—1,

(3.21')

rne x =z (t,y), p=p( y), Si= S1(z, y). Ilepsoe us
paserctB (3.21") caemyer us (3.19). Hudpdepennupys mo y;
mepeoe paBeHcTBO (3.21") u AupdepeHnupys mo ¢ ocTasbHHE

6¥
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PaBeHCTBa, IOJYy9aeM

828, _é %%_é oy

ot 0y ; dy; ot Pr dy; !
=1 h=1
2, T r 2,
oM; 925, dpp, Ozy 2z
at _atayj_z ot ayj_z kot ay;
R=1
CJIep;OBaTeJILHo,
oM; _
ot 6_1/_, 0t ’ 6JJ
d

'@;L(x(tv y)7 p(t1 y); O):
B cuny (3.20). Tar rax

) _ 05ty oz (¢, ¥) .
M0, y)==5— <p (), =5 >’t_ =
aSO(y)

—pi(y)=0

B cuay (3.13), to M;(t,y) =0, u (3.21) noxasamo.
Tem campm cymecrBoBamme pemenns 3agadu Homm
noxasano. lokaskem epguucrBemnocth. Ilyers S (z) — woct-
poeHHOe Bhle pemenne u S; () — HeKoTopoe Apyroe peime-
0S¢(0)  aS(0)
oz Oz
o (3.14), Togﬁ—i%& = p® (z'). Ecan us rouru (z', 0, p° (x))
a8 (z)
o '’

p(x) = z) B cuny npepiaoxenus 3.8. Iosromy Sy ()

e 3sagagm Homm. Tar Kax M BBIOOJIHE-

BLIIIyCTI/ITL GUXAPAKTEePHCTHKY, TO BAOJbL Hee p (z) =

COBIIAIAET c npaBoit gacteo (3.19), 1. e. ¢ S (2).

4. Ypasaenue nepeHoca. Paccmorpmm yparuenme (3.1),
e L € T™ (uma 7). Hama wene — moctpouts HopMatb-
Hile acuMuroTwyeckume (. a.) peimeHus 5TOro YpaBHeHHSA
¢ rounocteio g0 O (AN) (A > 4 oo) mpm dio6om N. Hawm
nomagoburcs ussectHas Qopmyaa Jlmysmmna [4], [51], [52];
mpuBefeM ee J[{OKa3aTeabCTBO. PaccMoTpuM aBTOHOMHYIO
BeIeCTBEHHYIO CHCTEMY H3 NI ypaBHeHHUH

X =f@), (3.22)



3. YPABHEHHNE TAMHJIBTOHA — AKOBH 85

roe, maaA  npoeroth, f(x) € C” (RE). Ilyers =z (¢, @) €
E€C” (I XV)ecrs (n — 1)-mapaMerpuuecKoe ceMeicTBO pe-

ImeHHii CHCTeMHI, Tje o = (Cg, ..., Opy) € REL, V —
ob6macte B Ri, I — unrepsan | ¢ | << 8. Iomomum
J @, )= det 22t (3.23)

ot a)

Teopema 3.10. lyemv J (¢, ) =0 npu (¢, o) €
€1 xX V. Toeda umeem mecmo opmyaa Jluyeuars

L7 (t, o) =5Sp-2L (2 (t, ). (3.24)

DorxasarTeunbcTso. Ecam marpuma A (£) € C* (1)
¥ HeBbIpommeHa upu t € I, To

2 InJ (¢, @) =Sp (47 () 252). (3.25)

WUmeem uz (3.22)

9 (0x(t, o)\ _of (z (i, &) dz (¢, @)
?t‘(a(t,a))* oz a(, ay

IlogcraBasas »ro Boipamenme B (3.25) u yuumTHBasg, 9ITO
Sp (4B) = Sp (BA), wonyuaem dopmyny Jlmysmmasa (3.24).

PaccMoTpHM HEaBTOHOMHYIO BeIECTBEHHYIO CHCTEMY U3 N
YpaBHeHHH

32 —1t, @), (3.26)

THe, s npoctotet, | (¢, x) € C*(Ry X RE). Hyers z (¢, @) €
€ C» (I X V) ects n-nmapamMerpudecKoe ceMeiCcTBO pemeHHmi
cucremur (3.26), rme I — mmrepBan || <6, a € RL, V —
obmacts B RZ. ITomomxum

Ji(t, o) = det 29, (3.27)

Torma cupasemmmpa ¢opmyra JlmysBumiamna
2 Jy(t @) =Spfa(z(t, @), (3.28)

ecmu - J, (¢, ) =< 0 mpm (¢, @) €1 X V. ]lokasaTeabCTBoO
TO e, 9TO W BEIIIE.
Bynem uckare pemenue ypasHemusa (3.1) mod OF (RQ)

B BHIE o
u (x, ) = ¢ (x) exp (iAS (x)). (3.29)
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Iloncrasasa ero B (3.1) u mpumensan (2.10) — (2.12), moxy-
gaeM, 9T0 QyHKIEE @, S AOIKHE YAOBIETBOPATH ypaBHe-
HEAM

( ; 0)=0, (3.30)

/ oL \ 2L z,ii—;o 0
( o) |

66

Ypasuerne (3.31) HasmBaercs ypasHeHuem NepeHOCE.

Chopmyrupyem ycaosua na cumBoa L. Hamommum ycio-
sue L 3.1: ¢pymrnua L (z, p; 0) npusagmemnr C%, u Beme-
CTBOHHOBHAYHA NPH BCEX BENECTBEHHHX I, p.

L 3.2, L (z,p; GM™) € Tm,

L 3.3. ®yurnusa L (z, p; (z?») -1) BemecTBenHO3HAUHA PR
zER™ pERY, AZ=1.

PaCCMOTpHM safayy Homm pmua cumcremm IamMuiabToHA
(3.8):

Li=0 = 0 (a’)’

P li=0=p"(a), acU. (3.32)

3necy o = (o3, . .., op_q) € REY, U — obmacts B RG?,
{z: z = 2° (o)} ects C™-MmOTrOOGpasue pasmeproctu (n — 1)
B R} u BHIOIHEHO YCJIOBUE COTrJIACOBAHHA

(p° (@), dz°(a))=0, acU. (3.33)

Crengyiomee ycaosue Ha cuMBOX L m Ha mamasie Homn cdop-
MyJIHpYeM B TepMHHaX OIXapakTePHCTHK.

L 3.4. 3agauwa Homwm (3.8), (3.31) mmeer epgumcrBemmoe
pemenne {z (t, o), p({, @)} mpm (¢ a)€l XU, I =
= (—&8, +6), n orobpaxenue

ta)>z(ta), ¢ a)el XU (3.34)

ecth guQdeoMopdhusm.
Tlonosxum

S (2, @)="S(2° (a))+j <p (v, o), 2 a)>dr, (3.35)
A ‘ N o .
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rme Sy (2° (@) € C*°(U). Torma ¢ymsmma S (z) € C7(Q),
rae Q@ = {z: ¢ =z (¢, a); (¢, @) €I X U}, u aBuaserca pe-
ImeHueM XapaKTepUCTHIECKOTO ypaBHeHus mpHE x € Q.

~Teopewma 3.11. Ilycmv ycaosus L 3.1 — L 3.4 ewinoa-
nenw. Tozda gynkyus

(@) V]I, )] ,
u(z, M= Vl-/'(t = exp (iAS (z (¢, )] X

1 02L (z (7, @), p(T, a); 0)
xexp ( ‘ B 9z op B
0

oL (x (T, a)v p(T, q’)v 8)
- de

oo dT)  (3.30)

aeasemes, pewenlien ypasuernus (3.1) mod 0% (Q).
B80ecv S, J onpedeasomes uz (3.35), (3. 23), ®o () —
npouseoavias gynryus kaaccea C=(U), u ¢ = z (¢, a).
Howxasareapcrtso. [logcraum (3.36) B (3.1).
Torga ypasuenue (3.29) Gyner Bunoarero. OGozHaTuM wepes
go 9LO oL’
’ a_x’ B(imt
(x, a ; 0). Umeem

do o (z) oLO
_EZ-::< oz -5>, x:x(t, a).

u T. [. 3HAYEHHA STUX QYHKIHHA B TOUKe

IIostomy ypaBmenue (3.31) Bmoadb ayua z = z (¢, o) (upzE «
PUKCHPORAHHOM) IPHMET BHJ

d 1 2L0 528 aLo B
—dt——l"[y Sp (5—1,2' 79;2-) ?+5mT fP] =0. (3.37)
0
Ilpamenaa Qopmyay Jluysmaaa (3.24) x cucreme % = %,
moayuaem
as
4 ms=8 ( 0 (_._w (= Tf_o))) _
at ==P\% p =
o [ B2LO 928 92L0
- ( ap2 '6_x§) p(axap)

CJIeI[OBaTeJILHO ypasueHue (3.37) MOMHO B3amucath B BH[E

62L0 oLo -

Vf +(VTe)= (90 m3s) — 510n7) @ (3:38)
I/Inrerpnpya a10 ypaBHeHue, moiayuaeMm (3.36).
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PacemMoTpHEM 0mepaTop € CHMMETDPHYHEIM CHMBOIOM.
Teopema 3.12. Hycmv ycaosus meopemet 3.11 swnoa-
nenw. Tozda gPynryus

u(z, A)—-2 (]j)rljﬁ('t_f%“” exp (iMS(z))  (3.39)

asagemces pemenuem ydeHeHu.}l

L (2, %D+ L (z, A-D)] (2, 1) = .0 (mod 07, (Q)). (3.40)

HorkasarensctBo. B cuny (2.15) ypasmemme mepe-
Hoca (3.37) B HAaHHOM cjydae HOpPHMET BUJ

dp | 1 9210 628 1 d2L0
Tt (G )0 50 (55) 0=0- (34D

IloBTOopsia mokasarenbcTBo Teopemsl 3.11, moxyumm pas ¢

YpaBHEHHE
V = (VT0)=

3ameqanune. Pacecmorpum B daszoBoM mpocTpamcrTre
n-MepHOe MHoroobpasme A" = {(z, p): z =z (¢, o), p ==
=p(t, a), « €V, ¢t €I} nemert o6bema Ha A" uMeer BHA
do™ () = a (z) dz. IlorpeGyem, aTobs 5T0T 06HEM GBI MHBA-
PHAHTEH OTHOCHTEJIBHO CIIBAIOB BHONL (a30BHIX TPAEKTOPHIL;
rorfa (aox) (¢, o) = b (o). Caegosarenbuo,

do™ J (0,
adxuc)= JEL :)) (x=2z(, o)),

Tak 9ro Qopmyna (3.39) mpmHmmaer Bum (upm ¢ (@)= 1)
u(z, M=, [d"—dg‘l exp (iMS (z)). (3.39)

5. 3apaua Konm. Paccmorpum A-nceBgopuddepennuans-
HEY ONlepaTop ¢ BHAEJIEHHOHN UPOM3BOXHON mo I:

L =D, L H (t, & ADs; (10)7Y), (3.42)

rae ¢ € [0, -+ o0), z € R" u I ects A-n. f1. 0. B omepatope H
mepeMeHHas { HT'paeT poab mapaMmerpa. PaceMoTpuM 3ajgady
Homm ¢ 6scTpo OCHHIIMPYONUME HAJaAbHEIMA HAHHEIMH:
Lu (t,z) =0, (3.43)

U Jtme0 = Ug () exp (iASo (2)), - (3.44)
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rme Uy () € C* (RY), So(x) € C* (RY) m dpysrmua S, (z)
BeleCTBeHHO3HATHA.
YpaBaenue T'amunsroma — flko6u jms L umeer Bup

aS (¢, z) s (t, z) .
T—[—H(t, z, = 0) —0. (3.45)

dt
W3 cucremn I'amuiabroHa uMeeM == 1, rae T — mapamerp

BAONb OMXapaKTePUCTHKH, TaK YTO MOKHO OTOKIECTBUTL T
¢ {, m cucremMa l'aMuabpTOHa UMeeT BHJ|

de __ 0H(t,z,p;0) dp _  9H(t, =, p; 0)
a T ep ' a4t =z (3.46)
ds o (¢, 2, p; 0
o :<p, __L£_P;>_H(t, z, p; 0), (3.47)
it ., dE _ 9H(t, =, p; 0)
w=b wEm (3.48)

rme F — pgBoiictBennas K ¢ mepemennasa. Cucrema (3.46)
BaMKHyTa, u, 0oJiee TOro, eCJAH pelleHne dTOH CHCTeME
M3BECTHO, TO MOHO Halitum dymrnuioe S ua (3.47). [losromy
mbi orOpocumm ypaBHeH:ma (3.48), a cmcremy (3.46) 6ymem
Ha3LIBATL YKOPOUEeHHOU cucmemoli Iamusvmona AJIsA omepa-
topa L. Taxum ofpasom, ME GyjaeM paccMaTpuBaTh GMXapak-
TepucTuRE He B (2n - 2)-MepHOM (a30BOM LPOCTPAHCTBE
(z, t, p, E), a B 2n-mepuoM ¢azoBoM upocTpaHcTBe (z, p).

ChopmynmpyeM ycioBusa Ha omepartop H.

H 34. Oyaxuns H (¢, z, p; GA)) € C*° npu ¢ =0,
(z, p) € R?", A > 1, n BemiecTBeHHO3HAYHA.

H 3.2. Ilpn rampgom ¢urcupoBanaoMm ¢ = 0 ynrmums
H (z, p, t; (iM)"1) € T (RE), rae m me sasucur or f. OmeH-
Kz (2.6) BmmomHsiorcs ¢ KomcTanTamu C,g (¢), mpmuem

HX MOKHO BHOparh Tak, u9T0 sup Cup (f) << oo puas
te[0, T]

moGoro 7 >0 m mua m06HX QUKCUDOBAHHHX o, .
H 3.3. 3agaga Kommnu

S
x,t=0:y7 P|t=0=6—%y)7 yER21 (349)

Hua cucTeMu (3.46) mMeeT, U TPUTOM €UHCTBEHHOR, DeIeHHe

{z(t y), P, P}ECT (0, T1 X RY).
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Bymem wuckars pemenme sagaum Homm (3.43), (3.44)
B BuAe (OPMAILHOTO pAfA

u(t, z)—exp (iAS (¢, 2)) 2 on (& 2) (A" (3.50)

Torma gua S (¢, ) nonyuum ypasuerne (3.45) n mamusre Komu

S =0 = S0 (%), (3.51)
a Aasa ¢ — RamEee Homw
Qom0 =1t (Z)y @jl=0=0, j=1. (3.52)

Jlemma 3.13. IIyemov @ (z, 1), S (z, t) € C7([0, T] XRE),
Pynryus S sewecmsennosuauna, Pyuryus ¢ (0, £) = 0 npu
x >=a,t €0, T]. Hyemo cumeoa onepamopa L ydoesemeopsem
yeaogusm H 3.41—H 3.3. Tozda npu awbom yerom N =1

L (2, :i, l"iDix, h“sz; @AY (@ (¢, x) exp (iAS (¢, 2))) =

N .
= exp (iAS (2, x))jgo (@) (R9) (¢ @) + @ut (£ @, A). (3.53)

Has ocmamounozo uwiena umeem Mmecmo OYeHER
| DEDP@ iy (t, @, M) | << Co, g, xh N 1HITE (3.54)
dasn a6z myavmuundercos o, P npu | M| =1, t €10, T1,
z € K € R} (K — romnaxm). R; ssisiomes augﬁgﬁepeuquaﬂb-
HOMU ONEePAMOPAMY RO NEPeMEHHBIM T nopsdke < 2j ¢ Koag-

guyuenmamu us raacca C ([0, T1 X REY).
[okasarenscrBo caegyer u3 rteopemu 2.0,
© Homxomum Tenepb

S, z(t y))~S[<p('v y), L0

—H (1, (v, 1), p(T, 1); 0) |dv+Se (y),  (3.55)
7 (¢, y):detix_g)‘y’_ﬂ. (3.56)

BreneMm oGozuavenne: %% — npousBofdaa PyERUEA ¢ (z, £)

B CHIY CHCTeMEI (3 42), T. €.

S+ ) (3.57)
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JJemma 3.14. ITyemv omobpadcenue
¢ y—-=z¢ y, €0, T], yeRy, (3-58)

ecmb Ougpeomopguam u gyrnryus S umneem sud (3.55). Hycmo
ycaosus H 3.4 — H 3.3 eunoanenw. Tozda

Rop = 0, (3.59)
(Ri9) (t z (t Y) =
02HO oH (t, z, p, &)
'I/J a (VT e)— (6z ap) ¢+ % le—o
(3.60)

30ece ¢ =@ (t,z), =z y), p=p({ Y.
Howasareancrtso. lImeem usz (2.10)

Rop = ("66—'?+H0)(p§0,

TaK Kak S yIOBAeTBOpAET ypasHeHuio I'amuibrona — fIkobu.
Haxee, u3 (2.11) mmeem

(Ra@) (¢, 2)=
0 52 0
ciuy (a4 (emes) ey

[Tpumensa ¢dopmyay JInan.mm (3.28) ® HeEaBTOHOMHOH
cucreMe

gz _ OHO
dt ~ op’

teM e cmocobom, 910 m B Teopeme 3.11, momywaem (3.60).
Nyery ¢yurnua S (¢, z) nveer sup (3.99):

B0 (b, 2 (t Y) =0 (¥) mf .

j B
com[ ([ 450 (22) 2, )]

Qyurnun @; (z, {) upA jZ=1 ABIAOTCA PEMEHEAMA 334a4UH
Homm

Ry = —Ryq0, @4 |t~=0 =0,
Ry@y= — Rypy— R3@p, @y lt=0 = 0,. (3.62)

------------------------

Rypyj= — Ry@joy— « o« —Ry1Q0r - @y 1m0 =0.
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Teopewma 3.15. ITycmv ewnoanens. yeaosus H 3.1—
H 3.3 u omo6padcenue (3.58) ecmv duggeomoppusm. Tozda

Ppynryus .
uy (¢, z, h)=exp (iAS (¢, z)) ;‘0 (iAo, (¢, z) (3.63)

ydoesemeopsem Oannum Koww (3.44) uw npu t€10, T,
z € R}
LuN (t7 z, }") = wN+1 (tv Zz, }")1 (364)

2de Oan Pyyq eunoansiomes oyenru (3.54).

Horasarteanbctso. Dymskimua S (¢, z), ¢ (¢, x)
YHOBIETBOPAKT ycuaosuaMm Jemmil 3.14, Tar 4ro ¢opmyna
(3.53) umeer mMecTo miuA QYHEIUE U 5. B cuay (3.62) n BuGopa
dyurnuu S umeeMm

Luy =exp (iAS (2, 2)) (M) Y R (@q, - -, On) + Kivet (5 2, A) =
= X1 (G T, W)+ xwaa (& @, D),

rie AIA ) y+1 BHOONHAeTCA oneHka (3.54). [auee,
R (9o, . .., @y) ecThb cymma JunelHbX HuddhepeHumaTpupx
£ 0OmepaTopoB KOHEUHOTrO LOPAM-

Ka, MEHCTBYOMHWX HA QyEK-

oau Qoy - - .y Py, KOTOPHE,

Tt B cuny (3.62), mpuoammekar
T o= ([0, 7] X R}). @Dymrnus

/ uo(z) QunurHa, 1 B cmuy (3.61)
umeeM ¢o (£, (¢, y)) = 0 opm

 otel0, Ty ¢ supp uo (y) (1. €.
¢o = 0 BHe moxock 11 (puc. 4),
KOTOpasA B3alOJHAETCA Jyda-
mau z=2zx(y), tel0, Tl
Pac. 4. y € supp uo (). IToaromy
Rjpo = 0 Bue Il nmpu Bcex j.
Tark ®Kag @ l;mp == 0, j > 1, 70 u3 (3.62) momygaem, Uro
@; (¢, z) = 0 Bme Il npu Bcex j. CregoBarTenbHo, Ausa QyHH-
mua yN+1 (¢, z, A) Bunoxmsiorcs oneskm (3.54). Teopema
AOKa3aHa.
JTa KOHCTPYKIUA TepHeT CHIY B TOM caydae, ecau J (¢, y)
ob6pamaerca B HYIb.

(A + Kn® (z)) u (z) = 0.
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B maumroM ciyuae XapaKTepHCTAIeCKUM YPaBHEHHEM fABIIACTCA
ypasHenle diikonaaa (3.7) — ypaBHeHue reoMeTPHIECKOH ONTH-
K¥M H30TDOIHON cpejsl. IloBepxmocTu ypoBHA S () = const
HABBIBAIOTCA 604HOBWMU (PPOHMAMU HMIW IOBEDPXHOCTAMIU
MOCTOAHHON (ashl.

Cucrema T'aMHIbBTOHA HMMeeT BHUJ

dr dp .o
I _gp, W _ye (), (3.65)
¢yERmma S ompegensercs W3 ypaBHEHHA
B 2m? (), (3.65")

rge [ — mapaMeTp BRONG Tpaekropmu. I[lpoexuusa ¢asoBoi
tpaerropun (z (¢), p ({)) Ha Z-MpPOCTPAHCTBO ABIAGTCA cBe-
mogum ayvom. B vactHOCTH, X () YHOB-

merBopsier cmcreMe HbTOHA %

> + vn? () =0. 159 .

CBeToBhe Jy9d OPTOTOHAIBHEL BOIHO-
BBIM POHTAM; BTO CIAGAYET H3 COOTHOMeEHM I
dz/dt = p, p = 8S/0x m us oproroHaIb-
HOCTH TDAjIAeHTa K IOBEPXHOCTH yDPOBHA.

I'iaBHHI WIeH ACUMITOTHRK pemeHds -0
ypaBHeHHA [eJbpMIONbIA HMEeT, B CHIY

(3.36"), Bupg bue. 5
o (2, By=10 (@) )/ T0D oxp (S (a).

IHpemsrcuonenTy B aTolf QopMyle MOMKHO BHYUCIUTH
73 3aKOHA COXPAHEHHS IOTOKA CBETOBOII sHepruu. BoO3bMeM
Kakoii-tuGo yuactok £, BoaHOoBoro ¢ponra S (z) = ¢y,
noxoyum ¢t = 0 Ha DTOM YJaCTKE M BHIIYCTHEM CeMeHCTBO
aydeit. Mbr moxyguM TaK Ha3HBaeMyo mpyoky aytei (puc. 5).
yers w{z, k) = A (z, k) exp (ikS (x)); cBeromas »mEeprus,
npoxopsamas depes OGECKOHEUHO MaJtblli y4acTOK £y, paBHA
Ju |28 (RQo) = |4 25 (Qo), tHe S (Qp) — muomags 2.
B cuny sakoHa coxpaHeHHus 3Ta Beilmuymna pasaa | A 2S5 ()
opu JdwoboM f, TAe IWiIomagka £2; moaydena m3z (2; CABUTOM
Ha ¢ Bfoxw Jaydeil Tpyb6ru. CrienoBaTenbmo,

4@ )12 __ S(Q) . J(0, @)
140, @) 27 8(Q) ~ Tt @)’
9TO M HaeT MCKOMOE BEIDAyKeHWe A IpPeIsKCIOHEHTH,
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Pacemorpum Gosee mMofpo6HO ciydail HOCTOAHHOTO K03(-
PunumenTa umpexomienus n® (z) = 1. Torga

(A + ) u (z) =

’a ypaBHeHHe 3IKOHaJa H cHcTeMa I['aMuIbTOHA WPHHEMAIOT
BHT
(VS (z))?=1, (3.66)

. dp a5

dx
dt

Pemenne cmcremsr I'ammabroma ¢ gammsiMa Homm mpm
= (0 mmeer Buf

z () = 2tp (0) +z(0), p (@) =p(0),
S () =2t + S (0),

TaK 970 W (a30BLe TPAEKTOPHH, U JIYIH ABJIAKTCA IPAMHME
amausme. Bosbmem B R™ rmaikoe opueHTHpyeMoe MHEOroo6pa-
sme M" ! pasmepuocTH n — 1, 3agaHHOe YpPAaBHEHHAMY
z=12"(a), o= (0 «.., Opy) €U, tHE U — 061macTs
B RL'. MuorooGpasme M™! Mo:KeT OHITH KOMIAKTHBIM HIIH
HeKoMOaKTHEIM. [lomomum

S (z) = 0, x € M™1,

YUrobu mocTaBuTh 3agauy Homm iaa ypaBHeHHA dHKOHaJA,
Heob6xoguMo 3agath eme V.S (z) ma M™ !, Tak kak S () =0
Ha M™!, To Bce mpousBopmbie yHKIUE S MO KacaTEIbHEIM
TepeMeHHKM paBHH HYJII0, M ypaBHeHme diikomama ma M™!

a5\ 2 3}
OpUHAMAET BH[ (—6-;) =1, TAe -~ — IPOMBBOJHAS 110 Ha-
I[paBJIeHI/IIO eJUHUIHOY HOPMAJlH K ]ll“‘1 QurcapyeM B KajK-
ol Touke xr € M™' emuHUUHYIO HOPMAIb V,, HENPEPHIBHO
3aBHCAIIYIO OT T, U IOJOKHM

as -

=1, zeM" .

Ovy

Tem cameiM 3aflava Homm pias ypaBHeHHms bdifKoHama mOJ-
HOCTBIO mocrapieHa. COOTBETCTBYIOMAA JarpaHs;KeBa 3agada
Homm gasa cucremmr amuaproma mMeer Buj

Zl—o=2"(at), Pli—o=p"(x), acU.

Bexrop p° (o) coBmagaer, mo mMOCTPOEHHUIO, ¢ BEKTOPOM €du-
HUYHOH HOPMaau v, B rTouke z = z° (o), Pemad 3sagauy



§ 3. YPABHEHHWE TAMUNJBTOHA — AKOBH 95

Komn, moayuaem

z (¢, a) = 2tp° (a) + 2° (@), p = p° (), (3.67)
S (z (¢, @) = 2t.

Orcioma BHITeKaeT, 9TO BOJHOBHE (POHTH MBIARTCA
KEUAUCMAHMHBLMY  nosepTHocmAMu. JleficTBUTeIBHO, B3AB
roury & = x° (o) Ha BommEOBOM QporTe S (z) = 0 m caBEEYB
ee Ha pPacCTOsHUe i BAONH HOPMAJH, HOJIYIAM TOUKY Ha BOJ-
goBoM ¢porTe S () = h.

Ypasuernua (3.67) sagaror siikomanr S (z) B mapamerpu-
geckoii gopme: Boipaskas (¢, o) Yepes z W3 IEPBOrC ypaBHe-
HUA, molaydaem ¢ =t (z), o = a (z), Tak uwro S (z) =
= 2t (z). Oyuxmua S (z) ABAAeTCA TIafKol W OJIHO3HAYHOH
dyrkimeit ot z, ecan akobman J (¢, o) 5= 0, riae 0603HaTIEHO

I

. oz (t, a)

J(t, a)—det—a(t’ 2 -
ITycrs B R} umeerca (n — 1)-mapamerpumueckoe cemeiictBo
kpuBnx: z ==z (t, o), tE€[Ty, T,], @ = (o, ..., &y_1)-

Kaycmuroii sroro cemeilcTBa Ha3HIBAETCA MHOMKECTBO TOUEK,
B kKoropeix J (¢, @) = 0. Doraavroii moukoil KpuBoH z =
= z (f, @) HaspoBaerca Touka z° = z ({y, a’) Takas, 9TO
J (29, @®) = 0. Ecam s10 cemeiicTBO eCTh CeMeiiCTBO CBETOBEIX
aydel, TO INIABHEIM UYIEH KOPOTKOBOIHOBOTO NpPHOIMKeHHS
obpamjaercs B GECKOHeYHOCTH Ha KayCTWKE, TaK 9TO Hpub-
JHKeHne reoMeTpUuecKol ONTUKYM HenpHrofHO BGIH3W Kayc-
rak {32].

W3 reomerpudeckoil WHTEpIpETANUH BOJIHOBHX (POHTOB
ciexyer, uTo ecam BoaHOBOH ¢porr S (1) = 0 sBaAerca
CTPOTO BBHIIYKJIBIM IJIAJKHEM KOMIAaKTHEM MHEOroo0pasmeM,
TO IIPH MAJEX | | BOXHOBEIE (POHTH 00JafaloT 9THM Ke

cBoiicTBOM, a siikoHan S (z) asiagerca pynkiuei xmacca C™.
OpHako UpH yBeJIHYeHUH { HTO CBOMCTBO He COXPAHARTCH.
IIpumep 3.16. PaccmoTpum jyia ypaBHEHHA dHKOHANa
(VS @) =1
sagaay Hommu

. aS o n—1
S(.’L‘):O, 7)7——1, xES y
rge 8™ — epunmunan cdepa |z | = 1, 8/0v — npou3Boa-

Hasg 0o BHyTpewuHedl mopMamm kK S™!, 3amava Komm pasa
cucTeMB ['aMHIBTOHA MMEET BUR I |j_g = ©, P |y = — O,
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n
rie 2 o] = 1, orrkynma

=1
! 2(h o) =(1—2) 0, S=2t,
TaK 49TO
S{)=1=% |z |

¥ >HKOHAT OKa3HBaeTCA HeofHo3HagHOU §yHrimei. JIygepas
KapTHHA TaKOBA: KAKNAA TOYKA JABIIROTCA CO CKOPOCTHIO 2
mo nyay, v oupu ¢ = 1/2 Bce nyun npuxomar B rourky £ = (0 —
upoucxomuT (okycupopka ayweil. Boanosoit ¢pour S (z) =
= 2t mpu 0 << ¢ << 1/2 apaserca cgepoil pagmyca 1 — 2¢
¢ meHTpoM B Touke ¥ = 0, a mpu ¢ = 1/2 BoxHomO# QpoHT
BEIposKgaercsa B ToURy = = 0. M3 reomerpuueckoro cMEICTa
AxkoObmana cmegyer, 4ro orHomenue J (0, )/J (¢, a) paBHO
OTHOMEHNIO miomaged chep paguycos 1 w 1 — 2¢, 1. e. pas-
oo | z |™™1. CnegoBarensno, ypapuenne ['elbMroiniia mmeer
¢. a. pemenume U, IIaBHBI WIeH ACHMITOTHKH Uy KOTOPOTO

paBeH
n—-1

Up (2, k) =|z| 2 exp(—ik|z])

W KOTOpOe sABIfeTCA CXOAAMENCA K IEHTPY BOXHOH. ITO
¢. a. pemenne paBHOMePHO 0 z B di0b0il KoOHeTHOH obsacty,
He copeps;Ramiedl Toukm x = 0.
OrmeruM eme, 410 Touka x = (0 — Qoxyc cemeiicTBa
ayqeit — sBasercs ocoboil Touroi siikomama S (). 4
PaccyiorpuM $azoBrme TpaeKTopHME jaHHON sagaum. Wmeem

r()=01—-20o, pE)=—o, 210)?:1.

Mycrs g* — cppur BRoas Tpaekropmit 3a Bpems £, A, = gt A,
rge Ay — HadaapHOe MHOroobpasue % = @, p = —@, o €
¢ §™1. Muoroo6pasue A; ectb cdepa pasmepuoctn n — 1,
neKamaA Ha n-WiocKocTd & = (2t — 1) p; omo muddeomopd-
HO HPOEKTHPYETCH Ha Z-IPOCTPaHCTBO nipum ¢ = 1/2 u pud-
deoMopPHO TpPOEKTHpPYETCA HA pP-HPOCTPAHCTBO TPH BCeX L.
Ilpoermus wmuoroobpasua Ay, wa RY ects Touka z =0
{porye).

O6vegunenne A" = |/ A; Takke ABIAETCA N-MEp-

—oo<{<oo

M C™-mmorooGpasmeM; 5TO MHOroo6pasHe JIATDPAHKEBO
(em. § 4). A™ aexur uma «munumegpe» | p | =1 u sagaerca
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ypaBHeHHEeM
as (x

S@=1—]z]), zeR"\{0}

opu z 5= 0. lla.nee, A™ Ay Tuddeomopduo mpoerTHpyeTCH
ma R}, Mnoroobpasme Ay = {(z,p): z=0, |p]| =1}
Ha3BIBaeTCA IUKIAOM oco0eHHOCcTell (OTHOCHTENBHO IPOEKTH-
poBanma Ha R}) marpamweBa muzoroobpasms A"

Lo aToro mpuMmepa XapaKTepHO CIefymoliee.

1) CemeiicTo Tpaekropmii B dazoBoMm mpocrpancrre, RY',,
moposkeHHoe JarpamreBoil 3agaueil RHonur, we umeer ocoben-
HoOCcTeH (1. e. oHO oGpasyer n-mepmoe C™-muoroo6pasume A™,
a ero cegeHme A; B MomeHt Bpemenu ¢ apuserca (n — 1)-mep-
HEM C™-MHOT00GpasmeMm).

2) CemeiictBo ayueil (upoermuit ($asoBBIX TpaeKTOpHi
Ha R}) mmeer ocobenmocTi.

Jra CUTyaums SABISETCA XapaKkTepHo# uA GONbMHHCTBA
paccMaTpPUBAEMHEX HaMH 3a7ad.

HDprmep 3.17. Paccmorpmm ceMmeficTBO TpaeKTOPHi
(3.67); naunsre Komu juis ypasrenus diikonana (VS (2))? =1
TMOCTABIEHK WO-TpeMIEeMy Ha HeKoropom (n — 1)-mepHoM
C”-muoroobpasum M™', rak gro S (z) =0, z € M™L
IIycrs

M =z z =2 (), a € U}, @ = (A1, . . .y Op_y)s
U — obnacte B Ry?; Bexrop p° () coBmagaer ¢ efuHuIHOl
HOpMaubio K M™' B Touke x = z° (o). Kpome roro,

020 (o)
ank—w—n—L a € U.

p__

Pacecmorpy B ¢asoBom mpocrpanctBe RY, MHOMKecTBa
= {(.Z',p): z :x(t7 a), P :P(t1 a), a € U}7

rae (¢, o), p (¢, o) onpefeastorcs u3 (3.67), u ux obvenu-
gegme A" = | A;. MuoxecrBo A, moayueno u3 Ha-
—oo<Lt<Coo

YaJgpHOrO MHorooOpasusa A, CABUTOM 8a BpeMsa [ BJOJIb
JpasoBoii Tpaewropum. Iloraxkem, uTo A;, A" ABIATCA
C”-mHOTOOOpa3EAME pa3mepHocTeir n — 1, n coOTBeTCTBEH-
mo. WUmeem mz (3.67)

d(z, p) _( 6p0+6x° 0p0)

ot Ja !

7 B. I. Macnos, M. B. ®egopiok

’
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TaK 9TO PaHr 5Toil MaTpHI(H paBeH
8z0  ap0
rank(f— p):n—i, acU,

o ' oo
TAK Kak
0
rank (—Qf-) =n—1
da.
mo ycaosmip. CiaemoBatenbno, A; ectp (n — 1)-mepmoe C™-
Muoroo6pasue. [lamee, marpumia
opd | 9z0
0 = —
P2 oo + oo
0
0 op°
oo

d(z, p) _

ot o)

U OMH Hu3 ee MUHOPDOB IIOPAJKAa 7 paBeH OIpeAeJIHTeTIo
0z0 .

9z0
0

) — ...
PP (%) 5o Fr
(Bce BeKTOPE — cToI6EL). Tak Kak BeKTOpHI 02°/da; MuHEHHO
He3aBHCHMBI M JeKaT B KAacaTeJIbHOH ILIocKoct®H K M™1,
a Bekrop p° (a) oproronames k¥ M*1, 10 A (a) 5= 0, o € U.
CiegoBaTesabHO,

A(a):det‘

r 6(2:, p) —
“I‘ankw = n,

tak 9T0 A™ ectp n-MepHoe C™-mHOrooGpasme. MmorooGpasue
A™ B faHHOM mpHMepe ecTh HOPMAJIbHEIN BEKTOPHHIH OYIOK
NMN-1,

Opnaxo cemelficTBO aywell z = z (f, @), o € U, — o0 <
< t << 0o, HMeeT 0CO0eHHOCTH, eJHHCTBeHHEIM MCKIIOYCHIEeM
ABIAETCA TOT caydalt, worga M™ ! ecth (n — 1)-mwaockocts,
t. e. S () — nuHeliHaa QyHKIHA.

Kar wmspectmo m3 puddepenimanpuoli reomerpuu [44],
MHOKECTBO ToueK, B KoropHX J (£, o) = 0, gua cemeiicTBa
(3.67) coBmagiaeT € TEOMETPUYECKHM MECTOM I[EHTDPOB KpH-
BU3EH MHOrooGpasus M™'. Ecmm z = z (¢, a’) — ojun
uz Jgaydeii, To roura z (f, @) JesxmT Ha KayCcTHKe TOrHA
M TONBKO TOrfa, Korga paccrommme ot Toukm z (0, ) go
To9ru Z (fy, ) paBHO ki*, rme k; — ofHA M3 TIAaBHHEX KpH-
BusH MHOroo6pazusi M™! B touke z = z° (a). B cayuae
o0mero MONOsKeHHs, KOrga KaycTuka cocTomT w3 n — 1
[IafKoro MHOT006pasusa (KOTOpHE MOLYT IepeceraThbCAa Merk-
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ny coboit), 1ya £ = z (f, a®) Kacaerca KaycTHRE B (OKAIb-
HHEX TOYKaX.

Wa sroro npumepa BHTeKaer CIeAYIOMMN QaKkT: ypaBHeHHe
siikonana (VS (2))? = 1 He mMeeT HEKAaKUX pemeHUH Kiacca
C” (RY), 3a mCKIOYeHHeM JHHeHHONW (yHKimm

S(@)=C+(z B, 2E=1
S

Mpumep 3.18. Paccmorpum cpeny ¢ IuHEHHEIM KOd(-
dunmentom uperomaerns  n® () =z,. Ilomaraa ' =

14
=(Zg, -« oy ), P' — (P2 + -+, Pp), HOIYIAEM CHEYIOIMYIO
cucremy [aMmibTomHa:

dry da’ o , dpy dp'
G = g =2, y=—1 =0
Pemenne Jarpatxesoil sapauum Homm
Tlm0=2"(%), Plmo=p"(%)1, A=(0, ..., Gpyq) €U
nMeer BHJ

zy (¢, @) = —2t24-2p} (o) t 4 x5 (@),
p1(t, o) = —2t+ pi (@),

x' (¢, a)=2tpY (o) + 2% (a),

p'(t, a)=p" (o).

CaenoBaTenrsHO, TyYHl ABIAIOTCA KBAPATHIHLIME rapaboramMu,
a DHKOHAJ paBeH

S (@ (t, @)= Sy (%) — 5 £ + 27} (@) £+ 123 (@),

IIpumep 3.19. PacemorpuM ypaBHeHme, He COpfeprKamee
mepeMeHHOM T ABHO:
L (A Dy)u (x) =0.
Cucrema TamunbToRA WMeeT BE[T

dz __ oL (p) dap

v ap ! dT:O’

TaKk uTo (Ja30BEE TPAGKTOPHU W JyId SBIAKNTCA IPAMBIMHA
JTUHUAMEA:

+z(0), p@E)=pO).
7



100 YACGTE 1. KBAHTOBAHHE TOJf CKOPOCTEN

IMpumep 3.20. Pacemorpum ypaBHeHWe IamMmibTo-
ma — flxobu

O H (87, 2) =0 (3.45')

BeegeMm  dsyxmoueunyio  xapakmepucmuueckyn  @GYHKYUI
S (¢, z, t', 2"y 4], [31], rme = € R*, 2’ € R™. Ilo ompepee-
HHI0 3Ta (yHKIUA PARHA NEHUCTBHIO BAOIE JIyda, COSXUHAIO-
mero Toukd z u z'. Umenno, nycrs (z (1), p (1)) — pemenne
YKOPOUEHHOH TraMmJIBTOHOBOH CHCTeMbI

gz _ 0H 9 _ _oH
dt ap ’ dt oz’
YAOBIETBOPAIONEe KPAEeBHM YCIOBHAM
z(B)=z, z({)=4a. (3.68)
Torga, mo ompejenennio,
o
S,z t, 2)= S Ip, dxy— H d1], (3.69)
t

rme p=p (1), =z (1), H=H (t, z (1), p (1)).
B uacrmocrn, ypaBmeummoo (3.6) orBedaer (yHKmmA
t’

Smxmzm:ﬂ[%duﬂ_vwaypn (3.70)
t

rae z (t) — pemenue ciaefyiomeil KpaeBoil 3agadun AJS ypaB-
‘HemuAa Hrioroma:

P _gV(2), a(t)=z, z()=a'. (3.70)

dt2

B kiraccmueckoll MexanuwKe gelicTBme S oIpefeinseTcA Kak
HHTETpa

m

ta
S:éLM

mo Kixaccmueckoin Tpaeckropum (L — $ymrmus Jlarpamxa).
[Ipu TakoM oupefeneHH:m HelicTBHE ABIAeTCA QYHKumed oT
tTpaexkropun (Qynrnumonamom). IlpuBeennaA BLIIe TPAKTOBKA
HdeiicTBHA, BoCXOgAm@asa ¥ I'aMIIBTOHY, COCTOHT B TOM, 4TO
deticmeue paccmampueaemcs, Kok PyHEyus om Koopdumam
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(Brirogas Bpems). Ecam ¢uKcmpoBaTh HaJalbHBIA MOMEHT
BpEMEHH ¢ ¥ HAaJaIbHYIO TOYKY Z', TO ABYXTOYeTIHAA XapaK-
repucrtudeckan Qyuxnus Oymer ¢ymkmmeir or (¢, x): S —
=S (¢, z). Ona BhrUMCAsAETCA CIeRyIOIuM o6pasom: I3 TOIKK
z/ B MOMeHT BpeMeHH ! BHIIYCKAIOTCA BCe JIY9H (T. €. ¢ pas-
JNYHBEIMH Ha9aJbHBIMU HMIOYJIbCaMi), CPefAn HAX WINeTcs TOT,
KOTODHI 32 BpeMA ¢ — ¢’ momajer B TOUKY z (puc. 6), H 3aTeM
BHITHCIAACTCA JelficTBre (MHTeTpal
t

S L dt) mo sromy ayuy.

rf

Bonpoc o cymecrBoBaHun
JIBYXTO9eTHOH (YHKIMH B NEJIOM
HeTPHUBHAJNEH, TaK KAK KpaeBas
sajiaga (3.68) mosker He GHITEL OTHO-
sHauHo paspemumoii. CymiecrBo-
BaHHe W TIAMKOCTDH 3TOH (yHKIMK
MOKHO TADAHTHPORATH, €CIH TOU- Puc. 6
KA z, ' JoCTaTodHo OIU3KE ApPYT
K apyry. Himxe Mot mpenmomarae,
aro dyukuusa S (¢, z; ¢, ') ogHosgadHa u Geckoneuno Audge-
PeHIEpyeMa II0 COBOKYIHOCTH IEPEeMEHHBIX B HEKOTOpOil
obmactu mpocrpamctsa (¢, z; ¢, z').

YceranoBuM BaykHeHmue cBolictsa Qymxmmm S. Ilposapnu-
pyem Buipaskenue (3.69) mo mepememmmim #, z, ', z'; noay-
9YeHHLI B pesyiabTaTe Bapwaliy HHTETpal PaBeH HYI, TAK
Kak oH Gepercsa Baoab ayda. CiemoBaTesbHO,

88 = (p, 8x) — H 6t {57,

OTCIOII& BEITEKAIOT COOTHOIIEHUA

=Pl =p(r),
%:H (T, 2 (1), p (V) b, (3.71)
B H (5 2 (@), p () et

B wacrroctu, ¢pynrmua S ypoBiersopser ypaBHeHHI0 1'aMmin-
ToHa — fIK06H

aS , 4+ 088
W+H(t7‘r1 oz )=O
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(U0 mepeMeHHEIM KOHETHOHW TOUKH Iyd9a (I, z')) m compsasmes-
HOMY YyPaBHEHHIO

aS oS
G (1w ) =0
(o mepeMenHBIM HAYAJLHON TOUKH Ayd4a (f, x)).
Ias omiomepHoro ypasuenus Hreiotoma mmeem [54]
/ _m@—x?
V(z)= —Fx, S(t z t, :c):

:%%:%+.F@T@W—n_—;;% (3.72)
V (x) ,——moﬂac2 S, xt', 2")y=

= mo [(2? -+ 2'2) cos o (' — ) — 2z2’] (2sino (¢ —1))™?
ITocnenuasa gopmyia cupasBefanBa Tolbro npu 0 << (i — )<<

< .

Paccmorpum emme offmH IpHEMep: YACTHIA C 3aPAJIOM e
H MACCO#l M JIBH;KETCA B TIOCTOAHHOM BHEIUHEM MATHATHOM
mone B, HampaBueAHoM 1o ocH z. TorTHa marpamuiman L papen

m . . - . Be . 3
L= (2 +y*+ 2% + 5 (29 —y2),

rfge ¢ — CKOpOCTh CBeTa B BaKyyme, a id S HMeeT MeCTo
bopmyra [54]

S, rt, r)———

(2’ —2)2

t—t +
5 etg 2 (@ — 2 (¢ — Yo (o —'y) |, (3.72)

— Be J—
e o= —, r=(x, y, 2).

OTMeTuM ele OJHO BaKHOE CBOMCTBO ABYXTOUYEUHON
XapaKTePUCTUYCCKOH (YHKIUE. PaCCMOTpHM oupeeNuTeldb

Y (¢, 2)=det 20, (3.73)

Jdemma 3.21. Onpedesumenv (3.73) ydosaemsopsem
Y PABHERULI Hepaapbwnocmu

mﬂ*Zax( %%)=0 (3.74)
jomt )
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; as
JdorasareancTso. H3(3.71)HM(36M-5:C- = — p (D),
TAK 9YTO
2s _op(®) ax’ -1
dx 0z’ az' (BP @ )

QHECHPYEM HAYATHHYI0 TOUKY Z ¥ HAYAIHHLIT MOMCHT Bpe-
MeHHU !, a HavadbHBLI mMmynabe p (f) cautaeM mepeMeHHBIM.
Torga pewenne cucreMpl ['aMHILTOHA 3aBHCHT OT TmapaMeT-

poB p(f)=a=(2, ..., a,), TAK UTO
28 (09:' )—1
0z N\ )

Mo Teopeme JImyBumas wumeem

. i
7d[ InJ (¢, o) = div,: 0

Bp
, TaK d9To

n
dJ 9 [ oH
=7 2 9z (ap; )
j=1

rre J (¢, oc):det‘

ox
oo

Tax wax Y =J"1, To
n
dy S 5} o ’
@ TY 2 97 (61);)“ ’ (3.74)
j=1
Hamee, d/dt ecte moxHas npoussogHas (IPOU3BOJHAA B CHIY
CHCTEMSbI), TAK 4T

ay Y oY dx’
W~W+<—ax TS >

—gg—, o u3 (3.74") cumegyer (3.74).

Hpumep 3.22. YpapHeHye HKBaHTOBOMEeXaHUIECKOT'O
ocumaisaTopa B R™ uMeer Buj

h2

T 2m

CoorsercTByImas yKopodeHnHas cucrema l'amMunprona amHeii-
Ha:

d //
Hoc}conb}cy—dft— S

L 0P mw?
th —- = A¢+T(x, x). (3.75)

dr dp 9
m_-=p, —-=—moy. (3.76)

Pemernne oroii cuecremMu ¢ gammmvu Komm

Zl=0=12°% pli=o=p°
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HMeeT BIT

L= —

0
P sinwt -+ z% cos of,
o (3.77)

p = pcos ot -+ moa® sin ot.
Ecam cuereva emmmun BmGpama tak, 4to mo=1, 10
,’x(t)) / Tcoswt Isin (ot) AN
\p@)/). (—Isin(ot Tcoswt) \p°] ° ( 0y’

T. e. g' ects moBopor B dasoBoMm mpoctpancTse (smecy | —
equrnunas (n X n)-marpuna). @Oymkumuu L; (z, p) =z} +
2

JAKNTCA TepBEIME HHTerpamamu cucreMsr (3.76),

TAK 4TO NpoeKnada (asoBoll TpaeKTopuu Ha 2-II0CKOCTH
(x;, p;) mBMReTCA MO Da-

ch

nuicy
s
bﬁ_’ Zj i mzmz + mzv]mz ’
(3.78)

a ¢azoBasg TpaeKkTOpUsA
J€RAT HA R-MEPHOH mHo-
BepxHocT 7™, KoTopas
3amaHa YpaBHEHUAMU
3.78), 1 < j<n Ipu
mo =1 nosepxmocrs ™
Puc. 7 ABJIAETCA N-MEPHHIM TO-
poM, a ¢daszoBadg Tpaek-
TOPHA €CTh OKPY:RHOCTH, JIeKaNasg Ha DTOM TOpe, HOCKOABKY
ABM;KEHHe TOYKM Hepuogmuno ¢ uepuogom I =2n/w. Bee
paszosoe mpocrpancTBo MY, paccaamBaeTcs HA n-MEpHELe
TOpH, WHBADHAHTHBIE OTHOCHTEJBHO CIBHIOB BIOJAb TPaeK-
TOpUY JHHAMHYECKOH cuereMsr (3.76).
Hauano wooppunar z=0, p=0 saBigercs ycToUYHBHIM
TIOTIOKEHMENM DPABHOBECHSA THIA (N-MEPHOTO LEHTpanr.
Us (3.77) caegyer, uro

“(F)-n p(F)-p

IT10 o3mauaer, 4T0 Bee ayum B RY, BHX0ANINE U3 TOUKH T,
cobuparoTeca B Touky —a" (pme. 7), T. e. mpoucxogutr QoKy-

Ty &£
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cupoBKa Jayueil. Pemenwe z (T) KpaeBoil 3amauu
z )=z, z(@)=2
nmeer Bup (ecam sin o (¢ — &) 5% 0)

z(t) = !

sin o (¢ —1) [
a IBYXTOouewHAA XapakTepucTmaeckas Gyaxuus S (¢, z; ¢, ')
BEIUHcJaeHa panee (em. (3.72)). B wacrmocrn,

det (“ 052;3;' ): ( sm ng;Lt) )n (3.80)

2’ sinw(1—1)—zxsino(r—1t)], (3.79)

OrmeruM, uTo QYHKOEs S uMeer oco0eHHOCTH OpH I —
— t'=km, 1. e. B POKAABHBIX TOYKAX.
Mpumep 3.23. Paccmorpum ypaBHeHHe MIpemuarepa

. (71])
J—_
rre 4vucaa €;= i'l Jluneiigwiii OCTMILIIATOD MOJeaunpyer
OBHKeHIe 4YaCTUUbLI BOIM3H y(iTOfI‘IHBOI‘O OJOMeHuA PaBHO-
n

BeCHA; TMOTEHI[HAJ %Z €&}, OUEBHHO, MOJEINDYET HOTeH-
j=1

MUANBHYI0 (OYHKOUIO BOANSH IEBHIPOMKEEHHOTO DKCTPEMYyMa

z=0. HocKOoNIbKY raMuIbTOHOBA CHCTEMa B 9TOM HpHUMEpe,

Kak I B IpeJbIIyILeM, pacnafaeTcsa Ha n IMORCUCTeM, TO K0cTa-

TOYHO WUCCHEAOBATH CHCTEMY HA IUIOCKOCTH BHJIA

de dp —

aw P dt
Pemenne »roit cucremer ¢ fgammmivu  Hommu  z (0) =
p (0) = p® umeer Bupg

z()=psht+ 2% chi,

p (&) =p° cht -+ 2%sh i,
Gyurnus p?—z® sBasercas LePBHIM HHTel‘paHOM CHCTEMEL.
Mdazopas TPACRTOPHA  €CTh runepGoaa p?—a?= po* — 0%,
a upeobpasosanme g' (cxBur BROIH TpaeKTopI/II/I 3a Bpems t)

ecth rumeploanmdeckuil moBopor. [lomoikenue paBHOBECHHA
z=0, p=0 aBrgerca cegmom. Pemenune xpaeBoil samaun

z2(t)=z, z({)=2
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nMeeT BH]

£ () = g & sh (r—1) — @ sh (1),

a [BYXTOUEUHAA XapakTepucraueckKas QYHKIUA pPABHA

1 ’ '
b, )= [(22-+ 2% ch (¢ — ) —222'].
S(t 23 ¥, ) = gorr—y L@+ 2% ch (¢ — ) — 20¢')

B rauroMm npumepe gyxToueuHas Gymruua S oupesenena
n Geckomeuno puddepennupyema upn Beex i, z, ', x', ecaun
t £t

CaegoBaTebHO, TaMUIbTOHOBA CHCTEMAa, OTBedaAlIAfd
ypasuenuo (3.81), wmmeer mnepBnie wmHTerpamm pi -+ €7,
1 << j<<{n, a dazoBoe UPOCTPAHCTBO pacllajfiaeTcsa Ha HUHBa-

=/ X P A
puaHTHbE (OTHOCHTENBHO g°) n-MepHBte Muoroobpasusa A",
ROTOPHIE B3aJatoTcsa YPABHEHUSIMI

pi+exi=Cy, 1<i<n,

re C;—mnocrosuasie. Ecam cpepm umcer &; ects OTPUIA-
TeABHGBIE, TO MHOT00Gpasmsa A" HeKOMIIAKTHE.

IlpuBepenmnsie BHIIE NPUMEPH HOCAT HAIOCTPATHBHLIH
XapakKTep I JOCTATOYHO IIPOCTH. B KadectBe ApYTUX NpHMe-
POB MOKHO OBLTO OBl B3fATh MO0YI0 AHTErPAPYEMYIO 3amady
KIACCHUYeCKON MEeXaHWKH.

§ 4. Jlarpaswesst mMHOrOOOGpasusA
W KAHOHMYECKHE NPEeoOdpas3oBaHMA

HpBasukaaccuueckoe mpubimikenye AId PEUIEHHNT ypaBie-
ausa (3.1) npusogur ® cucreme [ammarsrona (3.8) B dasosom
npocrpaHcree RYY,. ar m3pectHo m3 maaccmueckoll mexa-
uukn, Qas3oBniii moTok g' (T. e. CIBUT BONB TPAEKTOPIU
TaMHIBTOHOBON CHCTEMBI 3a BpeMs t) coxpaHser gupdepen-
nHaTbHY (Qopmy

n
2 N , ,
0] M.uldp]/\ dz;.
]::

Tanue nmpeobpazopanus $a30BOT0 IPOCTPAHCTBA HABHBAIOTCA
kanoruueckumu. Jlwueifinnle KamoHmdYecKue ITpeolpas3oBaHUA
ABJIAOTCA CHMIIEKTIISCKUMI.

C riraccmuecKoll MeXaHINKOH TeCHO CBA3aH 3aMoUYaTEIbHBIN
KJacc MEOroo6pasuil B $azoBoM OPOCTPAHCTBE, HA KOTODPHIX
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5 {p, dz) He 3aBmcHT OT TYTH (JOKAIBHO). 3AECH

n

(p, dx) = le pjda;.
]:

Takue MHOTo0Gpasud Ha3BIBaOTCA aaepandcessimii. Pasmep-
HOCTH JarpaHsKeBa MHOT00Gpasua me mpeBocxoaut n. Hiace
JAarpaH;KeBBX MHoroo0pasmii WHBAapHAaHTEl OTHOCHTEJBHO
KJIAcCHUeCKOll AMHAMUKY: eciu MHOTooGpasme A marpamsxe-
BO, TO CABMHYTOe MHOT00Gpasme g'A Tawme JarpaHiKeBo.
HauGoapmuii HaTepec NpPeNCcTaBIAKT JIaTpaHsKeBB MHO-
rooGpasusa MaKcuMaJdbHOH pasMepHocT n. Ecanm rakoe (oxHo-
cBasHoe) MHOT0OGpasue A" OJHOBHAYHO HPOEKTHPYETCA HA
Z-IPOCTPAHCTBO, TO 010 3aJ{a6TCH YPaBHEHIeM

:OS (z)

dx 7

09eBHUIHO, UTO

S :S(p, dz).

Ecau, ®pome rtoro, A" OIHO3HAYHO HPOGKTHPYETCH Ha p-
OpPOCTPAHCTBO, TO OHO 3aMaeTcs ypaBHEHHEM

_ a5 (p)
YT e

pu srom orobpaikenue

(z, S (2)) = (p, S(p))

ecth mpeodpaszoBamme Jlemangpa, Tax wro Pyurumm S (z),
S (p) apoiterpennn o IOmry. Mrak, B Kiaccmueckoil mexa-
HHUKE TIepexon U3 I-IPeJCTaBIeHUS B p-IPEICTaBICHNE
(. e. mepexoy U3 mMPOCTPAHCTBA KOOPAMHAT B IPOCTPAHCTBO
HUMITYJIBCOB) €CTh KacaTedpHoe TpeobpasoBamme,

JlarpamxeBs MHOT00Opasusa o6mamaloT emie OXHEM Bajk-
HeiniuM CBOHCTBOM: B Ka4€CTBe JOKAJIBHBIX KOODIUHAT BCETTIa
MOo:KHO BHOpaTh Habop

xi1, e xik’ pji’ ey pjn—h’

He CONep/RAmUi CONPAKEHHKIX KOOPAMHAT M HUMIYIbCOB
(r. e. map Buga (z;, p;)).

Onna U3 BasKHEHIMNX KOHCTPYKIUE n-MepHHIX JarpaHike-
BHX MHOTooGpasuii TakoBa. [loctasum 3amauny Homm musa
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ypaBuenusa lammneronma — flwo6u (3.3); oma wumpynupyer
rapauy Homm pmas cmeremur ammasrtona, T. e. (n — 1)-mep-
Hoe mHoroo6pasme A"l (marpamwreBo) B gazoBoM IpoeTpaH-
crBe. Ero casury 3a BpeMs ¢, 4y <K ¢ <C £y, 3aTOJHAIOT 1-MEP-
noe MmHOroo6pasme A", KoTOpOE ABIAETCA HarpPaHAeBHM
(Tpy6ra Tpaekropuil). ITa KOHCTPYKIMS eCTeCTBEHHEKM oGpa-
30M BO3HHKAaeT MPH MOCT POEHNH KBASHKIACCHIECKOT0 IpubIim-
SROHUIA.

Hacroamuit maparpad MOCBAIMEH H3XOREHHI IPHBEICH-
HEIX BHIIE $aKTOB.

1. Communerrnyeckas reomerpusa. Ilyers R* — gasosoe
OPOCTPAHCTBO, T. €. 2R-MEPHOe BEmIeCTBeHHOE apu@MerHue-
CKOe TPOCTPAHCTBO

R :{r}7r:(x7 p)7x:(x17 CEEERS ) xn)vp:(plv CEEEE) pn)

Bregem B R eBRIEMOBY CTPYRTYDY, 3a[aBaeMyl0 CHaJfAp-
HEIM KBAJpaToMm

{r, ry={x, x) +{p, p),

1 CUMILUICKTHYECKYIO CTPYKTYDPY, 3alaBaeMyI0 KOCOCKAAAPHHIM

npousgedenuem
n
[rt, Pl =(p!, 2% — (@', p») = }_]'1 (piz} —piz}). (4.1)
IIpu stom

[rt, r?’l = —[r?, ri],
(r!, r¥ = (Jrt, 1, (4.2)
07
J = (—I o) ’

rge 0, I —wyneBas u egummuHag (n X k)-MaTpPUNHL.

Ilepemexnsie z;, p; GymeM HABHIBATH CORPAICCHHBIMLL.

Onpepenenne 4.1. Ilnockocrs A < R?' masm-
BaeTca aazpandcesoil, ecanm [rl, r’l=0 pxa mo6ex rl, r2 € A.
I'nmagroe mmoroofBpasme A B (a3oBOM HpOCTpPAHCTBE HAa3HI-
BAETCA AG2PAHICEGHIM, €CHH BCE eT0 KACATOABHEC ILTOCKOCTH
Jarpan;KeBhl,

HHpepgnomenne 4.2, Pasmeprocmdv aazpanicesoil
naockocmuy < n.

HJorxasarteasctso. Tak rag J2 = —I,,, To aua
TOTO0, uTOOB MIOCKOCTH A OBIa JarpammKeBoil, HEoOXOMNMO
I [OCTATOTHO, YyTOOH II0CKOCTH A 1 JA GRIIH OPTOTOHAALHE.
Hockonsry dim A=dim JX, 1o dim » << n.
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Orcrofa caegyer Takiie, YTO0 MAKCHMAIBHOE YHCIO JIHHEH-
HO HEe3aBHCHMBIX IIOIAPHO KOCOOPTOTOHANILHBIX BEKTOPOB
B ($aszoBOM NPOCTPAHCTBE PAaBHO N.

Hpumep 4.3. Jwbag upamaa B R? mnpoxomamas
Yepes HAYAIO0 KOOPAUHAT, ABIgETcA jarpamkeBoil. JloGag
raafkas KpuBad B R? aBaserca JarpamikeBHIM MHOT006pa-
BHEM.

ITpumep 4.4 Pasobbem wmuoskectrso (1,2, ..., n)
Ha [Ba HOIepeceRanmueca noamaomkectsa () — {0y, ..., dp }
B) = {Brs . . -» Bi}, k- L—n.

yers A" (P, Zpy) — WIO0CKOCTH  (Piay, Zpy)s T. .
=0, pp=0. Ilnocrocrs A" (puy, T@,) AarpaHskesa.
B wacrmoctn, mrockoern =0 n p= 0 garpam:KeBHl.

Cpepun mepemenstix z;, p;, i€ (a), j € (), Her coups-
JKOHHHIX.

IInocwocru A" (poys ) OyAEM HaBHBATH K00pJIuUHAM-
HELML aazpandcesuimy  naockocmani. Wx Beero 2. Dynma-
MEHTaJILHOe CBOHCTBO JIATPAMKEBH X R-TIOCKOCTeIl ONNCHIBAET

Jlemwma 4.5. Bearasa aazpandcesa n-naockocmv MPpaHc-
sepcasvia 00RO U3 KoOpOuRam AQ2PAHICEBBT NAOCKOCMEU.

MowasareasctBo [2]. Ilycrp A — mammas miao-
CKOCTH, O — mmockoeTs z=0 m A,=4 A o, dimi;=
=k < n. Torga Ay B 0 rpancBepcanxbHa oxgHoil us C* roop-
OUHATHHX  Iwiockoctell  T=A (P, Zp) 1 0, Tme (@)
cocTouT W3 Kk BDIEMEHTOB, Tak 4To Aq () 0 ) A (P, T@) =
=0. Jlorasxem, 9YTo IIOCKOCTH A TpaHCBEPCAMBHA A (Dia),
@) =M

ITo yexosumio Ay -+ T=0. Tax wax A u A’ marpaH;KeBH,
o [, A)=0 (rax war Ay A) w [, 1l=0 (rark =Rrar
v A'). Caemosareanno, [A (| A/, 6]=0. Ho naubonspmee
YHCI0 IIOMAPHO KOCOOPTOTOHAJNBHLIX HE3ABHCHMLIX BEKTO-
pos B R*™ pasuO n. IloaTOMY R-II0CKOCTE O — MaKCHMAaJb-
HasA cefe KOCOOPTOTOHAILHAA MI0CKOCTD, Tak uro & (] &' < o.
Urax, AnAys@rnon®d nNo=iNt=0, uro
u Tpe60BaNOCH MOKA3aTh.

N3 »roil memMpl BHTEKaer

Hpepnomenune 4.6. IHyemv A" ecmv n-mepuoe
aazpanceso mnozoobpasue 8 R¥™. Tozda docmamouno masas
oxpecmuocmo kaxcdoti mouku r € AV duppeomoppro npoek-
mupyemes wa OOHY U3 EOOPOUHAMHBE AQ2DAHICEEVL NAOCKO-
cmeii. Jlazpanscesa n-naockocme p =z («Juazonasw») mpamc-
8ePCANBLHA KO 8CEM AA2PAHNCECOIM KOO POUHAMHBIM FAOCKOCAM.
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Onpememennme 4.7. Jluneitnoe oToGpazKkeHne
g: R*™ — R™ HasuBaeTCA CUMNACKMUYECKUM, eCAH OHO
COXPAHIAET KOCOCKANADPHOE IIPON3BEeHME

lgrt, grl = [rt, r?] (4.3)

oA aobmx rt, r? € R,

U3 ororo ompemesenusa ciaeflyer, WUTO CUMPACKINUNECKUE
npeobpasosaniLs, nepesodsm AazpaHIiCeebl NAOCKOCIU 8 AG2DaH~
aceevr. U3 (4.2) canemyer

IIpenanomenue 4.8. fyemv § — mampuya auneii-
no20 omobpaxcenus g: R¥ — R¥™ ¢ ucxodmom opmonopiu-
posannom Gasuce ¢ R*. J[aa mozo wmoGs omobpaxcrue g 65140
CUMRACKMUYECKUM, He0OT00UMO U Jocmamouno, wmobsl

I9JG =J. (4.4)

(n X n)-marpuma 9, ynosaerBopsaoomas yciaoBuw (4.4),
Ha3sBaerca cumnaexmuueckoir. Ws (4.4) caegyer, uro G
HeBuposkaena, det ¥ -=—4-1. Cuumumextnyeckme mnpeofpaso-
BaHUA 00PasyT TPYNNY; OHA HABHBAOTCH CUMRACKMUYELCKOL
u obosmauaercs depes Sp (n).

[lpurenem 6Ge3 AOKA3aTENHCTBA HEKOTOpPHE CBENCHHUS W3
CUMILUIeRTHYecKoN Teomerpunm (cm., mHampmMmep, [4], [14]).
Hycrs {e’, *}, 1 <j, k<<n,— 6asuc um3 2n BEKTOPOB
¢, f* B R®™. DroT Ga3snc HABLEIBAETCA CUMNACKMULECKUM, €CIH

[ei7 ej] - [fiv f]] = Ov [ej7 fh] = (th* (45)

Hanpumep, 6a3uc n3 KOOpAMHATHLX BEKTOPOB ¢ = {z; = §;,
pi=0}, ff={z;=0, p;=08;} saBaserca cuMuIeKTHIE-
ckuM. KHark m B eBRIEMOBOA reoMeTPHM, CHPABEIHBH Cle-
OYIOLIIHe YTBeP/KIeHNA:

1) Cmmnuaextmueckue npeobpasoBaEma (d TOJIBKO OHH)
mepesomAT J000il cHMIIIeKTHIeCKHE 6a3MC B CHMOJIEKTHYe-
CKEH.

2) Jlwoboili cuMmiiekTHYeCKHit 6a3HC MOMKHO IepeBeCTH
B A1000H CHMIIEKTUYeCKH 0a3uc ¢ MOMOMIBLI0 CHMILIEKTHYE-
CHKOT0 IIpeo0pa3oBaHmA. )

3) Ecam nmeercss m, 1 << m < n, BEeKTOpOB € U BEKTO-
poB f*, ymoemersopsawmux yciosuio (4.5), To 9TOT HaGOP
{¢, /*} MoHO [OmONHUTE KO CHUMIUIEKTHYECKOTO Gasmca
B R™,

4) Marpuma CEMILIEKTHYECKOTO IIpeobpa3oBaHus B T060M
CHMILTOKTHYOCKOM 0a3mce SBJAACTCA CHMILIEKTHYECKOH.
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2. Kanonmueckoe mnpeoOpasosanme. BserieM B $asoBom
upocrpanctee R*™ nuddepennmantune GopMe

o= (p, dz) = ;‘1 p;dz;,
= (4.5")

n
i=1
fleno, uro do!'= 02, do?=0.

IIyere U, V — obaacrn B R?™. Bee paccmarpuBaembie
HE:Ke 0TOOpaKeHHS IMpeAnoxaraloTces 0ecKoHeIHo guddeper-
A PYEMEIMA.

Ounpegenenne 4.9 Huddeomopdusm g: U—> V
HAaB3bIBAETCA KAHOHUYECKUM RPeolpasosarlies, eCil OH COXpa-
HACT GopMy o?, T. e.

g* o= ol (4.6)
O6osmaunm (z', p')=g (z, p), Torma (4.6) mpumer Bug
dp' A\ dz'=dp A dz. (4.6

Muos1ecTBO BCeX KaHOHHUECKHX Ipeobpazosanuil g: U — U
obpasyer rpymmy.

@Dopmpr 0%, 0f=0? A\ 0% ..., 0=\ ... A0?
(n pas) ABIAWICA LUHEAPUAHMAMYU KAHOHMYECKOIo mpeobpa-
30BaHMA. TaK Kak 02" ¢ TOYHOCTHIO 1O TOCTOSHHOIO MHOKH-
Teas coBmagaer ¢ ¢azoBuM obbemoMm dr; A dr, A ...
cv o Ndzy Adpr A\ ... A dpy, TO KanOHUUECKOe npeobpa-
s0eanue corparsem @dasoevii o6vem (reopema JIMyBmaI).

Haimee, Tak Kak

ir, r*l = o? (rt, r?), .7

TO U3 oupejeseHus 4.9 caemyer

HIpegaomenne 4.10. IIpeobpasosanue g asasemcs
kanonuveckuM (6 masom) mozda w moavko mozda, kozda ez0
mampuya Hrobu

oz’ iz’
ox ap
S (4.8)
op’ 9p’
oz op /

CUMNAECEMUYHA.
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IIparaa wacts dopmyasl (4.7) — dTo sHagenne Gopmu ®? Ha mape
BexTopoB r*, r2, Ilo ompepeneHn0 pudepepHaNbHON GOpPMEL HMeeM
(smecy r = (z, p))

dp; (N=pi, dz;()=azy,

ap; (') dp; (%)
: N (rl, 12y = ‘ t = pla2 — p2gl
Creno a(dpz A dxi) (1, r2) dzy (1Y) dz; (r2) Py — Py
JI BATeJIDPHO,

w2 (1, r2)= sz _p1x1:[r1 2],
i=1

IIpuwmep 4.11. Tompecrennoe mpeobGpasopanme z'=
=&, p'=p ABIAeTcS KAHOHHYCCKEM.

H pumep 4.12. 1) IlpeoGpasoBamne z,=p;, p;=
= — &y, Tj=2;, pj=pj, ] =2, ABIAeTcA KHHOHI/I‘I@CKI/IM

2) Hycrs {(oc) By — p336ne1me muoecrsa {1, 2, ..., n}
Ha JBa HemlepeceKawmuxcA NogmMuo:kectBa (2), (P)- Hpeo6—
pasoBaHnme

Z@)=DPa@r  P@= — @)

ecTh IpousBefeHme IIpeofpPa30BAHMUA TOTO K€ BHIA, UTO
u B u. 1), m mosroMy sABIAETCA KAMOHHYECKIM.

IIpumep 4.13. Orobpasxenme g: W — W', sagasae-
Moe dopMyaamMu

trop (z')
z=p(@), o=(%S ) p, (4.9)
ABAAETCSA  KaHOHUMYOCKHM  mpeofpasoBammeM, TaK Kaw

(p',dz" )= (p, dz). 3nece W, W' — maxke OKpeCTHOCTH
rouer (z°, p°), (z’°, p'*) coorBercrBemno, 2°== ¢ ("),

prozt(a(P(v'f/O))po - detﬁ@(xo)#o

ox
MHpumep 4.14. IlpeoGpasosanme
z' = Sz, p' = Sp, (4.10)

rge S — BemecTBeHHAs OPTOTOHATIBHAS MATPHUIA, ABITETCA
RaHOHUUEeCKIM. Takoe mmpeoOpasoBaHWe HABLIBAGTCS ROB0DO-
mom fn306020 NPOCMPAHCMER.

MuBapuanToM KAHOHIYECKHX TpeoOpa3oBaHUU ABIAETCA
crobka Ilyaccona. Crobra Hyaccona nByX CRUIAPHHX QydK-
nuit f (z, p), h (z, p) paBHA, IO OLmPeNeNCHHI,

(f’ h) (.’E, p): "'[vx, pf1 Vx Ph]h

<6;c ! 0p> <0p "oz /" (4.11)
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Hamonnweckoe mpeoGpasoBanme g coxpanser croOry Ilyac-

coHA, T. e.
(f’ h) (-’L‘, p)': (flv h’) (xv P) (412)

3)160])]‘, (.’13’, p,):f (32, p)’ rue (x,7 p,):’g (.’13, P)» T. e. (412)
nMeeT BUJ

Gt )~ <ap’ax>~
L oL 2y a2

O6patro, ecau upeoGpasoBanue coxpanser ¢ckoOky [lyacco-
Ha, TO OHO (B MajoM) sABJIsAeTCA KaHoHmueckKum. llosTomy
He00X0[UMOe K JOCTATOYHOE YCJI0BUEe TOTO, uTolsl mpeobpaso-
Baume (¢', p’)=g (z, p) GHII0 KaHOHHYECKHM, MOMKHO 3aIH-
carb B BuHJE

(xi, x3) = (pi, pj) =0,

.o (4.13)
(ziy p3) =98y
unn, mompobmee,
O A 0
2 (axa (2 o (O )“ ’
o=1
n r ’ r ’
(s R B (4.13)
dxg  3pg Opq 9zq | 7 ’

]
3

6x{ (7[7]' ox! ap‘;.

L h ):5..
0Py 0pg 0zg Ea

NAI
——
g
3

]
I

Hudpdeomopdpusm  ¢: R - R™ ompepmeasiercs safanmeM n
pyarmuit @ (2), ..., ¢, (2)

KHanoumdeckoe mpeobpasoBaume 3aMedaTeJabHO TeM, dTO
OHO WOJNHOCTBIO OIpefeasercd 3aJiHHeM onHofl (QYHKIHK
(rak HasbBaeMoll npoussodsweii Gynryuu).

Hpepgnomenne 4.15. 1) IHyemov U — odnoceasHas
obaacmy 6 Ppasoeom npocmparcmée, g: U — V — ranonuue-
ckoe npeobpasosanue. Tozda cywecmeyem gynryus S (z, p) €
€ C* (U) maxas, umo

(p', dz’y—(p, dz) = —dS. (4.14)

8 B, II. MacsioB, M. B. ®enopior
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2) Ecau g: U—V ecmv duppeomopguan u (4.14) en-
noameno, mo g — Kanomuueckoe npeobpasosanue (00Hoc8A3-
HoCMb He mpebyemcs).

Noraszareasbcrso. l-dopma n=(p,de') —
— (p, dz) 3amurnyra, B cuay (4.14) m uo aemme Ilyamkape
1 = —dS. HoxrasarexscTBo 2) oueBHIHO.

IIo ¢dymrnuu S=S (z, p) TpyAHO B ABHOM BHIE BOCCTA-
HOBUTH KaHoOHHTECKoe TmpeobpasoBanue. Lcan ke B Kauecrse
HE3aBHCHMBIX II€PEMEHHHX MOKHO BHOpate (z, z) (r. e.
p, p' — ¢yEEmEH or (z, z')), To us (4.14) maxommm

oS (x, ' ’ a5 (z, =’
e (4.15)

Bee nocaepywomme paccMoTpeHnsa 9TOr0 HYHKTA HOCAT I0KATIh-
Huii xapaktep. Ecau
2§ (z, =’
det ___(_’__)_.

YAt 0, (4.16)

TO, IO TeopeMe o HeABHON QYHKOHM, MOMKHO U3 ILepPBOTO
coornomenus (4.15) Bepasurs z’ uepes (z, p): ' =z’ (z, p).
IlogcraBaas 2’ Bo Bropoe cooTHOUIEHWE, BEpakaeMm p’
gepes (z, p):

r__ 0S8 (x, 2)

) =g xr=x'(x, D)

QOyurnua S (z, z'), YIOBAETBOPAWINASL COOTHOIICHIII)
(4.14), HaseiBaeTca npoussodAwell @GyHKYUe KAHOHUUECK020
npeobpasosarus. Haupumep, mas upeobpasoBamus z' = p,
p’ = —z mmeem S= (z, ).

Bpemem mpousBopmsAmyo GYHROUIO, 3aBUCAMYIO OT APY-
rux HabopoB Hepemenusx. [lycts ms 4n uepemeHunix z, p,
z', p’, cBaA3aHHEBIX coorHoweHueM (z’, p')=g (z, p), MOKHO
BHOpaTh 2r HE3aBUCHMHX IEPEMEHHBIX T(q), D@y Lin)s P(B7)-
3mecp (o) U B)={1,2, ..., n}, (@) N (B) = &; anaio-
ragHo oupegensiores (a'), (). Cpemm storo maGopa mepe-
MeHHHX Her compskeHHBHX. Ilycts § B (4.14) ectp dynrnus
0T 3amaHHOTO Ha0opa mepemeHHHEIX. ToTAa

(Plaryy dxany) —(x(pry, APipn) — (D d2@) + (@), dP@)) =
= ——dSi (-T(a), DBys (K(u’), p{ﬂ'))’ (417)
Sy=8— (g, Pp) + (T, Pepy-
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B sToM cayuae HROUA S; HaswBaeTc npoudsodsuell
> 1
Pyrryuell KaHOHNIECKOT 0 mpeolpasoBaHus, KOTOpoe BOCCTa-
HaBJAHBaeTCA OO0 S; ¢ MOMOULI0 COOTHOIIEHHH

D a8y 2z a8y

@)= — 7 1 [(:10 Rt v
o8, s,

P =z’ Zpy = v

IlpuBemeM psAA U3BECTHHIX CBEIEHUI M3 aHAANTHYSCKON MeXa-
mukn [4], [14], [17], [63].

Teopewma 4.16. Kanonuueckoe npeobpasosanie nepe-
60TUm 2aMULLMOKOBY CUCEMY 8 2AMUABMOHOBY.

WUwmenno, ecan (z', p')=g (z, p), 1o cumcrema [aMuin-
TOHA

dz _ 0L (xz, p) dp _ _0L(z, p)
T @ T a (4.19)
B HOBHIX TiepeMEHHLIX HMeeT BUJ
da’ __oL' (z', p) dp’ oL (', p)
a ~  ep Tat  ar (4.20)

rne L' (z', p'Y=L (z, p) (1. e. I’ ects crapaa Qyuxoumsa
FaMuabroHa B HOBHIX HEPEMEHHHX).

HJowasareaxsbcrtBo. Ilyers r=(z, p) (Bce Bek-
TOpE — croabimu). Torga cucrema (4.19) umeer Bupg

dr oL

1
= J—(,;- . (4.19")
Haxee,
a, dr oL 4, oL’
@ 8w o 8 o
TaK 9To
dr’ ; 1t s OL
at o
Tak wak J' = —J, To u3 (4.4) cuaegyer, wro g'J'g' =J,
U MBHL II0JIyUaem Lo
dt ar’

Iycrs g' — capur BEoxk TPAEKTOPHHM TAMHIBTOHOBOIL

cuctemsl (4.19) sa gurcmporamnoe Bpemsa f, T. e.

g @, = {z (t 2, p%, p & 2° p*},  (4.21)
! g*
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rae {z (¢; 2°, p°), p (t; 2° p°} — pemenme cmcremnr (4.19)
¢ gapEEME Konm

Z|tm0= 0, D Il‘=0 = po (4.22)

Orobpasrenne gt: R2™ — R® HaseBaeTCA (fas06bli NOMOKOM.

Mu mpegmomaraem, uro L (z, p) € C* (R?) u, mas mpocro-
TH, YTO KayKI0e pelieHwe 5TOH CHCTeMH CYHIeCTBYerT IpH
Bcex ¢. B mpoTHBHOM ciyuae TPUBOTHMBII HUKE pPe3yabTar
cupaseqauB B MaioM (T. e. Upu MaJHX | ¢ | 1 B Majoi obia-
cru B R¥™).

Teopewma 4.17. Omodpancenue g' aeasemes Kanowu-
ueckum npeobpasosanuen (npu kaxcdom ¢Gurcuposarnomst).

Hdoxasarenscrtso. [IpeofpasoBanme g sagaercs
dopmymnoit (4.21). Tomommm r°=(z°, p°) u

ox ox
agt dz0  9po
a0 Op op
520 apo
Tpebyerca gokasaTh, 4To0
TAJA=J (4.4")

npu Beex ¢, rae T4 — TpaHCHOHHpPOBAHHASA II0 OTHOIIEHHIO
K A marpuna.

Ilpm t=0 umeem A=1,, Tax uro coorHOmeHue (4.4")
BHIOIHAWTCA. [ToKaskeM, UTO jeBasg 94acTh BTOCO COOTHOIIE-
HUA HE B3aBHCHT OT {; TeM CaMHIM Teopema OyZeT JOKasaHA.
Huddepennupysn ypasuenme l'amunproma (4.19') mo mepe-
MeHHBIM 70, IOJyYaeM ypaBHEHHE

d4 ”
W:JL,,A.
CaepmoBareanHo,
ata A
di - - Aer'];
rak kak TJ = —J m marpuna L;,. cummerpuuna. [[nddepen-

IUpyA mWo [ JeByo 4YacTh paBeHcTBa (4.4"), moayuaem
—57 (FATA) = —TALLJ2A L TAJ2L;,A =0,

rak Kak J2=1I,,. Teopema morazaHa.
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10T GaKT MOMKEHO TAKKe [OKA3aTh C MOMONLI0 HHTETPAJBHOTO
mepapuamra Ilyamrape — Haprama [4], [22]. IIyers T — mpocroit
3aMKEYTHH raagkuil xomryp B R?*7. Torma

§<p, dz) = & (p, da). (4.22')

r glr
HOyers (2, p') = g* (z, p); rorma

<§ (s dz)=(§' (p', dz),

g'r
z u3 (4.22') caemyer, wro dp’ A dz’ = dp )\ d=.

He,

3. Kanonnueckne mpeoGpasoBanns ¥ AarpaH;KeBBI MHOTO-
obpasusa. Us (4.1) u onpegenenus 4.7 caenyer, 970 MHOT'00 G-
pasme siBAETCA JaTDAH/KEBHM TOTJA H TOJIHKO TOTAY, KOTAa
Ha HeMm 3aMKHyTa ¢opma o= (p, dz). Otcioga BHTEKaer

Teopewma 4.18. Harnonuueckoe npeobpasoeéarue nepe-
600um aazpanIceso mH0z006pasue 8 AazPAHICEO0.

Ham momagofuresa rarsxe

Opegnomenne 4.19. Iyemo A" ecmo aazpanace-

60 C™-mmoz006pasue makoe, umo L (z, p)=const na A™7,
ITycme omo6pascernue

gt: AT gtAn—I
eemo Queomoppusm npu wascdon t €10, T1 u
A= U gtAn—1
o<iT
ecmb C*-muoz006pasue pasmeprocmu n. Tozda mmoz006pasue
A" nazpanarceso.

NokasaTeabcTso. Muoroobpasua g'A™! mar-
pammesst. [lycrs r'= {z (£ 2°, p%), p (t% =° p°)}, tme ¢° €
€ (0, 7), (z° p% € A™X, m A", A™*! — wacaTeabHEE LIOCKO-
ctm k A", g' A™! B touke r° Torma A™! c A" m BeKTOp
0 ox dp

= (7[’ 8t
CremoBaTenLbHO, BCAKHE BerTop v € A" mMmeer BHI 1 =
=& L (Cn° rtoe E€AM!, (C=const. Ilokaem, uro
[n? El=0 maa moGoro & € A™Y; rTorga A" — xarpam:xeBa
WIOCKOCTh, H WpemjoskeHme Oymer mokasamo. Ilyers
(0tgs ..., Q) — JOKAJLHBIE KoopAuHaTh Ha gA™ B oKpe-

; )
CTHOCTH TQUKH r%; TOTAA BEKTOPH & = (%f—_, —(—7%) 00pasymT
f) d

) B Touke (£, z°, p°) Tpamceepcamen kK A" B A™.
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Gasuc B R*., Umeem
j _ 9 _
g, "= —@L(x (¢, @), p (¢, @) =0,

trak kak {z (f, a), p ({, 2)} — pemeHue cumcremn IaMmian-
rona, a L (z, p) — ee mepBmll mHTETpAI.

ITO IPeRIOKeHNE 36T OCHOBHYI0 KOHCTPYRIIUIO n-MEPHHEX
JarpaH;KeBHX MHOTooOpasuit. Wmenno, szagawa Hommu pns
ypaBrenua 'ammaprona — fArobm mapymupyer (n — 1)-mep-
HOe HadaJbHOe MHOroobpasme A™?!, xoropoe sBiaserca
JarpamxeBsM. [LEro caBurm BROAB TpaeKTOpWil CUCTEMEL
lamMmasrona BAIONHAIT 7-MEPHOE JATPAHKeBO MHOT006pa-
sume. Ecam g' ymomreropser yemoBmsim npegaosenus 4.19
npa Beex L€ R, To

n t An-1
hE
eCTh TaTPAHIKeBO MHOT000pa3ne, NHBADHAHTHOE OTHOCHTEIb-
O g'.

B uwactHOCTH, paccMOTPeHHEIe B KOHie § 3 mpuMepH HaoT
PAA JATPAHKEBHIX MHOT'000pasuii.

Crenyromume $aKkTH  YTOUHAKWT JHOKUIBHYI CTPYKRTY-
Py r-MepHoro marpamxeBa wmHOTOOOpasms A". Pacemor-
puM MHorooOpasue, Koropoe nudHeoMOpPHO IPOEKTHDPYETCS
ma REL.

Teopewma 4.20. Hycmv muoeoobpasue A" sadaemcs

ypasrenuem
p=rp (), zE€G,

20e G —- odnoceasnas obaacmv ¢ RE. das moezo umobw A"
66110 AA2PARICEBVM, He0OT0OUMO U O0CTNAMOUHO CYULecmeoead-
Hue makoil ckaaApHot @ywryuu S (z), umo

=28 e (4.23)

HoxasarteascTro. llycrn

x

S (@)= | v (@), do).

x0

Jlas toro uroGH 9TOT HHTETPaJ He 3aBHCEN OT IIyTH WHTErpH-
pOBaHUsA, HEOGXOAEMO I JOCTATOMHO, ITOOBI

dp () A\ dz = 0.
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Ecau p (x) mmeer Bup (4.23), T0 5T0 yCca0BHe BHIOJHAETCH
n A" narpamikeso; ecam A" JarpamikeBo, TO HHTerpail He
3aBUCHT OT TIYTH MHTETPHPOBAHUA.

daMeTuM, 4TO eciam Muoroo6pasume A" mmeer Bum (4.23),
TO OHO JIaTPAHKeBO, Aaske ecau A" HeoIHOCBA3ZHO.

BriacHuM TOKQIBHYIO CTPYRTYPY TIPOU3BOILHOTO JTarPaH-
jeBa MHorooOpasus A",

Ifyers, war obwuno, (o), (B) — pasGuemme MHO:KecTBa
(1, ..., n) Ha HelepPeCeKAWIIHECH MHOMKECTBA.

Teopema 4.21. IHyemsv mrozoo06pasue A" sadaemcs
Y PABHEHUAMU

Tiay = Tiay (Piars T@)s Py = Py (Piowr Td)s (Piars Tpy) € Gy

20e G — odmnoceasnas obaacmv 6 Rﬁ(w X R;(_B’:. Haa mozo

ymober A" 6vlao  aazparndceevtm, Heob6xodumo u Oocmamouro
cyuecmeogarue makoll ckaaaproi  Pyrryul S (P, T
ymo

as a8

Ly == — Frym Dy —_—0]6—([3) . (4.24)
HoxasarTeasncrtso. Paccmorpum pymrmuo ma A™:
(x, P)
S = ) (p, dz) —(Z(y, Pan)-
(x0, p0)

Ilycts A™ jarpasmeBo; TOTJA HHTErPAJ S {p, dz) He 3aBH-
CHUT OT IyTH, TAK 9TO

dS = (p@, dzg)) — (T, AP (o) (4~25)

u S ecTh, IO YCJAOBHIO, QYHRIUA OT Py, L) OTCORA CIeIyeT
(4.24). OGparHo, ecau BHmoaHeHo (4.24), To WMeeT MecTO
(4.25), Tar uro

d[S + (Zy» Pyl = (P, d)

n fopma o' samrmuyra Ha A"

QOyrarnua S, sajgaomas JaTpaEikeBo MHOroobpasme A™
(cm. (4.23), (4.24)), nasmBaerca Takmke npouseodiuel PyHk-
yueti aTOor0 MHOT00Opasusa; OHA ompegeiserca mo A" ¢ Tod-
HOCTBIO [0 aJANTHUBHON moCcTOAHHON, ecam A™ ogHOCBABHO.

Ilpegaosmenne 4.22. IHycms A" — aazpansiceso
MHO02006paaue, 1 nycmbv docmamouno maias okpecmrmocme U
moury 19 = (2%, p° € A" dugpeomoppro npoexkmupyemcs HG
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RE u na naockoemv A" (pay, Zpy). Lean S (x), S (piwys @) —
coomeememayoulie nPoussodsyle GYREYUL, MO 0Mo6PaRCerlLe

(z, S (2)) = (P Z), —S (Peoys ) (4.26)

ecmb npeodpasosanie JeHandpa no RePEMEHHBLM T q).
HJoraszarensbcTBo (G TOYHOCTHIO [0 HECYHIECT-
BeHHON aJANTHBHOH IOCTOAHHOH mMmeeMm
(X, D)
S@= | (v do,
r0
r(x, p)
S (P Zpy) = S (Ps dxy—{T(ay» Piar)>
r0
TaK YTO
S (Ziay, Tpy) — S (Peory Tidy) = (Z(arys Piay)-

Nz poxasarenberBa Teopemsl 4.21 caemyer, 4ro

—~

38 (P(a), Zp))

Loy = —
(@ OP(ay !
7 Hame mpemuoskenme porasano. Hpowme roro,
028 (10) 223 ()
det = 0, det T =0 (4.27)

B T1ouke (z°, p).
4, Jlarpamkesa zamawa Howm, PaccMmorpuM ypaBHeHme
Tamuaprona — fAxobnu

L (z, 88 (2)/9z) = 0 (4.28)

¢ BemeCTBeHHO3Ha4YHEM cumBoxoM L (z, p) € C* (R™). B § 3
OplIa paccMoTpeHa JarpaH:keBa 3afava Homm mua aToro
YpaBHeHHA ¢ JaHHHMIE Ha ILIOCKOCTH ; TelePh 3afaiuM HAualb-
HEe TaHHKEe Ha MHOrooGpasmm. Jlarpamxesa 3ajgaga Homm
Iis ypasuenma (4.28) crasurcA caegyommM o0pa3soM.
1) Bagaerca marpamseso Muoroobpasue A™! pasmepHo-
cru n — 1 Takoe, 4ro
L) =0, @peA™ (429

u A™! nudpdeomopdro mpoekrmpyeres Ha R, -
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2) 3ajaoTea HaUANBHBE JAaHHEE: npH T € n, A" (npoex-
oua A"! ma R}) mmeeMm

S (z) = S, (2), (4.30)
a8 (z) _ n-1
W@, (@ p@)eam. (4.31)
3) Crapurcst ycnoBme CoriacoBaHuA
dSo () = (p (x), dzy, x €A™ (4.32)
Teopema 4.23, Iyems r° = (z° p°) € A u evnoa-

dL (r0 _
Hero yeaoeue: eenmop—ai('f) mpanceepcaner & 1w, (TA™1) (r°).
Toz20a e maroli orpecmuocmu moury z° peuteniie AQepanicegol
sadauu FKowu cywecmeyem u eduHCMBERHO.
HlorasarensbcTts o. MucBegeM a1y TeopeMy K Ipei-
noskermo 3.8. IIyers r® = 0 u A™! 3agaerca ypaBHOHHAME

Ln = @ (@1 ooy Tpoy), P = P (.’131, Cey Zpy)
B oupecrmocrn toukm 0. Torma Sy = So (zy, . . -y Taoy)-
Crenaem 3aMeHY NTepeMEHHKIX
° oh
&' =h(z), bj= Z ajx(:) Pr, 1<i<n, (433)
h=1
rme z; = x5, | <j<n—1,zn =2, — @@, ..., Tp_q).

Jro mpeobpasopanme ects rufdeomopdmsM B Maxoil oKpecrt-
HOCTU HAYaJd KOOPIMHAT; OH ABIAETCS KAHOHUYECKHM (IpH-
mep 4.13) m mepeBogur (S, L, Sy, A1) B (S, L', S;, A'").
3mecn

§'(x)=S8(x), L'(z,p)=L(z, p) S(z')=35(),
rak wr0 ecam S (r) ymosieTeopsAer ypaBHemmio (4.28), To

v« % &) <o (4.34)

? a‘rl
Ionosxum y = (x;, ..., Zp_1); TOTAA JaTPAHKEBO MHOT000-
pasme A"l umveer Bupg

A= {(x', p)= (y ,a"’—(y’,pn(y)) yEV}

9T0 J[OKASHBAETCA TAK 7Ke, Kak u Teopema 4.20. 3mecr V —
oRpecTHOCTH TOUKH Y= 0. Ilpm srom

L"(y,O ‘”’("’_) 1Pn(y))—0 yev. (4.35)
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s yenosus cornacosands (4.32) cneuyé‘r, 4aT0
0 (y) __ 955 (y)

oy oy !
y€V, m Hama sajgawa UPWHEMAET TOT K€ BUJ, YTO U B IIPE]-
aoskeEnn 3.8:

' , S’ (y, 0
S @ 0=8w, TLD—py), yev.

ITokasrem, uro

aii”#o (2 =0,p ~(6Sa o)), pa0). (430

Torpa Bce yclloBuA mpepno;keHMA 3.8 OGYAyT BHIOOJHEHH.
Nmeen

n n
oL’ (', P _ Z oL (z,_p) Opp __ Z oL (z, p) oz},
opn Opr  Opp opy Oy

B cuiy (4.33). Hpn =0, p'=(0, p,(0)) nmeem

= 0;

oL’ - 2 6L r0) g (2§, ..., 23_4) L(?L(ro)
Opn Z Ipe dzy

oL
B CHJOYy YyCJOBUA TEOPEeMbL Tp' == 0, TaK HKaK BEeRTOD
n

op 09 1 n-1 (.0
—— i, —— OPTOTOHAJIE T rY).

( 9z, ) P ) pr H R A" (r0)
5. O6ofnienue monATHA JarpaH:keBa Muoroo6pasmsa. Ilycrs M
ecrb n-MepHOe C*-Mmoroofpasme pasmepmoctd n u T*M™ — ero

KacaTeabEbIil mydor. IIycts z = (24, ..., z,) — JOKAIbHEHE KOOD-
gupaTel Ha M"™; torma I'*M" = (\ T*ML u anementamu T*M%
xEM™

asasaorca 1-gopMmer 1, = Zp] dz; ma M™ 1.e. n: TM%E — R, rae
J_

TM% —— wacareJbHOe HPOCTpaHCTBO K M™ B Touke z. Bremem ma T* Y™

JOKATbHBIE KoOpAMHATH (p, 2), p = (p1, .., Pp) U DACCMOTPHM

1-fopmy mA T*M™ '

ol =(p, dz). (4.37)
JamernM, uro ofbmmit Bup 1-gopMer Ha T*M" chHemylomuii:

n

61= 2 aj(p, z)dz;+ 2 bj(p, ) dPJ'
=1 i=1
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@®opma ®' ompejieneHa KOPPeRTHO. J|eliCTRUTeNbHO, ecid z' — HOBHE
JOKalJbHHEe KOODAMHATH Ha M™, z = ¢ (), To

n

(B =, @), pi= D) G @) e
h=1
CieioBaTeIbHO,
n n
14 ! 0 x, r’
@, d2)= 3 oo (3P ao) —(p, da).
k=1 =1 ?
BreneM 2-gopny 5O M™
©? = dol. (4.38)

B n10KanbEBEIX KOODIMHATAX
02={dp, dz).
Onpegenenume 4.24. Bexropm E, nET (T*, M) wnassi-
BAIOTCSL KOCOOPMO20HAAbHBMY, ecan % (B, 1) =

Onpepenenne 4.25. C -no;mnoroo6pa3ne AR T*Mn
(pasMepHOCTH k) HABHIBACTCS 4dzpansceany, eCIN JIOOBe [Ba Kaca-
TeIbHBIX BEKTOPa K A® KOCOOpPTOTOHANBHHI.

N3 xemmer 4.5 ciengyer, 4ro B KadecTBe JTOKANBHBIX KOODAMHAT
B OKPECTHOCTH TOUKM HA JATPAH;KeBOM MHOT000pasMy MOMKHO BHIOpaTh
(P z(p))-

IIycts H: T*M — R ecTh BellecTBeHHOSHAYHAA QYHROUA Kiacca

C* Ha KOKacaTelIbHOM Hyuyke U X, Y — BeKTOPHHle Hoas Kiacca C™
ma T'*M".

Onpepmgenenue 4.26. Iamuavmonosoli cucmemoil Ha T* Y™
¢ TaMUILTOHUAHOM H HA3HBaeTCs BEKTOPHOEe IIOJe XH BHa T*M™
TaKoe, UTo

@ (XyY) = —dH (Y) (4.39)

gnsa awboro Y € T (T* (M™)).
B 10KaXbHHX KOOPAWHATAX

XH:<5p ’ ax> < ’ >
Tpaerropun Toas Xy ABIAITCA DelleHUAME cucTemel l'amMuabroma
(4.19).
Hycrnb ng: T*M™ - T* M — Pasosstit NOTOK, MAZYIAPOBAHBEHIL

monem Xg. Torma g;I coxpamseT HOopMy

§ 5. IIpeodpasosanme Pypoe
A-ncesnoanddepeHnnaaibHOro onepaTopa
(nepexopa B p -IpeicTaBIeHne)

Hama 3amaga — moctpouts ¢. a. pelleHHe yPaBHEHH
(3.1) B meaom, . e. Bo Becem mpocrpancrse R:. IlepBrim s1a-
TIOM IOCTPOSHHA KBa3HKIACCUYECKOTo HIPHOTIKEHHA B IICI0M
ABIAGTCA OTHICKAHAE TiafKoro Beiody B R} pemenma S (z)
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ypaBuenns 'ammabroma — fixo6m (3.3). Omgmako sT0 ypas-
HeHUEe — HeJHWHeHHoe M MOKeT BOBCE He WMeTh INafKAX
BO BCEM IIPOCTPAHCTBE PemIeHNil, 38 WCKIIOYEeHHEM TPHBUATE-
HEIX; TAKOr0 Pofia OpHMEPH O OpABEAeHH B KoHme § 3.
CrxemoBarensHo, mpuM mocTpoeHMm ¢. a. PemeHHE B HEJIOM
Henp3s oboiiTuch pemenumsamu Bufa (3.2).

OcHoBHEIM ABIAETCA Caemyiomee coobpasenne [38]: ocHos-

HHM O0BEKTOM, CBA3aHHHM C ypaBueHueM lamumibroma —
fIro6m, cregyer cumrars He PyHrnuio S (r), a Jarpam;KeBo
muEOro06pasme A", 3aganue Ppyurmuu S B HeKoTOpoi o6macTa
Q < R} 5KBHBaJEHTHO 3aJaHUI0 (KYCKA» JArPaHKeBa MHO-
roo6pasusa B $asoBOM IPOCTPAHCTBE:
IIpogomxum a0 MEHOrOO6DA3HE, T. €. CABHHEM €T0 TOYKHA BIOIb
TpaeKToOpui CcucTeMH [aMUIBTOHA; MBI IOIYYAM TIIAJKO0e
narpamxeBo MHorooGpasme A" (OpE COOTBETCTBYIOHIHX OTO-
BOPKAaX).

Wrak, mycrs aarpamkeBo MraorooOpasue A™ ne wuwmeer
ocobernnoCTell. OTO JIarpaH;ReBO MHOT00Gpasue FBIAETCA
CB00OPAasHOH «PUMAHOBOH MOBEPXHOCTBIO» Pymrnum S.

Ilyers marpameBo mMuorooGpasme A™ me mmeer ocobeH-
mocredl; ofHAKO CBA3aHHAA ¢ HUM QyHKIEA S = S(p, dz)
TeM He MEeHee MOKeT mMeTh ocobennocta. ViMenno, mpousBofs-
maa ¢ymrnusa S aarpameesa MuorooOpasus A" mmeer 0co-
0eHHOCTH B TeX TOYKax (z, p) € A", OKPECTHOCTH KOTOPHX
IJI0X0 NPOEKTHPYIOTCHA Ha z-mpocTpaHcTBo. Ho B Takmx Tog-
KaxX MOKHO BHIGpATh Apyrue JOKaIbHEE KOOpAWHaTH Ha A",
HANpEMep, mepeiiTy B p-mpefcraBieHne. EcTecTBeHHO pac-
CMOTpPETh B p-TIpefcTapieHdd w ouepartop L. Iror mepexof
OCYIIECTBIAsIETCS ¢ MOMOIIBI0 Tpeofpasopanns Dypre. llepeii-
JeM K p-IPeCTaBICHUI0 B YPaBHEHHHN

2 1
L (z, M'Dy) u (z) ={ (2),
T. €. IOJOKHM

u(z) = Fitpuali (p), [ () = Fitpoaf (D).

Torga ypaBHeHHe HpPAMET BUJ

(P, gl (2 A4Ds) Fitpos) i (9) = F (8).
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ITonyuennnii omepaTop €cTh HCXOAHHIA omleparop B p-Tipend-
CTABIEHHM H CHOBAa €CTh A-I. . 0.; HMEHHO, OH HMEeT BH[

% 1
L(—A"1Dy, p).
YacTHere ¢. a. pemeHUs ypaBHEHHS

2 1
L(—A"Dy, p)u(p)=0

CHOBa MO)KHO HCKaTh B Bupe (3.2) (¢ sameHo#t z ma p). B mo-
caefyomux maparpadax 6ymer mokasawo, 4ro, KOMOHHUDPYSH
TAKHEe pEeIIeHNs, MO;KHO IOIY4uTh (. a. pemrenue ypaBHe-
ung (3.1) B memom.

1. Yacruunsie mpeoOpasopanua ®ypee u h-Im. 1. 0.
Yerpoum pas6buenue muoskecTsa (1, 2, .. ., ») Ha OBa Heme-
pecerkapmuxcsa MuHOkecTBa (a), (P): (@) = (oty, . . ., O1),
(B) = (Bis - - » BD)s tme k + [ = n, oy = B mpu Boex i, §
(ommo us muoskects (), (P) Mommer Grrs mycrhiv). [Tosromum
z = (T @), T = (Tayr + . ., Ta,) I AHATOTHIHO HOJO-
WaM P = (P(o), P@). DBeneM 0003HaUeHW

R

(Zays Piay) = jgl xajpaj, A%y = dxal e dxak
H aHaJornuHiie 0003HATEHUA
@@y D)y ATy, APy, AP gy
Bgejem A-npeobpasoanme (Dyphe MO 4aCTH UEPEMEHHEIX:

(F, %y Pon? (@) (Pars Zipy) =
A yR/2 ,
= (éa) S exp [ — A (Ziawys Pl U (2) dZ(0y, (0.1)

rie, Kak o0wuHo, )/ i = ei®/%, Torma ob6paTHOe Ipeopaso-
BaHue IMeeT BHL

(Fx,lp(a)—»x(a)v (P Zwy)) (7) =

s kj2 .
= ( ) 5 exp [iA (Z(ays PV (Pears Tpy) AP(y.  (9.2)

—2mi

Iyers L (z, p; (iA)™!) — moaueom ot (z, p) ¢ Kosdpdm-
nuenTamy, raagrumi no A~ upu A > 1, Torxa U3 U3BeCTHHX
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cBoiicts mpeobpasoBanusa Mypbe BHTERAeT, YTO

2 1
Py, x>0, L (25 A7 Dy; (i0)7) FX,lp(a)ex(a,u (P 2@) =

@
2 21 1
=L (—=¥'Dp , Z# Proors lHli(Bﬁ ()™ u(pa, z@)- (5:3)

MDpegnomenne 5.1. Iycmv cumson L (z,p)€

€ T7 (RY). Toeda aesas uwacmvb Popmyavt (5.3) onpedeasem
aunelinuii onepamop u3 Cy (RZ(;’: X Rﬁqa)) 6 C” (RZ(;’: X Rﬁ(ﬁ)).

HorasarennctBo ogenujro. Qopmyay (5.3) mpumeM B Ka-
9ecTBEe ONPeJeNeHus Omeparopa

2 21 1
L (—}fiDp(a)’ ZBys Prooys }V_le(ﬁ); (l}")_i)
u OynmeMm HaswBath ero A-npeobpasosanuem Dypve A-I. m. 0.

2 1
L (z, A\ D; (iA)™') mo TepeMeHHBIM Zq)-

2. HoBbIii KIace YACTHBIX ACHMIOTOTHYECKMX pelmeHuii.
Paccmorpum ypaBHenue

L (z, 1Dy; (0)) u (2) = 0. (5.4)

Berofly B pambHeliimeM B 9ToM maparpage Dpefmoiaraercs,
aro L (z, p; (i)Y € I (R™) mas HeKoTOpOTO M.

B § 3 mbt mocrpomnm mmace QOPMANLHEX ACHMITOTHYE-
ckux pemenuii ypapmemmsa (5.4) Bmma

u (z, A) = ¢ (x) exp (LS (z)).
®opmyna (5.3) mo3BONAET HOCTPOHTH KIACC (POPMATBHBIX
ACHMIOTOTUYECKUX DEIIeHui BUIa
u(z, A) ==
:FX,lpm)*x(a) (¢ (Pary () €XP [IAS (Pays Zep)])- (5:9)
Buagame mb (QopMajgbHO HpOBEAeM BHIKJIAJKH, a 3aTeM

opuBefieM crporoe yrBepseiaenue. *Bymem mckarp pemenne
ypaBuennsa (5.4) B Buue

u (xa }\4) = F?_»,lp(a)—}x(a) (U (p«x)’ ZB)y, 7")) (5'6)

ITomcraeum (5.6) B (5.4) mW mpuMeHmmM clIeBa OmEPaTOp
F;hx(a)_,p(w. Torma, wucmomsayda dopmyny (9.3), moaywum



§ 5. IEPEXOJ B P-IIPEACTABJIEHHUE 127

ypaBHeHHe

2 21 1
L(_}fiDp(a), ZBys Pars K—li(Bﬁ (MM v (P 2@y A)=0.
(5.7)
Ho 1o ypaBHenue mmeer 10T ske BUL, 9T0 # (0.4) (1. €. B me-

BOU 9acTH CHOBA CTOUT A — WU. . 0.), M Mbl, Kak 1 B § 3, MoseM
HCKATh (QOPMAJIbHOEG ACHMOTOTHYECKOE PeIHeHe B BHJE

U (Dior ey 1) =q (Pcars ) €XP [iAS (P x(ﬁ))]- (5.8)

IlopcraBnsas B (5.6), moaygaem (5.7). Irtor Kiace . a.
pemenuit Boepsiie Geir moctpoen B [38], [39].

Teopema 5.2, ITyemv cumsor L (z, p; (ih)71) €
€ I'm (RY), gpynryus S (s Tp) BeujecmeennosHaUNa,
@ (P 2@y) €Co (RZ(;II X RQ(B))’

S (Pioys (py) ECT (Rn‘h X Ri(ﬁ))'

Pray

Toeda npu A =1 u npu awéom yerom N Z=0

2 1
L (z, K_ipx; (—iA)™) Fx}p(a)»x(a) (P (P Zepy) X
X exp [iAS (piays Zp))]) =
N-1
— Fﬂpm)"x(w [exp (IAS (Piwys Zepy)) Z(,) (M~ B¢ (P 2py) 1+

+O1 (5.9)
3decv R; — aumnetinsili dugeperyuarvrsili onepamop no-

padra < j ¢ koagpuyuenmanu Kaacca C* (sasucsuunu om S),

Ocmamounstli uaen Ot n € O_F (Rf,( ) X R;l(—h)_
%

Horxasareasncrtso. [Iycrs ¢yrrmusa v (P, Ze)
GeckoneuHo muddepennupyema ¥ (UHHTHA [0 BCEM CBOMM
aprymenram. Torma, B cmay (5.3),

2 1
L (z, M Dy; (IM)7) Fil p >,V (Peors i) =

= Fi,lp(w»x(wfv (Pns Zpy),  (5-10)

~ 1 2 ! 2
L=L(— A“Dp(a). Zp)s K_le(ﬁ)’ D)
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Iyers v umeer BuA (5.8). IIpumenss teopemu 2.6, 2.11,
ToAydaeM DPasloReHnT

N-1
Lv=el*8 }Oj (i) Rjp + My (Diayr Zpy; (iA)7Y).

YrTBepROCHIE TEOpPeMH OTHOCHTENHHO OCTATOYHOIO TJeHna
cireqyer usz (2.12').
Brmmmmem mepsele mBa 4iena pasidoskenus (5.9):

R()(P:LO(P, (511)
gLo oLo
Ri(P—<51(oc) 0p(oc>> <0P(ﬁ) 02’((5)>—
| [a ( #L0 @S L0 a2
2 [ ((51(00)2 (5P<a>)2) p‘((al’(ﬁ))z (!91((3»)2)
5210 92L0
—25p ( 0y OP(p) 0p(oc)0x(]3) ) Z‘ ox,, 61’6 J(P+
oL -
+(W)0(P~ (5.12)
31ech
oS , S ,
L0— T ( __ (Pé;:mm(s)), Zgs p(a)’ (Ig;;:ﬁ)ﬂﬁ)) 0) GRE)

IlpousBogmasn ( Gepercst mpu (iA)t =0 u npm

oL )
DR
TeX jie BHaYeHMIX Z, p, uro u L°.

3. Ypasmenne mnepemoca. BeemeM o6osmauenme

Z(x, p; (M) =L (— 2w, Z@), P Py (M), (5.14)

Ypanuenne I'aMuabrona — fxobm umeer Bujp

0 =0. (5:15)
[Tonomum
"= (Piows zg), P = (Tiay Dpy)- (5.16)
Torma cucrema I'amunbrona gus ypasuenus (5.15) umeer Bujg
de' _ oL’ («', p'; 0)  dp' _  GL(«, p'; 0)
dt op o Tde T oz’ 5 (17)

L' (@, p';0)=L(z, p; 0).
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IIpumensas dopmyny Jluysmana (3.23) x cucreme
dz’ _ 9L (z', 88/92"; 0)
di op’ ’
MoJyIaeM, 4YTO

Siniesy (S 55 100 (22),

op'2 ox'2 ox’ op’
The
9 (P T(p)
J =det 20 BV 5.18
3 (xay Pepy)” ( )
Haxee,

aLo
ap/ ’ 01’ (p1

rae (p — mpousBofaasa B cuy cucremsr (5.17). Caegoparenn-
mo, ypasuenue Rg = 0 mpumer BEA

d = 7\ {1 8210 oo

@V ==V (3P mamto o) (5:19)

Chopmynupyem pesyabraT, aHaXOrMuHLA Teopeme 3.10.
IIyers U — obaacts B R™™, {2': 2" = z'° (y)} — C-mHo0-

roo6pasue pasmepmoctn n — 1 B RR. PaccMmorpum samawy
HKomm

o =20 P limo=0"®), YEU (5.20)

¢ ycaoBmeMm coraacoBaHHA (3.32), M IYCTh BHIOIHEHH YCIO-
pug 1)—3) reopemrr 3.10 (mociegHee — IPEMCHHTENBHO
K samage Homu (5.19), (5.20)).

ITycrs  Q () — Malasg OKPECTHOCTh TOYKH g, =
=20 (") ® Q< R — Mamagd  OKDECTHOCTP  TOUKH
(xly» 233y V), rHE 2y — m0Goe. Iomommum

S (P (L, W) 2@ (t ) = So (Play (v)> x0p) (V) +

S[<p<a> (v, v), et 3) >—

- <x(a> V) dp(mdif R >] ar.  (5.21)

Ilpm manwix ¢ ara QyHKIUA GyAeT pemrenueMm kiacca C™
ypasuenua {5.15).

Teopewma 5.3. Ilyemv sunoanens ycrosus 1)—3) meo-
pemn 3.10 (nocaednee — dasn sadawu Kowu (5.19), (5.20)).

9 B T Marmon M. R Menonmwe
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Tozda fynryusn

. 20 () VIO v
u(x, M) =Fylp g, Vi v

t
. 1 0210 oLo
Xexp[z?»S(p(a),x(B,)—_g [-2—8 (m)—m}?

Ly
(5.22)

asasemes peusenuenm ypasrenus (3.1) mod OF 5 ().

Oyarnua S ecTs pemeHne ypaBHeHUA |aMHIBTOHA —
Axobum  (5.15), @ (y) — mpousBoabmas QYHKIUA Kiacca
c” ().

Bee ¢yurmum x4y, pPp), Pioys Ly B HOpaBoil gacrm (5.22)
ABJAIOTCA pemmeHusaMmu 3afgaum Hommum (5.19), (5.20), (1. e.
Ty == Loy (¢, ) M T. I.); ¢, y TAKOBH, dUT0 Zgp (£, ) =
= T '

HoxrasarenscTBo Teopemn caegyer us (5.19) m Teope-
MBL D.2,

K ypasuenuam mepernoca Mul Bepuemcs eme B § 11 u B § 14.

§ 6. Ilpenkanonudeckmii onepaTop
(kBaHTOBaHME IOJA CROPOCTEil B MaioM)

WUrax, B mpeamaymumx naparpadax OBJIA HOCTPOSHHI
dopMasbHEE acHMOTOTHYECKHe pemenusa ypasmenms (3.1),
KOTODHe HMEIOT BHJ OHCTPO OCHUINHPYIOMEH HKCIOHEHTH!
aubo B z-mpefcTaBaeHund, Am00 B p-IIPEACTABICHWH, JHOO
B cMeImaEHoM IpepcraBaennu. Haskmoe takoe ¢. a. pemeHme
ACCOIUUPOBAHO C JArpaH;KeBHIM MHorooOpasmem A" MakCu-
MaJAbHOW pasmepHocTH B (aszoBoM mpocrpaHcrse. Temeps
B KadecTBe OTHPABHON TOYUKH PACCMOTPEHHsI BO3BMEM 3TO
mHoroo6pasue. Hama 3amaga — mocrpours ¢. a. pemenme
B [EXOM, CIMUBAsL BCEBO3MOMKHEE §. a. pemends, AHIYIA-
poBanisie muoroo6pasuem A", Ilpu cpamumBanmu ¢. a. pemre-
HU# caefyer, MpPe;Kae BCero, YUATHIBATE, 4TO OFHO M TO Ke
perieHre MOMKeT HMeTh pas3iiIHke OpeAcTaBieHus (Hampu-
mep, A" momer aupdeomMopdHO IPOEKTUPOBATHCA M HA Z-
IPOCTPAHCTBO, H Ha p-mpocTpancrBo). CormacoBaHuIo HTHX
OpPeACTABIEHNY 1 HOCBAMEH HACTOAIME maparpad.

1. Ispuernueckue coobpaskeHna. 3ajada O IOCTPOCHHUH
KBa3UKIaCCHIeCKON AaCHMIOTOTHKEA YpaBHeHHH KBAHTOBOH
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MEeXaHHKH IJIH, BooOme, ypaBHeHHI BuAa
L(z, A\ D) u (z) =

OpUBOAUT, KAK MH BBIACHIJIN B IpegplAyIiuX maparpadax,
K (KJIACCHUYECKOMY» OODBEKTY — JNarpaH:KeBy MHOroobpasmio
A™ B ¢asoBoMm mpocrpauctBe. Temeps ME HIPOKBAHTYEM 3TOT
00BEKT KiaccudecKoll MeXaHMKE (moJge CROPOCTEi), T. €. Imo-
crpouM omeparop K, orBedaromuil Maorcobpasumo A" (KaHo-
HHYECKUI omeparop).

B nmacrosniem naparpade paccMmarpuBaercsa caydaii, Korga
JarpamreBo MEoroobpasue A" quddeomMopPpHO TPOEKTHPYETCSE
Ha OJHY W3 JarPaH;KeBHX KOOPJAMHATHHX miockocreil. Coor-
BercTBYIomuil omepatop K 6ymeM HasHBaTh hpedkaionutue-
CKUM O0Nepamopox.

IIycts Mmuoroo6pasme A" puddeomopdro mpoexrmpyerces
Ha Z-IPOCTPAHCTBO. BBefieM omeparop

K: L (A™)— L*(RY)
no ¢opmyie

Koy @)= |2 [expinS @lo ). (6.4)

ITOT OUEDPATOD HABOBEM RPedKAHOHUYECKUM ORepamopom-
3aeck do™ — obbem ma A", S (x) — mpoumssofizmas PymHk-
A .narpaHfHeBa MHOT00GpAasus, T. €. OHO 3a[faeTCH ypaBHe-

( z)

HEEM p — —— W HOpMa B L% sapmaerca ¢opmynoit
lolp= { lodo™
An

Omeparop K ABjIA€ICA YHATAPHEIM:
[ 1&g pdz={|gpdom
Rx AT

Hamee, cupaBemnnBa GopMyNa KOMMYTAI[IN
2 1
Lz, M'Dy) K¢ = K L (2, p) ¢ +0 (A1)},

rae Touka (z, p) € A" Tarkum oGpasom, A-m. f. 0. mepexomut
B omeparop YMHO:KeHWA Ha QYHKUM0 (CHMBOJ omepaTopa)
¢ TounoCcTEI0O g0 O (A71).
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~

FEcuu cuMBon omeparopa L paBen Hymio Ha MHOT000pa-

sum A", To
2 1
L (z, \'D,) Ko = O (A1),

T. . QYHKOHA U = K¢ ectp $opMaATBbHOE ACHMITOTHIECKOE
pemenue ypasmenus Lu = 0 ¢ rogmoctsio go O (A7), Taxum
06pasoM, ¢ TMOMOIMLI NPEIKAHOHATIECKOr0 OmePATOPA MORHO
cTpouTh (PopMaNbHEE ACHMOTOTHIECKHEe PENTeHHs yPaBHEHMNs
Lu = 0,

Iyers A™ guddeomopdro mpoeKTHpyeTCs TAKKe M HA p-
mpocrpancrBo. Ilepeiiniem B p-mpefcraBienue. Torpa ypas-

6S

Hemme MEOT000pasdsa A” IpuMer BAM £ = — —%-) rae QyHK-
man S (z), S (p) npBoficrBemmrt mo [Omry. 3amermm, dTO
¢yurnmsa ¢ (r), roe r — TogKa A", MOKeT OJHOBDPEMEHHO
paccMaTpEBaTECA B KaK QYHKUMA 0T 2, X Kak QYHKIHUA OT P.
Hyecrs n = 1 gns opoctorH. IlpuMensas merox crannoHapHOK
dasm (§ 1), momygaem (B mpefmonomenas, uTo Sy, (z) == 0)

(Fr, xop (K9) () (p) =
= l/f2—:;l S exp (— idzp +iAS (z)) ¢ (z) dx =

i
L Am
4

1 i I -
=y ey o) e V|| oo x;)
(6.1

rie z (p) — pemenue ypaBuHenua Sy (z) = p.
CpabmmBass gopmyust (6.1) m (6.1'), momyuaem, pmamee,

Sweo =)/ | 2]

Az
CremoBaTenpno, B p-IIPeRCTABICHAN NPEAKaHOHATSCKAN OIme-
parop K mmeer BER

(K9) (@)= et e (1 [ 2] exp (05 () 0 (2 0)))
v = const, (6.1

¢ TOYHOCTBIO [0 ciaraemMoro mopsaka O (A1),
Aparornuublf BUE MMEeT OPOIKaHOHHIECKHH OHeparop
B CMEIIAHHOM IIPeJCTaBJICHHM.
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2. Opearanonnuecknii omepartop. IIpusenem oGosnadenns,
KOTODEI® OyAyT HCHOABBOBAHE B 3TOM M IIOCHEAYIONHAX
maparpadax.

1) A® — marpamueBo C-mMrOT006pas3me pasMEepPHOCTH 7
B ¢asoBom mnpocrpamctse R = {z,

2) r — roura A", (z (r), p (1)) — ee ROOpJIHHaTLI

3) do™ — nmbrbepeﬁunanbﬂaﬂ dopMa cTemeHWm 7 W Kjac-
ca C* ma A™ (oGmem).

4) 3 (A™ — mura ocoGemmocrelr (cm. ompepmenernwme 6.1).

5) €7 (A™) — muoncectBo Beex C™-orobpasxennii @: A™—-
— C% ¢ KOMIAKTHHIMH HOCHTEIAMH.

6) (o), (f) — HemepeceraoIUecs MHOKECTBA, B CyMMe
matomue mmoskectBo (1,2, ..., n). JHamee, 1z =
= (Z(apr -+ o Tap) B T. K

7) LI, r*] — rmagraa kpmBag ma A", 9l = r? —rl,

Bremem caemylomue upefBapuUTeIbHLE IOHATHA: KaHO-
HUTeCKasg Kapra, Heoco0asa KaHOHMYECKAS Kapra, KaHOHWTE-
CKHR aTtiac.

Kanonuueckotii kKapmotl Has3bpBaeTCA OTHOCBA3HAA 001acTh
Q < A", wroropasg nuddeomMopdHO TpPOEKTHPYETCA Ha OAHY
U3 JarpamkeBHX KOOPAMHATHHIX INOCKOCTeH {P(q)» L}
Hooprmuarst (pig), %) Ha30BeM PHorasbHuMU KOOPIUHAMA-
MU KAPTHL.

Onpegeanenne 6.1. Touka r® € A™ uasmBaercs
Heoco6oti (oTHOCHTENBHO INpoeKTHpoBauusa Ha RE), ecam
HEKOTOpasl €€ OKPEeCTHOCTh AuPHeoMopHHO IPOEKTUPYETCS
va RE, w ocoboii B mporuBHOM ciydae. MHOKeCTBO BCeX 0CO-
OBIX TOUeK oboszHadmMm gepes 2 (A™).

Hamonmueckan kapra Q HasHBaeTCd He0co60i, €CIH BCE
€e TOYKH HeoCoOHe.

Karnonuueckum amaacom Ha TarpaHIKeBOM MHOT000pa3um
A™ uasmBaercs mabop {Q'}, rae QF — raHoHEYecKme KapTH,
raroit, uro: 1) {Q'} ecrs cuermoe mOKpHTHE, 2) KaiK-
OeE KoMmakT F < A" UOKpHBaerca KOHETHHIM YHCIOM
Kapr.

CymecTBoBaHMe KaHOHAYOCKUX ATIACOB CIEAYET U3 JIeM-
ME 4.5,

Ilyers Q — wamomwuweckas kapra. Ilpm r € Q muTerpan

T

{ @y,

re
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OO0 OIpeleNeHn0, Gepercd o myTH
LIr% r (14 1 Ir(Q), rl,
rge r° — QEKCHpOBAHHAA TOUKA KapPTH, W MOCHEIHUI DYTh
nexxur B Q. Tax kak dopma (p, dzr) samkuyra Ha A", T0 sTOT
HHTErpajdl eCTh ONHO3HagHAs (GyHKmmsa Kmxacca C™ ().
Beenem onepamop K, mneficrsyiommit ms Cy (Q) B C° (RY).
1) Q — neocoban xapra. Ilomommm (CNI 6.1)

(Kq) ()~ )/ [Z L]

% Jon
Bnecx»w ecThb HOPOM3BONHAA MepH do" mo Mmepe dx

@ (r (2)) exp (ih S @', dah). (6.2)

B TOYKE I (x). B noranpmBIX KoopAuBaTax x mMeeM do™ (r(2)) =
= a (z) dz, Tax 90
\ do® (r

2) Q — ocofasg kapra ¢ (QOKAJIBHEIME KOODPIHHATAMHE
(Pcoys ). Rampas toura r € Q nmmeeT BHJ

r=r{(pa Zp) =
= (Zay (Piars T@ )» T@rs Piars Pey (Peas Z(p)))
THe Z(y), Py — 3afaHHEE QyHKnuHU. [lomosmum

_ do™ (P(a)s
(KG) (2) = Fit om0 7 (P 20) /|2ty o)

T(P(g) x(B))

X exp [i?v ( S (p'y dz")y — (T, (Pewrs Tp))s P(oc)>):” .

" (6.3)

Iopwminrerpanbuasi QYHKIES  3aBHCHT OT  IEPEMEHHBIX
(Z(oyr Tpys P(oy), TAK TTO HHTETPAT €CTh (PYHKUHA OT Ly,
Zpy, T. €. OT Z. 3aMETHM, 9TO CTOAMASN IIOf BHAKOM BKCUO-
HeHTH QyHERUOmA ABIgerca mpeobpaszoBanmeM Jlesramapa
Ppymruun S (z) (¢ TOYHOCTBIO [0 3HAKOB).

HOGTpOGHHHI/I omeparop sasucut, mommmo {A”, r°, do"}
n {Q,11r° r]}, eme u or BrGOpa JIOKATBHHX KOOPIHHAT
B {2, Tak Kak B OflHOI U TOIi ke KapTe MOKHO, BOOOIme rOBOPA,
no-pasnoMy Bribmparh PoraIbHEE KoOpAWHATH. Haipumep,
Q Moer ofmosHaYHO NpOeKTEpoBaThesA HAa Ry m ma Rp.



§ 6. IPENKAHOHUYECKHAY OIIEPATOP 135

My moKameM, 9T0 UPH A —> -+ 0o PA3IHYHEE HPeACTaBICHASN
oueparopa K OTAMYAOTCA JHIND MOCTOAHHHIM MHOKITENEM,
¢ rourocthio A0 O (A~'). 3BToT MHOMKHTENh IpHBEZET HAC
K TOHATHIO HHEKCAa KPHWBOH Ha JarpamKeBOM MHOTroobpa-
sum (cMm. § 7).

Bynem umcarp K = K (Q, (P, @) (T. €. B RadecTne
doKaTBHBIX KoopmumHAaT B Q BHODAHH (g, Zp). Paccmor-
puM orobpaskeHmne

K(Q, (P, zp)): C7 (Q) —CT (RE X R})/0%, (RY). (6.4)

Kaace Ot (R}) mu mseam B § 1.
fJlemma 6.2. [Tyemv Q — neocobas kapma u Q dughgheo-
MODPPHO RPOEEMUDYemes ‘A RAOCKOCMb (D(q), Lp)). 1020a RpU

A =1 0as wwoboii Pynryuu ¢ € Cy (Q) umeen

= I 2@ (P, T@)
(K (Q, z) 9) (z) =exp ( 5- inerdex T ) X

X (K (25 pos ) 9) (x) (mod O, (RR)).  (6.9)

HoxasarenbceTso. Oyakmua [K (Q; poy, z@)¢] (2)
paBHa mpaBoil dacrum (6.3). [lpmmenum K sroMy HHTErpaxy
meron crammonapHoil gasel. Ilyers S (pq); ) — QysrOmA,
CTOAmAA B DKCIOHeHTe. PaccMOTDUM ee IPH PUECHPOBAHHOM
z. Torpa

S = (P 2y (Pewrr ZTey)) +
+ (X — Ty (Provs i)y AP ) — (Piars Bas (Piowrs Tipy)) ==

= (L) — T (o (Peos @y)s EP )
TaK 9TO

—~

oS N
P T T (P Zp)- (6.6)
Cranuonapible TOUKE OIPEREIAIOTCA U3 ypaBHEHHUA 05/0D ()=
= 0, u, B cuny yeaosuit Ha Q u (6.6), eT0 ypaBHeHHe EMeeT
eUHCTBEHHOE PeIIeHNe P o = Doy (£). VMeHHO, ypaBHE-
Hie Q MOKHO 3amucaTth B Bufe p = p (z) = (p(a) (), P@ (2));
5TO H JaeT UCKOMoe pemenme. B crammoHapHOH Togke HMeeM
7(x)
Ser= S (p', dx’y,
70
oS _ 0% (P, %)
OP(w) (7} IO

Lo
P (o) =P ()%
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CIeIOBATEIBLHO,
825( 0oy (Plays I(B))
Son 2 gop 2 \Plan T@)
g ap%oz.) g ap(oc)
H I109TOMY
928
sgn T =
9P(a)
4 , 2 . ) ,
— —sgnIw P, 2@) _ 9 jnardex P (Pay 2®) g
J1e5) Dty

e k — wmcao KoMuoomeHnt Bextopa (o).
Haxonen,

dz = =+ det 2@ (P, Z@)) (;;a)’ 2) dp(o,) dxdi),

()
TaK 9TQ

dao™ (r (z)) 82y (Ploy, T(m) - do™ (r (z))
]/ (o) ’_ ]/! dx :

dpg) dzp)
IIpumensas teopemy 1.4, moaywaem, dTO
(K (2 Py 2) @) (2) =

i)
=ex (~—- inerdex —2- ) ]/
p 0Py

x exp (i { (o', da)) + ¥ (@, 1), (6.5)

do™ (r (z))
dz

@ (r () X

rae @ € 0%y (Ry), 90 B TpeGoOBaIOCH JOKA3aTh.
dameganmue. Omeuxka ocraroumoro umena B (6.5)

[ (2 A) | << CAH

Ha kaxmoM Komunakre K < R"™ pasHoMepma mo ¢, npumagie-

MallAM OTpaHATeHHOMY MHOkectBY B Cj (Q). Oro caemyer
a3 [60].

Jemma 6.3. ITyemsv rapma Q dubdeomoppno npoer-
mupyemes na Aazpanicesst naockocmi (Pigyy Zg) U (Pay x@)).

Tozda npu A =1 dan awboii gynryuu @ € Cy (RQ) umeen
(K (2 (pewrr @) @) (2) =

inm

=e 2 K(Q pgy o) (@ A1) (2).  (6.7)
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3mecs m—menoe YUCIO, He 3aBHCAMEE OT ¢ U OT TOUKH
reQ.
Hoxasareascrno. Ilyers

K=K (® pa» vp), K=K (Q pg, z5)-
Umeem

(K@) (2) = Fylp o, @ (T )1/ l dp(wdx(ﬁ ] exp (iMS),

~ ~ (6.8)

(K9) (#) = Filp s 0 () ‘/ dp”(z; d(’zﬁ) exp (iAS),

rge S, S ompenensiorca us (6.3). Iorasem, uto

By, & @ (Kg) (z) =

_exp( ) exp (iAS) ¢ (r) ‘/l ey ’ + 1 (Pay % Mo
(6.9)

rge [N —Ielce 4McI0, He 3aBHCAMEe OT ¢ H OT TOUKW 7 € 2,
a OCTATOUMBIA WJIEH 7 “TAKOB, 1TO
n—k 6.10
XEO ( p(a)xRx(,ﬁ) . ( )
Tem cammiM meMMa OymeT gOKaszaHa.
ITycrs §— aesasg "gacts (6.9). Torga

= () " exp (42 6 —B)) x

2n
do™ (r)
x | § exp @8 000 ) | 2 [dps dagy,  (6.110)
[He HnHTerpaj MOOHUMAeTCH Kak I[IOBTODHHI: CHA9aja II0
dpq,, 3aTeM mo dz
IlpnMennM meton cramuoHapHOil ¢assl; BHadade OrpaHu-
aaMes GOpPMaNbHEIME BHIKJIAZKAMHA, a 3aTEM UpPUBEAEM 060C-
HOBAHHE.
I. Dopmaapunii BuBOoA Cpegm umcen oj€
€ (o), o € (o) MOTYT GHITH OAWHAKOBLIE. Y CTPOMM pasbueHme
Ha HemepeceKaloN[iecs MHOMKEecTBa

{2, .., n} =@ U B U@ U @
Tak, 9ToOHI

@=@U®), (@=(@)U{).



138 YACTH I. KBAHTOBAHUE IIOJII CHKOPOCTEN

Torga
By=©U@), B=@®U@:.
Ypasuenue MHOTCOGpasua £, mo YCHOBHIO, MO/KHO 3aIHCaTh

P BUIE
Ty = Py (B)y 2y = @ (B),
Py = Py (8), Peay = 9y (8)s (6.12)
E = (P Z(p)
U@ B BUE
Ly = (Em) (g), Loy = (F(c) @)7

Py == Qb (E)v Py =@y (5)7 (6'12,)
YroOn n36€:KaTh TYTAHUIH B 0003HATEHAAX, IMOCTABUM 3BE3-

TOYKH HaJ| BCEMH B3HAYAIMMI [TePEeMEHHBIMA (110 KOTOPHM He
IPOWBBOMNTCS HHTETPHPOBALNe), HATPHUMED:

g':(pav Doy X, lg)a E: (pba P:: xiv 13)

(asosasa Pyarmusa S mmeer Buj

§: S (p,’ dz") + {Peay (E) — T(ayy Pioy) + (x(g)’ p(%)%
0

the 7 == 1 (P Zp). ClemoBaTennuo,

dS = (D) (B) dxpy) + (Tiay — Peay (§)s dP(ay) -+
+(Pwr dxw) — (P, dzgy).  (6.13)
Oynrnus S sasmemr or HePEMEHHBIX  Diays Divys Tiayr Licys

M0 KOTOPHM IPOM3BOAMUTCA UHTErPHPOBAHWE B MHTETpale
(6.11), m or sHagamm®X mePeMEHHEIX, KOTOPLE MTPAIOT POIb

nmapamerpoB. B cuny coormomenus (6.13) mmddepenmuan S,
Kak (YHENUA OT NepeMeHHLIX HHTerpapoBamus (upu GUKCH-
POBAHHBIX 3HAYEHWAX 3HAYAINKX ITEPEMEHHHIX), paBeH

d§= (Tay— Py () AP - (xoy— Pty (§), dpeay) -+
+{Pw —sza), dP(a)) + (P (E) —P?Z» dzc)).
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Orcona caexyer, 9ro

o~
=~

S

0p(a) = Xy — Gy (g)'z
as

e Iy — Py (8), 614

- (6.14)

P pw—pt

ax(a) (a (a)
F )

T e €) — plor-

~

Cranuonapupie TOIKM (YHKUAA S ONPEAEJISIOTCA U3 CHCTeMEL

Pty (Pary Pitys Eiers Tlay)) = Ty
Py (P Py Ty ) = Pley
Day= pfka),

Ty = P (Piar Pibyr Loy L)

(6.15)
(6.15")

Uneen pig, = pg,y. TIpu mo6mix
(PZZ), PE"c)» x?b)’ xzkd)) gmn (p(a)v x('f,’)) Q

(zpoeknua 2 Ha IIOCKOCTH (P& Z)) cucreMa (6.19) naeer

®
eIUHCTBEHHOE pemeHHe
P = @ (Plays Ploys Xy Zin)s
Ziey = Qe (p(*ah P(*C)’ x(’i,), x??a),

(6.16)

T7e Oy, Peey— Pymrmuu us (6.12'), wro caexyer us ycaosus
aemmul. Torpa Bropoe us ypasmennii (6.15') onnosnagHo ompe-
oelsier I, a AMEHHO:

Z(ay :FP<a) (p(ﬂfl)v P(*c» x(ﬂz)v J‘Ekd))' (6'16,)
Tarkum obpasom, cTaronapuas ToIKa Q:Q(p(’g), x(%)) e{U~
CTBeHHA I BHaYeHHe (askl S B 9TOH TOUKe PABHO
PGy *®)

@=§ @, de"ry— @ g 25) pg =5, (6:47)
0

bl
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CaegoBatensHo, sHagerme S (Q) coBmajaer ¢ gyHrnmeR S,

Bxopsanied B oupexerxenme omeparopa K (cm. (6.8)).
Hycrep A4 (Q)—marpuma us BTOPHX NIPOUBBOTHHX (PYHK-

nom S B TOUKe Q. Toraa, B caxy (6.14),

9% 9% _ 99w
i 0P 0% (c)
_9%  _9em o __ 99wy
A(Q)=|| ~ p@ ) Iz |- (6.18)
I 0 0 0
@(c_) 0P(c) 0 OP(e)
Op(ay p v 0z (c)

3necr I, 0—epunnuAbie n HyTeBHe MATPHIH, MOPSIOK KOTO-
PHX fACeH u3 3T0H QOPMYILI, K BCe UPOHU3BOMIBE B3ATH
B Touxke Q. OTcroma HAX0IUM, 9UTO

|det A(Q)|=
Py (Pears 2By OG @) (Peans Z(py)
[i] 3]
=|det P e . (6.19)
Ipiey (Paans 28))  IPier (Plars ()
0P ®) Ox(g)

Ilocnegauii ompefeanTeNsb OTINYeHE OT HYXsa BCIOXY B Q. Ieii-
CTBUTEIBPHO, B §! B KawecTBe KOOPAWHAT MOKHO B3ATH
(Piyr Z@)) B (p(&s, x(ﬁv)), TaK 9T0 AKOOmaH

det 3 (Pioys Zia))

0P~y %~
Pay %@

— l det 9 (b, Picy)
(@)

0 (z(e), Py}

Beiogy B Q. CaemoBaTenbro, mpu r € Q
det 4 (Q) 5= 0, sgn A4 (Q)= const. (6.20)

Hpome Toro, Ha n060M KOMIAKTE Fc:n(p(g), ) Q

nMeem ®
inf (3 (4.(Q))) >0
QeR

OpH BCEeX j, 9ro Caefyer K3 HemPEPHBHOCTH COOCTBEHHEX
sHaweHnil cumMerpuyeckod Marpunst A (Q) m (6.20).
BunpmeM riaBHHE WIeH aCHMITOTHKA 1 OpH A —- oo.
Jlist aT0T0 HEOOXOMMMO BHYACIATH T'eCCHaH $a30Boi QyHKIHA
B crammonapHoit Touke (cm. § 1). Tax Kax mopamox MaTpmIEl
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A (Q) pasen k + Ek, To

2 (k—F-+sgn A(Q) =5 (k—inerdex A(Q) = 3-,  (6.21)
rae N — nexoe 4ucao, He 3aBHCAmee oT (, ¢.
Hanee, us (6.19) monygaem
do (r (0)) do (r (9))
l/‘ dp (o) dip) l ]/ldetA(Q)] =V | dp =r » (6.22)

Tak 4ro B cwiIy Tteopemnl 1.4 acummrormka HHTeI‘paJIa P
(em. (6.11)) nmeer Bup

N d
v =exp (@3 (@) exp () )/ e @)+

+ X (p(a), x(E)’ }\I)i (6'23)

rae =0 (A™') opu A — - oo.
II. O6ocumoBarme. Ecam |x(ﬁ)
TOIHO BEJIHKO, TO Iph A < 1

| DY (Ko) (z) |<Cn, A" (1] 2])7T, (6.24)

roe N > 0 — xo6oe u y — xio6oit myasruuamerc. [lelicTan-
TeJbHO, cTaImOHapHBIe roukn muTerpaaa (Ko¢) (r) maxogarcs
n3 ypasuenus (cm. (6.6))

Ty = Pay (P> Tesy)- (6.25)

Ecan (py,» Z@) € supp ¢ (r), To z;, KOHEUHO W MHOMECTEO
Bcex &, Buaa (6.25) orpammueno. Omenra (6.24) caemyer
m3 gemmer 1.5,
Yerpoum  pasbuenme  emuMHENE: 1) (Z) + m, (2) =1,
z € R* rae ¢yErmusa 1y (zr) ¢unwmraa #@ 1y () =1 npwm
z | << 2M. CoorercrBenHo moxoxum (cm. (6.11)) w-
=1 - Py Torma
[P (Peos zp) | < CyA=N

(A> N — mioGoe). VumrerpmwposammeM 0 dacTAM IO
dm~ (CM (1.16)) merpyaHO mOKazath, 4ro mpu A>1

IDV(~)D;~¢1!<CN Y VA'—N(1+IP("&)| (1__*_'1:(5)')—1\7,
rae v, ¥, N = 0 — ao6sre. CaepgoBarensno, GpyHKmus
F?» p~—>x~’~l’1 E 0+k (R;)

| > M u M nmocra-
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opu no6om & >0 (1. e. umeer mopagox O (A™7) mpm A —
— -}-00). llosToMy ocraercs mccaenoBaTh HHTErpai P;, KOTO-
pHiI fepeTcA B KOHEUHHIX LpeJesax MO BCEM MepeMeHHBIM
dp,dz&- Ho B sroM murerpase mpm | pg5l == M mer cra-
MMHEOHAPHBIX TOWEK, JIe;RAMMX Ha HOCHTENe IOJKHTErpaTbHOI
dyurmn, ecaun M mocratowHo BequKo. B cmay aemmsr 1.5
nMeeM

| D b |<<Crv, 5 (1| P )V 27N
ups | pgy | = 2M, toe N = 0, y — aobmie. Ilpn | pg I<
<2M upumenuma Tteopema 1.4, uro B coderanuu ¢ (6.24)
raer (6.10).
Jlemwma 6.4. ITyemv wapma Q Ouggeomoppro npoek-
mupyemes, ke aazpandkesss naockocmi (Piay, Tip) @ (P g3, Zg)-
Toada seauuuna

. Oxey (r) . Oz
inerdex —2-~ — inerdex ——— (mod 4)
0P op~
(@)
ROCMOAHHA 0A% 8ceX He0COOHT mouek 1 € .
Howrasarexsncrtso. [Ipumenan (6.5) ¥ Bupaxe-
maM (K (Q; pan z@) ©) (2), (K (2 pg Zg) o) (2)
B meocoboii Touke r € Q m cpasHmBas ¢ (6.7), momygaeM, uro
A m = inerdex S5
P
0x ~
— inerdex — % | 4k,
oD ~
(@)
rae k — mesnoe ameao. B cuny
nemMMel 6.3 9Ta BelMYHHA HE
BaBHCHT OT 7.

ITosAcHuM yTBep:KAeHHe JieM-
mu 6.4. Hycrs n = 2 (gas npo-
/, crote) m ocobas xapra Q pud-
deomopdro mpoerTHpYeTCH HA
Puc. 8. IJEOCKOCTDL p. IIycTh mpoermus I
nuKna ccobernocreir X (A?) pas-
fuBaer Opoeruui0 U Kaprthr Q
na pse obnactu Uy m U, (puc. 8). BossMeM miofSEe e Touku rt, r2 ¢ U
Takwe, 9r0 r?! € U;, W pacCMOTPHM HEJ0€ YHUCIO
) 1
M_) — inerdex M .
op dp

m = inerdex
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9T0 YNCIO HE 3aBUCHT OT BEOOpa Togex r!, 12, JlelicTBUTOAbHO, MATPRLA
9z (p)

ap
p €1 m us ceasmoctH ofnactm U, BETekaer, uto inerdex dz (p)/dp =
= const mpu p € U;. Apamormumo, inerdex dz (p)/dp = const mpnm
p €U,

Ilycrs Tenepsh Ta xe Kapra Q pudpdeoMopdHO NPOEKTHPYETCA HA
WIOCKOCT (py, Ip), U IYCTH HPOEKIHA T muKaa ocobemmocTeit TOYHO
TaK ke pasbuBaer Upoexnmio U kaprH Q ma gse obaactm U, n U,
PaccmoTpuM menoe THCIO

(smech z = z (p) — ypaBHeHRMe KapTh Q) He BHPO;KIEHA IpH

~ 2 1
m = inerdex __‘2{5_2_(]__)_ — inerdex M s
P2 g2

rme Touka r! € U4, Touka 12 € Uy. D70 wmMClo me 3aBHCUT oT BHOOpa
Touek r!, r2. B mammOM cliyuae yTBepPKueHMe JeMMbl 6.4 cOCTOUT B TOM,

YTO 9ACNA m U m COBIAJAIOT MO MOZYAM0 4:
m=m (mod 4).

0z(gy(r?)  dzgy(r?)
9P (q) Pt
Beibopa (QoOKAaNBbHEIX KooppummaT B ocoboil Kapre.

OTMeTHM eIe OgHo BayKHAOE CeNcTBUe U3 JeMMEl 6.4.Fcan B ocoboil
Kapre Q MOKHO BHODATh POKANbABIE KOOPAMHATE (pig), Z(p)), TO MaT-
pnua 6z(a)/6p(a) CUMMeTPHYHA. JTOT QAaKT SBISETCS CJIEACTBAEM TOTO,
470 MEOroo0pasme A” JarpamkeBo, W HEe MMeeT MeCTa i MPOM3BONb-
HHX MEorooOpasmii. IlycTe, manpumMep, Kapra Q madpdeoMopdro HpoeK-
THPYeTcsi HA p-IPOCTPAECTBO; TOINA YPABHEHHE HTOH KAPTH MMeeT
Bag z = —aS (p)/dp. CnemoBarenvro, dz/dp = —a2S(p)/dp?, n n3 com-
METPHYHOCTH MATPHIH S, BHTEKAET CAMMETDIYHOCTD MATPUIE dz/dp
B 5TOM cjay4ae.

Omnpepenenne narpamxesa MHOroo6pasusa ¢GopMaNbHO HHAKAK HE
CBABAHO ¢ OMHAMUKOI; TO jKe caMOe OTHOCHTCH W K TOHSATHIO IpPeIKa-
HOHUYECKOro omeparopa. OgHAKO DM  MCCIHSJOBAHUN ACHMIITOTAKH
pemrenuit fudpdepeHnEANBHLX yPABHEHUIT, cofepRamuX Goabmoi mapa-
MeTp, BO3HUKAKT JAarpam;keBsl MmEOroobpasms, WHBAPUAHTHEIE OTHO-
CUTeNBHO [AUHAMUKH, T. €. TaK¥e JArpamKeBH MHOT000pa3us, KOTOpHe
paccianBalorcss Ha TPAEKTOPHMM TaMUJIBTOHOBOH CHCTEMbl, acCOIEHpO-
BaHHOH ¢ ypaBHenumeM (cM. § 3). Jluaa rakux MHOroo6pasmil MOMKHO
fosee HArAAAEO MOSCHATH, YTO TaKOe NpPEIKAHOHHYECKUH oOme-
parop.

IIycrs B dasosom mpocrpamctee R2" zamamo (n — 1)-Mepmoe
JarpamieBo Mporoofpasme A", a mmorooGpasme A" — 3T0 TpyOKa
TPAeKTOPU HEKOTOPOH TIaMHUIBTOHOBOM CHCTEMEl, BBHIIYINCHHKIX IIpU
t = 0 us gavaapmoro MHorooOpasmsa A"~l. Bymem mpeamonarath, 4To
younoBnsA INperiaoykeEns 4.19 BHIOONHEHH; Torma A™ — JarpamKeBo
mHoroofpasue. B kauecrBe ¢yEKmum ¢ € Cg° (A") BO3BMEM TaKYIO
$yHKUMIO, KOTOpas TOXIECTBEHHO PABHA HYJIK BHE HEKOTOPO MeHbIIeil
TpyOKm TpaekTopmit T, Jemamedl @a A™; nig HaTAALHOCTH ME ameljim-
PyeM K BechbMa YcCJAOBHOMY puc. 9.

He 3aBuACHT OT

Taknm ofpasoM, Iejgoe HWHCIO
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Toukn, gexamune Ha A", umetor Bug z = z (¢, &), p = p (¢, o),

rToe ¢ — mapamMerp BHONB TpPaeKTopuu (BpeMms), a o = (G, ...
o+ oy Opq) — JOKAILEBIE ROOD-~
4, JAHHATH HA HAYAIBHOM MHOTO-
£, obpasmu A™! (oHO 3apaercs
ypaBHenuaMu Baga z = z° (a),
p = p° (a)). B xauecrse 00b-
eMa do BEIOepeM 00beM, NHBA-
PUAHTHEIH OTHOCHTENHEO ¢a-
30BOTO IIOTOKA; MOJIOKUM JIJIst
OIpeAeNeHAOCTH do = dt do.
Janee, nycts MHOTOOGpasue
A™ (om0 e wapra Q) aud-
deomopduo  mpoexrTEpyeTcH
Bynem

2, Ha p-TIpOCTPAHCTBO.

. Z  mpepmomaratb, 4TO THEN 0CO-
Genmocteil X (A™) ecTsp raam-

Kasg KpHWBas ® 910 ee Hpo-

7z 7 eRIA  HA Rg — KAYCTUKA
ceMelicTra ayuen £ = z (t, 0L)—

TAKKE  ABISCTCA TIATKOR

7, 7

BNl

8

KPuBoi (9T0 IpeUoIOKeHNe
OTHOCHUTCA K M300DasKeHHOMY
2z Ha pme. 9 cuayyaio n = 2).
Puc. 9 Bosbmem wapTy €4, KoTOpas
HC- e muddeoMopdHO  IPOEKTUPY-
etcd Ha RZ ¥ aemur, aas
OTpefieICHHOCTH, HA (BEPXHEM JHCTe» Mporoobpasma A%, OTMEUEHHYIO
TOUKy ¥ TaKKe BO3bMEM Ha BEDPXHEM JICTe.
Ipenranonmdaecknit omeparop Kj, orhevalomuii kapre 2, BOZbMeM
B Bume (6.2):

Epo) (=) || s o100, = p.

-
3mecs S (r) = S {p, dz} u, wax oOHYHO, r — TOYKA JATPAHKEBA

To
MHOTOOOpasua ¢ KoopaumHATaMu (z, p). YVumreeaa BeGop ofbema do,
IoXyqIaeM

w0 @=1 |30D expins g0, r=(e. p.

az (t,a)
d (t,0)

QaszoBaa ¢yHrUuA S pgocraTouno mompobmHO oOCY:KAamach B Tpe-
HDHAYmMuX paparpadax; Temepb M 0ojiee MOAPOGHO PACCMOTPUM TIpen-
SKCIOHEHTY. Jlallee, YCTAHOBHMM CBSI3b MEKY NpPemKAHOHMICCKHM OIle-
paTopoM H (OPMATBHEIMH ACHMITOTUYECKUME DPEIMEHUAMN YPaBHEHUSI

0o
Bopa (3.4). dTa mpegsrcuomenTa ]/ 9z

3necw J (£,0) = det

CBfI3aHA CO CIEAYHIIAMHA
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reoMeTpIYecKIMI o0bexTamu: ¢ TpyORoit Tpaextopmit T B (asoBoM
mpocTpaHcTBe, ¢ TpyOwoi aydeit m,T B z-mpencraBaenuu (i, T —
upoernua TpyOkm T wa REY) u ¢ TpyOxoit myuel m, T B p-upepcrasie-
muu (310 mpoeruus Tpy6ku T HA p-uUPOCTPAECTBO).

1. Mycrs L (z, p) — TaMILIBTOHHAH paccMaTpuBaeMoil AUHAMU-
yeckoil cucreMsl, L (z, p) = 0 ma A™, U mycTb, AAA NPOCTOTH, COOT-
BeTcTBYIomnit A-1. 1. 0. cummerpuuen (cM. (3.40)). Torpma mpum xwboi
oyurmim ¢ € Cy° (Qq) dynxuusa (K¢) (z) ectsb ¢. a. pemenue ypasme-
mug (3.1) ¢ rounocrsio go O (A1) mpu z € M, Q. OTO BHTEKAET U3 TEO-
pembl 3.12. .

2. ITo mocrpoennio GyEEnus ¢ (r) JokainszoBaga B TOM CMBICJE,
4TO SUPD ¢ comepyRuTesA B TpyOKe Tpackropuii 7. U3 storo gaxra u onpe-
JeleHNsi NPeJKAHOHWYIeCKOTO OIepaTopa BHTeKaeT, 4ro (QyHRINA
(K@) (r) TarsKe JOKATI30BAHA, IPITUeM SUppP K¢ CORePIRUTCS B MPOEK-
mun s, 7 Tpybru Tpaexropuit T.

3. TlepeiigeM B p-UpejCcTaBICHIE, T. €. PACCMOTPIIM TIpeIKaHOHI-
uveckull oneparop Ko, OTBCUAONMUIL TOI 3Ke KapTe Qq, HO B p-IIpeJicTaBIC-
Hun (cM. (6.3)). lmeem, ¢ TOUHOCTBIO A0 UHCIEHHOTO MHOKHTEINS,

(K@ (1) (z) = F~1 [(P ") Vf| z_;

rme F1 = Bl

exp (iAS ()] (2),

r

§(r):S (p', da’y—{(x (p), p).
70

YuureBas BHOGop o6peMa do, moiaydaeMm

(Ko (7)) (.r):F—i |:(P (r ‘/ J (0, OL)‘

e (r))} (),

dp (t, @)
a(t, o)’

Kax mnokasamo B demme 6.2, (Ko¢) (2) = ¢ (K1) (z) + O (A7),
¢ = const. Bonee Toro, BHE WNPOEKIUM SUPP ¢ HA 2Z-HPOCTPAHCTBO
BHIIIONHEACTCS OIEHKA

| (Ka®) (@) | < eph™ N+ | 2N

i) .7(1:, a) =

opu s1000M mexoM N (xemma 1.5), rme ¢y — NOCTOSIHEAA, T. €. QYHKIHI
(Ko@) (z) yOsIBaeT mpn | z | — oo U Hpm A — oo OelcTpee H1060i cre-
uemy | z | u GoicTpee NioGoil creeH: A.

HasoBeM p-npedemasaenuen GyHRIAE e€ z-npeobpasopanne Oypne.
Kag BUAmO M3 CPaBHEHHUSA TUX IPHUBEIEHHHX BHEIIE QopMmymd, ecan dop-
MaJBHOC ACHMIUTOTHYECKOE peIleHNe B z-TPEJCTaBICHAN JOKATH30-
BAHO B OKPECTHOCTH ITPOEKINH 7T, T TPpyOKM TpaekTopuil 7, TO B p-Ipeji-
CTABJCHMUI HTO yKe §. a. pelleHie JOKAJIM30BAHO B OKPECTHOCTH p-IIPOEK-
num 5,7 TpyOru I (pue. 9).

. do
4. Ha s3HKe TeoMeTPHUECKOH ONTHKW BeJUUMHA lE eCTh

UHTEHCHBHOCTh TPYOKRU nydei [32]. Ilepemocsi 9Ty e TePMUHOJOTUIO
B p-UpeACTABIEHNE, IOIYUYaeM,. 4TO MHTEHCUBHOCTh TpYOKM ayueil

10 B. 1. MacaoB, M. B. ®@enopior
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B p-UpeACTaBIIeHHH €CTh , 4TO JIUIMHAN Pa3 OOATBEpKAaeT CUM-

do
ap
MeTpHIO MesKLy z- U p-IIpejcTaBleHMAMU,

Haxomen, B Toukax, JeXamux Ha KaycTHke 1,7, HHTEHCHBHOCTH
Geckoneuna (Tak Kak do/dr = 0 B z-upencraplennu). OJHAKO HHTEH-
CHBHOCTh B p-IIPEACTABICHUU KOHEUHA, U IIOTOMY €CTeCTBEHHO IEePeiTH
B p-IIpejcTaBIeHUE IPU OTEHICKAHUM ACHMITOTHKY PeIneHnH.

§ 7. Unperc kpnBoii HA JarpamkeBOM MHOT00Opaszmu

Ilpobaema mnocrpoenus (opMaTbHEX ACHMOTOTHIECKEX
pemreHmit B IeJoM, T. e, CIIHBAHUE TAKOTO peIIeHHs K3
JOKAJBHEIX, HPUBOAUT K IIOHATHIO MHEKCA HYTH HA JarpaH-
KeBoM MHoTrooOpasun. B srom maparpage mpuBeieHo ompe-
Hejlenue MHAEKCA, 70 OCHOBHEIE CBOICTBA M TEOMETPHYECKAS
HHTepIPETAIIU .

1. Onpepenenne nugerca. lycrs A™ — marpasmeBo MHOrO-
obpasme, {Q;} — xanonudeckuir artac Ha A". Bpegem

Yecanosue 7.1.

dim 3 (A") < n — 1.

ITO YCJAOBUE BHMOIHAETCA MJIA JATPAHKEBHIX MHOT000pa-
suil obmiero nososkenns (reopema 7.6).

Illycts radommueckme KapTh £2;, Q;, mMelor ¢oraabHEe
KoopauHATH  (P(n,y Z@) H (p(&«),x(év)) COOTBETCTBEHHO,
n oycers r € Q; (1 Q; — Heocolaa TogKa.

Onpepgenenue 7.2. Hudexcom napw rapm Q;,
HA3LIBAETCH YMCIO

. 0z (g (1) . ‘”@ (r)
v (Q; N€;) =inerdex — =~ — inerdex ———. (7.1)
OP(a) 51’(&*)
Ecm ©; N Q; =g, 10 y(Q; N Q) = 0. §

Ipemgnomenue 7.3. Hudenc y ecmv 00HOMepHULE
yeaouucaennuii koyura mod 4 na A",

HJorxasareasbctno B cany aemms 6.4 wumcno
v (2; N ;) He saBucuT wWH or Be6opa r, HE OT BHOOpA
JORATBHKX RoOpAMHAT B Kaprax ©;, Q; mo mod 4, Tar uto y
ompegexasier {-Komens Ha A. B cuny (7.1) vy ects {-Kommka.

Ecau wmmeercs mnemodara Kapr £, €4, @i, ..., Qis
Ha A™ (1. e. mepecevenus 521-]_ N Qij“ HEemYCTHl), T0 UHOeKCOM
9To#l yenoukyu ME HABOBEM GHCIO

Y(Qiov Qil, ey Qis):
=7 Qi 1) +¥ (R NQu) + - .- + 7 (R Ng)- (7.2)
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!

Mycrs I (r', r") — rnagras kpmsBaa Ha A", dl=r" —r
u r', r" — nmeocobrie Touru. Bpegem underc nymu ind [.
dro mousaTHe OHUIO BBEJEHO OJNHUM K3 aBTOPOB HACTOMIIEH
rguaara (381, [39].

Onpepmenenne 7.4 Ilyers I Q, rme Q — xano-
HAYECKAsT Kapra ¢ QOKAIBHBIMA KOODAWMHATAMU (P(qy» X))
Torpa

92 (1) _ i ordex 22@ ) (7.3)

ind I (#', r") = inerdex
( ’ ) 0Dty OD(a)

Ecan Q — meocobas xapra, To msr nogaraem ind /= 0.
Jlas TponBBOIBHOTO NYTH UHJeKe OMPeASIAETCS MO ajfiIn-

THUBHOCTH
s

ind 1(r, r"y= 2y ind I (+/, rit+t). (7.4)
=0
3neck P =r', r*'t=r", u rourkm 7% r!, ... pasbumaror I

ma mytn [ (r®, #**), ymoBierBopsIONEe YCIOBHAM ompeje-
Jenus 7.4.

3amerum, uro urderc kpusoi I (r', r") 3aBHCHT TOJBKO
OT CTPYKTYpH KpHUBOH ! B CKOJb YTOZHO MAJOH OKPECTHOCTH
mepeceveHus 9TOH KPUBOH ¢ muriIoM ocobemmoctedn 2 (A").
BeﬁCTBHTeJII)HO, ecJIM YHAJHTDh U3 KpuBOil [ mobyw ee AYry

l, nemaniyo B HeocoboHl Kapre, TO HHACKC TMOJYIEHHON KpH-

Boil Gynmer pasen ind /; aTo caexyer m3 Toro, uro ind [=0,
U U3 afJUTHBHOCTH WHJEKCA.

IHlpepnomenne 7.5. Hndexc ind (mod 4) nymu
HQ AQ2PAHACEB0M MHO02000PAUU SBAAEMCS, YEAOUUCAE HHBLM 20MO0-
monuueckuM UHBAPUAHIIOM.

Hamerum noxasartexscTBso. Ecam oyrs ! nemur
B OIHON KaHOHMYECKON KapTe, To, B cunay Jjemms 6.4 ind I
He 3aBUCHT 0T Bhibopa (GORAIBHKX Koopamuar B Q. Kcan
1¢€Q; N Ry, 10 ind ! He 3aBHCUT OT TOTO, ONPEHEINM JIH MBI
€T0 ¢ MOMOUIBI0 KapThl ; muu KapTot Q; (upemro:kenue 7.3).
Orciofa ¢ moMom b crauaaprioi rexuukn [65] MosuEo moOIy-
YUTh, YTO IJIA IIPONBBOJIBHOIO myTu ind [ He 3aBUCHT OT cHoO-
coba pasbuenus mwyrn [. [lamee, ecomm [ jgemur B OOHOH Kap-
Te U, To npu Maiol gefopManmu MyTH eTo NHAEKC, OUeBHIHO,
He MeHAercs; 0oyee TOTO, ONWH uW3 KOHIOB (Wiam Jaske o6a)
MOKHO HELIPEePHIBHO ABUTaTh BHYTpH U, OCTABIAA KOHI[H
HeocobmiMu. Ciemoarensno, ind /[ ecTh ToMOTONMMUYECKUH
mrBapuanT. CTporoe JoRazaTeancTBO cM. B [2], [45].
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2. Hexoropwpie cBoiicTEa HMHJEKca.

Teopewma 7.6 [2]. Croav yeodno maawm nosopomom
Aazpaniceso  mHuozoobpasue A" moxcno npusecmu 8 «bujee
noA0dCeHUEY  OMHOCUMeAbHo npoekmuposanus g (x) na RE,
mawr wmo 6ydym cnpasedaussl caedyruue ymeeprcdenus:

1) 2 (A™) cocmoum us omrpmmozo (n — 1)-meprozo
muozoo6pasus ' (A"), na xomopom pane dn(x) pasen n — 1,
u epaz;uqbz 2 (A — 2 (A" umewom  pasmeprocmu
< n-— 2.

IToomomy 2 (A™) onpedeasem (n — 1)-mepnwrii (neopuen-
muposanusiil) yuka ¢ A"

2y Omom yura Z (A") aermcum ¢ A™ deycmoponne.

Honoscumenvnyio cmopony 2 (A™) moacno swbpamsv caedy-
ouuM 06 pasom.

3) B orpecmnocmu mouku M € 2 (A™) mmozoo6pasue A"
sadaemes n YpASHEHUAMU 8UOA

T =Ty (Pry )y, Py = Py (Drs Z3),

ek =1,2, ..., k— 1,k 1, ..., nnpunekomoponk,
1 <k < n B orpecmnocmu makroti mouru % (A") sadaemes
ypasnenuenm 0zy/dp, = 0.

4) ITpu nepexode uepes ' (A™) seaununa 0x,/0p, mensem
sHak. 3a noaoxcumeavhyio cmoporny ' (A™) npumem my, ede
axk/é?ph > 0.

5) 9mo onpedesertie ROLOHCUMEALHOL CHLOPOHEL KOPPEKMHKO,
M. e. He 306UCUM OM MO20, KAKOU U3 KOOPOUHAMHBL CUCTLEeM
Pr Mbl ROABIYEMCS.

Hauuras ¢ aroro Mecra, Ml Impepmoxaraem, 4ro A" —
narpamkeBo MHOroo0pasme of0Iero MOMOM{EHUS.

- JlokasareancTBo Teopemni oM. [2].

[Tycre wommsr wpusoir [ (', r") meocobuie, 1. €. 7', 1" &
¢ 2 (A™) u [ (r', r") TpancBepcaJpHA ITUKIY OCOOEHHOCTE.

Oupepenennme 7.7 [2].  Hnrdekcom  rpusoi
ind y (M, M,) nHa aanepanscesom mHoz006pasuy HABHBaeTCs
WHAGKC mepecedenus Kpupoil y (M, M,) ¢ nurioMm ocoben-
mocreit X' (A™), 1. €. 9UCIO Vv, TOUCK Mepexoia ¢ OTPUTaTexdb-
HOW CTOPOHEl H2 HOJO/KHTENBHYH) MHHYC YHCIO V_ TOYeK
mepexoga ¢ IOJOKWUTEeNBHOH CTOPOHEl Ha OTPHIRTENBHYIO:

lnd Y (Ml, MZ) = Vg — V.. (7.5)

Mpegunomenue 7.8, Onpedesenusn underca 1.4
u 7.7 cosnadarm.
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IeficrBurenbHuo, paceMorpum Kpusyio [ [r', r’] raxyio, uro:

1) [ nexxur BEyTpH 0co6oii KapTH Q;

2) Touku r', r" JeaT MmO pasHLIE CTOPOHBI OT IMKJIA OCO-
GeHHOCTeI;

3) I rpamcsepcaapua & X' (A™) u mepeceraercs ¢ X' (A")
POBHO B OJHOH TOUKE.

Torga, mo oupepenenuto 7.7, ind I = +1; oycrs ind [ =
= -1 gisa ompenexeruoctn. Bribepem B  oRaIbHbIE KOOP-
IMBATH TaK, Kak oTo cjpejamo B Teopeme 7.6, m. 3), k = 1.
Torga

x4 mo_ 4 Xy N
sgn (ry=+1, sgn PP (r'y= —1,
. ; aury ” . O0xy ,
inerdex r"y —inerdex —= (r') = +1,
L) 2L ()=

T. €. 3HaYeHUA wHgeKca ind [, BLIYUCJIeHHEIE ¢ MOMOIIBI) OMpe-
nejqenui 7.4 u 7.7, coBuaiaror.

Anagorudno paccmarpupaercs cayuaii  ind [ = —1.
Orcioga caejxyer coBUafenuwe onpefexenuit 7.4 u 7.7.

M3 wu3BecTHHIX TOMOJOTIIYC- Y4
CKHX CBOHCTB IHJEKCA liepece-
YeHUA CAeyeT

Teopema 7.9. Hwuderc 79 rZ
ind nymu na aazpanmxcesom mmno-
2006pasuy  06wez0 NOAOHEHUS
ABAACMCA  YCAOUUCACHHDIM 20MO0-
monuieckuM UHBAPUAHMOM.

B pa6ore [2] morasamo, x
YTO HHIEKC BaMKHYTOH KPU-
BOH Ha Jarpam:eBoM MHOTO-
00pasmy ecTh XapaKIepuCTH-
yeckmii Kiace ['paccmama. r*
B macroamem nmaparpage Mur
OTpaHUYHBAEMCA TeM, YTO
OpUBOIUM NpoCcTelmue on- Puac. 10.
Pemenenusi u upocreiiirue
BEIYNCJINTENbHEE POPMYIIBI LA WHABKCA; PA3INYHEIe aIredpa-
HYECKHe M TOIOJOTMUeCKre BOIPOCH, CBABAHHDIC ¢ MOHATHEM
muferca ind, pacemorpenn B paborax [2], (8], [45]1—[48],
[64], [85].

Brruncienne mEgeRca TYTH, JE;KAMEr0 HA TaKOM JarpaH-
JKeBOM MHOTOoGpaswum, sapiasgercs mpocroli sagaueii. Ilyers,
Hanpumep, A! — oxpymuocts 22 + p? = 1 (puc. 10). Berume-
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auM  mEpekcw myredt Iy = [ (rl, %), I, =1 (% 1), I3 =
=13 ), I, =1(0% ) w ind A! (oRpyRHOCTD OpHEHTH-
poBama mpOTHE yacowoll crpeakm). B rouxax rt, r%, r3, rt

[7)
nMeeM Sgn c’TJf = 41, —1, +1, —1 coorsercrBenno. IllosromMy

ind I; = 1. Jlanee, nyrs [, ne:kur B HEocoGo# Rapre, Tak
gro ind I, = 0; npu 5TOM COBepHIeHHO 0e3pa3MiUHO, KaKue
3HAKY uMeeT PYHKIIs Jz/0p Ha KOHmax uyTu [,. AHajsorauxo,
ind I; = +1; ind [, = 0, ind Al = +2.

MNuneke mytu Ha JarpaHieBoM MHOT000pasum olpene-
JAAeTCA BHE BCHAKOH CBABH ¢ JUHAMHKOL; WHJeKC ABJIAETCSH
TOIIOJOTMYECKHM HHBADHAHTOM H HHKaK HE CBiBAH C Tpaek-
TOPUAMH TaMHUIbTOHOBON cucremel. OJHAKO JIAaTpaH:;KeBHL
MHOT000Pa3HA, BOBHUKAKIINE NP OTHCKAHHY ACHMIITOTHKH
pemennii nudQepennuaabUEX ypaBHeHHI, BCErga CBA3AHH
¢ HEKOTODOH ramMmabToHOBOH cmcreMoil M pacciramBaloTcs Ha
Tpaekropuu o7oil cmerembi. llosromy mamboxbpmmii mHTEpec
MIs Bajlau MaTeMaTHUeCKONH (U3HKN HPeJCTaBJIAIOT JIaTpaH-
JKeBBI MHOT000pasus, WHBADHAHTHEE OTHOCMTEIBHO KJAac-
CHYECKON [WHAMMKW, W MHl PACCMOTDHM TPHMEDPH HMEHHO
TAKOTO poja.

3. Ipumepst.

IIlpuwmep 7.10. Ha miaockoctr R2narpammeBo MHOIrO-
obpasne A!' ofimero moJoskeHusA — 9To THANKAg KpuBafg,
KacaTeJpHAS K KOTOPON HapaJIENbHA OCH P TOIRKO B KOHBY-
HOM 49HCle TOYeK,

Ilpmmep 7.11. Paccmorpum ypaBHenme diKoHAIA

(VS (@))? =1 (7.6)
Ha IJIOCKOCTH Z = (Zy, Z,) W 3ajgauyy Homm
aS
Sr=0, 7?711:1" (71.7)

rae I' — mapaGoma 22 = 2az; (@ = 0), 0/0n — npoussoguas
no BHemued mopmanm K I'. Cmerema IamminTonma umeer Bup

dz dp as
E-r— 2p, -t_iT—O, W—Z (7.8)
Pemrag samawy Kommu, nomxyuaem
a o
P T araey e P arayr Y

2 a2 2at

o w B
&Ly = (a2+a2)1/2 + %a ! Zg = (a2+062)1/2 -}—OC, S—Zt.
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dTH ypaBHEHHA Nal0T HAM- HapPAMETPHYECKOe IpefiCTaBJIeHIEe
narpamkeBa muoroobpasma A? (—oo < f, o << -4-00). IT0
muoroobpasne gudpeoMopPuro TPOEKTUPYETCA HA IIOCKOCTH
(21, py), Tak Kaw

det ,_00(?_;”%—)_ = 2a% (a® 4+ o) £ 0,

n sapaserca C™-Muoroobpasmem.
Huka ocobennocredt X HAXOAUTCH U3 YPABHEHUSA

det 9 (21, x2) =0

a(x, t) ’
UTO AaeT HaM cCleayrniee COOTHOIICHUE MERAY o B’ t:
2a% + (a® + a?)?¥? = 0.

Orcropna moayuaeMm ypaBHeHME X:

3a.2 . ad
»Ti:a—f—*i;, L™= 75
a o
P1=—~V;ﬁ, P2=W, — o0 << 0 <7} o0,
Tak xax % = a® (a® 4- «?)3? £ 0, 10 £ — KpuBasg Kiacca

C” u wmuoroobpasme A? mHaxourcs B 00meM [OTOKEHUH
poexnusi n2 MuKIA £ Ha MIOCKOCTD (X1, L) €CTH MOAYKYOU-
gecKasg mapaboia

II5:23 = o (2, —a)? (7.10)

U ABISETCA 9BOJOTOH McxonHoi mapabonasl. Ilocoenauit paxT
caegyer u3 o0mux coobpaskenuii (cm. mpumep 3.17).
Ws (7.9) monyuaem, aro A2 3agaercs ypaBHeHHAME

P (g g P
BT VE (a R T () ) ’
pr=—(1—pH"? (7.11)

e z; € R, —1 < p,<< 1. Orcioga maxomum, 9To Ha A?

[ - 2 _
G2 =(—p) ™ (a—m+apl+ ). (7.12)

Brramesum HAIEKC ABYX KOHKDETHEX KpHBLIX Ha A® (pmc, 11),
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1) Kpusas [ (ry, r,) 3apaercs ypaBuemmamu (7.9), rne

a=10, —2a<<{t<<O0, .. pp =1, p,p =0, 2, = -2,
z, =0 u Toure r; ormeuaer
Iy 7z t = 0. llpoexina [, va x-mao-

CKOCTHL ecthb orpesox [0, 2al.
Ws (7.12) maxomum, 910

812
-—_— = 0
ps n =Y
5$2
— = = —a<0,
P2 |re =
CaenosarennHo, ind I = —1.

2) Kpusas ! (ry, r,) 3agaer-
ci ypaBuemmamu (7.9), rgme
o =a,>0n —t, <<t <O0.
Hpoexmus 7, Ha z,-WIOCKOCTH
ecTh OTPe3oK il ¢ HavasoMm
B TOUuRe z; = a?/2a, z, = o, Jeramiell ma Bepxme#l moio-
BHHE NCXOHOH napaboisl, H ¢ KOHIIOM B TOUKe

Prc. 11.

r __ o2 2at L0 — 2aty .
Y2 T )12 2 a2

Boibepem {9 > 0 pocrarouno GoJBMVIM; TOTHA OTPE3OK il
OyOeT Ra 'ATbCs KPUBOHM mZ U TOYKM Ty, 7ir'y OVAYT Jex:aTh 110
pasHbie CTOPOHH oT TOUYKH Kacauus. Ms (7.12) maxogum, gro

(e i)

Oz | _ _p2yh2 9% |
apz ri =a (1 pz) > 07 01)2 72
—5/2 2ast,
7 =(1—pd) (a—-(a—zﬁz-)><0
upu ty > 1. Cuemoparensuo, ind { = —1.

Tarum 06pasoM, HHAGKC JIY4Ya, KOTOPHIH Kacaerca KaycTH-
Km 72, paBen =1 (B saBmcuMocTH 0T OpHEHTALUA JIYyYa).

3amMeruM emie, YTO OCOOEHHOCTH KAYCTHRH («KJIIOB»)
B JaHHOM IPHMepe OTBeYaeT TOYKe, B KOTOPOH KPHBHUBHA BOJI-
HOBOTO ¢poHTa MaKcHMaabHA. J[lefcTBUTENBHO, BepHIMHA
«RI0OBA» PACIONOKEHA B NEHTPe KPYTa KPUBH3HLI, KOTOPHIH
KacaeTcs BepmuHK napadoan. Kcam BMecTo mapaboiasl B3ATH
rJIagRylo KpuByio I, TO TOUKAM MAKCHMYMa KDHBUSHEL 3TOM
KpuBOH Takme OyNyT OTBEYATH (KIIOBHY KayCTHKH.
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C TourM spenus TeoMmeTpmuecKoii onTmkm mapaboia
I aBrseTcs BONHOBHIM (POHTOM IIOCTPOGHHOTO CeMelicTsa
ayueil (rak Rar siikoman S (x) nocrosmen ma I'). Kpmpas
n2 ABJIfETCH KAYCTHKOM 3Toro cemeilcTBa myueii. Haycrmka
nX uMeeT 0COGEHHOCTH (¢KJIOBY) B TOUKE Xy = d, X, =
(puc. 11).

4. Jlarpamxersr ocoGenmocrn (kaycermgm). CTPYKTypa
muKIa  ocobenHocreil X (A") narpammeBmx MHOT000pasmit
obmero moJoskenus ucciaegoBana B pabore [3], m, B wact-
HOCTH, TOJYYeHA MONHasA Kjaccupuramusa ocobeHHocTel
upu n << 6. ChopMmymupyem »TH pe3yJIbTaTH A JaTpariie-
BHIX MHOToO6pasuil pasmepHocreit n = 1, 2, 3.

Ilyers, waxr obsrumo, (o) U (B) = {1, ..., »n} ects pas-
ouenme muomectsa (1, ..., n) #a nepecerawonmecsa. OGo-
3HAYMM CHMBOJIOM S (X, Piy) DPOUBBONAIYI0 (YHKIMIO
JarpamkeBa muoroobpasmsa A"; ero ypaBmenwe 3afaercd
dopmyiamm

N as
= Loy = — . 7.13
P e (a) ETI ( )

Teopema 7.12 [3]. Jaepanoeso muocoobpasue A"
MONHCHO MAAVM ULeBeACHUEM (8 KAdCCe AAZPARICEBUT 0MObpadce-
HUT) npespamums 6 makoe, wino 6 OKPECMHOCINU KaicOol u3
ceoUx Mouer 0Ho Oyoem npusodumvCa A02paricesoli IKeUBALE RN
HOCMLI0O K 00HOU U3 cAelYouux HOPMAALHBLL opa:

npu n = 1

. 2 . _ 3,
Ai- S:pu AZ' S”‘iplv
npu n = 2, Kpome mozo, euje
. a 2,
As: S = 2= py -+ 2255
npu n = 3, KpoMe mozo, eue
. _— 5 3 2
A S = & p} - z3p} + xopf,
. . 2 3 2
Dy S = == pips == ps - T3p5.

(3mecr mpemmoxaraercs, uYTo HAYAJI0 KOOpAWMHAT Iepe-
HECeHO B PACCMATPHBAEMYIO TOUYKY.)

Ilpu n =1, B cayuae A,, JarpamreBo MHOr000pasue
B okpecrHocTH toykm z; = 0, p; = 0 Bajaercsa ypaBHemmeMm
z; = —2p; u aupdeomopdHO NPOEGKTHPYeTcH HA OChH Ij.
Ampajyormuno, Toyka THma A; He NPUHAJIEKHUT HAKIY 0CO-
OenHocTell mpH Beex n. )
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Ilyets n =1, Havamo xoopauHAT — TOUKA THOA A,,
€2 — ee Mazas oKpecTHOCTh. Torga ypaBHeHHE MHOT000pa3us
EMeeT BHJ

ry= T 3p}
a8 (x4)
(pmc. 3). Ecum B3aummcarb ypaBHenue B BHUe py = T
0 S (z;) ~ const (Fz,)¥? npu 2, — 0.

Ilpu n = 2, pua rouxn tuna 4 ,, ypaBHeHUe JarpamH;keBa

MHOroo0pasusi umeer Bup (B ciyuae BHAKA ILIIOC)

ry= —4p] —2pxs, po=1Di

B OKpecTHOCTH Havala woopguHar. IIpoermus nX (A?)
LMKIa 0COGeHHOCTEH Ha Z,-INIOCKOCTH HMEeT BH

272% = 8z°, (7.14)

T. €. BTO KpHBasg THIA (RIIOBa». JIOKaJbHo, OPH MAJILIX I,
aTa KpHBasg yeTpPOEHa TaK ke, KaK IPOEKIMA IHKIA 0CO-
Oemnocreit B mpumepe 7.11. Touwmo rar ke ycrpoeHa Kpmpasg
nZ (A? B cayuae 3HAKa MUHYC.
5. Ceass ¢ nagexcom Mopea. PaccmoTpnm raMmiabToHOBY
CHCTEMY
—?: ol (z, p) , _d_p: . 0H (z, p) (7'15)
t ap dt Er
¢ BemectsenumM ramwibronmamom H € C (R®Y), u mnycrs
{z (¢, y), p (¢, y)} — pemeHne xarpamseeBoil samaunm Homm

Tho=2(), pl=o=p"@®), yeU. (7.16)
3mece U — obaacts B R} mw A" = {(z, p): z = 2° (),
p=7p®(y), y € U} ecr» uarpamwmeBo C~-muoroobpasue

pasmepHocTd n. DBymem npemmomararb TaxyKke, Wro BHIOJ-
HeHo ycuieHHoe yceioBue Jlemanmpa:

CEED >0, (2 p) <R (7.17)

IIyers z (y; O, t) ects TpaekrTopua z = 2(y,1), 0L <1,
J (7, y):detai(;y’—y). (7.18)
Toukn Ha dTofl TPaeRTOPUN, B KOTODHX AK0OHAH obpamaercs

B HYJb, HAa3BIBAIOTCA (HoKAAbHUIMY; KPATHOCTH (OKAIBHOH
TOUKHM, JI0 ONPefeJeHnI0, paBHa KPaTHOCTH HYJIA AKOOMAHA,
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QoxanxpHasg TOUKA HABKIBAGTCS npocmoll, ecan sAroGumaH
B 9TOH TouKe mMeeT mpocroil Hyab. Mope [83] mokasam, aTo
KpaTHOocTh HYyIs sakobmama J (¢, %) B (oraapHOH TOUKe
9z (1% y9

dy ‘

Mopc [83] BBen momsarwe Hmmekca p Tpaexropum I x =
=2 (y; 0, 1) ¢ HedoranpubIMU Koumamu: Mumexc Mopca p
paBeH uHCIy (OKAJIBHEIX TOYEK HA TPaeKTopuu [ ¢ yIeToM
ux kpatHocTH. MMeercs ofmmupHas aureparypa, CBiBaHHAM
¢ mugexcom Mopca ([44], [53] u mp.).

[Toxasxem, uro mumexc Mopca p Tpaekropmm ! paBeH
nHAeKcy ind TpaeKropwmu, Je;Kamed Ha HEKOTOPOM Jarpam-
JKEeBOM MuoToo0pasun pasmepHoctn n - 1 B (2rn 1 2)-Mep-
HOM (a30oBOM NpoCTpaHCTBe, IIpoeKuuda Koropoir Ha RY
COBIAfaeT C Tpaexkropumen 1.

Pacecmorpum (2n 4 2)-mepuoe ¢azoBoe npocTpaHCTBO
R¥™2 = {(z,, 2); (p,» P)} W MHOECTBO

paBHa KOpAaHTY MaTpHUIThL

M™ = {(zy, po, , P): T = T, po = —H (z, p),
z=z(1, ¥, p=p(, p); 0Tt y € Q)

Ecapm BoIOAHEEH yciaoBmsa mupegioskenmsa 4.19 (t.°e.,
B uacrroctH, H (2° (y), p° (y)) = M = const), 10 M™!
ecth jarpammeBo C~-mHorooGpasme B R*? pasmepHocTH
n -~ 1. Pacemorpum ma M™? RpumBym0 ¥,

ve = {(#o, Po» 2, P): To = T, po = —H (z, p),
-77:‘73(171 yO), p :p('y’ yO)’ O<T<t}-

Teopewma 7.13. Hycme evinosrnenss CcHOpMYAUPOEAH-
nule eviuwe Yycaoeun. Toz0a

ind v = p (r @°% 0, ?)). (7.19)

HIorasatenscTBoOo. Ecam J (& y° 540, 10 Touka mHa
M™1, B xoropoit z, = 1% z = z (1% y°), aABasercA Heocoboll OTHO-
CHTeNAbHO IIPOEKTUPOBAaHUA HA R&,”x Ha Ttpaexropunr z (y; 0, t)
nMeeTcs He Gollee YeM KOHETHOE 4MCiIo QoKAJbHMX Todek [44]. B cumry
IUTUBHOCTU uHpeKkcor ind p, mocratoumo paccMoTpeTh ciaydai, Korpa
rpaexropus 1 (y% 0, t) comepsMT DOBHO ofHEY (QOKANBAYI0 TOUKY
z = z (1% y%). Mel orpaHmuMMca ciiyuaeM NpocToif OKANBHOHA TOIKH;
o6muit cxyuaii pacemorpen B [38], ra. 8, § 2. Ioramewm, uTo ind y, =
= -}-1; TeM campM Teopema OyzeT FoKAasaHa,
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dx (20, y9)
dy

orpaHnYnBasg OOIIHOCTH, cyuTaTh, uTo det

paser n — 1, To MoKHO, HC
9z’ (19, y©)
oy’
= (g + v vy Zp)s Y = (Y2, « - .y Up). JIOKANBHEIMI KOOPAMHATAMIE
Ha M7+ apasioreda (4, y). B oxpecTHocT Tourn QF € MM+L, ortsevaw-
meit (1% y°), B KadecTBe YACTI JOKAJIBHHX KOOPANHAT MOKHEO B3ATH
(z’, t). Tar xax M"+! nDarpawmkeso, To, B CHNY JemMbl 4.5, B Kade-
CTBE JIOKATHHBIX KOOPAUHAT B OKDECTHOCTH TOUKI (¥ MOMKHO B3SITH
(¢, p1, z'). YpaBmenue Hurna ocodennocreit = (M7*+) B oxpectmOCTI
TOURN Q * UMeeT, TAKHM 00Pa30M, BUR dx,/0py =0, e x4 = x4 (2%, py, 7).
Touyra Q* MPUHEANTEKIT HHKIY ocoBeHHOCTEll, TAK KAk €T0 ypaBIeHIe

Tak Kaxk paHr MaTpIIb

# 0, rie 2’ =

MOJKHO 337aTbh B BUJE det(z;ﬁ)——’—;)—) =0, t.e J(t y)=0.
)

Beesiem BmecTo y mapaMeTpH o = (Qy, . .., &), {y = y°} <>
<> {& = 0} rarue, uro det %Z—la—o 5= 0. Torma J (0, 0) 6ymer
UMeTh IPocToil Hyab. MMeHHO, HMOJXOKIM npH MaubX | y — y° |

p1(1 y) =y, 2 (1 ) =a" = (&g, &g ..., Q).
Torpa
21 (0 ¥) = @1 (1% @), p' (£, y) = @' (%, @), ¢ = (Fa, - - - Pp)-

OGozmaanm wepes {x (¢, a), p ({, @)} pemenne cucTemsl IaMINBTOHA
¢ pampeiMu Homn

. ’ o —
P1 !t:to =a, &z It:to =0, Zyq |t=lo"(P1 (20, OL),
Pl_o=¢ (0, a),  acl,
rge V — Manas oKpeeTHOCTBb Touk: o = 0. Ham pgocraToumo paccMoT-
peThb AyIM KPHUBHX Yy, U z (¢, ) mpu (t — %) < §, rme § > 0 croap

YrOJHO MAaJo; IyCTh Y;s — VKa3aHHas jJyra Kpusoii v, Mz (7.15)
HAXOUM
n
8 [ dxq (L, o) )7 02H (z, p) ap; PH  ox; 790
at ( dory T &l opyap; oy +2 dpy dx; douy (7.20)
= =1
rme z ==z (¢, @), p=p(, a). VpasuemHe nuria ocobeHHOCTElH

B OKPECTHOCTH TOURM Q* mMeer BHj det%(("’%’—a%) =0, 1. e. det %:Z =

_ Oz; (100) oo .o

= 0. Tax KHK—_(?BL—;T_# 6jk’ ]*2, [T (4 k=1, ey By
dzy (19, 0)

u Q* ¢ I (M™1), To =0. CpenaeM JuHeiiHOe KAaHOHIYECKOE

00(41
npeobpasoBamye B (pA30BOM IPOCTPAHCTBE:
p§=po, Pf=p1, Pf=Dpj—ajpy, I=2, ..., n,
n
. (7.21)
=z, af=mz+ Zajxj, x;-":xj, i=2, ..., n,

i=0
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ap; (¢9, 0) T
rpe a;=—————_ Torma
ne aj doty Tt
H(x, P)—->II* (xakY P*), Mn+1_>M*n+1y
Mmuoroobpasme M*+L parpamskeso. Ycsosue (7.17) Bunoaneno ags H*,
H cHCTeMa ['aMIIbTOHA IIPIMET BII

da*  9H* (2*, p¥) dp* _ _ oH*(z*, p*)
dr ap* ! dt ox*

B cumy BmiGopa a; umeeM mpn (=10, =0

oz dx¥

— J — 8§+ j — =3
eh =0, o Sins i=2, ..., n, k=1,2, ..., n,
ap* (7.22)
b . op¥
Fos =0, j=2, ..., n, 0&1H1'
ITosromy m3 (7.20) maxomum, dTO
o [ Ox¥ 02H* (z, p)
9 = p) = (10 =p (10
e NI S TS U I
u B cuny yeaosus (7.17) umeem
7} ox¥
A=-2 __1_)' 0. 7.23
at ( (90(4 t=t0, =0 > ( )
VYpasrenne muraa ocobemmocteit I (M*"+1) nmeer, B cury (7.21),
ox¥
BHJ 8plf = 0. Janee, Bioab yFs mHMeeM
*(t
—M—la;’—o)—:(t-«to)A-l-O (E—19)2). (7.24)
1

JloranbHHMH KOOpPAUHATAMKH Ha A *7t! B OKPeCTHOCTH TOuKU Q%%
orBevaromeii Q* € pM*ntl gpamores  (p*, 2'*), Tak uro zf =
= ¢f (p¥, 2'*). Vmeem

n
09t (p*, 2™%) _ dry(t, ) _ 09f ort | v Ook ox¥
ooy day opf doy <= dat doy

j=2
B cuny (7.22) umeem

opt (¢, 0) _ o 5 G0 0
——aoc—l———i+0(t~t ), _(%“:I—P—O(t_t)

u 13 (7.24) maxogum

S Al—t) (140 ¢ —17)

*
ox}

0
P >0 opu t>1

BHOAL yFf mpE Maxex ¢ — {° CxepoBaTenbHo,

dxf .
Ha Y} @ —0% < 0 mpu ¢t < #° ma y %, Tak uro ind yfp = 1.
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Ilycts A™ — nmarpamkeso MmHoroobpasme z = z° (y),
p=7p"@),y €U (cm (7.16)), m g': R? — R? — (pasoBmii
OOTOK, HEAYNUpOBaHHHI cucremoil I'ammabrona (7.15).

Crnegcrsue 7.14. Jusa awboii kpusoti 1€ A™

ind g'7 — ind I = p (gvr*) — pgr), 0Kt (7.25)

eder” — RauaavHan, r* — Komeunas moura kpueoi lu gt —
Mpaekmopul KoHyos kpusol l.
HoxasareabcrBo. Yermpexyroasnmk [, g,

g'l, gr= (pme. 12) ma M™! romoxoruuen HYJI0, Tak 49To
€r0 WHAEKC DABeH HYJI0, U U3
reopemul 7.14 cuenyer (7.25).

Il puwmep7.15. Pacemorpum
TaMHJIBTOHOBY CHCTEMY, OTBEUAIO-
Myl  KBAHTOBOMEXAHMYECKOMY
ocnnmsTopy (mpumep 3.6); mycrn
m =1, o = 1. Hawanruse pan-

Y

gr,v+

pe 1l r+ HBEe BEOepeM B BHfe
PI/IC. ,12 x \?’zro = "‘CO = (y7 0)’ p ‘t=0 :p07
ye R,
e E} = (Y1, + « .y Yn-1); P — HOCTOSHHHIA BEKTOP, py 5= O,

Torma (a3oBHe TPAeKTODHH 3aJal0TCH yPaBHEHHAMH  (CM.

(3.77))
Z,=phsin i —y, cost, p,=pheosi-y,sin i,
1<hbin—1;
:rn:p%sint Dp = DPnCOSL.
Axobuan J (t, §) = det 22 &(t’ y)) B JAHHOM CJIy49ae paBeH
J(t, y)=(—1)"" pd (cos )™
®oranpunivu Toukamu ayua [ (y): z = z (¢, 5) ABIAAOTCH
TOUKH, B KOTOPHX AKo6madn J ofpaiiaercs B HYIb, T. €.
ty = g— + kn, k=0, £1, £2, ... 3ametnm, 4TO uUpH
{ = ¢, BCe JyuH COOHpAlOTCa B ONHY TOUKYy z = (—1)*p°

He3aBHCHMO OT HAYAJNBHHEIX MHAHHBIX z°, T. €. OPOMCXOINUT
noAHass QOKYcHPOBKa Jyueil, HparHocTs Eyas sxobuana J

opm ¢ = t, pasHa n. IlycTs Iy —ays z =z (¢, 3), 0 <
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< ¢t < m; Torga ero mapexc Mopca pamed n: p ( (y)) = 1.
B nannom npumepe rammiasTonuaH H umeer Buj H = p* + 22,
TAK 4TO ycuieHHoe yciaoBue Jleskamapa (7.17) BLIIIOJIHeHO

u 1o teopeme 7.13 mmeenm ind I (y) =

§ 8. Kanonuduecknii omeparop
(KkBanTOBAHHE IIOJA CKOpOCTEH B IEIOM)

O0beKTy RIacCHUeCKoll MEXAHWKH — JaTpaHiKeBy MHO-
roobpasuro A" — craBuTCA B COOTBETCTBHE KBaHTOBEHII
00BEKT — KaHOHM4eCKUi oneparop K ,n»

ATOT onepaTop (CIIMBAETCH» W3 NpPETKAHOHWYECKUX odepa-
TOPOB.

Ecnu cumBoxn L (x, p) = 0 ma A”™ u ecam s10 MHOT00GpA-
3Me HNHBAPHAHTHO OTHOCHTEILHO JIUHAMHUYECKON CHCTEMbI
dz/dt = 0L/0p, dpldt = —0L/dz, To cnpaBegimea gopmyia
KOMMYTaIfinu

2 1
L (2, A"'Dy) K yn (2) =

Iy 2L (x, p) .
_WKA“<dt Z 92; 0p; )‘P+0(7“&)’

e d/di — mpomazBogHas B/I0JIb TPAeKTOPUH. B wuactHOCTH,
LI CHMMETPHYHMX onepaTopOB L wveem

ZKAn(PZ 7y An dt —‘}-0(}\,_2)

Taxum ofpasom, omepatop I, ¢ mOMOIIBI0 KAHOHHYECKOTO
omepatopa mpeoOpasyerca B omeparop nuddepeHOuUpPOBa-
HHA BAOJb TPaeKTOPHH.

1. Ompepenenne kanommueckoro omeparopa. Hawnowume-
crULl Onepamnop

Ko CF (A™) —C™ (R X RY) (8.1)
onpepeindercsa 3aJaHueM CJIEIYIOmUX 00'bEKTOB:

1) Jlarpamxesa muorooGpasus A" ¢ n-mMepHbHM 06GBEMOM
do™ m ¢ orMedeHHoil Togkoil re.
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Mu npegnosaraem, uro dim 2 (A") <C n — 1, 4ro Bcerna
HMeeT MECTO IJIA JaTpaHKeBa MHoT000pasus obIiero moJjo-
YKEHHA.

2) Hanomnueckoro artaca {Q;} m pas3OueHus egUHUILL:
1 = Dle; (r). Hpuoronm e; € CF (A", 0 K ey << lusuppe; €
€ Qn, k=kFk(j). Hauomunm obosmauenue: r = (2, p) —
Touka MHOroofpasus A",

Ilyers Q; — xapra ¢ (QORAJBHEIMH  KOODAMHATAMU
{Piw)> z@}, dynrmua ¢ € C7 (Q;). Beenem oueparop, Koro-
PHI OTIHYAETCH OT MPEAKAHOHHYECKOTO OMEePaTopa TOJNBKO
ancioBeiM Muo:urerem (cp. (6.3)):

(K"n (@) §) = exp { — 2 ind 1 (19, r)} X

1/2

do (r (P, *p)))
— e TR O (r (Pears T)) X

dp dx(p)

-1
X I, Py @)

TPy %))
X eXPiM ( (P, Az') — (Tay (Pays Te), P(ow))}- (8.2)

r0

3pecs C'(r) — nenouxa xapr {&;,}, 0<Ch s rakas, 70 Q, 3
37 je=1 u y(C (r)) — ee unmeKc.
Hanonmuecknii omeparop (8.1) BBegem mo Qopmyire
(Kn) (2) = 2 (K3n () (59)) (2)- (8.3)
7
Taxum oGpaszom, omeparop K, zaBuCHT 0T BHGOpa KaHO-
HHYECKOTO aTiaca, 0T Bebopa (OKaJbHBEIX KOOPAMHAT B Kap-

TaxX W OT pasOUeHusd eTUHUIH.
OwueBnpno, uro Qopmyna (8.3) oupemersier HEOgHOBHAY-
r
Byl ¢QyHRI@o or 2z, TAR KAK M WHTET A S {p, dz?,
20
u uupexkc ind I (r% r) moryr BaBmcers oT BhIfOopa IIyTH,
coequusomero Toukn r® u r. Jaa roro urobm gopmyna (8.3)
3a/laBajIa ONHOBHAYHYI0 YHKIMIO, HeoOX0quMo, 9106 HHTe-

M
rpai g (p, dz) m unperc ind I (r°, r) me saBucesn oT BrIGOpa

70
OyTH, COeJUHAIONIET0 TOYKH 7°, 1.



§ 8, KAHOHUYECKIIY OIIEPATOP 164

2. npapnaHTHOCTHh KAHOHHYECKOro ONEpaTopa.

Teopewsa 8.1. Jus mozo umobu kanonuneckus onepa-
mop He 3asuces (¢ mounocmslo 00 O (A71)):

a) om ewbopa KAHOHUYECK020 AMAGca U Om eubopa Borasb-
HWZ KOOpOUHAmM 6 Kapmaz;

6) om pasbueHus eduruywl,
Heob6xo0umo u docmamouno, Ymooel:

1) S (p, dz) = 0 no uwbomy samkHymomy nymu;

2) ind I = 0 Ous awbozo samrnymozo nymu.

Taxum o6pasoM, BBeNeHHHH B § 7 XaparTepHCTAYSCKMIL
RJIACC [OJskeH OBTh TPHBUAJEH.

Horasareasncrtro. Heodxomumocts stHx ycio-
Buil oueBuaHA. J[OKaskeM AOCTAaTOUHOCT.

Ounrcupyem EKapry 2; u  (QoKAIbHHE KOOPIUHATH
{Pa), s} B neit. [lokaskem, uTo omeparop (8.2) saBHCHT

r

roubko or Kaprel £;. Ilo ycaopmio S (p, dz) me saBHCHT
r0

OT WYTH WHTErpmpoBamusa, a Beamuuua y (C (r)) opu r € Q;
He 3aBUCHT oT BuiOopa memouru myrei. [loaomum vy (C (1)) =
=9, r € Q;. B cury nemmn 6.4 omeparop (8.2) He 3aBmCHT
o1 BHOOpa (QoKadbHHX KoopAHHAT B Kapre &2;. CiaegoBaTein-
Ho, Qopmyaa. (8.3) zamaer orobpaskenme (8.1). Ilocrpoennpiit
omepaTop 3aBUCAT, BOOOIIe T'OBODS, OT BEIGOpA KAaHOHWYE-
CKOTO aTilaca M 0T pasbmenus eguHuUIE; 0003HAYHM €ro
wepes K ({2}, {e;})-

Horaxem mHesaBuCuMOCTH K or pasbHeHHs eMHHUIBI OpH
¢urcuposanmom ariaace {;}. Ilyers {f,} — apyroe pas-
ouenne epunninl. as rammoro k cymectByer j (k) Taxoe,
910 SUpPp fr < Qjx. Ecam supp f, comep:RHUTCHE B HECKOJb-
KUX KapraX Qj gy Qj,m, - - .; TO B Kauecrse j (k) M1 BEIOH-
paem ao6oe us umcex jy (k), ju (k), ... Hoaomum K, =
= K ({Q;}, {¢;}) (1. e. omeparop K ({Q;}, {e;}) ompene-
jgercs II0 KaunOHWYecKoMY ariacy {€2;} ¥ mo pasbuenmmo
equaunBl {e;}); MIA KPATKOCTH AaPryMeHTH y (QYHKIKE MbI
onyctum. Wmeem

Kop = ; K (&) (¢59),
Kyp= ; K (Qyn) (fr9),

11 B. O. Macnos, M. B. ®efopior
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rae K (Q;) — mpegwamonuueckue omepatopsl (cm. (8.2)).
Taxr ®axr f, = Zejfk, TO

Ke=N(E@u)eho) 6
HNorasxeM, aTO

2K Qi) (esfn®) = K () (19)- (8.4
Tak Kak e; = gejfk, TO

K (2:) (e;0) = %] K () (ejfr®)- (8.4")

Ecam ¢ € C7 (A™) u supp ¢ € Q¢ (| Q,, T0 mo aemme 6.4
K () ¢y = K (Q,) ¢ (manomunM, 4T0 Bce paBeHcTBa 6epyTCsa
mod 0%, (R})). CaenoBareasto, K (Q;) (e;fr0) = K (Qju) X
X (ejfr®), m us (8.4") pureraer (8.4'). IToacraBmss (8.4')
B (8.4), monygaem, uro Ky = K;.

Iokamem mesaBucuMocTs K 0T BHI0Opa KAHOHHYECKOTO
ataaca. llycrs pamsl gpa kamommueckuX ariaca {€2;}, {0}
H COOTBeTCTByomme wuM pasbmenns eaumamusl {e;}, {fp}.
Homosum Ko = K ({Qj), {e;}), K1 = K ({0}, {/»}). Bse-
nem araac m3 Kapr Uj, = Q; ) 0, coorBeTcTByMOmEe pas-
owenme emumuipl g;, u ouepatop K, = K ({Uj}, {gi})-
IIo poxrasammomy Bome Ko = K ({Q;}, {gm}), K=
= K ({0z}, {/r}). Ecan muoskectBo U}, Hemycro u supp ¢ €

Ujy, 1o, 1o aemme 6.3,

K (Q)) (¢) = K (Ujp) (b)s

orkypma caenyer, 4ro K, = K, Amnanormuno K; = K,.

3. Dopmynnr kommyrauum., Hamomwweckuiri omeparop
NO3BOJIAET IOCTPOUTL ().a. PEUIEHHe B IEJOM [JA YpaBHe-
unii smga (3.1). HenTpanpHbiM MectToM B METOAe KaHOHUYE-
CKOTO oIeparTopa ABIAETCS POPMYIa KOMMYTAIME A-TICEBIO-
anddepeEmaIbHEOro oneparopa L M KAaHOHWYECKOTO oIepa-
ropa K, xoropasi, Tpy60 roBOps, BHITJIANAT TaK:

LK = KL.

CrpyxTypa OPOROMMYTHPOBAHHOTO omepartopa L spusiercs
cymecTBeHHO 6Gojiee mpoCcToR, WeM CTPYKTypa oueparopa L.
Beoogy B panpHeiinieM npeamolaraercs, uTO JarpaHKeBo
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muoroobpasue A" yhnoBaeTBopsier ycaosusm 1), 2) Teo-

pemsr 8.1.
Teopewma 8.2. Cnpasedrusa Hopmyaa rommymayuu

2 1
L(z, M'Dy, (M) K =K n (L (x, p; 0) @) --A7p.  (8.5)

30eco L ecmv A-n.d.o. ¢ cumsoaom us raacca TT (REL),

pynkyus ¢ € Co) (A") u gynryus P € OF (A").
JorasaTteaxsctso. Illycre Q< A™ — ramonmue-
ckag Kapra, K , () — npegkanonnueckuii omepatop u ¢ €

€ €5 ().
ITycts Q — meocobas wapra. Torma K. () mmeer Bmp

(6.1), 7. e. Knp = oxp (IS (1)) | %2 2. Lo meopese 2.6

nMeeM

do |1/2 as -

| L7 5 0) g ay =

Tak Kak p = 45 (z)/0x wa A™ m ocrarounsit wien P €
€ 0; (R").

Ilycts Q—ocobast wapta ¢ (GORAQIBHBIMU KOODHHATAMII
(P ). Torma K,» (Q) umeer Bug (6.3) n

=exp (iAS (2))

LE n(Q) ¢=
1 1 2 2 1 1 .1
:Fl’p(a)"x(wL (—4 Dp(oc)’ Zprs Peon Dx(B)’ ) X

I do (r)

1/2 .
ml exp (iAS (P T)) @ (1),

rie r=r (P, £p). Oyurmus S umeer Buj

S (P Tp) = S (P, dx) — Py, Ty (Pears Tp))s
70

TaK 9TO

B (Per T0) oS
P ) (P T(py)s P

= P

11*
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IIpumensa teopemy 5.2, mosydaeMm, 9YTO
-1 (l do (r)

1/2 .
=0 Dy % (o ml exp ((AS (P T)) @ (1) X
X L () (Piays @)y Ly Pewrs Py (Pecrs Tepy)s 0) +7“_1‘P) ’

rae ocraToumpli wien €O (A™. CaepmopatensHo, (opmy-
jga (8.6) ocraercst B cmie.

ITycrs ¢ € C7 (A™). Torna (8.5) caepyer us (8.6) u (8.3).
B reopeme 8.1 ¢opmyna romMmyrarum Onuta ycTaHOBJIEHA
B ciXy4ae, Korja ouepaTopsl AudepeHIHpOBAHUA [EHCT-
BYIOT IIepBHIMHU, a OIlePaTOpH YMHO:KEHHA Ha HE3aBHCHMBIC
nepeMeHHBIe — BTophiMn. TodHo rakas ke Qopmytia cupa-
BeAJUBA H TOrAa, KOTla YKa3aHHbLIe OHePaTOpH AeHCTBYIOT
B o0paTHOM IOPSAJKE.

CremcrBue 83. B ycrosuaxr meopemur 8.2 cnpased-
AUBA HOPMYAA KOMMYMAYUL

L (5, A1Dy; (1)) (K yup) () =
= KA'ﬂ(L (z, p, 0) ¢ () + 7"_14;)1 (87)

ede P € Oy (A™).
Taxum obpasom,

LKo=KRo-+ 0 (A,

2de R — onepamop ymuoxcenus na @Pyunryuo L (z, p, 0).
IMoayaum GopMyiay KoOMMyTaluu B ciydae, KOrja Jar-
paHmKeBo MHoOrooGpa3ue MHBAPHAHTHO OTHOCHTEJBHO CHBHIA
BJlob TpaeKTOpuil TaMHJIBTOHOBOHE cHcreMmul omepaTtopa L.
Teopewma 8.4. llyemv onepamop L u uaazpandsceso
muoz006pasue A" ydosaemsopsiom ycaoeusm meopemt 8.2

U yeaosuam:
) Qyuryus L (z, p, 0) sewyecmeennosnauna, u ypasnenue

onpedeasem 6 pasosom npocmparncmee C*-mroz20006pasue

M2t (L) pasmeprocmu 2n — 1.
2) A" M*1(L).
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3) Muoeoobpasue A" u ob6wvem do™ unsapuarmusl ommuo-
cUMebH0 QURAMIUMECKOL CUceMmbl
dz _ 9L(z, p, 0) dp __ _ 0L(z, p, 0
= 0 @w— = 69
4) ITpu awbvzr nauasvmbiz Oanwuz (z, p) € Mt (L)
pewenue cucmemdi (8.9) cywecmeyem npu ecex t € R, edun-
cmeeHHo u Oeckoneuno dugdepenyupyeno.
Toeda cnpasedausa Popmysra KOMMYMayuu

1
L (;, AiDy; (IN)) (K g (1)) () =

- d _ 1 PL (2, p; 0)
=i Ko (=780 (o )+
oL (x
+ R = o) A (@), (8.10)

20e X € Oy (A").
3necsy d/di — mpomsBopHas B cuay cucreMe [amuis-
roua (8.9), T.e.
do(r) _
dt

. /oL(z, p,0) () oL (z, p, 0)  dg(r)
- < 0ry ' Opw > +< op@y ' ox(p) > (340

ecid OKpecTHocTh Touku 1 € A" guddeomopduo mpoekrm-
pyeTca Ha ILIOCKOCTE (P(a)» Z(p))-
HoraszareuxnbcrtBo. 1. Ilyers 1 — neocobas Tou-
Ka. Ilocrpoum marpamsceBo C™-mHorooGpasme A™~! pasmep-
Hoetn n — 1 rtakoe, uto r® € A®1 u A" rpaucsepcaapuo
K Tpaekrtopusam cucremsl (8.9). Bynem cumrars, uro A"! =
={(z, prz=2"(), p=p"(y), y € U}, tae U — obaacrs
B Ry Ilyers 2 = 2° (y, t), p = p° (y, t) — pemenue 3aja-
g1 Homut z | 1y = 2° (), pli=e = P° (y) Rasa cucrems (8.9).
Buifepem 8 >0, U HacTONBKO MAajibIMH, 9TOOH MHOYKECTBO

Q= Az prz=zt.yp=p¢ Yy, yeU |t]|<b}
0b1110 HEoco0oit KaHOHHUECKOH Kaproidl mwa A", u nycrs m,Q —
upoeriiusg Q ma R} Torpa

do™ (r (z)) = a (x) dx = a (x (¢, y)) J (¢, y) di dy,

rae o6osHaueHO

- oz (¢, y)
J (t, y) =det IOV
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Tar kar o0bem do" WHBapHAHTEH OTHOCHTENBLHO CHBHIOB
BHONBL OHXapakTepucTuk, To Qyurmusa a (z (¢, y)) J (¢, y)
BABHCHT TOJBKO oT y. Takmm ofpadom, oGbem umeer BHJ
do" = b (y) dt dy, b (y) > 0. CaegosareapHo,
ldﬁg,(x) 1z @ (y))“izr) _ (8.12)
” J(t, yn''>

Hyers K ,n (Q) — npearanonumvecknii oneparop, oTBe-
qatomuii kapre Q (em. § 6), uw ¢ € Cy (). Torma K¢ =

-
= V IZ_Z, eS8, Ilpnumensa teopemy 2.6 @ yuuTHIBaf, uTO
L (z, p, 0) = 0 nma A", mony4aeum

L (2, 21Dy (I0)71) (K ynip (7)) (2) =
= —exp (iAS (#)) Ry (0 (2)) + 472 (2, ), (8.13)
rge y € 07 (n€2). 3pnece obosnagerio

1/2

¢ (2).

S@={ g dn, @)=
Ns (3.39) CJIe,lIyeT 410

1 AL (z, p; 0 Lz, p
—3Sp(——(§;’—f)l’jll)w<x>+"—<—’~ﬂw> (8.14)
r=x(t, y)-

Tar xak, B cuay (8.12), ¢ (x) = Vb(y V__, TO OKOH-

4aTeJIbHO
do 1 2L (z, p; 0)
(Ra) (z) = 7 ('7;—“2“ Sp (—————'—ax 7 ) +
oL (z, p; &)
S 6,

U Teopema JoKazaHa /A omepatopa K ,n (Q), orBevammero
neocofoit rapre €.

2. llyers r® € A™ — ocobasg Touka, HEKOTOpag OKpeCT-
HOCTL KoTopoii puddeomopdro mpoeKTHpyercs Ha KoOpHH-
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HATHYI0 JarpamH/KeBY IMIAOCKOCTH (P o), Zp,). Tem e cmoco-
oM, qaro u B 1, mocrpomM KaHoumueckyw Kapry Q Jro
B KOTOPOii MOsKHO BBeCTH JOKANBHEIE 'KOOPTHHATH (D(g), L@))s
u uycts K,n () — mpegkanoHHYecKHd omepatop, OTBe-

garomui 1ol rapre (cm. § 6). Tlomosmum
0 (P (&, 1)y ()
(¢, y)

N3 wuaBapuantHocTH o00BeMa do" OTHOCHTEIBHO CIBHIOB
BIOJIb GUXapaKTEePUCTHR CJIEAYeT, 4To

l 'do™ (r) |1/2_ Vo)
dp(a dxp) Viegy'

rae 0 (y)>0. Uz (8.13) u (5.10) cnenyer, uto

J(t, y)=det

2 1
Lz, ¥'Dy; (iM)™") (K jynep (1)) (2) =
M 2 2 1 1
:FL p(m)_’x(m)L(_)\'_lpp(m)’ Ty Pipys ATD ’

(@) exp iAS),

rie obosHageHO

m :l do \1/2

_— S xg) =
Apioy A2 P, (Paars Zip)

(p, dx) — (P, Ty (Pears ) (8.15)

Sy

i

(cm. (6.2)). Ilpumensas Teopemy 5.2, moldydaem, aTo
L (K \n9) (x) =
- . , 1 -
Pty e [exp (iaS) (HO¢+731¢) A ZXJ (8.16)
rae ¥ € 07 (Q). Umeem u3 (5.11)

as as )
BOIP—L<——ap—(m—7 ZLBys Pars Bz 0) .
W3 suga $yuxuum S ciaegyer, 9T0
38 (P z@y)
—a;—()mi = —Z) (P TB)s
3S (piays ()

FES =D (Par )
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Tak gTro Ha A"
Rop =L (z, p; O)p =0

B cuny ycnosus 2). B cuay (5.12), (5.13) oneparop R, umeer
BHJ

Rap:<aL5’(”;"P’:0 0w(x>>+
' ’
—}—[%S (02L?(x,p,0) (72S(x'))_

ap'2 072
LY (', p’; 0) 019 (=', p', &) .
—5p ( oz’ dp’ ) +— de 8=0] v (8.17)

3necy ' = (p(oc)7 x(ﬁ))? p, = (x(oc)’ p(B))v L? (=, P’? 0) =
= L (—2Z Zp, p; 0) W Hyab HaBepXy o03Ha4aer, 4TO
suavenune Al4/0p" m rT.x. B3are B Touyre (z'% p’%) =
= (Piayr Z@)» —08/0ps,, 0S/0zp) (r. e. B TOuRe (2, p) =—

= (Zw (P T@)r ity P T® (Pears ZTip)) ma A").
U3 cucremur IMamunsrona (8.9) cuegyer, urto

AP __ aLY (zy, P'5 0) dx (p) — oLy («', p’, 0) (8.18)
dt 0x(q) ! dt app) ' ’
Hosromy
<0I°(x , P30
' o
LY (=", p'; O) np ALY (z', p’; O) P _dy
= .—< 0x(q> ' 0P > < app) " opgy /  dt’

rae d/dt — npousBofuas B cuny cuctembl (8.9). Ilpumensns

dopmyny Jluysumias (3.28) k cucreme (8.18), moaydaem, uro

BHIpa:KeHMe B KBaJgpaTHHX CKoOKax B (8.17) paBmuo
1d 1 82L (z, p; 0) oL (x, p; &)
;W(ln'f)'"?Sp( 9% dp )+ %

g=0"
OKoHUATENBHO MONydaeM

(Ry)) (p(om zp) =

1 1/2 1 2L (z, p; 0) oL (x p, g)
~ Gy 7 ()40 — g 8o (2R ) et

VaurnBag gopmynn (8.14), (8.15), nonywaem (8.10).

3. U3 voro, uro (8.10) cupaBefiiuBo AiA TpefKaHOWHYE-
CKUX ONepaTopoB, u mpejicrasuenud (8.5) BrTeKaer Teopema,
ecau ydecth eme cieaywmee samedaunme. Ilyers r¥ € A"

g=0"
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g Qj, ... Qj, — Bce KAHOHMIECKHEe KapTHl TaKue, 9TO
Q> r*. Torma

8 s d
ZEjl(r)E'l, Zd— ej, () =0
1=1 =1

B OKPECTHOCTH To4KHN r¥, Tak 4ro
. dey, ()
l% [ Kpn (@) (—L cp(r))] (2) =

[ K@) (3220

o) ]@+00=007)

(MBI oIycRaeM YKa3aHHe Ha JOKajgbHble KOODJMHATH B le).
CrnepgctBue 85. B ycrosuaxr meopemnr 8.4 cnpased-
auga dopmyaa

%[L (@ ADa; (7Y L (@, 4Dy, (10)Y)] (K ynp) (2) =

= (B (5 + 2522 Y o)+ 140,

PacemoTpuM BaskHBIT 9acTHHI caryqaii Teopemst 8.4, ITycrs

2 1
L=X1D,+ H (t, z, A\ Dy; (iM)7Y), (8.19)

rjge onepatop H yrosmerBopser yeiaoBusm H 3.1 — H 3.3
u3 § 3, m. 5. Honomum 2" = (2%, z), p’ = (K, p), rae z° == ¢,
E — jBolictBennas K { mepemeHHas (9Heprus), W paccMoOT-
puM cucremy lamuiabrona, orBevatomyi L, B daszoBoMm Ipo-
crparcrBe R*"*? ¢ wooppumaramu (z', p'):

dr _ 0H(t, z, p; 0) dp __ oH (¢, z, p; 0)

a ap ! dt oz . (8.20)
Gzo _y 4E _  4H(t, =, p; 0)

a dt at *

Ilycrs gl: R*™? —» R*2 — omeparop) caBura BJoOJb TpaeK-
ropuit cucremnr (8.20). Ilocrpoum (n + )—MepHOB Jnarpag-
’keB0 Muoroobpasme A™! B R¥“2, yupapmauTHOE OTHOCH-
TelNbHO uHaMuUecKoit cucrembr (8.20).

Ilyers A} ecth sarpamixeBo n-mepnoe C™-MHOrooGpasme
B R*? ¢ n-mepanM oGseMoM dog (z, p).



170 YACTHb I. KBAHTOBAHUE TOJIA CKOPOCTEIH

ITonosxum
A" ={(@' p):(z, p) € A", 1 =0, E:= —H(0, z,'p; 0)} (8.21)

Torga A™ ecrs n-mephoe marpaisweBo C™-MHoTo0Gpasme
B R**2, Ilycrs r® (z, p) — Touka na A", rue (z’, p') umeroT
Bag (8.21). Jlamee, B cuny upemioxernus 4.19 MuomkecTrO
A= | glA? (8.22)

I<i< 400
ects marpamxeBo C°-mHoroo6pasue B8 R3*™2 pasmepnocrn

(n + 1). B wnauecrBe (n 4 1)-mepuoro ofmema ma A™?
BRIGEpEM

do (¢' (r (, p))) = dt dog (r (z, p)).

Taxum ofpasom, mu mocrpomsu (n - 1)-mepmoe mar-
pamsKeBo Muorootpasme A™!, WHBAPHAHTHOE OTHOCHTEILHO
muHaMudecroir cucremsl (8.20), w (n | 1)-Mepumii o6wem
do, TakyKe HHBAPHAHTHBII OTHOCHTENBIO BTOH [HHAMWYECKOR
cuctemel. Ilyets Af — onmocBasmoe MHorooGpasme, TOTAA

A™! — opmocBa3HOE MHOTOOGpasume u a? {p’, dz’) = 0 mnsn

v
a1060r0 BaMKHYTOTO NyTH Y, JeRamero Ha MHorooGpasuu,

A™. B cuny teopemu 8.4 wmeem
(ADy+ H (L, @, p; (IM)71)) K 0@ =
v d 92H (t, z, p; 0)
= (i) K pn (g7 —Sp (2B )+
oH (¢, x, p; &)

+ oe

e=0) e.  (8.23)

JHaueune HYHKNUN B IPaBON 4acTH HTOTO paBeHCTBa Oepercs

B Touke g' (r (z, p)) u d/dt — mpomsBofHAS B CHJIY CHCTe-
mit (8.20), T. e.

dp /09 9dHN fop OH o dp OF :
T = <7;v T <”a7f’ ) T T e 1829
2 .
1Tpu BoBoge Gopmymn (8.23) mer yuwiuu, 4ro 6—5—(%”7,%}—7:‘—@_—-5
= 0wugro p® - H (¢, z, p; 0) = 0 na A"
4. Ranonmueckuii omepaTop Ha pHMAHOBOM MHOrooépasmm. ITOT

omepaTop CTPOUTCHA MO TOR e cXeMe, 94TO M padee, 1 MBI OIpaHHYNMCA
I{paTI{I’IM OMHCAHVIEM KOHCTPYKIUW H UIIOHEHHEM Pe3yabTATOB. Hyc:rh



§ 8. KAHOHNYECKHI QGIIEPATQP 171

M ecTh n-MepHOe PMMAHOBO MHOTooOpasme Kiacca C® ¢ METpUYECKHM

TeH30POM g = (g,,) u M, T*M — ero KacareigbHoe W KOKACATeIbHOe
pacciaoernsd, n: I'*M — M — npoernusa. Ecom ¢ = (2%, . .., ") —
JOKaNbHAS CWCTEMA KOOPAWHAT B 00JacT¥ (OTKPHITOM CBAZHOM IIO[I-
mHOKkecTBe) U < M, To

(xi p) = (.2‘1, e ey TL’ Pty -« pn)
e p; = 6/0x' obpasymwr crcremy JOKAIBHHX KOODJMHAT B 00JACTH
V=mn1(U) na T*M. 3gech CTaBapTHHM 06pa30M OTOIKIECTBICHB

T**M u TM.
Ha muoroofpasun 7*) IHBApHAHTHO OIpefeneHa 2-fopma 2,
n

KOoTOpasd B JOKalIbHMX KOODADHATAX HMeCT BUJ w2:2 dp; Ndzt.
i=1

JiBa sewrtopa &, 1 € T, T*M HABBBAIOTCHA KOCOODMOZOHAABIMU, €CHII
»? (E, n) = 0. 3ueck % € T*). Tlopmmoroobpasue A < T*) Ha3H-
BaeTCsL sazpanacestin, €GN JN00He JBAa KacaTelIbHHX BeKTopa K A
KOCOOPTOIOHAJBHH. Husxe paccMarpiBa0TCA TOJNBKO n-MEpHbIE Jarpam-
sKeBB MHOTo0Opasuss A™ < T*M.

B kauecTBe JNOKAJIBHEIX KOOPAUHAT B OKPECTHOCTH JI00OIT TOUKI
7 € A" MOMKHO B3ATL OMH 113 HAOOPOB (p(y), x(B)) IlousiTue wamo-
HUYECKOTO aTiaca OCTaeTCH HPesKHUM.

IIyers do™ (r) — raamgkuil n-MepHHUHT o6beM ma AT [lpedranonu-
yeckull onepamop B RAHOHMUECKOIl KapTe Q@ — A™ ¢ oKAIBHBIMU KOOD-
RHEATAMU (p(y), Zpy) OLPENEINAETCS IO dopmyme

K =F-1
(Ke) (=) O S R O

[ 9 (1) ‘/ | ‘(det?(r»-l“exp(iﬁ(r))]. (8.25)
dpioy dx

3pecs @ € Co{Q), r=r (P Z(B) $yHRITS S rouno Ta ke, UTO

¥ QYyHKOAA 10f 3HAROM 9IKCIIOHeHTH B (6.3), n g(r) = (g o m) (r).
@opmyanr (8.25) m (6.3), ouwepuinO, coBIAmAoT, ecam M = RE.

Kanonuveckuii onepamop Ha A" CTpONTCA MO IPeKAHOHNYCCKUM
omepaTopaM TOYHO TaK JKC, KAK W paHee; J0KA3ATeIBCTBO €T0 MHBa-
puHaHTHOCTH ocraercd npe;xuuM. Mopmyna xommyramuu (8.10) B mam-
HOM clydae IPHUHUMAET B,

2 1
L (z, M Dy (10)71) (K, ¢ (1)) (2) =

n
d 1§ ®Lzp0) 1
i K n ('ﬁ_i £l W—ZT (In (det g)) +
=1
oL _2 h
98 zo)‘P(r) (®)+ 2%y (z, &).  (8.26)

5. O erpykType xKaHoHHuecKoro omeparopa. Ilpusemem
Goaee siBHBIe popmyatt nas 3uavenuii (K ,n@) (z), ¢ € CF(A]).

+
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1. Toura z° ¢ R" ue gemnr uwa Kaycruke (KayCTHKA —
Z (A" i M. 3
aT0 mpoermusa n,2 (A™) nmurna ocoGemmocteit ma RY). 3nech
HMEITCH [B€ BO3MOMKHOCTH,

A. z° ¢ mA™,
Torpa
(Kpng) (2)=0(R7")  (h—o0)

paBHOMEPHO II0 X U3 HEKOTopo# okpectmocTHm & Toukm 20
B § 9 6yper nokasano, 4ro, HOATPABUB rXAaHOHHICCKHI Ome-

; parop, MOSKHO HIOJYYHUTH COOT-
r ré : HOIIGHUE

(K pn) () =0 (77)
(A—>+ o0) (8.27)

| opn aweboMm ueaom N > 0.
C rourHM 3peHHs reoMeTpH-

YecKOll ONTUKH TowKa z° B Ciy-
yae 1, A aexmr B ofaactm

n TeHH.
| A 0
. i B. x® € A"
i
z0 =z Lymem upepmoxararts, 9ro
TOJIBKO KOHEUHOE YHCIO0 TOYEK
Puc.”43. rt, ..., r* €A™ upoextupy-

ored B Toury 2% mr! = 20
(puc. 13). Torga oxpectHocts Q Toukm z° MOKHO BHIOpATH
Tak, uTo0b oKpecTHocTH 2; Touek r’ muddeomopPuo mpoex-
tTupoBanuck Ha Q: nQ; = Q, 1<<j<s, tag uro Q; —
Heocobme Kamoumueckue Rapril. IlosTomy omepartopsr K ()
MOJKHO BBATH B BuIe (6.2), T. 6. OHE ABIASIOTCI OmEpPATOpPaMU
ymuosmenus nHa Gysxnuo. CiefoBatenbuo, npr z € Q mmeem

(K n9) (7) = Z exp [ - T ind I (r°, r’)] ‘/
i)

xexp[ih | (0, dn) o)) @) +0 3. (8.28)

r0

A7) |

Tarum oOpaszom, KaHOHHYECKHH omepaTop B ciaydae BB
paBeH cyMMe GHICTPO OCHUANHPYIOMHUX 3KCIOHEHT.
2. Toura 2° memur ma waycruke (T.e. 2° € n2 (A™).
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Nonycrum mas npocrorsl, 9ro Opoobpas x~1U, rme U —
MaJjias OKPECTHOCTh TOYKE x°, COMep:KUTCA B ONHON KaHOHHYe-
croit kapre Q. [lamee, GymeMm cuuTaTh, 4YTO HAYAJIO KOOPXUHAT
mepeneceno B Toary r (x°) m uro r’ € Q. CoraacHo popmyne (6.3)
K@ ecth A-upeobpazoBanme Dypwe GuicTpo ocnmIMpyomen
9KCHOHEHTH, H B 06DieM cjaydae TPYIHO IpuBecTH (ojiee TOY-
HYI0 HHQODMAOHUI0 0 CTPYKType KaHOHHIECKOIO omepaTopa.
OfiHaKo 5TO BO3MOMKHO [JIA HEKOTOPHX ocobeHmocTeil o6mero
DO OKEHIA.

A.OcoGermnocrs tunma A, (cm. § 7). B srom
caydae B KadecTBe (OKAJIBHBIX KOOPAUHAT MOYKHO BHOpPATh

KOOpAUHATH (D1, g, . . ., L,). MHorooGpasme A" B oxpecr-
TMOCTH HadaJa KOOpAWHAT 3afaeTCs ypaBIEeHHIMH
2 r . 05(2")
Ty == Py =
rie 2" = (xg, . ... ), p = (pg, ..., Pp). Homomnm

o (0) = 0. Hauee,

r(x)

/ 2
J (P, dx)—‘<x1(P1)7P1):SO(x —g'pf

70

CiegoBaredpHo,

(K) (2) = oxD [1ASo (&)] FF, s, X
x[@on (oo #) )/ | Sl |

ITocaepnuii maTETpaZ paBeH

I/"EES Pl/' dp az

exp ( —% ip: ) ] (8.29)

exp [17&( Pty — 7 Pﬁ)] dp;.
(8.30)

®asoBasg QYHRIMA DTy — (2/3)' Pi B DTOM MHTErpajie TOMHO
TaKas e, Kak m B mHTerpase diipm — QDoxa:

o0

v (z) = E 5 exp [ 1 ( +xt)]dt

Acumurorura unrterpaia (8.30) npu A — L oo, paBHoMepHasa
o Z;, UpH MajHX ¥; BHpa)kaeTcAd uepes Qyuxium Iitpm —
®oxra [H7].
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VmeHHO, B OKpPECTHOCTH Havalla KOOPIAMHAT CIpaBejJIHBa
acuMnrorudeckas dQopmyna .

(Ko) (z) =™ 2700 (1, £y o (— 270 ) 4
+e‘i“/42-7/ﬁx-1/ﬁ—~f+v”_f- v (—2 ) 0 Y. (8.31)

E2]

r) B TOY-

3nech [, — 3HaueHua QYHKIHAH ( l/ ldP dz’

Kax 1= = (£} zy, 2o, ..., 2,). B ‘{aCTHOCTI/I, npu x; = 0
IJIABHHIH 9ieH acuMOToTHRE pasen const ¢ (0) A€, 1. e.
dyuriusa (K¢) (z) pacter BGamsu kaycrukm npu A — —oo.

Paccmorpennas Bome ocobedmocTs THHA A, ABIAETCH
uamboiee IPOCTOR U siBAsieTcA 0COGEHHOCTHIO OOMIBTO 110JIO-
sennd (cM. § 7). PaccMoTpuM B KauecTBe IpHMepa ypaBHenHe
sfikonama (VS (x))? = 1, orBewawwee ypasuenurs lentm-
roueia (A + k") w (z) = 0 opu n = 2.

IIycrs S (x) — pemeunie ypaBHenums »HKOHANA, JHHEASI
S (x) = const sABIAeTCs BONHOBHM (POITOM HEKOTOPOIO
cemelicTBa Jy4ueli. TouraMm, B KOTOPHIX JOECTHTARTCH JOKAJh-
HBIH MaKCHMyM KDHMBHBHH BOJHOBOTO (POHTA, OTBEYAIOT
ocobenHOCTH KayctHku. licaum 2° — ofma W3 TaKUX Touek,
npuyeM z° — HEBHIPOKIEHHAA TOUKA MaKCHMyMa (3TO o3Ha-
wyaer, 9ro £’ HE ABJAETCH TOUYKOU meperuba BONHOBOTO PPOH-
Ta), To eil orBedaer (Ki0B» Kaycrard (puc. 3). Om pacmono-
JREH B [[EHTpPEe KPyra KPHBHBHEL, KOTOPbHII KacaeTcsa BOJIHOBOTO
Ppoura B toure z°. /lus BoamoBOTO QpoHTA, UMEHONIETO BHL
napa6oislr, 9ToT gaKT Obl1 ycraHoBieH B § 7, upumep 7.11;
aHaJIOTHYHO TPOBOJIUTCA [OKAa3aTeNbCTBO M B O0LEM caydae.

IIyete B okpectHocTr Toukm r° = (2% p°) € @ mommo
BHIGpaTh (POKAJbHEIE KOOPAMHATH (P, Ly, . . ., £,) TaK,
9T0 HpegRaHOHHYEeCKH omeparop K MOKHO ONpPEleanTh Kak
A-ripeobpasoBanue Dypre TOIBKO mO OfHON NepeMeHHOH p;.
[Toramem, uro gasmke B »TOM ciaydae PyHRIMA K¢ He BHDpa-
maerca uepes Qyurmuio Jipu — QDora mim Karyw-aubo
npyryio cuemmaiabuyio dynrmguio. Ilyers n = 1, gmas opo-
CTOTHI, W Jarpam:reso mmorooOpasme Al sagaercs ypaBHe-

HUuEeM
Atix = p*lk, p € R, (8.32)

rie k = 3 — mexoe 4ucao. 3aMeTHM, 4TO Takoe MHoI'ooOpa-
3Me acCoIMUPOBAaHO ¢ OOHKHOBEHHEM JAnAQepeHiinaiprubm



§ 8. KAHOHUYECKUN OQIIEPATOP 175

ypaBHEHHeM
1 1 d\:
- (_ik e ) y = xy. (8.33)

JleiicTBHTENPHO, B 9TOM Ciydae ypaBHeHWe I'aMuibroHa —
AroOu nMeeT BUY,

- ds (z)

_ nk
r=p, dx

JlarpammeBo MuorooGpasme — wpmsaa Al — guddeo-

mopdHo npoexrupyercs ua RE. meem

do _ ds _ -2
==V 1t

(ds — muuma nyrm wpusoit Al). Jlamee (sgech r = (z, p),
r* = (0, 0)),
S(r)~§( d2y — (2 (p), P)= — ot p**!
=) (P, P), P= — P
70

Hanornueckuil oueparop K = KA1 MOKHO B3ATH B BHIE

6.3), 1. e.
- T do | ,
(K9 () @ = Fipox (1 | 52| ex0 025 (1)) 90 (0))) =
A YR
— ) = [ T () () %
. k )
xexp [0 { =2 ppap) Jdp. (8.34)
Acmmurorura unrerpana suga (8.34) nupu A — |00 BLrUHCIE-
Ha B [55]. ME orpansYuMcsa oumucanueM KadeCTBEHHOW Kap-
THHEL.

. Cranumonapasie ToykKa $as3oBoll QYHRINH HAXOHATCA U3
YpaBHEHH

kp* = z. (8.35)

ITyers z = 0 ,purcupoBano. Ecam %k HeueTHo, To ypaBHE-
Hpue (8.3D) uMeeT 0HO BELIECTREHHOS PENIeHNe 1 ACHMITOTHKA
nurerpaia (8.34) paBHa BKIaAy OT CTANUOHADPHON TOUKH p =
= (z/k)*. Ecnu sxe k geTHo, to mpum z >0 uMelTCA ABe
BemecTBeHHbIe CTAIlHOHAPHEe TOUKH p = == (2/k)Y* n acumm-
ToTEKA HaTerpana (8.34) paBHa cyMMe BRIATOB OT 9TEX TOUEK,
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Ilpn z << 0 Bce cramuoHapnble TOYKHM HEBEIECTBeHHHl, TaK

aro (K@) (x) = O (™) (A — --o00).
B.OcofGenunocts Tuuma A, (em. § 7). B naue-

crBe (JOKAJBHHX KOOPAUHAT MOKHO BHOPATH KOOpPAUHATEH

(P1s 2y . . .y Zn), W ypaBHeHWe MuoTooGpasusa A™ mMeer BUJ
oS y ey
2y = —4p{—2piZs, pz=pi, p;=—1“—36@,——@,
3<i<n.
Orpaunynmcs caygaem n = 2. Torma
(Ko) (z) =

fexp [id (py -+ 21712952)]]-
(8.36)

Caegorareasno, acumurorura (K@) (z) mpn A — 4 oo Bripa-
ARAETCA "eped JTAMONUHEI HITErPAN BUAA

- . - d
= By, [ (0) (01 20 )| 2

Vi | exp it (p+ 2p%, + pe))l dp, (8.37)
ROTOPHI, OfHAKO, He BRIPAKALTCH depes Crernuanbase Qynk-
BH. SaMeTHM eme, 4YTO
(Ko) (0) ~ const ¢ (0) AL/ (A — “4-o00).
Hurerpan (8.37) cam siBiIsAeTcsS HOBOU cHenUaIbHON (yHK-

nueit, KoTropasa €CTeCTBEHHO BO3HHUKAET B TPEeXMEPHKX 3ajadax
OIITEKN I KBAHTOBOH MeXaHHKH,

§ 9. KeanroBaune molsi CKOPOCTEii B 1EIOM.
Bricmime mpuGamxenust

1. Boicmme npnémmkeHNs B OXHOI kapre. B mHacrosmem
naparpade, caegys [29], [40}, mMs mocrpoum Kamommdeckmit
onepaTop He ¢ TouHocTbI0 g0 O (A1), kak B § 8, a ¢ TOU-
Hoctbio go O (A™™) (m >0 — xa06oe) M COOTBETCTBEHHO
yrogauM dopmyxny kommyraiuu (8.10). Bymem npeamonarars,
9TO YCAOBHUA TEOPEMbI 8.4 BEIIOJHEHE.

VrTounuM Hpese BCero ONPOJENIeHNe KAHOHUYECKO20 ONE-
pamopa. Ilycrs € — KaHOHmYeCKas KapTa Ha JArPaHKeBOM
muoroo6pasur A", rouxa r’ € Q. Ilycre B KauecTBe JOKAJIb-
HEIX KoopaumHAT B Q MOKHO BHOpaTs KoopamsaTsl [ ==
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= (P(w), @) ¥ RoopamHaTH [ = (p(&«), x(ﬁf)). Torga Ha

Pyuxmuax ¢ € Cy (Q) KaHOHHUYECKHHA OnEPATOP MOIKHO OIpe-
mgeaurbh aulo gopmysnoi

K@® De= eiGvaip(a)*’x(a) [(P \

r

X exp [iks 0’y da'y —(x(, p(a»]], (9.1)

r0

do 1/2

APy dzg)

rae aprymestsl Beex QyuKimi Te ;ne, uto u B (6.3), nubo
opmynoit K (Q, T) ¢; umcio 8 ompepensercs amanormu-

o (8.2). Kax mokasauo B § 6,

K@ Do=K(@Q, Dlo+0RY]  (A—>+ o).

Jdemma 91, ITyemv 6 kanonuueckoli kapme Q MOHICHO
sribpamo aokaavrbie koopounamst I u I. Toeda das awboeo ye-
w020 M 2= 1 eywecmsyem maxoti dugbghe penyuarvupii onepamop

M—1
VA, H=1-+ 06V, T, (9.2)

j=1

umo 0aa aw6oi gynryuu ¢ € Cy (Q).

K@Q De=K®, VI, I)¢(mod 0Ty (). (9.3)
B0eco V? — aunetinve dudbepernyuarvrrie onepamopu
nopadka 2j ¢ npocmpancmee C§ (Q) ¢ kospguyuenmamu raac-

ca C* (Q), npuvem V' ne sasucam om M.

JorasaTexbpbcTBO, OO CYIECTBY, yike COTEPIKUT-
¢ B MOKasareabCTBe JeMMH 6.3, VIMeHHO, OpPH BHYHCICHHU
acumuToTuku murerpaga ¥ (cM. (6.11)) Mm orpaHmumiIuch
IaBHEIM ujeHoMm. Hak mokasaHo B 9Toil jemMe, \ eCTh HHTE-
rpaj 1o KoHewHoil o0macTu B TPOCTpAHCTBE (D(ay, Tg)
¢ ¢uHHMTHOH WofABHTEIrpadbHOW (QYHKIHEH, ¢ TOYHOCTHIO [0
cararaemoro Kaacca Oy mpu mioGom &k = 0. BununcsiBas cie-
NyIOUe WIeHH ACHMITOTHYECKOTO DABJIOMKeHUsS, IOJydaeM
B cuay reopemu 1.1, uro (cm. (6.23))

v=osp [43@+ -] |55l ¢

M-1 )
X o (r (@) + ]_; G TW Q] + Ko,

12 B. II. MacioB, M. B. ®eRopoK
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-1 + n
e (FA, p(;)_)x(&v))m) € O3 (RY) (M coxpanmim 0693Haqe-
auA jgeMmu 6.4). B cmny teopemm 1.1 oneparopm WY obia-
DAIOT TeMH K€ cBoiicrBamu, yTo B V7, m oTiIHYaTCH OT UCKO-
MBIX OmepaTopoB V’ wumciroBHIM MHOKHTEJIEM.

Jlemma 9.2. IIyemv Q — KanoHuueckaa kapma ¢ Koop-
ounamamu I, u nycmv ycaosus meopemws 8.4 evinoarenvl.
Tozda dan awbozo yeaveo M =1 cywyecmsyem dugpepen-
YUGADHBLL Onepemop

M-1 ,
Ro(@ D)= [Ry+ 2 @MZRLQ, D] (9.4)
J=

makoll, umo das awboii Pynryuu ¢ € Cy (Q) cnpasediusa
gopmyasa Kommymayuu

2 1
L(z, Dg; (@A)HK(Q, INg=

=K(Q, )R,(Q, Ipmod 0T (Q). (9.5)

3decv RY, — auneiinsle Ougpeperyuasvuvie onepamapu

nopadka j -+ 1 ¢ kosgpuyuenmanu kaacca C° (Q), a R} —
OREPAmop nepeHoca.

Hua moxasareincTBa foctarodno B Hopmyse (8.16) srmu-
cath He [Ba, a /M UNEHOB ACHMIITOTHYECKOTO PAaBJIOKeHmdA,
IOJIy9e€HHOI'0 B Teopeme 0.2, B ydecTh, 4TO omepaToph R;
B pasioskeHHE (5.9) ABAAITCA IUHEHHLIME OJHODPOZHLIME
nuddepeHImAABHEIME OEPATOPAMH.

Caegyer BamMeTnmTh, UTO SIBHOE BHIWICJEHUE OLEPATOPOB
V(,T)n R, (R, I) npuBogur k Bechma rpomosaxuM $op-
MYJIaMm.

2. Beicume upuGnmzenua B peaom. llycrs A = A" ectb
n-MepHoe JjarpamxeBo C°-mMuaoroobpasume B ($azoBoM Ipo-
ctpaacrBe. HanoMHuM, 970 yemoBus Te0peMHl 8.4 BHIOMHEOHE.
Quxcupyem toury r°€ A, wamommdeckmi araac {Q;},
JIOKaJIbHEE Koopamaatsl 1; Kamkmoll us Kapr Q; m durcupyeMm
pasbuenme eguaunE {¢;}. [locTpoum KaHonUYecKHil omeparop
mo Qopmyuae (8.2):

KA(P = 2 K (Qj7 IJ) P,
7
roe ¢ € Cy (A). Iycrs oueparop
L=—iNt'-2 4 H(t, z, A Dy, (M)

YLOBIETBOPAET YCJAOBHAM Teopembl 8.4.
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Teopema 9.3. Ha Mnozoo6pa3uu A cywecmsyiom
marue duggepenyuarvise onepamopn V! = V' (H) nopadra j,

ymo Ha Pyuryusxz ¢ € Co (A) npu awbom yeasomw M =1
Cnpasediuso PABEHCME0
M-1

g O -
(—int o +H) Exp=Kp{ 32 W) ¢ (mod 0%y (A)).
1=1
HoxasarteasbcTso. Umeem, B cuay memmer 9.2,

LEA9= 2 K(Q;, 1)) Re(Qy, I,)(e;¢) mod 0¥ 3 (A). (9.6
2
IIpeoGpasyem HpaByI0 4acTb BToro pasexHcrsa K Bumy (9.5).
Cruenys [30], BBegem omeparop B = MV (I;, I;) ey B mpo-
R

crpanctBe Cy (Q;). B cuny (9.2) umeem

M-1 X
B =14 2 Bixl,  Bi=2V'(; 1) e
=1 |3

Onepatop Bj saBasercss AuddepeHnualbHHM OTEPaTOPOM

nopsaka ! ¢ kodddunuertamu kmacca C~ (Q;). Bynem uckats
dopmanbHHil npaBuil o6paTHWit omeparop (B’)"! B BuIE
M-1

(B)1 =1+ 121 B, re  BI — muddepeniuanbHre

omepaTopil mopsAgKa [ ¢ KosdPunmmentaMm U3 KJacca
C” (Qj). Jas »roro paccmorpuMm (QopMaabHOE YpPaBHEHHE
oo

B (1 + > BiAY) = 1 n npupaBuaeM Hymo KoodQUIHEHTH
=1

npy cremeusx A", m = 1, , N — 1. Mum moxyaum
PEeKYPPEHTHYIO cncTemy ypaBHeHI/IH n3 KOTopoi nocneJmBa-
TexbHo Hadljem omepatopu By, I =1, 2, — 1.

ITocTpoerunil Takum 06pasdoM oueparop (Bj) -1 6y,t[eT YAO0BJeT-
BOPATH PABEHCTBY

. . M-2 ~.
BBy t=14x™™ 2 AUBI,

rae BJ = auddepeHinaibue OIlepPaTOPH HnopAAKa l ¢ xo3p-
Punmenramu m3 Kaacca.C™ (Q;).
124
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Homnuokasn B gopmyne (9.5) dyuwmmn R, (e;p) caeBa
Ha Bj; (B;)™' u ucmoapsys coorHomenune (9.3), mosyuaem

}]_] K(Qj, I) Ry (R, L)) (e;0) =
= ; K (Q;, I)) (’%}‘ VI;, I)e, X
(ZVZy, )" Re (@, 1)) e (mod 0%y (A)) =
= %K@ L)a X2V Uy, In) em) X

X BL (Qj, ]]) Ej} ¢ (mod 0_,]‘1 (z\))

Buipaskenune, crosiniiee B QUTYpPHEIX CEO6KaX 110 II0CTpoOe-
M-

HHE0 MOJKIO TpefcTaBuTh B BHAe 1 - Z A ’Q,, Tje QJ —

muddepeHIEaabiibie OUCPATOPH, YTO U uoKa3mBaeT TeopeMy.

damernM, dro gopmyna Kommyramum (9.5), B oranume
or dopmyant (8.10), norasama mis QUKCHPOBAHHOTO KAamo-
HHYECKOTO aTiaca M s PUKCHPOBAHHOTO pa3lfuenus emi-
HHUIIHL,

3amedanue. Ecaum supp ¢ me comepmur ©cobpx To-
4eK, TO (OPMYIALI KOMMYTAIHU YIIPOWAIOTCA; HALPHMED,
dopmyna (8.5) mpumer Bup|

LEq=KLg+ 0.

B panpneiimem GymeM, miasi KpaTROCTH, HCIOAB30BATH HMer-
HO Tarylo, yOpoMenuylo samich HOpMys KOMMYTAI[UH.



JACTH II

KBASURJACCMYECKOE NIPUBJINKEHVE
JJA HEPEJJATNBUCTCKUX N PETATUBUCTCKUX
YPABHEHUNI KBAHTOBOII MEXAHUKHI

§ 10. 3agava Koum ¢ OGwmicTpo ocnummaumpywomumMu
HAYaJBHBIMH JAaHHBIMH A CKASIPHBIX TFaMHJIbTOHHAHOB

PaccmarpuBaerca 3amada HRomm
[ADy + H (¢, z, A'D )] u = 0,
 Ji=o = U (x) exp [iAS, (1)1,

rie Sy () — BemecrBennosnagdag Qyariusa. lanasie Houmm
HHYIUDPYIOT #-MepHOe Jarpan;keso MHOTooGpasue A? B dazo-
BOM TipocTpaHcTBe (2, p). ACHMITOTHKA pEHIeHUs A BTOH 3ama-
g Homu «B Masmom», T. e. 3a MaJjioe BpeM# £, OBIIIa OCTPOGHA
B § 3. B macroamem maparpage 8ygeT moCTpOCHA ACHMITO-
THKa peimenug 3amaun Komm «B GoapimoM», T. e. 3a JwGoe
romeynoe Bpemsa I (0t D).

AcmMnrornKa pemenus 3agagu Homm B mejoM cTpomTes
mo ciaegyiomenl cxeme:

!
g
n tAT
Af——g'A]
L
¢ -
KAg RN thASL = U.
3necy g' — CABHT BOTL TPAEKTOPHil AUHAMHIECKON CHCTEMH
¢ rammabronunanoM H. Takum o6GpasoM, acEMITOTHKA perie-
Hma w (¢, z) npu A — - oo BEIpaskaeTcs Yepes KaHOHHYECKui
onepatop K ;p, aCCOMUMPOBAHHEIA C JATPAHIKEBBIM MHOIO-

o6pasmem g'Al, KoTopoe IOJY4eHO CABHIOM 3a BpeMms ¢
HayaJgbHOro MHOroo6pasus A7
1. Ilocranoeka sagaun. Paccmorpum 3ajaay HKomm

Lu (¢, z) = 0, (10.1)
U | 1m0 = up (z) exp [iAS, ()] (10.2)
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¢ OHCTPO OCHWIIHPYOIMUMH HAYAJbHLIMY JaHHHMHA. 37ech L
€CTh CKAJISIPHBIA A-m.J.0. BHja

2 i
L=A\'Dy+H(t, z, A1 Dy (iA)™), (10.3)

t >0, 2z € R*; H ectb A-n.a.0. B oneparope H nepemennas ¢
mrpaet poab HapameTpa. OTHOCHTEILHO HAYANBHBIX JAHHBIX
mpepionaraerca, 910 U, (x) € Cg (R™), S, (z) € C* (R),
¢yarnusa S, () BemecTBeHHO3HAYHA,

Bypnem mpepnriosarath, 9rT0 BHIIOJIHEHO YCJIOBHE

H 10.1. CumBon H (¢, z, p; (iA)~!) BemecTBeHHO3HaYeH
npu —oo << t<< o0, A > 1, (z, p) € R un npunamiemurt
raaccy TP (RE) upu xampom ¢urcupopauaom ¢, 0 <L ¢t <L T,
rxe m ue saBumcur oT ¢. I[locTosmame C,5 B omenke (2.6)
MOHO BHOpaTh HE 3aBHCAMVMYE OT f.

Bri6op mavansunx mamuunx (10.2) me ciywaen w nurTyer-
¢s1 cymecTBoM 3afagd. He st BCAKHX HAYaJbHEX JAHHBIX
aCHMIITOTHKA pemenust OymeT ONMCHBATBCA B TePpMHHAX
KiaccuyecKkoil MeXaHWKH, T.€. B TeDMHHAX YPABHEHHSA
Tamunprona — fIxo6u.

Tpe6yercs, uTo0H HadadabHEIE YCAOBHA YHOBIETBOPSIH
npuHyuny coomeemcmsus, T. e. 9robu npu b = A=t — 0 Bce
KBAHTOBOMEXAHUYECKHE BEAMYHHE!, mMeomue uIHIecKOi
CMBICT, TIEPEeXOfUAN B Kiaccuueckme. B wacTHOCTH, WMIYIEC
p = —AYD u QmolKeH uUMETh KiHAaCCHYeCKMWHl Ipelel mHpH
A — Joo. [laa navanpuux gamprx Bama (10.2) sto ycxosue
BBIHOJIHAGTCH
lm AtDat i =t (2) 22
A—>+}o0 £

Bonee ofmue HauajbHEE JaHHEKE OYLYT PACCMOTPEHH HUMKE.

OueBuAHO, 9TO He BCSKWE HAYAJbHEE JAHHEE YHOBIETBO-
pAIT DPUHOULNY cooTBeTcTBUA. Keam, Hampummep, paceMoT-
perh s cBobGoxHoro ypaBuenusa Ilpeamurepa

aw R oy
lh — 7 2m 022

3agagy HKomm

P limo =@ (z) exp (—,’fz-) » 9ECT(R),
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rme ¢ == 0, To cpeffnee 3HaveHUEe MMOYJALCa, T. €.

v — L (L, z
s-—lp(t, x)th—l—p—(gz—)dx,

-0

Gyner cTpeMuThesa K GeckomewnocTH npu b — 0.

Iaumase KHomn (10.2) obnamaroT ciaegyomum 3aMedaTelk-
HHIM CBOMCTBOM: OHM HHAYOMDYIOT R-MEDPHOe JarpaH/KeBo
MHOT006pa3zue

n S n
Ay ={( p)y: p=22, zenn)

B dasoBom mpocrpaHcTBe R}”,. Brbepem B KauecTBe o0beMa
Ha A} dopmy do™ (z) = dz} u Purcupyem toury r® =
= (2%, p® € A}. Tormai mamnne Homm (10.2) mpumyr BuR

U |i—o =exp [iAS (29) KAgU«o ()], (10.2%)

rre K — kKaHOHMYeCKHI omepaTop, OTBeYaOmuid Heocoboi
kapre (cm. (6.2)),

Ecrecrennsm ofobmenmem 3agawm Komm (10.1), (10.2)
CHY/KUT 3a/{a9a ¢ HAYAJNbHHIMI JAHHHEIME

Ult—o = K n 1t (2), (10.4)

rme ug € Cy (A"), K — wamommueckmit omeparop. Taxme
gagebe Komm OyneM uazbBarh  Kanonudeckumu. J[laHHEE
Komm Bmma (10.4) ofGpasyror Gojee mMMpPOKmH KIacc, IeM
marane Komm Bupga (10.2), Tark Kak KaHOHMYECKHWE omeparop
HE CBOOATCA K OMEPATOpy YMHOMKeHAA Ha (YHKOAI.

Crcrema 'amunprona, orsedalomas omepatopy L, mMeer
oy (cMm. § 3)

de __ 0H(t, xz, p; 0) dp _ 0H (¢, z p; 0) .
w= o w = w109
Haanee,
as dH (¢, z, p; 0
T <P, __(Ti;u>_H (t, z, p; 0), (10.6)
dE oH (¢, 2, p; 0) at
w= T m o w=h (10.7)

rme E — ppoiictBernas K ¢ mepemennasn. Cmcrema (10.5) —
3T0 YKOPOUeHHAA CHCTeMa |aMMJILTOHA; WMEHHO, BMECTO
(2n 4 2)-mepuoro ¢asosoro mpocrpauctsa (¢, z, £, p) Mu
paccMarpuBaeM 2n-MepHoe ¢asoBoe mpocTpaHcTBO (Z, P).
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HNamuamre Komu (10.2) ungynumpyroT narpamuesy 3agasy Homu

as N

zho=y, plheo=-"2,  yeR;  (10.9)

mag  cmeremst 'ammaproma (10.5). MuoskecrBo Al =
= {(z, p)rz =y, p= ié‘%)—, y € R"} ecrs n-mepHoe

narpamkeso C™-muoroobpasme B (az0BOM THpPOCTPAHCTBC
R?", wroropoe muddeomopPuo MPOEKTHDPYETCA HA Z-HPOCT-
palCTRBO.
Meron mocTpoennsa KBa3suKIaCCHIECKOM aCHMITTOTHKE KaHo-
Hugeckoil samaum Homm ommcsiBaeT CIeRYINAS AHArPaMMa:
n gt tAn
Al ——g'A}
oo

8
K yn ——> K n=u ().

(HecymecTBeHHble [ HOHMMAHHA MHOKHTEIH, BPOJE
exp [irSy (z)), omymenn.)

1. KBauToBLIll 00BeKT — raMuiabToHMa® [ — HEAYNHA-
pyer wuaccmueckmit o6BeKT — cuctemy I'ammibroHa —
u capur gl

2. Kanmouuweckue maunsre Komm mia ypasmenns (10.1)—
ato mapa (A7, ug), rHe A} ecTh n-MepHOe JarpaH;KeBO MHOTO-
ofpasue B ($a30BOM TIPOCTDAHCTBe, U, — (yukmus ma A7

3. 9Boxionusa Bo BpemeH:n MHOTOooGpasmsa A mpomcxomur
116 3aKOHAM KJIacCHUecKol MexaHmKd. VMeHHO, CABAT BXOIb

Tpaektopmii cuctembl [ammibroHa g': A — g'AP, e g'A”?
TAK/Ke ABIAETCA A-MEDHHIM JarpamxeBrM C-MHOT000-
pasmeM.

4. Tereps MB BO3BpamaeMCA OT KJIACCHYSCKAX 00BEKTOB
K KBaHTOBHM. Ilo HadansHeM RauuabM (A, ©y) CTPOAM KaHO-
HAYECKUH omepaTop KAg. IBononuA GYyHRIAHA KA{} uy (. e.
manebpx Homn) Bo BpeMeHn IpORCXORMT B cuiy omepatopa L;.
a PBOJIOIAA ee aCHMITOTHKA — B CHJY omepaTopa g', T. e.
uo () > u(t, vy =~ K tantho- Togusie $opMyaH TpPUBEREHK
umue (em. (10.47)).

Hpyroit! momxox cBA3aH C pacCMOTPeHWEM IIOJIHOTO
(2n + 2)-meproro dazosoro upocrparcrBa. Jammme HKomn
(10.2). mopo:mpmaoT n-MepHOe JATPAH;XEBO MHOroobpasme
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7\’.} B (2n 4 2)-mMepmoM $asoBOM mpoCTpPaHCTBE ¢ KOOPRH-
maramu (¢, z, E, p). Umenno,

Ar=A{(z, p): (z, p)EA}, t=0, E= —H (0, z, p; 0)},

rme « = (¢, z), p = (E, p). Ilyers G': R™2 » R2™?%
OIIepaTOP CHBHTA BHOJNSH TPAGKTODPHH IOJHON TaMUIBTOHOBOM
CHACTEME (10 5), (10.7). Torga MHOMKECTBO
A’n+1 U GtAn
—ooL <o

ecTh JdarpamkeBo (n 4 1)-mepmoe mmorooGpasme B R2™Z
ecaym BHINOJTHEHH ycaoBms npemmowmenus 4.19. Mior006-
pasme A™! o moCTPOEHNI0 MHBAPMAHTHO OTHOCHTENBHO CABH-
TOB BIOIb TPAeKTOPHN MNOJIHON TaMHJIBTOHOBOH CHCTEMEL.
Acumnroruka pemenua s3agaunm Homm (10.1), (10.2) moser
OBITH TOMyYeHa ¢ IOMOMbI0 KaHOHMIECKOTo onepaTopa K ,n+1,

2. AcumnroTura pemenns sagaun Howmmu. ITommmo ycmo-
Bua H 10.1, BBemeM ycuaoBme

H 10.2. Pemenune sagaun HKomm (10.8) mug cmeremn
Tamuasronma (10.5) cymecrByer m Geckomeuno mauddepennu-
pyemo B cimoe II:y € R, 0Tt << T.

IlocrponM acmmmrToTwKy pemenns sagaun Hommm (10.1),
(10.2). Ormer:mM, 9r0 MH mocTpomm ¢.a. pelnendme, T. €.
PyHKOUIO, KOTOpasA TOYHO YAOBIETBOPAeT AAHHBIM HKomu
n OpubJmKenno ymoBaersopser ypasmenmio Lv = O (A72).
Crporoe ofocHOBaHME ACUMUTOTHYCCKOH (GopMyan Tpedyer
OLEHKH HOPMHL 00paTHOro oiepaTopa; B mpocreiimeM ciydae
aTa OneHKa OyZer moiaydewma B m. 3. PaccMoTpmMm 3amady
Homn gna ypaBmenus nepenoca

—~Me=0,  @limo=1ue(y), (10.9)
rge 0003HaUeHO:

02HoO aHo o
M=~ 2 Z “orjop;  oe ' H'=H (t, z, p; 0j, (10.10)

u B aTEX fopMmynax z = z (¢, y), p = p (¢ ¥y) (1. e. TouKa
(z, p) nexxmT Ha $a30BOIl TPAEKTOPHH, KOTOPAA B HudaIbHBIH

MoMeHT BpeMerm ¢ = () mpoXomur dYepes TOUKY ( v, __aSg,y(y) ))
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Pemenne »rToif 3aadm MMeeT BUJ
'3

p=exp ( 5 Mt ) g (y)- (10.11)
0

-3mechs U faiee
oHo

P)
=2 @ 2, D) |e—o-

Tax Kak uy (y) — Punnrtean Pymxumsa, 1o opu 0 ¢ <K T
PYHEKIOAA @ OTIAYHA OT HYJNA TOJBKO HA KOMIIAKTe . 7 B (aso-

BoM IpocTpaHCTIBE: F o = | g'r, THe T = (y, fﬁ"_@) ,

o<i<T %y
y € supp ue.
Pacemorpum (n - 1)-MepHoe marpammeBo MHOTooGpasue
A™1 B pazosom npocrpanctee (¢, z, £, p) u BBegeM 0603Ha-
9eHASN:

r@=(yv. 2L},  r@=¢ra)
T (y)=(0, —H (0, 0 (y); 0), r(y)),
rR=r(y), =7y,

roe y° — QurcmpoBaHHAS TOYKAa. B KawecTe o00beMa Ha
A™', HEBapHAHTHOTO OTHOCHTeJNBHO ciBUra G', BHIGepeM

do™ (GFr (y)) = dt dy.
Paccmorpum  QyHRIIIO
v (t, z)=-exp [iASy (29)] K \n1, (10.12)

rne ¢ onpenensercsa us (10.11), npu 0 <<t << T. Kax 6nuro
0TMe4YeHOo BHIne, QYHKIMA ¢ OTINIHA 0T HYJIA TOJABKO Ha HEKO-
TOpOM KoMIaKTe & r, IpoeKmus Koroporo Ha R, coBmagaer
¢ % r. BrifepeM pasOuenne equHAIEL, 10 KOTOPOMY CTPOUTCSH
KaHOHHYecKHHA omepaTop Ha A™!) Tak, uroOH TOJTBKO KOHed-
Hoe wnchHo QYRRIuHA e; OBIO0 OTAAIHO OT HYJNA Ha ¥ ) TOTHA
$ynEnua v GymeT TOXAECTBOHHO PaBHA HYJNI BHE HEKOTO-

poro wommakra ¥ r B R X R;. MHamee, supp u, MOmkHO
SAKII0YATE B HEOCOOYI0 KapTy W ONpEfieIuTh KAHOHWIeCKHM
omepaTop B Heil mo mpocreiimeit popmyne (6.2).
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Teopewma 10.1. Qynkyus v, sadannas Gopmyrol
(10.12), yodosaemeopsem navaavromy ycaosuto (10.2). Hdaaee,

Lv = A2y (¢, z, A) (10.13)

unpud =1, 0t << T v npu aobon yerom N = 0 sunos-
HAemcs OYenka

[v@ oz M I<Cy(A+ |z )N (10.14)
HdoxaszarteanbcTso. Umeem
v(0, z, A)=exp [iAS, (29)] K ,n1@ |t—0 =

)]
= exp [ 1A (8o (29) + 5 (P, da)— H dt) | 1m0 =
0

"l

= Q |10 = U (¥)s
31ech MH BOCIOJb30BATHCH TeM, YTO HHTOTPAT

{ v an—nma, (10.15)

B3ATHI 0 KpWUBOH, iae:xameil ma A™?!, me 3aBHCHT 0T HyTH
WHTETPAPOBAHAA, TAK 9TO0 B KayecTBe KPUBOH, COeTUHAIOM el
Tourm 7°, T (y), MOMKHO BBATH IyTh, Ha KoropoM ¢ = O.
Torma (smece u mamee y* = z%)

W T
§ e dry— | dSy@) =S50 ) — Sy @9):
o 70

Hanee, u3 dopmyasr xommyramuu (8.10) m u3 Toro, uTo
OyHRUEA @ yHoBaeTBOpAeT ypabBHemmio mnepemoca (10.9),
ciexyer, 4To

LKAn-H_(P == 0 (}\1_2)

pasromepuo mo z € R”, 0 <L ¢ << 7. Boxee TouHasA oneHka
(10.14) BuTeraer U3 QMHEATHOCTE (YHKIAM ¢ 1O IEPEMEH-
HHIM Z, p 1 u3 TeopeM 2.6, 5.2 u geMmst 6.3.

BoipasuM ¢yHKNUIO v depes KaHOHWYECKHWE OLNEePATODH
K AP (puc. 2); sT0 maeTr Goaee 0603PEMEE ACHMITOTHYIECKIE

dopmyns mia v. llporssonaman GyERHAA S, acCcOAAPOBAH-
Haa ¢ mHOrooGpasuem A™!, umeer Bup (10.15). Jlarpam:xeBo
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muoroobpasue A} mapamerpusyerca mnapamerpamu y. IIycrs
r: (y) = G'r (y). B cmny wesaBmcmmocT: muterpama (10.15)
OT WYTH WHTErpUpoBamua Ha A™! mMeem

T

(p, da)— H dt) —

TFo
T4 )
= S «p, dx>—~Hdt)+5 (p,dz), (10.16)
70 rl(yO)

rZie LepBHIlt nHTETpaJ B IpaBoil TacTu Gepercsa BROAL (azoBoil
rpaektopar B R¥“2, a Bropoil — BoNb KPHWBOM, Je:Ramien
na A}. IlepBorii W3 9TMX WHTErpasioB eCTh QYHRIIMS TONLKO
or {, mocaeuUN ecTh fAelicTBHe na MHOrooOpasmu Af.

Hamnee, B! ompefenerne KaHOHWYECKUX OIEDPATOPOB KA?,

KAn+
By Ha A", coemuusawinyw Toukn r° m ry (y), CyMMoit ABYX
KPHUBEIX, LOJY4YaeM B CHJy aXZMTHBHOCTH HHEKCA M ORHO-

CBA3HOCTH DAaccMaTpHBaeMHX MHOTo0o6pasmii, 1UT0 HHIEKC
9Toli KpuBoOiHl paBen

ind y [P0, 7¢ (y0)] +ind v [r; (1), 7 ()]

Tlociennnit mugexe ecrecrsenHuiM 06pasom Boiifer B omepa-
Top K AP A TMepPBHI JacT YUCIeHHBI MHO:EATeAb. OKOHYA-

1 BXOJUT MHJEKC KpHBOfi. 3aMeHss, Kak W BB, KpH-

TENBHO MOXYYaeM CAETYIOIYI0 «palodyoy acHUMITOTHISCKYH
dopmyny:
v, z, M= eibKA?u(p, (10.17)

Ty
6=1[S)+ | (p,dy—Hay—Fina31, 7 1]
7o
3ameganue 10.2. OuweBugmo, uro rTteopema 10.1
ocraercsi B cmne, ecam ycaosmg H 10.1, H 10.2 somonzeun:
npu 0 <Ce¢t < T.
3ameganue 10.3. Teopema 10.1 ocraerca B cuie
mus garpamkesonl sagawu Homm (10.1), (10.2) ¢ ¢pyarmmei
uo € Co (R").
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Canepcreume 10.4. Hyemv ycaosus meopemnr 10.1
guinoanens, u H — onepamop ¢ cuMmempuumbim CUMEOLOM:

~ 1 2 1 1 2
A= [H(t, x, \Dy)+ H (2, z, A1D,)].

Tozoa
v(t, x, A) = eiﬁKA?uO. (10.18)

[IpwBepem siBmyro Qopmyay mas ¢. a. pemenus B Hedo-
KaJTbHBIX TOUKaX. DBemgem ycioBme

H 10.3. Tlyers Toura (¢, x) TaKoBa, 9T0 MMEETCST KOHEY-
HOe 9ncT0 (a30BRIX TPAEKTOPHi, IPOEKIHA KOTOPHIX (JIyuH)
B MOMEHT BPeMEeHH ! TPUXOogAT B TOYKY X, U TOYKA (t, z)

HeOKAIBHAA.
Jro osHagaer, 4TO 3amada
N
X o=y, P[T=0:(—a9§(—), Xlemi=2z  (10.19)

i1 TaMuIbToHOBON cucteMsl (10.5) paspemmma mpm Komed-
HoM guese sHavenuut y — y’, 1 <C{j << N. OBosmaumm coor-
BeTCTBYIOmuE (GasoBble TPAEKTOPHU TaK:

lf(tv .1’) = {X = X(T? yj)# P = P(T,y]), Ogrgt}’
rak aro X (¢, y’) = z. Homosxam

J (t, y) = det ”—g;yl : (10.20)

rorga J (¢, yj) # 0 mo ycuaosuw. Bsemem olosznauvenns:
t
Si(t, ) =So () + | (p, doy—Har),  (10.21)
i
rme nHTerpan Gepercs BHoAb TpaekTopmu [ (£, x),
m; (¢, ) = ind I; (¢, ). (10.22)
Teopewma 10.5. ITpu yeaosusx H 101 — H 10.3
P. a. pewenue sadavu Koww (10.1), (10.2) umeem suo
N

'(tv ‘x)
v t, Z, A) = W ——(P]._—___._——
(& & VTG 4]

X exp [zxsj (@, x)——"z’i m; (t, x)]. (10.23)
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3nece @; (f, z) ompemenserca mo $Hopmyne (10.13), rme
mHTerpax Geperca mo QasoBoil Tpaexropum I (¢, x).

HoxrasarenscTo caenyer u3 (10.17) u oupepenenns KaHo-
HHTECKOTO oIepaTopa.

3. 06 omenke odparroro omeparopa. B u. 2 6510 mocTpoe-
Ho (opMaZbHOE AaCHAMITOTHYECKOE pemenue sagaun HKomm
(10.1), (10.2). Hmenuo 6pia mocTpoeHa QyHEmmA S  (CM.
(10.17)), wxoropas ypmomaerBopger mammmM Komu, a Opu
mopcranoBke B ypaBuenme (10.1), maer manaywo HeBasky (T. e.
< v=0 ("1 apa A - 4oo). OgHAKO 0CTAETCH OTKPHITHM
Bompoc: OyfmeT Jau «upubimiKeHHOe peIieHAey v OJHA3KO
K HCTHHHOMY pPOHIGHHIO u?

ITOT BONPOC ABISETCA M KpaiiHe BaskKHHM, W Kpaiime
TpynasM. VmeoTcsa upumepn, Korga puddepenguaibuoe
YpaBHeHHEe HMeeT (ODPMajbHOE ACHMIOTOTHIECKOE PEIIeHHe,
HO He CYMeCTBYeT HUKAKOTO HCTHHHOIO PemeHns ¢ TaKoi
acumurorakoi [20].

IlpuBeneM ofwn pesynsTar, NO3BONAWIUN UOJYIATH
cTporoe o0GOCHOBAHHE ACHMITOTHKH, T. €. IIO3BOJAONMI
TOKAa3aTh 0Jn30CTh ¢. 2. pellenHs M UCTHHHOTO peMieHHA.
IIyers &# — ruapbeproBo MPOCTPAHCTRO € HOpMOH |||,
A: J8 — FE — camoconpmIReHHE omepaTop € 0BJIACTHIO
oupenexenus D (4), f (), 0 <<t << T, — pyuxnua co 3uave-
Husamu B $¥ u dpyuxnus || f (¢) || venpepoiua upu 0 < ¢ < 7.
Pacemorpum Bagawy Homu (cm. [66])

i dutf),  O0<u<T, .
u (0)=us€D (4).

IHpegaosmeunne 10.6. Pewenue sadauu Kowu (10.24)
cyupecmeyem, eOQUHCMBeRHO U Ydosaemeopsem Oyerke
t

lu@I<luli+ {17 @ e (10.25)

0

(10.24)

npu 0 Tt << T.
JokaszaTeubcCTB o CleLyeT u3 ABHOIO BUA peIme-

HuAa
t

u (t) =exp (—itd) uy+ S expli(v—t) Al f(t)dr
0
¥ YHUTApHOCTH omeparopa exp (iad) mpu a € R.
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4. 3anava Komm ¢ 6BICTPO OCHMINHPYIOIEME HAYaIbLHLIMH JAH-
HbBIME N paspsiBbl PyHIAMEHTAJIBHBIX peimieHHil runepGoaMYecKux
cmcTeM, PaccMoTpuM ¢Tporo rumepOoinndecKyr CHCTeMy us N ypas-
HeHHA ¢ YACTHHIMA NPOM3BOJHHEIMH

Lu (t, ) = [ (¢, 2). (10.26)
3pecs u = (uy, ..., up) (BekTOp-cTOMGem), z € R™, f-— BexTOp-
croaber,

2 1 1
£ =L (z, Dy, Dy) (10.27)

u L ects (N X N)-Marpuna. IlpegmonaraeTcsi, 9T0 BHIOJIHEHO YCJIOBUO
L 10.1. daemertnt MaTpunpl-gyaKRuun L (2, py, p) ABIAKTCA TOIU-
HOMAMHU CTemeHd < m OT NepeMeHHHX (pg, p) € R]L70 X RJ’; ¢ Koagdu-

nuepramu kKiacca C® (RE). Kospounuear npu pi ecTh eguAMYHAS
(N X N)-matpuna I.
Taxem oOpasoM, cumMBoX L paBen

m-1
L(z, pg, p)=p01-+ 2 p’;Lh (=, p)s
k=0

rae MaTpHE Ly — IOJIHHOME OT p ¢ Kos@uuuentamu riaacca C% (RE).

CopMynupyeM yCIOBHe CTPOroil IUNepOONNYHOCTH CHCTEMEI
(10.26) (cm. L 10.2). Hycts L°(z, py, p) — crapmas ofHOPOAHAS
vacte Mmarpuru L (z, pg, p), T.e.

Lz, po» p) = L* (z, po, p) + L* (2, po» P)

Ifie IeMeHTH MaTpPUIH L% — OQHODOAHHE MOJNMHOMEL CTENEHH m OT Ie-
peMeHHHX (pg, p), a dIeMeHTH MATpuuHl Ll — IONMHOMEL cTejieny
<m — 1 OT Tex e IlepPEeMeHHHIX.

L 10.2. YpaBHeHHe

A (xv Pos p) = det L° (-731 Do, P) =90 (1028)

OTHOCUTENBHO po mpu Bcex z ¢ R™, p € R™\ {0} uMeer posHO mN
KOpHe#l pyj = pg; (x, p). Bce 5TH KOpHE BemeCTBeHHW M DA3JIHTHE
upu Beex z € R®, p € R™\ {0}
B uacTHOCTH, U3 9TOTO YCIOBHS BHITEKAET, 4TO Bce KOPHM p,; (z, p),
1 < j< mN, GeckoHeudo pmdpdepennupyemsr mpu z ¢ R®, p¢€
€ R™\{0}. Koprn pg; (z, p) ABNAIOTCA OJHOPONHBIMA QYHKIUAME OT p
mopARKa
IipuMepoM crporo runepbonudeckoro ypapmerus {N = 1) gBuger-
cA BOJIHOBOE YpABHEHIE
2w, A
T R (z) Au,
rae xoaddunuent ¢ (z) € C*(R%?) H ¢ (z) > 6 > 0 upu z € R*. Ecax
KoGaBUTh K BOJIHOBOMY onepaTtopy Au¢depeHNHalbHLIA ONEPATOP Hep-
BOI'0 HOPAAKA

2@ g+ D) b1 ) g+ o)

=t
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¢ IjagkuMu kodPPHIMenTaMy, To MOJYyYeHHOE YPaBHEeHMe Takike Oymer
CTPOTO THIEePOOIIICCKIM.

HeobxoguMo, Kpome TOro, BBecTH TpeDoBaHHe, 4TolH yCI0BHEe
CTPOTOil TANePOOTHIHOCTH BHIOAHANOCH PABHOMEPHO TI0 TEPEMEHHBIM 7.
HanoMHEUM TarKe, 9TO B HACTOAIeH KHHre paccMarpuBaiorcs judde-
peHIHaIbHEe ONMepaTopH ¢ cuMmpoxamn wkjacca T. Hambomee upocro
dopmynnpyeMsiM (Ho m Hanbomee rpyGhIM) yCIOBHEM TaKOro poja
ABJSIOTCST  YCIOBHE

L 10.3. Cymecrsyer a > 0 Takoe, uro Matpuna L (z, py, p) He 3a-
BHCHT OT z OpH | z | > a U OfHOPOAHA U0 ePeMeHHHM (pg, p).

Hdocratoyro BMmecto yexosusa L 10.3 mnorpeGosarh, nanmpumep,
41006 KOIPPuUIHmEnTs (Pl CTeUeHAX py, p MaTpumsl L) mocTaTodmo
OBICTPO BEIXONMIU HA TOCTOAHEEBIE TWpH | x | — oo W 4TOGEL JOCTATOUHO
60IBIIOe YHCJIO0 MX IPOH3BOAHEIX CTPEMIIIOCH K HYJIO OpH | z | — oo.
ITpepensastii camson L (oo, pg, p), pasyMmecrcs, o6sa3an ONTH CTPOTO

rumepboangecKIM.
Hocrasum 3agmagy Komwu gns ypasmemust (10.27):
D} ul_g=up (2), 0Lk m—1. (10.29)

Teopna samaun HKomu pias ruuepGoinyecKnX ypaBHeHHI pasBHTa
B paGorax [84], [78], [17]. Ham nomagoGuTcs TONBKO OXWH, CPaBHU-
TeJbHO IPYOHIl (axr.

Iycres pammsle Homm — up (z) € C°(R™), a unpasas dactb
i, yeConpn 0 < ¢t < T, x ¢ R Torga (upu yemosusix L 10.1—
L 10.3) pemenwue 3agaun Homn (10.26), (10.29) cymecrsyer, enuH-
cTBeRHO 1 Oeckomeuno puddepernupyemo upn 0 <Lt << 7, x € R™

Cmerema (10.26) me cogmepswuT OGOABLIIONO mapaMerpa A, OmNHAKC
qepe3 HEKOTOpOe BpeMs TaKOBOIl mapameTp UHOSABNTCH.

Beenem uomartme wmampuyw I'puna G (¢, z, 2% 3sagaun Homm
(man upocro marpmusl I'puma) pas omepartopa L. Mampuyeii Ipuna
naspiBaercg (N X N)-martpunma G (¢, z, 2%, KoTOpasg YHOBIETBOpPSET
OJHOPOAHOMY (MATPUYHOMY) YyPABHEHHIO

LG =0 (10.30)
opu z € R?, ¢t > 0 u pmagusim Houru
D{G |y =0, 0<kb<m—2;

DP-16|,_g=8(z—a0) I.

3necy 2° € R", I — egumanumast (N X N)-MaTpuma u § ecTh jaesbra-
¢ymrmua [Iupara. Ecan £ — ckanApmsiii oneparop (N = 1), 0 G —
CRaNsipHAn QYHAKIUSA, KOTOPAS HABHIBAETCH PyHOAMeHMAsbHUM Deuie-
nuen 3apaunm HKomum [13].

Marpuna Tpuma G . ssaserca oGobmemmoit dymuiueir. Moxkmo
paccMaTpuBaTh G Kak QYHEKIHMOHAI HAJ HPOCTpPAaHCTBOM [ = C?(R;’;)
(MaTpunma G mpofoiKeRna HyleM B IONYUPOCTPAHCTBO ¢ << 0), 3aBu-
cAmui oT ¢ Kar oT mapamerpa. Hama 3agada — mCCaeq0BATh PA3PHIBH
MaTpuisl ['puna.

Hyers G° (¢, z, 2% ecTs (N X N)-MaTpuma, KoTopas YIOBIETBO-
psieT YDaBHEHUIO

LG = f (&, x) O<t<T, z€RY (10.32)

(10.31)
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u pamaeM HKomu

D?G0|t:0:uk(x), 0Lk m—2; 10.33)
(10.33
D260 |,y =8 (z—20) I+ g (2).

Ecau Bce Qymrmum uy (z), f(f, 2) € C® (npm z ¢ R™, 0 <t T),
TO PasHOCTb

Gt z, 2% — G (¢, z, 2% € C®
mpn 0<C¢:<C T, z ¢ R" [leficTBUTeNbHO, pa3HOCTD =06 —6°
ynopaersopster ypapaernio (10.32) u pamasiM Komn (10.29). IToaTomy,
KaK MEL ye OTMeYajy Bhle, i3 TeOPHH rUuepGouveckux ypapHeHN
BHITEKAeT, 4To G € (® Bcmoe 0 <Lt <C T, =z € R,

Taxnm oOpasoM, crpyKrypa ocofemmocTeil Marpunm ['puea G
TOYHO TAKasf jKe, KaK M y Marpunst G% ¥ umccaegoBamue ocoGeHHOCTEH
marpuns I'puHa cBopuTest K mocTpoenuio Marpunpl GO, Ilpu mocTpoerun
Marpunil G° MBl orpaHddmMca QopManbHOM cxemoll. IlokameM, Kak
cBa3aHBl MeAY coboil dympamenrtaibEoe peinenne G 3ajgadn Komu
¥ pemenus 3agadu Komu ¢ 6bICTPO OCHILIMDYIOMNMA HAYAJIbEEIMA
JAHHBIMH.

IIyers w (¢, z, p, z%) — pemenue 3agaun Komu (npu 0 << ¢t << 7T,
x € R%)

xu:f(h Zy p)r
D?u]t=0:0, DChkCm—2,
- _ (10.34)
D, u’tzoch(x) exp [i {p, z—z0)].

3mech p € R, z° € R?, rouka x° Quwrcuposama, MaTpuma-PyHKIUS
¢ (x) ECP(RY m ¢ (x) =1 B HEKOTOpOH OKPECTHOCTH TOYKH x°-
Marpragan ¢yuxmua f Gymer ykasama HIGHe.
Beepem ofoCmernyo ¢ymrnmo G (t, z, z°) mo dopmyne
GO (t, z, 20) = (2m)" S n(p)u(t, z, p, z0)dp. (10.35)
R"’L

@Oyurnus 1 (p) — craxsipuasg, v (p) € C°5(R"), pasHa HyIw uUpH
| p| < a, paBma efuUEMIe UpH | p| > 4, W W — QYHKOUA TONBKO

or | p|. Torga pasumocts G = G — G® YRAOBAETBODPsET YPABHEHWIO

£C=¢t, ) (10.36)
u mgagEEM Komm

DRG] _y=0, 0<k<m—2;
DP72G | g =Pm-1 (2).
Marpnunas QymKROMA @y (z) pasua (uHTerpanel OepyTcs 1o Rz)

Prot (2) =6 (2 —a0) T —(2m)" ¢ (2) 5 n(p) expli (p, 2 —2)] dp=

(10.37)

=@ | d—n () expli p, s—20) ap,

13 B. O. Macios, M. B. @egopiok
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ITOCKOIBRY
§ (x — 20) = (2m)-" S exp [i (p, z—20)] dp,

a marpnyaas ysknus ¢ (z) = I mpn z, Oamzxux K z° OyERnua
(1—n (p)) € CF(RM), TaK UTO Qpp—yq (x) € C (RM).
Jemma 10.7. Hyemwv npu |pl=a 0<<t<<T, z€R"
BUINOAHANWMCA OYEHKU
ID?;,x)f(t’ Z, P)I<Calpl_n—s’ (10.38)
2de € = 0, 0aa awboz0 mysvmuunderce . Tozda mampuinas Pynkyus
G (tv Z, xO) -~ G° (ti Ly xO) € C>
npu 0t T, 6 R™
JowkaszarteanrcTso. I3 ycuosua (10.38) cumemyer, uTo
npasas dacth ypasmennsa (10.36)

g (t 2) = @y S f(t, =, p)dp

Gecrkomeuno pupdepennupyema npu O <<t < 7, z € R™ ]lammse
Homm (10.37) npmmagnexxar C o°(R™), T yTBep:KueHWHe JEMMH BhITe-
KaeT W3 CTPOTO#l rumepOoIHYHOCTH onepartopa L.

@opmyna (10.35) oumcesaer CTPYKTYPY ocobeHHOCTel MaTpuIHl
I'puma G, Tax wak pasHocTh G — G = G € (. UTo0B 3aBepmHTH
KOHCTPYKUMIO MAaTpUIE G° ocraeTcsd MCCIeLOBATH ACHMUTOTHKY perme-
HuaA sagayn Kol ¢ GBCTPO OCHUIIHPYIOMHMY HAYATBHLEIMI JAHHRIMA
(10.34).

Pous Ooxbmoro mapamerpa mrpaeT | p |. BBemeMm Goabmoil mapa-
merp B omeparop Z. Ilogenum oneparop £ Ha | p |™, TOTHa OH mpH-
MeT BHI .

m 2 1 1
[plrme= > @lp[yhLr (@, (p|1 Dy |p|* Dy), (10.39)
h=0

rae L (z, py, P) — OMHOPOIHbE MATPUYHEIE HOJMHOMBI CTEIIeHM m — k
OT mepemeHHHX (py, p). CuMBox | p |-nuddepennuanbaoro omeparopa

. L=|plm% (10.40)
pasen

L (x, po, P)= 2, (i|p|)* Lk (z, po, P), (10.41)
h={

u apuHagacHuT kaaccy T (em. yemosusa L 10.1—IL 10.3).
. Jamern™, uto B gapHEX Homn (10.34) MoskHO cuuTaTh, 9T0 | p | >
> a (cM. (10.35)). Yumeno a > 0 MoxeT GhTH BHOpaHO CKOIH YTOTHO
QombmuM, HO PUECHPOBAHAKIM. '
_ Hocrpomm ¢. a. pemenme sapauu Komu (10.34) nms ypasHemus
Lu = 0 (1. e. pug ypasHenusa Zu = 0) ¢ Tougoctsi0 10 O (| p | M,
rae M > n. Umenno, Haligem Marpusnyro ¢yernuo u (f, z, p, z%,
KoTopasi TOYHO ymoBieTBopAeT mamEsiM KHomu (10.34) v yposmeTsopsier
YPaBHEHUIO ~ .

Lu:lpl-M fM (t) Z, p)y
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e far € Og,p. Kaacce Og,p OHNE BBejeHH B I, 2 HACTOAMIETO LApa-
rpada. Torpga Bce ycaousg Jemmul 10.7 6yayT BHIOMHEHH, 4 MATPUIHAS
Pyurumsa G° sapampas gopmymoii (10.35), Gymer umers Te e ocoleH-
BOCTH, 9T0 W Marpuna l'pmma G.

Ocraercs, HCIONB3Ys sBHEE ACHMITOTHYeCKHe (QOPMYIH mJA
pemenuii u (¢, z, p, x°), HOTy4IATh ABANE QOPMYIHl g 0COOeRHOCTEl
MaTpuaHol ¢ymkium G° (1. e. ansa ocobenmnocted MaTpumsl I'puma G).
MH ; OTpaHHYIIMCA TOJLKO KAYECTBEHHBIMM DACCMOTPCHMAMII, ABHHLe
dopmynsl gus ocobeamocredn cm. B [26], [38], [40], [52]. Moppobmas
oubnuorpadmsa 1o mammoMy Bompocy umeerca B [10].
77+ - B § 11 npHsenensl acUMITOTHYCCKUe HOPMYIB] 715 PEIICHHs 38290
Komn ¢ OHCTpo oCHIUIIHPYOUIIMY HATAMbHKME JAHHHIMI npn m = 1,
T. e. JIA cucTeMjmepBoro mopsxka. IIpnm mMaamx ¢ > 0 peuemme u
ecTh CyMMa cJaraeMblX BHA

N
U= Z uoc’ u* (tv Z, D, xO)—_.—
o=1

k
= > ([ p1)Iv§ @, z, ©) expliSq (4, 2, P)l. (10.42)
j=0

3pecy ® = p/| p |, Pyuruuu S, — omHOpPoOAHHE PYHRIHI p cTemend 1.
@Oymxnus S, ABaserca pemenueM 3ajgauu Homun

as,, Sy \
ot +h°‘(’“ o )“0’

Sa [t=0 =(z—z0, P)7
rge by (z, ¢) — KOPEHM ypaBHeHUS
det L® (z, —h, q) = 0.

Bossmem opgmo m3 cmaraemerx (10.42), orBedawmee sgavenuio j = 0
u moncraBuM B maTerpad (10.35). Torpa moxyunmm umrerpain

| explisat, o 1UG 2 AP DNGIAY  (10.49)
R‘l’l
¢ OsicTpo ocmwuTHpyomei Hazosoit Pymrmueii S,. OcobeanocTn aToro

. 1
HHTerpana  Cojiep#arcs B mpoekmum ma R,'T' ummomectsa

{(t, =, p): 8S,/0p = 0}. Amamoruunsle BEIPAMKEINNH NOJIYIAIOTCH IPH
NojicTAHOBKe OCTaJbHBIX wiemoB cymmbl (10.42) B murerpan (10.35).

IMokakeM, TIpe pacHoyoKeHH ocofeHHOCTH MaTpunmm I'puma G.
C cncremoit (10.1) acconmupoBamsl N cucreM I'amuabTona (HamoMEuM,
YTO MB paccMaTpuBaeM ciaydail m = 1):

dx™ ___ 0Ohg ap* __ Ohy
v gpe’ avT T g% !
o ape (10.44)
ot p
— =1, L.=0,
ot 07

13*
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rae 1 <{ o < N. Jagssie HKomm, ®oTOpHe HHAYIHPOBAHE 3ajadeil
Komu (10.34), umeror sup

| o=9 P*|ieg =P,
t* ITZO :01 Pg ,-;:0: —hoc (y7 p)7 y € supp P

o
durcupyeM manpasleEe « Bexropa p. Ilyers II7 (p) — obmacrs
B a30BOM HPOCTPABCTBE, 3aN0NHEHHAS TPAGKTOPUAMHI CHCTEMBI C HOMe-

N
pom o, wpu 0 << 1< T (rpyOka Tpaekropmit), Hr (p) = U % (p)
=1

" ﬁT (p) — npoermus 06'L£ILI/IHGHI/I}{ TpyGor TpaekTopuit Il (p)
HA R?'D“ci. Takum obpasom, I (p) —3T0 o6Bemumerue TPYOOK aydeil
(1 € a < N), roropse upu ¢ = 0 BHXOEAT H3 SUpD ¢.

Hax noxasamo B § 11, pemenne u 3agaun Komu (10.34) yOmBaer
OncTpee a0l crenenn | p| mpu | p| — oo BHE moGoit ¢urcmpo-
BaHEHOH okpecTHocTH TPYORH 111 (@) (pasmomepro no ¢ € [0, 71w mo z,
JleRamuM Ha KOMIAKTe, a TAKKe PABHOMepHO o ®). ChefoBaTeNbEHO,
Marpuna G°® € > BHe U Il (0). HamoMguM, 4UTO MaTpPHYHAA

wes”
¢yernus ¢ (z) (cM. (10.34)) — mofaa Takas MmaTpuuEag QyEKnuA
¢ (z) € Cg(R™), qro ¢ (z) =1 B owpecTHOCTH TOIKH z°, TaK d9TO
SUPP ¢ MOMKeT Je3KaTh B CKONb YIOTHO MAJOH OKPECTHOCTH TOYKH z°.

Hosromy ocobemrocTn Matpunsl [puma mpu 0 i< T, z € R”
CO/IEPKATCA B MHOMKECTBE ¢ 1, KOTOPOE CTPOMTCS CleAYIOIUM 00pa3oM.
HocraBum pas rasmpoil us cucreM (10.44) sagauy Homm

z* IT=0 =20, % lr=o=P,

t* ,1:0:0? pg‘ l1;=0= ~hq (20, p),
rme | p| > 1. Torma &% —>o5To oObeUEEeHNEe TPOPRNUN HA R?’*;i
Bcex Tpaektopumii (1 <L a <{ N) 3a Bpema 0 < v << T, rue p npobe-
raeT R™.
ABalNOTMYEH Dpe3yIbTAT COpaBefJHUB JJIA IHUepOONNIECKHX
crucTeM JI000TO HMOPANKA m.
PaccMoTrpuM B KavecTse HpHEMepa BOJHOBOE YpaBHEHNE

%u
-2
g c2 Au,
rae ¢ > 0 — nmocrosuaad. Cncrema TaMunpTOoOmA ¥MeeT BHJ,
dz dp at dpy
gv ¥ g =0 =T o=

Tlocrasum 3amagy HKomm
Tl =2% Plieog=Ps tlim0=0, Po|i—o="Pos
rae p2 = c?p?; Torma NMy4H UMEIOT BHJ
= 20+ 2tcp, t= —21p,.
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Hcxamodas T, HoldydaeM WM3BeCTHHIH pe3ylbTaT: MHOMKECTBO 0coOeHmHO-
creit QYHAAMEHTANLHOTO DeNIeHNA BOJHOBOTO ypPABHEHHS CONEPIKUTCA
B CBETOBOM KOHYCe

(x — 292 = 22,

5. PaspeiBet  Marpunsl I'pusa, KOPOTKOBOJIHOBAS ACHMOTOTHMKA
pe30abLBeHTH CTAIIMOHAPHOH 3ajaum, aCHMOTOTHKA pemleHnii Hecra-
[HOHapHOIt 3ajaym npu ¢ — 4~ co. PaccMOTPHEM CJeyIOme TPY BONpoca.

I. Acumnmomura no zaadrxocmu mampuyw I'puna necmayuownap-
noil 3adavu.

II. Kopomgrosoanosas acumnmomuka {npu k— - o0o) pesoavsenmsl
cmayuonaprol zadauu.

1. Acumnmomura pewenuii wnecmayuonapuotli sadawu npu t—
— | oo.
3amasa I Onma paccMorpena Bhime, B II. 4. OxaseiBaercs, 4TO
nura 3agaq I, II, 111 Momer OHTH, mcelemoBam 1o Ciaegyiomed cxeme:

I 1II-I1IL

Paccmorpum sapauy Homu (10.26), (10.29) um coorsercrymomryio
CTAIHOHADHYIO 3a7ady
(Lpu) (x) = f (), =€ R™ (10.45)
Omnepatop

2 1
Zr=L(z, k, Dy) (10.46)

moJIy4eH W3 oueparopa £ 3aMeHoil D; — k.

IIpuBencM HEKOTODHE DBPHCTHYECKHMe coolpaskemus. Ilycrh
G (¢, z, 2°) — marpuna I'puma sapaum Komu, npopoiikenHas HYyIeM
B HOJYIPOCTPAHCTBO ¢ <~ 0. opMannHO HOpUMeHssA npeofpasoBamue
dypre mo TMepeMeHHOH ¢, moJydaeM, 49TO MaTpHua-QyHKNUSA

oo

¢ (z, k, x0)=5 ekt G (¢, z, 0) di
0
VIOBJIETBOPSET YPABHEEHUIO

LrC =8 (z—a0) 1.

IlycTs TouKE z, 2° PuKcupoBamml, Torga G mpu k > 1 ecth umre-
rpax oT OBCTPO OCHUIARVMDYIOIieH (YHKUUN. ACHMITOTHKY B8TOTO
HWHTeTPaNa MOMKHO BRIUHCJIATH, HPHMeHAS MeTOJl CTAIlHOHADHOH (asH.
IIpu sroM oCHOBHOI BKIAJ B ACHMOTOTHKY HHTerpaia G BHOCAT, KaK
u3BecTHO, OcoOemHocTH MaTtphmil I'pmHa G (¢, z, 2% (Kak QyEERIUM
oT {).

Tem caMeIM OPMANbHO YCTAHABIMBAETCA CBA3DH MEKIY paspeIBaMIt
MaTpunst I'puna sagaun Homm G M KOPOTKOBOIHOBOH aCHMITOTHKOMH
Marpunst I'puma G crapnoEApHOH 3aj7adi.

Crporoe oGocHOBAHNE TAKOH HPAMOJMHEHHON CXeMH HATAIKHBAET-
CA Ha cephe3Hoe IPeHlsTCTBHe — 3TO BONPOC 0 CXOTMMOCTH HMHTErpaia,
OpeCTABAAIIET0 MATPUNy G, T. €. BOUPoC 00 ACUMUTOTHKE MAaTPHIB!
T'pumpa G mpu ¢t — -} 00. JTa TPYRHOCTH HACTONHKO BENUKA, UTO yKa-
33aEHAA mOpoctad CxXeMa IIOYTH HHEKOTAA HE IPHMeHseTCsd.
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W3noxuM pesynbrath paGotn [10], oTtHOCcAmMeca k 3agagam I—I11.
B aToit pabore nprBeier NOfpoSHEIE 0630p pesylnbTaToB, OTHOCAINXCS
k sagagam I-—-III, ¥ comep:xmrca oOmupmas Oubnmorpadus.

Hommmo yemosuit L 10.1—L 10.3, BBogaTCs Cleqyioniie yCIOBHA.
IDyere A (z, po, p) = det L% (z, po, p). VYpasmeumio (10.26) orse-
vaer cHcTeMa l'aMuIbTOHA

dt oA dz A
dv  app ' dt _ dp !
Po P (10.47)
Apo _ gp_ 9
dt ~ ' dtv = oz

B (2n -}- 2)-MepHOM ()a30BOM NPOCTPAHCTBE ¢ KOOpAUHATAMIE (I, Z, Py, P)-
BBeeM MOMOJHUTENbHBIE YCIOBUA.
L 10.5. Ina awboro z € R®

Az, 0, p) = 0

opu p # 0.

910 yCIOBME DKBUBAJEHTHO DIINNTHIYHOCTH oreparopa L.

L 10.5. Tpaekropuy ramuabromHoBoHl cuctemb (10.47), koTophe
BEIIYIIEHL. M3 mapa | | <{ ¢ # Ha KOoTOpHX A = 0, yXofaT Ha Oecxo-
HEYHOCTD.

Tounee, nasa awboro R << oo cymectsyeT I (R) << oo Takoe, 4TO
TpaexTopuu cucteMul (10.45) ¢ mamEEMu Homn

t(0)=0, =z(0)=20 po(0)=pf, p(0)=

rae | 2% < a, A (2% pl, p°) = 0, aemar npu ¢t > T (R) B obaactu
| z] << R. Ydacno a yxaszaumo B ycaosuu L 10.3.

M3 »srux ycnosmil BBITEKAeT, 4YTO pa3phlBl MaTpuisl I'puua
G(t, z, 2%, rhoe | 2% | < @, yxouaT Ha OeCKOHEYHOCTH UPU ¢ — |- oo,

O6o03mauaum yepes HS (Q) npocrpaucrso C. JI. Cofoxesa dpyHrjuil
B obmact €@ < R™, upousBomgmble KOTOPHX 0 HOPSIKA § CYMMED YeMbl
¢ ksajgpartoM. Himsxe Beerna s > 0 — meaoe. Touno Tak ske o0o3na-
YAI0TCS TPOCTPAHCTBA . BEKTOP- (X)YHI\I.[HH u Mannu (bymcmm, BCE 2Ie-
MeHTH KOTODPHX TPUHAJNEKAT OIPOCTPAancTBY HS (Q

BseneMm pesonbBeHTY R CTAaMOHADHON 3a;:aqn I HeclegyeM ee
aHaJUTAYecKHe cBoiicTea (o mapamerpy k). PaccMorpmm omepatop R
(pesoabBenty)

Rh: Hs (Rn) > I{s-&-m(Rn)

B moxymirockoct Im k > 0. 3ror omeparop geficTByer mo gopmyie
ka = U,

rae f € HS (R"), a u — pemenve ypasuegusa £,u == f, npunajie;xamee
Hs*m (R™). B wnonymmockoetd Im & > 0 pesonbBenTa R; ABIAeTCH
KOHEYHO-MepoMopOHOiT d)ymcuneﬂ k [9].

Bee TOUKE BeHeCTBEHHOW OCH k IpHHAIEIXAT HEOPEePHBHOMY
CHeKTDPY Pe30JBBEHTH, TaK YTO 0RepaTop R, He NPOJOILKACTCH AHAILH-
TH4eCKH U3 BeDXHell nmomxynnockoctd Im k£ > 0 B amxmion. G pe3onp-

BeHTOH R, MOHO CBA3ATH Taroil omepaTop R,, KOTODHI [JOIycKaer
AHANATHIECKOe HPOMOKEHNe B HUMKHIOI IOJYIIOCKOCTD,
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Hyers HY < H® (R®) — mpocrpanctso QyEKIUE, TCOMIECTBEHHO
PaBHBIX HY#I0 Tpd | x| > a. Bsegem omeparop

Ry: HS > 15 (|z[<D),
rae b > a — ¢urcHpoBaHHas NocToamEHAA. [lo OfpelemeHIo

Rpf(z) = Rpf(x) ( |z | < by,

ecnn pyakuua f (z) € H$. Oueparop R), monyuaercs, Tarum o0pasom,
U3 Pe3onbBeHTH R}, CCIU CYSHTH ee 00uxacTh ompepetenisi ¢ HS (RM)
no HY m pacmuputh ofxacts smavennit ¢ Hstm (R?) mo HS™ (| z | <
< b). ~

Onepatop R, DpoOOTKAETCA HA BCI0 KOMIUNIEKCHYI IIOCKOCTD
KAaK Koneuio-mepomopPuas QYHRIOIA, €CIN n HEIETHO (n — pasMep-
HOCTBb 1POCTPAHCTBA), II HA PHMAHOBY WoOBCPXHOCTH (ymrmpum In &,
ecan n ygerro [9].

ITomyunm acHMOTOTHNKY omepatopa ﬁ’k npu | k| — oo B obmacru

Ugpg = (ki | Imk| <<aln| Rek| — B},

rpe o, P — mocrosammsie. Tounee, GyneT nmoayyena acuMNTOTHKA QyHK
guu Ryf, roe dyarnusa f upumagaexur npocrpaucrsy H§ (1. e. ¢uunt-
Ha). ACHMUTOTHUKY fjapa pesoabBeHTH G (2, 2%, k) OpH TakoM uOJ-
Xo0fe IOJIYIUTh HE YIACTCH.

Ilocrponm Marpumy Gpr(¢, z, 2%, KoTopas ynoBieTBepsieT ypas-
HEHWIO

xGI\I = fu (ti Zy xo)i t>0,

n paamsiM Komu

DiGrr |, =0, 0 <m—2;
D16y | =8 (z—a0) 1.

3mecs fy € CM(M >> 2) Ho mepeMenEHM (¢, z, z9) u npu mobom R =0

=
Gylt, z, 2 =0 (2| <R, t =)+ 1.

Yucao T (R) onpepeneno B ycaosuu L 10.5.

OueBnugHe, 9T0 B KadecTne Gy MOIKHO B3STH MATPuIy-QyHEKIHIO

Gl\I(tf Z,y xO) = G° (t7 Z,y xO) h (ta JJ),

rme hcCompu ¢ >0, z€ERY, h=1nput < T(R) L+ 1/2uh=20
opu ¢ > T (R) + 1, a Komcrpyknua matpune G° ykasanma B 1. 4.
Matprma G° cTpourcsa ¢ IOMONBI0 KAHOHMYECKOTO OHEeparopa.

OGosmaumM wepes3 Ryr,, Opeodpasopanie (Dypbe HMHTErPalbHOTO
omeparopa ¢ AfgpoM Gpp, T. e.

f%M_,{cp:( S Gr (8, z, 20) @ (0) ekt d0 dt, (10.48)
0 |x0)<a

rje HATerpal HOHVMAETCA B CMECIe 0000mMeERHX (ynxiumit. Oxasb-
paeTcsd, uTO omeparop Ry . H} — Hsm (|z| L b) Gausox K omepa-
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TOPY ﬁ’k opa | k| — oo, k€ Uqg.g-
Teopema 1. IHycmv n nevemuo. Ecau M docmamouno éeauxo,

mo onepamop R pr,p, 02panusen npu ecex k u seasemcs yeaoti Gynryuet k.
Opu | k] > 1 evinoansiomes oyenku

| Ba, wf lfspm—i, ) < C1E ]! “Jexp(y]Im%]) N7ls, a,
0<i<mt1, (10.49)

2de y — nocmoannas. IIpu k ¢ Uy, g eunoanswmea oyensu
(B —Bag, ) gm0 < ClEI™ exp (v [ Im k) [[ llg oo (10.50)

Bnecs || f llssas Il f lls, ) — mopMst B mpoctpamersax  HS,
Hs (] z| < b) coorBercrBeAE0 Hu omenka (40.50) cunpaseminBa npu
HEKOTOPHX o, P, ¥ > 0. ABaJOIM4EEE PE3yIAbTaTH NOJYICHH [pI
n 4eTHOM.

dTa Teopema faeT ACHMITOTUKY QYHKIUHI (ﬁhf) (z) (r. e. pemenus
ypasmerns (10.45) ¢ ¢umuraoil mpasoit sacTeio f € HE), KOIHa k — oo
B obmactu Buga Ug,p, & z A€KAT HA KoMuaxTe | z | << b. B wacrmocty,
orenxu (10.49), (10.50) B couerammu ¢ ¢opmynoit (10.48) paror acumm-
TOTHRY NpdA %k — - oo pesonbBenTH (Ryf) (x) mHa wommakre | z | < b.

Kpome Toro, TeopeMa 1 103BOJNAET BHUUCIUTH ACUMITOTHKY (Hpu
t = - o0) pemenus zagagn Homu s opsopoxnoro ypasaerns (10.26)
¢ QuHUTHHME HaganbEBIMA jpanHeMH. Pacemorpum 3amasy Homm

Zu=0; Diul,_¢=0, 0<Lk<m—2; 10.5)
D tul_g=9 (),

e ¢ (z) € HE. .

IIycts n HeweTHO; TOIfa ouepatop R, B KamK[ol moxoce cp <C
< Im k << ¢, KOHEUHOH WMUPHEE WMeeT He 0Oojlee KOHEUHOTO YuCIa
HOJI0COB.

Teopema 2. ITyemb n nevemmo, na npamoti Im k = g nem
noatocoe onepamopa Ry. Toeda cnpasedaueso acumnmomuneckoe pasic-
aenue daa pewenus sadawy Kowu (10.51):

w(t,z)==—i » res (Rpp(z) e ik fuy (¢, z).  (10.52)
Imk;<q F=F;

Has ocmamounozo uaena cnpagedausa oyenka

I Ug lstm. ) < cqeqt e (@) lls.q- (10.3)

Onenxn (10.52), (10.53) wmewT MecTo Opu { > Iy > 1, Tar uro
dopmysna (10.52) paer acuMOTOTHYECKOE PAa3JIOKEHUHe pEmeHHsd y
npu ¢t — -+ oo.

JameTnM, uro cyMMa B mpaBoil sacTm ¢opmynm (40.52) cocrout
U3 KOHEUHOr0 YWcJa CIHAraeMHX.

AHanormyEble DPe3yABTATH TOJYYEHH NPH YeTHOHl pasMepHOCTH
NPOCTPAHCTEA.

Teopema 2 BEBoaHMTCA U3 TeopeMH 1 caegyomum obpasom. C mo-
Mompbw (opMyse obpamends mpeobpasoBamua Jlamnaca modydaeM,

1]
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qTO
c+i00

u (¢, x):%{ S et Ry () dk,

c—ioo

re ¢ > O TaxoBo, 4To oueparop R, He mMeer moxawcos upu Im k > c.
B culy omexHox, UOIYYeHHHIX B TeopeMe 2, KOHTYpP HHTeIpHpPOBAHUA
MOXHO [[BUTaTh HApalllelbHO BellleCTBEHHOH OCH, TaK 4YT0 QYHKIUA u
paBHA MHTeTpanxy Ho npaMoil Im &k = g <C ¢ U cyMMe BEI9€TOB HOJBIH-
TerpalbHOT0 BHPayKeHUs, JesKammx B moxoce ¢ << Im k < ¢g. Crporoe
0o6oCcHOBaHNe 3THX COOOpayKeHHIl TWPHBOLHT K TeopeMe 2.
Amanorigusie pesyiabTaTh Tonyuens B [10] misa cmemannoit 3agaan
g HecTanuonaproro ypasmenus (10.26) m pmms cooTBeTCTBYIOMIETO
CTAIONApHOTO ypasHeHNA, IMenno, paccmarpuBaercsa sapada (10.26),
(10.29) mpu ¢ > 0, z € Q, Tne Q — BHEIIHOCTH OTPAHUYCHHON 00IacTH
B R™ ¢ rpamuneit 0Q riaacca €. Ha 42 mocraBilens Kpaessle YCIOBUA

Bz, Dy, DY ult,e) =0 (t>0, z€0Q), (10.54)

L’v
Toe B ecTh (1”2_ X N )—ManIma n3 puddepeHTATBHEX OHePATOPOB

nopAnka <<m — | ¢ koaddunmenTamm Kiaacca (C°(9Q). ITpemmona-
raeTcs, 9To KpaeBas 3amaua Mg CTAMOHADHOTO yDABHEHHS

Lyw=1Ff x€Q; Bz, k, Dy)v=1, z €99,

ABIAETCS KOIPUWTUBHON sapnaueii ¢ mapamerpoM xoTs OB 1A OfHOTO
ayga k= pe'? (0 < p < 00, 0 < @4 < m); nogpobmee cm. [9].
YenoBuss L 10.1—L 10.4 mo-mpeskHeMy NpPeIHONaraloTesi BHIIOJHEH-
HEMH. Bmecro ycaosms L 10.5 (xoropoe sBusercsa TpefoBaummeM Ha
MoBeJeHNe TPAeKTOPHH TraMIVIBTOHOBOI CHCTEMEH, AaCCOLWHDOBAHHON
¢ omepatopoM .£) BBOJTHUTCSA YCIOBHE, CMEICI KOTOPOTO COCTOWT B CJe-
ayomem. Hycrs G (4 z, 2% — marpuna I'praa cmemamuoll 3apmaun
(. e. G ynoBiETBOPHAET OIHOPOHOMY YDABHEHIIO, ONHODOJIHBIM Kpae-
BEIM ycaoBuaM u gamEbiM Komu (10.31)). Tpebyercs, 4ToOb paspriBH
MaTpuusl I'prHa G yXopgmwid Ha GECKOHEYHOCTh HpH t — -+ oo.

B [10] monyuena Tak:ke acHMUTOTVKA pelleHNs 3aNaqil O pacces-
HUH B KBa3WKIACCHYECKOM NPHONIKEHMU A CTANNOHAPHOTO ypaB-
seuna Illipexpuarepa ¢ (QUUUTHHM MOTEHIIAAJIOM.

§ 11. MaTpudHsle TaMUIbTOHUAHBI

B arom maparpade paccmaTpuBaerca 3anaua Homw ¢ GricT-
PO OCUMANHDPYOIAMA HAYAJTHLHBIMA FTAHHKME [JIA CHCTEM
ypaBEenuii. IIpenmonaraercs, 9T0 XapaKTepPHCTHKH COOTBET-
CTBYWOIHX OLHEPATOPOB BEMECTBEHHH H HMEIT MOCTOSHHYIO
KparHocTh. llonydenr ypaBHemus mepeHoca M LOCTPOEHA
aCHMIOTOTHKA pelmeHnsa 3afagn Homm B Gonbimom.

1. Ypasmenne TammaproHa — fAkoou. [Iycrs u© ecrn
N-Berrop (croabenm) u (z) = (uy (z), . .., uy (@), z € R?,
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n L ects (N X N)-matpuna c suementamu Ly, (z, p; (iA)™1).
PaccmorpuMm cmeremy m3 N ypaBHeHui

2 1
L(z, MDy; (iM™) u=0. (11.1)

Bypmem mpegmonarath BCIOZY B 9TOM IIYHKTE, 9TO BHIIOJI-
HeHO ycaoBue

L 11.1. CumBon omeparopa L mpmmagmemxur kiaccy I
(cM. ompemesenme 2.3), T.e. Bce 3aeMeHTH Lj, MaTpHIBI
L (z, p; (iA)~') npmuagaeskar kaacey 7™ ¢ OfHAM K TEM ke m.

Bypmem ucxarn ¢. a. pememnue ypasmemus (11.1) B Bupe
dopManbHOTO PALA

u (z, H=exp [ikS ()] X} ()9 (2). (11.2)
m=0
ITpumensisi reopemy 2.6 K omepartopam Lj,, moxyuaem
exp (—iAhS) L (¢ exp (iAS)) =
= Rop + (M)t Rip + Oy (z, 2). (11.3)
Omneparopn Ry, Ry ameor BuJ
oS
(Roo) (@) = L (2,525 0) ¢ (a),
aL 6q>(x)

(Ryp)() =22 220D 4 2 8p (8" (2) L) ¢ (2) 2| (@),
(11.4)
rae sHauenme marpunbl L Geperca B TOUKe (x, —a—%:‘ci); 0).

Hanomunm, aro Rep, Ri¢ — 370 N-BeKTopsr (crombusr). Has
CHMMETPHI MBI COXpAHHM Te ke 0003HAMEHH A, T 0 [JIA cKa-
JAPHBIX I‘aMI/IJH)TOHIIAHOB B nokoMnonenTHON 3ammcnm mmeem

n
6Lm1 aq)]

(Rl(P)m = Z 2 5’%

j=1 k=1

N

N
1 82L 5 S 0L ,
FUESS R g P 32| 414
=1

j=1Rk, m=1

Ilyers Lpy = (Lmy, -« - Lmy) €CTH m-st CTPOKA MATPHITH
L; rorga ¢opmymna (11.4') mpumer Golee KOMUAKTHEIE BAT:
a2L \ aL

. aLm BCP 1 _:1_ ” m ™m

e=0

(11.47)
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g 2
3nechb a—(i — Mmarpuna fAxobu, '—apLz — TeH30p (T' e. (;;p
= (B} 1< 62L) - )

(t%ch) ’ Shok<sn, m (17172 ik dp;oxy

Beenem o6osnauwenns: f (z, p), /¥ (z, p) — coorBercTBeH-
HO TmpaBHil ® JeBHi# HyIb-BeKTOph Marpumbr L0 =
= L (z, p; 0) (f — croabern, f* — ctpora), T. e.

Lf(z, p) =0, f*(z, p)L° = 0. (11.5)

Ilyers Q -— orpauuuennas o6macts B RY. Hac uurepe-
cyor ¢.a. pemenns ypaBuenusa (11.1) opm A — + oo,
z € Q. Byjgem ucrats Taroe peiieHue B BUIE

u(z, A) = exp [irS ()] ¢ (). (11.6)

Hogpcrasass u B ypaBmenme (11.1) u mpupaBmmBas mymwo
Koodppurmenr npu AY B Boipamenun e MSLeirSp, moaydaem,
B cmay (11.3), (11.4), ypapuenme

L, P 0) @ @)=0. (11.7)
CaxenoBatenbro, upn z € Q mmeem
Az, ‘75(9:”)):0, (11.8)

roe obosmaweno A (z, p) == det L (z, p; 0). 3ro ypaBHenme
ectb ypasuenue Iamuswmona — Arobu, accomUMpoBaHHOE
¢ oueparopom L.

IMpepgnomxenue 11.1. Tyemo  Pynnyus S (x) €
€ C” (Q) eewecmeennosnauna u Ydosaemeopsaem Y PABHEHLIO
Tanusvmona — Aro6u (11.8) 6 obaacmu Q. Hycmv sexmop-
Pynryus ¢ (x) € C* (Q) seasemcs npasum HYLb-8eEMOPOM
‘l‘}iﬁ; 0) npu x € Q. Tozda eexkmop-
Pynryus (11.6) ecmo pewenue ypasnenus (11.1).

Hynb-sextop ¢ (z), oueBUIHO, oupenered HeoTHO3HATHO;
Hampumep, ecanm o (x) — mobas cradspHas QYHRIUA, TO
o (z) ¢ (x) ectb HYIb-BeKTOp MAaTpHusl L (x, ‘%—;f); 0).
Hopmuposka nyab-Bektopa ¢ (z) (togmee, Gasmuca B mof-
IPOCTPAHCTBE HYIb-BEKTODPOB) HAXOMUTCH IPU BEIYHCICHHH
caefylollero WieHa ACHMITOTUKY PeINeHM.

mampuyv, L (x,
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Apanoruunbie paccyKIeHHS NpOBeeM JUIA DBOMIOIMMOH-
HO¥ cuctems U3 N ypaBHeHHH

Lu=[IA'D,+H (1, 7, %Ds; (WD u(t, 2)=0.  (11.9)

3mece € R™, tER, u = (uy, ..., uy) (Bexrop-crouben)
H ectp (N X N)-marpuna c saementamut Hz;, I ecth epnuny-
Has Marpuua mopanka N. Ilycte Hj, yHOBIETBOPAWT yCIO-
puto L 11.1. Tlocraum samauy Komm

U [j—o = exD [iAS, (z)] uo (z), (11.10)

rme S € CT (R™), v (x) € CF (R)* u dysrmua S, BeleCTBeH-
mosmagra. @, a. pemenme 3sagasm HKomm (11.9), (11.10)
GymeM HMCKaTh B BUje

u(t, z, &) =
= exp LiAS (¢, o)) [® (¢, 2) + AN @ (¢, 2) & .. .]
(11.11)

Nz (11.8) caepyer, 9ro dyHRmusa S gomxsina yIZOBIETBO-
pATh ypaBHenmw I[ammuarrona — HKobun

det “1 S H (1, O 0)”:0. (11.12)

Mur Gymem paccMarTpuBaTh CIAy4ail, Korga CoOCTBeHHBIE
swawenns h, (¢, z, p) marpunw H (¢, z, p; 0) pasauunu
WIH Ke WMeT NOCTOSHHYK KpaTHocTh. Torma d¢asoBas
dyurimua S Oymer yIoBIeTBOPATh ONHOMY M3 YpaBHeHHH

tha (2, 2, 25) =0, (11.13)
KOTOpH e Takse OyaeM Ha3wBaTh | pagHenuamu [ amuivmona—
Arobu. Ianee, nycts f* (¢, x, p), /** (¢, x, p) — cooTner-
CTBOHHO UPaBHH W JeBH COGCTBeHHBHIC BEKTOPHLI MAaTpPUIH
H (¢, z, p; 0). Ecin S ynmomnerBopsier ypasmennio (11.13),
To BeKTop-QyuEIus ¢° (¢, ) GyZer mpaBoIM COGCTBEHHBIM

S
BeKTOpOM MaTpunsl H (t, z, g}; 0) , T. €.

aS
big (t, z, 2= 0) @0 = o 0. (11.14)
2. Ypasuenus mepenoca. Paccmorpum ypasmenme (11.1).
B »rom nynxrte mpegmonaraercs, uro cuMmBon L (z, p; &)
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BellleCTBeH DU BEeIECTBeHHBIX ¥, P, € 1 4TO ypaBHECHUE
Az, p) =0 (11.15)

onpepensier C7-mHoroo6pasume pasmeprocty 2n — 1 B daso-
BOM 1IPOCTPaHCTBE. Bee ToCTpOeHNS HOCAT JOKAIBHEA XapaK-
Tep (T. e. B Mamof oKpecrHOCTH HEeKortopo#l Touku (20, pY)).
Bce HYmb-BeKTOpH TaKske BHIOMPAIOTCH BeNIeCTBEHHEIMU.

Cuerema I'ammabroma, orBeuawimas ypasmenuwo (11.15),
nMeeT BUJ

dr _ 0A dp oA

dt ~ ép’ dt — 8z’ (11.16)

aL. g

Bexrop-pyakmus Ry comep/suT  BRpaskeHue % 0

(cm. (11.4)), B 7o BpeMs KakK DpoH3BOTHAS BeKTOD-QYHEIVN

Ad

¢ () B cuny cumeremn [ammaprona (11.16) pasna %}?7%) =
. aL oA

= ¢. YcTaHoBAM CBJ3b ME;KIY NpOH3BONHEIMA a0 M o
J J

Paccmorpum Bmagaze cayzail, Korga marpuna L (z, p; 0)
MMeeT IPOCTOH HYIb-BEKTOD.
Jemma 11.2 [26]. IHycms

A, py=0, BP0 (147)

v rank L (z, p; 0) = N — 1 6 mexomopoii orpecmrocmu
mouru (2° p°. Tozda cyugecmeyem nocmosnnas C maras, wmo

oL oA ,
e moure (x°, p%).

Howrasareasncrtso. Durcupyem z = z°. VYpas-
meane (11.15), B cumay vycaosus (11.17), oupememsier C°-
MmHOroo6pasue M pasmepHocTd n — 1 B OKpecTHOCTH TOd-
ku p°. Ilycrs 4;; (p) — aareGpawgeckoe momoaHeHme K Hie-
merty L;; (2% p; 0). Ilo ycaoBuio xorst 65 omHo m3 wMcedn
A;; (p%) ormmgno or myas; mycrs A, (p°) = 0. Torpa Bek-
Top f ¢ Kommomenramu A;; (p), Ain (p) ABAsiercs mpa-
BHM HYJIb-BeKTopoM Matpuiusl L (2°, p; O) upm p, Gamskumx
k p° p € M, upumajnexknr Kaaccy C™ W OTINYeH OT HYIA.
IlpaBLi HYJAB-BEKTOp, HO YCIOBUIO, €AUHCTBEH ¢ TOUHOCTHIO
0 MHOKHTeNA; AHAJOTHIHEE YTBEDKIOHHA CIPABEIINBH
AnA Jgesoro Hyab-BekTopa f* (p). [umdgepennypya mo p
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rogecta A = 0, Lf = 0 (upwm p € M) u yMHOmMas mocien-
Hee Ha f* cieBa, mONydYaeM COOTHOUICHWSH
n n
oA « 0L
a—pjfdpj—oa ¥ —a;,:'fdpi~0-
j=1 j=1
Bropoe u3 »rux coorHolmeHWH BEIIONHJETCS TpH p = p'
IO BCeX dp;, CBABAHHEIX MepPBHM COOTHomeHueM. Takr Kak,
B cuny yeuosus (11.17), cpemu zuddepennuanos dp; umeercs

0.

posHo n — 1 mHesaBucuMnix, T0 Koopduiuentsr [* i f
J

npu gupdepennmanax dp; DPONOPIHOHAIBHE Kodpduimen-

TaM —— .
ZZ] .
dra memMMa jgouycKaer 00o0lleHne Ha CIyYall XapakTepi-
CTHK NOCTOAHHOH KpaTHOCTH.

JJemma 11.3 [26]. Llyemv ¢ orpecmmocmu mouru

(=* p°)

1) ypasnenue (11.17) sreusanenmno ypasnernuto Ay (x, p)=
0, sge MNP0 g, |

2) cywecmeyem 6asuc {f* (z, p), . ..., f* (z, p)} waac-

ca C™ npasozo uyav-npocmpancmea mampuys L (z, p; 0).
Toz0a cywecmeyem nocmosnrnas C maras, umo

ed oL B__ 6A0
7 BE]‘ _C—apj (11.19)
npu ecex o, BE{L, ..., k}, 1<<j<<n, ade {f*, ...
.« f**)Y — 6asuc aesoe0 Hyav-npocmpancmea mampuys

L (z, p; 0).

JI0Ka3aTeqbeTBO IOMHOCTBIO AHANOTATHO HOKA3aTeIhCTBY
npegeymeil aTeMMHE.

Topcrasasasa (11.2) B ypasuenue (11.1), momygaeM peryp-
PEHTHYIO CHCTEMY YpaBHEHHIl

Ryp* =0, ..., R = —R10*1 — Ry9"2 — . ..
C . — Rpg®. (11.20)

IlepBoe w3 oTHX ypaBHeHHH MH ViK€ HPOAHAIN3UPOBAIN;
mecaegyeM ocranbunie. VMenno nokaskeM, 9T0 9TH YpaBHOHESA
OPUBOAAT K YPABHEHIAM IIePeHoca BIOJE TPaeKTopHil raMiLiib-
romoBoii cucremsr (11.16). Omu ypaBHenms oka3HBaWOTCA
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folee CIOKHEIMM, WeM /I CKAJISPHHX TaMUJIbTOHIAHOB.
[anbHelimme paccMOTpeRMA HOCAT JIOKAJIBHEIE XapakTep.

Ilycrs pyurumsa S (x) ymoBaerBopser ypaBHeHnio [ aMuiIb-
roa — flkobu B orpecrHocTH TOYKM x° M B OKPECTHOCTH
rouru (z°, p°, p® = 48 (z°)/0x, Bumonnens: ycmoBus JeM-
mu 11.2, r. e. S — mDpocras xapakrepmeruka. IIyers f (x),
/¥ (z) — npaBei W NeBHH HYIB-BEKTOPH Marpumi L° =
= L (z, 8S (x)/0x; 0) wmacca C* mpm z, O6amskux K z°.

Tornma
*(x) = o (2) f (), (11.21)
rae ¢ — cxaunsapHad QyHKnusa. PaccMoTpHM ypaBHeHHe
Rog! () = —R10° (2). (11.22)

Ilpu ¢pmrcupoBanHOM T HMEEM CHCTEMY M3 7 IWHEHHHX ajares-
paMIecKMX YpaBHEHHWIl OTHOCHTENBHO HEM3BECTHHX @3, . . .

. «y (y, OPHYEM OIpEfeNATeNb 3T0H CHCTEeMEI paBeH HYI.
Has paspenmmmocTy aTofl cmcTeME HEO6XOZNMO H JOCTATOYU-
HO, 9TOGH BHIIOJHAIOCH TOMKIECTBO

* (@) Ri9° (x) = 0 (11.23)

(8 oxpecrmoctn touku z°). CmemoBartenbmo, Qymrnmus o ()
TOJKHA YIOBIETBOPATH YPABHEHHIO
n
P

k=1

f* f—l—M,G_O (11.24)

ox R

5‘]{* oL 61;4 #*Sp (S% L}'ap)f—Ff*%e:of
k=1
(11.25)

(o6osnauennsa Te sxe, uro m B (11.4)). IIycrs (z (1), p (1)) —
pemenne cuctems: (11.16); Torma

n

d <y 00 OA
‘3‘;(0"3})("7): Z WE;'
h=1
B cuny memmer 11.2 mmeem
L gy 0
f 7, = C () o, (11.26)
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(smagenus f*, f GepyTca B TOYKe &, SHAYCHWA IIPOM3BOTHHKIX
or L, A — B roure (z, 4§ (x)/dz; 0)). Ciregosarensro, ypapue-
une (11.24) smoan Tpaewropmu z = z (), p = p (1) umeer BAJ

€4 |- Mo =0. (11.27)

 Brommumews raaBunii qien ¢§. a. pemenus ypasuennsa (11.1).
Ilyers Ha HexoTopoM riaagkoMm MuorooGpasum M pasmepHO-
¢t n — 1' B R} sajfiaml coriacoBamuble 3HadeHHs S, VS

(r. e. ypasmenue (11.8) Bmimou-

¢ o(ty) HAercs B oxpecrHocr: M). Pac-
"~ cMoTpUM JarpaHKeBy  3amady
Homn
oS (20
3 xlT:O =$0, P IT=0 =p0: 6(x ) ’

0EM,

IyIsi  TaMUABTOHOBOM — CHMCTeMH
(11.16), myers z (1; 2%, p (13 2°%) —
pemenue yroit sanasn Honm. B ka-
wecrBe [ () BOBbMEM UPOU3BONB-
HEH TOpaBelii HyIb-BeKTop Matpunsl L (z, 48 (x)/ox; 0).
Torma ramaBuEmE wiex ¢.a. pememus ypasuemusa (11.1)
(86musn M) mmeer (cm. (11.6)) Buz

T

u(z, ) =exp [ irS (x)——S CM, d’{] f(z). (11.28)
0

Puc. 14.

3necy C, M, ompeneasiiorcst w3 (11.48), (11.25) u uarerpan
Gepercs BZodb $as3oBoit TpaeKTOpUH TaKol, aro z (1, 2°) =z
(puc. 14).

3. 3agasa HKomm (11.9), (11.10) B manom. OcuoBHasg
33jia4a, Koropas Hac uHrepecyer,— 9To 3agada Komn (11.9),
(11.10). B »roM caygae opMyaH CcHIBLHO YIPOIAIOTCH, TaK
Kak omeparop L sABIsercss omepatopoM NepBoro IOPAAKA
mo mepeMenHoi {. Bmenem ycaomme

L 11.2, Marpuna H°® = H (¢, z, p; 0) opmuroBa upu
t =0, (z, p) € R*". '

Tlocnemgyomue paccMOTpeHHs HOCAT 10KAALHWI Tapak-
mep — HelicTBHe IPOMCXOQUT B Malol okpectHocta U Purcn-
poBauHOK TOIEM (Qy = (¢4, 2%, p°). BBesem yciaosme

L 11.3. CoGcrBennnie smawenus hy (Qo), 1 <o <N,
PAaBIHIHEL.
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Torma B Mamoii okpecrrocTn U cobcrBennbie sHadeHns fg,
fecKoHeTHO nmb(bepeHunpyeMH n cymeCTByeT OPTOHOPMUPO-
BaHuuit Gasuc {f* (¢, z, p)}, 1 <o < N, u3 CoOCTBEHHKX
BEeKTOpPOB Marpmisl H°.

Ypasuennwo Tammabroma — fAro6um (11.13) orBegaer
cucrema l'ammiasrona

dz  Ohg dp Ohe

Tdt T Top ! dt dx °

(11.29)

Tlomyaum ypasuerns umepenoca. IlomcraBasia (11.11) B sBO-
monunonnoe ypasHenue (11.9) u npupaBEuUBag HyII0 KOdPHH-
meHT Tipu A~l, mosywaem ypaBuenue

Ropt = — Ry, (11.30)

Ry=T% i (t = ., 0).

Ecau ¢ymrnua S ynoBuaerBopsier ypasmenmio (11.13),
det Ry = 0, ¢° — colcrBenubIii BeKTOp, orBewawmuil co6-
CTBeHHOMY 3HaueHuwo h,. PuxcupyeMm (raamkmii) cobGerBem-
aroii Bextop f*. Torga

¢° = of%,

IAe ¢ — cKauspeHas (QYHKOHUA, TaK Kak h, — IpOCTOE COO-
crBennoe siHavenne. HeoOXoMuMBIM U [10CTATOUHEIM YCJIOBHEM
paspemumoctn ypasmenus (11.30) apaserca ycaoBue

(f*, Rof* =0. (11.31)

OmepaTop Rl nMeeT BUJ

oH 8
R = +Z op; a;p]

F1 o« @S ol oH 4
3w wran T Jo=Tue Ry, (11.32)
h=

rae H = H (¢, z, p; 0), p = dS5/dz. TlpeoGpasyem ypaBHe-

ume (11.31). Bpemem onpegemurens

To (t, 2)— det ﬂ%i (11.33)
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3mecs  {z* (¢, y), p* (¢, y)} — pemenne TIaMHIBTOHOBOM
cuctemir (11.29) ¢ mammmvu Homm

S
Zl—o=Yy, Pl—o= 0 gy(y) . (11.34)

Ypasuenue (11.31) u ectb HCKOMoOe ypaBHeHHe; HMEHHO,
HOKasKeM amasor jJeMmMul 3.14 mis cucTeMHl ypaBHeHWH.

Jdemwma 11.4. Hyemv ycaocsus L 111 — 11.3 ewnoa-
Henw, ¢ = 0 (¢, *) — ckasapras Pynryus, eermop-@PyrHrYus
f* marosa, umo { f*, f*) = 1. Toe@a

(% By(ofn=20 1.7 LinJ,+ Moo, (11.35)

3decv d/dt — npoussodnas e cuay cucmemsr I amuivmona

(11.29),

- 7—1\ « [ OH oh af*
My = t}_Ji <f ,(—65;— Oc) P
j=

op;

e=0fa>+<fa’ —dg;i ’

(11.36)

n
1 02he, o« OoH
) . iéxjﬁpj+<f ' oe
j=

H:H(t, z, %f—-; 0).

HJoxasatTeabcTsno. Bextop-pyurums f* mumeer
BuUR f* = f* (¢, =, p), THe p = 0% S (¢, ), T.e. aBuserca
caokmnoll dymkmument or z. CuMBoioM Dx]. 0603HAMNM TIOJHYIO
TIPOMBBOJHYI0 II0 HEePeMeHHoi xj, T. €.

a af“ 025
ijf - + Z 6ph oz ; 0z

B dopmyay (11.32) Bxomar mommbie mpowsBogmpre. [lauee,
ecad ¢ = ¢ (£, £, p) ecTh CKamApHAH PYHRIMS WA BEKTOP-
dyuruma, To ee TPOU3BOAHAS B CHJIY CHCTeMb ['aMHIBTOHA
(11.29) umeer BHp

t

(3mecs p = 0S/0x).
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YeragposuMm HeKoTophle amrebpamdeckue toskmaecrea. Jud-
deperIupys TORACTBO

H(t, z, p; 0)f* (@ 2, p) = hy (&, z, p) [* (¢, 2, D)
o IIepeMeHHON pj, LoIydaeM

( oH 6h
6p].

)f = (h a—m—-— (11.37)

B sTOM H mOCHeAYMIINX TOKJECTBAX f, ¥, P-— HE3aBHCUHME
mepemeHHble, YMuokasg Toskpectso (11.37) cranaspHo Ha 7#,
moayIaeM

<’ f>— - Ban (s —hr~s)<fB TN (11.38)

Huddepernupys MCXO7HOE TOMEECTBO IO 1ePeMEeHHBIM
Pj, Pr B YMHOMKasg CKATSPHO Ha %, momywaem

<B op 0pkf >_6§2}:9a "‘ﬁ+<f[3 ZZj_ Zp] p, >+
~|—<fB, Py 07 ) 6f°°>. (11.39)

Py, op, / 0p;

HNmeem
Ry (0f*) = A (0) {*+ Bo,

rae 0603HAYCHO:
n
o0 oH
=75 T 2 ap; Dy 0,
j=1

oH
de |e=0

+z N I .

op, dp
k=1 7 k

Yunreipag roxgectso (11.38), momydaem
#% Afo) =22

Ilpun Boramcaenun Beipamenus (/°, B) Bocmoinayemcs ¢op-
myqoit Jlmysuana (§ 3)

n

d 928
—InJ,=
dt o :,-,;:1 o Oz, 6p apk Z 0x 0p
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TOMTECTBOM

ofF 928
6p]. 0.75]. 6xh

a
6xh

szhfoc__ fa

j=1
un rompecrsom (11.39). Torna moayumm, 9TO

G B = {f,—- ‘.aHDer
j=1
1 ” 25, = S
! _0%hg Ohy  8f% 52
) 2 “op; op,, ax ax Froe T 4 apj op, Oxjoz,

7, h_i ik

oH of* 828
Z op; ap,, dz; Oz,

+—03—

ol =
i k=1
Ohg,

={f" 3 +:(9pr>+

1 2n
+7[dt InJo— _, 97, a;]]+

+Z<f (01,] e ) >+/f SERDY
5>

YaursiBasg GOpMYIY IS UPOU3BOTHOM 4; B CIUIY CHCTeMHI

Tamunsrona, moaywaem (11.35), (11.36).

Ilyers yeaopus L 41.4, L 11.2 mo-mpestHeMy BhIIION-
Hemsl, a BMecto yeaous L 11.3" BeemeM ycaosme

L 11.3". B oxpecrrmoctn U touxm Q, martpuna H mmeer
coOcTBeHHoe 3HAaUeHHe h (f, Z, p) WOCTOAHHON KPATHOCTH X,
W cymecTBYeT oproHopMupoBaHHEI Gasme {f*}, 1 < o < %,
3 cOGCTBEHHBIX BEKTOPOB, OTBEYAWIIUX COGCTBeHHOMY 3Ha-
wennio h, wracca C(U).

B wacrHocTH, 3T0 yCIOBHE BEIIOJHACTCA NIA YpaBHEHHT
Hupara (§ 14).

Torga Becsakmil coGeTBeHHEHNN BeKTOp f, oTBeUAMui coG-
CTBEHHOMY B3HAUYeHWI0 h, MOmeT OHTH IIPEACTABIGH B BUIE

H

f= 2 O-Otfa7

a=1
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rjie 0, — CKaJdApHHE pyuknun. B proM cayvae BMecTo CKa-
AAPHOrO ypaBHEHHS DePeH0Ca Ml WONYIHM CHCTeMY ypaBHe-
guit gnA QyHKou# o,. ViMeHHo, cOpaBemInBa

JJemma 11.5. Hyeme yeaoceus L 114, L11.2, L 11.3

sunoanenst. Tozda
1 4d
(%, Ry(01%) =80 -G+ 535 InJ) o+ Mago, (11.40)
1<a, B<n,

= (5 5P (1) -

92h f 0H
wZM@+Q

JLoKa3aTEILCTBO STON JeMMEL CeXyeT W3 0Ka3arTelibCcTBa
aemmbr 11.4. Cucrema ypapuenuii mepeHoca wMeeT BHI

. f°‘>. (11.41)

k.1

d 1 d

(gt o) oo+ 3 Mupou=0, 1<B<n.
=1

Bynem wmckarp wactHoe ¢. a. pemenue cucremut (11.9)
B BHJE

u® (¢, z, M) =exp [iASy (f, z)] kZO (AR gh(t, x), (11.42)

e S, — pemeunne ypasuenus (11.13). @. a. pemenne 3amaqu
Homm (11.9), (11.10) 6ymer npepcraBieno B Buie CYHEPHO3N-
IVE TaKHX YacTHHX §. a. pemenuii. B caywae cucremsl Bo3-
HUKAIOT /IBA HOBEIX 06CTOATEILCTBA, KOTOPHX HEeT B CKAJsp-
HOM. cIydae.

1. Ileppoe mpmbamKeHnwe HAXOLUTCA C IOMOMBIO YpaB-
HEeHHA [IJig BTOPOro UpHOIHKeHusd.

HeiicrBurenbHo, BHINE MB BHUIEIH, YTO OPU BHYHCICHUR
¢° meoGxomuMo BocroabzoBaThesa ypapuemmem (11.30).

2. Yro6m momyuuth ¢. a. pemenne ¢ TOYHOCTEI [0
O (A7), meo6xonmmMo BHATH [Ba NPUGINKEHNAA.

HelicTBUTEIBHO, eCAd OIPAHWUTHATHCH TONLKO TJABHBIM
YJeHOM, TO

O g g 05
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n Ryp®® == 0. Ilostomy ¢. a. pemeHHe ¢ TOIHOCTHIO [0
O (A7?) cumemyer B3ATH B BHIE

u® = exp [iASq] ((p0“~|—i—1x— (pm) . (11.43)

Hasa cRamApHOTO YPABHEHHA MOMHO HOIOKATH @' = 0,

BgenmeMm ciemywinue yCJIOBHA.

Yeaoeue L 11.3" samenum Gojee CHIBLHBIM:

L 11.3. CoGerBennnie sHawenws Marpunut H (¢, z, p; 0)
pasamassl mpu 0 <\t < 7, (z, p) € R

L 11.4. 3amgaga Komm (11.29), (11.34) umeer, u mpuroM
eHHCTBCHIOE, peIIeHne

{z* (¢, ), p*(t, Y}ECT ([0, T1 X Ry).

L 11.5. Otobpamenme (¢, y) — 2= (¢, y), t€l0, TI,
y € R ects nuddeomopduam.

CumBoaoM O_p ¢ o0003HAYIM KJIACC BeKTOP-PYHRIAN
P (¢, x; ((M)Y) rakwmx, uTo

1) v eCc” (R x [0, TI X Rf);

2) nas no0nx MYJIbLTHHHIEKCOB o, P H mIA Jio6oro
[eJOoro ¢ CIpaBeJIuBE ONEHKH

' DIDP (1, x; (W)Y | << Cayp, ™ M2 )T (11.44)

upa A =1, 0<Ct<{ T, z€ R"*, rpme mocrosuune ( He
3aBUCAT OT £, &, A.

Onenra (11.44)—yrounmennuii amamor omemku (3.54).
ITpnmepom BekTop-OyHRINN P € O_py, 7 CAYIKAT

P =AM exp [iAS (¢, 2)] ¢ (¢, 2),

rie S — BemlecTBeHHo3HauHas QYHKmusa Kiacea C° mpu
0t T, € R, ¢ — BeKkTOp-pyHKOUA, ¢ Takme OecKo-
meano gudpdepennmupyema m ¢ (¢, 2) =0 mpu |z | >a,
0T,

Ecnu, KpoMe Toro, Bce Ipom3sBomubie QyHKnuu S orpa-
apgensl npu 0 <{¢t < 7T, z € R, 10 B KadecTBe ¢ MOIKHO
B3sThL TAKYI BEKTOP-QYHKIHIO, UTO

| DEDEg (t, ) | < Couypor (141 2]) ™
mpu 0<Ct<C T, z€ R" u upn aw0bux a, §, M.

BynmeM, nas ®paTKOCTH, FOBOPUATH, UTO BEKTOP-PYHKOUSA
u (¢, z, A) ectb ¢. a. pemenne cmereMsr (11.9) ¢ TOUHOCTRI
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no O (A"M), ecan
2 1
(ADJI - H (t, , A 'Dy; (10 u=9M€O0_y, 7. (11.45)

Iloctpomm wacrabre ¢. a. pemrenus cucremst (11.9) mpu
yeaopusax L 11.4—L 14.5.

Buauane Oymer ommcana upomenypa uoctpoenums ¢. a.
pemieHNA, a 3aTeM MH CHOPMYIAHMPYEM COOTBETCTBYOIIYIO
TeopeMy.

1. @Oyarmus S, (4, z), Bxomamasn B Qopmymy (11.42),
ompenensiercss Kak pemenme ypasuenus (11.13) ¢ manneimu

Komn
S, (0, ) = § (x). (11.46)

o yemosuio S, € C¥uprn 0 <<t < T,z € R

2. lokaskeM Temeph, KaK BBHIYUCIUTH BEKTODP-QVHKIIWIO
@ (em. (11.42)).

IMyers {f* (¢, z, p)}, 1 < a <N, — opToHOPMHUPOBAH-
HHI Gasuc (IpH KaskAHX QukcmpoBamummx (¢, z, p)) B R"
kracca CT upu 0 <Lt << T, (z, p) € R*™, cocroamuii us cob-
CTBeHHEIX BeKTopoB matpuust H (¢, z, p; 0). Bubepem »tn;
BeKTOP-QYHKIMA  TaK, 9ro0H  Bce  BeKTOpP-PYHKIHEK
(0, z, 88 (x)/0x) Oman ¢uuuranimu. Bosbmem ¢ B BIIE

9% (t, 2) = o4 (¢, 2) f* (¢, z, p),
rue p = 08, (¢, ©)/0z, 0, — HemsBecTHas CKaJspHas PyHK-
nua. Torma Reg'® = 0. WUz (11.31) m nemmm 11.4 maa o,
IMOJy9IaeM I pasHenue nepenoca:

Vo 1 %o 200e 4 ,6,=0. (11.35')

3anmasas HGKOTOpHe JaHHEe Homn upu t = 0 u pemas sTo
ypaBHeHOE, ToIydaeM

aa._l/fa(o b ¢ [—iM“dr]aa(O, y).
0

Taxum o0pasoM, MIaBHHN WIeH acHMOTOTHKA HMeeT BH]
u*l (¢, x, ) =

t
_exp[ﬂ»S t, 2) 1/1 (9, y)exp[ SMadT O'alt o X
21
D
x f*

(z v)

t, z,p).  (11.47)
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B orolt  dopmyre z = a* (¢, y), p = p* (¢, y) {vr0
pemenne safaun Homm (11.29), (11.34) pusa raMuabroHOBOM
cucteMrl, akobman J, #u ¢yurnma M, ompeHensoTcs u3
(11.33), (11.36)).

OrmernMm, wro u® * (¢, z, ) = 0 BHe MHOKeCTBa
=zt y), 0t << T, y € supp f* (0, y, ds(y)/dy), (11.48)

T. €. BHE MHOKEeCTBA, KOTOPOEe 3aIMOJHAETCS TPAeKTOPUAMH,
BLIIYIIEHHHMA 13 HOCHTEIs BeKTOp-QyHKmuH [*|,—,. l'mag-
KoCTh BEKTOP-QyHKmmE ud *upn 0 St <L T, 2 € R*, A =1
OYeBU/HA.

3. Temepp BHUHCIWM CIGIYOIME WIEHH pa3IoKeHHA
(11.42). opcraBaas (11.42) B (11.9) m npupaBHUBag HYIIO
KoaQPUIMeHTH Op¥ cTemeHsx A~!, moiydaeM PeKyDPPeHTHYIO
CHCTEMY YpaBHEHWI:

Ry@'* = —R;¢%,
Ro(P%(’ = _qu)la — qu)l)a’ (1149)

B cxansgpuom ciygae Ry — 5T0 omepaTop YMHO;EHHs Ha
pyuknmo, n Ro=0, ecim S, — pemeHme ypaBHeHHS
Pamunprona — flko6u; B Bexropmom ciaywae R, == 0.

Brraucanm ¢, Mmeenm

N
el = 2 Capf® (11.50)
p=1

NUmeem Roff = (hg — h,) fP. YMHOman mepBoe w3 ypasie-
s (11.49) eranapuo ma fB, momyaaem

i) (I3
cgﬁz%, B o= c. (11.50')
3necey, kak u B (11.47), snmavenus QyHKnuit 1 BeKTOp-QYHK-
waik Gepyrtes B Touke {f, z* (¢, y), p* (¢, y)). B cuxy 7oro,
qro Bekrop-pyurmuu fP (0, z, 8s (x)/0x) ¢uruTHHI, uUMeeM
[ he — hg | = C >0 Ha MHOMeCTBe, 3aJaHHOM YCJIOBUAMH
(11.48), rar 910 Cy — raagkue QYHKIHH.

4. 3uagenme Koaddummenra Cg, 0CTAGTCA HEHM3BECTHHIM.
Ecam MBI X0TUM OrpaHAIUTHCA . 4. PETISHHEM C TOTHOCTHIO
mo O (A~%), ro momuo momoskmts Chy, = 0. IIpu mocrpoennn
Gomee TogHOTrO (. a. pemenus KoapPunueHT Chy OLpeAeIAeT-
€A E3 CIeNYIOIero UpubIKeHns,
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HeobxoguMEM H [OCTATOYHEIM YCIOBHEM pPaspenIiMOCTH
proporo us ypapuenuit (11.49) asaserca

(", Rio!®) - (f*, Rap0®) =0,
TaK 4YTO

(f*, Ry (Conf™)) = g%,

rmie
LB
g% = — Ryp'»— R, X Capf
B#o
eCThL M3BeCTHAA BeKTop-PyHKmuA # g'¢ = ( BHe MHO/KECTBa
(11.48), 1. e. BHe TpoEKIMU Ha R”“ TPYOKH TpaeKTopwii,
BHIIYIIeHHOX u3 supp f* B cumay memmur 11.4 monyuensoe
COOTHOUIEHHE eCcTh ypaBHeHme mepenoca (0ObIKHOBeHHOE TH(-
(pepeHnnaIbHOE YPAaBHEHIle BIOIb TPACKTOPHH):

dCl
(Za + C dln]

S - Mo Coq = g1
3anasas (bHHHTHHe nanuapte Homm Chy |1—¢, Haxomum Chy
BIOJb TPaeKTOPHUI.

Taxkum o6pasoM, mpomexypa OTHCKAHHA WIEHOB ¢. a.
pemenus TtakoBa. Hwmeem

ZCB/‘B

Rospdmments: c{,iﬁ, a = ﬁ, HAXOJATCHA M3 aITefpamvecKux
coorsomenmit (cm. (11.507)), a Kosdpdumments: Cop — H3 ypas-
HeHIil mepeHoca, UPHIeM NI BEHUMCIeHus Ch, HeoGXOmmMo
HCHOIb30BaTh ypaBuenue paas (k + 1)-ro npumbammennud.
TeMm caMpiM TOKa3aHa

Teopewma 11.6. Hyemv ycaoeus L 111 — L 11.5
eunoanens, S (x) € C°, {f*0, z, 85 (x)/oz}, 1 <a << N,—
Purumnse cobemeernnsie 8ekmop-PyrryLy kKiacca C™ mampu-
yw H (0, z, 8§ (x)/oz; 0).

Tozda dasn awbozo yeaozo M =1 cywyecmeyem ¢. a. pewe-
rue ¢ mourocmuio do O (A ™M) cucmemwr (11.9) suoa (11.42).

JT0o o3mavaer, 4Yro Mis 4% CIPaBeJIHNBO COOTHOINCHHE
(11.45).

OtMetnM, dTo BCe BeKTOp-QynKuum @ € C* upn z € R™,
0 < ¢ < 7, n_ 1OXILCTBOHHO DABHK HYIO BHE MHOKECTBa,
sagammHore coorsomenusamu (11.48).
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U'naBHHH wieH acmMuroTHkm pmaercst popmymon (114.47),
a ¢. a. pemenge ¢ Tounocthio no O (A~2) mmeer Bug (11.43).

Pacemorpum samazy Komm (11.9), (11.10).

Teopema 11.7. Hycmv ycaosus L 114 — L 11.5

eutnoanens, S (xr) € C* (R™), u® (z) € C;° (R". Tozda odasn
awbozo yeaozo M =1 cywecmeyem eexmop-gpynryus uM,
komopasn seasemca pewenuem cucmemst (11.9) ¢ mounocmuio
do O (A u umeem 8ud

b=

uM (t, z, h) = Mtz 1), (11.51)

1
20e pewenus u*™ umerom eud (11.42). Bexmop-gynnyus uM
yOdosaemeopsem dannsin Howw (11.10):
WM g = exp [AS ()] 40 (z).

Bexmop-gpynryun u*™ obaadaiom memu e ceoticmsamis,
ymo u ¢ meopeme 11.6. Hpome mozo, uM (¢, z, A) = 0 6ne
MHOKHCECTEA

z=2%(ty), 0t << T, y €supp u’ (y).

HoxasareabcTsno. Bekrop-pymkmua uM suga
(11.51), B cumy reopems 11.6, aBasercs ¢. a. pemenneMm
cucremu (11.9) ¢ toamoctbio mo O (h~M). Ocraerca ymosuet-
BOPHTH NaHHHM Homm, uewoabsys mpousBod B BeIGope §. a.
pemennit u*M. Vmeem

M
uM limo ==oxp [IAS (2)] 2 (2 ¥* (),
N

YO (2) = 2:11 Uafa lt=o=

V* (z) = Z (C 6 imo  (B=1).

Tark rak Bextopel {f* |;_} oOpasyor riagruft opro-
HopmupoBanuhit Oasmc B RN mpm mobom z, ro, momaras
upu t=0

Oq {t:() = (uo (x)’ fa ’t———-O)’

nonygaem Y° (z) = u® (z)., Ipua atom g4, |1—o € C; (R™). Uro-
6K yROBAETBOPHTH AAHHEEM Homu, ocTaercsa ROGATHCH-TOTO,



§ 11, MATPUYHELKE FAMUJIBTOHUAHK 219

arobu Y* (z) = 0 npum k > 1. Us ypasmenna §' (z) = 0 wo- -
JAy4aeM COOTHOMIEHISI

Caplio=0, 1<B<N.

HamomunM, 9To 10 H3BECTHHM O, [* KoadumueHTH Cig,
a = P, oupemenATCs ONHO3HAYHO, a KodQPUIMEHTH Chy
VAOBIETBOPAIOT YPABHEHUAM IIePeHOCa, OFHAKO manube Honm
MOKHO BamaBaTh npomsBoabmo. Ilomaras

Céﬁ't=o= — zﬁcés It=07 1PN,
o

‘moxydaeM, aro P! () = 0. CymecrBenso, uto Kospdumumenr
Chg lt—o = 0 Bue mocmreas Berrop-pymxummm u° (x). Ipo-
HOJDKAsk 9TH DACCYRIeHWs, WoJIyIaeM . a. pPemeHume, g
KoToporo fnaHupie Homm ymOBIeTBOPATCA TOYHO.

IIpumep 11.4. Pacemorpum cucreMy mepBOro HOPAS-
Ka, He 3aBHCAIIYI0 OT I:

[A1ID; -0t i A;(2) Dy, +~B(2)]u=0. (11.52)
i=1 4

3mecy A; (x), B (x) — BeliecrTBeHHLE CUMMETPUIECKIE MaT-
PHITHL.

B srom caryuae Gopmyaa (41.47) nast raaBHoro wiena acum-
LTOTHKW YEPOMAETCs, TAK KaK BEKTOPHL f* MOKHO BHODPATh
He 3aBHCAIINME OT { I Tak Kak Hyp,p, == 0. IlosroMy raaBubri

YWICH aCHMIOTOTHKH HMMeeT BHJ

0% = exp z?»Sa]]/j"‘ (? yy)) O |t=0 X
X eXP[S (5 Z fj’;‘;} “g‘i <fa, A4; (x)—‘??i—: ) dt’]fa.
(11.53)

ApryMenTs Bcex QYHKIHMA M BeKTOD-QYHKOUN Te jKe, UTO
u B (11.47).

IlpuBepem amamor memmsl 11.4 mas omeparopa L, B KoTo-
poM HaMeHeH HOPAMOK AEHCTBHA OIEpPaTopoB Zj, ij.
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Jdemwma 11.8. Hycmv ycaosus aemmu 11.4 evinosnernst
u onepamop umeem 6ud

1 2
L=31Dy+ H (¢, 2, ADg; (i7Y)). (11.52)

Tozda cnpasedauea gopmyaa (14.35), 20e Ppynryus M, umneem
suld

n
ai% \ oh 6H FTad
A’[a:<fa7 7/—}_% <fa1 ( 09:; _(7.11 6p1>'L

f> (11.53")

n
1 _0%hg
—}_?Z dx; 0p; +<f’ o
J=1

Hoxasareaxancrtso. Ilyers R} — omeparop (11.32),
a R, — aHaJOTWYHHI oueparTop, OTBeHAOmMUA TaMHILTOHHA-
my (11.52'), Torpa, B cmuxy (2.11), (2.15),

02H

n
Rig= RnanE Pl

HNuddepennmpys TosmmecTso (11 38) mo z,, moxygaem

92H f 4o oH af oH af“ +
“dp; oz op; oz, ' dxy 0p;
o2f%  92py ahOc af‘"
+4 Opj dzy ~ 9pj oy r +op; on T
aha af 2
+ e oz, ap; T ha 5 dpj 0zp,

YMHOKaA ITO TOKIECTBO CRAISPHO Ha [%, OIYIaeM TOHIeCTBO

s e Y+ (5 )+

o O0(H—hy) % 02hg,
+<f e o) = deaer (11.59)

W3 sroit popmynsr u gemmu 11.4 coegyer (11.53").

4. Acummrornka sajaunm Rommn (11.9), (11.10) B memom.
C aroii sagageir Homu cesazanet N marpamskeBHX n-MeDHBIX
MHOTO006pasnit

Al o ={(z, p): z=2a%(t, y), p=p* (¢, y), yER"},
1<<ah,
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B (asoBom mpocTpancTBe R*™ m N gparpamwmeBRX MHOT000-
pasuii

n+1 n
Aa - U Ai, [+
0I<T

pasmepzoctu i 4 1 B ¢PaszoBom mpocrpanctse R®***2 ¢ roop-
nunatamu (¢, z, E, p) (£ — nBoiicrBennas K { mepeMeHHas).
Mo coxpannm te xe obosmagenus, aro u B § 10, nobasuasn
BCIOTY MHJeKC o (Homep MuorooGpasus).flllyers G, — omepa-
TOP CHABHrA BIOJNb TPACKTOPHH TaMHIBTOHOBON CHCTeMBI

dx Ohe, dp Oheg, dt dE Oho,

T WS e w b w s e (1199)

PacemorpuM marpam:keBo MuorooGpasme AL™; oo crpo-
UTCAIIO TaMUIBTOHRHAHY Ay (f, Z, p) Tak ske, Kak m B § 8, m. 3.
TTomyunm GopMyny KOMMYTAIUy I onepatopa L u KaHo-

G
HHYECKOTO OlepaTopa KazK'jnH. Ilyets MHOTOOGpa3us
ta

A" u coberBennne smawenna hg, 1 < B << N, ynoBaerso-
pAWT yeaoBuaMm teopemul 8.4, yemobua L 141 — L 11.4 -
HOJHEHbI,

Teopema 11.9. Iycmv f: AL — R¥N ecmv sexmop-

Pynryus kaacca C° u npoeryus supp f na RYY, codepacumes
¢ neromopom romnarme npu scex t € 10, T1. Tozda cnpasedau-
8a Hopmyaa EOMMYMAYUU

LK.,f=K, i (N7 Rif + 0y, (11.56)
=0

npu awbom yeaom m = 0. 3decv R; — dugepenyuasvisie
onepamoptt ra AL nopadre <j, ¢ kosguyuenmamu u3
raacca C° (AL?), ne sasucawumu om A. Jauee,

Rof = (H® — hoI) §. (11.57)

Ecauw f = o4f*, 20e o0, — ckaaapras @Pyukyus Kaaccd

C™ (Ax), {f*, f*)=1, mo

Ry (0%%) =0, (14.58)
(%) By (0uf™) =50% 4 Mo, '

20e pynwyus M, umeem eud (11.36).
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Bo Bcex stux dopmyaax f = f (¢, z, p), rae Touka (z, p) €
€AL o

JTa TeopeMa WIpaeT TOYHO TAKYI0 ke PONb JJIA CHCTEM,
970 H TeopeMa 8.4 IMA CKaAAPHHIX YpaBHEHHH,

B gopmyaax (11.56) — (11.58) saraioueno ocnosrnoe codep-
Jcanue Hacmoswe2o napazpagda.

HJorxaszarenbcrro Teopenms 11.9. IlpuBemem
JOKa3aTeJbCTBO A OPEAKAHOHWYECKUX OMePaATOPOB; LOCTe
9TOr0 IHepeXoj K KaHOHMIECKOMY OHEpaTopy COBepIIAeTCH
TaK jKe, Kak u B 1. 3 M0KasareabcTBa TeopeMs! 8.4.

YauTeBasg MHBAPUAHTHOCTH MHOTooOpasmsa ALl ormocm-
TeIBLHO COBUIOB BJOJH TPACKTOPHH IMHAMUYECKON CHCTEME
(11.55), BrGepeM KamOHHYeCKHH aTiac cherualbHEM obpa-
3om. Mmenno, mycts £ — xapra ma A}, ,, Koropas nuddeo-
MOpGHO HPOEKTHDPYeTCH HA JalDAH;REBY IJIOCKOCTD Dy, L)
(smecwy (y) U () = {1, 2, ..., n}, muomectBa (y), (6) me
nepecexaorcs). Torga xapte gb Q o6mamaor sTaM Ke CBOII-
cTBOM, ecam |? — fy | < e, rme & > (0 pmocrarowHo MaJo,
a @ — rapra Ha A} ,, KoTOpas comepruaTcs B  BMecre
€O CBOHM 3aMHKaHHeM. B KagecTBe KaHOHHYECKOTO AaTjiaca

Ha A BuifepeM araac W3 KapT, TPOGKIMM KOTOPHX HA

o, mmetor BER | g'Q.

lt-to] <e
1. HoxaskeM ¢opMyly KoMMyralmu B HeocoOoil kapre.
Ilyers € — Heocobast Kapra, T. e. B KauecTBe KoopauHaT Ha £
MOKHO B3ATH mepemenHsie (£, ). B coorBercTBum ¢ BHINEN3I0-

JKeHHBIM Q MOMHOQ B3ATH B BHJE
z = % (tv y)7 p=p* (t’ y)7
t

E:EO—S Do dv, fy—e<t<tyte, yel.
\]

3mecy Q — obmacts B R}, {z% p*} — pemenne cucrems
(11.29) ¢ mammeivm Komm z | = 2° (y), p |t—0 = P° (y):
rge touxa (z° (y), p° (v)) = A}, . Tourm r € Q mapamerpu-
3yloresd uepeMeHuuiME (¢, y): r = r (¢, y). IlpegranonudecKuii
omeparop K B Kapre {2, ¢ TOYHOCTBI0 [0 HECYIIECTBOHHOTO
YHCIOBOTO MHOKUTENS, MMEeT BUJ

Ja (B0,

(K (1) (¢, 2) =exp (@8) )/ Tl B (o), 2
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(sce HHAEKCH y omepaTopa K, AdA KPAaTKOCTH, OMYIIEHBI)-

3neck
t

S— 5 (p*, da®) — he dt"),

pHTerpat Gepercsi BRONbL OMXapaKTepHCTHKU, S — B TOUKe
r= (t7 % (tv y)v E7 Pa (t1 y)) Nmeem

S,
at —ha (t7 x, p)

B xapre Q. Ilyers exrop-pymemua f€ C® (€2). Torpa,
B cury (11.3), (11.4),

LKf=exp (i1S) ) b (Rof + - Bof) +0-a,1,

Rof = (150 +H) f=(H—haD) .

3necy u panee H = H (¢, z, p; 0), rouka (z, p) € A} ,. Ecan

= 04f%, 1o u3 demmsl 11.4 cnepyer (11.58). Mur orpanmanm-
cA mepBHIMHU BYMA wieHamu pasiomennd (11.56); cymecrso-
BaHME HTOr0 PA3HOMKEeHAA € JIIOGHM YHCIOM UIEHOB BHITEKaeT
u3 § 9. B manpueiimeM Taie OTPAHMYHMMCA HEPBHIMHU IBYMA
qleHaMH,

2. Ilycrp Q — ocofas Kapra, ¥ MyCTb B KauecTBe KOOPIM-
Har Ha £ MOKHO B3ATH nepemennsie (f, p). CoorHomenms
(11.56), (11.57) noKa3HIBATCH TOIHO TAK K€, KAK M BEHIIIE.
CoorHonrerme (11.57) Mu1 monyunm, rwomGurupys memmy 11.8
n gopmynH paa npeobpaszoBanua Dypse A-m. 1. o.

Nmveem

D
K= F- ( 1/% exp (ir5) (p) (11.59)

rae I = Fy' ., ¢yuRmua S u sxo6uman J, 6YIyT yKa3aH
mmre. B cuny (5.3) nmeem

LFt—FL,
Y~ 1 2
L=M'D,-+H (t, —N1'Dy,, p; (iM™).

3aMeTHM, 9T0 MOPANOK JeiicTBuA omepaTopoB puddepeHIu-
POBAaHUA M YMHOMKEHHWA Ha QYHKIMIO WHOM, 4eM B HCXOJHOM
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oneparope
i 2
L=A\'D,+H (t, z, L,"'Dy; (il)Y).

Oyurmua S 3aBucur or mepemenaniXx (4, p). Ee asmmit
BUJI B NAaHHOM MeCTe HeCYIecTBeH. BaykHo ToJIbKO, 4TO 3Ta
GYHKIUA yIOBIETBOpAET ypaBHeHHI0 [amuiabrona — frolu

oS

ot =) =0,

Creraem B cucreme l'ammabroma (11.29) sameny

Z=p, p=—=x (11.60)
U HOJORUM

R (t, T, D) =he (I, , p). (11.61)

Cucrema (11.29) orseuaer ypaBuenuo Iamumsrona — AxoGn
(11.13), u p = 9S/dz ma TpaekTopmAX 9TOU CHCTEMH (CM.
(3.10)). Ilepemennas ¢ mrpaer poas mapamerpa.

IIpeoGpasosanne (11.60) — wanmosugeckoe; 1O Teopeme
4.16 npum Taxom npeoGpazoBanun cucrema I'ammabrona (11.29)
CHOBA IepexofuT B cmcreMy laMuabTOHA € IaMIIBTOHHAHOM
Ry. LA HArnsgmEOCTH BHILHIIEM BCe YPABHEHWA HAPAJLIENb-
HO; 3recb S = S (¢, 2}, S =S (¢, p) u, B cuny (11.60),
(11.61),

T, (t, x, p) =hy (t, p, —2). (11.61")

Crepyromaa Tabauma HIJOCTPAPYET XBOHCTBEHHOCTH I-
u p-OpejcTaBIeHMI.

Z-npegcTraBIeHNe p-upeiacraBaenue
a8 s o5 | - aS
S he (1 @ ) =0 T e (2, *"57’1’):0
do __ Ohg dp _  Ohg dz _ Ohy dp Ok
dt — dp ' dt oz at — gp ' dt T oz
HA TPAEKTOPHUN Ha TpaeKTOpUH

__ oS ~ &

T oz p= 0z




§ 1. MATPUUHHE IAMUJIbTOHHAH B 225

HOns OGomee momHoil CHUMMETDUM BamHIeM YPAaBHEHHA
l'amuaprona — Axobu m omepartopst L, L B Buje

a5

as
—t"]_hfl(t’ z, p)=0 v + a(t JC p)~—
e y .12
L=N"'D;-+H (t, z, N"'p; €) L=\1'D,+H(t, z, \ip; &)

roe cuMBoan H, H coasambi teM ke COOTHOIIEHNEM, YTO
a hy, hg:
H(t, 7, p;e)=H(t, z, p; €). (11.61")

IIpumenssz aemmy 11.8 (B JAHHOM Ccayuae Jg =

2% (t, ¥)
=det —= aHAJOTHIHO (11.33)) , monydaem u3 (11.53)
y
nas onepaTopa M, Bripazkenue

_ —2 <f (kg —H) 7™
a ) 6;6] 0p]

0H0 ~a
2:% ‘9"’61‘9101—’_<]c J ! >
Ianee, B cury (11.60), (11.617), (11.61") nmeem
9%hg (6,7, D) 0ha (b, 3, D)
6;]'0;]' 0x; 0pj
oH of* oH o/*
oz; 0pj = opy 0wy

2

HamoMHEM, 9TO B OKDECTHOCTH Ka:kHo# HeocoGoit Toukm
Kapthi € < AL™ B KadecTBe JOKAJBHHIX KOOPIMHAT MOYKHO
sei6pars aubo (¢, z), aubo (¢, p) ¥ 9T0 TOUKH

(t, z, E, p), @ =z, E, D)

OTpefieAI0T OJHY M TY ke TOUKy Ha AL, ecin

_altr) oz, G Bathp)
- dz ’ B - ap .

15 B. 11. Macios, M. B. @egopox
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3. Touno Tak e UCCAENYETCH CIydail, KOM[a B KauecTne
JOKAILHEIX KOOPAWHAT B Kapre {2 MOMKHO B3ATH £, YaCTh mepe-
MEHHHX & ¥ 4YacTh MOepeMeHHEHX p. HWvenno, wnycrs
{1, 2, ..., n} = (@) U (v), maosmecrBa (§), (y) He mepece-
Kawored n (¢, Pe)s Tp) — TOKAIbHEIE KOOPAMHATHL B KapTe
Q, F1=F3 poy~xpyr OUepaTop K mmeer Buj (11.59).

CresaeM KaHOHMYECKOe IpeofpaszoBanme
Ly, = Pg, Pr= — Xy, kE(ﬁ)’

;k:xk’ Eh:pk’ kE (Y)y
TaKk 4TO
Z={(Pw)» Tp) P=(—2Z@®» Pep)s

u momosmmm, wak m B (11.61), (11.61"),
TL@ (t’ ‘;’ 5) == he, (t‘l Zy P)7
H (2 p; 0)=H (t, z, p; 0).

Tornma moayueHnne na c¢rp. 223 OPMYAR 0CTaHyICA B Ciue,
JI o
¢ TOH IMING Pa3HUIEH, 4UTO
2 2 ! 1
-~ _ o 2 1 . o
L=MD;+L (A D;’(é)’ Zpyy Py A Dx((s)’ (A)).

WNmenno, D0 IEpEMEHHBIM I, U Iy, OMEPATOPH YMHOMKEHHSL
Ha ¢QyEKmMIo u AuddepeRUmpPoBaHUA JeHCTBYIOT B pasHoM
mopAjKe, TaK 4T0 OpH BEraucaeHunn M, Heo0X0JMMO HCIOJIb-
soBaTh u gemmy 11.4, u memmy 11.8. Ho, rax M yixe ybemu-
auck BEHme, B um. 1, 2, caaraemsie, cocraBasgmmue §yHKIHIO
M, MHBApHAHTHL OTHOCHTENBHO LIOPHJIKA, B KOTOpOM Jefi-
CTBYIOT yKasaHHGE omeparopsi, Tak uro dopmyna (11.36)
0CTaeTcsa B CHIE.
Paccmorpum sapgawy Homm

U |t=0 = u® () exp [iLS, ()] (11.62)

ana cucremsr (11.9), rme, xax olrrgmo, Qymruma Sy (x) €
€ C” (R™) u BemecTBeHHOSHAYHA, BeKTop-pyurmua u’ (x) €
€ CT (RY. Iyers {f* (t, z, p)} — opTomOpMHpoOBAHHIR Ga-
3uc u3 cobeTBEeHUBIX BeKTopoB Marpunst H (¢, z, p, 0) kiacca
C” mpn 0t << T, (2, p) € R*. Torma, Kak DoOKa3amo
B pjorasatenbctBe Teopemtt 11.7, Bexrop-¢pymxmuma u® (x)
pasmaraetcsi 1m0  COOCTBEHHEHIM  BEKTOpaM  [% [;_o ==
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= f (0, z, 98, (x)/0x):
N
[u® () = ;1 0a () I li=o, (11.63)
e 04 (2) € Cy (R™). CoorBerctBenHo 3asaua HKomm pac-
magaercs ma N sagau Homm

9% |i_g — 04 (2) F* lio- (11.64)

Pemenne sagaun (11.9), (11.62) ects cymma pemenmil 3ajaq
(11.9), (11.64). Hanmomuum, uro yemosusa L 11.1 — L 11.4
BHIIONHEHE M 4YTO BCe JarpaHskeBsl MHoroobpasms AR,
1 < oo < N, YHOBIETBOPAIOT YCIOBHAM TeopeMnl 3.4,

Teopema 11.10. Hycmy sunoanens c@opmyauposar-
nuote gviie yeaogus. Tozda Oan awbozo M 2= 1 cywecmeyem
eexmop-gynryus u*M (¢, x, L), komopas mouHo ydoéiemeops-
em dannvin Kowu (11.64) u ydosnemsopsem ypasuenurw (11.9)
¢ mounocmuio do O (A™M), m. e.

LusM ¢ 0_y, . (11.65)

dro ¢. a. pemenue mMeeT BUL
: 70 M :
usM (¢, x, h) = exp [iASo (y")1 K ,mr1 2 (M) 9% (11.66)
a  j=0

(o6o3nauenna te me, uro m B (10.12)).
BommmeM TuaBHBH 4ieH aCcHMOTOTHKM:

t
920 (¢, 2, p) =exp ( — | M. dt) 0o (9) 1* (¢, «, p). (11.67)
0

B aroii gopmyne x = z* (¢, y), p = p* (¢, y) (s10 pemenue
sagaun Hommn (11.29), (11.34) mnsa ramuasToHOBOM cHCTeMB),
a ¢yuxmusa M, nmeer Bupm (11.36).

OtmeTHM, 9TO BCe BeKTOD-QYHKIHMH % TOMIeCTBEHIIO
paBHE Hyno Ha AL BHe «mosockr, Berpesaemoii GuxapakTe-
PHUCTHKAaMU, T. . npu KasgoM £ € [0, T'] oHu oTiwunsl oT ByaA
TONBKO B T€X TOYKAX, MPOeKIun KoTopsix Ha RY , conepsrares
B MHOMECTBE

{(z, p): ¢ = a*(t,y), p = p* (¢, y), Yy € supp 04 ).

HdorxaszarensbcrTso. Bygem uckars ¢. a. Ppeiienne
B Bupe (11.67). Ilo Qopmyme kommyramum (11.56) mmeem

A
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(specy K, = K:\%ﬂ
(4
Mo M-
LEquw =Ky 3 ¢! ( 2 R+ 05 ry o= ()
= =

Bynem mocaemoBaTesisHO IpHpPaBHIBATE HYIIO0 K03QOUITMEHTE
npu cremenax &. Umeem Rygp®® = 0, 1. e. ¢ = g f*. [asa
PyHKIHIN O, HOJy4aeM YpaBHEHME IiepeHoca

d;’t“ M Ge=0

¥ moctaBuM pannbie Komm

4]
Og |t=0 = Og;

moayunMm (11.67). ITocaenyromue npubamKeHns HAXONATCA
mo Toif jKe cxeMe, uTO M B JoKasaTeixbcrBe Teopemsr 11.7.

TnaBuplii wied acHMOTOTHKM MO/KHO TAKME 3amucaTh
B euje (10.17), rue caepyer 3amenuts H na by, @ A} Ha A} 4.

5. XapakTepHCTHKH IIOCTOsHHOIl KpaTHocTH. BriBenem
ypaBHeHHs UOepeHoca B cayuae, Korjga ypasmenue (11.15)
HMeeT KOpPHH MOCTOAHHON KpaTHocTH, PaccMoTpuM ypaBHeHHe
(11.1) ¢ cumBoaom L (z, p; (iA)™), ymoBierBOpAOINM YCIO-
Buro L 11.1. Ilyers hj (z, p) — coOCcrBeHnbie 3HAYEHMA MAT-
punsl L (z, p; 0). BBegem ciepgymomiiie mpeguooReHns.

1) Kpartaocts coGcrBentoro 3Hauemus Ay (r, p) paBua k
u He 3apucut ot (z, p) € R¥*",

2) MuosxectBo My: hy (z, p) = 0 ects C™-mMBorooGpasmue
pasmepuoctu 2n — 1 8 RY' ,. @yuknud h, (x, p) BeimecTBenHo-
BHAYHA B OKPECTHOCTHM BTOT0 MHOKECTBA.

3) CoberBennoe 3HaueHNe A, H30MAMPOBAHO B CIENYIOIIEM
CMBICJIE: CYIIECTBYIOT HOCTOAHHEE & > 0, 8§, > 0 Takue, uro

L hj (z, p) | =8

npu Becex (z, p) Takux, gro | hy (z, p) | << &y, ¥ UpPH Bcex

4) Tipu | ky (x, p) | << &, pesoassenta (W — L (z, p; 0))*
uMeer (npu GHMRCHPOBAHHHIX (Z, p)) TPOCTOH MMOIIOC B TOYKE
hl (-’L‘, p)'

Iocnennee ycroBme 03HAYAET, YTO HOPMAJBHAA JKOPAAHO-
Ba gopma marpunst L (z, p; 0) He mMeer KOPIAHOBHX KICTOK,
0TBEUAIONIMX COOCTBEHHOMY 3HAYEHHIO B OKPECTHOCTH MHOIO-
obpasua hy = 0.
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Jemma 11.11. Hycmv yecaosus 1) — 4) ewinoanersl.

Toeda cywecmeyem mampuya L (x, p) us kaacca C™ (R¥Y)
makas, wmo

L(z, p)L(z, p; 0) =L (z, p; 0) L (z, p) =l (z, p) I,
I*=1L. (11.67")

3necys I — emmamunas (N X N)-marpuiga.
MHorasareaxsbcrso. @Durcupyem Toury (z°, p°)
raryo, aro hy (20, p® = 0, u ee samruyryio oxpectHocTs U,
B Koropoil | iy (z, p) | < &, rne ¢ < &, GyfeT yKasaHO HUKe.
B cuany ycaoBmsa 4) nmeem
(W] —L (z, p; O))* =2 D

i) TP D)

upu (z, p) € U. Marpuna B romomopdHa mo u mpa
“’l’_hi (-Z', p) !<l.’7l'l#1{l I hi (I, p)_‘h] (-Z', p) '7

TAK KAK IOJIOCH PE30JBBEHTH COBIANAIOT C COOCTBEHHEIME
spavennamu marpuusl L (z, p; 0). TlomomnMm & = 8y/4
u Berbepem p Takoe, aro € << o << §, — &. Torma pesonssenta
rojomMopdua Ha OKPYWRHOCTH | W | = p mpn n100HX GUKCHpo-
BauHHX (z, p) € U. ledcTBUTensHO, HA 3TOM OKDY/RHOCTH
fp—h(z,p)[=Zp—¢>0, ampn j=1
Zhj@p)—h@pl+ipl—Ilkpl=
=8 +p—e >0
Wrreem
Az, p)= res (uI—L(x, p; 0)"'=

U=hy(x, p)
1 -
=g | =L@ po)tay,
In]=p

orkyma cuenyer, aro A (z, p) € C™ (U). IleiicrBnrensHo, Mar-
puna (ul — L)™' Geckoneuno puddepennupyema mo mepeMen-
HeM (W, &, p) upu |p ) =p, (z, p) € U B cuny subopa
0, U. 113 usBecTHrIx cBoiicTB Bhruera pesosbsents [18] Brrre-
Kaer, qToO

Lz, p;0A4 (@ p) =4 p) L p 0, A*=A4.
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Momomum L (z, p) = A4 (z, p) B obiracr: [y (z, p) | < &,
a 3aTeM OPOAOKMM BTy MaTpuumyio ¢yHkmmo Ha RY
¢ COXpaHEHHEeM IJIaJKOCTH.

3aMeTuM, 4TO B JalbHeNNIeM HaM HOHAA00MTCH CYMeEecTBO-
Banne marpunsl L (z, p) kaacca C; TOXBKO B Majoif oKpect-
HOCTH HeKoTopoit Touru (z°, p°), h1 («®, p® = 0.

IIycrs yeaoBus memmsr 11.11 Bwmommenst. ITocrpomam mo
raMuabToOHMaHy hy (r, p) JarpamkeBo MHOroo6pasue A"
(KOmCTPYKIMA M YCIOBYS HA TAMHABTONMAH T€ JKe, 9T0 1 B Te-
opeme 8.4) m KaHommueckmit omepatop K = Kin

Teopewma 11.12. ITyemv ennosnens cgopmyaposar-
nole evuue yeaosus u fr A" — RN ecmv mampuunan ¢ynryus
kaacca Cy (A™). Toeda cnpasedausa Popmyaa kommymayuu
(11.56) ¢ ocmamounsin waerom raacca O p_y (RE). Jauee,

Ry =L =L (z, p; 0),

n
FopT7 (¢ 1 92hy (z, p)
LRL = (=5 2 “amam
j=1

oL 0L° 6L0
+ 2 08 |e=0

o 7 )I. (11.68)

30ecb d/dT — npoussodHas 6 cusy 2aMUALLIMOHOBOT, CLCMEMb
dx 0h1 d_p__ 0h1

dt ~ op dt b

u L (z, p) — nocmpoennas ¢ aemme 11.11 mampuya.

HorkaszatTeabCTBO TEOPEMH CBOJAMTCA K JOKasa-
trenbeTBY Popmyas (11.68). Ilockonabry onenku s ocrarod-
HBHIX 4IEHOB yike GhUIM HONYYeHH paHee, TO MH MMM IPO-
cro O (e*), e = (L)', ne yrounas cmeca cumboaa O. [lanee,
BrbepeM wMatpuny-Qynxrmmo L (x, p) € C; ¢ HocHTeneM,
COCPEIOTOYEHHEIM B OKPECTHOCTH HeKoropoit Touxm (z°, pY),
mra Koropoit Ay (2%, p°) = 0. Hamomumwm, uro A, (z, p) = 0
na A" Hmeem

LK = SKR]_ + 0 (82)7
TaK 4YTO

LKL =¢KR,L+ O (%),
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rpe L — omeparop yMHOMKeHMsA Ha MarTpuuy L (z, p). Ilycrs
) ~ 2 1
L — omeparop L (z, A7D,), rorma
LLKL —eKLR,L 10 (). (11.69)
Temeps crpymmmpyem oliepaTops MHaYe:
ILKEL — (IL) (KL).
B cuny (2.33) — (2.35) nmeem
LL— Tl +20+ 0,
re
. 2 1
Q = Q ((L‘, }"_le)

ecTh M. . 0. C CHUMBOJOM

o 9L (z, L(z, p; 0 aL
Q@ p)=3 S 2CRO L 8| L (11.70)
i=t '

Bocmonsayemes QopMymaoll KoMMyTammm JJH  CKaJIAPHOLO
omeparopa h; (cM. Teopemy 8.4); Torjga MOJYYHM, YTO

%1K:8K( (dr 2 aj];juj))JrO(Sz)‘

CiaemoBsartenbHo,

LLKL =K (I (4~ n, af’;;} )+Q)L+0 (). (11.71)
j=1

Cpasuusas npassie gacta hopmyar (11.69) u (11.71), moaygaem

F T _ d 1 n ahl
LRiL_(dr'—z | "Oz; @,)LJFQL
j=1

Tem cameim popmyna (11.68) morasaua.

B § 14 Gymer paccMoTpeH eme OfiMH BapMaHT ypPaBHEHHH
mepenoca, orBevatlomux cmereme (11.1).
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§ 12. Kpasukiaccmieckas acHMIOTOTHKA
sajaun Komm pasn ypasdwenms Ilpemunrepa

1. Ilocranosra 3agaun. Paccmorpum ypasaenue Iipegnn-
repa

ih T — AV (2) (12.1)

M mocTaBmM 3amavy Houm
i

Plimo = o () €7 . (12.2)

3necy = € R", Sy (z) — BemecTBenHosHaunaa GyHKIMA.
Ypasueune (12.1) ommceBaeT ABM;KEHHMe HEPEIATHBHUCT-
CKOM KBAHTOBOH YACTHI[BI MACCH M B TOTEHIIMAILHOM IOJe
¢ moTeHiuaxbuoil smeprmeii V (z). lloremmman V (z) npen-
[OJNIATAETCA BeMIeCTBEHHBIM.
Pacemorpum omeparop L: L, (R®) — L, (R™) ¢ obxacrbio

onpepenennss D (L) = Cy(R™), peifcreyromuit mo gopmyie
h2
L= — o Ap -V () ¥.
Omneparop L cummerpuuen:

(Lps, o) = (Y1, Lapy)

s dGHX P 5 € C; (R%), Tme ckamsgpHOe upoM3BEXEHNE
(-, -) umeer BuJ

(b, @) = | 0 (@) ¥ (@) da.

RS

IIpn HeKOTOPHIX YCIOBMAX Ha moTenimat V () MuHIMailb-
HBIH CHMMETPUYeCKIA oneparop L MOMKHO PaCIIHpPUTH 10 CaMO-
compsirennoro omeparopa A: L, (R*) — L, (R™ ¢ nnorsolt
B L, (R" o6mnacteo ompepemenus D (A). Ilocraroansim
ycqoBHEM ABIAETCH, HampuMep, cienywomee [66]:

Viz)eC™ RY, inf V(z) > —oo.
x€R"™

Torpna ypaBuenne I[lIpepunrepa MosHo 3anmcaTh B BUE

LAy
th—Aw. (12.3)
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Mo orpammummca morenumagamu V (z) € F (R"), rme
& — mpoctpamcteo IliBapma. Hac mHTepecyeT acHMmTOTHEKA
pemenus sagaun Kommwm (12.1), (12.2) upu b — 0 B obuactm
z € R*, 0 <t <C T.¥Ypasrenne (12.1) Moo sanmcars B BHIE

I '
H(z, p) =LV (2), (12.4)

rge p* = (p, p). Jesasa wacrp ypasuenua (12.1") ecrp h71-
ucepfonudpepennanbuLii  omeparop ¢ CHMBogoM —FE |-
+ H (z, p), rme E — nBoitctBeHHad K [ mepeMeHHAA.

ITpumenuym passuryio B § 10 cxemy x ypasuenuto llpenun-
repa. ¥Ypasuenue ammiabrouma — AxoOm, orBeuaiollee ypas-
memuio lllpenunrepa, ectp ypapuenne [ammisronma — Hxobn
KJIACCHYECKOH MeXanmKy

B o (VaS)2 -V (2) =0, (12.5)

QOyrrnusa S ABIAAETCA KaaccuveckUm Oeticmeuen.
YropouenHas cmereMa ['ammianpToma, OTBedalomas ypaB-
wenuio lllpenmurepa, mmeer BHUJL

d d
&p Iy, (12.6)

Jdra cucrema sKBuBasdenrTHa cmcteme HpioroHa

a2
m-gtéz —VV (). | (12.7)

ITomsas cmcrema Iamuasronma wnogaydaercd nobaBieHyeMm
K cucreme (12.6) cucremn

dt dE
&y, oy, (12.8)

a ¢ymruua S yHZoBJIeTBOpAET YPaBHEHWIO

as _ p?
= V@

Eeomm 2 =z (1), p=p (1), 0<Cv<C T, ectb pemenue
cucteMul 'ammunbrona (12.6), To Broxs Tpaexropum nelicTBme
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BHANCIAETCA IO fopmyde

S@®)=S@O)+ | [ @ d—V@@) ] (12.9)
0

A XKe
i

(z (1) =8 (®H{[ )=V (z(1) ] dv, (12.9)

rue x (t) — pemenne cuctemsl Hptotona (12.7).
Jagaue Kowmm (12.1), (12.2) oTBevaloT JarparmKeBs 3aja-
an HKomm

350 ()

Zli—0=Y, Pleo=—p=, yeER*  (12.10)

A yRopoueuHoH cucremir [ammasrona (12.6) m

a8
zThmo =Y, Pli=o= gy(y) ,  Lh=o=

Eli—o=E,  yeR"

ons cucremsl 'ammusrona (12.6), (12.8).

Mmuomrectso, 3agannoe ypasuenmem (12.10), ectp marpau-
repo n-Mepuoe C*-MHoro00pasue A B $a30B0M IPOCTPAHCTBE
R »; muomecrso (12.11) — marpamsreBo n-MepHOe MHOTO-
obpasue 7\’; B (2n 4+ 2)-mepuoM PasoBom mpoctpancTee R¥M2,

Tar wak morenuman V (z) € & (R™), To pemeunne mocras-

JIGHHHIX Beme 3amad Hommm cymiecTByer B IeloM, T. €. upu
—o00 < ¢ < oo.

2. Acnmnroruka pewenns sagagn Komm B maxom. ITomo-
JKUM, KaK OOBIYHO,

Tt y) = deti””—”—y’ (12.11)

(12.11)

¥

rme (z (¢, y), p (¢ y)) — pemenne 3zamagn HKomm (12.6),
(12.10).

Acumororuka pemenus safaum Homm (11.1), (11.2) memo-
cpeficTBeHHO BEITeKaer m3 pesyabratoB § 10. Ommawo mus
NaHHOM KOHKPETHO 3aauM MOMKHO HOJY4YuTh Oojee IPOCTHE
GOPMYIE ¥ [JIA IJIABHOTO *WIeHA ACHMITOTHKY, M JIA IOCTe-
nylomux npubamxenui. Belony B gainpHedmmeM npefmogaraeT-
€, 9TO BEIIOIHEHO YCIOBHS
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I 12.1. Oyakmnun S (z), V () BemecTBeHHOSHAYHK K
So(x) €CT (R™),  $o(x) €Cy (R).

[Ipu arom yecmosmm pemenme zamaun Komm (12.1), (12.2)
cymecrByer, enmpcTBeHHo u ODpubagrexur CT (R2 X R;)
opu Kaxkmgom urcmposamuom b == 0 [66].

IMonyunM XapaKTEPHCTAYECKOE MPeCTaBIGHNE YPABHEHNA
pegunrepa B mamom (Popmyna (12.14)). Beemem MHOECTBA

H(M) = {(t’ xz, p): z :I(t, !/)7 p :p(tv y)7
—oo << t<C oo, Yy €M},
My (M) = 1T (M) ) 0 < ¢ < T},

rne M — Bexoropoe mMHokecTBo B R} (puc. 4).

Muosxecrso II (M) — sro momocka, samodHeRHas Ouxa-
PAKTEPHCTHKAMM, A KOTOPHX I |;o € M (rpyOka Tpaek-
ropuit). O6osmaunm wepes Il (M), [T, . (M) npoeknun moo-
cox II (M), Il (M) na RP*%. Ecau Muomecrso M KOMIAKTHO,
ro MHo:RecTBa 11, (M), I1; , (M) KOMOAKTHEL B IPOCTPAHCT-
Bax R¥%l, R™! cooTBeTcTBEHHO.

Jlewmwma 12.1. Hyemo ycaosue Ul 21.1 ewnoanerno u M —
wap |y | << R. Toeda cyyecmeyem T = T (R) >0 maxoe,
umo

DIGYECT, [Ty |=6=>0
npu 0 <t << T, y€ M, 20e J — axobuan (12.11");

2) pewenue S (¢, ) sadaun Kowu S (0, 2) = Sy (x) dan
ypasuenus amurvmona — Arobu (12.5) cywecmeyem, edun-
cmeenno u Geckoneuno duggepenyupyemo npu (t, 2) €y, . (M).

Horkaszareascrtso. B cury yemosnsa Il 12.1 Bex-
TOp-PyHKIAA

z=x(t y)€C” (R X Ry),

TaK 410 AKoGmanm J (¢, y) Geckomeuno nudpdepeHIEpPYyeM IpH
Beex ¢, y. Tar wkax J (0, y) = 1, 10 yrBep:sJenne BHTEKAET
n3 KoMmakrTHOocTH mapa M. ITo Teopeme o HeABHOU PyHKIUE
ypaBHeHNe r = Z (f, y) OTHOCHTENBHO Y ONHO3HATHO paspe-
MIAMO ¥ MMeeT eTHHCTBeHHoe pemenue y = ¢ (¢, z) kiracca C™
B OKpeCcTHOCTH JN060it Toukn (£, ¥°), tme 0 <t o << T, | ° | <
<{ R. Tak kak M — KOMDAKT, T0, Hpumensas gemmy l'eiine —

Bopens, wmonywaem, uro y = ¢ (¢, 2) € C* mpu (¢, z) €
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€ Iy, (M), 0<< Ty<< T. CaegoBarensHo,
p=p(t, =D ¢ 2)=Dp(t, 1) €C”

upu tex ke t, x u Pyaxmma S (¢, x), sagamnas PopMyiIoi
(12.9), 6ecroneuno guddepennupyema B momocke Ilr, . (M)
(pme. 4). Ora yuxmus sABasercs pemendeM sagaunm Komnr,
Kak moKazamo B § 3.

Booxocke IT;, . (M), rakuM o6pasom, MOKIO BBECTH KpPH-
BoamHedHHe Koopmamuats (¢, y) (puc. 14) BMecTo KoopmuHAT
(t, z). Iomosum

1 — S, ©)
t,x :—:-—eh t, x 12.12
b @)= oa)  (12.42)

(S ompenensierca us (12.9), rme =z = x (¢, y)). Hamee, momo-
UM
¢ () =0 ). (12.13)

Jdemma 12.2. Hyemoe T, M me ace, umo u 6 semme 12.1.
Tozda 6 noaocke 114 (M ) ypasnenue Il pedunzepa umeem eud

a9 (¢, ) 7 _oty)
EaZ L t, ) Ax . (1214
o VT W) Ve (&9
BaMeTI/IM, 4YT0 II0 OTHOLIEHMIO K JIYyYEeBLIM KOODPJMHATAM Y
omeparop Jlammaca A, ecrs omepaTop B KpuBonuHeHHHIX
RoopamHaTax

n n
~ _ Oyr 9 2=
A (6 )= (3 Goyr) @
j=1 k=t
Hdorxasartenbcrso. IlomcraBuss  Bepaykenue

(12.12) u menoawvsys dopMmyny
A (©1P2) = ©2AQ+ 2 (V @y, VP2 + 91APs,

i
[OIyYaeM WOCIe COKpameHus Ha e!  ypaBHeHIe
ih [ 89 1 2 ¢\ _
W _W—l‘g(v% VS)]**‘E;”—A (]—/‘Jr) =
0] as 1 . 7} 1
:—7[7+7<VS>Z+V]+WP["%T (—V—y)—

—711—<v (]—/1—1:),VS> zjn 77 ASJ (12.15)
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a
me V= 5. IlpaBasd gacTs 9TOT0 YPaBHEHHA paBHA HYIO:

Koopdumment npu A° paBen HYmIO, Tak Kak pjeilictBme S
yroBaersopser ypaszenumio lammabrona — fIko6u, a Koad-
¢ument upu k paBeH HYJI0, TAK Kak J yHOBIETBOPAET ypaB-
HEHMIO IepeHoca.

3aMeTHM, 9TO MOKHO Oblo OB HE BHINMCHBATH ABHBIA
BHI upaBod wactm ypaBmenus (12.13); pmocratoudo sHaTD,
910 0oHa uMeeT BUJ a@ -+ hbo, vie ¢, b — QyHKUMM, He 3aBHU-
came or @. [leficrBurenvno, ¢pymxuma (12.12) opu ¢ =1
ecth pemenne ypaBuenus lllpegmurepa ¢ TOUYHOCTBIO [0
O (h%), rax moxasamo B § 3, Teopema 3.15, Tax wyro @ = 0,
b = 0. Haxonen,

dg (t, y)

ap 1 .

e % — mpomM3BOAHAaA B cuiIy cucTeMmsi 'ammisnroHa (12.6),

¥ JeMMa TOKasaHa.

Beegem npocrpauctBo Cg (L,), KOTOpoe ABIAETCH 3aMBl-
Kanuem GecKoneuHo AmddepeHmmpyemex upu || << 7T, x €
€ R" u OuEMTHEIX 00 X OpH KaKIOM (UECMpOBAHHOM I €
€[—7, Tl ¢pysxmuit ¢ (¢, ) mo Bopme

o ¢ 2) llcpwn = s
=max || ¢ (2, x)[|L(Rn)_:;tt|1ax(5 | @ (2, x)]zdx) 2

t<r

Teopema 12.3. lyemov yewocsue Il 121 ewnoanerno
u T =0 docmamouno mano. Tozda pewenue sadauu Kowu
(12.1), (12.2) umeem eud

¥ (@t z, )= N
1 i ,
e bRICEl 3" 4 (6 2)F R 4 2, -

(12.16)

3decy N =1 — awboe yeaoe uucao;, ocmamounuiil wiek yoos-
AEMBOPAEM OyeHKe

| Byvsa (& 2, B) lle an <Cyh™ (12.17)
npu 0 << h < hy, 20e hy >0 docmamouno mano.

Henwe ebzpaolcenun Ons gynryuii P (¢ smux gopuy-
aar x =z (t, y) u unmespass. Gepymcs RO MPACEMOPUIM
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eamuavmonoeoii cucmemwr (12.9)) umerom eud

Yo (£, ) = o (y), (12.18)
t
L) = \VTE A, (2 9)
Yrag (¢, ) ‘§V (t, y) ( Tt )dt

Bee gynryuu Py (t, ) Geckoneurno duggepenyupyems. 6 no-
aocke Iy, . (Supp o) u pasuvl Hyao éwe amoil nOAOCKL.
Horasartearncrro. B cury yenosua (12.1), nem-
Mer 12.1 m reopemer 3.15 upm mwbom N > 1 cymecrsyer
dynrnua
N+t

Yaalt, 2, B) = gc(ih)’*«p’;a, ),
Koropad yHoBrerBopaer mamuuM Komu (12.2) u TaroBa, uro
La ke
Lpy=1nv€0-y2, 1) L=ih o+ 5—A-V.

Ecnu ¢yurnma f € Oy, 7, 10
I f llopizn << CR®,

9To cienyeT u3 ompeflenenns Kiacca O_p, r (§ 10).
3anuwmesM ypapuenue Ilpemmurepa B Bume (12.3); Tornma

g d
lhiévt’i = APy = fy.

U3z npepmomenns 10.3 caenyer, gro
Y — by ”CT(Lz) <k *Cyllfy “CT(LZ) < CyhNH!,
0<h<Chy,
TaK Kak [y € O_py.g, 7- A HOCKOIBKY
| P+t (&, ) “CT(Lz) < o0,

TO
1 —¥w o< CyhN .

Tem cambeiM ycTanoBrena omenka (12.17) mas ocrarounoro
4reHa.

Octaerca moxasath, 4T0 Y = PpJ /2, 1. e. aro pJY/2
umeer Bug (12.18). IlockoasKy cymecTBOBaHNE ACHMITOTHYE-
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CKOT'O PABIOKEHHA Yie YCTAHOBIEHO M ACHMITOTHYECKOE
PABIOKEeHNE 0 CTENEHAM /i e[IMHCTBEHHO, TO MO;KHO OTpaHy-
4UTHCA HOPMATBHAIMI BEIKIA(KAMI IPH JOKa3aTeIbCTBe (Bop-
mymsr (12.18). Ilomommm

12 L,LS S
p=J""% kgo(zh) V.

ITopcraBum B ypaBuenme lllpepuarepa m Docie coxpamenus
i

ma ek OpHUpaBHAEM HYII0 KOd(POHIUEHTH OpH cTemeHax h.
Hcoons3ysa xapaxrepmctuyeckoe mpepcraBienue (12.12) musa
ypaBuenns Ifipegmurepa, monyuaeM peKyppEHTHYIO CHCTEMY
ypaBHeHMI

%{%!-207 011}1‘*—01170—01 ey 01P]+1 +Q¢JHO

Buecs P; (8, y) = Py (¢, z (¢, y)). anmse Komm sapaiorcs
ciaeqywommM o0pasoM:

Vo0, =% @), ¥;(0, =0, j=>1.

Pemas mocaepoBarensHo 91w 3amaunm Homm, momyuaem
(12.18). U3 »1oif PopMyIE BHITEKaeT FIAMKOCTh QYHKIAR
Py B moxocke [T, . ¥ MX paBeHcTBO HYNII0 BHE 5Tol MOJIOCKH.

Teopema 12.3 ecth cTpOroe HOKA3aTENbCTBO H3BECTHOTO
PusruecKOro (aKTA: KBASUKAACCUYECKAR BOAHO8AR PYHKYUSL
KOAHMOBOMELAHUNECKOT, YACMUYbL COCPeJOmOueHa 664U KAdC-
cuueckoti mpaesmopuu. IleiicTBUTENbHO, €cau | — pemenne
samaun Komm (12.1), (12.2), To u3 reopemn 12.3 caenyer, aro
{9 |2 ects BesmumBa mopamka 1 B ayuesoit Tpybke Il .,
3AIQIHEHHON KIACCHYECKAMM TpaeKTopHaMu, W 910 | ¢ |
yGrBaer Gricrpee aiboit cremenu s opu h — 0 BHe xyueBoit
TpyOKHU. ITO 03HAYAET, 9TO BEPOATHOCTD HAXOMRIEHIA JACTUIEL
BHE JIy4eBOil TPYOKM CKOJB YrofHO Majia UPHM Manibix h,

3. AeumnToTHKa pemenns 3agagn Komw B Goapmom. Humixe
mpepmoiiaraercsi, 9To BumosHeno yciaosue [ 12,1 u ycioBue

IIT 12.2. MuoxsectBa A} = gt A} (mpn 0 <<t < To) m AR =
= |J A} sBusmiorca C™-mmorooGpasmsamu.

0<t<To

N3 npepiromennsd 4.19 Bureraer, aro A7} ects marpamme-

Bo MHOTooOpasme pasmepHocTH N -- 1.
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Teopema 12.4. Hycmv yeaosus I 121, II 12.2
eunoanenst npu O << T << Ty; moeda pewenue sadauw Kowu

(12.1), (12.2) umeem 6ud
N

V(2 B =K s 3 ()"t B (6 2, 1), (12.49)

Haa ocmamounozo waena cnpasedauea oyenra {(12.17). Qynk-

yuu P, € C (A1) u pasuur nyato ene noaocku Ilg (supp o).
IlorxasaTeaIbCcTBO Droil TEOPEeMH BHTEKaeT M3

CYymIeCTBOBAHMA ¢. a. pemeHHd fp‘
o dp ~
¢ ‘h—dltp——A‘P:fNEO—N—z,m

#z)  powasammoro B § 10, TeopeMa
10.1, u u3 omearu oGpaTHOro

onepatopa (npepaomenne 10.3).
/ IlpuBenenm acmmnToTHYeCKIIE
dopMydABl [N pemienuil ypa-
47 42 y" ¢ wuemmsa Illpegmarepa B Hedo-

Kaaeusix toukax. [lycrs =
= z (¢, y) — TpaeKkTopud CH-
cremsl (12.6). Toura f, massi-
BaetcH orycom HA TPAEKTOPHUH
z=2z(t,y), ecam J (ty,y) = 0.

Bunwmem acumunroTuky pemenus 3samaun Komm (12.1),
(12.2) B meporannbunix roukaXx. Purcupyem t,, rouxy z° € R",
unyers ' €ERY, j=1,2, ..., N =N (2°),— Bce Tarue

TOUKM, 4UTO )
x (ty, y') = z° (12.20)

Upciio TaKUX ToYeK ' KOHEUHO, eCan Touka (£g, £°) Hedorais-
vas [83] (puc. 15). Hamomuuum (cM. § 7), uro uapexc Mopca p
TpaerTopuu (¢ HePOKAIBHEMI KOHIIAMA) PABEH YHCITY (OKaIb-
HELX TOYGHK Ha TPAEKTOPHUH C YUeTOM MX KpaTHOCTEH.

N3 teopem 12.3, 10.2 Brrexaer

Teopewma 12.5. Iyemv moura (t,, z°) Hegorarvras.
Tozoa

Puc. 15.

‘p(tm xO h Z ‘q) (y )!det dz (th y‘?) l 1/2 %

j=1

X exp [ 48ty @)~y | +O (R (h—-0). (12.21)
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3nech S; (tg, 2°) — HeficTBue BOOMH KIACCHYECKOH TpaeK-
TopuM, coelmHAlomen Toukn y', 20, T. e.

S%J%&yﬁf(. U(2)) dr,
0

rje MHTerpay 0epercd o TaKod TPaeKTOPHH, 49TO
g — .0
Tlh=0=Y,  |pmgy = 29,

1 pu; — nagexc Mopca »sTof Tpaextopuu.
B rauectse mpumepa paccmMoTpuM KBAHTOBOMEXAaHUYECKHIA
OCIIILIIATOD

, 2 1
= B Ay (@, 20 b, (12.22)

rie x € R*. dyupamenranbioe pewenue G (¢, z, y) sagaun
KHomm gns ypaBmemms (12.22), 1. e. pemeHme ¢ JanHHEIMHU
Kommn

G}i:() :6 (x_y)7
BEIYHCIsIeTCS B ABHOM Bume [D4l:

G (t, z, y) = (2nhi sin t)_”/2 exp [%S (¢, x; 0, y)] ,
) (42.23)

S, z;0, y)= [z, )+ (Y, p)) cost— 2 (z, ).

2smt

Hamomuuu, aro § — 270 JByXTodYeYHAS XaPAKTEPUCTHIECKAT
dyurnusa, 1. e. melficrBue Boapb ayda ¥ = X (1) Takoro, 4ro

X0 =y, X(@) ==z

(cm. (3.72)). Ormerum eme, uro gopmyna (12.23) cupaBennuBa
ronpko mpu 0 << t < m/2.

CrmemoBarensno, mpu 0 < ¢ < /2 umeer MecTo TaKoe
npejcTaBienyue O pemennsd samaum Homm:

Vo= G n ey, (12.24)

n
RII

ectn Y (0, y) € C;° (R™).

Paccmorpnm 3amauwy Homm

P Ji=0 = P () exp (—;— (r°, x)) ) (12.25)
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e Yo € Cy (R™), p° 5= 0 — PuKcHpOBAHHEL BEKTOP, W BEH-
NHUIeM aCHMOTOTHYICCKHEe (OPMYAH [UIA pEIeHns 3a0adu
Komm (12.22), (12.25). Cucrema @'amMuaproma mmeer BHJ

dx _i&__ -
=TT Ay

& =P dt

mannsie Komu mis sTo# cucTeMbl, HHAYIMPOBAHHEE JAHHEIMU
KHomn (12.25), umMeror Bupg

Zli=0=1Y, D =0 = p°, yER™
Pemenne szamaum Homm mua cmeremm I'ammuabroma maercsa
dopmynamu (cm. mpumep 3.22, § 3)
= p%sin ¢ + y cos i, p = p®cos t — y sin t.
(12.26)
Axobuan J (¢, y) = ?f%y_ﬁ/l paBen

J (¢, y) = (cos &)"

u ofpautaerca B HyJSb upd { = t, = kn + n/2, k = 0, &1,
+2, ... Qopmyna (12.26), rme y upoGeraer R", zagaer
narpasmeBo C*-MHOrooGpasme A} B (aszoBom mpocTpaHCTBE

R} ;. 910 MmorooGpasue mupdeomopPHO LPOEKTHPYETCH HA
R} upn ¢ 5= ¢,. lpm ¢t = &, umeem

AL ={(z, p): 2 =(—1)*p°, p=(—1)**1y, y¢R"},

T. €. MHOTrooGpasme A’t‘k €CTh A-LUJ0CKOCTE, HapajijielbHad

KOOP/IMHATHOH JIarpaH:ReBOH MIOCKOCTH p. ITO MHOrooOpasue
mippeomoppro mpoekTupyerca Ha RE,
Mccnenyem cemeiictBo nyueit z = x (¢, y), y € R*. Ecan

t =1, TO
z (ty, y) = (—1)* p°

OpPH BCEX Y, T. €. BCe AyIu cOONPATCA B ONHY TOUKY — IPO-
rexomur Qorycuposra nyueidr (pumec. 7). Ecam ke ¢4 ¢y, 1O

B n06yo Toury x € R™ 3a Bpems ! TpuxomuT poBHO OJHH Jy4
z =z (t, y), TOe y OUDPETeNSAeTCH U3 COOTHONICHHA
Z—pOsint

Ccosi

y= (12.27)

(cum. Taxsxe (3.69)). Bennmewm acumuroraveckue $opMyIH 1A
pemenns 3agauu Homm (12.22), (12.25) upu ¢ 5% #,. Jlelicraue
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S pasuo S (¢, z) = S (¢, z; 0,y), TAe y onmpepmedserca u3
(12.27), Tax d9ro

S(t, x) =—;— tgt ((p° p% —(z, x)). (12.28)

1) 0 <<t << m/2. 3a BpeMd ¢ B IAHHYIO TOUKY Z OPUXOJHUT
POBHO OfIMH JIYY; TAK KaK Ha 3TOM JIyIe HeT OKaIbHEIX TOUEK,
TO ero mHAeKC pasen Hyai0. Ciaegosarteapno, ua (12.21) mony-
qaeM

¥ (¢, z) = (cost) ™% exp [—;—S @, x)] " (ﬁ%}f_) 10 (h)
(12.29)

(r<t<3).

roe S umeer Bug (12.28).

2) m/2 < t<< 3n/2. B aToM caydae B KaKAYI0 TOUKY
3a BpeMs ! MO-Ope)XHEMY IPEXOAUT POBHO ORWH JYY, HO Ha
aToM ayue z = z (T, y) uMeeTca (GOKajAbHAfg TOUKA IIPH
T = m/2. Kpatwocrs Hynas sarobmana J = (cos 1)" pasua n,
Tak 9T0 Mugekc Mopca p masa aToro ayda pasex n (§ 7). Us
(12.21) momygaem

¥ (2, ) =|cos t | ™2 g~imn/2 exp [%S (t, x)] X

X o (EZ2SRE) 10y (1230)

cost
(F<t<%F):

3 F+kan<i<Z +(k+1a, k>0

N3 agnutusrocTH mHpexca Mopca ciegyer, 94T0 MEAEKC Iyda,
IPUXOAALIero 3a Bpemsa ¢ B TOURy z, paser n (k 1 1), Tak 910

Y (t, x)=| cost!—n/z exp [LhS @, x)] e—imn(k+1)/2 3¢

o (EZRSRE) o) (12.30)

cost
(F<tn<t<F+k+Da).

Ocrarounnit unen O (h) mpuragnemxut xkaaccy O_;, r (R™)
Bo Bcex ¢opmymax (12.29) — (12.31).

16*
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Paccmorpenusiii mpuMep 3amedaresieH B TOM OTHOIIGHWH,
970 MBI MMeEM BO3MOKHOCTh HEIOCDEACTBEHHO IIPOBEPHTDH
acumnroTudeckue ¢opmynsi. Mmenno, mycrs 0 << ¢ << m/2;
TOrRa pemenwme 3agaun Homu (12.22), (12.25) nmeer Bug

Y (t, 7) = 2ahising) ™ [ exp[ £ 8 (2, 2, y) | o (1) dy,
e -
§=S8(t, 2;0, y)+p°% v
Boranennyv acuMuToTHRy 9TOr0 MHTETpasa HPU PUKCHPOBAH-
HoM ¢ m upu h — 0 meromom cramuonaproil ¢asu (§ 1). Cra-
N#OHADHBIE TOUKM (yuKiuum S (Kak (YHKOUE OT y) ompefe-

iN
AANOTCS U3 YPABHEIWA 5 = 0, oTRya HaXOQUM, YTO CTALMO-
HapHAs TOUKA Y = y (¢, £) eQUHCTBEHHA M HMMEET BHJ
0
__ x—p’sint

y= cost
(cp. ¢ (12.27)). BHavenme PYHEIUE S B CTANHOHAPHON TOUKE
PaBHO

§CT = S (t, x), -
28
rae S (¢, x) nmeer Bup (12.28). Teneps BorumcInM %?2- Nueem
928

—(—,}y—z- =1 Ctg t,

TAaK 49TO B CTamuOHAPHOI TouKe
925 925
det 'gyz— == (Ctg t)n, sgn a—yz‘ =M.

ITo ¢popmyie (1.4) monyqaem (sHawenua Bcex QyHKnuil Gepyr-
¢ B CTammoHAPHON TOYKe)

o5 12
det a—yz

¥ (¢, x) = (2mik sin £)~™/2
xexp[ 48+ sgn gz [ l1+0 (),

YTO coBmajgaer ¢ mpaBoil wacreio Qgopmynst (12.20). Touzmo
TAK jKe MOJKHO IIPOBECTH UPOBEPKY U A RaHEKX Homn
(12.2).

ITOT mpHEMep MMeeT eife OXHO WHTEPECHOE HPHJIOKEHHE.
W3 ¢opmyn (12.23), (12.24) caemyer, wro ecau P (¢, ) —
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pemenme samauum Homm (12.22), (12.2), ro
¥ (_nz_’ 0) = (2nthi) ™2 S exp [%So (x)J Yo (y) dy. (12.32)

Rn
Ho aror unTerpas — sro muaTerpan sufa (1.1), T. e. marerpan
OT IPOM3BOILHOM GEICTPO ocnuaupyiomen ¢ynrrun. OKass-
BAETCA, ITO MOMKHO HOJYYUTH ACHMITOTHICCKOE PA3JIOKEeHHE
aas uaTerpana (12.32) u ABHBE BEpaskeHusA AuA KodpPuinen-

TOB OPH CTeneHAX i ¢ MOMON[BI0 KBA3HKIACCHISCKON aCHMITO-
THKH pemenusa 3agaynm Homm (12.22), (12.2). Iro cpemaHo

B [42].

TlpuBenem acmmirormdeckne ¢opMmyns s ¢ysxmum I'pnma
G (¢, x, y). PaceMorpuMm KpaeBylo 3amady JJs KIACCHYECKOTO ypas-

Henua Hreoropa:
#BX WV (X)
moaE T X ° (12.33)

X0 =y, X@==z
Ilycre pememue X (t; t, z, y) d10fl Bajaunm egwECTBeHHO. Jleii-
CTBHE BAONb KIACCHYECKOH TPAEKTOPDHHE DABHO
t .
X2
s, =, y):S [mT_V(X (t: 1, z, y))] dr.  (12.34)
) L .

Durcupyem y € R™, u mycts pemenue 3anawy (12.33) equncTBeHHO
upu BeeX x € R™ u upn seex ¢ € [0, T]. Ha morenmman V (z) mana-
TaloTCA Te 3Re YCIoBuA, yTo u B U. 1. Torga KBasMKIACCHYSCKAs aCHMII-
rornka ¢ymrunz Ipuma mmeer Bupm [35], [36]

Gz, y)=(2nih)‘"/2]/ det aizgy lx
X exp [%S (¢ =, y)] (14 Rz). (12.35)
Aas ¢ymsnmy z = z (4, 2, y; h) AMeer MECTO ONEHKA
21f, gny <€

mpu <t << T,z R, 0 < <C 1.

Ecay noremnman V (z) — xBapparnumas QYHEROUA, TO ARCHMITO-
TEdeckas Gopmyna (12.35) (upm z= 0) paer Toumyre Pymrnumo ['prEa
mpu 0Lt < T, 1ne T onpenexAeTCsA Ho HoteHnuaxy V).

Ha Oonpmuit Wprepsan BpeMeRN acHUMUTOTHKY QYHEKNuE [prma
MOXHO TPOJOMKUTE, UCIOIB3YSA U3BECTHYI (OPMYNY CBEPTKH:

Gttty 7 )= | Gty 2, ) €117, ) 4.

-

Rn
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ACHMOTOTHKY HOCAe[HEr0 MHTErpajla MOKHO BEIYHCIHTH ¢ IOMOIIBIO
MeTopfa C¢TammoHApHOH ¢asH.

ITycre npm ¢urcupoBaEHHX #, y kKpaeBad 3agaua (12.33) mmeer
KOHEUHO® YMCJIO PAsNnyHbIX pemeHmE Xy, (7; 4, z, y) (k=1, 2, ...
... N), n uyere Sy (¢ z, y) — peficTBue BRoOab k-TO pemIeHHA.
Torga acumuroTura ¢ymrumE ['puma wMeeT BHS

N

e an—n/2 828, |1/2
G (L, z, y) = (2mih) [z ldet o
h=1

X exp (—;; Sy (t, 2, y)~—i7”uk) 40 (h)] . (12.36)

rge U, — mEgexc Mopea k-it Tpaextropumu. [Ipm sToM IpepuosaraeTcs,
YTO KOHUBI KayK{OH TPaeKTOpUH He ABIAITCA (OKATBHEIMH TOYKaMI.

4. Ksasmyknacenmueckaa acumnrornsa ¢ynknmnm I'pura mua cra-
unoHapHOro YypamHeHms IIpenmurepa. PaccMorpmM cTagnoHapROe
ypaseenue IlIpesurrepa: :

WAL+ (E— V(z)) G =8 (z — 2. (12.37)

3peck z, z° € R®, roura r° ¢uxcrmposama, uworenuunan V (z) — Beme-
crBerHO3HaYHAA $yEEmuA waacca C*° (RM), E > 0 — UocToAHHAs,

E—V(z)>a>0, z € Rn, (12.38)

MMycre morennmnan V (z) pocrarouno Geictpo yOrBaeT Ha GeCKOHOUHO-
CTH, a HUMEHHO, NI N1000r0 MYJBTHHHIEKCA ¢ CIPaBe/NBA OLEHKA

[DIV (1) | < Co(i+]2])71"2,  ceRm. (12.39)
Ha GecxoOHEUIHOCTH MOCTABHM YCIAOBUA U3jTydsenus 3oMMepdemnbsia:

G(z, 29 =0 (| z|1-™/2),

L) Zo=o(ia ") (21,

Kax wusBectHo, pemenme 3amaum (12.37), (12.40) cymecrayer
¥ eJUHCTBEHHO DY CHOPMYIHPOBAHHHX BHINEG YCIOBHAX Ha TOTEH-
nuaja. JTo pemenye ecTh\P-PYHKOIUA TyUKA 4aCTHI, BHIETAIONMX C BHEP-
rueit £ U3 MCTOUHHKA, DPACHONOMEHHOI'0 B TOUKe z% ¥ ABIKYIIEXCA
B UOTeHOUAJNBHOM Iojie ¢ MOTeHNMAaNbHOK 2meprueir V (z). 9Ty me
3a/1a9y MOKHO HHTEpIPETHPOBATH KAK 3a7aYy O BHUYUCICHUH IIOA
TOYEYHOr0 MCTOYHWKA CBETA B HEOMHODPOLHOU cpepe ¢ Koaddpumuentom
mpenomaerus n? (z) = E — V (z), ¢ BOXHOBHM unciaoM k = b7l
Yeaosme (12.38) B oToM cayuae 03HAuaeT, 4T0 KOodPPHUMEHT mperoM-
nenus n? (x) BCIOAY HOJOKHUTENEH, T. 6. YTO B CPEie OTCYTCTBYET
IOTJIOMeHYME.

B opmOMepHOM ciyuae 3aJada O DACCesHHE XODOIIO HM3YYeHa.
VlcenenoBasel jajke CTOJb TOHKHE BOIPOCH, KAk 3aJ1a4a O KBA3HCTA-
HIOHADHHX YPOBHAX, 3ajia4a 0 HaZbaphepHOM oTpasKeHHm (cM. [37],
[49], (57}, [59]).

Ilpu n > 2 3ajaua o pAacCeAHUM HBJAAETCH 3HAYUTedAbHQ Oojee
CHOKHOH. .

(12.40)
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B aroM nymxTe usnoyeHH 6e3 HOKAa3aTONLCTB CTPOTHE Pe3YIbTATH,
nonydennsie B [27] MeTOZOM KAHOHMYECKOTO OMEPATOpA.
C ypasmennem (12.37) acconuupoBans ypaBEeHTWe TammnpToma —

Axobu
(VS (z))2 = E — V (2) (12.41)
u cucreMa [aMmmbroHA
%%:%, B ). (12.42)
IlocraBmm caepgyomylo 3apauy Komu puag cucremsr I‘aMIAJIbTOHQ;
Pl_g=E—=V (9, z|_g=2° (12.43)

HanomamM, uro ramuabromman H (z, p) = p? -} V (z) asaserca
MepBEIM HHTErpamoM cucteMel lammabroma (cM. § 3), Tax uTo

pP+Viy=E (42.44)

ma aobom pemrenmu {z (T), p (1)} samaun Komm (12.42), (12.43).
OusuyecKkas unTepnperanus pamEnx Homwu (12.43) TtaKosa:
#3 TOYKU z° B MOMEHT «BpeMemm» T = () BHIIYCKAKTCH BCe JyuHd, MOJ
BCOMH BO3MOMKHEIMH YIJIaMH, KOTOpHeE HMeIoT sHepruio E. YxameM
nmarpameBo MHoroobpasue, accomumpoBamHOoe ¢ 3agageidr (12.37),
(12.40). HadyaJpHHE WMIYIBCH p | .= 3amHodEs0T cdepy SP1 =
={peRU pPP=F — V (29} Tyers 6 = (6, 04 ..., Op_q) —
YIIOBEE KOODRMHATH Ha cdepe; obosHaumm uepe3 {z (t, 0), p (7, 0)}
pemenne 3apmaunm (12.42), (12.43) Takoe, YTO HAYANBHHEH WUMIYILC
p (0, 8) mmeer yraoBme woopnauHaTtH 6. Beroay B ocraBmelica yacTm
aroro waparpada TpepmoNaraeTcA, YTO BHIIOIHEHO YCIOBHE
I 12.3. Tloremuwan V (x) ymoBmersopser yexosuaM (12.38),
(12.39), u cucrema (12.42) me umeeT Punumnnzr deurcenuil.
ITocuennee ycaosme o3mavaer, wro uopm Jgiobom z2° € R7
lim |z (7, 0)|=o0
T+ +oo0

npu Beex 6 € S7°1. Torma MHOMECTBO
A" = {(z, p) € R*™ 2z =2 (7, 0), p = p (7, 0), B € 577,
0< 1< o) (12.45)
ecTh JaTpammeBo C®-MHOTooOpasHe pasMePHOCTH n € KpaeM
A" = {(z, p) ER¥M z =2% P2 =E — V (a9}
Acnmurorura ¢ympxuum I'pura G (r, 29 upu h — 0 cTponrea ¢ moMo-
mpI0 KAHOHMYECKOro oleparopa K An OTBEUAIONIEro Mporoofpasuio AR,

TIpu wocTpoeHNN acMMUTOTHRY YHKOUYE I'pUHEA BO3HMKaeT OCIOK-
HeHme, CBA3aBHOe ¢ TeM, uro $yEKomaA G (z, z°) umeer ocobemHoCTD
B TOYKe z = 2% ¥ MOTOMY ACHMOTOTEKA G, HMeeT Das3HEI Xapaxrep
B orpectHOCTE U = {7 € R™ | z — 2°| << &} Tourm z° u BHe oToH
okpecrroctd. B panbmenimem & > 0 QmKcHpoBaHo, HO IOCTAaTOYHO
MaJo.

Npubnmxenayo dyaxnmo Tpuma Gy (z, 2°) 6ymeM mckath B BuTe

Gy (2, 29 =G% (z, 20)+ G} (z, 29), (12.46)
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rae Gy = 0 npm z € U, a dpyaxrnua GY cocpefioroueHa B OKPECTHOCTH

TourHu z°.
1. HKomcrpyxnusa cuneyaapuot wacmu Gjy $ymrmun I'pnma.

Qysrnua GY cTpouTca ¢ IOMOmMpbIO HECTAINOHAPHOTO YDABHEHUS
lpegunrepa. PaccMoTpEM BelloMoraTenbHyo 3apgazy Homm

—ihk ;ﬂt=h2mp+n2 @ ¥, (12.47)
i ; -
P lig =—(2%n—exp [+ ], (12.48)

e n?{z) = E — V (z), p € R% Ilyers ¢ (4, z, p) — pemenue s71oit
3agaun. Tak Kak

§ (x — 20) = (2mh)—™ S exp [% {p. z—xﬂ)] dp,
R™ '
10 GopMankEoe upuMereHme upeobpazosamne Oyphe npUBOLMT K Cie-
nyomeit opmyne:

o
i
G (2, 20) = S dpS eXPl:‘—-Z (p, :c‘J)] ¥ (4, %, p) dp.
Rn
M= yxe obcyswpanyu cCBAsaHHbe ¢ TAKHM (OPMANBHBIM MOAXO0AO0M
TpynaEocTH B § 10, m. 5. Kpome Toro, Me cofupaemcss IOCTPOUTH acHMII~
roTrky Gymmiuu I'puma Toxbko B Madoi oxpecrHOCTH U TowRH 20,
B 5708 oKpecTHOCTH BCE NYUM —(ITOYTH 1IPAMBIEY, TAK YTO €CTECTBEHHEI~
ME Kooppumaramu B U sBagwTcs mepeMenusie (T, 0), ecnu 0 T 1 <T ¢

u ty L 1.

BeepeM cpesanomyo ¢ymrouio n (¢) € C®° upn ¢ = 0, pasayw 1
TPY MalbX { U PABHYI HYII IpH f > t,. O603uaunM gepes P ¢. a.
pemenue 3anaun Komu (12.48) ¢ Tounoctbio mo O (} p\‘N) (xoHCTDPYK-

LU0 ' CM. HIDKe) U TIONOMKHUM

o .
i
G?V (z, z0) = y dp X din (t) PN (¢, =, p)exp [——-Z {p, 10)] . (12.49)
R® 0 )
DopMaTbEO TOT HUHTETPA’ PACXOLUTCA; CTAHAADPTHEIMI CIOCODAMIE,
KOTODHE IPHMEHAIOTCS K MHTerpajaM oT GHCTPO OCHuINHDYIOIZX

QYHKIHII, ero MOKHO DPETyaApH3CBaTh.
Oyarnua Gy € C® B Mamoli OPOKOIOTOH OKPECTHOCTH TOYKHE z°.

OcraercA NonyunTh ABHEE GopMynsl paas QyHROHUR Py, 4TO CBO-
NATCA K IOCTPOGHNI0 ACHMUTOTHRH (npnh — 0, | p | > 1) sagaun Komm
(12.49) B manom. Uz pesynbraroB § 10 BETexaer, 4To

N

b (¢, 7, p)=exp [%S(t, z, p)] [T[M2 D) (—ilyi@;(t, 2, P)-
)
’ (12.50)
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IeiicrBue S ABIAerca pellieHNHeM 3afgayn Homn
as
T 4 (V8)2-n2 (2) =0, S lt=0=(z, P)

U SABAACTCA ORHOPOAHOHE QYHKNUEH 0T NepeMeHHEX p crenernu 1. Jlanee,
J — axrobnam:

9z (t, y, p)
J=det ——271 ="~ 12.51
de 3 R (12.51)
e z = z (¢, y, p) — pemenne 3agaan Komn pia cucremsl HeioToma:
d2z dz
— _yn2 o= —_ = p. .
di2 \%C (x)7 x,lt-—-O Y, dt =0 14 (12 52)
Tem caMbIM KOHCTPYHRUIA cupryasapHoil gactn ¢ysrnun Ipumra 3a-

BCPMIEHA. ]

Kar Bugro us dopmyn (12.49) — (12.52), dymrumma G% Brpa-
JKAETCA Yepes pelmeHUA AWHAMWTeckoll cumcTeMmrr (12.52). Ita GpyEROUA
B ofinacrn U Y[OBIETBOPAET YPABHEHHIO

[h2A 412 (2)] G =8 (z—20) -+ BN Ty (2, ),
JIme fN E C°°, U yAOBJETBOPACT OLNCHKaAM
| D%y | < Chm 1
upn z € U.

2. Acumnrornka ¢yHrmun GY% BHe CHUEIYIADHOCTH.
Murerpax (12.49) mreeT ocobennocTs npi z = 2° I ero HoBeleHHE
B HEIOCPEJCTBEHHON OKPECTHOCTH TOUKN z° BechMa caoykHoe. Opmaro
©CJII OTCTYLUTh OT 3T0M TOYKN, To GY Oymer 6HCTPO OcHMILIUD yIOMEH
VHKI[Ied. ITO MOMKHO IIOKa3aTh, NDHMEHHB MeTOJ CTANOHADPHOH
asel K ngTerpainy (12.49). 9Ta acHMITOTIIKA BEIDA}KAETCH B TEPMUHAX
JarpamKeBa Muoroo6pasua A” (ca. (12.45)) ¥ AEHAMIIECKON CHCTOMBI
(12.42). Bsepem peiicTsme

S (2, 2= { (p, da. (12.53
5

Wnrerpan Gepercs 10 KPHBOH, KOTOPAs JKUT ma A™ U CoefHHAET
rougn 10 = (29 p%, r= (z, p), u p® — mrobasm TakaA TOYKA, UTO
p(%)2 = n? (29) (1. . 2% z — TMpOEKHHUM TodeK ¥, r HA z-IPOCTPAHCTBO).
Tloxa z maxopuTca B Manoil oxpectaocT® U TourN z°, dyHRuuA S ogHO~
3mawma. [lamee, BBeyieM fAKoOHMAaH

J (2, 29) = =% (12.54)

do dt |r=it’

3aech r = z (1, 0) (ayu),
do = sin®20; ... sin0,,d0; ... d0,

u z (¢ 0) = z (1. e. IyY UpOXORNT Uepes Touky z). Bpema ¢ € (0, t,),
Touka z € U, Tak 4TO TAKOW NyT OAUECTBOH LPH MAJHX i, 0.
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OXOHYATENBHO IIOIYyYaeM acHMOToTHUYecKyo dopmyny (h — -+0)

n+1 n-2 im 1
- —— —— (n+1) -5
Gy (z, =k 2% (n@a®) 2 e* T (z, 2% 2 x

m
Xexp[—;L—S(x, 10)] [1+ St 05 (, a0 hi+0 (hm“)]. (12.55)
=1

9ra Qopmyna cupasegnumsa B obmactu UNTU,, rae U, — Menpmasd,
9eM U, oxpecrHOCTb ToukH z¥; QYERIHA @; € C® (U Uy).

3. Komcrpynnus dymrnmn G

9ra GYHKIHES BHpaKAETCA Yepes KaHOHUHYeCKuil omepatop K A

OTBEUAIIMUH JarpamkeBy muoroobpasmo A" (em. (12.45)).

IIycrs A} — wacte MHOrOOOpasms A™, neamas Hap o0IacTbO
RENV, 1 V — 0OKpecTHOCTb TOYKH z0, JeRamas cTporo BEYTPH BHOPaH-
HO Bamie oKpectHOocTH U. MporooOpasme A} — HeorpaHNIeHHOe.
TeM He MeHee ero MOMKHO NOKDHTH KOHEUHHM UYHCJIOM KAHOHHIECKUX
KapT B CAIY OTCYTCTBUA QUANTHHX ABMKeHui (yemosue I 123 u Guctpo-
I'o CTpeMJeHUA NoTeHnuana V (z) kK Hym o IpH | £ | — o. 3T0 103BO-
nAeT BBECTH KAHOHWIECKHUiT ouepatop K AT 1o TeM ke fopmyrnaMm, 4TO

n B § 8. O6mem do® ma A} BHGupaercs Tak:
do™ = do dr.

dror 06HEM HABAPHAHTEH OTHOCUTENHHO CHBHIOB BROND TPAEKTOPUH
cucTeMn (12.35),
®yarnas Gl sajgaerca Qopmymnoi

Gy (z, xo):KA? [p (go Jrii g1+ ...+ (%)Ngiv)]. (12.56)

3pmeck p — cpesaromas Pynknusa, pasaas | @a A} u pasmag 0 B OoKpe-
cTHOCTH Kpas JA™. OYHEROUN g; CTPOATCSA N0 HAWJCHHHIM BHITe QyHK-
muaM ¢y (em. (12.51)).
HNveer MecTo ClIepymmast
Teopema 6. IIpu z € R?, 0 <<h << 1, cnpasedausa oyenka
1-n

[G(z, 29 —Cy (z, 2% L CAN""(14+z}) 2 .  (12.57

B sarmouenne npuBemeM acuMnTOTHuecKyw Popmyny pmnsa dyHk-
nuu I'puna 8 medoxanbaoil Touxe, IIycTh z 54 2% — HedoxanbHAA TOU-
Ka. Torga cymecTBYeT KOHOWHO® YHCIO0 Jyded

zzvx(’v, 09, 1<i<<h

KOTOpBE€ UPOXOAAT deped TOYKY x, T. €.
x(’l.'j, 95):35

UpH HEKOTOPOM ;. Beegem oGosHauenna: S; (;, 2% — pelicTBHe BIOND
j-Tro a&yda, p;(z) — wEgeKc j-ro Jaysa u J; — sAxobmam (12.54),
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BHYHCIOHHNH npu T =1;, 0 = 04, Jlna ¢ymruum G copasepausa
dopMyna .
k

G (z, 29) =dn k=2 ) 175|712
j=1

XeXp[—L;; e w0)+—iz£ 1%} (?)]Jrow), (12.58)

ne d, — TUOCTOAHHAA!

dn=2V1n (i’%ﬂ)n/zqi exp[i(n—l—i) —2—] .

5. Meroq crapuonapHoil (haspl ¥ acCUMITOTMKA PpeUleHHs 3ajaun
HKomm B manoM. WsnoxuM 3peck MeTon, npepioskensnii Jle By AHb
LIS TMONYYeHHs CHeLYIOMMX uiICHOB PA3joKeHns 1o cremenn h=)j~1
marerpana (1.1) (TM®D 25, Ne 2, 1975)

ey )¢
e ©(2) €C°(RM, ¢ (2) € CF (R).

CyTh MeTOfa 3aKII0UAETCA B TOM, 4TO KOdQOUIMEHTH a;; AJIA CBO-
Oonmoro ypasmemua IllpepmHrepa

(P(I)dzv LT=1Xy +++y Tn,

I (h)

L 0P (z, t) < 0 (z, £)
ih —— == > b oyl (12.59)

i, §

Tmon0HEpanwICa TaK, yTo0H I8 HEKOTOPOTO EAYANBHOI0 YCIOBUA PelleHNe
BTOro ypaseeHUs B Touke z = 0, ¢ == 1 copuajaso OB ¢ ACCAENYEMEM
HATErPAIoM U, C pYyro# cTopomH, Up¥ 0 < ¢ << 1 6ma 6 mpuMeHNM
MIA HAXOMIEHHS acHMITOTHYECKOIO PA3JIOKEHHsI pEMIeHHA YpAaBHe-
uus (12.59) merog BKB (1. e, GuxapakTepucTurn He HMenn OH (oxanb-
HHX TOYEK).

IIyers z = ER — uH3om@poBaHHAA UPOCTAsA CTanMoHApHAA TOUKA
yarnmn

@ (z): grad @ (E*) = 0, det C (Ek) = 0,

me C (z) = || @, . (z) . Hmeer Mecro ciefyomas BaKHAA A
1) .
nanbHeimero
Jdemma. Iycme Qé‘ — g-orpecmuocmey mouku EE, a
def
XK (g, 1)=24C~1 (EF) VO (z0) +- (1 —1) o
def (9Xi-z
Tozda npu docmamouno maaom & u t = 0 J (zq, 1) = det e 5=
0j

5= 0 u cywecmeyem eduncmeennog wWadKOe pelenue zg = xq (z, 1)
ypasnenun = XP* (zg, 1)
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JorasaTeabcTBo HelocpegcTBeHHEM BHYUCICHUEM FO-
B
i

= (¢t 4+ 1)". Orciofa

rasmBaeTcsa, uro J (&R, 1) = det

0;’50]" x0=§h
clefyeT yTBep:KICHHE.
Bregem o6osmauenusn: N
1
——— =S R
( 1—A )N 2 A%
k=0
t
By (z, t)= 5 VJ (:I:f)z (z, 7), (Y, C1(ER) V)——-:-—lp_sx—’__—’v)——-__ dr,
0 J(IO (‘t’ T)1 T)
V= (.i, e i-) , tne J (zq, t) ¥ zf (z, f) onpenenens: B mepme.
611 6.2n
Teopewma. Hyemv ¢ obaacmu supp @ (z) umewomes s usoau-
DO6anuNT npocmuxr cmayuonapuwx mouek &Y, E2, ..., ES dymryuu
@ (z) (m.e. VOER) =0, det C(ER) =0, k=1, ..., 5 C(z)=
= || D, . (@) ). Toeda daz awbozo N = 1 cnpasedauso svpaxenue
i .
iz t 2
CLI - ®(EY)
s i exp {—-i —g—(inerdex C(gh))} et
I(h)= Z X
et Videtc o]

2+ 0 (), (12.60)
2de ep(z) npunadaemam C§ u maxosw, wmo ey(z) =1 npu z=Ek
U pasHO HYyaio npu x, JAexduer 6xe 00CIMAmMoYHO MaAoll oKpecmMOcMU
mouku ER, @ ocmamounnil waern uMeem eud

s 1
1
Zh — Z hN+1 S N
n/2 44 __ \R/2 onf2
et 4 ()™ e (1—1)™* 2

0o

x | exp { g (=, cEm (= } x
xexp { o [ (V0 @ (n, ), €1 @) v (@B n, ) ot
+ =0 @ o, 9 @ abm m]} e {40 Ehm m)x

RYg (& (m, 1)) en (f () )

Vi, v,
npusen | Zp| < CHN-I"21 N > [n/2].

X (v, C-1(Er) V) dndv, (12.61)
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JorasarenbeTso. V3 meMMH caefyer, 9To UpHa ke
€ supp ¢, (z) J («, #) 5= 0. Msr Bcerna MoskeM HaiiTH Taxce pasbuenne
e(MENOEL, YTO :

=Ziq>( ep (2)+ Z 9 (2) e (),
h—

j=s+1
mpaovyem ER Csuppe; (z), k=1, ..., 5 j=s+1, ... s. IHoaro-
My 3a7a4a CBOAWICA K HAXOMACHUI ACHMUTOTUKA HMHTEIDAIIOB
°‘? —-fD(x)
Iy (h) = W Jm e ¢ () ey, (z) dz, T=(T1, .-y Tp)

HyTerpupysa 1o 9acTaM, WOXYYaeM, 4YTo mpu %k > s uHTerpan [ (k)
paBeH 0 (h*). PaccmorpuM cayuait k < s. [aa monyueRns aCHMOTOTHKEA
MEL BOCIOJIb3YEMCH KBA3MKIACCHIOCKON aCUMUTOTHKOMN pelleEns 3a0ads
Komu csobopmoro ypasdenusa Illlpemuwarepa Bupa

, z, ¢

L—"’l"a(t_’-lz —h(V, CLER) V) (a, 0). (12.62)
Herpynuo ybeanrbes (HeloCpenCTBEHHOM HO,HCTaHOBKOIl), qT0 TOYHOE
pemesHde SToil 3ajaul WMeeT BHp (3pech h — cO0CTERCHHbIe 3HAYCHOSA

CEM)

exp{ —i% (Z sgn 7\.;‘) }

_ j=1
P (z, t)== T X

<V | det C &M | S exp {z%i—(x—n)c(ﬁh) (r—n)} X

sexp{ - Sh fomea (dn, =y e (1269

Honomum S (z) = @ (z) — Y4 (z, C (%) z). Herpygmo BHjieTh,
YTO0 TOTHA MCKOMBIH HmTerpax OyHeT BHpaykaThCs depes pelleHue
VP (z, 1) caegyromyn o6pasom:

n
, 3 2
exp {1—4—(2 sgn?»j)} on/
T, (h) = =t ¥ (0, 1). (12.6%)
Videt €& |
Ham ocraerca HaliTH aCHMUTOTMKY pemeHMs sagadu (12.62) mpm

t =1, = 0. DTa WOCIEHHAA ACHMITOTHKA MOKeT OHTH HAUFEHA
B CUNy JeMMH o cTagapTHOMY Mertony BHE. JlefictBnTenkHO, llocie
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3aMEHbI
oSk, by
P, t, hy=i" ?(z, t, b, (12.65)
rae Sk (z, t) ABIAETCA pemIeHMeM 3aja9d
oSk (z, t)
ot
Sk ljmg =85 (1) =D (2) — Yy (@, C &M a),

NOIy4YliM YpaBHCHIE
§ 51421 (VS, -4 (ER) V9)-+ip (7, -1 (€F) VS) +
4LR(V, C-1(ER) V) =0. (12.67)
Pemrenne 3ajmaun (12.66) mmeer Buj
Sk (z, t)=(VO (z§), C- (ER) VO (af)) t—
—Yy (t—1) (f, CER) h)+ @ (&f (& 1), (12.68)
re xf,‘: zf (z, t) ecTh pemeHme ypaBHEHHA
@ =2tC-1 (£8) grad @ (zF)-+ (1 —1) x. (12.69)
6 h

i

+ (VSk(z, t), C-L(ER) VSR (2, 1)) =0,  (12.66)

B cmay mewmmsr J (zf, t) = det

#0 upu ¢t>=0, zokE
0xg;

€ supp ey, (x); TOBTOMY 5TO peiieHNe CYmECTBYeT, a 3HATAT, CTAHAADPT-
maii meron, BKB npumenmw.
Pemenune ypasmenua (12.67) nmerca B BuAe

N
1

V7 @k, 1)) é

Torna pus oupemexeHys @y (z, ¢) DOTYIAM CAEIYIOIMYI0 CHCTEMY ypaB-
HeHWIl:

@ (x, t, B)= o, (z, t). 12.70)

T, Golemo=0 (=) en (o),
..................... (12.71)
N R Vo o JUR PN Py-1
P = J(‘z (11 t)7 t)(va c ((é )V)——_—z':,
d ’ V7@t 0, 0

1e
d def § -1 2k
F:W—+2(VS, Cc-1 (ER) V).

Orcrona caiepyet, aro Qg (z, £) =@ (zf (2, 1)) ex (2} (2, 1)), @ pous ;0Goro
N >1 ¢y onpenensiores no Qopmyne

By (2, ) =)" RY® (a} (z, 1)) e (7§ (2, 1)), (12.72)
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TO9TOMY
i
. exp {—]-l—Sh(z, t)}
(z, t, h)= ey (2f (2, 1) O (2h (z, 1)+
i V7ak@ 1, 9 [one ’
N
+ D) bR (@)Y en (e, 1) (@, 1) | =
v=1

i
exp ¢ — Sk (z, 1)
_em{gee) [0 @ e 0+
V7@t 1), 1)

tib (T ) Fon (e D00 (@ )] (1273

JoKaskeM Temephb, 4To QYHKmMA Py (z, t, h) MeACTBUTENLHO Ompe-
ACNseT aCUMITOTHKY pemreHua sapgayn (12.62). Ira ¢yHKIMA yHOBIE-
TBOPSIET YPABHEHUIO

— S%(x, )
P TN (9, 1 (@) V) — B (v, CLEY V) X

L gk

O VN Jtmo =0 (@) e ;

X —_—
Vi@t b, 8

ClIe[L0BATENIHHO, ﬁ(z, t, h)=1n (z, t, h)—1 (z, £) ecTs pemCHERS 324K

i ELD 5, @ VT e, b B
L gk, 1) ~
— RN (v, CLEY V) %, Flimo=0.  (12.74)

Pemenne 5T0if 3ajaTi MMeeT BHL
i
T e 9=p1 | x
[}
n

eoxp { — 1 (N signrt) } Viderc@m)

X

! X
(mh)™/2 (¢ —x)™/2 2

(o]

x [ e { o= e—mc@ e—n} x
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xexp { £ (V0 (@ (n, 0), €4 €9) 9O (af (m, ) T+

+Hia =) @ v, CE b 0 fexp { @ @ )} x
RY¢ (2§ (n, 1)) ex (af (n, ©)
Viatm, 0,0

ITo peineHue MOKET OHTH IIpeACTaBICHO TaK}Ke B BHU[E

dndr.  (12.75)

X (V, CLER) V)

: I3 =z i, 7
ﬁ(‘z’ t7 h):hlvdl_1 5 el(V,C"l(E )V)(t—~’t)e h %

0
on (2 (2, 1) i

J @ (z, 7). 7)

X (V, C1(EM) V)

. . _ k.
A rag mar ||| (=[ Y CTIEWIE (=1, 10

t
1% G, &, B[ < B+ j
0

on (28 (z, 1))
V7 (@ (z, )

< const AN+,

(¥, CLEH V) dr <

Tlockonsry

- !
b _ Nt Seiw, c1gtwie-n_8_
ox oz
0

X

1ok
(TS(x,I)
[4

(¥, C-4 (e} V) M) dv—
V@R, v)
i
N S euv,ic-l(a’*)vxt—ofi%ﬂ «

0

P 3
X (eh K (¥, gk y) PN (@ 0) ) dv -+
V7 @k @, 1)

! < sk, 1)
LN+t S £V, CAERVE-T) P %

0

kE
x—(j—[(V, C1 gk vy PN (20 (@ T)) ]dr’
i T (5 (z, 7))
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TO
Ny N
” 71—:— ” < const th'',
AHajorauao
b .
9 ‘P < const thN 1/,
0x?
IToaTomy

| P llgyi < const eNN+1=3,
2
B cuny reopeMmr BIOKeHUS

Max || < ell Pl fnsare1 < exth /2

N3z (12.75) m (12.64) momyunmm m ocraTounsit wiex Zp. Wa (12.64)
u (12.73) gas mHTerpalla IOJYYUM DPABJIOKeHHE

. n kil
—i—n
, e A exp{i—g—(n~23gnh§‘)}22
J

Iy ()=, X
2 Vietcem | VieEko o, 1)
250, 1) .
xeh T [oteh @ ) e @ @ )b (g )y X

X Rue @ (2, 1) 0} @, 0) ]+ 2.
t=1

Nz (12.69) B Touke =0, t=1 mnomxyumm V@ (zf,‘):O, HO OphA =z €
¢suppep(z) VO (2) =0 B eguuctBeHHON TouKe z = Ek. Orciona

zh (0, 1)=Ek.
N3 meMMBl TOJNyTAM

J (B (2, 1), O)]g=J EF, 1)=2n,
f==1

HpOMe T0ro,
$(0, 1)=[4/4 (C (&) af, C-1 (M) C (&F) 2y —

—1fy (2%, C(EW )+ O (@B, =D (&H).
t=1

OTcioga CIeLYOT TpeGyeMHe DasIIOHeHUs.
17 B. II. Macios, M. B. ®exopiok
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§ 13. AcumnroTHdeckne cepum COGCTBEHHBIX 3HAYCHMI
(mpaBuao kBanToBanusi Bopa)

C ToMoNIbl0 KAHOHMIECKOTO ONePaTOPa MOCTPOEHBI CIeIH-
aJlbHBIE ACHUMITOTUYECKHME Cepuy COOCTBEHHBIX 3HaUeHHH n
MOYTH COGCTBEHHEIX (YHKRIMI caMoCONPSKEHHHX Aupdepen-

nuajbHHX omepartopos B L, (R").
1. Hocranoska 3anaun. Ilyers / — cemapaGelbHOE THIL-

6eproBo mpocrparcrBo, A: H — H — jneeiinnil omepaTop.
Hanomunm onpenenenne cuekrpa ¢ (4) ouneparopa A. Touxa
Ao HaBHBaeTCA TOYKOM cnekmpa oneparopa A, eCin cymecTBy-
€T HOCNeRoBATENBHOCTD BEKTOPOB fm € D (A), m = 1,2, .. .,
Takad, d4TO ’ )

| fm |l = C >0, | (A — 2o) fm || = &m — 0 (m — o).

Bekropu f, Ha3HBAWOTCA nOYUMU COGCMECHHBIML 6eKMOPAMU
omeparopa A. Ecau A — caMoconpsKeHHBII omepaTop M U3-
BECTEH €U0 LOYTH COGCTBEHHHIH BEKTOP, TO MOMKHO KOJXY-
qITH HHPOPMaIuio o cueKrpe oneparopa A. Cupapeanupa ua-

BeCTHAs
Jlemma 13.1. lTyemv A: H -~ H — camoconpascernuiil

onepamop, [ €D (4) u
1f1=C>0, |A-N]|<e. (13.1)
d (\) < ¢/C, (13.2)

2de d (A) — paccmosnue om mouru A do cnexkmpa o (A).
HJox-aszartemxmbcTBo. Tak xKak omeparop A camo-

COLPSKEH, TO
A — 2T <<1/d (W),

Ecnu & € 0 (4), 10 d (L) = 0 n mepasenctso (13.2) ouesugno.

Ecin A ¢ o (4), 7o

C< == (A-nfl<
<[ (A—M|

Toeda

470 W JOKaspiBaer omeHry (13.2).
s HepaBeHCTBa (13.2) BmTeRaer, 4YTO Ha OTpe3Ke

[7» — C’ A CJ HMEITCA TOYKU cileKTpa omepaTopa A.

B atom maparpage umccaenyercs mosemenue mpu b — -0
JUCKPEeTHOTO CHEKTPa ceMelcTBa CaMOCONPHMKEHHLIX Omepa-
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topoB A (h), meficTByon#Mx B ruyisGepToBoM npoctpancTee H.
3neck h € (0, ko), by > 0; 06IacTE OIpeETCHNA OIEPATOPOB
A () me 3aucsar or k. IIpegmonaraercs, aro cuexrp o (4 (h))
omeparopa A (k) umpm wasxmoMm ¢urcuposarroM A € (0, hg)
YUCTO MJUCKPETeH U COCTOUT U3 COGCTBEHHHX 3HAYCHWH
{E; (h)}. Hac maTepecyer acuMuroTHUecKoe NOBEJEHHE CIIOK-
tpa ¢ (4 (k) mpu h— -0.

IlosicHuM DOCTAHOBRY 3ajadud Ha LPAMEDPES OTHOMEDPHOIO
ypapHenusa Illpenunrepa

—hp" 4V (2) p = Ev.

3nech

H=L,(R), A(h)=—h-"_1V(@),

¢yurumss V (z) BemecTBeHHO3HAYHA, HENPEPHIBHA U CTPEMUT-
ca K oo mpnu | x | — oco. Torma mpu Kasxom pukcupoBaHHOM
h >0 cuerrp ¢ (4 (h)) UmCTO NHCKPETEH W COCTOMT U3 IPO-
CTHIX COOCTBEHHEIX 3HAYEHHH

Eo(h)<El(h)<...<Em(h)<...—++oo.

Coexrtp omepatopa A (0) (310 omepaTop ymMHoReHHA Ha QYHK-
muio V (z)) HempepoiBeH W 3amMOJHAET TOIyoch [V, —-o00),
Vo = min V ().
X ER

ByneM cuepurs TonbKo 3a Toit wacThio cuekTtpa o (A (R)),
KOTOpaA monafiaer B furcopoBansmi marepsax I = [Ey, F4l,
Vo << Ey << E;. l1a TpoCTOTH PACCMOTPHM CHEKTDP OCIIMJLIISA-
topa V (z) = z2/4. Torga CueRTp TOYHO BHUUCIAETCA M BMEET
BUJ

Em(h):(m—l——é—)h, m=0,1, 2, ...

Ha »rom mpumepe Xopomwro BuIHE [Ba 06CTORTENHCTBA.
1) C ymenpmenuem k auciao N (k) rouer cuexrpa o (A (),
momajaiomMX B mETepBal J, HEOIPRHHIEHHO BO3PACTAeT:

N (b)) ~ Bt

2) Homepa m coGCTBeHHHX 3HAYeHHH, Honagaomux B I,
HEOTPaHNYeHHO Boadpacraior upu k — 0: m > Ey/h. Ecan me
¢urcuposats m, 170 Ep, (h) — 0 upu h— 0, n coGcTBennoe
snauenue K, (k) yxomur us wmurepsana [ mpu h— 0.

Ilo aroii mpmumue mm He GygeM HCCIEROBATHL IOoBeIeHHe
QHIUBHYAIbHOT0 cobcTBeHmOro 3aavenud £, () npu b — 0,

17%
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a Oymem mccnenoBaTh cTPYKTYpPY MHokectBa o {4 (B) N 1
npu h — 0. Umenno, gas cemeiictea {A (h)} caMocompsen-
HHIX gupdepennnanbusix omeparopos B L, (R™), a Toumee,
Ras hl-ncesgonnddepeHnuanbELIX 0MEPAaTOPOB OyHeT MOXy-
YeHA ACHMUTOTHKA HEKOTOPOH cepuu CoGCTBEHHBIX 3HAUEHMH
(upu 2 — 0).

Jpyroit Bapuant 3agagn 00 aCHMITOTHKE CHEKTPA COCTOMT
B cxeayiomeM. Byjem paceMaTpuBaTh % KaK CIEKTPATbHBIE
mapamerp, T. e. OymeM pacCMATpPUBATh IYUOK OIEeparopoB
A (h); cobcTBeHHBIE 3HAYCHUA Ay W COGCTBEHHBIE BEKTODPEL Yoy
ompegeanorcs ud ypasuenus A (An) fn = 0. B caygae oconi-
IATOpa UMeeM

B
hm:—1, m=0, 1, 2, ...,
m —
+ 2
rge £ — Qurcuporamnoe uncao. B artoll 3ajaue mcciaenyercs
ACHMITOTHKA CIEKTpa mydka omeparopoB {4 (k)}.

2. Kanonmueckmii omepaTop Ha 3aMKHYTOM JIarpaH;KeBOM
MHOroo0pasum. Yrofel mCCIETOBATH ACHMITOTHKY CLEKTDa
cemeiictea b l-ncesgonaddepennuansanx oneparopos {4 ()},
IOCTPOUM HOYTH cobcTBeHHHEe QYyHKmuUm omepaTopoB A (h),
T. e. Takme Qpyurmuu ¢, € D (4), qaro

A (h) on = (E () + & (R)) @n,

ree & (k) = o (E (b)) (h—> +0). NenMn caopamMu, DOYTH
co0cTBeHHas (YHKUMA eCTh NPUOINKEHHOe DEHICHHe ypaB-

HEHMA
AR e =E®@) g

JloKaibHO TaKoe pemenne KaeTCA NpefKaHOHHIECKHM Omepa-
Topom (§§ 3, 5, 6). ITocTpoenne permennA B MEJTOM OCYIIECTBUM
¢ TOMOMUIBIO CPAIUBAHUA JOKATHHHX POMICHUI, T, e. C IOMO-
B0 KOHCTPYKOUH KAaHOHHIECKOTO omepaTtopa. IIpm arToM
BO3HMKAIOT HOBbIE TPYAHOCTH, TAK KaK COOTBETCTBYIOIIUE
JarpaH;ReBH MHOrooGpasmus A™ mMenT HeTpmBHMaXLHYO QyH-
AaMeHTaNIBHEYIO, rpyuny st (A"). Hanpumep, ¢ 3agauedt o col-
CTBEHHEIX 3HAYEHUAX OCIHMILIATOPA

—hA - 2t = Ey
aCCONMUMPOBAHO CeMeleTBO JarpamH/KeBEIX MHOT000pasmi Ha
OI0CKOCTH

{AI (E)}: -1'2 —I—' p2 = E, Eo < E < El'
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B ¢BA3u ¢ 3THM UPOAHAJUSUPYEM €Ie Pa3 KOHCTPYKIHIO
RaHmoHWYeckoro omeparopa. IIycrs A" — raamkoe n-mepHoe
JmarpaHskeBo MHorooOpasme B (asoBoM mpocTpanctse R,
{Q;} — wamoumuecknii arnac ma A", {¢;} — pasbuenue ejn-
unnpr Ha A™ (06o3mawenus Te ke, yro u B § 8) mw r® — oTMe-
vyenHasn Touka Ha A", Jlma kpatkoctm ykasamme ma r’ Gydem
onyckate, Ho Oymem ymorpeGasrh samuch Kan (h), 4T00H
HOMePKHYTh 3aBHCHMOCTH OT mapamerpa ot h = A~1. Hamo-
HOU9ecKNH omepaTop omnpejensercsa mo gopmyne (8.3):

(K yn (R) @) (@Z%}K(Qj, h)(e;9) (z) — (13.3)

Ha Qymxmuax ¢ € C; (A™ mpu 0 << h <C hy. Ilpn rakgom
¢uKcupoBanHOM A mMeeM OTo0paKeHue
. o0 n o0 n
K, n(h): Cy (A™) - C7 (Ry),
u ¢ proit Touku spenua K,n (k) — 3T0 cemeHcTBO OoTOOpaKe-
Huii. OcHoBHEe cBoficTBA BTOrO ceMmeiicTBa TAKOBHI:
1) IIyers z JeMHT BHE HEKOTOPOU E-OKPECTHOCTH MHOYKE-

cTBa 5, supp ¢ (7, — npoermua na RY). Torma nas xoboro
MYIBTHMHJIEKCA o H JIs JioGoro meaoro NV 2= 0

| DS (K on (1) @) (2) | <<Cu, B (1 +]2])N, (13.4)

rge C,, y — TOCTOAHHBE (3aBUCAILHE OT @).

- 2 1
Ilyctes L = L (z, kD,; h) ects h~'-n. m. 0. ¢ cHMBOIOM

rkxacca I7 (R}). Torma
2) cnpaBegnuBa nepBasg QopMylia KOMMYTaInH

(LK yn (h) ) (@) = (K yn (h) L (z, p; 0) ¢) (2) + hy (z, k), (13.5)
rge X € Oy (R}) (em. § 1).

Ecun, KpoMe Toro, BLIIOMHEHH YCJIOBHA TeOpPeMH 8.4, TO
3) cupasejianea Bropas GopMysIa KOMMYTAI[UH

(LK \n (h) ) (z) = (L (x, p; 0) —ihR.@) (x)+ k¥ (z, h), (13.6)

rge X € Oy (RY) (em. § 1); asuwid Buy omepartopa R; yKasau
B Teopeme 8.4.

Hpome Toro, KaHoHHYeCKUN OmMEpPATOpP, ¢ TOYHOCTHIO /10
O (h), MHBapHAHTEH OTHOCUTEIBHO BHOGOPAa KAHOHHYECKOTO
araaca, OKAIBHEIX KOOD/UHAT B KAPTAX U PA3OHOHNA eJ[AHI-
up (teopema 8.1). ITockoabRy MBI coGupaeMcs IOCTPOHTH
KOHKDETHYI0 LOYTH COOCTBeHHYIO { yHKOHIO, TO ¥ aTiac, H
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pasbuenne egumupel, M QOKAIbHBIE KOODPAUHATH GYAYT (HK-
CHDOBAHEL.

ITIprm KoHCTPYHMpOBaHWH KAHOHHYECKOTO omepaTtopa B § 8
IpenoIarasroch, 4To

1) § (p, dz) = 0 paa mwo6oro 1-nmrza ma A"

¥

2) ind ¥ == 0 mua awboro 1-yukaa ma A"

BeisicHUM, K 4YeMy OpPHBOJAHT OTKA3 OT HTHX YCJIOBHUi.
Ilpesxe wem QopMymupoBaTh OKOHYATENBHBIH pe3yuabrar,
PACCMOTPEM HpUMep.

IIyers A™ nuddeomopduo mpoexrupyercs na R} u dpynpa-
mMenTanbuasg rpynua ! (A") &~ Z (Z — rpynma neasx duce).
HoctaTouno orpaHmUmMTECA CHEIYIONAM LOPHUMEPOM: n = 2,
gpoeriua A? ma RZ ects wompmo C: r<< |z | << R. Torga
A? 3ajaercs ypaBHeHHeM

p=pl), =z€C,
rie p (z) — raagkas ofgHosHauHas Bektop-PyHKmusa. Tak
#ak A? — marpammeBo MHoroofpasme, TO JOKAJIBHO, T. €.
B Maxoil omgmocBasHol owpecrrocTH U (2%) mioGof TouKm
2 € C, nMeeMm
aS (z)
p@)=28 0 peU ),

rae S — raagxaa Qymkmus, tak uro (p (z), dz) = dS (z).
Ongmako «pyHKImA»

S(@)=§ (@), dn

MOJKeT He ObiTh OJHO3HAUHOH, ecau ¢opma o' = (p, dz)
nMeeT HEHYJAEBOH HepHON:

T = [ (p, day£0.
)
3mecy Yy — OKpymHOCTE |z | = p, r << p <C R; oveBupHo,
uyro J He saBmcur or p. KpuBas y, — obpasyomas TPYIIH
romormormii  H, (A% Z). 3Bamerum eme, uro ind y, = 0.
Murcupyem Toury r® = (2° p°) € A%, obvem do (r) ma A?
M PAaccMOTPHUM BHIPaKEHUE

_ )
(Kae 0 0) (2) = | S exp (£ | (b, d))  (13.7)

ro
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(rme @ € C;° (A?), noctpoennoe 1o o6pasny NpegKaHOHUTTE-

CKoTO omeparopa B Heocoboit Kapre (cm. (6.2)). dro Bepaske-

HHe €cTh, BOOONIe roBOpA, MHOIO3HAWHAsS QYHKIHA OT I

(mapamerp ~ ¢urcwposam). JelicTBuTenbHo, Bce 3HAUYOHHA

WHTerpaJa, CTOAMero B 9KCIOHEHTe, B Touke r (x) = (z, p (1))

patorcs gopmynoi ,
(x)

[ dey={ip, daty 4 hr, k=0, %1, 2, ...,

70 %
rie Vo — QUKCHPOBAHHBIN NYTh, COeRMHAIOMUN Toukm z°, %
u aeskamuii B C. Mossro cunrats, uto J > 0. Qopmyaa (13.7)
TOTHa W TOJbKO TOIHA OLpPENesiAeT O/HO3HAYHYIO QYHKIHIO,
Korga
: J = 2nmh,

rme m >0 — meisoe uymcio, T. €, HpI/I OUCKPETHHX 3HAaYeHUAX
napamerpa A

I =, m=1,2, ... (13.8)

Taxum oopaSOM, IpH AUCKPEeTHHX 3HaueHuAXx 7 € {An}

nMeetca ceMelicTBo omepaTopoB {K e (fm)}. @opmynm KOM-

Myralnuu, HolydeHHEe B § 8, ocTalTcA B CHJE, C TOH JWIIb
pasnmnedt, uro k-— 0 mo mociaemonaTeabHOCTH {Am}.

ITpogomsxuM paccMoTpenme 9TOro mpumepa. 11yeTh uMmeer-

¢ ceMmeicTBO JMarpamykeBeiXx MHoroobpasumit {A? (E)}, E € A

(rge A — HeROTOPHIA MHTEPBAT), IIANKO 3aBUCAMEE OT Hapa-

merpa E, u mycrs mo-npeskmemy 1,.A% (E) coBnanaer ¢ Koxb-

nom C. Torga nepuox J = J (E) m ycioBue ofHO3HATYHOCTH

uHTerpana \ {p, dr) npuHmMaer BHUJ
J (E) = 2nmh. (13.9)

Hycrs J (E) >O, T (E) >0 upu E ¢ I. Torga mpu Rask-
nom Qurcuposarnom h € (0, ko) ypasmemme (13.9) umeer
cemeiictBo pemennit {En, (h)}, rae m mpoberaer MHOKECTBO
neanx wncex M (h): my (h) << m << my (h), 3aBucamee or A.
Yucao saementos muo:xectsa M (h) pacrer amneitno (mo k1)
¢ ymenpmenmem h. Ecam A dukcmposamo, a E = En (h),
m € M(h), To popmyna (13.7) oupenensier omeparop KA% o (h);
“m

nas kpatkoctu oGosnauuMm ero K (E,, (k). Takam obpasow,
OpHE KamkaoM (UKCHPOBAHHOM h MBI mOTy4aeM AVCKDCTHBIH
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HaGop omepaTopoB
K (Eq(h): C5 (AL o) = CF(C),  m€ M (h).

ITepeitnem ¥ obmemy cayuaw. Ilycrs A™ ecrb narpankeBo

C”-muoroo6pasue B $a30BoM mpocTpancTBe, A" — KOMUIAKT-
noe mHoroofpasue Ges xpaa. Hac unrepecyer ciaydait, Korga
A™ wueopmocsasuo; uyerb dim Hy (A", Z) =pr u {v;}.
1 <<j < py,— Gasuc opguomeproit rpynnm  roMonoruit
H, (A", Z). Tonomunm

Jj::§ <P7 dx)? lj:ind ’YJ'
A
(amecs oJ; — mepmomsr popMer o' = (p, dz)). Ilycrs 7 =
= (z, p) € A™ — meocobas Touxa r € Q;. DOPMATBHO IOCTPO-
um ouneparop K,n (k) mo dopmyme (13.3); torma (K n (R)) (9) (2)
Symer neopnosnaunoil pymrnumed x. Ecim supp ¢ cocpenoro-
UeH B MaloH OKDECTHOCTH TOUKH T, TO BCE SHAYEHHA QyHKIHE
(Kar (h) 9) () maotes dopmymoi

Kan ) 0) @ =V [ 2] exs [+ | 0, a0

k4
—v]e@ p @),

Ime y — TPOU3BOIbHEIE UyThH, CoefuwHAIONIHHA Toukm 1%, r
u Jeskamuit Ha A" Quxcupyem myTh Yo; TOrAa HYTh y TOMO-
Jormued JuHeWHol xoMOwnaruu

P

Y~ Yo +]§1 mJ'VJ"

roe m; — nmeante uuciaa. CaegoBarelbHO, BHPAYKeHHE
(Kan (R) @) (x) ompepenero ¢ TOYHOCTHIO [0 MHOKATENS BHUAA

ex . 4 JJ 11 .
p[i 3 m(—5u)]s (13.10)
=1

TO JKe caMoe BepHo MJiIs M1060it Heocoboit Touky MHoroobGpasus
A™. TlosroMy pmas Toro, urobb Beipaskenue (K,n (k) ¢) (x)
6p10 onHO3HauHON QymKmueil (moka wro mpu z ¢ w2 (A™),
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Heo0 X0 UMO B JOCTATOYHO, IT0GH BHIIQJHAINCH COOTHOIICHN A
J; n .
= — 5 h=2ak;, A<i<py (13.11)
rae k; — measie gncaa. HeTpyauo BumeTh, 9TO COOTHOINEHHSA
(13. 11) HHBAPHAHTHE OTHOCHTeNbHO BHGopa Oasmeca {y;}
rpynnE romolroruii fy (A", Z). JleiicTBUTeNILHO, €CIH ;) —
Apyroii Takoi 6asuc, TO
. n
W:;i Cirvis 1<igps,
C;; — meawe wmexna. [locwonbky marpuna C = (C;;) oGparnm-
Ma u ofpatHad K mell marTpuma C~! Tamke IelodnciIeHHAA
A TOCKOIBKY

Loon
Ji=2 CilJj, l; :2_21 Cilj,

1o coormomenna (13.11) sKBMBANEHTHE COOTHONICHHAM

Ji o~ = ,
- g =2k, I<i<py

Herpynno Bmmerh, 4ro ecaum p; = 2, TO COOTHOUICHUA
(13.11) Moryr He BHIOJHATHCA HY UDPH ONHOM 3HAYCHUH .
Hanpumep, ecan I; = I, = 0, 10 u3 coornomenuit

Iy = 2ahky,  J, = 2mhk,

BHITEKAeT, 4TO TMepUoAnl J;, J, COM3MEPHUMEL.

Taxum o6pasom, Ha 3afaHHOM JTaTPAHKEBOM MHOT000 pasuu
A" ranouuweckuii omepatop K,n (R} MoskeT He GHTBH OIIpe-
7MeJleH HU TP OJHOM 3Hadenum A.

Coornomennsam (13.11) MosknO0, OUEBHHO, YNOBIETBOPHT,
eCIM WMEeTCS pPy-IapaMeTpPHIecKoe CeMeNCTBO JarpaH:KeBHX
MHorooGpasuii (Brlme, Ha wpuMepe, GBI PACCMOTpPEH Caygait
p1 = 1). Vimenno, myers umeercsa cemeiictBo { A" (o)} marpas-
seBeIXx  CT-mmoroofpasumit, o = (g, ..., ap) € U (210
ofxacts B RP1), Takoe, YTO BHIOIHEHE YCIOBHA:

A 134, Ilpm xampom ¢uxcupoBannom o € U A" (o)
ecrs KomuaxtHoe C™-MHorooGpasme (e3 Kpasg m ceMeicTBo
{A" (a)} raagxo saBmemT or mapamerpa o € U.
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PasaeiM 3madesusM o € U 0TBEUAIOT HEHMEPECCKAIOMHECH
mHoroobpasus A" («); obsepmuenme | A" () ectp C™
aEU

MHOTO0Gpasme A™7Pt pasmepHocTH n -+ p.

A 13.2. Pasmepuocts umkia ocoGeumocteit X (A” (o))
He IpeBocXomuT n — 1 mpw o € U, u mukam ocoGemHocTen
rIagKo 3aBUCAT OT .

A 13.3. Ha xasxyom muorooGpasuu A" (o), o € U) cyme-
cTByer n-MepHHIH 06bem do” (o) Kaacca C°°, HOPMHPOBAHHER
yeaoBHeM

| dom @) =1.
Al
Ormerum, wro yucto napamempos (O, . . ., ocpi) PasHo

pasmeprocmu 00HOMEPHOTL 2PYRNL 20MO0L02ULL MH02006 pasuli
A" (a).

ITpw stux yemosusx, ecaum obmaacts U gocTaTouHo Maja,
MO;KHO BEOpaTh KaHommueckme arnacki {€2; («)}, pasGuenme
equamust {e; (2)} kaacca C% (A™ (o) x U), rae umeao xapr
HE 3aBHCHT OT o, a Takske Gasucs {y; (o)}, riaiko 3aBuCsIHe
or o. Torma mepmopnt

I@= § (p, dn)
7 (@)
oynyr dyurmuamn kiaacca C* (U), a ind y; (o) = I; me 6ynyr
sasuceTs oT o. CoorHomenne (13.11) mpunnmaer suy

WS (o) = A 2amy, AG<pye (13.12)

OdeBUAHEIM OCTATOUHEIM YCIOBHEM COBMECTHOCTH BTOH cucre-
MHL ABJIAETCH HE3aBHCHMOCTE NepuoioB J ; (o), kak Qyurumit
or o.. BeeneMm ofo3mauennms:

J (@) = Fi(o), .o, *Tpl (@),
L=y, .y lp)y M=(my, ..., myp).

Temua 13.2. Hyems o0 € U, det 2 520 w0 <
<< h << hg, hg > 0 docmamourno maro. Tozda cucmema (13.12)
npw kascdom h € (0, hy) umeem pewenus {an (h)}, 2de yeao-
yucaennue sexmops M sanoanalom  KYOGURECKEYI0 DEWLEmEY
co cmoponoll nopsadka const -h~' npu marwz k.
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HJoxasarenscTso. Ecanm Uy — gocraTodno Maias
0K pecTHOCTEL Toukd o, To ee o0pa3 mpw oToGpaskeHUH J =

1 1 i
5 o (@) — = Rl comepmur oxpecrrocts Vo rouxu J (o)
MOKHO CUHMTATh, 4T0 V, ecTh Ky6. McKoMOe MHOMRECTBO pere-

HHUil COCTOUT U3 BeceX Touek J € V, TaKkux, 4To h-LT ectr nesxo-
YNCICHHBIN BEKTOP; IPH AOCTATOYHO MAJAHX A 9TO MHOMKECTBO
HEILYCTO,

Hpome toro, oy (k) raanro 3asmenT oT £ mpu GUKCHPO-
pamaoM M, moka TouKa oy (k) aesxur B obmactu Uy, Jlemma
HOKa3aHa.

Iyers Brmoamenst yeaosus A 13.1 — A 13.3 u veaosus
nemmel 13.2, Uy < U — ykasanmuasg B [0Ka3aTeIbCTBE JeM-
Mul 13.2 gocraTouno Majiaa 06aacTh, QYHKOUA ¢ OMpemelieHa
Ha cemelictBe {A" (o)}, a € Uy, v upnnapmessut kiaacey C*.
CemeificTBa KaHOHWYeCKHX ariacoB {2 (a)} m QoKanbHEX
KOOpPAMHAT B 9THX KapraX, pasbumennii emgmuumsl {e; (o)}
n  GasmcoB {y; (o)} OMHOMEPHEIX TpPYHI TOMOJIOTHI
Hy (A" (), Z) BubepeM rtak, wax ykaszamo sume. Quxcwm-
pyem k€ (0, hy), memounciaeHHHN BeKTop M W permeHue
oy (7) cmeremur (13.12), ay(h) € U,.

Paccmorpum marterpan

S0 =4 | @ do— T 1y (2 (), 7,
r0(a)

Tfie IyTh WHTeTPHPOBAHNA Y JAeKUT Ha Muoroobpasun A" (o).
Fenmr o = ay(k), To mepuwomst uurerpana S KpaTHB 27,

rag uro Bopaseenue exp [iS (r, ay (h), k)] ecth 0dHOsHAUHAS
Pynryus ua wmHoroobpasmm A" (o (R)). CaepoBarensbmo,
TOUHO TAaK K€, Kak H B § 8, MOKHO IOCTPOHTH ceMeiicTBO
KanoHuweCKuX onepaTopoB {Kan,, o = au (k)}.

Ecan sextop M ¢urcmpoBaH, TO 3TO ceMeiCTBO onpeese-
HO TIpW TeX 2, mpm KoTopsiX ogy (k) € U,. Ilpu b — 0, oue-
puaEO, o (B) — 0, Tax uwro ToukKa oy (k) yxomwr ua obma-
cru Uy, C gpyrofi cTopomsl, mpn KaKAoM (UKCHPOBAHHOM
(n gocTaTounmo Masom) k mmeeTcd Komeunoe MHOMkecTBO I (k)
EeJTOYNCIEHHHX BeKTopoB M raxmx, dro tTouka oy (k) E U,
npun M €M (h).

Taknm obpasom, Tpu KuEgoM PuKCHpoBAHHOM kb cemeli-
cmeo nazpanycesux mnozoobpasuii {A" (o)} keamwmyemcs —
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umeercs Juckpemuwii nabop wmuoroobpasuit (o = ayr (R)),
Ha KOTOPHIX OLpelesieH KaHOHWYIeCKUH oreparop.

- Ormerum, uro ¢opmyas HKommyramum (13.5), (13.6)
0CTAIOTCA B cuie s omeparopos K,n .o = oy (h), n aro
ONEeHKH OCTATOUHBIX wWienHoB B ¢opmyraax (13.4) — (13.6)
paBHoMepHE W0 o € [Jy. ITo caeqyeT u3 METOa CTAIMOHAPHOM
$asel s WHTETPAJoB, 3aBHCAMEX OT HapaMerpa (Teope-
ma 1.4), m u3 ycaosuii A 13.1 — A 13.3.

3. AcuMmTOTHYECKHME cepuM COOCTBEHHBIX 3HAaueHmit., Pac-
cMorpuM  k-l-mcesmopmddepennmanpubii omeparop A (h) —
BemecTBeHHBIH W QOPMAIbHO CAMOCOLPsKeHHH., JroT ome-
paTop MOKHO IpPeACTABHTHL B BHe

A= (L (2, WDx; ih)+L (2, hDs; i) (13.13)

¢ BemiecTBeHHO3HagHbM cumBoiaoMm L (x, p; ikh). Bmemem yc-
JOBUA:

L 13.1. Camson L (xz, p; ih) € T7 mpm HeKoTOopoM m.

L 13.2. Munmmaabmoii omepatop A° (k), oTBewaromumin
pupamennio A (h), upn wammgom durcmposamuom h € (0, k)
JOIYCKAeT pacIiupeHne 0 CaMOCOIPSKeHHOTO oIepaTopa
A (h): L, (R™) — L, (R") ¢ uncTo AMCKPETHHM CIEKTPOM.

[Iycrs g' — cpBur BOAL TpaeKTOpHWit TaMUIBTOHOBOI
cucTeMbl, accolmupoBamuoit ¢ cumsonom L (x, p; (). Acmmo-
TOTHYCCKAA cepusa coGCTBeHHHIX 3HAYeHuii, Kotopasa Oyaer
OCTPOEHA HILKE, NOPO/KAAeTCA ceMefcTBOM marpaH/keBHX
MHOr006pasnif, WHBAPMAHTHHIX OTHOCHTEJIBHO CcABHTAa g'.
Nuenuo, nycTh BHIIOIHEHO YCIOBHE

A 13.4. CymectByer ceMefcTBO JarpaHKeBBIX MHOTO-
obpasmii {A" (¢)}, « € U, yHoBmeTBOpAIOMEe YCJIOBHAM
A 131 — A13.3 m rakoe, dro

1) gtA™ () = A" («) mpu Beex ¢ € R;

2) L (z, p. 0)=E (@), (z, p) € A" (@).

Tarum o6pasom, Kaxgoe Muoroobpasme A” (o) mEBapUamnT-
HO 'OTHOCHTEJIBLHO CHBUrA BHOJAb TPAEKTOpHHl raMmIbTOHOBOMN
cucteMbl B cuMBOX L | p—o = const Ha KayKIOM H3 MHOroo0-
pasuii cemeiicTBa (KOHCTAHTA MOJKET 3aBHMCETH OT o).

-G omeparopom A (k) cBaszau enie OfWH KIacCHIECKU
00beKT — nudepeHuaabHbi 0IepaTop

oL
h:O) , (13.14)

1 ¢4d
R=— (_Et_—l_ a (ih)
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rae d/dt — mpomsBopmHas B cuay cucreMn l'ammibrona. Us
CaMOCOIDAeHHOCTII N BemecrsennocTu oneparopa A (h)
1 oL
clieJiyeT, 4ro (GYHKIUA T )| o BemecTBenna. (Dukcm-
pyeM o € Uy, B CHAY IepedncleHHEBIX BHIIe YycaoBHi R
eCTh  CaMOCOUPA/ReHHHI  omepaTop B  TNPOCTPAHCTBE
Ly onigy (A" (). CremoBarennno, ero CIEKTD BemjeCTBEH.
Bypmem upepmomarars, uro omeparop R wMmeer riapgkoe
mo o € U ceMmeitcTBO COGCTBEHHHX QYHKIMIA ¢, OTBEYRIOMIX
raagKoMy cofCcTBeHHOMY Buavenuio W (o):

Roy = p (@) 9o, a€U. (13.15)

B uwacrmoeru, ecom cumBon L He 3aBucuT oT A, TO MOYKHO
HOJOKNUTH

by =0, ¢o=1. (13.16)

ITocrponM moutm coGeTBeuusle (GYHKIUE —ceMelicTBa
{4 (h)}. Duxcupyem h € (0, hy) u naiinem mabop {opr (h)}
pemenuii cuctemsr (13.12) (remma 13.2). Bynem uckatp mo4TH
cobeTBeHNYI0O (YHKIMIO B Buje

Uy (2, h) =K yn o G (o= ctyp (R)). (13.17)
Ipumenas ¢dopmyny kommyramum (13.6) w yaursBas, 4ro
Lz, p, 0) = E, (z) na A" (a), moayuaem (o0 = oty (B))
A () tye =K ynigy (L (2, P, ) R) g+ O (h2) =
= (B () bt (@) K oy @+ O (B3) =
= (E (@) +hp(a) uy+0h?).  (13.18)

st ocTaTodHOro uWieHa CHOpPABeJIMBA OTEGHKA

| O (R?) | < Ch? (13.19)

apu z € R*, a € Uy, h € (0, hy) ¢ nme zaBmeAmeir or z, o, h
mocrogunoit €. [Hamee, cymecrByer mocrogumas C; >0
TaKas, 9TO

“ K_An(a)cp(l ”L2(Rn)>ci7 (13'20)

o = oy (k). ITo caemyer us Toro, uro B Heocobok KapTe KaHo-
HOYeCKNl OmepaTop CBOAUTCA K YMHO/KOHHI0 Ha (QYHKIHIO,
MOAYJL KOTOpOH He 3aBUCHT 0T 2 m KoTopas He obpamaercsd
B myas (cm. (13.41)).
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ITo nemme 13.1 umeem (npu ¢uxcuposawnmx h, M)
c
d(E @) +h@)<-—h  (a=ox (), (13.21)

rae d (p) — paccrosHme oT TOYKH O g0 cuekrpa o (A (h)).
TeM cambIM JOKasaH OCHOBHOI peayJabTaT HACTOANIETO Imapa-
rpada.

Teopewma 13.3. IIyemv {4 (B)}, h € (0, hy),— cemeti-
emeo  hl-ncesdodudpepenyuasviuiz  onepamopos, u nycmo
cywecmeyem cemelicmso aazpardcesux mrozoobpasuti {A" (a)},
ydosaemeopawwyur yeaosuan A 13.1 — A 13.4.

Toeda npu waxcdom ¢urcuposannom h € (0, hy) u npu
hy >0 Gocmamouro masom onepamop A (h) umeem cepuio
cobemeennnx sHaueruli euda

By (h) = E (2) + hu () + O (h?). (13.22)

3ecv o = ay (R), |0 (h?) | << Coh?, nocmoanmnas C, He
sasucum om h, M

Coomeememeyiowas cobCmBeHHOMY SHAUEHUIO ROYMU c0O-
cmeennasn Pynryus uy (x, k) daemes gdopmyaoii (13.17).

Iosicumm Teopemy 13.3. Ilycrp py = 2 (wiag upocroTh)
n Ey<< E (o) <7 Ey opu o € /. @urcapyem £ >0 u szarem
u3 cucrems (13.12)

Th

J1 (O('is az) = 5~ li + 2nm,k,

Ja (o, o) = —ﬂzi I -+ 2amqh

HaXofuM IWCKPeTHEHI wabop pemenuit o (k, m;, m,) Takux,
aro By < E (o (b, my, m,)) < Ei.

Qopmyaa (13.22) oupepenser cepuo coGCTBEHHEIX 3HATE-
HU, 38BHCAILYIO OT IBYX HEJI0YMCICHHBIX TaPAMeTPOB Niy, M,y

By, my (B) = E (o (By my, mg)) b (@ (b, my, my))+ O (B?).

IIpu sToM maGop moumycruMerx map (my, M,) 3aBUCHT OT Tapa-
merpa k.

Pacemorpum kimaccmweckumit npumep — 3ajady Ha ©o0-
CTBeHHBIe 3HAUEHWsS MIA ojHOMepHoro omeparopa Ilpemma-
repa Ha Bce#l ocu

—h" V(@) p = Ep.

Iloremmman V (z) € C* (R) semectsed, V (d=oo0) = —oo,
u nycers V (z) Bejer ce6sa Ha GECKOHEIHOCTH, HJISA IPOCTOTEH,
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Kak nouxmmoM. Torga, B wacTHocT#, Pymnusa V (z) crporo
MOHOTOHHO yOnIBaeT mpm £ <C —R u ¢Tporo MOHOTOHHO BO3-
pacraer mpu z > R, ecam R > 0 mocraTrouHo BeJuKO.

YpaBuenne
PPV =a

Ipu o 2= oy > 1 oupejenser ofioMepHoe JIaTPAH;KEBO MHO-
roo6pasme Al (o), muddeomopduoe orpymuoctu S?, Tar 4ToO
p; = 1. Iepnog J (o) pasen
x4(a)
J (o) = S pdz=2 5 Va—V(z)dz,

Al(m) x-(Q)

rme 2z, (o) — wopum  ypasHermsa V (r) = a, z_(a) <<
<< z, (o). Hpusywo Al (o) opmentmpyem mno wacosoil crpei-
ke. Herpynuo smpers, uro %‘2 (o) > 0. Jlanee, ¢pyHRUIUA
H = p* + V () aBasercs nepBHIM MHTETPAJIOM COOTBET-
crByomel cucrembl I'amunbrona, tak uro £ (o) = a. Creno-
BaTenbro, Bee yciosus A 13.4 — A 13.4, L 13.1 — L 13.2
semosnensl. Hawomern, ind Al (o) = 4-2. Buifepem, kax u B
(13.16), p (=) = 0, ¢, =1 (ma A («)). Torna us reopemn 13.3
BHITEKAET CYIIECTBOBAHNE CEPUHM COOCTBeHHBIX 3HAYCHHI

Em (h) = am (h) 4 O (B3),
e o, (R) ompegensercsa w3 yPaBHEHHA
J (0m) = 2nmh -~ wh,

T, €. Om (k) YAOBIETBOPSAET YPaBHEHHIO
x (o)

Va—7V (z)dz=ah (m+%) .

x- ()

Jra dopMmyira coBOafaeT Io GopMe ¢ UBBECTHON B PUBHUECKOM
aureparype gopmyaoti keanmosarus bBopa.
CooTBercTByIOIIE IMOYTH COOCTBEHHEIC (QYHKIUHN P, HMe-
0T BUR
P (JC) = ([&Al(mm)/l) (x)v e e (h)

(6onee woppoGurie dopmyanr cm. [38] w gp.), e 1 — Pynx-
WA, TO;RAECTBEHHO paBHasA eguHALe Ha Kpusoil AL, Ormernm,
910 QYHKIUA P, JOKATHB0BAHA B OKPECTHOCTH ITPOEKIINH
kpuBoit A' Ha och x, T. e. B OKDECTHOCTH OTpe3Ka
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I = (z_ (o), zy (@), & = oy (), mockoasry (Kul) (z) =
= O (k™) Bue mwGoil e-oKpecTHOCTH OTpeska [.
Sameuanue 13.4. Teopema 13.3 ocraercs B cuie,
ecJay JacTh cuekrpa omeparopa A (h), nekamas B WHTEPBAIe
E = E(a), oo € U, ABAAeTCA 4MCTO TUCKPETHO,
. 3ameuvanue 13.5. Ilyers uy (x, h) — mouran cob-
crBernan Gynkmusa (cM. (13.17)) m b = 0 mocrarouno Maio.
Torma ata GynKumA COCPEAOTOUCHA B OKPECTHOCTH TPOSKITUE
V = n, una Kyne,, @ = ay (h), Tak kak BHe 3T0ii obmacTu
Kanigy (B) 9o = O (£). Bouee toumo, ecaum Z HeskuT BHO
HeKoTOpOi# OKpecTHOCTH MHOMkecTBa U, TO

lum (2, @) | < Cpyh (1 4+ |2 PN
upu aobom N (em. (13.4)).

4. AcnmMunToTHyeckue cepun cOOCTBEHHEBIX 3HAYCHHMIA onepa-
Topa Jlannaca — BeinTpamu Ha cdepe. B srom myHKTe usio-
JKEHH Pe3yJbTaTH, nodyuennse B [23]. [Iyers ™! — ejmany-

Haa cgepa [z | = 1 B eBRammoBoMm mpoctpamcree R". Pac-
CMOTpPUM 3afady Ha COGCTBEHHLIO 3HAICHUS
(As kY u(z) =0, z € 8™, (13.23)
noog2
rome A — yrioBasg wacTh omepatopa Jlammaca A = ‘(—3?'
i=1 v
Baenem na cdepe S™! cheprueckue KOOpAUHATH
z; = 8in 0, ; ... sin 0, sin 0y,
zy =8in B, ; ... s8inB,c0804, ...,
Zp_1 = 8in 0,_; cos 0,_,, z, = cos 8, _q,

rme 0 << 0; << 2m, 0<CO;<<m (j 5= 1). Ouepatop Ay umeer
BH[
1 d
sinn—2 Gn_1 6en_1
1 d
+ sin20,,_;sin"30, s 00,_5

4 ! ® . (13.24)

sin20;,_1 ... sin2 0y 00}

. e 4
— n-2
Ay = sin™20,_; 0, -+

< e )
sin™ 3en_2m+...

3anada #a cobcrsennnie sHavenusa (13.23) pemaercsa Tou-
no. CoGeTBennbie 3Hadenmsa omepartopa Ag mMmewr Buy ki =
=1l{l+n—2),1=0,1,2,..., acobcreennnte dpynKunm,
orBevapmue cobcTBeHHOMY 3Hauenwio kj, ABJIAIOTCA Orpanu-
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yenneM Ha cdepy S™! OoXHOPOOHBIX rapMOHHYECKHX HOJMHO-
moB cremenn /. C momomsio Teopembt 13.3 Gymer mocrpoema
ACHMITOTHKA HEKOTOPHIX CepHii cOOCTBEHHLIX 3HAYeHUN U C06-
cTBeHnbXx QyHKOUi oneparopa Ag.

Merpnka B R™ magynupyer Ha cdwepe S*-1 merpury

ds? = d0%_y +

+sinZ0,_ d05_s-- ... +sin20, , ... sin20,.,d0?, (13.25)
Tak uro cepa S™!, cuabmennas merpukoid (13.25), ectn
(n — 1)-MepHoe KoMIaxTHOE puMaHOBO MHOroobpasue. Hamom-

HEM onpenenenne omepatopa Jlammzaca — Beaptpamu na
pumanoBoM Muorootpasum M*® [67]. [Iycrs Q — rapra mmo-

rooOpasua M®, x = (xy, . . ., Ts) — JNOKAJIbHBE KOODIUHATHE
B Q, g;; (r) — Merpudeckmil TeHaop. DBepmem, Kak oﬁquo,
0603Haqeﬂna g = | det (g;;) |, (g9) — marpuna, obparmas

K Marpune (g;;). Hampgas cranspras ¢yarnusa f € C~ (M?)
noposkgaer sexropuoe moie grad f (rpagment ¢ymrnmma f)
ga M*, orpamudenme Koroporo ma ) mMeer BHUJ

8

. of 0
. 17
grad f = Z 8" 5y Ty
i, j=1
Hetpynzo mpoBepuTh, 4YTO BEPa;KeHHE B OPaBOil 4acTH HTOrO
paBeHcTBa He 3aBucuT OT BhiGopa Koopammar B Q. [Haxee,
pexTopoe moine X Ha M° mHopoRiaeT CRAIAPHYIO QYHKIHIO
div X (muBeprenmusa nmois X), cymenue KoTopoit na Q zamaer-
ca dopmynoit
S
Q4 =
div X = Vg D e VX)),
=1

IIpaBas wacTh 5TOro paBeHCTBA WHBAPHAHTHA OTHOCUTEJIBHO
Br0opa xoopauuar B . Omeparop Jlammaca — Benbrpamu A
oupepensiercsi opMyIoi

Af = div grad f (f € C* (M?))

nin, B JOKAJbLHBIX KOoOpawuHaTaX,

s (Zg“]/g e ) . (13.26)

Af =1
g

i=1
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Wa (13.25) eaenyer, uro mis cdepsi S™! mmeem (8 KOOpAMHA-~
Tax (04, ..., 0,1

— — ain?
8n-1, n-1 = 1’ gn-?. n—g — SIN 671-11 ey 811 =
= sin?0,_; ... sin*0,_,, g = sin*"-=» 0,_, ... sin®*0,_,

(13.27

muro g;; = 0, i 5= j. lopcrapasa (13.27) B (13.26), moayqaem
(13.23), rar gro A ects omeparop Jlammaca — BeasTpamm

Ha exgmumunoii chepe S™L
Ypasuenume [amuabroHa — flko6m, accormumupoBanHoe ¢
ypasrenuem (13.23), mmeer Bupy

H(®, p) =1. (13.28)
3aecy p = 6‘2—(66),

1
H (8, p):(P5_1+?nze—nj( P 2"‘52_6—"(P721_3+

n—1
- sinizeg (pz—!— Sin2 0, P1> .- ) = 2 g“'pl-pj. (13.29)

i, j=1

Cucrema I'amuabroma mmeer Buj

aH dp; oH .
~22 i , ;;:“ae,.- (13.30)

Haiigem meppwre muTerpambl aToil cmeTemui. s sToro Boc-
moJab3yeMcsa gopMyaon

h (8, py={h, H)},

rie b — mpomsBofHAasA B CHAY CHCTEME ['aMHIBTOHA C TAMUJIb-
rormanom H (0, p), a {h, H} — cxobra Ilyaccona Qpyarumit
k, H (§ 4). CaegoBarensHo, jpjia Toro urobni Gymrnus h
OBLIA IMePBHM HHTErPAJoM CHCTeMbl | aMuiIbTOHA, HE0OX0AMMO
u pocratouno, urobsr {h, H} = 0. Ucmonbays dT0 coobpase-
une, maxoduM n = 1 mepsbix mmrerpamos cucremu (13.30):

2
n-2

C2
hy=ps, hy=p;-+ Sinzlez 1ot h" 1= P;_ 1+sm26n 1’
(13.31)
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Ioe €3, . . s Cp_p — HPOUBBOJBHBE NOCTOAHHEE, JTH @PBEE
AHTerpa;bl HaXOoZATCSA B HMHBOJIONUM, T. €. {A;, A;} = O upu
BCeX i, j; HeTPYQHO BUAETH, UTO 9TH WHTErPAJIH HE3ABHCHMEL.
Cregopareasno, cucreMma (13.30) Bromwe maTerpupyema.

Paccmorpum B ¢asoBom npocrpancrBe RE™Y muokecTBO
A™1 = A" (¢, ..., Cp_n), BaflAHHOE YPABHEHHAMI

hl:ci, hzzcz, ooy hn_z—c . h/n_izi, 13.32
-2

rme 0 < ¢y << ey < ... << Cu_p << 1. lepemennunie 6 MengoT-
ca B mpepenax 0<C0; <2n, 0 6;<<m (j=2), no mua
KpaTKoctn (azoBoe IpocTpamcTBO OymeM ofosmauarh wepes
R§™P. Tak wak wuomectBo A™! KoMmakTHO H CBABHO,
a cmcreMa (13.30) Bomosne wHTerpmpyema, TO IO Teopeme
JIimysuaas [4] muomectso A™ (cy, . . ., ¢pep) mudPeomopdrO
(n — 1)-mepuomy topy 7™l. 9ror dakr meTpymHO ycramo-
BUTH HeHOCpeI_[CTBeHHO. JlefictBurenbHo, ypaBHeHue

Pr=—g

onpegensier B obaactu 0 << 0 < n, p € R riagkyio Kpupyio
v, ouddeomopdiryo okpyskmoctu. Todukm, B KOTOPEIX Kaca-
TeJbHAA K KPUBOH 7Y BePTHKAJIbHA, HMEIOT KOOPAMHATH
(6o, 0), (m — By, 0), rme 0, = arc sin {a/b). HQanee, upoeritus
A" ma mmockocrs (py, 0;) mMeer Bup p; = ¢, 0 << 0; < 2m,
T. . OKpy:rHOCTH. Tak Rak hy; = h; (0, p;), To U3 aTUX pac-
cympuenmii caenyer puddeomopdrocTh MHOroobpasus A1
topy 7T™!. Ha pmc. 16 usobpaeno mmorooGpasme AZ.

Huxn ocobennocteii = (A“‘l) — DBTO MHOJRECTBO TOYeK
ma A™1l, B KoTOpHIX p, == . = p,_, = 0. B wactrocrn,
opu n = 3 QUK 0COBeIROCTeIH COCTONT 13 OBYX OKpYsxHOCTE
(puc. 16), 3aJaHHBIX YPaBHEHHAME

{pi=cy, po=0, 0,=0], 0O, < 2m},
{pr=2c1, po=0, Oy =m—0%, 0<0,<2n},

= b?, O<<a<Ch,

sm2 9

rpe 0) = arcsin (¢y/c,). Hpu n = 4 mura ocoGennocreii cocro-
ur uz 2"3% topop T2

Bribepem 6Gasuc Yy, ..., YVn_i TPYOOB TOMONOTHI
H, (A", Z) caepyromum ofpasoM: B KauectBe Vj, j = 2,
BosbMeM mepecevenwe A" ¢ maockocrsio (05, p;). B ragecrse
y1 BoabMeM okpys;kHocTh 0 <C 0; <C 2m, ocraxpHBe HepeMeH-
weie 0, p; QURCHPOBAHE, W NYCTh Yy; He JIGHKHT HA NHKIe

18*
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ocobennoctedl (puc. 16). Brramcamm nmepuomsr oJ, Hopmet
ol = (p, d0) u mupexcu I; = ind y;.

ITo mocTpoemuio umeem [; = 0 (KpuBast y, He HePECERAESTCA
¢ mmxixoM ocobensocteil). [lanee, kpuBas vys, s == 2, nepece-
Kaercs ¢ TEKIoM ocobeHHocTeH
¢ POBHO B IBYX TOYKAaX, B KOTO-
puix pg = 0; HeTpyaHO BUAETH,
aro [, = 2 npus = 2. [lanee,

25
J, = S P, deizj ¢, dB, = 2micy,
1 0

J2:§p2d62:
V2

T~ a2 —
— z_ 0
o =2 | ) a——dy i,
A2
Pue. 16. rae o, = arcsin (c;/c,). Cie-

AOBATENLHO, J o = 271 (3 — ¢y)-
AHaZOrHYHO BEIYUCJAAITCA OCTAJIbHEE NePHOLH, TAK UTO

J1 = 2ne;, J,=2n(c, —coq) (s=2), (13.33)

O

rae ¢, 1 = 1. Ypasuenusa (13.12) B ganHOM caryuae uMe0T BHA
kci =my,

k(cz—ci):mz‘nL“;—,

..... (13.34)
k(cna—cng)=mu2+ ’;— )
(L= Cnes) = Mt +

rjge mj; — TeJJable 9ucJa. CHJIH]IHB&H 9TH YPaBHeHHMA 1 IIoJa-

rag [ =my; +my, + ...+ m,_y, DoayuaeM
k=14 222 (13.35)
BriGepem wucaa ¢q, . . ., Ch_g, K TaK, 4TOGH BHIOIIAIACH

coornomenusn (13.34). Torma ma narpamxeBoM MHOT000PasHE
A" (¢, ..., Ch_p) OMpelesieH KAHOHWYECKHH oIepaTop
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K1 (h), h = k1. Honoxum, xaku B (3.16), p = 0, ¢ = 1,
T. €. B KauecTBe NoYTn coO0CTBeHHOH QYHKIAN BosbMeM PYyHK-
mo P = K,na (B) 1. Torma

() v (—120 ()=
=(—1+0(5)) ¥ (> +oo),

Tak Kak k ~ [. I3 aToro coornomenunsa u jgemmsl 13.1 BmiTe-
KaeT CYUIeCTBOBAHHE ACHMITOTHYECKOH cepuu COOCTBEHHBIX
snadvennii omeparopa Jlammaca — Bensrpamm Ha cdepe:

=l 222000 (> ). (18.36)

Ilockoasky 3afaua Ha COGCTBEHHHE 3HAYEHHA IS ollepa-
topa Jlamnaca — Benbrpamm Ha cdepe pemraeTtcs TOYHO
u npuToM Goliee IPOCTHIME CPEACTBAME, TO HodyueHHas ¢op-
myaa (13.36) mas cepum coberBennnix 3Havenmii cama o cebe
He upefcTasasger 6oaboIoro HATEpeca. BajkHO ApYyroe, a MMeH-
HO ACHMIITOTHYECKHE (OPMYIBl [Js COOTBETCTBYIOIMUX CO00-
cTBeHHBIX QYHENUI, XxoTA B Hacrosuiee BpeMs crporoe o6o-
CHOBaHHE ITHX POPMYJI OTCYTCTBYeT.

OrpaumamMcaA caydaeM n = 3, T. e. paccmorpum cdepy S?
B TPEeXMepHOM IpOoCTpaHcTBe; o0muil caygait cm. [23]. Ilepsrre
HMHTETPAJbl U YCJAOBUA KBAHTOBAHUS HMEIOT BUJ

pr=ci,  DPitomg =1 (13.37)

sm2 0

key=my, k(l—c)=my+ o, (13.38)

rge 8, = ¢, 8, = 0. Orcioga naxomgum Iy = [ -+ % + 03U,

2
¢ = 2—1—111, rme | = m { + m,. CoOcTBensHoMy 3HaYeHUIO X,
orBeuaeT HaGop cOOCTBEHHBIX (YHKIIHIA Um, 6, ¢), rme 0 <C

im
< § L lil 1 — 6, 8§ >0 — durcupoBarHOe YHCIO0. ITO
OTPAHWYEHNe BOBHMKAET [0 TOH IpHYMHE, UYTO 9YmCaa Cq,
1 — ¢, Aoakun OuTh oTHedeHbl oT Hyad. fcwo, yto N (I) =~
&~ 21, roe N (I) — pa3MepHOCTH HHBAapHAHTHOTO TORLPO-
¢TpaHcTBa omeparopa A, oTBevaiomero cobcTBeHHOMY 3Hade-
a0 k.
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Ypasuenns (13.37) onpepensior cemeiicTBo MHBAPHAHTHEIX
JaTpamsKeBbix TOPoB /2, TA4JKO 3aBUCAIIMX OT NMapaMeTpa ¢j.
B rawecrte HavanbHoil Toukm r® BeiGepem Toury {¢ = 0,
0 = arcsin ¢;, pe = 0}, a B KaduecTBe HAYAIHHOIO MHOTO-
o6pasua 7'; BospmeM Goabmoii kpyr 0 = n/2. Mepa na T}
HHAYIIMPYeT WHBAPUAHTHYIO Mepy do ua tope 1.

Brianeanm peitcTBue

S (¢, 8)= { pydg+poas
r0

B HEOCOOBIX TOUKAX. ITOT HHTETPAJ 1€ 3ABHUCHT OT IIYTH MHTE-
rpupoBanusa. IlosroMy B KadecTBe Kpusoili na 7', coeauHsam0-
med rouky r’ m Toury r = (¢, 0, pg), MO?HHO B3ATH KPUBYIO,

COCTOANYI0O M3 NYTH KpUBOH p§ -+ sze = 1, Bfoab Koro-

poii ¢ = O w woTopas coemmHsAeT NOpPoeKHWH Touek 1, r,

U U3 oTpesKa, Ha KortopoM 0, pg mocrosanmst (puc. 16). Torma
] 9 @

S (¢, )= prdw | podo=| cagp+

G 0

1V sinZ0—c?
T gl/i s1n29 d0 = c,¢ +-aretg cosB -

1/ sin2 9 —¢?

—cqarctg 1 cosD

{(Bce Kopau — apudmermuecrue). Ho B Toury (¢, 0) npoexrn-
pywoTcH nBe Touknm Topa T2 ecam ofosmaumts depes r? (¢, 0)
BTOPYI0 M3 HHX, TO fAeficTBHe OyAer BEIYUCIAATHLCHA N0 TOH

. " c}
sKe dopMmyse, ¢ TOi iuuIk pasHUiei, 94To py = — ]/1 — —'_sinlze
BIONB OyTH mHTerpupoBanusa. Oxomuarenbuo fAas S moxyua-
eM JBa 3HadeHuA S.:

Si (¢, 8) =c19 %5, (),
S,(0) = arctg—l-/ﬂgm—i‘— —e arctgl/—SlCnOWi . (13.39)
Haxee, ‘

‘ 2 l VAECL=T (13.40)

—r2
1—c



§ 13, CEPMH COBCTBEHHGEBIN 3HAUEHIN 279

Kanonnvecknit atiac Ha 72 MOKHO COCTaBUTE M3 YeTHPeX
kapr. lluga ocobemHoCcTell COCTOMT M3 ABYX OKPY:RHOCTEIR,
Ha RoTOpHX pg = 0, ¥ ero mpoekmua Ha maocKocTs (8, pg)
cocmm 3 ABYX TOTEK (09, 0), (m — 0y, 0). IToxpoem KpuByIO

pé + 511126 = 1 wuernippMa kapramm U;, nBe ©3 KOTOPHIX —

oxpectrocTH T09eK (09, 0), (1 — B¢, 0) (oGosnawnm ux Uy, U,),
Ug aesguT B moaymmockocT pg =0, U, — B momymiockoctn
Po << 0. B xapre U; B KauecTBe OTMEUYCHHOH TOUKU BO3BMEM
Toury r! == r’ B wotopoit pg >>0. Torma kpupas Iy, coegnu-
malomaa touku rt ur = (¢, 0, pp), rme py > 0, me mepeceraer
mHKI ocobennocteii u ind [ = 0; ecan ske py << 0, To Kpusas
[ mepeceraer muka ocobenuocreii u ind I = 1. CaegoBaTesnn-
10, B Heocoboii Touke (0, ¢) umeem

’_D_ ikS++-iia+ ihS_+E—oc_
KEnO o= |gele T e =,

rae ap = 0, a. = /2. YMHORasa 9T0 BHpayKeHne Ha e /4
n yunrmBag coormomenus (13.37) — (13.40), moaywaem mua
moutu coOCTBEHNOW (QYHKIUM AaCHMITOTHISCKYID (OopMYyIy
(B nedorajbHEIX TOURAX):

. m \ 174
im —_kT T
U (0, @) = eime . cos(kSi——Z), (13.41)
s1n29—72——
sin20— k stinzﬁ— me
S, (0) = arct LA P S A
1 - g cos k g m cos 0 :

Awamornunas ¢opuyaa moayuena B [23] mpm aro6oit
pasmepHOCTH COepH.
Mopmyna (13.41) Gea moaywena B IPEANONOKEHHN, 4TO

m
OTHOIIeHIE l—k-l OTAeJIeHO OT HYJIA 1, B YaCTHOCTH, YTO

m == 0. Ecau nonoxure m = 0, k = + B 9710# PopMyTe

B YMHOMUTH 00e 9acTh Ha COOTBQTCTByIOmPIPI HOPMHPOBOYHKIH
MHORNTEIb, To Oyuer MONyYeHA U3BECTHAS ACHMITOTHYCCKAA
dopmyna mas moammoMoB Jleskammpa:

u (o, 6):1/—ﬂszi—ne— sin[(l—}——;—) 9-{——2—‘—].
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[Tocrpoennsie Boime (cm. (13.41)) moyru cobGeTBeREbIe PyHE-
UK JOKAJIN30BAHb B OXPECTHOCTH mMpoeknud ropa 7' ma cde-
py S2, 1. e. B orpecrHoctu ciaod 0y <K O < — By, 0y =
= arcsin (m/k). llpm m — 0 sror caoit crarmBaerca K 3K-

BaTopy.

Ias omeparopa Jlanmaca — BenbTpamMul MoOKHO IORa3aTh, YTO
TIOCTPOCHAKE BHINE ToUTH cO0CTBeRANe QVHKIUM OMU3KH K UCTHHHRM
cobcrBenanM QyHKOUAM. ITO CBABAHO ¢ TeM, 9T0 B JAHHOH 3ajaue
CIEKTp N3BeCTeH TOUHO: cofcrBeHmEe 3maveHHA k% WMelor BHJ

k=1 (4-n—2), =1, 2, ... (13.42)

Breime 6p10 [JOKa3aHO CYLMECTBOBAHNE ACHUMITOTUYCCKOH CepHH Co0-
cTBeHHHX 3mauvenwit supa (13.36). Hpm I > 1 nocuegosarteavune cob-
CTBeHHBle 3HAYCHHA k] DACIONOMEHHl HA PACCTOAHEH MOPARKA nl
IpYT or xpyra, tak uro qopmyna (43.36) comep:xur Bce cobcTBeHHEIS
3HaYeHus (UPH TeX 3HAUEHHAX [, NP KOTOPHIX OHA OHJIA MOJydeHA)
oneparopa Jianmaca — Beaprpamu. Janee, OwJIN II0CTPOEHH NOYTH
coGcrennne QYHKIUY 1) (N4 KPATKOCTH 3aHYMEPYEM UX OJHEM HHJOK-
coM) Takme, uro upm I > 1

Hu i = Cy, (AR up ff < Coy

rae MOCTOAHREE C; He 3aBUCAT OT I,

OcTaercs BOCIOAB30BATHCS CIERYIONEM (PAKTOM U3 CHEeKTPAJbHOMH
Teopuu. IIycTs A — CAaMOCONIPAIKEHHHE OLEpaTop B THALOEPTOBOM
npocrpanctie &, IR KOTOPOrO TOUKA A= ( ABAAETCA HIONUPOBAH-
HEIM KOHETYHOKPATHHM CoOCTBeHENM smadenueM. Ilyerb siaement f €

€D (4),

Wil = Cs, MAf Il < Cy (13.43)
U COpaBeinBa OLEHKA
C/Cy << dy,
rme do — PaccroAHHe OT TOUYKH Ay = 0 [0 OCTAJIBHOH WacTH CIEKTpPa
o (A)N\A0}.
Tornma
B — Pof | < Ca{doCy)?, (13.44)

rme P, — OPTOTOHAJBHHI OPOEKTOP HA HHBADHAHTHOE IOAIPOCT-
paacrBo &%, omepatopa A, oTBedalomee COOCTBEHHOMY 3HAYCHHIO
hg= 0.
I[IpumeruTeAbHEO K oueparopy Jlammaca — BegbTpamu 310 paer
OLEHKY
lu— Pug i< Cl? (13.45)

opu I > 1. 3pecs mocroaEmas C me 3aBMCHT OT [ ¥ P; — OpPTOroHANB-
HH TPOEKRTOP HA HMHEBAPHAHTHOe IOAIPOCTPAHCTBO emeparTopa Jlam-
Jaca — BegsTpamu, orBeuanmee €o0GCTBeHHOMY 3HAYERWIO k2.
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§ 14. HKpasurnaccudeckue npubamKenns
JJs1 peaATHBUCTCKOTO Yypasuemnsa [lupaka

ITocTpoena wBasmKIACCHUECKAR aCHMITOTHKA peNIeHUA
sagaun Komm pus pensaruBucrckoro ypasmenus J[lmpaxa.
ITorasamo, uT0 cHMHOBAs LONAPU3ALMS UMEET KIacCHUeCKHi
npemen upm kA — --0.

1. Ypasuenne lupaka. l|swkenne pesaTHBHCTCKO 3apsi-
JREHHOH JacTHIE co cnunoM 1/2 Bo BHemrHeM 5JIEKTPOMArHHT-
HOM Iojie ounmMchiBaercss ypasuenmeM [mpaxa [6], [19]

—in 20— Iy (14.1)

Bounosaa ¢pymrmust ¢ = P (¢, Zy, &y, T3) €CTH 4-BEKTOD (CTOJ-
Gew) P = (Y1, Py, Ps» Pu), ravmasToRMan umeer sug [72]

H = a(cp—ed) —eq -+ Pmc?. (14.2)

3mecy ¢ — sapsay, m — Macca 4YacTHIH, ¢ — CKOPOCTH CBETa
B Bakyywme, i — mocrosauHas [lnamka, 4 = (A4, 4., A5 —
BEKTOPHHIH ¥ (¢ — CKaNAPHHEA HTOTEHIMAJH SJIeKTPOMAarHUT-
Horo monsa. [laiee,

“IA) = “1151 + 0522)2 + 003153’
od = oAy 4-apds -+ 03ds,

rge p; = —ih a—ij. Marpuum o, § umeor Bug

({0 o 2R
(= (0) b= ),

rage 0, 1 — nynepas m egmuwunas (2 X 2)-MaTpuns, ¢; —
cmuHoBRE MaTpunil Ilaymu:

0 1 0 —i 10
U‘:(i o)’ GZ:(i o)’ (’3:(0 —1)‘

Kax o6sruno, Oygem npeanonarars, uro Bee pynrmua 4 ; (4, ),
¢ (¢, z) BemecTBeHHO3HaWHH u OeckoHewrno juddepen-
IUPYEMH.

19 B. TI. Macmos. M. B. Denopion
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3aMeTnM, 4To BCe MATPHNH O, 0j,  dpmuToBs. CHMBOI
oueparopa f/ ecTh 2pMUTOBA MATPHIA

nt, =4 2]

A:(_—e<p+mc2)((1) ‘j) B:(gz ~§§), (14.3)

?

1 0
C=(—ep—mc?) 0 1)

rge 0603Ha4YCHO: )
By = —eAg + cpg By = —e (A1 + idy) + ¢ (pr + ipa)-

(14.4)
IHocrasuM 3samauy Homm

¥ ho = U0 (x) exp [ 4 So(@) |, (14.1)

rae P € Cy (R3), Sy € C* (R?), ¢pyrrmua S, BemecTBeHHO-
3HAYHA, B MCCIEIYeM ACHMITOTHKY peimenus samaun (14.1),
(14.1") upu b — 0.

2. Ypasuenne l'amuastona — fIxo0nm m ypaBHeHne nepe-
goca. Brraucaum coberBeHtEle sHaYeHUA MaTpunst H. YuuTh-
Bafg GJIOYHYIO CTPYKTYDPY 3TON MaTpumu, IOJIyYaeMm
det || H — hl, || = det || (4 — hly) (C — hl,) —

— (A —RI)B(A — k)7 B =
= det || [(e¢p + h)? — m?*] I, — B? ||,

rae I, ects emummumas (k X k)-marpuua. Tak xar B? =
= (| By |* + B} I,, o coGcrBennnie snauenyusa MaTpuis H
HMEIT BH[
hy = —eq = V' D. (14.5)
3nech
D= (cp—eA)y+mct=| B, |2+ B+ m%*  (14.6)

CrnemoBaresbHo, wMarpuua A mpE JI00BX BemecTBeHHEIX
{, z, p uMeeT J[Ba JBYKDATHHX COOCTBEHHHX 3ZHA4YeHHH f,

raracca CT. WM oreewator pgea ypasmemusa [aMumibroHa —
fAxobm

L)/ (vs—Lay w4
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Co6cTBennbie BeKTOPH i, j = 1, 2, oTBeualomue coOCTBEH-
HEIM BHAYCHMAM /., MOKHO BBIOpATH ciaemylomuM obpasdom:

) )
fi= m2+ VD | fz= 0 ,
0 / mcz+1/_5/
X
mc2+1/l_)\ 0 (14.8)
0 me2--1/ D
fI: B3 ] —2-: 2?2

B, ) —By ) |

Bexrops f;° 06pa3ynT oproroHaJbHb Gasuc B R* (ckamsap-
HOE TPOMBBENEHHE HPMUTOBO) ¥ HUMEIOT OfUHAKOBYIO JUIHHY:

|/ [P= 21/ D (mc*+V/ D).
Hpome Toro, cumpasejimBe TOMKIECTBA
(f-i-’ ajf§>507 ]: 1a 27 37 (149)
d aHaJOTHUYHBIE TOJRAECTRA [JiA BEKTOPOB [~.
IIpocrparctBo R* pacmagaercsa (upu J0OHX QUKCHPOBaH-
HHIX £, Z, p) B OPTOrOHANBHYIO CYMMY [BYX MHBaPHAHTHHIX
moxmpoctpaners R! = R? @ R?® wmarpumm /. DBasmc uon-
mpocrpanctBa R (coorB. R?) oGpasyior BeKTopH f;, 5 (COOTB.

fi. o). CoorsercrBenro Bexrop-¢pymrnuio Y° (z), Bxomamyo
B pmamusie Komu (14.1"), MmoxHo upemcraButh B BUNe

V=90+1¢% rme YIERE, YLERZ

Huxe mur cuuraem, uro ¢° € R2.
@opMaipHOe acHMOTOTHYECKOEe pemenue 3afaudm HKoinm
(14.1), (14.1') GyneM, Kak o0HYHO, HCKATL B BHAE

. N
¥t D)=exp[ St )| D) (%)kqﬁ t z). (14.10)
r=0

Boraucsum taaBHe# wien acumuroturd. Jasa dassr S
MH noxyuyuMm YypaBHenue [amuibrona -— fAxroGu

S —
%+h+_0’ S Je=o = So ().
19*
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Berrop-pyurmumo §°(t, r) Gymem mCKaTs B BHIE
W, &) =0 (t, @) fi+op(t 2)f5 (1411)

Hewspectare QyHRIEEM ©, , ONPEIEIAIOTCA U3 CHCTEMBI ypaB-
HeHHUII mepenoca

dmi

T 1304 -+ @q,05,

das (14.12)
5 = 02101 T Aop®y.

Hanare Komm TakoBnl:
0;lt—o = 07 (2),
Te ©) OIPEeJeNAITCA U3 COOTHOMICHUS
YO () = 0fy |i—0 + 0af 5 li—o-

B cuny semwur 11.5 mmeem
an= 7 157 [ Byt (Ll L g ot
T () my] wa

Hanwane muosmurens (fi, /)~ cBa3ano ¢ Tem, 4T0 BEKTOPH
ff we emummunsie. [lo conmpssykKeHHBIM HEpPEMEHHEIM HpPOU3BO-

HUTCA CyYMMHpOBaHue, T. €.

3
oh, of oh, of

op 6z £l op; oy
=1

a 1. 0. 3fech J, — siwoGuan, orsevamiuil cucreme 'amuib-
TOHA

dz  oh dp oh
T w T (14.14)

J_(..:

?

oz (¢, y)
det T

e (z (¢, ), p (¢, y)) — pemenue cucremtt (14.14) ¢ manmsiME

Homn
a8
Zl—o=1Y, Plt=o=—-aiy(ﬂ'-
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W3 oproronaisbHOCTH BEKTOPOB ff, [r, Tompecrs (14.9)
H BeM[eCTBeHHOCTH A,, H BHITEKAeT TOIECTBO

a4y = — 4. (14.15)

Onmako HelocpeACTBeHHOe BHUMCICHHe Ko3ddumumenTosn
aj, mo Gopmyie (14.13) upmBOOUT K TPOMO3JKUM BLIKJAJKaM.
1o cBazano, rpyGo TOBOPSA, € TEM, YTO MBI OTHEeJIAEM epeMeH-
uylo ¢. Huswe mpusenes ppyroil BHBoJ ypaBHeHUWH mepeHoca.

3. KsappuposBammoe ypapremme J[lmpaka H ypaBHEHUA
nepenoca. CumBoa oueparopa Jupaka pasem —pol, 4

+ H (xg, 2, p), T po = o = ¢. Haiimem marpuuy
Hy (zy, z, p) Tarylo, 4To
(— polu~+Hy) (— poli + H) = (po— 1) (py— h-) I, (14.16)
rme h, — coGcrBennbie 3sHauenust MarTpuunl H. Herpymmo
OPOBEPUTD, YTO
Hy= —epl,—a (cp—eA) —Pmc. (14.17)

Marputet —pol, + Hy, —pol, + H, B cuny (14.16),—
ACCOTMUPOBAHHBE, ¢ TOYHOCTHIO 10 CKANAPHOTO MHORHTEIA.

HOyers L, — omeparop Jupara, L, — omepaTop ¢ cuUMBo-
aom —pol, + Hy (zg, z, p). Torma [72]

LoLy = ((py+ e9)? — (cp —eA)> — m%c*} I, +
% (leco’ H+-cak).  (14.18)

0 oar

3necn
E=—2_vy, H=rot4, (14.19)
o'= (o}, 0,, 0;), ' H=0,H +0,Hyt0,H,
I 0; — MATPHIB mOpAfRa 4 X 4:

oi=(% 7, (14.20)

0 Oj
0; — cuuHoBrie Marpuusl Ilaynu. Omeparop
§=2a (14.21)

HAaBLIBRACTCS  CRUHOBHIM MOMEHIMOM KOAUHECTNER OBUNCEHUS
AEKMPOHA,
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Omneparop Q@ = L,L; nasuBaercsa keadpuposanum onepa=
mopom J{upara, a ypasHenume

Qp=0 (14.22)

HABHBAETCH KEAJpUposanHbiM YpasHenuem Jupara.
TMonomum z = (xO, L1y gy x3)7 p = (Pm P1y Pa» ps)- Cam-
Box () oueparopa @ pasen (cm. (14.18))

Q=00+ 04, (14.23)
Qo =(py+e9)*— (cp— eA* —m?c*] I, =
= (py—hs) (py—h) I,  (14.24)

1 62
Qy=B—+ jxg; : (14.25)

3uxecy B — marpuna
B = ieco'H — caE. (14.26)

Ilo compsskewdnlM MHIEKCAM NPOU3BOMUTCA CYMMHAPOBAHUE,
T. €.

3
Q0 __ z 82Qo
0x dp I 0zxjop;

=0
g4 T. O

PacemoTpuM Tenepr e KBaJpupoBanHoe ypaBueumne [In-
paka, a IpousBOJABHHHN A~l-m. @. 0. ¢ cumBoaoMm Buma (14.23),
rae Qq, Q; — maTpunsl mopsaka N X N, He 3apucsmue ot h,
u Marpuua ¢, — CKaJsApHAsi.

Momyuum ¢. a. pemrenwe ypaBuenusa (14.22) ¢ TOYHOCTBIO
no O (k). Ilpu 310M OoTpanmauMcs GOPMAaNHLHHIME BBEIKJIAIKA-
Mu u He OyxeM GopMyJIdMpoBATH CTAHAAPTHHEIX YCHOBUH Ha
CHMBOJI,

Bynem mcrkats ¢. a. pemmenme B BHIe
N

Y@= (5)V @esn[5@)].

Ll
0

IlopcraBiasis ¢ B ypaBHeHHe H IPUPaBHUBAS HYNIO KoIPDUmu-
SHTHl TPH CTENEHAX A, HOJYYaeM ypaBHEHUS

Ry’ =0, Ry + Ry’ =0
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u T. 0. 3uech
Rop=Qup,  Rip=-32 Doy

1 92 528
t o P00 (14.27)

U [0 COUPS/REHHBIM IEPEMECHHEM NDOHBBOAHTCA CYMMUPO-
Batme.

IIo ycanoBmio wMarpuma (Qy — CRANADHAH; B3amuIIeM ee
B Bufie (ol v, riie Qp — cranapuas dyuxiusa. Torga ypapme-
nusa gas 0, P! mpumyr Bupg

Qo(z, p) =0 (p=VS (2)), (14.28)
Ry® = 0. (14.29)

C ypapuenmem l'amunbrona — fAxobu (14.28) accomumpoBana
cuctemMa ['aMHJIbTOHA

e S A _ 9% (14.30)

dt — dp ! dtv ox

Oneparop R; ¢ nomomsw dopmyan Juwysumaa (em. § 3)
upeoGpasyercss K Bugy

Ry=[—d g (= InJ — jjg; )1+ Qe (14.31)

CixemoBaTeabro, COpaBemJIHBO
Mpepnnoxenue 14.1. Peuwenue ypasuenus nepernoca
(14.29) uxmeem eud

\pO(r):]/jg; exp (5 | 2% ao) w0, (14.32)
0

20e %O (tv) — pewenue sadawu Kowu

dy0 "
Q0 =0, im0 =V° r—o- (14.33)
B dopmyae (14.32), kar o6prano, z = z (1), p = p (1) —
aTo pemrenue cuctemsl (14.29) m J (t) = det gf%-

PaccmorpuM 9BogOmuoHHOe ypasmenme (14.22), 1. e.
Q; = Q; (¢, z, po» D),
rme € R, z € R Ilyers ypaBrHenme
" Qo (% z, par p) =0 S (1434
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OTHOCUTEIBHO TIEPeMENHON p, UMeeT pemenue u3 Kuaacca C™

po=h(t, z, p) (14.35)

(mas mpocToTH) OPYU BCeX BEIECTBEHHLIX {, £, p M 9TOT ROPEHb
omnokpaten. [loctpoenue ¢. a. pemenus ypasHenua (P = 0
npuBOauT K yparnenuio lamuabrona — Axobu (14.34) (smecn
po = 8S/0t, p = 3S/0x); BEmGepeM To pemeHde, KOTOPOE
ynoBaersopsier ypapuenuio (14.35).

C ypaBuenmem (14.34) accomumpoBaHa cucTeMa [ammib-
TOHA

dt 9@ dpp ___ 9Q
dv ~ dpy ! dt a7’
) a0 (14.36)
dt = opy’ dv ap ’
a ¢ ypasuenueM (14.35) — yropouennas cucrema "aMuiabrona
de _ oh dp __ ok
"‘('i_’c—'—-_'b;" —Cz_t—-—-—a?- (14-37)

YeTanoBUM CBA3b MEKNY PelleHHsAMH THX CHCTeM U ME:RIY
Akobmanamu J.
IlocraBum 3anauy HKommm

theo=0,  Pglu—o= £

Z |rmo =20, P le—o=p° (14.35)
mas cucrems (14.36) u sagazy Homm

Z |peg = 2°, Ple—o = p° (14.39)
naa cuctemut (14.37), thme mamuwe z°, p® omum u Te swe. Qbe
3alaud TPeJIoJaral0TCA IaTrPaH/KReBBIMM; IyCTh pb = a—%’g—o) .

Mbl orpaHmYMMCA JTOKAJBHHME DPaCCMOTDEHUAMH.

Pemrenne 3agaqu (14.37), (14.39) o6osmaunm wepes z*, pt,
y106K OTHIMYHTE ero or pemenus samaud (14.36), (14.38).
Bsemem sroGmamsr

_De, =z +_ Dzt
T=Sma =D

(namomuum, gro ¢ = ¢ (1, 2%, 2 = z (1, 2°) B caydae sajaum
(14.36), (14.38)). Bymem upegnomarars, uro J == 0, J+ == 0.
Torga (mo Kpaiineit Mepe IPH MAJIBIX £) MOKHO PACCMATPUBATE
pemernme z (v, z°) war ¢ymrmmo or ¢, z°.
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Jlemma 14.2. ITyemv dannve Kowu (14.3) makosw,
ymo E® = h (0, 2° p°). Tozd0a npu masvix t

z(f, 20 =2z (¢, 29, p{, 2°)=Dp* (I, 29), (14.40)

: 80 +

~ dpg Ilo=hJ '
[loxasarteansncrtBo Dyuruua Q, ABIAETCA Tep-
BEIM HETerpanoM cucremel (14.36), n Tar Kak oHa paBHA HYIO
upa 1 = 0, 10 Qg = 0 ma rtpaerropusx cucremn (14.36).
IMockonbKy Kopenb p, = h ypasuenns (14.34) msoamposan-
BHi 1 npw T = 0 nMeem p, = h, TO BIONL TPaeKTOpHIl CHCTe-
Mmul (14.36) ypasuenne (14.35) BHIIONHAETCA TOM{IECTBEHHO,
HMuddepentupya tompecrso (14.34) mo p, rae po = h,

mosydaem
O _ _ 0Qo _‘7&)‘1
ap ap ( ) ’
W3 cucremnr (14.36) maxomum, uro
dz _ 8Qy [ 0Qo \-1__ o
= (a) =

a oh
THUYHO JOKa3bIBaeTcs, 4TO A —, TaK 4TO peCIICHHE

ot dz
z (¢, 2% p (¢, 2% samaum (14.36), (14.38) ymommereopser
cucreme Y14.37). U3 cosumagenus gannmx Homm BhITERAOT

TOKOAEeCTBa *r = x+’ p == p+. I[‘anee’
dNdz, A ... Ndiy =
—atp (! dt+}] I dx%):.ﬁdt/\dx?/\.../\dx%,

h=1
OTKyHa ciexyer mocienuee us tompects (14.40).
Pacemorpum samawy Komw (14.1°) pas »BOJIONHOHHOTO
ypasmerua Q¢ == 0. Bymaem npegmomarath, uTo CHMBOX ()
umeer Bup (14.23) (mamomuumM, uro MaTpuia Q) — CKalAPHAA)
u uro ycaoBug gemmsi 14.2 pwmosamensi. Torga cupaBedimBo
Hpepaomenue 14.3. 3adava Kowu (14.22), (14.1")
umeem BopmaivHoe ACUMRINOTMUYECKOe peluerie 8uda

_q/ L0 9Q0(0) [ 9Qy(7) \~1 i
(& x)“l/ﬁ(t) 97, (520 ) eXP(—h—S(t, x)+

t n
! 92Qq 8200 1 { 8Q¢ \ -1
75 dz; dp; + ot ap ( ap:: ) di ) X, z). (14.41)

j==1
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30ecv S — pewenue ypasnenus Famusvmona — Arobu (14.35)
¢ Oannumu Kowu S g = Sy (2) u %° — pewenue zadauu
Kowu

dy0 ] -
At (F2) T =0, o= (14.42)
JlokazarenbcTBo caefyer us npepioxenus 14.1, memmul
14.2 u coorHomernus Z—t{ = ﬁQo . B dopmynax (14.41), (14.42)

po = h. :
Hpumenum 31y meTomuky ® samaue Homm (14.1°) mns
ypasHenud J[mpaka. dTa 3ajaua swBuBajeHTHa 3ajade Homwm

bleo=v@exn (5 (@), 5
=My (@) exp (1S () (14.43)

=0

I KBaJpupoBaHHOro ypabuenus {upaxa. [leficrBurensHo,
O = L,L, u tar xar I, VP |i—o = 0 B cuay (14.33), 10, 1o
Teopeme eamHCTREHHOCTH, L; Y = 0 npu Beex ¢. Bropoe us
yenoBuit (14.43) OpUBOMUT K COOTHOMEHHIO

(1=t} |y v =
oS

T. €. = | 1=0 — cobcrBennoe snawenme, Y° (z) — cobcTBen-
HEIA BeKTOp Mmavpuisl H |i_,. MH yie yCTIOBI/IJII/ICB BELIIE,
qro PP € RS, 1. e. uro H |10 Y0 = Ay |1—0

Teopewma 14.4. Badauva I{owu (14.1' ) 0/L.}Z Y PABHERUS
HAupara (14.1), 2de p° (x) € R}, umeem npu 0 < ¢t < T u npu
maswix 1 gopmasvroe acumnmomuneckoe peutenue

/T /T eAr LTl
VO A=Y “maw VT er—edrt mey,

Xexp (184 (5 2)) 10(t, @) (14.44)

X

3decv K — pewenue sadauu Kowu

U — — L (ieco' H—calD) ((cp— eA) +m2et) ™%, (14.45)

x° Jtmo = P° (2).

@Dynryus Si — pewenue ypasnenus (14. 7) ¢ OanHBMU
Kowu § |1=o = So ().
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HoxasaTeasbcTso cuexyer us mpemaosxenus 14.3
1 popmyn (14.25), (14.26). B dpopmyne (14.44), rak obuuno,
z=uz(t, y), p=p( y) (pemeune samaun Komm (14.37),
(14.39), tnoe z |4—0 = y).

Anamormuno, ecam P |;—p € R?, T0 cymectByer ¢. a.
pemenue Bupma (14.44), rne J+ — J-, S, — S_. Tem cambim
ACHMITTOTHKA pelnenns 3amaun Kol BHYHCIHATCS HIA TTPOM3-
BosibHbIX ganaex Homu (14.1'), yroBiersopaomux cragmapt-
HBIM YCHOBHUAM TJIAJKOCTH K QUHMTHOCTH.

B ypaBmenue mepenoca (14.45) BXomur omeparop cuumma

5 ieco’H. CienoBaTebHo, KBa3HKIaCCUICCKOE IPUOIMIKEHUE

nasA ypasHenus [{upaka COmepyRuT CUMHOBHI MOMEHT KOJIHIe~
CTBA IBHUKEHUSA.

@opmyanr (14.44), (14.45) maror ¢. a. pemenme 3samaun
Homu B wmamom. C moMombl0 KaHOHHUECKOTO OlEpaTopa
(cm. teopemy 11.10) mosmo moctpouts ¢. a. pemieHue s
A000T0 KOHEUHOTO NPOMEKYTHKA BPEMEHH.

OfocuoBanue acumuroTHueckoir Qopmyasr (14.44) momy-
gaeresa caegyiomuM obpazom. [ycrs cKanaprsii I BeKTOPHLIR
JMEKTPOMATHUTHRE HOPEHIMAIK ABIANTCA BeH[eCTBEHHO-
sHaunbiMu  Qyurmmamu Kiaacca C7 (R3), me saBucAT or I
¥ OTPAHIYEHEl BMECTe ¢ IPOU3BONHEIMA 70 BTOPOTO IOPAJKA
BRJIOUUTENbHO. ToTfja MEHEMATBHEI CUMMeTPpUYeCKHI onepa-

rop H, B L, (R), orBewalomuii cmcreme Jlupara (14.1),
DOIYCKAaeT PacHIMpPeHue J0 CaMOCOIpPSKeHHoTo oneparopa H.
W3 reopemer 11.10 u npemunomenusa 10.3 BrTeraer omeHKa

” ’l]) (tv x) - 1P° (t, x) “ < Ch7

roe P° — mpaBag uacrtb Qopmyust (14.44).
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