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NMPEANCJ/IOBHUE K PYCCKOMY TIEPEBOIY

Hacrosmuii aByxTOMHEII Kypc KBAHTOBOH MeXaHHKH npodec-
copa A. Meccua Bnepsbie BbIIEN BO PpaHUHM B KOHIE OSATHIECH-
THIX roJOB. Bckope OH Okl mepeBeneH HA AHTVIHICKHH f3HIK, He-
CKOJILKO pa3 IepeusiaBajics Bo PpaHnum 1 npuobpen WHPOKYIO
H3BECTHOCTb B 3amMafHBIX cTpaHax. B HacTodlllee BpeMs Kypc sB-
JISIeTCs OCHOBHBIM HCTOYHHKOM CCBLIOK Ha oOLiHe BOIPOCH KBAaHTO-
BOH MeXaHHKH B 3apyBeXHHIX HaydHbIX KYpHastax. dTo obycnaos-
JneHo 6oJblInM O6BbeMOM CONEpKallerocs B KHUIe MaTepuasia o
noapo6HEM, TIMATeIbHBIM e€ro usjoxenueMm. Hapagy ¢ obmwumi
MOJIOKEHHSIMH HepPeNSTHBUCTCKON KBaHTOBOI MeXaHHKH B Kypce
JaHo BBejgeHHe B Teopuio [lupaka U KBaHTOBaHHE 3JIeKTPOMAarHur-
HOTO MNOJ, pa3BuBaeTcsd HeoOXOMUMBIA [Js1 MOHUMAaHHS OCHOBHOTO
TeKCTa MaTeMaTHYeCKHi alnaparT, 4acTb KOTOPOro BhIeJieHa B MpPH-
Joxedus. Boaplioe BHUMAaHHe ygnesseTcss HUCTOPHH BO3HHUKHOBEHMS
KBaHTOBOH TeopHu U ee uaocodCcKo-MeTONOJNOrHUECKHM npobie-
mam. KHura sBJseTcd XOpolUHM Yy4eOHHMKOM NO KB3aHTOBOH Mexa-
HHUKe, a 006beM NPEICTaBJIeHHOrO B Hefll mMaTepHasa HO3BOJSAET (IC-
N0Jb30BaTh ee B CAPABOYHBIX LieNdX.

Kypc npoteccopa A. Meccuna HecOMHeHHo OymeT MHoJieseH co-
BETCKMM YUTaTeJdsiM, KaK TeM, KTO TOJbKO HA4YMHAeT CBOe 3HAaKOoM-
CTBO ¢ KBaHTOBOH Teopueft, Tak u cnenuaiucraM. OH 6yger
yIauyHbIM JONOJHEHHEM K CYILeCTBYIOUleH y Hac JiuTepaType HO

KBAHTOBOH MeXaHHKe.
JI. . Daddees



MMPEANCJ/IOBHE

B Haiue Bpems HeT ofJiacTH (H3HUKH, B KOTOPOU MOXHO OBLIO GBI
cepbe3Ho paboTaTb 6e3 XOpOLIero 3HAaHHS KBaHTOBOH MeXaHHKH.
HsnoxeHne 3TOr0 npeaMera B HaHHOH KHHre, Kak s HajAewch, A0-
CTATOUHO NPOCTO, 4TOOH OBITb JOCTYNHHIM JMJis CTYAEHTOB, H B TO
Xe BpeMs oOjganaer HEOOXOAMMOK NOJNHOTOH, YTOOB CTaTh CHpa-
BOYHBIM HACTOJbHBIM nocobuem pjid npodecCHOHANBHO paboOTaIOUIHX
¢dn3uKoB.

KHura sBHAach pe3ysbTaToM Kypca JeKnul, unTaHHBX B [leHTpe
AfepHHX HcclepoBaHuit B CakJe, HauuHass ¢ 1953 r. Muorouucies-
Hble AHCKYCCHH H OOCYXAeHHA KaK CO CTYJeHTaMH, TaK H ¢ MOMMH
KOJIIeraMH CylIeCTBEHHO NOMOIJIM CAesaTb H3JIOXKeHHe pAjga TPyA-
HBIX MecT OoJjiee ICHBIM H XOCTYNHHM. HeKoTophle JHma, KOTOPHIX
s TIO3HAKOMHJ € OTJAeAbHHIMH YacTAMH pPYKONHCH, cHestald psij
KPDHTHYECKHX 3aMeyaHu#l; 1 XoTes Obl oTMeTuTb DxmoHa Dayspa
1 XKana YabMO, KOTOPHIM 51 06513aH HHTEPECHBIMH 3aMeYaHHSAMH 1O
NOBOAY H3JIOXKEHHS OCHOBHHX NPHHHIHNOB. §1 ocoleHHO npusHaTe-
sed Poxepy bBannany 3sa npoureHHe OGOJbLIEH YaCTH PYKONHCH U
PAA LEHHBIX 3aMedaHHH, NO3BOJIHBIIMX CXenaTb HEKOTOphiE yJyulle-
HUA TEKCTa; eMy 51 X0oTes OBl BHIPA3uThb 34eChb MOW riyGokywo GJa-
roxapaoctb. HakoHen, s xXotes 6l BHIPasuTh 6J1arofapHOCTL TeM
MOUM CaylIaTeqasM, KOTODhle B34/IH Ha ce0sl TPYA NPOBEPKH TEKCTa
¥ BBIUHC/EHMA B Da3/HYHBIX IaBaX, a TaKke NOMOIMH MHe NpH
YTEHHH KOPPEKTYpHI.

3axaun, noMelieHHHe B KoHIlE KaskKAOH IJ1aBhbl, BHOHPAJHCH He
TONBKO B 4YHCTO yYeOHHIX LeJsiX, HO TaKxke M AJsl TOro, U4ToGH
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yKasaTh Ha HeKOTOpPHE HHTepecHble MPob/eMH; 5T0 OGBACHSAET OT-
HOCHTeJIbHYIO TPYXHOCTh psjna 3axau.

HeckosibKO KHUF ¥ CTaTeli, HUTHPOBAHHBIX B CHOCKAX, JOJIKHEI
[IOMOYb YHTATEJI0 AOMNOJHUTb HJIH YrJyOMTb €ro 3HaHHS B HEKOTO-
peX pa3geiax. He Morio ObiTh M peud O COCTaBJACHHH MNOJIHON
Oubaunorpacdun mnpexmera. HIns storo He xBaTusio 6B H IEs0Or0

JOMOJHATEJBHOIO TOMA.
Anvbepr Meccua
Oxrtabps 1958 r.
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TrTABA I
UCTOKH KBAHTOBOW TEOPUW

e

§ 1. Beenenue

CornacHo kaaccuueckoil JokTpure, obmwenpunsaToil cpexd dusu-
KoB 10 HavdaJsa XX BeKa, ollHCaHHe 3BOJIONMH (PH3UUECKHX CHCTEM
IIPOM3BOAUTCA C NMOMOIIBIO HEKOTOPOro UHCJAA BEJIMUMH, TaK Ha3hl-
BaeMBIX OUHAMUYECKUX NepeMeHHbix, BCe ITH NepeMeHHHEe B Kax-
Jbii MOMEHT BpPeMeHH HMeEIOT BIOJIHE ONpeleleHHble 3HAYEHUS, TaK
4TO 3ajaHHe BCeH COBOKYNHOCTH 3THX 3HaueHUH onpenesnsieT AuUHa-
MHYECKOE COCTOSIHME CHCTeMB! B [JaHHBII MOMEHT BpeMeHH; NpH-
HUMaeTCs, KpoMe TOro, 4TO 3BOJIONHA (DUBHUCCKOH CHCTEMBI BO
BpeMeHY TOJHOCTbIO 3aRXaHa, eClIM H3BECTHO ee COCTOSIHHE B HEKO-
TOpHIY HayaJbHBIA MOMeHT, MareMaTH4eCKH 3Ta OCHOBHAdA aKCHOMaA
BHpaxkaercss TeM (paKTOM, UTO JHHAMHuYeCKHe IepeMeHHBIE KakK
(OYHKUUH BPEeMEHH YIOBJETBODPSIOT cucreMe auddpepeHIHATbHBIX
ypaBHeHufl nmepBoro nopsinka. I[Iporpamma KiaaccuuecKoil TeopeTH-
yeckolf (pH3UKHM BKJIOYAET, TAaKUM 00pa30M, ONpeneseHHe XUHAMHU-
YeCKUX NepeMeHHHIX HCCJAeLyeMOH CHCTeMBl, 4 3aTeM yCTaHOB/eHHe
TeX ypPaBHEHHH ABMKEHMS, KOTOpble ONUCHIBAIOT HX H3MeHeHHe BO
BPEMEHH B COIVIACHH C ONBITHHIMH XAHHBIMH.

C Tex BpemeH, Korxa HeloTon GOpMY/JIHpOBaJS OCHOBHBIE 331KOHH
MexaHuky, W A0 KoHuma XIX Beka aTa IporpamMma pasBuBaJsach
BTIOJIHE YCIeIIHO, MPHYEM IIOSIBJEHHI0 HOBLIX JKCNEepPHMeHTaJMbHBIX
bakToB B TeopeTHuecKOM IJIaHe COOTBETCTBOBaJNO JHGO BBeleHHE
HOBBIX JHHAMHYECKHX IlepeMeHHBIX M HOBHIX ypaBHeHHH, AubO u3-
MeHeHye CTaPLiX YpaBHeHuH, 4To No3BoJasJIo 6e3 OObIINX 3aTPYAHe-
HUil BKJIOYHTb HOBOE SIBJEHHE B OOUIYI0O TEOPETHUECKYIO CXEMY.
B reuenne Bcero storo nmepmosa HM OAMH ONBITHBHI (DAKT, HH OAHO
¢busndeckoe OTKPHITHE He MOCTABUWJX IIOX COMHEHHe CTPoryio o6o-
CHOBAHHOCTb caMoOf mporpammel. Hamporns, Kilaccuueckas (pH3HKA
HENPePHBHO INpOTPecCHpoBasa B HanpaB/ieHHH HaubOoJjblied npo-
CTOTH M Hau0oJiblIero cOrJIacHsd H eQWHCTBa B ONHCaHHM Bcelt
COBOKYNHOCTH (PH3HUECKHX sBJEHHH. DTO CYaCTJIHBOE Pa3BUTHE NpPO-
I01xalloch npumepHo xo 1900 r., Ho B RafdbHelilleM, MO Mepe
HakomJeHuss W yriyGaeHus 3Hauu@i o0 QH3HUECKHX fABJeHUAX HA
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MUKDOCKONHYECKOM YDOBHel), KjlacCHueCKas TeOPHsi CTOJIKHYJAach
€ meJiBM PAXOM TPYZAHOCTel H nporueopeunit. BricTpo crano ouesna-
HbIM, 4TO (pu3MYecKHe ABJEHHA Ha ATOMHOM H CyOaTOMHOM yDOBHAX
BooG1le He MOrYT OLITb ONHCAHLI HA OCHOBEe KJaCCHYECKOA JOKTPUHBL
H 1151 UX 0OBbsACHEHHS HYXHBI COBepUIEHHO HOBbIe NPUHIHNL. OTKpH-
THe H yTBepXJAeHHEe STHX HOBBIX NPHHIHNOB NPOILIO HeCKOJbKO 3Ta-
noB u TOJNBKO K 1925 roxy, K MOMeHTY NOSIBJIeHHS] KBAaHTOBON MeXa-
HHKH, Oblla NOCTpOeHa CBfA3HAS M HeNDPOTUBOPeUMBAs TeOpHSA
MHKDOCKONHYECKUX fiBjieHHH. B aTOH riaBe MHl NO3HaKOMUMCS C HC-
TOKAaMH H HCTODHYECKHM pa3BHTHeM HOBOH TeODHH.

[Tociie XpaTKoro ouyepkKa OCHOBHHX NOJOXKeHHA M HRel K/IacCH-
YeCKOH TeopeTHUeCKOR (M3UKH MEl NpeJCTaBHM 0030pP OCHOBHBIX
(U3HIECKHX SIBJIeHHH, OTKPbiTHe KOTODHIX 3aCTaBHJIO OTKa3aTbCs OT
KJaCCHUeCKHX HAeH. DTH sfBJeHAS MBI NpeANoJiaraeM H3BeCTHHIMH
uypTaTeNo ?), TaK 4TO OrpaHHUYUMCSl HalOMUHAHHEM TOJBKO OCHOB-
HBIX oco0eHHOCTeH, NOAYeDKHBAs Te AaCNeKTH sIBJeHHH, KOTOpHE
HAaXOAATCSd B NPOTUBOPEUHH C KJacCHYeCKOH Teopmel. Koden riasu
NocBsAllleH KPaTKOMY 0030Dy NepBLIX MNONHITOK OOBACHeHHSI 3THX
AABJIEHHHA, KOTOpble H3BeCTHH NnoJ HMeHeM CTapofi KBaHTOBOH TeOPHH.

Pasgen 1 KOHEI KJIACCMYECKOIrO TNEPHOIA
§ 2. Kaaccuueckas TeopeTudeckasi hu3nka

B xoHIle XK/1aCCHYeCKOro NmepHoja OTAejbHbie BeTBH (PU3HKH 00D~
eXMHWINCh B EMHYI0O U COIIaCOBAaHHYI0 TEOPEeTHUYEeCKYi0 KapTHHY
MHDO3JaHHsl, OCHOBHbIe KOHTYDPH KOTOPOH TakKOBH. B OKkpyxKaloule#
Hac BCeJIeHHOH MM paajiiuaeM [iBe KaTeropuu oOBEKTOB: sewiecrso
H u3ay4exue. BellleCTBO COCTOUT M3 TOYHO JOKaJH3yeMBIX KOpIMy-
CKYJI, ABHXKeHHe KOTOPBIX NMOAYHHSAETCS 3aKOHAM MexaHHKH HbploToHa;
COCTOSIHHE KaXJOH KOPNMYCKYJiHl ONMpefeisieTcss B KaXKAbIA MOMEHT
ee TNOJOXEHHeM M CKOPOCTbIO (MJIH KOJIHUECTBOM JBHXKeHHS —
MMINYJbCOM), T. €. BCEro lecTbio AHHAMHYeCKHMH NEPEeMEHHBIMH.
Usiydenne noguMHseTcs 3aKOHAM 3J€KTPOMArHHTHOR Teopuu Mak-
CBe/lIa; AMHAMHYECKHe NepeMeHHble H3JIyYeHHS — UHCI0 HX Oecko-
HeYHO — CyTb COCTABJSIOUIHE B KaXXJOH TOUKe IIPOCTPAHCTBA 3JIEK-

1) CnenyeT yTOUHHTb MOHSITHS MHAKDOCKONMHUYECKMX M MAKDOCKONMHYECKHX sIB-
NeHHl, KOTOPHe OYAyT 4acTO HCMOibL30Bathes B 9TON Kuure. MuRpoCKONMYecKas
HIKana COOTBeTCTBYeT aTOMHBIM H CyOaTOMHBIM SIBJICHHSM, A KOTOPHIX XapakK-
TepHH AJMHH He Gonee meckoabkux amrctpem (1 A = 10-% cm). Makpockonuue-
CKasi e HIKaja COOTBETCTBYET SIBJEHHSM, KOTOpble MOXHO HalmonaTh HeBOOPY-
JKEHHMM I'J1a30M WJHM C NOMOILbo OGLIYHOI0 MHMKPOCKONa C pa3peilieHHeM ue 6o-
nee Mukpona (10—4 ca).

2) JleranbHOEe ONMHMCAHME 3THX sBAEHMA MOXKHO HAlTH B Pa3NMUHHX KHUrax,
noCBsIEHHbIX aTOMHOf (usmke: manpumep, M. Born, Atomic Physics, Blackie
(Glasgow, 1957) naun G. Bruhat, Optique, Masson (Paris, 1954); cm. pycckuit
nepesoj nmepBof kuuru: M. Bopn, AtomHas (u3nka, «Mups, 1965,
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TPHYECKOTO H MArHHTHOro moJie#i, B otsinune oT BellecTBa H3JIydyeHHe
HeJib3d pa3fesHTh Ha OTHejbHBIE KOPHYCKYJIH, JJOKaJH30BaHHbie B
NPOCTPAHCTBE H COXpAHAINHE 3Ty JOKAJIH3aUHIO C TeUYeHHCM Bpe-
MeHH; Hu3JlyueHHMe OHUCHIBAeTCS BOJIHOBBIMH IIpOLlECCAMH, KOTOpHIe
HAXONAT CBoe OTpPa)KeHHe B XOPOIIO H3BECTHHIX SABJEHHSIX HHTEp-
tdepeHnuu 1 xudpaKLHH.

Kopnyckyaapnas reopus e6euwjecréa pasBuBajaChb B TeueHHe
Bcero XIX Bexa. BHauase odHa orpaHHuMBa/jach MexaHukof Helec-
HBIX TeJ H O0BEKTOB MAaKpOCKONHYeCKHX pa3MepoB, HO B Ha/bHeli-
mleM, Koria Oblia BBLABHHYTa aTOMHas THIOTe3a CTPOEHHS Belle-
CTBa, KOPNYCKyJIsipHad TeOpPHS CTaja pacCMATPHBATbCsA KaK OCHOBA
o0bACHeHHs1 BCex (U3HUECKUX SBJAEHUA H Ha MHUKPOCKONHUYECKOM
ypoBHe. BBUAY HeBO3MOXHOCTH NpsiMON IPOBepKH aTOMHOH rumo-
Te3hl NyTeM H3OJSANHH OTAeJbHHX MOJeKyJ M H3ydYeHHS HX B3aH-
mMoneficTBHg 00/bllIoe BHAMaHHe OBLIO yJNeJieHO KOCBeHHbIM JOKa3a-
TeJIbCTBAM TOTO, YTO MaKpPOCKONMHYecKHe CBOMCTBA MaTepHAJbHBIX
TeJl CJAeAYIOT H3 3aKOHOB JBHXKeHHs OTAeNbHLIX MOJEKYJ, HX COCTaB-
adomuX. MaTeMaTuueckn 3Ta npobjiema OKasaJaCb Ype3BHIYANHO
C/IOXKHOU. JleHCTBHTE/NBbHO, COMMIACHO THIOTE3e¢ MaKpOCKONHYECKHE
BEJIMUHHB JOJKHB PacCMaTPHBATHCA KaK CpelHHe 3HaueHHs AMHA-
MHYECKHX NMePeMeHHLIX CHCTeMHl, o6/afaooumell oyeHb GONBIIAM YHC-
JoM creneneft cBo6oxb 3). He MoxeT GbiTh M peun O TOUHOM pelile-
HHH ypaBHeHHH ABHXKeHHS TaKOA CHCTeMBI H NPUXOIUTCS NpuderaTthb
K CTATHCTHYeCKHM MeToXaM HccienoBaHus. Tak poiuiach ¥ craja
pasBUBAaTbCA HOBAA NUCUUNJIHHA — CTATUCTHYeCKas MeXaHuka. Ho-
Brle pe3y/bTaThl B HCC/IEJOBAHHM ra3oB (KHHeTHUeCKas TeopHs ra-
30B) M TepMOAHHaMHKe (CTATHCTHUeCKasi TepMOIHHAMHKA) MNO3BO-
JHJIH NPOBEepHTbL KauyeCTBEHHO, a4 B PaMKaxX BO3MOXHOA TOUHOCTH
pacueToB M KOJHUECTBEHHO, OCHOBHEIE MOJIOXKEHHS KOPHYCKYJApHOR
TEeOPHH BellecTBa %),

Boanosas reopus usiyderus TaxxKe NOKOWIAachb Ha CONUIHOM
ocHoBe. B obJsiacTH ONTHKH cTapoe HPOTHBOpeYHe MEXIY BOJTHOBOH U
KOPNYCKYJIAPHOR NPHpPOROH CBeTa Gblji0 pPa3pellleHO B MepBOH MOJO-
BuHe XIX Beka, KOrfla pelIaioliHe YCNeXH B pelIeHHH npobJeM
pacnpoctpaHeduss BoJH (ODpeHesb) MNO3BOIMAH HCCIEXOBAaTh BCE
CNeACTBHS BOJHOBOH runoTe3bl H OOBACHHTD HA OCHOBAHHH 37Ok
THIIOTe3bl BCIO COBOKYMHOCTb M3BECTHBHIX CBETOBLIX  fIBJIeHMH,

%) HanomuuM, uro uneao N MoOJeKyn Ha oxun MoOJb (uucho Asoraapo) ecTs
N = 6,02:108. Tlepsoe ToyHoe onpeneneune uucaa N Jlommmatom (1865 r.)
6b110 OCHOBaHO HAa KMHETHUECKOH TeOpHH rasos.

4) CrenyeT OTMETHTb, YTO BO BCEX PaCCYyXACHHUHX CTATHCTHUECKOR MEXaHUKH
NPHCYTCTBYET THIOTE3a CTATHCTHYECKOrO0 XapaxkTepa, a MMEHHO — IMI0Te3a MO-
JIeKy IAPHOr'0 Xaoca, OT KOTOPOf Hesb3s H3GaBHTHCS, OCTaBasCh B paMKax CTaTH-
CTHYecKOr0 MeTona. XOTs 9Ta THEOTe3a8 M KaeTcss HHTYHTHBHO NpaBUJbHOA, ee
CTPOroe N0Ka3aTeNbCTBO (9profjHueckast TeopeMa) OKasadoCh OCOOEHHO CNOMKHEIM
H JI0 CHX [Op He MOXKeT CYNTAThCH 3aBEPMICHHBIM,
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BKJIIOYast H FeOMETPHYECKYI0 ONTHKY. B TO Ke BpeMsl ObiCTpo pasBu-
BaJIOCh H3yueHHe 3/IeKTPHUECKHX H MariuTHHIX ABjleHuli. Pemaromum
ycnexom B 1ol 06JacTH Mbl 00A3aHbl MakcBellly, KOTOpHE B
1855 r. mpemyiOXKHJ OCHOBHBIE YDaBHeHHS 3JeKTPOMATHHTHOH Teo-
pPHY; OCHOBLIBASICb Ha 3THX ypaBHeHHsX, OH NpexCKasaj CylIeCTBO-
BaHHE 3JeKTPOMArHUTHHIX BOJIH (3TO NpeAcka3aHHe ObLJIO HATJAALHO
NOATBEePXAEHO B JajbHeillleM OTKPhITHeM BoJIH [epua) H moKasal,
YTO CBeTOBas BOJIHA e€CTh 3/7€KTPOMAarHHTHAs BOJHA 4aCTHOTO BHJA.
Tak npousowes CHHTe3 ONTHKH U 3JeKTPHUECTBA.

K xoHumy XIX Beka ycnexu mporpaMmbl KJacCHuecKo# (U3UKH
NpPOU3BOAHIH GoJibloe BleyatyeHde. Kasaloch, 4To BCe M3BECTHLIC
B Npupoxe ¢u3nvecKue sIBJEHHST HAXOAAT cBoe 00bsICHeHHe B oOulell
TEOpHM BeleCTBA M HU3JIYUEHHS; B TeX Ke CaAydadX, KOrjxa Takoe
o0bsicHeHUe He OHIO HafJleHO, HeyZayy MOXKHO OBUIO NPHIHCATDH
MaTeMaTHiecKuM TPYXHOCTAM, He CTaBf IOJ COMHeHue CpaBeiH-
BOCTb CaMHX OCHOBHHIX ypaBHeHHH., OCo6eHHO 3HAUMTENBLHEIM YCrie-
XOM Kasajach XOCTHTHyTast OGUIHOCTb H YHUWBEpCaJbHOCTb TEOPHH.
CrpemyieHne OOBeXHHHTb DpasjHuHBle 006J/1aCTM HayKM B eAHMHOH
Teopun Bceraa ObUIO HanGoJsee IJIOXOTBOPHBIM CTPEMJICHHEM IEJBIX
nokoJieHd# ¢u3ukon. OxHaKo (H3UKH ONHCHIBAeMOH 3MOXH NPHNH-
CBIBAJIH TEOPHH ropasfo OOJBIIYIO CTeNeHb eXHHCTBa, UeM OHa Ha
caMoM gese obnapnadia. [HeAcTBHTeNbHO, sIBJEHHe DACNPOCTPaHEHUS
BOJIH OTHIO[Ab He $IBJSETCHA NPUCYLIUM TOJBKO 3JeKTPOMarHeTH3MY.
MccnexoBanus KojieGaTeIbHEIX NPoileccOB ObLJIM NpOBefeHH BHa-
Yyaje Ha NpUMepax YHCTO MaTepHaAbHHIX KoJjebaHu# (Koseb.ro-
mHecs CTPYHL, BOJHE Ha NOBEPXHOCTH MHAKOCTH H T. A.), 4 BOJ-
HOBOH XapaKTep aKyCTHUeCKHX S$BJEHHH CTaJ OYEeBHIAEH 3aL0J/ro
0 OTKPHTHSI CBETOBBIX BOJIH. PacIopocTpaHeHHe BOJH B Bellle-
CTBe HHMKaK He NMPOTUBOPEUHT KOPNYCKYJAADHOH TeOPHH: 34eCh AeJo
HAeT 0 MaKPOCKONHYeCKOM fBJEeHHH, KOTOpoe HeTPYyXHO OGBSICHHTb
¢ TOUKH 3PEHHS] MHKDOCKOIIHYECKOTO ABHKeHHs, eC/IH NPHHATD Cylle-
CTBOBaHHe NOAXOASAWIMX cha B3aumogedicTBus. Ilo aHasorau $usukyu
KJIacCHYeCKON SMOXH HCKAJH COOTBETCTBYIOILYIO CpPeAy AJA paclpo-
CTpaHeHus 3JeKTPOMATHUTHLIX BOJIH, HeKOTODHIH MaTepuabHbIN
¢dJnonx, nosayuyuBIIME HauMeHOBaHMe 3dupa, CTPYKTypa H MeXaHH-
yecKHe CBOMCTBA KOTOPOro OCTABaJHCh HesICHBIMH. TakuM ofpasoM,
OCHOBHO# cyOcTaHIHel OKa3biBaJoCh HEKOTOPOe BellecTBO, NMOLYHU-
HAomeecss 3aKoHaMm MexaHuku HbioToHa H HaleseHHoe TaKHMHU
cujlaMu B3aHMOJeHCTBHS, YTO B ONpPeXe/ieHHHX YCJIOBHSX B 3TOM
BelecTBe NPOAB/IAIOTCS BOJHOBBIE NMPOIECCH], YACTHHIM CJyYaeM Ko-
TOPHIX M SIBJISIOTCS 3JIeKTPOMarHUTHbIe BOJIHBL.

Ora xouumenuus (B KadbHeHllleM NOJHOCTBIO OCTABJEHHAs) B
ONMHUCHIBAEMYIO HAMH 310Xy NpHBeJa K NMOCTaHOBKe LEJIOH CepuH aKc-
NePUMEHTOB, KOTOpHiE MaJio 4TO JaJH I BHISCHEHHS - MIPHDPOJH
adupa, HO OXMH H3 HHX MNpHBEJ K PEBOJIOIHOHHOMY NepeBOPOTY
BCell KaaccuyeCkol (M3MKH. Mpl HMeeM B BHAY 3HAMEHHTBHIA OINbIT
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Maiikenncona — Mopan (1887 r.), nocraB/eHHBIR ¢ Leabio 06Hapy-
XKUTb ABHIKeHHe 3eMJIH OTHOCHTeJNbHO 3¢Hpa IO M3MEeHeHHIO CKOpO-
CTH CBeTa B 3aBHCHMOCTH OT HanpabiieHusi 3Toro xsuxkenus. ITocie
panxa Goslee HJIM MeHee HCKYCCTBEHHBIX NMONBLITOK OOBSICHUTH OTPHIA-
TeJILHBIA pe3yJbTaT 3TOr0 ONBITZ MapaloKC ORI OKOHYATEJNBHO pas«
pewen SiHmrefinoM B 1905 r. B paMKax ero reopui OTHOCUTEAbHO-
CTU, KOTOpas ABHJIACh pe3yJbTaTOM KPHUTHUECKOro aHaju3a MOHATHH
NPOCTPaHCTBAa M BPpeMeHH H NpHBeJNa K OTKasy OT NoHATHS abCoJMioT-
HOro BpeMeHH H PAAa NoJaoXKeHHA MexaHHKH HpioToHa. DTta nocraen-
HAASl OKa3aJachb TOJIBKO HEeKOTOPHM NpPHOIHIKeHHeM B DeJATHBHCT-
CKOHl MeXaHHKe, CIPaBeAJHBBIM, KOTXa CKOPOCTH YaCTHI MAaJH IO
CpPaBHEHHI0 CO CKOpOCTbIO cBetra ¢. Mbl He OymeM paccMarpH-
BaTbh NPHHIHN OTHOCHUTEJbHOCTH, HO BePHEMCS K HeMY B KoHIe 3TOH
KHUTH, KOrjla NMPHCTYNHM K H3yUeHHIO peJsTHBHCTCKOR KBaHTOBOH
MexaHHKH. OTMeTHM 3XeCh TOJIbKO, YTO NPHHIHUI OTHOCHTEJbHOCTH
He CTABHT NOJ BONPOC HH JOKTPHHY, HH mporpamMmy KJacCHyeckoi
¢u3uKH, B TOM BHXe KaK OHH OBLIH CPOPMYIHDPOBAHLI BHILIe.

§ 3. Ycnexu B M3yuyeHHH MHKPOCKONHYECKHX SIBJEHHMA
H BOSIBJICHHE KBAaHTOB B pHU3HKe

Ha pyGexe HOBoro Beka yCuJHs 3KCIepHMeHTAaTOPOB OblIH Ha-
IpaBJieHH Ha pa3pelleHHe ABYX TeCHO CBSI3aHHBIX NPoO6JieM: BbIAC-
HeHUsl HCTHUHHON MUKPOCKONUYECKOA CTPYKTYpPHI BellleCTBA H 3aKOHOB
B3aMMOJEHCTBUS MaTepPHAJbHBIX KOPNYCKYJ MeXAYy coOOH H ¢ 3jeK-
TPOMAFHHTHBIM TIOJIEM.

IlepBrie xaHHBle, Kacalollidecd CTpOeHHs BelliecTBa, GHJIH HOJY-
YeHpl NPH HCCIAEAOBAHHH Jydel, BOSHHKAIOUIHX NPH 3JEKTPHUECKHX
paspAgax B Pa3peeHHBIX ra3ax, Tak Ha3biBaeMbIX KATOJAHLIX H KaHa-
JIOBHIX JIydeil, KOTODbie B JNEHCTBUTEIBHOCTH OKa3aJUCh NMOTOKAMH
3JIeKTPHUECKH 3apsKeHHBIX KODIYCKYJ, ABHKYWHXcH ¢ GoJjibluel
uiau Menblieli ckopocTbio. Tak 66l OTKPHT aaexTpon (k. Ix. Tom-
con, 1897 r.)—wuacTHpna KaTOXHOrO H3JiyueHHs; OBLJIO H3YYEHO €ro
nosejeHHe B NPHCYTCTBUH 3JIEKTPOMATHUTHOrO IIOJNS H IOCTPOEHA
HOJIHAS TEOPUS B3aUMOXEHCTBUA MeXAY 3JIEKTPOHOM H 3JeKTpoMar-
HHTHBIMH BOJIHAMH (TeopHus 3J1eKTpoHa Jloperma)®).

TTocTeneHHo CaMO CynleCTBOBaHHe aTOMOB H MOJIEKYJ, KOTOpoe
JoJiroe BpeMsl PacCMaTpHBaJIOCh TOJbKO Kak ymoOHasi paGouas ru-
notesa, OblI0 0CO3HAHO Kak oObeKTHBHas peaJsibHocTb. Hawubosiee
yOeauTebHEIM J[0Ka3aTeAbCTBOM fABHJIOCH H3yyeHHe GPOYHOBCKOro
JABHXeHHS — OeCnopsA0YHOT0 ABHIKEHHS] OueHb MAaJHIX YacTHI, Ha-
XOASILUMXCSA BO B3BENIEHHOM COCTOSHHUH B KHJAKOCTH HJH rase; 5TO

%)y I'. A. Jlopeny, Teopust 51€KTPOHOB M €¢ NDUMEHEHHS K SIBACHMSIM CBeTa
u Tenaosoro usayuyenust, OHTH, 1934; cm. taxxke L. Rosenfeld, Théorie des élec-
trons, Paris, 1951,
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JIBHXKeHHe BO3HMKaeT GJaroxapsi MHOrOYHC/AEHHHM GecnopsiouHbIM
CTOJKHOBEHHSAM YaCTHI C MoJIeKyJaMH OKpYXalouwel Cpefb, OHO
KaK Obf BOCNPOH3BOXUT HANIANHO MOJeEKyJsDHOe NBHMKEHHe W MO-
KeT OHTb KOJIHUeCTBeHHO CBs3aHo (DhumreH, CMONYXOBCKHIA,
1905 r.) cO CTaTHCTHYECKHMY 3aKOHaMHM JBHXKeHUS CaMHX MOJIEKYJ
CpelH. ‘

Cucrematuyeckne uaMmeperus [leppena (1908 r.) noarsepau/H
9Ty THOOTE3y ¥ TNO3BOJH/IM NPOH3BECTH HOBble H COIVIaCyIOUHeCs
Mexay coGoit usmepenus uucia Asoraapo®). Ilocie storo pe-
wamuero ycnexa ¢H3uKH 0ojlee He COMHEBAJHCh B CyllecTBOBa-
HUH aTOMHBIX M CyGaTOMHBIX YacTul. Douinm paspa6orann 3Kcie-
pUMEeHTaJIbHbhle METOABl PA3HOH CTeNeHH CJAOKHOCTH, NMO3BOJIAOIHUE
HabJ/oxaTh OTAENbHBIE ABJAEHHS Ha MHKDOCKONHYECKOM YPOBHe H
CYMTATL OTHXEJbHBIE MHKPOCKONHUECKHe YacCTHIBI (H3MepeHHe 3Je-
MEHTAPHOrO 3apsjia 3JeKTpoHa MuanukedoM B 1910 r., nepsbie
HalJIIofeHUs1 TPAeKTOPUM 3apSKeHHBIX YacTHI, B KaMepe BuibcoHa
B 1912 r., nepeuit cuerunk [efirepa B 1913 r.). DTH MeToAH «mps-
Moro» HaGJiOXeHHs NPOXOJKAJAH COBepIIeHCTBOBATHCA B JA4Jb-
HefilileM, OHH W B Halle BpeMs COCTaBJAAIOT BaXKHYI0 4acTb 3KC-
HepUMeHTAaNbHOH TeXHHKH IS HU3yUeHHST MHKPOCKONHYECKHX
ABJIeHHH.

B 10 e BpeMmsi HoBad riaBa (U3HKM OblIa OTKPHTa NpH oOHA-
PYXeHHH paauoaKTHBHOCTH (1896 r.)— nepBoro M3BeCTHOro NposB«
JIeHHs CBONCTB aTOMHBIX sixep. BaxkHoe camo no ce6e, 3T0 OTKPHITHE
NajJo B PYKH (U3HKOB MOLIHOE OpYyAHe HCCIeXOBAHHA CTPYKTYPBHI
aToMa, a HMEeHHO — o-H3JIyueHHe, COCTOsALLee U3 gaeD aTOMOB re/us,
JBHAKYWHUXCS ¢ GoJapmoH cKopocTblo. Hanpapnas a-usfiyyeHue Ha
pasiuuHke Mumenu, Pesepdopa (1911 r.) mpoussen cucrematdye-
CKOe HCC/IeZoBaHHe DPACCEeSHHsS Q-YacTHH aTOMAaMH H CyMeJl TaKuM
nyTeM NMOCTPOUTH NEPBYIO COBPeMEHHYI0 MOJeJb aTOMa.

Arom Pesepgopia coctonT H3 UeHTpalbHOro flpa KpailHe ma-
Aux pasMepoB (10-13— 1012 cu), BOKPyr KOTOPOTO ABHXKeTCH He-
KoTOpoe YHCIO Z 3neKTpoHOB. [JouTH BcAd Macca aToMa COCPEAoTo-
yena B ero sixpe. Slapo o6/7afaeT NOJIOKHUTENbHHIM 3JIeKTPHUECKHM
3apagom Ze, KOTOPHI# B TOYHOCTH KOMIEHCHDPYeT TOJHBIA 3apsn
COBOKYNHOCTH 3JeKTPOHOB —Ze, TaK 4TO B UEJOM AaTOM OKasbl-
BaeTcsl 3JeKTPHYeCKH HelTpaibHeiM. AToM Pesepdopra noxox, Ta-
KuM 06pa3oM, Ha COJIHEUHYIO CHCTeMy B MHHHATIOpe, Tlie TpaBHTa-
IHOHHBle CHJIH 3aMeHeHHl Ha CHJIB 3JeKTpoMaruuthue. ITox xej-
CTBHEM 5THX CHJ — KyJIOHOBCKOTO NPHTSDKeHHs CO CTOPOHH fApa
H KYJIOHOBCKOTO B3aHMHOI'O OTTAJKHBaHHs] — 3JCKTPOHH NXBHXKYTCA
BOKDYT sipa no ycrofiuuBeM opOHTaM, pa3MepH KOTOPHX mopsaka
ATOMHEIX pa3MepoB, T. e. 1078 cx,

%) Cwm. J. Perrin, Les Atomes, Paris, 1948.
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TMapaajenbHo ¢ ynpouyeHHeM KOPHYCKYJSIPHBbIX I[peJCTaBJeHHMH
O CTPOEHHH BelleCTBa IPOUCXOAUT yrayOJieHHe 3HaHHH 06 3JeKTpo-
MarHUTHOM H3/1ydeHuH, CleKTp HSBECTHHIX 3JeKTPOMarHUTHHIX BOJIH
pacliupsieTcs B HanpaBJeHHH 6oJiee KOPOTKHX [JIHH BOJIH C OTKpH-
THeM peHTreHoBckux Jayuedt (Pentren, 1895 r.), BosHoBas npupoxa
KOTOPHIX YCTaHABJMBAaeTCsl ONBITAMH MO JAHGPAKIHH B KPHCTaJdJaax
(dbou Jlays, 1912 r.). Jlag NOJHOTH yNOMSIHEM ellle O y-H3JMYYEHUH
PajHOaKTHBHBIX BellecTB, 3JeKTPOMarHMWTHas INPHPOAA KOTOPOro
OblJa YCTAaHOBJeHa TOJbKO 3HAYHTENbHO -15
nosxe (Ha puc. | mpeacTaBjeHa MoJHas 70" cn
HIKaJja 3JeKTPOMarHuTHOIO M3Jy4eHHs pas- H
JUUHBIX JJIHH BoOJH). CoBepIUeHCTBYIOTCA
METOABl CHEKTPAJbHOI'O aHaJH3a, [03Bo- pﬂg,”fﬁ
JuBlIHe HaKOMUTb O00Jblloe KOJHYECTBO aoer
HHQOpManuH  OTHOCHTEJbHO  [IPOLECCOB Y = Ay
HCIYCKAHHs, paccessHHs H  IOINVIOLIEHHS 1070
cBeTa BellleCTBOM, T. €. OTHOCHTeNbHO B3aH-
MOJeHCTBHS MeXK ]y BellleCTBOM U H3Jy4YEeHH- . Yo
eM Ha MHKPOCKOTMHYECKOM ypOBHe. Yke yno-  ;2%8 Wb p. 0 uobonue
MSIHYTast TEOPHsi 2JeKTpoHOB JlopeHna, T.e. u monesyn {|u sydu
TEOPHs 3apsKEeHHbIX YacCTHL, BO B3aHMOJeEH- I

T
FAY

o

CTBUH C 9JeKTPOMAarHUTHBIM 10JIeM, 1103BO- " Snsmpaguonem
JsieT B [IpUHIHIEe OODbSACHUTbL BCe ITH sABJE- 10-5cm H A
Hus. Ho uMeHBO B CpaBHeHHHU IpeacKasa- 4 Buaum,‘i chem

HMHA 5TOH TEOPHH C pe3yJbTaTaMu 3KChepH-
MeHTa NPOSIBHJAKCHL NlepBble IIPOTHBODEYHst i

MeX/Jy KJaccHYecKoH TeopHed H OIBITOM. | ””%””’lffﬂ””"’g
[lepBrie TPYAHOCTH BO3HHMKJH IPH H3Y-

YeHHH CIIEKTPaJbHOIO pacnpeaeeHus sJek- [ l

TPOMarHHTHOro H3Jy4eHHs, HaxoJsulerocs tom H

B TepMOAHHAMHYeCKOM DaBHOBECHH C Be-

mecTBoM. THMHYHEIM TNIPUMEPOM sBJdETCH D Paguoboansy

caydalt  abCcoaiOTHO  4epHO20 Tead; 110
ollpeJeIeHHI0O — 9T0  TeJslo, MmorJyowamuiee
Bce MNajaiollec Ha Hero usiaydeHue. CaMuie
obiue TepMoAHHAMuU4YeCKHe pacCyxJaeHus! Puc. 1. lkana aaun Boax
NOKAa3LBAIOT, YTO H3JyUeHHe, HCMyCKaeMoe S/AeKTPOMAarHHTHOrO uaay-
a6COJMIOTHO UEPHBIM TEJIOM, 3aBHCHT TOJABKO HEHRA.

OoT TemilepaTyps 3Toro Teaa. CrneKrpaJb-

HOe pacnpejeieHne HHTEHCHBHOCTH H3JyuyeHHs abCOMIOTHO 4epHOro
TeJla HMeeT, TaKMM 00pa3oM, Bceria OJAMH M TOT XKe BHI H MOXeT
ObIThb BBHIBEJEHO MeTOAAMH CTAaTHCTHYECKOH TEepMOAMHAMHKH H3
O0IHX 3aKOHOB B3aHMOJEHCTBHSI MEXZKY BeELIECTBOM H H3Jyue-
HueMm., DopMynaa, moJayuaeMas KJaCCHUECKOR TeopHed, Haxogurcsd
B pe3koM mnpotuBopeunH ¢ omsitoM. B 1900 r. Ilmanky yaasaoch
YCTpaBEHTb 3TO NPOTHBOpPEYHe, HO LleHOH OTKa3a OT KJaCCHYECKOro
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3aKOHa B3aWMOJeHCTBHS MEXIY BEIleCTBOM H H3JAyuyeHHEM 7). On
BBIIBHHYJI THIOTE3y O TOM, YTO OOMeH SHEPTHeH MeXAY BellleCTBOM
H H3JyueHHeM TPOHCXOAHT He HeNmpepHIBHBIM 00pasoM, a mnyTeM
mepelayd MHCKPETHBIX H HeJeJIMMBIX NMOPUMA SHEDPIHH, H/IKH K8aH-
108 srepeuu. Tlnank mokasaJ, 4ro KBAHT SHEPTHH HPONOPUHOHAJEH
YacCToTE vV H3JYUYCHHs

e, =hv

¥ MOJYYHJ COrJiacyiolleecst C ONBITOM BbIpaXKeHHe IS CNEKTpajb-
HOIO pacinpefe/ieHHs, BblGHpas COOTBETCTByIOIIMM o06pasoM Io-
CTOSIHHYIO MPONOPLUOHAJBHOCTH. DTa NOCTOsHHAsg A C Tex Iop
HasbiBaeTcss nocrosnnod ITaanka. OHa uMeeT pasMepHOCTb jef-
cTBHA (sHeprus X BpeMsi Win umnyJbc X AauHA). B nanbHedieM
Mbl Gy[eM HCNOJb30BaTh NOCTOAHHYIO

h=% = 1,054 107% spe - cex.

[pu nosiBaeHHu runore3nl [lnanka ona Kasanach HenmpueM-«
JeMofl, mojasaoniee GOMbIUIMHCTBO (DH3UKOB BHEEJNO B Hell TOJBKO
YAOGHEIH MaTeMaTHYecKHH NpHeM, KOTOPHIA B najbHeHllleM yjaacres
OGBSICHHTE HA OCHOBe KJaccuuecKO#l MNOKTPHHEL Jlaxe BHIMMEIH
ycnex TeopuH Illanka B OObACHEHMH De3YJNbTAaTOB ONBITA He MOl
CJAYMUTb HEONPOBEPKHMBIM JOKa3aTeJbCTBOM TOro, 4YTO OOMeEH
sHepruell MexXJy BelleCTBOM H H3JyueHHeM JeHCTBHTENbHO NPOHC-
XOIUT KBaHTaMH — 3aKoH pacupenedenuss [laanka ecTb MaKpocKko-
NHYEeCKHA 3aKOH, NOJyYeHHHIH Ha OCHOBE FHIOTe3bl 0 KBAHTAX CTaTH-
CTHUECKHMH MeTOHaMH; OH MOXeT CJYXHTb JHIIb KOCBEHHHIM
NoATBepX AeHHeM TunoTe3bl. MOxXHO GBIJIO NMOCTAaBATL MO COMHEHHE
KBAaHTOBYIO FHIIOTE3Y, NOJOGHO TOMY KaK MHOTHE IOJbl H3-32 OTCYT-
CTBUSL NPSAMBIX SKCHIePHMEHTOB Ha MHKDOCKONHYECKOM YPOBHe BhI-
3biBajla COMHEHHs THIOTe3a 06 aTOMHOM CTpoeHHH BenlectBa. Of-
Hako runotes3a IlaaHka Owljla B pajbHeHllleM NMOATBEDXKAeHA H J0O-
noJiHeHa UeJO# CcepHelt ONBITOB, MO3BOJNUBIIMX aHAJH3HPOBAThb
3/IeMeHTapHbIE IIPOLECCH H A0Ka3aTh CKaYKOOGPA3HOCTb W NPEPLIB-
HOCTb 9BOJIOUHH (H3MHECKHX CHCTeM Ha MHKDOCKOMHYECKOM
yPOBHe, Tle KJaccHuecKasi TeOPHs MpeJCcKasbiBaja HelpepLIBHYIO
3BOJHOIHIO.

Paanex [I. CBETOBbIE KBAHTbHI, HJIH $OTOHD!

IMepBast cepHsi SKCHepDHMEHTaJbHHIX (DakTOB NpHBEaa K pa-
AHMKaJbHOMY TepecMOTPY TeOpHH HaJiyueHus Makcsenna — Jloperna
H YaCTHYHOMY BO3BpPAary K CTapod KODIYCKY/SPHOH TEODHH;
HMEIOTCS B BHLY (POTOIAEKTpUdeckull apdext u dppext Komnrona.

7) IMoapoGHoe H3/OXKeHHE TeOPHH H3JyueHHsi aGCOMIOTHO 4EpHOTO Tela CM.
B kuure M. Bopna, uutHposanHoit Ha c1p. 16.
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§ 4. doroanekrpuyecknii adpdexr

TlepBRfi mwar B 3TOM HalpaBJeHHH Onll chenaH DRHIITeHHOM
B ero 3HaMeHuToli crathe 1905 r., mocBsimeHHOR (OTO3JEeKTpHYE-
ckoMy 3dderry. Obilee oTHomleHne K teopuu [laanka B tO Bpems
MOXHO OBUIO BHIPA3HThb CJOBAMH, UTO «BCe NPOMCXOAHT TakK, Kak
ecau 6bl OGMeH Hepruel Mexnay H3jydeHHeM H abCONIOTHO YePHBIM
TeJOM IPOHCXOAMJ OTAe]bHBIMH KBAaHTaMH SHePruH, HO 3ajxaga co-
CTOMT B TOM, UTOGHl COTJIACOBAaTb 9Ty THIOTe3y, cAeJaHHyio ad hoc,
¢ BOJHOBOH teopuefi». IIpHHAB NPSIMO MPOTUBONIOJIOXKHYIO TOUKY
3peHusi ¥ noias nanee IlnaHKa, KOTOPHIH OrpaHHYWIICS BBeJEHHEM
JIHCKPETHOCTH TOJbKO B CAMBIA MEXaHH3M MOIVIOLIEHHS H MCIyCKa-
HHA H3Jy4eHusi, DHEHMTeHH NOCTYJUPOBAJ, YTO CAMO CBETOBOE H3JY-
yenHve HpeiacTaBasieT cobofi MOTOK KOPNYycKyJ, (HhoTOHOB, obJajaro-
LINX 3Hepruel fiv ¥ CKOPOCTbIO ¢ (C-— CKOPOCTb CBeTa B NyCTOTe ==
=: 3.10! cm/cex). Jlanee oH nokazall, KaKuM 00Pa3oM aTa YyAUBHU-
TesbHAs THHOTe3a NO3BOJISIET NOHATH IeEJBIH Psill sIBJeHHH, O TOro
BPEMEHH OCTaBaBINHXCS HeOObSACHHMBIMH; Cpelld HHX (QUrypHDyeT H
b oTo3JIeRTpHUECKHE 3D deKT.

[lon sTuM Ha3BaHHEM H3BeCTHO fABJIEHHe, KOTOPOE€ COCTOHUT B HC-
NyCKAHHH 5JIEKTPOHOB NPH OOJyYeHHH LIEJIOYHOrO MEeTasjia B Iyc-
TOTe YJAbTPa(puOJEeTOBHIM H3JydeHHeM. KHTeHCHBHOCTh BO3HMKAIO-
Hero 3JIeKTPHYECKOro TOKAa IIPONOPLHMOHA/NbHA HHTECHCHBHOCTH
H3JyYeHus], anaouero Ha Meraal. OQHAKO CKOPOCTb HCIYCKAEMBIX
9JIeKTPOHOB He 3aBHCHT OT MHTECHCHBHOCTH M3JIYUEHHUs, OHA 3aBUCHT
TOJBKO OT dactorbl csera (Jlenapa, 1902 r.), HezaBuUCHMO OT TOrO,
Ha KaKoM DacCTOSTHHH HAXOMHTCH HCTOUHHK CBETa; TOJLKO YHCJIO
3/71eKTPOHOB, HCIyCKaeMbIX B CEKYHJY, NPONOPLIHOHANbHO HHTEHCHB-
HOCTH, T. €. 06paTHO NPONOPHHOHAJILHO KBAJPaTy PACCTOAHHSA 10 HC-
TOUHHKA.

O6BbsicHende 3THX (pakToB DiHMITeHHOM ouYeHb npocTo. Karkum
6Ll HM OBLJIO paccTosiHWe, MPOMAEHHOE CBeTOM Moc/e ero Hcnycka-
HHS, OH TpeacTaBiasieT coboil NOTOK KOPNYCKYJ C sHeprueft hv.
Korza ojaun us 3THX HOTOHOB BCTpeyaeT 3JeKTPOH MetaJia, HoToH
TIOJTHOCTBIO IIOrJIOMIaeTcA M 9JEKTPOH MOJyYyaeT SHepruio Av; NOKH-
lasi MeTaJlil, 3JeKTPOH JOJXKeH cOoBepliuTb paboTy, PaBHYIO ero
SHeprud CBSi3H B MeTasule W, Tak yro HabuaonaeMas KHHETHYeCKas
SHeprust 571eKTPOHOB OKa3blBAeTCsl PaBHOR

5 mot=hv—W. (1)

KomuuecTBeHHble MNpeJACKa3aHHsl TEODHH IOJHOCTbIO NOJATBEPK-
nalores skcnepuMenTtoM. IlocrosHnast W, cornacHo npeickasaHHsM
TEOPHH, €CTb HEeKOTOPas KOHCTaHTa, XapakTepHas IJisd 00JyuyaeMoro
MeTaJaa. Uto KacaeTcst NOCTOSSHHOH A, TO OHA HMeeT TO Xe YHCJeH-
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Hoe 3HayeHHe, YTC H MOCTOSIHHAA, QUIYDHPYIOULAs B 3aKOHe CHEKT-
PaJILHOTO pacmpeje/ieHHs H3JydeHHsi abCONIOTHO YEPHOro TeJa.

Umest B BHAY YycHeX KODHYCKYJSPDHOH TEOPDHH, CJaelyeT BHIsC-
HHUTb, MOXeT JIH KJaccuuecKasi BOJHOBasi TeOpHs TaKxe OODbSICHUThb
¢$hoTos/1eKTpHIECKHN addeKT. A priori 3TO He KaxKercs HEBO3MOXK-
HoiM. JleficTBUTeNBbHO, CBETOBasi BOJHA NEePeHOCHT HEKOTOPoe KOJiH-
YeCTBO JYHepruH, MPONOPUHOHAJbHOE ee HHTEHCHBHOCTH, H MOXKeET
NepefaTh BCIO HJAH YacTb 3TOH SHEPrHH NpU NPOHHKHOBEHHH B Me-
TaJlJI, SHEePrusi, aKKyMyJupyeMas B MeTaJie, MOXKeT CKOHHEHTPHPO-~
BaThCsl HA HEKOTOPHIX 3JEKTPOHAX, KOTOpble TaKUM 006pasoM moJy-
qaj0T BO3MOXHOCTb NMOKHHYTH MeTaJllI, MOXHO IMpelCTaBuUTb cebe,
YTO B pe3y/abTaTe JEHCTBHsS HEKOTOPOIO MeXaHH3Ma, KOTOphill cie-
JyeT, KOHEYHO, YTOUHHTb, 9JeKTDOH He MoXeT MOKHHYTb MeTaJl,
HOKa He MOJIYYHT SHepruio, paBHyio Av. OCHOBHoe pa3/iHyde MEXAY
TakKuM OObACHEHHEM M KOPIYCKYJAsDHOH TeopHEH 3aKJ/JIOYCHO B He-
NpepbIBHOM XapaKrepe HAKONJIEHHA 3SHEPIMH B MeTasie; BeJen-
CTBHE 3TOro (hOTO3JeKTpPHYeCKas SMHCCHSI TPOUCXOAUT He MrHO-
BEHHO, a CIyCTs HEKOTOPHIH IIPOMEXYTOK BPEMeHH, HeOOXOAHUMHIH
IJI HaKOIJIEHHS SHEePruu Av. DTo 3anma3nbiBaHHE 3MHCCHH MOXKET
OBITh 3aPErHCTPHPOBAHO 9KCIEPHMEHTAJBHO.

OnmiTH 10 3TOH cxeMe 6oLty nmocraBiaeHnl Meftepom u epraxom
B 1914 r. Ha pacnbIEHHBIX MeTasaJaX. 3Has HHTEHCHBHOCTb H3JYy-
ueHHs1 H pasMephl YaCTHYEK <IbLJIM», OHH MOIVIM BHLIYHCJIHTH MHHH-
MaJbHoe BpeMsi 06JydeHHs, HEOGXOAMMOe AJs TOro, 4TOOnl Mblle-
BH/Hble 4ACTHI(Bl MeTajlja MOrJOTHIM 9HepPruio Av, KoTopas HYXkKHa
IJIsl 3MHMCCHH 3JIEKTPOHA; B YCJOBHAX HX 3KCIIEPHMEHTa 3TO BpeMs
paBHSJNOCH HECKOJIBbKHM ceKyHaaM. OfHaKo BO Bcex cjydasiXx OHH
HabJaoaadn MCIycKaHHe 3JeKTPOHOB OJHOBPEMEHHO ¢ HayaJoM
06/ yueHHus.

Caenyer cheaars 3akJIOyeHHe, UTO BOJIHOBasl TEODHS CBeTa, BO
BCAKOM cJyuae B CBoelf Kaaccuueckoi ¢opme, HecnocoGHa Aath
o6DbsicHeHHe (OTOITEKTpHUECKOMY .9bdeKTy.

§ 5. 3ddext KomnroHa

Do derr KomnroHa siBiaseTca APYTHM INOATBEPKAEHHEM TEODPHH
$oToHOB B ymep6 BOJHOBOH TeopuH. DToT 3pperT Hab/0AaeTcs
(KomnToH, 1924 r.) npu paccesHHH DeHTTeHOBCKHX Jyuell cBoGoA-
HEIMH (AaH cjlabo CBsi3aHHBIMH) 3JeKTpoHaMM. JlyuHa BOJHEI pac-
CesIHHOTO H3Jy4eHHs] NPeBOCXOAHT JJIHHY BOJIHBI NAaJAIOHIEro H3Jy-
YenHs; 3aBHCHMOCTb DAa3HOCTH MJIHH BOJH OT yria 0 Mexnay
HanpaBleHHeM Najaiomleff BOJHB M Hanpap/JeHHeM HaOJIOeHHs
paccesHHOTo HM3Jyuenusi Bbipaxaercs ¢opmysol Kommrona

A= dn L sin? 2, | @)
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rlle m ecTb Macca IOKos 3jekTpoHa®). OTMeTuM, 9To AN He 3aBH-
CHT OT AJHHBI BOJHBI Tajaionlero uanydexus. Komnron n [lebGain
nokasand, uto fBjdeHune KoMmMnToHa sBJAsiercsl pe3yJbTaTOM Yupy-
FOr0 CTOJNKHOBEHHS] MexAy (DOTOHOM Hajamolllero H3JyyeHHs H OJX-
HYM H3 9JeKTPOHOB 00/ydaeMOH MHIIEHH.

YTo6el OGCYANTH KOPHYCKyJAaDHoe OObsicHeHHe s(pdexrra, cie-
JIyeT YTOYHHTb HEKOTOphle CBOHCTBA (DOTOHOB, HENOCPENCTBEHHO
BHITeKalOIMe H3 rumoresnt JDfHmTeliHa. [10CKOIBKY (OTOHH JBH-
XKYTCs €O CKOPOCTHIO CBeTa ¢, MX Macca IOKOs paBHa HYJIO®).
HUmnyabc p v sHeprus e GOTOHA CBA3aHBI NI09TOMY COOTHOIIEHHEM

e=pc. 3)

PaccMOTpUM  INIOCKYI0O MOHOXPOMATHYECKYIO CBETOBYIO  BOJIHY
. [ ur o

exp[2m (T—vt)], rie # ecTh €AMHHYHHA BEKTOp B HampaBJe-

HHH pAacrpocTpPaHeHHs BOJHH, A— JAJHHA BOJIHBI, V- YacTOTa;
Av = c. B cornacuu ¢ runote3oil JfHilTelHa 5Ta BOJHa NpeACTaB-
Jsiet co6oii mydox (HOToHOB ¢ sHeprueit Av. Mimnyabc sTux ¢oroHOB,
eCTeCTBEHHO, HMeeT HampaBlleHHe #, a ero albcoJIOTHOe 3HayeHHE,
corytacHo (3), paBHO

DTo COOTHOIEHHE eCTb YaCTHHHA eJyuall cooTHolleHus1 de Bpo#-
Js1, ¢ KoTOpeIM MBI BeTpeTuMmes B ri. II. Hacro 6niBaer yno6HO BBe-
CTH KPYroBYIO YacCTOTy @ == 27v H BOJHOBOH BeKTOp R = (2m/A)u
IJOCKOR BOJIHBEL. Torxa moJydeHHble COOTHOINEHHS 3aNMINYTCA
B BHJE: ‘

e==Hho, p=*hk, 4)

KopnyckyasipHas Teopus s¢pd¢pekra KoMnToHa OcHoBaHa Ha 3a-
KOHaX COXpaHeHHS SHEePrHH H HMIMyJbca NPH YOPYroM CTONKHOBe-
HHH (oToHA ¥ aJeKTpoHa. Ilycth p M p’ — HaYaJbHEIH ¥ KOHeUHBIH
HMIyJIbChl  (GOTOHA COOTBETCTBEHHO, P’ — UMMNyJabC OTAAYH 3JIeK-
TPOHA ToCJe CTOJKHOBeHHs (pHC. 2). YDaBHeHHs COXpaHeHHs 3a-
IHCHIBAIOTCS B BHAE:

p=p +P,
mc? + pc = /\/ P7%c? - mict + p'e. 19)

8) Iamna hA/me, NPOMEXYTOUHAs MeXAY CPeJHHM DajHyCcOM aTOMOB H pa-
amycoM siaep atoMoB (fi/me = 3,86-10~!° cm), urpaer onpejenelnyio pojs B
KBAHTOBOH Teopun ajekTpoHa. OHa HasHIBAeTCA KOMATONOBCKOU OAunOl BOJHEL
SJIEKTPOHA.

9) CornacHO NPHHIHUNY OTHOCHTEJNLHOCTH MAacCa NOKOA 7, SHEPrus € H HM-
NyJbC p YACTHOH CBA3AHH COOTHoIIeHHeM €2 — p?c? == m?c*; CKOPOCTL UaCTHIHI

__0s _ pct
ecTh U—Bp = Ecan v==¢, 70 8=pc bk m=10,
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DTH ypaBHeHHs MO3BOJAIOT MOJHOCTBIO ONHCATh CTOJKHOBCHHR,
ec/Id H3BeCTHbl HauaJbHble YCJOBUS! U HanpaBJeHHe H3JIY4YeHHs pac-
cessHHOTO (poTOHA. YUHUTBIBas COOTHOUleHHs (4), HETPYAHO BHIBECTH
¢opmyay KomnroHa, kKoTopasl, TaKHM 00pa3oM, OKas3biBaeTcs Teo-
peTHuecKH obocHOBaHHo# (cM. 3ajgauy 1). Hauunas ¢ nepBeix pa-
6or KomnToHa, Bce ocTa/bHBle NPeACKa3aHHs TeOPHH ObLIH 3KCle-
pHMEeHTaJlbHO moaTBepxaeHsl, Habuolanucs U 3JeKTPOHH OTAAUH,
NpHYeM 3aKOH H3MeHeHHs HX 3HePrHH B 3aBHCHMOCTH OT yrJia 0
OKa3aJICl MMEHHO TAKHM, KaKHM ero naiot ypaBHeHus (I). Dkcme-
PHMeHTH Ha COBHAJeHHH MOKa3a-
JIH, YTO HCOYCKaHHE paccesHHOTO
¢oTOHA M 3JEKTPOHA OTAAYH MpO-
HCXOASIT OJHOBPEMEHHO, a CBf3b
Mexay yraamu 6 H O coorBer-
CTBYeT NpeJCKa3aHHSIM TEOpHH.

IMonesno comocraBuTh 3TH pe-
3YJbTATHl ¢ MPeJCKA3aHUAMH KJac-
cHyecKol Teopuu. Teopusi Makcses-
Puc. 2. Komnronosckoe paccesnne Ja — JlopeHna mnpejickassiBaer Mmo-
¢0TOHa Ha NOKOAILEMCA SJIEKTDOHE. VIOUIEHHE YacTH na,ualoulei»’x 3JIeK-

TPOMATHUTHOH 3HEPIHH  KaxXJIbIM
9JEKTPOHOM B 10JIe H3JY4YeHHs M ee IMOoCJelyiollee HCIyCKaHHe
B BHJe H3JYYeHHS TOH Xe 4acToThl. B OT/MIMYMe OT HorJdoniaeModit
pajnHauuK NOJHBIH UMNYJbC HCMYCKAEMOrO M3JYYeHHS! PaBeH HYJIO.
Ilpouecc paccesHus cBeTa CONPOBOXAAETCS, TAKHM 06pa3oM, He-
TpepLIBHOMA nepefaueli HMNy/bca (AaBleHHe H3JYUYEHHsI) OT majalo-
Ued pajmaudd K o006JyyaeMoMY 9JeKTPOHY, KOTOPHIH MOSTOMY
HCIBLITHIBAeT YCKOPeHHe B HanpaBJeHHH Najaiomedf BOJHBL 3aKoH
NOrJIOUEHHsT X SMHUCCHM DajHalHH C OJHOH 4acTOTOH ChpaBel/HB
B CHCTeMe OTCYeTa, rfie 3JEKTPOH MOKOUTcA. Kak TOMbKO 3/MeKTpoH
NPHXOAHNT B JIBHIKEHHE, JaCTOTHl, HabJ0 aeMble B 1aGOPaTOPHOI CH-
cTeMe, H3MeHsOTca Bejenctsue sddexkra Homnepa. Msmenenue
JJTHHEL BOJIHBL A)A 3aBHCHT OT yIia, NMOJA KOTOPHIM Mbl HabJiofaeM
paccesiHHOe u3ayyeHue. IIpocToe BhUHMCAeHHE AaeT

P . 00

Ax=2xm%sxn25, (5)
rie A — MJUHA BOJIHBI NAjaollero H3aydeHus, Py, — uMOyabc s/ek-
TPOHA, Em[=,\/m2c“-+—Pf(‘,lc2 — ero sHeprus. TarkuM o6pasom, AMA
pacreT ¢ pocToM Py, M peryJspHO yBeJHuUHBaeTcs B fpomecce oG-
JIydeHHsl.

MBl BHIHM, 4YTO RJaccHYecKHe IMpeJcKa3aHHs HE COMNIACYIOTCS
C SKCIepHMeHTaJbHEIMH (akTaMu. [VIaBHEIE HeJOCTAaTOK KJaccuye-
cKoff Teopuu 3ddexta KoMOTOHa COCTOHT B NPEANONOKEHHH O He-
npepouisHOL nepenavye UMOyJbca U JHEPTHH H3JNYUYEHHS] 8Cem DJeK-
TPOHAM, NOJBEpIKeHHHM PaJHaldH, B TO BpeMs Kak HalJiojaeMule
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(daxkTH YKa3HBAIOT, YTO 3Heprus nepejaerca OucKkperxsim 06pas3oMm
TOJBKO HEeKOTOPbiM U3 HHX. JTa TPYNHOCTb TOH Ke NDHPOAH, UTO
H B caydae c¢oroanexkTpuueckoro spdexra. O6a sBiaeHus, Booblle
roBOpsi, JOBOJBHO CXOXKH: KOMITOHOBCKOE paccesiHHe MOXer pac-
CMaTpHUBaThCs KakK INOIJOIIeHHe CBeTa, CONPOBOXKJAaeMoe ero fo-
BTODHO 3MHCCHEH, B TO BpeMs KaK (OTO3JeKTpHUeCKHH 3(pdeKT
eCTb YHCTOE NOTJIOlIeHHUe.

BBeneHue KBAHTOB CcBeTa HeOOXOAHMMO, ec/H HAJJICKHT YydecTb
HAMCKPETHBIH XapaKTep NPOLECCOB MNepefadd HMIyJbca H SHEpPruu
sJekTpoHaM. Tem He MeHee, cxoactBo dopmyn (5) u (2) anaa sd-
tdekra KomnToHa ykaspiBaeT, YTO KJaccHuecKass Teopus Bce XK€
HMeeT HeKOTOpOe OTHOIeHHe K PeasJbHOCTH. DTOT BOIPOC 3aCJyxKH-
BaeT 6oJee riIy0OKOro H3y4eHHs.

®opMysa KomnroHa 6niia nosydeHa Bhllle B TUPEANOJNOXKEHHH,
YTO 3JEKTPOH NlepBOHauajbHO nokouacs. Ho Teopus ocraercs, Ko-
HeyHO, CNpaBejJIHBOMH, ecJH IepBOHaua/JbHAasi CKODOCTb 3JEKTPOHA
OT/IMYHA OT HyJs. HeTpyano o6o6mintb ypasHeHusa (I) u dopmyny
Komnrona Ha srtor cayyait. Ecau 3/ekTpOH B HadaJbHBIH MoO-
MeHT JBHXKeTcs NapaljesJbHO MNajamloueil BojlHe ¢ HMIyJabcoM P

u sHepruell E == 4/m%*+ P%?®, To HeTPyAHO MNOJy4nTh (CM. 3a-
Iauy 1)
a=21 EEDeG8 6)

Jlerko 3aMeTHTh CXOJACTBO 3TOH (POpMYyJbl M KJIACCHYECKOrO BHI-
paxenus (5) mas cMmenieHus AA. Bmecro umnyibca Pyn B 4HCIH-
Tese thopMmyJa (6) colepxHT BeiuynHy P 4 p (OHa nMeeT MOPALOK
BeJUUMHE HMIYyJbca MOc/Je CTOJKHOBEHHA (DOTOHA C 3JEKTPOHOM),
a B 3HaMeHaTeJle BMecTO Pyxn CTOMT P, T. e. UMINYJbC 3JeKTPOHA
10 croikHOBeHHsl. OJHAaKo MeXaHH3M Ipolecca, oTpaxaeMblfl dop-
myJsioli (6), cyliecTBeHHO OTJHYaeTcss OT KiaccHieckoro. [lox neit-
cTBHeM OOJyueHHUs] KaxIbH 3JeKTPOH MNoJyyaeT IepBBIH TOJYOK,
CONpOBOXAaeMHl Nepefayefl uMNyabca W TMPHBOAALINE ero B JBH-
JKeHHe, 3aTeM BTOPOH TOMYOK d T. A. [lepenaBaemble HMNyJbCH
H3MEHAITCA OT CTOJNKHOBEHHS K CTOJKHOBEHHIO, HO BeJHUYHHBI He-
penaBaeMoro HMmyJbca KoOJeOJI0TCA OKOJO HEKOTODOro CpellHero
3HadeHust, IpHOJIHKEHHO PAaBHOTO MMIYJbCY P NajarouiHX (oTOHOB.
Vimendo 3TOT Npouecc ckaukoobpa3H0z0 H3MEHEHHs HMIyJbca Ha
BeJIHUHHY MOpPSIAKA p H Pe3yJbTHPYIOILETO H3MeHeHHs AA MBI Mo-
XeM CPaBHHTb C KJACCHUECKHM MeXAaHH3MOM HenpepulsHozo H3Me-
HeHus BeJHuuH (puc. 3).

TTono6Hoe cpaBHeHHe HMEET CMbICJ, KOHEYHO, TOJbKO B Mpe-
JleJIbHOM CJyd4ae, Korja BeJU4YHHAa KBAHTOB 3SHePrHH MOXeET CUH-
Tathcs OeCKOHeuHO MaJofl, a 4ucio HuX — OeckoHeYHO OOJbIIHM,
H MB paccMaTDHBaeM De3yJbTHPYVIOWHH cpelHHH 3(deKT OT oueHb
GoJaplIOro MHC/A IOC/AEN0BaTeNbHHX CToJKHOBeHHA. Ilockoibky
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3/IEKTPOH MPH Ka)KJI0M CTOJKHOBEHHH TOJYydaeT HMIYJbC, MO
TOPAAKY BeJHIHHK PaBHLIA p, H NpH G6OJBIIOM YHCJe CTOJKHOBEHHH
GbJayKTyanMOHHBlE OTKJOHEHHS OT CDeJHero 3HaUeHHs KOMIEHCH-
PYIOTCSs, TO Pe3yJbTUPYIOIIUA 3(deKT OyaeT TAKHM, KaK ecau 6wl
9JIEKTPOH TNPH KaXKJAOM CTOJNKHOBEHHH [0JydYaJ B TOYHOCTH 3TOT
cpenHHll uMnyabc p. Torma uMmyJsc sjeKrpoHa P 6yneT ckauko-
06pa3Ho yBeJHYHABATBCA B Ha-
npaBJdeHHH Majnanilero Hajyde-
Husa. CKauykd HMMIyJabca OKa3Hl-
BalOTCH  MOPSAKKAa  BeJHYHHH
KBaHTa p = Av/c, 4 eCl1H BeJH-
YHHA p AOCTAaTOYHO MaJja, TO H3-
MeHeHHe HMIyJabca OyjleT Mpak-
THYeCKH HellpepHIBHEIM. TaKuM
o6pa3oM, B YKa3saHHOM MpubJu-
KEeHHH MOXKHO pacCMaTpHBATh

7

— -

z

Puc. 3. HsmeHenne BO BpeMeHH HM-
nyasca P 3/eKTpoHa NOA BO3AEHCTBHEM
MOHOXDOMATHUYECKOrO H3JIyueHdsi B pe-
8yJbTaTe TOCJAE10BATENbHHX CTOJKHO-
peHui KoMmnrona (310 Kpafine cxeMa-
THYECKAs KAPTHHA SIBJEHHs, IPaHUIK
KoTopoit 6yayTr obeyxpateess B ra. IV
B CBAI3H C COOTHOLIEHHSIMH Heonpene-
JsenHoctH). IlynkTHpoM ykasama GyHK-
uus Py, (1), npenckasnBaeMasi KJacCH-
yeckofl TeopHeil.

HEKOTOPHIH CDeJHHE HMOyJbC
(P), HenpepEIBHO H3MEHSIOLHH-
Cd C TeueHMeM BpeMeHH. JKCHe-
pHMeHTaJIbHOe HccJeloBaHue, Ha
JeTajsix KOTOporo Mul He GyaeM
3lecb OCTAHABAMBATbCHA, TMOKa-
3bIBaeT, 4YTO H3MEHEHHe 3TOro
CPeNHEr0 HMILyJbca BO BpeMeHHU
OKa3bIBAaeTCs HMEHHO TaKMM, KaK
3TO TMpeACKa3nBaeT KJacCHye-
CKasl TeOpHS; HHBIMH CJOBaMH,

BeKTOpH (P) u Py, OKa3blBaIoOT-
Cd PaBHLIMH JPYT APYTY B 060
MOMEHT BpeMeHH. KpoMe Toro, nockoJbKy KJ/JaccHuecKasi BeJMYHHa
Py, onpepeasieMas ¢ TOYHOCTBIO IO p, B KaXKJAHH MOMEHT BpeMeHH
paBHa cpenHeMy 3HadeHHI0 P, To cMelleHHe KoMnToHa, HpencKashi-
BaeMoe KJaaccHueckol teopueli (ypaBHeHHe (5)), B Kaxbli MOMeHT
BpeMeHH pPaBHO YCpeJHeHHOMY 3HadeHHIO JeHCTBHTeJbHO HabJIIO-
naeMoro cMemesns Komnrona (ypasHeHue (6)).

§ 6. CBeToBble KBAHTHI K ABJeHHS HHTepdEePEHIHH

Bes ucropuss pa3sBHTHSI ONTHKM YKasbIBaeT, 4TO KJacCHUecKast
BOJIHOBasl TeOpHs NMPaBUJIbHO ONHUCHIBAET OMBITHHIE (hAKTHI B MaKpo-
CKomHYecKHX Macwitabax. B To e BpeMs, KaK Mbl BHJEJH, Ha
MHKDPOCKONHYECKOM YPOBHE TOJBKO KOPIYCKYJsSDHAA TEODHS MOXer
OOBSICHHTh THIIMYHElE $IBJEHHS IIOTJIOIUEHHS H paccesiHHs] CBeTa,
KOTOPBIMH COOTBETCTBEHHO SfBJAIOTCA (POTO3JEKTDHUIECKUH sddexrr
u s¢pdertr Komnrona. CaeayeT No3TOMy BHISICHHTb, KAKHM 06pa3oM
runoresa ¢HoOToOHOB MoxeT OHITh COIJlacOBaHa C TaKUMH SIBJEHHSMH
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Kak HHTepdepeHUHs H AHGPaKiHsa CBeTa, KOTOPble HMEIOT cCylle-
CTBEHHO BOJIHOBOH Xapakrep.

PaccMoTpuM /st IIpHMepa pacCesiHHe IydKa MOHOXpDOMarHye-
CKOTO ¢BeTa Ha MapaJ/iejbHOR AHGparkuHOHHON peleTke (pHC. 4).
IMoxxoasmum 06pa3oM pacnofOXKeHHEH 9KPaH 103BOJsieT BHISIBHThH
HHTepdepeHIMOHHYI0 KapTHHY. Ko/lnduecTBeHHOe HcClejOBaHHe fB-
JieHHs MoXeT OHTh NpPOBeJeHO PasHEIMU Clocof6aMyu — HanpHMep,

S 3 53¢

a) 0)

Puc. 4. Paccesnue cBera Ha pemlieTke: S — HCTOUHHK CBeTa, R — qudpakiuuoH-
Has pemerka, P — ¢oromnacTuHka. B cayuae 6) npaBas mosoBhHa pemeTkH R
yCTpaHeHa.

MOXHO TNOMECTHTb Ha MecTO 3KPaHa ¢oTorpadHueckylo NJIacCTHHKY
H NMpOABUTbL ee Hoc/Je HEKOTOPOro 3afaHHOrO BpeMeHH 0O0Jy4YeHHs.
B s1oM ciyuae uHTep(hepeHNHOHHAss KapTHHA Ha HeraTHBe IpO-
ABATCSl KaK NOTEeMHEHHe OT/e/bHBIX Y4aCTKOB IJIACTHHKY, NpHUYEM
3TO II0TeMHeHHMe NPOMOPLUHOHAJBHO KOJHYECTBY Majalollero Ha 3TH
YYacTKH cBeTa. B mefCTBUTENbHOCTH ilIOIVIOIEHHe CBeTa IJACTHH-
KOH NMPOHCXOIHUT OTAeNbHHIMH KBAHTaMH: KaXJAb#l (OTOH, MpOHHKas
B IJIACTHHKY, BO30YXJaeT CBETOYYBCTBHTeJbHBEIA MHKDOKPHCTAJLI,
KOTOpHIl NPH NPOSIBJEHHH AaeT YepHYy0 TOuUKy !°). HeBoopyKeHHBIM

10) OnmucaHne sIBJEHHA 3jech NpefleIbHO yNpoIneHo. B jeficTBHTENBHOCTH M-
AeHue ofHOro (GoToHA MOXeT BO3OYIHTB MHKDPOKPHCTA/Nl TOJNBKO, €CJH 3HEprHs
$OTOHA NOCTATOYHO BejnKa (LANEKHH yabTpaHOJET HJH DPEHTTeHOBCKHE JIyuH).
Ho naxe B 3TOM ciyyae Hy:Hb CTel{HaJbHble YCJOBHS ONHTA, 4TOOH OHTHL yBe-
peHHBM, UTO Kaxzabiil ¢oron, majpaioimmii Ha TIAaCTHHKY, BO306yXpaaeT OIMH H
TONBKO ONMH MHKPOKDHCTAMI (HYXHbl MHKPOKPHCT@NIH JOCTATOYHOH BEJIHYHHB,
AOCTATOUHO TOJCTHIA CJIOH 3MyJbCHH B T. A.). OfHAKO Bce 3TH TOHKOCTH IKCIEpH-
MeHTa MOXHO He YUHTHBAaTh, TaK KaK OHH He BJIMAKT HAa CYINECTBO SBJEHHA,
KOTOpOe MBIl paccMaTpHBaeM.
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IJ1a30M Helb3sl PpaspelluTh OTHe/JbHbIE TOYKH, H MH HAaG6JI0-
NaeM GoJlee WJIM MeHee TeMHBle 006JACTH B 3aBUCHMOCTH OT 4HC/Ia
CTOJIKHOBeHM# (POTOHOB C NJACTHHKOR Ha efuuuuy miomazau. On-
HAKO CylIeCTBOBaHHE OTAeJBHBIX CTONKHOBEHHH MoxeT OHTH BbHIAB-
JeHO, eCJH paccMaTpuBaTh IIACTHHKY € MOMOILBIO JOCTATOYHO
MOILIHOTO MHKPOCKONAa. B OOBIYHBIX YCJAOBHSX ONBITa 4HcA0 (oTo-
HOB, NajaloIXUX Ha IJIaCTHHKY, O4eHb BeJHKO, TaK 4TO KBa3HHe-
NpepbIBHOE paciipejeseHHe CeHCHOMJIHN3HPOBAHHEIX MHKPOKDHCTAJ-
JIOB JaeT OOBIYHYIO KapTHHY HHTepdepeHIHH, HPeICKa3nIBaeMylo
BOJIHOBOH TeOopueH.

OcHOBBIBasICb TOJBKO Ha JKCHeDUMeHTaJbHHIX pe3yJbTaTax,
MOXHO a priori OTODOCHTb Bce MOMBITKH OODBSACHHTh sIBJeHHe HHTep-
(epeHIMH B paMKax YHCTO KOPIYCKYJSDHOR TeopHH. 3aMeTHM
npexjae Bcero, Yto GOTOHH ABHIKYTCS B MNPOCTPAHCTBe He3aBHCHMO
ZLPYT OT Ipyra, HX B3auMojeficTBHe npene6pexnmo Mano. Jdefcru-
TeJlbHO, MHTepepeHIHOHHAas KapTHHa He MeHfAeTcd, eCJH yMeHb-
IIMTh HHTEHCHBHOCTb HMCTOUHHKA CBeTa H, COOTBETCTBEHHO, YBeJIH-
YUTh NPOACNXKHUTENBHOCTh OOJyueHHss TaK, 4ToOb KOJHYeCTBO
cBeTa, Najaiolliee Ha pelIeTKy, ocTaBaJochk NOCTOAHHBIM. HHbIMHU
cJ0BaMH, ecJH Mbl MOCHLIaeM HeKOTOPOe (oueHb GOJbIIOEe) HHCA0 N
(OTOHOB Ha pelleTKy, TO pachpeje/ieHHe CEHCHOWIU3HPOBAHHBIX
ToUeK Ha IJIACTHHKe He 3aBUCHT OT TPYNINHPOBKH NajalolHX ¢o-
TOHOB; 3TO CIIpaBeNJHBO H B NpeAeJbHOM clydae OdeHb cJabBIX HH-
TEHCHBHOCTEH, Korja (POTOHH NAjalOT Ha pelleTKy <«I0 OAHOMY».
To &e caMoe pacapefiefeHHe MBI MOJYYHM, €CJHH IOLLIeM Ha pe-
IeTKY OOUH-eOuHCTBeHHbl HOTOH, a 3aTeM NOBTODHM 3TOT OIMIT
N pas.

PaccMoTpuM Teflepb npobJeMy paccesHHst (OTOHA Ha pellleTke.
ITocKoJbKY B YCJAOBHAX Halllero oNbiTa HayajlbHOe COCTOAIHHE CH-
cteMbl ((OTOH -} pelleTKAa) TOYHO He HM3BECTHO, He MOMKeT OHITh
M PeuH O TOM, YTOGHI ONMpene/]HTb TPAEKTODPHIO (GOTOHA H, C/efoBa-
TeNbHO, TOYKY yAapa (oTOHA Ha NJAaCTHHKe; MOXHO HAaHTH TOJBKO
CTaTHCTHYECKOe paclipefe/ieHHe BO3MOXKHEIX TPaeKTOPHH H, cOOT-
BeTCTBeHHO, CTaTHCTHYECKOe paclpejeleHde TodeK yhapa. Dkcme-
PHMEHTaJIbHO MBI JeHiCTBHTeNbHO Halii01aeM CTaTHCTHYECKOe pac-
npefeseHde TOYeK yjAapa: OHO COOTBETCTBYET 3aKOHY pacmpenese-
HHSI HHTeHCHBHOCTH cBeTa B HHTepdepeBlIHOHHOH KapTuHe. Xopolilo
H3BeCTHO, YTO paspelliaiouiasl CHJaa PelleTKH 3aBHCHT OT uHCJaa Ju-
Huil, ee 00pasyioIMHKX, NpuueM deM Oosiblile JHHUHA, TeM GoJee TOH-
KHMH OKA3BIBAlOTCA CBRTOBHle MOJIOCKH MHTepdepeHUMOHHOH Kap-
THHH, ecJd yOpaTb IIOJOBHHY pelleTKH, HHTeppepeHIHOHHas
KapTHHA CYLIECTBEHHO H3MeHHTcs. FIMeHHO B 3TOM NYyHKTe Kopmyc-
KyJsipHasi TeOpHsi OKa3biBaeTcsi B DE3KOM MPOTHBOPEYHH C IKC-
nepHMeHTOM. ﬁeﬁcmmenbﬂo, KakuMu Onl HH OBJIM ypaBHEHHf
JBUKEeHHS KaxJAoro (poToHa MPH B3aMMOJEHCTBHM C YAaCTHUAMH, CO-
CTaBJISIOMIMMH pellleTKy, pacipeae/eHne TpaeKTOpuit $poroHos, pac-
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CesAHHBIX JIEBOH NMOJIOBHHOM pellleTKH, He MOXKeT 3aBHCeTh OT NpH-
cyTeTBus (puc. 4,a) uwaum OTCyTCcTBHSA (pHC. 4,6) mpaBofl MOJOBHHH
peIlleTKH, ec/ii TOJNbKO He NPUIHCHBATH (OTOHY pasmeprl NMOPAAKa
pasMepoB pemietkd. Econ, KpOMe TOro, HCTOMHAK CBeTa H 4yBCTBH-
TeJbHAS ILUIACTMHKA [IOCTATOYHO YHAAJeHH, pacupefeseHus TOUEK
yaapoB ¢OTOHOB, paccesHHHX OOeHMMH IOJOBHHAMH, AOJJKHH OLITh
oluHaKOBLIMH. [Ipu ycTpaHeHuH, CKasKeM, NPaBOH MHOJOBHHH pe-
IIETKH HX3MEHHTbCS NOJXKHA TOJbKO HHTEHCHBHOCTH CBeTa, Hajawo-
Iero Ha KaKAbll yYacTOK IVIACTHHKH, HO He HHTepdepeHIHOHHaA
kapruHa. OOBIT OPOTMBOPEUUT STHM NpEICKA3aHHUAM H 3aCTaBjser
Hac MPH3HATH, 4TO B MPOIECCE PACCESHUS CBETa NMPHHHUMAET ydacTHe
BCSL pelleTKa HeJHKOM.

[MnoTe3a CBETOBHIX KOPHYCKYJ CTaJKHBaeTcs C aHAJOTHYHBIMH
TPYAHOCTAMM BO BCeX cJaydasx HHTepdepeHuHH HJIH KU paKnUy
(3amaua 2). C ODOMOIIBIO HEKOTOPOro JeTeKTHpylomero Mnpubopa
(skpaHa wuau ¢ororpadyueckKofi MJIACTHHKH) MOXKHo 3()GHeKTHBHG
¢ukcupoBaTh NpUOLITHE (POTOHOB OAHOTO 32 APYIHM, HO Hesb3s, He
Bafasl B APOTMBOpeYHe, NPHIHCATL KaxKAoMY (OTOHY ompeleneH-
Hyl0o TpaexkTopuio. Takum 00pa3oM, KJaccHueckas IOKTpHHA, CO-
TJIACHO KOTOPOH BCsiKas KOPHycKyJa C TedeHHeM BpDeMEHH Hellpe-
PHIBHO mepeMeliaercst B NPOCTPAHCTBE, OKA3hIBAETCH HECOCTOATE/b-
woii. Ha nytu K Aerextupyioiiemy nNpubOpy CBeT pacnpocTpaHsercs
KaK BOJIHA, KOPHNYCKYJADHBIA acHeKT (OTOHA NMpOsABiseTcH TOJbKO
B MOMEHT JeTeKTHPOBAHHS.

«  § 7. 3akaovuenune

MoxXHO clesaTb P NpeJBapUTENbHEIX 3aKTi0YeHHH, BHITEKalo-
11X M3 SKCIEPUMEHTOB, CBS3aHHHLIX CO B3aUMOXEHACTBHEM MEXIY
BEIIeCTBOM M CBETOM HA MHKPOCKONHMYeCKOM YpOBHe.

Xors HabmiofnaeMbie HapylleHHS HEIpepLHIBHOCTH MOTYT OBITh
©00bsiICHEHH TOJBKO ¢ TOMOIIbIO HpeACTaBjJeHHs O CBETOBHX KOp-
IyCKyJiaX, He MOXeT OHTb H peur o6 OTKa3e OT MOHATHS CBETOBOM
poJiHpl. CeT mposBaseT ce6s B ABYX acmekTaX: BOJHOBOM H KOp-
NYCKyJsipHOM, B 3aBHCHMOCTH OT TOro, KaKOe sBJeHHe MBI H3yuaeM.
CoorHoueHus (4) MO3BOJAIOT NMepPeXOAHTh OT ONHOro crnocob6a omus
canust X Epyromy. Tecuas cBA3b MexXAy JAByMs crnoco6aMu omuca-
HMHA, KaK 5TO MOKAa3HBaeT H3yueHHe ONBITA [0 paccestHHIO Ha pe-
[ICTKe, HMeeT CTATUCTUUECKYI0 npupoly: BepOATHOCTb JIOKAJIH3AIMA
$oTOHa B HEKOTOPO#H TOUKe IPONOPIMOHAJbHA MHTEHCHBHOCTH CBe-
TOBOH BOJIHK B 5TOM TOYKe, BHIUHMCJIEHHOR HAa OCHOBE METOAOB BOJI-
HoBOM - onTuky, Cyujecrsosanie Jyaiusma 80AHA — KOPRYCKYAQ He-
cosmecTumo ¢ kaaccuueckol OokTpuroil. Henbss paccMaTpnBaTh
CBeT HH KAaK NOTOK KJaCCHUECKUX KODPIYCKYJ, HH KaK CylNepno3H-
M0 KJACCHYEeCKHX BOJIH, He BXOAS B IPOTHBOpeuYHe C ONBITHHIMH
LaHHLIMH,
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BBuay OueBHIHOR HEOGXONMMOCTH PEBH3HMH KJIACCHUECKHX Npef-
cTaBJeHHH, 0co6eHHO BaXKHO NMOXYEPKHYTH TOT (AKT, YTO HEKOTOpHie
pesyabTaThi KJAACCHUeCKOH BOJHOBOH TeOPHH OCTAIOTCA CHPaBeiIH-
BuiMH. B mepBylo ouepenn cileyeT OTMeTHTb, UTO 3AKOHbL COXpare-
HUR 3HepeUU U UMNYALCA NOAHOCTHIO COXPAHAIOT c8010 cuny. Kpome
TOro, Kak MH BHAeau Ha npumepe sdpderkra Komnrona, xaaccuue-
cKas Teopus npasunsHo npedcKasvisaer ycpeOneHnoe nogederue
¢husuueckux cucrem B «MaKpPOCKONHUYECKOM Ipefese», KOTAA KBaH-
TOBHIE CKAUKHA MOXKHO CUHTATh NpeHeGperKHMO MAJKIMH.

Paanea 11I. KBAHTOBAHHE B ATOMHbIX CHCTEMAX

§ 8. AToMHAs CMEKTPOCKOMHS M TPYAHOCTH KJIACCHYECKOH
moneaun Pesepdopna

B npenmecrsyoouieM pasjesie Mbl NO3HAKOMMJHCh C TeMH IJy-
60KMMH TOTPACEHHSIMH KJIaCCHUECKOHR TEOpHH cBeTa, KOTOPHe OHLIH
BHI3BAHBI OTKPHITHEM HapylleHdfl HelNpPePHIBHOCTH B MeXaHH3Me
B3aUMOJIEACTBHST MEXJy BellecTBOM H H3JyueHHeM. OJHako jesio
He OrpaHMYMJIOCH TeOpHell cBeTa, He MeHbIiHe NMOTPACEHHS IpeTep-
nesia KJ1accuuecKast KOpPHYyCKyJspHAas TeOpHs BelllecTBa. JTO CTaHO-
BUTCS OYEBHIHHIM, €CJIH IHITAThCH COTIACOBATb MexKAy cobo#t naH-
Hele aTOMHOR CHEKTPOCKONMHM M pesyJbTaTH, KacamollHecs CTPYK-
Typhl aTOMa, noJaydyeHHuie Peseppopmom ).

OnnuM wu3 HauGosee BHAaKIMXcA (akTOB, OOHAPYKeHHBIX
B pe3yJibTaTe yCOBepHIEeHCTBOBAHHSA TeXHMKHM HCC/IeJOBAHHSA CIEKT-
POB MCIYCKAHAS W IOIVIOIIEHHS CBeTa BelleCTBOM, SIBHJOCH Cylie-
CTBOBaHHMe Y3KHX CHEKTpPaJbHBIX JuHuA. YacToTn uncmyckaemoro
K TOTJIOLAEMOro H3JyUeHHs 3aBHCAT OT COPTAa H3YYAeMBIX aTOMOB;
JJIS ATOMOB OJHOrO COpPTA CIEKTpPHl NOTJVIOUIEHHS W H3JAy4eHHs OjH-
Hakosbl. Kaxaui aTroM MoxeT ORITh HIACHTHGHUIMPOBAH 110 CNEKTPY;
CHeKTp faeT BaxkHefuyro HHGOPMAIMIO OTHOCHTENbHO CTPOEHHA
aTOMa M MeXaHW3Ma ero B3auMoXeHCTBUSA C M3JyUeHHeM.

Oco6oro BHMMaHHA 3aCaTyKHBaeT aToM BOJOpPOJa, TaK KaK OH
ABNSeTCa MpOCTeflllMM NpHMepoM aTOMHOA cucTeMH (OJMH Tpo-
TOH -} OJIMH 2JIeKTPOH); Bce HaluiofaeMble 4aCTOTH 1Jf aTOMa BO-
ZOpOJa NOJAUHHAIOTCS sMuupHYeckoft popmyse Banbmepa

1 1
v=R(z—%r)

1) HcropuueckH NepBblii apryMeHT B NMOAL3Y HEOGXOAHMOCTH <KBAHTOBAHHA®
ATOMHHIX CHCTeM OB BBHIABRHYT DfmuTefiHOM B €ro TEOPHH YAE/BHOA TenJo-
eMKOCTH TepamXx Ten (1907 r.). DTa TeopHf COAEPKHT IOBOJBHO IPyCHe mpH-
GanmeRHs, Hen3OeXHHE NPH PAacCMOTPEHHH CTO/Ib CJOKHHIX MATEPHAJLHEX CH-
cTeM KaK Tsepaoe Teao. KpoMe Toro, Teopusi JfnlITefiHa HCMOAbIYET PE3yAbTATH
CTATHCTHUECKOH TepMojnHaMuKH. [10 STHM mpHuHHam Mbl He GyZeM NoApoGHo pac-
CMaTpHBATh 5Ty TEODHIO H OTChHIaeM YHTaTelss K JPYTHM KHHTaMm, HanpHMED,
kunre M. Bopra, untnposanso# na erp. 16.
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HpHUEM 1 M m — NOJOXUTeNbHEE IeJee upcna (m>n), a R
ecTb HekOTOpas XapakKTepUCTHUeCcKas NOCTOAHHASA (HOCTOSHHAs
Pun6epra).

Jns Gojlee C/I0XKHEIX aTOMOB He CYIIECTBYeT CTOJb HPOCTHIX
thopMyJ1, OJHAKO KaxXKJAHH pa3 MH 0OHapYXKuBaeM HEKOTOPYIO KOP-
peNAuI0 MeXAY pA3JHYHBIMH HaGJI0ZaeMBIMH YaCTOTAMH: eclH
IIBe HACTOTH BXOJAAT B COCTAB OJHOTO CNEKTPa, TO X CYMMa HJIH HX
Pa3HOCTL TAKXKe AOBOJBLHO YACTO BXOJAT B COCTAB TOrO XKe CIEKTpa.
TouHee roBOPsA, KaxKAOMY aTOMy MOXKHO COHOCTAaBUTb HEKOTOPYIO
Ta0JauIy 4uces, WM CIEeKTPAJbHEIX TEpMOB, IpuueM Bce Habjojae-
Mble YaCTOTH H3JyUeHHS BHIPAXKalOTCd B BUAe pPa3HOCTEd MeXAy
KaKuMH-THO0 IBYMS TepMaMu. DTO NPaBHJO, YACTHHIM CJydaeM
KoToporo u siBaserct (opmyna Banbmepa, HaswiBaercs KoMOuHa-
yuonnoim npasusom Pudbepea — Purya (1905 r.). OrMerum, uro
He BCe Da3HOCTH TepMOB 00s3aTe/JbHO NMPOSBAAIOTCH KaK YaCTOTHI,
Ha6J10laeMEle B CHeKTpe, OJHAKO MOXKHO (OpPMYyJHpOBaTh J10CTa-
TOYHO HpPOCTHle npasiia orbopa, MO3BOJAOLINE OTIHYATH PAa3HOCTH
TepMOB, (UTrypHpYIOlllHe B CIEKTpe, OT TeX, KOTOPHe He INPHUCYT-
CTBYIOT B CIIeKTpe aToMma.

DTH sKcmepHMeHTaJbHEe (DAKTH HAXOAATCS B SIBHOM HPOTHBO-
peuHu ¢ KJaccuueckoi Tteopuelt atoma Pesepdopna; 6oJiee Toro,
caMa Mojeab atomMa Pesepdopna crajkuBaeTcs ¢ cepbe3HBIMH IIpO-
THBOPEYHUSAMH, eCIM NOMHMO KYJIOHOBCKOrO B3aWMOIEACTBHS YYecTh
Gosiee crporiM 006pa3oM B3aMMOJEHCTBHE A4TOMHHIX 3JEKTPOHOB
C 5JIeKTPOMATHHTHHIM IIOJIEM COIVIACHO 3JeKTpOHHOH Teopuu Jlo-
penna. JlBurasicb mo cBoUM OPOGMTaM, SJIEKTPOHB AOJKHBI H3Jy-
YyaTh 4, CJAeJOBaTe/]bHO, TepATb CBOIO KHHETHUECKYI0 SHEprHio, 4To
Heu30exxHO MOJNIKHO NPHBECTH K HX MajeHHI0 Ha SJpPO atoMa,
B kaxabli MOMeHT BpeMeHH HabjiojaeMBle 4acTOTH H3JydeHHS
JOJIXKHE! COOTBETCTBOBATb HacTOTaM [ABHXKeHHS MO opbOure uau 60-
Jiee BHICOKMM HX rapMoHukaM. Ho mockosbKy uacTota JABUKEHHS MO
op6HTe H3MEHsAeTCHd IpPH TOPMOMKEHHH HellpephIBHO, NOJKHO HMEThb
MecTO H3JyUeHHE C HelNpepHBHEIM CHeKTpoM 4acToT. Kiaccuueckas
teopust aroMa Pesepdopra He oObAcHser, cJeloBaTes]bHO, HH
YCTOHUMBOCTH aTOMOB, HHM CYLIeCTBOBAHHA JHHEHUYATHIX CIEKTPOB
HaJyyeHds. MH uMeeM Jesi0 C HOBHIM NPOSBJEHHEM AUCKPEeTHOCTH
JJIM TPepLIBHOCTH BO B3aHMOJAEHCTBHH MeXAy BelleCTBOM M H31y-
YeHHeM, TaM rIe KJacCHuecKasl TeOpus HpeicKa3blBaeT HempephiB-
HOe H3MeHeHHe.

§ 9. KeaHTroBaHHe SHepreTHYECKHX YPOBHeH aTOMOB

B 1913 r. Bop npeayoxua obuyio cxemy oObsiCHeHHS aTOMHBIX
CIEeKTPOB, ONOJHUB I'MIOTE3y CyLleCTBOBAHHS KBAHTOB CBETAd HOBHIM
NOCTYJIATOM, HECOBMECTHMEIM C KJACCHYECKHMH MOHATHAMHM, a HMEH-
HO TOCTYJIaTOM KBAHTOBAHHS SHEPreTHUECKHX YPOBHEH aTOMOB.

2 A, Meccua
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Corsacuo Bopy atoM He BeAeT cebst KaK KJaccHUecKass CHCTEMA,
cnoco6HaA HempephlBHO H3Jayuarh SHepruio. OH wMmoxer npeGh-
BaTh TOJBKO B HEKOTODOM YHCJe CTAYUOHAPHOLX COCTOAHWUL, WM
KBAaHTOBHIX COCTOSIHMH, XapaKTEPU3yeMHIX BIOJHE OnpejeseHHON
sHepruefi. [0BOPAT, YTO 5Reprus aToMa KBaHTyeTcsH. DHeprus aToMa
MOKET H3MEHATbCS TOJbKO CKAuko00pa3HO, HpuueM KaXKAHH cka-
YOK COOTBETCTBYeT INepeXOAy H3 OJHOTO KBAHTOBOTO COCTOSIHHA
B ApYroe.

DTOT mOCTyNAT MO3BOJAET YTOUHAThL MEeXaHH3M MOIVIOUIeHHS HJIH
HCTyCKaHUs KBaHTa cBeTa. AToM c sHepruefl E; MoXeT nperepnerb
nepexol B COCTOfHHe ¢ Ooavlied sHepruedt E;(>E;), norJjomas
¢$hOoTOH Av, IPH YCJOBHH COXPAHEHHS NMOJHOH 3HePruy, T. €.

h'V=EI'—Ei.

ABanoruyHbeIM O6pa30M aTOM MOXKET COBepIUHTL [epeXol Ha GoJee
HH3KHA ypoBeHb 3Hepruu Ep (<CE;), ucnyckas ¢oroH Av, IpH BH-
NOJIHeHHH COOTHOILEHHS

hv=E, — E,.

AtoM, HaxOASIIMACT HA CaMOM HH3KOM YpOBHe 3MepruH (B CCHOB-
HOM COCTOSIHHM), He MO3KeT H3JydaTh: OH yCTOHYHB.

Takum oOpasom oO6BACHAETC CYLIeCTBOBaHHEe XapaKTepHOro
JJs aToMa JHHeH4aToro cHeKTpa H3JydeHHs, YAOBJeTBOPSAIOILEro
npaBuiy Pupbepra — PuTna: cnekTpasibHbHe TepPMBl PaBHH, ¢ TO4Y-
HOCTBIO A0 MHOXKHTeNs A, SHEPrHAM KBAHTOBHIX COCTOSTHHH aToMa.
B uactHOoM cayuae atoma Bojopoza ¢opmyna DBanbmepa moay-
4aeTcs, ecsd NMPeNoJIOXHTh, UYTO YPOBHH 3HEDPrHM aTOoMa JaloTcH
tdopMyJioH

En=_h% (n=1,2,3, ..., =) (7)

Jpyrum moATBepKJAeHHEM KBAHTOBAaHHSI IHEPreTHUECKHX YpOB-
uefi aToMa asasercss onbit ®panmka u [epna nmo Heympyromy pac-
cesiHHIO 3JeKTpPOoHOB Ha aTtomax (1914 r.). B srom onmre atomsl
6oM6apAMPYIOTCS MOHOKHHETHUECKHMH 3JIEKTPOHAMH, NPHUEM H3Me-
pAercsd KHHETHUECKash SHeprus paccesHHHIX 3JeKTPOHOB. Ilycth E,
E\, E,, ... ecTb I0C/IEA0BATEAbHOCTh KBAHTOBAHHLIX 9HEPreTHUECKUX
ypoBHeA aToMa, a T — KHHeTHUeCKAass SHeprust MajaioliuX 3AEKTpo-
HOB. B yc/I0BHSIX 3KCHepHMMEHTa aTOMH MHILEHH NPaKTHYeCKH Bce
HaXOAATCA B OCHOBHHIX cocrtosuusX. Iloka T He mpeBOCXORUT pas-
HocTh E;— E¢ MeXIy OCHOBHHIM H NepBuIM BO36YXJAeHHHIM YDOB-
HAMH aTOMa, aTOM He MOIKET NOIJIOTHTb SHEPTHIO 3JEKTPOHA, H Bce
CTOJIKHOBeHHs aBasioTcsd yupyrumu., Ho ecau T > Ey— E,, oka3sh-
BAalOTCS BO3MOXKHLIMH H HeYHpyrHe CTOJKHOBEHHS, NPH KOTOPHX
9JIEKTPOH TepseT 3Hepruio, paBHyiww E;— E,, a aToM nepexomur
B nepBoe Bo36y:KJeHHOe coCcTosiHUHe. FIMeHHO 3TO ABJeHHe H HabJio-
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naetct B skcmepuMente. [lpn T > E;—E, moxHO Hab/am0AaTh
CTOJKHOBEHHA, CONPOBOXKJAAIOLIHecd NepexofaMHM BO BTO[Oe BO3-
6yxJeHHOe COCTOsIHHe, B T. A.

CrenoBaTeNIbHO, KBAHTOBAHHE 2HEPreTHYeCKHX ypOBHeH aTOMOB
Haj0 paccMarpuBaTh KAaK SKCHEePUMeHTANBHHA (aKT. DTO cBOACTBO
He SBJSETCS NPHUCYLIMM TOJBKO aToMaM. MHOrouncjieHHble OMBITH,
B 4YacTHOCTM CHEKTPOCKONMUEeCKHe, I0Ka3aJH, YTO KBaHTOBaHHE
SHepreTHYeCKHX ypOBHefl HMeeT MecTO B MOJeKyJax u B GoJjee
CJOXKHBIX cHcTeMaX 4YacTHil. Mb HMeeM JeJio ¢ caMbiM OBLIMM CBOM-
CTBOM BelllecTBa, KOTOPOe HHUKAK He MOxKeT GHITh 00BbACHEHO KJac-
cHYecKoll KOPHYCKYJAApHOH Teopuel.

§ 10. ApyrHe npumMepnl KBAHTOBAHHS:
NMpoCTpaHCcTBeHHOe KBAHTOBaHHE

JIpyruM sKCOepHMeHTaJbHO HaGJIofaeMblM THIOM KBaHTOBaHHS
ABJISETCA «IPOCTPAHCTBEHHOE» KBAaHTOBaHHe aTOMHHX cucTeM. Ero
HaGJI0NAI0T BCAKHA pas3, KOTAa aToM OKa3hiBaeTCs MOMELeHHHEIM BO
BHelllHee IIOJie, HMeOlllee HEKOTOpPOe BHIJeJleHHOe HalpaBJiieHue;
B 3TOM (CJydYae ODHEHTAalHs AaTOMHOH CHCTEMEl He INIPOH3BOJIbHA,
a OrpaHHYMBAeTCs HEKOTOPLIMH JHCKDETHBHIMH 3HAUYeHHSIMH.

HauGonee mnpsaMeIM [0Ka3aTeNbCTBOM CYIIeCTBOBAHUSA STOrO
THIA KBaHTOBaHHst sBaserca onwir Ulrepna u Ieparaxa (1922 r.),
E KOTOPOM Hcc/e[yeTcs OTKJIOHeHHe NyYKa MapaMarHUTHHEIX aTOMOB
(WM MOJIEKyJ) B HEeOAHOPOAHOM MarHUTHOM mnoJge. Ilapamaraur-
Hble ATOMH [0 NPEeANOJIOXKEHHI0 061aa0T HOCTOSHHBIM .MaTrHHTHBM
MOMEHTOM M H MOIYT pacCMaTPHBATLCH KaK MaJleHbKHe 3JeMeH-
TapHble BOJYKH ¢ MOMEHTOM KOJIMUeCTBAa ABHKeHus [, mpomopmuo-
HaJbHHIM M

u=Mi.

Opuentanus p u ! omnpelesgeT OPHERTAIMIO CAMOIO aToOMa.
B MaraurHOM mOJe J£ MOMEHT KOJHYecTBa [BHIKEHHA cOBepluaer
npeleccHOHHOe JIBHXKeHWe BOKPYr Hampanierus Jf (npeueccus
JlapMopa, cMm. 3agauy 3). Eciu nose # nmocrosnHo, TO MarEuTHas
sHeprusi — MJf OCTaeTcd MOCTOSHHOH U He 3aBHCHT OT MOJIOKEHHS
HEeHTpa MacC aToMa, TaK 4YTO MOCJHeJHHH CcOBeplliaeT OJAHOPOAHOE
npsaMoauHeiiHoe ABHKeHue. Ecau ke noje Jf He MOCTOSHHO B HpO-
CTPaHCTBe, Ha LEHTP Macc aToMa jeficTByeT cuia F==gradni#f
TaK UTO aTOM HCHHITHIBAET HEKOTOPOEe OTKJOHEHHe B CBOEM JBHIKe-
Huu. dto Habmonaercss B onbite llltepHa u lepnaxa, cxema xoto-
poro mpuBefieHa Ha puc. 5. BBUJY Ha/uuus NpPELECCHOHHOro JABH-
JKeHHS BOKDYT HalpaBJieHus N0 J£ COCTaBAAOILASA M BAOJb 1OJS
oCTaeTcs NOCTOSIHHOM, a JAPYrde KOMIOHEHTH BEKTOPa M KOJeOaI0TCA
OKOJI0 HyJisi. Bce MPOMCXONMT TaK, KaK eciH 6B aTOM HCIHTHIBAJ
IHelicTBHe YCPeAHEeHHOH CHJn prgrad 6., B o0OGHYHEX yc/a0BHAX

9%
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ONbiTa 3Ta CpelHfAs CH/Aa HaNpasjieHa BAOJbL OCH Oz u paBHa

976
Yz azz. [Tycts 2d ecTh pacCcTOsiHHE, MPOXOAHMMOE aTOMOM B Mar-

HUTHOM ImoJe, T — KHHeTHYecKas 3HepPrusi aTOMOB B NepBOHadajb-
HOM TNyuKe; OPOCTOH pacueT HOKa3hiBaeT, YTO CKOPOCTh KaxKaO0ro
atoMa OTKJOHSeTCs OT CBoero NepBOHaua/JbHOro Hampasjenus Ox
Ha yrod =u.(07./0z) (d/T). TakuMm oOpa3oM, OTKJOHEHHE HIPONOP-
LIHOHAJIbHO COCTABASAOIIEH BeKTOpa M BAOJb NoJsis. Ecin Obl aToMbl

A
L4 %

!_yt/a/r amomob AN
U/Ly’z d 2
a) /;)

Puc. 5. Onwur Itepua u Tepaaxa. a) O6mas cxema SKCIepUMEHTA: aTOMHBIA

NYYOK NMPOXOKHT MEXJYy IONICAMH MarHHTa, THe AefcTByeT HEONMHOPOLHOE Mar-

muTHOe mode AA’ (HanpaBaeHHoe Ha PHCYHKe BePTHKAJbHO); YRAPhl aTOMOB

Habaoxalores Ha 3skpaHe E. 6) Ilomepeunnifi paspe3 moa0COB MarHHTA; NYHK-
THPOM YKa3aHB! CHJIOBble JHHHH MAarHHTHOLO MOJIS.

GbIJIM OPHEHTHPOBAHBI IPOU3BOJBLHO, TO M. NPHHHAMAJA OBl BCe 3Ha-
YeHHs 0T — A0 -M, & Yros OTKJIOHeHHS — BCe 3HayeHHs Mexnay
KpafiHuMyu 3HauUeHHAMH. B atoMm cilyyae Ha s3KpaHe MH IOJYYHJIH
6Ll HempephIBHOE NMATHO, BHTAHYTOe B Hampasjenuu Oz. Ha camom
e Jeqe Ha 3KpaHe HabJiojaercs MOCHeOBATeJbHOCTb OTAEJNbHEIX
3KBHAMCTAHTHHIX NATEH, OpPY H3MEHEeHHH HoJag (M, CJIeld0BATeNbHO
(076:/02)) M3MeHSAIOTCA TONBKO PacCTOAHHUS MexAy NATHaMH, a o0-
LA KapTHHA OCTaeTCs HeH3MeHHOH, B YACTHOCTH YHMC/IO nOATen A
nocroasHo. Kaxkjaoe HATHO COOTBETCTBYeT OMpeJAeJeHHOMY 3Haye-
Aui0 Uz CrefoBaTeNbHO, MBI JesaeM BBIBOA, YTO 3HAYGHHA [z
KBaHTYIOTCS: BCEero BO3MOMKHO A JHCKDEeTHHIX 3HaueHHH p.. Oue-
BHAHO, 9TO ¥ cOCTaBJsiomAasn [, MOMeHTa KOJHYeCTBA ABHXKEHHSA 00-
JajiaeT TeM e CBOHCTBOM.

MoXHO BBIPa3uTb COMHEHHe B CIpaBeJJMBOCTH noA00HOHA HH-
repnperanun onumrta I[lltepua n I'epsnaxa, ubo OHa OCHOBaHa Ha
OIpejeJeHHON TUIOTe3e OTHOCHUTEJNbHO [PUPOABI ATOMHOIO Hapa-
MarHeTH3Ma — CyIeCTBOBAHHA MOCTOSTHHOTO MAarHMTHOTO MOMEHTa,
NPONOPIHOHANLHOTO MOMEHTY KOJIH4ecTBa JABuKeHHs. Mul He Oynem
OCTAHABJHBATHCA 3eCh Ha ONBITHEIX (PAKTaX H apryMeHTax, OIpas-
ABIBAIOMIMX 3Ty FHOOTe3y (rHpOMAarHATHHIA 3 dexT, Teopus Jlanxe-
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BeHa NapaMarHWUTHOH BOCIPHHMYHBOCTH M T. A.), OTMETHM TOJBKO,
4TO HOC/eAyIollee Pa3BUTHe KBAHTOBOH MeXaHHKH MOJHOCTBIO MOJA-
TBepaus0 ee. Ho naxke eciu NMOABeprHyThb COMHeHuI0 OODbACHeHHe
OMNLITA, NAHHOE BHILIE, TeM He MeHee CYIIeCTBOBaHME A AUCKDETHHX
naTeH Ha JAeTeKTHpYIOlleM SKpaHe HeJb3s NMOHSATH, ecaH He AOMY-
CTHTb, YTO HEKOTODHE BeJUUYHHBI, XapaKTepu3yiolllHe BHYTPeHHHC
JIBUKEHHS B aToMe, KBaHTywTcH. JlefiCTBHTENBHO, eCc/H JBHIKEHHE
HeHTpa Macc CJAefyeT 3aKOHaM KJacCHYeCKOH MeXaHHKH, TO Tpaek-
TOPHSt aTOMa MOJHOCTBIO OmpefensieTcd ero AMHAMHYECKHM COCTOR-
HHeM Ha BXojJe B 06JacTh, rjae AeficTByeT MarHuTHoe noJe. Ilossie-
HHe pAAa AMCKPEeTHHIX NATEeH Ha 5KpaHe OTpaxKaeT TOT (AKT, uTO
aTOMH He HaXOAATCH B OJHMHAKOBHIX HAUAJbHHIX COCTORHHAX, a CTa-
THCTHUECKH pachpefefieHH N0 A pa3JHYHHIM JHCKPETHHIM COCTOf-
HusaM. FlHaue roBops, HEKOTOpHie AMHAMHKUECKHE NepeMeHHBIe aTOMa
kBaHTYyIoTC?. HO DOCKONBKY aToMbl BCe MPAKTHYECKH HAXOAATCA
B OCHOBHOM COCTOSIHMM (B MDOTHBHOM CJydae OHH H3JydaJH Obl),
JeJI0 He MOXeET #ATH O KBaHTOBaHuM 3Hepruu. [lanee, HabGaionae-
Mblif Ha 3KpaHe 2¢¢eKrT cBsg3aH C HANpaBJeHHeM OTHOCHTEJbHO
MArgMTHOrO  TOJsA, NO3TOMY  JAMHaMHYecKas  IepeMeHHad,
nojBepKeHHAs KBAHTOBAaHMIO, JOJKHA 3aBHCETb OT OPHEHTALHH
aroma.

TTomumo onnita IlltepHa u [epnaxa, H3BeCTHO MHOro APYrux
nposiBJeHu#l IPOCTPAHCTBEHHOr0 KBaHTOBaHHA. OTMeTHM, B 4acTHO-
cTh, Tak HasuiBaeMblil a3 ekt 3eemana (1896 r.), o KOTOPOM HaM
ellle IPUAETCS TOBOPUTh. Bee 5T ABJIeHHS uMeloT OJHO obuiee mpo-
UCXOXKJCHHE — KBAHTOBAHME MOMEHTa KOJHYECTBA JBIXKeHHSA. DTO
OyeT MOKa3aHO B Ja/bHeHlIeM NMPH H3JOXKEHHH Pe3y/bTaTOB KBaH-
TOBOH MeXaHHKH.

Pasnean IV. MPUHIUHUIN COOTBETCTBHA H CTAPAA
KBAHTOBASI TEOPHS

§ 11. HenoCTaTOYHOCTh KJACCHYECKOH KOPIYCKYJNAPHOH TeopHH

" KsaHTOBaHHe HEKOTOPHIX (H3HUECKHX BeJHUHH —H 5TO cjaejyer
0cOBGeHHO NOAYEepKHYTb — eCTh SKCIepHMeHTaNbHEIA (aKT, coBep-
HIeHHO HECOBMECTHMBIA ¢ KJIacCUYeCKOH KOPHYCKYJSAPHOH Teopueil
BelllecTBAa. Tak, SHeprus CHCTEMH KJACCHYECKHX KOPHYCKYJa ecTh
Mo caMOM CYTH CBOeH BeJMUHHA, H3MeHAIOmAasAcA HempepeBHO. Kak
66l MBI HY MEHSJH 33KOHH B3auMONeACTBHSA, Kak OB HM BHIOHpaA/H
JMHaMHUYecKHe TepeMeHHEle, 5TO OCHOBHOe IOJIOXKEHHe HeJb3s H3-
MEHHTh: TOT (DAKT, 9TO HEPrust cUCTeMbl YACTHI, MOXKET IPHHHMATh
TOJLKO PAA OHpejeseHHBIX AHCKPETHHX 3Ha4yeHHH, ecTb pe3yJib-
TaT, BHIXOAAIMA 32 PaMKH KJacCHYeCKOH MexaHuku. To XKe 3a-
MeyaHHe MOXKHO C/es1aThb OTHOCHTeJbHO Ji060# KBAHTOBAHHOH Be-
JIHUHHH,
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B CcOOTBeTCTBHM C STHM U U3MEHEHUEe 80 8peMerl K8AHTOBAHNOU
eeausuHbl He MoceT ObiTo ONUCAHO 8 CTPO2O KAACCUHMECKUX NOHSA-
Tusix. PaccMoTpuM npHuMep aroMa, NepBOHAYAJbHO HaXOAsMierocd
B NepBOM BO3OYXKAEHHOM cocTosHuM E;, a 3aTeM HCIOYCKAaIIEro
$OTOH H NepexoAfliero B OCHOBHOe cocTosiHue. Eciu, monbsysachk
A3BIKOM KJIACCHUECKOH TeOpHH, MHE OyJeM IHTAThCA OMHCAThL H3Me-
HeHMe SHepPTHM TAKOro aToMa BO BpeMeHH, TO IpuIeTcs CAeNaTh
3aK/JI0uUeHHe, UYTO B HEeKOTODHIH MOMEHT SHeprus ckaukoob6pasHo
usmensiercs ot Ey g0 Ey, MOCKOJBKY BCAKOe HelpepHIBHOE H3MeHe-
Hue 3Hepruu samnpemieno. OAHAKO Heab3s IpeJCcKasaTh, B KakoOi
HMEeHHO MOMEHT BpeMeHH NpOU30HAeT 3TOT CKAYKOOOpasHbIA mHepe-
X0A. JleHcTBUTENBLHO, eciin JuHanuyeckoe COCTOARUE aTOMA OCTALTCS
CTpO2O HeusMmerHbiM B TeueHHe BCEro BpEMeHH, NPelIeCTBYIOLUIEro
CKauKy, TO HeT HHKAKHX OCHOBAHHH yTBepxKJaThb, UTO CKAa4OK HPO-
H30fJeT MMEHHO B JAaHHBIA, a He B JIOOOH MOCHEAyIOUIUI MOMENT
BpeMeHH. MOXHO roBOPHTb TOJNBKO O BePOSTHOCTH (B elMHHIY Bpe-
MEHH) TOro, YTO CKa4OK BoOOule npousoHieT. Kmaccuueckas ¢u-
3¥Ka, cJeA0BaTeIbHO, HecllocOOHA afeKBAaTHO ONMMCaTh TaKYlo CHTya-
LHI0; CaMO NpejcTaBJeHHe O cKauke, IPOHCXOAAIIEM B TOUHO Ompe-
IeJeHHHId MOMEHT BPEMeHH, OKa3niBaeTcd HeKOPPeKTHHM. Mul He
MOXKeM pacCMaTpHUBATbh SHEPrHI0 CHCTEMHl KaK BIOJIHe OnpefesieH-
HyI0 (GYHKIMIO BpeMeHu. EXuHCTBeHHOe, 9TO MOXKHO OIpeJesHTh —
9TO BepOATHOCTb TOro, 4TO aTOM, [E€PBOHAYaJbLHO HAXOAMBIHHHACA
B BO30YKJAEHHOM COCTOSHHH, B HEKOTODHIA 3aJaHHHEIA NOCJAeAYIOUIHH
MOMEHT BpPEMEHH OKaXerTcs B OCHOBHOM cOCTOSHHHM., Kak Mu yBu-
IUM faliee, YHCJIO ATOMOB, OCTAIOIIUXCH B BO3OYKIEHHOM COCTOS-
HHM — DOAOOHO HUHCAY HepacHaBLIXXCS pPaJHOAKTHBHHIX sjaep —
YMeHBIIAETCS 10 3KCMNOHEHIIHAJbHOMY 3aKOHY, XapaKTepHCTHUeCKas
NOCTOSIHHAS KOTOPOrO paBHA BePOATHOCTH Iepexoja B eJHHUIY
BPEMEHH HJIH, UTO 1O CYIIeCTBY OAHO H TO e, oOpaTHOH BeHdHHE
CpelHero BpeMeHH JKH3HH BO306YKAeHHOIO COCTOSHUS.

Tak BosHHkJIa NpobjeMa BKAKYEHHUS BHOBb OTKPHITHX BJeHUH
KBaHTOBAHUA (U3HIeCKHX BeJHUHH (IEeHOR OTKa3a OT HEKOTOPHhIX
KJaccuYeCKUX KOHIeNNHH) B HEKYI0 CONIACOBAHHYIO TEOPHIO CTpoe-
HHM# BellleCTBa, KOTOpas MO3BoJMJAa GH BLIUHCIATL TOUHbIE 3HAUYCHHUSA
KBAaHTOBaHHHIX BeJIMUHH, a TaKxe KOJHYEeCTBEHHO ONHUCHBATbL pas-
JHYHHE BO3MOXXHHE IIepeXojibl, HalpHMep, BHYHCIHTL CpelHee
BpeMst KH3HH BO36YXJEHHOTO COCTOSIHHSE aTOMa, KoTopoe Obljio
yIIOMAHYTO BHILe. Dta nporpaMma Obijla HOJHOCTHIO OCYILECTBJIeHA
TOJIbKO HOCJE CO3JaHUd KBAHTOBOH MEeXaHMKH B ee COBPEMEHHOH
dopme. Onnaxko eme panee Bop u ero mkosna (Kpamepc, 3ommep-
¢enba) cosmaau HepBH HaOPOCOK KBAHTOBOH TeOPHH, CHOCOGHOM,
B YACTHOCTH, TIPABUJIbHO IIpeJCKasbiBaTh CHEKTPaJbHHIE TEPMEI BO-
JOpPOJonog00HEX aTOMOB. HecMOTps Ha MHOrHe NPUHIHIHAJbHBIE
TPYAHOCTH W OTPAaHHYEHHOCTb STOH CTapOH KBAHTOBOH TeOPHH, NO-
JIe3HO 3HATh e OCHOBHBHIE NMOJOXEeHHSA, YTOOH JYyllle DOHATb NOC/HE~
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Iyoluee passurue Teopuu. Kpome 10ro, B cTapoii KBAHTOBOH TeopuH
OB BIEPBHE HCHOJb30BAH BaKHEIA SBPUCTHYECKUH OPHHIMIO, WI-
pasumii 6OMBLIYI0 POJb B Da3BHTHH KBAaHTOBOH MEXaHHKH, a HMEH-
HO — NPHHIKO COOTBeTCTBUA. EMy OyAeT yaeneHO OCHOBHOe BHH-
MaHWe B NOCAeAYIOLLeM H3JOMXKEHHH pe3yJbTaTOB CTapofi KBaH-
toBOH Teopuu. OHa Oblia JAOHOJIHEHA MOJYKJACCHUeCKOH Teopuei
B3auMOJEHCTBUS MEXJY CBETOM M BelIeCTBOM, TAKKe OCHOBaHHOH
Ha NPHHIMIE COOTBETCTBHA, HO B AAHHOM KHure MH He OyleM Ka-
caThcs 9TOrO Bompoca '2).

§ 12. ApHHUMN COOTBETCTBHA

Ilpusuun coorBercTBus O®T chopMynaupoBaH Bopom TOJNBKO
B 1923 r. %), HO oH ABHJCSH pPYKOBOIfIeH Haeell BO BCeX ero mpej-
HIecTBYIOLIUX paGoTax. DTOT NPHUHIMN HO3BOJISIET BHIICHUTH, B Ka-
KOf Mepe NMOHATHS M Pe3yNbTATH KJAaCCHYECKOA MeXaHHKH MOTYT
IOMOYb B NOCTPOEHHH H MHTEPIpETALHH NPABUALHON TEOPHH.

Mul yxe ofcy:xaany paHee, IPH BBeJeHHMH CBETOBHIX KBaHTOB,
00/1aCTh NPUMEHHMOCTH KJjaccHuecKOH TeopuHu u3ayderus. To, uro
Torja GBLJIO CKa3aHO, CIPaBelJIMBO IO OTHOIIEHHIO KO BCel KJaccH-
yeckoli Teopuu B 1esioM. OHA KOppPeKTHO OObACHAET OYeHb GOMBIION
Auamnas3oH ¢GusnieckuX sABJEHHH KAK B MaKPOCKOINHYeCKOH o06/acTH,
TaK M B HEKOTOPHIX CAyuasx B 00JacTH MHUKPOCKONAUECKOH; OTMe-
THM CpPeiiu MoCJefAHHX JBHAKeHHe 3JeKTPOHOB B NOCTOSIHHEIX 3JIEKT-
PHUECKMX W MArHHTHBIX NOJSAX, TelJIOBOe JABHKEeHHe aTOMOB H MO-
JieKyJa B rase u T. A. ['1aBHas TPYAHOCTb, ¢ KOTOPOH CTAJTKHBAETCS
KJaccHuecKas Teopus HAa MHKDOCKONHYECKOM ypOBHE, COCTOHT B Xa-
PAKTEPHHX SABJEHHAX NAUCKPETHOCTH W PAa3pLIBHOCTH 3HAueHu#H Gu-
3U4EeCKHX BeJHYHH.

MOXKHO NDOSTOMY CUMTATh YCTAHOBJIEHHHIM, 4TO KAQACCUHECKAA
TeOPUs «MAKPOCKONUYECKU KOPPEeKTHA», T. e, OHA NPABUJILHO OMNH-
coiBaeT (HM3HYeCKHe SABJIEHHS B TOM IpeleIbHOM cCiydae, Korja
KBAHTOBHIE CKA4KH MOTYT CYHTAThbCAd NpeHeOpPE:KUMO MaJjiHMH; BO
BCeX 9THX CJAY4afX IHpPeJCKa3aHH HCTUHHOH TEODHUH JOJIKHEI COB-
najaTh ¢ pe3yJbTaTaMH KJAcCCHUECKOH TeopHu. DTO OueHb BaxKHOe
OrpaHMuMBaloOlllee yCJOBHE, KOTOPOMY JAOJKHA MOJUHHATbCA KBaH-
ToBas Teopud. MoxHO Gosiee KpaTko chOPMY/JHpPOBATH AaHHOE Tpe-
GoBaHHe, CKa3aB, YTO ACUMATOTUHECKU 8 npedese GOAbULUX K8AHTO-
8bLX HUCeA Pe3yAbTATb. KBAHTOB0L U KAGCCU4eCKOl Teopul O0AINCHbE
coenadars.

12) Cm. L. de Broglie, Le principe de correspondance et les interactions
entre matiére et rayonnement, Actualités Scientifiques et Industrielles, Hermann
(1938).

18) N. Bohr, Zeitsch. f. Phys. 13, 117 (1923).



40 I'JI. 1. UICTOKH KBAHTOBOM TEOPUH

Jna BHINOMHEHHS 3TOro YCJHOBHS MBI HCXOAHM H3 Cyujecrsosa-
HUS (hopmasbHOL anaro2uL MeHdy K8AHTOB0U U Kaaccuueckod Teo-
pusmu; 3T0 «COOTBETCTBHE» HPOC/JEKHBAETCH BIJIOTh MO CAMHIX TOH-
KHX JeTrajedl B MOXKeT CJIYXKHUTb PYKOBOIALleHd HAeeHd NPH HCTOJKO-
BaHHM pe3yJbTATOB HOBOH TEOpHH.

§ 13. INpumeHeHHe NPUHIHIA COOTBETCTBHUS
NpH BLIYHCAEHHH NocTosHHO# Puabepra

IMposepum, uto BHpaxkeHue (7) [Js YpOBHeH SHEPrHH aTOMa
BOJOpPOJA cOrjacyeTcd ¢ NPHHIMIOM COOTBETCTBHS, H IOKaxKeM,
4TO IPHMMeHeHHe 3TOTO NPHHIMNA [O3BOJAET OAHO3HAUHO NMOJYUYHThH
4yucJeHHOe 3HadeHHe NMOCTOAHHOHR R, Bxoasuiefi B 3Ty GopMyay.

CornacHo kmaaccuyeckoit Teopud Pesepdopra atom Bojgoposna
COCTOHT M3 OHOTO 2JeKTPOHA U OJHOTO IPOTOHA, B3aHMOJAEHCTBYIO-
mux o sakouy Kymona (motesuman —e?/r). B cooTBeTcTBuM ¢ 3a-
konamu Kemnepa, KOTOphle MB INpe[noJjiaraeM H3BeCTHHIMH YHTa-
TeJI0, JMEeKTPOH ABHKETCH IO 3JIHNTHUYeCKO# OpOHTe, B OAHOM u3
($OKYCOB KOTOPOH HaXOAUTCA NPOTOH (ME NpeamoJaraeM ero Gecko-
HeuHO TaxKeauM). Kaxknoh opOuTe COOTBETCTBYeT HEKOTOpDOe 3Ha-
uyeHue sdeprin £ (<<0) M HEeKOTOpasg 4aCTOTA Vkx JBHIKEHHS JeK-
TPOHa N0 OpOuTe. DTH BeJHUMHH 3aBHCAT TOJBKO OT pasMepoB
GOJIBLIONR OCH SJJIMICA H CBSI3aHBI MeXXAYy cOOOH COOTHOLLIeHHeM

1 3\
Ve (B)= oz (L), ®)
rie m-— Macca 3JeKTpoHa.

TIpu cBoeM JABHXKEHHH SJEKTPOH HCIYCKAaeT 3JeKTPOMAarHuTHOS
HaJayuenue B GopMe CynepnosuIHH MOHOXPOMATHUECKHX BOJH C dac-
TOTAMH Vxpx M KDPATHBIMH TapMOHHKaMM, MPHYEM UHCJAO BBICUINX
rapMoOHHK TeM OoJjblie, 9eM OoJbllie SKCIEHTPHCUTET SJLTHITHYE-
cKOH OpOuTH. DTO H3MyUeHWe MPOMCXOAHT HENPEPHBHO H CONPO-
BOXKJA4eTCs HelpPEepbiBHHM YMeHblIeHHeM dHepruu E.

drta KapTHHA AOMKHA OHITH CONOCTaBJeHa CO CKAYKOOOpPasHHM
IpOLEeCcCcOM IOTEePH 3HEPrHH 3JIeKTPOHOM, INPeACKAa3hBAEMBIM Teo-

pueit Bopa. IIpu odenp GOJMBUIMX 7 PACCTOSAHHE MeXAY YPOBHAMHU
dE 2RA
SHePrHH TNPONOPLHOHATBHO —— = —3
XOJ0B, Korjia OTHOCHTE/JILHOE H3MeHeHHE KBAHTOBOro uucaa Anjn
OuyeHb Maal, M3NydaeMmas 4acTOTa, KAK H B KJACCHUECKOH TEeOpHH,
ecTb rapMoHuka (mopsaxa An— 1) HeKOTOpOH OCHOBHOH YacTOTHI
R [En P\
VKBz2F=2(Rh3) . 9)
B npepmenbHOM cayiae 60JbLIMX 7 3Heprus E, H3MeHSAeTCS NpaKTH-
YyecKH HeNpepLIBHO NyTeM MHOTOUMC/IEHHBIX MeJKHMX CKa4KOB, TakK
4TO0 CHEKTP HCHYCKaeMBIX 4acTOT (TOYHee, HM3KOYACTOTHast 4acCThb

y AJIst BCeX OINTHYECKHX Mepe-
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STOrO CIEKTPa, COOTBETCTBYIOIas Hanbosee MajJbiM KBAaHTaM DHeED-
rAM) JOJXKeH [0 NPHHUMIY COOTBETCTBHSI COBNAAATh C KJ/accHde-
cguM cnektpoM. MHaue rosops,
Vs ~ Vix (E). (10)
n—>oo
CpasHenne Boipaxenuit (8) u (9) NoOKaseiBaeT, 4TO 3TO YCJOBHE
BHIIOJIHAETCS, eCJIH IPHHATD
2 4
R=222e (11)
AKcnepuMeHTaJbHOe 3HAueHHe R H3BeCTHO ¢ 00JbIUOA TOYHOCTHIO
(=~10-%). Teoperuueckoe 3Hauenue (11) coraacyercs ¢ HAM C TOU-
Hocteio Ao 10~% BDro oaun u3 Haubojee [PKHX YCIEXOB TeOPHH
Bopa 14).
dTH pacCyxjeHHs HETPYJHO DAacIPOCTPaHHTh HA CJyyall BOJO-
POAONONOOHEIX aTOMOB, COCTOSILIMX M3 3JEKTPOHA H siapa 3apsaa
Ze, B 4aCTHOCTH, HOHA aTtoma reausi (Z = 2). JlocTaTo4HO BO BCEX
dopmyaax zameHutb €2 Ha Ze?. TeopeTuuecku MHOJNYYEHHHE TEPMH
Het ¢ Toft e yAMBHTEJIbHON TOUHOCTBIO mopsiika 10—* cosmanamoT
¢ HabniofaeMbIMHi 3KCIEepHMeHTaabHO.

§ 14. JlarpaHxkeBa U raMHJIbTOHOBA YOPMBI ypaBHEHHH
KJIACCHYECKOH MEXaHHKH

HUmMes B Buay AadpHefilllee o6CyXJeHHe GopMaJbHOrO COOTBET-
CTBHS MEXJY KBAHTOBOH M KJacCHYecKOl TEeopHAMH, IOJe3HO Ha-
[IOMHHTh HEKOTOPHE pe3yJ/bTaTh KJacCHUeCKOH aHaJHTHYeCKOH Me-
XaHHKH.

B camom ofileM cyuae AHHaMHYECKOe COCTOSTHHE KJacCHUeCKOH
CHCTEMBl ONpefie/isercsi NepeMeHHBIME NOJOXKeHHud, T. e. oboluleH-
HbIMM KOODJIMHATAMH §1, {2, ..., {r, ¥ TepEeMEHHHEIMH CKOPOCTH,
T. e. IPOU3BOJHBIMA IO BpeMeHH 00OOIEeHHHX KOOPAHHAT g1, G2, . -.

., g, YACJIO CTeneHell cBOGOAH CHCTeMHB 0G03HaunM OyKBOH R '%).
Ecau MBI HMeeM JeJI0 C CHCTEMOH H3 1 YacCTHIl, TO B KayeCTBe Iepe-
MEHHBIX [OJIOXEeHHS MOXKHO BHOpaTh 3n JeKapTOBHIX KOOpauHAT
9THX YaCTHI, HO BCe MOC/eAyiollee CpaBeiJuBO H IPH JAPYroM BHI-

14) Uro6pl npeTeHAOBATb HA COBNAJIEHHE C IKCHEPHMEHTAJNBHBIM 3HAUeHHEM
CTOJb BHICOKOH TOYHOCTH, HEOOGXOAHMMO ydecTb, YTO Macca HpoToHa M ua caMoMm
flefle HMeeT KoueyHoe sHadveHwe. [las storo caexyer B topmyne (11) samenuTs
Maccy m na npuBefexnyilo maccy m’ = mM/(m + M), VuuteiBas 3Ty nompasxy
(2~ 5-10—%), nomygaem, UTO TeOPeTHYECKOe 3HAYeHHe R HECKOAbKO MeHbille 3KC-
NepHMEHTAMBHOTO. DTO Pas/iHuHe HMeeT DENATHBHCTCKYIO NPHPOAY, YTO HAa [1PaK-
THKe BHIPAXKA€TCsl HEKOTOPHIM YBeJIHYEHHEM MacChl m'.

15} Mp 3gech paccMaTpHBAeM TOJBKO cHCTeMbl Ges cBssefl, HHaue roBops,
nepeMeHHBle § MOTYT H3MEHSTbCs 0e3 BCAKHX OrpasHuYeHHH HE3aBHCHMO Jpyr
OT Opyra.
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6ope xoopauHaT. IlosoKeHHe CHCTEMH B KaXXAHH MOMEHT BpeMeHH
MoXeT GHTbH NpelACTaBJeHO B R-MepHOM KOHQuzypayuoHHom npo-
cTparcrTée Toukoil M, HMewollell KOOPAMHATH §1, §o, -.., ¢r. 3a-
Jauell KJaccuuyecKo#l MeXaHHKH sBJseTcs HaXOXKAeHHE 3aKOHOB
9BOJIIOIUA CHCTEMBl BO BpPEMeHHM HWJH, eClH yrogHo, 3aKOHOB [BH-
JKeHHst ToUKd M B KOHOHIYpauMOHHOM NPOCTPAaHCTBe.

JJas oueHb O6OJBLIOTO YHCJAA JAHHAMHYECKHX CHCTEM — TOJIBKO
ux MBl U OyfeM 3Jech pacCMaTPHBAThb — 3aKOHB! JBHXKEHHS MOXKHO
HalkcaTh, BBOJAS HEKOTOPYH (YHKIHIO, XapaKTepHU3YIOLLYI0 €HCTe-
My, — ¢yHakuuio Jlarpanxa:

LEL(‘]I, Q2, ey q}?; q‘h q21 o0y qR; t)'

Koopannarw ¢ ynomjaerBopsitor JuddepennualbHblM ypaBHe-
HHUSIM BTOpOro mopsijika (ypaBHeHusiM Jlarpamnixa):

d oL oL __ -
- E;';)_ 5o =0  (r=1,2..., R).

BeJuunHn
oL
gr
Ha3HBaTCa 0000uwennbiImu umnyavcamy Jlazpanxca. B toMm caydae,
KOTAa ¢, eCTh OAHA M3 JEKapTOBHIX KOODAHHAT YaCTHLH C MACCOH m,
a CHJIBl TOJYYalTcsh M3 CTAaTHYECKOTO INOTeHnuajla, BeJWYHHA p,
€CTh COOTBETCTBYIOIAask KOMIIOHEHTa KOJHUYeCTBAa [BHXKEHHS 3TOM
YacTHIB pr = mg.
3aKoHE! ABMMKEHHS MOryT OBIThb TaKKe BblpaxeHH B ¢opMe Ba-
pHalMoHHOro NpuHUMNA. JleHCTBHTeJbHO, cHCTeMa YpaBHeHHH Jla-
rpaHXxa SKBHBAJEHTHA RpUHyuny Haumenvuiezo deicreus {(Monep-
TIOH — ['aMHJIBTOH)
f,
8 S Ldi=0, 8M(t)=8M (t,) =0, (12)
2

CMBICJT KOTOPOrO COCTOMT B CJedyiolleM: H3 BCeX 3aKOHOB JBHXKe-
Hus M (f), NO3BOJIAIOUINX CHCTeMe NepelTH 3 MoJoxeHnns M; B Mo-
MeHT BpeMeHH f, B NoJoKeHHe M; B MOMeHT BPeMeHHM fy, B Jeli-
CTBHTEJNbHOCTH Peayu3yercst TOT, KOTOPHH COOTBETCTBYeT MHHHMYMY
2
HHTerpaJa S L dt.
£
Jpyroii upesBHualiHO NoJe3HOf GOPMOf BLIPaXKEHHS 3aKOHOB
KJNacCHuecKoll MeXaHWKH SBJsieTcs KaHoHudeckas gopma Iamure-
ToHa. 3aMeTHM, 4YTO JAUHAMHUECKOE COCTOSHHE KJACCHYECKOH CH-
CTeMbl B NAaHHBIH MOMEHT BPeMeHH NOJIHOCTBIO ONpefensiercd 3ajaa-
HueM ee R 0600lIeHHBIX KOOpAWHAT {1, §2, ..., g U R 00600-
IIEHHBX HMIYJBbCOB pPi, P2, ..., Pr. YAOOHO BBECTH IPOCTPAHCTBO
2R u3MepeHHNH, TaKk HasblBaeMoe (a3080e NPOCTPAHCTBO, TAe AHHA-

r
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MHYECKOe COCTOsiHHe NpeJCTaBJsercss TOYKol P ¢ KoopJaHHaraMu ¢
H p. Ecan onpenenuts dpyukuuio Famuasrona ¢opmyaoft

R
. 0L
HEH(ql, vees Gps Pty oo o5 Prs t)=zqr5q—r—l‘, (13)

r=1

TO ypaBHEHHUs JBHXKEHHS 3aNHCHBAIOTC B KaHOHHYeCKOH dopme:

. H . oH

G, = 3p,' pr=—gr (=12 ..., R (14)
dto nubdepeHnHasbHEe ypaBHEHHS NepPBOro MNOpaAKa. 3afaHus
KOOPAMHAT M HMIYJbCOB B HaYaJbHBII MOMEHT BpeMeHH JaocTa-
TOYHO JJISl ONpeJeseHHs ¥X 3HaueHWH B J0GOH NocaeAywoHi Mo-
MeHT BpemeHH. Takum oOpa3om, ecju H He 3aBHCHT ABHO OT Bpe-
MeHH, TO Yepe3 KaxJylo ToukKy P ¢dasoBoro mpocrpaHcrsa mpoxo-
JUAT OlHA ¥ TOJIbKO OJHA TPAeKTOPHS, NPeAcTaBAAomas BO3MOKHOE
ABHIKEHHE CHCTEMBL.

B oOnluHom cayuae L mnpexacrasiasier co0OH pasHOCTb MEXKAY
KuHeTHuecKofi 3Hepruefit T (siBadwoouefica xBajapaTuuyHol ¢yHK-
uuel ¢) W noreHnuasdnpHod nepruert V; dyukuns H =T 4 V ectb
NoJHAsl SHePrHs CHCTeMBbl, NPejACTaB/eHHAst KaK (DYHKIMS ¢ H p.
Opnnako ¢opmanusm Jlarpanxka u ['aMuipToHa NpHMEHHM NpH
OTHCAaHUH CaMOro HIMPOKOTro KJjacca JUHAMHUYECKHX CHCTeM (CM. 3a-
Jauy 4). Bo Bcex cayuyasx MOXKHO paccMaTtpuBaTh H Kak MOJIHYIO
3Hepruio cucTeMs. M3 ypasHenn#i TamuibroHa caexyer, uro
H = dH|dt = 0H/dt; ato 3Hauut, 4To eciu ¢yHkuusi [aMuILTOHA
He 3aBHCHT OT BPeMeHH SBHO, TO NOJHAas PHEPTHsl CHCTEMBHl eCThb
HHTerpaJ JBWKeHHsi. TakHe CHCTeMB Ha3HBAaKOTCA KOHcepBa-
THBHBIMH.

B KkauecTse mnpuMepa PaCCMOTPHM 3JIEKTPOH B KYJOHOBCKOM
noJje npoToHa (IpeanoJaraemoro OeckKoneuno taxeabm). [lycts
r{x,y,2) ecTb paauyc-BeKTOP 3JeKTPOHa B CHCTeMe KOOPAMHAT
€ HavaJoM B TOUKe, I'le HaXOAUTCH NPOTOH, v == dr/df — CKOpoOCTb,
p{px, py, pz) — AMIyJbC 3JeKrpoHa. Pynkuus Jlarpanxa ecrb

1 b} 32

OG6oOmeHHHH UMIYJIbe 3JeKTPOHA HMeeT KOMIOHEHTH px = OL/0vy,
py=0L/0v,, p:=0L/0v,, KOTOpHE PABHE COCTABJSIOILHM €ro Ko-
aunuectBa aBmKeHus. M3 ¢oynkuuu 'amwibtoHa

noJgyudaeM ypaBHEHHSA amuaprona

dr _ p dp __ é? 9 T
U= m ar—gradT=—e5



44 TJi. 1. UICTOKH KBAHTOBOF TEOPUH

IMosb3ysicb 3TUMH ypaBHEHHSMH, JerKo IPOBEpPHTb, YTO MOMEHT
HMIyJabca (KosuuecTBa ABHXKeHus1) [ = [rp] siBAsieTcs mHTerpaJsom
aeuxkeuusi: dljdi = 0 (uro ABAsSETCA CJIEACTBHEM LEHTPAJbHO-CHM-
MEeTPHYHOrO XapakTepa MOTeHHHaAa —e?/r) W YTO TPAeKTOPHsI 3JeK-
TPOHa JIEXHT B IJIOCKOCTH, MpOXoAsliell uepe3 HayaJdo KOOPAHHAT
¥ NepneHJUKyJIsPHOR NOCTOAHHOMY BekTopy L

AHanoru4yHo MOXHO NOJYYHTb YPaBHEHHS ABHUKEHHsS, UCTOJb3YS
BCAKYIO JpYyrylo cHcTeMy KoopAuHaT. [lis TpaekTopu#, pacroJo-
XKEeHHBIX B IIOCKOCTH xy (2==2=0), B NOJSIPHEIX KOOpJHHa<
Tax noJayyaeM (x = rcos@, y = rsing)

2
L=3[+ 01+ %, pr=mi, py=mrp,
1 pﬁ,) &
H=‘27;(P?+7 —7

OTKyJa CAeAYIOT ypaBHEHHUSA T'amuabroHa:

. . Po
p‘P=O’ Q= Pyl
(15)
A
pPr= mrs 12! r=_m—’

Pe PAaBHO alCOJNIOTHOH BeJHUHHe MOMEHTA KOJHUECTBA JBHXKEHHS:
9TO NeHCTBUTENbHO MHTErpajy ABHIKEHHS.

§ 15. Mpasuaa kBantTosanns Bopa — 3ommepdeanna

Crapass KBaHTOBasi TeOpHfi 1O CYWEeCTBY IIpeJcTaBJseT CoGoH
oOIKA MeToJ BBIYKCJASHHS KBAHTOBAHHHIX BEJWUYHH, OCHOBAHHBIA
Ha mnocTyJaTaXx Bopa u npunnume coorsBercrBus, [Ipomeaypa ta-
KOBa: NpejnoJaraeTcs, YTO CACTEMH MaTepHaJbHHX YacCTHI, NOXYK-
HAIOTCS 3aKOHAM KJacCHYecKO# MeXaHHKH; MOCTYJHpPYeTCH, UTO M3
BCEX BO3MOXKHHX pellleHHH YpaBHEHHA ABHXKEHMS JOJXKHH OBiTh
OoTOGpaHH TOJBKO T€, KOTOpLIe YAOBJETBOPAIOT HEKOTOPDHM IpaBu-
JgaM, BBoAuMBIM ad hoc. Ilpoucxonur oTOop HEKOTOPOTO AHCKpeT-
HOTO CeMeHCTBa [BMIKEHUH, NIpUYeM COTrJIacHO THHoTE3e TOJBKO 3TH
JIBHXKEHHUSI H MOT'YT peaJ/iH30BaThCs Ha NpakTHKe. Kaxnaomy us Bos-
MOMKHHIX [BHKEHHH COOTBETCTBYeT ollpefiejeHHOe 3HaUYeHHE 3IHep-
I'HH; TUCKPETHHIA psj MoJyuaeMEIX 3HAaUeHHH SHEpPruu npejcrasiser
coBoit CIIEKTp KBaHTOBaHHBIX HEPreTHYECKUX ypoBHeH. AHaJOrnuHO
NOJIyYaloT JMCKPETHHA CEKTP paspelleHHHIX 3HauUeHHH Aad Joboro
JIPYroro uHTerpaJja ABHXKeHHS.

Onpenesnenne «NOpaBuj KBAHTOBAHMA» €CThb IEHTpasJbHas HpoOb-
JeMa crapoii xksaHToBoH Teopuu. OHa pelllaeTcs IO CYyLIeCTBY Ha
OCHOBE HHTYHMUHH: CHayaja [OCTYJHPYIOTCa IpaBuia, a 3aTeM
CIEeKTPH KBAaHTOBaHHBIX (U3MUECKHX BeJHYHH, CJelyIOiHe W3 ITHX
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NpaBuJ, CPABHHUBAIOTCH C DKCIEePUMeHTaJbHHIMH 3HaueHusiMu. [Ipm
ITOM BaXXHYI0 POJIb MrpaeT NPHHIHI COOTBETCTBHSA.

CymecTByeT OueHb MpocCTast CHTyallus, Korja 3TOT TNPHHIHUI
no3BoJisieT (e3 Tpy/Jda INOJYYHTH HCKOMBIH pe3yJabTaT: 3TO CJayyai,
KOrja KJaCCHYeCKO€ JBHIXKEHHE fBJAETCS IePHOAMYECKHM, NpHUEM
yacroTa ecTb QYHKHHS OJHOH TOJbKO YHEPrHH

Ven = Vka (E)

HMMenHo 3Ta CHTyauus peajuayercs B aToMe Bofopoia (cM. ypas-
nenne (8)). Ilycty Ey, Es, ..., E, ecTb nocJefoBaTe bHOCTb KBaH-
TOBAHHHIX 3HAueHuil 3Hepruu. MoXKHO CUHWTaTh, YTO 3HEPrHs CH-
cTeMbl ecTb HenpepwiBHas ¢yukuus E(n) ksaHTOBOro 4ucjla 1,
TaK YTO AMCKPETHOCTh 3HAUEHHH DHEPTHU SBJSETCH CJeACTBHEM
JHCKPETHOCTH 3HaueHH#l apryMmenta n. [loBTopsiga pacCyxXiaeHud
§ 13, kacaloinyecsi BHUHCJIeHHsT NOCTOSIHHOR Puabdepra, MoXHO IO-
JYUYUTH COOTHOLUIEHHEe COOTBETCTBHS MeKay KJacCHUecKoH H KBaH-
TOBOI YacTotraMu (cM. ypaBHenue (10))

1 dE
B an n:oo Via (E)7

OTKyJZa noaydyaeTcss NpaBHJO KBAHTOBAHHS
B

S 9E _ _ nh -+ const,

Vi (E)

cnpaBedJsinBoe AJs Goablux 3HaueHu#l n. EcTecTBeHHO pacmpocTpa-
HHTH 3TO MPaBHJO Ha Bce 3HAYECHMS N U MOJOKHTH

B

dE
S m=nh (n=1,2, ceey OO) (16)
min

(Emin— eCcTb MHHHMaJbHOE- 3HAUEHHEe SHEePrud KJAacCHUYeCKOH CH-
creMl). B ciayuae aToma BOJOPOAA 3TO NPABWJIO KBAHTOBAHHS
BHOBb NPUBOAXT K dopmyse Banpmepa.

DTo NpaBW/Io NMPUMEHAETCS TaKXKe H K NepUOJHUeCKHM CHCTe-
MaM ¢ OoJHO#l cremeHbio cBoGoakl. B aTOM ciyyae ero MoOKHO BHIpa-
aurh B ¢opMe, OoJsee yrobHol Masa oboOwenuil. [lycts ¢ ecTh
KOOp/JHHATa MOJIOKEHUsl TAKOH CHUCTeMH, p — ee HMIyJbe, H (g, p)—
nojHas >3Heprusa. Pa3oBoe NPOCTPAHCTBO HMeeT JBa H3MepeHHR,
4 TepHOAMYECKOe JBMIKeHHe IPelACTaBJeHO 3aMKHYTHIMH KPHBHIMH
H(g,p)=const B »3ToM mpocrpanctee!®). MoxHo mOKa3aTh,

16) Ecan ¢ ecTh mHKJIHYeCKas NepeMeHHas (HaNpHMep, YIJIOBas NepeMeHHasn),
HHAaYe TOBOPSA, eCH 3HaueHHs ¢, OTVIHYAIOIIHECH HA [eJEle 3HAUeHHs HEKOTOPOro
nepuoja Q, NPeACTaBAAIOT OJAMHAKOBHE KOHMHUIYDAIMH CHCTEMH, TO NepHOAHYE-
CKOe [BHIKEHHE NpeACTaBJiseTcs B ($asoBOM NPOCTPaHCTBe He 3aMKHYTOH KpuBoH,
a KpHBOH ¢ NepHomoM Q.
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HCIoJb3ysi ypaBHeHHs [aMuiabToHa, YTO
E

S B @ pdg,

Emin

rae CHMBOJ (& O3HayvaeT HHTerpupoBaHue MO NIOJHOMY NepHOAY
H=E

JIBMXeHUs ¢ sHeprueft E (unrerpan @pdq Ha3BIBaeTCHd MHTErpajoM

JAefictBus). Tak Mbl OJIY4HM NPaBHJIO KBAHTOBAHHSA, YKBUBAJIEHTHOE
npasuay (16):

$pdg=nh (n=12, ..., ). (17)

DopMysa onpejessieT Kak paspelleHHble TPaekTopth B (aso-
BOM NpPOCTPAHCTE2, TaK M COOTBETCTBYIOIHE KBAHTOBAaHHBIE 3Haue-
HHSl 3Heprud, D70 NPaBWIO M3BECTHO KaK NPEBUAO KBAHTOBAHUSA
Bopa — 3ommepeasvia.

Buabcon u 3ommepdheanrn obobunmau 3To NPaBHIO0 Ha cJaydalt
MHOrONEpPHOAHYSCKHX CHCTEM. DTO CHCTEMBl C HECKOJBKHMH CTele-
HAMH cBOGOAH, ABHKEHHE KOTOPHIX MoxeT OBIThb NpeaCTaBJeHO NpH

coOTBeTCTBYIOMEM BEOOpe 00OOLIEHHBIX KOOPAMHAT ¢1, {2, ..., R
¥ 060611eHHEIX HMIYJABCOB 1, P2, ..., Pr C IOMOILBIO IIOCJEN0Ba-
TeabHoCTH GyHKUME pi{q1), p2(g2), ..., pr(gr); uHauUe rosops,

TpaekTopud B (pa3oBoM INIPOCTPAHCTBE TAKOBH, YTO KAXABIH HM-
NyJbC 3aBHCHT TOJBKO OT COOTBeTCTBYIOIleH KoopaHHaTH. Kaxnas
GyHKIHS pr{g,) TNpeAcTaBisfer MepuoJHyecKoe [BHXKeHHe C Jacro-
TOl v,; JABHIKeHWE BCell CHCTeMBl fBJsieTCd KoMOuHaluell mepuonu-
YyeCKUX JABHIKEHHH C YacTOTaMH Vi, Vg, ..., VR. B 3TOM ciaydae npa-
BHJaMu KBAHTOBAHHUS CAYyXKaT R COOTHOIUeHHH

Spodg=nh  (r=12 ..., R; (18)

R meJblx KBalITOBBIX uMCesd Ng, Mg, ..., g ONPeNesiiOT KBaHTOBaH«
Hble TPaeKTOPHH CHCTEMH M KBAaHTOBAaHHHE 3HAUeHHA DasjMYHBHX
MHTerpaJjios JBHXKEHMs, TAaKMX KaK 3Heprus, MOMEHT KOJHYeCTBa
IBHXKeHUST ¥ T. A. Dueprus E (n, na, ..., Ag), paccMarpuBaeMas Kak
GbyHKIUs NepeMeHHBIX Ny, fla, «.., Mg, YAOBJETBOPSET YCJIOBUAM CO-
OTBeTCTBHS

~ hv, (r=1,2,...,R).

B kauecTBe MNPHJIOXKEHHS KPAaTKO PacCMOTPHM KBAaHTOBaHHE
aToma sogoposna. ITocie BriGopa MJIOCKOCTH 3J1EKTPOHHON OpPOHTH
MHL TOJIyyaeM 3ajady, ypaBHEHHSI KOTOPOH B MOJIAPHBIX KOOPAMHA-
Tax yxKe ObiH BHNMucaHH (ypaBHenus (15)). MomeHT ummyJbca
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U PHEPrus ABJAIOTCS WHTerpasamhn ABHxenna. Ecin ¢(uKcupoBaTh
coorerTcTByOIINe sHadeHus L (=0) u E (<<0) 3THX JABYX BeJH-
YKHH, MBI MOJIYYHM BO3MOXHYIO TPaeKTODHIO KJIaCCHYECKOTO ABHIKe-

HHS: 3TO SJUIMIC C SKCUeHTpucuTeToM 4/1 -+ 2L2E/met .

KoMmoHeHTH MMIYyJbCa po H pPr ABAKIOTCHA (PYHKIHAMH COOT-
BETCTBYIOUIHX HM CONPSXKEHHBIX KOOpAMHAT. [leficTBHTENbHO

1 L? e?
Po=L. (P4 7) =5 =E.

IMosToMy MOXKHO NpPHMEHHTb INpaBuJa KsaHtoBaHui bopa-—3oM-
Mepdedpla:

§ podo=1n, &p, dr=rn,

rae [ — asumyTtajpHOe KBaHTOBOE YHCJAO W k — pajuajbHOe KBAaHTO-
BOE UHCJIO SBJASIOTCS IEJBIMHM NOJOXKHTEJAbHHMH YHCTaMH (HJAH HY-
asmu). Ilepsoe npapuio Aaer KBZHTOBaHHOE 3HAUEeHHE MOMEHTA HM-
nyJabca (KOJHYeCTBA ABHXKCHHUSA)

L = l:fL

BTO])OC Xe IIpaBuJjo, NocJje A0CTAaTOYHO IJHUHHOro, HO HETPYIAHOIO
BBHIYKC/JeHHsA, NPHBOAKHT K COOTHOLIEHHIO

2u‘met

T;_—E-)— '—'QJTL——kh,
OTKYZIa, BBOJSl «IJaBHOE KBAaHTOBOe YHCJIO» n = [-} k, nosayuaem
tdopmyay bBanbmepa
me?!
2k%n?
¢ TeM e 3HaYeHHeM [oCTOssHHOH Puuabepra, 4ro u nonyqenﬂoe
panee (ypaBheHue (11)).

KBaHTOBaHHasl 5HepPrusi 3aBHCHT TOJIBKO OT CYMMH JABYX KBaH-
ToBBIX uncesa [ U k. DTO CBOACTBO, XapaKTepHOe AJS KYJOHOBCKOTO
HOoTeHIHata, CBA3aHO C TeM OOCTOSATEJNbCTBOM, YTO a3UMYTalbHas
M pajuasbHasi 4aCTOThl PaBHEI JAPYT APYTY: Vo = V.. JHepruu E,
COOTBETCTBYIOT f1 KBAHTOBAHHEIX OPOHT, ONpelessieMbIX 3HAYeHHAMH
Il=1, 2, ..., n (o npu4yHHaM, KOTOpHe MH He OyleMm 3xech 006-
CyX/aTh, 3Haqeﬂne | = 0 uckJaw4aercs); 3TO JJHICH C IKCIEHT-
pucutetoM 4/1 — I2Jn? . 3uauenue [= n COOTBETCTBYeT KPYrosoi

op6ute !’) (cm. puc. 6).

Te e npaBuja KBAHTOBAHHA MOXHO IPUMEHHTb K PeJsiTHBHCT-

CKHMM YPaBHEHHSM ABWIKeHHS H NOJYYHTh TakuM oGpa3oM pensiTu-

E = —

17) KpauToBaHHe KPYIOBHX OpGHT mo3soauio Bopy ymxe B 1913 r. noayunts
¢opmyy Banomepa. KsaHTOBauMe SMJHOTHYECKHX OPGHT OHuIO TNpoBeaeHO
3ommepdenbaoM, KOTOPHE paclpocTpaMHI TeOPHIO Ha DPeNATHBHCTCKHA caydaft
i(cM. HHXKeE).
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BUCTCKME INIONpPaBKM B TeopHH aToMa ojopona. [lodyuarouteecs
3HayeHKe MocTosiHHON Puabepra HaXONHUTCS B elle JydllleM corJa-
cud ¢ onbitoM (cM. cuocky !4)). IIpum aToM mpouCXOAMT cHATHE
«BBIPOXK/JEHHSI» YDOBHS JHEPTrHH: KaxKJIOMY 3HAUCHHIO 1 COOTBET-
CTBYIOT 7 OJH3KHX, HO pPas3JHYHHIX 3HAYEHUN DHEPrHi,, COOTBET-
CTBYIOLIMX Pa3jHUYHBIM 3HaueHHIM MoMeHTa UMIyJsbca [fi. Ha onmite
JeACTBATE/bHO HalJgionaeTcsi TOHKass CTPYKTypa CHeKTpa aToMma
BOJOPOJAA, KOTOpasi OuYeHb XOPOLIO COBNAjaeT ¢ TeOPeTHUECKHMH
npeacKa3saHHuAMH.

n=3

Puc. 6. Op6utrw Bopa ocHoBHoro ypoBHsa (n==1) H ABYX mepBHX BO36YXKIeH-
HEX ypoBHell (n=2,3) atoma Bomopona. CobiiofeHn OTHOCHTEJIbHMHE pa3Mephl
OpGHT.

O6patumcs Tenepb K NpobJeMe NPOCTPaHCTBEHHOro KBaHTOBA-
Hus. [lpeaulecTBylolliee paccMOTpeHHe, KOTJAAd KBAaHTOBAaJAMChL Op-
OMTHI, Jlexalue B OJHON HMJOCKOCTH, He BKJIIOYAJO HHKAKOTo BHJE-
JIEIIHOTO HAaNpaBJeHHs! ¥ NO3BOJHJIO ONpeAes]HTb TOJbKO KBAHTOBBIS
CIEKTPH CKAJSIPHBIX BEJHUWH, TAaKHX, KaK SHePrus HJIH BeJMYHHA
MomeHTa uMmmyJabca (L = I[f). CyiuectByeT olliee NpaBuJlo IPOCT-
PaHCTBEHHOr0 KBAaHTOBAHHMS JJIs CHCcTeM, 00J1afa0lllHX aKCHAJbHOR
cumMmerpuell (HampuMep, atoM B IIOCTOSHHOM MairHHTHOM MoJje).
B sToM cayuae uHTerpajoM ABHKeHHs siBJfeTcs L,— cocraBsJsio-
[asi MOMEHTa MMIyJbca Mo ocH cummerpun Oz. B kznaccuueckodt
MexXaHnKe MOXKHO IOKasaTbh, YTO 3Ta NepeMeHHas fBJAeTCA KaHo-
HHUYECKH COIPSXEHHOH MepeMeHHON @, (UKCHDPYIOLel OpHEHTALHI0
CHCTEMBI OTHOCHTeNbHO ocH Oz. CiexoBaTedbHO,

S L,dp=mh (m — uenoe)

M I0CKOJBKY L, mocrosHHO
L,=mh. (19)

CocraBasiollias MOMeHTa HMIYJbca N0 HAlPaBJEHHIO OCH aKCHAJb-
HOfl CHMMETPHH CHCTEMBl PaBHa ILEJOMY UYHCAY (HOJOXKHTEJLHOMY
WJayu OTpuuaTenbHoMy) InocrosHHbX Ilnanka #. YUucdo m Haswl-
BAeTCH MQZHUTHOLIM KBAHTOBbIM HUCAOM.
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§ 16. JlocTuxKeHHss ¥ OrpaHHYEeHHOCTb CTApOH TEOPHM KBaHTOB

Ha 3ToM MBI 3aKOHYMM H3JIOXKeHHE€ Pe3y/bTaToB CTapoil TeopuH
kBaHTOB. OHa N03BOJIMJA 3HAYHTEJBHO HNPOABHHYTHCSA B HCCJIENO-
BaHKWH aTOMHHIX CIEKTPOB, TaK Kak jaJjia oOLKi MeTo] BHYHCJIEHHA
CNEeKTpaJbHHX TePMOB GOJBLIOr0 YHCJIa aTOMHBIX H MOJIEKYJIsiPHBIX
cucreMm, Pesyibrathl, noJdydeHHble A1 atoMa BoJopoja, Oes Tpyaa
obobumaoTect Ha caydall BojopoionojoOHHX cucrem He*, Lit+
¥ aTOMOB ILIEJOYHBIX MeTajJoB. TeopHs NPUMeHHMa TaK¥Xe K KoJe-
faTeJbHHIM ¥ BpAIlaTeJbHBIM CIEKTPaM MOJeKyJ, PeHTTeHOBCKHM
CNeKTpaM aToOMOB, HOpMaJbHOMY 3ddexty 3eemana. JlonoaHeHHasd
HOJYKJacCHYeCKOH TeopHeH B3aMMOAEHCTBHS BelleCTBA H H3Jyde-
HVSl, cTapas TEOpHSA KBAHTOB JaeT TaKKe PasjHYHbE NpaBHjIa OT-
fopa H BepOATHOCTH BO3MOXHBIX KBAHTOBBIX IIepexoxoB. Bo Bcex
3THX CAyYasix TEOPHS HAXOJUTCS B NPEKPACHOM COIJIACHH C ONLITOM,
eCJIM He CYHTaTb OTAeJbHBIX PACXOXKIEeHHH A/ OYeHb MaJbIX KBaH-
TOBBIX YHCEJ; 5TH PAacXOXJeHH MOryT OBITh YCTPaHeHH, eCAH J0-
6aBUTh K INpaBuNaM KBAaHTOBAHHS HEKOTOPHle 3MHMPHYECKHE [0~
NpaBKH (NpHMEPOM fABJSETCH 3anpelleHHe HYJEeBOro 3HaueHHs ash-
MYTaJbHOr0 KBaHTOBOIO uHCaa, [ = ().

Tem He Menee 3ra Teopus He ssJaseTcs noJaHo#. [IpaBuia
bopa — 3oMMepdeabia NpPHMEHUMEl TOJBKO JJISl NEPUOLHUYECKHX
HJH MHOroneproiHueckux cucrem. He cymecrsyer npaBusia kBaH-
TOBaHMS aNepHOAWYEeCKHX JBHKeHHH. Tak, MeXaHu3M OJHOTO M3
OCHOBHHIX 3KCIepHMeHTOB — ollbiTa @®paHka W Tepua — ocraercs
HeoObsicHenHbiM. Teopust Bopa — 3ommepdenbaa gaer KBaHTOBHE
VYPOBHM 2Hepruy aTOMHOR MHIIEHH, ONHAKO OHA HE B COCTOSHHH
ONHCATh TPAaeKTOPHH 3J1EKTPOHOB NyYKa W OOBACHATH B AeTajsiX He-
yIpPYrHe CTOJKHOCEHHS 3JeKTPOHOB M aTOMOB MulleHH. Boo6ie ro-
BODPf, BCE AABJICHHS CTOJIKHOBEHHH OCTAIOTCA BHE PAMOK 3TOH TEODHH.
Ho naxe npu BHYKCJIEHHH CHeKTPaJbHHIX TEPMOB yCIeXH TeOpHH
OTPAHHUHBAIOTCA TOJBKO HPOCTEHUIAMH CHCTEMaMH; MHOTOYHMCJIEH-
Hble TPYAHOCTH BO3HHKAIOT HPH NONBTKAX CTPOTO HMOCTABHTb 3a1auy
O KBAaHTOBAaHHM CJIOXKHBIX aTOMOB;, HMEIOTCS CJy4YaH Pe3Koro pac-
XOXK/JIeHHs C ONBITOM, HalpHMep, NpH BBHUYMCJIEHHH TEPMOB aToMa
requsi (He MOHM30BAHHOrO) HJM aHoMaJjJbHOro sddexra 3eemana.

Janee, Teopus He JIMlIeHa ABYCMBICJEHHOCTeH W NMPOTHBOpeuuil.
TIpumepom SABJAIOTCS NpaBWia NPOCTPAHCTBEHHOrO KBAHTOBAHMS.
ITpaBuso KBaHTOBaHHA cocraBasiioilell L, MoMeHTa MMIyJabCa AJs
CHCTeMBl, HMelllell aKCHAJbHYI0 CHMMeETPHI0 ¢ ochio 02, NOJKHO
651710 661 PAacMpOCTPAHATECA W Ha cayuyall cepHueckoll CHMMETPHH,
TaK KaK 3TO eCTb CJy4a#i CHMMETPHH OTHOCHTEJbHO J1060# ocH,
npoxojdiel yepes Hauaso KoopausatT. Ilpu aTOoM MBI DpHIIIH GBI
K abcypaHoMy BHBOAY, YTO COCTaBJsfIOUlasi MOMeEHTa HMMIYJabCa
[0 HalpasJeHu J00H OCH, NPOXOAsSIIel depes HayaJo KOOPAH-
HaT, fo/KHa ORITH mesofi KpaTHo#H f.
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OnHako NpHHUMIHAJbHBEIE TPYAHOCTH CTapoll TeOPHH KBAHTOB
OKa3pBaioTCa ropasfo OoJsee cepvesHHMu. [lpaBnia kBaHTOBaHuUSA
npeacTasasioT coboil 4AcTO (opMaabHble OrpaHHueHHs, HaKJalbl-
BaeMbie Ha pellleHHSl KJIACCHYeCKHX YPaBHeHHW# JIBHXKEHHS; OHH
BBOAATCS sMOupHuecku. [losHOCTRIO OTCYTCTBYyeT OoJsee raybokoe
ofocHOBaHHe 3THX npasui. B To ke BpeMs caMo INOHfATHE Tpaek-
TOPHK YaCTHIH TPYAHO COTJacoBaTh ¢ TpeOOBaHHsAMU NPABHJ KBaH-
toBaHudA. [lpencrapienve o JBHXEHHHA IO TPAeKTOPHH MoapasyMe-
BaeT, YTO YaCTHIa B KaXXAbH MOMEHT BpPEeMeHH HMeeT BIIOJIHE
ONpeAesieHHEe INOJIOXKEHHe W MMIYJbC, INIPHYEM 3TH BeJHUHHH
JOJKHE! GHITH HENpepblBHEIME QYHKIEAMH BpeMenu. Kako#t ke Mo-
XKeT OHTb NPH 3THX YCJAOBHAX TPAaeKTOPHH 4acTHLH, HOJA00HO
3JekTpoHy B onblTe Ppanka u 'epma? Ecau 3ToT ajekTpon ABH-
JKETCSl MO0 HEKOTOPOH TPAEKTOPHH I ero 5Heprus W3MeHseTCs Hempe-
PBHIBHO, TO CJEJAYeT OTKa3aTbCsd OT BO3MOXKHOCTH Nepeaaud 3TOH
SHEPrMM AaTOMy OTHeJbHBIMH HOPLMAMH — KBAaHTaMH, T. €. OTKa-
3aThCl OT KBAHTOBAHHS PHEPTreTHUECKHX YPOBHEeH aTOMa MHIIEHH.
O6paTHo, NOCTYJHPYS CylleCcTBOBaHHe NHCKPETHHIX VPOBHeH sHep-
TMH aToMa, Mbl JOJIKHBEL OCTABHTH HAEI0 O ABHIKEHHH 3JIeKTPOHA IO
KJIaCCHUECKON TPaeKTOpHH H, CJeays JIOTHKe H3J0XeHHd, orbpo-
CHTb TOHATHE KJacCHecKo#l TpaekTophuH BooOmie. B nanapHefimiem,
B ra. Il u IV, MBl YBHAHM, 4TO OTKa3 OT MNOHATHA KJIacCHUYECKON
TPAeKTOPHH BIOJIHE ONpPaBAaH, H NpoAaHAJH3HUPYeM ero pusHdecKHit
cMuIca u caepcteusd. Kak OH 10 HM OBIJIO, MBI ROJIKHH OTKAa3aThCA
OT KJACCHUYECKHX YpaBHEHHH JABMMKEHHS 4YaCTHIB], HO TOrJa BO3HH-
KaeT BONpPOC, KaKoH e (U3NYeCKHH CMBICA MOXKHO OPHIHCAThL pe-
LleHHIM 5THX YpaBHeHHH, KOTOPBIMH, 110 NPel0J0XKeHHI0, SBJIAITCA
KBaHTOBaHHBIE TPAEKTOPHH JBHXKEeHUS 3JeKTPOHa B aToMe?

Crapasi Teopusi KBaHTOB BHe BCAKOTO COMHEHHS fiBHJach 00Jb-
wuM 1arom Bnepex. IlpeickaspiBasi Ha OCHOBE HEeCKOJbKHX IPOCTHIX
Npasu/ 3HAUHTENBbHYIO MacCy 3KCNEeDHMEHTANbHBIX pPe3yJbTaToB,
oHa aaja ofmyio cxemy (PeHOMEHOJOrHYECKOIO O0DbACHEHHS CTPYK-
TYpPbl aTOMHBIX CIHEKTPOB H 5 3TOM CMEICJE CHIlpaJja BaXHYIO PoJb
B ucTopuu cospeMeHHoil (u3ukH. OnHaKo 3Ta cTpaHHas ¥ NPHUYA-
JHBas KOMOHHAIKUA KJaCCHUYECKCY MeXaHHKH H PellenToB, BBOAHMBIX
cd hoc, HHKaK He MOXeT pacCMaTpuBaTbcA B KadecTBe IOJHOH
¥ 3aKOHUCHHOH TEOPIH.

§ 17. 3akawydenune

B srofi riase Mpl IPOaHaJH3HPOBAJY OCHOBHBES TPYAHOCTH, C KO-
TOPHIMH CTOJIKHYJAach KJacCHYecKast TeOpHsa IPH NPOHHKHOBEHWH
B 06J1aCTh MHKPOCKONHYECKOH (GU3HKH. DTH TPYAHCCTH BO3HHKJH,
xoraa O6blJa cheJasa INONbITKa NMOHATH ¥ ONHCATh MeXaHU3M B3aH-
MOJeficTBHS BelllecTBa u M3JydeHusi. I'laBHas ocobeHHOCTb siBJIe-
HHJ Ha MUKDPOCKONMHYECKOM YDOBHE COCTOHT B X2paKTePHOH NpephIB-
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HOCTH, CBS3aHHOM C CYIIECTBOBAHHEM HeJeNHMOTO KBaHTa Jel-
creust h.

AtoT aromusm delicréus, NO-BUAHMOMY, fIBJfeTCH OJHHM H3 ca-
MBHX (yHIaMeHTaJbHBIX CBOMCTB sBJeHHit npupoasl. B Mmakpo-
CKONMUECKHX Macmitabax MOXHO paccMaTpuBaThb BeJHYHHY F Kak
6eCKOHEYHO MaJlyi0 H YJAOBJETBOPHTbCH KiacCHYecKHMH ONHCAHHEM
($U3HUECKHX SABJEHHH, KOorja 3BOJIOLMS (PU3MYECKHX CHCTEM Npei-
cTaBjseTcs AHWHAMHMYECKHMMH NepeMeHHBIMH, TOUHO OINpelessieMbIMH
B KAXALIK MOMEHT H HeNPEPHBHO H3MEHFIOUIHMHCH BO BPEMeHH.
HanpoTuB, B aTOMHOK H cy0aTOMHOH ()H3HKe MBI yXe HE MOXKeM
npeHe6peyb BeJHYHHOR 5, 3xech HaGJIOARI0TCS YHCTO KBAaHTOBHIE
senenusi. [loWaTHyJIOCH Bce 37aHHe KJIACCHUYECKOH TEOpHH.

Kaaccrnueckoe BOJHOBOE ONHCAHHE JIeKTPOMArHHTHOrO H3Jyue-
HUSl He MOMKeT GHITh COTJIacOBAaHO C TeM ONLITHHIM (AaKTOM, 4TO
nepefiaya SHEPrHY H HMIYJbCa MeXKJy BeIIeCTBOM H H3/AyuyeHHEM
IIPOMCXOAHT HeAEeJHMBIMH TOPUHAMH — KBaHTaMH. POTO3/eKTpHYe-
ckHii 3QdekT, 3d¢pexT KoMnToHa MOXKHO OGBACHHTh, TOJbKO eClH
npeAcTaBJATh cebe CBeT KaK NOTOK KOPHYCKyJ, OAHAKO THNOTe3a
cyllecTBOBaHHS (DOTOHOB He COTJIaCyercsi ¢ SIBIEHHsIMH HHTepde-
peHIM W AHOPAKIKH, B KOTOPHX cBeT BeleT cebs Kak Cynepnosn-
s BoJH. Ec/in npuaepxHBATbCA A3BIKA KJIACCHUECKOH (QH3HKH, TO
CBfi3HOEe M HeNPOTHBOPeuHBOE ONHCaHHe BCeHd COBOKYNHOCTH CBETO-
BHIX fIBJEHHH HEBO3MOXHO, B 3aBHCHMOCTH OT YCJOBHH 3KCHEpH-
MeHTa AJSA ero HCTOJKOBAHHA NPHXOAHTCA NpHGeraTh K OJHOMY H3
JBYX HECOBMECTHMBIX NpeJCTaB/IeHHH: HJM NOTOKY KOPIYCKYJ, HJH
cynepuosnuuu BoJH. COOTBETCTBHE MEX]Y 3THMH NPeACTaBJIeHHAMH
naeTcs OCHOBHBIMH COOTHOIUeHHAMI (4), KOTopule coaepxkar mo-
crogunylo Ilnanka h. BosHukalomuid ayaJdH3M BOJIHA — YacTHIA
npoule Bcero HHTePIPeTHPOBATh HA CTATHCTHYECKOH OCHOBE, MOCTY-
JHPYH, UTO MHTEHCHBHOCTb BOJHH B HEKOTOPOH TOYKe HPOCTPaH-
CTBA MPONOPIHOHAJNbHA BePOATHOCTH OOHAPYMKEeHHs B 3TOH TOuKe
COOTBETCTBYOLIEr0 POoTOHA.

Yro KacaeTcsi MaTepHaJbHBIX CHCTeM, TO 31echb 3h(EKT KBaH-
TOBAHHH 3HAUeHHH HEKOTOPHIX (DM3HYeCKHX BeJHUYHH jJesaeT Heco-
CTOSITe/IbHON KOHIENLHIO, COTJAcHO KOTODOH BelleCTBO COCTOMT H3
KOPIYCKYJI, ABHXeHHe KOTOPHIX MNOAYHHAETCH 3aKOHAM MeXaHHKH
Helorona. IIpauMepaMu 3KCNePHMEHTANbHBIX (aKTOB, NPOTHBOpEUa-
IMX KJacCHYeCKOH KOPNYCKyJSIpHOH TEODHH, SIBJAAIOTCA KBaHTOBA-
Hie sHepreTHYeCKHX YPOBHeH AaTOMOB, KBaHTOBaHHE OPHEHTAlHH
ATOMOB H MOJIEKYJ B ONpe/ieJleHHLIX BHEIIHHX YCJIOBHSAX.

B nomckax HOBOH COT/1acOBaHHOR TEOPHH BAXKHO YYHTHIBATH Te
5JeMeHThl KJACCHUECKOH TeOpHH, KOTOPHie MOTYT OBIThb COXPaHEHHL.
B nepsyio ouepeab clenyeT yNOMAHYTb QyHIaMeHTA/bHBC 32KOHI
COXpaHEHHsl SHEPTHH H HMIYJbCA; HH OJHH H3 3KCNEPHMEHTAJbHbIX
(akToB, 06CYXK/ABIINXCA B 3TOM rJyaBe, He NPOTHBOPEUHMT ITHM 3a-
KOHAM, [O3TOMY MOXHO cJeJaTh OOOCHOBAHHBIH BBIBOJ, YTO 3TH
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OCHOBHBIE 3aKOHBI OCTAIOTCH CHPABEAJHBHIMH W JJ1si MHKPOCKONHYe-
CKHX sBienufi. Jasee, eAVMHCTBEHHOH NPHYHMHOH Heyjpau KJaaccHye-
CKOH TeopHH, NO-BHAHMOMY, fBJSIeTCs AaTOMH3M BeJHYMHH Jef-
CTBHfl; KJacCHUecKas TeOpHsl COXpaHseT CBOIO CHJIY B MaKpPOCKOMNH-
4ecKHX MacliTabax HJH, B 60jiee IIHPOKOM CMEICTE, B TeX cAydanx,
KOT/la KBAHTOBbie CKAYKH MOTYT CUHTATbCH HNpeHeOpPeKHMO MaJIbiMH.
ITo BTOPOE yTBepKIEHHE JEXKHT B OCHOBE NPHHIHIIA COOTBETCTBHA,
c¢hOPMYJHPOBAHHOTO B KOHIE T/IaBhl. YCHeXH CTapoil KBaHTOBOH
TEOPHH, YAUBHTEJbHBle JJS TEOPHH CO CTOJb NPOTHBOPEUYHBHIMH
OCHOBAHHSIMH, XOPOLIO KJJIOCTPHPYIOT NMJIOAOTBOPHOCTL 3TOrO (HyH-
JaMeHTaJIbHOr0 3BPHCTHUECKOTO NPHHIIHIA.

3ANAYU U YITPAXHEHUY

1. PaccmaTpuBaeTcs paccesinie MOHOXDOMATHUECKHX (DOTOHOB CBOGONHBIMH
sjektponaMn (3¢dexkr Komnrona). Onpenenurts usMenende AJMHE! BOJHB, BeJH-
YHHY M HalpaBJieHHe HMINYJbca OTAaud 3JeKTpoHa B 3aBHCHMOCTH OT YIJa pac-
cesnust oTora, NpepmoNarau: a) YTo 3JAEeKTPOH MepBOHaYAJbHO MOKOHTCS; 6) 4TO
3JIEKTPOH NMEpPBOHAYAJbHO HMEeT MMIYJbC P B HANPABJEHHH HCXOJHOTO Mydka (o-
ToHoB. KakoBa B ofoHMX clyuasix MaKcHMaJbHasi BeJHYMHA HMIYJbca, MepenaBae-
MOTO 3JIEKTPOHY?

2. O6eynuth Ha npumepe skcnepumenta IOmra ¢ umrepdepeHumedi oT ABYX
mesnefl BOJHOBOH H KOPNYCKYJSpHHI aclekTH npupoxw cBeta, Ilokasath, 4TO
npejcTaB/eHHe O TPaeKTOPHH KaxAoro (oToHa, MpoXOAsIleli Hepe3 oAHy M3 mIe-
JIefl, HeCOCTOSITeNbHO.

3. T'mpockom o6namaeT MATHUTHHM MOMEHTOM [, MPOMOPUHOHAJBHBIM MO«
MeHTY uMnyiabca: w = Ml Hcxofis B3 BHpaXeHHs JAJi1 MarduTHON SHEPrUH
~— w/C, BHBECTH ypaBHEHHS ABHXKeHHA ! B MOCTOSHHOM MArHMTHOM MoJe 36 u mo-
KasaTb, 9TO THPOCKOI COBEpINAET NpelleCCHOHHOE ABHXKEHHE C KPYroBo# dacToTolt
o, = M6 (uactora Jlapmopa).

4. B HepeNsTHBHCTCKOM Npeliefie KNACCHYECKHE YPABHEHHsSI NBHIKEHHS 3JIeK«
Tpona B 3JEeKTPOMATHHTHOM @oJie CYTh

dit(mv)=e(8+-l—[v”])- (a)

nyCTb, IaJee, An @ SIBJASIOTCA COOTBETCTBEHHO BEKTODHBEIM H CKaJ/IipHBHIM IMOTEH-
nuajaMBi 3TOro MOJs:

8=——grad(p——-:7-%i:—; X =rotd

TMokasaTh, 9T0 ypaBHeHHs NBHIKeHus caefyloT H3 ¢ynknud Jlarpanxka
mu? vd )
L= - +e ( Z Q).

BruHCAuTh 0GOGMIEHREA HMOYJALC B Hanucath QyHkuuio amuibToHA.
5. Ypamnenna {a) 3agaum 4 OCTAIOTCA CHPaBefJHBHIMH H B PEJATHBHCTCKON
06/1aCTH, ecly MAccy MOKOSl 3aMEHHTb €PENSTHBHCTCKON Maccoiis M = m[l —
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— (v¥/c)1-'h. Tlpomeputb, utTo topmammsm Jlarpamka # TaMHIbTOHa ocTaeTcs
COpaBefJHBLIM, NIpHYeM YPABHEHHS NOTYdalOTCd u3 GyuKiun Jlarpanxa

v? vA
L == — mc? /\/l-—-? +(T—(p .

IlokasaTth, uto ¢yHKuuSA ['aMuIbTOHA B 3TOM cJAyuae MMeeT BHR
2 1
e 2
H =[m2c4+ (p —T A) 02] + e,
rEe p ectb 0600lIEHHHA HMIYJbC, T. €. BEKTOp C KOMIOHEHTAMH px, Py, Pz

3amertum, uto p = Mv4 —i—A u H == Mc* 4 ep; H u pc o6pasyior 4-BexTop

B [pOCTPAHCTBe-BpeMenn, amajoruuno ¢ u A. Mmeer wMecTo CooTHOLIeHHE
(H — e)2— (pc — eA)? = m%c.

6. Marepnanbrasd ToyKa ¢ Maccodl /m BHHYXKIell2 NepeMelaThesi [0 OCH X
noA JHeficTBHEM Bo3Bpamawomell cuin —KX, NponopUHOHAJNBHOR PaCCTOSHHIC OT
Hawana KoopAHnaT (2apmoHudecKull ocyussarop). Tlpumenuts K 3Tofl AuHamuye-
cKofl cHCTeMe NpaBuJo KBaHTOBaHHs Bopa — 3oMMepdeabia: BHUHCAHTb SHEPTHIO,
nepuoj KoJeGaHuil # aMNJMTYAY KBAHTOBAHHBIX TPaeKTOPHH.

7. TIpoRBaHTOBATh KpYTOBHIE JEKTPOHHbIE OPGHTH BOJOPOLHOIO aTOMa, NpH-
mensst npasuio Bopa — 3ommepdennna. Onpenennte SHepruio, mepuos H pajgHyc
ocuoBHofl op6uth (mc? = 0,51 Mos; fic/e? > 137) u nafitn B 5TOM uwacTHOM Cay-
Yyae PENATHBHCTCKYIO Nompaeky. [IposepuTh, 9To B npepese GOJbUIMX KBAaHTOBHIX
uucesl 4actoTet Bopa crTpemuTcs K 4acToTaM, NPEnCKa3siBaeMBEIM KJacCHUeCKOf
3MEeKTPOAHHAMHKON (NpUnyun cooTeeIcTouUs).



r'‘TABA II
BOJIHbI BEILECTBA H YPABHEHHE WWPEJHHIEPA

§ 1. Mcropuyecknit 0630p W oO6wmuiA naaH nocieAyOUIUX TJaB

OcHoBanyue KBAHTOBOX MeXaHHKH NPHXOAHTCS Ha NEPHOA MEXILY
1923 u 1927 rogamu. [TouTH ofHOBpeMeHHO GHIIH NPEAJOXEHH JBe
€e 5KBHBaJleHTHHe (OPMYJHPOBKH: MaTPHYHAs MeXaHHKa H BOJHO-
Bafl MexaHHKa.

HcXoaHbIM NYHKTOM MATPUUHOL mexanuku') SABHJICA KDHTHUe-
CKHlt aHAa/IN3 TOJIOXKEeHHH cTapoll KBaHTOBOH Teopun. Touka 3penus
I'efizenGepra MoxKeT OHTb BhIpa)KeHa cJeAYIOIHM  obpaszom. Bo
BCAKOK (H3HUECKOH TEOPHH cJjeldyeT OTJHYATh NOHATHA H BeJH-
YHHB, (PU3HYECKH HabJi0faeMble OT (HM3HUECKH HeHAO/I0A4aeMBIX;
nepBhle N0 HeOOXOAWMOCTH HOJIXXHBI (UIYPHPOBATH B TEOPHH, BTO-
pule e 6ea ymepba AJs TEOPDHH MOTYT OBITb MOJAHDHIHPOBAHBI
Wan BoBce onyulennl. IIpu mocrpoenny yaoBJeTBOPHTENbHOK TEOPHUH
MHKPOCKOIIHUECKHX fABJIEHHHA cJjejyeT MO BO3MOXKHOCTH HCXOAHTH
TOJbKO H3 HabjlojaeMbX BedndnH. B cTapoli kKBaHTOBOA TeOpHH
HeXPHUTHYEeCKH HCINOJb30BajHCh MHOTHe IOHATHS, He HMelomue
peaJlbHOH 3KCNEPHMEHTAJILHON OCHOBH, 3TO H SABHJOCH NPHYHHOR ee
Heynad.

IIpuMepoM 3KcepHMEHT2JbHO He OOOCHOBAHHOrO NOHATHA fB-
JseTcs 3J1eKTpOHHast op6HTa. 3ajaguMcs BONPOCOM, MOXKHO JIH HA
ONBITe MPOCJAENNTh 32 JBHXKeHHEM 3JeKTPOHa 110 60poBCKoH opOuTe
aroma Bojaopona? ?) Ilpu HaG/aionenuH ABHXKEHHA MBl JOJKHB (HK-
CHPOBAThL MNOC/eJOBaTeNbHbEe NOJOXKEHHMS 3JeKTpoHa B mpocTpaH-
CTBe, NpHUeM OUIMGKa B H3MEPEHHH KaXJAOro HOJOXEHH: NOJKHA,
€CTeCTBEHHO, OLITh 3HAYHTEJbHO MeHbHIe CPeJHEro pajHyca a Hccle-
nyemoil op6uthl. [Tono6Hble H3MepeHHst MOXKHO GblJIO OBl POBECTH
C TOMOIIbIO PEHTTeHOBCKHX JydyeH NOCTATOYHO MaJOH JJIHHBI BOJHHI
A < a. OnHaKo CTOJKHOBEHHe KAaXJO0TO PEeHTIeHOBCKOrO KBaHTa €
3JIeKTPOHOM, cOTJlacHO TeopuH 3ddekra Komnrona, conposoxaaercs
nepegavell umnyJanca nopsaka h/h (>>h/a), uTo CymecTBEHHO BO3-
MyLlaeT ABHXKeHHe HabJjiogaeMoro sjeKrpona. Uurateldb Ges tpyaa

1y W. Heisenberg, Zeitsch. f. Phys. 33, 879 (1925); M. Born, P. Jordan,
Zeitsch. f. Phys. 34, 858 (1925); M. Born, W. Heisenberg, P. Jordan, Zeitsch.
f. Phys. 35, 557 (1926); P. A. M. Dirac, Proc. Roy. Soc. A 109, 642 (1925).

2) OrpannuenMsi BO3MOXHOCTeHl HaGNIOZeHHs, KOTOPHE MH HMeeM B BHAY,
He CBsI3aHH ¢ COBEPIIEHCTBOM HamepuTeJbHOA TEXHHKH; 3TH IPAaHHIB CTABHT caMa
nipupoZia Bellled,
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mpoBepHT (CM. 3ajzady 1), uTO BO3MYILUEeHHC TeM 3HauHTe/]bHee,
yeM MeHblle KBaHTOBOE YHCJAO, XapaKTepHaylollee OpOHTY; Ha-
OpuMep, ecilH 3JeKTPOH HAXOAHMTCS HAa OCHOBHOH opOHTe
(n=1), To cpeaHss >Heprud, NepegaBaeMasi IpH CTOJKHOBC-
HHH, PaBHAa TO MeHbIIed Mepe SHEPrHH HOHM3AlHH aToMa. 3TO
HEKOHTPOJIHPYEMOE BO3MYIIeHHe COCTOSIHASL HaGJI01aeMOl CHCTEMBI
HU3MEDUTEJbHHIM YCTPORCTBOM CTABHT INpefiel TOYHOCTH, KOTOPYIO
MOXHO HAJeATbCAd NOJYYHTb NPH H3MepeHHH OPOHTH 3JAeKTPOHa.
[Ipr MadbiX KBAaHTOBBIX YHCJIaX Jio6oe, Aaxe AOCTATOYHO rpyboe
H3MepeHHe napaMeTpoB OPOHTH oO6pedeHo Ha Heynauy. Ho rmo-
CKOJIbKY He CYILeCTBYeT 3KCNepHMeHTa, NO3BOJSIONIET0 [0Ka3aTh,
YTO 3JeKTPOH B aToMe BOJAOPOAA INEHCTBHTENIbHO NepemellaeTcs IO
onpeneleHHOH opOHTe, HHUTO He MellaeT HaM OTKa3aTbCid OT ca-
MOTro NOHATHA OPOGHTH 3seKTpoHa, VMHaue roBops, M3 Toro ¢akrta,
YTO aTOM HRXOJHWTCH B HEKOTOPOM COCTOSIHHM C TOYHO (PHKCHPOBAH-
HOM 3Hepruefl, He cilejyeT ¢ HeoOXOJHMOCTbIO, UTO €ro 3JeKTpoH
B KaxX/Jbli MOMeHT BpeMeHH o0JajaeT CTPOro onpeneieHHBIMH I110-
JNOKEHHEM W HMOYJbcOM %).

Marpuunas mexanuka I'efisenGepra, bopna u HMopuana ne BKalo-
yaeT UOHATHA 3JeKTPOHHOM oOpOuTH. PaccMarpuBasi  TOJABKO
HabaiogaeMble Ha ONbITe BeJHYHHBI, TaKHe KaK 4acTOTHl H HHTeH-
CHBHOCTH H3JIy4eHHS aTOMOB, TEOPHH KaxJOH (PH3HUeCKOH BeJHUHHE
COMNOCTABJASAeT HEKOTOPYIO MaTpHuy. B oTjnuHe oT anrebpnl oObY-
HBIX BeJWYHH MaTpHuHast ajrebpa B oflleM cjayuae HeKOMMYTa-
THBHA %), IMEHHO 3TO CYINECTBeHHOe OGCTOATENLCTBO OTJIHYAeT HO-
BYI0O MATPHUHYIO MEXAHHKY OT MEXAaHHKH KJacCHYecKoH, YpaBHeHHS
NBHXKEHHA [JUHAMHYeCKHX TIepeMeHHHX KBAHTOBOH CHCTeMHl fB-
JASI0TCA MATPHYHHME ypaBHeHHsimH. CJenys NpuHIHIY COOTBeT-
CTBHS, MBl NIDHHHMaeM, UTO 3TH ypaBHeHHS (HOPMaJbHO COBHAAAICT
C YypaBHEHHSIMH (COIepXalluMH OOHYHble BEJHYHHBI), KOTOPHE
OTIACHIBAIOT COOTBETCTBYIOILYIO KIaCCHUECKYIO CHCTEMY.

Boanosaa mexauurxa Illpenunrepa’) BHellHe BHIJISAAT CO-
BepllleHHO MHOA TeopHeilr. McTokn ee BocxomsT k pabGoram Jlyw
ne DBpo#ina®), noceAmeHHHM MaTepHaJbHEIM BOJHAM (BOJHAM

3) DToT BHIBOJ CJEAYET CPAaBHATBH C Pe3yJbTaTaMH o6cy:ueHus onmra Ppai-
Ka u 'eplia B xoule nepsoil raasm, rae 6RO MOKa3aHo, 4TO CYIIECTBOBaHHE He-
NpepHBHOA TPaeKTOPHH GOMGapJAHPYIOLIETO 3JEKTPOHA HECOBMECTHMO C KBAHTO-
BaHHEM 3JHEPreTHYeCKHX Yyporuell aToma wMuumeHH. [Ipusnanme CymecTBOBaHHSA
JIHCKDETHEIX KBaHTOBHIX YpOBHefl 3HeprHH aToMa BeleT K OTKa3y OT HOHATHA
TPAeKTOPHH 3JEKTPOHA.

Onpesesienue MaTPHIL H H3JIOKEHHE HX OCHOBHHX CBONCTB COJEPXKHTCS B
ra. VII u VIIL, rle MB yBHAHM, YTO CYIIECTBYeT TeCHas CBS3b Memny MaTpH-
LAMH H JHHEHHLIMH ONepaTopaMu, o KOTOpHX nofifer peys mmxe (§ 1

8) E. Schridinger, Ann. d. Phys. 79, 361, 489 (1925): 80, 437 (1926) 81,
109 (1926).

§) L. de Broglie, Nature 112, 540 (1923); Hucceprauua (1924); Annales de
Physique 2 (1925).



56 I'J. 1. BOJIHB BEIMECTBA U YPABHEHHUE WIPEAUHTEPA

BenlecrBa). [IbITasich yCTAHOBHTb OCHOBHBle NPHHUHMNH eJHHOMH Teo-
PHH BelleCTBAa M H3JYYeHHf, fe Bpoit/b BHABHHYJ rHIIOTESY, COTTIACHO
KOTOPO#l KOPNYCKYJSPHO-BOJIHOBOK AyaJIN3M BHIpaKaeT (yHgaMeH-
TaJbHOE CBOACTBO BCeX MHKPOCKONHYECKHX OOBEKTOB H, clefoBa-
TEJbHO, BELIECTBO, NOJAOOHO H3JIYyYEeHHIO, TaKxke OOHapyxHBaeT H
BOJHOBblE, H KOPNYCKYJSADHLE CBOHCTBA. YCTAHOBHB COOTBETCTBHE
MeXJy JHHAMHYECKHMH NepeMeHHBIMH KODHNYCKYJbl H BeJlHYHHAMH,
XapaKTEePUIYIOUIHMH AaCCOIMHPOBAHHYIO C KODHYCKYJOH BOJHY, OH
CyMesa ¢ IHOMOUIbIO MNMOJYKOJHYEeCTBEHHBIX pacCyXJAeHHHA NOJYUHTb
NpaBuja KBaHTOBaHHA Dopa — 3oMmepdenanna. [Ipeanonoxernne
Jie Bpoitasi o BOJMIHOBOH HpHpoOJe HAaCTHL BellecTBa MOJAYUYHJIO Hemo-
cpeicTBeHHOe MOATBepXKjeHHe Uepe3 HeCKOJbKO JieT B pe3y/bTaTe
OTKPHITHSA fiBJeHHH JHGPAKUHHM 4YAaCcTHL, AaHAJOTHYHBIX COOTBET-
CTBYIOULUM SIBJEHHSM BOJHOBOH onTukd. Mexay rtem Hlpeanurep,
pasBubasl U 06006mas NMOHSTHE BOJH BEHIECTBa, OTKDPHII ypaBHeHHe
pacnpocTpaHeHUs] BOJIHOBOH OYHKIWH, NOpeAcTaBJAsoUlell AaHHYIO
KBaHTOBYIO cHCTEMY. DTO DyHIaMeHTaJlbHOE YDABHEHHE MOXKeT GhTh
BHIBEJIEHO NyTeM [OpHUMeHeHus IPOCTOr0 MpPAaBHJAA COOTBETCTBUS H3
dyukuEE aMuJIbTOHa COOTBETCTBYIOUIER KJACCHYECKOH CHCTEMH.
Ypasuenne HlpeguHrepa JeXHUT B OCHOBE BOJHOBOH MeXaHHKH.
Kak noxasaa Hlpeamsrep?), BosHOBas MeXaHHKa H MaTphHuYHaf
MexaHHKa 3KksBuBaJeHTHH. OHH JaOT ABe 4acTHbie DOPMYJIHPOBKH
O/IHOM eZIHHO TEOPHH, KOTOpass MoxeT ObITh HNpejcTaBjieHa B CaMOM
o6uiem BHae. Paspabotka obmero ¢opmajusMa KBaHTOBOH TeOPHH
Oblsia ocyulectsaena Jlupakom®). B pesysnbraTte Bo3HHKIAa KBaHTO-
Basl HepeJsiTHBHCTCKAS TeOpHH MaTephaJbHbIX yacThu. Ona Gnaa
NOTONHEHa KBAHTOBOR TeopHell SJEKTPOMarHHWTHOTO moJf®), 4To
npuBeio K NOCTPOEHHIO €JHHOrO COrJiacOBaHHOro TeopeTHYeCKOro
MeTo/a, HO3BOJAIONIEr0 HCCAeI0BATh BCe 3ajauH, Kacawolluecs -
3HKY CHCTeM MaTepHaJbHBIX YACTHI[ B HepPeJATHBHCTCKOM HPHOJIH-
JKeHHM M HX B3aMMOJIEHCTBUSI ¢ 5JeKTPOMarHHTHBIM nHojeM. JoGa-
BUM, 9TO BHYTPeHHSIs! HENPOTHBOPEYHBOCTb TeEOPHH H TJIyboKoe
NOHEMaHHe (PU3UYECKOro CMbIcaa ee (HOPMaaN3Ma ObIIH JOCTHTHYTH
TonbKo nocae pabor Bopma, Teiizen6epra u Bopal?). OcunoBHoe

7 E. Schrddinger, Ann. d. Phys. 79, 734 (1926).

8) P. A. M. Dirac, The Principles of Quantum Mechanics, Oxford Claren-
don Press, I uan. 1930, 4 usn. 1958. Pycckuit nepesoxn: I1. A. M. Jupax, Tlpun-
1UMObl KBAHTOBOK Mexauukm, nep. ¢ 4-ro usjauus, dusmarrus, 1960.

%) P, A. M. Dirac, Proc. Roy. Soc. A 114, 243, 710 (1927); P. Jordan,
W. Pauli, Zeitsch. f. Phys. 45, 151 (1928).

19) M. Born, Zeitsch. f. Phys. 38, 803 (1926); W. Heisenberg, Zeitsch. f.
Phys. 43, 172 (1927); N. Bohr, Naturwiss. 16, 245 (1928); 17, 483 (1929);
18, 73 (1930). I'ty6okoe ochellienne (H3HYECKOH HMHTEPIPETALHH TEOPHH MOXKHO
nafitn B Kuurax: W. Heisenberg, Die physikalischen Prinzipien der Quantentheo-
rie, Mannheim, 1958; N. Bohr, Atomic physics and human knowledge, Wiley,
N. Y., 1958 — pycckuii mepeson: H. Bop. AToMHast ®Ou3HKa M dYe/loBedyecKoe HO-
anamne, WJI, 1961. B 3Tux pa6oTax COAEPKHUTCH H3JOKEHHE TAK Ha3bBaeMol
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cojlepxaHAe 3TOH KHHMTH NOCBSILIEHO H3JIOXKEHHIO amnnapaTa H NPH-
JIOXEHHH HepeJATHBHCTCKOH KBaHTOBOH MeXaHHKH. [IpobGjaeMnl pe-
JIITHBHCTCKOH KBAHTOBOX MeXaHHMKH 6yAyT paccMOTpeHH TOJBKO B
nocjeanel YacTH; MBI OFPAHHUHMCS B OCHOBHOM H3JI0XKeHHEM peJis-
THBHCTCKOR Teopuu sJekTpoHa Jlnpaka!l), ee oCHOBHBIX TpHMeHe-
HHA W TpyAHOCTeH.

HauboJjiee 3JieraHTHBIM W BO MHOTHX OTHOIIEHHAX HauboJjec
Y/AOBJETBOPHTENbLHBIM  CIIOCOOOM  H3JI0KEeHHA KBAHTOBOH TeOPHH
ABJSIETCS TOT, KOTOPDHIH OCHOBHIBaerci Ha obuiem GopmajanamMe.
OnHakKo NpH 3TOM CYIIHOCTb (H3HWYECKHX fBJEHHH MoKer - OKa-
3aThCsl CKPHITOA 32 MaTeMATHYECKHM aNnaparoM, HMeonHuM ab-
CTPakTHBIH XapaKTep. BojiHOBas MexaHHKa C ee OoJiee IPHBbLIU-
HBIMH TIPEACTABJEHHAMH O BOJHAX W YPaBHEHHSX B YACTHHIX NPOHU3-
BOAHLIX Jyullle IOAXOAHWT /il NEepBOTO O3HAKOMJeHHS C TeopHel.
Kpome Toro, iMeHHo B 3TOH (opMe KBAaHTOBAsl TEOPHS dallle BCero
HCIIO/Ib3yercss B NPHJAOXKeHHAX. 110sTOMy MBI mpHCTYmHM K KBaHTO-
BOH TeopHH ¢ OGIIEro H3J0XKeHHS BOJHOBOH MeXaHHKH. DTy IJaBy
MBI HauHeM o6CyK/1eHHueM TNOHATHS 0 BOJHAX BellecTBa, 3aTeM MoJy-
ypM ypaBHenne Hlpenunrepa u o6CyAHM ero OCHOBHHE CBOHCTBA; B
YacTHOCTH OyjeT NOKasaHO, KakKHM 006pa3oM ¢ NOMOIIBIO 3TOro
yPaBHeHHS ONpeje/sioTCs YPOBHH 3HEPTHH CTALHOHAPHBIX CO-
CTOSHHH.

Urobsl HayunThes paboTaTh ¢ ypaBHenHeM llipeaunrepa, Mbl no-
ceATHM rd. 111 W3yuyeHHI0 NPOCTHIX 3aJa4, KACAWOMIKXCS KBAHTOBBLIX
cHCTeM B OJHOM H3MEePeHHH, H JO0KaXKeM HeCKOJbKO TeopeM 06 3THX
cucreMax. ITo AACT BO3MOXKHOCTb INOAOHTH K of6uyM mnpobJe-
MaM HCTOJIKOBAHHS KBAHTOBOH TeopuH; KM O6yzaeT nocesineHa ra. IV,
I'naBa V nocasimieHa pasBHTHIO (POpPMaJH3Ma BOJHOBOH MeXaHHKH
H €ro CTaTHCTHYeCKOH HWHTepIpeTalHH, COTIACHO MPHHIHNAM, Chop-
MYJHPOBAHHBIM B 1. IV.

CTATHCTHYECKOH MHTepTpeTaluH KBAaHTOBOH MEXaHMKH KONEHTareHCKodl  UIKOJHL.
Hmeuno 3Toit uHTepOpeTalHH MBl GyneM NpPHIAEpKHUBAThesi B AaHHON Kuure, [Tocise
peskoil GopbGhl MHEHHH H CMOPOB OHa ObWa NPHHATZ MOAABJSIOMHM GOJIbIUHH-
crBoM (usnKos. Tem He MeHee, 9Ta MHTepNpETallusl HACYHTHIBAJA (M HACYHUTHIBAET
[0 CHX NOP) HEMaJo HeNPHMHPHMHX OPOTHBHHKOB, CPElH KOTOPHIX HAMJEKHT OT-
metHTh Difinmreiina, Hpenunrepa n me Bpoina. Peus uper o pasmormacmsx, Ko-
TOPHIE He MOT'YT OBITh PA3peIueHE Ha OCHOBAHHH TOJBKO Pe3YJbTATOB 3KCHEPHMEH-
ToB. Pasnoriacua kacaioTcsi ofmux ¢HIoCOHCKO-MHPOBO33PEHUECKHX  BONPOCOB
HCTOJKOBAHHS HAYKH, a He (H3HYecKofl HaykH Kak TakosoH. OcBellleHHE OCHOB-
HbIX STanos JHCKYCCHM MOXHO HaiTH B kmWrax: Albert Einstein, Philosopher —
Scientist, P. A. Schilpp ed., Tudor Publ. Co.,, N. Y., 1949 and 1951 (cm. B oco-
6ennocTH cTathb Bopa u Ditnmitelina) u L. de Broglie, La Théorie de la Mesure
en Mécanique Ondulatoire, Gauthier — Villars, Paris, 1957. CuM. Takxke A. Jdn-
wreiin, Cobpanue HayuHbiX TpyZos, ToM 3, «Haykaw», 1966. Pusuueckne u Teope-
THKO-NO3HABATE/IbHEIE OCHOBH! KBAHTOBOH MEXaHMKH DacCMOTPEHB! B KHUTE:
B. A. dox, Havana xBantoBoil Mexanuxu, «Hayka», 1976 (cM. B ocoGeHHOCTH
ri 1 sTofi KHHIH).
iy P, A. M. Dirac, Proc. Roy. Soc. Al17, 610 (1928); A118, 351 (1928).
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B ra. VI paccMOTpeHO KBa3uKJIAaCCHYECKOe NpHOANIKeHHe B BOJ-
HOBOH MexanuKe. 1 TOJABKO mocile TOro Kak Oyner mpeicraBiieHa
o6Inasi KAPTHHA TEOPDHH Ha f3blKe BOJIHOBOH MEXaHUKH MHl Hepefi-
Jem B ra. VII u VIII x u3anoxenuio HopManbHOro anmapara KeaH-
TOBOl TEOPHH.

Paspea 1. BOJIHbI BELIECTBA

§ 2. BreneHue

OTKpHITHE JBOHCTBEHHOK — BOJHOBOH W KOPNYCKYJSPHOH — Npu-
POAH ¢BeTa SIBHJIOCh OJHUM H3 HauboJee BleuaTJSIOMHX pe3yJbra-
TOB BBeJEHHS KBaHTOB B (H3HKY. [Ipennosoxkum, 4To H BeliecTBO
©ofJafaeT aHAJOTHUHLIMH CBOHCTBAMH KOPNYCKYJAPHO-BOJHOBOrO
lyajau3Ma; nojo6HO TOMY KaK 3JeKTPOMAaTHHTHast BOJIHA acco-
nuupyercss ¢ (OTOHOM, MAONYCTHM, UYTO KaXXAOH MaTepHAJbHOM
YacTHIE CONMOCTAaBJeHa BOJIHA, KPYroBas 4acToTa KOTOpO# @ CBsi-
3ama c snepruefl wactuusl £ coorHolreHueM OIinmrTefina E = ho.
Ecsn NpHHATH 3Ty TOUKY 3PEHHf, TO aTOM AOJKeH byaer objanath
CBOHCTBAMH DE3OHMPYyIOUIeH NOJOCTH (pe3oHaTopa) ¢ AHCKPETHHIM
PAAOM COGCTBEHHBIX YacCTOT; 3TO MHO3BOJHT OOBACHHTE 3D dekT
KBaHTOBAHHA 3HepPreTHYeCKHX ypOBHeH aroma.

[Ipu sTOM OTKpPHIBaeTCS BO3MOXKHOCTb NOCTPOHTb €IHHYIO Teo-
PHIO, B KOTODOH BenlecTBO H H3JyueHHe OYAyT BBHICTYNATh KaK pas-
HOBHAHOCTH 06DbekTOB OafioH npupoxnl, 06JafalOlHX CBOHCTBaMH
H BOJIHB, H KOPHNYCKYJAb. DTH INpeanojoXxeHHs, PYKOBOJIHBIIHE
Je DBpofileM B ero Teopud BOJH BellecTBa, OKa3ajHCbh, KaK MK
YBHAMUM B JaJjbHeHIlleM, NOJHOCTbIO ONPaBAaHHBIMH.

OcHoBHBIE CBOHCTBA BOJIH BeniecTBa NOJYy4alOTCA 10 aHAJOrHu
¢ ontukol, Kak v B ciydae ¢OTOHOB, MHEl JONyCKaeM, 4YTO 3HauYeHHe
HHTEHCHBHOCTH AaCCOLHHPOBAHHON BOJHBl B KaXKJIofi TOUKe Hmpomop-
1IIHOHAJBHO BePOATHOCTH OOHAPYXKHTh YacTHIY B 3TOH Touke. Ya-
cTHHa 6yAeT JOKAaJH30BAaHHOH B NPOCTPAHCTBe TeM JIyuille, 4YeMm
MeHbIIyIo 00/acTh B NPOCTPAHCTBE 3aHHMAET BOJIHA. YCJ/IOBHA cnpa-
BeJJIMBOCTH KJACCHUECKOH MeXaHHKH peallH3yloTcfl TOrAa, Korja
B TeueHHEe BCero BpeMeHH o6JacTb JOKAJH3anHH BOJIHBI MOXHO pac-
CcMaTPHBATh KaK TOUKY M NPHIHCATb YACTHIE ONpejeNeHHYI0 TpaeK-
TOpHIO ABHKeHHd. AHaJOTHYHAs CHTyalusi BCTpeuaercs B ONTHKe,
ec/H JAJUHOK BOJHEI CBeTa MOXKHO NpeHeGpeub N0 CPAaBHEHHIO ¢
IPYTHMH XapaKTepHBIMH JJHHAMH: 3TO npubaudcexue eeOMeTpute-
cKoli OnTuku, KOTAA BOJNHOBHE cBoficTBa He mnpossasiorcs. [lpu-
GaHKeHHe CHPaBelJMBO, KOrfia ONTHUYecKHe CBOACTBA Cpeasl, B
KOTOPOil pacnpocTpaHseTcsi CBET, OCTAlOTCH NPAKTHYECKH NOCTOSIH-
HBIMH HAa DACCTOSTHHSIX TNOPAJKA  HECKOJbKHX  JUIMH  BOJH
(Jgrad M| < 1). DTo NpHBOAHT K 3aKJMIOYEHHIO, 4TO KjaccHuecKas
TeOpHA 4acTull AOJKHA ObITh HPHMEHHMAa B CJyuae OTCYTCTBHSA
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BHEIIIHX I0jieH HJAH MeJIeHHO MEeHSIOUIMXCH IoJlef, a TakK¥Xke eciaH
MBI HE CTPEMHMCSI CJAHIIKOM TOYHO JIOKAJH30BaTh YACTHIY. DTH BHI-
BOIbl HAXOAATCA B COTJIACHM C OOHIEH3BECTHBIMH pe3yJbTaTaMH,
KaCalUIMMHCS JABHXKEHHA ATOMHBIX B Ccy6aTOMHBIX UYACTHI, B KBa-
3MCTATHYECKHX H KBa3HOAHODOAHHIX NOJSIX: TPAeKTOPHH 3apsKeH-
HHIX YaCTHL B CTATHYECKHX 3JeKTPHUYECKHX H MardHTHHIX NOJfAX, OT-
KJOHEHHs NapaMarWTHHX aTtoMoB B onbire Illtepna — I'epaaxa u
T. A. B 3THX mnpeae/bHBIX clyuasx TeOpHs BOJH BeliecTBa J0JKHA
GHITH 5KBHBAJEHTHOH KJacCHYeCKOH TeOpHH 4acTHi (MPHHIHO CO-
OTBETCTBHS).

§ 3. CBoGonHblii BoTHOBON nakeT. Pa3osas
H rpynnosas CKOPOCTH

PaccMOTpHM BOJIHOBOE JBHXKEHHE B OJHOPOAHOH M H30TPONHON
cpene. Haubonee NpOCTHIM THIOM BOJIHBEL SBJSAETCS NJAOCKAs MOHO-
XpOMaTHuecKas BOJHA

ei(kr—mt)’ (1)

KOTOpas IMpeAcTaBJAseT KoJebaHue ¢ JAJHHOA BOJHH A = 2n/k,
pacupocrpassionieecss B HanpasJeHHH BOJIHOBOIO BeKTopa k ¢
MOCTOSAHHON ckopocThio. CKopocTe, 0 KOTOPOH HAET pedb, ecTb
CKOPOCTb IepeMelleHHS IJVIOCKOCTH paBHOH (a3, win ¢hasosasn
CKOPOCTb

Vo= 0fk.

Yacrora » He 3aBHCHT OT HampasieHus K, HO, BooGuie roBops,
MOXeT 3aBHCeTb OT aGCORIOTHOH BeJHUHHBI 3TOro Bekrtopa. Ilo-
CKOJIbKY BCSIKafl BOJIHA MOXKET PAacCMaTPHBAThCH KAK CYNeEpPIO3HIHS
IVIOCKHX MOHOXPOMATHYeCKHX BOJIH, 3HAHHA <«33aKOHA& IHCHEPCHH»
@ (k) [OCTaTOYHO JJfi HCCJIeJOBAHHS NOBEJEHHS M0G0 BOJMHHI
¢ TEYeHHEM BPEMEHH.

CornacHo Hamlei THIOTe3e Xax/as 4acTOTa @ COOTBETCTBYeT
BIOJIHe ONpeje/leHHOM 3HePTHH YaCTHIHI

E=ho. (2)

EcrecTBeHHO NOSTOMY cONOCTaBHTb BoJHY (1) npsMoanHefHOMy
PaBHOMEDHOMY JIBHXEHHIO ¢ 3Hepruefi £ B HanpasJjenu R.

H3yueHHe KJIACCHYECKOTO NPHOJAHKEHHS NMO3BOJHT HaM CBH3AaTh
k ¢ umnyancom p uactuusl. Jlas 3TOro ClAeAyeT CONOCTABUTH dac-
THIle BOJIHYy KOHe4YHOH mnporsaxkeHHocTH. Bonua (1), KoHeuHo, He
YAOBJIETBOPSiET 3TOMy TpeGOBAHHIO, HO €My MOXHO Y/JIOBJETBOPHTD,
eCJM BOCNOJIb30BAThCH CyNepro3niinedl BOJH ¢ OJH3KHMH BOJHO-
BBIMH BeKTOpaMH. DTO 3HAUHT, UTO CleJlyeT PacCMOTPeTh 80AHO80Y
naker

bir, =7 @)erwr—on i,
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O6o3nauum 6ykBamu A u o Moaysab K $hasy aMoautyaH f, coor-
Bercrsedno. Ilo mpeanonoxenuio A obnajaer 3aMeTHOH BeJHUHHOM
TOJILKO B HeKoTopoH o6Jiacth, okpyxatoumed k. Cleayer BHISACHHTD
B KaKOM Mepe H NpPH KAaKHX YCJOBHfIX «IBHXKeHHe» BOJHOBOTO Ia-
KeTa MOXeT OBITb CONOCTABJEHO /[BHXKEHHIO KJacCHYecKoH uac-
THILHL.

Paan mpocToTsl paccMOTpHM BHaua/ie BOJHOBOK MakKeT B OXHOM
H3MepeHHH

400

V(x, )= S f (k") el ®x=0t) gpr.

-0

Tloaoxum
o=kx—ot+aq,

Torfa $(x, {) ecTb WHTErpajJ OT NpousBeaeHHs OGYHKIHH A, HMelo-
well peskHit MakcuMyM B obGgacTd D wupuHOR AR, OKpyxalomen
TOUKy k' = k, n ocumiaupyowei Gpynkuuu e’®. Ecan ocuuaisiuud
¢yHKIHH @ B obsactd D A0CTATOYHO MHOTOYHCJEHHBI, TO BKJAAJH
pasNHuHLIX dacreft o6jacTH AHHYJAHPYIOT APYT J[pyra, TaK UYTO
BeJIMYHHA ) OKasbiBaeTcs KpaliHe maJoil. Haubosbline abcosiOTHbE
3HaveHHs Y NoJyyaloTcs B TOM caydae, Korga (asza ¢ ocraercs
HOYTH NoCTOfIHHOK B obaactu D, T. e. do/dk = O (cumBon d/dk
O3HAYaeT NpOH3BOAHYIO o kK, Koraa k’ = k). Caexyer notpe6oBaTh,
uyTo6GhHl €/® HMena He GoJjiee OfHON OCHHANAUMH B obmacth D:

Ak|§% <l.
TTockoabKy
do ___
rFran _t_ + dk ’

BOJIHA P (x, {) IpaKTHYECKH JIOKAJIH30BaHa B 006JAaCTH C pa3MepaMu

1
AxN'KE"y

OKDPYXaIolel «IeHTP BOJHOBOro IlaKeTa», ONpe/ie/lieHHHH yCcJ0BHEM
(do/dk)=0, T. e

do da

dk dk *

31a TOYKa paBHOMEPHO ABHXKETCS CO CKOPOCTHIO

d
vg=7;’:—. (3)

KOTOpAs HAa3blBAeTCH 2pynnos8oil CKOPOCTs!0 BOJHB eilk¥—ol),
HiMeHHO 3Ta CKOPOCTH Ug, a He (p230Basi CKOPOCTb Ug, JOJMKHA OBITh
OTOX/eCTBJIeHa CO CKOPOCThIO YACTHIB B KJIaCCHYECKOM NPHOIHKe-
HHH TpeNeJbHON JOKaJn3alHN NaKeTa:

dE

V=" (z % B HEPeJsITHBHCTCKOM HPHGJIH}KGHI/IH) .

x=1{
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U3 ycnoBusl v = vg U cOOTHOWeHHs (2) HAXoxuM !?) cooTHolue-
nue e Bpoiss
p=Hhk=~Hh/x. )

A1o paccyxiaeHHe Ges TpyAa oGobmiaercsi Ha BOJHOBOH NakeT
B TpeX H3MepeHHsX: IIEHTP NaKeTa PAaBHOMEDHO MepeMelaercs co
CKOPOCTBIO

v,=grad; o, (3)

NpUYeM TPYNNosasd CKOPOCTb AOJ/XKHA GHTH OTOXIECTBJEHA CO CKO-
POCTBIO HACTHIH
v==gradp E.

Ilocnennee cOTHOILIEHHe BMecTe C COOTHOlIeHHeM (2) mosBoJser
HaHTH CcBsi3b!®) Mexay AHHAMHYECKMMH MepeMeHHHIMH YaCTHI(BI
H BeJHYHMHAMH, XapaKTepHU3YIOWHMH acCOLHMHPOBAHHYI0 eH BOJIHY:

E=ho, p="tk. ()

OTH COOTHOUIEHHS HAEHTHYHH coorTHoumeHHAM (l.4), noJdyueHHBIM
aag caydad ¢oroHa.

B sakawueHHe PacCMOTPHM MOJYYeHHHIE Pe3yAbTaThl C TOUKH
3peHHs NPHUHIOMIA OTHOCHTENbHOCTH.

B HepeasitruBucTCKOM NpuHOJHXKeHHH 5Heprus E  onpepensiercs
TOJbKO C TOYHOCTBbIO A0 HEKOTODPOH NMOCTOSHHOH; H3MeHHTh HAyuaso
oTcueTa 3HEPrHH 3HAUMT 06aBUTh K dYacrore (k) HeKOTOpYIO
[IOCTOSIHHYIO 9acTOTy @ (ypaBHeHue (2)), T. e. YMHOXHTb (YHKIHIO
Y(r, t) Ha dazoBull hakTop e~ DT0 He MeHseT NMpeAlIeCTBYIO-
LIMX pe3yJbTaTOB, KacalOWHXCHd [BHXKEHHS BOJHOBOTO NaKeTa, H
cooTHolleHu#t (D), KOTOpHE M3 HHX BHEITEKAIOT.

Onxnako mosydeHHble pe3ysabTaThl HH B Koell Mepe He 3aBHCAT
OT HepeJSTHBHCTCKOro Npubiuxenusi. IIpuHIHMD oTHOCHTEBHOCTH

NMO3BOJSET OIpPENeNHTh TOUHYIO 3HeprHio E = 4/m%c* + p%? u cooT-
BETCTBYIOIIYIO eff yacToTy ®. DHepruf E M HMIYJLC P SBIAAIOTC
KOMIOHeHTaMH# OfHOro 4-sekropa (npuHuMaem ¢ = 1). To xe ca-
MOe MOXHO CKa3aTh OTHOCHTEIbHO YACTOTH @ H BOJIHOBOTO BeKTOpa
k. CoorHotiienuss (5) YAOBJAETBOPSIOT NPUHIMIY OTHOCHTE/JbHOCTH:
OHH O3HaualoT, 4ro 4-BekTopH (E,p) u (w0, k) nponopuuoHaJbHBE

Apyr Apyry.

12) Crporo rosopsl, 9TH ABa YCJIOBHSA MO3BOJAIOT ONPEAENUTE kB Kak (PYHKLHIO
D TOJIbKO € TOYHOCTBIO A0 ANAUTUBHOW NOCTOAHHOH. DTa NOCTOAMHAsT ONMpeAeseT-
¢l U3 TOTO YCJOBHS, 9TO COOTBETCTBUE MEXJAY P U R He NOJKHO 3aBUCETb OT Ha-
OpaBJEHHsT ABHMKEHUS MO OCH KOOPAUUAT.

13) Bropoe cooTHomenue (5) NMOJMyYaercss ¢ TOYMOCTBIO AO MOCTOSIMHOTO BeK-
TOpa, KOTOPHH MH BHOHD2aeM DABHHM HYJIO, YTOOH COOTHOLIEHWE HE 3aBHCEN0
OT BpallleHns CUCTeMH KOOPAMHAT (CM. NPeXIIeCTBYIOLULYIO CHOCKY),
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§ 4. BosaHoBoll Naker B Mej1eHHO MeHsI0IeMcs NoJe

[Mpeamiectsyioine pesyabTaThl H, B YACTHOCTH, COOTHOMICHHS
(5) cnpaBeMJIMBH H B ciydae, KOrja 9aCTHIH JBHXYTCH B Mef-
JEHHO MeHsiiouleMcs MoJie, PUYeM YCJIOBHE KJaCCHIeCKOTo MpHbJu-
JKeHdsl CBOAUTCH K TpeboBaHHI0, UTOGH H3MeHEHHS M0Js% HA paccros-
HHSX TOpsiJKa J/JAHHH BOJIHB 4acTHHH GBI NpeHeGpeXHMO MaJibl.

3aKoHBl pacOpPOCTPAHEHHS COOTBETCTBYIOT 3aKOHAM TeOMeTpH-
ueCKofi ONTHKH. B 4acTHOCTH, NaKeT BOJIH OTPaHHYEHHRIX Pa3Mepos,
aHAJOTHUHBIA TeM, KOTODhle PACCMATPHBAMUCh B NpPEALIAyHIeM Mapa-
rpade, crenyer BAOJb Jyda CO CKOPOCTbIO, paBHOH TPYNNOBOH CKO-
pocty mnakera. UTo6b MOXKHO OBUIO OTOXAECTBHTh JBHIKEHHS
BOJIHOBOTO MAaKeTa M KJIaCCUYeCKOH YACTHIH, HEOGXOAHMO:

a) uyToOnl Jy4H, COOTBeTCTBYIOmHe (KpPYroBoi) HacTrore @, GblIH
HWIGHTHYHBl KJIACCHUECKHM TPAaeKTOPHAM 4YaCTOTH ¢ sHepruell £E=fw;

6) uroOn rpynmoBas CKOpPOCTb BAOJbL KaxJoro Jyda ObLia
paBHa CKODOCTH COOTBETCTBYIOILEH KJacCHYeCKOH HacTHIBL.

TpaeKTOpPUH KJIAaCCHUECKOH UYACTHIW ONpeesfOTCH NPHHIHIOM
HauMeHbllero aefictsus (1.12); ecanm paccmarpuBaTh TpaeKTOpHM
¢ 3ajgaHHolt sHepruelt E, To ¢pyukuug Jlarpanxa, cornacHo ypabHe-
auio (1.13), ects p%’t— — E, 4 npUHIHUN 3anuchiBaeTcs B BHiE

M,

3= S pdr=0.

M,
CaenoBatetbHO HHTErpas /i, BoIUHMCASEMBIT BoJb HEKOTOPOHA KpH-
Bo#, coepuHsomed Touku M; 1 M,, uMeeT sKCTpeMasibHOE 3HAUEHUe,
KOT/a 9Ta KpHBas ecTh TPAEKTOPHS MCTHHHOTO JBHXKEHHS YACTHIIBI
or M; Kk M,. iMnyaec p'4), Boobuie rosops, ecTh ¢YHKIHSA N0JO-
JKEHUs] YacTHHBI 7 H ee CKopocTH v =dr/dt, 1. e. QYHKUHSA TOUKH
[OJOXeHUS Ha KpHUBOM W HampaB/leHWs KacaTeJbHOH K KpHBOH B
sToll Touke. B ciyuae HepeJaTUBHCTCKOH HacTHHIH B 0b6jacTH neil-
CTBMA CKaJsapHOTO NoTeniuasna V(r):

2
=L V() 1 p=m, (6)

npuueM HMOYJbChl H CKopocTH Napaienndsl (p |l dr). Ho mpunnun
HauMeHbIIero AeHCTBHS HMeeT Cuiy U B OoJiee o6UIMX ciayuasx, Ha-
npuMep, A9 YACTHIH, ABHXYUleHcs B MarHMTHOM IoJe.

[Ipn samaHHO# HacToTe @ JIY4H B reOMeTPHUYECKOH ONTHKE Olpe-
JAENSIOTCS APYTHM BapHAIMOHHBIM NPHHIMMNOM, NPHHIHINOM Pepwma,

4) Bo usfexanue HELOPA3YMEHUH OTMETHM, 4TO MOA UMNYALCOM P MBL BCIO-
Ay MOApasyMeBaeM BEKTOP, KOMMOHEHTH KOTOPOTO CYTh MPOH3BOAHEIe (YHKIHH
Jlarpamxa TO KOMMOHEHTaM CKOPOCTEH (9TOT BEKTOP ellle Ha3HBAlOT 0oGobiien-
HBIM HMIYJIbCOM WJH KAHOHHYECKH CONPSIKEHHBIM HMIYJAbLCOM); MOJ KOAUYECTEOM
08UNMCEHUS MBI TOHUMAEM NMPOH3BeJeHHe CKOPOCTH Ha Maccy,
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KOTOPBIA MOXeT OhITL BhIpaxKeH B cieAywolledl dopme:
M,
Glusdgkdr=0,

M

rie R ecrb BoJiHOBOH BekTop. MHTerpas Jy, BHIUMCNEHHHIA BIOJb
AaHHOM KpuBOH, coenuHsouiell Toukn M, u M,, Ha3BIBaercs onruue-
CKOH AMHHON myTH BAOJb 310l KpHBOH. Ilpunmun Pepma yrsepux-
AaeT, uTo Jyd, coepuusiomuii M; u My, ects KpuBas, BAOJb KOTOPOH
onTHYecKas AJHHA NYTH 3KcTpeMadbHa. B obmeM ciayuae BoJHOBO#H
BeKTOp R (NepmeHAMKYJApHBIH [OBEPXHOCTAM paBHOH (a3nl) 3aBH-
CHT OT MOJIOXKEeHHS Ha KPHBOH M OT HaNpaBJeHHS KacaTeJpHOH K
kpuso#i. B uzorponHo#l cpene, Koraa ¢asobBas CKOpPOCTh He 3aBHCHT
0T HaIpaBJieHUus, BEKTOp R HampasJeH MO KacaTeJbHON K KpUBOH, a
ero a6comoTHAs BeJMUHHA B = 25/A 3aBHCHT TOJIBKO OT [OJIOXKEHHS
Ha KPpHBOH W He 3aBHCHT OT HaNpaBJeHus pacnpoctpanenus.. Onuako
upuHuun PepMa MpUMeEHsIeTCA ¥ B CIyyae HEHM3OTPOMHBIX Cpep.
HertpyaHo BHAeTh, UT0 062 BapHALHOHHBIX MPHHIMIIA COBEpUIEH-
HO aHAJOrHyHH Mo ¢opme. UTo6H JTyYH, COOTBETCTBYIOIIHE YACTOTE
®, MOJXKHO GHIJIO COMOCTABHTH KJACCHUECKHM TPAEKTOPHUSIM C SHepriei
E (ycnoBue a)), AocTaTouHo, UTOGE! R H p GHIM IIPONOPLHOHAJBHEL

p=qak,

KoHcTaHTa MPONOPUHOHAMBLHOCTH o MOXeT OHTb HafifleHa U3
yeaosus 6). I'pynnoBas ckopOcTs vy NpeAcTasaseT cofoil rpaguent
no kB 4acToOTH @; C1eJ0BaTeNbHO

Vg = % gradg E=% grad, E.

Uro Kacaercst CKOPOCTH 4YaCTHIB, TO OHa jaercsi (GopMyJaoi
v=grad, E. DTH JBe CKOPOCTH PaBHH, eciH o = .

TaknuMm o6pasoM, MBI BHOBb NOJyYaeM coOTHowieHHs (5).

B caydae HepesTHBHCTCKOH YacTHIEI B MeJJeHHO MEHSIOMmeMCs
[oJjle CKaJsipHOTO MoTeHnHa a V(r) BosHA pacnpocTpaHsieTcsl B H30-
TPOMHOK cpeje, U AJHHA BOJHH (cM. ypaBHeHue (6)) maeTcs Bl
paxeHueM

h

AV2m(E—V(r) @

A,=—h-:=
P

§ 5. KeanroBanue ypoBHeii SHeprun aToMoB

Teopus Bo/iH BelllecTBa MG3BOJISIET MPOCTO NOJNYYHTh YCJIOBHS
KBaHTOBAHHS YPOBHel sHePTHH aTOMOB.

PaccmorpumM, Jas onpeleeHHOCTH, 3agady o6 aToMe BOAOpoOja.
Ilycte MBI HMeeM sAAuOTHYECKYIO Op6UTy ¢ 3Hepruelt E, CooTHouie-
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Has (5) MO3BOJISIIOT ONpeeHTh BeKTOp R B Kax/J0# TOUKe OPOHTHL
Ilpn kaxpaoMm obopore dasa BoJHBH YBeJHUHBAETCS Ha @kdr.

Uro6sl BOMHOBAS KapTHHA GBLIA CTAIIMOHADHOH, HEOOXOAUMO, YTOOHI
9To H3MeHenue ¢(asnl 6GbLIO paBHO HeJoMmy uHeay 2m. Drto npaer
yCJIOBHe KBAaHTOBaHHSA

@pdr=h@kdr=nh (n memoe > 0),

YTO MOXKHO MependcaTh, HCNOJb3ys 0G03HaUeHHsi MepBofl TIJIaBhI, B
cleiylouweM BHe:

@p,dr+®pq,dcp=nh.

AnaJjiornunble paccyXaeHHS MO3BOJAIOT NONYYHTh NpaBHJIa KBaHTO-
Bahnusi Bopa-— 3oMMepdenbia BO BceX caydasiXx MePHOJHUECKHX
¥ MHOTOMEePHOAHYECKUX ABHXOHHH.

KoHeuHo Bce 3TH pe3yJbTaThl HMEIOT CMBICA TOJbKO B NMpHOGIH-
JKeHHM TeOMeTpHUeCKOH ONTHKH, Korfa MOHSTHS AJHHH BOJHHL H
BOJIHOBOTO BEKTOPA COXPAHSAIOT CBOe 3HaUeHHe. B 4acTHOCTH, Heslb3s
yTBEpK/JAaTh, YTO YCJIOBHS KBAHTOBAHHS COXPAHSIOT cBO (GopMy
B cJyuae MaJbiX KBAaHTOBBHIX UHCes. Y CTAaHOBJECHHBIM SBJSETCH TOJb-
KO (paKT KBAHTOBAHHUS SHEPTHH, 00A3aHHBIA CBOUM MPOHUCXOKAEHHEM
YCJTOBHIO CyL1eCTBOBAHHS CTallHOHAPHOM BOJIHHL

Has paccMoTpeHusi Gosee oOMHX cJydyaeB chiejgyeT OTKasaThes
oT npubJIHKEHHOH TeoPHH, pacUIUPHUTh 06JacTh ee IpPHMEHeHHH,
KaK 3TO jejaercsd B KJaacCHUeCKo#l ONTHKe NPH MepeXoje OT ONTHKU
reoMeTpHuecKofl K ONTHKe BoJHOBOH !5). Kosb cKopo MEI mocTysau-
pOBAJM CyWeCTBOBAHHE BOJH BeUlECTBA, CJAENyeT HAWTH ypaBHe-
HHe, ONMHCHIBalolllee uX pacnpoctpaHeHne. Ho mnpexnae uem o6pa-
THThCA K 9TOf mpobaeme, pazbepeM BOIpoc 00 SKCNEPHMEHTAJbHBIX
MOATBEPIKACHUsIX CYIeCTBOBAHHS BOJIH BelllecTBa.

§ 6. AudpaKuua BOJH BElECTBA

B03MOXKHOCTH SKCIEPHMEHTAJbHBIX HabJIofleHHH 3aBHCAT, KO-
HeUHO, OT JJIHMHBL BOJIHHL, COOTBeTCTBYIOIIeHd H3yuaeMOMy OOBEeKTy.
Korna MH HMeeM A€o0 C MaKpOCKONHYeCKHMH MNpeaMeTaMH, JJIHHBI
BOJIH CTOJIb MaJbl, YTO BCAKHME BOJHOBHE 5¢heKTH NPaKTHYeCKH
HeHabJM0aeMbl. Hanportus, B caydyae o6beKTOB aTOMHBIX pDa3MepoB
MOXHO 06pa3oBaTh NMYUKH C AJMMHOH BOJIHBI, CPAaBHHMOH C JJIMHOK

15) Orclofa u NPOHCXOJMT HA3BAHHE BOJHOBOH MeXaHUKH.
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BOJIHE PEHTTeHOBCKOTO H3JIyueHHs H, CJe[0BaTeJbHO, OCYLIECTBHTH
OMBITH, AHAJOTHYHblE PEHTTeHOBCKOA AH(PPAKIUH HA KpHCcTasIax 19),

[TepBrie onmbiThl Mo AMGPAKNHH BOJH BEUIECTBA OLIIH CIeJaHH
C NOMOLIbIO SIEKTPOHOB (Oughparyus 34eKTporos8) JISBHCOHOM H
Hxepmepom (1927 r.), I'. II. Tomconom (1928 r.) u Pynnom
(1928 r.).

IsBucon u [KepMep H3yuyasan oTpaxKeHHe Ha MOHOKpHCTAJJIE
u Habmopanu natHa Jlays, . I1. Tomcon u Pynn ucciegosa/u
Kosbna [Je6as — llepepa, nosydaeMble NOpH NPOXOKIECHUH MNydYKa
depe3 TOHKYIO MOJTHKPHCTAMIHIECKYIO MHIIEHB,

B »TuX sKcmepuMeHTaX NepBOHAYAJBHHIM IyYOK MOJydaJcsl B
pesysbTaTe YCKODEHHSI 3JeKTPDOHOB B 3JIEKTPOCTATHUECKOM IIOTEH-
nuane. Ecian E ecTh 5Heprusi 5JeKTPOHOB B 3JeKTPOHBOJBTAX, TO
JJIMHA BOJIHHL e Bpofing, usMepsieMas B aHrcTpeMax, paBHa

12,2
A=—_=' .

+/E (28)

B cayugae sHepru#t or 1 go 100 x3s mMbl okasbiBaeMcs B 06Ja-
cTd oOwuHOM cheKkrporpaguud KpucraiwioB. 3Has MapaMerphl
KpHCTA/JJIHYecKoH pellleTKH, MOXHO H3 Ha6mopaeMofi uHTepde-
PEHIHOHHON KapTHHBI MOJYYHTh OSKCIOEpDHMEHTAa/JbHOE 3HaueHHE
JUIMHBI BOJIHBI 3JIEKTPOHA; 3TO SKCNEPUMEHTAaJIbHOE 3HAUYEHHE Ha-
XOAMTCSL B HPEKPacCHOM COIVIACHH C TeOpeTHYeCKHM 3HaueHHeM
e Bpoius.

AuallordyHpie ONBITH NO AUPPAKUHWM HA KPHCTANN&X NPOU3BO-
JHJIHCH ¢ MOHOSHEPreTHUYECKHMH NMyYKaMH aTOMOB TeJNHSI B MOJIEKYJl
Bogopoaa (Crepn, 1932 r.), uro jJajo HOBOe MOATBEpKASHHE COOT«
HolleHusM fe Bpofns.

B 3TuX onHTax [AMHHA BOJHH COOTBETCTBOBAJA ABHIKEHHIO [I€HT-
POB TSIKECTH KaXK/JO0ro aToMa HJIH MOJeKyJqn myuka. Te xe HabJam0-
JeHusi MOryT OHIThb CHeJaHBl C HCHOJIB30BAHHEM NYYKOB MeAJeH-
HHX HeATpOHOB, OJyJaeMHX B A/epHBIX peakTopax. Bce 9TH ONBITHE
[OKAa3bIBAIOT, YTO BOJIHOBHE CBOHCTBA NPHUCYIIH HE TOJABKO 3JIEKTPO-
HaM, a ABJSIOTCH OGUAM SIBJleHHeM, XapaKTepHBIM /JIsi BceX Mare-
pHAJIbHEIX 06BEKTOB.

16) PaccMOTPHM [1Js1 ONpe[eJeHHOCTH YaCTHOY, YYacTBYIOUIYI0O B GDOYHOB-
ckoM ABHxKennu. Hanbosiee MesiKue yacTuiel 9TOTO pOja UMEOT AHAMeTp MOPAAKa
MHKpOHa M Maccy M =~ 10~'2 2. B TepMOAMHAMUYECKH PaBHOBECHOM COCTOSIHHH
npu OOBIYHEIX TEMIEPATYPAX HX CPelHss KuHeTHyecKas sneprus 3/, kT pasna npu-
meprO 0,4-10-13 spe, 4TO COOTBETCTBYET cpelHell NJHHE BOJHBI

[lpu TOf e oHeprum aTOM refldsi UMeeT AJMHY BoJHu A =~ 0,9 A, HeATpoH —
A~ 1,8 A, a asektpon — A = 77 A.

3 A, Meccua
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§ 7. KopnyckyasipHas CTPYKTYpa BeliectBa

Onupasch HAa aHAJOTHIO MeXAY BOJIHAMH BEUIeCTBAa H KJaccHue-
CKOfl BOJIHOBOH OINTUKOH, MOXHO 3aJaThCi BONPOCOM, HENb3S JIH
HOJMHOCTBIO OTKA3aThCS OT IOHSATHST YACTHIRI BEU[eCTBA H 3aMeHHTh
KJIaCCHYECKYI0 TEOPHIO YUHUCTO BOJHOBOH Teopuel, rae sogaHa Y(r, )
arpaja OBl pPoJb, aHAJTOTHUHYIO DOJH 3JEKTPOMATHUTHOTO HOJSA
B TEOPHH H3JMyUeHHA,

Torpa o6pasnl KOpPMycKyJ, MOPUHH SHEPTHH M JOKAJIH30BAHHBIX
HMIYJ/bCOB OyAyT 3aMeHeHhl o6pasoM INPOTSKEHHOM BOJHBI C
HelpephIBHEIM pachpefesieHHeM SHeprHM W uMnyabca. YacTums
KJIaCCHYECKOH MeXaHHKH OYyAyT [peacTaB/ieHbl BOMHOBEIMH aKeTaMu
KOHEYHOH IIPOTHXKeHHOCTH, HO B JOCTATOUHOW CTeleHH JOKaJH30-
BaHHLIMH. MBI BHIeH, YTO TaKHe MaKeThl CJAEAYIOT 3aKOHAM JBH-
JKEHHSl KJIACCHYeCKHX YacCTHI B HeKOTODHIX NpefeNbHBIX CAydYasnXx,
Korja NpHMeHMMO KJjaccHuecKoe NpHOAHKeHHe. ONHAKO paxe B
OTCYTCTBHH IIOJI BOJIHOBOH IIaKeT He MOKeT GeCKOHEeuHO AO0Jr0 CO-
XpaHATh 3TO CXOJACTBO C YacTHHeH, TaK KakK C TeueHHEeM BPEMEHH OH
paciibiBaeTcsi H B KOHEUHOM CyeTe€ MOXKeT 3aHAThb CKOJb YTOAHO
GospIllyl0 YacTh NPOCTPaHCcTBA (cM. 3axady 6)!7). B sTux yc/aoBHAX
BBI3BIBAET YAWBJIEHHE TOT (aKT, YTO BEUIECTBO CTOJb YACTO MPOSB-
JsieTcst B opMe XOPOIIO JIOKANH30BAHHBIX YACTHII,

Ho TpysHOCTH YHCTO BOMHOBOH TeOpHH TAKOTO POAA CTAHOBATCS
eme Oo/see SCHO BHAHEL, €CIM BHMUMATeJbHO HCCAEN0BATh CaMH
SKCTEPHUMEHTH 110 AH(pPaKUHH BOJH BelllecTBa. PaccMOTPHM mydox
MOHO3HEPreTHYeCKHX 3JIEKTPOHOB, IIPOXOAAIMUE uepes NOJHKPUCTA-
JMYECKYiO MHIIEHb; HA 3KpaHe, PACHONOMEHHOM 33 MHIUEHBIO, Mbl
Hal/iofaeM LeHTpaJbHOE TeMHOe INISITHO, COOTBETCTBYIOLIEE MPOXo-
Jsillell BOJIHe, KOTOpPOe OKpYXKeHO KOHIEHTPHUYECKHMH KOJIbLIAMH,
06pasoBaHHBIMH nmppampOBaBmen BosHofi. [lpeamosoxuM, dro
najammas BOJHA ecTh BOJIHOBO# maket ¢ (r, f), Xopouo pasrpanu-
JeHHBIH B NPOCTPAHCTBE; 5TOTO MOXKHO A00HThCSH, NOMeCTHB (pHC. 7)
HHTEHCHBHBIA HCTOUHHK S KaTOAHBIX Jyueil 3a nuadparmoit D, cHab-
XKeHHOH 06TIopaTopoM C (HKCHPOBAHHEIM BpeMeHeM NpOIYCKaHHS,
dta Bo/IHA IIPOXOJHMT 4epe3d IMAaCTUHKY C, pasjensercss Ha NpOXOAsi-
wyo 1 audparuposaBillyo BoJHH H, HaKoHel, o6pa3yeT Ha sKpaHe
ONMHCAHHYIO Bhillle WHTepdepeHNHOHHYI0 KapTHHY. Ilo mpexmosoxe-
HHIO MBI HMé&eM [eJI0 C HellpeDHIBHOH NMPOTSIZKEHHOR BOJIHOM, TO XKe
caMoe MOXHO CKa3aTh 006 uHTepdepeHnHoHHol KapTuHe. Eciu npu
HPOYKX PABHBIX YC/JIOBHSX YMeHbUIATh HHTEHCHBHOCTL IMajaiomel
BOJIHBI (HampuMep, yAaajsisi HCTOYHHK S oT auadparme D), To npo-
NOPHHMOHAJBHO [OJXKHA YMEHbIIATHCS WHTEHCHBHOCTH HHTepdepeH-
IHOHHBIX IISITEH, HO CAMH OHH IO-MPeXHeMY JOJIKHBEl OCTABAThCS He-
IpepeIBHO paclipegeneHHsIME. ONEIT MOJHOCTHIO ONPOBEpraerT 3TOT

') HckmouenneM u3 eéllere NMpasuja sBJAETCS TAPMOHMYECKHIT OCLHJNATOD
(em. r. V1),
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BeIBOA. OKasniBaeTcs, 4TO HHTephepeHuUHOHHAs KapTHHa o6paso-
BaHa GOJBIIHM YHCJIOM OTJAEJBHBIX JHCKPETHHX Todek. I1pn yMeHb-
IIeHUH MHTEHCHBHOCTH Majaruiefi BOJHHI NPONOPIHOHANBHO YMeHb-
H1aeTcs YHcJaO0 9THX ToueK. B mpejese odeHb c1aGofl HHTEHCHBHOCTH
MOXKHO HabJI0AaTh 10 OMHON TOYKH, pacnoJsiokeHHol gub0 Ha MecTe
HeHTPaJbHOTO NATHA, JuG0 e Ha AMDPAKIHOHHHIX KOJbIAX.
EcTecTBEHHO INpHOHCATh Ka)K/AYl0 TOUKY BO3JAeficTBHIO IMpomIes-
IIEro yepes CHCTEMY OJHOTO 5JIEKTPOHA, T. €. OJHOH JacTHIH Bemle-
CTBA.

3ameTHa MoJiHAS aHAJOTHS MeXAy CHTyaluedl, ONMHCaHHOH 3j€ech,
H ONBITAMH TI0 pPacCesiHHIO CBeTa Ha pellleTKe, 0OCy:KIaBIIUMHCS B

,,. e

~,

T

Puc. 7. Jdudpakuus 54€KTPOHOB Ha MOJUKPHCTaNnnueckofd naacruske. ITyuox

9/IEKTPOHOB M3 HCTOYHHKA S KOJJAHMHDyeTcsi auadparMoft, a sareM audparu-

pyer Ha nonukpHCTanjaugeckoi maacrunke C. Jlndpaxuuvonnas kaptaua HabJawo-
naercs Ha sxpane E.

nepBoil ryiaBe. MOXHO NMPOAOTIKHTL 5TY AHAJOTHIO H CAeJaTh Bhbl-
BOJ, uT0 HauboJsee NMPOCTOe HCTOJNKOBAHHWE AyaJn3Ma BOJIHA — yac-
THIA HMeeT CTAaTHCTHUECKYIO OCHOBY B TOM CMGLIC/E, YTO HHTEHCHB-
HOCTh BOJIHH B KaxK/[0H TOYKe 3KpaHa faeT BepOSTHOCTh NOMNAJAHHS
3/1eKTPOHA B 3TY TOUKY.

§ 8. YuuBepcasibHblil Xapakrep jpyaJaH3Ma BoJIHAa — YaCTHLA

M3 Bcero mpenluecTBoBaBILEr0 MBI [esaeM BBIBOJA, YTO MHKpPO-
ckonuueckue OODBeKTH 06JafaloT 4pe3BhIYafHO O6IIMM CBOHCTBOM
Oo6HapyXuBaTb Cebsi B ABYX Ha NepBHIA B3TJIAJ HECOBMECTHMBIX
aclmeKTax: ¢ OJHOH CTOPOHEI, KAK CYNepNO3UIMS BOJH, ¢ APYrofl —
KaK JacTHHa, T. €. JOKAaJM30BaHHAS NMOPUHUSA SHEPTHH H HUMIYJbca.
Mexny >THMH acleKTaMH NOBeAEHHST MHKPOCKOMHYECKHX OGLEKTOB
CyUlecTByeT BINOJIHE YHHBepcaJbHOe COOTHOLI€HHE COOTBETCTBHS,
BHpaxaeMoe opmynamu (5). Kpome Toro, cBga3p MeXxay Kopmyc-
KyJaMH M acCOIMUPOBAHHBIMH BOJHAMH HMeeT CTATHCTHUYECKYIO
HNpHpoay, KOTOPYI0 MBI YTOUHHUM B JaJibHeilleM.

3*
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Paszaen 1I. YPABHEHHE WIPEAHHTFEPA

§ 9. 3akoH coXpaHeHHs YHCJA YACTHI| BelECTBA

Bce, uTo 6BLIO CKa3aHO paHee, BHISCHSET H NOAYEPKHBAET 3ame-
garesibHOE MogobHe cBoficTB cBera H BemecrBa. CJegyer, ojHaKo,
OTMETHTh OJHO OYeHb BaxKHoe pasJjudue. Jlaxke B MpoOCTeHIIHX
CHTYanusX YHCJAO IPHCYTCTBYIOWHX (OTOHOB MOXKET H3MeHSThCH
BO BpeMeHH Gsarojaps mpoileccaM UCIyCKaHHS M norjoulenas. Ha-
MPOTHUB, YHCJAO 3JeKTPOHOB W BOOOGINE YHC/IO 3JEMEHTAPHHX 4acTHIL
BeleCTBa ocTaeTcs NOCTOSHHRIM. Ha 310 yrRasnBawT MHOrHe (aKThH
aTOMHOH (HM3MKH, a H caMH yCIleXH KBAHTOBOH MeXaHHKH CHCTeM
YacTHl NOATBEPKAAIOT CIPaBeJJIMBOCTh STOTO BAXKHOrO 3aKOHA CO-
Xxpaunenns. Ha camoM gene mor He umeem 30eco abCoAOTHOZO 30KOHA
COXpaHeHus, 1 pa3inue MeXK1y BeIleCTBOM H CBETOM B 3TOM IyHKTe
He CTO/Ib OUeBHJHO, KaK 5TO MOXeT nokasarbcsi. C MOMeHTa OTKpHI-
Tua (AHgepcoH, 1932 r.) No3suTpPOHA — 4aCTHIL TOH Ke Maccsl, 4TO
H 9JeKTPOH, HO NPOTHBONOJIOMHOIO 3apsija-— CTaJ0 H3BECTHO, YTO
B HEKOTODHIX O6CTOATEJNbCTBAX BO3MOXKHO 0GpasoBaHHe 3JEKTPOH-
NO3HTPOHHHIX Iap (HCIyCKaHHe BEIlecTBa), ¢ APYrof CTOPOHHI /€K~
TPOH M HNO3UTPOH IPH CTOJKHOBEHHH MOTYT aHHUrHJIUDPOBATh (IIOLJ0-
IeHHe Beurecrsa), ocBo6oKaas dHeprHI0 B BHAe usaydenusi. Co-
r1aCHO 33KOHY 5KBHBAJEHTHOCTH MacChl H SHEpTHH, SHeprus, Heob«
XoguMas JJis NOPOXKAEHHS Naphbl JeKTPOH — IOSHTPOH, NO MEHb<
e Mepe pasHa 2mc? (=1 Mass). Ipyroii npumep HcnycKaHust
3/IEKTPOHOB (MJ/IM IO3HTPOHOB) AaeT f-pacmaj aToMHHIX saep. Ho
€CJIH OTPAHHYHTHCH SABJIECHHSIMH aTOMHOH (QH3HKH, TO MO3SUTPOHH OT-
CYTCTBYIOT, fpa YCTOHUHBH, a BCce Nepenaud SHEPTrHH 110 BeJHUHHE
HHIKe Nopora 06pa30BaHHs JeKTPOH-MO3HTPOHHBIX NMAap; B 3TOH CH-
TyallHH 3aKOH COXPaHeHHS uUHCJAa YacTHI CTPOro cobJiogaeTcs.
B pasnbneiiinem MH OyseM paccMaTpHBaTh TOJNBKO 3TOT Ciydai.

3aKOH COXpaHeHHS UYHMCJAA HYACTHI[ CYUIeCTBEHHO YIpOuwiaeT IIo-
CTpOEHHE W HCTOJMKOBaHHe KBAHTOBOH TEOpPHH BellleCTBa. PasjiuuHbe
KBaHTOBEIE CHCTEMBI, H3ydaeMule HAMH, OOBIUHO COCTOAT M3 JAHHOTO
qucsaa dacTHi BeulectBa. [Ipocreiimnasi cucreMa BKJAIOYAeT TOJNBKO
OJHY YacTHOY (HampuMep, 5JeKTPOH BO BHelllHeM II0JIe); acCOmMUPOs.
BaHHas BoJiHa W(r;{) B Kaxanli MOMEHT BpeMeHH eCTh (QYHKIHS
KOOPAHHAT, XapaKTepH3YIOU[MX I[OJIOXKeHHe 3TOM YacTHIh B MNpO-
cTpaHCTBe. ATOM BOJOpDOAA eCTb CHCTEMa M3 JBYX 4acTHI (3]ek-
TPOHAa M MPOTOHA), HAXOJAUHXCH BO B3aWMOJAEHCTBHH; COOTBET-
creywomas BoiaHa ¥(r., 7p; {) 3aBHCHT OT NOJIOXEHHH r. U 7p, 3THX
AByX wactull. CJOXKHBHIH aToM COCTOMT H3 siiApa C 3apajgoM Ze B
TouKe R u Z 51eKTPOHOB B ToUKAX i, fa, ..., rz; aCCONHHPOBAHHASN
BOJIHA BhIpaKaeTcs HeKoTopoit ¢yHkmueit W(R, ry, rq, ..., rz;t).
CxoaHelM 06pas3oM onpenesioTcs BoJHOBEIE QYHKIHH GoJsiee CIOXK-
HEIX CHCTeM,
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§ 10. HeoGxopumocTh BOJIHOBOTO YPAaBHEHHA H YC/IOBHS,
KOTOPBIM OHO [L0JIJKHO YAOBJAETBOPATh

Mu Busiesn, 4TO HHTEHCHBHOCTb aCCONMHPOBAHHOM BOJHH B JaH-
HOfl TOUKe B JaHHHIH MOMEHT BpeMeHH [aeT BepOsSTHOCTb HAUTH
JacTHILy B 9TOH TOYKe B 5TOT MOMEHT BpeMeHH. B KBaHTOBOH MeXa-
HHKE MBI NOCTyAUpyem, 9TO BoJHOBas (ynknus W KBaHTOBO# cu-
CTeMHl NOJHOCTBIO OMpejiessieT AMHAMHYECKOe COCTOSHHE CHCTEME,
T. €. YTO BCe IpeJICKa3aHusi, KOTopble MOTYT OBITh CAeJaHBl OTHOCH-
TeJbHO PAa3JIMYHBIX [JHHAMHYECKHX CBOMICTB CHCTEMH B JaHHBIA
MOMEHT BpeMeHH {, caeaywT M3 3HadyeHHs dyuknud ¥ B 3TOT MO-
ment BpeMeHd [f. (OcHOBHasg 3agada TeOPDHH MoOXKeT OHTb
chopMyJIHpOBAHA TAK: 3HAsl BOJHOBYI (QYHKIHIO B HAaYaJbHRIA MO-
MEeHT BpeMeHH f; onpe/e/nTh ee 3HaUeHHUs B HOCJAeMyIOUlHe MOMEHTH
BpeMeHH. s sTOoro Heo6XOAMMO 3HAThb YpaBHeHHE paclpocTpaHe-
Hust BoJIHB! V.

BrnotHe oueBHAHO, 9TO HCKOMOE YypaBHEeHHe He MOXKeT GHITh
NOJY4eHo NyTeM KakKoro-iM6o [elyKTHBHOTO paccyxaeHnsi. Kak
BCAKOe ypaBHeHHe MaTeMaTHYecKo#t (H3MKM OHO JOJIKHO OHITh
MOCTY/IMPOBAHO; €IUHCTBEHHHIM OIpaBAaHHEM TOTO0 HJH HHOTO BHI-
fopa CIyXKHUT CPaBHeHHe TeOPeTHYECKHX MpeJcKa3aHul, NoayiaeMhX
C MNOMOIIBID YPAaBHEHHA, C pesyJbpTaTaMH BSKclepuMeHTa, TeM
He MeHee BbIOOp ypaBHEHHS JIMMHUTHDPYeTCH @ priori HEKOTOPBIMH
YCJOBHSIMH, BHITEKAKMVMHU U3 TpeGoBaHUM, HajaraeMbelX Ha ¢yHK-
uuio ¥:

A) VYpaBHeHHe NOMKHO ORITh AuHellnbim ¥ 0OHOPOOHBIM, Toraa
BOJIHA YAOBJETBODSET [PUHIHKNY CYyNepNo3HIHH, XapaKTePHOMY AJA
BOJIHOBHIX MpolleccoB B obumeM cayuae. Mmenno, eciiu W, u ¥,
ABJSAIOTCSA DPelIeHusIMH YpaBHeHHS, TO U BcAKas JHHefHas KOMGH-
Hauug MW1+ AWy 5THX QYHKIOUE ecTh pelieHHe TOoro e
ypaBHEHHUS.

B) ¥YpaBHeHHne gomkHO OvITh auddepeHIHaJbHEM YPaBHeHHeM
nepsoeo nopaldKa OTHOCUTEAbHO 8pemenu; UMeHHO B 3TOM cjydyae
sHaHne W B jgaHHBIN HadaJbpHBIA MOMEHT BpPEMEHH OKasbiBaeTcs
JOCTAaTOUHLIM [JIT ONpejesieHHs1 Nocaenyiouleir ssosmonuu ¥, co-
[J1aCHO FHIIOTE3e O TOM, 4TO AMHAMHUeCKoe cocTosiHue (u3HuecKoi
CHCTEMBI IIOJIHOCTRIO onpeaensercs 3afganuem V.

C npyro#i cTOpOHHI, NpelCcKasaHHS TEOPHM MOJKHH COBIAZAaTh
¢ lpeJCKa3aHNUSIMH KJacCHUeCKoll MeXaHHKH B o6JacTu clpaBejH-
BocTH mHocsaenHefl. JIpyruMH caoBaMH, yYpaBHeHHe J[0JIXKHO MPUBO-
JMTh K TeM XK€ 3aKOHAM [BHIKEHHS BOJHOBHIX IIAKeTOB, UTO H TeO-
pus fe Dpo#iig B npub/ikKeHnd reoMeTPHUECKOH ONTHKH. DTo 3Ha-
YHT, 4TO HCKOMOe ypaBHeHHe AO/KHO 06/1aaTh (PopMaJbHEM CXOI-
CTBOM C HEKOTOPBIMH yPaBHEHHSMH KJAaCCHUECKOH MeXaHHKH (npun-
yun cooreercrsuﬂ).
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Crenysa sTHM YKa3aHHAM, MBl JOBOJIBHO MNPOCTO NpHAEM K
ypaBHenuio IlIpeaunrepa. Ho mnpexjae HaM caegyer BBeCTH OJHO
MaTeMaTHUecKoe MOHSiTHE, KOTOPOe OKaXKeTcsi upe3BuluafiHo noJes-
HBIM B JajbHeflleM: MOHATHE OlepaTopa.

§ 11. lousntne onepatopa

Paccmorpum dyuknuio 0¥ /8¢, 1. e. IPOM3BOAHYI0 MO BpEeMeHH
or ¥; MOXXHO CKa3aTh, 4To onepatop 0/0¢, neficteys Ha ¢pyHruHio ¥,
naer ¢yurnuio 0W/0f. B obuieMm caydae, eCTH HeKoTOpasd omepa-
Mg [O03BOJSAET cONOCTaBHThb Kaxjaof ¢yHKuHH W B HeKOoTOpOM
OYHKIHOHAJIBHOM IPOCTPAHCTBE OAHY H TOJBKO OJHY BIIOJIHE ONpPOC-
JenenHyw ¢yurnuio ¥ B TOM Xe IPOCTPAHCTBE, TO TOBOPSAT, 4TO
W’ ectb GyHRUMS, NOJydaeMas B pe3y/bTaTe JefiCTBHS HEKOTOPOTO
oneparopa A W3 3TOTO HpocTpaHcTBa Ha GyHKuui W, ¥ 3amHCH-
BalOT 3TO Tak:

Y= AY.

Onepartop A aBisercs Auxeiinvis, eclid ero geficTBHe Ha ¢yHK-
mHio MW, + AWe, T. e. HA auHellHylo KoMOuHaunmw ¥y u ¥, ¢ no-
CTOSHHEIMH (KOMMJeKCHRIMH) Koadduuuenramu (¥, n W, npunai-
JieXXaT OJHOMY IIPOCTPAHCTBY), Belpaxaercsl (opmyJion

A MY+ AW5) =4 (AY) 4 Ay (A)).

Cpenu onepatopoBs, coCcOOHEIX AeHCTBOBATL HA BOJHOBHE (YHK-
win ¥=W¥(r;t)= W¥(x,y,2;¢), acconuupoBaHHEIe C HYacTHileH,
MOXKHO BHIJEJUTh [Ba OCOODEHHO BAaXKHBHIX THMA JHHEeHHHIX oONepa-
TOPOB:

1° nnddepenunanvunie onepatopsl 0/0x, 0/0y, 0/0z, 4/0t n

2° onepatopu Buzaa f(r,!), neficTBHe KOTODHIX COCTOMT B YMHO-
xkenuu Gyukiun W Ha dyarumo f(r, f).

Hcxonst u3 HeKOTOPHIX JIHHEAHBIX ONEpaTopoB, MOXKHO MOJYJaThb
- Ipyrue JIMHeHHble ONepaTopH C NOMOIUbIO CIAEAYIOIHX ajrebpauue-
CKHX ollepalluii:

a) yMHOXeHHs: omeparopa A HA MOCTOSTHHYIO €

(cA) ¥ = c (AY);
6) cocrassenusi cymmnl S = A + B 1Byx oneparopoB
S¥ =AY + BY;

B) noJyuexuss npousBejenusi P == AB, rpe onepatop B yMmHO-
xaeTcs Ha oneparop A

PW = ABY = A(BY).

OTmeTHM, 4TO, B OT/IHUME OT CYMMHI, npoussedenue 08yx onepa-
TOpO8 He KOMMYTaTusHo. B 3ToM COCTOHT OYeHb BaxkHOe pasJHune
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Mexy anreGpoil JUHeHHHX oNepaTopoB H anrebpoi unces. ITpons-
Benenne AB He o0s3aTelbHO TOXKAECTBEHHO MNpoH3BefeHHI0 BA;
B IepBOM cJayyae onepaTtop B IepBHM AelCTBYeT Ha (DYHKIHIO ‘I’
sateM omepatop A neficteyeT Ha ¢yHkuuwo (BY) u naer okonua-
TeJbHHH pesyabTaT, BO BTOPDOM cJaydae onepatopsl A n B mepe-
cTaBleHn Mexnay coGoi. Passocts AB-— BA nByx nponsBeieHHH
Has3HBaeTcs Kommyraropom omnepatopoB A H B; xommyrarop obo-
3HauYaeTCs CHMBOJOM

[4, B]=AB — BA. ®)

Ecin ykasaHHast PasHOCTh PaBHA HYJIO, FOBOPAT, U4TO ONEPATOPH .
KOMMYTHDYIOT
AB=BA.

B kauecTBe IpHMepa HEKOMMYTHPYIOLIHX OIepaToOPOB yKaxKeM
oriepatop f(x), T. e. ollepaTop yMHOXKEHHS Ha 3aJaHHYIO QYHKIHIO
f(x), n ounepatop auddepennupoanns 0/0x. IleficTBaTeNBHO, Ka-
ko#t 6u Hu Onina Qyskuus W:

2 _ 0 of OF _(Of | ¢ 0
Sl Y=3- () =T W+ = (G5 +5) ¥
Hunaye rosops,

", B 4aCTHOCTH,
0
[+ «]=1. (10)

Hanpotus, Bce omepatope auddepenuupoBanus d/0x, d/dy, 3/0z,
0/0t KOMMYTHPYIOT MeXay codoil,

THIMUHEIM IDHMEpOM JHMHEHHOTO OlNepaTopa, MOJYYEeHHOro my-
TeM YMHOMEHHS H CyMMHMPOBaHHS JIAHEHHBIX ONepaTOpOB, SIB/sETCS
onepaTtop Jlamnaca

ik ik

A=divgrad =VV = x2 + 5 PR

KOTODHII MOXKHO paccMaTpHBaTh KaK CKaJsipHOe NPOH3BENEHHE ca-
Moro Ha ce0si BEKTOPHOro onepartopa rpaameHra V = (d/0x,d/dy,
0/0z).

§ 12. BoaHoBoe ypaBHeHHe 1Jisi CBOGOIHON YaCTHILI

Teopns BosH BemecTBa No3BoasieT 0e3 3aTpyAHeHHA HamucaTh
BOJIHOBOE ypaBHEHHe AJIf CBOGOAHOH YAacCTHIB B HePeIsTHBHCTCKOM
npubanxenuu. [elicTBuTenbHo, BodHa W(r;f) Momxer 6HTH npen-
CTaB/leHa KaK CyNepIO3niius

W(r, )= S F (p)¢ ®r=E0in dp o



72 THA. 11. BOJIBbBI BEIIECTBA U YPABHEHHE HIPEIUHIEPA

IIOCKAX MOHOXPOMAaTHYeCKHX BoaH exp [i(pr — Et)/h], npnuem yac-
tota E/f cBaszaHa ¢ BOJIHOBHIM BEKTOPOM p/h COOTHOILIEHHEM, CBSI-
3BIBAIOLIHM 3HEPrHi0 H HMHYJILC YaCTHLBL
2
E=2_. (12)

2m

O6pasyst yacTHble NPOH3BOAHBIE OT oOenx uyacrell paBeHcTBa (11)
(3mecb Mbl He o0cy:XhaeM MaTeMaTHUYECKHX BOIPOCOB CXOAHMOCTH
COOTBETCTBYIOIUHX HHTErpasioB), NOJYUHM IOCJELOBATE/bHO:

ih W (r, )=\ EF (p) et er-20% dp, (13)
29 (r, = pF ()t or-20m ap, (14)
—R2AY (r, f) = S pPF (p) el Pr=Etlh gp, (15)

CornacHo coorHomeH#io (12) TNoxabHTerpaJjbHble BHIPAXKEHHsS
B ypaBHeHuax (13) m (15) mponopuUHOHAJBLHEI APYr IPYTY, TO XKe
MOXKHO CcKasaThb ¥ 0 caMuX nHTerpafax. IToatomy

B2 (r, f) = — L AW (r, 1) (16)
ot ? 2m > e

10 4 ectb ypaBHenHne lllpeaunrepa ang cBOGOAHOM YacCTHUH, OHO
ynoBJseTBopsier ycaosuaM A) u B), cm. § 10; u3 camoro BeiBoxa cie-
AyeT, uTO ypaBHeHHe YJOBJIeTBOpsieT TpeGOBAaHHAM IPHHLUHNA CO-
orBereTBHA. MiMeer Mecto QopmasibHas aHAJNOrHS ¢ KAACCHUYECKOH
MexaHHKO#: ypaBHeHne (16) mpencraBnser coboft Kak O KBaHTO-
BHE aHaJsor Knaccuyeckoro ypasHeums (12). Ilpm sToM sHeprus
U AMNYJALC Ha KBAHTOBOM si3blke NpeAcTaBJA0TcA AubdepeHunans-
HEIMH OnepaTopaMy, AEHCTBYIOIIMMM Ha BOJHOBYI0O (QYHKHHIO CO-
IVIAOHO NpPaBRIaM COOTBETCTBES

.. 0 /]
E—>ih—, p—>=V. (17)

TakuM o6pasoM, BenrurHa p® == p2 + p? + p? npencrasisercs one-
paTopoMm

= () ().

ITono6uo cootHomen®w (12) ypaBHenne (16) He ymoBIeTBO-
psieT, ecTecTBEHHO, NPHHUMIIY OTHOCHTENbHOCTH. B To e Bpewms
Teopus Ae Bpofing cama mo cebe He nMeeT NOAOOHOrO OrPaHHUEHHS.
UTo6hl MOJNYYHTh DEJNATHBHACTCKOE ypaBHeHHe MAJIST CBOGOLHOH yac-
THIIH, PA3YMHO CJIeZ0BaTh TOH Ke CXeMe pacCyXk/eHnH, 4To H BHILUe,
HO 3aMeHHTh ypaBHeHHe (12) ero pensTHBHCTCKHM anajoroM. [Ipa-

= A/ D20E & it
BHJIbHOE cOOTHoweHHe K= 4/p?c? -+ m’c* He NOAXONHT NO MpHURMHE
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HaJHIuA KBaJApaTHOro KOopHA. UTOOH 060ATH 3TY TPYAHOCTL, MOMXHO
HCIOJIH30BaTh COOTHOLIEHHE

E2 = p202 + m‘zc4’ (18)
OTKy[a NoaydYaeTCs. ypaBHEHHE

~~h2—§;7 V= —h%* AT + m?* 'Y,

KOTopoe MO2KHO 3amucarn B BHJE
2
(o+ (%)) ¥En=0 (19)

2
¢ nomoupio omepatopa J[lanambepa [J E?];—B%-a—— A. Mexay
ypaBHenusiMu (18) u (19) cymectByer To ke (popMaNbHOE COOTBET-
CTBYe, UTG U MexAy ypaBHeHusamu (12) u (16).

VpaBHuenue (19), HsBectHOe Kak ypasuenue Kaetina — I'opdona,
HrpaeT BajkHYI0 PoJib B PEISTHBHCTCKOH KBaHTOBOH TeopuH. Ilo-
CKOJIbKY 3TO ypaBHeHHe He YIOBJIeTBopsieT Kpurephio B), ono e
MOMKET pacCMaTPHBATbCS KaK BOJIHOBoe YpaBHeHue (€3 COoTBeT-
CTBYIOLIEro H3MeHeHust HHTepuperamuu obyukunn ¥. Boo6ue ro-
BGPS, CaMO YyTBEPKJeHHe, UTO BoJHOBas (QYHKUHS MOXKET IMped-
CTaBJSTh AMHAMHUECKOE COCTOSIHHE ONHOM W TOMHLKO OJHOH uacCTHILHL,
BMeeT CMBICJ TOJIbKO B HEPeNsITHBHCTCKOM IIpeliesie, KOrAa Crpase-
JIUB 3aKOH COXpaHEHHUs UHC/Ia yacTHI. [103ToMy B najbHedilleM MH
Oynem H3yyaTb HMEHHO HEPeJATHBHCTCKOE BOJHOBOE ypaBHEHHE,

§ 13. YactHua B o6sacTH AefCTBHA CKaJAPHOro NOTEHIHAAA

Yro6er 06pa3oBaTh BOJIHOBOE YpaBHEHHe UacCTHUHl IIPH HAJHYKRH
notennrana V(r), HaydeM c <«IpHOJHKEHHS [eOMeTPHUECKOH
ONTHKH» ¥ IONPOOYyeM HAIMCATh ypaBHeHHe DacIPOCTPaHEHHS /s
BonHoBoro nakera W(r,{}, caenywouiee u3 Teopun me Bpoiias.

IledTp nakera mepememniaeTcl Kak KJaccHuecKas 4acTHila, M0-
JIOXKEHHe, HMIYJAbC KW 3HEPTHI0 KOTOPoH Mbl 0003HAauMM COOTBeT-
CTBEHHO KAaK Fyu, Pxa B Exn DTH BeJIMUHHH CBSI3aHbl COOTHOUIEHHEM

2
pKJl
2m

EKJ[ =H (rm: pKJl) =

+ V (7, (20)

rae H(rgs, Pxs) €cTh KIaccuueckast Gyukpusi Tamnabrona. Ipeano-
JIOXHM, 4yTo V(r) sIBHO OT BpeMeHW He 3aBHCHT (KOHCepBaTHBHas
CHCTEMA), XoTa 3TO TpeGOBaHHe He SIBASETCH CYHIECTBEHHO HeoG6-
XOANMHIM B HalilpxXx paccyxpaeHusx. Cnenosatenbho, Ex. €CTb HH-
Terpan ABHXKEHHS, A Fyx B Pxa ABASIOTCS BIOJHE ONpeeeHHbIMHA
GyHKnHSMEH BpeMenn. B yc/a0BHAX Hamlero mnpuGauxenus V(r)
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OCTaeTCA NPakKTAYeCKH NOCTOSSHHBIM HA DACCTOAHUAX NOPsiiKa pa3s-
MepoB obJractn NPOTAXKEHHOCTH BOJHOBOIO NakKeTa; MO3TOMY

V(iYW (r, )& V(ry) ¥ (r, 1). @2n

C npyro#i CTOPOHH, ec/li OrPaHHYMBATLCS MaJbIMH HHTEPBalaMH
BPeMeHH, KOTZa OTHOCHTeNbHble H3MEHEHHS Pyxa TNpeHeOPexRHMO
MaJbl, TO MOXHO paccMaTpuBaTh W(r,f) KakK CynepmnosHiHio IIO-
CKHX MOHOXpOMaTHYEeCKHX BOJH THHa (11), nmpunuem uacToTh 6.113KH
K Exa/fi, a BOJHOBHE BEKTODH GJIH3KH K Pxa/li. [T03TOMYy MOXKHO
CuHTaTh, YTO

. O
lﬁ—a—t- W (r, ) = Ex,;¥ (r, 1),

h 22
TVIF (f, t) = Pxn (t) v (f, t)’
a B3sdB AHBEPreHHUI0O OT IOCJCAHErO BbLIPpAXKEHHA, IOoJydaeM
—RAY (r, )y = p? ¥ (r, 1). (23)

Kom6nunpyst coornomennst (21), (22) u (23) rak, uro6H ynoBie-
TBOPHTE cooTHOmeHH (20), Haxonum

2

Pen V(rx,,))\lfzo.

2m

ih—a—‘I’—l—-hz—A‘lf——V‘Pz(E —
Jt 2m K

Bousmnoso#t maker W(r, f) yaoBiaeTBOpsieT, 10 KpafHell Mepe NpH-
OJIMKEHHO, BOJIHOBOMY YPaBHEHHIO HCKOMOro THma. Mu TNpuXoanMm
K ecTecTBEHHOMY BBIBOJY, UTO 3TO ypaBHEHHe MOXKHO NPHHSTb KaK
ypaBHeHHEe BOJIHBl YacTHOB NpH Hajuuup noreHnyana. Ilocrynam-
pyeM, UTO B caMOM ofwieM caydyae, faxe KOF[a He BHIIOJNHSIOTCS
yCcnOBHSA NPHOJHIKEHHS] «[€OMEeTPHUECKOH ONTHKH», BonHa ¥ ynos-
JEeTBOPSIET YpaBHEHHIO

2 (r, )= — o A+ V (1) ¥ (r, ). (24)

dt10 — ypaBuenne Ulpeannrepa mjs uacTHubl, HaxXopsUieHcst B 06-
JacTu JAeficTBHA NoTeHunana V(r).

§ 14. 3apsKeHHas yacTHUa B 3J€KTPOMArHUTHOM moJe

IIpenmecTByollizie pacCyX/A€HHS MOTYT GHTH NOBTOPEHHl B GoJsiee
CHOKHHIX CHTyauHsiX, KOTAa, HanpumMep, noTeHunan V sIBHO 3aBH-
CHT OT BPEMeHH HJIH KOrJia 4acTHlla Cc 3apfiloM e ABHXeTCS B 3JeK-
TPOMarHHTHOM MOJIe, ONHCHIBAEMOM BeKTOPDHHM A (r,f) ¥ ckajasip-
HbM @ (7, 1) ToTeHnuanaMH. B nociendeM ciydae KJacCHYecKoe co-
orHoweHHe (20) cienyer 3ameHuTh (cM. 3ajauy l.4) Ha

E=5—(p—% 4@ 0) +eotr, ). (25)
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Wsyuenne ABHKEHHs BOJHOBOO MaKeTa B MPHOJHXKEHHH «r€OMeT-
pHUeCKO/ ONTHKH» 3aCTaB]sieT HAC NPHHATH B KauecTBe BOJHOBOrO
ypaBHEHHS cJeAylOllee:

ih 2= (r, 1) =[5:;r (Av—2 a)+ep|¥(r0. @)

D10 — ypasHenne Llpeanurepa Aasl 3apsKEHHOH MACTHULL B S/ICK-
TPOMArHHTHOM moJe '%).

Ypabuennss (24) u (26) cytb 0GoOumIeHHS ypaBHEHHS (16)
W B OTHOLIEHHH 3THX yPaBHEHHH MOXHO clelaTb aHAJIOrHYHBIE 32~
veuaHus. DTo JHHelHbe OXHODOJHbIE ypaBHeHHs] B HacCTHRIX NpO-
H3BOJHHX [EPBOTO MOPAAKA OTHOCHTENbHO BpeMeHH (YCJIOBHS A)
u B)). Onu noayuarTest 43 KJaCCHUECKHX cootHomenni (20) u (25)
¢ NOMOILbIO ONMEPAIHH COOTBETCTBUS, ONpele/]eHHOH B (17).

§ 15. OGuiee NpPaBHJIO NOCTPOCHHA ypaBHEHHs Hlpenunrepa
N0 NPHHIKIY COOTBETCTBUSA

0O606mast ONepalHi0 COOTBETCTBHS, MOXHO CGHOpPMYJIHPOBATH
MeTox mosyueHus ypapHenmusi [lpeamnHrepa, OPWIOXKHMBEIA B CaMBIX
ofuHx crydasx.

PaccMOTpHM KJIaCCHYECKYI0 AHHAMHUECKYIO CHCTEMY, YpaBHEHHS
JABHMKEHHS KOTOpoR MOJyyalTcs H3  QYHKIHH I'amuapTOHA

H(q1,...,qr; P1s- .., Pr3t). OTa (QYHKUHSA 3aBACHT OT KOOPAWHAT
gi, ..., r CHCTEMBl B NPOCTPAHCTEE KoHpueypayuil, oT COOTBET-
CTBYIOIMX BMIYJbCOB pi, ..., Pr B OT BPEMeHH f. IMonHas sHeprus

CHCTEMHI €CTh
E=H(q, ..., Grs Pty «+e» Pr3 1) (27)

Arofl KaaccHuecKoll cHcTeMe MBI CTaBHM B COOTBETCTBHE KBaHTO-
BYIO CHCTEMY, JAHaAMHYeCKoe COCTOsITHHe KOTOpOﬁ npeACTaBJIACTCS

2
18) B mpaBoil uactu ypasuemua (26) omneparop (—IZ- V- %-A) eCcTh CKa-

h e
AspHEA KBAJpaT BEKTOPHOTO —omepatopa — V—-C—A; pesyanrar neficTBus

aroro onepatopa Ha W ecTb cymMma BHpaXKeHHSH

h o e h o e
7?77——0—'4”) (TW—FA")W~
ov eh oy 0 e?
= 2 e + = + = 2y
B 5% ic (Ax ax | 0x (Ax‘lf)) c? Ay

¥ ABYX IPYrHX BHPAaKeHHH, MOAyuUaeMHX NyTeM 3aMEHHl X HA Y H 2, WM
eh eh .. e’
—n2 A — 220 AVY) + ( —ldva+S A2) v,
Heo6xonuMo YUHTEBaTh, 4TO cOCTaBasiomue omepatopa V n onepatopa 4
B ofliemM cayyae He KOMMYTHDYIOT.
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BosHOBO# (ynkuueir W(q, ..., gr; t), onpesnesiennoi B KoHgurypa-
LMOHHOM mnpocTpaHcTe. BoanoBoe ypaBHeHme NOJyuaercs nyTem
3aMeHbl B 06eHX YacTsX COOTHOUIGHHS (27)

.. 0 h o :
E»tﬁ-m-. p,—»Ta—qr r=1,2,..., R). (28)

[Tompasymepaercsi, uto Pe3ynbTaT AeHCTBHS OGeHX uacTell paBeH-
ctBa (27), paccMaTpHBaeMHIX Kak oneparopel, Ha W oa¥H H TOT
Xe. 3amich 3Toro 06CTOATENbCTBA Raetr ypasnenue Illpedunzepa
K8aHTOB0U cucremet:

.. O
lﬁgt“l’(‘h, N T

h 4a h a8
=H(ql’ veey qps TW:-o-’ —t—aa;t)‘lf(qla o0y qR; l). (29)
Oneparop H(q,, vees Gps T"iaaTl’ cees _té_a—z;; t) Ha3blBaeTCst

oneparopom l"amu/szOHa HIH eaMUAbTOHUAHOM paCCManHBaeMOf{
CHCTEMBL.

Bayio ormernts, uto cdhopmynnposannoe HPaBHJIO COOTBET-
CTBHS He onpenpessier ypasuenne Llpexnurepa einHCTBeHHHM 06-
pasom. HUmeroTca ABe NPHUYNHHI, NPHBOAANINE K HEOAHO3HAUHOCTAM,

nepBaﬂ NpHUYHHA COCTOHT B TOM, UTO YKasaHHOe Bblile npasunJjao
He HHBADUAHTHO 110 OTHOIIEHHIO K 3aMeHe NnepeMeHHHIX B KOH(bH‘
TYpauHOHHOM mnpocTpaHcTBe. IIpoHJIOCTPHPYEM 3To 0GCTOSTEND-
CTBO Ha NpPOCTOM NpHMepe CBOGOAHON YACTHHB B HPOCTPAHCTBe
P +p

2m B Re-

ABYX vismepeHHd. Mcxonst 3 dynKuuu TaMuibTOHA
KapTOBLIX KOOPAMHATAX, Mbl NOJIy4aeM ypaBHEHHE

.. 0 hi? 0?2 02
thar W (% g )= —5— (5 + a—yz—)‘l’(x, y; ).

Ecnn xe nepefitn k mosspubiM KoopauHaTtaMm (r, @), TO HETPyAHO
HOJYYHTL ToC/e MPOCTHIX BHMHCHEHHH Clefylollee ypaBHEHHe st
BoJHOBOH QyHkumn ¥ (r, ; t), paccMaTpuBaeMOR KaK QYHKuus mo-
JSIDHBIX KOODJAHHAT:

) . B o 1 9 1 g2 ) i
lﬁﬁq’(ﬁ‘lpy t)—_zm(arz +73r—+ﬁ-0(])2 ‘P(f,fp,t)-
Ecnu xe mnpaBuio coorBeTcTBHs IIPHMEHHATh HEeNOCPEACTBEHHO
B Gyskuun [aMusibTona, BelpamKeHHOH B HONSIPHBIX KOOPAHHATAX

: 2
p
EIZ p;’—}—T;'?— » TO MH TONYYHM APYroe ypaBHeHHe, a HMeHHO
h? 5} I

a 2 62
har ¥, o f)=—-— 3,T+WT3(P—2)‘P(’, ®; 7).
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Yro6u n3bexaTbh NOAOOHOH HEOJAHOSHAYHOCTH, MBI YCJHOBUMCS IIPH-
MEHATL NpaBuio (28) TONBKO B TOM cjiyyae, KOria KOOPAHHATH ¢
CYTb Oexapresst Koopdurarst %),

BTopas npHuHHA HEOJHO3HAYHOCTH CBf3aHa C TeM OOCTOATeNb-
CTBOM, UTO COTJIACHO NpaBHAY (28) MBI BMECTO KJaCCHYECKHX BeJH-
YMH, MOAYHHSIOIWMAXCA OOBIYHON anirebpe, NMOJACTaBJsSeM ONEpPaTOPHL,
KoTopble B ofmieM ciydae MexAay coGoii He KoMMyTHpywoT. Ilo-
3TOMY, BOoOO1le rOBOPS, SKBHBAJEHTHHM dopMaM (yHkunn ['aMnJb-
TOHAa MOTYyT COOTBETCTBOBATh pasjiHYHble TraMHJbTOHHaHH. Tak,
JIBYM 3KBHBAJIEHTHBIM KJaCCHUECKHM BHIPAXKEeHHSM LI KHHEeTHue-
1

o . 2 1 1
CKOM 3Heprau (0gHOMepHas 3ajava), LA —= pgp —= COOT-
2m Vg Vg

2m
BETCTBYIOT OIEepaTopsl B, Bl 9 i-‘-):
B o 2m 07 | 2m \ Vg 0 ' 0q g
=—— + , KOTOpHE OTJIMYalOTCS Ha Beauunuy h%/8mq’.

2me \ 0¢® 44

Huxakoe npaBnsO, OCHOBaHHOE Ha COOTBETCTBHH C KJlacchHue-
CKOM MeXaHHKOM, He MOXKeT pa3pelllHTh 3THX IPOTHBOpeYHH, u0O
OHM IPOHCTEKAIOT H3 HEKOMMYTATHBHOCTH OIEpaToOpOB, KOTOpas,
B CBOI0 Ouepelb, CBSI3aHA C CYHIeCTBOBaHHEM KBaHTa JeHcTBHs fi.
Caenyer mostoMy ¢uxcupoBaTh (GopMy (yHKuun [aMuHIbTOHA IM-
napAueckuM nyteM. Bo Bcex ciydasix, HMEIOUIHX IIPaKTHUECKHH
HHTepec, Ha//1exKHT AeACTBOBATb COIJIaCHO CJCAYIOHIHM NpenH-
CaHMsAM.

B nmeKapTOBHIX KOOpAMHATaX (QyHKIus [aMuJbTOHZ IIpeACTas-
JseTcs B BHAE CYMMBbl CHeAYIOIINX YJIEHOB: KBaAPaTHUHOA 1O p
¢opMbl (He 3aBHCsuiell ot ¢), Hekoropoll (yHKuHH, 3aBHcAlleH
TONBKO OT ¢, H, BO3MOXKHO, JHHeHHOH NO p OQYHKUMH BHIA

Zpif, (915 «+«y qg). Ecanm o¢yskums TamuabTOHa TnpHBeneHa

i

B 3TOM BHJE, TO NOCJeAHHH 4JeH B CyMMe 3aMeHsieTcsl Ha «CHMMeT-

1
pH30BaHHOe» BHPaXKeHHe -2—2 pifi(qus - .oy q)+Filgr, -5 aR) pils
1

a 3aTeM NpHMeHsieTest MPaBHJIO cOOTBETCTBHA (28).

«CuMMerpr3sanusas 4JeHOB, JHHEHHHIX 1O p, KaK MH YBHIHM

B . 1V, ecTk HeoOX0AHMOe yCJOBHE COTJIACOBAHHOCTH CTaTHCTHYe-
CKOTO HCTOJIKOBAaHHS BoJHOBOH ¢yuxumn. IIppMepoM cHCTeMEI, MpH

19) Dro ycaosue ue npousBodpHo. OHO aBTOMaTHYeCKH OOECNEUHBAET HHBA-
puanTHOCTh (hopMm ypapmenus Illpeamnrepa mpu mosopote ocelt KoopAuEaT. Mo-
JKHO BIIPOUEM CHATb 3TO OTpaHHUeHHe H cHOPMYJHPOBaTb IPABUJIO COOTBETCTBHS
B KOBapHaHTHON (opme, BBOAA MOAXOIAIYIO METPHKY B KOH(MHIyDaUHOHHOM IPO-
€TpaHcTBe H 3ameHss B (28) onepaumwo 0/3¢, Ha OIlepalHi0 KOBAPHAHTHOrO AH(-«
¢epennnpoBanns (cM. no sToMmy moBoay: L. Brillouin, Les Tenseurs en Mécani-
que et en Elasticité, Masson, Paris, 1938, p. 200; cm. takxke: B. Ilayau, Obune
NPHHUMNL BOJHOBOH MexaHHxH, [ocTexm3naT, M. 1947, c. 68).
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paccMoTpeHHH KOTopofl HeoOXoiMMa YKa3aHHas MaHHNYJSALHSA,
AIBJISIETCS YaCTHIIAa B 3JeKTPOMArHHTHOM MNoJse (ypaBHeHus (25)
H (26)).

3aKoHUAM 3TOT Haparpag BaKHHM npumepoM. Hannmewm ypas-
nenne lllpennHrepa AJS CJOXKHOrO aToMa, COCTOSIIEro W3 AApPa
c 3apsgoM Ze u Maccoi M n Z 3/1eKTPOHOB ¢ 3apsjoM — e H Mac«
coft m. ®yaknust aMuabToHa BrAO4aeT Z -4 1 ujleHOB KHHETHYe-
CKOH 3HepTHH, Z 4JIEHOB KYJIOHOBCKOTO B3aHMOJEHCTBHA 3J€KTPO-

1
HOB C SAPOM H EZ(Z—- 1) 4JieHOB KYJIOHOBCKOI'O OTTAJKHBAHHA

MEXYy nmapaMH 3JICKTPOHOB, T. €.

z 4 z
p? Pi Ze? e?
oM +Z'27—tzl [R—r,] +;,|ri—r!|‘

i=1

Orciopa MH nojsyuaem ypaBHeHHe Lllpeansrepa

a
hW‘I’(R, ry ..., rzt)=

Z
Ze? 2
=|—"\ar +Z T -Z|R—er|+z|r.e—r ¥, (30)
1=1 { 1</ i ]|

i=1

rae onepaTtop Ap ecth omepatop Jlannaca Mo OTHOUIEHAIO K BeK-
Topy R (1.e. 3?/0X* + 0°/0Y? + 02/0Z°), aonepatop A;ectsonepa-
Top Jlanysaca Mo OTHOUIEHHIO K PaARyCYy-BEKTOPY i-TO 3JIEKTPOHA.

B uwacrHoctn, B ciydae atoma Boaopoia (Z = 1) ypaBHeuue
3aNHCBIBAETCA B BHJE

a B2 B2 2
W W (r,, 12 t)=(—- o7 B — o A lr—p"-_Tel)qr(r,,, r; 1) (31)

(3zece M — macca mpoToHa, r, — ero paiHyc-BeKTOp, a f.— pa-
JAyC-BeKTOP 3JIeKTpOHa). B mepBoM NpnO/IHIKEeHUH MOXHO CUHTATh,
YTO NMPOTOH HMeeT GECKOHEUHYI0 MaccCy, H pacCMaTpHBaTh aTOM BOLO-
pPoAa Kak 3JIeKTPOH, HAXOASIHUACA B NPHTATUBAIOLIEM KYJOHOBCKOM
noie —e?(r, mpaueM r oGo3HauaeT MNOJIOXKEHHE 3JIEKTPOHA B CH-
¢TeMe KOODJAMHAT, HAyaJo KOTOPOR cOBHajaeT C MOJNOXKEHHEM Mpo-
TOHA (MO NpPeANOJIOKEHHIO — HeNOABIKHOrO). BosroBas ¢yHKIHA
3JIeKTpOHa yAOBJeTBOpsieT ypaBHeHHio [llpeaunrepa:

1F(r t)—(— A——)‘P(r ). (32)
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Pasznen IIl. CALLHOHAPHOE YPABHEHHE HIPENMWHIEPA
§ 16. HccaenoBanne cTalHOHAPHBIX COCTOAHHMI

YpasHenune llIpeanHrepa KBaHTOBOHl cHCTeMH $OPMAaJIbHO 3aliH-
chiBaeTcs B BHAE

a
ih-5- W= HY. (33)

[MpeanosoxuM, 4TO raMuibTOHHaH H OT BpeMeHu SIBHO He 3aBH-
cuT. D10 clyuafi KOHCepBATHBHBIX CHCTEM, COOTBETCTBYIOHIHX KJac-
CHYECKHM CHCTeMaM, [AJIs1 KOTOPBIX 2HePrusi eCTb HHTErpasj ABHKe-
uns. ObGpasyem pemeHne W, mpeAcTaBfsiiOllee AHHAMHUECKOE CO-
CTOSIHHE C OlpejesieHHON sHepruell E.

Takast BonHoBas (yHkuus W po/xHa o61alaTe BIOJIHE olpe-
JIeJIGHHON KPYroBOH 4acTOTOH ®, COOTBETCTBYIOUIEH COOTHOIIEHHIO
Ofnmreina E = ho. HanoMHuM, 4TO 3TO COOTHOMIEHWE MEXKIY
YacTOToOH BOJHBI B 3HEPIrHell CHCTEMBI COCTaB/isieT OCHOBHOMH IMOCTY-
JlaT T€OpHH BosiH BemecTBa, @yHkuust W sannceiBaeTcs B BHAE

iEt

Y=1pe * (34)

rae P 3aBHCHT OT KOODJAHHAT B KOH(QHI'YPAnHOHHOM NPOCTPaHCTBe,
HO He 3aBHCHT OT BpeMeHH. [To[cTaBassi 3TO BhIpa’keHHe B ypaBHe-
uue (33), nonyuaeMm ypaBHeHHE

Hy=Ev, (35)

KOTopoe OObIYHO HasbiBaeTcss ypaBHeHHeM Illpenmurepa, He 3aBH-
CSIIAM OT BPEMEHH, HJH CTAYUOHApHbIM ypasrenuem Lpedunzepa.

Korga cucrema npescrapiseTcs BoJaHOBO# dyHKuueir (34), ro-
BODAT, 4TO OHa HAXOAWTCA B CTAYUOHAPHOM COCTOAHUU € IHEP-
eueii E, a posHoBasi ¢ydkuus 1, He 3aBHCSIIAs OT BPEMEHH,
0ObIUH0 Ha3blBaeTcsl BOJIHOBOH (YHKHMEH CTAaLHOHApPHOLO COCTOS-
HHS, XOTS OHa omuqagcx OT HCTHHHOH BOJIHOBOH (YHKuHH (ha3o-
BHIM MHOXHTETeM e .

§ 17. O6umue cBofictBa ypaBHenns. CTpykrypa
9HEPreTHYECKOro CHeKTpa

Uro6bl 06/1eTYHTh H3JI0XKEHHE, NPOJO/IKAM O6CYKAeHNE Ha YacT-
HOM TNpHMepe YaCTHUH C MaccOH m NPH HaJHYHH CKaJSPHOre Mo-
tenurana V(r). Ilpeanonoxum, kpome Toro, uto V(r)—>0, Korgpa
r—oco. ®ynkuus P 3aBHCHT OT BeKTOpa r(X,y, 2), GHKCHDPYIOIEro
HoJIoXKeHHe yacTHLH, a ypaBHenne lllpenwHrepa, He 3aBucsiiee OT
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BpeMeHH, 3anulIeTcss B BHAE
HY () =[— = A+ V()] 4 () = Ev (1), (36)

Ha s3bike TeopuH ypaBHEHHH C 4aCTHBIMH NPOH3BOAHBIMH YpaBHe-
Hye thna (36) HasHBaeTCs ypasHenuem HA coBCTBeHHble 3HAUEHUA.
Pemenne Ye(r) 3T0oro ypaBHeHHS eCTb cOOCT8EHHAA (YRKYUA, CO-
OTBeTCTBYIOIas coOcTBeHHOMY 3HaueHHio E onmeparopa H.

B nefcTBHTENHHOCTH 3ajlada Ha cOGCTBEHHBIE 3HAUEHHS Onpeje-
J@Ha TOJbKO ecJH COHOPMYJHPOBAHH YCJIOBHA «PEryJSIPHOCTHY»
W TpaHHYHLIE YCJAOBHS, KOTOPHIM JAOJIKHA YAOBJIETBOPSTE (YHK-
uus Y. Yc/I0BHA, HaKaajJbiBaeMble Ha (YHKIHIO P(r), HONKHEL
KOHEYHO, COrJjacoBHBaTbeA ¢ oOued HHTepIpeTanuefl BOJIHOBOM
dynkuun. Mer BepueMcst B atoit Teme B ri. IV. ITorpe6yeM 3pech,
4yToOR (YHKIHA H ee UYaCTHHle NPOH3BOAHBIE IIEPBOTO MOPSIAKA
OblIH  HenpepuieHoimy W O02PAHUYEeHNbIMY (YHKUHSAMHE BO BceM
NpOCTPaHCTReE.

B aroM cayuae MOXKHO [0KasaTb CHpaBeMJHBOCTb CJERYIONIHX
pesysbTaToB, KOTOPHe MH IPHMEM Kak HaHHBE, HO GyIeM HMeTh
BO3MOXKHOCTh NPOBEPHTh HX Ha MHOTOYHCJIEHHHIX NpHMeEpax.

a) Ecam E <0, To ypaBHeHne (36) uMeeT pelleHHS TOJBKO
IPH HEKOTOPHIX OmpesesieHHBX 3Hauenusix E, o6pasyomux duckper-
Holl cnekrp. CobcTBeHHAas QYHKIHA ANs JIOGOro co6CTBEHHOro 3Ha-
yenusi (MM KaxAas QYHKIWA, eclH HX HeCKOJbKO) obpairaercs

B Hyab Ha OeckoHeuHocTH. TouHee roBOpsi, HHTErpaJ S i (r)Pdr,

pacrnpocTpaHeHHBIH Ha BCe KOH(HTYPAUHMOHHOE NPOCTPAHCTBO, CXO-
autcs. CorjacHO CTaTHCTHUECKOM HHTepIpeTalHH 2T0 3HAYMT, YTO
BEPOATHOCTh HAHTH YacTHIy Ha OeCKOHeUHOCTH PaBHa HYJIO, dac-
THIAa OCTaeTCs JIOKaJH30BAHHOM B KOHEYHOH 06/1acTH NpoCTpaH-
ctBa. 'oBopsiT, UTO 4YacTHHA HAXOAHTCH B CBABAHHOM COCTOSHUL.

6) Ecan E >0, to ypaBHenne (36) MOXeT HMeTb pelleHH:
npu J00bIX NMOJOXHUTENbHBIX 3HaueHHsaXx E. [oBopaT, yTo momoxu-
TeJbHHE 3HepPrHH 00pasyioT Henpepoisroili cnekTp. COOTBETCTBYIO-
mue coOcTBeHHBIe (DYHKINHM He obpamaloTcsi B HYJib Ha GeckoHeu-
HOCTH, HX aCHMNOTOTHYECKOE II0BeJeHHe aHAJIOTHUHO NOBeAeHHIO
nnockoil BoaHbl e'*”. TouHee rosops, MOAYJb | (r)| crpemurcs
K KOHEUHOH NOCTOSHHON HJH OCHHIHDYeT MeXAy 3HAUCHHAMH, H3
KOTOPHIX MO KpafiHell Mepe OXHO OTJIHYHO OT Hysas. YacTama He
ocraercsi JIOKaJH30BaHHOH B KOHeuHOH oGnactu. BoJsiHOBRe ¢yHK-
HHH 3TOrO THMA CAYXKAT AJAA ONHCAHHS 3aJay CTOJKHOBEHHS; roBo-
PAT, UTO MbI HMEeM JeJIO C YaCTHLEH B HECBA3AHHOM COCTORHUL, BIH
B CTAIIHOHAPDHOM COCTOSIHHH DacCestHHs.

TaxnuM o6pa3oM, MH NojydaeMm NepBufl QyHAaMeHTa/NbHHI pe-
3yJAbTAT: KBaHTOBaHHe YDOBHell 3HEPTWH CBASAHHHIX COCTOSHHI,
T. €. OJHH H3 CaMBIX BIeYaTJsOWHUX 3KCHePHMEHTalbHLIX (aKToB,
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OBYC/NOBHBIIHX KpYylleHHe Kaaccuueckoii Teopuu. Onpenenense
KBAHTOBAHHEIX YDOBHeH SHePTHH NpeJCTaBisieTCs 37eCh Kak 3ajfaya
HaXOXKAeHHs cOOCTBeHHHIX 3HAueHuH. PelreHne 3TOR 3ajau# ¢ HaH-
BoJbuIe BOSMOXHOH CTeneHbI0 TOUHOCTH SIBJSIETCS] OJHOR H3 LeHT-
paNbHBIX 3ajau BOJHOBOH MeXaHHKH. JIJs HEKOTOPBHIX CCOGEHHO
npocteix ¢opM TaMHJIbTOHHAHa 3ajaya MOKeT OHITh pellleHa
ctporo. MiMenno TakuM siBJsieTcs cayyall atoma Boaopoaa (Mw pac-
cMoTpuM ero moapoSHo B ra. XI), Korfia ypoBHH 3HEPrHH OKAa3bl-
BAlOTCA COOCTBEHHBIMH 3HAYEHHsIMH omepatopa [— (h%/2m)A—e?/r].
IToayuaemert cleKTp cOBRajaeT C TeM, KOTOPHH IpelcKas3biBasa
crapasi KBaHTOBas TeOpHS; MBI y)Ke HMeJH CayyaH NOAYEPKHYTh
VAHUBHTEIbHOE COBNAJeHHe 3TOT0 CHEKTPa C IKCIHepHMEHTAJIbHHMH
JaHHpIMH. B Gosee CNOKHBEIX CHTYaUHAX claeayeT HCIONb30BaTh pas-
JUYHBE NPHUGAMKeHHBe MeToAn. Ho BO Bcex cayuasX, Korja yia-
BaJiOCh BHIYHC/AHTb CHEeKTP Heprufl ¢ AOCTATOUHOH CTeNeHbl0 TOUY-
HOCTH, COTJacHe C OIBITOM 0Ka3aJoch HAacTOMAbKO XOpOIIHM, Ha-
CKOJBKO 3TOTO BOOGILe MOYKHO GLLJIC 0XKHAATh OT HEPEJITHBHCTCKOH
TEOPKH.

Cama co6GcTBeHHasi (YHKUUS 1Pz MoxKeT OBITb MNOABEPrHYTa
B ONpelleIeHHON Mepe 3KClepHMeHTanbHOll mnpoBepke. [leficTBH-
TeJIbHO, cO6CTBeHHEle (YHKIUHN AHCKPETHOrO CHEKTPa HCHOJb3YIOTCH
IpH BBHIYHCJEHHSX PA3JIHYHHX HaGJaofaeMBIX BEIMYHH, HalpuMep,
BepPOSITHOCTeH KBaHTOBBIX mepexofoB. UTo xe Kacaercs COGCTBeH-
HEIX (YHKIHMHE HeNpepHBHOrO CIEKTPa, TO HX AacHMITOTHYeCcKas
t¢opmMa HenocpeACTBEHHO CBfA3aHa ¢ 3(¢eKTHBHHIMH CEUEHHSIMH,
XapaKTEPU3YIOUIHMH SIBJEHHA paccesHus, uto OyaeT moapo6HO BH-
SICHEHO B jAajbHelllleM. B obnacTH HepelXsITHBHCTCKOR aTOMHOH (H-
3UKH J0 CHUX 1Op He Obiio 0OHAPYXKEHO HM OJHOTO Caydas Pacxox-
HeHHS MeXAy INpeiCKa3aHHAMH BOJHOBOH MEXaHMKH M 3KCIepH-
MEHTAJbHBIMHA JAHHBIMH.

3AJAYN U YIIPAKHEHUWA

1. B skcnepuMente NbpITaloTcst HabaofaTh 3a JBHIKEHHEM 3JEKTPOHA 1O KPY-
roBo#i 60opoBcKol opGHTE aTOMa BOJOPOJAA, H3MEPSsl MMOC/ENOBaTE/bHLIE MOJONe-
HHSI 3JeKTpPOHA € MOMOIIbI0 JOCTATOUHO IKECTKHX DPEHTTeHOBCKHX Jyueh.

OleHuTb NOpSLOK BEJAHYHHH Tlepeflaul KHHeTHUYeCKONl 2HeprHH ajexTpony AT
IpH CTOJKHOBEHHH C PEHITeHOBCKHM (POTOHOM B 3aBHCHMOCTH OT MJHHH BOJHBHI
nocaeanero. Urobm MOxXHO €110 HAGAI0IaThb NBHIKEHHE BIOAL OPOHTH, Heo0Xo-
IHIMO, BO BCAKOM Cjaydae, yToOH A Ob/1a 3HAYHTEJILHO MeHbllle PafHyca OpPOHTHL
CpaBauth B 9ToM ciaydae AT ¢ paccTodHIieM MeXA, COCeZHHMH yposusamu. Yro
MOXKHO CKa3aTh O BO3MOXHOCTH HaGMOAeHHST GOPOBCKHX OpOHT?

2. B penatuBHCTCKO# MeXamWHKe MOJHAS 3Heprus E H HMOynabc p cBoboxHOH

2

o mce
YacTullbl ¢ MaccoH MOKOA m H CKOPOCTBbIQ ¥ PaBibl COOTBETCTBEHHO ,\/l / 5
— U%¢
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mo
A T—=vc?
cannl B raMuAbToHOBOH ¢opMme, ecam B KadecrBe ¢(yHkuudH I'amuabTOHA B3ATH
pesnuunHy H = E = '\/m"’c‘ -+ pict
ITonyunTb PaBeHCTBO CKOPOCTH 3TOA YacTHUH H TPYNNOBOA CKOPOCTE Ug
aCCOUMHPOBAHHON BOJHH fge Dpofinst. Brunciants ¢$as3oBylo CKOpocTb Yo stoit
BOJIHEL; NOKA3aTh, 4TO OHAa MPEBOCXOMHT CKOPOCTb CBETA ¢ H UTO U v, = c2

[1poBepHTH, UTO ypaBHEHHS MABHXKEHHS MOI'YT OHITH 3amH«

3. IlpoBepuTs OGOCHOBAHHOCTb KJACCHYECKOTO ONHMCAHHS JBHXKEHHS aToMa
B ABYXaTOMHOR MOJekyne. [Iasi 5TOro, NPEMNONarasi, 4To aTOM COBEpHIAeT rap-
MOHHUECKHe KoJebaHus C KPYrosofi 4aCTOTOH ® H cPefineli KHHeTHUeCKOH 3aHeprueft
nopsiika !/okT, cpaBUHTD CDEJHION MJMHHY BOJHBH aTOMAa C aMIUVIHTYZAMH 3THX
KoneGaunii. PaceMoTperb cHayana cayuafi MOJIEKYJbl BOZODPOXA B YCJOBHAX OOBIU-
ubix TeMnepatyp: T == 300 °K, &7 = 0,025 28, hw = 0,5 38, a 3aTeM cayuali
MOJIEKYJHl H3 TSXKeJBIX aToMOB ¢ Maccoit B 200 macc Bonopopa, mpeanosaras,
YTO BO3BpAllAlOIlas CHJIA B OGOMX chayyasix oguHakoBa. Crenath oro gas T =
= 300°K u T = 10 °K.

4, DnexTpoH ABHKETCS MO KPYroBOH TPAEGKTOPDHH B MOCTOSHHOM MAaTHHTHOM
none 4. IIpEMeHATh M1 HTOTO BpallaTeJbHOTO ABHXKeHHS YCJOBHe Pe3OHaHCa Jie
Bpoiina. IlokazaTb, 4To KHHeTHUECKash SHEPTHS SJEKTPOHA KBAHTYeICs, YPOBHH
9HePTHH JKBHAMCTAHTHH H DaCCTOSIHHE MeXJy HHMH DaBHO (ehi/mc)d§ — stoT pe-
SyJbTaT OTJIHYAeTCS OT pe3yJbTaTa CTPOTOfi KBAaHTOBOA TEODHH TOJBKO CMelle-
HHeM BceX ypoBHefi Ha BeJHUHHY (efi/2mc)d6. Breiuncnntb paguyc opOuT, KosHue-
CTBO JBHXKEHHSI H KHHETHUECKYIO SHEDPTHI0 KBAHTOBAHHMLIX TPAEKTOPHIt M [OJS
B 10* 2c. CpaBHuTD pajgHyc OpPGHTH C KBAHTOBHIM YHCJOM eJHHHIA C PAagHYCOM
6opoBCKOH OPOHTHI aTOMa BOJOPORA B OCHOBHOM cocrostHHH. [Ipumeuanue. Cie-
JyeT pasjiHyaTh MMIYJbC p H KOJHYECTBO ABHKEHHS mv B 9TOi safaue. Ecou A
€CTb BEKTOPUbIH NOTEHHAJ MOJS, TO

p=mv+ (efc)A.

5. Hcnonbays ToT (akT, 4TO NPOH3BOJMbHAS BOJHA MOXeET PACCMaTPHBATBCS
KaK CYNEepno3HUHA IJIOCKHX BOJH, NOKa3aTh, YTO B OTCYTCTBHE NOJS BOJIHA Be-
mectBa W(re, f2) B TOuKe rp B MOMEHT f, MOxerT OHITb MOAYUeHA H3 3HAYEHHI
W(ry, t;), B3ITHIX B MOMEHT {;, ¢ OMOILIbIO ONEpalHH

¥ (ry, ty) = S K(r;—ry; ta— 1) ¥ (ry, 1) dry, m

rae
1 + (Po—E%)
K (p; ‘)=‘(2::T)3 S e

B stoMm BHpaXenud E Kax (QYHKIHS p paBHa SHEPTHH COOTBETCTBYIOUIER YACTHI M
¢ umnyascom p. IToxasare, uto past HepeASTHBHCTCKOR waCTHIBI ¢ Maccoii m
37t mo?

Ko o=6 ' (g9)" ¢ T
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BriBecTH OTCI0[A, 4TO TAaBHEUt Bkjaag B HuTterpaia (1) gaer oGaacts, OKOJO
- 2b (tz - tl) x/!
TOUKH Fz C MHHEHHLIM PasMepoM nmopaika | —————— ) .

6. Kak H3MeHHTb MeTO]l pelmieHHsl npejnAyiiel 3amgaud, 4To6pl OH MOr OHITh
NPHMEHEH K CJydal0 9acTHUH B OAHOM H3MmepeHHH? [loiB3ysiChb 9THM MeTOMOM,
HalTH BOJHOBYIO ¢YHKIUHIO B MOMEHT BPeMeHH { CBOOOXHON HEpPEeNSITHBHCTCKOR ya-
CTHUW MacCHl m, eclii BoJaHOBas GYHKUHS B MOMeHT f = 0 ecTb

2/on2
~1, ip.xih —x%[2%
Pix, 0)=(n§§) e e 0,
HnTencusHOCTb (KBagpaT MOAYJS) 3TOH BOJNHE B MOMeHT f == 0 BmIpaxaercs
rayccopofi kpusofi mupuun Eo. Ilokaszarb, yro ¢opMa KpHBOfi HHTEHCHBHOCTH
ocraercs rayccoBofi B JoOOf MOCAEAYIOMIHA MOMEHT BPEeMeHH, HO IUHpHHA KpH-
BOH YBEJHYHBAETCS! COMVIACHO 3aKOHY

h22 \:
E=t(1+—py
§°( F,ngg)

(pacnaniBasHe BOJAHOBOTO NMaKeTa).



FTJTABA III
KBAHTOBBIE CACTEMBI B O1HOM U3MEPEHHUH

§ 1. Beenenue

Uro6b MO3HAKOMHTbCs Oamike ¢ ypaBuenHeM lllpemnnrepa 10
paccMOTpeHHs] npoGJieM HCTOJIKOBAaHHS H HHTEpIpeTallHH KBaHTO-
BOH TeOPHH, Mbl H3YUHM BOJHOBYI0 MeXaHHKy (PH3HUECKHAX CHCTeM
B 0AHOM H3MepeHHH. OJQHOMepHbIe 3aflaud HHTEPECHH HE TOJIBKO
KaK TpOCThle MOAEJH, MO3BOJAIAE 00HAPYXKHTL HEKOTOpHE OCO-
GeHHOCTH, KOTOpbie BCTPETATCS HaM B GoJiee CJIOXKHBIX CAydYasx, HO
Take ¥ MOTOMY, UTO MHOTHe 3afayH IOCJE COOTBETCTBYIOIIHX INpe-
o6pasoBaHuil MoryT OBHITb CBelleHb K IpolJeMe pellleHHs ypaBHe-
HUH, aHaJOTHYHEIX OJAHOMepHOMY ypaBHeHuio lllpelnnrepa.

PaccmoTpuM wacTHLy macce m, cnocob6HYIO HepeMmellaThcs IO
OCH X HOJ, NeHCTBHEM HEKOTOpOro moreHunuaja V(x). YpaBHeHHe
Hlpenunrepa samuceiBaeTcsi B BUIE

¥ (5 )= (— o 2+ V ()) ¥ (5, 0). M

Mu 3afimeMcs HccieloBaHMeM cTallMOHapHBIX cocTosiHui. Ecaun E
€CTb 3HEPTHs CTAllHOHAPHOTO COCTOSAHHS, TO .

W (x, £) =1 (x) e~ E%, @)

npuueM GyHKIEA P (x)aBasdeTcs pellleHHeM CTAalHOHAPHOIO ypas-
Henus Ulpenunrepa,

bz d2
(o 7+ V() v=E¥b. ®)
B sTofi rnaBe MH HCHOJNb3yeM 0003HaueHHA
2 2
V)= U), E=gs, 0

4TO NO3BOJIsieT NMepeNnHcaTh NpeAulecTByioniee ypaBHeHHe B (dopme

P+ E—U@)d=0. (®)

D10 muddepennuansioe ypasHenue IITypma — JInyBuais; Melr HH-
TepecyeMcsl OrpaHHYeHHBIMH, HeNPepPHBHLIMH M AHbdepeHuupye-
MBIMH €T0 pelleHHSIMH BO BCeM HHTepBaje (—oo,4=00).
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Ecan Takoe pellleHne CYIIeCTByeT, TO BCAKOe APYroe pellleHue,
TI0JIy4aeMO€ YMHOXKEHHEM Ha NOCTOSAHHbIA Koadduuuent, Oyxer
06sallaTh aHAJOTHYHBEIMK CBOACTBAaMH, NMO3TOMY MBI He OyleM pas-
JNMYaTh PeuleHHs, OTJIHYalolHecs HA NOCTOSHHHE MHOXHTENb.
Ecnu AONYCTHMBL ABa JIHHEAMO HE3aBHCHMBIX PelleHHs, TO BCiKas
uX JHHedHas KoMOHHanud TaKxe OyleT RONYCTHMBIM DeLIEHHEM.
. B 3TOM cayuae roBOPSAT, UTO cOOCTBEeHHOe 3HaUeHHe HMeeT 8bLPOXC-
Oenue KPATHOCTY uau nopadxa 2; no onpelleieHUI0 KPAaTHOCTh HJIH
NOPANOK BHIPOXKAEHHS eCTb YHCJO JIHHeHHO HEe3aBHCHMBIX COGCTBEH-
HbIX (DYHKUMH, TpHHALJeXKalKuX NaHHOMY COGCTBEHHOMY 3HAUEHHIO.

VpaBuenue (b) BemectBenHo (V(x) ecTb BellecTBeHHast QyHK-
nus x). Ecin § ecTb coGeTBenHas GyHKUHSA, TO ee NeHCTBHTeJbHAR
M MHHMMas YacTH TaKxe SBJSIOTCA COOCTBEHHBIMH (YKKUHAMH
(B ciyuae OTCYTCTBHSI BHIPOXKJEHHSl OHH OTJIHYAIOTCA TOJIBKO HA
NIOCTOSIHHBIH MHOXHTeJdb). [losTOMy AJs HaXOXAeHHA BceX Cob-
CTBeHHHIX (YHKUHE, COOTBETCTBYIOIIHX JAaHHOMY COGCTBEHHOMY
3HAUEeHHIO, AOCTATOYHO 3HATb Bce AeACTBHTeJbHBE COGCTBEHHBIS
¢yHKIMH. DTo 3aMeyaHHe CyLIeCTBEHHO YNPOIaeT BEUMCJIECHHS.

B mepBOM pasfeje MB PacCMOTPUM TOYHO pelraeMylo 3ajpauy
Ha coOCTBeHHBIE 3HaueHHS B CJyyae HEKOTOPHIX NPSAMOYTOJBHBIX
uoteHuuasoB. Ocobennoe BHHMaHHe GyneT o6pallleHO Ha Pa3JIHUHSE
MeKAy KBAaHTOBHIMH M KJIaCCHUECKHMH IBH)XEHUSIMH, 8 MMEHHO Ha
KBaHTOBaHHe YPOBHeHl 5HEPTHH CBSI3AHHBIX COCTOSIHME M SABJEHHA
OTpaKeHHsl BOJIH, pPe30HAHCAa M TNPOXOXJEHHs NOTEHLIHANLHBIX
6apbepOB HeCBs3aHHBIMH «4acTHllaMu». Bo BTOpOM pasfienie MBI
NoJABEpPrHEM CHCTEMATHUeCKOMY H3yueHHI0 ypaBHeHue (B) mis mpo-
H3BOJbHOrO moteHnHaNa U(x). DTO MO3BOJHT HaM DAacupoCTPaHUTL
Ha ofIui ciayyall HeKOTOpHle DPe3yJbTaThl, NOJyYeHHBe B NEPBOM
pasnene.

Pasgnea I. MPAIMOYTOJIbHBIE NMOTEHILHAJIbI
§ 2. O6mme croiicTa

Ilag nposiBJeHHs THOHYHO KBAaHTOBHIX 3G (eKTOB HeoGXoaHuMo,
uTo6pl TOTeHuMak U(x) 3aMeTHO H3MeHsJICS Ha PacCTOSHAAX TMO-
paaka ANHHH BosHb. HanGosee NpOCTHIM THMOM MNOTeHUHaja, OT-
Beuaiolllero 3ToMy TpeGOBaHUIO, fABJAETCA NPAMOYroJbHLIA IOTEH-
LMaJj: 3TO MNOTeHIHaJ, o6Jjajalolnii pa3pLiBAMH HeENPePBIBHOCTH
meporo pojga (T. €. Pe3KHMH CKaukKaMH KOHEUHOH BeJIHUHHH)
B HeKOTOPHIX TOYKaX, a MeXAy 5THMH ToukKaMu nocrosuHbi. Ock x
TakuM 006pasoM NMOApa3feNdaeTCs Ha HEKOTOPOEe YHCJIO HHTEPBAJIOB,
B Ka)XAOM M3 KOTOPHIX NOTEHNIHaJ] HMeeT BIOJIHe ONpeJesIeHHOE
NOCTOSIHHOE 3HaueHHe.

Hannune paspuiBOB HepBOro poja y moreHnuana U(x) He us-
MeHsieT YCAOBHSl PeryJaspHOCTH, KOTOPHIM JOJIXKHA YAOBJETBOPATH
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$yurunsa . JefictBurenbHO, coriiacHo ypasHenuw Illpenuurepa,
Y =U—e).

CrepoBaTesbHO, B TOYKAX CKAUKOB NoTeHUHasa GyHKIHA " TakKe
paapuiBHa, HO mepBoobpasHas Y’, a Takxke Y OCTAIOTCA BCIOAY He-
IpepLIBHBIMH QYHKIHAAMH.

Ilycre temeps U; ecTb 3HaueHHe (NIOCTOSIHHOe) HOTEHIHaJs3
U(x) B i-om nuTtepBate (i=1,2,...,n). O6lllee pelieHHe B 3TOH
¢6aacTd ecTb JHHefAHas KOMOHHaLMA 9SKCHOHEHIHAJbHHX (QYHK-
uuh. Ho noBefeHHe pelleHHs CyLNleCTBEHHO 3aBHCHT OT 3HaKa
¢ — U, R

Ecny ¢ > U;, T0 MH nMeeM KOMOHHALHIO KCIOHEHT C MHAMHBIMH.

nokasatenamn: e*i* u e” i (k;=+/e—U;), T. e. dakTHUECKH
KoMOHMHANMIO CHHyca M KOCHHyCa; NOBeJeHHe pelleHHS HMeeT
«OCUMJLISITOPHEH» XapakTep.

Ecnn ke e << U;, TO uMeeT MeCcTO KOMOHHALMAl JEHCTBHTENb-

HEIX 5KCHOHEHT ei* u e""’f“(m==1/U,——a). B stoM cayuae Mbl
TOBOPHM, UTO pellleHHe HMeeT «9KCIOHEeHIHaJbHHIE» XapakTep NoBe-
JeHHA.

Yro6pl Hamucath obliee peuieHne AuddepeHnHasbHOr0 ypas-
Heuusi, CHayaJia BHIpaxKaloT €ro B BUJe JHHeAHOH KOMOWHAIHH 3KCe
THOHeHT (NeHCTBHTEJNBHHIX HJIM MHHMBIX) B KaXXAOM H3 # HHTepBa-
noB. Tlapamerpsl 3THX KoMOHMHauHfi (4HCJIO HX PaBHO 2n1) Haxo-
AATCA H3 YCJIOBUH HENpepbiBHOCTH (YHKUHH H ee [POH3BOAHON
B TOYKAaX pa3phiBa HENPEPHBHOCTH NOTeHNHana. 7o aaer 2(n—1)
YCJIOBHH, NOCKOJbKY HMeerTcsi n— 1 Touka paspmiBa. Ofuiee pele-
Hie TaKUM 06pa3oM, 0Ka3biBaeTCs 3aBHCALIHM OT ABYX IIPOU3BOJIb-
HBHIX NapaMeTpoB, YTO M cJeloBajo OXHAaTb. UToOb mnomyuaeMoe
peuteHHe Obl10 cob6cTBeHHON (yHKuHeR Heo0X0AMMO, YTOGH OHO
OBtI0 OrpaHMUeHO Ha Bcell OCH, T. €. OKa3hiBaJoCh OTPAHHYEHHBLIM
B KaK[IOM H3 IpejesioB X — +- 00 U X —> — oo. 3aMeTHM, 4TO eCJH
SHeprusi e MeHbllle 3HaAuyeHHWs MOTeHIMaja BO BCeM HHTepBase
(—o0, }o0), To obLiee pellleHHe BCIOAY MMeeT 3KCMOHEHIMaJbHBIA
xapaktep. BTopas mnpon3BomHas P” BCIOAY HMeeT TOT Xe 3HaK,
4yro u caMa ¢yHKuua ¢. OTc01a HEeTPYAHO BHIBECTH, YTo obllee pe-
jlleHMe PKCIICHEHIMAJNbHO PACTET NPH X->— 00 HJIH X -> - co HJH
e B o6oux cayuyasix. 3amaya Ha coGCTBeHHBIe 3HAUCHHS IPH 3TOM
e uMeeT pemenuss. OTMETHM, YTO M B KJIaCCHYECKOH MeXaHHKe
JIBHKCHHE BO3MOXKHO TOJIBKO, €CJIM 3HEePrHs NPEeBOCXOAUT 3HAUEHH2
NOTEHIHaJa XOoTs OB B HEKOTOPOH yacTH HHTepBana (—oo,4o0).

Ecau e mpeBocXoauT XoTs Obl onHy 3 BeawduH Ui, To cymie-
CTBOBaHHE H YHCJHO COOCTBeHHBIX (YHKLUMH 3aBHCAT OT Xapak-
Tepa MNOBeleHHS (OCHMJIIATOPHOTO HJIM 3IKCIOHEeHIHANbHOro) 006-
1ero pellleHuss B ABYX OecKOHeUHO yJaJE€HHBIX KOHIAX OCH X.
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§ 3. Cxauvok norenHnuajga. OTpaxeHHe H NPOX0KJIeHHe BOJH

IMpocTeflunM mpHMepoM NPAMOYTOJbHOTO MOTEHIIMANA SIBAAETCSE
pe3KHH CKauyoK MNoTexluana (n ==2), npeicTaBjeHHHA Ha puc. 8.

U _{Ul, ecan x>0 (obnacte I),
W=V, en x<0 (o6nacts Ii).

ByneM cuntath AJs onpepeteHHocTH, uto Us > Ul

B03MOXHH ABa cCjaydas:

a) Us>e > U,. OGuee peuleHHe HMeeT OCHH/UIATOPHBIA Xa-
pakTep B obsactd I (x > 0) u 3KCHOHeHUMAaNbHBIH XapakTep B 06-
nactu Il (x < 0). Urobbl 3TO pelleHHe MOTJIO SBHTHCA NpHeMJe-
Moji coGcTBeHHOR (yHKIMeR HeoOxonHMo, uTo6H B obiactu I/ oxHo
GLII0O IKCIOHEHIHAaJbHO 3aTyxawomum. Bceria cyllecTByeT oJHO
H TOJBKO OJHO pelleHHe, YIOBJe-
TBOpSIIOLEE 3TOMY ycnosmoy Kax- T A=) I
I0¢ 3HaueHHe e B YKa3aHHOM HH-
TepBastie SIBJASETCS HEBHIPOXK/IEH-
HhiM  COOCTBEHHBIM  3HauyeHHEM:
CIeKTpP 3HEPTHH Henpepoiansil He-
solpoxcOennoii. OO6mee peureHue
HMeeT BHA:

{A,sin(klx—i—cp) x>0, 6
Y= Ao x < 0. ©)

YcnoBusi HenpepHIBHOCTH Olpeje- Puc. 8. Cxauok morenuuana.
JSI0T Y C TOYHOCTbIO A0 HOCTOSH-

Ho#i. BmecTo Toro, uToObl paccMaTpHBaTh HENPEpPHIBHOCTE (QYHKIAA
U ee MPOM3BOAHOH, yIo6Hee nOTPe6OBAaTh HENPEPHIBHOCTH (YHKIIHK
H ee Jo2apupmuyeckoll npoussodHot y’[y. HenpeprBHOCTH JoTa-
pudMHYyeckoli TPOU3BOLHON ompejnesseT pasy

kictg o==1u,;

| Uz

&

@ OmpejessieTcss ¢ TOYHOCTBIO A0 CJAraeMoro nm, Tak Kak 3a-
MeHa ¢ Ha Q-7 9KBHBaJeHTHa 3aMeHe 3HaKa aMIUIATYAb A;.
IlpumeMm 115l ¢ 3HaUeHHe

¢ == arctg i—'z , (6ay

npuuem arctg BeIpa)kaer 3HadeHHs 3ToH (YHKIHH B HHTepBale
(—n/2, +n/2).

HenpepuBrocTh  (QYHKIHMH  OmpelenseT oTHoweHue AgfA;,
HMeHHO

Az . k] v B—Ul
L2 csing=——t—— = AL, (66)
Al P /\/kf"““g Ug""Ul
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6) e > U, OOuee pelienne HMeeT OCUHJISITOPHEIA Xapakrep
BO BCeM MPOCTPAHCTBEe H ABJAETCA MO3TOMY AONYCTHMOHR coGCTBeH-
Holi dyHKuMel. KaxnoMy 3HaueHHIO & COOTBETCTBYIOT ABE JIHHEHHO
He3aBHCHMble COGCTBeHHBe GYHKIHM; CHEKTP cOGCTBEHHHIX 3Haue-
Hufl Henpepoileroll OBYKPATHO BbLPOXCOCHRbLLL.

O6pasyeM coOGCTBEHHYI0 (YHKIHMIO, NOBeleHHe KOTOpOH B 06-
Jqacta /1 nmeer Bun e~ ** QOna onpelesifieTcsl ¢ TOYHOCTBIO A0 HO-
CTOSIHHO#, KOTOPYK MBI BeiOepeM Tak, 4TOObl K03(pQUIMEeHT NpH
uneHe e~ ** B obmactH / Obul paBen enunuie. HMuaue rosops

{ e—ikix + Reik,x x> 0’
x —

) 7
Se—ikx x<0. @
Tlocrosinnbie (BooOuie roBopsi, KOMIJIEKCHBE) R H S onpenensiorcs
YCIOBHAMH HeNPepHIBHOCTH B TOUKe X == 0. HemnpepwBHOCTb J0OTA-
pubMHYecKOR NPOU3BOJHONA aaer

_ ki—k
R=%Fh (7a)
a HENpepHBHOCTH caMo# (YHKIHH —
. 2k
S=1+R=720. (76)

KoMnyiekcHo comlpsikeHHas OQYHKIMA %* ecTh coGCTBeHHAS
$yHkuus, JAHHeHHO HesaBHcHMas ¢ y. Bce coGcTBeHHble yHKIMH,
COOTBeTCTBYIOLIHe COOGCTBEHHOMY 3HAaYeHHIO & MOTYT OBITh 3alu-
CaHbl Kak JuHeliHble KOMOHHALHA ¥, H %*.

CpaBHuM noJyyeHHbie pe3yJibTaThl € ‘TEMH, KOTOphle AdeT KJjac-
cuieckas MexaHHKa. JIBH:KeHHe K/JacCHUECKOH YaCTHIb B paccMart-
pHBaeMOM MOTeHIHaJlle PA3JIMYHO B ClAyyasax a) W 6).

B cayuae a) KJmaccHuecKoe ABHKEHHE COOTBETCTBYET ABMIKEHHIO
gacTHIH ¢ SHeprueft (h%/2m)e. UacTuna, mpuxois u3 oo, mpo-
OeraeT MOJIOKUTEJNbHYI0 MOJYOChb C TIOCTOSSHHOH CKOPOCTBIO fiki/m
B HalpaBlleHHH YMeHbUIECHHS X, 3aTeM YOPYro OTpa)kaercsl OT
TOUKH x == 0 ¥ yXoAHT 00paTHO ¢ TOA XKe CKOPOCTBIO B OeCKoHey-
HocTh. UroOpl onMcaTh aHa/OrHUHOe [BHIKEHHWe B BOJHOBOH Mexa-
HHKE, CJie[lyeT MNOCTPOMTb BOJIHOBOH MaKeT W3 BOJIH THma ye'Et/k
¢ O6u3KuUMH 3HeprusMu. Bmectro pyHxuun (6) ymoGree HCoIb30-
BaTb BOJIHY

gTix — ol (RiXx+20) x> ()
()= 2 g £ <0, ®

1

| I ;
NMoJfyyaeMyio, €CJH Yy pa3jleJIuTh Ha —2—1A,e—"v; Mbl MHIIEM HHAEKC
€, 4TOOBI yKa3aTh, YTO 3TO COOCTBeHHAs (YHKIHSA, COOTBETCTBYIOLIAS
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cOGCTBEHHOMY 3HauyeHHIO e, PaccMOTPHM BOJHOBOH IaKeT

00

W (x, f)={ 7 (k] — k) by (x) =5t ], )

0

dyBKuAL f(k;—~k’,) ecTb JOCTaTOYHO peryJsipHas HAeACTBH-
TenbHasd . QyHKUHA k|, jo6rajamollas pe3KHM MaKCHMYMOM [ph
k{==k, (mTpHX y k| 3hecb He HMeeT OTHOLUCHHS K NPOH3BONHON
N6 X, CMBICJ BEJHYHH k;, ¢/, E/ ¥ uX B3aHMHBbIE CBSI3H OUYEBHIHHI).
JlaGbl YCTPaHHTh HEHY)KHBIE CJIOXKHOCTH, NPHMEM, KpoMe TOTO, YTO-
f(k{— k) obpawmaercst B Hyab NpH k{2> U,—U,. Takum oGpa-
soM, Qyuruusa W(x,f) obpa3oBaHa cymepno3unHeli COOGCTBEHHHIX
dyHKuHE caydas a) ¢ XapaKTepHbIM MHOxHTeJeM e E'YA yuprhi-
BaIOUIMM 3aBHCHMOCTb 0T BpeMeHu. [lo camomy moctpoensio ¥ siB-
Jsercsi pemleHneM ypaBHeHusi Illpennnrepa, 3aBucsAllero OT Bpe-
mend., HeTpynno mpeacraBuTh cefe, Kak 3Ta QyHKUMS MeHseTCS BO-
BpeMeHH, ec/IH OGPaTHTbCS K HCCIeNO0BaHHIO CBOOOJHLIX BOJNHOBHIX
nakeroB (ria. II).
B o6aacti I pewenne W(x, f) ecTb cynepnos3unus IABYX BeJiH-
YHH: «NaJaIOolET0 BOJHOBOIO IIaKeTa»
Lol 'k’
v, (x, t)=S F (k] — ke TemiB ik g, (t0a)
0

nentp xotoporo — (1/k) (dE/dk,)t = —uvsf nepeMmelllgeTCs CO CKO-
poCTBbIO Uy == hki/m B OTpUIATENbHOM HAHPaBIEHHH H NOCTHraeT
Toukd x = 0 B MoMeHT { = 0, H «0TPa’KeHHOTO BOJHOBOTO MakeTa»

W = F (k] — ) B demimmar,  (106)
0

IEeHTp KOTOPOro x == vt — 2dq/dk, nepemeiraerca co CKOPOCTBIO Uy
B NPOTHBONOJIOXKHOM HampaBJ/ieHHWH H NOKHIaeT Hayajo KOOPAHHAT
B MOMEHT
2 do _ do

KOTOPHH 0T/IHYaeTcs OT MOMeHTa { == 0 mpHXOAa «Nafaoulero BoJ-
HOBOro nakera» B TOuKy x = 0. JIBHXXeHHe IleHTpa BOJIHOBOTO Ma-
KeTa, TaKuM o0pa3oM, MOYTH HAEHTHYHO ABHXKEHUIO KJIaCCHUeCKOH
yactTruH. EJHHCTBeHHOE OTJIMYHe COCTOHUT B 3aNa3JbIBAHUH T, KOTO-
poe o6HapyXKHBaeT LEHTP NaKeTa NpH OTPaKeHHH OT TOUKH Pas3phHBa
HeMpEepHBHOCTY MoTeHNnuasta x == 0, Toraa Kak OTpaKeHHe KJACCH-
eCKOH YACTHLUH NPOHCXOJHT MTHOBeHHO. 3aMeTHM IO 3TOMY IO-
BOAy, YTO caMo DacCMOTpeHHe [BHIJKEHHS LEHTPa NaKeTa HMeeT:
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CMBICJT TOJILKO, €CJIH (popMa MaKeTa He CAHIIKOM MEHSETCH 3a BpeMs
JABHKEHHS. DTO YCAOBHe BHIMOJHAETCH B Clyuae Najgariolllero BOJIHO-
BOIG TMaKeTa, [IOKa €ro LEeHTP OTCTOHT OT Hauaja KOODAHHAT Ha
paccTosinny, OoJbHleM, HeM. mupaHa makeTa Ax. Urtobw TO XKe
YyC/IOBHe BBIMOJHAJOCH Al OTPAyKEHHOTO BOJHOBOIO MaKeTa Heo6-
XOJMMO, KpOMe Toro, YrtoObl wmnpuHa Ak makcumyma byHRuump f
Opina gocrtatouno Mano#. Ilpu 3tom ¢dasa ¢ He MeHseTE 3aMeTHO
B 00jacTy, Aaiolllefi HauGosblInf Bkaajg B wuHTerpan (9), ecam
Ak(dg/dk) < 1. TlockonbKy mnpocTpaHCTBeHHble pasMeps Ax mna-
KeTa nopaaka 1/Ak, 310 yciioBHe MOXKHO 3amicaTb B BHje

Ax> L. (12)

CurenoBartesbHO, Ax/vy > t. TlakerT BOJH HACTONABKO IMHPOK, 4YTO
BpeMs, 3a KOTOPOe OH IlepeceKaeT Becb HEKOTOPYIO TOYKY HA OCH,
3HAYHTENbHO 60JbIlle 3ana3jblBaHusi, BHI3BAHHOIO OTPaXkKeHHEM.

IToMmnuMo 3amasabiBaHMs T HMeeTcs ellle OJHO OTJIHUHE MEXAY
JBHJKEHMEM KJacCHUeCKOH YacTHIB W OTPaKeHHeM KBaHTOBOLO
BOJIHOBoro makeTa. BonmHa W He Bcerna paBHa HyJ0 B o6jactu /.
Hccneposanne, aHaNmoTHYHOe BHILIENPHBEAEHHOMY, TIOKa3EIBAET, UTO
W paBHa mpousBeleHMIO dakTopa 2A.,e%*fA; Ha BeJMUMHYy, TPHHH-
Maiollyl0 3aMeTHHe 3HaueHHd B NPOMEXYTOK BpPEMeHH, OAH3KHA
MOMeHTy [ =1t/2; ATOT NPOMEXYTOK MOXHO DaccMaTpHBaTh Kak
BpeMs CTOJIKHOBEHHUSI C HOTEHLIMAJbHOH «CTEHKOH» B Touke x = 0.
Takum o06pa3oM, B 3TOT MOMEHT BpPEMEHH CYILECTBYyeT OTJIHYHAS
OT HyJIs BePOATHOCTb HaUTH yacTHly B objsactd II, B To Bpems kak
KJlaCCHYEeCKasl YaCTHI@ HUKQIAa He NMPOHUKaeT B 3Ty o6JacTe.

Paccmotpum Tenepn cayuafi 6). B aTom cayuae umeiorcs aBa
BO3MOXKHBIX KJACCHUECKHX [BHKEHHS, COOTBETCTBYIOIIHX OIHOMY
3navyeHnio sHepruu'). B oaHoM uactvna npoGeraeT BCIO OCb OT
-+ oo 10 —oo, IpHYEM ee CKOPOCTb, NOCTOSIHHAsi H paBHasl v =
= hk)/m B obaacta J, MeHseTCA CKa4KOM OT Ui A0 Uy == hko/m
B TOUKE pa3pblBa HENPEPHBHOCTH TOTEHIHaNa; B [ajblelilliem
YacTHLA JBHXKETCSl CO CKOPOCTBIO vp A0 —o0. JIpyroe Bo3MoKHOE
JBH)XeHye e€CTb B TOYHOCTH MPOTHBONOJIOXKHOE [ABH)KEHHE YACTHILHI,
npoberaoliell 0Cb X B IOJOXKHTEJbHOM HaNpaBJeHHH CO CKOPOCTHIO
vy B 00Jyiacti /I ¥ cKopocThio vy B obJaacty /.

CpaBHHM 3TH KJAacCHUeCKHe JBHXKEHUS C JBHXKEHHSIMH BOJHO-
BHIX MaKeTOB, HaXOAAUIHXCA B TeX Xe HauaJbHBIX ycnoBHsiX. Cre-
JaeM 3TO JJs T[epBOrO M3 JABHXKEHHi (mepeMellleHHe B OTpHIA-
TeJIbHOM HampaBJjeHHH). JleficTBysS COOTBeTCTBEHHO CJAyYaio a),
006pa3yeM BOJIHOBOH MaKeT, aHaJoOTHUHHIH dopMyse (9), Kak cynep-
MO3HLHNI0 COOCTBeHHbIX (YHKUHA, COOTBETCTBYIOUIHX COOCTBEHHEIM

) Oror dakr crenyetr cpasHHTb C HAJNHYHEM JABYKPATHOTO BHIPOXKIGHHS B
COOTBETCTBYIOILIEH KBAHTOBON 3amauye.
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sHauennaM, O6nu3kum e. CHabauM coOCTBeHHYIO (YHKLHIO y Tuiia
(7) HuHIEKCOM &, YTOOB OTMETHTb, YTO OHA 3aBHCHT OT SHCDTHH.
A priori NaKeT JO/KEH BKIOYaTh CYNePNO3HIUI0 QYHKUME ¥, H Y,.
Ho uTo6Bl OCYIIeCTBHTh 3KejaeMble HauYajbHble YCJHOBHS, Maxer
JOJIKEH COLepXKAaTh TOMbKO (PYHKIHUH Y, UTO OyINEeT BHAHO H3 [alb-
pefinero, 3anuuieM No3ToMy

00

W (x, )=\ F (ki — k)%, () e=E M ;.
0

EnuncrBenHoe oTaHuue oT GopMyiaH (9) cocTouT B TOM, 4TO MakK-

cHMYM k= A/e — U, Obyukuuu | Haxoautca B 06JaCTH 3HeprHii 6),
a He B o6sactd a). DBOJMIOIHUA BOJHOBOTO NaKeTa BO BPEMeHM HC-
crejgyeTca anaigoruuno dopmyne (9) u  naer chaexyiolive pe-
8yabTaTHL.

MB KOHCTaTHpyeM, YTO HauaJbHble YCJIOBHS Y/10BJIETBODPAIOTCA,
a uMmenuo npu f € 0 dynkuua W(x, f) npakruueckH paBHa HYJIIO
B o6hactu I/, a B obsactu | 3aMeTHBIH BKJaj 1aeT TOJbKO 4IeH
e~ik% T e MH IOJyYaeM BOJHOBOR MaKeT, HEHTP KOTOPOro x ==
= —p;! INepeMelllaeTcs KaK Kjaccuyeckas uyacTHIa CO CKO-
pOCThIO U1 B HaIpaBJeHHH YMeHbUISHHS X M JOCTHraeT Hauyala
B MoMeHT f = 0. B nanbuelimiem W(x, f) pasjenserca Ha ABa Ia-
KeTa: «IPOXONALINHA BOJHOBOW MaKeT»

\Ft (x, f)y= S f(k; )S/ 2 e—iE’tih dk/

0

HEHTP KOTOPOro X == —Usl CTPOTO cCJAeAYyeT ABHKEHHIO Kjaaccuue-
CKO¥ 4acTHUBL, H «OTpa}KeHHbIﬁ BOJTHOBOH NaKeT»

(o]

Yrle, )= S (| — k) Re™ emtztim ay,

LIEHTP KOTOPOTrO x == U;f ABMXKeTCHA TaK, KaK KjlacCHyeCKas YacCTHIaA,
mpeTepreBilas ynpyroe oTpaxkenHe B Touke x == 0. CymecTsyer,
TakuM 006pa3oM, OueHb BaXHOe OTJHYHE OT KJIAaCCHUECKOr0 [BH-
KEeHHSA: KBAHTO8AA <«4aCTUyay» uUmeeT OTAUHHYIO OT HYAS BepoOAT-
HOCTb <OTPA3UTHCA» NPU RPOXONHCOeHUU TOUKL PA3PLIBA NOTeHyUAAq.
Uro6bl NPOJOJKHTL 3TOT aHAJMH3, CHAelyeT YTOYHHTb 3TY BEpPOAT-
HOCTb, 4TO Oyner cpaenaHo B ri. IV. OtMeruMm 3pech 6e3  1o-
Ka3aTeNbCTBa, YTO BePOATHOCTb HAHTH 4YacTHUY B OTPaxKeHHOH
BOJIHe paBHa |R|?, a BepoATHOCTbp HAHTH e€e B HIpoOlUejllefi BOJHE
paBHa (ko/k;)|S|? (cm. 3amawy IV.2). Dtu pesyiabTaTh cOrJaco-
BaHbl, TAK KaK CyMMa 3THX [BYX BeJHUYHH paBHA eIUHHIE

IRE+2ISE=1, (13)
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4TO JIETKO TPOBEPHTH, NOJACTABJAA B 3TO YPaBHEHHE BHIPaXKEHUS
(7a) u (76).
Bennuuna
ki op  Akiks

I=% 15 =ray (4

HashiBaeTcs Ko3gpuyuenrom npoxoxcdenus. DTa BeUuuHA pacTer

¢ sHeprueft H crpemuTcs K |, Korga &-—> oco. MoXHO cKazaTh,

4TO B 3TOM Ipejete MBl IIOJyuaeM pe3yJbTaT KJacCuuecKo# Me-

XaHUKH.

MoxHO 3aMeTHTb, 4TOo I ecTb cuMMeTpuuHas GOYHKUHA k1 U ko.
CunenoBaTesbHO, BOJHA TOH e 3Hepruu, HO pacHpoCTPaHAOILAACH
B TIPOTHBONOJIOXKHOM HampaBsiaeHuu (oT obmactu [l x oGmactu [),
HMeeT OJHHAKOBBHIHA KO3((HIUEHT NPOXOXKIEHUA: OH He 3aBHCHT OT
HAIpaBJeHHA [BHIKEHHA. ‘

Bce aTH pe3ysbTaThl He MOTYT OYeHb YIMBUTb, €CJAH NPHHATD
BO BHHMAaHHe AaHaJOTHIO C pAacOpOCTPAHEHHEM CBeTOBOH BOJHHI.
PaccmaTpuBaeMasl Bpllle 3ajada BIOJHe 3SKBHBaJeHTHA 3ajaue
0 pacHpoCTPaHEHHM CBETOBOTO CHTHaJla B Helorjomawmumed cpeje
C TIepeMeHHBIM IIOKa3aTeJeM IpejoMmieHud. B ciayuae a) mokasa-
TeJib NMepPeXOJUT OT AeHCTBUTENbHOro 3HayeHHMs (cpena /) K 3Ha-
yenmo MuMomy (cpena I1) B Touke x = 0: uMeeT MecTO moaHOE
oTpaxehue. B ciysae 6) NokasaTesJb OCTaeTcsl [efiCTBUTENbHHIM,
HO 3HaueHHs ero B cpenax [ u II pasjqHuHB: pe3Koe H3MEHeHHe
IOKa3aTend CONpPOBOXKAaeTCs YACTHYHHM OTPa’KeHHeM.

§ 4. BeckoHeuno BLICOKHH MOTEHIHAAbHBIA Gapbep

[IpenenbHHIM cAy4aeM INpefluecTBYollel 3ajaum ABASETCS 3a-
Jlaua o uacTHIte, BCTpevatoliefi 6eCKOHEUHO BBICOKMH TNOTEHIHAJb-
Hblll Gapbep. Ilpexnmonoxkum nana onpepenensoctd, 4to U(x)="'
= J-oc0, Korga x << 0. Mbl HaxoauMcs B CHUTYallMH, aHAJOTHMYHOI
cnayyawo a), Korna Us— oo, U3 dpopmyn (6), (6a), (66) B arom
TpefiebHOM cJiydae (x2—> 00) cJjenyeT, 4To BoJHa obpaiaercs
B HyJb B TouKe ¥ = 0. .

dro o6mHuit pesynbTaT, He 3aBucaAUEA OT Gopmbl GyHKUHU
U(x) B obmactn x > 0. HeficTBUTeNbHO, BOJHOBas (QyHKUHA B 06-
nacta x << 0 no Heo6XonuMOCTH IpHHMMAaeT hopMy Ae™*, ee nora-
puMuueckas IIpPOU3BOAHAA eCTb Ag. DB Ipejene, Korga Io-
‘TeHuHaa Vp cTpeMuTCS K OECKOHEYHOCTH, g TaKkKe CTaHOBHUTCA
OeCKOHEUHBIM. 3HAYUT (PYHKIUS AOJXKHA HMeTb OeCKOHEUHYIo Jora-
PpudMHUECKYI0 NIPOH3BOAHYI0 B Touke x = 0, T. e,, MHEIMH CJIOBaMy,
06paTUTbCA B HYJb.

Taxkum ofpasoMm, 8 npedeisHom CAYy4ae OECKOHEUHO BbLCOKO20
noTenyuarbHozo bapsepa 80AH08aAR PyrKYus dorxna obpawjarecs
8 HYAb Ha 2panuye 3T020 Gapeepa.
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§ 5. BeckoneuHo rayGoKas noTeHUHAJIbHAA IMa.
JIMcKpeTHbIH cniekTp

B KauecTBe BTOPOro ImpOCTOTO IIpUMepa Mbl PacCMOTPHUM cJaydalt

6eCKOHeUHO TaYOGOKOW NpAMOYTOJNIbHOH NOTeHHHAJNbHOH sIMEL. 3Ha-
yenne MOTeHUMAJa HA JHe MBI OYAeM CUMTaTh HAyajJoM OTCYETa
sHaueHu#t sHepruu. DTa 06JacTb HY-
JIeBOTO ITOTeHHMaska 3aHUMaeT HeKoTo- Ulzip
phiii yuactok ocu (—L/2, +L/2); ¢
ofeHx CTODOH HHTepBaJ OTPaHHUEH
GeCKOHEUHO BBHICOKMMH IOTeHHHaldb-
HHMH Gapbepamu (puc. 9).

3agaua o coOGCTBeHHBIX 3HaUeHHAX
CBOJAMTCH K Hax0XAeHW0 QYHKUuH P,
ofpalliatolieficas B HyJb B TOUKax
+L/2 u —L/2 u ynoBreTBOpsIOlLel
8 unrtepBane (—L/2,+L/2) ypaBne-
auio [llpexunrepa

P + ep=0.
06 o Pre. 9. BeckOneuno ray6okas
Imee peleHue eCTh JUHeuHass KOM- NPAMOYTONbHAS MOTeHIHAJbHAS

6unauus sinkx u coskx (k= 4/e). aMa.

PelueHusi, OJ{HOBPEMEHHO YIOBJIETBO-

PSUOLLHe BYM TPaHHYHEIM YCJIOBHAM, CYIECTBYIOT TOJMbKO IpH He-
KOTODBIX AHCKPETHBIX 3HAUCHHAX €, a HMEHHO:

_L L
2 *2

=22 (=12, ..., ®) (15)

(peweHnusn, 1 KoTopuix kL == nx). KaxXxaoMy H3 3THX 3HaUeHHUH &,
COOTBeTCTBYeT OJHa M TOJbKO oOnHa coOcTBeHHas OYHKUuA (BH-
POXKIECHHS HET), a HMEHHO:

» == COS 2%« npn n  HeueTHoOM, 16a
I p
P, == sin -nLﬂx IPH 7 4ETHOM. (166)

DTOT npocTOH pe3yabTaT BhI3bIBaeT LeJbIA pax OOLIUX 3aMeua-
Hyuil. Bo-mepBHIX, AaHHBIA pe3yJbTaT NPUHLMIHAIBHO OTJIHYAETCH
OT pe3y/ibTaTa KJaccHYeCKoH MexaHHKH. B ToM e noTeHuuase
KJaccuuecKast YacTHua MOKeT JBUraThCsl IpH M0G0 MOJMOKHTE/b-
HO# sHepruu. dro OyneT NMepHOIHYECKOe IBHKEHHe Tyna M o6paTHO
MeXJy NBYyMs IIOTeHUMAJbHBIMH CTeHKaMH, HaXO[SIIMMHCA Ha KOH-
nax uareppana (—L/2, +L/2). B xBautroBoll MexaHuWKe JBUKEHHE
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MOKET HMeTb MeCTO TOJIbKO NIPH HEKOTOPHIX ONpeeIeHHBIX AMCKpPeT+
HBIX 3HAYEHUAX SHEPTHH %): dHepeus 4aCTUYbL KBAHTYETCA.

Bropoe sameuanue KacaeTcss 4eTHOCTU cOOBCTBEHHHIX (BDyHKIMI 3).
@dyHKIMYM YeTHHIE, eCTH 7 HedeTHo (ypaBHeHHe (16a)), u HeueTHble,
eciy n detHo (ypasHenue (166)). To obcrosTenscTBo, uTo OG-
crBeHHble (GYHKIUM 001anaioT ONpeNeNeHHON YETHOCTbIO, CBS3aHO
CO CBOHCTBAMH IOTEHUHWAJa, KOTOPBIH sBJAsieTca 4YeTHOH (yHKuuei
OTHOCHTEJILHO Hauasa KOOPAWHAT:

Ux)=U(—x).

[Ipo6reMa ueTHOCTH BO BceH nmosHOTe O6yperT paccMoTpeHa B § 14.

Tlocnennee s3amMeuaHue OTHOCHTCS K 4uUCAy Y3408 COOCTBEHHBIX
dynkuuil. [lo onpenesenyuio ysJjiel CYyTb TOUKH, B KOTOPBHIX (YHKIHA
ofpaiiaercss B Hy/ b (3a HCKJIIOUeHHeM HYyJIeHl Ha KOHLAX MHTepBaJa
—L/2 +L/2). Uncno y310B MOHOTOHHO PacTeT C POCTOM coGCTBeH-
HOTO 3HauyeHHs dHEPrUH, OHO YBeJHYHBAeTCH Ha eNMHMUY IIpH IHe-
pexone OT HEKOTOPOro coOCTBeHHOTO 3HaueHHs K OJnxaflneMy no-
crenvioleMy: coO6CTBeHHas (PYHKUUS OCHOBHOTO COCTOSHHA V; He
HMeeT Y3JI0B, ..., coOcTBeHHasa (hYHKUHSI 7 — 1-r0 BO3OYXKHeHHOrO
cocTOsTHUA P, uMeeT n— 1 y3exn u T. 1. [losie3HO Noxg4epKHYTHL aHa-
JIOTHID C YHCJIOM Y3JIOB CTAUUOHAPHLIX COCTOSHHR 3aKpelJeHHOH
Ha KOHIAX KoJelbmouieica cTpyHsl. CXoACTBO 3lech NOJMHOe, Tak
KaK MaTeMaTuiecKu obe 3ajaud TOXKIeCTBEHHBI.

§ 6. Koneunas nmoredHumajpnas ama. Pesonancel

PesyabTaThl, NOJIyyeHHBIe HaMH Ha NpHMepax cKauka MOTeH-
n#ana 4 GecKOHEYHO IIy6oKOoH NOoTeHUHAJNbHOH SIMBI, IOMOTYT HaM
paccMoTpeTh (GoJieé CJOXKHBIE CIyyau. B KauecTBe HOBOTO IpHMepa
BO3bMEM MNOTeHuuan, usobpaxenuwii Ha puc. 10. 3gech QyHKuUMA
U(x) mpuauMaer BuA:

I Uy x>a (oGaacrs 1),
U(x)=4U, a>x>b (obnacrs [),
' U b>x (o6nacrb III),
npuuem U, < Uy < Us.

3anaua 0 cOOGCTBEHHBIX 3HAUYEHHAX IpeJcTaBiafeTcd PasjiHYHOR
B 3aBHCHMOCTH OT BeJWUHHBE & II0 CPaBHEHHIO C NOCTOSHHBIMH
Uy, Us n Us.

a) Us<<e<<U,. Huckpernoili cnexkrp u c8A3aHHbIEe CO-
CTORHUS.

2) Tlepuwon Knacchueckoro nABHKeuus pasen H/AE, rae AE — paccroanue
MeXAY GAMKaHIIMMH YPOBHSIMH, B COIVIACHH C NMPHHIANOM COOTBETCTBHA.

3) dyukuua f(x) ecrtb uernas ¢Pyukums, ecam f(x) = f(—x), m neuernas,
ecn f(x) = —f(—x).
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Of6iiee pemeHne BefeT ce6si 3KCNOHEHHUAJNBHO BO BHEWIHHX oO6JdacTdX { #
I1I, a BO BHyTpeHHeH o6JacTH XapakTep ero nosefieHHs OCHHAAATOPHHA. YT0GH
GbITh DpHEMJAEMHM B KayecTBe COOCTBEHHON (QYHKIHH, pelleHHe NOJKHO SKCIOHEH-
IHaAbHO 3aTyXaTh B 0GeMX BHEHMIHHX o6aacTaX. CyileCTByeT OLHO H TOJBKO OIHO
pellleHHe, SKCMOHEHNHMANBHO 3aTyxawilee B obiacTe [, a Takxe OJHO M TOJBKO
OZHO pelueHHe, 3aTyxawilee B obnacte //I; 3TH ABa pelieHHs COrVIaCOBAHHO CIUH-
BAIOTCS TOJBKO NpPH HEKOTODHX Olpe-
JeJeHHBIX [OHCKPETHBIX 3HaueHHsiX &, @ ) @
Mpt gefiaeM 3akKJIOueHHe, UTO 3HepreTH-
qecKHM CHEKTP M0 HeOGXOAHMOCTH JHC-
KpeTeH U He BHiPOMIEH.

@OyHKnHA P, MO MNPEANONOKEHHIO /7
semlecTBeHHast (cp. crp. 83), B Kak-
IOH u3 Tpex o6jacTed HMeeT: BHA:

ern—— — — o -] UJ

o

[ Ale—“‘x x> a, l]z -
o= Asin(kex+9) a>x>0, . i
i
[ Aze™s* b> x. 1 : |
/] a bl

(17

Ecan dasa @ U3BeCTHa, TO LBa YCJO-
BHST HENmpepHBHOCTH (YHKUHH oOnpele-
asior nocrosuube A, As, As (c TOuU-
HOCTBIO AO NOCTOSHHOTO MHOXKHTENS).
Urto Xe Kacaetcs ¢, TO OHa AOJKHA YAOBJETBOPATL OAHOBDEMEHHO HBYM YCJXO-
BHSM HelpephBHOCTH JOrapu(pMUYECKHX [POH3BOJAHBIX:

kyctg (kea 4 @) == —ny, ko Clg (ke + @) =x3; (18)
HHBIMH CJOBaMH

Puc. 10. KoHeunas npsMoyrossuas mo-
TEHUHAJIbHAS AMA.

= —koq — arctg% + nx (n — pexoe MOJOKHTEIBHOE),
I, (19)
= — kb 4 ,arctg—2-
A3

(o onpenem_ié'r’qﬁc TOYHOCTBIO O CJAaraeMoro nm, Mb TpeGyeM, 4ToGm kb + @
HaXxofujaoch B HRfepBate (—mn/2; 4-7/2)). DTO BOSMOKHO B TOM H TOJBKO B TOM
cayvae, KOrZa MPABHE YaCTH JBYX NMOCJHEJHHX ypaBHEHHMH paBHH. YKasaHHOe pa-
BEHCTBO MOXeT OblTb PeaNM30BAHO TOJIBKO MPH HEKOTOPHIX AMCKPETHHIX 3Haye-
HHSX &, BeJHMYHHBl &, a MMEHHO NpPH TeX 3HAaYeHHAX, KOTODHE YAOBJIEeTBOPSIOT
YDaBHEHHIO

nn—ky(a—b)= arctg—;@— + arctg % (20)
1 3

Beenem crenywinue o6o3HaueHHs:

K=AU —U,, L=b—aq, cosy=z\/-g—'-i(j3 (0<V<—2n‘)
3— Uy :
H HOBYIO [I€peMeHHYI0 ,
K U —U ’

YpaBuenne moxer GbTh 3aNMCAHO B BHIe YCJAOBHA Ha E:
nn — EKL = arcsin § +} arcsin (g cos y).

Iocnennee ypasuenue rpadmudeckn pemeno Ha puc. 11. Korma e pacrer or U,
no U, § pacrer ot 0 go 1, a mpaBas uacth ypaBHeHHs pacterT oT 0 Ho T—1,
caenys Kpupoft C (koTopast 3aBHCHT TOJILKO OT mapamerpa y). B To xe Bpems
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JieBasg YACThb ypaBHeHHs1 yMeHbllaercs oT ns Ao nn— KL, crepys oTpesky nps-
Mot Dp. Uro6m C u D, nepecekajuch, HeoOXOAMMO M AOCTATOUHO, YTOOH LeJ0Oe
YHCAO 1 BBII0 AOCTATOYHO MaJbiM:

KL=z(n—1x4v.

Ecmn KL <<y, coferBenunix 3Hawenmii Her; ecan y < KL << w4y, To cymect-
BYeT OZHO cOGCTBEHHOe 3HaueHHe &;; ecad 7t + y << KL < 2w + v, umeercss aBa
CcOGCTBEHHHX 3HaueHHa € H £3(&; << &) H T. & Jlerko BHAETb, 4TO COGCTBEHHLIE
SH@YeHHs PacnoJaraiTes B Hopsaixe Bodpacrawomux n. OHu 06pasyioT IHCKpeT-
HYI0 ¥ KOHEUHYI0 MOC/]eA0BATENbHOCTb — OT OCHOBHOIO COGCTBEHHOTO 3HAUEHHS &,

#(5)
i \ \ \ \

()

N|;l

,)
@) @) @) @

L

0 025 o am

Puc. 11. I'paduieckoe pemeHne 3azay# 0 AMCKPETHHIX COGCTBEHHMX 3HAYEHHAX:
)
t=[(e — U)/(Ui—U))] %2, CoGcTBeHHHe 3HAYEHHS CYTb TOYKH MepecedeHHs

kpuBofi (C), samanuoit ypasmenumem | (E) == [arcsin g 4 arcsin (E cos y)}/m, ®
gaxnoli u3 npamux (Dy): y () =n — (KL[w) E (npuusro y==xn/3, KL/n =S5).

J0 MaKCHMaJbHOro COBGCTBEHHOTO 3HAUYEHHH, COOTBETCTBYIOUIErO0 HAHGOJBIIEMY L€~
JOMy uHcay, He npesocxopsmemy 1 4 (KL — y)/a.

KeaHTOBOE WHCJIO # HMMEET BnOJHE ONpefeseHHHl MaTeMaTHUYECKHH CMBIC.
Paccmorpenne ypaBHenm#t (19) mnokaswBaeT, uto ¢QyHknus sin(k.x 4 @) obpa-
maercs B Hyab n— 1 pas, korja x mpoGeraeT uurepBaa (a, b). Ho, caeays ypas-
nenmio (17), Hysm 3TOH (YHKUHH COBHAgaloT ¢ HyJsaMH . CJenoBaTeNbHO, YHCIO
y3n0B COGCTBEHHOM (YHKIHH, COOTBETCTBYIOWIEH 7-OMY COGCTBEHHOMY 3HaUeHHIO
€, ecTb n— .

B 3aksioueHHe MOXKHO TPOBECTH CpaBHEHHe C KJACCHYECKOR CHTyanued, Kak
910 GHIO C/IeNaHO B cAydyae GeCKOHeuHo TAyGOKOH MOTeHNHaabHOM siMbl Tenepb
MOMHMO KBAaHTOBANHS 3HEPTHH CJEAYyeT OTMETHTb MONOJHUTEJbHOE OTJIHYKE; MO-
CKOJIbLKY BOJHOBass (DYHKIHSE COXpaHseT OTJAHYHHIE OT HyJs 3MaueHHs B oGAacTax
1 u I, cymiecTByeT OTAHUHAA OT HYJAs BepPOATHOCTb HAHTH YAaCTHLY H B 3TUX 06-
JACTSX, Kyaa JOCTYIN KJacCHYyeCKo#l yacTHlle NOJHOCTBIO 3allpelleH.

6) Ui <<e << Us. Cnexrp nenpepoigneili HesvipoxcOennsili. Ot-
paoiceriie 80AKbL.

Mpbl HaxogMMCsl B CHTyauuM, aHajJOTHYHOH cJydan a) B 3a-
Jade 0 CKauKe NOTeHIHaJa. KaxkAOMy 3HA4Y€HHIO € COOTBETCTBYET
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O/lHO M TOJNBKO OIHO BCIOZY OTpPaHHYeHHOe pellcHHe, HMEHHO TO,
KOTOpOE SKCIOHEHUHAaJNbHO 3aTyxaeT B obsactu /I[: B uHTepBaie
(U1, Us) crnekTp coGCTBEHHBIX 3HAYCHUI HeNpepLIBHLIA H HEBHIPOXK-
NeHHBI.

Mu uinem pelienue B BHIE

e—ik.x + ei (kix+29) X > a,
Pp=1 24e!® sin (kx + @) a> x> b, 21
2Bei®igrax b>x.

Kak ¥ B mpealiecTBYIOLUX 3ajnadaxX, yCJOBHS HeNpephIBHOCTH JIO-
rapuMHYeCKOH NPOH3BOLHOH onpenensiioT dasu @1 # @g. Haxonnm

Qo= — kob + arctg—:—:,

¢ =—ka— -’—;- + arctg [7’:-21- tg(kzL -+ arctg :;:)],

B TO K€ BpeMs HelpepHIBHOCTb CaMoOil (pYHKUMH IIO3BOJSET Oupe-
neautb A u B.

Hanee Mu 6ynem mpexpnoJarars, uto Us-—e > e— U, orkyna
ko <& %3 M, CJEIOBATENbHO, By < 3. Bce IPOHCXOMHT TaK, Kak eciu
66 ob6sactb [I] xapakrepHusopajach O0eCKOHEUHO OTTaJKHBAIOLIHM
notexHnuasoMm, Tak uro B = 0. MHTepecylomuMyu Hac BeJHUHHAMH
SIBJIAIOTCH @ H A2

VeaosuMces, uto @ = 0, b = —L, 1 NOJOKEM

k
n=TI= gz-—l,

Torza mocjie 3JeMeHTAapHOr0 pacieTa
¢, = arctg (%tg gKL) —_ %,

Aem W
n2 4+ cos2 EKL °
Tlpu BospacTauuu sHeprun (haza ¢ GoJee HIM MeHee peryaspHbIM
oGpa3oM pacTtert, B TO BpeMfl Kak BeJdHunHa A%, naMmepsiolas OTHO-
CHTeNIbHYX) WHTEHCHBHOCTb BOJHHB B oOjaern [/, ocuniaaupyer
mexay sHaueHusMa 1%/ (1 +n?) n 1. Ocunnisiuun tem GoJee 3Ha-
YHTeJbHH, 4eM Gosbite KL u yeM MeHbHie 7). [loaromy mpeamoso-
XHM B JalibHeHlleM, 4TO

KL >»n, n<l.

B atoM cayuae A? Kak QyHKuus m? (T. e. sHeprun) o6GHAPYKHUBAET
CePHI0 OCTPBHIX MAKCHMYMOB IIMpuHH 4n/KL, oTCcTOALMX ApPYr Of
apyra #a 2x/KL. Ha puc. 12 noxasaHo 3To 3aMeuaTesibHOe MoBeje-
HHe A% a Takke @; B YCJHOBHAX HAIIEro NPHOIHXKEHHS.

4 A, Meccua
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MH cTaJgkuBaeMcs ¢ sIBJeHHEeM THIHMYHO BOJIHOBOIO XapakTepa,
¢ SBJEHHEeM pesoHarca. Jisi HeKOTOPHIX OrpaHHYeHHHIX ofJacTeit
H3MeHeHHs 3Heprud (miupuHH 4n/KL) WHTEHCHBHOCTL BOJIHE BO
BHyTpPeHHeA 00JacTH mopaiaka l: 3TH pe30HAHCHBIE SHEPTHH COOT-
BeTCTBYIOT YCHOBHIO @ == (n -+ 1/2);, T. e. obaactb /I comepXu®

,42
{
05
0 a1 42 7?
#
4n
—/
2n /__//
0 Y
al 7
"z a1 62 7%

Puc. 12. Pesonancu orpaxennsi. Vamenenue A? u @y (cM. ypasuenne (21)) B 3a-

BHCHMOCTH ot 3Heprun. KpuBne coorBercTByioT KL == (b — a) VU,_— U, = 100.
ITo ocu aBenuce otTnoxeHa nepemertHas 1% == (e — U)/(U, — Uy)

n+ 1/2 «noaysosn». BHe »THMX pe3oHaHCHBHIX objaacTefl MHTeHCHB-
HOCTb OY€Hb MaJa.

Kak ¥ B ciayuae 3ajaiu CO CKAuKOM IOTEHHHANa, MBl MOXKeM
CPaBHUTb [BHXKeHHe BOJHOBOro mnakera THHa (9) c JBHKeHHeM
KJ4aCCHUeCKOH wacTHubl B TOM Xe noteHnuane. Ilpuxoas u3 +oo
¢ TNOCTOAHHOA ckopocThio v == (hK/m)v, KJaccuuecKasg dacTHUa
HCOHITHIBAeT pe3Koe ycKopeHuwe mpu x == 0, mpoberaer obaacte I/
O CKOPOCThIO Uy = (AK/m)4/1 4 1% oTpaxaercs B Touke x = —L,
IBHXKETCA B IIPOTHBONOJIOXKHOM HaNpaBJEHHH CO CKOPOCTBIO Ug
B obaacty I, 3aTeM co cKopocTblo vy B o6sacTu /. Bpewms, KoTo-
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poe KJacchMueckas 4acTHua NOpoOBOAMT B obusacTu [/, paBHO Tus =
== 2L[v;. LlenTp BOMHOBOro MmakeTa ABUXKeTCA AHAJOTHUHBIM OOpa-
30M, 0 KpafiHe#r Mmepe B o6JacTu oueHp OOJbIIBX X, rjae na-
KeT He CJHAMINKOM CuHJbHO pedopMupoBaH, TaK 4TO INOHATHE €ro
IeHTpa COXpaHAeT cMhbic]. Bce NMPOHMCXOAMT Tak, Kak ecau Obl OH
OCYIIECTBHJI TO K€ CaMoe JBHXXeHHe 3a HCKJIIOYeHHeM TOro, uTo
«BpeMs, TpoBeleHHoe B ob6jaactd [I» paBHO He 7Txa, a T==
= (2/v,)do/dk, = (2/viK)dpi/dn. Mbl He 6yneM BraBaThCs B je-
TajJH 3TOFO HMCCJAE[0BAHHA, BIOJHE aHAJOTHYHOTrO IIPOBEXEHHOMY Ha
crp. 89. [Topenerue pasiHUHBIX BEJIHUMH, YNOMHHABIUMXCS BBHILIE,
CBeJIeHO B CJIeAyIOIY1o Tabaumy:

Hauanshast SHeprus o %’:ﬂ. TT A?
1 KJ1
B pesonance nsw L Tnl' 1
[Mocepennue mexny ABY- ( _1_) . )
Mf pesoHaHCAMH n+ 7 )" Ln | i

Mexny pesoHancaMu A? ocraercs oueHb MaJiof BeJHYHHOH, Bpe-
M IpoXoxJeHHs obaacTu /I v MaJlo 1O CPABHEHHIO C Txa: BOJHOBOH
naxeT NpaKTWYeCKH He IpPOHHKaeT B ob6jacTh [/, BOJIHA ITOYTH IIOJ-
HOCTbIO OTpaxaerTcf OT TOUKH x==0. DTa cuTyalus aHaJIOTHYHA
ONTHUECKO, riae pe3koe M 3HAUUTENbHOE HW3MeHeHHe MNoKa3zaTelst
NOYTH BCerha BbI3bIBAET NOJHOe oOTpaxkeHnue. HaoGopor, B pe3o-
Hance A?==1, BoJIHA IOJHOCTBLIO IPOHMKaeT B obsacte /I u oc-
TaeTCd TaM OTHOCHTEJNbHO NOJTHE INPOMEXYTOK BpeMeHH, 3Hauu-
TeJbHO OOMbLINE 7Txn CoryiacHo yciosuwo (12) mosyyeHnas kap-
THHA CIpaBeIHBa TOJBKO AJAS HOCTATOYHO HNPOCTPAHCTBEHHO MpO-
TAXEHHBIX  NaKeToB, O0oOJbIIMX deM  pa3mepn  obJaactd [/
((dg1/dk)) = L B pesonance), 4, CjlefoBaTe/JbHO, NepeHHH (PPOHT
BOJNHOBOTO MaKeTa JOCTHraeT TOYKH OTpaxkeHusi x = —L gsHaud-
TeJbHO paHbille TOro, Kak BOJHA 3aBepIUNT MPOXOXKIEHHE TOUKH
CcKauka moTeHudana x =— 0. DToT 3(ddeKT uMeeT UYUCTO BOJHOBYIO
NpHPORY — LIPOUCXOAUT HHTep(epeHuna Meskiy NMajaloieil u orpa-
JKeHHOl BoJHamMu B obxnactu 1.

B) &> U;. Cnexrp Henpepvisuuil u swpoocdennetit. Orpasice-
Hue u npoxoxdexue B0AH.

dra cHTyalHs aHajJoruyHa caysamo 6) B 3ajave CO CKaykOM MNOTEHIHaJka.
BCHKOMY 3HayYeHHKw & COTBeTCTBYHT [BE JUHEAHO He3aBHCUMble COGCTBEHHHE

¢yukunu: B uureppane (Us, o0) cmekTp cOGCTBeHHWX 3HaueHHH HeNMpephiBeH H
BCe COGCTBEHHbIE 3HAYEHH ABAXKAH BHPOXKJEHEHL

4*
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Kak u B 3ajase co cKaykoM NOTEHNWANa MOCTPOMM COGCTBEHHYIO (YHKIHIO
B BHJE
T poiiE
x={ Pe"** L 0" > x>0, (22)
Se b>x.

YcnoBHS HelPepLIBHOCTH B TOYK2X @ M b nossonsior onpefenuts R, Q, P u S. He
BXOJAS B JleTaJH BEIMHC/AECHHH, NpHBeleM pesyabTaTH fias seauunn R u S. Henoab-
3yeM cleayiolllHe 0603HaYeHHs:

=0 b=—L, K=AU,— U,
— kz kl

ki ks
k" Tk C—K.

—ikyx

IMoayuaem
R=5(n—10)cosEKL + i (8 — m) sin EKL
E(n+ 0) cos EKL — i (&2 F ng) sm KL *
S = g~ iUKL 2ng )
E(n+ &) cos EKL — i (82 + nf) sin EKL °
STH BHpaXKeHHs N03BOJSIOT CPaBHHTH ABHKEHHE BOJHOBOrO nakeTa, 06pasoBaH-

HOTO H3 BOJH THHa (22) ¢ GAM3KHMH 3HeprHAMH, ¢ HBHXKeHHeM KJACCHYEeCKO# ya-
CTHUIH TOW JK€ 3HeDTHH B TOM Xe MOTeHIHaJe.

o v - ~ik,x
Havaseueifi BotHOBOH naker (o6pasoBamHbii B oBnactn [ u3 BOJAH e )
nepemeiaeTcs B obsactu ! ¢ NOCTOAHHON CKODOCTbIO Uy = fiky/m M BCTpeuaeTcs
¢ obnacTeio /1; moclie CTONKHOBEHHS OH Da3sfeNseTcs HAa MAKeT OTPaXKEHHHX BOJH

. ik x .
(o6pasoBaHHHWi BoMHAMH Re B obmactu ), mepeMemlaiomHiCsE CO CKOPOCTHIO

—~ik,x
U1 K +-00, W NaKeT NPOXOAAIMX BOAH (06pasoBaHHull BoiHame Se ° B ofaa-
ctu 1), nepememaromuiica co CKOPOCThI0 Ug K —oo. Takum 06pasoM, B OTAHYHE
OT KJaCCHYECKOH 4YaCTHILI BOJIHOBOH NakKeT BCEria TOJbKO YacTHYHO MPOXOLHT
B ofinactb IIl, u moxuO onpeaeauTb K03pHIMEHT npOXOXKIeHHS

ks - 4ngE?
=4 St =ogToror ikl + @ FmoPsmrekl:

KaK MBI 3TO yXe Jesa/i B ciyyae CKauka MOTeHnHana.

3neck MH TOXe 3aMeuaeM, YTO NP paBHOH 3HeprHH KkO3pdHUIHEHT npoxo-
KACHAS He 3aBHCHT OT HanpaBJjeHHs [BHXKeHHa (1 H { BXOAAT CHMMETPHYHO B
BHIpaxkeHHe g T). MoXHO npoBEpHTL H PaBeHCTBO

IRE+2|SE=1. (24)

OrHocuTeNbHAS BEJAHUYMHA OTpaXKEHHOH W NPOXOAAMWeH BOAH H3MEHAETCS C
sHeprueli M MOXKHO OGHAPYXHTb CYIIECTBOBAHHe SIBJEHHA pe30OHAHCA TOTO Xe
THHa, 9T0 M B cayuae 6). Oum ocobenno samerss koraa KL > #m, {<n <1
(r. e. E=1). B aToM cayuae BHAHO NpH HCCAEAOBaHMH ypaBHerHs (23), uto xo-
s duULEeHT NPOXOKACHUS, paccMaTpUBaeMulil Kak GyHknusa 12 (T. e. kKak QyHKuHS
SHEprHH), OCTaeTcs OYeHb MajbM (mMOpsAika 4nl) mouTH BCIOAY, HO OOHapyXuBaeT
CepHI0 PEe3KMX MaKCHMyMOB, pasHHX 4nl/(n -+ {) 2 Ilnpuna 9THX MaKCHMYMOB
paena npumepno 4(m + [)/KL. IlojoxeHHs MaKCHMYMOB COOTBETCTBYIOT SHEp-
IHAM, AJS KOTOpHX B o6jactd /Il ykJaAHBaeTcs NeJNOe HHCAO 1 <IOJYBOAH», 4
nmento EKL = nm (paccTosHme MeXAy MakCHMyMmamn okodo 2x/KL).
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MoXHO NPOAONXKHTL 3TO HCCAeAOBaHHe, paccMaTpuBag dasu amminTyn R
H S, onpenesuTb «BpeMsl NMPOXOKJAeHHS» NPOXOAsLIieH BOJHLI HJH «BpeMs OTpa-
JKeHHsS» OTPaXkeHHOH BOJIHHI M CPaBHATh 3TH BeJHUHHH CO BpeMeHeM Hepeceye-
uus obmactu I] knaccuueckofi uacThueli. KauecTBeHHO moaywaercs ciejyromias
KapTHHA: B pe3OHAHCe BOJHA OCTaeTcs KOHLEHTPHPOBauHo# B ofaactu [/ B Te-
YeyHe OPOMEXYTKa Bpemend, 3HauuteJbHo (B (1 -+ §)~! pas) npesocxoisilero
KJacCHUecKoe BpeMs, Mpexje ueM pa3fieJUTbCs Ha NPOXOASILYI0O W OTPAKEHHYIO
BOJIHBI, BHe pe30HaHCa BOJHA NMPaKTHYECKH He NpOHHKaeT B obaactb /I, oHa mo-
9TH HOJHOCTbIO OTpaXaeTcsl Ha rpauume obsactedi [ m [/ npuuem moyTy Mruo-
Benno (cm. 3ajgasy 1).

§ 7. llpoxoxaeHne NPsIMOYTrofibHOrO
noreHuHadbHoro 6apeepa. TyHHeabHbI ahekT

B KkayecTBe HOCJHeIHero MpHMepa pPacCMOTPUM HPOXOXKIEHHE
APAMOYTOJIbHOrO NOTeHNHaAbHOro Gapbepa (puc. 13)

0 x>1L (o6aacts [).
Ux)=9 Uy(>0) 0<x<L (obaacts II),
0 x<0 (o6macts [11).

B sTOoM ciyuae BCe HOJIOMXKHTEJNbHBE 3HAaUeHHs1 & SIBATIOTCA COG-
CTBEHHHIMH 3HAUeHHAMH, JABYKPaTHO BuIpOXAeHHEIMH. Cienyer
paccMOTpeTb Be BO3MOXKHOCTH: & MOXeT OBITb 60Jblle HJAH MeHble
U,. B oboux cayuasx o6pasyeM pelleHHe, HpeJCTaBasiiollee B 06-
gacru I/l Boany, pacnpocrpa-
HAOWYOCS B  OTPHIATEbHOM Ufz) i
HanpaBjeHWH, T. €. pelIeHHe @ @ ' )

BULA e—iﬂ/gxq_ ReivVex qnst x> L
u Se~ivVer nag x < 0.
Ee nosenekne B obaactu [I:
SKCMIOHeHNH anbHoe: Ae**+ Be—**, — ~<— -
ecmn e < Uy (x=4/Us—¢e);
CHHYCOUAANBHOE! y
Cei** 4 De—** ecu & > Up

(k — '\/g—-—Uo). Puc. 13. IlpamoyroapHuit Gapsep

Up

Orpannunmcs TeM, 4TO AaZHM Pe3yJbTaT BHUUCIEHHS K03¢)(dH-
IHeHTa npoxoxiaeHus (puc. 14):

4e (e — Uy)

4e (2 — Uy) + Uj sin®kL
4e (Uy — €)

4e (Uy— e) + Ug sh®xL

, ecan &> Upy
T'=|SP=

, ecan e<<U,.

Kak n B npeamecrsyomux naparpadax, MOXKHO CDABHHTb ABH-
eHue BOJIHOBOro makera THna (9),00pa3soBaHHOrO H3 HANHCAHHBEIX
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BEILIe BOJIH, C NBHXKEHHEM KJacCHUeCKON YacTHIH, HpHxoasuiel
H3 o00.

Haunbosnee nokasaTesbHoe pasinuyve HMeeT MecTo npu & << Uy
Knaccuyeckas yacruua orpaxaeTcs oT 6apbepa, He HMes BO3MOXK-
HOCTH ero npeojosieTb. BOJHOBOM makeT pasiesseTcsi Ha OTpaKeH-
HEA [aKeT H nakeT NPOXOASHIYUM, OpHueM HHTEHCHBHOCTb HOCTe[-
Hero HHKorjga He o6Gpamaercsi B Hyab. [Ipuw BospacraHuH & OT

r
!

a5
v/ ! 2 3 4

&/,

Puc. 14. Hamenenne xosdbdHUEeHTa NPOXOKAEHHS B 3ABHCHMOCTH OT SHEpPrHH
JJis MoTeHuyanbHoro Gapbepa, nokasaHuoro Ha puc. 13. ITpunaro UyL? = 40.

nyna no U, KosdduimeHT HPOXOXKIEHHS MOHOTOHHO pacTeT OT
nHyns no sHaueHust (1 -4 UoL?/4)~!. SIBneHue mpOXOXAEHHST UYacTH-
HeH MOTeHUHAAbHOTO Gapbepa HAa3HBAETCH TYHHEAbHOLIM 3PPheKTOM
M HrpaeT BaXKHYIO POJb B TEOPHH PaJMOAKTHBHOIO a-pacmaza. Be-
JIHUHHA TyHHesJbHOro 3¢dexkta TeM G60Jibllle, YeM MeHblle BHCOTA
6dpbepa ¥ ero WIHPHHA.

Korma & > Uy, KJaaccuueckas 4YacTHIla 3aMelisleTcs B 006Jja-
cra /I, HO TeM He MeHee HepeceKaeT ee M HPOJOJKAET CBOA HYTh
B obsactu /] B HanpaBsienny —oo. BoaHOBOM makeT Bcerpa, XoTs
6l uactuuho, orpaxkaercs. [TosHoe nmpoxoxnenue (T = 1) umeer
MeCTO TOJIbKO MPH HEKOTOPLIX 3HAaueHHAX 3HepruH, Koria kL paBHO
negomy uucay s [Ipu pocre s3Heprum k03hGHIHEHT NPOXOKIEHUSN
KoJebseTcsl MeXJy 3THM MaKCHMajbHHM 3HaueHHeM H MHHHMaJib-
EbIM, paBHHM 4e(e — Up)/(2e — Up)2. Ddpdekr ocobeHHO 3aMereH,
Korga 6apbep OdYeHb BLHICOK HJIH OUeHb LIMPOK U KOrJa KHHeTHYe-
ckasl 3Heprus e — Uy B oGaactu I/ mana. MOXHO OTMETHTb CXOJ-
CTBO C De3OHAHCHEIMH $sIBAeHHsIMH, OOCYXJIaBIINMHCH B mpejiile-
CTBYIOmUX Haparpadax (cMm. sagauy 2).
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Pasaea II. OBIIHE CBOWMCTBA OJAHOMEPHOFO YPABHEHHYA
IPEJAHHTEPA

§ 8. CroficTBa BpoHCKHaHa

BepHeMcs K ypaBHEHHIO
y"+le—Uxly=0. (25)

BriBeneM HeCKObKO OGLIMX CBOHCTB 3TOr0 ypaBHeHHsT Ha OG-
cTBeHHHe 3HaueHus. B nanbHeliiieM 6ynem TpeGoBaTh OrpaHuyeH-
HOCTH BellleCTBeHHOH ¢yHKuHMn U(x), nomyckas TOJbKO KOHedHoe
YHCJIO PA3pPHIBOB [IE€PBOro poia Ha BCeM HHTepBajie (—oo, 400).

BoJibllioe YHCAO HHTEpeCcyiomuX Hac CBOHCTB 3TOrO ypaBHEHHS
HEIlOCPeACTBEHHO BHITEKaeT H3 BaXHOH TeopeMmbl, Kacaiomefics
onpenenuTess BpoHCKoOro, cocTaB/eHHOTO M3 JABYX pellleHHH ypaB-
HEHHS; 3Ty TeopeMy MBI GyneM B NajibHeHIleM Ha3HIBATb TeOpPeMoll
8POHCKUAHA.

OnpenenuteieM BpoHCKOro, Wjim BPOHCKHAHOM JBYX (YHKUHE
Y1 U Yo HA3BIBAETCS BEIpaXKeHHe

W (4 ¥s) =19, — Yo¥;.

D10 BHIpa)KeHHe AHTHCHMMETPHUHO MO OTHOLIEHHIO K HEPeCTaHOBKe
dhyHKUMA y; U ye. Ec/in BPOHCKHMAH paBeH HYJIO B HEKOTOPOH TOYKe
Ha OcH x, QYHKIHH y; U ye UMeIOT B 3TOH TOUKe paBHHE Jjorapud-
MHYeCKHe HPOU3BOJLHbIe; ecJH BPOHCKHAH paBeH HYJI0O Ha BceM HH-
TepBasie (—oo, +o00), OYHKUUH HPONOPIHOHAMABHE APYT NPyry.

Teopema BpoHckuana. Ecau z; 0 2y a82810TCA cOOT8BET-
CTBEHHO DeuleHUAMU YpasHeHUl

2/ + F (x)2,=0, (25)
2+ Fy(x)z,=0 (257

8 uurepsase (a,b), ede pyuxyuu Fi(x) u Fa(x) Henpepoisnst uiu
UMeOT paspblesl TOAbKO Nepsozo poda, TO U3MEHeHUe 8POHCKUAHA
Ha 3TOM uHTepsaie 0AeTCS 8bipaAXceHUeM
b
b
W (2, 2) o= { IF1 () = Fy () 212, dx. (26)
a
Urobnl /0Ka3aTb 3Ty TeOpeMy, YMHOXHM ypaBHehue (25') Ha
23, a ypaBHerHe (25”)— Ha z; W BBHIUTeM MOJIyUeHHble BHIpaXKeHus
onHo u3 apyroro. Ilosydaem

. ” 17" —_—
(2] —7Z) + (Fy— Fy) 22,=0.
IlepBuifi unen B KpyrsiblX CKOGKaxX ectb (C TOYHOCTBIO 0 3HAKA)

NpOU3BORHAs BpOHCKHAHA HO x. VIHTerpupys paBeHCTBO MO X B MH+
TepBaje (a, b), noiyuaeM coorHouenune (26).
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Dra TeopeMa OKasbiBaeTcsi OCOOEHHO MOJe3HOf, Korjga ypabHe-
wus (257) uaum (25”) aBasioTcs ypaBHeHMaAMH THna (5) ¢ OLHHM
H TeM xe mortexnuaioM U(x) W c 3ajaHHbBIMH 3HAUYeHHSIMH 3Hep-
rud e. B 3TOM ciayyYae HosiyuaeM TPH BaXKHEIX CJAEICTBHS:

CaencrBue 1. Eciu y; u yo ABAAIOTCA pellleHHIMH ypaBHe-
By (5), COOTBETCTBYIOIUMMH 3HAUEHHSM €; U & HOCTOHHOH &, TO
JJisl BCAIKHX JBYX 3HaueHHM a U b mepeMeHHOH x u3 06sacTu Ompe-
JleJieHHs] pellleHUH HMeeM

b

W (g1, 92 &= (e — )| 192 dx. (27)

a

CanenctBue 2. Ecin y u z sABAAOTCA ABYMSA pelleHHAMH
ypaBHeHus (5), COOTBETCTBYIOIIHMH OLHOMY 3HaudeHHIO &, HX BPOH-
CKHaH He 3aBUCHT OT X

W (y, z)=const.

CaencrBue 3. [Tycts Y(x;e) ectb pemenne ypaBHeHus (5),
jAorapudMHyeckas HNPOM3BOAHAS KOTOPOro (mo mnepeMeHHOH x)
uMeeT OHpejleieHHOe 3HaueHue f, B TOUKe X == a, H NyCTb f(x;¢)
ecTb JorapudMmuueckass OIPOH3BOAHAs 3TOr0 PellleHH: B NPOHU3BOJb-
HOl Touke x. PaccmaTpuBaemast Kak GOYHKUMs &, BeldnuuHa f(x;e)
ABJISIeTCS] MOHOTOHHOW (yHKuMel 3TOH nmepeMeHHOH, pacTyilel HpH
x << a 4 y6uBapomell npd x > a, OpHUYeM NPOuU3BojaHas paBHa

x

a

(kaK ¢yHKUHS e, BeqnuuHa f(x;e) Beger cebs NOAOGHO TaHIreHCY
WJIH KOTaHTeHCy OPH HaJIHUHHM BEPTHKANbHOH aCHMHOTOTH B KaxIo#
TOUKe, rje Y (x) o6pamaercs B HYJb).

CnencTsus | m 2 HemoCpeJCTBEHHO BHITEKAIOT 3 TeopeMsl BpoHckuawa. Ho-
Ka3aTesJbCTBO CJeJACTBEA 3 TakoBo. Ecim & ¢ukcHpoBaHo, TO pelleHHe ypaBHEHHS
(5) noadocTsbio onpegesseTcs PH 3aJlaHHM 3HAYEHHS DelNEHHS U ero MPOU3BOX-
HOH B HEKOTOPOH Touke ¥ — a Ha ocH x. Ilycts Y(x;e) ectb 3To vacTHoe pe-
menne:

’ s

Y(a; &)=y, Y (a; &)=y,
Ecau Temepb H3MEHATE €, COXPAHAA HEH3MEHHHIMH YKa3aHHBle YCJIOBHS, TO Y(x; )
Gyaer HexkOTopol wempepuiBHOit Oyukumedt € (u x). JBym Oeckoneuno GausxuM

3HAUEHHSIM €, € -} 88 COOTBETCTBYIOT xBa GeckoHeyHo OJM3KMX Bupaxends Y,
Y + 8Y. Ilpumennm & HuMm ciaepcTBue | Ha uuTepsane (g, b):

b
W (Y, Y+6Y)|Z=—GSSY2dx.

a



§ 9. ACUMIITOTHUECKOE TIOBEJEHME PEMIEHUA - 105

Mpu x = a coraacuo npexnosoxennto W(Y, Y + 8Y) == 0. [laa sesaroro apyroro
3HAUCHHA X

W (Y. Y + 8Y) =Y8Y’ — Y'8Y =Y?8 (-’;,—) = Y28},

3nech mu nonoxunu | = Y’/Y. Jlorapudmuueckas npouseogHas f, nopo6uo Y,
sBjsercs uenpepsiBHOH dyuruued e u x. [lostomy

b
— Y28 |, =8¢ S Y?dx

a
HIN
b
of ___1__8 .
v e 1 B RS

a

x=b

4TO H TpeGOBaJOCh HOKA3aThb.

CaotictBa peweHnii ypaBHenns Illpenunrepa, BhiTeKawiuue H3
yHa3aHHBIX TpeX CJeJACTBHE TeOpeMbl BPOHCKHAHA, HMeiOT G60Jib-
oe 3HayeHHe, TaK KAaK 3TH CBOHCTBA He 3aBHUCAT OT KOHKDeTHOH
¢dopMbr noreHnuana U(x).

§ 9. AcuMnTOTHYECKOE MOBECHHE PelleHU

Acumnrorndeckast ¢opma obilero peuleHust ypaBHeHHa (5) Ha
Kpasx HHTepBaja (—oo,--00) CYUIECTBEHHO 3aBUCHT OT 3HaKa
pasHocTd &€ — U Hpu x, cTpeMslleMCs K OHOMY H3 MpelesoB —-oo,
PaccmoTpuM acHMNTOTHYECKY10O (OpMY pellleHuss HPH x —> 400,
AHanoruunble pesy/abTaTH NOIYYaIoTCsd H OpH x —— oco. [lomycTuM,
yto &— U(x) He MeHsleT 3HaKa, KOrja X HPeBOCXOXHT HEKOTOpOe
3Havende xp. [IpH 3TOM BO3MOXKHH JBa clydas.

1) e> U(x), koeda x > x,. llpepnonoxum (TaK 06BUYHO O6bl-
BaeT Ha OpaKTHKe), YTO HPH x—> oo ¢yHKuua U(x) MOHOTOHHO
cTpeMHuTCs K KoHedHomy mpeneny Ug. ITomoxum k= Ae — U,.

Myl HOKaxeM, 4TO IPH X —> 00!

— BellleCTBeHHBle pellleHHsl ypaBHeHHs (5) ocraiorcs orpa-
HWYEHHBIMH H OEeCKOHEUHO OCHHJIHPYIOT MeXJy ABYyMS IPOTHBO-
HOMOXKHBIMY 3HAUEHHAMY;

Y — ecau, kpome toro, U(x) crpemurca Kk Uy OuicTpee, ueM
X, TO

Y 5 A sinlkx + ¢,), (29)

rie A+ H @+ CYTh JBe BelleCTBEHHbIE ITIOCTOSIHHbBIE.

Ina porasatenbcrsa sameTHm, uTO ypaBHemde (5) «acHMITOTHYECKH CTpe-
_ MATCA» K ypasuenmio 2” 4 k%2 = 0, ofmee pemienyue KOTOPOro €CTh A sin(kx4-@),
T. € 3aBHCAT OT JBYX NpPOU3BOJBILIX mnoctosiuuux A u @. Yrobu HaiTH
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aCHMNTOTHYECKYIO (OPMY y, BBeieM (MEeTOL BAPHANHMW NOCTOAHHHIX) GYHKOHH
A(x) u @(x), onpejeseHHLe paBEHCTBAME

y = A sin (kx 4+ ), " = Ak cos (kx + @). (30)

Ypapnenue (5) skBMBaseHTHO ABYM fmH¢ddepeHnnatbHEIM YpaBHeHHSM NMEepBOTO MO+
paxKa:

A _U—-Ug re U =Us e
T ="35% sin 2 (kx 4 @), ¢’ = ———p—sin (kx + o).

Orciofia HHTerpHPOBAHHEM NOJYUYaeMm
X
UE)— Uy | .
A (%) = A (%)) exp S%——*— sin2[kt+ @ @)NdE, (1)

X
x

@ (x) =g (x0) — S

Xo

LO=Us gine (ke + o (2)] de. (32)

Huterpan B npasoit wacti (31) cXOAMTCHA, MO3TOMY NPH X — 0o (YHKIHSA
A(x) cTpemutcs Kk Koweusomy mpepeay A.. Jajee, nmockoabky ¢ —0, yuxmus
sin(kx 4+ @) B BHpaxenuu (30) ocuHWIIHPYET ¢ NEPHOAOM, KOTOPHIH ACHMITOTH-
yeckH CTpemHuTcs K 2m/k. DTO HOKaskbiBaeT HepBHI U3 (GOPMYIHPOBAHHBIX Bhlie
peayabratoB. Ecim, xpome Toro, U(x) ctpemurca x U, Onictpee, yem 1/x, TO
CXOAHUTCA M MHTeIpas B IpaBoi 4acTH ypasHenus (32); B sTom cayuae oGe Gyux-
mua A M @ crTpeMATCs K KOHeuHelM mpejejam Ay, # @4, COOTBETCTBEHHO, 4TO .O-
KasbiBaeT CIPaBe[JHBOCTh acuMNTOTHYecKOH dopmu (29).

2) e < U(x), koeda x > x,. Pesyabrarh, KOTOpHE MH I0JY-
ynM, He 3aBHCAT OT noBeflledust U(x) Ha GeckoHeuHoctu. [Ipexno-
JIOKHM TOJBKO, UTO

Ux)—e=M2>0 npu x> x,.

AT1oT cAyuadl COOTBETCTBYET 3KCIOHEHUHAJbHHIM pelleHHsIM B 3a-
ayax ¢ OPAMOYTrOJIbHEIM HOTEHIIHAJIOM.

Mp mokaxeM, 4TO HPH X — oo

— CyllecTByeT OJXHO YaCTHOe pellleHHe (OOpeneseHHOEe C TOY-
HOCTBIO 10 HOCTOSTHHOrO MHOXKHTeJs1) ypaBHeHHs (B), cTpeMsimieecs
K 0 He MelJieHHee, UeM e—M¥;

— BCe Jpyrde pelleHHsT CTPeMATCH K oo He MelJjieHHee,
nem eM*. .

TlockoJsbky pelieHHsi OnpefelieHnl ¢ TOUHOCTBIO JO HOCTOSIHHOM, (DHUKCHpyeM
3Ty NOCTOAHHYIO YCJOBHEM y(xo) =1u paccMOTpHUM IOBeAeHUE pemeﬂuﬁ, yaoBJie-
TBOPSIIOMAX 3TOMY YCJIOBHIO HOPMHPOBKM. HeroToprie M3 Takux pellleHHi npen-

cTaBjieHnl Ha puc. 15.
OGo3naunm yepes Y(x) u Z(x) uacTHHe pelleHHsl, ONpejejeHHble YCIOBHAMHA

Yxgy=1 Y (%) =0 n Z(x)=0, Z'(x0)=1;

TOrjla HCKOMHIE pemiedus MOXKHO 3anucaTth B BHIE
y(x) =Y (x} + [Z (x). (33)

Ilapametp f = y’(xo) MOXeT NPHHMMATb BCe 3HAUEHHA MEXAy —oo H |00,
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Pewenna Y(x) u Z(x) ocTaioTcs n0OJOXKUTEIbHLIMA BO BCeM HHTepBaJe (Xo, o)
H CcTpemsiTcsl K GecKoHeuHOCTH He wmejJennee, yem eM*. JleficTBHTEJbHO, Kak BCA-
Koe pemeune ypaBueuus (5), 3TH GYHKUMM BCIOAY HMeEIOT TOT XKe 3HAK, YTO
M EX BTOpme npoussoausie. OTClIOfa CJAEAyeT, €CJM YUecTb HauaJbHble YCJIOBHSA,
YTO OHH MOLYT TOJMbKO GECKOHEYHO pacTH, mpHyeM rpaduk Bce BpeMms OCTaeTcs
BHINYKALIM BHH3. UTOGH OLEHHTH CKOPOCTh BO3pPACTAHHSA, 3aMeTHM, uTo Y7 = M?Y
u Z2” == M2Z u cpaBuum 3TH GYHKIHM C peileHHAMH xuddepeRIHAIbHOrO ypaBue-
pua 4’ — M?2u = 0, yaoBjeTBO-
PAIIIMMH TeM e HavalbHbM  y(T)
YCJIOBHSM B TOUKE Xo, a HMEHHO
chM(x—x) u shM(x—ux), y(z)
cooTBercTBenno; Y u Z Bcioay
6oJbllle 3THX peuwleHdHA (HJAH paB-
HH HM).

IIpumensss TeopeMy BpOHC-
KHana, uMeeM

1~
W (Y, ch M(x — x)) <0, '
NnosTOMy znA T
-%->MthM(x—xo).

Hurerpupys, noayuaem

Y>=chM(x — xp).
AuanOrHUHO  JOKA3HIBaeM, UTO Puc. 15. [Iuarpamma, npeficTaBisiouias He-
Z > sh M(x — 1) Zamerny mo.  KOTOPHE pemenus ypasueuus (5), ynos-
= o) AeTBOpsomHe yCioBHIO Y (X%)=1 B cay-
OyTHO, YTO yae, korga U(x) —e>=M?>0 nas x > xo.
Y’ > MY th M (x — x,),
mosToMy Ha GeckonmeuHoctH Y’ >= MY; amanoruuHo Ha GeCKOHEUHOCTH ' = MZ.
C npyro#i cropounl (ciefctsue 2)

Z'Y —Y'Z=1 npn moGom x. (34)
Beenem dyskuun
kA r
z’ z
U3 paseuctBa (34) u Toro ¢akra, uto Y m Z sABAAIOTCA pellleHHSIMH ypaBHe-
nusa (5), crepyer:

u(x)= v(x)=

p—p=l Y 1 ]
YET T T 27
. YVZ—YZ 1
= =~z (35)
. Y7 —Y'Z" U-—ce
U = 3 = 7 .
z z’

B wuntepsane (X, o) u ecTb yOnzaiomas ¢yHxkuuda, a v — GyHKUEA BO3-
pacraioniasi, NpHYEM HX DAa3HOCTh Ha GecKOHeyHOCTH ofpaijaetcs B Hysb. 1lo-
ITOMY OHH HMeIOT o6uiuil (MoJoXKuTebHui) npefen C npu x — o H

v(x) <C<ul(x).
YunreiBas (35), 5TO HepaBEHCTBO MOXKHO MeperHcaTh B BHAE
1

7z (36)

1
—Z—Z,<v——C<0<u——C<
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Yacraoe pewenue
§x)=Y — CZ = [u (x) — C] Z (x)
H ero mpoH3BOAHAf
7 (X)=Y — 2’ =[v(x) — C] Z' (%)
YHOBJETBOPSIOT BCIOLY HEPABEHCTBAM

1o ycocg<)
Z<1?< <y<77.

Beiony nosoxurenbHas GYHKIMS J) CTPEMHTCS K HYJIO He MelJfennee, uem 1/Z’ n,
CllelOBaTeNbHO, He MejgJenHee, uem e~M* Bciopay oTpunatesnpras Oynxkumus §°
CTPEeMHTCA K HYJIO He MellJleHHee, deM e—M*, Pernenue J ecTs pelenne, oGpatiaio-
ieecsi B HYJb Ha GeCKOHEYHOCTH, KOTOpPOEe MBI HILEM.

He cymectByer apyrux pemenuil, o6JajgaiomuXx 9TAM CBOHCTBOM, Tak KaK
ecsd | 55 —C, 10 pellenne y(X) MOXeT GHTb 3aMHCAHO B BHAE

y=9+(G+0)Z

4 ero acHMITOTHYECKOe MOBefieHHe COBNAfaeT C NOBeleHHeM (QYHKUWH Z ¢ TOY-
HOCTBIO 0 OTJIMYHOrO OT HyJsi MHOXurtens [ -+ C.

§ 10. CTpykTypa cnekTpa COOCTBEHHbIX 3HaAYeHUH

[Iycte Uy u U~ aBasioTcs upefeibHHIMH 3HauenusMu U(x)
ApH-X¥->-}00 H x——o00 COOTBeTCTBeHHO. JlasibHeHlIne BuIBOIbH
0€TaI0TCA CHpaBeJJINBHIMY, eCId OLHO B (HJAH) APYroe HpefesbHBIE
3HAaYeHHS OKAa3HIBAIOTCA PaBHHIMHU -}oo. Beauuunw U, uw U gendr
0o61acTb H3MeHeHHs & Ha TPpH 0O6JaCTH, B KOTOPEIX CIeKTp coO-
CTBEHHBIX 3HaYeHu# uMeeT pasnanuHyio mpupony. [loaoxum, nma4
ompeneneHsocty, uro Uy << U_.

B ob6mactn & > U~ pasHocte ¢ — U(x) ocraercs MONONKHUTEb-
Holl Ha OBOMX KOHIAX HWHTepBajga (—oo,-}-oc). Besikoe pelenne
ypaBHenus (5), orpanHdYeHHOe NpH X — —£o0o, JONYCTHMO B Kauye-
¢TBe COGCTBEHHOH (YHKIHH, HO3TOMY & eCTb ABYKPAaTHO BBHIPOXK-
nenHoe co6GerBennoe 3Hauenwe., CHeKTp COOCTBEHHHIX 3HaueHUH
nenpepolgnslli u 86iposcdennsili. C Ipyroil CTOPOHB, B 00eHx achM-
OTOTHUECKHX 004acTaX coGcTBeHHble GYHKIHH GeCKOHeYHO OCUHJI-
JHUPYIOT MeXKJy ABYMs INPOTHBOMONOXHBIMH KOHEUHEIMH Hpejesib-
HbIMHM 3HAUEHHSMH: OHH [PEICTABJISIOT HECB8A3AHHLIE COCTOAHUA.

B o6aacty U~ >e > U,, rae pasuoctb e— U(x) B mpezene
X —-—o00 OTpHILATENbHA, CYIIeCTBYeT TOJbKO OJHO OrpaHHYeHHOe
(3KcmoHeHNHaAbHO YGBIBaioOllee) pellleHHe, B OTPHILATEbHOR acHM-
NITOTHYECKOH 06jacTh. DTO pellleHHe OCTAETCs OrpaHHdYeHHBHIM # Gec-
KOHEYHO OCLHJJIHDYeT B APYroif ACHMNTOTHYeCKOH 06JacTH, Tak
KaK pasHocTh e— U(x) B 3T0# ofsactd modomutenbha. Curemo-
BaTeJbHO, 3TO pellleide JONYCTUMO B KauecTBe COOCTBEHHOH GYHK-
LMK ¥ OPeICcTaBJasieT HecBizaHHOe cocTosiHHe. CreKTp COGCTBeHHBIX
3HAYEHUH HenpepbvieHbili HegoLposcdenHbLil.

Korna U, >e, passoctb e— U(x) orpunarejibHa B 006enx
acuMITOTHUYeCKHX O6JaacTax, Orpanndedioe pelleHHe, €CIH OHO CY-
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mecTByeT, obpaiiaercs B HyJab (3CHOHeHUHAJbHO) Ha OOOHX KOH-
nax HHTepBaja (—oo,-}-00) H NpeAcTaBiseT C8A3AHHOE COCTOAHUE.
Ho oHO cyiiecTByeT TOABKO NDH HEKOTOPHIX ONpefejeHHBIX JHC-
KPeTHHX 3HaueHHSIX e. [ledcTBHTENBHO, NMYCTb J_ €CTh pelleHHe,
obpamaiomieecss B HyJdb HAPH X— —o00, a {4 — pelileHue, obpallaio-
nieecss B HyJb OpH x —>- oo, f- B f+ COOTBETCTBEHHO HX Jorapud-
MHUYecKHe MPOM3BOJHBIE B HEKOTOPOH TOYKe HA OCH x. BesuuwHa e
eCTb COOGCTBeHHOe 3HaueHMe B TOM U TOJBKO B TOM Cjaydae, eciH
Y- 4§, paBHH (C TOYHOCTBIO JI0 MOCTOSIHHOTO (aKTOpa), T. e. ecu
f- = f+ Ho, paccmaTpuBaeMbe KaK (GYHKIHH 3Hepruu g, f- ecTb
MOHOTOHHO yGHBawowas (yHKUUSA, a f— MOHOTOHHO BO3pacTaio-
mas ¢yuknua (caexctsue 3)*). Onu moryT ObiTb paBHH ApPYT
IPYTY TOJIBKO MpH HeKOTOPHIX H30JUPOBAHHBIX 3HaueHHAX &.
Crnektp OQuckperHsii u HeBbLPONCOEHN bIL.

Jucao cobcT8enHbiXx 3HA4eHUll OUCKPeTHO20 cnexkTpa Ccylie-
CTBEHHO 3aBHCHT OT ¢opMbl ¢yHkuun U(x). OHO moxeT usme-
HATbe oT O M0 GeckoHeuHOCTH. UHCIO AHCKPETHHX COOCTBEHHBIX
3HaUeHHH OYeBHIHO PaBHO HyJio, ecad ¢yHkuus U(x) Bciopy npe-
BOCXOAHT HaumeHbllee (U;) M3 ABYX acCHMHTOTHYECKHX 3HAUEHHH.
BooOiwie e MOXKHO mOKasaTh (3LeCb Mh 3TO NpuMeM Ge3 AoKasa-
TEJbCTBA), UTO UYUCJO XUCKPETHHIX COOCTBeHHBIX 3HAYeHHH OKa3bl-
BaeTcs HOPAJKA BeJNHUHHBI '

Vi =V &)
7158 Tr=U® dx=%8 2 (Vs ACIINP

IJle HHTeTPHPOBAHHE PACHPOCTPAaHEHO Ha Ty o6JacTb OCH X, rfe
U(x) << U4 B uyacTHOCTH, €Cil 3TOT HHTerpaj PacxoZHTCA, YHCAO
COGCTBEHHHIX 3HAUeHUH AHCKPETHOro CHEKTpPa GeCcKOHeYHO.

§ 11, CocTosHuSA HenpephIBHOTO CMEKTPa: OTpalKeHHe
H MPOXOKAEeHHe BOJH

Cob6ctBeHHble (DYHKIMM HeNpepHBHOM H JIBYKPAaTHO BHIPOXKJEH-
HOA dYaCTH CHEKTpa MO3BOJSAIOT INPeldCTaBHTb ABHKeHHe JYacTHUHO
NPOXOASMMAX U YACTUYHO OTPaKeHHHIX BOJHOBHIX IAKeTOB B HOJe
norennuana U(x). Uro6s wusbexaTb TPYAHOCTEH, MpeAHOJIO-
KHM, uto U(Xx) cTpeMHTCH K CBOMM aCHMOTOTHUECKHM 3HAUEeHHSM

%) Hleno uper o pacnpocTpaHeHHH CAENCTBHA 3 Ha Caydafl, Korga @ = -J-oo
WM @ = —oo. HeTpyaHo BuJeThb, UTO CJleCTBHE NO-NPeXHeMY CIpaBelJIHBO, €C/H
TOJBKO HECKOJbKO H3MeHHTb onpepenende dbyuknuu Y(x,e). dta dyukuus Aou-
XHa OWTh pemenneM ypasuenus (5), obpamiaiomiemMcs B HyJb (BMecTe co cBoefl
NIpOH3BOAHON) B Touke a( == =-00). 3ameTdM, 4To f_ ¥ f; NPH HEKOTOPHIX 3HAuE~
HUAX €& MOryT 00jafaTh BePTHKAJBHLIME aCHMITOTAMH,
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U;s n U_ 6uicrpee, yeM 1/x, TaK 4TO6B MOXHO OBLLIO HCHOJb30BATh
acHMNTOTHYecKyl0  Gopmy  (29) BeleCTBeHHBIX COGCTBEHHBIX
¢GhyHKIHA.

HHTtepecyomue Hac BOJHOBEIe HAKeTHl MOTYT OBIThb NOCTPOEeHBI
C MOMOIIBIO COGCTBEHHHX (GYHKUUH ABYX THHOB. DYHKIUH MIEpBOro
tHoa #(x) cyTb QYHKINH, NOoBeleHNe KOTOPHX B ABYX acHMINTOTH-
YeCKHX 06JaCTAX BHIPAXKaeTcsl COOTHOLIEHUSIMH

ik_x —ik_x
ux; e +Ru ’

U =~ S+ (k,=+—T,)

BoanoBofi maker Buia (9) npexncraBisier HagamoUlyi0 BOJHY e
JBHKYINYIOCH H3 —o00 B IOJOXHTEJIbHOM HAaNpaBjeHUH, KOTOpaH

3aTeM nonajaer B 30HY meHCTBHUSA
A noteHuuana U(x) u pasgpensercs

ik
Ha OTpPaxKeHHyio BoJHY Ry~ "%
JABHXYLLYIOCA B  [IPOTHBOMNOJIOK-
HOM HampaBJeHHu H NpOUIeNIyio

BoaHy S,e'f+* pacmpocTpaHsio-
mymocsd B HanpaB.neHnn + o0
(puc. 16, a).

QyHKnAY BTOporo THHa v(x)
ACHMOTOTHYECKH HOpPeICTaBJAAIOTCS
thopmysnamu

ikx

Puc. 16. Otpaxenne H mpoxoxjae-

Hue BOJHLI Yepes NOTeHUHal: a) pe-
IeHHe THOA l: BONHA, MPHXOASLAS 9TO M03BOJIdeT OnucaTb aHaJdQoruu-

€O CTOpOHW oTpHuaTelpHnix x; HBIF BOJHOBOH Naxker, pacmpocrtpa-
0) peinenue Tuma v; BoJHa, NPHXO- HSIOIHECH B HPOTHBOMOJOXKHOM
Adniass Co CTOPOHLI NOJIOKHUTEJDb HaHpaBJIEHHH (pPIC. 16, 6)

HbIX X.
OYHKUHM ©#, U H KOMINIEKCHO

conpsikeHHele QyHxkmum u*, v
ABJAAIOTCH PelleHHsIMH onHoro ypaBHenus [lpenmnrepa. Paccmor-
pUM BpOHCKHaH, 06pasOBaHHLIH JABYMS H3 3THX pelleHHH, OH He
3aBHCHT OT x (ciencTBue 2). 3amuCHIBast YCJAOBHE ero TOXIECT-
BEHHOCTH B [BYX AacCHMNTOTHYECKHX 00/acTdX, MOXKHO IOJYYHTh
COOTHOIIEHHe MeXIy Kos(pdpuuuenTamu R, Si, Ro, Su Han Komn-
JIEKCHO CONpsiKeHHHMH BeanunHaMu. CyniecTByeT CTOJNBKO COOTHO-
LWIeHHH 3TOro BHJA, CKOJIBKO MOXHO NOCTPOHTb PasjHyHBIX nap 43
$YHKUMA u, v, u*, v*, T. e. BCero IIeCTb COOTHOIIeHHHA, He 3aBUCSHA-
LAX OT KOHKpeTHO# (popMbl moTennuana U (x).
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INonyaaem %) :

T W, )=k (1—|R,P) =k IS, P, (37)
TV (0, v)=—k IS, F=—k (=R, D), (38)
sV, 0)=Fk_S,=k,S, (39)
LW, v)=—Ek_RS,=k,S,R, (40)

a TaKxe ellle [Ba COOTHOILUEHHSA, NoJydaeMble H3 JBYX MOCJeIHHX
nepexo/oM K KOMILIEKCHO CONPsiXeHHHM BeJlHYHHaM.

Ypashenus (37) u (38) HasHBawTCA COOTHOILEHHSMH COXpa-
HeHUsl NOTOKA; MBI UX Y2Ke TPOBepH/IH paHee B KOHKPETHHX caydyasx
(ypaBuenuss (13) u (24)). [IpoucxoxneHue Ha3sBaHUA cjienyer H3
CJelyIOIiero HCTONKOBAaHHS BOJHOBOH (GYHKUMH ' HECBI3aHHOrO
COCTOSHHUS B acUMOTOTHYecKol obgaactu (060CHOBAaHHOCTb 5TOTO
HCTONKOBaHHS MH NOAPOOHO paccMOTpuM B ri. X NPH H3YueHHH
npobaem paccesinust). Ilyerb Aef®* - Be=%* ecTb (hopMa BOJIHOBOM
GyHKuEK Y B OAHOM M3 aCHMITOTHUECKHX OOjacTed, CKaxxeM INpH
x— —oo. Ecau ¢ momombio 3ToH BOJHOBOH (yHKUHM 006pasoBaTb
BOJIHOBO# maker suja (9), To oH OyAeT COCTOAThH H3 JABYX UJIeHOB:
onuH, obpasoBaHubll H3 Ae'**, uMeeT OTHOCHTENbHYI0 HHTEHCHB-
noctb |A|? u pacnpocTpaHsercs B HalpapieHHM BO3pACTAIOMIHX ¥
co cKopocTbio fik/m, npyrofi, o6pasoBanHuf u3 Be~'**, umeer un-
TencusHocTh |B|? n pacnpocTpaHsercs ¢ TOA Xe CKOPOCTbIO B IPO-
TUBOINOJIOXKHOM HanpasjeHuu. [TosHBIA MOTOK YacTHI B HEKOTOPOH
TOYKe B HANPaBjeHHH BO3PACTAOMIUX X €CTb PAasHOCTD MeXAY
notrokoM (hk/m)|A|? wacTHi, ABHXYUIHXCA B TOJOXKATENBHOM Ha-
npaBieHuH, H NOTOKOM (fhk/m)|B|? dacTuu, ABMKYUIMXCS B OTpH-
narenbHoM HanpapieHuH. C TOYHOCTBIO [0 MOCTOSIHHOrO MHOXH-
Tensi oH paseH BpoHcKuany W (¢, ¢*):

hk 0 i hk "
L AP =B =5 W (b, ¥).
Tor ¢hakr, 4TO Ha KOHLIAX HHTepBana (—oo, +-00) BPOHCKHAH HMeeT
ONMHAKOBHE 3HAaueHHs, o3HAauaer, YTO YHCAO YACTHIU, BXOAAUIHX B
30HY JeHACTBHS MOTeHUHana B eAMHMIY BPEMEHH, paBHO uHcay ua-
CTHIl, BHXOJAIHX H3 3TOM 30HH B TOT e [POMEeXYTOK BPEMEHH.
CorlacHO 3TOfi HHTepNpeTaluu Kaxmjoe M3 ypasHeHnu# (37) #
(38) moxer ObITh 3alKCaHO B BHJE:
najamomufi NOTOK — OTPAXKEHHHH MNOTOK == NPOXOASILEMY HOTOKY.

5) BruncieHHe oco6EHHO YNPOLIaeTcs, ecld yyecTb CBOACTBO aBTHCHMMETpHY-
HOCTH BPOHCKHAHA M PaBeHCTBA

W (%, k%) = W (¢~ 1h%, ¢~ H8%) =0, W (e~IR%, ¢'F¥) = 2is.
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Cnenys Tofl e HMHTEPNPETalUH, MOXKHO ONDPEAENUTb KOIppu-
yuent npoxoscdenus T oTHOLIEHHEM
T MPOXORSALUIKNA IOTOK
Nafaollni NOTOK

I

B wacTtHOCTH, UMeeM
k k
Tu=‘k‘i|8u|2y Tv=k_‘sv|2-
- +

YuuTbBasi paBeHCTBO MoayJefi obeux vacrefi ypaBHeHust (39), mo-
JydyaeM paBeHCTBO

T,=T, (41)

Ilpn 3apaHHOR sHepruu Ko3(OQHUHEHT NPOXOXKIAEHHS BOJHE HE 3a-
BHCHT OT HalpaBJeHHS paclHpocTpaHeHus. DTO — CBOLCTBO 83AUM-
HocTu Ko3(ullneHTa NPOXOKJEHHS, OTMeYeHHOe yxe Ha cT1p. 92
n 100. MoxHo cKasaTb, 4TO NpPOHHUIaeMOCTb Oaprepa B 060MX Ha-
IpaBJeHUAX OAHHAKOBA.

PaBedcTtBo Moaynell obeux dactefi ypaBHenusi (40) BMecre ¢
cooTHoweHussMu coxpaheduss (37) u (38) BHOBb JAaeT COOTHOIle-
HHUe B3auMHOCTH (41). '

M3 ypasnennit (39) m (40) MOXHO MNONYYHTb TAKKE COOTHOIIEHHH MEKALY
¢{asaMH KOMIIEKCHBIX aMIVIHTYA OTPaXKeHHS M NPOXOXKAEHHA:

dasa (Sy) = dase (Syp),
52) 52)
a3a { o~ )=mn— dasa {——).
paca (52 pasa (52
OTH COOTHOUIEHHS MOLYT NPEACTABHTL HHTepec, eclil CBA3HBaTh (Paspl C HEKOTO-
PHIM <«3anMa3jblBAHHEM» B DacOPOCTPAHEHHH BOJHOBBLIX NMaKeToB. MBI HECKOJbKO
pas oTMeuanH, uTo BenuyHHa AQ (¢asza)/OE, T. e. yMHOXKeRHas Ha F OPOH3BOA-
Has (asel KOMOJEKCHHIX AMIVIHTYX OTPAa:KEHHS HJH [POXOXKJAGHHS 1O 3HEPTHH
(BeNHUMHA C PA3MEPHOCTHIO BPEMEHH), MOXKeT OhiTh HHTEPNPeTHPOBARA KaK <«3a-

Na3gbiBAHHE» BOJHBl B ABJICHHAX OTPAXKEHHS H NPOXOXKAEHHs. DTO HCTOJKOBaHHe
pacupocTpaHsercs H Ha obmui cayuaf.

§ 12. Yncao y3/10B CBA3aHHBIX COCTOSTHUH

PaccmoTpuM Temepp coOcTBeHHble (GYHKUMHM (ecau OHM cymie-
CTBYIOT) [QHCKDETHOTO cleKTpa. B 3ToM cayyae HeT BHPOXJIERHS;
CneloBaTeNbHO, 3TH (GYHKIMM HaBepHAKa AEACTBHTENbHH C TOYHO-
CTBIO IO NMOCTOSIHHOTO (pa3oBOro MHOXHTENS.

Bepuemca k o6osnavyerusM Ha crp. 103. Ilpeanonoxum, uro
(GYHKUMH Yy WU ys AEACTBHTENDbHB, €5 > €; M NPUMEHUM COOTHOILe-
aue (27), B3AB B KaueCTBe Npefe/iOB HHTEeIDHPOBAHMS [Bd [OCJe-
JOBaTeNbHHX HyaAs ¢pynkuuu y;. [Honyuaem

b b '
= (&, — &) S Yy, dx.

a . a

Y,
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B uutepsane (a,b) dynruus y; coxpanser csofi sHak. [Ipeanono-
UM, Hanpumep, uTo y; > 0. B atoMm cayuae y;(a) >0, y;(b) <O.
CnefloBaTeabHo, QYHKIUA o B HHTepBaste (a, b) HaBepHAKa MeHsieT
snak. Ecau Obl sT0 OBLIO He TaK, TO NpaBasg 4YacTb YPaBHEHHS
uMesia Opl 3HaK yg, a JieBasi 4acTb — IPOTHBOMOJOXKHLE 3HaK. [lo-
3TOMY Y2 00si3aTeNbHO MMeeT MO KpaHHed Mepe OAMH HYJb BHYTPH
untepBana (a,b). Mexay AByMsi yslaMH y; Bcerfa HMeeTcsi MO
Kpa¥iHell Mepe OIMH y3en ya.

[IpeanoysoxuM, 4T0 y; W Yy SABAAIOTCA COOCTBEHHHMH GYHK-
ousaMEu  auckpetHoro cnekrpa. O6e oHu ofpamatorcs B HYJb
(«9KCMOHEHMANbHOY») Ha IPaHHIlAX HHTepBana (— oo, -4 o0). ¥3au
Y, (DyCTb YMCJIO HX paBHO ny) JAeJAT Bech HHTepBaJ HA . - 1 ya-
CTHYHHX HHTepBasoB. K KaXaoMy H3 HMX MOXKHO NPHMEHHTb TOJb-
KO YTO JOKasaHHoe CBOACTBO: (PyHKUMSA ye MMeeT [0 KpalHell Mepe
ny+ 1 ysen. TakuMm obpasoM, coOcTBeHHast (YHKUUS HMeeT TeM
Goabille y3J0B, 4eM BhHIe COOCTBEHHOEe 3HauyeHHe, KOTOPOMY OHa
COOTBETCTBYET,

TToBropss paccyxkaenns Ha crp. 109, Kacaromuecsi nocrpoeHus
cobcTBEHHBIX (YHKUMA, M YUUTHIBAsS YBeaMdyeHHMe UHCJAa Y3108
GYHKUMA §— ¥ §i N0 Mepe yBeNHUeHHS SHEPTHH &, MOXHO NOJYYHTb
caenyiomee 6osee TOYHOe yTBepKjAehne (3amauyu 4 u 5).

Ecau pacnoaoxcute coOCT8eHHble COCTOAHUSL NO nopadky 8o3pa-
CTAHUS IHEpeUll &1, €, ..., €n, ..., TO COOCTBEHHBIE PYHKYUL OKA-
3618Q10TCA PACNOAONCEHHBIMU NO 803pacTaoulemy wucay ysros. Ilpu
3TOM Nn-as coOCT8eHHAR (pyHKkyus umeeT n— 1 y3ea u mexcoy Kasi-
Ovimu Osyma ysiamu n-od GyrKyuu umeercs no Kpaiinel mepe o0un
Y3ea caedyrouux no Homepy cobcT8enHolx PyrKyull.

§ 13. CooTHOWIEHHS OPTOrOHAJIBHOCTH

Jlpyroe BaxkHe#illee cJjieJCTBHE TEeOPEMH BPOHCKHAHA MOXKHO
MOJYYHThb, €CIH B ypaBHeHUH (27) ycTpeMHTb Npelien HHTErpupo-
BaHHfl @ U b K —oo u +-00 cOOTBETCTBEHHO.

Iycte yy # y2 cyTh aBe coOcTBeHHBle QYHKIHM, NPpHHAAEXKA-
e ABYM COBCTBEHHHM 3HaueHHSIM OuckpeThozo cnexkrpa. O6e oHM
obpamaorcsi B HyAb Ha OeCKOHEYHOCTH, BDOHCKHaH, COCTaBaeH-
HHfl U3 HHX, — TOXKe M IIOCKOMbKY &y — &1 = 0, uMeeM

+00
{ g1gpax=o. (42)

00

Ecav unTerpal oT NpousseleHust yiys ABYX AeHCTBUTENbHHX (YHK-
UM, pacopocTpaHeHHHH Ha Bce NPOCTPAHCTBO, paBeH HYJIO, TOBO-
pPAT, 4TO 3TH ABe (PYHKUUK OPTOTOHANLHH. B GoJjee obmeM caydae
JBe KOMIIEKCHEIE (YHKIHM AeACTBHTENbHOIO NMEPeMEHHOIO Y1 M Ya
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OPTOSOHAAbHROL, €CNH
+oco
*
S Y1y, dx=0.

-—00

Takum obpasoM, co6cTBeHHBIE (QYHKIHKE AHCKPETHOTO CIIEKTpa OpTO-
rOHaJbHH. $ICHO, UTO STOT Pe3yabTaT CHPABEAJNHB H B TOM clydae,
KOT[a TOJbKO OJAHA M3 ABYX (GYHKUMA NPMHAJJNEXHUT AUCKPeTHOMY
CHEKTDY.

[lepexoa K npeseny B ypaBuenun (27) oxasnBaeTcs Oonee
IeUKATHHM, Korja obe YHKIMH Yy U Yo NPHHALNEXKAT HENpephiB-
HOMY cnekTpy. B stoM ciayuae BpoHcKHa®r W (yi, y2) OecKoHeuHO
OCHUANUPYET MO KpaliHefi Mepe Ha OJHOM H3 [Pelle/IOB HHTErpupo-

BaHUs, MHTErpan \ yiY,dx, CleoBaTeNbHO, 001a/aeT TeM XKe CBOH+

crBoM. OJHAKO eciaW 3aMeHHTb B HHTerpajte xoTsd Ob oAHY col-
CTBEHHYIO (YHKUMIO, HAalPUMED Yo, BOJHOBBHIM TakKeToM, 00pasoBaH-
HEM H3 cOOCTBEHHHX (QYHKUMA, COOTBETCTBYIOUIHX Majaol obaacTy
sHeprufl 8¢ B OKPECTHOCTH SHEPTHH €2, TO COOTHOIeHHe OPTOrOHa b~
HOCTH OKa3hBaeTCs CINPaBeNHBBIM NpPH YCAOBuH Ot <K |e1— eof.
JelficTBUTENbHO, 3aNUIIEM Y B (opMme y(x; €), 4TOOH NMOAYEPKHYTh,
yro 910 dyHkuus ¢ sHepruef e ). O6pasyem BOAHOBOH NaKeT

8,4-0e
Ya (x; 6e)=-;/35—_g S y(x; €) de. (43)

IMockonbky BpoHckuan W (yy, ys) AMHEHHO 3aBHUCHT OT (DYyHKUMH
Y, IOJIyuaeM, HHTerpupys obe yactH ypaBHenusi (27);

W (YZ’ yl) IZ ==

&

b b e,+0e
= (g, — &) S yiYydx + S Y1 [—;/;—_8_ S (e —ey)y(x; €) de] dx.

CMpict 3TOr0 npeo6pasoBaHus COCTOHT B TOM, YTO Yo cTpeMHuTCH
K Hymo (Kak 1/x) B Tex acHMNTOTHYeCKHX 00/1acTsX, I'ie yz obHa-
pYyXHBaeT nosejeHne ocuMaIstopHoro Tuna. Ilosromy, Korna a u b
CTpeMSTCSs, COOTBETCTBEHHO, K —00 H —-00, JIeBds YaCTb yPaBHeHUS
CTPEMUTCS K HYJI0, TaK 4TO CyMMa [BYX CXOASINHXCS HHTerpa-
JOB B INpaBoll wacTH paBHa Hyaw. Ho B npeaeabHOM cCayuae

6} 3aganHs & He JOCTATOYHO JJsi ONpeJesieHHs pelleHHs y(x;e), ono sasu-
CHT OT OJHOM HJH JBYX NPOH3BOJBHBIX MOCTOSHHbBIX, B 32BHCHMOCTH OT KPaTHOCTH
BBHIPOK/IEHHS cOGCTBERHOro 3uayenusi. I1ponsBon ycTpaHsiercss 3ajlaHueM acHMTo-
THUECKOR (GOPMH y(¥; €) Ha OJAHOM M3 MPEAEJOB (—oo UJIH -0} MHTEpBaZa HH-
TerPHPOBAHHUS,
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8e & |ea— 2| Bropot M3 3THX HHTerpa/noB NpeHeGpexRUMO MaJl.
MoXHo mosToMy HamMcaThb
+o0
lim S 91 (0) Y5 (x; B€) dx =0. (42)
3e->0

-— 00

BoaHosoit naxer Yy(x; 8e), onpefedeHnsdl ypaBHeHueM (43), B
KoTopoM 8e eCTh OYeHb Majasi BeJMUHHA, HAa3HBaeTcs «COOCTBeH-
HEIM AuGdepenunanom» OyHKUHE yq(x). IloapasymeBaercs, 4TO
B KOHIle BHUMCJEHWIl OCYI{eCTBIsieTcs Tepexoj K npeaeay &e—0.

B 3akJaioyeHHe fle1aeM BHIBOM, YTO 08e COGCT8eHHble PynKyuu,
npuradiexcawue Ppasiudroim  COOCTBEHHLIM 3HAYEHUAM,  OPTO20~
HOABHOL TIPH YCOBHH, YTO Korja obe cobcTBeHHHEe GYHKUUH [PH-
HaJjlexaT HellpepLIBHOMY CHEKTpy, 10 KpafiHell Mepe OJHa M3 HHX
B COOTHOLIEHMH OPTOTOHAJbHOCTH (ypaBHeHne (42’)) moskHa 6HITb
3aMeHeHa ee cobcTBeHHHIM auddepeHumanom.

Haine onpesnenenune cobcrBeHHoro AHddepeHnnasa O4YeHb CXe-
matuuHo. Ha mnpakTuKe 3TO TNOHSITHe HHKOrAa He HCIOJAb3YeTcs.
Mpl yBHAMM B JanbHefllIeM, YTO CYIeCTBYIOT 3J]eraHTHbe MaTeMa-
THUECKHE MEeTOJHl, I103BOJSIOUME NPHAATH CBOACTBY OPTOTOHAJb-
HOCTH caMHH ofuiufi xapakrtep, He npuberas K NOHATHIO cOOCTBeH-
Horo auddepeHuana.

§ 14. 3aMeuaHHe nO NOBORY YETHOCTH

BosBpaTuMcsd K MOHSATHIO 4ETHOCTH, KOTOpPOE HAM BCTDETHJOCH
nepBHA pas NpPH PacCMOTPeHHH NpuMepa ¢ OeCKOHEYHO rayboKoH
NMOTEeHUHaNAbHOA sMo#l. DTo CBOACTBO HMeeT CaMBHA o0wul xa-
paxrep.

Ecau norennan U(x) yeTHHH, T. €. eC/H

Ux)=U(—x),

TO raMuAbTOMMaH ypaBHeHus [lIpedHHrepa TakXe HHBAPHAHTEH
OTHOCHTENIbHO 3aMEeHBl X Ha —X: OH CUMMeTpU4er OTHOCUTEAbHO
Hauara Kooplunar. Ilostomy ecam Y(x) ecTb cobcrBeHHas QYHK-
nus, npuHaarexamas cobcTBeHHoMYy 3HaueHuo E,

H (x) = E¥(x),
TO ypaBHeHHe He MeHSeTCs TPH 3aMeHe X HA —X, T.e.
HY (— x) = Ep(— x).

Cuaegosarenbho, P(x) u P(—x), a TakxKe uerHad QYHKUU~
$(x)+¢(—x) u HeuerHass OGYHKuHA P(x)— p(—x) — BCce ABaA-
10TCS cOOCTBEHHLIMH (DYHKUHAMU OfHOrO cobcTBeHHOro sHayeHus E.
ITo xkpafneili mepe oaHa u3 ABYX HocreJHHX (YHKUHH He paBHa
TOXKJAeCTBeHHO HyJ10. BosMOXHH ABa c/yyas:
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1. Cobcrsennoe sHavenue E ne soiposcdeno. Uertbipe ynmoMsiny-
Thie (QYHKIMH PABHB! APYT APYrY C TOUHOCTBIO JO NOCTOSIHHBIX MHO-
Kurenet. OyHruus P(x) OponopuHoHaJbHA TOR U3 (QYyHKUUA
P(x) 4+ Pp(—x) 1 Pp(x)—p(—x), KoTopass He paBHa TOXKAECTBEHHO
Hyao (Apyrasi HeoOXOJHMO €eCTb TOXKJAECTBEHHBIHl Hyab). TakuMm
obpasoM, coOCTBeHHbie (YHKIHM HEBLIDOXK/JAEHHOH 4acCTH CNeKTpa
HMEIOT ONpeJeNeHHYI0 4YEeTHOCTh: OJHHM 4eTHBlE, ADYrue HedeTHBIE.
KpoMe Toro, derHasti ¢yHKuus o0sg3aTelbHO HMeeT 4YeTHOe YMCIO
y3J0B, 4 HeueTHas GYHKIUUSA — HedeTHoe dHcaA0 ysiaoB. Ciaenosa-
TEJbHO, €CJAH pacmojsarath COGCTBEHHBIE (QYHKUMH IO NOPAAKY BO3-
pacTamomux coGCTBEHHBIX SHepPruil, To 4eTHHe H HeueTHHEe (GYHKUKH
yepeaylTCa, puyeM (QYHKUHS OCHOBHOTO COCTOSIHHS BCerjla yeTHas.
PesyabpraTthl § 5 MOATBEPXK/AIOT 5TH BLIBOJHL.

2. Cobctsernnoe 3nauerue E esoiposcdeno. B aTOoM cayyae Bce
(GyHKOMH MOryT 6bITh NpPeACTAaBJAEHB B BHJe A - pg, rae p 0 ¢ —
JBe nHMHeAHO HesaBHCHMBbie coOcTBeHHBe (QyHKIuH. [Tpeanonoxum,
4TO XO0T# OBl ojHa M3 9THX (DYHKIMH, HAanpHUMep ¢, He HMeeT olipe-
JEeNEHHOM 4YeTHOCTH; B STHX YCJOBHSX HM OAHA M3 GYHKUMA
P =P(x)+ P(—x) v Y- = P(x)—PY(—=x) He obpamaercsi TOXK-
JECTBEHHO B HYJb., OTH ABe (QYHKIUH NPOTHBOIOJOXKHOH YeTHOCTH
o6si3aTeqbHO JMHHEAHO He3aBHCHMH M, KaK MHB BHJENH, SBJAAIOTCS
cobeTBeHHEIME DYHKIUAMU OofHOro cobcTBeHHOro 3Havenns E. Ilo-
5TOMY MOXKHO BHIPa3suTb ¢, ¢ H, CJAeJ0OBATENbHO, Ap 4+ u@ B Bujle
quHefiHOR KoMOuHaumu ;. u P_. Takum obOpazoM, Bcerja MOXKHO
BHIPA3uTh COGCTBeHHble (PYHKIHKE BHIPOXAEHHOrO cOOCTBEHHOrO 3Ha-
yeHUS B BHAE JHHEHHOA KoMOMHamMH ABYX OYHKuHHA, HMEIOIiHX
onpejefeHHYI0 YeTHOCTD.

MoxHo, BIpoueM, yGeauTbcs B pe3yabTaTe NPOCTOTO HCCAeNo-
BaHMs, 4TO CcOOCTBEHHBIE 3HAYEHUs HeNpepLHIBHOTO CIeKTpa BCe
JBYKPATHO BHIPOXKJEHH H KaKJOMy H3 HHX COOTBETCTBYeT O/HA
cobcrBeHHast GyHKIUA yeTHas (NPOM3BOAHAs QYHKUMHM paBHa HYJIO
B HauaJe KOOpAWHAT) M oAHa (yHKuus Heuernas (QyHKuMs paBHa
HYJII0 B HayaJjie KOODJAUHAT).

B KBaHTOBOR MexaHHKe 4acTo CJydaercs, YTO TraMHIbTOHHAH
hccieyeMofl CUCTEMH OKa3HBaeTCsl WHBApHAHTHBIM OTHOCHTENbHO
HEKOTOPHX Mpeo6pa30BaHHA; M3 3TOTO CBOACTBA HHBAPHAHTHOCTH
CleLYIOT HEKOTOpHe CBOHCTBAZ CUMMETPMH, XapaKTepusymoline cob-
crBenine ¢yurinuu ypassenus lllpeavnrepa. UerHocTb JaeT HaM
IpOCTOH NMpHMep TaKOH CHUTyaluH.

3AIOAYH U YIIPA)KHEHHSA

1. B safaue o NOTeHUUAJbHON siMe, onpejeneHnoll B § 6, BHIUHCAHTD NMOCTOSH-
ame P, Q, R, S, durypupyiomue B Bupaxkeuuu (22) ans pemenus %, Kak QyHk-
HHH MapaMeTpOB sIMH, TPOBepHTb BHpaxenue (23) s xoadduumenta npoxo-
JKIEeHHs H cooTRomenHe coxpanenus (24). Ilpeamonaras, 90 KL > n n ¢ <
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‘< N < |, BHUHCIHTD «BpPeMsi NPOXOXKAEHHS» MPOXOASINEH BOJHH M «BPeMS OT-
pameHHs» OTPaXKeHHOM BOJHL, OOHAPYXKHTb HajuuHe DPe30OHAHCOB M CPaBHHTDH
[JBHKEHHE TPOXOIALIel BOJHB € JBHXXEHHEM COOTBETCTBYIOMlEfl KJAacCHYECKON
qaCcTHIBL

2, BHuncanTh Ko3Q(QUIMEHT NpPOXOXKAeHHs AJs NOPAMOYroJbHOro Gapbepa,
onpefieieHroro B § 7. BoluHcauTh «BpeMst NPOXOXKIEHHA®» NPOXOAALIEH BOJHEL H
CpaBHHTb [BHXKEHHe 3TOH YaCTH BOJHBI C ABH:KEHHEM KJIACCHYECKOH YaCTHUEL

3. Usyunrb pBuXeHHe YaCTHIb B OPSMOYTOJIbHOM HOTEHUHaJe, BKJIOHAIONleM
6eckoHeuno BHICOKHH O6apbep npH % <C 0, a NpH MOJOXKHTEJbHBIX X HMeolleM
dopmy

Vixy=V; 0<x<a,

Vix)=Vy, a<x<bh,
Vixy=0 x>b

Ipeanonaraercs, uto Vi << 0 << Vi CpasHuTh gBHXKEHHE BOJHOBOTO MaxeTa, HC-
MBITHIBAIONIEr0 OTPaXKeHHe B TOuKe X == 0, ¢ JABHXKEHHeM COOTBETCTBYIOILEH Knac-
cuuyeckoli yactuusl, MccienoBath, B YaCTHOCTH, «3ana3fblBaAHHE OTPAXKEHHS», KOr-
a4 Hayajabuasl 3Heprus yactHubl £ menbie Vi

O6HapyXHTb PE30HAHCH H BBISCHHTb CBf3b MEXJAY WIHPHHOH STHX pe3oHaH-
COB W 3ana3;HBaHHeM OTpaxeHusi B npefede, Korma E &« V|, u gorza
(b—a) A/2mV > 1

4. CneKTp SHepruM yacTHmbl, ABHXYLIeHCAd B OXHOM H3MEPERMH B HEKOTODOM
TIOTeHUHANe, COJAEPIKHT, BOOOGmE rOBOPS, AHCKpeTHYio uacTh. IlokasaTe, uro npw
pacronoXeHun COGCTBEHHBIX COCTOSHHH IHCKPETHOTO CHEKTPAa 1O BO3PACTAIOIHM
3HAUCHHSIM 3HeprHH CcoGcTBenHble GYHKUHM DacHoONaraiTes Mo BO3pacTaoumeMmy
uyucAy ys10B, NpHYeM n-asi coGCTBeHHas GynKnus HMeer n— 1 y3ed; MeXAy Kax-
IBIMH [BYMS YSJaMH paclojaraeTcsi MO Kpafineli Mepe oZHH ysel cOOCTBEeHHbIX
¢yHKun# ¢ GoJiee BHICOKHMH HOMEPAMH.

5. UacTHna B OZHOM H3MepEeHHH LOABepraercs B HHTepmasie (0, o) neficTauic
notenuuana V(x), aCHMOTOTHUECKH CTpeMsilllerocss K HYyJIO, TpHYEM B TOUKe
x==0 HMeeTcd GeCKOHeuHO BHCOKHA OTTankHBaloumi Gaprbep. [loxasarb, uTo
YHCHO CBSI3aHHBLIX COCTOSHHA PABHO YHCJAY Y3JOB pelleHus ypasenus Ilpepun-
repa, obpamraolierocsi B HyJb B Hayajie KOOPAHHAT H COOTBeTCTBYIOulEro Gecko-
HEYHo MaJiofi OTPHIATe/JILHOR SHEPTHH.



r1TABA IV

CTATUCTUYECKAS HHTEPNPETALLUS
KOPNMYCKYJIIPHO-BOJIHOBOI'O AYAJIU3MA
U COOTHOIUEHHUA HEONPEAEJEHHOCTH

§ 1. Beepennue

Hccnenys dyHaaMeHTanbHbie NPHYMHH PAacXOXJeHHH Mexay
9KCIEPUMEHTAJbHEIMH (aKraMu aTtoMHOR H3UKH W NpelacKasa-
HUSIMM KJNACCHUECKOW TEOPHH, MOXKHO BHAEJHUTH JBa OCHOBHBHIX
acrlekTa MHKDOCKONHUYECKHX sIBJIEHHA caMoro obmero xapakrepa.

TlepBrifl U3 HHX, HA3BAHHBIH HAMH QTOMUSMOM OelCcT8UR, IPHBO-
JAT K HapyleHMI0 HeNpePLIBHOCTH TeYeHMs MPOLECCOB H4 MHKPO-
CKONMYEeCKOM YypOBHe: H3MeHeHHS JeACTBHS (PH3HUECKOH CHCTEMEI,
o6MeH aeficTBueM MexXAy (H3MYeCKHMH CHCTEMaMH MOTYT IPOHCXO-
JHTb TOJBKO B (opMe OucKpeTHolx u Hedeiumobix K8AHTO8. M
noapobHo obCy:KAajiu 5TO HOBOe NOHATHE B NepBOH IJaBe U BHISC-
HUJK, YTO OTHCaHHe SIBJEeHUA B paMKax KaacCCHYeCKOM TEODHH MO-
XeT OHTh YCNELIHBIM TOABKO B TOM cJjydae, KOTrJa BeJHYHHA KBaHTa
JEeHCTBUS MOXKET PacCMaTpUBATLCH KaK MpeHeOpexHUMO Manas.

Bropofi acmekT noBefeHUs MHKPOCKONMHYECKHX O0BbeKTOB CBA3aH
¢ NPHCYIHM UM KOPRYCKYASPHO-860AHOBBIM OYAAUIMOM, T. €. CIO-
cOBHOCTbIO B Pa3JjIHUHHIX 3KCIIEPHMEHTANbHHX YCJIOBHAX NPOSBJAATH
Pa3NHYHEBIE H TPOTHBOPEUHBBHIE CBOACTBA BOJMHB H YaCTHUH. DTa
JBOWCTBEHHOCTb NOBEJEHHS TECHO CBSi3a@Ha C 4TOMHU3MOM JAelicTBHS,
Ha YTO YKasplBaer NosiBleHHe MOCTOSHHOR K B obwmux dopMmynax
cootreerctBus (I1.5) Mexnay BonmamMm u wacrumamu. Mu Bugeny,
uTo OOIHE XapakTep JBOACTBEHHOTO NMOBEJEHUS MHKPOCKOTHYECKHX
00DbeKTOB OBLI NOHAT AOBOABHO MO3JHO H CHIpPaJ pelawiylo poJib
B MOCTDPOEHHHM KBAHTOBOH TEODHUH (H3HUECKHX CHCTEM.

Ananus pesyabratoB AMOpaKUHOHHHX onmTOB (cM. ra. I, § 5
u 6, ra. 11, § 7 n 8) mokaswiBaer, uto Hanbonee NPOCTOE MBICAUMOE
HCTONIKOBAaHHE Ayajiu3Ma BOJHE — 4aCTHLIA MOXeT OHTb IPOBEIEHD
Ha CTaTHCTHYECKOHM OCHOBe, T. €. Ha OCHOBe NPEANONOXKeHHS, 4YTO
BEPOATHOCTbL HAXOXKAEHUS YaCTMIEI B HEKOTOPOH 06aaCTH NPOCTpaH-
CTBa TNPONOPHHOHAJAbHA MHTEHCHBHOCTH BOJHH B 3TOH 0071acTH.
B sroff rmaBe MBl YTOYHHM YKa3aHHYIO CTATHCTHYECKYI0 HHTeprnpe-
Taluoo, NPOBEPHM ee BHYTDEHHIOK COIJIacOBaHHOCTb, @ TaKkKe CO-
raache ¢ 9KCNepUMeHTaJIbHBIMH pe3ynbTaTaMH.

B nepBoM pazpaene Oymer pas3BuTa CTaTHCTHUECKAasds HHTEpIpera-
IHUS  BONHOBOE (GYHKUMM KaK OCHOBHOTO IOHATHS BOJHOBOH
MeXaHHKM CHUCTEM MAaTepHMajJbHHX 4Yacrui. PesyibTaTn storo pas-
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Jena IO03BOJAT HaM BO BTODOM pasjene BBIBECTH COOTHOILEHHS
HeonpejefeHHocTH [efisenfepra Kak CleACTBHE CTaTHCTUYECKOR
yHTEpIpeTamuyn KOPNYCKYJAsiPHO-BOJNHOBOro ayannama. Hagee, B
pasgene IIl My mokaxem, 4TO 3TH COOTHOILEHHS, CKOJb GH OHH
HY Ka3aJuCh CTPAaHHHIMM Ha TepBHA B3TJSAL, BMNOJHE COTNACYIOTCH
¢ ONBITOM, €CAM y4ecTb, YTO H3MepHTe/]bHHe NPUOOPH TaKXKe siB-
JSIOTCS KBAaHTOBBIMH OOBeKTaMH, NMOJYHHSIOIIHMHCA TeM e COOT-
HOIIEHHSAM, ¥ YTO MO3TOMY BO3MyIlieHHe, BBOJAMMOE B COCTOSIHHE
H3MepsieMOro 00beKTa BMEIaTeNbCTBOM H3MepHTeJbHOTO NpHbOpa,
He MOxKeT ObITb CHeaHO HH CKONb YrOJHO MAaJIbiM, HH [OJHOCTBIO
KOHTPOJIHPYEMBIM.

TFoBOopsl TO4YHO, Ha MHKPOCKONMYECKOM YPOBHe HeJb3fl CTpOro
pasneauTb naMepsieMblli 00beKT U H3MepHTeAbHHH npubop. B 1o ke
BpeMs, Korja B OOBIYHBIX YCJOBHSX TOBOPAT O HEKOTOPOH Hpo-
HeAype U3MepeHHs, TO BCerja HESBHO NPEAINOJAraloT BO3MOXKHOCThb
NPOBECTH YeTKOe pasjuiue MexJy oOLeKTOM H3MepeHUsi H BCEMH
TEMM TPHUCHOCOOJJMEHHSIMHE, KOTODHE CayXKaT [/As1 NPOM3BOACTBA H3-
MepeHus. Ha MuKRpOCKONuuecKoM ypoBHe BMEIIaTEJbCTBO H3MEpH-
TeJILHOTO allnapaTa BHOCHT HEKOHTPOJHPYeMOe BO3MYIIeHHe, KOHey-
Hasi BeJMUYNHA KOTOPOTO HEMOCPEACTBEHHO CBS3aHa C Cyl{eCTBOBAHHEM
atoMu3Ma jJefictBHA. Hanuyve HEKOHTpPOJIMPYEMOro BO3MYIEHHA
CTABHT Tpejes BO3MOXKHOCTH pasiuyaTh cyObeKT H OODbeKT H BejeT
K MepecMOTPY KJlacCHYeCKHX KOHLEMUHH, KaCaIOUHUXCS OMUCAHUSA SIB-
Jenuni, DTOT BONpOC paccMaTpuBaeTcsi B pasfese IV 3Toil raasw.

Pasnen 1. CTATHCTHYECKAS HMHTEPNPETAILHA BOJIHOBBIX
®YHKIUA B BOJTHOBON MEXAHHKE

§ 2. BeposiTHOCTH Pe3yJbTaTOB H3MEPeHHS KOOPAHHATHI
H MMNYJIbCA YaCTHUbL

PasbepeM BHayaje C1y4ad KBAHTOBOH CHCTEMH, COCTOSmIeR u3
onnofi wactuusl. Ilycte W(r, f) ectb ee BoaHoBas (yuxkuns. Ond
yaoBaerBopsier ypaBHenuio Illpenunrepa u NOAHOCTBIO OIlpe-
Jgeasiercs B JoO0H MOMEHT BpeMeHM, eC/lH M3BeCTHO 3HaueHue
W (r, f{y) B HavaabHHA MOMeHT fp. Cefiuac MH aHaJU3HpyeM CHTya-
IHI0 B HEKOTOPHH MaHHBIA MOMEHT BpeMeHH f, u 00603HauuM uepes
W (r) BoMHOBYI0O (DYHKIHIO YACTHLB B 3TOT MOMEHT.

I nHaMuuecKoe cOCTOSIHUE KacCHUECKOf yacTHUB onpejesisierTcs
B KaXJLIH MOMEHT 34/laHueM ee TOJ0KeHHS r(x, y,2) H UMOyJbca
P (P«, py, pz). Ho nockoabKy BosaHOBast QYyHKHMS HMeeT HEKOTOPYIO
NPOCTPAHCTBEHHYI0 MNPOTSKEHHOCTb, MBI He MOXKeM IPHIHCHBATh
KBAaHTOBOM 4aCTHIlE TOYHOE TOJNOXeHHe B npocTpaHcTBe. MoxkHo
TOBOPHTD JIHIIbL O BEPOSITHOCTH HAHTH 4aCTHIY B HEKOTOPOH obaacTh
NPOCTPAHCTBA, KOTJA NPOU3BOOUTCA USMEPERue ee MNOAONEHUR.
O6osnauuM cuMBOJIOM P(r)dr BepOSTHOCTb HaHTH dYacTHUY B
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anemente obbvema (r,r -+ dr), Torna BeposTHOCTb HafiTH ee B o6beMe
V Mbl montydum MHTErpHpOBaHHEM <«IJIOTHOCTH BeposiTHOCTH» P(r)

no sTomy obvemy: P (V)= S P(r)dr. Tlopo6uo stoMy MH, BOOOIIE
v
roBops, He MOXKeM NpHNHCAaTb KBAHTOBOH YacTHUE TOYHO 3aJaHs
HBlfl uMnyabc. KoneyHo, ecau colocTaBiaseMasl YacTHUE BOJHA
ABJSETCA IIOCKOA BOMHON e'*7 TO oHa, MO 3aKOHY COOTBETCTBHSA
ne Dpofins, geficTBuTenbHO NpeACTaBAseT YACTHIY C HMIYJAbCOM
P = hk. Opnako B ofmiem cnyudae BoaHa W npeacraBaser coboit
CYilepNO3HIIMI0 MHOIMX MJOCKHX BOJH C Pa3JHYHLIMH BOJHOBHIMH
Bekropamu k. [lostoMy MOXHO ONpefeNduTh TOJNBKO BEPOSITHOCTB
TOr0, U4TO H3MepsieMBIH HMMIYJbC OKaXeTcss B HeKOoTopoli obaactd
npocTpancrBa umnyabcoB. O6o3uaynM cuMBodoM II(p)dp Bepodr+
HOCTh HafTH MMIOYJABC YacTHUbl B HHTepBade (p, p -+ dp), Torma
BepositHocTh II(D) HafiTH HMIyJbC B HeKOoTOPOH KoHeuHoH obnacTH
D uMnyabcHOro mpocTpaHCTBa MOJNYYHTCS HHTErPHPOBAHHEM:

H(D)=SH(p) dp. TlnotHoctn mepositHoctd P(r) u II(p) B«
D

JIAIOTCA BeJMYMHAMM CYIHECTBEHHO IOJNOXKHTEABHBIMH ¥ JOMIKHH

YIOBJAETBOPSATh OYEBHAHBEIM YCIOBHIM

SP(r)dr=l, SII(p)dp=l, (1)

T[e MHTErpHpOBaHHe paclpocTpaHsieTcss Ha Bce KOH(PMIypaumuoHHOe
H MMIIYAbCHOE NMPOCTPAHCTBA, COOTBETCTBEHHO.

Pacnpenenenuss BepositHoctu P(r), II(p) nmoiaxusl ObiTh moJ-
HOCTBIO 3aJaHHl, €CJH H3BeCTHa BoaHoBas (QyHKuus ¥ (r). Onpene-
JuM P (r) paBeHCTBOM

P(r)=¥"(r) ¥ (r)=[¥(r) " (2)

Dr1a dopmyna BHOJHe coryacyeTcs ¢ BBICKa3aHHOH paHee ujeeft
O TOM, 4TO BEPOSITHOCTb HAXOX/J€HHS YACTHIB B TOYKE JAOJIKHA
6uiTh TeM 6oJbllie, yeM 060Jibllle HHTEHCHBHOCTb BONHBI B 9TOH TOUKe.
Brinontenune paseHcTBa (1) Tpebyer, 4ToObl BONHOBAs (DYHKIHS
TOJYMHANACE TAK HA3BIBAEMOMY YCAOBUIO HOPMUDPOBKU

NESI‘F(r)IZdr=l. 3)

3ro npeanoaaraer, yro ¢yukuus ¥(r) sBngercda KBaJpaTHYHO HH-
TErpupyeMoH, pHYeM ee HOpMa OCTaeTcs NOCTOSHHOM BO BpeMeHH.
Mp nmoxkaxeM B jJajbHefillieM, 9TO 3TO YCJAOBHE COIVIaCOBAHHOCTH
CTATHCTHYECKOA HHTEpIIpeTaluy JefiCTBUTENbHO BbINONHSETCS.
Uro6ul omnpegeants II(p), paccMoTpuM oOnepaunuio H3MepeHHS
HMOyabca 4aCTHUB, colocraBisieMod BogaHe W. Drta npobarema
aHAJIOTMYHA CIEeKTPajbHOMY aHa/au3y CBETOBOM BOJIHBI, INpHYEM
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aHaJIOTHA CTAaHOBHUTCH OCOOEHHO fICHOH, ecJH H3MepeHHe UMAYJbCa
NPOM3BOJUTCA C MNOMOLIbI0 HEKOTOPOTo AMPpPaAKLUOHHOTO YCTPO#H-
¢TBa; OJHAKO BCe PACCY:KIeHHA UMeIOT oOmiuii Xapaxkrep W He 3a-
BUCAT OT KOHKPETHOIO YCTPOHCTBA H3MEPHTENLHOro annapara. Bee-
aeM npeoGpasosaHne Pypbe BOJHOBOH (QYHKHUM COTVIACHO COOTHO-
HIeHHAM 1)

1 -5 |
O (p)= " S‘P(r)e dr, (4)
1 1L
¥ ()= | O () dp. (5)

Cnenys ypaBuenuio (5) ¢ynknmioo W(r) MoXno paccMarpuBaTh
ipr
KaK JHHeAHYI0 CYNepNO3MLHI0 3JeMeHTapHBIX BOJH e * ¢ TOuHO
ONpe/eseHHHM UMIYJIbCOM p, IPUYEM KaXAas 3JeMeHTapHas BOJHA
pxoaut ¢ ko3pdunuentom (2nh)—:@(p). Ecam 6w sra cymepno-
;s Pol

3UIHSA COJEPKaJja TOJAbKO OJAHH uJleH e *,10 pe3yabTaT u3MepeHHs
6ul1 661 paBeH po. Ecnin @(p) oriwuHa OT HyJAs TOJNbKO B MAJOH
obnacTy, OKpyXKamwlueil pg, KaK B cjlydae BOJHOBBIX TNaKeTOB, H3Y-
yasmuxca B ra1. 1I, To 3aHaueHwe HMIyJbca NOYTH HaBepHAKA HaXo-
nntea B6ausu pg. B ofmem ciayuae MOXKHO cKasaTh, UTO BepoAT-
Hoctb II(p)dp HalTR 3HaueHue uMIyJbca B 3JeMeHTe 00beMa
(p, p + dp) Tem Goavblie, uem Goablue |® (p)|. Takum obpasom, Mbl
MOXeM HOJOXHTb

II(p)= D" (p) ©(p) =] D (p) I (6)

TlockonbKy cKaJjiipHOE INIPOM3BeJeHHe HHBAPHAHTHO OTHOCHTEJNHHO
npeo6pasosanus ®ypbe (reopema IV, cm. Honoanenne A § 16; 8.
Ianbuefimem 6yaem o6osnauats, Hanpumep, § A.16, § 6.9 u 1. 1.):

flo@edp={1v@wrar,

ycaosrne HopMupoBKM (1) aBTOMaTHYEeCKH YAOBJeETBOPAETCH, ec/u
¢yuguus W(r) HOpMHPOBaHA Ha eRMHULY.

TpeoGpasoBanne Pypbe ycTaHABAUBAET B3aHMOOJHO3HAUHOE CO~
orBercTBHe Mexay ¢ynkuuamun ¥(r) u O(p). 3ananusa GyHKOHH
@ (p), nongobuo 3ananuio ¢ynknuu W(r), pocrarouHo Ans onpene-
JeHHs AMHaMuyeckoro cocrosiHus uactunb. [lostomy @(p) Hasbl-

1) Ecin HHTerpajH B IpaBHX uacTax pasencts (4) m (5) me cxoadrcs B
OGHIMHOM CMHICJe, TO MOHSTHe CXOZMMOCTH HO/NXKHO GHTb MOXH(HLHPOBAHO CO-
IrJacHo npepmucannaM Teopems I Jomoasenns A (§ 16) nmpw ydere Toro oGcrosi-
TeabeTBa, 4To QyHKUMs W(r) Beeraa ROAKHa GBTb KBaJPATBUHO HHTErPHPYEMOH..
Iocneayiouine pesyabTaThl He 3aBHCAT OT ONpENENeHHS CXOXHMOCTH.
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BAIOT 80AHOB0L (pyHKYyUeld 8 UMNYALbCHOM NPOCTPARCTEE, YTO ONPAB+
AbiBaercs eme H TeM, uto ¥ u @ urpaiotr B onpexeneHusix (2) u
(6) Bmonue aHanoruuyyio poss. MHorna rosopdar, uro gynknun ¥
# @ SBJIAIOTCH 3KBHBAJEHTHHIMH npedcTasieHusmi ONHOTO AHHA-
MHUECKOTO COCTOSIHHS.

Caenyer yeTKO NpPeACTaBAATH cefe QH3HUeCKHH CMELICH BBeleH-
HbIX HaMu Beauuun P(r) u II(p). Yactuna, comocrasiasieMasi BOJHe,
BooOlie roBopsi, He 06JajaeT HH ONpeleNeHHEIM INOJNOXKEHHeM, HH
onpeZeNeHHBIM MMIYJBCOM; €C/H NPOM3BOAUTL H3MEDEHHE TOM HIH
MHOH JMHAaMUYeCKOf NepeMeHHO! B OTHEJbHOH cHCTeMe, NpeACTaB-
JasieMoli BosiHoBOH yuknuell W, ToO HHKakuX NpelcKa3’aHH# pesylb-
TaTa CHeJaTh HeNb3s. BeposTHOCTHHE NpPeACKA3aHHs, O KOTOPHIX
1a pedsb BHILE, OTHOCATCH K aHcaMOJI0 M3 OoueHb OOJIBLIOro uHcia
A 3KBHUBAJIEHTHHIX CHCTeM, He 3aBHCUMHX ADPYT OT Apyra, Kaxnaas
U3 KOTOPHIX NPEACTAaBJsieTcss OAHOH H TOl ke BOJNHOBO# dynKkuuei .
Ecnu npousBoauTb B KaxKJA0H M3 3THX CHCTEM H3MepPeHHEe NPOCTPaH-
CTBEHHOro ToJIOXKeHus, To BenuuuHa P(r) XaeT BeposTHOCTb pac-
npeneneHus J pesyJapTaToB H3MePeHHs B INpele]bHOM ciaydae,
Korga umcao A WjIeHOB CTATHCTHYECKOro aHcaMOJsi CTPEMHTCS K
6eckoHeunoctn. Ecain u3MepsieTcsi uMnyssc, To BequuuHa II(p) npu
TeX e yCJIOBHSIX JAaeT pachpeleleHHe pe3yJbTaTOB H3MepeHHA
UMIIyJabca.

Yro6ul onpeaeants P(r) u II(p), ucxoas u3 BONHOBOH (YHK-
ilHH, MB OCHOBBIBAJHCb Ha COOOpaKeHUSX INPaBAONOACOHOCTH H
BHYTpeHHe#l JIOTHKH onpeleseHus. Ho coseplieHHO He OUEBUAHO, YTO
BoipaxeHusi (2) n (6) ABAAIOTCA €AMHCTBEHHBIMH, KOTOPBIE MOXHO
HOJYYHTh NyTeM NOAOGHBIX paccyxkAeHnfl. Pacmpelenenus BeposT-
Hocty P(r) u II(p) MoryT OHITE B NPHHIHIE HENOCPEACTBEHHO
CONOCTaBJIeHb ¢ ONBITHMMH JAaHHWIMH. Bripaxkenua (2) u (6) mo-
Jy4aT OKOHUATeNbHOe NOATBEPXKAEHHE, €CJIH Pe3yNbTAT TaKOro COo-
TIOCTABJEHUS OKaXKeTCsi YAOBJAETBOPUTEbLHEIM.

§ 3. CoxpaHeHnue HOPMBI BO BpeMeHH

Yro6bl OnpeneseHus BEPOSITHOCTel, NaHHbie Bbille, ObIA cHpa-
BeAJHBbI, HeoOX0oAUMO, 4TOOH HOpMa N BONHOBOH (YHKIUM OCTaBa-
Jdach nocrosiHHo#l Bo npemeny. Ho dpynkuun ¥ 4 W* ynos/jeTBopsIoT
cooTBeTcTBeHHO ypaBHenuoo [llpemunrepa (I11.33) w KoMIJIEKCHO
CONpsXKEeHHOMY YDaBHEHHIO, T. €.

0\ ___ *
2= — (HY)"

ih 2 ¥ =HY, in
CJlenoBaTeéabHo,

2= (5 ¥) + (F V) ¥ =5 [V (HY)—(HE) ¥ (7)
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VnTerpupys obe CTOPOHB PaBEHCTBA [0 BCEMY KOH(UIYpaUHOHHOMY
npOCTPaHCTBY, NoJydaeM

a L S [ (HY) — (HY)* ¥] dr.

Hopma Gyzner octaBaTbCs NOCTOSIHHOH BO BPeMeHH, eCAH

S‘IJ"(H‘P) dr = S (HY)' ¥ dr. 8)

DT0 paBeHCTBO NOJIKHO BHIIOJNHATHCH KakHM OB HM OBLIO AMHAMHU-
yeckoe COCTOsIHME YacTHUbl, T. e. AJs Bcskof dyuxkuun W, xBanpa-
THYHO HMHTETPHPYeMOil B LPOCTPAHCTBe KOHHUrypanui.

B MareMaTHKe ONepaTOpH, YZOBJETBOPSIONIME COOTHOIIEHHIY
(8) ans Besikofl QyHkuMH W u3 QYHKIHOHAJBHOIO NPOCTPAHCTBA,
rie onpeleseH ONEPATOP, HA3BHIBAIOTCS IPMUTOBLIMU ONEPATOPAMHU.
OcHOBHBIE CBOCTBA 3PMHTOBHIX onepatopos OyAyT H3ydeHH B . V.

[TposepuMm, uro ramuabroHuad [llpenunrepa peficTBuTENBHO
obaanaer cBoiictBOM spMuroBocTH. OrpaHnymmcs 34ech clydaeM
yacTHNb, Haxojsmiefics B objacTe AEHACTBHA CKaJApHOro MOTeH-
nuaia (caydafi 3apsKeHHOM UYACTHIEI B 3JEKTPOMArHMTHOM ToNe
aBJseTcd npeaMeToM 3anauu 1). Vmeem

hﬁ
H=— A4 V().

Tlockonsky V(r) ectb BeluunHa JAeficTBuTeNbHas, ypasHenue (8) B
JAHHOM cJydae NpuHHMaeT BUA

S [¥* (A¥) — (AF)" W] dr = 0.

Ecan 661 MHTErpHpPOBAaHUE PACHPOCTPAHANOCH Ha HEKOTODBIH KOHeU-
HHl 06beM, OrpaHHYeHHHH NOBEPXHOCTBIO S, TO NO H3BECTHOIX
teopeMe I'pHHa 0ObeMHBIH HHTerpas Obll Obl paBeH HHTerpasy

110 NIOBEPXHOCTH
. AT dv*
SS (IP dn ~ dn qf) ds,

rae cuMBoJioM d/dn o6o3HaueHa BHELIHSSI HOPMaJbHAd IPOH3BOJI-
Has. B HamieM ciayuyae MHTErpupoBaHHe PaclpoOCTPaHSETCs Ha BCe
KOH(UrypanuoHHOE IIPOCTPAHCTBO, T. €. BCe 3JEMeHTH II0BePXHOCTH
S ynaasioTcsi B 6ecKoHeuHoCTb. B TO xe Bpewms, nockoabky W npen-
CTaBJASET JUHAMHWUECKOE COCTOsiHMe (U3WUeCKOH CHCTeMBl, OHa eCcTh
QYHKIMS KBaJpaTHUHO MHTErpupyeMmas, CleLoBaTelbHO, NOBEPXHO-
CTHBII MHTErpajl CTPEMHTCS K HYJIO.

Takum o6pasoM, ecau ycjoBue HOpMHpPOBKH (3) BHNOJHSETCH
B HavaJbHEA MOMEHT BpeMeHH, OHO BHITIOJIHAETCS H BO Bce IocJe-
AyIOlMe MOMEHTH BpemeHH. BBunry rtoro, uto ypasHeHue [lIpeanH-
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repa ectb 0ZHOPOAHOE YPaBHEHHe, ero pellleHHs ONpejeseHbl TOMLKO
€ TOYHOCTBIO [0 NPOH3BOJBHOTO HOCTOSHHOTO KOMIIIEKCHOrO MHO-
KuTeJs. YcloBHe HODMHPOBKHM B HayaJbHBIH MOMEHT BpeMeHd
turcupyer abcolOTHOe 3HAUEHHE 3TOro MHOXUTENd; (Pasza KOMI-
JIEKCHOTO IIOCTOSIHHOTO MHOXKUTENs OCTaeTcd MPOU3BOJbHOM.

§ 4. Nousrue noroxa

CBofiCTBO COXpPaHEHHS HOPMH JIeETKO HHTEPIPETHPOBATb, €CId
BBeCTH NOHATHe NoToKa. [IpaBas wactb ypaBHeHud (7) Bcerza Mmo-
KeT OBITH BHIpaKeHa B BUJe NMBEpPreHHHH HEKOTOPOro BeKTopa —-
BEKTOpa NJIOTHOCTH NOTOKa BEPOATHOCTH WJH NIPOCTO 8eKropa ho-
Toka. OrpaHnuuMcs 37ech CJly4aeM YaCTHIIH, ABUXKYLieficsi B HoJe
CKaJsipHOro mnoreHnuaja {(cM. 3apmauy 1). OnpegeanM nNoTok
J(r,f) B Touke r B MOMEHT BPeMeHH [ BHIpaKEHHEM

I(r, {)=Re [qf* 2 vqf]. 9)
Herpynuo nposepurb, uto
divi =+ [¥* (HY) — (HY)* ¥]. (10)

DTO TO03BOJSiET NepenucaTb ypaBHenue (7) B dopme
a .
57 P+ divI=0. (11)

_ Ypasuenne tuna (11) uwacro BeTpedaercss B THAPOAHHAMHKE.
D10 ecTh ypaBHEHHe COXPaHeHMs JJISl KHAKOCTH C IUIOTHOCTBIO P
u notokoM J B cpele Ge3a morJolleHus, 6e3 HCTOUHHKOB ¥ CTOKOB.
Mpbr npuxonuM, TakuM 00pa3oM, K aHAJOTHH MeXAY ABHKEHHEM
KBAaHTOBOH 4acTHLIB ¥ KJIAacCHueckoll Kuiakocrtu?). Macca Xuuko-
€TH, cojepxkauladcs B 3afaHHOM o0beMe 7°, paBHa HHTerpany ot
NJOTHOCTH TI0 3ToMy oObeMy. M3 ypaBHeuwns (11) BeiTexaer TOT
0o0iIen3BecTHHH (aKT, 4TO NpPOU3BOAHAS N0 BPEMEHH OT MAaCCH
JKHUAKOCTH, 3aKJIOUeHHOH B 7, paBHa

—Sdiv!dr=—- SIdS,

14 S

T. €. IOTOKY BekTopa J uepe3 3aMKHyTyI0 HoBepXHocThb S, OorpaHu-
upBarouryio o6veM. [lonHas Macca XUAKOCTH BO BCeM NPOCTPaHCTBE
octaeTcd NOCTOSAHHOH (coXpaHeHWe HOPMEI), TaK KaK HOTOK 4epes
NOBEPXHOCTb S CTpeMUTCH K HYJAIO, Korga o6heM 7’ BKIIOUAET Bce
HPOCTPAHCTBO.

2) Koseuso 3Ta aHAJOIWA He MOXET GHTb PAaCIPOCTpaHEHa CAHIIKOM AaJeKo.
Bee, uTo MOMHO NMOJyYsTH Ha OCHOBE 9TOH aHAJNOTHH, CBOAUTCH K 3aKOHY CoXpa-
HeHus, BolpaxxaemoMmy, ypaBHenueM (11) (cm. ra. VI),



§ 5. CPEJHHUE 3HAUEHUS ®YHKUINNM OT r 1 OT p 1256

B onpeaenennn J coxpaHsieTcs HeKoTopad CTeleHb NPOHU3BOJA:
ypaBHenne (11) ocraeTcs cmpaBeAnuBBIM, eciu K Bekropy J npu-
6aBuTh J1000f BekTOp ¢ paBHOR Hymio ausepreHuueii. Ozpsaxo
onpeneneHue (9) uMeeT NpeuMyIecTBo mnpocToThl. Kpome TOrO,
OHO MOXKeT OHTh NMOJNYYE€HO N0 NPUHIUNY COOTBETCTBHSI M3 KJACCH-
YecKOro onpelejeHusl notoka. JleficTBUTeNbHO, COTJIacHO NPHHLHUITY
coorserctsusi, oneparop (h/im)V mnpeacrasiasier BeqHUHHY p/m,
T. €. CKOPOCTb 4aCTHIH; BeJdudnHa J COOTBETCTBYET NPOU3BEAEHHIO
CKOpPOCTH Ha INIOTHOCTb, T. €. MOTOKy. B wactnocrn, ecin W ectb
niaockas Boaxa Aexp[(i/B) (pr—Et)], 1o J(r,t)=|A|%(p/m)
JefCTBUTENBHEO PaBHO IIPOU3BEACHHIO [JIOTHOCTH BEPOSTHOCTH Ha
CKOpOCTb.

Csofictso, Beipaxaemoe ypasHeHuneM (11), ecTs HeuTo GoJee
ray6okoe, ueM TIPOCTO CBOACTBO coXpaHeHHsl HOPMH. Ecan dyHruus
W asasieTcs cTAUMOHADHBIM pellieHueM ypasHeHus [llpeamnrepa

..,'_]it
Y(r, h=p(r)e 7,

To ¢cBOHCTBO COXpaHeHWs HOPMBI JH60 TpuBuMaJbHO, JAub0 He uMeeT
cMmbicia, OHO TPuUBHAJBHO B CJydae CBS3aHHOTO COCTOSIHHS, OHO He
MMeeT CMEHICJA B CJyyae COCTOSIHMS HecBs3aHHOro, U60 BO BTOPOM
caydae (yHKuHS P He sABJdgeTCH KBaJAPaTHYHO HHTErpPUPyeMOH.
Opnnako B ofomx caydasix ypaBHenue (11) ocraercs cnpasensn-
BBIM H, BBHAY TOTO, YTO IUIOTHOCTb |¥|? He 3aBHCHT OT BpeMeHH,
npuHuMaer Qopmy

divI=0. (12)

310 cBOHCTBO cOOCTBEHHOH QYHKUHMY P 0COOEHHO BajKHO, TaK Kak
OHO HEe 3aBHCHT OT KOHKperHON (opMEl noreHmuasta V(r), Bxogas-
mero B raMuabronnal IlIpeaunrepa3).

§ 5. CpenHue 3Ha4YerHs QYHKUHiE OoT r H OT p

Y6enuslinch B COTVIACOBAHHOCTH ONpPEJACJNEHHH IJIOTHOCTEH Be-
postgocty P wu 1I, npumeHuUM uX Telepb K BLIUHCIEHHIO CPERHUX
3HaYeHNH (PYHKUHUA OT r ¥ OT P. :

3uas pacnpenesnenne P(r) pe3yJbTaToB U3MEPEHHS NOJOKEHHA
B HEKOTOPHIA MOMEHT BpeMeHH, MOXKHO OIPEeAE]IHTh cpeliiee 3HaUe-
Hue (MaTeMaTHYeCKOe OXuJAaHue) AJs HeKoTopoH GyHKnmum F(r)==
== F(x, y, 2) KoopauHat yacTuin. Pu3nuecKud CMBICA 3TOTO CpeA-
Hero 3HaueHUsi COBINaZaeT C TeM, KOTOPHIE Mbl GOPMYJIHpPOBaJH NIPH
onpeneneuu P(r): sTo cpenHee 3HaueHnme usMeperufi F(r), ocy-
miecTBJEHHLIX Ha oueHb GOABIIOM Yucie A 3KBUBaJeHTHHIX CHCTEM,

3) B10 cBoficTBO Hrpaer B TPeXMEpPHHIX 3afauaX poJib CBOACTBA COXpaHEHHS
gpoacxnana W (4%, y) B sagauax ogsomepumx (cm. III, § 11, B AaabHefimen
11, 11).
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HE3aBHUCUMBIX APYT OT Ipyra H NpeACTaBJseMBIX OfHOH H TOR Ke
BoMHOBO! yHknuedr V.

[IpuMeM nmns sTolt BedwuuHnl obGosnaueHue {F(r)). Ouesnaso,
4TO

(F (r))= S P(r) F (r) dr.

AHaJIOTHYHO /1Sl CPEJIHETO 3HAUEHHS HEKOTOPOH (QYHKHHMHM HMIMyJbca
G (p) = G (px, Py, pz) momyanM

@ ()= () G (p) dp.

Hcnonpayss ompeneneHus IJIOTHOCTeH BePOSITHOCTH, NPUHATHE B
§ 2, nonyuum BHipaxkeHusi (OPH YCJIOBHM, YTO MHTerpajbl CXO-
IATCS)

Fen={wrmnrnvar, (13)
Gpn=\ 0 ) GO (p)dp. (14)
TaK, cpenHee 3HaUcHUe KOOPpAYHATH YacTHIOB! €CTh
()= S W (r) x¥ (r) dr, (15)
a CpeaHee 3HAUYEHHE COCTaBJISIIOI_[Ieﬁ Py BAMIYJADbCA €CTb

ph={ 0" (p) p.® (p) dp. (16)

3anuwem Bripaxenue (16) B apyroli dopme, mpuMeHsa CBOM-
cTBa npeo6GpasoBanusi Pypbe, uanoxenHsle B [lononnennu A. Ecau
¢yeknusa p,D(p) KBaApaTHYHO HHTErpPHUPYEMa, UTO MBl NpeAlNoJO-
UM BHIOJHSIOMUMCS Beerna, ee o6pas ®dypee ectb (k/i) 0¥ (r) /ox
(reopema III § A.16). [Ipumensas x byHkuusiM ® # p.d cBoficTBo
HHBAPHAHTHOCTH CKaJsipHOro npom3seneHus (Teopema IV § A.16),
noJyyaeM

wo={w (17)

Mul BuauM GOPMANbHYIO aHAJOTHIO MEXAY NPABEIMU YaCTSIMHU YpaB-
meauit (16) u (17): mepexonx oT mepBOrc KO BTOPOMY OCYILECTBJISi-
eTcsl 3aMeHOMl WHTerpHpOBaHUS IO P UHTETPHPOBAHHEM IO I, NOACTA-
HoBko#l BMecto @ (p) ee oépaTHoro dypre-obpaza ¥(r), a Bmecro
@O*(p)— KOMILIEKCHO COMNPSIKEHHOH BeNHUYHMHH M, HAKOHEH, 3aMeHOH
BEeJHUHHH P, onepaTopoM (h/i)0/0x, nprueM 0/0x o6osHauaer
onepanyio B3fTHS YacTHOH NPOU3BOAHOA 1O X, NPUMEHSAEMYIO K
GyHKuMH, CTOsilel ClpaBa OT CHMBOJA ollepaTopa.
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AHaNOTHYHO MOXKHO mepefTH OT ypaBHeHust (15) K BHIpa:KeHHUIO

w={ o (in L) omap. (18)

dtu pesyabTaThl MOryT OHTH 0000meHsr Ha ¢yHKnuu GoJee
croxnoft popmel. Tak, us Toro axra, uto p2®(p) (mo mpexnono-

JXEHHIO KBaJipaTHYHO HHTerpHpyemas) ectb o6pas Pypbe dyHKunu

o8 \2 e %W

Tor) ¥ =—# 5z

(nosTopsoe mpumenenue teopemu III § A.16), BeiBOgMM

2

=\ opodp=—n{w Il (19)

Boobuie, ecin G(p) ectb nodauHoM uian GYHKUHUS, NpeAcTaBJseMas
a6COMIOTHO CXOASIEUMCS PSIIOM MO CTENEHSM Py, Py, Pz, UMEEM

Gon={wea(Lv)vear (20)

TNpPH YCJIOBHM BHITIOJNHEHUS TPeGOBAHUH CXOMMMOCTH, KOTOPHE JETKO
¢dopMyaupoBaTh. [Ipn BHIIONHEHHH TeX XKe yCJHOBUHA IJIsi CPelHErO
3gayedns F(r) Haxooum

(F (= @ (o) F iV, © (p) dp. (21)

[Monyuus nocTaTO4HO pe3y/bTaToB, 4TOOH HayaTh obuiee 006-
cyxJeHHe NpoONEeMBI, KOTOpoe SBJAseTcA IIPeJMeTOM 3TOH IJaBbl,
Mbl He OyneMm Oojee yraybasTb 34ech BONPOCH CTATHCTHYECKOH
paTepnpeTanuy GyHknouy V. Benp NOMHMO CTATHCTHKH M3MepeHHH
MOJIOMEHHS] U HMITYJIbca H Pe3yJbTaToB, KACAIOHIUXCH CPeJHHUX 3Ha-
yenu# sequuun tana F(r) u G(p), sananne W [0MXKHO OHPEneNNTh
CTaTHCTHKY H3MepeHHsi JI000# M3MepHMOH (u3MYeCKOf BeNuUHHBI,
Dty Bompoce GYAYT paccMatpuBarthes B Il V. 34ech Mbl OrpaHm-
YuMCSi HEKOTOPHMH IpelBapHTeNLHEIMH 3aMeYaHHAMU.

Beaunuunn {x} u {pr) ACHCTBUTEJBLHBI; 3TO CJAEAYET U3 HX OIpe-
nenennsi. [TosroMy npasele yactp ypasHeHult (15) u (17) Takxe
nefcrBuTenbHE. MubiMp ciosaMH, onepatopel x u (h/i) (0/0x) ss-
JIIOTCA 3PMUTOBbLMY ONEepaTopaMHu (9TO cleflyeT H3 CaMOro OIlpe-
JeJeHusl 3DMUTOBOCTH B ypaBHeHun (8)). AHanoruuno ase ppyrue
COCTaBASIOIINE BEKTOPA r U JBe APYrHe COCTABJSIONIHE BEKTOPHOI'O
oneparopa — iV sBJASIIOTCS 5DMHMTOBBIMH ONEPAaTOPaMH, a TaKxKe H
onepartopu Buxa F(r), G(—i#V), ecan F u G xak QyHKOuHM CBOHX
apryMeHTOB AefCTBUTEJBHBL.

PaccmoTpuM BHpaeHua AJs CPEAHUX 3HadeHUH,; NOJYUYEHHBIX
¢ nomonibio yHkunn ¥ (ypasuenus (13), (20), (15) »n (17)). Bee
OoHH HMelOT oaHY ¢opMy. Benuuune, cpenHee 3HaueHHe KOTOpOH
MBI BBIYHCJASEM, COOTBETCTBYET HEKOTOPbiH JHHeHHBIH omdepaTop
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(spMuTOB) A, M MCKOMOe CpelHee JaeTcd BHIpa)KeHHeM BHAA
S‘F‘A‘P dr, (22)

B KOTOPOM, corjacHo o0meMy npaBuly, onepaTop [eficTByeT Ha
GYHKUHIO, CTOSIMIYIO COpaBa OT Hero. JTOT ONEpPaTop NOJyYaerTcs
C TNOMOIIBIO NPOCTOrO NpasBHjla COOTBETCTBHS: ec/]u pedb HAET O
byHguuy F(r) xoopauHaT 4YaCTHOBI, TO COOTBETCTBYIOMIHM OIepa-
TOpOM fABJfETCH caMa (YHKHOHA; eCJH Ke MB HMeeM (YHKUHIO
G (p), To omepaTop ToJydaeTcs U3 3TOH QYHKIOUM HOACTAHOBKOH B
G BMECTO COCTABJ/ISIIOHINX P COOTBETCTBYIOLIHX COCTABJSIONIUX BeK-
TopHoro omnepatopa —ihiV. Mb BHOBb BCTpedaeM 34eCb NpPaBHJIO
coorsercteusi (II.17) Mexnay mMnyancom p u omepatopoM —ihV,
KOTOpOE€ HaM IOMOTJIO ycTaHOBHTh ypasHeHue [Ilpexunrepa.

Kaxjnoe u3 cpegHUX 3HAa4YeHHII MOXKeT GORITh BBHUHCJAEHO € HO-
momplo ¥ uau ¢ nomoursio @: supaxenus (21), (14), (18), (16),
NOCTPOEHHBIE ¢ noMompblo (yHKIHY @, COOTBETCTBEHHO 3KBHMBA-
JeHTHH BelpaxenusaMm (13), (20), (15), (17), B koTophle BXOHHUT
¢yuknus V. MexAy nepBeIM H BTOPHIM PSIAOM (POPMYJ HMeeTcsd 4
(opmanbHasi aHaJorus. Bo BTopoM ciayuae BelNWuuHe, CpejHee 3Ha-
yeHye KOTOPOH BBIYUCJIAETCS, TaK¥Ke COOTBETCTBYeT JIHHEHHBIN
(spmutoB) oneparop B, neficTBylonuii B AaHHOM ciaydyae Ha yHK-
nuY OT P, U UCKOMOE cpejlHee NaeTcsl BhIpaxeHWeM THIla

S "B dp. (23)

OnepaTtop B noayuaeTcd Ha OCHOBe NpaBujia COOTBETCTBHS, CXOJ-
HOrO C TeM, KOTOpOe CJYKHT AJs HaXoxJeHust A: ecau peup HAeT
o ¢yuxuuu G (p), TO ollepaToOpoOM ABANETCS caMa (YHKLHSA, eCly XKe
Mbi uMeeM QyHknuo F(r), TO omeparTop HOJyYaeTcsi HOACTAHOBKOH
B F BMecro r oneparopa iV, (V, == (0/0px, 0/0py, 0/0p:).

Kak Bonnosbie ¢yuknuu @ n W sABASIOTCS 3KBHUBAJEHTHBIMH
npedcrasienuamy OJHOTO U TOrO Xe AMHAMHYECKOTO COCTOSIHUS Yac-
THOB, TaK ¥ onepatophl B u A gBJAIOTCS 5KBHBAJNEHTHHIMH Ipex-
CTaBNEHUSIMH ORHOH M TOH Xe (PM3NYeCKOH BeJHYUHBI, PUYEM BH-
YUCeHHEe PACCMOTPEHHBIX 3/eCh CPeJHHX 3HAYeHHH MOXKET NPoH3-
BOANTECH (OPMAJIBHO TOXKIECTBEHHO B TOM HJH JPYroM H3 3THX
npejcrasaeHuii. 3TO HaBOAUT HA MBICJAb, 4TO KBAHTOBAsl TEOPUS MO-
KeT OBITb GOPMYyJIHPOBaHA caMEIM o0mMM 00pa3oM He3aBHCHMO OT
KOHKPETHOTO MpeiacTasieHnd. Takasi obmiasi GpopMyaupoBka Oyner
naga B ra. VII u VIII.

§ 6. CucreMbl MHOTHX YacTu

Onpenesnenuss ¥ pe3yJbTaTsl NPeALIECTBYIOIIETO PaCCMOTPEHHS
Ges TpyAa wmoryT OHITB pacnpocTpaHeHH Ha cCayyali KBAaHTOBBIX
CHCTEM, COCTOSINIMX W3 MHOTHX YacTHI,
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[Iycre B camMoM obmieM ciaydyae W(qi, ..., gg; ) ecTb BOJIHOBas
(yHKUUSA KBAaHTOBO# cuCTeMBl B R-MepHOM INIPOCTPaHCTBe, NpHUEM
JHHAMHYECKUMH [ePeMEeHHBIMH CHCTeMBl SIBJASIIOTCA R KOOpIAMHAT

g1, ---» gr ¥ R KaHOHWYECKH CONPSNKEHHHIX UMIYJLCOB py, ..., PR
[IpeanosoxuM, 4TO MBI HMeeT AeJO C AEKaPTOBBIMH KOOpPAMHATAMH,
n o6o3zHauuM ¢ nomoupw dv=dq, ... dgg u deo =dp, ... dpy

3JeMeHThl 00beMOB B ¢- M P-IIPOCTPAHCTBAaX COOTBETCTBEeHHO. BoJ-
HoBasi QYHKHHS B p-NIPOCTPAHCTBE €CTh
i
% Z Pi4;

1 i
S‘If(ql,..., gr; e dt;

(th)RIZ

|¥|%dt ectb BepoATHOCTD HAHTH KOOPAMHATH ¢ B objaacTu
(t,T+dr); |®|%de ecTb BepOsSTHOCTH HAHTH MMIYJbCH p B 06Ja-
¢t (0, ® + do). Ucxons us sTOro, MOXKHO MOBTOPHTH BCE PacCyX-
JIeHHs TpeNlIecTBYIOUIAX Naparpa@os.

PaccmMoTpuM B KadecTBe IIpUMepa CHCTeMy M3 JABYX 4YacTHH,
[Iycte ri(xy, y1, 21), ra(x2, Y2, 22) CYTb BeKTOPH NOJOXKEHHH, 9
P (Pxs Pys Pz)s P2(Pxiy Py Pz,) — BEKTOPHI HMIYJbCOB YACTHI, CO-
orBercrBeHHO. Benauunna P(ry, r)dridre ectb BepOSITHOCTH HalTH
uactuny / B ajgeMeHTe o6beMa (ry, r;-+ dry) u yactuuy 2 —B 3Jje-
MeHTe obbeMa (rp, ro- drs). Benwunna II(p;, ps)dp: dp. ectb Be-
POSTHOCTh HalTH MMINyJbc 4yactunsl / B uHTepBade (p1, pi+ dpi)
¥ HMIYJbC YacTHuH 2 — B HHTEPBaJe (P, P2 + dps). MoxHO BBectH
TaKXKe [JOTHOCTh BEPOATHOCTH MPHCYTCTBHS 4YacTuibl [ B TOuKe
ri, Py(r1), ecin noioxeHue BTOPOR yacTHHHl He (PUKCHUPOBAHO; 3Ta
BeJHYHHA ecTb CTATHCTHYECKOe paclpeleseHHe, IOJydaeMOe IpH
H3MEepeHHN MOJOXKEeHHs dacThubl | Ge3 yuera TNOJIOXKEHHUS UacCTHIbI
2. OyeBUIHO, 4TO

Dy, -v., Pr; =

Pitr)={ P(r, r)dr,.

CxopHuM 00pasoM MOXKHO BBECTH IJIOTHOCTH BeposiTHOCTH Ps(rs),
II, (p1), Il2(p2). Bece T craTucTHdecKHe pacnpefeleHHs sBASIOTCH
CYIECTBEHHO MOJOXHUTENLHBIMH BeJHYHHAMH, YAOBJIETBOPSIOLINMU
YCJAOBHAM HOPMHPOBKH

SSP(n, ry)dr dr,=1, ..., SH2(p2)dp2=1

(cuMBo.n Sgdrler 03HayaeT WMIECTHKPATHHHA HHTerpas, pacnpo-
CTDAHeHHB Ha BCce KOH(PUIypaUHMOHHOE IPOCTPAHCTBO, CHMBO/I
Sdpz-—TpOI';IHOﬁ HHTErpaJ, pacnpoCcTPaHEHHHIH Ha WMIYJbCcHOE

IPOCTPAHCTBO YacTHUH 2 H T. A.).
JlnHaMHuueckoe COCTOsiHHE CHCTEMBl M3 JIBYX YacTHL B HAHHHIA
MOMEHT BpeMeHH onpejejsieTcsi BojdoBot @yHkudedr W(r,, rq),

KA. Meccua
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B3SITOH B TOT e MOMeHT BpeMeHn. C Nomouibl0 Opeo6pasoBaHus
®ypbe MBI TOJYyYaeM BOJHOBYIO (YHKIHMIO B HMIYJBCHOM HpO-
CTpaHCTBE: ,

D (p1, )= (QW (\ et wrimminy v, £ ar, ar,,

Y (ry, ry) = W SS et Prtprli® (py, py) dp) dp,.

O6o6wennsiMu onpenenenuit (2) n (6) oueBnAHO ABAAWOTCH CJe-
LYIOLHE COOTHOUIEHHS:

P(r, r)=|¥(r, )P Ti(p, p)=|D (o, PP, (24)

NpHYeM YCJOBHSI HOPMHUDOBKH BEPOSTHOCTEH NPHBOAAT K YCJOBHIO
HOPMHPOBKH BOJHOBHIX (PyHKIuH

(1w, rorar ar,= {100, p)rdp dp,=1.

3To ycloBHe HOPMHPOBKHM JeHCTBUTENBHO MOXKET OBITh peasin-
30BaHO 8 KaxwObil MOMEHT 8pemenu, eClW TaAMHJIBTOHHAH, BXOHS-
nipit B ypasHenue [lIpeaunHrepa, siBjsieTcss 3pMUTOBHIM OIePaTOPOM.
Jlerko npoBepuTh, YTO AeJN0 OOCTOUT HMeHHO Tak. BonHoBnle ¢yHK-
npn ¥ un @, takuM o6pazoM, ONPeAeNSIIOTCS € TOUHOCTHIO N0 HpPOU3-
BOJIBHOTO IIOCTOSIHHOTO (ha30BOTO MHOKHTeJs.

U3 ykasanHBIX onpefeleHufi MOXKHO INOJYUHTb W IPYTHe pac-
npefeieHus], BBeJleHHBe Bhilie. Tak, HanpuMep,

Pir) =19 (ry, ro) P dr,.

AHAJIOTHYHEIM MyTEM BBOAATCH ONpeleseHusl CPefHNX 3HaYeHHH
byukunit F(ry, ry) u G(p), ps) KOOPAMHAT WJIH HMIYJbCOB [ABYX
yacrun. Tak, Hanpumep,

()= SS W\ ¥dr dry=—— SS (D"= dpl dp,,

* x OF
<Px2>= SS(DP.Q‘D ap dP2=“};I-‘ SS e d"l dr,.

Bce saMeuaHusi, clenaHHBe B KoHIE § 5 coxpaHdoT cBOW cmay.
Koraa sonnosasi dbynkuua W(r,,r;) npeacrasuMa B BuAe Npo-
H3BeeHus ABYX GyHruui (paxropusyercs)

W (ry, ro) =" (r) ¥, (ry)
(npu atom Wi(ry) u We(ry) nmpeamnosaraloTcss HOPMHPOBAaHHHIMH Ha

€AMHHIY), TO ¥ BOJHOBasi (QPyHKUHA B NPOCTPAHCTBe MMIUYJbCOB U
pacunpenenenus P u TI Taxkxke 0OKasplBaloTcs (AKTOPH30BAHHEBIMHU:

P(ry, ry)=P,(r))Po(ry), L(py, po)=11(p;) y(po).
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DTo cJeAYeT HeNOCPeACTBEHHO M3 CAMOTrO ONpPeAeJeHHs 3THX BeJu-
yuH. MH BHAUM, 4TO B 3TOM cJydYae He CYIIECTBYET HUKAKHX KOppe-
JSIHAA  MeXAY CTATHCTHYECKHMH pacupelefeHHsiMH Pe3yJbTaToB
U3MepeHuH, NMPOoBeLeHHBIX O KaxJIOH H3.3TuX 4acTull. CTaTHCTH-
yeckne NpeACcKa3aHus O PesyJbTaTaX H3MepeHHs BeJHUYMH, OTHOCH-
HUXCS, HAnpuMep, K uactaue /, OyAyT TakuMH, Kak ecau Obl OHA
HaXOJHJach B JMHAMHYECKOM COCTOSIHHM, ONpeNeJsieMOM BOJHOBOMH
dyukuneit W, (r)). Herpyaso nposeputb, uto Pi(r))=|¥i(r)|? u
L (p1) =| D1 (p1) |% rae @;(p1) ectb BosuoBas GYHKUHS B MIPO-
CTpAaHCTBE HMIYJbCOB, cooTBeTcTByomlas W,. Bo Bcex Bwlducie-
HHUfiX, KACalOUMXCH H3MEPeHHH, NPOBeJeHHHBIX C 3TOH dYacTHUeR
(cpeanue 3HayeHus, (pryKTyaupm B T. 1.), MOXHO NIPOCTO HIHOPH-
pOBaTL CYIIECTBOBAHHE BTOpOPI uACTHIE H PACCMATPHBATHL TOJBKO
OJIHY 4aCTHIY C BOJHOBOH Q)yHKuueH Y, (r)).

Ecnu nBe uacTuipl He B3aHMOIEHCTBYIOT MeXAY cOOOH uJad 1o
TOH MJIH UHOH NpUUYMHE MBI MOXeM INpeHeOpeub 3THM B3aHMOXCH-
CTBHEM, TO CBOACTBO (PakTOpH3allUM BOJHOBOH (YHKIHH coxpa-
HSIeTCd C TeueHHeM BpeMeHH. [leACTBUTENbHO, TaMWJIbTOHHAH CH-
CTEeMBl B 5TOM CJyuae MOxeT OBITb 3alucaH B BHAe CYMMBH ABYX
unenoB: H = H; -} H,, u3 KOTOpHX nepBHH — H| AefiCTBYeT TOJbKO
Ha (yHKUMM ODepeMeHHOM r), a BTopoll — H,— Ha (YHKUHH Tnepe-
MEHHON ry. IlpeanonoxuM, 4To B HavaJdbHbIH MOMEHT BPEMEHH

Wiry, 1y t0)=\Fl (r1, to) Wy (ry, 1)

n uyctb Wi(ry,f) u Wa(re,f) SABAAIOTCA pelICHHSMH ypaBHEHHH
Illpenunrepa ’ o

. 0 .. O
[th—Hl]‘Iﬁ:'O, [th—HQ]\P'2=0
¢ HauaJbHuMu ycaosuaMu W (ry, t)) u Wa(rs, {5) COOTBETCTBEHHO.
PakTopusoBanHas BoJHOBAs (QYHKIHs ‘
‘If(rlv T t)=\F1 (rly t) ‘II2 (f2, t)

ynoBneteopsier ypaBHennio Illpenunrepa cucreMs, Tak Kak

.o 0 . k4 k4
iy W= i (T3 Wy T ) = (HOV) W, + W (HoWy) =

= H\\Wy + HW\ Wy = (H, + Hy) V¥, = HY.

JBHXeHHS KaXJOHM H3 4YacTHIl, KaK 3TOro W CJSNOBaJO0 OXKH-
IaTh, OCTAIOTCA COBepiieHHO HE3aBHCHMBIMH, TaK YTO HHKAKUX
Koppenﬂunu MeXJy CTaTHCTHYECKHMH pacnpeueneunﬂmu H3Mepe-
HuH, NPOBEIEHHBIX HAJ KaX0M M3 HHUX, HH B KaKOH MOMEHT Bpe-
‘MEHH He BO3HHMKAeT.

b*
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Paapen 1. COOTHOWIEHHUS HEONPELEJEHHOCTH
TEA3EHBEPTA

§ 7. CooTHOLIECHHSI HEONPENENEHHOCTH KOOPAHHATA-HMIIYJIbC
KBAHTOBOH YacTHLBI

BepueMmcs Kk ompejeneHHsM BeposTHoctell § 2. Pacnpenenenus
P(r) u II(p), Gyayuu ompeneteHH HA OCHOBE OJHOH H TOH xe
BOJIHOBON GyHRKUHH W{(r), He SBJASIOTCH HE3aBHCHMBIMH JPYr OT
apyra, xotst pyuguus ¥ (r) moxer a priori 6uTh M1060H DYyHKUHEN
¢ uuTerpupyembiM kBajgpaToM. OpHO H3 3THX paclpefeieHu
BCErja MOXKeT OBTh BhIOPaHO MPOH3BOJLHO C MOMOIIbIO COOTBET-
cTBytomero Buibopa ¢yakund W: ecan, Hanpumep, MBl 3ajaeMcs
HEKOTOPHIM pacupenejeddeM P(r), To I0cTaTOYHO BHIGpPAThb BOJHO-
BYi0 (OYHKIHIO ¢ a0COJNIOTHBIM 3HaueHHeM, PaBHBIM A/P, a uMeHHO
¥ (r)=4/P(r)e’*®, upu stom ¢asa a(r) ocTaercs, KOHEYHO,
TOJHOCTBIO HeomnpeneneHHoll. Ho ¢ moMompbio coOTBETCTBYIONETO
Bhi6opa o (r) MBI yXe He MOXEM NOJYuHTb Jroboe Hanepex 3azan-
Hoe pacnpeaenenne IL(p), xorsa 1I(p), paccmaTpuBgemoe Kak QYyHK-
WHOHAJ a (), MOXKEeT H3MeHSThCA B JOCTATOYHO HIUPOKHX Hpeietax.
Tor dakTt, 4To Bcersa CyHIECTBYET HEKOTOpasl KOPPEeRSUUs MexAy
pacupenenenusimi P(r) u II(p) aBasercs XapakTepHbhIM /51 KBaH-
TOBOR TeopHu*). Dra KoppeisAlHs KOJHUECTBEHHO BHpaxaercsd Co-
oTHOuleHuamu Heonpedesennocru Ielizenbepea.

PaccMoTpuM /i Hayajia 4acTHIly B oiHoM uamepenud. Ilyctb
X ecTh ee KOODAMHATA, a p— AMIYJIbC U MycTh P (x) H ‘

+o00
S VY (x)e—tr*lE gy

1

(P(P)=W

CYyTb BOJIHOBHE (pyHKH,PIPI, TNpeacTaBJAsIIONIHe €€ JUHAMHYeCKoe CO-
CTOSIHHE B MPOCTPAHCTBE X H NPOCTPAHCTBE p COOTBETCTBEHHO.

4) B 3TOM NyHKTe HMeeTCs CYLIECTBEHHOEe OTJHYHe MEeXIy CTATHCTHYECKHMH
]la_lacnpeneueunﬂmu P(r) u T1(p) u cooTeTcTBYIOUMMY pacnpefeleHHIMH Pya(r) u
«a(p) B KANaccHYeCKON CTATHCTHUECKOH MeXaHHKe, CXOACTBA C KOTOPBIMHM MOXKHO
6bi10 Obl HCKATh, DTH NMocjepnye MOMYYAIOTCS € NOMOIIBI IJIOTHOCTH B (ha3oBOM
npoctpauctse p(r, p):

Py (r) = S otr. P dp. Taa(p) = o (7. p)ar

3nech  p(r,p) €cTb moMOXHTeNbHAA  (QYHKIHS, NONYMHSIOMIAACH  YCJIOBHIO
Sp(r, p)drdp=1 B xnaccuueckofi CTaTHCTHYECKOR MeXaHHKe MOXKHO OJHO-

BPEMEHHO NPOH3BOIbHO BHOupath pacnpeneteddss Pua(r) u Ilxa(p); neficTBHTEND-
HO, cymecTByeT IO Kpafiefi Mepe OfHa NJOTHOCT, B (a30BOM MNPOCTpaHCTBE
o(7, p) = Pus(r)1lxa(p), MO3BOASIOMAS 5TO CHEAATD.



§ 7. COOTHOIWEHWUS HEOIIPEAEJEHHOCTHU 133

Pesyabrar Tefizenbepra onmpaercs Ha TOT MaTeMaTHYECKHH
¢ akT, 4TO MPOTSKEHHOCTb BOJHH P u ee ofpasza ®Pypbe ¢ B COOT-
BETCTBYIOUIHX INPOCTPAHCTBAX He MOIYT OJAHOBpeMeHHo OBITb cre-
JaHsl NPOU3BONBHO MaJbIMHU. Ecau 6oana § 3anumaer obaacre no-
padka Ax @ npocrpaxcree x, a 8oana @ — 004acTs nopaAdka Ap
8 npocrparctee p, 10 npouseedenue Ax Ap ocraerca ace spems
6oabuie HeKOTOPOU 8eaudursl nopadka h

Ax-Ap > h. (25)

DTOT pe3ylbTaT MH YxKe BCTPeYaJH NMPH NMOCTPOEHHH BOJHOBHIX
TAKeTOB B TeOpHM BoJju BemtectBa. OH NpPOSIBHJCS Takxke, XOTd H
He CTOJIb IBHEIM o6pasoM, NOpH OOCYXIEHHH SBOJIONHH BOJHOBHIX
NaKEeTOB, HOCTPOEHHHX C MOMOILBIO COCTOSIHMH HENpPEPHIBHOTO CIeK-
Tpa, B . IIL

B cnpaBenuBOCTH cOOTHOLIeHUS (25) MOXHO yOenuThcsi HyTeM
CAEAYIOIAX HOJYKOJHYECTBEHHBIX PAacCyXAEHHH, KOTOPHIE TOJMBKO
nepedpasupyoT apryMeHThl, npuBefieHHbe Ha crp. 60. JlobGas
BoaHa P(x) MOxeT ObITH OpeJACTaB/leHa B BHAE CYNEPHO3HUHH IJIO-
CKHX BOJH e** ¢ mmuHo¥t BogHb 2m/k. [lycts Ak xapakrtepuayer
pa3Mep OGJacTH HM3MeHeHHs MapaMeTrpa k B 3TOH CYNepHO3HIIUH.
Yrobsl Boana P (x) okasanach JOKaJH30BAHHON B IPOCTPAHCTBEH-
Hoft objsactu Ax, Heo6XoAuMoO, 4TOOH «KOHCTPYKTHBHOE» COrJache
Mexay ¢$azaMHu PasJHUYHBIX BOJH B CYNEpPHO3HIHH OCYIECTBJIAAOCH
HMeHHO B 3TOH o06siacTH, a BHe ee UHTepdepeHUHH MeXAy BOJHAMH
JNOJKHA HMETb <«JAECTPYKTHBHBIA» XapakTtep. Uucio IJIHH BOJH
2n/k, conepxamuxcst B Ax, paBio kAx/2n. Urofb pasjnunble mio-
CKHe BOJHH, (QopMHpYyOUiHe P (x), MOIJIM B3aMMHO NoramiaTh ApYr
JApyra Ha rpauuiiax HHTepBaja Ax, Heo6XOAHMO, 4TOGH 3TO UHUCHO
BOJIH H3MEHSJIOCh MO KpafiHed Mepe Ha eAHHHLY, KOTa k mpoberaer
o6nacTh CBOEro H3MEHEHHS, T. €. JOJIKHO BHIHOJHATBCS YCJOBHE
Ax Ak = 2n. TlocKOMbKY €O HAET TOJbKO O TOpSIAKE BEJHUHH,
ONYCTHM MHOXHTeNb 271 ¥ HAIHIIEM INIPOCTO

Ax - Ak > 1.

Orciofa, UCHONb3Ysl COOTHOIIEHHE MEXAY HMIOYJIbCOM ¥ BOJHOBHIM
BeKTOpoM (p = fik), nojydaem HepaBeHcTBO (25).

O6rmuHo Besmuuubl Ax W Ap Ha3BIBalOTCA HEONpPeAeJeHHOCTAMU
KOODJIMHATH M HMINYJbCa COOTBETCTBEHHO, M pe3yabTaT [efizeH-
6epra BrIpaxkaeTcs CHeAyOUIAM obpa3om: npoussedenue Heonpede-
AEHHOCTell KOOpOUHATS. U UMNYAbCA 4aCTUYbL BcCe2da 0OCTAercs
b6oabute HexoTopol seasudunel nopadxka h.

Iponanwerpapyem 3TOT pe3ybTaT HeCKOMBKHMH npumepamu. [ayccoBniit ma-
KeT BOJIH (He HOPMHDOBAHHGI HA eAHHHALY)

i _— 2
P (x) =exp [% Pox — L{—gg?-)—]
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sannmaer obJaacThb nopfmxa § OKOJMIO TOYKH X BOJlHa

= X x ~LE (p—pyp
o (p)= «/ﬁ ep[ o(po—p) —— —(p Po)]
B NMPOCTpPaHCTBe HMMMNYJLCOB, KOTOPAs eMy COOTBETCTBYET, 3aHHMaer B HPOCTPaH-
CTBEe UMIYAbCOB 00JacTb nopsanka fA/§ OKOJMO TOUKH po. YMeHbinas §, MBI YMeHb-
waeM Ax, HO TIpH 5TOM yBeauuuBaeM Ap, Tak YTO HX NPOH3BeAEHHe OCTaeTcs HO-
psazaka h.

B kauectBe gpyroro npuMepa paccMOTPHM <IPAMOYTOJbHbIF CHTHAJI»

w(x)_{e"p"x‘ﬁ, ecn x| <a,
ecn x| > a,

KOTOpPbIfi OTJIHYEH OT HyJs B obnacTu mupHHOR 2a, oKpyXawomeh TOouky x = 0.
B atoM cayuae umeem

_'\/m : (P—Po)a
0 (p) = Y2E gy L2 pula

Oyuknus |@(p) |2 obHapyXKuBaeT HAJHYHe PE3KOTO MaKCHMyMa B TOuKe p,, OKpYy-
XEeHHOr0 C JIBYX CTOPOH NOCJeJOBATEJALHOCTSMH HYJEBHIX MUHUMYMOB (Np# p ==
_po—{-nnf/a) pasjeJeHHbIX MAaKCHMyMaMy, BeJIHYHHa KOTOPHX YyOHBaeT Xak
[1/(p — po)J?. Moxno ckasarh, uTo BOJHA @(p) CKOHIEHTPHPOBAHA MEXAY Iep-
BLIMH HyJaaMH |@(p)|? no ofe CTODPOHB! LEHTPAaJbHOTO MaKCHMyMa, T. e. B ofJia-
cti Ap =~ 2nh/a. Bemuunna Ap tem 6oabllle, yeM MeHbIUe NPOTAIKEHHOCTb CHI-
HaJa Ax =~ 2a, T. e.

Ax-Ap =~ 4nh.

Ha puc. 17 npeacraiaenn rpaduku |P(x)|%2 kak dyukumn x n |@(p)|? kax
QyHKUHE p 09 ABYX BOJHOBLIX IIAKETOB, KOTODbie MBI PACCMOTpEJH.

Bce paccyxienusi, xacaronipecs NPOTSKEHHOCTH BOJHH ¢ 8
CpPaBHEHUH ¢ TPOTSKEHHOCTbIO ee ob6pasa Pypre B COOTBETCTBYIO-
uleM npocTpaHcTBe, 0e3 Tpyla HEePeHOCATCA Ha TPeXMepHHI cay-
yafi. O6osnauuM ¢ momouibio Ax, Ay, Az HeolpeRe/eHHOCTH TpeX
TNPOCTPaHCTBEHHBEIX KOOpPAMHAT, a ¢ NMOMOUbI0 Apx, Apy, Ap.— He-
ONpENeNIEHHOCTH COCTABJSIIOIIHX HMNyJbca. Koppeasiuun wMexay
CTATHCTHUECKHMH pacnpefenenusmMu P (r)==|¥(r}|? n II(p)=
= |® (p) |2 npoABAAIOTCS B CYILIECTBOBAHHH COOTHOILIEHHH Heompe-
JIeJIeHHOCTH:

Ax-Ap, > h,

Ay - Ap, > 1, : - (26)
Az Ap, > 1.

- o HacTosliero BpPEeMEHH MBI TPEACTABJISIIH COOTHOIIEHHS He-
ONpeJIeIeHHOCTH KaK COOTHOUIEHHS [0 MOPAAKY BEJIHYHHBL ITO
Hen3bexHO, TMOKA HE YCTAHOBJEHO TOYHOEe ONpelle/ieHHe BeJHUHH'
Ax, Apx u T. 1., U3MEPAOILNX Pa3NHUHBE HeolpelesJeHHoCcTH. Ycra-
HOBHB MOJXOAsIIee onpelaeseHue 3THX BeJHUYHH, Mbl NpHaeM K GoJsee
CTpOruM 3akJjawouenusm. Ho XoTd oHu M HMeIOT onpejeNleHHBIe Npe--
MyiiecTBa, HeoOXOOHMO OCOGEHHO TIOAYEPKHYTb, 4TO TJABHBIH
CMBICJI W 3HAYeHHE COOTHOMEHHIH HeONpPelNefteHHOCTH yXKe IpOosB-
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Jas0TCa B (opMysax, BepHBIX TOJbKO N0 NOPSAKY BeJnuuHbl. Hn
IIPH KaKUX OOCTOSITEJBCTBAX MBI HE MOXEM NPHIHCATh KBaHTOBOM
YyacTHIe OJHOBPEMEHHO CTPOTo ONpejleieHHOA KOOPJHHATH H CTPOro
onpeneseHHoro wumnyabca. IlpeacraBasTte uacrtuuy  Kak oOBeKT,

Iy @f?

Igl: (.7:)]z

! ===

z 12
[l Iy (el

2n
g
‘ Fo F
a) &)

Puc. 17. KBappatm Mopysefi Boanosmx naketoB P (x) m ¢@(p) B cayuasx:
a) rayccoBa BOJIHOBOTO NaKeTa; () NPSIMOYTOJABHOTO CHrHaJja.

ob/aflaoMHA TOYHO ONpelefeHHBIMH MOJIOXKEHHEM H HMIYJALCOM,
MOXHO TOJBKO B cJyuae, KOrla BeJqUYMHA KBaHTA JAEHCTBUS h
MOXET CUHTaTbcsl NpeHeOpexHMo MaJjoH, T. e. B o0JACTH cIpaBel-
JIMBOCTH KJIaCCHUECKOH TeopHH.

§ 8. TouHoe BbIpaxKeHHE COOTHOLIEHHA HeonpeneaeHHOCTH
KOOpAHHATA-HMAYJIbC

UToOE COKPATHTb H3JOMXKEHHE, Mbl PACCMOTPHM JIETAJNBHO TOJBKO
ciyyafl 4acTHUL B oAHoM u3aMmepeHuH. Ilpumem cnexyiomee on-
penesenne 5): Ax u Ap ABAAIOTCH CPEHHMH KBAAPATHYHBLIMH OTKJIO-

%) dTo HecomuenHo, Haubogee ynobuoe onpelenenne. B GoswllnHeTBe caydaes
onpeje/ieHnbie Tak BeJUYMHB Ax ¥ Ap AalOT XOpollee NpejcTaBleHHe O Heompe-
fesleRHOCTsAX B x 1 p. OgHARO MHOrAZ CJaydaeTcs, uTO 3TO MaTeMaTHYeCKOe Olpe-
[esieHHe CyuleCTBEHHO OT/IHYaeTCs OT OUEHOK MO MOpAAKy BesawuuHul IIpumepom
MOXKET CJYXHTb pa3o0paHHbil BRNE Caydalf «NPAMOYroJbLHOrO CHrHaNa». BeJH-
ypHa Ap no ¢opmyne (27) oxaspiBaeTcst GecKOHEUHOH, HO MLl BHIENH, 4TO rpy6as
oneHka jgaer 2mh/a.
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HeHUusiMH pacnpenenesnit |¢(x)|? n |@(p)|% Ilpumensa obosnaue-
Bua § 5, umMeeM

e AT N2 R/ w NS IAY )

Ax= /B — &2, Ap= (D — (Y. (27)
Besuunna Ax, Takum o6pa3oM, HENOCPeACTBEHHO CBA3aHa C H3Me-
peHHeM TMOJIOXKEHHs uwaCTHUBI: 5TO CTaTHCTHYecKad GJyKTyanHus
pesyJabTaTa H3MEepeHHs OKOJIO CpelHero 3HaueHHs {Xx); TO XKe& 3a-

MeYyaHHe OTHOCHUTCH K Ap, ecJH HMeTh B BHAY H3MEpEHHE UMIYJbCA.
Mu NOKaxXeM, 4To IIPpH CaMBIX obuux npeanoJOXKEeHNAX

Ax - Ap = hf2. (28)
PaccMOTPHM NONOXKHTENbHO ONpPeLeJeHHOe BhHpaXkeHHe
+c0
1) = S |xw+20 28 fax  (1(4)=>0 npn moGow ).

PackpeiBasi 3To BbIpa)KeHHe W HHTETPHpYS 1O YacTaM, NocjenoBa-
TEJbHO TMOJYYaeM

+oo 400
()= S |xp P dx 4+ Ak S *""’)dx+

+_oo +oo_m 40 400
+x2h28|a"’| dx = S VR dx — AR S VP dx — A2 S xp*%;li dx,

YTO MaeT, NpennoJarasi p HOPMUPOBAHHON HA €QUHULY H HCHOJb3YA
pesyabtaTh § 5,

1 (3) =% — A+ A2 (p?). (29)

Beuay Toro, uTo NoJuHOM BTOporo nopsaka [(A) saBaserca mogo-
KHUTCJAbHO oNpefleeHHBIM (MJH PaBHBIM HYJIIO), €70 AMCKPHMHHAHT
12— 4(p?<{x? orpunaresed (WIH paBeH HYJIO), CJACAOBATEJbHO

(&%) (p%) = 1[4 (30)

VcnoBue (30) MeHee orpaHHuUHTENbHO, YeM OObABJEHHOE Bbile
ycaoBue (28). Ho MoxXHO NpOBecTH aHaJOTMYHOe BHIUHCIEHHE,
WCXOAA M3 cJerka OTJHYHOro BuipaxeHuss ajad [(A), a uMeHHo,
3aMeHsas B (Qopmysae nas [(A) BeauunHy x Ha x—<x) H h(0/dx)
Ha ﬁ(d/c')x)—-—i(p) HJAH, 49TO TO JKe camoe, 3ameHas P(x) u©a
ST h'll)( +(x)). Pesyabrar anajiornden ypasHenuio (29):

I (3) = (Ax)? — Ah + A% (Ap)* = 0.

YcaoBue (28) BulpaxkaeTr TOT (aKT, 4TO JAHCKPHMHHAHT 3TOr0 MHO-
roujieHa BTOPOro MOPSKa MO A He MOXET OLThb NOJOXHTENbHBLIM,
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TlpenuiecTByioniee A0Ka3aTeJbCTBO NPAMEHHMO TaKXKe H K CIy-
430 4acTHIL B TPeXMepPHOM NpocTpaHcTBe. BosHoBas QyHruus
W(r) ectb yHKUHSA TpeX KOODAHHAT YacTHUH B STOM MPOCTpaH-
CTBE M HMHTErpaJjhl, BCTpeYamoliyecd N0 XOAY A0KA3aTelbCTBA, CYThb
WHTErpajs MO TPeXMEePHOMY INPOCTPAHCTBY KOH(QHIypalui; YHTa-
Tesb JIEFKO TPOBEPHT, YTO BCE MAHHNYJALHA C 3TUMHA HHTerpajaMu
octatorcs B cuie, Camo onpenenenne (27) cpenHHX KBaAPaTHUHBIX
oTKJOHeHUH obobutaetca Ge3 Tpyaa. TakuM obpa3oM, IOJYyYanOTCH
cooTHOwenus neonpedenennoctu I ellzenbepea

Ax - Ap, =12,
Ay - Apy, = h/2, (31)
Az-Ap, = h/2.

§ 9. OGoGenne: COOTHOWEHHS HEONPENENEeHHOCTH
IJsl CONPSKEHHbIX HepeMEeHHBIX

B o6ueM cayuae KBaHTOBBLIX CHCTEM B R-MepHHIX IpPOCTPaHCTBAX
AMeOT MeCTO aHAaJOrHYHbLIE COOTHOUICHHS HeolpeseNeHHOCTH.
Hcnoabsys obosnaueHus § 6 u o ananornu ¢ onpeneneHnem (27),
6yJeM XapaKTepH30BaTb HEONPEeAeJCHHOCTH §; ¥ pi KBaJAPaTHUHBIMH
OTKJOHEHHSAMH, COOTBETCTBYIOIIHMHM HX CTATHCTHUECKHM paclpe-
JeTeHUAM:

i 2 — )
Ag=AN@y — (@) Ap,=A/{P%) — (o))
Paccyxaennss mpealecTyiomero naparpaga Moryt ObTh NOBTO-
penbl Ge3 uaMeHeHHH, U B pe3yJbTaTe Mbl NOJYYHM COOTHOIIEHHS

HEONpEeNeJEHHOCTH MeXAy CONpPAXKEeHHHIMH (/eKapTOBBIMH) mepe-
MeHHBIMH: '

Agi-Api=h2  (i=1,2, ..., R). (32)

§ 10. CooTHolueHHE HeONPeAeJeHHOCTH BpeMsi-9HEPTHS

CylecTBoBanyue COOTHOLIeHUH HeONpeNeJeHHOCTH KOOpAHHATa-
HMOYJbC CBSI3AHO C TE€M, UYTO HMIYJbC C TOYHOCTBIO 1O MOCTOSIH-
HOIO MHOMKHTENs ONpPenesdsieTcs KaK XapaKTepDHCTHUECKOe BOJHOBOE
YHUCJI0 IJIOCKOA BOJIHBI, a IJIOCKAf BOJHA, CTPOrO roBopsl, 3aNOJHSAET
BCe NPOCTPAHCTBO; MOMBITKA JIOKAJH30BATh HMIYJAbC YacTHUHI B He-
KOTOPO# onpene/ieHHOH TOYKE NPOCTPAHCTBA CTOJb ke OesycleliHa,
KaK NONHTKA JOKAJH30BaTh NJOCKYIO BOJHY.

Ho nomo6uo tomy, Kak UMIyJabc, 6YAYyYH NpPONMOPLHOHAJEH BOJ-
HOBOMY 4YHCJy, HE MOxeT OHITh JIOKaJu30BaH B NPOCTPAaHCTBE, Tak
W SHEeprud, NPONOpPUHOHAJbHAS HACTOTE, HE MOXET ObITh JOKaMH30-
BaHa BO BpeMeHH. [I03TOMY B COOTBETCTBHH ¢ TpeOOBAHUAMH NPHH-
L¥Na OTHOCHTENLHOCTH CYHIECTBYET COOTHOLIEHHE HeonpeAeaeHHOCTH
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BpeMsA-3HEPIrus, aHaJOrndHo€ COOTHOLIEHHSIM HEOIpEAeJSeHHOCTH
KoOpJHHaTa-HMIYJbC, a UMEHHO

At -AE> h. (33)

OpHako ¢H3nueckas HHTepHpeTallHs 3TOTO COOTHOLIEHHS HHad,
B cooTHOLIEHUSIX HeOlpeleNeHHOCTH KOOPAHHATA-UMIYJbC NMEepeMeH-
Hble [OJIOKeHHR H MMIYJbCa BXOASAT CUMMeTPHUHBIM oOpa3oM: Kak
Te, TAK W APyrHe MOryT OBITb NMOJABEPrHYTH H3MEPeHHI0 B JaHHELH
MoMmeHT BpeMeHH f. CTaTHCTHUECKHe pacHpefesieHHS De3yJbTaToB
H3MEepeHHs, a CJIeJoBaTeJNbHO, H HeolpeaedeHHocTu Agi, Ap; ompe-
IeJioTcd 3HauyeHUeM BOJHOBON (YHKUUH CHCTEMBl B JaHHBIH MO-
MeHT BpeMeHH. B NIpPOTHBONONOXKHOCTL 3TOMY 3SHEPrHs M Bpems 8
cooTHOMWEHUH (33) HrpaloT COBEpLIEHHO pasHble poJu: 3Heprus £
ecTb JuHaMHyeckas NepeMeHHasl CHCTeMBl, a BpeMsl { ecThb mapa-
metp. Coornomenue (33) ceassisaer nHeonpedesennocrs AE 3ua-
YEHUA, NPUHUMAEMO20 3TOL OUHAMUUECKOL NepeMeHHol ¢ uHTep-
s8aaom spemenu At, xapaxrepucruueckum 0as 8peMeHHOL 38040 LU
cucremol.

HauneM ofcy:KaeHHe 3TOro BONpPOCA C HCCAENOBAHUS NOBEIEHHS
cBobGoaHoN uacTHUH. [lnockasg MoHOXpoMaTHUYeCKas BoJHA ef \kr—oi)
NpefcTaBAseT YaCTHILY CO CTPOTO 3afaHHLIM UMINYJAbCOM KR M suep-
ruefi ho. C MOMOIIBIO CYNEPHO3UIMK BOJH MOMKHO NOJYYHTh BOJIHO-
BOH makeT THma, mpeAcraBjeHuHoro B ypasuennu (I11.11). Oas ynpo-
IIEHHS] pacCyXKAeHHA pPacCMOTPUM BOJHOBOHA NMaKeT B OJHOM H3Me-
peHun u BooOpa3uM ceGe HEKOTOpHII Lyr BOJH, MOJOOHBIH MPAMO-
YTOJbHOMY CHrHaJy, H3o06paxeHHoMy Ha puc. 17. Ilycrs Ax
ofo3HauaeT ero AJIMHY, a U — [PYONOBYi0 CKopocTb. [lakeT mepes
MelllaeTcsl cO CKOPOCThIO ¥ BAOJAb OCH X, OJHAKO MOMEHT NPOXOXKe-
HHS TaKUM HaKeTOM 33JaHHOM TOYKM HAa OCH X He MOXeT OblTh
yKas3aH TOUHO: HEONPENEeJeHHOCTh B ONpe]eJeHHH 3TOro0 MOMEHTA
oKasbiBaeTcst nopsinka At &~ Ax/v. Kpome TOoro, Mu Buaea, 4TO
VKa3aHHBIAR BOJHOBOH MHaKeT XapaKTePHU3YyeTCs TaKxe pasma3ad-
HOCTbIO B NPOCTPAHCTBe HUMIYJbCOB, OTUEro BO3HHKAaeT Heompene-
JexHHocTh AE B 3HAaYeHWM 3HEPTHH YaCTHIH

oF
AEz—b—E-Ap=v-Ap.

M3 stux nByx npubiuKeHHEIX DaBEHCTB HAXOAHUM, UTO
At-AE=~Ax-Ap

H, IPUMEHsI COOTHOIUEHHE HEeONpeAeJeHHOCTH KOOPAHHATA-HMIYJbC,
noJjiydaeM HepaBeHCTBO (33), KOTOpoe OTPaHHYHMBAET CHH3Y BeJld-
YHUHY NPOU3BENEeHHS LIHPHHBI 3HEPreTHYECKOro CHEKTPa YacTHIH
AE y petounoctH Af H3MepeHHS MOMEHTa NPOXOXKAEHHSI yacTHIeH
HEKOTOPOR TOYKH HA OCH.
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Tlono6Hu MOAXOJ JIErKO pacnpocTpaHseTcsi Ha cjaydaH BOJIHO-
BOTO NAKeTa B MeJJEeHHO MeHSIoNeMcs NoJe, HO OKa3biBaeTcs He-
COCTOSITENILHEIM B GoJsiee OOIMHX cay4dasix. UToOH MOAYYHThE COOTHO-
wenue Tuna (33), Halo, BoOOLle roBOPS, YYHTHIBATH BPEMEHHYIO
3aBHCHMOCTb BOJHOBOA (YHKIIHH.

HauGosee TpocThM sIBISETCS cJaydall CHCTeMBl, obJajamolied
BIOJIHE ONpPENeJeHHBIM 3HaueHHeM sHeprun. M snaem (cm. ra. II,
§ 16), uto BOJHOBasi (YHKIUHA KBaHTOBOH CHCTEMBl C 3a/laHHON
suepruefl E = h@ HMeeT XapaKTepHylO 3aBHCHMOCTb OT BPEMEHH
g—io!, PaccMOTpMM B KauyecTBe MpHMepa 4acTHIly, MOMEHIEHHYIO
B HEKOTOpOe CuJoBoe mnoJje. Eciu KBaHTOBOE COCTOsSIHHME XapaKTepH-
ayeTcsl OIpejeJeHHbIM 3HaueHHeM 3Heprun E = hw, TO BOMHOBas
¢yuxuus samumercs B Buge W (r, ¢) = P (r)e . Orciona cienyer,
4TO pacnpefesieHue MoJoxeHult sroft wactuubl P(r)=|p(r) |? me
3aBHCHUT OT BpeMeHH. JIerko BHIETb, YTO pacnpejeseHue Mo UMIyJib-
caM Takxe ofaagaer 5Tum cBofcrBoM. CleloBaTeNbHO, Pe3YJabTAT
U3MepeHHs MOJNOKEHHsT HIM HMIYJbCca He 3aBHCHT OT MOMEHTA Bpe-
MEHH, KOrja TpOU3BoAUuTCS u3Mepense. KopoTko 3To BhHIpaxalor,
roBops, 4To (H3HUECKHe CBOACTBA CHCTEMbl He 3aBHCAT OT BpeMeHH
HJIH, YTO CHCTEMAa HAXORUTCH B CTAYUOHAPHOM COCTOAHUU.

[IpeanonouM Tenepb, YTO KBAHTOBOE COCTOSIHHE YaCTHIBI €CTb
CYNepro3uius ABYX CTALMOHAPHEIX COCTOSIHUM ¢ sHeprusimu E; u Eo.
BosanoBasi QyHKUHS HMeeT BHI

1 (1) €= B 4y (r) e 1B,
a pacnpejeseHHe

P(r, )y=|%, (r)|* +1,(r) P + 2 Re pyp,e’ =1=F 1%

OCUH/IHPYeT MEXAYy ABYMSl KpaiHuMH sHaueHHsaMH (|¢1|—|¢z])?
n (| 1|4 |$2])? ¢ mepuonom r=m—f—521—. Pacnpenenenne no
HMIYJbCAM HMEET TO JKe CBOHCTBO.

TakuMm obpa3oMm, BpeMs T fBJAAETCS XaPaKTePHCTHUECCKHM A
5BOJIIONHH (HU3HYECKHX CBOMCTB CHCTeMH. PesyabTaTel H3MepeHHH,
TOuHee CTAaTHCTHYECKoe paclpejeleHHe pe3yJbTaToB H3MepeHHH,
NpOBEJCHHBX B /Ba Pa3JHUYHBIX MOMEHTa BpeMeHH f U fp, OyayT
NpaKTHYECKH OJHHAKOBLIMH, €CJH pasHOCThb At = |ty — t;| mana
no cpaBHeHHiO ¢ T. VIHBIMH c/10BaMH, YTOOH CBOMCTBA CHCTEMHbI 3a-
MEeTHO H3MEHWJHCh 32 HHTepBaj BpeMeHH Af, HeoOXOAHMO, YTOOH
npousBeleHne Af H HEONpPe/ENEHHOCTH B 3HaueHHH 3Hepruu AE =
= |E; — E,| 6bi10 mo KpafiHell Mepe paBHO BesjMuHHe NMoOpsaKa h:
At-AE > fi. BolpaxeHHBIH B TakoH (opMe 3TOT pesyabTat ocTaercs
CIpaBelJIHBHIM, KOrja COCTOfiHHE CHCTEeMBl €CTb HPOH3BOJbHAA
CYNepno3HIUs MPOU3BOJLHONO YMCJAA CTALHOHAPHEIX COCTOSTHHH,
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CrnenosaTenbho, OH HMeeT ofuee 3HauenHe. Crporoe IoKasaTelb-
ctBo Oyner naHo mo3nkee (§ VIII. 13).

BaxkHBIM mpuJioXKeHUeM cOOTHOWIeHHA (33) sIBAfeTcS CoOTHOIIe-
HHue cpedHee 8peMA HUSHU — WUPUHA IS DPajAHOAKTHBHBIX H BO3-
OyKAEeHHHX cHCTeM (paaHOAKTHBHEIE sipa, BO3OYXKIEHHEIE COCTOS-
HHSl aTOMOB, HeCTaGUJbHbIE JeMeHTapHble YacTHUH H T. 1.). Takue
CHCTEMBl He fBJISAIOTCS CTALHOHAPDHBIMH H He 00JajalT ompeje-
JIeHHBIM 3HAU€HHEM 3HePrHH; OHU XaPaKTepH3YIOTCH CIEeKTPOM SHEp-
rafi ¢ HekoTtopoh mmpuHo#i AE. CpenHee BpeMsl XH3HU Hrpaer
3/leCb POJib XapaKTepHCTHYECKOro HHTepBajia BPeMeHH, PACCMOTPEH-
Horo Bblme. UTOGH 3aMETHTb CYINECTBEHHBIE H3MEeHEHNs (PH3NUECKHX
CBOHCTB CHCTEMH], HeoOXOIMMO KAATh YKa3aHHBLIA TNPOMEXYTOK
BpemenH. [TosTomy

1. AE ~ h.

Npyroe chaemcTsue HepaBeHcTBa (33) OTHOCHTCS K HU3MepeHHIO
3HEepruu Kak TakoBoMmy. TouHocTs AE u3MepeHHsS SHEPTrHH CBsi3aHa
co BpemeHeM Af, HeOGXOAMMBIM JJis1 H3MEepeHHS, COOTHOLIEHHEM
(33). Tak, MOXHO H3MepsiTb, HANPHMEP, SHEPrHi0 Bo30YxAEHHS
nepBOro Bo30YxKAEHHOTO YPOBHS aToOMa BoAOpoAa, GoMbapaupys
aTOMBI BOZOPOAA NYyYKOM MOHOZHEPreTHYECKHX 3JEKTPOHOB H H3Me-
pAs SHEPruio, TepieMyi0 3JeKTPOHAMH NPH COOTBETCTBYIOLIHX He-
YOPYTHX CTOJKHOBEeHHSIX. BpeMs usmepeHus 3nech no KpafiHedl mepe
paBHO BPEMEHH CTOJKHOBEHHS, T. . BpeMeHu Af NpoXoxaeHHA Ma-
KeTa BOJIH, TpeACTABJSIONIET0 9JEKTPOH, yepes obaacTb HaXoXie-
HHA aToMa Bojopoja; omubKa H3MePeHHd Mo KpalHell Mepe paBHa
neonpeneseHHocts AE B SHeprud 5JeKTPOHOB Najalollero MHy4xa;
Jerko BuaeThb, uto Af-AE > .

§ 11. CooTHoweHHna HeonpejedeHHOCTH Aas1 (OTOHOB

CooTHOIIeHHs] HeONpPeNeNeHHOCTH [Jisl CHCTEM MaTepHaJbHBIX
Y4ACTHIl CAEAYIOT H3 [BOACTBEHHOCTH (PH3HUECKHX INpOsBAeHu#
3THUX YACTHI[ K4K BOJH M Kak Kopnyckys. Ilo Tofi Xe npuuune coor-
HOIUEHASl HEONPEeAeNeHHOCTH JOJMIKHBI HMETb MeCTO AJisl (POTOHOB.
OnHaKo HPH BHIBOJE 3THX TOCHAEJIHHX COOTHOIUEHHH CJAeAyeT yYHTHI-
BaTh, YTO YHCAO (OTOHOB, colepXaumiuxcsi B (pU3HYECKOH cHCTEME,
O6HIYHO He sIBJseTCA XOPOIIO olnpefesNeHHOM BeIHYHHOH H, CTPOro
roBopsi, 3BOJIOLHIO (OTOHA BO BPEMEHH MOXKHO pacCMartpuBaTh
TOJILKO, €CJIH OH CBOGOJEH OT BCAKHX B3auMoOnefcTBAH.

[Tpn 3THX OrpaHHYeHHsX MOXKHO NPeICTaBIATh CBOOOAHHIH (o-
TOH KaK BOJIHOBON MAaKeT, COCTaBJeHHBIH H3 IJIOCKAX MOHOXPOMATH-
YeCKMX BOJH, paclnpoCcTPaHSIOUHUXCS CO CKOPOCTbIo cBeTa ).

%) Uro6ul ynpoCTHTL H3JOXKEHHe, Mbl npeseGperaeM gBJEHHEM NOJAPH3EIUHH
“cseta. Jaa yueTa ero ciaepyer npumucath GOTOHY BHYTPEHHIOIO cTenleHb CBOOOMBI
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Ocsenmas 3kpaH, cHaGxeHHbIH AuadparMoii, cnoco6HOR OTKPHI-
paTbcsl Ha BpeMs Af, MOXHO IIOJYYHTb NPOXOAAMMH CBETOBOH CHI-
HaJ, KOTOPHH B NpeAenbHOM caydae OyAeT cojepxkatb TOJNbKO ONHH
KBaHT cBeTa. DToT (OTOH MOXeT OBITH NpPeACTaB/leH BOJHOBHIM
HNaKeTOM, IKPHHA KOTOPOro B HANpaBJEHHAX TPexX ocefl KOOPAHHAT
(Ax, Ay, Az) Gyner 3aBuceTb OT pa3MepoB AxHadparMbl H TNpoMe-
KyTka BpeMeH# Af. Takofi BOJHOBOM MakKeT sBJsercs HEKOTOPOH
cyneprnosunueli MOHOXPOMATHUYECKMX BOJIH U HMeeT BCe CBOHCTBA
NaKeToB, PaccMOTPeHHBIX Bhe, CocTaBasoUHe HMIYJbCa H 3HEp-
rusl NaKeTa OTJAMYHHL OT HYJS B HEKOTOPBIX KOHeYHHX 00Jacrtax
¢ pasmepaMu Ap.\Apy, Ap: 1 AE. Bce 3T BeJHYHHBI yIOBJETBO-
PSIOT COOTHOLIEHHSM®

Ax-Apy,>=h, Ay-Ap, >0, Az-Ap,>h, A-AEXHh.

DTH HepaBeHCTBA II03BOJSIOT CAEJATh HEKOTOPbie BBIBOJAB OTHO-
CHTeJIbHO MeXaHu3Ma ssaumopciicTBusi dotoHa c¢ BemectsoM. Ha-
npumep, B npouecce norjoumeHusi ¢porona atomom (GHOTO3JeKTPH-
gyeckuli 3QdeKT) TpousBelerue HeonpeneJeHHOCTH AE BeJHUHHBI
sHepruW, Nlepe/laBaeMol aToMy, H HeompelejerHocTn Af momeHTa
nepejayn 5TOH SHEPrud N0 MOPSAKY BEJHUYHHB B JydlieM cjaydae
pasno h. Ecay e aToM, HaXoAAWUACA B BO36YKIEHHOM COCTOSHHH,
HcoyckaeT (OTOH, TO MOMEHT INlepeXxo/la XapaKTepHusyeTcsl Heoupene-
JIEHHOCTbIO, PaBHOH TNPHMEPHO CpPelHEeMY BPEMEHH XKHU3HH 3TOrO
BO36YIKJEHHOr0 cocTOosiHUs. POTOH NpPeACTaBJsSEeTCs BOJHOBHIM Ta-
KeTOM [POCTPAHCTBEHHOM IPOTSXKEHHOCTH CT H, CJel0BaTelbHO,
Aucnepcust sHeprui AE go/kHa GhiTh TakoBa, 4T0 T-AE & . JTOT
pesyJbTaT XOPOIIO HOATBEpKJaeTcs Ha onbite. Ero MoxHO ObLI0
Obl TOJIYYATb, HCXOAS M3 COOTHOILICHHS HeONpPelesIeHHOCTH CpeiHee
BpeMsi KHM3HU-IIHDPHHA, 0OCYyXJAaBlIerocs Bwlle, W 3aMETHB, 4TO,
COrJIaCHO 3aKOHY COXpaHeHHsl SHePTHH JUCNEPCHSl 3HEPruu Hcuy-
wenHoro ¢GortoHa (KoHeYHOe COCTOfIHME) JoJKHa OblTh paBHA IHC-
Mepcun SHepruM BO3BYXKIEHHOro aToMa (HauaJbHOE COCTOSIHHE).

Pasnean 1Il. COOTHOIIEHUSA HEOMPEAEJEHHOCTH
U MEXAHU3M U3SMEPEHUSA

§ 12. HexkoHTpoaHpyeMOe BO3MYIUEHHE B npolecce H3IMEPEHHS

‘Huxke MBl COCPeAOTOYMM BHHMAaHHME Ha COOTHOIUEHMAX Heompe-
JleIeHHOCTH THIIa KOOpAHHaTa-uMnyabc. OTkinonenus Ax, Ap, Bxo-
ISIIfAe B 3TH COOTHOUIEHHS|, OTHOCATCS K HM3MEPEHHSM, OCYLIEeCTB-
JICHHBIM TIpH BBHINIOJHEHHH YCJOBHH, KOTOpHE OblJIM YKa3aHHl BhIIIE
1Ipy onpejelieHHH KBAHTOBHX BeposiTHOCTed. MIX He cienyeT cMellu-
BaTh ¢ OOBLIYHBIMH owHOGKaMH H3MepeHHHA, HCTOYHHKOM KOTODBIX
SIBJISIeTCS HEeCOBEPIIEHCTBO CAMOr0 H3MEPHTEJbHOrO yCTPOACTBA, HE
03BOJIAIOMIee (DUKCHPOBATh H3MepsieMble BEJTHYMHBI C HIACAJbHOH
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TOYHOCTBIO. Bo BCeXx NpeAlIeCTBYIOUIHX PAaCCyXKACHHSIX MBI IpeHe~
Operasu OLWIHOKaMH 3TOFO PoOja.

Paccmotrpum TumiatesbHefl, 4TO NpeicTaBiaseT cobofi cama ome-
palusi u3MepeHusi, eclu NPUHATb CHOPMYNHPOBAHHYIO BhIIUE CTATH-
CTHYECKYIO uHTepnperanuio. [IycTh Mbl vMeeMm Aeo, HaTpHMED, C HU3-
MepeHHeM KQODAMHAT, ONPeAesIOmHUX ON0XKeHHe YacTHIlL KBaHTO-
BOH CHCTEMH], AMHAMHUYECKOE COCTOSIHME KOTOPOH TNpeACTaBjsieTcd
BOJIHOBO# ¢yHknwed ¥ (B majbHeHllleM AJs KPATKOCTH MBI 0yaeM
rOBODHTb, YTO CHCTeMa Haxoautcs B cocrosHup ¥). Jomycrum, 4To
Mbl 00J1aflaeM UOeaAbHO TO4HbIM W3MepHTeJbHbiM TnpubopoMm. He-
BO3MOKHOCTh TOYHO TIPeAcKa3aTh UOKasaHusi sToro npubopa He
cBsi3aHa ¢ ero HecoBepueHcTBom. Jleso B TOM, uyTO cocrosfHne W
B 0011eM cjyuae He COOTBETCTBYEeT KAKOMY-JHO0 TOYHOMY 3HAYeHHIO
X; 9TO CyNePHO3HLHs NTUHAMHUECKHX COCTOSHHH, KaxX10e U3 KOTOPBIX
COOTBETCTBYET CBOEMY 3HaueHUK x. HemocpencTBeHHO mocJe TOTO
KaK u3MepeHHe BBINOJHEHO, MBI MOXeM YTBep:K/AaTh, YTO CHCTeMa
HaX0JHUTCS B AMHAMHYECKOM COCTOSIHHH, B KOTOPOM KOODAMHATA X,
UMeeT TOYHOe 3HaueHHe X', yKasaHHoe npubopom. Ho Takoe cocrosi-
Hyie, OYeBHIIHO, Y>Ke He MOXKeT OblThb IPeJCTAaBJEHO BOJHOBOH (yHK-
nueil W, cneqoBaTe/IbHO, 8MEUIATEALCTBO UBMEPUTEABHO20 hpubopa
UBMEHUAO OUHAMUHUECKOe COCTOAHUE usmepaemoil cucremovt. Boaee
T020, BO3MYUWEHUE CUCTEMbL 8 NPOYECCe USMEDEHUS OKA3bl8AETCA 8
U3BeCTHOL Mmepe HEeKOWTpoAsupyemsim. DTO HALO NOHHUMATb B TOM
CMBICJIE, 9TO MBI He MOXKEM TOYHO IIpelicKa3aTb, KaKHM ke Gyaer
COCTOSIHME CHCTEMBl HOCJIe M3MeDeHHS — MBl 3HAeM TOJBKO BeposiT-
HOCTH TOro, 4TO CcHCTeMa HaXOJWTCS B HEKOTOPHIX AMHAMHYECKHX
COCTOSIHHAX, COOTBETCTBYIOMIMX TeM HJH HHBIM 3HAYeHUSIM x’ KOop-
AMHATH X.

B ToM, 4TO u3MepseMas CHCTeMa B Ipouecce H3MepeHHsl HCIH-
ThIBAET HEKOTOPOe BO3MYIeHHe, HeT HHYero YAHBHUTeJNbHOro. Benb
caM INpollecc HM3MepeHHs InpeanoJaraer Bsanmoneﬁcw?e CHCTEeMBI
C M3MepHTEJbHBIM NpHOOPOM, NPH KOTOPOM NOCJENHHHA TpeTepne-
BaeT HEKOTOPOe H3MeHEHHe CBOETO COCTOSHHA. DTO H3MEHEHHe Co-
crosHus Npubopa HrpaeT peINAOMYI0 POJb, TaK KaK HMEHHO OHO
BHIpaXKaeT peaKuuio Opu6opa, MO3BOJSIOWLYI0 32a(PHKCHPOBATL ONpe-
JeJeHHOe 3HAaueHHe H3MepsieMOi BeJHuYHMHBL. EcTecTBeHHO, 4TO H
uaMepsieMasl CHCTeMa B Tpolecce H3MEPEeHHs H3MEHHT CBOe COo-
CTOSIHHE. .

B ciayuae MaKPOCKONHYECKHX SIBJECHHAHM BCErAa MOXKHO L06HTbCH,
yro6H BO3MYHlAloLLee JAEHCTBHE H3MEPHTEJBHOrO npubopa Ha cH-
cTeMy OnlIO TIpeHEOPeKuMOo MaJlo WK MOrJOo 6BITH YUTEHO € JOCTa-
TOUHON CTEeNeHbIo TOYHoCTH. [losicHmM 3TO Ha mpumepe. MoxHO
YCTaHOBHTD TIOJIOXKEHHE MAKPOCKONHYECKOro 00beKTa, (I)I/IKCI/IP}ISI ero
06pas Ha QoTorpaduueckol TNJACTHHKEe € TOMOLbIO KaKofi-1160
ONTHYECKON CHCTEMBI; IHHAMHYECKOEe COCTOsHHe OObeKTa B TIpo-
mecce Takoro u3MepeHHs HeM30exHO M3MEHAeTCHd, Tak Kak OH NOA-
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Bepraetcd BO3JEACTBHIO cBeTa (AaBjeHde uanyyenus). B kiaccuue-
ckoM npubJnIKeHHH, KOTAa Nafaloluil cBeT MOXKHO paccMaTpUBaTh
KaK HeNpephiBHYIO BOJHY (G0JbLIOE YHCIO MPHCYTCTBYIOMHX (OTO-
HOB), H3MeHEHHe COCTOsiHHg oOObeKTa MoxeT ObniTh B HPHHLHIE
TOYHO BBIYKCJeHO, [Ipyw ycyoBuH, 4TO MBI pacno/jaraeM AOCTaTOYHO
YYBCTBUTE/NIbHOH TJIACTHHKOH, MOMXHO YMEHBIIHTb OCBelleHHOCTb
06beKTa HACTOJIbKO, YTO BO3MYymlalollee AeHCTBHe CBETOBOH BOJHBI
CTaHeT TNpeHeOPEeRKHMO MaJlbIM.

OTu paccykAeHHS, OYEBHAHO, CIPaABENJMBH TOJbKO B paMKax
kJaccuyeckoro npubauxkenusi. Ha camom nene neficTBie HaMepH-
TeJbHOr0 MHCTPYMEHTa Ha 0OBeKT HEe MOXKeT GHTb CAeNaHO CKOJb
YrOAHO MaJsibiM, TaK KaK HX B3aHMOJeHCTBHe OCYILEeCTBJsETCS
JUCKPETHBIMH KBaHTaMH. YT0J OTKJIOHEHHS KBaHTA cBeTa 00beKTOM
TOYHO He OTpejeJsieH, APYTHMMH CJOBaMH, lepeAaya uMNyJbca B Ipo-
[ecce CTOJIKHOBeHHs KBaHTa ¢ 0OBEKTOM HOJKHA pacCMaTPUBaTbCs
Kak HeKOHTpOJMpyemas BejanyuHa. Takum oOpasom, u3MepeHue mo-
JIOXKEHHSI B IPOCTPAHCTBE CONPOBOXKAAETCS HEKOHTPOJNAPYEMBIM
U3MeHeHHeM uMIyJabca o0beKTa (NONYKOJNYECTBEHHHIH aHajiu3
storo sdderra Oymer daH B cienyolieMm naparpacde). [Hockoabky
B MaKpOCKOTHYecKHX Mmacimtabax Bce M3MEHEHHs BeJHYHH TaKoro
pona mpeHeGpeKHMO MaJbl, KJaccHyeckas Teopus 6e3 06CyKAcHHR
NPHHHMAET, YTO BCe JAMHAMHYeCKHe NepeMeHHbie (U3WYECKOH cu-
cTeMbl MOrYT OBITh OLHOBPEMEHHO M3MEPeHH ¢ MPOH3BOJbHO MaJoOH
omu6xol, ¥ onpeseseT IMHAMHYECKOEe COCTOSTHHE CHCTeMB! B JII000H
MOMEHT TOYHBIM 3a/JlaHHEM BCEX 3TUX NepeMeHHBIX B 5TOT MOMEHT
BpeMenn. Ha MHKPOCKONHYECKOM YPOBHe 3TOT INOCTyJaT He HMMeeT
foJiee SKCIEPHMEHTaJbHOro O0GOCHOBAHHA W JoJiKeH ObITh 0TOpO-
weH. Kganrosas Teopus npunrumaer, 410 Henpedckasyemoe U He-
KOHTpOAUpYEeMOe BO3MYL4EHUE, UCHbITHIBACMOE (PUBUYECKOL cucTe-
MO 8 npoyecce uameperus, 6cee0q KOHEHHO U TAKOBO, 4TO
BLINOAHAIOTCA COOTHOWERUn Heonpedeaennocru [elsenbepea. Ha-
npuMep, npu A3MEPEHUHN KOOPAHHATHL X, KAK MBI BHIENHU BhILIE, CH-
crema mepexoguT u3 coctostHus ¥ B cocrosnue W', Yxe Obio
ckasaHo, 4yro cocrosiHne ¥ B o6meM ciyyae He COOTBETCTBYET HH
TOMHOMY 3HAUEHHI0O X, HH TOYHOMY 3HAUYEHHIO p, a AaeT JIHUIb
pacnpesesieHre BeposTHOCTH P(x) HaATH TO WM HHOe 3HAUEHHE X,
€CJIM MBL OCYHIECTBMM TOUHOE M3MepeHpe 5TOH BeJIMUHHBI, H paciape-
Ienenue BepositTHOCTH II(p) HafiTH TO HIM HHOe 3HAaYeHHe p, €CJIH
MBI OCylllecTBHM TOYHOe uamepeHue p. Hosoe cocrosune ¥’ coort-
BETCTBYeT HOBBIM pacnpefenenusaM P’(x) u II'(p), npu sTom OTKJO-
Henusg A’x, A’p B 3THX pacnpejeseHusiX 00f3aTeNbHO YAOBJETBO-
psioT cootHollenuio A’x-A’p = B/2. Ecau, B yacTHOCTH, H3MepeHHUe
X ugeaspHo TouHO (A’x=0), T0o BesuunHa A’p poJxKHa OBLITb
6ecKoHeuHO GoJblIof. DTOT pe3yJbTaT YacTo BHIPAXKAIOT CIOBAMH,
YTO HeJIb3sl YMEHbIIHTh HEONPEAENEHHOCTh B IepeMeHHOH NO/T0XKeHH
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X, He YBeJHYHBASH COOTBETCTBYIOIIMM OOpa3OM HeONpeneseHHOCTD
B NlepeMeHHON MMIyJabca p, H Ha060POT.

PaccMOTpUM HECKOJIbKO NPHUMEPOB BO3MOXKHBIX H3MepeHHH #
NOKaKeM, YTO BO3MYHIEHHE, HCHBITHIBAEMOE H3MepsieMofi cucTeMOil.
BCeria WMMEHHO TAKOBO, YTO BHIINOJHSIOTCS COOTHOLIEHHS Heompeae-
Jennoctd [efisenbepra’).

§ 13. HamepeHus nosoxKeHus B NPOCTPAHCTBE

a) Hcnoavzosanue Ouappaemer. PaccMoTpuM napasijiesibHbR
IY40K MOHO3ZHEpreTHYeCKHX 3JeKTpoHoB. CTaBuTCH 3ajaya ompene-
JUTh IMOJIOKEHHe 3/JIeKTPOHOB BAOJb ocH Ox, mepneHAUKYJspHOH
HanpaBJeHnio Oz myuka 3JeKTpoHoB. C 3TOf 11eJb0 Ha MYTH Ty4YKa
CTaBUTCA 3KpaH ¢ orBepcrtueM (puc. 18). Ecnu d ects wmpuna
OTBEPCTHsI, TO TOJIOXKEHHE 3JeKTPOHA, NPOXoAsiilero Luadparmy,

onpenensercs ¢ TOYHOCTbIO Ax==

z =d. OpnpHako 3TOT 3JeKTpoH
NPelCTaBAdeTCsl  BOJHOH  1e

0 z Bpofina ¢ naumolt A = f/p;
npoxoxkjaeHue aAuadparMue  co-
NPOBOXKAAETCA  fABJEeHHEM  JH-
: ¢dbpakuuy, Tak 4YT0 NYYOK «pa-
d CKPBIBA€TCA» HA YroJ o Nopaaka
—_— sina & Ad=~Hh/p - Ax.
——————

Orcropa ciiefyer, 4T0 BOSHHKAET

COCTaBJSAIOMAS Apx=psina

BJOJIb OCH X W BBHIIOJHSIETCI CO-
Puc. 18. H3mepenne nosokeHHA ¢ N0~  OTHOLIEHHE Ax-Ap. = h.

MOLILIO AHA(ParMbL. WMnyJibe 3/eKTPOHA Py BAOMb

OCH X, IO NPeANOJOKEHHIO TOYHO

U3BECTHBIA [0 omepamndd uaMepeHus (p,==0), HEKOHTPOJHUDPYEMO

U3MeHsleTCsl Ha BeJMYMHY TopAAKa fifAx B Hpouecce H3MepeHHA

(T. e. IpH NPOXOKAEHUH THAGPArMbi).
Baxuo ybennTbea 37ech, 4TO HUMIYJbC, lepejaBacMbiil 3JeKTpo-
HOM JuadparMe B Opolecce H3MepeHHs, He MOXKeT GLITh ONpexeJseH

"} HMeHHO 3TO MMeer MeCTO BO BCeX SKCIEPHMEHTAJBHHX YCTPOHCTBax, Mo-
3BOJIIIOLIMX OOHAPYXKHTh «TPACKTOPHIO» YacTHLbl, HampuMmep, B (oTorpapuueckux
MJIaCTHHKAX HJIM KaMmepaX BuancoHa nnsi HabmojeHusi sapsiKeHHbIX yactvl. Tax,
B KaMmepe BmahcoHa yacTHIA HOHH3MPYET Ha CBOEM MYTH HEKOTOPOE UYHMCIO aTo-
MOB, W BO3HHKalOI(He HOHH CAYKAT UEHTPAMH KOHAEHCAUUH, BOKPYr KOTOPHIX
ofpasyioTcs BHAuMbIE KaneJbkH. [1oM0'KeHHe YaCTHUB ONpPeReNseTCst ¢ Heompene-
JleHHOCTBIO Ag, 1m0 kpafiHell Mepe paBHON DajHyCy HOHH3OBAHHOTO aTOMa (OpakK-
THYeCKH OHA 3HaunTeAbHo OGospme). Ho B mpouecce B3ammoxeficTHs ¢ H3MepH-
TeJNBHEIM YCTPOHCTBOM, T. €. B IpoOliecce HOHH3ALMH aTOMa, YaCTHLA HCIBITHIBAeT
HEMpe/CKa3yeMyio H HEKOHTPOJHPYeMyio nepeflauy HMIOyabca Ap nopsagka f/Ag.
TIoaToMy «TpaekTOpHA» 4YacCTHUBI MOXKET HaGJIOJAaThCs TOMBKO C  TOYHOCTBIO
Ag-Ap &~ A,
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¢ TOYHOCTBIO, NMpeBHiInawineli fi/Ax, WHaye HalUH pacCy:KAeHHS He
6yayr cnopaBedsuBe. YToObl OCymeCTBHTb oOnepalfio H3MepeHHS
noJioyKeHus, nuadparma AOJXKHA OCTaBaTbC HENOABHXKHOM, H ee
noJjoxende (BRojb Ox) AOMKHO OHTb H3BECTHO ¢ TOYHOCTHIO N0
8x, npuueM 8x JOJKHO OBITH 3HAYHTEJBHO MEHbINE MIXPHHHI OTBEp-
crusi; 8x <« Ax. Opsako pmadparma, NoAo6GHO 3JIEKTPOHY, TaKkKe
SIBJISleTCS KBAHTOBBIM 00BEKTOM, €€ MMIyJbC He MoxkeT OHTb onpe-
JeJleH ¢ TOYHOCTbIO, NpeBhillalomeR 8p, Tak YTO MBI HMeeM

dp ~ hfdx > hfAx.

Jdnadpparma MoXKeT IIPAKTHYECKH OCTABATBHCH HENOJBHXKHOH B
npoliecce U3MEPEHHs, €CJIM 0HA AOCTATOYHO TAKeJa; 3TO OrpaHHye-
HHe He MellaeT caMmoil omepauuu usmepeHus. OIHAKO HEBO3MOKHO
ONpeeNUTh U3MeHeHHe HMHOyJbca AuadparMbel ¢ TOYHOCTBIO, Ipe-
Bocxondefl 6p H, caefoBartesabHo, fi/Ax.

DTo paccyxjeHHe INPosICHAET elle OAHO BaxHoe o0cToATE/b-
crBo. Heo6xoaumMo mpuHATL, 4TO usmepuTersHsil npubop cam 8-
AAETCA KBAHTOBbIM OBBEKTOM U TOxe YO0BAETBOPAET COOTHOUIE=
Husm  Heonpedeasennocru.  ITO
NPEANOJaraerT, 4TO0 COOTHOULEHUSA
HeonpedeneHHOCTU UMEIOT YHUBEp-
caabrolii xapaxrep. B mporuBHOM
cayuae Qu3nyeckash HHTepupera-
[Hsl KBAHTOBOM TEOPHH JOJIKHA
O6piia Obl OBITH NOABEPrHyTa rJay-
"GOKOH peBH3HH. ,

6) Hcnoas3zosanue MuKkpockona.
[MpuMeHeHne AuadpparmMbl  ABJISA-
eTcs, KoHeyHo, HanboJsiee NMPOCTHIM
cnocoboM H3MepeHHs INO0JoXKeHHa Pue. 19, Hamepende momoxenns
o6vekra. [pyroi, MeHee nps- ¢ MOMOMILI0 MHKPOCKONA.
MOH, HO CTOJib 2Ke YCHELIHBHIHA
METOJ, COCTOHMT B ocBemleHHH oGbeKTa M HaOJMIOJeHHH ero Hsobpa-
JKeHHusl B MHKpOCKoN. PaccMoTpuM HO3TOMY onpejeieHue NOJNOXKe-
HHsS X 3JeKTpoHa npu HaGJofensn B MuKpockon (puc. 19). Tou-
HOCTb M3MEPeHHsl OCPaHMYUBAETCS TeM, YTO H3oOpaxkeHHe KakIoH
TOYKH eCTh Ha caMoM JeJe AU(GpPaknvoHHOe MATHO KOHEYHBIX pPas-
MepoB. Ecaiu nIpy OlleHKe TOYHOCTH W3MepeHHs] Ax MCXOAHTh H3 pas-
MEpOB 3TOrO0 NATHA, TO Ax &~ A/sin0, rie A eCThb JAJIHHA BOJHBI
HCIOJb3yeMOro c¢Bera, a §—IIONOBHHA YyIJla pacrBopa IyuKa,
paccesHHOrO 3JIEKTPOHOM H c(HOKyCHPOBaHHOrO B MuKpockome. On-
HAKO paccesiHie CBEeTa IPOMUCXOJHT OTAe/bHBIMU KBAHTAMH ¥ CONPO-
BOXKJAETCA 9YacTHYHO HEKOHTPOJHMpyeMofl Tepenayell uMIyJbca
(apdexr Komnrona). DT1oT abdexT MuHHMAJEH, KOTla pacceuBae-
MBIl CBeT COZEpPXKHT TOJbKO OAMH (OTOH; HMIYJbC TOCTEIHero
¥MeeT TOYHO ONpeleJIeHHYI0 BeJuuuHy p == h/A, HO HampaBjeHHE

—_—3
Sy
—_—

—
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pacupocTpaHeHusl ONpeAessieTc TOJAbKO € TOYHOCTbIO A0 yrua 6.
HMnyabe, nepesaBaeMbifi 3JeKTPOHY, XapaKTepH3yeTcs INO3TOMY
HeonpenejeHHOCTbIO Ap & h sin 6/A. UeM Tounee u3MepeHue NOJO-
KeHus, TeM OoJsblle 3TOT 3ddeKT, # Mbl nO-IPEeKHEMY HMeeM
Ax-Ap ~ h.

Mo2xHO BO3pa3HTb, YTO TOYHOCTb H3MepeHHs x ONpefessieTcsi He
pasMepamu AMGPAKIHOHHOTO NATHA, a TOYHOCTbIO H3MepeHHs HeH-
Tpa 3TOr0 NATHA. DTa TOYHOCTL TeM OoJjiee BeJiHKa, yeM OoJibllle
yucao N GoToHOB, NPHHUMAIOWKX ydacTHe B oOpa30BaHHHM NSTHA.
[To 3akoHaM MaTeMaTHUECKOH CTATHCTHKH OLIMGKA NpH BBHIYHCJIEHHH

X NOMKHA GHTh B A/N pa3 MeHblle, ueM NPHBEICHHAS BLIIIE
1 A
A/N sinb ’
OnHako ecau mHepefaya HMIYJbCa KaxAbM (DOTOHOM XapaKTepH-
syeTcsl HeolpeleseHHoCcTbio (A sin 8/A), TO HEONPeNeNeHHOCTb B HM-

nyJbce, MepenaBaemom N doronamu, 6yseT B 4/N pas Gosblie
(cnoskeHne KBaApPaTHYHBIX omubOK), T. €.

Ap =~ z\/ﬁ% sin®.

Ax ~

CJle0BaTeJIbHO,
Ax-Ap =~ h.

§ 14. UsmepeHusa umMnyinca

AnajornynsiM 06pasoM HMIYJAbC YACTHIBl MOXeT @ priori GHTh
HamepeH c Jo00f Hanepeld 3afaHHOH TOYHOCTBIO, HO OIepaius
H3MepeHHsl BCerja CONPOBOXKAAETCA BO3MYIUEHHEM, KOTOPOE YBeJH-
YyyBAeT HeONpeJeJeHHOCTh B 3HAHHH KOOPAMHATH, H3Mepslomiel
NOJNOKeHyWe, TaK YTO COOTHOLIEHHsl Heonlpele/leHHOCTH BCEerAa BhI-
nosinensl. [Iokaxem 3T0 Ha ABYX IpHMepax.

a) Otkaonernue 8 maenuTHom nose. VMnyjbsc sapsikenHoll ya-
CTHLH OOBIYHO M3MeDPSeTcs N0 OTKJOHeHHWIO B NOCTOSTHHOM MATHHUT-
HoM ToJie. KoinuecTBO ABMIXKEHHUS p CBSI3AHO € PAJHYCOM KDHBH3HEI
R TpaeKkTOpHMM YACTHUIL XOPOIIO H3BECTHHIM COOTHOIIEHHEM

p=%%R’

riae o6 — BeJWYHHA MATHHTHOTO N0JS, a ¢ — 3apsij YacTHIHI.
HccnenyeM npouecc H3MePeHHS HMIYJbCA 3JEKTPOHA THM Me-
togoM. Ha puc. 20 npeacraBneHa cxema 3KcHepHMeHTa. DJeKTPOH
nonajaeT B [oJle MarHuta yepes auadpparmy A U IOKHIaeT ero
uepes auadparMy B mocse orkaonenus na 180° (stoT yroa otkijo-
HeHus BHGpaH Aas yao6cTBa paccyxAeHull). B mMoMenTt, nenocped-
CTEeHHO npeduwiecTsyrowjuil Hayady HsMepeHHs (T. e. Hemocpen-
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CTBEHHO Mepel NMPOXOXKAeHHeM AuadparMu), HanpaBjieHHe ABHXKe-
Hust (ocb Oy) ¥ KOOpPAMHATA 3JEKTPOHA B 3TOM HalpaBJeHUH
(Ay = 0) 1o DpeANOJIOXKEHHIO TOYHO H3BECTHB. IJTH HayaJbHBIC
YCJIOBHS py = p; =0, y == y4 B NPHUHUHUIIE BCerja MOryT OBITH pea-
JH30BaHBl ¢ MOMOIIBI0 KOJJIHMATOpa, CHabG:KeHHOro 06TIOPATOpOM
C JI0CTAaTOYHO KODOTKHM <«BpeMeHeM NponyckaHnusi». Paguyc Kpu-
BU3Hbl DaBeH TOJIOBUHE PACCTOSIHHS
Mexay ABYyMs AnadparMaMu: eciu
2d u 2d’ — COOTBeTCTBYIOLIHE
WUpUHH 3THX AHadparM, TO R
HaMepsieTcsl C TOYHOCTbIO A0 d -
+ d’. Taxum 00pasoM, uMIYJbC
3JEKTPOHA H3BECTEH €  TOYHO-
CThIO 10

jwmazz’mwm
Ap == 56(d+ d') =% (d + 2. T T d

VismepsieMOll B ONbITE BeJIHYH-
Hofi sIBJSETCS COCTaBJAIOMAS HM-
ny/abca B Hanpasjenud ocu Oy. [To-  Pne. 20, Usmepenne ummyssca
Ka)KeM, 4TO B pESYJ'IbTaTe I/ISMepe° METOAOM OTKJOHEeHHA B MAarHuTHOM
HuSl KOOpAMHATA 3JEKTPOHA y OY- none.
JAeT  XapaKTepH30BaTbCsl Heolpe-
nenenHoctbio Ay, npudem Ay-Ap > h. KsantoBnM 3tddekrom, cy-
HleCTBEHHLIM B 3TOM OmnHTe, fBJfeTcd AHGpaKUUs 3JeKTPOHHON
BOJIHB TIPH TPOXOXJAeHuHu Auadparmel A (unratenb Ges Tpysa yGe-
AATCS B TOM, 4To Audpakuus Ha auacdparMe B poam He Hrpaer).
Fcau 6n yKazaHHOro sddekra He OvlIO, TO MMIY/IbC 3JeKTPOHA
Ha BXole B obsacth HeHCTBHsS NOJs OB 6Bl CTPOrO HalpaBJ/ieH 10
Oy, nanee 3JeKTPOH ONHUCHIBaJ OBl NOJYKPYT, U BPeMs IBHXKEHHS
oT A x B, paBHoe numc/ed, He 3aBHceso OB OT BesivuuHH p. KBan-
ToBEH 30¢ekT AUbPAKUHH TIPHBOAUT K TOMY, 4TO YroJi MexXAay
HaOpaBjieHHeM HMMOyJbca Ha Bxode M ocbio Oy XapaxTepusyercs
HEONIPeACNEHHOCTBIO & =~ A/d == h/pd; TpPaekTopus 3/eKTpPOHA
(B NpUOJIHKEHHH TeOMETPHUYECKOH ONTHKH) €CThb Iyra OKPYXKHOCTH,
onpeaensieMas ¢ TOYHOCTbIO 40 20t; MOMEHT NpPHXOAA B B xapakre-
pH3yeTcsl HeONpeJeleHHOCTbIo Al = 2aumc/edt, a HEONpee/eHHOCT
Ay B p/m pas 60Jbllle, CIEAOBATENBHO

Ay =~ 2025 ~ 2h—imr.
Otcrona moayuaem
d,
Ay-dp~2n(14+5).

6) Croaxnosenue ¢ ¢poronom. Clleayiomuii MeTo] H3MEepeHHs
HMIyJbCa OCHOBAH HA H3Y4eHWH Npomecca CTOJKHOBeHHs paccmat-
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puBaeMofl YacTHUbI € JAPYroH dacTHIeH, Hampumep, ¢ (OTOHOM,
HAYaJbHBII HMINYJbC KOTOPOrO H3BEeCTEH TOYHO; H3MepsieTcss HUM-
nyJbC, NepelaBaeMBi NPH CTOJKHOBEHHH BTOpOR uacrume. Pac-
CMOTPHM 3JIEKTDOH M3 IpeAlllecTBYIOUMeH 3aAa4d ¢ HayaJbHHIMY
LARUBIMH py = p; = 0, y = ya. Jl19 onpeneseHus UMIyJbca 3JeK-
TpoHa py, Gylem o6JydyaThb €ro HAeasJbHO MOHOXPOMAaTHYECKHM CBe-

TOM YacCTOTHl Vv, PaclpoCTpaHsIO-

‘ myMcs TapaaselbHO OCH Y.
l OnvH U3 CBETOBHIX (POTOHOB HC+

z ¥ g NHTHIBaeT KOMITOHOBCKOE CTOJK»
HOBeHyYe W H3MepsieTcHd €ero Ko-

Ve by HeyHbi#i amnyjbe, Urobu ympo-

CTUTb pacCyxkJeHus, npelloJso-
JKHM, YTO KOHEUHHH HMIyJbe
- ($hoToHA TaKKe NapajyeseH OCH
Yy, HO HampaBJleH B [POTHBONO-
Puc. 21. Hsmepenne mmmyanca saek- JOKHYIO CTOpoHy (pHc. 21).
TPOHa MpH KOMNTOHOBCKOM CroskHOBe-  [JycTh v/ — yacTtoTa ¢$oroHa noc-
HUA ¢ doToHoM. CxeMa CTOJKHOBEHH: /1€ CTOJKHOBEHHSI; T€OpHs KOMI-
TOHOBCKOTO pAacCCessHH NO3BO-
JIleT BbIPA3HThb HAYAJbHHLIH p U KOHEYHBIH p’ HMIYJbCH 3JEKTPOHA
uepe3 gacrothl v H V. Ilpeanosioxum, 410 peanusyloTcs yCaoBHS
HepeNATHBHCTCKOrO NpHOAMKeHHs (p, p’ K mc u v, vV K mc?/h).
B pesyanaTe BLIYHCJIEHUA HaXQLUM

n
—-+

p= mcv +v 20 v +wv), p =mc - +v_ (v +v),

NpHYEM TOYHOCTh ONpPejesleHHs HTHX BEJIHYUH CBA3aHA C TOYHOCTHIO
onpejeseHus] v/ COOTHOIIEHHEM
A 4

Ap =~ Ap’ ~Me

TTonokenne y SJMeKTPOHA TOCHe H3MEPEHHS MOXeT 6HITh BEI-
YHCJIEHO, MCXOAS M3 TOTO, YTO B HadyaJlbHBIA MOMEHT Y == ya, CKO-
POCTb 3JIEKTPOHA 1O CTOJIKHOBEHHS PaBHa p/m, a mocje CTOJKHO-
Benusi p’/m. Ecan mosoxeHwe u HMOyJIbC paccesiHHOro ¢oroxa
MOKHO OblIO Gbl MSMEDHTh OJHOBPEMEHHO ¢ O0JbILIOH TOYHOCTHIO,
1o Ow1 6Bl CTPOrO OmpejiejieH ¥ MOMEHT CTOJKHOBEHHs, a TOrJa
HEONPEJeJEHHOSTH B 3HAYeHWsAX p H y Morau Obnl ObiTh CAEJIAHBI
OJIHOBPEMELRO CKOMb  YIOAHO MAalBIMH. UnutaTesb TNPOBEPHT 3TO
6es Tpyaa. Oprako wusMepeHwe v’ ecTb H3MEPEHHE 4YacTOThI;
yem TOYHEE 3TO H3MepeHue, TeM GOJiblile HEOTPECIEHHOCTH B ONpe-
NeJleHHH MOMEHTa TpPOXOXKAeHHss (OTOHOM KakKO#-iubo TOUYKH, B
YaCTHOCTH B ONpEJeIeHHH MOMEHTa CTOJKHOBeHHs: Av At>1
B ro :xe BpeMsi HeONpPeJeseHHOCTb Ay B IIOJIOXKEHHH 3JI€KTPOHA
nocje CTOJKHOBEHHs paBHa 110 MeHblleli Mepe npousBeieHuio Af



§ 15. IPOBJIEMbl CTATHCTUYECKOYI UHTEPMPETAUWY 149

Ha u3MeHeHHe CKOPOCTH, T. C.

lp—p'| _ h v+
TmAY T me T AV ?
uto paet Ay-Ap v Ay-Ap” > h.

B srofi u3MepuTeJbHOH oNepauMu, KakK H B NpeAllecTBYIOmEN,
13MepsieMasl BeJMUYMHA py CaMa MeHsieTCs B NIPOILecCe H3MepeHHS.
AT0 usmexeHue He caedyeT CMEUUBATL C HenpedcKa3yemvim U He-
KOKRTPOAUDYEMEIM  BO3MYLYERUEM, UCNOITHLBACMOIM CUCTEMOL nNpU
uamepenuu, JlefAcTBUTENbHO, YKa3aHHOE HAMEHEHHE M3BECTHO TOUYHO,
BO BCSIKOM CJiydae 3HA4YeHHs p U p’ BeJHUYHMHBI p, N0 # HOCJHE CTOJK-
HOBEHHSI H3BeCTHHl ¢ OJMHAKOBOH TOYHOCTBIO, KOTOpAsi MOXKeT OHITH
clejlana CKoJb YroAno 60Jbllof. HanpoTus, BBUAY HEBO3MOXKHOCTH
HpelcKa3aTh H KOHTPOJHPOBATh BO3MYILEHHe, HCIILITHIBAEMOE YACTH-
Hel NPH OCYIIECTBJEHHH M3MepeHHs (HEeOIpeneJeHHOCTh B oNpene-
JeHUH MOMeHTa Nlepellaud WMAyJbCa H 3HEPruu), BeJHYHHA Yy Hocje
CTOJIKHOBEHHs H3BECTHA TOJBKO C HeOmpejAeseHHOCTBIO Ay, mpHuem
aTa HeoNpeJeJeHHOCTh TeM 00Jibllle, YeM TOYHee H3MePeHHe p.

[lonuepkuem emie pa3 yHHBepCaJbHOCTb XapaKTepa COOTHOIe-
Hufl HeompenedeHHoCTH. [leficTBHTENBHO, 4TO GBI NPOH3OLLIO, eC/IH
BeJHUYMHA KBaHTa AeAcTBHA AJs (OTOHOB Onljla 6B paBHA HEKOTO-
poit BequuuHe f’, 3HayuTeNbHO MeHbIed hH? Bce Hamm paccyxie-
HHSI OTHOCHTEJILHO M3MepeHHs THNA 6) MOXHO Obi10 6Bl HOBTODHTH,
saMensis BCOAY fi Ha K’; 3T0 npuBeJo OBl HAC K COOTHOIIEHHIO
Ay-Ap” =~ B < h. COoOTHOLIECHHS HeONPeJeJleHHOCTH OKa3asuch Ol
HapyIIeHHbIMA H BCS Da3BHBaeMasi HAMH CTATHCTHYecKas WHTepIpe-
Tanus TEOpHH Npuma Obl B OPOTHBOPedYHe C ONBITOM,

0O6a merona u3MepeHHsl HMIYJabca, obcyzk/AaBiuyecs Bhlllle, Tpe-
6yIOT HEKOTOPOro BPEMEeHHOro HHTepBasja. DTOT HHTEPBaJ MOXKeT
6biTh BOOGMIE FOBOPS YMeHblileH (OPH YBeJHYeHHH NOJS J6 B mep-
BOM CJiydae, TIPH YBeJHYeHHMH YacTOTHl v BO BTOPOM; CM. 3ajauy 7)
6e3 u3MeHeHHs] TOYHOCTH HM3MmepeHus p,. Ho xax 6w To Hu 6bljO,
BEPOATHOCTH, omnpejefeHHne B §§ 2, 5, BBUUCIAIOTCH € NOMOIIBIO
BOJIHOBON (yHKuMH, 3afiaHHOH B MomeHT BpeMenu f. [lockosbky
caM0 HM3MepeHHe He MIHOBeHHO, cjellyeT TOYHO ONpedeJHTb 3TOT
MOMGHT BPEMEHU: ! eCT6 MOMEHT HA4AAQ U3MEPEHUs, TaK 4To pac-
npejiesieHde BeposiTHocTell, AaHHoe B § 2 (ypaBHenue (6)) otHoO-
CHTCS K MMIOYJBCY Py, T. €. K UMIYJBCY /0 H3MepeHHs.

Ay =

Pasnen IV. ONMUCAHHUE SABJEHUHA B KBAHTOBOW TEOPUMH.
JONOJHUTEJBHOCTh U NPHUYHHHOCTD

§ 15. MpoGaeMbl CTATHCTUUECKOH HHTEPNPETALHH

HecomHueHHo, 4T0 NpelcTaBeHye COCTOAHUSI KBAHTOBOH CHCTEMB
BOJIHOBOH ¢dyuknuell nmeer aGCTpPaKTHBIH XapakTep, a CTaTHCTHYe-
.CKasi HHTepIpeTalHs TEOPUH € TPYAOM INOANAETC HHTYHTHBHOMY
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Bocnpusitiio. OlHAaKO MONHTKH ONHCAHHS MHUKDOCKONMYECKHX fIBJie-
HH{i Ha OcHOBe 6o0Jiee KOHKPETHHIX M HHTYHTHBHO SCHHIX MOAejedl
Hen3BeXHO CTaJKUBAIOTCA ¢ PAAOM NPOTHBOPEYHi.

Paccmorpum, HanpuMmep, atoM reaus. HTo6bH He YCIQXKHATH
KapTHHH, NONYCTHM, 4TO fAPO aToMa HEMOABHXKHO ¥ Macca ero
OeCKOHEYHO BeJIHKa. DT0 3HAYHT, YTO MBI TPAaKTyeM AaToM Kak
CHCTEMY, COCTOSIUIYIO W3 JABYX 3JEKTPOHOB ¢ BOJIHOBOH (yHKuMeH
W (ry,ry; ). Ilpome Bcero npeicraBHTh ceGe ABe KOPNyCKyan (ABa
3JIeKTpOHA), ABHXKYlHecd 6oJjiee HIH MeHee CJOXHBIM o00pasoMm
BOKPYT MaccuBHOro siapa. OjHako npH 3TOM ToJApasyMeBaeTrcs, UTO
Kax b 3JIeKTPOH CJeLyeT BIOJIHE ONpe/esleHHON TPaeKTOPHH, B TO
BpeMsi Kak BoJHOBas ¢yHkuua W mo3BojseT HaM HaHTH TOJBKO
CTaTHCTHUECKOE paclpejeieHHe KOODAHHAT INIPH H3MePeHHH NO0JoO-
KeHHsI H CTATHCTHYECKOE paclpefelleHHe COCTaBAAIOMIHX  HM-
nyJbCa TPH H3MEPEHHH HMINyJabca. ITOCKOABKY Mbl AONYCTHJH, 4TO
JHUHAMHYECKOE COCTOSIHME aTOMa IOJIHOCTBIO OINpelensiercs BOJHO-
Rofl (yHKnuelr ¥, HenabexkeH BBHIBOA, YTO KODIYCKYJADHAA MGAE/b
aroMa YacTHYHO HeBepHa. MoxHO, Hao6opoT, MblcauTE cebe nBa
3JIEKTPOHA KaK HeNpeDhIBHOE paclpejeseHHe JeKTPHUECTBA B IpO-
CTPAHCTBE, OKPY)XKaloWleM $APO, HJH, Jydylle, KaK HeNPepHBHYIO
BOJIHY, «3apsiKeHHyO» ajeKrpuuecTBoM. Ho sta KapruHa Takxke He
¢BoOOIHA OT TpyaHocTed. Bo-nepsrx, BonHa W ompesaesiena B KoH-
¢urypauuonHom, a He B OOBIYHOM TPeXMepPHOM INpPOCTPAHCTBe, NO-
9TOMY OHA He MOXer OHTb OTOXJAEeCTBJIeHAa ¢ TOH KOHKpeTHOH
BOJIHOH, 0 KOTOPOH MBI roBOpuM. TOYHOE ONpelesieHne 3TOH Nochen-
Hefl ecTh 3ajada, A0 CUX TOp He TOJYYWBIIAd CBOEro pelneHHus.
Bo-BTOpHX, 06pa3 HelpepbiBHOH BOJIHBL He MOXKeT OHTh COrjlacoBaH
¢ HEKOTOPHIMH fIBJIEHHAMH, TaKHMM Kak HOHHM3allus aroMa, riae
nposiBJAsieTcs CYIeCTBOBAHHE OTAEJbHHX M B KaKOH-TO Mepe Jio-
KajlH30BAHHBIX KOPIYCKYJI.

Pasymeercss HHYTO He AOKA3bIBaeT, YTO COIJIACOBAHHOE M BIOJIHE
npeaMeTHOe NIPEACTaBJeHHe MHKPOCKONHUECKHX SBJICHHA HE MOXeT
6uth chopMmyiaupoBaHo. Tem He MeHee, A0 CHX TIOpP HHKOMY He
yAajnoch 3TOro caenarb. Bnpouewm, cieayer oTaaBaTh cebe oTyer
B TOM, UTO C TOYKH 3DeHHs JIOTHKH 0oJee uld MeHee abCTpaKTHEIE
KOHUeNlnH (GH3HYecKoll TeOpHH BOBCe He 00513aHbl BeIPaXKaThcsd Ha
KOHKPETHOM s3blKe. Bcsl Hama MHTYMEIMS, BCe Hallle 4YBCTBO KOH-
KPEeTHOTO OCHOBHIBAIOTCS HA KaXJOJAHEBHOM ONbITe, ¥ NOHITHS H
o6pash, HCNOMb3yeMble /51 KOHKPETHOrO ONHCAHHS sIBJEeHHS, KaKuM
66 OHO HH OBIJIO, TakKiKe B3AThl H3 3TOro omnbita, Her Hukaxux
OCHOBaHHH AyMaTh, 4TO SI3bIK TaKHX NOHATHH MOXeT ObiTh Ge3 mpo-
THBOPEUHH MCIOJIb30BAH JJIsl ONHCAHAA ABJIEHHH MHKPOCKOIHYECKOR
(u3NKH, CTOJb YAAJEHHBIX OT MOBCEAHEBHOTO ONBITA. JTH SIBJeHHA
AA10T TOJMBKO OJHH TpHMep NMoJA0OGHBIX TPyAHOCTeH. AHAJOTHYHBIM
06pa3oM HEKOTOpHle DPe3y/bTaThl TeOPHH OTHOCHTENbHOCTH TaKxke
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OpPOTHBOpeHaT Haled HHTYHUHH ®), TakoBH, HalpuMep, ABIEHHU:A
COKpallleHHsl IJIMH H PacTSAKEeHHs BpeMeHH, Korja OTHOCHTeJbHad
CKOPOCTb JBYX CHCTeM OTcyeTa OJH3Ka K CKOPOCTH cBeTa c. He
yAHBHTEJNbHO IIO3TOMY, YTO KOHKpDeTHble 06pashl MHKPOCKOIHUECKHX
ABJEHUA NIPH HX MOCJAeN0BaTeNbHOM Da3BUTHH NPHBOAAT K MPOTUBO-
peunsM H InapalIoKcaMm.

[Tosesno B 3TOH CBASH OTMETHTb AHAJOTHIO MEXIY DOJIbIO MO-
crosinHofi [lnanka A B KBaHTOBOf TeOPHH H POJbIO NOCTOSHHOH €
B TEOPHH OTHOCHTEJBHOCTH. TOT ¢akKT, 9T0 CKOPOCTH CBETAa C KO-
HeYHa, NMPUBOAUT K NEPeCMOTPY NOHATHS OJLHOBPEMEHHOCTH M Orpa-
HHY¥BaeT HO3TOMY 00JacTb HPHUMEHHMOCTH MeXaHuKH HpbioTona.
AHajorugHo TOT (akT, 4YTO MOCTOAHHAaA h KOoHeuHa (a He paBHa
HYJII0), MPHBOAHT K IEePECMOTPY HNOHATHS OZHOBPEMEHHBIX U3Mepe-
HU# W orpaHHunBaeT 06/1aCThb NPHMEHHMOCTH KJIACCHYECKOH TEOPHHU.
KongpeTHble 06pa3bl W3 Hauwero MNOBCEJHEBHOTO OMBITA OTHOCATCS
K MUPY, Tle ¢ KaxeTcsi OeckoHeuHOH, a h KaxeTcss paBHOH HYJIO,
MO3TOMY OHH He MOTYT OBITb NepeHeceHH KaK TaKoBuie B 06J1acTsb,
rle TO WIH MHOE U3 3THX NPUb/UXKEHHH TepdeT CHJIY.

TakuM 06pa3oM, OTCYTCTBHE B KBAHTOBOH TEOpPHH HArJISAHOTO
HpenCcTaBleHHs ABJeHHAH HH B KOefl Mepe He MOXeT paccMaTpu-
BaThCcsi KaK HegocTaToK Teopud. OpHAKO KBaHTOBAs TEOPHS MOXET
OBITb NOABEPTHYTAa KPHUTHKE C APYrHX HO3HIHKA.

Bonpoc B TOM, OTBeuaeT JIi ONHCaHHe ABJEHUH B KBAHTOBOH
TeOpHH TeM TpebGOBaHHAM, KOTOPHE MHl BIpaBe NPENBABHTH KO
BHOOJIHE YIOBJIETBOpUTENbHON Teopuu? IlepBoe TpeGoBaHHE K TeO-
pHH, KOHEYHO, COCTOHT B TOM, YTOOH ee NpelCKa3aHHs COTJIACOBHI-
BaJuChb C 3KCIEpPUMEHTaJbHBIMH HaOJIOJeHHAMH; COBEPHIEHHO oue-
BHJHO, 4TO KBAHTOBAas TEOPHA YIOBJETBODPSET 3TOMY TPeGOBaHHIO,
BO BCAKOM cCJyuae B OOJIaCTH aTOMHOH M MOJEKYJAPHOH (H3uKH.
Ho dusnueckas teopuqa He MOxeT IPETEHLOBaTb Ha HOAHOTY, eClH
OHa OrpaHHuU¥BaeTcs TOJbKO NpeICKa3saHHAMH pe3yJbTaTOB TOFO
HJI¥ MHOTO 3KcHepuMeHTa. B HauaJie BCAKOA Hay4HOH TEOPHH JIEXKHT
dbynnaMeHTaAbHBIA I[OCTYyJAT, 4TO Npupojga o6GaajgaeT OOBEKTUB-
HOH peasibHOCThIO, He 3aBHCALIEH OT HAalIMX YyBCTBEHHBIX BOCNpHSI-
THH WM METOJOB HCCJAeNOBaHHSA, LENbI0 BCAKOH (H3IHUECKOH Teo-
paH ABJAETCH ajeKBaTHOE OTpaxeHdHe 3TOHA OOBEKTHBHOA peallb-
HOCTH.

OnHako Bce BbIBOJH KBaHTOBOH TeODHH Beerla BhIPaXaloTcs B
topMe: «BHINOJNHASA TO WM HHOe HabJIONEHHe, Mbl HOJYUHM TOT
HJIM WHOM pe3ysibTaT». 3aKOHHO MOCTaBHTb BONPOC, AaeT JH KBaHTO-
Basi TEOPHs MOJHOEe ONmHCaHue OOBHEKTHBHOM peaJbHOCTH?

8) Ilpumepn OPOTHBOpEYHNl MEXKIY 4EJNOBEUECKOf HHTYHIHER M OTKPHITHAMHU
GbusHKM rOpa3sfo crapmie TEOPHH OTHOCHTEJBHOCTH (BCIOMHHM TaJHJeeBCKOe
«a BCe-Takd OHa BepTHTCA» H T. L.).
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Bonpoc aror teM 6oJiee 060OCHOBAH, 4TO MpeACKa3aHHA TEOPHH
MMEIOT CTATHCTHYECKYIO IpHPoLy. B KiaaccHueCKofl TeOpHH K craTH-
CTHUECKHM MeTonaM npuberaioT B TeX Cjayuasx, Korga uHdopmanus,
KOTOPOH MH 06jtagaeM OTHOCHTEJbHO H3yuaeMbIX CHCTEM, ABJAETCS
HenoJHOH. KoHuemuuu KaacCHuecKodl CTaTHCTHUECKOH TeOpHH He
TMO3BOJISIIOT AaTh MOJHOE ONHCaHHWe OOBEKTHUBHOH pealbHOCTH, OHH
TI03BOJIAIOT TOJILKO MOJYYHTb HEKOTODLIE€ CpellHHe BeJHYHHBI M He-
KOTOpBIE De3YJIbTaThl, Kacamwlluecd HCCAELyeMbIX (DH3HUECKHX CH-
C€TeM, HeCMOTPA Ha HeIOCTAaTOK CBeNEHWH OTHOCHTENBLHO 3THX CH-
¢TeM. DTH Pe3yJbTaTH, CTPOrO FOBOPHA, HENPHMEHHMH K OTAEJABHOMN
cHCTeME, OHM OTHOCSITCA K aHCaMG6./10 M3 OueHb GOJABHIOrO uucaa S
ONMHAKOBBIX U HE3aBHCHMBIX CHCTEM. AHaJOrHyHBIM 06pa30M KBaH-
TOBasl TEOPHA B ObOLIeM CJyuae He JaeT C JOCTOBEPHOCTHIO Pe3yJb-
TaT TOTO WJM HHOIrO H3MepeHHs B OT/EJbHOM cHCTeMe, OH4 HaeT
CTATHCTHYECKOE pacnpefeseHde pe3yJabTaTOB, MOJyYaeMbIX MPH
TIOBTOPEHHH TOrO e CaMOro H3MepeHHSI Ha COBOKYIIHOCTH Ou€Hb
foaplIoro umcaa J¥ CHCTeM, NpeACTaBASeMbIX OLHOH BOJHOBORM
¢yHKIHER. ’

HanpawusaeTcs BbIBOJA, 4TO KBAHTOBas TeOPHA JaeT KOPPEKT-
HOe OMNHCaHWe CTATHCTHUECKHX aHcaMOJel CHCTeM U3 MHKDPOCKOMH-
yecKHX 0OBEKTOB, HO He MOMKET NPEeTeH/0BaTh Ha MOJHOE OMHCaHHe
KaxKIoH CHCTeMbl, B34TOH B oOTHedbHOCTH. CorsiacHo 3TOH TOUKHU
3peHus, 3HAHHA BOJHOBOH (YHKIHM HEAOCTATOUHO [JIf MOJHOTO
ONUCAHHA JAHHAMUYECKOrO COCTOAHHUA OTIeabHOH ¢usnueckod cu-
cremsl. Jlna sToro norpe6osasiock O6bl HEKOTOPOE HHUCJO AOMOJIHH-
TEJbHHX [aHHBIX, KOTODBIE MBI HE MOMKeM [OJYUUTh BBHAY Heco-
BepUIEHCTBA HAlIHX cPeACTB HabJawoneHHd. [[pyrumMu cioBamu, nHHa-
MHUYECKOE COCTOSAHHE (DH3HUECKOH CHCTEMB! JOMKHO ONpPeesiThCS
B KaxKABIA MOMEHT BPeMeHH HEKOTOPHIM UHCJAOM CKPOITHLX NAPAMET-
po8, 3BOMIOIMA KOTOPHIX BO BPeMeHH OMNpeJesiseTcsl CTPOrHMH 3aKOo-
Hamu. HeBO3MOXKHOCTb NpPe/CKa3aTh € NOCTOBEPHOCTBHIO PE3YJAbTAThLI
JAHHOTO H3MepeHust o6ycoBjdeHa HEBO3MOXKHOCTBIO Y3HATb TOUHBIE
3HAUEHHS] 3THX CKPBITBIX NMapaMeTpos. BosaHoBas (yHKuud, ciaeno-
BaTeJbHO, He INpe[CcTaBaseT OODBEKTHBHOE COCTOSIHHE H3yuaeMoH
CHCTEMBI, 3TO CKOpee MaTemaTHuecKUH OOBeKT, colep:kamufi BCio
TY HEeNoJHYI HWHGPOPMAIHIO, KOTOPYIO MBI HMeeM OTHOCHTEJIBbHO
CHCTEMBI.

XoTa 3TO MHeHHe BIoJHE MOXKHO 3alMlaTh, B HacTosllee
BpeMsl HauboJblllee pacIpOCTPAHEHHE WMeeT TOYKA 3peHus, CO-
[JIaCHO KOTOPOH KBAHTOBAafl TEOPHS N aeT NOJHOe ONUCAHHE ABJEeHHH
npapoinl (cM. cHOcKy Ha crp. 57). Ilpu 3ToM OCHOBHIBAIOTCH Ha
anafnuse, KOTOpnlM Mb o6g3annl Bopy (1927), ocobbix ycjaoBuit
BHIIONHEHHS HaOMI0AeHU B MHKPOMHpe, & TaKXe Ha o6uieM MpuH-
1HNe, BEITEKAIOUEM M3 3TOTO aHAaJH3a, — MPUHIANE JONOJHHTEJb-
HOCTIL
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§ 16. OnucaHne MHKPOCKONMHYECKHX SIBJEHHMH
H RONOJHHUTEJbHOCTD

Besikoe onmucaHue MNPUPOJHBIX ABJAEHUH — NIPH NOJHOM IpHU3Ha-
HHY HX OOBEKTHBHOH peaJbHOCTH— HeH30eXHO Ha HEKOTOPOM .
sTajle BKJIIOYaeT pacCMOTPeHHe pe3yabTaTOB HalOMOJeHHA 3THX
aBjeHufi. MeXAy TeM, H B 3TOM COCTOHT NepBoe 3aMeuaHne bBopa,
Kak Ol HM OBUIO JateKO OT KJAaCCHYeCKOH MeXaHHKH H3ydyaeMoe
ABJeHHe, JJs ero OMHUCAHHS MBI BBIHYXJAEHH HCIOJb30BaTh KJacCH-
YeCKy10 TepMHHOJIOTHIO. [leACTBHTEIBHO, AaThb OTYET O HEKOTOPOM
ONbITE, 3HAUHT ONHCATb HEJBYCMBICIEHHO YCJIOBHS 3KCHEPDHMEHTa H
pe3yJbTaThl HaGJIOAeHHH, YKa3aB, HanpUMep, 4TO «JaHHas CTpeJKa
B TAKOH-TO MOMEHT BpeMeHH OCTAaHOBHJACh y TAKOro-TO JAeJEHHS
mkaap». OCoGeHHO BaKHO OTMETHTh HEOOXOAHMMOCTb HCIOJb30Ba-
HHSI TOUHOT'O f13biKa 6e3 KakKuX-Ju00 3/7eMEeHTOB HeyBePeHHOCTH CO
cTopoHnl HaGmiofateis. ITO COBeplleHHO HeoOXOAHMO, TaK Kak
ONBIT JO/XKeH ObITb BOCIPOH3BOJAHM, @ €ro TeUeHHe U DPe3y/bTaTH
JIOJIKHB OCTAaBaThCsl HE3aBUCHMBIMH OT HalJojares.

OnHAaKO Ha MUKPOCKONUYECKOM YPOBHE Mbl HE MONCEM NpPOBECTU
CTPO2020 PA3AUdUL MeHDY NPUPOOHbIM SABACHUEM U UHCTPYMEHTOM,
cayrcawum 043 eeo Habarodenus, pa3iuyusd, KOTOPOe MOApasyme-
BaeT OOBIUHOE MpelcTaBieHne 0 HaOmogeHHH. OnucbHBaThb O6BEKT
¥ IpH6GODP KaK pas/HuHble CYHMHOCTH MOXKHO TOJIbKO B TOM NpeJeiib-
HOM CJydYae, KOrja BeJHUYHHY KBaHTa NEeHCTBHA A MOXKHO CUHTATh
6eCKOHEUHO MaJoH. DTO OTPaHHUHBAET BO3MOXKHOCTH OUHCAHHA H©
aHajdH3a H3yuaeMOro sBJEHHS Ha KJjaccHueckom dAsbike. Jliobasg
MOMBITKA PaclpOCTPAHHUTh aHAJH3 33 3TH TPaHHUB TpebyeT MOAH-
dHKalLMKH U3MEDPHTEJIbHOA TEXHHKH M CaMHX YCJIOBHH JKCIEePHMEHTa,
a 3TO BBOAHT HOBHE€ BO3MOMHOCTH B3auMOJEHACTBHH MeX1y oObek-
TaM{ H npubopoM.

BeJeICTBHE BTOrO, pe3yAsTars. Habawodexull, noAy4eHHoie &
DA3BAUUHBLY YCAOBUSX ONbGITA, He MO2yT BbiTo coBMewersl 8 eOurol
kaprune sssenus. OHH LOJNNKHBI PaccMaTPUBATBLCSA KaK JOMOMHSAIO-
mHe APYr APYra B TOM CMBICJAE, YTO TOJBKO BCSA COBOKYIHOCTD
pa3MYHBIX SKCMCPHMEHTOB HCUeplbiBaeT BO3ZMOXKHOCTb MOJYUYEHHS
AH(GOPMALMH OTHOCHTEILHO CBOHCTB OOBEKTOB MHKPOCKOTHYECKOH
($u3HKH.

§ 17. JonoanuTeapHbie nepeMeHHbIE,
‘CoBMeCTHBIE TEPEMERHbIE

Onucanyie aBJeHHH MHKPOCKOMHYECKOH (DH3MKH OCYIUECTBJSETCsE
Ha OCHOBE JONOJHUTENbHBIX 3JEMEHTOB, T. €. HJIEMEHTOB, JONOIHSI0-
IHX JpYr APyra NPH COCTaBJEHWH K/IaCCHYECKOA KapTHHBI sBJe-
HHsl, HO OMpEJe/IsIEMBIX C HOMOMIbIO B3aHMOHCK/IIOUAIIIHX SKCiepi-
MeHTaJIbHBIX YCTPOHACTB.
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Koopaunara x # umiyJsc p o6pasyioT mapy AOMOJHHTENbHHIX
3JIeMEHTOB B YKa3aHHOM Bbinle CMBIC/e. TOuHBIe H3MEDEHHS X H
TpebyioT HCIIOJIb30BaHHSA HECOBMECTHMBIX M3MepHTEeIbHBIX
YCTPOHCTB, TaK YTO OJHOBPEMEHHOE H3MepeHHe 3THX IBYX Be/HYHH
He MOMXeT OBITb OCYUIECTBJIEHO C TOYHOCTBIO [NpeBHILAOLIeH
Ax-Ap = B. d10 caenyer u3 uanoxenHoro B §§ 13 u 14 marepuasa.
B2aHMOHCK/IIYAIOMMA XapaKTep 3KCNepUMEHTaJbHbIX YCTPOHCTB,
CAyXall¥uX 1JA H3MePeHHs X U p, 0COOEHHO XOPOUIO MPOSIBJAAETCS
B clyyae u3mepenufi ¢ auapparmoin (§ 13,a). Huadparma, mnpu-
MeHABHIAACA NJIA H3MEPEHUS MOJIOXKEHHS 3JEKTPOHA, MOXKeT ObiTb
HCIOJIb30BaHA ¥ AJIS1 H3MePEeHHS HMMOyJabca: AJS 3TOTO AOCTATOUHO
ONnpeljeJHTb HMIYJbC, IliepelaBaeMHIl 3KpaHYy IIPH CTOJIKHOBEHHUM
¢ 3JekrpoHoMm. Ho mockonbky ancam6iap 3JeKTPOH + 3KpaH ofpa-
3yeT Helle/lUMYIO0 KBAHTOBYIO CHCTEMY H HET BO3MOMKHOCTH TMPOBECTH
CTPOroe pasJjinyHe MEXAY COCTABJASIOIUHMH YAaCTAMH, HeJb3sl HC-
[0Jib30Balb KJIACCHUECKHHA $3HIK ¥ TOBOPHTb O He3aBHCHMOH 3BOJIO-
LHH 3JeKTPOHa (H3MepsieMas CHCTeMa) U dKpaHa (H3MEPHTENLHBI
HHCTDYMEHT), He [HONyCKad, YTO HX B3aWMOAEHCTBHE HMeeT He-
KOHTpPOJNIHpYeMbIfl XapakTep. Ec/u Mbl XOTHM 3HAaThb X C TOYHOCTBIO
Ax, ToO MB He B COCTOSIHHMH KOHTPOJMPOBAaTb Nepefauy MMIYJbca
3KpaHy ¢ TOUHOCTbIO, IpeBbilialomier h/Ax. Ecau xe Mbl xelaem
43MEPHUTb p ¢ TOYHOCTbIO Op u cHabxkaeM 3KpaH BCeMH HeOOXOMH-
MBIMH MNPHCNOCOONEHHAMHU JJI1 TOYHOTO H3MEDPEHHS MepelaBaeMoro
HMIyJibCa, TO OKa3hiBA€TCH HEBO3MOXKHBIM KOHTPOJHPOBATL MOJO-
XeHHe 5KpPaHa ¢ TOYHOCThIO, NpeBrIlaoIel f/8p, uTO OrpaHudYnBaeT
Hamu cBeleHus o6 x (cMm. 3agauy 10).

ToBOPAT, 4TO X U p 06pa3yOT Napy OONOAHUTEAbHbLX NePeMeH-
Hotx. CaM OpUHIMI AONOJHUTEABHOCTH YaCTO BHIPAXKAlOT B Cle-
Aywouiedt, 6oJee cTporoft popme:

onucanue Guaudeckux CcB0HCT8 MUKPOCKONUY4ECKUX O0BEKTO8
Ha Kaaccudeckom A3vike TpebyeT UCNOAb308AHUSL nap O0nOAHU-
TeAbHbIX Nepemennbix, npuvem Kaxcdeill waien napet onpedensercs
Tes TOUHee, 4em MeHee TOUHO onpedeinercs Opy2oll.

Ota (oOpMy/JHpPOBKA MNOAYEPKHBAET TIJIaBHOE OTIHYHE MEXAY
KBaHTOBOH H KJACCHYECKOH MeXaHHKOH, a HMEHHO, TOT (akT, uTo
Bce JMHaMMuecKHe nepeMeHHble KBAHTOBOH CHCTEMbl HE MOTYT OHITb
ONHOBPEMEHHO ONpe/eNeHs ¢ HAeadbHON TOUHOCTHIO.

Mbl ckaxeM, uTO JBe JHHAMHueCKHe MepeMeHHble ABJAIOTCH
COBMECTHbIMU, €CAH OHH MOTYT OBLITb OJHOBPEMEHHO TOUHO OMNpe-
Jedenn. B ra. V MH yBHAHM, 4TO B camMoM oOlIeM ciydae jse
COBMECTHble MePeMeHHble NPeCTaBAAIOTCd KOMMYTHPYIOUIHMH JIH-
HeHHBIME onepaTopaMi. Tak, KOODAHHATH YaCTHIB X U Y ABJIAIOTCA
COBMECTHBIMHM HepemeHHbIMH. Oco6eHHO BaXHYI0 pOJNb HTPAIOT
NOAHble HABOPBL COBMECTHOLX NepemenHsix a, b, ¢ ... ; OHH cocTaBb-
JieHH W3 JIONAaPHO COBMECTHBIX NepeMeHHBIX ¥ 00/MaJaloT TeM CBOH-
CTBOM, 4YTO Jwobas Apyrasd nepeMeHHas, COBMecCTHasi C KaxKIo#t
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nepemMeHHOl Habopa, sABJAdeTcA (YHKUMeH =v¥uX HepeMeHHbIX
fla, b, ¢;...). PaccmoTpEM B KauecTBe IpuMepa KBaHTOBYIO CH-
CTEMY, COCTOSINIYI0 M3 OAHOM uacTHIbl. TPH NepeMeHHEIX MOJIOXKEHHs
X, Y, 2 06pa3yioT NoJHbIA Habop COBMECTHHX NepeMeHHBbIX. [leACTBH-
TeJIbHO, BCE TP 3TH MepeMeHHble MOTYT OHITb ONHOBPEMEHHO H3Me-
pensl. [lanee, Bcsikass AHHAMHYeCKas MepeMeHHas fBJAETCH HEKOTO-
poii GyHKuUHEH X, Y, 2 H Dx, Py, Pz, HO COBMECTHBIMH C X, y, 2 OyAyT
TOJIbKO T€ JIepeMEHHble, KOTODhle He 3aBHCAT OT Py, Py, Pz, TAK KakK
KaXkflasg M3 ITHX HOCJeJHUX BeJHUHH HEeCOBMECTHA C X, Y, 2 COOT-
BetcTBeHHO. Takum o6pasom, O6WMA BHA AMHAMHYECKOH NepeMeH-
woil, COBMeCTHOM C X, Y, 2, ectb F(x, y, 2). [lepemennnie x, y, 2
of6pasyoT noJHbifi HaboOp, TO K€ CaMoe MOXHO CKa3aTb OTHOCH-
TEJNBHO MEePEMEHHbIX Py, Y, P- (3alaHHe 3TUX TPE¥ MNepeMEHHBIX
HOJIHOCTBIO ONPeAe/Is0 JHHAMHUECKOe COCTOSIHHE CHCTEMB! JO H3Me-
penusi B npumepax § 14). TouHoe uamepenue nojHoro Habopa cos-
MECTHBIX IepeMeHHBIX CHCTeMBl NaeT TOT MAKCUmMym ungopmayuu
0 cucreMme, KOTOpbIH BOOOUIEe MOMKHO

NOJYYHTb., ITO H3MEpeHHE MOJHOCTBIO
onpefiesigeT AUHAMHYECKOE COCTOSIHHE

CHCTEMBI; €MY COOTBETCTBYeT oOlpe- §
IedeHHass BoJHOBag (yHKuusa. Mol d
BepHeMCA K 3TOMY BOMpOCY B IV

(§ 15 u 16). :

E
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§ 18. KopnyckyaapHo-BoaHOBO#H I
AYaJH3M ¥ JONOJHHTEIbHOCTb

Puc. 22, lonoauurensHocTh

E KOPNYCKY/IpHOrO H BOJHOBOTO
C/I# HCXOAWTb H3 IIDHHLHIIA JNO-  acnektoB sBjiehHs B  ONKTe

MOJHHUTEJbHOCTH, TO KOPHOYCKYJSApPHO- IOwra. S — ucrounug, ¥ — skpan
BOJIHOBAS IBOACTBEHHOCTb KBAHTOBHIX I}?Hra, E — skpan  nerekrtopa.
o0BbeKTOB mepecTaerT GHTb mapagok- 12 pucymke S, ¥ u E tsepro
v o ¢uxcupoBaus na ofmed noa-
Ca/JbHOH: BOJIHOBOH M KOPHYCKYJISAD-  crapge. DkcrepEMeHTANBHOE
HBIM acCle€KTbl OKa3biBAalOTCA MOINOJIHH-  ycTpPOACTRO NO3BOJNSET BHLISIBHTD.
TEJbHBIMH H MPOSIBJASIOTCS BO B3aHMO-  HHTEPPEPEHLHOHHYIO — KapTHHY,
HCKJIOYAIOUMX  YKCIepUMEHTaNpHbix MO HE NOSBOMAET MHOMydHTb Ka-
Kofi-mi6o HEHpoOpMaUMH OTHOCH-
yenosusix. Besikas MONBITKA BHISABHTb  peneno TpaekTopH KAMIOrO (o-
ONMH U3 aCleKTOB MoBeleHHs TpeOyeT ToHa.
COOTBETCTBYIOILETD 3IKCIEpUMEHTaNb- - .
HOTO YCTPOHCTBA, KOTOpOE JIHIIAET HAC BO3MOXKHOCTH HabmogaTh
Ipyroit acmeKT NoseneH#s 00beKTa.

Paccmorpum, Hanpumep, AudpakuHoHHbf onbiT OHra. Momno-
XpoMaTHUECKOe H3JyueHde OT HCTOUHHKA S IPOXOAAT uepes 3KpaH
Y ¢ nByMS OTBepCTHAMH, PACCTOSHUE MEXKAY KOTOPHIMH €CTb d, a
3ateM obpasyer Ha sKpave E, oTctosiuieMm oT Y Ha paccrosHuua D,
WHTep(epeHIHOHHYIO KapTHHY (pHC. 22). PacCTosiHue MeXAY MOJIO--
camu pasHo AD/d, rne A — AJauHa BOJIHBI H3JydeHus, B.sTom onwite
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HCTOUHUK S ¥ 3KpaHB Y H E XKeCTKO yKpemJeHsl Ha OGIIeM OCHO-
Badgny. Camy noJiocsl MOXKHO Ha6/04aTh TOJBKO, €C/IH TOJOKEHHE
(Bmonb Ox) skpana Y no otHoulenHio K S # E dukcuposauno ¢ Tou-
HocTbio 6x, npuueM 6x < AD/d (paxy NPOCTOTH NpeAnoaraeM, 4TO
HCTOYHHK S HaxoiuTca Ha OGecKoHeuHocTH). Kopnyckynsipubiii
aCTMeKT H3JyueHHS MOXKHO BHISIBUTH B TOM CJydyae, eCld H3BECTHO,
gepes KaKoe OTBepCTHe 3KpaHa Y mpomnia uactuuma. Jas 3Toro
Hpollle BCEro H3MEePHUTh HMMYJBC, MepelaHHblil 3KpaHy Y npu mpo-
XOXJAeHHH uyacTHLbl; OH OyjgerT oT/iHuaThcd Ha = pd/D B 3aBucu-
MOCTH OT TOTO, uepe3 KaKoe OTBEpPCTHe Npollaa uacruua (p = h/A
o603HadaeT HMNyJbC YacTullet). Mamepenue HOMKHO OHLITH BHIIOJ-
HEHO ¢ TakKofi TOYHOCTbIO, 4TO6H &p << hd/AD. Ho utobb nposgsu-
JIUCh ONHOBpeMeHHO 06a acleKTa MOBeJeHHS KBAaHTOBOTO OOBEKTa
HeoO6X0OAHMO, UTOOL 06a HepaBeHCTBA YJAOBJIETBOPAJNUCH ONHOBpe-
MEeHHO, T. €. 6x-8p < h, uTO HEBO3MOXKHO, TaK KaK H3MepPHTE/bHOE
yCTPOACTBO caMO ABJISETCA KBAHTOBBIM OGBEKTOM M YAOBJETBOpSiETr
COOTHOUIEHUAM HeonpenedeHAOCTH. Jl106ad MOMBITKA BHIABUTH KOP-
NYCKYJNAPHbI# acMneKT NOBeJeHHS H3JYuUeHHSI NpPHBENeT K CMa3biBa-
HHI0 WHTepdepeHIIHOHHOK KapTHHB (cM. 3agauy 11).

§ 19. JLonoNHKTENBHOCTD K HPHUHHHOCTD

Ocobbie ycia0BHS ONHCAHUA fABJEHUA B KBAHTOBOH TeOpHH Orpa-
HHYMBAIOT 06/7aCTh CHPaBeNJIHBOCTH MPHHIHANA [OPUUYHHHOCTH H
OODBACHAIOT, NOYEeMY MNpeACKa3aHUs TEOPHH HMMelOT CTaTHCTHUECKHH
xapakrep 9).

TIpuHIMN NPHYHHHOCTH B CTPOTOM CMBICJE MOMET NPHMEHSThCA
‘TOJIbKO MO OTHOHIEHHIO K M30JUPOBaHHBIM cHcTeMaM. [luHamuueckoe
COCTOSIHHE TaKOH CHCTeMBl B JaHHBIA MOMEHT NpeiCcTaB/gercs ee
BOJIHOBOM (yHKiued B 3T0T MoMeHT. CyllecTByeT NpuuHHHAs (HJH
Kay3ajpHas) CBA3b MeXJAY BOJHOBOH ¢yHKIHeli Y(fy) B AaHHBIH
MOMEHT fp ¥ BOJIHOBO#A (pyukuuell ¥ (f) B 1060 nocaeayomui Mo-
MEHT, ¥ CBfI3b 3Ta BhipayKaercsd ypaBHeHuem [llpeanunrepa. Ognako
€CJIH MBI CTPEMHUMCS OCYLIeCTBHTh HAOJIONeHMe HaJ CHCTeMOfl, To
He MOKeM IpeHeGpeub AefiCTBHEM Ha CHCTeMy HHCTPYMeHTa Habio-
AeHust. IT0 LeHCTBUE, KaK Mbl 3HaeM, B Olipelle/IeHHOR Mepe Henpej-
CKa3yeMO H HeKOHTPOJHpyeMO, H6O MBI He MOXKeM CTPOro pasje-
JIHTh CHCTeMy H HHCTpyMeHT., OHH 00pa3yloT eIHHYI0O KBaHTOBYIO
CHCTEMY, TIpeAcTaBJsgeMyi0o BOJMHOBOH GyHkuueli W (f), 3aBHcAuied

9) TpHHOMN NPUYUHHOCTH 3hech, KOHeUHO, NOHMMAeTca He B (PHIOCOPCKO-Me-
TOMOMOTMYECKOM CMbIC/Ie KaK npHHOMN OGbeKTHBHOH 3aKOHOMEPHOR B3aHMOCBA3H
H B3aUMOOOYC/IOBIEHHOCTH sABJEHHH MaTepuaibHoro mupa. FMeercs B Buay npuu-
M0 KJTACCHYECKOH OAHO3HAYHON NeTepMHEHPOBAHHOCTH fBJEHHH (Tak Ha3biBaeMbiil
JlanJacoBeKuik neTepmuun3M). CrenudHuecknil xapakTep 3aKOHOB [BHIKEHHA MH-
KpooGbeKTOB BejeT K DACHIHDEHHI0 M YIVIYGJeHHIO NOHATHA NPHYHHHOCTH M NpO-
$IBJICHHI0 CTATHCTHUECKHX MJIH BEPOSTHOCTHBIX 3akoHOMepHocTed. CMm. no stomMy
II0BOly MHTHPOBAHHYIO HA CTp. 57 xunry B, A. Qoka. ([Tpum. nepes.)
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OT KOOPAHMHAT Kak Hab/moJaeMOH CHCTEMbl, TaK W HHCTPYMeHTa,
Bcsikoe onucaHHe CHCTeMB! KaK TAaKOBOH C NMOMOUIBIO OZHOH TOJIBKO
eOsIHOBOM YHKIHH Y (f) OKa3biBaeTcss HEBO3MOXKHBIM. TakuM ob6pa-
30M, BMeEHNIATEJbCTBO H3MEPHTEJbHOTO amnnapaTa paspyliaeT Kay-
3aJbHYIO CBfI3b MEXAY COCTOSHHEM CHCTEMEH JO H3MepeHHS H CO-
CTOSIHHEM CHCTeMbl NOCJe H3MepeHHA. DTo OOBACHsAET, NMOoYeMy B
ofiieM ciayuae Mbl He MOXKeM IpelcKa3aTb AOCTOBEDHO, B KaKOM
COCTOSIHUM OKaXKeTCsl CHCTeMa Mocjie HaMepeHus 19).

Jlas toro uto6bl NMOKasaTb, KaKHM 0O6pas3oM IOHATHHA, HCHOJb-
3yeMbie NPH ONHCAHHU fIBJEHHS, OKa3blBAIOTCA CBA3AaHHBIMH C MeTO-
oM HabmoneHus, ¥ KaK 3TO BJHAeT Ha NpHMeHeHWe NPHHIHNA
HNPHYMHHOCTH, PACCMOTPHUM NMpHMeDP BO3OYXKAEHHOTO aTOMa, KOTOPHIH
ucnyckaer GOTOH NPH NMepexofe B OCHOBHOE COCTOsIHHE. DTOT MNpH-
Mep B TO e BpeMsl ABHTCA HOBOA HJJIIOCTPalied JOTOJHATENbHOCTH
BOJHOBOTO M KOPHYCKYJSIPHOTO acleKTOB MOBEJEHHS KBaHTOBOI'O
obbexTa.

[IpeanosoxuM, uTO aTOM HaXOAHTCA B BO3OYXKIEHHOM COCTOA-
HUY B MOMEHT BpeMmeHH { = 0; MyCTb T ero cpeliHee BpeMs XKH3HH,
a ho-—3Heprus ucnyckaemoro ¢otoHa. IloneiTaeMcd TOYHO Onpe-
IeJuTb MOMeHT ucnyckamusi doroHa, /s 3TOTO NOJHOCTBIO OKpPY-
JKAM aTOM COOTBETCTBYIOIIMMH CUETUHKaMH; OJHH M3 ITHX
CUeTUHKOB cpaboTaeT npu NPOXOxAeHHH ¢(OTOHA. 3HasdA MOMEHT
HPOXOKJAeHHsT (HOTOHOM CUETUHKA, PacCTOSAHHe, OTIAENAI0OLIEe aTOM
OT CueTuMKa, ¥ CKOPOCTb CBEeTa €, MOXHO 0e3 TpyJAa BbIYHCIHTD
MoOMeHT HClycKaHusi ¢oroHa. OnHAKO KBaHTOBas TEOPHsA AesaeT Mo-
5TOMY MNOBOAY BBIBOAH TOJBKO CTaTHCTHuecKoro xapakTepa. Co-
CTOsIHHE CHCTeMBbl aTOM -+ (DOTOH Jerko ONucaTh, €CJAH HMEThb B BHAY
CHTyallyIo, BOSHHKAIOLIYIO O HCTeUeHHH BpeMeHH £ 2> 1. aTOM MOYTH
HaBepHsSIKa HAXOAHUTCS B OCHOBHOM COCTOSHHH, a GOTOH (B XOpolieM
npUGAHKeHHH)— NpHMeM 3T0 6e3  J0Ka3aTelbCTBA — NIPENCTaB-
JsieTcsl BOJIHOBBIM makeToMm P (r,{), HpHueM 3aBHCHMOCTb OT ! H
r-— paccrosinusg oT (GoTOHa 1O aroMa-—C TOYHOCTbIO A0 HOCTOSIH-
HOH BbIpaxKaercs B BHIE

A ecau r > cl,

PO Lepl = (ot (= D)) eom < @

10y CraTHcTHUECKHE HPefCKa3aHHs, Kacalolliecs pe3yJbTAaTOB H3MEDEHHH, ec-
TECTBEHHO NOJYYAIOTCH HPH HCCIeOBAHHH MeXaHH3Ma caMoft M3MepHTeNbHOH one-
PalHH, HCCTefOBAHMH, B KOTOPOM H3MEDHTENIbHMI HHCTPYMEHT PacCMaTpHBAeTCa
KAK KBAHTOBHI! OGBLEKT, a COBOKYNHOCTh CHCTEMa -} H3MePHTEJbHbA HHCTPYMEHT
H3MEHAETCst, C/leys NPHHIHNY NPHYHHHOCTH COIVIACHO YPaBHEHHIO HIpenunrepa.
YeTkoe # npocToe H3JIOKEHHE BONPOCa O MEXaHH3Me H3MepeHus NaHO B KHHre
F. London et E. Bauer, La Théorie de I'observation en Mécanique Quantique,
Ed. Hermann (Paris, 1939). Boaee noapo6ubifi pas6op 3To#i mpoGieMBl MOXKHO
Ha#iTH B Kuurax: H. ¢on Heiman, MateMaTHUeCKHe OCHOBH KBAHTOBOH MEXaHHKH,
«Hayka», 1964 r.; J. bos, KsantoBasn teopus, «Hayka», 1965,
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BepositHoCTb JeTeKTHPOBATL (POTOH HAa PacCTOSIHHE R OT atoMa pas-
Ha Hymio noka ¢ < R/c u paBHa exp[—(f — R/c) /1] ¢ TouHOCTBIO
I0 NOCTOSAHHOH BO BCe MOC/AEAYIOIIHE MOMEHThI BPEMEHH, OTKyaa M
clelyeT XOpOLIO H3BeCTHBIA 3KCNOHEHIHAaJbHHIA 3aKOH pacnaja.

VMeHHO 3TOT 3aKOH Mbl HabJOfaeM 3KCHEPHMEHTAJbHO Ha
oueHb OoJjbumioM uucae pacnanoB. ONHAaKO KBaHTOBasi TEOPUS He
crnoco0Ha TpeicKa3aTh BpeMs pacnaja Kaxjoro H3 4TOMOB OT-
JeJbHo. MOXHO cllenaTh BEIBOJ, YTO KBAaHTOBast TEOPHs XOPOULIO
OfHCHIBAaeT pacnajf, CTATHCTHYECKHX aHCcaMO. el BO30YXKIeHHBIX aTO-
MOB, HO He ONHChIBAeT MOJHOCTbIO OTIENbHOe SsIBJIEHHe pacnaja.

OrseT Ha 3TO 3aMeuanue ciaenywoupii. [loHsTHe BpemeHn pac-
Aala HeoTAeJHMO OT 3KCIEePHMEHTaJbHOrO yCTPOACTBA, KOTOPOE €ro
H3MeDseT, H He MOXeT PaccMaTPHBaTbCS KaK CBOHCTBO, XapaKTepH-
3yi0llee BOJIOLHIO 4TOMa BHE 3aBHCHMOCTH OT 3TOrO yCTPOHCTBA.
JleficTBHTe/IBHO,  CYLIECTBYIOT M JAPYTHE  3KCIePHMEHTaJbHbE
VCTPOHCTBA, «AOHOJHHTENbHBEIE» K PAaCCMOTPEHHOMY, MO3BOJAIOUIHE
BBIIBUTb HHBI€ aCNeKTH fABJEHUS W HECOBMECTHMble C CAMHM MOHA-
THeM O MOMEHTe HchnycKanus (ortoHa, JTo Bce Te yCTpoficTBa, B
KOTODPBIX Mbl HabJioiaeM nHTepPepeHnHOHHBE 3ddeKTH CBeTa. 310Ch
BoJiHa (34) OKaspiBaeTCS pa3feJeHHOH Ha JlBa BOJIHOBHIX MaKeTa,
KOTOpble BHOBb HHTEeP(DEpPHPYIOT MNOCTEe NPOXOKAECHHS Pa3IHUHBIX
ontuueckux mnyTefi. HabaoneHue wuHTepdhepeHUMOHHOA KapTuHBL
BO3MOXHO, €CJIH PasHOCTb ONTHYECKHX MNMyTeH MeHbllle MPOTANKEH-
nocty soaHbl (34) B npoctpancrse ). CaepoBaresabHo, npocTpan-
CTBeHHast NPOTAXEHHOCTb BOJIHH CYLIECTBEHHA I/ caMOH HoOcTa-
HOBKH ONbITA, a NO3TOMY MOHATHE MOMEHTa HCNyCKaHus (OTOHA
TepsieT BCAKHHA CMBICI.

[TpuHIKN NPHYHHHOCTH B €ro OGHLIMHOM MOHHMAHUM NPHMEHAM
K CHCTeMe aToM -+ GOTOH 1O TeX MOp, NOKa OHA elle He MPOB3AUMO-
IeficTBOBasa ¢ U3MEPHUTEJNbHBIM NpHGOpOM. B TeueHne »TOro ne-
puona BpeMeHH BO3MOXKHO ONHCAHHE JMHAMHYECKOrO COCTOSIHHSA
CHCTEMH ¢ MOMOLIbIO BOJMHOBOH (GYHKUHH, NOAYHHAIOWEHCS ypaBHe-
uuio Ilpenunrepa. Ilpu 3T0M doTon NpencTasiseTca NnaKeTOM
pacxomamuxca BoJH (34), dpoHT KoTOpOTO, r = ¢t yAaadercs OT
atoMa €O CKOpocThio ¢. ONHAKO 3TO NMPHYHHHOE ONMHCAHHE NMepecTaeT
OBITb CNpaBelJIHBBIM KaK TOJILKO cucTeMa aToM -+ GoTOH BeTynaer
BO B3aHMOJEHCTBHe C MHCTPYMEHTOM Hab/ioxeHusi. 3jech yxe
HeJb3sl TOBOPHTL 00 H30JHPOBAHHOH CHCTeMe, TaK KakK aHcaMbJb
cucTeMa -+ MHCTPYMEHT HalJI0AeHHS COCTABJAET €HMHYIO CYUHOCTD
CBOWCTBA, NMPHIHCbIBAEMHBE CHCTEME, B IeHCTBHTENbHOCTH ABJAIOTCA

1) Cpennee speMss MM3HH BO3GYXIEHHOTO COCTOSHHS aTOMa NpPH HCOYCKa-
HHE BHAMMOrO cBera nopsjaka 10-% cex. IlosToMy aamHa ¢t HCnycKaeMoro myra
BoaH nopanka 3 M. HHTepdepenuHOHHYIO KapTHHY yAaBajoch HAGMOAATH HpH
'Pa3HOCTH ONTHYECKHX NyTeH NOPAAKa MeTpa. DTO HOATBEPKAACT HALIH BHIBOAB
OTHOCHTEJIbHO- JIPOCTPAHCTBEHHOA NPOTAKEHHOCTH Lyra BOJH H HEONDENeNeHHOCTH
NOHATHA MOMEHTA HCIYCKaHHA, . . - L )
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cBoficTBaMu aucaM6ud. [1osToMy He MOXKeT CylUIeCTBOBaTb CTPOrof
NPHYMHHOA CBAI3H MeXAY COCTOAHHAMH CHCTEMBI [0 H TOCJe H3Me-
peHHs.

3To MoNoxKeHHe e PE3Ko OTJAHUAETCH OT KJAacCHueCKOH CHTya-
IHH, TIe BCe AMHAMHUYECKHe NepeMeHHBle CHCTeMBbl CTPOro Onpeje-
JeHH B Jo60f MOMEHT, a HX 3BOJMIONHA BO BpPeMeHH CTPOTO
neTepMHHUpoBaHa. J[HHaMHUecKHe NMepeMeHHble KBAaHTOBOA CHCTEMBI
onpefeNasioTesl TOJABKO C YY4eTOM COOTHOLIEHHH HeonpeneJeHHOCTH
MEXJY Napamy AONOJHHTEIbHBIX NepeMeHHBIX, TaK YTO HX BPeMeH-
HAS 3BOJIOLHS JeTepMHHHUPOBaHAa TOJNbKO uacTuuHo. CKoJb OBl HIO-
KMPYIOUIMM He BLITVISILEIO 3TO OrPaHHYEeHHe NPUHIUNA NPHYMHHOCTH,
OHO HE BXOAMT B NMPOTHBOPEUHe HH C ONHUM ONBITHHM bakToM, HOO
BPEMEHHAsl 3BOJIOIHUS COBOKYMHOCTH JIHHAMHYECKHX IlePeMeHHBIX
CHCTeMBl MOKET 3KCIePHMEHTaJIbHO HabaioMaThCad TOJLKO B paMKax
npubIUKEHUS, COOTBETCTBYIOIETO COOTHOLIEHHSM HeOMNpejesieH-
HOCTH.

' 3AHAYM U YTIPAKHEHHSA

1. TlokasaTn, 4TO raMMJIbTOHMAH YacTHUH B 3JeKTPOMArHHTHOM noje (ypas-
senne (I1.25)) siBnsiercs SpPMHTOBBIM ONepaTOPOM H 4TO BCJEACTBHE ITOrO HOPMa
sekoroporo peinenus W ypasnenus Ulpeaunrepa coxpansierca so Bpemens. IToka-
3aTh, YTO B 3TOM CJlyyae MOMXHO HANHCAaTb ypaBHeHue HenpephBHocTH THma (11),
€CJH NpPH ONpejie/ieHHH NOTOKA BHGpaTh BhIDaXKeHHe, BHITEKAKOUlee U3 NPHHUHIA
COOTBETCTBHS C KJIACCHUECKOH MeXaHHKOH, a HMEHHO

J=Re[‘lf“ (%V ~-=-a qf]

rie A — BeKTOPHLIH NOTEHIHAN HJEKTPOMAFHHTHOrO NOJA.
2, UacTHma ¢ Maccoéi m rnepeMmellarTcs B Noje aeficTBus norTesunana V(x),
KOTOpBIHi IpH X — oo acumnToTHueckd (6bicTpee 1/|x|) crpemurca k Vi v V_.

BpejieM BOJMHOBHE HHCAA kb, == A/2m (E — Vi)/h H PacCMOTPHM DEmIeHHSH us(X),
ACHMNOTOTHYECKOE MOBEJEHHEe KOTODHIX BhipakaeTcs (opMyJ/aMu:

th_x —ik_x
ug~e = +Re T npu x->— oo,

ug ~ Se'f+*

opy  x —> -4 oo,

C/I0XHB pemieHHSl 9TOr0 THEA, o6pasyeM BOJNHOBOH NakeT (HOPMHPOBAHHEI Ha
€MMHULY), ONHCHLIBAIOHIHA 4acTHLY, ABHXKYILYiocH B Hanpas/JeHHH BO3DACTaHHA X.
IMokasaTh, YTO 0O NPOMECTBHM ROCTATOMHOrO HHTEPBajJa BPEMEHH STOT IaKeT
OKaXeTCSl PasfeeHHEIM Ha NaKeT NPOXOASIMX BOJH M NAaKeT OTPaXKeHHBIX, NPH-
YeM BeDOSATHOCTH HaliTH 4aCTHHY B NePBOM H BTOPOM INakeTaX PaBHH COOTBET-
ctBerHo (k+/k-)|S|2u |R|2



160 IJ1. IV. COOTHOWEHHUA HEOIIPEIEJEHHOCTHU

3. Bonna, comocTaBsiAeMas 4YaCTHIE, ABHXKYIIECS BAOJb OCH X, BHIpaxaercs
$opmyaon

2
b (1) = @) exp (5 pox — 7 )-

Boiyucantb BOJHOBYIO GQyHKOHIO @(p) B MMIYJbcHOM npoctpaHctBe. [IpoBepuTs,
yTo Kak P(x), Tak B @(p) HOPMHDPOBAHH Ha €NUHHLY. BHYHCIMTL CpejHHMe 3Ha-
HeHHS X H ¥%, MCHOJIB3YH nociefoBaTeNbHo BHpameHnus (13) u (21), u cpasnuTh
pe3y/sTaTh. Bomuucauth cpeanne p, p? u exp(ipX/h) (X — sapanuas Bewectses-
Hasl NOCTOSIHHAas), NMPHMEHSA HOCJAeJoBaTesbro Bhipaxenus (14) u (20) u cpas-
HHTb pe2yJ/IbTaTH.

4. TlokasaTs, 4To BOJHOBOH naKeT, AJA KoToporo Ax-Ap = £/2 (MHHHMH3H-
PYIOLIMA BOJHOBOH MAaKET) HMEeT BHA )

(orgt) M exp [ por — 251,

npuueM (X} = %, (p) = po, Ax =&, Ap = h/2E.
5. Ilyets (x) u (p) cpefHHMe 3HAYEHHS X H KAHOHHYECKH COMPAKEHHOrO HM-
nyabca p ANs CACTEMBl B JHHAMHYeCKOM coctofinnm P (x). [TokasaTh, 4TO B aMHA-

MHYECKO.M COCTORHHH €exp (—-——(p)x) P (x -+ (x)) oba cpensue 3naueHus pas-

Hb! HYJIO,

6. TlokasaTh, 4To NpH HM3MEeDEHHM NOJOKeHHs dvacTHukl B § 13,6 raasnyio
poOJib HIpaeT KBAHTOBasw NpPHPOAA H3MepHTesnbHOTO npHGopa (Nyyok cBeta -- MH-
KPOCKON) M YTO COOTHOLIEHHS HEONPeieJeHHOCTH OKa3alHCh 6bi HAPYIIEHHBLIMH,
ecan Gn cBer He GblT KBaHTOBaH. [lokasaTh na 9TOM npuMepe, 4TO HOCTOfHHas A,
BXOAfiIla® B COOTHOHIEHUS HEONPENeNeHHOCTH AJ 9/eKTPOHA, HE NpeBBILIAeT No-
CTOATHHOH, BXOAsILell B OnpelesieHHe KBAHTA CBETA.

7. IIpn u3MepeHHH HMNYJbCa METOJOM OTKJOHEHHS B MarsuTHOM HoJe
(§ 14,2) nokasaTb, YTO MOXHO IO HEKOTOPOH CTEleHH YMEHbIIHTL HPOLONKH-
TEJBHOCTL H3MepeHWs! T = JMc /e, ne MEHSA ero TOYHOCTH, HO TOYHOCTL ONpe-
Jielennst CaMoro BpeMeHH u3mepeHusi At ocTaetcs Heusmensoil. O6CyauTh Ha
9TOM NpHMeEpPEe COOTHODIEHHEe HEOHPEJe/JeRHOCTH BpeMs-IHeprus. BBIACHHTL Te ke
BOMpPOCH AJIS JJKTeNbHOCTH 1/Av’ HaMmepeHusi MMIyJbCa B HpOLEcce CTOJKHOEe-
Hus ¢ QoronoM (§ 14, 6).

8. HUsmepenne nmnyabca B § 14,6 Moxer GbiTb OCYIECTBJCHO HPH 3aMene
¢otona mobGoli apyroil uyacTHiefi. ITO H3MepeHHe OCHOBAHO Ha ONpEjE/EHHH HM-
nyJbca, nepepaBaeMOro STOfl 4ACTHUE 3JEKTPOHOM NPH CTOJIKHOBeHHH. O6CyHTDb
COOTHOHICHHS HEONMpeJe/eHHOCTH KOODJAMHATA-HMIYJILC B ITOM CJydae B Hepess-
TUBHCTCKOM npubaHxennu. [lokasaTe, uTo HeoNpejeNeHHOCTb, BOSHHKAIOIIAS NpH
H3MEPEHHH KOOPAMHATHL 3JEeKTPOHA, 3aBHCHT OT NOCTORHHOH A, GUrypupymoues
B COOTHOLIEHHSX HEONPeLeJeHHOCTH AJg HCHOJAb3YEeMOH Y4aCTHIb.

9. KsaHToBas uacTHila NPOXOAMT uepes nuadparmy ¢ OTBepCTHeM d, CHA6-
xXennylo ofriopatopomM ¢ paCounm Bpemenem T. [lokazaTh, 4TO MeXAy gacTtHueit
u npubopoM (nuadparma - 06TIOPATOP) HPOMCXOZHT OGMeH HMINYJILCOM mOpPAmKa
ti/d w sneprueit wopsmxa A/t.
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10. TIpn H3MepeHHH MOJIOKEHHS 3JEKTPOHA ¢ NMOMOIIbIO MHKpockona (§ 13, 6)
MBI CTPEMHMCSl OIDEAEeNHTb H ero HMIYJbC NMyTeM TOYHOIO H3MEPEeHHs HMIYJbCa,
niepeAaBaeMoOr0 MHKPOCKONY B npouecce H3Mepenus. [ToxasaTh, 4TO TOUHOCTb H3-
MEDEeHHs HMIOYJabCa MOXKET ObiTb MOBBILIEHA TOJBKO 3a CUET COOTBETCTBYIOINEro
yMeHbIIEHHs] TOYHOCTH H3MEepPEeHHS NOJOXKeHHS YacTHUB], COMVIACHO COOTHOINEHHAM
HeONpe/ieleHHOCTH.

11. B skcnepumenTe HOHra HCnmoab3yercsi Ny4oK MOHOSHEPIETHUECKHX YACTHIL,
uccaenyercs HHTepepeHIHMOHHAS KAapPTHHA Ha 5KpaHe, a B KauecTBe AETEKTOpA
npHMeHsieTcl Kamepa BuabcoHa. DTO BO3MOKHO TOJBKO, eCii Kamepa Bmjbcona
HaxOUTCS AOCTATOYHO Aaneko OT 3KpaHa IOwra. ITokasats, uto Habawopenne
«TPAEKTOPHH» KamA0H JacTHIH B KaMepe BHJbCOHA He MO3BOJISET ONpPERLNHTb OT-
BEPCTHe, UEpe3 KOTOpOe MPOILIA YacTHHA (CM. CHOCKY 7)).

6 A, Meccua



FrTABA V

®OPMAJIH3M BOJIHOBOW MEXAHUKH
H Er0O UCTOJKOBAHHE

§ 1. Beepmenue

B npeamaymied riaBe MBl H3JOXKMIH OCHOBBEl CTATHCTHUECKOH
HHTepnpeTanuy KBAaHTOBOH TEOPHUH U ¢ CaMOH obulefi TOUKH 3peHus
paccMoTpesd BHYTPEHHIOWO JIOTHYECKYI0 HeIpPOTHBOPEUHBOCTb TeO-
pHH, ee coIviacHe C pe3yJabTaTaMH ONbIT4, a TAKXKe HOBHIA cHenu-
duveckuil cnocob onucaHusl NPHPOAHBLIX sABJeHU#l, Tenepb, orpanu-
yyBadch OoJiee Y3KHMH paMKaMH BOJHOBOH MeXaHHKH CHCTEM
yacTuy (B HepeNATHBUCTCKOM NpPHUONMKEHUH), Mbl JONOJAHUM H
YTOYHUM CTATHCTHYECKYIO HHTEPIPETAanHIO TEOPHHU B cOrjiacuu ¢ ob-
UIMMH IPHHHKHIAMU.

Mgl npuHHMaeM TakuM 00pa3oM, YTO AHHAMHYECKOE COCTOSHHE
¢H3MUeCKOl CHCTeMBbI MOJHOCTbIO ONpelelsieTcsl 3aJaHUEM BOJIHO-
BOH GYHKHUH. B OTIHuUHE OT K/JIACCHYECKOH TeOpUH AUHAMUYeCKHE
nepeMeHHble CHCTeMbl He MOTyT OHITh BCe TOUHO ONpeje/eHbl B KaxK-
Iblii MOMeHT BpeMmeHH. [Ipu namepeHuu opno#i Kako#-1H60 AuHAMU-
YecKol NepeMeHHOH pe3y/bTaThl H3MePeHUA CIeLYIOT HEeKOTOpOMY
BEPOATHOCTHOMY 3aKOHY, KOTOPBHIH HOJHOCTBIO OIpPEJeNsieTCsl BOJHO-
BOHA (yHKIHEA CHCTeMEL.

B rn. IV (pasgen 1) Obuiu chopmMynHpoBaHb BepOSTHOCTHLIE
3aKOHBl, CBA3aHHLIE C M3MePeHHeM KOOPAMHATH K MMIYJbCA, a TaK-
Ke ObliM npuBefeHb ofue QopMyJn A4 CPeIHHX 3HaueHud
GYHKUMA KOODAHMHAT B KOH(MUI'YPaUMOHHOM NPOCTPAHCTBE H (QYHK-
LUA KOOPAHHAT B NPOCTPAHCTBe UMNYJbCcOB. OMHAKO NoKa He OLLIY
yKa3aHbl IpaBHJa, IO3BOJAOIIME TOMTYYUTE CTATHCTHUECKOE pacnpe-
JeJieHHe usMepeHuil B Oosiee obuieM cjayyae, 8 UMEHHO, KOrja AHHa-
MyuuecKkas NepeMeHHAs siBjadeTcl (PYHKIHeR KaK NPOCTPAHCTBEHHBIX
KOOpDIMHAT, TaK U KOMIOHEHT HMMyJbca. DT0 OyleT cxesaHo B Tpex
nepBHIX pa3lenax XaHHOM riaBbl, a OCHOBHble IOCTYJIATH U3J0XKEHH!
B pasgede L.

Kaxnofi nuHamMuuyeckoll nepeMeHHOH $¢ CONOCTaBJACTCH HEKO-
TOpHIAi 3pMHUTOB onmepaTtop A, AeACTBYIOUMA B NPOCTPAHCTBE BOJHO-
BHX (YHKuuH; IpU 3TOM cpe[Hee 3HaueHHE Pe3yJbTATOB H3MepeHHA
S paeTcsl HEKOTOPHIM BhIpajKeHHEM, MOJYy4YaeMbIM C IOMOIbIO Olle-
patopa A u oBobmatromuM dopmyas ra. IV (§ 5). Iloctynupys aru
npaBHsa Uil BceX NHHAMHUGCKHX IePeMeHHBIX H AadA BeeX QyHKuui
OT 3THX NEpPeMEeHHBIX, Mbl NDHXOJHM K HCKOMOMY CTAaTHCTHYECKOMY
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pacnpeneneruo. Ero asHoe BolpaXKeHue TeCHO CBA32HO C PeliieHHeM
3ajjaud Ha coOcTBeHHHle 3HayeHHUs And onepatopa A. B pasmene 11
OyoyT H3ydeHBbl CBOHCTBa COGCTBEHHBIX 3HaueHUH H COOCTBEHHLIX
($yHKUIHA onepatopa A B YaCTHOM CJyyae, KOT[a CIEKTP cOOCTBeH-
HBIX 3HaueHHA fABJAeTCA OUCKPETHHIM, a COOCTBeHHMIe (YHKIIHA
KBaApaTHYHO MHTerpHpyeMbl. 34TeM BEPOATHOCTHHIH 3aKoH Oyner
IOJIYYeH NpH MOMOIUH Da3IOXKeHHs BOJIHOBOH QyHKUHH PH3HUeCKOH
CHCTEMBl IO TNOJHOA cucTeMe COGCTBeHHHIX (YHKLUEH onepaTtopa A.
B paapmene I1l Ta ke npobsema paccmarpuBaercsl B Gojee obmieM
cJlyuae, KOTa COeKTP COGCTBEHHHIX 3HAUEHUH omepaTopa COAEPHHUT
06/1acTh, Tle COEKTP HelpephIBEH.

B pasgene IV ¢ ¢dopmManbHOA TOYKM 3DeHHS pacCcMaTpUBaeTCs
npobisieMa HaXOXIeHUS BOJHOBOH (YHKHHH KBAaHTOBOH CHCTEMB,
eC/IH OCYINEeCTBJIEHO OJHOBPEMEHHOe TOUHoe H3MepeHue IOJHOro
pabopa COBMeCTHHIX IHepeMeHHHX. EciH Takoe «MaKCHMaJabHOE
HabJoeHnes He peain30BaHo, HHOOPMALUS OTHOCHTEIbHO AUHAMMU-
YeCKOro COCTOSIHHA (U3HIECKON CHCTEMBl SBJAAETCA HENOJHOM.
B stoM cJayuae HccilepoBaHHe NOBeJeHHS CHUCTEMBl MOXKeT OLIThb
NpOJdOJKEHO Ha OCHOBE CTATHCTHYECKHX METOAOB, IpHYEM CJIOBO
«CTATHCTHUYECKUX® CleJyeT NOHHMATh yiKe B OOBIYHOM CMHICIe.

OnepaTophl, CONOCTABAAEMBIE JBYM COBMEeCTHBIM NMHAMHYECKHM
NepeMeHHbIM, KOMMYTHDPYIOT MexAY cobofi. Ecin 6b1 Bce onepaTopnl
nonapHEo KOMMYTHDPOBaJH, TO BCce JHHAMHYECKHE IlepeMeHHble MOTVIH
66l OLITh OJHOBPeMeHHO TOUHO ONpefesieHbl. DTa CHTyauus Xapak-
TepHa ANS KJlaccuyeCKol TeopHH. B KBAaHTOBOH MexaHHKE HEKOTO-
phle napni AUHAMHYECKHX IepPeMeHHBIX HECOBMECTHH M COOTBeT-
CTBYIOIIHE KOMMYTATOPH OTJIMUHBL OT HYy/A4. I103TOMY KOMMYTAaTODH
ONepaToOpOB UrpaloT NepPBOCTENEHHYI0 POJb B KBAaHTOBOH TEOPHH.
Pasgen V nocesimieH H3y4eHHIO KOMMYTATOPOB, IBHOMY BHIUHCJIEHHIO
HEeKOTOPHX H3 HHUX, & TaKxe BLIBOAY M HCCAEJOBaHHUIO HEKOTOPHIX
ypaBHeHHH, B KOTODHIX NOHATHE KOMMYTaTopa OCOOEHHO INOJIe3HO.

Paznea I. 3PMUTOBBl ONEPATOPHl U ®U3NUECKHE BEJTHUYKHBI

Besikuit pas, Koria HaM notpebyercsl Ipumep AJ HIJIIOCTPALMH
B3jaraeMbX NoJgoxeHHHA, Mul O6yaeM obpamaTbecsa K NpuMepaM KBaH-
TOBBIX CUCTEM B OJHOM usaMepenun (cM. ri. III) uxm B Tpex usme-
peHHAX (cHCTeMBbl, cogepxkaliue ofHy uacTHiy). Cuaemyer onHako
IIOMHHTb, YTO BCe De3yJibTaThl CHpaBeAJuBH M B 0buieM ciyyae
KBAHTOBBIX CHCTEM C JIIOORKIM UHCJIOM H3MepeHHH.

§ 2. NpocTpancTBO BOIHOBLIX BYHKIMIl

BosHoBHE (yHKHHH, NPEACTaBJAAIONHE COCTOSHHE KBAaHTOBOH
CHCTEMBHl, NPHHajIeXXaT (PYHKHHOHAJNBHOMY HNPOCTPAHCTBY, KOTOpOe
CleAyeT TOYHO oONpefenurb. [Has rtoro, uro6bl BepoOATHOCTHHIE

6*
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pacnpenenenus P(r) u II(p), Beenennse B § 1V.2, umenu cmuica,
HEOH6XOUMO H AOCTATOUYHO, 4yroOLl BOJHOBAaA QYHKUUS yIOBIETBOPANE
ycioBuio HopMHpoBKH (IV.3). D10 NpHBOAHT Hac K caelywolleMy
ONpefeeHHI0 IPOCTPAHCTBA BOJIHOBBIX (DYHKILHEA:

B80AHOBblE (PYHKYUU, PACCMATPUBAEMble 8 BOAHOBOU MexaHruke,
ABAAIOTCA KBAOPATUUHO UHTezpupyemovimu QYRKUUAMU 8 KoHpuzy-
payuonton npocrpancree, 1. e. Qpynkyusmu suda $(qi, ..., qr),

TAKUMU, HTO UHTe2pai Sltp(ql, «evy qr)Pdt  cxodurcal) (3pechb

dt o6o3Hauaer aneMeHT 00beMa KOH(PUIYPALHOHHOrO NPOCTPAHCTBA:
di=dqdg, ... dqgg).

MoxHa0 6bi0 Ol emie Gosiee OrpaHUYMTh PYHKLHOHAJIbHOE MPO-
CTPaHCTBO, Tpebys BHINOJNHEHHS YCIOBHS HOPMHDOBKH Ha eJHHULY
(IV.3). Onnako ynoGHee 0TKasaTbCsi OT 3TOro orpaHuueHus. Kak
Mbl YBHAHM HH:Ke, 3TO MOXKHO CJe/1aTbh, HECKOJLKO MOAH(QUUHDPYS
onpejesieHHa CTATHCTHYECKHMX paclpe/eseHHH H BepPOSTHOCTEH.

Ha s3bke MareMaTHKH OOpele/ieHHOE HaMH GYHKIHOHAb-
HOe INPOCTPAHCTBO HaswlBaeTca npocrparncreom [luavbepra. Ilei-
CTBHTEJIbHO, OHO 00JaflaeT BCeMH CBOHCTBaMH, XapaKTEpPH3YIOLKUMH
npocrparctBo 'uibbepra. [lepeuncnum 3TH cBOACTBa.

Bo-nepBHIX, 3T0 aurelinoe npocrpancrso. Eciu  u ¥ KBaapa-
THYHO HHTErpupyemble QYHKUHH, TO UX CyMMa, IPOU3BEACHHE KaK-
J0H Ha KOMIUIEKCHOE YHCJIO H BooOWe JoObe JiHHefiHbe KOMOHWHa-
iy BHAA A1 4 Aoe, TAe Ay H As— IPOH3BOJIbHBIE 3aJaHHLIE
KOMIVIGKCHBIE YHCJA, TaKmKe ABJISIOTCA KBaAPaTUYHO HHTErpupye-
MBIMH (YHKIHSAMH.

Bo-BTOPHIX, B 3TOM NPOCTPAHCTBE MOMKHO ONPEAEIHTb CKAAAP-
Hoe npoussederue. Ilo onpeleneHuio cKajdspHOe IPOU3BEAEHHE
¢yHKUUH Y Ha QyHKUHUIO @ Bhipaxaercs Ghopmysol

@ H={0G0, ... 2@ ..., 40 du. (1)

Ecan ckanspHOe NpoH3BeaeHHe PABHO HyJIO, TOBOPAT, 4TO BYHKIHM
@ u P oprozorasbuel. Hopma N, OyHKuuM 1§ ecTb CKajaspHOE NpO-

u3BeleHne QYHKUUY CaMy Ha cebsd

NthE(lp, \IJ>‘
OcHOBHBIE CBOHCTBA CKavISIpHOTO NpOU3BeACHHA TAKOBHI:
a) CKandpHoe IpousBeldeHHe @ HAa ‘\IJ eCTb BeJIMYUHA, KOMI-
JICKCHO CONpfAXKEHHad CKaJApHOMY IIDOH3BEIACHUIO ‘Lp Ha @, UMEHHO

(b, @y={o, V)% 2)

) IlpeobpasoBanue ®ypve @(p, ..., pr) Takoil GOYHKUHH BCeraa Cymect-
BYyeT: 3TO TOXe KBajJpaTHYHO HHTerpupyeMas (YHKIHA, objajawoinas ToH xe
HOpMOH, uto M QyHKUHA P (g1, ..., gr). Boobme coOTBeTCTBHE MEXAY @ H P fB-
JisieTCsl B3aHMOOAHO3HAUHBIM, €CJH YCJOBHTBCS CYHTATh TOXKJAECTBEHHHIMH (DYHK-
LHH, OTIMYAIOUIHeCs 3HAYEHHAMH TOJBKO Ha MHOXECTBE MepPhl HYJdb, YTO Mb H
6yneMm nenathb B naabHefiiieM (cM, Jononnenune A),
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6) ckangpHoe INpOH3BeleHHe 1 Ha ¢ JHHEHHO 1O v, HHBHIMH

CJIOBAMH
(@, Ay + Aoy == A1 (@, P1) + Az (@, o) 3)
B) HOpMa QYHKUMH 1 €CTb HeOoTpHUaTeJbHOe BelleCTBeHHOe
UCAO
b, =0 (4)

u ecau (P, P> =0, 102) P =0.

Bce 3TH CBOHCTBAa CTAHOBATCH OUEBHAHBIMH, €CJH 0OpaTUTbCH
K caMoMy onpeleNeHHI0 CKangpHoro mnpousseleHus. [lonbsysch
cBolictTBaMu a) u 6), Jerko BHIETb, YTO 3aBUCHUMOCTb CKaJfgPHOTO
npousBelenns (@,P) or OYHKUHH ¢ He JiHHefiHa, HO «aHTHJH-

HelHa»:
e+ A9, WY =21 (9, b} + A; (9, V). 3)

U3 csofictB a), 6) u B) cieAyeT oueHb BajKHOE CBOHCTBO CKa-
JISIPHOTO NpOM3BeNeHHs, a HMeHHO Hepagencrso [llsapya (cM. 3a-

Jauy 1)
o, 1)< Vg, )b, ¥). (5)

3HakK paBeHcTBa B popmyse (5) uMeT MeCTO B TOM H TONBKO B TOM
ciydae, Korga GyHKUUHM ¢ U 1 NPONOPHHOHAMbHBl aApyr Apyry. He-
paBenctBo IlIBapua oueBugHO, obecneuuBaeT CXOAHMOCTb HHTe-
rpana (1), ecnn pyHKuuu @ ¥ P ABIAIOTCA KBaAPATHYHO HHTErPHU-
PYyEMBIMH.

[TomuMmo cBoficTBa HHeAHOCTH H BO3MOMKHOCTH ONpPEeLeJeHHs CKaJspHOro mpo-
‘H3BefeHH NPOCTPAHCTBO KBAaAPATHUHO HHTerpHpyeMuix OyHkRuuii obnapaer eme
CBOHCTBOM NOAHOTOI, HUMEHHO 3TO OOCTOATEJNbCTBO MO3BOJASET OTOXIEGCTBHTH €ro
.¢ nmpoctpaHcTBOoM ['Hap6eprta. CBOHCTBO MOJHOTHI 03HAYaeT, YTO BCSKan MOCAEA0-
BaTEJbHOCTb KBaJPAaTHYHO HHTErpUpPYeMblX (YHKUHHA, YAOBJETBOpSAIOMAs KPHTE-
puo Komm, cxoputcst (B CMbiCJe CPEIHEr0 KBaJpP@THUHOrO) K KBAjAPATHYHO HH-
‘TerpupyeMoit ¢pyukuun. O6paTHO, BCAKAs KBajPaTHUHO HHTErpHpyeMmass QyHKuus
MOXeT paccCMaTpHBaTbCs Kak Npejen (B CMHCJe cpeaHero KBajpaTHYHOro) IMo-
CJe10BaTeNIbHOCTH KBaAPATHYHO HHTErpHpyeMhIX (QYHKUHMH, CXOAsLIeHCH B CMbICae
Kommu (cenapabersnocts) 9).

2) Crporo roBops,, QYHKUMS Y MOXKET NPHHHMATh BHaYeHHs, OTJAHYHEE OT
HyJd Ha MHOXECTBe 3HaueHHH apryMeHTOB Mephi Hyab. [To cornamenuio, ynoms-
HYTOMY B cHocke !), Takue QYHKUHH He OTJAHYAIOTCA OT HY.JL.

%) Crporoe H jaeTanbHOe HCClenoBaHHe mpocTpaHctsa [manGepra MOXHO Half-
TH B KHHre: M. H. Stone, Linear transformations in Hilbert Space, Amer. Math.
‘Soc. (New-York, 1932). OcHoBHble cBoHcTBa mpocTpaHctBa [uanGepra paccma-
TpuBaTca B kuurax: A. Lichnerowicz, Algebre et Analyse Linéaire, Masson (Pa-
Tis, 1947); H. ¢on Heiiman, MateMmaTHuecKHe OCHOBH KBaHTOBOH MeXaHHKH,
«Hayka», 1964. IToniTHe CXONHMOCTH B CMBIC/IE CPEAHENO KBaJpATHYHOIO OIpefie-
Jisercs B Jlonoanenun A, cHocka 4).
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§ 3. Onpepenenne cpesHux 3HaYeHHl

. B § IV.5 kaxnoi nuHHaMuueckKoH INepeMeHHOH Buia F(r) wiau
G(p) MB COMOCTaBWIH HEKOTODHIH JuHeHHBIA onepatop A, coort-
BeTCTBeHHO paBHbll F(r) miaum G(—ihV); KpoMe Toro, GuJIO yKa-
3aHO — 3TO cJaefoBasio U3 onpedenenuit P(r) u Il (p),— uTo cpemHee
3HaueHHe KaxA0OH AMHAMHYECKOH NepeMEHHOH onpejensieTcd Bblpa-
keHueM (IV.22), rkotopoe B HOBHIX 0003HaUeHHAX MONKET OHITh
sanucano B Bufie (¥, A¥). Ecru BosiHOBasg (PYHKIHA HE HOPMHUPO-
BaHA Ha enuHHny, To BhipaxkeHus (IV.2) u (IV.6) masa P(r) u
I1(p) nonXubl 6bITH pasfesnens Ha HopMy (W, W) BosHOBO! (YHK-
UM U TOTAA BhIDAjKeHHe IJs CPeJHEro 3HaUeHHS NPUHHUMAaET BHI
¥, AP /KY, P,

Bce 3710 MOXHO 00061UTL Ha ciyuall MIPOU3BOJbHOA AUHaMHYe-
ckofl nepemenHol. [Toctynupyem, uro:

a) JlioGoit nuHaMuueckol mnepeMeHHOH & =A(qy, ..., Gr}
P, ..., Pr) collocTasiseTcs JUHeHAHLE oneparTop

A . h o h 9
(ql, ey qps T—gzl'l—, cees T aqR).

6) Ecnu cucteMa HaxXoAUTCA B JHHAMHUYECKOM COCTOSIHHHM, Oolpe-
neasieMoM BoOJIHOBOH (yHkHHelr W(qy, ..., gr), TO CpelHee 3Haue«
HHEe JAMHaMHYECKOH NepeMeHHOA ecTb

v,
(=S5 (6)

CooTBeTcTBHe MeXIy Kjaaccuueckofi ¢yukuued [aMuiabToHa #
ramunbtoHuanoM ypasHenus Ilpenunrepa (§ II.15) asasierca ua-
CTHBIM CJIyuaeM COOTBETCTBHSI a) MeXKAY AMHAMHUECKHMH HepeMeH-
HbIMH ¥ JIMHEAHHIMH oOneparopaMH. 3aMeuaHud, CHeJaHHBE B
§ 11.15 no noBoay 3TOro COOTBETCTBHS, HMEIOT CHJIYy H B 0O6uieM
cayuae. Ciaefyer MMeThb B BHAY, YTO KOOPAHHATH ¢ SBJSIOTCA Je-
KapTOBHMH KOODAHHaTaMu. [lasee, B caMOM onpefeNeHHH ONlepa-
Topa A HMeeTcs HeKOTOpas HEONpene/NeHHOCTb, CBS3aHHAdA C TeM,
YTO, HCNOJb3YS NPHUHIHI COOTBETCTBHS, MBI 3aMEHAEM BeJIMYHHHI,
Ui KOTOPHIX CIpaBelJIUBHI 3aKOHH 0oObluHOH anirebpwl, omeparo-
paMmu, KoTopsle, BooOllle rosopsl, MOryT He KOMMYTHpPOBaTh; Ha
NMpaKTHKe 3Ta HeoNpele/ieHHOCTh CHUMAaeTcsi B COOTBETCTBHH C
SMIIMPHYECKHMH NpaBHJaMH, YKa3aHHBIMH Ha CTp. 77.

Ecnn nquraMuueckad NepeMenHas ¢ mpeAcTaBiseT QH3UUECKYIO
BEJIHUMHY, TO OHa ABJAETCA BeleCTBeHHOH (YHKUMEH ¢ u p; BCce
pesyJbTaThl H3MepeHuss $£, a c/eAoBaTeJIbHO H CPelHee sHaueHMe
{A) TakXKe ABJAAIOTCA BewleCTBeHHHIMU. Takum ob6paszom, (¥, AV¥)
ecTh BellleCTBeHHAf BesMYnHa

(¥, A¥Y=(AY, ¥), (7»
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KakuM Obl HH OblJIO AHHAMHYECKOC COCTOSIHHE CHCTEMBLI, T. €. KaKo#
6bl Hu Gblia BosHoBas pyHkuus W. MHaue rosopst (cp. crp. 123),
onepatop A poixeH OHTL 3PDMHTOBHM (HJIH CaMOCOIPSKEHHLIM).
HerpyZHo BHAeTb, ¥ MH 3TO KOHCTATHPYEM BO BCEX BCTPEUaIOLIUXCH
npUMepax, 4To IMOCKOJLKY onepartopwl ¢; u —ilid/0q; sBasoTca 3p-
MHTOBBIMH, 0 NPUHIKINY COOTBETCTBUA (a) n1060f BellleCTBEHHOH
JMHAMUYECKOH IepeMeHHOH BCerJa MOJKHO CONOCTaBUTb 3PMHTOB
onepaTop; NpaBW/IO «CHMMETpU3alMM» Ha CTp. 77 ¥ OHjo cdop-
MYJHPOBAHO A1f 3TOH wesH.

CBolicTBa 3pDMUTOBHIX OIepaTopoB OyAYT CHCTEMATHYECKH H3Y-
uensl B § 5 u ganee. YKaxeM yxe cefluac OQHO BaXKHOe CBOHCTBO
3THX onepartopoB. Eciu omepatop A 3pMHTOB, "TO CpefiHee 3HaueHuUe
TlepeMeHHON &, BBIUHCJICHHOE C NOMOINLIO JHHEHHOA KOMOHHAUUH
D 4 A¥ aByx ¢pyskuMi @ u ¥ u3 QyHKUHOHAJIBHOrO NPOCTPAHCTBA,
B KOTOpPOM HAeHCTBYeT orepatop A, eCTh BeJHYWHA BelleCTBeHHafl.
CaenoBate/bHO, BLIpaxeHue

(D 4+ 2T, 4@+ AT))=
= (D, AD) -+ A{D, AT) -+ A" (¥, AD) +|A (¥, AD)

BeleCTBEHHO. DTO OJMKHO OHITh TaK WA JI060r0 3HAUeHHS KOMI-
JIeKCHOro uucaa A. Beuay toro, uto (@, A®) u (¥, AY) asaaorcs
BeLleCTBEHHLIMM BeJIMUMHAMH, MBI [/IaeM 3aKJIouyeHHe, 4To

ele(®, AY) + e~ia(¥, AD),

rae o — (a3a KOMIJIEKCHOTO YHCJa A, eCTb Be/JMYHHA BellecTBeH-
Hag. UHLIMH clioBaMH,

ela (D, AY) —(AD, W) =e~2((A¥, @) — (¥, AD))

1, DOCKOJbKY 3TO ypaBHeHHe JO/KHO BHIOJHATHCS MpH MobLIX o,
HaxoauM, UYTO BeJHUHHBE B CKoOKax B 0OeHMX YacTAX paBeHCTBa
paBubl Hymo. TakuM obpasom, ecin @ u W ABaAOTCA QYHKUHAMH
U3 (PYHKIHMOHAJIbHOrO NPOCTPAHCTBA, B KOTOPOM OMpeAeseH olle-
patop A, TO , .

(D, AT)=(AD, ¥) )

HJH, YTO TO XKe camoe,
(D, AV)=(¥, AD)". (&)

PaBencto (8’) uacto paccMaTpHBaeTCsl Kak Ompefe/ieHHe IPMHUTO-
BOCTH omepatopa A.

IMocrynars a) u 6) TMO3BONAT HAM ONPeJENHTb CTATHCTHYECKOE
pacnpeneneHne 3HadeHufi duauueckod BeanauHH S, KoHell 8Toro
Paszena ¥ ABa MOCAEAYIOIIHX NOCBSLIEHH 3TOf 3ajade.
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§ 4. Orcyrcteue daykryauuii u npodaema
COOCTBEHHBIX 3HAYEHHI

q)JIyKTyaLLI/IH HCKOMOro CTaTUCTUYECKOro paclpene/icHus ollpeae-
JAIOTCA BeJHYHHOH CpenHero KBaApaTUUHOTO OTKJIOHCHUS AA

(AAY = (A — (A))) = (4") — (4 =0

(BennunHa A? gBasieTcs NHHAMUYECKOH NepeMeHHOM TOTO XKe ponad,
yTo 4 A, N03TOMY ee Cpe/iHee 3HaueHHe JaeTcd HoctyjaatoM 6)).
Korga otkioHenne AA paBHO Hym0, QJAYKTyallHd OTCYTCTBYIOT, H
MOMKHO C ONpEeIeNeHHOCTLIO YTBEpXKAaTb, 4TO & NPHHUMAET 3HA-
yeHHe, paBHoe (A). -

BuisicHuM, kakue tpeboBaHus Ha ¢yHKuMio W HakiaapbBaer
yciosue AA = 0. Tlpumenss onpenenenne (6) K cpeJHUM 3Haue-
HUAM onepatopoB A u A2, MOXKHO NPHBECTH YCJIOBHE K BHUIY

(¥, A2F) (¥, )= (¥, AV).

Opgnako seqnuuHa (¥, A?W) = (¥, A(AY)) pasna (A¥, A¥).
s mokasaTenbCTBa AOCTATOUHO NPUMEHHTb cBofictBo (8) apmuro-
Boro onepatopa A k dysruuam ¥ u AY. Takum obpasoM, uMeem

(¥, AV = (¥, ¥)(A¥, AV).

CrenoBaTesJbHO, MBI HaXOAUMCHl B CHTyallud, Korja HepPaBeHCTBO:
IllBapua cBOAUTCS K paBeHCTBY, mo3toMy ¢yHKnuun ¥ u AW npo-
NOPUUOHANbHEH APYr Apyry. PJyKTyalluH CTaTHCTHYeCKOro pacnpe-
jenieHHs ¢ o0pamaloTca B HyJb LU JMHAMHYECKHX cOCTOAHHE Wi
TaKHX, 4T0

AY,=a¥,, (9)

rie a — HeKoTopas NOCTOSHHAA.

YpaBuenue (9) ecTb ypaBHeHHe 3ajaud Ha COOCTBGHHble 3Ha-
yeHusi s onepatopa A. [lpumepoMm Takoro ypaBHeHHA ABJAETCS:
yXKe paccMOTpeHHoe Hamu ypaBHeHue Llpenunrepa, He saBucsllee
oT BpeMeHH. TakuM o6pa3oM, Mbl IPUXOAHM K 3aKJIOUEHHIO:

Dusuueckas sesuuuna ¢ obaadaer ¢ O00CTOBEPHOCTbIO (T. e.
C 8epOATHOCTol0, pasHoil 1) onpedesennbim 3HAUeHueMm 6 TOm U
TOAbKO 8 TOM CAy4ae, K020a OurHamu4uecKoe COCTOAHUe QuituecKolt
cucrembvr npedcrasanerca pyuxyueis Vq, 1. e. cobcreentol pyHryueil
3pMUTOB020 OnepaTopa, CONOCTABALEMO20 S, UL ITO 3HAUEHUe eCTb
coOCTBeHHOE 3HAYEHUe oneparopa, CoOTeercréyrouee OanHol cob-
cT8eHHOl PpynKyuu.

CkasaHHOe CHNpaBeAJHBO, B YacTHOCTH, MO OTHOIIEHHIO K sHeprun H(qi; piy
crcTembl. COOTBETCTBYIOMHUH . onepaTop — ramuabronnan lllpeaunrepa — neficTBH-
TeJLHO COMOCTABJIAJCA 3HEPTHH CHCTeMbl, KOTJa Mhl pacCMaTpHBAMH ypaBHeHHE
IlIpepunrepa, He saBucsamee oT Bpemenn (ra. 11, pasnen III). Torna mul mpunsinm,
YTO »HepPTHs CHCTeMbl NPHHHMaeT BNOJHe onpeleneHHoe 3Hauetine E, Koraa cH-
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<reMa HaxoJHTCA B CTalHOHADHOM COCTOSHHH, a ee BOJHOBas (PYHKUHA €eCTh
co6cTBeHHast QyHRUHs onepatopa H, COOTBeTCTBYOmas COOCTBEHHOMY 3HAYEHHIO
E; Bce 3TO NMOJMHOCTBIO cOrJjacyeTcss ¢ OOIMHMH NOCTYJaTaMH, BBeAEHHBIMH B 3TOM
maparpade.

Bo Bcex paccyxIeHufX, NpPHBeAIIHX Hac K ypaBHeHuw (9),
npeanoaaranoch, uto dynruun ¥, AY, AW, Bxoasuke B cKajsap-
HLle NPOU3BeJeHHsA, NPHHAIJEKAT mpocTpaHcTBY ['Habbepra. Camo
ypaBHeHnde (9) npeAlosiaraeT, 4TO HeH3BeCTHasl (DYHKUHMA AOJKHA
OLITh KBaAPATHYHO MHTErPHUPYeMOH.

Oxnako npu Tako#l nocTaHOBKe 3aflaua Ha coOCTBeHHLIe 3Haue-
HHs1 BIIOJIHE MOXKeT H He HUMeTb pelleHuii. MMeHHO Tak o6CTOMT
JeNo B CJAy4ae yxKe DacCMOTPEHHBIX ONeparopoB ¢; U —ifi0/0q..
JlelicTBuTeNbHO, HCCaeNyeM 3afaul Ha COOCTBEeHHBIE 3HAaUeHUA JJiA
9THUX ABYX 0NepaToOpOB B CJydZae CHCTeMH B OAHOM H3MmepeHuu. Jdnsa
onepaTtopa g umeeM

(g—q)¥(9=0,

YTO BO3MOXKHO TOJBKO ecau P(g) PaBHa HYJIO BCIOAY, KDOMe TOYKH
q ==q’. He cymecTByeTr HU ONHOIO KBaApPaTHYHO UHTETPHPYEMOrO
pellleHus, YI0BJAETBOPAIOIEr0 TaKOMY YCJIOBHIO; HCKOMOe pelleHHe
IOJMKHO ObI0 Obl ObITL OYeHb CTPaHHOR (YHKUMeH, paBHOH HYJIO
BCIOY, KpOMe ONHOH TouKdu. Mbl BepHeMcsi K 3ToMy Bompocy B § 8.
Has onepatopa — ifi 0/0g; 3anauya Ha COOCTBEHHBIE 3HAYCHHH HMeeT
BUI

— it = b () =p'¥ (o)

OHa vMeeT eJHHCTBEHHOE DerleHHe, ONpelejeHHOE C TOYHOCTBIO J0
MOCTOAHHOrO MHOXKHTENS, KaKuM Obl HH OblJIo 3HauvernHe p’: UM fB-
Jasetcs QyHKUus e’a%, D10 pelleHHe He ABJIAETCH KBaApaTHUHO
HHTETPHPYEMBIM.

Mu BuAHMM, YTO AJil ABYX PaCCMOTPEHHBIX ONEpPaTOPOB YKa3aH-
Has Bblllé MOCTAHOBKA 3a/laud Ha COOCTBeHHBlE 3Ha4eHHS He HMeeT
cMmbicia. UTobel MONy4dTh 10CTaToOuyHO ofIiue pe3ynabTaThl, ClefyeT
paccMaTpuBaThb pelleHHS 3adadd Ha coOcTBeHHble 3HaueHus (9),
He gBaAoIMecT KBaiPaTHYHO HHTerpHpyeMbiMy. PaHee MH yxKce
UCCaef0Basy OAHO ypaBHeHHe Ha COOCTBeHHLle 3HaueHHS 4aCTHOrO
BHzd, a UMeHHO ypaBHeHue Lllpefunrepa Mis oJHOMEDHBIX CHCTeM
{cm. ra1. I11), n MoxeM OCHOBHIBATLCH Ha pe3y/bTaTaX 3TOro HccJe-
noBauus. CnekTp co6CTBeHHBIX 3HadeHHH raMuibToHHaHa Ulpenun-
repa B ofllieM Ciiyuae COCTOMT U3 ABYX dacTel: psifa AHCKDETHHIX
COOCTBeHHHIX 3HaueHHH, coOcTBeHHble (YHKIHH KOTOPHIX HMET
KOHEYHYI0 HOPMY, M HenpepblBHOTO CIeKTpa cOOCTBEeHHBIX 3HaUeHHH,
co6cTBeHHble (YHKIMH KOTOPOTO OrpaHUYeHbl BO BceM I[POCTPaH-
CTBe, HO MMeIOT OecKOHeuHywo Hopwmy. Ilyrem cymepnosuuus co6-
CTBEHHBLIX (YHKUHA HeNpepHBHOTO CNeKTpa, NpHHAMLIeRKAlIUX Co-
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Ce/lHUM 3HAUEHUAM SHEPruH, MOXKHO MOCTPOUTH KBAJApaTHYHO HHTe-
rpupyemble GYHKUHH, COOTBETCTBYIOLIHE 3HEPIUH, KOTOPas, Kak 3TO
NONCKAa3bIBACT HHTYMIIHA, €CIH U He HMeeT TOYHOro 3HaueHHd, TO
BO BCAIKOM cl/lydyae ONpeae/sercd cO CKOJb YroJHO Majiofi KBaapa-
THYHOH OHINGKOM.

YTOYHMM 3TO yTBepXKJAeHHe, BO3Bpallafich K OOO3HAUCHUAM
§ I11.13. Hcxons u3 cobcreennoll dyHKuMH y(x; €), DpUHAAJEKA-
Iei COOCTBEHHOMY 3HAUGHHIO €& HeNPephIBHOIO CHeKTpa onepa-
Topa H

Hy(x; e)y=-¢ey (x; e), (10)
MBI CTPOUM «cOOCTBeHHHIN AH(depeHnuass )
e+-0e
Y, (x; 08) = (d¢)™" S y(x; &) de’. (11)

e

ITo — KBafipaTHYHO HHTerpupyemas (YHKUHA, H BHUMCICHHLIE
c ee noMolupio BesHauHbl (H) 1 AH uMeloT BIOJIHe onpefe/CHHH
cMbuicat. [Toabsysack ypaBrenusamu (10) u (11), serko BumeTh, 4To

_ (Y, HY,)
<H>'_ (ye’ y; 65:;0 € + 0 (68);

Y, HY .
(HY= —<-T"y—e—7;§>— o g2 + &0 (0€).

CnenoBate/sbHO, KBajpaTHuHoe OTKJOHeHHe AH =A/(H%—~(HY
npu 6 — 0 Bemer cebs kKak (ede)’z. OHO Momxer GLITL CHEJAHO
CKOJIb YFOAHO MaJbiM. DTOT Pe3yJbTaT MOXKeT OhlTb BLIPaiKeH clle-
ayomuM 06pasoM.

C nomowmbio cynepnosunuu co0CTBeHHBIX GYHKUHA (c Gecko-
HeuHOfl HOPMOR), NpHHaAJeKaUX COOCTBEHHBIM 3HAYEHHAM, Je-
KalwuM B orpaHuueHHo# obsactu (o, o -+ Sot) HempepblBHOrO clek-
Tpa omnepatopa A (ecsH OH CYLIECTBYET), MOMKHO NOCTPOUTH KBaJ-
paTHIHO HHTEerpupyeMue (YHKUHH, [PHYUEeM KBAJPAaTHYHOE OTKJO-
HeHHe pacnpeje/fieHMs 3HaueHuH A OT CpelHEro 3HauveHUS
(a4 O(6)) MoxeT ObITH CHeNaHO CKOJb YrOZHO MaJibiM, eCJH
BLIOpaTh NOCTATOYHO MaJbMH pasMepr Oo 0bsacTH.

SlcHo, uTo 3amaua Ha cOOCTBEHHHIE 3HAYEHHH, BHIpaKaeMas
ypaBHeHueM (9), HosxHa urpaTh (yHAAMEHTAJbHYIO pOJb He
TOJILKO B 00/1aCTH AHCKPETHOro CHeKTpa, HO TaKke H B ofJacTu
HeNPepHBHOIO CHEKTPa, KOrfaa coOcTBeHHBle (PYHKUHUH YyXKe He NpH-
Haafje:xar npocTpadHcTBy [uabbepra. 3afiMeMcd NO3TOMY CHCTeMa-
THYECKHM H3YyYeHHeM 3TOH 3aflaid Ha CoOCTBeHHBle 3HAYEHHS.

4) Muoxureanr (8¢) =2 BBOIMTCT B onpeieneHHe «COGCTBEHHOro muddepen-
uHana» AJas TOro, YTOGH HOpMa ocTaBajachk KoHeuHoft npu 8&— 0.
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Pasagea 1I. AICCIENOBAHUE AHCKPETHOIo CIEKTPA

§ 5. CoGcrBeHHEIe 3HAYEHUA H COOCTBEHHBblE PYHKUUHM
IPMHTOBOIO oneparopa

PaccMoTpuMm ypaBHeHHe Ha cOOGCTBeHHHle 3HAUYEHHS
A'q’a:a‘pa' (9)

B 31OoM pa3sfene MH GyAeM paccMaTtpHBATL TOJbKO COOCTBEHHBIE
Gynkunn Ya, npunadiesxcauue npocrpancrey luavbepra. Cicpo-
BaTeJbHO, BCIOJY HNOJPa3yMeBaeTcs TOJbKO JHUCKDeTHBIH CHEeKTp
cobGcTBeHHHIX 3naueHunil. Oflee uccaefoBaHHe, BKAKUAOIEe H He-
MpepHIBHLI cHeKTp (ecAu OH cyllecTByeT), 6yJer NPOBEAEHO B
paszene IIL :

IMockobky A ecth JAuHelHBIA omepatop, TO:

1. Ecau ¢, ecTh cO6CTBeHHAsn (QYHKUUSA, TO CPq, Tle € — NPOH3-
BOJILHAS NOCTOSHHAs, TaKXKe eCThb COOCTBeHHAS (QYHKuHS, NPHHAA-
JieXalas ToMy ke coOCTBeHHOMY 3HaueHHio. UTOOb (HKCHPOBATDH
3Ty NOCTOSHHYI0, OOHYHO COOCTBeHHBle (YHKUHH HOPMUPYIOT HA
eNNHHUILY:

<\pa’ \pa> = 1'

Tloce aToro GYHKIHS P, ONpeaeneHa ¢ TOYHOCTLIO A0 NPOH3BOJb-
HOH NOCTOAHHOHA (a3sH.

2. Ecnn aBe aunefino HesaBucumble QyHkumn $0, $2 %) npu-
HAAJCKAT OJUOMY H TOMY XK€ COGCTBEHHOMY 3HAauYGHHIO, TO TO XKe
caMoe HMeeT MecTo AJs Jro00d JHHeAHOH KOMOMHANHH 3THX (YHK-
uu#. [osopsdr, 4TO B 3TOM ciayuae AMmeercs saiposicdenue. Maxkcu-
MaJlbHOe YHCJIO0 JIHHEHHO He3aBHCHMHX cOOCTBEHHHIX (QYHKUHH, NpH-
HagJIeXallnX OAHOMY COGCTBEHHOMY 3HAUYEHHIO, Ha3hIBAeTCs nopao-
Kom (MJH KpaTHOCTBIO) BBIPOXKJAEHHS [JAaHHOIO COOGCTBEHHOIO
3Hadvenus (MBl yXe BCTpeuyaJH IpHMEPH BHPOXAEHHS BTOPOro Ho-
panka B ra, I1] npu u3yyeHHH HenpepbIBHOrO CIEKTPa).

M3 onpenenennss 3pMHTOBOCTH H cBoicrBa (8) noayuaem naBa
(dhyHaaMeHTaJbHHIX Pe3yJbTaTa.

1°. Bce cobcreennsie 3HaveHus eewjecT8eHHsl. B camoM Jene,
YMHOKasl CKaJsipHO o0e CTOPOHH ypaBHeHust (9) cjeBa Ha (yHK-
LHIO P, OGHAPYXKHUBAEM, YTO @ PaBHO CPefHeMy 3HaueHui0 A B Au-
HAMHUYECKOM COCTOSHHH g

— (g, Aa)
(Ya: $a) ’

a 3Ta BeJMYyHHa, O OoNpele’ICHHI0 3PMHUTOBOCTH, BelleCTBEHHA.

a

%) Jlpe byHKuuH Py H Py JHHEHHO HE3ABHCHMBI, €CJH He.CYUIeCTBYeT OTJIHY-
HBEIX OT HYJAA NOCTOSIHHBIX Aj, Az TaKuX, 410 Ay + Ao == 0.
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2°. Hse cobcreennsie (ynkyuu, npunadiexcauijue pasiudHolm
cobcTeennbim SHAUCHUAM, OPTO2OHAAbHL Opye Opyey (cm. § T11.13).
Hycrto

Apr=arp, A= ax}s.

YMHOXKAsi mepBoe YpPaBHEHHe CJleBa Ha 1, a BTOPOe VpaBHe-
HMe — CIpaBa Ha ) M BHYMTas, [OJy4aeM, YUUTHIBasi CBOHCTBO (8),

0= (g, A1) — Ay, P1) == (@ — a5) (P2, 1)
CJlefoBaTeJIbHO, €CJH 4 7= Gy, TO

<¢‘2’ ¢‘1> =0.

Takum o6pasoM, dge cobcTeentbie Gyurkyuu P1, e, npuHadse-
socaujue pasaudHoim COOGCTBEHHOIM 3HAYEHUAM, JNHHEHHO He3aBH-
CAMHL. JlefcTBHTENBHO, NPELNOJOXHM, UTO MOXKHO HafiTH ABa yHC/a
A1 ¥ Az TaKHX, 4TO

Ay + Agpo=0.

YMHOXKas KaxAbfl uJleH JleBOH YaCTH ypaBHEHHS cJleBa Ha ;, no-
Jy4yaeM, YUHTHBAs CBOHCTBO OPTOTOHAJBLHOCTH,

Ay, P)=0

K cJef0BaTelbHO Ay PaBHO HyJ0. AHAJIOTHYHO NOKa3HBaeM, 4TC
Ay=0. ’

Ecsu cobcrBeHHOe 3HayeHUe @ BHPOKAEGHO W KPATHOCTb BHPOXK-~
JeHHs paBHA n, TO Kaxaas cobcTBeHHast QYHKIHS, COOTBETCTBYIO-
1masi 3ToMy COOCTBEHHOMY 3HAYeHHIO, MOxeT OHIThH MpeacTaBleHa
B BHJe JNUHeAHOfl KOMOGHHAUHH n JHHeHHO He3aBHCHMHX COOCTBEH-
HEX OyHruai O, $@, ..., p™ Karoro-1H60 uyacrHOro BHOOpA.
Cyuiectsyer GoJbuIoi mpou3Bos B BHOOPe 3THX Oa3ucHHX cOO-
cTBeHHHX (QyHRuUHE. OAHAKO BCeria MOXKHO JAOOHTHCH, 4TOOH OHH
6LlIM HOPMHPOBAHH Ha eJAHMHHLY H OHLIJIH OPTOTOHAJBHHL APYr ApY-
ry. Jdag srtoro, ucXonxs H3 NPOH3BOJBLHOM COBOKYNHOCTH JHHeHHO
He3aBHCUMHIX GYHKIHE D, $@, ..., $™, MOKHO, HATIPHMeED, PO~
BeCTH clleAyolne onepaunun (npoyecc oprozonasusayuu Inudra):
onpexesiem ¢! paBeHcTBOM

crpt == 0,
HAXOIMM MOCTOsIHHYIO ¢; u3 ycioBud (0, ¢'y=1, Tak uro
lerP= 0, $O).
Omnpeneasiem ¢@ paBeHCTBOM
o@D == P@ — @'V (D, Pp@),

JleBag wactp He paBHa HYJO, NocKOAbKY ) u $@ guuefino we-
saBucuMH. $cHo, uro {9, @) = 0. BriGupaem ¢; U3 YyCIOBHS
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(o®, @) = 1. [anee, onpeaensiem ¢ paBeHCTBOM

Caq;(3) == PpB — q)(l) <q)(1)’ 1‘3(3)) — q;(Z) ((P(Z), \];(3)>.

Dta QyHKuMS, OUEBHIHO, HE paBHA HYyJO, OpTOroHadpHa K @) H
¢® u Moxer GHITh HOPMHPOBaHa COOTBETCTBYIOLIHM BHIGOpOM Cs.

U rak nanee. [Tonyuennnie TakuM o6pasom n dyHguuit b, ..., ¢
ynosaersopsiior n(n-+1)/2 coorHomennsim
(@D, gmM)y=8;, (I, m=1,2 ..., 1),

rae 6, —cumBoa Kponekepa:

5 {1, ecii l=m,
Im= 10, ecau [s=m.

ToBopdr, 4T0 9TH OYHKIHH 06pa3ylOT COBOKYNHOCTb OPTOHOPMUPO-
BaHHOLX (YHKYUL.

HayueHue BHIPOXAEHHHIX COOCTBeHHHIX 3HAYeHHH JOMXKHO OHIThb
JIOTIOJIHEHO CJAEAYIOUHM YTBEpXKAeHHeM, KOTOpoe Mhl NpuMeM Oes
JoKa3aTedncTBa 3). Eclu xpaTHOCTL BHIpOXAeHHS OecKOHeuHa, T.e€.
€cJid MOXKHO HAATH MPOM3BOJLHO OOJBUIIOE YHCIO JHHefiHO He3aBH-
CHMHIX CcOOGCTBeHHBIX GYHKNHH, NpHHAAJeRAMMUX 3TOMy cOOCTBeH-
HOMY 3HAYEHHIO, TO BCEra MOXKHO IOCTPOHTbL MOCJEA0BATENLHOCTE
(Geckoneunyio cuernyio) ¢, @@, ..., ¢\, ... OPTOHOPMHPOBAH-
HBIX COOCTBeHHHIX (YHKIHHA, TAKyl, "YTO BCAKasg COOCTBeHHAs
(GyHKIHS, NPHHAANE)KALIAs JaHHOMY COGCTBEHHOMY 3HauYeHMIO, Mo-
sKer GHITH pasioxkeHa B PAL N0 3TUM (YHKIHSIM.

MoxHo Takxe MoKa3aTb3), yTo COGCTBeHHHIe 3HAueHHs o006pa-
3YIOT OQuUCKpeTHyn TNOC]IeL0BaTeNbHOCTh (KOHeuHyio HJIM OecKoHeu-
HYIO CUETHYIO) 4, 2, ..., Gp, ... DTO CBOHCTBO SBJSETCH Xapak-
TepHBIM [J1si COGCTBEHHHIX 3HauyeHHH, cOOCTBeHHble (PyHKIHH KOTO-
PHIX npunadaescar npocrpanctey I'urvbepra.

§ 6. Passoxenne BoJHOBOH (PYHKIHHK B pan,
10 OPTOHOPMHPOBAHHLIM COGCTBEHHBIM (DyHKUHAM

Kak MBl BHIE/H, KaxJAOMY COGCTBEHHOMY 3HAYeHHIO 4, onepa-
Topa A COOTBETCTBYeT IOC/]eJ0BATEILHOCTD OPTOHOPMUPOBAHHBLY
cobcTeentblx YHKYLL

q’g)’ q’g)’ ¢y q’g)’ sy

coJepkamias OJHH 3JEMEHT, KOHEYHOe UYHCIO 3JeMeHToB Hau Oec-
KOHEUHOE UYACJAO 3JeMEeHTOB, €Cld COGCTBEHHOe 3HaueHHe SIBJSETCH
COOTBETCTBEHHO HEBHPOMK/JIEHHBIM, BHIPOXKIEHHBIM C KOHEUHOH KpaT-
HOCTHIO HJIM BHPOXKIEHHHIM C GeckoHeuHOH KpaTHOCThIO. OGo3Ha-
unM  cumBoloM {9} MHOXecTBO, 00pa3oBaHHOE BCeMH ITHMH
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¢yHkunamu. Beskas QyHKUHA H3 9TOTO MHOMKECTBA YAOBJIETBOPSET
COOTHOUIEHH M

AgD =a o, (12)
(@5 97) =8,,5,,. (13)

Bosnnkaer BOnpoc 0 BO3MOXKHOCTH NpEACTaBJAEHHS NMPOH3BOJb-
HOH BOJIHOBOH (yHKUHMH 1 H3 mpocrpaHcrBa I'manGepra B BHAE
(byHKUHOHANBHOTO psina MO QyHkumsiM cucremn {@{’}. It0, Oue-
BHIHO, BO3MOJKHO, eCJH 1P eCTb cOOCTBeHHass (QyHKuUMsS ONeparTopa
A, 7 B 3TOM clyyae eJHHCTBEHHO OTJIHYHHIMH OT HyJs 4YJEeHAMH
pana OyAyT uileHH, COOTBETCTBYIOIHe (QYHKUHSIM, NPHHALJIEKAIHM
TOMY e COOCTBEHHOMY 3HaueHHIO. EC/AH 3TO BO3MOXHO MJs Npo-
H3BOJILHOH QYHKUHK 1, roBopsr, uro {@V} ects noamas cucrema.

Ykaxkem Ge3 DOKa3arTelnCTBa 3) HEKOTOpDHIE CBOfCTBA pasioKe-
HHH B psaJ IO OPTOHOPMHPOBAHHHM CHCTeMaMm (QYHKIHH.

Iyery uy, 4, ..., Up, ... HOCAEIOBATENBHOCTH OPTOHOPMHPO-
BaHHHIX (QYHKUHE.

1) Ecau + pasnaraercs B psij N0 3THM (YHRUHIM

P= ; Cnlin,

TO KO3(QdUIHEHTH PAa3/0XKEeHUS onperensorcss HopmyJo
Cn==(Un, )

M YAOBJeTBOpSIOT pasencTey lapcesars
LlenlP =¥, ¥).
2) OG6patHo, ec/i YHCJOBOH PN Zlcn P cxomutcst X uucay N,
n

TO Pa3NoXKedne D, Cull, CXOAUTCS (B CMbIC/Ie CPEJHEr0 KBaApaTHi-
n
HOro) K QyHKUIHA 4§ ¢ HOpMmoOH N.
3) Ecan QyHKUHOHANBHHE PSAJB Y Catin ¥ 2, dyut, cXOmSITCA CO-

n n
t 3

OTBETCTBEHHO K § H @, TO PAL ). dyCn, CXOLMTCA K CKAJdSPHOMY

n

NPOH3BENEHAIO @ Ha 1

~ <(P, ¢‘> = ; d:‘tcn-

4) Kago#t 66 HH Onisa KBaAPaTHUHO HHTerpHpyeMas QyHKUHS
‘p’ paa ’
b= 2t (un, V)
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CXOAMTCS BCerla; PasHOCTb  — 1 OPTOrOHajbHa KO BCeM OYHK-

UHAM U, a HopMa ee pasHa (i, %) —{$, $). Takum oGpasom,
BCeraa

(b, ¥ =, b

€CJIH peasiH3yercsi PaBEHCTBO, TO P = .

Bce stu cBolicTBa COXPAHSIOTCH NPH HyMepanud QYHKIHH
HeCKOJbKHMH IMCKpPeTHbIMH HHaekcamH. CilefoBaTesbHO, OHH BHI-
nosnsiores 0 s cucremst {¢}. B uactHOCTH, ec/iu cucTeMa {cpg’}

noJida, To JwbGas BoaHoras ¢yukuisg ¥ mMoxer OHTb NpeACTaB/IeHa
panoM

‘F——=pzr ¢, (i4)

k03 PHIHENTH KOTOPOrO PaBHHI
o=, V) (15
W yaoBJeTBOPSOT paBeHcTBy IlapceBans

,,Z, | e = (¥, W, (16)

Kpome TOro ckajispHoe NpOH3BeJeHHE ABYX BOJNHOBHIX (PYyHKIHH
¥y, ¥, Moxer OHITh HpPeJCTaB/IEHO B BHIE

(¥p ¥y)= pZ, (¥ 9p) (90 ¥y). (17)

Ecau He mpeciezoBaTh LeJefl MaTeMaTHUeCKOH CTPOrocTi, TO
ypasHenns (15) u (16) ;erko moaydalorcs, ecaun noactaButh (14)
B NpaBbie YacTil S5THX ypaBHeHH{ H BOCIOJbL30BAThCS COOTHOILIe-
HUAME opToHopMmupoBanHocTH (13). PasencrBo (17) mosyuaercs
aHaJOTHYHBIM O6pa3oM.

DBpocaercs B ryiaza aHaJIOrus ¢ OObLIMHBIM KOMIJIEKCHBIM BEKTOP-
HBIM npocrpaHcTBoM. [TosHas oproHopMupoBaHHas cHCTeMa (PyHK-
uuli urpaer posnr Ga3HCHOH CHCTEMB! OPTOrOHANBHBIX APYyr APYTy
BEKTOPOB efHHAYHOH AnuHbl. Pynruus ¥ ecrb BEKTOp B 3TOM MpO-
crpaHcTBe (c GECKOHEYHBIM YHCJIOM H3MCpeHHil), KO2pPHUIHEHTH
<c§,’>, Yy CcyTb KOMIOHEHTHl IO HANmpaBJeHusAM Oa3KHCHLIX BEKTOPOB

(ypaBHesue (15)), a HOpMa 3TOrO BCKTOpPA paBila cyMMe KBaApaToB
MmoayJieit cocrasasiouinx (ypasHemnue (16)). Crkaaspuoe mpowusBe-
denne Wo Ha W) paBlO CyMMe HPOH3BeACHII KaxAOH KOMIOHEHTH
W, Ha BeauyMHY, KOMIJIEKCHO COMPSIJKEHHYIO COOTBETCTBYIOLIEH
KomnoHenre ¥,
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§ 7. CraTHcTHyecKoe pacnpeneseHHe pe3yJbTATOB H3MepeHHi
BEJIMYMHBI, OnepaTop KoTopoi o6JafaeT NOJHOK CHCTEMO#H
coGCcTBeHHBIX PYHKIMA ¢ KOHEeYHO# HopMoil

B03MOXHOCTL NPEACTABHTHL BCAKYIO BOJHOBYIO OCyHkuuio W
pasjnoxenuem tuna (I4) cymecTtBeHHO ofJeryaer H3yueHHE BCeX
npo6aeM, Kacamomuxcs oneparopa A. Ilpeanosoxum, 4to onepa-
Top A o6safaer MOJMHOH CHCTeMOM OPTOHOPMHPOBAHHKIX COGCTBEH-
HHIX (QyHKUHA (IpHMEpOM MOXKET CJIYXHTh FaMWJILTOHHAH TapMo-
HHYECKOro OCLUMJLIATOpA, paccMoTpeHHbiii fajee B . XII). Bu6op
TaKOH CHCTeMHl HECOMHEHHO He sIBJseTcd eJMHCTBEHHHIM, Bceria
MOXKHO H3MeHHTh Qasnl QyHKUMH HIH, HAOpHMep, 3aMeHHTh OPTO-
HOPMHPOBaHHKE (QYHKIHH, NpHHAJJIEXKAIIHE OAHOMY COOCTBEHHOMY
3HAaYEeHH1O, OPTOHOPMHPOBAHHLIMHY JIMHEHHBIMH KOMOHHAIASIMH 3THX
dyukunfi. OgHaKo pe3yabTaThi, KoTopsle OYRYyT MNOAyueHbl HHKe,
He 3aBHCAT OT KOHKPETHOro BHOODAa CHCTEMHL.

A priori ¢oynkuusa AW He o6s3aHa GHTb KBAAPATHYHO MHTEr-
pupyemoii. Oxnaro, cornacuo (14),

= ¥ c0Agn = OgD
AY ,;Zrc” Ag! pzrapcpqap.

1ot paA cxoxaurcs (§ 6, cBoiictea 1) u 2)) B TOM U TONBKO B TOM
ciyuae, ecld CXOAUTCS DS Z a2|c(’> F H TOrfla CyMMa 4HCJIO-

BOro psiia paBHa HopMe AW. Mu noJyuaeM KPUTepH# NpHHAAJEXK-
rvoctn AW npocrpaHcrBy I'mabGepra.

AHanOrHYHEE BHIBOABI MOXKHO CHeNaTh OTHOCHTENbHO (QyHKUHH
A?Y. B camoM ofuieM caydae, ucxois us Qynkuun F(x) u ocHo-
BLIBAsICh Ha paaJjoxeHHH (14) npH ycJOBHH ero CXOAHMOCTH, MOX-~
HO onpexeauth oneparop F(A) kak ¢yuruuio onepatopa A. Ero
neficTBHe Ha QyHKiuuio ¥ onpelensercss paBeHCTBOM

F(A)W =) F(a,)cton.
p.r

Oneparop BHOMHE OnpefeNeH, ecJd JaHHBIH QYHKIHOHANBHHIN DAL
CXOfHATCH, T. €. ONpejeseH A Bcex Tex QyHKun# W, Aag KOTOpHIX
CXOAHUTCSl YHUCIOBOH pAX

Z, I F(ap) |2| Cx(or) |2‘ ~

Unrateasr JIETKO NPOBEpHUT, 4TO OTpeleleHHas TakuM o6pasoM
¢dynxkunst F(A)W He 3aBHCHT OT KOHKPETHOro BHIGOpPA CHCTEMH
@)

B uactHOCTH, omepaTop e®®4, rae § HEKOTOPHIH 3ajaHHBIH mapa-
MeTp, onpese/ieH sl BeeX QYHKUMH, NPHHALNEKAINX NPOCTPAHCTBY
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Tunb6epra. LeACTBHTENLHO,
A
Pl B WAL (18)
p.r

npudeM KPHTePHH CXOAHMOCTH (PYHKUMOHAaNLHOrO psija CBOAHTCS
K CXOZHMOCTH YHCJOBOTO psiga ), l cn 12, UTO BCErja MMeeT MecTo,
D, r

ecny W npuHagnexat npocrpaHctBy I'mabGepra.

Teneprh MBI yXe MOKeM ONpEeLeJNHThL CTATHCTHYECKOe paclipeje-
JieHHe BeJHYHHH S ANd J1060r0 AHHAMHYECKOro COCTOSHHSA (u3H-
4YeCKOH cHcTeMHl. JleficTBATENbHO, XapakTepHcTHYecKas QYHKIHSA
f(E) sroro pacnpenenenns®); snanue KOTOpOH mMO3BOJsET MNOJ-
HOCThIO ONHCATb paclpejelieHHe, ecTh, MO ONpeje/eHHIO, CpelHee
3HauYeHHe BeJHYUHH e’%4 B 3TOM cocrosHHH. BOCnonn3oBaBMIACH MO-
crynatoM 6) u3 § 3, Mbl OnpejesuM 3TO cpejHee 3HAYeHHe BhIpa-
KeHHEM

iZA
fo =00

(KOTOpOe BCerfa UMeeT CMBIC/, Jaxe ecld cpejHee 3HayeHHe A He
onpeneseHo).

IMycts Teneps W ecTb BOAHOBast QyHRUHMS, NpelcTaBasiomIas
paccmarpuBaeMoe QMHaMHueckoe cocrosHue. [Toaw3ysch pasioxe-
Husimu (14) u (18), a Taxxke Bbipaxenunem (17) ans ckansgpHOro
IPOU3BEJEHHS, HAXOIHM

fE= ; w,e%,

6) C TouHOCTBIO KO TIOCTOSIHHOTO MHoXuTens f(E) sBastercss oBpasom Dyphe
HckoMoro pacnpexenenust. Ilyeteb X — cayyafinas senuuuna, IPHHHMAKOILAs Bee
3HaueHus B uHTepBaje (—oo, -}-o0), a P(x) — BepoaTHOCTb OGHAPYXHTb X B HH-
TepBane (X, x + dx). Torma xapaxrepucrudeckas ¢byHkuHus f(E) cTaTHCTHYeCcKOrO
pacupeeneHus 3ToA CAYYaliHON BeJHYHHbLI eCTh CpejHee 3HaueHHe exp (EX:

“+oo
f(§)=5 P (x) dx.

Ecan xe X MoxeT RpPUHUMATL TOJNBKO HEKOTODHE AUCKPETHHIE 3HAYEeHHSH
X1, «+vs Xny - .. C BEPOATHOCTAMH W[, ..., Wn, +.., TO

itx
FE)=D wne" ™
n
B Gonee obmeft popme: ecau F(X) ecrb BepoATHOCTb Toro, 4To X << X, TO HMeeM

400

re={ e ar,

-0

Tle HHTErpaJ cleAyeT [OHHMATb B CMEBIC]E CTuabTheca.
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rje Mu BBeJH 000O3HaueHHe
r r

=TT T T (W0

IMonyuenHoe Bripa)KeHHe A/ XapaKTepHCTHYeCKOH ¢dyHKuuu pac-
npejeseHHsi IPHBOAUT HAC K 3aKJIOUEHHIO, UTO:

l. BenununHa S MOXeT NPHHHMATh TOJNBLKO 3HA4YeHHS 4, g, .:.
«evy Qp, ..., T. €. COOCTBEHHHIe 3HAUYEHHUS COINOCTABJEHHOro eit omne-
paTopa.

2. BeposiTHOCTL TOro, 4To ¢ NpHMET 3HaueHHEe dp, €CTh Wp.

HeTpyano ycraHOBUTB, uTO pr=1 (paBencrBo Ilapcesans)

p .

M 4TO CpelHee 3HaueHHe S¢ NAETCS BHIPaXKeHHEM
(A)= ;_wpap

npH yCJOBHH CXOAMMOCTH 3TOrO pPsiia H UTO B oOmieM cjydae cpel-
Hee 3HaueHwe ¢yHRuHE f(A), eclAM OHO CYIECTBYyeT, BHpPaxkaercs

dopmynon
(f (A)y== ; w,f (a,). (19)

B wacTHOCTH, AJIs TOTO YTOGHI S¢ C HOCTOBEPHOCTHIO NPHHHEMANO
Kakoe-1u60 3ajaHHOe 3HAayeHHe, HeOGXOAMMO H JAOCTATOUHO, YTOOBI
W gBnsjiach coGCTBeHHOft QyHKuMell, NpHHAAJdexaleH 3TOMY cO0-
CTBEHHOMY 3HAaueHMIO, B COIVIaCHHU ¢ BhBoJaMu § 4.

IMosyueHHBie Pe3yJbTaThl MOXKHO NpeACTaBUTH B (popMe, KOTO-
pas jAenaer eule Gosee HArJAgAHLIM TOT (PaKT, YTO OHH He 3aBHCHAT
0T BHIGOpa cUCTeMB QYHKIHH {(pg)}. HeficrearenbHo, QyHruus W,

onpelesenHass paBeHCTBOM
= () (o)
\Fp Zq’p <q’p ’ 111),

OueBHIHO He 3aBHCHT OT 3TOro BhiGopa (cM. sapauy 4). Torma pas-
Jqoxenne (14) Moxer OwITL MpeAcTaBieHO B dopme

U= )W, : (20)
p

Muaue roBops, MOXHO (M 3TO yKe eIHHCTBEHHHIM 0GpasoM) mpej-
crapuTh W B BH/Je CyNepno3HUHH COOCTBeHHHIX (PYHKUHH omepaTtopa
A, npuHHaMJEXalHX Pa3/HYHEIM cOOCTBeHHHIM 3HaueHusaMm. Toraa
BEpOSITHOCTb W, HaWTH 3HAUeHHe A, PaBHA OTHOLICHHIO HOPM W), u W':

(¥p, ¥p)
wp———'—<—‘;—"q,—;-. (21)
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Paspen I1I. CTATHCTHUKA USMEPEHHA B OBWEM CJIYYAE

§ 8. TpynHocTu oMHCAHHA HENPEPBLIBHOIO CeKTpa.
Beenenue §-pynkunu Jdnpaxa

Bce noayuenHble HaMPl pe3y/bTaTh TepsioT CBOIO CHJAY, eCJH

cicreMa (QyHKuuH {q) } He sBJgercd nojaHoit. Mel Buzenan, 4ro 3To
IaNeKo He HCKAIOYATeNBHBIR cayuaft. Opnako oGcyxpenue B § 4
VKa3LBaeT HAa BO3MOMXKHHIA NyTh pacUIApeHHs O6GJAcTH NPUMeHH-
MOCTH pa3BUTOH TeopHH. Ha 3TOM myTH Mnl Ho-IpexHeMy OyldeM
HCXOAHThL H3 ypaBHeHHS Ha coOCTBeHHble 3HaueHus (9), He HakJja-
IbIBas OJHAKO Ha pellieHHsl CTPOroro TpebOBaHHsl NPHHAAJIEXKHOCTH
K npocrpaHctey I'mapbepra. Ho ans storo nam norpebyercsa pac-
NPOCTPAHUTL HA PellleHHs, He HMeIOlllHe KOHeYHOH HOpMbI, NOHATHS
OPTOrOHANBHOCTH U HOPMHPOBKH.

PaccMorpuM aBa DpuMepa, OTHOCSIIHECH K OJHOMEPHHIM CHCTe-
MaM: onpejeseHHe CTATHCTHYECKHX paclpeileleHHH 1O MOJOXKEHHIO
¥ 10 UMIYJALCy. B 3TOM cjydae CTAaTHCTHYECKHe pacrpejesieHus
H3BECTHBI, YTO NOMOXKeT NpoBecTH (OpMalbHOEe pacili¥peHHe pe-
3yJLTaTOB Npeanaymero naparpada. KoopauHara g Moxer npunu-
MaTbh BCe BO3MOXKHble 3HAUeHHS B HHTepBasle (— oo, - o), NpH-
yem BepOSITHOCTL HalTH ¢ B uHTepBaJge (g’, ¢’ -- dg’) pasHa

P(g)dg =1 (¢ dqg, (22)

rae P(g) ectb BoNHOBas (QyHKuHS (IO MPEANOJOXKEHHIO HOPMHPO-
BaHHAs Ha eAWHHIY), NpPEACTABISAIONIAS AHHAMHYECKOE COCTOSHHUE
¢usnyeckoit cucremul. C APyrod CTOpPOHH, HMOYJBLC p, NpeACTaB-
JisseMbldl onepatopoM —if d/dg, MOXeT MPHHUMATHL BCe BO3MOXKHEIE
3HayeHHs] B HHTepBaje (— oo, -}- 00), U BEpOSITHOCTh HAHTH p B
uurepsaje (p’, p’ -+ dp’) paBHa

M (p")dp” =1l (p") P dp’, (23)

rue q>(p)——r1011x01151muM o6pa3oM HOPMHpOBaHHHI o0fpa3 CDypbe
BOMHOBOH (QyHKIUH P (g).

B ofoux ciyuasx CHeKTp BO3MOMHEIX 3HAYeHHH paccMaTpHBae-
MHLIX BEJHYHH SIBJISeTCs HEMNPEPLIBHEIM. B 3TOM ¥ COCTOHT OCHOBHOE
OTJIHYHE OT CHTyauHH, H3yYeHHOH BHIIE, KOria MBI UMeJId AH-
CKDETHBIl CHeKTP M BO3MOXKHOCTb MPEACTABHTh BCAKYK BOJHOBYIO
¢yHruuo P B BHxe pAxa (cM. ypapHeHHs (14) nau (20)), rax-
LHHA uleH KOTOPOro COOTBETCTBYeT OJHOMY H3 BO3MOXKHHIX 3Haue-
HHE H3 3TOro cnekrpa. EcrectBeHHbM 0606IleHHeM Ha cayuaii He-
NPEePHBHOrO CNEeKTPa sIBJSeTCs NpeAcTaBleHHe BONHOBOA (PyHKuUHU
He B Gopwme paga, a B hopme uHTerpaJa.

C dopmaapHOll TOYKH 3peHHS B Clyyae NOJHOCTHIO AHCKPETHOro
CIEeKTpa XOJ pacCykieHHii GHJ TaKoB.
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dpmuros omepatop A obnamaer PAAOM AHCKPETHHX COGCTBEH-
HBIX 3HauYeHHH, KOTOPHE MHl Pajd APOCTOTH OyJeM CUMTATb HEBHI-
poxaeHHbMH. KaxaoMy co6cTBeHHOMY 3HAYEHHIO 4, COOTBETCTBYer
cob6crBeHHas (QYHKIHS ¢, {onpelenseMasi ¢ TOYHOCTBIO A0 (asH),
HpuyeM

Ag, = QnPn;» (24)
<q)n’ q)n.’> = bn.n." (25)
ITockonbKy OPTOHOPMHpOBaHHAS cHcTeMa {@n} NOJHA, BCAKas QyHK-

nast (MO TPeANOJOKEHHIO HOpMHDOBAHHAS HA eAHHHIY) MOXeT
OLITb MpelcTaB/eHa PSIAOM

b= ; CnQn, (26)
rae, BCJAEACTBHe YCJIOBUH OPTOHOpMHpOBaHHOCTH (25),
(9, VY= nZ € (Ppr Py =0, @27y

Hcnonbaysi Te Ke COOTHOLIEHHS, [JI5i XapaKTePHCTHYECKOH (yHK+
LMK HaXOAHM

(b ¥y =2 e, e (@, @) =X |c, e, (28)

OTKyJa Jenaercs BHBOJ, YTO BEPOSITHOCTb TOTFO, YTO A NpHHHMaeT
3HayeHHe a,, paBHA KBaAPATy MoAyJas KoabGdHUIHeHTa NPH ¢, B pa3+
aoxeHun (26), T. e. |enl2

HefictByst 1o aHaloruu, o6o3Haunm ¢ nomomwio U(p’; g) cob-

cTBeHHYI0 (YHKUMIO oneparopa p == —ikd/dqg, npuHagJexRamyo
co6CTBEeHHOMY 3HaYeHHIO p’
hod ’
pulp’s =7 g-ulp’s @ =p'ulp’; q). (24°)

Ilpoponxkasi GopmManbHy0 aHAJOTHIO, NPEACTABHM BOJHOBYIO QyHK~
uHio §(g) B BHAe HHTerpaJa no gopmyae

+oo

blg)= S c(pYu(p’s q)dp'.

-0

3zecs |c(p’) |2dp’ nmonxHO GHITB BEpOSTHOCTBHIO TOTO, 4TO p Ha-
xonutcsi B unHTepBane (p’, p’ -+ dp’). Iloaromy Heob6xoAHMO, 4TOGLE
le(p) 2= o(p’) % 1. e. uToGH c(p’) Gni1O paBHBIM @(p’) ¢ TOU-
HOCTHIO 10 (a30BOro MHOXHTess. IlockoJbKY coOcTBeHHasi (QYHK-
uus caMa no cefe ONpelenseTcsi TOJBKO C TOUHOCTBIO A0 INPOH3-
BOJILHOTO IOCTOSTHHOFO KOMIJIEKCHOTO MHOXHTENS, MOXKHO BCerja
BHIOpaTh ero TaK, uroObl aHajgor ypaBHeHus (26) npuHan
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(popmy
40

v@= | e u (s 9y ap'. (267)

-~ 00

Kosdduunent @(p’), npunagiexamuil co6cTBeHHOMY 3HaueHuIO p',
no ¢opmyae, oGofwawleil cooTHomenue (27), po/xeHn OHTH
paBeH

(V= (p’; 9), (g,

YyTO NPH NMOACTAHOBKE, BMECTO P (g), HHTErPaJIbHOTO NPEACTABJIEHUS
(26’) naer -
+ o0
o(p)= S o (p") (u,, u,)dp”. (29)

-—00

34ech MH HMCNOJb3yeM COKpallleHHOe ofo3Hauenue u, AN QYHK-
MM, apjsiomeiics cO6CTBEHHON (yHKuMeH, npuHajaexauled co6-
cTBeHHoMy 3Hauenulo p’. CootHomwenue (29) AOJMXKHO BHIIOJHATHCS
pas Jo6oit BoaHOBOH ¢yHKUMH ¢(p’) B NPOCTPAHCTBE MMIYJbLCOB
(eAMHCTBEHHOE OrpaHMUYEHHE HA 3Ty (QYHKUHIO COCTOMT B TOM, YTO
OHa JOJKHA OHTL KBaApaTHYHO HHTErpHpyeMoH); 3TO CBOHCTBO
(., Up,,) 0606IIAET COOTHOIIEHNHE OPTOHOpMHPOBaHHOCTH (25).
He cywecrByeT peryasapHbX GyHKuui o p’ ¥ p”/, KOTOpHE MOTJIH
661 yAOBJAETBOPATh cooTHouwenuo (29). Oanaxo, eciu He O4YeHb
3a60THTbCA O MaTEMaTHYeCKOH CTpOrocTH?’), MoxHo, caenys u-
paKy, BBECTH «CHHTYJISPHYI0 QyHKuHIO» 8(Xx), onpeneiseMylo cie-
JIYIOIHM CBOHCTBOM:
b

Sf(x)ﬁ(x—xo)dx=

{ f (x), ecam x; JexuT BHYTpH HHTepBana (a, b), (30)

_ 0, ecan x, JexXHT BHe nuTtepBaga (a, b)

14151 BesAKOH GyHKuMH f(x), HempepHBHOH B TOYKE X = X.
Ypasuenue (29) ynoBJETBOPsIETCH, €CH

(s 1,7y =8(0" — p"), 25)

7) Mub yxe Hapymwuad TpeGoBaHHsi MaTeMaTHueCKOH CTPOroCTH, KOrAa Hamn-
casn ypasnenne (29). [lpaBunbnas popMa ypaBHEHHHA HMeEET BHA

m(p')==<u,,~ Sqﬂ(p”) e dp” ).

Y1061 noayuuTh OTCIORa ypapHeHHe (29), cnefyeT MOMEHSATh TOPAROK HHTErPHPO-
BanHsA BRYTPH CKaJApHOrO TMPOH3BEAEHHS H HHTerpHpoBamHa mo p”. dra omepa-
IHs, KOHEYHO, He ABJAETCS MATEMATHUECKH CTPOrOH, TAK Kak CKRAJAPHOE TNPOH3-
Bejlenne (Up, U vy PACKONHTCH
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UTO H ABAsiercd o6o0lleHreM COOTHOUIEHHH OPTOHOPMHPOBAHHOCTH
(25) na cayuail HempepHIBHOTO CHeKTpa.

Moxuo mpeacraBaste cebe «dyuxumo dupaka» & HArAALHO
Kak npenesl OYHKUUH, PaBHOH HYJIO BCIOAY, KPOMe MaJIEHBKOTO HH-
TépBaJ/la OKOJIO TOYKHM X == 0, re OHa UMEET OUYEHb Y3KMH M OYeHb
BBLICOKHH MaKCHMyM, NPHYEM TaKOil, 4TO HUHTErpas OT DyHKUHH 110
Bcel 4HCJIOBO# ocu pasen 1. B mpenede, Korna mupuna MaKcuMyma
CTPEMHUTCA K HYJIO, NOMYIHM

5 { 0, ecan x 5% 0,
(x) = + oo, eciu x=0

+ o0
w [ swar=1. @

—00

Kdneuno, 8(x) ne spasietcs dynkuueli B 06bIuHOM CMbICsE, TaK
KaK HHTErpaj, ecl¥ OH CyMeCTBYeT, OT (QYRKUMH, PAaBHOH HYJIIO
BCIONY, KPOME OHOM TOYKH, NOJIKeH Obisb paBen HyJ10. Mbl ne Gy-
JieM 3Aecb 06CyX/AaThb NPo6JEMY MaTEeMaTHYECKOTO 06O0CHOBAHNSA
ucnonp3oBanust 8-pyukuun Jdupaka. Ono norpe6oBano 6n BBeie-
HHUS COBEPLIEHHO HOBOTO NOHATHS OGOGLIEHHBEX GYHKuME, NpuueMm
oCbiunbie GYHKUMKM (TOuHee, JIOKAJbHO HHTETPHPYEMbie dyukuun)
AOJZKHBL  paccMaTPHBAaTBCH KaK YacTHHHA cayyadl 0606IEeHHBIX.
B marematuke roBopaT He 0 (YHKuuM 8(x—x5), a 06 o0606ien-
Hoil QpyHkumu Oy, [f], onpenenseMoit kax dymkuHOHas OT byuxruun
I(x), paBuwiit f(xo). [Apyrumu cnosamu, onpesenenue (30) nomxuo
OBITh 3aMEHEHO COOTHOLIEHHEM

8,11 =1 (x).

B Buay toro, uro nousTHe 06OGLIEHHON (DYHKUHU SIBASETCH HOBBLIM
Y BO3MOXKHO HE3HAKOMBIM YHMTATeNIO, Mb 6yAeM MM NOJb30BATHCSH
KaK MOXHO pexe M INPUMEHATb (HEKOPPeKTHoe) o6o3HaueHue
8(x— %), KOTOpOE, BIpOUYEM, HMeeT HeOCHOPHMbie dhopmanbube
npeuMmyuiectsa. OCHOBHbIE NPABHIA BBHIYMCAEHHIT C 6-bynkuuei Mu-
Paka npusefenst B [lonoanenuu A, rae MoxHO HAaHTH Takxke 06-
1IHE CBE/leHHs M3 TEOPHH 060OILEHHDBIX QYHKUM.

Bepremcs x npoGaeme usmepenns p. Co6CTBeHHOM byHrumen
u(p’;q) ypaBuenus (24) saBasiercs GyHRuMs ce'®’d/*, CoOTHOLIEHHE
OPTOHOPMHMPOBAHHOCTH (25) BHINOJIHAETCS Npu ¢ = (2nh)—'h; Taxum
o6pa3omM, HMeeM

1 s
u(p’; Q)='\/2“ -ﬁe”"”h.

Jlanee, ucnonbdys ypasuenue (A.22), maxoaum
+ oo

1 : (p”—hp’) q , .
(o ) =g § € dg=50 —p7)

-0
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Co6cTBeHHbIe QYHKUMH Up, OOPA3yOT NOJHYIO CHCTEMY, Tak Kak
BCAKAas KBaJAPaTHYHO HHTerpupyemas ¢ynkuus P(g) Moxer OHTH
npeacrabJjeHa B gopme

00

S N

b=} o(P)Fmrar's

—00
7. €. B BUie uHTerpasa ®ypve. Koadduunenr ¢(p’) storo «pas-
JOXKEHHSI M0 COGCTBEHHHM (YHKUMAMY DaBeH CKaJgPHOMY NPOM3-~
BeneHnIo (4, ¥). MleficrBuTennbHo,

+oo +oo

(s tl>)=<u,,r, | o (vu, dp”>= | 00 (@, u,0) dp7=
-0 e L4
= S @(p”)8(p" —p”ydp” =0 (p').

— 00

Urtak, ucnosin3ys oGOGIIEHHBIE COOTHOLIEHHS OPTOHOPMHMPOBAHHO-
CTH, MBI IOJYYU/JIH H3BECTHOE CBOMCTBO B3aWMHOCTH NpeobpasoBa-
nus Dypee.

[Mponosxas aHaJOTHIO CO C/yyaeM AMCKPETHOTO CNEKTPa, BBe-
aeM oneparop e’%. Mmeem

ety (p'; q)=e®u(p’; g,

CJI€A0BATECJ/bHO,
+oo

e ()= | o(p)etu(p’; ) dp’,

—00

OTKyAa IoJyYaeM XapaKTePHCTHUYECKYI0 (QYHKUHMIO

+ o0 +o0
FO=w etmpy= | o' dp” | e¥o(p)dp’ (u,, u,)=
+ o0 +o0 400
= § e@nar § evowndp s — )= | 1o per ap.

COOTBE_TCTBy}OHlee CTAaTHCTHUYECKOE pacnpejesjeHue (CM. CHOCKys))
¥ ecTb MCKOMoOe pacnpegeJenue (23).

O6cyxerne H3MEPERHA KOODJAHMHATH MOXeT OHTH NpOBeleHO N0 TOH Xe-
cxeme. CoBerpennoil GpynKuHed, npHHaAexaileli cCOGCTBeRHOMY 3HAYeHHI0 ¢’ ypaB-—

HEHHA Ha co6CTBeHHEIE 3HAYEHHA ONEepaTropa ¢ ¢ NPaBHJLHOM HOPMHDOBKOM, sB-
asercst 8(¢" — g). HeficteuTentio no ypaBHeHHo (A.19)

gd (9" —q) =4q’0 (¢’ — q).
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Cosokynnocts ¢yukuuii 0(¢’ — g), rie ¢’ MOXKET NPHHHMATb BCE BO3MOKHBIE
3HAQYEHHsT OT —o0 10 =00, o6pasyeT OPTOHOPMHUDOBAHHYIO CHCTEMY, TaK Kak
(cM. ypasuenue (A.21))

+ oo
S 0(9—4¢')8(q—q¢")dg=23(q" —q")
-— 000
H 3Ta CHCTeMA SBJAAETCH MOJHOH, HOO BeAKAad BOJHOBAS (GYHKIHA P(g) MOXKET
6biTh MpeCTaBleHa B HHTerpasbHoft dopme :
400

v@={ v —9ds (32)
-—_00
Jlerko npopepHTh, uTO KO3pduuUHEHT Y(g') paBeH CKAAAPHOMY MPOH3BEAECHHIO
(6(q¢" — q), ¥v(g)) . Ananornyso Hax0jHM, HTO KBaAPaT MOAYAA 3TOro KO3(pPH-
uueHta, T. e. |¥(q’)|% neHCTBUTENbHO pABEH MAOTHOCTH BeDOSTHOCTH TOTO, UTO
g = ¢’ B corylacuu ¢ ypasHexueMm (22).

§ 9. Pasnoxenue no coOcTBeHHBIM hYHKUHSIM B OGLIEM Caydae,
YcaoBue 3aMKHYTOCTH

BepHreMcs BHOBb K ypaBHeHuio (9) Ha coGcTBeHHbIE 3HAYEHUS
Ap=a.

31ech Mbl yKe He OYAEM NMPeANoaaraTh, YTO COGCTBEHHbIE PELICHHUS
ypaBHEHHSA KMeEIOT OrpaHnueHHyI0 HopMmy. [loTpe6yeM TOJIBKO, 4TOGH
CKajspHbie MPOU3BEACHHA 3THX pELieHUH Ha NPOH3BOJBLHYIO BOJI-
HOBYI0 (yHKIMIO (T. e. HA JMOOYI0 (YHKUHIO ¢ OTpaHUYEeHHOM
HOpPMOI1) GbLIH OTPaHHUYEHH.

B camoMm ofuieM ciayyae MHOXECTBO COGCTBEHHBIX 3HAYEHHH 3a-
JauH MOKET COJAEPKaThb:

1°. JIluckpeTHbIf cHeKTp 3HAUeHUH @, KOTOpble 06pasyioT aubo
KOHEeUHOe MHOXKeCTBO, JHGO OGecKOHEYHOe, HO CUYETHOE MHOXKECTBO
M MOryT OBITb NEPEHYMEPOBAHB! AUCKPETHBIM 1E€JBIM HHIEKCOM #.

2°, HenpepoiBHBIH cnekTp 3HA4YeHMHA a(v), KOTOpblE HYMEPYIOTCS
HelPEePLIBHBIM HHACKCOM v, H3MEHAIOIUMMCA B HEKOTOPOH 06JacTH.

Co6cTBennble PYHKUHH AHCKPETHOrO CNEKTPa MMEIOT KOHEUYHYIO
HOpMYy. Bee cBoficTBa AHMCKpDETHOTO CHeKTpa ObLiu H3yueHH B § 5,
U Mbl He 6ydeM K 3TOMY BO3BpalllaThesl.

Iyers $(v; g1, ..., gr)— cob6cTBeHHAsT (GYHKUMA HENPEPHBHOTO
CTEKTpa, NpHHajJexamas cofcTBEHHOMY 3HauyeHHI0 a(v). DTo He-
npepbiBHAA QYHKUKA NapaMerpa v, HOpMa KOTOpOH, OYeBHIHO, He-
OrpaHudeHa («BEKTOp OeCKOHEUHOH NJHHHI® B (PYHKIHOHAIBHOM
npoctpaHerBe). Onnako 6yAem mnpeanosaratb, 4TO COGCTBEHHBIH
nuddepenuuan

~v+Av

1 , ’
Vi YV g ...y gR) AV
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apiasercss QyHKUHeH ¢ orpaHMYeHHOH HOPMOH, KOTopasi CTPEMHTCH
K HEKOTOPOH NMOCTOSIHHOM, KOrAa Av CTpeMHuTCs K Hyuxto. Mbl 3Haem,
410 cOGCTBEHHBIE (PYHKUHUH HeNpPePHIBHOTO ClieKTpa raMHuJbTOHHAHA
(OH3HUECKOR CHCTEMbI B ONHOM H3MepeHuHH 06nafaloT 3THM CBOH-
ctBoM (cp. ra. III); HerpyAHO NpOBEPHTH, 4TO COGCTBEHHBIE QYHK-
uKH onepaTopoB ¢ U —if d/dq npeauwecTBylowero naparpada Takxe
0o61aal0T 3TUM CBOMCTBOM.

YacTto rosopsaT, 4To PYHKUUS HOpmupyema, ecau OHa obGJjajxaer
orpaHuyeHHOH HOpMOH. Mul GyjneM NPHAMEHATH 5TOT TEPMHH TaKxKe
¥ K QyHKIHsM ¢ GeCKOHe4HOH HOPMOH, ecau cobcTBeHHBIH aupde-
peHuHan, o6pa3oBaHHbIl H3 3THX (QYHKUMHA, UMeeT KOHEUHYIO HOP-
my. Takum o6pa3om, co6cTBeHHble PYHKUKRH HENPEPHBHOro CHEKTpa
HOPMHPYEMBI (B YKa3aHHOM CMBicJIe), XOTsI OHM H He NpHHAAJEKAT
npocrpanctey nianbepta.

[Moabaysick cooTHollenueM (8) (KOTOpPOe HMEET CMBICA TOJLKO
A KBaapaTuyHo uHTerpupyeMoix @ u W), HO NpuMeHSis €Tr0O HE K
cOGCTBEHHBIM (QYHKUKMAM KaK TaKOBBIM, a K COGCTBeHHBIM Aupde-
peHnuanaM, MOXKHO NOJYYHUTb OCHOBHHIE CBONHCTBA HeNpepLIBHOIO
CIEeKTPa ¥ COMOCTABMTHL MX TEM, KOTOpbie OblIW NOJNYYeHH B § 5 nas
JHMCKPETHOro CHeKTpa:

1°. Begkoe coOGcTBeHHOe 3HayeHHe a(v) BELLECTBEHHO.

2°. IBe cobcrBenHbie GVHKUMH, DpHHaAJeXallle PasJAudHbIM
cOO6CTBEHHHM 3HAUEHHAM, OPTOrOHaNbHB APYr APYyry. DTO CBOH-
CTBO OPTOTOHAJNLHOCTH AOJHKHO OHTbL 0006IIEHHEM COOTHOIIEHHS
(111.42’). Hesepuo Obl10 ObE IHCATh

(b Py)=0,

TaK KaK CKalsipHOe NpousBeaenHe (Py, Ppv’), BooOLue roBops, pac-
xoauTced. OgHaKo BMeeMm
v +AV

1 my __
<‘l’v, W VS ¥, dv >—-0,

ecau v HaxoauTcss BHe uHTepBasa (v, v/ -4 dv’). HokasatenbcTBo
HE TPYAHO, ¥ MBI IPEAOCTABJISIEM €TO YHTATEJIO.

Ecau coGcTBeHHblE 3HaYeHHst HENPEPHIBHOTO CIEKTPA HEBBIPOK-
ZLeHbl, BCEr4a MOXKHO HOPMHpOBaTb (DYHKUMH TaK, 4TOOH!

(‘bva \pv’> =9 (V - ’V,).

Cayuail BHIPOXK/EHHBbIX COOGCTBEHHBIX 3HAaueHMH TaKKe He npel-
CTaBJIsIeT CYLIECTBEHHBIX TpyAHocTeHd. OrpannuuMcs (opMyJaHPOB-
Kot peaysbTaToB. KaxaoMy co6CTBEHHOMY 3HAYEHHIO NPHHAAJEKHT
B 3aBHCUMOCTH OT XapakTepa BBIPOXJEHHMS JHOO KOHeYHoe, JHGO
6eckoHeyHOe (CUETHOE WM KOHTHHYaJIbHOE) MHOMXKECTBO JHHEHHO
HEe3aBMCHMMHX COOCTBEHHHX (YHKUMH. DTH (YHKUHH MOXHO cHab-
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JMTH JIMGO HHAEKCOM, NPHHHMAIOIIHM KOHEYHOE YHCJI0 3HayeHufl,
JNH60 OZHUM WM HECKOJbKMMH HHAEKCcaMH, NpuHuMamowuMu Oec-
KOHEUHOE YMC/IO AHCKPETHbiX 3HAueHMH, 160 OJHUM HJH HECKOJb-
KHMH HHEEKCAMH, H3MEHSIOWMMHCSA HeNpepHBHO, JH00 Jaxe HEeKOo-
TOPHIM YHCJOM AMCKPETHBIX HHAEKCOB W HEKOTODHIM UHCJIOM Helpe-
puBHBHIX. [IpeanosoxuM 1715 oOnpefeNeHHOCTH, 4YTO HeoOXOLHMO
HCNO0J1b30BaTh OAHH JHCKPETHLII HHIEKC 7 H OAHH HHAEKC p, MEHAIO-
muics HenpepuBHO.

Bcerga MOXHO cJejaTh TakK, UYTOOH COOGCTBeHHbIe (YHKUHH
@) (v,p) GBI OPTOHOPMHPOBAHHLIMH B OGOOILIEHHOM CMBICJE:

@7 (v, p), @Y, p)y=28,8(p—0p")8(v—+) (33)

Byayun npHceefRVHeHbE K OPTOHOPMHPOBAHHHIM COGCTBEHHbIM (YHK-
UMAM JUCKPETHOTO clekTpa @), onu BMecTe 06pasyloT OPTOHOP-
MHPOBaHHYI0 cHcTeMy COOCTBEHHBIX (YHKUMH 3pMHTOBOro OIepa-
copa A; Beaxkas coOctBeHHasi QyHKuUMSA onmepatopa A MoXer GHTb
fipecTaBJeHa Kak JuHeHHas KOMOMHauua QyHKuMH 5TOH CHCTEMBL.

[IpeanonoxumM, uTo HEKOoTOpas BoJHoBas (ynkuus W npexpcra-
BHMa B BHJAe PAAAa 10 3THM (QYHKUMAM, T. €.

w=3 g+ (v, oo, pavde. (39
n,r r

Kosbduuuentsl npu raxpofl (yHKUMH B 3TOM pasjoXKeHHH NONY-
YaloTC OpH YMHOXKeHMM (cKasldapHoM) oOenx uacTel paBeHCTBA
cJieBa Ha COOTBETCTBYIOILYIO COGCTBEHHYIO ByHKUMIO; YUHTHBAS CO-
-OTHOUIEHHS] OPTOHOPMHPOBAHHOCTH, NOJyyaeMm

) = (o, ¥), (35a)
v (v, p)={(9" (v, p), ). (356)

‘C noMoIUbI0 TeX XK€ COOTHOLIEHHHA nosnyuyaem o6006LIeHHOe paBeH-
<tBo [lapceBans

@, =3 |0+ {19 v, o)Pdvdp. (36)

Ecan Takoe npepcrasieHne BOSMOXKHO AJI BCEX BOJNIHOBBIX (QYHK-
uHA (T. e. IJd BCEX KBAaAPATHYHO HHTErpUpyeMbx GyHKiuil), TO ro-
BOPAT, 4TO cucreMa {¢p} fIBJASETCS NOAHOL OPTOHOPMUPOBAHHOL
cucremoti GyHKUUH.

CymiecTByeTr npoctofl cnoco6 BEIpasuTh TOT (PAKT, YTO OPTOHOP-
MHpOBaHHas cHCTeMa sIBJfleTC MOJHON: cJeAyeT 3anMucaTbh pasjo-
Kenne (34) aas dyHxuuu

8@—¢)=0(9,—3q)0(q,—3) --- 8(ax— ap)-
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KoadbduuneHTl TaKoro pasioxeHHs NOJy4aTcs, €CJM B BHIpaXKe-
uufx (35)—(36) Bmecro ¢pyurunu ¥ (q)= ¥(q1,qs, ..., gr) nOA~
cTaBuTh 6 (¢ — ¢’). Torza nojayvyaercs Tak HA3LIBAEMOE COOTHOLUE-
HUe 3AMKHYTOCTU

8lg—4q")=
=Y e @) e @+ Y. {0, 05 )00 @, 03 g)dvdp.  (37)

Hpucoenuusia ero K COOTHOMIEHHSAM OPTOHOPMHUPOBAHHOCTH:

(‘Pﬁf’r CPg")> = 6nn’6rr” (388)
((Pg)’ (p(f’) (v, p)> = O, (386)’
(@7 (v, p), @V, p))=38,B(p—p")6(v—n'),  (38B)

TnoJyyaeM COBOKYNHOCTb YCJOBHH, HEOOXOOHMBIX M JOCTAaTOUHHIX.
JJis Toro, ytobn cucrema {¢} Obl1a OPTOHOPMHPOBAHHONH W MOJIHOM.

Pasnoxenue (34) c npaBuibHBIMHM 3HAYEHUSIMH KO3 HIMEHTOB.
(35) nonyuyaercs, ecau 3anucaTthb

Y(=\00G—q) (@) dr,

a 3ateM BMecTO §-QYHKUMH NOACTaBUTh pasioxenue (37).

3aMmeTuM, YTO NOJIHAS OPTOHOPMHUPOBAHHAS CHCTEMA, €CJH OHA
CYLLECTBYET, He ABJAAeTCs eAMHCTBEHHOH. [leficTBUTENBHO, MOMXKHO-
KaK ¥ B CJIy4ae MOJHOCTbIO AHCKPETHOTO CIeKTpa:

1°. TIpou3BOJIbHO H3MeHsTb (asy KaxaoH M3 .COGCTBEHHBIX.
byHRUMA,

2°. BuiGupaTh 6€CKOHEYHBIM YHCJIOM PasjMuHBIX CNOCOGOB COBO-
KYDHOCTh OPTOHOPMHMPOBAHHHIX (YHRKUMH, NpUHAANEKAIHX OLHOMY
BbIPOXKAEHHOMY COOCTBEHHOMY 3HAYEHHIO.

3°. KpoMme Toro, cyllecTByeT Npou3BOJ B HOPMHPOBKE COOGCTBEH~
HbIX (QyHKUMH HelpepLiBHOTO cnekTpa. [leHCTBHTENBHO MOXKHO 3a-
MEeHHTb KaXAblfi HeNPePHBHbIA MHAEKC v Ha uHIexc p == p(v), rae
m(v) ecTb npousBoJibHAS HenpepoiBHAA AW GEpeHUUpPYeMast MOHO-
ToOHHas (YHKUuS v. YcjoBue HOPMHDPOBKM (38B) mpu sTom 3ame-
HfeTC aHaJIOTHYHBIM YCJOBHEM, B KOTOPOE BXOAMT HHAEKC y; OHO-
Oyner ynoBJeTBOPEHO, ec/H B KauecTBe HOBOH.COGCTBEHHOR (PyHK-
MY B3STh GYHKIHIO

du 1=
o (B, p; ‘7)=sz| 7 (v, p; g). 39
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He Bce apmuTOBBH! Onepatopsl 06/aJai0T HOJHOA OPTOHOPMHpO-
BaHHON cHcTeMOR co6cTBeHHBIX QYHRuUMA®). OaHako 3PMHMTOBH
onepaToph, lpeicTaBifionie ¢u3nYecKre BEJMUHHE], TaKOH CH-
cTeMol 00/1afaloT: No 3TOH OpHYKWHE MBI OyaeM HA3HIBATH TaKue
onepatopst Habawl0aembinu. JokasareascTBo Toro (akra, yro He-
KOTODHIH 3DMHTOB OIepaTop ecThb HalbuiofaeMasi, sgBiasercs oOBIYHO
CJOXHOH MaTeMaThHyecKoH 3ajadvefi. Ona OnuJia pelmieHa B psde
clyyaeB AJS TaKHX ONEPAaTOPOB KAaK ONEPATOPH MOJNOKEHHS H HM-
nyJbca, raMUJILTOHHAH CHCTEMBI B OAHOM M3MEDEHHH, ONEPaTOp MO-
MEHTa MMOYJbCAa H T. X. DTO CBOHCTBO CTOJbL TECHO CBA3aHO ¢ (H-
3UYecKofl HMHTepnperauHel yKasaHHEIX ONEPaTOpPOB, YTO B CJaydae
€ro HeBHIOJHEHHdA NorpefoBaJsack OH peBH3HS OCHOB ¢opMasuszMa
Teopun. Mu OyneM npeamoJiaraTh, YTO OHO BCErja BLINOJHSETCH.

§ 10. CraTHcTHYecKoe pacnpeielNeHHe Pe3yabTaTos
H3MEpeHHst B 001IeM Ciyyae

[TpennonoxuM, yto A — nabmogaemasi. Beuay Toro, uto pasio-
kenve (34) cymectByer mJs Jqi060f KBaapaTUYHO WHTErpupyeMmoi
¢yukuny W, MOXHO (IpH YCJIOBUH CXOAHMOCTH) ONPEAETHTH Ak~
cTBHe Ha ¢yHKuuio W onepatopa Buaa F(A).

Jas  coxpamenus oGosHauenuil 6ygeM npeanoaaratb, YTo
cnekTp A He uMeeT BhipoKaeHus. Torma

¥=3 capnt | v 0 ) dv. (40)

Moxuo 0Ka3aTh, YTO HEOOXOAMMBIM H JAOCTATOUYHBIM YCJ0OBHEM
CXOAUMOCTH Da3JIOKCHHA B npaBoﬁ 4yacTu 4ABJACTCA CXOAUMOCTH

pana Zlcn |> u unrerpana Sly(v)‘]2 dv.
n
B obuem cayuae

FAY =Y eaF (@) o+ | v F @) 0 ) av;

8) PaccmorpuM oneparop id/dx, nefiCTBYIOIUHH Ha KBafpaTHYHO HHTErPHpYE-
MHe GYRKUHH Y (X), onpeAeneHHble Ha noayocH (0, 4 o0). DToT omepaTop IPMHUTOB,
ec/n ero NMpHMeHATb K (QyHKuMAM, 06pailaioiiiMCca B Hysab OpH x = 0. JeiicTBR-
TEeJbHO, IPH 3TOM YCJOBHH HMEeM

. d * A e
S ypi Lo dx—S (i—d‘i—‘) Wy dx =i, | =0,
0 0

Tem He MeHee, onepaTop He HMeer coGerBeHHHIX GyHKRuMHA, EauncTBenno Bosmox-
HbHIMH COOGCTBEHHBIMH GYHKUHSMH aBJafioTCH GYHKIHH BHAa e~*** (k — co6CTBeH-
Hoe 3Hauellne), HO 3TH (QYHKUHH He O6palaTcAd B HYJb NpH X = 0,
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9TO ONpERECJICHHEe HMEET CMBIC/, eCJ/H

TlealIF@) P u {IvO)FIF (@) Pdv

CcXoAAaTcg. B uyacTHocTH, AeficTBHe omeparopa eit4 mcerga onpe-
IeJi€Ho, TaK KaK BHIDaeHue

e =3 cpeng, + | v (v) g (v) dv (4D

CXOAHTCS BCETAA.
Uro6m onpeesuTh XapaKTepHCTHUYECKY0 (YHKUHIO pacnpeje-
JieHuss A, IpHMEHHM COOTHOLIEHHE

o, ) =Y e, Pen 4 {1y Eetovan,

noJiyyeHHOEe NPH MCNOJb30BauMK pasnoxenuin (40)m (41) u ycio- -
BUH OpTOHOPMHPOBAaHHOCTH. XapakTepucTHueckas Qynkuus [(E)
npuauMaer dopmy

eft4 ita a
f(§)= <qf<’1y, \F;P> =Z wn.eé n -+ S(l)(\’)ei§ vdv,

ThC

2 2
W, = "'(llyc,n‘]m o) = —'<Yy-(,v3p'> . (42)

W3 Buma xapaKTepHCTHUecKo# ¢yHKuuu (cHocka 5) caenyer,
YTO:

1°, eIMHCTBEHHBIMH 3HAYEHHUSAMHM, KOTODble MOXKET IPHHUMATH
BeJnuuHa ¢, ABJIAIOTCA COOCTBEHHBIE 3HAYEHHA COMOCTaBJIEHHOrO
3TOH BesMuuMHe omepartopa A;

2°. BEpPOSITHOCTBH TOTO, 4TO & NPUHHMAaeT 3HAauYeHUEe a,, pas-
Ha Wy

3°. BEPOSITHOCTL TOTO, 4TO S NPHHHMAET 3HauYeHHe H3 Helpe-
PLIBHOTO CIIEKTPa, - 3aK/I0ueHHOe B HHTepBaje [a(v), a(v -4 dv)}
paBHa o(v) dv.

CyMMma Bcex 3THX BepOsTHOCTeH Z w, + S o (v) dv paBHa enu-

Huue (paseHctBo [TapceBans). HaxoauM rTakxke, 4To cpeiHee 3Ha-
yenue A, ecad OHO CYyUIeCTBYeT, Bbipaxkaercs  (opMyJioH
(¥, A¥)/(W¥, ¥) B coryacHH ¢ OCHOBHHIM [OCTYJIATOM.

B cayuyae BRIPOXKAEHHOrO CHEKTPa MOJYYAIOTCS TE JKe Pe3yiib-
TaThl, HO CJedyeT HEeCKOJbKO H3MEHHTh ONpeje/eHHe BEJIHUHH W,
¥ o(v). Tax, npu 3amene pasnoxenns (40) wa pasnoxenue (34),
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Mbl LOJI2KHBI B34Th

2Rt
_ I

wn_' (\._[r’ '-P) ’ (43)
Z S dply" (v, o) [
o () =~"— 7 . (44)

B »THX BhIpaxKeHHAX B SIBHOM BHJe NPHCYTCTBYeT HeKoTopas
cucteMa coGcTBeHHbiXx ¢yHKuui oneparopa A. CyuectByer 60Jib-
oM NpousBoa B BHGOpe Takoi cucreMbt ¢yHkuui. OueBHiHO, 0A-
Hako, YTO 3aKOH paclpejejeHuss BepodaTHOCTe# M ero XapakTepu-
cTHueckass QYHKUMS He 3aBHCAT OT 3TOro BhiGopa. DTo CBOHCTBO
JIETKO TPOBEDHThL HEMOCPEACTBEHHO Ha BhipaxeHnax (43) u (44)
(3amaua 5).

§ 11. dpyrue MeToabl MCCJAEAOBAHHA HENPEPLIBHOrO CHEKTpa

BoJspmiuM npeuMyllecTBOM pPasBHTOrO0 BHINe fI0AX0AAa K NpO-
6JieMe HeNmpepHIBHOTO CNeKTpa ABJfAeTcs ero GopMaJbHas IpocToTa.
STo npeuMyLIeCTBO KOMIEHCHPYET HeJOCTAaTOK MaTeMaTHYecKoH
CTPOTOCTH, BO3HHKAWOINMH NpH wcnoab3oBaHuu O-byHkuuH. Brpo-
yeM, BCe oONepaluu, HPOH3BoAMMHE ¢ O-byHKUHeH, MOryr OHTb
CTporo 060CHOBaHH Ha OCHOBE TEOPHH 0GOGIUEHHHX (GYyHRuHA (cM.
Hononnenne A).

Tem He MeHee, CJeAyeT MMeTb B BHAY, 4TO TPYAHOCTH, BO3HH-
Kalollke NP TPAKTOBKE HENPEPHIBHOTO CNEKTpa coOCTBEHHBIX 3HA-
yeHUH, MOryT OHITh NPEOAOJEeHH M Ha OCHOBe KJAaCCHYECKHX Mare-
MATHYECKMX MpHEMOB. BMecTo Toro, 4to6H OCHOBBIBATHLCA HA NMPOG-
JeMe coGCTBEHHEIX 3HAUYEHHH M BBOAMTHL TaM, TAe 3To HeoGXOAMMO,
cobcTBenHble (GYHKUHH, He NpHHAAJMeXKallHe NPoOcTPaHCTBY [nib-
6epra, MmoxHo, caenys Hefimany, paccmarpuBaTh 3ajauyy CTpOTO,
ne BbIXOAf 3a nNpeaedsl npocrpakctsa 'mabGepra. Meroa cocrour
B MCIOJb30BAHHH TaK HAa3HIBAEMOTO PasJjOXKEHUS €IMHHUH B NPO-
crpancrBe I'uabbepra, npuyeM NOKa3bBaeTcd, YTO Kaxao# Habiio-
LdeMOl BOJIHOBOH MEXaHHKH COOTBETCTBYET CBO€ DasJOXKeHHEe €LM-
HHIBL DTO PAacCCMOTPEHHE CTPOrO 3KBHBAJEHTHO 1O CBOMM Pe3y/ib-
TaTaM OpHBEACHHOMY BHIN®, Mbl ynmoMHHaeM O HeM TOJBKO AJf
HOJIHOTHl H3JI0XKeHus 9).

Jpyroil cnoco6 paccMotpenuss npo6JeM, OTHOCAIMXCHA K Henpe-
PHIBHOMY CHEKTPY, COCTOMT B 3aMeHe 3ajayH Ha COOCTBEHHBIE 3HA-
yenus (9) apyro#l 3ajauefl, B KOTOpoil NOCJEA0BATENBLHOCTh COO+

%) Uuratesb, HHTEPECYIOWNACA MaTEMAaTHYECKHMH aCMEKTaMy KBAaHTOBOH Teo-
pHH, HalJeT HX HcvepnHBawoiiee n3oxedne B KHure M. ¢ou Heiimanma (cm.
CHOCKY 3)).
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CTBEHHHIX 3HAaueHH# BcioAy AUCKPeTHa, NpHYeM [ePBOHAvaJbHasd
3ajlaua MoJiyyaeTcAd KaK MNpeAesbHHA ciayyali HOpH COOTBETCTBYIO-
el Moaudukanuu yeaosui. Xota nofoGHasi mpoueaypa He MOXKeET
IpeTeHAOBAaTh Ha CTPOrOCTh, OHA UMeEeT JOCTOHHCTBO MPOCTOTH H
HHTYHTHBHOH fAcHOCTH. PaccMOTpPHM Ha OCHOBaHHH 3Toro MeTola
onepatopst ¢  —ihd/dg. Uararesp Moxer cpaBHHTb XOI paccCyX-
JIeHH#l U peayJbTaThl ¢ cojgep:xaHueMm § 8.

Urobnl noJoHTH K NpobjeMe H3MepeHHsl MOJOXKEHHsI B NPOCTPAHCTBE, pasie-
JHM HHTEpPBad (—o0, }00) Ha paBHbiE CErMEHTH NJUHM 1) U 3aMeHHM BOJIHOBHIE

¢ynuun P(qg) NpHOMMIKEHHHMH BOJHOBHIME QYHKUHASMU wx(q), NOCTOSIHHRIMHU
Ha KaX/IOM CerMenTe M onpejesisseMbMH COOTHOIIEHHEM

VX () =¥ (ng, m),
rie ng o603Hauaer HaHOoJblEEe HEJOE YMCHO, cofepxKatlleecs B g/1, Huaue Tro-
Bopsi: ¢ —n << fgn < ¢. AHaJIOrHuHBIM 00pa3oM 3aMeHHM Onepatop ¢ OfnepaTo-
poM q>< yMHOXeHHe Ha ngn. B npegene, koraa n— 0, uMeeM qx—*q u 1p><(q) -
—>¥(q).
% MuoxecrBo ¢yHKIMA 'll)x obpasyer mnpocrpaHctBo [uanbepTa, B KOTOPOM

oneparop ¢ BnosHe onpeneieH H 061afnaeT AHCKPETHBIM CNEKTPOM COGCTBEHHBIX
snayenuit ny (n =0, =1, &2, =43, ..., do0). KaxnoMmy co6cTBeHHOMYy 3Haue-
HHIO 71) OpHHAMJIEKUT cOGCTBEHHAd OYHKUHUSA U, HODMHPOBAHHASL Ha €IMHHLY

u ={ 0%, e in<g < (n4 N,
" 0 B NIIPOTHBHOM Clyuae.
Co6craennnie GYHKIH OPTOHOPMHpOBaHm: (1, un,>=6nn,. Kpome Toro, oum

06pa3yioT NOJHYIO CHCTEMY, H60 Besikas GYHKuua P> MOxeT GHTh NpejcTaBiena
pasyioxenneM B PAA 1O Un:

+o0
X " I}
V<=3 n"y (am)un (45)

n=-oo0
CienoBaTellbHO, MOKHO NPHMEHHTb Teopuio §§ 5, 6 ¢ TeM pe3yabTaToM, uTO Be-
POATHOCTb H3MEpUTHL 3HaueHHe ¢~ = nn pasnz nw{Y(nn) |2 B npegene n— 0 npo-
MEXYTKH MEXJY COCENHUMH COOCTBEHHBIMH 3HAYEHUSMH CTPEMATCA K  HYJIO,
CIIEKTP CTaHOBHTCS HenpepbiBHBIM. Fl3aMepeHuwe OTIHUHOH OT HyJsl KOODAMHATH
g’ = nm coOTBEeTCTBYET GeCKOHEYHO GOJLLIOMY 3HAWYEHHIO 72; OJHAKO BEPOSTHOCTH
O6GHAPYXKHTh STO TOYHOE SHAUEHHE KOODAHHATH NPOMNOPLUUOHAALHA T) H CJeJ0Ba-
TeNbHO CTPEMHTCA K HyJi0. B [eHCTBHTENbHOCTH 3Ta BEPOSITHOCTb HE HHTEpECHa,
ITOCKOJIBKY CHEKTD 3HA4YeHHi KOOPAMHAThl HenpepuiBed. Ham BaxHO 3HaTh BeposT-
uocts P(q’)8q’, naiitu uactuny B uatepsare (¢, ¢ 4 8¢'), 1. e.

P(g) 8¢’ = Y\ A+ 1y (nm) I,

Iroe CyMMHDOBaHHe DaCIpPOCTPaHEHO Ha BCe Te 7, NPH KOTOPHX 7n HaXOQUTCA B
uutepsate (¢, 9 + 6¢4’). Ilockoabky 8¢’ siBasieTcss Majofi IOCTOSHHON, wiIeNH
9TOH cyMMmm uuciaoM 8¢°/n Bce npuMepHo paBHm n{Y(g’) |2 CrepoBaTenbho, B

npenene 1 — 0 uMeeM Ry ,
P(g")dq =¥ (q") I?6q".

3aMeTuM, 4TO pasjoxenue (45) MoKeT OMTbH 3amUCaHO eUle U B BHAE

Un
= /1

+ o0
P = Z ¥ (nn) _'n=Z\b(q’)vn(q’)-n,
q'
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rae C}’MMa o q o603HavaeT CYMMHpOBaHHE IIO JIHCerTHOPI ‘TI0CJAEe10BaTENbHOCTR
3HaYeHni q = nn, a

, _ e g —n< g <g,
o (@) =1 n/zun_{ 1 1—n<q<gq
0 B NIPOTHBHOM cCJyuae.

-1

Ilpu n—0 nanueld pAd nepexoQMT B HHTErpas OoT npousserenus P(g’) ua npe-
Aed Gyukuuy v(q’), HO 3TOT npenen kak pas pased 8(¢”—g). Mu mpuxonum,
CJIeA0BaTeNbHO, K (opMmyae (32).

Anajyioruusblii MOAX0M B cJydYae H3MepeHUS UMIyAbCa COCTOMT
B TOM, YTO Ml NMepPBOHAYaJbHO OrpaHuuHBaeM 0GJACTh H3MEHEHHA
KoopauuaTel ¢ uutepsajom (—L/2, +L/2), rne L na sasepalo-
meM sTane paccyxkjesufl OygeM cTpeMHTh K GecKoneuHoctd. las
Toro utobut onepaTop p = —Iifi d/dg GBI SDMHTOBBIM B 9TOH KoHeu-
HOH 00sacTH, cje/llyeT HaJOXUTb Ha ¢YHKIuH (g) H3 (YHKUHO-
HaNbHOTO NPOCTPAHCTBA, IAe AelCTBYeT onepaTop, HEKOTOpLie rpa-
HUYHBIC YCJIOBHA. ¥CJOBHE SDMHTOBOCTH 3aMUCHLIBAETCS B BHJE

+L +L/2 s
«h o d hod %

S @ T gdg— S (42) vag=2g9] =0

L2

i —~Lj2

. YL/2) _ 9" (—=L/2)
Iasg mobnx ¢ynkuuit @(g) u Y(g), T. e. Y B ) B 53

paBHO NOCTOSIHHOH, HE 3aBUCALLed OT ¢ 4 @.
Jpyramu cinosamu, Tpebyercsi, 4TOOb A BCAKOH (GYHKUHH

VY (q)
$(L[2) = e'"p(— L/2),

rae e’ — HekoTOphii duKcHpoBaHHBA (a30BHI MHOXHTENb., YcJO-
BHMcS NPHHUMaTbh €ro PaBHEIM €IHHHIIE, UTO AAeT ycAosUe nepuo-

Ou4HOCTU
Y(L/2) =9 (—L/2).

B stHx ycioBHAX 3agava 0 coOCTBEHHEIX 3HauYeHUsIX olepaTopa
—ihd[dq pemaetca Ge3 Tpyaa. CnekTp coBCTBEHHbIX 3HaYeHHH OKa-
3HIBaeTCs AUCKPETHBIM:

2nh

pn-—_=—L_n (n=0,;|—_1,i2,..., :|:°°)-

Co6GCcTBEHHOMY 3HAUEHHIO pn COOTBETCTBYET HOpPMHpOBaHHas Ha
eJuHUny cobcTBeHHass GYHKuUs
i
1 5 Ppq
—eh ",
AL

QDYHKUMH Up B3aMMHO OPTOrOHaJIbHE, KPOME€ TOro, OHH 00pasyioT
NOJIHYI0 CHCTEMY, TaK Kak corJaacHo Teopud psinoB Pypre BcAKad

U, ==
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KBaJAPaTHUHO HHTerpupyemas Gyskuus P(q) B uHrepBaje (—L/2,
—+L/2) moxeT OHWTH npejcTasjieHa B BUAE psAa

oo
vig)= X cutty; (46)
HpH 3TOM ip
1 - = P,4q
Cn=<um \P(q»:_——_"' e *# n‘l?(‘I)dq-
T,

Mb MoXKeM, cjegoBaTenbHo, NpHMeHHTh Teopuio §§ 5, 6 u Haxo-
JHM, 4TO BEPOSTHOCTb HAlTH p == p, paBHa |Ca|2

B npepene L—> oo npoMexyTok € == 2nh/L, paageasiouiuii co-
cenlne coGCTBeHHblE 3HAUEHHUS, CTPEMHTCH K HYJIO, H CHeKTp cob-
CTBEHHBIX 3HAYeHHUH HMMYJbca P, = Ng CTAHOBHUTCH HeNpPePHIBHBIM.
HccaenoBanue nepexosa K npejeny NPOBOAMTCS COBEPIIGHHO aHAa-
JIOTHYHO TOMY, Kak 3TO OhuIo caenaHo aas q¢. Ilpu €—> 0, npu yc-
JIOBHM, 4TO p’ = ne oCraeTcsl HOCTOSHHBIM, £~'%¢, CTpeMHTCA K 00-
pasy ®ypre

+oa

i ’
CP(P')=—«/—§‘IH—E' S e "% (g) dg.

Mbl ocTasasieM 4MTaTeNl0 BO3MOXKHOCTb CaMOMy HaHTH mocje mpe-
JleJIbHOTO Ilepexoja CTaTHUCTHYECKOe paclpejesieHHe pe3yJbTaToB
H3MepeHUs] HMIYJbca M II0KazaTh, YTO NMpeAcTaB/eHHe P(g) B BHAE
psana @ypoe (46) mepexoanT B HHTErpadabHoe NpefcTas/eHHe Pypbe
~+o0
vi)= | o) u(’; 9 ar,

—_—00

rae u(p’; q) ectp mpeleanHan dopma e 'ou,, T. €.
_i 7
= Pq

u(p’; q)=§-2—n7.

§ 12. KoMMeHTapuu U npuMepbl

Mpul nokasasy, 4TOo CTAaTUCTUYECKOE Ppaclpeje/ieHHe Pe3ybTa+
TOB HM3MepeHHUs] JHHAMHYeCKOH mepeMeHHOM IMOJIHOCTHIO ompeje-
JaeTcd 3ajaHHeM BOJHOBOH (YHKuuH (usHuecKoii cHcTeMbl, DTOT
peayapTaT OBLI NMOJyYeH B caMoM ©oOuieM Buge. Kaxpao#t guHamuue-
CKOWl mepeMeHHOH comnocrapJjsiercs Habmoaaemas A, T. e. 3pMHUTO3
(camoconpsikeHHHI) omepatop, 06/MafaloOUUi IOJHOX OPTOHODPMH-
posaHHOH cucteMoii cobcTBeHHBIX pyHKUMHA, OTnpaBasdsich OT ecTe-
CTBEHHOTO M (OpMasbHO OYeHb NMPOCTOro IoCTyJaTa, Kacaiollerocs

7 A, Meccuna
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Cpe/IHUX 3HAueHHH, MBEl NOKa3aJu, YTO €JHHCTBEHHO BO3MOXKHBIMH
pesyJjbpTaTaMH WsMepeHuUHl sABJAMIOTCS cOOCTBEeHHBIE 3HAUEHH Ha-
6aonaemoli A, a HCKOMBIHi 3aKOH pacnpejiesieHHs] BeposiTHOCTell He-
NoCcpeACTBEHHO BHIpakaeTcsl uepea KsaapaTh MoayJaed KoabdH-
IIMEHTOB pasJjioKeHUs BOJHOBOH (GYHKUHU MO CcOOCTBEHHEIM (YHK-
UMM,

Cpeau HanboJsiee yacTo BCTPeuarOmMXcs JIHHAMHYECKHX Iepe-
MEHHbIX, [IOMHMO NPOCTPAHCTBEHHHIX KOOPAHHAT W HMIYJbca, cJje-
AyeT yNOMSIHYTb SHepruio, npeacrasiasemyio ramuiabToHuatom pe-
JAHHTEpa, U MOMEHT HMIYJbCa.

CrhexkTp 3Hepzuu MOKeT ObITh B 3aBUCUMOCTH OT ¢u3HUecKoil
curyauun auckpernim (cM. § IIL. 5), HempepwisuuiM (cm. § III. 3)
nau cMmeumanusiM (cM. § 111, 6). ITpoGaema coGeTBeHHBIX 3HAUYEHHH
raMu/bTOHHaHa [ nMeeT BaxkKHOoe 3HaueHWe B KBAHTOBOH TeOpHH
HE TOJBKO B CBAI3U C ONpeJeJeHUEM 3HEprud, HO M HOTOMY, HTO
OHa Hrpaer onpefensdiOIyl0 poJib IpH pentenun ypassenus [Ilpe-
auHrepa. Ecau H He 3aBHCUT OT BpeMeHH, a 3TO eIHHCTBEHHHIH
c/lyyal, Korja IOHATHE SHEPrud HMeeT [JelCTBHTENbHHIH CMBIC,
BOJIHOBaa (yHkuus W(!) B MOMEeHT BpeMeHH ! moJydaercs U3 BOJ-
HoBoH OyHkuuu W(f)) B HayasjbHBIE MOMEHT fy C NMOMOLLI Npeonl-
pasoBaHus

i
¥ ()=e 5y ().
Mul MOXeM BHIYHCJAHTDH BHIPajKeHHe B MPaBOH yacTd paBeHCTBa, HC-
noJbays pasfaoxenne W(f) B pane no cobcTBeHHbIM QYHKUHAM H
(yactHBll cayvall ypasuenuss (41)); HeTpyJAHO YCTaHOBHTb, YTO

3 < H(t~t)

i —

¥ (t)=— 5 HY (),
T. e. uto W (f) ynmosaersopser ypasHeHuio lllpenunrepa, a Ttakxe
Haya/JbHOMY YCJAOBHIO NpU | = fo.

[IpeanosioxuM, B nensax yApOIleHUs 3alHCH, 4TO crnekTp H AB-
JisleTcsl MOJIHOCTBIO NUCKPETHHIM M HEeBbIPOXKAEHHBIM; Nycrb E,(n =
=1, 2, ...) cobcrBeHnbie 3nauenus onepartopa H, a ¥, — cobersen-
ubte pyHkuHH, npuHaanexamue E, Pasnoxenne W (fy) sanumwerca
B BUAE

W (f) = ; CoPny Cn= <\Pm v (tO»'
Torpa ¢yekuus W(f) npeacrasisgercd pPsiaoM
¥ ()=, Cne

3ameTuM, YTO MOAYJb KO3pdHUHEHTa NPH P, B 5TOM PasjoXKeHHH
#e 3asucdt ot {. OTcloaa NoJiyuaercs BaXKHOe CBOMCTBO: CTATUCTU-

i
- Ed-t)

Yp. - (47)
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veckoe pacnpedesenue 3uepeutt usuyeckot cucTemst (raMuiIbTO-
HHAH KOTOPOH He 3aBHCHT OT BPEMEHR) MOCTOSHHO 80 8peMeHU.
Momenr umnysvca vacTHUB B KJaccHYecKOH MexaHMKe Bbipa-
skaeTcsl BeKTOpPoM [rpl. B KBaHTOBOH TeopHU eMy comocTaBJsieTcs
BEKTOPHBIA onepaTtop
l=—iha[rV]. (48)

BeinuuieM sIBHO OJHY U3 €ro KOMIOHEHT
. a J
lz———zh(x@——y-a—x-).
Beibepem Oz B KauecTBe NOJNAPHOH ocH U 0603HauuM uepes (r, 8, @)

cepuyeckne KOOPAHHATHI YacTUIbI; HETPYAHO NPOBEPHTb, YTO
0/0¢ = x0/dy — yd[dx. CaenosaTenbHo,

.. O
ly=— Lﬁw. (49)

3ajzaua HaXoxKAeHUsi cOOCTBEHHBIX 3HauyeHWH ympoiaercs, €can
HCKaTb BOJHOBRYIO DYHKNHIO B cpepuuecKux KOOpAHHATAX:

e O ’
lz'\l)(f, er (P)=—lh'a_q;w(r1 e! (p)=l;'\l)(f, 0, (p)'
Torna HaxoguM

[
-1
¥(r, 8, @y=F(r, 8)e” =,
rae F(r,0)— Hekotopas dyHkuus r u 0. Uro6sl cobcTBeHHAs DYHK-
uug Gni1a OfHO3HAYHOHA, HeoOxoauMo, uToGH OHa Obula mepHOHY-
HOff Ho @ C MmepHoAOM 2x, T. €.

=mh  (m— ueJoe). (50)

CrnepoBaTe/ibHo, CNEKTP COOCTBEHHbIX 3HaueHHH KOMIOHEHTH MO-
MeHTa UMIyJbca YacTHIB! ABJISAETCS MOJHOCTHIO AHCKPETHHIM. DTOT
pesyabptar 6es Tpyaa pacnpocTpaHsercs Ha KOMIOHEHTY NOJHOIO
MOMEHTa MMIyJIbCa CHCTEMbBl YacCTHIl B COINVIaCUH ¢ 3KCIePHMEHTaJb-
HbIMH JaHHBIMH 0O TPOCTPAHCTBEHHOMY KBaHTOBaHHIO.

Pasnen IV. ONPEREJEHHE BOJHOBOW ®YHKIHH

§ 13. Onepauys u3MepeHUs M PEAYKIHSI BOJHOBOTO MAKeTa.
Haeanbuble H3MEpeHHs

CratucTHveckue pacnpejelienusi, MoJiydeHHbie B NpeallecTBYIO-
HHX paspenax, MoryT OblTb MOABEPrHYTH HeIOCpeACTBEHHOH 3KC-
nepuMeHTaJbHONH npoBepKe. Tak, paclpesnesiesue, cOmOCTaBJsgeMOe
HEKOTOpofl AuHaMHUuyecKol NepeMeHHOH ¢, ecTh pacnpejeseHHe pe-
3y/AbTAaTOB, MOJYUEHHBIX IPU H3MePDeHuH ¢ Ha OueHb OO0JBIIOM
yucJe A’ ToXK/IeCTBEHHHIX CHCTEM, He3aBHCHMBIX ApYyr OT Apyra H
HaxoAfLHXCS B MOMEHT HM3MepeHHS B OJJHOM U TOM XK€ JHHAMH-

7*
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yeCKoM cocTOosiHMH. Kajaas cucTemMa B 3TOT MOMeEHT BpeMeHH !0)
npejacrasaseTca OAHOH u TOH e ¢yHkumed W (ompegensemoll ¢
TOYHOCTHIO A0 ITOCTOSTHHOIO MHOMKHTeJNs!), KOTOPOH COOTBETCTBYET
BIOJIHE Ompe/iesleHHOe TeOpeTHUYeCcKoe pacmpeaeneHde. DTo pacnpe-
JefleHne MOXKHO CPaBHHTb C SKCIEpHMEHTaJIbHBIM.

Jas nmoasoTel PU3UYECKOro HCTONKOBAaHHS TeOpPHH OcTaeTcd
YTOYHHTD:

1) kakuMm o6pa3oM NpellecTBYIOL[HE U3MEPEHUs CUCTeMBl 103+
BOJIAIOT YCTAaHOBHTb ee AHHAMHUECKOe COCTOSHHe H, B 4aCTHOCTH,
Kak ybequThcs B TOM, 4TO Bce J° cucTeM, YOOMAHYTHE Bbillle, Ael-
CTBHTENBHO HaXOQATCA B [JUHAMHUECKOM COCTOSHMH, NpeacTasisie-
mom W,

2) 4YTO HPOHCXORAUT C KaxAOH u3 cHcTeM aHcaMmOJs mocje
OCYILECTBJIEHHSI H3MepeHHus,

DTH aBa BONpoOca TeCHO cBAsaHW Mexay cobod. PaccMotpum
CHayaJia BTOPOH H3 HHX.

Tlocsie okoHuanus H3MepeHHs 1) cucreMa MoOXKeT BHOBB pac-
CcMaTPHBAThCSl KaK He3aBUCUMBEIA 00bEKT, NOJHOCTBIO OTAe/eHHBIH
OT H3MEpHUTeNBHOTro npubopa, BHOBb CTAHOBHUTCA BO3MOXHBIM OIH-
casue (U3HYECKOH CHCTEMb! ¢ HOMOIIbIO ee BOJIHOBOH (YHKIHH.
BoauoBas QyHKUHS CHCTEMBl I0CJHe H3MEPEHUs HECOMHEHHO OTJIH-
4yaeTCsd OT TOH BOJIHOBOH (YHKUHY, KOTOpas ONUCHIBAJA CHCTEMY
B MOMEHT BPEMEHH HENOCPEACTBEHHO Ilepej HM3MepeHHEM, KpoMe,
MoxkeT ObITh, TOTO CJAydyas, KOrJa BoJsHOBas (yHKUMS Ilepex H3Me-
penneM Gbiia cobctBeHHofl ¢yHKuuell HabaomnaeMoli A, conocras-
JeHHO!l usMepsieMofl (uauueckoii BennuHHe. DTO (He KaysaJsbHOe)
H3MeHeHHe BONHOBOA (DYHKUMY APH OCyLIeCTBJIEHHU M3MepeHHs 4a-
CTO Ha3HIBAIT pedykyueli 80AH08020 naxerq.

Mpt 3HaeM, YTO HeKaysaJibHoe H3MeHeHHe BOJIHOBOH (DYHKUHH
BO3HHMKaeT BCJAENCTBHE HEKOHTPOJUPYEMOro BO3MYLIEHHS 3BOJIOLHMH
CHCTEMH IIPH B3aUMOJAEHCTBHM C H3MEpHTeJbHbIM NpHOOpPOM, INpH-
yeM OCHOBHOH »(¢eKT BO3MYILIEHHs COCTOMT B TOM, YTO 3HAYECHHE
nepeMeHHOH, IOMOJHUTENbHON K H3MepseMOH mNepeMeHHOH, CTaHO-
BHTCA TeM MeHee olpefelIeHHBIM, UYeM TOUHee OblIOo IIPOBEAEHO U3+
MepeHie.

BaHo oTJHYaTh 3TO HEKOHTPOJHMpyeMoe BO3MYLIieHUe OT BCeX
JApyrux Moaupukauui ¢GusyyecKold CHCTEMB! B Mpoiecce HaMepeHus,
KOTOPbI€ B MPHHLUIE MOTYT ObITh TOYHO BHIUHCHAeHbL. YacTo ObIBaET,
HalpuMep, 4TOo caMa HaMepseMas BeJHUHHA H3MEHSeTcas B INpo-

10) MoMEHT BpEMEHH, O KOTOPOM HIETb pPeub, 3TO MOMEHT HAXAAA U3MepeHuA.
Kak TOJIbKO H3MepeHHe Hayasoch, CHCTeMa HaXOAWTCS BO B3aUMOAEHCTBHH C H3-
MepHTENbHEM NPHOOPOM H ONHCaHHE ee 3BOJIOLUHHE € IOMOILBIO TOJIBKO BOJHOBOH
(YHKIMH CHCTEMH CTaHOBHTCS HEBO3MOXKHBIM.

1) JleranbHoe HCCJEJOBaHHE CaMOTO MeXaHH3Ma H3MEPEHHs HaXOJHTCA BHE
paMox AanHoit KHHrE. CM. B 3Toil cBs3® JaHTepaTypy, UHTHpyeMyw B ra. IV,
CHOCKa '°,
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uecce uaMepenus. [IpumMepoM TaKof cHTyauu# MOTYT CJAYXKUTh ABa
crocoba H3MepeHUs HMIYJbca, KOTOPHe Oblin pazofpanst B . IV.
Monnduxkauns uamepsieMoli BeJHYHHBI 3aBHCUT, KOHEYHO, OT YCT-
poficTBa HCIHOAb3YEMOro H3MepHTeJbHOro npubopa. Tak, npu uUaMe-
peHHH HMIyJbca NPH KOMIOTOHOBCKOM pacCesiHHH, PACCMOTPEHHOM
Ha cTp. 148, pasHocTh p’— p TeM MeHblle, YeM MeHblle YacToTa v
¢oroHa, H cTpeMuTca K HyJio npH v->0. Henpss nostomy path
obuiero peuenra, Kacamollerocss MoaudHKauuu JUHAMHUECKOTO CO-
CTOSTHUSI CHCTEMB! B Ipouecce H3MepeHus, ubo arta Moaudukauus
3aBHCHT KaXAHWH pa3 OT KOHKpeTHelx ycJjoBui onbita. OaHako
MOXKHO npeacTaBHTh cebe uaeasibHble YCJAOBHS ONLITA, IPH KOTOPLIX
Bce YNOMSHYTHIe Bbillle KOHTPOJAHUpYeMblie MOAH(UKALHUU CTPOro
KOMIIEHCHPOBAHB H [MPOSIBJASIOTCA TOJNBKO HEKOHTPOJHDyeMble MO-
JudHKaUHH, XapaKTepHble A/ KBaHTOBBIX SIBJeHHHA. Mpi npumeM,
4TO Takue udearvHole uzmepeHus [eHCTBHTENBHO BO3MOXKHB MJH
4TO MX MOXKHO pacCMaTpPHBaTh KaK ujeasiblbie npefessHble Caydyad
PeasibHBIX U3MepeHUll (HanpuMep, M3MepeHHUs MOJOXKEeHHS YacCTHIIbI
B Inpejesie OCCKOHEUHO MaJsOH MJHTEJNLHOCTH H3MepeHuUs, o6cyx-
Jasuvecs B . IV, uaH u3MepeHHss UMOyJbca IpuH paccessHHH
KowmnTtona, korpa v—0).

PaccmoTpuM Temneps HjaeasbHOe H3MepeHMe BeAUYHHB ¢ H
TPeANOoJOXKHM CHAuaja, 4TO HaljleHHOe B pe3yJbraTe H3MepeHHS
3HaueHHe a; eCTb HeBHIPOXK/JeHHoe cobcTBeBHOe 3Hauenue. COraacuo
TIPeANOJOKEHHI0O MBI JOCTOBEPHO 3HAeM, YTO IO OKOHYAHHH H3Me-
pennsa £ = aq;, T. e. 4TO BOJAHOBasg QYHKuUA cHcTeMu (¢ TOY-
HOCTbIO [0 IPOH3BOJLHOH NOCTOAHHOH) ; — cobcrBeHHas (YHK-
uHs, NpuHajdexamas coOCTBeHHOMY 3HaueHuio ;. IIpom3sosbpHas
NOCTOSHHAA He MMeeT HHKaKoro (hH3M4ecKoro cMbicia, 460 KakKHMH
Op HM ObWIM nDpefllecTBylOiliMe HaOJIOAEHHS] CHCTEMbE, CTaTHCTH-
4yeckoe pacrpese/ieHve Pe3yJbTaToB 3THX HabJIOfeHHHA He 3aBHCHT
or Bhifopa mnocrosuHofi. Takum o0pa3oM, BoJHOBas GYHKUHMS CH-
cTeMbl 10C/Ae H3MePEeHHs TOUHO M3BecTHa. MaMeputenbHBll anmapar
JefiCTRyeT B HEKOTOPOM CMBICHE KaK «HjaeadpHblll GHAbTP». BoJsno-

Bas GyHKuHMs 00 uaMepesus ectb QyHKuua W= D e, MMeerca
n

BePOATHOCTh |c¢;|2 HafiTw B pesysibTaTe M3MepeHMs] BEJIHYHHY a;;
JefcTBHe omepalMH H3MePeHHs CBOAHMTCS K <«NPONYCKaHHIO» 6es
HU3MeHeHHs] eIMHCTBEHHOrO 4YJeHa c¢Ap; B pasioxeHnu W mo cob-
CTBEHHBIM (PYHKLUHAM onepaTtopa A.

B Gosiee obumeM cayuae, Korjga coOCTBeHHBle 3HaueHHs1 HabJIio-
paeMoli A M, B 4acTHOCTH, 3HaYeHHe g; BBIPOXK/EHHl, BOJHOBad
DYHKUHS 10 H3MepeHus (N0 MPeANOJIOKEHHIO HOPMHPOBaHHAs Ha
€JIUHALY) MoxeT OBITb NpeacTaBieHa B GopMe (cp. ypaBHeHHe

(20)):
Y= ¥, ¥ =2 cOpo, (51)
p r



198 rJ. V. ®OPMAJIU3M BOJHOBOW MEXAHHKH

BeposiTHOCTL TMOJYYHTR [PH H3MEPEHHH BeJHUYMHY @; paBHa
—_ (r) |2
(\P'i, \P'i>_ }r: |Cp | B cayyae upeaspHOrO HM3MepeHHs BOJHOBas

¢hyHKNESA nocje H3MepeHUsl eCcTh cobcTBeHHas (YHKuUMS onepatopa
A, npuHagiexauias coOCTBeHHOMY 3HaueHHI0 @;; 9TO JiHHeHHas
koMOuHauus ¢ysxnui PO (r — nepemennwii uugexc). HMugpopma-
uus, cojep:kauiasica B (akre OOHaPy:KeHHs 3HaAUeHUs ga; HelO-
CTAaTOYHA AJIA ONpeleseHds YKa3aHHOH JHHeAHOH KoMGHHaLHH, NPH-
yeM HeolpejefeHHOCTb TeM OoJibile, yeM OoJbllle KPaTHOCTb Bbi-
poxkaenHs coGCTBeHHOro 3HaueHHa. I1pH ugeasbHOM H3MepeliMH H3-
MepHTeJbHEI Npubop melicTByeT Kak «HAeasbHbIA GHIABTP», «IPO-
nycKamolHily 6e3 HCKaXKeHHs TOJNBKO YacTh pasyoxenus (51) pynk-
uu¥ ¥, oTHOCALLYIOCS K COOCTBEHHOMY 3HaUeHHIO @;, T. €. (PyHKUHIO

L e— )
U= 2 PP

Ecnu u3Mepenue HeHgeasbHO, TO «IPOXOKAEHHE» 3THX UIEHOB CO-
NPOBOXKAAETCS HEKOTOPHIM HMCKaXKeHHEM; TO HCKaXeHHe B NPHH-
uHne MoxeT ObiThb BBIYHCJEHO H 3aBHCHT OT KOHKPETHOro ycTpoil-
CcTBa H3MepHTeabHOro npubopa.

Hanee B 310/l riase Mul OyaeM IpeamoJiaraTh, YTo Bce H3Mepe-
HHS, 0 KOTOPBHIX H/JET peub, SABJSIOTCS HAeaJbHBIMH, DTO CHJBHO
ynpouiaer paccyxiaeHus. Takoe npeanoJiokeHHe He OrpaHHYHBaeT
OOLIHOCTH W He MPHBOAHT K QYHAAMEHTANbHHIM H3MeHeHHAM (u3H-
YeCcKOro HCTOJIKOBAaHHS TEOPHH.

§ 14. KommyTrupyouue Hada0gaemMble
H COBMeCTHLIE nepeMeHHble

Paccmorpum gse nabmogaemeie A u B. Ilpennosoxum, 4to
CIEKTP uX cOGCTBEHHBIX 3HaueHHH IOJHOCTBIO JAHCKDeTHHH, XOTA
Te CcBOBCTBA, KOTOPble Mbl M3yYHM, cIpaBefJHBbH H B o0luieM cay-
yae. [Tycrs 3tH nabarmojaeMble HMeOT ojHY OOlyi0o cOOCTBEHUYIO
¢yukunw W

A1P0=a‘y(),
Bly():b‘po.

dusnveckHii cMbIcJ 3THX ABYX ypasHeHuH ciaeayromui. Ecau ¢u-
3MuecKasl cUcCTeMa B JaHHbIH MOMeHT BPeMeHH HaxoJAHTCA B cOCTOf-
nun ¥y, To TOuHOe H3MepeHHe BeJHUMH S H % ¢ LOCTOBEPHOCTLIO
npuseeT K 3HaueHHAM a U b, cootBeTcTBeHHO. HeobxoquMbIM yCo-
BHEM TOrO, YTO 3TH YpaBHEHUS YAOBJETBOPAIOTCA OAHOBPEMEHHO,
ABJISIETCA DaBeHCTBO

(AB— BA)¥,=[A, B]¥,=0, (52)

T. e. Kommytatop A U B umeer cobcrBeHHOH ¢yHKumend ¥, npu-
Hagiexaiyio cobcrseHHoMy 3HaueHuio O.
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B kauecTBe npHMepa BeJNHYMH, AJA KOTOPBIX 3TO YCJAOBHe He
BLINOJHSIETCS, MOTYT CAYXHTh HalJiofaeMble X H Py, TAK KaK HX
KOMMYTaTop sBJsieTcsl OTJMYHOH OT HyJas mnocrosiHHo#. lIMenHO
{cm. ypasuenue (1L 10)):

5, pd=—itx, Z]=in+0; (53)

NedCTBATENbHO, MBI XOPOUIO 3HaeM, UTO TH ABe BeJHYHHBI HHKOTAA
He MOryT GBiTh OlHOBpEMEHHO TOYHO M3MepeHHI.

C apyrofi cTopoHbt, ypaBHeHue (52) aBTOMaTHYeCKH BRIMOJHSET-
cd, Koraa HaGmopaemble A 1 B komMMmytHpyior. B 3ToM cayuae MH
UMeeM BaKHYIO TeopeMy:

Ecau dse nabawodaemole Kommyrupyror, To oHu obradaror obujell
NOAHOL OPTOHOPMUPOBAKHOL CUCTemoti COOCT@eHNbIX (YHKYUL, u
Haobopor.

®usnyeckH 3To O3HauyaeT, 4TO JHHAMHuUeCKHe MepeMeHHHIe, Npek-
cTaBJ/sieMble 3TUMH [IBYMs HaOJOfaeMbIMH, MOryT ObITb OJHOBpe-
MEHHO TOYHO H3MepeHst: 3TO cO8MEecTHbie TlepeMeHHble. B yacTHOCTH,
MOXHO OAHOBPEMEHHO MPOH3BECTH HiealsibHOE H3MepCHHe IepeMeH-
HBIX ¢ U & 1 B 3TOM cJydyae BOJIHOBAs QYHKURA NOCJAe H3MepeHHs
Gynet obuieli cobetBenHol dyukuueii A u B.

JlokasateancTBO npsmoii teopemst takoBo. Ilpennosnaraem, 4ro
Habaogaemsie A # B KOMMYTHPYIOT

[A, B]=0.
Ilyerb Yo ectb coGersennas ¢yukuns A, npuHajiexamas co6-
CTBeHHOMY 3HavedHio a. PyHKUHA P, MOXKeT OBITH PasjoXKeHa IO

cUCTeMe OPTOHOPMHMPOBaHHBIX cOOCTBeHHBIX QYHKuuH Hab/monaemoi
B, 1. e. MoxXeT OniTb mpejcTaBjeHa B (popme

¥, = ; o (a; by,

rae q(a; bm)— coberBennas @yHkuMa B, npuHagnexamas co6-
CTBeHHOMY 3Hauenuto b,. MoXKHO Bcersa caenaTb Tak, 4ToOH BCe
$YHKUHH, BXOAALIHE B 9TY CyMMY, NPHHAMJIeXaJH PasJHYHHIM CcOB-
CTBeHHLIM 3HaueHusim (cM. ypasHenue (20)). [Tokaxewm, urto

Pm=(4 —a)o(a; bn)=0.
Tlockosibky A 1 B KOMMYTUPYIOT
B, == (A—a)Bo(a; bp)=(A—0a)bno(a; bp)=bundn.

Hnpimu ciosamu, GyHKUHH §m ABASAIOTCA cOOCTBEHHBIMH DYHKUMAMH
B, u BBuAy TOro 4To coGCTBEeHHBIE 3HAUEHHS Pa3JIHUHBI, 3TH (PYHK-
UM nuHeliHO HezaBucHMbl. OnHaKo HMeeM

2 o =(A—2) bg=0.
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STo BO3MOKHO TOJNBKO B TOM CJydae, ec/H Kaxaas U3 QyHKUHH ¢,
pasua Hymo. CaeiosareibHo, OGYHKUHH ¢(a; b,) OMXHOBpPeMEHHO
ABJAAIOTCA coGCcTBeHHbIMH (pYHKuusMu A u B.

PaccmMoTpuM Tenepb HOJHYIO OpPTOHOPDMHPOBAHHYID CHCTEMY
{0} cobersennbix pynkuui A

(1) = g "
Aylr a, b,
[To nokasanHOMYy 3TH (GYHKUHHM MOKHO NpeICTaBHTb B (opme

Y0 = 3, ¢ (a,, b,): (54)

rae ¢V (am; bm) sABAAIOTCA OOUMMH COGCTBEHHBIMU (PYHKuMSMH A
1 B. CoBokynHocts GYHKRUHE @) (@n; bm), COOTBETCTBYIOIIUX OQHOH
rape coGCTBEHHBIX 3HAUeHHH Qn, bm, MOXKeT He ObiTb JHHeliHo He-
3aBHCHMOH, O4HAKO BCErza MOXKHO TeM HJM HHHIM crnocoboM (Ha-
NnpHMep, ¢ NOMOLIpIo mpouecca opTtoroHanusaunud llmuara) Boi-
6paTth MocJe10BaTe/IbHOCTh OPTOHOPMHPOBAHHBIX (BYHKuuil % (a.;
bm), cooTBeTCTBYIOINX TOH e nape coGCTBeHHbIX 3HaueHHH, mpH-
yem ysruH" Q) (an; bm) OyAYT NHHEHHBIMH KOMOHHAaUMSIMH 3THX
HOBHIX (PYHKUMI:

N (@n; ) = 2 ;X' (@n; bim). (55)

Muoxectso {y} Bcex ¢yHKuuf §y o6pasyer OPTOHOPMHPOBABHYIO
chcreMy co6crBeHHBIX GYHKuMi, obuux ans A u B. Ilpu stom no-
JyueHHaf cUCcTeMa IoJHasf, TakK KakK BcAkas BoJiHOBas (pynkums W
MoXeT OblTh passokeHa B psAA No GyHKuuAM 7. UToOH HOCTPOHTDL.
TaKoe pasJioKeHHe ciaejyeT pasyoxuth ¥ B psag 0o GYHKUHAM 1101~
HOH cHCTEMBI {\p}{’}, 3aTeM BMecTo pyHKuUMA ) MOACTaBUTH HX BBi-
paxenus uepes ') (@n; bm), MOJYydYeHHBIe C NMOMOLUBIO YpaBHEHHIF
(54) 1 (55), uto K TpeboBaJoOCh JOKa3aTh.

O6paTtHo, ecin A ¥ B ofnanaror ofmell nosHOR OPTOHOPMHPO-
BaHHO# cucrteMoii coO6cTBeHHBIX (QYHKUHHE ¥ (an; bn), TO

ABX (n; bm) = QnbmX') (@n, bm) = BAY® (a5 bp),
CJIeA0BATENBHO,
(A, BI%® (an; bn)=0.
Heficteue koMmyTaropa [A, B] Ha moboie ynkuuu uz cucreMmst {yF
paer HyJab. Ho mockosbKy, Mo mpeamnosioKeHHIo, BCAKasl BOJHOBAk

¢yukuus W pasnaraercss B psjg no PYHKUMAM jy, HMeeM [PH JIO-~
6ol ¥: [4, B]¥ = 0. CnenoBartennHo,

[A, B]=0.

C nmoMolupI0O KOMMYTHPYWOIHX Habuawogaembix A, B Moxuo 00~
pasoBaTb HoBble Habuonaembie BUAH f(A, B), rae [(x, y)— npous-
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BOJIbHO BhiOpaHHas ¢yukuus. Ilo ompejenenuio AeficTBue HabJoO-
nRaemolt f(A, B) na cobctBenHylo ¢yHruuio y(a; b), obmyio pnda
onepatopos A u B, naer

F(A, B)x(a; b)=1{(a, b)x(a; b).

JeficTBHe HopOl HabmogaeMoit Ha NPOM3BOJBHYIO (yHKuMIo ¥ Ro-
JiydaeTcd myTeM pasfioxeHus W B pal 1m0 y M IPUMEHEHUs oliepa-
Topa (A4, B) K KaXXZOMy UjieHy pasJioKeHHs, eCJid, KOHEUHO, [OJy-
YaloUIMHca PSR CXOAMTCS, B NPOTHBHOM ciyuae ¢yuruua (4, B) ¥
He cyuectsyer. M3 camoro onpegmenenus f(A, B) oueBHAHO, 4YTO
ara HabmopaeMas oGnanaer obuiell ¢ A u B noJHo#l opTOHOpMUPO-
BaHHOM cHcTeMOlM cOOCTBEHHBIX (YHKIHMH, a UMeHHO cucTeMoit {x}.
Otcioga caenyet, uto f(A, B) kommyTtupyer ¢ A u B.

Bce 2T pe3ynbTaTH OuUeBHAHO 000011ai0Tcd Ha caydyall Npous-
BOJIBHOIO yucaa R nmomapHO KOMMYTHpYOlMX HabuaionaeMblx. Ecau
R Ha6anonaeMbix Bce MONapHO KOMMYTHPYIOT, TO OHH 06JafaioT (0o
KpaliHe#l Mmepe) ofHOH oOuielf MOJHOH OPTOHOPMHPOBAHHOH cHCTe-
Mot cob6cTBeHHBX (yHRUMH, H HaobopoT. Kpome Toro, nobas (Be-
LlecTBeHHas) GyHKHOUA 3TUX HAaGJIIOLaeMBIX ecTh HabJogaemas, Ko-
TOpasi KOMMYTHPYeET ¢ KaxaoH u3 HHX u obiaanaer ofuleH ¢ HUMH
cucteMol coOcTBeHHBIX (GYHKUIUH.

§ 15. [ToaHbie HAGOPHI KOMMYTHPYIOIHX HaGJII0OHaeMbIX

Pacemorpum Habaopaemyio A. M3 ee cob6cTBeHHHXx GYHRUIME
MOXHO 06pasoBaTh MHOJIHYK) OPTOHOPMHUDPOBAaHHYIO CHCTeMy coO-
CTBeHHHIX QyHKuMH; 6yneM HaswBaTh 3Ty cucTeMy GyHKuu#l 6asuc-
Hotl cucremoli nabmonaemoit A, BaszucHas cuctema, soobiie ropopd,
He enuHcTBenHa. CTeneHb NPOW3BOJa NpH ¢e BhOOpe obcyXkaanach
B § 9. YcjioBUMCS CUHMTATh TOXAECTBEHHBIMH [Be CHCTEMBI, COCTaB-
Jgiomte PyHKIUE KOTOPHX OTJNYAIOTCS TOJALKO (asoff ¥ (B cayuae
HelpepbIBHOTO CIeKTpa) HopMuposkoH. [Ipu atoM ycaosuu 6asuc-
Has cucTeMa HaGJaionaeMoii A enuHCTBeHHa, ecH Bce cOOGCTBEHHBIE
3HayeHHa HeBHPOXZAeHH, YroOH HcclenoBaTh Apyro# ciayuaf, npH-
MeM cHauaJia, 4TO CcOOCTBEHHOE 3HaueHHe a JABaXKAH BHIPOXKIAEHO,
H 1ycTb Y1, Y2 CyTh ABe COOCTBEHHHIE OPTOHOPMHpOBaHHHE (yHK-
IMH, OpHHaAJMekallue 3TOMy coOcTBeHHOMY 3Hauenuio. Herpynno
NPOBEPHTh, YTO (QyHKIHH

@; ==, cos & + P, sina,

Qo= — P;sina + P, cosa
Takxe OYAyT OPTOHOPMHUPOBAHHHIMH, NPHHAMJIEXKAIUUMH TOMY XK€
coOcTBeHHOMY 3HaueHH0. DasucHas cucrema HabOaopaemoli A Mo-
2KeT OHITb 06pasoBaHa Kak U3 GyHKuui (Pr, P2), Tak ¥ H3 QyHKUUH

{@1, ¢2). CaenoBaTennto, GaszucHas cucteMa A He ABJIAETCA €IUH-
CTBEHHOI.
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Ilycte Tenepb umeeTcss emie onHa Habnaonaemas B, KOMMYyTH-
pyomas ¢ A. Moxer clyuuTbed, 4To obmasa 6asucHas cucTema A
¥ B, cyllecTBOBaHHe KOTOPOH Mbl Aokazanau B § 14, Oymer enun-
crBenHofi. Torna roBopart, uto HabnmonaemMble A 0 B o6pa3syior noJ-
HHI HAabop KOMMYTHPYIOIUX HabJMi0LaeMblX.

Eciu A u B He ob6nanaiorT envHCTBeHHOH o0uiel GasHcHOH cH-
CcTeMOH, Mbl BBHIHYXA€Hb A00aBHTb K HMM TpeTblo HabJI0fdaeMylo
C, KOMMYTHPY¥IOLLYI0O C OEepPBHIMH ABYMs U T. I.

B ofuem caydae roBopdaT, 9T Habaiodaemsie A, B, ..., L 06-
pasyroT noAHsll HAGOp KOMMYTUpyrOwux Habawdaemslx, ecaw OHU
06.1adar0T 06weli 6asuchod cucTemol u 3TQ cucrtema eOUHCTEEHHA.
B stom cayuae no6Gasg Habmionaemasi, KOMMyTHpyOLad ¢ Kaxao#
HabmoraeMollt noJHOrO Habopa, mo HeobxoaumocTH objafaer TOH
ke 6as3ucHoH cucreMoH, mo3TOMy ee coOCTBEHHbIe 3HAUeHHS AB-
JIAIOTCA BIIOJHE OMpelesIeHHHMHU (YHKUUSAMH COOCTBEHHBIX 3Haue-
Hul a, b, ..., | HaGniopaeMux A, B, ..., L, HHHIMH cJIOBaMH, 3Ta
HabJjonaeMast MOXKET pacCMaTpHUBAThCA KakK GyHKIHUS HabMoaaeMblx
Habopa.

JuHamuueckye nepeMeHHble, NpeiCTaBisieMble MOJHBIM HabO-
pPOM KOMMYTHMPYIOIIMX HaObJI0faeMBEX, MOLYT OHTbH ONHOBPEMeHHO
TOYHO U3MepPeHH U 00pa3yIOT NnoAHbiL HAGOP COBMECTHLIX nepemen-
Hotx (§ 1V.17). Ecau ocyliecTBUTL OJHOBPEMEHHOE TOYHOE H3Me-
peHue 3HaUeHUH 3THUX NMepeMeHHHIX, TO BOJHOBAasA (YHKLUHS CHCTEMbi
Oyner cobGcrBeHHON ¢yHKuved Habmwogaemnx A4, B, ..., L, npu-
Hajgjexalled coOCTBEHHBIM 3HAaueHusAM a, b, ..., [, oOnapyXeHHHM
B peayJibTaTte usMepenus. [1ockoabky CyujecTéyeT TOA6KO OOHA COO-
cTeennan Qynkyus, obaradarowas sTUM CEOUCTBOM, TO BbINOAHEHUE
STUX UBMEPEeHULi NOAHOCTbIO onpedesserT BOAHOBYIO (PYHKYUO Pu-
suueckoil cucremol. LoBOpAT, 4TO Oumamu4yeckoe COCTOAHUE (PU3U-
4eCKOU CUCTeMbl NOAHOCTbIO oOnpedeasercs 3a0anuem KE8AHTOBbIX
yucea a, b, ..., l. B neficTBUTEJbHOCTH, 3Ta PYHKUUA ONpenenser-
¢Sl TOJILKO ¢ TOYHOCTBIO [0 TOCTOSIHHOTO MHOMKHTEJS, HO MOCKOJBLKY
¢dbu3nuecKy H3MepAeMble BEJHMUHHH, a MMeHHO CTAaTUCTHUECKHEe pac-
npefejeHus pe3yJbTaTOB pasjIHUHLIX BO3MOXKHBIX H3MEDEHHH He
3aBHCAT OT BHOOpa 3TOM HOCTOSTHHOH, MOXKHO HpHaaTth el Joboe
3HauYeHHe, He MeHAd (H3UUecKOH 3HAUYMMOCTH BOJHOBOH (QyHKIHH.
OGHYHO BOJHOBYI0 (DYHKUHIO HOPMHDYIOT Ha eIHHMIY, YTO OCTaB-
JiieT MPOH3BOJIbHON NOCTOAHHYIO ¢asy, He HMewWyw (pHU3uUECKOro
CcMBICTIA.

OcyuiecTBende (GU3HYIECKOro IKCHEPHMEHTa MOXKHO ONHCAaTh
cleaylomnm o6pa3oM. B HauasbHBIE MOMEHT BPEMEHH {y MBI «npuo-
TOBAseM> CHCTEMY, BBINOJIHSAS OXHOBpeMEHHOEe H3MepeHHe MOJIHOro
HaGopa COBMECTHHIX MepeMeHHBIX. Takum o0pa3oM, LUHAMHYECKOE
cocTosiHue (HH3UYeCKOH CHCTEMH B Hada/jbHBIE MOMeHT Bpemenid
OKasHBaeTcs MOJHOCTBIO OTpeReseHHBIM,



§ 16. YUICTHIE H CMEWAHHBLIE COCTOSHUS 203

B naabHefiieM BosHOBasi GyHKuus (uUsHyecKoH CHCTEMH 3BO-
JICUMOHHPYET BO BpeMeHH, NOAUMHAsACH ypaBHenuio llpenunrepa.
B Kaxab# mocaefylomIMH MOMEHT BpeMeHHM AHHAMHUYECKOe cOCTOs-
HHe cHMcTeMBl TakuM 00pasoM TOUHO H3BECTHO, MO KpalHel Mepe
JO TOr0 MOMEHTa, KOrAa OHO OyheT BO3MYILEHO BMeLIaTeNbCTBOM
uamepuTenbHoro npubopa. Haxonen, B HeKOTOpHH MOMeHT Bpe-
MEHM { MH OCyUIeCTBJAAEeM JaHHOe u3Mepenue. [TocKonbKy BOJHOBas
¢ynkuug W(f) B MOMeHT H3MepeHHS H3BECTHA, MOXHO TOUHO yKa-
3aTb CTaTHCTHYECKOR pacrnpefesieHHe pe3yabTaToB uamepeHud. [1os-
TOPsisl ONHIT Ha OYeHb OOJIbHIOM uHcle A’ TOXIECTBEHHHIX CHCTEM,
Mbl [0y4aeM 3KcHePUMMeHTaJabHOe paclpeneseHHe, KOTOPOe MOMKHO
CPaBHHUTb C TEOPETHYECKHM.

§ 16. YucTnie u cMewlaHHBIE COCTOSIHUSA

Ha npaxTuke noJiHoe «HNpPHroTOBJIEHHME» CHCTEMBI, YNOMSIHYTOE
BHILIE, OCYIIeCTBAAETCs peako. Halie Beero uaMepeHHEE fHHAMUUeE-
CKHe NepeMeHHble He cOCTaBJSIOT MOJHOro Habopa, u JHHaAMHYECKOe
COCTOSIHHE CHCTEMEl M3BECTHO He TOYHO. B 3ruX cnyuasx mpuberaloT
K CTaTHCTHUECKMM MeTonaM. BMecTo cTporo 3amaHHoOro puHaMuge-
CKOTO COCTOSIHHSA CHCTEMBI MH HMeEEM CTATHCTHUECKYI0 CMechb CO-
cTosiHuii. He uMes BO3MOMKHOCTH ONHMCATh COCTOSIHHE CHCTEMH OJi-
HO!l onpejesieHHoH BOJIHOBOH (yHKuMeH, MBl paccMaTpuUBaeM cTa-
THCTHYECKYIO cMech BOJHOBHIX (QYHKIME, MpHUeM Ka)kAas BOJHOBaA
$yHKIMA BXOIUT cO CBOUM cTaTHcTHUecKHM BecoM. [Tomo6Ho Kiac-
CHYECKO# CTATHCTHUECKOH MeXaHHKe, CYILEeCTBYET K8AHTOB8AA CTATU-
CTUYECKAS MEXAHUKA.

Korma «npurortoBienue» NOJIHOE H, CJeLOBaTeNbHO, AWHAMHYE-
CKO€ COCTOSIHMe CHUCTeMBl M3BeCTHO TOYHO, TOBOPAT, YTO MEl HMCEM
JeJIO ¢ 4UCTHIM COCTOAHUEM, B NPOTHBHOM cJyuae TrOBOPST, O cie-
WAHHOM COCTOAHUU. '

B npenckasaHMM pe3yJbTaTOB HM3MepeHHMH INPH CMELIAHHOM CcO-
CTOSTHMM CTATHCTHKA Mrpaer NBOUHYIO POJb: ¢ OXHOH CTOPOHH OHa
OTpaxkaer HaJUUHe YMCTO KBAHTOBHIX HeolpeneJeHHOCTeH, CBs3aH-
HEIX ¢ HEKOHTPOJUPYEMHIM BO3MYUIEHHEM CHCTEMEl B ONlepaiyu H3-
MepeHHud, ¢ APYrofl cTOPOHBI — YYMTHIBAET HENMOJHOTY HMHGbopMalHH
O JMHAMHUECKOM COCTOSHUH (U3HUECKOH CHCTEMBI.

[MpennonomuM, YTO B MOMEHT «IIPUTOTOBJIEHHSA» CHCTEMBI fy OHA
MomeT OHITb ONUCaHA COBOKYNHOCTBIO BOJHOBHX  (QyHKUuH

¥ (4), ..., P®(l), ... €O CcTAaTHCTHUECKHMH BecaMH pi, ...

seey Dhy ons (Zpk_—_l). Hyers WO(¢), ..., ¥®(f), ... peme-
k

Hdsi ypaBHenus [llpeauHrepa, COOTBETCTBYIOLIHE HayaJbHBIM 3HA-

yenuam W (f), ..., ¥® (%), ... B MoMeHT BpemeHH [ cHCTeMa

NpeCcTaBaAsAeTCS ancaMbiaeM 3TUX GbyHKRUAH Y (e, ...
ave, WO(f), ... ¢ TeMH XK€ CTATHCTHYECKMMH BECAMH pi, ...
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eivs Py oo Ilycts (A)r ecTb cpelHee 3HAUEHHE pPe3yJIbTATOB H3-
MepeHHs HeKOTOPOH BeJHYUHLL & B TOM cJdyyae, Korja cucTeMa
HaXOAUTCA B QUHAMHUeCKOM cocToanuu W (f):

_ (w® (), AF® (5)
=~ (4, ¥ ® o

Torga cpelHee 3HaueHue pe3yJ]bTATOB H3MePeHHs & IpH CTaTH-
CTHUECKOH CMecCH COCTOSIHUHA B MOMEHT BpeMenu ¢ naetcd ¢Gopmyaoit

A)= zk: Pr{ A

Ananornuno, eciu ;¥ ecTb BEPOSITHOCTb HOJYYUTH PE3YJbTAT a,
KOTrja AHHaMHYeCKOe COCTOfIHHE cMcTeMBbl MNpejcTaBafercd (PYHK-
nvelt W) (f), To BEpPOATHOCTb HAHTH 3TOT pe3yJbTaT NpU H3Mepe-
HMH Ha CMecH paBHa

w; = Zk‘, PP, » (56)

BaxHelmul npuMep KBaHTOBOCTATHCTHUECKOTO CMeEIIaHHOrO cO-
CTOSIHHSI JaeT cHCTeMad, HaxOAdAasacd B TePMOAHHAMUUECKOM paB-
HOBECHH C TepMOCTAaTOM IHpH TemnepaType I. 3iech BO3MOXHBIMH
JHHAMUUECKHMH COCTOSHHAMH SABJSIOTCH COOCTBEHHBIE COCTOSIHHS
ramujibToHuaHa H cHCTeMBl, CTaTHCTHUECKHUH BeC JAHHOTO cOOCTBEH-
HOTO COCTOSIHUSI 3aBUCHT HMCKJIOUATENBHO OT COOTBETCTBYIOILErO eMYy
COGCTBEHHOTO 3HaueHusd H u paBeH ¢ TOYHOCTbIO A0 HOPMHPOBOY-~
Hol mocTtosinno#l dakTopy Boabumana e~E*7 rpe E — cobCTBeHHOE
sHayenue H, a k — nocrosnHasa Boabumana.

Pasgen V. AJITEBPA KOMMYTATOPOB U EE NMPUJIOXKEHUSE

§ 17. Anre6pa KOMMYTaTopoB
M OCHOBHbIE CBOMCTBA KOMMYTaTOPOB

[loka ™Mb onepupyeM ¢ KOMMYTHPYIOIWIMMH HabJIioqaeMbiMH,
MOXHO 03 OrpaHHUeHHH MOJb30BATHCA NpaBujaMu OOBIMHOH aJ-
rebph. OnHako He Bce HabJiopaembie 3aJaHHOH KBaHTOBOM cH-
cTeMH 00J1a1al0T CBOHCTBOM KOMMyTHpoBatb Apyr ¢ apyrom. Ha-
npHMep, HaOaloaaeMble KBAaHTOBOH CHCTEMBI pa3MepHOCTH R
ABJAIOTCA HEKOTOPBIMH (YHKHHSIMH HaOJIIOLAeMHBIX TNOJOXEHUA (i
(i=1,2,...,R) n.HabmoaaeMux umnyabea p; (i=1,2,...,R)'?),
T. e. HabMOZaeMbIX, He KOMMYTHpYIOLMX Mexay coboli. KommyTa-
TOPH ¢ U p UrpaioT QyHAaMeHTaJbHYIO posib B Teopud. OHHM HMeIOT

12) D10 BEPHO TMOCTOJBKY, MOCKOJbKY KBAHTOBasfi CHCTEMA HMeeT KJaccuue-
ckuft ananor. B panpHefmeM MEH BBeleM JONONHHTEbHHIE NMepeMEHHbie THMA CrU-
Ha, KOTOPHE He HMEIOT KJIaCCHUECKOro aHajora.
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BHA
[qiv ‘71]=0, [pir pi]=0’ (57)
{9, pil=indy;. (58)

CooTHotnenus (57) OueBHAHH, OpH 3TOM BTOPOE CJAEAYeT M3 TOTO
dakra, uto onepauuu auddepenuuposanusi nepectaBuMbl. CooTHO-
menue (58) ectb obobmienue (53), mpuueM HoapasyMeBaeTcst

Pi=—iﬁ“a“.-

BBuIy TOro, 4To ¢ ¥ p He KOMMYTHDPYIOT, OnpejieeHue JHHAMHU-
veckofl mepemenno & =A(qy, -.., 4r; P1, ..., Pr) TpebyeT yxa-
3aHudA MOPSiiKA PAcHOJOXEeHHMT ¢ M p IPH ABHOM BhipaKeHuH pyHK-
uan A{qy, ..., gz, p1, ..., pr). Ha npaktuke A oObluHO BEIpa-
JKaeTesd B BHJE NOJHHOMAa OT p HJH OeCKOHeuHOro psajga mo crelle-
HAM p, K03G G HIHEHTH KOTOPOro cyTb ¢GyHKHMH ¢. Kaxknwii yien
HMeeT BuI NpPOH3BefeHHS KOMIOHEHT p; U (PYHKUHH 0T g, pacroJo-
JKeHHHIX B onpefeseHHoM nopsiake. ®yHkuus A, paccmatpuBaemas
KaK Oleparop, BIOJIHE olpejesieHa TOJNbKG TOrAd, KOrla TOYHO yKa-
3aH OOPSIAOK OMepaToOpOB B KaXKAOM YJeHe pasjoxeHud. BaxkHo
YCTaHOBUTDb, KAKOH BHJI HMEIOT KOMMYTATOpH ¢ M p ¢ 3aXaHHOH ome-
patopHolt ¢yHknueii A. Ecnu Mbr uMeeM €10 ¢ QYHKIMAMH TOABKO
OT ¢ WJIH TOJABKO OT p, TO HETPYNHO MOJYYHTb COOTHOLIEHHUS:

[qi» F(qlv cees qR)]=0) (59)
[pi) G(Pl» ey pR)]=O; (60)
(oo F gy -0 aa)l=— i 53 (61)
[95 G Py, s PRI =+ i5o. (62)

Coornoutenusi (59) u (60) 9BAAIOTCT YacTHEHIMH CJHYUasaMH OOIErO
npaBusia, ycTaHoBJIeHHoro B koHue § 14. HroOb nokasaTh paBeH-
ctBo (61), HeoOXOZMMO BBHINUCATb ONEPATOP p; B SIBHOM BUAE W NpO-
BepUTh AEHCTBHE JIeBOH W NpaBoH YacTell PaBeHCTBA Ha HEKOTOPYIO
BOJIHOBYIWO (hyHKuuw (cM. ypasHenue (II.9)). ¥YpaBuenne (62) no-
nycKaeT Ty Ke NPOBEpKy, HO B NPOCTPaHCTBe HMMYJbCOB; HamOM-
HuM, uTO ecau D (py, ..., pr) ecTb BOJHOBAsA GyHKUMA B NPOCTpaH-
cTBe HMOyJbcoB, coorBercTByomas W(gi,...,qr), To QyHKIUS
B OpOCTPaHCTBE HMIyJAbCOB, cooTseTcTByOmas ¢:¥(qy,...,qz),
UMeeT BHJ

. a3
ih 55D (pr, - or DR

ToT e pe3ysNbTaT MOXKHO MOJYUYHUTH, BOCUOAbL30BABIIUCE NPaBH-
JlaMH ajre6pH KoMMmytaTopoB. IlpuBeneM 3nmech 4eThip€ OCHOBHBIX
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npaBusia. OHM CJEAYIOT U3 ONpefesieHHs KOMMYTaTroOpoB, H YH-
TaTeJb G€3 Tpyda MOXKET TNPOBEPHTb HX HEMOCPEACTBEHHHM
puuucaenueM. Ilyetb A, B, C— HeKoTOpble JIMHeHHBle ONEpaTOpPHL.
Torpa umeem:

[A, B]=—[B, Al; (63)

[4, B+ C]=[4, B]+[A, C]; (64)
[4, BCl=I[A, B]C+ B[A, C); (65)

[4, [B, Cl]+[B, [C, All+[C, [A, B]]=0. (66)

IToBTOPHLIM TpHMeHeHHeM npaBusa (65) MOJAydIHM TaKXKe
n—1 ’
[4, B*1= ) B°[A, B|B"™"..
§=0

B YaCTHOCTH, AJisl CHCTEMBbl B ONHOM HU3MEPEHHH HMeeM

n’ e n—1
L9, p"]=ninp"~".
CoorHomenue (62) pokasaHo, TakuMm obpasom, eciu G npeacras-
JasieT coboli OfHOYMNEH OT p, HO corjacHo ¢opmyrne (64) oHo moka-
3aHO W AadA cayyad, koraa (G BHIpaxaeTcsi NOJUHOMOM HJH, B 06-
meM cjydae, CXOASAMIMMCA PAAOM MO CTEHEHIM p.

JlJis MpOM3BOABHBLIX PYHKIMHE OT ¢ U p MOXKHO HalHCATh

0A

Al=—ik B, : 67)

i

.. 0A
l9:, Al=in5 -, (68)

i

lp:,

TIoe [paBble YacTu MNoJayyarnTces dopManbHbM AuddepeHunpoBa-
HHeM GyHKnuH A, mpuueM mojapasymeBaeTrcsi, 4TO HOPSAOK omepa-
TOPOB P U ¢ NMPU SBHOM BhipaxeHUH ¢yHkuuu A BeGpaH npaBHIbHO.

[TpouamoctpupyemM 3TO Ha HpHMEPe KBAHTOBOH CHCTEMbl B ONHOM H3MESDEHHH.
Tlyers f(q) ectn Hexoropaﬂ byukuya ¢g. KomMyraTopnl g ¥ Kaxmaoii u3 QyHRuHi
P (9), p?(q)p, f(q)p® MoryT GuiTe noJayyeHn AHQQepeHLHPOBAMHEM HO p 3THX
$YHKUHH, ofHaKO 3TO GYAYT Pa3nuuHble onepaTophl. JleficTBHTeNbHO, HOBTOPHAIM
npuMeHeHHeM mpaBHJa (62) Haxomum:

la, P*f (@)1 = 2ilipf (q);
l9, pfpl =ik (fp + pl);
lg, [p?] = 2ikfp.

AmnajsoruyunM o6pasom
[p. P*[) = — ikp*’;
Ip. pipl = — ihpf'p;
lp. [p?] = — ihf p
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§ 18. CooTHOolIEHUs] KOMMYTauMM AJs MOMEHTa HUMMNyabca

B. kauectBe mpusoxenus npaBua (63)-—(65) anrebper KoMmy-
TATOPOB BHIUMCJAMM KOMMYTATOPH COCTABJSIOMIMX MOMEHTa HM-
NyJibca YaCTHIBI:

l=={[rp].
Nnmeem:
[y, U= [yp. — 2py, 2P — xp.]
= [yp. 2p<] + [2py, x0) npasuno  (64)
=y[p., 2] ps + pyl2, p.]x npasusno  (65)
== if (Xpy — YP)
= ihl,.

JiBa Apyrux KOMMyTaTopa MOTYT OLITb HOJYYeHH HHKIHYECKOH rme-
pecraHoBkol. [Tonygaem

e Ll =ihl, (L, Ll=iAl,, [, L]=iti,. (69)

Tpu. KOMOOHEHTH MOMEHTAa HMOYyJbca YacTHIH He KOMMYTHPYIOT
apyr ¢ apyroM. He cymiecTByeT NOJHOH OPTOHOPMHPOBAHHOM CH-
cTeMB COGCTBeHHHX GyHKnuH, obuiefl ans Kakoi-HuOyab naphi
KOMOOHEHT, JlpyruMu cJOBaMH, [Be KOMIOHEHTH MOMEHTa HM-
nyjabca B obuiem ciydae!d) He MOryT ObITb OQHOBPEMEHHO TOUHO
onpefeNeHH.

3amMerum, ¢ APYroH cTOpoOHBL, 4TO (mpaBuso (65))

[ 25 l?c] ==ih (lylx + lxly)'
[gzﬂ_.—m01r+u@)

[, £]1=0.
CKJIaIIbIBaﬂ 3TH paBeHCTBa, uMeeM (mpaBujo (64))
[, B]=0, (70)
TJ€e omeparop
P=0+10+10 71)

€CTb KBajapaT AJIMHBI BekTopa .

OnepaTtopu 2 n [, KOMMYTHPYIOT; CJ€LOBATeJbHO, OHH MOLYT
ObITb OfHOBpeMeHHO ToYHO onpefeseHst. .Ilapwo (I12,1k) u (12 1)
o0J1afaloT TeM ¥Ke CBOHCTBOM.

13) Cnopa «B 0fleM cayyae» HMEIOT BaXHOe 3Hauedne. TpH KOMHOHEHTH He
HMeloT oOliell GasuCHOH CHCTeMH, HO 061afanT o6muMH COOGCTBEHHHIMH GYHK-
UMAMH, TEMHM A KOTOPHX [y =1, =l = 0; 5tu OQydKumH 3aBHUCAT TONBKO
OT MOAyAd paAuyca-BeKTOpa TOURH 7 ==+4/x*+ y>+ 2%, HO He 0T ero Ha-
‘TIpaBJeHHd.
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§ 19. U3MeHeHHe CTATHCTHYECKOTO PacnpeieneHus
B0 BpemeHu. UHTerpanabl NBHKEHHS

3anuiem ypaBHenue [llpenuHrepa BMecTe ¢ KOMIJIEKCHO COMpsi-
JKEHHHIM ypaBHEHHEM:

. OW ., OF* *

Ecan W Hop::vpoBaHa Ha eIMHHLIY B HauaJbHHH MOMEHT BPEMEHH,
OHa OCTaeTcsi HOPMHUPOBAHHOH U B MHOCJenYIOIIHe MOMEHTH Bpe-
menu. CpenHee 3HaueHue HabmopaeMol A B KaXKABHA MOMEHT Bpe-
MEHM BBIPAXKAETCHd CKaJsipHBIM NPOU3BEACHHEM

M=, A= {v avar.
Ilpu sTOM
d ov
(A ={(5-, A‘P>+<\If a2 >+<‘If = >
[locnenuu# uneH B NpaBol 4acTH (dA/dt) paBeH HyJIo, eciu A He
3aBHCHT SIBHO OT BpEMEHH.

Ucnonb3ys ypaBHenue llpeauHrepa, a Takxe CBOUCTBO 3PMHUTO-
BOCTH FaMPIJIbTOHPIaHa, nonyqaeM

L (Ay=— o (HY, AT+ (¥, AH%+< L=
= (¥, [4, H1W) + (2.

Orciona ciaenyer ob1iee YpaBHEHHE, OlipeleNdroniee U3MeEHeHue BO
BPEMEHH CcpeaHero 3HaueHuda A:

B (A=A, H)+in(5). (72)

3amensas A omepatopoM e84, mojiyyaeM aHaJIOTHYHOE ypaBHe-
Hue JJIS H3MeHEHHS BO BDEMEHM XapaKTepHCTHUeCKOR GYHKIUH
CTaTUCTHYECKOTO pacnpenenenus mug A

B dactHocTH, Oaa ecakod uabarodaemod C, xommyrupyrouied
C 2aMUAbTOHUAHOM,

IC, H]=0,

U OT 8pemenHu sA6HO He saeucmqezi, noJjiydaeM pe3yJbTaT
d
Fo=o

T. e. CpelHee 3HaueHue Habmopaemolh C ocTaeTcd NOCTOSHHBIM BO
speMedd. Ho ecau Habmopaemassi C KOMMYTHPYET ¢ TraMujabTO-
HuaHoM H, To GyHKuHA o€ rakxe KoMMyTHPYeT ¢ H u nostoMy

A (ency=0.
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T. €. XapakTepHcTHUeCcKasd QYHKuHA, a, CACAOBATENbLHO, H CTATHCTH-
yeckoe pacmpenesnienpe Habmogaemolt C 0CTalOTCA NOCTOSHHBLIMH
BO RpEMEHH.

Ilo anajoruu ¢ KJaccHUecKOl aHaJUTHUECKOH MeXaHHKOH Ha-
6mojaemas C HasbBaeTcsl MOCTOSHHON NBHXKeHHS (MM HHTerpajioM
IBYXKeHus). B 4acTHOCTH, €cIH B HauaJbHblli MOMEHT BpEMeHH BOJI-
HoBasi GyHKRuus Oblia coOGcTBeHHON ¢yHKmuMed C, npuHaaaexamed
JaHHOMY cOOCTBEHHOMY 3Ha4eHHMIO €, TO 3TO CBOHCTBO cOXpaHsercd
BO BpeMenu. Toraa roBOPST, UTO € ABJASETCT «XOPOIIMM KBaHTOBLIM
yucaoM»., Eciin, B wacTHocTH, H OT BpeMeHH $BHO He 3aBHCHUT
¥ ecllH IUHAMHYECKOE COCTOSIHUE CHCTeMH B MOMEHT BpeMeHH Ly
npeacrasisercs co6cTBeHHOH byHKuuel, obmeli ana onepatopos H
u C, 1o BOJHOBas QYHKIMS OcTaeTCs MOCTOAHHOH BO BPEMEHH € TOY-
HOCTbIO OO0 (a30BOr0 MHOMKWTEJNS, SHeprusd ¥ AUHaMHJecKas nepe-
MenHas C OCTalOTCA BHOJHE ONpeleeHHHMH M DOCTOSHHbIMH BO
BpEeMeHH.

§ 20. Mpumepr uHTErpanoB ABHKeHus. JHeprus. YeTHocTs

Cymectsyer HabJiogaeMas, Bceria KOMMYTHPYIOWLAs ¢ TaMHJib-
TOHMAHOM -—— 3TO caM TraMuibToHHaH. [losTomy 3Heprus sBaseTcs
TMOCTOSTHHOH JBHXKeHud aJd BceX (U3HUECKHX CHCTEM, TaMHJIbLTO-
HHAaH KOTOPHX OT BPeMEHH SBHO He 3aBHCHT. IDTOT Pe3yJabTaT yXKe
Obln nokasaH B § 12.

B kauecTBe ApYroil BO3MOXKHOH NOCTOAHHOH ABHXKEHHS YKaXKeM
uernocte (cp. ¢ § 111, 14). YertHocThio Ha3biBaerca Habawonaemas P,
omnpeneisieMasi paBeHCTBOM

P () = (—9).
Herpynuo nposeputh, uto P — 3pmuTOB omepaTtop. Kpome Toro,
P? =1 u, cJefoBaTe/NbHO, €IMHCTBEHHO BO3MOXHBLIMU COOCTBEH-
HbIMH 3HaueHusmu P asasiores 41 u —1; 3Havenuo -1 cootBer-

CTBYIOT ueTHhie (YHKIMH, a 3HayeHu0 —1 — QyHKIuM HeueTHhIe,
Ecan raMuIbTOHUAH HHBapUaHTEH OTHOCHTENBHO 3aMeHH ¢ Ha

~—¢, TO
[P, H]=0.
JelcTBUTENBHO, ecJiH
., d ., d
H(—zb R q) =H(zb Tk —(l),
70 Anaa Jio6ofi GyHKuHH P(g):
.o d _ x4 N
PHY=H (ih4=, —q) (=) =H (it 7. 7) (—q)=HPy.

Tlpu 3THX yCJOBMAX, €cliy BOJHOBas (yHKIHA HMeJa HEKOTOPYIO
YeTHOCTb B 3aJaHHHIl HauaJibHHIE MOMEHT BpEMEHH, TO oHa Oyler
COXPaHsiTh TY YETHOCTb H B JaJIbHEHIIEM.
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3to cBolicTBO 6e3 TpyAa MoOxeT OBLITb PaCHpOCTpaHEHO Ha CH-
CTeMbI MHOTHX YacTHI, KOTJa ONepanHsi YeTHOCTH COOTBETCTBYET
MHBEPCUH MOpocTpaHcTBa (f;— —r;), a HabaiopaeMasi YeTHOCTH
otipenessieTcss paBeHCTBOM

PIP‘("I, ro, ...)=‘I’(—r1, —Fo, ...).

3A0AYH H YIIPAXKHEHUS

1. Jokasark wepaeencrBo Hleapua ,(q), P < /@ 9 ), OCHOBHBASCH
TOJMLKO Ha cBoficTBax a), 6), B) ckaaapHoro npousseaenns (§ 2). (HdoctarouHo
y4ecTb TOT QaKT, 4TO HOpMa HEKOTOpo# JHHeHHON KOMOHHALHH ¢ H 1 HO ONpese-
JICHHIO MOJIOXKHTeIbHA HJH paBHa nymo.) Ilokasars, 9TO paBeHCTBO BLINOJAHSETCA
TOrZa M TOJMBKO TOTAQ, KOrfa (OYHKLMH ¢ H P HPONOPLUUIOHANBHH JPYr ApPYTY.

2. PaccmartpuBaeTcs 3ajasa Ha CcoGCTBeMHHIe 3HaueMHs onepaTopa p =
== —ih d/dq, peficTBylomero Ha OyHKuHH P(g), OonpeieseHHHE Ha HHTEpPBAJe
(—o0, 4o0). IIpoBeprTh, YTO CNEKTP OKAa3HIBAETCS HeNpepHBHEM H COGCTBEeHHHIE
GynruH uMmeloT GeckoHeuHyio HopMy. [lokasarth, 4TO C NMOMOIIBIO CyHepPHO3HIHM
co6eTBeHHBIX (QYHKUHH, NPHHAAMeXKAMUX GIH3KHM COOCTBEeHHHIM 3HAYeHHAM, MOXK-
HO HOCTPOHTL QYHKLHH C KOHeuHOH HopMoOH (coGcTBenHHle AH¢pepeHLIHannl), A
KOTOPBIX KBaAPaTHYHOE OTKJIOHeHHe Ap MOXeT GHITb CAEJAHO CKOJb YrOAHO Ma-
auM. HeenepoBaTs TOT 3Xe BOMpOC AJs onepartopa

p? 42
o = m A

3. PaccmarpuBaeTcs onepatop ¢, AeicTByromuil na GyHkuux P (g) ¢ KoHey-
HOH u0pMoOii Ha wHTepBajze (—oo, +o00). a) O6pasoBaTk NOCAEAOBATENBHOCTL HE-
ApepHBHBEIX (QYHKLHHA, 3aBHCAMHEX OT NMapaMeTpa 1, TaKHX, YTO HX HOPMa u cpej-
Hee 3HaueHHe (g) OCTAIOTCS HMe 3aBHCAIIUMH OT 1}, a KBaADATHYHOE OTKAOMEHHE
Aqg cTpemurcsa K Hymo #ApH 1 — 0 (CyulecTBYeT MHOrO M0CJeJ0BaTEJbHOCTE! 3TOrO
THRa). YOeaHThCH, YTO 3Ta MOCHENOBATENbHOCTb HE CXOJHTCH K OYHKIHH, OpH-
nagaexaueii npocrpaHcTBy [wipGepra. 6) OGpasoBaTh amanoruyHeIM oGpasom
NOC/EeA0BATeNbHOCT COGCTBEHHHX JAuddepenynanos (370 $YHKIUHHA € KOHEUHOH
HODMOI1, HO OHHM He SIBASIIOTCS HEeNPepHIBHLHIMH), 3aBHCSU(Yl0 OT mapamerpa dg,
nyTeM Cynepno3ull#n coGeTBeHHBIX «(pyHRuH» §(g — ¢o), cooTBeTCTBYIOMIUX COO-
CTBEHHHIM 3HAYEHHSM, DacOONOMEHHEIM B HHTepBale &g, H TNpOBepPHTh, YTO
KBaJpaTHYHO® OTKJOHeHHe Ag TO OTHOLIEHHIO K THM cOGCTBeHHHM AH(depeHyHa-
Jam ob6n1ajaeT TeMm ke CBOMCTBOM.

4, [IpoBepHuTh, 4TO CTATHCTHYECKOE pacupeieseHHe H3MepeHHH HEKOTopoit
JaHHOH BEeNHYHHH OHpeJenseTcs eAMHCTBEHHHIM 06pasoM, HecMOTpsi Ha GoJblIoi
APOH3BOJ B BuIGOpe MOJHOH OPTOHOPMHDOB2HHOH CHCTEMH COGCTBeHHHIX (QYHKUHH
onmepaTtopa, HPEeACTABJAIOLIEr0 3Ty (H3HUYeCKYl) BeJHUYHHY (OpOM3BON B BHGOpE
¢as cobcrBenunx (QyHKUMit, npou3BoJd B BHGOpe coGCTBeHHBIX (QYHKUMil BbHIPO-
WJAEHHOTO COGCTBEMHOrO 3HAYeHHS, MPOM3BOJ B HOPMHPOBKe ({YUKLHH HenpepHB-
HOTO cnekTpa).

5. KakuM ofpasoMm pacnpoctpauute ypasHeHus (20) m (21) stoii rnaen Ha
cayuail HempepHIBHOrO CHEKTpa?
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6. B noaspuwx koopauwatax (r, 9, @) womnodexta [; MOMeHTa MMIyJabca daa-
cTalbl HMeeT BHA — th 0/0@. DTO HABOAHT HA MHICHb, uTO [ U @ 06pasyiTr napy
JONOJHUTENbHLIX Nepemenunix. OAHAKO, COOTHOWEHHe HeonpeaeneRdocTy Al-Agp=
= h He umeer cmucaa, OGbacuuts nouemy. Ilokasars, yro korza Al. = 0, yroa
¢ MONHOCTBIO HeonpegenieH. PasnoXaTe B PR Mo coGCTBeHHBIM (QYHKUHAM [z BOJI-
HOBOH makeT

+oo :
P (@) = e~ 0 @—@t2nn)?
N

Cpaerrb HEONpEeACNEHHOCTh MO ¢ H HEOoNpeneneHHoCTb Io l: Ha 3ITOM npaMepe
H OGCy,’lHTb Xapakrep AONONHHTENbHOCTH YKa3aHHBIX ABYX MepPEeMeHHbIX.



FrMTABA VI

KJMACCHYECKOE NPHUBJHW)XEHHE
H METOI BKb

Pasnen I. KJIACCHYECKHHA NPEAEN BOJIHOBOWM MEXAHHMKH

§ 1. O6mue cooOpakenns

Ilpu nepexone x mpenenay h— 0 3aKOHBH KBAHTOBOH MeXaHHKH
LOJIKHBI IIEPeXOANTb B 3aKOHEI MeXaHWKH Kaaccudueckod. IlpuHuun
COOTBETCTBHA, MrpaBUIME CTOJIb 3HAYHTENBHYIO POJb NMPH MOCTPOC-
HUY HOBOH TeopuM, M ObLA NPHU3BAH 00eCHEeYHTH BHINOJHEHHE 3TOrD
OCHOBHOIO YCJIOBYHS.

Knaccuiyeckas MexaHHKa, C/1el10BaTeNbHO, AOMXKHA XOPOILIO OIH-
CHBaTh (pU3NUECKHe fBJEHHS BO BCEX C/AYyYadAX, KOTHA BeJHUMHON
KB2HTa OeACTBMS MOHO npeHebpeub. IlpenMerom QaHHOH rJIaBH
siBJAsieTCA BHISICHEHHE BONpPOCA O TOM, NPH KAKHX YCJOBHAX ¥ B Ka-
KOH Mepe 3TO’ KJaccHueckoe npuOJIMAKEHWe OKa3bBaeTcd cClpa-
BEJIJINBBIM. _

OnHHM u3 TPOABNEHHH KOHEUHOH BeNHYHMHB KBaHTa AEHCTDMI
fIBJSETCH CylUleCTBOBAHHE NMCKDETHOr'O CHeKTpa COOCTBEHHHIX 3Ha-
YeHHH 1/ HEeKOTODHX HaOJI0LaeMBIX; HHTEDPBAJB MEXAy Ccocej~
HUMH COOCTBeHHBLIMM 3HAYeHHAMH OKasbBaloTcAd nopAxka h'l),
Knaccudeckoe npubiuikeHnue OyldeT CNPaBeNJIHBBIM, €CAH MOXKHO
npeHeOpedb BEJTHUYHHOH 3THX HHTEpPBAJOB, YTO HMEET MECTO B CJHY-
Yyae JOCTATOYHO OOJIBIIMX KBAHTOBHIX 4HCesa. DTO YCJIOBHE, OCHO-
BAHHOEe Ha INPHHIHNE COOTBETCTBHA, OBLIO HCNOJAB30BAHO YikKe
B CTapoii KBaHTOBO{ TeOpPHH HPH BHYHCJEHHH BOCTOsHHOA Puptep-
ra H BBIBOJe NpaBHJ KBaHTOBaHHst bopa — 3omMepdenpna (cM.
§ [.13 u § 1.15). OnHako ykasaHHOe YCJIOBHe HECOMHEHHO He AB-
JASeTCsd NOCTATOUHBIM: HEKOTOpHle 4HCTO KBAHTOBHE 3¢ deKTH, Ta+
KHe, HanpuMep, KaK COOTHOLIEHHsI HEONpEeJEeJNEHHOCTH, HHKAK He
CBSI3aHB! C AHCKPETHOH npuponoill cnektpoB. C Gosee obulell TOYKH

1 7 e? \2 me?
') Tax, B atome Bogoposa E, = — —) —r

2 \ he
on + 1
=~ GT E,. Tlpu fi—> 0 paccTosHie ot 3afaHHOTO ypOBHS sHepruy £ == E, no
o 2n 41
6auKAAIMEro COCEeAUEro OKA3LIBARTCH PABHLIM TES
nepexofe n’hi?=const u, cnegoBareapHo, n->oo kak fi—!, nostomy AE ~

~0 (7‘1.) + 0 (h).

, AE=E,  —E, =

E; npu sTom npegeiabHOM
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3peHHsl YCJOBHA HNPHMEHHMOCTH KJacCHYeCKoro HNPHOJMIKeHHS co-
BNajgaioT ¢ YCJAOBHAMH NPUMEHNMOCTH 280METPULECKOL ONTUKU.

Knaccuueckoe mnpubaukeHne Moxer ObTb CcHOPMYJIHPOBAHO
JBYMS Pa3JHUHEIMH crocoOaMHu.

[lepBbili cmoco6, WHTYWTHBHO HauboJee SCHBIE, OCHOBaH Ha
npubGAHXKEeHHOM ONUCAHHH IHHAMHUECKOro COCTOSAHHMS KaxXJao# dac-
THUBl B JI0OOA MOMEHT BpeMeHM 3aJaHueM €€ MHOJIOXKEHHA ¥ CKO-
poct. Ecan 65l nocToduHas h Oblla paBHa HYJIO, TO 3TO ONHCaHHe
ObJIO OB BIOJHE CTPOTHM, TAK KAK KOMIOHEHTH BEKTOPOB IMOJOXKE-
HUST W HMOYJAbCA YACTHUB NPEACTaBJAAJHCh OBl MONApHO KOMMYTH-
pylomuMy HabnozaeMbeIME. B 1eficTBHTe/IbHOCTH KOMMYTATOPBL OT-
JUYHBl OT HYJA

96 pil=ind;, (1)

YTO OrpaHHYXBAET TOYHOCTb TAKOrO oNucaHud, HCo COOTHOUIEHHSN
HeonpeeeHHOCTH [eJaloT HeBO3MOXKHBIM OXHOBpEMEeHHOe omnpele-
JeHre KOOpPIUHATH W HMIyAbca 4dacTuuibl. I1OCKO/MBKY nuHamuue-
CKOE COCTOSIHHE CHCTEMBI NpEACTaBJAsfeTcd BOJHOBON dyHKuueH, ca-
MOe Jydlllee, 4YTO MOXHO CHeJaTb HA 3TOM MYTH -— 3TO MOCTPOHUTH
MUHHMHA3HPYIOLIHN BOJNHOBOH maker, aas Koroporo Ag:-Ap;= h/2.
B xnaccuueckoM npubankeHdyu Mbl NPHOHCHBAEM Ka*KAOH 4aCTHIC
KOOPAHHATY H HMINYJbC, PaBHBlE CPEJIHHM 3HAYEHHAM 3ITHX BEJHYHH
B COOTBETCTBYIOLleM KBAHTOBOM COCTOSAHHH, NOJNHOCTbIO IpeHebpe-
ras BceMu GQUYKTyauusaMH OKOJNO CpelHuX 3Hadenwi. s nosyue-
HUst YAOBJETBOPHTENBHBIX Pe3yJbTaTOB He0OX0ANMO:

a) utoObl yKa3aHHBle CpelHHe 3HAYEHHS B XopolneM NpubJHKe-
HHH CNe0BATH KJACCHUECKHM 3aKOHAM JBHKEHHS;

6) 4To6Bl DPOCTPAHCTBEHHAS MPOTAMKEHHOCTb BOJHOBOrO NaKeTa
OBsIa MaJa N0 CPABHEHUIO C XapaKTepHOH MJIHHOH paccMartpusae-
MOH 3a/1a4yy U OCTaBanacb TaKOBOH ¢ TedeHHEM BpeMeHH.

STOT MOAXOA CTAHET OpPeIMETOM OOCYXKAEHHSA IABYX MHOCIELYyIO-
wux naparpados. Mel yBHAMM, UTO, HCKJI04as HEKOTOPHIE 0COOHBIE
cJyuaH, CONOCTABJsIEMBIH 4ACTHIIE BOJHOBOH MNAKeT ¢ TeYeHHEM Bpe-
MEHH «pAaCIIBIBAETCA» H Yepe3 JOCTAaTo4HO OOJbLUIOH NPOMEKYTOK
BpeMeNny MOKeT 3aHUMAaTh CKOJb YIrOoJHO 3HAUHTEJIbHYIO 006JaCTb
npocTpaHcTBa. [TosroMy mosyueHHBIH KJaccHuecKud o6pas 4acTHIbI
NpHeMJEM TOMbKO HA KOHEUYHBIX HHTEpBalax BPeMeHH.

Jpyroit moxxoJ OCHOBAH Ha OTOXKAECTBJEHHH KBAHTOBOH CH-
CTeMbl CO CTATHCTHUECKHM aHCaMOJeM KJIacCHYeCKHX CHCTeM. Tow-
Hee, C NOMOWIBIO BOJIHOBOH (YHKUHH onperensiercd KJacCHUeCKHH
CTATHCTHYECKHHA aHCaMOJb, NJOTHOCTb KOTOPOro B Ka)KHOH TOUKe
OPOCTpPAHCTBA KoHGHUrypauuil paBHa NJOTHOCTH BEPOATHOCTH MpH-
CYTCTBMA B JaHHOA TOYKe KBAHTOBOH CHCTEMH, 4 3aTeM JOKAa3H-
Baercs, 4to B npejene f— 0 3BoJouuA 3Toro aHcaMmbas MOAYH-
HeTCAd 3aKoHAM KJAacCHYECKOA MeXaHHKH. ITOT HORXOA MBI
pacemorpuM B § 4. C MaTeMatHuecKodl TOYKH 3DEHHA 3Ta POpMynH-
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PoOBKa KJaccuuecKoro npubMKeHHA?) uMeeT pPAN IPEHMYLIECTB,
“TaK KaK ypaBHEeHHs KJacCHUeCKOH MeXaHHKH IPH 5TOM NOJXO[e fo-
Jydalorca Kak npefespHblfl caydaid ypaBHenud Illpeausrepa; yeno-
BHSl NPHMEHHMOCTH 3TOTO NpHOJMHKEHHA COBNALAIOT C YC/OBHAMH
COPaBeJINBOCTH NMPHONHKEHHA IeOMETPHYECKOH ONTHKH.

Knaccnueckoe nmpuOAHKeHHe TECHO CBfI3aHO C OJHHM METOAOM
npubaMKeHuoro pewenns ypasHeHus llpemunrepa, W3BeCTHOrO Kak
meron BKB®) u npumenumoro, korga ypapuenune IllpenumHrepa Mmo-
KeT ObiTb 3aMeHEHO CBOHM KJIAaCCHUECKHM TNPEeNe]OM BCIOLY, KpoMe
HEKOTOpHIX o6JacTefl NPOCTPAHCTBA OKOJIO CHHIYJISDHBIX TOUEK.
Meton BKD uanaraercs Bo BTOpoM pasjene 3TOH IJIABHL.

§ 2. Teopema dpendecra

TeopeMa JpeHdecta Bbipa)kaeT 3aKOH H3MEHEHHS BO BpEMCHH
CpeJIHUX 3Ha4YeHHHi KOOPAMHMAT ¢ ¥ CONPSKEHHHX HMNYJABCOB p
KB4AHTOBOH cHCTeMbl. TeopeMa yTBepXKAaeT, YTO YPABHEHHS JBHIKE-
HHUA 3THX CPeIHHX DBeJHYHH GOPMAJNbHO TOXKAECTBEHHH YPABHEHHAM
FamuibTOHA KJ1aCCHYECKOH MEXAHHKH, €CJAH TOJNBKO BCE BEJHUYHHHI,
¢urypupyolige B 06eHX YacTAX KJAACCHYECKHX YDaBHEHHH, 3aMe-
HHUTb H4 COOTBETCTBYIOIHE CPeJlHHE 3HAUYEHHS,

Teopema dpendecra HemocpeACTBEHHO CaeyeT H3 ofliero ypas-
Henna (V.72), ecny DpUMEHHTb ero K NEPeMeHHHIM HOJI0KEHHs
H UMIyJbca.

Ilyers qi, ..., gr — KOOpAWHATH (XEKAPTOBHI), Py, ..., Pr—
'CONPsKEHHBIE UM UMIYJAbCH ¥ H (4, ..., qr; P1, ..., Pr)— TaMUIb-
“ToHNaH cuctemel. Cornacuo ypasnenuwo (V.72),

ih -2 gy =g, HY), ih-(p)=lp;, H).

BuiuncieHHe KOMMYTATODOB B HOPAaBHX YAacTAX ypaBHeHHH OblIoO
nposefeHo B . V (ypasHenua (V.67), (V.68)). Orciona cnenyer
pesyabrat?):

d oH .
-ﬁ-(qi>=<a—pi" (i=1,2,..., R)

(1)
_l%(p].>=_<%%> (i=1,2 ..., R).

2) CymecTByeT HeCKONIbKO BADHAHTOB yKazauuofi GOpmyaupoBkH, u6o onpesge-
JieHde KAaCCHYECKOro CTATHCTHUCCKOrO ancaMmOGJst MO 3aJ1aHHoli BOJHOBOIT (yHKuUIH
‘HeoHO3HauHO (cM. 3amauy 4). B § 4 npuBoautca npocreiliyii U3 THX BapHAHTOB.

%) Maremarnueckie npiemb meroga BKD Owiim BBepennt nopiom Paneem
(1912 r.) npu pellenss weKOTOPLIX Mpobaem pacrnpocTpanedds Boad. [lepsble npu-
MeHeHHSI K 3a7ayaM KBaHTOBOH mexanuku npuuagnexat [. Jdxedbpucy (1923r.);
B jfafpHefiteM MeTon ObiA OfHoBpemeHHo passut . Bentuenem, I'. A. Kpawmep-
<om 1 JI. Bpuanwsaom (1926 r.).

H oH
4) C yueToM MpaBHJBHOrO ONpefesicHHs ONepaTopoB —g—;—-, E]_’ cM. crp. 206.
i i
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CaeflyeT XOpOWIO MOHHMATbh CBA3b MeEKJAY CHCTeMOH ypaBHe-
uni (1) ¥ xaHoumueckofi cHcremolt I'amuabToHa. Boobuie rosops,
HeJb3s YTBEPXKAATh, UTO CPeRHHEe 3HAueHHUA {gi) H {p;> CIenywoT
3aKOHOM KJacchuecKoH MexaHuKH. [IpoH3BOAHBIE MO BpeMeHH KA4C-
CudecKux BENHIUH §; W pj ABJIAIOTCA BOOJHE OINpele/leHHbIMH dYHK--
uusamu 0H/0p, —OH[0q; 3THX BenwuwnH; 3BOJIOLHA MOCAEAHUX C Te-
YeHHeM BpeMeHH NOJHOCTbIO Ompelensercs 3ajflaHueM HX 3HadeHHIF
B HauadpHHHA MoMeHT. CorsiacHo e ypaBHeHHAM (1) mpoHsBOLHHE-
d{q:>/dt, d{p;>/dt paBHB HEKOTOPHIM CpeAHUM 3Ha4YeHHAM, BBIYHC-
JeHHe KOTOPHX B 06lueM ciyuae TpebGyeT 3HAHHA BOMHOBOH (PYyHK--
uud W (t). Cpennue 3nauenns {q.), {p;> CIeAYIOT 3aKOHaM KJacCH-
4eCKOH MEXaHHKH TOJbKO B TOH Mepe, B KaKOH MOXKHO 3aMEHHTh:
B mpaBbix dactax (1) cpennue 3HaueHuss GYHKUHA Ha GyUKIHM:
CpelHHX 3HAYeHWH, HMEHHO

<aipi H(qu < oy Grs P1s -+ +» pR)>

na sp= H(@) .. (@ @) .- () @)
<337H(éh, s R Pl ooy pR)>

ua 5= H (@) o g0 o) - o). (20)

dra NoACTaHOBKA COpABELJIHBA TOJbKO B TOM cJydae, eclH ra-
MHJIBTOHHAH eCThb MOJHHOM BTOPOTO MOPsiliKa Mo ¢ W p (cBOGOnHAR
yacTHIa, FADMOHHYECKHH OCHHJJIATOP, 3apAXEHHas 4acTHla B MO--
CTOSAHHBIX 3JEKTPHYECKOM H MAarHWTHOM NOJAX, cM. 3ajauu | u 2).
Bo Bcex oCTaJbHBIX CAydasx, Aejaas NOACTAHOBKY, Mbl IpeHeOpe-
raeM QUIYKTyauusMH ¢ H p OKOJIO HX CPeIHHX 3HAUYEeHHH.

paCCMOTpHM B KauyecTBe InpHMepa Cle‘Ial‘;l YaCTHIBl B IMOTEHUHHANBHOM OOJE:

p?
H—__—W—!—V(r).

Beenem cuny
F = —grad V (r).

YpasHeuna Dpendecra B 3TOM Cayuyae TAKOBEL

2 =2, Lo=w®m
Hau

2
By=m 5 () (3

YTO ABAAETCA KBaHTOBLIM aHAJOrOM ypasHenns Hblortona.
Yro6hl cpeanee IM0J0KEHHEe

{r) = S‘I’* (r, yr¥(r, t)dr
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JefiCTBHTENbHO YAOBJAETBOPSJO KNAaCCHYeCKOMY ypaBdeuHio Hbeiotowa, neobxoaumo
B ypaBdeHuH (3) 3amedHTb cpefHee 3HaUEHHE CHJLI

(Fy = S W (r. ) F(r) ¥ (r, t)dr

na sHayenue F( {r)) cunm B Touke (r). Ecam cuna BooOwie paBua Hymwo (cBoGon-
Has yacTHna) HAH JHHefiH0 3aBHCHT OT Dajuyca-sekTopa r (rapMmodsueckuit oc-
UHANATOP), TO CpaBeanuso TouHoe paseHcTBO (F) = F((r)). Bo Bcex ocrtasb-
HbIX CJydYasix yKas3adHas 3ameHa ONpaBfiaHa TOJbKO, eCAH BOJHOBas (YHKuHSA
OCTAeTC JOKANU30BAHHON B AOCTATOYHO MaJofi 06/acTH NMPOCTPAHCTBA, T€ BeJH-
THHY CHJIL MOKHO CYHTATb NPAKTHYECKH NOCTOSHHOMR.

§ 3. dBuKeHHe U paciyibiIBAHWE BOJHOBHIX MAKETOB

Jlis Toro uToObl ABHXKeHHe BOJHOBOrO HAKETa MOXHO OBLJIO CO-
NOCTaBJSATL JNBHKEHHIO KJACCHUECKOH wacTHubl He0OOXOHHUMO, BO-
TiepBBIX, YTOOH H3MEHEHHs BO BPeMeHH NOJOXKEHHS IakeTa B HpO-
CTPAHCTBE H €ro HMIYJbCa CJAENOBaJH 32KOHAM KJaCCHYECKOH Me-
XaHHKH, & BO-BTOPBIX, 4YTOOB pasMeph NaKeTra B INPOCTPAHCTBE
OblIM AOCTATOYHO MAJBLIMH B JNIOG0OH MOMEHT BpeMeHH. B nelcTBU-
TEeJBHOCTH, KaK 5T0 NpPEACKAa3pBaeT TeopeMma JpeHdecra, nepsoe
YCJIOBHE PEIKO BBHIMONHAETCA 6e3 BTOPOro; pPacCMOTPUM IOSTOMY
BTOpOE YCJIOBHE.

OcHOBHBIE pe3yNbTATEl MOXKHO MNOJNYUYHTb, HCCAeNyS [BHKEHHe
BOJHOBOrO0 MmakKeTa B oJHOM usMepeHuH Y (g,?). Ilycte ramuabro-
HHAH HMeeT BHI

H="L-+V ().

BuisicHHM, KaK H3MEHAIOTCA BO BPEMEHH CpeXHHe 3HadeHHs {g)
H {pP), a TAKXKEe COOTBETCTBYIOLIHE AUCIEPCHH

%= (AgP = {(¢®) — (9)’, @ =(Ap>)=(p*) — (p).
B kaaccuueckoM npuOAnKEeHWH MNAKeT INPEACTaBJAsEeT YaCTHLY,
MMEIOMYI0 KOOPAHHATY W HMIOYJbC

qx.n=<q>’ pKJI=<p>
€ooTBeTCTBeHHO 5). OTMeTuM, uTO SHeprusi 3Tof KJ/IaCCHUECKOH yac-
THIBI

Eaa="22 1V ()

He paBHa cpenHeMmy 3Hauenuio {H). Ecaum knaccuieckoe npubau-
J)KeHHe chpaBeinuBo, Eg,; NMOCTOSHHA BO BpPEeMeHHW BMeCTe C pas-
HOCTBIO

e = (H) — Exa. )

5) [lpu paccCMOTPEHHH BONHOBOFO MakeTa B OAHOM u3MepenuH B ra. I moao-
JKenHe HeHTPa NakKeTa ONpedensioCch M3 YCJOBHS CTAalIMOHAPHOCTH asbl; 34ech
2Ke TpUMeHsieTcs cpefHee sHauenue (g) . B kaaccHyeckoM MPHUONHXKEHHH PasAHYME
MENKAY 3THMH ONpEfe/IeHHsIMH NpeHeGpexUMO MaJo.
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Ecay mpOTAMEHHOCTh NaxKeTa 4/y OCTaercd Manofi, eCTECTBEHHO 3AMEHHTD.
¢ynxunr V(g), V'(g9) ux pasnoxenusiMu Teftiopa oKoso TouKH (g), HMeHHO

’ 1 “
V=V, T+ @@= V+5 00— Vi +..0 5y
4 4 "’ l ter
V@)=V + (=) Vg + 50— (@) Vi + 1. 6)
3recy Vi, V;J,, ... DpaBHW 3Hauenwam ¢yskuu#t V, V', ... B Touke ¢ ==

== (g). Ecnu ycpennuts oBe wacru paBencts (5) u (6), To moayuurcs CBOeEro
POZa pas/OKeHHe CPEeJHHX BENHYMH B PHA MO CTENEHAM BEAHUUHBI X:

1

N =Vt 5Vt o 7)
1

VY=Vt 5 Wi+ - 8y

Hcnonbays 3T pasfokeHHS, MOXKHO NOJYYHTh OOLIME Pe3y/ibTaThl, He 3aBHCsILUe:
oT KOHKDeTHOH (opMbl norennuana V(qg).
Beanyunsl {¢) u (p) nomuunsorcs ypaBHenusMm DpeHdecra:

4=, (99)
L py=— ). (96)

Or1u ypaBHeHHS OYAYT TOKAECTBEHHbI KAAaCCHUECKHM, ©CAM NpaBas 4acTb ypaBHe-
Hua (96) MOMer ObITh 3aMeHeHa MePBHIM UJACHOM CBoero pasaoxenns (8), 1. e.
rr’
KOT/la MOKHO npenebpeub YJeHOM me/.‘Z " wieHaMu 0oJiee RBICOKOTO HOPSAKA Ma-
aoctd. COOTBeTCTBYIOLINE Y/IeHH HCUe3aloT, ecau V' (g) BCIOAY paBHO HyMO, T. €.
ecau V(g) sBhserca noanHoMoM camoe Gojbliiee BTOPOIO NOpsiika MO ¢ H, B
yacTHocTH, npH V(g) = cg? (rapmonuueckuit ocumansrop) wim V(g) = 0 (cBo-
Goguas wactuna). B ofmem caydae neoGxOAHMO, YTOOb! moTenuuan V(g) mocra-

TOYHO ME/JICeHHO U3MEHSIICH HAa PACCTOAHMAX MOPAAKA /%X, T. e. Ha pacCTOHHAX
nopajKa NPOTAMKEHHOCTH BOJHOBOTO MaKera, Tak 4To6m Bausnuwe V' w mpous-
BOAHBIX GOJiee BLICOKOTO NOpsSiKa B pasjoxeHuH (8) Obl0 AOCTATOYHO MAJO.

Ecan npefon0XKUTh BHUIONHEHHEe 3THX YCJOBHH (Y4TO SKBHBANEHTHO Mpearo-
JNONKEHHIO O ObicTpod cxoauMocTH pasnoxesnir (7) ® (8)), 10 AJs MoCTOAHHOA &
(cMm. ypaBHeHHe (4)) noayuaem BhipaxeHue

® 1 ’
o=+ WM —V,>5 (o + mVx) = const, (10)

cBA3bIBAOLIee KBaApaThl GAYKTyauHui o H Y.

OrpanHuuMcs HCCICOBAHHEM 3BOJIOLMH ) C TeueHHem BpeMend. Beanuuna x
ecTh cpefHee 3HaueHHe oneparopa g2 — (g)? ABHO 3aBuCHLIEro OT BPEMEHH, TaK
kak (g) ecrp (GyHKuua Bpemenu. IlpuMenss cootnomenue (V.72) K sTomy one-
paTopy, noanyyaeM MOCAe BHIYMC/EHHI

1
th“ %= Upg +ap) — 2{p) {q))-

Tlopropsin Takue ke BHIYHCAEHHUSA AJf dy/dt, naxogum

d2 2 l ’ 7 4
75226_-_-7“;—-r;((vq+¢7V>—2(¢7>(V>)-
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.3amensiga B cxofxax B NpaBoil yacTH ypaBHeHHS omepatop V' wa aBa nepBhHIX
4jleHa ero pasjoxenus (6), moayyaem npuOMIKEHHOE ypaBHeHHe

a2 2
dté z—m—z—(m—mV:{'ﬂx), (1

\KOTOpOe Mhl MOxeM 3anHcaTsh, yuyutnBas (10), B Buge

d2y, 4
— zﬁ(s—v;’ﬂx . (12)

3Hasa JHCHEPCHH Yo H g, @ TaKkKe NPOUIBOAHYIO Yo = dYo/d{ B Hauanpuhi
"MOMEHT f;, MOMKHO MOAYYHTb AHCHEPCHIO ¥ B JIOGOH ToCAefywluii MOMEHT Bpe-

7/
Mend, peilas ypaBheHue (12) (yuHThiBag, KOHEYHO, YTO BeJHYHHA VK,JI MOXKET
:3aBHCeTb OT BPEMeHM); HOCJe 3TOFO AHCIEPCHs @ Haxoaurcd u3 ypasueHus (10).
7
Moxuo ouenuts # omuGKy, BOSHEKawWy mpu samere (V') ma VB ypasue-

#un (96). TakuMm oGpasoM, NPHCYTCTBYIOT BCe HEOGXOAHMEE 3SJEMEHTH AJs pe-
{IeHHA BONPOCA O BO3MOXHOCTH COIOCTABJACHHA BOJHOBOrO MNaKeTa H KJjaccuuye-
~CKOH 4acTHubl.

Hanbonee nHTEepecHBIMH NPHMEPAMH SIBAAIOTCH APMOHHYECKHH
-OCHHMJIIATOP H CBOOOJHAA 4acCTHILA, TAaK KaK B 9THX CJydasx [BH-
KeHHe HEeHTpa NakKeTa COBNAJaeT C IBHKEHHEM KJAacCHUeCKOf uac-
~ruubl. Qg rapmonnueckoro ocumnaaropa (V = mw?q?/2) cpennee
3HadeHune {g) KoJebJaercd OKOJNO HyJsA C 4aCTOTOH w/2mw, a AucHep-
-CHA 7, KoJeGJeTcs OKOJNO 3HaueHHA &/mw? ¢ yABOEHHOA 4acTOTOH
{cM. 3amauy 1).

B cayyae cBo6onnofl yactuubl (V = 0) cpenHee 3HaueHue {g)
-CNeAyeT 3aKOHY PAaBHOMEPHOr0 NPAMOJHHEHHOTO KBHXKEHHS CO CKO-
PoCcThio {p)d/m, IuCHepCHsT @ OCTAETC MNOCTOAHHOH (0 = @ ==
== 2me), a ANA RHCHEPCHU Y UMeeM ypaBHeHHWe d%y/df® = 2w¢/m?
{ypaBuennsa (11) u (12) B 3TOM CaAyYae ABJAAIOTCA TOUHHMH). Pe-
{l1ast 3TO ypaBHEHHE, HAXOINM

L=%+ %ol + 5 % . (13)

MBI BHAKUM, YTO NO HCTEYEHHH JOCTATOUHO OOJLLIOrO MPOMEXYTKA
‘BPeMEeHH AHCNIEPCUS MAKeTa 7 CTAHOBUTCH CKOJb YFOXHO GOJIBIION:
BOJIHOBOA HaKeT AJ5 CBOOOAHOH HACTHUH «PAacCHJBIBAETCAS.

SIBnenvie OeCKOHEYHOro pacnjblBaHusd MaKeTa HMeeT BaXXHOe
3HadeHne, HOO OrpaHNYHBAET TOT NPOMEXYTOK BpPEMEHH, B TeucHHE
KOTOPOTr'0o BOJIHOBOH NaKeT MOKeT OBITh CONOCTABJAEH KJIaCCHUYECKOM
gacThle. KpoMe HEKOTOPBHIX cheluaJbHBIX CJAyyaeB (rapMoHunde-
-CKHA OCUMJJATOP) pacl/biBaHHE NaKeTa OPOMCXOAHMT Bceraa, Ha-
fipEMep, B 3a/lauaX O DACCESIHHH, KOoTAa BIAJH OT DACCeHBaIOLLEro
11eHTPa BOJHOBOR HaKeT ABUIKETCS KaK BOJHOBOH NakeT AJA CBO-
60IHOH YaCTHIH.

3akoH pacI/IbIBAHHA BOJHOBOro nakKera ANd CBoOOAHON uac-
“THLB yNpOUIaeTcsl, eC/AH NPEANOJOXHTb, YTO B HAYAJbHBEI MOMEHT
BpeMeHH Mbl HMeeM TaK Ha3blBaeMblll «MHHHMH3HPYIOLIUHA» MakKer,
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T. €. aKeT, AJ1% KOTOPOro JieBas YacTh COOTHOLIEHHS HeompejeseH-
HOCTH HMeeT MHHMMAJbHO BO3MOXKHOE 3HaUeHHe; B 3TOM Cayyae
oo = h%/4 1 40="0 (cM. 3agauy IV.4). Torna

*=to+ 5’
nan

A =[(aqo? + (22~ 1)']" (14

dopma useHa, BeI3blBawllero paciieiBanne, (Ape-t/m), noxcka--
3BIBAET NPOCTOR KiaacCHUeCKHH 06pas, HO3BOJAIONUHA ONHCATH MPO--
lecc pacmiabBaHHs makeTa. MoXHO NpeiACTaBuTh cebe rpymny yac-
THI, CKOHUEHTPHPOBAHHBIX B HA4aJbHBIA MOMEHT BpeMeHH OKOJIG
cpenHero sHaueHus {go) B 06/aCTH C pasMepaMu Ago, TpHYeM CKO-
POCTH YaCTHL TaKke pacmpejefeHsl B HHTepBane Av = Apo/m
OKOJIO I'PYNIOBOH CKOPOCTH maketa v = {poy/m. Jlucnepcus no cko--
pOCTH NPHBOJIHUT K TOMY, U4TO YaCTHUbl, NE€PBOHAYAJBHO HAXOJHB-
muecs B OAHOM TOUKe, K MOMEHTY BpPeMeHH ! paBHQMepHO pacipe-
feastca no obaactu Av-f; cleloBaTelNbHO, NepBoHauyaJbHas KOH-
LeHTpalust He COXPaHseTcs, H pas3Mepbl «CTyCTKa» 4YacTHL Ag-
YBEJIHUHBAIOTCSA, Caelys 3aKkoHy (14).

DTOT 3aKOH, BOPOYEM, MOXKET OBITb 3aMHCaH H B APYrod popme:.

Ag=Age[1 + ¢ @%)2]"’,

rie D = vf ectb paccrosHue, NPOXOAMMOe BOJHOBLIM TaKeTOM 3a-
BpeMa f, a X = fi/mv —cpenHAs AnuHA BONHHL. PacmibiBanue BOJ--
HOBOr'o MakeTa CBOOOINHOH YACTHLBL NpeHeOpeXuMo Malo, eclH

A/ DR < Agy. (15}

Herpyaso nokasatb, 4TO NPOTAXKEHHOCTb NakeTa Ag Bcerga mpe--
BOCXOAMT Anuny 4/DX (3amerum, uto DX == fit/m).

§ 4. Knaccuueckuii npeaen ypasnenua Wipenannrepa

Pasbepem Tenepb BTOPYIO (OPMYJIHPOBKY KJACCHYECKOrO NpH--
GauKeHns, YIOMSIHYTYIO BO BBeJeHHH K 3TOH TJiaBe.

HOns onpeneNeHHOCTH pPAacCMOTPHM CJydall YacTHUBH, ABHXKY-:
wefica B note norenuuana V(r). Beldenum monaynp u $asy BOJSHO-
BOH (PYHKIHH:

]

V(r)=A(r)er " (16}
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[Toacrasass 310 BhipaXeHWe B ypaBHeHne Hlpeaunrepa m npupab-
HHBasl AefCTBHTENbHbIE H MHHMbIE YACTH, MIOJNYUAEM jiBA YpaBHEHHH:

(vsy?

2m

2 AA

N
57 T+
m2% VA VS 44 AS=0. (18)

drta cucTeMa BelleCTBEHHBIX YpaBHEHHA MOMHOCTBIO 3KBHBA-
JeutHa ypaBHeHmio Llpenunrepa. OrmeruM, uto ypasHenue (18)
ecTb HH YTO HHOe, KaK ypaBHeHue HempepsiBHOcTH (IV.11). Hei-
CTBHTENbHO, MJIOTHOCTb BepoATHOCTH P(r) H NIOTHOCTL NOTOKA
J(r) (cm. §IV.2 u § IV.4) Bupaxawrcs dopmynamu

P=A2, J=aA2YS,
m

a ypapHeHue (18) ymHoxeHueM obGenx uactell Ha 2A npuUBOIUTCA
K BHLY

m -2 A2 4 div (A2VS) =0, (19)
ot

B knaccuueckoM npubJaMKeHHW MBl ONycKaeM uJeH, IPOMOPLHO-
HaJpHBIA fi2 B IpaBoOil uyactd ypasHenus (17), uto naer

(Vs)?

2m

2+ +V=0. (20)

Taxum o6pasoM, moayuyaem CJAeAYIOUIHA De3yJbTaT:

B kaaccuseckom npubauxenuu (pynxyus ¥ onucoeigaer «ocud-
KOCTb» U3 KAQCCUYECKUX Hes3aumo0elcT8YouUx 4acTuy Maccel m
(craructuveckull ancambae), nodseprcentovix OelicT8UO NOTEHYLAAA
V(r); naornocts u nAOTHOCTS noToKa 3Toll audKocTd 8 KancOol
TOUKE NPOCTPAHCTBA 8 KAMNCObILL MOMEHT BPEMEHU COOTBEeTCTBEHHQ
pastol LAOTHOCTU BEPOATHOCTU P u NAOTHOCTU NOTOKA 8EPOATHOCTU
J rsantos0l wacruys 8 aroil TouxeS).

HelicTBUTENBHO, NOCKOABKY BEpPHO YpaBHeHHe HeNDepHIBHOCTH
5T0H XKHUAKOCTH (ypasHeHde (19)), mocTaTouHO MOKA3aTh, YTO MOJeE
CKOpOCTeH

VS
V= =T ———
m

o~

21)

f) IThoTHOCTD STOr0 KJIACCHYECKOrO CTATHCTHYECKOro aHcaMbas B (asoBoM
NMPOCTPAHCTBE JOBOJbHO CreuM(HYHA, TaK Kak JAI0GOH TOYKe KOH(DHI'YPALMOHHOIO
NPOCTPAHCTBA COOTBETCTBYeT onpegenexunii umnyasc V S. Pewenue S aroro ypa-
BHeHHs (20) ecth (yskuusa geficrBust [amMuapTowd, Hcnoab3yemasi B GopmyJH-
pPOBKe KaaccHyeckofi meXxauuku amuabrona — SKo6u.



§ 4. KJIACCUYECKHUM TPENEJ YPABHEHHUS WPEAUHTEPA 221

KHKOCTH YNOBJIETBOPSIET KJ1aCCHUeCKUM 3aKOHAM /[BHXKEHHS XKHA-
koctd. Ho, yuutniBasi onpesnejenne (21), MoxHo nepenucath ypas-
»enne (20) B BHAe

88 mo?
ot + V=0
Jlanee, 3anuchiBasi yCJAOBHE PABEHCTBA HYJIO I'DajMeHTa JIeBOH Ya-
CTH, NOJYYHM

(—a%— +v grad) mv + grad V=20;

OTCI0Aa cJaelyeT, YTO 4aCTHUH 2KHAKOCTH NOAUHHAIOTCHA YPaBHEHHIO

JBHZKEHHUSA

dv
m—a———— rad V,

yTO ¥ TPeboBaJOCh A0KA3aTh.

BaxHO N0AYepKHYTH 0OMBIIYIO OOLIHOCTb 3TOTO Pe3yJbTaTa, TaK
KaK OH OCTAeTcsl CIpaBeJJIHBHIM JJI CHCTEM C JIOOBHIM YHCJIOM H3-
mepennit. I[TnotHocts P == |W|2 ecTb BnosHe ompejeneHHass (YHK-
UHs B KOH(QUIYpAaLHOHHOM NPOCTPAHCTBE; aHAJOTHYHO, J ecThb BIOJ-
He ONpejeJeHHOe BEKTOPHOE IoJie B 3TOM IpocTpaHctBe. HuraTeab
6€3 Tpy/aa NOBTOPHUT JOKA3aTeJbCTBO AJs OOLIEro cayuasi.

Korga W npeicrasasier cTauMoOHapHOe cOcTosiHHE ¢ 3Heprued E,

94 _o oS

ar =0 =k
ypaBuenns (17) n (18) cBomsrcs K
(VSP — 2m(E — V)= m2 4, (22)
div (A2VS)=0. (23)

B KiaccuueckoM NPHOJHIKEHHH Mbl OIyCKaeM NPAaByl0 YacTb ypaB-
HeHus1 (22) W BHOBb IDHXOJMM K J0Ka3aHHOMY Bbillle Pe3yJIbTATY.
B stom cayuae W onuchlBaeT CTAaUHMOHApPHOe TeuyeHHE MXHAKOCTH
KJTACCHYECKHUX 4aCTHLL.

Onruueckas anasoeus 6ojee HarsA Ha, YeM aHAJOTHA THAPOILH-
HaMHyecKas, B OCOGEHHOCTH JAJs CTalUMOHApHBIX pemiennd. [lo-
CKOJIbKY CKODOCTH 4acTHi NPONOPUHMOHAJIBHLI Ipajuenty S, Tpaek-
TOPHH YaCTHI, OPTOrOHAJbHB IOBEPXHOCTSAM PaBHLIX (a3 S == const.
B onTHke nocjenHue SBJSIOTCS BOJHOBHIMH NOBEPXHOCTAMH, a Tpa-
€KTOpHM 4YacTHi COBNAJAlOT ¢ OnTHueckumm Jjydamu’). Kmaccuue-

7} B npuCyTCTBHH BEKTOPHOTO NOTeHIHa/]a 3JeKTPOMATHHUTHOrO noas A onpe-
Jeaenne (21) KJaaccuuecKofl CKOPOCTH AOJKHO ObiTb H3MEHEHO CJEAYIOWHM O6-

1 e
pasom: v=—o VS——C-A . Tlpu sTOM AOKa3anHas BBIIE TeOpeMa OCTaeTCH

Beprofi. IlonsiTust BONHOBOH MNOBEPXHOCTH H JYyuell OCTAKTCA B CHJE, HO Jyud
6oJiee He OPTOrOHANBHH BOJIHOBBLIM IOBEDXHOCTSIM; 5Ta CHTYauHs aHaJOrHYla reoc-
MeTpHUeCKOH ONTHKE B AHH30TPOMHEIX CpeAax.
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CKOe npubJMxKeHHe TakMM 0o06pa3om coBnajaer ¢ NpubauKeHHeM
reoMeTpnyeckol ONTHKH: 34€Ch B KayecTBe CJACACTBHS yPaBHEHHS
Illpeanarepa Msl BHOBb HOJyYyaeM TOT BOCTYJaT, HA KOTOpoM Oblia
OCHOBAHA TEOPH#A BOJH BeleCcTBA.

Onrtuueckas aHAJOrMg OKa3bIBAaeTcs Ype3BblYafHO HOJIE3HON NpH
nPOBEPKe YCJAOBHH CNPaBeJJIMBOCTH KJACCHYECKOTO NPHOJMNKeHHs.
Ilycte nprBefeHHas AJMHA BOJHB K sIBJAsercsl 3aiaHHON (PyHKUHeH
TOYKH 1

h

TN E—V @)
Toraa ypaBueHue (22) MoxHO 3anucaTh B (hopme

R 24 ’
(VS)—kQ(l—}—kQ A). (22)
Knaccuyeckoe npubanskenue Tpedyer, 4To6bl ycioBHe
AA
i< (24)

BBLINIOJIHAJIOCh BO BCEM IIPOCTPAHCTBE; TOUHEe TOBOPA, 06JaCTH, B KO-
TOPHX JaHHOE YCJOBHE He BHIMOJHSETCSs, ROJXKHBE OLITh HACTOJDLKO
MaJd, yToOb ypaBHeHue (22) moxHO
(5,) OblJIO 32aMEHHTD NPHOJHKEHHBIM YpaB-
HeHHeM
(S5)

(VS =7 (25)

noutn Bcioay. Ilociennee yparHeHue
(1) B ecTh ypaBHEHHe BOJIHOBBIX INOBEPXHO-
CTEH reoMeTpUYECKOH ONTHKH.

Ecan V =0 Bo Bcem npocrpancTee, TO X
aB/feTcs INOCTORHHOH, M 4YacTHOE peilleHHe
ypaBHenns (25) MOX»eT GbiThb 34alHC4HO B BH-
fe S = pr -+ const, rae p-——3afaHHul BeK=
rop aminH A/ X (ceMefict1s0 PyHKUHA 53TOr0 TH-
na ofpasyer NOJHBIF HBTerpajJ ypaBHeHHs B
JaCTHLIX IPOH3BOAHLIX IEPBOro mopsanka (25)).
B stoM cayyae BOJHOFBe MOBEPXHOCTH CYTh
NJIOCKOCTH, MNepNeHAMKyNsipHbe P, a NYIH —
ApsMEle, napansenbable p. B o6wem cnydae, KOHEYHO, BOJIHOBHE OBEPXHOCTH H
JYYA KPHBOJWHENHbI.

Tlpu sanauncit sHeprin E ypaBHeHHe BOJHOBOHA TOBepXHOCTH S(X,4,2) = S,
OnpejensieT OJIHO H TOJbKO OAHO pemleHHe ypaBueHHs (25). Ero Moxuo mocrpouts
cnegywomum obpasom. IMosepxnocTr (S;) comocrapasiercs AByXNapameTPHUeCKOe
ceMeCTBO TPAEKTOPHA KJACCHYECKON YACTHUM, COOTBETCTBYIOWUX 3Heprun E, ko-
TOpHie OpTOrohalbnbt (Sp) M BCEM APYIHM BOJHOBHIM TNOBeDXHOCTAM (puc. 23).
Yrobwt naliTH 3navenlle S Ha Kax/AOH H3 3THX [OBEPXHOCTEH, PacCMOTPHM OfHY
us tpaexktopuit (7). Kaxpas touka Ha (T) onpeneisiercs KpUBOJHHEHHOH KOOp-
AHHATOM §; llanano orcyeTa § = O coBnapaer ¢ Toukoi nepecedenHs (T) u (So).

Pue. 23. CemejictBo Tpaektopui

(c 3apanHoit sueprueit E), cBa-

3aHHEIX € BOJIHOBOH MOBEPXHO-

ctoi0 (S¢) B DPHOJHXKEHUH reo-

merpuueckoit ontHrH: (VS =
= fi?/A2,
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Coraacuo ypaBHeHHIO (25)
8§

h
S(s) =38+ S —ds.
p X

Taxum o6pa3om, S okasbiBaeTcsi onpelelieHHOR BO BeceM NPOCTpaHCTBE, HO TOTAA
u 3azanue A ma nosepxHocTH (So) onpepenser dynkuuio A Bo BceM NPOCTpaH-
cTBe eAHHCTBEHHBM 00pa3oM. YpaBuenue (23) cBE3HIBAET TOJNBKO 3HaueHus A(s),
B3sITHIE BAOAb OJHOM TPAEKTOPHH, OHO MOMKeT ObiTh 3alHCaHO B BHIE!

hod
5 5 AN+ AT As =0

Oyuknuu K 1 AS BnooJHe onpejeNieHHl BAOJb PACCMATPHBAEMOfi TPAeKTOPHH, No-
3TOMY 3TO ypaBHEHHE QJHO3HA4HO oupejenser Qyskumio A(s) npu Jobwx $, ecin
sananc suauemne A(0) Ha mnepeceuenmn tpaektopuH (T) H MOBePXHOCTH (Sp).

3uas pemeHuss A u S B KJaacCHUeCKOM NPHOIMKEHHH, MOMHO
OLEHHTh BO3MYIIEHHe, BHOCHMOE INIpHCYTCTBHeM uJjeHa XK2AA/A B
TOYHOM ypaBHeHHH (22). DTo BO3MYILIECHHE 3aBHCHT He TOJBKO OT
«ONTHYECKNX» CBOUCTB Cpelbl, B KOTOPOH paclpocTpaHsieTcsl BOJHA,
HO TaKxXe M OT (OpPMBI paccMaTpHBAEMOro pelleHHs BOJHOBOTO
ypaBHEHHS. :

Kanacchueckoe npuGnuxeHde NPUMEHMMO, BOOGLUE TOBODS, €CJH <NONepeuHbie»
pasMephl BONHB BCIOLY BEJEKA O CPABHEHHIO C N H €cuHn

lgrad k| <1 ‘ (26)

BO BCAKOM Cly4ae B Tex 06JacTAX NPOCTPAHCTBA, TAe MNOTHOCTb A? CylHecTBeHHO
OTJHYHA OT HYJS.

DTd YCAOBHA NOJYYATCH NyTeM CAESAYIOWEHEX MONYKOJIAYECTBEHHBIX paccy-
xpaennit. Kak ykaswiBaeT OnTHUecKas aHasoOrus, KPHBH3HA CBETOBBIX Jyued, T. e.
TPaeKTOPHH 4YaCTHI, AOMKHA OHTh Mana B MacmTabax nauee soans.. Ho pa-
JAHYC KpHBH3HH R CBSI3aH €O CKODOCTbIO YACTHH ¥ H NONMEpeyHoli cocTaBasiomed
cuabl — (grad V) cooTHOweHneM

muv®
=l (erad V), |.

Heo6x04HMO M03TOMY, uTOOHI

) X|(gradV), | mk?
L
= — =—z|(gradV), | <1
YuuThiBas BhipaXeHHe nds A Kak QYHKUHA TNOTeHnHana V, 3T0 YCIOBHE MOMKHO
3anucaTh Tak:

| (grad k)1 | <1

Takum 06pasoM, KpHBH3HA BOJIHOBHIX [IOBEPXHOCTeli AoJKHA OHITH Masna IO cpaB-

genuio ¢ /R (KpoMe, MOXeT GHTb, HEKOTOPHX OIDaHMUEHHbiXx oO6JacTed npo-
cTpancTBa BGAH3KH (OKANBHEIX NMOBepxHOcTell). 310 B ofmem caydae AOCTHraeTcs
ec]H H TpaeKTopud 06]ajfaloT TeM ke CBOHCTBOM IIpH HajjexawmeM BmOOpe 1no-
BepXHOCTH (Sp). AnasoruusbiM 06pasoM OTHOCHTelbHOe H3Menenne A Ha Kaxxoil
BOJIHOBO/ NOBEPXHOCTH AOJIKHO GBITh NpeHeOpexKHMO MaJbiM Ha PACCTOAHHAX AO-

PAAKA N; HHAUe TOBOPS, <NOTEPEdHble PA3MEDHI» BOJHE AOJKHM GHTb GOJBUIMMH
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no cpaBHeHnio ¢ A. ECIM 3TH YCIOBHA BLINOJHEHM, TO (yHKmHs A(S) Baoab
TpaekTopuy (T) NPHONHIKEHHO [AETCH COOTHOHIEHHEM

A(s)~A(0) /\/;—Eg},

910 Mocje HeGOAbLIOT0 BHIYHCNEHHA naetr
2 AA R4 [ d’x (d?i 2]
A el ko ol e ey B |

Yro6n 5TC BHpaKeHHe GbuIO Mand, HYxKHO, 4TO6H dA/ds WK d?h/ds? 6man 3Ha-
YHTeNBHO MeHbile 1; MpaKTHUECKH BTODOE YCJIOBHE BHIMOJHEHO BCEIAa, KOrja Bhi-

NMONHEHO TEpBOe, T. €. KOTAAa COCTaBasowas grad A BAOAb TPAEKTODHH
I(grad 7&)“ I <1,

§ 5. Kynonosckoe paccesnne, Popmyaa Pesepdopaa

B KkauecTBe INPHJOXKEHHS pPAacCMOTPHM KPAaTKO KJaacCHYECKYIO
TEOPHIO KYJOHOBCKOrO PacCEesiHHs H YCJOBHSI ee IPHMEHHMOCTH.

D10 3ajaua O paccesHMH YaCTHL C MaccOM m KYJOHOBCKHM
2

HOTEHINATIOM V=Lf-, rle r— paccTOsiHHE YAcTHUBI OT CHJO-
Boro nentpa C; 3TOH uacTHiell MoxKeT ObITb, HaNpUMep, NPOTOH €
3apsAiioM e, KOTOPHIA NBHKETCS B KYJOHOBCKOM IoJe sjpa ¢ 3aps-
BoM Ze (oTTankuBalOWIMH noTeHuuan). Teopus npHMeHHMa TakKe
H B TOM cJyuae, KOTAa 3apfaAbl NMeIOT IPOTHBONOJONKHBIE 3HAKH
(nputaruBatomuil noreHunan). Ilosromy mbel 6yaem paccMaTpuBaTh
IOCTOSTHHY10 Ze? kak anreOpamnuyeckyio BeJHumHy, 00,1a1a0UiyIo He-
KOTOPBIM 3HAKOM.
[lycty E — Heprus 4acTHIHI:

3allaeTcsl TaKXKe HaNpaBJeHHe [BHXKEHHs NaJalledl HacTHUH H
npuueapHbiil napamerp (IpHueabHOe paccTosiHMe) b, yTo (PHKCH-
pyeT HayanbHble ycJOBHA JABHKeHud. IloJoxum

2
a=5Z. @7)

H3BecTHO, YTO TPAeKTOPHS SABJSETCA BETBHIO T'HIep6OJn (pHC. 24)
¢ ¢oxkycom C, moayoceio OA = |a| # (OKaJbHEIM pacCTOTHAEM

OC = 4/a® + b%. Yron OTKMOHeHHs AaeTcs COOTHOIIEHHEM
b=|alctge (28)

(3HaK OTKJIOHEHHWS 3aBHCHT OT 3HAKa NOTeHuHaJja, HO abCOJNIOTHOC
3HayeHHe yTJa 3aBHCHT TOJBKO OT abCOJIOTHOIO 3HAYEHHH IOTEH-
nuana),
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Ha npakTuKe BaxXHOe 3HaueHHe MMeeT BeJHMuHMHA do/dQ, HasH-
paemas auddepenunanbpueiM 3¢ GdeKTHBHEM cevenueM. IIpeamnoso-
XHM, 4TO CHJIOBOH HeHTp Gombapaupyercs IYyYKOM HacTHL OAHOH
sHeprid E ® OQHOTO HaNpaBJieHMs JBHMXKEHHS; Mbl KeJaeM 3HaTb
YHCAO 4YaCTHI, PAacCCeHBAEMEHX B HEKOTOPOM TeJecHoM yrae (€2,
Q 4+ dQ). Torpa do/dQ, no onpeieneHHnIo, eCTb YHCAO YacTHl, pac-
CeMBaeMbIX B 3TOM HAaIpaBJEHHH Ha
€JVHHUIY TeJeCHOr0 yria B €JHHHLY

BpeMEHH, KOrfa pacupeiesneHue uva- 4 4
CTHIl B I1IepBOHAYAJIbBHOM Ny4YKe paBHO- - 7\ blr'
MEpHO, a IOTOK IOCTOSIHEH BO Bpe- =
MEHH M paBeH ellMHHLE, T. €. €ClNH ye- 2
pe3 BCAKYI0 NOBEPXHOCTb, [AAJIEKYIO
oT C ¥ nepneHAMKYJAPHYIO HANpaBJe- 0
HHIO JPHKEHHUs, IPOXOAHT OJHA YacCTH- 7
1a B €IUHHIY BPEMEHHN H HA €AWHHIY A b
NOBEPXHOCTH. \VA
Beifepem  nepBoHadaJbHOE — Ha- 8)

npapJieHHe NyYKa B KauecTBe IOJSp-
HOM ocH M 0603HaumM uepes O um ¢ Pne. 24. Tpaekropusa (xuphaa
chepuyeckue yriibl HalpaB/eHHS JBH- ﬁg;gf’)a‘;acgi‘r‘;[;““ay!g&‘;%fCKn"o"f
JKEHHS PACCESTHHOM YacTHUBL NPHOTOM  reupnan; 6) npuTsrHBAMWLKG
0 ecTb BBEJEHHHIH BHIIIE Yros OTKJO- NOTEHUHAA.
HEHHsl, CBSI3aHHBIA ¢ NPHUENbHLIM IHa-
pameTpom cooTHolleHHeM (28). DJeMeHT TesecHOro yrjaa B Ha-
npaBaenun (6, 9) paBer dQ2 = sin 0 d0 dg. Uncso do wactuu, paccen-
BAaeMbIX B €[MHHUY BpPeMeHH B 3TOM TeJEeCHOM YyrJe, PaBHO YHCAY
NafialomiMX YacTHll, NepeceKaloluX B € IMHAILY BpeMEHH NOBEPXHOCTH
b db dg, T. e. TOCKONbLKY NepBOHAYANbHBIN MafaOMIMi NOTOK paBeH 1
db b db
do="bdbde=> —5 db dp = -5 —= dQ.
3amensia B 9TOM ypaBHeHHY BeJHuMHb b 1 db/dO ux BEHIpaXXeHHSIMH,
BLIUHCJEHHLIME ¢ IIOMOIIBI0 coOoTHOWweHus1 (28), noayuaeM gopmuyry
Pesepgopda 8)

do a? Ze?)?
T=4.4e=16;2.)49' (29)
sm —2— sin E‘

HawMm ocrtaercs o6ocHOBaThH IpuMeHeHHe KJacCHyeCKoro ﬂpH6JIPI'
JKeHHsI. 3aMeTHM, YTO XapaKTepHOH AJHMHON 3a/ayu sjech SBJSETCS
|a|. Kpome TOrO, A/IMHA BOJIHBI YaCTHILBI

h h 2a \ .
A=t = (1)
P Po r
8) 3rta ¢opmyna, xoTopoi MH 0Gs3anm Pesepdopay, umena 60AbIIOE HCTO-

pHueCKOe 3HaueHHe, TaK KaK Ha ne#l Omana ocHoBana HHTepIpeTanua ero 3Hame-
HHTbIX ONBITOB IO PAacCesHHI0 ¢,-4aCTHI.

8 A, MeccHa
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N0 MOPANKY BEJIHYHHE PaBHA CBOeMYy IEePBOHAYa/bHOMY 3HAYEHHIO
Ao== h/muv,. OTHOIIEHNe ABYX BEJHYHH HMeeT MOPSIOK

lal __ 1Ze?|
Y= :
Ky

ho, (30)

MoOXHO OXHAaTh, UTO KJACCHYECKOe NPHO/UKEHHEe CIpaBelJHBO,
Koraa

y> 1 3N
BrisicHHM, B Kako#l Mepe BhinoJHsaeTcs ycaosne (26). Mmeem
dk 1 a’
et = Ty Ve <

|grad x| Tem Goabure, uem MeHbme r. IToCKOJIbKY K/acchueckast
TPaeKTOpHs TeM OJHKe NOJAXOAHT K PAacCeHBAIOIIEMY NEHTPY, UeM
6oJibile YToJ OTKJOHEHWs, MBI [eJaeM BbiBOJ, YTO KJacCHYecKoe
npubJaNKeHHe ONPaBJAAaHO MU MaJblX YIJIOB OTKJOHeHHA (T, e. AJdA
GOJILIUNX NPHIENbHHX IapaMeTpoOB), HO OTKa3biBAETCSA CJAYKHUThH NPH
BOJIBIINX yraax OTKJAOHeHHA. UTOOGH HOJAYUHTL KOJHYECTBEHHYIO
OLlEHKY, PaccMOTPHM BHIpaiKeHHe AN MakcuMmyma |gradk| (r. e.
€ro 3HaueHHs Ha BepIUMHe TrunepOOJHYECKOH TPaeKTOPHH) Kak
({pyHKUMN 0; BbluHcJeHHe gaeT

sin—

F (0) 2

0
|gradk|max=_r» F(e)':tg?

1 — (sign a) sin 92—
(3mecb sign a ==|a|/a). Koraa 6 yBeausuBaercs ot 0 xo m, PyHK-
uusi F(8) yBeaunuupaercs ot 0 1o + oo. Ilycts yroa 0. onpeaensier-
¢si paBEeHCTBOM

Kiaccnyeckoe npubJuxeHue copaBefiyinBo npH 0 << 0, H HenpuMe-
HAMO OpH 6 > B.. 3aMeThM, uTO B, TeM OanxKe K s, 4eM OoJbiue y,
B cOIviacHH c rpy6oil OLeHKOH, caeJaHHOH BbhIIle.

Pasnaen Il. METOI BKB?3 9)
§ 6. OcHoBuas nnes merona

Kak ®m Bcsikuil KBasukinaccHuecKu#t meron, merog BKDB ocHoBan
Ha pa3JOXKeHHH BCEX BEJHMUHMH IO CTEeNMeHAM IOCTOSIHHOH B W mpe-
HeOpeeHHn yJeHaMu GoJiee BHICOKOro mnopsaaka. Takmm obpasow,

%) Bosee noxppofuoe nznoxenne meroga cM. B paborax R. E. Langer, Phys.
Rev. 51, 669 (1937); W. H. Furry, Phys. Rev. 71, 360 (1947). Cwm. Takxe
&, M. Mopc u I'. Pewbax, Meroabl teopernueckoli ¢uaukn, HJI, 1960, T. II,
c1p. 90 n nanee.
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ypaBuenne Illpenunrepa saMensercs (no KpaiiHe#dl Mepe, B HEKOTO-
pbix 06JacTAX NPOCTPAHCTBA) CBOMM KJaccHyeckuM npedenom. Ox-
HaKo o6JacTh npuMeHuMocTH Merona BKD mupe, uem obaacts npu-
MEHMMOCTH KJACCHYecKOTO INpPHOJHKEHHs KaK TakKoBoro, H6o
yKa3aHHOe pas3JloKeHHe MOKET NPOBOAHTbCA M B TeX 06Jaactax Ipe-
CTPAHCTBA, e KJIacCHYeCcKoe NpHOJMKEHHe He MMeer cMmblcsia (00-
aacti E <V, Kyaa [QOCTYyN KJacCH4eCKHM YacTHilaM 3alpelieH).
Jast Toro 4TOGH BKJNIOYATE B pPACCMOTPEHHE H 3TH 06JacTH, ciaelyeT
HECKOJbKO H3MEHHTb onpenesenus Gpysxkunit A n S u3 § 4, nosaras

¥ (r)=exp (5 W(r)), (32)
W(r)=S()+5T0) (33)
A(ry=expT(r). (34)

IMorpebyeM, yro6bl S u T Oblan uyeTHRIMH (yHKUHAMH R, yTO OA-
Ho3HayHO ompeneasier A u S. Ypapnenns (17)—(18) u (22)-—-(23)
ocTawTesl B cuje, HO BeaHuuHE A u S Gosiee He ABIAIOTCS 0053a-
TenbHO BeuiecTBeHHbIMH. [Ipnbamnxkenne BKB cocrout B pasioxe-
uuu W (r) no creneHsiv hi ¥ npeHebpexenun B ypaBHennu [lpeann-
repa ujeHaMmu nopsiaxka h? u Bbime.

§ 7. Pewennsn BKDB B ogHom namepenun

Hawu6onee mHTepecHble npuMeHeHnsi Metoana BKDB naior odno-
mepHoie 3adayqu. TloaToMy MBI OrpaHpyMMcs paccMOTpeHHeM OJHO-
MEepHBIX 3aJay M OyJaeM MCKaTb CTAalHOHAPHbIE PelleHHs] ypaBHEHUS
1llpeansrepa, He 3aBucsLIero oT BpeMenu (ypaBHenns (22)—(23)).
Meton, pasBuThifi 3/ecb, MOXeT, BoOOlie TOBOPS, CAYXHTb U Aad
pemiedns ypapHeHns llpeamnrepa B Tpex usMepeHusix, u6o B 60Jib-
IIHHCTBE CJYyYaeB OHO CBOJHMTCS K PEHIeHHIO BOJHOBLIX YPaBHEHMH
B OJIHOM M3MEPEHHH NyTeM pa3jef]eHHs YIJIOBLIX M PaJvajbHBIX Ie-
peMeHHHIX (cM. ra. IX).

ITyctb y(x) ectb BOAHOBas (YHKHHS, YAOBJETBOPSIONUias YpaB-
neuno Ulpeansrepa,

4 2
v+ 57 (E—=V(x)y=0.

ITonaras
5

y=e*, w=S+Lma

(S m InA—ueTnble GyHKuMH h), NOJyyaeM SKBHBAJEHTHYIO CH-
CTeMy ypaBHeHHH
2 ”
s’ ——2m(E——V)=h2—':—, (35)
24’S" - AS”"=0. (36)

8*



228 TJ1. VI. KNACCHYECKOE MPHUBJUXEHUE U METOIl BKB

YpaBHeHHe HenpephIBHOCTH (36) HHTerpHpyercs H AaeT
t
A= cons .
i

IMoacraensg ato BHpaxeHue ans A B ypaBHeHHe (3D), mosyuaem
ypaBHeHHE

st =2m(E—V)+[5(5) =+ % (38)

210 audpdepenuranprHoe ypaBHeHHe TPEThLEro MOpsAAKa CTpo20 3K-
BHBaJieHTHO ypaBHeHuio Ulpeamnrepa, H3 KOTOpPOro Mbl HCXOJMJIH.

IIpn6amxkenne BKB cocrout B pasnoxenun S B psj no crene-
Ham h?

387)

S=S+#S+ ..., (39)

TIOJCTAHOBKM 3TOrO pa3jioKeHHWsi B ypaBHeHue (38) u coxpaHeHHH
10JIbKO 4JIEHOB HYJIEBOTO MOpPAAKA

S 2 S =2m(E — V (x)). (40)

210 npnbAMKeHHOe ypaBHeHHe HHTerpupyerca Oes 3aTpyAHeHHH.
Caeayer pasanuaTh ABa caydas:
1. Cayuai E > V(x).
OnpenenuM AJHHY BOJHBI

X ()= B

Vem (E—V (x))
YpapHenue (40) ynosiaerBopsietcd, ecin S’ o~ 4-fi/X. Pemenne BKB

npeacraBiasier cobof JHHEeHHYI0 KOMOHHANMIO OCHHJJIHDPYIOMIHX
GyHKIHH

(41)

y=avE cos(S-%+cp) “2)

(e B @ — IPOU3BOJbHbIE NOCTOSIHHLIE).

2. Cayuali E << V(x) (obaacts, sanpeuwennas 0as Kaaccuue-
CKUX 4acruy).

ITycte
h

V2m (V(x) —E)
Vpaerenne (40) ynosaerBopsiercs, eclH S’ o~ ififl. Pemenne BKB

npeacTaBAsieT cOGOH JHHEHHYI0O KOMOMHANUHMIO AEACTBHTEJbHBIX SKC=
NOHEHT

I (x)= (43)

y (=T [ve ey + 8 Si’{] ‘ (44)
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§ 8. Ycaosusa npumenumoctH npH6anxkenns BKb

Teopus npubanxkenus BKDB nosoabno caoxkua. OrpaHHuHMcs
{6e3 10Ka3aTeJbCTBA) YyKa3aHWeM TOro, uro pasnoxenue (39) mo
creneHsam h? B ofIleM clyyae He CXOAHTCS, a NMpeACTaBjaseT COGOH
-Tak Ha3HBaeMHH acCHUMIOTOTHYEeCKHH pAJA, KOHEYHOe YHCJIO YJEeHOB
KOTOPOro faeT xopouiee npu6avXKeHHe pJjs S, ecan fi 40CTaTO4HO
MaJo.

Uro6nl HaliTM KpHTepHil cnpaBeganBoctd npuGamxenuss BKB,
MOKHO BHIYMCJAHMTH BTOpoH useH h2S, pasnoxenus (39). ITonpaexa
nopsiaka h? Beipaxkaercs B yMHOXeHuH pemeHnsi BKB na MHOXH-
Tesib ei*S:, TlonpaBka npeHeGpexxnMo Maaa, ecan hS; < 1.

Ecay noacraButh pasnaoxenne (39) B ypaBHenue (38) m npu-
PaBHATL APYT APYTY uwieHH nopsiaka hi2, To paa S, nomyuum mud-
<pepeHUNANbHOE ypaBHeHHE

o L) 3 (sTy 1 s
L S I R 2 s °
(S0) 0 0

Koraa E >V, S;= = A/X. D10 nocne COOTBETCTBYIOIHX BHYHCJIE-
Hu#l NPHUBOLUT K '

, 1 " 1., 1X°
15— = VK (VR = (L — LX),

OTKY/la MOJydaeM

(v 1”7:”)

Koraa xe E < V, nonyyaeM To Xe BhHIpa)keHHe ¢ 3aMeHO#i K (x)
Ha [(x). YcnoBue hS; < | BHNOJHSAETCH, eciH

M) L1 mpn E> V()

46
o)<l mpa E<V(. (46)
MoxkHO cBsi3aThb Kpurepuit (46) u ycnoe (26) cnpaBenivBOCTH
KJaccHuecKoro npubauxkenus B ofmeM cayuae.

SToT KpHTepHii BHIpaxKaeTcs TaKXKe C NOMOUIbI0 HEPaBEHCTBA,
BKJI0Yalolero noteHuHana V(x) H ero mepBylo NMPOH3BOAHYIO

| mhvV’|
m L 1. 47)
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§ 9. 'pannuHble To4kH H POPMYJILI COriiacoBaHus

O6buHo npu ucnosabsoBanuu npubanxenus BKD ycnoBue (47}
BLINOJIHAETCH NOBCIOAY KpOMe MaJuX OKpecTHOcted Touek E =
= V(x). D10 Tak Ha3bIBaeMble epPAHUYHbIe TOYKU KJIacCHYeCKOro
IBHIKEHUS, TJe CKOPOCTb ABHKEHHS YacTHlUB ofpauiaercs B HYJb
¥ MeHsleT 3Hak (TOYKH HOBOPOTA).

C MaTteMaTuyecko# TOukH 3peHus npubimenne BKDB cBoxutcs
K 3aMeHe ypaBHenus llpeannrepa

ypaBHeHHeM

y,,+(§;_(_«</’i_%l)y=o (48)

(kak B ob6nacti E >V, tak u B ob6aactu E < V, rae x==il). [ei-
CTBUTEJILHO, HETPYAHO IPOBEPHTb, 4TO BhIpaxkeHust (42) u (44)
NpeACTaBAAIOT coGoH ofuive pellleHHs HMeHHO ypaBHeHmsi (48).
Ono umeer ocoGeHHOCTL THHA (X —a)~2 B Tex TOYKAaX, Iie JJIHHA
BOJIHBl CTAQHOBHTCH OecKOHe4HO OOJILIIOH, T. €. B KaxAOH M3 rpa-
PHYHEIX TOYEeK. B OKpecTHOCTSAX TaKHX TOYEK 3aMeHa YpaBHEHHs
Ilpeaunrepa Ha ypaBHenue (48) oueBHAHO HeonpapiaHa. YTo6nI
LOJYYHTh IIOJIHOE pelleHue, BooOlle TOBOpPHA, clefyeT pPelluTh YpaB-
verue Ulpenunrepa B Manblx obaacTax BOJM3N I'PAHHYHLIX TOYEK H
CUIHTb 3TH pelleHus c pelleHuAMH (42) u (44), KOTOpLIe Ipe/cTaB-
JITIOT BOJHOBYIO (PYHKLHIO B o6jacTfAX, rie cCOpaBeiJHBO Npubiu-
xenne BKB.

Ha npaxktake, oaHaKDd, HeT 60JbIION HeOOXOAMMOCTH 3HATb HC-
THHHYIO (OpPMY pelIeHHS B OKPECTHOCTH TPaHMYHOH TOYKH, ec/H Mbl
yMeeM cuiusats pemieHuss BKB no o6e croponst okpectnocru. Ilpo-
6JeMa cHI¥MBaHUS pelieHHH MaTeMaTHYeCKH AOBOJLHO TPyJAHA, NOI-
pobHa oHa paccMaTpHBaeTcs B yKasaHHofi cratbe Jlanrepa?®); me-
TOA, NpelJoXeHHbH JlaHrepoM, OCHOBAaH Ha 3aMeHe YpaBHeHHT
Ulpenunrepa He ypaBueHnem (48), a Apyrum YypaBHeHueM (He
UMEUMM ocob6eHHoCcTeH B IPaHMYHBIX TOYKAX), KOTOPOe acCHMIITO-
THYECKH NEPEXOINT B ypapHenHe (48) 1mo obe cTOPOHBI TOUYKH IOBO-
pora. OrpaHnunMca TeM, 4TO YKaxeM opmyars. CO2AQCOBAHUR
Mexay peitenusimu BKDB axcnoHeHumanabHOro M OCUHJJIATOPHOrO
THIIOB,

[TpeanonoxuM paaM onpefeeHHOCTH, 4To E >V npu x >a u
E <V upn x << a (6apbep ciepa). O6uiee penieHue siBasieTcs JH-
HelfiHOM KoMOuWHanuel ABYX peleHHH y; ® Y2, ACHMIOTOTHYECKHE
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¢OpMBl KOTOPBIX AAIOTCH BHIPAXKEHHAMH:

a )
!/1~’\/TeXP(+S'de):
x
,\/i_ §dx
Yo~—g SXP\ T )T
x

yy~— f\/i—sin(

npap x K a, (49)

Ry
w]&
|
.ual:n
N’

npu x> a. (50)

YceaoBumes onpenesaTb «4YHCJO JJHH BOJIH», COAEpKaAUHXCA B
X2

3aJlaHHOM HHTepBaje (X, Xz), HHTErpagoM (I/Qn)de/k HJTH

X1
X2

{1/2x) S dx[l cOOTBETCTBEHHO cNpaBa M CJeBa OT I'PAHMYHON TOUKH.

X1
YcnoBHs cnpaBelJHBOCTH (GOPMYJ COrJIaCOBAHHS TAKOBHI:

1) B rpannyHoll TOUKe KHHeTHYecKas sHeprus E — V cTpeMur-
¢l K HyJNI0 KaK X— a H ocTaeTcss B XOpollleM NPHOJHIKEHHH Npo-
HOPLHOHAJNbHOH X —a B 00JacTH, NpocTUpamolleiics Ha OxHY, a
ellle Jyylle —HA HECKOJbKO «IJHH BOJH» N0 06e CTOPOHbI TOUKH
TIOBOPOTA.

2) Kaxpas u3 «rpaHnyneix obsacrtefi» cliMBaercs ¢ «acHMNTO-
THYeCKHMH 0GJIacTAMHU», NPOCTHPAKIUUMHUCA HA MHOIO <«JIJHH
BOJIH», B KOTOPBIX BhINOJHseTcA npubauxceiue BKB.

IIpu ucnonbzoBanuu dopmya (49) u (50) tpebyeTcs H3BecTHas
ocTopokHOCTb. [leso B TOM, uto pemeHne Ay -+ By, kak TakoBoe
B obsactd x < @ HMMeeT acHMNToTHYeckylo d¢opMy Ay, Tak Kak
«3KCNOHEHLHANbHO PacTylHii» 4JeH BCerja NPeBOCXOJUT <«IKCIO-
HeHIHAJbHO yOBIBAOUIHH», KakuM Ob MaJblM [0 CpaBHeHHi0 ¢ B
HU OB KoadduuueHt A, ecad TONBKO OH He DAaBeH TOXKIECTBEHHO
Hymo. IlosTomy 3ajzanne acHMNTOTHYeCKOH (opmbr Oyner HMeTh
CMBICJ, TOJIBKO €CJIM OHa [eHCTBHTENbHO «3KCNOHEHIHAJBbHO yObI-
Bawmaa» (TUI yp); ecaH Kosdduuuentsh A u B H3BeCTHH TOJbKO
npubamxkenno u |A|<|B|, TO HHKakoe pAaxe NPHOJIHKEHHOE
onpejesieHHe aCUMITOTHYECKOR (POPMBI pellleHHsI CTAHOBUTCS HEBO3-
MOZKHBIM,

Ilpennosoxum, yTo mMbl 3Haem pelieine BKD B acumnroruue-
CKOH obJyacty (x < a) U XKeJjaeM HalUTH TO OCUH/LISATOPHOe pelle-
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HHE, C KOTOPHIM OHO CIIHBaeTCs. DTO MOXKHO CAeJAaTb TOJbKO eCJIH
YKazaHHOe acCHMNTOTHYECKOe pellleHHe SKCHOHEHUHaJbHO 3aTyXaeT
npu x L a, T. e. HMeeT GOpMY

1 ooy, dx |\,
—2—Bl/ exp(— S T)’

X

TOrJa B OKPeCTHOCTH IPAaHHYHOH TOYKH pellleHHe, OYeBHJHO, OyjeT
¥Merb BHA By, a ero moBeleHue B obJjactu x >>a Oyler BbIpa-
xarbesd dopmysoin (50). Pesysabrat moxHO 3anucatb B $opme

1yt exp( S )—m/x cos(§%—§), (51)

TipHyYeM CTPeJIKAa YKasblBaeT HampaBJieHHe COTJIacOBaHHUS.

IlpennonioxknM, HAOPOTHB, 4TO MH 3ajnaemcsi peweHueM BKDB
B «oclusIgTopHOil o6sactu» (x> a). OHo mOMIKHO HMeTb QOpMYy
(42), uTo MOXKHO 3anyucaTh B BHle

Cf\/i—cos(gd—g —%-{- cp)

(C n ¢—xoMmmJeKcHble mocrosHHbe). CorsiacHo Qopmysiam
(49)—(50) aro ecth acumnroruyeckas dopma pelleHusi ¢ Koshdu-
LHeHTaMHU

A~Csing, B~ Ccosqg.

Caenyer yuuTHiBaTh, 4TO NOCTOAHHBEe A H B yKaszaHHOH acuMmmTo-
THYecKOH ¢dopmoii ompezeadioTcs TOJNbKO npubauxenHo. [lo stoik
npuuuHe, ecan |tg @| <« 1, moboe onpeseneHHe acHMITOTHYECKOHR
(opMEI JaHHOTO pemieHHs B 06s1acTH X < @ CTAHOBHTCS HEBO3MOXK-
HHIM; B IIPOTHBHOM cJyyae oHa paetcd ¢popmynoit (49). Pesyabrar
3anullieM B BHIE

Vi cos(

X a
(&_2y m)»smmexp(s %); (52)
a X
CcTpeJiKa 3[ecCb TaK¥ke yKasblBaer HanpaBsJieHHEe COrJlaCOBaHHA.

B cayuae Gapbepa cmpaBa, T.e. eciH E>V IpH a>x w
E <V upu a << x, dopMmyJn cornacoauus (51) u (52) ocraiorcs
B CcHJe, eCJIM B HHTerpaJjax M HepaBeHCTBax NepPecTaBUTb X H 4;
HampaBJ/ieHHEe CTPEJIOK COXPaHfAeTcs.
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§ 10. Mpoxoxnenune noTeHuHadbHOro Gapbepa

B kauecTBe WJOCTpanuy npuMeHum meroJ BKDB x Bbluncie-
"Hlo KoadduyeHTa NPOXOXK/JAeHHS YacTHiueHd HOTeHIHAJbHOTO
Hapbepa, H3oOpakeHHOTO Ha pHc. 25. B obaactu x << a (o6aacts I)
V(x) = Vp = const, upu x > a notennuan V(x) npeacrapiser co-
OO  NOJIOXKHUTENbHYI0  (YHKIHIO,
yObIBAIOHIYIO MOHOTOHHO OT 3Haye-
Hust Vo = V(a) 1o V(o) =0. i - © @

Ilyctb E — sHeprusf 4YacTHUH,
b (>a)—TOouKa HA OCH X, rle
E =1V (). Touka paspwiBa a H
rpaHiyHasl Touka b JeJAaT och X ‘T* ——————— .
Ha tpu obmactu I, 11 u I1l. Tlpen-
noJgaraem, 4to meton BKDB npume-
HAM B obgacrax Il u 111 V.

Utobnl  HafiTH Ko3duIHEeHT ~
TPOXOXKAEHHA, CJAEAYeT MOCTPOUTb Puc. 25. {ToTeHudansuuii Gapbep
pewenye ypaBHenus IllpexuHrepa, V (»).
acuMnToTHyeckas ¢opma  KOTO-
poro B obsactu /1] BHpaxkaeTcs TOJNBKO mpolueAiueil BosHO#H (pac-
TpocTpaHdlOuelics B HanpaBJeHHd Bo3pacrawmux x). B sroit 06-
Jactu pemenne BKDB umeer dopmy (42). ¥YcioBue, Hanaraemoe Ha
$opMy acUMNITOTHYECKOro pellienus, GpuKcHpyer ero (¢ TOYHOCTBIO
JIO TIOCTOSTHHOTO MHOMKHTeJNsSI) B BHAE

ym='\/7_i—exp(i8%-:——i%) (x> b)
b

{dasza n/4 mobamjeHa AJSA YAOOCTBA NOCJAeLVIOIIUX BHIYHUCJIEHHI)

MY
yin=ANx [cos (S %——E)+ isin(S dx _ £)]
3 4 x 4

b

5)

Coraacao ¢popmynam corjacoBanns (49)—(50) sto pewenne npo-
JAosxkaercs B obJaacrb /] pellieHueM

b %
yn=—i«/l_exp(s%f)=—i'\/l—e’exp(—g%£) (a<x<K0)

B 3TOM BHIPaXeHHH
b b

T___de Sq/2m[V(hx)—E] dx

T

a a



234 I'JI, VI, KJIACCUUECKOE TMPUBJIDKEHUE U METOI BKB

IoJsoxum

. _ h _ A2m(E—=Vy)
la——l(a)————————vm, k —

B oGaacta [/ TouHOe pemteHHe ypaBHeHusi Illpenunrepa HmMeer BHJ
yy= Asin[k (x — a) -+ 8].

[locrosinHble A u § onpeneNsIOTCA YCJIOBUAMH HENPEPHIBHOCTH BOJI-
HOBOH (QDYHKUHH U ee JorapudmHuyeckoll NPOU3BOLHON B TOUKE 4, T. €.

1 . .
kctg6=——l—;, Asind = —i 4/I, e, (53)

HEPU 3TOM 4 €cTh CyMMa Najawmmell u oTpaxkeHHoOH BoH. [Tockosb-

Ky § BellecTBEeHHA, HajapIinas BoJHa — é Aexp {ifk(x —a)+ 8]}

1
Aaet notok |4 |2—1:1—k—. Corsniaco ypasHenusm (53),
RIAP ki, ¥ ki, 1+ K212
== = T 2 2O
4 4 sin%?d 4 e (1 +ctg?d)=¢* akl,

Tak Kak NOTOK B Ipollejlliedl BoJHe yi;; paBeH h/m, Kosdduuuent
NPOXOXKAEHHUSA €CTh

P Mo oo g NVa—E)(E=Vo) 5
14 £%2 Vo— Vo

Uro6bl yKa3aHHBI# MeTOA BLIYHCIeHUS OblL1 HOHNYCTHM, Tpebyer-
¢d, 4To6H MOTeHuHa A V (x) 10CTATOYHO MeIJIeHHO H3MEHSAJICA B 00-
aactax Il u I, rpe ucnogpsoBajoch npubaumxkenne BKDB (ycio-
Bue (47)), u uTOOBl B OKPECTHOCTH IPaHHYHON TOYKU C pasMepaMu
B HECKOJBKO «JJHH BOJH» moTeHuuan V(x) Mor ObiThb NIpeacras-
Jgen Jjunefinol ¢pynxkuuedd x. Tem caMmbim Tpebyercs, 4TOOn Gapbep
HMeJl <IIHPUHY»> [0 MeHbIICH Mepe B HECKOJBKO «IJHH BOJH»,T.e.
uyToOH T >>2m, a cJaeloBaTeJbHO, YToOH KO3dduuuedr I 6buT 04eHD
maabim (<L 1079).

§ 11. YpoBuu aHepruu B noTeHUHAJbHOH siMe

B kauecTBe BTOPOro NnpHuMepa pacCMOTPHM NOTEHLUHANbHYIO MY,
npeAcTaBIeHHYIO Ha puc. 26, 1 nocTaBUM 3aAayy HAXOXKIEHHS ypOB-
Hell SHepruy AHCKPETHOro CHEKTpaA.

Kaxpoit snepruu E COOTBeTCTBYIOT /iB€ rpaHHYHbIE TOUKU @ H b
Kjaccuyeckoro apuxkenus. OHu aeaar ocb x Ha Tpu obnactu: I, I/ u
Il]. bynem uckarp pewedne BKDB, skcnonerumasnpHo 3atyxamoniee
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B obmacrax [ u Ill, 1. e.

yx=—§~«/l—exp(—8%ﬁ) (x <a),

ym:———%’—'\/l—exp (—Sﬂli) (x>0

b

(¢ u ¢’ — nocrosunbie). CorsacHo ¢dopmyse coraacoBanns (50) H
aHAJOrMYHOH (opMyse, COOTBeTCTByloumled Oapbepy cnpasa, 3TH
PYHKIHH MMEIOT CJejyIollie NPOLoaKeHHs B obaactb [1:

— AR dx =
ya (X)=rc 4/X cos(§ % 4),

b
— dx _=m
yp(x)=c¢ Kcos(§ X 4)

Ot byHKUHH PaBHBL Y, (X) = yp (X) = yy;, ecan
b b

o f T o ) e

a a

(@< x K b).

P—
il

I

rae N —uenoe uyucio (>=0). TpeGoanue (54) curcupyer nuc-
KpeTHbie yPOBHH SHEPTHH CHeKTpa. B 3tom caydae umeem ¢’ =
= (—1)¥¢. Takum obpasom, 1o0-
JysaeM (¢ TOYHOCTbIO Ao npous- V(z)f
BOJILHOIO MOCTOSSHHOrO MHOXH- (D @
TeJsl) BblpaxkeHHA Yi, Y U Y
JJI COOTBETCTBYIOUIeH  cOG- N
CTBEHHOH GVHKUMH B KaxIOH \i
H3 Tpex obJacTtedl 3a HCKJIOYe-
HUEM JIBYX OKDeCTHOCTeH TOYeK
aub. E

YcnoBuag NpPUMEHHMOCTH Me-
toza tpebyioT, 4YTOOB T'paHHY-
Hble 00J1aCTH OKOJIO TO4YEK a4 H
b, rie notenunan V(x) LomKen Puc. 26. Ilorenumaisnas ama V (x).
NpPejCTABAATHCA B XOPOLIEM NPH-
Oanxkenuu JauHelHON (YHKUHEH x, HUMeJH pasMepnl HOpAAkKa He-
CKOJMBbKHX [JIMH BOJIH, NO3TOMY MeTOJ NPUMEHHM TOJbKO AJA OYeHb
60JbIIUX KBAaHTOBHIX yucen N > 1.

B HexoTophX 0cOOBIX cJAyyadx, HanpuMep, B Cayude TapMOHH-
YeCKOT0 OCHHJIATOpPA, METOH JaeT TOUHble 3HAUeHHS BCeX YPOBHel

|

-

b z

N
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SHEpruH, BKJIOYAas U OCHOBHOe cOCTOSiHHe (cM. 3ajaudy 6). 1o cie-
AYeT CUUTATh CJAYy4aliHHM OOGCTOATEJbCTBOM.

IlpaBusnio xBaHroBaHus (H4) MOXKHO paccMaTpuUBaTh KaK ycCJoO-
BHe CTAallHOHADHOCTH BOJIHBI: HHTepBan (@, b) NOJKeH COAEPKAaTh
«nosyuenoe» (T. e. mesoe -+1/2) uncio «monyuauHs BoJH. OHO OT-
Juuaercd OT mpaBusa kpaHroaHHsi Bopa — 3ommepdenbaa ToJb-
KO HPHCYTCTBHEM «NOJYIe/hX» KBAHTOBBIX YHCEJ: C TOYHOCTbIO A0

MHOXHUTeas 2K uHTerpaJs | ectb HHTErpan JAeficTBUA @p dg B cooT-

BETCTBYIOLEM KJIacCHYeCKOM (asoBOM NpocTpaHcTBe. Mexay npo-
YHM 3TOT HHTerpaJ paBeH IVIOWAAH TOH yacTH ($azoBOro mMpocTpaH-
CTBa, rfie aHeprus MeHolle E

0 ()= S S dpdg.
H<E

Ilostomy npasuaa (54) moxHo 3anucath B popme

o (E)= §pdq'=(1v+—;-)h. (55)

He=E

Cornacuo  ¢opmyse (55), obaacte ¢asoBoro npocTpaHCTBA
@ (E) npu mepexoJe ¢ OJHOr0 YPOBHSl 3HEPruH Ha CJeAYIOUIUH yBe-
JauuuBaerc Ha h. OTciofia Mbl TOJyiaem CJelyIOHA BaKHBI pe-
3yJIbTaT, Kacawuiuiics pacnpefe/ieHHs ypoBHefl sHepruu:

O6zem obractu ¢a3o8020 NPOCTPARCTBA, COOTBETCTYOW el UH-
repsasry (E,E + 8E) 8 edunuyax h pasua 4ucay c8A3aHHbIX CO-
CTOAHUL KBAHTOBOU CUCTEMbL, IHEPeUA KOTOPHIX AEHCUT 8 YKASAHHOM
uHTepsase.

YcnoBus cnpaBeAsiMBOCTH 3TOTO Pe3yJibTaTa B AeHCTBHTE/bHOCTH
MeHee OrpaHHUHTEJbHE, YeM yCJOBHsS HpuMeHuMocTtH metoga BKB;
NpakTHYECKH OH BCerjJa HMMeeT MeCTO «B mpejese OGOJIBLIHX KBaH-
TOBBIX uuces». OGbIYHO NPHHUMAIOT (M JOKAa3LIBAIOT B NPOCTeHIIHK
cay4afix), 4To 3TOT pe3yJbTaT NPUMEHHM H JJIf CHCTeM, YHCJIO CTe-
neHell CBOGOAB KOTOPHIX R IpeBHUIaeT eJHHHIY, €CJHU TOJBKO B
KaquTge eJMHUIIEL H3MepeHHS o0bema ¢(asoBoro MHpOCTpaHCTBA
B3ATh hR.

3AHAYH YU YIIPAXXHEHMHS

1. TaMHJAbTOMHAH TapMOHHYECKOr0 OCHUMJJIATOPA BHpaxaercs (Hopmynoik
H = (p? 4 m?w*q?) [2m. Tlokasare, uro cpesuHe 3HavenHs () H (p) xome6-
JIOTCA AO CHHYCOHZAJBHOMY 33KOHY ¢ 4acToToi ©/27 OKOJO HAYana KOOPAHHAT,
a AMcAepcHH ®, ¥ (o6osnadenns § 3) KOMe6JIOTCH C MOJOBHHHHM AEPHOLOM OKO-
JI0 HEKOTOPOro cpejiHero 3HaveHHa (MOJIOXKHTEJBHOTO), KOTOPOE CAelyeT onpejge-
JinThb. TIpH KaKuX YCAOBHEX @ H Y OCTAIOTCHA NMOCTOSHHBIMH?
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2. [TokasaTh, 4TO ABHXKEHHe LEHTPa BOJHOBOrO MaKeTa, NPeACTABJSIOMIErO
3apsKEHHYIO 4YaCTHUY B 3JIeKTPOMaCHHTHOM IOJie, CTPOro COBNAafaeT C ABHIKE-
MHEM KJaCCHYeCKOH YacTHHH B ABYX CJAeAYIOUMX CayyafX: a) NOCTOSAHHOe 3JeK-
TPHUECKOE NOJle H §) NOCTOSIHHOE MarHHTHOe noJe.

3. [loxkasaTs, uTO «pacH/bIBAHHE» BOJHOBOLO NaKeTa, MPEICTABJAIOLIEr0 3a-
PAXEHHYIO YACTHUY B MOCTOSIHHOM 3JIEKTPHYECKOM IIOJIe, NPOHCXOAHT MO TOMY JKe
3aKOHY, 4TO H naxera cBOGOAHON YacTHUM (© == const, | -— KBagpaTHYHas GYHK-
LHA BPEeMeHH {).

4. C nomompio BONMHOBOA (YHKUMH YacTHUH (r) oOpasyeM (YHKLHIO

-L

D(R,p)=m;’hTSe 7 prlp'(R——-zr—)\lJ(R-}-%) dr,

KoTopylo (coraacio Burnepy) MOXHO HHTEPHNPETHPOBATb K&K MJIOTHOCTH B (aso-
BOM MNPOCTPAHCTBE KJNACCHYECKOTO CTATHCTHYECKOTO aHcaMG/s, COmOCTaBAfEMOTO
3Tol BosMHOBOM ¢ynkuuH 1), [Tokasars, yro:

1) pacnmpenenenns no MONOXKEHHIO M N0 HMNYJbCY COBMAZAIOT € COOTBETCT-
BYIOIIHMH pacnpeaeeHHAMH KBAHTOBOR YaCTHIBI B COCTOSIHUU ) (r):

SD(R,P)dP=!¢(R)I’, SD(R,P)dR=|q>(P>|2,

rae @(P) — BoaHoBas QyHKUHA B MPOCTPAUCTBE UMINYJIbCOB;

2) ecqd YacTHma €BOGOAHA, TO 3BOJIOLMA aHCAMOAs BO BPEMEHH CTPOrO COB-
NagaeT C 3BOJMIOUHEH CTATHCTHYECKOro aHcaMGJs KJAacCHYECKHX YaCTHU TOH XKe
Macchl;

3) uailTH 3aKOH «PACIVBIBAHHA» BOJNHOBOLO MakeTa CBOGOLHOM YaCTHILbL.

5. C nomowro mMerona BKB Bhiuncasiercs Kosp@uuuent npoxomaenus T ua-
CTHIE MacCH rm # 3ueprun E uepes Gapeep norenunana V(x), KoTOpHit MeaseHHo
MeHseTC B NPOCTPAHCTBE H HA IBYX KOHUAX HHTepBana (—o0, 4-00) cTpemurcs
K 3nauennsM, menpwum E. Ilpeanonaraercs, uro uMewores TOMbKO ABe rpaHHunble
ToukH a u b. [okasare, uro

b

_2S 1/2m[VI(ix)—E] dx

a

T =exp

6. BuiwucauTte ¢ nomomwpio mMerona BKB ypoBus aueprun FapMOHHYECKOro OC-
unAAATOpa (raMuibrouHan 3agaud 1). OGCyanTb yCAOBHA NPHMEHHMOCTH MeToHA.

10) Opuako B OT/AHUHE OT MJOTHOCTH B (Da30BOM NMPOCTPAHCTBE KJIACCHUECKOTO
CTAaTHCTHYECKOro aHcamOas seinudua D(R, P) MoXeT NpPHHHMATL H OTPHIATEJb-
Hhle 3HAYEHHS.



Fr1TABA VI

OBIIIHNA ®OPMAJIU3M KBAHTOBOH TEOPHH
A. MATEMATHYECKHH ATNIMAPAT

§ 1. MipuHuun cynepno3ulluu H npejicTapjeHHe
JHHAMHYECKHUX COCTOSIHUH BeKTOpaMH

VizsioxeHue OCHOB BOJIHOBOH MexaHMku B . IV um V mauuna-
JOoCch C ONpejeseHHsT NJIOTHOCTefl BEPOATHOCTH TMOJIOXKEHHS H HM-
nyjgbca ¢ MOMONIbI0 BOJHOBHX PyHkuuid W u @, oTHOCAmHUXCH, CO-
OTBETCTBEHHO, K NPOCTPAHCTBY KOH(pHrypauuii H INPOCTPAHCTBY HM-
HyJbcoB. Mbl y¥Ke YKasblBaJH, 4T0 3TH (PYHKOHH COOTBETCTBYIOT
SKBHBAJIEHTHbIM TNpeiacraBieHusm. [lapaJJenusMm 3jech MOXeT
6BiTb JOBeleH 10 KoHUA. [leficTBHTEJNbHO, OCHOBHHE IIOCTYJIATHI,
Kacamomidecs cpeinux sHadenuit (§ V.3), moryr OHTb ¢ Tem Xxe
yCNexoM BbIpa’keHbl C NMOMOULBIO OMepalui, NPOU3BOJHMHBIX B HM-
nyabcHoM npocrpanctBe. O6obmenue (IV.13) u (IV.20) cpexnux
snHaveHnit ¢yukuuit Buga F(r) n G(p) moxeT OHTb NPOBELEHO,
HCXOJS M3 COOTBeTCTByOIHX Bhipaxenuit (IV.21) u (IV.14), mo-
CTPOEHHHIX ¢ nomomblo GyHkuuit @. Bmecto noctynatos a), 6) us
§ V.3 MOXHO NpUHATHL SKBUBAJIEHTHHIE NOCTYJATHL:

a’) Beskofi AuHamuueckoil nepemeHHOH S = A(qy, ..., q&r;
Pi, ..., Pr) coONoCTaBJseTcsA JHHEHHBIA onepaTop
. a . J
A(zh T zh——apR TN pR).

6’) CpelHee 3HaueHHe, NPHHHMAaeMOe 3TOH AHHAMHYECKOH Iie-
PEeMEeHHO#H, Korja CHCTeMa HaXOUHTCAd B JHHAMHYECKOM COCTOSHHH,
npeacrasiseMoM ¢yHkuued @ (py, ..., pr), A2eTCH BBIpaXKeHHEM

(D, AD)
<A>= @, ®) ’

Tle cKOoGKH B npaBOf yacTH 0603HAYAIOT CKaJAPHbBIe NPOH3BelEHUA
B NPOCTPAHCTBE HMNYJIbCOB:

(O, A(D)=S . Nor@aodp, ... dpe,
(@, D)= S ...S(D*(de, ... dpg.

DKBUBAJEHTHOCTb NOCTYJIATOB a) U 6) M HocTynatoB a’) u 6)
OCHOBaHAa Ha CBOiicTBax npeo6pasopanus Pypbe (cm. JlomosHe-
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nue A). IlokazaTeqbCTBO He COCTaBJASAET TPy/la U Mbl He GyAeM npo-
BOAHTDH €ro 31€cCh.

Ecnu dysguun @ nu ¥ paioT sxsusasentHoie npedcrasienus ojl-
HOTO H TOIO Xe JUHAMUHECKO20 COCTOAHUA, TO HabJojaeMbie

. a2 . 0
A(th, ey lhm, Pls ooy pR)

h 0

qu ’ qR) i aqR
JLaIOT 3KBUBAAEHTHble NPedCcTasAesus ORHON H TOoH e JuHaAMu4e-
ckoti nepemenrodi (cMm. ra. IV n 3ameuanse B koHue § 5). Bea Teo-
pusa HaOJ0JaeMblX MOXeT OBITh ¢ PaBHBIM YCIEXOM Pa3BuHTa Kak
B OJHOM, TaK U B JPyroM H3 3THX IpeAcTtaBseHuil. TakuMm oGpasom,
MBl NOJy4aeM [Be BIOJIHe SKBHBaJICHTHble (DOPMYJHUPOBKH KBAHTO-
BOHl TEOpHH.

Bce 310 cranOBHUTCH OYEBHIHBIM, €CJH NPHHATb, YTO BOJHOBBIE
¢byaxuud @ v ¥ npeacTaBJsIoOT OJUH H TOT XKe BEKTOP B NPOCTpaH-
cTBe C OeCKOHeYHBIM uHucJOM H3MepeHHH. Torjna Bce HOHATHUSA, BBe-
LeHHBle B M. V: QyHKuHOHAIbHOE NPOCTPAHCTBO, CKAJIAPHOE NPO-
u3BeJlcHHe, HOPMa, OPTOrOHAJBLHOCTD U T. A., NOJYHAIOT NPOCTOE Te0-
MeTpHuyeckoe HcToJKoBaHue. COrJIAaCHO 3TOH KapTHHe 3HaYeHHS,
npusuMaembie ¢yakunell W(qi, ..., gr) B KaxI0# TOYKe KOHOH-
rypauHoHHOTO NPOCTPAHCTBA, SBJAIOTCA COCTABJASIOIIUMH JaHHOTO
BEKTOpa N0 HEKOTOPOH CHCTeMe OPTOTOHAJLHBIX OCell KOOpIHHAT.
AnanoruyHo snauenusi, mpuHAMaembie OyHkuue#t @ (py, ..., pr)
B Kax/0fi TOUKe HMNYJbCHOr0 NPOCTPAHCTBA, ABJSIOTCA COCTABJSIO-
MUMH YKa3aHHOTO BEKTOpa N0 APYrofl cucreMe OPTOroHaJbHBIX Ocel
KoopiHHAT. UTO 3Ke Kacaercd KOspQHUHEHTOB ¢ passoxeHHs
(V.14) ¢dyukuun ¥ B pajg no coGcTBeHHBIM (QYHKUMAM HEKOTOPOH
3aJaHHOH NOJHON OPTOHOPMHPOBAHHOH CHCTEMEBl, TO OHH ABJSIOTCS
COCTaBJAOMIUMH YKAa3aHHOrO BEKTOpPa NO HEKOTOPOH TpeTbed CH-
cTeMe KOOpPAMHAT H T. A.

Takum o00pasoM, MOXHO HOCTPOHTb BCIO KBAHTOBYIO TEOPHIO,
HCXO0/Js HENOCPENCTBEHHO H3 MOHATHA BeKTOpa Ge3 CChIOK Ha KOHK-
peTHOe nNpejcraBjeHHe, B KayecTBe OCHOBHOTO NPHHOMNA TEOPHH
NPUHAMAETC NPUHYUN cYynepnoguyul OuHAmMU4ecKux COCTOAHUI,
COTJIaCHO KOTOPOMY BO3MOXKHBIE IHHAMHYECKHE COCTOSIHHSA KBAHTO-
BOil CHCTeMH AOJIKHH 00/1a7aTb CBOHCTBOM, XapaKTepHHIM B oGIieM
clyyae jJis BCAKHX BOJIH, a HMEHHO, JONyCKaTb JHHEHHOE CJIOXKe-
HHe, H NO3TOMY MOryT OBITb NPeACTaBJEHBI KaK BEKTOPH B HEKO-
TOpOM JixHe#HOM mpocTpaHcTBe. ClefoBaTeNbHO, KaXKIOMy AHHA-
MHYECKOMY COCTOSIHHIO CONOCTaBJIgeTCS HEKOTOPHIH BeKTop B ab-
CTPAKTHOM IMPOCTPAHCTBE, @ KaxJOH JMHAMUYECKOH MepeMeHHOH
conocrapJseTcs JuHeHHBIA oNepaTop, NeACTBYOIUH B 3TOM HPO-
crpaHctBe. Ilpu rtakoMm nojxolZe Teopust okasbiBaerTcs (opmasbHO

J
i_aql y sy
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Npollle H 3JeraHTHee BOJIHOBOH MeXaHHMKH; OHAa K TOMY e HMeeT
u 6oJiee MHUPOKYIO 00/1acTh MPUMEHEHHS, TAK KaK MOXeT ObITb HC-
H0NIb30BaHa AJIA HU3YyUeHHH KBAHTOBBIX CHCTEM, He HMEIOIIUX KJacCH-
YeCKHX aHaJIOroB,

B usnoxenun sroit obmeft GopMyJHPOBKH KBAaHTOBOH TEOpPHH
Mbl OyZeM chaenoBarth JlHpaky, HCNOJIb3ysd BBeJeHHbIE HM YPE3BHI-
yaiiHo yRoGHble ofo3HayeHusi!). ComepkaHue AaHHOH rJyaBbl NO-
CBALIeHO MOHATHUAM JIMHEHHOH aJre6psl %), KOTOpHIE COCTABJSIOT Ma-
TemMaruyeckuii annapat teopust. Onucanue ¢GH3HYECKHX ABJEHHH C
IoMoIIbI0 3Toro ¢opmanusma u Gyaer npeaMerom ra. VIIIL

Pasznea 1. BEKTOPbI H ONEPATOPDI

§ 2. BexropHoe npocTpaHcTBO. KeT-BeKTOpbI

CornacHo uiesM NpeAliecTByOulero maparpacda, KakKaomy AH-
HAaMHYECKOMY COCTOSIHHIO MBI COIOCTaBJIieM BEKTOP, KOTOpHIH, CO-
raacHo Jupaky, 6ynem HasHBaTh KeT-8eKTOPOM WJM HPOCTO KeT ¥
0o6o3nayaTh CUMBOJOM |). YTOOB OT/AHYATL KeT-BEeKTOPHl OJHH OT
ApYyroro, Mbl CHaOAHMM KaXAblll CHMBOJ JHGO HEKOTOpPOH GyKBOH,
Jn60 ONHHM HJH HECKOJbKHMH HHAEKCAMH, MOTYUIUMH IPUHHMATH
KaK JIUCKDeTHble, TAK H HENPEpbIBHO H3MEHAMOUIHECH 3HAUYEHHA B
3aBHCHMOCTH OT KOHKPeTHOH curyauuu. Tak, ket u npeacraBJser-
cs1 CHMBOJIOM |u).

Ker-BekTOpbl 06pa3yioT JHHEHHOe BEKTOPHOE IPOCTPAHCTBO: BCH-
Kas JHHeliHag KOMOHHAuHS HeCKOJbKHX KeT-BEKTOPOB TakKXKe sB-
Jasetca KeT-BeKropoM. Ilycts, Hanpumep, 3aiaHu [Ba KeT-BeKTOpa
{1) 1 |2) u 1Ba npoU3BONBHBIX KOMMNJIEKCHHIX 4YuCJa Ay, Ay, TOTJA
JuHefiHags KOMOHHAIUA

Loy =M 11)+ 22 12) W

€CTb BEKTOP B IPOCTPAHCTBE KET-BEKTOPOB.
AnasoruuHo, ecJH |E) 3aBHCHT OT HeNPepHIBHO H3MEHSIOIErocs
ugaekca §, a A(E) — Hexoropas KOMIJIEKCHO3HAuYHas (QyHKUHS
g, TO uHTErpal
3

loy={2 @18 d (@)
E
€CTb BEKTOp B NPOCTPAHCTBE KeT-BEKTOPOB. Mu Takxe 6yzxeM ro-

BODHTb, 4TO |®W) eCTb JuHeHHas KOMGMHaUMs (WJH JMHeHHas cy-
NepNO3UIHA) KeT-BeKTOpPoB |E).

1) P. A. M. Dirac, loc. cit., cuocka 118,
%) Crporoe u moJHOe H3NOXEHHE BCEX HTHX BONPOCOB MOXKHO HAfATH B KHHrax
A. Lichnerowicz u M. H. Stone, loc. cit., caocka V3,
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ITo omnpenesneHHI0 KeT-BEKTOPbl H3 HEKOTOPOH COBOKYNHOCTH $1B-
JAOTCS AUHENHO He3as8UCUMbIMU, €CIH HH ONMH H3 HHX He MOXKeT
6bITh IPEJACTABJEH B BHJAE JIHHeHHOH KOMOGHHAIMM OCTAJbHBIX (3Ta
JuHefiHag KoMOMHanusi moxer Obith BHAA (1) Ham (2) uan cMe-
HIAHHOTO BHIA).

Ecnu BekTOpHOE NPOCTPAHCTBO COJAEPKHT MAaKCHMyM n JHHeHHO
Be3aBHCHMEIX BEKTOPOB, TO 3TO KOHEUHOMEpPHOEe TNPOCTPAHCTBO H
YHCJIO er0 U3MepeHHH mno ompefnesneHuio paBHo n. Ecaum B Takom
BEKTOPHOM NPOCTPAHCTBE KAK-TO BuIGpPATb 1 JHHEHHO HE3aBHCHMBIX
BEKTOPOB, TO BCe OCTa/JbHble BEKTOPH NPOCTPAHCTBA MOTYT OBIThH
DPeACTABJAEHH Kak JHHefiHble KOMOUHAIIMH JAHHLIX 7 BEKTODOB.

Ecnu uMcio AHHEHHO He3aBUCHMEIX BEKTOPOB PaccMaTPHBAEMOro
JIMHERHOTO BEKTOPHOrO NPOCTPAHCTBA HEOrPAHHYEHO, TO NPOCTPaH-
CTBO ABJASieTCd OeckoHeuHoMepHuIM. TakoBo mnpocrpaHcTBO ['Hilb-
6epTa, a TakkKe, KAaK Mbi BH/JEJH paHee, NPOCTPAHCTBO BONHOBHIX
dyHkuuit BosHOBo# MexaHHkH. OnHaKo Bcerga MOXKHO BuiOpaTh Ta-
KYIO TOC/ef0BaTeNbHOCTh (OeCKOHEeUHYI0 CUeTHYIO HJH KOHTHHyaJib-
HYI0) JIHHeHHO HE3aBHCHMBIX BEKTOPOB, UTO KakKAbH BeKTOp MNpO-
CTpaHCTBA MOXeT OHiTh TpeJCTaBjdeH Kak JuHeHHas KOMOMHaNHUs
(6eckoHeuHbtH PSA MAH HHTerpaj) 3THX «0a3HUCHBIX BEKTOPOBY.

TlycTs 3agaHo MPOCTPAHCTBO KeT-BEKTOPOB &; paccMOTPHM MO-
€J1eOBAaTeIbHOCTh KeT-BEeKTOPOB H3 3TOro mpocrpaHcTBa. MHoxKe-
CTBO KeT-BEKTOPOB IOC/EN0BATENLHOCTH H BCeX HX JHHEHHLIX KOM-
6uHanufl oGpasylor JHuHefiHOe BeKkTopHOe npocrpaHcrso &’. Ilo om-
peneseHnio &’ ecTb IPOCTPAHCTBO, HATAHKYTOE HA KET-BEKTOPHL
nocjieoBaTeIbHOCTH, Besikuil KeT-BeKTOp npocrpaHcrBa &’ npHHAL-
JIEXKHT H MPOCTPAHCTBY &: roBopsT, uro &’ ABAsercsi noOnpocTpas-
creom &. Ecan npocrpanctBo & umeeT KOHeYHOe UHCJO H3MepeHHH
7, TO YHCJIO H3MepeHHH MPOCTPaHCTBA &', OUEBHUAHO, KOHEUHO H HE
npesocxoaur n. Ecan xe npoctpaHcTBo & OecKOHEMHOMEPHO, TO
HHKAKNX OrpaHHUYeHHHi Ha UYHCJIO H3MepeHHH NpocTpaHcTBa &’ HE
CylllecTByerT.

§ 3. DyaxbHoe npocrpaHcTeo. Bpa-BekToph

B JmneiiHolt ajreGpe XOpoOIIO H3BECTHO, YTO KAXKAOMY BEKTOp-
HOMY NPOCTPAHCTBY MOXHO CONOCTaBHTb AYaJbHOE BeKTOPHOE NPO-
CTpaHcTBO. JleficTBHTEeNBbHO, BCsiKas JHHefHas (yHkuus x(ju))
KET-BEKTOPOB |4) YIOBJETBOPsieT NPHHIMIY CyNepPNO3HUHH, XapaK-
‘TepHOMY AJIsi BEeKTOPOB JIHHEHHOIO NPOCTPAHCTBA %), H ompexedser,

3) CBoficTBO JHHEHOCTH ) BHPAXKAETCH COOTHOIIEHHEM

XA 1D+ 2A212) =My (| 1) + Aax (12).

‘OueBHJHO, YTO eCAH jABe (DYHKIHH X1, ¥2 06]aJal0T 3THM CBOACTBOM, TO BCSAKas
JiMHefiHaH KOMGHHaUHA THOA MiX1 - MaXe Takxke UM obnagaer.
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c/leI0BaTe/NbHO, BEKTOP HOBOTO THINIA, KOTOPHIH Mbl, cornacHo Ju-
paky, 6yaem Ha3elBaTh 6pa-6eKTOPOM HJH NPOCTO 6pd, a Npeacras-
asTb ero 6ymem cumposaoM ( |. Tak, gyuknus y(|u)) ompenenser
6pa-BekTop (|; 3HaueHHe, IpUHHMAaeMoe 3TOH (yHKUMe#d NpH He-
KOTOpOM [JaHHOM KeT-BeKTope |u), ecTb HeKoTopoe yuciao (B 006-
IIeM c/ayuae KOMIJIEKCHOe), KoTopoe Mpt OyneMm o6o3HayaTe CHMBO-
aom (g|u).

[To onpeaenenuto 6pa-Bekrop (M| paBeH Hyalo, ecan QyHKUHH
(®|u) paBHa HyMO TPH JIOGOM |u):

(O]|=0, ecu {(O|u)=0 npu n1060oM |u). (3)
Anajoruuto gsa 6pa-BeKTOpa PaBHHI :
(D |={D, |, ecin (D, |u)y={(Dy|u) npu n0boM |u).

Ec/ii IIPOCTPAHCTBO KEeT-BEKTOPOB HMeeT KOHEUHOe UHC/0 HaMme-
peHuil, To Jya/JbHOe NPOCTPAHCTBO MMEET TO XKe YHCJIO H3MepeHHi.
EcaM uncso M3MEepPeHHH MPOCTPAHCTBA KET-BeKTOPOB 0ECKOHEUHO, TO
IpOCTPaHCTBO, AyaJbHOe emy, 06/1a1aeT TeM JKe CBOHCTBOM.

UroBul BBECTH METPHKY B ONpejeseHHOe Bhillle BEKTOPHOe IIpo-
CTPAHCTBO, TNPEANOJNIONKHM, UYTO CYHIECTByeT B3aHMOOJHO3HAYHOE
COOTBETCTBHE MEXJ1y BEKTOpaMM IPOCTPAHCTBA H BEKTOpPaMu Ay-
aapHOro MpocTpaHcTBa. Bpa- M KeT-BeKTOPH, CONOCTaBJAeMbIe APy
APYTY B 3TOM B3aMMOOAHO3HAYHOM COOTBETCTBHH, Ha3bIBAIOTCS
COTIPSIKEHHBIMH JAPYT APYTY M OTMeyaloTcsl OAHOH GyKBOH (HJIH O1H-
HaKOBLIMH HHIEKCaMH): Tak, O6pa-BeKTOp, CONPAXKEHHHIH KeT-Bek-
Topy |u), oGosHauaercst cumMBOJOM (U].

[Tpennosioxum Kpome TOFO, YTO ITO COOTBETCTBHE QHTUAUHELHO.
Vraue roBopsi, 6pa-BEKTOP, cONpPsiKeHHbIH KeT-BEKTOpPY

o) =n11)+ 2212), (4)
ecThb
(o= (1| + 4,21 (5)
AHajioruuio 6pa-BeKTOD, CONPAXKEHHBIH KeT-BeKTOPY
E
lwy= {2 @19 d, ©®)
3
ecThb
)
)= 2@ Elde. 7

131

TakuM 06pa3oM, COOTBETCTBHE Mexay KeT- H Opa-BeKTopamu aua-
JIOTHYHO COOTBETCTBHIO MEXJy BOJIHOBHIMH (YHKIHSIMH BOJHOBOH
MEXaHUHKH H KOMIIJIEKCHO CONpPSIXKeHHbIMH (QYHKUHAMH. 3aMeTHM,
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KCTAaTH, UTO €CJIA KeT-BeKTOP DaBeH HYJIO, TO CONDSXKEHHHH eMmy
6pa-BeKTOp TaKXe DaBeH HYM0 H Haobopor.

CoBOKYNHOCTb OPa-BeKTOPOB, CONPSIMEHHBIX KeT-BeKTOpaM M3
noanpocrpalcTsa &’ nmpocrpancrsa &, obpasyeT NOANPOCTPAHCTBO,
nyanabHoe &'.

§ 4. CxauspHoe npou3sBeseHHe

Mo onpenenenuio cxkasapHoe npoussedenue KeT-BeKTopa |u) Ha
KeT-BekTOp |v) ecTp uyHcao (B o6meM cayuae KOMILIEKCHOR)
(uv|u), T. e. 3Hauenue v(|u)), NpUHHMAaeMoe JHHeliHOH (yHKuHel,
aCCOUHHPOBAHHOH ¢ 6pa-BeKTOPOM, CONPSKEHHBIM |U).

Kak cileacTtBHe caMoro onpefefleHHst CKaJsipHOe MPOH3BelIeHHe
SIBJISIETCS] JIHHENHBIM [I0 OTHOUIEHHIO K |4) H aHTHJHHERHBIM MO OT-
HOWIEHHIO K |v). MBI NIpealoJaraeM, 4TO CKa/sipHOE NMPOH3BelNEHHE
06J1aflaeT BCEMH OCTAJIbHBIMH CBOMCTBAMH, XapaKTEPHEIMH JUist CKa-
JISSPHOrO IIPOH3BEAEHHs BONHOBHIX (YHKHHI B BOJHOBOH MeXaHHKe
(§ V.2), a umenHo:

1°. CransipHoe npousBeneHue |v) Ha |u) ecTb BeJHYHHA, KOMII-
JIEKCHO CONPSKEHHAsi CKassiPHOMY NpoH3BefeHHio |u) Ha |u):

(u]vy=(vlu). (8)

2°. BeAkHii BeKTOD # HMeeT BelleCTBeHHYIO HEeOTPHLATe/bHYIO
Hopmy Ny == {u|u)*)
(uluy=0. 9

Ona paBHa HYJIO B TOM H TOJNBLKO B TOM cJlydyae, KOrZa BEeKTOp |u)
paBeH Hynwo. M3 aTux cBoHcTB BHITeKaeT nepasencrao lllsapya: ka-
KMMH Obl HH Gblan {u) M |v), Bcerga

el oy P<<(ulu)(vlv). (10)

PaBeHCTBO HMEeT MeCTO B TOM H TOJNbLKO B TOM CJjlyuae, KOTAa BeK-
TOpH |#) H |v) KOMIHHeapHH (T. €. HPONOPUHOHA/BHbI).

OTH akCHOMH HOJKHBL GBITH HONOJHEHB NPEANOJIOXKEHHEM, UTO
NPOCTPAHCTBO KeT-BeKTOPOB & (a TakXe AyajbHOe eMy IPOCTPAH-
CTBO 0Opa-BeKTOpPOB)  siBAseTcsl TMOJMHHM M cenapabenbHBIM
(cm. § V. 2): ato npocrpancreo 'unrsbepra.

Tlo onpeneneHUI0 JBa BEKTOPA OPTOZOHAAbMbL, €CH HX CKaJsIp-
HOe TPoH3BeleHHe DaBHO Hya0. JlBa moampocrpaHctBa &) u &,
OpPTOrOHAMbHB, €CJH KaXIBH H3 BEKTOPOB OZHOrO NOANPOCTPaH-
cTBa OpPTOTrOHaJ/JeH KaXJIOMy BEKTOpY JApYyroro IOANPOCTPAHCTBA.
OueBHaHO, 9TO B 3TOM cJydae NOANPOCTPaHCTBA &1 H &2 HE HMEIOT
HH ojHOro ofiero BeKTOpa; HAeHCTBUTeJ]bHO, J1060H BeKTOp, MpH-
HanJexauiuih o60MM MOANPOCTPAHCTBAM, MOXKET ObIThb TOJLKO paB-

*) B wmatemaruueckoii JuTepaType HOpMAa BeKTOpPa OMpefensieTcs Kak
V@ Tu). (Hpum. nepes.)
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HEIM HYJ0, H60 OH JoJxKeH ORITb OpTOroHaJeH caM cefe, a cieno-
BaTeJIbHO, HMETb HYJIEBYIO HOPMY. :

MHuoOXeCTBO BEKTOPOB, OPTOTOHAMbHLX K &, 06pa3yeT HoAmpo-
crpaHcTBo &1, OpTOroHaNbLHOE &1, — 3TO nOANPOCTPAHCTE0, JonoA-

Hureavroe K &;. IloampocTpaHcTBO & comuTes K HyMO, ecanm
HOANpPOCTPAHCTBO &y cOBNAjJaeT C CaMHM LpocTpaHcTBOM &.
MoxHo nokasatb?), uT0o 8caxuil eexrop npocTpaHcrtsa & moderT
66iT6 eJuHcTeeHHbIM 06pa3om npedcTasien KAK CYmma 6eKTopa
u3 & W BEeKTOPA H3 AONOJHHTENLHOrO IOANPOCTPAHCTBA:

Iu)=|u1>+|u;<>.

BekTop |u#3), MO ompemeseHHIO, ecTb hpoekyuA |u) Ha moAmpo-
cTpaHcTBO &;. Mbl elre BepHeMcs NMOAPOOHO K MOHATHIO NMPOEKIHE
B pasaene 1l.

Bo Bcex paccyXIeHHsIX, KacaoliuXcs CKaJspHOro NpoH3Bele-
HHSI, MOJTYAJIMBO NpealoNarajocsk, 4YTo BeKTopnl (M KeT, H 6pa) 06-
JafaloT KOHEeYHOH HOpMOH, B MPOTHBHOM CJyuae aKCHOMAa O HOpMe
Tepsier Besikuf cMbicsl. Ecau 9To neHCTBHTENBLHO Tak, TO paccMart-
pHBaeMOe NPOCTPAHCTBO KeT-BEKTOPOB €CTb HNPOCTPAHCTBO ['Hib-
6epra. B ra. V Mbl BHRenH, UTO BEeKTOpbL, CIOCOOHLIE NpeaCcTaBAATh
JHHAMHYECKHE COCTOAHHMsSl, AEACTBUTEJNbHO MOJIKHB HMEThb KOHeU-
HYIO HOpPMy, HO UYTO paccMOTpeHHe TPOOJeMbl HENpepLIBHOTO
CIeKTPa B 3aJayax Ha cOGCTBeHHbe 3HaueHHsi TpeGyeT BBeJeHHST
COGCTBEHHBIX BEKTOPOB ¢ OGeckoHeuHo# Hopmo#. [losToMy MbL
JOJ/XKHE BBECTH B Hallle NMPOCTPAHCTBO & Takke H BeKTopel |E)
¢ GeckoHeyHOH HOPMOH, 3aBHCSIIME OT OQHOro (mo KpaiiHe#t mepe)
HENpPepHBHOIO HHIEKCA, H PAcNPOCTPAHHTb HA 3TY KATerOpHIO BeK-
TOPOB MOHSATHE CKAJSPHOrO NPOU3BElNeHHUS.

Mu mpuauMaeM, uTo |E) MMeeT KOHeuHOe CKaJsipHOe NMPOH3Be-
neune {u|EY co BCAKMM BEKTOPOM |u) ¢ KOHeUHOH HOPMOH H UTO
3TO CKAJsIPHOE NMPOH3BEJEHHE JIHHEHHO MO OTHOIIeHHIO K |E) H aH-
THAHHEAHO MO OTHOWIEHHIO K |u). AHANOrHuHO Ompene’sercss CKa-
asipuoe npoussenenune {E|u), npuueM NpHHUMAETCH, UTO

E€luy=(ult)".

B DpOTHBONOJOXKHOCTL 3TOMY CKaJsipHOe NMPOH3BeHeHHe JBYX BeR-
TopoB THna |E) MOXKeT H He cXoAuThcs. B uyacTHocTH, HopMa |E)
pacxogutcss. Ho Mul npeamostoxum, uTo coGCTBeHHH audde-
peHnuan

t+0E

5 =—t | ey (11
/8¢

3
obnagaeT MHOJOXHTEJNBHO ONpeleseHHOA HOPMoOfl, KoTopas cTpe-
MHTCSl K KOHeUHoMy mpeneny, korxa 8 — 0. CTporo roBops, BeKTOp
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|&) He BXOXHT B mpocTpaHCTBO &, HO ero cobcTBeHHHIE AHdepeH-
uuadel HIH, B OoJiee obuieM ciaydyae, JIMHefAHble KOMOWHAHNUH THIA
(2) npHHAAJEKAT 3TOMY NPOCTPAHCTBY H YAOBJETBOPAIOT BCEM Tpe-
60BaHHAM, XaPAKTEPH3YIOIHM BeKTOPH IpocTpaHcTBa ['Hanbepra.

§ 5. Jluneiinbie onepaTopni

OrnpejeanB NPOCTPAHCTBO KeT-BEKTOPOB, MOXKHO NepedTH K ompe-
JleJIeHHIO JHHEAHBIX ONepaTopoB, AEHCTBYIOIHX B 3TOM IPOCTPAH-
ctee (cm. § 11.11). '

[peanosoXKHM, YTO KaxKAOMY KeT-BEKTOPY |u#) BEKTOPHOro mpo-
CTPAHCTBA COOTBETCTBYET HEKOTOPHI KEeT-BEKTOP |v): rOBOpPAT, YTO
|v) moayuaercs B pe3ysibTaTe NEHCTBHS Ha |u) HEKoTOpOrO OmE-
patopa. Ecau, KpoMe TOro, 3T0 COOTBETCTBHe JIMHEHHO, TO OHO
onpeneJsieT HeKOTOPH AuHednoil oneparop A. INumyr

[o)=A|a).

Takolt omepaTop paBeH HYJIO, €C/lH BeKTOp |v) paBeH HYJIO TNpH
Jio6oM BekTope |u).

Y1060 oneparop A Owin pasen Hyao, Heobxolumo u docra-
TOUHO, 410006l Kaxum ol HU Obin sexTOp |U),

WwiAluy=0.

JloKa3aTeabCTBO 3TOrO CBOWCTBA He NPeICTaBJSET Cepbe3HLIX TPYA-
HoOCTefl, MH He GyneM Ha HeM ocraHaBauBathes. OTclona Hemep-
JIEHHO CJIefyerT:

Yrobor dsa oneparopa A u B 6seiau pasust, Heobxodumo u do-
craro4no, 4robel, Kaxum 0ol Hu boir eeKTOp |ud,

(| Aluy="{(u|B|u). (12)

OcHoOBHBIE ONepallid aJreOphbl OnepaTopoB OLIIH YKE YKasaHH
(§ II.11): yMHOXeHHe Ha MOCTOSHHYIO, CyMMa H IPOH3BeJeHHE.
Croxenue JHHeHHBIX OIEPAaTOPOB SBJsETCA olepauueli acconua-
THBHOA H KOMMYTaTHBHOH. ¥MHOdJceHue acCOUMATHBHO, XHCTPHOY-
THBHO TIO OTHOWIEHHIO K CyMMe, HO— H B 3TOM OCHOBHOE Dasjuuue
Mexay oOpiuHOH aare6podt M ajsre6pofi NHHeHHLIX ONepPaTOPOB —
yMHONCEHUe He KommyTarusno. HamomHHM, uTO KOMMyTaTop ABYX
RulelHbIX onepatopoB A u B o6o3HauaerTcsi CHMBOJOM

[A, Bl= AB — BA.

OcHOBHBIE CBORCTBZ aareGpnl KOMMyTaTopoB uayuaaucs B § V.17
(ypaBuenust (V.63—66)); oHu BCe ocTaioTcs B CHIe M He OyayT
BHOBb H3JaraTtbcsi 31ech.

3aMeTuM, 4TO ONEpAlHs YMHOXEHHS KeT-BeKTOpa Ha 3aJaHHYIO
NOCTOSHHHYIO ¢ TakXKe BHIpaxaeT AeficTBHe JHHefHOro oneparopa.
SToT onepaTop ¢ KOMMYTHPYeT CO BCEMH JIKHEHHIMH OINepaTopaMH,
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KakuMu On oHH HH Obliu: [A,c]=0. B uacrHoCTH, yMHOXeHHe
'Ha | ecTb eAMHHUYHBIA oNlepaTop.

Ecan coorsercTBue MeXAy |u) M |v), onpeneneHHoe Bhille,
IBJSIETCS B3aMMOOAHO3HAUHBIM, TO OHO ONpeleNsier ABA JHHEl-
HuX omeparopa A u B:

|v)=Alu), |u)y=Bjov). (13)

DTH omepaTopwl, N0 oNpeleneHHI0, ob6patHer Apyr apyry. Fosopsr
emnle, yTo oneparoput A u B oGpatHul ApPYyr APyry, eciu OHH OLHO-
BpPEeMeHHO YIOBJIETBOPSIIOT YpaBHEHHSM

AB=1, BA=1. (14)

DTH ABa onpexe/eHHs] 3KBHBAJIEHTHHI.

Oneparop, o6paTHHIH JaHHOMY, cylecTByeT He Bcerga. Kornma
OH CYHIeCTBYeT, ero oObluHO BeipaxatoT cuMBoidoM A~ Tloabsysich
cooTHotteHHsMH (14), nerko moay4uTs cienymotlee csoiictso. Ecan
omnepatopel P, Q umewT o6paTHble OHEpATOPH, TO NPOH3BeAeHHe
PQ takxe umeeT oOpaTHLIH omepaTop, NpHUEM

(PQ ' =Q7'P™" (15)

{(oTMeTHM [lepeCTAHOBKY TMNOPAJAKAa COMHOXHTeJNefi B NpaBol
vactu (15)).

Ecan pmefictBHe auHeiiHoro onepatopa A B HpOCTpaHCTBe KeT-
BEKTOPOB H3BECTHO, TO €ro JAeHCTBHE B AyaJbHOM BEeKTODHOM Mpo-
CTPAHCTBe OJHO3HAUHO ompefensierca chaeaywouium obpasom. [lpu
3agaHun 6pa-sektopa (x| ckanspuoe npoussemenne (x| (A|u))
€CTb HECOMHEHHO JHHeflHas QYHKIHA |u), Tak Kak omepaTtop
suHeeH. Tlycte (n| ecTb 6pa-BekTOp, OmpeAeasieMbli 3TOH (PYHK-
uued; TOrAa KaxaoMy Opa-BekTopy (x| COOTBeTCTByeT Gpa-BeKTOp
{m}. fcHo, yTO 3TO COOTBETCTBHE JHHEHHO (CBOHACTBA CKa/SpPHOrO
TipousBeneHus). [oBopst, uTo (n| Hosyuaercss B pesyibTare Aeii-
<tBust A Ha (x| ¥ nuwyT

(nl=~lA. (16)
Clheays 3TOMy ONpeAeNeHuIo, MojyuyaeM TOKIECTBO
(! A)wy=Ql(Al4). (17)

Cko6Kk# B 3THX IBYX BhIpaXeHHX OKAa3bIBAIOTCS, TAKHM 006pa30OM,
JIMUIHUMH H Mol Oynem nucarts mpocto {x|A|u) ans oG0HX paBHHIX
CKaJsipHBIX TPOH3BeAeHUN.

C nomoupio ToXmectBa (17) MOXKHO ONpefe/HTb pasjHYHbLIE
omnepaltud ajrebGpe JHHEHHBIX ONEpPaToOpoB, NeHCTBYOINUX Ha O6pa-
BeKTOPul. B uacTHOCTH, 119 Tpex OCHOBHBIX oNlepanuii HMeeM:

(a) ymHoxeHHe A Ha KOMIJIEKCHYIO TIOCTOSIHHYIO C:

(cA)y=c(Alw), orkyna (xl(cA)=c(x|A)
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(6) cymma onepartopos S=A + B:
Sluy=Aluy+ Blu), orkyna (x|S=(|A+{x]B;
(B) npousBesenue onepatopoB P = AB:
Pluy=A(B|u), orkyma (x|P=(xlA)B.

[pu 3TOM AeficTByeT YCJAOBHe, 4TO Opa-BeKTOPH NHIIYTCs CJeBa,
a KeT-BEKTOPH — cIIpaBa OT CHMBOJA OllepaTopa, TOrAa anarebpamu-
yecKHe MAHMUINYJSUHH C JHHeHHBIMH omepaTopaMH B 000OHX cCJay-
yasix MPOU3BOAATCH OLHHAKOBO.

Hekoropnle onepaTopnl NPH HCIOIb3OBAHHHM YKA33HHBIX BbIlle
0603HAYeHUH OKa3biBaOTcss 0COGEHHO NMPOCTHIMH B OOpalleHHH: 3TC
onepatopusl THna |u){v|, mAeficTBHe KOTOPHIX Ha KeT |w) naer xer,
NpONOpLMOHA/bHBIE |u), a uMeHHo ker |u){v|w) (MHOXHTEND
nponopuHoHaishocTd {v|w)), a mefictBHe Ha Jaboit Gpa (W}
naer 6pa, mpornopuuoHapHbl {v|, a HMerHo 6pa (w|u){v]. Ome-
partop |u){v| He umMeeT oGpaTHOTO.

§ 6. TeH3opHOe mpOH3BejeHHe ) ABYX BEKTOPHBLIX NpPOCTPARHCTB

Yro6rl 3aBepUIHTL 3TO BBefeHHe B BEKTOPHYIO aiare6py, ocraercs
ONpefeUTL 4aCTO HCMOJb3YeMyIo omepaudio o6pa3oBaHHS TeH30p-
HOl'o NMPOH3BELEHHUS] ABYX BEKTOPHBIX IIPOCTPAHCTB.

CMbICJl H HHTEPEC 3TOH ONepalHu MOMKHO HJNIOCTPHPOBATH cie-
AyOIIHM npHMepoM. PaccMOTpPHM KBAaHTOBYIO CHCTEMY, COCTOSILLYIO
n3 asyx uacruy. Ilpoussemenne W, (r;)W¥,(ro) BosHOBOH (GYyHKIHH
Yy (r)), OoTHocALIeHCS K IepBOH 4acTHIe, HA BOJHOBYIO (YHKUHIO
Wy (re), OTHOCAWYIOCA KO BTOPOH YacTHue, NPEeACTaB/seT HEKOTO-
poe uacTHoe cocrosiHue 3ToH cucTembl (§ IV.6). Camas obmas
BosaHoBasi ¢yHknus W (ry,ry) He ecTb YKasaHHOE IPOH3BEICHHE
$yHKIHHA, HO MOXKeT OblTh BCerjaa INpeicTaB/ieHa Kak JHHeHHad KOM-
6uHAnUS BOJHOBHX (GyHKuuA Takoro Buaa. OfHHM U3 MHOTOUYHC-
JeHHHX crocofoB Ro6uThCS 3TOrO ABAsteTcsl pa3noxenue ¥ B pan
0O TMOJHOH cHCTeMe OPTOHOPMHPOBAHHHX (YHKUMH ri; NOCKOJABKY
KO3(pQHIHEHTH TAaKoro psAna SBAAIOTCA (QYHKHUAMH ry, KaXIBA
ujeH psAla MMeeT (GopMy yKasaHHOTo Bhlle NpousBeleHHs. Takum
06pa3oM, MOJMHOE NPOCTPAHCTBO BOJHOBLIX (YHKUHH CHCTeMH 00-
pa30BaHO JIHHEHHBIMH KOMOMHALMAMH IIPOHM3BEJEeHHH BOJHOBHIX
(GyHKUHH, OTHOCAWMXCH K KaxAoH H3 oraedabHbX cucreM Wy (r)
u Wy(rs). ToBopsiT, uto mpocTpaHcTBo dyHkuuit ¥(ry, ro) sBAgETCH
TeH30pHLIM IlIponsBefeHHeM IpocTpaHcTBa GyHkuuil W (ry) u npo-
crpaHcTBa pyHrRuHE Wa(ry).

TIpoussenenuss ¥ (r;)Wa(r:) urpawnor ocobyw poab NpH H3yde-
HHM MOJHOH cHcTeMul. JleHCTBHTENbHO, AWHAMHUYECKHe NepeMeHHbie

4) TlpousBeaeHde 3TOTO THNA 4YacTO Ha3bLIBAETCS KPOHEKEPOBBIM IPOH3BE-
JieHHeM.
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YyacTHUL! | TMPeNcTaBASIOTCH HEKOTOPRIMH HabmiofaembiMH A, nefi-
CTBYIOIMMH HA (yHKuuo W(ry,ry), paccMaTpHBaeMylo KakK (pyHK-
IHs 7y, AMHAMHUYECKHEe NepeMeHHble YacTHIH 2 NPeAcTaBAsioTCs Ha-
6atonaeMbiMH Ag, ReHCTBYIOIIHMH Ha Ty e (QYHKIHIO, HO paccMar-
pHBaeMylo Kak ¢YHKHHA rp. $IcHo, uro Kaxjaas Habawojgaemas A,
KOMMYTHPYeT ¢ Kaxnaoii Habmiomaemo#t A, Korma W umeer Bug
Wi (r1)Wa(re), mefictBHe HAGMI0AAEMBIX 3TOTO THHA OCOGeHHO mpo-
cTo; Tak, Hanpumep, A;(¥1¥:) paBHo mpoussesenuio A;¥; na W,

IMpenuwecTByloue 3aMeyaHHst OTHOCATCH K JIOGHM KBAaHTOBHIM
‘CHCTeMaM, [ONYCKAIIIHM pasjesieHHe Ha ABe GoJsee MpOCTulie CH-
CTEMHI.

Ha abcrpakTHOM MaTeMaTHYECKOM s3bIKE, KOTOPHIM Mbl TOJb-
ayeMmcs B 3TOH IiIaBe, TEH30pHOe NPOH3BEJEHHE MOMXeT OuTb Ompe-
neneHo chaeayomum obpasom. IlycTe Mbl HMeeM JBa BEKTOPHBIX
npoctpancrea &1 H &2. BsaB ommu Ker-BekTop |u)() u3 mepsoro
H OIMH KeT-BeKTOp |u)® M3 BTOPOr0 NMpOCTPAHCTBA, MOXKHO OGpa-
30BaTh NMpou3BeleHHe KeT-BeKTopos |u)D|ud®. Onepanus o6paso-
BaHHA TAKOTO NPOH3BeJeHHS! KOMMYTAaTHBHA M MH HCHOJb3yeM 00o-
3HayeHHe

| w0y = a0y, (18)

Kpome Toro, nmpeamosoxum, 4To 3Ta ONEpanHst AUCTPUOGYTHBHA IO
OTHOLUEHHIO K cymme, Ecau

1
[y =210)" + piw)®,
| aDu@) = 2| oMud) 4 p|whu®),

Amnanoruuno, ecau

‘TO

|)® =41 0)® + | w)?,

| u(‘)u(2)> =A| u(‘)0(2)> + 1] u(‘)w(2)).

Ha ker-Bexropsl |u(Wu®) HaTSHYTO HOBOE BEKTOPHOE NMPOCTpPAH-
'CTBO, TIPOCTPAHCTBO &1 Q &2, KOTOPOE HA3LIBAETCH TEH3OPHBIM NPO-
useedenuem 8exTOpHeix npocrparcre &Y u E®. Ecau pasmepHo-
CTH 3THX TPOCTPAHCTB PABHH COOTBETCTBEHHO Ni M Ni, TO UYHCJIO
H3MepeHHH MPOCTpaHCTBA-npousBeneHuss paBHo NN, OgHako one-
panus o6pa3oBaHHs TEH3OpPHOro NMPOU3BEAEHHS BO3MOXKHA M KOrAa
OPOCTPAHCTBA 06/1aA10T OeCKOHEUHLIM UHCJIOM H3MepeHHus, Kak 3To
TOKA3biBaeT PA30OpAHHHE Bhllle NpHMEp,

Kaxpgomy auneitHomy omepartopy A() mpocrpancrsa &M coor-
BeTCTBYeT JIMHEAHLIA ONepaTop MPOCTPAHCTBA-NPOH3BENEHMS, KOTO-
puil Mbi 0603HaUHM TeM e cuMBosoM. Ecau neficTBHe omepatopa
AD ga moboit ket |u)) uzBecTHO

A(l) l u)(l) — l U>(l),

TO
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TO HeHcTBHe 3TOro omepaTopa Ha Ker-BeKTopht |u(Du®) mpocrpan-
cTBa-NPOU3BeJeHHs ompenensiercss Gopmynor

AW [y @y =] oMy @), (19)

a ero JeHCTBHe Ha NPOHU3BOJbLHLIA KeT-BeKTOP NPOCTPAHCTBA-NPO-
H3BeAEHHSI NOJyuaeTcss ¢ MOMOLIbIO JHHEHHOH cynepno3HuuH. AHa-
JIOTHYHO KaXAblH suHefHw# onepatop A® mpocrpanctBa & mnos-
BOJISIET ONpeAe/]HUTh JIHHEHHHIH omnepaTrop B MNPOCTPAHCTBE-TIPOH3-
BelEHHUH.

Kaxawit u3 onmeparopos A(D KOMMYyTHpyeT ¢ KaXAbIM H3 oOlle-
patopoe A®

[A(l), A(2)] =0.

HerpyaHo mpoBepHTb, HO/Nb3YsSCh CAMHMH ONpele/eHHAMH ome-
patopoB A} u A®, uro meficTBHe KOMMYyTAaTopa Ha BCAKHA BEKTOP
| uMu®y naer nyab:

A(I)A(2) l uﬂ)u(2)> — l 0(1)0(2)> — A(2)A(I) I u(l)u(2)>.

B npocTpaHCTBe-NPOH3BENEHHH MOXHO ONPefeNHuThb COOTBeT-
CTBHe MeXIy KeT- H Opa-BeKTOpaMmH, AeHCTBHe JHHEHHHIX OmepaTo-
pos Ha Gpa-BeKTOphl H T. A. Aire6panueckue NpaBuUNia, yKa3aHHHE
BHIlLle, OCTAIOTCH CIPAaBEAMUBHIMH AJMs BceX anreOpaHuyecKHX oOle-
paluii B TPOCTPaHCTBe-NpOH3BelAeHHH. JlOKAa3aTeNbCTBO ITHX pe-
3yJIbTATOB He COCTaBJsieT Tpyda M OyHeT 3liech OmyuieHo.

Pazpgea Il. 3PMHTOBbI ONEPATOPHI,
NPOEKTOPbI H HABJIIOJIAEMBIE

§ 7. ConpsixKeHHble ONEPaTOPhl K MPABUIIA CONPSHKEHHSA

Hcxons H3 B3aMMOOJHO3HAYHOrO COOTBETCTBHA MeEXJIy CONps-
XKeHHLIMH Opa- W KeT-BeKTOPaMH, MOXHO NOJYYHTb aHaJOTHUHOe
NPaBHJO COMPsi:KEHHS MeXAy JHHeHHHIMH ONepaTopaMH.

Mycrs A — nuuedinniit omeparop. Ilycrs |vu) ecTb keT-BeKTOp,
conpsikeHnnit 6pa-sektopy {u|A. Bekrop |v) 3aBucuT oT Opa-
BekTopa {u| aHTHJMHeH#HO, C/NeJOBATeNLHO, 3TO JHHEHHAs (YHK-
nust |u). Takoe JHHefiHOe COOTBETCTBHe ompenensieT JIHHEHHbHIH
onepaTop, KOTOPHIH HA3bIBAIOT ONEPAaTOPOM, IPMUTOBO CONPANCEH-
Howm A, Wi onepatopoM, npucoedunennoim k A, u 0603HauvaT
cumBosioM At

o) =A"|u).

Scno, yto AT =0, ecin A = 0, 1 Haob6opoT.
TMockoabky At|u) ecTb KeT-BeKTOp, CONpsAKeHHbA Opa-BeKTOPY
{u|A, cxansipHoe NMpoH3BeLeHHe 3TOrO KeT-BEKTOPa Ha NPOH3BOJb-
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Hoifi Gpa-Bektop <f| ecTp BeJHYHHA, KOMIJIEKCHO CONPsKEHHad,
CKaJsipHOMy mpousBeneHHo |f) Ha (u|A (cBoiictBo (8)). Orciona
fI0JyyaeM upe3BnYafHO BaXKHOE COOTHOIIEHHe

1A wy=(ul Al (20)

Tak Kak 3TO paBeHCTBO CIpaBeAJIHBO, KAKHMH GOul HH Oblin |u)
H |y, Ker-BekTOp, conpskenHut (f|At, pasen A|f). Cnenosa-
TeJbHO, ONEepaTop, SPMHTOBO COIpPsKeHHBI onepatopy At, ecrs
caum omnepatop A:

(4" = a. @)

AHanoruyHbiM o6pasoM monyyaeM chaenyioiiHe GyHHaMeHTa/b-
HbI€ COOTHOILUECHHUA:

(cA) = cAf, (22)
(A + B)' = A" + B, (23)
(AB)t = B*A*. (24)

OTMeTHM NepeMeHy HOpsALKa COMHOXKHTeNeH B mpaBoi yactu (24),
Jamouleil BuIpaXKeHHe AJs oNeparopa, HpHcoenuHeHHoro k AB. Jla-
Jiee, omepaTop, NpUCOeIUHEHHH K omeparopy |[u){v]|, ects

(luy o ) =] o)(ul. (25)

DpMHTOBO CONPSKEHHE LJsI ONEPAaTOPOB HIPAET Ty XKe PoJib, UTO
M CONpsiKeHHe MeXAy Opa- M KeT-BeKTOPAMH H KOMILJIEKCHOE CO-
TpsiXKeHHe /s uKceld. Bce 3TH onepauuu conpsikeHusi HMeloT 6oJib-
1l0e 3HaueHHe B pa3BHBaeMoM ¢opmanusme. O6oszHaueHus: lupaka
TI03BONIAIOT NPOM3BOJAUTL HX 6e3 Tpyaa B Jio60M alreGpaHyecKkoM
BbipaXeHdH. JlocTaTouHO cJeJlOBaThb TaKHM TMPOCTHIM MpPaBUAAM:
£Ce HUCAA BAMEHAIOTCA HA KOMNAEKCHO CONpAJCeHNble, 8ce 6pa Ha
conpasicentole KeT y Haobopor, 8ce oneparopsl-—Ha 3PMUTOBO CO-
npascentsle, a nopadoxk CUMBON08 8 KAXOOM 4ieHe MEHAETC HA
nporuaonoaoxHelti (T. e. TOPSIAOK Opa-BeKTOPOB, KeT-BEKTOpOB
H ONepaTopoB).

DTH npaBusa SBJSIOTCS OUeBHAHBIM 0006ileHHEeM COOTHOLIeHHH
(20), (24) u (25). Jagum HecKosbko mpumepo. Omeparop, 3pMu-
TOBO  compsbKeHHBIi  oneparopy AB|u)(v|C, ects oneparop
Ct|ov)lu| BtAT, 6pa-BeKkTop, CONpPSIKEHHbIA KeT-BEKTOpY
AB|u){v|C|w), ects Bekrop (w|C'|v)(u|BtA*; Bemuunna, kom-
miIekcHo conpsixkenHas (f|AB|u){v|C|w), ecTs

(w|C*|oy(u| BTA*|t)
HT. A.
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§ 8. ApmuTeBs (caMoconpsKeHHbie) OnNepaTopb, NON0KHTEAbHO
onpepeseHHble ONepaTopbi, YyHHTApHbIE ONEPaTOPLl

[lo ompexeneHuio JuUHeAHBIH onepaTop H Ha3biBaercs 3pMUTO-
8biM, €CJIH OH fIBAAETCH CONMPSXKEHHHIM caMoMy cebe

H=H".
Onepatop / Ha3bBaeTCs QHTUIPMUTOBLLM, €CJH
I=—1"

W3 atux onpeneleHHHl HETPYAHO MOJYYHThb CJAeAyOllHe CBOH-
CTBa OMepaTOPOB.

Beakuii muHeHHBH ollepaTop MoXKeT OBITh MpeACTaBaeH (H eAHH-
CTBEHHHM 00pa3oM) B BHJAe CYMMb! ABYX OllePaTOpOB, OXHOrO 3p-
MHTOBOTO, & JPYroro auTHIPMHTOBOTO

A=Hy+ 1, (26)
npuueMm
A+ At A— AT
HA=‘—‘i2——, 1A=_2_'_ (27}

Bceakag gauHefiHasi KoMOHHAUHs 3DMHTOBEIX ONEPaTOPOB C ge-
wjecTaennbiMy KO3pPHIKEHTAMH eCTb 3pMHTOB ofllepaTtop. Ilpoma-
BeneHrne HK aByxX spMuTOBHX onlepatopos H u K He obs3zarenbHO
3pMHTOBO, HOO, corjacHo (24),

(HK)" =KH. (28)

Onepatop HK 3pMHTOB TOJBKO NPH YCJOBHH, uTo0 H u K KoMMYy-
THpYloT. BrnpoueM, kommyratop [H,K] ecTp aHTH3pMHTOB onepa-
TOp, U pa3ioxeHnue (26) npon3seienus HK 3anuceiBaeTcsi B BHAe

HK="SRER 4 2w, K. (29)

Onepatop |ad{a| #aBasercs 3pMHTOBHIM omepatopoM. C mno-
MOIBI0 ABYX pas3JHYHBHIX KeT-BEKTOPOB MOXHO o0pa3oBaTh ABa
spMuTOBHX oneparopa |ad{a| u |b)(b|, HO mpoH3BeleHHe 3THX.
AByx onepatopos |a){a|b){b| TNpPONOPUHOHAJILHO OMEpaTOPy
|ad<b|, koTopuli He fBJAETCS 3PMHTOBHIM; TaKuM o0pa3oM, 3TO
Npou3Be/leHHe He 3PMHTOB oflepaTop (Kpome cayudas, Koraa ja)
H |b) OPTOrOHaJbHBI APYr ZPYTY, HO B 3TOM Ciyuae NMPOH3BeleHHE
PaBHO HYJIO).

FoBopAT, 4To 3pMHTOB onepatop H SBAAETCS NOAOHUTEALHO
onpedeseHHbiM, eCH '

(w|H|u)y>0, kakuM 6bl HH ObuT | u).

Onepatop |a){a| ecTb MNONOXKHTENLHO oOnNpejeseHHEA 3PMHTOB
oneparop.
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Onepartoph 3TOro TUna o6/1aAa0T 3aMeYaTEJIbHEIMH CBOACTBAMH
(cM. 3apauu 7 u 8). B uactHOCTH, ecan H — nosioXuTENbHO ompe-
JeJIEHHL 3DMHTOB onepaTtop, UMeer MecCTo o0o0ileHHOe HepaBeH-
creo llBapua

el H o) Pl Hu) (o] H| o)
npu JMo6HX [4) H |v);, paBeHCTBO peaJu3yercs B TOM H TOJBKO
B TOM ciydae, koraa H|u) n H|v) nponopunoHasbHsl ApYyr Apyry.
Kpome Toro, H3 paseHcTBa

(u|H|luy=0

Heobxopumo caepyer H|u) = 0.
Onepatop U Ha3biBaeTCs YHUTAPHLIM, €CAH OH fBJIAETCH 06-
PaTHBIM K CBOEMY CONPSIXKEHHOMY:

vt =U'U=1.

Ilpoussenenne W == UV pByx yHutapHux omepatopos U, V ectb
yHHTapHHIH onepartop. [lelicrBurenbno (csoiictea (15) u (24)),

Wl=vUT =vUt=w"
§ 9. NpoGremMa coGCTBeHHbIX 3HauYeHnil n HabJwAaeMbie

. Nyers A — nuueiiun#t  oneparop. Torma, no onpepefeHHro,
KOMILJIEKCHO€ YHCJIO g eCTh coOcTBeHHOe 3HaueHHe A, a KeT-BeKTOp
|u) ecTb coBCTBeHHBIA KET-BEKTOp, MPHHALJeXAIHA a, eClaH

Aluy=alu).

Ananornuno (4’| ectb coOCTBeHHBI Opa-BeKTOp, MpUHAAIexKalHi
a’, ecau
WiA=a |

Ecan {u)— coberpennniii  ker-Bektop A, To J060H BekTOp
THNA ¢|u) Takxke eCTb COOCTBeHHHIH KeT-BeKTOp, MpHHAMIeXauuh
TOMY XKe COOCTBeHHOMY 3HAUeHHIO; €CJH CYLIeCTBYeT HeCKOJbKO
JMHEHHO HEe3aBHCHMHX BEKTOPOB, OTHOCALIHXCH K OLHOMY co06-
CTBEHHOMY 3HAYEHHIO, TO BCAKAf JuHelHasd KOMOHWHAUMA STHUX KeT-
BEKTOPOB TaKXKe MPHHANJIEKHT TOMY Ke COOCTBEHHOMY 3HaueHHIO.
VIHBIMH CJOBaMH, MHOXeCTBO COOCTBEHHHIX KeT-BEKTOPOB, NMpPHHAK-
JéxallHX OAHOMY JAaHHOMY coOCTBeHHOMY 3HaueHHIO, olOpa3yer
BEKTOPHOE MPOCTPAHCTBO; OyleM Ha3nlBaTh €ro NOORPOCTPAHCTEOM,
oTHOCAWuMca K cobersennomy 3nadenuro a. Ecau ato moanpocr-
PAHCTBO OJHOMEPHO, TOBOPAT, YTO COOCTBeHHOE 3HaYeHHe MPOCToe,
HJHM HeBHIpOXIEHHOE. B MpOTHBHOM cCJyuae uMeeT MeCTO 6bLpOXc-
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denue, NpHYEM MOPAAOK BHIPOKAEHHS MO ONpefeseHHI0 PaBeH YHCTY:
H3MEPEHHA COOTBETCTBYIOUIEr0 [OANPOCTPAHCTBA; MOXeT CJay-
4YUTbCS, YTO BHPOXKJAEHHE HMeeT H 6eCKOHeuHH i NOpsAnoK.

Te ke 3ameuanust OTHOCATCA K COGCTBEHHHIM Opa-BEKTOpaM.
Ecni A — npou3poJbHHEA JHHEHHEIA ofepaTop, TO HHKaKOH MpocTof
CBAI3H MeXAy npobaeMoll COGCTBEHHEIX 3HAYEHHH JJSl KeT-BEeKTOPOB
H npobJieMol co6cTBeHHHIX 3HaueHHH AJ5 Opa-BeKTOPOB He cylle-
creyer. OIHaKO B NMPaKTHYECKH BaXkKHOM clyuae 3PMHTOBOro ome-
patopa A 3TH npo6jeMb TeCHO CBSI3aHB MeXAY COGOH.

Ecnn A 3pMHTOB omeparop, To:

1) oba cnekrpa co6CTBEHHBIX 3HAYEHHH HUJEHTHYHHI;

2) Bce co6CTBeHHBIE 3HAYEHHS BellleCTBEHHHI;

3) BcAkHE Gpa-peKTop, CONPAXeHHHH COOGCTBEHHOMY KeT-BeK-
Topy onepatopa A, fBAseTcsd COGCTBEHHHIM Opa-BeKTOPOM, OTHOCH-
IIHMCS K TOMY Xe COOCTBEHHOMY 3HayeHHI0, H HAao00pOT; HHBIMII
CTOBaMH, MOAMPOCTPAHCTBO COGCTBEHHHX-- 6pa-BeKTOPOB, OTHOCH-
uieecsl K JaHHOMY cOOCTBEHHOMY 3HAUeHHI), AyaJbHO NMOANPOCTpPaH-
CTBY COOGCTBEHHBIX KET-BEKTOPOB, OTHOCAILEMYCS K TOMy Xe coG-
CTBEHHOMY 3HAY€HHIO. '

IlokasateabcTBe CcBoficTBa 2) € TOYHOCTBIO 10 obo3Hauenni
copnajaer ¢ npusegeHHsiM B § V.5, Ecan A = At u Aluy = a|u),
TO

WwlAluy=alulu)

Hu, IIOCKOJ'Ibe,
Wl Aluy = (| A% uy=(u]Alu),

{u|A|u) BemecrBenHo BMecTe ¢ {u|u), MOITOMY a BeUIECTBEHHO.
To xe H0OKa3aTedbCTBO MOXKHO MPOBECTH 11 COGCTBEHHOI'O 3Haue-
HHUA, OTHOCsILErocsi K 6pa-BeKkTopy.

KpoMe Toro, mockoJbKy BCAKoe COOCTBEHHOE 3HAUeHHe Bellle-
cTBeHHO, paBeHcTBO A|u) = a|u) Bieyer 3a cobolt (u|A = alu|
H obpaTHO; oTci0Aa Ge3 Tpyaa moayuaioTcs cBofictea 1) u 3).

HOpyruM BaxKHBHIM CBOHCTBOM COGCTBEHHBIX BEKTOPOB, MPHHAZL-
JIeXailuX pPasiHuYHBIM COOGCTBEHHHIM 3HAUEHHSIM, fABJISETCA CBOMH-
CTBO HX OpPTO20HAAbHOCTYU. J]0Ka3aTeJbCTBO He OTJIHYAETCS OT MPH-
BeaeHHoro B § V.5. Ecan |u) u |v) — coBCTBeHHBIE KET-BEKTOPHL,
OpHHAJJleXkallue PasjuuyHBIM COGCTBEHHLIM 3HAUeHUAM 4 W b~

Aluy=alu), (W|A=b(v],

TO, YMHOXKas MepBoe ypapHeHue CKaaspHo ciaesa Ha {v|, a BTO-
poe—cnpaBa Ha |u#) M BHYHTas OJHO H3 JIPYroro, MOJYy4HM

0={(a — b){v|u).
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Tlostomy, ecnn a #%= b, To
(v u)=0.

Bo BCEX 3THX PacCyXAeHHAX MOJYAJIUBO NpeANOJaraercs, 4To
coGcTBeHHBle BEKTOPHl MpUHaAJexaT npocrpaHcTsy manbepra. Ho
TaKasi MOCTAHOBKA NpolbJeMbl COOCTBEHHBIX 3HaueHHH OKa3HBaercs
CJMIIKOM OTPaHHYEHHOH H He MOXeT YAOBJAETBOPHTbH BCeM MOTPeG-
HOCTSIM KBaHTOBOH TeopuH. B KadecTBe nomycTHMBIX COGCTBEHHBIX
pelleHHH MBI JOJKHBI PacCMaTPUBaTh TaKXKe H BeKTOpH ¢ OeCKo-
HeuHoll HOpPMOH, YROBJIETBOPSIOIIHE YCJIOBHAM, YIOMSHYTEIM
B KoHUe § 4. DTH BEeKTOpHl MpHHAAMEKAT COOCTBEHHHM 3HAUEHHAM
H3 Henpepovlenoeo ChexkTpa.

TpyaHocTH, BO3HHKAWOLIHE MPH HCCAEAOBAHHH HeNPepHBHOIO
CneKTpa, NOAPOGHO OOCYKAAJHCh B IM1. V H Mbl He OyaeM BO3Bpa-
maThCd K HHM 31ecb. OCHOBHBlE Pe3yJabTaThl MOTYT GulTh Ge3 Tpyida
BhlpaX{€Hbl B HAaWIHX HOBHIX O6o3HaueHusx. Csomictsa 1), 2) u 3)
OCTaIOTCA CNpaBelJHBLIMH B Cjydae HelnpephlBHOro crekrpa. Uro
Ke KacaeTcss CBOHCTBA OPTOTOH2JBHOCTH, TO €ro yI00HO 3amHChi-
BaTh C noMolubilo §-pyHkuuu Lupaka.

BepHeMcsi B KauyecTBe NpHMepa K 3pMHTOBOMY ONepaTopy H3
§ V.9, cnekTp coOCTBeHHEIX 3HaueHHH KOTOPOTO COAEPKHUT PAx AH-
CKpeTHHIX 3HaueHHH a, H HenpepuBHY yacTh a(v). CobGCcTBeHHBIE
¢GyHKIHH @7, oTHOCAlHecs K COGCTBEHHOMY 3HAUeHHIO G, Npel-
CTaBJSIOT OPTOHOPMHPOBAHHHE KeT-BEKTOPHI, KOTOPHe Mbl 0003Ha-
yaeM CHMBOJIOM |nr). AHadornuyso co6cTBeHHBle PyHKIHH @M (v, p)
NpexCTaBIAIOT KeT-BeKTopHl |vpr). CooTHOWeEHNA OPTOHOPMHPOBAH-
HOCTH MeXAy pPa3JHUHLIMH KeT-BEeKTOpPAMH 3aNHCHIBAIOTCH B BHIE
(ypasHenue (V.38)):

(nrin’r’y=2%,,9,, (30a)
(nr |vp'r'y=0, (306)
vor |vp'ry=238(v—v")3(p — )8, (308)

Ecan MHOXeCTBO cOOCTBEHHEIX BEKTOPOB pacTATHBAeT BCe IPO-
CTPaHCTBO, HHaye TOBOPA, eCIH BCAKHH BEKTOP C KOHEYHOH HOp-
Mofi MoxeT OBITb pa3joxeH B psA (HAH HHTerpajg) Mo B3THM
CcOGCTBeHHBIM BEKTOPaM, TO TOBOPAT, YTO OHH 0O0pa3ywT HOAHYIO
cHCTeMy H UYTO 3PMHTOB ollepaTop ABJfeTcA Habarodaemoti. Cpelu
IPMHTOBHIX ONepaTOPOB MPOCTPAHCTBA & TOABKO Habnwaaembie J0-
nycKaT (H3HUECKYI0 HHTepNpeTanuio.

BuisicHeHHe BOMNPOCa O TOM, ABJASETCS JH 3aJaHHbLIH 3PMHTOB
onepatop Haba0AaeMoH, yacTo fABASAETCA CJAOKHOH MaTeMaTHue-
ckoii sajaued. ONHAKO CYyIIeCTBYEeT OueHb BaXKHHBIH Kjaacc omepa-
TOpPOB, AJS1 KOTOPHX 3Ta 3ajaya pellaeTcs IPOCTO— 3TO oMepa-
TOPHl MPOEKTHPOBaHHA.
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§ 10. MpoekTopbl (MM ONEPATOPHI NPOEKTHPOBAHHSA)

Ilycte S — moampocrpaHcTBO mpocTpancTsa I'mabbepra &, a
S* —ero pmonosHenHe. Bcsikuit KeT-BekTop |u) obaajpaer Mpoek-
nHedl Ha MOANPOCTPAHCTBO S H NMpoeKuHeld Ha MOANPOCTPAHCTBO SX;
5TH 1BA BEKTOPA |ug) M |u¥) ONpPeAeNAAOTCS eQHHCTBEHHBIM 06pa-

30M, TaK 4TO
|u)=|us>—|— |u§<> (31)

KaxzoMy KeT-BEKTOPY |u#) COOTBETCTBYET, TAKHM 00pa30M, OMHH
H TOJNLKO OJMH KeT-BeKTOp |us). JIerko BHAeThb, Y4TO 3TO COOTBET-
ctBue Jaunelinc. OHO onpepesnsier HEKOTOPHIH JMHEHHLIH OMEpaTop
Ps, KOTOphi#i Ha3biBaeTCs Oneparopom NpoeKTUposanus Ha Tol-
npocTpaHcTBO S (MaH npoekTopom Ha S):

Pgluy=ug).
dOrto 3pMHTOB omnepaTop. JleficTBHTeNbHO, KAKHM Obl HH ObLA
|v),
(| Pglvy=(ulvg)=/"us|vs) = us v},
CJIe10BaTENBHO,
Wl Ps=(usl.

Ouesugno, 4to Ps siBAsercs HabaofaeMoli ¢ AByMs COGCTBEHHBIMH
sHavenuaMu O u 1, IOANPOCTPAHCTBAMH KOTOPBIX SBJSIOTCH, COOT-
BETCTBEHHO, SX H S.

KpoMme Toro, MOCKOJIBKY NpH J060M | 1),

Piluy=Pg(Pslu))=Pglug)y=|us)=Pglu),
Py ynoBneTBOpsieT OllepaTOPHOMY YyPaBHEHHIO
Ps=Ps.
OGpaTHO, MOXHO YTBePXKAATb, YTO BCAKHH 3DMHUTOB ONepaTtop
P, ynoBJeTBOpAOLIHA ypaBHEHHIO
P2=Pp, (32)
siBJisiercsl MpoekTopoM. [loanpocTpaHcTBo S, Ha KOTOpOe OH NMpOEK-

THPYeT, SIBAfieTC MOANPOCTPAHCTBOM, NpHHAJJIeKAIlHM ero cob-
CTBeHHOMY 3HayeHHio I.

HeficTBuTEBHO, €ciM p eCTb COGCTBEHHOE 3HAUYeHHe HTOTO Onepatopa, a
{p) — omuu M3 COOTBETCTBYIOMINX COGCTBEHHBIX BEKTOPOB

Plpy==p|ph
TO, corsacHo ypasueruio (32),

=(P*—P)|py=(p* —p)|p)

H, TOCKOJbKY KeT-BeKTop |p) He paser Hymo, p®— p= 0. Hpaue rosops, Bo3-
MOXHEIMHM COGCTBEHUBIMU SHAYEHUAMHU SABJAIOTCH roJibko O u 1.
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. Onepartop P ecth Habmofaemas, Tak KaK BCAKHH BeKTop |u) Mmoxer GMTh
NpejCcTaBJeH B BHAE CYMMH COGCTBEHHMX BEKTOPOB oneparopa P. JleiicTeHTesbHO,
MOJXHO HallHCaTh

tuy="Plu)+ (1 — P)[u). (33)

Bexrtop Plu) ects cobersenublii XeT-BeKTOp onlepaTopa P, mpuuagnexatuii co6-
CTBEHHOMY 3HaueHHIo |, Tak Kak 1o ypaBHeruo (32)

PYlyy= P(Plu))=Plu)

Bektop xe (1-—P)|u) ecTb COGCTBEHHHI BeKTOp, NpHHAAJMeXalIHi cOGCTBEH-
HoMmy 3HauerHio 0, n6o

P (1 = P)ju)=(P — P?) | u)=0.

Herpyauo nposeputsh, uto sektopu Plu) u (1 — P)|u) oproronanbusl Apyr
OPYry, a NO3TOMY CyMMa HX HOpM papHa HopMe pektopa |u). Takum oGpasowm,
3TO BEKTOPW C KOHEYHOH HOpPMOH, OHH npHHAalJ/exar npocTpaHcTsy [usbGepra.

ITycts 8 ecth mopmpocTpaHCTBO COGCTBEHHMX BeKTOPOB P, OTHOCAWIMXCS K

co6cTBeRHOMY 3HaueRHI0 1. JlononruTeabHoe K S moampoctpaHcTso S ecTh nog-
NIPOCTPAHCTBO BEKTOPOB, OPTOrOHAJMbHLIX BEKTOpaM MoAnpoctpanctea S; oo 06-
Pa30BaHO MHOXECTBOM cOOCTBEHHHX BEKTOPOB P, NpHHAJMEKAUHX cOGCTBEHHOMY
anayennio 0. CorsacHo passnoxenuo (33), nefictBHe P Ha NpPOH3BOJIBHBIA BEKTOP
|u) cBomuTcs K mpoekTupoBaHHIO 3Tero Bektopa Ha S. Tlosromy oneparop P u
Ha3MBaeTc onepaTopoM npoekTHposanus Ha S. Torpa sicHo, 4To omepatop

(1 — P) ectb onepaTop NpoeKTHpoBaHHs Ha S*.

CeoficTBo, Kacamouleecsi HOPMH P|u), ynoMsiHyToe BHlllle, MO-
KeT GblTh NepelHCcaHo B BHAeE

0< (P uy<(ulu. (34)

Ecan (u|P|u) = 0, To BeKTOp |#) COEPKHTCS LENHKOM B SX.

Ecan (u|P|u) = (u|u), T0 BeKTOp |u) COMepKHTCA WUeTHKOM
B S.
3acayxkHBalT YIOMHHaHHS ABa HpeZeJbHBIX cayuas. Koraa
MNOAPOCTPAHCTBO S COBMAAaeT C CAMHM MPOCTPAHCTBOM &, BCAKHUM
KeT-BeKTOp |u) fBJAfieTcs CBOed COOCTBeHHOH NpoeKuHeH: HMeeM
(u|P|u) = (u|u) npu mobeX |u); moanpocTpaHcTBO SX mycToO.
310 cayuai P=1.

Jpyrofi KpaiHHi caydall peaJu3yercs TOT1a, KOrjia NoANpocTpaH-
cTBO S mycre (HONCJAHHTENBbHOE MOAMPOCTPAHCTBO S* coBnajgaer ¢
camum mnpocrpaHctBoM &): (u|P|u) =0 npu dw0b6om |u). dro
cayusalt P == 0.

[lpuBeneM HECKOJbLKO THIHYHHIX NPHMEPOB ONEPATOPOB MpPOEK-
THPOBaHHS. .

[Tyctb KeT-BeKTOp |@) HOPMHpOBaH Ha eauHuLy. OH pacrsruaer
OJHOMEepHOe MoanpocTpaHcTBo. O603HAUHM CHMBOJIOM |ug) MPOEK-
LHIO TIPOH3BOJILHOTO BeKTOpa |#) Ha 3TO MOANMPOCTPAaHCTBO

|y =) + | ). (35)
CorstacHo npeiIoIoKeHHIo
(alufj)=0, Iua)=c|a).



§ 10. TPOEKTOPHI (MJIM OMEPATOPH MPOEKTHPOBAHMS) 957

YMmHoXkas caeBa obe croponsl ypaBHeHus (35) Ha {a|, monyuaem
¢ ==<{a|u). CregoBarenbHo

| uzy=1\a){alu).

Takum o6pasom, onepaTOpoM [POEKTHPOBAHHS Ha |a) fABJAETCH
onepaTop

P,=lay(al (ala)=1), (36)

OnepaTopsl NPOEKTHPOBAHHS 3TOTO0 THIA MbI OyieM Ha3bIBaTh 94€-
MEHTAPHBIMU NPOCKTOPAMU.,

PaceMoTpuM Telepb NOCA€A0BATETbHOCTE OPTOHOPMHPOBAaHHBIX
sexktopos 1), |2), ..., |N)

(m|n)=2=8y, (m,n=1,2,..., N).

Ha 3Tn BekTOpH HaTArHBaercss HEKOTOPOe NOZNPOCTPAHCTBO &
(c unciaom u3MepeHHH N) TOro NMpocTpaHCTBA, KOTOPOMY HpPHHA-
JexaT yKaszanHbie BeKTopbl. HeTpyano mokasaTe, 9Tc oneparop

N
P= mg}; m) (m | (37)

ABJAETCS ONMEpaTeopPOM INIPOEKTHPOBaHHA Ha &).

Jo cHX Mop paccMaTpHBAJHCh TOJBKO BEKTOPHl C KOHEUHOH HOP-
moii. Ho Kak Mpl 3HaeM, MOXXHO paCcCMaTpHBaTh H MOCAeAOBaTelb-
HOCTH KeT-BEeKTOPOB |E), 3aBHCSLIHX OT HenpephHIBHOTO HHIEKCA,
H3MeHsoLlerocss B HekoTopoil obaactu (&, &). [lpernoaoxum, uro
cobeTeennnie puddepenunase, o6pa3cBaHHEle H3 3THX KeET-BEKTO-
POB, HMEIOT KOHEUHYIO HOPMY M HpPHHAIJEKaT HCCJIEAYEMOMY Npo-
crpadctey I'manbepra. [loatomMy, Kak ObJIO BHISICHEHG panee,
a0as nHHeHHas KOMOHHAIHA 3THX BEKTOPOB TaKXKe MPHHALJEKHT
npocrpanctBy I'mibbepra, a MHOMXeCTBO JHHEHHbIXx KOMOHHaLHil
o6pa3yer MOANPOCTPAHCTBO NMOJHOro npocTpaHcTBa I'HanbepTa; 3To
MoLNpOCTPaHCTBO &o HATAHYTO Ha KeT-BekToph |E). Ilpeamoso-
KHM, Jajlee, YTO BEKTOPHl |E). y1OBJIETBOPSIOT yCJIOBHIO «OPTOHOP-
MHDPOBaHHOCTH»

E1gy=208( —§. (38)

OueBHjiHO, 4TO OmepaTop
£

P= {1 ae (39)
gl

ecTb OlepaTop MpoekTHpoBanHd Ha &». Ha caMom JIese, BekTop

£
Poiuy= {19 aselu),
3

9 A. Meccna
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noJlyuaeMblii pH JeHCTBHH onepartopa Ps; Ha MPOH3BOJbHHIH BeK-
TOp |4), HeCOMHEHHO NpPHHaAJNeXHT &9, NOO BHpaxaeTcss B BHIAE
JAuHeHHOH KOMOHHALHH BeKTOPOB |E);  HAmpOTHB, pa3HOCTb
(1 — P,) |u) oproroHalbHa KaMJAOMy BEKTOPY MOCHeA0BATENbHO-

ctH |E):
E (1 = Py)luy=

33 5
=@lny—{@wmaen=¢w— {sE¢—yaEuv=0
& &

H, C/lef0BaTENbHO, OPTOrOHaJbHA 82.

§ 11. AsxreGpa npoekTopos

[TpoexTopn, aeficTBylomue B npoctpaHcTBe [nianbepra, uMeOT
IpPOCTOH TrecMeTPHUECKHH CMEBICA H TO3TOMYy MpeiACTaBaAsi0T 60Jb-
moit untepec®). IlpuBenem 37ech OCHOBHBHIE MOJOKEHHs ajarelpot
3THX onepaTopoB. Beuay Toro, 4To mokKasartenncTBa B OOJBIIHHCTBE
cIyyaeB BMUJHE 3J€MEHTAPHH, Mbl OTPAHHUHMCH YKa3aHHEM TOJb-
KO NPHHIHNA, OCTABJAS UHTATENI0 BO3MOKHOCTh NMPOBECTH paccyxk-
JIeHus B0 KOHIA.

Iycre P;, P;—onepatopsl NpOeKTHPOBaHHS Ha MOANPOCTPaH-
crBa &;, &; npocrpanctsa I'napbepra &. Urobu npoussedenue

Puj=P;P,

TaKxKe OLIJIO OnepaTOpoM NPOEKTHPOBaHUS HeoOXOAHMO H JocTa-
TOYHO, YyTOOB P; U P; KOMMYTHPOBAJH.

YcaoBue ato HeoOXoaumo, n60 6e3 Hero Pj;;) He Obij OBl 3pMH-
ToBHIM omepatopoM. Ho oHO u mocraTouyHO, TaK Kak B 3ToM cayyae
P;jy 5PMHTOB oneparop, npuyem '

P}jj=PP;P;P;= PiP}=P,P;= Py

CooTBercTByIOLlEE MOANPOCTPAHCTBO & iy €CTb nepeceyexHue
noanpocTpancTe &; U &, T. e. NOANPOCTPAHCTBO BEKTOPOB, OOUIHX
a8 &; v &;. 3aecb BO3MOXKHHE [Ba KPadHHX cCJydad: TOT, KOTjia
&) UAEHTHYHO OJHOMY H3 ABYX YKAa3aHHBIX MOAMPOCTPAHCTB, H
ToT, KorAa &y nycro. B mepBom ciyuae, Hanpumep, &; siBaferca
MOANPOCTPAaHCTBOM &, BO BTOPOM — NopnpocTpancTea &; H &; op-
TOTOHAJBHHI.

HerpynHo, najee, 10Ka3aTh CAedyiOllde IBa MOJOKeHHA.

5) PaccmoTpenHe npo6ieMbl HenpepeIBHOrO crekrpa meronom ¢ou Heiimana
OCHOBAHO HA CHCTEMAaTHYECKOM H3yUYeHHH CBOJCTB MPOEKTOPOB B IIPOCTPAHCTBE
TuibGepra; STOT METOA 44T BO3MOXKHOCTH NPEojo/eTh BCe TPYAHOCTH HEeNpepuiB-
HOFO CHeKTpa, He BHIXOAA M3 mpocTpaHctsa [mab6epra (CM. KHHIH, UUTHPOBAHHBIE
B cHocke V.3). -
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Yrobul &; Obla0 moanpocTpaHcToM &; (T. e. yToOBl Kaxabii
BEKTOP NOANPOCTpaHcTBa &; GbI BEKTOPOM NOANPOCTPancTBa &)
HeoOXOAHMO H AOCTaTOYHO, 4TO6H

P,P;=P,.
Urobu &; U &; OHJAH OPTOrOHANBHLI, HEOGXOAMMO H AOCTATOYHO
BHINIO/IHEHHE PaBEHCTBA

PP =0. (40)

B 3TOM cJyuae roBOPSAT, YTO APOEKTOPbL OPTOZOHAAbHbL.
UTo KacaeTcs cymmbl npoeKTopos, TO 34eCh MH HMeeM BaXKHYIO

Teopemy:

Nycre Pi, Pj, Py, ... olepaTopbl NPOEKTHPOBAHHSA HA MOINPO-
crpaHctBa &, &, &r, ... coorBercTBeHHo. UrtobH HX cymma P; 4
-+ P; 4 Pr 4 ... TakKe 6bula ONepaTOPOM NPOEKTHPOBaHUSA, Heob-

XOJHMO H JHOCTAaTOYHO 4TOGHI 3TH OMnepaTopu ObuiH NnomapHo OpTo-
roHanpHel. IlognpocTpancTBo, Ha KOTOpOe OCYLIeCTBJsSEeTCS MPOeK-
LUHS, €CTh B 3TOM cJydae ApAmas CYymma, Unu oGveduHerue
nOANPOCTPaHCTB &, &, &k, ... (T. €. MHOXKECTBO BEKTOPOB, TOJY-
yaeMoe JHHeHHOH Cynepno3uuuell BEKTOPOB, NPHHALNEKAIIHX KaAXK-
JIOMY H3 3THX NOJMNPOCTPAHCTB).

YcnoBue OPTOTOHAJMbHOCTH, OYEBHAHO, AOCTAaTOYHO. Yrobm JOKa3aTb ero He-
06X0}U{MOCTB, JAOCTAaTOYHO JA0Ka3aTbhb €ro AaJas cjaydyas CyMM JABYX OlepaTopoB
S = P;+ P;. Oneparop S, oueBHnHO, 3pMuTOB. UT06HI BHIIOAHAJIOCH yCTOBHE
8§? = 8, neo6xoaumo, 4To6n PiP; + P;P; == 0. YmMHOXHasd 3T0 ypaBHeHHe Ha P;
CHauaJia cJ/ieBa, a NOTOM CripaBa, noJy4daeMm
\ PP 4+ PP P =PP P +PP =0
OTKY1a i

Pin = P].Pi =—2—(PiPi + PjPl.) =0,

Onepatop P; u3 ypaBHeHHsi (37) ABIfeTCs NPHMEPOM CYMMBI
OPTOrOHAJbHBIX NMPoeKTopoB. OneparTopl NpoekTHpoBanus |m){m|,
Gurypupymouie B 370d CyMMe, SIBJISIOTCS 3JeMEeHTAPHEIMH [POeK-
TopaMH. SlcHo, 4TO mpocTpaHcTBO &, Ha KOTOPOe OCYUleCTBJsSeTCS
IPOEKTHPOBaHHe, ABJaseTcs obbelHHEHHEM INPOCTPAHCTB, Ha KOTO-
pbie MPOEKTHPYIOT OTHeJbHEE ONepPaTOphl, BXOAALIHE B CyMMy. By-
Iyun obbennHeHHeM N opHOMepHHX MPOCTPAHCTB, MPOCTPAHCTBO &
umeer N uamepenu#, a onepatop P sBasierca cymMMol N aneMeH-
TAapHEIX OPTOTOHAJIbHBIX NPOEKTOPOCB. ,

Ecan N 5= 1, to P, npeacraBasercsa B 3toil dopme OecuHcieH-
HEIM uHciaoM cmocobor. HehicTBHTenbHo, ofo3HauuM cumMBoJaOM {1}
nocaenosareabHocts |1), {2), ..., |N) u3 N opTOHOPMHPOBaHHHIX
BeKTOPOB, npuHaiiexamux &;. [locaeroparenbrocts {n} obpasyer
6a3HCHYIO CHCTEMY BEKTOPOB B & B TOM CMBICJIE, YTO KaX/JbH BeK-
TOp u3 &) MOXKeT GHTb JHHeHHO BbipaxkeH yepe3 3TH N BEKTOPOB;
YCTAOBHMCSl CUMTATL TOXIEeCTBEHHEIMH Ga3HCHEIE CHCTeMBl, BEKTOPSH

O*
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KOTOPBIX OTJHYAIOTCA TOAbKO Cpa3OBbIMH MHOXHTENAMH HJIH 1I0-
PARKOM pacnosoxeHna B nNoCaei0BaATEeJAbHOCTH, HpH 3TOM OYeBHAHO,
4To

N
P1=n§=31|n><n|

¥ CYLIECTBYET CTOJbKC BHIpayKeHHH AJas P;, CKOJbKO CyLleCTByeT
pa3JHYHEIX Ba3HCHBIX CHCTEM.

DTH paccyxk/jeHHs 6e3 Tpyza o0ofmarTcd Ha cayuaH, KOria
MOANPOCTPAHCTBO S, HA KOTOPOE OCYIIECTBJSIETCA NPOEKTHPOBaHHE,
obnagaer GecKOHeYHHIM UYHCIOM H3MepeHuil. B reopun npocrpaHcTBa
T'nabbepra zokaspiBaercsi, YTO BCErAa MOXKHO clenaTb BHOOpD B &
(1 OecuHclieHHBIM uHcIOM cnocoOoB) 6asucHOf cHcTeMmbl {n} =
= 1), |2), ..., |n), ..., conepxamell GeCKOHeUHYI0 CUETHYIO
JI0CIeOBATEJNLHOCTh OPTOHOPMHPOBAHHLIX BekTOpoB. [Ipoextop P
Ha S MoOxeT OHTb NPEACTABNEH B BURE pAJQ U3 3NEMEHTADHbIX Op-
TO2OHQAAbHBIX NPOEKTOPOS

P=§11n)(n 1.

Onnako B S MOXHO MOCTPOHTh H GA3HCHYIO CHCTEMY, COAEpKa-
IIyiI0 KeT-BeKTOPH, 3aBHCALIHE OT HenmpepuiBHOro HHaekca. Ilpen-
MOJIOXKHM, HaNpHUMeEp, YTO CYULeCTBYeT MHOMKeCTBC (6ecKoHeuHoe
KOHTHHYyaJIbHOe) BeKTOPOB |E) ¢ GeCKoHeuHOH HOPMOM, 3aBHCSLIHX
OT HelpepHBHO H3MeHSAMOLlerocsd HHAEKCA H yROBJETBOPSIOUIHX yC-
JIOBUAM <«OpTOHOPMUpPOBaHHOCTH» (38), H HpeRNONOKUM TaKiKe,
4TO MOAMPOCTPAHCTBO S 06pa30BAHO MHOXKECTBOM BEKTOPOB C KO-
HeyHOH HopMO#H, 00pa3oBaHHEIX [1yTeM JHHeHHCH CYMeprno3HIHH
KeT-BeKTOpoB |E) H3 HekoTopod objactu (&, E2). B aTom cayuae P
MOXKHO TaKxke NpelCTaBHTb B BuAe (39):

1
= V9 ascel
&

B s1oit popme P Bce ellle MOXKHO PaccMaTPHBATh KaK CyMMy OpPTO-
TOHAJMpHEIX NpPoeKTOpoB. Pa3jgennm .o6iacts HHTerpupoBanus (&, &)
Ha HEKOTOpOe YHCIO0 4YacTHuHbX obmacteii. Toraa P ectb cymMma
TNPOEKTOPOB, MOJYYEHHBIX MMPH HHTETPHPOBAHHH |&)dE(E| no Kax-
IO H3 3THX yacTHUHHEIX o6GAactell. DT nomobaacTu MOryt ObITh
BbI6paHbl CKOJIb _YFOAHO MAJBLIMH. O6o03Hauum cuMBosoM §P onepa-
TOP, IIOle‘IEHHbIPI HHTerpHpoOBaHHeM MO 6eCK0Hequ MaJioMy HHTep-
Bany (&, &+ dg):

40k

sp={ 1har @)
§
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-torga P ectb cyMMa GeckoHeyHO 6oJblloro yucia oneparopor OP.
Mupl GyJeM HasbBaTh omnepatoput Tuna 8P dudpepenyuarsroimu
NPOeKTOpamu; MPOCTPAHCTBO NPOEKUMH, COOTBETCTBYWllee omNepa-
TOPY 3TOr0 THIA, uMeeT GeCKOHEUHOe YUCJIO H3MepeHHi.

§ 12. Hadaiopnaemble, o6anaiouie TONbKO JHCKPETHBIM
CHEeKTPOM

[lycte A — 3pMHTOB omeparop. B atom maparpade wmmt pac-
¢MOTPHM Mnpobaemy coOCTBEHHBIX 3HAYeHHH, OPraHUYHBAsiCh CJAY-
yaeM, Korza coOGCTBeHHbie BEKTODhl NpHHAjA/MexaT NPOCTPAHCTBY
T'uabGepra. CobGcTBeHHble 3HauYeHHs 00pasyloT AHCKPETHYIO NOce-
JOBATeNbHOCTL A1, A2, «..y Gny «.. . IlycTh &, €cTb mOANpPOCTpaH-
CTBO, NpHHajJexaulee cOGCTBEHHOMY 3HAaYEHHIO Qn, Pp-— NPOEKTOP
Ha 3TO0 noanpocrpaHcTBo. Ecau cobGcTBeHHOe 3HAayeHHe a, HeBbl-
poXKaeHo, TO &, HMeeT OJHO .H3MepeHHe H P,— 3jieMeHTapHBIA
npoekTop. B mpoTrHBHOM cJyuae Bceraa MOXKHO cpesnaTs BbIOOD
(n GecudcNeHHBIM YHCJIOM cnocoBoB) GasucHoH cHCTeMB B &a:
{nl), |n2), ..., |nr), ..., Tak, uTO

P,= D |nr){nr]. (41)

[ToanpocTpancTBa, mpunag/exapiie pasjudHbiM cOOCTBEHHBIM
3HAYeHHAM @,, Q,, OPTOrOHaJbHEI, CJIe0BATE/bHO

P.P,,=0 (n 5= n). 42)

CyMMHPYS NPOEKTOpSHI, IpHHALJEXKAIIHE BceM COGCTBEHHLIM 3HAUe-
HHMSIM JIHCKPETHOrO CIEKTPa, NMoJyyaeM HPOeKTop

Py=) P, (43)

11I0ANPOCTPAHCTBO NMPOEKNHH KOTOPOro &, ecTh oObeinHeHHE BCeX
&rn; &4 €CTb NPOCTPAHCTBO BEKTOPOB, 06pa3OBAHHLIX JHHEHHOH CY-
nepnosuiueil coGCTBEHHBIX KET-BEKTOPOB A, NmpHHapJMeXamHux Npo-
cTpanctBy I'uasbepra.

Ecan A — nabnofaemasi, nMeomasi TOJMbKO AUCKPETHbIH CHEKTp,
TO &4, 1O ONpEIENEeHHIO, COBIAAAET ¢ MOJHBIM POCTPAHCTBOM &,
HHaYe roBops

Py=) P,=1. (44)

Hnorna JeByio yacTb 3TOrO PAaBEHCTBA HA3LBAIOT pPa3A0HEHUEM
eOurUybl TI0 OTHOLIEHHIO K cOGCTBEHHBIM 3HaYyeHHsM omepatopa A.
SIcHO, 4TO 3TO pas/oXKeHHe eJHHCTBEHHO, T. €. YTO BCSKHH KeT-BeK-
TOp |u) eanHCTBeHHBIM 00pasoM MOXKeT ObiTb MpeACTaBJeH B BUAE
CyMMBl COOGCTBEHHBIX KeT-BEKTODOB |un), KaMAbH H3 KOTOPHX
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NpHHAAJEXHT OAHOMY OIpelde]eHHOMY COOCTBEHHOMY 3HaueHHIO.
Uro6sl HAMKCATL 3Ty CYMMY, JOCTaTOYHO NPHMEHHTb K |u) KaxkKAblH
ysneH paBeHcTBa (44):

w=§mw. (45)

Coraacho onpegenennio P, BekTop Pn|u) n11u60 paBen HyJIO,
anbo ecTh coGeTBeHHBI KeT-BekTOp A, mpHuHagaexaluil coberBeH-
FOMY 3HAUYEHHIO Qn, IPHYEM 3TO HMEET MeCTO AJs JHOOro KeT-BeK-
Topa |u); MosTOMy HMeeM

(A—a,) P,=0. (46}

YMHOXKast Mou/JeHHO ypaBHeHue (44) wa A, moaydyuwm, npHHHMas BO
puuManne (46):

A=) a,P,. (47)

M3 storo paBeHcTBa cjenyeT, 4yTo HabmaogaeMass A MONHOCTHIO OI-
pellessiercsl 3afaHneM ee cOOCTBEHHBIX 3HAa4YeHMA H COOTBETCTBYIO-
IHuX NoanpoctpancTB. Belpaxenne (47) aas onepatopa A MOKasbl-
BaeT, KpOMe TOro, 4To onepatop A KOMMYTHpYeT €O BCeMH MpOeK-
TopaMu Pg.

Cootnomenust (44), (45), (47) xapakTepHsl AJs1 HaG/MIOAaeMbIX,
06/1a4a101MX TOJNBKO JIHCKPETHBIM CHEKTpPOM, IpH 3TOM YHCAO
co6CTBEHHBIX 3HAYeHHH MOKeT GbITb KaK KOHeuHEIM, TaK H Gecko-
HeynbIM. Mpbl He 6yneM HCClefoBaTh 34eck BONpOoca O CXOAHMOCTH
COOTBETCTBYIOILIIUX PS[0B, 3Ta CXOAHMMOCTb Bcerja HMeercs.

Ocobenno yproOHble BblpaKeHHs NMOJNY4YalOTCH, €CJH BCIOAY BMe-
cto P, noacraBuTh Buipaxenne (41). Tak, neBas uacTe ypapHeHHS
(44) Bbipaxkaercs B BHAE CYMMBbl 9JIEMEHTAaPHBEIX IPOEKTOPOB H MH
noJiyyaeM COOTHOWEHUEe 3QMKHYTOCTU

Pa= ). |nr)ar|=1. (48)

BmecTe ¢ COOTHOLIEHHSIMH OPTOHOPMHPOBAaHHOCTH
{nr |n'r"y=208,,0, (49)

5TO ycJOBHE BhIpa)aeT TOT (aKT, YTO MHOXECTBO KeT-BEKTOPOB
|nr) o6pasyeT MONHYIO OPTOHOPMHPOBAHHYIO CHCTEMY.

[Tpumensis onepaTtop U3 (48) K HEKOTOpOMY BEKTOpY, MojydaeMm
pasioxeHHe

)= X nr)ar 1) (50)

B psia Mo cobGeTBeHHbIM BekTopam |nr). Kosdduuuentn passoxe-
HHS paBhbl CKaJAsPHbIM TNpousBefenusm {(nr|u) (cp. ypaBmeHus
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(V.(14—15)). Kpowme toro
(uluy=(u|Pyluy= 2. (u|nr)inr lu) = }Jrz<nr1u> R (51)

n,r
Hopma |u) paBHa cymMe KBajAparoB MoayJied KosQQuuueHTOB pas-
JIOKEHHS: 3TO ecTb paBeHcTBO [lapceBansi (cp. ypasHenue (V.16)).
Ha6monaemasi A Moxer OnITb NpeacTaBjleHa B BHAE psiga Op-
TOroHaJbHLIX 3JeMeHTapHHX NpoeKTopos. Ilponssoas Te Xe one-
pauun, KoTophle NPHBEJH K ypaBHeHHIO (47), mosyuaeM

A= AP, = ). |nrYa,{nr|. (52)

§ 13. Hadawopaaemnle B o0uiem caydae # 0000umeHHoe
COOTHOWEHRE 3AMKHYTOCTH

DpmutoB onepatop A sABAsieTcss HaOnOAaeMol, ecllH BEKTOPHOE
NpoCTpaHcTBO &4 ¢ OTpaHHUEeHHOH HOpMOH, o6pasoBanHOe CyMNepIo-
sHIHel cOGCTBEHHLIX BEKTOPOB A, COBNajfaeT ¢ NOJHBIM IPOCTpaH-
ctBom [mibbepra & HiaH, 4TO TO XKe camoe, ec/lH oneparop Pja npo-
eKTHPOBaHHS Ha &4 paBeH eJuHHIe.

Korjia crnekTp HOJHOCTBIO JUCKPETEH, onepatop P, mMoxeT ObITh
TpeiCTaBled B BHAe Pa3J/IOKeHHs MO SJeMeHTapHBIM OPTOrOHAaJb-
HbIM IPOEKTOpPaM, MOJYYeHHHIM ¢ MOMOIILI0 COGCTBEHHLIX BEKTOPOB
A, u ycjaoBume Toro, uto A ecTs HaGJiogaemasi, yA06HO 3alHCHIBATD
B (opme cooTHOLIeHHs 3aMKHYyTocTH (48). Pacrpocrpanenne 3Toro
COOTHOIIEHHS] Ha o6muil cayuailt Tpebyer BBefeHHs aHGdepeHUH-
aJIbHBIX. TIPOEKTOPOB — OHH B CJ/1yuae HENPepbhlBHOFO CMEKTpa HrpawT
Ty e pOJib, YTO 3JeMeHTapHele NPOeKTOPHl MpH AHCKPETHOM
cnekTpe.

PaccmoTpuM cHauasa ciyuail, Koraa chnekTp A HeBHPOX/[EH.
TlpennosaraeM, 4TO CNEKTP COAEPKHT HeEMPEpHIBHYIO obiacTb, 060-
3HaUaeMyio HelNpepslBHO H3MeHSIOIHMCA HHAEKCOM v, H JHCKper-
HyI0 06J1acThb ¢ JMCKDETHBIM HHAeKcoMm n. Takum obpasom, a, ecTh
co6CTBeHHOe 3HAYEGHHE H3 JHCKPETHOM YacTu clekrpa, a(v)— cob-
CTBEHHO® 3HAueHHE H3 HelpepblBHOM dacTH; @(v) ecTb MOHOTOH-
Hasg QyHKuMg v, IPHHHAMAIOIIAs BCe TPOMEXKYTOYHbLIE 3HaUeHHs B
HeKoTopoM unTtepBate (a(vi), a(ve)). OGosnauum ¢ nomomeio |n)
H |v) coGcTBeHHBIE KeT-BeKTOpbl, MpHHaj/iexaline cOoGCTBEHHHM
3HaYeHUSIM 4, B a(v). DTH KeT-BEKTOpbl OPTOHOPMHDOBAHHI, B 4a-
CTHOCTH

v Ivy=238(v — ).
Onepatop
v+-0v
sp={ [vydv (i

v
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SIBJISIETCS] ONEPATOPOM NMPOEKTHPOBAHHS Ha MOANPOCTPAHCTBO, HATS-
HYyTOe Ha KeT-BeKTOopHl |v’) u3 uuTepBana (v, v+ dv). CkaanbiBas
IIPOEKTOPHI 3TOrO THNA, 06pasyem NPOEKTOp

pP,= S-|v>dv(v ],

Vi

KOTOPHI NPOEKTHPyeT Ha MOANPOCTPAHCTBO &, HATAHYTOe HA CcOO-
CTBEHHbIE€ KET-BEKTOPHI, NpHHAAJNeXallHe HEIPEphIBHOMY CIEKTpY.
3TO NOANPOCTPAHCTBO OPTOrOHAJbHO MOANPOCTPAHCTBY & 4, HATAHY-
TOMY Ha COOCTBEHHBIe KeT-BEKTOpH JHMCKPETHOrO CIeKTpa, NpHuem
IPOEKTOP Ha 3TO HNOANPOCTPAHCTBO paBEH

Py=2,|n)(nl.

n
Ycnosue Toro, uto A ecThb HabJal0gaeMasi, 3alHCHBAETCs B BHIe

. Pp=P,+P;=1
HJu NoJipobHee

PAEZ|}1><n|+ S [vydv(w|=1. (53)

BoinosiHeHHe COOTHOILIEHHsS] 3aMKHYTOCTH (53) sBasieTcs HeobGxoau-
MbIM H [OCTATOYHBIM YCJOBHEM TOrO, YTO MHOXKECTBO OPTOHOPMHPO-
BaHHLIX BEKTOpOB |n), |v) o6pasyer mosHyi0 cHCTeMY.

PacnpocTpaHenHe 3Toro pesyJbTaTa Ha cJjydafl, Korga Bech
CNeKTP HJIH 4acTb CHeKTpa A OKa3pBalOTCS BBIPOXK/ECHHBIMH, He
BHI3bHIBaeT TPYyAHOCTeH. Bo3bMeM B KauecTBe NMpuMepa cayuail, pac-
cMoTpennnit B Konue § 9. CobcTeReHHBle KeT-BeKTOpH |nr), |vpr)
YAOBJIETBOPSIIOT ycJOBHAM opToHopMupoBaHHOocTH (30). Ecau kpo-
Me Toro A ectb HabaopaeMasl, T. €. COOGCTBEHHblEe KeT-BEKTOpBE
3TOro OMepaTopa COCTABJSIOT NOJHYK CHCTCMY, TO OHH YAOBJCTBO-
PSIIOT YCAOBUIO 3AMKHYTOCTU

PA—_-=_Zlnr)(an+ZSglvpr>dvdp(VprI=1. 64y

Kak u B ciyuae NMOJHOCTBIO AHCKPETHOrO CIEKTpa YyAo6HO He-
N0JIb30BATh COOTHOLIEHHE 3aMKHYTOCTH I[PH PasjioXKeHHH NPOHU3-
BOJILHOIO BeKTOpa |u) mpocTpaHcTBa I'mianGepra B psin mo 6Gasuc-
HHIM KeT-BeKtopam HalOJjiopaemolt A. Haa cokpameHus 3amnucu
npumeM, yTo crnekTp A HeBnipoxzaeH (cooTHomeHwe (53)). Toraa

|uy=Paluy=)"[n)(nlu)+ Szlv)dv('vlu). (55)
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AuaJoruuno Haxoaum obobieHHoe paseHcTBo Ilapcesanst

@iy = Paly= Yl b+ | 1lordy  66)

Vi

1 pasnoxenHe A B psj N0 NPOEKTOPaM

A= APA=ZIn)an(nH—Slv)a(v)dv(vl 67)

Vi

B sakawueHHe ykaxeMm, 4To 4acTo ObiBaeT yAOGHO 3aMEHHTb
yC/JI0BHE OPTOHOPMHMPOBAHHOCTH COOCTBEHHBIX BEKTOPOB HelpephiB-
HoTo crneKTpa Ha OoJiee obllee yciloBHe

VIv)=Fv)6v—v),

rie f(v)— BeulecTeeHHasl MOJOXKUTENbHAs (QYHKUUA v. DTO IKBUBa-
JIEHTHO YMHOXKEHHIO KaxXKJOro BEKTOpa Ha MOCTOSHHYIO C MOAYJEM

4/f. B 31OM cayuae Bce NpealiecTBYMOIlee OCTAeTcsl CHpaBeiiH-
BbiM HO TOJIBKO BO BceX ¢opmynax |v) dv(v| cresyer 3aMeHHTb HA

V) —— I(V) (v|. AmnanornyHo, ecju ycjaoue HopmupoBkH (30B) 3ame-
HHTbL HA

vor IV'p'r’y=F (v, p)8(v — ) 8(p — )%,

“TO BHIpaKeHHe M P4 B COOTHOUIEHHM 3aMKuyTocTu (54) moay-
qaeTcsl MyTeM JeJieHHs] NOABLIHTerpajbHOro BhlpaxKenus Ha F,(v, p).

§ 14. ®yuxkuun HabnawaaeMBIX

JIune#innlii onepatop NMOJNHOCTBLIO ONpejeneH, eclii H3BECTHO ero
JleiCTBHE Ha BEKTOPEl, COCTABJISIOUIHE NMOJNHYKO OPTOHOPMHPOBAHHYIO
CHCTEMY COOCTBEHHBIX BEKTOPOB; TOr[a ero jeiicTeve HA JMobyio JH-
HeAHYIO CYNepno3HIHI0 3THX BEKTOPOB IMOJydaeTcs HeNOoCpeACTBeH-
HO, ecJ/H, KOHEUHO, BHINOJIHSIeTCS YCJOBHEe CXOJHMOCTH B cJyuae
6eckoHeuHOro psina (ycJaoBHSI CXOAHMOCTH YiKe paccMaTpHBaJHCh
B ri. V). B uacrtHocTH, Besikas ¢yukuus f{a) coOcTBeHHHX 3Haue-
Hull Habawoaaemoil A MO3BOJISIET ONpeAENHTb JIHHEHHBIl OllepaTop
f(A) kak ¢dynkumuio stoit Habawoaaemoi. HeficrBue f(A) na cob-
cTBeHHBIH BekTOp |a) omepaTopa A, npHHajJeXallHid 3HAYEHHIO a,
IO ompejeNeHHIo, ecTh

f(A)lay=TF(a)a). (68)

Korga ¢yukuus [ BeipaxKaercs NONMHOMOM, 3TO oOlpeledAeHHe
1I0/1y4aeTcss HENOCPeACTBEHHHIM MNPHMEHEHHeM [paBua aJjre6psl
ONepaTopoB, HO OHO CNpaBeAJiHBO H B Oosee oOWMUX ciaydasix.
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M3 camoro onpeneneHus ciaenyeT, YTO BCSKHH cOGCTBEHHBIH BEK-
Top A siBasiercs coGcTBenHEM BekTopoM f(A). O6Gpatno, eciu Bes-
Kuii co6cTBeHHBIH BekTOp HabaosaeMoll A ecTb Takxke coGCTBeH=
Hblfl BEKTOp JHHeHHoro omeparopa F, TO 3TOT OIepaTop ecTh Ole-
patopuast ¢pyuguus A.

DT0 BROJHE OUEBHAHO, €CJH BCe COGCTBEHHBIE 3HAYeHHs onepatopa A HEBHDO-
sk jennl. [109TOMy paccMOTPHM HEKOTOpOe BHIPOXKJAEHHOe COOGCTBEHHOE 3HAYEHHE H
aycts |al), |e2) cyTs ABa JIHHeHHO HEe3aBHCHMBIX CcOGCTBEHHBIX BEKTOp4, NpH-
HAJJIeXKALIHX ITOMY COOCTBeHHOMY 3HaueHnio. [1o npeino/noXKeHHIO OHH SIBJSIOTCS
TakKe cOGCTBEHHBIMH BEKTOPaMH F:

1
Flaly=fD]an), Fla2)=[?]a2).

Bcesikag sunefiHas KOMOHHAUMS JaHHBIX ABYX BEKTODOB TaKiKe SBJSETCS COGCTBEH-
HBEIM BeKTOpoMm F

F (A laly+ Ay a2)) =P (A, | al) + Ay a2)),
CJAeA0BaTENbHO,

A (FP — iy aly + 4y (F — 12) 1 a2) =0

H NOCKOJBKY |al) H |a2) JmHeHHO He3aBHCHMBI,

1 A
fsl)=f$l)=f$l2)_

Takum o6pasom, Bce coGcTBenHble QYyHKUHH A, MpuHAAJeKalne
0JIHOMY cOOCTBEHHOMY 3HAUYEHHIO @, SIBJISIIOTCS cOOGCTBEHHBIMH (YHK-
uusMu F, NpHHapjgeXamHMH OLHOMY COGCTBEHHOMY 3HAYeHHIO f:
nocleqHee eCTh HekoTopasd QyHKUHS a, T. e. f(a); cleioBaTesbHO.
neficteurensno F = f(A).

Besikast pynkuns f(A) Habniogaemoit A MoxeT GblTh BhlpaXkeHa,
KaK 4 caMa nabjgionaemas A, B popMe JHHEHHOH KOMOGUHALHUM SJ€-
MEHTApHBHIX HAH auddepeHuHatbHEIX HOpoekTOpoB. [Ipeamosioxum
AJIs1 onpesesieHHOCTH, yTo A ynoBierBopsieT ypaBHenHo (57). Toraa

HA=FA) Pa= Y In @) al+ {IMTla@ldvivl.  (59)

B kauectre nmpumepoB (yHkuui#l Habawopaemolt A ykKaxem npo-
€KTOp Ha MNOJANPOCTPAHCTBO HEKOTOPOro coOCTBEHHOro 3HAaUeHHd,
NpOeKTOp Ha NPOCTPAHCTBO, HAaTAHYTOe HA coOCTBeHHHIE BeKTopa,
npHHajJexanue coOOCTBEHHBIM 3HAYEHHSIM, JIeKAlIUM B HEKOTOPOH
06/1acTH H T. I. YKaxkeM TaKxXKe 5KCNOHEHIHAJbHHH onepartop e’
(¢ — 3apannasi MOCTOsIHHAsA) u oGpatubiil omepaTop A~l. ®yuruus
e®4 onpenesieHa Bceraa, obpartuniii onepatop A~! onpexesen ToJb-
KO, ecliu cpelu cOGCTBEHHBIX 3HauyeHHil onepatopa A ner HyJaeBOro.
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§ 15. OnepaTtopnl, KOMMYTHpYIOUWHe C HalJaioxaemMoi.
KoMmyTHpyouue HabaonaemMbie

Onepatopusle GpyHKuUH HabawoxaeMoii A npuHaasexar, Boobue
ropopsl, K Gojiee MIMPOKOMY KJjaccy ONepaTopoB, a HMEHHO onepa-
T0p08, Kommyrupyouux ¢ A. JleficTBue Takux onepatopoB Ha coO-
cTBeHHbIe BeKTOPH A 0cobenHo mnpocto. JeficTBHTENbHO, ecaH |a)
€cTb COOCTBEHHBIH BEKTOp

Ala)=ala)
[A, X]=0,

0=(AX — XA)|a)=(A — a) X | a).

Takum obpasom X|a) ecre cobcrsennuiti sekrop A, npunadaedxca-
wuil Tomy oce co6CTB8EHHOMY 3HAHeHur0 (ecau TOJIBKO BEKTOp He
paBeH HyJIO).

O6patHo, 1Jg TOro 4To6H onepatop X KOMMYTHpoBaJ ¢ HabJlo-
naemoit A, A0OCTaTOYHO, YTOOH ero JeficTBHEe Ha KaxXABH BEKTOp
NOJIHOIl OPTOHOPMHPOBAHHON CHCTEMH COGCTBEHHBIX BeKTopoB A aa-
BaJIO0 BEKTOp, TaKxke sB/ASOMHUIcS cobcTBeHHBIM BeKTopoMm A, npH-
HaAJexalluM TOMY K€ cOOGCTBEeHHOMY 3Ha4YeHHIO.

Ha camoMm jene ecH BbIMOJHAETCS CKa3aHHOE, TO AeHCTBHE KOM-
myratopa [A, X] Ha KaxXablfi BeKTOD 3TOH MOJIHOH CHCTEME! AdeT
HyJb, 103TOMY BHIIOJHSIETCH onepaTtopHce paBencTBo [A, X] = 0.

Bce 3TO NpUMeHHMO, KOHEYHO, H K KOMMYTUpyroujum Habarodae-
moim. Kpome toro, Bce ckazannoe B . V (§§ 14, 15) oTHocHTesBHO
KOMMYTHPYOUMX HaObJIOAaeMbIX, MOXHO NOBTOPHTL 3fech ¢ He-
KOTOpHIM H3MeHeHHeM TepMuHoJioruy. [IpuBesem ellle pa3s ocHOBHbIE
pe3yJ/bTaTHL. -

Basucnoti cucremodi nabaogaeMoll Mbl Ha3blBaeM BCAKYIO MOJI-
HYI0 OPTOHOPMHDOBAHHYIO CHCTEMY COOCTBEHHBIX BEKTOPOB 3TOMH
gabiiogaeMol, pHYeM CYHTAeM TOK/IECTBEHHBIMH CHCTEMBI, OT-
Jipuaioliuecss TOJbKO (Pa30BHIMH MHOMXHTENSIMH MpH CcOOCTBEHHBIX
BEKTOpaX, MOPAAKOM DacNoJOXKeHH BEKTOPOB JMCKPETHOrO CNEKT-
pa ¥ BoIGOPOM HENpEPHIBHBIX HHIEKCOB B cJydae HellpepbIBHOIO
CIEKTpA.

Hmeem ciefyiOlIy0 BaXKHYIO TeOpeMy:

Ecau dse nabawdaemsie A u B KommyTupyroT, To oxu 064a0ar0T
no kpatineii mepe odnoll obuwell 6asucuol cucremol, u o6parxo,
ecau Ose nabaodaemvie A u B ob6aadart obueli 6a3ucHoll cucre-
MOLl, TO OHU KOMMYTUPYIOT.

Besikas yuruus f(a, b) coGcTBeHHbIX 3HAUEHHMH JABYX KOMMY-
THpyOIHX HabaoaaeMulx A ¥ B 103BoJisgeT onpenenuTh JHHEHHBIN
onepatop f(A, B)— GyHKIHIO 3THX ABYX HAG/MIOA3EMEIX ¢ TOMOLIBIO
€CTeCTBEHHOro 006001 eHHsT MOHSTHSI ONepaTopHOil (QYHKIHH OLHOH

1 €cJii

TO
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Habmopaemofl. Jlerko NoKasaTh, YTO €CJH KaxXAbH oOwHi cob-
CTBeHHEIH BekTOp HabaionaeMblx A u B ecTb cobGcTBeHHHIH BeKTOD
Juhefinoro oneparopa F, To NMocJefHHN eCTh HEKOTOopas ollepaTop-
Hag ¢ysruus A n B.

Bce 3ato 6es Tpyaa obobmaercs Ha chaysall gio6oro uxceaa KOM-
MYTHPYIOIUX MexXay co6oii Hab/opaeMblX.

Hakonen, roBopdar, uTo nociaegoBarteisHocts A, B, C, ... Ha-
6J101aeMbIX COCTABJSIET MOAHbBIE HABOP KOMMYyTUpyroujux Habaio-
Gaembix, ecin 3TH Haba10jJaeMbple Bce KOMMYTHPYIOT MeXAy coboi
H ec/u HX obmas GasHcHas cHCTeMa onpefesieTc €AHHCTBEHHHIM
o6pasom. Kaxjaomy mHOXKecTBY co6CTBeHHHIX 3HaueHH# a, b, ¢, ...
COOTBETCTBYET OJHMH H TOJbLKO OAHH OOUHI cOOCTBEHHBIH BEKTOP-
(onpesneneHnslfi ¢ TOYHOCTHIO [0 MNOCTOSIHHOTO MHOXHTeasd). JTOT
BEKTOp MOXKET paccMaTpHBaTbes KaK QYHKUHS cOOCTBEHHBIX 3Ha-
weHnit a, b, ¢, ... . Ero o6uluHOo 0603HauawoT cHMBOoM |abc ...).

Pasnean [II. TEOPUA NPEOCTABJIEHHHA
§ 16. OGunee noHsiTHE 0 KOHEUYHBIX MAaTPUUAX

Ilo onpesenenuio Matpuua A tuna M X N ecTb COBOKYNHOCTH
MN saementoB Apm, (m=1, 2, ..., M; n=1, 2, ..., N), Koto~
pbie OObIYHO PAcHo/iaraloT B BHAe NpSIMOyroJbHoil Tabauun ¢ M
crpokamu H N cronbuamu

411 A oo Ay
Aﬂl . e .

A=1 - i;
Ay v Ay |

Am, eCTb 3MeMEHT MaTpHubl, PACNOJIOXKEHHE Ha mNepeceyeHUr
m-#i CTPOKH H n-ro crosabua.

Ecin M= N, 10 Mu uMeeMm KksaldpaTHyi MATPUYY, YUCIO ee
CTPOK H CTOJOLOB [AeT YHCJIO H3MepeHHH, HJIH NMOPALOK MaTpHIlbL
Ecnn onso u3 aByx uennix uumcea M uam N paBuO 1, TO 3/1€MeHTH
MaTpHIB MOTYT paccMaTPHBAThCsl KaK KOMIOHEHTH BeKtopa. Mol
OyleM Ha3blBaTb NPABbIM BEKTOPOM MATPHLY ¢ OAHHM CTOJIGLOM
(M = pasmepHocTH BekTopa, N = 1) u 1e8biM 8eKTOPOM — MATPHILY
¢ onHo# cTpokoit (M = 1, N = pasmepuoctu Bektropa). Toraa cxa-
AAp eCThb MaTpulua c M= N = 1.

Us matpuus A thna M X N MOXHO MOJNYYHTh HOBHIE MaTpHLBL
€ NOMOIIbIO HEKOTOPHIX Onepayuti conpasceHus, UMEHHO:

a) KOMNAEKCHO COnpAascesnyo matpuyy A* — 3TO MaTpuna THNa
M XN, slemeHTE KOTOpPOH CyTh BeJHUYHMHH, KOMILIEKCHO CONpSi-
XKeHnble ajeMeHTaM Matpuibl A 1 (A% = A,
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6) Tpancnoruposaknyto matpuyy A — 310 MmaTpuna thna N X M,
roJiyyaemasl NePecTaHOBKOH CTPOK H cTONOUOB: (A)n = Aun;

B) 3pMuroso conpsagxcenuyro marpuyy AT —>sT10 mMaTpuua THRA
N X M, noayyaemas npumeHenHeM o0eHX yKasaHHLIX Bollue onepa-
Hi: (A+)kl = Al

KomnJyiekcHO conps>KeHHbIH MpaBblil BEKTOP ecTh NpaBHil BEKTOP.
TpaHCHOHHPOBAHHLIH NpABLHIH BEKTOP H 3PMHTOBO CONPSIKEHHHH
npaBblil BEKTOP CyTh JE€Bbe BeKTOPH ¥ HaoGopoT. KoMnuekcno conps-
JKeHHasl, TPAHCIOHHPOBAHHAs M SPMHTOBO CONpPSXKEHHAsh KBajapar-
Hble MaTpulie nopsinika N cyTs KBajpaTHble MaTpHUB mopsjgka N.

OnpelensioT clenyOIIHe onepayul MaTpuyHoi arzebpol:

a) ymuoodcenue maTpuyvt A Ha NOCTOAHHYIO C; TPOH3BEAEHHE
cA ecTh mMaTpHUua TOro ke Titna, 4ro H A:

(CA )mn = CAmn;

6) cymma S = A+ B AByX MaTpul OAHOrO THNa; S ecThb MaT-
puua Toro Xe TtHna, uro A u B:

Smn = Amn -+ an;

B) npousselenue (cnpapa) P = AB marpuun B tuna Mz X N
Ha matpuiy A tuna M4 X N, npudeM duc/o crosiGuoB MaTpHUbl A
JOJIKHO GHITh PaBHO 4HcHy CTPOK maTtpuusl B: Ny = Mp = K. 910
matpuna tina Ma X Ng, 31eMeHTsl KOTOpOH AalTcs Gopmysioft

K
P =kz:! A B

HMeloT mMecTo cieaymoiine paBeHCTBA

(A+Bf=A"+B, ALB)—A+B (A+B'—A"+B"

’ ’ — -
(AB)* = A*B*, (AB)= BA, (AB"=B"A™.

OTMeTHM H3MEHEHHe MOpsAKa COMHOXKHTeled B MPaBHIX 4YacTsX
JBYX HOCJEJHHX PaBEHCTB.

YmuokeHHe cJjeBa N-mepHOro Jeporo BeKTopa na N-MepHbrii
npaBLiii BeKTOp AaeT cKajisip. YMHOXKeHHe cjeBa N-mepnoro Inpa-
BOro BeKTopa Ha N-MmepHblfi JIEBBIH BEeKTOp AaeT KBajpaTHYK Mar-
puuny nopsinka N.

Jpyroil BaxHOMH omnepanueil ABJISETCA TeH30pHOe npoussedetue
aByx matpuu. C nomompbio matpunsl A tuna My X Ny u mMaTpuus

A® tuna My X No MoxHO obpasoBaTh Marpuuy AU2 = AL @ A@
tana M My X N(Ny. MiM, ctpok »5TOfl MaTpulb 00603HAYaloTCs

AByMs MHAeKcamu my H mg (mu=1, 2, ..., M}, me=1, 2, ...
..., My), N\Ny cTonbuoB Matpulsl 0603HauyaTcs [ABYMS HHJEK-
camu ny uony (n=1, 2, ..., N;, na=1, 2, ..., N2). IIpu stom
12 (1) 2
Asannz; nny = mnnlAﬁnlnz-
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§ 17. KBaapaTtHble MaTpHILBI

B sTom maparpade Mnl gag¥M HECKOJBKO ONpe/eNieHHil H nepe-
YHCAHM PSIA CBOHCTB KBaJpaTHLIX MAaTpHIL.

B kBagpartHoit MaTpHue A mopsaka N Mul pasaudyaem N auaro-
Ha/JbHHIX 3JemeHTOB A., (n =1, 2, ..., N) ¥ HeauaroHna/bHEE
snemeHTsl Ap (B 7= 1). Hlayp (nnu caed) matpuusl A ecth cyMMa
€€ IHAarOHAaJbHbIX 3JI€EMEHTOB:

SpA=TrA=). A,,. (60)

Hetepmunant unn onpedeautess Matpuuw A, det A, ectn aerep-
MHHaHT, 00pa3oBaHHLI Tab/ullell ee 3JIeMEeHTOB.

Edunuunan matpuya I ects MaTpulla, Bce AHAroHaJbHble 3Je-
MeHThl KOTOPO#l paBHBI 1, a Bce HeAHAroHaJ/IbHbIE JIEMEHTHI PABHLI
HYJI1O

1 mn = Opp.

IlponsBenenue egunnyHOl MaTpHUB HA MOCTOSIHHYIO €CThb, IO OMNpe-
LeJIEHHIO, NOCTOAHKAA maTpuya. [lua20naibras MaTpuya ectbh MaT-
puia, Bce HelHAroHaJbHblE JeMEHThl KOTOPOH PaBHH HYJIO,

KBagpaTHas MaTpHlla sB/seTcs BellleCTBEHHON, CHMMeTPHUHOM
HJIX SDMHTOBOM, €c/IH OHAa paBHA CBOEH KOMIJIEKCHO COMNpPSIXKEHHOH,
cBOeH TPaHCNOHHPOBAHHON WJIH CBOEH 3PMHTOBO CONPSIKEHHOMH, CO-
OTBETCTBEHHO,

CyMMa i NpOH3BeJeHHe ABYX MaTpHI nopsiska N Bcerja ompe-
JleJleHbl — 5To Tak)Ke MaTpHuel nopsaka N. CyMMa acconuaTHBHA
H KoMMyTaTHBHA. [Ipou3BeseHHe accouHaTHBHO, AHCTPHOYTHBHO MO
OTHOILEHHIO K CyMMe, HO He 00s3aTeJlbHO KOMMYyTaTHBHO. AnreGpa
mMaTpHu nopsinka N ecTb HexommyTaTusHas arzebpa.

UtoOul MaTpuna nopsijika N KOMMYTHpPOBaJia CO BCEMH MAaTpH-
naMu nopsiika N Heo6X0AHMO M AOCTATOYHO, YTOOH OHa Onlaa Io-
CTOsIHHO! (nponopuMoHaisHOH enMHHYHOH) (3amaua 4). B vacTHo-
CTH, eNNHHYHAS MaTpula / Takosa, 4To

IA=Al=4A - (61)

npu ao6oit marpuue A.

JIBe nuaroHaJ/ibHBIE MAaTPHLKL BCeraa KOMMYTHPYIOT. UTo6sl MaT-
puna nopszka N KOMMyTHpOBaJia €O BCeMH AHAroHaJbHLIMH MaT-
punamu nopsiika N HeoGXOZHMMO H AOCTaTOYHO, 4TOOH OHa Onlja
AuaroHanbuofl (3agaua 4).

Uinyp (nnn cned) npousBeneHHs Psiga MaTPHI UHBAPUAHTEH
OTHOCUTEAbHO YUKAUUECKOU NepecTaHO08KU COMHOMCUTENE

Sp ABC = Sp CAB. (62)
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JleTepMHHAHT NpPOH3BeJEHHS MATPHI{ PaBeH INPOH3BEAECHHIO [e-
TePMHHAHTOB 3THX MaTpPHY

det ABC=det A - detB - detC. (63)

Martpuua B, no onpeAeneHHIo, sABAsieTcs 06paTHOH K MaTpHlle
A, ecan
AB=I u BA=I. (64)

BnpoueM, eciy BHNOJAHSETCA OJHO H3 3THX DaBeHCTB, TO ApYyroe
BhIDOJHsIeTes Takxke. OOpaTHYi0 MaTpUly 06bIuHO 0603HAYAIOT CHM-
BOJIOM

=47

Yrolul naHHas matpuua A HMena o6paTHy HeOGXOLHMO B JO-
CTAaTOUHO, 4YTOOBl AETEePMHHAHT MATPHUbl OBl OTJAHUEH OT HYJA:
detA 5= 0. Eciin det A =0, To MaTpuua Ha3HIBAETCA CUHSYAAPHOL.

Herpyano npoBepUTb, UTO

(-‘1 —1 ( —1) (A*)—-l=(A—l)*’ (A+)—1___(A—|)+

(PQ'=qQ P\

Marpuna O Ha3bIBaeTCs OPTOSOHAALHOL, eCH TPAHCIOHUPOBAH-
nasi Marpuua O paBHa ofpaTHOM

00=00=1.

Marpuna U HaseiBaeTcs yHUTAPHOL, €CH 3PMHTOBO CONpSXKeHHAs
matpuna Ut paBHa o6paTHoi

vut=uvtu=1.

Ecau MB YMHOXKHM cjleBa MaTPHUY pasMmepHocTd N Ha npasbiil
N-MepHblll BeKTOp, TO NOJyuHM MpaBuifi N-MepHhil BekTop. Ecaum
YMHOXHTbL CpaBa MaTpPHUY pasaMepHocTH N Ha JeBblil N-MepHHIH
BEKTOP, TO NOJYYHM JeBhlil N-MepHblii BEKTOD.

Oco6eHHO NpocTO AEHCTBHEe AHArOHAaJbHOH Matpuubl. Ilycrs

Dmn = dmémn

CYTb 3JEeMEHTH TAaKOH MaTPHUBL, & U4, — KOMOOHEHTH NPaBOro BeK-
TOpa 4, TOrja
(Du), = d,uy,.
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AnaJjiornyHo, ecayM U, — KOMIOHEHTH JIEBOrO BEKTOpPA U, TO
(vD), = v,d,.

Ecan MaTpHua CHHryJspHa, TO CYILIeCTByeT [0 KpalHel Mepe
OJMH NpaBb BeKTOp ¥ Takoil, uro Au =0, u obparno. M3 aroro
¢axra BHITEKaeT BaxKHAafl TeopeMa:

Ilycte A u B 0se marpuyer nopadxa N. Ias Toeo, uTobot cyuje-
crsosan npasoiti N-mepnotil sexrop u, ydosiergoparouwjut ypasHe-
HUIO

Au= ABu,

Heobx00umo U GOCTATOYHO, 4TOObL NOCTOAHHAA A ABAAAACL peuie-
HueMm ypasHenus

det (A — AB) = 0.

B uacthoctH, ecin A ecTh Marpuna nopazka N, To gas Toro,
yTOOH CYIIECTBOBAJ NpPaBHIl BEKTOD 4, YAOBJAETBOPSAIOIIHI ypaBHe-
HHUIO

Au=u,

HeoOX0JHMO H JOCTATOYHO, 4TOOH IOCTOSAHHAasi A sBjsijach, pelie-
HHEM ypaBHEHHs

det (A — Al)=0.

St1o anre6pauyeckoe ypaBHeHHe NOPSAAKA, He IPEBOCXOAALIETO
N Ha3LIBAETCS CEKYAAPHbIM YPABHEHUEM.

AHajloryuHble Pe3yJbTaThl HMEKT MECTO A/ JEBHX BEKTOPOB.

TeHsopHOe NpoH3BefeHHe ABYX MaTpHi nopsjika Ny m Ny ecTs
Martpuua nopsagka NNs. B yacTHOCTH, TeH30pHOe IpPOH3BEIEHHE
eauHuuHEX Matpuy [, 1@ rakxké npeicrasaser coGoil eJHHHY-
uyw marpuny I{12 pasmeprocty N(Nj.

B kauectBe NpHMepa pacCMOTPHM MAaTpHIB ROpAKa 4, MOJAyyalollHecs B pe-
3yJbTaTe TEH30PHOTO YMHOXEHHSI MATpHIL Mopajka 2 Ha MaTpHilbl nopfAgka 2.
B Teopuu uacTto HCHOJB3YIOTCH CJAeAYIOLHe MATPHIBI BTOPOrO nepsaka (MaTpHUH
Haynu):

@ 10 01 0 —i 1 0
1=01, 1=\ o) 02=i 0), 03=0_1). (65)

Besikas MaTpHila BTOPOTO MOPSAKAa MoxeT ObiTh NMpeACTaBJIeHa Kak JHHeHAHas
KOMGHBAIMa STHX YeThipeX IPMHTOBHIX MaTpHil, PaccMOTpHM Tenepb MaTpHIH
HMayan B ApyroM ABYMEPHOM APOCTPAHCTBE:

©=(0 ) o= o) w=(" ") e=(; ) @
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Tlpou3BoAs TEH3ODHOE yMHO)KeHHe MATpHIN THNAa (C) na MaTpHUy THOA (p), Mbi
nosyuuM matpuny Tenma (4 X 4). Jlaaum sBHOE BbIpa)ieHHe HECKOJNBKHX MaTpHIL

tHna (po):
000 I
% (om) 001 0
o= =
PIEO=4 o 010 0}
1 00 o
0 00 —i
' 0 o, 0 0i 0
Oy == =
"‘®2(ozo) 0 —i 0 o
{i o0 o
10 0 ©
10 o1 0 0
(i )
P ® 0 —1 00 —1 0
06 0 —I

Tlonyuennbie MATPHIBI MOXKHKO PacCMaTpPUBATh KaK MATPHIBL, NMPHHAJJEXKAILHe Of-
HOMY H3 HPOCTPAHCTB, CKaXXeM MPOCTPAHCTBY (p), BO TOTAA KaXKAbifl 3JeMEHT
MATPHUB €CTh MAaTpHIlA M3 APYroro NPOCTPAHCTBA: TO BLIPAXKEHO B CPEJHHX 4a-
CTAX PaBEHCTB. HpaBue yacTu paBeHCTBA NPeACTaBJAAIOT MAaTpHIB B ABHOM BHIE;
€C/JH YCJIOBHTbCS OTMEYATb CTPOKH (M CTOJONB) HBYMA HHIEKCAMH MpMg, OpPHYEM
HepBH OTHOCUTCA K COCTABJMIONIMM NPOCTPAHCTBA P, a BTOPOH — K COCTABJAIO-
uM npoctpanctBa (0), TO CTPOKH (M cTONGUB) pacmojaraiorca B nopagke: 11,
12, 21, 22.

JluHellHO KOMOGHHHDYS TEH30pHBIE NPOM3BelJeHHs MAaTpHL, IO-
JIyualoT KBaApaTHbIE MATPHUbl ¢ ABOHHBIMH HHAEKCAMH Apmm,: nun,
{m,m=1,2, ..., Nj;mg na=1,2, ..., Ng), pasameproctn NNa.
Kak nokassiBaeT pacCMOTPEHHBII NPHMEpP, MOKHO CUHTATh HX MaT-
punamu tuna (1), 2JAeMeHTH KOTOPHIX CyTb MaTpHubl THHA (2). Cym-
MHpPYsl JUaroHa/bHble 3JeMEHTH TaKOH MaTpPHUE, HOJydYaeM Mart-
puny tHna (2) B o6blYHOM CMEIC/E; DO ONpeldeJeHHI0 3TO yacTHY-
HHIH Wmnyp B npocrpaHcTBe (1) HCXOAHOH MaTpHIL:

Ny
(SP1 A, = 2 Anms e (67)

ABanorsyHo MOXKHO ONPEAEIHTh YaCTHUHBIA WINYP B HpPOCTPAHCTBE
(2). Ouesupno, 4TO

Sp A= Sp,(Sp; A) = Sp,(Sp, 4), (68)
u ecam Mmarpuua A ectb TeH30pHoe npousseneHne AN @ AP, To

Sp (A ® A®)=(Sp; AM) (Sp; A®). (69)
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§ 18. Beckoneunbie MaTPHLbI

Boapliylo yacThb Pe3yabTAaTOB, OTHOCAIIMXCH K KOHEUHBIM Mar-
pHIlaM, MOXHO pAaclpOCTPAHHTL H Ha OeCKOHEUHBIE MAaTpHIlHL
B 3TOM cayyae Takxe CTPOKH H CTOAOLB HYMepYIOTCA OXHHM HJH
HECKOJIbKHMH HHIEKCaMH, HO 3TH HHIEKCH MOIYT COCTaB/sITe Gec-
KOHEUHOE CUETHOE MHOXKECTBO HJH JaXKe KOHTHHYaJbHOE MHOXKECTBO
3Havenud B HekoTOpo# oO6jacTH. Beckoneunass MaTpHua fABaAsfeTCA
KBaJpaTHOH, eC/IH ee CTPOKH H CTOJ0LB OTMeYanTcs OAHOH CHCTe-
Mo#l unaekcoB. Ilpw HaMWYHH TOJABKO OAHOro c¢Toa6Ha MBI HMe-
€M NpaBLi#i BEKTOpP, NPH HAJHYHH TOJNBKO OLHOH CTPOKH — JIE€BHIH
BEKTOp.

Onepanuy KOMIJIEKCHOTO CONPSIKEHHS, TPAHCNOHUPOBAHHS H
3DMHTOBOTO cONpsizKeHHss Oe3 H3MeHeHH{l NepeHOcATCs Ha cJayuall
6eckoneynblx mMaTpull. To ke caMoOe MOXKHO CKasaTb OTHOCHTEABHO
YMHOXeHHs] Ha INOCTOSHHYIO H Ollepalldd cyMMHpoBaHHA. Uro xe
Kacaercss yMuHoxeHusa A Ha B, 10 noiapasymeBaercs, €CTeCTBEHHO,
4TO CTPOKH B u crosabusl A oTMeyaoTcs OAHOH CHCTEMON HHIEKCOB.
Ecan, KpoMe TOro, HEKOTOPble HHAEKCH SBJSIOTCH HENPEPHBHBIMH,
CyMMHPOBaHHe JOJXKHO OBITb 3aMeHeHO HHTerpHpoeaHuem. I[lpen-
[0JI0XKHM, Hanpumep, uto A W B ABJSIOTCS KBaJpPaTHHIMH MaTpH-
NaMH, 3/JeMEHThl KOTOPHIX 3aBHCST OT HEKOTOpPOro HEMPEPLIBHOTO
HHJIEKca ¢, U3MEHSIOIEerocst B HHTepBaJde (qi, qz). Torpa saeMmeHT
Matpuun P = AB Buipakaercss GopMynoi

[}]
P ¢y = S Alg; ¢")B " ¢') dq".
q1
ITpoussenenue onpeje/eHo, KOHEUHO, TOJBKO B TOM CJyuae, ecid
CYMMBl H HHTerpaJibl, BXOAAIiHe B (BOPMYJy, CXOASATCH.

Ecan orB/ledbcs OT mpoGJieM CXOZHMOCTH, TO BCe Pe3yJbTaThl
§ 17, oTHocsimmpeca K KBaJpaTHBIM MaTpHUaM, IepeHocsaTca 06es
¥3MeHeHHA Ha clyuail OECKOHCUHEIX MAaTpPHIlL, 3a HUCKJAIOUEHHeM IO-
BEsiTHS AeTepMuHaHTa. ClellyeT YTOUHHTb TOJIBKO ONpejeJeHHe aua-
IOHA/IbHO# MATPHUIBL B Cjyuae HENPEPHIBHO H3MEHSIOLIHXCS HHIAEK-
COB H YCJOBHS CYIIECTBOBAHHSA 0GPaTHON MaTpHIbL.

ITo onpenenenuo HenpepriBHaa Matpuua D(q; ¢’) nHarosaabHa,
ec/H OHa HMeeT (opMmy

Dg; ¢)=d(qd(qg—q), (70)

rae d(q) ecTb Npou3BoabHaA GyHKUus HHAeKca ¢. [Ipu 3tom oka-
3HIBAIOTCA CIPaBeAJHUBBIMH JBa OCHOBHBEIX XapaKTepHBIX CcBOHcTBA
JHaroHa/lbHBIX MAaTPHIL: HX CBOACTBO KOMMYTHDOBAaTb APYr ¢ ApY-
rOM H TO CBOHCTBO, YTO AEHCTBHe AMArOHaJbHOH MaTPHIE Ha BEK-
TOP COCTOHT B YMHOXEHHH KaxX/0{ KOMIIOHEHTHl BEKTOpa Ha cOOT-
BETCTBYIOUIHHA AHArOHAJNbHBIH 3/eMeHT MaTpHubl. Tak, npu AeficTBHH
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nHaroHanbHOl MartpBub (70) Ha npaBblit BeKTOp g ¢ KOMIIOHEH-
Tamy g(q) nomyuyaercs BekTop A = Dg c KOMIOHEHTaMH

hg=Dig ¢)e@)df =d ) g ).

3aMeTHM, 4TO HempephiBHas Martpuua &' (¢ — ¢’) He siBAsAeTcs AHa-
roHaJ/bHOM.

YTo Ke KacaeTcs CyujecTeosarus MaTpHubl, obparHofl K AaH-
HOil, TO, B MPOTUBONOJOKHOCTb €Jy4alo KOHEYHHX MATpHUL, BHIIOJA-
HeHUe YCJAOBHS

AB=1 (71a)
ge BJeyer 3a co6oii, BooOle roBopsA, BLINOJHEHHS paBeHCTBa
BA=]1. (716)

Jns yrBepxKienus, uro matpuusl A u B oGpaTHel Apyr ApYyry, Tpe-
Gyercsi OJHOBpeMeHHOe BhiNoJHeHHe paseHcTB (71a, 6).

Jas toro yTobn MaTpuna A umena oGpaTHYW, BOBce He 00s3a-
TesibHO, YTOOH OHAa Gblna KBaApaTHO#. Hampumep, BO3MOXKeH CJy-
yafi, KOrAa CTPOKH MAaTpuisl A HyMepyioTcsd AHCKPETHHIM HHIAEK-
coM, a CTONOIb — HENPepLIBHLIM, H TEM He MeHee OHa HMeeT 00-
paTHyI0 MaTpHLy; B 3TOM cayuyae oOpatHas Marpuua A~ Gyner
HMeTb JAHCKPETHHIM HHAEKC C¢ToA0la H HenpepblBHBIM — HHIEKC
cTpoKH. B uacTHOM cayuae ynurapHoh Marpuum U, Koropas, mo
onpeleqeHHIO, YAOBJETBOPAET ABYM YPaBHEHHAM

Ut =1, UU=], (72)

HHIEKCH CTPOK H CTOJOUOB He 00653aTelbHO HMCKIT OJHHAKOBYIO
npupony. OJHaKO eABHHUYHBIC MATPHUBI, CTOSIIIME B NPABEIX YacCTAX
STHX PaBEHCTB, HEOOXOAHUMO SBJSIOTCS KBaJAPAaTHHIMH MaTpHUAMH.
Ecau marpuna U He KBajgpaTHa, TO CHCTEMB HMHIEKCOB eIHHHYHBIX
MaTpHIL B IpaBHX 4acTax (72) pas/HyHHL

§ 19. Mpencrasaense BEKTOPOB H ONEpaTopoB MAaTPHUAMH

PaccMOTpuM BEKTOPHOE NPOCTPaHCTBO & H BHIOepeM B 3TOM IPO-
CTPAHCTBE MOJHYK) OPTOHOPMHDOBAHHYIO CHCTEMY BEKTOpOB; 3Ta
CHCTEMa MOXKeT, Bo0OIlue roBops, COCTOSATh H3 COOCTBEHHHIX BEKTO-
poB moJHOro HaGopa KOMMYTHPYIOIUHX HabamonaeMuX. Jas kpar-
KocTH GyIeM HCIOJb30BaTh B PACCyXAeHHAX Oa3HCHYIO CHCTeMY C
IUCKpeTHHIM HHAeKcoM n. Ilpenmosioxum, nanpumep, 4To Mbi HMe-
eM Jeno c¢ co6GcTBEeHHBIMY BeKTopaMu HeKoropoil Habuionae-
Mo# Q

Qlny==g,|n).

Bynem rosoputhb, uTo 3T0 GasucHbBe BEKTOpH B npelcTaBienun {Q}.
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STH BEKTOpPH 06PasyIoT INOJHYI0O OPTOHOPMHPOBAHHYIO CHCTEMY:
<m In> = 6mn, (73)‘
Po=Xlnyn|=1. (74)
n

Ypasuenus (73) u (74) ABAAIOTCS OCHOBHLIMHM ypaBHEHHSIMH Npel-
crasjenus {Q}. .
Jlns Beskoro Ker-BeKtopa |u) HMmeem

Iu)———PQlu):;ln)(nlu).

Beanunuel u, == (n|u) MOXKHO paccMaTpuBaThb KaK JEMEHTH MaT-
pHubL ¢ OJHHM CTOJOIOM, OPHYEM A eCTb HHJAEKC, HyMEPYIOUIHH
CTPOKH. 3ajzaHHe 3TOr0 MPaBOro BeKTOpa MNOJHOCTbIO ONpeneasier
KeT-BeKTOp |u): 3TO MaTpHua, npeicraB/siomas |u4) B upencTas-
aennu {Q}.

Jas Beskoro Gpa-BekTopa (v| HMmeeM

<v1——=<viPQ———§<v1n><n!.

Beauunssl (v|n) ABAAIOTCA KOMIJEKCHO CONPSIKEHHHMH 1O OTHO-
LIeHHI0O K KOMNOHEHTaM v, NpaBoro BeKTOPa, NpPENCTABASIOIEro
KeT-BeKTOp |v) B npexcrasiaennd {Q}. Onu MoryT paccMaTpHBaThesl
TaKXKe KaK KOMIIOHEHTH! JeBOIO BEKTOpPAa; 3aJaHHe 3TOr0 JIEBOTOo
BEKTOpa NOJHOCTBIO onpejensier Gpa-BeKTop (v|: 3TO BEKTOD, Npel-
crapasomwuit (v| B npeacrasienny {Q}. Takum o6pasoM, Gpa-Bek-
TOP, CONPANKEHHHIH HAaHHOMY KeT-BEKTOpY, NpPeACTaBJ/sIETCS BEKTO-
pPOM, 3PMHTOBO CONpPSKEHHBIM BEKTOPY, NPEACTABAAKIIEMY KET-
BEKTOP.

Besaxuii suHelinilt onepatop A MOMKeT GBITb €IMHCTBEHHBIM 00-
pasoM NpeAcTaBJieH B BHJE ABOHHOrO psifa Mo GasHCHBIM ONEpaTo-
pam |m)(n|:

A=PQAPQ=n;nIm)(m|AIn)(n I

Koadduunentsl pasnoxenuss Am, == (m|A|n) noanocrbio omnpeze-
10T A H MOTYT paccMaTpHBaTbhesA KaK 3JEMEHTH KBaJpaTHOH MaT-
PHIEl, TpUYEM M eCTb HHAEKC CTPOKH, a n— HHAEKC cToabla: 3T0
MaTpHua, npeicrasasoiias onepatop A B npeicrasienun {Q).

YcranoBuB TakHM 06pa3oM B3aHMOOJHO3HAUHOE COOTBETCTBHE
MeXKAy BEKTOpaMH H ONepaTOPAMH, ¢ OJHOH CTOPOHH, H MaTpH-
ILaMH — C APYrO# CTOPOHH, BHIACHHM Telepb, KAKHM 06pa3oM KaxX-
Jlasi onepauHs ¢ onepaTopaMH H BEKTOpPaMH B IpocTpaHcTBe & ne-
PEBOJITCS Ha SI3BIK NPEACTABASIIOUIMX HX MaTpPHIL

Cootrowenuam conpsocenus mexnly 8EKTOPAMU U ONepaTopamit
COOTBETCTEYIOT COOTHOWIEHUS IPMUTOB020 CONPAXCEHUS MeNcdy mMaT-
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puyamu. Mb  3TO yKe OTMeuand Ha [pHUMeEpe COIIPSKEHHS
mexay 6pa- H xer-sekropami. Tlogo6Ho >TOMYy MaTpHIH, Hpeid-
cTaBAsOIHEe 1B 3DMHTOBO CONpsKeHHmX onepatopa A u A%, camu
5PMHTOBO CONPSI2KEHB: HX 3/JE€MEHTbl YAOBJETBOPAIOT COOTHOIIEHHAM

Abp=(m| At ny=(n|A|m) = Anm-

Yro Ke Kacaercs pasJHUHBIX ajre6paHyecKHX onepauuil ¢ Bek-
TOPAMH H OINEpaTOpaMH, TO UM COOTBETCTBYIOT pPasJiMuHBie Onepa-
uud MaTpuuHoN anarebpnl. UToOn yb6enHTbes B 3TOM, CilelyeT pac-
CMOTPETb KaXKAYyIl0 H3 3JEMEHTapHbIX oONepaumuil, yNOMsIHYTBIX B
JBYX TpeALIecTBYIOIIHX Daparpadax.

HauGonee npocro aejo OOCTOUT B cjayyae yMHOMXKEHHS Ha I[O-
CTOSIHHYI0 H ONepauHH CYMMHDOBaHHA; TaK, BCAKOH JHHeHHOH
kombGuBaUHE A A 4+ A2As ABYX 0IepaTopoB COOTBETCTBYET Td XK€
JMHeHHass KOMOHHauHa ABYX MPeACTaBJAIOIHX MaTpHIL

(m 1 (MA+ XA Iny= M (m A 1n) + A {m | Az | ).

PasjuuHble NPOH3BEJEHHS BEKTOPOB H ONEpPaTopoB INpeacTaB-
ASI0TCA NPOU3BEJEHHSIMH COOTBETCTBYOIMX MaTpul. MMmenHo:
a) ckaJsipHOoe NpOH3BeleHHe |u) Ha |v):

(vluy={(v IPQ|u>=;<v 1n><n|u>z;v;un;

takuM 06pasoM, (v|u) paBHO TpPOHM3BEACHHIO (CNpaBa) MAaTPHIL
(npaBoro BekTopa), NpeicTaBasfiomell |#), Ha MaTpUUy, SPMUTOBO
CONPSKEHHYI0 MaTpHulle, NpeicTaBJsmwomel |v);
6) neificrBue omeparopa A Ha KeT-BeKTOp |u) uaum Opa-Bek-
Top (v}: .
(n|A|u>=<n|APQ|u>=§<n|A|k><k|u>,

(v1A|ny=(v|PoA |n>—_—;<v| DAL,

Marpuna (npasbiil BekTop), npeacrasasiomas Alu), ect npousse-
JeHue (cmpaBa) MaTpHUbl, NpeicTaBasomeil |u), Ha Marpuuy,
npeacrasasiomyio A. Marpuua (neBhii BeKTOp), NpeacTasJsomas
{v|A, ecTb npousBeieHue (cieBa) MarTpuubi, nNpeicrasismomed {v],
Ha martpuly, NpeAcTaBasouyo A;

B) npousseieHHe AB:

(m|AB |n>=<m|APQB|n>=§<m|A |k {k | B\ nY;
Mannua, Hpe,lICTaBJIH}OHIaH AB, Bblpamae’rca B BHJIE nponssenenm{

(cipaBa) MarpHum, NpefcraBjsiomeii B, na wMarpuuy, OpeAcCTaB=
asoumyio A;
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r) onepartop |u)(v|: (m, n)— 3/eMEHT MATPHILL], NPEACTABISAIO-
el sToT omepartop, ectb (m|u)v|n); uckOoMas MaTpHua, CAeLO-
‘BATeJbHO, NOJIyYaeTcsl NPH YMHOXKEHHH (cnpaBa) MaTpuubl (JeBhili
BEKTOp), mpeacrasasiomefi (v|, Ha Marpuuy (npaBuili BekTOp),
NpeJCTaBASAMIYI0 |u) (3TO LaeT KBaAPaTHYIO MaTpHIY).

TakuMm oGpasom, onpele/ieHO IpPeACTaBJIEHHE BEKTOPOB H Olie-
PATOPOB H3 NpocTpaHcTBAa & MAaTPUULAMH, NpHUEM YCTaHOBJEHH
npocThie NMpaBH/Ja COOTBETCTBHA MEXAY DPa3JHUHBIMH JeHCTBHAMHU
€ BEKTOpaMH H ONepaTopaMH H JefCTBHSIMH ¢ MaTpuuamu. Jlo6yio
reoMeTPHYECKYIO 3aZady B OpOCTPaHcTBe & MOXKHO peliaTth JaHOO
YHCTO TFeOMETPHUECKHMH METOAAMH, pPaccMaTpPHBas BEKTODHI H Ome-
pPaTophl, O KOTOPLHIX HAET peub, JHO0 MeTOAaMH aJreGpel H aHAJAH3a,
ONepHPYs C MaTPHLAMH B NOJAXOASLIEM NPEACTaBJAEHHH.

B nocnexnneM ciyuae cOOTBETCTBYIOUHH BHIGOp NpeACTaBjeHHS
MOXKeT IIDHBECTH K YNPOLUEHHIO 3a4ayH, NOAOGHO TOMY KakK MOAXO-
BASIMHA BeIOOP CHCTEMBI KOOPAHHAT NO3BOJSET YIPOCTHTb pellieHHe
3ajlayd B aHAJHTHUYecKOH reoMerpuH. Ha mpakrTuke ciaeayer BbibH-
paTb OpejcTaB/eHHe, B KOTOPOM JAaHHbie BEKTOPH H ONEPaTOpHI
TIPEJCTaBJAAITCS MaTPHLLAMH HauboJee NPOCTON (OPMHL.

3aMeTuM B 3TOH ¢BA3H, YTO B 1npeicraBienuu {Q) nHaubosee
npocTofi BUA uMeeT HabJiofaemass Q: oHa NpeAcTaBAsieTcsl AHArO-
fsajapHOl Matrpuuefi. Boobme Bcakas ¢yuruns f(Q) B 3TOoM mpen-
CTaBJIEHHH BHPa)KaeTcd AHATOHAJLHONH MaTpulef

(m| f (@)} lfl) = f (n) b

OnepaTopsl, KOMMYTHpPYIOIHe ¢ Q, TAKKe NPEACTaBAAIOTCS PO-
CTHMH Matpuliamu. [leficTBHTeBHO, ecau [X, Q] =0, To

(qn—qm)<mlxln>=0

# nostoMy (m|X|n) =10 aaa BcAKoil mapwl HHIeKCOB (m,n) Ta-
KHX, YTO Gm 7 . VIHBIMH c0OBaMH, BCe 3JE€MEHTH MaTPHULL, HH-
JIEKC CTPOKH H HHJEKC CTON01a KOTOPBIX OTHOCATCH K PA3/IHYHBIM
.O6CTBEHHBIM 3HaueHHAM Q, paBHH Hyaw (cp. § 15).

Bce pe3yabTaThl Ge3 TpyAa pacHpoCTpaHSIOTCS HA BCAKOe OPo-
cTpaHcTBo &1 &2, NMOJyyYamoIeecss NYTEM TEH30PHOIO YMHOXKEHHs
npoctpaHcTB &) H &9 BekToph u onepatophl, 06pa3oBaHHbEe TEH-
30pPHEIM yMHOXEHHEM, Moryt ObTb NpeACTaBJEHH MaTpPHUAMH, KO-
TOpble ABJSIOTCS! TEH30PHBIMH NPOH3BEAEHHSIMH MaTpHL, OpeACTaB-
JSIOUIHX BEKTOPH H ONepaTOpHl NPOCTPAHCTB &1 H &)

§ 20. lNpeoGpa3oBanus matpui

PaccMOTpHM BHOBb MaTpHUBl KOHeuHOro mnopsiika. Bymem o6o-
3HayaTh MPONHCHOH OYKBOH KBaJpaTHble MaTpHUB mopsaaka N, a
cTpouHON OykBOH — N-MepHBIe BekTOpH (npaBble u JeBble). ITycTb
T — necuuryagpuas Martpuua (7-1 cymecTsyer). dra Martpuua
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[03BOJSIET ONpeleNHTh NpeoOpasoBaHue 10A00HS MaTpuud A no-

opmyae
A’ =TAT™". (75)-

CoorBeTerBue Mexay A u A’ BaaumoogHo3Hauno; Matpuua A
noayuaercs u3 A’ B peayabTaTe 00paTHOro npeoOpa3oBaHHs

A=T7"4T. (76)

Takoe npeoGpa3oBaHHe COXpaHseT caej (WUNyp) W JeTEPMHHAHT

MaTpHUBl
SpA=Sp A, detA=detA’ 77y

(3TO ceyeT HeNOCPeACTBEHHO H3 YKa3aHHBIX Bhlllle CBOHCTB IINMYPa
W JeTepMHHAHTa NpOH3BeAeHHs Martpul). PaBHbiM oGpasoM oye-
BHIHO, YTO TaKoe NpeoOpas0oBaHHe COXPaHsieT BefKoe anrebpanye-
CKOe COOTHOIICHHE MeXAy Mmartpruamu. Ecim, HanpuMep, Mbhl HMeeM

A=ABC -+ uDEF,

TO yMHOXas NOuJeHHO cileBa Ha T W cnpasa Ha T-! uw BeraBasas
TaM, TAe 3T0 HyxKHo, npousBesenne T—!T, mojyuuam

TAT ' = ATBT™'TCT™' 4 wIDT 'TET™'TFT™!,
AI — AB,C, __l_ MD’E’F’.
AH&JIOFH‘IHO MOXXHO onpe)le.rmrb npeoﬁpasoBa}me npaBoro BeK-
TOpa U
W="Tu, wu=T W (78)

H JIeBOr0 BEKTOpa v _
-1
vV=0uvl"", v=1vT. (79)

HeTpyano npoBepHTb, YTO yKa3aHHOe Npeo0pas3oBaHHe B CaMOM
oblieM cayuae COXpanser éce aizebpauueckue YpasHenus, B KOTO-
pHe BXOAAT KBaApaTHbE MATPHIBE H BEKTOPH 000UX THNOB. 3ame-
THM TakKXe, UTO €CJH ¢ — IIPOU3BOJbHAs NOCTOSHHAdA, TO KBajpar-
Has MaTpHua npeobpasyercsa ¢ nomowsr T u ¢T OJMHAKOBO; mpa-
BhIll BEKTOp IPH 3TOM YMHOXKaeTcs Ha ¢, a JeBHit —Ha l/c.

B TO xe Bpems 3To npeobpasoBanue B oblleM cjiydyae He COXpa-
HsileT COOTHOIIGHHH CONMPSKEHHOCTH MEXAY MaTPHIAMH (3ajgaua 5).
ITocMoTpuM, HaNpHMeEpP, KAaKOMY YCJOBHIO HOJ2KHA YAOBJAETBOPATH
marpuua T, uToGb npeoGpasoBaHHe COXPAHSIO HPMHTOBYIO CONps-
skegnocTb. Uto6H U3 A’ = TAT~! cnenosalo

AT =TAT,
Kakoii Obl HM Obla MaTtpuiia A, Heo6XoxHMO, UTOGH
TAT-' —(1A'T™") =(r7")" 4r”,
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HJIH, eCJH yMHO)KHTb paBEHCTBO c¢JieBa Ha T+ 44 Cl’IpaBa Ha T,
T'TA= AT'T.

Heo6xoauMO, cle0BaTeabHO, YTO6H MaTpHua TTT KoMMyTHpOBaJja
©C BCeMH MartpuuaMu A, T. e. 4ToOH OHa Oblia €ZHHHYHOH ¢ TOY-
HOCTbIO KO NMOCTOSIHHOTO MHOXHTEJNS

T =clI.

Janee, paa toro utobu u3 ¥’ = Tu caegosano w't = u*T-! npn
awo6oM # Heobxozumo, utobbl u == TTTu npu Jaw6oM u, T. e.
¢ =1. 310 3HauuT, yTO MaTpHua I HoJKHa ObTh yHHTapHOH. Ode-
BHAHO, YTO 3TO YCJOBHe, HEOOXOZHMOEe IJs COXPAaHEHHS YCAOBHA
HPMHUTOBOH CONPSXKEHHOCTH, ABAAETCA TaK¥Ke H JOCTATOYHHIM.

IIpeoGpasoBaHue, MaTPHIa KOTOPOrO sABJSETCS YHHTapHOH, Ha-
3biBaeTca yHUTapuuim npeobpasosaruem. ITOCKOJILKY B 3TOM Cay-
gae U-! = Ut npeo6pasoBanus matpuus A, npaBoro BeKTopa u H
JIEBOrO BEKTOPA v BhIPaXKaloTcsl $bopMyJaaMu:

A =UAUY, A=U*A'U,
u =Uu, u=U%, (80)
v’ = U™, v=v"U.

Kak u Bcaxoe npeobpasoBaHHe NOAOOHS, yHUTApHOE npeobpa3o-
8anue coxpansaer caed u OeTepMUHQKT MATPUYy U 8ce aiszebpaude-
ckue ypasrenus mescly marpuyamu u sekropamu. Ho, kpome arozo,
OHO COXPAHAET U 3PMUTOB0 CONPAMEHUE. -

Jasnee, HMe0T MecTo ABe cleAyiolniHe (yHIaMeHTadbHble TEO-
PeMBbl, KOTOPble MBI IpHBexeM (€3 J0Ka3aTesabCTBa.

A) Beaxas spmurosa matpuya H moxcer GoTo npusedena K
GUazOHANLHOMY BUOY C NOMOWLLIO YHUTAPHO20 RPeobpa308anus

H =UHU', H’ — gnaronaibuas.

JluaronanbHble 3JeMeHTHl H’ cyTh «COOCTBeHHHBIe 3HaueHusi» H.
Bce ouH BellecTBeHHH (H’— spMuTOBAa MaTpHua) H SABJAAIOTCA
PEIUIEHHSIMH CEKYJ/SIPHOTO yDaBHEHHsS

det (H — xI)=0.

B) Hrobe dse sapmurosss matpuyst H, K mozau 6siTe 00Ho8pE-
MEHHO npusedens. Kk OUAORALLHOMY 8UOY C NOMOUWLIO 00HO20 YHU-
Taprozo npeobpasosganus Heobxo0umo u O0oCTATOUHO, 4TO0bL OHU
KOMMYTUPOBAAU.

Bce 3TH ONpene/eHHs H CBOHCTBA, OTHOCALIHECS K MaTPHIUAM KO-
HeuHOTO nNopsiaka, 0e3 TPyAa pacOpoCTpaHsIoTCs Ha chayvail Oec-
KOHeuHHIX MaTpHll. Besikas GeckoHeunasa marpuua T, o6aajamomias
o6parnoit MatpHueft T-', onpegenser npeobGpasoBanHe NOJOGHA
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KBaJApPaTHBIX MaTPHIl U BEKTOPOB (NPaBHIX H JEBHIX) NPH BHIIOJHE-
HHH YCJOBHH CXOAMMOCTH COOTBETCTBYIOIIMX CYMM H HHTErpasoB.
B NmpOTHBOMOJIOKHOCTb CJy4al0o KOHeUHEIX MaTpPUl HeT HeoOXOAHMO-
ctH, yToObl T Ob1a 0053aTesqbHO KBajpaTHOH MaTpuued. KoneuHo,.
CTPOKH H cTo0ubn MaTpHubl (KBajapaTHo#), mojaBeprawomefics npe-
00pa30BaHHIO, AOJKHbB HYMepOBaTbCs TOH 3Ke CHCTEMOH HHIEKCOB,
yTO H cToq0uN T, 2 TakxKe KOMIOHEHTH MPaBHIX H JIEBEHIX BEKTOPOB.
Ho cTpoku H cToq0ubl Npeo6pa3oBaHHON MAaTpHUB! H KOMIOHEHTHE
npeo6pa3oBaHHBIX BEKTOPOB HyMepyIOTcsl TOH CHCTeMOH HHIEKCOB,.
KOTOPOH HyMepyioTcsi cTpOKH T.

CBoiictBa coxpaHeHHs cJjefia (IPH YCJIOBHH €ro CXOAHMOCTH),
aare6panyeckKux ypaBHEHHH W 3PMHTOBOIG CONpSKeHHs (JAJf YHH-
TapHBIX MaTpHI NMpeo6pa30BaHHfA) COpaBelJHBH H JJsi OecKoHeu-
HEIX MaTpuu. UTo e KacaeTcs (yHIaMeHTaJbHBIX TEOpPeM O JHAro-
HaJH34aUHH SPMHTOBHIX MATPHIl YHHTapHbIM Npeobpa3oBaHHeM, TO
OHH He CIIpaBeJTUBH [/l BCEX SPMHUTOBHIX MAaTpHl, HO MH OyleM
npeanosaraTb, YTO OHY BHIOJHAIOTCA B paccMaTpHBaeMbX HaMH
cAyuasnx.

§ 21. Cmena npeacraBaeHus

BepHeMcs X npo6JjeMe MaTPHYHOTO NpeJACTaBJEHUS ONEPaTOPOB.
H BEeKTOPOB BEeKTODHOTO InpocTpaHcTBa & . Kaxgoil 6asucuolt cu-
cTeMe BEKTOPOB B 3TOM INPOCTPAHCTBE COOTBETCTBYET HEKOTOPOE
npezacranJenue. CiaeflyeT HayuuTbCcsl NMEPEXOAHTH OT OJHOrO TAKOTO
npeacraBieHHs K Apyromy. MMelorcss B BHAY, KOHEYHO, pasJiHuHble
npeacTaBJeHHss OZHOTO M TOrO Ke BEKTOpa HJH onepatopa. Msl
YBHAUM, UTO MEPeXoi OT OJHOrO NPEeACTABJEHHS K APYroMy COBep-
waeTcid ¢ NOMOIIbI0 YHUTapHOro INpeobpasoBaHuI. )

BosbMeM pJ1s1 onpejeJieHHOCTH JBe Oa3HcHbie CHCTEMBI: OfHY,
06pa3oBaHHYl0 COOCTBEHHHIMH BekTopamu |[n) (n=1,2, ... 00)
Habmwogaemoit Q us § 19, u BTOpy0, 06pa3soBaHHYI0 COGCTBEHHHIMHA
BekTOpamH |E) apyroft HaGJaiopaemoil E, CIEeKTp KOTOpoH Gyaem
npeanoJaraTh HempephiBHHIM. JIBe 9TH cHCTeMbl ONpelessioT Npef-
crabaenusd {Q} u {E}. OcHoBHble ypaBHeHHs npeacTaB/jeHus {Q)}
yxe ObJIH BHNHCaHbI paHee (ypaBHenus (73)u (74)). Ananoruy-
Hble ypaBHeHMs [Js NpeacTaBljeHus {E} 3anucuHBalOTCi B (opme

ElIE)=0(E—¥), (81).
Pe={Iai=1. (82)

BasucHpie BEKTOPH OJHOTO INpeACTaBJeHHS MOryT OMTh pas-
Jo¥KeHp N0 Gas3HCHHIM BEKTOPaM [ADPYroro IpeicTaB/deHHs] B BH/AE

I={19de€Im, 19=7)In(n1®). (83).

n
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Cgansiproe npousBefienue (&|n), durypupymomee B KauectBe K03¢b-
{$HULHEHT2 Pa3/IOKEHHsA |n), MOXKET PacCMaTpPUBATHLCS KaK 3JEMEHT
S(&; n) marpuuwm S, npuyem § ecTh MHIEKC CTPOKH, a n — HHIEKC
cron6ua; cxkajlspHoe NpousBefieHHe (n|E) BO BTOPOM pa3joXKeHHH
MOXeT paccMaTpHBaThbcs Kak sJjeMmeHT I (n; §) mMarpuuwm T, npHueM
.n ecTh HHAEKC CTPOKH, a § — HHAEKC cT0J61ua. BnpoueM, NOCKONLKY
(2lny = (n]2)*, nueem
T=S"
Kpome roro,

;@homm3=@ﬁ®=é@—yx
{ig ae@iny=in) = oum.

Hinaue rorops,
Sst=1, (84a)
TT =8's =1, (846)

Marpuua S yHuTapHa.

Yno6H0 0003HAaYNTbL CHMBOJIOM (U)o TpaBelfl BEXTOp C KOMIO-
nenaramu (1lu), (2|u), ..., npegcraBasomufi ker-Bekrop |u) B
npencras/iennn {Q}, u cuMBoJOM (#)y TNpPaBHH BEKTOP C KOMIO-

neHraMu (E|u), npeacTaBAsOMA TOT ke BEKTOp |#) B IpeAcras-
Jennn {E). IlpuMensas coortHowienne (74), uMeem

(8 1) = 2 (& 1) (ke |uy;
JIPYTHMH Ccn0BaMH,
- W)z =S (), (85)

OG6osnaunm Takxke c¢ nomomplo (A)g u (A)s Marpuusl, coor-
BETCTBYIOUIME 3ajJaHHOMY onepatopy A B mpeacrasjeHnsix {Q} u
{E}; rorama

El1A1EY=2 EIRIAIIE)
HIH
(A)z =S (A), S*. (86)
-AHaJIOTHYHO #1151 JIEBHX BEKTOPOB (U)o W (v)g, NPeACTaBJSIOMIHMX
-OIAH H TOT %€ Gpa-BeKtop (v|, uMeeM
(v)g = (v),S*. (87)

Ypapuenus (85), (86), (87) sBasiOTCA HCKOMBIMH YPaBHEHMSIMH,
.XapakTepH3YIOWUMH YHHTapHoe npeobpasoBaHue S (cp. dopMyabl

4{80)).
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Takum oGpasoM, nepexon oT npeacrabaeHus {Q} k npelacrasie-
guio {8} ocyulecTBasieTcss NMpH NOMOLIH YHHTapHoro npeo6pasoBa-—
aus S.

DJieMeHTH NOJYUYEHHOR MaTpUum S 06JafaloT CJAeAYIOUHMH 3a-
MeuaTeJbHBIMH CBOHCTBaMH!:

— paccMaTpHBaeMbie KakK (YHKUHH HHAeKca croabua n 3je-
menTh <g|n) E-f CTPOKH SABJSIOTCA KOMIOHEHTAaMH JIEBOTO BeK-
topa (&), mpeacrasasiomero coberBenHbifi 6pa-Bekrop (&| onepa-
topa 2 B npeactassednn {Q};

— paccMmaTrpuBaeMbie Kak (YHKUHH HHAEKCAa CTPOKH § 3Je-—
MeHTH (E|n) n-ro cronbua siBAAIOTCA KOMIOHEHTaMH NPaBOTO BeK-
Topa (n)g, MPEACTABJSIOUIEr0 COOCTBEHHbIH KeT-BEKTOP |n) onmepa--
tTopa Q B mpeacraBJenuu {E}.

B uwacTHOCTH, pellieHHe B mnpeactaBsaeHun {Q} mnpobsaemn cob-
CTBEHHBIX 3HAaueHHH onepaTopa E ecTh 3a/1a4a, MATEMaTHUYECKH 3K~
BHBaJIeHTHAs HaXOXK/EeHHIO npeoGpa3oBaHus S, AHATOHAJH3YIOHIEro
marpuuy (E)o. AHaJjoruuHo peuieHue B NpeiacTaBjenus {E} npo-
6J7eMBl cOOCTBEHHBIX 3HAaueHHit onepaTopa Q 3KBHBaJIEHTHO HaXOX-
AeHulo npeo6pasoBanus ST, anaronaimsyomero Marpuuy (Q)g.

BaHo BHJAEIHTb T BeJHUHHB U T€ COOTHOLIEHHS, KOTOPhIE MO--
IyT ObITb ONpefeJseHbl He3aBHCHMO OT BHJAa NpeACTaBJeHHs. DTHM
KauecTBOM 00J1aflaloT BeJHUHHEI H COOTHOLIEHHS!, OnpelesisieMble He--
NocpeCTBEHHO ¢ NMOMOUIBLIO BEKTOPOB H ONMepaTopoB. Tak, cxaaap-
Hoe npousgedenue OBYX BEKTOPOB eCTb BeJHUHHA, HHBapHaHTHAR:
OTHOCHTEJILHO H3MeHeHHsi NpeacTaBjeRusi. COOTHOUWIEHUS 3PMUTO-
8020 coOnpAsCenus U Bce ascebpauyecKue YpasHenus MeX 1y BeKTO--
pPaMH H MeXJy ONepaTOpaMH TakKxe 00J/1aJ1a10T 3THM CBOWHCTBOM HH--
BapHaHTHOCTH.

OTMeTHM ellle coxpaHerue caeda: cael (ecau OH CXOAUTCA) MaT--
pHULL, MpeAcTaBisollell onepaTop, COXpaHsieT cBOE 3HaueHHe He3a-
BHCHMO OT BHIGPaHHOTC MpeACTaBJeHHS; 3Ta BeJHYHHA XapakTepH-
syer cam onepatop. HerpyaHo nokasate, uto (3aaada 6)

Splu)u|=ulu), (88)-
Spluy(vl={(vu). (89)

§ 22. YuurapHbie npeoGpa3oBaHHs ONEpPaTOpPOB W BEKTOPOB

Marpuua S, BBeleHHasi B MpellliecTByoolleM Naparpade, He
npeacTaBJsieT HHKakoro onepatopa. MaTpuua, HpeacTaBJsiOlias
HeKOTOpHIl oNepaTop, ONpeleseHa B 32[A2HHOM INPEICTaBJECHUH, B-
TO BpeMsi KaK MaTpHlia Npeo0pa3oBaHUsl 3aBHCHT Kak Ol cpasy oT
ABYX MpejAcTaBJeHull. DTO XOPOIIO BHAHO HA IpHMEpe, pa3oOpaHHOM
BHIUE, u60 MaTpuua S He fABJAAETCS KBaAPaTHOM.

TeM He MeHee B HEKOTOPHIX CJydJasX MOXKeET OKa3aThed, UTO Cy-
IlecTByeT B3aHMOOJHO3HAUHOE COOTBETCTBHE MexKAy Oa3HCHBIMHE
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BEKTOpaMH [BYX pa3HBIX IpejicTaBJeHHH. B 3ToM cayuae BeKTOpHI
06edx 0Oa3UCHBIX CHCTEM HYMepYIOTCH OJHOH cHCTeMOoH HHAEKCOB.
PaccmoTrpuM, HampuMep, npeacrasienne {Q} ¢ 6asucHoil cucreMoi
|n), HyMepyeMOHl AHMCKDETHHIM HHIEKCOM 1, U NpejacrasJeHne {Q}
¢ GasucHOll cucTeMOH |71), HyMepyeMO# TeM 3Ke CaMbiM HHIEKCOM.
JlBa ger-BekTOpa |n) H |f1), HyMepyeMbie OJHHM HHAEKCOM, KaK-TO
COOTBETCTBYIOT OJUH ApyroMy. IlycTs 3TO cOOTBETCTBHE BHIpakaeTcs
onepartopom U:

|y ="U|#).
Torpa
U=U(;1ﬁ><ﬁ|)=n2xn><ﬁ\ (90)
N Ut=31 A (n;

MO3TOMY, YUHTHIBasi yCJIOBHS OPTOHODMHPOBAHHOCTH |n) U |A), MO-
Jydaem

vut=uvu=1. ° 91)

CaepoBatenbHo, U ects yHurapneui oneparop. BooGuie xe yHHUT2D-
Hasl MaTpHUA <rTz|n), onpeaeasiomas nepexoi OT NpeAcTaBJeHHd
{Q)} x npexncraBaenuto {Q}, ecTb Marpuua, npeacrasasiouwas U B
npeactaBaenun {Q}.

B TOM cayyae kKorga MOXKHO NOCTPOUThL YHUTADHBIH OmepaTop
U, M0OXHO oNpenenuTh ONepanuio, KOTopas fBJAAETCS B HEKOTOPOM
CMbIc/Ie JOMOJNHHTENBHOH K onepauud H3MEHeHUS NpeAcTaBJIeHHs.
Bmecro Toro uroOn npeoGpasoBniBarh GaszucHylo cucTeMy {Q} B
noBylo 6asucHylo cHcTeMy {Q}, BEeKTOPH KOTOpOH AaloTcd ypaBHe-
HlleM

| Ay =U"|n), (92)

MOXKHO OCYLIeCTBUTb Npeo6pasoBaHHe CaMHX BEKTODOB M ONEpaTo-
POB NPOCTPaHCTB2 &, NMOCTAaBHB B COOTBETCTBHE KaXAOMY BEKTOPY
|u) Bektop |4)==U]|u), a xaxgomy onepatopy A —oneparop
1 = UAUT.

Beuay toro uro onepartop U yHuTapeH, oueBHJIHO, YTO Npeol-
pasoBanHe U coxpaHsieT COOTHOLIEHHsSi COMNPSXKEHHS M ypaBHEHHs
MeXJy BeKTopaMM H onepartopaMu. B wacTHocTH:

a) coxpaHsercs ckajaspuoe npoussenenne: (4|A|0) = (u]Alv);

6) coxpansieTci 3PMHTOBOCTb.

Ecniu A —Habawopaemas, To A ecThb HabamgaeMas ¢ TeM
JKe CeKTPOM COOCTBEHHBIX 3HaueHHil, H60 ypaBHeHHe Ha COOCTBeH-
Hule 3Ha4YeHHs

Ala)=ala)
NEPeXoAUT B ypaBHeHHe
Ald) =ald). 93)
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CoG6cTBeHHBIE KeT-BEKTOpPHl A, NpHHajJeXalune 3afaHHOMY cO00-
CTBEHHOMY 3HaYeHHI0 @, SBJAITCS NpeoOpa3oBaHHbIMU COGCTBEH-
HBMH KeT-BeKTOpaMu A, IpHHAAJIEKAHHMU TOMY Xe cOGCTBEHHOMY
3HauyeHHI0. 3aMeTHM, YTO MaTpuua, npeiacraBaswomas A B {Q}, co-
BmajaaeT ¢ To#, Koropas mnpeiactaBaseT A B {Q). AHajornyHo Bek-
Top |4) nmeer B {Q} Te e KOMIOHEHTH, 4TO # BekTop |a) B {Q}.

[Ipousmectn mnocsenoBaTesqbHO ABa NPeoOPa3oBaHUs ¢ ONEPATO-
pamu U n V 3HauuT TO Xe camoe, YTO NPOU3BECTH OZHO Npeobpa-
sopanne ¢ onepatopom W = VU. Ilockoasky omneparop W yuuTa-
peH, pesysabTHpYloIlee npeo6pasoBanue OGyneT yHHTapHBHIM. MHnIMH
cJIOBaMH, npoussefenue 08YxX YHUTAPHOLX Npeodpasoeanull ecrs
yHUTapHOE npeobpasosanue.

Ecan onmepatop U, onpeneasiomnfi yHutapHoe npeoGpasoBaiike,
«0ecKOHeuro OJU30K» eJHHHLE, TO NpeodpasoBaHHe HasbiBaeTcs
ungunuresumasonoin. Onepatop U NpuHHMaeT BHA

U=+ ieF, (94)
rae e ecTr GeCKOHEYHO MaJoe BellleCTBeHHOe YHCJO. YCJaoBHE YHH-
TtapHoctd (91) mpuHuMaeT BHJ

(1—ieF) 1+ el =>0+ieF) (1 —ieFH) =1
HJIH, COXPaHsid TOJbKO YJeHHBl MepBOro nopsigka no g, = F*.
CaiefoBaTenibHO, onepatop F apmuros.

Tlpu unduHHMTE3MMaJbHOM npeoOpPa3oBaHHH BEKTOPH U oMepa-
TOpH HpeolGpasyiores no dopMmysaam

{2y =|u) + 8] u) = (1 + ieF) |u),
A=A+ 0A=(1+ieF) A(l —ieF)=A + ie[F, A]
HJAH
&|uy=1ieF | u), (95)
dA=ie[F, Al (96)

3ANAYY U YITPAJKHEHUSA

1. Mycts 3apanul pBa npoekTopa Py, P;. ITo onpegenennio P; He npeBocxo-
AuT Pj, ecnu PPy = Py, npu atom numyt P; << P;. Tlokasars, uto ecan P; < Py,
10 {(u|Pi|u) << (u|P;|u) npu mobom |u), u obparno. [lokasats an6o menocpes-
‘CTBEHHO, JH60 HCHOJb3Ys 3TO NOC/AEJHee CBONCTBO, YTO YCTaHOBJEHHOe HepaBeH-
CTBO AeHCTBHTENBHO yIOBJETBOPAET aKCHOMaM HEPABEHCTB, a HMEHHO: a) ecaH
Pi<PiuP<<P,toPi=P;u 6) ecnin Pi << Py u P; << Pi, 10 Pi << Pe.

2. Ilycts Py, P, ..., Px— npoekropnl. Ilokasats, uTo ux cyMma Ttakxke
SIBASIETCS NPOEKTOPOM B TOM H TOJIBKO TOM CJyuae, €c/u

K
,;,(””" lad) < e |

Ja KaxAoro BekTopa |u) B npocrpancte ['mabGepra.
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3. a) Habmonaeman A obnalaer kOHeuHblM uucioM N COGCTBEHHHIX 3Haue-
Hui. OBosHaunM 3TH coGcTBeuHble 3Hauenus OyKBaMHu @), Gz, ..., Gy H NOJOXHM

f(Ay=(A—a)(A—a) ... (A—ay)=(A—a,)g, (A)

IMokasatb, uto f(A) = 0 u uto onepaTop npoeKTHpoBaHHs P, ma moAmpocTpaH-
€TBO A-TO COGCTBEHHOrO 3HaueuHs JAETCH BLipaXKEHHeM

Pp == gn (A)/gn (ag)

6) Iokasars oO6paTHOe CBOHCTBO, a MMEHHO: eCJH A ecTb PDMHTOB oOnepa-
TOP, YAOBJETBOpsIOWMA anrefpanyeckoMy ypaBHenHI0 nopsgka N

f(Ay=(A—a)(A—a) ... (A—ay)=0,

W €CJIH OH He yIOBJeTBOPSieT HUKAKOMY APYroMy ajre6paudeckomMy ypaBHeHHio 60-
Jlee HU3KOrO MOPAAKAa, TO 3TO Habmojgaemas, ofianaomas N cOGCTBEHHHIMH 3Ha-
YeHHAAMH, KOTOpbE CYThb KOPHH (06A3aTebHO BelleCTBEHHHE H Pa3J/iMuHbE) ypas-
HenHa f(x) = 0.

4. TlokasaTs, 4T0 maTpuua nopsgka N:

a) ecTb MaTPHua, KpaTHAasA eJHHHUHOMN, eCIM OHa KOMMYTHPYET ¢O BCEMH MaT-
puuaMH nopsaka N;

6) ecThb guaronajiibHas MaTpHLA, €C/IH OHa KOMMYTHDYeT CO BCeMH JHATOHAJb-
HLIMH MaTpHiaMH nopsigka N.

5. Tlokasatp, yTo:

a) aas Ttoro 4ToGbi Npeo6pasoBaHHe COXPAHANO KOMIIEKCHYIO COMpsXKeH-
HOCTb MaTpHu HeoO6XOAMMO H JOCTaTOYHO, YTOOH MAaTpHua npeoSpazoBanus Gbiia
BellleCTBEHHOI;

6) Ans Toro uToOH nNpeo6pasoBaHHE COXPAHAJIO TPAHCIOHMPOBAHHOCTbD MAT-
pHL HeoOGXOJHMO M JAOCTATOYHO, yTOOH MaTpHUa Kpeo6pa3oBaHHs Gbila oOpTOro-
HaJbHOH.

6. Ilyctsb |u) B |v) — ABa BekTOpa ¢ KoHeuuoit Hopmoil. Tlokasath, yTo

Spluy(ul={(ulu) Splu){v|={(vlu).

7. Ylyetb H ecTb nOJOKHTE/IBHO ONpejeNeHntii 3pMHTOB oneparop. ITokasarts,
uTo Npu MoOLIX |u) u |v)

(e HIo)P<u|H|wy(w|H]|v)

n uto pasenctBo (u|H|u) = 0 neo6xozuMo Bieuer 3a coboit Hlu) = 0. Ioka-
3aTh, KpoMe Toro, uTo Sp H = 0, npuueM 3HAaK pPaBEHCTBA pEaNTu3yeTcsi TONBKO,
ecan H = 0.
® 8 Tlokasats, yt0 ecan H u K saBASOTCA ABYMA NOJOMHTENbHO ONpeleseH-
HbiMH HabmogaemuiMH, T0 Sp HK = 0, a paBeHcTBo BJeuerT 3a coboit HK = 0.
9. [lycts A — HekoTopbifi nuneinwniii onepartop. Ilokasats, uro A4 ects
NOJOXKHTENBHO ONpejie/leHHblii 3pMHTOB ONepaToOp H €ro cjej PaBeH CyMMe KBaj-
paTOB MOIyJeld >JEMEHTOB MaTpHibi, ApeACTaBJAOMed A B HEKOTOPOM npou3-
BONMBbHO BHIGPAHHOM NpejcTasJjieHHH. BoiBecTH OTcoAa, uTo Sp ATA = 0, a paBeH-
CTBO BHIIOJNAETCS TOJBKO, ecilh A = 0,



rJ1ABA VI

OBIIHA ®OPMAJIH3M KBAHTOBOH TEOPHH
b. ONUCAHHUE ®U3HYECKHUX SABJEHUMN

§ 1 Beenenue

B kmaaccuueckoit (pH3HKe AMHAMHYeCKOe COCTOSIHHe (hH3HYecKoil
cucTeMbl B KaxIHH MOMEHT BpeMeHH ONpeje/ieHO, ecJH H3BeCTHH
3HAUYEHHd AHHAMUYECKHX TepeMeHHBbIX, XapaKTepPH3YIOUIHX CHCTEMY.
2TH 3HaueHHS MOryT ObITh B NPUHHHIE ONpenejeHnl Bce OJHOBpE-
MeHHO c¢ 1060 cTeneHpio TouHOocTH. IlosTOoMy sapadeil rjaacchye-
CKOfl TeOpUH sIBJsIeTcH OINpeae/eHUe JHHAMHYECKHX MNepPeMeHHBIX
(hU3uecKofl CHCTeMbl U HCCJeJOBaHHe ypaBHEHHH ABHKEHHS, KOTO-
pPBHiM OHH TOAYHHAIOTCA.

B kBaHTOBOH TeOpHH COOTBETCTBHE MEXAY AHHAMHUECKHM CO-
CTOSIHHEM H JMHAaMHYECKHMH IepeMeHHbIMH OKa3hBaeTcsd [JalleKko
He CTOJNb NpsAMBIM. B npouecce H3MepeHHs KakoH-1HGO AHHaMuue-
CKOH TepeMeHHOH AMHAMHUYECKOE COCTOSIHHE CHCTeMBI H3MensieTcs
o BoaZelcTBHEM H3MepuTeabHoro npubopa. Ecan B kaaccHueckoi
¢$u3NKe 3THM H3MeHeHHeM OGBIUHO mpeHeGperaioT, TO Ha MHKPOCKO-
NHUEeCKOM YPOBHE 3TOrO clesaTh yxe Heab3sl; MoaupuKauus co-
CTOSIHHA cHCTeMbl TpelcTaeT Kak HelpeACKasyeMoe U HEKOHTPOJH-
pyeMoe BO3MyIleHHe, OrpaHHUMBAIOLIee BO3MOKHOCTb OJHOBpEMeH-
HOro HM3MepeHHs BceX AMHAMHUecKHX TnepeMeHHbXx. Ilostomy
NPHXOAMTCSA OTK23aThCsl OT OCHOBHOTrO NOCTYJIaTa KJ1aCCHYeCKOH (u-
3UKH O TOM, UTO pasJHyuHbie (PH3HYECKHe BeJHYHUHBI, XaPaKTepH3YIO-
He CHCTEMY, MOTYT B JI0OOH MOMEHT BPeMEHH NPHHHMATh BIIOJHE
onpejesenible 3HaueHHsi. s xaxXAo# M3 3THX BEIHYHH MOXKHO
yKa3aTh TOJLKO CTQTUCTUXECKOe pacnpedelenue 3HaUeHWH, BbIpa-
3Kalollee BEPOSITHOCTb TOTO MJIH HHONO pesyJsbrata B Caydae BO3-
MOKHOI'O M3MEepeHHs. ‘

CorJyiacHo ycranoBuBLiefics TepMuuogorun (§ IV.17) rosopsr,
yTo JUHAMHYECKHe IepeMeHHBEe KBAHTOBOH CHCTEeMH He Bce IIO-
napHo coBMecTHbl. OJH2KO K 33JaHHOH JHHAMHYECKOH MNepeMeHHOM
MOYKHO TIPHCOBOKYNIHTb HEKOTOPOE WMC/IO APYTHX, fNnka He o6pa-,
3YeTCH NOANbLE HAGOP COBMECTHOLY QUHAMUHECKUX NnepeMeHHbLX. Ilo
onpeje/eHHI0 Bce WIeHH TaKOro HaGopa cOBMeCTHbI APYT ¢ APYroM,
HO BHe Ha6opa He CylecTByeT AMHAMHYECKHUX NEepeMeHHHIX, COBMeE-
CTHBIX ¢ KaXAbiM uJeHOM Habopa, KpoMe, KOHEYHO, KaKHX-1100
¢GyHKuuiA oT nepeMeHHBIX — WieHOB nabopa. Tounoe u3Mepenne
NHHAMAUECKHX NepeMeHHBIX NOJHOro HaGopa maer HauGoJee Mod-
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BYI0 HHGOPMAIUIO, KAKYI0 TOIbKO MOXHO HUMETb OTHOCHTENBHO HH-
HaMHYECKOTO COCTOAHHSA (H3HuecKod cucremsl. Takum oGpasoM, aH-
HaMHYecKoe COCTOsiIHHe KBAHTOBOH CHCTEMbl ONpeaensieTcs He 3aja-
HHEM BCeX OHHAMHYECKHX IepeMeHHHX, NPUCYIIUX CHcTeMe (KakK
B KJIaCCHYECKOH TEOPHH), HO 3aJaHHEM TeX H3 HHX, KOTOphle BXO-
IAT B KakoH-11060 NMoJHRIA Habop COBMECTHHIX IepeMeHHBIX.

B kauecTBe OCHOBHOrO NPHHUHIZ MPUHHMAETCs, 4YTO AMHAMUTE-
CKHe COCTOSIHHsi KBAHTOBOH CHCTEMHl HONMYCKalOT AuUHelHyr cynep-
nosuyuro. B corsacun ¢ ateM NpHHuunoM (cm. § VII.1) xBanTO-
BOH CHCTEMe COMNOCTaBJ/seTCsl HEKOTOpOe BeKTOpHOe MPOCTPaHCTBO
&, Tak UYTO Ka)kJoe JHHAMHYECKOe COCTOSIHHe TpeACTaBJseTcs
BEKTOPOM B 5TOM INpoerpancrBe. [Ipeanosaraercsi, xpoMe Toro, 4To
& ecTb mnpocrpaHcTBO ['mabbepra. B padbHefilieM Mbl HCIOJAb3YEM
o603HaueHHusT U cBoficTBa mpocTpaHcTBa I'wabbepTa, Kak OHH OnliH
usnoxenn B . VII. Takum ob6pasoMm, kKaxaoMy AHHAMHYECKOMY
COCTOSIHHIO COOTBETCTBYeT HEKOTOPHIl KeT-BEeKTOp |4 ) MPOCTPAaHCTBA
&. B TO e Bpemsi kaxgo# AMHAMHUECKOH NMepeMeHHOH COMOCTaB-
Jagercsl Hekoropas Ha6gaiojaeMasi, AeHCTBYOILas B TNPOCTpPaHCTBE
& '). Econ puHaMHuyeckHe NMepeMeHHBle COBMECTHBHI, COOTBETCTBYIO-
I¥e UM HalOnaogaeMnle KOMMYTHPYIOT, ec/ld TepeMeHHBle Heco-
BMECTHH, HabJoaeMble He KOMMYTHPYIOT.

O6muit dopMasu3M KBaHTOBOH TEOPHH OCHOB2H Ha YKa3aHHOM
COOTBETCTBHH MEXKJAY AHHAMHUECKHMH COCTOSIHHSIMH H BEKTODaMH,
(OU3NYeCKUMH BeJIHYHHAM¥ H omepaTopamu. B pasgenel Mu yrou-
HHM 3TO COOTBETCTBHE, MOKaxKeM, KaK CTPOMTh NpPOCTpaHCTBO I'uJib-
6epra, U Kakoll (pu3nHuecKuii CMBICJ HMEKWT BEKTOPH M ONEepaTophH
H3 sTOro mpoctrpanctBa. Jlasee, B pasmese Il obmas Teoperuue-
cKasi cXxeMa JOIOJIHseTCS BBejeHUeM ypasHenull dsusenus. B pas-
npene Il Gymer nokasaHo, YTO CYIIECTBYET CTOJbKO KOHKPETHBIX
(hOpMYJTHPOBOK TEOPHUH, CKOJBLKO €CTh Pa3JIHUHBIX KOHKPETHBIX MAT-
PUUHBIX TpeJCTaBJgeHHH BEKTOPOB M ONEepPaTOpPoB NpocTpaHcTBa &,
BOJIHOBaS MeXaHHKa fIBJseTCH OAHUM H3 TAaKHX YaCTHHIX NpeICTaB-
genuii. Korga puHamupyeckoe COCTOSIHHE KBAaHTOBOH CHCTEMbI H3Be-
CTHO He MOJIHOCTBIO, MOXKHO, ciaeaysl OObIYHEM METOJZaM CTaTHCTHUe-
CKOH MeXaHUKH, IPeJCcTaBJAATh €r0 CTAaTHCTHUECKHM ancambJieM Bek-
TOPOB THJb0epTOBa MPOCTPAHCTBA. ODKBHBAJEHTHas MNpOlUeaypa
COCTOHMT BO BBeJIeHHU omnepaTopa oco0Ooro THIA — MATPUYbL NAOTHO-
CTU; 5TH BONPOCH paccMaTpHBAIOTCH B MOCJEJHEM, YETBEPTOM pas-
JeJie TJIaBHL,

) TlpoctparcTBO & HIpaeT B KBAHTOBOA TEOPHH DPOJb, AHAJOTHUHYIO DPOJH
(hasoBoro npocTpaucTBa KJjaccuueckoil TeopHH. Kaxpas Touka ¢asoBoro mpo-
CTPAaHCTBa NpPeACTABJAET KJacCHUeCKoe AHHAMHYECKOE COCTOfIHHE, KaXAblii BeK-
TOpP NpPOCTPaHCTBA & NpeACTaBJAfAeT KBaHTOBOE AHMAMHUECKOe COCTOsHMe. Bo BTO-
poOM cayuae, OJMAKO, COOTBETCTBHE He HABJAETCA B3aHMOOJIHOSHAYMBIM: [JBa
KOJUIHHEapHBIX BEKTOP2 NPoCcTpaHcTBa & MPEACTABJAAIT OAHO COCTOSHHE, CM.
Huxe, § 2.
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Pasnaea I. AIHHAMHYECKHE COCTOSIHHA
H ®HU3HYECKHE BEJIHYHHDI

§ 2. Onpenenenune BepoaTHoctedl. ITlocTyaaTnl usMepeHus

Kaxa0My AHHaMHYECKOMY COCTOSIHHIO COOTBETCTBYeT HEKOTOpOe
CTaTHCTHYECKOE paclpejelieHHe 3HaueHHH KaxXaol W3 AvHaMude-
CKHX IMepeMeHHbIX, XapakTepH3YIMHX cucreMy. BbuHcienue pac-
npeaeseHHil OCHOBAHO Ha MOCTyJaTe:

Cpednee 3nauerue nexoropot ¢gyuxyuu F(A) ot sadaunnod gu-
3uuecxoll sesusunst A Gaercs seipasicenuem

(F (A)y =(u| F (A) u), (1y

20e keT-6exTop |u) npedcrasaser OUHAMU4ECKOe COCTOAHUE, @ HA-
b6ar00aenasn A — 3a0annyro pusunecKyo sesuyny.

B uacrtHOCTH, XapakTepHcTHyeckas ¢yHrRuus f(£) craTucruue-
ckoro pacnpefesenusi A ecTb cpegHee 3HaueHHe QDYHKUHH e4:

[ &) =(ulet u). 2y

[MockonbKY CTaTHCTHYECKOE paclpefesieHdHe IOJHOCTbIO Ompeje-
JAsieTcs 3aJaHHEM XapakKTepHCTHYecKOH MYHKUHH, YKa3aHHBIA NOCTY-
JiaT TMO3BOJsEeT BRIYHC/IUTL CTATHCTHYECKHE paclpefeseHusl Bcex IH-
HaMHYECKHX MepeMeHHBIX CHCTEMBL.

BLisSicCHHM, KaK OCHOBHOH TOCTyJaT BJHUSE€T Ha COOTBETCTBHE
MexXy AHHAMHUYECKHMH COCTOSIHHAMH M KeT-BekTopaMu. Kakum Oul
Hu 6o onepatop F(A), BoipakeHue (1) He MeHseTcs NPH YMHO-
JKeHHH BEKTOpa |u) Ha NpPOH3BOAbHBIA (Da30BHIH MHOXHTENb €™
(oo — HekoTOpOe BelllecTBeHHOe unca0). CJenoBaTeNbHO, CTaTHCTH-
yecKue paclpefleseHus, OTHOCSIIHECs K ABYM BeKTOpaM, pasJjuyaio-
muMces Ha (asoBBIH MHOXHTEJb, CTPOro OJHHAKOBLI: B2 TaKHX Bek-
TOpa NMpPEACTaBJAAIOT OJHO JHHaMHYECKOe COCTOsfHHE. JLpyruMu cio-
BaMu, KaXkAOMY JHHAMHUECKOMY COCTOSHUIO COOTBETCTBYET BEKTOP,
onpejle/ieHHBIll ¢ TOYHOCTBIO A0 (hasosoro MHoxuTens. C apyroi
cTopoHsl, mockonbky f(0)=1 (cpeanee snaueHne 1 paBHO 1), He-
06x011MO, 4TOGE BEKTOp |u#) Obll HOPMHPOBAH Ha €IHHHUY

Wluy=1. (3)

Yacro 6niBaer yA06GHO OTKa3aTheAd OT MOCJHEJHEr0 YCJIOBHA.
C 310l yeablo onpeaenenye (l) A1 cpegHHX 3HaUeHHH 3aMeHSIOT
6onee o6LIMM BhIpaXKeHHEM
ulF(A)|u)
F(Ay=l D] 4
(F(ay=12 4)
Ilpu TakoM omnpejesieHHH B2 NPONOPHHOHAJBHBIE APYT APYry Bek-
TOpa NPEACTABJAIOT OAHO H TO XK€ IWHAMHYeCKOe COCTOAHHe (roa-
pasyMeBaeTcs, KOHEUHO, UTO BEKTOPHl, O KOTOPHIX HIET Peub, HMEIT
OrpaHHYeHHYI0 HOPMY).

TN A Manarea
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Uto6nl MONYYHTb CTATHCTHYECKOE pacnpefesiedne A B SBHOM
BHZe, cJeAyeT BHYHCIUTb BhIpaXKeHWe (2) MJIA XapakTepHCTHUE-
ckoit ¢yukuun f(§) (usu BoipaxkeHue (4), ecsn |u) He HOpMHPOBaH
Ha eJUHHWIY) B NpeACTaBJeHHH, rAe Habmonaemass A AuaroHaJbHa.
DTOT MeToJ yKe Oblyl H3J0XKeH B Ia. V, IpaBja, ¢ He3HAYUTEJbHEIMHI
OTJIHYMSMU B TEPMHHOJOIHH. 3hech MH He OyjaeM BHOBb HOBTOPSITh
ckasanHoe TaM. OrpaHugumcsl GOPMYJHPOBKOR pe3yJabTaToB?):

1) 3HayeHus, KOTOpPHIE MOXKET NPHHHMATL BeJHyHHa A, NMpuHaj-
JeXXKaT CIeKTpy COOCTBEHHBIX 3HaYeHHH COOTBeTCTBYollel HalJo-
AaeMoii.

2) Ilycrs &p ecTbs NMOANPOCTPAHCTBO, HATAHYTOE Ha COOCTBEH-
HEle BeKTOpH A, npuHajjexaiine coOCTBEHHBIM 3HAUEHHAM, Jexa-
UM B HekoTopol o6sactu D cnekTpa A; 0603HauuM ¢ NMOMOIULIO
|upy = Pp|u) npoekunio ker-Bekropa |u) Ha & p. BepositHocTs Wwp
TOTrO,-YTO PEe3YJbTAT u3MepeHusi A NpuHaAnexur ob6aactu D paBHa 3)

(up | up)

wD=<PD>=<u—lu>' (5)

Beipaxkenne (b) o6beauHsieT Bce pe3yJbTaThl, NOJY4YeHHEIE B ya-
CTHHIX CJAyYasX, paccMOTpeHHHBIXx B ra. V (3amaua 1). Hedicrsu-
TeabHo, D MoxeT OHTb OJHUM COOCTBEHHBIM 3HaueHHEM
JHCKPEeTHOro CekTpa W Torga (5) coBmapaeT ¢ dopmyaoit (V.21).
Ho D moxer GuTh TakXe 06pa3oBaHa COBOKYNHOCTBIO HECKOJBKHX
PAa3JUYHBIX JUCKPETHBIX COGCTBEHHHX 3HAau€HWH HJH GBITh YaCTHIO
HelpepuiBHOrO CIHEKTpa, HJM JKe HEKOTopoi KoMOHHapuefl aByX
npefUIeCTBYIOMUX cayuaeB. B uacTHocTH, eciu D ecTb GeCKOHEUHO
Maapit uHTepBaa (a(v),a{v+ dv)) HemnpephlBHOrO chnekTpa, Kak
B npuMepe B koHlle § V.10, To wp = w(v) dv, H MJIOTHOCTL Be-
POATHOCTH ®(v), BBIYHCAEHHAas ¢ moMoiubio Gopmyan (5), coBma-
JaeT ¢ Tol, koropas noJayuunachk u3 (V.44).

OcraeTcsi onpefesuTs AHHAMUYECKOE COCTOSTHHE CHCTEMBI [0
okoHuYaHuH uamepeHus. OHoO, KOHeuHO, 6y/JeT 3aBHCETb OT KOHKpET-
HHX YCJHOBHH 3KCIEepHMEHTa, HO MOXKeT ObiTb I[POCTO MOJYUYEHO
B cayuae udeasvnozo usmepenus (cm. § V.13). Ecau B npeamoso-
JKeHHH HJeasJbHOro u3MepeHHs HaGaIOJeHHe MOKA3BIBaeT, YTO CH-
cTeMa HaxoguTcs B cOOCTBEHHOM CcOCTOSIHHM A, NpHHaajde)xameM
yKa3aHHOH Bmuie obgacTu D, TO AHHaMHUYECKOE COCTOSIHUE CHCTEMBI
nocje H3MepeHHS INPEACTaBJASETCS NpPOeKuWel Bekropa |u) Ha
npocrpaHcTBo & p. HMHBIMU cioBaMH, usMeHeHHe (Hexkay3aJjbHOe)

2) B HeKOTOPHIX KHHrax N0 KBAHTOBO#i TEODHH ABa HHXKeCAeAyIOHX cBOMH-
CTBAa HA3bLIBAIOTCA COOTBETCTBEHHO MPURYUNOM KBAHTOBARURL U NPURYUNOM ChHEK-
TPANGHOZO PA3AOHCEHUS.

%) wp ecTh cpepnee 3nauenne npoekropa Pp, T. e. dyukuun A, pasuoit 1 gas
BCEX COOCTBEHHHX BEKTOPOB A, Haxogswuxcsi B &p, H PaBHON HymoO [js Bcex
co6CTBEHHBIX BEKTOPOB A, OPTOTOHAABUEIX K & p.
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BEKTOPA COCTOSIHHSI B IIpollecce H3MePeHHs! COOTBETCTBYeT CXeMe:
|u) - npeanbHoe uaMepeHue, pawoiee pesyastat D—> Pplu).

DToT moctyJaaT pPeLyKIHH BOJHOBOIO INaKeTa MOXeT paccMarp-
BATbCS KaK ONpeflesieHHe HIeaJbHOTC H3MepeHHs.

Ecan yciaoBurbes Bcerga NpefcTaBasiTb QHHAMHYECKHE COCTOS-
HHUSl BEKTOpaMH, HODMHUPOBAHHBIMU Ha eIMHHILY, TO BEKTOD COCTOS-
HUSl CHCTEMBI MOCTe U3MepeHusl ectb Pp|u), YMHOXKeHHBIE HA Oak-
TOP HOPMHPOBKH, ONpeJejsieMBIH C TOYHOCTBIO Jo ¢asbl, KBagpart
MonyJst Kotoporo pasen l/wp niau 1/{u|Pp|u).

§ 3. HaGaopaemble KBaHTOBOH CHCTEMbI W COOTHOLIEHHS
KOMMYTaluu

Ha mnepsoM 3srame uccinenoBaHUs KBAHTOBOH CHCTEMHE! cJexyeT
YCTAHOBUTh AHHAMHYECKHE NepeMeHHBle CHCTeMbl H NOCTPOUTDL aJ-
rebpy cooTBercTByIOIIMX Habaomaembix. Ha pmede paszauynbie Ha-
GaonaeMble CHCTeMbl MOTYT ObITH BBIpa’KeHbl Kak (QYHKIHH HEKO-
TOPOTO YHCJIAa «OCHOBHBIX HAaOJIOZaeMBIX»; TOLLA HCKOMble IpaBHJa
aare6psl HAOMIOLAEMBIX MOXHO IOJYYHTh ¢ NOMOILbIO HPABHJA KOM-
MYTallMd 3THX OCHOBHBHIX HaO/I0faeMbiX.

Korna xsanrosas cucrema obaadaer KAQCCUHYECKUM QHANO20M,
UYTO HMEJO MECTO BO BCEX PAaCcCMOTPEHHBIX A0 CHX IOP CJydYasx,
MOXKHO YCTAHOBHMTL caMule o0ulHe NpaBuJa, OCHOBAaHHblE HA MPHH-
I{HIIe COOTBETCTBUS.

B knaccuueckoit cucrteme N usMmepeHuii caMoii obuiefi puHaMu-
yeckoll nepeMeHHo#l OygmeT ¢yHKuUs 2N-He3aBUCHMBIX MepeMeH-
HeiX — N DIpOCTPAaHCTBEHHBLIX KOOPAHMHAT ¢i, G2, ..., gy B N uMm-
nyJabCcOB pi, P2, ..., Py. 1€ Ke caMHe IHHAMHYECKHe IepeMeHHbie
NPHIHCHIBAIOTCS KBAHTOBOH cucTeMe, Beomsitcss N mepeMeHHBIX MO-
JoKeHusi © N nepeMeHHBIX UMMYJIbca, DTHUM NepeMeHHBIM COOTBET-
CTBYIOT HabJlofaeMble, KOTOpHle MBI 0003HAaYHM TeMH XKe CHMBO-
JaMu qi, ..., gy H Py, ..., Py. [locTyjupyem, 4TC eIHHCTBEHHBIMH
HEKOMMYTHDPYIOUIHME HaGaiogaeMulMu sBAsiioTct N Hap, B KOTOPH@
BXOMST MPOCTPAHCTBEHHAS] KOOpAHHATa H ee KaHOHMYECKH COMNpH-
KeHHpll MMMyJbc; AJS 3THX nap umeem |[gr, p,|=ih. Takum oG-

pasom,
[qr’ qs] =0, [pr: ps] =0, (6)
[qr’ ps] = ihérs (r, s=1,2,..., N), (7)

TTockodbKy npou3soibHble Habg0naeMble SBJAAIOTCH QYHKUUAMHE
g ¥ p, KOMMyTaTopsl HabJOfaeMHX HaXOJATCS C MOMOULIO COOT-
Houtenu#t (6) u (7); UX MOXKHO BBIUHCJAHUTHL SIBHO, NOJB3YSCH Hpa-
Bujgamu anarebper koMMmyrtaTopoB (§ V.17). D10 COOTBerCTBHE
MeXny HabaojaeMbiMM KBAHTOBOH CHCTeMbl M BeJHYHHAMU KJac-
CHUeCKOH CHCTeMH — aHAJOora yXe HeOJHOKPATHO KOMMEHTHDORA-

10*
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Jgocb (§ I1.15 u § V.3). Urobn u3bexarTb HeonpejpeieHHOCTH, cJes
IyeT Bcerfa HCXOAHTb H3 JeKapTOBBIX KOOPJAHHAT B KOH(Hrypa-
LIMOHHOM IIPOCTPAHCTBE M PYKOBOJACTBOBATbCA 3IMIHPHUECKHMH
npasusiamu § II. 15. B wacrHocTH, NpaBU/IO «CHMMETpH3alHHY, AaH-
Hoe B 3TOM naparpade, rapaHTHpyeT, YTO BCAKOHW BellleCTBEHHOM
BeJIMUMHE, NpHHAJJeXKallel cHCTeMe, COTNOCTABJAAETCA 3PMHTOB One-
parop.

OpHako He BCe KBAHTOBble CHCTEMB! MOryT paccMaTpuBaTbcs Ha
OCHOBe NMpPHHIKIA COOTBETCTBHS. HacTo okasHBaeTcs, YTO JHHAMH-
YyeCKHe NepeMeHHble, BBOJHMble Ha OCHOBe HPHHIMIA COOTBETCTBH|
€ KJIacCHYecKOl cHcTeMOl, He HCUepNbiBalOT (HU3HYECKHX CBOHCTB
HcC/elyeMOoi KBaHTOBOM CHCTeMbl. B aToM ciyyae Heo6XoJHMO BBO-
JAMTh JONOJHHTEJNbHH e nepeMeHHHe. BHOGOD 3THX HOBHX HepeMeH-
HBIX ¥ NPaBHJA KOMMYTAalHH AJs HUX OCHOBHIBAeTCH Ha YHCTO HH-
TYHTHBHBIX CO00paXKeHUAX.

Cpenu ¢(H3HUECKUX BEJIHYMH, XapaKTEPH3YIOUHUX cHCTeMY, 0colo
cJenyeT OTMeTHTb 3Hepruio. [IpeacraBisomas ee nabaonaemas H
Ha3piBaeTCA raMHJbTOHHAHOM cucTeMmbl. Eciu cHucTeMa uMeeT KJiac-
cHYecKHil aHaJjor, To H mnoJsyyaeTcd Ha OCHOBe NMPHHIHIA COOTBET-
cTBust U3 QYHKUMHM [amMuJIbTOHAa KIaccHuecKod MeXaHHKH.

§ 4. CootHomeHnss neonpedenenHoctn FeiizenGepra

CooTHOLIEHHS HeonpeAeJeHHOCTH s KOOPJAHHATHL M MMIYJbca
CleyIoT HeNocpelCTBEHHO U3 COOTHOLIeHHA KoMMyTalHH (7).

[TokaxkeM B camoM o6lleM cayyae, yTO ec/JH jABe HabJaoJaeMbe
A, B ynoBneTBopA0T ypaBHEHHIO

[A, B]=ih, (8)

TO MNpOH3BeJeHHE HX CPEeNHHX KBaJpaTHYHBIX OTKJIOHEHHH Bcerja
YIOBJIETBODAET HepaBeHCTBY

AA - AB>H/2. (9)

JlokasaTesbcTBO IO CyLlecTBY aHAJOrHYHO paccMorpenuio § IV.8.
[To onpenenenuo »

A =((AD—(AD)", AB=((BDH—(BP)™.
Bsenem HalaonaeMue
A=A— (4, B=B—(BY
TOrAa OYeBHAHO, 4YTO
[4, Bl=in
H 4YTO
A = AA =(A%"*, AB=AB=(B%",
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JlonycTuM, YTO JHHAMHYECKoe COCTOSIHHE CHCTeMbl mpejcTaBisiercs
KeT-BEKTOPOM |u), HOPMHPOBAaHHHIM Ha €IMHHIY, H INDHMEHHM He-
pasencro [lpapua x BektopaM A|u) u Blu):

(A4 (ABY? =={u| A2 |uyu| B \uy = {u| AB |y 2.
Broigeasis 8 AB 3pMHUTOBY ¥ aHTHOPMHUTOBY 4YacTu (cp. ypaBHeHHE
(VII1.29))

B— BA

~n__ AB+BA |, A AB+BA | .
AB=A3-|2-A+A =L I 342-,4_*_‘%,

MOXHO BbIAeHTh B {i|AB|u) BelleCTBeHHYIO H MHuMyxo 4acTH
w|AB uy=(ABLEAYN 4, 2
# nepenucath HepapeHcTso llIsapua B BHIe
(hay - (aBp> (2BLBAN B
AA -ABZ>=H/2,

4TO H TPe6OBaNOCh HOKA3aTh.

Yrobn mpoussefenue AA-AB crano paBHbLIM CBOEMY HAHMeHb-
1leMy 3Hayenuro 4/2 Heo6X0QUMO ¢ OZHOH CTOPOHB, uTOOH Hepa-
BedcTBo lllpapua csesioch K paBeHCTBY, T. €. uToObl A|u)= cB|u)
(c — npou3po/IbHast MOCTOSHHASA), a C IPYrofl CTOPOHHL, YTOGH cpef-
Hee 3Hauenue AB -+ BA 6vi10 paBHO HYJIO, T. €.

(| AB\uy+ | BA|\uy=(c* + c) u| B*|uy=0

otkyza Rec = 0. PesioMupys, HaxoauM, yto HepaseHcTBO (9) cBo-
IUTCA K PaBeHCTBY B TOM H TOJIBKO B TOM cJydae, KOTAd |u) yHOB-
JIeTBOpAET ypaBHEHHIO'

(A—a)jwy=iy(B—B)|u), (10)

e o, B U y CyTh NPOH3BOJbHEE BelllecTBeHHbiE MOCTOSTHHEIE,

[Tpunoxenue aToro pesy/abrara K Mape KOOpPAMHATA — HMIYJbC
(gr, pr) npenmecTByOllero naparpada gaer COOTHOIICHHE Heolpe-
JeJIeHHOCTH

Ag.-Ap.=2h2  (r=1,2,..., N), (11)
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MpHYeM DPaBeHCTBO BbINOJHSIETCS, €CJHH |u) eCTb pelleHue
YpPaBHeHHS]

(pr — ivg,) {u) == (@ — ivB) |u)

(a, p u y-— npOH3BOJbHBIE BellleCTBEHHbBIE MOCTOSIHHHIE).

§ 5. Onpenenenne cOCTOSIHHI M MOCTPOEHHe MPOCTPARCTBA &

[Tocne onpepmenennss naGmiogaeMslx Hallell KBAHTOBOM CHCTEMbI
U YCTAHOBJIEHHS] KOMMYTalHOHHBIX COOTHOLIEHHH HeoOXOAUMO TOYHO
onpefequTp pa3JH4YHble BO3MOXKHBIE KBAHTOBBIE COCTOSIHUS, T. e.
Heo0X0AMMO NMOCTPOUThL I'HIbGEPTOBO MPOCTPAHCTBO, B KOTOPOM fAeli-
cTBYIOT Habmonaemble. Jas 3TOro J0CTaToYHO 3aJaTh CHCTeMy Oa-
3HCHBIX BEKTOPOB TMNpPOCTPAHCTBA H YCTAHOBHTHb JeHCTBHe HAG6.II0-
JlaeMbIX Ha 3TH BeKTopel. CueflyeT, KoHeuHo, yOeaUThCs, YTO BCe
ONEPATOPHI, HPEACTABJAAOIHe GU3NYECKHe BeJIHYMHBL, fAeflcTBH-
TeJbHO SIBASIOTCS HAOJI0NAaeMbIMH, YIOBJETBOPSIOMHMH KOMMYTa-
ILHOHHBIM COOTHOILEHHSIM.

HToOwr onpene/uTs Ga3UCHYIO CHCTEMY BEKTOPOB, H3 BCEH COBO-
KYITHOCTH HaG0JIOAA€MHX BHACASIOT NOJMHBIE HA60p KOMMYTHDYIO-
wux uabaopaembx A, B, C, ... OnHoBpemeHHOe u3MepeHHe co-
OTBETCTBYIOIIMX [AMHAMHUYECKHX TepeMeHHBIX JaeT MAaKCHMAaJabHO
BO3MOXKHYIO HH(QOPMALHUIO G COCTOSIHHH CHCTEMbl, T. €. HNOJHOCTbIO
onpeleasieT HEKOTOpoe AHHAMHUUECKOe COCTOsIHHe cHucTeMbl. CJaeno-
Ba7TeJbHO, KaXXAblfl Habop coOcTBeHHBIX 3HAYEHHH a, b, ¢, ... 3TUX
HabmofaeMblX ONpefessieT BEKTOP B NPOCTPaHCTBe & ¢ TOMHOCTBHIO
A0 TOCTOSIHHOrO MHOXKHTEJsl; NPOU3BOIBHO (HKCHPYS 3TOT MHOMKH-
TeJIb, HAXOJUM HEKOTOPHIH BekTOp |abc...). MHOXKecTBO BEKTOpOa
[abc. ..y, nonyyaemMoe Npu H3MEHEHHH KaxJAOTO COOCTBEHHOrO 3Ha-
yenust a, b, ¢, ... Ha BceM npoTsixkeHHH cnekTpos A, B, C, ... 06-
pasyeT MOJHYIO ODTOrOHAJbHYIO CHCTEMY BEKTOPOB B MPOCTpaH-
crBe &. Ecan e GukcupopaTh MOAXOASIHM 06Pa3oM HOPMHPOBKY
BEKTOPORB |abc...) — HOPMHPOBKY Ha eIHHULY JJs BEeKTODOB C KO-
HeYHOH HOPMOH, HOPMHDOBKY ¢ moMoulbio 8-dpyukuuu Jupaka pas
BEKTOPOB, COOTBETCTBYIOILHX HENPEPHIBHOMY CHEKTPY, — TO MBI MO-
JYYUM TOJHYI0 OPTOHOPMHpOBaHHYIO cucTeMy B &. Takum ofpa-
30M, 0a3HCHA7A CHCTeMa BEKTOPOB B & omnpefefsiercs NpH 3afaHUH
cnekTpoB Habgawpaemuix A, B, C, ...

HeftctBue 6Gasucueix nHaGmogaeMmblx A, B, C, ... Ha Kamabi
H3 3THX BEKTOPOB OKa3blBaeTCs ABTOMATHYECKH OHpPeNeJeHHBM.
Ocraercs BBIACHHTB, KaK efCTBYIOT Ha HUX ApYrHe HaGJOJaeMsbre,
crnocoGHble NPeACcTaBJasATh, Gu3nIeCKHe BeJTHUHHEL.

PaccMoTpenne OJHHX TOJBKO COOTHOIIEHME KOMMYTALKH MO3BO-
Jaset, BooOlle rosops:

a) yGeauthca B TOM, 4TO HabGop A, B, C, ... cocTapisieT NOJHBLI
Ha00p KOMMYTHPYIOUIMX HaOb/II00aeMbIX;
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v

6) onpeneiuTh CTPYKTYPY CHEKTPOB 3TUX HAOJI0OZaeMEIX;
B) YCTaHOBHTb feficTBUe APYrux Hab/JI0faeMblX Ha BeKTOpHl 6a-
3HCHOM CHCTeMBI.

HMuaue rosopst, 3HaHusa ajrebpu HabJgOnaeMblX CHCTEMBI TOYTH
Bcerja QOCTATOYHO A/ OJHO3HAYHOTO OmNpefleieHHsT NPOCTpPaHCTBA
&, B KOTODOM OHH ZeHCTBYIOT %),

Ocrtaercst eule yOeIUTLCS BO BHYTpPeHHEH COrJIacOBAHHOCTH IIO-
JYYeHHOH CXeMbl, T. €. MPOBEPHUTb, UTO ONMEPATOPHI, MPENCTaBJASIO-
wue GU3NYECKHe BeJIHUYHHBL, AeHCTBUTEJNLHO SBJsIOTCS Habuaro-
JaeMbIMH.

3aMeTuM, YTO Ha 3TOM 3Talle TEOPHSA YXKe NONMYCKAeT 3KCHepH-
MEHTaJbHYIO npoBepky. Pu3HuecKHe BETUYHHB ONpeJeasioTCs
B NPHHIHNE C NMOMOIIBI0 TOYHHIX ONepalufi M3MepeHHsl, TaK YTO
CHIeKTPH MX 3HaueHHU# MOryT 6LITh NpoBepeHsl Ha onbiTe. Heobxo-
JNHMO, 4TOObl TEOPETHUECKHH CMEKTP, T. €. CAEKTP COOCTBEHHBIX 3HA-
ueHunii Habgomaemol, conmocTaBJeHHOH KaKpmol (¢u3HUecKoH BeJH-
YHHe, COBHAJAJ C Pe3y/IbTaTaMH 3KCIEPUMEHTA.

§ 6. KsanroBas ojaHoOMepHas cHcCTeMa, 06Janalinas
KJacCHUYECKHM aRaJoroM

[IpuMeHUM MeTOn MOCTpoeHUs mpocTpaHcTBa & U3 § 5 K OnHO-
MepHOH KBaHTOBOU cHCTeMe, objaajaiomiedl KIAaCCUYECKHM aHago-
roM; HaOJiofaeMele TAKOH CHCTEMH SIBJASIOTCH (PYHKUHSIMH ABYX H3
HHX, @ UMEHHO ¢ U p, CBS3aHHBIX COOTHOIUEHHEM KOMMYTALHH

[g, p]=ih. (12)

Besnuunna g cama no cebe obpasyeT noJHeili Habop KOMMYTH-
pyounx HabmopnaeMmbix. JlefCTBUTENbHO, KOMMYTATOp ¢ W 3ajaH-
Holi ¢yHRuHE A (g, p) cormacHo ypasHeHuio (V.68) pasen

.. 0A
lg, Al=1ih -, (13)

ClieloBaTeNbHO, ¢ KOMMYyTHPYeT ¢ A TOABKO, ecdu A He 3aBHCHT
OT p; UHBIMH CJOBAaMH, eIHHCTBEHHHIMH HaOJd01aeMBIMH, KOMMYTH-
PYIOUIUMH C ¢, SBJASIIOTCS QYHKUUHA OT q.

[IpocTeie coobpaxKeHus BHYTpPeHHeH COrJIaCOBAHHOCTH HaKJafbl-
BalOT OYeHb CTPOTHe YCJIOBHS Ha COOCTBeHHble (QYHKIUHMHM H CHEKTP
coGcTBenHbX 3HauyeHH# ¢. [IycTs |go) ecTh cobcTBeHHBIH KeT-Bek-

Top ¢q
ql 40>=610 [ o).

4) DTO cnpaBefJIHBO TOJBKO, €CJH MPOCTPAHCTBO & SBJSETCS HENPHBOIHMBIM
[0 OTHOLICHHIO K YKa3aHHHM HaGJIONaeMBIM; 3TO yCJOBHE, KOTOPOE MBE OTMeuaem
3JleCb JJISI NOJHOTH, BCErJa CUATAETCS BHIIOJHEHHBIM B JaJbHellIHX Paccyxje-
uusix. [ToHsiTHe HempHBOAUMOCTH M ero (M3HuecKHil amuca GyayT noiapo6Ho obey-
xKaatees B i1 XV (§ 6).
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3anmuuieM ycjaoBHe Toro, uro obe dvacTH paseHcTBa (12) uMelorT
OIMH M TOT e AYaroHaJbHbIH 3JeMeHT, COOTBETCTBYIOUIHH | ):

7 {q0 1 g0) ={q0 1 gp 1 90) — (g0 Pq | q0);

[g0) He MOxeT MMeTh KOHeYHOH HOPMBI, TaK KaK B NIPOTHBHOM CJIy+
Yae nmpasas 4acTb paseHcrsa Oblia 6Bl paBHA HyJIIO, a JeBas 4acTb
KOHeYyHa H He paBHa HYJIO.

PaccMoTpum faJiee omeparop cABUra

S(E) = S (14)

d1o ¢yugnus uabawogaeMoll p, 3aBucsiluias oT mapaMerpa E. SlcHo,
YTO 3TO YHHTapHHI omepaTop

Sts=8st=1,

TaK KaK 3PMHTOBO CONpSI’KEHHBIH OmepaTop ecTh

i
S'O=S(—y=e*".
TIpumenss ypasHenue (12), Haxomgum

[, Sl=in 5 =3s,

9S=S(g+¥) (15)

M, CJeldoBaTelbHO,

4S8 190y =S(q+ &)1 g0)= (g0 + &) S1q0). (16)

Takum o6pasoM, S|go) eCTb COGCTBEHHHIN BEKTOp ¢, MPHUHALJIENKA-
Ui coOCTBEHHOMY 3HA4eHHI0 ¢o- & DTOT BEKTOp, OYEBHAHO, HE
paBeH HyJI0 (B IPOTHBHOM cJyyae He CyliecTBOBaJo Obl omepa-
TOpa, obpaTHoro S); ero Hopma (6ecKOHeyHasl) Ta XKe, 4TO H |go),
160 S — yHUTapHBIH| onlepaTop

(9018"S 1 g0y =1{q0 | 9o)-

Bce 310 cnpaBep/inBo, KakuM Obn HH OBJIO 3HaueHHe £ BO BceM
HHTepBaje (—oo,-f-00). Tak, ¢ moMoubo yHHTapHoOro mpeobpaso-
BaHuA |qo) ¢ MOAXOASILIUM MapamMeTPoM MOXHO o0pa3oBaTb co0-
CTBeHHBII KeT-BeKTOP ¢, COOTBeTCTBYIOWHMH Jio0oMy Hamepea 3a-
JaHHOMY COOCTBEHHOMY 3HAUEHHI0 B MHTepBajge (—o00,-}-00).

MBI DPHXOAUM K 3AKJII0YEHHIO, YTO CIEKTP ¢ HelpPePHBHBIA, He-
BHIPOXK/EHHEIN U 3anoJHsieT BeCch HHTepBaa (— 00, | ©0); cobCTBeH-
HBElé BEKTOPH HMeIOT GeCKOHEUHYIo HOPMY.

O6osnaynM ¢ noMowbio |g’) OXHH M3 COGCTBEHHBIX KeT-BEKTO-
poB ¢, npuHaagexauui co6cTBeHHOMY 3HAaYeHHUO §

glghy=4q"1q
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1¢’> ompegmenseTcst ¢ TOYHOCTBIO A0 NOCTOSIHHOTO MHOXHTEJNdA, a6-
COJIOTHYIO BEIHYHHY KOTOPOro (pHKCHpyeM YCJOBHeM HODMHPOBKH

G 1g"y=23(g —q"). (17)

Ilpoctpascerso &, mo ompepnenennio, 06pa3oBaHO JHHEHHBIMH KOM-
6uHANHUSIME BEKTOPOB |g').

BennuuHa ¢ oueBHaHO siBAsieTcsl Habgi0faeMON 3TOro mpocTpaH-
ctBa. Bekropsl |g’) cyThb 6asucHble BEKTOPH HEKOTOPOro NpejcTaB-
JieHUs! BeKTOPOB H omepatopos &, a HMeHHO mnpexcrasfenns {q},
B KOTOPOM ONepaTop g AHAroHaJeH

'lqlq")=q'8(qd —q"). (18)

[TogaxkeM, UYTO p eCTb BIOJHE ONpeleseHHHHA 3pMHTOB OmepaTop
B mpocTpaHcTBe &; IS 3TOrO JOCTAaTOUHO HafTH ero MaTpHUY
B npejcTasienun {q}.

Paccmorpum Bhauaje yHuTtapHbili olepatop S(E), ompenefeH-
#plli ypaBHeHHeM (14). TlockoabKy 3ToT omepaTop YAOBJAeTBOpsieT
ypasHeruto (15), S(E)|g¢’) ecTb co6cTBeHHHIH BeKTOp ¢, NPHHAX-
Jexauui co6cTBeHHOMY 3Havenuio (¢ 4 &):

SElg)=clq +8,

rae ¢— Gas3oBpii MHOXKHTENb5), KOTOpPHIE MOXeT 3aBHCeTb OT §
u ¢’. Bubepem ¢asbi 6a3uCHBIX BEKTOPOB TaK, 4TO6H

lg")=S(q')10).

Ilpu srom ¢dazosbii MHOXKHTeNb ¢ Oyfer paseH 1, KakuMH Obl HH
Ouu £ u ¢'. JleficTBUTeNBHO,

SE1¢Y=SE)S(g)|0)=e
- e—% pE+e) |

{ {
il 2 3l 1
PP

10)=

O=S(@ +9l0=[q+5 (19
ua

G@1S@Ig=( 19"+ E=08( —q¢"—¥).
3uas TakuM o06pasoM MaTpHuHHEEe 3JeMeHTH S(§) AnsA JMO6GHX
3HavyeHuH NapameTpa & W yuuThiBas, 4To B Ipefene OeCKOHeYHO
MaJsblX 3HayeHu# atoro napamerpa (E—-¢)
Sg)~1— —é—ps,
MoXKeM HamNHcaTh
7 7 7 7 i 7
3(qg —q"—e)=(q'|S(e)¢")~8(¢" —q")— 5 |Iplg",

5) Beuay TOro, 4to S — yHHTapHHIH omepaTop, HmeeM
(@"1STE)VSE) I g)=c"(5 q") c(E ¢)8(¢" —¢')=b(¢" —q'),
otkyna le (& ¢') =1L
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OTKyJa

, , B .. & g’y — & f g ﬁ, , ”
(¢'1plg7 =7 lim WO ma e Ry g (20)

14 [4

IMockonbky «byHKuusa» & Hederna, sicHo, uto <¢”|p|q’> =
=={q’|p|¢’’>* 1. e. onepaTop p 3pMHTOB.

[Tposepum Takke, 4TO ¢ ¥ p YAOBJETBOPSIIOT YCJIOBHIO KOMMY-
Tanuu (12):

g 1gp—pg)g"y=("—q¢") ¢ |plq")=
h 7/ Y4 7 4 ¥/4 b 7/ vis
=-(¢"—¢" 8 (¢ —q¢")=ird(¢g’ — q")

(3pecy ucnosszoBaHo Toxkaectso (A.30) us monogauenus A).

Ocraerca mokasaTh, 4TO p ecTb Habmofgaemas. s sToro pe-
UM 3ajayy o cOOCTBeHHHBIX 3HAYEHHSIX p B INpelcTaBJeHuu {q}.
[Tycts |p”) — cobcTBeHHBIN KeT-BeKTOD, NPUHALIEKAMIUNE cOOCTBEH-
HOMY 3HaueHHIO p’. YpaBHeHHe

plpy=p'lp"

B npejcrapieHud {g}, ¢ yueTom ypaBHeHus (20), 3anuceiBaercs
B dhopMe

P =101 =\ @ P10 de" " 1) =
- E S & (g —q")4q" 1p") dq” =% d‘;l «q’1 Y.

O1o nuddepennnanbHoe ypasHenne pias Gynkuun {(¢’|p’)> or
nepeMeHHO#M ¢'; obluee ero pelleHue ecTh

i
__plql
7 N I3
<q ‘p >_ ae ’
rje a — npousBoJbHas nocrosiHHas. OKa3wniBaercs, Takum obpasom,
4TO p HMeeT HelpepHIBHBIA CHEKTP COGCTBEHHHIX 3HaudeHHdH p’, Ipo-
CcTHpaIIHACH 0T —oo A0 ~oco. CoO6cTBeHHBIE BEKTOPH HMEIOT Oec-
KOHEUYHYIO HOPMY, OHH YJIOBJETBOPSIOT YCJAOBHSIM OPTOHOPMHDOBKH

W lp”y=8(p —p"),

ecqu NpuHATE a = (2n#)~/2, Tenepsb sicuo, uto p Habaonaemas,
U800 BEKTOPBHl |p’) YAOBJIETBOPSIOT COOTHOLIEHHIO 3aMKHYTOCTH.
JlelicTBHTeNBHO, ONlePaTOP MPOEKTHPOBAHHS

+ oo
Py={ 10ap (0

—oco
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B IpelCcTaBJeHUU {g} UMeeT MaTpHUHBlE 3TeMEHThHI
+ o0
{q'1Pplg") = S @ 1pYde’ ' 1)y =
— .
1 —pq~q) , , , .
Er S et dp’'=08(q" —q").

CrenoBaTesbHO,

C noMolbi0 OCHOBHBIX HaOJI0faeMBX p H § MOKHO NOCTPOHTH
mioboit onepatop F(p,q), NpeacTaBAAOIIHA pa3iHuHBle JUHAMHYE-
CKHe TepeMeHHBle CHCTeMbl. BCsiIKHA pas fleTpyAHO NMPOBEPUTH, UTO
3TH OMepaTopH 3pMHTOBHL JlJIf NOJTHOTH cJAefyeT NOKa3arb, 4TO
onu aBJAsoTcA HabaogaemuMyu, OGBIUHO B KBAHTOBOM TEOPHH MPO-
XOAST MHUMO STHX TOHKOCTeH M mpuHHHMaloT 6e3 obCy:KaeHMSs, UTO
Bce 3PMHTOBH ONMEPATOpH], IpejcTaBjAsiOllMe (H3HYeCKHE BeJTH-
YHHBL, ABJASIOTCA HAOJIOLaeMbBIMY.

§ 7. TocTpoeHne NpPOCTPAHCTBA COCTOSIHMA OyTeM TEH30PHOTO
yMHOKeHHst GoJiee MPOCTHIX MPOCTPAHCTB

YMesi CTpOUTH NMPOCTPAHCTBO & JMJA OJHOMEPHOM CHCTEME, 00-
Jajaollefl KIacCHYeCKHM aHaJOrOM, HETPYAHO PEUIUThb Ty XKe 3a-
nauy AJds CHCTeMEI, TaKXKe oOjaapfaioliefl KJAacCHYECKHM aHAJIO0roM,
HO ViKe ¢ UHCJOM cTereHefl cBoGons N.

B sToM cJAyyae RMHAMHUYeCKHe NepeMeHHBle 6YAYT GYHKUHAMH
2N OCHOBHBIX NepeMeHHBIX NMOJOXKeHHs H uMnyabca. [Ipencrasisio-
e MX Hab/JqionaeMble AOQUHHSIOTCA KOMMYTAUHOHHHEIM COOTHOIIE-
uuam (6) u (7). Mx moxHo mnompasneaurs Ha N map (qi, pi1),
(g2, P2), ..., (gw, Pn), KaXKIasl H3 KOTODBIX COCTOHT H3 HEKOTOpOH
KOODJIHHATE U COOTBETCTBYIOILEr0 KaHOHHYECKH CONPSIXKEHHOro HM-
nyabca. Kaxaas mapa HabqioJaeMblX KOMMYTHPYeT cO BCeMH Ha-
6/mofaeMBIMH U3 EPYTHX Tap.

Ha6aonaevple paHHOM mapel, Hampumep (g p:), MOTYT pac-
CMAaTPHBaThCs KaK OCHOBHBIE HabI101aeMble OTHOMEDHOM CHCTEME
TOro THIa, KOTOPBIH H3ydaJcs B MpefUlecTBYyiolleM maparpade. Mul
yiKe yMeeM CTDOHTb INPOCTPAHCTBO COCTOSIHHIA &; TaKOH CHCTEMBH:
coraacHo pesyabTataMm § 6, &; o6pas3oBaHo JIHHeHHOH CyNepmo3H-
nyell OPTOHOPMUDOBAHHBIX KeT-BEKTOPOB |q:> npudeM HHIEKC ¢
H3MeHAeTCs HelpepHBHO BO BCeM HHTepBajge (—oo, |-00).

[MpocrpancTeo & AUHAMHYECKHX COCTOSIHHE cucTeMbl ¢ N cTerne-
gaMu CcpoGOAL  TNOJYYaeTCss KaK TeH30pHOe IpOHM3BelleHHe
(cm. § VIIL.6) onHoMepubIX mpocTpaHcTB &1, &, ..., BN

E=& Q8,9 ... ®&y,
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HHBIMH CJIOBAMH, 3TO IPOCTPAHCTBO HATAHYTO HA KeT-BEKTOPHI
|9195 « - ayy==|aD|a) -+ |ay)- (21)

Kaxpgofi nape onepaTopoB g;, p:; NpoCTpaHcTBa &; COOTBETCTBYET
BNOJIHe OMNpefie/ieHHas Napa onepaTopoB §;, p; HPOCTPAHCTBA — MPO-
u3BeleHus &. Takum obpasom, nas npexpcrasieHuss 2N OCHOBHBIX
nepeMeHHBX Mbl nojyiaem 2N BIOJIHe ompeflejieHHBIX ONepaTopoB,
JdeficTBylomux B &. CorjacHo OpaBHJaM TEeH30PHOTO YMHOXKeHHA
Kaxno# HabaionaeMol napuuaJbHOro NMPOCTPAHCTBA COOTBETCTBYET
Hab/ioflaeMasl NOJHOTO HNPOCTPaHCTBA, IBe HaGJd0faeMble U3 pas-
JAUYHBIX TapUHaJbHBIX NPOCTPAHCTB KOMMYTHPYIOT MeXIy coboil,
JBe HabJofaeMble U3 OJHOrO MAPUHAJIBHOTO MPOCTPAHCTBA &; NOM-
YUHSIOTC] B & TeM Ke COOTHOILEHHSM KOMMYTAalMH, KOTOPHM OHH
nofunusawoTres B &;. CiefoBaTesqbHo, NOCTPOEHHHIE HAMH B & Ole-
paTopet qi, ..., gu; Pi, ..., Py SBJASIOTCS HabJaonaeMbIMH H MOAYU-~
HSIIOTCSI KOMMYTallHOHHBIM cooTHolleHusiM (6) u (7).

MHO0XecTBO BeKTOPOB [q{, +++s ), TOJyyaloLleecs OPH H3Me-

HeHUH KaXK10ro COGCTBEHHOro 3HaueHHs ¢;, ..., gy B HHTepBaje

(—o0, 4-0), o6pasyer 6asucHyw cucTeMy B & H ONpefesieT HEKO-
TOPoe MpelcTaBJeHHe, a UMeHHO npencTasienue {g}. ITosesHo Bbi-
nucaTth B SIBHOM BHIe MaTpHyHBlE 3JeMeHTH ¢ H p B 3TOM INpef-
crapaeHud, Juad sToro mcnoJs3yeMm cokpallieHHrie 0603HayeHHs:

lg)=|dqlq; ... a4 (22)
N
8 —q=Il8(s|—a)=08(si —a))8(ts— ) - .-
e (G —aR), @3
[8(¢" — ¢N=¥ (g, —q2) [] 8(a,— ). (24)

7
n is%=n

]
dq

CumBoa II obo3Havaer npoussengenne N-— 1 coMHOXHTeNeH, HC-
is=n
KJ}04asi MHOMKHTEJb C HHIEKCOM 7.

[Tpumenss coornourenns (17), (18) u (20) u3 § 6, noayuyum no-
C/1eJ0BATE/IbHO: YCAOBHS OPTOHOPMHPOBAHHOCTH

N
@len=IIla) =230~ (25)

MaTpHUHBE 3JE€MeHThl (RHaroHaJjbHble) KOOPAHHAT

19,190 =(a|9.|a7) I (ai|ay=a3a"—q")  (26)



§ 8. OTIEPATOP 3BOJIIOIMH U YPABHEHUE IPEIWHTEPA 301

¥ MATPHUYHBlE 3JIEMEHTH (HEIHaroHaJbHHE) HMIYJbCOB

@ el gy =g, p. a2y ] (a:]97)=

isn
Borpry 7” "

BhinosHeHHe KOMMYTAalHOHHHX CooTHoleHH# (6) u (7) HerpyzHo
HPOBEPHTH, HOb3YACH NPHBEIEHHBIMH 3[1€Ch SIBHBIMH BRIDAXKE€HHAMH
5J€MEHTOB MaTPHIl, NPEACTABASAIOLIHMX ¢ H P.

Jlio6ass muHamMuyeckasl INepeMeHHas CHCTeMBl sBJaseTcs (YHK-
nueil ¢ W p, NMO3TOMY el COOTBETCTBYET HEKOTOpHl omeparop,
BIIOJHE ONpeneJeHHBH B npocrpadctee &. Caeayer, KOHeuHo, ybe-
JAHUTbCS B TOM, YTO 3TOT omepaTop siBasieTcss Habaionaemoi. OgHako
COrJIACHO CHEJaHHOMY BhIllle 3aMeYaHHIO 3TOT NYyHKT B KBaHTOBOH
Teopu# OOBIYHO NMPUHHMAIOT 6e3 00CYXKICeHHS.

MeTon NOCTPOEHHS NPOCTPAHCTBA COCTOSHHEA CUCTEMBI NyTeM
TEH30DHOTO YMHOXKeHHs 0oJiee IPOCTHIX NPOCTPAHCTB HMeeT caMmoe
IHPOKOe mnpuMeHeHHe. Ha npakTHKe IHHAMHYeCKHE NEepeMEHHHL2
CHCTeMBl BCerlla MOMKHO IpencTaBuTb B BHIAe GVHKUMA OT HeKOTO-
pOro 4YHCJla <OCHOBHHIX» INI€DEMEHHBIX, a 3TH NepeMeHHble YacTo
MOXHO KAaccHbUUHPOBATh N0 OTHENbHBIM IIOJMHOXKECTBAM, TaK UTO
nepeMeHHasi, IPHHAAJEXRAIAsA OJHOMY HOJIMHOKECTBY, COBMECTHa
cO BCeMH TNepeMeHHHIMH JDYr¥X mnoaMHOXKecTB. Ilpexmono-
JKHM, HallpuMep, YTO HaM YJIaJochb Da3lelHTb «OCHOBHbIE» Iepe-
MeHHBle Ha 1IBa noamHoxecrsa (A, By,...) u (A, By ...) u urO
Kaxnas nepeMeHHasi (1) coBMecTHa ¢ KaxkJoi nepeMeHHOH (2).
Kaxpnoe moamHoxkecTBO caMo 1o cebe onpepeiseT HapuHaibHYIO
cHCTeMY, TPOCTPAHCTBO COCTOSIHHA KOTOpOfi MBI yMeeM CTDOHTD.
Iycts &1 u &2 cyTh NIPOCTPAHCTBA COCTOSIHHA, OTHOCALIHECH K Hap-
puaapHeiM cucremam (1) u (2). Torma oueBHAHO, 4TO MpOCTPAB-
CTBO COCTOSIHME & NOJMHON CHCTEMBI eCTb TeH30pHOEe NPOH3BeJeHHEe
JIBYX NapHHajbHBIX NPOCTPAKCTB

=80 &,

Pasaen 1. YPABHEHHA JBHKXEHHSA
§ 8. Onepatop 3somouuu u ypasnenue llpenuHrepa

MBI XOpoIlIO 3HaeM, YTO Ha MHKDOCKONHYECKOM YDOBHe Henb3s
YeTKO OTAEANTb (H3HYECKYIO CHCTEMY OT H3MEPHTENbHOro amna-
paTa, MO3TOMY 3BOJIONHMA KBAHTOBOH CHCTEMB, NOXBEPrHyTOH He-
KOTODOMY H3MepeHuio, nepecraer OmTb Kaysaiabsoil. Hanporus,
3BOJIOIHS CHCTEMbl, H30JMPOBAHHOR OT BCSKHX BHENIHHX BO3Aefi-
cTBui, MoxeT GbITh TOuHO NpexckasaHa. [Tycts |¢ (fp) ) — KeT-Bek-
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TOp, NpPEACTABAAIOILUE MHHAMHYECKOE COCTOSIHHE CHCTeMB B MO-
MEHT BpeMeHH f,, TOrZa KeT-BeKTop |¢(f)), mpeacTaBasiomufi co-
CTOsIHHE B HEKOTOPH NOCAeAyOIIUA MOMEHT ¢, BHOJHe Ompene-
Jsiercs 3azaHueMm |¢(fo)), ecau, uro MH M OyaeM mpeanosarartb
B JaJjbHelillleM, CHCcTeMa He NOJBEPraeTcs H3MepeHHid B IPOMEXKY-
TOK BpeMeHH (fo,f). B manHom maparpade MBI H3YYuM 35TOT QyH-
LaMEHTaJbHbIH 32KOH 3BOJIONMH CHCTEMEL,

B mepBylo odepenb NOCTYJAUPYeM, UTO AUHELHAA CYnepnosuyis
COCTOSHHE coxpaHsiercss Bo BpeMeHd. OTcioga cllefiyer, 4To COOT-
BeTCTBHe MexXAY |¢(fo)) u |¢(f)) ABAseTcs JMuHeHAHBIM H Ompele-
JsieT HeKoTopHfl nuHefinui onepatop U (¢, fo), KOTOPHA HaszkBaeTCs
OnepaTopom 380AYLU

[P @) =U(t, to) | (t). (28)

Ecnn cucreMa koxcepsaTusna, T. €. ee 3Heprus, IpelcTasJse-
Mas raMiUJbTOHHAHOM H, SBHO He 3aBHCHT OT BPEMEHH, TO OIlepaTop
U (t, ) Moxuo HaliTH, ecau noTpeGOBaTh, YTOGH! ABHKEHHE CHCTEMBI
c sHeprue#t E Oblj0 NepHOAHYECKHM H 4TOOBI COOTBETCTBYHOLLAS
(kpyroBasi) yacToTa @ BHIpaxKajach 3aKOHOM DiHIUTefiHa

E="to. (29)

HeficTBUTENbHO, MOCKOJbKY HPOCTPAHCTBO & HaTAHYTO Ha cob-
CTBeHHHe BekTOpbl H, nas onpenenerus omepatopa U mocraTouHo
3HATh ero AefiCTBHE Ha KaxAbi u3 3THX BekTopoB. Ilyers |ug(fo))
ecTh cobcrBeHHblll BekTOp H, cooTBercTBYIOWMi 3Hepruu £

H | ug (o)) = E | ug (1)) (30)

B corgacun ¢ 3aKOHOM ODfHIUTEdHA NOCTYJAHPYEM, YTO 3BOJIONHA
BEKTOpa BO BpeMeHH onpenensercs GpopMmyJoi

) —L B—ty
lug )y =e-@ -0y (t))=e * | ug (4o))

HJM, yuuTHBast ypasHenue (30),

lug )y =e = lug (t)).

CaenoBaresbHoO,
i
—5 H =ty

U, t)y=e (31)

Huddepennupysn®) o6e uactd 3TOro ypasHeHHS 1O f, HOJyuaem

%) Ilpoussonxasi omeparopa X(f), 3aBUCSINEr0 OT HENPEPHBHO H3MEHSIOlLE-
rocsi mapamerpa f, ompelensieTcsi nonoGHO NPOH3BOAHOH OOBIYHOH  (DYHKIHH:
dx Yim X(t+e)y—X(

7 Jim e (cm. 3ajrauy 3).
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auddepeHUHaIbHOE ypaBHEHHE
ih2- Ut t)=HU (¢, 1), (32)

npu atom U(Z, fp) ecTb pellleRHe 3TOro ypaBHEHHS, YIOBJIETBOPSAIO-
liee HAYaJbHOMY YCJAOBHIO

U (te, to) = 1. (33)

OGo6mas aTOT pe3yabraT, HpuHHMaeM, dro onepatop U(f, to)
yaoBJeTBOpsieT ypaBHeHHIO (32) u HauanpHOMy ycaoBHo (33)
Jaje, KOTrfa KBaHTOBas CHCTEMa He SBJAseTCs KOHCEpPBAaTHBHOM.
B nocnemHem cayuae onepatop H SBHO 3aBHCHT OT BpEMeHH,
HO3TOMY, pasyMmeercs, COOTHOIleHHe (29) Tepsier BCAKHE CMBICA
u onepatop U Gonee He Beipaxkaercsi popmynon (31).

Otmerum, uto U MoxeT OHTb ONpeJeieH TaKKe HHTerpajbHBM
ypaBHEeHHEM

t

Ult, t)=1 —%S HU (', ty) dt’. (34)
to

Ypapuenus (32)—(33) wuam uHTerpanbHoe ypapHeHue (34)
BHIDAXAa0T (YHIAMEHTAJNbHHEA 3aKOH 35BOJIOINHH KBAaHTOBOH CH-
CTEMB. DKBHBaJeHTHHM BhIPajKEHHEM 3TOTO 3aKOoHa ABJseTcs ypas-
HeHue llpedunzepa unu auddepeHnyanpHoe ypaBHeHHe 3BOJIOLNHH
NMHAMHYECKHX COCTOSIHHH CHCTeMBl. DTO ypaBHeHHe MOJKHO HoJy-

YuTb, AHG(epeHIHpPYs MOWIEHHO ypaBHeHue (28)

10 = (U . 1) 1% ()

U NOJACTaBJIsid BMECTO -dit-U(t, to) Bupaxkenne (32). Haxomum

ih 22 19 ()= H1b (). (35)

Uro6ul HOopMa BekTopa [P (f)) ocTapanach NOCTOSIHHON BO Bpe-
MeHH HeoOXOAMMO M AOCTaTOYHO, YTOOH omepatop H 6B 3pMHTO-
BHIM; 3TO JIETKO 1I0Ka3aTb, HCXOAS H3 ypaBHeHHs [lipemuHrepa. Ip-
MHTOBOCTh TaMHJbTOHHAHA, €CTECTBEHHO, BCerja MpeAnojaraercs.

3ameTuM, uTo nockoarky H spmuros, onepatop U(t, fo) ynura-
pen. Korna H He 3aBHCHUT OT BPEMEHH, 3TO HelNOCPEACTBEHHO cJje-
nyeT u3 Bhipaxkenus (31). Ho nake ecan H siBHO 3aBHCHT OT Bpe-
MeHH, HMeeM corjlacHo ypapHeHuw lllpenuurepa

b+ dy=(1 — 5 H dt) 1 ().
Iockonbky H — 3pMHTOB omepaTop, omepaTtop

Ut+dt, h=1— = Hat
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siBJsieTcs HHGHHHTE3HMaJbHHIM YHHTapHHM omepaTopoM  (CM.
§ VII.22): nepexox OT KeT-BEKTOP2 B MOMEHT BpPeMeHH ! K KerT-
BEKTODY B MOMEHT BpeMeHH { - df 0CyIeCTBAAETCH ¢ MOMOIIBIO HH-
(PHHHTE3HMAJBHOr0 YHHTapHoro npeo6pasoBaHusi. IlpeoGpasoBanue
U(t, to), nepesonsimee |P(f)> B | (f)), ecTh, cllenoBaTenbHo, 10-
c/le0BaTebHOCTh HHOHHUTE3HMaNbHBHX YHHTApHHX mHpeobpasoBa-
nufi; torna U(t, ), Kak nmpoH3BeneHHe HHPHHHTE3UMANbHBIX YHH-
TapHBIX OepaTOpOB, ABJASiETCS YHHTADHBIM ONEPATOPOM.

§ 9. «IlpencraBnenne» LWpenunrepa

BuiBoa ypaBHenus lllpennHrepa 3aBepuraer H3JOXKeHHe 0GR
CXeMH ONHCAaHHS KBAHTOBHIX $BAEHHH, KOTOPYIO MBI NpHBENH B
370l riaBe. PesioMupyem 3ty cxemy caexyiomum o6pasom.

1°. Onpedeaenue unamuteckux cOCTOSHUL

Jlnnamuyeckoe COCTOSIHHE KBAHTOBOR CHCTEMBl OnpenessierTcs
3ajaHHeM TOUYHBIX 3HaueHHA AMHAMHYECKHX IEepeMeHHBIX, BXOAfA--
WHX B NOJHMA Habop coBMeCTHHIX mnepeMeHHHX. Ocyuecrsass
OJHOBDEMEHHOe H3MepeHHe INepeMeHHBIX N0JHOTO Habopa, MB Of-
HO3HAYHO ONpejessieM COCTOSiHHE CHCTEMBI B MOMEHT f, KOTZa Hpo-
HM3BORUTCS H3MEpEHHe,

2°. Onpedesentie nPOCTPAHCTEA COCTOARUL

Kaxgoe cocTosiHne MoxeT OHIThb HpeACTaBAeHO (NPHHIHI CY-
TIePIIO3HIIMK) KEeT-BEKTOPOM |%) (HOPMHPOBAHHHIM Ha eJHHHIY
H ONpefelsieMHM € TOYHOCTBIO A0 (pa30BOTO MHOMKHTENSI) HEKOTO-
poro BEeKTODHOro mpocTpaHcTBa &. Kaxnas mHHaMuyeckas Ilepe-
MeHHas IpeicrasasieTcs HabJuiomaeMoll H3 3TOro MPOCTPaHCTBA; CO-
CTOSIHHSIMH, B KOTODBIX AHHaMHYecKasi NepeMeHHasi HMeeT ompeje-
JieHHble 3HAYeHHs, SBJAAIOTCH COCTOSIHHSA, IpeacTaBasieMbie co6-
CTBEHHHIMH BeKTOpDaMH »5Tofi Habjaiomaemol, npuyeM 3HauYeHHs
JAHHAMHYECKOH NepeMeHHON paBHBI COOCTBEHHBIM 3HAYeHHSIM Halbaio-
JiaeMofl, COOTBETCTBYIOIIMM YKa3aHHBIM COOCTBEHHHIM BEKTOPaM.
Hab6aonaeMble yaoBaeTBOPSIOT OJHOPOAHBIM anre6panyecKuM CoOT-
HOWIEHHAM, KOTOpble MOMKHO YCTaHOBHTb, HMCXOAS H3 COOTHOIIEHHH
xomMmyTranud. COBMECTHBHIE N€peMeHHble HPENCTABJSIOTCS KOMMYTH~
pyouwnMu HabaIOnaeEMBIMH.

3°. Onpedeaenue sepoarnocrell

Ecau npomssectH ogHOBpeMeHHoe H3MepeHHe NOJHOrO Habopa
COBMECTHHX JHHAMHYECKHX IIepeMeHHBIX KBaHTOBOH CHCTEMH, TO
BEePOSITHOCTb HaWTH CHCTEMY B COCTOSIHHH |X), T. €. HafiTH Te 3Ha-
YeHHA JHHAMHYECKHX IepeMeHHHX, KOTOPbhie COOTBETCTBYIOT COCTOfA-
HHIO |X), pPaBHa KBaJpaTy aGCoOMIOTHOrO 3HAYEHHs CKAJISEPHOTO Hpo-
H3BeJeHHs BeKTOpa |¢P) (HOPMHPOBAHHOrO Ha €JHHHIY), NPEACTAB-
Jsolero ZHHAMHUYECKOe COCTOSIHME CHCTeMbl B MOMEHT H3MepeHHs,
Ha BekTOp [y%), T. . [{x|$)|% B Gonee obuieM ciyuae BepOSITHOCTH
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‘HafiTH CHCTeMYy B moanpocrpaHcrBe &p (T. e. HalTH CHCTEMY B OA-
HOM H3 COCTOSIHH{I 3TOTO NMOANPOCTPAHCTBa) paBHA CPeIHEMY 3Ha-
YEHHIO OllepaTopa MNPOEKTHPOBAHHS Ha 3TO NORNPOCTPAHCTBO Pp,

MMEHHO
(Ppy==Cb|Pp|¥).

4°, ¥ pasHerue 3804104LL

B orcyTcTBHE BCAKHX BHELIHHX BO3AeHCTBHA AHHAMHYeCKoe CO-
CTOSIHME CHCTEMBl 3BOJIONHOHHPYET BO BDPEMEHH CTPOT0 NPHYHHHHIM
obpasom. Bekrop |¢(f)), npeacTaBAAOIHKA 3TO COCTOSHHE B IIPO-
«CTpaHcTBe &, HeNpepHBHO H3MeHseTcs, MOAYHHANCh YPABHEHHIO
Hipeaunnrepa (35). Hpyrumu cioBamu, Nepexol OT COCTOSHHSA
| ¥ (%)) ¥ cocrosiHuIO P (1)) OCYmECTBASETCS C NOMOIIbIO YHHTAp-
Horo npeobpasoBanHs (28), rme U({f, #p) ecTb yHuHTapHH# omepa-
TOp, onpenensieMbifi ypaBHeHusamMu (32) u (33).

3Has gMHaMHYECKOe COCTOSIHHE |{) CHCTEMBI B HayaJIbHHH MO-
MEHT BpPeMeHH fo, MH MOXKeM IIpelcKa3aTb CTaTHCTHUECKOE paclpe-
JelleHHe Pe3yJbTaToB JOOHX H3MepeHHl cHcTeMH B J1060f Mo-
‘MEHT BPeMeHH £, crenyiolui 3a fo. HeficTBHTenbHO, AHHAMHYECKOE
COCTOSIHHE CHCTeMbl B MOMEHT HadaJjla H3MepeHHs ecTb

[P (£)y = U (&1, Lo} |0 (o))

M, CJeJIOBAaTeNbHO, BEPOSTHOCTb HANTH CHCTeMy B Hamepex 3ajiaH-
HOM COCTOSIHHH |y) paBHa

[ 1)) P=1 LU (&1, fo) |9} P (36)

B npuHATO# BHIE cXeMe OIHCaHHS SIBJEHHE COCTOSIHHe (DH3H-
'YeCKOH CHCTEMH IpeLCTaBAseTCsi H3MEHSIOMKMCHA BO BDEMEHH KeT-
BektopoM |¢(?)). Hanporus, ¢usnueckne BeJHYMHB, N0 KpailHed
Mepe Te H3 HHX, KOTOpHE He 3aBHCAT SBHO OT BPEMeHH, NpejacTaB-
JIAI0TCS (PHKCHPOBAHHBIMH HabJa10faeMbIMH npocTpaHcTBa &. AHa-
JIOTHYHO, COOGCTBEHHHle BEKTOPH HalJiofaeMbiX SBJATCA (PHKCH-
POBAHHEIMH BeKTOPAMH NpPOCTPAHCTBA &5 HMEHHO TAKOBH BEKTOPHI
%>, |¥) B BHpaxenun (36). d10oT cmoco6 oNHCaHHA KBaHTOBBHIX
sABJeHHI 06GbMHO HasbiBaeTcs «npedcrasieruem»’) Ilpedunzepa.

7) He crnepyeT CMeIIKBATH 3TO «NPeACTABJCHHE» C MOHATHeM IMpeACTaBJEHHS
BEKTOPOB H ONEPATOPOB BEXTOPHOT'O MPOCTPaHCTBA MaTpuuamu. «IIpeiacTaBlienne»,
‘0 KOTOPOM H[IET peub, eCThb NPeJCTABJEHKe IBHMKEHHS KBAHTOBOA cHcTeMH. HToOH
HCKJIIOYHATh HEJOpa3yMeHHs, CeJoBajo Obl FOBOPHTb O «cnocobe onucauus» Ilpe-
auurepa. K coxa/leHHIo, HCTOPHUYECKH YTBEPAHNCS TEPMHH <«IpejcTaBjendes, Mul
OyneM CTaBuTh ero B KaBWUKW BCAKWH pas, xorja oH OyneT YNOTpeOaaTbcs B
namHOM CMBicie. Pasnuuke, KOTOPOE MBI JOMXKHH JAeNaTh 3/eCh, AHAJOrHYHO
PA3NAUUIO MEKIY YHHTADHBIMH NpPeOOPA3OBAHMAMH MATDHL, H YHHTADHBIMH Mpes
«©6pa3oBaHASIMH BEeKTOPOB H onepatopos (cM. ra. VII, pasmen III).
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§ 10. «HNpencraBrenne» IeitzenGepra

Ecan npoussBecTH YHHTapHoe Ipeo6pasoBaHHE KeT-BeKTOPOB
u HabaopaeMbx «npexacrabienusis llpenuurepa m npunucats npe-
006pa30BaHHBIM BeTHYHHAM TOT ke (DM3NUECKHl CMBIC], 4TO ¥ paHee,
TO MBI [IOJyYHM HEKOTODHIH HOBHI cmoco0 oOlHcaHus sBAEHHI,
CTPOro SKBHBAJEHTHHI NepBoHayaabHoMy. Ilpu Takom mnpeo6paso-
BaHuH Habnwogaembe npeobpasyiotcs B HabaiomaeMele, obnanaio-
e TeM JKe CIHeKTPOM cOOCTBeHHHIX 3HaueHul, coOCTBeHHBie BeK-
TODH NepexoasiT B COOCTBeHHble BEKTOPH, ajrebpaHuecKHe COOTHO-
LIeHHs, COOTHOLIEHHS CONDSIKEHHS M CKajsipHble [POU3BeAEHHS
coxpaHsoTcs. ITOCKOABKY u3MepsieMbIMH BeJHYHHAMH HABASIOTCA
TOJNIBKO MOZAYJH CKaJsipHBIX npouaBefeHuit (cM. ypasHeHue (30)),
OUCBHAHO, YTO BCe IMPEACKAa3aHHA Ha OCHOBE HOBHIX BeJHUHH
TOXIECTBEHHB MPeNCKa3aHHAM, CAeJaHHBIM Ha OCHOBE CTaphIX.

B 4acTHOM cayyae MOXKHO ONpeRenNuTh «npedcrasaenues [eli-
3enbepea, NPOM3BOASA YHHTapHOe IpeobpasoBaHue, 3aBHCSllee OT
BpeMeHH H ocylectBisiemoe onepatopoM UT (¢, 4). Bynem o6o-
3HaYaTh CTaphie BeJHYHHBI HHAEKCOM S, a HOBHEe — HHpekcom .
Ker-BekTOp

s () =U (@, to) | bg (to)),

NpeACTABASIONIHA JHHAMHYECKOE COCTOSIHME CHCTEMBI B MOMEHT
BpeMeHH f, mpeobpasyeTcsi B «HENOABHKHBIA» KeT-BEKTOP

[ba) = U" (¢, to) 1bs (1)) = bs (t0)). (37)

Hanporus, Habmonaemas As <<Hp€lICTaBJIeHHﬂ>> Hlpenunrepa npe-
obpa3syeTcsi B

Ay ()=U"(t, 1) AU (1, to). (38)

Mbl BHAHM, 4TO Jaxe ecau As He 3aBHCeNd BHO OT BPEMEHH,

nabmonaemas Ay HenpepnBHO H3MeHsercs. Eciu ucnosap3oBaTh

niddepennuanbHoe ypaBHeHHe (32) ¥ 3DMHTOBO CONpPSIKEHHOE

ypaBHEHHe, MOXHO NyTeM moujeHHoro nauddeperuupopanus (383
MOJYYHTD

ddy * ¥
= — UYHAGU + itU

dA
=U+ [Ag, HIU +inU"—5U.  (39)

ih

B aToM ypaBHenun H ecTb raMusnbTOHHAH B «Npeacrasaednus [lpe-
auurepa. BBoas raMuJbTOHHAH «IpejicrasieHusi» [efisenbepra

HH =5 U+HU,
HaxXOoAuM
U'[As, HIU=[Ay, Hyl.
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Hab6awonaeMass As— HeKoTopas (QyHKOHS OCHOBHHX HabJmonae-
MbiX «npeicTaBjaeHus» LlIpeanHrepa — MoOXKeT W SBHO 3aBHCETb OT
BpPEMeHH; BTOpON ujeH B npasoit uacti (39) yuuThHBaer 310 06-
crostenbcTBo. Habuonaemas 0As/0t ecTb Takxke HekoTopasi QyHK-
nus HabamgaeMbix «npeacTabicHusi» [llpenunrepa. Ecau o6osua-
YUTb ¢ MoMOmpbio 0Ax/0f QYHKIHIO, TONYyYaeMyI0 H3 MPEARIeCTBYIO-
mefl nyTeM 3aMeHbpl BceX HalbJi0faeMBIX Ha COOTBETCTBYIOLIHE Ha-
6monaeMbie «inpeiacTaBneHus» Iefizenbepra, TO NOAYYUAM

aA - 6AS U.

94y e 94
at =U ot

Iostomy ypaBHeHue (39) 3anuceiBaercsi B Gopme

oA 0A
ih—%=[AH, Hyl+ih TtH (40)

3To ypaBHeHHe H3BeCTHO KaK ypasuenue [etizenbepea.

B 3akjoueHHe MOXKHO cHeJlaTb BHIBOJ, 4TO <IHPEACTARJEHHE»
TeitaenGepra noayyaercs NyTeM NPHUAAHHUSA [IPOCTPAHCTBY BEKTOPOB
«upeacrasiedusn» [lIpeanHrepa HekoToporo oblero ABHKEHHS, Bhi-
Gupaemoro TakuM 06pasoM, 4ToOb AHHAMHYECKOE COCTOSIHHE KBaH-
TOBOH cHCTeMbl OBLJIO HPENCTaB/JICHO HEMOABMXXHBIM KET-BEKTOPOM
[$x). [Hpyrumu croBaMu, 6caxull HenoOdsuscHeul KeT-6eKTOp
«npedcrasicnua» leilsenGepea onuceleaeT 603MOXCHOe OsudiCerue
KBAHTOBOU CucTemsl. B nporusonosoxmHocts 3romy pasrudnele (u-
3udecKue BeAUMUHbl NPEOCTABAAIOTCA HAOA00aeMbIMU, U3MEHIIO-
wumucs 80 spemenu co2aacHo 3akony (38) uau, uro TO 2HCE camoe,
coenacno ypasuenuto leidzenbepea (40) ¢ HauaseHoIM Yycaosues
Ay (to) = Ag(t).

YpasHenus (38) u (40) npuMeHuMBI, pasyMeercst, K Ji000Il
¢byuKuuy HabaronaeMblXx «npeicTasfeHus» [efizenbepra H, B yacT-
HOCTH, K Bhipaxendio e'**H mnu omeparopy npoekruposanust P
Ha MOANPOCTPAHCTBO cOOCTBEHHBIX BEKTOPOB, NPHHAAMEKAMHX cOO-
CTEEHHBIM 3HaUYeHHSM B HeKoTopoH obsactu D cnekrtpa Aj.

TouHO Tak 3Ke, KeT-BeKTOD |x#), NMPEACTABJSIOMHA TOHHOE 3a-
JlaHue Habopa COBMECTHHIX IlePeMEHHBIX, BOOOIe roBops, 3aBHCHT
OT BPEeMEHH H NOJIyYyaeTcsi H3 CBOEr0 aHaaora |xs) «IpeicTarjeHHs»
Illpenunrepa ¢ NOMOIIBIO GOPMYJIH

| % () =U" (1, to) ] %s)- (41)

Ilpeano/ioxuM, 4To ABHXKEHHe KBAaHTOBONH CHCTEMB! NpeicTaB-
JisleTcsl, HauHHasi C MOMEHTa BDEMEHH fy, HENOABHXKHEIM KeT-ReKTO-
poM |bg). Torma BeposSITHOCTb HafiTH ee B COCTOSHUM |xu) B pe-
3yAbTaTe H3MEpEHHs, NIPOH3BOAHMOr0 B HOCAEAYIOLHA MOMEHT Bpe-
MeHH ], eCTb

Ve ) Db ) P
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DTa BeMHUHH2 PaBRa TOE, KOTOpas HoJydaercss ¢ HOMOIIBIO COOT-
BETCTBYIOLU[MX KET-BEKTOPOB «npeicTaBierusis Ilpeaurrepa (ypas-
senne (36)), ubo ckaasipHoe IPOH3BeLEeHHe HHBAPHAHTHO OTHOCH-~
TeJbHO YHHTapHoro npeobpasopauus Ut (4, 1,).

§ 11. «HNpencrasaenne» elizendepra
H NPHHOMI COOTBETCTBHA

Kak mMm Bupend, «ipencraBiedusi> lllpeausrepa u [Neiizenbepra
CTpOro 3KBHBaJeHTHH. Ha mnpakTHKe dYame HCHOAb3yeTcA «Ipej-
crasienues llIpexnnrepa, Tak Kak oHo Gojee yno6HO AJMS BHYHC-
aenunil. Pemenue ypapnenus llpeaunrepa, T. €. ypaBHeHHs 15 Bek-
TODPOB, @ priori AOJXKHO OHTb Ipolle pellleHHs ypaBHeHus [eitzen-
Gepra, KOTOpoe SBJACTCA ONEPATODHBIM YDABHEHHEM. Onnako
HEKOTOPhie CBOHCTBA KBAHTOBBIX CHCTeM HanboJjlce OTYETAHBO NPoO-
SABASAIOTCA B «NpeAcTaBAeHHu» [efizenbepra.

Ocobenno spxo npossisercd B «npeactaBieHuns» [efizenGepra
¢opMasnbHas aHAJOTHA MeXAY KJIacCHYeCKOH H KBaHTOBOH Teo-
pusimu. ITogo0HO HABHIKEHHIO KJIACCHUECKOH CHCTeMBl JABHXKeHHe
KBAHTOBOM CHCTEMH B «IlpeicTaBiacHuus [efizeH6epra OnHCHBaETCs
3aBHCHMOCTBIO OT BPEMEHH XapaKTepH3YIOIIHX CHCTeMY JHHaMuue-
CKUX HepeMeHHBIX.

PaccMoTpHM NO3TOMY KBaHTOBYIO CHCTEMY, 06J1a11a10m.y10 KJaac-
CHYECKHM aHaJ/JoroM, H CPaBHUM ONHCAHHE JBHXXCHHA JBYX CHCTEM.
Kaxgofi ¢u3nueckofi BeJHUHHe KJACCHYECKOM CHCTEMH COOTBeT-
cTByeT (u3nuYecKas BeJIHYHMHA KBAHTOBOH CHCTEMBI. EnnHCTBeHHoe
pasjuuHe COCTOHT B TOM, 4TO ¢usMuecKHe BeNHUHHBI KJAaCCHUYECKOH
cucTeMbl NOAYHHAIOTCH NpaBuiaM OOBYHOR aareb6pel, B TO BpeMd
KaK HX KBaHTOBHE aHAJOTH NpeAcTaBAsAOT co60of omepaToOpH H HOA-
YHHAIOTCS 3aKOHAM HeKOMMYTaTHBHO# aireOpe. Ho B Tex cayuassx,
KOTZa MOKHO OTOXAECTBUTb BHIDaXKeHHsT HEKOMMYTaTHBHOH aJl-
re6pel ¢ BHIpaKeHUSAMH OOBIUHOA anreOpH, YDABHEHHSA [BHIKEHHf
KBAHTOBLIX BEJHYHH COBNANAIOT C YPAaBHEHHSIMH AJA HX KJaccHue-
ckuX aHgajoros. [eficTBuTesnbHo, ypaBHeHus [efisenGepra anas me-

PEMEHHBIX i, ..., gy H P1, ..., Py MOTYT GHTb 3anHcaHb B popMe
dq, 1 oH dp, 1 oH
3 = l9:, H]=—6p, v = =75 i H]=“-"—6qi 1y
(i=1,2,..., N)

Npu BHBOAE 3THX YPABHEHMH YYHTHIBAJHCD OCHOBHHIE KOMMYyTa-
HMOHHBIe COOTHOLIEHHS MeXAYy ¢ u p u csofictBa (V.67) u (V.68),
KOTOpble M3 HHX CJERYIOT. Cucrema ypaBHeHnH (I) ¢dopmanbus
HAEHTHYHA KaHOHHYECKON cHcTeme ypaBHeHunH [amunbToHa kJac-
CHUYECKOl MeXaHHKH.
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Besikasi KJaccHueckas  guHaMmdueckas nepeMenHas  Aga = A(q, ..., gy
P ..., Py; t) NOAUHHSAETCA YPABHEHHIO JBHIKEHHUS
dAgn 0Agn
T"— {AKJD HKJ]} + ET (42)

rre {Axa, Hxa} 0603Hauaer Tak HaswBaemble ckoGkH IlyaccoHa

{A,H}EZ("A OH A aH)'
i

aq; dp, dp; 9g,

Mu BHIHM, YTO KJaccHueckoe ypaBHenHe (42) cosnapaer ¢ ypaBHeHHem [efisen-
Gepra, ecid MOXHO OTOXIECTBUTb cko6kH Ilyaccoma {4, H} ¢ kommyraTopoM
[An, Hyl/ih. Tlonb3ysichk OCHOBHBIMH KOMMYTAUHOHHBIMH COOTilOUICHHSIMH H CXOX-
CTBOM NIPaBHJ aire6pH KOMMYTATOPOB H anre6ph cxoGox Ilyaccoma, MoxHO med-
CTBHTENBHO NOKA3aTh HJAEHTHYHOCTb 3THX JABYX BHIPAKEHHH, BHOHpas COOTBETCT-
BYIOIIAM 06pa3oM NMOPSIOK § H p B sIBHOM Belpaxenun ckoGox Ilyaccoma.

§ 12. Hurerpaan nBHKEHHS

IToHsiTHe MOCTOSHHOM HJHM HHTerpala ABHXKeHHS HaHOoOJee SCHO
U NpO3pauHo HUMeHHO B «npencraBlenun» [efisenbepra. [unamuye-
cKasi nepeMeHHasi, He 3asUCAUAA SIBHO OT SPEeMEHU, SBJASETCS IO-
CTOSITHHOH [BHXKEHHS, €CJH COOTBeTcTBylollasi Habmonaemas Cy
B «npeicTaBienun» [efizenbepra ocTaercs NOCTOSHHOH BO Bpe-
MeHH, BejencrBhe 3TOro ee cucreMa coOCTBEHHBIX BEKTOPOB OC-
TaeTcsl HENOABHAKHOM, TaK YTO CTATHCTHYECKOE paclpencleHHe pe-
3yAbTATOB HaOGMIONEHHs 5TOH BeAMYHHH IIPH BCEX YCJHOBHSX He 3a-
BHCHT OT BPEMEHH OCYLIeCTBJAeHHS H3MEPEHHS.

Cnenysi 3sToMy oOlpelelleHHIO IOCTOSHHONW IBHXKEHHA, MOXKeM
HalHCcaTh

it Cy=[Cy, Hy]=0.

TakuMm 06pa3oM, NOCTOsIHHbIE NBHIKEHHS NPEACTaBAAIOTCH Hab.aro-
Jaembimu, KOTOPbIE KOMMYTUPYIOT C 2AMUAGTORUAHOM. DTOT pe3ynb-
TAT, BOpOYEM, PABHBIM 06pa30M CHPaBelIMB H B «IpeJCTaBJIeHHH»
[IpenuHrepa, Tak Kak COOTHOLIEHHS KOMMYTAIHH COXPaHAIOTCS NPH
YHHTapHOM I1pe0Gpa3OBaHHUH.

Bynyun HesaBHCHMO® OT BpeMeHH, Habawogaemas Cy ocTaercs
paBHOA CBOEeMY HayalbHOMY 3HAUeHHIO:

Ca)=Cql)=Cs=C.

Ec/H, B Y4aCTHOCTH, AMHaMHYECKOe COCTOSIHHE CHCTEMBl IIpeicTaB-
Jgsercs B «upencranieHnus» ['efizenbepra co6cTBeHHEM BeKTopoM C

Culbgy=clbm),

To nepeMennas C COXpaHsieT ollpelelieHHOe 3HaueHHe ¢ B TEYCHHT
BCEr0 BPEMEHH; rOBOPSAT, UYTO COOCTBEHHOE 3HAUEHME ¢ SBJATCH XO-
powium Ksantoseim 4uciom. HerpynHo, Bupouem, noxasatb, uto C
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KOMMYTHPYeT ¢ onepaTopoM 3sogmoiud U (f, fp); BCIEXCTBHE 3TOTO
KeT-BeKTOp |VPs(f)) «mpencraBienusi» [lpenuHrepa ocraercs no-
-CTOSTHHO B HOANPOCTPAHCTBe COOCTBEHHOro 3HaYeHHs ¢

Clds @) =clbs @)

§ 13. ¥YpaBHenne 3BOJIOUMM CPELHHUX 3HAYEHHHA U COOTHOLIEHHE
HEOINpPEeReJEHHOCTH BPEMA-HepPrus

Hcxons wu3 «mpeacrasierus» [efisen6epra, ocobeHHO OpPOCTO
‘HanucaTh AHdQepeHnMaNbHOEe YpaBHEHHe IS CPeQHEro 3HaUYEHHH
3anannoft Habmogaemolt Ay. JleficTBHTENBHO, MOCKOMBKY |Pn) He
3aBHCHT OT BpPEMEHH, HMeeM

d{A d dA
(w1 A 1oy — (b | 22 .

Tloapsysich ypasuenuneM [efisenbepra, BHOBb NOJIyuaeM ypaBHeHHC
(V.72

S (=14, H)+(52). (13)

Ecau xe Bocnosbsosatbesl cucteMont (I), To moanywaiwores ypasHe-
Hus Dpeudecra (§ VI.2).

B KkauecTBe HPHJIOXKEHHA YpaBHeHHs (43) ZaauM TOUHHH BHIBO
-COOTHOLICHHST HeolpeleJeHHOCTH BpeMsi-3Heprus (cMm. § IV.10).
PaccMOTpuM cHCTeMy, TaMHJIbTOHHAH KOTOPO# He 3aBHCHT SIBHO OT
BpeMeHH, # nyctb A ectb HeKoTopas Apyras HaGawogaemas 3Toil
CHCTEMB], TaK)Ke He 3aBUCSWIAS OT BpeMeHH. MBI aHanusupyeMm au-
HaMH4YeCKOe COCTOfHHE CHCTeMBl B 3aJaHHBII MOMEHT BpeMeHu {.
Tlycte |$) ecTb BekTOp, mpencraBisiomui 5310 cocrosinue. O603Ha-
guM ¢ nomouipio AA, AE cpeaHMe KBajgpaTUUHBle OTKJAOHEHHA A
#u H coorsercrsenHo. IIpumennm nHepasercTso IllBapua k sekTopam
(A—(A))|v) nu (H—(H))|¢P) u moBTOPHM CJOBO B CJOBO pac-
<cyxaeHusa § 4. Mul RafifeM 1moc/e BBIYHCJIEHHH, 4TO

AA-AE =5 [([A, H)) (44)

TipuYeM DaBEHCTBO peadun3yeTcst, ecad |¢) YAOBJersopser ypas-
HEHHIO

(A—a)by=iv(H—2e)| ),

‘Tae o, y U &— HEKOTODHe BellleCTBEHHLIE MOCTOSHHBlE (Cp. ypas-
senue (10)). OaHako coriacHo ypaeneHuo (43)

g1 ey A{A)
(14, H])—m—d‘t—,
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HepaBeHCTBO (44) MOXHO HMO3TOMY 3anHcaTbh B opMme

AA /]
racayarr A=
HJil
T AE> D, (45)
€CJIH TIOJIOXKHTDH
AA
Tg= ‘m;‘m l , (46)

TAE Ta — XapPaKTEPHCTHUECKOe BpPeMs 3IBOIONHH CTaTHCTHYECKOTO:
pacnpeneieHnst A. 1o BpeMs, HeoGX0AUMOe A/ TOFO, YTOOH LEHTP-
(A) pacnpefeleHHs cMecTHJICH Ha WIMPHHY pacnpeieneHus AA,
T. ¢. BpeMd, HeoOXOQUMOe AJS 2aMETHOTO H3MeHeHHs pachpefnelie-
uua. TagknuMm o6paszoMm, AJ9 KaxkJo# AHHAMH4ECKON mnepeMeHHO#
MOZHO BBECTH XapaKTepHCTHHYeCKOe BPEeMSA 3BOJIOLHH,

[TycTs Tenmeppb T ecTh HaWMeHblllee H3 TaK ONpefdeseHHbIX Xapak-
TePUCTHYECKUX BpPeMeH; T MOXKHO paccMaTpUBaTh Kak XapaKTepH-
CTHUeCcKOe BPeMsi HBOJIOUHH caMOH (U3MYeCKOH CHCTEeMbl: KaKUM Obl
Hy GBLIO U3MepeHHe, OCYLIecTBJsIeMOe B CHCTeMe B MOMEHT BpeMeHH
t’, ero CTaTHCTHUYECKOE pacnpefesieHde 6ydeT NPaKTHYECKH OJHHAKO-
BHIM ¢ paciupelefeHHeM H3MePeHHA B MOMEHT f, €CJH DPa3HOCTB
|t — | menbue 7.

CorJyacio nepasenctBy (45), 1 ¥ AE ynoBJIeTBOPAIOT COOTHO-
IIeHHIO HEeOlpeleeHHOCTH BPeMs-3HePTHs

T AE > h)2. (7).

EcJd, B 9aCTHOCTH, CHCTeMa HaXOJZHUTCH B CTalHOHapHOM COCTOS-
wuu, 10 d{(A)/dt = 0 gakum Onl HH Obio A H, c/JefOBaTeJbHO, T.
6ecKOHeuHO BesuKo; npu satoM AE =0 B corjacHH ¢ COOTHOIUe-
HueMm (47).

§ 14. MpomexyTOoUHble «NPEACTABICHHA?

«[Ipeacrapienus» lllpenunrepa u Iefizenbepra He ABAAIOTCH
eAMHCTBEHHO BO3MOXHLIMH. Beskoe yHHTapHoe npeoOpasoBaHue:
BEKTOPOB M HaOJIOfaeMuiX «mpeicTtaBiaeHus» [llpenunrepa (maw
[efizenGepra) NpUBOAMT K HOBOMY <«IpeicTaB/]eHHo». Bce ard
«TNpeACTaBJieHHst» AAlOT CTPOr0 3KBHBaJIEHTHble OIHCAHUS KBAHTO-
BuIX sBJeHHH. [lJis Kaxka0o# KOHKpeTHOH mnpobJeMnl BeiOHpAIOT TO:
«TpejcTaBJeHAe», KOTOpOe HaWIydylinM o6pa3oM NOAXOAUT AJs ee
paspelleHus.

Bceskas npoG/ieMa KBaHTOBOM MeXaHHKH B KOHEUHOM cueTe CBO-
IUTCcH K GoJlee MJAH MeHee NOJHOMY M GoJsiee MJIH MeHee TOUHOMY
onpeneseHMIO CBOHCTB yHHTapHoro onepatopa U(t, fo); neficTsu-
TeJbHO, BCE MpeAcKa3aHUA TEOPDHH 3aKJIOueHH B 3JeMeHTax.
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matpuubl U (f,£y), TakHX KaK B ypaBHeHHH (36). PelieHue ypabHe-
Hus (32) sABJseTcH MOTOMY LEHTPAJLHOR npobieMoll Teopun. Ecau
H3BeCTHO HEKOTOpoe HPHOJNHIKEHHOe pelleHHe 3TOr0 ypaBHeHHA
U (¢, 1), To yacTo GBIBaeT yHOGHO NOJIOXKHTD

U=UoU’, (48)
IoncraBasas 3To BhIpaxkeHWe B ypaBHeHHe (32) u ymHoxas obe

CTODOHHl ypaBHEHHSi Ha yHHTapHwm# omepatop U®T ciaesa, mosy-
yaeM AH(ddepeHnnalbHOE ypaBHeHHe

A (T 17 (49)
Pewenne U’ atoro ypaBHeHHS yIOBJIETBOPsET HAaYaJbHOMY YCIOBHIO
U’ (t, t)=1.

Ecau npubinxeHue ylauyHo, onepaTop U’ MelseHHO MeHsercs BO
BpeMeHH; 3TO XOpollo BHAHO W3 ypaBHeHust (49), Tak Kak 1pu
0

., dU
ynauHom BeiGope U@ omepatop HUO —if Ut maJg. I[Tostomy

ypaBHeHnHe (49) Jjerko (nyuwe, yem (32)) ZomyckaeT npubJaHXKeH-
Hoe pellleHue 8),
[Tockoasky onepatop U® yHurapeH, onepatop

HO\() = it [ UO @, 19] U™ 1, £

spmuTOB (3amaua 6). Taxkum o6pasom, omnepatop UM (f ¢,) sB-
JsieTcs CTPOruM pelueHHeM ypaBHeHus Lllpenunrepa

ih - UO = HOUO, U0 (f, ) =1. (50)

I'amunpToHMaH H MOXHO NpeACTaBHTh B BHAE CYMMBI ABYX ofle-
paTopoB

H=HO 4+ H',
ONMH M3 KOTOPHX —H’—B HalmHX NPERNOJIOKEHHSX MOXKHO pac-
CMaTPHBaTh KaK MaJloe BO3MYylleHHe, a Bropol — H(® ecTb ramuib-
ToHHaH ypaBHeHus lllpenunrepa, KoTopoe MHE yMeeM HHTErpHpo-
BaThb. B aTHX o603HaueHHAX ypaBHeHue (49) sanucHBaeTCs HPOCTO

R S rris
ih U = H]U", G1)

npuyem Hj nojydaeTcs u3 f’ ¢ nmomowlibl0 yHHTapHOro mpeoGpa-
30BaHHM#A, 3aBHCSLIETO OT BPEMEHH

H)= votgyo, (52)

8) OGcyxkpaeMble MagHMYJALMH sABASIOTCA oGo6uieHHeM Ha caydait Zudde-
peHuHaJNbHLIX OMepaTOPHHX YPaBHEHHH H3BECTHOTO METOJAa BapHallHH NPOH3BOJbL-
HOH NOCTOAAHHON B 3/1eMeHTAPHOH Teopuu AuddepeHHHaNbHLHX ypaBHEHHH.
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Mbl BHAMM, YTO YOOOHO BBECTH <«IpPEICTaBJEHHE», IPOMEKYTOU-
Hoe MexIy «inpenacrabJenusiMu» lllpenunrepa u TefizeHGepra,
a MMeHHO TO, KOTOPO€ MoJydaeTcs NpH AefcTBHH Ha BEKTOPHI H Ha-
6i0naeMble «Hpencrabaenus» [lpenunrepa yHutapHoro omepartopa
UOt (¢, t)). O6o3HaUUM C NOMOIIBIO HHIEKca | BEeKTOPH H HalJIo-
JiaeMple 9TOro HOBOTO «IIpe/CTaBAeHHAY:

[, (1)) = UOT | s (1)), (53)
Aty =U0TA00, (54)

B npomexyTOYHOM <ImpeACTaBJIeHHH» BekTop |P;(f)), mpexncras-
JSIOUIMA BO3MOXHO€ [JBHXKEHHE KBAHTOBOH CHCTeMH, paseH
U’|Ps(to) ). CoraacHo ypaBHeHHIO (51), 3TOT BEKTOpP 3BOJIOIHO-
HHpYeT (MeJJleHHO) BO BpeMeHH, NOAUYMHAACH ypaBHenuio Ulpe- .
IuHrepa ¢ TaMHJbLTOHHAHOM, BHIPaXKAIOMIUM 3HEPrHIO BO3Myllle-
7
Hust H;
. d ’
i S 1 ()= H b, (). (55)
C napyrofi cTopoHbl, GH3HYeCKHE BeJHYHHHI MPEACTABJAAIOTCA IO-
IBHXKHBIMH HabJlofaeMEIMH; 3TH HaGJIOfaeMble MOJYUHAIOTCS
ypaBHeHHAM ABMXKeHH# [elizeHOepra ¢ «HEBO3MYIIEHHHIM»> FaMHJb-
ToHHaHOM HY:

d AA
ih— A=A, HP ]+ in 5~ (56)

4TO JIEFKO N0Ka3aTh, HPOH3BOAA C ypaBHeHHeM (54) Te xKe maHumy-
JSALMH, KOTOpHle B cJydae ypasHeHHs (38) npuBelH K BHIBOAY
ypaBHeHust [efizen6epra.

Pasgean I1I. PABJIMYHBIE NMPEINCTABJAEHUSI TEOPUU
§ 15. OnpepeneHue npencraBieHus

CorsacHo TeopHH, Pa3BHTOH B IBYX HepBHIX pa3jenaX, Bce Heol-
XoduMble [N OHNHCAHHA KBaHTOBOH CHCTEMHBL 3JIEMEHTH OKa3hi-
BAIOTCA B HAJIMYHH, €CJH olnpefelleHH ee OCHOBHHe NHHaMHUYecKHe
nepeMeHHble, KOMMYTanHOHHBEIE COOTHOWIEHHs, KOTOPHIM MOJYH-
HAIOTCA TpeACTaB/sIOUHe HX HabJdiofaeMble, H SBHOe BbipaKeHHE
yepe3 STH OCHOBHhle HabJroJaeMble raMMJILTOHHAHa, KOTOPHI
onpejesieT 3BOJIOIHA CHCTeMBl BO BpeMeHH. Torga MOXKHO IIO-
CTPOHTHL NpPOCTPAaHCTBO & EBEKTOPOB, NPEACTABNSIOUIHX pPasjHuUHbIE
BO3MOXKHBlE JHHaMHYeCKHe COCTOSIHHS CHCTEMBI, ONPENEJHTh (hH-
3HYECKHH CMBICJ BEKTOPOB HPOCTPAHCTBAa, pellast 3ajfauyd Ha col-
CTBEHHBIE 3HAyeHHs J[JA pPasjJHYHBIX HabJaofaeMblX, BBHIIHCATH
H pelluTh (YyHZaMeHTaJbHLHE YDaBHeHHS 3BOJIOIHMH H, HaKOHel,
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OCYLIECTBUTL BHIUHCJIEHHE CTaTHCTHYECKHX paciipelesieHHH pe3yJib-
“TATOB H3MepeHHH, KOTOphle TeOpHUSA AOJXKHA HPEJCKa3aTh.

Uro6nl pemuTh Bce 3TH npobJieMbl aHasiu3a H anre6pH B npo-
CTpaHcTBe &, BCeria MOXHO BHOpath (M OeCKOHEUHBIM YHCJIOM CIIO-
coG0B) 1OJHYI0 OPTOHODMHPOBAHHYIO CHCTEMY BEKTOPOB H Ipef-
CTaBHTb ONepPaTOPHl H BeKTOPH B & ¢ IOMOLIbIO MAaTPHIL B npej-
CTaBJieHHH, e 0a3HCcOM CJAYXKHT BHIOpaHHas 1oJiHast cHCTeMa
BEKTOPOB.

Takum o6pa3oM, BcAKasg NHHaMHYecKasi mepeMeHHast CHCTEMBI
fIpeAcTaBJsercd KBaJpaTHOH 3DMHTOBOH MaTpHIieH, BcAKoe HHHA-
‘MHYeCKOe COCTOSHHEe — NPaBHIM BeKTOpPOM (HJIH 3PMHTOBO CONpS-
JKeHHbIM JIeBHIM BeKTOpDOM), ONpeReJeHHEIM C TOYHOCTHIO A0 [IO-
-CTOSTHHOTO MHOXKHTEJIA.

CymecTByer CTOJBKO BO3MOXKHBIX MpeJACTaBJEHHN TEOpHH,
CKOJIbKO HMeeTcs pa3fHUHEIX 0a3HCHBIX cucTeM Bektopos. Ilepexon
OT OZHOI'O NpeACTaBJeHHS K APYroMy OCYHIECTBJISETCS C IOMOLIbIO
YHATapHOro npeo6pa3oBaHHA. JTH YHHTapHble [peoGpasOBaHUA
MaTpHIL He C/leflyeT cMelIHBAaTh ¢ YHHTAPHHIMH NpeoGpa3oBaHUAMH
071IepaTOPOB U BEKTOPOB, KOTOpoIe MO3BOJSAIOT, COrjiacHo pasfeny I,
HM3MeHATh «IpelCTaBJieHHe» IBHXKEHHS caMOH KBAHTOBOH CHCTEMBL

Yanie Bcero npeicraBleHHe Onpefessiercd 3aJJaHHeM TOJIHOIO
Habopa KOMMYTHPYIOMIHX HabjiofaeMbix: o6uipe coOCTBeHHEIE Bek-
“TOPH 3THX HabJlOfRAaeMBIX KaK pa3 H ABAAIOTcS 0a3MCHBIMH BEKTO-
paMu 1npeicTaBieHus. DBasucHble HaGuiionaemble IpelCTaBJeHHS
M Bce (QYHKIHHM 3TUX HabjlofaeMBIX B 3TOM MpelAcTaBJieHHH BhIpa-
2KaloTcsA AHAaTOHAJbHHIMH MaTpHIAaMH.

§ 16. BosnoBas MexaHHKa

BosHoBass MexaHHMKa ABJAseTCH 4acTHOH (POPMYJHPOBKOH KBaH-
-TOBOH TEOpHH, KOra NMpHHHUMaeTcs «ipeicrasieHHe» llpemnnrepa
¥ BuIGMpaeTcss IpeAcTaBlieHHe, B KOTODOM JHATOHAJbHBIMH SB-
JIAIOTCA ONlepaTophl KOOPANHAT.

BepHeMcs K KBaHTOBOH cHcTeMe, obJsafaoulell KJAacCHUECKHM
aHaJgoroM, ¢ N creneHsiMH cBoboJbl, KOTOpasi paccMaTpHBaJtiach
B8 § 7. KoopauHaTH qi, qs, ..., gy 00pa3yOT noJaHbIA Habop KOMMY-
THPYIOIIHX HabJi0JaeMblX H ONpele]sIoT npeicTaBieHHe {g}. Jto
IIpeJcTaBJieHHe YXKe HMCIOAb30BaJOCh BhIlIE HPH MOCTPOEHHH CAMOTO
npocrpanctBa &. Ilpu nmoaxonsanieM suGope $has U HopMUPOBKH Ga-
BHCHHIX BEKTODOB Mbl HOJNYYHJIH OYeHb MPOCThie BHPAXKEHHA sl
MaTPHYHHIX 3JeMEHTOB OllepaTopoB ¢ H p (ypaBHeHHs (26—27)).

OcHOBHBIMH ypaBHEHHSIMH fpejacTapieHus {g} SBAAIOTCA COOT-
HOIUEHHS OPTOHOPMHUDPOBAHHOCTH (25) M COOTHOLIEHHe 3aMKHYTOCTH,
KOTOpOe B COKpallleHHBIX 06o3HadeHusix § 7 3amuceiBaeTcs B dopMme

P,=\1)dq @ 1=1  (dg=dgidg, ... dgy..  (67)
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Kaxnanlii Ker-BeKTOp |v¢) mpeicTaBiseTcs MaTpuned ¢ ofHUM
cToN6OM H KoMioHeHTaMH {g’|V). Dra OGYHKNUS KOOPAHHAT
g, 4y ++.» §y B KOHOHUTYDAHHOHHOM INpPOCTPAHCTBE, KOTOPYIO:

MOXHO 3amucath B BuAe P (g, Gy, - .., gy), W €cTb BoJHOBas (PYHK-

{1, IpeAcTasasionass JHHAMHYeCcKoe COCTOSIHHE CHCTeMEl Ha SI3BKe
BOJIHOBOH MeXaHHKH:

<qll 'lIJ> = <q;q; e q;v | 'lIJ> = 'lIJ (‘7;» ‘l;’ s ey ‘71,\;)- (58)

CkaJisipHoe npoM3BeleHHe |P) Ha |¢) paBHO CKaJsipHOMY Npo-
H3BE/IEHHIO COOTBETCTBYIOUIMX BOJIHOBBLIX (QYHKUUE B TOM BHMe, KaK.
OHO OTpeJeNIfANOoCh B BOJIHOBOH MeXaHHKe:

wlh="ColP,10)={(0lg)dg @ 1®)= (&' (@) b(a)dg. (59

IIpoBepHM TOXAECTBEHHOCTL ONEPAaTOPOB BOJHOBOH MeXaHHUKHE
M MaTpHIl, NpelACTaBIfAOMMX Habaionaemble B {g}-IpeAcTaBlieHHH.

ITonb3ysick BuipaxeHueMm (26) Ans maTpuubl HaGJI0AaeMOH §a,.
ybexpaeMcsi, YTO ¢ |} NpelcTaBaseTcss BOJHOBOH (QyHKUHeH

G110 =44 1H=qb()

u BooGule nefictBue Hexoropol OyHRuuu V(g)= V(q,qe,...,qn)
OT KOOPAMHAT MPOCTPAHCTBA KOH(HUTypauuii Ha KeT-BeKTop |P) CBO-
IUTES K yMHOXeHHIO P (g’) Ha V(q)

GIV@IN=VE) () (60)

IaJjee, nonb3ysfcbh SBHHIM BhlpaxieHueMm (27) [AJas MaTpHUH,
npeacrasisioulefi HabalopaeMmylo p,, ybexpaaeMmcs, YTo COCTOSHHE
pn|$) NpencraBasieTcs BOJHOBOH (QYyHKLHeH:

1ol =\ (1 pala") dg” (g | §) =

__E_S 2 ! L 174 " _—
=T )57 06— b g dg
k9

(). 61y

CJenoBaTeabHo, HabjilofaeMasi p, NpelicTaBiasercs onepauuedl yacr-
Horo auGdepeHuHpoBanus —ih 0/0q, BONHOBON (YHKUHH, CTOAUIEHE
cIpaBa OT ONepaTopa pPn.

Takum o6pa3oM, HHTepecylonas Hac TOXKIECTBEHHOCTh Oe3
TpyZAa npoBepsieTcs s (QYHKIHUA KoopauHaT (ypaBHenue (60)) u
JJIS COCTAaBJAIOIHUX uMiyJibca (ypaBHeHue {61)). Ho mockonbKy Bes-
Kaf HaOJgiojaeMas BoipaxkaeTcssi HEKOTOpo# ajarebpanueckoll QyHK-
nHed OT p M g, MB NPHUXOZHUM K oOileMy 3aKJIIOYeHHIO: Jobast
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¢usnyeckas Beqnunsa A(g; p) B BOJIHOBOH MeXaHHKe HpeICTaBJsET-

h &
ca onepatopom A ( g; T 7))
B kauectBe mpuMepa paccMoTpum sHepruio H. Ecau npexmodo-
JKHTb, YTO TMOTEHIHAJbHAS SHEDPTHsi He 3aBHCHT OT BpEMEHH, TO Ha-

omopaemass H Hmeer BHI

2
HGg p)=), g + V@ s an)
i

MarpHna, sajaiolias sHepruio B npeicTaBieHnn {q}, uMeer gopmy:

7/ v/ 7/ h a '4 /4
0 lqu'>=H(4;T'5,7')5(q —q")=

— hz 62 ’ / /i
=[X2(w)ort V)o@ —a.
1 1/ dq;
Bripaxenue B KBajpaTHHIX CKOOKaX fBJSIETCH OllepaTopoM, nef-

cTBylomAM Ha 8(¢'— ¢”) kax dyHknuio ¢'. ClefoBaTeNbHO, BEK-
Top H|vP) npencrasisieTcst BOJMHOBOH QyHRuued:

GIHW=Hy @) =] 1 L vi) ] o @)
T M ag;

Ecau, Haxoneu, B «npeicrasieHun» lllpeannrepa, Hanucathb
{pyHRaMeHTaJbHOe YypaBHEHHe [BHKeHus (3D) B IipeAcTaBJeHHH
{g}, To MH noayuyum ypaBHenue Lllpeaunrepa B ero oOBLIUHOH
Hopme

iﬁ%w(q; )= H}(q; 1).

dTo 3aBepuIaeT JOKa3aTeJbCTBO TOrO, YTO BOJHOBAsS MEXaHHKa
TpencTaBaser cobof, GOPMYJHPOBKY KBaHTOBOH TEODHH B IIpej-
craBieHud {q} u «mpexcrasieHun» Ulpenunrepa.

§ 17. Npencrasaenne {p}

B xauecTBe cienyloilero IpuMepa Bo3bMeM MpeicTaBJeHune {p},

B KOTODOM JAHAaroHaJbHBIMH SBJAIOTCA COCTaBJAIIHE HMIyJbCa.
N o ’ ’ ’

Mycts | p')=|p})|py) ... |Py) CyTb GasucHHE BeKTOPH 3TOrO

npejcTaBieHus. IJTo ofmHe COOGCTBEHHEE BEKTOPH HaGJIORaeMBIX

P1, P2 ..., Py, TDHHAJJeEXaIlHe COGCTBEHHBIM 3HAaUeHHAM pi,

,pg, ey p;v. Byznem npepnosararh, 4T0 OHH OPTOHOPMHPOBAHH
P'Ip"y=06(p"—p"),
H YAOBJETBOPAIOT COOTHONIEHHIO 3aMKHYTOCTH

pES”?')dP,(P'I’:l
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{MBl HCHOJb3yeM 3JeCh COKpaleHHHEe 0G0o3HAYeHHs HHIEKCOB, MO-
ZobHo §§ 7, 16).

CornacHo pesysabraTaM § 6 BoaHoBasi GyHKuusi BekTopa |p”>
B npejcTaBaenun {g} ecTh

i

N 7 7 s
no_. ’ . ~N/2 _‘(qul""-""l’NqN)
@10 =11(g/| piy=@an)™"%* .

Dra BennunHa {p’|q¢’) = {q¢’|p’>*, ecan ee paccMaTpHBaThb Kak
byuruno ¢ u p’, ABASETCH NeMEHTOM YHHTApHOH MaTpuuH S,
npeobpasyiolllei MaTpuuB MOpeacTaBjieHHst {g} B MaTpHUH fpel-
crapiaeHust {p}. Ker-BekTop |{) B 3TOM mocjeqHem lpencTaBleHHH
‘OTMHUCHIBAETCS <«BOJIHOBOH (yHKUMEH B HMMOYJbCHOM IPOCTPAHCTBe»

O (py=(p"|¥).

OueBugHo, 4to @ (p’) ectb 06pas Pypbe (COOTBETCTBYIOWHM 06pa-
30M HOpMHpoBaHHHIH) BosHoBOH ¢yHrRuHH W (¢')=(q’|{) B KOH-
HrypauHoHHOM HPOCTPAHCTBE:

© ()= = S (P'1q")dq’ (g’ |b) =
__ S\p( ,)e-%(ﬂfﬁ%uﬂfvv;v)d /
T (2nm)V? 7
HerpyzaHo npoBepHThL (3TO MOXKHO CHEJATh H HENOCDPEICTBEHHO),

yro AEHCTBHe omeparopa p, Ha ¢yHKIMIO @(p’) CBOZMTCH K YMHO-
JKEHHIO Ha p/, a JefiICTBHE OfepaTopa ¢, BHIPAJKaeTCs B3THEM yacT-

HOH TPOH3BOAHOMN if /p].

Ilns WANIOCTpalMH BHIMIIEM B HpejacTaBJeHHH {p} ypaBHeHue
LlpeanHrepa AOJf YacTHUOB ¢ Maccofl m B moJie CTaTHYeCKOro mHo-
TeHnuata V(r). DHeprusi cHcTeMul npefcTaB/sfeTcs HabaopaeMoit

Hir, p) =2+ V()

BasucHBe BeKTOpH |p’) 3aBHCAT OT TpPex KOMIOHEHT HMIyJhca
Pe p;, p, M YHOBJETBOPSIOT YCJOBUAM OPTOHOPMHPOBAHHOCTH H
3aMKHYTOCTH:

8(p" — p")=0(p, —p)o(p, —pP))o (P, —pP;)={P"|P"),
PpESlp’>dp’<p’l=1.

YuurapHas MmaTpuua S, npeo6Gpasyiollas MaTpHIH NpeLCTaBJIeHUA
{r} B maTpuum npexacraBiesus {p}, naercs dopmyoi

i ’
@1 ry=@an)~"he F ",
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Ilostomy sjemenTnl MaTpHuH V(r) B npeicTaBieHHH {p} MOXKHO
3amucaTh B IBHOM BHJIe Tak:

@ 1vipn=\{w1ryar e 1vmar ¢ pm=

= (2an)"° S S e T dqry (FYS (@ —r")dr7e? -
=@ (Ve ™ 7y,
[Tonoxkum )
7 (0) = (2nh) S Virye & dr,
TOrzAa

PIVIPY =7 —p")

TaK 4TO 3JIEMeHTH MaTpuubl ofnepatopa H B mpencrasienun {p}
3alHCHBAIOTCH B dopMe

72
PV H|pDy="L—5(p"—p")+7 (0 —p".

m

Iycre @ (p’) ecth BosHOBast QYHKUHS B HMIlyJILCHOM NpOCTPaH-
CTBe AMHAMHYECKOI'O COCTOSTHHS |P)

O (p) =o' 10y= (I 7y dr’ (/| 4=
i ("4
= (2nn)~" S e EET (p7) dr
Torna ypaBHenue lllpeanHrepa, HMewoliee B BOJHOBOHN MeXaHHKe

BUA

.. 0 n?
ih = W (r; t)=[—?,—n—A+ 14 (r)]\p(r; ),
B TpeacTaBleHHH {p} npuHuMaeT GopMy HHTerpo-auddepeHnHATL-
HOI'O ypaBHeHI/IH

in 2D (p; )= LD (p; )+ | ¥ (p— PO (s 1.

§ 18. Npume: pBudeHHe cBOGOLHOrO BOJHOBOIO fakeTa

B KayecTBe NPHJOKEHHs BHIUIENPHBEJICHHHIX Pe3yJbTaTOB H3YUHM JBHIKeHHE
¢B0GOHOr0 BOJHOBOro nakera (V = 0).

ITycts |¢) ecTb BekTOp COCTOsHMA B MOMeHT BpemeHu (=0, a P(r) un
@(p) — BONHOBHIE QYHKUMH, BEIpa)kalollhe STOT BEKTOP B NPEACTABJICHHAX {r} H
{p} coorBercTBenno. B MOMeHT BpemeHs f JHHaAMHYECKOe COCTOfIHHe CHCTEMBL
LaeTcs BEeKTOPOM

i
|Wy=e " |y),
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rae H = p?/2m ecthb ramuabTOHHMAH CBOGOAHOM uwacTHubl. ITockoubKy HMADy:be
siBJIsieTCS NMOCTOSIHHON ABHIKEHHsl, ero cpefiHee 3HaYeHHe OCTAeTCd HEH3MEHHHIM BO
BPEMEHH; TO JKe caMoe BePHO OTHOCHTeJbHO I'PYNOBOH CKOPOCTH

v =={p)/m.

Mbl 3HaeM, 4TO pachibiBaHHEM IakeTa MOXHO npeHeGpeub NMpPH JOCTATOYHO
ManpiXx npoMexyrtkax spemend (§ VI.3). YTousum 3nech 3TOT pe3ysnbTaT M mo-
Ka)ieM, 4TO INPH BHIMOJHEHHH YCJHOBHH cnaGoro pacn/niBaHHsi BOJIHOBOH NakeT
PACOpOCTPAHAETCS MPAKTHUECKH 03 HCKaXKeHHH H MOXeT ObTh B O4YEHb XOPO-
HieM NpuGaHKeHHH onucaH QyHKuUHeH P(r — vi).

Sta npubauxendas sBoJHOBasd GYHKUHS NpPeACTaBJsieT BEKTOD

_ - vt
|¥)=e | b,
B ueM HeTpPYAHO yGeAMThCs, HCMOAB3Ys u ofofmias csoficTBo (16) uau ucenenys

COOTBETCTBYIOULYIO BOJIHOBYIO GyHKIui0 B npeicraBienuu {p}.. [Ipu6nuxenue Tem
Jyuuie, yeM 6/d:Ke K eJHHHIe BePOSITHOCTb IJIS CHCTEMbi HAXOJUTCA B COCTOSHHH

|¢) ; HHBIMH CJIOBAMH, HEOOXOAUMO, 4TOGH
- ¥IPPr<L
3amenss | ¥) u | V) BHpameHHAMH, NpUBeICHUBHIMH B, HAXOXHM
i (p— mv)?
@l (5 L5 1w

Martpuynbii 3JeMeHT B npaBofl YacTH NMPOCTO BHIYHCAHTL B NpELCTABICHHH
{p}; noanysaem

L
P

(¥ i¥)|=

i (p— mv)? il_ﬁi?it
<¢lexp(%—%—m——1)lw)=8l(v(p)lze 2 ap.

Ecmu NpeanoNIOKHUThL, UTO MH HMeeM J€JI0 C BOJHOBBIM IAKEeTOM THIIA npuseaeH-
Horo Ha puc. 17, To ¢yHKuus @(p) HMeeT OCTphHIfl MaKCHMyM JHHEHHHX pa3Me-
poB Ap OKOJIO CpeflHero 3HaueHus p — mvy; Ap ecTb MOAYJb BekTOopa Ap, nalo-
ulero cpefiHee KBajPaTHYHOe OTKJAOHeHHe HMIyJbca 4acTHu p. B atoM mpeamno-
JIOKEHHH 3KCIIOHEHTa B NPaBOH 4acTH paBeHCTBa GJM3Ka K ejHHHlle B 06JacTH
MaKCHMyMa, T. €. npH

(Ap)? t

2mh <l

I
Ap 2h
— K A
m p

TIpu6amxKenue ClOpaBeaHBO, NOKA BHIMOJHEHO 3T0 ycaoBue. Ho 3To HepaBeHcTBO

BblpaXKaeT YCIOBHE:
pacnibpiBaHue < LIHMPpUHBl MaKeTa,

KOTOpOe Mbi yxKe NOJYYHJM NPH H3YYEHHH PACIJILIBAHHS BOJHOBOTO NaKeTa B
§ VL. 3 (ycuosue (VI. 15)).

§ 19. ipyrue npeacrasaeuns. lNpencrasiedne, B KOTOPOM
AHArOHaAbHA SHEPrus

ITpumepsl, mpuBeleHHbIe BhIILe, NOKA3bLIBAIOT, UTO ypaBHEHHS
TEOPHH HMEIOT pasJiHuHylo (QOPMY B 3aBHCHMOCTH OT BHOPaHHOIO
npejcTaBJeHus; BBHAY 3TOFO H BBHIUHCJEHHS B pasHHIX MpeJCcTaBJe-
HHAX MOTYT OLITh CYHUIECTBEHHO Pa3JiHUHBLIMH.
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Cpenyn mnpeacTaBJeHUH KBAaHTOBOH TeOpHH HEKOTOpPHIE OKashl~
BaioTcA OCOOeHHO YIHOOGHHIMH IPH pacCMOTPeHHH KOHCepBaTHBHLIX
cHcTeM H3-3a npocrofl ¢opmbl ypaBHeHus lllpeaunrepa: 310 Te
npelcTaBJeHNs, B KOTOPHIX sHeprust H pguaroHasbHa %). Basucuruie
BeKTOphl |E@) Takoro npeicTaBjJeHHsi OTMEYaloTCs COOCTBEHHBIM
3HaueHNeM 3Hepruu E u HabopoM o COOGCTBEHHEIX 3HAYEHHH [APYrux
NOCTOSITHHBIX MJIH WHTEeNPaJioB ABHXKEHHsH, KOTOphle BMecTe ¢ H co-
CTaBJIAIOT MOJHHIA HaGop Habmiogaemux. Bekrop |¢(f)) «mpen-
crasaeHus» lllpenuHrepa, onHCHBAaOOIMA JHHAMHYECKOE COCTOf-
HHe CHCTEMBI, B 3TOM MpPEACTABJIEHHH JHaeTcs «BOJIHOBON (PyHKIHel»

P (E, a; 1) =(Ea|b @)

KOTopas yzaoBJeTBopsieT ypaBHeHHI0 llpennnrepa
ih - (E, o f)=(Ea| H b ()= EV(E, a; 1)

Takum ob6pasoMm, HMeeM
+ E(t—t)

P (Ea; 1) =1 (Ex; fo) e
3uas Bektop cocrosinusi {Ea} B HayaJbHHE MOMEHT BpeMeHH,
JIerKO ONpefeJHThb ero 3BOJIOIMIO ¢ TeueHHeM BpemeHH. Ha mpak-
THKe BEKTOD B HauyaJibHbli MOMEHT BpeMeHH 4acTO JaeTcs B Jpy-
FOM MpeJACTaBJeHHH, HampHMep, HpeiacTaBieHuH {g}. YpaBHeHHue
IBHKeHUA OyleT, CJeN0BaTeNbHO, pelleHo, eCJH MBl cymMeeM TMe-
pefiTd oT npeAcraBieHus {g} K HpeicTaB/]eHHI0, rie H nuaroHaJeH.
C MaTeMaTHYecKOH TOYKH 3peHHS 3ajada I[IOCTDOeHHS YHHTapHOMN
MaTpuubl, ofeciieunBaioulefi 5Ty CMEeHY (IpeJCTaBJleHHsl, 3KBHBa-
JeHTHa 3ajaye O COGCTBeHHBIX 3HaueHHAX oneparopa H B mpen-
cTaBJeHHH {g}, T. e. pelIeHHI0 B 3TOM MpeACTaBJEeHHH CTanHOHap-
Horo ypaBHeHusi [llpenunrepa.

Paspaen IV. KBAHTOBAS CTATHCTHUKA

§ 20. Cucremnl ¢ HenogHOH HHpopManHed
H cMellaHHble COCTOSIHHUSA

Korga aMHaMHuecKoe COCTOSTHHE CHCTEMBI H3BECTHO He MOJIHO-
CTbIO, HEKOTOpHE MpeJCKa3aHHA O ee MOBENEHHH BCe XK€ MOTYT
OHLITh CHEJNAHH, €CIH NPpUGErHyTh K OOBIYHBIM CTATHCTHYECKHM METO-
nam. OO6cyxzaeHHe 3TOro Bompoca, Hauvaroe B FI. V (§ 16), Ges
TPYAa MOXHO H3JIOXKHTb B paMKax obLiero ¢opmajnusma.

9 B cBoeit nmepsonavaabHo#l ¢opme maTpuunas Mexanuka Dopna, [efizen-
Gepra u Hopaama Guiia uacTHO# (OPMYJHDOBKOH KBaHTOBOH TeOpHH B <«mpej-
craBaeHuu» [eiliseHGepra, BhIpaKeHHOH B NPEICTAaBJEHHH, TJe [AHArOHAJLHA
SHePrHs.
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JuHaMuyeckoe COCTOSIHHE KBAHTOBOM CHCTEMEl H3BECTHO IOJ-
HOCTBIO, €CJHM YAAJOCh TOYHO ONPeleNHThb 3HAYEHHUs IE€PeMEHHHIX,
COCTaBJASAIONNX KaKoB-11u60 NMOJNHBIH Habop COBMeCTHHIX HabJamomae-
MHIX; B 3TOM CJIyuae COCTOSIHHE CUCTeMBbl MOXKeT GRITh Ipe/CTaBaeHO
HEKOTOPBIM BeKTOpoM | ». Ecau Xe cBeleHHsl, KOTOPBIMU MHBl Pacno-
JIaraeM OTHOCHTEJNBHO CHCTEMBI, He SIBJSIOTCS IOJHBIMH, TO MOXHO

TOMbKO YKa3aTb HEKOTOPHIE BEPOSATHOCTH Py, P2, ..., Pm ... TOTO,
YTO CHCTeMa HaXOUTCA B JMHAMHYECKUX COCTOSIHUAX, IpeACTaBJse-
MBIX KeT-BekTOopamu |1), |2, ..., |m), ... MHaue rosops, coCTos-

HHE CHCTEMHl NPeJCTaBJAsSeTcss He e€IMHCTBEHHHIM BEKTOPOM, a CTa-
THCTHYECKOH CMECBIO BEKTOPOB.

[Tpennosoxum, 4YTO Mbl U3MepsSeM HEKOTOPYIo BeauuyuHy A.
Cpentiee 3HaueHHe {A) Pe3yJbTaTOB H3MEPEHHs HMeeT BePOATHOCTDb
pm OuITh paBHBM {Adm=(m|A|m)/{(m|m). Tlostomy, mnpeamno-
Jarasi, 4T0 BekTOpH |1), |2), ..., |m), ... HOpMHDOBaHbI Ha elH-
HHILY, MOXKHO HaIuCaThb

(&) =2 pm (m| & | m). (62)

Ta xe ¢opMy.a JaeT cpejHee 3HaueHHe IPOHM3BONBHOH (YHKUHH
F(A), ecnu 3amenuts A Ha F(A); orciona MBI noJyyaeM CTaTHCTH-
yeCcKoe paclpejeseHue pe3y/dbTaTOB H3MepeHHS.

§ 21. Marpuua niorHocTu 10)
CMelllaHHEIE COCTOSTHHS 0COGEHHO YI00HO ONUCHIBATL ¢ NOMOLIbIO
omnepatopa
p=2.1m)pn(ml. (63)

B 5TOM BHIpaskeHHH BEKTOpH |m) HOPMHUDOBaHH Ha eAuHHLY (HO
He 0653aTe/IbHO OPTOTOHAJIBHEI), @ BEJIUUHHHL pPm HMEIOT XapakTep-
HElE CBOMCTBA CTATHCTHYECKHX BECOB, T. €.

Pn20 Lpm=1. (64)

Onepatop p Ha3EBaeTCs MarTpuyel NAOTHOCTU WIH CTATUCTUHECKUM
onepaTopoM.
CpenHee 3HaueHHe HabawogaeMoi A ecTb cien pA

(4)=SpoA. (65)
HeficTBHTEBHO,

Sp oA =2 pn Sp(Im)(m|A),

1) TonHoe H3NOMEHHE CBOMCTB MATPHIBl NJOTHOCTH MOXHO HafiTH B pa-
6ote U. Fano, Rev. Mod. Phys. 29, 74 (1957),

11 A, Meccua
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U 4To6El NOKa3aTh SKBHBaJeHTHOCTH (PopMyn (62) » (65) mocra-
TOYHO MOKAa3aThb, YTO

Sp(|my({m|A)y=(m]A|m).

[Tockonnky onepatop Pp =|m){m| ectb omepaTop NPOEKTHPO-
BaHus H ero cjiel paBeH 1 (ypabuenue (VII.88)), umeem

SpP,A=Sp PnA=SpP AP, = Sp|m)(m| A|m){m|=
—(m| A1m) Sp Ppy—(m| A|m.
Te xe BEIKAanKu, HO B cayyae A =1, nalOT yca0BHe HOPMHPOBKH
Spp=1.

KoHeuHO BCe 5TH BBIBOABI OTHOCATCS H K JI060# QYHKUHM HabJio-
paeMoit A, TaKk 4TO MOXKHO HamMucaThb

(F(A))==SpoF (A).

3Hasg p, MOXKHO BBIBECTH CTATHCTHYECKOE PACHpefeJeHHe pe3y/b-
T4ATOB M3MepeHus A.

Ecnu Pp — omepatop NpOeKTHPOBAaHHUS HA NOANPOCTPAHCTBO, Ha-
TAHYTOe Ha COOCTBEHHbIe BEKTODH A, IPUHAJIeXKalHe COGCTBEHHRIM
3HaYeHMsAM, pacnojaraluMcs B Hekotopoll obnacti D cnektpa A,
TO BePOSITHOCTh Wp. HAATH pe3yJabTaT U3MepeHUs B ob6nactu D ecTsb

Y Pmlm| Py m) (cM. ypasHenue (5)), T. e.
m
wp == Sp pP). (66)

B uvacTtHOCTH, BEDOSITHOCTh HAATH CHUCTEMY B KBAHTOBOM COCTOSIHUH,
npeACTaB/IsieMOM BeKTOpoM |x> (c HOpMo#, pasHo# 1), ecThb

w,=Splein)==leln- (67)

3axaHus onepaTopa p BIOJIHe A0CTATOYHO /IS BEUMCAEHUS BCEX
H3MepsieMBEIX Ha OIBITEé BEJMYMH, MX CPeJHHX 3HA4YeHHH M CTaTH-
CTHYECKUX pacCIpefeJeHUH pe3y/abTaTOB H3MepeHHs, I03TOMY B
danbHefllleM MBI 6yaZeM CUMTaTh BIOJHE OJUHAKOBBHIMH [Ba CMe-
UIaHHHX COCTOSHHMS, MMEIOIIUX OJHY MaTPHUY ILIOTHOCTH: BCSKOe
CMelIaHHOe COCTOsIHUME IOJIHOCThbIO ONpejensieTcs CBOoell MaTpuiefl
IJIOTHOCTH.

Yro6H 3aBepLINTh HCCAeLOBaHUE CIydYas CMeIlaHHBIX COCTOSHUR
H fMpUMeHEHHA K HeMY IOCTYJaToB § 2, ocraercst BHIACHUTh, Kakas
MaTpulla IJIOTHOCTH MpejACTaBAsieT AUHAMHUECKOe COCTOSIHHE CH-
CTeMHl MOCJ/I€ OKOHYAHHS HeKOTOPOro UaMepenus, OrpaHuYuMcs, Kak
H B § 2, ciyyaeM uleanbHoro usMmepenus. Ecau u3Mepenue Ioka-
3aJ10, UTO CHCTEMa HAXOAHTCH B COGCTBEHHOM COCTOSSHHH HabJionae-
Mot A, mpuHansexaueM HeKOTOpoh o6sacTy ClekTpa D, TOo Mart-
puua MJIOTHOCTH IIOC/E H3MepeHHs paBHA € TOYHOCTBIO 1O HOPMHPO-
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BOYHOM NTOCTOSHHO¥ NpoeKiuu PppPp onepatopa p, KOTOPHH Ipen-
CTaBJAJA CMeIIaHHOE COCTOsIHME A0 H3MepeHHsA. CooTBeTCTBYMOLLAs
NOCTOSIHHAS [OJI)KHA HaXOIUTbCS U3 YC/JIOBUA DPABEHCTBA €NHHMHIE
caea onepatopa; TakuM 06pa3oM, oHa paBHa BeslH4yuHe, 06paTHOM
Sp PppPp = Sp pPp = wp. M3MeHeHne (HeKay3asnbHOe) MaTpHIH
IJIOTHOCTH B IIpOlleCCe€ H3MepeHHs MOXKeT GEITh MO3TOMY BbIpaXKeHO
cxemoii 1)
PpePy
o —> HeaJbHOE H3MepeHHe, Jalollee pe3yJ/abTar D»S—pm.
§ 22, dBoJOLUHS CMEWAHHOrO COCTOSSHHS BO BPEMEHH

Ilns nHayana obpatuMmMes K «mnpexacrastenuio» Ilpeaunrepa.
[peamnonoKuM, 4TO B MOMEHT BpeMeHH [y AMHAaMHUYeCKOoe COCTOsIHUe
CHCTeMBl NIPEACTABJ/SAETCS CTaTHCTHYECKOH CMechio BEKTOPOB (C HOP-

moit 1) {1, |20, ..., |MDo, ... CO CTAaTHCTHYECKHMH BeCaMH
P1, P2, +++» Pmr ... Kaxaplil WIeH CMeCH 3BOJIIOIHOHHPYET COTVIACHO
3aKOHY

| m)t =U (t, t())l m>o,

U B MOMEHT BPEMEHH ! CUCTEMa IpEJCTaBJ/ISETCS CMEChIO BEKTOPOB
[ s 1204 ..., |md, ... ¢ TeMH Xe CTATHCTHUECKUMH BecaMH
pi, P2, --+, Pm, ... Oneparop ssoarounu U (%, {o) onpenenen B § 8.

OTCI042 MOXKHO NOJYYMTh 3aKOH DBOJIONMH oOllepaTtopa mJoT-
HOCTH:

pr= 21 )y pm ki | =2 U ¢ 1)1 m)o pm m| U” (¢, 1)) =
= U (ta tO) (;‘ m>0 pm 0<m I)U+ (t, to) = U (t’ t()) p0U+ (t: tO)'

Oneparop MaTpuys, NAOTHOCTU 8 MOMEHT 8pemeru t noayuaercs
U3 0neparopa MATpuybl. NAOTHOCTU 8 HAYAAbHbLUL MOMEHT ¢ no-
MouLbro yruraproezo npeobpasosanus U (i, 1y).

[lpunuMasi BO BHUMaHHMe ypaBHeHHe 3BOJMIOLMM omepatopa U
(32) u 5pMHUTOBO CONpsiKEHHOe YpaBHeHHE, HAXOAUM

.. d
lhg; pr=1[H, py]. (68)
dto ypaBHenye lllpeannrepa Ans MaTpunsl naotrHoctd. Ero He cae-

AyeT cMelnuBaTb ¢ ypaBHeHueM [efisenGepra (40), HecMoTps Ha
¢opMaJibHOe CXOACTBO (OTAHYME TOJNBKO B 3HaKe mepel] KOMMYTa-

1y Yro6el onpaBiaTh 3TO PACHIMPEHHe MOCTYJaTa PeAyKUHH BOJHOBOTO ma-
KeTa, C/elyeT o6paTuTbes K JETAJbHOMY HCC/ICOBAHHIO MEXaHH3Ma H3MEDEHHA
B KBaHTOBOH MexanHke. CM. 1O 3TOMY NOBOLY JHTEParypy, HHTHPOBAHHYIO B
crocke IV. 19 cm. takxke pabory ¥. ®ano (U. Fano, loc. cit.).

9%
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Topom). BeapuuHw, Bxoasumiue B ypaBHeHue (68), spiasiorcs ofe-
paTopaMu B «npencrasiaeruu» [llpenunrepa.

[Nepexoxn ot «mpeacraBiaeHusi» lllpeanHrepa K «IpedcTaBACHUIO»
[efisen6epra ocyuiecTB/sieTcsi IPU NOMOIIM YHUTapHOro npeo6paso-
Bauus UT (¢, ¢)). BeaencrBue storo B «npeacrabiennu» eftaenGepra
onepaTop MaTPHIUB NIOTHOCTH OCTaeTCsA «HENOABHKHBIMY (pn == po),
B TO BpeMs Kak HalJ/iofaeMble H3MEHSIOTCA BO BDEMEHH, Cledysi
ypaBHenuio [efizenGepra (40).

§ 23. Xapakrepucruyeckue cBOHCTBA MaTPHUB! MJAOTHOCTH

OnepaTop MaTpuubl IVIOTHOCTH O SBJSETCS NOAOHUTEABHO Onpe-
denexnoin 3pmutosoin onepatopoM (cp. § VIL 8), caed ero pasen 1.

JleHicTBUTENbHO, UCXONS M3 CaMOro olpeleleHHs p IO ypaBHe-
Huo (63), HaxoQuM npu JIOOHIX |u)

@loluy= 2. pm|(ulmy*>0, | (69)

Spo= 2. o Sp (Imy(m) =2 pn=1. (70)

KpOMe TOro, IIOCKOJBKY BC€ pPm IOJOXKHUTEJNbHH H IOCKOJBKY
(nepaBencro IBapua) |(u|m)|? < (u|u), umeem

(ulp ) <(ulw). (71)

Hnaye roBops, omepatop 1—p TakKe ABAAETCA NOJOKHUTENBHO
OnpejiesieHHbIM,

B obuieft Teopyuu ruabbepToBa NPOCTPAHCTBA IOKA3bIBAETCHA, UTO
NOJIOXKHTENBHO Olpefle/ieHHHH 3pMUTOB ONEpaTOp C KOHEUHEIM Cile-
JoM siBasieTcs Hab/aoAaeMofl ¢ YHCTO AUCKpeTHHEIM chektpoM. Cob-
CTBCHHBIe 3HAYeHHUS O BCe 3aKMoueHn Mexay 0 u 1.

O6patHo, scakull noAOHUTEAbHO OnpedeseHHbll IPMUTO8 onepa-
TOp p €O caedom 1 MOJNCHO paccmaTrpuears KaK Oneparop MAarpuybl
naoTHOCTU. JleHCTBHTENbHO, TAKOH ONepaTop eCTh HabaonaemMas H
€ro MOXHO 3allHCcaTb B BHJe

p= 2. &,P,, (72)

m
rie oy, ©®2, ..., ®n, ... — OTJIHYHBle OT HyJNsl COOCTBEHHHIE 3Haue-
Husi, a Py, Py, ..., P, ... — ollepaTopbl MpOEKTHPOBAHUS HA COOT-

BeTCTBYIOIMe NOANPOCTpaHcTBa, Ecan HU 0HO U3 COOCTBEHHBIX 3Ha-
YeHH# He BEIPOXKIEHO, TO Kaxkjoe P, ecTb dJ1eMeHTapHBIH IPOEKTOP
P, =|7){n]|, TaK 4T0

p= ; o, | AY (A, (73)
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TTockOABKY 2. @, =Spp H 0. = (7i|p|A) = 0, BeanunHL @, 06aa-
n

Jal0T CBOHNCTBAMH CTAaTHCTHYECKUX BeCOB

o, =20, ;(Dn=l,

CJ/IEZOBATENBHO, p €CTh OMepaTop MVIOTHOCTH CMEUIAHHOTO COCTOSIHMSA,
06pa3oBaHHOTO M3 BEKTOPOB |7) CO CTATHCTHYECKHMH BeCaMu @, '2).
YnuraTe/b MOXKET CaM paclnpoCTPAaHUTh 3TO PACCyXKeHHe HA Cayuaf,
KOTJa HEKOTophle COGCTBEHHBIE 3HAUeHHMsI P OKa3blBAlOTCS BBIPOXK-
JEeHHBIMH.

§ 24. Yucrble cocTosiuus

dopMaau3M Omepatopa MAaTpPHIE TJIOTHOCTH TMO3BOJSET pac-
CMaTpUBATb YHUCTHle COCTOSIHMSI KaK YacTHble CAyYyaH CMellaHHBIX
COCTOSIHUH.

Ecan u3BeCTHO, YTO CHCTeMa HAaXOJMTCA B YHCTOM COCTOSHHH
[%), To MOXKHO NpeACTaBJATb 3TO COCTOSIHHE KaK CMeLIaHHOe, HO C
OIHUM €IHHCTBEHHHM WIEHOM cMecH |%) (MO MpeamosokeHUIo Hop-
MHDOBaHHBIM Ha 1); oNlepaTopoM MaTpPHHE IJIOTHOCTH SBHUTCH

HpPOEKTOp
oy =101, (74)

pE=1p,. (75)

O6paTtHo, ecan onepatop MaTPHHEI IVIOTHOCTH eCTb IIPOEKTOp,
OH INpelCTaB/feT YHCTOE COCTOSIHHE; 5TO TO COCTOSIHHE, Ha KOTOpOe
coBepliaeTcs IPOeKTHpPOBaHHUe.

MoxHO naTh ABa ApPYTHX KDHTepHsi, NO3BOJSIONINX BEISCHHUTD,
NpeJCTaBAseT JH OMlepaTop MAaTPHILE MJIOTHOCTH YHCTOE COCTOSTHHE:

1°. OnepaTop MaTpHIbl IJIOTHOCTH p MOXeT GHITb NpeACTaBJeH
B BHIe JHHeHHOH KOMOGMHAIHH IPOEKTOPOB Pa3HEIMH CIOCOGaMHU:
BeIpaxkeHHe (63) He eamncrBenHo. Ho uto6ml onepartop p, ompene-
JeHHBI ypaBHeHueM (63), NIpelCTaBJsA UHCTOe COCTOSIHUe, HeoO-
x00umo (M 1OCTaTOUHO), 4TOOHI BCe |m) GBIIM paBHBI MeXAYy co6oi
¢ TOYHOCTBIO 0O (aswl; TOrZa OHHU INPEeACTABJAAIOT OJHO H TO XKe
JHHAMUYECKOe COCTOSIHHE, KOTOpPOe H SBJSETCH HCKOMBIM YHCTHIM
cocTosiHueM (3amaua 7).

2°. Besikufi onepaTop MaTPHUB IJIOTHOCTH p, T. €. BCAKHH I0JO-
JKUTEJbHO ONpefleieHHBI 5DMHTOB ONlepaTtop CO CJaeJOM, PaBHEIM
1, o61agaeT CBOMCTBOM

IpH 3TOM

Spe’< L.

12) B gopMyne (73) sexrTopu |/i) momapuo oproroxanbunl. ONHAKO BEKTOPH
|m), durypupyiowune 8 (63), MOTYT H He 06nazaTh 3THM CBOIICTBOM.



326 V1. VIII, OTIMCAHUE ®U3UYECKHX SABJEHHM

UTo6r OH IpecTaBJsi] YUCTOe COCTOsHHe J0CTaroiHo (m HeobGxo-
auMo), utobHl (3anaya 8)

Spp?=1. » (76)

B 3ax/ioueHue YKaxeM, UTO 8ce20d MONCHO npedcTasaars Juxa-
MUHYECKOe COCTOAHUE CUCTeMbl € NOMOWLIO OReparopa Marpuybl
NAOTHOCTU, HE3A8UCUMO OT TO20, NOAHble WAL HenOAHble C8edeHus
MbL Umeem 06 3TOM COCTOAHUU. 3aflaHue 3TOTO OllepaTopa NO3BOJSET
ONpeleJUTh BCce (PU3UYECKH H3MepsieMBle BEJHUYMHH, KOTOpHIE
JOJIKHA JATh KBAaHTOBAas TeOpHsS; IPU 5TOM ypaBHeHue (66) urpaer
Ty Xe poJib, YTO U ypaBHeHHe (5) IpH BeKTOPHOM IpeJCTaB/JICHHH
coctossHUll. DTOT MeTON HUMeeT TO NPEUMYILIECTBO, UTO OH NO3BOJSET
eAUHLIM 06pa3oM paccMaTpUBATh KaK YMCTHE, TaK M CMeLIaHHBIE
cocTosinus. Kpome TOrO, Oneparop marpuyb. nAOTHOCTU, npedcras-
AAIOWUL COCTORHUE CUCTeMbl, onpedeasieTcs eOUHCT8eHHbIM 00pa-
30M, B TO BpeMsl KaK BEKTOD, IpefCTaBJAIOUINH YHUCTOe COCTOSIHMUE,
onpejeseH TOJMBKO C TOYHOCTBIO O (Pa3oBOTO MHOXKHUTE/SA, a oOIlpe-
JlefleHHe CMeCH BEKTOpOB, IPEACTaB/SIOIIUX COCTOSIHHE ¢ HEeNOoJHOH
uHopManued, fonyckaer elile G0abLIUA IPOU3BOIL.

§ 25. Knaccuyeckas CTaTHCTHKA W KBAHTOBas CTaTHCTHKA

B kmaccuueckoli MexaHMKe JUHaMHYeCKOe COCTOSIHHe oOllpe-
nensieTcss TOUKoil B (pa3oBOM IIPOCTPAHCTBe; CTATHCTHYECKAs CMech
COCTOSIHUH NpeJiCTaBJAsAeTCA HeKOTOPHM «daoouioM» B (Ha3oBoM
IPOCTPaHCTBe, IMIOTHOCTE KOTOPOrO QOx; B TOYKe paBHa BepOSITHO-
CTH HaliTH CHCTEMY B COCTOSIHHH, Ollpe/elsieMOM 3TOfl TOUKOH.

CyuwiecTByeT 3aMeuaTeJbHBIH NapasielusM Mexay IVIOTHOCTBIO
B ()a30BOM NPOCTPAHCTBE QPxn H ONepaTOPOM MATpHUH IJIOTHOCTH Q
KBaHTOBOH TeOpHH. [lJIIOTHOCTBH pka SIBJASETCS BelECTBEHHOH I10J0-
JKUTEeNBHOH BeJUYHHOH, NMpHYEM HHTerpasj OT Hee o0 BceMy (aszo-
BOMY IIpOCTPaHCTBY paBeH elUHHIlle

{owdgdp=1; (77)

C IpPYrofi CTOPOHEI, p e€CTb SPMUTOB OIepPaTOp C MOJOKHTEIbHBIMH
cOGCTBEHHBIMH 3HAUeHHAMY (I1OJOXKHTENbHO ONpeleseHHBIH onepa-
TOp), /el KOTOPOro paBeH 1.

3Has Pxa B HEKOTOPHIH MOMEHT BpeMeHH, MOXKHO NMOJYYHTb Cpef-
Hee 3HaueHne {Adkn M1060# OYHKRUUHM Ak, JHHAMHYECKHX NepeMeH-
HbIX § ¥ p, HHTETPUPYS PxaAxn MO BceMy (a3oBOMY NPOCTPAHCTBY

(Aygn= S S Oxaea dg dp. B
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DBoawIusa Oxa BO BpeMeHHU JaeTcs ypaBHeHHeM

a KJ1
2Lt = {Hyny O} (79)

(310 YpaBHeHHe He ClellyeT CMelllMBaTh C ypaBHeHHeM (42)).

Ypasueuus (78) u (79) ABIAIOTCA KIACCHYECKHMH aHasJoraMu
ypaBHeHuft (65) u (68) coorBercTBeHHO. MH IlepexoAHM OT Bhipa-
JKeHUt KJAaCCHYeCKO# TeOpHH K BbipaKeHHSiM TeOpPHH KBaHTOBOH,
3aMeHsig OObBIUHEE BeJMUMHB HabJogaeMuMH, cko6ku [lyaccona —
KOMMYyTaTopaMi (c yueToM MHOXHTeast ih), & uHTezpuposauue no
gcemy (ha3080My NPOCTPAHCTBY 3AMeHAECTCA onepayueld soiducae-
Hus caeda oneparopa.

dra HoBas (OpMYJMPOBKa IPHHIMIA COOTBETCTBHA OKa3bl-
BaeTCsl Ype3BhHIYAHHO IOJe3HOH NMPH pacnpoCcTPaHEHUH Ha KBaHTO-
BYI0 06JaCTh OCHOBHBIX PE€3yJbTAaTOB K/NaCCHYECKON CTATHCTHUECKOH
TepMOJAMHAaMHUKH. BOJIBIIHHCTBO KJACCHYECKUX BHIBOAOB MOTIYT OBITh
BoCIpou3BeleHs 6e3 H3MeHeHHs:. OrpaHHUUMCS TeM, U4TO YKaxKeM
OCHOBHBIE Pe3Y/bTaThl.

CocrosiHue KBAaHTOBOH CHCTEMEl B TepMOOUHOAMUYECKOM PABHO-
gecuu Tpu TeMilepatype T NpeacTaBAsieTcs ONepaTopoM

o= Ne~HieT, (80)e

rae H —raMuibToOHHAaH cHCTeMBl, kB — noctossHHas Boabpmana. To-
CTOSIHHAST HODMHDOBKH Ompejensierci u3 ycaosus Spp = 1. Pas-
JIHYHEIE TepMOAUHaMHUYecKHe (GYHKUHH CHCTeMB! BBIUHC/ISIOTCA, KaK
H B KJIACCHUCCKON TEOPDHUH, € NMOMOIUIBIO CTATUCTUHECKOE Cymmbl

Z (n) = Sp e, (81)

Taxk, aas cBobonHoit sHeprun &, sHTponun S u sHepruy E noay-
yaeM CJeIyIOulMe BHIpAXKEHUs], 3allCaHHble AJsA p == 1/kT:

F=—1tTnz, _ (82)
Smk(an—p.—(%an), (83)
E—=—<H>=—5%1nz. . (84)

DHTPONUST CHCTEME! COTIACHO MPUHIHMIY COOTBETCTBHS, BooGLie
roBops, paBHa CpellHeMy 3HAUeHHIO onepatopa —kInp; 3T0 3HAUHT

S=— £k Sp(plnp). (85)
PapHoBecHoe pacmpepenenne (80) mosysaercs 6e3 TpyAa: 3ToO

pacnpefe/jeHye, COOTBETCTBYyOIIeE 3aJlaHHOMY CpeJHEMYy 3Ha4eHHIO
SHEepPruH, JJsg KOTOpPOro SHTPONHA MMeeT MaxKCHMaJjbHOoe 3HaueHHe.
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3AAYK U YIIPA)KHEHHS

1. BEIBeCTH H3 OCHOBHOFO MOCTYJaTa O CPeJHHX 3HayeHHsX Bhipamenue (5)
A 33KOHA paclpefie/ieHHst BeposATHOCTel pe3y/bTaTOB H3MEPeHHs NaHHOH BesH-
YHHBL.

2. PaccMaTpHBaeTcs KBaHTOBas CHCTeMa, o6Jajfalollas OXHOMEPHBIM KJAcCH-
yecKHM aHanoroM. BriBecTH H3 COOTHOLIEHHS KOMMYTauMH [g, p] = ik, 4TO cnekTp
p — HeUpepHBHBIA, TPOCTOM H 3aNMoJHAET HHTepBaa (—oo, 4o0). CooTBETCTBYIO-
UM 06pa3oM HOPMHPOBaHHBIE COGCTBEHHbIE BEKTOPH p 06pasyiT NOJHYK OpTO-
HopMupoBanHylo cucteMy B &. Iloxasath, 4To np# nopxonsmieMm sniGope ¢a3 Bek-
TopoB |p’) oToi cucTeMn geficTBHe YHHTapHOro omepartopa exp(ing/h) (o —
NpPOH3BOJIbHAS MOCTOAHHAS) HA 3TH BEKTOPH AACT

exp (fop/B) | p') ==1p’ + o)
M uTO MATPHYHLIC 3JEMEHTH § RAI0TCS DopMyJao#
(p"1q|p"y==ihd" (p" — p").

Pemnth 11po6GaeMy coGeTBEHHLIX 3HAYEHHHA § B 3TOM MPEACTABJECHHH.
3. ITpoussognas omepatopa A (%), 3aBmcsaIero SBHO OT HenPepHIBHOrO mapa-
meTpa &, 1o onmpejeseHHIo pasHa

dA_ . AGte)—A®)

e->0 €

Mokasats, uro:

1°. Econ A(E) ectb dynkuust uabioflaéMofl mAM HECKOJLKHX KOMMYTHDYIO-
myux Ha6M0gaeMHX, To IPOU3BOAHAS HAXOAHTCA NO OOBIMHBLIM NpaBHaAaM Aubde-
pennuposanua. B yacTrocTH, ecan O -— nabmonaemas, 10

A 108y _ :n,i0%
dg(e )= iDe*V5,

2° Ecitm gBa omepatopa AubdepeHnupyeMsl, 10

4 (4p) = 94 4 448
45 (AB) = G5 B+ A5,

B 4acTHOCTH,

4 g dd
&=

dA

A-I-A—(-j-g—-.

8°, Ecin A nuddepennupyem u o6nragaer oGpaTHHM ORNEpPaTopoM, TO

d_ gt =1 GA 4o

4, IMokasats, 9To omeparop B (f), onpegensemuifi BHpaxeHneM

B (t) =eiAtBoe—iA"



3AJIAYM Y YTIPA)KHEHHSA 329

rge A u By CyTb omeparopsl, He 3aBHCSIIME OT BPEMEHH, ABIAETCA pelICHHeM
HHTErpajbHOrO YpaBHEHHS

t
B(t) =B, +i[A, SB(T) d'r].
0

Pemiass 370 ypaBHeHHe MeTOJOM HTEPalHi, MOXKHO [OJYYHTb pas3fnoikeHHe
onepatopa B(f) no crenensim {. lokasaTb omepaTopHOe TOXAECTBO

e!4Be~A =B 4 i [A, B]+-§!-[A, (4, Bl + ...

n cko6ok

... +%';-'[A, A, . 1A A Bl.. 1 +....

3aseuanue. YcnoBuMesl paceMaTpHBath [A, B] xak onepatop, noayyawouidéics
npH pefictBuH A Ha B, M oGosHauum 3TOT omeparop cHmBosoM A{B), Torpa
A™{B} Bupaxaer neiictBue A, moBTopenHoe n pas. CorjacHo 3tHM 0603HAUYEHHSM

A"(B}=B, A{B=IA B], A*{Bj=I[A[A Bl]ur 1
NO3TOMY TOXAECTBO MOKHO 3amucath B ¢dopme
iap,—ia _ N\ " 4n
eilpe _Zo — A" (B,
n=

5. Ilycts A(§) — omepartop, 3aBucAmMA OT HenpepHBHOro mnapaMerpa &,
dA/jdt — nponspognas onepatopa no E. dokaszaTs omepatopHoe TOXZECTBO

—i1a_4_ ;ia < (—1)" dA
et =12 e U )

n=

(0o603Hauenys M3 3aMeyaHHs K 3ajgave 4).
6. Ecam omepatop U(f), nuddepennupyeMuii mo £, yHHTapeH, TO omepaTop

. AU s
Gyner spmutos. O6parno, ecan U(f) mopumusiercss ypasueHHio
. d
it -BT U (t) == HU,

rpe H ectb 3pMHTOB ONepaTop, BO3MOXKHO 3asucamui ot f, To UtU ue 3asucur
ot Bpemenn £, a UUT ectb pemenne ypasHenns

b2 uUt =, U],
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B uwacrroctH, ecim U yHHTapeH UpH { = fo, TO OH OCTAeTCsl YHHTAPHEIM NpH JIiO-
6uix £.

7. Myers |1}, (2), .,., [M) — nocnepoBaTe/bHOCTb BEKTOPOB C HopMo# 1,
HO He 00s13aTe/IbHO OPTOrOHAJAbHHX. IT0Ka3aTh, YTo HEOGXOAHMEIM H JOCTATOYHBIM
YCJIOBHEM TOTO, YTO ONEPaTOp MATPHIH MJOTHOCTH

1 M
o= . 10|

i=1

NpeJicTaB/AsfeT YHCTOE COCTOSHHE, fABJAETCA DPABEHCTBO BCEX BEKTOPOB ¢  Tod-
HOCTBIO 10 $a30BOr0 MHOKHTEJA.

8. Ilokasath, 4TO AJsi TOrO, YTOGH TMOJOKHTENLHO ONPEAENCHHH SPMHTOB
omepaTtop p co cl1eaoM 1 TPefcTaBasa YHCTOE COCTOSIHHE, HeoOXOAHMO M JOCTa-
TouHo, utobu Sp p? = 1.



Ilpemynpocts noctpouna cefe moM, BHTecana

ceMb cTOI60OB ero,
3akoJ01a KePTBY, CMeWaia BHHO C BOJLOIl

H NMPHUIOTOBHJA Yy cebs Tpamesy;
ITocnana cayr CBOHX TPOBO3IVIACHTH

¢ BO3BHIIIEHHOCTEH TOPOACKHUX:
«Tot, kKTO npoct, o6patucsy cionals

purqu, I1X, 1—4,

HACTDb 11

[TPOCTbIE
CHUCTEMbI






r'TABA IX

PEIHEHUE YPABHEHHSI WHIPEJHWHTEPA
METOJAOM PA3AEJIEHHUS MEPEMEHHDBIX.
HLEHTPAJIbHO-CHMMETPHYHBIA NOTEHUWHAJ

§ 1. Beenenue

Hccnenopanne ¢u3nyeckofl CHCTEMHB O CYLIECTBY CBOAUTCA K
pelIeHHI0 COOTBETCTBYIOLIET0 CTalloHapHoro ypasHenus llpeausu-
repa. B uacTHoCTH, C 3THM YypaBHEHHeM MBI CTAJKUBaeMCsi OpPH
pellleHun ABYX HauboJiee YacTO BCTPEUAIOIIUXCs 3afay KBaHTOBOM
¢1U3UKH, a UMEHHO:

a) ompejeleHus ypoBHefl 5HePTUM CBA3aHHHIX COCTOSIHHME, T. e.
COOCTBEHHBIX 3HAaueHWH JHUCKPETHOTO CHeKTpa raMUJbTOHHWAHA;

6) BbluHCJIeHHA 3(P¢EeKTUBHHIX TIONEpeuHbIX CeueHHUN pacces-
Hust — KaK OyZeT MoKasaHo Huxke (ra. X), OHM HaxoAsTcs IpH
HCCJAEIOBaHUM aCHUMITOTHUECKOH (OpMBI COOCTBEHHBIX (YHKIMH,
HpUBaAJeKAUX HelPEPHIBHOMY CHEKTDY.

Ypasuenne Hlpenunrepa BoJHOBOH MeXaHHKM sBJAETCA ypaBHe-
HMeM B YacTHHX NPOM3BOAHHIX BTOPOro Hopsiika. lljsa ofHoMepHOM
CHCTeMH OHO CBOAUTCA K OOHKHOBeHHOMY Au(PpepeHUUATLHOMY
ypaBHenHuIo; ucciegoBaHue mpPobJeMbl CcOOCTBEHHHIX 3HaueHHi B
3TOM NpOCTOM cJydae yxe Ouio mposedeHo B 1. III. 3apaua cra-
HOBUTCSI ropa3zo OoJjlee TpYIHOH, ecad (uanueckasi cucrema obna-
JaeT MHOTHMHU cTemeHsiMH cBoOoab. OnHaKoO CBORCTBA CHMMETpHH,
KOTOPHIMH MOXeT 00J1afaTh raMuU/bTOHHAH, CYILeCTBEHHO obJeryaer
pelllenne ypaBHerus. MoxeT okasaTbed, 4TO YAauHasi 3aMeHa Iepe-
MeHHHX TpHBeJeT K YPaBHEHHIO B UACTHBIX NPOH3BOAHHIX C pasie-
JAOMHAMHECA NepeMeHHBIMH; 3ajaya Ha coOCTBeHHHe 3HAUYeHHS B
5TOM cJyyae pacnajaercsi Ha HeCKOJbKO 3a/ay ¢ MeHbIIHM YHCIOM
HepeMeHHBIX, T. €. f0jlee MPOCTHIX.

HMMeHHO 3TO MMeeT MecTO NPU pellleHHM 3aJaud O uacTule, ABH-
XKyllelics B LeHTPaJbHO-CHMMETPHYHOM MNOTeHIHaJbHOM mHoJe,
KOrja MoTeHUHaJ 3aBUCHT TOJbKO OT PAacCTOSHUA A0 L€HTPa r, HO
He OT HampaBJeHUsl paguyca-Bekropa r. Ecau raMHibTOHHaH o6Jja-
aaet chepuueckolt cHUMMeTpHeH, TO mNepeMeHHBe NOJHOCTBIO pas-
AeJsioTcsl B cgepHueckHX KOOpIMHATaX; Iocje OTAeJeHHs yrio-
BHX nepemennbix ypasHeHue Hlpenunrepa csogurcss K 06bKHOBEH-
HoMy JuddepeHIMaTbHOMY YDPABHEHHMIO OTHOCHTEIbHO pajHalb-
HOU TleDeMeHHOMH, KOTopoe Bcerja MoxeT OHTbh IIPOHHTETPHPOBAHO,
X0TAl OBl uMC/AeHHHMH METOAaMH.
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OcHoBHas 4acThb 3TOH TIJIaBbl NMOCBAIIEH& peLIEHUIO YpPaBHEHHSH
Hlpeannrepa aJiss uacTULIH B LEHTPAJbHO-CHMMETDHUHOM TMOTEH-
nuanbpiom mnose, OGiiee 06CyXAeHHe 3a7aud IPOBOJUTCS B pas-
Jgene 1. B paspene 11 paccmarpusaeTcs 3ajaua o cBoGoAHOH ua-
CTHIlE U YacCTHlle B LEHTPaJbHO-CHMMETPUUYHOHA NMOTeHNHUAJbHOH siMe.

B paspese III wncenenyercss elne oauH TOpocToff  Ipumep
pasfefeHus TNepeMeHHHX MpH ONUCAHWA JABHXKEHUA UEHTpa Mace
CHCTEMH UY&CTHI; KaK U B KJACCHUECKOH MeXaHuKe, 3TO JBUKeHHE
OTAeNSIeTC OT OTHOCHUTENBHOTO [BHXKEHHS, eClH B3aHMOAeHCTBHe
MeX/Jy YacTHHAMH 3aBHCHT TOJIbKO OT OTHOCHTE/JIbHOTO PacCTOAHUs
MeXY HHUMHU,

Paszpen I. YACTHIA B LEHTPAJIbHO-CHMMETPHYHOM
MOTEHUHAJIbHOM MOJIE., OBIIEE PACCMOTPEHHE NMPOBJIEMbI

§ 2. F'aMunbTOHMAH YacTHULI B CepHUECKUX KOOPAMHATAX

B stom pasgene Mm u3ydum ypasHeHue lllpenmsrepa ans ua-
CTHLH € Maccoll m, ABUKYlleHica B ToJe LEHTPaJbHO-CHMMETPHU-
Horo motTeHuuasa V(r). Ecam p— ummyabc uacTuun, a r—ee
paanyc-BeKTOp, TO TaMUJIbTOHHAH YacCTHUUH BHpPaxKaeTcsi (opMyJof

H=—4-+V () (M
H Torla cTauuoHapHoe ypaBHeHue lllpeamHrepa npunuMaer BHJ
h?
HY () =[— 5= A+ V ()] b () =Eb (). (2)

BBuay Toro, uro raMu/JbTOHHAH obsaajaeT chepHUecKol cHMMeT-
pHeli, IpoBejeM HccleloBaHHe B chepHUECKUX KOOpAUHATaX.

B xauecTBe noJisipHof ocH, Kak 00bluHO, BhiOepeM Och 2, TOrzaa
JeKapTOBHl KOOPAHHATH (X, y, ) BHpaxaloTcs depe3 chepuuecKHe
KoopausatH (r, 0, ¢) u3BecTHRIMH opMyaaMH (cM. puc. 27):

x=rsinBcosg, y=rsinBsing, z=rcos0O. I

Bripaxenne A NOTeHUMaNbHOR sHepruu V B cdepuueckux
KOOpJAMHAaTaX HaM AaHO; HaJ0 HaAlTH BhIpaxeHHe M KUHETHUeCKOH
SHepruu p?/2m, vHadye roBops, BHPA3HTb B C(epHYECKHUX KOOPAIH-
HaTax AudgepeHuHaNbHbl onlepaTop
bZ bZ 62 62 62
wh=—m\aetortz)

D10 MOXHO c/le/IaTb HemocpeACTBEHHO € NMOMOILbBI GOpMYN npeol-
paszosaHus (I). BruucieHnne 10BOJbLHO NJIMHHO, HO He HpeACTaBJsAeT
Cepbe3HHX TPYAHOCTeH; MBI He GyleM ero 3/ech NPUBOLHTL. BMme-
CTO 3TOro, YToObl Jyuille MOHATb (PU3NYECKUR CMHICI pe3y bTaTta,
MBl TOIbITaeMcsl BHIPA3UTh KUHETHUECKYIO 3Hepruno p%/2m He uepes
AuddeperIHanbHbe onepaTopu 6/0r, /90, 0/0¢, a uepes mocTpoeH-
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Hele H3 3THX AuddepeHIUaNbHHIX ONePaTOPOB 3PMUTOBH OHepa-
TOPHl, KOTOPHE HMeT Oosee HaTJAALHBA (GU3UYECKUH CMEIC.

Tak, BMecro TOro, yroOh HCHOJNB30BaTh JudepeHInaNbHbIR
oneparop 0/0p, ynobHee HMeTb AeJO C 2Z-KOMIDOHEHTON MOMeHTa
HMIyJbca, KOTOpas COIVIACHO YPaBHEHHUIO

(V.49) Boipaxaerca popmyJoi zﬂ y
h o
L=xpy—yp:= 54 3

[Tockonbky V(r) He 3aBHCHUT OT ¢, OUEBH]-
HO, 4TO [, KOMMYTHpYyeT ¢ NOTeHUHaJbHOH
sHepruefl. OnHako [, KOMMYTHDYeT TakKike
u C KHHeTHYeCKOR sHepruelt p?/2m, uto
MOXKHO JIETKO NPOBEPUTh (3anaua 4), MoJb-
3ysicb omnpejeneHueM [, ¥ COOTHOLIEHHSIMH
KOMMYTamuH )

[ri, pj]l=ihd;;. 4)

TaxkuMm ob6pa3oM, [, KOMMyTHpYeT C ra-
MHJIbTOHHaHOM H. BHOHpasa B KauecTpe mo-
JAApHEX oceft ocd Ox u Oy, MOXKHO IPHHTH
K TOMY e 3aKJIOYEHHIO OTHOCHTeNbHO I, u [,. ClnenosaTtenbHo Tpu
cocragasrouue Iy, 1y, 1, momenra umnyrsca

=[rpl="1[rV] )

KOMMYTUpYroT ¢ eamunrsroruanom. Ilo sroit npuunte Mo 6yaem wuc-
II0JIb30BATh MMEHHO 3TH ONEPaTOpH, a He omepatopul 0/06, 9/0g.
ITo TeM e coobpaxKeHUAM MBI HCIOJAb3YeM paJHaJbHHH HM-

nyJbC
a 1
p'=irarr"—i(ar+r) (6)
BMeCTO oneparopa — ilid/0r, KOTODHIT He SBJSAETCH 3PMHTOBHIM
(cMm. 3apauy 1).
YTo6H YTOYHHTH CBOHCTBO 3PMHTOBOCTH p,, BHIICHHM NpPH KAKHX YCTOEHSIX

cpenree (P, pAp), The P(r) KBaAPATHUHO HHTErpHpyeMas (QYHKUMS, TBJASETCS Be-
ECTBEHHBIM. MH JOJMXKHH HMETH

z

Puc. 27. Cdepuueckue u
AEKapPTOBH KOOPOHHATHL

0=, pr)— (p, pri) = S [V* (prd) — (pr)* ] dr =

11 21t o

—-—-—hTSsianBS quS [%lrlbﬁ]dr.
0 0

0

1) B nanbmefimeM uHAEKCH 4, j =1, 2, 3 cayxar aas o6o3HAYeHHST KOMIIO-
HEHT BEKTODOB B [eKapTOBHX KoopnuHatax Ox, Oy, Oz; Tax, manpumep, ry = X,
P=pxUT A
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IMockoabky rp ofpamaetcst B HYJb NPH 7 —> 00, Mbl ZO/IKHE BEISICHHTb MOBEACHHE
¢byHkuu P B Havage KoopAHHAT. OYEBHIHO, YTO ONEPATOp p, SABJSAETCH SPMHTO-
BHM TOJBKO, €CAH OFPaHHYUTBCH KBAAPATHYHO HHTErPHPYEMBIMH (GYHKUMSIMH, KO-
TOpHe MNOJUUHSIOTCA JLONOJHHTENLHOMY YCJIOBHIO 2)

lim r (ry=0. )
r->0

U3 onpenefieHns p, CAeAyeT, YTO ITOT ONepPaTOp KOMMYTHPYET
¢ Job6oil pysxnuell 0 u @, a Takxe ¢ TpeMsl KommnoHeHTaMu [, HO

[r, p/]=ih. (8)
CymecTByer OlepaTOpHOE TOXKAECTBO
p?=p?1%r? (r #0), (9)

COTJIaCHO KOTOPOMY JeficTBHe Ha (QyHKuuio P(r) onepaTtopos p? H
p? - (13/r?) paeT onuHaKoBHIfI pe3yabTaT NpH r 5= 0.
Urobbl ero AoKa3aTb, HPUMEHUM JJisi BHIUMCAEHHA [? TOXAECTBO

[AB]?= A2B?> — (AB)?,

NoACTaBIAs BMecTo BeKTopoB A u B oneparopsl r u p. Pasymeercs,
NOCKOJNbKY KOMIOHEHTH f U p He 00s3aTeJbHO KOMMYTHPYIOT
Mexay co6oil, 5TO0 TOXKAECTBO OCTAeTCs CHpaBeJAHBHM TOJIbKO NMPH
COXpaHeHUH mopslKa CJ1eJOBaHUA ONepaTOpPOB, UMEHHO

E=[rpllrpl= 2 (ripjrip; — ripirips)
[ToBTOpHOE NpHMeHeHHe KOMMYTAIHOHHBIX COOTHOWIeHUH (4) mo-
3BOJISleT NepenucaThb 3TO TOXKAESCTBO B BHUAE

12=r?p? — (rp)* + ihrp, (10)
HO TOCKOJIBKY r = (x4 y2 4 22)':, x —(% -+ y% + z%=r—§,—.

cJlefoBare/bho,

h
rp=r—T

a3 .

5=+ ih

H, VUHTHIBas COOTHOLIeHHe KoMMyTauuu (8), monyuaem
(rp)* — it (rp) = (rp — ih) (rp)=rp, (rp, + i) = r’p?,

2) OmnepaTop pr 3PMHTOB, HO He sBaslercsl HaGuawopaeMol. Kakoft Gl e Ouaa
NOCTOSIHHASL ®, pemierHe THO(DepeHIHATBHOTO YpaBHEHAS

PO =2 L L () =0t ()

ecTh, C TOYHOCTBIO AO MOCTOSIHHOTO MHOXHTeNs1, exp(iwr/h)[r. D10 pelneune e
ymopieTBOpsieT ycioBuio (7); 3amada Ha coOCTBeHHBIe 3HAUEHHS P, HE HMeET pe-
menus (OmnepaTop pr 3PMHTOB (CHMMETpHUEH) Ha (YHKIHAX, yAOBJETBOPSIOUIHX
YCJIOBHIO (7), HO ero MeJb3s PaCIIUPHTL RO camoconpsixenHoro — IIpum. nepes.),
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[Tpapas vacrs Toxkaectsa (10) nmostomy paBHa r? (pz—pf). Pasne-
B 00e YacTH ypaBHEHUS Ha r?, nosyyaeM HCKoMoe TOXAecTBO (9),
CIpaBelJIMBOE BCIOAY, KpoMe, OBITh MOXeT, TOUKH r = 0.

Hanee, paspenus obe uactu ToxJectBa (9) Ha 2m, HaxoauM
BhIpaxKeHHe JJ KHHETHYeCKOH SHepruH, a 3aTeM H BHpaXeHHe ra-
MHJIbTOHHAHa B chepHUeCKHX KOOpAHHATaX
p2 l2
T+ 3z + V0. (1

2m

H=

[Mono6HO 3HEPrHH KJAacCHYeCKOM YacTHUIBl TaMHJbTOHHAH ecTh
cyMMa TpeX UJeHOB: «pajuaJbHOH KHUHETHYECKOH SHEpTHH»
p:[2m,  «BpamaTeNbHOR KMHETHYECKOH SHepTHH» I*/2mr® (3ame-

THM, 4TO mr? eCTbh MOMEHT MHEPLHH OTHOCHTEJbHO Hauaja Koopau-
HaT) M NOTeHUHaJ bHOH 3Hepruu V(r).

HenocpencreenHoe BhUKCIeHHe ¢ 3aMeHOl nepeMeHHBIX, YIIOMS-
HyTOe B Hauaje naparpada, IPUBOAUT K TOMY e BhIpasKeHHIO, NpH-
yeMm oneparop I2 mpeacras/isieTcs B BHIE

12=——S—i§—e—[sin6—5%(sin_9-g—e) +7;?;—2] (12)

B 3akuroueHHe BhNuiieM ypaBHeHHe [lIpexuHrepa B cdepuue-
CKHX KOOpJAHHaTax:

g | P
[2_’;74_ g+ V (r)] $(r, 0, 9)=Ev(r, 6, ¢). (13)

Pasymeercs, pelleHusl 3TOro YpaBHEHHS MOTYT pPacCMaTpH-
BaTbCcs Kak pelieHHst ypaBHeHus IllpefuHrepa ToslbKo 1ocie H3Y-
YyeHHs UX MOBelleHUSl B HauaJe KoopiuHat. He chnenyer 3aGuBaTh,
YTO CHpaBelJUBOCTh BHIpaxkenusa (11) B Hauale KoopAMHAT HE
ABJfETCS aBToMaTH4YecKH ofecnedeHHON, HE3aBUCHMO OT BHAA QYHK-
MM, Ha KOTOpylo AeficTByer raMuibroHHad H. He npusona noka-
34TeNbCTBA, OTPAHHUYMUMCH 3JeCh YKa3aHHEM TOrO, UTO ypaBHeHHE
(13) skeuBajeHTHO ypapHenuio IllpeauHrepa Bo BceM HpOCTpaH-
CTBe, BKJIOYasd HAYalo KOOPAMHAT, el TOJbKO ¢ YAOBJIETBOpSET
ycaosuio (7), T. e. YCIOBHIO 9DMHTOBOCTH oneparopa pr.

§ 3. Ornenenne yraosbix mepeMeHHBX. Cdepuyeckue GyHKUHH

W3 seipaxenuit (11) u (12) BuaHo, uto onepatopul H u I2 KoM-
MYTHPYIOT. DTO MOXKHO OBIO NpeJBHAETh: NOCKONIBKY H KOMMYTH-
pyer ¢ Iy, ly, I, OB KOMMYTHDYET u c Mo60f GYHKIHed OT 3THX
omepaTopoB H, B uacrHoctd, ¢ 2. Habmonaemble H u I?2 umernor
(mo xpafiHefi Mepe oaHy) obmyio GasucHyro cucreMy. Ilostomy
pellleHne npo6JeMbl cOOCTBEHHLIX 3HayeHuiél H cieayeT npoBOMMTD
B ABa 3Talla: pelluTh NpobJeMy coOCTBeHHHX 3HaueHHH [?, a 3aTeM
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HcKaTh cofcTBeHHBle (YHKUHM omeparopa 2, ynoBierBopsiouine
ypapHennio Hlpenunrepa. Komkpernas ¢opma mnoremuuana V(r)
GyAeT uUrpaTh poJib TONBKO Ha BTOPOM 3Tane BHYHCAEHUH.

ITpy HaxoXAeHHH TIOJHOH cHCTeMbl COOCTBEHHHIX (YHKUHH
onepatopa /2 nepeMeHHasi r SBJISETCH NapaMeTPOM U MOXKET OHIThH
BpeMeHHO onylleHa, TaK KakK onmepaTop [ geficTByeT TOJBKO Ha
yIJIOBHIC NepeMeHHBle 0 H @.

Onepatop 12 XOMMYyTHPyeT ¢ KaxJOH KOMIOHEHTOH MOMeHTa
umnyasca (cM. ypasherne (V.70)), B 4acCTHOCTH, OH KOMMYTHPYET
¢ [,. B Teopuu cuellHaNbHHX (YHKLUUA NOKasbBaercs, 4yTo OOIHMMH
COGCTBEHHBIME (GYHKUMSMH omepatopoB [2 u [, onpenejeHHBIX
BeipaxenusiMH (12) u (3), asnasilorca cgepuueckue - Ppyrkyuu

Y7' (0, ). OcHoBHbe cBOHCTBa 3THX (QYHKUHE AaHw B JlomoJHeHuH
b (§ 10). Hx nocrpoerue 6yfAer noapofHO 0OCYKAATbCA NPU CUCTe-
MaTHYeCKOM H3yUeHHH MOMEHTa HMMYJbca B KBAHTOBON MeXaHHKe
(ri. X1II). Pasnuusee cdepuueckre GYHKIHH OTMEUalOTCsl HHIEK-
caMH [ u m, npuuem ! MOXeT IPUHHUMATD BCE LieJbIe NMOJOXKUTENbHEE
3HAUeHHUS U HYJb, & m — BCe lieJble 3HaueHUst oT —[ 10 +1. Vmeewm:

YT, @) =1(+ )EYT 6, ), (14)
LY!" (0, ¢) =mhY[ (6, 9) (15)
(1=0,1,2, ..., o0y m=—1, —I+1,..., +1.

B npocTpaHcTBe KBaJADATHUHO UHTErpUpyeMblX ¢GYHKHUE oT O u
@, T. €. B NPOCTPAHCTBe KBaJPaTUUHO HHTErpHPYeMHIX GYHKUHI,
onpeleNieHHHX Ha cdepe paauyca 1, chepuueckue dyHKuuu obpa-
3YIOT MOJIHYI0O OPTOHOPMHPOBaHHYI0 cucTeMy. CJlenyeT yUYHTHIBATh,
4TO CKaNspHOe HpPOHU3BeJeHHe olpenenseTcs B 5TOM cJyuae Kak
HHTErpaJ Mo cdepe eIUMHUYHOTO paauycad), NpHuyeM sJeMeHT mo-
BEPXHOCTH BHpaxaercd GopMysoi

dQ =sin0db do.
COOTHOIIEHHS OPTOHOPMHUPOBAHHOCTH 3ATMHCHIBAIOTCH B BHJE

. 27 7
SY;*'"Y;?' dQsS dp { sin0 doYi™ (6, @) Y (6, ¢) =duwdpm- (16)
0 0

Kaxaoft nape KBaHTOBHIX uuces ([, m) COOTBETCTBYeT OiHa Che-
puueckaa ¢yHKuua. Tpebysa, urobw ¢ysKuus P(r, 0, @) Oblia
obmefi cobeTBenHolt pyHKuMelt oneparopos I u [, npuHamiexamei
coGcTBeHHBIM 3HadeHuaAM [(I-+1)R? m mh COOTBETCTBEHHO, MbI
ompejesfieM ee YIJOBYIO 3aBHCHMOCTb: QyeKuusa ¢(r, 6, @) HMeer

dopmy f(r)Y7 (8, ).
%) Cum. ofcyxnenne B koule § VIL 13, Anajsoruuntle cooOpaxeHust cJAeAyeT

AMETh B BHAY NIDH HanHCaHUH COOTHOIICHHS! 3aMKHYTOCTH B TpefcTasjeHun (0, @)
(ypapuenue (B.88)).
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§ 4. PanmnanabHoe ypaBHeHHe

[Tepefinem Tenmepb Ko BTOPOMY 3Tany pemleHus ypapHenus Illpe-
AuHrepa. Mb go/KHH HafiTH o6uide coGCTBeHHBIE QYHKIMH KOMMY-
Tupyromux onepatopos H, 12 u [, OHu ABJAIOTCS pelleHUSAMH ypaB-
neHus Ilpeaunrepa Buaa:

¥y (r, 8, 9)=Y(8, @), (r)- (17)

Ha Toro, uto ] ecTh pemenue ypasuenns (13), a Y| — coberpen-
naa ¢yHkuus [2 (ypaBeenue (14)) cieayer, uto y,(r) YyAOBJeTBO-
psieT JMuHeHHOMY Aud¢epeHHaNbHOMY YpaBHEHHIO BTOpPOTO TO-
paaka

2 2
p, I+ Nk
[E{+—?mr—+VU%—éhMO=Q (18)
1 ¥q?
rae p?E —_— hz.;-;ﬁr_
Yno6H0 BBecTH 0603HaueHHE

Yo (ry=ry; (r) (19)

1 3aMeHuTb ypasHenue (18) sKBHUBaJeHTHHIM paAHaNbHHM YpaB-
HeHHEeM

[~ o s+ LU+ Vs + VIO — E]nn()=0,  (20)

KOTOpOe HMeeT GOJbIlIoe CXOACTBO C OJAHOMEPHBIM YpaBHeHHeM
[ penunrepa. OT™MeTnM, 4T0 HOpMa ¥;’, IOC]e NPOBEACHUA HHTETPH-
pOBaHuA MO yraaM, onpejenseTcs BhPaKeHUEM

o0 o0

Wy =\ |l o par=1 |y, par (21)
0

0
H yto ycaosue (7) 3pMHTOBOCTH p, 9KBHBAJEHTHO YCJIOBHIO
y,(0)=0. (22)
Hac 6yayr uHTepecoBaTb He BCe BO3MOXKHHIE pelleHHd pa-
auanbHoro ypasHenus (20), Tak Kak JJds Toro, yToOH (YHKIHSA
P, Obula mpuemsieMa B KadecTBe COGCTBeHHOH (YHKUMH HeoGXo-
A¥MO, YTOOH y; YAOBJAETBOPSIAa HEKOTODHIM YCJOBHAAM DEryJsp-
gocru. HysxHo: a) Hccllenys MOBeJeHHe y; B Hauaje KOOPJAHHAT,
yGenuThess B TOM, 4T0 ;" JeHCTBHTENBHO SBJAETCH pelleHHeM
ypaBuenus Illpeansrepa Bo BCceM npOCTpaHCTBe, BKJIOYas Hayalo
KoopAHHaT; §6) norpe6oBaTh, YTOOH pemeHHe OBLIJIO HOPMHDYEMBIM
(B cMBIC/Te, ONpeleeHHOM Ha cTp. 185).
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B 1eJfiX yTOYHEHHst YCJOBHUH pPEryJsipHOCTH PaccMOTPHM MoOA-
pobHee noBefieHHe pelleHuir ypasHenusa (20) s6au3M Hauasa Koop-
aunat. Bynem npeanonarate, yro motenuuan V(r) orpaHnuer BO
BCeM HHTepBajie, KpoMe, OHITb MOXKET, Hawaja KOODIHHAT, The
JOTYCTHMa CHHTYJSpHOCTh THHA l/r. DTH NpelNONOXKeHHS BHIIOMA-
HAIOTCS BO BCeX NpPaKTHYECKH HHTepecHBIX cayuasx. Ilpu Takux
yeaoBHAX ypasHeHHe (20) HomycKaeT OAHO «PEryJaspHOe» pellleHue
R; (ompenesieHHoe ¢ TOYHOCTBIO A0 NOCTOSIHHOTO MHOMXHUTENS), KO-
TOpoe B Hauale KOOpAMHAT obpamiaercd B HyAb Kak ri+l; apyroe
pelllenre BOJIM3M Hauaja KoopauHaT Beler cefs Kak (1/r)f?).

Ina pokasartenncTBa npeinosoxum, uto GOynkuus V(r) sBiasercs aHaIHTH-
YecKOH B OKPECTHOCTH Hauasla KOOpAHHAT, H OyfeM HCKaTh HYacTHOe peleHHe
ypasuenuss (20) B Bume papa r5(1 -+ ayray?--..)). Tlomcrasasis 3TO0 pasio-
JKeHHe B ypaBHenue, pasiaras oyukuuioo V(r) B psaz Tefinopa u unpupasnupas
HyJaI0 KO3GGUIHeHTH NpPH paBHHX CTEMEHsIX r B JEBOH YacTH YypaBHeHHs, MOJY-
quM GeCKOHEUHY0 NOCJAE[0BATENbHOCT areGpauyeckHx yPaBHEHHN, H3 KOTOPBIX
HepBoe

ss—1—=I{+1H=0
onpefenser s, a nocjaenywlue — K03pQHIHEHTH @i, @3, ... . B Hamem cayuae
ypaBHeHHE AJs S uMeer npa pemenus: !4+ 1 u —I Ecan s = [ 4 1, pHunCTenHe
KO3((UUHEHTOB Psifia MOXKeT ObITb NMPONOMKEHO A0 GEeCKOHEUHOCTH H MBI MOAY-
yaeMm <«peryaspuoe» peltlenue R, Ecin xe s = —I, To BbIuHCIeHHe KO3bdHIHEH-
TOB HeBO3MOXHO. OJHAKO, HETPYAHO MOKa3aTb, 4TO ecqu R; ABAAETCH pemeHHEM
ypasuerus (20), to QyHknus

r
dl
R;(’)SW:

KOTOpas BOJIH3M Hayalda KOOpAHHAT Bezer cebs Kak (l/r)!, Takxe ABJAseTcs pe-
mendem ypaBHenus. OCuiee peluenHe eCThb JHHEHHas KOMOHHaIHMSI 3THX JBYX
YaCTHHX PelleHH .

Besikoe peienne tuna (1/r)! pomkeo GHTH OT6POILEHO, TaK Kak
OHO He Y/OBJETBOPsET HO KpafiHefi Mepe OAHOMY M3 ycJOBHH a) H
6). JleiicTBuTenbHO, eciu [ == 0, HHTEerpaJ OT KBaapara MOAYJA
TAKOTO pelleHHs PacXoiuTc B HyJle H corjlacHo ypasHeHuio (21)
dyHknus ¢;' o6pasoBanHas U3 TAKOrO pelleHHs, He MPHHANNEKHT
npoctpaicTey I'mabbGepra (ycmoBue 06)). 3ameTHM, YTO PacXofiH-
MoCTh B HyJle HMeeT MecTo M AJs cobcTBeHHOro AuddepeHnnana
dyrkuun P;'. TlosroMy nanHOe pelleHHe NOMKHO GHITH OTGPOLIEHO

4) DTo eCTeCTBEHHO, TAK KaK ofmee peweHHe ypaBHeHHST (20) B OKpecTHOCTH
HyJAs1 NPHOAMKEHHO MOXKeT OhTh MpPEJCTABJEHO DElIeHHEM ypaBHEHHS

[ - 100

dr? r?
b
a ofliee petuenue NOCAEJAHEro ypaBHEHHS €CTb v(r)=ar’“”+—-l— (@ u b—
r

fipOH3BOJIbHBIE NOCTOAHHbIE).
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KaK B CJIyyae JHCKpeTHOTO cleKTpa L, Tak ¥ B CJyuae HelpephiB-
HOTO CHeEKTpa.

dT1o paccyxkienue HenpuMmenumo npu [ = 0. Ho B sToM cayyae
COOTBETCTBYIOMAS BoJMHOBAs (GYHKUHS Yo He YIOBJeTBOPAeT ypas-
nennio lllpemunrepa (ycnosue (a)). HeficTBHTesbHO, BOJIM3HM Ha-
yajla KOOPAMHAT 3Ta (yHKuMS BeleT cebs Kak 1/r M, MOCKONLKY
A(l/r)y= —4nb(r) (cMm. ypaBHeHue (A.12)), uMeeM

2
(H — E) =225 (r).

TakuM 06pa3oM, MH AOJKHHE COXPAHHTb TOJbKO «peryjasipHbe»

pellleHHs HJIH, UTO TO Xe CaMOe, DellleHHs, YAOBIETBOPSIOLINe YCII0-

puio (22). Ipu stoM QyHKuusi §; ABJSETCS pellleHHeM ypaBHEHHS

[IIpeaunrepa BCioAy, BKJOuas Havajo (ycaosue a)). Hanee, mo-
CKOJIbKY HHTErpaJj HOPMHDOBKH CXOQHTCS B Hayajle KOOPAHHAT, BEI-
lOMHeHHe YCIOBHS TNPHHALJERHOCTH 1) HIH ee COGCTBEHHOrO
auddepennnana npoctpaHctBy ['mipbepra (ycnosue 6)) Oyner
3aBHCETb HCKJIOYHTEJbHO OT MOBeNEHHs 3TOro peilleHHs Ha GeCKo-
HEYHOCTH.

IononHeHHoe yciaosueM (22) pamuanbHoe ypasHeHue (20) npen-
ctaBaser coboil ypaBHeHue [lIpeamnrepa, omHChHBaloOliee OZHOMep-
Hoe ABHKEHHMe YACTHIB C Maccol m HDH HaJIMUHY TOTEHIHaJja

V(r)—}-l(l—}-l)%z— B obaactu (0, co) u OeckoHeyHO 6OJBLIIOrO

OTTaJKHBAIOILEro noTeRnHana B ob6jactu (—oo, 0). Peienne ypas-
Henus IlIpegunrepa B TpeX M3MEpeHHSAX CBeJOCb, TakuM obpasow,
K oxHoMepHoMy ypaBHenuio I[Hpegunrepa. Bce cpoiictBa Takoro
ypaBHerus, pazo6pannse B 1. III (cBoficTBa BPOHCKHAHA, aCHMII-
TOTHYeCKOe MOBeJeHHe pelleHHll, COOTHOLIEHHS OPTOTrOHAJbHOCTH
M T. I.), OCTAIOTCS CnpaBelIHBHIMM M B HallleM CJydYae, HeCMOTps
HAa CHHIY/PHOCTL «3KBHBAJEHTHOTO noTeHuuanas tuma [(I+1)/r?
B HayaJie KOODAMHAT.

§ 5. CoGcrBeHHble pellleHHs PajiHaJbHOTO YpaBHEHHS.
CTpyKTypa cnekrpa.

[Ipupoma cnekTpa 3HeprHH M COOCTBEHHHX (QYHKUHM pajHasib-
Horo ypaBHeHus (20) mpu 3aJaHHOM 3HAaUeHHMH [ 3aBHCHT OT acumn-
TOTHUECKOTO NOBefeHUs! pellleHHHl ypaBHEeHHS, Pery/aapHHX B HayaJje
roopaunat. Bce BmBomm § III.10 moryT GeITb MOBTOpeHB 3MeCh
6e3 M3MeHeHHs.

IIpeanosoxuM, HanpuMep, 4TO NpH r—» oo moTeHuHa’r V(r)
CTPeMHTCS K HyJI0 OnicTpee 1/r:

lim rV (r)=0.

r=»00
DnepreTuyeckuii CeKTp COCTOHT M3 ABYX vacTei:
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a) ecni E <C 0, to OyAyuu perysnsipHbIM B Hauwajie pelleHHe
feckoHeuHO pacTeT 10 abCOJIOTHOH BelHYHHe KaK é%, TrJe

fix=+/—2mE, KpoMe HeKOTODHIX NMCKDETHbIX 3HAUEHHI EP,
2
Eﬁ ), <+, JUIT KOTOPBIX

, e—%"‘
Y 5,

DT 3HauyeHHs W SABJSIOTCA €JHHCTBEHHO BO3MOXHBIMH COGCTBEH-
HEIMH 3HaueHHMAMH. KaxkaoMy HM3 HHX COOTBeTCTBYeT paaHa/bHas
DYHKINS C orpaHHYeHHON HOPMOIL;

6) ecan E > 0, To peryasipHOe B Hayajie KOOpJAHHAT pellleHHe
6eCKOHEUHO OCHMIJIHPYeT COrlacHO 3aKOHY

iz hare)  (s=SEE),

Ono npueM1eMO B KayecTBe COGCTBEHHOTO peilleHHs - IPH MIOGHIX 3Ha-
yennsix £ >0 u npencrasisieT COCTOSIHHE HENpPEPHIBHONO CHEKTPa.
ITocrosirHas O; Ha3biBaeTcs cOsueoM (ha3el UM NPOCTO (pasoil (ao-
NOJIHUTENbHbA wieH —I[n/2 no6aB/ieH aas Toro, ytobul npu V(r)=0
BHIIO/NHAIOCh paBeHCTBO O; =0; cm. § 7). ®asza §; aBasgercs Bax-
HOR BeJHYHHOH: OHA XapaKTepH3yeT ACHMITOTHUYECKOE JOBeleHHe
pery/ispHoro pemleHuss B C/yyae HENPePBIBHOrO CIEKTPa W Urpaer
CYILLeCTBEHHYIO PoJib B 3aja4yax o paccesiHuu (ra. X).

Ecan morenmmaa V npu r-—> oo CTpeMUTCS K HYJMO KaK 1/r uau
ellle MelJleHHee (HO MOHOTOHHHIM 00pasoM), TO ACHMMTOTHYECKOE
nosefleHye pellleHHUH He CTOJb NPOCTO, OJHAKO OCHOBHOM pe3yiabTarT,
KacalomuAca NpHPOAH CIeKTPa, OCTAeTCS B CHJe: 3TO BCIOAY He-
BHPOXAEHHBIH CNeKTP, BKJIOUAIOMMH HempephBEYIO 006/acTh [Js
HOJNIOKUTE/BHLIX 3HEPIHH M NOC/AeN0BATeIbHOCTh (6ECKOHEUHYIo
CYETHYI0) OTPHIATEJbHHIX JHCKPETHHX YPOBHell 3HEpruH.

Ocraercs mokasaTh, YTO NMpPH 3aJaHHOM 3HAUYeHHH | MHOKECTBO
TIOCTPOEHHEX HaMM cobcTBeHHBIX byHKIMi y;:(r) o6pasyeT NMoJHYIO
CHCTEMY B TOM CMBbICJe, 4TO Jilo6asi KBaJpPaTHUYHO WHTErpuHpyeMas
¢GhyHKIMS OT r, onpeneneHHas Ha noayocu (0, oo), MoxeT OHTb
pasjioxeHa B P 110 3THM COOCTBeHHBIM GYHRKHUSM. Mu npuMewm,
4TO 3TO TaK [Jsf BCeX pacCMaTpHBaeMHIX B jajbHeHllleM HOTEH-
IIHaJIOB; B NPOTHBHOM Clyvyae raMuabToHMaH H He ssasacs Oul
HabJ110/1aeMO¥.

§ 6. 3akniouenue

ITonBoast uTOrH, KOHCTaTHpyeM, uto HaGaofgaemuie H, I2 u [,
COCTaBJSIOT NOJHHH Habop KOMMYTHPYIOUIMX HabaiogaeMeix. 3a-
Jaya nocrpoenust o6mux cobcrBennux Gyukuuit H, 2 u [, ceoguTcs
K pasfiesienuio B ypaBHeHuH lllpegmHrepa yrioBelX NepeMeHHHX H
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ajpanbHOl nepemennol. Ecam duxcupoBaTbh COOCTBeHHBIe 3Havye-
mus (I 4+ 1)52 u mh onepatopos [? u [, COOTBETCTBEHHO, TO CO0-
cTBeHHHe (QYHKIHH UMeIOT BHL

Y™ (e,
Y=y, (1) —— (, . 23)

rae yi(r) ecTp pelleHMe pajHalbHOrO ypasHeHus (20), xkotopoe
obpaliaeTcsl B HYJIb B Hauajle KOOPAHHAT ¥ OCTaeTCs OrPaHHYEHHBIM
BO BCEM TNIPOCTPAHCTBe.

YacTo roBOpAT, YTO Takas coOCTBeHHas (YHKIUS MpeACTaBlseT
COCTOSIHHE C MOMEHTOM HMIyJabca [ WIH, TOYHee, 4TO YacTHua ob6Ja-
2eT MOMEHTOM HMIyJabca [ ¢ KOMIOHEHTOH #1 OTHOCHTENbHO OCH Z2.
HanoMHuM, 4To [ ¥ m uedne uucaa ¥ uto [ =0, —I<C<m <L
CorymacHo TpaJHIHOHHOH CIIEKTPOCKONMHYECKOH TepMuHoJoruu [ Ha-
3bIBACTCS ABUMYTANLHOIM KEBAHTOBLIM HUCAOM, & Ml — MOASHUTHbIM
KeanTosbim uucaom. [lo Tpaguuum 6osee HU3KHe COCTOSHHS MoO-
MeHTa HMIyJbCa OTMEYaioTcs OGykBaMH andaBHTa, a He YHCIeH-
HHIMM 3HAYEHHSIMH a3MMYTAJbHOTO KBAHTOBOTO YHC/A: 3HAYEHUSM
1=0,1,2 3, 4,5, ...coorBercTBytOT OYKBH S, p, d, [, &, h, ...

[Ipupona cnektpa H 3aBucuT OT noBeleHus noTeHnuana V(r)
Ha GeckoHeuHocTH. B uacTHocTH, ecin V(r) crpemurcs (MOHOTOH-
HO) K HYJIIO, 3HePTeTHUYECKH{l CIeKTpP COAePXKHT HEeKOTOpoe UYHCJIO
OTPHIATENbHBIX AUCKPETHHX 3HAUEHHH M MHOXKECTBO (KOHTHHYyallb-
HOe) MOJIOXHTEJIbHBIX 3HAYeHHH.

Kaxnoe n3 co6CTBeHHbIX 3HAUEHUN Henpepolsrozo cnextpa bec-
KoHeuno svipoxcdero. IledCTBUTENBHO, MG JI06LIX BO3MOXKHBIX 3Ha-
yenuit (Im) MOMeHTa MMIyJbCa CyLIeCTByeT COOCTBeHHas (DYHKIHA
C TIOJIOKUTENBHON Hepruel E.

YpoBHH 3Heprum Juckpernozo cnexrpa Ep Moryt OblTb OTMe-
YeHH [IBYMS HHAEKCAMH, a3MMYTAJbHHIM KBAHTOBLIM uHCjJIOM [ H
paavaJbHHIM KBAHTOBHIM YHCJAOM &, NO3BOJSIOLINM PasjinyaTb Cob-
CTBEHHBIE 3HAa4YeHHS PAaANAJbHOTO YpaBHEHHs MNpH 3ajaHHOM [
A priori HeT HUKAKHX TIPHYHH, 10 KOTOPHIM pafHalbHble yPaBHEHHS,
COOTBETCTBYIOILME PpAa3MMYHHIM 3HAYeHHSM KBAHTOBOTO uucaa [,
MorJu OBl HMMeTb OJHHAKOBHE COOCTBeHHHIe 3HaueHHS: 8 obOujem
cayuae coOcTBeHHHE 3HaueHust Ly BCe pasaWyHB, HO Kaxjoe
(21 4 1) pas setpoxcderno, Tak KaK KaxIOMY COOTBETCTBYeT CTOJbKO
JHHeHHO He3aBHCHUMHX COOCTBeHHBIX (PYHKIMHA, CKOMBKO NPH ZaHHOM
| uMeeTCS BO3MOXKHBIX 3HAYEHMH MAaTHHUTHOTO KBAHTOBOTO YHCJIa
m, T.e.—Il, —l+1, ..., +L

HOns HexoTopmX 4yacTHHX (opM TNoTenuuana V(r) MoxeT cay-
YUTLCH, YTO HEKOTOPbie M3 COOCTBEHHbIX 3HaueHHN E; COBMAfaloT;
B 3TOM CJy4ae BHPOXKIAEHHE YBelHUHBaeTcs. Mbl BCTPETHMCS C BHI-
pPOXAEHHEM 3TOro pojga MpH H3yueHHH aToMa Bogopoxa (ri. XI) u
TPeXMePHOTO H30TPOMHOTO FaPMOHHUECKOro ocuuasrtopa (ri. XII).
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Paspgea II. LEHTPAJIBHO-CHMMETPHUHBIA NPAMOYIOJIbHbIA
AOTEHLHAJ. CBOBOJAHAA YACTHLA

§ 7. Cepnueckne ¢pynkunn Becceas

Ecnu B untepBase (0, oo) cynlecTBY0T 06/acTH, Te NOTEHIHAJ
V(r) uMeeT nocrosiHHOe 3HaYeHHE

V (r) = Vy==const,

TO B 3THX 006/1aCTAX paJHaJbHOe YPaBHeHHe MPHHHUMAaeT OCOOEHHO
npoctyio Gopmy u ero obliee pelileHHe SBJAsSeTCS JHHeHHOH KOMOHu-
HallMel XOPOIIO H3BECTHHX QYHKUHIH, 2 HMeHHO cepHYeCKHX (QYHK-
uuii Becceas.

[Tpennonoxum, uto £ > Vo, Ecau nonoxunts

p=EEZ T gy, (24)

To ypaBHenue (20) npuHHMaeT BHA

[+ (1 = EED) o =0

Torpa paguanbHas GYHKuHSA f; == y;/r, paccMaTpuBaeMas Kak QyHK-
ILMs OT p, BJIsEeTCS pellleRHeM «ChepHUeCKOro ypaBHeHHs DBeccensi»
d? 1{+1

[+ 54+ (1 == )]i=o. (25)
O6iee peillenne ypaBHeHHS (25) ecTb nuHeliHas KOMOMHALUS ABYX
yacTHHIX pemenuii. HauGosee wacto npuMeHsieMble YaCTHBIE pemu
nus npusBefiensr B Jonoanennn b (§ 6); sto dynkumu j, n;%),
A A7), Ua Hux TodbKo j; ABASeTCH pery/ispHOM B Hauage KoOop-
IuHAT (BemeT cebs Kak p'); TPH OCTajbHble HMEIOT B Hayaje Koop-
AMHAT noJioc nopsagka [+ 1. @yHKOuH j; u 1y ABAAIOTCS BelleCTBeH-
HbIMH H Ha OeCKOHeYHOCTH BelyT cefs Kak CTOsiuMe BOJIHHI:

sin (p — I/2m) cos (p — I/2m)
i1 5, 5 v ) s (26)
®ynkuun AP =n 4+ ij, u h{D=n, —ij, acuMNTOTHYECKH BelyT
ce6sl KaK PaCXOASIIAACH ¥ CXOAAIASACH BOMHBI COOTBETCTBEHHO:
i (p—1/270) a —i (p—i/2m)
B o B o e @7)
p->co ) p>oo p

B cnyuae E <V, nonaraem

9= __gﬁ.(%:_ﬂ (28)

5) BOJMBIUIHHCTBO aBTOPOB IO #; NOHHMAIOT (PYHKUIHIO C IPOTHBONQIOKHHM
SHAKQM.
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H BCe CKa3apHOe BBIle OCTAaeTCHd CIPaBelJIUBHIM, eCJIH TOJNbKO
3aMEeHHTh BCIOAY £ Ha ix. B wacTHOCTH, acuMnTOTHYeCKHe HOPMYJIBI
(26) u (27) ocratorcs B cuile. EXMHCTBeHHOH paavajbHON (YHK-
nueli, orpaHuyeHHoH Ha OGeCKOHEYHOCTH, sABJAfercs (yHKnus

R{Y (ixr); oHa SKCIOHeHIMaNbHO cTpeMuTcs K Hymo. Tounee, GyHK-
nug ilh(;“ (ixr) sBAsETCS BellleCTBeHHOH, PAaBHOH NPOH3BeJIeHHIO
e~*[yr Ha TONHUHOM cTeneHH [ OT 1/xr, TAK UTO ACHMITOTHYECKH

—%r

B (ier) —~ —. (29)

r>o %Ur

§ 8. CeoGonHas yacTHua. CBoGoHBIE NIOCKHE
H chepHUeCcKHe BOJHDI

BrienpuBeeHRble Pe3yabTaThl NPUMEHHMH H K CJAydYalo CBO-
6oauoit wactunkl. B 3ToM cayuae V(r)= 0 Bo BceM uHTepBaJe
(0, 00), H raMHIbTOHHAH CBOAMTCH K UjleHy KHHeTHYeCKOH SHEpTHH

_r
H=4—.

Bynem nckath obuive co6cTBeHHble pemenns H, 2 u [,. Pemnenne
C MOMEHTOM HMnyJhca (Im) H sHeprueil E nmeer Buj Y;" ®, ¢)f, (),

rie f; ecth pelllenHe ypaBHeHMs (25), orpaHMYeHHOe BO BCeM HH-
TepBaje (0, o).

Ecnu E << 0, To eguHCTBeHHOE pellleHHe, OTpaHHYeHHOEe Ha fec-
KOHEYHOCTH, a MMEeHHO h(ﬁ"(ixr), B HayaJle KOODJAHHAT HMeeT NOJIOC
nopsaka [+ 1. 3azaua Ha coO6CTBeHHHE 3HaYeHHS He MMeeT pellle-
HHUS, KaK U Cl1eJ0Baji0 OXHIaTb, He CYIIeCTBYeT COOCTBEHHBIX CO-
CTOSIHUI C OTpUIATENbHON 3Hepruetl.

Ecanu E >0, T0o ypaBHeHHe (25) uMeeT ONHO M TOJBKO OJIHO
BCIONY OrpaHHYeHHOe pellleHHe, a HMeHHO GyHKuuw j;(kr). Takum
0o6pasoM, CyllecTBYeT OAHO COOCTBEHHOe DpeilleHHe C MOMEHTOM
uMnyabca (Im) Aag KaxAOro NOJOXKHTeJNbHOro 3HayeHus E =
= h2k%/2m 3Hepruu — 310 QYHKIHUA

Y (6, @), (kr). (30)

Kamkaoe Takoe coOCTBeHHOe pellleHHe OTMeyaercs ABYMS [JH-
CKPeTHBIMH MHIeKCaMH [, m M HelpephLBHHIM HHAEKCOM R, KOTODLIf
MOXeT NPHHMMATh BCe 3HaueHHs B HHTepBase (0, 00); MHOXKECTBO
NoNy4eHHHIX ChepHUeCKHX BOJIH 00pasyeT MOJHYIO OPTOHOPMHPOBAaH-
HYIO cHCTeMY (cM. 3ajzauy 3).

COBOKYNHOCTh TJIOCKHX BOJH e!*" cocTaB/isieT APYryio MOJHYIO
OPTOHODMHPOBAHHY CHCTeMy COOCTBeHHBIX (YHKOHH SHEPTHH
cBo6oaHol yacTunel. 1o obune cobcTBeHHble QyHKUMH HabJaomae-
MBIX Px, Py, Pz, T. @. PellieHHs, COOTBETCTBYIOLIME OnpepeleHHOMY
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3alaHHOMY 3HaueHHI0 MMnyJanca p. Kaxaas naockas BoJana onpe-
JensieTcsl TpeMs HellpepbIBHO M3MeHSIOUIUMUCS NapaMeTpamMu —
TpeMsi KOMMOHEHTaMHM BeKTOopa R, KOTOpble MOTyT NDHHHMATb BCe
3HAYeHHs OT —oo 10 -}-oo.

Bonua e* mpeacraBisier CBOOOAHYIO YAaCTHIY C HMIYJbCOM
hk u snepruell £ = h%k2/2m. B To Xe BpeMst OHA He MpeACTABJASET
COCTOSIHUSl C ONpenej]eHHBIM MOMEHTOM MMIYyJbca, NOZO0OHO TOMY
Kak chepuueckas BosHa (30) He mpeacTaBiAsieT COCTOSIHHA C olpe-
IeJeHHHM HMIYJAbCOM. DTO He YAMBHTENBHO, TAK KaK TPH KOMIIO-
HEHTHl HMIYJbCA Py, Py, Pz HE KOMMYTHPYIOT OLHOBpeMeHHO C I2 1 [,

§ 9. Pasjoxkenne mnJaoCKofi BOJHbI MO CepHYECKHM (YHKUUAM

Kaxpgoe cobcTBeHHOe 3HAaYeHHe 3SHEPruM CBOGONHOH YACTHIH
GeckoHeuHo BhipoxkaeHo. [lockoabky cdepuyeckue Bodub (30)
06pasyloT MOJHYI0 CHCTEMY, CYeTHOe MHOXKeCTBO ChepHYeCKHX
BOJIH, COOTBETCTBYIOIlee 3aAaHHOMY BOJHOBOMY 4YMCIy, R pacTaru-
BaeT TPOCTPAHCTBO COOCTBeHHHX GVYHKUHK ¢ sHeprueft E =
= h2k2/2m. CJlepoBaTe/bHO, ILIOCKAs BoOJHA ei* MoxeT O6HThb
pPa3foxKeHa B PAA 10 3TUM (QYHKIUAM:

+1

=3 U BYT O, §), (k). (31)
{=0

m=-!

Ecnu BHGpaTh ochb z B HamnpaBleHMH K, TO IJIOCKAas BOJHA
MoxeT OHITb 3anmucaHa B dopme e*7¢°s8; oga He 3aBUCHT OT @ H
pasjoxenne (31) comepxuT ToapKo uleHs ¢ m == 0°), ITonoxum

o=kr, u=cosH.

PasnoxeHue NMJIOCKOH BOJNHB CBOAUTCH K PA3/IOKEHHIO B PN MO
noaunomam Jlexanapa (cM. ypaBHeHue (b.94)):

et = 2, c1fi (0) Py (1)- (32)

st onpenenenust KoahhHUIHEHTOB ¢;, MOXKHO IeflcCTBOBATb CJelyIio-
uuM obpasom. Juddepennupys noulerno psax (32) mo p, HaXOAUM

.
iueios = ¢, < P, (33)

%) HefcTBHTRIbHO,

1, exp (ikr cos B) = % % exp (ikr cos 8) =0,
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Ho 310 Xe pasnoxkeHne MOXKeT OHITb 3allHCAHO U B APYroM BHIe,
eCJIM YUYeCTb peKyYPDEHTHHE COOTHOIIEHHSI JJs1 ToJuHOMOB Jle-
xanapa (b.78):

ettt =i Z ¢ juP; =
1

] I +1 ; ! ,
= Z ( 21—:_ 3 Crot)ig +—27:TCI—111—1)P1- (34)

[TpupasuuBas Ko3dduunenTsl npu P; B pasaoxenusx (33) u (34)
U HCTONb3ys peKyppeHTHHe cooTHomeHHs (B.53—54) mas cdepn-
yecknx ¢yukuuil Beccens, momyuaeM COOTHOLIeHUS:

1 i .
l(2l+l ¢ — 211_1 01—1)11-1(9)=
) 1 .
=+ 1) (g o+ s cn) fiaa ©)-

Uro6bl OHM BHIIOJHAJHCH NPH d10060M o HeoOXOAHMMO H JAOCTATOUYHO,
yToOH BHIPAXKeHHUS B CKOOKax PaBHAJHCH HYJIO, T. €. YTOOmI

1 i
3 Sl = T G

(1=0,1,2, ..., )

OTKyZAa .
cy= 20+ 1)i -c,.

KospdunueHT ¢p MOKHO HallTH, 3anUCHBast Pa3joXkeHHe AJs caydyas
p = 0; Toraa nockonbKy j;(0) = §;, noayuum co = 1.
B sakniouyenue BHHIEeM (GOPMYJy PasOKeHHUS NIAOCKOH BOJHHL:

ek == pikr cos 0 — 12‘6 (21 4 1) i*f, (kr) Py (cos8). (35)

Oas Toro 4To6H NOJAYYHTH 3TO PA3JOXKEHHE B NPOH3BOJbHOM
cucTeMe CepHYECKHX KOOPAHHAT, 3aMeTHM, 4TO yroJ 0, durypupyio-
mui B pasnoxennu (35), ecTb yroa Mexay R u r. O603HaunM cum-

BOJAMH R M r YryioBHle KOOPAHHATH 3THX BeKTOpoB. COIJIacHO Teo-
peMe cnoxeHus cdepuueckux dyHknui (B.98)

+1
4. * o~ ~
Py (cos8) =57 ) YT ®)Y] (7).

Mem—]

IMopcTaBass 5T0 BhHIpaxkeHHe B pasioxkenue (35), uMeeM

e — 4ny i 3—5 ', (k)Y () ym (r). (36)

I=0m=—1
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§ 10. Cheprnyeckas npsMoyrojabHas siMa

B kauecTBe W/UIIOCTpAuMy pelleHus 3ajadyu o 4yacTule B UeHT-
panbHO-CHMMETPHYHOM [10JI€ CHJ, DACCMOTPHUM <IPSMOYTroJdbHYIO

AMy» (pHc. 28): v <
— r<a,
V(r)={ 00 r>a. 37)

PelieHne paguaJbHOTO yPaBHEHHS COBEPIEHHO aHAJOTHYHO
CJyyalo OJHOMepPHOH MPAMOYTroJbHOH fAMH. MH yMeeM nucatb o0-
lilee pelleHHe ypaBHeHus llIpeauHrepa B

Vi) Kaxnaol us obaacteli (0, a) u (a, o);
9T0 JMuHeHHAs xoMOuHANHA CchHepHUECKHX
¢yukuui Beccens. YcnoBus peryiaspHOCTH
B Hadajle H Ha OeCKOHEYHOCTH M YCJOBHe
HenpepbIBHOCTH (YHKUHMH H ee Jorapudmu-
HYeCKOH TNPOM3BOAHON B TOYKE r==ga MO-

a 2BOJIFIOT ONPENe]HTb HOMYCTHMHE pellle-
> HUf. -

r ITyctb E - sHeprus yacTHnbl. Iloso-

Ve xuM K = [2m (E 4 Vo) ]':/5. Bo BHyTpeH-

Hell obaactn (0 <<r<Ca) paauadbHOe

ypaBHeHue HMeeT BHJ

d? {41
Puc. 28. Codepuueckas [drz + - dr + (K2 e+l T ) ]fz (r)==
NPSIMOYToJIbHAS ~ NOTEH-
HMajibHasg AMa.

INosoxus p = Kr, npuXoaum K ypaBHe-
HHIO (25). CyulecTByeT TOMLKO OZHO pe-
Wenye, peryispHoe B Hauaje: Aj;(Kr) (A —nocrosHHas HOpMH-
POBKH).

Bo BremHe#t o6aactu (r > a) ypaBHenue lllpemuurepa ectsb
ypaBHeHHe M cBoGogHOK uyacTunbl. CleAyeT paccMOTpeTh JBd
cayuas:

A) E < 0. JuckperHoui chekrp, C8A3AHHbIE COCTOARURA,

IMonoxum %= A/— 2mE/h. EIMHCTBEHHHIM peilleHNeM, OTPaHH-
YeHHBIM Ha OeCKOHEUHOCTH, ABASeTCS (DyHKIHUS B (i%r), xapak-
TepHas IS CBA3aHHOTO COCTOSHHSA. ¥YCJOBHE HelpepHBHOCTH GYHK-
IHH 1pY r = a ¢dukcupyer otHomleHne B/A. HenpepuBHOCTD Jora-
pmbmuqecxoﬁ HPOH3BOAHOK maeT

1
TI(T)—d i1 (Kr) r_a- (38)

h<+> (mr) (d

3To ycaoBHe MOKeT OBITb BLIMOJHEHO TOMBKO I/ HEKOTOPHIX JH-
CKpeTHBIX 3HaueHu# £, OHo onpenensieT YPOBHH 3HEPrUH CBA3aHHBIX
COCTOSIHMH vacTHLlBl B fiMe. Ecam peub ujeT 06 S-COCTOAHHSX
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(I =0}, To ypaBHeHHe uMeeT NPOCTOH BUI
— xa=Kactg Ka. (38a)

D10 ypasHeHue nogobHo ypasHenuio (III.18) oguomeprO# 3amauu
us § II1.6. O6cyxknenue Bompoca O uyucle KOPHeH ypaBHeHHMS H
yyucle y3jioB pelleHHH MOxKeT OHITb NOBTOPEHO 31eCh 6e3 GOJbIINX
H3MeHeHHH. AHaJOrMYHHeE BHBOAEI MOXKHO CReJ4aTh OTHOCHTE/BHO
3HA4YeHHH MOMeHTAa UMnyjbca (3agava 5).

B) E > 0. Henpepotsnotli cnekTp, HeC8A3aHHblLE COCTOAHUA.

[onoxum k= +/2mE/h. O6mee pemenne ypasHeHus [lpe-
JuNTepa BO BHelllHe#l 06/MacTh BCIOAY OrpaHHYeHO. JTo JHHeHHas
koMOunanua QyHkuui ji;(kr) n ni(kr). YcioBusi HenpepelBHOCTH B
TouKe r = g GHUKCUPYIOT KO3(hG HUIMeHTH JHHeHHOX KOMOMHAIHH.
KaxpoMy 3nauenuio £ COOTBeTCTBYeT OfHA M TOJbKO OIHHA BOJIHO-
Bast QyHKnHsA (C TOYHOCTHIO IO MOCTOSTHHOTO MHOXKHTEJNS).

Ecnu BHelllHee peilleHHe NPeACTaBUTb B dopMe

Blcosd; « ji(kr) + siné; - n, (kr)], (39)
TO yCJOBHE HENMpepPHBHOCTH (YHKIHMM B TOYKe r == g Olpejenser
otHolienne B/A. Beamumna §; HaXoAautcs M3 YCJIOBUSA HeNpepbiB-
HOCTH JorapudMuueckofi NpoH3BOAHON
Kij(Ka) _  cosd,-j(ka)+sin 8- nj (ka)
ij(Ka) — 7 cosd-j, (ka) +sind,-n, (ka)’

(40)

§; — JeHCTBUTe/IbHAS BeJHUMHA M MoXeT OHITb Ha3BaHa CABHIOM
dasn cdepuueckodt BOJHB ¢ MoMeHToM umnyabca L Iloaesysich
BhIpaXeHUsAMH (26), HeTPYNHO HPOBEPHTb, YTO ACHMOTOTHYECKHI
Bul peinenus (39) Brpaxaercs dopmynoi
sin (kr — In/2 + &;)
B = .

B cayuae s-Boanb ypaBHeHue (40) mpunuMaeT mpocTyio dopmy:
K ctg Ka =k ctg (ka 4 &) (40a)

Pasnea III. 3AJAYA ABYX TEJ. OTAEJEHHE JBH)XEHHUS
LEHTPA MACC

§ 11. OTnenenne ABHXKEHHS UEHTpa MacC B KJaccHYecKoH
MexaHHKe

[Ipn H3yYeHHHM CHCTeMbl OBYX YACTHIL B KBAHTOBOH MeXaHMKe
MBI, BOOGIlle TOBOPS, HMeeM Jelo ¢ 3afauedl B 6 usmepenusx. Ox-
HAKO eCJIM YACTHIB He MCHBITHBAIOT HHKAKHMX APYrHX BO3JeACTBUI
KpOMe HX B3aMMOAeHCTBHS, 3aBHCAILEro TOJbKO OT BeKTOpa OTHO-
CHTEJBHOTO NOMOKEeHHs YacTHIL ¥ = ry—Fy, TO 3ajlaua pacriafaercs
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Ha [Be TpexMepHble 3afayy: 3aj4auyy o CBoGOAHON yacTule M 3ajauy
0 YacTHLe B CTaTHYECKOM IOTeHuHaabHoM mnode. Ilyctb my, mp—
MacChl, pi, P2 — UMIYJbCH, Fi, rs — BEKTOPHl TOJIOKEHHS THX ABYX
yactul. aMuabTOHHAH paccMaTpuBaeMOfl CHCTeMBl HMeeT BUA

2 2
He= gt 4 5+ V (1 — 1), (41)

T 2my

Meron peltleHds 3afayH COCTOMT B OTHeNEHUH ABMKeHHs IeHTpa
MacC OT OTHOCHTEJNbHOIO ABHIKEHHS — B MOJHOH daHAJOTMH C COOT-
BeTCTBYIOIIMM METOZOM KJIaCCHUECKOH MeXaHHKH.

HanomMHuuM BKparTiie, KAk BHIIVISAHT KJIACCHYECKOe PacCMOTpeHHe
3anauy. [Togoxum:

M=m; + mq, R=M- P ==p, + p,,

my + my . 1
miyling MaP — MypPy ( )

M= =g —r =2 TP
my+ my’ ! » P my 4 my

[pn 3aMeHe OMHAMHYECKHX NepeMEHHBIX, COIMIACHO 3THM (opMy-
JiaM, ABHXKeHHe Maphl YaCTHIL NMPeACTaBAseTCH KaK IBHKeHHe ABYX
¢ukTuBHHEX yactul. OfHA U3 HUX eCTb YeHTP MACC, TMOJIOKeHHe KO-
TOporo Jaercsi BeKTopoM R, uMnyaec P paBeH NMOJHOMY HMIyJsibCy
cHcTeMH, a Macca M paBHa noJiHOW Macce cucTeMbl. [pyras uac-
THLA, CONOCTABJSETCS OTHOCHTeNbHOMY [BHIKEHHIO, €e MHoJoxKe-
HHe 7 eCTb OTHOCHTe/IbHOe [OJIOKeHHe NepBO# YacTHIB N0 OTHOMIE-
HHUIO KO BTOPOH, CKOPOCTb p/m paBHAa OTHOCHTENBHOH CKOPOCTH
p1/mi — pa/ms, Macca m 3TOH OTHOCUTEAbHOU %ACTUYb. HA3HIBAETCS
npusedenHot maccou.

OTMeTHM HeCKOJIbKO 3aMeuvaTelbHHIX CBOHCTB mnpeofpasosa-
aug (I1):

mymy = mM, (42a)

i rs PP P
'2714‘ 2m2=_27+2_M’ (426)
m,r? + myri=mr® + MR?, (428)
piry + pory=pr + PR, (42r)
L4l,—=1+L (42x)

B ypaBHenuu (421) MH BBeJH MOMEHTH HMMOYJbCa ABYX YACTHIY
I; u l,, MOMeHT HMOyabca OTHOCHTeJbHOH uacTHubl [ =[rp] n
nentpa Macc L == [RP].

Herpyano Buzeth, 4To npeobpasosanue coxpaHnser ckobku Ilyac-
COHA; 3TO — KaHOHMueCkoe mpeobpasoBaHue. IlostoMy ypasHenwus
IABUKEHHSI B HOBHIX MEPEMEHHLIX SIBASIOTCS KaHOHMYeCKHMH Ypas-
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HEeHHSIMH, NOJYyYEHHEIMH, Hcxoas u3 ¢yHKuuM [aMuiabToHa, BIpa-
’KEeHHOH B HOBBIX NepeMeHHHIX, T. €.

P2 p‘l V
=i T35, TV (43)
Haxonum

R-——%, P=0, r————:l—, p=—gradV.
YpaBHeHHs HABHIKEHHA UEHTPA MacC H OTHOCHTEJbHOH HaCTHIbL
[OJHOCTBIO pa3fienuiich. [IBHXKeHHe lleHTpa Macc ABJSETCS paBHO-
MepHBIM M HpPAMOJHHEHAHBIM — 3TO [BHKEeHHe CBOGOXHOA YaCTHILBI
¢ Maccol M. JIBu:KeHHe OTHOCHTEJbHOH YacCTHUbI €CTb JBHXKeHHEe
4acTHUbl ¢ Maccoft m B NoJae JeficTBHA HoTeHuuana Vv(r).

§ 12. Otaenenne ABMXKEHHsi HEHTPA MACC KBAaHTOBOI
CHCTEMBI JBYX YaCTHI]

Uro6bl paccMOTpeTh Ty e 3a1auy B KBAaHTOBOH MexaHHKe, MbI
BBOJHMM HOBEHIE IHHAMHUYECKHE NepeMeHHbe r, R, p u P, onpeneneH-
Heie ypasHenuaMmu (I1). FaMuabroHnaH, B cTapbiX NepeMeHHBIX BH-
paxasiuufica dpopmynof (41), remepb npunumaer dopmy (43). Co-
OTHOILIEHHS] KOMMYTaNHH TAKOBBl, KaK ecau Obl MH HMeJH IBe
YaCTHIB B TOUKAX r H R ¢ uMnyabcaMu p U P; elHHCTBEHHO OTJHY-
HBIMH OT HYJsl KOMMYTAaTOpaMH BJSIOTCA

[r]) P1]=lh» [R]y P!]=lh (j=x7 Y, 2).

Bce aru cBofictBa uhcTo airebpanueckue u 6e3 Tpyjla HpOBepAIOTCH
¢ nmoMouibio ypasnenui (II).

AHanoruyHo TIpoBepsieTCs M BBINOJHEHHe YpaBHeHu#l (42) s
KBAHTOBOI MeXaHKKe, BKIIOUas ypaBHenue (421), npuueM HET Heol-
XOAHMMOCTH H3MEHATb NOPALOK (QHIYDHPYIOWIHX B 3THX (opMyaax
OnepaToposB.

B HOBBHIX /[AHHAMHYECKHX [epeMeHHHIX TIaMHJIbTOHHAH MOXKeT
OHTb NpeicTaBlieH Kak cyMMa JBYyX uneHoB: H = Hp-+ H,, us
KOTOPHIX MepBHI,

P2

He= 331"

3aBHCHT TOJIbKO OT NepeMEHHHBIX LleHTpa Macce, a BTOpoH,
p*
Ht‘ = 2m + V (r),
TOJIbKO OT HepeMEeHHBIX OTHOCHTEJbHOro ABH¥KeHHs. Bektophl, o6pa-
30BaHHblE HYyT€M TEH30PHOTO YMHOXEHHS COGCTBEHHBIX BEKTOpOB

nafmojaemoli H, Ha coOcTBeHHble BeKTOpH Habmwogaemoil Hg, 06-
pasyloT MOJIHYI0 cHCTeMY COOCTBEHHEIX BEKTOpoB HaGmiopaemoi H.
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TakuM o6pasoM, ypaBHeHue Llpexunrepa B npejicTaBJCHHH
{R, r} 3anuchiBaercs B BHAE

[(—a5r 8) + (— o &+ V)] ¥R N=E¥ (R r), (44)

rae Ap u A, o6o3HauaroT omepaTtoph Jlammaca nmo koopjiuHatam R
H r COOTBeTCTBEHHO 7). DT0 ypaBHeHHe 00JajJaeT TOJHOH CHCTEMOMH

co6erBennblx peitenufi Y (R, r)=@ (R) ¢ (r), mnpuueM ¢ysKuun O
H @ YAOBJETBOPSIOT COOTBETCTBEHHO ypABHEHHSM:

He® (R) = (— 537 ) © (R) = Ex® (R),

Hop(r)=[— 45 & + V()] o) =E0(r).

Co6crBeHHast aHeprusi MOJIHOM CHCTeMBl paBHA CyMMe COGCTBEHHBIX
JHepruil «oTleNeHHbIX» chcTeM: E=E, -+ E,.

Ecnu B HauanbHBI MOMEHT BpeMeHH fy BOJIHOBas (yHKUHA §B-
aserca npousBeaeHueM Buaa F(R)f(r), To aro cBofictBO (hakTOpH-
3allud COXpaHseTcs C TeueHHeM BpeMeHu; ¢yHENEA F(R) 3BoJo-
ILMOHHPYET KaK BOJIHOBOH TNakKeT, MpeACTaBAAOUHA CBOGOAHYIO 4Ya-
cTuny ¢ maccoit M, a ¢yHguEA f(r)— Kag BOJMHA, npeacTaBaAsoNIas
YaCTHIy C Maccoft m B moje AeHcTBUS MoTeHUHana V(r)¥).

Ha npagruke paccMOTpeHHe 3ajauH ABYX TeJs, TakuM obpa3oM,
CBOAMTCH K HCCJELOBAHHIO [IBHXKEHHS YaCTHIE B To0Jie NOTeHLHana
V(r), 1. e. K 3anade, KOTOPYIO MHl yXXe yMmMeeM pelllaThb B CJyuae,
KOTJa 3TOT NMOTEHIHAJ ABJAseTC UEHTPaJbHO-CHMMETPHUHBIM.

§ 13. CucremMa MHOTHX YaCTHI{

OT1peneHne IBHKEHHS LEHTPA MacC MOXKeT GhITb OCYHIECTBJIEHO H B CHCTeMaX
¢ HeCKOJIbKMMH YaCTHHAMH BCAKHHA pas, KOrJa foTeHuMan B3auMonedcTeus V 3a-
BHUCHT TOJBKO OT B3aHMHOTO MOJIOKEHHS YacTHI[ U He 3aBUCHT OT HX abCOMIOTHOro
[ONIOJKEeHAs; HHBIMH CJOBaMH, K020a 83aumolelicTaue UNBAPUAHTHO OTHOCUTEALHO
obujed Tpancaayuu ecex 4acruy.

PaccmoTpum KBaHTOBYIO cHcTeMy u3 N -4~ 1 gacTHIbl, TaMHJIbTOHHAH KOTOpOH
o6najgaer YKa3aHHHIM CBOHCTBOM HHBapHaHTHOCTH. MBI Bcerza MoiKeMm BBIUIOJIHHTb
OllepanMi0 PEXYKIHH K LEHTPY Macc Ha JMo6ofl mape 4YacTHI, T. €. 3aMeHHTb HX
JHHaMHYeCKHe MepeMeHHBIe Ha NepeMeHHBle HX I[EHTPAa MAacC H «OTHOCHTEJbHOH
4aCTHUBI., JTOT mpotlece MoXeT OHTL NMPOAOMIKEH; OC/Te NePBOH pelyKuHMH Ha
ABYX HaCTHIAX MOXHO BHINONHHTbL PENYKIHIO H2 IEHTPE Macc 3THX ABYX YaCTHI
H HexkoTopo#l Tperbeil yactuis: [Tocne 3THX ABYX MOC/e/0BAaTeNbHBIX 3aMeH AMHA-
MHYECKHX MepeMeHHBIX TPH YACTHILBI 3aMeHSIOTCH «OTHOCHTeNbHOH YacTHUed» da-
crun 1 H 2, «uacTuueil», CBA3AHHON C OTHOCHTENbHLIM JIBHXKEHHeM LEHTpa Mace

7} 3to ypasHeHHe MOXHO O6bln0 Obl MONYYHTb HENOCPEACTBEHHO, MCXOAS H3
ypasuenns Illpepunrepa B mpencrasnenus {r;, ro} ¥ NPOH3BOAS B 3TOM YPaBHEHHH
C YaCTHBLIMH IIPOM3BOIHHIMH 3aMeHY IepeMeHHBIX (ri, r2) — (7, R).

8} Ecnm m & My, 10 m>~m; U4 M~m; (npumep: arom BoJopoOAa, m;—
Macca 3J1eKTPOHa, Mg — Macca MPOTOHA); eClH My o M, TO M m /2 u M~z 2my
(npumep: sinpo JefTepHs, My — Macca IPOTOHA, Mg — Macca HEHTpoHA).
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ABYX NepBbix uactHy | m 2 u TpeTbel yacTHUB M, HAKOHEIL, UEHTPOM MacC Tpex
yactHi. B o6weM caysae ¢ noMomwpsio N 3aMeH NepeMeHHBIX MOXKHO 3aMeHHTb
N + 1 gactuny #5a N «OTHOCHTENbHBIX 4acTHL» H LEHTP MAace COBOKYIHOCTH U3
N + 1 gactuubl. 3Ta peAyKIHS K LUEHTDPY MAacC COBOKYIHOCTH MOXeT GHTb mpo-
BejleHa MHOTHMH crmoco6amu: ymb6o ot wactuusl K uacTuue ((N -4 1)1/2 sosmoxk-
HBIX BapHaHTOB), aHGO pasjgensis cuctemy u3 N -+ 1 dgacTHIs Ha jBe TpyNIH
u3 Ny 7 N dacTuu, NPOH3BOLA PEAYKIMIO K LEHTPY MacC B KaXXAOH M3 9THX
IpYNI, a 3aTeM 3aMeHAs HMX HEeHTPH MacC Ry U R; Ha «OTHOCHTENBHYIO YACTHILY»
R, — R, u nentp macc Bcelt cucTeMsl (M R; 4 MzRz) /(M) 4+ M), nu6o pasge-
Nsisi epBOHAYaNbHylo cHcTeMy M3 N - 1 wacTHIE! Ha TPH TPYNIH H T. A.

Ilyete ri, pi 4 m;— COOTBETCTBEHHO, MOJNOMKEHHE, HMIYJAbC H Macca i-ii 4a-
cTuubl, a R, P # M — coOTBeTCTBYION{HE BeJHYHHBL, OTHOCALIMECH K IEHTPY Mace
cucteMbl u3 N 4 | gacTain:

N41 N1 N+1
1
M= my P=3 p R=cp ) mr
i=1 i=1 i=1
H nycTh @5, 0y H Wy (f=1, 2, ..., N) coOTBeTCTBYIOU{He BEJHYHHBI, NPUHAMJE-

XKatiHe j-# «OTHOCHTENbHOH YacTHIle», MOABASIOWIEACH B TpoOlecCe PeAYKIHH K
LEeHTPY Mace, omHcanHoM Bbime. [TocKoNbKY Takas peyKIHs ecTb MOC/Tej0Ba-
TenpbHOCTh N penyxuufi K HeHTPY Macc ABYX 4acTHIl, paBeHcTBa (42) Ges tpyna
06o6HIaloTCs H RAOT:

mmy ... mN+1=Mulu2 e By (45a)
N+t 9 2 N o2

i P O
Y Sm; . oM +), %, (456)
i=1 Je=i
N1 , N
> mri=MR*+ Y uph (458)
i=] =1
N+l N
Y. pry=PR+ Y [09] (457)
fe=1 J=1
N-ti N '
2. [rp] =[RPI+ X [0,0)). (45n)
fex] =1

C Apyro# CTOPOHH H IO TOf Ke NMpPHYMHE, HOBhIE JHHAMHUECKHE NepeMeHHHE IOA-
YUHSIOTCS COOTHOUIEHHSM KOMMYTAUHH, XaPaKTepHBIM Mg AUHAMHUYECKHX Iepe-
MEHHBIX KBaHTOBOR cucremMs H3 N - 1 gacrunw. Hakoden, sicHo, utro nmoreHpyuan V
32BHCHT TOJNBKO OT OTHOCHTENBHHIX KOODIAHHAT @) @2, ..., Py H 4TO IOJHAs
KHHETHYECKas SHEPTHsA SBJISETCS CYMMOM KHMHeTHYeCKOA 3HEpPrHH IeHTpa Mace
P2/2M u KUHeTHYECKHX SHEPrHi «OTHOCHTENbHEIX YaCTHL» coryiacHo (456), T. e.

p? o
H= 5+ 3'[17'*“/(917 Pgr eeer Op) |-
ST

Takum 06pasoM, ABHMKEHHe leHTPZ MacC OTHRJAETCS H pemleHde 3ajaun N 4-1
Tena cBofuTCA K 3agaue N red.

Bce TH pe3yNbTaTHL He 3aBHUCAT OT KOHKPETHOH NpOUEAYPH PEAYKIMH K LEH-
Tpy Macc. B gacTHoCcTH, KakuM Obl HH Obl1 BHIGOD N «OTHOCHTENBHBIX YACTHIM,
NPOH3BENEHHE HX NPHBEAEGHHBIX MacC Mipg ... Wy, CYMMa HX KHHETHUECKHX SHep-

o 2 /. N .
ruf ij/Zp.j H CyMMa HX MOMEHTOB [/lMﬂlebCaL[pj(Djl OCTAlOTCH HEH3MEeHHBIMHU:

i
ypaBuenus (45a), (456) u (45x) (3agaua 7).
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3AJAYH K YTIPAJ)KHEHUSA

1. TlokasaTe, uTO omnpenenseMbifi ypaBHeuneM (6) SpMUTOB OmepaTop pa-
JAHAJBHOTO HMIYJALCA Py YAOBAETBOPSET YPABHEHAIO

1 ¢r r
Pr=§('r—ﬂ +P'7)-

2. PaccmaTtpuBaeTes 4acTHLa, ABHKYIUIAACS B IEHTPAJbHO-CHMMETPHUHOM f10O-
reHuuane V(r) ¥ o6najamoiias HEKOTOPHIM YHCJIOM CBS3aHHBIX cocTosiHui. IToxa-
3aTh, YTO OCHOBHHIM COCTOsiHHeM siBJsieTcs cocrosiHue s, [lokasaTb Takxke, 4TO
€C/IH CYHIeCTBYET CBA32HHOE COCTOSHHE ¢ MOMEHTOM HMMIyJabca L, TO cyllecTByer
CBf32HHOE COCTOSIHHE, NpPHHAIJeXaliee KaXKIOMy H3 3HaueHui [ MOMeHTa HM-
nynbca, tiae I << L, 4 yto ecau 0603uaduth ¢ nomombio E; wanbonee HH3KHE ypo-
BeHb SHeprud, npuuapnexamunit I, 1o E, << E; <...<E.

3. BuinuchiBasi SBHO COOTHOIIEHHA OPTOrOHAMBHOCTH H 3aMKHYTOCTH, MOKa-
3aTb, 94TO cOGCTBeHHble GYHKIMH CBOGOAHOHA YaCTHIB!

EAS YT @, ) k)

3aBHcAIIMe OT HenpepniBHOro Huzekca k(0 << k << o0) u nennx uugexcos ! u
m(l =0, —l < m<1), 06pasyoT MONHYI OPTOTOHANBHYIO CHCTEMY.
Jlas 3TOro cleyeT A0Ka3ath COOTHOUIEHHE

co

. ; , 1 n
S fy (kr) [ (') 2 dr =5 57 8 (k — &),

0
npHHUMas BO BHHMaHHe, uro (GyHkuua 8(r—r') = 8(x —x)8(y —y')8(z — 2)
B cepHUECKUX KOOPIHHATAX HMEeT B
d(r—r)=(r?sin0) "' 8(r —r')5(0—0")8 (¢ — ¢').

IToxasate, uto ecau (&, Ok, @) — cepuueckde KOOPAHHATH BEKTOpa K, TO
i ., on? , ,
S e~ iRy (0, @) j, (K'r) dr = (= DHYT (B @) 8(k—E).

4. Brl9HCIHTD KOMMYTATODH Ka:KOOH M3 COCTaBASIOWIMX f U p C KOMIIOHEH=
tofi ul MoMeHTa uMnyabca I = [rp] BHO/Mb HANpPaBJEHHS €JHHHYHOTO BEKTOpa .
[Toxa3aTh, YTO OHH MOTYT GHITH 3alHCaHbl B O6LIEM BHIE:

(D), ol =2 fup],  [(ud), ] = [url.

BeiBecTH OTCIOMA, YTO BCAKAas KOMIOHeHTa | KOMMYTHPYET CO CKANSPHHIMH BeJH-
qHHaMHu P2, 12 U rp.

5. KakoMy YCHOBHIO JOJKHH YIOBJETBOPATb XapaKTEPUCTHUECKHe Tapa-
MeTphl NPAMOYTONbHON moTeHnuanbHoi siMbl Vo u a u3 § 10, uto6ur: a) He cyue-
CTBOBaJIO HHM OJHOTO CBfA3AHHOTO S-COCTOSHHS; 6) CYHIECTBOBAJO 3a[aHHOE YHCIO
CBSI32HNBIX $-COCTOSHHHA? lIMeeTcsl JIM CBS3b MEXKAY YMCNOM CB3aHHHIX §-COCTOS-
HHH M YHCJIOM y3JI0B PanHasibHOH (DYHKI[HH, COOTBETCTBYIOHNIEH HYJNEBOH SHEPTHH?
Te :xe BOMpPOCH AN cnyqass npousBOJbHOrO I
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6. PajuanpHoe ypaBHeHHe [/ 9aCTHIHL B [OJe LEHTPAJbHO-CHMMETPHUYHOTO
notennuana V(r) pacecmatpusaerca merogod BKB. Urto6m npumeneHHe mertona
6LIN0 OTpaBHAHHWM, TpeGyeTcs He TOJBKO, 4ToGH noTesunan V(r) mano usme-
HSJICA H2 DACCTOSHHMAX OPSAKAa AJHHB BOJHBL, HO u 9T06bl [ >> 1. OnwpiT noka-
3WBaeT — H 3TOMY MOXKHO AaTh HEKOTOpOe TeopeTHUeckOoe oGocHoBaHue (cm. Lan-
ger, loc. cit, B cHocke VI.9) —, 4T0 MeTOX AaeT XOpOIIHe Pe3yNLTATH H MPH Ma-
ABIX 3HauenHsix I, ecan 3amenutb [(I4-1) ma (I 4 1/2)2 B Buipaxennn (I + 1}/r?
(Tak HasbiBaeMbl UEHTPOOeKHHA Gapbep) PaAHaNbHOTO YpaBHEHHA. IToka3zars,
gyro mocne 3toii moauduxanuu Meron BKB npH mo6wix [ OpaBunbHO IHaerT:

a) acHMNTOTHUeckylo ¢opMmy sin (kr— -é—-n)/r cBoGogHOH cdepHIECKOl
soann (V(r) = 0);

6) cnextp atoMa Bonopoaa (V(r) = —e?/r);

§) CHEKTP H3OTPOIHOrO TapMOHHYECKOTO ocuuamatopa V(1) = ___mmz,

(cTporue pelienusi 3ajad Ha cOGCTBEeHHEHIE 3HAueHHs 6) H B) conep)xaTcs, CoOT-
sercTBenso, B r1. X1 u XII),
7. B cucieme u3 N 4 1 yacTHIEI oCymIecTBASETCs OTAeNEHHe ABHXKGHHS IieH-

’ /
Tpa Macc ABYMS DA3JHUHBLIMH MYyTAMH. BEeKTOpH nonoxeusust P), ..., Pj €OTHOCH:
TeNbHBIX 4YaCTHIL», NOJYUYEHHEIE BTOprM l'IyTeM, CBA3aHN ¢ BeKTOpaMH IIONOXKEHUa
P1y veoy PN, HOJIy‘{eHHbIMH nepBbIM NYTEM, JHHEHHBIM COOTHOWeHHEM
N
=Y 4
0y = Z &P
F=1
’ ’
[Iyctb My +ovr By B W), o.., Wy — TPHBEJEHHBIE MAcChl 3THX <OTHOCHTEJbHBIX

gacTuiy. [lokasarb, uto matpuua (N X N) c sanementamu

. 7'z ~1,
Upe=w; Appp *
ABJAACTCSA OPTOTOHANBHOMN.

8. PaccmartpupaeTcss aBymepHoe ypashedde [lpepuurepa B caydae, koria
HOTeHIHaNbHAst 3Heprus V(r) 3aBHCHT TOJBKO OT PajHaNbHOA nepeMeHHofl (x =
=rcos?®, y = rsin®). JoxasaTs TO)K}ICCTBO

92 o? a 1 92
-+ 57 =57 + + = —=a7-
0x ay? ar r or r a0

N3 3Toro pesyJbTaTa BBHIBECTH, UTO CYHIECTBYeT MONHas CHCTeMa COGCTBEMHBIX
dbyHRIHA BHI2
110
p(r,O)=f()e

ApHYeM pajHajbHas 4acTb sBJIACTCH pemeHHeM ypaBHeHUs

2 1 d
[&+1 -G +3FE—v]in=o

06paniaIUMes B HyJIb B Hauaje KOOPAUHAT.
Zameuanue. Ecin V = 0, TO 5THM DEryisipHEIM pellleHueM siBAsieTcA QyHKUHA

Beccens Jy( (kr), Tae k= +/2mE [h.

12*



FTABA X

NNPOBJIEMA PACCESHHS. LEHTPAJIbHDBIA
NMOTEHLU HAJI H METOJ], A30BbIX CABUIOB

§ 1. Beexenne

Sta rjaaBa TOCBAlEHA 3JeMEeHTAPHHIM MOHATHAM TEOPHH CTOJK-
HOBeHHH. Pe3y/bTaThl ONHITOB 10 CTOJIKHOBEHHI) YaCTHIL BHIpa-
J)KaTcA OpH NOMOILH TaK Ha3biBaeMbIX 3(DGEKTHBHBIX ceueHHH, He-
[OCPEJCTBEHHO CBA3AHHBIX C ACHUMITOTHYECKHM IHOBEJNeHHEeM CTa-
HHOHApHEIX penleHufi ypasHenus llpenunrepa. Ilosromy, onpepe-
JIUB NOHATHE 5((EKTHBHOIrO CeUeHHs, MBI NOCBATHM BOJIBLIYIO 4acTh
pasfiena | BeIficHeHHIO 3TOH CBfI3H Ha NPOCTOM IpHMepe paccesHHs
YAaCTHUBE Ha IIOTEHIHAaJe, KOTOPHHA JOCTATOYHO OBICTPO CTpPEMHTCH
K HyJoo Ha OeckoHeuHocTu (Oblctpee 1/r); nanee 6yaeT NMoKasaHo,
KaguM 00pa3oM, C NOMOILBIO METOLA OT[eJeHHs ABHKEHUS LEHTpA
Macc, IPHMEHHTh NOJyUeHHble Pe3y/bTaTH K CJAYYal0 CTOJKHOBEHHS
JIBYX B3aHMOJAEHCTBYIOLIHX YACTHIL.

Bce ocransHOe comepaHie raaBBl OTHOCHTCS K PaCCESHHIO ya-
CTHLL Ha LEHTpaJbHOM TNOTEHIHaJie H METOLYy pellleHus 3TOH 3a-
JlayH, U3BECTHOMY KaK MeToX (a30BHX CABHIOB. DTOT MeTO] H3Jja-
raercst B paszene Il. On ocoGenHo yno6eH, eclH NOTEHIHAJ HMeeT
KOHeuHHl paauyc nefictBusl, 60 B 3TOM ciayyae OCOOEHHO YETKO
NpOABJISIIOTCS 3aMeyaTelbHEeE CBOHCTBA (ha30BEIX CHBHILOB, 4TO Gy-
et paso6paHo B paszene lIl. Oco6o cneayer orMerdTbh pesoHaHc-
HBle SiBJIEHHS, NPOABASIOILINECS DU CTOJNKHOBEHHSIX KBAHTOBHIX Ya-
CTHL — aHAJIOTHUHBIE SBJIEHHA HMEKT MecTo B JoGo# 3agaue o
pacapocrpaHeHun BosH. OO6CyxIeHHIO H (H3HUECKOMY HCTOJNKOBa-
HHIO PE30HAHCHHIX SIBJIEHUH MocBsules pasgeds V. Hakowen, B mno-
cjlenHeM pasjiene V OyayT NpHBegeHH HEKOTOpbIE IOJIe3HblE BHIpa-
KeHHs A Pa3oBblX CABHIOB M BLIBeJeHH! JBe NpHOMHKeHHbEe Gop-
Myan: gopmyna Bopra u dopmyaa Bere, unu gopmyna adpderrus-
HOro pazxuyca JeHCTBHA.

Pasnen I. 390PEKTHUBHBIE CEYEHUSA
H AMNIJIUTYAbI PACCEAHHUS

§ 2. Onpenenenue 3hheKTUBHBIX ceueHui

PaccMoTpuM THNHYHBIA SKCHEpPHMEHT MO pacCesHHI0, KOraa
MOHOKHHETHUYECKHHA Ny4oK uyacTai, GoMOBapAHpyeT 3aJaHHYIO MH-
weHb. [Iycts J— BelnunHA NepBOHAYANLHOTO LOTOKA, T. €. YHCJO
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yaCcTHIl NMy4YKa, NepeceKarollMX B eJWHHIY BpPEMEHH eIHHHIY NJO-
MaJH IOBEePXHOCTH, HepIeHAHKYNADHON HAnpaBJICHHIO Ny4YyKa H He-
NOABHAKHOH OTHOCHTeNbHO MuiueHd, Ecau P — uHcnO yacTHI B eldH-
HHHe ofbeMa majalollero nyyka, a v — CKOPOCTb YacTHI NydkKa MO
OTHOLIEHHIO K MHIIEHH, TO

J = Po.

B 06bIuHBIX yCA0BHAX ONMBITA P cTONb Mano, 4TO MOXKHO npeHebpeub
B3AUMOJAEHCTBHEM YACTHIL B IepBOHAUAJbHOM NMydyKe H CYHTATb, UTO
CTOJIKHOBEHHA OTJENbHBIX YACTHIL C MUINEHLIO HPOHCXOAAT HE3aBH-
cumo Apyr or apyra. CueTynkH H3MepsoT yhcao A 4acTHll, pac-
ceHBAEMHX B €IMHHUILY BpeMeHH B TeJeCHOM yrie d{) B HampasJe-
Hud Q = (8, ¢). D10 YHCI0 NPAMO HPONOPUHOHANLHO IOTOKY YaCTHIL

N =JZ(Q)dQ.

Benuuuna X (§2), uMerowias pasMepHOCTb MJOWALH, ABJSETCS napa-
MeTPOM, XapaKTepH3YIOUIUM CTOJIKHOBEHHE 4acTHIbl, ob6najamolied
CKOPOCTBIO U, C MHIIEHbIO: 3T0 3((eKTHBHOE CeueHHe paccesiHHA
YaCTHIB MHILEHbIO B HaNpaBJIeHHH L.

B 6osblIHHCTBE CAyYaeB MHLIEHb COCTOWT H3 GoJblioro yucna N
ATOMHBIX HJIH SilepHHX paccedBaTesel, IpHYeM pacCTOSHUA MeX1Y
3THMH aTOMaMH HJIK fJpaMy aTOMOB JOCTATOYHO BEJIHKK MO CpaB-
HeHHIO C AJHHON BOJIHBI MajalolliMX YacTHIU, TaK 4TO MOXKHO mpe-
HeGpeub BCEMH $SIBJEHHSIMH HHTep(hepeHNHH MeX1y BOJIHaAMH, pac-
CesIHHBIMH DA3JIMYHBIMH LEHTpaMu !); KaxAbA [EeHTp paccesHHd
AeficTBYeT He3aBMCHMO OT Apyrux. Ecam, KpoMe TOro, MHIIeHb BHI-
6HpaeTcs AOCTATOYHO TOHKOH, UYTOOb MOXHO ObLIO TpeHeOpeub
MHOTOKPAaTHHIM paccedunneM, To J° oKasplBaeTcs NpsMO TpoHoOp-
[IHOHAJbHEIM N

N = INo (Q) dQ.

[Mnowasb ¢(Q) HaswpiBaerca 5P@PeKTHBHEHIM CEYEHHEM pacCesHHs
yacTHIBl Ha pacceHBAIONIEM LEHTPE B HAIpaBJeHHH £ HJH, KOpoue,
Oughpepenyuaronoim IPGHEKTUBHOIM CEUEHUEeM PACCEAHUR.

[Tonsoe yucao YaCTHI, pACCEHBAEMBEIX B €JHHHIlY BPEeMeHH, TO-
aAyuaercsi uuterpuposanueM mo yrnaM. OHo paBHO JNOnonw, TA€

Onom = | 0 (@) d©

— noAHOe IphexTUBHOE Ceuerue paccesHus.
B sjepHofi (u3uKe UEHTPHl paccesHHs HMEIOT JIHHeHHHE pas-
Mepnl mopazka 10-12— 10~ cm, sdpdexruBHble ceueHHs OOHYHO

') DTa cuTyanus peanmsyerca He BcerZa. Hanpumep, npu pasmuunbix pudpax-
[HOHHEIX ABJEHHSX B KPHCTAJIaxX — AHQPAKIUHH 3JeKTPOHOB, TeMJOBHX HEHATPOHOB
HMM PEHTTEHOBCKUX Jyuell — BajKHeHUIYI0 POJib Hrpaer HMEHHO yKa3aHHas BbILE
uHTephepeHIus, ' '
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H3MepsoTca B 6apHax WIH MHAnubapHax:
2

1 6apn=10"" cu®, 1 muaaubapn (m6)= 10" cu’.

Bo Bcex 3THX paccy:KAeHHAX MBL MOJNYAJIHBO ApeAnoJaralH, 4To
paccesiHue HPOHMCXOAMT B pe3y/ibTaTe yNpYyruxX CTOJIKHOBEHHH, T. e.
CTOJIKHOBEHHH, TPH KOTOPbIX KBAHTOBOE COCTOfIHHE pacceHBarelA
He H3MeHseTcd M He TPOHCXOAHT Iepelayd 3HePrud BHYTPEHHHM
creneHsaM cBoBoiw pacceuBarens. Iloka Mbl orpaHHuuMCA TOJNBKO
yupyraM paccesandeM. Kpome Toro, Mel He Oyaem paccMaTpHBarTh
paccenBaouil UeHTp (aToM HJH ALPO aToOMa) BO BCEH €ro CJOX-
HOCTH, a Oy/eM OHHCLIBATH €ro CTATHYECKHM IIOTEHUHANOM, 3aBH-
CAILKMM OT pajuyca-BeKTOpa r YacTHIHI.

§ 3. CraunonapHaa BoJaHa paccesiHus

Hccnenyem 3ajauy 0 paccefHHH YaCTHILBI C MAccoil m Ha NMOTeH-
uuane V(r), nmpuueM B 3TOH I/aBe OrPAHHYHMCS TOJbKO TaKHMH
MOTeHIHaJlaMi, KOTOpble NpPH r—> o0 CTpeMsTcsd K HyJ10 GhiCTpee
1/r. Paccesinue Ha KyJOHOBCKOM TNOTeHUHasne GyneT pacCMOTPEHO
B ra. XL

[Iycte E — sHeprus, a p == fik— HauanbHEIl HMNYJAbC YACTHI(HL.
d¢doderTuBHOE ceueHue o (f}) MOKHO CBf3aTb C TaKHM pelleHHEM
ypaBHenns lllpexunrepa

[— 2 A V()] (1) = B, (),

KOTOpoO€ Ha 6eCKOHEUHOCTH HMeeT ACHMITOTHYECKYIO CbOpMy

ikr
et 4 [ (Q) . (1)
[Mpumem Ge3 obcyxkaeHusn 2), urto I KaxkIOro 3sHaueHHst B uMmeercs
ONHO H TOJBKO OJHO pellleHHe 3TOro THNAa. ByxeM HasbBaTth 3TO
peieHue Y (r) crayuonaprol goanoll paccesnus ¢ BOJMHOBBIM BeK-
TopoM k.

Dusnueckuil cMblcs 060HX 4JE€HOB aCHMNTOTHYECKOH (POPMEI pe-
UIEHHUS Jerko NOHATh, ecJad o6paruTbes K onpexenenuo (IV.9) Bek-
TOpa MJIOTHOCTH MOTOKA %)

1(r) = r [9° (7) (Vb (1) — (Vi ()" (7).

2) 3to yreepxienue GymeT AokaszaHo B pasgene Il mas caydas, xorXa ues-
TPa/sbHO-CHMMETPHYHHIA NoTeHNnHan V o6HAPYXKHBaeT 1OCTATOYHO PETYJNAPHOE mO-
BeJleHHE B Havalle KOOPIHHAT.

3) MoxHo onpenenutb 3pMHTOB oneparop J(rp), NPeACTaBASIONIMA ILIOT-
HOCTb IOTOK2 B TOUKE fo!

(ro) = 19 (r = ro) + 8 (r = 1) l;

TOT/12 NAOTHOCTD IIOTOKA, OIIpejelieHHas BhbILIE, €CTh CpejHe€e 3HayeHHe 3Toro one-
paTopa B HEKQTODOM 3aJaHHOM KBZHTOBOM COCTOSHHH.
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[lnockaa BoOJIHA oikr npeacrasJsieT BOJHY C NJIOTHOCTBIO 1 u nnor-
eikr

HOCTBY TOTOKa hk/m. Unen f(Q)——r—, eCNH YUYHTHBATb TOJIBKO

yJieHBH HaHHHU3UIEro nopsaka no 1/r, onucuBaer BOJHY C RIOTHOCTHIO
[f(RQ)|?/r? u mnoTHOCTBIO TNOTOKA, MO HANPABJEHHIO Q B CTOPOHY
2
yseaudusaroujuxcs r (pacxolsiascs BOJHA), paBHOH %'WT%H"
Beuxy TOro, 4To BJIHfIHHE TOTeHLKaaa V B aCHMATOTHYECKOH 30HE
npeHeOpexKHMO Majo, MOXKHO, CJAeAYS KJNacCHYeCKOMY Rpub/uxKe-
uuo (cM. § VI.4), uHTepnpeTHpoBaTh YieH e'* Kag My4oK MOHO-
KHHETHYECKHX YaCTHIL C HMNYAbCOM hR H MIOTHOCTBIO | ( HauaJbHHIEH
nyuok). Torza unen f(Q)e'*[r uHTEpnpeTHpyeTCs KaK palkasbHBIR
MYYOK HACTHL, HCXOAALHMX H3 LEHTpa, T. €. HpeiCTaBJisiel NMOTOK
paccesHHHIX YaCTHIL.

B cornacuu ¢ stoll nHTepnperaluuell HalJeM YHCIO YACTHL, pac-
cesTHHBIX B e€AHHHLY BPEeMEHH B TeJiecHHI yron dQ B HampabjieHHH
Q: 5T0 NMOTOK YacTHl, NPOXOAAIIMX uepe3 y4yacTok cdepuuecko
NOBEPXHOCTH O4eHb GOJIBIIOIO pajKyca, KOTOPHH BUAEH U3 Hayaja

KOOPJAMHAT NoJX TenecHBM yraoM (R, Q4 dQ), T. e. h—ﬂ’: [ (Q) P dQ.

PasgenuB 5TO 4YMCJO Ha BeJHYHHY NepBOHAYaNbHOrO IOTOKA
J = tk/m, nonyuum scddekTHBHOE ceueHHEe paCCESTHHA

o(Q=I[F(QF. @

Oyuruua f(Q) HasbBaeTcs amnaurTyool paccesnus.

§ 4. Onncanue paccesanus
NpH MNOMOMM MNyYyKa BOJHOBBIX MAKETOB *)

HHTYHTHBHBIE pacCyXieHHs NpeAbIAYLIero naparpada HEKOPPEKTHB O ABYM
MPUYHHAM.

Bo-mepBEIX, BeKTOP IJIOTHOCTH NOTOKA HE SIBJSEPCS MPOCTON CYMMON MOTOKOB
OT TMJIOCKOR BOJHH H paccessnnoll sosnbl. Heo6xonumo yuecTb BKNaj HHTepdepeH-
uud Mexay exp(ikr) u f(Q) exp(ikr)/r. B npeAulecTBYIONUX PacCyKIeHHSX SB-
JieHne HHTep(EpeHIHH He YYHTHBANOCH.

Bo-BTOpHIX, npencTasnente PU3HIECKOH CHTYalUHH CTAllHOHAPHOH BOJHOA pac-
CesHUsA

Ly
Py(r)e” 3)

aBageTCs HaeanusupoBaHubiM. Ha caMom nene xaxzaas 4acTHK2, N0ABEPraiomiascs
paccesHHI0, [OMKHA NPEACTAaBISTbCS BOJHOBBIM NakeToM, o6basoBaHHHM cymep-
nosuipell CTAIMOHAPHBIX BOJH THNA (3), COOTBETCTBYOMIMX BOJNHOBHIM BEKTODAM,
HECKOJBKO OTJHUAIOIIHMCS [0 BeAUYUHe U Hanpasienuro ot k. DTOT Iaker AON-
el GBITb NOCTPOeH Tak, 4ToGbl HPAaBHJBHO YUECTh HAYaAbHEIE YCJIOBHS 3aAaTH.
BenencTshe jucnepcHu MO HANPaBJEHHIO HMNYJbca ero Honepednble pa3mephl Or-

4) PaccmoTpenue npo6ieMel paccessus B § 4, 5 u 6 ocnoBado Ha paborax
Yy u Jloy no Teopuu paccesnus. Buuncienus § 16 Taxke 3auMCTBOBAHH M3
3THX paloT.
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paHH4eHH M He MPEBOCXONST Pa3MepoB AnadparMbl HCTOYHHKA MMEPBOHAYAJBHOTO
nyuka, BeiejacTBHe e NHCHEPCHH MO SHEPTHH HAKeT OrpaHHYeH Takke H B NpoO-
LOJNBHOM HAaNpaBJeHHH H PacHpOCTpaHseTcss NPAMOJHHEHHO B HamupaBJeHHH MH-
UIeHH CO CKOpPOCTBbIO, PaBHON TpynnoBofi CKopocTH v = hk/m.

Y 1106H0 XxapaKTepu30BaTh TPAEKTOPHIO 4aCTHIH MOJOXKeHHeM b TOUKH ee mepe-
CeueHHs1 ¢ MJIOCKOCThIO (S), NPOXOAfALIEH Yepe3 PacceHBAONMA IEHTP MepleHauKY-
JISIPHO HAMpaBJeHHI0 pacnpocTpaHedHsi. [1yCTb fp — MOMEHT BPEMEHH MepecedyeHHs
MI0CKOCTH (S) NEHTPOM MakeTa B TOM c/iyuae, KOTAa ero ABHXEHHe He BO3MY-
LIAeTCH PACCeHBAOLIMM MNOTEHIMAJNIOM; TOTLAa 3aKOH [BHXKEHHS IEHTpa IIaKeTa A0
CTOJIKHOBEHHS MOXeT OblTb 3amucad B dhopMme

H=b+v(t—t).

Havyasbubill noTOK siBASiETCS B IEMCTBHTENBHOCTH NOTOKOM BOJHOBBIX I[1aKeTOB
YKa3aHHOI'O BHIIIE THIA, NEPEMELIAONUIMXCS MapanjeNbio Opyr IPYry €O CKo-
POCTBIO ¥ H OTAHUZIOLUMXCA APYT OT APYra TOJIBKO 3HaYeHHAMH IIapaMeTpos b H
to, GUKCHDPYIOUIHX IBUKEHHE LEHTPOB IaKeTOB RO CTOJNKHOBEHHS.

Aemesmop
Y
V/
2d 4t —————
A
E Pacesusaroyud
*l};l 2 yenmp

Puc. 29. Cxema 3xCHepUMEHTa N0 PaCCesHUIO M XaPAKTEPUCTHUECKHE [JUHH B 3TOM
OfkITe.

B nanvueiimem ofcyxneHun OyAyT paccMaTpHBaTbCs CJeYIOHIHe Xapak-
TepPUCTHUYECKHe AJHHBI (PHC. 29):

X == fi/mv — CpenHsfl JJHHA BOJHB NaZAaOLUETU BOJHOBOTO IIaKeTa;

d, | — nonepeunble M IPOAOJbHbIe Pa3Mephl MAaLAIOLIETO MAKeTa;

@ — pasMepbl 30HE PACCESTHHHU;

D — paccTosiHie pEerHcTPHPYIOLIEro npHOOpa OT 30HB PACCEsHHS.

Houust d u [ cBSi3aHBI COOTHOINEHHSIMH HEOMNpeJIeicHHOCTH € THUCMepPCHSIMH I1a-
JlaloLiero MakeTa BOJH COOTBETCTBEHHO MO HampasieHdio H 3sHeprud. [Tockonbky
MBI OpejnojiaraeM, YTO HaupaBleHHe PACIPOCTPAHEHHS NaKeTa W €ro SHEPLUs XO-
pouro ofpejeeHs, HeoGX0IHMO

K€d 1 XKL 4)

Yrto6El cAMO paccesiHHe He 3aBHCENO CYLIECTBEHHBIM 06pa3OM OT KOHKpeTHOH ¢op-
MBI BONHOBOTO MakeTa, HEOGXOAHMO, KPOMe TOrO, YTOGH ero pasMephl 3HAYHTENb-
HO IPeBOCXOJHJIH Pa3MePhl 30HH DACcCedHHs, T. €. ToH OGNACTH NPOCTPAHCTBA, rie
MOTEHIMaJ HMeeT OTJIHYHYIO OT HYJs BEJAHUHHY, T. €.

akd, ! ®)
(@ >~ 10-% cx mpy paccesHuu Ha atoMe H a ~ 10~'% ¢m MpH paccesHuu Ha supe).

Tlpu 3THX TpPEINOJIOXCHHAX, eClH HPHIE/bHBIA NapaMeTp NPEBOCXOJHT TNoOlle-
peuHble pasmepn makera (b > d), 10 nmazawiuHil BONHOBON mMaKeT He KacaeTcd
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30HB! DACCEAHHA H JIBHIKETCS BCce BpeMsl KaK CBOGOMHHI BosHOBoil makeT. Ecum,
HampoTHB, b <C d, OH IOCTHTaeT 30HH DaCCeAHHA B HEKOTOPHIA MOMEHT # o fy—
— [/v. B 3TOT MOMeHT HauHHaeTC COGCTBeHHO CTOJKHOBeHHe, Yepes poCTaTOuHO
GOMbLIOH NMPOMEKYTOK BPeMeHH BOJHOBOA IAKeT BHOBb OKA3KIBARTCA MOJHOCTHIO
BHe 30HBI PACCesIHHA, HO Telepb OH COCTOHT, BOOOIle roBOpA, H3 JABYX uacTeid:
[POXOASALIEr0 BOJHOBOrO makeTa, (popMa M 3aKOH JBUJKEHHS KOTOPOro MaJo OT-
JHYAIOTCH OT MepPBOHAYANBHBIX, U NAKeTa BOJH,

PACCeSHHBIX B Pa3HEIX HANPaBJEHHSX OTHOCH-

TeJAbHO HepBoHauansioro (puc. 30)5).

JleTexTHpPOBaHHE PAcCCeAHHBIX 9aCTHI, OCY- )
llecTBAAETCS  HEKOTOPHIM  PETHCTPHPYIOMIHM
ycrpoiicTBoM  (cueTvHKH,  (DOTOMNACTHHKH
¥ T. A.) B 3ajaHnOM nanpasieHun Q = (6, @) a)
Ha HEeKOTOPOM paccTosmiu mopsiska D or —

IleHTpa paccesHuA. DTO paccTOAHHe He [0J-

SJKHO ObITH CJHIIKOM OOJBIIHM, €CIH MBI He

XOTHM ADHHHMATh BO BHHMaHHe PaCHJIBIBaHHE

BOJIHOBOrO MAaKeTa B XOAe 3KCMepPHMeHTa (CM. -
§ VI 3):

VRD < d, L. (6)
Ho »3To paccTosiHme Bce e AOMMHO OBITh
focTaTouro GoabiuHM, 49TOGH pacnpocTpaHe-

HHE [eTeKTHpYeMOH BOAHEI He BO3MYIIAJIOCh
TpUCYTCTBHEM TOTEHIHAN4 30HH PaCCeAHHud,

5)
N
~N
7
T. €.
a, X< D, N P
H 4T06bl JETEKTOD HE MOT PerucTpHpoBaTh ya- e ‘
CTHIB NIPOXOASILErO BOJHOBOTO MaKera: 5)

d € Dsinb. 8)

3aMeruM, UTO BOJHA, paccesHHas BHOepen Puc. 30. Cxema npornecca pac-
(0 = 0), He Moxer OuiTb OTAejeHa OT mMpoxo-  CEAHHSA  BOJHOBOrO  TAKeTa:

AALed BOJIHBL. a) — 10 CTONKHOBEHHUS; 6) — B MO-
O6benunss ycaosus (4)—(8), monygaem  MEHT CTOJKHOBEHHA, ) — nocne
HepaseHcTBa %): CTONKHOBEHHS  (3aLITpuXoBaHA
— obnacrh, TAe NeHCTBYeT OTIHY-
a, VRD <1, (92) HEl OT HYJS TOTEHILHaN).
a, /RD €d < D. (96)

dopmyna (2) sripamaer 3bGdeKkTHBHOe CeYeHHE PACCESHHA TOJbKO MPH TOM
YCJIOBHH, 4TO 3KCAEPHMEHTAJNLHOE YCTPONCTBO, ApelHa3HauYeHHOE [N H3MEPEHHA
9TOH BEeJHYHHE, 06ecMeynBaeT BHIOJHeHHe HepaBeHCTB (9).

Kpome 3TOro Heo6XoAHMO, YTOGH BOJHOBHIE MAKETH HMEJH AOCTaTOYHO XO-
polIo ompejeNieHHble HalpaBJeHHe [IBHKEHHS H 3HEPTHIO, TAK Kak TOJLKO B 3TOM
clyuae aMIMMTYAa paccesHHA Booblie nMeeT cMblca. @ymxnua f(Q) apomxua
0CTaBaThCA MPAKTHYECKH NOCTOSHHON H MO MOAYJIO, H 1o ¢ase MPpH H3MEHEHHH

5) DTo ABJMeHHe AHAJIOTHYHO ABJEHHSIM OTPa)keHHS H TIPOXOXKJEHHS BOJH B
OnHOMEpHO# 3anaye, paccMorperroll B ro. 111 (§§ 3, 6 u 7).

6) B skcnepHMeHTaxX aTOMHOH W sjepHoii (H3ukH AnHHa 4 paBHa caMmoe
Gosbliee mHpHHe BXomHol anadparmel (d ~ 1 mm); amuua ! moxer ObiThb 3a-
MeTHO Goabiue; D — o6ruHo nopsAnka 1 #. Ecin a~< 108 ¢ u K ~2 10-8 ¢cu, uto
ABMACTCA MAKCHMAJbHOH BeuunHoll, To 4/RD o~ 1072 em u l/a ~ 107, /XD =

= d/A/RD >~ 102 d/D ~ 1073, Taxum o6pa3soM, yc/iobds (9) BHIONHSIOTCS C H3=
OLITKOM.
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9HePrHH Ha BejauuHmy mopsagka OF o~ fiv/l, a yrna najeHHs — Ha BeJHYHEY T0O-
pagka ¥,/d BOMN3H COOTBETCTBYIOLIMX CpPeJHHX 3HaueHHH.

JlokasaTeJbCTBO 3TOTO pe3yabTaTa OyAeT NMPOBEleHO B JBYX MOCHELYIOUIHX
naparpadax.

§ 5. PaccesiiHe BOIHOBOro Makera Ha NMOTeHLHUaJe

B npeamonaraembix ycmnoBuax (I, d 3> a) 3BOMONHS BOJHOBHX NAKETOB Ma-
[Aamliero mMyvyxka MPakTHYECKH He 3aBHCHT OT HX KOHKpeTHOH ¢opMul. BymeMm cun-
TaTh, 4TO BCe OHH WMEIOT OJHHAKOBYI0 GOPMY, IpHYEM KaX[IBlfi XapakTepHayeTcs
napaMerpamu b u f), KOTOpHe ONpeleNslOT ABHKeHHe HeHTpa nakeTa. IlpuMem
t, 3a Hauajso orcyera BpeMenu (fp = 0), uTo He orpaHmuMBaeT obuHOCTH paccy-
xjennil. na oupepeneHns ¢opMbl najaloumlero maxkeTa BBeleM GYHKIHIO Y (P)
¢ eAUHHYHONl HOpMOH

fix@edn=1 (10)
Iycts A(#) — dypre-o6pa3 sTofi QYHKIHH, TaK 4TO
x(p)=SA(u)ei“°dx. (11

[To mpeanosnoxerHo ¥ (p) — BellecTBeHHAsA (QyHKIHA, NPHHUMAIOULAs CYLIECTBEHHO
OTJIMYHEE OT HYJA 3HaUeHHS, KOr4a P HaXOAHTCA BOJNHM3H TO4YKH P = 0 B ob6jacTH
C TPONONbHBIMH pasMepaMu ~ [ i NONMepeyHBHIMH pa3mepaMu ~d. ®yuxuus A (x)
TaKiKe BeleCTBeHHAsA W OTJHYHA OT HyJsa B 06JacTé C NPOAOJBHEHIMH pasMepamu
~ 1/{ u nomepeunsiMu pasmepaMu ~ 1/d BGausn Touku x = 0. [na ympolleHHs
Gynem cuuTaTh, uto d o< L

3anoaro 1o cronKHOBeHHA (f< —I[/v) uCcaelyeMblil HaMH BOJHOBOH NaxeT
Wy (r, t) ToMoecTBEH BOJNHOBOMY MakeTy Ana cBoGonmol wacTHuw ®s(r,?), mentp
KOTOPOTO ABHIKETCA MO 3aKOHY

{r=">b-vt,

a ¢opMa B MoMeHT BpeMmeHH f=0 Bnipaxkaercsa dopmynol
®, (r, 0) = e T~y (p— b) = S AR — k) e'® =) gp,

B MoMeHT BpeMeHH f:

ik (r—b)—1i —%t—
dk’. (12)

O, (r, 1) = S AR —R)e
Ecan npeneGpeub paclisIBaHHEM, TO CBOGOAHEI BOJHOBOH makeT MOMeT ObiTh
npencTaBier soipaxenneM (cu. § XIII. 18)

Et
. i\ kr——0—
@, (r, 1) e ( " ) x (r — vt — b), (13)

2
KoTOpoe Mosyuyaercs, ecin B (12) saMeHuTh sHepriw E' = h%k’ [2m nByMs mep-
BHIMH UJEHAMH ee PasJoKXeHHA M0 creneHaAM kB — k:

E'=E + ho (k' — k).

Bontoso#i naker Wo monyyuTCsl, ecqm BMeCTO IUIOCKOH BOJIHHL B HOAHIHTe-
rpaibHOM BHpPaXKeHHH GopMyast (12) Mel MOACTABHM CTAlHOHApHYIO BOJHY pac-
CesHus:

. E't

[ —

v, (r, t)ef.SA(k'—k)e—i”"’%,(r)e Rk, (14)
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D70 BHIpAXKEHHe ABJSeTCA pemreHHeM ypasuenus Ilipepusrepa, Tak xak NMpeacTas-
nset cobofl CymepmoO3HIHIO pelieHHH 3toro ypaBxenusi. Ham gocratouHo moka-
3aTh, YTO JO CTOJKHOBEHHSl 3TO BbIPayKeHHEe TOXIECTBEHHO CBOGOJHOMY BOJIHO-
Bomy nakety Ds.

Tockonbky oyuknusa A (R’ — k) Hmeer ocTpbifi MaKCHMYM BOJH3H TOYKH
k' = k, BRIAL B HHTErpasJ [aer TOJBKO Majnasg o6nacTb OKOJNO STOH TOYKH.
Korma ¢ € —I /v, da3za moamIHTErpajbHOrO BHIPAXKEHHS BBHAY NPHCYTCTBHA 3KC-
noteHuHajabHoro Gaxropa exp(iE’'t/A) GmicTpo H3MeHsieTc HMEHHO B 3TOH ofna-
CTH, U HHTerpas NMPaKTHYECKH paBeH HYJIO, KPOMe TexX 3Ha4eHHI r, NMPH KOTOPHIX
(a3a okasbiBaeTci CTAalHOHAPHOH. DTO MOXeET HMeTb MEeCTO TOJNLKO AJA 1 10-
pagka v|¢|, HHaue roBops AJs Tex ofnacTefi mpocTpaHCTBAa KOHQUTypanmit, rie

Py (#) MOXKET GHTL 3aMeHeHa CBOeHl acHMITOTHYeCKOH (OpMOH

' B’ ik'r
Ve () ~ T4 [ @) £, (15)
[ToncraBnss 910 BupaxeHune B uuterpan (14), Haxogum
W (r, 1) S0 O (r, )+ 7P (r, 1), (16)
rie
" b ol (B'T—E't]R)
v — S A —k) ey, @) L a; an

npu {—>—oo Gasa NOJABLIHTErPANbHOTO BEIPAXKEHHS He MOXKeT GHITh cleslaHa CTa-
. f,
nHOHapHO# B o6sactu k' = k H nHTerpan ‘{’f) NpPaKTHYECKH paBeH HYJIO, KAKHM

661 HE OB 7. BonHOBOH makeT, TakHM 06pa3oM, B 3TOM INpejene AeHCTBHTEJLHO
COBMAaZaeT cO CBOGOLHBLIM BOJNHOBBIM TMAKETOM.

Hccnenyem Temeph 3BOMOLHIO BOJHOBOrO INakeTa B 30He JAETEKTHPOBAHHA
(r= D). B aroii o6nacTH MPOCTPaHCTBA MOACTAHOBKA AaCHMUTOTHUECKOH (GOPMEH
(15) HecoMHeHHO onpaBjaHa, BrpaxeHue (16) BHOBb olpeTaer CHJIY.

Mpb mpeAmonoxuM, YTO AHCHEPCHH IO HANPABJECHHIO H 3MEPTUH CTOJb MaJsl,
4To fhe () ocTaeTcsi MPAKTHYECKH IOCTOSIHHOH B o6aacTu ¢ pasmepamu 1/d o~

a1 /1 okono ToukH k' = k u uro B muterpane (17) Moaynb [ (Q) MoxHO 3a-
MEHHTDb ero 3HaueHHeM B Touke R, a ¢asy 3Tofi GyHKUHEH — ABYyMS MePBHIMH UJje-
HaMH PasOKeHH::

arg e (Q) & arg f, (@) + (&' — k) s (),

s (Q) = grad, Jarg [, (Q)] (sgd, ). (18)

da3bl APYrHX COMHOXKHTe/efl Takxe 3aMeHHM ABYMS NEPBHIMH WJEHAMH pasjio-
XKeHHA BOMH3H k:

E~k+u(l—k), E~E-4hvR—Fk) (19)
(¢ = v/v — equUHUYHLIA BexTOp B HaNpaBJeHHH HayaabHOR CKRopoctH). Torza BhI-
YHCJIeHHE N0 METOAY CTanuoHapHoW ¢as3nt MPHBOJAWT HAC K pesyJbTaTy, aHaJoruy-
HoMmy cdopmyde (13) nna cayyas @g,:
ol (kr—Et[R)

v~ e, (Q) % lulr—ot) + s — Bl (20)
HOBeI[eHHe q)yHKI.lI/II/I q’(bd) CYIECTBEHHO 3aBUCUT OT BEAHYHHH MNPHLEJTbHOTO

napametpa b.
Ecne b > d, To aprymeHT GYHKLMH % BCe BpeMsi HaxoAurtcs B obaacT, The

3HAaueHHe. 3Tofl QYHKIHH NpeHeGPEKHMO MaJo; ‘I’(g) BCE BPEMS OCTaeTCH IPAKTH-
YeCKH paBHON HYJIO, BOJHOBOH NMakeT NBHMKeTCA Kak cBOGOLHBI.
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Ecnu U << d, 1. e. ecqtn manaomuil BoJMHOBOR NakeT momagaetr B 30HY ahdex-
THBHOTO JCHCTBHSI MOTeHIHAaNa, TO (QYHKUHH Y CYLIECTBEHHO OTJIMYHA OT HYJH B
chepHyecKOM CcJoe TOMUHMHBL [ MO 0Ge cTopoHH cdepbt r = vi, OyHKuUA i)
NpPaKTHYECKH DaBHAf HYJIO A0 CTOJIKHOBEHHS, [1OCJE CTOJKHOBEHHS MpeENCTaBJSeT
coGolt makeT cdepHUECKUX BOJH, PACXOASIMXCA H3 WLEHTPa C PaJHajibHOfl CKO-
poctbio v. Ilpu ¢ ~ D /v BosaHa ‘F(!,d) JIOCTHraeT 30HBI JETEKTHPOBAHHSA, K ITOMY
MOMEHTY OHa Y)Ke IOJHOCTLIO OTAeJeHa OT Npoxoxsieil BonHn @, MO BCeM Ha-
TpaBJeHHAM, KpOMe HampasJeHHs Bleped (6 << d/D), rae sTu IBe BOJHBI OKa3hl-
BAIOTCA CPaBHHMBIMH HO BeJHYHHe H MOryT uutepdepupoBaTh’)., Mbl NPHXOAHM
K KayeCTBEHHHIM Pe3yJbTaTaM, H3JOKeHHbIM B § 4.

§ 6. BoiuncieHue aiheKTHBHBIX CeyeHUN

Ho BHuncieHns 3¢GekTHBHHX ceveHH CeflyeT YTOYHUTB, B YeM COCTOHT olle-
panus peTexTHpoBaHHA. KakoBwl Ob HH OBUIH AeTaNH 3KCNEPHMEHTAJLHOTO YCT-
poiicTBa, OHO 06A3aTeNBHO BKJIOYAET HEKOTOPYIO AuadparMy, PacmosioXeHHYO Ha
paccrosunH D v B HampaBneHHH Q ot MHueHu. OTBepcTHe AuadparMsl Ipomy-
ckaeT (e3 HCKa)KeHH® BOJIHY B TellecHoM yrie (Q,Q 4 dQ), ocranbras uyacTh
H3JIyUeHHs] oTceKaeTcsd. PerHCTpHpYOlee ycTpoficTBO 3a AnadparMoil JeTeRTHpPyer
BCE YACTHIH, NMPOXOAslHe Yepe3 OTBepcTHe. BepofTHOCTB Py (Q)dQ perncrpanun
YaCTHIM, ABHXKEHHe KOTOPOI mepej AeTeKTHPOBAHHEM onHChIBaNock BomHol Wy (1, 1),
paBHA TOJHOMY HOTOKY Yepe3 OTBepCTHe AuadparMbel 3a BCe BPeMs CTOJKHO-
BeHHS ¥), HJM, YTO TO e CaMOe, BEDOATHOCTH HAXOXK/IEHHA DPAacCesHHOH YaCTHUHI
B TeqecHoM yrae (R, Q 4 dQ) no oxoHuaHmH croakHoseHHs (f = T > [/v).

BBuny TOro, 4TO [ETEKTOP [OCTATOYHO yAajJeH B TONEPeUHOM HampaBJeHHH
U TPOXOJASAMAs BOJHA He MOMKET Ha Hero pgeficrBoBaTh (ycaoBue (8)), BEHUHCIeHHE
yKasaHHOH Bhilie BEPOATHOCTH KOJIKHO MPOH3BOAHTLCA C IIOMOIUBIO PACCESTHHOM

BOJIHEI ‘I’(bd). Tonn3ysics sripamenteM (20), Haxoaum

oo o
P, (Q)= S |11r§,d’ r. T) [2r2 dr=|f, (@] S Iy @w(r—oT)+s—b)[2dr. (21)

0 0
[Tockoapky vT > [, MOXHO caenaTh 3aMeHy NepeMeHHOH

z2=r—uT
H pacrpoCTPaHHTb Npejies HHTETPHPOBAHHA KO —O0, UTO daeT
400
Py@=[1,@p { Ix@et+s—pyra.

PaccMOTpPHM Telepb MyYOK YacTHI ¢ MTOTOKOM, PABHBIM 1: B e[IHHHIlY BPeMEHH
Ha 3neMeHT mosepxHocTH (b, b 4+ db) nagaer db yacTHU M Kaxjas H3 HUX HMeeT

7) DtHM HHTepdepenIHOHHBIM WIeHOM Helb3s npeHe6peun, H60 OH obecmes
YHBaeT COXpPaHeHHe HOPMH (3azmaua 1),

8) MowmenT nepeceuenus auacdparMul yactuuedl pased B cpexneM (D 4 us)/v.
On He MOXKeT OHIThL yKasaH C TOUHOCTBLIO, NpeBHILuawINel [/v, B COMJIACHH C CO-
OTHOLIEHHEM HeONpe/eleHHOCTH BPEeMsi-9HePrHs; BeJHYHHA US/U MOXKeT paccma-
TPUBATBHCA KakK 3aMasibiBaHHEe TNPOXOXKAEHHR pacceaHHONl Bosubl. Opnako Haiie
IKCHepPHUMEHTaJNbHOe YCTPOHCTBO, OUEBHAHO, He MOXKET YyueCTh TaKOe 3anasipBa-
HHe, TaK Kak § < [ (cM. obcyxnenue samasaniBaHua oTpaxenus B § I11.6). Ha-
6aiofienne 3amasgbIBaHHA 3TOTO pOAa NpeAloNardeT 3HAUUTENbHYIO NOrPeMiHOCTb
onpefenents sueprun (cM. § 16).
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BepOATHOCTh P,(Q) dQ 6mth paccesnHoli B HanpapieHun (Q, Q-+ dQ). Beposr-

HOCTb DaccedHHA B TesiecHOM yrie (Q, Q -+ dQ) B egunuily BpeMeHH U Ha equ-
HULlY TOTOKA TOJYYAeTCs HHTErPHPOBAHHEM 3TOrO BHIpaXKeHus no b:

+ 00
a(Q)=|fp(Q) P S dz Sdblx(uz—{—s—b)l’.

- 00

OGaacth HHTeIrpHpOBaHHA mo b mpepcraBaser co6Of MIOCKOCTb, NepNeHAHKYAP-
Hy1o #. 3aMeHOH NepeMeHHBX p = uz 4 8§ — b TpPoiiHOf HHTErpaj CBOAHTCA K HH-
terpajy HopMHpoBku GyHkuuu ¥ (ypasrenue (10)). Torma neficTBHTeaBHO HOMY-
yaeM BhIpaeHue (2):

o (Q)=|[r Q)

§ 7. CroakHoBeHue AByx uacTull. JlaGopaTopHas cucTeMa
H CHCTEMA eHTPa Macc

MeTon otneseHHs [BHXEHHS UEHTPA Macc IO3BOMAAET PacCMOT-
peTb 3a1a4y O CTOJKHOBEHHH JABYX YaCTHU HPH HaJHYHH MOTEHIHAsa
B3aMMOJAEHCTBHS, 3aBUCALIETO TOJNbKO OT B33HMHOr0 MHOJOXKEHHSA
yactun V(r), nyTeM cBelleHHs ee K 3ajaue paccesHHS ORHOH yacTH-
npl Ha moteHuuane. Kak 6wiio mokasano B pasgene I ra. IX (mu
6yneM ciaefoBaTb OBO3HAUEHHAM 3TOro pasjena), ABHIKEHHE ABYX
YaCTHI[ COCTOMT H3 JBYX pa3JeJbHbIX JBHKEHHH — ABHKEHHA
HEHTPa MacC KakK CBOGONHON HaCTHIB H IBHKEHHS «OTHOCHTENbHOR
YaCTHIBI» C Maccoll m = mymy/(my + ms) ol ReficTBHEM MOTEH-
nuana V(r).

B THOHYHOM 3KCNEPUMEHTE II0 PACCESHHIO MHILIEHb, COCTOSAILAA
U3 YacTHi THNa 2, GomMOGapaupyercsds MOHOKHHETHUECKHM NYYKOM
yacTun THNZ | U NPOM3BOAUTCS IHOJACUET 4aCTHI Kakoro-im6o THna,
Hampumep, THna l, HcmycKaeMbix B 3aJlaHHOM HampaBJeHHH () =
= (0;, ¢1). [lo cToAKHOBeHHsl yacTHIla 2 HaXOAMJIach B MOKoe, 4Ya-
cTHHa | ABUTranach co CKOPOCTBIO U, TAK UTO CKOPOCTb LIEHTPA Mace
paBHA

V=L;4—‘—v (M = my + my).

[Tonnasi 3Heprusi CHCTeMbl SBJSETCH CYMMOH SHeprHil ABHIKeHHH
IEHTPa MAacC H OTHOCHTEJNbHOrO JIBHKEHHS

E=ER + Er;
31€eCh
__ myv? _Mv:E_ . om _mv: _ my
E= 2 7 ER_ 2 _m,—{—mg E’ Er_—2—_ m1+m2E'

Bo BpeMs CTONKHOBEHHMSI LIEHTD MacC MNPOAOJXKAeT OCTaBaThcA B
COCTOSIHHH PaBHOMEDHOTO M NPAMOJHHeHHOro aABuxkeHus. OueBHAHO,
YTO BesiMuMHa 3()()eKTHBHOrO CedeHHs PacCesiHUs CBS3aHa C ACHMII-
TOTHYECKHM MoBeJeHHeM (YHKIHHA CT2IHOHZPHbIX COCTOSIHHH 3Hep-
run E,, 3aBHCAMUX OT OTHOCHTEJNbHBIX KOOPAHHAT.
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UTto6bl YCTaHOBHTb 3Ty CBf3b, YAOGHO H3MEHHTL CHCTEMY OT-
Cyera M paccMaTpHBATb SBJCHHE PacCesiHHS B TOH CHCTEMe KOOpIH-
HAaT, B KOTOPOH MOKOHTCA UEHTp Macc uactdl, O6uuHo saboparop-
HOL cucTemoli Ha3HBaeTCA CHCTEMA OTCYeTa, B KOTOPOR HemoABHKHA
YaCTHIIA-MHUIIEeHb 10 CTOJKHOBEHHS, @ CUCTeMOU YeHTpa Macc— Ta
CHCTeMa, B KOTOPOR MOKOHTCA HEHTP Mace; mepBas CHCTeMa pac-
CMAaTpHBaJach Bblllle, BTOpasi PaBHOMEPHO H MPAMONHHEHHO OBH-
KeTCsl OTHOCHTEJbHO mepBoit co ckopoctbio V. Ilepexon ot oxmoit
CHCTeMBl K JApYrofl H3MeHseT ONHCAHHe MABHKEHHS NEHTpPa Macc,
IBHXKEHHE «OTHOCHTE/JbHON HAaCTHUH» OCTAETCS HEH3MEHHBIM.

Onpenenenne addekTHBHOro ceyenus, AaHHoe B § 2, He o6s3a-
TeJIbHO MOpeAmojiaraer, 4TO 4aCTHLE MHIUEHH MepPBOHAYAJbHO €O-
KOHTCH.

OrmeTnM, 4TO ManaloUHE MOTOK, BXOASAILUKA B 3TO ONpeleseHHE,
eCTb MOTOK YaCTHI, OTHOCUTEAbHO MHEIIECHH; 9T BEJHYHHA HE 3aBHCHT
oT BEIOpaHHON cHCTeMBl OTcYeTa. MOXKHO ompefeniuTh 3PdeKTHBHOE
ceyenne o(2) B cucTeMe LEHTPa Macc, MOAOGHO TOMY Kak ompe-
neasnoch 3ddekTHBHOe ceueHHe 0;(Q) B snabopaTopHOM cCHCTeMe
AL TOrO Ke npoiiecca. Beanunna 6(Q) papHa YHCaY 9aCTHIL THHA 1,
HCIyCKaeMblX B CAMHHIYY BPEMEHH Ha eJHHHIY TeJEeCHOr0 yria B
HampaBJieHHH €}, KOrja yacTuHna THna 2 GoMGapaupyeTcss OTHOCH-
TeJIbHHIM MOTOKOM YAaCTHI, THOA |, PaBHBIM eAHHHIlE, NPHUEM BCe
Ha6JII0IeHAS] IPOU3BOAATCS B CHCTEMe IEHTpa MacC H yribl pacces-
HHS TaKXKe M3MepAITCS B 3TOH CHCTEMe OTCYeTa.

K3 aroro onpepenenus caenyer, 4to

0 (Q) dQ=0, (Q)) dQ, (22)

rie ;— HanpaB/eHHe JBHXKEHHS PacCesTHHOH uacTHmel |1 B Ja-
6opaTOpHOH CHCTEME OTCYeTa, eclM B CHCTEME LEHTPa Macc OHa
ABHXKeTCs B HanpawieHnn Q. OTMeTHM paBEeHCTBO HOJHBIX 3ddek-
THBHBIX CeUeHHH

Onoan = S Y (Q) dQ == O nomm-

dto, pasymeercs, Obl0 ICHO a priori, u60 noaHOe 3ddeKTHBHOE
CeyeHHe JaeT MOJHOe YHC/O YAaCTHIl, PACCESTHHBIX Ha eNHHHIY Na-
Aaollero [OTOKa, 4 3Ta BeJHYHHAZ He 3aBHCHT OT CHCTEMBl OT-
cyera.

Benuuuna () no cpaBHeHHuIo ¢ 6,(Q)) 60Jee HemOCPeACTBEHHO
CBSI3aHa C TPEXMepHOH 3ajfauell O PacCesTHHH <«OTHOCHTEJLHOH ya-
CTHUBl» mnoTeHuHanoM V(r). [leficTBHTeNBbHO, B CHCTEME [I€HTpa
Macc Hanpas/eHHe JABHXKEHHS 4acTHUB | coBmajaer ¢ Hampasie-
HHEM JBHIKEHHS «OTHOCHTEJNbHOH 4YacTHUbly (4acTHUZ 2 ABHKeTCH
B IPOTHBOMNOJOXKHOM HanpasJenuu). IlockonbKy, Kpome Toro, ma-
Ha0muH MOTOK «OTHOCHTENbHON YaCTHLBI» 1O OTHOUIEHHIO K CHJO-
BOMY HeHTPY (r == 0) paBeH magampieMy HOTOKY B Halllefi 3amaué
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0 paccesiHuH, BeJAHUHHa 0 () ecTb 3 deKTHBHOE CeueHHe PAaCCesTHHs
«OTHOCHTEJIbHOH 4YacTHNBI®» B HanpaBieHun L, 1. e. auddepen-
nuaabHoe 3(h(hEeKTHBHOE CeUeHHE PACCESIHHs B HampaBJeHHH 2 4a-
CTHIIBI C MaCCOH m M HAYaJbHOH CKOPOCTbIO ¥ HA moTteHnuagae V(r).

2,=(6,,p)
g
@)
. m
7
v v 7V L
m,o——-—)»————M >

Ao cmonksobenus flocne cmonkuHobexig

6) 9[ = ( g > ?)
fTocre
CINONIKHEBEHUS
U- V U
————— O tmO—
m, M , M
My
Ao cmonkHobenus v

Puc. 31. a) CronkHoBenne B jga6opaTopHoii CuCTeMe (V=%‘—v); 6) 1O :Xe

CTOJIKHOBEHHE B CHCTEME LEHTPA Macc.

B uwacrHocrn, eciu noTeHuman V(r) acHMOTOTHYECKH CTPEMHTCS
K Hymwo Geictpee, yem 1/r, ypaBHeHne lllpenmnrepa ans «OTHOCH-
TeJbHOH YaCTHIIBI»

[~ At V()] ) = Ep (1)

ob6aajzaer coOCTBEHHBIM pellleHHeM ¢ 3Hepruell E,, acuMnToTnYecKas
¢dopma KOTOpOro HMeeT BHI

et + (@)

rie E, = 1%2%/2m, k=mv/hi =m 3R, /M, k) — HauannHbI# BOJHOBOM
BeK10p B JabopaTopHOH CHCTeMe KOopAWHAT. B atoMm caydae

o (Q)=|[(Q)F

ikr
’
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Yro6nl mepeliTH OT 3TOro BhpaxeHHA®) k 3deKTHBHOMY ce-
yeHHI0 01(RQ)) B n1260paTOpHON CHCTeMe KOOpAMHAT, HeoO6XOAHMO
HalTH cBA3b Mexay Q m Q). B kauectBe nossapHoit ocm B 06eHx
cHCTEMax OTCUeTa BeIGepeM OCb, MapaielbHYI0 HanpaBJeHHIO [BH-
xkeHus. Ha puc. 31, a npeacrasiieHa cxeMa CTOJKHOBEHHS B sabopa-
TOpHOH cucTeMe, a Ha pHC. 31,6 — cXeMa TOr0 e CTOJKHOBCHHS B
cucTeMe meHTpa Macc. HauanbHele H KOHeuHble CKOPOCTH IBYX
qyacTHy B chepuueCKHX KOOpJAHHATaX NpeACTaBJeHB B clefymoliell
TabauIe.

Havajqbuhle CKOPOCTH Koneunble CKOPOCTH
1 2 1 2
JlaGoparop- v (v, 0, 0) 0 vy (v, 01, @1)| vz (U2, 02, @)

Hada CuCreMa

Cucrema v—V (v—V,0,0) | =V (V, %, 0)| v (v, 6, ¢) |v" (v, n—6, p-m)
HeHTpa Mace

m
V=i, v’
m, +my

m. m
= — V=t 0, "=V=_—l_g.
m,+ ms mg+m,

Hanpasnenne (0;, i) cBs3aHO ¢ HanpasaeHueM (0, ¢) BEKTOPHHIM
paseHcTBOM 1°)

v=v +V, (23)
T. €.
¢1=¢, 0;8in0,=10v"sin®, v,cos0;=0v"cos@+4V,
OTKyna
to 0, — sin 0
gh = cos0 1T

9) Bce 3TH BBIYHCJEHHS COPaBEAJHBE TOJBKO B HEPEJATHBHCTCKOM OpHGJH-
kenud. OHAKO TMOHATHE CHCTEMEl LEHTPa MacC COXPaHAET CBOW CHIYy H B DeJs-
THBHCTCKOH MeXaHHMKe: 3TO CHCTeMa OTCYeTa, B KOTOPOH MONHHHA HMIyJbc (HM-
OyJabc yacTHUH | - HMMyJBC wacTHUH 2) paBed HyMo, Ilepexon OT CUCTEMH LEH-
Tpa Macc K nabopaTOpHOfi CHCTeMe OCYL[eCTBIAeTCS nMpeoOpa3oBaHHAMHE JlopeHua.
B HepeJATHBHCTCKOM NpHONHMKeHHH Npeo6paszoBanHs JlopeHIa mepexXomdT B Ipe-
obpasoBanus [anHuaes, T. e.

r,>r,+ Vi, p,>p;+ ml.V.
19y Cpsasb Mexay HanpasienusivH (8: @) u (0, @) ompemensierca pasen-
cTBOM v3 == v” 4 V. [lockonbky v” = V, HeTpynHo mokasath, 410 Op = 53 (n—9),
P2=0 + W,
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HJIH .
cos 0, = i ;:Sco:é :_ p ; (24)

B OTHX BHIPAXKEHHSXK Mbl NOJOXKHIHA
== V[0 = mfm,. (25)

BekropHyio cymMy (23) MOKHO npeAcTaBHTb rpaduyecKH, Toria
cooTHollenHe (24) nerko HOJNyYHTh K3 uepTexka (puc. 32). Bo3moxk-
HBl [Ba cJyuas:

M

Y7 A 4 e

<7 . =] 7>7

Puc. 32. l'eoMerpuyeckoe nocrpoenue 0, B zaBucuMoctH oT & OAd=r1, OM =1
(v=V/v" = mi/ms).

a) 1<<1 (mi<<my). ¥Yrom 0, MOHOTOHHO YBeJIHUHBAETCS OF
0 1o =, xorma O yBeauumBaerca oT 0 mo ;. 3aMeTHM, 4TO

;—8<61<8 npr qawbom 0. B npemene m; €« my; umeem 0;~0

(ueHTp Macc NpaKTHUeCKH COBNafaeT ¢ YaCTHIEH 2, T. e. ocraercs
HEenoJBHKHHM B 1a00paTOpHOH CHCTeMe).

6) t>1 (my>ms). Korra 0 ysenmuusaercs ot 0 mo m, 6
CHauyaJia yBesiHuuBaeTcd OT 0 10 HEKOTOPOH MakCHMaJbHOH BesH-

o .1
YHHBI, MeHbIeH 1t/2 (Blmax=arcs1n7), 3aTeM yroa 0; ymeHb-
maercss OT Oymax 40 0. KaxaoMmy 3HaueHHI0 0; COOTBETCTBYIOT,
TakuM o0pasoM, ABa 3HaueHHs 0: 6. u 0., CBA3aHHble MeXAY
. 1
coGoit cooTHoutenneM 6, = (6<+- 05 —x); Kaxmomy us srTHX

3HaueHHHl COOTBETCTBYIOT [ABa DA3JMYHLIX 3HAYCHHS U, NpHYEM

MEHbLIeMy 3HAUEHHIO YIJa COOTBETCTBYeT 60Jbllee 3HAYEHHE Uj.
Korga v =1 (m; = ms), uMeeM npocto 0; = 0/2. '
W3 coornourenns (24) noaydaem

d (cos 8,) _ !4 Ttcosb
d (cos 6) (1 4 27 cos 0 + 77) 2
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H HOCKOJIBKY
dQ; | d{cosb)
dQ " | d(cosB) |’

HAXOAUM, MPHMEeHSII COOTHOLIeHHe (22):

dQ 1 4 27 cos O -+ 72)'
o1 (@) =0(@ s =LFESED g (p)

Paspgen II. PACCESHHE HEHTPAJIbHbIM NOTEHLHAJNOM,
$A30BbIE CABHIH

§ 8. PasnoxeHue no nmapuuadbHeiM BoJHaM. MeTon ¢asosbix
CABHIOB

PaccMoTpuM paccesiHHe 4YacTHUBl YEHTPAALHO-CUMMET PULHbLM
norenyuaron V(r). HAns swruucaeHunss 3p¢peKTHBHOrO CEYeHHS He-
006X0AHMMO HAHTH aCHMOTOTHYECKYIO (OPMY CTAIIUOHAPHOH BOJIHEI
paccesinus . C 310it nesnio Gyjgem peuatsh ypaBHenue [lpeaunnrepa
B c(hepHUeCKHX KOOpAHMHATAKX.

Hanpasienne HaualbHOro BOJHOBOTO BEKTOpa B B JaHHOM Cay-
uae sABJSETCS OCbI0 BPAIATeJbHOH CHMMETPHH 3apaud. Ecim BH-
6patb 3TO HanmpaB/eHHE B KauecTBe NOJIADHOA OCH, TO BOJHA  H
aMNJIHTy4a paccesiHust f He GyAyT 3aBHCETb OT yria ¢. Pasjioxum
3TH BCJHUYHHBl B PSB! IO noJuHOMam Jlexanjpa:

b(r, )= y—’r(-'lp, (cos 6), @7)
1
F©)= 2 1Py (cosb). . @)
Brenem caepywinne o0003HaYeHUS:
e=k=2"EF U@n=2"v(),
Tor,ua Y1 €CTb peryJisspHoe pelliecHHe PanaHaljJibHOrO ypaBHEHHS
[+ (c—v o -]y =0 (29)
¢ ACHMITOTHYECKHM IIOBEAEHHEM
Yi 3. sin (kr ——%n + 61) . (30

®azopble caBuru O, onpesensioTCs eJMHCTBEHHbIM 006pa3oM mo pa-
AuanbHoMy ypaBHenuw. [locrosinHas a; nonxkHa ObiThb BHOpaHa
Tak, 4To0bl (QyHKuHsA $(r, 0) HMesa HaAJeXKalyi aCHMOTOTHYE-
ckyo popmy. Iloubsysacy pasmoxennsamu (IX.35) n (28), MoxHO
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BHIPA3UTh ACHMOTOTHYECKYIO (pOpPMY ) B BUAE Psild MO NOJHHOMAM
Jie:xkaHLpa:

[+ 117, (o) + 1,2] Py cos 6).

Eciam yuecTb TaKike aCHMNTOTHYECKoe BHpaxKeHue and ji(kr), 1O
MO¥HO [epenucaTb 3TOT pAn, pasiensis CXoAdllHecss H pacxond-
[yecsl BOJIHEI, B (popMme

rp(r, 0)~ Y [(—1y+t Zbtemur 4 (2L 4 1) eivr] Py (cos 6).
1

B acuMmnToTHueckol obsacTd GYHKIHA y; AoJKHA OHTb paBHa BHI-
paxeHHI0 B KBaJipaTHHX CKOOKax B npaBol 4yacTH 3TOR QopMyJHL.
310 ycnoBHe (HKCHpPYeT @; OAHO3HAUHO M TO3BOJSIET BHIPA3UTH fi
Kak GyHKnH (a3oBwX casuros. [locremoBaTteibHO HMeeM

241 o LES
! e, fi=

=i ¢1sin g,

tloncraBadas mnocieaHee cooTHolleHHe B (28), HaXoAHM HCKOMOe
BLIpa:KeHHe

= Z 21 + 1)8161 sin 61P1 (COS 9), (31)

3nech K— HauyaJbHa# AJuHHA BoJHH (k= 1/k).

[TonesHo cpaBHHUTL aCHMITOTHYECKYIO (GopMy yifr, T. e. Ko3d-
(bunHeHTa Dpa3joxeHHd 1O mnoJuHoMaM Jlexauzapa GyHKuuH P,
COOTBETCTBYIOLET0 MOMEHTY HMIIyabca [, C COOTBETCTEYVIOLIUM KO3~
GbunHeHTOM Da3JioXKeHHsd TAOCKOH BOJMHH  &*, a HMeHHO

(21 4 1) itjy (kr):

Yy @ +1) - 216
—;—~—W((——1)’+‘e ikr | o™p1tr),

. A 41 —i
@1+ 1), (kr) ~ T (=) e 4 ™),

O6e 5T QyHKUHH, KAK BHIUM, SIBASIOTCS CYNEPHO3HIHIMH CXOJA-
Ielics H pacxondineiicss BOJMH paBHOR HHTeHcHBHOCTH. Cxoasuiuecs
BOJIHE, OYEBHAHO, OJHHAKOBH 1A ob6enx ¢yukuuii. OgHarko ujeH
pacxoasmieiics BOAHB B CTANHOHAPHOM COCTOSHHH pacCesHHsl OT-
JHYaeTcsa OT COOTBETCTBYIOHIErO 4JeHa B UJOCKOR BOJHe (a30BHIM
MHOXHTeNeM exp(2i8;): sausdnue pacceusarouye2o NOTeHUYUAALL C80-
durcsa K cOsuey (aser Kaxdoi napyuarbHoll pacxodsujelica 60AHbL.
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JnddepennnanbHoe >(QGheKTHBHOE cedeHHe pacCessHHs MOJY-
ugeTcst KAaK KBaApaT Moayasd QyHkouu [(6):
o (Q)=x ) @+ 1+ 1)e Ot sing, X
L
X sind;P; (cos 8) Py (cos B). (32)

Hnrerpupys mno yraam (6, @), nonayuaeMm nofdHoe sGdeKTHBHOE
ceuyeHHe. YUHTHIBAS COOTHOIUEHHS OpPTOTOHAJbHOCTH MNOJHHOMOB
JlexxaHnpa, MOJNHOE ceyeHHe MOXKHO BBIPA3HTb B BHAE PAAa

Ooms = ATK2 IZ (21 + 1) sin2 §;, (33)
=0
Ka)KILbII:I yjJeH KOTOoporo
0;==4n (2] + 1) X?sin?§, (39

JaeT BKJaJ B paccesiHde MapIHaJbHOH BOJIHB C MOMEHTOM HMIyJib-
ca I. OTMeTHM HepaBeHCTBO

o, < 4n (21 4 1) R2 (35)
MakcuMmaibioe 3HaueHHe G; AOCTHTAETCS MpH
6= (4 12)n (n — nenoe uncao).

§ 9. Kpa3snkjaccuueckoe npejcTasiieHHe paccesHusl.
MpuueabHbiit napamerp

PaccMOTpHM paccesHHe KAACCUHeCKol YaCTHHB B IMOJE I[eHT-
panbHOR cuanl. Eciu sHeprusa majamollell YacTHHH (HKCHPOBaHA
E = p?/2m, To Kaxpas TPAeKTOPHA XapaKTeDH3yeTcsl CBOMM IpH-
neabHeIM napamerpoM b, onpene-
JAeMBIM KaK pacCTOsHMe OT CHJO-
poro ueHrpa C g0 npamof,
MOJIOXKeHHe  KoTopo#l  ompeaens-

Tpaexmaopus

Po_ e ——— €TCAd HauaJbHbIM HMIYJbCOM Py
Ib (puc. 33). IIpu TakoMm CTOJKHOBe-
% HHH MOMEHT uMmiynabca L aBasercs

MOCTOSIHHON [ABHXKEHHdA, npuyeM b
Puc 383. Paccesmue wnaccuueckofi ~INPSMO NpollopuHoHaneH L
yacTHllel Ha CHJAOBOM ULEHTpe C;
po — HauanbHu MMIYIbC, b — npH- L=bp.
UETbHBIH TapaMerp. Ecin mose cun  MMeeT OrpaHH-
" YeHHBI paauyc JAe#dcTBHA  rg:
V{(r)=0 pas r > ro, T0 mazgaiolllag YacTHIIA HCOHTHIBAET OTKJOHe-
HHe TPaeKTODHH NpH b < rp U He HCNBITHIBaET ero mpu b > ry. OT-
KJOHSIIOTCA YaCTHLH C [OCTATOYHO MAaJbiM MOMEHTOM HMIyJbca.
CroJIKHOBeHHEe B KBAaHTOBOH TEOPHH HMeeT CYILeCTBEHHO HHYIO
NPUPOAY: 3TO B OCHOBe CBOeH sBJeHHe paccesHHs BoJaH. OpHaKo
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B TeX cJyyasiX, KOT[a paCcCeHBAIOHIMA NOTeHIHaJJ OKa3biBaeTcd
npeHe6peXxHMO MalbiM Ha PACCTOSHHAX, NPEBLIIAIOIHX HEeKOTOPHIH
paguyc ro (npuyem He Tpebyercsa TOYHOro obpaiuieHHs B HYJb),
KBAHTOBOE paccesHHe HMeeT MHOrO oflero ¢ sBJeHHeM paccesHHd
nyuka KJaCCHUeCKHX 4YacTHIL [OTeHIHAaJOM KOHeyHoro pajHuyca
neficTeust ro. Kak obujee npasuro, 8xaald 6; napyuansrol goarst |
npenebpexcumo maarl'), ecau IK>> ro; ecnum xe [Kh<rq, TO 3Ta
BeJIHUHHA MOXKeT IIPHHHMATh Bce 3HaueHHd oT O 10 MaKCHMaJbHOTO

12 2 T 1 T 1 1 T T | T i T
L5 ph20p) .
/,0 ~ 'I,"'\‘
T
! i
‘ 1
I i
] \
1 i
] 1
A
a5+ \
! 4
/ ‘\‘
1]
i \
/ \
;
0 ! | e
v 2

Puc. 34, I'padpur dyukuuu pzj12(p) ana [ =0 (xpusas [}, 3 (kpumast 2) u 6
(KpHB'aﬂ 3).

snavenus: 4m(2[ + 1) X2 CornacHo 3TOMy NPAaBHJY CyLIeCTBYeT He-
KOTOPOE CXOACTBO MEXAY BKJIaJOM BOJHHI [ B pacCefiHHe KBAHTOBOH
yacTHnbl H BKJAAJOM UYACTHI ¢ NDUIEIbHHIM [apaMeTPOM MexKay
Ix u ({4 1)Ix, 1. e. MOMeHTOM HMOyabca ot /i no (/4 1)h, npu
paccessHHH Iy4Ka KAaCCHYECKHX YACTHIL.

3To npaBHIO0 OCHOBAHO Ha CJelyIOlleM NMOJYKTaCCHYeCKoM pac-
cyxaenny. Ilagaomas BoJMHA npeAcTaBAseT CoOOR Cylepno3HIHIO
cepHueCcKHX BOJMH C 3aJlaHHLIM MOMEHTOM HMIy/bca. PaguanbHasn
4acTh uJleHa, COOTBETCTBYIOLErO MapuHANbHON BoJHE [, IPONOPLHO-
HajbHa f;(r/X), chenoBaTeNbHO, OTHOCHTeNbHAas BepPOSATHOCTH Ha-
XOXKIEHHA 4acTHu B cdepuyeckom cjaoe (r, r-dr) paBHa

%3 (r/X). Dra BepOATHOCTh OYEHb Mana, MoKa r < AITFTI) K, u
Konebaerca mexay O u 1, korna r > A/I(I+1) kX (cm. puc. 34).

11y 1o npapuio He ABAseTCA a0COMOTHHIM; MB BCTPETHM HCKJIOYEHHS H3
HEro IpH PacCMOTPEHHH Pe30HaHCHOTO pacCeanus B § 14.
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Ecau ro < [k, To BOJHA NPAKTHYECKH He NpOHHKaeT B ofnacTh
JefiCTBHA [OTEeHIHAJa H [03TOMY He HCIHTHBAET ero BJHAHHUS.

D10 paccyxAeHHe He ABAseTcs crporuM. Bosee TouHble pesysnb-
TAaThl OTHOCHTeJNbHO cXomuMoctd psifoB (31) u (32) Gyayr npuse-
Jdensl B § 12. Ho kak 6B To HH OblO, MeTOX (a30BHIX CABHIOB
ocobeHHO ynoGeH NpH BLIYHCAeHHH 3((EeKTHBHEIX CeueHHH B CJy-
yae, KOrfla pajuyc AeHCTBHA NOTeHIHaNa He NPEBOCXOJAHT HECKOJb-
KHX IJIHH BOJIH.

Pasgen III. MOTEHLHAJN OTPAHHYEHHOTO PANHYCA
DERNCTBHY

§ 10. Casur da3pl u JorapuMuveckass npoU3BOAHAN

IpennonoxuM, 4to nmoteHnuan V(r) oT/HYeH OT HYJS TOJNBKO
B HeKOTOpDOH orpaHuyeHHo#i obaacte npocrpaHncrsa: V(r)= 0 npn
r > ro.

[lycth g, — 3HaueHHe B TOUKe ro JorapudMHYECKOH TPOHM3BO-
HOJ pery/ifipHOro B HayaJe KOOPIHHAT pellleHHs pPajiHaJbHOTO ypas-
HeHus (29):

r dy,

ql=—‘l; dr r—re (36)

(3To ompejeneHHe OT/NHUAETCH OT OOBLIYHOrO MHOMKHTeNeM 7). Ml
3HaeM, UYTO §;— MOHOTOHHO YybGuiganowas Gyukyus 3Hepezuu
(§ IIL.8), meranbubiil BHA 5TOH QYHKUHH 3aBHCHT, eCTeCTBEHHO, OT
¢opmhl norenunana V(r).

OnmHako ycloBHE DaBeHCTBA HYJNI0 TOTeHIHAna IPH r > ry
MO3BOJIIET YCTAHOBHTL COOTHOLIEHHe MexAay ¢ U O; KOTopoe He
3aBHCHT OT KOHKpeTHO# dopmbl moreHnuana V(r): 3anaHusa q; no-
CTAaTOYHO AJIS OfipefefieHHus] aCUMITOTHYECKOrO NOBENEHHUs pellleHHus,

B nanbHeflmeM npeanosiaraeM, YTO HOPMHPOBKAa Y; BRIOHpaeTcs
TaK, YTOOH

Y = sin (kr — [nf2 + §)). (37N
TlosroMy Bo BHemHelt obsacTu
y; = kr[cos 8;j, (kr) + sind,n; (kr)] (r>ry).

JIns nanbHeANHX BHKJAOK yno6HO BBecTH oGo3HaueHHe §= kr
H BBECTH CXOAfUIMeCS H DaCXOASMIHECT BOJHBI

w® (&) =g [n; €) = ij, (B)] =EA® (©),
BPOHCKHaH KOTODHX He 3aBHCHT OT £ H DaBeH

u“’;dg Ut — _d‘fg_ wo) = 2i, (38)
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Bo BHemHe#dl ob6aactu
1 is i
e ()80 (=) i8
y1=; (u{Pe”™t — uf~e )= Im ufPe" (r>ry). (39)
YcanoBue HenpepblBHOCTH JOTapH(MHUYECKOH NPOHU3BOJHOR B TOUKE

r == ro J@eT COOTHOILIeHHe
+
L (dug ))
N

id .
L)
t E=kry

7=t (40)

Ime

3TO U eCThb HCKOMOE COOTHOLIeHHe MexAy q; H &,

Yro6el mnpeAcTaBHTL HaHHOe COOTHOUIeHHe B Gosiee yAOGHON
¢dopme, BBegeM 0003HAUCHUSA:
:Frcl

V

u(*)
u(i) )lg o = g, (1)

s ypasHenns (38) caenayer (cMm. 3anauy 3)

1
| 4®) (kro) | = -———0: , W (krg) =

Im g{t) = kryv,.

3ech U, — MONOXKHUTENbHAN BeJHUYHHA, He INpeBocxoasmas 1, ona
Ha3blBAETCH (YAKTOPOM NPOHUKHOBEHUS.
B arux of6o03HayeHHsIX ycjoBHe HenpepwiBHOCTH (40) 3amuchi-
BaeTCH TaK:
=)

. . 4y 4q;
206, — p2iT
hr=¢e =
9, — g\
HIH XKe
o =1, + 0, (42)
rpe
kryv,
p,=arg(q,— ¢{7)= arctg ————— . 43
1 (l 1 ) q[—Req§+) ( )

Mu BufuM, 4To $ha30BHIH CABUT §; BHIpA:KAeTCHd B BHAE CYMMBI JABYX
4/1eHOB, H3 KOTOPHIX IIePBBIH, T;, He 3aBUCHT OT KOHKPeTHOR QopMbl
pacceuBaroulero MOTeHNUHANa, a BTOPOH, p;, 3aBHCHUT OT Hee Hepe3
g, COTJIaCHO ypaBHeHHIO (43).

3aMeTuM, MexAYy IpPOUYUM, 4TO

sin p,

y;(’o)=777-

(44)
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§ 11. Casuru a3 npu HU3KKHX aHeprusx (K—- oco)

3uas noesegeHHe chepHueckux ¢yukuuii Deccens mpu Mmanwix
3HaueHHsX apryMmeHTa (ypaBHeHHe (bB.52)), MoxHO H3 ypaBHeHu#l
(42)— (43) naiiTu moBeneHue §;, Korjia kro < [, T. e, UM NPH OYeHb
MaJbIX SHEPTUSX HJAH NpH OUeHb GOMBIINX 3HAUYEHHSIX MOMEHTA4 HM-
nynbca. JlefcrBuTenbro, ecnd kro < [, To

- (kr0)21+1
R C T T 7 e TR

b 21
v, :[—(27(-5%,,-]7 Regt'~—1+4 0 (k23

(45)

(sTH BHIpaxKeHMs CnpaBeANHBH H 1upH [ == 0, ecau kro < 1).

PaccmoTpum nosenende 3pdeKTHBHHIX CeYeHHil, KOrga >Heprus

4aCTHUL CTPEMHTCA K HYJo. [Ipy sTOM BeillecTBeHHas! BeJUYHHA (;

YBeJAHUHBAERTCA A0 HEKOTOPOTO NpefefbHOro 3HaueHud §i. B obiem

cnydae §; %= —I, Tak yTo Ga30BHA CABUT §; CTPEMHTCS K HYJIO KaK
k241, Haxomum

[+ 1— q‘l (kr0)21+1
B0 144, @+Dr—nu’

Takum obpasoM, aMnauTyaa fi, nponopuHoHanbHas §;/k, cTpeMUTCs
K HyJio Kak k2. CjenoBartenbHO, B IIpefiefie OYeHb MasbiX 3HeprHil
s(h(eKTUBHOE CeyeHHne CTAHOBUTCA H3OTPONHBIM, TaK KaK BCe nap-
LHaNbHBlE CeYeHHs O; CTPeMATCs K HyMO Kak kY (ypasuenue (34)),
KpPOMe CeyeHMs S-BOJIHEL Gop, KOTOPOE CTPEMHTCH K HeKOTOpol mno-
CTOSIHHOH, BoOOllle TOBOPHA, OTJAHYHOH OT HyJi.

Ilo onpeneneruio Oaunoll paccesHus HasbIBaeTcs BeNHYHHA

T S S
a=—lim f,= —lim 2 (1 %)ro. (47)

(46)

JlnuHa paccesiHHSl @ moJydaercs IPH pellleHHH PafHaNLHOTO ypas-
HeHHs, COOTBETCTBYIOLETO HYJNEBOH SHepTHH:

[+ — v )]sw=0.

310 paccToAHHe OT Hayala KOOPAMHAT MO TOYKH, B KOTOPOH
acHMIITOTa Yo NepecekaeTr ocb r. B mpenesne oueHb MajblX 3Hepruil

Onom = O = 4ma?,

Ecnu okaxercsd, 4To §; == —I[, To OpH CTpeMJIeHHH SHEPIHH K HyJIO
amunuryna f; BefeT cebsa kak k%2 (kpome cayuas [ = 0, Korga u3
do =0 cnenyer fo ~ i/k). ToBopAaT, uTO MMeeTCs Pe3OHAHC C HyJe-
Bofi sHepruefl B cocTosiHWH [. [lpexpliecTByIOHIHE BLIBOALI NOMKHbI
6HITh H3MeHeHH chaenyomuM obpazoM. Ecan aro pesonanc s(/ = 0),
TO @ 6eCKOHEYHO H Gnoan CTPEMHTCH K GeCKOHeyHocTH xak 1/E. Ecan
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370 pesonanc p(l = 1), to f(8) umeer Bux —a -+ b cos 0, a 3pdek-
THBHOE ceueHHe 0CTaeTCs OrpaHvdYeHHBIM, HO He sBJfgeTcsl H30TpOl-
ppiM. Ecau ke pesonaHc uMmeer GoJiee BLICOKHE MOPSLOK, TO OH He
BJHAeT Ha 06lllee noBefeHHe 30D (eKTUBHBIX CeueHHH B nperene Ma-
NbIX 5HEpPrui.

§ 12, MapunanbHeie BOAHbI GoJee BBLICOKOro mopsajka.
Cxopumocts paga (I— o)

AcuMnrotuueckue opMyas (45) [O3BONAIT TaKkKe HAHTH
ACHMITOTHUeCKHA BHA (a30BBLIX CABHIOB BHICOKOTO NOPAAKA OpH
3alaHHOM (HeHyJleBOM) 3HadeHuH sHeprud. Ecmu [ 10CTaTouHO Be-
KO, BLIpaxKeHHe 1

I
B_U@)— D
ocTaerca oTpunarenbHbiM B HHTepBane (0,7¢); crenoBaTeNbHO, pe-
menne y; ypasHeHus (29) B 3ToM HHTepBase BeieT ce0si SKCNOHEH-
IMaNbHO: BeJHYMHA §;, OUEBHJIHO, HOJOXKHTeabHA, KpoMe TOro, npH
[>> kro MOXHO HCIOJIB30BAThL BHpameHus (45) # BBHAY TOTO 4TO
g; -~ | HecOMHEHHO OTJHYHO OT HYJ, HOJNyyaeM Cielyloilee acHMII-
TOTHYecKOe BhipaxeHHe, cxonHoe ¢ opmynok (46):

l+ l—ql (kf0)21+1
% I+gq Q@—hu@+nn:

o (48)

Bripawxenue (48) ompeaenser CKOpOCTb CXOAHMOCTH DPasJOxeHHs
M0 napUUajibHBIM  BOJHAM B CJyyae, KOrAAa pacCeHBAIOLIUH
noTeHNHaJsJ WMeeT orpaHHyeHHBbIH pagHyc nefCTBHA. JTO MOATBEP K-
naeT OouneHKH 10 NOPAAKy BeJHUYHHBI, clenaHHble B § 9.

§ 13. Paccennne Ha TBepaoit cdepe
Ecan moTeHIuan OrpaHHYeHHOro pajanyca AeHCTBHA COOTBETCT-
ByeT noTeHNHany TBepao# cheprl
400, ecnn r<r,
V(=
0, ecam r>ry,

to Bce Gopmyan § 10 ympomarorca. BosHoBas (yHKUHS AOMKHA
obpamarecsi B HyJAb Ha moBepxHocTH chepnl, T. e. yi(ro)= 0 npH

n1066Ix [(g; = — o0), 4T0 Raer (ypaBHenue (44)) o =0, T. e.
8, =T, =argui”. (49)
TTocae cOOTBETCTBYIOMNX BHYHC/AEHUA nosyyaeM
W=mw+n Iy (kry) (50)

k? i2 (kro) + n? (kro)
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H, B YaCTHOCTH,
. o f sin kry )2
oy = 4nrg )
ITpu oueHp Ma/NLIX SHePrudX, B COrIACHH ¢ pesyabTatamu § 11,
audpdepennuanbioe s¢pGeKTUBHOE CeUeHHe CTAHOBHTCH H30TPOIHBIM,
1 noJHoe 3¢ deKTHBHOe ceueHHe HMeeT Npejen

lim 6,05 = lim 6 == 4r?, (51)
k>0 k>0
COOTBETCTBYIOIIHH AJIHHE pacCesiHus @ = r,.

Ilpu Bo3pacTaHHM SHepPruM BKJaj NapUHANbHBIX BOJH BHCOKOTO
HOpsilka CTAHOBHTCH Bce GOJlee 3HAYHTENLHBIM, a AHH3OTPOMHS pac-
ceAHHda — Bce Oonee BhIpaxKeHHOH. IIpH oyeHb GoJbLIMX SHEPTHAX
(X < ro) nuddepenunansutie # nosune ¢ dheKTHBHbIE cedeHHd MO-
IYT ObITh BBIYHC/JEHLI NPH HCHOMb30BAHHH ACHMITOTHYECKOTO MOBE-
nenua byHkuul Beccenst 6onbpmux nopsakoB. TakuMm myTeMm moJy-
yaewm 12):

e 0 )
o(Q) ~ —4"—[1 + ctg? - I (krysin e)] , (52)
lim 6o = 27172, (63)
k>

Hajum ynpollenHoe [0Ka3aTeabcTBO cooTHomerHs (53). 3mas  OyHKUuH
it(8) u ny(E), BeTpyAHO YyCTaHOBHTH NoBeJeHHe GYHKIHH

I
HOEAOR

dra ¢yuxkuua Beger cebs kak E¥+2/(2[ 4 1)11(21—1)!! BOamsn E == 0, 3aTem
MOHOTOHHO paCTeT IO OKpEeCTHOCTH & == [, a 3aTem GeCKOHEYHO OCHHJIIMDYET IO
32KOHY

& (8) =

!
~ sin? —— .
g (E)E_msm (§ 5 n) (54)

[Mostomy B cymme

Onom = . 0, =71 9, @+ 1) g, (kro)
=0 =0

12) Cm. xuury Mopea n Qembaxa, loc, cit, chocka VI.® J(x) ecTb ¢yEk-
unst beccens mepsoro mopsiaka. Tlpu uamenenus x ot 0 po +-oo dyuguns J(x)
cuavasa pacret ot uwyas (Ji(x) ~ x/2), no nepeoro makcumyma Ji(1,84) ~ 0,58,
3aTeM yMeHbIAeTCsl H NEPBHH pa3 obpaimiaercd B Hyab npH X~ 3.83; pajee
QYHKUHA GeCKOHEYHO OCUHJINPYET, COrIacHo GopMyse

2 \' 3n
]1 (x) xf-;’oo (—:?,T) cos (x — 4— .
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BKJIaJ WIeHOB [ > Rrp npeHeOpEXHMO MaJs [0 CPABHEHHIO €O BKJIAJOM WJIEHOB
| << krq, KOTOpHIA MOXKHO Tpy0O OLEHHTb, HCHOJb3Ys ACHMNTOTHYECKYIO ¢opMy
(54), dto Aaer

kr
4n . l
O o kf-;/oo o Z (20 4 1) sin? (kfo— 5} TC)-
=0

DTy cyMMy MOXKHO ONEHHTb, FpPYNIHPYs NONApHO MOCACAOBATE]bHEE YJeHH, 4TO
B mpefene oueHb GOJbIIHX & Jaer

krg

k“’r%
S ldl=—5,
0

OTKyJa H NoJydaercs Bhpawxenue (53).

TakuM 06pasoM, B npenene Manblx AJHH BOJH (kro>> 1) Mbi He
nonyuyaeM 5GE$EKTHBHOrO CEYCHHS paccCesiHMA KAAaCCHYeCKOH yac-
THIH TBepAOH chepoll panuyca ro. ITonHoe KiaccHueckoe sdpdek-
THBHOe ceyeHHe

Oyeq = TUr}

pPaBHO TOJMBKO NOJNOBHHE KBAHTOBOTO Pe3yJnbTaTa B Mpejesie MasbiX
AJHH BOJH., AHanorngHbeiM ob6pasoM, nHddepeHnHa bHOe KaacCHyue-
ckoe 5(eKTHBHOE CeueHHe H3OTPONHO H PaBHO rg[4: oHo COOTBeT-

CTByeT NMepBOMY uJeHy acHMNTOoTHYeckol ¢opmbr (52) ana o(Q).
ITH pesysJbTaThl [OKAa3LIBAIOT, UTO B paccMaTpHBaeMoM cjydae
HeNb3sl MpeHeOpeyb BOJHOBHIM acleKTOM sBJeHHS, TaK KakK naxe B
npeeNbHOH CHTYyalUHH OdeHb MalblX IJIHH BOJIH NOTEHNHAas Hesb3d
CUUTATH MEJJIEHHO MEHSIOWKUMCA B IMPOCTPAHCTBEe BBHAY HAMHUHA
paspeiBa B TOUKe r == ro. HabaonaeMoe siBJieHHe COBepIlleHHO aHa-
JOTHYHO SIBJeHHI0 IH(paKIUH B ONTHKe, Ha 4TO yKasblBaeT Hcce-
noBaHHe acuMmnToTHueckoll GopMbl (52) nudPepenunanbuoro 3¢-
(GeKTHBHOrO ceueHHsl. DTO BhIpa:KeHHe CONEPXHT aBa uneHa, Ilep-
BLIH 4/N€H H30TPOMHOTO «OTpaKeHHS» HACHTHUEH KJIACCHYeCKOMY
nuddepeHnuansHoMy sddexTuBHOMYy ceueHHi0. BTopof,

1 0 .
4 ractg? 5 Ji (krysine),

IBASIeTCd Pe3Ko AHH30TPONHBIM: OH AaeT CYLICTBeHHBIH BKJal
TOABKO MPH MaJbX yriax Mopsagka K/ro; 37O uleH «AHQpaKIHH»
(TeHeBOoe paccesiHHe), CBA3AHHBIA C HAaJHYHeM TEHH OT HJAealbHO
oTpaxawluell chepn Ha MyTH Nafarpouied BOJHBL
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Pasnen IV. PESOHAHCHOE PACCESIHHUE

§ 14. Paccesnne ray6oxoii npsiMmoyroJibHo#
NOTEHUHAJLHOH AMOi

B kauectBe Apyroro mpumepa MoTeHIHAaJa KOHEYHOro pajHyca
nedcTBUS pPacCMOTPUM NPSMOYrOJbHYIO MOTEHIHANbHYIO SIMy H3
§ IX.10. Tlonoxum

B2 BK;

=%m > Vo=

2
5 K*=K;+ k2
H BBLISICHEM IIOBeleHHe Pa3JIHUHBIX NapIHaJbHLIX BOJH B 3aBHCHMO-
CTH OT 3Heprud B cJyuyae OueHb IMybokol #AMb. TouHee ToBOpA,
PEANONI0KHM, UTO

K>k (56)

B sToM cJyuae BeJAHYHHy ¢; B 7paBofl uacTH ypaBHeHHs (43) B
XopolueM NPHOJIHKEHHH MOMXKHO BHIPA3HThb B BHIE

gy = Kryctg (Kry — In/2). (57)

HerpyaHo mpoaHanusnpoBath 0Oiee noBeieHHe §;(E) mpu Ma-
NBIX 3Heprusax (T. e., coraacuo (56), npu E K Vo). [To dpopMynam
(42) u (43) §; 3aBHCHT OT 5HepTHH MOCPEACTBOM BENHUHH T, Krovs,
Regit u ¢, IlepBoie TpH BeNHUYHHBI SBJSIOTCH MOHOTOHHBIMH
byHKUuAME krg (T, yObBaer, ABe Apyrue GpyHKIHUH PACTYT), MpHUeM
HosenenHe MX BOAH3M HyJs olpenensiercd dopmynamu (45),

B aCUMNTOTHYeCKOR ob6mactu (kro > l) BLIPAXKEHHSIMH

kro—>°° (kfo -7 ﬂ)

limv;=1, lim Reg{"=0.
kro>o0 kro>» o

(58)

B wuHTepecywomel HAac o6nacTH sHepru#l 5TH TpH (PYHKUHH H3Me-
HSIOTCSL OTHOCHTENbHO MenseHHo. HamnpoTHB, norapudmudeckas
NPOU3BOAHAS ¢y, KAK 5TO BUAHO H3 (opMmyaw (D7), MeHsiercss GOhi-
CTpPoO, HMes TNPH ITOM CEPHI0 BEPTUKANbHBIX ACHMITOT, CO-
OTBETCTBYIOHIMX TeM 3HEPrufiM, s KoTophx Kro= In/2+ nxn
(n — penoe). PasHocTb sHepruii Mexay COCeIHHMH acHMITOTaMH
paBHa mpHUMEpHO
WK ~ VO (59)
mry Koro *

Korna sHeprus uaMeHsieTcs Ha 3Ty BeJHYHHY, |g;| MOUTH BCrOLY
oKasplBaeTcs NopAakKa HAH Gosabile Krp, TAK 9TO MOUYTH Ha BCEM
HHTEpBaJE

Doy —-

lg; — Re g | > krov;.
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Bropo#t uneH B mpaBofi YacTH ¢opmyanl (42) — p, — ocraercs Ma-
JabIM (C TOYHOCTBIO IO CJIAaraeMoro Am):

kryu k
Yk
Pr ql — Re q([+) =K 3]

B TO :Ke BPeMs a priori HeT HHKAKHX OIpaHHYeHHH Ha BEJHYHHY T,
[MoaTOMYy ClpaBelsHBO NPHOJHKEHHOE PaBeHCTBO §; ~ 1;. PasoBule
C/BHIH TNPAKTHYECKH COBIAJAai0T € TeMH, KOTOpHle HabjojaloTrcs
IpH paccessHHH Ha TBepjoH cepe Toro ke pajguyca. B Gonbluei
yacTH obJacTy H3MeHeHHs SHePIuH IOoTeHUMasa paccedBaeT KaxkKAylo
napnHaJbpHYI0 BOJHY NOJLOOHO TBepAOH cthepe: MBI HMeeM [ejo €
«IOTEHIHAJILHBIM paccessHHeM»; Majalollias BOJHA NPAKTHYECKH He
IIPOHHKAeT BO BHYTPEeHHIOI0 00JacTb NOTeHUHAJIbHOH SMHL.

Onnako cywectByeT HeGoabiiast 661acTh 9HEPruf, OKpyxKawas
Touky Ep, rie g,= Reg{t); nas stoit obaactu

|9: — Re giP| < kru,.

OnpegenuM BeJSHUHHBI

y=— dE (>0 u T=_2kryu,y; (60)

npu 3ToM [ ecTh LIMPHHA yKas3aHHOH of6aactd. 3ameuaeM, uro !3)

T 2 k
—EN—I'I-'—EUZ<<1.

Ipu nameHeHun HEPrHU HA HeCKOJABKO I' B 06e cTopoHwl oT E, Be-
JAuynHa ¢, — Reg{") ymeHbllaercs OT 3HayeHHil, CYIeCTBEHHO Mpe-
BOCXOAAWMX krov;, O 3HaueHMH, CYlIeCTBEHHO MeHbHIMX ~—ERrov;, a
p: OBICTPO NepexOoAMT OT 3HAYeHHH, COCEIHHX C MM, K 3HAYCHHAM,
6auskum (n -+ 1), DddexrTuBHOE CceueHHe o; MPeTepleBaeT Pe3Koe
M3MeHeHHe, JOCTHrasi MakcHMaJjesHOTO 3HaueHHs 4m(2[ 4 1)X2: ro-
BOPAT, 4TO HMeeT MecTto pe3oxanc l. Ilo onpenenennio Ey ects aHep-

13)  JleficTBuTenbHO, coryiacHo ypaeHenuo (57):

dq, [14 220 =1
—_—t = 1 #__]
a&rg — oM T |
(+) 44, >
IMockonsky Kry>> 1 m 'Re q; lé\l, TO K o~ — Krg, koraa E = Ep, orkyna
2 2
Yo ﬁ2 0 '~ 20, 1%k .

mrg mry
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rusi pesoHanca '*), I'— mupuHa pesoHaHca, NpuyeM [ eCTb MPOH3BE-
JleHHe BeJHYHHBl Y, 3aBHCALeH OT obliero NOBeleHHs MOTEHLHAJA
BO BHYTDeHHeH oO6jacTH (H DpaKTHUecKH He 3aBHcsuiell ot [), H
takTopa krov;, 3aBHCALLETO OT NOBEJEHHS BOJHH BO BHelIHeH 006-
Jactd (u majoro mpu Goabuiux [).

O6nacth pe3oHaHCA AOCTATOYHO Maja, TaK YTO MOXKHO 3aMEHHUTh
KpuBYio ¢;(E) ee xacateapHoll B Touke E == Ep, 0TKyZa

r
P afogm- (61)

Hcnonways ycioBHe HenpepelBHOCTH (44) A/ HOPMUDOBKH pajiH-
anpHOM (DYHKUHH BO BHYTPeHHeHd 06JaCTH, HAaXOAHM B TOM Xe IDH-
OJMKeHHH (cnpaBejJIHBOM B HHTepBaJie 3HePrHH, OXBaTblBaiollleM
pesonanc, npuuem I K AE K D):

1 T
VY, AEE— E)}+T
[MpoxoxaeHHe sHepreTHYecKoll obsmacTH pesonanca [ COnpoBOXK-

gaetcsd, TakuM o6pa3om, Pe3KHM yBeJHYeHHeM HHTeHCHBHOCTH MHap-
IHaJbHOH [-BoJIHE BO BHyTpeHHeH 06sacTH MOTeHLHAJbHOH SMHL

Becs aHanu3 3Ha4uTENbHO yupouiaerca B Cjaydae S-BOJHBI, KOTAA

Y= Kpji (Kr)  (r <r. (62)

Tg=—kry, vy=1, Req(()+)=0, go = Krq ctg Kry,
8g=— kry+ arctg (—I]% tg Kro).

Ins byHKUMH Yo HAXOAUM SBHOE BbipaxKeHHe:

{ sin (kr + &) r>ro
= k .
Yo= —2_smKr r<r
«\/k"’ =+ K cos? Kry

C yuerom samenn ~ _nauvemuit (L -»ry K-> Ko nNK—k, EK—>K, @— py—
—m/2) sapava 06 JCeslHMM 3KBHBaJIeMTHA 3ajaue 00 OTpaxeHHH BOJH Mps-
MOYTOJIbHOH moTer .bHOM fMOH B ojHOMepHOM caydae M3 § [11.6 (cayuah
6)) — obcyxmenns .€HHA pe3oHaHCa MOXKeT OHITb MMOBTOpeHo 3jech Ges HaMe-

HeHHH.

§ 15. O6Gr 1 3aKOH PE30OHAHCHOrO pPacCesiHus.
Meracral _.bHble COCTOSHHUSA

SIBneHue pe3ocHaHCa AOBOJLHO 4HaCTO BCTPEUAETCs B MHKPOCKO-
HYeCKOH Q)HSHKC. Pesonancuoe paccesHHe, KOTOpoe MHB DacCMOT-

14) BBHAY NPHCYTCTBHS MOTEHLMAJBLHOTO PAcCesHHsi MAKCHMAJbHOe 3HaueHHe
G; OCTHraeTcsi NPH 3HAYEHHM 3HePruy, HeCKOJBKO OTJIMYAIOUIEMCH OT pe3oHaHc-
HOTO, KOTOpOE OnpefiesisieTcss yCJAOBHeM pr = /2 (¢ TOYHOCTBID [0 CJaraeMoro
nm). MoxeT Jake OKasaThed, UTO B TOUKe Pe30OMaHca T = /2, U 103TOMY O
ofpamaercs B Hyab 0pu E == Ep; Torja npoXOXKjesde pesoHaHCHOH —ofsiactd
aHEPFHH CONPOBOMJAETCH PE3KMM hafenueM fo Hyam dyHkuum o/(£).
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pesii Ha IpHMepe MPAMOYroNbHON NOTeHUHAABHON AMBEL, GyeT HMETb
MecTO H ¢ MOTeHHHaJdaMH APYro# (GOpMH, eCaH TOJBKO B HEKOTO-
poii 06/1aCTH MPOCTPAHCTBA MOTEHIHAJ CTAHOBHTCS DE3KO MPHTATH-
palolliM. BBHIY oco00H BaKHOCTH 3TOro sIBJAeHHS dalum 3]ecCh
GoJee MOAPOGHOE ONHCAHHE PEe3OHAHCHOro paccestHus [-tuma. Mu
no-npexHeMy 6yJdeM paccMaTpHBaTh NMPAMOYTOJbHYI0 MY, OLHAKO
pesy/bTaThl Ge3 TPyla NepeHOCATCss Ha HOTeHuuans Gosee oOLIEro
BHJA, TaK Kak (opma NOTeHUHaJa BJHSAET TOIbKO Ha 3aKOH H3Me-
HeHHS JOTapH(pMHYeCKOH NPOH3BOIHOH ¢.

Pajgu mpOCTOTH H3J0XKeHHS NMPeNNOa0XKHM, YTO pe3OHaHCH [J0-
¢TaTOYHO Y3KH H JOCTaTOYHO XOPOLIO OTAeNeHH APYr OT Apyra, tak
yTO B M3ydyaemoli 06/lacTH 3HEPrHH IPHCYTCTBYET TOJbKO OJHH pe-
30HAHC MaHHOH mapuuasbHON BoJdHBL. Kpome toro, 6yseMm cuurath
5HepPTHIO pe3oHaHca CTOJNb MaJoH, 4TO

kr, < 1 (63)

H 4TO, CJAeNOBATENbHO, BKJAJ0M MOTEHIHAJBHOIO paccesHUs MOXKHO
NOJHOCTbIO NpeHeGpeus '%). MHuMH cioBamH, Bce (a3oBHe CIBHTH,
Kpome §;, MPAKTHYECKH DaBHH Hys10, a (asa §;, kak QyHKuHs Ha-
uyaJbHOH sHepruu E, naMeHseTcs IO 3aKOHY

T
0, ~ p,=arctgm-

CnenoBaTeabHo,
tg 6[ T
[—itgd, = 2(E—Ey)+i’

e sin, =
H aMIJIATYAa paccesHHsl 3anHCHBaeTcssi B dopme

241 T
f(6)~—— B Pl(cose)_?(T:-E-p)—{—_iI"

(64)

Ilpy nNpoXoxAeHHH pe30OHaAHCAa MOLYJAb H INPOH3BOAHAA (hasml
KoMmmjiekcHoH QyHRuHH f(0) 00HApPY>XHBAIOT OCTPhHE MAKCHMYMBI.
HNmMeem

o (@) =11 (6) P = (2 + V2P (cos ) ¥ gy (69)
4 larg F (6)] = %"E—’=-l%-z—(FT§)—ﬁ- (66)

YpasHenne (6b) moKasmiBaeT, uTO BOJH3H pe3oHaHca — B TOH
Mepe, B KaKOH MOKHO MpeHeOpeub 3(h(HeKTOM NOTEHIHANbHOIO
paccestHusi, — yrJoBoe pachpefefeHHe paccesHHs He 3aBHCHT OT
SHEPrHH, a ONpelenseTcsl TOJbKO MOMEHTOM HMIy/abca [; Npu

15) BkJaap 3THX 4jeHoB B 3((dexTHBHOE CeueHHe NOpsaKa 4nr(2), a wiena [-pe-
aonanca B TOuYKe pesoHanca — mopsifika 4m (20 4 1)K == 4n (20 4 1) /R
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3ToM NoJHoe 3 dekTHBHOE ceueHHe, KaK QYHKUHSA 3HEPrHH, ClelyeT
«3aKoHy JlopeHnua»;
1‘2
j— 2
Unomx*—‘ln (21 —I— 1) x m (67)
P

Ianst BrisicHeHHsl cMBICAa ypaBHeHHst (66) ciefyeT BepHyThes K
HCCJIeIOBaHHIO paccesiHHS BOJHOBOrO Iakera, MPOBEAEHHOTO B
§§ 4, 5. B npuHATHX TaM 0603HaYeHHSX MOMKHO HANHCATh

us

L = [arg f O]

14

CuenoBarenbHo, tdopmyaa (66) BrlpaxkaeT 3amasjblBaHue B IPO-
XOXKJIEHUH PacCestHHON BOJHH (CM. CHOcKy 8)). Mul BumuM, 4TO 3TO
3amMas/blBaHHE 3aBHCHT OT HepPrHH Najalomed HacTHUb 1O TOMY
:Xe 3akoHy JlopeHiua, uto M HOJHOe cedeHHe, H JOCTHraeT MakKCH-
mMyMa 2h/T' B Touke pe3oHaHca.

IlonyuenHbie pe3yabTaThl NMO3BOJAIOT ONUCATh fBJEHHE pe3o-
HaHca cjaefgyoouum o6pasom. B ciayuyae sHepru#l, JajekHx OT Peso-
HAHCHOH, Majamolias BOJHA NPAKTHYECKH He NPOHHKaeT BO BHYT-
peHHIOK o6JacTe AeHCTBHS NMoTeHuHana (cp. ypaBHeHHe (62)) H
BCce MPOHCXOJHUT TakK, Kak ecJH On OHa BCTPeTHJa Ha CBOeM NYTH
TBepAy0 cdepy: paccenmBaercss TOJBKO MaJjas (pakuus BOJHHI,
IpHYeM paccesiHHe NMPOHCXOIMT 0e3 3anas3jhBaHMsA (3alasjiblBaHHE
nopsiaka — rof/v). Eciu ke sHeprus yactuubl 6/H3Ka K pPe30HAHCHOH
SHepruy, To Najamuias BOJHA ray6OKO MPOHHKAET BO BHYTPEHHIO
o6GJacTh JeHCTBHs TOTeHIHaJa: INIPH 3TOM 3HAYHTEJNbHasd YacTb
BOJIHOBOIO NaKeTa B TedeHHe NPOMEeXYyTKa BpemeHu mopsizka A/T
yAep:KHBaeTCd BO BHYTDeHHEH 30He, a 3aTeM HCIOYKaeTcs B BHIE
paccesHHOH BOJMHBL DTuM 0ObAcHAeTCH GOJbIIOe Pe3OHaHCHOe 3¢-
¢ eKkTHBHOE ceueHne paccesiHHS. B TeueHne ykazaHHOro npoMmexyTka
BpEeMEHH Nepell HCIyCKaHHeM PacCesiHHOH BOJIHE BePOSTHOCTb PH-
CYTCTBHS 4acTHIE BO BHyTpeHHeH o6jacTu AeHcTBHs IOTeHUHAa/Ja
OKa3blBaeTcss OUeHb GOJBIIOH M MO MOPAAKY BeJIMYMHH DaBHOH co-
OTBETCTBYIOLleH BePOSITHOCTH [Js CBA3aHHOro coctosHusd. OpHako
€CJIM CBSI3aHHOE COCTOSTHHe SIBJSIeTCSI CTAUHOHADHBIM H HMeeT Oec-
KOHeUHO OOJblIOe BPeMsi KH3HH, TO paccMaTpHBaeMoe MeTacra-
Guabtoe COCTOSIHHE HMeeT KOHeuHoe BpeMsl Xu3HH mopsigka h/T.
YuuTbiBasi COOTHOLIEHHE HEONPexeJeHHOCTH BpeMs-3HePrHs, Mb
IPHXOINM K BHIBOLY, YTO TaKoe COCTOsIHHEe He HMeeT TOYHO OIpefe-
JIEHHOH 3HEpPrud H JOJIKHO OHTh IPeJCTABJEHO BOJHOBHIM INake-
TOM ¢ aHucnepchedi mo sHepruu mopsigka I'. Takum o6pasom, Kax-
JIOMY De30HAHCY COINOCTaBJseTcss MeTacTaOHJIbHOE COCTOSIHHe ¢ KO-
HegHHIM BpeMeHeM >kH3HH h/T, npuuem cpejpHee 3HAYyeHHe SHePIUH
COCTOSIHHMS DABHO 2HePrHH pesoHaHca Ep, a JUCIEpcHS 3HePruH
pasHa IupHHE pesoHaHca I,
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§ 16. Haoawoaenue BpeMeHn XKH3HU METACTAOHAbHBIX COCTOSIHHH

[IpuBeenHOe BHIIIE MONYKNACCHYECKOe OnHcaHue PE3OHAHCHOTO paccesHUs He
cgoBoaHo OT nporHBopeunil. Jlesio B TOM, 9TO B OOBIYHBIX 3KCIEPHMeHTaJbHHX yC-
n0OBUAX H3MepeHHs 3(P(EeKTUBHLIX ceuenull (yxaszaHubx B §§ 4—6) BHiABjeHHE Me-
TacTaGUJIbHBIX COCTOSIHHI, O KOTOPHIX IJIa pedb BHIIIE, HeBO3MOXKHO. JlJia u3mepe-
nust 3p(DEKTHBHOrO CcedeHHs pacceHHs NPH 3aaHHON 3HePTMHM YACTHLB HeoB6xo-
JUMO, 4TOOB pucmepcisi sHeprud AE 6blia HACTONbKO Maja, 4TOOH aMIIMTYIa
paccesiHHsi Ha HHTepBaje AE ocTaBajach [PAKTHYeCKH NOCTOSIHHOM, B pe3oHaHC-
uoiit obaactd 310 o3HauaeT AE <« I'. Tosbko TpH BEIMOJHEHHH 3TOTO YCJIOBHA
MOKHO JIeHCTBHTENIbHO M3MEPHTb XOJ H3MeHeHHS 3(D(eKTHBHOTO cedeHHs B peso-
wancuoli o6aactu, OxHako HpH 5TOM BpeMsl CTOJKHOBenus i/AE, T. e. Bpems, He-
06X0lIMOe IJs1 TOJHOTO NPOHHKHOBEHHS BOJHOBOTO NaxkeTa BO BHYTpeHHKOI0 06-
J1acTh AEHCTBUA NOTeHLHaja, OKa3bBaeTCs 3HauHTe/IbHO 0O/ibllie BPeMEHH XKU3HH
#/T MeTacTaGHIBHOTO COCTOSHMS. ITO NOCHENHEee CTAHOBHTCA TAKHM obpasom He-
HabmogaeMHM {cM. CHOCKY 8).

YT06H BHSIBHTL METAcTAaGUJIBHOE COCTOSIHHE, CJeJlyeT OCYIIECTBHTh «TOMOJHH-
TebHBle» (B cMbicie Bopa) ycnoBusA sKCnepHMeHTA

AE>T. (68)

Jlna omnpepeleHHOCTH (CM. CHOCKY %) pacCMOTPHM BOJIHOBO# TaKeT H3yYeH-
HOTO B § 5 THIA, KOTOPHl yIOBJETBOPSET OAHOBPeMeHHO ycaoBHsiM (9) u ycio-
suo (68). [Ipeanonoxum, kpome Toro, uto Ep 3> AE > I''S), Mu ucnonpsyem

o6o3Hauenus §§ 4—6 u npuMeM, uto b = 0 u fp = 0. [loacrasnas 8 (17) sHpa-
xenue (64) mns (@), momyunM CAEAYKINY aCUMIITOTHYECKYIO (OPMY paccesHs

HOT'0 BOJIHOBOTO ITaKeTa:
; (k Ept )
£ =
e P h

r

W ~ — 21+ 1) P, (c05 0) % . 3

rue

. ) E-By 7\ ap
I=S—-—A—Qf——kg——ei[(k‘kp)" 3 t—_\—,?-
B'—E,++T

( s 5 h"’kf) mvi )
b naupu E = —= .
3Jlech Mbi 0603HAUH =5 ="

OcHoBHO# Bkaaj B uHTerpan { paer o6nacth, [Re BeAHKO a3HaYeHHe
i
AR — &) / (E/ — Ep -+ 5 r ) . ITepexons k chepuueckuM KoopaHHATAM, HONOKHM

Ak =k dQ’ AR = l;j’:— 49’ dE’

v k == k'u’. MurerpupoBanue Mo yIriam KxacaeTcs ToJbKo GyHkuun A (k' —E).
UYro kacaeTcs MHTErpUPOBaHHs no E’, To coriacHo npejnonoxenuio (68) cymecr-
BeHHOR o6yacTeio sigasierca |E'— Ep| & T, rne dynxuus A(k’ —k) moxeT GITb

16) 1o npeanosoKenne, a TaKKe ycaosue (63) He ABJASIOTCS CYLIECTBEH-
HbIMH, HO OHH MO3BOJIAIOT BHPA3HTb OKOHYAaTeNbHBbIH pesyibraT B GoJjee NPOCTOH
¢opme. Jlna BHNONHEHUS STHX YCJIOBHE cOBMECTHO ¢ (9) u (68) HeoGxoAumo mo-
TpeGoBath U; K kro K 1.

13 A, Meccua
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sameHena Ha A(kpuw’'— k), a k' — Ha uepBbe 1Ba ujena pasjoxeHus Teilopa
(cautaem I' <« Ep):
1

k >k +— (E'—E,).

ﬁvp

I'Ioairomy MOXKHO Hanucarb
I~ ap (e -1,
it p Up
rae Ma 0603HauuIH
Ap = S A (kpu’ — k) aq,

o0 ——;;— (E'-—Ep)‘z
F(r)= S e aE".
o E —Ep+ 5—1"

Yurateds Ge3a TPyJa MpOBEPUT, 4TO ITO BHIpaxKeHHe a9 ! CHPABENIHBO TOJBKO,
ecmu |t] > B/AE. 3averum, 4To

Jer
e
F (T)= S —_Z——l':_l—— dz.
2E;,

IMockonbky |t| 3> A/AEp, HUXHHE Npefes UHTErPHPOBAHHS MOXKHO 3aMEHHTb Ha
—o00 W TOrAA MHTerpan F(T) BHIUHCASETCS MO TEOPUM BHIYETOB; HMEHHO

F ) { 0, ecan T —h/AE < 0;
T)==
( —2mie~ T"?% ecnn 1> B/AE > 0.

Ept
i(k r———p)

mAp r e |4 kE
F-F(t-—-)————— (70)
2’1 vp *

(69)

OkoHuarebHO NOJyYaeM

P& ~ — (21 4 1) P, (cos 0)

2 r

OGuee nosegenne 3T0f BOJHOBOH (DYHKIMH ONpefetsieTcs cBORCTBAMH (YHKLHH
F(t), BoiTekaomuMu u3 (69). DTo pacxousuiasics BOJNHA, OrpasHYeHHas crepegu
BOJHOBBIM (DDOHTOM, MepeMemamIUMes N0 3aKoHy r = Upf. B kaxpoll paHnnofl
TOYKe MHTEHCHBHOCTb BOJHBl CHayaja paBHA HYJIO, 3aTeM OHA PE3KO H3MeNseTcs
or 0 10 HEKOTOPOro NOAOKHTE/IBHOTO 3HAYEHHS — 3TO COOTBETCTBYET NPOXOKIAEHHIO
BOJIHOBOro (POHTA, OHO NPOMOJNKAETCS NPHMEDHO B TedeHHe BpemeHu A/AE, uto
3HAYMTeJbHO MeHbme fi/I'; 3areM MHTEHCHBHOCTb YMEHBIIAETCA IO 3aKOHY
exp (—T't/h).

Ha onmite, 4T06b1 O6HAPYKHTB 3TOT 3aKOH 3KCIOHEHUHANBHOTO 3aTyXaHHs,
B TeyeHHE KOPOTKOrO NMPOMeXyTKa BPeMeHH MOCHUIAIOT MYYOK BOJIHOBBIX IAKETOB,
OTBeYaOIuX YKA3aHHEIM BBIIIE YCJIOBHSM, H DECHCTPHPYIOT € MOMOLIBIO JIETEKTOPA
ua paccrosHuun D OT pacceMBaioulero leHTPa YMCJO UYAaCTHI, PacCesHHHIX B Ha-
npasJ/eHHH TelecHOro yraa (Q, Q 4+ dQ). Ilockoabky nucnepcHs sneprau 7) ma-
JAOIHX BOJHOBLIX TNAKeTOB odYeHb Bejuka (AE > I'), MOMEHT CTOJKHOBeHHs = 0
onpeaeasercs toudo: Af < A/T. KonuuecTBO AeTeKTHPYEMHBIX YaCTHI, ONpejpesaseT-

17y Dto aucuepcyus HePTHH KaKAOTO BOJHOBOLO liaKeTa OT/EJBHO,



§ 17. UHTETPAJIbHBIE IMPEJCTABJIEHUST ®A30BbLIX CABUTOB 387

o1 pesnunHOl | W9 |2 B TOuKe HAXOMEHUs CUETYHKA; COTVIACHO ypaBHeHHIO (70),
oma mnponopuHonansHa F?(¢ — D/v). Yactuubl He PErHCTPHPYIOTCH 1O MOMeHTa
BpeMeHH D /vy, Korma (DpOHT BOJIHBI AOCTHraeT CYeTYHKa; 3TO BpeMs, Heo6XOAH-
Moe IJig TOTO, qTOﬁbI gacThla, HenyuleHHasa IEeHTPOM C «pe30HaHCHOﬁ CKOPOCTBIO»
vp, JOCTHIJIA CueTYHKA. B jaibpefieM 4HC/O PErHCTPauMii YacTHL ONPEJENsercs
3akoHOM exp{(—T{/h), 4To u cOOTBeTCTBYeT OOPAa3OBAHMIO B MOMEHT BpeMeHH
t = 0 MeTacTaGuIBHOTO COCTOsHUS cO BpemeHem u3uu A/T.

YkasaHHble BBILIE YCJOBHA 3IKCHEpHMenTa OGBIYHO OCYLIECTBJSIOTCS MHpH pa-
AHOAKTHBHOM pacnajge sfep {(@- M P-pajHOaKTHBHOCTb, Y-PaJMOAKTHBHOCTb H30-
MepHBIX AIEP).

Pasznea V. PA3JIHYHBIE ¢OPMYJIbI U CBONUCTBA
§ 17. Hurerpaabible npeacTaBaeHus (Hha3oBLIX CABUIrOB

HekoTtopele cBOHCTBA M MeTOJB BHYHCJEHHS (PAa30BHX CABHIOB
MOryT OBITb MOJYYeHH M3 COOTBETCTBYIOUIHX HHTerpa/ibHEIX Npel-
craBJeduil. VigTerpajpHee NpeicTaBjeHHs] (a3oBHX CIBHIOB OueHb
pasnoobpassnl. Haiie Bcero OHH MNOJYYaroTCA NPOCTHIM NpHMeHe-
HHeM TeopeMsl BPOHCKHAaHA K MOAXOJASLIHM 006pa3soM BbIOPaHHLIM
pelleHHsIM pajfHajbHOro ypapHenus. OnHO Takoe npelcTaBJeHHE
MH faguM B stOM maparpade. Jlpyroe 6yner udyueno B § 20.

Hama ueib COCTOHT B CPpaBHeHHH (ha30BHX CABHIOB §; U §;, co-
OTBeTCTBYIOWMX noTeHunatam V(r) u V(r) npu onauoit u Tofi Xe
suepruu. Bepuemcs k oGo3nauenuam § 8 u noaoxim U = omvV/n2,
[Tycth y, — peryisipHoe pellenxe ypasHeHus (29), npuyem acummn-
ToTHuecKas (opma y; Raercs dopmyaolr (37). Torna §; — peryasip-
HOe pellleHHe pajHaJ/JbHOrO ypaBHeHHS

-0 -0 o

¢ acHMITOTHYECKOH (OopMOH
. ] %
a9, 52 sm(kr—gn—l—él).
Bpouckuan W(y, §;) paBeH Hy/aI0 B Hauajie KOOPJIMHAT H CTpe-
MHTCS aCHMITOTHYECKH K Ipefety
lim W (y,, 9,) = ksin(3; — 8,).
r->oo

CorsracHo TeopeMe BPOHCKHAHA
b

W (g — 001 =~ 0,0 =0y, ar.

Verpemasia npefent HHTerPHPOBaHHsS d H b K 0 H oo COOTBETCTBEH-
HO, HaXOJHM

oo

. 2 2 A -
sin(6;—8) = — 22 \ 5. (v = Ny gy ar. 72)
0

13*
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DT0 BaxKHOE COOTHOIIEHHe CIPaBelHBO HE3aBHCHMO OT BHAA
noTeHuHatoB V u V, eciau TOABKO 06a OHH HAa GECKOHEYHOCTH CTpe-
MSITCS K HYJIO GHCTPee 1/r M He HMEIOT CHHI'YJSIPHOCTH B HyJe THNA
1/r2 m BBIILE.

Ecim V=0, 10 6,=0 u g = krji(kr) cooTHoumenne (72) B
3TOM YaCTHOM cJjydae 3allHCHiBaeTCs B BHJe

oo

sind = — 2. S i\ (kr) Vyr dr. (73)
0

§ 18. 3aBucumocts ha3oBbriX CcABUroB oT ¢opmb NOTeHIBana

VpaBHenne (72) mosBoasier cllefaTh HEKOTOPHE BBIBOJH 00 H3-
MeHeHHH (a30BBIX CIBHIOB NPH MOAH(DHKALMH pacceHBaloliero Imo-
Tenuuana. [Ipu GeckoHeuHO Ma/JOM H3MeHEHHH NoTeHuxana AV ==
= V—V Beauunna A, = §, — 6, TakKe GylLeT GecKOHEYHO MAJIOH;
ec/M NPH 3TOM NpeHeGpeus pasjHudeM MeXAy Y W i B mpaBoi
yacTH ypaBHeHHs (72), TO NMOJMyYHM

o0

A8, = —%%SygAVdr. (74)
0

Ecnu usmenenne noreHurana AV (r) coxpanser HeKOTOPHIH 3HAK
Ha BceM HHTepBaje (0, oo), TO M3MeHeHHe (a3oBoro ciaBHra Ad;
HMeeT TMPOTHBOMOJOKHHE 3HaK. CjlefoBaTeNbHO, BCAKOe YyBeJHue-
HHe NoTeHmualda (6oJjbliee OTTAJKMBAaHHE) yMeHbIIaeT (a3oBHIA
C/BHT, BCAKOe yMeHblIeHHe MOTeHuHada (6oJbliee NPHTHAXKEHHE)
YBeJIHUHBAET CABHI (hasHl.

Jo cux mop caBur ¢asu §; Obla ompele/eH TOJNBKO ¢ TOYHOCTHIO
no ciaraemoro 2ns. UroGrl CHATH 3Ty HEOQHO3HAYHOCTb, PACcCMOT-
PHM HempepbiBHOEe H3MeHeHHe noTeHuHasda ot 0 mo V(r), mpu aroM
(a30BHI# CABHI H3MEHSETCH TAKXKe lleNpepuBHO OT 0 10 HEKOTOPOro
3HauyeHHs §;, KOTOpPOoE, KaK MOXKHO II0Ka3aTb, HE 3aBHCHT OT NyTH
H3MEHEHHS noTeHuHasa oT uyas po V(r). iMenno ato snauenue §;
MH NpUMeM B KauecTBe HCTHHHOH BesHuHHH (asoBOro CABHra.

Ecan norenumnan V(r) BCIOAY OTTaNKHBAIOILHHA, TO mepexox OT
HyJs K V(r) MOXHO OCyLIeCTBHTb MyTeM MNOC/€/0BaTeNbHOro Mpu-
GapJieHHs. GECKOHEUHO MaJBIX MOJOMKHTeJbHBIX 100aBoK. Cor/acHo
ypaBHenHo (74) Kaxnaas u3 3THX 1006aBOK yMeHbIUAeT (ha30BHIH
CIBHT, TO3TOMY O, OTpHUATENbHO. AHAJOTHYHBIM o6pasom, ec/H
norenunaa V(r) BcioAy mpHTATHBAaIOWHH, TO §; MOJOKHTENLHO.

B ofmem ciydae:

ecin V(r)>V(r) npu mobux r, To 8, <3$,,
eca V{r) < V(r) npd aobux r, To & > 3,.
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§ 19. Mpubnuxenue Bopua

Jast Toro 4roGp! TOYHO BHIYHC/JHTL (a3oBHI CABHT §;, Hajo, BO-
o6ie roBopsi, pemnts ypasuenue (29). Opnako ecau V(r) mocra-
TOYHO MaJ, PeryJsipHoe pellleHHe y; 3TOr0 yDaBHEHHS MaJio OTJH-
yaeTcsl OT CBOGOAHON cdepuueckoiél BOJHB krji(kr), n dasoBhit
caBUr 6,H30K K HyJ10. [103TOMYy NpUOAMKEHHO MOXKHO B YDABHEHHH
(73) 3aMeHHTD y; Ha CBOOOAHYIO BOJHY, YTO NaeT

~

b =2\ By Vo) ar. (75)
0
1o BHpaxeHue AJs (Da30BOro cABHra B «npubauscenuu Bopra».
Owmu6Ka MaJja, eciH noTeHunaa V(r) nocraToyHo maj Io cpas-
HeHHIO ¢ E — tha
2mr?

MoxHo 0KHAaTh MO3TOMY, UTO NpHGAHXKeHHe Dopra Oyjer ompas-
JaHO TpPH BBHICOKHX 3HepPrusix Hau (mpH ycaosuu, uro V(r) nocra-
TOYHO GLICTPO YMeHbUIaeTcss Ha GeCKOHEeYHOCTH) NpH BOJBUINX 3HA-
yenuax [. B JeHcTBUTENBHOCTH BhIpaxeHnHe (75) sABJAAeTCH TOJNBLKO
NEPBLIM UJIEHOM B Da3JOXKeHHH IO CTelleHAM MNoTeHumasna V, mo-
3TOMY OILNHGKY MOXKHO OLEHHTDb, BHYUHC/AAS CAeNyIOlHe YjleHb pas-
noxenns. Mexoas u3 cooTHomeHuss (72), MOXHO NMOJMYUYHTh aHaJO0-

ruuHoe OpHOGJHKEHHOe BHpaxkeHue AJd §; — O;, a HMeHHO
a 2m A
w=b~—gm{pw—noa (76)

dra «o6ob6mennas dopMmyna Bopunas nosjesna, Kornga H3BeCTHO pe-
ryasipHOe pellieHHe §; PajHaJbHOr0 ypaBHeHHS ¢ MOTeHUHanoM V,
MaJio OTJHYAIomUMes OT morennuana V. Oua mossossfer NOJYYHTh
B XopolleM mpuGIHXKeHHH §;, He pellas TOYHO PajHajibHOe ypaBHe-
Hue ¢ moteHnuasom V 18),

B Goublllell wacTH 06JACTH H3MEHEeHHH 1.

§ 20. Teopus stdexkTuBHOro paauyca aeiicreus. Popmyaa Bere

®opMyan § 17 mo3BosfOT HCCAEA0BaTh H3MeHeHHe (Da30BHIX
CABHIOB MpH MoAu(HKAauxu MOTEHUHAJa INPH JAaHHOM 3HaYeHHH
sueprud. B 3TOM maparpade ME paccMOTPHM H3MeHeHHe (DA3OBHIX

18) @opmyqofi (76) MOXKHO BOCIONL30BATECH TAKXKe, 4TOObl H3YUHTb BJIMAHHE
«xpocray mortexnHaJga V. JlocratouHo B KauectBe P BuI6paTh NOTEHHHAN
17={ V), ecntu r<r,

0, echn r > r,

riie ro — DOAX0ANMHEM 06pa3oM BHOpaHHOe paccTosHHe. ' eCTb [OTEBUHAN ¢ Orpa-
HHYeHHLIM pajuycoM JieficTeus ¥ objajaer BceMH ero cgoficreamu. V — ¥ — xpocr
norennuana V. BausHHe «XBOCTa», eCJH OHO MaJso, MOXerT OHITb YYTeHO ¢ no-
Moo GopMyJsl (76).
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C/IBHFOB B 33BHCHMOCTH OT H3MeHeHHs 2HepruH. [loayueHnwre dop-
MyJbl 6yIyT OCOGEHHO MOJe3Hbl B NPefesbHOM Clydae MaJjbix 3Hep-
rHi, KOrjla NMOTeHUHaJ HMeeT KOPDOTKHA pajuyc AeHCTBHSA.

ITycTs u— 0jHO H3 peryaspHBIX pellleHHH ypaHeHus (29); moka
MB He Oynem YTOUHATH ero HOPMHDPOBKy. Ilycts 4 ects peileHne
(neperyasipHoe) ypaHeHHs1 (71), cOOTBercTBYyIOLEE TOMY e 3Ha-
YeHHIO 3HEPTHH H HMelolliee Ty Xe AaCHMHTOTHUYECKYID (opmy, 4TO
H U, BKJIIOYas HOPDMHDOBKY. PaccMOTpHM Temeph ABa pasJ/HYHBIX
3HadeHus sneprun E, u Es; OyAeM oTMeuaTh WHAekcami 1 H 2 Bce
BeJHUYHHH, OTHOCsAIlHecs K 3THM 3Hepruam. [lo teopeme BpOH-
ckuana (II1.27) umeem’

b

b
W (uy, ) (= (e) — &) S uuy dr,
a

W COOTBETCTBYIONllee Beipa:kKeHue anast #, OTKyaa
b

L b .

W (i, do) — W (w1, 1) |a= (&1 — &) S (@89 — wyuy) dr.

a

~

Korna b — co, TO MOCKOJbKY # H # HMEIOT OAHY ACHMITOTHYECKYIO

dopmy, HHTErpas B NPaBOH YACTH YPABHEHHS CXOAMTCH, a PasHOCTh

BPOIICKHAHOB Ha BepXHeM npefefe ob6paniaercs B Hysab. [10CKOJNBKY,

KpOMe Toro, lirr})W (u1, ug)=10, wnamucan"as gopmysaa npu b - oo,
a>

f

a—> 0 mepexoJuT B

[-+]

(111_:13 [W/ (@, ) + (e — &) S (Gily — wyuy) d’] =0. (77)

a

Bri6upas noaxoafiiuM o6pa3soM HODMHPOBKY #, MOXKHO M3 3TOf

(bopMysb HaHTH 3HaueHHS PasHOCTH & — O mpH sHeprusix Fy u E..
OrpannuuMcs caydaeM s-BoaHu (I = 0)!°). Kpome srtoro, mo-

a0XuM V=0 u 0603HauuM uepe3 vj, Uy 3HAUEHHH fj, fy B 3TOM
yacTHOM caydae. PukcupyeM HOPMHPOBKY u ycaoBueM v(0)= 1,T.e.

v=cos kr + ctg 8 - sinkr.
Torza dopmyna (77) sanuwercs B BHJe
W (vg, vy) |a=0 =kyctg 8, — kyctg dy=

=(er—e) | (oo —w) dr.  (78)

19y Korpa ! %= 0, pyskuuu 4y u d uMeOT 0COGEHHOCTh B Hadaje KOODAMHAT

tuna (1/r)!. B dopmyne (77) anenst W(d;, d;) u (e; — &3) S Gy dr pacxopsites
kax (1/a)%-!, ogHaKo cyMMa HX CTPeMHTCH K KOHEUHOMY Tpefeny.
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B npeanosioxenuu, uyto V(r) cTpeMuTCcs K HYJIO OPH 7 —> co AOCTa-
TOYHO OBLICTPO, TaK yro6bl HHTErpas B NPaBOf 4acTH CXOAHJCH, 3Ta
dopMyJia ocTaeTcsi cupaBenJHBOi B mpepese g —>0. O6o3nayum ¢
MOMOLUBIO Uy, Ug PYHKLKH &, U UPH 3HEPruu paBHOH Hyadl0. 3ame-
uyaeM, 4TO
v0=1——L H limkctg6=——l-,
a &> a

rae a— ANYHa paccesHHd, onpefensieMass ypaBHeHHem (47). Bni-
Gupasi 3HaueHUs g; == g, g2 = 0 B cooTHoweHHu (78) (cMm. puc. 35),
nonyyaeM ¢popmyasy bere:

kctgd=— % + € S (vvy — uug) dr. (79)

D10 crporoe cooTHomenne. OHO TOJe3HO, KOTAAa HHTerpas
B TNpaBOf YacTH MeJJEeHHO MeHsAeTcs Kak (YHKUHS 3HepPru.

A
\\
2y

Puc. 35. BoanoBrne s-OYyHKUHH HyJeBOoH 5HEPrHH B TeopH# s((eKTHBHOrO pa-
Auyca RefiCTBHA [IJs INOCJEI0BATENbHO YBeJHUYMBAOUIEACHT TVIYGHHE NMOTeHnHAJa
orpanH4YeHHoro paguyca geficreus V (r) = oW (r) (® — napamerp riyGuHH SMH,
npu sToMm @=1 coorBercrByer rayGHHe, HeOOXONHMOA ANl 0Opa3OBaHHA CBS-
3apHoro cocrosHus): a) ® <1 (< 0); 6) e=1 (a=0); 6) @a>1 (a>0).
3amexanue. a ssasercs yOnBawmed GYHKnHeA ©, HMEOWE! BEPTHKANbHYIO
aCUMNOTOTY MPH KaXAOM 3HAUYEHHH ®, AJ1s KOTOPOTO CYLIECTBYeT CBsA3aHHOE Co-
CTOsIHHE ¢ Hy/eBOH sHeprefl

HmenHo sto uMeeT MecTo B ciydae KOPOTKOAEHCTBYIOLIETO IOTEH-
uuasa V(r) Toro THma, 4TO Mbl BCTPeYaeM B AAEPHOH PpH3HKeE, KOTAA
MOXKHO pa3fle/lHTh Bce NPOCTPAHCTBO HA BHYTPeHHIOW 0O6JacTh
(r <ro, kro 1), nas xoropoit |V| > E, u BHewnwono o6/acTb
(r > ry), rae notennualt V npenebpexnmo mant. OcHOBHOH BKJaj B
HHTErpaJj JaeT BHYTPEHHAS 006sacTh, rae 663 60abmok OIHOKH MOX-
HO 3aMeHHTb & Ha Uy H U HA Uy, TAK KaK B Hayajle KOOPAHHAT U =
=uy=0Hu v=1uvg=1 W OTHOCHTe/IbHAasi KpHUBH3HA OOYHKUHH U H.
u; mpaktHdeckH onauHakoBa (u”/u~2mV/h?) Bo Bceli 3TOH 06sa-
¢ru (puc. 35). Takum 06pasoM, B O4€Hb XOpoumeM NPHOJHXEHHH
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HMEEM

1
kotgdor— Lo (02— w3 ar. (80)
0

00

Bennunna ryp=2 S (vg — ug) dr o6HYHO Ha3HIBaeTcA 3PphexTus-
0

Hoim paduycom — 3TO napaMeTp, XapaKTepH3yIOIIHA CBoHCTBa MO-
TeHHHajla,

IlpaBas uactp ypaBHeHHs (80) mo cyllecTBy npeacTaBasfieT ABa
MEePBbLIX YJeHa B pasJjoxeHuu k ctg § no crenenam sueprun. Utobut
BLIIHCATb YJeHbl 60Jiee BHICOKOTO NMOPsiAKa, Hafo NOJAYUHTL PasJo-
JKEHHs1 4 U U B BHJe PSIOB IO CTENEHsIM ¢ H HOACTABHTH 5TH PAAH
B npaByio 4actb (79)2°). OcHoBHIBasicb Ha apryMmeHrax, NpHBeJeH-
HeIX BBHIIE, CJHEAYET OXHAAThb, YTO HOJyyaiollHecss paib OHCTPO
CXOASITCSi BO BHYTPeHHeH o006JacTy, HO3TOMY H CXOAHMOCTb pasJo-
XKenHua A3 k ctg § Takxke Gyner xopolued.

3A0AYH 1 YITPA)KHEHHS

1. PaccmaTtpuBaercd paccedHHe YacTHUH ¢ [JHHOA BOJHH X Ha MNOTEHuHaje
V(r), xotopuii npH r—co cTpeMHTcH K Hymo Guictpee 1/r. [Iycrs f(Q) — am-
NaHTYla paccesiHusg B HanpasseHud Q = (0, ¢). [TokaszaTs, 4TO

Otom = S [F(Q) P dQ=4xk Im f (0),

roe f(0) o6osHauaer aMIAHTYAy paccesinas Bneper (8 == 0). Do coornowenue
Bopa — Maiiepaca — I1rauexa.

2. [Ipu GoMGapaHpoBke sifep THHa A dApaMH THIA @ MOIYT 06pPa3oBHBATHCH
aapa b u B: a4+ A—>b+B. B naboparopHofi cucreMe MumleHb A MOKOHTCH,
IycTs Mg, Ma, Ms, Mz -— MacCH 4aCTHI, YYACTBYIOIIHX B peakiuud. B nepensth-
BHCTCKOM TNDHOJHKEHHH Mg - Ma == My -+ ma. [lycrs E; u E; — nonuble Kune-
THUECKHE 9MEepriH HauanbHoro (a4 A) u koueunoro (b -4 B) cocrosuufi B cH-
cTeMe [leHTpa Macc, @ O u 0, — yrab HcnyckaHHS 4acTHUB b B cHCTeMe HEHTpa
macc H B JaGopaTopHoil cmcreme cooTBeTcTBeHHO. [loKasaTh, YTO 3aBHCHMOCTD
0; or O naercs cooTHomeHHeM (24), ecsH T MpeACTaBJSeT OTHOIUEHHE CKOPOCTH
UenTpa Macc V K CKOpOCTH v, yacThLH b B CucTeMe HEHTpa MacC, T. €.

|4 m,my E, 7'
[mAmB -E‘?] ¢

2) Cm. G. Chew, M. Goldberger, Phys, Rev, 75, 1637 (1949); H. A. Bethe,
Phys, Rev, 76, 38 (1949).
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3. BuiBecTH crenyiouine COOTHOUIEHHS MeXIy BeIHYHHAMH T, U, H q§+), BBe-
aennbiMd B § 10 (onpenenenne (41)):

dt & dv
= e —L (+) I S B 1
Y dg’ Img;" =%v, Regq 2v, dt '

4, IMoxasath, yro B npubmuxenns BKB dasoswit cusur §; sbipaxaercs gop-
MyJI0R
R

R
1 TS
o= in | §afe—v 0 - T ar—  pf - 1D |
a

Qo

Onpenenenust 0;, & u U(r) Te Xe, uTo u B § 8; nikuHe npejesnl HHTErPHPOBAHHA
4 G ABJSIOTCA HYJAAMH MOALIHTErpaJbHEIX Bbipamenui (ecan k2 — U(r) —
— I(l 4 1) /r? AmeeT HecKoJbKO Kopuefi, To a pased uanGosbmemy us mux), OG-
CYAHTb YCJOBHS CNPAaBeVIHBOCTH 3Toro mpubamkenus. Ilas Toro 4to6m ¢dopmyna
Geiia NpUMeHMMa AAsl MadblX 3HayeHHH [, HyXHO, caelys pexoMennauun JlaH-
repa (cM. samauy 1X.6), samennts B ofomx muterpanax I(I+4+1) ma (I41/2)2

5. [TpumeuuTs Teopuio >ddeKTHBHOrO paauyca AeHCTBHA K p-pacceannio. [To-
Ka3aTh, YTO OHA naeT pasJjoxkenue k3ctg &, B pAL MO CTemeHAM 3IHEPTHH H HAWTH
1Ba NEpBHIX wieHa pa3aoxenua (8; — ciBHr p-¢astl).



F1ABA X
KYJOHOBCKOE B3AUMOOENCTBHE

§ 1. BeeneHue

Ilycth r-—B3aMMHOe paccTOsiHHe MeXAy ABYMS 4acTHLAMH ¢
3JIeKTPHUECKUMH 3apsiiaMH Z,e u Zjye cOOTBeTCTBEHHO, TOraa 3JeK-
TPOCTATHUECKHH NOTEHUHAJ B3aUMOAEHCTBHS YacCTHIL

212232
r

V(r)=

HA3LIBAETCS KyJOHOBCKHM NOTeHUHasOM. Ilyerh py, pe — HUMTyJIbCH,
ry, ry— BEKTOPH TOJOXKEHH 3THX JABYX uacTHU (r = ry—ry).
Ecau ux B3amMoneACTBHE YHCTO KYJOHOBCKOE, TO JBHXKEHHE YacTHIL
onpeaenseTcs raMHJbTOHHAHOM

2 2
p; + Z\Z,e

2m, r

P
2m

-+

JIBHIXeHNe HeHTPa MacC OTAeJdeTCcs METOAOM, H3JO0KEeHHBIM B
ria. 1X. JIBHKeHHIO «OTHOCHTEJBLHOH YacTHLUBI» COOTBETCTBYeT ra-
MHJIbTOHHAH

(1)
npuyeM m e€CTb NPHBCACHHasg Macca

myms,
= s )

HcenenoBanne noBefeHHss KBAHTOBOR CHCTEMBI M3 ABYX HaCTHI,
HaXOAAIIHXCH B KYJOHOBCKOM B3aMMOJAeCTBHH, CBOAHTCH K 3ajaue
O JIBHIKEHHH YacTHUH B [oJie noTeHnHana Z;Zqe%/r.

BBHAY MenJIeHHOCTH cnafaHHs NOpu GOJbIIMX 3HAYEHHSIX r He-
KOTOpbLIe CBOHCTBA LIEHTPaJbHO-CHMMETPHUHLIX MOTEHIHAJOB, NM0JY-
yeHnsle B 1. IX m X, HecmpaBeasuBHl AJs KYJOHOBCKOTO MOTEH-
uHasa. B sanagax o paccedHHH, HanpuMep, acHMIOTOTHYECKOe I[O-
BeJeHHE CTALMOHADHBIX pPenleHH OKa3nBaeTcss MeHee IPOCTLIM, YeM
B cJlyyae NOTEHLMAJNOB OrpDaHHUYEHHOrO paauyca AeHcTBHSA, MO3TOMY
onpejenerile ¢a3oBHX CABHIOB NONKHO ObITb COOTBETCTBEHHO H3-
meneHo. CaMo paccMOTpeHHMe 3ajauiM METOAOM DasieJeHUs yrjo-
BBLIX H pPajaMalbHBIX NEPeMEHHBIX OKAa3biBAETCS HE CTONb MOJIE3HHIM,
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TAK KaK PasjoXeHHe aMIJIHTYAb paccessHus 1o cheprdeckum GpyHK-
LM CXOJAHTCH OYeHb MeJJIeHHO.

Ho, ¢ apyroit ctopoHml, peinenne ypaBHenus lllpeaunrepa nns
yacTHILI B KYJIOHOBCKOM TOJie MoXKeT ObITb BO BCeX CJyuyasX cBe-
neHo K pewenuio auddepennuanpioro ypaBhenua Jlamjaca, xo-
poOLIO H3BECTHOTO B MaTeMaTnueckoi ¢usuke. IToatomy nanbonee
HHTEepPEeCHble BEJHYHHB — CEKTP 3HePrHH CBSI3AHHBIX COCTOSIHHH U
3¢ deKTHBHOE ceyeHHe paccessHHsi — MOryT ObiTb BBIYHC/JEHB TOYHO.

Arta raaBa COLEPKHT ABa pasjena. IlepBelfl MOCBsilieH H3yye-
HHIO CBSI3aHHBIX COCTOSIHHH aToMa BOAOPOAA; HccJenoBaHHe 6e3
TpyAa pachpocTpaHsieTcsi Ha BOAOPOAONONOGHEIE ATOMH H BOOOIIE
CHCTeMB M3 [BYX YacTHIl, B3aHMOAEHCTBYIOLMX MO 3aKoHy l/r.
Bo BTopoM pasgene paccMaTPHBAeTCs 3ajada O KYJOHOBCKOM
paccesiHHH.

Paszgean I. ATOM BOOOPOIA

§ 2. Ypasuenue Ulpeaunrepa aaga atoma Bojgopona

HauGonee npoctoft cucreMolt ABYX 4acTHIl, B3aHMOAEHCTBYIOLIHX
no sakony KyJoHa, siBasiercs atoM Bojopoana. JlBe 4acTHubl, Npo-
TOH H 3JIEKTPOH, HMEIOT NMOTeHNHa BzauMofefictBus —e?/r. [lpuse-
IeHHAsl Macca CHCTeMBl 3JeKTPOH-IPOTOH HECKOJbKO MeHbllle MAac-
CH 3JeKTpoHa: (m.— m)/m,=5.10"%

ITycth E — 3HEPrHsl CHCTEMBI 3JEeKTPOH-NPOTOH B CHCTeMe UEHT-
pa Macc, TOraa BOJHOBasi GYHKIHS «OTHOCHTENbHOH YaCTHIBI» SIB-
Jsiercs peleHHeM ypaBHeHHs [llpenmnrepa

[~ oA —S]0 ) =Evr). (3)

CBolicTBa peryJisipHbX pelleHHii 3TOTO yPaBHeHHs BhISCHAIOTCH
Ge3 Tpynaa, ecjid MPOH3BECTH pasfielieHHe YIJIOBHIX M pajHaJbHbIX
INEepEeMEeHHbIX. TaK, cobCTBEHHOE pewmenne, COOTBETCTBYIOLEE SHED-
run £ u momenty umnyabca (Im), Belpaxaerca dyHKiHeh

vr e, o),

r

rae y; — ofpalaplleecss B HyJb B HadaJjie KOODJHHAT PellleHHe pa-
AHaJbHOrO ypaBHeHHst (cp. ypaBnenue (IX.20))

" 2 2 (41
v +[e+ S — - g =0 @

r2

3}1er MKl BBeJIH o603HadYeHHe
— 2mE/K2. )

Ecnu E >0, 1o peuieHdHe GeCKOHEYHO OCUHJIHPYET B ACHMUTOTH-
yeckOl oBJiacTd H MOXeT ObITb NPHHATO B KayecTBe COOCTBEHHOIO
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pelliends npu JIOOHX NonoxHTeIbHbHX E. PeleHHe onuchiBaer He-
CBSI3aHHOE COCTOSIHME U HCHOJIb3YeTcs NMPH MOCTPOSHHH CTAalHOHap-
HOFO COCTOSiHHSI PAaccesiHHSl CHCTeMbl 3JIeKTPOH-TPOTOH TNPH 3HEP-
ruu E.

Ecnu E <0, To acuMuToTHYecKasi ¢opMa DeryjispHoro B Ha-
gaJie KOODAHHAT pellieHHs NpeacTaBJisger coboli JHHeHHYI0 KOMOHHa-
HHIO 3KCMOHEHIHAJbHbIX QYHKUH] e¥" H e~ T1e

ne=4/—e =55 ®)
D10 pellleHHe AONYCTHMO B KauecTBe COOCTBEHHOTO TOJLKO NpPH He-
KOTOPHIX IPHBHJIETHPOBAaHHLIX 3HadeHHsix E, Korma NOPHCYTCTBYET
TOJILKO 3aTyxamllasi 3KCMNOHEHTa. YKa3aHHble 3HAaueHHs 06pasyioT
JAHCKPETHLIH CHEKTP aTroMa BOAOPOAa, & COOTBETCTBYIOUIHE BOJIHO-
BbI€ (pyHKIlPIYI OpeAcCTaBJIAOT BO3MOXKHHEIe CBsfA3aHHBle COCTOfIHHS
®TOro aToma. ’

B sTOM pasiesne Mbl paccMaTpHBaeM CBSI3aHHLIE COCTOSIHHSI aToO-
Ma BOJLOPOAA, HO Pe3y/IbTaThl HccJlea0BaHHs 6e3 TpyAa NeperocaTcd
Ha cayuafi Bogoponononobubix aromos (He*, Li++ u 1. 1.), B KO-
TOPLIX HPOTOH 3aMeHsieTcsi Gonee TsiKeabim sapoM. Ilyers My —
Macca sroro aapa, M, — macca nporona. IlpuBeaeHnass mMacca Bo-
JopoxononobHOro atoma

m/ —_ meMA
m,+ MA
HECKOJIbKO OT/JIHYaeTcsi OT npﬂaeaem{oﬁ MacCh atoMa BOIOpOAa
' meMp
nm == -————=—
me+ M,

Ecau 3apsaa aapa paseH Z., TO NOTEHIHAJ] KyJOHOBCKOrO B3aHMO-
neiictBHs ectb Ze?/r. Bee QopMyJn, OTHOcAUIHecs .K aTOMy BOJO-
pona, MOryT OHITh NPHMEHEHH H B cJydae BOAOPOAONOAOGHOTO aTo-
Ma, ecJH clelaTh 3aMeny m—»m’ u 2 — Ze?.

§ 3. MopaAnok BeJAHUHHbI 9HEPrHH CBA3H OCHOBHOIO COCTOSIHHMA

Ilyete ro— «paguyc» aToMa B €ro OCHOBHOM COCTOSIHHH. MEI
HMEeEeM B BHAY, UTO BOJHOBAs (YHKUMS «KOHIEHTPHPYETCsi» BHYTPH
cepbl paaHyca ro, HHaye FOBOPsi, YTO BEPOSTHOCTb NPHCYTCTBHS
9JIEKTPOHA Ha PACCTOSIHHH r OT NPOTOHA OYeHbL MaJia HpH r > rq, HO
NpHHHEMAET OTJHMYHEIE OT HyJs 3HadeHHa OpH r <<ro. B Kauvecrse
OueHb rpyb6oH MOAeNH MOXKHO fpeacTaBJgATb cebe, 4TO HJOTHOCTH
BEpPOSTHOCTH sIBJIiETCS NOCTOSIHHOR BHYTPH cdepbl paauyca ro.

§lcHo, uTO cpefHee 3HadeHHe MOTEHLHAJbHOH IHEPrHH TeM
MeHblie (B ajre6paH4eckoM CMEICJE), YeM MeHblle 7o0 3TO BesH-
ynHa nopsiaka —e?*/ro. Hanportus, cpeiHee 3HaueHHe KHHETHYECKOH
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SHepPTHH TeM 0OoJbile, yeM MeHblIe ro. Ec/n 3JIeKTPOH JOKaJH30BaH
B chepe panuyca ro, TO COOTHOMLIEHHS HEONPE/ICIEHHOCTH CTaBAT
HUKHHH Tpefes 3HAUeHHIO ero HMIyJbca; cpejHee KBaapaTHYHOE
OTKJIOHEHHMe HMTYJIbCa He MOXKeT GhITb MeHbIIe fi/rq, clIef0OBATEIbHO,

KMHETHUECKAsl SHeprHsi PaBHa, MO MeHbluelt mepe, A*[2mrg. [loa-
Has 3HEPTHsi, TakKMM 00pa3oM, paBHa IO MeHbllie# Mepe cymMMme
2 2
e
5 — —. MuuuMyM JoCTHraercsa HpH ro ==
2mr; T t
= h%/me?. MH LOJXHB OXHJIaTb, YTO 3HAUEHHE SHEPIHH UPH 3TOM

MHHHMYyMe€

JABYX BeJHYHH

1 met
E=——-— (=—13,55) M
N0 NOPAAKY BeJHUHHbI PABHO 3HEPTHH OCHOBHOTO COCTOSIHHS, @ CO-
OTBETCTBYIOUIEE 3HAUEHHE DajHyca

a=Hme® (=0,529- 10 %cm) ®)

AaeT NOPSIAOK BEJHYHHbBI NPOTSIXKEHHOCTH BOJHOBOH (yHKUHH B OC-
HOBHOM COCTOSIHHH.

ITo cnyyaliHoMy cOBNajeHHMIO OKas3hlBAETCsH, UTO IHEPrHsi OCHOB-
HOTO COCTOsiHHsI TOYHO paBHa dopmydae (7). JiuHa a HasbiBaeTcs
paduycom bopa HIH «PaAHyCOM aTOMa BOAOPOAA>.

§ 4. Pemenne ypasnenus Wpegunrepa
B chepuieCKHX KOOpauHATax

HOns pewenns ypaBHenne lllpenunrepa BocnonbayeMcs cpepuye-
CKHMY KOOPJAHHATAMHE; KaK H B cjydae Ji060ro IeHTpabHO-CHMMET-
PHYHOTO TNOTEHIHAJA YIJOBbe H pajHajibHBE NepeMeHHble B 3TOH
cHcTeMe KOOpAHHAT pasielsiioTcs, H NpobsemMa CBOAHTCA K HaXOX-
NEHHIO PEry/sspHbIX pelleHHH paanajbHoro ypasHenus (4). Peure-
Hue ypaBHeHus llpeanHrepa MOXKHO OCyIeCTBHTb TakxkKe B mapa-
6oJIHYECKHX KOOpAHHATAX — B 3TOH cHCTeMe KOODAHHAT NepeMeH-
HHE TaKXe pasjensiorcd. 3Aech MH OrpaHHYHMCH TOJbLKO YIOMH-
HaHHEM 3TOr0 BaXXHOTO OOCTOSITENLCTBA H PacCMOTPHM 3ajady B
cepHUECKHX KOOPAHHATAX.

Ecnim nmponsBecTH 3aMeHy HepeMeHHOH

X ==2ur, (9

TO ypaBHenHe (4) Oyaer 3aBuceTh TOJNbKO OT Oe3pasMepHoro mapa-
MeTpa

| - mc?
V=7 =%\ —2E’ (10)
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FAe »x U a oupenensiorcs ypaBHeHusmu (6) u (8) cooTseTcTBEeHHO.
Ypasnenue (4) 5KBHBaJeHTHO ypaBHEHHIO

2+ v
[W——xr“'i“-x——j]yz:(), (11)

TR€ yi— pelleHne, NponopuxoHasbHoe x'*! B OKpecTHOCTH Hauasa
koopauHaT. IIpn odenb GonbluMX x 3TO peilleHHe pacTeT SKCNOHEH-
LHAIBHO, 32 HCKJIOYEHHEM DPsifla AMCKDETHBIX 3HAUEHHH v, TIPH KOTO-
PbiX OHO BezeT cebs kak exp(—x/2). Hama ueas coctour B onpeae-
JIEHHH 3THX OCOGBIX 3HAaueHHH v H COOTBETCTBYIOILHX COGCTBEHHBIX
(bYHKUHE.
Bynem uckatb pelileHHe ypaBHenus B BHe
Y= x"*lem* o (x),

4TO JAaer

IR P

910 nudbdepennuansHoe ypaBHeHHe ecTs ypaBHenue Jlamaaca (ceMm.
Hononnenne B, § 1). Ono uMeeT, ¢ TOUHOCTBIO A0 MOCTOSHHONO MHO-
KHTENId, TOJBKO OJHO DellleHHe, KOHEeUHoe B Hauasle KOODAHHAT, BCe
OCTaJbHble DEIeHHs HMEIOT CHHIyJapHOocTh THhma (1/x)2+! Yga-
3aHHOE peryaspHOe pellieHHe MPeACTABSETCH BHIPOKACHHON [H-
[iepreoMeTpuIeckoll GpyHKIHekH

Fl+1—wv, 2492 5=

__i P+14p—vy @411 5 (13
_ A TU+T—W) Q+T+p)r 7l )
oe

Urtobbl_noKasaTh 3710, GyneM HCKaTh pellleHHe ypastenns (12) B Buge paaa
Tefinopa B6/M3H Hayada KOODPAMNAT:

v =1+ax+ax®+ ... +apx”+
[Topcrasasa 3to pasioxeHne B ypaBHeiHe (12) u npupaBHHBas Hymo KoadPpu-
IHEeHTHl NPH CTeNeHsAX X B JIGBOH YaCTH YPABHEHHA, HAXOLUM
E+2ay=(1+1—w),
22+ 3 az=(I+2—v)ay,

p@l+1+p)ay=(+p—v)as,
OTKyZAa nojyyaem
o= PHI=W(p—1+1—v) ... (0 +I—W) L
Prlp+2d+Dp—-1+2A+1) .. OF2AF) B0

C/e/l0BATebHO, @p LeHCTBUTENLHO ABJASETCA KoS(GHUMenTOM fpH xP B THIepreo-
MmeTpHueckoM psae (13).

B o6uiem cayuae psin (13) sBaseTcs GeCKOHeUHBIM M IIPH X — 0o
Beper cebst kak x'~1-Ve* (ypaBuenus (5.9—11)), [Tostomy y; B
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acHMITOTHYECKOH ofjacTi BegeT ceba Kak x ve*? u sagaya Ha co6-
cTBEliHbIe 3HAUeHHS He HMeeT pelleHHsd.

OaHaKo TPH HEeKOTOPbIXx OCOOBIX 3HAYEHUAX v KO3()GhHIHEHTH!
psina, HauMHas# C HEKOTOporo, o0pauialrcs B HYJb, H THIEpreo-
METPHUECKHH DPAJ CBOAMTCA K ToaHroMy. IJsi storo Heo6xogumo,
41068 [+ 1 —v 6BNIO DABHO LEJOMY OTPHLATEJbHOMY YHCAY HJIH
HyJ10, T. €.

v=pn=[-+1+n (n=0,1,2 ..., o) (14)

B sTOoM cJaydae runepreOMCTPHYECKHH psii CBOAMUTCH K HOJHHOMY
creneny n’, paananbHas GYHKHHS TPH X —> oo BejerT €ebs Kak
x7e~*? u peulenHe ypasHenHsi lllpeanHrepa okaselBaercsi npHemJe-
MbiM B KauecTBe COOCTBEHHOTO pellieHHS.

YcnoBue KBaHTOBaHHs (14) naeT ypOBHH 3HEpPrHM CBA3aHHBIX
cocTOsIIMA ¢ MoMellToM umnyJadbca (Im). Kamxasli u3 1mux ompeje-
JsieTcsl 3HaueHWeM uesaoro yucia n’. BoaHoBas GyHKOHsI COOTBeT-
CTBYIOIIETO CBSI3aHHOI'O COCTOSIHMA (He HOPMHpOBaHHas) crpomcx
¢ MOMOINBIO PANHAJBHOTO pPelleHHs

.- 120 4 1)1 (— x)P
gy = xiHig=xr ZO TN O T (15)
p=

[TostmnoMm crTemeHH n/ B npaBOi YacTH 3TOTO PaBEHCTBA, ecThb (CTOY-
HOCTBIO O TOCTOSIHHOTO MHOXHTeJd) 0006I1eHHbI nosuHoOM Jla-

21+1 o
reppa Li"' (x), onpeneseHne KOTOPOro H OCHOBHbIE CBOHCTBA MpH-
BoAsATCH B gonosnenuu B (§ 2).

§ 5. Crextp aneprun. Boipoxpenue

3ameHnsis B paBeHcrBe (14) mapamerp v ero BwipaxenueMm (10},
HaXOAUM CIEKTP HEPrHH cOCTOAHMH ¢ MOMEHTOM HMIOyJbca [:

E,.. — e? \?2 me?
In" = 7T\ Fo

fic) 20+ 1+n )" (16)

npHueM paadasbHOE KBAaHTOBOE YHCJO n' PABHO YUCJY Y3JI0B pajH-
aJbHOH 4acTH BOsIHOBOH (yHKuMH. CrekTp conepxHT GecKOHeUHOEe
CYETHOE MHOKECTBO YPOBHeH, TaK KaK 4HCJO n' MOXeT HpPHHUMATL
Bce leable sHadeHHs oT 0 no - oo. Koraa n’ — oo, ypoBHH CTaHO-
Bsitc Bce GoJsee OJM3KUMu APYr APYrYy B B mpenefe cTpeMsTcs K
3HaueHuw E = 0, ¢ KOTOPOro HayHHAeTCS HENPEPLIBHLIA CHEKTP.

370 06CTOATEILCTBO XAPAKTEPHO A9 IMOTEHUHAJNOB C OGOJBIIHM DPaaHyCcOM
geficteus. Hanpotns, KOpOTKOAEACTBYIOILNE MOTEHIKAb, HAPHMED, THIIA NPAMO-
YTOJIbHOH NOTEHUHAJNbIOR AME], MPHBOAAT K KOHEYHOMY UYMCJAY CBSI3AHHEIX COCTOSi-
uuil (a WHOrAA M K MOJHOMY OTCYTCTBHIO HX). MoXuo nokasath B caMoM 06imem
cjyyae, YTO MHOXKECTBO yPOBHEH JHePrHH sABaseTcs CecKOHEUILIM CYETHBIM (¢



400 I'Ji. X1. KYJIOHOBCKOE B3AHMOIEMICTBUE

Toykofl HakomjeHus E = (), ecaH mOTeHnHaJ, GyAyuH OTPHIATENBHBIM, ACHMITO-
THYECKH CTPEMHTCSH K HYyMo MenseHHeldl dyHkumu 1/r2:

r2V —» — o0
r—>w

H 5TO MHOXECTBO KOHEUHO HJIH, MOXeT OBbITb, MyCTO, €CJAH NMOTEHUHAJ] ACHMHTOTH-
yecKH CTPeMHTCH K Hyao Geictpee 1/r2

O6benHHEHHE CNEKTPOB, OTHOCSIIHXCS K PasJMUHbIM BO3MOXK-
HEIM 3HavedusM [ =0, I, 2, ..., co, naer NoJHeIl CHEKTp aTOMa
Bojoposna coraacio teopuH lllpeansrepa. IlosHbli cHeKTP, TAKHM
o6pa3oM, o6pasyeTcsl OCJAEA0BATENbHOCTbIO YHced Eyy,,, ONPefeNeH-
HEX-ypaBHeHHeMm (16), nupuuem !/ B n’ MOryT NIPHHHMATb Bce LeJbie
HEOTpHIaTebHbIe 3HAYEHHs. 3aMeyaeM, YyTO 3HaUeHUs IHEPruH 3a-
BUCHT, B AEHCTBHTENILHOCTH, OT CYMMH [ - n’, HJH, YTO TO XKe ca-
MO€, OT «IJIABHOTO KBaHTOBOTO 4HcJjax»

n=I1-4n"+1,
Hmeem
2 mc?

2
En=-—-(—;—c- -571—2— (n=1, 2, e ey 00) (17)

[Tpu Kaxa0M 3HaYeHHH >HeprHH Ej,, T. €. Ipu KaxaoM 3HaYeHHH
IVIaBHOTO KBAHTOBOTO YMCJa 7, MOMEHT HMIyJbca [ MOXET NPHHH-
MaTh Bce Heine 3Hadenus or 0 po n— 1. [ToatoMy BeIpOXaeHHE
ypoBHst E, HMeeT KPaTHOCTb

n-—1

l§)(2l+1)=n(n—l)+n=n2.

TlognpoctpancTtBo cobGcTBeHHBIX YHKUHMI ¢ YHCAOM H3MepeHHH
n? HaTAHYTO Ha n? QYHKUMH, Kaxpas M3 KOTOPHX COOTBETCTBYeT
OTpeaesIeHHOMY COCTOSIHMIO MOMEHTa HMmyJabca (Im); updH 3TOM
«a3HMyTaJIbHOe KBAHTOBOE YHCJIO» [ MOXET NPHHHMATb A 3HAYEHHH

1=0,1,2,..., n—1,
a «MarHUTHOe KBaHTOBO€ 4YHCAO®» — (2[-}- 1) 3HaueHus
m=—1I —I4+1,..., +1L

ITo cnekTpocKOnHUECKOR TPanHUHH pasJHUHbIE COGCTBEHHLIE 3Ha-
YyeHHS SHEPrHH 0003HAYaloTCs LEJAbIM NOJOXKHTENbHLIM YHCJAOM 1
H cOmpoBOXAalolmle# 6ykso#t (s,p,d,f, g, ...), yKasbBamoueli Ha
3HayeHHe [ B COOTBETCTBHH C NPHHSITHIM COTJIALIEHHEM, O KOTOPOM
MBI TOBOPHJIH B IpPeAIUeCTBYIOULel rjaBe; KBAHTOBOE YHUCJIO m, yKa-
3LiBalolllee Ha OPHEHTANMIO CHCTEMb, onyckaercd. Tak, OcHoBHOE
cocrosiune ectb cocrofnue ls. IlepBoe BO36GYyKIeHHOe coOcTOsIHHC
YeTbIPEXKPATHO BEIPOXKIEHO H BKJAIOYAET ONHO COCTOsHHE 2§ M TpH
COCTOSIHHA 2p; BTOPOE BO3OYXKAEGHHOE COCTOSIHHE NEBATHKPATHO BLI-
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POKIEHO H BK/IOUAaeT OJHO COCTOsIHHE 3S, TPH COCTOSIHHS 3p W OATh
coctosuuit 3d u 1. a. (puc. 36).

STOT cHEKTP COBOajJaeT ¢ TeM, KOTOPHH MpPeAcKasbBala cTapas
KBaHTOBas TEOPHS; Mbl yXe yKa3blBa/JH Ha 3aMeuaTe/bHOe COBNa-
JeHHe 3TOr0 pesyJibTaTa ¢ dKClepHMeHTaAbHBIMH AaHHbIMH. Hacros-
[as TEOPHS XOPOIIO MpeJCcKa3hiBaeT PAacloJOXeHHe CHeKTpalb-
HBIX JHHHH, HO He MOXeT OOGBbSCHHTh TOHKYIO CTPYKTYPY CHEKTpa.
HexocTaTok Teopun B TOM, UTO OHa HepeNATHBHCTCKas. Pensrusuer-
ckHe 3G ¢dexThl B ONPEJeJeHHH NOJOXKEHHS YPOBHeH OKa3nBaloT-
csq nopaaka v?/c?, T. e. npuMepHO E,/mc?: pelATHBHCTCKHE NONpPaBKH

AN \

Henpepoibruid ~ cnesmp

P N\ NN
/

= 5 =
o 4s 4p
F 3s 3p 30'

25 ——2p

b ——1s
=0  1=f 1=2 1=3

Puc. 36. Cnektp aroMma Bomopona.

NOKHH OwiTb mopsinka 10-4— 1075, C apyroft cTOpOHH, Teopus
[pearnrepa He YUUTHIBAET CHH 3JEKTPOHA, T. €. BHYTPEHHIOIO CTe-
HeHb cBOGOAH 3/IEKTPOHZ, He HMEKILYI0 KJIacCHYeCKOro aHaJsora —
10T Bompoc byaer o6cyxaathga B rit. XHI (. II). K anannsy 1oHs
KOH CTPYKTYPbl CHEKTpa aTOMa BOAOPOAA MEl BepHeMCs B TIJL. XX
(1. 1) OpH H3JI0XKEHHH OCHOB DEJISITHBHCTCKOH KBaHTOBOH Mexa-
HHKH 3JIeKTPOHA.

§ 6. CoGcTBeHHbIe YHKUHH CBS3AHHBIX COCTOSHHA

Co6cTBeHHbIe (YHKIMH, NPHHAAJNEXAllHe YPOBHIO 3Hepruu Ep,
ABJAIOTCH JHHeHHBIMH KOMOHHAaUHSIMH n? JHHeHHO HE3aBHCHMHX
pynkunti. PesyibTatsl § 4 nawot Ham n? cOGCTBEHHBIX OPTOTOHAJb-
HBIX (YHKUME, TPHHAAJERAUIHX 3a7aHHHM 3HAYCHHAM MOMEHTA
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uMnysabca. Tak, BoJHOBaA (DYHKUHS KBAHTOBOro cocrosuusa (nlm)
3alHCHBAETCS B BHAE

Vutm=a"HN yF oy (o) V16, ), (18)

rae
Fu(x)=x'e LY (v), (18"
a N,;— nocTosiHHaA HOPMHDOBKH. HOPMY Ynim MOMKHO BBIUHCJHTS,

o © Al
BOCHOJIL30BABUIHCh HPOU3BoAsillel QyHKuued mnojuHoMoB Jlareppa
(b.15). Hopma Gyaer paBHa I, ec1u B3SITH

(n—1—1) ”
\/ [+ D - (187

IToyunTenpHo HaliTH cpefHHe 3HaUYEHHS TOCACAOBATEJbHBIX CTe-
neHell r B KBaHTOBOM COCTOSHHH (nlm). Mur He 6yaem 3gech npo-
H3BOAHTL NMOAPOGHBIX BHIUHCJAEHMH (3amaua 1), pe3ysnbTathl AaHbI B
jononHenuu b, § 3. B uacTtHOoCTH, HMeeM

(=5 B2 =1+ 1)]. (19)

CregoBaTe/bHO, JM€KTPOH B CPeJAHEM HAXOAHTCS TeM [ajblie OT
npoToHa, ueM Goabite n. (A OCHOBHOrO COCTOSIHHS HaXOJLHM
(r)1s = 3a/2 B cornacun c rpy6oit ouenkonr § 3.

Koraa ! npunumaer cpoe HauboJabllee 3HaYeHHe n-— 1, BOJHO-
Bad QyHKUHS HMeeT 0cOGEHHO NPOCTOH BHA: 3TO €CTh NPOH3BEAEHHE

Y7, @) Ha paguaabEyio (QYHKUHIO

[(Qn)!]—]/Z (%)3/2 _QnLa)"_lg—r/na_

Cpe,zmee 3HauYeHHe r B 3TOM COCTOAHMH pPaBHO

n (2n)!(na) S( )zn 2 —Qr/narad’—”(”+ 2)

B corJlacHu ¢ obuiell ¢popMyJiof, npHBefeHHOH Bhinle. AHajloruudoe
BHIYHCJIEHHE [aeT:

(My=n*(n+1/2)(n+ 1) a?

OTKYZAa NOJyuaeM BLIPa:KeHue AJs PajHaJbHOTO CPENHero Keajapa-
THYHOI'O OTKJOHEHHS:

TN J.AD a
Ar= A =¥ =22 A2+ T =l
4/2 +1
[Tpu ouenn GONBIINX 3HAueHUsiX n BeJgHunHa Ar/(r) craHoBHUTCS Ma-
JIOH, TAaK UTO 3JEKTPOH OKa3hiBaeTcsl NPAKTHYECKH JIOKaIH30BAHHBIM
BOansu cdepsl paguyca na, B To BpeMsl KaK 3HEPTHs YPOBHS
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—e2/2n2%a coBnaaaer ¢ sHepruell KJAaccHYECKOro 3JeKTPOHA Ha Kpy-
ropoli opbuTe paanyca n2a.

DTOT 4HacTHBil NPUMep NOATBepKIaeT obllee IPABHIO COOTBET-
CTBUS, IO KOTOPOMY B mpejee GOJbIIMX KBAHTOBHIX YHCEJ AOJKHBI
6LITh COpPaBe/IHBBl KJacCHUYeCKHe 3aKOHB ABHXeHHsA. Yrtobw ne-
TaAbHO CPABHUBATL DPE3yJAbTaThl KBAHTOBOK M KJaCCHUECKOH Teo-
puii, clielyeT HcCAeAOBaTh ABHXKEHHE BOJHOBHX NaKeToB. Mu He
fyneM 37ech OPOBOAHTH 3TOr0 HccaeaoBanus. OTpandunMcs yka-
3aHUEM TOIO, UTO COCTOAHHS ¢ MakcHManpHuM [(l = n—1) coor-
BETCTBYIOT KJACCHUCCKHM KPYTOBHIM OPGHTAM; 3TO CJAEAYyeT CPaB-
HUBATb C Pe3yJbTATOM CTapoH KBAHTOBOH TEOPHH, COIMIAacHO KOTO-
poil KCLEHTPUCHTET KBAHTOBAHHBIX OPOHT paBeHn 4/1— [’/n’ u 006-
pamiaeTcsl 8 HyJb, KOTAa ! NpHHHMAaeT cBoe HamGoJibllee 3iayeHHe
(cM. cTp. 47).

Paanen II. KYJTOHOBCKOE PACCESIHHE

§ 7. Kyaonosckaa ¢yHkuus paccesHus

Tlocsie oTaenenust ABHXKEHHs ueHTpa Macc ypaBHeHme Lpennn-
repa 3ajayd O PaccesHHH ABYX YacCTHL, B3aHMOJEHCTBYIOUIMX IO
sakony Kysona, sanucmiBaercsl, cjieays o6osHauennsiv § 1, B BHAe

[" ?ﬁ% A+ ”Z‘#e*]lb (r)=Ev(r), (20)

rne E — sHeprusi B cvcTeMe ueHTpa Macce. dddextuBioe ceueriue

paccesHHs CBSI3bBAETCA C aCHMITOTHYeCKHM NoBefeHueM cobCTBeH-

HeiX GYHKUHHA HOJMOXUTENbHOH sHeprun ypapnenus (20). O6osna-
1

qum ')

h%k? mu?

E=Zm="2" (21)
YAVAY S

V=" (22)

torpa ypasHenne (20) 3anuceiBaeTca B Qopme
2vk
(A+k2-—%)xp(r)=o. (23)

D10 ypaBHeHHe 06.1a7aeT OLHHM DEryJNsPHHM pPelleHHEM BHAA
e*3f (r — 2). (24

Y} [lapaMerp y akajoruues napameTpy v u3 3ajaun o6 aToMe BOLOpOna.
Ecan nonoxuts a == h2/Z,Z,me? T1O moayuum y = l/ka (cM. ypaBuenne (10)).
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L eficTBUTENBHO, €C/IK NOACTABHTh 9TO BHIPaXeHHe B ypaBHeHue (23)
M NOJOXHTh U=r—2, To noiayunm auddepeHnnanbHoe ypas-
HeHHe

[ ir + (1 — iku) 2 — y]f (w) =0
HJIH, nonaras v=iku=_ik(r — 2),
[vd—d:2—+(1 - v)-;f; +iv]f(v)==0-

Sto ypaBHeHHe TtHOa Jlamnaca, pelleHHe KOTODOroO, pery/fipHoe B
Hayale, €CThb BHPOX/JEHHas THOepreoMeTprueckas (yHKUHSA
F(—iy, 1; v). Takum o6pasom, ypaBHenue lllpeannrepa gedicTBUTENb-
HO O0/1afiaeT peryJspHbM pemleHueM B ¢dopme (24), a HMeHHO

P = Ae'**F (— iy, 1; ik (r — 2)), (25)

rage A — HODMHPOBOYHAas NOCTOSIHHAA.

CoryniacHO ucC/leloBaHHIO, NpHBEAeHHOMY B fonoJjHenuu b, § 1,
runepreoMeTpHueckas GYHKUHSA, Gurypupyouias B paBenctse (25),
ABJSIETCS CYMMOH JBYX (YHKUIHH, acHMOTOTHUeCKHe (DOPMEI KOTO-

. o0
PBIX NPH GOJbIINX 3HAYEHHNAX | v | == 2kr sin? 5~ AAIOTCH YPaBHEHHAMHU

(B.10) u (B.11). Hcnoasayem o6o3HaueHHss gononaseHus B u no-
JIOKHM

P = AW, (— iy, 1; iku), (26)

. Py = Ae'**W, (— iy, 1; iku). (27)
Torxa

Yo =1Y; + V5. (28)

OYHKUHH Y; H Pg ABISIOTCSH pelIeHHAMH (HeperyJspHBIMH) ypaB-
Henusa (20). Bubupas :

A=T (1 +iy)e~™", (29)

HaXOJHM cJeAyiolliHe aCHMOTOTHYECKHe QOPMBI ANA P; H Pga:
2
i (kz+yIn k(r—z)][ v 4 ]
L A A lt+ge=ot 1 (30)
~

dir—z|>o

Y (4 i) - - (T4 iy)?
T Rk —2) T(I=iy) et eroyink @ 2)][1 TRe=2 ik (r—2) + . ] (31)

ITockonpKy 2 == r c0s 0, nepBBIH uJieH aCHMOTOTHUYECKOTO NpefCcTaB-
JeHHs Py MOKHO 3aNHCATH B BHAE
exp [i (kr — vy In 2&r
plidhr — vIn28n)l § (g), (32)

dir—z|> r
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rxe
. . 9 8 .
fo(0) =— —Y— - exp[—iyIn (sm2 3)+2i0)s @)
2k sin? 5
anech
oo=arg ' (1 4 iy). (34)

§ 8. ®opmyna Pesepdopnra

BonHoBas QyHKuMSA 4, OPEACTaBJAET CTAallHOHAPHOE COCTOSIHHE
paccesiHHS LISl YaCTHUH ¢ HauyaJbHBIM HMOyJabcoM fik, HanmpaBJiieH-
HBEIM BAoJb ocH Oz. Mul 3HaeM, 4TO B cjaydyae NOTeHIHaJa, CTPEMS-
Hlerocs K HYJI0 He MefJjieHHee 1/r? mpH r—> 0o, aHAJOTHUHOE CO-
CTOSIHHE paccessHHs MpeiacTaBJ/seTcs BOJHOBOH (YHKIHeH ¢ acHMI-
ToTHUECKOH (popMoi

kr
?

My 0) L

r

KOTOpas HHTEpPNpeTHPYeTCs KaK cyMMa najamomell H paccesHHOH
pacxoaslliefics BosH. BosiHOBas PyHKUHSA . TaKkKe NpPeACTaBASETCH
B BHJE CYMMBI ABYX UJNeHOB i Ya ACHMITOTHYECKHe (DOPMH KO-
TOPHIX M[OXOMH COOTBETCTBEHHO Ha IVIOCKYI0 H PacXoAsulyiocs
BOJIHBI.

OaHako naxe Ha OGeckOHeuHO GOJBIIMX PAacCTOAHHSX OT HauaJja
KOOpAHHAT (QYHKUHA P; He MOXKeT OBITb yNoaobJeHa MJIOCKOH BOJ-
He, BBHAYy NpucyTcTBHA (dakropa expliyInk(r — 2)]; paauyc aeit-
CTBHSI KYJIOHOBCKOTO NOJI CTO/Ib BEJHK, 4TO OHO BJIHSET Ha najaio-
[I1YI0 BOJIHY Ja)Ke B acHMOToTHUeckoH o6nactH. Tem He menee, npH
o4eHb GOJBIINX OTPHUATEJbHHIX 2 (PYHKIHS 1p; OPEACTABAAET BOJHY
C MJIOTHOCTHIO |; MpHYEM COOTBETCTBYIOWLAs MJIOTHOCTL HOTOKA

o= g [0 (V) =~ ¥, (W,)']

HanpaBneHa mo och Oz u paBHa v = hk/m (JNorapudmHuecKuil
yjeH MaeT NONPaBKH NMOpsAAKa l/r, KOTOPHIMH MOXHO npeHeGpeun).
D70 onpaBABIBAET HCTOJNKOBAHHE P; KaK Nafaioliedl BOJHHL.
AnanoruunsiM 06pa3oM paaHalbHas 3aBHCHMOCTb (OYHKUHH g
npH oYeHb OOJBIUHX r Beipaxaercda He dopmo#t exp (ikr)/r, xapak-
TepHOH [/ PacXOAsLIMXCS BOJNH, HO GoJiee CJIOXKHBIM BhipaXK€HHEM
expli(kr — yIn 2kr)])/r. OpHako B acHMOTOTHYECKOH 06JacTH
(kpoMe 6JH3KOH OKPECTHOCTH NMOJIYOCH HOJIOKHTENbHBIX 2, Ije pas-
JeNieHHe Ha INajalollylo H PacCesiHHYIO BOJIHbI He HMEeT CMBICJA)
(YHRUIHIO YPg MOKHO HHTEPNPETHPOBATh KaK PACCEAHHYIO BOJIHY, TaK
KakK BeKTOD IVIOTHOCTH NOTOKA jg4, BRIYMC/AEHHBIH ¢ 3TOH (YHKIMEH,
JefCTBUTEJBbHO HamnpaBJeH NO Pajnycy B HanpaBJieHHH BO3DacTalo-
KX r, a BausgHHeM ¢akrtopa exp(—iyln 2kr) MoxHo npeHeGpeub
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B CaMOM HHIKHEM MNOPsiAKE Mo 1/r; B 3TOM NDHOIHKEHHH g €CTh
BOJIHA ¢ noTHOCTBIO |fc(8)|%/r? m nioTHOCTRIO MOTOKA ©|f (0) |3/r2
CocraBasg oTHOLWEHYE MJOTHOCTH PAcCEsIHHOrO HOTOKA B TeJsec-
HoM yrie (Q, Q 4+ dQ) B NI0THOCTH Manaoiulero NOTOKa, NoJydaeM
auddepernnannioe 3pPekTUBHOE ceueHHe paccesiHUs

o, (Q)=|f. ©O) . (35)

Sra ¢pnpmyaa aHanoruuna popmyse (X.2), oTHocdmielics K paccesd-
HHIO Ha noreHuuase Gojiee KOPOTKOTO pajimyca Aeficrsus. KoHeuHo,
BHIIIENPUBEIEHHBE PACCYH/IEHHS MOTYT OblTh NOJABEPrHYTH TOH Ke
KpUTHKe, uto ¥ B § X. 3, 0HaKO, HETPYAHO NpoOBecTH U 6ojee CTPO-
roe J0KasaTeJbCTBO, nOf0GHOe BuiBoAay §§ 4—6 ri. X.

Qynxuna f.(0) HaswiBaeTcs aMOJHTYAOH KYJOHOBCKOrO pacces-
HHS. B gaBHOM Buje OoHa naercsl Buipaxenuem (33). Orciopa noay-
yaeM ¢dopmyany mas 2D@QeKTHBHOIO CEUYCHHS KYJOHOBCKOrO pac-
CesHHUS:

2 Z1Z9e% \2 1
0, (Q) = — = (=57 ) —5 (36)
4k2sin4~§ i 43‘

ITonyueHHOe cTporoe BHIpaKEHHE, KAK BHAHM, TOXKIECTBEHHO KJac-
caueckoil dopmyse 59¢peKTHBHOIO CeueHHS] KYJOHOBCKOrO pacces-
HHs, nmonaydveHHo#t B ri. VI (ypaBrenme (VI.29)): kmaccuueckas
tdopmyna Pesepdopna ocraerca BepHOil, faxe KOra KJIACCHUECKOE
npuéauxeHde mepecTaeT OBITh CNpPaBeAJHBHIM. DTO ClelyeT pac-
CMaTpHBaTb KaK CJyuafiHOe COBHAJEHHE.
U3 dopmyant (36) HaxoAHM cleayioiiue 3aMeyatesbHble CBOH-
cTBa 3(pHeKTHBHOrO ceueHHS KYJOHOBCKOTO PaccesHUs:
a) OHO 3aBHCHT TOJbHKO OT aBCOJIOTHOIO 3HAUEHHUS IOTeHIHaJa,
HO He OT €ro 3HaKa;
6) yraoBoe pacnpejesieHHe He 3aBHCHT OT SHEpPruH,
B) IpH 3ajaHHOM yrie 3(PPeKTHBHOE ceueHHEe NPH BO3PacTaHHH
SHepruu najaet Kax 1/E%

r) nosHoe 53¢ deKTHBHOE ceueHHe GeCKOHEUHO: HHTerpas SO’c(Q)dQ
PacxOAUTCs NMPH MaJbIX yrjax.

dTa pacxoAMMOCTb XapaKTepHa JAJd YHCTO KyJoHoBckoro noiasd. Ha onmre
TaKoe€ MNoJie He BCTPEHYAeTCss HHKOTAA; Tak, NpH paccefHnH 3ameeHHoﬁ YaCTHIIH
Ha aTOMHOM flApe KYJIOHOBCKOe foJie sjApa Ha OOJNBbLIMX DacCTOAHHAX HeHATpaJH-
3yeTcsi MOJIeM 3JIEKTPOHOB 000JioueK M noTeHiHaa obpalllaeTcss B HYJb Ha pac-
CTOSTHHSX, AOCTAaTOYHO GOJNBUIHX MO CPABHEHHIO ¢ pajuycom atoMa. DddekT skpa-
HHPOBAHHA NPHBOZHT K MOZH(HKAUHH DPACCESHHOR BOJHBI 1P MalEX yrjax, Tak
yto guddepennnanbroe shdekTHBHOe ceuenue Gosee He pacxojautes npH 6 —0.
MoxHo noKasaTh, 4TO YKa3aHHOe H3MEHEHHE BOJHOBOH (YHKUHA NpeHeOpexxHMO
Majio NIpH yrjax, NPeBOoCXoisllHX ofHoBpeMenHo 2y/ka u 1/ka (3mech a — pagnyc
atoma). IIpH 3Hepruax, oOblMHO HCHOJAb3YEMHIX B ANEpHOH (H3MKe, 5TH Npejelb-
HBle yrJbl CTOJb MaJjbi, 4TO 3KpaHHPOBAHHEM KYJOHOBCKOTO HOJA MOXKHO NOJ-
HOCTBbIO NpeHe(peub.
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§ 9. Pa3noxenne no napuKadbHbiM BOJHAM

VpaBuenne llpepunrepa (20) moxer OHTbL pelleHO MeETONOM
pasjlesiennss YIJIOBHMX H PajHajbHbIX NEePeMEeHHBIX. JTOT METOA He
npeAcTaBaser GOJbIIOro HHTEpeca AJsI YHUCTO KYJOHOBCKOrO pac-
cesiHHS, TaK KakK Mul o6snajaem OoJee npaMmMeiM MetroaoM. Kpome
TOro, UMEst €0 ¢ MOTEHUHAJOM JaNbHEro AeHCTBHA, Mbl 3apaHee
3HaeM, YTO PasoXeHHe aMIJIHTYAnW paccesnud f.(0) mo cdepnue-
ckuM yHKuuaM Oyzer maoxo cxoautbed. OAHAKO DasjioXKeHHE [0
mapiMasbHBIM BOJHAM OKa3blBaeTcs MOJIE3HHIM B TaKHX 3ajauax,
KOTZIA K YHCTO KYJIOHOBCKOMY B3aHMOAeHCTBHIO n06aBiageTcs HEKO-
TOpOE B3aUMOJEHCTBHE C OTPaHHYEHHHM paauycoM, HGO NpPHCYT-
CTBHE 9TOTO AONONHHTENILHOTO B3aHMOAEHCTBHSA BJHAET TOJBKO Ha
nepBhie WIEHH PasioXeHHs 1o cepHyecKHM TapMOHHKAM H, Cje-
JIOBATENLHO, passioXeHHe pasHocTH f(B)—f.(B) ObicTpo CXOAUTCA.

PasjeneHne yrioBHX H DPaiHalbHEX NEPEMEHHHIX YyXe OBLIO
npoBeAeHO AJs cJAyuash aToMa BOAOPOAA. B Halmux HOBHIX 0603Ha-
yeHHsX ypaBHeHHe (4) 3amHceiBaeTcs B (opMme

’” 2vk La I
y,+[k2—“,¥"__(‘;2r—)]y’=0' (37)

YUTo6H NOCTPOUTH pElIeHHsl 3TOr0 ypDaBHEeHHH, AeHCTByeM Kak
B 3ajaye 006 aToMe BOJOPOJa, NPOH3BOAS 3aMeHy HCKOMOH (yHK-
UHH U HepeMeHHOH:

ik 141
yy=e""(kr) " vy,

38

g=—2ikr; (38)

TOTA@ Uy €cTh pellleHHe ypaBiCeHs Jlannaca (cm. ypaBuenue (12))
d? d .

[ede+@+2—0F—(+1+m]o=0 (39)

M3specTHr acHMMOTOTHUeckue pasjoxenus (B.10—11) aeyx Hepery-
NApHBIX peuteHuit sroro ypasHenHs Wio(/+ 1 4y, 2/ 4 2; ). Ha
AX OCHOBE MOXHO MOJYUHTb aCHMNOTOTHYECKYIO (opMmy oOuIero pe-
wenus (39) ¥ B pe3y/abTaTe KOPOTKOTO BBHIYHCJAEHHS — aCHMIITOTH-
yecKyio GopMmy obuiero pemenus (37): 370 NuHeliHas KOMOHHALUA
ABYX 9KCHOHEHIHaAbHbIX (QYHKUHHA

eti (kr—wv In 2kr).

Mui 3HaeM, 4T0 pelleHHe (39), perynspHoe B Hauaje KOOPAH-
HaT, ecTb runepreomerprueckas Qyukuus (I 4+ 14 iy, 204+ 2; E);
ato cymMa aByx oymHkuuii W, u Wo (ypasuenue (B.9)). Cootser-
CTBYyIOLIEe pellleHHe ypaBHeHHs (37) B acuMOTOTHYeCKOH o6GmacTH
nponopuHoHanbHo Gynxuuu sin(kr — vy In 2kr — In/2 4 01), rae

oy=arg ' ({4 1+iy). (40)
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Bennuuna o, HaswiBaercs kyaAoHoackum ¢pasoevim césuzom. o on-
peNle/IeHHIO PeryJisipHOH KYJIOHOBCKOH BOJNHOBOH (QyHKuuel F(y; kr)
ABJAETCSA Pery/spHoe pellleHHe ypaBHeHUs (37) ¢ ACUMITOTHUYECKOMH
dopmoi

Fi ~ sin(kr — yIn2kr —In/2 4 o)), (41)

CorJyiacHO NpPeABAYIIEMY

Fi(v; kry==c, (W) e (kr) ™ F (1 4+ 1 4+ iy, 20+ 2; —2ikr), (42)

NpH 3TOM NOCTOAHHAaA ¢ (y) AOJNXKHA GBITh BbIGpaHa Tak, uTo6w F;
YAOBJETBOPANA ycaoBHIO (41), a uMenno

_ 2l ™R (1 L 1 iy
Cr= GIL ) ‘

Bemectsennas ¢yukuua F; 4acTo HasmiBaeTcs pery/ispHo#t cdepu-
4ecKOH KyJIOHOBCKOH (yHKIHeH; 9T0 PyHkuus kr, 3aBHcamias OT
napameTpa vy.

MoXHO ONPEAETHTh TaKXKe «HeperyJspHule cdepuueckue KyJo-
HOBcKHe (GyHKHHE». DTO pemleHHs ypaBHeHusi (37), HeperyasipHule
B Hauajie KoopauHaT. HauGosee vacto ynorpeGisiemble QYHKUHH
onpesenenn B § B.5. YkaxeMm 3gech TOJBKO CXOAAILyIOCS M Pacxo-
AAmyocs BOMHH 4y~ u u{Y) ¢ acuMnToTHYecKMMH (opMamu

(43)

UE) o gt i br=yIn2hr—ta2)
r-»oo

OTH (YHKIHH SIBIAIOTCA KOMILIEKCHO CONPSIKEHHBIMH, MpHUeM

Fy=1Im e“tu{®. (44)

§ 10. Pa3noxenye . no chepuyeckuM GyHKuuAM

KyJionosckasi BoiHOBasi QYHKIHS ., ONpeie/ieHHas B § 7,
he=e=™2T (1 + iy) e*F (— iy, 1; ik (r — 2)), (45)

MOXeT OBITh NPEACTaB/ieHa B BHUAE Pa3JOXKeHHA B pij MO NOJHHO-
mam Jlexanapa:

Yo == Y. @1+ 1) i'e I F, (v; kr) P, (cos0). (46)

=0

D10 pa3noxeHHE AHAJOTHYHO PasJIOKEHHIO MJIOCKOH BOJIHBI

ethe — lio Q1 + 1) i*j; (kr) P, (cos 0), (47)

B KOTOpOE OHO IepexoauT mnpu y—>0,
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Yrobbl f0Ka3aTh cooTHowiende (46), caenyer €CNOJb30BATb HHTErpajbHoe
npeacrabaende {B.6) runepreomerpuueckoil dyHxnud, Qurypupyolieii B onpege-
JIEHHH e, YTO JaeT

e—-nv/Q
(1 —e )T (—iy)

eikz S eik (r—z)tt—x’v—-l (1 - t)iv dt =
Ty
e—:rry/z

T (=T (= iy)

Pe =

S eikrtex'kz (I—t)t—x'v—l (1 — t)"V dt.

Ecan pasnoxnTh sKcrnoHenty exp [(kz(l —{f)] B nopbiHTErpasbHOM BHPaXKEHHH
B psia no noyuuoMaM Jlexauppa no ¢opMmyie (47) H H3MEHHTb MOPSIOK CyM-
MHPOBaHHUS H HHTETPHPOBAHHS, NIONYIHM

= ) (2 +1)ilq, (r) P, (cos B), (48)
=0
rpe
_ e~V S ikrt; a1 =iyl Iy
(pl(r)—(l_e_mv)r(_iv)re iy ler (1 — D] ¢ (1—Vdt.  (49)

C Apyro#t cCTOpPOHB, Mbl 3HaeM, 4TO

i
Eii ()= Fi (0 8) = Ty &7 RF U+ 1, 2142 —209),

OTKYAa

ol i U (=2
f,<s>—2§e§(zl+1+p>r o

Moactapasisi 5TO BhipaXeHHe RJfA j; B HHTerpas B npaBofi gactH (49) M BHOBB
MeHdaa NOpANOK CYMMHDPOBaHuSA H HHTErPHPOBAHHA, HAXOAHM

olp—mvi2
=7 —e—‘”W)r( P

({4 p) —iy=1 (1 _ pltp+i (—2ikr)?
XZ (21+1+p)1(8t W=l — pFtPtiv gy —r

(kl‘)l eikr X

H NOCKOJbKY, CIenys (B.5),
S iyl (1— t)1+p+iv df = (l o e—2:rw) F(—i)TU+p+1+iy)

0 ¢+ p) !
HMeeM
ol =2 gyl gir ST LU+ P+ 14 iy) (—2ikr)P
@ (r) =2~ ™2 (kr) e ’;0 o p
op T+ 1+
=2le nvﬂ_(gl*‘Tli)lﬁ).(kr)‘ SRIF (1 + iy, 2+ 2; — 2ikr).

Ilpu yuete onpedenennit (40), (42) n (43) sto naer
i
krg (r)=e G’Fl (y; kr).
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HMcxomoe pasnoxenue nosyuaercs npu NOJACTaHOBKE 3ITOTO BbIPAXKEHHA B ypaB-
Henne (48).

MoxHo 65110, BOpoueM, OKHAATb 3TOro pesyabrara sapanee. JleficTBHTeNbHO,
MOCKOJNBKY e €CTb peryaspHoe peillenie ypasmeuus Llpeausrepa (20), ro(r)
HeoGXOAMMO ecTb DeryisipHoe pellleHde pajHasbHOro ypaeuesns (37), T. e. mpo-
nopuuoHanbio F;(y; kr). lleap Halllero BHIYHC/IEHHS COCTOSIA B ONPENENHHH KOH-
CTanTbl NPONOPUHOHABHOCTH.

ITonesno BrIpasHT, pasnoxkeHHne (46) npu NOMOUIM Pacxoasi-
IIHXCS M CXORSIIIHXCH KYJOHOBCKHX BONHOBHIX (yuxuuii. [loxcras-
asisl BMecTo F; ee BripaxeHne uepes QyHxkunn ufP) uw wy™' (ypasHe-

Hue (44)), Haxoaum

o= g 3 @ )i () — ) Py (cos8).  (50)
=0

§ 11. Mopndukauns Ky 10HOBCKOTO NOTEHIHANA
KOPOTKOAEHCTBYIOUIHM B3aHMOelicTBHEM

Koraa x xynoHOBcKoMy noJio V.(r) AoGaBasieTcs HEKOTOpoOe
KOPOTKOJIeHcTBYIolee B3auMoneicTsne V’(r), craumoHapHoe CO-
CTOAHHEe paccesHHs G6ojiee He NMPENCTABJISETCS HHMCTO KYJAOHOBCKOM
BOJIHOBOH (yHKUHeH, HO DYHKIHeH P, Pa3/IOKeHHe KOTOPOH B psin
no nosuHoMawm Jlexanapa uMeer BUJ

=kiz @0+ 1) i'% (1) Py (cos 6). (51)

Meton (a3s0BHX CABHIOB, MO3BOJAINIMI ONHCHBATL paccesHHe
YacTHOB NoTeHHmManom V’/(r), mouTH Ge3 H3MeHEHHH NepeHOCHTCS
Ha c/lyyal paccesHns moreHunajsom V/(r)4 V.(r); caenyer Tosnsko
Ha KaXJOM 9Talle BHIYHC/JIEHHH 3aMeHHTh cBOGOJHLIe BOJIHL HA CO-
OTBETCTBYIONIHE KYJOHOBCKHE BOJHOBBIE (PYHKLHH.

Qynkuusa y(r) ABAsgeTcd pelleHHEM PaZHAABLHOrO ypaBHEHHd

2vk 2 , 1
[F+e—2 - veo-E 2 yn=0 62

MoxHo nokasaTe (3agaua 2), uto, ecnn V' (r) CTpeMHTCS K HYJIO
B aCHMITOTHYECKOH 06sacTH He MejJieHHee 1/r?, To pelienns pa-
AHaJbHOIO YPABHEHHS AacUMNTOTHYECKH NePeXOAsiT B JHHeHHBE
KOMOGHHALIHMH 3KCHOHEHT e* { (! —vIn2kr) yjp, 4yto TO XKe camoe, B JIH-
HeliHble KOMOHMHAUUH pPacXONAUIUXCH M CXOASUIMXCH KYJIOHOBCKHX
dbyskuni uf w w{™). B uacTHOCTH, perynspHOe peLIeHHe 5TOro
ypaBHEHHS AcCHMNTOTHUECKH MEPEXOAMT B HEKOTOPYI JHHelnyio
kKoMOHHAUHIO YKa3aHHBIX ABYXx GyHkuuf. [Tycrs

Az (ué—) . e?iﬁ,g?iglu§+))
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ecTh 5Ta NuHefiHas komOuHauus (A;— noctodaHHas HOPMHPOBKH).
@ a30BLIH CABMI §; XxapakrepusyeTr neHcTBHe moTeHuMaga V' (r), po-
$aBJIEHHOTO K KyJIoHOBCKOMY. @a30Bulil ¢cABHI §; paBeH ByJo, €CJH
V' =0, u B nanabHelillieM HIpaeT PoJib, COBEPLIEHHO AaHAJOTHYHYIO
pOJH ($a30BLIX CABHIOB NPH PACCMOTPEHHH KOPOTKOAEHCTBYIOUIHX
[TOTEHIHAJOB.

Peryasproe pelieHHe PaaHasbHOIO YPABHEHHSA Y, AOJKHO OBITbL
BLIGpAHO TakK, 4ToOn (PyHKuHs P DpencTaBjssia CTauHoHapHoe Co-
CTOSIHHE DACCESTHHSA; AJIST 3TOro HeoOXoANMO, 4TOOH P — P, aCHMATO-
THYECKH Beja ce0i KaK pacxoasilascsa BoJiHa, T. €. KaK

ei (kr—vin 2kr)/r_

10 yc/oBHe Bhimoausercs, ecan A; = i/2 Hpu BceX 3HaUEHHHX
I, KaK 3To MOXKHO BHaeTh, cpaBH#Bas (50) n (H1). B acumnroruue-
_ckofl o6aacTH, T. e. AJS 3HaYeHMH r, AOCTATOYHO OGOIBUINX, 4TOGHI
MOXKHO ObIIO MOJHOCTbIO NpeHeGpeub NoTeHuuasom V'(r), moay-
yaeM pasJioKeHHe
B o 3 @A 1) — 0wl Py (cos 6) ~

r—)~co 2kr 7
1 . i i
= be— g Y @4 D i (0 — 1) PPy (cos ). (53)
{

Kak 1 B § 7, MOXKHO IPEACTaBHTL P B BHAE CYMMH
P =1P; + Vg, (54)

rae W, — GyHKUHS, ONpeneNeHHass ypaBHenueMm (26) W Mpesacras-
Jgsiouias Najapinyio BojgHy. HanpoTus, {g OTIAHUAETCS OT (PYHKUHH
(27), ee acumnToTHYecKas dopma, Mocse COOTBETCTBYIOUHX BBIYHC-
JIeHHH, MoXKeT OHITh Npe/ACTaBjeHa B BHJe

Py r,_;/; ;I-exp [i (kr — vIn2kN)] X [ (6),

rae
f@®)=Ff:.(0)4 [ (6), ' (55)
npuueMm
fo (0)=— ;k—sﬁz—g—exp [— ivin (sin2 —g—) -+ 2i00] , (55a)
@) == Y (2L + 1) &2 (5% — 1) P, (cos B). (556)

2ik
1

HerpyaHo ycTaHOBHTbL ¢ NOMOLIBIO TeX € aPryMeHTOB, 4TO H
B § 8, uT0 3(D(DeKTHBHOE CEUEHHE PACCESHHA PABHO

o(Q=I7®)F (56)



412 I'JI. XI. KYJIOHOBCKOE B3AMMOJIEFICTBHUE

MoxHo BLIpasuTh €ro B BHje CYMMBbl TPeX UWJIEHOB, BOCIOJb30OBaB«
mHCch paBeHcTBOM (B5)

0(Q=0,(Q)+2Re[ ]+ OF

Muorue xapaktepHbie cBOHcTBa 0OBLIYHBIX (Ha30BLIX CABHIOB IPH-
cyiid u (asoBLIM CIBHraMm, BBEAEHHBHIM B 3ToM Naparpade. B ua-
cTHoctH, psif (556) cxopuTcsi Tem OHICTpee, yeM KOpoue pajuyc
JAeHCTBHS JONOJHHTeNbHOTO NoTteHunana V. Gopmynn (X.39—44)
u3 § X.10 ocrawTcss cnpaBeJJHBHIMH, €CJH TOMBKO YY€CTh, UYTO
GyHKuMH u{*) npeACTaBJAAIOT TeNepb He CBOGOJHbIE BOJHEI, a BOJ-

Hbl KyJOHOBcKHMe (3afaua 3). OnHako uHcleHHBIe 3HAYEHHS BeJH-
YHH T, U;, ¢{*) MOryT CHJbHO OTJIHYAaTbCS OT COOTBETCTBYIOUIAX
3HayeHHH AJs1 CBOGOJAHBIX BOJNHOBLIX (YHKLHE, TAaK YTO Pe3yJbTaThl
o6CyXKAeHHs] NOBeJeHHS NP MaJ/biX SHEPruaX, a TakxKe CXOAUMO-
CTH psiia JAOXKHE OBTH NepecMOTpeHbl. B wacTHOCTH, ecad MBI
HMeeM [eJ0 C OTTAaJKHBAIOUIMM KYJOHOBCKHM IOTEHLHAJOM, TO
¢akTop NpPOHHKHOBEHHS TeM MeHbllle, YeM MeHbHIe HayajbHas
SHeprus, Tak uT0 v; < 1, KakuM 6ul HH ObwiO [, ecau ToabKo E
<L Z1Z2e%[ry (7. e. 5Heprusi MeHbllle KYJOHOBCKOro 6apbepa B TOUKe
ro). 32 HCKJIIOYEHHEM 3TOro Bce oOCyKAEHHEe Pe30HAHCHOrO pacced-
Hus MOXeT OBTb MOBTOPeHO Ge3 H3MeHeHHsd. IIpH HeKoTOpOM H3Me-
HeHHH OOpejesieHHH BXOASIIHMX BeJuuyuH (3anaua 4) dQopmyaH
(X.72—73), ucxozusie nas npubanxkenus DBopua, u dopmyna
(X.77), ucxoanasi 4Js1 npubauxkeHHs «3(dekTHBHOrO pajuyca aefi-
CTBHS», OCTAIOTCS B CHJE.

3AJIAUH U YTIPA)KHEHHSA

1. INonbsysich pafHaibHBIM ypaBHEHHEM AJA aTOMa BOAOPOAA, AOKA3aTh pe-
KYPPEHTHOE COOTHOWeHue (coorrouerue Kpamepca):

s+ 1

n?

Y —@s+ el + -Z- (@1 + 12— 2] a2 {2 =0,

B KOTOpOM (r$) o603HAYaeT CpehHee SHAUEHHE /%, KOTAA 4TOM HAXORUTCA B KBAH-
ToBOM cocTostHuu (nlm) (@ > —21 — 3). BriBecTH OTCIOKa BHIpaxenne gaa (r—1),
(r), (r®, npusenennbie B § B.3. 10 coOTHOIEHHE He MO3BOAfET HafTH (r-2).
Ioka3aTb, 4TO BO BCAKOM CTAUMOHAPHOM COCTOSIHHH  BOJOPOAONOHOGHOro
aToMa CpefiHee 3HAUEHHE KHHETHUECKOH SHEPrHH PaBHO ¢ OOpaTHHIM 3HAKOM cOG-
CTBEHHOMY 3HAYEHHIO SHEPTHH
E,=—(p’12m),,,,.
2. PaccmatpuBaeTcs paccesiHhe JacTHUB C Maccoi #2 HEHTPAJLHO-CHMMETPHY-
HHM noteHumanoM V(r) = Zefr 4 V'(r), rae V'(r) npm r—>oo cTpeMHTca K
wymo He Meniennee l/r% TlokasaTb, 4TO pellleHHA PafHAJBHOTO YDABHEHHA &CHM-
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(ITOTHYECKH (EPeXOAAT B JHHeHHbie KOMOHWHALMH 3SKCIOHEHIHAMbHBIX (GYHKIHI
exp [i(kr —y In2kr)] (k=+/2mE [h. y=1Ze/hv; v n E — nauaabubie cKo-
pOCTb H 3HEPTHS).

3. Tlokasatb, uTo dopmyas (X.39—44) OoCTaOTCS BEPHLHIMH, €CAH K KOPOTKO-
neficTByIOlleMy nNOTEHUMaly OPHOABHTb uJeH KYyJIOHOBCKOTO  B3aMMOJeACTBHA

Z,Z9e?{r (5e06X0AMMO TOJBKO H3MEHHTb ompefeneHte QYHKuHA uﬁ'H H uﬁ_)).

4, Kak nomxHH OHITh H3MEHEHH HHTerpaibhble npejcrasierus (X.72) H
(X.73), ecnu pacceHBaillHA NMOTEHIHAN eCTh CyMMa KYJOHOBCKOrO H KOPOTKO-
peficTBYollero NMoTeHuuasoB? TOT e BONPOC OTHOCHTeNbHO dopmynn (X.77).
PaccmoTpers TeopHio 3GGEKTHBHOrO pajHyca AfIs S-pacCesHHs, KOTAa KOPOTKO-
peficTeyromull noTenuuan obnajaeT CBOACTBAMH, yKasaweoMH Ha cTp. 391 (cm.
H. A. Bethe, loc. cit., cuocka X. 20).



'J1ABAKXII
FTAPMOHUYECKHY OCUUJJIATOP

§ 1. Beenenne

B kaaccuyecko#i MexaHHKe TapMOHMYECKHH OCLHJJISTOP — 310
yacTHua, clocobHas HepeMelllaThCsl BAOJL HEKOTOPOH OCH M MOA-
Bep:KeHHaa JAeHCTBHIO Bo3Bpalllaiolleil CHJbI, NPONOPUHOHAABLHOH
PacCTOSIHHIO YaCTHIB OT Hayana KoopauHat. Peulenue 5Tol 3ajauH
xopowo u3BectHo. [1ycTh ¢ — KOOpAHMHATA MOJOKEHUS YaCTHUBI HA
OCH, p~— €& HMIYALC, M — Macca, — Mm2q — BOIBPALAI0INAs CHJAA.
YpaBHeHHS JIBHIKEHHS 4acTHUb BbBOAATCA #3 GyHRuM# [amunb-
toHa (p?+ m?w?q?)/2m; Aerko 10Ka3aTh, YTO HYACTHLIA CHHYCOH-
AanbHO KoJieOdercsi ¢ (KPYroBoil) uacToTOH ¢ OKOJO Hayaka Ko-
opaHHar.

CooTBetcTBylOllasd KBauTOBas 3ajaua QopMyJlHpyeTcss Kak 3a-
naya 06 OHOMEPHOH YaCTHIIC C MAacco¥ m H C TaMHJALTOHHAHOM

5= 55 (0 + m’q?), M
npUyeM NepeMeHHbIe NOJOXKEHHS ¢ H HMNYJAbCa p CBA3aHbLI COOTHO-
HieHHeM KOMMYTalHH

lg, p]=ih. @)

3n1ech MBI HMeeM €0 C OYeHBb MPOCTOH KBAHTOBOH cHCTEMOH, ypaB-
nennie lllpeaunrepa Kotopo#l MoXeT ObITb TOYHO PEHIEHO; CHCTEMA
o6sanaeT uejblM PAJAOM 3aMeuaTeJbHBIX CBOHCTB.

UccnenoBande rapMoHHuecKoro oCuuAsTopa uMmeer 6oJblIoe
3HayeHHe B KBaHTOBOH TeOpUH, TaK KaK raMu/ibtoHHaH rtuna (1)
BCTpeuaercss BO BCeX 3a7ayax, rje HMelT MeCTO KBAHTOBAHHLIE KO-
NeOaHAA: Mbl HAXOLHM €r0 B KBAHTOBOH 3JEKTPOAMHAMHKE H KBaH-
TOBOH TEOPHH II0Jisl, B TEOPHH MOJEKYJAPHHX H KPHCTAJNTHYECKHX
Kosiebannil. C Apyrofi cTOpoHbl, NPOOAEMEI, OTHOCSRIIHECS K IapMo-
HUYEeCKOMY OCLHJJISTOPY, cJyXKat NMpeKpacHoH HMIocTpauHed oc-
HOBHBIX NPHHUMIOB H (popmanuaMa KBaHTOBOH Teopud. [lostoMy
BIIOJIHE ONpaBAaHO NOAPoOHOe H3yYeHHEe 3TOH 3aAayH, KOTOpOMYy H
MocBslieHa JaHHas rjasa.

JlBa nepBBIX pasje/a MNOCBAILEHbH OAHOMEPHOMY OCHHJJAATOPY.
O6iee pemeHne NpobaeMbl COGCTIEHNIBIX 3HadYeHN raMHJIbTOHHAHA
cozepxkutcs B pasjene 1. Pasgen Il nocBsilen pasiHyHBIM NPHJIO-
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JKeHHAM: HaXO0XKAEeHHI0 NMpou3BoasuleH (YHKLUHH CTALUHOHAPHBIX CO-
cTOSIHHUI, penieHnio ypaBHenuil aABlienns [efizenbepra, cpaBHEHHIO
KBAHTOBOTO H KJACCHYECKOTO OCUMJIIATOPOB W H3YYEHHIO ABHIKEHH:
BOJIHOBOIO MaKeTa — YTO A2ET XOPOWYylo HJJIOCTPAlHI0 KaK MpHH-
[IM]a COOTBETCTBHS, TaK M COOTHOMIEHHH HeonpeleJeHHOCTH —
H, HaKOHell, UCCJAeAOBAaHUI0 CBOHCTB aHCcaMmOas rapMOHHUYECKHX OC-
LHJAJAATOPOB B TEPMOJHHAMHYECKOM DABHOBECHH.

B pasnmeae III paccmarpuBaercs rapMOHHYECKHHA OCUHJIATOP
B HECKOJbKHX H3MmepeHHAX. OCHOBHOH XapaKTepHCTHKOH 3TOH 3a-
naud ABJSETCH HajHuue BHIPOM/JAEHHBIX COOCTBEHHBIX 3HAUEHHH.
CuaescTBHS BHPOXKAEHAS AeTAJBHO H3YUalOTCH B ABYX YaCTHBLIX CJy-
yasix H30TPONHOTO OCLUANATOPA B ABYX H TPeX H3IMEPeHHsX,

Pasnen [. COBCTBEHHBIE COCTOAHHA H COBCTBEHHBIE
BEKTOPbl TAMHJIbTOHHAHA

§ 2. MpoGaema coOGCTBEHHBIX 3HAYEHHUI

Uro6bl He 3arpomoxjaTthb BBIYHCJeHHS HEHYXHBLIMH IOCTORH-
HBLIMH, TTOJOXHM

56 = Hho, (3)
1=(+5)"e @
p==(mhw)" P, )]

[Ipo6iiema COCTOHT B HAXOX/EHHH COOCTBEHHBIX 3HAa4YeHHH u 1O-
CTPOEHHH COOCTBeHHLIX BEKTOPOB ollepaTtopa

1
H=3 (P*+Q), (6)
rie SPMHTOBH omepaTopsi P H Q y/OBJIETBOPSIOT KOMMYTaLHOH-
HOMY COOTHOIIEHH!IO
[Q, Pl=i. ™

Yro6H peidTh 3Ty 32134y, MOXHO BLIOpAaTh HEKOTOpOE Mpei-
craBaenue, Hanpumep, {Q}, u pemnrts ypaBuenue Illpenunrepa B
stoMm npeicraBiaennd. [lockonbky B {Q}-mpeacraBienuu P Bhipa-
KaeTcs AU bepesunanbHLIM onepartopom (—id/dQ), Mbl PUXOZHM
K opHOMepHOMY ypaBHenuio Illpenunrepa

-+ @@= Q. (8)

Mm Bocnoabayemcs GoJiee NPAMBIM MeTOAOM, NMpPHHALJIEXKAUIHM
JIlupaky; nocTpoHM cOGCTBeHHEIE BeKTOphl H, NMeficTBYsl Ha OJIHMH H3
HHX COOTBETCTBYIOLIHMH ONEPaTopaMu. JTOT MeTOH [aeT BO3MOXK-
HOCTL peliliTh 3agauy Ha COOCTBEHHble 3HaueHHs B OOlleM BHJeE
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6e3 cCHIIOK Ha Kakoe-1u60 KOHKpeTHOe Ipe/AcTaBjeHHe, OCHOBHI-
BasCh HCKJIOYHTEJNLHO HA OCHOBHBIX MOCTYJaTax MNPOCTPAHCTBA
I'unnbepra n KOMMYTaUHOHHOM cooTHolleHHH (7). Ero moxHo pac-
CMaTpHBATb KAaK METOJ MOCTPOEHHsi BEKTOPHOIO MNPOCTPaHCTBa &
JHHAMHYECKHX  COCTOSIHHE  cucreMbl, MNOAOOHHIA ONHCAHHOMY
B § VIIL. 6.

§ 3. Bsmepneunwe onepatopos a, at u N

OmnpegnenuM onepatopsl a u at dopmynamu

— Y2 Q+iP), 92)
ar =22 Q- iP), (96)

onepaTophi @ 4 at 3pMHTOBO conpsiKeHn Apyr Apyry. CooTHOWEeHHE
KOMMyTau#H (7) SKBHBaJEHTHO COOTHOLIEHHIO

[a, at]=1. (10)

Ecau B onpenenenuu (6) Boipasuth Q u P uepes a u at, to mo-
JYYUM

H= 5 (aa* + a*a). (11)
Ilonoxum
N =ata, (12)
Torpa u3 (10) m (11) naxomum
H=N+1/2. (13)
Us ypasuennfi (10) 1 (12) monyuaem BaxHBIe COOTHOMIEHHS:
Na=a(N — 1), (14a)
Nat=a* (N 4+ 1). (146)

3ajaua Ha cOGCTBEHHLIE 3HAUEHHS, KOTOPYIO MbI peliaeM, SKBH-
BaJiecHTHA 3ajaye MOCTPOEHHs COGCTBEHHBIX BEKTOPOB omepatopa N,
onpenenennoro popmymaoit (12), mpuuem oneparopet a ¥ a* 5pMH-
TOBO CONPSIXKEHH APYT APYTy H yAoBaerBopsiior ycaosuio (10).

JlokaxkeM OCHOBHYIO TeOPEMY.

Ecau |v) ecro cobcrsennsil sexrop oneparopa N, a v— coor-
sercreyioujee coOCTBENHOe 3HAYeHuUe, TO

ay v=0;

6) ecau v=~0, 1o a|v) =10, 8 OcTaAIbHbIX e CAYHaAX a|v)
ecTb OTAUYHGIL OT HYAS 8eKTOp ¢ HOPMOU

v vV,



§ 4 TTIEKTP H BARHCHAY CHCTEMA ONMEPATOPA N 17

npuuem 370 cobcTsennoui sexTop oneparopa N, npunadiexcaujuil
co6CT8EHHOMY 3BHAYEeHUr v — 1
B) sextop at|v) orauuen or nyaa, eeco Hopma pasHa

v+ 1) viv),

npusem 370 cobereennoul sexrop oneparopa N, npunadiewcaujull
cobeTeennomy 3HAUeHuo v + 1.
[lo npeanoJoxeHH:0

N|v)y=v]|v), (v|v)>0.
[Tonbsysice onpeaetenneM (12) ¥ KOMMYTalHOHHBIM COOTHONIEHHEM
(10), HaxomuM HOpMbI BeKTOpOB a|v) u at|v):
(viatalvy= | N|v)=wv@®|v), (152)
vlaat V)= (N +DIvy=F+ D). (156)
Opnuako, HopMa BeKTopa B TNpocTpaHcTBe 'manbGepra nHGO MOJO-
JKHTENIbHA, Jn00 paBHA HYJIO, IPHYEM PaBEHCTBO HYJI0 HOPMEI s1B-
JggeTcs HeoOXOAHMBIM W IOCTATOYHHIM YCJAOBHEM paBeHCTBa HYJHIO
BekTopa. YTO6H 3TOT OCHOBHOH IMOCTYJAaT BHIOJMHAJNCA B HalleM
cayuae, Heo0X0AUMO H JOCTATO4HO, yToOH v = 0 (cBoficTBo a))!).
YcaoBue paBeHCTBa HYJI0 BeKTOpa a|v) ecTb YacTHHIA cayyad ypas-
nenus (15a). C npyro#t cropoHsl, BekTopsl a|v) u at|v) apefictBu-

TeJbHO YAOBJETBOPSIOT yPABHEHHAM Ha COOCTBEHHBIE 3HAUCHHS TEO-
pembl, Tak Kak, corsacuo (l4a) u (146),

Nalvy=a(N — 1D)|v)=(v—1)alv),
Nat|vy=at (N 4 )| v)=(v 4 1) at|¥),

4yTo H TpeGOBaJIOCb JI0OKa3arThb.

§ 4. Cnektp u 6a3ucras cucreMa onepatopa N

Ecau v >0, 1o nNpeallecTBywlIas Teopema NPHMEHHMa H K
BEKTOPY a|v), mpuHaanexalleMy COGCTBEHHOMY 3HaueHHIO v — l.
1o y6exnaer Hac B ToM, 4To v = 1. Ecam v > 1, To Teopema npu-
MeHHMa TakXke K BeKTopy a?|v). Tak mb 06pasyeM IOCTELOBATENb-
HOCTh COOCTBEHHBIX BEKTOPOB

alv), a®|v), ..., a’[v), ...,
TIPHHANIEKAMHUX COOCTBEHHBIM 3HAYEHHSM

v—1,v—2,...,v—p, ....

1) Cwm. zagauy VIL 9.

14 A, Meccua



418 rJ. XII. TFAPMOHUYECKHUM OCLIUJJIATOP

Drta nmocneoBaTe]bHOCTL 06513aTe/IbHO KOHeYHa, TaK Kak coGCTBeH-
Hble 3HaueHus N OrpaHHYeHbl CHH3Y HyJdeMm. MHaue roBops, Bek-
TOPBI MOCHEJOBATENbHOCTH BCe PABHBI HYJO, HAYHHAST ¢ HEKOTOPOTO
n -4 1. mefictBue a HA CcOOCTBEHHbIH OTJIHYHBIA OT HYJsI BEKTOP
a"|v), mpHHaANexamwHuil coGCTBEHHOMY 3HayeHulo v—n, jaaer 0;
COIJIACHO B) 3TO 3HAUHT, 4TO Vv == .

Ananornunsiv 06pasoM MOKHO NMPHUMEHHThL HAIY TEOPEMY K BEK-
topy at|v), Kotopblli OUeBHIHO He paBeH HyJ10 H NPHHAJIEKHT
co6cTBeHHOMY 3HaueHuio (v 1), 3arem K Bektopy a’?|v) u T. I
Tak mosyuyaercs HEOrpaHHYeHHAst MOCAEAOBATENbHOCTb OTJIMYHBIX
OT HYJsi BEKTOPOB

at|vy, a’fz\v), o att vy, L,

KOTOpH € ABJAAIOTCHA CcOOCTBEHHBIMH BEKTOpaMHu N, npunaadexxauuimu
COOTBETCTBEHHO COOCTBEHHLIM 3HAYEHHUSIM

v+1,v+2, ..., v+op, ....

[puxoaum K 3aKIIOUEHHIO, 4TO CNEKTD COGCTBEHHbLIX 3HAHYEHUL
oneparopa N 06pa3osan Nociedos8aTeAbHOCTHIO UYeAblx HeoTplya-
TenbHolX 4uces. IlocneoBaTelbHOCTb COOCTBEHHBLIX BEKTOPOB, IIPH-
HaAJeXamux KaxIblil OfHOMY H3 3HayeHHH CIEKTpa, NoJayyaercs
IOBTOPHBIM JeHCTBHEM ONEpaTopoB a HIu gt Ha OQMH H3 THX BEK-
topoB. OTHOImEHHe HOPM JBYX COCEJHHX BEKTOPOB Aaercsl COOTHO-
wenusimu  (156a2) unn (156). STo MHOXKeCTB BEKTOPOB oOGpasyer
MOJMHYW cHcremy. leficTBHTENBHO, MOXHO IOKas3aTh, 4YTO BCAKas
byuruus ot a u at, kommyTupywmas ¢ N, apaserca ¢ynknueid N
(sanaua 1). Ilostomy onepatop N obpasyer cam Mo cebe HOJNHBIA
Ha60p KOMMYTHPYIOIIHX Ha0MoJaeMbiX H HH OLHO M3 ero coOCTBeH-
HBEIX 3HaYeHHHA He MOXeT ObITh BHIPOKJIEHO.

[TocTpoeHHble HAMH BEKTODH He fIBJSIOTCS HOPMHPOBaHHLIMH Ha
eaunuLy. Ho YTOGH MONYyYHTL OPTOHODMHPOBAHHBIH Gasuc HaObJli0-
naemMolt N, AOCTaTOYHO YMHOXKHTL KaXAbl#l BEKTOp Ha COOTBET-
CTBYIOIYIO MOCTOSIHHYIO, KOTOPY1O ClielyeT BbiOparTh, HCXOAS H3 CO-
orpomtennit (15a) u (156). TpeGoBanue HOPMHPOBKH OMNpeesieT
YKa3aHHYI NOCTOSIHHYIO TOJBLKO C TOYHOCTBIO A0 (rasbl, KOTOPYIO
MH ellle MOXeM BHOPaTh Tak, YTOOb MaKCHMAaMbHO YNPOCTHTL MO-
Jayvaomnecs Gopmyasl. B pesysbrate HaXoAHM TOC/e10BATeNb-
HOCTb OPTOHODMHPOBAHHBIX BEKTOPOB

[0), [1), ..o, 1), ..\, (16)

NpHHAAJeXKAIHNX, COOTBETCTBEHHO, C/AeYIOUHM COOCTBEHHHIM 3Ha-
yeuusam N:
0 1,...,n ....
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BeKTOPH CBA3aHLI APYr C APYIOM PEKYPPEHTHHIMH COOTHOIIEHHSIMH:

atlmy=a/n+1 |n+1), (17)
alny=4/n|n—1)(n0), (18)
a]0)=0. (19)

HeTpyZHO NmpOBepHTh, YTO Bce OHH INOJydyaloTcst u3 Bekrtopa |0)
corilacHo dopmyJe

a'®
|y =-S=10), (20)
yu,OBJIeTBOmeT YpaBHeHHIO Ha coOCTBeHHbLIE 3HAUEHHSA
N|ny=n|n (21)
U HOPDMHpPOBaHLI HA €IHHHNY, T. €. YAOBJAETBOPAIOT COOTHOIIEHHAM
(nin")=="8un. (22)

Tlockonbky omepatop N cam no cebe cocraBisieT TMOMHBIA Ha-
6op, MOCJeNOBATENBLHOCTL BeKTOPOB (16) obpasdyer noaHywo CcH-
CTEMY BEKTOPOB IPOCTPAHCTBAa JHHAMHYECKHX COCTOSIHMH wH3yuae-
Moli KBaHTOBOH cHcTeMH &. OcTaercs IPOBepHTH BHYTPEHHIOW CO-
rJIACOBAaHHOCTh HAllero HOCTPOeHHs &, a UMEHHO, YOeAHTbCS, YTO
BEKTOPH M3 & yNOBJETBOPSIOT BCeM TPeOOBAHHAM, NpeybsB/AsAEMbIM
K BeKTOpaM INpoctpaHcTBa [uanbepra, a ¢H3HUECKHe BeJHYHHME
npexcTaBieHb HaOJIOfaeMbIMH, KOTOpble MOAYHHSIOTCS NpaBUiIaM
cooTBeTcTBYWOIEeH anreOpel. Mp He 6yaem 3aHHMaTheA 3/1eCh ITHMH
TOHKOCTSIMH (3afaua 3).

§ 5. MNpencrasaenune {N}

-Bekropsl mocaenoBarteiabHocTH (16) ob6pasyior 6asHcHYO CH-
CTeMy HEKOTOPOI'o NMpeicTaBlieHHsA, KoTopoe OyleM HasbiBarh Npej-
craBiennem {N}. Us ypaBrenn#t (17), (18), (19) u (21) HerpyaHO
MOJYYUTb MATPHIB, COOTBETCTBYIOIIHE B 3TOM MpPencTaBJEHHH OIe-
patopam N, a u at. Ecau yenosuthesi pacnosiaraTtb CTpOKH H CTOMO-
Bl 5THX MarpHi MO HOPSAKY BO3PAaCTAlOLKX KBAHTOBBIX YHCEN A
(BepxHsif cTpoKa coorBercTBYeT = 0, ciedyiomas CTpoKa—n =
=1 u 1. A.; neBH# croabern cootBeTcTBYeT # =10, crenylomui
cronben—n=1u r. A.), To zaa oneparopa N HOJyYHM [AHAroO-
HaJbHYI0 MaTpHIY

i —
.
.
———

0
0

(= =l
OO
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AJsl onepaTtopa a — BEIIeCTBIHHYIO MaTPHLY

0 4 0 o0... ]

0 0 42 0... I
a={0 0 0 473

|- - 0 0 4% .

. 0 o .

rge OTJHYHEE OT HyJist JeMeHTBHl paclnojaralorcs Ha AHaroHaiH,
Gaunxailuell cBepxXy 1O OTHOMIEHHIO K TIJIaBHOM AHMaroHan, a JJs
oneparopa at — 3pMHTOBO CONPSIKEHHYIO MATPHLY

0 0 0
AT 0 o
0 42 00
at=1 0 0 43 0 .
: VT o

rae OTJHMYHBIE OT HYJS 3JeMeHTH paclofaraircs Ha JHAroHal,
6auKafiimed CHH3y MO OTHOWEHHIO K rJaaBHOH. Bmuay Toro, urto
HabmoflaeMble KBaHTOBOH CHCTeMBI BBIpaKaloTcsi Kak (YHKIHH
a u at, HeTpyAHO NOCTPOHTL MATPHIbL, COOTBETCTBYIOLIHE HM B
npeacraeaennn {N}. B uacrHoctd, uMeeMm

= (N + 1/2) ho, (23)
9=(3)" @ +a), (24)
p=i(%2)" @ —a). (25)

Onepatop 46 auaronaleH B 3TOM INpeJICTaBJeHWH, H ero COOGCTBeH-
Hble 3HAUYeHHS PaBHHI

(n+ 1/2) Ao (n=0,1,2, ..., c)

HaOMonaeMele § H p BHIPAXKIITCA Kak JHHeHHbe QYHKUUA a H aT,
TaK 4TO OTJHMYHBIE OT HYJAf 3JEMEHTHl NPeJCTaBJAAIMINX HX MaT-
pHI pacrnoJiaraloTcs Ha JByX AHaroHaljsx, COCeJHHX ¢ [MIaBHOH aua-
rosaablo. Uurateab cam 6e3 TpyAa NOCTPOHT 5TH MATPHILHL.

§ 6. OnepaTopsl poXKaeHUS H YHHUTOKEHHS

Onepatopbl N, a v at GblIM BBeleHBl JJisi YIPOLIEHHs PEIIEHUS
3ajaud Ha coOCTBeHHble 3naueHusd. Ecau omeparop 56 sBiIsercs
raMmuJbTOHHAHOM OJHOH YacTHHbLI B OJHOM WU3MEPEHHH, TO 3TH Olle-
paTopbl He HMEIOT HEeNOCPeCTBEHHOro (PH3HUECKOTO CMBICJIA.
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OzaHnaKo 3agaua Ha COGCTBEHHBIE 3HAUeHUA H [1onyCKaeT H APy-
ryio HHTepnpertauHio. Beuidy Toro, 4TO ypOBHH 3SHEPrHH IKBHIH-
CTAaHTHH C OpoMeXyTKoM fiw, MOXKHO paccMaTpHBaTh J6 Kak ra-
MHJbTOHHAH CHCTEMEl TOX/IECTBEHHBIX YaCTHL, HaXOASUHXCA B OA-
HOM 3HepPreTHYeCKOM COCTOSIHHH hw, YHCJAO KOTOPHX N MOXKer H3-
MEHSITbCH, TAK 4TO Kaxjaoe coOcTBeHHOe COCTOsiHHE &6 COOTBeT-
CTByeT ONpefleNeHHOMY 3HadyeHHI0 N M, ciefoBaTelbHO, ONpeleseH-
HOMY 3HaueHHIO MOMHOH sHepru. Torma BekTOp |n) NpeacTasisieT
COCTOsIHHE, B KOTOPOM NpHCYTCTByeT n dacTHu: Bektop |0) mpex-
cTaBJaseT cocrosnue Ges yacruy (BakyyM). [Ipu nepexoge ot cocros-
uas |[n) K coctosiHuo |[n -+ 1) "HCIO YacTHI yBeqMYMBAaeTCs Ha
eIMHHLY, a NOJHAsA 3HEPrHs CHCTEMBbl BO3pacTaeT Ha BeJHUYHHY fo.
3aMeuaeM, OIHAKO, YTO 3HEPrHs NYCTOrO COCTOSIHHS paBHa He
HyJMI0, a BelHuyHHe hw/2; 3ToH aHOMaJMH MOXKHO H30eXaTb, €CJH
B KauyecTBe ollepaTopa HEPruyu CHCTEMB! B3siTb He B, HO I — ho/2.

CorsiacHo 3Toil HHTepnpeTanuH, oneparop N npeiacTaBiseT yHC-
JO 4acTHL, H ero coGcTBeHHble 3HAueHHs cyTh Ledble 4Hcaa oT 0
A0 -+ oo. Onepatop at nmpeobpasyeT cocTosAHHe ¢ n YacTHUAMH B
coctosinde ¢ (n -+ 1) wactuuein: at ectv oneparop poscdenus. One-
paTop a Hao60POT yMeHbIIaeT Ha €IMHHIly YHCJO MPHCYTCTBYIOILHX
YACTHI 4 €CTb ONepaTop YHUHTONEHUS.

[Togo6rasa wuHTEpnperauns rapMOHHYECKOro OCUHJ/JIATOpA IIH-
POKO HCIOJB3yeTcss B KBAHTOBOH TEOPHH NOJIS H B TEOPHH KPHCTAJ-
JHYECKHX H MOJIeKYJspPHBHIX KoJeGaHHH. DJeKTPOMarHWTHOe MoJe,
HanpHMep, MOXeET GhTb NPeACTaBNeHO B BHjJe CYNePNoO3HIHH MJO-
CKHX BOJIH, XapaKTepH3yeMHX BEKTOPOM NOJAPH3AUHH £ H BOJHO-
BbiM BEKTOpOM R, COOTBETCTBYyIOliasi 4acrora paBHa o = k/c. Kaac-
CHYeCKH HHTEHCHBHOCTb KaXAOH COCTaBJAIOILEH MOXeT H3MeHSThCSH
HeNpepLIBHO, HO B KBAaHTOBOH TEOPHH 3TH H3MEHEHHs NPOHCXOAAT
CKa4KoOo6pPa3HO IeJbIMH CBETOBBIMH KBaHTaMH uau (OToHaMHu ¢
sHepruedl fiw. [aMHIBTOHHAH KBaHTOBOrO 3JIEKTPOMArHHTHOTO MNoad
BEIPaXkKaeTcsl COBOKYNHOCTHIO 4YJeHOB, OoTHocAHKXcH K (oToHam om-
pelesleHHOTO THNA, KOTOPHH XapakrepHayeTcs e U B (NycTb HHIEKC
s o6o3Hauaer KOMOHHHPOBaHHBIH HHIEKC (e, k)):

H=) ..

Kaxipli mapuHajbHHHA raMuibToHHaH MoxeT ObiTh 3anHcaH B
tdbopmMme
— +
6= hoata,.

Onepartopel a, H af SPMHTOBO CONpPSXKEHH APYr APyry H yIOBAET-
BOPAIOT KOMMYTALHOHHBIM COOTHOLICHHAM

[as’ a:'] = 6.ss”
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KOTOpBIE SBJASIOTCH NpPocThiM 06o6meHHem coortHomeHnHs (10). Ilpu
3TOM oOnepartopnl af H a; HHTEPNPETHPYIOTCS COOTBETCTBEHHO,

KaK ONepaTopsl POXKAEHHS H YHHUYTOXeHHH (poTOHa THHAa § (CM.
ra. XXI, 1. I1).

§ 7. Mpencrabaenne {Q}. MoaunHomm 3Dpmura

Ha sa3bike Bo/HOBOH MexaHHKH 3ajgada Ha co6GcTBeHHBle 3HaUe-
HHUA oNleparopa J6 CBOAMTCH K HAXOXKIEHHIO 3HaueHHH E, mpu Ko-
TOPHIX ypaBHeHHE

20 ()= (— 1o = + 5 M) ¥ () =Ev (9)

o6napaer pellleHHeM, peryJAPHHIM Ha 000OHX KOHuUAaxX HHTepBaJja
(—o0, +00). Ecin Bocnios1b30BaThCA B 3TOf 3a/aue pacCyk ACHHSIMH
ra. III (§ 10), To MoXHO KOHCTATHPOBAaTh, 4TO 3HaueHHe E, ynoB-
JIeTBOPsIIOIHE YKa3aHHOMY BHILIE YCJI0BHIO, 06pa3yloT AHCKPeTHHIH
CIeKTp, MpHUeM KaXAOMy H3 3HaueHHH E cOOTBeTCTByeT OfHO H
TOJILKO ORHO pellieHHe (OmpegensieMoe C TOYHOCTBIO AO MOCTOSH-
HOTO MHOXKHTeJS); 3TO pelieHHe HMeeT OrpaHHYeHHYIO HOpPMY. DTOT
pesyabTaT BHOJIHE COIJACyeTcsl ¢ BHIBOJAMH [pefllecTBYIOILEro
naparpaga o TOM, YTO CHEKTP OMepaTopa MOJNHOCTHIO AHCKPETEH H
HeBbipoxkaeH. Pemas sagauy Ha coOcTBeHHBle 3HaYeHHs B YKasaH-
HOH BhIlle NOCTaHOBKE, Mbl HafileM BHOBb NMOCJELOBATENbHOCTL COO-
CTBeHHHIX 3HauyeHH# omepaTopa J4:

sho, Sho, ..., (n+3)ho ...

[NpuHagnexauite 3TUM 3HaueHHAM COGCTBeHHBle QYHKIHH P, (g) =
=(g|n) omHcwiBalOT cOGCTBEHHBIE COCTOSIHHA |n) B mnpeacrase-
aun {g}.

B panpHefimem MB BOCNOJB3yeMcs NpeicTtasieHHeM {Q}, xoro-
poe mnoayuaercsi u3 {g} 3aMeHoll mnepemennbix (4). CoGcTBeHHBIE
byHkuHH 4,(Q) u P.(g), oTHocAUHECT K OZHOMY COBGCTBEHHOMY
coctosinnio |n) B npencrasnenusx {Q} u {g} cooTBeTcTBeHHO CBSA-
3aHH COOTHOIIEHHEM

h 1/4

QIn=u,@=:)"v..

Ypasuenne (8) sBasiercsa ypasnenuem lllpenurrepa B npeacrabJe-
HHH {Q} (c TOYHOCTBIO A0 MHOXKHTeNS hw).

Co6erennble  GyHRUMH U4 (Q), w1 (Q), ..., u.(Q), ... Doay-
yajorca 6e3 TpyZa ¢ nomouwslo cootHomeHu#d (17—19). CoberBen-
Has $YHKUHS OCHOBHOTO COCTOSIHHS YIOBJETBOPSET YPaBHEHHIO
(19), 1. e.

[+ QJu @=0.
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HopMHpoBaHHOe HA eJHHHLY pelleHHe 3TOT0 ypaBHEHHS HMeeT BHJ,
Uy (Q) = n—1e—Q2, (26)

Ha (17) u (18) MOKHO NOJYYHTH COOTHOLIEHHS, CBA3BIBAIOLIHE HOP-
MupoBaHHBle cobcTBeHHBHle GYHKUMH, NPHHAAMEXKAIHE COCELHHM
co6CcTBEHHBIM 3HaYeHHaM (cM. gomoiHeHHe B, pasgzen III). B ua-
CTHOCTH, TMOBTOpHOe TnpHMeHeHue (l7) no3BossieT NOCTPOHTH Bce
coGeTBeHHBle DYHKUKH, HCX0ogs M3 GYHKuHH ug. Bmecto (17) yno6-
Hee HCHOJB30BaTh cOOTHolieHHe (20), KOTOpOe NOJHOCTHI) 3KBHBA-
JEHTHO €My, YTO JAaer

U, (Q) = [’\/—JT,— 2nn!]_1l2 ( —_ -d—dQ-)n e~ (27)

ITonp3ysch onepaTOpHBIM TOXKEZECTBOM

d d
e Y = — QY2 2 5—Q22
(Q dQ)_( T ag ¢ )

MOXKHO NepenHcaTh ypaBHenue (27) B dopme (B.70), roe H,(Q)—
NOJIMHOM JpMHTa MNOPsAAKAa N B COOTBETCTBHH C ONpeaeseHHEM
(B.59). Taxkum o6pasom, noayuaem, 4To #4,(Q) BHpaxKaerca Kak
npousBefeHHe exp(—Q%/2) Ha mnoOJAHHOM CTeNeHH n ¥ YeTHOCTH
(—1)" TnasHEle cBOHCTBA 3THX NO/JMHOMOB YKa3aHH B AONOJIHE-
Huu b, § 7.

Pasaea 1I. NIPHAOXEHHA H PA3JIHYHBIE CBOHCTBA

§ 8. MMpoussonsimas dynkuus coberBenusix Gyuxunii u, (Q)

B xauecTBe npuMepa NPHJIOKEHHS Pe3yNbTaTOB TEOPHH HAHgeM
NPOU3BOAALIYI0 QYHKIHIO cOOCTBEHHBIX PYHKUHA u,(Q), T. e. GYHK-
HHIO

Fit, Q=2 cuts Q1"

rape Cp— COOTBETCTBYIOLIHE IOCTOAHHBIe HODPMHPOBKH. BBPIle TOTO

910 u,(Q) npexcrasaser Bektop (nf) ™2 a*"[O) (ypaBuenue (20)),
¢yuguusa F(¢, Q) npencrtasisier BEKTOP ’

D 47:?: (@*t)* | 0).

Ecnn BuGpath

To F (¢, Q) Oymer mpeactasasitb BeKTOp exp (atf)]|O0)

F(t, Q={Q]|e"]0). 28)
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Jns BBHIYKC/NEHHA ROCAEAHErO BbIPAXEHHS BOCHOJIb3YEMCH Cle-
Aylolell neMMoH. )

Jlemwma. Ecau kommyrarop Osyx oneparopos A u B Kommyru-
pyer ¢ KaxcOoim U3 HUX

[4, [A, B]l=[B, [4, B]]=0,

TO UMeeT MECTO TOoMOecT80

X i
—=[A. B)
eA+B — eAeBe 2 .

(29)

Hpuaommoe. HaMH Jl0Ka3aTeibCTBO npHHaanexkut [naybepy. Pacemotpum
onepaTop, 3aBHCALLHH OT napamerpa x

f (x) = e4%eBx
Hmeem
7?_;=AeAxeBx+eAxBeBx=(A_I_eAxBe—Ax)f(x).
Ho nockoabky [B, A] kommyTtupyer ¢ A:
[B, 4" =nA""'[B, Al

[B, e=4] = Z (=" (5 ar]= L5 a1 (B, A) = — e (B, A] x.

n! (n— 1)

CaepoBarensHo (cM samauy VIIL 4),

eA*Be~A%* = B — (B, A] x,
TaK 4TO

AL — (A4 B+14, Bl (.

Onepatop [(x) ABAseTcs pelierueM 5TOro AHGdEpeHUHANbHOTO YPaBHEHHS, MpPH-
yeM [(0) = 1. [Tockonsky omepatopui A + B u {B, A] KOMMyTUDYIOT, OHH MOTYT
paccMaTpHBATLC 3/€Ch COTJACHO OObIYHBIM OpaBujam anreGpu. Hudgepenunann-
HOe ypaBHeHHe HHTerpupyercs 6es Tpyaa H jgaer .

1
, = |4, Blx?
i (x) =e-/1+B)Jce2

Toxnecrso (29) Clelyer, ecan NOJA0KHTH X =1
Base A= Qt/+/2, B= — iPt/4/2. |A, B]==£2/2, npumennm toxaectso (29)

k oneparopy exp (a’#), Torna
exp (a¥t) = exp (Q1/4/2) exp (— iPt/A/Z) exp (— £/4),
ITepenocs sTo Bupakenue B ypasuenue (28), nonyuyaem

Ft, Q=e™ "2 VE (Q| e~ VT o).
Ho

t d
(el o) —e VT 404y (Q) =uo (@~ —75-)-
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Bocnoab30BaBUIHCh BhipaXKeHHeM (26) anf u,, N0CAe BLIYHCACHHI BONYUHM

F (4 Q)Bzﬁi—/{%— == n W exp (— —Q21+tQ A7 — —t;—) (30)

n=0

§ 9. HuTterpupoBanue ypaBHeuuit leiisenGepra

PaccMoTpyM rapMOHHUECKHH OCUHIIATODP B «NPeOCTABACHUL>
Tetisenbepea. Bece onepatopsl B 3T0M naparpade OyayT oneparo-
paMu B «npeicTaBiehnd» [elizenbepra, noatomy ONycTHM HHAEKC
1, xoToph#l Mul HcnoJab3oBaan B ra. VIII. Bce omepatopu usme-
Haiotcsa Bo Bpemenu. Mupexcom «0» Gynem oTMedaThb MX 3HAYEHHS
B MOMeHT BpeMeHn { = 0.

YuuTniBas ypasHeHHe (23) u cooTHouenus (14), MOXHO 3anH-
caTb ypaBHenus [efizenfepra nis omepatopoB a H at:

ih —‘:% = [a, 2-/6] = fioa, ik id‘ftiz [at, #6] = — hoat.
YpaBHeHnuss HHTerpHpyloTcs Ge3 Tpyaa, uTO AaeT
a(l)= ae~"", (31a)
at () = ate’®, (316)

Hcnonbsys cootHoumenns (24) u (25), Bhpaxaioniue g v p de-
pes a H at, HAXOIHM

h 1/2 . .
g(t)= (m) (afe’® + ae*), (32)
12
pt)y=1i (’"_Z‘E) (ayett — aeier), (33)

HakoHeu, Bhpaxkas ao ¥ a4 dYepe3 HAYaJbHYIO KOOPAHHATY (o H
HauyaJbHBLIA HMOYJBC pPo, NOJydaeM

g (t)=gocos of + —ml—(; po sin o, (34)

p (f) = po cos ol — mog, sin of. : (35)
B 3THX OnepaToOpHBLIX yPaBHEHHSX MOSIBASIOTCS Te Ke camble TPHIo-
roMeTpuueckue QyHKUHH, 4TO W B c/ydyae KJacCHYECKOro rapMOHH-

yeckoro ocumaastTopa. B uacTHOoCcTH, cpennue 3Havenus (q):, (P)
NOAYHHAOTCA KJACCHYECKHM 3aKOHAM IABHIKEHH::

(@)= (gl cos ol + —(psinet, (36)

mo
() = (po) cOS ®f — mw (g, §i11 wf, (37)

DT0 CBOHCTBO rapMOHHYECKOTO OCLUMJJSTOPA YK€ OTMEeuaJoch
B ra. V19
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§ 10. KnaccHueckuit H KBAaHTOBBIH OCUHIATOPHI

B uengx uanocTpauMH COOTBETCTBHSA MEXKAY KJacCHYECKOH H
KBAaHTOBOH MexaHMKaMH CPaBHHM B 3TOM H C/eAywlollleM Naparpa-
thax 3aKOHBl ABHXKEHHS KJACCHUECKOr0 H KBAHTOBOIO OCUH//STOPOB.

Ofwee pellieHHe ypaBHEeHUH ABHXKEHHs KJACCHYECKOTo FapMmo-
HHYECKOr0 OCHH/ISATOpa MOXKHO 3allUcaTbh B BHJE:

Gua=Asin(ef + @), px;= moA cos (of + ¢).

370 4HCTO CHHycOHAA/NbHOE KoJleGaTeNbHOE [ABHKeHHe ¢ (KpyroBoii)
yacToToH . 3aKOH JBHKeHHs 3aBHCHT OT ABYX napamerpos A H ¢.
DHeprus ocuHAATOPA CBA3aHa C aMIJIUTYZOH KoJebaHHA A coOT-
HOLUIeHHEM -

Eu=104 (38)
Ecnu duxcupoBate 3Hepruio Exa, TO Pa3/iHYHEE BO3MOXHBE IBH-
XeHHs oTanyaiorcs $a3oBLHIM CABHIOM @.

[ycrs Fyz— HexoTOpas OHHAMHYecKas IepeMeHHas CHCTEMH.
Bynyun dyHKUMEH ¢ya H Pxa OHA NIEPHOAHYECKH (HO He 0083aTeNBHO
CHHYCOHJaJ/1bHO) H3MeHSleTCs BO BpeMeHH ¢ 4acToTofi o. 3aKOH H3-
meHeHHs Fy; NS OBYX BO3MOXHKIX NBHXXEHHH C OJHOH H TOH Ke
IHepruefi OJHHAKOB C TOYHOCTBIO 10 (asoBoro casura. CpenHee
Fya, B3STOE MO BCEM BO3MOXKHBIM ABHXKEHHAM C OJHHAKOBOH 3Hep-
ruefl (MHKpOKaHOHHYeCKHH aHcaMm6Jb), NOJydaeTcss OYTEM yCpen-
HeHHS N0 capHram ¢as; Fxa He 3aBHCHT OT BPeMeHH H PaBHO cpef-
HeMy N0 NepHOmy 2m/® OT 3HaYEHHH, NPHHHMaeMHX Fy, B TeueHHe
OJIHOTO NepHona. B yacTHOCTH, HAXOAHM

qKJl = ﬁKJl = 0, (39)
= A? E

Tea ™5 = ot " (40)
P, = mPo’qy, = mE, (41)

(cpenHaAs KHHeTHYeCKas W CPelHAS NMOTEHUHA/NbHAS HEPTHs OCIUHJ-
JAATOpa paBHH APYr APYTy).

CpaBHHM 3TH pe3y/]bTaTH C NOBefeHHeM KBaHTOBOrO OCIHJJISA-
TOpa B CTAUHOHAPHOM COCTOAHHH. B cocTosiHuu |n) xBaHTOBHIA OC-
UHJISATOP HMeeT ONpeleeHHYI0 H INOCTOSHHYIO BO BpeMeHH 3Hep-
ruo: (n + 1/2)io = E,. Hanpotus, HaGaofaeMuie NOJNOXKEHHS (¢
H HMIOYyJ/bCa p He HMEIOT ONpele/leHHBX 3HAaYeHHH; MOXHO TOJIBKO
Onpefe/uTh CTAaTHCTHYECKOE paclpeje/ieHHe pe3yJbTaTOB H3Mepe-
UHsl Toft MM HHOH M3 3THX BeJH4YHH. [IOCKO/BKY COCTOsIHHE CTaiHO-
HapHO, 3TH CTATHCTHYECKHe paclpefeseHHS NOCTOAHHE BO BPEeMeHH.
B wacrHOoCTH, cpeIHHE 3HauYeHHS ¢ H p PaBHH COOTBETCTBYIOLIMM
JHATOHAJBHEIM 3JIEMEHTaM MAaTpHL npeicrasienus {N}:

(nlginy={(nlpin)y=0. (42)
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Cpexnnue 3HaueHns g? ¥ p? BHIUHCAAIOTCA Ge3 TPYAA, eCIH BHPA3HTD
3TH omepaTopsl uepes a H a' (ypaBHeHus (24)—(25)) u ucmoab-
30BaTh coorHolienus (17—19). ITonyuaem

(n1¢* | n)y=goe (1 (a%a + aa®) | ny =2, (43)
(n|p*\ny= m2ﬂ(n | (ata + aat) |ny=mkE,. (44)

[TpuHuHn coorBeTcTBHs Tpebyer (cM. 3ajgauy 4), uToObl B Npexnene

n —> oo BHIpa)keHus AJs CPeIHHX 3HaueHH# (42)—(44) nepexogunu

COOTBETCTBEHHO B KJaccHueckHe BhipaxeHHsa (39)—(41) mna Toro

e 3Hauenus sHepruu (E, = Ex,). Tor dakr, 4T0 HCKOMOe paBeH-

CTBO OCyllecTBJsieTCs NpH JMIOGHX 3HAaUeHHAX N, ABJaserca CBoii-

CTBOM, XapaKTEPHHIM HMEHHO .1 TaPMOHHYECKOTO OCLHJAATOPA.
3aMeTuM, MeXAY NPOYHM, 4TO B COCTOSIHHH |n)

Ap-Aq=E,Jo=(n+1/2)k (45)

B COIMJIACHH C COOTHOLIEHHSIMH HeONpeldeseHHOCTH KOOpAHHATa-HUM-
NyJbC.

§ 11. isnKeHHe MHHUMH3UPYOLLEro BOTHOBOrO MaxKera
H KXAaCCHYECKMIil npenen

paCCMOTpHM BOJIHOBOﬁ naker B OJHOM HSMePEHHH:
1/4 ; )
F@=(22) exp|5 (g — 52 (g — @] (46)

STo MHHHMH3HDYIOWHIA BoJHOBOH naker (3amaua IV.4): on mpel-
CTaBJfIeT YACTHLY, JOKaJH30BAHHYIO B KOHGHIypauHOHHOM NPO-
CTPAHCTBE OKOJIO CpejHero noJjoxerus {g) co cpegHeKBaApaTHy-
HeiM OTKJOHeHHeM Ag = (B/2mw) ' 1 JokaNH30BaHHYIO B NPOCTpaH-
CTBe HMIYJbCOB OKOJIO CPefHero 3HaueHHsa {p) cO CpeiHEKBajapa-
THYHBIM OTKJOHEeHHeM Ap = (hmw/2)":.

Ecan pBHXKeHHe 4acTHUH ONpefensieTcs raMHJAbTOHHAHOM 6, TO -
MOKHO NOKas3aTb (3azaua 6), 4TO BOJHOBOHA NakKeT OCTaeTcsl MHHH-
MU3HPYIOIIHM H OCLHJJIHPYeT c 4yacToTod o. TouHee rosops, cra-
THCTHUECKOE pacnpeleneHHe p(g,{) BeNUYMHE ¢ H3MeHAeTcs IO
33aKOHY

plg, =if(g, 9 l2=(%)1/26:)(1)[_%(9“(‘7“(0)1)2]-

CaefoBaresibHO, OHO OCHHJUIHDpYeT, He jaedopMHpYsCh, NpHUEM
LeHTP pacrpeleseHHs (g): OCYIIeCTBJSET rapMOHHYECKOe [BHIKe-
HHe, NpeJCKasbiBaeMoe KJjaccHueckoll Teopuell. CraTHCTHYECKOE
pacnpenenenHe p BefeT celd aHAJOTHYHBIM OGPA3OM.
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B mpoTHBONOJIOXKHOCTL 3TOMY CTAaTHCTHUECKOE paclpejiesieHHe
nabmogaeMoll § ocraeTca NOCTOSHHBEIM BO BpeMeHH. BeposaTHocTb
HaliTH cHCTeMy B COCTOSIHHH ¢ 3Hepruell (n + 1/2)he B Kaxiabi
MOMEHT BpPeMeHH paBHa (3ajzava 6):

E
KJa
_]_(EK"‘ )ne- AW
nt ho ’
rae HCIIOJb30BaHO o06o3HaueHHe

Exa= g7 () + m0¥(g)?).

3axoH pacnpejie/eHHs BePOATHOCTeH NO3BoJsieT HAlTH cpelnHee 3HA-
YeHHE IHEPruu

—_— EK,, h
Ey—e Z(n+ 7)o () =Bat+ @)
H cpenﬂee KBanpaTHqHOE OTKJIOHeHue
AE = A/{36% — (7€)} = A/hoE,,. (48)

PaccmatpuBaeMulil BOJIHOBOH MakeT XOPOLIO HJIOCTPHPYET CO-
OTHOUIeHHS HeolpejesneHHocTH, OH BhHOpPaH TakHM 00pasoM, 4TO
npouseeneHHe HeollpefieneHHocTeld Ap-Ag NOCTOAHHO paBHO caoemy
MHHUMAJbHOMY 3HaueHHo h/2.

Uro e Kacaercs COOTHOUIEHHs BpeMfA-3Hepruf, 1o AL MoxHO
CPAaBHHTb € NPOMEXKYTKOM BpPeMEHH T, XapaKTepH3YIOIIUM pPHTM
3BOJIOLHMA CTaTHCTHYECKOro pacnpepenenus ¢. Ilycts t, ecTp Bpe-
Msl, Heo6XoaHMOe A/ TOro, 4ToGHl UEHTDP pacnpenesenus (g): cMe-
crTHjics HA WIHPHHY pacnpefeneHHst Ag. [ToCKOJNBKY CKOPOCTH LEHT-
pa naxera paBHa (p):/m, umeeM

o m _ 1 hm /2
o= M= ()

Be/nunna v, MEepHOAMYECKH HPOXOAHT yepe3 MHHHMYM, Korza {p:)

JLOCTHraeT CBOEro HauGoJbliero 3nauyeHus A/2mE.,. B stom cayuae
HMeeM

5 1/2
Tgmin = 5 (—_hml:'“ ) .
Ucnonesya (48), noayunm
Tomin * AE = A2 (49)

B corjacuHu ¢ cootnoinednem (VIII.47) nconpeaenensoctu speMms-
3HEprus.



§ 12, TEPMOIHMHAMHYECKOE PABHOBECHE 429

AMnauryna A koneGaHHH 1eHTPA BOJHOBOrO Nakera BhIpaxkaet-
csl KJaccHYecKHM coorHoleHneM (38)

A= (L))"
mam? :

B mpegene, Korja 3Ta aMIUIMTYla BeJHKAa IO CPaBHEHHIO ¢ NpOTA-
JKeHHOCTbIO makera (B/2mow)' u B TOH Mepe, B Kakofl MOXHO Inpe-
ne6peub anuHamu nopsiaka (fi/2mw)':, xnaccuueckuit o6pas Toyeu-
EOM YacTHUH, OCUH/IHpYIOWEH Mo 3axkony (g): Aaer yAOBJETBODH-
TeJIbHOE ONHcaHue sBJeHHd. DToT Mnpeles  sBJgercsd Mpereyiom
A0CTaTOUHO GOJBIINX KBAHTOBBIX YHCE] B COTJIACHH ¢ OGINHUM MPHH-.
uunoM cooTsercTBHA. [leficTBHTeNbHO, OH peanusyercs upu Ly, >
> e, HO YHCJ0 KBAHTOBAHHBIX YPOBHeH 3Hepruu, AaloUMX 3aMer-
HbIH BKJaj NpH 06pa3soBaWHH BOJIHOBOTO NaKera, Mo NOPSAKY Be-
JINUHHB PaBHO OTHOMIEHHIO AE K PacCTOSHHIO MeX/y YPOBHAMH, T. €,

s —(52) >

KoneyHo, ykazaHHHR KJaaccuueckufi o6pa3 Hpeanosaraer Takxe,
YTO [QHCNepcHs Mo uMmnyabcaM Ap = (himw/2)'» u pucnepcus no
sneprud AE = (hwLx,)": paccMaTpuBaloTcs Kak npeHeGpekHMO Ma-
JIble BeJTHYMHEL

Uro kacaercs 3IHeprud, TO C YKa3aHHOH BHIIEe TOYHOCTBIO
(E)= Exs; nelcTBHTENBHO

(E) — Evy= hof2 < AE.

ITosToMy MBI MOXeEM NpHIHCATL CHCTeMe 3Hepruio Ey, coorTseT-
CTBYIOIlEA KJIACCHYECKOH HacTHI(HL.

§ 12. TapMoHHYecKHe OCLHAAATOPHI
B TePMOAHHAMMYECKOM PABHOBECHH

PaccmoTpum' rapMOHHYECKHH OCUHJNATOP, HAXOASIHIAC B Tep-
MOJHHAMHYECKOM DABHOBECHH C TEPMOCTATOM NpH TeMmneparype 7.
Ero nuHamuueckoe cocTosiHHE SBJSIETCH cMelUaHHbIM H COTJIACHO 3a-
kKoHy BoabuMana onucbiBaeTcss MaTpHuel mi0THOCTH -

o—JFEIRT
0 =5 | (50)

Hayuum cBolicTBa TAKOro CMEMIaHHOrO COCTOSHHS.
Buiuucaum cravana craructuseckyno cymmy

Z (n)=Spe+¥,
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Briuncnenne cnena Jerko NpOH3BOAUTCH B NPeACTABACHHH, [Jle J1a-
roHanbHa Habawopaemas J€:

00 e o]
Z(p)= ZO =Wt/ ko — p—phof2 ZO (e~rho)",
n= n=

OTKyJla, CYMMHPYd TFeOMeTDHYeCKyl0 NPOrpeccHio B NpPaBOH 4acTH
ypaBHEHHA, HAXOAHM

o IR/
LW =T D
Cpenuss aneprus
(Ey=Spo#

NoJyuaerTcs H3 CTaTHCTHYECKOH CyMMBI C y4eTOM ypaBHeHHs
(VIII. 84). Vimeem

1ﬂZ=—-ih22._ in (1 —e—uhﬁ)),
OTKyAA
dlnZ o ho bo Ao
= _ th — T — _
® o lyeyer 2 ¢ 2kT 9 + HOlRT (62)

CrenoBaTenbHO, 1S cpefHell 9HEPIHH KBAHTOBOrO OCHHJAJIATOPA MO-

aydaem dopmyay [lnanka (¢ TouHOCTBIO ZO cjaraemoro hw/2).
IIpu ouens HH3KHX TemnepaTypax (kT < hiw) OCUHAAATOP MOYTH

¢ NOJHOHA JOCTOBEPHOCTbIO HAXOAHTCA B CBOEM OCHOBHOM COCTOSHHH

(E)=~ hof2.

ITpu ouenp BoicokuX TeMnepatypax (kT > hw) cpeaHAss 3Heprus
CTPEMHTCSl K 3HA4eHHIO, ONpeaeNsieMOMY KJAacCHYeCKOH CTaTHCTH-
kKoii Makcsensa — Bosnbumana:

(E) =~ kT.

B kauecTBe BaxKHOro cBOACTBAa KBAaHTOBOI'O OCLHJLIATOPA B Tep-
MOJHHaMHUYECKOM PaBHOBECHH OTMETHM CJeayiollylo TeopeMy Bioxa.
Teopewma. Pacnpedeserue sepoaTnocTu 3a0anHoil kKomOuUHay iy
aq + Bp xoopdunaret u umnyasca svipaxcaercs 3axkonom [laycca.
Yro6u mOKasaTh 3Ty TeopeMY, BBHIYHCAHM XapaKTEDHCTHYECKYIO (YHKIHIO

@(§) storo pacnpepeaenus. dynkuna @(§), 0o onpeseseHHio, ecThb CPeiHee 3Ha-
yerne exp [if(aq + Bp) |

0 (g) — sp peiﬁ(aq%-ﬁp)_ (53)

Bulumcanm sToT ciep B npeacrasienun {N}, rae omepartop p auaroHale.
HafizeM cHayasa BeJHYHHbLI

gn (8) = (n | &'+ ©@aTBR) [ 1), (54)
Hmeem, yuntoiBan (24—25),
@q + Bp = ya + y'a',
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rne

Y= (—2%)—)1/2 (@ — imwp).

CorsacHo ToxzaecTBy (29)
oita+8p) _ it (vatviat) _ gPwwn2, itvayityat

oTKYZA
g () = 8212y | pitvapitviat | )

Pasnarasi B PAJ SKCIOHEHTH M YYHTHIBAasi cooTHomwenue (20), monyuaem

P s ! 1/2 2 Ak
eliv'ﬂ]n):Z (n‘)l“!t)) '(tgtvl) in + B,

t=0

(n] eV — Z ( (n -rll—! s)! )1/2' (igy)® sl
§=0

s!

B ckaafipHOM NIPOM3BENEHHH HTHX ABYX BEKTOPOB HejMaroasbhble uieHnt (s 3 1)
IBOfHOH CYMMbl BCe DABHBH HYMNIO [0 YCJAOBHAM OPTOrOHANbHOCTH, TaK YTO
ocraercs

ey N =) (n s
gn(B)=e Z e - . (55)
. s=0
O6o3nauum
X == E2YY ’ Yy = e_h"’/kT. (56)
B npencrasienud {N} omepatop p mHarOHaJeH 4 n-A o/leMeHT €ro MaTpHLHI
pasen
(n+— j(o_
pu=(nlplm= =(1—y)y". (57)

2(ar)

HUs ypasuennti (63—57) naxopnm

n=0

Dra gBOiiHAT CyMMa MOXKeT ObITh BhMHC/AeHa ToYHO. CyMMHpOBaHHe 7O 1 MPOH3-
BOLKTCHA C MOMOILLIO Pa3/OXKeHHs B PAL
o o]
Z (s + n)l
(1— S“H Tslal

= 5k (25) ool ()}
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Yuprnsas OTMPERCJICHHA X H Y, 3TO MOXHO 3amycatb B BHIE
[

—— F2

p@=c 2 ' (58)
rae

" b
o =yy*cth (—Z'FO)T—) (59)

[ockonbry xapakrepuersueckasm (YHKUHA pAacTpenelenus SBAAETCH TrayccoBof,
caMo pacmpeneNieHMe Takie BhIpaxKaeTcs 3aKOHOM laycca: 310 pacupeneneHde
CO CpPelHHM KBaAPAaTHUHBIM OTKJIOHEHUEM O, 4TO U TpeGOBANOCh KOKA3aTh.

Pasnea III. U3OTPONHBIE MHOTOMEPHBIE TAPMOHHYECKHE
OCLHUNAATOPDBI

§ 13. OGutee vccaenoBanne
H30TPOMHOro OCLUMJLISATOPA B P HIMEPEHHAX

['apMounyecKH#i H30TPONHBIA OCUMAAATOP B p M3MEPEHHSIX eCTh
p-MepHasi CHCTeMa € raMHJALTOHHAHOM

p
%:2%, (60)

raoe

1
— 2 20272
76, = 5 (P} + meq?). 61
Ilycth &) — npocTPaHCTBO AHHAMHYECKHX COCTOSIHHH, OTHOCS-
ljeecsl K nape NepeMeHHbIX (py, §1), &2 — NPOCTPAHCTBO COCTOSIHHI,
oTHOCsIieecst K nmape (pg, g2) W T. A. [IpocTpancteo & nHHaMHue-
CKHX COCTOSIHHA paccMaTpPHBaeMOH CHCTEMBI €CTh TEH30PHOe NpPOH3-

BeJeHHe npocTpaHct &1, &, ..., &p:
E=8& Q&R ... &, (62)
OGosnauum ¢ nomouelo |n;) (i dpukcHposano, n; =0, 1, ..., oo)

coOcTBEHHbIE BEKTOPBI TaMHJBLTOHHAHA 6;, paccMaTPUBAEMOro Kak
OneparTop B NPOCTPAHCTBE &;; 3TH BEKTOPBI 06PA3YIOT NOJHYIO Op-
TOHOPMHPOBaHHYIO cucreMy B &;. B naapHefimieM Gyiem npenno-
Jaaratb, 4TO0 (asel BEKTOPOB BLIOpaHH TaK, YTO BHIOJHSIOTCA CO-
oTHoweHust (17—20), rxe omepatopsl POXKAEHHS H YHHUTOMNKEHHUS
OTHOCATCA K NepeMeHHbIM THHa i. Bektopm

|n1n2...np>-=_|n1>|n2>...lnp> (63)
(=0, 1, ..., 05 ny=0,1,..., 00, ...5n,=0,1,..., o)

’

o6pa3oBaHHEIE TEH30PHBIM YMHOXEHHEM BEKTOPOB, MPHHAAJENKA-
IIMX COOTBETCTBEHHO INpocTpaHcTBaM &, &y, ..., &,, obpasywo!
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OJIHYI0O OPTOHOPMHDPOBAHHYIO cHcteMy B & 2). flcHO, uTO 3TH BeEK-
TOpBI SIBJISIIOTCS COOCTBEHHBIMH BeKTOpamMu 6. Jlajnee, NOCKOJbKY

7\ )y = (n, + 1/2) ho | ny),
| npy=(n, + 1/2) ho | n,),
uMeeM
Hny...ony=(H,+ ... +38)\n ... ny=
=+ ... +n,+p2)haln ... 0.

BexTopel 6a3HCHOR CHCTEMBI J8, KOTOphie Mbi TNIOCTPOHJIH, HyMe-
pylOTC p KBAaHTOBLIMH YHCJIAMH A1, N2, ..., Np, KOTOpBlE MOTYT
NPHHEMATh Bce Uesible 3HaYeHHd oT 0 no + oo. OxHako cooTseT-
cTByIOLlee cOOCTBEHHOe 3HAYeHHe SHEPrHH

(m+ ... +n,+p/2) ho
3aBUCHT TOJBKO OT CYMMbi
n=nm+n+ ... +n,

sTHX p yucea. Ilpu 3amaHHoM 3HayeHuu n (z=0) cymectByer

n _ (atp—1)
Chp—1= al(p — 1) (64)
pasjHyHbiX Ha6opOB 4HCesd Ny, Ay, ..., hp. CoOcTBeHHOE 3HAYEHHE

{(n -+ p/2)hw, TakuM 00pasoM, Cri+p—1"KPATHO BBIDOXJEHO.
BeeseM onepaTopbl HOIJIOUEHHS W DOXAEHHS KBAHTOB THNA i:
meo \1/2 . —1/2
a=(55) " ¢ +iCmhe)"" p,,
+ mo \1/2 . ~1/2
ai =(W) q; — i (2mh) 2o,
OHH YAOBJETBOPSIIOT KOMMYTaUHOHHBIM cooTHomernam (cm. (10))

[a, a]=[a}, af] =0,

(65)

[a, ai]=3%,;, ¢ i=1,..., p). (66)
CorJacHo onpefie/ieHHIO BEKTOPOB |7;), AAHHOMY Bbillle, BEKTOPbI
{1 .. np) YIOBJIETBOPAIOT COOTHOWIEHHAM, obobmawwum (17—

20). B uacrtHOCTH, eciu 0G03HayHTL cuMBoJioM |0) coOcTBeHHBIH
BEKTOD OCHOBHOIO COCTOSIHHS

10y=1{0 ... 0),

p pas

2) B npencrasnenun {g} = {q, g2... g5} Bexiop |my n,...n,) BHpANaETCHA
TpoU3BeAeHUeM

<qll n ) <q2 ln2> tt <qp I”p> = wn‘ (ql) 1PrLz (42) cre 'q’np (qp)'
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TO MOXKHO Hanucarthb
2,10, == ay| 0)= ... =a,|0)=0, (67)

|n ooony=(n! ... np!)_l/2a;r”‘ co.at’] ), (68)
Cnekrp Habu0naeMbIX '
N,=aja, i=1,2 ..., p (69)

COCTOHT H3 HeNbIX HeOTPHUATEJNBHBIX 4HCes; 3TH HabJiogaeMmble HH-
TEPIPEeTHPYIOTCA KakK yuceao KeaHtoB thHna 1, 2, ..., p coorser-
crBeHHo. Cymma

eCThL IOJIHOE YHCJA0 KBAHTOB. I/IMEEM
# = (N + p/2) ho.

Slcno, uro Ny, No, ..., N, o6pasyior nosHbii HaGop KOMMYTHPYIO-
mux HabaonaeMmblX, NpHYeM HX 0as3HCHas CHCTEMa COBNajaeT C
6asucHoil cucreMofi 76, KOTOPYIO MBI IOCTPOHJIH.

Onepartopsl N;, 0YeBHAHO, He $BJASIOTCH €AHHCTBEHHBIMH [10-
CTOSSHHBIMH JIBHXKEeHHsl, 06pa3ylouiuMH noJHelil Habop. Besiguii one-
paTop BHAa a,af KOMMYTHPYeT ¢ #6; C NOMOLIbIO JHHEAHBIX KOM-
6uHauuf onepaTropoB STOTO THNA H MM CONPSKEHHBIX MOXHO IO-
CTPOHTb p? HE3aBHCHMBIX 3PDMHTOBHIX onepatopoB. Cpein ¢yHK-
Ml OT 3THX p? NOCTOSIHHBIX [BHXKEHHS CYUIECTBYET HECKOJBKO
noJjiHeiXx HabopoB KOMMYTHDPYIOWMX HabaionaeMbix. [IpoHasocTpu-
pyeM 3T0 06CTOATENbCTBO Ha NpPHUMeEpe ABYX YACTHBIX CJydYaes p = 2
Hp=3.

§ 14. H30oTponHbIi OCUWIAATOP B IBYX H3IMEPEHUAX
PaccMoTpuM cHCTeMYy B JABYX H3MePEeHHSIX ¢ TaMHJibTOHHAHOM
R W 2.2 9 L o 2029
H = g (P + m'a’q)) + 5o (05 + m’o’qy).

HccenenoBanHe IpejllecTByloliero naparpada NoJHOCTbIO HpHMe-
HMMO K 3TOMY yactHomy ciayuaw. Chaeayiomas tabauua gaer cob-
CTBEeHHBIE 3HAYeHUsA 4 (nmepBHIA cTON6ell), KPATHOCTL BBIPOXKJAEHHS
(BTOpOI#l cTON0en) H mocjeAoBaTebHOCTh OOIHX COOCTBEHHBIX BEK-
tTopoB Ny M N, pacTsarupamliiX COOTBETCTBYIOLINE IOANPOCTPAHCTBA
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(tpetuii cronben):
i 1 | 00)
2ho 2 | 10, | O1)

30 3 [20), | 11), [02) (70)

(n-}-.l).fzm. (n:{—.l) .!n‘()), |.(n—i)i>,.....,.|(.n——s)s>, RN ldn)

Oneparop «MoMeHTa HMNyJbca» L, onpeneieHHH# dopmyJoi
1 .
L= + (9P — qy0)) = i(aaf — a}“a2), (71)

SBJSEeTCS MOCTOSHHOH asmkeHus. IToxkaxeM, yto N u L obpasyior
Apyrofi nojHbi HaGop KoMMyTHpyiomux Habuogaemeix. C 37O
LieJibl0 BBEJEM OMNEPaTOPHI
) —
A, =—5—(a, Fiay),
(72)

3
S + int
AL 5— (af = ia).
OTH onepaTtopnl YAOBAETBOPSIOT KOMMYTAUHOHHEIM COOTHOIIEHHSIM,
TOXAeCTBEHHBIM (66):

[4r, Asl=L47, Afl=0,
[Ar: A:]= Ors (r=4nm —, s=- umm —).

Onepartopal Ay n A} MoxHO cunTaTh onmeparTopaMH yHHUTOMKEHHs
W poxkJeHHs KBaHTOB THna (-+), omepartopst A- u AL — oneparo-
PaMH YHHUTOXEHHS M POXK/JEHHS KBAaHTOB THIA (—); COrJIaCHO 3TOH
HHTEpNpeTalHH ONepaTopHl

Ny=A%4, u N_=A'A_ (74)

NpeCTaBAdIoT YUCJIO KBAHTOB (-}-) M 4HCJIO KBAaHTOB (—) COOTBET-
ctBeHHO. [ToCKOMIBKY COOTHOIIEeHH KoMMyTauuu (73) HAeHTHYHBL
cooTHoileHHsIM (66) 3azaua NocTpoeHHs 06X COGCTBEHHBIX BEK-
TopoB Ny u N_ mMaTeMarHuyecKH HAEHTHYHA 3aj7aye NOCTPOEHHsT 0O0-
mHx coberseHHBIX BekTopoB Ny u Ny Cienosarenbdo, Habiwopae-
Mbie Ny u N_ Kaxjaas HUMeloT CIeKTpP COOCTBEHHBIX 3HAUEeHHH H3
IeJbiX HEeOTpPHUATENbHBIX YHCEN

ny=0,1,2 ..., n_=0, 1,2, ...,

(73)

H 3TH JBe HabGmogaeMble 00pasyioT NOJNHBIA HaGop KOMMYTHPYIO-
IHX HaGjlonaeMblx: KaXAoH Nnape KBAHTOBHIX uucea (4, n-) cO-
OTBETCTBYET E€AMHCTBeHHBIH OOLIMA coOCTBeHHBIH BekTOp (C TOY-
HOCTBIO OO TOCTOSHHOrO MHOXHTENS),
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W3 coorHomenun# (67) caenyer

AL]00)=A_|00)=0. (75)

CaenosarenbHo, Bektop |00) u3 tabauum (70) ectb coOcTBEHHDIH
BEKTOD OCHOBHOIO COCTOSIHHA (n+ = n_ = 0). BekTopwn

|nn_y=(ntn_1)""" AT+ A"~ 00) (76)

06pa3yioT MNOJHYI0 OPTOHOPMHPOBAHHYIO MOC/eA0BATENbIOCTh 006-
ILHX COOCTBEHHBIX BEKTOPOB Ny u N_:
Niingn y=n_|n.n_),
N_lnn_y=n_|n.n_).

Onnako ecan Buipasurs N u L yepes A n A, to Moskio noxa-
3aTh, 4TO

N=N,+N_,
L=N,—N_.

Bauay Toro uro Habmonaembie Ny u N_ o6pasyior noaubiii Ha6op
KOMMYTHDPYIOIIHX HabJyiofaeMulx, HX cymMmMa N u #x pasuocts L
1aKxe 06J1alaloT 3THM CBOHCTBOM. VIMEHHO 3TO MBI W XOTesiH NO-
Ka3aTh.

Mei npuxosuM K BBIBOAY, 4TO 06/ajaaeM APYrof HOJHO opTo-
HOPMHPOBAHHOH IOC/IEA0BATENbHOCTBIO COGCTBEHHBIX BeKTOPOB of,

a UMeHHO |n4n-). OHH yJOBNETBOPSIIOT YPABHEHHSAM Ha COGCTBEH-
Hble 3HAYeHMs:

Hlngn_y=(n, +n- + 1) ho|n,n_), (77)
Lingn y=(n, —n_)|n,n_). (78)

Onpesennm cootHowenns xommyraumn L ¢ A u A*. Ilpocroe
BbIYHCJCHHE JAeT:

[, AL]=+ AL, (79)
[L, As]l=F As.. (80)

Orcroona cnenyer, 4To NpH AeficTBUH Ha COBCTBEHHBIH BEKTOp onepa-
Topa L onepatopni A} u A_ yBennuusaior coGeTBenHoe 3HaYeHue L

Ha efusuny, a AL u A, ymenbwaior L ua eAHHHY. ITO MOXHO HC-
TOJKOBaTb PA3HBIMH crnoco6aMH. B KBaHTOBO#H TeOpHH 3apsiKeHHBIX
noJief, rae nojie NpeCTaBASETCS KaK MOC/IeL0BATEIbHOCTb H3OTPOII-
HBIX OCUHJIATOPOB B JBYX M3MepeHusx, N, BeIpaxaeT 4uC/a0 NoJjo-
KHTeJbHbIX YacTHL, N_ — 4Hc/lo oTpHnaTe/ibHbX YacThu, L — nos-
HbIA 3apsii (C TOYHOCTHIO O HOCTOSIHHOrO MHOXHTess1). CorjiacHo
s1oft uuTepnperaunnn A% NOpOoXKAAeT TNOJIOXKHUTENbHbIA 3apsax, A-
YHHYTOXKAeT OTPHUATE/NbHBIH 3apsA, MO3TOMY M TOT M APYrod ome-
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paTopbl M3MEHSIOT 3aPsij HA IIIOC €AUHULY; A" u A, m3menstior 3a-
psA4 HAa MHHYC eHHHLY.

B TteopuH KosieGaHHH KPUCTaNJNOB JBMIKEHHS DelleTKH TaKxKe
NPeACTaBAAIOTC Ha60pPOM H3O0TPONHBIX ABYMEPHBIX OCLHJJIATOPOB;
KBaHTHl KoJieGaHHii pemeTkH HasmBaloTcs (oHOoHamu. Ilpeacras-
JeHHe ¢ oHoHamu THHA 1 H 2 fgaer KJAAacCH(pHKAUHIO MO CTAIHO-
HapHBIM BOJHaM; NpejicraBlaeHHe ¢ (oHoHamu tina () u (—)
COOTBETCTBYeT OeryuiuM BOJHAM, «PAacHPOCTPAHAIOIUMCA®» B TOM
WK MHOM Hanpas/jeHHH. B sanauax o paccesiHuH (HeHTPOHOB, peHT-
reHOBCKHX Jydefl W T. A.) Ha KpHCTA/NIHYeCKOH pemleTKe npej-
craBjeHHe ¢ GeryuiMMu BOJIHAMH NPHBOAHT K 6o0Jjiee NPOCTHIM BH-
YHCAEHHSIM.

§ 15. HaoTponHbl# oCUMAATOP B TPEX H3MEPEHUAX

H3orponHbifi rapMOHHYECKHH OCUHMJAJNATOP B TpeX H3MepeHHAX
€CTh YACTHUA B 10Je IeHTPaJbHO-CHMMETPHUHOrO MoTeHIHa a, Npo-
NOpIHOHA/IBHOIO KBaJAPATy PACCTOAHHMS OT ueHTpa. [aMu/ibTOHHAH
Bhipaxkaercss popMynof

P 1 o2
%——E{—{—?mmr, (81)

OH fIBJISIeTCS CYMMOH TpeX YJIeHOB

%=%x+ %y"*‘%z,
rape

=g (i) (=xpa @

i 2m

CornacHo pesyabrataMm § 13 co6cTBeHHbIe 3HAueHHs omeparopa
26 supaxaiotes dopmysnoi

(n+3/2hr (=01, 2, ..., o) (83)

NOpSIZ0K BHIPOXKACHUA COOCTBCHHLIX 3HayeHHH pasBeH (n+4 1)X
X (n +2)/2. Habmonaembie Ny, Ny, N, o6pasylor nosustii Habop no-
CTOSIHHBIX JBHXKEHHS, B COGCTBEHHBIE BEKTOPH |f:fiyn:) HX Gasuc-
HOM CcHCTEMB HYMepYIOTCA TpeMs COOCTBEHHBIMH 3HAUYEHHSIMH 1,
n, U n. Bce 3TH BeKTOpH HonyualoTcs no opmylie

|nnn) = (nn,1n 1) al 50 ua¥"2] 000) (84)

M3 BEKTOpPAa OCHOBHOro coctosHusi |000), KOTOphblfl ¢ TOYHOCTBIS
[0 TOCTOSIHHOIO MHOXHTENS OlpeaenseTcsl TPeMs ypaBHeHHSMH

a, [ 000y =a,| 000) = a, [ 000) = 0. (85)
BBeseM MOMEHT HMHYJbCA
= [rp].
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ITo xopowo ussecTunM cBoiicteam (ri1. IX) ramMujbroHvana ¢ meHT-
pasjbHO-CHMMEeTPHYHBIM IIOTEHUHAJOM oNepaToph 48, 2 u [, Takxke
00pasyioT NONHBIA HAG0p KOMMYTHDPYVIOIHX HabJogaeMbiX: oGuiHe
3THM TpeM HalbJiofaeMbM coOCTBEHHbIe BeKTOPH |nlm) oTmeuaroT-
csl TpeMsl KBAHTOBBIMH YHCJA2MHU 7, [, m, npHuyeM coGCTBeHHEIE 3HA-
yennst 6, I?, I; coorBercTBeHHO paBHB: (n -+ 3/2)hw, I(I4 1)h% n
mh. Bekropsl |nlm) cocTaBisioT NOJNHYIO OPTOHOPMHPOBAHHYIO CH-
cTeMy COOCTBEHHBIX BEKTOPOB J#; OHH MNOJYYaloTCs H3 BEKTOPOB
|nsnynz) ¢ nomoubio yHHTapHOro npeoGpasosauus. Mul He 6yneM
NPOBOJAUTL 3J€Ch SIBHOIO BBIYHCJEHHS 3THX Bekropos?3). Orpanu-
YyHMCSl TeM, YTO HafxeM 3HAYeHHsl, KOTOPble MOrYT IPHHHMATDL
KBaHTOBbIe yHcl1a [ M m TNpPH 3agaHHOM n, HHAa4Ye roBOps, HaHaeM
pas/iMyHbBle BO3MOMKHBIE COCTOSIHHSI MOMEHT2 HMIyJbca AJas KaXK-
JIOTO YPOBHSI HEPTHH.

Bosbloe cxoAcTBO MexAy onepaTopoM I, U omepatopoMm L, BBe-
JEeHHBIM B NpejblAylieM Haparpade, HaBOAHT Ha MBICJIbL 06 aHajo-
FHYHOW 3aMeHe nepeMeHHbIX. BBogum onepatopul An (m==1, 0,
—1) no ¢gopmynaam

Al = —,\/25— [llx —_ iay],
A0= a,, (86)
A_, =4/22 la, 4 ia,]

# COOTBETCTBYIONIHE SPMHTOBO CONpSKEHHBIE oMepatophl Af. Ome-
patopsl Am H A}, yROBneTBOPAIOT KOMMYTANHOHHBIM COOTHOIIE-
HuUsIM, aHaJOTHYHBIM (73), H MOryT O6BITb HCTOJKOB2HH KakK oOllepa-
TOPH YHHUYTOXKEHHSI M POXKAEeHHsS KBaHTOB THHa m. YHcl0 KBaHTOB
THIA m TpeACTaBJISeTCa olepaTopoM Npn= A} A,. Ouesnano, uro
N1, Ng 1 N_| cocraBjsioT noJjinbifi Ha6op KOMMYTHPYIOMIMX HAGIIIO-
JlaeMBIX H YTO .

= (N, + No+ N_; + 3/2) ho,’
N=N,+ No+ N_..

%) B npeacraBAeHHH {r} COCTOSHHIO |H.fyNz) COOTBETCTBYET BOJHOBas (PyHK-
o P, (x) ¥, (y) ¥, (2), cocromnue xe |nlm) nupexactabasercs dyuxmued
X Y 2

W (r) = 2L "’,(') Y7 (6, o),

Tlie Yn €CTh pellleHHe, Ofpalllaioilleecss B HyJb B Hayaje KOODAUHAT U peryjspHoe
Ha OeCKOHEeWHOCTH cAedyoulero xuddepeHHHaNbHOrO YPaBHEHHS:
B d? LU+ h? 1 1
[~ a + o + g o v = () houy
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Kaxa0# Tpoilke coOCTBeHHbIX 3HAYeHHH (ny, Ny, H—;) COOTBETCTBYET
o6uiH# COOCTBEHHE BEKTOpP Tpex HabJloJaeMbIX, a HMEHHO, BEKTOD

|y == (ntngt n_j1) ™" ATMAT AT =11 000).

MHOXKeCTBO BceXx 3THX BEKTOPOB 00pasyer NOJHYIO cucteMy cob-
CTBEHHBIX BeKTOpOB 6. Haxonum

H\nngn_) = (n+ 3/2) ho | mnagn-y), n=n+ng-+n_..

[TocTpoeHHbIe HAMH BEKTOPH B 06uieM cjiyyae He sIBASIOTCS COO-
CTBEHHBEIMH BEKTOPaMH [2, HO 3TO cOGCTBEHHBle BEKTOpPHI [z, Tak Kak

L,L=WN,—N_)h (87)
H, CJiefl0OBATeJbHO,
m=n —n_. (88)

PaccMOTpHM MOANPOCTPAHCTBO COGCTBEHHBIX BEKTOPOB o8, HpH-
Haj/iexalux co6cTBeHHoMY 3HaueHuio (n + 3/2)ho. OHo HATAHYTO
Ha (n-+1)(n+42)/2 BektopoB |ninen—,) (npH 3sToM 11+ no -+
-4~ 1) = n), KOTOpHIe 0GPA3yIOT HOJHYIO OPTOHOPMHPOBAHHYIO IIO-
cJ/1e/J0BATENBHOCTL COGCTBEHHBIX BeKTOPOB ;. CoryiacHo ypaBHeHHIO

gﬁw- 3s —_4d — g
_gﬁw- —— 3p —_—4F
.27_ﬁw_ 2s —Jd
-%ﬁw— —_—p
—Zﬁw- 1s
i=0 l=1 =2 =3 I=4

Puc. 37. CnekTp TpPeXMepPHOIO rapMOHUUECKOro OCHMHMIATOPA.

(88), KBaHTOBOe YHUCJAO M MOXET NPHHHMATL BCe llesble 3HAYEHHS
Mexiay —n # -+n. HerpyaHo HafiTH yuciao ¢, JHHeHHO He3aBHCH-
MBIX BEKTOPOB, NPHHAAJEXKAMWHNX KAXKAOMY 3HAYEHUIO m; pe3ylb-
Tar HpUBeAEH B caelylollell Tab/nne:

Imj=n n—1 n—2 ... n—2 n—@s+1) n—(25+2) ... (89)
cm=1 1 2 ... s+1 s+ 1 s+2 ...
OzHako 10 CBOMCTBAM MOMEHTA HMIYJ/bCAa KaXKJOMy COOCTBEHHOMY

3HAYeHHIO [2, T. €. KaXKJOMY 3HayeHHIO [, COOTBETCTBYeT HEKOTOPOe
yucio cepHit H3 2[4 1 BekTOpoB ¢ 3ajannbiMu (Im), npu 3TOM B
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Kaxkaofi cepun yucao m npuuHMaer 2/ 4 1 uennix sHayenuit or —I
no 41 Ilycrs d, 3170 yncao cepuit. OueBUAHO, YTO

Cpm== Z dl
I2m
H [03TOMY

dl =Cy— Cryt.

Ob6pawasics k tabuaune (89), Mbl BHauM, yto d; =1 maa [=n,
n—2, ..., n—2s, ..., T. . JUid BceXx UeJBIX 3HauyeHH# [ 4YeTHO-
cti (—1)", 3akioueHHBx Mexay 0 w n (BKJouasi gpafiHHe 3HA-
yeHuda) M yto d; = 0 gia BcexX OCTaJbHHX 3HayeHuii [

B sakigioueHHe OTMeTHM, YTO KaXKAOMy COGCTBEHHOMY 3Ha-
qeHHio (n + 3/2)hw sHepruum coorserctyer (n - 1)(n-}-2)/2 co-
CTOAHHH MoMeHTa uMmnyabca (Im). Jlyis KayKA0ro BO3MOXKHOIo 3Ha-
vyenust | cymectByer 2/ + 1 co6CcTBEHHBIX COCTOSIHHI, COOTBETCTBYIO-
mux 2/ -+ 1 3navenusam m or —I 1o 1. 3Hauenns, KOTOpLIe MOXKET
NPHHUMATHL KBRHTOBOE YHCJIO /, TAKOBBL:

n n—2,..., 0, ecin (—1)"=1 (n—|2—2 pasJHYHBIX 3Haqum71),
n, n—2, ..., 1, ecnmn (—1)"=—1 (n-;-l pa3JIHYHBIX 3Haqeﬂnﬁ).

CnexTpockonnueckasi guarpamMma Ha puc. 37 npejcTasiser oc- -
HOBHOE H IlepBble BO30YKIEHHBIE COCTOSIHHS TPeXMepHOro H30TPOIN-
HOFO rapMoHHyeckoro ocuuanastopa. [losesHo cpaBHuTH 3Ty AHa-
rpaMMy C COOTBETCTBYIOUiefl AMarpaMMoi jJisi aToMa BOAOPOJAA
(puc. 36).

3AJIAUYHX K YITPAXKHEHHUYA

1. Mycts a y at— xBa 3pMHTOBO CONMPSIKEHHBIX omeparopa, npuuem [a,at] =
== 1. [lonaraem N = a*a. [loxasarn, uto:

a) [N, a®’l =—pa®; [N, a*?] =+ pa®? (p uence > 0);

6) enUHCTBEHHEIMH ajreGpanyecKHMH GYHKIUAMH OT @ H a%, KOMMYTHPYIO-
wUMA ¢ N, ABAFI0TCR QYHKIHM 0T N.

2. [ToxasaTb, uTo onepaTopsl a # ut 3ajaun 1 He ¥MEIOT OGPATHBIX.

3. [TocTpouTh MATPHEE, OpeACTaBAAOLINE ONEPATOPH § H P B UPEACTABJCHHH
{N} (oGo3nauenuna § 5). [1poEeputb, 410 OUH ABASIOTCA 3PMHTOBBIMM 4 yOOBJeE-
TBODSIIOT YCJAOBHAM KOMMYTamuu (2). Paccmotpers npobaemy cobcTsenHbix 3Haue-
HHE# ¢ B 3TOM TpPEACTaBJIeHUH, NPOBEPHTb, YTO CHEKTP ¢ HABASETCA MPOCTHIM, He-
NpepHBHBIM H PACNpPOCTPAHAETCS OT —oc 10 - 00, BLINUCATb B IBUOM BHie cO6-
CTBEHHBIH BeKTOP, NpHHaLiexallHil cobeTBenHoMy 3HatenHio 0.

4. CpaBHHBAIOTCS! CBOCTBA KBAHTOBOTO OCHHUANATOPA B COCTOSMIN [n) H MH-
KPOKAHOHHYECKOTO aHCaMGAs KAAaCCHYeCKHX OCHHJJIATOPOB TPH TOH Ke 3HEpPruu
(§ 10). TToxasate, uTo cTaTHCTH4YeCKOe paclpejelicHHe TeEpeMeHHOH g B 3TUM
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KBAHTOBOM COCTORHHM OOHApYKUBAET OCUM/ISUHH, TeM Oojee yacTwle, dem 60Jb-
[le KBAHTOBOE YHCJIO 7, U B (pejiele n—> oo ero cpelliee 3HAYEHHE HA HECKOJbKHX
NepuojiaX CTPEMHTCS) K COOTBETCTBYIOUIEMY pacnpejleieRHio AJs ancam6as kiac-
CHUECKHX OCLHANATOPOB (HCnQuib3oBaTh MeTod BKB).

5. IlycTb %o, o, Mo — HauaJbHBe 3HAYEHUs CJIELYIOLAX CPEAHUX BEJIUYHH:

% ={g" —(9)%
o ={p*) — (p)%
n={pq + gp) — 2{p) (q).

OTHOCAULNXCH K BOJHOBOMY 0AKETy rapMOHHYECKOro OCIUHJJATOPA. YCTAaHOBHTH
3aKOW 3BOJIOUHH BO BpPEMEHH 3TuX cpejunx Bequumn. [lokasath, uTO OH BBIpa-
xaetcs ¢ynkunsmu sua A 4 Beos 2! 4 Csin20f u ut0 ¥ ¥ @ OCTaKTCH NO-
CTOSTHHBIMH BO BPEMEHH B TOM M TOJBKO B TOM ciy4ae, eCiH

— — m2m?
Mo ==0, @g= me*Y,.

6. CocTosiuMe rapMOHHYECKOrO OCHHJJSATOPA B HAuaJbHLIA MOMEHT speMenH
NpeACTaB/sIETCH MEHHMH3HPYIOUIMM BOJIHOBBIM NaKeTOM

1 { — 2
[ (q) = (2mo) ™ " exp [—,;— P g— ETO@L]-

IoxasaTk, YTO 3TOT HaKel OCTAETCH MHHHMH3HpYIOIL(HM B TOM H TOJBLKO B TOM CJy-
yae, ecau ¢ = A/2mo (cM. 3ajauy 5).

Ilyets 370 ycaoBHe Bunoaneno. [lokasaTb, 4To B 3TOM caydae f(g) ecTb BOJ-
HOBasi (yHKUHs, NPEACTABAKIOAN COCTOAHUE

in=ew (@) ew (—5@r)10.

BuiBecTH OTCIOAA (MOJAB3ysick ToxkaecTBoM (29)), uto dynxums f(g, ) nomydaetcs
C TOYHOCTBbIO 4O (hA30BOTO MHONMTEJf, €C/H MOACTaBHTh B f(g), BMECTO 3Haye-
uuit (q) u (p) B momenT spemenn 0, Hx 3navenuss B mMoMeut Bpemeuu f. Ompene-
JAHTb KO3(QDHUMEHTHl Cn pasnoxents |f) B piaR no coOCTBEHHBIM BEKTODAM [AMHJb-
TOHHEHA H 110KAa3aTh, YTO

2~ % _

lcnl e nl'
o= B
ho’

1
Eyn= g (o) + m*a® (g)?).

7. [popeputs, uTo Teopema Baoxa (§ 12) npumenuma takke H K KiIaccHde-
CKOMY rapMOHHYECKOMY OCHH/JATOPY M UTO CTATHCTHYECKOE PACHpEje]eHHe BeJH-
YpHbl &g 4 Bp A4 KBAHTOBOrO APMOHHYECKOTO OCHAJAATOPa B TEPMOJHMHAMHUE-
CKOM DABHOBECHH CTPEMHTCH K KJACCHUECKOMY pacrpeleJleHHI0 HPH ROCTaTOYHO
Gonbuiux Temnepatypax kI > ho.
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8. IokasaTb, 4TO FaMHJAbTOHHAH 4acTHUbLl C MacCOd m M 3apsifoM e B No-
CTOSSHHOM MAaTrHHTHOM MoJie g6, HanpaBJeHHOM no ocH Oz, HMeeT BHR
2
P

H= 2m

+HD’

rne
2

8:162 #* (22 + y).

1 2 2 e
Ho= g (Pt 7)) = gy 1+

[okasaTb, yTo ONepaTopy pz, lz, H, 06pasyOT noanslii KA6OP KOMMYTHpYIO-
IHX [OCTONHHLIX ABHXMEHHT M YTO X OOlHe coGcTBeHHple (YHKUMH B WHJAMHADH-
JeCKMX KOOpAHHATax (2,p,0) Moryr 6uiTb npescraBiaeHsl B BHAe eXp (ikz) X
X exp (iA0) -vpn(p). 3nech k£ — HeKOTOpOE BelleCTBEHHOE Uncao; A==0, 41, 2, ...
vee, o0y =0, 1, 2, ..., oo. COOTBETCTBYIOIMMH COGCTBEHHbIMH 3HAYEHHAMH
ABJAOTCH

hk, BA, (2u+41) 2;3:0 8.

CpaBHHTB 3TH pe3yJbTaThl C BhIBogaMHU 3agauu II. 4,



JOIMOJHEHWUWE A

OBOBIIEHHDBIE #YHKUHH, «cdPYHKI US> §
U NPEOBPA3OBAHHUE $YPbE

Pasnea I. KPATKUA OB30P TEOPUM OBOBUIEHHBIX ®YHKUHA')

§ 1. Nonarue pyHxuMOHANA K CTPOTHR NOAXON
K npo6aemMe HenmpepbiBHOTO CAEKTPA

«Pynkuus» 0 dupaxa, npuMeHeHne KOTOPOH [03BOJISIET TPAaKTOBaTh Hempe-
DBIBHBIH CHEKTP B MOJNHOH aHANOTHH C RMCKPETHHIM CIEKTPOM, 1O CYiIeCTBY He
ABAAETCA CTPOTO ONpeJeJeHHhM MaTeMaTHyeckuM obbektoM. KoppektHoe Teo-
peTHYecKOe HCcJe0BaHMe HabaiofaeMblx, 00JafailoluX HEMPEPLIBHEIM CNEKTPOM,
TpefyeT HHOJ NOCTAHOBKHM NpoGJjeMbl cOGCTBEHHBIX 3HadeHHi.

Co6cTBenHrle (YHKIHM HaGa0RaeMbLIX B BOJHOBOH MeXaHHKe BCTPEYaIOTCH
TOMLKO B (hOpMe CKAJSPHbIX MPOU3BeJeHNi C BOMHOBHMY QyBKuUUAMH, T. €. B GopMe
CKaJSPHHIX MPOU3BefAeHHH ¢ QYHKUHMSAMH, KBAaApaT MOAYJS KOTOPBIX HHTETpHpYeM.
[Tyets F — oana 43 co6eTBeHHBIX (GyHKHHE, a Y — NPON3BOJbHO BhGpauHas BOJ-
HOBas (yHRUHMS, TOrAa ckaaspHoe npowusBesenue (P, F) (oGosnayenusi ri. V)
MOXKHO PacCMaTpHBaTh KaK AHTHJAHHEHHHI (QyHKIMOHAJ Y HJH, Jgydule, Kak JH-
Hefinb dynxkuuonan P*. O6osnHaunm nocaennuii cuMBosoM F, Torga fo onpefe-
JIEHHIO

Flyl=(*, P).

Cre0BaTeJbHO, TEOPHsS OMEPHPYET He ¢ coOCTBeHHBIMH (YHKUMAMH Kak TaKo-
BHIMH, @ C HEKOTODPHIMH (hYHKIHMOHANAMH, CONMOCTABJICHHBIMH KaX1ofl coGCTBEHHOH
(pyHRUHH.

®yuguHOHANH BOJHOBOH MEXAaHHKH NMPUHAJJEKAT HEKOTOPOMY Kiaaccy (yuk-
{IHOHAJOB, Ha3biBaeMbIX OGOGUIEHHBIMH (YHKUMSIMH, OTHOCHTEJLHO KOTOPHIX MO-
JKHO C HEKOTODBIMH OTpAHMYEHHSMH ONpPENeNHTh Te e ONepaluu ajrebphl U aHa-
JIM33, 4TO M OTHOCHTeJbHO OOBIKHOBeHHHX (ynkuui, ITosTomy Moxuo cTporo
(opMYyAHPOBATh BOJHOBYIO MEXaHHKY, PacCMaTPHBas ONEePaTOPhl TEOPHH KAk ofie-
paTophl, AeficTBYompe Ha 06GoGlieHHEe GYHKLWH; MpH 3TOM cOOCTBeHHbie Delie-
MUsL 3PMUTOBOTO onepaTopa CyTh 06oGINeHHBle (YHKIMM 9acTHOTO BHAA; 3TO JH-
Hefiuble W HelpephlBHbHE (GYHKIHOHAJB OT OIPAaHHYCHHBIX KBaJAPaTHYHO HHTErPH-
pyeMBIX (yHKUMH, KOTOPHE YAOBJETBODPHIOT YPaBHEHHIO HAa COOCTBEHHble 3UAYCHHA
3TOro ofepaTopa.

IMyets X u B — pBe HaGmojaeMble, CAEKTP KOTOPHX palu HPOCTOTH 6ynaeM
NpesnonaraTh BCIOAY HENPEPHBHHIM H HEBHIDOXKJEHHEIM, H nycTh (E|x) ecth Mart-
pHUA YHMTapHOTO Npeobpa3oBaHHf, CBA3BBAOmMeEro npeicrasiaenne {X} u mnpel-
craBaenne {Z). B cTporofi gopMyaupoBke KBauToBOi Teopun (E|x) mpencTas-
JsieT ORHOBPeMEeHHO:

1) Cm. L. Schwartz, Th'éorie des distributions, Hermann (Paris, 1950—
1951): cm. Takxe Toro Xe aBTopa, Les. Méthodes Mathematiques de Physique,
Cours de Sorbonne (Paris, 1955); cm. Takxke B. C. Baadumupos, OGo6mesBrie
¢byuknmn B MaTemaTuueckoll Qusike, «Hayka», 1976; B. C. Baadumupos, ¥pas-
HeHusl MaTeMaTHueckoH ¢usnku, «Hayka», 1971,
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a) MHOXECTBO COOGCTBEHHBIX pelieHuit X B npeactaBaednn {E)}, T. e. HeKo-
TOPYIO MOCAENOBATENBHOCTb (YIKIHOHAN0B OT (YyHKUMil NepeMenHoi &, oTMeuae-
MYI0 HEeNpepuBHbIM HHIEKCOM X;

6) MHOXecTBO cOGCTBEHHBIX pewenuii E B npejcraBieHuu {X}, T. e. HEKOTO-
pPyio mocaefoBaTeNbHOCTh (QYHKUHOHANOB OT (QYHKIUi nepeMeHHOH X, 0TMeYaeMylo
HelpepHIBHEIM HHJEKCOM E.

9TOM pasjiele Mbl JajHM TO4YHOe omnpejeseHHe 000OLIeHHBIX (YHRUME u
yKaxeM 0e3 JOKa3aTeNbCcTBa WX OCHOBHBIE CBOfCTBA.

§ 2. Onpenenenne 06061EHHBIX DYHKLUHI

O6osnaunm ¢ noMowbio Q(X, Xz, ..., ¥a), WIH M[pOCTO Q(X), HEKOTOPYIO
(YHKIMIO 7 HENPePBLIBHLIX MEPEMEHHHX X|, ..., X, OTJHYHBIE OT HYJf 3HAUECHUA
KOTOpPO# MPHHAAJEKAT OTPAHHYEHHOH OGJACTH HM3MEHEHHs] 3THX [epeMEeHHHX H
KOTOpaa jAupdepeHIHpPyeMa [0 3ITHM NEPEMEHHBIM CKOJBKO YrOjHO pa3 (6Gecko-
HeyHO RHGbGepeHnupyemast gyuxum C OTpaHHYEHHLIM HOCHTEJEM).

ITo onpepenennio ob6obujennan ¢pynxyua T @] ecTo aunednwii u Henpepois-
Hbill YHKYUOHAA PyRKYUL .

JIHHeHHOCTb O3Hauaer, 4YTO [JAs BCeX JuHeHHBIX KoMOuHauui A(Q; -+ A,
HMeeM

T (Mg + Aoge] = M T [@1] + A2 T [g2].

HenpepuiBnocTs ke Q3HauaeT, 4TO JAJst BCAKOH IMOCHEXOBATENBHOCTH @i, Pz, ...
cevs @, ... GyHEUHA @, TaKOH yTO lim @; = @, UMeeM
[>o

ll_i)n;loT [(pj] =T [¢].

Besroft a0kaqsno untezpupyemor ¢pyurxyuu f (T. e. GYHKUHH, HHTerpan ot
KoTopoif 2) no KOHeYHOMY HHTEpBajy CYECTBYeT) COOTBeTcTByeT 0606LieHHas
¢ynxuus f, onpejensemas CKaJAPHLIM NPOU3BEJEHUEM

f o] = S F(x) @ (x) dx = (g% J). M

HpBe nokanabHo unTerpupyemble (GyHKIOMH onpeleasioT OAHY o6oGiweHHyo ¢GyHK-
LHIO, €CIH OHH PaBHB MOYTH BClOAY (T. e. BCIOAY, KpOME MHOMECTBA TOYEK MEpPH!
Hyab). B yacrHocTH, BoaHOBble (YHKUHMH BOJHOBOH MEeXaHHKH (KBaJpaTHYHO HH-
TerpupyeMble GyHKIUH) onpeleasior o6oCweHnble GyHKIUH,

®dyuruus 1/x He MOXET COOTBETCTBOBATb HUKAKOH OGOGILEHHON GYHKLUH,
TaKk Kak 3Ta (yHKIMS He MHTerpupyema B Touke x = 0. Ho MoxHO onpenpenutb
06061mennyio GyHKRIHIO

1 o (x) -
P—[pl=v.p. \ —=~
T el=uv.p S 4% @
rape CHMBOJ 0. D. o003nHauaeT I1aBHOE 3HAueHHe HHTerpaJga B CMBIC/E KOUIH:
+o0 —8 + oo
v. p. S = lim S + S .
e>0
— 00 -—ool e

2) Huterpasbl, 0 KOTOPHIX HAeT pedb, CyTb HHTErpajbl B CMhbiciae JleGera.
Hurerpan JleGera cBoauicst K uaterpajy B OGBIYHOM CMBICJ]E, T. €. K HHTErpajy
Pumana, kaxpablii pas, KoTfa NOCJAeJHHH HMeeT CMBHIC/A, OXHAKO, HHTerpas Jlebera
MOXeT CYIecTBOBATb M TOTA3, KOTAa HHTerpad PHUMaHa He OMNpengJeH.
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«Dynkuua» Nupaka 8 onpepensier 00606lueHHyl0 (GYHKUHIO COrJIacHO pa-

JEHCTBY
0 g] =g (0). ©)

AunanornunbiM 06pasoM «pyHkuna» 6(x — xp) onpexensier oSoblieHHyo GYHKUHRIO
8y [9] = 0 (x0). 4

3amedanne OGobuieHHas (YHKUHS MOXKET OBITb, BoOOlle roBops, ompe-
nefieHa Ha OoJee IMHPOKOM (YHKUHOHAJBHOM NPOCTPAHCTBE, YeM MPOCTPAHCTBO
oynkuui @, [efictuTenvho, ecan U Y] siBasteTcss JuHERHBIM ¥ HeNpepbIBHHIM
(YHKUHOHANOM QYHKIMA § U3 GYHKUHOHAJIBLHOTO NPOCTPaHCTBA, GoOJlee UWIHPOKOro,
yeM NpocTpaHcTBo GyHKIOMA @, To ¢yHkuHoHana U [g] Bnoine onpejeneH, JHHeeH
H HenpepniBeH B NpocTpaHcTBe GyHKIHME @: caejoBaTeabHo, U ecTb oboblieHHas
(QyHKIHSA.

[pumepor. 8y, onpeneseHa na npocTpaHcTBe QyHKuMi o (x), HeNpepbHIBHBIX

B TOUKE X == Xp:.
: 8, [e]l = a (xo).

O6o6mennas ¢yaxuus ¥, cOOTBETCTBYIOWLAS KBAJPATHUHO WHTErPUPYEMOH YyHK-
fIMH, OnpejieieHa Ha [POCTPAHCTBe KBAJPATHIHO HHTEIPHPYEMBIX (YHKIHA:

B[y = S W dx = (y", ).

Jlvnefinble n HenpepHBHbE (YHKUHOHAAB BOJHOBHX (YHKHHI BOJHOBOH Me-
XaHUKH ABJAsOTCst 0600uieHHBIMH QYHKUHAMH 4acCTHOrO BHJAA.

§ 3. Jluneiinan KomGunauus 06oGLEHHBIX GYHKUHUA
T = MTi 4 AT, sBasietcst oBo6lienHofi ¢(yHkuwed, onpegeaseMofi paBeH-

CTBOM
T ol = MT\ [9] + AT, {g]

(A1, A2 — 3aj1aHHBle KOMIJIEKCHBIE NOCTOSIHHBIE).

§ 4. Npoussenenne AByx 0606WEHHBIX HYHKLHI

Ecan [ ectb ofofiennass GyHKuust, COOTBETCTBYIOIAS JIOKAJbHO HHTErpH-
pyemoli ¢yukuus f, a T — HekoTopas o6o6lieHdass (yHkuus, To 00606leHHas
GyHRUHA

P=}fr
onpesesena, eciH T ecTb JuHeHHBH uefpepbBHHA (QyHKuMouan GyHkuuit fo u no
orpeseNeHHI0
Plo]=T [jg]. ()

IMpoussenenue RBYyX oGoGlieHHBIX GYHRuMHA cywecréyer ne sceeda. Ecmm |
6eckoHeunc nudpdepenunpyema, 10 fT cymecTByer npu mobuix T. Ecam f nenpe-
PHIBHA B TOYKe Xy, TO

(F8x0) [9] = (x0) @ (x0). (6)

Ecan f u g ofe sBASlOTCS KBAAPATHUHO HHTErPHPYEMbIMM (YHRKUHUAMH, TO NPOH3-
sejeHne [ onpepeneno. Hanpotus, [8(x)]2 ue umeer cygwicaa, (IIVI x ])2 — TaKxe.
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B kauecTBe yacTHOro caydyas ypaBHeHus (6) MMeeM COOTHOINEHHE
10 (x) =0, %)
O6paTno, ecan xT = 0, To T nponopunonaabho 6: T = ¢8 (¢ — nocrtosinnas).
BesnienctBre 3Toro, ecan f(x) M g(x) cBA3aHB COOTHOUIEHHEM
xf (x) =g (x),

TO HeoOXONNUMO HMeeM

Fo=p &8 4 5, ®)

IAe ¢ -— NpOU3BOJ/IbHAA NOCTOSHHALA.

§ 5. Papb v HHTerpaan 0606mEHHBIX GYHKLH

Ecan nocnenoBatedpHocTh 0606uiennbIX ¢ysgnuid Ty, T, ..., T, ... TakoBa,
4To npH j—> oo npu Jio6ofl @ T;[@] uMeer npenes, To 3TOT Npeflen ABJsleTCs 06-
obiennol ¢ynkouefi (T. e. JHHEHHHIM W HefpepbIBHBIM (GYHKIHOHAJIOM OT @):

T=I1imT,
oo 1

DKBHBA/EHTHOE YTBEPK/JEHHe: ecJH OecKOHEYHHH pPHj Z T:fg] cxonutes

npu Moo @, TO CyMMa psijia onpejenseT 0606weHHYI0 q)ymmmo roBopsT, 4TO
pad 0600UIEHHHX GYHKUUN Z T; cxodurcs.
i

Ecan T(A) — oboOwmennas GyHKUus, 3aBHCAMAA OT Mapamerpa A, H3MEHSIO-
Ierocst HeMPephIBHO B HEKOTOPOR 06aacTH A, M ecnH HHTerpan

rol= { T 1122
A

CXORUTCA NPH J060f GYHKUHM @, TO HHTErpaj onpejenser 0600LEHUYIO DYHRIUKIO

- S T (A) dA..
A
AnasioruyHoe ofnpefeNeHHe HMEET MECTO IJs MHOTOKPATHBIX HHTErpaJoB.
B wactnocTH, ecam f(x,A) HuterpHpyema mo x (JokadbHO) H mO A, TO 0606-

wenHas ¢yHruus [(A) HHTerpHpyeMa 1O A H ee HHTErpaja ecTb oBoBmennas
¢dyHKuns g, COOTBETCTBYIOAA (YHKUHH

(x)=gf(x, A) di

Ecin ¢ynkuua a(k) npu {E] = oo MaxopupyeTcs HEKOTOPOH MOJOKHTEb-
Hoit crenenbio |k|: |a(B)]| << A|2]® (A » o — HOJOKHMTeJbHHE ONOCTOSIHHBLIE), TQ
o0
HUTErpad Seik"a(k) dk  saBasiercs o6o6uienHod dyurunedl.
-—0
B uactHOCTH,
J-00
S e'** dk = 251d.

-0
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§ 6. lupdepenunupoBanne 0600uieHHBIX HYHKUKH

o onpenenenuto nponssoauas d7/dx: o6o0wenHoN GYHKUHH €CTh
aT _ dg
o w=-1[3F] ©)

B u4acTHOCTH, eC/qH NOKAaJbHO HHTerpHpyeMas dyHkuug auddepenunpyema,
TO NPOU3BOAHAS COOTBETCTBYyOLIel OO00OWIeHHON QyHKuMH ecThb oGoGuieHHas
(yHKLHS, COOTBETCTRYIOMas ee npoH3BOAHOH. JleficTBUTENbHO, MHTETPHPYS MO 4a-
CTSIM, HMeeM

Fiol={rmem dr=—{rme ma=—Ffw

Bce cBoHCTBa NpOH3BOJAHBIX OOLIUHBIX (GYHKHHH NEpeHOCATCS Ha MPOU3BOJ-
Hbele o0obmernnx dyuknui. HanpHmep, npoussojnas npousBesehust P = fT ecTs

P =T+ f1. (10)

Ho, kpoMe TOro, HekoTOpHe De3ynNbTaThl, OTHOCAIIHecH K Oonee MM MeHee
OrpaHHYeHHBIM KJaccaM ¢YHKuHi, copaBelnHBH MO OTHOUIEHHI0 KO BceM 0806-
weHHbM GyHKuusAM 6e3 orpanndennit. Fmenno:

1°. O606wennbie pyrryuu Geckoneyno Auddeperyupyenst.

1
B uacTHOCTH, JOKafbHO HHTerpupyemble  ¢GyHruun 1g |x|, - (r =
= %7+ y2 F 2%) anppepenipyeMbl Kak OGOOIMEHHbIE (YHKIHH [POH3BOMNb-

HOe YHCI0 pas:

d !
—_—1 = p—
—lglx|=P—, (1)

Ale e B=smows. (12)
2°. Hugpepenyuposatiue a819eTCA AUHEUROL Henpepblsrol onepayuell 8 npo-

cTpaicree 0600w ennbix pynrxyuil:

ecm limT; =T, ro lim Ti=T"
j>oo (R

CriefloBATe/bHO, €CJH PsIA CXOAMTCH, TO OH JuddepeHuHpyeM MOYNCHHO NOA
3HaKOM CyMMbl. Anajoruuno, ecan T(A) uHTerpupyeMa no napamerpy A:
1=\ raa.
A

10 8T (A)/dx; 06g3aTe/IbHO MHTErpHpYEMa B TOH Xe o6JacTH A W ee unTerpasn pa-
Ben 01 /dx;.

Paznea Il. CBOACTBA «PYHKILHH» &

§ 7. Onpepenenne & (x)

B ¢u3uxe npHHATO HCHO/bL30BATH 0603Hauenne O (x -— x;) BMecTo GoJee Kop-
pekTHoro oGosnadenust Ox, [@]. IIpu 3ToM He ynomuHaloT nonsTHa 0600wenHOR
¢dyHkuuy, a, cobiwojas HEKOTOPHe MNPENOCTUPOKHOCTH, MaHHIYJIHPYIOT ¢ CHMBO-
jaoM 8(x — xg) kax c ofpiunofi pyHxuHedl. DTo 3naunrensHo yopouaer Bce ¢op-
MyJIbl.
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[To onpepenenuio, ecan f(x) onpenenedHa B TOuKe X = X, TO
§ 10 0—xdx = 0,17 01 =1 () (13)

Taxum ob6pasom, hopMajbHO

+o0 ecan x==xg

—00

400
0 , -
6(x—x0)={ M X FE o Sé(x—xo)dx=l. (14)

CumBon 8 (x — x,) sBasetrcs o6o6utenneM cumpona Kponekepa

5 0, ecain m =% n.
mn 1, eca m=n.

§ 8. MpencraBiaeHne B BuAe npeaena aapa
MHTErpajbHOTO OepaTopa

8(x— X;) MOXHO PacCMATPHBAThb kaK NpeiesbHyl0 (OPMy (GYHKUHH, NPHHH-
Matouell OTIHYHbe OT HYJs 3HaueHHs TOJbKO B HEKOTOPOH MaJjioli 061aCTH OKOJIO
TOYKH Xo, THAe OHa OOHApYXHBAET De3KHil MONOMHTENbHBII MaKCHMYM, NpHUEM
uHTerpas oT GYHKUMH N0 BCeMY NPOCTPAHCTBY OCTAeTcsi BCE BpeMst pPaBHHIM 1.

Hanpuwmep:

sin L (x — xp)

6(x——-xo)=—:t-Ll_i>m pram— (15a)
_ 1 1 —cosn{x = xo)
g et
1 e
BEL N e (152)
=1imE(x_x0+n)—E(x~x0). (151‘)

m>0 n
B nocnenueM Buipaxennn E (x) ects ¢yHruua Xesucafiga:

1, ectn x>0,
0, ectu x <0

E(x)={

(o6o0wennan ¢ynkuusi 6 ecrs MpOH3BORHAA OGOGLIEHHOR yHKIKH Xesucafiga).
Ormetum ewe Baxuoe npeienbHoe cBoiicTBo (popMyna Coxouxoro) )

\ 1 . 1 )
33'1’0 pry——y = P 7 F ind (x — xo). (154)
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§ 9. OcHoBHble CBOICTBA

OcHoBHEE cBOHACTBA «pyHUKUUU» O TaKOBHI:

8(x) =8 (— x), (16)
o(ax)=l—§l—6(x) (@40, a7
[} —

8(g(x) = Z l(%,(xx)—”l— (€ (*) =0 g (x,) #O), (18)

n n,
8 (x) =0, (19)
F()8(x —a)=F(a) 8 (x — a), (20)
fou—nsw—aa=s(—a, 1)

J-00

b= Se"’“ dk. (22)

CMBICZ1 3THX DaBEHCTB COCTOHT B TOM, HTO OJMH H3 YJEHOB DaBEHCTBA MOXET
6bITb 3aMeHEH APYTHM, KOTAA OUH (HTYPHPYIOT B KaueCTBe MHOXHTEJed B NMOAbIH-
TerpaibHOM BbIDaXKEHHH HEKOTOPOro HTerpana mo X. Bce pasencTsa MOIYT
6HTh CTPOro NOKa3aHel B TeopuH 060CmeHHBIX (YHKIWA (CM. pasnes I). ®op-
ManbHO® (MO He CTPOrOe) JNOKA3aTeJbcTBO COCTOMT B YMHOXKEHHH o6enx dacTedt
DaBEHCTB Ha NOCTATOYHO pErylspHyo (yHKumio f(x) H HHTErpHpOBanHE MO X,
TOIA Pe3yAbTaThl ROMXKHBI GhLiTh OJHHAKOBHI B JEBOH M MPaBOfi YacTiX. Tak, co-
otromenust (16), (17) # (18) mOKasBIBAOTCH MyTeM 3aMEHH! nepeMeHHOH B HHU-
terpane. B papencTse (18) cymMMupoBaHMe MAET Mo BCeM HyJsiM QyHKIME g(x);
BHIpaJKeHHe UMeeT CMHICH TOJBKO, €CH HyMu g(X) u g'(x) He COBRANAIOT; HAMpH-
mep, 6(x2) cMulc/ia He MMeeT.

§ 10. NMpoussoaubie O (x)

«DyHKUEA> § uMeeT npou3BoAHble BceX Mopankos. [Ipu 3TOM mM-f NPOHSBOA-
Haf ofipe/eseTcs PaBeHCTBOM

400
{ o™ )1 () dx = (=1 7 (0 (28)

-—00

cripaBeJIHBEIM A8 BCskoll Qyuxumn f(x), m pas RuddepennupyemMofi B TOYKE
x = 0. «Dyuruus» 8™ (x-— xp) MOXKET pPaccCMaTPUBATLCH KakK COOTBETCTBYIOLEHA
npefien m-X MPON3BOXHBIX (YHKIUHA B MpaBHX 4acTaAX ypasuennit (15a), (156),
(158). Cuaepyrolline CBOHCTBAa MOryT OBITH CTPOTO ROKa3aHH METOAaMu Teopui
06061enHbIX QYHKINHA;

8™ (x) = (—1)™ 8™ (— x), (24)
S 8™ (x — y) 8™ (y — a) dy =8+ (x — a), (25)
MM (x) =0, (26)

15 A, Meccua
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Mepsas npowsBognas O’ (x) obaanaer csoiicTBamu:

+ oo
S & () f (x) dx = — [ (0), @n
8" (x) =—06"(—x), (28)
Sé'(x—y)é(y—a)dy==6'<x—a). @9)
£67 (x) = — 8 (x), (30)
x3§ (x)=0, (31)

. +ee

& ()= 7‘“- S kett* gk, (32)

Paanen III. TIPEOBPA3OBAHHE ®YPbES3)

§ 11. TIpeoGpasosanne Pypve. Onpenenenue

Ecmu f(x) ectb ¢yHruus (BeulecTBeHHas HJM KOMILIEKCHO-3Haunas) nepe-
menuo#i X, To ee npebpasopanue PYypbe, eclH OHO CyllecTBYeT, BhipaXaercs
dbopmyon

400
Fy =g =(%)" | e 0 ax @)

rae o — HEeKOTopasi MOCTONHHas (B BOJHOBOA MeXauuke BhibupalT o = l/h).
TIpH HEKOTOPHIX YCJOBHSIX CXOAMMOCTH, KOTOPbIE AOJIKHH OBITb YTOYHEHH, [(X)
MOXeT ObiTb noaydesa u3 F(u) B pesyaprate o6partHOro upeobpasoBanus ®ypoe

. +o0
1/2
f(x)=F " [F]= (-29&-) ! S !X F (u) du. (33
—00
B Gonee obwmem cayuyae, ecan f(xy, Xz, ..., Xa) — GYHKUHA n NePeMEHHHX
X1, « .+, Xn, TO ee npeobpa3oBaiHe Pypbe HMeeT BHA )
Fu,... u)=F[[]=
400 <400
nf2 : -
= (_29;_ S Se fo (ke tintn)f (x, 0, %) dxy v dx, (34)
— -0

a obpatHoe npeofpasoBaBue ompeaensiercs dopmyiofl
F(xpeenr %) =F L [Fl=

400 40
o \n2 10 (8% dees+l,x
=() S S IR ) iy ) duy . duy, (34)
—00 —00

8) CM. cuocgy !; cm. takxe E. TuTumapus, BBelleHue B TeOpHIO HHTErpasoB
Dypbe, I'octexuspar, 1948 r.



OBOBUIEHHLIE ¢VHKIIUHA 451

IMpu ycnosuH, yto npeoGpasopanue Pypee [ cyulecrByer, HMeeM

9'[f(cx cx,)]= ! F il ﬁ- (35
LR n] lcln z 9 eeny )

4

(¢ — NpOU3BONbHAST TOCTOSIHHAS).
Ipu Tex e ycJOBHAX

JCl xn
2 —). (357)

FU[F (cup ..., cu )] == o - .

B nasbrefimiem Mbl Ge3 JOKa3aTenbcTBa YKaXKeM OCHOBHBIE CBOficTBa npeo6paso-
panuil ®ypbre dyHkuui (win o6obwennsix GyHKRuui) osHoll mepemeHHo. Bee pe-
ayabTath Ge3 Tpysa oGobmiaioTes Ha caydail ao60ro yncaa u3MepeHuH.

§ 12. AGconmotHO uHTErpUpyemuie dyHkuuu | (x)
Beskaa aGeomorHo uHTErpupyemas dyHxkuus f(x),

+oo
(17 mias <o,

- 00

oBGnanaer npeo6pasoBaHueM Pypbe

F () =& [f].
MpeoGpasosanue Pypre F (u):
(a) HenpephIBHO;
o0
(6) orpaHuueno: | F (u)] << S [f(x)|dx npu mobux u;

(B) o6paniaercst B Hyab na GeckouewHoctu: F (u) lu_l—;> 0.
oo

Ecmn f(x) m pa3 nenpepsieHO jguddepeHnnpyeMa U ee m npou3BogHbix ab-
COJIIOTHO HHTETPHPYeMBI, TO

F [™)] = (iau)™ F (w). (36)

Ecou xmf(x) abcoamoTHo uHTerpupyema, To F(u) m pas HempepwisHo audde-
peHuupyeMa u
F™ () = & [(— iox)™ | (). (37)

CpoficTea o6patHoro npeoGpasoBaHust & ~! moJyyaloTcsi U3 NpeAbIAYMHX, eCJIH
BO BCex GOpMYJTaX 3aMeHHTb [ HA —i.

§ 13. dyuxunu y (ocHOBHBIE DYHKUUH)

Cumsosom % (x) 6ylem obo3HauaTh GeckoHeuHo Auddepenuupyemyio QyHK-
IIMI0, ACHMOITOTHYECKH CTPEMSIIYIOCS K HYJI0 BMECTe CO BCeMH CBOHMH NpPOH3-
BoAHEIMY, GhicTpee moBOIl cTemeHu |x|:

| x ]l 5™ (x) ———> 0 KakuMu Gu Hu Gulau m u I.
| x |>

15%
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B o6wem caysae y(xi1, ..., X:) 0603HauaeT QYHKUHIO 1 NepeMeHHHWX, Gecko-
HeyHO gHpbepeHHHPYEMYIO H TaKkYIO, 4TO
1 8™y

R=(F+ ... +22)")

Gy 5,02 ¥ R->o00
0% 0xy%...0x,

npy Mwobux [, m ¥ MoGOM BHGOPe HHAEKCOB Gy, Qg, «-5, Gn (U1 -+ as+...
veo g =m).

dyHKUMH @ H3 pasfela | aBasioTcs yacTHHM ciysaem QYHKHME Y, HAmpo-
THB, QYHKUMH ¥ He fIBJISIOTCA 06s3aTenbHO QYHKUAAMH @ (UpHMep: e X).

Mockonbky GyHKUME § SBAAIOTCH a6COMIOTHO HHTETPHPYEMHIMH, TO K HHM
NpUMeHHMBI Bee De3yabTaThl NpefwecTeyonero naparpada. Ho, kpome toro, Hmeem
CJeaYIOmHl pesyabrar:

Mpeo6pasosanne ®ypre Fy 1 o6paTHoe npeobpaszoBanue Pypre F ~ly dyHK-
LMY X Takke MABJAsOTCS (QYHKUusMu ¥ (MepeMeHHHIX Wy, Wy, ..., Us). Kpome
Toro, npeo6paszopanHe Pypbe 06JMafaeT CBOUCTEOM 83AUMHOCTU:

FFly=Flgy—y
(FF 1y, osHayaer upeoGpasoBarne dypre oT F1Y).

§ 14. NlpeoGpasoBanue Pypne 0600eHHBIX DyHKIHIL.
Onpenenenue

Ecnmn T — o6oGuienHas GyHkuHa, To npeobpasoBanne ®ypre FT ecTh QyHK-
LHOHAJ, OonpexensieMblil Gopmynolt

FT 9] =T[F 9],
a o6paTHoe mpeo6pasosanHe Pypre ecTb GyHKUHOHAM
FIT gl =T [#"ql.

Mockoneky F @, F~'¢p He 00s3aTenbHO ABJAAIOTCH QYHKUHAMH THIIA @, MOXKeT
cayuuthbesi, uro dyuxuHoHanu T [F o), T[F @] ne cymecTsyioT; B 3TOM ciyuae
T He o6namaer npeoGpasoBaHdeM Pypne Han obpatHhiM NpeobpaszoBannem Dypne.

Ecnn f — o606menHas Gbyukuus, cooTBeTcTByomias GOYHKUMH f(x), u ecau
F(u), B npeanonoXeHHH, 4TO OHO CYLIECTBYeT, eCTb npeobpasosanne Pypre dHyHK-
unH f(x), T0

Foo +oo
Fllol=1[Fo]= S f(x){ 2—‘:‘-)% S e~ g () du} dy—

—00 -0

+o0 +o0
- S 0 (u){ =) S e=108% f () dx} du=F [gl.

—00 -0

CheloBaTe/bHO, MpeoGpasoBaHue Pypbe 06obuieHHOA GyHKUHH | ectb 0GOGIUeH-
uas QyHkuus F, cooTBeTCTBYyOmMAs npeobpasoBatuio Gypbe dyHKuEM f

§ 15. O6o6menHbie QYHKNHY MeJJEHHOTo POCTa

OGo6uieHHble GYHKIHH MeIJIEHHOrOo pocTa (MM yMepeHHHe o6o6nieHHEIe
dyskuuE) 1O OmpeiedeHHI0 SBJARIOTCS JHHEHHBIMH H HeflPepHIBHbIMH (YHKLHO-
HaJlaMH OT QYHKUHA ), T. €. OCHOBHHX (yukuui,
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Bce cBofictBa o6o6uiennbx GyHKuHH, yxkasanHule B pasjene I, pacmpocTpa-
HAIOTCS HAa o6obuieHHbie (GYHKUHH MegjeHHOro pocra. Jlocrarouno BeioJly BMeCTO
¢GyHKUHA @ TMOACTaBHTL QYHKIMH Y. B uacTHOCTH, 0606meHnble GYHKIAH Mef-
JAEHHOTO pocTa GeckoHeuHo [uddepeHUHPYeMbl H BCe HX TPOHU3BOJHbIe SIBJASIOTCS
06061eHHEIMH QYHKLHAMHE MeJJIeHHOTO pocTa.

KpasparuuHo HHTerpupyemble (yHKIHH, (QYHKUMH, OrpaHHYEHHBIE BO BCEM
npocTpaHeTEe, M BooGle BCe NOKATBHO HHTerpupyemile MeO0AeHRO — pacTyuyue
QyuKumE f(¥) (A7 KOTOPHIX MOXHO HalTH fBa TAKHX TONOKHTeabHbIX udcna A
u e, uto |f(x)| < Alx]® apH [x| — oo) onpesensiioT 0606ueHHNE QYHKIHH MeS-
fexHOro pocra; 8, 8xy M BCe HX TPOH3BOAHEE SIBASIOTCA OGOCILEHHEIMH bYHK-
LESMH MeJJeHHOro pocTa.

Pemiennsi 3ajau BOJIHOROR MeXaHHKH Ha COOCTBeHHBHIE 3HAYEHHs SBJSAIOTCH
JHHeHAMEIME M HenpepbBHBIMH (DYHKUMOHAMAMH BOJHOBHX (YHKLHH, T. €. KBagpa-
THUHO HHTerpHpyeMbix GYHKUHE (41, ..., gr). CHeloBATENbHO, 3TO CYTh JIHHEH-
Hble H HempephiBuble GYHKUHOHANH (QyHKUHH Y, T. e. 0606mennble QyHKUHA Mell-
JIEHHOTO POCTA. ,

Hnrepec kK 0600meHHBM QYHKIMSIM Me[JEeHHOTO POCTA CBA3AH ¢ 3aMeyarenb-
HHIMH CBOHCTBAMH HX npeobpasoBanufi ®ypse.

Ecmn U, ecth oGobwenHnas (GYHKuMs MelJeHHOro pocta (OlpejeneHHass Ha
byHRUMAX THNA ¥(X)), TO:

1°. Ee mpeoGpasoBanne Pypre Vi, u o6paTtHOe mpeoGpasosanne Pypve V. 1

CYNIeCTBYIOT BCErja H HBJAIOTCS 0GOOGIEHHBIMH (YHKUMAMH MEJJEHHOrO0 pocTa
(onpenenenHnMy Ha QyHkuHAx X(#)). Onn onpesensiores GopMmynaMH:

V,X1=FU,x]=U,[Fxl (38)
Vo' =", =U,lF . (38")
2°, IIpeoGpasoBanus F u F ! pzaumum:

Flgu=7"V=U, (39)
FF-lU=gv'=uU. (40)

3°, IMpousBopHbie NpeoGpasyloOTCs COTNIaCHO 3aKOUY:
F (UMY = (jau)™V,, (41)
F ((—iax)™U,) =V, (42)

§ 16. Keaaparuuno unTerpupyemoie pyHKuuu

KsagpaTuuHo MHTErpHpyeMele OYHKIMH onpelensioT 0606umenHble GYHKUHH
MeJIEHHOr0 POCTa.

Ec/iu yClIOBHTbCS He CUHTAThb PAasjiH4HBIMH fBe (DYHKUMH, paBHble MOYTH BCIO-
1y (T. e. BCIOJY, KpOMe MHOXECTBA TOUYEK Mephl HYJb), TO cBOficTBa npeoGpaso-
Banns ®ypbe 0600weHHHX (YHKUHE MeJNEHHOTO pOCTA -PAaCAPOCTPAHSIOTCH HA
KBaJlpaTHYHO HHTerpHpyeMble dyHkuun. Ho x atum cBofictBam foGabisiorcs elle
H cBoficTBa, cnenuduueckue A8 KBafpaTHYHO HHTerpHpyeMbx ¢yHkuuf. Ocnos-
Hble TeopeMbl TAKOBHI:

Teopema 1. Ecau f[(X) — xsadpatuuno unrezpupyemas ynkyus, ro uH-

Tezpaa
a l/z — i
(__2_:_‘_) e tauxi (x) dx

d!"(,}j;
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cxo0urcs 8 cMblcae cpedneeo K8adparuuno20*) K xKeadpaTuuno unTezpupyemol
Pynryuu:

+3
) 12
P =71 (0= (2%)" tmg (oo ax 43)
It E>o0
Teopewma II Coorsercraue mexdy f(x) u F(u) ssaumuo 8 rom cmbicae,
4T0
+A
l/ .

fR)=F"'Fw= (—;—) " Imq S 1% F (4) du. (43")

49 A=»00

iy

JUisl BCsSIKOTO 3HAUEHHsI X, B OKPECTHOCTH KOTOPOro f(x) mMeeT OrpaHHYEHHYIO
BapHanuIo,

F1F (u) = lim flx +e) ;L fx—e) (44)

Teopewma IIL Iycre ksadparuuno unTezpupyemvie pyugyuu f(x) u F(u)
26480TCA Pypve-npeobpazosanusmu Opye dpyea. Ecau npoussodnas f'(x) ecro
Keadparudno unrezpupyemas Hynxyus, 10 ee npeobpasosanue Pypve iauF (u)
ecrv  K8adpaTudHo uHTezpupyeman QYHKyus u, Haobopor, ecau iouF(u) ecry
xeadparuuno unrezpupyemas pynxyus, to f(x) Ouppepenyupyera u f'(x) ecre
obparnoe npeobpaszosanue Pypee or iouF (4). AHAIOTHYHOE COOTBETCTRHE CBSA3LI-
Baet napy xf(x) u (1/a) F'(u).

3ameuanne [Jaxe ecan f(x) kak dyHnkuus He Bciony audeperuupyema,
o6obmenHas QyHKUHs (MeAAeHHOTO POcTa) [, CYIlecTBYeT BCerfa; ee npeobpa-

soBanue Pypbe ectb 0GoGiieHHas OGyHKuuA (MenseHHOro pocra) iauf(u); Kak
GyHKuHS, 3Ta NOCHAeNHsisi MOXeT He OblTh KBafipAaTHUHO HHTETPUPYeMOH (YHK-
nued.
[MpeoGpa3opanne Pypbe cOXpaHSeT CKaJAsipHOe MPOH3BE/EHHE KBaApPaTHYHO
unterpupyembix Gyuxunit ([Tapcesaas).
eopema IV. Ecau F(u) u G(u) ssasiorcs npeoGpasosanusmu Pypve
Keadparuqno unreepupyemox pynryul f(x) u g(x), o

(g N=(G, F), (45)
usave 2080p%:
+o00 400
{ewima={ewrwa

4) CxoIMMOCTL B CMBICJE CPefiHero KBafpaTuuHoro (MeHee cTporasi, ueM Mpo-
cro cxoaumocTb) byHKuuM @(4, &) K @(u) npu &— X osHagaer, uTO

400
lim, _S 19 (e, &) — ¢ () |2 du=0;

uHaue ropops, @(u, §) cTpeMHTCs K ((#) NOUYTH BCOAY. DTy CXOAHMOCTb OGHIYHO
0003HAYAIOT CHMBOJOM:

Im u, £)=o (u).
E_)‘)]((P( §)=10 (u)
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Ta6anua npeoGpazosanuit dPypbe

455

400

i(x)=(~2%)1/ 2 S IQUXF () du
—00

+ oo

F(u)=(%)l/2 S e—lauxf (yy gy
—o0

i(%) le1F (ew)

f{—x) F (—u)

f* (%) F* (= u)

F(x) f(—u)

# () = F ()

(%) iauF (1)
f(x = xo) e~ iR (i)

eiaugxf (JC)

F (u = ug)

12
o (&)
O (x — x0) (7“__)”2 o—luixe
1 mpu x>0, 1 1
E = 5 e
) {0 mu x <0 Wormy [ﬂ () tPu]
: alu?
2 g 2~
(V“ ) 2 (u'(\l/:?) s ™ (Rex>0,Rewt>0)
E E(x — o .
(x+a:/2a (x—a) _ (L:_) _Sl_(’;_aE:_” (@ neficts. > 0)
1
_____{ '\/.2_(; y lxi<a
0, lx|>a
~vixl 2ay? \ 112 1
Ay evix ( - ) ¥ F o (Rey>0)
12 eV () = ay |12
{i«/zyrvx’ x> 0; (n ) sy (Rev>0)
0, x<0

3ameuvaune. OyHRUUH YeTHPex mocJemuux OPHUMEPOB UOPMHPOBanLl HA EAHHHLY :

+oo +%

S lf(x)l'dx=g | F tdu=1,

—00 —00
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YacteuiM cayvaem (f = g) aTofi Teopemn sBJseTCd COXPaHeHHE HOPMBHI

o0 +o0
it par= (1rwe (46)

§ 17. NpeoGpa3osanue cBEPTKH
Ilo onpenenennio cBepTKOM ABYX (PYHKUHH HasblBaeTcs BHpaXKeHHe (ECAH OHO
CYlleCTBYeT):
400
feg= Sf(x-—t)g(t)dt. 7
—00
MoxHO Takxe onpesesautb!) cBepTky nByx o6oCuiedHux ¢yHxuuii. B uactHocTH.
0« T=T (T — nekoropas o6o6meHnas GyHKuns),
400
O = S S(x— N[ dt=F(x) (f— uexoropan ¢yHKuHs).

OGpasoBaHue cBepTKH SIBASIETCH KOMMYTATHBHON oNepaudeil: [+ g = g« /.
Hmeer mecto crefyomas Teopema:

Teopema V. Cseprra dsyx ¢ynryui f(x) u g(x) (npu ycioeuu, uro oHa
cyujecTsyer) umeeT npeobpasosanuem dypve BbipANCEHUE

A/2nfa F () G (u),

20e F(u) u G(u) ssasiorcs npeobpasosanusmu Dypee f(x) u g(x) coorsercr-
8EHHO; 370 npeobpasosanue 83aumro. B uacTHOCTH, HMeeM:

Teopema V. Ecau f(x) — keadparuuno unrezpupyemas dynkyus, g(x) —
abcoaorHo unteepupyeman pynuryus, F(u) u G(u) — ux npeobpasosanus Pypoe,

2n
TO cseprxa [ =g u npoussedenue - FG ssasorcs kealpartuyno uxTe2pu-

PYeMbLML YRKYUAMYU, npudes BTOpoe ABAALTCA npeobpasoaanuem Dypve nepgoeo,



NONMOJHEHUWE B
CNEUUAJIbHBIE ®YHKUHUH
U CBA3AHHDBIE C HUHMH ®OPMY/JIbI

Pazaea I. YPABHEHHUE JIATIJIACA, NOJTHHOMBI JIATEPPA,
KYJIOHOBCKHE $YHKIHH

§ 1. ¥YpaBHenne Jlannaca u BeIpOKAEHHAS
rHnepreoMerpuveckas dyHxuus

¥pasuenuen Jlansaca HazbiBaeTcsi ypaBHeHHe THMA
d? . d
[+ 6-24 —a|i@=0 (1)

(3mech o0 U P — NPOH3BOJMbHEIE KOMILIEKCHbIe IIOCTOsHHBEe). PenrenHe ypaBHeHHH
(1) mMOXHO MCKaTb B BHfe crelneHHOro paxa. OGrUHO s6Lpomcdentoli eunepzeome-
TputecKoti yHKyuell HA3bIBAeTCS PAS BHIA

ey 2.2 aletl) 22 -
F(a,ﬂ,z)——-1+ﬂ T CES) 2!+...---

I'(a+2)T(B) .z"

 T@T@Fn @

nes

3rot pan:
1) BnoaHe ofipefedeH [Js TpPOM3BOMbHEIX & K § npu B2 —p (p uenoe
= 0);

2) cXOAHTCA BO BCefl KOMIIEKCHOH IMJIOCKOCTH Z;

3) sBaseTcs MOJMHOMOM cTemeHH p (p uexoe == 0), ecin & == —p, HMeEET
CYLIECTBEHHO 0CO6YI0 TOUKY Ha GecKOHEYHOCTH, ecad a = —p;

4) ynosaersopsieT coorHoweruo Kymmepa:

F(a, B; 2)==e®F (B —a, B; —2). @)
HeTpynHO BHZeThb, 4TO ectH YHKIHH
F(o,B;2) u 22 PFla—p+1, 2—8;2)
CYmecTBYIOT !), TO OHM SBJAAIOTCS ABYMS JHHEHHO HE3aBHCHMEIMH pelieHHAMH ypa-
BHenus (1),

Mo merony Jlamraca peuienus ypaBHeHHs (1) MOryT OHTb Takie HMpeACTaB-
JEHH B BHfe KOHTYpHHIX HHTerpaqoB. Ecau I' HeKOTODHIHi KOHTYp B KOMILIEKCHOM

1) Eciu P ue pence, TO 3TH fBe (YHKUMH CYNIECTRYIOT M pa3jimunb. Ecid
B == 1, TO OHH TOXKJECTBEHHHM APYT IPYTY. Ecau f =0, —1, —2, ..., To cyue-
CTBYeT TOMBKO (YHKIHSA A BFla—p+1,2— B; 2). Ecn p=2,3, ..., 10
cymlecTByer TOABKO pynkuua F(a, f; 2). ‘
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nrockocTH ¢, Takoh, wro dynkuaa (% (1= )P~% o2 npupnmaer ogunakosue 3na-
eHHS HA er0 KOHUAX, TO HHTerpa

S ezfta—l - t)B—a-l dt (4)
Iy

ABJSIeTCS YaCTHHIM peliieHHeM ypaBHeHHs (1).

Ipennonoxum, uro o He uenoe, B =b (b uemoe > 0). 3aMKHYTOMY KOH-
typy Do, OxBaThBalomeMy Toukd = 0 u £ = 1 (puc. 38)2), cooTBeTCTRYET peuie-
uHe Tna (4). ITo cornawennio arg t—arg(l — ¢) = 0 na To#i wacrtu KOHTYpa,raet
H3MeHsIeTCsl BAOMb AeHCTBHTENbHON OCH Mexay 0 W | B HanpaBiaeHHH BO3pacTaio-
wHux £ 1o pelleHne, Oyayun neaoll ¢dyHxuHei 2, mpomopuHoHansHo F(a, B; 2).

r -
t=0 I t=1 /

- wifh}
\ll o/ -
Puc. 38. Puc. 39.

Koz duunent nponopuHoHaltbHOCTH NONYYaeTcs OpH PasaoeHHd € mox sHaKOM
HHTEerpaja H npUMeHeHHH HOpMYyJIbl

LT _( _ omip~! S x=1 1y _ pg—I
B ) =vG1y (1 — ¢™éb) I‘t (t—#¥tas )
(x -+ y = uenoe, y He uenoe).
Haxonum

Fla. b 2)=(1 — ¢~2mie)™ L) Seztt“_‘ (1 —nP=o=lat (6

T(@T((~—a) 2

[}

JBym meraam I'y H Ty, obxoxautum ToukH f =0 ¥ f{==1 COOTBETCTBEHHO
(puc. 39)%), orBeuaior ABa pellleHHs THNa (4), Hepery/lspHbHe B Hauaje, HMEHHO

P (b) S eztta--l (l —_— t)b—a—l dt (7)

Ve (b5 )= (1 —a™00) ! s
r

r
(r=1, 2).
YeroBue cXOAMMOCTH HHTerpajna ecThb
n2 < argz-+ v+ 2nn < 3n/2

(v — aprymeHT GeckoHeuHofi ToukH Ha nerasx I't H I'y).

) Koutyp I'o 06XO[HTCH B NONOMKHTEABHOM HANpPABJCHHH,
%) T1 u Ty npoxoAsTcs B NOJOKHTENLHOM HATPABJICHUH,
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Tlo cornameH#o 4):

—n<argz<n, —n<t<+4n (3HaK T==3HaKy argz).

B woHue nerid I'y 1 B Hauane nerau I'g:

arg t=r,
arg (1 t)_{'r—-n, ecau O0<t<m,
& " letm ectH —a<t<O.
[pyu TUX YCAOBHSAX
Wi(b—a, by —2)=e"*Ws(a, b; 2), (8a)
We(b—a, b —2)=e *W,(a, b; 2) (86)
(—n<argz <+ —n<arg(—2) <+ m);
F(a, b; 2)=Wi(a, b; 2) 4+ Wi (a, b; 2). 9

Acumnroruueckue passoncenus pewenuii Wi n W, (oHM nmonywatoTes MeTo-
ZOM CKOpeHIero cIycka):

I' (b) a% Tt
Wi(a, b; 2) Iz’r_‘)wm(— 2) GZ I"l(a)a) X

n=0

Fata—b+1) (=2)"

X~Fe=p+n a0
(—n < arg (—2) < +x)
o o IO as N Tatkl—a)
Wg(a, br 2)|z|—>oo I‘(a)eza Z P(l—a) x
- 'n4b—a) 27"
< T —a) - (an
(—n<argz <+ m)
§ 2. Noaunomn Jlareppa
Onpedeaenue °):
da’ d"
= @), L, o

(B, p=0,1,2,... )

4) Dto corsamende npeAnonaraer Imz 5= 0. UYro6u onpegeants W, 1 W,
Ha AefCTBHTEJBHON OCH, HEOGXOJHMO OCYMECTBHTh AHAJIHTHUECKOE HPOJOJKeHHE.
TIpH 2TOM pesyabTaThl GyAyT Pa3aAMYHHIMH B caydasx Imz-—0*+ u Imz—-0-.

5) Hekoropbie aBTOPHl CHMBONOM Lp 0603HauaT NOJHHOM (—l)k L’;_k B Ha-
myx 00603HaYEHHAK.
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Lf, ecTb NMOTHHOM CTEMeHH p, ob6aapaowuit p Hyasmu mexay 0 u 4 oo:
ko Wp+RNE C )=
Lp(z)—- IRl F(—p, R+ 1; 2)=

P
R N (CE
PN e

S§==0

B uacrHOCTH, L0k=kl
Hupdepenyuarsnoe ypasnenue (Jannaca):

2
[z-aqz—z-+(k+l—z)7j—2’—+p]L’;=0. (14)

IIpoussodauan ynxyus:

T i »
(19- 1Rt -2 Y Ly (lti<). (15)
p=0

CooTHoulenus OpTOROP MUPOBARHOCTH:

S e LELE 1 — [(—”‘:—15)—']-3- 80g- (16)
0

§ 3. CoGerBennbie GYHKUHH BOAOPOAONOA0GHLIX ATOMOB
(reopus Llpeaunrepa)

Beenem o6osnauenHs

ap— paauyc opbute Bopa, Ze —sapsx sanpa, m’— npuBeneHHas macca aJeKe
TPOHaA,
Cobcraennsle 3HAYEHUS FHEpeUL:

B ___(Z_e’_ Pmict 1 Ze
L fic 2n? =~ n? 2a°

Hopmuposannbie na edunuyy cobersennvie Pynxyuu 8 chepuneckux Koop-
Odunarax BupaxaioTcs QopMyTaMH:

- 2
\Pn,m (f, 9, (P)= a 3/2anpnl -;Z;-) yzn (et (p)! (17)
_ 2 [li—I=1
an - n? [(n + l)l]3 ’ (17&)
Foy (%)= xle™ LU (x) (176)

(n=12...,0, =0, 1,...,0—; m=~—{ —141,,,,, I
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IpuBeseM TakKe pekyppeHTHOE COOTHOWEHUE MEXKAY CPeJHHMH SHAUeHHSIMH
creneHedl r, OTHOCAILMMUCH K ONHOMY COGCTBEHHOMY COCTOSHHI (nlm):

s+ 1
n2

(= @s+ Dal D+ gl + 1P~ Ll (2 =0
(s>—21—1);

< 1y, 1, <_‘_ -2 .
T>_ n’a’ r2>_(21+1)n3a2’
(Y=g (302 — L+ D] @ (=g Bt + 1 =3¢ + 1) e
Ta6auua nepeHX pagHaibHHX (QyHKOuHA:
r 2
(p=7, 8 (@) =N, F,, Tp));
n= 1 g!s = 29—'9,

2 - 6
n==2 g2s=':\/—;(1'—£‘)e 9/2’ Q2p = '\{2 pe ’

n=3 g V— (l 3p+27 )e—p/.‘J’
84/6 - 2 -
'\/ ( o—2 ) e, g, = 4/30 3,—0/3

955 P¢

p_
§ 4. YucTo KyN0OHOBCKas BOJHA

Ilycts Pc(r) ectb cranHonapHaft BoJHoBasi (YHKIHA paccestHHs YacCTHIBI
4HCTO KY/JOHOBCKHM NoTeHuuantom ZZ’e?r, k = mu[h = BoaHOBOE UHCIO, U == Ha-
yaJabHast CKOPOCTh.

IMycts Takxe

ZZ’e?
~ 2z (18)
Torxa:
.

Po=e % T(1+iy)e™ F(—iy, I; ik(r—2) = (19)
= 'll’i + "pw (20)

WX
py=e 2 T(+i)e®w (—w, 1 ik(r—2)), @n

-z
Py=e 2 r (1 + iy) e*2W, (— iy, 1; ik (r — 2)). (22)

Acumnroruseckan Popma:

thz+iyInk (F=2) y?
elez+iy ”{1+—lk(r )+...}, @3)

ei (kr—y In 2kr) (1+ iV)2 } o4
TP SIG A Kt asiey RPRC o111 P D

¢i k (r:;)—>oo
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(s04)
— iy In | sin? — }4-2i0,
fo®) = ——Y—se 7 (25)
2k sin? —
2
20, _ T (14 iy)
=T =) (26)
ITosedenue 86.4u3u Haxwara KoOOpAuHAT:
— n Y 2
=z ) -
b =e T T+A) 4 OF =, (@)

—1

§ 5. Chepuueckue KynoHoBckHe PYHKIHH

Hupepernyuaroroe ypasnenue.
B chepuuecknx xoopaHHaTax npoGlema paccesHHs U3 § 4 NPHUBOAMT AJs Kae
KJ0TO 3HaYeHHS | MOMeHTa HMNYJbCa K paluabHOMy YypasHeHuio

[dd_;_l_ (k? __’ﬂj_‘)._l:”i)]yl=o. (28)

r

Cdeprueckne KyJOHOBCKHe (YHKUMH SIBASIOTCS 4YaCTHHIMH DelICHHSMH 3TOTO
ypasrenusi. T0 QyHKHHH aprymeHTa O = kr. OHH 3aBHCST OT SHePTHH YACTHIH
yepes & u y. Ompenenstor peryasipaoe (~ri+!) p uauane pewenue Fy(y, kr)

H HeperyJsipunie pewenus Gy, u§+) H uﬁ_) (cuHryasipHocts THma 1/r%).
ITpn noMolu saMeHs!

=—2ip, g =ep!tly
ypaBHeHHe (28) cBojuTcs K ypaBHeHHI0 Jlansaca:
d? d .
[razr +@+2—2) 2~ +1+im]e,=0,
peryasproe B Hauade pemenne F(I 41+ iy, 20+ 2;2) u [Ba HeperyJspHex pe-

mennst Wy, o(I 4+ 14 iy, 2/ 4+ 2; 2) KoToporo HaM H3BECTHHL
Onpedenerus 1 cOOTHOWERUA MeHDY PYHKYUAMU:

F (v p)=c,e®o IR (I + 1+ iy, 20+ 2 — 2ip) =
=c,e I (14 1 — 1y, 21 4+ 2 2ip), (296)
uf® (y; p) =k 206" leet oW, (L4 1 iy, 204+ 2 F 2p) = (30a)

= 2" Ploe® Pl H W, (L4 1 TF iy, 20425 £2ip),  (306)
1 It _y —io
Gy (vi ) =5 (# et + uf ™). (31)

BeJuuHHH ¢; B O; (KY/JOHOBCKHI (ha3oBHA CaBHr) ABJASIOTCH CJAEAYIOUIHMH $yHK-
OHAMH Y:

o, TV IT U1+ i)
214 1) !

¢ = oy=arg T ({414 iy) (32)
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HJIH:

s [=0
2 1/2 .
o= ( e )" amarr i), (32a)
st [0 )
e 1/2 Y
¢cpe= (21_{_"1)“ H(l+ ) , ol=oo+Zarctg?. (326)
§=]
F, n G BellecTBeHHH,
uf™) = u
1 ic —y =i
Py a1 = 7, @
uf® =" L(G, & iF)). (34)
Acunnrorusecxue Gopmot (r->o00, p> (1 + 1)+ ¥?):
. In
F, 055 sin (p-— yln 2p——2—+01), (35)
G ~cos( —vln2p—-’-"-+o) (36)
lp_)go p 2 L]?
(+) - _in (pacxonsmascs
U e XP [t (p yIn2p 5 )] Boma), 37)
(=) Y P - lﬂ (cxonsascs
o B exp[ t(p vin2e == )] BOJIHa). (38)

ITosedenue s6ausu Hayara Koopdunar (r—>0):

Figsye M1+ o+ (39)

1 1 O(yplnp), ecnn [=0;
G ——"—p |1+ (40)
LSO @F e, © O(%p), ecn [ 5 0.

O6ujee nosedenue pynxyuu Fy,

Korna p pacret ot 0 5o oo, GpyHKuHs F; pacTer cHauana Kak p‘+!, saTem Bce
6ricTpee (9KCMOHEHIHANbHO) AO TOUKH 0 ==Y -+ 1/v +1{ + 1), 3artem ¢QyHrUHA
GeckOHEUHO OCHUJMIHPYET MeXAY ABYMsS SKCTPeMaJbHLIMH 3HaueHHSIMH, KOTOpHE
acHMNTOTHYecKH ctpeMsiTes K -+1 H —I1; nepHox oCHUHJJALMA aCHMNTOTHYECKH

CTpeMHTC K 2.
Perypperthoe opmyaot:

e+ v+ r
=1V FTFI? F o+ 0+ DVVF+EF, (0, @D
( v\ ¥
1+ 3) = (S g+ 1) A I £0), (42)

(1+1V2 = (——+ +V)F,l (0. ~(43)



464 NOMOJIHEHUE B

DTH COOTHOMIEHHA OCTAKTCA CIOpaBefJUBHIMH, ecin 3aMeHuTs F; wa U, = aF; +
+ G, (a, b — npoH3BOABHO BHIGpaHHHe k03GQHIHENTH, He 3aBHCHIIHe oT [).
Onpedeaureab Bponerozo pas ynkunit G, u F; paBen

L do L dp ’ :
otkyna (Il % 0) ,
GF_ —FG_ = 1/_“‘—'[2—;7 . (45)

Ecmn y = 0, To ¢ TOYHOCTBIO 10 MHOXHTeNst p moadydaem cdepHueckue (GyHK-
uuu Beccens:

Fy (0; 0) =opj, (p), G, (0; p)=1pn,(p)
uf™ (0; ) = oA (0),  uf™ (0; p) = phf™ (p)

(onpenenenne fi, ny hﬁi) CM. B CJeayiolleM pasjele).

(46)

Paszgean II. COEPHYECKHE ®YHKHHH BECCEN%

§ 6. Chepuueckue ¢pynkuun bBecceas

HAugdepenyuanvroe ypasHerue.

B chepuuecknx koopauuarax ypasresue [Ipemmmrepa pnnst csoGonmofi ua-
CTHOM AJS KaXJ0ro suaueHHs | MOMEHTA HMIYJbCa NMPHBOAUT K paduansbHoOMy
ypasHeHuo ©)

1 d? I+ _[d2 2 d l(l+1)] _
[F a7 o+ T]fl: w tomt! e =0
B KOMMJIEKCHON TJIOCKOCTH f; HMeeT CYIIeCTBeHHO 0COGYI0 TOUKY B GeCKOHEeUHOCTH
H, B oflieM cayuae, nomoc nopsinka [+ 1 B Hauane p = 0
Coepuueckne ¢yHKuuH Deccenst ABJAAIOTCA YACTHBIMH PELIEHHSIMH 3TOTO ypa-

BHEHHs; OHH ONpenelsioT perylspHyio (~r!) B nauane ¢yukumo j; (coScTBeHHO
chepuueckylo ¢yHknuio bBecceas) u Heperyaspuwie pemenns n; (pyskuus Hef-

Maua), hﬁ"') (¢ynkuns T'aHkens mepBoro pona) H h}') (byuxuus TaHgeas BTO-
poro pona).
Onpedenerue 7).

. 17 12
e =(3) L@ m =0 (55)" o @

RS (p) =, (p) = ij; ()
(/v oBosnauaer ofwunyo ¢yukuuio Becceas mopsika v); j; H R, BellecTBeHHH,

B = hiH, (48)

6) VYpasHenne (28) mas "acTHoro cayuas y == mosnyuaercs NpH o = kr,
yi = krfi(kr).

7) DBOJBIIMHCTBO aBTOPOB CHMBOJIOM 7; 0603HAualOT TY Xe caMylo YHKIHIO,
HO C TIPOTHBONOJOXKHBIM 3HaKoM, a B kauecTBe cdepHuecknx ¢yHkuuii ankens
TepBOro H BTOPOTO POJd MPHHUMAKOT COOTBETCTBEHHO (YHKIUHH

B = — (WD w KD = ik,



CNMEUMANBIBIE ®YHKIIUHA 465

B asnom sude:

=R, sin p

cos p
P

cos p sin

+, ny=R, =L

o ip (49)

B = (R, %18 £

3peck R; — moanHOM To 1/p cTemeHn [ ¢ BelieCTBeHHHIME Ko3(duuHeHTaMH H uer-
Hocthio (—1)% S;— moauHoM mo 1/p crenedu !— 1 ¢ BelllecTBeHHHIMH Ko3bdu-
IHEeHTaMH H YeTHOCTBIO (—1)!-1,

I
181 (l + S)’
R, +iS, =) A LTS s 50
LT Z sl (—sy <0
s=0
. sin cos etio
/0=—p‘l, n0=—-——p", W = L

., _ sinp cosp __cosp , sinp b _ (1 _ i :
11_7——9——: ni—_2'+T, hg)—-(—pz—-l-‘p—)eip.

Acumnroruseckue Gopmer (p->o0, o>1(+ 1)

iy ~ —sm(p—— o ny o~ —COS(P"—' ’
o> P o> P (51)
" L LUED
BE ~ —exp[+t(p—-—)][ * i ]
p>oo P p
Mosedenue 86iu3u Hawara Koopdurar (p - 0):
o! 02
I 5@+ [l —“saiFy T ]
(52)

n p:O (—2211—1__11)—” (%-)Hl[l + '2"‘(3;)—1—1)‘+ ]

Ob6ujee nosederue ji.

Ilpu Bospacramuu Q;i; or 0 no +oco QyHKuUA pj; cHadana pacTeT kKak pl*y,
satem Bce GHCTpee (SKCNOHeHUMAJBHO) Ho TOUkH 0= A/l (I - 1), 3aTeM oOHa
GeckoHeUHO OCLHJTHPYeT MEXAY ABYMst 3KCTPEMAJbHEIMH 3HAauyeHHSIMH, KOTODEHIe
acHUMITOTHYECKH crpeMstcst K +1 H —1 CoOTBeTCTBEHHO. AcHMnToTHUECKAS ¢dop-
myna (51) sBasercss XOPOUINM NDHGJHXKEHHeM, Koria g > I(I 4+ 1) /2, oaHako
AMIMIATYAa OCUHJISUHA TPAKTHYUeCKH JOCTHraeT CBOENO ACHMIITOTHYECKOro 3Haue-
uug (c TounocThio Ao 10%) yxe npu o= 2/

Pexyppentnoie gopmyasl.

Huxe Oynem cunrats, uto f[: == aji-+bn, rae a 0 b — npoH3BOJBHO BH-
GpauHbie k03pGHIHEHTH, He 3aBHCHALHe oT [ meem (I % 0):

@D =0[f, 1], (83)
d 141 1 d
Fy_ =[Ep—+ _p—] f[=Fd—-(Pl+lfl), (54)

fz=[——+l——’_—l]fz == dp (IL:L) (35)
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el (-1 e

Onpedesuress Bponckoeco:
d , d
p”[nl (d—p'll) —]l(d—pnl)]=l, (57)

ey — iy ] =1 (58)

Tak 4To

orryna (I = 0)

Paspgen IIl. FAPMOHHYECKHH OCHHJIJATOP
H NOJNHHOMBI 3PMHTA

§ 7. NoauroMul dpmuTa

Onpedenenue:
n
Hp(2) = (—D)"e® ( ;2,, e-z’) (=0, 1,2, ..., co); (59)
Hy, ects moanHoM crenmens i ueTHoctu (— 1)%, ofnazaromwufl # HyasaMH:
!
‘ (-—l)”—(ill)iﬁ(—— P, —é—; 22), ecan n=2p;
Hy (2) = @p + 1) 3 (60)
| (=Pt~ zF(—p -3 22), ecan n=2p 41,
l p! 2
Huppdepenyuanstioe ypasrerue:
d? d
[45r — 224 + 2] s (21 =0 ®1)
Ipoussodawan Gynkyus:
- o st
e S AT S Z -7 H, (2) (62)
n=0
Peryppenttoie COOTHOWEHUS:
d
E Hn = 2an_1, (63)
(2z—i)ﬂ —=Hpy (64)
dz n n ’
22Hn == Hn+l + 2”.”;;—]. (65)
SIBHEIE BHpaXEHHS LIECTH NEePBHX NOJHHOMOB DpMHTA:
HQ = 1, Hl == 22,
Ho==42 — 1, H; =82 — 122,

Hy=162* — 482* 4 12, Hg=322° — 1602° 4 1202
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§ 8. CoGcTBennble PYHKIIMH FrAaPMOHHYECKOTO OCUAAJIATOPA

#,(Q) ecrb co6erBennas (GyHKUHS, HOPMHPOBAHHAS Ha eJMHHLIY H NpDHHAL-
Jexamas cobcrBeHHoMy 3Havennio E, = (n+ 1/2)Aw (n=0,1, ..., o0); daza
BHIGHpAeTCH TaK, YTOGbl BHINOJHAJOCH cOoTHOIeHHe (68), H uToGH uo(0) Onlaa
BeleCTBEHHOH U NOJOXHTENbHOH.

meo
Ypasnenue Ha cobersertsie 3naderua | Q = 5 4)

1 d? 1
7 (Q2 —W) un (Q) = (n + ‘2—) un (Q)-
IIpoussodawan Pynryus:

—1/4 ~ - X - "
nlgm @R HHVIU Ny (Q). (66)
«\/n!
n=0
Coorrotuernus OPTOHOPMUPOBAHHOCTI U 3AMKHYTOCTU.
+ o0
S Untty dQ =8y,
Y 4 @u, (@)=8Q—q).
n=0

Peryppenrhoie coorRowenus:

1 d —

W(Q+E)un—vn U1, (67)
1 S

W(Q—j‘é— un=An+T tpyy, (68)

1
Qup= /\/n -2*_ Un41 + /\/g-un—b (69)

up (— Q) = (— 1)" u, (Q).

Buipascerue wepe3 noauHomer 3pmura:

Up = ('\/E Znn!)—lﬂ e_QWHn (Q). (70)

YerHocT b:

Paapgea IV. MOJIKHOMBl H ¢YHKIUH JE)KAHIPA,
COEPHUYECKHE ¢YHKI HH

§ 9. Moannoms! ¥ Pysxuun Jlexanapa

Onpedesenus:
Toaunom Jlexaunpa
14
Pl (u) = _____(uE_ l)l (=0 L, 2., 00) (71)

by ddt
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ecTb MOJUHOM cTemenu [, veTHocTH (— 1)}, obrapamomul 1 HYJAMH B HHTEp-
pane (—I1, +1).
Pynknus Jiexanapa

| — g2ym2  gl+m
Py L AT
2.0 du

(—I<u<+1 1=012,...,, 0;, m=01.....0)

PP ()= (1 — w@—1" @

2)m/2 dam
du™

ects npoussenenue (1 — u?)™? na nonunow crenenu ! — m u wernoern (— 1)~
obaanaouufi ! — m Hyasmu B uHrepsate (— 1, 4~ 1) B wactuocrn,

m=1 Pl=@ =11 —u)"

(73)
m=0 P)=P,(u);
P, (u) ectb vactumit cayvah ynxknnu Jlexannpa
Huppepenyuarsioe ypasHerue:
d? d 2
[(l—u”)gu—z-—QuE+l(l+1)—--l—_”iu—2]P7‘=0. (74)
IIpoussodauue Pynrxyuu: 4
1 L
———ee———— = t*Py(u y 75
VI s Z:,) £ (w) (75)

tm

[1 — 2ty 4 p)mH12

@m — 1)1 (1 — u2)™? - Z £PT ) (tl<1) (76)

l=m
CoOTHOWE A OPTOHROPMUPOBAHKOCTY:
+1
mpm . 2 (l -+ m)!
Sl PePl du= sy Sur- @)
Pexyppentnste coorHowenus:
@+ DuPl'=(+1—mP] + (I4+m)PL, (78)
d
(1~ u®) = Pl'=— Pl + (I + m) PIL, = (79)
=+ )uPl—(+1—m)P,, (80)
(cootHomeHns Bepun! H npu [ ==0, ectn npunsts P—;=0).

YacrHoe 3naweHusn
P ()=1 P(==(—1},
Pj”(l)=P;”(— 1)=0 (m 5= 0),

m ._]I’_EQ_p-*inl).L.' ecan | — m==2p;
Py (0) = 2°p! (p + m)! (81)
0, ectt [ —m==2p+1.
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IMepsrie mstTh nosmHoMoB Jlexanppa:

§ 10. Chepuueckne hyHKUHH

Oneparopor Ly, Ly, L. 8 cepuneckux xoopdunarax, Onepatopbl L. L, L.
ABAAIOTCS AHGdepeHNNAIbHEME 3DMHTOBHIMH ONEPATOPaMH, ONpefeleHHMMH (B
CHCTeMe elHHuI, Tle A = 1) dopmyJoi

L=—[rV]

B kauectse noaspHofi ocu BHGupaem Oz; (r,0, ¢) — cdepuueckne koopnu-
HaTH TOukH r; Q = (B, ¢) o6o3HAuaeT COBOKYMNHOCTE ABYX YTJOBHIX KOODAHHAT
(¢ = 0 ectb mmockocTk 20X, @ = m/2 — maockocTe 20y). DJeMeHT TeJeCHOro
yriaa ectb dQ = sin 6 d0 do.

B cdepruecknx KoopauHaTax umeeM:

1 a0
Lz—T-a-;’;» (82)
L. =L L —etid a , a
+= x__lLy—e 1W+tctg90—¢-, (83)

9__ g2 2 2 ___f 1 _( _) 1 @
LP=L+L,+L;= [sme 36 (5" %35 +sin26 W]' (84)

Onpedenenue cpepudeckux dynuryud Y (0, 9).
OO6mue cotictBennsie Gpyukiun onepatopos L2 u L2

LYP=1(+1DYP, (85)
LYP=my® (86)
(l=0- 1, 27--n 0o, m="'l:'—l+l:'--’ +l)

3apepuaT onpe/ieNeHHs YCAOBHS:
a) Y' HopMHpoBaHM Ha eJMHHUY Ha cepe pamuyca 1;
6) (paSBl BblﬁpaHbl TaK, 4To6H YAOBJETBOPAJIHCE PeKYppPeUTHHE COOTHOIUIEHHS
(89) H utobH * ,(0 0) Omua AefiCTBHTENBHOM H NOJOXHTENBLHON BeJHYHHON,
CoorHowenus 0PTOHOPMUPOBAHHOCTY 1l 3AMKHYTOCTIL:

2m n
{rrry da= { a0 { smoaory” 0, 017" 0, )= 8pmyrs . 87)
0 0 .

Z Z vt e, 910, o) =208 e =) _ g g (s

sin @
Ima() a1

®yuxuun Y o6pasyioT NOJHYIO OPTOHOPMHPOBAHHYIO CHCTEMY KBAAPATHYHO HH-
rerpHpyeMsix QyHkuHA Ha cdepe pannyca 1. .



470 INOTIOJIHEHUE B

Pexyppenrnole coorHouleHus:

LYP=U04+D)—mm= D)PYPE =1 F m)](+12m)]2yPEl  (89)

m [ MUl —m) 2 o | [ my((—m) T,
ooy =[S N arr ) o+ [ @ a=] Vi

(90)
Yernocrs mpH mpocTpaucTBeHHOM OTpamenuu (6, ¢) > (m — 06, @ 4 n):
Yl =0, o+ m)=(—1'YI'@, o). (o1)
Komnaexcnoe conpsacenue:
Y6, @) =(~D"¥ "6, o) (92)
Csase ¢ pynxyuamu Jewandpa (m = 0):
rre o= )" [ L Lo pp sy eime. (o)

Takum o6pasom, ¥ ects npoussenenne e™® sin! ™10 na noaunom crenenn { — | m|
n wetsoctH (— 1))™™ or cosf. B uactuocry,

2041
m=0 Y(l) = /\/ 4: Pl (COS 9), (94)
(2141 20 2 .
m=1 Yf = ( —l)l[ 4n ) : 22([ (l)')2 ] sinlee‘l‘p. (95)

Papmonuueckue noaunomsr u cepuueckue Gynxyuy.
OnsoponHuie MOJHHOME CTeNmeHH [ OT X, y, 2

YT (r) = r'YT (8, ¢) (m=—1 —1+1,..., +10) (96)

06pasylT nocjenoBateabHocTh 2/ 4 1 nuHefiHO HEe3aBHCHMEIX rapMOHHYECKUX [10-
JIHHOMOB cTemenu [8):

AYT (r) =0. (97

8) ®opmyna (97) creayer H3 onepaTopHOro COOTHOMIEHHS, BEPHOTO A BCAKOI
(YHKIHH, orpaHHYeHHOH npH r = 0

Mo ompemesennio momnuoM h(X,y,2) ecTb rapMOHHUECKH MOJHHOM, ecJH OH Of-
HOPOJieH TI0 X, y, 2 H YNOBJeTBOpsieT ypaBHeHHI0o Ak = 0; cymecTByer 2/ 4 1 anu-
HEeHHO He3aBHCHMBIX NOJHHOMOB.
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Heckosbko mepBHIX chepHueckHX GyHKiui:

— v
P=—1 Y°=/\/i 9, Y°=/\/—— 3cos20— 1),
= am ! m o Geos’0—1)
Yg=/\/—l-é—n- (5 cos®® — 3 cos B),
V= '\/'f%;— sin0e’®, Y= — ,\/%35? sin 0 cos 0e’®,
1_ 21 20 1) A0
Y= Yo sin B (5 cos? 6 — 1) '@,

Y2= 5 sin? 0’9, V2= ;(2)5 sin” O cos 0229,

L
Yg =—A / 6?15 sin®0e%%®,

Paagen V PA3JIOXXEHUS H PA3JTHYHBIE $OPMYJIbI

Teopema croxnerus:

241 *
T posay="Y, V1" (0, @) Y7 (5 9) (98)

M|

(¢ — yron Mexny nanpasienusamu (9, qpl) n (02, @2)).
dynxyuu Tpuna oneparopos A u A 4 k2 %):

1 rl<
= P, (cos a), (99)
_ fz| ZO rl>+l l
ik | ri—=rs} d
ST =k Y@+ D, (k) B (kr )P, (cos @), (100)

=0

costbln—ral) = 5™ (214 1)1, (brd m (krs) Py (cosa)  (100)

[y —r2l
=20

(a0 — yrost MeXJy HanpaBJIeHHSIMH fi H fg; r<— MEHBIIAH H3 JJHH ri H ry, r>—
Gospuiaf H3 AJHH ry H T3),

dopmyan (100) 1 (101) Bepne npn MoOGHX %, B TOM 4HC/]e H NPA KOMINVIEKC-
HHIX k.

A (_:.) =— 4 (r), (A2

cos kr

(A + £ —— =—4xrd (r).
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Pa3znoocerue naockoil 60aHbL 1 4UCTO KYAOHOSBCKOU B0AHOB0L ynxyuu pac-
ceanus.

Ionsipnas och HampaBJjeHa NO OCH 2, COBNAJAlOUlefl C HAaNpaBJeHHEM Hayalb-
HOT'O BOJIHOBOTO BEKTOpa k:

P Z (21 4 1) i'1, (kr) Py (cos 8), (102)
=0
11;0_—_-7:? Z (21 4 1) i'e™1F, (y; kr) P, (05 0), (103)
=0
f (0)= _lle—- Z (20 4 1) " sin o,P, (cos6). (104)
=0

On(%e;;e)neunﬂ Y, We, fc(O), Fr, 0 naubi 8 § 41 5 (ypani{eﬂnﬁ (18), (19), (25), (29
H .

Ilpn npyrom Bhibope mnonspHod ocu pasnoxenns (102), (103) u (104)
OCTAIOTCA BEPHHIMH, eCaH moA O MOApa3yMeBaTh YroJl MeXAY HampaBJeHHAMH
kur

Tonp3ysace TeOpeMONl CJIOKEHHS, MOXKHO IOJNYYHTH DA3NOXKeHHsT Ho cdepuye-
ckuM dyHKUuIM 0T aprymenToB (O, @x) H (6, ¢,). Hampumep,

o+l

¥ =1xY N 0V (O 0 YEOn 0 (105)
I=0m=—1{
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A6c0é1010m0 HHTErpUpyeMble  QYHKIHH
4

— uepHoe Tes0 21

Aunrebpa xommyTraTopos 204

— npoexTopos 258

AMmnauryna pacceanus 359

— — KynoHoBcKas 406
AuTHnnHeliHOE COOTBETCTBHE 242
Arom Bopa 33

— poxopona 32, 395

— Pesepdopna 20, 32

Aromusm peficreusa 51, 118
ArtoMuas CHeKTPOCKOMmHA 32
AroMumiit cnexrp 32

BasucHas cucrema ¢yuknmii 201

— — nabmogaemoi 267

Bapu 358

Bapeep norenumaneunii 92, 101, 233
Bpa-BekTop 242

Bakyym 421

Bexktop 6asucubiit 241

— BoJsHoBOl 25

— TVIOTHOCTH IOTOKA BeposiTHocTH 124

— mpaBHi, JyeBnif 268

BekTopHoe mpocTpancTso 240

Be&oamoen 58, 119, 178, 189, 289,
2

— mepexona 38

BsaumuocTtu cBoiictso 92, 112

BKbB meron 226

Boaopoznonofoburie atoms! 396
Boanosas mexanuka 55, 314

— Teopus naayvenna 17

— ¢ynkuna 68, 119

— — B HMNYJIbCHOM HpOCTPaHCTBe [22
Bonnosoe ypasueune 68, 76, 303, 395
— — pans cBoGomuo# yacTHH 71

Bonnosoit maker 59, 89

— — rayccoBuii 133

— — H ero pacnjniBaune 83, 218

— — munuMusupylomuit 110, 427

Bosnul Bemectsa 58

Bpems xusHH 385

Bpouckuan 103, 463

BuIpoxaeHHe COGCTBEHHOIO 3HAUYEHHS
85, 171, 252, 343, 399, 433

Buipox aenns kpaTHocTh 85, 343

— mopanoK 252

Famuapronuan 76, 123

— aToMa BOAOpoxa 78

— B cepHueCKHX KoopAHHATax 334
— TrapMOHHYECKOro ocuHaATopa 414
— 3JEKTPOMarHUTHOro mons 421
T'apmonnuecknii ocumaarop 66, 414
T'unepreomerpuyeckas dyuxnua 334
— — BHpoxaennas 398, 404, 456
T'unepreoMerpuyeckni pag 334, 398
Tunoresa dinmrefina 23

T'naBuoe kBautoBoe uncao 400
I'paununbie TOuRH 230

I'pynnoBas ckopocTb 60

Hebas — Hlepepa xoabua 65

Je Bpoitna coornomenus 25, 61

Hefictaue 22

JHeficteus uurerpan 46

O-bynkuna Oupaxa 182, 444, 446

Huaronanusanus 280

Jrnamuueckne mepemennsle 15, 166

JlunaMuueckoe cocrosiuue 79, 289

Juckperunii cnektp 80, 93, 95, 343

Jucnepcun 3akoH 59

Jndpaxuusa na reepaoit chepe 379

— 3yiekTpoHoB 65, 155

Juddepennnansuoe apderTHBHOE Ceue-
HHE

JOunddepennnansunii npoekrop 261



474 MPEAMETHBIA YKA3ATEJIb

Jnuna Boauw 25

— paccesHusa 376

JononuurenpHoe DOARPOCTpancTso 244
Homonuurensuocts 149, 153, 385
JlonoaunTtenburie nepeMennre 153,
Hyanusm Bosna — uactuua 31, 67, 155
Jyaabnoe mpoctpancTso 241

3anaua nayx Ten 348

— Ha cob6CTeeHHble 3HaueHus 169
3akoH pacnpeneiennn Ilnanka 22
3aKOHH COXpaHeMHs UHCIA 4acTHn 68
— — 3UEPrHH H HMOYJbca 32
3amruyrocTH cootHomenne 187, 262
«3ana3nHBaRHe» BoJHE 112

Hpeanbuoe uamepenne 197, 290
Hamepenne umayabca 146

— [onoxeHHs 144

Hamepnrensunit npuGop 145
Hsorponumii ocumnnsatop 432, 434, 437
Himnynbe o606mennnii 42

Hurerpan neiicteuna 46

Hurerpanu geuxenns 209, 309
Hurepdepennun caera 29

— — H CBETOBHIE KBaHTH 30
Hndnunrtesumanbioe Tnpeo6pasosanne

Ksaut cseroson 22

— SHeprun 22

KpantopaHHe B aTOMHHX CHCTeMax 32

— MOMEHTa KOJHYECTBA JBHKeHHs 37

— mpocrpaxcTBeRHOe 35, 48

— 3HEPTeTHUECKHX ypoBuel 33, 64

Kna;(;roaaﬂ CTATHCTHYECKAA MEXaHHKa

3

KsanToBoe uncio 202

— — asuMmyranpuoe 343, 400

— — rnaBHoe 400

— — wmaruuTHoe 48, 343

— — pazauaibuoe 399

— — xopomtee 309

Ker-BekTopn 240

Knaccnueckas nokTpuua 15

Kaaccnueckoe mpubnuxenne 58, 210,
372, 403, 427

Kombunaunonnoe npasuao 33

Kommyrarop 71, 205, 245, 292
KommyTupywoume nabmonaemee 198
Kowmmrona sbgerr 22, 24
KomnTonoBckas g/uua Boanu 25
Kooprunath o6o6mennsie 41

— napabosnyeckne 397

— coepnueckne 397

Kopg;ycxympnaﬂ TeopHs Bewecrsa 17,

Kopnyckyssnpno-posuoBoii nyanusm 118
— — — U [ONOJMHATEJBHOCTb 155
Kosddunuent npoxomnpenns 92, 112
KpaTrocTs Bripoxkenus 85
Kynronosckoe B3anmopeficrene 394

Jla6oparopuas cHcrema 366

Jlannacuau 71

Jlapmopa uactora 52

Jlays nstna 65

JleBHit BekTOp 268

Jlunefinas cynepnosuuns 288 )

JluneliHoe mpocTpauncrao 164

JInneiHO He3aBHCHMbIE BEKTOpH 241

JlunefiHble onepaTopy 245

JInuHK coekrpasbube 32

Jlorapudmaueckas npoussomnas 87,
375

Jlopenna teopns anekrpoxom 19, 33

MarsautHoe KBaHTOBOE UHCHIO 48
Marpuna 268

6eckoHeunan 274

nHaroHanmpHas 271

eanHHuHaA 270

Kmafgparuasa 270

KOMIJIEKCHO CONpskeHHan 268
oproroRanbuas 271

m1oTHocTH 321

nocrosunan 270

cunryaspuas 271
TPaHCTIOHHpOBaHHasa 268
yuurapuas 271

-~ 3DMHTOBO CONpsiKeHHasi 269
Marpuunas anrebpa 269

— MeXaHHKa 54

Meracrabunpuple cocrosnus 384, 385
Meron BKbB 226

— — YCJIOBHS TIPHMEHHMOcTH 229
Monens aroma Pesepdopaa 20, 32
Mowment amayasca 335

O O O O I I
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Ha6monaemuie 188, 254

— KOMMYTHpYioue 198
HeBupox aennblil cnekTp 96
HekomMyTaTusHas aareGpa 270
Henpepuisamih cnexkrp 96, 190, 254
Hepasenctso IlIsapna 165, 243
Hecassanutie coctrosuust 80, 348
Hopma BexTopa 243

— ¢ynkuun 164

O6Go6menHas GyHkuua 442

— — memJennoro pocra 451

O6o6wennoft dynxuun guddepenuupo-

BaHue 446

— — mpeo6pasoBanne Qypbe 451

. O6Go6mennre umnymabcn Jlarpanxa 42

— KOOpAHHATH 4!

O6parubii oneparop 246

Onepartop 70

— aHTH3PMHTOB 251

— Janam6Gepa 73

— nubdepeHnuanbubi 70

Jlamraca 71

JNHHeHnb 70

HOJIOKHTEIBHO OnpefeyeHunifi 324 .

TpHCOEAMHEHHDIH 249

npoekTHpoBaHHA 255

poxnenns 421, 435

camoconpsxennni 251

yuurapuuii 252, 284

yunuroxenns 421, 435

ssoJronHn 302

spmuros 123, 251

— 3DMHTOBO conpsixKeHubfi 249

Onpepeantens Bpouckoro 103, 463

— wmarpus 271

Onwur ®Opanxa u 'epua 34

— Irepua u I'epnaxa 35

Ounithl Mefiepa u Tepaaxa 24

Op6ura KBauToBanHas 47, 403

Oproronambuble npoekToph 259, 260

— ¢yugunu 113, 164

Opronopmuposanubie byHrunn 173

Ocuosuoe cocrosinne-34, 396

Or6opa mpasuna 33

Orgenenne ABHXKenAsl ueHTpa macc 349,
- 351, 353

Otpaxenne posmosoro naxera 91, 109

Manawomas soana 405
ITapaGonnyeckne KOOpAHHATH 397
IMapuHanbubie Bosaer 370, 407
Tlepemennbie guHaMuueckue 15

[Tepemennbie DononHuTe bHbe 153

— coBmecTHEe 154

[MepuoauunocTu yciaosue 192

IMaanka runortesa 22

-— 3aKOH pacmpegenerus 22

— mocrosinnas 22

[Maockas sosnna 345, 347

[Tnotnocts BepositHOCTH 120

— NOTOKA BEPOSITHOCTH 124

IMoanpoctpancTs mepeceuenne 258

IMoxmpoctpanctso 252

— co6ereennblx Gynxnuit 400

ITozutpon 68

IMoanxoms Jlareppa 399, 458

— Jlexaunnpa 467

— Opmura 423, 465

Tlomas cuctema BekTopos 262

— — dyuxnui 174, 186

Ioanoe npoctpanctso 165

Monuora Teopuu 151

[Monupifi HaOOp KOMMYTHDYIOIUHX Ha-
6aomaemux 202, 268, 418, 437

— — COBMeCTHHX mnepeMeHunix 155,
287

Tocrosnuas Boasumana 204

— neuxenns 209, 309

— Ilnanka 22

— Pun6epra 33, 41

IMoctynate Bopa 34

IMoTenunan npAMOYroJbHblii 85

ITorenunana ckauox 87

Tlorennuanbvuas ama 93, 234

ITotennnanbuuit Gaprep 92, 101, 233

IlpaBuna kBauToBauua 44, 46

— orbopa 33

— conpsxenus 249

Ilpasuno Pupbepra — Purua 33

[Ipaswiii BekTop 268

Ipencrasnenne 268, 313

— {0} 275, 422

«IIpencrasnenne» Teiizenbepra 306, 425
— npomexyTounoe 311

— Hlpeawurepa 305

Ipencrapyienus 3KBUBaJeHTHHE 122, 239
Ipeo6pasosanne annnes 368

— HuduaHTesHMaBHOE 285

— Marpuu 278

— noaobus 279

— yuuTtapuoe 283, 284

— Oypre 449

— — oboGmenunx Gpyugoui 451
Ipeneccust Jlapmopa 35

IMpuGankenne Bopua 389

— reoMeTpuueckoil onThkH 58, 73

— Knacchueckoe 58, 210, 372, 403, 427
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Ipusenennasn macca 394

Ipunuun pononuuTesbHOCTH 152

— HaHMeHbLIEro AeficTBHA 42

— npuuHHHOCTH 156

— coorseTcTBHs 37, 39, 45, 69, 308,
403

— eynepnosHuEH 239

— ®epma 63

[Tpunensubifi napamerp 372

Mprununocts 149

[Tpoexropu 255

— nubdepennuansune 261

— oproronanbubie 260

— 3JlemenTapuble 257

Tlpoussoaamas dyukiua 423, 459

MpocrpancTennoe xBanroBanue 35, 48

IMpoctpancTBo BekTOpHOE 240

BOMHOBHX (yHkuuii 163

FunpGepra 164, 243

nyanpHoe 241

Kouburypaunounnoe 42, 75

nunefinoe 164

Henpusogumoe 295

nosHoe 165

cenapaGesnbuoe 165

cocTosinui 288, 294

— dasosoe 42

ITpoxoxaennn kosdpbuunent 92, 237

[Tpouecc oproronanuszanun UImuara 172

IIpamoyrospHas sima céepruyeckas 348

IIpamoyrosbHEl mOTeHunan 85, 344

ITygok BoaHOBHIX makeron 359

Pasencrso [Tapcesana 178, 186

PaBuoBecHe TepMomHHaMHuecKoe 429

Pagnanbuoe ypaBHenne 339

Panuyc Bopa 397

Pasnoxenne egununs 190, 261

— KYJIOHOBCKOR BOJHH 408

— MA0CKOH BOJMHE 347

— 00 cOoOCTBEHHLIM BeKTopam 262

— — — oyuxkuuaM 173, 184

Pacnsbisanie BOJIHOBOTrO makera 83, 218

PaccestHie BOJIHOBOTO makeTa 362

— tayGoro#l npaMoyroabuoi amoi 380

— KyJstoHOBCcKOe 224, 403

— ua teepro# cohepe 377

— NOTeHIHATOM OTPAHHYEHHOTO pajgHy-
ca 374

— <noTeHiHaMbHoey 381

— pesonancHoe 380

— IEHTPANbHHM NOTeHuHamom 370

Paccesnuas soauna 405

Peaykuns sonuosoro nakera 196

MPEAMETHBIA YKA3ATEJIb

Pesonancnoe paccesinne 380, 382
Pesonance na npsMoyroabhoit ame 94
PunGepra nocrosunan 33, 41

Ceeprka ob6obmenHnx ¢yuxuuii 455

CBeTOBHIe KBAHTH 22

— — H fABjenne Hurepdepennun 29

CBoGonnas wacthua 345

Cegynapuroe ypasuenue 272

CenapaGenbHoe mpocrpancTso 165

Cummerpusanusa 77, 292

Cucrema nentpa mace 365

Ckansipuoe nponsBezienne 164, 243

Ckadgox notennuajna 87

Cro6xu [Tyaccona 309

CkpriThie mapaMeTpr 152

Cnen matpuuH 270

— — vactHunHit 273

Cmemannoe cocrosuue 320

CobeTBenHoe 3nauenHe omeparopa 171

Co6erBennble BeKTOpH 415

— oyugunn 112, 171

Co6ersennnit auddepenuunan 115, 170

CoBmecTHble nepeMeHHble 153, 198

Coornowennus ne Bpodns 25, 61

— 3aMKuyrtocTH 187

— xommyranun 207

— HeoNDeNEEHHOCTH
137, 310

-— — KOOpAHHaTa-ummyanc 133, 137

— ODTOHOPMHDOBaHHOCTH 254, 262

-— CpefHee BpeMA XH3HH — wHpuHa 140

Conpsxennsle onepaTopnl 249

Coctosinne Meracrabuabuoe 384

— HecBAsannoe 80

— ocHoBHoe 34, 396

— paccesnnna 404

— cBasanuoe 80, 94, 348

— cmemanHoe 203

— coberenHoe 415

— cranuonapuoe 37, 79

— unctoe 203, 325

Coxpanenne HOpMH 122

— noroka 111

Cnekrp nuckperasiit 80, 93, 109

— HenpepuBHE 80, 108

— 3HEPrHH BHpoxAeHHHA 99, 108, 399

— — HeBHIpOXMeHHER 96, 108

CuekTpa TOHKas CTpYKTypa 401

CnekTpajbHHe JHHHE 32

— TepMbl 34

CRnexTpOCKONNA aToOMHas 32

Cunn 3nektpona 401

Cpennee sHauyeHHe JHHAMH4ecKOH mepe-
menHoi 166, 289

BpeMs-3HePTHsl
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Cpenuee snauenne GyHKUHA KOOpAHHAT
H uMnyascoB 125, 126

Crapas kBaurtopas reopus 37

CraTHcTHUeCcKasy MMTEpHperaluna KBaH-
TOBOH Teopun 149

-—— — MNpejfCKa3aHHii pPe3yJbTaTOB H3-
mepennii 157

— MeXaHHKa 17

Cratuctuueckuit onepatop 321

CraTucTHueckoe pacmpenenesne 122,
132, 177

— — W XapakTepHCTHuYecKas GbyHRuHA
177

— — pesysbTaToB naMmepenns 193

CranuonapHasi BoJHa paccesinns 358

Craunonapnoe cocroauune 34, 79

— ypasuenne Hlpenunrepa 79

Cymma npoekropos 259

Chepuueckre KoopauHaTe 397

— ¢yugonn 338, 468

— — Deccensn 344, 463

— — KyJoHOBcKHe 461

TensopHoe npoH3BefAeHHe BEKTOPHBIX
npoctpaucts 248, 299

— — Marpun 269, 273

Teopema Bpouckuana 103

— Jpeudecra 214

Teopusa bopa 39

— KJaccHyeckas 16

TepmonuunaMuyeckoe paBHoBecHe 429

Tepmul cinekrpasbibie 33

Toukas cTpykrypa cnektpa 401

Toukn mosopora 230

TyunensHuit 3ddexr 101

¥3uu co6crBennoli byurnun 112
Vuuoxenne marpuu 269
Vuntapuoe npeobpasonaune 283
Yuntapuufi onepatop 252, 284
Ypapuenne TefisenGepra 307

— Kaefina — I'opaona 73

— Jlannaca 398, 404, 456

— Ha cobcTBeHnble 3HaueHHs 80
— paauansuoe 339, 410

— cexyaspHoe 272 :
— MlIpenunrepa 68, 76, 303, 395
Ypapuennsa asuxkenns 301

— — KaHOHHueCkHe 43

— Jlarpauxa 42

Yenosue samkuyrocTn 184

— HOpMHDPOBKH 120

— nepHOAHYHOCTH 192

dasoBasa ckopoctb 59

®asoBoe npocTpaHCTBO 42

— — H YHCAO CBSI3aHHHIX COCTOAHHE
2

®daszoBbiit MuoxuTean 124, 289

— casur 370

— — B GopunoBcKom mpHOGIHKeHHH 389

-— — H 3aBHCHMOCTb OT QOpPMH MOTEH-
nuana 388

— —, HHTerpajbHOe  HpeJCTaBJIeHHE
387

— — KyJoHoBCKH# 408

®akrop ApoHHKHOBeHHA 375

DaykTyanun CTaTHCTHYECKOTO pachpe-
neenns 168

®onon 435

®opmyna Banbmepa 32, 47

— Bere 391

— bBopa — IMafepaca — [Muaueka 392

— Kowmnrona 24

«— [Tnanka 430

— Pesepdopna 225

®opmyJn corsiacoBanns 230

doron 22, 140, 147, 157, 421

dorosnexTpuyecknit apdekr 22

OyugnuH  ab6CONOTHO HHTETPHPYEMBbIE
450

— KBajJpaTHYHO HHTErpHpYyeMEble 452

— nabmonaeMblx 265

— ob6obmennre 442

— — MepJenHoro pocra 451

Oyukunonan 442

O yHKUHOHAJILHOE HpPOCTpaHCTBO 163

Oyrguus amuabToHa 43

— Jlarpanxka 42

XapaxTepHCTHUECKas (GYHKOHS pacmpe-
nenenns 177, 189, 432
Xopowee KpauroBoe uncyao 309

Lientp BONIHOBOrO Makera 89

— wmacc 350

LlenTpajbHO-CHMMETDHYHBI OTEHLHAN
334

Yacruna «oTHocHTeabHas» 350, 366
Yacrora Jlapmopa 52

Yernoctn nabmonaeman 209
Yernocers 115, 209

— BOJIHOBHIX GyHrunit 94

— coeprueckux byukuni 469
Uucroe cocroaune 203, 325
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Hlupuna pesonanca 382 dneprua csasn 396

HInyp matpunm 270 Oproauyeckas teopema 17
Opendecra Teopema 214
Spmuros omepatop 123, 165, 249
S¢dexr Komnrona 20, 24

Afnmreiina runoresa 23 — (oTosNeKTpHUCCKHI

SnexTpoH 19 Sddextunnoe cevyenne paccessHus 356,
AnextpoHa teopus Jlopemna 19, 33 403

DrekTpon-no3uTpOHHAA napa 68 — — — KyJonoBckoe 406
SneMentapHui mpoexrop 257 — — — noaxoe 366

Sueprus 209 SdderTHBHBIA pamuyc meiicrBHa 392



