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AHHOT ALLHS

Kunra Hefimana 4Basercs nmepBuIM H L0 CHX NOp
€IMHCTBEHHBIM JOBEJEHHBIM JO KOHIla ONBITOM M3J0-
WEHUs annapaTa KBaHTOBOH MeXaHHKu ¢ TOH mociaeno-
BATEJbHOCTHIO H CTPOTOCTBIO, KOTOPO# TpebyloT 0GEIYIIO
npu TNOCTPOSHHH MaTeMmaThHuecKOHW Teopun. Ilostomy
TOJbKO CYLIICCTBOBAHHIO 3TOH KHUrH Mbi O0f3aHBI Ha-
meH YBEPEHHOCTHIO B TOM, UTO KBAHTOBas MeXxaHHKa
NpeACTaBAgeT COGOH JOrHYECKH HENPOTHBOPEYHBYIO
cxeMy. B uyactHOCTH, HMEGHHO B 3TOH KHHIe H3JO0KEHO
JI0Ka3aTeabCTBO 3HAMEHHTOH TeOpeMbl O HEBO3MOXK-
HOCTH BBECTH «CKPBITHIE NapaMeTphi» 6e3 KapAHHaJjb-
HOfl mepecTpofikn Bcell KBAHTOBOH MeXaHHKH.

Taxkum 06pa3oM, kHHra GyaeT 4pe3BbluafiHo HeHHOH
i BCeX TaybOKO H3YyYamIHX KBAHTOBY MEXaHHKY,
B MEPBY ouepefb AJs CTYLEHTOB CTAPINHX KYPCOB H
aCIHPAHTOB, KaK (PU3HKOB, TaK H MATEMAaTHKOB, & TaKKe
Ajf HayuHbiX paGOTHHKOB 9THX K€ IHCIHILIMH.
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NPEAUCJIOBUE PEJAKTOPA NEPEBOJA

[TpennaraeMas BHUMAHHIO 4YHTaTead MOHOrpadus OLHOrO M3 Kpyn-
HeHluX MATEMATHKOB HAUIErO BpeMEeHH, HelaBHO cKouuyaBuerocs HoraHua
¢oH Hefimana nocesieHa BONpPOCaM MATeMAaTHYeCKOro 060CHOBaHHMA KBaH-
toBo#f Mexanukin. OcHoOBHais 3acayra aBTOpa COCTOMT B TOM, 4TO OH
npujal KBaHTOBOH MexaHHKe JAOTNMUECKH NOC/CIOBATEbHYI0 DOPMY, H3-
Jarag ee Kak efMHY0 TeOpHIO, B KOTODOH He OCTAeTCH HEBBLIACHEHHBIM
HH OJHH NMPHHUUNHAMLHBIR MOMEHT.

[naBubift MaTeMaTuuecknff anmapat ero ucc/ielOBaHuM onupaercs Ha
TEOPHIO Tub6epTOBa NPOCTPAHCTBA H CHNEKTPAJbHYI0 TEOPHIO CaMOCO-
NpAXeHHHX oneparopos. MHorue riyOOKHe TOJOKeHH STUX Teopuit
Obiin pa3paboranbl CaMHM aBTOPOM B CBA3M C NMOTPeGHOCTAMH MarteMa-
THYECKOTO 000CHOBAHWA KBAHTOBOH Mexauuku. Mbi HMeeM 3leChb mpemae
BCErO B BMAY CNeKTPa/JbHYI0 TEOPHIO HEeOTPAHMYEHHBIX CaMOCONPIKEeH-
HHIX ONepaTopoB, AeHCTBYIOWHAX B a6CTPAKTHOM T[HILGEPTOBOM RNpO-
CTpaHCTBe, 3HAueHHe STHX Pe3yJbTATOB NAJeKO BLIXOIHT 3a PAMKH IO~
TpeGHOCTeH KBAHTOBOH MeXaHMKH; OHHM IIHPOKO HCMOJBL3YIOTCA B COBpe-
MeHHOH Marematuxe. CrenyeT MOAYepPKHYTb, YTO B STOH KHure BrepBhle
JAaHO CHCTEMaTHYeCKOe M3/0XKeHHe Teopui abCTPakTHOro ruibGeproBa
TIPOCTPAHCTBA.

OTMeueHas OCHOBHAs HANPaB/JEHHOCTb KHWTH ONpelenuna OTCYTCTBHE
B Heft Kakux Obl TO HU OBII0 NMPUJIOKEHHH KBAHTOBOH MeXaHuKu K H-
3UYECKUM 33]1audM, M3 KOTODHX B OCHOBHOM M COCTOAT OOHunbe yuel-
HUKY (Hanpumep, Takue, kak kuuru lludda, 3ommepdeabza u np.).
EfvHCTBEHHOE UCKAIOYEHHe COCTABJAIOT H3J0XEHHE BTOPUYHOTO KBAHTO-
BaHHA W BbiBOA (OpMY] AJ8 BepPOATHOCTeH NepexofoB, NpOBeAeHHLIE
B pasaene III.6 He B o6ueH abGcrpaTHo#t dopme, a Ans dusuuecky
COBEPLIEHHO DPeaJbHOTO CJyuas 3/JeKTPOMAarHUTHOro mnoJas. 3aTo Bce Be-
JMYAHBl H TIOHATHS, KOTOPBIMH ONEpPHpYeT KBAaHTOBAf MeXaHUKA, 060CHO-
BBIBAIOTCA COBEPIIEHHO TOYHO, BCE HeOOXONMMBIE CBASH MEXAY HHMH
YCTaHaB/IMBAIOTCA B BHAE MATEMATHUECKHX TeOpeM, ONHUPANOULMXCA HA H3-
JIOXKEHHYIO BO BTOpoH rsaBe oOlyl0 MaTeMaruueckyio Teopuio. B srom
CMBEIC/AE pAlAOM ¢ uaiaoxeHueM ¢ou Hefimana MoxHo Gbijio On NOCTaBATH
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auuwb kuiry Jupaxka. Onumako npu Bce#f JOTHYeCKOH KpacoTe u CTpO#-
HOCTH ero udaoxenus Jlupak nosBoaseT cebe HCNHO/b30OBATL NOHATUA,
MareMaTHYyecKad IPHPOAA KOTOPHIX OCTaBajlaCb B TO BpPeMA HEBHIACHEH-
Ho#t (A-dyuxuua). Toabko Telepb Mbl 3HaeMm, 4YTO A-QyHkuug, Kak H
pan ApYyruxX mnomoOHLIX MaTeMaTHyeckMX OObBeKTOB, KOTOpHE MCNO/b-
3yl0TCa Qu3HKaMM, MNOJAYyYM/JIa MaTeMaTHUeCKH KoppexTHoe O0GOCHOBaHHME
B paspuBllefica 3a TNOCJAE€IHME TOIbl TeOpUH 0000LeHHBIX (YHKLUHA
(C. JI. Co6ones, JI. llisapu u ap.).

Knura cozepmuT BakHble OPHIrHHA/bHbIE (U3HUECKUE De3Y/IbTATHL
Bo Bropo#t wacTM KuMrH aBTOp YyAeadeT MHOTO BHUMAaHMA CTATHCTH-
YeCKHM aCleKkTaM KBAHTOBOH MeXaHHMKH KAK C TOUKM 3peHus BHyTpeHHe
npucylied el CTaTHCTHUECKOR MPUPOABI, TaK M C TOUKH 3peHHs KBAHTOBO-
MEXaHUYECKOro OnpeieseHds MOHATHH CTATHCTHUECKOH ¢uanku. Ilepsoe
3aCTaB/feT aBTOpA MOCAELOBATENbHO PACCMATPUBATS HEe TOJAbKO YHCTHE
COCTOAHMA, HO M CMeCH, B CBA3M C YeM OH BBOJUT NOHATHE MaTpPHUEH
NJOTHOCTYH, OKadaBllieeCsl 4Ype3BLIYAHHO TJOLOTBOPHHM B JAajbHefiiieM
pasButuu teopHH. ITocaegHee mnoGyxAaeT K UYpe3BbIYAHHO TLIATENLHOMY
4HAMM3Y MAKPOCKOMHYECKOro U3MepeHH W BBeJeHHIO CHEeHHa/bHLIX oOfie-
paropoB MaKPOCKOMHUYECKHX BeJHYHH M HNPUBOAUT K BeCbMa BAXHOMY
MAaKPOCKOMHYECKOMY OfipeieseHnio SHTponud. HaxoHen, B Kuure npHso-
AUTCA MpUHAMJIEKAllee aBTOPY [10Ka3aTebCTBO 9ProOAMYecKOH TeopeMbl
B KBAHTOBOH CTAaTHCTHKe. B CMAY BaXHOCTH 3TON0 BONPOCA Mbl PEHINAN
RO0aBATbL K KHHTE MEPeBOA, K CONANEHHIO MAJO HM3BECTHOH, OPHruHa/Ib-
HOH CTaTbu aBTOpA.

Crums Hefimana Becoma cpoeoGpa3ed W He BCerga pHTOpUYECKH Clile-
Ayer npasujaM UHIKOJbHOH rpammariku. IlepeBoaunkam xuura M. K. ITo-
aueanosy W B. M. CrenanoBy npuIu/iOCh HEMaJl0 MNOTPYAUTHCH, YTOOLI
HalTH 0OCTOHHBIA pycckuit 3dKkBuBasiedT. HeoOwnuHO OdopM/eHHe KHHTH —
G6ibwiad yacte GOpPMY. He BblHECeHA B KpacHble CTPOKH, a pacroJa-
raercs HemoCpeiCTBeHHO BHyTPH Tekcra. OTCYTCTByeT M HyMepanus
dopMyn B 0OBLIYHOM CMEIC/IE — TOABKO CaMble BaXHbie BHPAXEHHS NO-
JYyYaloT CBOM CHeUMa/dbHble HadBaHud. Mbl NHTAINCL COXPAaHHTL 3Ty
0CO0EeHHOCTb, HACKOABKO TO OLIIO BO3MONKHO TO YC/JOBHAM MeyaTH.

H. H. Bozoawéos
Apryct 1964 r.



TTAMSATH MOEIO OTHA
TTOCBALAIO

BBEJAEHHE

[TpenmeT 3TOR KHHMIH COCTaBAstEeT eIMHOE H, HACKOJBKO S5TO BO3-
MOXHO M YMECTHO, MaTeMaTHueCkH Oe3yKOPH3HEHHOE M3JA0keHne HOBOK
KBaHTOBOH MEXaHWKM, KOTOpaf 3a MOC/eIHHe rOH JOCTHIIa, B ee Cylie-
CTBEHHBLIX YAaCTAX, BePOATHO, YiKe OKOHUATeIbHOH QOPMH B TaK Ha3biBaeMOH
«reopuu mpeoOpasoBauufi». IIpH 3TOM OCHOBHOH ynop crenad Ha obuue
U NPHUHUUMHAJbHBIE BONPOCH, BO3HHKAOLIME B CB#3H C 9TOH TeopHett.
B uactHocTH, Hago OyaeT MmOAPOOHO HCCAENOBaTh CJOXHblE H 3auacTyio
BCe ellle He NPOACHEHHble 10 KOHLa BOMpoch HHTeplperaund. OcobeHuo
BAXHO, B CBA3M C ITHM, OTHOMIEHHE KBAHTOBOH MEXaHUKH K CTaTHCTUKe
U K KJaCCHYECKO# CTaTMCTHYECKOH MexaHuke. UTo me kacaercd pasbace-
HUA NPuMeHeHHH KBAHTOBOMEeXaRUUECKHX METOL0B K YaCTHLIM 3aaYaM, PaBHO
KaK M H3/0eHus OTAeJbHLIX Oosiee CHeLHaibHBIX TEODHH, OTBETBJAI-
mWUXCs oT oblie#t Teopud, TO Mb OyleM, Kak NpaBHAO, OTBJIEKATHCH OT
HUX — N0 KpafHeHd Mepe HACKONBLKO 3TO BO3MOKHO 0e3 yrpoabl MOHH-
MaHuio O0IMX CBfAsefl. D10 NPeICTaBiAserTcs TeM 60/ee NMO3BOAHTEAbHLIM,
UTO CyUeCTBYeT WM HAXOLMTCA B CTAIMM NyGJMKAlMg MHOTO NpPEBOC-
XOIHBIX M3/]0XKeHHH ROLOGHHX Beuel ).

C zpyro#f cTOPOHBI, MBl BKJIOYMM W3J0}eHHE NMOTPeGHOro 1as lLiedef
9TOH TEOPHH MATEMaTHYeCKOTO annapaTa — T€OPUH TUALGEPTOBA MpO-
CrpalcTBa W TaK HA3blBAeMBIX SPMUTOBLIX ONEPAaTOPOB B HeM. Ilpu 3TOM

!) 370, cpenu mNpouMx, CJAEIYOIMHE MHCYEPNBIBAIOUIHE PYKOBOACTBA: S 0 m-
merfeld, Ilpuroxenue k Atombau und Spectrallinien, Braunschweig, 1928
(pycckuit nepesox: OHTH, M, —JL (1938)); W e y I, Gruppentheorie und Quan-
tenmechanik, Leipzig, 1928 (pycckuit nepesox: OHTH JHTBY, Xapbkos (1938));
Ppenkeas, Bommosaa mexanuka, 1929 (mem.), 1934 (pycck.); Born und
Jordan, Elementare Quantenmechanik, Berlin, 1930; Dirac, The Principles
of Quantum Mechanics, Oxford, at the Clarendon Press (1930) (pyccknit mepe-
soa: I'TTHU, M. —JI. (1932)).

M3 Gonmee cOBpeMEHHBIX KHHI Ha DYCCKOM 23bIK€ MOXKHO IipuBecTH: b ao-
XxuHmeBs, OcHOBH KBaHTOBOH MexaHHKH, «Bmicmas mkosa», 1963. I upak,
llpuHuNABL  KBAHTOBOH MeXaHHMKM (IEePEeBOA ¢ 4-T0  aHFMMICKOrO  HajaHus),
Pusmarrua, 1960. 3oMmepdeasy, CrpoeHue aroma u cnextpw, T. Il (nepeson
C Hemeukoro uamanus 1951 r.), Focrexmanar, 1956. Jlangay u Judmug,
KpanroBas Mexanuxa, Pusmarrus, 1963, Il u ¢ ¢, Kpaurosas MéxaHuka (nepeBox
o 2-ro auraumiickoro uagauus), W, 1957, (/1pun. ped.)
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norpeGyercs noapo6HO BOHTH H B PACCMOTPEHHE HEOTPAHHYEHHHIX OMe-
paTopoB, T. €. pacimiupuTh Teopuio (cosiauuyio [uabbeprom u Xessnu-
repomM, Pucom, Llmmarom, Tenauuem) 3a mnpeneasl ee KJIacCCHUECKOTo
o6bema. 10 NOBOAY MeTOAd HS/JOMEHUA, NPHHATOrO 3A€Ch, MOXHO 3aM8-
TUTL Clelyloliee: BHYUCAeHHA OYRYT, KAK NMPABHJO, NPOH3BOAUTLCA C Ca-
MHMMH OneparopaMi (MPEACTABAAOLIMMU (QuU3UUECKHe BEAHYHHBI), a4 He
C MaTPHUAMH, KOTOPHle NMOJAYYATCA U3 HUX JHUIb [OC/]e BBeJeHHS B NpPO-
crpasctee T'uanbepra kako#-au60 (cneunaqbHOH WM NPOU3BOALHOH) CH-
cTéMbl koopAuHAT. IDTOT «O0eCKOOPIMHATHHA®, T. €. MHBAPUAHTHHINA
U B CHILHOH Mepe TeOMeTpPUBHUPOBAHHHHA CRHOCOO U3JNOKeHHA CBA3AH
€ 3aMeTHHIMU QOpMaJbHbLIMH NPEHUMYILECTBAMHU.

IOupax B page crarel M HelapHo ONyGAMKOBaHHOH kHure?) maa
CTOJIb KPaTKO® M 9JETaHTHOe H3/0XKeHHe KBAHTOBOH MEXaHWKH, TaKkKe
uMeiollee HMHBaPHAHTHLIA XapakTep, YTO OHO BPAL /M MOxeT ObiTh npe-
B30#1en0 B 3TOM cMbic/de. [lostoMmy, noxanyh, GyIeT yMeCTHBIM NpH-
BECTH 3JeCh HeKOTOpble cooOpasceHHs B MO/b3Y HAUIEro MeTola, KOTO-
puiff CylecTBeHHO OTJHYaeTcd OT Meroxa Jlmpaxa.

VYnomsHyTsli, nepewlefmin#t cefiyac BCAeLCTBHE CBOeH MPO3PAUHOCTH
H 3MeraHTHOCTH B 00JBWIYIO YACTb KBAHTOBOMEXaHHUYECKOH JAMTEpATYPH,
Merol Jlupaka HM B KaKOW Mepe He CMOXeT YIOBJAETBOPUTb TpeboBa-
HUAM MaTEMAaTHYECKOH CTPOTOCTH — He CMONET, JAXKE €C/IH M CHUSHTH UX
KAK-TO €CTeCTBEHHO H Pa3syMHO A0, BRPOYEM, B TEOPETUYECKOH ¢u3uke
o6uiyHoro yposus. Tax, HanpuMep, STOT MeTOJ NOC/AEN0BATE/IbHO LEN/IReTCs
32 Ty QUKLHIO, YTO KamAuH CaMOCOnpsKenHbfi ONepaTop MOWKHO MpH-
BECTH K [MaroHa/lbHOMY BHILY, YTO, 149 OMEPATOPOB, AJS KOTOPHX 3TO
Ha caMOM  Jele He TaK, TPHBOJUT K HEOOXOAUMOCTH BBOIHMTHL
«HecoOCTBeHHbIe» (QYHKUMH C CaMONMPOTHBOPeunBbLIMU cBOHcTBaMu. Taxoe
BK/IOUEHHE MATEMaTHUeCKUX «QHKLUH» OKA3LIBAETCS MHOTAA HEU3OEKHBIM,
Jawe W B CJAyyYadx, KOrja peyb HAeT JHWb O NOJACYETe pesyJbrara
HarJggHO oMnpeleanMoro onuTa. It0 He Ovl10 Onl BO3pameHuem, Oyab
o6pasoBaive 9TUX, HEIONMYCTUMBIX B CErOAHALIHMX paMKaX aHAAu3a,
NOHATHH JNEeHCTBUTE/BHO CYLUECTBEHHO 1/ HOBOH hM3nuecKo# Teopuu.
TTono6HO TOMY Kak HbLIOTOHOBA ME€XaHHKA Cpasy NpHHECAa C COGOH
BO3HHKHOBEHHE B CBOeHl Torpamue#t dopme 6e3yc10BHO CaMONpPOTHBOpE-
YMBOTO aHann3a 6eCKOHeYHO MaJdblX, TAK M KBAHTOBAs MEXaHWKAa MOT.Ja Obl
NOICKa3aTh HOBOE NOCTPOEHHe HAUIEr0 «aHa/n3a OeCKOHEUHO MHOTrHX
NEPEMEHHBIX®, T. €. BbLI3BAThL H3MEHEHHE MaTeMaTHYeCKOro anrnapara,
a ne ¢usnueckofl Tteopuu. D10, 0ZHAKO, HM B KOeH Mepe He TaK,
W, HanporuB, OyIeT NOKAa3aHO, YTO KBAHTOBOMEXAHWYECKYIO «TEOPHIO
fpeo0pa3oBaHiity MOMHO CTOAb e HCHO W eIMHOOGPA3HO 0BGOCHOBATH
U MaTeMaTHyecku OesykopHaHeHHBIM obpazoM. Ilpu sToM Hazo noguepk-

%) Cp. Proc. Roy. Soc. London, vol. 109 (1928) u caenywolline Brmycky,
B 0cobennoctn 113 (1926). HesaBncumo or [dupaka Hopman (P. Jordan,
Z. Physik, Bd. 40 (1926)) u Jlongon (F. London, Z. Physik, Bd. 40 (1926))
HPEJIOKHAN aHANOTHIHOE OBOCHOBAHHE TEOPHH.
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HyTb, 4TO KOPPEKTHOE MOCTPOEHHE OTHIOAb He COCTOMT B MareMaruye-
CKOM VTOUHEHMH M pasbaACHEHMH MeToja JHpaka, HO Tpefyer C caMoro
gayada OT/MYAIOWIErocs MNpHEMA — HMEHHO, ONHpaeTcd Ha rHAL0epTOBY
CreKTPadbHYI0 TEOPHIO ONEpaTopoB.

[pu aHajnse HPHHUUNMHAJLHHIX BOMPOCOB OYIeT, B YACTHOCTH, MOKA-
3a0, KaK CTaTHCTHYeCKHe GOpPMYibl KBAHTOBOH MEXaHHKH MOryT ObiTh
n01yyeHsl U3 HEGOMLUIOro uKCAd PYHAAMEHTANbHbHIX KAYeCTBEHHBIX AOIY-
wenutt. Jaabue Oyzer noapobHo oOCYXAEH BONPOC O TOM, MOXHO M
CBECTH CTATHCTHYECKHH XapakTep KBAaHTOBOH MEXAHMKH K HEKOTOPOH
HEOLHO3HAYHOCTH (T. €. HemnoJHOTe) B HAllleM ONHCAHHU TIPUPOABl —
BEab Takoe OOBSCHEHHE Jyulie BCEro OTBeuano Obl TOMYy OOlEMY NpHH-
HUNy, 4TO BCAKOE BEPOSTHOCTHOE CYXJEeHHe eCThb CJeACTBHE HeNOJHOTH
Hauux 3HaHu#. Takoe OObBACHEHHE C MOMOLIbIO KCKPHITHIX NAPaMeTpos,
pPaBHO KaK M POACTBEHHOE €My JApYyroe, INPUIMCHIBAIOHIEE «CKPBITHIE
napaMerTpely» HabaoaaTe 0, 4 He HaOmonaeMOH cHcTeMe, TNPeAJaraoch
He OJHa}Jb. Mex1y TeM OKasbiBAaeTcCs, UTO 3TO €1BA JH MOXeT yaaThCs
YAOBJAETBOPUTENbHEHIM 00pasoM, uau, Oojee TOUHO, — Takoe OOGBACHEHHE
HECOBMECTHMO C HEKOTOPHLIMH OCHOBHBIMH KaueCTBEHHHIMH MOCTYJAaTaMH
KBAaHTOBOH# MexaHHKH J).

Byner Takxe MCC/eLOBAHO OTHOINEHHE 3TOH CTATHCTHKH K TepMO-
Aunamuke. Tlogpo6Hoe paccMOTpeHME NOKA3HIBAET, YTO H3BECTHBIE TPY.-
HOCTH KJ/ACCHYECKO# MEXaHMKHM, CBA3aHHHE C «NpellloNoxeHnHeM o Bec-
nopanxes, TpefiyeMbiM A% OOOCHOBAHMSA TepMOAMHAMHKH, MOIYT ObiTb
3leCh ycTpaHeHbl 4).

3y Cp. rt. IV o ra. VI, 3.
4) Cp. ra. V n JononneHue.



FTMTABA I
BBOJHBIE 3AMEYAHHUA

1. BosnukHOBeRHE TeopuH npeoGpasoBaHuii

3xecb HE MECTO yKasbBaTh HA OrPOMHBEIE YCHEXH, AOCTHIHYThie
kBaHToBO# TeopueH B mepuox ¢ 1900 mo 1925 rr. B xope passutus,
HaJ KOTODLIM rocnoicTayioT nMena [liawuka, S#tnmre#ina u Bopab).

K Kouuy 3TOro mnpoiecca passuTus NpeacTaBUIOCh ACHHIM M HE OCTa-
BJAIOMUM HHKAKMX COMHEHMH, YTO BCe 3/7eMeHTapHble IpOUecCH, T. €.
BCe TMPOMCXOAfiiee B aTOMHO-MOJEKYJIApHOM Maclutabe, ynpaBasiOTCs
«TIPePHBHLIMHY 3aKOHAMM KBAHTOB. IlouTM A/ BCeX 3ajay WUMEJHChH
M KOJMYeCTBEHHBIE KBaHTOBO-TCOPETHUECKHE METOAb, KoTopble Goabliueh
yacTb0 BeJH K pe3dyibTaTaM, Gojee HJAH MeHEE XOPOIIO COIACYIOMIMMCH
¢ onbTOM. M uTO uMeo HauOOMbllee NPHHUNIIMAMLHOE 3HAUEHHE—CaMO
MBIIIICHHE TEOPETHKO-(PU3HUECKOrO HCCAeI0BAHUS BOCHPHUSIO TY HAEIO,
YTO T'OCNOACTBYIOIIMH BO BCEM AOCTYNHOM BOCHPHATHIO MaKpOKOCMHUE-
CKOM MHpe NpHHLHN HenpepuBHOCTH («natura non facit saltus») Bosuu-
KaeT JMIb B Pe3yabTaTe INPOHECCa YCPEeAHEHMsl B MO CYWIECTBY CBOEMY
MPEPHIBHOM MHMpEe — 0J1aroaaps TOMY, HTO ue/OBeK OObIYHO cpasy anmep-
uenupyeT TOMLKO CYMMY MHOI'MX KBAaAPHALOHOB 3/€MEHTAPHBIX HPOUECCOB,
TaK YTO HCTHHHAR NPHPOLA €AMHHYHOTO NPOUECCa OKA3BIBACTCA MOIHOCTHIO
3aByaqMPOBAHHON BCe HMBEMMPYIOUIMM 3aKOHOM OOJbINMX yHCel.

TeM He MeHee K 3TOMY BPeMeHH He CYLIECTBOBAAO MaTeMaTHKO-
hU3NUECKOH CHCTEMBl KBAHTOBOH TEOpHH, KOTOpas ofHUMAda OB eIMHBIM
o6pasoM Bce JA0TO/ME H3BECTHOE, He TrOBOPS Yie O Tako#, KoTopas
OXHOBpPeMeHHO BKmOuada Os B Ce6F MOHYMEHTaMbHYI0 3aMKHYTOCTbH
B30PBAHHO# KBAHTOBBLIMM SIB/JeHHAMH CHCTEMbI MeXaHMKa — 3JIEKTPOAHHA-

% Ero OCHOBHBLIMH 9TanaMM Obliu: OTKpHITHE [IJ1aHKOM KBaHTOBHIX 3aKOHOB
Jjg CIYy4Yas <«YEPHOTO» PABHOBECHOTO H3JydYeHHs (Cp., HanpHMep, H3JOMEHHE
Planck’a B ero kuure Wirmestrahlung, Leipzig, 1906; zokasareanctBO xopnyc-
KyJAdpHOH NpHPOJH CBeTa (T€OpDHH CBETOBHX KkBaHTOB) Einstein'om (Ann
d. Physik [4]), Bd. 17 (1905)), npexcraBuBlllee NepBHIH NpuMep xyaaHsMa
BOJIHAa — 9aCTHIA, KOTOPBIH, Kak Mbl T€NEPb 3HaeM, FOCNOACTBYET BO BCeH MHKpO-
ckonunueckoft ¢usike; NEpeHOC STHX ABYX IPYHH 3aKOHOMEPHOCTEH Ha MOZEIb
atoMa, BuinojHeHHniit Bohrom, Phil. Mag. 26 (1913); Z. Physik 6 (1920).
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MHKA — T€OPUSI OTHOCHTENbHOCTH. BonpekH HECOMHEHHO ONpPABAAHHOMY
NpHTA3aHUI0 KBAHTOBOH TeOpMM HA YHMBEPCATBbHOCTb, €H HEIOCTaBano
He0OX0AMMOTO At 3T0ro (OpMalbHOTO H  HICOMOTHYECKOro alnapara;
oHA TIpeacTaBasia Co0OK0 HeMerkyl I/s PacnyThiBaHMS CMeChb CYIIeCT-
BEHHO DPA3AHUYHEIX, HE3ABHCHMBIX, PA3HOPOAHBLIX M YACTHIO MPOTHBOpeud-
WX ApPYr Apyry aonyiuexHu#t u npeanucasuf, CaMbIMH PasuTe/bHBIMU
nyHKTaMu OB/ TNIDHHLMII COOTBETCTBMS, HAMOJOBUHY NpPHHALICK UM
KJIaCCHYECKOH MeXaHWKe M /ACKTPOAMHAMHKE, HO Hrpalomu# pellialoinyo
poib B OKOHYATEJILHOM NpPOACHEHHM TOJOMEHHS Belleff, caMONpPOTHBO-
peulBasl ABOHCTBEHHOCTb NPHUPOAB! CBCTA (BOJHBI H YACTHILI — CP. IIPHM. %)
i npuM. 8) wa crp. 211) u, HaKoiel, CYMECTBOBAHHE HEKBAHTOBAHHLIX
(anepuoIMYECKUX) M KBAHTOBANHHIX (NEPHOAHUECKUX HJ/M YC/IOBHO NEpH-
OLMUECKUX) aBHMEHNH 6),

Pelrenne mpHHec ThCsua AEBSITHCOT ABAAUATh narsift rox. Ha ocHose

npenioxentoro [afisenGeprom nonxona Bopay, TatizenGepry, Hopaauny
M, HEeCKOJbKO To3xe, JIMpPaKy yladock BHLICTPOHTb HOBYK CHCTEMY
KBAHTOBOH TeOpHM, NEPBYID 3AMKHYTYIO CHCTEMY KBaHTOBOU TeOpuM,
KOTOpyl0 noayuuia ¢usuxa. Jlmub uyyrb mosxe Llpenunrep u3 cosep-
IIeHHO APYTOr0 MCXOZHOrO NMYHKTa HAllle] «BOJHOBYIO MEXAHHKY», KOTO-
pas K TOMy X€ M, KaK BCKOPE BBISCHWIOCH, Oblia (no Kpa#HeR Mepe
B MaTeMaTHueCKOM cMEcJe, ¢p. [.3,4) skBuBanentTHa cucreme [afiseH-
Gepra, Bopua, Mopnana u Iupaka7).

Ha ocuoBe GOPHOBCKOrO CTATHCTHUECKOIO TOJNKOBAHHA KBAHTOBO-
TEOPETHYECKOTO ONMCaHUA npupoas 8) Jlupak n Mopnan?) cmorau craa-
BUTL 00¢ TeOpHM B eIHHYIO «T€OPHIO Npeo0pasoBaHuit», B KOTOpOH 006e
5TH TeOpHH OOBEAUHIOTCS, AOHOMHSAS APYr APYra, u B KOTOPOH OKasa-
JOCh BO3BMOXHBIM MaTeMaTHUECKM OCOOEHHO NPOCTOE NOHHMaHue QuU3K-
YeCKHX BOTPOCOB.

MoxHo eHle YNOMAHYTH (XOTS 3T0 M He OTHOCHTCH COGCTBEHHO
K HallleMy MpelnMeTy). uTO Teneph, Nocie Toro kak layacMur u YieHnbex
OTKPBHIIM ellle MarHuTHHI MOMEHT W CHHH 3JeKTPOHA, MCYe3dd MOoyTH

€) Baaropaps dmmrefiHy n 30MMepdenny cTaid H3BECTHH 106aBAKIOIUECS
K MEXaHHYeCKMM 3aKOHAM KBaHTOBbIE 3aKOHBl 1 YCJAOBHO-NEPHOANMYECKOTO
ABMKEHHA (cp., Hampumep, Sommerfeld, Atombau und Spektrallinien,
4 Aufl. Braunschwelg, 1924, pycck. nepesom: 3ommepdeann CTpoenne
atoMma u cnektpnl, M. —JI, T'HTH, 1926, a rakxe nepesox ¢ mamauma 1951 r.,
T. 1, M., Tocrexusuar, 1956). HanpoTuB, 6510 TBEpAO yCTaHOBJIEHO, YTO CBO=
60110 [BMAYWAfiCA MaTepuaibHad TOUKA WAM NAaHeTa HAa FHIEp6OJIHYECKOR
OpOHTe (B OT/MUHE OT SJIMNTHYECKHX OPGHT) <HEeKkBaHTOBaHH», UNTaTelb HailxeT
NOJHOE H3J0XEHHe 9TOH (asel Pa3BHTHA KBAHTOBOU TeOpuu B Kuurax: Reiche,
Die Quantentheorie, ihre Ursprung und ihre Entwicklung, Berlin, 1921 nan
Landé¢, Fortschritte der Quantentheorie, Dresden, 1922,

™ 210 680 xoxasaH0 Schrédingerom, Ann. Physik [4] 79 (1926).

8) Z. Physik, Bd. 37 (1926).

%) Cp. mpum.2) na crp. 10 u raxme kuury: Schrodinger, Abhandlun-
gen zur Wellenmechanik, Leipzig, 1928,
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BCe TPYIHOCTH NEPBOHAYAALHOW KBAHTOBOH TEOPHH, TAK YTO CEroHs Mhl
obaagaem OesaykopusHenHo#t cucremolt Mexawuku. [lpaBpa, ynomsHyTOe
paHee BeJMKOe EJMHCTBO C BJICKTPOAMHAMMKOM M TeOpHeH OTHOCHTEb-
HOCTH €lle He BOCCTAaHOBJEHO, OAHAKO, MO Kpa#He# Mepe, ecTb yHH-
BEPCAJbHO CNpaBeninBasd MEXaHHKa, B KOTOPYIO KBAHTOBHIE 3aKOHOMEPHOCTH
BXOASAT C €CTECTBEHHON HEOOXOAMMOCTBHIO M KOTOpAA YIOBJETBOPHTEIbHO
o6bscHseT GOMBIIYI0 YacTh HalUMX OmbTOB %),

2. lleponayanpnbie GOPMYJIHPOBKH KBAHTOBOH MeXaHHKH

B uenix mnpenpapurepHOf OPHEHTHPOBKH pACCKakeM KpAaTKO, Kak
HpUHUMIIHAIEHO CTABUTCA 3a1a4a B «MaTpH4HOH MexaHuke» IafsenGepra —
Bopua — Hopaana u B «BoaHoBOR Mexanuxes lllpenuurepa..

B ofeux Teopusx cnepsa 3aaaercs KJacCHUeCKas MeXaHUHeCKas 3a7a4a,
XapaxkTepHsyeMas raMu/ibTOHOBOH dyHKude# H gy, ..., qp Pps ooty Pp).
(310 osHavaeT, KaK M3BECTHO, — JeTaldbHee CMOTPH B yueGHHKax Mexa-
HUKH — CJefyloiee:

[ycte cucTeMa wuMeeT R creneHe#t cBOGOAM, T. €. €€ COCTOAHUE
B Ka(Ibi#i MOMEHT (QUKCHPYETCS 3alaHMEM YHC/IEHHBLIX 3HaueHu# & Koop-
IMHAT ¢y, ..., §,. Ee sHeprus ectb saganHas QyHKUHA KOOPAHHAT M MX
APOU3BOAHBIX MO BpeMeHHU

E=L(@@y cevr gy G1 over )

M HMEHHO, KaK TpaBHIO, KBaApaTHuHasd (QYHKUUA [POM3BOAHBIX
§4 +++s 9 C TOMOWIBLIO COOTHOLIEHUH

_ oL oL

1= s eeey Pp=——
0q, aq,

LS KOOPLMHAT Gy, «ees G BBOLATCS «CONPSKEHHBIE UMNYJBCHI» Py, ovvs P,

KOTOphle B CaAyuae CJeJaHHOIO Bblllle HPEANONOKEHHA 3aBUCAT OT

g1 -+ qp AuHeHHO. BO BCAKOM ciyyae MOXHO HCKJIOUHTH ¢y, ..., g,

u3 L ¢ moMouwblo py, ..., Py, TaK uTo OymeT

E=L(q1, v ey qk’ q.ln seey ‘.Ik)=H(q1' ey qk‘ pl’ DY) pk)'

10) CoBpemeHHOe nOJOXeHHEe Bellell MOXHO OXapaKTEepH3OBATb TEM, YTO
TEOpPHR NpPMBOAMT K MNOJHOMY YCHeXy, IIOKa OHa HMeeT Jed0 C OTAeJbHLIMH
9JEKTPOHAMH HJH C 3JCKTPOHHBIMH 060JIOYKAMH aTOMOB HJHM MOJEKYJ, 3 UMEHHO
€ 3/IGKTPOCTAaTHYECKHMH CHJAMH. PaBHO KaK H C 9JICKTPOMAarHHTHHIMH TpoHecs
CaMu NpH HMCNYCKAHWH, PACHPOCTPaHEHHH M mpeobpasoBaHuM cBera. Hampotis,
KaXercd, 4T0 B Npobaemax aTOMHOrO s4pa H BO BCEX NOMBITKAX YCTAHOBUTE
OOIYI0 M DEJIATHBHCTCKYIO TEOPHIO SJEKTPOMarHeTH3Ma TeOpH#A, HECMOTpA Ha
3HaYHTEJbHBIE YCNEeXd B pelieHud YAcTHHIX 3ajay, BCErla BeZer K OrpOMHbIM
TPYAHOCTAM, KOTOPHE BPAJ JH YAACTCA TPe0fo/ieTb 6e3 BBEACHHA CYuieCTBEHHO
HOBBIX HjeH.
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Dra H u ecth raMuabToHoBa QyHkuua.) B obenx Teopusax Ms xoreau 6wl
terepb Y3HATb, MCXOAS M3 3TOH TraMUJABTOHOBOH (YHKLMHE, BO3MOMKHO
Gonbite 06 HCTHHHOM, T. €. KBAHTOBOM, IIOBEJEHMH 3TOM cucTeMu 1) —
npexie BCEro ONpele/MTb BO3MOXHHE SHEPreTHUECKHE YPOBHM, 3aTeM
HaHTH OTHOCHAWIHECH K HUM «CTalMOHADHBE COCTOAHMA», MOCYHTATH «BE-
POSITHOCTH NEPEXOAOB» MEXAYy HEMH 4 T. A.12),

Hacrasienue, InpenjaraeMoe As pelleHHs 9TOH 3ajaud MaTPUYHOM
TeOpHeH, COCTOMT B CJAEGAYIOIEM: HAL0 HaHTH cHcTeMy 2k Matpuu

Qp o ovs Qe Py ..., P,'8), KoTOphIE, BO-NIEPBHX, YAOBIETBOPAIOT YCA0-
BHSIM
QuQr—Q.Qn=0, P,P,—P,P,=0,
0 mpu m £, (m, n=1, ..., k)
Pan—Qn m= _2_:[1 npy m=n

1) JipiniceHne mO KJacCHuecKOH MexaHHKe, Kak H3BECTHO, HOJAHOCTbI0 Ompe-
IenseTC raMuJbTOHOBOH (YHKUHEH, HOCKOJbKY OHA Ja€T HaM ypPaBHEHHA ABH-

WeHus

1 =op, : 54, yores B).
Jo OTKpHITHA KBAaHTOBOH MEXaHHKH NBHTaJHCh CXBAaTHTh KBaHTOBLIEC ABJEHHS,
COXpaHHB 9TH YPaBHEHUA JABMKCHHA H JMLIb HaJarag XOMOJHHTENbLHBIE KBaHTO-
Bbie yc/a0BHA (Cp. mpuM. ©) Ha cT1p. 13). YpaBHeHudA ABIKEHH ONpeAesNH X

KaXJ0ro, 3aaHHOrO0 B MOMeHT f=={, Ha60pa 3uaueHui Gy voor Qg Py oo Py,
ZaabHefllee pPasBHUTHE CO BpEMEHeM, «OpOUTY» cuCTeMsl B 2k-MepHOM «(hasoBoM
APOCTPAHCTBE» ¢, ...y §py Py, -3 P, [109TOMY BCAKOE HONONHHTENBLHOE yCIO-

BHe OKa3blBaeTCA MPHUBOAAINMM K OrpaHMUYCHHIO BCEX BO3MOMKHBIX Ha4adbHBIX 3Ha-
yennit (op6ut) onpenenennodt moxcHcTeMOH. (COOTBETCTBEHHO MaJOMy quCay
ZONyCTHMBIX OpOHT OyAyT BOBMOMCHEI JHIIb HEKOTOPHIE YPOBHH 3Hepruu.) XoTa
KBAHTOBAA MEXaHMKA M MOpBaJa NOJHOCTHIO C STUM HPHEMOM, BCe-TakH a priori
ACHO, 4T0 pyHkuHs [aMuabTOHA J0MKHA M B Hell HrpaTh 60abmylo poab. B camom
AeJ€, BECh HAII ONBIT JOKa3blBaeT CHPABEANHBOCTbL GOPOBCKOrO NPUHUMAA COOT-
BETCTBUA, KOTOPHIH YTBEpKAAeT, UTO KBAHTOBAaf TEOpPHSA ROJKHA KABaTh TE KE
pe3yabTaThl, YTO ¥ KJACCHYECKAA MEXaHHKAa B Tak Ha3bBaeMOM npejiene 60Jib-
IIMX KBAHTOBBIX UYHCeJ.

12) Tpn WMOCAGNHHX HOHATHA 3aHMCTBOBAHM H3 ZOKBAHTOBOMEXAHHUECKOTO,
Pa3BHTOro mpenMyuiecTBeHHO BopoM, kpyra uae#l Teopuu kBauT. ITo3me MH elne
AETAILHO NPOAHANMZMPYEM HX C TOYKH 3PEHHA KBAaHTOBOH MeXaHuku (Cp. OTHO-
CAIYI0CA CIOfa AMpaKOBY TeOpHio H3JyuenMs, uajoxeHnHywo B 11 6). Ux ucropu-
UECKO€ pa3BUTHE MOKHO WPOCHeAHTh MO paboTaM Bopa OTHOCHTEABHO CTPYK-
TYPH atOMa, ony6aHkoBaHHBM ¢ 1913 mo 15)16 r.

%) Kak nokassiBaer G0jee peraanHEIH MaTeMaTHYECKH aHalus, 3Ta 3ajaya
HEO6XOZUMO NPHBOXHT K GECKOHEUHBIM MaTpumaM. MH me GyieM 3Kecb BXOLHTDH
B N€Tau CBOHCTB STHX MaTpHU, NOCKOAbKY OHH 6YAyT PacCMOTPEHH NO3WKE BO
BCell moxpo6HOcTH. Iloka AOCTATOMHO 3HATB, YTO (POPMANkHbIE anrebpanueckie
onepauui C STHMH MaTPHUAMH CJeayeT NOHMMAThb B CMBICJE M3BECTHBIX npaBui
MAaTPHYHOrO CJAOMEHHA M yMHOXKeHud. B wactrHocTv, mox 0 u 1 MH noOHMMaewm
HYJEBYI0 M e{MHHYHYI0 MATPHLBHI (CO BCEMH 3JeMEHTAMH, TOXIECTBEHHO PaBHHIMH
HyJIo, H C 9jleMEeHTaMH, PaBHLIMH €IMHHUE Ha JIaBHOH AMArOHa/H, W OCTaJIbHBIMH
HyJIeBEIMH COOTBETCTBEHHO).
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U AJs1 KOTOPBIX, BO-BTOPLIX, MaTpuia
W=HQp ... Qup Py ... P

CTAHOBUTCS JAHATOHA/bHOH.

Mel He 6yaeM 34eChb BXOIHTb B ACTaNH NPOHCXOXAEHHS 3THX YpaB-
HeHH#, B OCOOSHHOCTH NMEPBOM IPYIIL — TAK HASHIBAEMbIX «NPABHJI KOM-
MyTaiMH», KOTOpbe ONpeleasioT BCe HEKOMMYTATHBHOE MATPUUHOE HCUH-
cieHue B 3T0o# Teopuu. UYUuTaTeqp Ha#ileT uHCYepNBLIBAIOLIEE HM3/I0KEHHE
aTOro IMpeaMera B paboTaX, UMTHPOBAHHHIX B NpuUM. 1) (cTp. 9). Beau-
yuHa h — 970 MIaHKOBCKHH kBanT feHicTBud. JluaroHanbubie sneMents W,
AycTp @;, Wy, ..., OYAyT TOTAA Pa3JIHUHBLIMH BO3MOXHBIMH YDPOBHAMH
SHEPruM CHCTeMbl. JneMenTs MaTpuL Q. ..., Q, — ¢l . ..., g% ussecr-
HEM 00pasoM onpene/slOT BEPOSATHOCTH NepexOia CHUCTEMBl (M3 COCTOA-
HHsL m ¢ oHeprueH w, B COCTOAHMHE n C 3Hepruel w,, w, > w,) "
HCNyCKaeMoe NpH 3TOM H3JAYueHHe.

Bao6aBok cjeayeT 3aMeTHTb, YTO MaTpHia

W=H@Q, ..., Qp Py, ..., Pp)
He OnpejeiseTcsl NOMHOCTLIO HabopoM @y, ..., Q Py ..., P, n ra-
MHJABTOHOBOR dyHKune# H (g, ..., gz Py ..., Pp) KIACCHUCCKOM MeXa-

HHKH, TOCKOMBKY Q # P, HE KOMMYTHPYIOT Mexiy coboffi (np yMHO-
HeHHH), B TO BPeMfi KaK B CJyyae KAaCCHYeCKoH MeXaHuKH Obl1o Gbl
copepiieHHO OeCCMBICTEHHBIM PAa3jMyaTh MeXAy, CKAXeM, pg; ¥ g p;
B H(gqy ..., gy Py ...y pp). TlosroMy Hano ewe yctadHosuts B H
nopsaoK MHOXHTeneH ¢; B p, B AONOAHEHHE K KIACCHYECKOMY CMBICTY
STOTO BBHIPAXEHHS B OTAEAbHHIX ujeHaxX. B ofmeM 3T1a npoueaypa He
nposefeHa, HO JAJAS BAXHEHIIMX YACTHBIX CJAYuYaeB H3BECTHBl Lie/1eC000-
pasueie HopMmupopkH. (B mpoctefiiem cayuae, KOrja paccMarpupaeMmas
CHCTEMA COCTOMT M3 vV YACTHIL H, CJAEJOBATe/NbHO, MMeeT R == 3V KOOpIH-

HaT §p, ..., G5, — CKAXeM TaK, YTO s, o, §3,_1» §3, CYTb TPH IeKap-
TOBBHIX KOOPAHMHATH -# uacTHU, p =1, ..., ¥, — B KOTOPHIX B3aHMOIeH-
CTBHE TUX YaCTHLL ONpelesercs noTeHuualpHol sanepriuest V (g, ..., g3.)

BooO0llle He BO3HHKAET HEOAHO3HAuHocTe# Takoro pozaa. Kiaaccuueckof
dynxnuest [amuapTona Oylaer Toraa

H(qy -+ ov Gay Prs - ovs P3)=
v
1
—_ 2 2 2
=Y o (Pt P PRV (00 ),
p=1
rae m, — Macca p-f HACTHUEL, a Py 9, P3, 1> P3, — KOMIIOHEHTHl ee
uMnybca. Yro Gyner 03HauaTh 3TO NOC/E NOACTAHOBKH MATPHL Q1 ..., Q..
Py, ..., P3, copeplleHHO fCII0. B uaCTHOCTH, He BO3HUKAET HHKAKHX
38TPyAHeHHH C NOTEHLMAJbHOM SHeprued, MOCKOABKY BCe Qp ..., Q

Mexay cofow KoMMyTHPYWT.) CymecTBeHHO, YTO LO3BOJGHE TOJbKO
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SPMHTOBEl MATDHiBl, T. €. TaKHe MAaTPHLbl A={a,,}, a1 xoropmx
TOXAECTBEHHO BBINMOJHACTCS &, == &,,, (3ACMEHTH @, MOTYT GBITL KOM-~
naekcnbiMul). Orciona H(Q,, ..., Qg Py ..., P,) A0MmKua 6HITH 3pMuU-
TOBOH#, eC/IH 3PMHTOBH BCe Q,, ..., Qp, Py, ..., P,, uTo BHOCHT omlpe-
fedeHHOE OIrpaHHYCHHE B YHOMAHYTYIO 3a1ady ONpelejeHHs NPaBH/ILHOTO
nopaika COMHOXHTe/Je#, HU B KO€H Mepe HeNOCTaTOUHOE, OAHAKO, YTOOH

oAHO8HAuHO onpexeauts H (Q, ..., Qp Py, ..., P,) IO KiIacCHUECKOM
dyukunn H(qy, o5 Gpo Pro- oo PR,

Hanpotus, HacTas/eHne BOJIHOBON MEXaHUKK TIIACHT CJCAYIOLLee: CNepaa
Hago 00pasoBaTh raMHALTOHOBY OyHKUHIO H(qy, ..., g4 P .. os P
a 3aTeM COCTaBUTh AJisl NPOU3BOJALHOH Pyukuud ¢ (¢, ..., g,)B KoHdurypa-
IHMOHHOM MPOCTPAHCTBE CHCTeMBl (@ He B (a30BOM INPOCTPAHCTBE, T. €.
Pys - -+ Pp He BXoaar B ) anddepenudaibioe ypaBHeHHe

h 9
H(Qv ceor G Q—fuo—zl -Qn—,-T%)tP(qp v @R =M () s gp)
Tipu stoM
Hlq koo k0
( o e o 0g, T Omg qu)

HajO0 TMOHHMAaTb B caMO coGo#i pasyMeloumieMcsl CMBIC/AE KaK (yHKIKOHAIb-
HE#f omepatop. HanpuMep, B ykasaHHOM Bhbllle Ciyuae

H(ql’ ey qsv, pl’ ve ey p3\l)=
v 1 ]
=2 2m,, (pgp-z‘i‘!’gp-l-%-ﬂgu)—}—l/ (ql, s q3v)
w=1

nepeBoauT Gyuxuno U(g, ..., ¢3,) B
31 ho\2 02 o2 Py
25 (ar) (Gt Hay)+ v

p=1 Qmp aq§p~2 oqu,—l

4y Ecau matpuusl Q;, P, — spMHTOBsl, TO H4 Q; P, Hu P,Q, He 06%3an
6BITh TaKuMH, HO 3aTO BCErga SpMUTOBA 7(Q1PI+PIQI). Ho yxe B cay-
2 1 /2 2
yae Q{P; HauMHAOT KOHKYPHPOBATH Kak 7(Q1P1+P1Q1), Tak # Q,P;Q,
h
(npaBz(a, ecad PIQ,—-Q,PI———Q—M,—I, TO 9TH JBa BHpaWeHUs cosnanalor),
2p2 1/ op9 2?2 2 2
B clyuae QjPy— TPH BhlpameHnus 7(QIPI—{-PIQI), QPQy n PQiP H T A
(Temephb yxe He BCe STH BblpaeHHs COBNAAAIOT H B YNOMAHYTOM YacTHOM Cay-
Yae). Mol ne Gymem ceiiuac BpaBaTbcs B STO T0ApOOHEe, MOCKOAbKY pasBHBae-

MOe jiajee ONepaTOpHOe HCUHCJEHHe MO3BOJMT MHOrO sicHee pa3obpaThed B $THX
COOTHOUIEHHUAX.

2 U. He#iMan
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(upl onycthuau B V u { mepeMeHHbeE ¢, ..., ¢3). TlockoabKy omepauus
A0 s k0

9577 3g. OTJAMYHE OT ofepauuy 1°) Tni gg; T 3AeCh CHOBA BOBHHKAET
HEOTPeNeNIEHHOCTb, CBA3AHHAS C MOPSAKOM COMHOXHTeNed ¢, U p,
B H(gy, ..., @4 P1» -+ «» Pp), O8HaKO llpenusrep nokasan, Kak MOXHO
YCTPaHHTL 3Ty HEOAHOSHAUHOCTb, IHYTeM CBeleHHS K Ofpele/eHHOMY
BApHAUMOHHOMY HPHHUKNY M MPUTOM Tak, 4TOOH pe3yabTHpyIOuiee aud-
depeHnHaapHOe ypaBHEHHE O0Ka3anoch caMoconpsxeHHuM 19), Hy a aro
auddepenunansioe ypaBHeHHE («BOJHOBOE YpaBHEHHe») npuobperaer
XapaxTep npoOaeMbl COOCTBEHHBIX 3HAUCHUH, ecad HHTEPNPETHPOBATh A
Kak napaMeTp cOOCTBEHHBIX 3HAYEHHH M HAJMOXKHUTH HA COOCTBEHHYIO QYHK-
nuio ¢=4¢ (g, ..., qp) TpeboBaHu#, CKameM, HCUE3HOBEHHS HA KPAlo
KOU(UTYpaiHOHHOrO NPOCTPaHCTBa (IPOCTPAHCTBA KOOPAHHAT Gy ..., 1)
H, KOHEYHO, PEryaspHOCTH H OJHO3HAYHOCTH B HEM. [1O cMBICAY BOJHO-
BOW TeopuM coOCTBeHHBE 3HaueHUd A (KaK B JAMCKPETHOM, TaK H B He-
NpepHBHOM cliekTpe) 17) npeacTaBiaal0T coGOH BOBMOMNHBIE SHEPreTHUECKHE
yposud. Takxe u (KOMILIeKcHbIE) coOCTBeHHBle (YHKUUM, HNPHHALIEKA-
LH€ HM, CBA3aHBI C COOTBETCTBYIOWMMH (CTAUMOHAPHBIMK B cMbicie Bopa)
COCTOfHUAMU cucTeMul. Tak Ans CHCTEMBI M3 vV 3JGKTPOHOB (k= 3v cM.
BRI, €—3apsl 3JeKTPOHA) INJAOTHOCTb 3apsila JEeKTPOHA C HOMe-
poM ., KoTopuift no llipenunrepy Haao npeacTaButh cebe «pasMasaHHLIM»
Mo BCEMY TNPOCTPAHCTBY X, ¥, Z(=(3,-9> G3u—1» ¢3,)» H3MeEpeHHas
B TOYKE X, Yy, 2, 3ajaeTcsl BhIpaeHUEM

ef fH’(QP coos Gagmge X0 Yo 2 Gguup oo g)PX
3v-3

Xdg ... dqu_sdqswl vo.dg,,.

15) Mui umeeM

h 0 oymg 9 o P
21 Bg, (@9 =91 55 an Yt o b

TeM CaMbIM HOJydacM

b o R0 Rk
5ri 0q, 1 T 1 Ol Bg; = 9w

rie 1 ecThb TOMIECTBeHHEH (mepeBoxamuil § B ce6a camoe) orepatop, T. e.
h

—— H'g; YXOBAETBOPAIOT TEM K€ NPABHNAM KOMMYTALHH, UTO M MaTpHIH

16) Cp. ero mepBHie IBE CTaTHbH B KHUFE, LMMTHPOBAHHOR B NpuM.®) (c1p. 13),
Taxxke Ann. Phys. [4] 79 (1926).
. 17) Cp. nepsyio H3 YNOMsHYTHIX B mphuM. %) pa6or Ulpexuurepa. TouHoe
onmpeneseue CnekTpa K ero uactefl 6yzer nauo moawe B §§ I 6—I1. 9.
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(dro6bl MOMHBIA 3apsal Bbiles Obl PABHHIM €, QyHKuUuA § AOMKHA OHITH
HOPMHPOBAHA YC/I0BHEM

[ [0 - gs)l2dq, ... dgs, =1,

hg;—/
(Vnterpuposanue no BceM 3v nepeMennbiM!] TlpuueMm aad Kaxaoro us
p=1, ..., vV NMOAy4aercsl TO e ypaBHEHUE.)

KpoMe TOro, BOMHOBAS MeXaHUKa MOXET JeJaTb BHICKA3bIBAHHA H OTHO-
CHTEILHO CHCTeM, He HaxXoJAmuXcsd B OOPOBCKHX CTAUHOHAPHBIX COCTOS-
npax 18), a uMenuno crenyomuM o6pasom:

Ecan cocrosine He CTAUHOHAPHO, T. €. H3MEHAETCA CO BpeMeHeM,
Toria BoaHOBas Oynkuug P==9 (g ..., Gp; f) CONEPKUT BpeMs H
MeHsieTCs COTJacHO AM(pPEpeHUHaNIbHOMY YPaBHEHHIO

hoo ho o o
_H(ql,...,qk,%ﬁax—,....m—a—q—;)q)(q,,....qk. )=

h 0
_—_-_2_7;,'5?4"(%, veur G D,

D10 3HauuT, uTOo AAA f=1¢,; { MOMKeT OLITL 3ajaHa IPOM3BOMLHLIM 00pa-
30M, a4 3areM OJHO3HAUYHO OINpeae]seTcss Ads BceX f. Jlame cranuoHap-
HEE §, KaK MOXHO 3aKJIUHTh H3 CPABHEHHS ABYX IIPENUHTEPOBLIX Aud-
(dhepeHUHANbHEIX YpaBHEHUH, B AeHCTBUTENLHOCTH 3aBUCAT OT BPEMEHH,
HO TOJBKO AJIi HUX BPEMS BXOIMT COINIACHO

2ni

D@ eeer i D=0 F 9@ ener 4 O

T. €. { NOSBJASETCH TOJAbKO B MHOXHUTeJ]e, paBHOM enuHHUe no abcoawor-
HOH BeqHUMHE M He 3aBUCALEM OT @y, ..., G (T. €. MOCTOSHHOM B KOH-
(burypauMoHHOM HPOCTPAHCTBE), TAK YTO, HANPUMEDP, ONpele/eHHOE Bbllle
pacnpeiesneHue IJOTHOCTH 3apsna He usMenserca. (Mot §yaeMm BooGuie
npeanoaaratb — 4 06HApyKUM, UTO 3TO OlpaBlaercs B lajbHeleM Gosiee
JeTaIbHbIMH  PACCYXKACHUAMH, — UTO MHOXKUTEML B ¢, paBHHHR exnHuue
Mo MOAYJIO K NMOCTOAHHBIH [B KOHPUIypAUHOHHOM NPOCTPAICTBE], TPHHIUH~
nuajdbHO HeHa0aI0naeM.)

[Tocko/sKy coO6CTBEHHBIE PYHKLMU NePBOrO AP depeHIHaIbHOrO ypas-
HeHHsT 00pasyloT MOJAHYI0 OpPTOrOHaALHYIO cHCTeMy %), MH  MOXeM

18) B mepBOHavYa/bHOM FNOHHMaHHH MAaTPHYHOH MEXaHHMKH (Cp. Hauie H3JO0-
EHHe BHILE) He CYLecTBOBAJO TakOro oOmero NOHATHA COCTOSHHUA, JAA KOTO-
pOro CTaUMOHAapHBIE COCTOAHHS OKa3biBAlOTCH 4YacTHHIM caydaeMm. Touabko cTa-
LHMOHapHbIE, CONOCTaBJEHHbIE COOCTBEHHBIM 3HaueHHAM SHERIHH, COCTOAHHS 6blIN
ANpEeAMETOM TEOPHH.

19) H=H(q1, vees §ps Py oeey Pp) MOKET JaXKe ABHO COXEDXATh BpeMs f,
EctecTsenHo, uTO TOFja, BooGmie roBops, He OyxeT BOBCe HHKAKHX CTALuOHap-
HBIX COCTOSAHHUI.

20) Ecayn uMeerca TOoAbko auckperHwi cnextp. Cp. IL 6,

o
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PasIoXHuTh 110 HUM BCakyo $=10(qy, ..., qp). Ecau ¢;, ¥,, ... cyTb COG-
cTBeHHbe OYHKUHH (BCe ONATh HE 3ABUCHALLME: OT BPeMEHH) U A, Ay, .. —
COOTBETCTBYIOIME MM COGCTBEHHBIE 3HAUEHHMS, TO PA3/IOMEHME HMEET BHJ

O(qp oo qk>_=nz;‘,lan¢n<qp veer g2,

Ecau xe ¢ 3aBucHT OT BpeMeHH, TO { Bo#meT B KoadduLueHTH @, (Ha-
nporus, co6creeHHbe GyHkunu Oy, $,, ... He NOMKHB 34eCb, KAK H
BCIOAY daJee, 3aBHCETb OT BpeMeHH. TakuM 06pasoM, eCad Y==4 (g, ..., q,),
C KOTOPO#i Mbl MME€EM [eJ0, €CThb B AEHCTBHTEABLHOCTH P (g1, « ..y 4 £o)s
TO, € yu4€TOM TOrO, uTO

"P:"P(ql' coes Gps t)=n§an(t)q)n'

Hy= 2 a,(t) Hpp= 2 Man ()},

h o O b
Wﬁ?lP:EQ_n[an(t)"Pn'
n=1

KH3 BTOPOTO nu(p(pepeﬂuuanbnoro ypaBHeHHsT CPABHEHUEM KOS(*)(;)HU,HGHTOB
OJy4uM
B 2l

— st
Tz G =—hy0, (), a,(B)=c,e T

T. €.
2ni i
RLLLE ST ~ 2 (f-
a, (t)—e 2 n(t t) a, (to)— e *h P (¢ to)a

2ni
T ta(t-h)

ne

(2]
b=0@ o D=2 € @ln @ - )
CaenosaTennHo, ecad § He cTaUMOHAPHA, T. €. €Cad He BCe @,, 32 HC-
K/I0ueHHeM OAHOTO, 00pawaoTca B Hydb, TO § (IpH H3MEHEHHH f) yKe
foablie He MeHAETCH /ML HA (B APOCTPAHCTBE COCTOSIHUH) MOCTOSHHBIH
MHOMHTe b abcomoTHOR Beauuunm 1. [lostoMy Oyayr, BooOiwe rosops,
H3MEHATbCS M OlpefefeHHbe BhILE IJIOTHOCTH 3apfAla M, 3HAUMT, B NPO-
CTPaHCTBE BO3HUKHYT peanlbHble 3JeKTpHYeckue KogebGauus 22).

21) D1H, Tak K€ KaK M BC€ NOCACIYIOIHE DPa3JOXEHHS B PAXB, CXOAATCA
«B cpexHem». Mul 9710 paccMoTpuM B IL 2

22) Yro B CTallHOHAPHBIX COCTOAHHAX (M TOJNBKO B TAKHX) TaKHe KoJeGaHHS
OTCYTCTBYIOT, OblI0 OZHHM H3 Haubojee BaXHHIX HOCTyjaatoB Bopa 1913 r.
K#acchdueckada sJaeKTpOAMHAMHKA HaXOZHMTICA B HPAMOM HPOTHBOPEUHH C STHM.
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Mbl BHAMM, HYTO OCHOBHHE MOHATUS W MpPAKTHYECKWe HACTABJEHHUS
ofenx TeOpHH 3ByvyaT 3aMeTHO pasjuyHo. TeM He MeHee ¢ CaMOro Hayalia
OHM BCerja NPHUBOLMAM K OLHAM M TEM e DPe3yJbTaTaM, Ldmeé M TOTIa,
KOrla 3TO Kacajoch JIeTaje#t, B KOTOPHX 00e OHM OT/uyatuch oT Gosee
paHHUX KOHUENUWH KBauTOBOW Teopuu ). DTa HeoObiuadHast cHTyauus
Ooma, kak ykasaHo B l.1, Bckope nposcHena 24) lllpenuxrepoM, Idoka-
3aBIIUM HMX MAaTeMaTHYyeCKYl0 SKBHBAJEHTHOCTb. ME oOpaTuMca ceituac
K 3TOMY [OKa3aTe/JbCTBY SKBHBANIEHTHOCTH H B TO Ke BpPeMA MOACHHM

oSuylo Teopuio npeoBpasosanuit upaka—Mopaana (koTopas o6 beaunser
3T [IBe TeopuH).

3. OxBuBagenTHocTh ABYX teopuii: Teopus mpeoGpasoBanuii

dynnaMentanbHag npobaeMa MATPHUHOH TeOPHM COCTOf/MA B OTHICKA-
Huu Matpun @y, ..., Qp Py, ..., P, Takux, uroOb, BO-NMEPBHX, yIO-
BJIETBOPAMUCEL MEPECTAHOBOYHEIE cooTHomeHus u3 1.2 (crp. 15) u,
BO-BTODHIX, YTOOH HEKOTOpas oONpelesieHHas GYHKUMA 9TUX MATpHL
H@Q ..., Q4 Py ..., P,) cranoBunach [MaroHajsbHoH MaTpuued.

Dra sagava Ouna pasgenesa Bopuom u HMopaanom yke B ux nepBof
nyOauKaLMK Ha JABe 4acTd CjaelyloliuM oOpasom:

CHavana  pasbiCKuBamuch  Kakue-nuOylb  MaTpuusl Q,, ...,ak,

Py, ..., P, xoropuie 1OMKHB OBIH JHIUIE YIOBNETBOPSATDL NEPECTAHOBOY~
HLIM COOTHOLIEHHAM, YTO JIerKO gocTuraercs ); npu s5ToM, BooGuie rosops,

ﬁ:H(Ql, R Q_k’ ﬁl' e ey ﬁk)

He OK43blBAJACh AMATOHANBHON MaTpuueld. 3aTeM NpaBWIbHBE peuIEHUS
pasLHICKMBAaMUCh B (opMe

Q1=S—‘lals’ LI R Qk= S-leS! P1=S—1518, v ey Pk=S_lka,

rie S Moraa OwTh NpPOM3BONBHOH MaTpuueH (Ho Bce ke oOMazalomed
oBparuott Marpuueh S~ co cBoficTaMn S”'S =SS! = 1). Iockonbky u3

BEINO/IHE HHA NEPECTAHOBOYHBIX COOTHOWEHARA M Qy, + ... Qp Py, ..., P,
caepyerT (TOXAECTBEHHO B CHAY cBoficte S|) M UX COPaBeLTHBOCTB
i Qp ...y Qp Py ..., P, u nockomky H=H@Q: ..., Q.

Py, ..., P,) mepexomur 8 H=H(@Qp ..., Q4 Py ..., P,), rze

%) Cp. BrOpyl0 pabory LUpemunrepa, ynomsuytyo B NpuM.!) Ha crp. 18,
24) Cp. npuM. 7) Ha cTp. .
) 25) %p., Hanpumep, §§ 20, 23 xuurn BopHa n Mopaana, ynomanyro#l B npux, 1)
1a crp. 9.
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S7'HS = H %), To exmucreenHoe, urto Hago TpeGopaTb OT S, —
~173 -

o710 yrobn 8™ 'HS 6bina amaroHaapHo#l Matpuuled npu samamnoi H.
CnenoBajto Obl, KOHEYHO, ellle NO3a6OTHTBCA O TOM, urolbl NIpU 3ITOM
S"IQIS, ... OCTaquCb SPMHTOBHMH, KaK Ouim Q,, .... Onsako npu
GoJiee BHUMATEJHHOM PaCCMOTPEHUM OKA3HIBACTCHA, YTO STOMY LaJbHeHIeMy
TpefoBanui0 K S BCErda MOXKHO YAOBJETBOPUTH MO3Ke, MO3TOMY ceHuac
B STOM IPEeIBAPHTENBLHOM pACCYMASHUM MBI OCTaBUM ero 0es BHUMaHHA.
Crenosareasho, TpeOyercs mpupectTd JaHuylo H k  AumarosasisHo#t

dopMe ¢ momomblo npeoSpasosanus S 'HS. lasalfite no3ToMmy TouHO
chopMyHpYEM, YTO 3TO BHAYAT |

Hycte matpuua H umeer saeMment k., uckoMas Marpuua S -— sie-

MeHTH S, H (TaKke HeusBecCTHad) AuaroHanbHas Marpuua H — nunaro-

HAJbHEIE SJEMEHTH W, M, CJeloBaTelbHO, OOwWwi saeMeHT w,3,, 7).
-1 —_

H=S""HS yrBepxaaer 10 xe, utro 1 SH=HS, a nocrensee oszma-

yaeT (ec/M MB NPHPABHAEM APYT APYry COOTBETCTBYIOLIHE, ONpeje.IdeMble

MO H3BECTHBIM MDABHJAM MATPHYHOrO YMHOMEHHA SJeMEHTH ¢ ofenx

CTODOH PpaBeHCTBA):
1 1
zvl Sp-v * wvﬁvp = zvl hp.v ‘ Svp'

T. €.
,
Zv, By Sy =W, + 5,

Oraenbbte cTOAGULL Sy, S, « .. MaTpuup S (p==1, 2, ...) u coor-

BETCTBYIOIIHE AuarokalbHble S/eMeHTH W, Marpuubl H aBasioTcs, caeo-
BATE/bHO, pellleHHAMH TaK Ha3uBaeMoH Npol/eMbl COGCTBEHHBIX 3HAUECHUR,
KOTOpas 3alyuCLBAETC CAEAYIOIHAM OGPA3OM:

Xhgx,=kx, (=12 ...)

26) TMockoabKy
§~1.1.8=1, 8-1.04.8=4.5714S,
S~ '.(A4B).S=S8"14S45"'BS, S-1. AB.S=S"'4S. S~ 18S,
TO Aas MoGOro MaTpHYHOro mnoauHoma P (4, B, ...)
S™P(A B,...)S=P(S"'4S,S"BS,...).

Baap B kauecTBe P JeBHe YaCTH NePecTaHOBOUYHBIX COOTHOMIEHHH, y6elnmcs

B MX MHBAPHAHTHOCTH; B3AB B KauecTse P BeauuuHy H, noayuum S~ THS = H.
#7) b,,— 9TO XOpOWO H3BecTHHil cumBON Kpouexepa:

b,y=11pu p=v,
3,=0 npu ps= v
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(TpHBHAJIbHOE pelllenue X;==x,== ... ==0 eCTecTBEHHO HCK/IOuaeTCH).
JleHcTBUTE IbHO, X, == S, >\=w9 ectb pemenue. (Pewenne x ==0 g,

cJeJ0Bare/bHoO, svaO [ang BceX v] He OTHOCMTCA K Jefy, HOCKOJbKY
troraa p-# cronbew S ucues Ob TOWAECTBEHHO, B TO BpeMd kKak S 06-

-1
aanaeT obpariodt Matpuuet S !). 3aMeuaTenbHO, YTO B CYLIECTBEHHOM
eMHCTBEHHO TaKHe pellleHUs W BO3MOMKHbI.
B caMoM nene, mOJAy4YEHHOE BhIlLE ypaBHEHHE O3HAYaeT, 4YTO Npeol-

pa3oBaHue BEKTOpa X == {X;, X, ...} c moMompIo Marpuust H paBusercs
TOMY e BEeKTODY, YMHOXeHHoMy Ha uncio A. IlpeoGpasyem x ==
=={x, Xy ...} C NOMOWIBIO S~ 1 oBo3naunm MOAYYEHHbIH IPH 3TOM BEKTOD
yepes y=={y;, ¥y ...}. Ecam Mb npeoOpasyeM y c nomouwsio H, To
sto OyleT To e, uyro npeoGpasosamne x c mnomompio HS '=
=S7'AS S '=8""-H. a crenosarensho To ke, uro Npeobpasosa-

nue hx ¢ moMouio S”Y, T. e. Ay. Jatee Hy uMeeT KOMIOHEHTbI
F:‘ WD, 9, =W,

a Ay — KOMMOHeHTH AY,, T. e. TpeGyercs, uToOb w,y, =Ay, Aas BceX
p=1, 2, ..., a 37O 03Ha4aeT, 4TO yH=O A8 BCEX ‘wu;&)\. 1o

O3HauaeT, ecjaH OOO3HAYNTL 4Yepe3 77 BEKTOP, Y KOTOPOro p-i KOMIIO-
HeHTa ecTb 1, & Bce OCTaJbHBle — HYJIH, — YTO y eCTb JHHEHHHHN arpe-

rar Takux 7f, QI KOTOPHX wpml,—a Y4CTHOCTH, Y HYAb, ecyu
TAKOBEIX BOBCE HeT. 3HaueHHe X Nojyuaercd npuMeHeHueM S Kk y, c.je-
J10BaTeJbHO, X eCTb ONpele/eHHbIA Bhlile JMuHeAHBIH arperat BeKTOPOB vf,
npeo6pas3opaubix ¢ moMowpio S. KomnoHenra SvP ¢ HOMepoM p. ecThb

\l
(nockonbKy v-# KOMNOHEHTOH 7P Cbina B,,): > Spodyp =S, Ecan mm
vy

Tenepb OyleM noHumath p-f croabew S: sy, Syps +++ KaK BEKTOP, TO X
Gylet suHeHHBIM arperaToM BCeX CTOMOWOB, AMA KOTOPHIX wpz)\,—
B YACTHOCTH, X €CTb HY/b, €C/IM TAKOBHIX He cyulecTByeT. TaxuM obpasom,
Hallle NePBOHAYAbHOE YTBEPKIeHHe AOKAZAHO: W, W, ... — BTO €IHH-
CTBeHHBle COOCTBEHHBlE 3HAYEHHS H X, =S, )\=wP—B CYLLleCTBEHHOM
€J1HHCTBEHHbIE pellleHus.

370 BechMa BaKHO, MOCKOJbLKY He ToJbko 3uanus S u H zocratouno
L5 ONpefesieHus BCeX pellleHn#t npoOJeMbl COOCTBEHHHX 3HAYeHHH, HO
n Haobopor, Mul MoxeM onpesesuts S u H, xoab ckopo Mbl pemuan
npoGaeMy coGcTBEHHHX 3HadeHHH mosHOCTbIO. HampuMep, Ans H: w, co-
CT4B/J€HO M3 BCeX pellleHMH A ¥ KaxJoe Takoe A MNOSABJAETCH B paALy
Wy, Wy ... CTO/MbKO Pa3, CKOAbKO €CThb NPHHAJMEHAUUX eMy JHuHEHHO-
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HEBABMCHMbIX pelleHHH Xy, Xy ... %), TeM caMbM w;, @, ... yKe
ONpelesieH ¢ TOYHOCTHIO 1O MOpPAIKA Chaepopauud 29),

Takum o0paszoM, ueHTpAJbHAR MNpoG/aeMa MaTPUYHOH TeOpHH — 5TO
peurenye ypaBHeHHs NpoOaeMbl COOCTBEHHHX 3HauyeHHH:

E;. >;“/Zp'v)c'vz-:)\')(fpL (=1, 2,...).

MepeltneM Teneps k BoJaHOBOH Teopun. OcHOBHOe ypaBHeHue 5TOH
TEOPHH «BOJIHOBOE YpaBHEHHEN:

E,. Ho(qy, ..o qp)=h-9(qy --s qp)

rie H —ywe obcyxIasmufica auddepenunasehll onepatop. Hano
OTBICKATh BCe pellenust ¢(gy, ..., g,) ¥ A, HCKIIOUAs TPUBHAJAbHOE!
o(qy --.» q;)=0 n ) npousoibHo. IT0 MOXOMKE Ha TO, uTO Tpe6o-
Banoch B Ej.: Mmoc/ielOBaTeNbHOCTb X;, Xg, ... MOMXET PacCMaTPUBATLCA
Kak (QYHKUHS X, «IpepHBHON» MepeMeHHO# v (Co 3HayeHuaMu 1, 2, ...),
COOTBETCTBYIOIAA QYHKUUH ¢ (g, ..., ;) KHENPEPHLIBHHIXY IepeMeHHbIX
Gy --+» Qg A KQXKABIR pas urpaer o4Hy ¥ Ty Ke poub. M Tombko jH-
HeliHoe mnpeobpasoBanue

-
X, > }_, Izwxv
v
Ha TepBHH B3rJAL COBCeM He MOXOMe Ha NpeoOpasoBaHHe

0@ - g)>HO Gy -0 qp).

Kak e JIOCTHYL aHajoruu?

Mbl paccmaTpuBa/M MHIEGKC v KaK NepeMeHHyl0 H YCTaHOBHJIM napai-
Jedb MEMAY Hel ¥ R TNepeMeHHBMH ¢y, ..., §,, T. €. MEWLY NOJOKHU-
TeJAbHEIM eJBM YHCJIOM M HPOU3BOJNbHOH TOUKOH k-MepHoro koddurypa-
IIHOHHOTO NPOCTPaHCTBa (KOTOpoe Mbl OyleM OTHH e HASHIBATL MPOCTPAH-

creoM ). [TosToMy Henb3st OXuAaTh, YTO Z MOXHO IepeHecTH B Q
v

B BHIe CYMMB, CKopee MpaBHibHOH aHamorue#t OyldeT uHTerpan

f cen f ...dq, ...dg, (wm, Kopoue, f ... dv, dv—>snemeHT 00beMa
e st 2
]

28) Beab cTONOLH Sips Szpy - . — MATPULHI S ¢ rakuM p, 41O W, =X ofpa-
aylT NOAHBI Habop pellenuit U B kauecTBe CTOASHOB MaTpHIibl, uMeOmeR 06-
PaTHYIO, JOMKHE OBTb JHHEHHO HE3aBHCHMBL.

29) TlockoabKy DPOU3BOJNBHAA NHEPECTAUOBKA CTONGHOB S  ONHOBPEMEHHO

¢ COOTBETCTBYIOWIeHl IepecTaHOBKOH CTPOK S~! nepecrapaser Takum we o6pa-
30M AYaroHaJbHbie 3JeMeHTH H, NOpamoK W, W, ... (AKTHYECKH HeollpeneleH
H HEYCTaHOBUM.
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dq, ...dq, B Q). MarpuunoMmy sleMeHTy A, KOTODLIH 3aBHCHT OT LBYX
nepeMelHbX THMA WHIEKCAa Y, TOrJAa COOTBETCTBYET (yHKus
. ! ’
h(ql, A qk),
14 14 N
B KOTOPOH ¢, ..., g, W ¢, ..., ¢, HE3aBUCHMO NPOGeraioT BCiO 00-

nacte Q. IlpeofpasoBanue

%) 1
X, Mhyx,  wm x> D by
v v

J0TKHO ﬂepeHTH TEM CaMLIM B
(g1 oo v Gp)—>

———>f fh(ql, e s Gy e GR) 0@ 7,)dq; - dqy,

N e ot e’

@

a npofG.aeMa cobcrBentbix 3nauenutt Er., xoropas moxmeT ObTb 3anucaHa
KaK

E1. 2: hw'xv' =h- x.,
NepexonlT B
Es. f fh,(ql, ceer @ g ...,q;)cp(q{, q;)dq; codgy =

s o o8 s’

Q@

=)\-cp(q1, ey qk).

3anaun coOCTBeHHHX 3HaueHu#t Tuna Fz, WMPOKO U3Y4a/aHChb B MaTeMas
THKEe W HEeHCTBUTEJNbHO MOryT ObiThb INpeicTaBleHb B BUIE, B CHJBHOH
creneHd aHajsoruyHoM npo6aeme Ey,. OHH Ha3BBAIOTCH «HHTErPAJNbHBIMH
ypaBHeHusMuy 30),

Oanako, K necuyacrtbio, Ep. He mpexncraBasercs B Tako# (opMe uam,
TOYHee, OHA MOxeT OHTb NpeicTaBleHa B 5ToH dopMe Mllb, ecau 11s
JupdepeniuanpHoro oneparopa

h 0 h 0
H:H((]l, cenr Gp ma—ql. N 'ng)

30) Teopus uHTerpaJbHbLIX ypaBHehult ofpesa cBOW LmpeleleHHY0 dopmy.
B pa6orax Ppeiroabma W [manbepra. McuepnoiBaiomee H3A0xeHue, NONO/HEH-
HOE JIMTePaTYPHBIMU CCHUIKAMH, MOXKHO Haiitu B kHure KypaHra u Tuan6epra
Courant—Hilbert, Methoden der Mathematischen Physik, Berlin, 1931,
{Pycckuit mepesox: Meronsl matemaThueckoid ¢uauxu, ocrexuszar, 1951.)
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MokeT OwiTh Hafilena Taxad ¢GyHkimd A(q, .... q,; g7 ..., q;z), yTO
,. HCP(ql’ vaes qk)=
=f . [h@e - a5 @ )o@ - ) de, ... dg,
v e’
]

BHINIOJIHACTCH TOMAECTBEHHO (T. €. And BceX ® (4 « ... §3)).
Iy h(q,, ce G5 gps oo e q;), ec/i1 OHa CylecTByeT, OyAeM BIpeib

Ha3bIBaTb (MHTErpabHLIM) «ALpOM» (YHKUMOHAJbLHOIO oMeparopa FH,
a caM f1 Torlla Ha3bBAeTCd KUHTEIPAJbHBIM ONePATOPOMY.

Ho taxoe mpeo6pasoBanue BOOOILE HEBO3MOXKHO, T. €. AudpepeHunu-
ambHble onepatopel fI HUKOrAa He ABJAAIOTCA UHTErPAJbHLIMA OllepaTo-
pamu. Jlaxe npocrefimuft GyHKUMOHAMbHBLIA oOmNepaTop, mNpeobpasyoult
KaXaylo ® B camoe cebs, — 5TOT ONMepaTOp Ha3mpaeTcs ! — He ABnseTCH
TakoBeIM. OCTaHOBMMCA Ha STOM oNepaTope, NOJIONKHUB Paaud MPOCTOTH
k==1. Hrak, tpebyercs, urobbl GH.I0:

As. v@= [ n@ 9@ aq.

3amennM ¢(¢) Ha @(¢—9,), NonoxuM g==0 u BBeleM MNepeMeHHYIO
unrerpupopanns ¢ =g’ - g, Toraa ¢(gy) == fh(O, 9" —qy)e(q")dq".
Ecan Mpl Temepb 3aMeHHM gy, ¢” Ha ¢, ¢', Mbl yBunum, 4ro 2 (0, ¢’ —g)
pelraeT 3ajayy, TaK ke Kak M A (g, ¢’), Tak yTO MB BNpaBe CYUTATh,

yTo #(g., ¢') sasucur auuib oT ¢’ —g. Torza rtpeGosanue QopMymu-
pyeTcsa Tak:

A s@= [h@— 2@ 4. 1@ )= — ).

3aMendn cHoBa ¢ (¢) Ha © (g q,), yOemuMcs, uTO KOCTATOYHO PaccMo-
TpeTh cayyaft g =0:

As. 2= [ r@egdg.
Bamena ¢(g) Ha @ (— ¢) NMOKasblBaeT, uto kb (— ¢) ecTb, TaK XKe Kak k(g),

pellleHde W, CJaeA0BaTeNbHO, A4 (q) == -12— (h () <+ h (—g)) — Toxe, Tak 4TO

h(g) MoxXHO cuntaTb yeTHOH ¢yukuue# g.
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SIcHO, YTO STHM YCJOBMAM HEBO3MOXHO YAOBJETBODHTb! €C/IH MHI
peiepeM ¢ (g) > 0 s ¢ =0, ¢(0) =0, To u3 Az, caeayer, uto £ (q) =0
qas ¢q==08). Ecin ke Mbt BhiGepeM 9(g)==1, To momyuutcs

[>e]

[ n@ag=1,

-0

TOrJa KaK K3 Tpeabiiyluero 663yCJlOBHO caenyer

folz (9)dg=0.

-0

HecMoTps Ha 3rto, Jupak JuueMepHO AONMYCTHJ CylilecTBOBaHUe (PyHK-
LuHd TAKOro poja:

A 3(g)=0 mmm g=0. 3(g)=3(—q). [B(gdg=1.

Oua ynosiaeTBopuia Obl Ag,:

[ @e@aa=+0) [2@dg+ [ 3@ [e@—0¢(©)dg=

=901+ [ 0-dg=20)

a CreloBaTeIbHO, TakKKe Aq. U Ag.. MBl IOMKHB NpelcTaBasaTh cele
3Ty GYHKLMIO HUCuesalolleH Be3de, KPOMe HA4a/la KOOPAMHAT, H HACTOJLKO
CHIbHO OecKoHeyHoH B STOH TOYKe, YTO MOJMHBIH MHTErpan OT Hee
BCE Je OKA3LIBAETCA PABHHM elnHuile 32),

Ecan yx Mb npusHaeM STy (HKUMIO, TO MOXHO OYIeT NMpeACTaBJATh
caMple pasHooOpasHele IudbepeHiuadbHble OINEPaTOpH, KaK OMNEPATOPH

81) Tounee, ecan Mbl BO3bMEM 3a OCHOBY HUTerpai B cMbicae JleGera, To
g gz 0 pomxuo OuWTh h(g) =0, HCKAOUas MHOXECTBO Mepbl Hy/lb, T. €. 33
HCKJIOYeHHeM 3TOro MHOwecTBa h (¢) =0 to:xIecTBeHHO.

2) Maomany nox kpuBofl 3 (g) Mbl AOMKHH IpeacTaBafth cebe xax Gec-
KOHEYHO y3ku#l ¥ GeCKOHEUYHO BBICOKHH muK B TOuke ¢ =0, TaxuM o6pasom, uTo
ero maoIaxmb pPaBHA eRMHUNE, CKAXEM Kak NpejeabHOe noBeAeHHe QYHKIUM

@ o
‘/;— e~ % npu a->-}00, HO 9TO BCe DABHO HEBOZMOXHO He B MeHbeH
Mepe.
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HHTerpaJbHEle, €CIH B JONOJHeHHEe K 3(g) BBECTH M €e NpPOU3BOAHHLE.
Torga zaxonuM, uToO

;qn 9 ()= / 2g—9)9@)dy = f -g—n 3g—9)9(¢)dy =
- / ¥ (g —q)v(q)dq's
@)= [3—g)q"9(@) 47"

- 00
1. e uto -1y g7 wmeior mat M (g—q)n d(g—q')q"
. e 7 HTerpanbHble A1pa gq—qgHhud@g—qHyg
cooTBeTcTBeHHO. [Io TOH e cxemMe MBI MOXeM HalTH HHTErpajsbHble
AIpa CKOJMb YrogHO CJAOXHHX auddepeHLuatpHEX onepatopoB. [lpu
HECKOJILKUX MEPEMEHHBIX ¢y, «+es §p K LUEHH MNPHBOAAT MPOU3BEIEHHA

d-yHKuMH, HanpuMep:

f [3@—a)3(@—a5) -+ 3@ =) ¢(@}r + -+ 91)d4] ... dgy=
| —

2

[‘I [fw[ fw?(q{’qé’---’q;)a(ql—qi)dq{]3(q2—q;)dq;}-u}x

-0 -0

X 8(q,—94)4q, =

=-f[[ fm?(qp % ....q;)a(qg——q;)dq;} }a(qk_q;)dq;___

-0

= ... =cp(q1, Qo v v en qk),

f /.6, (4 _q1)8(‘72_q2) 3(qk—q;)<p(q;,

s—._..,..-_«

=7151/ /8(q1~q1 8 (h—1) -

—-—v—_r

’ d
...8( k_qk)cp(ql' s ey qk)dql e qu='aE~(?(q1, s e e qk)'

H TaK Ianee.
Tak MOXHO HaB#3aTh HHTerpa/ibHOe NpelcTaBieHde J, MpakTHYecKH
BCEM OINepaTopaM.

o0 qy)dq) ... dg, =
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Ko/ib CKOPO eCTb Takoe mpelcTaBieHue, aHamorna Mewdy Ei, u Es.
4
CTAHOBUTCS NOJHOM, HYXKHO JMIUb 3aMeHATb v, ¥/, D x nHa
"
. ’ 7, ’ ’,
o voor Gpb Gy e Gps f f ceodgraadg 9.
—-\é——w

Kak BeKTOpaM X, COOTBETCTBYIOT OYHKUMH ¢ (¢ +... ¢p), TAK H
MaTpuuaM /A, HYMXHO MOCTAaBUTL B COOTBETCTBHE HHTErpajbHHE fIpa

h (‘71' P P FE q;); OIHaKo elle HeaecooOpasHel paccMaTpHBATDH
5TH siapa NpPsSIMO KAK MAaTPHLB M COOTBETCTBEHHO CUHTATb (1, ..., (g
HHAEKCAMU CTPOK, & §, ..., {, HHIEKCAMU CTOJIOLOB, COOTBETCTBYIO-

muMi v u1 ¥, MH Toria umeeMm, KpoMe OOBIYHBIX MaTpHL {hwr} ¢ nu-
CKPETHHMH COBOKYIHOCTAMH CTOJOLOB # CFPOK, HYMEPOBAHHLIMH Hi-
camu 1, 2, ..., eme apyrue (A (g -+ .v 4y gy, - - o> qp)}) (nnTerpanbhie
a1pa), AJA9 KOTOPHX Kauaafd COBOKYNHOCTb XapakTepu3yercs R-NepeMeH-
HEIMH, HelpephiBHO mpoberalouiuMu sce L.

Drta aHajsorus MOMKeT MOKazaTbcd uucTo (popMasibHOH, HO B AeHCTBH-
TeJbHOCTH 9TO He Tak, #60 MHIEKCH vy # vV MOTYT TaKixe paccMaTpi-
BATbCA KAK KOOPIMHATH B [POCTPAHCTBE COCTOSHMH: MMEHHO, eCJH
MOHMMATb MX KAK KBaHTOBHle uucja (B CMBICMe Teopuu Bopa: kak HoMepa
BOBMOXKHHEX OPOHT B ()a3OBOM NpPOCTPAHCTBE, KOTOPHE OKA3HIBAIOTCH AH-
CKPEeTHBLIMH BCECTBHE BANPETOB, HAK/IAALBAEMBIX KBAHTOBLIMU YC/IOBHSAMHU).

Mu ne Oylem npociexupaTb Jafee STOT XOI MbICAH, Pa3BuBas KO-
topu#t Jupak n Mlopan ouepTuau eNMHYIO TEODHIO KBAHTOBHIX NpPOLEC-
coB. «HecoOcTBenHble» KOHCTpykUuu (Takue, kak O (x), 8 (x)) wurpaior
B HeM DeUIalOLLyI0 DPOJb — OHM JIeXKaT 3a npejenaMu oOwuHo ynorpeb.se-
MbIX MATeMaTHYeCKUX MeTOJOB, a Mbl HajleeMcs ONUCATL KBAaHTOBYIO Me-
XaHUKY C TOMOIILIO MMEHHO 3THX MOCHKeJHUX MeToloB. IlosTOMy MM
nepeiileM K IPyroMy (IIpefHrepoOBY) MeToLy o6beluienus o0eux Teopui.

4. OkBuBaJeHTHOCTh ABYX Teopuii: I'miab6epToBO NPOCTPAHCTBO

Meron, naMevenunit B [. 3, nMpuBOOMI K aHANOTMA MEXAY «AMCKpeT-
HEIM» TPOCTPAHCTBOM 3HaueHu# uHAexca Z=(1, 2, ...) u HeNpepHBHLIM
KOH(UTypaLIHOHHBIM IPOCTPAHCTBOM & MeXaHHyeCKOH cucTeMul (2 k-Mepuo,
rle k YMCNO KJIACCHYECKHUX MeXaHWYyeCKUX CTeMeHeHl cBOGOAb CHCTEMEHL).
Heyinsurennio, uyTo Takas aHajorus He Moraa OuTh LOCTHrHYTa Ges
HEKOTOPOro Hacuaus Hal dopmanusMoM # MaTeMatukoH. IIpoctpanersa Z
n @ B JeHCTBHTENLHOCTH BeCbMa Das3iuuHbl W JI06as MOMLITKA COOTHECTH
MX JO/A(HA NPHBOIATL K GOJBIUMM TDPYIHOCTAM 33),

%3) BonpoueM, K yHHOHKAMUM TAKOrO POXA 3afOATO A0 KBAHTOBOH MeXxaHUxu
crpemuncs E. H. Moore — OCHOBOMONOXHHUK Tak Ha3bIBAE€MOTO «OGIIEro aHalH3a».
Cp. cratbio ua o1y TteMy: Hellinger—T6pliz, Math. Enzyklopidie
Bd. II 3, 9 Leipzig, 1927,
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Onnako, yTo HaM B CaMOM JeJie HYXHO, STO BOBCE He COOTHOIIEHHe
mexay Z u £, HO TOJBKO COOTHOIIeHHe MexAy (YHKUMAMH B STHX IBYX
NPOCTPAHCTBAX, T. €. MEKAY MOCAeNOBATE/bHOCTAMH X;, Xy ..., KOTO-
pule cyTh GyHKUAK B Z, M BOJHOBHIMU PYHKUHUAMYE P (G1s ..., §p), ABJSIO-
muMucs ¢ynkuuaMun B Q. EXuHCTBEHHO 3TH (PyHKUMM M NPEICTABJAIOT
coboit T¢ 00BeKTH, KOTOpble BXOLAT B MOCTAHOBKY KBAHTOBOH MeXaHu-
yeCKkol sanaum,

B Teopun lllpenuurepa BaxHYIO POJb WrpdeT WHTErpaJ

f...f]go(ql, conr q1%dgy ... dgys

?

OH HOMKeH OLITL paBeH eNMHMLUE NS TOTO, YTOOH GYHKUMH ¢ MOKHO
Gusio nath Qusnueckylo murepnperauuio (cp. 1.2). B Martpuuso#t Teopuu,
wanporus (cp. npobaemy Ey. B 1.3), pemwanouiyio posb urpaer pekTop
X{ X9 .... Ha 3TOT BekTOp BCeraa HaKJIaIBIBAEeTCH YCJIOBHE KOHEU-

HOCTH CYMMH Y |x,]? B Oyxe runbOepToBOH TeOpud TaKoro poia 3agay
v

0 coOCTBEHHBIX 3HaueHuAX (cp. ccelIKy B mpuM. ) Ha crp. 25). OO6biyHo

Jaxe, yTOOBI MCKMIOYNTh TPUBHANLHOe pellledye Xx,==0, ycTaHaB/MBAIOT

HOPMUPOBKY X |¥,|2==1. DTo nobymaaeT HAC OrpaHHYMTbL Kpyr zomy-

v
CTHMHX B Z win & dyHKUuH TaKuMH, LI KOTOPHIX

2("’»]2 Hi f f|go(q1, cons 9)|2%dg, ... dg,
_ A

Y -

KOHEYHHl, MOCKO/bKY JHIIb A8 Takux dyHKuui 2 wi f ces f Moryr

v S

OLITb CHeNaHBl DABHLIMM eNMHHUE YMHOXEHHEM Ha [OCTOSHHYIO, T. e.
(GyHKLME MOMHO HOPMHDOBaTb B OObluHOM cMbiC/ie ). Mu HasoBeM MHO-
KectBa TakuX GyHkunii Fz u Fg cooTBeTCTBEHHO.

34) MHorokpaTHO OTMeuanoch, uTo B Teopuu Illpexunrepa Has BOJAHOBOI
dYHKuMM ¢ CyLIeCTBEHHO AWML TpeSOBaHUE KOHEUHOCTH HHTErpa’a

f f|<p(ql,..., qk)]2dq1 ... dg,.

]

Tax uwro, nanpuMep, ¢ MOxer OHTH CHHIYJApHa, MOXKET OOpaIaThCH B 6ECKO-
HEYHOCTh, €CAH TOMNbKO YKA3aHHHH HHTErpald OCcTaercsl KOHeUHnM. I[loyuuTelp-
HBIM TIpUMEPOM T2KOTO POJa OKa3bBaeTCH aTOM BOJOPOAA B PENATUBHUCTCKON
teopun Nupaka, cp. Dirac, Proc. Roy. Soc., Lond, 117 (1928); u W. Gor-
don, Z. Physik 48 (1928).
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Ianee, Bunoanserca teopeMa: Fz u Fo usomopduni (Fischer u.
F. Riesz)¥).

TouHee 9TO oO3HauaeT clenyoluee: Bo3MOXKHO YyCTaHOBHTH OAHO-
0JHO3HAUHOE COOTBeTCTBHEe Mexay Fz u Fg, T. e. Kaxao#i nocienosa-

TeJbHOCTH X;, Xg, ... € KOHEUHOH levl"’ COMOCTaBHTb  (DYHKIUHIO
v

¢(qp - Gp) C KOHEUHBIM f f | (qy - qp)|?dgy ... dq, w Ha-
—

060pOT, TaK 4YTO COOTBeTCTBHE OyAeT JHMHEHHBIM U H30OMETPHUYECKUM.

«JIMHEHHOCTbY 03HAYAET: €CAH Xq, Xg» ... COOTBETCTBYET @ (Gyr - ... 1)

H Yy Yoo oo . COOTBETCTBYET $(gys ..., Gp), TO @Xy, AXy oo H X1+ Yp

Xy~ Yy +e. COOTBETCTBYOT a¢(gys .-+ Gg) W ¢(qy -0 Gp) -+

4 (ggr + s p); CH3OMETPHUHOCTH® O3HAUaeT: A COOTBETCTBYIOLIMX
! 2

APYF LPYFY X;, Xgo «o. H @(gp ..., qp) BHOOHFETCH D |X,|%=
v

=f f lo(qys - s qp)|?dq, o .. dg, (NOHATHE «H3OMETPUH» CBA3AHO

<
C TeM, YTO TPUHATO pAaCCMAaTPHBATb Xy, Xos ... H ¢(¢;, ..., §,) KaK

BEKTOPHI, l/E]va H l/ f ---fl’?(‘h’ v gpl2dq, ... dg,
v ‘-—-5—-'

KaK COOTBETCTBYIOLLUE «AMHHLI»). BAOGABOK, eCa Xy, Xg, oo M Yys You o s

OTBEUAIOT COOTBETCTBEHHO ¢ (g «... gp) H $(q¢y, ..., ¢p), TO Oymer
naxe

Exvi=f o [eu s V@ - a0 dg, - dg,

B ——
]

(1 06e uwactu abcomorHo cxoasrcs). [1o mosoay sT0ro Noc/ienHero NyHKTa
3aMeTuM, 4T0 COOCTBEHHO MOMHO OblI0 OH KeldaTh, 4TOOH BHIMOJHAIOCH

Ex,:f... f‘P(‘h- cver gp)dqy ... dg,
v ‘—-Eaﬂ-—-'

WIM HEYTO B 3TOM pOAe, T. €. NOJHOH AHANOTHH MEXAY CyMMHPOBaHHEM
C OOHOH CTOPOHBI, U HHTErpHUPOBAHHEM C Apyro#, ogHako OGaHmakHiuee

%) B raaBe o ruab6EpTOROM MPOCTPAHCTBE MM BEePHEMCH K AOKA3aTeALCTBY
3T0# Teopembt (cp. II, 2, 3, ocoberno meopexa §. B 1I, 2). 3amernm, 410 A%
MHOTHX LeJedl JOCTATOMHO TONBKO YACTH STOH TEOpeMH, KOTOpad AOKA3WBAeTCH
MHOTO mpome; HMeHHO: H3OMOphH3MA MexAy Fg ¥ cooTBETCTBylOmeil YacTbio F ;
AOKa3aTEALCTBO 9TOH wacTH Bocxoaut k Hilbert'y (Gott. Nachr, 1906). Tak,
epBOHaYANbHOE WIPeUHrePOBO A0KA3aTEABCTBO SKBUBANEHTHOCTH (Cp. HpHM.7)
ua crp. 13), ToXe OCHOBAHO TONLKO Ha 9TOH YacTH TeopeMBbl,



32 BBOJIHBIE 3AMEYAHHS [T 1

pACCMOTpeHHe  TOKA3LIBAET, YTO C/AOKEHHE 3 M  WHTErpUPOBaHHE
v

f cae f ... dg; ... dg, TNpHMEHAIOTCH B KBaHTOBOH MexaHMKE BCeria
N, t—

2
TOMBKO K TAKHM BhIPAMEHUAM, KaK X Y, WAL @(q;, « .o )0 (G + v o5 Gp)-

Mbi He cofupaeMcs 3IeCh NpeLNpHHUMATh Kakoe-1n0O uCC/enoBaHue
TOIO, KaK 3TO COOTBETCTBHE NO/KHO OBITh YCTaHOBJAEGHO, NMOCKOAbKY 3TO
Bce paBHO Oyner Hamed rsiaBuok 3a6oToH B caenyouwie#t raase. Ho nazno
MOLYePKHYThb, UYTO O3HAUAeT CYuleCTBOBaHHE TAKOrO COOTBercTBUs: Z U 8
BeCbMa Pa3AuuHbl M YCTAHOBJEHHE TNPAMOH CBA3M MeXAY HHMH AO/DKHO
NPUBOAUTL K HEpPA3PellMMEIM MateMaTudeckuM tpyaHoctsM. C apyroi
croponbt Fz u Fg u30oMOp(hHB, T. €. MAEHTHYHB NO CBOeH BHyTpeuHed
cTpykrype (OHM peatudyloT ONHH M Te e abCTpakTHEle CBOHCTBA B pas-
JUYHBIX MaTeMaTHYeCKMX MOCTPOEHMAX) — M MOCKOJALKY OHR (HO He camu Z
u 21) cyTb cOOCTBEHHO aHajiuMTHuecKHe CyGCTpaTel MATpHYHOH ¥ BOJHO-
BOH Teopu#t, TO 3TOT u30oMOpdHM3M 3HAUUT, 4TO 00e TeOpHH AOJIKHEI
NPUBOAHTL K OAHUM H TeM e 4YHCHeHHbM pe3ysapTataM. [losromy, Ha-
npuMep, H30MOpP(}HU3M COMOCTABJSET MaTpuly

H=H@, ..., Q» P .... P

i ONepaTop
h 0 h 0
H—-H(ql, cens gy ’Qﬁ—lnéa’ ey 277‘]:)
apyr apyry. Tlockoasky u Ta u Apyrofl mnoayueHsl ¢ MOMOLIBIO OAHHX
W Tex ke aareGpadueckux onepauui u3 Marpun Q, P, (I=1, ... k)
H (YHKUMOHAAbHBIX ONepaTopoOB
h 0
Qpr oo o5 B = (=1, ..., k)

2ni ogq, ' """

COOTBETCTBEHHO, TO AOCTATOUHO MNOKas3aTh, YTO ¢, ... OTBEYAET MATpHIEL

Ql, .o H %diql- ... MaTpuue 1_3,, ... Janee, or MaTpuL 6_21, 13,

(!=1, ... k) ne TpeGoBaAOCH HUuEro, KPOMe TOrO, uTOOH OHH yaOBJeE-
TBOPSJIM NpPaBiaM MepecTAHOBKH, YNOMsIHYTHIM B I. 2

Q-mQ_n_Q_nQ—m=0' ﬁmﬁn-—ﬁﬂﬁmzo'
=0 npu m=£n (m,n:],?,.--)
QmPﬂ*—P”sz h

27{1‘-1 npy m=n.

h 0
Ho MmaTpuusl, cooTBeTcTByIOWME (110 U3OMOPPUBMY) §)) « . Wy om0
?

Oe3ycnosHO OyLyT MM YIOBJETBOPATH, NOCKOJbKY CaMu (DYHKUMOHA/bHBIE
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h 0
'2_1.:[ —5_6; y v e .
CTBA 5T HE TepsIOTCS NpH H3OMOpPOHHOM nepeHoce Ha [ .

[Tockoabky cucteMsl Fz u Fg u3oMOpdHBI, U NMOCKOALKY KBAaHTOBHIE
MeXaHHKH, NMOCTpPOeHHbe HA HUX, MaTeMaTH4eCKH paBHO3HAyHbl, TO Clje-
AyeT OMUAATh, UTO €HMHYIO TEeOpHUIO, He 3aBUCHUMYIO OT caAyualHoCcTeH
¢opmantbHOR CXeMmbl, BHOpaHHOH B CBOe BpeMdA, U IMPEACTABJAILLYIO
TOJNbKO AeHCTBUTEAbHO CYLeCTBeHHbe YePTH KBAHTOBOH MEeXaHHUKH, MOKHO
fyneT NOCTPOHUTb, JUIUb €C/AM H3y4YuThb OCHOBHHIE BHyTpeHHUe CBOHCTBA
(obwme aas Fz m Fg), mpucywiue sTuM cucTeMaM GyHKUBH, M B3ATb
IMEHHO MX 33 HMCXOAHYIO TOYKY MOCTPOEHHA,

Cucrema F, 0oOblYHO Ha3biBaeTCd «npocTpaHcTBOM I'uinbepra». Takum
o0pa3oM, B MepBYIO Ouepedb peub MHORAeT O TOM, uTOOH pasmICKaTb
Te BHyTpeHHHE CBOHCTBAa ruinbepTOBa NMPOCTPAHCTBA, KOTOPHIE HE 3aBHCAT
OT ClellMaJbHLIX CBOHCTB ero 4acTHHIX BOmAowWweHud Fz uaun Fg. Mare-
Matuueckuit o6pas, onuceiBaeMblf 3THMM CBOHCTBAMHM (M KOTOPHIH B KOH-
KpETHBIX YACTHBIX C/AydyasX MOXHO B Ue/ddX BHIUMC/AEHMH C paBHbIM Mpa-
BOM TNpUHKMATL 3a Fz wiau Fo, HO aig ofwux uenei ynobHee paccMa-
TPHUBATH HEMOCDPEACTBeHHO), GyAeM HA3HBATh «abCTPaKTHHIM THALGEPTOBLIM
NpPOCTPAHCTBOM».

Wrax, Mbl XOTHM onucate alGCTpakTHOe ru/is0epTOBO NPOCTPAHCTBO
M 3aTeM C MOJHOH CTPOTrOCTBI0 [0Ka3aTb C/eAYIOLIHEe NOJAOKeHUS:

1, Uro abcrpakTHOe ruAbbepToBO MNPOCTPAHCTBO OAHO3HAUHO
XapakTepH3yeTcs cBOHCTBaMH, KOTOphle OYAyT yKa3aHwl, T. €. 4TQ
OHO He AOMyCkaeT 0o/ee CYIIECTBEHHO Pa3/H4YHBIX peadulanui.

2, Yro ero ceoHcTBa ocyuiecTBasOTcs Kak B Fz, Tak u B Fo.

(Ilpu sToM Bewu, obcyxnaBuinecs B I. 4 auiib KavecTBeHHO, 6yayT
CTporo mnpoananusupoBans.) Korma 3710 OyAer cnenaHo, Mul NpHMEeHHM

noayyaeMsit TakuM o00pa3oM MaTeMaTHUeCKUW ammapaT K NOCTPOEHHIO
KBAHTOBOH MeXaHUKH.

OMepaToprl §, ..., o6nagaior stuM cBoHcTBOM ¥), M CBOH-

36) Mbl umeem

0¥ (e o0 D) = 99,9 (T oo s D)
o 0 o 0
Tqm“m‘?(qv”" qk)="aﬁm PGy s 9
=0 1pp m£n,
=9(q; ..+ q,) TPH m=an,

H3 4Ero npamo CAeAyIOT HYXHbIE OnepaTOpHBIE COOTHOMIEHMS.

0 0
mqﬂ?(ql’“" qk)—qnm?(qu ey qk)=

3 U. He#iman



FITABA 1l

OBLIUE CBOHCTBA ABCTPAKTHOIO
THJIbBEPTOBA MPOCTPAHCTBA

1. Onpenesenne aGCTpakTHOro mpocTpancTsa I'mabGepra

Ham Hano teneph BHIMOJHATD NMpPOrpaMMy, NMpei/iOXeHHy0 B koHue 1.4:
olpefe/iuTb Tu/Ib0epPTOBO NMPOCTPAHCTBO, — KOTOPOE JAaCT HaM MaTeMaTu-
YyeCKOe OCHOBaHMe [/ TPAKTOBKU KBAHTOBOH MeXaHUKU, — B TepMUHAX
HCK/IOYUTEAbHO TeX TNOHATHH, KOTOphie BNOCAeICTBMM BOHAYT B CaMmy
KBAHTOBYI0 MEXaHUKY M KOTOpHe B CHAY 3TOro OyayT uMeTb pPaBHBHIH
CMBICA KaK B «AMCKPeTHOM» (YHKUMOHAAbHOM npocTpaHctse F, mHocije-
aopatenabHoctel x, (v=1, 2, ...), TaKk M B «HENpPEPHBHOM» NpO-
crpaHcTee Fg BOAHOBBIX dyuxkuuit ¢ (g, ..., ¢5) (9. ..., g, npobe-
raioT Bce KOHPUTYPAUUOHHOE NPOCTPAHCTBO ). DT MOHATHA, KaK MH
yXKe OAHAXIbl YKa3hlBajH, CYTh CJCAYIOILME:

@) YMHOXeHMe Ha cKajap, T. . NepeMHOeHue (KOMIIeKCHOT0)
uucaa a u sjaeMenta f ruabbeproBa npoctpancrea: af. B F, npu
3TOM M3 X, modyuaercd ax,, a B Fe u3 ¢(¢,, ..., q,) NOAyuaercs
a3 (gy -0 qp).

B) Cnomenue u BriuMTaHMEe ABYX 9AeMeHTOB f M g abCTpakT-
Horo ruibGeprosa npocrpanctea f kg, B F, npm stoM u3 x,
My, noaydaerca x, & y; B Fo u3 (g «..» gp) ¥ $(qy .0\ qp)
noayuaercs ¢ (g «.vr ) T V(G oo -s Gp)-

Y) «Buyrpennee yMmMHOMeHHe» ABYX 37eMeHTOB f u g alcrpakrt-
HOTO Tuib0epToBa MpPOCTpaHcTBa. B oriuume or &), ) sTa onepa-
UM TPHBONUT K (KOMIMJEKCHOMY) UYUCAY, a He K 3JIeMEHTY THJ/b-
Geprosa npoctpanctea (f, g). B F, npu stom u3 x, u y, noay-

qaercs Zx‘,yv, a B Feo us o(qp -vos @) M $(q vy qp)

noayuaercs f fcp(ql, oo gY@y o gy dgy ... dg,.

e et
]

(Onpenenetuss B F, u B Fg nomxns OwTh NONO/MHEHH HeOGXOAU-
MBIMH A0KA3aTeAbCTBAMU CXOAMMOCTH. Mui npuseaeM ux B [L.3).
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KpoMe Toro, B AadbHeHuiem Mbl Gyaem NoC/ienoBaTeabHO 0603HA¥aTh
touku abcrpakTHOIO THAbGepToBa npocrpanctea Oykeamu f, g, ...,
¢, ¥, ..., KOMIJeKCHble udcaa — GykBamu @, b, ..., X, ¥, ..., a ueane
noJoKuTeAbHEe uHcaa — Oykeamu &, I, m. ..., p, v, ... Mu OGynem
takxe B caydae neobxoaumoctd 0603HayaTh abcTpakTHOe TMiALGEPTOBO
npoctpancTBo chmMpoaoM R (Kak cokpaulenHoe 0003HauEHUE CO-MEPHOrO
eBK/AIA0BA MPOCTPAHCTBA, aHAAOTMuHOe OOHUHOMY O00O03HAUeHUIO R, nas
«R-MEPHOrO eBKJHIOBA NpocTpaHcTsay [n=1, 2, ...]).

Camoe 3ameuarteibHoe B omepauusx af, f = g, (f, g) 310 10, uTO
3TO KaK pa3 OCHOBHBIE OMEpalid BEKTOPHOTO HMCUHC/IEHHSA: Te ONepalui,
KOTOpHE AEAAI0T BO3MOXHBIM BREMIGHHE BBIMHCAEHHS IIMH U YI/OB B reo-
Merpud EBKIMAA WM BHUHC/ICHHH, OTHOCAIIMXCA K Cule u paboTe
B MEXaHHKe YaCTHL. AHAJOrMs CTAHOBHTCH COBEPLIEHHO ACHOH B cayuae Fo,
eCid BMeCTO X;, Xou ... B R MB paccMOTpuM OGmiuHble ‘TOUKH
X3 oo X, 13 R, (218 KOTOPHIX Bedb omepauuu &), B), Y) MOryr 6rith
onpene’eHsl Tak e TO4YHO). B YaCTHOCTH, HAA 7 ==3 Mbl UMeeM Cayuait
OGBIYHOTO MPOCTPaHCTBA. B HEKOTOPHIX cAyyasax 6ojee yao6HO TOBOPUTE
0 KOMILIeKce Xy, ..., X, HE Kak O TOYKe, HO KaK O BeKTOpe, Halpa-
BaennoM u3 touku 0, ..., O B TOUKY X, ..., X,.

Hrak, naa rtoro utobu onpeneduTh abCTPaKkTHOE THALGepTOBO MpO-
CTPAHCTBO, MBl BO3bMEM 33 OCHOBY (yHIaMeHTa/lbHHiEe BEKTOPHblE oOne-
paunu af, f = g, (f. g)- Kax oxaxercs npu obcymueHuu, K KOTOPOMY
Mbi TepexomnM, Mu oanoBpeMenHo ¢ R oxsatum u sce R,. ITosrtomy,
NoKa Mbi elie He XOTHM CleudaidpHo pasdiuuate Mexny R u R, mu
6yneM NOJb30BaThCA HeHTpalbHEIM CuUMBOJOM R Kak ofuwum oGosHaue-
HUEM NpPOCTpPAaHCTBA.

[MocryaupyeM npexpae Bcero B R xapaktepHole BeKTOpPHHE CBOH-
crea 97):

A. R ecTb nuHEHHOE NPOCTPAHCTBO.

dro smauut: B R onpeseneHsl crokeHue f---g u yMmHOMeHue Ha
«ckanapy af (f. g—osaeMentot R, @ — xomnaekcuoe uucao; f = g
u af npusannexar R), u R umeer nyresoH saement 039),

37y Xapakrepucruxka R, uepes A., B., €. pocxopur k W e y I'o (cM. Raum,
Zeit, Materie, Berlin (1921)). Ecan Mbl x0THM noayuutb R., BMecTo R, TO

ecrecteento C." samensercs na C.(*). Toapko B 3TOM ciyyae BO3HHKaeT
Heobxonumocth B D., E., cp. OOCYX/IeHHE B TeKCTe HHXe.

38) KpoMe nayana KOOpDAMHAT HAM HYJAEBOrO BexkTOpa B I €CTh TaKke
qyucao 0, Tak 4TO OfMH CHMBOA ynoTpebasercda jnas oGO3HaYeHHd JBYX Pasiuy-
Hbix Beme#, ORHAKO OTHOMEHHA MENXAY HYMH TAKOBbI, 4TO NyTAHHIbl IIPH 3TOM
He BO3HHKAET,

3%
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TakuM 06pasoM, 478 TOTO NPOCTPAHCTBA BHUTONHSIOTCS U3BECTHbIE
npaBu/ia BeKTOpHOH anrelphnt
f+g=g-+f (KOMMYTaTHBHOCTb CJIOMEHHUS),

F+9+r=f-+(g-+h) (accounaTuBHOCTL C/IOKEHUS),
(a+b)f=af +bf
a(f+g)=af +ag

@by f=a(f) (accouMaTHBHOCTb YMHOXKEHHS),
0f =0, 1f=1 (pob HyAA ¥ eIMHHILL).

} (AucTpuOyTUBHOCTD YMHOMKEHUS),

[1paBuia BHuuc/IeHuH, He YyKasaHHHeE 3[eChb, HEMOCPENCTBEHHO CJe-
AYOT M3 3TUX nNOCTyJ1aToB. Hanpumep, poJb Hy/AeBOrO BexTopa B CJO-

KeHUuu:
fH0=1.f40.f=0+0).f=1.f=/.
Vau onHO3HAYHAS BO3MOMHOCTL BHUHTAHUS: ONpenelnM
—f=ED-fi f—g=f+(—g):
TOrna
f—o+g=0+—)t+eg=/+({(—+8 }__
f+o—g=0++—a=f+E+-g) ]
=f+(=D g+l g=f+((=D+1 g=
=f+0-g=f+0="f.
W pucrpubyTuBHBE 3aKOHBl YMHOMKEHUS NPU BHIYUTAHUH
a-(f—g=a-fte - (—g=af+ta - (=) &=
—af+(@ (=) - g=af+((—Da) g=
=af+(—ag)=af —ag,
(@—b - f=a - fF+(=b- - f=af+((—Db. f=
=af A+ (—bf)=af —bf.

He crout, mowany#, npono/xarth 3TH NpUMephbi jajblie, H TaK AOMKHO
6HTb ACHO, UTO BCE MNpaBUaa JUHEHHOTO BEKTOPHOTO HCUUCAEHHA 31eCh
UMeIOT MecToO.

Mbl MoxeM, CaeloBaTelbHO, Kak H AJAA BeKTOPOB, OMNpelefnTh, KOr-
Ja U3BeCTHble 3jaeMentdl f;, ..., f, npocrpauctea R Oymyr auueitno
HE3aBUCHMEL,

Onpedesenue 1. Dnementst fy, ..,, f, TMHeHHO He3aBHCUMBL,
ecmu w3 afi+ ... Fa,fr=0 (a; ..., a,— KOMIIeKcHbIg
YMCIA) CAGAYET, YTO @y =@y == ... ==@q,==0,

OnpeneJmM Janee aHanNOr JAuHeHHBIX 0GBEKTOB BEKTOPHOrO HcUuCaAe-
HAA (IMHUA, TI0CKOCTb M T. I., MPOXOIALIME ueped HAuaio KOOPIHHAT) —
nuHefinoe MHorooGpasue.
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Onpedeaenue 2. TlomMuomectso IR mnpocrpancrsa N nHaswi-
BaeTCAd JMHeHHBHIM MHOTroOoOpasveM, ecC/Au OHO BMeCTe C KaxKuMu-
mbo k (k==1, 2, ...) ero osaementramu fy, ..., f,%¥) co-
IePHUT M UX JudeHune KomOumauuu a,f—+ ... + @,f,. Ecau
9 ectp nNpOUBBOAbHOE NOAMHOXKECTBO M, TO MHOMKECTBO BCeX
afi+ . Fapfp (B=1,2,...; a, ..., @, — IpOU3BOJbHbIE
KOMIUIEKCHHE uucaa; fy, ..., f,—NpoU3BO/bHbe 3deMeHTH )
ecTb. JuHeHHOe MHOroofpasue, KOTOpoe oOueBUIHO comepwut AU.
flcHo, uTO OHO ABJAAETCA TAKKE NOAMHOKECTBOM JOGOr0 Apyroro
AuHefiHoro MHorooGpasus, coxepxaiero H. OHO HasmiBaeTCs «JH-
HeHHHIM MHOrooGpasueM, HaTaHyTHiM Ha U» u o6o3HauaeTcda CuMm-
sosoM {¥A}.

[Mpexnae ueMm maibille pPa3BUBATL STH NpeicTaBACHHs, CHOPMYTHPYEM
CJAENYIOUINA OCHOBHOH NPUHIMUI BEKTOPHOTO HCUMCAEHHS — CYILECTBOBA-
HHE BHYTPEHHero MpPOU3BELEHUSA.

B. B R onpeneseno spMUTOBO BHyTpeHHee NpOU3BENEHHUE.

Jr1o o3navaer: onpeneaeno (f, g) (f u g — sgeMentet R
(f, &) — KOMI/IEKCHOE YHC/IO) CO C/ACAYIOUIMMH CBOACTBAMU:

S+ = )+ g (anCcTpuOYTHBHOCTE OTHOCHTENLHO
HepBOrO0 MHOKHUTEJS),

(a-f, d=a-(f, 8 (acCOLHATHBHOCTL OTHOCHTEAbHO
) NepBOr0 MHOXKHUTES),
f, &)=1(g. f) (3pMHTOBA CHUMMETpHS),

(f, H=0 u =0 auwp npu f=0%) (nepuuuTHOCTL).

CootpercTBylOlIME ABA 3aKOHA I/ BTOPOrO MHOMHUTE/S CJAEAYIOT M3
3aKOHOB 1/ MNEpBOTO U CBOHCTBA 3PMUTOBOH cuMMeTpuu (TOMeHsAeM
f ¥ g v BO3bMEM KOMIIEKCHO-COMpsKeHHple ¢ 00enx CTOpoH):

(f. & +&"=( &)+ &)
(foa-@)y=1a-(f. 8-

3TO BHyTpeHHee NMpPOU3BeAeHNE OHYeHb BAXHO, MOCKOJALKY OHO MO3BO-
AfeT BBECTH Onpefie/eHue pacCTOAHUSA. B eBK/AMA0BOM HpOCTpPaHCTBE

anuna Bektopa ompedeasercs kak || f| =V (f. /)*), a paccrosHue

39) JlocTatoyHO O6bL10 Gbl MOTPEGOBATh CAEAYIOWErO: ecau f npuHaanexur N,
TO U af TaKXe, ecaiH f H g TNpHHALIERAT 9.};&, 10 f-+ g Taxxe. Toraa, ecau
St - -, fr npuHapnexar MM, 10 a,fy, aofs, ..., apfr TaKKe, ¥ TOTLAA TOCAEIO-
BaTeJbHO TO Xe BepHO M aif; + asfs, ..., aif 1+ aofa+ ... +apfs.

10) (f, f) — BemecTBEHHOe YMCJO BCACACTBHe IPMHUTOBOH cuMMeTpuM: jaeit-
CTBHTEJBHO, s f = g umeeMm (f, f)=(f, f).

41y Ecan f ©MeeT KOMNOHEHTH Xi, ..., X, TO N0 3aMEUAHHIO, CIENAHHOMY

B 7), 1Ll (ecam MBE OrpaHHUHMCS KOHEYHBIM YUCIOM KOMIIOHEHT) V(f, f)=

n
Dilxy I 1 e | ] ecTh 06biuHas eBKAMAOBA AnHHa,
1=y
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MeXLy ABYMs TOukaMu onpeensercs kak || f— g|f. Ilpunepkusascs 3ToH
AHAMOTUM, BBEACM
Onpedesenue 3. «Hauna» arementra f us R ecrv || ffl =

= V(f. f). paccrosuue Mexny f, g ectb || f— g .
Uro 510 NouATHe AeHcTBHTebHO 00/JajaeT BCeMU CBOHCTBAMH pac-

CTOSHHA, Ml ceityac yBuiuM. JokameM A/ 3TOTO C/AEAYRILYIO
Teopeny 1. Beerna |(f. @)|=1fll - llgll-

Joxazamesscmso. HanmuweM cuavana
NfIP+ gl —2Re(f. 9)=
= N+ - 9—€ N=(—¢g [—9=0,

Re(f, 9= (I£ 12+ 2l

(ecan 2 == u iUV — KOMIIEKCHOE UYMCAO— & W U BeLeCTBEHHH, TO
Re 2 u lm 2 4BA410TCA COOTBETCTBEHHO BEIUECTBEHHOH U MHUMOH YacTaAMH 2,

1
T.e. Rez=u, Im2z=v). Ecau Mul samenum f u g Ha af u =&
(o BemiecTBenHOo U Ooablue HyJAs), TO JeBad 4aCTb, KAk Jerk0 BHAETH,

He u3Menutcd. B npaBoH ke MBI mOAyuHM %(a2 ]|f||2+212~{|g||?).

[Mockonbky 3710 Bhipasxeuue ==Re(f, g). TO HepaBeHCTBO, B HACTHOCTH,
coxpaHsieTcst M /19 ero MUHMMaJbHOrO sHavenus | fi| - [lg|l (3o 3Haue-

Hue jpocturaercs 1as f, g=+ 0 npu a= {§ H o f=0 wm

g==0 nmpu a—>-+oco wm npu & —>-+ 0 coorsercreenno). Crenosa-
TEJBbHO,

Re(f. e)=I11I-llgl-

Ecau Mbl 3aMeHuM 37ech f u g Ha e'*f M g (o BewlecTBeHHO), TO Tpa-
Bas YacTb YpaBHeHHs He HM3MeHUTCH (BCAeACcTBUE TOro, uto (af, af)=

=aa(f, f)= a2 (f. f), nMeem |af||=a| | fll 4. caenosarebho,
npu |af=1 llaf{l =] f||). a neBas uacTe mepeiiner B

Re (™ (f., g))==cosa Re(f, g)—sina Im(f, g).

TMocnentee BhipaxeHne oueBHAHHIM OGPa3OM HMEET MaKCHMYyM

VRe(f. &) P+ Um(f, &)=\ &)l

OTKyla H ClelyeT NpeiloXeHHe
(> ol =171 gl

42) Tlockonsky {(f, f) BemecTBeHHO u =0, 10 | f|| BewEecIBeH, H MH BH-
6iipaem KkBanpatHui# kopeHb == 0. TO e Brnoansercs u aas | f — gl
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Caedcmaue. Y1oObl MMeJO MeCTO paBeHCTBO, f, £ AOJIKHH
COBMNAJ1aTh C TOUHOCTHIO A0 NOCTOAHHOIO (KOMMJIEKCHOTrO) MHOXHUTE NS,
Hoxaszameascmgo. YUtobb MMeO MECTO PaBEHCTBO B COOTHOMIEHUH

Re(/. &)=5 (| /1241l g]|?), ueosxomnvio nae, 4robst (f—g. f—g)=0,
T. e. poakHO Owite f=g. Ilpu mnepexofe OT 3TOr0 COOTHOILEHHUS

k | OI=I71-llgl. f n g—oavenmores ma elaf n g

(a, a BeuwecTBeHHH, @ > 0), ecam TOABKO HH f HU g He DPaBHB HYJIO.
Yro6rl B HEM COXPaHAIOCh PAaBEHCTBO, HYMKHO, CJAeLOBaTeNbHO, HTOOHI

Orif0 ef“afz—};g, T. e. g=a%lf=cf (c+0). Obparno, aas f

MAM g, PaBHOrO Hy/a0, wiu nad g==cf (¢ # 0) sBHnM 06pazoM HMeeT
MeCTO paBEeHCTBO. .

Teopema 2. Beerna || f]|| =0 u paBencrBo gocTdraercs JMulib
ang f==0. Bunoanserca |a- f| ==|a|-||f||. Bcerma Gyzer
rakxe || f-+g||=|fl|-+lgll. npuuem paBencTBO jaocTuraercs
amuwes aas f u g, COBNAJAIOWIMX C TOYHOCTBHIO A0 MOCTOSHHOrO
BellieCTBEHHOr0 MuOxuTeas = 0.

Hoxaszamespcmgo. B NpaBUALHOCTH JBYX MePBHX YTBEPHACHHH MBI
yxe yOenunucb Bhillle. JoKaXeM HepaBeHCTBO TPETHErO MNpelIOKeHHs
clelyiomuM o6pa3om:

f+g fr+=( H+@ O+ 9+(& f=
= || fI2+ lgl*+2Re(f. )= IfII*+ g2 421l fl] - llgll =

=1+ liglh?
If+gll =l +lgl-

Yro6n nocturanoch paseHcTso, Re(f, g) jaomwHa ObiTh  paBHa
WFl - llgll, mas uero HeobxommMo f umn g=0, wm g=a’f=cf
(¢ BemectBeHHo, > 0) B cuay BHBOJOB, Cle/laHHHIX NPU NOKA3ATeAbCTBE
npeabaywero caencteud. OO6paTHO, OYeBHAHO, YTO B 3TOM cJAydae pa-
BEHCTBO BHINOJAHEHO.

W3 meopems. 2. HeMeLNleHHO caelyeT, uTo pacctosH e | f— g||
o6nanaer cieaywluumu cpofictBamu: Paccrodnue Mexny f u g ecTb Hydb
aas f ==g W TOJAbKO B 3TOM cayuae. PaccrosHue Mexay f 4 g 10 xe,
yro M Mexay g u f. Paccrosmue MexAy f u A MeHblle MAM PaBHO
CyMMe paccTOAHMH Mexay f M g u Mexay g u h. PaBeHCTBO nocruraercs
Toiek0, ecan g=af-+(1—a)h (a BewecrsenHo, 0=a=1)8).

43y Tlo meopeme 2. (KOTOPYWO HalO0 TPHUMEHHTH 31€Ch K f—g u g— h)
AOMKHO Obith f—g=0, T. e. f=g umu g—h=0, T. e. g=rh, HIH XKe
g—h=c(f—g) (c BemecTBeHHO, >0), T.e. g= E% F+ T h, MHBIMU

c

caoBamy, g=af-+(1—a)2 ¢ a, paBubiM cooTBeTCTBEHHO 1, 0 uau ¥

TeoMeTpHuecK: 3TO O3HAyaer, YTO TOYKA g JEKHT Ha oTpeske f, A
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Paccrosnue Mexny af v ag eCTb yMHOXeHHOe Ha |a| paccroshue
Mexny f u g. Ho 910 Kax pas Te camule CBOHCTBA paccTOfAHMA, KOTO-
phie NaloT BO3MOMHOCTL CBECTH B TeOMeTpud (M TOMNOJAOrMY) NMOHATUA
HENpePHBHOCTH, O PAHHYEHHOCTH, NMpeedpHOH TOUKM M TaK najee K PyHna-
MeHTAJLHOMY TOHATHIO paccTosHud. Mp BOCHOJb3yeMCHd 3THM 1Js CJje-
AYIOIMX Onpene/leHuH:

byuxuua F(f) B N (1. e. dynxuusa, onpepenennas nag f u3 R u
MMelolad B KauyecTBe CBOMX 3HaueHHMH wuiu Bcerna touku u3 R, uau
BCETAa KOMIJEKCHBE uuC/Aa) HempepniBHA B Touke fy (u3 M), ecau aas
kaxzaoro & > 0 cywecrsyer 3 > 0 Takoe, uto u3 || f — f,ll <8 ¢ Heobxo-
anmMoctoio cienyet, uro ||F(f)— F(fpll <e nan |F(f)—F(fp| <=
(B 3aBUCMMOCTH OT TOTrO, SIBJAAIOTCA JH 3HaueHus F Toukamu u3 R wim
KOMILIEKCHHIMH uucaaMu). ByneM HasmBarh 97y (YHKUMIO OTPaHUUEHHOH
B R wiau B 3anaHHoM noamuoxectee R, ecau Tam Bcerma [[F(NH)||=C
um |F (f)] =C (C — nocroaunas, coOTBeTCTBYWOUIMM 00pasom BhGpaH-
Had, HO (uKcHpoBauHas). AHajJOTUYHblE OMNpenelieHUs UMEIOT MecTo s
HECKOAbKUX NepeMenunlX. IlocienosareipHOCTh fy, fo, ... CXOAHTCA
K f unu uMeer npepea f, ecau uucaa [ fy— fll, | fo—fll, ... cxo-
asrca Kk Hymo. Touxa HaswiBaeTcs npefenbHoH ToukoH MHowectBa A
(xoTopoe ecTb noaMuoxecTBO M!), ecam oHa sABAAETCA NMpenesoM MoOCie-
nopateannocty u3 A #). B uacrsoctu, Gynem HaseBaTh U 3aMKHYTHIM,
€C/M OHO CONEPXKHMT BCe CBOU Npefe/bHbie TOUKH, M OHO Ha3biBaeTCs
BCIONY MAOTHBIM, €CAH ero Mpefelibubie TOUKM BKIOUalT Bee R.

Mbi pomkHBl euie 10Kasath, uto af, f—+ g, (f, g) HenmpephiBHH IO
BCEM CBOUM nepeMeHHbIM. [TOCKOABKY

laf—af |=Ilal- | f— 1"l
If+—F+N=1—=N+ ===+ 1g—¢&l
TO mepBhie ABA YTBepXKAeHHA oueBuAHbl. [Hanice, u3

If=ril<e llg—gll<e
npy noacranopke f/— f=¢, g’ — g=="0 crepyer, uTo0

I(f =" el =I(f. & — [+ g+ D=
=& &+ H+@ Hi=
=@ 9l +I0 DI+ e D=
= llell- gl 4NN Mol + el - o =
e[/ lgl -2
Ipu ¢—>0 570 BHpaXeHHE CTPEMHTCA K HY/II0 U MOXeT OHTb CienaHo
MeHblle Joboro 3 > 0.

4) HcnonpayloT Taxke CAEAYIOIEE OnpefeneHue NpefenbHoR TOuKm: Aad
moboro & > 0 nafigerca takoe f’ us U, uro | f— f'| < e&. SKBUBaNEHTHOCTb
o6oHux onpeneueﬂuﬁ MOMHO IIOKa3aTh JOCJOBHO TaK Xe, KakK 3TO JeJaercs
B OOBIYHOM aHajiH3e,
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Ceotictea A, u B. no3soasioT HaM, KAk Mbl Buieau, ckazath 06 R
JOBOJLHO MHOTO, OLHAKO OHH BCe e HenoCTaTOuHbl, YTOOH OTanuuth N,
Apyr OT apyra Ham oT R —Beap O uucae M3MepeHH# NPOCTPAHCTBA
10 CHX NOp He OblIO CKa3aHO HM C/I0BAa. IJTO MOHATHE H3BECTHHIM 06pa-
30M CBSI3AHO € MAKCHMAJbHBIM YHCJAOM JIHHEHHO HE3aBHCHMBIX BEKTODOB.
Eciu Takoe MakcuMaasHOe uucao nm==1, 2, ... cywecrsyer, TO IJs
9TOrO I MBI MOXEM YTBepXJaTh, YTO

C'™., CywecTByeT TOUHO 7 IuHeMHO-HE3aBHCHMEIX BEKTODOB,

D710 3HAuMT, YTO MOMHO YKasaTb B TAaKHX BEKTOpOB, HO -1 He
CYILECTBYET.

Ecan ke He HMeercs MaxkCHMa/lbHOTO YHC/IA, TO TOTAa MH YTBep-
KIaeM, 4TO

€™, CyuwecrByer NpOU3BOABHO MHOLO JHHeHHO-HE3aBHCHMBIX
BEKTOP OB.

D10 3Haumt, uro AAR Kawporo k==1, 2, ... MOkHO yKa3aTb &
TAKUX BEKTOpPOB.

Hrak, C, He sBaseTcss COGCTBEHHO HOBHIM NOCTYJAaTOM. Ec/n HMeOT

mecro A., B., 10 6o omno ua C™., m6o C°, taxke oBszatenbHO
uMeloT Mecro. Cyns 1O TOMY, Kakoe U3 HuX Mbl BbifepeM, MBI MOJAYUMM
pasnuunbie npoctpaHctBa M. Mel yBuaumMm, 9To u3 C™, cuenyer, uro R
o6nanaer BceMH CBOMCTBAMU £-MepPHOTO (KOMMJIEKCHOrQ) eBK/JIHAOBA NpPO-
crpanctBa. Hanporus, noctymata C, we xsarur, uToGm oBecnedutb
tokaectso M ¢ ruabGeproBelM npocrpaHcTBOM Mo, Ham morpelylorcs
oas sroro eme ABa nocryaara D. u E,. Tounee, meno obcrout cie-
AylouwnM 06pasoM: Mul mokaxeM, uyto R ¢ A., B. u C™. o6nanaer
BceMn cBofictBamu M, u, B uacrHoctu, cBodcrBamu D, u E,, koropuie
Oyayt ceftuac copMyIHpOBaHEI (u KOTOpble, TakuM 06pasoM, caelylT
us A., B. u C™.). Danee mm nokawem, uro R ¢ A., B., €.,
D., E. oBnanaer scemu cofictBamu R, ONHAKO B 3TOM Caydae NOCTy-
natet D. u E. cymecrsenns (1. e. onn e caenyior us A., B., C™,).
Mut nepeminem temepb k ¢opmyauposke D. u E., a 10Ka3aTenbCcTBO
toro, uyro sce M, M, obnamaror TakuMu ceofcTBaMu, GymeT HeCKOJBKO
ornoxeno (cM. II. 3).
D. Tlpocrpaucrso R noano ).

D10 3HauWT, YTO ecaM NOCAeNOBATENbHOCTL fy, fo, ... B M ymo-
BIETBOpsieT KpHTepHio cxoiuMocru Komm (ans xawpmoro e > 0 cymect-
Byer takoe N =N (), uro |[f,— fall <& aaa Bcex m, n=N), To

45) Mbl ans KpaTHOCTH HOJABb3YyEeMCA STHMH TOHNONOTHYECKHMH TEDMHHAMH.
(Cp. Hausdorff, Mengenlehre, Berlin 1927. Pycckuil nepesos; Xaycnop¢.
Teopus muoxects, OHTH, 1937). Onu OyayT nOsicHeHBl npH JajabHeHureM uano-
WEHHH,
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OHA CXOAUTCHA, T. e. o0aagaeT npeleloM f (CM. onpefe/eHue 3TOro
HOHATHS, HaHHOE BBbILIE).
E. Tlpocrpancteo R cenapabennno ¥).

D10 3HauuT, YTO HMeeTcs MocJAenOBaTeNbHOCT fi, fo ... B &,
koropas Bclony niorsa B R.

B II. 2 Mbl, KaK ckasaHo, MOCTPOUM «reoMerpuio» M, ucxons us 3THX
OCHOBHHIX MOJOXEHHH, U MOKAKEM ee TOMIAECTBEHHOCTh ¢ reomerpuef R,
nan R, COOTBETCTBEHHO.

2. l'eoMeTpHs THALGEPTOBA NPOCTPAHCTBA

Mb nHaunem ¢ AByX onpegfesenufi. IlepBoe u3 HuUX COZEPIKHT POBHO
CTOMLKO OT TPUTOHOMETPHUH, CKOJNbKO HYWHO A HalIuX uesefl: NMOHsTHE
O MpSMOM yTie — OPTOrOHANbHOCTS.

Onpedesenue 4. Ia snementa f u g u3 R OPTOrOHABHH,
ecau (f, g)==0. Jlpa aunefinnix Muoroo6pasus I u N oproro-
HAMbHBIL, ecau Kaxapf sneMent u3 IR opToronaseH kaxuoMy aie-
menty us N. Muoxecrso £ HasHBAeTCHA OPTOHOPMUPOBAHHOH
cucremoft, ecau Aas Bcex f, g u3 O

1 1ma f=g,
(f,g)={0 ws ftg

(T. e. Kawible nBa PA3IHYHBIX 9JEeMeHTa OPTOTOHAAbHBI H KaxAblf
SleMeHT MO AauHe paseH enunnie *)). B uactnoctu, © Gyner Hasbl-
BaTLCA MOJHOM, eC/au OHA He MO¥eT OBITh MOAMHOXKECTBOM KaKOW-
auGo Apyro#t OpTOHOPMHPOBAHHOM CHCTeMB!, COXepKalueH AONOJIHH-
TeJbHHE 3JeMeHTH 47).
3aMeTuM elue, YTO YTBEPKACHHE O NMOJHOTE OPTOTOHAALHON CHCTEMB £
O8HayaeT, O4eBMAHO, uTo He cywectyeT f ¢ || fil =1, koropnitt Guii1 6b
oproroHaten ko Bcet O (cp. npum. %)), Ho 6yas f npocro oramuen OT

Hy/s 4 OPTOTOHAZEH KO BCelt cucreme O, 10 f’.:_--|§n~ - f (gemb || f]| > 0)

yioBreTBOpsier BCeM TpeGosanusam: || f']| ZI_I—}W [fll=1 u f’ oproro-

Hanen k . CrenoarenbHo, nonxota O Tpebyer, uto6n moGo#t f,
OpTOroHaALHBI KO BCeH cucteme £, Hcuesal.

Bropoe ompepenenue TaKOBO, YTO OHO CYHIECTBEHHO TOJLKO als Ro,,
nockoabKy B R, kamnoe nuHefiHoe MHOrooGpasue ~— TaKkoro THNA, KakK TO,
KoTOpoe uM onuchiBaetcs (cp. kouen II. 3). TTo3ToMy Mbl He MoxeMm naTh
HHTYUTHBHO-TeOMETPUUECKYI0 KAPTHHY €ro CMBICHA.

46y Ne#icrBurensuo, | fI =V {, f)=1.

47) Kak BuAuO, NOAHbIE OPTOFOHAMbHBIE CHCTEMBL COOTBETCTBYIOT A€KAPTOBHIM
CHCTEMaM KOOPAMHAT (T. €. COBOKYIHOCTAM €IHHHYHLIX BEKTOPOB, HAMPaBICHUbIX
BAONb HX Oced) B R,
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Onpedenenue 5. Jlunefinoe wMuoroo6pasue, KOTOpPOe OIHO-
BPEMEHHO 38MKHYTO, HA30BeM 3aMKHYTHIM JHHEHHHIM MHOT0OGpa3ueM.
Ecau U ectb HexoTopoe MuoxecTsBo u3 i u Mu ponoanum (A}
(nunefiHoe MHOTrOOGpasue, HaTaHyToe Ha ) BCeMU ero npeneb-
HLIMH TOUKAMH, Mbl IOAYYHM 3aMKHYTOe JuHeHHOe MHOrooGpasue,
comepwamee . Tlpu atoM ono OymeT NOAMHOXKECTBOM KaXAOTO
APYroro 3aMKHYTOrO JHHEHHOrO MHOroobpasusl, TOXE COAEpKa-
mwero A #). Mbl HasoseM ero 3aMKHYTHIM JHHEHHHM MHOrOOGpasueM,
natauyThiM Ha A, u oGosuauum [¥].

IepetizeM Teneph k Gosee neralbHOMY aHanudy S ¥, B yacTHOCTH,
K ITOJHLIM OpTOTrOHAJBHBIM . cucTeMaM. K TeM TeopemaM, IJs KOTODHIX
B ponoaHenue kK A,, B, norpebyiorca c™, wmn €., D. u E., wu
6yzeM 106aBafATh COOTBETCTBEHHO HHAexc ™ wan (), Teopemu obwue
a8 060HMX CyyaeB OCTaBUM MO-TpeXHeMy 6e3 HHEeKCOB.

Teopena 3™, Kaxnas OpPTOHOPMHPOBAHHAS CACTEMA UMeeT == 1
JIEMEHTOB H 6y11eT MOJHOW TOraa ¥ TOJABKO TOrja, KOTaa OHa
UMeeT 7 3JEeMEHTOB.

Samevanue. VI3 nepsoro yTeBepHIeHHs CjeayeT, uTO cylie-
CTBYyeT MakCHMajlbHOE 3HAUEGHHE NJs YKC/AA 3JeMEeHTOB OPTOTOHA/b-
HBIX CHCTEM; Teé OPTOTOHAJbHEIE CHCTEMbHl, I/ KOTOPHIX AOCTHIaercs
3TO MakCUMajlbHOE 3HauYeHHe, OKA3LIBAIOTCH, O ONpele/eHHI0, 110J-
oM. HlTak, B ciayuae c™, CYIIECTBYIOT MOJIHBIE OPTOrOHAaJbHBE
CUCTeMbl M KaxXaad TakKad CHCTeMa HMeEeT N 2JIEMEeHTOB.

Horxaszamearscmso. Kawpas oproroHaabHas cucTeMa (ecad OHA KO-
HeuHa) JuHeHHO-He3aBHCHMA. EcCiH ee 3MeMEHTH CYTb @, @ + .4y Pppo

TO U3
a4+ oo 0,9, =_0

caenyer, uro a,=0 (p==1,2, ..., m); B sTOM MOMHO yGenuTnbcs,
obpasys BHy’l‘peHHee npoussenenue ¢ ¢,. CrenosateqbHO, B CHIY c”.
cucreMa He MOXeT UMeTb n -1 aneMenr. IlpoussosbHag oOpTOroHAJLHAS
cucTeMa, TakuM o0pa3oM, He MOXeT UMeTb MOACHCTEM C n— 1 saeMeH-
tamu. CrenoBatebHO, OHA2 KOHEYHA M CONEPKUT ==I 3/EMEHTOB.

CucteMa M3 n SIeMEHTOB He JOINYCKaeT pacllupeHds H, CJAexOBa-
TeabHO, NoaHa. OIHAKO cHCTeMa C M < 1t SIEMEHTAMH @y, «vvs Pp H
noaua. JeHcTBuTenbHO, Cpenn MUHEHHEX KOMOUHAUMA @9+ ... - 8,Pp
e Moxer OHTb n > m JuHeHHO-He3aBucuMbIx. ClenoBare/bHO, B CHIY c™,
LOJ/DKeH CyLIeCTBOBATb 9JEMEHT f, OTAHUHEIA OT BCeX @191 « .+« b Qo
T. €. Tako#l, 1J/d KOTOpOro

b=f—ap1— eos —nPn

48) Kax numelinoe MHOroo6pasie, OHO JOMKHO cofepxaTh {¥} U, MOCKOABKY
OHO 3aMKHYTO, TO H NMpeAeabHue TOuxkH {¥U}.
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Bceraa oranveH or Hyas. [Janee, (§, ¢,)==0 osnauaer, uro a, =(f, ¢,)

(p=1, 2, ..., m). CnenoBatelbHO, €C/IM 3TO YC/JIOBHE MOXET OIHO-
BPEMeHHO BHIMOJHATHCA /s BCeX p=1, 2, ..., m, TO OHO Ompenenser
TakuM 00pasoM ¢, KOTOpHI# NOKA3LIBAET, UYTO CHCTEMA @, ..., 9, He
ToJIHa.

Teopena 3, Kawaas OPTOHOPMUPOBAHHAS CHCTEMa KOHeuHa

WK eCTh CcueTHO-6ecKOoHeuHasd NMOC/Aea0BaTeLHOCTh) eCJAN OHA NOJHA,
TO OHA 3aBedoMO OeCKOHeyHa.

SamevwaHue, 3HAYWT, MBI MOXEM 3aNuUChIBATL BCe OPTOrOHAJb-

Hble CHCTeMBl B BHAe (BO3MOMXHO OOGDHIBAIOMIMXCS, T. €. KOHEUYHBIX)

NOC/eNOBATEILHOCTEH @, @o, ..., YTO MH JeHCTBHTCALHO U CHe-

naeM. [ToguepkHeM, uTO Temeph UYUC/IO 3JeMEHTOB CHCTEME! TOJBKO

HeoGX0AUMO AJS e€e MOJHOTH, HO B OTJHYME OT CJayuas ¢, sroro
yC/I0BHS elue HeaoCTarouHo 49).

Hoxaszamenscmso. Tlycrb O -— OprOHOpDMUPOBAHHAA cucreMa, f H

£ — IBa pa3NUuHBIX ee 3jeMeHTa. Torna

f—eg f—o= NH+E o— 9— &g =2,
If—gl=V2

Iycrs rteneps fy, fo. ... —cymectBylomass cortacHo E. nocaenosa-
TeABHOCTb, Bcloay miotHass B R. Has xawnoro f us O cymecrsyer

HeKOTOpOe f,. M3 NOC/Ie0BaTe LHOCTH, Aas KoToporo || f — f .|l < 5 1/5

Sm ¥ fp cooTBercTBylOmME f M g, NOXKHBI OBITb PA3/IUYHBI, MOCKOILKY
u3 f,,==f, cienoBaio 6, yTo

f—gl=I—Ffw—(—gnl= Lo 3

3nauut, kaxaoMy f us O cooTBeTcTBYeT f,, M3 MOCAENOBAaTELHOCTH fi,
for +.. C pasamunbiMu  f, nas pasanunbix f. CuenoBateanho, O uiH
KOHEUHA, W/ SIBJAsSeTCS TOC/eL0BaTeIbHOCTHIO.

Kak u npu nokasatenbcrse meopems 3., nokaswisaercs, uTO eCiu
B N ectb > m JnHEHHO-HE3ABUCHMHBIX 3JeMEHTOB, TO CHCTEMA @, ..., @p
He MOXeT OblTb nojHOH. ONHAKO NOCKOAbKY B CHIY C*. npu moGom m
B R umeercs Goublile m JauHeHHO-HE3aBHCHMBIX BEKTOPOB, TO NOJHAs
cucTeMa AO/MKHA OHTh GeCKOHeuHOH.

Cuenyiomne TeopeMbl B TOH Mepe, B KaKOH OHHM TOBOPAT O CXOnH-
MOCTH, OTHOCSTCS TOabKO K €., 0nHAaKO WeaaTeqbHO MX CHOPMY.IUPO-
BaTh B OOwe# ¢opMe, uMes B BuAY JApYyru4e YTBePMIEHHS, KOTOpHE
B HHX COzepiKarcs.

4%) Mycts cucreMa ¢y, ¢q, .., NOaHa, Torza cucreMa ¢y, ¢ ... HE NOJHa,
XOTd OHAa H GeckOmneyHnal
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Teopena 4. Ilyctb @y, s, ... — OPTOHOPMHPOBAHHAS CHCTEMA.
Torza sce pans X (f, 9,) (€. @,), ecau TOALKO OHE BOOOIUE HMEIOT
v

6eCKOHEYHO MHOTO u4/eHOB, aBCOMIOTHO cxoadrcd. B uyacTHocTH, nag

f=g Bcerma g I(fs e 2= f]*

Horxazamesscmgo. Ilyers a, =(f, ¢), v=1, 2, ... Torua
N
f—2 ap, = oproroHambHa xo BeeM ¢, v=1, 2, ..., N (cp. no-
v=1

N
kasatenscrBo meopens 3™). Mockomky f= D ap, 4+, 10
y=1

v, =

N _ N N
(f' f)= Zlapav ((Pp’ (Pv)—*—\gzl av(q)’ (Pv)+§ a, ((‘Pv’ (‘I))_{'—(q)’ LI)):
. I\L N
=2 lal+G H= el

N
T. e. 2]1 |a,]?=|flI> Ecan cucrema ¢;, @, ... KOHeylia, TO TPIMO
v=

ciaenyer, 4ro

3 o= 1712

ecau e oHa OeckoHeuHa, TO npu N —> co Mbl y6exnaeMcs B abcomoTHON
4l

cxomnmocT! ) |a,|? u B ToM, uTo % |a,|2=5||f||% Tem camuM BTOpOe
v v

yTBEpKACHHE HOKAa3aHO.

Beaencrsue toro, uro [(f, ¢,)(g, %)Iéé{l(f» )P4 1(g. 9%

Bonee obuiee yTBEPXKIAEHHE O CXOIUMOCTH — NEPBOE IpENONEeHHe Teo-
peMbl — CJefyeT U3 yxe YCTAHOBJIGHHOrO (axkrta CXOAMMOCTH.
Teopena 5. Ilycts @, @ ... -— OeCKOHeUHA OPTOHOPMUPO-
(o]

BanHad cucteMa. Toraa pan vacpv CXOAUTCAd TOraa U TOJbKO

v=1
=)
Y
TOTAa, KOrga CXOAUWTCA pan 2) lxv I2 ('-lJ'IQHbI nocjaenHero pgaa Cyrb
‘J:l

BELIECTBeHHble HeOTpULATe/bHble HUC/IA M, CJeN0BaTeJnHO, Pl HJHU
CXOZHMTCS, MM COBCTBEHHO PACXOAMTC K ——0o).
Horxasamenscmso. TlockoabKy BHICKA3aHHOE NPeANOXEHHE HETPH-

Braabho aumb aas C™,, To MH MOXeM noab30BaThcs D). — KpuTepHeM
[e o]

cxomumoctn Kown. COracHo eMy cyMMa Dy X,@, CXOMMTCS, HHBIMH C0-
y:l
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N
BaMl, MNOCJe10BaTeJLHOCTb YaCTHBIX CYMM 2 X9, CXOAUTCHA NpHU N —>o00
v=1

Torga, koraa nas aioboro € >0 cywecryer Hexoropoe N = N(e)

L M
Takoe, yro mas L, M= N 6ymer | 2 x,0,— > %@, | <¢. Msl npen-
v=1 v=1
Noa0KUM, 4TO L > M= N, roraa
M ' L
A-lxv('Pv' 2 xcpyl<e’
1 y=M+41
L ( L
<
24 ZJ chv’ 2 xv@v) =
v=M~+1 \v=M v=mM+1
L L L M
- o1 . \l
= Z xp.xv (cpp.’ (Pv) == 21 ' xv ‘2 == 2 l xv ]2 - Z [ xv ]2'
w, y=M-+1 v=M-+1 v=1 y=1
Cren08arTebHO,

M

L
0= x5, P— 3| L<e
y= V=

OpHako 3T0 eCThb B TOYHOCTH ycaoBue CXOAUMOCTH Kowu aas nocaeno-
N

[es)
BateqbHOCTH . | x,|% N->co, T. e. ana pama | x, |2
v=1 v=1

Caedcmesue. Tipn f= 2 x.9,, (f, ¢)==x, (He3aBUCUMO OT

TOTO, SIBASETCS JH OPTOHODMHDOBAHHAs CHCTeMa KOHeuHol uau Gec-
KOHeuHOH, OfHAKO B MOCJeIHeM C/yuae, KOHEYHO, MpearnoJaraercs
CXOAHUMOCTD).

Lokazameascmso. Tlpu N=v uMeeM

y 5
<p.2:l xp.(Pp.’ (Pv> = ;;:;1 xp. ((Pp’ (Pv) = xv‘

B cayuyae xOHEUHOH CHCTEMEl @, @9, ..., MBl MOXeEM MOJOXKUTh N paBHBIM
Haubo/blieMy uHOekcy. Jaa OecKOHeuHON CHCTEMBl @, @y, ... MOXHO
cuntath N —> 00, BCJeNCTBHE HENPEPHLIBHOCTH BHYTPEHHETO NMpPOU3BelEHHS,
B ofoux cayuasx Mu noayuaem (f, ¢,)==x,.

Teopena 6. Ilyctb @), @y ... OPTOHOPMHUPOBAHHAR CHCTEMA,

a f npowssoabio. Toraa f/== M xe,. x,=(f, o) (v=1, 2, ...)

BCETHA CXOAWTCA, ecau psan Oeckoneued. Boipaende f-—f/ opro-
FOHAIBHO K @1, @o ...

Hoxasameascmgo. CXoAMMOCTE clenyet u3 meopenm 4., 5. co-

raacHo caedcmsuw  meopemst 5. uMeeM (f', @)y=x,=(f, ¢

(f — 1" 9)=0.
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[Tocne 3TOH MOATOTOBKM MBI MOXeM Harh o0wWwu#, T. e. NMPUTOAHBIM

nawe aas C™, Kputepufl MOJHOTHI OPTOHODMUPOBAHHOM CHCTEMbI.
Teopema 7. IlycTtb ¢, @5, ... —OPTOHOPMHPOBAHHAS CHCTEMA.
Toraa aas MOMHOTH CHCTEMBl 1I€OGXOAMMO K HOCTATOUHO Kaxaoe
U3 CAeAyIOMHUX yCAOBuH:
@) PacraruBaemoe ¢, @y, ... 3aMKHyTOe JHHe{HOe MHOrooGpa-
aue [¢p, @y ...] paBHOo H. '

B) Bceerma f= D x,, Fie xv——;(f, ¢) (v=1,2, ..., cymma

CXOAUTCS MO meopeme 6.).
y) Bcerna (f; g)=2(f, e, (g, 9,) (cymma cxomurca abco-
JIOTHO N0 meopene 4.).

Hoxasamesscmeo. Ecau @, @y, ... Moana, 1o f— DX, PaBHO
v
nymo (x,=(f, @), v=1, 2, ...), NOCKOABKY [ OPTOTOHAIbHO K
91> $2 .. BCUIy meopens 6. u tornaB) ynosaersopeno. Eciu §) sbinoa-
N

HAeTCS, TO KaXbH f ecThb Npenea CBOMX YAaCTHHX CYMM Dy X,¢,, N—>co

v=1

(ecau ¢, @, ... B CaMOM gnesne OecKOHeuHa) M, CJel0BaTe/»HO, NPHHA-
LIeKUT K [¢y, @9 ...]. Orcona [¢;, 95 ...]1=NR, 1. e. &) ynosaerso-
peno. Ecan &) BHINMOMHAETCS, MBI MOMEM pacCyXiaTh cjeayiowuM obpa-
soM: Ecam f oproronaneH KO BCeM ¢, ¥y, ..., TO OH TaKke OPTOTO-
HaleH KO BCeM HMX JnHeHHBIM KOMOMHALMAM, M, B CHAY HelpepLIBHOCTH,
TaKXe KO BCEM MpefesbHBIM TOUKAM OHBIX, T. €. KO BCEMY [¢y, @9, ...].
CienoBaTeqbHO, OH OPTOTOHAJNCH KO BceMy R, a 3Hauur, u K cebe ca-
momy: (f, f)==0, f==0. N, crenosareabHo, ¢, ¢o, ... MOJHA.

Hrak, Mb HMeeM TaKyl JOTHYECKYIO CXeMy:
MoaHOTA —> §) —> &) —> NOAHOTA.

TeM caMbiM 10Ka3aHO, 4TO &) uau §) AeHCTBHTENHHO HeOOXOLUMBIE H
AOCTaTOUHbIE YCJAOBUS MOJHOTHL.
M3 y) caenyer, uTo ecam f OpPTOroHajleH KO BCEM @, Pg, ... H

ecan M noaoxuM f=g, 1o moayunm (f, f)= 20-0=0, f==0,

v
TeM CaMbIM @y, @y, ... noana. C npyro#i cropouw, u3 f) (xoTopoe Bemsb
Tefiepb SKBHBANEHTHO MOJHOTE) C/leAyer

N N
(f, &)= lim <Z‘-(f, ¢) -9 (L %)—%);—
N->oo \v=1 v=1 /

N
= lim El(f’ (Pp,)(g’ (Pv)((Pp.’ CP\)):

N~>co p,v=

N & I
m N(f. )& %):;:]l(f, 2) (g @)

N->co v=1
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(ecam cucreMa ¢, ¢o, ... KOHEYHa, TO B Mpele LHOM Npollecce HeT
Heo6xonumoctu), T. e. y). Hrak, ¥) Tome sBaAsercad Heo6XOAMMBIM H
JOCTATOYHBIM YCJIOBHEM.

Teopema 8. Kawapo#t nocneposarenbHoctu fy, fy, ... COOT-
BETCTBYeT HeKas OPTOHODMHPOBAHHAS CHCTEMa Py, Qg ..., Ha KO-
TOPYIO HATArMBaeTcsd TO ke caMoe /uHeHHOe MHOrooGpasue, YTO
H Ha HCXOIHyI0 IOCIefOBaTeqbHOCTb (06e nOC/aen0BaTe HHOCTH
MOTyT ObITb KOHEUHEH).

Hoxasamesscmsgo. Chauana 3aMeHuM fy, fy, ... NOANOCAELOBATENb~
HOCTBHIO &y, Lo ..., KOTOpAs PACTArMBAET TO ke JHHe#iHOe MHOrooOpa-
8He W COCTOMT U3 JuHeHHO-He3aBUCHMBIX 3JeMeHTOB. ITO MOXHO Cle-
aath Ttak: [lyctb g, —nepsuifi u3 3/1eMeHTOB f,, OT/IMYHBIA OT Hy.s;
go—MepBHt u3 f,, OTAMUHEM OT BCex a8, &3—NepsBuift u3 f,,

OTIHYHBI} OT BCeX @48~ QoL ... (Ecam ang kakoro-auGo p He cyuie-
CTByeT HH OAHOrO f,, OTAMYHOTO OT BeeX a8, ... -a,g, MH

oOpeiBaeM cucteMy Ha g,.) Takue gy, £y ..., ofecneyaT, OueBHAHO,

XKenaeMblfi pe3yabTar.
O6pasyem Teneps

1
T1=&v : = g e
1
Yo = 8a—1{ge 91) " %1 Qg == NEA * Tos
1

T =8— @ @) 01— (8 2 e &= Ta

S e 4 & & a4 e & e & 2 & s e * & e & 2 e & =

(Dro—usBecTHHt «mpouecc oproroHaqusauuu» E. Schmidt’a.) IMoctpoe-
HHe KaXuoro u3 ¢, AEeHCTBUTEIbHO BO3MOXKHO, T. €. BCE 3HAMeHaTe/u

ll1,!| oramunpt or Hyas, ubo, unaue, Oymv ||y,|| =0, g, O6bl10 G
nuHe#HOW KoMmOuHaume# @y, ..., ¢,_;, T. e. JuHeHHOH KoMOuHauueh
gy +--» £p—1 UTO TNpPOTHBODEYMT nOMylueHHOMy. [lanee £ACHO, uyTO
£, — TuHe#Has KOMOMHAUMS @, g, ..., & ¢, — JAuHe#Has KkoMOuHAUMA
g1 +-+» £, CHCNOBATENLHO £y, Lo --. U @, @, ... ONpesessoT

OlHO M TO Xe JHHeliHOe MHOrooGpasue.

Hakoweu, no nocrpoennto |[[¢,fl=1 u a1a ¢<p (Y, ¢,)=0,
caenoBatebHO 1 (¢, @) ==0. TIocKOAbKY MBI MOXeM NOMEHATb p U ¢
MeCTaMu, TO MOC/TejHee CMpaBelJHBO BCerna Aas p == ¢. Crenosaresnno,
@1+ @94 - .. €CTb OPTOHOPMHDOBAHHAS CHCTEMA.

Teopena 9. Ilna BCAKOTO 3aMKHYTOrO JIMHeHHOrO MHOrooGpa-
3ust I HattgeTcs OPTOHOPMHPOBAHHAA CHCTEMAa, KAK pa3 pacTard-
Baomias M, kak 3aMKHyToe JuHeliHOe MHOrooGpasue.

Horaszameascmso. B cayyae C™, sra TeopeMa camooueBunHa, H60
ecan R ynosaersopser A,, B, u C™,, kamnoe aumetnoe MHOr006pa-
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sue M B R ynosmerBopser A., B. n c'™, ¢ HEKOTOPHIM M ==n, TaK

uro K I npuMenuMo 3amewanue k meopeme 3™.: cymecrByer opro-
HOPMa/bHAA CHCTEMA @y, ..., @,, NoaHas B I, uto, BCleacTBUE meo-
pems. 7. &), W eCThb B TOUHOCTH YTBEPWKIECHHE, KOTOPOE HAAO AOKABATh.
(Kak MOxHO BuIeTb, NMPeANOCHJAKA O 3aMKHYTOM Xapakrepe IN cama mo
cebe He HeOGXOLMMA, MOCKOJbKY OHa dakTHuecku AokasnBaerca. Cp. co
CKa3aHHBIM nepen onpedesenuem 5.)

B cayuae €™, nanommnm, uro, cornaco E., R cemapabeabHo. Ml
XOTHM NOKa3aTh, YTO TO ke GyzeT nas M -—uro Boobuwe Moboe mnog-
muomecTB0 N cenmapabesbno. C aroff ueabio 06pasyeM noclenoBaTeb-
HOCTb  fy, fg» +.., BCloRy maotayio B R (cp. E. 8 II. 1), u aasg ka-
wnoro f, u m=1, 2, ... nocrpoum map K, comepmamu#t Bce f

¢ If— 1.l <711—. Ioas xawxnoro R&,,. colepxamero Toukd u3 I,

BrGepeM ONHY TaKyl TOUKY £,,. HITaK, A1 HEKOTOPHX 1 U m TaKue
TOYKH g£,,, MOTYT OHITb He ONpefeNeHBl, HO ONpelefeHHBE TOUKH £,
o6pasyioT nocieaoBareasHocts B M), Ilycts f— mo6as touka uz I

u e> 0. Torma cyuecrsyer HeKOTOpPOe M TaKOe, UTO % < ~;— H HEKO-
Topu#t f, Takoi#, uro || f,— fll <’—:l-. ITockoapky &,, Temepb coxep-
xut Touky u3 I (uMenno f), ro g, onpenemena u {|f, — gl < —,1,7,

2
3Haunt, ||f — gaumll < 5 <e. Cinenoatessno, f ects mperenbHast TOUKa

onpeje/eHHbIX BHILNE g, M, 3HAYUT, ITa MOCAeLOBATEIHHOCTL NPUBOAHT
HaC K Xe/aHHOMY pesyJbTary.

O60o3naunmM uepes f;, f, ... NociepoBatedsHocts u3 M, Bcioay
naotHyi B M. 3aMkHyTOe IAuHelinoe MHOro0Gpasde, ONpeleaseMoe eio
[f1+ for -..], cOmepxuT BCe CBOM npelelbHEIE TOUYKH H, CJeAOBATENLHO,
Bce IM; omnako nockoibky M ecTb 3aMxHyroe auHeHHOe MHOro0Gpasue,
a fi, fg» ... NpHHALAEKAT €My, TO, CleAOBAaTeabHO, [f, fo, ...] ecib
YacTb ero, clegoBarenbHo, oHO pasuo M. Buibepem Tenepsr no meo-
peme 8. OPTOHOPMHUDOBAHHYIO CHCTEMY P1, Pgy .... TOFAA {@1s @y, ... }==
==(f1, fo ...}, ¥ ecaum MBl NMPHUCOCNUHUM K OGEMM CTOPOHAM Ipelelb-

HEIE TOYKH, TO MOJAYyuuM [Py, @9 «..]={f;, fo. ...]=TM. B atom #u
COCTOS/IO HAllle YTBepXMIeHHE.

Hano temepb TOabKO MNOMOKHTL B meopese 9. M=R, u mu no-
Ay4uM N0 meoperme 7. &) TNOJHYI0 OPTOHOPMHPOBAHHYIO CUCTEMY
915 €9 - ... FITAK: CYILIECTBYIOT NOJIHbE OPTOHOPMHPOBAHHEE cucTeMbl. Ha
OCHOBAHHH TaKOM CHCTEMbI MH MOXeM Teflepb I10Ka3aTh, YTO MPOCTPAH-

%) BcernomHuM, 4TO gBOfiHas NOCAEAOBATENBHOCTL gnm (M, m=1,2, ,..)
MOXeT OblTh 3amucaHa M KaK NpOCTad MOC/IENOBATENLHOCTL &1y, Li2v &21r L1
829, F4TOEED

4 U, Hefiman
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creo R ects R, wan R (cyns no romy, nmeer an mecro €™, wan €),
T. €. MOJHOCTHIO ONpeneuTb €ro CBOHCTBA.

HaM ocranoch TOIBLKO NOKa3ath, 4rto N nonmyckaer onmno-oxHO3Hau-
Hoe OTOGpaNeHHe Ha MHOXECTBO BCeX {Xy, ..., X,} MM BeexX {xy, Xy, ...}

wﬂ
(Z |x,|? KOHeqHa>.
1

v=

1. Ua  fe>{x), x5 ...} creayer af<>{ax, ax, ...}.

> X1, Xgy oo
2. Us {f (X1 % }}cnenyeT f+ge{x, 4y, x5+ yo ..}
g<—>{{y1, Yor ---}}
fer{Xy X9 o0 nouIm oo
3. Us { caenyer (f, g)= 2% x.Y..
g<{yy Yo ...} pay}
(8 GeckOHeuHOM cayuae B 3. Hajo eiue NOKa3ath Hajauune aGCOAIOTHOR
cxonumoctu). TlpaBuno 3toro comocrasienns f<>{x;, X5 ...} MH
ceftuac npuBeneM. .
Iycts ¢, @9 ... —NMONHAY OPTOHOPMHPOBAHHAS CHCTEMa; B CJay-

yae €™, ona o6pHIBaeTCs HAa @,, B cayyae €, ona Geckoneuna (meo-
pemst 30, u 3 ), Tonowum

n uan oo

f = 2 xv(Pv'

v=1

B cuny meopemwn 5. 3T0T pal cxoAuTcsl U B GeCKOHEUHOM cCiayuae

[oo]
(nocxonbxy | x,]? koneuna ), T. e. npoctpanctsa R, wam coorser-
s=1

crBenHo R uM MOMHOCTHIO MCuepnbiBaoTcs. Ho B cuny meopens 7. f)
n HIH

u nockoasky Xy {(f. ¢,)|? xomeuna (meopema 4.), siementht R
‘}:1

TaKkxe OynyT ucuepiann [clenyeT moactasutb x,==(f,, ¢)]. OueBugHo,
YTO TOJLKO ONHH f COOTBETCTBYeT KaXAOMy {X;, Xy ...}, B TO BpeMs
Kak o6paTHOe ciaenyeT H3 c.2e0cmeus meopemst 5. .

Yreepxaenus J. n 2, BHIMOMHeHH OuYeBUIAHHM 06pa3oM, a 3. cile-
AyeT u3 meopems 7. ¥).

3. Orcrynaenne: O6 ycaosuax A, — E. 5%

Mbl ewie DOMKHBL AOKa3aTh yTBepxwueHue 2, u3 . 4: uro Fz Fg
IeHCTBUTENLHO BHIMOMHAIOT ycaosuad A.—E.. Tlpu 3toM xoctatouno
paccmoTpetrs Fg, Tak kak Mbl yxke nokasanu B I 2, yro i ¢ A, —E,
no BceM cBouM cBoficteaM umentmyno ¢ R, T. e. ¢ F,, Tak uro0
A.—E. nomxun Buinonuathcs u Anis F,. Kpome Toro, ™Mbl nokawem

51) Jrotr pasmen He fABAsgeTcH HeOOXoauMbIM AJf TOHEMAHUS RanbHEHMIMX
q9a¢TEH TEKCTa.
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ynomanyTyw B Il. 2 nesapucumocts ycaosu#t D., E, or A —C®™, g
toT akt, uto onu caeayior us A, — C™,, T. e. uTO OHU HMEIOT MeCTO
g N, I TPU yUCTO MaTeMATHUECKMX BONPOCA COCTABJAIT COAepIKaHHE
3TOr0 pasjea.

HauneM ¢ n0kasaTesnbCTBA BHMOJiHeHUd CBolictB A, — E, B Fg. Ilas
9TOr0 HaM TPUAETCH OmepeThcst HA JeGeroBo MOHATHE WHTerpana, OTHO-
CHTE/NbHO OGOCHOBaHUS KOTOPOrO MBI JHMIUbL COLUEMCA HA CHEUHABHYIO
JAuTeparypy no stomy Bonpocy %2). (Murerpan Jlefera BameH HaM TOJBLKO
B NAHHOM CJyuyae, M 3HAKOMCTBO C HUM He sB/seTCs HeOGXOAUMEIM O/if
uTeHHUs CJAeRYIOLIMX T/aB.)

B 1. 4 mui BBesin @ KaK k-MepHOE MPOCTPAHCTBO SJEMEHTOB ¢, ..., g,
u Fo Kax MHOMeCTBO BCeX Qynkuu#t f(g,, ..., g,) C KOHEUHEIM
f...f|f(q,, ... qp)|*dqy ... dq,; upn sTOM BCe ¢, ..., ¢, MOTYT
@

MEHATLCE OT — 00 10 -+ 00, BmpoueM, Bce HAIUM pacCyXIeHUs OCTa-
HYTCSt CHpaBeNJIMBBIMHU, U Jaxe BLIBOA OyaeT no GoJblleR 4acTH ROCAOBHO
TOT e, M ecau Obl MBI OrPAHUYUIM MHTEPBAJL U3MEHEHUS Gy, ..., g,
(Tak utoOE & OBIIO, HANpUMep, TNOJYNPOCTPAHCTBOM, BHYTPEHHOCTHIO
Ky0d, BHYTPEHHOCTbIO CePH UJAM BHELIHOCTBIO 3TUX GUryp # T. 1.), #
naxe ecau Onl Mbl BHIOpa/jM B KauecTBe & HMCKPHUBJEHHYIO MOBEPXHOCThL
(xax, HampuMep, MOBepXHOCTh cepbl U T. n.). Ho aas Toro, urobm He
NOTEPATHCS B HEHYXHBIX YCAOMHEHUSX (MX cMoXeT 6e3 3aTpyaHeHHH pac-
CMOTpeThb uYMTaTesNb Mo 00paslly Hallero TUMUYHOTO NOKAa3aTe/bCTBA), MEl
OTPaHUYMMCA YKAa3aHHBIM mpocTeidum cayvaem. Mrak, nmpoiaeM nocaeno-
Bate/pHO A.— E, 0XHO 3a ApyruM.

Omuocumesbro A.. Mbl 10/KHB 10Ka3aTh, 4TO ecAd f u g mpH-
napnexar F, 1o af, f £ g takke npunasnexar emy. WneiMd caoBamu,

eCJMU KOHEUYHBI
fire. [ler
14

2
(Mbl BBE/JH COKpAllleHHOe O06O3HaueHue i f . f [Fq «vvv g2 X
2

Xdg, ...dq, n f...flg(q,, ceos gpl?dgy ... dg,. nocKOABLKY 3TO
Q

He MOXeT MpUBECTH K nyTaHuue), TO f'af[?—_- |a|2f[f|2, flf * g2
] ] 2

52) Hampumep, Carathéodory, Vorlesungen iiber reelle Funktionen,
Leipzig, 1927, B ocobeHunoctu crp. 237—274; K am k e, Das Lebesguesche Inte-
gral, Leipzig, 1925.

[HUs pycckux pykOBOACTR mo uurerpany JleGera MOMHO PEKOMEHIOBaTb qi-
Tatealo, Hallpumep, kuury HarauncoHa, Teopus dyuxuuik BewectBeunofl me-
pemeHHo#, I'ocrexusaar, 1950 r., uau cootBeTcTBylomyw raaBy B V Tome Kypca
Boicell matematuu B. M. CuupuoBa, ocrexusfar, 1947 r. ({Tpum. ped.)]

4%
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TAKM¥E¢ KOHEYHH. HepBoe YTBEPHKACHUE TPUBHAJLHO. Bcaeactsue TOro,

uro  |f + g[?=|f|>4|g|? £ 2Re(fg)53), cnpasenausocts BTOPOTO
GyneT ycTaHOBJAEHa, Kak TO/MbKO OyieT MOKAa3aHO, 4YTO HHTErpal

f|f-§|=f |fl+1g|] xouewen. Ounnaxo, mockombky |f]-|g|=
1 Q

_<__%(|f12+]g[2), TO MOCAejHee ClelyeT HeMOCPEeACTBEHHO M3 HCXOA-

HOH THIIOTE3H.
OmnocumessHo B.. Mu onpenenum (f, g) kak ff;,_r 310T HuTe-
@

rpaji, KaKk Mbi TOJBKO 4TO yBGerniuch, cXoxurcs abcomorHo. Bcee cBoit-
CTBa, MOCTY/UpOBaHHHE B B., OuUeBUAHH, KpOMe HOC/EIHEro: uTo
(f. f/)=0 Baeuer 3a coboit f==0. Tenepr (f. f)=0 o3Hauaer, 4T0

f|f|2=0. CrenoBare/bHO, MHOXeCTBO TOYeK, Ha koropom |f|2> 0,
2

T. e. f(qp «..r qp) #+ 0, 10/KHO UMeTh J1e6eroBy Mepy HyJab. Ecau Ml
reneps GyaeM cuuTaTh ABe QYHKUMM f M g, g KOTOPHX f =+ g [T.e.
f(qu ooos ) F8&(Gys ooy gp)] UMEET MECTO TOJBKO HA MHOXECTBE
gir - qp 71e6eroBofi Mepel Hy/b, (YHKUUAMU HECYLIECTBEHHO pPA3/uy-
HBIMH %%), TO MBI MOXeM CxeJaTh Toraa BHBOA, 4ro f==0.

Omrnocumensno C. . llycts Oy, ..., O, — m obaacrell B , HUKaKue
B¢ M3 KOTOPHIX He WMMET HU OJHOH oOuie#i Toukd, n nmycTe Mepa Jle-
Gera Kawaoi us HuX Gosblue Hyus, HO xoHeuHa. ITycts f;(gys ... qp)

ect 1 B O; n Hyap mnoscwony, kpome O;. Ilockoabky f]flP paBeH
Q
mepe O;, 1o f, npunamtexur Fe (I=1, ..., n). drtu fy, ..., f, mu-
HellHO Hesapucumbl. [e#tctsurensHo, a,f,-+ ... 4 a,f,=0 osHauaer
yTO (GyHKIUUS B NEBOH 4aCTU He UCYe3aeT JUIIL HA MHOMXECTBE MEpHI Hyb.
CnenopaTenbHO, OHA MMeeT KOPHU B Kauaolt O; HO MOCKO/JbKY OHa HO-
crosHHa u pasHa a@; B O, 10 a;=0, I==1, ..., n. Tlockoasky 5710
MOCTPOEHHEe MPOXOAHT NS BCeX H, TO NOMKHO HUMETh MECTO c*,
Omnocumeadro D.. Tlyctb nocreioBaTebHOCTs fi, ..., f, yioO-
BAETBOPSIET KpuTepuio cxoxumoctd Komwmw, T. e. aas xaxaoro € > 0 cy-

mecTByeT HekoTopoe N =N (g), Takoe, HTO flfm—f,, |2<e mnpm

m, n=N. Bubepem nl_.—:N(%); ny=n,, N(Blz—); Ns=n, My

53) Boobme
x4y P=(x+y) @y =xx4yy 4+ @y +xy) =
=[x +1y|24-2Re (xy).

54) 10 oGbgHOE B Teopuu HHTerpana Jlebera onpepenenue.
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(1 1
N('BE); ... Tornan,=n,=...; n, n\,HéN(g); CJIe10BATEIbHO,

1

2 (v)
flf,,wl—f,,y] <(§r) PaccmoTpum Teneps MHOXecTBOo P Bcex
¢ 1

TOUEK, A/l KOTOPHIX lf"v+1'—fnv‘ > o Ecau ero neGerosa Mepa

)
paBHa p ', TG

R (AP p” 1 » <L
é/‘!fnv+1 fnvl ép‘ (29) - 4v ’ 4\- < 8v’ P‘v <2v'

Paccmotpum Taxwke Muoxectso Q©, BosHuKalomee Npu 06beiuHeHHH
2
P, po+h po+d s Ero mepa JleGera

1 1 1
=pO) - pOtD S pO 4 <‘27+—2y7+?_7+--~ =

Bue Q sminoansercs

lfnv+1—fn

1

v

1 1
<2—V; ]f”v+2—_f”v+1’<—2”—+l_’

1
Fnpea =Pl < o

CnenosateqbHo, Boobme aaa v=v =v’
lfnv"—'fnv’]=<=Ifny'+1_fnv'l+'fnv'+2—fn9'+1]+ ces

+[f,,vu——f,,,n_1|<%+2_v,%+ - 1

"—_1<~§v,—_T.

IMpu ¥ — 0o 9Ta BesJMYMHA CTPEMUTCH K HYJ/I0, He3aBUCHMO OT Y7, T. e.
NMOC/IeROBATENBHOCTD fr s fn, -+ . YAOBICTBOPSET YCJOBHIO CXORMMOCTH

Koury, "ecin ¢, ..., g, He Jexur B QY. ITockoabky (1ipu PuKcCUpOBaH-
HBIX @, ..., @) Peyb HIET O YUCJAAX, 3Ta MOCJAEAOBATENBLHOCTH TaKKe
OyneT CXOAUTbLCH. 3HAUYUT, MBI MOKeM yTBepkaaTbh obpaTHoe: Ecau no-
CeNOBATENbHOCTs fr s fn,, +.+ HE CXOAMTCA NMPHU KAKUX-/IMOO 3HAuEHHAX

gpr «++s Qg TO OHU JICKAT B QY. HasoseM Q MHOXeCTBO BCeX 3Haue-
HUH @;, ..., §p. AN KOTOPBEIX HeT cXOmMMOCTH. Tormpa @ ecTb MOAMHO-

1
wectso Q¥ u ero mepa we Gomsme, vem mepa Q¥, 1. e. <= 3ro

CrpaBensuBO A48 JIOOBIX v, TaK Kak  OMpelesieHO HE3aBUCUMO OT Y.
CurenosatenbHo, Q umeer Mepy JleGera 0. [losToMy HHuero He caydurcs,
eCc/iM, HampUMep, MOJOKHUTHL BCe f, B Q paBHEMH Hymo (cp. npuM. 5%) na
crp. 52). Ho toraa fnp fnp oo. Oymer cxomutbca u B Q, T. e. Be3dle.
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Takum 00pasoM, Mbl OMUCAAW MOANOCAENOBATENBHOCTD frs fay « -

MOCAEAOBATENLHOCTH [y, fo, ..., CXOMALLYIOCS B KAXAOH TOUKE ¢y, + . .s G}
(Her Heo0XOAMMOCTH, UTOOGH 3TO OniIO BepHO anast Beet fy, fo, ...)
[ycre npenen f,,l, fry «o.ects f=f(qy ..., q;). M nomxu, cTaN0

ObTh, IOKazaTh, uto: 1. f mnpuHagnexur Fg, T. e, f|f|2 KOHeuYeH,
8

2. f ects mperen fn, fn, <.+ He TONBKO B CMEICAE CXOLUMOCTH MpH
KQXIOM Gy, ..., ¢p, HO TaKNKe M B CMBICJAE «CXOLMMOCTH MO A/HHE»

B npoctpaHcTBe [manbepra, T. e. ”f—-f,,y”—>0 e flf_fnv |2_,0'
: 2

3. B nocnexHeM cMbicie f-— 9TO faxe Mpeies BCeil MOC/ie 0BATENLHOCTH

fo fo oo If—full >0, maw [ f—fa 0.
2
Brifepem &> 0 u v, tTakoe, uto n,==N(g) (Hanpumep, é;-<e).
U V=V, n==N(). Toraa f}f,,‘——f,, |2<e. Ecan Mm  ycrpemuM
2

Tenepp V->CO, TO MOAUHTErpa/NbHOE BhlpaXeHHe OyleT CTPeMUTHCA
K | f— fal% crlenoBatenbHo (B COOTBETCTBHH C TeOpeMOH CXONLMMOCTH

uurerpada Jle6era, cp. npuM. 52) ma crp. 51), flf——-fn [2=e. Coor-
1]

BeTCTBEHHO, BO-MePBHIX, HHTErpal f[f-f,,P OyzreT KOHeYeH, T. e.
_ e

J—f, Oyner npunaanexats Fg; a Tak kak f, npuHainexur Fg, TO
u f Oyner mnpuHainexaTb Fg TakKe; TakuM oOpasom 1. nokasaHo.

Bo-BTOpHIX, M3 MOJIYUeHHO'O HEpaBeHCTBA ClelyeT, YTO f | f—f.2—0
14
npu n—»090 ¥, 3HAUMT, 2. M 3. LOKa3aHH TOXe.

OmHocumenavHo E.. Mbl 10MKHB MOCMOTPeTh IOC/EL0BaTENbHOCTD
oyskuut f,, fo. ..., BcloLy BIUIOTHYIO B Fe.

Mycrs &), £y, ... — nocaenoBarenbHOCT 06acTelt B @, MOKpPHBaIO-
WwHX Bclo @, Kaxaas U3 KOTOPHIX HMeeT KOHeuHylo Mepy. (IlycTb, Ha-
npuMep, @y ecTb map pazmyca N C LeHTPOM B Hayale KOOpPIMHAT.)
Mycrs f==f (g ..+ qp)— HekOTOpHIH 3aeMent Fo. Onpenennm fy =
= fn(q +++» gp) Ana Kakmoro N=1, 2, ...z

€CMU Gy ooy §p JeXHT B Ry
ACTRRR { U | f(Gp e ) I=N;
0 BO BCeX IPYIrUX clyuasX.

In@p oo g)=
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Tpu N—>c0, fy(qys « oo §)—> f(qys - - ., G;) (HauuHast ¢ nexoroporo N
JIOCTUraeTCs 1axXe PABEHCTBO), CJelAOBaTeldbHO, | f — fo[2— 0. Hanee,
f—fn paBusercs O nmam f, u nosromy | f— fn [?=]f|*> Cuenona-

TeJIbHO, MHTErpassl f[f—-fN |2 maxopupyorcs (KoHeuHwiM [) HHTerpa-
]

JIoM f[f|2 HE 3apuCAUM OT n. [10CKOJBKY MOABIUTEr pa/ibHBIE BhIpaXe-
e
HUS CTPEMATCS K HYJI0, TO Ke BePHO OTHOCUTEJLHO WUHTErpalioB (Cp.

LIUTUPOBAHHYIO BHILE TEOPEMY CXOAUMOCTH): f]f.—lei’—a 0, f—fnll—0.
Q

Hasosem kmaccoM G kiaacc BceX OyHKHUMR g==g(q;. ..., ¢p), A4
KOTOPHX MHOXECTBO BCeX TOYeK, rae g=+0, uMeeT KOHeuHyl0 Mepy
M KOTOpBHIE YNOBJETBOPSIOT BO BCEM MPOCTPAHCTBE HepaBeHCTBY |g |=C
C MpOM3BOJILHEIM, HO (ukcuposannmM C. Bce onpenesieHHbie Bhille f
npuHaanexat G. Cnegnosatensho, G Bcioay naoten B Foe.

Mycrs g npunamnexur G u > 0. Ilycrs Mepa MHOMecTBa, Tie
g+0, ectv M, a BepxHas rpanuma |g| ects C. Bbibepem Lenouky
pauuoHanpHbiX uyucen —C <p<pp< ... < p; < C takum 06pasoM,
4To6H 66110 py < ——C -2, py <py-e ..., p,<poyte C<p,4e.
YTO JIEFKO MOXeT ObiTb ChedaHO. 3aMeHUM Telepb Kaxaoe 3HaueHHe
Reg(qy ..., q,) Ha Ommkaftmee p, (s=1, 2, ..., £), ocrapiss Jums
HyJib MO-TNpexHeMy Hy/ieM. Toraa Msl HOJY4YHM HEKYH HOBYK (YHKLHMIO
hi(qy ..., gp), KOTOpas MOBCIOAY OT/MYaeTcss OT Re g MeHblie ueM Ha .
TouHo Tak nocrpouM hy (g, ..., gp) axalmg. Torna ans 2 == hy+ ik,
1MeeM

flg—hl2= flReg—h1 - fllmg—hQIZéM52+M82=2Me2,
2 e @

lg—hll=V2Me.

Ecau nauo 3> 0, T0 nonoxuM & < u Toraa ||g—hjl < 8.

L
VM’
Hasopem knaccom H xnacc Bcex ¢yuxkuust Z==~h(q,, ..., q;), Ko-
TOpHE MPUHUMAIOT TOJBKO KOHEYHOE YHUCJAO0 pA3AMUHBIX 3HAYeHuH, —
MMEHHO JUIUb 3HAYEHHS BMAA p—fI6, Tle p U 6 — PALMOHANBHLIE YUCHa, —
¥ KauIoe TaKoe 3HAUeHHE, KPOMe Hy.s, JUIUb HA MHOMECTBE KOHEUHOH
Meprl. [TocTpoeHHEle Bhille s NpuHALAeXAT Kiaccy H u, CllexoBaTe/bHO,
H pcioay niaorer B G, a clenosaTenabHO Takke U B Fo.
- Mycrs II — mMHOKecTBO ¢ KOHeuHOM Mepoit JleGera. Onpenenum ¢yHi-
wno fr==fy(qr -+ gp):
1 s TII,
Fu@y - qk)={ 0

Bcoxy, kpome II,
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Knacc H, oueBUAHO, COCTOUT U3 BCeX

t
21 (ps-+1io) fn,  (E=1, 2, ...; p, o, pauUOHANbLHH).
S:

HaitneM Tenepsr nocienopatenbHocTh II-MHOXeCTB n®, II(Q’,
co crenyiowuM cpofictsom: Jas kawaoro IL-mHOxecTBa u st Kaxnoro

e> 0 cymecryer I rtakoe, uTo Mepa MHOWECTBA BCeX TOYK, MpH-
nagnexamux I, Ho we I, wm npunagaexauwux ™, wo we II (rakoe

MHOXeCTBO Ha3mBaloT paskoctsio Muowects I u I™), memswe . Ecan
MH UMeeM TaKylo MOC/eLOBaTe/bHOCTb, TO COBOKYMHOCTh S/IEMEHTOB BHAA

¢
sgll (ps -+ icS) f I1(”3)

t=1, 2, ..., p, 1 o, palMOHaNbHH, R ==1, 2, ...) BCIOAy NJIOTHa
n
B H: JedcTeurensHo, ecau M BuOepem nas kawnporo II; ceoe II( )
COOTBETCTBEHHO MPEABLAYLIEMY PACCYKIAEHUIO, TO
2

t
fE("S“H")fH — Xty |=
s=1

s=1
14

ZI@Awwg~m+mMmm=

o~

=Zp+ﬂﬂG—Hw

= 2 (P2 9%) - (mepa passoctu muoxects IL, u T1(%)) < E (P24 - e.

s=1

Ecau samaHo Hexoropoe 3 > 0, TO yxe
32

t
% (¢ +)

£ ==

“

JaeT HaMm

¢
~+is) fo — S%‘l (bs+10) f (a9

¢
NY s

Ho snements ) (p, - is,) f () 00pasyloT 10CJIeN0BaTeNbHOCT,, eCH
s=1 o

MHl MX COOTBETCTBYIOLUMM OOpPasOM YHOPALOUMM. IDTO MOKHO Chefath
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cneayouuM o6pasoM. OG6osHauyas oOwmit 3HAMEHATeNb BCeX Py, Gy, ...
Pp Oy ¥epe3 T, a HOBHE YUC/HTEJU UEPE3 Py, Op «ves Py Oj TO-
JAyUnM

¢
7152 b 1o n(%s)

s=1
rae £, t=1, 2, ...5pl, oi=0, £1, £2, ..., n.=12,...
s==1, 2, ..., . 3agaua ynopsinoueHus 5TUX GYHKUAK B MOC/]ENOBA-
Te/LHOCTh CBOMMTCA K YHOPANOYEHUIO UX LE/MOYUCACHHHIX HOMEpOB f, T,
Py O evs Py O Mys oony B, Cpenu STUX KOMIUICKCOB WHCEJ CTPYIIH=

pyeM BMecCTe Te, IJis KOTOprX MOJIOKUTEJNBHOE LEN0E
=t o4 e e

MMeeT OJIHO 3HAaueHue. 3aTeM pAaccTaBUM STH rpylns B MOPsiAKE BO3pa-
CTaHds SHaueHus uHAekca rpynnet /., Kawnas us stux rpynn (¢ duxcupo-
BaHHBIM /) COCTOMT, OUEBMIHO, U3 KOHEUHOrO YMC/IA pPACCMATPUBAEMBIX
KoMmiaekcos. Eciin MB Tenmepb paccTaBUM SJIeMEHTH B KaXJOR U3 3THX
KOHEUHHX COBOKYMHOCTe#t kakuMm-yau6o oCpasoM, TO Mel B CaMOM jeJfe
MOJy4UM NPOCTYIO MOC/IeNOBATENbHOCTh BCEX YKA3AHHBIX KOMMJIEKCOB.
Yro6bl MMETh BO3MOMHOCTL OHUCATh BBEAEHHYIO NOCJEN0BATE/JILHOCTD

muoxecrs IV, IM?, ..., BOCMO/NL3YeMCSt TeM, 4TO [/ Ka»IOro MHO-
wecrsa II ¢ xoHeunolt Mepo#t JleGera M u mis kaxmoro 3> 0 cyue-
CTBYeT OTKpHITOe ToyeyHoe MHoxecTo II', mokpwmisatomiee II, HO mepa
Koroporo mnpesocxoautr M Ha Benuuuny <3 (CM. JuTepaTypy, yKasaH-
Hyl0 B npuM. %2) Ha crp. 51, a takwe ) ma crp. 41, rae onpenensercs
TMOHATHE OTKPHITOrO TOYEUHOTO MHONECTBA»). Ho a8 KaXaoro OTKphHi-
toro II” u 8> 0, oueBuaHo, cymwecTsyer MHOxecTBO II”, cocrosmwee
M3 KOHeyHoro uucia kybos, coaepxameecs B II’, u mepa xoroporo
oTnuyaercss ot Meps II’ na Beamunny <C 8, SIcHo, uTo BCe RaMHBI pebep
9THX Ky6OB M BCe .KOODAMHATH UX LUEHTPOB MOTYT OBITh BHOPAHH paluo-
HanbHEIMU. Tenepb JIerkO BUAETb, 4TO PAa3HOCTHOe MHOmecTo II u I,
onpejiesieHHOe Bbille, uMeeT Mepy << 8-8==23 u, crenomate/nHO, Lis

d < % Mepy < e. ITosToMy MEl AOCTHUrHEM UeNH, €C/H CyMeeM VIOpsLo-

YUTb B IOC/IEOBATE/NLHOCTh COBOKYINNOCTH ONMUCAHHHIX BhlLe KYGOB.

STU COBOKYMHOCTM KyOOB XapaKTepU3YOTCSd 4HUCJAOM KyOOB f ==
=1, 2, ..., pauHo# pebGep kyGa x® M KOOPAMHATAMH LEHTPANLHBLIX TOYEK
), L Y (v=1, 2, ..., m). Hucma x™, £, ..., €Y pauuoHanbHbI.
[lycte ux o6wutt 3uameHaTear (aas Bcex vy=1, 2, ..., n) ecrsp n=
=1, 2, ..., a UX yucJUTes® CyTh

=1, 2,5 5% L g =0, 21, d2, L
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CrenosaTe bHO, COBOKYNHOCTH KYBOB X4PaKTePH3YIOTCS KOMMJIEKCAMU
quces

1(n)

A T A T T LA 4

1

Ec/u MBI paccTaBuM HX B NOpSIKE BO3PACTAHUS CYMM
n+"’l+*lm+’5;“)l+"'+IE;¢“)I+'--+*IW+
e A B AL

TO Mbl MOJYy4UM MPOCTYI0 MOC/ELOBATE/NLHOCTb, B TOYHOCTH T4K, KAk
B MpelbiaylieM ciayyae JUHeRHBIX KOMOMHAUMM ¢YHKUMi.

[pexne 4yeM NpPOROJ/KATH, OTBETHM Ha cjeaywowuit somnpoc: Hauo N,
yaosaersopsiomee A. — E. (¢ C™); 8 xakux nommuokectsax M us R
A.— E. cHOBa ynoBIeTBOPSIOTCA (C TeMU ke onpeneieHuamu af, f1 g
u(f, £))°

Hto6bi BoinoaHstrocs A, M nomKHO OHTb JAHHEHHLIM MHOroo6pa-
aueM. B, cnpaBennnso caMo mo cebe. OTa0xuM HA BpeMa C.: BO BCAKOM
cayaae wau C™., unn C'™), umenor Mecro. D. osHauaer: ec.au MOcAenO-
BaTeJpHOCTb B N yIOBIETBOPAET KPUTepUI0 cXOauMocTu KoM, To oHa
umeeT npenes B M. ITockoabKY 8Ta MOCAENOBATEJLHOCTH BO BCAKOM
cinydae uMmeer CBo#t mpeaen B R, to D. 03HavaeT mpocTO, YTO STOT
npesesa nokeH npuHapiexats M. 1o sHaumr, uro M nomxnO GLITH
38aMKHyThM. Ycnosue E., xak Mbl yOeluauch NpH LOKAa3aTesinCTBE Meo-
pemst 9., Brmoansercst scerna. CrenoBate/ibHO, MBI MOXKEM CyMMUPOBATDH
pesyabrat: M 20/KHO OHITH B3aMKHYTHM JHHEHHHM MHOFOOGpasHeM.
O6patumca kK OpPTOHOPMHPOBAHHOM cucTeme, pacrarupawowel M (meo-
pema 9.), ¢, @y, ... Ecan oHa GeckoneuHa, TO, OUEBULHO, UMEET MeCTO

1,

C™. u M usomopdpuo R, 1. e. camomy M; ecam osa saKaHuMBaeTCH

HEKOTOPHIM @,, TO UMEET MecTo (HampuMep, Kak ciexcrsue meopens 3™.)
c™,, 1. e. M usomopduo R,.

Ho nockonsky D. u E. umeor Mecto B N BO BCAKOM Cayyae, 3HAUUT
OHH CTIpaBe B B Kax1oM R,. SHaunt, onn Taxxke clenyior us 4,—C™, .

Kax Buano, Mbt u36exanu NpaMOR PoOBe pKH BLUIOAHeHUS cBOHCTB A, —E.
(c ™. unn C(m)) B R, wm R 3a cuer HCKYCCTBEHHBIX JOTHYECKHX
10BoJ0B. OIHAKO M HEMOCPeICTBEHHOE VCTAHOBJEHHE STHUX CBOHCTB He
NpeiCTaB/seT CYIWECTBEHHHX 3arpyasenutt. [lpenocrasuM 970 no0Kasa-
TeJBCTBO YUTATEJIO.

Ocraercss eie mnokasatb, uro D. u E, nesasucuMu ot A, — C™,.
Kax Ml TONbKO uTO BHIeJH, J106Oe nrHe#Hoe MHOrooGpasue B R_ yruo-

pietsopsier A., B., E. u €™, nan €™, ; Ho ecan oHO He 3aMKHYTO,
10 D. He BHNOAHSETCS, B 9TOM Ciyuae B HeM LO/DKHO MMeTb mecto C,,
nockonsky w3 C™, npsamo caeayer D. . Herpyauo Tefepb NMPUBECTH MpU-
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Mep TAaKOr0 He3aMKHYTOro JMHeHHOro MHomecTBa. I1ycTb @, ¢, ... €CTH
N

Y
OPTOHOPMUPOBaHHas CHCTeMa, TOrZa SieMeHTH X @, (N=1, 2, ...;
v=1

X[y +e.» Xy MPOHSBOMBLHBE) 06pasyloT JunHeHHOe MHOTO006pasHe, ORHAKO
[ee)

o

1 1\2

HE3AMKHYTCE, OTOMY 4TO ZTCP" 2 T) KoHeuHa! ABJAACTCH IIpe-
v=1 1

JAeJbHOM TOUKOH, HO He 9/JeMEeHTOM MHOXeCTBa

ﬁ]%‘?»"i%% fpi N"’OO)-
v=1

v=1 J

CraenosaTensHo, D, He sasucut ot A.— C™, u E..

PaccMoTpuM najee Bce KOMIUIEKCHBIE (QYHKUMH X (&) C HeNpephiBHBIM
napaMeTpoM a: — oo < a < --co. Kpome Toro, mpeano/somuMm, uTO
x (a)==0 BO3MOXHO 3amHCaTb B BUAe TOCJEIOBATE/JLHOCTH TaKOH, 4TO

.
cymMa ) | x (a)|?, pacmpocTpaHeHHas 1O u/ieHaM STOH MOCJeNOBATEb-
a

HocTH, Oyaer koHeuHoi 55). Bce ¢yHkUum x (a) 06pasylor mpocTpaH-
ctB0 Meont- [ockoabky mis mOOHX ABYX OGyHKuu# x(a), y () 370ro0
npoctpaHcTBa X (&) Man y(a) =0 TOJABKO AAS ABYX a-NOC/eI0BaTE/NbHO-
CTell M MOCKOJIBKY MB MOXeM OGBbeIMHUTL 3TU JBE€ MOC/EN0BATENLHOCTH
B oaHy, T0 x(a)==y(a)==0 Be3ne, xpoMe HEeKOTOPOH o-fHOCJeNOBA-
TEJBHOCTH &, Gy, ... C/1€10BATENLHO, Mbl JOMKHB OGCYIHTb TOJIBKO
3HaueHud x,=x(a,), y,=y(a,) ans Bcex n=1, 2, ... Tlostomy,
MOKA Mbl PACCMATPHUBAEM TOJLKO IBe TOYKH JMeont, BCE Oymer NMpOUCXO-
nUTL Tak *e, Kak U B Ro. Ho snaunt A. u B., Bunoansorcs B Reont
B TOYHOCTH TaK xe, KaK U B Ry, 56). To xme Oyrer cnpaBemiuBo u s
kR(k=1, 2, ...) rouek Reont, MOSTOMY C, Takie uMeeT MecTO B R cont-
Bosiee TOro, BCe OCTAeTCS BEPHBIM Jaxe [Jis MOC/AeAOBATEILHOCTH TOYEK
Reont. Paccmorpum x (a), xy(a), ..., HpHYeM a, 415 KOTOPHX X, (a)=+0,
00pa3syioT MOC/NeR0BATENbHOCT, 1S Kaxaoro n=1, 2, ...:a{®, afV, ...
D14 moclieloBaTeNbHOCTH 00pasylOT Bce BMecTe [BOHHYH MOC/ieA0Ba-
TeabHOCTs o) (n, m==1, 2, ...), KOTOpas MOxeT OHTh 3anUCaHa Kak
npocras nocnenosarensHocts afl), afl), o, o), o), o, ... Crenopa-
TebHO, ¥ D, primosingeTcs B Reont TaK ke, Kak 4 B R.,. MHaue oberout
neno ¢ E.. B sToM cayyae UrpaoT poJb Bce TOYKM (Belb BCe OHM
JOJHHBL OBITbL Mpele/ibHBIMM TOYKAMU COOTBETCTBYIOIIMX NOC/€n0BaTENb-
HOCTel), M IMOSTOMYy MBI He MOMXeM fenaTh sakjiioueHne 0 Rt Ha

%5) Xors @ ¥ MEHseTCs HENmpepHIBHO, 3T0 GyJeT CyMMa, a He HHTerpai,
NOCKOABKY Beib B CyMMe (HIypHpYeT TOJbKO HeKoTopas MOC/ELOBaTENbHOCTDL
aTux al

56) EcrectsennbiM 00pagoy Mul onpefeaseM (x (v), y (9)) Kak Z x (@) y (a).
a
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ocHoBanun M. U 570 yc/iopue AeHCTBUTENLHO He BLIMOJHSETCS, MOTOMY
yTo He GymeT CMpPaBeN/IMBLIM OJHO U3 er0 CACACTBHH: CYIECTBYeT OPTO-
HOpMa/bHas CHCTeMa, KOTOpas He MOMeT OHTh 3alHCaHa KaK MOC/AeNOBA-
TenbHOCT (BOmpexu meopene 3.).

Iycrs

’

1 nas a=B}

xﬂ(“)“{o s o = B
s Kawaoro f xﬁ(a) Oyner sneMeHTOM Reont, u xﬁ(a) 06pasyoT opro-
HOpPMHPOBaHHy cucteMy. Ho B Buie mnoc/ienoBaTe/bHOCTH UX MOXHO
Obl/10 OBl 3aMUCATh, TOJBKO ecau Ob 3T0 OLIIO BO3MOXHO [Js BCeX
0o >f3> —o0, MewAY TeM XOPOWIO U3BECTHO, YTO STO HEBO3MOM(-
HO 7). CrenosatensHo, E. Takxe HesaBucumo ot A, — C.®), D.,.

(B sakmoyeHue CieiyeT OTMETUTH (PYHAAMEHTAMbHYI0 PasHUUY MemLy

o

NPOCTPAHCTBOM (PYHKUME f(X) ¢ KOHEeYHHIM HHTErpajioM f[f(x) [2dx
— 00

H HNpOCTPAHCTBOM OYHKUMA X (@) ¢ KOHeyHO#t CymMo# 2,|x(a)|?. Mu

MOrJu Obl, KOHEYHO, C PABHBIM MPABOM HA3LBATL MEPBOE HMPOCTPAHCTBOM
[ee]

BCeX X (&) C KOHEYHbIM fda | x (2) ]2 ! Bea pasdHuua — 9T0 TOJABKO 3aMeHa

-0

f.. . da na 2 ..., H, HECMOTPS Ha 93TO, NMepBOe HPOCTPAHCTBO eCThb
@

Fg, 0HO y1OBIETBOPSET, CJAeA0BATE/ILHO, yca0BUSIM A, — E. , 1 U30MOPHO

npoctpaHctBy R, B TO BpeMs Kak BTOpoe — Reont Hapywaer yeio-

sue E. u ornuuaercs ot R, cymecrtseHHnM o6pasoM. M TeM He Mehee

00a MPOCTPAHCTBA TOMIECTBEHHB Y OTJMYAIOTCS TOJIBKO OINpele/ieHHeM

JUHEL 1)

4, 3aMKHyTHe JMHeiliHble MHOrooGpa3us

BaxHzocts § II. 2 nns Hac ompejensieTCs He TOJLKO D0OKA3aTe/NbCTBOM
n3oMopdu3Ma, HO TaKkke M TeM, 4TO TaM OBIJIM NOKA3aHH TeopeMbi 06
OpPTOHOPMHPOBAHHHIX cUcTeMaxX. Mbl XOTHM Tellepb MPOABUHYTHCSA Aajiblue
B paccMOTPeHMM TeOMeTPHYeCKHX CBOMCTB HpoctpaHctBa [uanlepra u
NeTaJbHO H3YUYHTh 3aMKHYTHE JHHEeHHEE MHOrooGpasust, KOTOpbie WIrpaioT
B R poOJb, aHAJOrMYHYIO POJH MNPAMHX JIUHUHE, MWIOCKOCTER M T. A.
(uuniMu cnosamu, R, m=n) B R,.

HanoMHuM mnpexie 0003HaueHus, BBelleHHble B onpedeseHusx 2.
u 5. ecnm U ecrb Kakoe-mu6o muoxectso B R, To (A} man [A] cyms

57) 3ra TeopeMa TeOpHH MHOXECTB O <«HEMEPEUUCAUMOCTH KOUTUHYYMa»,
Cyotpy, Haripumep, kuury Xayciopoa, yxasaumyio B npuM. *5), crp, 41).
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JnHefiHoe MHOrooOpasue HAM 3aMKHyTOe JHHeliHOe MHOroobpasue COOT-
BeTCTBEHHO pactaruBaeMoe 9, MHEIME CJIOBaMH, HAUMeHbLIUH IpelCTaBHTE b
KaXIOT0 W3 IBYX THNOB MHOrooGpasui, cozepxamuit . Pacmupum

Tenepb 9TH 0Go3HaueHHss B TOM cMbicae, uro ecau A, B, ... — Kakue-
6o moamuomecrsa M, a f, g, ... —aaements u3 R, 10 Mu Oyzem
nouumats mox {H, B, .... fo g ...} um LB, ..., f. g ...] -

He#tHOe MHOrooGpasne WJH 3aMKHYyTOe JiHeHHOe MHOrooGpasie COOTBeT-
CTBEHHO, HATAHYTOE HAa MHOXeCTBO, noayyalomeecsi coednneruneM A, B, ...
uf, g ...

Ecau, B uwactHocts, M, M, ... cyrb samxHyThle JHHelHBe MHOro-
00pasus (B KOHeWHOM HJH GeCKOHeYHOM uicie), T0 Mbl OyleM 0603Hauarth
3aMKHyTOe JuHeltHoe MHorooGpasue [, M, .. .| cumsosom M4 N4 ...
Jlunetinoe muoroo6pasne {IM, N, ...} cocrour, oueBHIHO, H3 BCeX CymM
f+g-+ ... (f —npoGeraer M, g npoGeraer N, ...), B TO BpeMs Kak,
samkuyroe Muoroobpasue [, N, ...]=M4+ N4 ... noayuaercs us
HE3AMKHYTOTO TNPHCOELMHEHHEM BCeX €ro NpeiefbHBX TOueK. Ecau Mbl
MMeeM JHMIIB KOHeuHoe uucao MHOxects MM, M, ... u KaKIHH sneMent
OIHOTO M3 HHUX OPTOTOHAJEH BCEM 9JeMEeHTaM IPYIHX, TO, KAK Mbl yBH-
UM, 9TH IBa OOpa30BaHHA paBHEl OIHO ApyromMy. B ofmieM ciyuae ouu
COBNANAIOT He 00si3aTesIbHO.

Ecju M ecrs nmoamHoxkecTso N, TO paccMOTPUM elje COBOKYIHOCTDH
BCeX szeMeHTOB i, OPTOrOHaJBHEX KO BCeM siaeMenTam M. Onu ToXe
COCTABJAIOT BAMKHYTOe JHHEHHOe MHOroofpasme, KOTOPOE MONeT GOHTDb
nassano N — M. Teopema 4. 06DBACHAET MPHUHHY TAKOTO 06O3HAUE HHS
B Bule BbiunTaHus. OCOGHIA HHTepec TNpeACTaBASeT COGOK MHONKECTBO
M — M Bcex f, oproroHamsHeIX Ko BceMy M. OHO HasbiBaercss 3aMKHy-
THIM JHHeHHBIM MHOrooOpasueM, IOMOJHATeNbHEM K N,

HakoHen, ynomsHeM TPH OCOGEHHO NPOCTHIX BAMKHYTHIX JIHHeHHBIX
MHOrooGpasus: Bo-mepBuiX, camo R; Bo-sTOpHIX, MHONectBO {0} ==[0],
cocroslee JHLWIbL K3 HYJEBOTO 9JEMEHTa, H, HAKOHel, MHOXeCTBO BCeX af

(f — sananneift snement u3 M, a @ — nepemeHHasn), KOTOpOe, OYEBMIHO,
npencrasiser co0oH 3aMKHyTOe JHHeHHOe MHorooGpasWe M, CJEIOBa-
TeabHo, onHospemenso pasHo {f}={[f].

BeeleM Teneph MOHATHE «IMPOEXTHPOBAHHSS, COBEPUIEHHO aHAaJOTHYHOE
3TOMY TOHATHIO B eBKJMIOBOH reOMeTpHH.

Teopema 10, ITyctes M ectb 3aMkHyTOE JHMHeHHOE MHOroOGpa-
ane. Torza kawau#t f° Moxer OHTbL paszefeH OIHHM H TOJBKO
OJHMUM CTOCOGOM Ha JRe KOMNOHeHTH f=g-+hk, g us M u £
us B — M,

3amewanue. Hasosem g npoekumeir f na IR, & (koropoe
oproroHaibno kKo sBcemy IN) mopmameHo#t k M cocraBasiowed f.
Hns g sBeneM o6o3HaueHne g == Pyf.

Horasamesscmeo. Ilycts ¢y, g, « . . — OPTOHOPMHPOBAHHAS CHCTEMa,
CYWLeCTBYIOWAs B CuIy meopems, 9., pacTAruBaolias 3aMKHYTOe JHHeAHOE
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muorooGpasue M. 3anumweMm g B Bume psna g = X (f, 9,) @, KOTO-
n

pHiii, 10 meopeme 6., cxomurca (ecam OH BooOlle GeCkOHeueH); ero
cymma g oueBnnHo npunaniexur k M. Haree, no meopeme 6., h=f—g
OpPTOTOHAJbHA KO BCEM @y, %y, ..., HO TMOCKOJbKY BEKTOPH, OPTOro-
HaJbHEIE K A, 00pasyloT saMKHyTOe JHMHeHHOe MHOrooOpasue, TO BMecTe
C % Gor ... Bce P TOXE oOpTOrOHaIBHO A, T. €. A NPUHALIEKHT
kK t— M.

Ecan Ob cyllleCTBOBAJO elle ONHO Takoe pasjoxehue f=g’'+ k', g’
us M, 4" 3 R—M, 10 6ninio 60l g +h=g'+1', g—g' =h—h' =].
Bextop j momxken Gbii Gbl OZHOBpeMeHHO mpuHazjexaTs ¥k M u k R—M
u Ob Obl, caenoBaTeNbHO, OpToroHaneH cam cebe. CrejosarenbHo,
(. /)=0, j=0 u, sHauur, g=g', h=4n'.

Onepaunst Py f ecTb, CJlelOBaTeNbHO, Taxas, KOTOpas CONOCTABJAET
kaxaomy f u3 R ero npoexumo B M, Pyf. B crenyowem pasiene Mol
onpeleanM moHATUs oneparopa. Oneparop R ecTb (yukuus, onpeieseH-
Has Ha moimHokecTBe ®3 R co 3Hauenusmu us R, T. e. cooTsercTBHE,
KOTOpOe CONOCTaBisieT onpelenenHoMmy f ua R onperenenunitt Rf usz &
(He oGs3arensHo xaxiaomy f. Has uexoropeix f u3 i omepauus Moxer
OLITb He ompelefena, T. e. «OeccMpicaerHa»!). Py ecTb, TakuM 00pasoM,
oneparop, onpele/jeHHn#i mnoscionly B R n HasbpiBaeMhHH oOmeparopom
npoexkrTupoBauus 8 M.

Teopema 11.Oneparop Py obiranaer CielyOiMMy CBOKCTBAME:

Py(aifi+ ... +aafn)=aiPufi+ ... + anPufn
(Punf, g)=(f, Pug)
Py (Pnf) = Pyf.
IR — 9T0 MHOXKECTBO BCex 3HaueHuit Py, T. €. MHOXECTBO BCeX
Py f; HO oHO MOXeT OBITH Tak XMe 0OXapaKTepPH30BAHO, KAK MHO-
KeCTBO BCeX pellieHHH ypasHeHns Pyf=f, B TO BpeMs Kak
R — P — 370 MHOKecTBO BCeX peweHnit ypasHenns Pgf ==0.
Sanmedanue. B crenyoliux pasienax Ml YBHINM, YTO NepBoOe
CBOMCTBO ompejefsieT TaK Has3blBaeMble JHHeHHLIE OmepaTopH, a BTO-
pOe — TaK HashIBaeMble SPMUTOBH OMepaTopel. Tpertbe BbIpaXaer
TO, YTO IBYKDATHOE NpHMeHeHue omeparopa Py NPHUBOIMT K TOMY XKe,
4TO M OJHOKparHoe. OObyHash CHMBOJHMYECKAs 3alHCb ITOFO eCTh
2
PPy =Py wmu Py = Py,
Hoxazameavcmso. U3 toro, uro

f1=g1+hl’ coor fa=8, 1k,
&y ovvr Enm3 M, By vty By, 138 R—IM)
ClelyeT, uTo
alf1+"-+anfn=(alg1+---+angn)+(alhl+"~+anhn)
(@814 - + a8, 3 My aihy~ ... +a,h, u38 R—M),
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Takum o0pa3om,

Py(a,fi+ .. ‘e f)=a+ ... +a,8,=
=01P>J>lf1+ o +anP’len’

H NepBOe yTBepMIeHHe IOKAa3aHo.
I/ 1OKa3aTeNbCTBA BTOPOrO yTBEPMKIAEHHS MNOJOKHM

f=g+F, g=g"+n (g, g"u M W, " ua R—M).
ITockoabky Torma g’, g” oproroHaaeHsl K A, A", 10, crenoBaTebHO,
(& 9=(g g"+1)=(&" gH=E"+1. g)=(. &)

1. e. (Pnf, &)= (f. Png) u BrOpoe yrBep)IeHWe LOKAa3aHO.

Hakoueu, Py f npunanaexur k MM, u, crenosareapuo, Pyf = Pyf-+0
ecTb pasjoxenue P/ HA KOMIOHEHTH, CYyLIECTByIOiee B CHIy meo-
penwi 10., 1. e. Py (Pyf)==Pyf. D10 Tperbe yTBEpKICHHE TEOPEMEL.

dopmyna Pyf = f uin 0 o3Hauaer, uTo B pasnowenun f =g+ h, g—
w3 M, h—u3 R— M (meopema 10.) van f==g, h=0, nan g=0,
f==~h; 1. e. uro f npuxagmexur M wim R — M. Dro naroe u wecroe
yTBepxIeHns TeopeMu. Bce Pyf mpunagiexar k I no onpenese-
Huio, u Kaxioe f' mu3 I paBHO Kakomy-mu6o Pyf: HanpuMep, mno
TO/IbKO YTO CKA3aHHOMY, OHO paBHO Puyf’. D10 uerTBeprOe yTBEpKIEHHE
TeopeMBHl.

3aMeTuM ewie, YTO M3 BTOPOTO M TPeThero YTBePIKIEHHH Cjelyer, 4To

Puf, Pug)=(f, PuPng)=(f, Pug)=Punf. &)

Mul XoTHM omnpenenuTh TeNepb NPOEKLHOHHBlE ONEPATOPH He3aBH-
cumo ot M.
Teopema 12. Oneparop E, onpelenenuuit mosciony (cp. obey-
WIeHHE, TIpeNlecTBYOmee meopeme 11.), ecTb TPOESKUUOHHEH One-
parop, T. e. E==Py 117 HeKOTOPOro B3aMKHYTOTO JAHHEHHOTO
muoroo6pasua M, ecan u TOABKO ecanm OoH obianaer CielyOLIMMHU
CBOACTBAMH:

(Ef. )=(f, Eg), E*=E.

(Cm. sameuanne K meopeme 11.) B srom cayuae IR omnosnaumo
onpenenserca no E (coraacuo meopeme 11.).
Horxasamervcmeo. HeoOXx0oAHMOCTL yKazaHHBIX YCJIOBHH, TaK e Kak
u 10, yto M ompenensercs omeparopom E, cienyer us meopemw I1..
MHb NO/KHH, CJeioBaTeMbHO, JHIIbL ITIOKa3arb, uro, eciau E obianaer
TAKAMH CBOHCTBAMH, TO CYIIECTBYeT 3aMKHyTOe JHHeliHoe MHOroo6pasue
C E:Psm.
Iycrs M ecrp zamkHyroe JauHeHHOe MHOrooOpasue, HaTAHYTOE Ha:
sce Ef. Torma g— Eg oproronajied Ko scem Ef:

(Ef. g —Eg)=(Ef. &) —(Ef. Eg)=(Ef, &) —(E*f, §)=0.
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MHoxectBo saementoB u3 R, oproromameHeix k g — Eg, ofpasyer
3AMKHyTOe JuHeliHoe MHorooGpasue; CiexOBaTejbHO, BMecTe ¢ Ef OHO
BKJIOUaer B ce6n M, n, 3Haunr, g — Eg npunanaexur Kk R — M. Pasio-
KeHue g Mo orHoweHuio K WM B cmpicae meopems 10. ectn, cienopa-
TeavHo, g=Eg -4 (g —Eg), u, sHauur, Ppg=FEg Iis NpOH3BO/b-
noro g. Taxum 06pasoM, BCS TeopeMa JOKasaHa.

Ecan M==N uan =[0], to R—M=1[0] nau RN coorsercTreHHO,
3HAYMT, pasnokeHue 1m0 meopeme 11. ectv f=f-+0 uin =0 f,
orcwoga Pyf = f umu pasHo 0 coorsercTBenHo. MBI Ha3oBeM eguHHu-
HelM, 1, onepatop, onpeneneunst (nosciony!) kak Rf = f, u HyaessM, 0,
onepatop, onpenefennnit kak Rf =0, 1. e. Py=1, Pypy=0. Hanee
OUeBHIHO, YTO pasnokenue f=g-+h(g us3 M, £ n3 R—T) no
orHowennio K X Momer TaKKe yHoTpeGAATBCA 1O OTHOILIEHHIO K
R—M B dpopMe f=—=h-t+g (h ua R—M, g us M). (Ubo, ecan g
npuHanaexur I, To oOH oproroHaseH xaxaoMy saementy R-— I u,
caenosarenasto, npudagiexur K R—@M—M).) Urak, P f =g, Pr-mf =
=h=f—g, 1. e. Pg_anf=f— Pqf. I10 ob6cToaTenscTB0 Py_mf =
=1f—Pyf MH BHpasuM CuMBOJIHYeCKH B Bulle Pgy_gy=1— Py,
(O cnoxeHuM, BHIYMTAHUM M YMHOXEHHH ONEpPaTOPOB CM. meopeny I14..)
Hyxuo samernts emwe caexyioinee: Mbl yxe ofnapysxuan Ges Tpyaa,
aro M ects moamuokecTBo o1 R — (R — M). HemocpencTseHHO MOKA3bI-
BaTh, 4To 00a MHOXecTBa cOBNMajanT, Objo Ob Kpomorauo. OxHako
STO HEeMelJIeHHO CJjellyeT H3 TOrO, YTO

Py g-my=1—Py_qy=1—(1—Py)=Py.

Bosee T0ro, U3 MpeAbIIyLIero 3aMe aHus ClelyeT, 4yTo echu £ —mnpoek-
LHOHHHI omeparop, To u | — E Toxe, n, nockoibky 1 — (1 —EY=E,
TO U OOpaTHOe 3aK/IOUeHHe BEPHO.

Teopema 13. Beerna |Ef|2=(Ef. f). EfI = |f],
IEfl =0 wnan = ||f| =xapakrepuayer f uz R— MW u uz M
COOTBETCTBEHHO.

Sanmewanue. B wactHOCTH, OTCIONA cjaenyer, 4ro

IEf —Egll =[E(f—ol=If—2l.

T. e., 4T0 oneparop E HempephiBeH (Cp. ILHUCKYCCHIO TOC]AE meo-
penw 2. 8 II.1).

Horxazamesvemgo. Mul nMeeM (Cp. IUCKycCHi0 mocie meopemsr 11.)
IEfII*==(Ef, Efy==(Ef, /).
TMockoapky 1 — E Tak:Ke MPOeKUHOHHEIH ONepaTop, TO
IEFIP+If —EfIP=HEfIP+ I —E) fI*==
=Ef N+ =B, H={. H=IfI>

[Tockompky o6a craraembix (ciesa) =0, omn rakxke o6a =/ f]? u,
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s wactiocrs, (|Ef 2= (I fI% [Ef=|If]. To, sto ||Ef|| =0, Ef =0,
BBIpaxaeT TOT daxT, uro f mpuuanaexur k N — M, wam n3BecTHO u3
meopese 11. Benencraue suimenpusenetiioro |[Ef|| = |[f|| osuauaer,
uro ||f—Ef||=0, Ef=f; wrak, no meopene I1. f npuuai-
nexnt k M.

Eciu R n S-—jgBa omeparopa, To Mbl Momumaem noi R £ S, aR
(@ — KoMnIeKCHO® uHCHI0), RS omnepaTophl, omperenseMble COOTHOIIE-
waamn (R 2 8) f=Rf £ §f, (aR)f=a -Rf, (RS)f=R(Sf). u

MOJIL3YEMCs TAaKXKe CJeLyIUIMM eCTeCTBEHHBIM OGO3HAYEHHEM:
RO=1, R'=R, R*=RR, R3=RRR,...

ITpaBnna ucuncrennd, crupasel/nBble B 9STOM CJyYde, [IOBOJbHO
npoctel u ecrectBenutl. Jlas R £ S, aR nerxo noxasath CHpaBeiu-
BOCTb BCEX 3JeMEHTApHBIX 3aKOHOB CueTd, CHNpaBelJJUBHIX IJs 4HCes, HO
370 He Tak 118 RS. Jlerko moxadaTb, YTO BBINOJHAETCS NUCTPHOYTHB-
Hett 8akoH (R = S)T=RT = ST u RS £ T)=RS = RT (una mo-
clelHero Heo6x0nMMa, KOHEYHO, JMHERHOCTL R; CM. 3anedanue ¥ meo-
peme 1]. u obcyxinenune B cJjenyioieM naparpade). AcCCOLUHATHBHBI
3aKOH TaKKe nmeer Mecto: (RS)T = R(ST)=RST, HO KOMMYTaTHB-
el sakoH RS == SR, BooOwe rosops, ue cmpasenus ((RS) f = R (Sf)
# (SR) f =S (Rf) He ofs3aHbl GbiTb paBHBIMU 1pyr apyry!). Ecan stor
3aKOH BBINOJHSETCA I8 ABYX YacTHRIX R u S, roBOpST, 4TO OHU KOM-
" myrupylor. Tak, Hanpumep, O u | xoMMyTupyloT co BcemMuH R, ompele-
JeHHBIMH TOBCIONY:

Taxke wommyrupyior R™ u R", nockoisky R™R" = R™*+" u, caenosa-
TENLHO, He 3aBUCHT OT HOPANKA M, A.

Teopemn 14. Tlycrs E u F — npoeKuMOHHBIE OMEpaTOpPHl
3aMKHYTBIX JnHeHHbix MHorooGpasut M u N. Torma EF Oymer
TaKXKe TPOEKUHOHHBIM ONEepaTopOM TOrJa M TOJLKO TOTIA, KOTia
E u F xomMyrupylor, T. e. ecau EF = FE. IlputoMm EF orHo-
CHTCSt K B3aMKHYTOMY JHHeHHOMY MHOXeCTBY b, KOTOpOe COCTOUT
u3 oaeMeuroB, obmux Muoxectsam M wu N. Oneparop E—- F
OyzeT TMPOeKUMUOHHHLIM TOrIa M TOALKO TOrza, korza EF =0 (uau,
yro To Ke, FE=0). 310 o03Hauaer, 4r0 Bce Yl OPTOrOHAJLHO
ko Bcemy R, E-+ F rorma orHocutcs K M- N =M, NI
Koropoe B nannom cayuae =={I, N}. Oneparop E—F
ABJAETCS MPOEKIMOHHBIM TOrJa M TOJAbKO Toria, xorga EF=F
(nau, uro 1O XKe, FE=F). 3710 03Hauaer, uro N ecTp NOAMHO-
kecrso M, u E— F orHocurcs k M— N.

Hoxasameasemgo. Hano nposeputs, Bunogusiorca au aaa EF 1sa
yciaoBust meopems 12.:

(EFf., g)==(f, EFg) n (EF?=EF.

5 H. Hefiman
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[Mockonsky (EFf, g)=(Ff, Eg)=(f, FEg), 10 mnepsoe yciloBHe
O3HauaeT, 410

(f. EFg)=(f. FEg). (f. (FE—EF)g)=0.

[MockoabKy 910 BHIMOJHeHO A Mo6wXx f, 10 (EF— FE)g=0, n
NOCKOJbKY TOC/elHee BBIMOJAHAeTca LA moOmx g, to EF — FE=0;
EF = FE. UWrak, KOMMyTaTHBHOCTb HeOOXOINMa K [OCTATOYHA YKe
L5 BBUTOJHEHHS! TIEPBOrO YCJOBMSA, ONHAKO M BHINOJHEHWE BTODOI'O Clle-
Lyer u3 Hee:

(EFY=EFEF ==EEFF =E?F*=EF,

Tak kak E— F yanosaersopser nepsomy yciaosuio ((E—+ F) f, @)=
= (f, (E-+ F)g) Bcerza (mockoubxy eMy yuosiaersopsuior E, F), Ham
ocTaeTcss IOKa3aTh TOJbKO BTOpoe. Tak Kak

(E—+ F)t= E? 4 F?4 EF + FE = (E+ F)+ (EF— FE),

TO oOcraercss mnokasats, 4ro EF -4 FE=0. Hanee npun EF =0, EF
eCTb TPOEKUMOHHBIH oONepaTop M, TaK Kak MO JOKa3aHHOMY ToOria
EF = FE, vo EF -+ FE==0. O6paruo, u3 EFf 4+ FE =0 cienyer, uro

E(EF -+ FE)y==E?F -+ EFE = EF + EFE =0,
E(EF + FE)E = E?FE + EFE? = EFE -+ EFE =2 . EFE=0,

ciaenopareabHo, EFE =0, u, crenosatenbHo, FE==0. Taxum oGpasom,
ycaosue EF =0 neoOXxonuMo M [JOCTATOYHO /M, Tak Kak E u F
MrpalT OXHy # Ty Xe pois, FE==0—raiie HeoOxoxumoe U JOCTa-
TOoyHoe ycjiosue. E— F ecTh TMpOeKLUHOHHHIH ONepaTop TOria # TOJBKO
rorga, korja | —(E— Fy=(1 —E)-+ F sBjseTcs TOXe NPOEKUHOH-~
HHM ONEepaTopoM, H NOCKOAbKY 1 —E u F 4BJSIOTCH TaKOBEIMH, TO
B cuay nokasaHHoro (1 —E)F =0, umt F—EF =0, EF=F ectb
ycaosue TOro, 9r0 1 —(E — F), a sHauuT £ — F eCTh TMpPOeKUUOHHHH
oneparop (paBubiM obpasom F (1 —E)=0, F— FE=0, FE=F.

Ham eine ocranoch J[OKasaTb yTBepkKieHus oTHocateasHo N, N
(E=Py, F=Py). Tllonoxum cneppa EF=FE. Torga kaxub
EFf==FEf npunagiexutr # k M n x N, a crenosaremvho x P, u
nasa kaxnoro g us P Eg==Fg =g, cnenosaresvio EFg=FEg=g,
T. e. KaXiui sieMent P mpexcrasum B Buze EFf. Coorsercrsenno P
ecTb MHOXeCTBO sHaueHnH EF u, suaunt, no meopeme 11. EF = Py,
3arem nonoxuM EF =0 (suaunt, FE =0 raxxe). Kaxapt (E4 F) f =
=Ef-+ Ff npunannexur k {M, N} u xawasit g us {WM, N} pasen
h-t+j., ¢ h ua M u jus N, caenosarensto, Eh=h, Fh= FEh =0,
Fj=j, Efj=EFj==0. Ho, suauur,

E+FYh+N=Eh+Fh+Ej+Fj=h+j (E+Fg=g¢.

Craenoparenpo, g mnpeacrasuM B supe (E—+F)g. Tem cammim {IM, N}
€CTb MHOXeCTBO 3HaueHuit E - F, HO mockoasky E—+ F ectb npoek-
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unoHHbi# omepatop, To {IM, N} ecrp coorsercTByIOMIEE 3AMKHYTOR JH-
HefiHoe MHorooGpasue (meopesma 11.). Tlockoasky {I, M} samkmuyro,
0 {IM, N}=[M, RN =MW+N. Tenepr noaoxkum EF = F (3Hauur,
w FE=F rtoxe). Torma E=Py, 1—F=Pgs_q, cirenosareisHo,
E—F=FE—EF=E(l —F) pasuo Py, rae # —obmas uacte M
B R—N, 1. e. M—N.

Hakonen, EF =0 osHauaer, uro Bcerza (EFf, g)==0, 1. e. ur0
(Ef, Fg)==0, unbiMn cioBamu, 3TO 3Hauut, uro Bce I oproromabno
ko Bcemy R. A EF = F osnauaer, uro F (1 — E)==0, 1. e., uto Bce N
oproronansbHo Ko sceMy R — M uam 10 3Haunr, uro N ecrs moamHo-
#ecrso R— (R — P =M.

Ecin N ects moamuoxkectso M, 1o Mo Gymem aas F =Py u
E =Py rosopurk, u4T0 F ecTb uacTh OT £ M CHMBOJHYECKH 3alHCHI-
Barb 310 B Bule E=F wm F=E. (Takas 3anucb, c/el10BaTe/]LHO,
osHauaer, yro EF = F, wum, uro 10 xe, FE=F, 1 Kak cuaeicrtsue,
yro E, F xommytupyior. Paccmorpenmem M, N uam ke npamoit B-
KnagkoH MoxHO yOelduthcs, uyTO BCerza cmpaeennauso: O=E=:1I;
us E=F u Fz=E crenyer E=F; s E=F, F=G cnrenyer E=G.
Ham sHak = o6aaznaer, TakuM 0O0pasoM, CBOMCTBAMH <«YNOPALOYEHHS
no sesauunney. Cienyer saMeTHTb jJajblie, 4TO TPU yrBepxieHns: E=F,
l—E=1—F nm E oproroHantes kK 1— F, SKBHBAJeHTHH IPYT
apyry. Kpome Toro, oproronambhocts E’, F/ clelyetT M3 OpPTOrOHa/b-
voct E, F, eciu E'=E u F'=F.) Eciu M u N oproronanpuel,
Mpl rosopmM, uro E u F rakke oprorouaisHH. (To ecth 9TO 3Ha-
uur, ur0 EF =0 wumu rakxke FE=0.) Hamporus, ecau E, F koMm-
MYTHDYIOT, Mbl OyIéM roOBOpHTb, uTO cooTsercrsennsle I, N Takke
KOMMYTHPYIOT.

Teopema 15. Yrsepwienne E==F 35KBUBaJeHTHO TOMY, uTO
Bcerza cmpasenyuBo ||Ef||==||Ff].

Horazamenscmgo. Us E=F caexyer, uro F=EF, cnenona-
teapho, ||Ef||=EFfl|=I|Ff| (cp. meopemy 13.). O6paruo, 310
COOTHOWIEHKEe MMeeT cJaenyioillee caencrBue: ecan Ff =0, 10 |Ef| =
=|Ff||=0, Ef=0 u u3-3a F(1—F)f=(F—F%f=0 noay-
yaem toxuecrsedHo E(1 — F) f=0, 1. e. E(l1 —F)=FE—EF==0,
E=ELF, caenosaremvo E= F.

Teopema 16. Ilycre Ej, ..., E, CyTh NPOeKUHOHHHE OMepa-
topu. Torma E;4 ... 4+ E, Oyser HPOeKUHOHHHIM OMEPaTOPOM

TOrIa M TOJAbKO Torua, korza Bce E,, E, (m, I=1, ..., &,
m == I) B3anMHO OpToroHaieHu. Jpyroe HeoOxomumoe u jgocra-
TOUHOE YCJIOBHE — 3T0

VESIP+ oo HIESIP= 171

(nns Bcex f). DBonee roro, E+4 ... 4E, (El=P>m,v ..
coor Ep =Py,) ecTb B 9TOM Ciyyae ONMepaTOp NPOEKTHPOBAHMS

5¥
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B+ ..o M, =M, ..., M,], koropoe B KaHHOM cJyuae
paso {My, ..., JM,}.

Joxazamesvcmso. Tlocnelnee yTBepKIeHHe IOKa3BIBAETCS MOBTOp-
HEIM TpuMeHeHueM meopems I4.. Orciola Xe Cleiyer HOCTATOUHOCTH
nmepsoro xpurepus. Ecau shinojHeH BTOPOH KpurTepuif, TO TO XKe cmpa-
BEIJMBO OTHOCHTeapHO mepsoro: Has m I, E,f = f Gyner

A2+ IES PP = Enf P+ IESIP= IESIP+ ...
con FESE= /1A
”Ezf”2=0' Ef=0.

Mockonsky, oanako, E,, (E,f)==E,f BHIOJHAETCT TOXIECTBEHHO,
to E(E,f)=0, 1. e. E,E,=0. Hakoneu, sropoe yciosue Heo0Xo-

aumo: Ecmm E;~- ... —~E, —npoekunodunfi omeparop, To (meo-
penma 13.):

NESIP A oo HIEfIP=ES N+ ... +Ef. H=
=(E+ ... +Epf N=IEH+ ... +EQfIP=f

Mveem TakuM 00pasoM cjeaylollyio JOTHYECKYIO CXeMy:

[

Ei~+ ... 4~ Ep ecTh NpOeKUMOHHEI ONEpaTop —> BTOPOH KpHTepHil —>
— nepBuiit kputepuit > E,~~ ... - Ep ecTb NPOEKLUHOHHLIA OmepaTop

T. €. BCe TPH YTBEPXNKIEHHS SKBHBAJEHTHHI.

B zak/iouenue Mbl JOKaXeM ellle TeOPeMYy O CXOLMMOCTH MPOEKLHOH-
HBIX OTepaTOpOB:

Teopema 17. Ilycts E|, E,, ... ecThb BO3pacraoinas HIu
yObIBAIOIAs TOC/Ie10BATENLHOCTD MIPOEKIHOHHEX ONlepaTopos: E; =5
=E= ... wu E;=E,= ... Takas noc/ne10Bare/JbHOCTb CXO-
IUTCS K TIPOEKUHOHHOMY omepatopy £ B TOM CMEICIe, yTO IJs
Bcex f E.f—Ef, u npu srom sce E,=E, wmu E,=E coor-
BeTCTBEHHO.

Horxasamensemso. JlOCTATOUHO HCCIeL0OBATH BTOPOH ciayyal, mo-
CKOJIbKY TepBHIH Moxer OHTh CBeleH K Hemy 3ameHofl Ey, E,, ..., E
va 1 —E;,, 1 —E,, ..., 1 —E. Ilycts nosromy E,=E,= ...

B cuny meopemw 15. ||Eif||?= ]| E;f|| = ... =0. Crexosa-
TeabHo, cymecrsyer lim ||E, f||% 910 sHaunr, yro aas kamgoro € > 0

n -» o0

cymecrsyer N =N (e) rakoe, uyro mas m, l=N Oymer ||E,f|*—
— |E;fI2<e. HNanee, nas m=l, E,=E,, E,,—E, ects npoekuuon-
HEIH OmepaTop, M, 3HAuMT,

NEnfI?— NEf P =Epfr N—(ES, N=(E,—E)f. )=
= En—Ep f*= | Epf —ESII%
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orkyna ciaenayer, uro ||E,f— Ef|| < V'e. Tocnenosareasnocts Ef,
E,f, ... YHOBIeTBODsSieT, TaKuM 00pasoM, KPHTEPHIO CXORMMOCTH Komum
u uMeer mnosromy mpezen f* (D, us IL. 11). Crenosareasno, Ef = f*
ompeliesiseT ONepaTop, BCIOAY HMewuu# CMEICT.

Us (E.f, g)=(f, E,g) nonyyaercsa nocre TNepexolna K IMpereny,
wro (Ef, g)=(f, Eg), ms (E.f, E,&)=(E,f, &) caexyer, uro
(Ef. Eg)=(Ef, g), suaunt, (E%f, g)=(Ef, &) w E?*=E. Takum
o6pasom, E ectb nmpoexunonnsft oneparop. Haa l=m, |E, fll=|Ef|.
n npu [—>oco mu noayunm ||E,f| = ||Ef||, cnenosaremvuo, E,=FE
(meopema 15.).

Ecm E;, Ey ... cyTe nonapﬂo B3aUMHO OpPTOTOHAJMbHblE MpOeK-
uuoHHHe omeparops, 10 Ey, E;+E,, E\+E,-E; ... cyTh Takxe
NPOEKUMOHHbIE ONepaTopsl, U OHH oépasyxor BO3PACTAIOLYIO TOCJIeNOBA-
TeNbHOCTh., [109TOMY OHH HOJKHEI CXOIMTIBCS MO meopeme 17. X mpo-
eKIHOHHOMY OMeparopy, KOTOPHH Oo/blle KaXKIOTO M3 HAX M KOTODBIA
Ml MOxeM oGosHaunTs uepes LE;-+E,+ ... [Ilycte Ej==Py,,
Ey=Pyy, ..., Ey+E;—+ ... =Py, Tlockomsky sce E,, =E, to M,
ecTb moiMHoXecTBo N M, cjemoBaTejbHO, N BKIIOUaeT TaKxke
(M, My, ... 1=, +My+ ... =M. C apyro#t croponn, sce M,
cyts moxmuoxectsa W', 3uauur, En, == Py =E’. TlosroMy no Hempe-
pHIBHOCTH (Cp. apryMeHTauMio B TPHUBEIEHHOM BHIle NOKA3aTedbCTBE)
E=E’, 1. e. M ecrs noamuowecrso M’. Takum obpazom, M= MW’,
E=E' 1. e. M=M,+ M, ... nau, nepemucansoe APyTuUM CIO-
cobom, '

Py s+ ... =Pwy—+ Py, + ...

Ha sToM MBI 3aKOHUYUM H3ydeHue MPOEKHHOHHHX ONepaTopos.

5. Onepatopnl B ruan6epTOBOM NPOCTPAHCTBE

Tenepb MBI B 1OCTATOYHOH Mepe MO3HAKOMWJHCH C reOMeTPHYECKHMHU
OTHOlIeHHIMH B GeckoHeyHOMepHoM (ru/ibGepToBOM) mpocrpaHcrse R,
uroGH MOXHO OHJIO O0OpPaTUTLCA K JMHEHHBIM OmepaTopaM B HeM, T. .
K JnHeHHBIM oToOpaxenusm R na camoro cefs. C srtol wemsio mpu-
IeTCsl BBECTH HEKOTOpHIE MOHATHS, KOTOPHE MO CYLIECTBY yike OBLIH
JIpeABOCXMILEHE B HEKOTOPOH Mepeé B WMOC/IENHHX pasie/ax.

- B nmpenmzymux paszenax MH yke HMeaH leJO C ONepaToOpaMu; Ml
onperenuM uX (B COOTBETCTBUH CO CKa3aHHBIM TaM INepel meopemott 11.)
crenywowuM obpasom:
Onpedesenune 6. Oneparop R ectb ¢yHKuUSA, OnpelleseHHas
Ha ToxmHoXectBe M, co sHavenuamu u3 R, 7. e. coorBeTCTBHUE,
KOTODOE COMOCTABJsieT HeKOTOpHiM 3ieMentaM f u3 R oze-
meuthl Rf us $f.

(Mo pomycrunu azecs n R, B zomoadenne Kk R_. Crenyer oBparuth

BHUMaHWe Ha TO, uTo ecan (e ectb g, TO omepaTop R ompeleseH
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ans sneMentos Fg, T. e. OObUHHX $yHKUMA B KOHQUIYpaUMOHHOM NpO-
CTpaHCTBe, TpHYeM ero aHauenuamu OyAyT Takme xe Gynxumu. Hrak,
ONMepaToOpH OKASHIBAIOTCA TAK Ha3bIBaeMbIMH «(YHKUEAMH OT QYHKUAH»
unu «oyukunonaiamMuy». Cpasuu npuMepst B 1. 2,4). Kaacc f, 144 KOTO-
prix ompeneneno Rf -— obnactb onpeleienus R —He 00683aH BKJIOYATh
B cebs Bce M, ecanm ke o Bkaouaer Bce M, To R HasmiBaeTcs Ompe-
JeMeHHHM TOBCIOLY. KpOMe TOr0, HET HHKAaKOH Heo6XoZUMOCTH, uTOOH
MHOKeCTBO BCeX Rf —o0nactb usMeHeHus R (otofpaxenue obnacrn
ofpene/eHnd, OCylleCTBIseMoe R)-—colepxanacb B o0JacTH ofnpene-
deuus R, T. e. ecau Rf onpeieneHa, TO M3 9TOr0 ellle He cCiaelyer
¢ neoGxonumocTbio, uto R (Rf)==R2f uMeer cmuic5f),

B mnpexsaymieM paszesde Mbl yXe YCTAHOBHJM, YTO HALO TOHHMATh
nop R+S, aR, RS nm R™ (R, S-— oneparopH, 4 — KOMINIEKCHOE
gyucao, m=0, 1, 2,...):

RES)f=RfLtSf, @R f=a- -Rf, (RS)f=R(Sf)
Ri=1, R'=R, R!)=RR, R}*=RRR, ...

Ilns ycraHosieHus obJacTedt Ompele/eHHs STHX ONEPaToOpoB Clelyer
3aMeTuTb, uTO JeBHe CTOPOHH (T. e. omeparoph R £ S, aR, RS) onpe-
lleeHbl TOJBKO, eC/aM OINpeneteHn TaKie M TpaBble uactH. TakuM
o6pasoM, Hanpumep, R = S ompeneseso smmb B ofueH uactu obiacreit
onpefenerus R u S, u t. 4. Ecom Rf mnpuHuMaeT Kaxioe H3 CBOMX
3HAYeHHH J/MIUbL OAHAMAB, TO K o0/alnaetr OOpPaTHHM ONepaToOpOM R
R7'f uMeer cmbica, ecim Rg==f HMeeT pelleHHe g, H g eCTb €ro
3HayeHUe (R_lfz‘R_le=g). B mpensiayliem pasgene yxe 1jia peub
0 3aKoHax cuera Aas omeparopos R £ S, aR, RS, suecy mb 106asuM
ellle HeCKOALKO CJOB OTHOCHTENBHO COOTBeTCTBYIOLIMX objacteif. Ome-
paTopsl, ONpelejeHHEle TaM B KauecTBe DaBHBIX, HMEIOT TaKXe COBMa-
naolye o6nacTH ONpéle/eHHs, OLHAKO TaKHe ONepaTOpHble YPaBHeHHs,
Kak 0.R =0, Hecmpapequsn nias oOjacrell onpeneneHus. Bripaxe-

%) Tak, HampuMep, ecan R, ectb Fg, rae 2 — NPOCTPAHCTBO BCEX Belle-

CTBEHHBIX X, —— 00 < X < 00, T0 d/dx ectb yHKIUS OT GyHKUMH, T. €. Olepa-
TOp, ONpelefeHHH, OlHAKO, B HAUIEM CMHCAEC TOABKO 1ad Tex f(x), KOTO-
pHe, BO-TepBHx, JuddepeHiupyeMu H, BO-BTOPHIX, 061ajaloT KOHEUHBIM

o0
2
f ‘—}x— f (x)\ dx (cp. 11. 8, rae atot Bonpoc obcyxaaerca noapobuee). Ecre-
—-Co

d!
C¢TBEHHO, 4TO TOrAa B ofuieM caydae v f(x) He 00s3aHa CymecTBOBATh It

o0
3 2
f 'Fd}T I (x)l dx He o6s3an ObThb KoHeunniM. Harpumep, takoro poga no-
-0
3
Bejenne Oyfer y dymxuun f(x)=|x|?e™",



5] ONEPATOPH B T'MJIbBEPTOBOM IIPOCTPAHCTBE 71

ane O- f umeer cmbica Bcerga, a (0:R)f, no onpereneHuio, nMeer
CMBICA TOJLKO KoOrja onpeleneHo Rf (ecau, 04HaKO, o6a OHM onpele-
aensl, T0 o6a ==0). C npyro#f cTOpoHb, KOrjga BhIMOMHeHO |« R=
=R:-1=R u R™- R'=R™, 10 910 e BepHO AN COOTBETCTBYIO-
wux obaacreft onpesesieHus.

Eci R, S uMenr ofpathme onepatopH, To RS Takike obaanaer
o6paTHBIM ONepaToOpOM, KOTOPbIfl, KaK JIerKO BUIETh, HMeeT BHI RS)=
-lp= - 1
= S™R™Y, Hanee, nns a + 0, (@R) ==

a
TO MB MOXeM 00pa3osaTh W JApyrue OTpHLATe/bHble CTeneHu R:

R, Ecau cymecrsyer R~}

RZ?=R7'R™Y, R3*=R'R'R7, ...

IMocae stux ofwux 3amevanuft Mui nmepefimem k OoJee neTalLHOMY
HCC/eNOBAHUIO TeX CNelHaNbHBX KJ4CCOB ONEPAaTopoB, KOTOpbie Mpex-
CTaBAAIT JI Hac OcoOHf#t uHTepec.

Onpedesenue 7. Oneparop A HaspiBaeTcd JUHeHHBIM, ecad 06-
JaCTh €ro omnpene/ieHHs ectTh JuHefiHoe MHorooOpasue, T. e. ecJi

OHa comepxut BCe a;f;-+ ... - apfp BMecre ¢ f, ... fp
H ecau

A fi+ - Fapf)=aAf1+ .o 0, Af,.

B npanpHeftiieM wMpl OyneM paccMartpuBaTb TOJLKO JMHHERIbie
onepaTopH M MMEHHO JMIb TaKue, 00MaCTb ONpejeleHHs KOTOPHX
BCIOLY IJIOTHA.

IMocnennee 3aMeyaHue NO3BOJAET HAUTH — BO MHOTHX cayuyasx sddek-
TUBHYIO —- 3aMeHy TpeGoBaHus 00 onpele/IeHHOCTH ONePaTOPa NOBCIOAY, OT
KOTOPOro B KBaHTOBOM MeXaHMKE HaM MPUXOIUTCH OTKa3arhcd. 710 06-
CTOATE/ALCTBO HOCTATOYHO BAXHO 1a8 Hac, ytobnl paccMoTperb ero 6ogee
noxpobuo. Ias mpuMepa paccMOTPUM KOHGUTYpPAaLLHOHHOE MPOCTPAHCTRO
B BoaHoBO# Mexanuke Lllpemuurepa, KOTOpOe I NpPOCTOTH BO3bMEM
OIHOMEPHBIM: — 00 <{ ¢ < - 0o. BoaHoBuMu dyukuuamu Oyayt ¢ (q)

o]

C KOHEUHHIM f}cp(q)[qu. ouu ofpa3ylor npoctpauctso [uabbepra
—o0

h 0

"é;l—a—q"y LN

BUAHO, JuHeHHbl, HO uX oO0JacTH onpeleseHdUs HU B KoeH Mepe He

0XBaTHIB2IOT BCe FmabbepToBO mnpoctpaHcTso. Has ¢, ... 9T0 He Tak,

MOTOMY HTO

(cp. 1. 3). Paccmotpum omnepatopsl ¢, ... U Ouu, oue-

=]

[lee@rdg= [lo@?dq

-0



72 OBIIUWE CBOFICTBA TW/IbBEPTOBA I[TPOCTPAHCTBA [CJ1. 11

MOXeT JEerKo OKasaThcid GeCKOHEYHBIM, LaXe MpU KOHEeYHOM f|<p(q)l2dq,
-0
Tak u4to ¢y (g) He Oyaer npuHapaexkate Golee rusbeproBy IMpoO-
h d

CTPAaHCTBY. DTO HE TaK M AAd Oni g MOCKOABKY CyulecTByIOT Hepud-
[}

depenuupyemble GyHKuMH, TaK Ke KaK U TaKHe, NS KOTOPBIX fl‘? (9)|%dq

’ —co
KOHeueH, a
h d 2 h? d z
/ W%“P((Z)I d4=—4;z‘/[ﬁ%°((1)l dq
-0

1
He KOHeueH (Hanpumep, lg1? e~ nau e-7 sin(eqz)). Oaxako ux 06-
JacTH onpepeneHust Bcloay naorHel: OOa oneparopa, pasymeercs, Npu-
MeHUMBl K- KaxaoHh ¢(g), koropat ==0 JHllb B KOHEYHOM HHTepBaJje
—C=g¢g=C v Bciony HenpepsiBuo audpdepeHuMpyeMa; a TaKoe MHO-
HecTBO GYHKUUH noBcloay naortHo 59). Onpegeanm aanee:
Onpedesenue 8. [Ipa oneparopa A u A* HasoBeM CONPSKEH-
HEIMH, €C/M OHHM HMMEIOT OJHY K Ty Xe o6JacTb oOnpejeieHus,
npuieM B 3TOH obaacTu

(Af, &)=, A%¢), (A, )=(/, Ag).

(3amenss B3auMMHO f, £ U MpPOM3BOAA KOMILIEKCHOE COINpSKEHHe
¢ 00enx CTOPOH paBeHCTBa, yOexnaemcs, uTG Kax[oe M3 ITHX COOTHO-
mweHuit caeayer ua apyroro. Hanee scho, uto cBiss A ¢ A* cummer-
puuHa, T. e. uro A* M A Takxke conpsukeHusle, Tak 4ro A¥ = A4.)

%) B coorsercTBuu ¢ HalowenueM I3 (mpu ocywmaenun ycaosusa E.) HaM
AOCTaTOYHO yMeTb anlpOKCUMHpPOBaTh € Mo60H TOUHOCTbIO BCe JAUHEHRHBIE KOM-
6uHaupy caenyoumx Qyukuuit: f(x) = 1 Ha MHOXKecTBe, COCTOALIEM H3 KOHEU-
HOT'O 4HCJa MHTEpBAaNOB, ¥ paBHO O Bcloxy BHe Hx. DTO yhaercd, ecad Mul Oyrem
yMETb annpoOKCHMMPOBATb KaXIAyw H3 9TUx GYyHKUME B OTAENbHOCTH; B CBOWO
ouyepelb JOCTaTOUYHO HAyUHTbCA Jesarth 10 Aaf GyHkuu#i ¢ obmum l-unrep-
BaJoM (ocTanabHHE QYHKOMM GYAyT cyMMaMH takux). [TycTs, Hanlpumep, HHTep-
Banom Oyxer a < x < b, PyHKnHSA

fx)=0 M x<a—e wH x> bte,
f(x)-—:cos”%% g a—e=x=a,
f(x)=cosz—;—xT_b‘ ma b=x=b-e,

fx)=1 ML a<x<b

B CaMOM J&J¢ yIOBJESTBOPAET HALIUM TpeﬁOBaHHHM PeryaapHOCTH 4 BMecTe C TeM
HpHﬁJIH)KﬁET 3a 1aHHY10 (t)yHKU.PllO NPOHU3BOJBHO TOYHO IIPH AOCTATOYHO MAJBIX &,
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3aMetuM jaabire, 4ro aaa A Moxer ObITh Ha#lnew JMIUL OUH
conpskenubit omepatop A%, 1. e. ecan A ectb conpmxeHHHH K Af u

* * *
K A, 10 Ai=As. B camom nene, a8 Bcex g, AAS KOTODHIX ofpe-
nenedo Ag,

(4if. &)=/, 4g)=(4f, g).

¥ NMOCKOJMBKY 3TH g BCIOLY MJOTHB, ATf::A;f. Y taxk xak sTo BEINOJA-
usercs Beerja, 1o Aj==Aj. Cuenosateasno, A* onpeaeteso no A
OLHO3HAUHO, TAK we Kak u A mo A%

Ml Hemen/eHHO MoxeM yGeautscs B ToM, uro 0,1 u Boobuwe Bce
NPOEKUMOHHBIE ONepatophl £ camoconpskeds (cp. meopeMy 12.), 1. e.
nag wux 0%, 1*, E* cyuiecisyior U passu coorBetcrseHHo 0, 1, E. Hanee,
(aAy=aA" u, eciu tonko ALB wmoxer Gbtb Booéme onpeneseHo
(t. e. ecan ux 06JacTH onpeseneHuss Bcloay MIOTHH), T0 (AEXB) =
== A**1 B* Hakoneu, npu orpaHuyeHusx Ha oGJacTh OnpeneNeHus, KOTO-
pee MOryT OblTb JerKko ycraHoBieHbl, (AB)*==(B"A") (Bellb (ABf, g)=

= (Bf, A'g)==(f, B*A*g)). pasno xax u (A~ ) A", rax xak

(a7, @)=(a"'f, &2 g)=(aa""y, &7 'g)=(r, 47'g)).

B uactHOoCTH, A48 cayuast BOJHOBoM MexaHukn Llpenunrepa (koTopywo
MBI pACCMATPMBAAK M paHblle, HO 33echb OyIeT UMeTbCS B BUILY R-MepHOe
KOH(MUIypPaUUOHHOE MpPOCTPAaHCTBO), KOraa Tru/ib0epToBO INPOCTPAHCTBO

COCTOUT M3 ©(gy, +++s §p) C KOHEUHBIMHU
f fl(?(ql, coo gp|%dgy ... dg,,
-0
" h 0
MBI UMeeM 1J4 OollepaTtopoB ql’ “en WE' .
. R 0N kD
(ql) - (ql), (%qu) = WE];'

[TepBoe oOueBHAHO, AOCKOMBLKY

I

4

f fqz-?(qp o 4p) ¥ (q -v s g dg .. g

=f f‘?(‘hv v Gr) 9 0(Gy e es ) Ay ... dgy.
- S
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Bropoe yrtBepiuaer

P CDh 7} =
[ [ a e oo 0¥ s Goday .. dgy =
- 00 -0
h 0
=f f‘P(qv“-'qk)’ﬁb’a‘!’(‘h“'--qk)d‘h"-qu'
T. €.

f !{5%79((11. A AR YA AR

-00 -

a S —
4@ oo 0 g O @n s 4D} Gy - dgy =0,

T. €.

- lim f f[cp(qx. oo gY@y e e q,,>1§§:1“.?><

A->+ o0
B>+o0"®  T®
Xdqy ... dqy-1dq4 ... dg,=0.

Hpenen HOJ/KEeH CYHIECTBOBATH, MNOCKOJLKY CXOJUMOCTb BCEX HHTErpaJjoB

f fo...dql...qu ‘

]
HeCOMHEHHa (Tax Kak ¢, ¢, Fq—l-cp, -£l—tp NpUHAAJNEKAT NPOCTPAHCTBY

I‘mb6ep'ra). TaK 4TO BAXKHO TOMbKO HMEHHO ero paBeHCTBo nyawo. Ho

ecad 6B OH He Obl1 paBeH HYJ/IO, TO (HECOMHEHHO CYIUECTBYIOLIUi) Nnpesen
npu g, ~> 00 (WM Npu g, —> — OO) BbIPAKEHUSA

f f:p(ql, cor V(@1 oo g dgy ..o dgy_dg, ... dg,

Onia OBl He PaBeH HYJI0, YTO HECOBMECTUMO € a6COJIOTHOH CXOMUMOCTBHIO
MHTerpana

f f‘P(‘Zv e 4Gy - ey gp)day .. dgydg dgy,y ... dg,
-0 —00

(¢, ¢ npunagiexar npocrpaHcrTsy [nanGepral).
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Ecau A ecTs uHTerpaibHuift onepatop
Ap (g1 -0 GO =
[=e] (e

:f fK(ql, e G G e GR)9 (9] o0 qy) A . dgy,

S -0
TO HENOCPEICTBEHHO MOJyuaeM c/eiyliolliee yTBepmaeHue: A® ecTh TaKke
HHTETpabHLIAl ONEPAaTOP, OLNHAKO AP0 ero He K (g, ++ vy Gy qp - - ,,ql'z), HO
7 ’,
K(@p «vor @4 @y oo 00 )

PaccmotpuM Tenepn I0J0XEHWE BeweH B MarTpuUuHOH TeOpHH, TAe
npoctpancTBo [ uaIp0€pTa COCTONT M3 NOC/IEL0BATEJIBHOCTEH X, X ...
«©

C KOHe4HOH leuf". Jlurestunift onepatop A nepesoant {x;, Xg ...}
p,:l

B {yp Yo .o}

A{xl. x2, ---]={y19 y2; c..};
rre Bcaeictue  JuHeMnoct A, Y, Yo, ... ROMKHH 3aBHCETL OT
X1 Xgs «. . JAHHERHO

00
® = 21 ap»xv 60)'
v=

80y 310 paccyxmeHHe He TOYHO, MOCKOALKY OHO OnepHpyeT MOHATHEM AUHei-
HOCTH B caydae GecKOHEUHbIX CyMM H mpodero. HO OHO Momer OuTh yayduIeHO
TakuM O6pasom: IlycTb ¢y, 93 ... OyIET MOAHOH opTonopMHpoaaHHou cucremou

a A n A*— conpscHHBIMH oOmneparopaMu. Ilycrh f= me, Af = Z ¥y Pye
v=1 v=1

Torna -
p= (41, ¢) = (f, A%g,) = 2‘, (f, 9) (B9 9) =
[a cmly meopmu 7. ]
= Z %y (9, Apy) = 2, (49,5 9,) %,
Ecau 1;1351 Telleph MO/IOKUM ay, == (AP, $p), TO NOAYIHM (pOpmyny H3 TeKcTa

= 2 a,,x,, Tl1e yxe obecneunuBaercsl abCoOMOTHAA CXOAMMOCTD.
y=]
B ruan6eproBoM npochchme IIOCJleAOBaTeJleOCTeﬁ X1, xg, ... nocaepo-
BaTeapnOcTH ¢, =1,0,0, ...;9,=0, 1,0, ...; ...; ... ofpasywor mnoauywo
OPTOHOPMHPOBAHHYIO cncTeMy (B ueM MOXHO Aerko y6enutbes). Tor,ua nas

F=(x1, X3 ...) umeen f—z X%y A58 Af=(y), ¥z ...) HMEEM Af_}_ Vs Pur
=1 v=1
YeM XOCTHraercs MOMHOe comacne ¢ TEKCTOM.

Ecau Ml 06pa3yeM a , A A% 1o YBUAHM, 4TO
= (4%, 7) = (2 48,)=(Av, 9)=12,,
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Cnenosarennho, onepatop A XapakTepHsyeTcs 3ajaHueM MATPHOB @,
Jlerko BuaeTs, 4TO MATpHUa @, (KOMMNJEKCHO-CONpsXEHHAs TPaHCIOHU-
poBanHasl) coorBerctyeT oneparopy A* (cM. mpum, ).

AHanorust ¢ NOJOXKEHHEM B MaTPHYHOH TeOpMH, KOTOPYI0 MH ceHuac
OOHAapyXHU/IH, NMOACKA3BIBACT HAM Crnoco0 BBECTH MOHATHE 3PMUTOBA oOne-
paTtopa, KOTOpbIM Mbl ceHuac u BocnoabayeMcs. OIHOBPEMEHHO MBI BBEJEM
DBA JAPYTHX TIOHATUS, KOTOPHE OKAXYTCH CYUIECTBEHHBIMM A HAIIMX
JanpHe X ueel.

Onpedesenue 9. Onepatop A Ha30BeM 3pMUTOBEIM, eciau A'=A.
Hasosem ero Ttakxe gedunutHsiM, ecan Bcerna (Af, f)==0°6).
Oneparop U HasoseMm yHutapusiM, ecau UU* = U*U =1 62),

* -1
Il yHUTapHLIX ONepatTopoB Mbl, TakuM obpasom, nmeem U =U"",

[To onpexnenenuo,
Uf, Ug)=U'Uf. g)=(/. &)

3HauuT, B yacTHOCTH, (mpu f ==g), {{Uf|l = ||f]|. Hanporus yuutapHas
NpUpola Onepatopa cCAéAyer W3 mociennux csoltcts, ecau U onpegesnen
floBcioay u npHHMMaeT Bce 3Hauenus (cp. npuu. 92)). Mu gokaswipaeM 910
clenylonuM 06pasoM: BO-NEPBHIX, €CAH BEPHO, UTO

Hurit=1su.
TO, B3HAUMT,
Ur.un=. 1N Wuf. H=U 5.
Ecau Mpl 3aMeHuM 31ech f Ha f;'—g v apyro#t pas na _[_;_g H BHINTEM

UX Apyr M3 Apyra, TO, KaK JErko MOLCUHTATD,
Re(Uf, Ug)=Re(f. g)-

Ecau Mbl noacrasuM If BMecto f, To noayuuM Im Bmectro Re. Hrak,
BOOOILE CNpaBesauBO, UTO

Uf, Ugy=(. g, e (UUf Q= 8.

[pu aausoM f 9710 BepHo nas Bcex g, 3HauuT, U'Uf = f, ¥ nockoabky
9TO BHIMOJHAeTC Aad Beex f, 10 U'U==1. Mu n0MXHH elle NOKa3arts,
yro UU*=1 rakxe. J[laga kaxigoro f cyuiecTByetr g Takoe, uTO
Ug=Ff, snamnr, UU'f=UU*-Ug=U.U'Ug=Ug=f, creno-
BateabHo, UU*==1,

[TockoasKy BcleacTBUE AHHeHHOCTH

[Uf—=Ugll=|U(F—ll=I/—2gl.

81y (Af, f) BemectBenHo B moGOM ciyuae, TaK Kak paBHO
(A%, fYy=(f, Afy=(4Af, /).

82) CueponarenbHo, U, U* nomkHm Geith onpejgedeHsl nosciogy. Hanree oHu
o6paTHH Ipyr APYTy Y, CAGAOBATENbHO, NPHHUMAIOT Kax/joe 3HaueHHe OJMH U
TOJIBKO OJUH pas.
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TO Ka}/bl#i YHMTApHBLIH Oneparop HenpephBeH, YTO OTHIOAL He 00d3a-
T(;lebHO IJsl 3PMHTOBHIX onepatropoB. Hanpumep, omepatopsl ¢ ... u
d
2ni g °
V3 Hamux ¢oOpMaabHBEIX NpaBud HcuucaeHus 4as A* HeMenJIeHHO
caenyer, uyro ecau U, V yuurapHel, 10 OyayT YHMTapHHE H Ul uv,
cienoBatenabHo, M Bce ctenenu U. Ecan A, B apmurosw, 1o AXB
Takxke opMutoBel. Hanporus, aA — 9pMUTOB JMIUbL NpH BEIECTBEHHBIX @
(uckawouas A==10), a AB spmuroB, auwb ecad A B B KOMMYTHPYIOT,
T. €. eciu AB=BA. Jlanee Mbpl 3HaeM, uTO BCE MpPOEKUHOHHLIE Ole-
paropst (M B uacTHoctH 0,1) spMuTOBH 4 UYTO SPMUTOBH ONEPaToOpH
h

.+, CTO/b BaXHble 15 KBAHTOBOW MEXAHHKH, — He HernpephiBHE 63),

Gy +ee» H nl Fg; teopuu lllpeannrepa. Bmecre ¢ A 5pMUTOBH
1

-1
M BCe ero cTeneHd (Tak ke, Kak U A~ ', ecad OH CYWECTBYeT), PaBHO
KaK W BCe MOJUHOMBHI C BelleCTBEeHHBIMH KO3(dHUMEHTaMH. 3aMeyaTeNbHO,
4TO npu 3pMHUTOBOM A H NPOU3BOALHOM X OKa3hHIBAETCA 3PMUTOBBLIM H

oneparop XAX™ .
(XAXY = X" A X*= XAX".

CnenoBatensHo, Hanpumep, 3pMuToBel Bece X X* (A=1)n X*X (X — 3a-
mensercs Ha X*). Tlpu yuurapuom U, UAU™' spMmuros, nockoabky
Utt=u.

HenpepslBHOCT, 1481 ONEpaTopoB, TaK K€ KaK H 1A YMC/IEHHBIX
¢yukuufl OOBIYHOrO aHaiM3a, ABJAsileTCAd CBOHCTBOM NEPBOCTeNeHHOH BaX-
HocTH. MBI no3TOMy XOTHM C(HOPMYAUPOBATL HECKOJBKO XapAKTEPHBIX
yCJI0BUH CYLIECTBOBAHUS STOrG CBOACTBA 14 CAYyYas JHHEHHEIX ONepaTOpOB.

Teopema 18. Jlunelinuit onepatop R HenpephlBeH BCIOLY, €CJH
on HenpepeiBeH B Touke f==0. Heo0xoauMbeM M AOCTATOUHBIM
yCJIOBHEM AJA STOr0 ONSTh SBJAAETCH CYLIGCTBOBAHHE IOCTOSH-
Ho#t C tako#, uro Bcerna ||Rf||=C .| f|]. B cBoo ouepens,
3T0 YCJAOBHME SKBUBAJEHTHO TOMY, 4TO BCeria CHPaBel/HMBO

(R, ol=C- /Il lgl-

HOas spMuToBHX R 9T0re gocrarouHo norpe6oBath TOABKO 114
f=g:|(Rf. H|=C-|If|> wm, nockomsky (Rf, f) seue-
creenno (npum. %) Ha crp. 76),

—C-|fI"=Rf, H=C-

| £11%

2
&) Ilpu pansoM /lv(q)l“’dq KaK /qzlv(q) |2dg, Tax u /lj‘%v(q)[ dgq

—co
—_ 2
MOMXHO CleNats NpoussOibHO GoubunMu. BoabmeM, Hanpumep, ¢ (¢) =ae b,
Bce tpu unTterpana xoueudnl (5 > 0!), HO NPONOPHHUOHANBHB COOTBETCTBEHHO
~1 -3 1
a’b /2, a%b s, a2b/’, TaK uTo JOOLIM JABYM M3 HUX MOryT OBITh NPENHCAHBL
IPOU3BOJIbHBIE 3HaueHus.,
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3amenwanue. KoHuenuus HENPepHBHOCTH OlNEPATOPOB BOCXOLUT

k Hilbert'y%). Ou xapakrepusosail 3To CBOHCTBO KaK «OrpaHu-

YeHHOCTL» W ONpene/s ero Npeanoc/elHUM U3 AaHHBIX BHIE KPHU-

Tepuen. ECAH B nocjeiHeM KPUTEDHH BCETJa BHINOJHAETCS TOJABKO

OIHO W3 HEPABEHCTB, TO R HA3LIBAETCSA NMOJYOI DAHHYEHHBIM: CBEPXY

uwiau cHu3dy. Hanpumep, Bcakuit 1eduHUTHBI# oneparop moJayorpa-

nuyed cHusy (¢ C=0).

Hdokazameascmso. HenpepoiBHocts B f=0 o3Hauaer, uro 44

Kaxaoro & >0 cymectByer Takoe & >0, uro H3 |/ f|| <8 caeayer
IRf|| <e. Toraa w3 | f— foll <3 caenyer, uro

I1R(f— foll = IRf —Rfol| <e.
T. €., YT0 R HenpepsiBHO Takke B f==f, W, CJICL0BATE]LHO, BCIOAY.
Ecau sainoansercs ||Rf||==C. || f || (xoue4no C >>0), TO MBI MOKEM 10Ka-

3
3aTb HeNPepHBHOCTD, 0NOXKHB 8 == —. HanpoTus, ec.u uMeeTCs Hernpepois-

2
HOCTb, MBI MOXEM onpeeauts o Aad e =1 u noaoxurs C=-. Hbo

3
IRFl=C- |l
anonuaeTcnlmﬂ f==0 6es naavuetimero. Has f =0, 1. e. ||[f|| >0
—B .
nycTs £ ==—Fr ||fl] f. B arom cayuae | g| = —8 H, ClE10BATE]LHO,
B
IRgll =7y IRFI <1 ARSI <L =C Uil

2
IRFI=C-Ifll cneayer, "uro [(Rf, @)= |R/||-|lgll=
ﬂf|l gl Hanporus, us |(Rf. g)|=C - [|f| - llg]| Mt noayuum .
C ||f|[ “lgll, ecam nonoxuM g==Rf, 4, CreN0BaTeNbHO,
- Ifll. Ewe ocraercs mNoOKasatb, 4TO 1JF IPMHTOBBIX R 3
R =l i nenyer RS D= A 12 Tonerasanm

f+g f;g

ReRf, @ =|(RLFE, L8)—rL5E. L58) <
=c(| f+g'l2+lff—2—g”2>=Cllfllz42—llgll265).

64) (Qottingen Nachrichten, 1906.
5) B npuBelEHHM K 3TOMy BHAY BaXXHa dpMMTOBOCTb onepartopa R:
ft+g F+sg\ (pf—g [—g\_
(R 555 '—2"‘) ,(R 7 g )“
_ R 9+ (Re, /) _ (Rf, 2)+(/, Rg)
2 2

BMeCTO f, Moayuyaem:

=Re (Rf, g)
(B TpeTheM mIare).
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1
lMoncrapasem renepb af, —g BMecto f, g, KaK IpH J0Ka3aTeNbCTBE
meopembt 1.. Munumusupys npasyio cropony, noaysum |Re(Rf, g)|=

=C-||fll - llgll. 3areM, samenss f wa e!*f (o — BelleCTBEHHO), HOAY-
YHM B KauecTBe MAaKCUMyMa JeBOH 4acTH
IRf. o|=C- |If]l - llgll.

KoHeuno, 310 cnpaseiquBO TOALKO, ec/au Rg ompeleseHo, HO MOCKOALKY
3TH £ BCIOLY NIOTHH, a RE BOBCE HE BXOAUT B OKOHUATeJbHHH pe-
3yAbTaT, TO B CHJY HENPEPHIBHOCTH 5TO BHIMNOJHAETCH BCEria.
JlokaxeM eme OIHY TeopeMy O LedMHUTHHIX ONeparopax:
Teopema 19. Ecnu R 9pMuToB U IeUHUTHHIA onepatop, TO
BCErza

I(Rf. =V (Rf. H(Rg. &)
u, 3Haunt, us (Rf, f)=0 toraa cxeayer, uro Rf==0.
Lokazameavcmeo. TlpuBeseHHoe HepaBEeHCTBO CJAeLyeT U3 crpaBen-
mBoctH (Rf, f)=0 (aedunutHOCTL) COBEpIUEHHO TaK, KAK B meo-

pere 1. npokaspiBanoch HepasenctBo IHlapua |(f, g)] é\/(f, N 8
(r. e. = |fl] - lgll), ucxonst u3 (f, f)=0. Ecau teneps (Rf, f)=0,
TO M3 3TOr0 HepaBeHCTBA chaelyer Takxke, uto (Rf, g)=0, ecau Rg
umeeT cMeica. CleloBaTenbHO, OHO BHIONHEHO AAA BCIOLY MJAOTHOTO MHO-
HeCTBA g U, 3HAYHT, B CHAY apTYMEHTOB HENpPEepHIBHOCTH, LI BCeX g.
3uauut, Rf =0.

Hakoneu, Mbl KOCHEMCS BaXKHOT'O NOHSTHA KOMMYTaTHBHOCTH JBYX One-
paropos R, S, 1. e. otHomenus RS = SR.

s RS = SR caeayer, uro

S...S88R=S... SRS=§8 ... RSS= ... =RS ... SS.

T. &. R u 8" kommytupytor (n=1, 2, ...). ITockonsky R- 1 =1-R=R
u S%==1, 1o 910 BepHo W a1 n==0. Ecau cywecrayer Sh 1o
§'.SR-S7'=8"'".RS. 5! u NOCKO/IbKY

S'SR.-S§'=8"'S.R-S'=RS!,
ST'.RS - S '=8""R.88'=S"'R,

To 1 ST'R=RS™\. Tak uro n==-—1 u, snaunt, u n=—2, —3, ...
TaKXKe JONYyCTHME, T. e. R KOMMyTHpyeT co Bcemu crenedsmu S. [lo-
BTOPHHE PAacCyXIEHUS! MOKAa3blBAOT, YTO BCe CTeNeHH R KOMMYTUPYIOT
co scemu creneHaMu S. Ecan R xommytupyer ¢ S u ¢ T, 10 OH, Oue-
BHAHO, KOMMYyTUpyeT cO Bcemu aS, a Takxke ¢ S = T, ST. Buecte ¢ pe-
3y/AbTATaMH, MOJY4YeHHBIMU BHIUE, 3TO O3HayaeT, 4T0 ecan R, S KoMMmy-
THPYIOT, TO KOMMYTHPYIOT TakKike Jio0ble NOAMHOMH U3 R ¢ /1105bMH
noauHoMamu u3 S. B uwacthHocTH, npu R==3S Bce MOJTMHOMBI 1O R KOM-
MyTHPYIOT Mexi1y coGo#.
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6. Ilpo6aema COGCTBEHHHIX 3HAYEHHH

Wrak, Mbl NpPOABHHYAHCH AOCTATOYHO [aJeKO, 4ro0bl pacCMOTPETh
B alcTpakTHOM npoctpanctse ['mabGepra Ty camylo 3apady, KoTopas co-
cTaBasAza B ee 4YacTHRIX peaausaumsx F, uan Fg uenrpanpHuifl BOmpoC
KBAHTOBOH MeXaHWKM -— peluenue ypaBHenu#t Ey, u Ep, u3 1. 3. Msl Ha-
30BeM ee npobaeMol coOcTBeHHBIX 3naueHu# W AOMkHEl Gyaem chopMmy-
JAUpOBATL €e HAHOBO W Oojee eAUHOOOpPA3HBIM CHOCOOOM.

B L3 u B Enu B E;, tpebopasoc, HaliTH Bce peuwenus ¢ =0
ypaBHeHUd

E, He=1¢,

rne H — spuuros oneparop, orsevaown#t dyukuuu amuasToHa (cp. 06-
cyxnense B l. 3), ¢ — sneMenrt ruanGeproBa NpoCTpaHCTBa, a A — Belle-
creennoe uucao (H — mawo, A u ¢ —umyrcqa). [Ipu 91oM, oOnHaKo,
BBEIABHTAIOTCS ONpeje/eHHble TPEOOBAHHS OTHOCHTEBHO WYHUCHA HYXHBIX
pettenu#t. X n0MmKHO OBITE CTOABKO, 4TOOBI

1. B MaTpuuHOH TeOpHM U3 ITUX pelleHuft

r={sy, s12 ...} @y={so S0 ...}, ...
(nanomumm, 4to Mbl B F, 1) Moraa Gbl ObiTh 06pasorana Marpuua S = (s, },

KoTopad umeeT oOpaTHy0 st (cp. L 3);
2. B BOJNHOBOH TeOpUH B psfl MO PeLICHHAM

=01(q1 -ver 4 P=93(qp . .» qp).

MOXHO OBIIO GH Pa3nokuTh MO0y GYHKUMIO ¢ (g, ..., gp) (e 00d-
3aHHYI0 OBITh pellleHWeM YpaBHeHUs)

YO q,>=,§;lc,,ao,,<q1, c 4

(¢y» @g» ... MOTYT NpuHanIeXats pasanunbiM 3HaveHuaMm )). ([Tocnennee
00CTOATEILCTBO He YNOMMHAJAOChL, mpaBiaa, B I. 3, HO OHO HeoOXOpuMO
AJA9 NanbHeHINero pasBUTHS BOJIHOBOH TEOpHM M, B YACTHOCTH, A «T€O-
puu BosMyuienu#t» Lllpenunrepa %).)

Ho 1. Bezer K TOMY Xe, uTO U 2., MOTOMY uTo MaTpuua S nepe-
soaut {1, 0, 0,...}, {0, 1, O, ...}, ... coorBercrBeHHO B

{Slly S12, S13, * s e }1 {SZI, S22, S23! .. .}) * ey
M, cJaenoBaTe/bHO, BCe ruabbeproBo npoctpaHcTBe R B 3amiuyToe
AuHefiHoe MHOrooGpasue, HATAHYTOe HA @), Py, ..., H, BHAYUT, LIS TOTO,

CM. TpeTblo CTaThl0 N3 yNOMAHYTOIO B HpuM.%) Ha crp. 13 c6opHuka
(Ann Phys. [4] Bd. 80 (1926)).
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4TO6Hl cymectBoBata S”', mociensee 06s3aH0 TOwe GLTh PaBHEM T
A 2. ytBepijaeTr TO Xe CaMOe NpsMO: OHO Toxe TpefyeT, uToOH Kax-
joe © MoOrjao OHTb ANNPOKCHMHPOBAHO ¢ JMIOOOH CTENEeHBI TOUHOCTH
JHHeRHON KoMOuHaumeR# o, @, ... ).

BoificHUM, CKOJIb CHIBHO 3TO YCAOBHE, M TONYTHO JOKaMeM elile pas
csolictBa ypaBuenus E., noab3ysch teM GOpMaabHEIM anmaparoM, KoTo-
pHE Temeps HMeeM B CBOEM paCrOpsDKEHHH.

Bo-nepsuix, — nockoapky Mbl TpebyeM ¢ <=0 u mockoabKy ap ectb
pelIeHHe, KOJAb CKOPO ¢ sIBASETCS TAKOBHM, — JIOCTATOUHO PACCMOTpEThH
TOJIbKO pemenns ¢ ||o|| == 1. Bo-BTopHX, HeT Hyxunl Tpe6oBaThb, yTO6H A
OBLIO BELIECTBEHHBIM, NMOTOMY 4YTO 3TO CJelyeT H3 H<p=k<p:

(Hey 9)=Qg, @) =A(p, )=

(cp. II. 5, npuM. ') Ha crp. 76). B-TpeTbux, pewleHus ¢;, ¢, TNpPHHAL-
Jexautie pasauuHBIM A;, Ay, B3aHMHO ODPTOrOHAJbHHL:

(Hep @) =X (91 99);  (Hopp 90) == (1, Hog) == 23 (91, 9y)-

3naunt, (9. 9) =0, TaK xax A (¢ 92) =ho(Pp 9p) @ A+ Ny

ITyctb Temeps A;, Ay, ... —9TO OTAMYHBIE ADYT OT JApyra A, s
koroprix E, paspemnmo. (Ecam Mb BhIGepeM s Kamjioro A ¢ paspe-
muMbiM He==AX¢ 1o oNHOMY pelleHHIO ¢, JIuHbl 1, TO 3TH ¢ Obpa-
3yIOT, B CHJIY CJeJaHHBIX Mpexje 3aMeuaHH#, OpTOHOPMUPOBAHHYIO CH~

creMy. Cre0BaTenbHO, IO meo peme 3, uz II. 2 sror HaGop obpasyer
KOHEUHYIO U/ GECKOHEUHYIO NOocaeloBaTeNbHOCTh. Ho, 3HAYHT, MBl MOMeEM
3aMuCLIBATh M A Kak (6BITh MOXKeT, OGPHIBAIOLLYIOCS) NOCAE10BATENHbHOCTD.)
Has Bcaxoro k=kp Bce pelleHust ypasHenus Ho =»\p o6pasywor 1u-
HelHoe MHorooGpasue u mpHTOM 3aMkHyToe %), CienoBateabHo, COraacHo

meopee 9. CyWECTBYeT OPTOHOPMHPOBAHHOE MHOKCCTBO . 1y ..., D, s
3 1 P

TaKMX pelleHHHt, KOTOPHE KaK pas pacTArHBaloT 3TO 3AMKHYyTOe JHHelHOe
MHOrooGpasne. SICHO, YTO YHCAO v, — 9TO MAKCHMAJbHOE YHCAO MHHEHHO-
He3aBHCUMbIX pelleHu#t ¢ A==X,. 3DTO 4HCIO W3BECTHO. MOJL HA3BAHHEM

67) Msl co3HaTENBHO He BXORMM 37Jech B GoJjee TOUHble BONPOCH CXOJu-
MOCTH; B OpPUTHHAJbHBIX (POpMax MaTpHYHOH M BOJHOBOU TeOpufl aTH BOmPOCH
TOXE He YCTaHaBJUBaJHCh C AKKYPATHOCTBIO; MO3Ke Mbl YCTAHOBHM 3TO (Cp.,
HanpuMep, II.9).

68) Ilocaennee O6CTOATENBCTBO OYEBUIHO 0€3 NadbHEHIIUX NOACHEHHH TOALKO
AN HempephBHHIX, NOBCIOAY onpefetennslx H, T.e. ecau w3 f,—> f crexyer,
4t0 Hfp,—> Hf. Mexzay TeM IOcTaTOYHO OyZIeT, KaK Jerk0 yGeXuTbcsd, H MeHee
OrpaHHYHBAIOIIErO CBoHCIBA U3 fp,—>f, Hf,—> f* caenyer, 410 Hf = f* (s10
TaK HaswplBaeMas «3aMkHyTocTh» H; cp. pa6ory aBropa B Math. Ann. Bd. 102
(1929) ). D10 nocaeinee Bceraa BHIIONHAETCA 18 KBAHTOBOMEXAHHYECKHX Ofe-
PATOPOB, Jaxe JJjs e HenpephBHEX. TOUHee, HE3AMKHYTHIH SPMHTOB omeparop
MOXeT ObITh CACNaH 3aMKHYTBIM (M SPMHTOBBLIM) C HOMOINbI0 OJHOSHAYHOTO pac-
[mMpenus €ro obaacTy onpejeiaeHus (YTo He UMeeT MecCTa, HampHMep, Has CBOH-
cTBa HempephBHOCTH, cp. IL 9, ¢rp. 112), '

6 U. Heiimay
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KpPaTHOCTH COGCTBEHHOrO 3HaueHud A,. (v=1, 2, ..., oo; v==co MOxer
BcTpeuarbcs. Hanmpumep, A=1 n1gd H==1.) B cooTserctBuM c mnpeisi-

AYUIMM PACCYHICHHEM @y 1, «+os @, C ABYMS DA3HBIMHU p TAKKE B3AUMHO
oproroHajbunl. CllefoBarelbHo, MOJMHBIA HAGOp Bcex
Py =1 2,..5v=1...,v)

Takxke 0OpasyeT OPTOHOPMHUPOBAHHYIO CHCTEMY. 3masgs MCTOYHHK 3TOH

CHCTEMB, MBI 3aMeyaeM, UYTO Ha Hee HATAHYTO TO Ke CaMoe 3AMKHYTOe

auHe#iHoe MHOrooOpasue, uTO W Ha BCe pelllenns ¢ npobaemnt E, .
IpouymepyeM ¢, , B J060M nopsixe, 0003Hauas uX uepes Py, Yo, o« .,

coorsercteyiowe M A— uepes AV, A, ... Hrax, copMyIHPOBAHHOE
npexje yTBepwJIeHHe, UYTO Bce peuteuns E, pomxubl pactarusath R
KaK 83aMKHYTOe JMHeHHOe MHOroo6pasue, I'JIACHT TeNepb, 4TO ITC AOJDKHBI
IeJatb yme TObKO $p, Uy, ... (MOAMHOXECTBO pelleHuil) —u, cieno-
BaTe/IbHO, MO meopeme 7. &), 4TO 3Ta OPTOHOPMHPOBAHHAS CHTTEMA TOJIHA.

Taxum o6pasoM, peuieHHe NpobieMbl COGCTBEHHBIX 3HAYEHHH B CMEICJE
KBAaHTOBOH MexaHmku tpe60Bajo 6Bl HAHTH Kak pas CTOMbKO pelieHuH

=0y, ¢g ... M A=k, Ay ...

npobiembl E., uTo6bl M3 HMX MOXHO OhUIO 06pa3oBaTh MOJHY0 HOPMH-
POBAHHYI0 OPTOTOHAJbBHYIO CuCTeMy. 3T0, OJIHaKo, B O06WEM ciayuae
HUKOHM 00pasoM HeBO3MOXHO. Tak, HanpuMep, B BOJHOBOH TeOpHH MHI
BUIUM, UYTO uyacTb pemlenutt E. (T. e. Ep, us I, 3), —a Beab HAM HYXKHbI
BCe, UTOOH MOXHO OHLIO PA3JM0KHUTL NO pelUeHHSM KaX(1ylo BOJHOBYIO
¢$yuxuuIo (Cp. 3aMeuaHue Bbllle), — He 00/1a1aeT KOHEUHLIM HHTETpajioM
OT kBajpara abcomorTHOH Bequunusl %), T. e. He NMpHHALAEKUT TUABGEp-
TOBY mnpocrpaHcTBy. B mocsienneM ke (a Beib B Ep, Mbl yuuThHIBaeM
Jullb €r0) He OKAasLiBaeTCsl NO3TOMY TOJHOK HOPMUPOBaHHOHK OpTOro-
HaJLHOH cHCTeMbl peulenuil.

C npyro#t croponbl, ruasGeproBa Teopus TNPOGIEMBl COBCTBEHHBIX
3HayeHUi NMOKasLIBAET, YTO STO ABJEHHE OTHIOAb He MPeACTaBJseT UCKII-
yeHUs B NOBeJeHHM OMNepaTOpOB (Jaxe NJd HenpepbiBHBIX 70)). 3nauur,
HaM HpuieTcd pasoOpaThCs B TOM, YTO 3TO O3HauaeT ¢pusuuecky; cp. I1L. 3).
Ecin 3TO fiB/leHUe UMeeT MeCTO, T. €. €CJIH OPTOHOPMMPOBaHHAS CHCTEMA,
cocraBleHHas u3 pewenu#t E., He moana, To rosopar, uto y H ecrb
«HenpepblBHHIK crekTp» («Streckenspektrum»), (A, A, ... o6pasyoT
«aucKperHHit»  cnekTp («Punktspektrums) H).

Hama crenymomas 3afgaya cOCTOMT B TOM, YTOGH HaliTd, nockoabky E.
He roautca, (pOpMyaHpPOBKY npobaeMbl COOCTBeHHHX 3HaueHu# SpMUTOBA
oneparopa U NpUMeHHTb ee K KBaHTOBOH MexaHmke, IIpexse Bcero Mbl
AOJIKHH, Cleays NyTH, ykasaHHoMy [uabbeptom (cp. mpum. 7)), oGbac-
HHTb TOCTaHOBKY Mpo6/eMbl COOCTBEHHBIX 3HAUEHHH.

) Cp., Hanpumep, kak paccMarpusaer Llpegunrep sazauy o6 arome Boxo-
poia; pabora, uurupoBaHHas B mpuM, '€), cTp. 18.
70) Cp. paboTy, BUTHPOBAHHYIO B HpPHM. %¢), cTp. 78.



7 TIPOJOJKEHUE 83

7. NMpopoaxenne
YpaBHeHue

He =y

u tpefopanue, yTOOB M3 €ro pellieHHH MOXHO ObLIO NMOCTPOUTH MOJHYIO
OpTOHOPMUPOBAHHYIO CHCTeMY, MepeHeCeHH 10 aHaJOTMH M3 KOHEUYHOMep-
woro R,,.

B ®,, H—osto marpuua {&,}, p.v=1,..., n; b, =h,,, u 10T
daxT, uro pewleHus ¢=={x,, X5 ..., X,} ypaBHemus Ho==»Xe, T. e,

n
2 hp.vxv = )\xp.'
v=1

COZepAT TOJMHYID OpTOHOPMHPOBAHHYI0 CHCTeMy, XOpOLIO H3BecTeH
B aareGpe 7).

9o ceofictBo R,, Kak M Bujean, He MOXeT ObITb NepeHeceHO B R
HEMOCPEACTBEHHBIM TlepexoaoM n —»co. TaxuMm obpasom, npobiema cob-
CTBeHHHX 3HaueHut#t B R nomxHa ObTb CHOPMYIUPOBAHA MHBIM CIIOCO-
G6om. Ceiiuac Mbl yBumuM, uyto npoG/eMa cobcTBeHHHIX 3nauennit B N,
moxeT ObiTb nNpeoOpas3oBaHa K TAKOMYy BuAY, 4TO B 3ToH HOBOH ¢pop-
Myanposke (xoropas B IR, sSksuBaJeHTHAa CTapoH) mepexos K A —» OO
CTAHOBHUTCS BO3MOMeH. HHMU croBamu, o6e (GOpMyJNPOBKH BbIPAXKAIOT
Bo Bcex R, (n==1, 2, ...) oaHo u To ke (a MMEHHO — UTO SPMUTOBY
MaTpULY MOMHO TIpUBECTH K IVIaBHBIM OCAM), HO OfHA MoxeT OHTb pac-
npocrpasena Ha R_, B TO BpeMss Kak Ipyras, HanpoTus, HeT.

IMyctb {Xp, ovvs Xy} o oos {Xpp o vovs X,,) Oymer moawoft opro-
HOpMUPOBAHHOR! cHcTeMOW u3 peuwlenft ypaBHeHust 1as COOCTBEHHBbIX
3HaueHnH ® Ay, ..., A, Oynyr coorBerctBylome A. Mrak, BekTopwl
(%1 voon X} oo {Xpp +o vy X,,] oOOpasylor nexaprToBy cucTeMy
xoopaunat B R,. Torna dopmyns npeobpasoBanus KOOPAUHAT Xj, «« vy Ly
B 9TOH KOOpAHHATHOH CHCTEME K HEKOTOPHIM JADYFHM §&;, ..., &, HMelOT
BUIL

Eo e Bl=nlew oo X+ o0 F o (X oo b

T. €.
El - Z X y e s ey E _ X ’
oy p.lgp. n Fosy| p.ngp.
a s 06paTHOI‘0 npeo6pasoBaHuﬂ

El = 2 zlp,sp" ree Eﬂ = Z ;np,sp,'
p=1 p=1

1) Cp. kuury Kypanra m [mab6epra, nurtupoBamHyio B npuM, 39), crp. 25,

6*
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poep

HHX %, ..., %, U HOBOTO ps]1a TNEPEeMeHHbIX ¥, .., 7, (C COOTBeT-
CTBYIOLIMMH UM TO npeasiaywed d¢opmyne %, ..., 9,) B Buie

n
p,§1<v§hmxe“> % P eugpnu’

n
My MomeM 3anucarth ycJI0BHS Zhwx =X X, C TNOMOLbI NepeMeH-
\l:I

(D.) E hwimp EK <§; ><§1§wm>-

o=l

Torna mexaprToB XapakTep KOOPAHHATHOH CHCTEMBI BELpaaercs GopMyJIof

n n n n
(0‘) 2 Epnp= E <Z xp‘p,Ep,) <2 xpy,ﬂg)'
p=1 p=1 \p=1 n=1

Wrak, orsickanue marpuubl {x,,] co cpo#ictsamu D. u O.— BOT 4TO
akBuBaneHTHO B N, peurennio npo6ieMbl cOGCTBEHHBIX 3HaueHuH; B TaKoH
dopme mepexon x R naMm He ypanca. D714 Heyjaya OTHIOAb He HEOMH-
JaHHAa MO caenyioued npuuune. Mwmenno, ycaosus D, u 0. He onpejensior
HeH3BECTHHE A, W X,, MOMHOCTbIO. B camom jene, xak mokastipaer Teopus
3TOro «IIpPIBeJleHPIﬂ K PIaBHBIM OCAM» (CM. TIpHM. 71), crp. 83), Bean-
4HHBL A, OMpele/ISIOTCA eMHCTBEHHHIM O6Pa3sOM C TOWHOCTDHIO 10 MOPANKA,
HO TOJOXEeHHe C X, , ropasno xywe. OUeBHIHO, YTO KaXIYK CTPOKY
Xgpr +++s Xpp MONKHO JIOMHOKHTH HA MHONHTEIb 3, abcomorHOH Bemm-
unHbl 1, ecu e HeKOTOpHe A, COBNAajaioT, TO BO3MOKHO Jawe NPOH3-
BOJbHOE YHUTAPHOE Pe06pa3oBaniie COOTBETCTBYIOLUHX CTPOK Xy, . o) Xy
BesHanexHO NBITATbCA COBEPUIATb TPYIHLIA NMepexol K mpeiedy #n —>Co
C TaKHMH OJIHO3HAYHO He 3aKpEMeHHBIMH BeJMYHHAMU: B CaMOM Jede,
KaK MOXET CXOJUTbCSl NPOLECC, ecad Mo Jopore A, U x,, MOryT 1o
NpOH3BOJY HCMHTHBATL G0AbluHe KOJeGaHH, KOTOPHE OKAa3blBAIOTCHA BO3-
MOXHBIMH BC/IEJCTBHE HENMOJHOTHl B UX OmpejeneHuu!

Ho 9710 yxasnBaeT HAaM NyTh A9 NPaBWIBHOTO MOJX0J1a K 3anade:
MBl JIO/DKHEI TpexJe BCero MNOmblTathCs 3aMeHuth ycaosus D. u O. u
Heu3BECTHbe A, W X,, TAKUMM, KOTOpble 06JajaloT HeJ0CTAloUMU CBOA-
CTBAMH OJIHO3HAYHOCTH — MOCJE 3TOTO, KAaK Mbl NOKAXEM, Nepexol K npe-
neay OyleT mpeicTaBAfATb ywe MeHbUIHE TPYAHOCTH.

Ecau [ ecrtb Hexoropoe 3HaueHHe, KOTOpOe TpPUHUMAeT OXHO HJIH

HeCKOJbKO U3 )‘9’ TO BblpaeHHe
>< pu”’n)

53

%=

nl}l:
ul}l:
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WHBADHAHTHO MO OTHOLIEHHIO K YKa3aHHmM Beime (¢ D, u O. coBMect-
HBIM) H3MeHeHusM A, x,,. Ecam I OTaHuHO OT BCeX A, TO CyMMa paBHa
HyMo W, 3HAauMT, TeM Gonee muBapHawTHa. Torza spuurosa popMa (§ u 7
0603HayaloT &, ..., & H "My, ..., 7, COOTBETCTBEHHO)

n n
E l; E, — v -
( K A;:2§’<u=1 x“‘E“> <§1 x"‘m“>
TaK:ke MHBapHaHTHa (npu npoussoabHoM (!). Ecau mm smaem E([; § 7)
(r. e. ee KO3pHUHEHTH), TO, OTMPABAAACH OT Hee, Mbl MOXKEM Ges
Tpyaa BepHyTbCH Hazanm kx A, M X,,. CrenoBatenbHO, ecau Mul CHOpMy-
qHpyeM 3ajauy O COOGCTBeHHBIX 3HaueHHax (1. e. D. u 0.) TaK, 4TOOb
B Hefl ¢urypuposana toabko E (L & m) BMecTO A, X, TO Mbi NOCTHr-
HeM KeJaeMOil ONHO3HAYHOR (OPMYMHPOBKH.

Wrak, nycts E ({) Gyzer MaTpuueft spuurosoit dopmm E (L & =) ).
Uro 6yayr suauntb ycaosui D. u Q. B npiMeHeHUH K CeMeHCTBY Ma-
tpun E (I)?

Ycaoeue O. o3nauaer; Ecau [ 10CTaTOYHO BENUKO (uMeHHO, GoJblle,
HeKeJH BCe )\P), 10 E())==1 (eannuudott wmarpuue). Hs npupoawr E (i)
clefyeT TaKwke, 4TO eCAH ! JOCTATOYHO Mano (WMeHHO, MeHbllle BCeX )\P),
1o E())=0 u ecan ! Bo3pacraer or — o0 10 oo, T0 E(]) Beane
MOCTORHHA, 33 MCK/AIOYEHHEM KOHEuHOr0 YHCAa TOueK (pa3/iuyHble CpeiH
3HaueHu#t A;, ..., A, KOTOpHe Mu HazoBeM [ < L < ... <[, m=n),
rae OHa u3MengeTcs ckaukaMH. Jlallee, CKayoK JeXuT CJ/ieBa OT ITOH
TOYKH (nocxonbxyAZ‘, HenpepHBHA Crpasa Kak QyHkuus OT [, TOrAa Kak

p=!
i 2 O6na0 OB Kak pas Haoﬁopm‘). HakoHel, Kak MBI 5TO MOKAaXEM,
<1 ]
npu U/=1"
EQYEW)=E(WMEW)=E{)

(MaTpuuHOe mpousseneHue l).

VioGuee nokaszath sto aad E(; & m), E("; & m) B cucreMe KO-
OPIUHAT Lyy «»es 5 M Yy oo Y, BBOLA 3TH KOODAMHATHI, Mbi MONYYUM
us EQ L pu EQSE )

Sy, a2
=

A ! A
Psl 4

I Lplye

n
) T. e E()=(u D) EGE W= €, ()E,T, COOTBETCTBEHHO

wy, ¥v=1

e (= 2 xm;w
MEl
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CrenoBaTenbHO, MATPHUBLL 9TH TAKOBH: HYJIH BCIOLY, KpOMe JHArOHAJH,
1 Ha p-M Mecre nuaroHand, ecan A ==l WM COOTBETCTBEHHO =/,

B OPOTHBHOM CJyuae Takxe HyaAb. JIJIS TakuX Marpull BeICKa3aHHOE BhILIE
yTBepxKAeHHE OYEBULHO.
IMepegopmynupyem tenepb ewe # D.. OHO 03HayaeT, OUEBUIHO,

P} hhiy= D L{E(s & D—E(_y & )

(!, — xakoe-HuGyap uncio, Meubliee l). Ho mnockoaexy E (I & 7m) no-
CTOSIHHO HAd KAXIOM M3 OTPEe3KOB

—co Iy L=l oo Laa=ill, Lh=l<+00,
To Las A06oro Habopa umcel
1\0<A1<A2< ] <Ak'
ecau I, ..., L, Bxomsar B uucao Ay, ..., A,, BeMOJHAETCSA
n k
2 k= BAEAS B p—ER g & ).

[Mpumenss uuterpan B cmbicie CruabTbeca 73), MH MOXEM TNepenucaTh
310 Kak

n +00
. 2 hwi’;ﬁ‘l‘= f)‘dE()‘; &)

o, v=1

3) O6 unterpane B cmbicae Cruabtbeca ¢M. Perron, Die Lehre von
den Kettenbriichen, Leipzig, 1913, a Takie B CMbICAE CRELHAJbHOTO NPHMEHEHHS
Kk TpeboBanuaM omepartopHoil Teopun Carleman, Equations intégrales singu-
liéres, Upsala, 1923. Yurareaio, MeHee 3aHHTEPECOBAHHOMY B STHX Belax, JO-
CTaTOYHO CJEAYIOIIEr0 ONpencaeHHs: AAs pasbuenud Ay, A, ..., Ap uHTEp-
BaJa a, b,

A=A <A <. . <Ap=Eb
o6pasyeM CyMMy

k
gfmowma—gm?m

Ec/d oHa BCerza CXORHMTCH, KOTJa pasGueHus Ay, Ay, Ay, ..., Ap IZenaloTca Bce
MeHbLI¢ ¥ MeHblle, TO CYI(ECTBYET MHTerpada

b
[z,
a

onpelenseMuit xax npenea cyMm. (Aaa g (x) ==X OH TMEPEXONHT B M3BECTHHIA
uHTerpat B cMbicie Pumana.) [OTHOCHTENBHO PYCCKHX PYKOBOJACTB 1O HHTErpany
Cruabtbeca cp. npum. 52) ua crp. 5l —ITpum. ped.]
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+co b
f MOxeT OBITb, OYeBH]HO, 3aMeHeH Ha JOGOH f, c a<l,

— o0 a

b>1, |, na4, ecnd MH paccMOTPHM KO3(dUUHeHTH W HamuleM JUIA ca-

MHX MaTpHL ypaBHeHHe, CNpaBe/IMBOe JJA BCeX KOIDMHUMEHTOB, TO KaK

+o00
H= [ N dE (\),

rae H = {hpw}' .
Wrax, moka BO3HHMKJIA CJelylowas 3anauva: Jna naHHO# IpPMHUTOBOH
marpuust H = {#,,} nano pastickath cemefictso spmuroBbix Marpuu E ()

(—oo <A<+ o0) co chenyouumMu CBOHCTBaMu:

Sy, Ilpu nocrarouHo {g{:::lﬁnx} A, E(k):{(l)}. E® (xak
($YHKUMA OT A) NOCTOSIHHA BCIONY, 332 HUCKJIOYeHMeM KOHEUHOTO umcia
TOYEK, TJe OHAd H3MeHseTCs ckauxkamu, Ckauox Bcerfa NpPOUCXOLUT
CleBa OT JaHHOH TOUKM. '

83, Beerna EQV)EMN)y=E(Min (), ")) ™).

S3. Buinonuserca (¢ unrerpaiom B cMbicae CTuinTbeca)

+o00
H= f A dE (\).

Mul ceftuac He 6yzeM OCTaHaBJIMBATHCA HA OGPATHOM paccymAeHHH —
otnpasassc 0T 81.— 83, BepHyThcs K pewtenusm D, # O. (XoTa 3TO
6bl10 6Bl COBCEM MPOCTO), MOTOMY YTO TOJbKO MOC]efHfis (opMa npo-
OJieMbl COGCTBEeHHbIX 3HaueHHH OyneT HyXHA HaM [1Jf KBAaHTOBOH Mexa-
Huxu. BwmecTo 3TOrOo MB cpasy mnepefizeM K o06o6uweHnio Sy, — S,
OT KOHEYHOTo Ha GeCKOHeUHOe YMCIO H3MepeHuH, T. e. K TMepexoly OT
R, x R,

B R wmul, oueBnano, nomxuet nowumatb H u E () xak spMutoBHI
OMepaTophl, — 3HAYHT, MBl JOMKHbI OyLeM TONBITATbCA HAUTH 1A HAH-
Horo H Takoe cemetictBo E (A), uToOB OHM COMOCTABJSINCH €My HEKOTO-
pHM onpeleiseMsiM TO npuMmepy Sy, — S3. ofpasom. JomxHa O6uTb
Hatinena R_-ananorus 8y, — 83, !

S2. OcTaeTcs HeM3MEHHHIM B 9TOM IlepeXojie, MOCKOJbKY HHCIO H3Me-
pennt !, He urpaer B neM HukaxoR poan. MH TOALKO NepedopMyu-
pyeM ero, BOCTO/Jb3OBABUINCH pe3yJbTaTaMi, INOJYYeHHHIMH B CBS3H

%) Min(a, &, ..., ¢) ecrb HauMeHbuee, a Max(a, b, ..., €) — nauboabluee
K3 KOHEYHOro Habopa BelUeCTBEHHBIX YHced a, b, ..., &
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¢ oneparopamu npoextuposanus (II. 4). Bo-nepshix, 9710 CBOHCTBO yTBep-
xnaer, uro E(A2=E (}) npu N =X'=X, 1. e. E()\) apasioTcs omepa-
Topamn npoektuposanusi. Ho Torza S». osHauaer (Mbl MOxeM OrpaHH-
unTbCA CaydaeM A ==\”, MOCKOJBKY L1st A ==)\” monyunrca coBepLIEHHO
4HaJOTMYHBIK pesyabTatr), 4ro 3 N =)" caeayer EQ)=E}") (cp.
meopeny I4. u nocaenywowuht texcr B II. 4).
S3. TpebyeT HeKOTOpOH OCTOPOXKHOCTH, NOCKOJBKY BblpaweHne A==
+c0
= f AdE (A) HenocpeiCTBEHHO JIMUIEHO CMBICAd, TAK KaK HHIErpan
—co

CrunbTbeca onpejefeH A uuces, a He Jjaa onepatopos. Ho zerxo
samenuts H u E (M) umcaaMu U 9TO HAac ONATb NpHUBeleT K HYKHOMY
OTepaTOpHOMY COOTHOWIeHHIO. IlotpeGyeM, utobu nas scex f, g u3 M,
BBIMOJHATOCH

400
Hf. o= [ ME®. g).

+co
ecan toabko Hf umeer cmbica. Coornowenne H = f AdE (\) crenyer
- o
MOHMMATb CHMBOJMMYECKH, TOJbKO KAaK COKPALEHHYI0 B3amnuch mpejsl-
Zyuiero.

Si., HAKOHEl, BecbMa CYLIECTBEHHO 3aTparMBaeTCsl MEPeXojloM K Gec-
KOHeyHOMY uHcay uamepenubi. Touxu, nocne xoropex E(A) craxoButCS
papibiM O wau 1, mam B xotopux E (A) MCHBITHBAeT CKAYKH, COOBET-
creyior (8 &,) cobcreeHHbM suaueHnsM H, a unrepsannl, rae oua mo-
CTOSIHHA — HHTepBanaM, CBOGOJZHEIM OT COGCTBeHHBIX 8HaveHu#h. Ecin
Tenepb YCTPEMUTb A —» 0O, TO MOTYT NMpOH3OHTH Camble pas3Hble BellH.
Haubosnbuliee M HauMeHblee 3HAYeHHS MOrYT YATH COOTBETCTBEHHO Ha
-- oo MM Ha — O, HO OCTa/lbHHE, TNOCKOJAbKY HX CTAHOBHUTCS BCe
Gosbllle, MOTYT CTECHHTbCA BCe IJIOTHee, TAK YTO MHTEpPBaJbl MOCTOSHCTBA
MOFYT TOCTeNeHHO CTAHYTbCA B TOUKU. (DTOT mocAeAHMH NpPU3HAK yKa-
3biBdeT Ha TO, YTO B THIbGepTOBOH TEOpUM ONMEepaTOPOB NMPH HeKOTOPbIX
06CTOATENLCTBAX TOABAACTCA TAK HaSbIBAeMBIH HeNpepHIBHBIH creKTp 79).)
Mhl J10MKHBI, C1]10BaTeNbHO, M3MeHUTb Si. npu nepexone or R, x R
COBEpUICHHO CYlecTBeHHHM oOpasoM. Halo nonycTHTh BO3MOXKHOCTh
toro, 4yro u3MeHeHuss E(A) He GynyT Gojee MMeTb AMCKPETHOrO, CKAYKO-
0o6pasHOro xapaxTtepa.

C Taxo#t TOUKH 3peHHs OueHb eCTeCTBEHHO G6Y/eT OTKA3aTbCs OT Tpe-
Gopanns, uro6 ¢yuxuus E (\) npunumana KoHedubie 3Hauenns O u 1, n

75) CM. cchliky B mpuM. 54), ctp. 78, a tamxe kumkky Kapaemana, ymoMsa-
HYTYi0 B HpHM.7?) Ha cTp. 86. Ham mpumetca uMeTh MHOrO fena ¢ 3Tum «Henpe-
pHIBHBIM CHEKTPOM», cp. II. 8.
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Tpe6oBaTh TOMLKO cxomauMoctd Kk O mwin x 1 (mpy A— — oo uam
A—> -~ co cooTBeTCTBeHHO). PaBHBIM 06pasoM BMeCTO TOCTOSIHCTBA Ha OT-
pesxax W CKaukoB B TOYKAX BHICTYNAeT [IONMYCTHMOCTb HeNpephIBHOTO
poapacrauus. C 1pyroft cToponsl, MeHee OrpaHHuuTenbHOe TpeGOBaHue,
YTO B BO3MOXHBIX TOYKAX TNPepbIBHOCTH pPasphiB JOKEH NMPOUCXOLUTH
TOJbKO CJeBd, MH MOXeM NONbITaThCs COXPaHUTh. COOTBETCTBEHHO MBI
chopmyaupyeM Si. ciexyoigum o6pasoM: npu A—— oo, E(A)—0; npu
A—>4oco, EQ)—>1, a mpu A=), A= N, EQN)—E Q) 7).

Koe-uro eule cienyer ckasatb OTHOCUTEAbHO S3. B KoHeuHoMepHOM

m

npocrpatictee N, punmoansiock A== >, [.F., eCIX NOHUMATb TIOL F,
marpuny E()—E(,_,). B cuny S1.1,=imeeM:
s c="
FE()=E(@)E(l)—E@_DEl)=E()—E{_)=F
anmo=st—1
FE()=EW)E()—E(._)El)=E{,)—E(,)=0.
CnenosarelsHo, mockoabky F o==E () — E(,_,).
{ F., nma rt==o,

FF_ =
0 namm <o

T a

Orciopa crenyer

lP:(éLF) z LI,F.F g

1, a=1

<u TakuM ke o6pasom HY = Z, iZF > Cite10BaTeIbHO, TAKOR XKe Tpe-

ofpa3oBaHie, YTO AJIsl CaMOTO H, NPUBOIUT X
+o0

W:fmwm.

ITostomy B R Mbl NMpeanonokuM CHMBOJHMYECKOE YpaBHeHHUe, mocTpoek-
HOe aHANOTHYHBIM OOpPas3oM, a 3HAYMT, B UMCJIAX

H/, g)= f 2dE®M f. g)-

®) O6osnavas A () > B, (A(\), B—onepatopu B R, A— mapamerp),
MBl TOHMMAaeM HAOZL 3THM, YTO Aas Bcex f u3 N, (h)f—>Bf Taxum o6pa-
30M, 9TO COKDAIIEHHAA 3alMCh YTBEPKAECHUA O CXOZHMOCTH B THABGEPTOBOM
IIPOCTPAHCTBE.
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(Mbl moaTBEpAMM S5TO TNOCAEAYIOIHMM NOCTpoeHueM.) Jas f==g Hu3-3a
Hf, Hy=Hf HH=IH? EN 0 H=LEM FIP

0TCI0]1d ClelyeT
+00

HfI2= [ 2a(IE® 71>

- o

Dra dopMyna, OJHAKO, JaeT OCHOBaHusl O¥upath, uto E (X) He TOABKO
onpeneaser sHaveHus Hf B Tex ciyuasx, xoria OHH CYIIECTBYIOT, HO M
NO3BOJIAET 3aKJAIOUUTh, KOrJa OHH HMeEIOT cMbicA. B camom jene, unre-
+c0
rpan f Md(||EQ) || conepxur HeoTpHuaTeapuyo ¢yHkuuio (A2==0)n
-0
MOHOTOHHO Bo3pacraiomee BbipaxeHue [[E(A) f||? mox 3uaxom audde-
penunana (cp. S2. u meopemy 15. B 1I. 4). CaenopartespbHo, 3TOT UH-
Terpai no CBoeH npupone cxogswubics, —T. €. HyJdb WIH TOJOXHUTENEH
M KOHeueH, — HJH COGCTBEHHO GecKoneueH, T. €. paBeH - oo 7). [lo-
cjefiHee 3akJIOueHHe CNpaBelMBO He3aBucHMO OoT cBsidn ¢ H, 1. e. 6es-
OTHOCHTe/BHO K TOMY, uMeer au Hjf cmbica, uau Her. Crenyer mostomMy
oxunath, uro Hf umeer cmbica (1. e. cyuwecrTByer B J_) TOTAA H TOABKO
Toraa, Korjga npeanonaraeMoe 3navenue ||Hf||2 T. e. nmeiowee s
+0oo
BceX f CMBICA BbIpaxeHHe f)@d(”E()\)fH?) KOHEUHO.
- Q0
Hrak, ¢ nauwe# Hoso# ¢opmymmposkoit 81, — Sz, 3a4aya BHIIAAHT
caenyiomum ofpasom: Juas nansoro spmurosa onepatopa H mbl nuteM
ceMeHCTBO NPOEKUMOHHLIX OneparopoB E£ () (— 0o=A=500) ¢ TaKHMH
CBOHCTBaMH:
8. Npu A—>—o00 nau A—>+co, EQ) f—0 uan — f coor-
BercTBeHHO. ITpu A —X), A=Ay, EQY) f — E (A f (mna xaxnoro f1).
8. U3 nepasenctsa M == A” caenyer, uro EQN)=E(\").
+co
Ss. Hurerpan f MRd(|E() f||%), no npupone cBoelt cxoaf-
—C0
s (paBHBIA HYJIO MM MOJOKUTENLHOMY KOHEYHOMY YHCAY) MM
e COOCTBEHHO pacxoisiwuics (- 0o) xapaxkTepuayer 006aacTb omnpe-
penenns H: Hf onpeneneno Ttoraa u TOJAbKO TOM/A, KOIa 3TOT

7) Jt0 caexyet u3 onpesienenns nurerpana CruibTheca, JaHHOTO B npuM. 7%)
Ha crp. 86. HokasaTeabCTBO CMOTPHU B YKa3aHHOH TaM JaHTepaType.
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HHTerpas KoHeueH (Miu Hyab). B sToM cayyae a4 BceX g
+00
Hf. o= [MEWM/ 9.

(ITocnennutt uHTerpas abCOMIOTHO CXOUMTCS, ecaAH TNepBhit KO-
HeyeH 78).)

Cam H soBce He BxoauT B opMyaupoBKy cBoHcTB Si., S2. Cemeft-

CTBO TPOEKIMOHHBIX ONepaTopoB co caoHcrBaMu Si., Sa. Mb OyneM
HA3bIBATH pasaoxeHueM enuHuubt («die Zerlegung der Einheit»). O pas-

JOXEHHM eAMHHIIE, CBA32HHOM COOTHoUleHHeM 83, ¢ omepatopoM H, Mu
OyneM TOBOpHTb, Kak O npuragtexaiieM H.

Hrax, npoGieMa coOcTBeHHHX 3Hadexuit B M cTaBuTCa Cc/lelyIOUUMM
oGpasoM: Bceraa aM CyuiecTByeT Aas NaHHOro 3pMuroBa omepatopa H,
npuHaasexaulee H pasnoxenue eMHUIH, H €C/IH CYLIECTBYET, TO CKOBKO?
(HyxHsit oTBeT DOMKeH ObiTh: CYLIECTBYeT BCeraa TOYHO 0AHO.) B naub-
HeftlleM HaM emie OCTaHeTCH MOKAa3aTh, KaK Haule onpejeseHue NpobreMbl
COOCTBEHHBIX 3HAUYEHHH COOTHOCHTCA C OOWIMMH METOJAMH, KOTOPHIMH
NOJAB3YIOTCY B KBAHTOBON MeXaHHKe (B YaCTHOCTH, B BOJHOBOH TeopHH)
1Jf onpelesieHHs COOCTBEHHBIX 3HAYEHHH SPMHTOBLIX ONlepaTOpPOB.

8. IIpeaBapuTedbHOE PACCMOTPEHHE NpPOGJaeMbl
COGCTBEHHLIX 3HaueHHik

[TepBEift BONpPOC, BO3HHMKAWOWHA B CBHASH C HaueR (OPMyJIHPOBKOR

npo6/aeMbl COGCTBEHHBIX 3HAYeHHH, COCTOMT B TOM, 4TO St. — S3. 3Byuar
COBEPIGHHO He TaK, KAK 3a1a4a, C KOTOPOH MB HAYHHAMX NpeABAyLIHH
pasge], M HX B3aUMOOTHOlleHHe Goablie He mpociexusaercd. [lpasia,
Mbi BhBeJd S1.— 83, B N, u3 nepBonauanbroft Gopmyauposku, Ho B R
BCe COOTHOMIEHHS CYIIeCTBEHHO ByoH3Mennauch, OOe ¢GopMyaupoBKH
Gonee He OSKBHBAJEHTHbI (K&K OHHM OBLIM — YTO CNElUHabHO OTMeYasnoch
B cBoe speMsi—B N,). 3nauut, Bca npobieMa B CYULHOCTH CHOBZ OCTaeTcsl
OTKPHITOH, H MBI JOJRKHBH MOKa3aTh, B Kakoit Mepe HoBas GpOpMyanpoBka
COBNajaeT CO CTapoft, T. €. B KAKHX CAy4asX M KakuM o6pasoM Haluu
E(\) onpenresior npexHue Ap, Ay, .. M @p g ...

Ecan pasnoxenue enuuuubi E(A) npuxaiexuT SpMUTOBY omepa-
Topy A, TO B KaKHX CJIy4adX ypaBHenHe

Ap =g
paspemnMo? Ypasrenue Ag ==k O03HauaeT TO XKe caMoe, yTO

(Ap, 8)—N(9, 8)=0

78) Cp. Math. Ann. Bd. 102 (1929).
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And beex g, T. e.

0= [MEWNS =N &)=

= [MEWL ) [dEN] = [0—1)dEMW S g
Monoxum cHauana g==E () f, Toraa

0= [A—NdENS EQ) )=
— f(x—xo)d(E(ko)E(l)f. f)=

= fa—xo)d(ﬂmma, M) f H=

= [Q—=2d(|EMn Q. 1)) £]D
o A o Ao
Mb MoXeM pa3buth Tenepb f B CYMMy f—{— f B f MBl MOXeM
-00 -0 Ay -00
saMenuts Min(A, A)) Ha A, a B f Ha A). 3HauuT, B MOCHENHEM HHTE-
2

rpaje nos 3HakoM nudoepeHiMata CTOMT KOHCTZHTa M TakuM 0OpasoM
OH ucuesaeT. Il nepBOro MHTerpajia OCTaeTCs TOria

o
Ja—=1aqE® fD=0.

Hanee nonoxuM g == f, Toraa

o [o ]

0= [O—2dEM S H= [G—1)d([EM.

-0 —co

Buiunrtas us sToro mnepsoe ypaBHeHMe, NOJAYYHM (U3MEHHWB 3HAK MONMH-
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TErpajbHOrO BHIPAKEHHSA)
[e—=nadE® f1H=0.
)‘0

PaccMoTpuM Tenepb HHTerpaJkbl

P FS o0
[G—nadEMFID.  [a—NddEMFIY
—00 o

HecKoabko OGosee noapoOHo. TloabiHTerpaibHoe BHIpaXeHue B o6oUX
caydasx >0 u noa 3HakoM AH(depeHLHa 2 CTOHT MOHOTOHHO BO3pa-
craiomas ¢yuxuusg o1 A, CienosaTesibHO, MH HMeeM Js Kaxxoro & > 0

A Ao—e
[Q=NaUEM7ID= [ G—NaUEM D=

-0 —00
Ap—8

= [ d(EMFID=¢|EG—e) fI

[a=walEMfID= [0—WdIED fI1D=
A

= [«d(IE®fID=cdlfI?—IE Qo) fID=
Aop+s i
’ =< f—EQo-+2) f]2

CrenoBatefibHO, TNpaBeie CTOPOHH ==0, HO NOCKO/JBKY OHH TOX.Ie-
cTBenHo =0, To OHH NO/MmKHBL HCyYe3aTh. MTak,

EQo—e) f=0, EQe+e¢)f=F.

Benencrsue HempepuiBHOCTH E (M) cmpas  MH MOXeM yCTpeMuTb &—>0
cripasa BO BTOpoM ypaeHenuu: E(QAy) f Mpu A=\, Toraa, B cuay
BTOpOro ypasHenus (e=A—A;=0), E(r) f==f, Torna xak ana A < X,
B CHIy TepBoro ypasHenus (e==A,— A > 0), EQ) f =0, Hrax,

E()\)fz{f L A=A,

0 ama A< A,
Ho 310 HeoO6xoauMOe YCJIOBHe TaKiKe M NOCTATOYHO, MOCKONLKY H3 HEro
clenyeT, 4TO

Af. o)= [MEMS =N 2

(cnenye'r BCMOMHHUTb  OMNpenesieHHe  HHTErpana CruabTheca, AaHHOE
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B npuM. ) Ha cTp. 86), a smauur, (Af —Af, g)=0 119 Bcex g,
T. e. Af =A\f.

Uro o3HauaeT 3T0 ycioBue? Bo-mepBniX, oHO Bxmouaer paspeie E ())
B Touke h==A, Ilo meopeme 17. 8 1. 4, E()) cxolntcs K NpOEKUH-
OHHBIM OnepaTopaM E“)(‘AO) um E? (hg) mpu A—>AX, hA<X; u npu
A—> Xy, A > A, cootserctBeno ). B cuny Sy., E® M =E @), o B cay-
Yyae paspeiBa E“)()\O) =+ E (). JHanee, nockoabky E M= E (k) npu
A<y (S2), 10 EV(A)==E (). Caenosareasno, E () — E" (k) ects
NPOEKIUOHHEN ONepaTop, M CKAYOK XapaKTepuadyeTcs TeM, uTO OH He
paBeH HyJo.

Us Toro, uto £ (\) f == 0 xaa Bcex A > A, caenyeT, uto ED () f=0,

onnako (Tak Kak E()\)éEa)()\o)), H3 BTOPOrO TaKXe CJelyeT NepBoe.
EQN) f=/f naa Bcex A=xzh, caenayer us3 EQA) f=fEQ)=E®),
EMNEQ@,) =E(), Ho, cnenoateapHo, EQ)f=EMNEQ)f =
=E(\;) f==f. 3naunr, ypasHenue Af=XAf XapaxTepusyercs yc/10-
BHEM E(l’(lo)f= 0, EQy) f=/f, nan (meopema 14. B 1l 4) {E()@——
-——E‘l’()\o)}f=f. W 3HauuT, ecaH MBI HaNuiLeM E()\o)—-E(l)()\o)=tho,
TO M3 NpelbAylero cieayer, uto f mpuHaatexut kK T .

TeM caMmbiM noxasano, 4To Af ==Af umeer pemenus f == 0 TOJBKO
B TOUKAX paspeiBa HeNpephHBHOCTH E(A), W 4TO 3TH pelleHns f obpa-
3YI0T 3aMKHYTOe JHMHeHHoe MHorooGpasme I, , ompefeneHHoe BEille.

Htak, nmonnas HOPMHPOBAHHAs OPTOTOHAJbHAS CHCTEMA, KOTOPYIO MbI
uckaan B 1.6 w3 pelueHu#t (C BO3MONKHO pPa3/HYHEIMH A) CYLLECTBYeT
TOraa M TOMBKO TOraa, Korga Bce Py (—oo < Ay < 00) BMecTe pacTs-
TMBAIOT 3aMKHyTOe JHHeHHOe MHOrooGpasme Mo, [Mb ob6cyxnanu s 1L 6,
KaK JO/MKHO OBTh JOCTHIHYTO IOCTpOeHHe 3TOR cucTeMEl. B3auMHyio
OPTOroHaMbHOCTL Iy, MOXKHO NMPONEMOHCTPHPOBATH TENEPb APYrHM CHO-

coboM. M3 k) < pgy crenyer, uro
Py, P, =[E 09— EP 09 [E (4 — EV (n9)] =0,
TaK Kak
EQ)=EVQ)=EQ)=E" @), E@)—E" pp=1—E" ()]

He ycTanaBaupas TOYHBIX KpUTepHEB, INIPH KOTOPHIX 3TO BhINOAHACTCH,
YCTAHOBUM TOJILKO CJelyloiiee: eCaH CYHeCTBYeT HEKOTOPbilt HHTepBA .y,

%) D710 6blIO MOKA3aHO TOAbKO JIS_IocjieioBatedbHocTell A. OjHaxo mpe-
Je] BCEX TaKux TocnenoBaredbHocTet A(A-—>Xy 1 A <Ay MM COOTBETCTBEHHO
A > X)) noxmeH ObITh Of¥H M TOT iKe, IIOCKOABKY ABE TaKuX I0C/AEAOBATENb-
HOCTH MOTYT GBITb CKOMOHMHMPOBAHBl B OAMY — H MOCKOJBKY 3Ta MOCASAOBATENb-
HOCTb JIOJMHA HMETb MOpejied, TO 00e COCTaBASAIOUIHE ee NOCJeA0BATENLHOCTH
o0s3akbl HMeTh OJMHAKOBLIA Npejes. Ma aToro caelyer, 4To H B cayuae Hempe-
PHIBHOTO M3MEHEHMfl A TakKKe CyINeCTBYeT CXOMMMOCThb (K OfllieMy npejeny BCex
NOCAe0BATEAbHOCTEH).
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e, B KOTOpPOM E(X) Bo3pacTaer HempephiBHHM 06GpasoM [T. e. p, <,
E(}) nenpephiBHZ NpH By =A==y, E () 5 E (py)], TO 3T0 GeaycaoBHo
He CrpaBelHBO. B camoM fese, NpH A==, EM—E"W=EMN=
== E(p,), B TO BPeMsl KaK NPH <A == o, E()\)—Em (M)==0 B cuay Henpe-
pHBHOCTH, a TpH py <A EQN—EPWN=1—EYQ)=1—E ().
Caenosateasto, E(N)—EY(}) Bcerna oproronamuo x E (py) — E ().
[MoaoxuM E(wy) — E (p,) =Py, Ttorza sce M, oproronaisne k N.
Ecmu u3 nux Gyler BHOMpaThCH NOJAHAS OPTOroHa/dbHAs cucreMa, To R
GyneT coaepkaTb TOALKO Hyab, T. €. E(p) —E (p)=0, 8 nporuso-
peunn C NepBOHAYAMLHHIM TpenNoJOKeHHEeM.

Paspuisbl  HenpepHBHOCTH E(A) MBI Ha30BeM JHCKPETHEIM CIEKTPOM
onepatopa A. 3To Te A, aad korophx Af=*Af umeer pewenus f = 0.
Ecan b BeGepeM us xakaoro M, 0 saement f ¢ ||fll=1, 10
BC/ICICTBHE B3aHMHON opToronaipHocTd I, MEI MOAYYHM OPTOHOPMUpO-
BaHHYIO cucteMy. B cuay meopems 3. us 11.2, OHa MJAM KOHeuHa, WJIH
o6pasyeT mnocae0BaTeAbHOCTb. (J/le10BaTebHO, H 3HAaYeHus A AHCKpeT-
HOI'oO cnexkTpa o0pasyleT, B MAKCHMaJALHOM BapuaHTe, NOC/AeNOBaTeIbHOCTD.

Bce Te TOUKM, B OKpecTHOCTH KoTopuix E (M) ne mocrosuua, ofpa-
ayioT cnektp A. Mb Bujens, 4YTO eCld ecThb HHTEPBAJEH, 3aNOJHEHHDIE
CneKTpoOM A, HO He NUCKPETHHM CHEKTPOM, T. €. HHTEPBAJbi HeNnpephiB-
nocty E (X), rae oHa He nocToseHa, TO npoG/ieMa COOCTBEHHLIX 3Haye-
Huit Ge3yC/JOBHO HepaspelluMa B TOM CMbLiC/Je, B KaKOM OHa Ghiia cdop-
MyJupOBaHa B Hayasde pasgena 11.6. Met ne GyseM na/ibliie MCC/IeN0OBaTh
TOYHBIE VCJOBHS HepaspellMMOCTH! OHa MOXET TaKXe BO3HHKATh M NpH
HECKOJIBKO JPYTHX OGCTOATENbCTBAX, KOr4a TOYKH HHCKPETHOrO CHeKTpa
NPOHUKAIOT BO BCE HHTEPBAJHI, I'Je eCTb TOYKH HENpPEePHBHOTO CIIEKTpa.
OtllefileHite JHCKPETHOFO CHeKTpa OT OCTaAbHOM uacTu CNexTpa — 3ajaya
3HauuTeAbHO OoJee TPYILOeMKas H BHIXOAMT 3a Mpenensl 3To# paGoThH.
(Uurarenp nallget 9TH HCCAEJOBAHHA B LMTHPOBAHHLIX BHIUE TPYLaX
Tuanbepra.)

C 1apyroft CTOpPOHH, MBI XOTHM TOKa3aTh, KaK IIpH HAJAHYHH TOAHOH
OPTOHOPMHPDOBAHHOR CHCTEMbl @y, @, ... pelleHuit Ao=*ip (c A==
=M\, Ay ... LA% COOTBETCTBYIOLIHX @ ==, @y, ...)—KaK MH GyneM
FOBOPHTb, B C/yYde YHCTO JHCKPETHOTO CNEKTPA —— NOJDKHA CTpOuThCd E ().
Mut uMeem

EQ)= )\925‘ X Py %] 80),

(Cymwa D, mokeT umMeth O 4eHOB, TOraa E(A)=0; un nojoxure/b-
HOE KOHEYHOe YHCJIO Y/JeHOB, TOTHa CMHIC/A €€ OueBHIEH; HJH, HAaKOHel,
GeCKOHEUHO MHOTO, B TAKOM CJydae OHA CXOAMTCA B CHIY apryMeHTOB
B konue II.4.)

80) 1o TOuHAn nepedopmyaupoBKa onpenenenus £ (); & 1), Aannoro B IL 7,
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S2. B CYIHOCTH OueBUIHO, MOTOMY 4TO Ipu-A =",

EQ—EM)=_ 3 Py,
Mk =w p
ecThb NPOEKIHORHBR onepatop, noatoMy E(W)Y==E (") (meopena 14.).
§1. Mbl JOKQXeM ClelyloUluM 0o6pasoM: Is KaXIoro f

;n P /= § |(f @p) [2==npiy. 8) = { 712

(meopenma 7.), 1. e. Z”P[%]f“"’ cxonutcd. Clenosarenbto, AJ8 Kak-
?

goro ¢ >0 wmbp MOXeM HafiTH KOHEYHOE 4YMCJIO uJelloB 0, TAK UTO

i

CyMMa ., B34TaA TOABKO IO STHM ujeHam, Oyaer > || fi|2—¢, u, aua-
?
7
4MT, Kaxjaas cyMmma 2 , U3 KOTopo#t OHH McKJlOueHH, Oymer < e&. 3ua-

4

|2 Preg /[ == 2 [ Proy/ <

YHUT, TAKKE

Orcona, B YacTHOCTH, CjelyeT, yToO

> 5
‘)\EAP[%M <* xgxpl?e']f <&

. P[“Pp]f H2 <,

)\o <)\P§

ecan A B3STO, COOTBETCTBEHHO, — JOCTATOYHO MaJbIM, AOCTATOUHO 60/b-
WM WK JOCTaTOYHO Gau3KMM K Ay (1 A==X;). Toraa

E()\)f—_—)2<AP[q,p]f->0 npu A— —oco,
=
f—E(k)f:A};xP[%]feow) npu  A— - oo,
3
EMNf—EQ)f= 2 _ Plo1f—>0 mpu hoky Azl
0 p=

T. e. S1. yIOB/JeTBOpseTCH.

81) Kax rnoka3blBaeT NOCTpPOEHHE, BBINOJHEHHOE KpH J0Ka3aTeAbCTBe Mmeo-
pemst 10, Pof =(f,9)-9 (ecan |9l =1), caeposaressno, [Py, f|| =
=1 l=]@ Nl

82) Vimeem (no meopeme 7.):

f='2(fv ?p)'?p=zp[¢p]f-
4 P

D710 caejyeT Takike U3 paccymiueruit B koune IL 4.
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Y1066t y6enuthCs B CHpaBeNiMBOCTH S3., TNOAOKUM f = x¢, -}
+ x99+ ... Torma Af=kx¢, + MXopy— ... Jlas Toro uroGel Af

[e24
2 2
6Li0 onmpefeneHo, X A | x, [° momkna 6uTs koweuro#t. Ho
o=l

[ralE®f2= fw<2 |x912>="P“M-83)=Elg[xpf.

-c0 ~ 00 )\Pé)\ p=1

f)\d(E()\)f g)= fld( 2 x yp>—npuM 83) ==
= Z L%y, = (Af. g).
p=1

PaccMoTpuM elle 1Ba Cay4as UYMCTO HeNPEpPBIBHOTO CIEKTpa, T. .
TdKHe, KOrAa BOBCe HET JucKpeTHHX ypoBHe#. Ilycts R ects npo-
CTPaHCTBO BceX ¢yHKUMA f (g ..., §;) C KOHEUHEIM

f flf(qp coor q)Pdgy ... dgp

-CcOo

A — oniepatop ¢j, ..., SPMHTOB XapaxTep KOTOPOro OueBHIEH.

83) Mo mpum. 73), c1p. 86,

]
f7x2d< DREN >=1im2A3 DERERS
=3 =l A <A E4
Ecan Beage A2— A2 | < (1. & ecau cetka Ay, ..., A, pocTaTodHO Yactas),
(o]
TO BBbIpaXeHHE MEHACTCHA HA BeJHUHHY, MEHBIIYIO & 2 [xpl2= ell fli% ecan Mu
3aMEHHM €ro Ha CyMMy o=

k
A\l )\2 x 2 __ )\2 2
1=21 Ar—l;;pé“r ol %ol = g s, 1E

lll\

1 echau Ao J0CTAaTOYNO Ma#no, a Ak AOCTATOYHO BEAUKO, TO OHO NPOHU3BOABLHO

Gim3ko K 2 A2 lxp P TaxuM 06pasoM, atTa CyMMa eCTb HCKOMBIH mpexed, 1. e
=1
3HAYCHHE HHTerpana.
Cuenyowas wuuTerpanbuas GoOpMyna IOKashlBAeTCs B TOUHOCTH TAKHM Ke
cnocobom.

7 W, Hefivan
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Mzt Buany, uro Af ==L f npuBOLUT K TOMY, uTO (¢,—A) f (¢;. > ) =0,
T. e. f(qy, ..., ) =0 nosciony, 3a UCKIOUeHHEM TO/bKO, MOXET OLIT,
(I— 1)-Mepnoft naockocth ¢;==A. OHaKO 3Ta NJOCKOCTb Hecylle-
CTBEHHA (B COOTBETCTBHH CO cKasanHuiM B II. 3, B cBa3u ¢ ycaosueM B.),
nocko/bky ee mepa JleGera (T. e. o6beMm) pasna Hy/o. CieloBaTesbHO,
f==08), 3uaunr, HuKOrAa He cyulecTByeT peurenus Af =A\f, He paB-
#oro Hymo. Ho Mbl BuimM Takxke (He cTporol), rie MOXHO ObIO -6l
oxunarh pemenus: (¢;—*r) f(gy, - ... q,)==0 o3nauaer, yto f = 0 Mo-
XeT OHITL Jdlllb TPH q,-:l; Jluneftnas koMOuHauus pelleHuit ¢ pas-
HEMH A, CKaweM ¢ ==X, X', ..., A, 6maa 6w Toraa f, e pasHof
HYJI0 TOJBKO B TOUKaX

qj=)\/, )\”, « o )\(S)-

84) B atoM nyHKTe CTpOruil MaTeMarTuieckuil METOl, KOTOPOMY MBI CaAejyeM,
OTBETBJAfAETCA OT CHMBOJMYECKOrO MeToAa Hupaka (CpaBHY, HanpHMED, €ro KHHrY,
uuTHpoBakuylo B xpnm. ') ua crp. 9). [locaenunit cBOpuTCS X TOMY, uro f, 1Js
KOTOpBIX (9 — M) f (g) =0, Toime paccMaTpHBAOTCA B KaueCTBE pelleHHH (g
HPOCTOTH MK NOJOMHAM [ == j==1, ¢;=¢). Ojnnaxo nocxoibky Bce (f, g) =

= ff(q)g(q) dg=0, a f aomxua OuTb =0, T0 f(g) HanO MbICAuTDL Gec-
KoHeuno#l B Touke g =X\ (emuHCTBeHHOH, rjye oHa =% 0), H cTOAb CHAbHO Oec-
xonednoH, uto (f, g) = 0. [lockoabky mpu g =4 A, f(g) =0, T0 ff @) g(q) dq

MOXKET 3aBHCETb TOJLKO OT g (A) W B JCHCTBHTENBHOCTH #CHO, UTO MHTErpai,
B CHIy CBOEro CBOHCTBAa aj/iMTHBHOCTH, 7OJKEH ObITb xponopiuoHaneH g (1),
CienoBaTenbHo, OH jioJKeH OLiTb paBeH ¢g (A), M ¢ fOMXKHO GBITH OTJHYHO OT

Hyns. Ecan mbl 3amennm f (g) Ha —cle(g), Mt noayunM c==1. 3maunr, Mul

uMeeM QUKTHBHYIO dyHKIMIO f (), Al KOTOpOH nMeer MeCTO f F@)g ) dg=

Hocratouno, KOHEe4HO, paccMOTperb chydait A == 0. O6osnaunm f (g) =3 (g),
onpejensis ee yCAOBHAMH:

A P@=0 [2@)F@dg=1 0.

Jnd nponsBoabHbX A, 8 (¢ —A) sBaserca pemenueM. Xota (yukuuu 3 co CBOH-
CTBOM A. M He CyIWIECTBYeT, €CTb NOCJEA0BATEAbHOCTH (QYHKUHMI, CXOnAmUXCH
K TOBCJCHHIO TAKOro poja (KOHEeUHo, npeseibiad OyHKIKA He CyLIeCTBYeT),
HanpuMep:

5 py lx|<e
fs(@) =14 <¢ npu &> -L0°
0 mpn lx|>c¢

unn fq (q) = % e
npum. 3%), c1p. 27.)

2
4¥ yipu a—»-}oo. (Cpasun takxe 1.3 u, B 4acTHOCTH,
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Taxum 00pasoM, MB MOXEM pacCMaTPHBAThb KaK JUHEHHYIO KOMOHHALMIO
cex peienuft ¢ A=2X, Takyo f, xotopas == 0 Toapko Aaf A==X,. Ho
B c/Ayude 4YHCTO AHUCKPETHOTO CNeKTpa y Hac OBbiIO

EQy= A% Py, 1= Py,
P="0

%= [%0,e19]

T. €. fff)\ COCTOA10 M3 NuHeHHHX KOMOMHAUHM# Bcex @, ¢ )‘pé)‘o HAH
u3 Bcex pelienuft ypaBHewus Af=>MAf ¢ h==k;. CoOTBeTCTBEHHO —
pasyMeeTcd, B HETOUHOM H 3BPHCTHYECKOM CMBIC/e! — MOXKHO 0XMEATh, YTO
Teneps E(h) = Py, . rie N\, cocTouT U3 Tex f, KOTOphbie He DPABHbLI
Hymo Toabko A g;==),. R, —M, cocrour Torza, ouesmano, u3
Tex f, KOTOpHe Aif ¢;==), BCersa paBHbl HY/MO, C/IeNOBATENbHO,

{f((h» e g) A g =k,

EQ) Sy oo s g = 0 g ;> g

3HAUUT, Mbl HAUIAM COBEPUICHHO HeCTPOTHM 0Opa3oM CeMeHCTBO Nnpo-
eKLHOHHEIX omepatopoB E(A), OT KOTOPHX MOXHO KAATh, YTO OHH

yAOBAETBOPAIOT TpeOGoBanuaM Si. — S3. 119 Hawero A. B peitcTurens-

HOCTH 81. M S2. YIOBJETBOPAIOTCA TPHBHAJALHO, @ B Sy, Jdaxe cayuai
A—>X, Ges ycaosus A==k, T. e. E(\) HenpepbiBHa Xax QyHxiHa A

nosciony. YroOet yGemuTbcsa B TOM, uTO S3. TOXe YIOBJAETBOpAETCH,
JOCTATOYHO JNOK23aTh CNPABENIUBOCTH YPABHEHHH:

fl’dllE(l)fn’=

0 *S) A )
= -fmd(f... f flf(ql,...,q,,...,ql)l"’dq,...dq,-...dql):
—:oo —00 -0 —w
[oe) [ee) [ee)
= f)\zd)\ f... flf(qi,-~-yqj—l’)‘"yqj+l,--~1ql)[2><
—00 —00 —00

Xdgy...dgj_dgjq, ... dqz) =

fee)

= f fq%-]f(ql,..‘,qj_l,qj,qjﬂ,...,ql)]2><
(o)

—0
Xdqy...dqj_1dg;dqiy, ... dg = Af|%
7%
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fu(gm fo=

00 A o

fld(f f f(ql,.-,q,,.-,qz)g(ql,-- g q) X

Xdg ...dgy...d ) fwhdh(fm fmf(ql.. N TIRTR N TR 1)y 4

[o ] -0
5

X&g@ o qj-v Mg 0g)dg ... dgy1dgpy ... dq:) =

(e o] (e o]
= f quf(qu i gp gien e q) X
- —c0

X&W@y oo Qj-vr Gy Qhpr o4 4Gy ... dqj_1dq;dgje, ... dg = (Af, 2).

Mni cHoBa, TaxkuM o6pasoM, yCexiaemcs, 4To cTapas ¢GOpPMyIHpOBKa Npo-
G1eMbl COOCTBEHHBIX 3HaYeRUI — OPMYIHPOBKA 115 TOYEUHOTO CHEKTpa —
3leCh He TNpPHroiHa, MOCKoabKy E (A) HENpepLIBHO BO3PACTaeT MOBCIOAY.

DTOT npuMep yKaseiBaeT HAM M B oOweM c/yvae NyTh, H& KOTOPOM
MOXHO HalTH E(A) M A1 HeNpPepHBHOTO CHEKTpa: MBI MOMXKeM onpefe-
AuTh (HeKOppeKTHHM o6pa3oM!) peltenuss ypasuenums Af =rf (no-
CKOJBKY A JIeXHT B HeNpePLHIBHOM CIEKTpe, 3TH f Naxe He NpHHalJe-
kat k R_!) u o6pasopaTh MX JAuHeHHEIE KOMOMHALMH 11 BCeX A=A,
Oun yke GyAyT YacTW4YHO MpHHan’exkaTs R u, BO3MOKHO, 06pasyioT
3aMKHyTOe JHHeltHoe MHorooGpasue IMp,. Torma MOXKHO INONOKUTH

EO\O):P%)\, M ecad Mbl MpaBHABHO BHIOEpPEM ero, TO MOXeT ylacTcs
0

A0KasaTh BunoJaHeHHe Sp.— 83 (g A ¥ sTux E(A)), H TeM caMbM
post factum npeoGpa3oBaTbh 3BPHUCTUYECKHE APTYMEHTH B TOuHHe ).
B kauecrse BTOpOro npuMepa Mbl XOTHM DPacCMOTpeTh JApYroit Bax-

HHIft ONEPAaToOp BOJHOBON MeXaHUKM UTto6b H36eXaTh HEHY¥K-

2ni 0gj
HBIX YC/AOKHEHHR, NMoJoXuM [ = j==1 (Tak ke TOYHO paccMaTpHBAWOTCA
H apyrue caydau). Mrak, MBH JOMKHB PacCMOTPeTb ONEpaTop

A'f(‘])“‘ 2’:” aoq f(q)

Ecau o0nacTb H3MeHEHHS ¢ ecTb — 00 < ¢ < <4 0O, TO 3TO 3PMHTOB
oneparop, kax Mu yGemuauch B II. 5. C apyro#t croponbt, npu KoHeu-

85) Tounyo GHOpMyaupOBKY 3ToH maex (XOTOpYyio MHl 31€Chb pacCMaTpuUBaeM
TONbKO KaK 3BPHCTHUECKOE YTBepWJenue) MoxHO Halitu B crarbax Hellin.
ger’a, J. f. Math. Bd. 136 (1909) n Weyl’s, Math. Ann. Bd. 68 (1910)).
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Holt of6aacTi a=¢=="5 310 He Tak:
b

(A'f, o)—(f Ag)= Qm il (q)g(q)dq—/ F (@) 5 QM g (pdg=
» a

ot [ @@+ QT @) dg= o f @ E @ =

= o [f ) g &) — f (a) 2(@)]-

h 0
UroG 3TO BHIpaMeHHE HCYe3ano, 061acTb OnpeieseHus o 3g Lomkia

OpTh OrpaHuueHa TakuM OGpasoM, YTOOH AJs IBYX NMPOH3BOJILHEIM 06-
pasoM BaaThiX M3 Hee f u g 6uao O f(a)g(@)=f ) g ®), r. e

f(a): f(b)=g(b): g (a). Ecau Mu GyzeM Temepb MensiTb f npu Quk-
CMPOBAHHOM g, TO YBHAMM, uTo f(a): f(b) nOMKHO OHITL OJHUM U
teM e uuciaoM O Bo Bceft obGaactu (6 Moxer Takke Obre 0 wiu ©0);

1
TOrAa 3aMeHa f Ha g NpPUBOIUT K 0 = =, T e |0} = 1. 3nauur, naa

TOrO YTOOH —2—:70— OBl SPMUTOBHIM OMNEPATOPOM, MBI LOJMKHBE MOCTY-
JUPOBATh «IPAHHUHOE YCJOBHE» BUAA

f@):fb)="9
(roe 6 — moboe QuxcHpoBanHoe uucjao abCOMIOTHOH Beanuuun 1).

Cuayana MH BO3bMEM HHTepBan -— 00 < g < 0o0. Pemeunusmu ypas-
h
HeHust Ap=2Agp, T. e. Sl ¢’ (g) == Ap(q) Oyayr Toraa ¢yHxuun
L
¢lg)=ce

O1HaKO OHM HEMOCPEICTBEHHO HE MOTYT GLiTb MCHOML30BAHH 1M HAIIMX
oo

HYXI, [OTOMY uTO f|cp(q)|2dq= f fc|?dq ==+ co (ecan TOMLKO HE
—00
uMeetr Mecra ¢ =0, cp__O) 3aMeTuM, u4TO B NEPBOM NpHMEpe MBI HaILJH
pewenste 8(g—D)\), T. e. QUKTUBHYI0 HECYWIECTBYIOILYI0 (YHKLMIO
2ri
— M\
(cp. npum.8)). Tenepp Mu Hamau e 2, T. e. BnoaHe 406pONOPALOY-
Hyl0 OYHKUHIO, KOTOpas, ONHAKO, He mnpuHasdexut k R BCrescrTaue
GecxOHEUHOCTH HHTerpana ot Keaipata ee moayas. C HaweH TouK ape-
Hug 00a 9TH (akTa 3HayaT 04HO M TO ke, W60 TO, YTO He MPUHALJIe-
kur R, 119 Hac we cywecrayer ).

86) KOHEYHO, TOALKO ycnex B (H3MUECKHX NPHJOMEHHAX MOXKET ONPABLATH
9Ty TOUKY 3PEHHAl H e€ HCNOAb3OBAHHe B KBAHTOBOH MeXaHHKe.
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Kak ©u B neppoM ciayuae, o6pasyeM Temneph JHHe#Hble KOMOMHALHH
pemieHHR ¢ A==A,, T. €. QYHKIHH

kg ?.EE.M
f@= [cye™ "ar

HaM Halo HamesTbCsl, YTO CPEeNM HUX BCTpeTATcs ¢ynxkuud u3 R_, uro
onple 006pasyloT 3aMKHyTOe JuHe#HOe MHoroofpasue R’,, u, HakoHeuw,

YTO NPOEKIUOHHHE onepaTopu E ()ko):Pm: 00pa3yioT NnpUHanAexaliee
Ao

oneparopy A’ pasnoxeHHe eAMHHUB. Mbl NOAYYMM TOATBepAaOLIUit
MepBoe NpeANoJIONeHHe NpuMep, mnoJaras, CKaweM,

. { 1, naa A= M L
¢ )= 0, maa A<M 1< %o
b gﬁilq e%z—ﬁi loq“e-?%i Mg
f(Q):[eh dA == Omi ’
A T‘?
NOTOMY UYTO 3Ta f(g) peryaspHa IMpH BCEX KOHEUHHIX 3HAYEHHAX apry-
MenTa u yOniBaer kKak l/g npu ¢-> oo, Tak uTO f|f(q)[2dq KOHe-

yeH. Ho ¥ Apyrue mpeanonoxeHus TakkKe OKA3HLIBAIOTCH BHIMOJHEHHBIMH,
KaK TO NEHCTBHTENbHO clelyeT M3 Teopuu uuterpanos ®dypoe. B camom
neje, 3Ta Teopus yTBepkKaaer ciaeayiouee 87):

[Tycte f(x)— n00as QPyHKUUA C KOHEYHBLIM flf(x)]2dx. Torzaa

MoxeT ObiTb 00pasoBaHa (YHKIMA

LIy =F(=— [ e*f()ax.
V 2= .
AJ8 KOTOpPOH HHTerpasn f]F(y)de TaKKe KOHEeYeH M HMEHHO paBeH
f [f(x)|2dx. Bonree toro, LLf(x)==f(— x). (370 Tak HasmBaeMmoe
-y .

npeoGpasopanue Jlannaca, urpamiiee BaXHyO PoJb BO BCell Teopuu Aud-
(depeHllaAbHBIX YpaBHEeHHH.)

87y Plancherel, Circ. Math. di Pal. 30 (1910); Titchmarsh, Lond.
Math. Soc. Proc. 22 (1924).
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Ecau Mbl 3aMEHHM X, y Ha ]/"7?' g ~- P TO TOJy4uM fipe-

o6pasosaHue

Qi

Mf(g)=F (p)“—:VI-E f equf (9) dq,

oGiafaloliee TeMu e cpolicrBamu. lMenHo, oHo oroGpaxcaer M na

camoe ceba [Mf(q)=g(p) paspemnmo 1ad BcAkoro g(p) u3
R_:f(@)=Mg(— p)l, ocrasaser |f|| unHBapuautHOR #u JHHEHHO.

Cornacio lI.5 sror omeparop M yuurapen. Kpome Toro, M?2f(g) =
= f(—¢g) u, B3HAuHuT, M"lf(q)_—.:M*f(q):Mf(-—-—-q), Tak uro M
koMMyTupyeT ¢ M2, 1. e. ¢ onepauuett f(q)— f(—q).

Ilanee, TO, YTO Mbl HMMeJu B BHAY OTHOCHTEIBHO Rr,» COCTOAIO

B cleaymwlueM: f(g) NpUHAALEHKUT K Wiu, ecau F(p):M"lf (g) paBHO
HY/MI0 1Js BCeX p > Ay (3nech

F (p)==V he (p)

¢ ¢()), onpeneaeHHbiM Bhimie.) Ho aru F(p), kak Mb 3HaeM, o0pasyior
3aMKHyTOe JuHe#HOoe MHorooGpasue M, . CrnexopatesnbHo, U oToOpaxe-

ane RN, sroro M, , monyuenHoe ¢ nomouwblo M, ecTb TaKke 3aMKHyTOE
niHefHoe MuorooOpasue. E’ (X)) oOpasyerca us E (A) coBeplieHHO
TaK XKe, Xax iﬂ;u u3 N, : npeoGpasosanuem Bcero R npu momown M.
3naunrt, E’ (XO):ME(lO)M“I. Toraa E’(A) Tax xe, kak u E(A), 00-
nagaer coitcTBaMu Sy., Sz2.. OcTaeTca ellle A0Ka3aTh Ss., T. €. TO, HTO

pasJjoxeHue eauHuubl E (N) npuHapaexur x A'.
[Ipn 3TOM MBI OrpaHMyuMca TeM, uTO TNoOkaxkeM caeaywouee: Ecan
[ (g) nuddepeHuupyema 0e3 oCOOLIX TpyHaHOCTeH B CMbiC/JE CXOAUMOCTH

U HHTErpaJ f l-f-% "(q) 2dq KOHeYeH, TO M HHTerpaJ f MARE (M) fl|?

Takwe KoHeueH u (A'f, g)z'::fld(E' N f. g)%).

88 ! AL
) To ectb E’ (A) npuHagnexuTr He caMoMy A’ = Sl o4

06JaacTh ompejieieHnd KOTOpOro BKJKHYaeT B cebd obaacth ompeaenerus A’
copnajaer ¢ A" B 2704 ob6aactu. B passuTHe aToro sameuanus cm. IL 9.

, HO omeparopy,
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B camom zese, [M™'f(gq)=F (p)):

Af@ =g [ @ =g 5 (MF (p)) =

2ni 2l
=%i< /F(p)eh ”"dp) vi /p(,,)i<e—h-m>d,,=
wi 0g LTI oq

2l
fF(p) p-e® " dp==M(pF (p)).

CnenoBarenbHo, 1A YNOMHHaBIMXCA  f, A = MAM™! (A onepa-
TOp ¢ ..., WJIH, TOCKOJAbKY MBl TOJb3yeMcs 31eCb mnepeMeHHOH p,
TO p ...). ITockoAbKY chenaHHbe Bbille YTBEPHACHHS BHIOJHAIOTCH AJ5
A, EQ)), To ouu cnpasesnussl H nocie npeoOpasoawus R c no-
Mowpio M. Clie0BaTe bHO, OHR BHIMOAHAIOTCA Takke n aaa A’ = MAM ™
h 0
2ri oq
B HHTepBae a==¢=b (a<b, a u b KoHeuyHw), KOrmd, Kak MH
BHIICHWJIM, AJAS COXPAHEHUS SPMUTOBOCTH ONepaTopa HEOOXOLMMO TaKxe
IpaHHYHOE YCJAOBHE

u E'(M)y=MEQ®) M. CyliecTBeHHO HHAauye OOCTOUT LeJO IJs

f@:fo=0  (|b[==1).

Ypasnenune 2hTz %f(q): Af (g) onarb pelaercs q)yﬂxunéﬂ
LI
fl@=ce® ~,
HO Tenepb HHTETpan
b

b
[1r@Pdg= [lc]?dg=b—a)|c|?

a

KoHeueH, Tak uTo f (g) Bcersa npunaziexut k R_. C apyro#t croponsl,
LOJKHO OBITb YBOBJIETBOPEHO TPAHHYHOE YCJIOBHE

21:i 25 a-b)
f@:f)= =10
HIH, ecau Mbl nosoxuM 6 =e¢ * (0 ==a=2n),

ZNa—by=—l—2%sl (k=0 £1, +2, ...),

b (e 4)
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Cien0BaTeJbHO, MEL HMEEM JIHCKPETHLIH CMeKTP ¥ HOPMHPOBAHHOE .pe-
wemde onpeleaserca Tenepb ycaosueM (b— a)|c|*=1, 1. e., nanpu-
1

2rl 2ni o

—— . (g +#

(‘Pk(q) ——— ek q::_._l—__eb—a (21: )q
Vb—a Vb___a

(k=0, =1, %2, ...).

TakuM 06pa3oM, 3TO OPTOHOPMHPOBAHHAA CHCTEMA, HO OHA TaKie M
noana. B camom gnede, ecau f(g) OpPTroroHalbHa KO BCEM ¢,(g), TO
al 2ri al

a1 5-a 7 P b—a
eb-2" f(g) oproroHanbHa KO BCeM e M, 3HAUMT, € fl= *

oproronaibia ko BceM e**, 1. e. k 1, cos x, sinx, cos 2x, sin2x, ...
KpoMe TOFo, OHa Ompene’ieHa B HHTepBaJje

a= b—a

=z x=b,

JJKHA KOTOPOTO paBHa 2w, TAK YTO OHA NOMKHA, COTJIACHO H3BECTHEHIM
teopeMaM, ofpaiarecsi B uyab 8%), Cuenosarensuo, f(g)==0.

Wrak, Mbi MMeeM 31eChb [eJO C UYHCTO AHCKPETHHIM CHEKTPOM — CJy-
yaff, noapoGHo o6GCYyxaaBmuiics B Hauaje aroro pasgena. Crepyer 00-
paTHTb BHUMaHME HAa TO, KaK <«TPaHHYHOE YCJIOBHe», T. e. 0 Win a,
OKa3biBaeT BJHAHHE HA COOCTBEeHHble 3HAUEHUS W COGCTBEHHBE (YHKUMH.

B 3akaioueHue MEH MOXEM PacCMOTPETh CaydaH MoJyOrpaHUYEHHOrO
uHTepeana, ckawem, 0==g¢ < - co. [Ipexne BCero Mb ONATb AONKHEI
yOenuTbCcs B 3DMHTOBOCTH onepaTopa. Mmeem

A, O~ A= [ @e@+/ @ T @ dg—
0

= [ @ E @I -

Yro f(g) g (g) cTpeMuTcst K HyJI0 NPH g —> - OO, NOKA3LIBAETCA TaK XKe,
Kak 310 Jenanocs B II.5 B cayvae Oecxoneunoro (B ofe CTOpOHBI)
nureppasa. CrepoBaTesbHO, TpeGOBaHME HOMKHO COCTOSTH B TOM, UTO

f(0)g(©0)=0. Ecau Mu nojoxuM f==g, TO YBHAUM, UTO «TPaHHUYHOE
ycaosue» ectb f(0)=0. B atoM cayuae oOHAapy#UBAOTCR CepPbe3Hble

TpyaHoctd. Pewennst ypasueHus A'g==DXLp Te ke caMble, 4TO U NpH
2ni

uHTEpBaje — o0 < g < —}- 00, HMEHHO ce # ; oHH He nmpuHaliexat k R

8) Bce kOsdduuuentsr Pypne HCHe3a0T, CAAOBATEABHO, CaMa (YHKIHA
10/KHA 06palaTeca B Hyab (cM., Hanpumep, kuury Kypanta u I'uanbepra, uu-
THPOBaHHyl B npuM. 39), ctp. 25).
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H He YIOBJETBODPAIOT TpaHuuHOMYy ycnosuio. [TocieaHee MOLO3PHTENBHO.
Ho emle yauBuTeibHee, YTO, CJelys HAMEUEHHOMY BEHIIIE TPHEMY, MEI
LOMKHB Ohnai OH  BoCTHYb TOro ke E(A), uro u 149 HHTepBaja
— oo < g < -} o0, NOCKOALKY (HeCOGCTBEHHBe, T. €. He NPHHAIeKa-
wue k M) pewenus —Te xe cambie. Kak npuMupurs 310 C TeM, uTo
cam onepatop Apyrofi? K TOMy e 3TO He TO, UTO HAM HYXIHO, TaK Kak,
eca¥ Mbl ONATHL ONpeneNuM B Tub0epTOBOM npoctpaHcTBe Fo OYyHKuuf

(@ (O§q<+oo, f|f(q)|2dq KOHequ) onepatopst M u M ':
0

(=]

M @=F(== [ e
0

L
th

f(@dq.

2ni

MF (= f@== [ ¢ 7 F(p)dp (= MF (= p)),

-0

To M otobpaxaer ruabGepToBO npocTpaHcTBO For Bcex f(q),
0=g¢< oo, fmlf(q)lqu.
0
Ha Apyroe rUab6EPTOBO MPOCTPAHCTBO: MPOCTPAHCTBO Fer BCex F(p),
— 0= p < 00, foolF(p)li’dp-
0

B to BpeMa KaK, ecTeCTBeHHO, BCe elne Bunoanserca ||Mf(g)|=] f (9]
(T0 Cclenyer H3 paHee YNOMHHABIIMXCS TEODEM, eC/IM MOJONKHTb B HHX

f@ =011 —oo<g<O0), [M'F(p)ll==1F (p)||, Boobe rosops,
He HMeeT Mecra, ﬂOCKOJIbe, B CHJIYy YNOMHHABIUHXCH TEeopeM, eCJaH Mbl

2ni
onpesen 1 (g) n 415 g < O dopuynon f (¢) = 5= [ "Fpyap.

TO -
IFI2= [ |FmPdp= [ f@)|%q.

ImFiP=lfl2=[ |7 @|?dg
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—u, CJenoBaTenbHo, ” M']FH<]|F]], ec/iM TOJbKO cayuatino f(g)
(8 To#t (OpMe, KAaK HaM ee TOJbKO YTO NMPUULIOCH ONpeIesuTh) He HC-

ueaHer s Beex ¢ < 0. Cneposatensho, E/ (\)== ME(\) M~ — s10 co-
BCeM He pasnomeHue eguHuun %), T. e. HAlll METOA OTKA3HDAET.

Mo ckopo yBuiuM (B npum. 108), crp. 128), yro 2T0 AexuT B caMolt
npupone Belllell, MOCKOMBbKY 9TOMY omneparopy BoOOILE He [PHHAIIEKHT
HHKAKOTO Pa3/OXeHUS eJHHHLBL.

[pexne ueM 3aKOHUMTb STH ODHEHTHDYIOLIHE DPACCYKIEHHS, NPHBEREM
HECKOJbKO (OPMaNbHBIX NpaBui BHYKHCAEHUH ¢ omepatropaMu, Npencra-
BJEHHHIMM B CHMBOJHYeCKOHR dopMe

A= fkdE(k)

-0

C TOMOLIBIO HX PAa3/IOKeHHs eLMHHUIBL
Bo-nepehix, nycte F OyzeT NMpPOeKUMOHHBIM ONEPATOPOM, KOMMYTH-
pyloutM co ecemu E(A). Torma aas Bcex M < N,

IEQ)Ff—EN)FfR=[EN)—EN))Ff|P=
=[FENM—EMN) fP=IEN)—EM)) f
cienosareabio, nockoaeky EX’), EQ), EQ)— E(\). Tak ke Kak
EWYF, EMN)F, E(\)F— E()\.’) F=(EW)Y—EQ@M))F,
CyThb hpoexnnoaﬂme onepaToph, TO

[EQ)FfP—|EXN)FfR=[EQN) fP—IEN)f

.

Cuea0BaTe b HO, f)\gd"E()\)f[]?g f)\i’d]lE()\)Ff“?. Toraa, mo 8.,

- 00

%) Ilpasja, B jeficTBuTeabHOCTH BepHo, 4t0 M ™'Mf () = f (g) (nocra-
T0YHO onpeleanTs f(9) =0 npu ¢ < 0 U BOCNOABL3OBATHCH TPEABIAYUIUMH TEO-
peMaMu), Ho He BCerja HOMKHO BHINOAHATbCH MM ™IF (p) = F (p), noroMy uro,
Boobme rosopst, (|M7IF||<|F|l u, spaunr, |MM™IF||<]||F]|. Caenoareas-
Ho, MM =1, a MM™'s£1, T.e. M™! He ectb ucTuBHbI 06parHEii s1eMeHT M-
(He mOxeT cymecTBOBaTb U HUKAKOTO ADPYTOrO OGPATHOTO SAEMEHTa, TAK Kak
ecau 6ol OH 6ula, To, TOCKOABKY MM =1, on fgomxen 6ba 66 GHTH paBeH
nameMy ML) Kak caencrsue storo nas £’ (M) = ME () M1, nanpumep, 3a-
kaouenne £'2 (A) = E’ (\) eme MOMeT 6HTb CIEAAHO (nocxoabKy ciona BXOLUT
avms M ' M), onnako E7(\) > MM ™1£1 (npu A - co).
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AFf umeer cMuica, ecau umeer cMuica Af. Ianee, Toria

AF = fld(E(k)F): f)\d(FE()\))_—zFA, )
T. e« A u F Toxe KOMMYTHPYIOT. quacmocm, Mbl MOXeM BEIOpaThb
mo6oft E (M) B xauecrBe F (cormacHo Sa.). Torza

AEQ)= [NdEMEM)= [VdEMin(, V)=

A -5 A o
_—.f+f= fl’dE(k’)—}—fk’dE(k),
— A -0 x

" HOCKOJbKY f::O (rax kak QyHKuud, CTOALIAR TOA 3HAKOM nH(be-
A

peHLHAIA eCTb KOHCTaHT4), TO
A

AE()) =E() A= f M dE (V).

Buo0asok orciona caeayer, uto

oo oo A [+
A? = f NdE (V) A) = f kd( fx'dE(x')>=npnM.92)= f 22 dE (\)r

—~00 —00 -0

81) CobcTBEHHO 3TO CJAEJ0BAA0 OB ;IOKa3aTh HE CHMBOJHMYECKH IIPH IOMOIH
CTpPOroro ypaBHEHUs

(4f, &)= [LdEM 1. g).
Torza npeo6pasoBaHusl BBITASLIAT TaK:

(AFF, )= [VdEM Ff, )= [Md@EQ) 1, 8) =

= f M(E () £, Fg) = (Af, Fg) = (FAf, g).

Orcona caenyer, utro AF == FA.
92) 1o caegyeT H3 ypaBHEHHS

A
ff(k)d<fg(7\’) dh(w)>=ff<k)gm ah (),
Beerjia cnpanefaHBoro s unterpajga CTUAbTbeca. IJTO ypaBHEHHE SCHO 6&3

JanbHefimero oOCyXJIeHHS B cuAy OOpaTHOro xapaktepa omepauufft 4 u
Tounoe mokasartenbctso 6uao jJaHo aBropoM: Annals of Mathematics 32 (1931).
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Boolle, Mbl HMeeM

fee]
AP f MdE (N,
-0
ﬂOCKOJIbe MhE MOXEM I10 I/lHILyKL[PIP[ l'[epeXOIll’lTb OT n—l K n:

A= A" A= fmx”"d(E(x) A)= fol”'ld( fw dE(x')) =

= npuM. %)= fx"-‘.xdﬁ(x)z fx"dE(x).

—co -0

Torna, ecan p(x)=a,=+a;x=+ ... + a,x" ecTb HexoTOpHHA noau-
HOM, TO

p(H= [ pMdEW

(moa p (A) MH noHuMaeM, KOHEUHO,

pA)=a)l +a,A+ ... +a,A",

de(k):l caenyer w3 Si.).

Ianee ycranosuM caenyiomee: ecam r (M), s()) — ase mobGue QyHK-
UMM, M ecJM MH onpeseiseM apa onepatopa B, C (cuMBoanuecku) ¢op-
MyJaMH

B= fr(k)dE()\), C= fs()\) dE (\) 99),
TO CJeiyeT, 4To
BC == fr()\)s()\)dE()\).
93) 10 3HAUMT

BLo)= [r@yaEM g, (CHh o= [sMAEM/ g

- -0
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Iloka3aTe bCTBO Mbl NPOBELEM B TOUHOCTH TaK )K€, KAK B CELHAJb-
HoM cayuae B=C = A:

(=9} (o]

BEQ)= [ rONdEME®M) = [ ra)dEMin@, 1)) =
_oo}\ 00 A ) oo A
= [+ [= [randee)+ [ ranaEN= [r)dE@),.
—w A —0 A [+
=) 00 A
CB = f s\ d(BE(\))= fs(x)d( fr()\’)dE()\’))z——
- fs(k)r(l)dE(k): fs(x)r(x)dﬁ(x).
MOFyT OLITh JETKO yCTaHOBJIeHbI TaK}Xe cjaeayloiue COOTHOILIeHUd:
B = fr_(—)\)dE()\), aB = far()\)dE(l),

B+C— f(r &)+ sQ))dE ).

3HauuT, He CYINECTBYET HHKAkMX (OpMAJbHBIX BO3paxeHuit mnpo-
TMB TOro, uroOb mucath B=r(A) nasx Takux oynxuui r ) ¥).
B uwacruoctn, 3aMeuarebHBl  Clepyoliue  (pasphiBhbiel)  QyHKIMEH:

v { 1 aaa N=Ak, U _
e (N)= 0 amm N>, | AMeem nas HUX, coraacHo Sy,
o0 A
e, (A) = f e, (V) dE () = f dE(\N)==E ().
(B mnauane s3Toro pasgena Mbl OGCYXIAJAH ONEPATOP A==gq; ... . Ero

E(X) Opuno ymuowenueM ua 1 nan Ha 0 COOTBETCTBEHHO MIA ¢ == A Wau
g>\ T. e. ymHOXenueM Ha e, (q). Ilosromy elgy--)=e(q) ...

DT10T nNpuMep OYeHb XOPOII A9 TOFO, 4ToOH HAThH HHTYHTHBHOE npen-
cTaBJeHue O BBENEHHON BHILIE KOHLEMIIHH.)

94) TouHoe O6OCHOBAHME HTOro TMOHSTHS (GYHKUHH HAHO aBTOPOM B Annals
of Math. 32 (1931). F. Riesz nepouit onpenensn obuue onepaTOpHHe (YHK-
UMM € NOMOUIbI0 NPEAEAbHOTO NMPOLECca, NPHMEHEHHOr0 K noJMHOMAM,



9] O CVILECTBOBAHUHW PENIEHUY TTPOBJIEMbl COBCTBEH. 3HAYEHMM 111

9., Orcrynaende: O CymecTBOBAHHH H €IHHCTBEHHOCTH
pemieHus npoSaeMbl COGCTBEHHBIX 3HAUYEHHH

B mpeaniynleM pasjene Mbl pacCMOTPeNH BOTPOC O TOM, Kakue pas-
a0xeHHs efHHausl E (A) cOOTBETCTBYIOT JaHHOMY I9DMHTOBY omeparopy A
TOABKO KaueCTBeHHO, HJIOCTPUPYS ero yacTHuMH npuMepamu. Cucrema-
THUECKOe H3yyeHHe ITOM 3ajaud eule TNpeicTOHT mnposecT#. [Ipasna,
BO BCeft MaTeMaTHuecKol MOJHOTe OHO BHILIO Obl 338 PaMKH Hallelt KHHTH,
I HAM TIPHJETCS OTPAHUYHTLCS AOKA3aTeNbCTBOM HECKOJbKHX MOMEHTOB
o Jdms QOpMyAdpOBKOR OCTanbLHEIX, TeM GOJee, UTO TOYHOE 3HAHHE BCeX
STUX cooTHOlWeHHH He abCcoMOTHO HeoOXOIMMO AJs TOHMMAHHSA KBaH-
ToBOR Mexanuku %),

Corsacho meopeme 18., HenpepblBHOCTh JMHHEHHBIX OMEpaTOpPOB
BbIPAXKAETCs1 B TOM, 4TO

(St.) 1Af1=C-1/f]

(C npou3BOJBHO, HO (PUKCHPOBAHO).
[To meopeme 18. cymectByeT u ewme HECKOJIbKO SKBUBAMEHTHHIX
dbopM ycaosus 87

(S4.) [(Af. &)l=C-|f]l-lgl.
(S%.) [(Af. DI=C- ISP

(mocentee TOJLKO 1S SPMHTOBBIX ONEPaTOPOB).

Ycnosue S#., 5KBHBAJEHTHOE YCJIOBHIO HENpPEpHIBHOCTH, BbipaxaeT
BBelennoe ['mabGeproM NOHATHe OrpaHHYeHHOCTH. Jlas OrpaHHYEHHBIX
(T. e. HeTpepHIBHBIX) IPMUTOBLIX ONepaTopoB ['uabOepT MOCTaBHA H Pas-
pelwua npobaeMy coOOCTBeHHHLIX 3HauenH# (cpaBuu mnpuM. %%), crp. 78).
Ho npexae uem oGcykiaTh 3TOT cayua#f, Mbl JOJIKHBl BBECTH ellie OJHO
NOTMONHUTeNbHOE TIOHATHE.

OpMuTOB ollepaTop A Ha3LIBAGTCH B3aMKHYTHIM, ecad oH obranaer
caenyiomum csoitcrBoM: Ilycts f, fo, ... €CTb TOYEYHAs TOCTENOBA-
TeJdbHOCTb, Bce Af, UMEIOT CcMHCH M BHNoJHsercs f,— f, Af,— f7,
Toraa Af rakie uMeeT cMbiC U paBuo f¥. Creiyer 3aMeTUTb, YTO MOMNHO
6E110 Ot ONpeieTuTh HENPEePHIBHOCTL CTIOCOGOM, BeChbMa ONU3KHM K 9TOMY
Tpe6OBatHIO, HMEHHO Tak: ecau Bce Af, u Af uUMeT cMbICT H ecld
fo—>f, to Af,— Af. Pasnuune 1ByX onpeneJeHudt COCTOMT B TOM,
YTO 147 BAMKHYTOCTH 3apaHee TpeGyercs CyuecTsoBande npelena f*
NOCNeR0BATENLHOCTH Af,, 4 TOJNBKO B STOM NPeANONOMEHHH yTBepiaaeTcs,

9%) Teopusa HeorpaHuueHHHIX SPMHTOBHX ONEPATOPOB, HA KOTOPYI MBI
B JanbHeHureM 6yneM cchiiaThea (B AOMOJHEHME K ruab6epToBofi Teopun orpa-
HUYEHHBIX ONEPaTopoB), GblIa pa3BHTA aBTOPOM (CM. CCHIIKY B mpuwm. 78), c1p. 91).
HesaBucum0 k nonoGumiM pesyabratam npumex M. Stone, Proc. Nat. Acad.
Sci. of USA, 1929 n 1930.
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uyro oOu pasen Af. B TpeboBanud HeNPEpPHIBHOCTH, HANPOTHB, YTBEp-
*JlaeTcs H cyumiecrsosanue f*.
Heckoabko npumepos. Ilycrs JR_ onats GyneT mnpocTpaHCTBOM
(=]

(=]

BceX f(g) ¢ KOHEYHbLIM HHTerpajoM flf @PRdg (—oo<g<oo),

A— onepatopoM ¢ ..., ONpeleNeHHHM JAJas BceX f(q), I KOTOPLIX
[e0] (o]

f]f(q) [2dg n fq?|f(q) [2dg  xomeunn, a A’ — omeparo-

-0

h 0
poM 5ni 37 onpejeJeHHbLIM AJA BCeX BCloay LupdepenunpyeMbix QyHk-
fe o] (o)
2
umft, 29 KOTOPBEX KOHEUHEI / | f(@)|?dg n -2::—[.f’ (q)‘ dq. Kax mul
—00 — 00

3naeM, o0a 9ru omeparopa spMuToBel. Omneparop A saMksyr. B camom
(o]

Iene, nonoxuM f,—>f, Af,—f' 1. e. f|f,,(q)——f(q)|?dq—>0;

I]‘U (g)— f*(q)|2dg—0. Ha ocuose cxasannoro B II.3 npu noka-

-0

sarenhctse D). cymecTsyeT MOANOC/]eNOBATENbHOCTL f, | fnz, ... mocJje-
!

nosaresbHOCTd fy, fo. ..., CXonaswascs K mpejety MOBCIOLY, 32 UCKJIO-

ueHHeM  §-MHOMKeCTBAa Mephl HYJb f,,v(q)——>g(q). CrenoBarenbHo,

o0 (o)

[le@—f@pdg=0. [leg@—f @]dg=0, 1. c. scony.
KpOMe MHOKeCTBa MepH HYMb g (g) = f (g) # TouHO Tax xe 92 (¢) = f*(g),
caenosarenbho, gf(q)==f*(q), 1. e. f*(q) u qf () He pasnuyHul Cyiue-
creenno. Ho mockoabky f*(g) mpuHapiexuT, no npeinonoxexHo, k R_,
10 ¢f(g) npuxapnexur k R raxme. Coorsercrsenno Af (g) umeeT
cMblcat u pasuo ¢f (¢)=—f* (q) Hanporus, oneparop A’ He 3aMkHuyT.

-V o+l

He#icTBUTENbHO, TIONOXKHM [, () =e Vq+”, f(q)==e~1491, Ouenuato,
Bce Af, uMeoT cMbica, HO Af He onpeneteHo (f He HMeeT NpoOU3BOJ-
Ho#t B Touke g=0). TeM He MeHee, B uyeM Jerk0 HENOCPENCTBEHHO
y6enutbes, f,— f, Af,—> f* ecan nonoxurb f*(g)=—sgn(g)e-19!
(sgn(g)=—1, 0, 41 cootBercrBenHo a1 q <, ==

TlokaxeM Tenlepb, UTO B OTJHUHE OT HenpeprBHOCTH SaMKHyTOCTb—
3TO CBOHCTBO, KOTOpoe 0es oco6oro Tpyaa MomeT OuTh AOCTHUIHYTO
171 BceX SPMHTOBHIX ONEPaTOpoB. IJTO AOCTHraeTCsl TPU TOMOLIH MNPO-
Lecca NPOAOTKEHHs, T. €. TyTeM TOro, YTO Mbl OCTABJAEM ONEpaToOp
HEH3MEHHBIM BO BceX ToukaX R, riae o Guur onpefeseH, HO JOTOJHH-
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TeNLHO OMNpeje/seM ero B HEKOTOPHX TOYKaxX, Tle OH 10 TOTo ofipe-
nenex He OBLI.
B camoM jene, TycTh A-— HEKOTOpPHH NPOH3BOJLHBIK SPMUTOB oOne-

patop. Mt onpenenuM onepatop A TakuM o6pasom: Af umeer cMbica,
ecid CYLIECTBYeT MOCAeNOBATeNbHOCTb fi, fo, ... CO BCeMH HMeIOUIAMH
cmbicn Af, ¥ Tpd ToM Takas, uTo f ectb npepen f, W Af, raxxke

obaanaer mpeaenom f*. Toraa Af == f*. Takoe onpejefeHe NPHEMIEMO,
O/HAKO, TOJNLKO B TOM Cjyuyde, eCJdH OHO ONHOSHAYHO, T. €. ecad W3
Fn—>f 8u—>fs Afy— f*, Ag,—> g* cneayer, uro f*==g* Je#cTBu-
TeJbHO, ecad Ag HMeeT CMHICA, TO

(f% g)y=Ilim(Af,, g)=lim(f,, Ag)=(f, Ag),

(&", &) =lim (Ag,, g)==lim(g,. Ag)=(f. Ag).

#, caenoBateabHo, (f*, £)=(g"* g). Ho 314 £ BCIOAY NJOTHH H, 3Ha-

uyr, f*==g% 1. e. MH onpepeanau A xoppexrHo. I10 A ecTh mpo-

nomxenue A, T. e. nosciony, rae Af onpejpeseno, ONpeleeHO H ﬁf,
papuoe Af: 10cTaTOYHO MONOKUTL BCe f,=f u f*== Af. U3 nuueht-

HOCTH H 9PMHMTOBOCTH omnepaTopa A Te e CcBOHCTBa cjeaylT ias A
(no HenpepuiBHOCTH). Haxoneu, A rakke u 3aMKHYT. JeficTBHTENbLHO,
nycts Bce Af, uMmewt cMmueca, f,—f, Af,— f*. Toraa cymecrsyor
NOCAeNOBATENHOCTH fr, 4y fp 00+« . C OnpedenenuoiMu Af, .. f.— f
Af y > Sy 1 /Tfnzf;. ,H,Jmlxamnoro n Cqu.eCTBlyeT N, rakoe, uro
®
mpu m=N | f, o — =7 |Af 0 n— fa|=- Cuenosatemsno,
Soon —f, >0 Af, y —Af,—0 u, snawr, f . —f—>0,
td n i n t] n -
Afn,N”——f*—»O. Orciona crenyer, mo onpepeteHdio, uto Af = f*.

(Cnenyer o6paTaTth BHHMaHHE Ha TO, YTO He HeNpPepLIBHHIA ONEpPAaTOp
HUKOT A He MOXeT ObiTh cllelaH HeMpPePhIBHLIM ¢ HOMOLILIO NPOAOIIKEHHS. )

Ecan omeparop B sBasercs npojo/ikeHHeM omeparopa A, T. e. ecau,
Konb ckopo Af uMeeT cMbica, Bf Takxe UMeeT cMbiCA W paBHO Af,
TO Mb OyleM BsamuchiBaTh 310 kak Bé& A wm A-3B. Mu nokasann
yxe, uto A =3 Anwuro A 9PMHTOB U 3aMkHyT. Ouesuuno 6e3 panbHelt-
wero ofcyxieHus, 4ToO A8 KawAOro 3aMKHyTOro B Ttakoro, uto A < B,

MOMIKHO BBLIMOJHATECS Takke A -3 B. COOTBETCTBEHHO A eCTb HAUMeHb-

ee 3aMKHyToe mponomkesnne A. (3Haumr, A—A)
Tecuast cBssb Mexay A u A noACKAasHBAeT Ham, uTo A MOXeT GbiTh

BO BCeX DACCYMKIEHHAX 3aMeHeHO Ha A, TNOCKOIbKY A ecTecTBeHHbIM
o6pasoM pacuwupser o6gacTs onpeneneHds A uad, ecau NOCMOTpETh
¢ Apyroft cropourl, A Ge3 BCAKOH HeOOXOAUMOCTH OrPaHHYHBAET

8 U. Heftmay
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o6ractb A. Cpnenaem Tak, T. e. 3amenuM Besge A ua A, Toraa Mui
CMOeM CYMTaTb, YTO BCE IPMUTOBBI ONEPATOPHI 3aMKHYTBI.

PaccmoTpuM onsTh HempephiBHEIR 3pMUTOB onepatrop A. B 3arom
ciyyae 3aMKHYTOCTb 9KBUBAIEHTHA BAMKHYTOCTH €ro 06JacTH ONpejese-
uust. Janee ycaosue | Af | < C | f|, xapakrepusymouiee HenpepHBHOCTS,
OueBHIHLIM O06Pa3OM BhIMOJuAeTcA Takke d 1aa A. CrenopaTelbHo,

A Takke HenpepbiBeH H, TNOCKOAbKY o00aacTh omnpejedenus A TakdM
00pa3oM 3aMKHYTa, M, BMeCTe C TeM, BCIOAY IIOTHA, OHA AOJKHA COB-
nanate ¢ M. 3uauur, A HMeeT CMLICJ TMOBCIOLY U TEM CAMBIM KaxIbii
3aMKHYTbIf H HeNMpepbLiBHbIR OmepaTop TakMke TMOBCIOLY ONpele/eH.
OGparHoe yTBepiJeHue Tome BepHO: Ecau saMKHYTHI omepaTop BCIOAY
MMeeT CMBICA, TO OH HempepbiBen (370 Teopema Toplitz'a %), B poka-
3aTeJbCTBO KOTOPOR Mbl He MOXeM 3Jech yrayoasroncsd).

Pesyabrar, nonyuenssl#t ['uas6eprom, cocrout B caenyiomtem: Kaxaomy
HeTIpepbiBHOMY ONepaTopy COOTBETCTBYeT OJHO X TOJAbKO OJHO paso-
kenue enmHausl. (Cm. npum. ®), crp. 78.) Ilockoabky HempepbiBHLIA

o0

OTepaToOp BCerJa WMEET CMBICA, TO HHTerpan f)\QdHE()\){]? BCerna
-0

noMKeH OHITL KOHeuYeH; TOCKOJAbKY, K TOMY e, oH pasen ||Af]? u,

caenoBaTenbHo, No SE==C?. || f||%, Mb umeeM

O=]AfIP—C - [IfIP=

= [RdEQMfIP—C [dlEQf2= [2—CHalE® f|2

Monomum tenepy f=FE(—C—c¢)g. Torna EQ\) f=E (Min(A, —C—e)) g
M, CleloBaTedbHO, MIsi A== -—C-—e 9TO KOHCTaHTa, TaK YTO HaM

~C—-¢
OCTAeTCs PaccMOTPeTh TOJABKO f . B srom cayuvae EQ)f=EMN)g u
M —C2=(C+42)2— C? > 2Ce, TaKk urO
—C—e¢
ngcsf dI|[E() g|2=2Ce||[E(—C —¢) g|i%,

[E(—C—e)g|?=0, E(—C—gg=0.
Taxum xe nyrem npu f=g — E(C -t ) g MOXeT OHTb NOKA3HO, YTO

g—EC+¢e)g==0.

6) Math. Ann. Bd. 69 (1911),
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Tes cambiM, LI Bcex € >0 6yrer E(—~C—eg)=0, E(CHe)==1,
1. e. E(N)=0 nmpu A< —C u EQ)=1 mpu A>C. (B cuay Sa.
nocaeitee Bbimojnsercs eme W aas A==C.) Hrak, E(\) usMeisercs
auwb B unrepate —C LA LC.

OG6paTHo, H3 3TOr0 KaK ClejCTBHe BHITEKAeT HenpephiBHOCT, A

<] [ C
laslz= [RalEMfIP= [RdEQfP=C- [d|E®WfIP=
—oo -C -C

—C2. deE(X)f[P:C?- 1F11% TAfI=C- | fI]

Mul BuauM TakuM o6pa3oM, YTO Bce HenpepHBHBE A HCYEpNHBAIOTCH
pasIOKEeHUAMH CAUHULB, H3MEHSIOIHMHCH JHIUL B KOHEYHLIX HHTEpBAaNax
nepementoft A. Kak e o6cTodT Heso AAs OCTANbHBIX HE HEnpepHBHBIX
SPMUTOBEIX OMepaTopoB? Bejab MOXHO emle MCNOAB30BATH BCE Pa3JONKe-
HUR eHHHLbI, HBMEHSIomHecd A7 CKOMb YrogHo Goabluux A, ucuep-
NAlOT JM OHH BCE YTIOMSHYTHie IPMHTOBLI OHEPATOPLI?

Heo6x0onuMO Tmpexie Bcero NPaBHALHO OLUEHHTB TO OGCTOATENLCTBO,
YTO 3ITH OMEPATOPLl MOT'YT HMETb CMBICJ He TOBCIOLY.

Camo 1o cee MBICIUMO, 4TO KAaKOH-M#00 SPMUTOB ONEPATOD MOMKET
OKa3aTbCA HE ONpeleeHHbIM B TeX TOUKaX TIHALOEPTOBA TPOCTPAHCTBA,
B KOTOPbIX 3TO MOXHO Obln0 OB clenaTs pasyMmubiM o6pasoM. Tak, Ha-

; h 0 .
npuMep, Haw omeparop A = Sni g 6bl1  He onpeneteH M

f(@=-e"19, u Mb Mormm Gbl naxe OrPaHHYUTDL QLm 507 TIPUMEHEHHEM
q

TOILKO K aHaJuTHYeCKUM QyHkuuaM (B HHTepBate — 00 < g < 00,
g — BenlecTBexHo) %) u Tak Aanee.

(o0}
7) Haxe f (g), aHaIuTHYECKHE B —00<C § <CO | € KOHEUHBIMH flf(q) |2dg,

—c0
fon)
f}f’ (9)12dq, ... |, Boiony naoTHH B R, HdetficrBureabho, no 1. 3, D, mmneii-

fe o]
Hbie KOMOGMHALKH QYHKLHH

1 maa a<qg<b,
fa,b(q)={ g

0 B ocranpHOM oBgactu

pacrnoJoXeHbl BCIOAY IJOTHO. Cnenoaarenbﬂo, AOCTAaTOYHO anfIpOKCHMHPOBATH

HX TMPOHM3BOJLHO GJu3KO [pH TOMOIIM YNOMAHYTHIX Bbime f(g). B camom nene,
Hanpumep,

fg,)b (q) — 1 th (x — a)s(x — b) — 1

- 2(x—a)(x—b)
e ¢ +1

OyaeT QyHKUHMeH HCKOMOrO THNA H CXOMUTCH K fg, o (q) npu ¢ >4 0.

2|
v

8*
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O6uacTb onpenesieHHs YKe 3aCTPaXxoBaHa OT CJAHIIKOM NPOH3BOJIbHBIX
coxpauieHu#t TpeGoBanneM TOro, uToOn oHa OHlia BClOLy naoTHoH. Hanee,
MBI MOXeM OIPaHHYUTbCH 3aMKHYTHIMH onepaTopaMu. Bce xe ewe H 910
He nocTaToyHo 3¢PbekTHBHO. JeRcTBHTENbHO, BO3bLMEM, HalpuMep, Ome-

patrop A’ = B unrepBane 0 =g =1 u npennoaomuM, crenoBa-

i 737]_
TeJIbHO, uro f (q) Bcoldy auddepeHuupyeMsl, a HHTErpabl f]f(q)]Qa’q

f]f’ (@) |?dg xoueunni. Yrober A’ oxasancs SpMI/ITOBbIM, Ha0 eue

0
HAaAOKHTh rpandaynoe ycaoBHe f(Q): f(l)==e~*(0=a < 27); nycrs
MHOXeCTBO 3Tux f (g) naswiBaercs N, a cam A’ uasmBaerca A’ . Pac-

CMOTpUM Jlajee ellle rpanuynoe ycaosse f(1)==f(0)=0 u HasoBeM
cooTBeTcTByIOIIee MHOXecTs0 U0, a COOTBETCTREHHO OTPaHUUEHHLIH OTe-

patop A’ uasosem A Bce A, cyt mponomuenus A (KoTopwifi 3pMu-
T0B, ¥ 06jacThL onpenefeHuss KOTOpOro Bcwoay maotaa %)) u, caeposa-
TeJbHO, H 3aMKHyThie A’ TaKkke CyTh nposomkenus Aj. Bce onn ormuuml

OAHH OT APYIOro W OT AN(’) Je#cTBUTENbHO, SBHO YHUTAPHAA OMepallus
f(@)—>€e™®af (q) npeobpasyer A" B A’+£§—l n A B Uyp U B A
W, sHawtr, A B A _ B+ hpl A, B A—{—hﬁl W, 3HAYHT, X’

«

B+ 2ﬁ lu A B A +2—1 To ectb u3 A —-A cnenosano Owl,
uTo A~ a“‘AO’ T. . Bce A Obiad Obl paBHB Mexkay cobofi. TeM caMbim
NOCTATOYHO TOKA3aTb, 4YTO A' =+ A’ npd o =7, 4 3TO 3aBelOMO TaK,
ecan A, A1 He uUMeloT 0OOMero SpMI/ITOBa NponOAKeHHs, T. e. eciu A’

ne spmuros B coenunenun A, u . Tlockoabky e!*? mpuHaLIeKHT
i
k A, e npunapmexut k A,

(A/etaq’ elw)_(eiaq, A’eifq)____
1 1

=iafei(a-7)qdq——l1fei(a”)qdqz
0 0

1
=f e VY (g — ) dg=e"""" —1 0,

98) OnaATh AOCTATOYHO ANUPOKCHMUPOBATH GYHKUHH fop(q), 0=a < b=1
npy momoixd $yHkuuit uz A% Hanpumep, AAA 3TOTO MOMKHO BOCNOJb30BATHCH
dyHkIHAMH 70 { 1 (x—a—e)(x—b42) }

(q)——_'_fth x(I—x)

¢ &, cTpemsmumcs k 0.
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10 HMEHHO 9TOT CIyyalt uMeeT MecTO. DTO 03HAYdeT, 4TO 3aMKHYTLIH
3pMHUTOB OMeparop A, onpereneH B CHHUIKOM OrpaHHYeHHOR obaactu,
Tak Kak CyLIecTByeT ero HcTHHHOe (T. e. OT/IMYHOE OT HEro Camoro)

3aMKHYTOE IPMHTOBO NPOJOJKeHHe A W NPH ITOM Tpollecc pacliHpeHHs

I3
a
OeCKOHEUHO MHOTO3HAueH, TaK KaK MOXHO BOCTOABL30BATHCA KAMIBIM
u3 ﬁ; i moGoft M3 HHX OyneT MHOPOXKIATH HHOE pelieHde NPOGJIeMEl

cobcTBennbiX 3naveHn#t. (Kaxaoik pas Mbt OyneM HMeTh YHCTO JHCKpeT-
a
HBIH CTIEKTP, HO OH 3aBMCHT OT i Habop A (2—n+k) k=0, 21, £2,..).

C 1npyroft CTOpOHb, C TOMOUIbIO Camoro omeparopa A; Me BooGiie

He MOXMEM MIaTh HHKAKOTO PasyMHOTO pelleHus NpoGaeMbl COGCTBEHHBIX
anayenufl. B caMoM Jese, Mbl ellie TIOKaXeM Jajbliie B 9TOM pa3iene,
YTO 3IPMHTOB ONepaTop, IMpHHAAJEKAUK KaKOMy-aub0 pas3/iokeHlio
enuuulbl (T. €. TakoH, Aas KoToporo npoG/ieMa cOOGCTBeHHBIX 3HAueHuH
pa3pewinMa), te uMeeT HH OIHOIO WCTHHHOTO mpojo/kenus. Omepatop,
He HMelOUuMH HHKAKOrO HCTHHHOTO TPOJLO/IKEHHS, — HHBIMH  CJOBAMH,
yXe onpelefeHHbiff BO BCeX TeX TOUKAX, Iie ero MoxHo Ob10 Obl ompe-
IeJuTb pPa3yMHboiM 00pa3oM, T. e. He HApyluas ero 3pPMHTOBA Xapak-
Tepa, — Mbl HAa30BEM MAaKCHMaJbHLIM. 3HAYHT, MO CKA3aHHOMY, Pa3JOkKeHHe
eIUMHHLL MOMXeT COOTBETCTBOBATh TOMLKO JHIIL MAKCUMAJbHBIM OTe-
patopam.

C 1pyroft CTOpOHbI, HMeeT MecTO cJjeiyilomas Teopema: Kaxibii
IPMUTOB ONEPaTOP MOXKET OLiTh MPOJOMKEH N0 MAKCUMaJAbHOTO 3IPMHUTOBA
oneparopa. (M1 npuToM kaxabift He MaKcUMaJbHbLI, HO 3aMKHYTHI#l Ore-
patop Bcerna OeCuHCNeHHLIMH pa3nuuHbIMU crnocobamu, Takum o6pasom,
eNHHCTBeHHbI ONHO3HAYHLIA LIAT Tpollecga NPONOMIKEeHHN — ITO ,3aMbl-

xanue* A->A. Cp. npum. %), crp. 95.) Tlostromy HauGonee OGaaro-
TpUATHBIM pellendeM MNpoOjeMbl, HAa KOTOPOe MEI BNpaBe HANEAThCH,
Obi10 Obl: KaxnoMy MakCHMajibHOMY 9PMUTOBY ONEpPaTOPy NpPUHALNEHHT
OMHO H TOMbKO 04HO pasOuenne enmuuisl, (Kamnuit samkHyThi#t Henpe-
piBHBIL omepaTop omnpenenes nosciony B R M sABasercs, crenosa-
TENbHO, MAKCUMa/bHbIM.)

Takum 00pasoM, cienyeT OTBeTHTh Ha BONpochl: Bceraa au o6ianaer
MaKCHMAJbHbIf SPMHTOB OHEPaTOp pa3nOWeHHeM eNHHULBI? Moxer Jm
CAYYHTbCA TAK, 4YTO HECKOJLKO pasioxenuft Oyner oTBeuaTh OZHOMY
H TOMY Xe omeparopy?

Mot Haunem ¢ rtoro, uro chopmyaupyem oTBerhi: JIaHHOMY MaKCH-
ManbHOMY SPMHTOBY ONepaTOpy He TNPHHANIEHKHT HH OLHOIO WAH MPHHAML-
JEKUT TOYHO OJHO Pa3JOKEeHHE €IHHHILI, TIpHYEM MePBLH Cayualt peaibHo
BCTpevaeTcd, T. e. mnpo6GreMa cOOGCTBEHHBIX 3HAYeHHH HABEPHAKA Of-
HO3HAYHA, HO TNPU HEKOTOPHIX YyCJ0BHAX Hepaspemuma. TeMm He
MeHee MOCACIHHH cayvyalt HalO PACCMATPUBATL L M3BECTHOM CMBICJAE KaK
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ucKaloueHwe. Mbl HaAMETHM B OCHOBHHIX YePTaX MeTOn, TpUBOAfWHE X
TOMY pe3yabTaTy.

Ecian Mbl NpuMEHHM paunoHanbhyo ¢yHkuuio f(A) k (GeckoHeuHo-
MepHOH H JHMaroH4/M3yeMoH ¢ [OMOILLIO YHUTAPHOrO mnpeoBpasoBaHus)
Marpuue A, To coBcTBeHHBE BEKTODH MATpHUB A coxpaHaTcs, a co6-
CTBEHHbIC 3HaueHHs Ay, ..., A, mepefinyr B f(A), ..., f(A,)%). Ecan
Tenepb f (M) oroOpaxaeT BelleCTBEHHYIO OCbh (B KOMIJIEKCHOR TJIOCKOCTH)
Ha OKPYXHOCTb eNMHHYHOTO pajHyca, TO MATPHUH ¢ JHlib BelecTBeH-
HbIMH COOGCTBeHHBIMH 3HAYCHHAMH TNepelAyT B MaTpHubl ¢ COOCTBEHHHLIMH
3HAYEHHSIMH, DAaBHBIMH NO MOAYJIO eJHHHUE, T. €. IPMHTOBbI MATPHIb
nepefinyT B ynutapube 1), Drum cBoficrBoM o6nagaer, Hanpumep,
l

f =371

7 CootsercTByIOmee npeobpa3oBanue

_A—1l L U+1
U=Zra A=—‘g—7

HasuBaetcss npeoOpasosanuem Koun (Cayley). Mum mnonpo6yeM s1o npe-
oGpasoBatue M JJ SPMHTOBHX onepatopoB B R_, T. e. Mbl onpelennm
caenytouit onepatop U : Uf uMeeT cMbica TOrAa # TOJAbLKO TOrAZ, KOraa
f=A4-il)p=Ap4 o u umenno toria Uf =(A—il)p= Ap— io.
Mbl paccudTHiBaeM, 4TO 3TO OHpejeseHHe JacT HaM ojHO3HauHoe Uf
nast Bcex f u uro U Gyner yuwrapueim. Jlokasateibctso B R, ecte-
CTBEHHO He ABiseTcs Oo0Jee apryMeHTOM, MOCKOJbKY OHO TPEANoJaraer
BO3MOXKHOCTbL TIpeo0pasoBanust K JHATOHANBHOH (opMe, T. e. paspelun-
MOCTb Tpo6aeMbl COOCTBEHHBIX 3HAUEHHR U JaXe C YHCTO NUCKPETHHIM
cnekTpoM. Ho ecan Hamm yTBepwmjeHHs OTHOCHTelAbHO cBoficts U mpa-
BU/IbHEI, TO MEl CMOXeM paspelluTb npolieMy coOCTBEHHHIX 3HauéHuft A
CHEYIOLIHM TIYTEM.

Ias U npoGreMa coOcTBRHHBIX 3HaueHu# pelnaercd Takum obpa-
30M — CYLIECTBYeT eNHHCTBEHHOE CEMeHCTBO TPOEKUMOHHBIX ONEPATOPOB

99) [Tockoabky MBI MOXeEM npejicTaButh cebe ¢yHKIuO f (1) anpOkcHMHU-
POBaHHOH MOJMHOMAaMH, TO NOCTATOUHO PACCMOTPETh NOJHMHOMBI, HJIM HX OCHOBY,
T. e. crenenu f (M) =M (s=0, 1, 2, ...). ITockoabKy yHutapHOe npeoGpasoBaHre
3/eCb HE WrpaeT POJH, MBI MOXeM CcYHTaThb A juaroHajbHoH Marpulledf; Tak KaK

JHArOHaJbHbIE BJIEMEHTH H CYTh COGCTBEHHbIC 3HAUCHUS, TO OHH CYTh Ay, Ay, ..., Ay
MH 10MmKHEL, CJHEOBATENbHO, MOKA3aTb, YTO H A° pHarodanbHa M 4TO €€ JHaro-
HalbHBIE BJASMEHTH CyTh Af, A, ..., A7, HO 8TO OUYEBHJHO.

100) Yro6bl yOCAMTHCS B TOM, UTO 3TH CBOHCTBA XapakKTepHH LJd 3PMHTOBA
HJHM COOTBETCTBEHHO YHHTApHOT'O XapaKTepa MaTpHILBl, ONATh AOCTATOYHO AOKa-
34Th 8TO JJIA JHMAroHaJbHbix MaTpul. [To OTHOMIEHMIO K JHarOHaJAbHOH Martpuue A

C 3JeMEHTaMH X, ..., h, AMArOHaabHas MaTpHua A* C 3JeMEHTAMH A, ..., A,
€CTh CONpSXEHHAs TPAHCMOHMpOBaHHAf; 3HauMT, A= A* yTBepxJaer, uTO
M=k, o, Ag=A, T. & uTO A, ..., h, BemecTBeHHH. A AA*= A*A=1

yTBep:AaeT, uTo Ak, =1, ..., Mhy, =1, T. e. ut0 |}, |= ... =|},|=1
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E(@) (0=o=1), yaosaersopsionee CAeAYOUAM yCAOBUAM:

Si. E(0)=0, E(1)=1 u npu s-—>0, 0>0, HMeeT MECTO
E{o) f—>E (o) f-
Sa. U3 ¢/ =¢” caenyer, uro E(¢")= E (¢").
1

83. Bcerna Bumoaunsercas  (Uf, g)=fe2”'°d(E(c)f. g)
0

(Uf onpeneneHo TOBCIONY U WHTerpaj B TNpaBoH uacTd BCeria

abcoatorHo cxoaurcs 101)),

DTo AOKA3bIBAETCA B paMKaX M cpejncTBaMu Teopuu ['manbepra, 4To
OKAa3biBAETCH BOSMOXKHDBIM B CUJY TOPO, YTO YHUTApHbLIf omepatop U Bceria
HenpepbiBeH (CM. ykasaHuylo B npum. %) crp. 78 u B npum. 10 jure-
parypy). Axanorus ¢ QopmyaupoBkoft Sy.— S3. AAF IPMUTOBHIX One-
paTopoB Gpocaercs B raa3a. Bces pasnuua CBOAMTCA K TOMY, YTO IOJA
WHTErpajsoM BMeCTO  BelIeCTBeHHOrO A, mpoberamouiero  HHTepBai
— 00 < A < -0, OKa3biBaeTCs KOMIIEKCHAs BejguunHa €2, mpoGeraio-
Was OKPYMXHOCTb eNUHHUHOTO pasuyca (yue B R, COOTHOLIEHHE IPMHU-
TOBOCTb — YHHTAPHOCTL Obl10 rAYGOKO AHAJIOIHYHO COOTHOLUEHHIO Bellle-
CTBEHHAsl OCb — KOHTYD eIHHHYHOTO Kpyra; cp. mpuM.l1%) na crp. 118),
¥ uTO omnucaHue OOJaCTU Onpejenenus omeparopa B Sz. 3JeCh OKasbi-
BAeTCsl H3JHILHUM, TIOCKOJbKY YHUTAPHBIE OMepaTOPhI ONpee/ieHbl TOBCIONY.

B cury Si., E@f—>EQ©)f=0 nmpu o=0 (mockonsxy ¢==0
no camoft coelt mpupone!), B To BpeMsa Kak npu 6—1 (Tak xak ¢c=:1!)
He 00s3aTenbHo nomkHO Ouitb E(0) f—>E (1) f=f. Ecau 910 B neft-
CTBHTEJbLHOCTH He BbHNOAHfeTCs, TO E (5) TepndT paspuiB Kak pas
B Touke s==1. Ho mockoabky cymecTByer mpoekusoHHsifft onepartop E’
Takolt, uro nas a—>1, o<1, E(0) f—>E'f (cp. meopeny 17. 8 11. 4,
a Takxe mpuM.”) ma crp. 94), 9ro osHauaer, uro E' £ E(l)==1,
T. e. 4r0 E’'f =0 rakxe umeer pewenus f == 0. [Tockomky E (c) = E’,

101y okasaTeabcTBO 3THX (AKTOB CMOTPH B pabOTe aBTOpa, LUUTHPOBAHHOH
B mpuM.’8), ctp. 91, a Takwke y A. Wint{ler’a: Math. Z. Bd .30 (1929).

AGCOMOTHaA CXOAMMOCTb BCEX HHTErpanos ff(c)d(E (s) f, &) ¢ orpanuueH-
0

HbIMH f (6) poxasbiBaerca Tak: JOCTaTOYHO PACCMOTPETh BEINECTBEHHYIO 4aCTh

Re (E (o) f, g). mockonbKy 3aMena f, g Ha if, g nupespamaer ee B Im (£ (q) £, g).

Ho rak xak Re (£ (o) f, g):(E(c)f—_gﬁ, f—_gi>—(E(c) I%g_, nf;g),

T(l) JOCTATOYHO  uccaenoBaTh  Toavko  (E(s) £, f). Ho B  wuHTerpaie

ff(c) d (E(9) f, f) nopbiHTerpanbHoe BbipaXkeHHe OrpaHMueHo, a O(YHKUHS o
0

HOA 3HaKoM jupdepennnana Monoronna. Taxum 06pasoM, yTBEPKACHHE OUEBHIHO,
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10 U3 E'f=0 caepyer, uro E (o) f=0 naa scex s < 1. O6parho,
no onpenenennio £’ mepsoe caenyer us sroporo. Ecan sce E(s) f=0
(s < 1), To Mt yGexjaeMcs COBepIISHHO TaK, Kak B Hauaje pasiena 11. 8,
uro (Uf, &)==(f, g) nna Bcex g u, craenosaresbto, Uf = f. Hanpo-
tus, ecan Uf==f, 10

1

[erdE@) f. H=WUS. H=(f. 5.

0
1 1

Re [ e d(EG) f. =/, ). [ (1 —cos@m2))dE @) f. H=0.
0 0

1

[t —cos@ra))d(|E @) f[12) =0.

0

Orciona, coBeplueHHo Tak ke, kak B Hauane 1.8, mu moayuaem
E() f=="0 nns Bcex o<1 (u >0, HO 270 BHINOAHAETCH H AAd ¢ == 0).
Tem campiM  paspoiB HenpepniBHOCTH E(s) npu o==1 o3Hayaer, YTO
Uf = f paspemumo npu f == 0.

I namux  k3au-o6pasos U Gymer renepr o¢=Af-}if,
Up=Af—if n n3 Up=y takum oOpasoMm caenyer, uro f=0,
p==0. IIpn sroM E (c) f — f 1OMKHO BLINOJHATLCHA TAKXKe W ansd o—> 1,
Bcaenctsue 3toro ¢ moMoumpbio oTobpakeHus

onia
A= %‘Jf"_i_—;—ctgm, c:—-l—arcctg)\
e —_— T

(koTopoe orobpaxaeT APYr HAa APYTa OJHOSHAYHO M MOHOTOHHO WHTEp-
Bansl 0 <o<{l u —oo< A<+ 00) MBI MOMeM TOJyyuTh u3 E (o)
pasnoxenue endHdAUH 148 F () B cMuicae Syp., S

() FO)=E (_ ~ arcclg x), E = F (— cig w0).

Mbt xoTuM Temeph mnokasarTh, utro F (M) yaoBAeTBOpAeT YCJOBHIO Ss.
¢ omepatopoM A TOorna M TOJbKO TOrAa, korna E(s) ynosaetopsier
ycaosuio S3. ¢ oneparopoM U M tTakuM 0Opa3oM CBeCTH BOTMPOC O Cylie-
CTBOBAH#H H eIMHCTBEHHOCTH DPelleHHs NPOGJIeMbl COOCTBEHHbLIX 3HAYEHHH
9pMUTOBA (BO3MOXHO He HeNpepBBHOro) omepatopa A K TOMYy iKe
BOMPOCY B OTHOIIeHHH yHuTapHoro omneparopa U. Tlocrenusis e sanaua,
KaK OblJIO OMHCAHO, B JKeJaeMOM CMbIC/e pelllaeTcs.

Vtak, mycts A-—spmuros oneparop u U —ero kaan-obpas. Jas
Haua/ia paccMoTpuM cJaydyait, korpa U yHuTapeH, TaK 4ro AJf Hero
cywectyer E(s), ynoBieTBopsiomas yCJIOBHAM Sy., Sz. Tak e, Kak
u S3.. O6pasyem temepp F(A) corqacio (C,), Torma Aas Hero BbiIOJ-
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nsiotes Sp., Sz.. Ecmm Af umeer emuica, 10 Af +-if = ¢, Af—if =U?
¥, CJelOBaTesbHO,

—U Uy
_f=———(l7 2[,(?, Af=————?+2 .

[ToncuHTaeM, B HECKOAbKO CHMBOJMYECKOM CMbicje 02),

1
__ p2nis

1
1 1 ; 1—e
:_QT(Q—U@)_—-__QT 30‘——/32’””15(0)(? —_—/—27—-—dE(c)cp.
] 0

1
2nic’
E@f= [ 1F dE@EE )=
0

’

ret
e?ﬂ:ic 2nis
L

1 ¢
= [ a@wine, e = [ 125 aE@),
0 0

12

g

__ pmia’
IE@FIP=E@ f. N= [ g dE e p=
0

61___ 2nis’ .
= [ 1= d &7 9=
0

. 1 — e21\:i0" p 1—e~ 2mis"”
= / o ¢ / —r— 4E@) P9 | =
0 0

/z l_e%ic' ]—e~ 2nia’ .
=] = 4 EE) e 9=

0

-2

i __ omis’ _ = 2nls’
- [O=ED =) 4 p @y = [ s I E ol
0

0

102) Mur npumenseM 3jech MHTerpaibt CrusibTbeca X aaeMeHraM R, BMeCTO
quced. Tak 4TO BCe HAIM COOTHOLIEHHA JAO/MKHBI NOHMMAaThbCAd B TOM CMBICJE,
4TO Mbl BBHIGHMpaeM HEKOTOpoe duKkcHpoBaHHOe g M3 R, U BMECTO KamA0ro
sJeMenTa R, MNOABIAWIIErOCH B BBHIUMCIEHHAX, HOACTaBAfAeM ero BHyTpeHHee
npousBefieHue ¢ 3TuM g. COOTHOmEHMS BLINOJHAWTCA A4 Mobwix g. B mnpo-
THBOMOJOXMOCTL OnepaTOpHbiM HHTerpajam Cruabtheca B IL 7 370 jumb Ha-
NOJOBHHY CHMBOJUYECKHH HPOLECC; BMECTO OAHOrO g us M, Mbl JOMKHBI OblIH
TaM BHOMpATh f, g — /Ba TPOU3BOJBHBIX 3JeMeHra n3 MR, u BMecTO (..., &)
ROJKHB! Oblan 06pasoBuBath (... f, &) (TOYKH CTOAT BMECTO OMEPaToOPOB).
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CrenosaTenbHO, BXOASUIMA B S3. uHTErpai ecthb
1

[r2ayF @y )= [ctg )y d|[E@) F1? =

—co 0

1 ¢
= fctg2 (ra) d (f sin? (ra’) di}E(o’)@|]2> =
0 0
1
= fctg2 (ma) - sin? (me”) d||E (o) 9|2 ==
0

1

= f cos? (ma)d || E () 9|2
0

1

Ho nockoabky ox aBcOMOTHO MaXKopHPYeTC HHTEr PaNoM f d||E (@) ¢]*=
0
=|¢||%, To on KoneueH. [lanee

1
Af =‘;‘(<P+ Ug) = (<P+ / errte dE(c)aD) =
0

1 1
nis 2nic 2nic
[ g [ 1
0 0

e?ﬂ.‘ia__l 2i
1 a
1 — e?m’c’ .
0 - 0
1 <]

=./—ctg(ﬁc)dE(c)f= /de(l)f,

0

T. €. OKOHYaTeJbHOE COOTHOLIeHue H3 S3. Takke BbinojaHeno. Cooreer-
CTBEHHO A eCTb BO BCAKOM CJyyae NPOJO/KEHHe TOTO OMepaTopa, Ko-
Topbi#t, M0 S3., npuuasienuT F()), HO, NMOCKOJbKY (KaK MBI MOKaweM)
OH MakcuMaJjeH, TO A J0/MKeH C HUM cOBmafath !%3),

103) 3pech cOpepRUTCA HedBHOE JOMYIIEHHE, YTO A KQWAOro AaHHOrO pas-

JOXeHus eauHuus F (\) Tako#t ollepaTop B AeHCTBUTENbHOCTH CYIECTBYeT. JTO
(o]

3HAYMT, YTO [IPEINONaraercd, UTo Npu KOHEUHOM fﬂdi[F(h)f{Fi MoxeT OBbIThb

-0
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PaccMorpuM  Tenepn oépamoe yrBepaaenne. [lycts F (A) npunaz-

aexut A B embicae Si. — 83, Uro MomHO ckadath o6 U? Onpenemum
criepa E(c) npu nomomu (C.). Ouo, caelopaTe/ibHO, GyleT ynOBJeT-

BOPATh Si., Sa. [Myckait ¢ npoussoasso. Hanutem (onath CUMBOJHUECKH)

[eS) 1
1
1
1— 21tld'
=[5 aE @)
0
( 1 1—
TaK Kak )\+ 7 HH 9 orpaHyyeHa, TO BCE CXOIHUTCA . Ho roraa

L4

FO)f=E()f= f = dE @ EE) g =
_/ ™ 4 (E (min (o, c))go)——fl 7 4E (),
Af = /xdF(x)f /——ctg(ﬁc)dE(o)f_
_f—i iﬁ‘“ d(/l——_;—mf—dﬁ‘(o)go>
3

1
21:10' nis 2ri
+1 1—e™ 147
= /_ T dE(c)go:/—ir—dE(c)cp,
b

M, 3HAYHT,
1

1
Af+if=de(c)@=cp; Af—lf:fe2“i°dE(c)cp.
0

0

HailleHo Takoe f* wto maa Beex g (f*, g) = fld (F(\) f, g) nuro fcatum

CBOHCTBOM NOBCIOY [AOTHH. (DPMHTOBOCTH oneparopa, ONpeXeNeHHOT0 TaKuUM
06pasoM, CrelyeT Toraa u3 S3 ! HYKHO MOMeHATh f U g B MmocaefHeM BbIpaxenln

M B3ATb KOMIIEKCHO-cOmMpsikeHHOe.) O6a 3TH NpeinoXeHHd [OKa3blBAOTCA B
crarbe, UMTUPOBAHHOH B npuM. 78), c1p. 91).
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1

Tem camum U¢ onpeleneno u paBHO fe2""° dE (o) 9. Tlockoapky ¢ GbliI0
0
npousBoabHo, To U umeeT cMuica Bciofy. Ecau Mbl o6pasyem BHYTpeHHee

Nnpou3dBeicHUe € NMPOU3BOJIbHBIM ‘-P i BO3bMeM KOMNJEKCHO-COMNPAXKEHHOE,
1

To yGenumcs, uto U*q»:fe—%i’ dE (s)¢. Bukaagka B xome II. 8 mo-

0.
KaseiBaeT rtorja, yro UU*=U'U==1, 1. e. uro U yuurtapen u npu-
Hagaexur E (o).

Wrak, paspewmnMocTh npolaeMbl cOOCTBEHHDbIX 3HAUeHMH omepaTopa A
9KBHBA/IEHTHA YHHTAPHOMY XapaKkTepy ero kKaau-obpasa U. Ero eanncreen-
HOCTb 3THM yCTaHOBJeHa ¥ TakuM o0pasoM HocAelHHl#t ocraloluics
BOMPOC 3TO — BCerZa JH Mbi MOxem ofGpasosats U/, u eciu na, To Korla
on OyleT ynutapeH? UTOGH OTBETHTb Ha 9TH BONPOCH, Mbl OHATH HayHeM
C 3aMKHYTOr0 3pMHTOBa omepartopa A.

Mu onpeneannu U TakuM oOpasom: Ecau 9= Af 4 if u tomko
rorna Uy umeer cMbica u pasHo Af —if. Ho cHauvana caeiyer moka-
3aTb, YTO STO OnpejejeHHe Boobile NpHeMieMo, T. €. 4TO I OLHOIO ¢
HEe MOXeT CYILEeCTBOBATH HeckoabKuX f. MM, WHBIMM CJIOBaMu, 4TO M3
Af +-if = Ag -+ ig caepyer, uTo f==g, W4, B CHAY IuHeHHOCTH A,
yro u3 Af +if =0 caenyer, uro f=0.

Mb umeeM

|Af £if|P=(Af £if, Af £if)=
= (Af, Af) X (A}, if)Z(f, ANF-Cf. iN)=
= Af|*F i(Af. NI AN IfIP=TAF P+ 11>

Urax, na Af4if =0 surekaer [|f||?=|Af+if]|2=0, f=0, u,
3HAYUT, HaWl cnocol onpelejenud onpasfaH. Bo-sToprix, ||Af —if||=
=||Af +if||, 1. e. |U¢||=1¢ll- Ho, snauur, U, xoab ckopo ox
onpelencH, nenpepbiben. J[anee, nycts € —obnacts ompenenenns U
(r. e. MHoxectBo Bcex Af-if) u §— obracte uaMeHenus U (MHO-
xectBo Bcex Uf, T. e. MHoxecTBo BceX Af —if). Tax kak A u U
aunednbl, To € u § cyTs sunefinbie MHOrooOpa3us, HO OHH emle u
3aMKnyTH. [elcTpHTenbHO, NyCcTh ¢ — npenenbHas Touka € wan § coor-
BeTcTBeHHO. Torza cyuiecTsyer NOCAeLOBaTeNbHOCTh @, @ ... u3 §
WK 13 § COOTBETCTREHHO, CXOAAWANCS K @2 ¢, —> ¢. SHAUMT, 0, ,==Af, L If .
TlocKONBbKY @, CXOMMTCH, OHM YLOBJETBOPAIOT KDUTEPHIO CXOJAUMOCTH
Kown (cp. D. u3 II. 1), u nockomsKy

“fm_-fn“"é“A(fm—fn) i_[(fm'—fn)” == Hﬁom_son”’

TO U f,, Ge3yciOBHO, YIOBJeTBOPAIOT 3TOMY KpPHTepHIO, HO TaK Kak

| Af = Af | = A(f = f =N AS = ) T e D) =l ¥ ¢l
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T0 U Af, Takke yIOBIETBOPAIOT Kpurepuio. CnefosaTensio, fi, fo. ...
u Af,, Afy ... (no D, u3 II.1) roxe cxomarcs: f,—f. Af,— "
TMockoneky A — 3aMKHyThlt onepatop, Af onpeleneno u pasHo f*.
Hmeem, caeloBaTebHO:

(?n:Afni_ifn‘éf*ilf=Afiif’ Pn—>9-

Ho, snaunt, ¢==Af LT if, 1. e. ¢ Takxke nputaniexur K € wm kK §
COOTBETCTBEHHO.

HMrak, U onpelejeH B 3aMKHYTOM auuehnoM muorooGpasun € u oro-
OpaxkaeT ero Ha 3aMKHyToe JuHefiHoe MHorooOpasue §. Oneparop U
muveeH o, tak Kak |[Uf—Ug||=lU(f—g)|=|f—g], ro ocra-
BJISET BCE PACCTONHUS MHBADHAHTHHIMH. Mbl HA30BEM ero H3OMETPHYECKHM.
TeMm cambim u3 Uf == Ug caenyer, uro f == g, T. e. oroOpameHue
olHo3HayHO. Bepho Takxke, uro (f, g)==(Uf, Ug), uro IOKa3mBaeTcs
COBepIUEHHO TaK e, Kak B KoHue II.5 1okaswiBaeTca aHagorauHoe
COOTHOLIeHHe 148 YHuTapHeix onepatopoB. Cuenosarenbno, U ocraBaser
TaKKe HeU3MEHHBLIMH BCe BHyTpeHHue mnpousBelenus. Ho yuurapuum U
§yzer, KOHeYHO, TOrla M TOMLKO Toria, Koria €=F="%R_.

Ecay A u B — 1Ba 3aMKHYTHIX 3pMuTOBHIX oneparopa, U u V —ux
K3/11-00pasbl, a BBHILICONHCAHHBIMH MHOXECTBAMH OYAYyT COOTBETCTBEHHO
G §u®, H, ro cpasdy BuIHO, uTO ecau B ecTb UCTHHHOE MPOLOJIKE-
e A, To u V ecrb ucrunuoe mpojomkenne U. CaenosarennHo, §
ecTb HcrHuHaa yacth €, § — ucrunnas wacty . Crenoparenpho, E+%_,
S+ M. 3nawur, U ne ynurapen n npoGieMa colcTeeHibiX 3uaueHuft A
HepadpemuMa. Tak MBI JOKa3aJd HeOJIHOKPATHO YNOMMHABINYIOCH Tpexie
TeopeMmy: Ecau mpobisema coOcTBeHHBIX 3HaueHHM A paspeliuMa, TO He
CYLIeCTBYeT HCTHHHBIX Tpojpo/ukeHuit A, T. e. A MakcuMaied.

Bephemcs Tenepb K 3aMKHyTOMY 3pMuTOBY oneparopy A ¢ ero €, §
u U. Eciu Af wmeer cmbica, 1o mas Af4-if =¢ Ug Toxe umeer

cMbica M, umeHHo, Af —if = Usg, cnesosarensho, f== %(go — Uy,

Af=%(<p+Ugo), T. €., €CJAH MBI TOJOXHM ¢ =2Ligo, To f=¢—UY,

Af =i+ Ud). Haobopor, i f={¢ — U, pasymeercs, onpeleeHo
Af; rak Kak nockoabKy U umeer cmpich, 10 ¢==Af' 1 if" (Af’ onpe-
zeaeno ), Uyp=Af"—if" u, cneposarenbuo, f=¢— Up=2if".
Odfanacts onpenencHus A ecTs, Takum o0pasoM, MHOXKecTBO Bcex § — U
u, apu f=¢—Ud, Af =1 U). TeM caMuiv A ToXKe ONHO3HAUHO
onpeneaserca no U (rak xe, kak € u §). OanoBpemento Mb yGexnaeMcs,
yTO MHOKecTBO ¢ — U 1o/mKkHO 6biTh BCioAy naoTHO (Kak 001acTh
onpenenenus A).

[Mo#ineM Tenepb B OOpaTHOM HanpaBJieHHH, HAYMHASA C ABYX 3aMKHY-
THIX JuHekHbX MuorooGpasuit €, § M smHedHoro maoMerpuueckoro U,
otobpaxatomero € na §. CymecTsyeT Ju 3pMuUTOB onepatop A, K3/u-
obpasoM kortoporo ssasercs aror U? Bo BcakoM ciayuae 1is 3TOro



126 OBIIWE CBOWCTBA THJABBEPTOBA TINPOCTPAHCTBA [TV, 11

Heo6xonumo, uto6nl § — U¢ Oblay. BCIOLY NJIOTHH, TaK YTO 3TO npef-
nonaraerca. Vckombift omepatop A onpepeasercs TOrAa, COrMIACHO
TOJMBKO YTO CKa3aHHOMY, OJHO3HAYHO, H OCTAeTCA OTKPHITHIM JHIIb BONPOC
O TOM, BO3MOXHO /M TaKOe omnpelenenue, Oyzer au 10T A B JeHCT-
BUTE/IbHOCTH 9PMHUTOBLIM, 6yaer au U B AeHCTBUTEILHOCTH ero K3au-00pa-
30M. [lepBoe, HeCOMHEHHO, CIPABELAHBO, €CAH f ONHOBHAYHO ONpeneaseT ¢
(korza onO BOOOUiE CYLIECTBYeT) yepes cooTHollewue f=¢ — Uy, T. e.,
ect ¢ =1¢ caenyer 3 ¢ —U¢={¢—U¢ nan ¢==0 caenyer uz 9— Ue==0.
B camom nene, monoxum ¢ —Ug¢==0. Torna u3 g=¢ — U} caenyer,
4TO

¢ &)= ©)— (o UP)=(Ug. UP) —(¢. UP=(Uyp—g, U})=0,
H, TIOCKOMLKY 3TH g BCIOAY MAOTHH, To ¢ ==0.

Bo-sTopbiX, HaM HyXHO JoKadats, uto (Af, g)==(f, Ag), 1. e.
yro (Af, g) nepexoluT B KOMIJIEKCHO-CONPSXKEHHOE BHpaXKeHHE MNpU
3aMenie f u g. TTosoxuM f=o¢ — U, g =¢ — Uy, roraa Af =1(9—Uy)
it
(A )=+ Ue) $—Uph)=

=1(9, AL Us, ) —i(e UY) —i(Uy, Up)=
=1[(Ug, 9)— U, 9l=1iUs, 91Uy ¢)

H Toc/elHee BhIpaxeHHe, OUEBMIHO, BeleT cels KenaTeNbHBIM 06pa3oM
npu nepemeHe MecT f u g, T. e. ¢ u . OrBer Ha Tperu#t Bompoc Mul
nosyuuM craenyiomuM o6pasom. OGoanayuM uepes V ksau-o6pas A. Ero
o0nacTb onpelelicHHS €CTb MHOXECTBO BceX

Af +if =i(9+Ug) 1 (¢ — Ug) = 2ip,
1. e. obnacTe onpefencHus U, u B srolt obaactu
VQ@I=V(Af+if)=Af —if =i(¢+ Up)—i(g—Ug) =2iUg,

1. e. Vo==Ug. Crenosarempto, V="U.

TaxuM 06pa3oM (3aMKHyTble) SPMHTOBB oOmnepaTopsl A co BCOAY
MJAOTHHIME @ — U@ COOTBETCTBYIOT HALIMM JHHEHHBIM H3OMeTpuueckuM U
OJHO-OJHO3HAYHO, €C/AH Mbl OTHeceM Kawaomy A ero kamu-obpas U 104),

104) Yro6ht mpobGrema coGCTBeHHBIX 3HaueHnit A Gblna Bcerja paspeinrMa,
H3 TOrO JOMKHA Obiia 6bl creXoBath yHurapHOcth U, T. e. ycaoBue E=F =R,
umn R, Kak Mbt BhBean u3 CylecTBOBaHHS He MAaKCHMaabHHXx A, B H., 310
He tax. Hanporus, B M, 370 10MKHO BHIIOJHATbCH, B Y€M JIETKO yGeRHTbCA M
HeNnoCpesicTBeHHO: MOCKOJbKY KawAoe AuHeiHoe MHOroo6pasue B R, 3aMKHyTO,
TO TO xe Gyger m Aag MHorooGpasus Bcex ¢ —U¢, M, NOCKOAbKY OHO BCHOAY
MIOTHO, OHO paBHO R,. & — MHOKECTBO BCEX ¢ -— uMeeT He MeHblree HHCAO
u3MepeHul, ueM ero JuHeilHoe O0ToOpaxeHune — MHOKECTBO Bcex ¢ — Uy, T. €.
MMeeT MaKCuMaJbHoe YHCAO usMepehuit n. IlociaefHee NOMXKHO uUMeTb MECTO
TaKxe U Aaf § — AuHeHHOr0 OXHO-0]HO3HAYHOTO M306paxenns & Ho npu ko-
HEUHOM n OTCI0ja caeayer, 4o &= = R,.
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Mbi MOxeM Tenepb 0603peTh Bce B — 3pMUTOBB Nposomkenus A, NOCKOJb-
ky Bce V — usoMeTpuueckue nponomkenns U Moo HaliTu Ge3 BCAKOro
tpyaa (¢ — V¢ aBTOMaTHYeCKH TNOBCIOAY NAOTHH, TaK Kak ¢ — Uq—
MOAMHOMECTBO NpPelblAyIIero MHOXeCTBA — BCIONY MOTHH). YToGH orne-
patop A Obtn MakcumaibubiM, U no/mkeH OHTL TOXKe MAaKCHMAJbHBIM H
naobopor. Ecau U wne makcumanen, To € =+%_, F+N_. Hs stux
HepaBEHCTB B CBOI0 Ouepelb CJelyeT He MaKcHMaabHeif Xapakrep U.
B camoM gzene, toria R —E=0, R — F=+0; nosromy ME MOKeM
BrOpaTb HekoTopoe @, u3 M — § u Hekoropoe ¢, u3 R —F Takue,

yro ¢o5= 0, $y = 0; u ecsu Mbl HX ellle 3aMEHUM Ha -‘%n—, Tﬁ)ﬂ—”—, Mbi
0 0
6ynem umetb [[¢ll == ||ol] == 1. Onpenenum Tenepsr onepatop V

B [G, ¢l Tak, uro mian f=o—+4a¢, (¢ us €, a-— HexoTOpOE uMCJIO)
Vf=Ug¢ -+ ady, npuuem V, oueBuAHO, AMHEEH; TAK KAK ¢ OPTOrOHAIbHA
K g, u Ug oproromamsia k §, 10 || f|2=[ell*-+]al |[Vf]2=
=[|U¢||24+|a [’ u, snaunr, |[Vf]|=|f|| n V usomerpuuecku#t ome-
parop. Hakoden, V' ectb ucrunHoe nponomkenue U. CrenosaresnbHo,
MakcuMaibhbift Xapakrep A onpeneasercs teM, 90 € =R _ wmu F=R_.

Ecau, ¢ apyro# cropoubl, A He MakcumajeH, TO o0a B3aMKHyTBIX
muneftnpix MHorooGpasus R — G u R — § ormunbt or myas. Ilycrb
OpPTOHOPMMPOBAHHBLIMM CHCTEMaMH, PACTArMBAIOLIAMH 3TH MHOTroOOpasug,
OYYT Pppeeer 9p H Pps oves §, COOTBETCTBEHHO (CP. Mmeopemy 9.
ws I1.2); p=1, 2,..., o0; g=1, 2, ..., 00; npu p UM g, pas-
HOM 00, pal ¢ uau ¢ ne obpeiBaerca, Ilycts r = Min(p, ¢), Torna M
onpeneauM oneparop V B [€, ¢, ..., ¢, ] creiyomum obpasom: s

r r
f._—_go—{-zavgov (¢ w3 €; a,, ..., g, —uncna), Vf=Ugo+Eavq;y.
v=1 v=1

Hanee nerko y6eauTbCs B TOM, 4TO V — JiMHeHHBIH U H3OMETpHUECKuf
ONEpPAaTOp M UTO OH fBJASETC HCTHHHBIM npopo/kenueM U. Ero ofnacTe
onpeneneHus —aro [E, ¢, ..., ¢, ], T. €. npu r=p oHa coBnajaer
c [6, R, —C]=NR_; ero obractb uaMeHenus— 310 [F, ¢, ..., ¢,]
W, caejoBaTe]bHO, NpH r==¢ oHa cosnazaer ¢ [§, R —Fl="R_.
3nauuT, o1Ha u3 AByx oOnacTelt BO Bcakom cayuae pasna W, Ilycts V
Oyner Kamu-o0pasoM 3pmuTOBa onepartopa B. B coorsercrBuu ¢ Halium
paccyxienneM B ecTb npoiomkeHue A u NPUTOM MaKcMMajbHOe. 3a-
METUM, 4TO ¢ H § MOPYT OhiTb BbIOpAHbI OECKOHEYHHLIM UYHMCJOM pa3HBIX
Croco0oB (HampuMep, Mbl MOXeM 3aMeHHTh ¢; Ha /moGoe 09, c |0|==1).
CoOoTBeTCTBYIOILAA HeONpPeleNeHHOCTb OCTaeTcs W B BhiGope V u B.
Hrak, Mbl 10 KOHIA MpPOaHAMM3MPOBAAH NPOGAEMY COOGCTBEHHBIX 3Ha-
yeHud M NpuIlAH K CAelylolleMy BBIBOLY: €C/M OHa paspelliMa, TO OHa
HMeeT JiMWIb OJHO pellleHde, OLHAKO /s HEMAKCHMA/bHBIX ONEpPaTOpPOB
oHa, 0esycnOBHO, HepadpemuMa. HemakcuManbHbie OnepaTops Bceria
MOTYT OBITh OECKOHEYHO MHOTMMH CnocoGaMu NpONOJDKEHBI JO MAKCH-
MaJbHBIX (Mbl BCe BpeMd WMEEeM B BHIY SPMHTOBbI 3aMKHYTBbie ONlepaTOpbI).
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Ho ycnoBue MaKCHMA/BHOCTH HE €CTb B TOUHOCTH TO Ke, YTO YCJOBHE
paspemumocTy npoOGsieMbl coOCTBeHHBIX 3Hauenuit. Ilepeoe rIiacut, 4TO
CE=R_ wm F=NR_, B To BpeMa kak nocremiee —ur0o =N
nF==x_.

Mur He cofupaeMcs moipoGHO uCC/ielNoBaTh 3hech Te ONEPATOPH, AJIs
KOTODBIX HMeeT MecTO NEepBOe YC/JOBHE M He HMeeT MecTa BTODOE, T. €.
Oneparophi, AAA KOTOPBIX mpolieMa COOCTBEHHBIX 3HAUEHMI Hepaspellnma
¥ TNOCKOJbKY (BCAEACTBHE MAaKCHMAJbHOCTH) OHM HE HMEIOT UCTHHHBIX
NPOAC/HKEeHHH, TO 3TO NOJOKeHUe LJIg HUX OKOHuaTeabHO. OnepaTopsl
9TH XapakTepudyloTcsa TeM, uTo aaf Hux € =R_, F+ R, wm C+ R,
F="R_. Takue onepaTopsl CyIECTBYIOT HA CAMOM JeJie H BCe OHH MOTYT
OBITb MOJYYEHB M3 JIBYX NMPOCTbIX HOPMAMLHBEIX (OPM, TAK YTO UX MOXKHO
paccMaTpuBaTh KAK HCK/IOYeHHS MO CPABHEHHIO C MAKCHMAJbHBIMH Olle-
paropamu ¢ paspeliuMo#t npoGieMo#t colcTBeHHbIX 3Hauenubt. Huraresn
MoxeT Hafitn OoJsiee moapoOHLie cBeleHus o6 3TOM TNpeaMeTe B CTaTbe
aBTopa, ynomssHyTo#t B mpum. %) ctp. 111. Bo Bcakom ciydae B HacTod-
MHH MOMEHT 3TH ORepaTopbl JOMKHBI ObiTh HCK/IOUEHBl M3 KBAaHTOBO-
MeXaHHYecKoro paccmorpenus. TIpuuuHa 3TOrO0 COCTOMT B TOM, uTO pas-
JOXKEHHE €IMHUIEL, NPHHAeXKAalee JAHHOMY 9PMUTOBY ONEpaTopy, CTOJMb
CYIeCTBEHHO BXOAMT (KaK Mbl BCKOpe yOeiumcs) BO BCe NpeACTaBJICHHA
KBAHTOBON MEeXaHHKH, 4YTO NMPOCTO HEBO3MOXHO OTKA3aThCA OT ero cyue-
CTBOBAHHA, T. &, OT PA3PELIUMOCTH HPOGJeMbl COGCTBEHHBIX 3HAUeHMuHE 105),
B coorBercrBuu ¢ 2TMM Mbl OyleM, KaK TpaBUiO, AOMYCKATb TOJMLKO
TAKHE IPMHTOBBl ONEPATOPH], A KOTOpHX npobiema COGCTBEHRBIX 3HA-
yenu#t paspeminma. ITOCKOJIBKY 3TO CBOHCTBO fIBJfETCA YCHJEHHEM MAaKCH-
MaJAbHOCTH, Mbi OyJeM Ha3biBATb TAKME OMNEPATOPH TUNEPMaKCHMAlb-
HbiMu 106),

105) Tem He MeHeée, KAK yKasan aBTop (UMTHPOBaHO B npuM.’8), crp. 91),
CIelylomui ONeparop ABAAETCA MAKCHMAJAbHBIM, HO HE rHIepMaKCuMajbHbIM:
nyctb R, — NPOCTPAHCTBO BCeX f (g), OnpeneNeHHbIX B unTepBane 0 £ g £ - <o,

o0

C KOHEMHBIM HHTErpanoM flf(q) |2dg; v nycrs R — onepartop, 7(%, onpeje-
0

AeHHBI! a8 BCex HenpepeiBHO XuddepeHuupyeMbx f (¢) ¢ KOHeUHHIM HHTerpas

(o)

J0M flf' (9)|1°dg n ¢ ycaoBuem f (0) =0, mpudueM omepaTop, CAeNaHHbI

~ o on ., ,
samkHyTeiM. OH paBed TOria _TA’ ectn B3arb A’ us IL8 nas uHrep=
pana 0, co, CrefoBaTeNbHO, SPMHTOB. JTOT R MakcuMajeH, HO He THIEepMaKCH=
MageH. Y6equTbcs B 3TOM MOXHO NpAMBIM BhuucaeHueM € u .

h

910 3aMeqaTeabHO NMOTOMy, H4TO A’ = o7y R HajgieXuT HHTEPOPETHPOBATH

duanyecK KaK Oneparop MMOyJbCa B MOJYNPOCTPAHCTBE, OTPaHHYEHHOM ¢ OIHOM

CTOpPOHH cTeHKo# g =0.
106) 1o nouatue Bocxogut K Erhard'y Schmidt'y, cp. cebuky

npum. '8), ctp. 91
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B 3axmiouende chaelyeT OTMeTHTb ABA KJaacca (3aMKHYTBIX) 3PMMTORLIX
ONepaTopoB, KOTOPbie B TO XKe BpeMa HeNpeMeHHO FHNEePMAKCHMAJbHbL
Bo-nepBuiX, 9TO HeNpepHIBHBIE ONEpPaTOphi: OHH OINpee/eHbl NOBCIOLY
W, CJIeOBATE/IbHO, MAKCHMAJIbHBI, a NOCKOABKY, coriacHo [uasGepry
(cMoTpu ccuiaky B mpuM. ), crp. 78), npoGaema cOGCTBeHHBIX 3HAUYEHHH
I0Jf HHX BCErja paspellluMa, OHM TaKKe TUMEPMaKcHMajbHbl. Bo-BTOpHIX,
3TO OMEpaTOpE!, BElecTBEHHHeE B KAKOH-M60 peamusauun R, ecan oHu
MaKcuMaabHe. Belb elmHcTBenHoe pasanuue Mexay € u § no ux onpe-
Ienenui0 CBOAMAOCH K 3HAKY Hepeld {, KOTOpBIl, ec/id BCe OCTANbHOE
BellleCTBEHHO, He MMeeT 3Hauenud. Takum obpasoM, § =R_ oxasuiBaercs
caencrsueM E=%R_ u Hao60poT, T. e. FHNEPMAKCUMAJILHOCTb CJelyer
M3 MaKCUMAJbHOCTH. De3 mNpefno/iokeHHs O CBOMCTBE MAKCHMAa/IbHOCTH
Mbl, BO BCAKOM cilyuae, MOXeM cka3aTb, 4to R — € u R — F umeior
OAMHAKOBO MHOTO (OIMHAKOBOe YHCJO) Mamepenuit. CreloBaTenbHO (B Tep-
MHHAX, NMPHHATHIX BHILIE NPH UCCACIOBAHMH COOTHOLIEHME NMPOLOLKEHUA),
p=¢, 4, 3HAYHT, r=p=q U

[ o ovvh g l=[6, B, —Cl=R_,
(8 $p oeer $1=[T R, —BI =R,

T. €. NPOAO/IKEHHs, MOJydeHHble TOrna, ObliM rUnepMakcuMadibHel. HTak,
BeLleCTBeHHble OMepaTOphl BCernd HMMEIOT M'MACPMAKCHMAJIbHbIE NPOLOJIKE-
Hus. B aureparype, ykasauuoit B npum. %), ctp. 111, nokassiaercs, 4to
TO Ke caMOe CHPAaBelJHBO Il BCeX JedHHUTHHX OmepaTopoB.

10. KoMmyTupylomue omnepaTopsl

IIBa omepatropa R u S KOMMyTHDYIOT cOraacHo paHHoMy B II. 4
ONpejeieHHIO, ecJH BhNoMHAeTcd RS = SR; npu sTom ob1acTu onpele-
AeHud O0eMX CTOpPOH pABEHCTBA, €CAH TOJABKO OHH HE HMEIOT CMBICJH
BCIOAY, TakK)Ke JOJ/OKHBI COBMAAaTh. Mbi OrpaHHUMMCSH CHEepBd IPMUTOBBIMU
ONepaTOpaMH, W NPHTOM, 4TOObl He BO3HHKANO TPYLHOCTH ¢ obaacTamu
onpelefeHusd, TAKHMH, KOTODbie OMpellefieHbl BCIOLY, C/eJ0BaTelbHO —
HenpepuiBHbIMu. OgHoBpemenHo ¢ R u S Mb OyleM paccMaTpuBath M
ApHHALeXKAIHe UM pasaoxedus eiunnubt £ u F ().

KommyratusHocts R u S osnauaer, uro (RSf, g)=(SRf, g) s
Bcex f, g, T. e. uro (Sf, Rgy=(Rf, Sg). Hanee, us Kommyrarup-
Hoctu R ¢ S caedyer u KommyratuBHoctb R” ¢ § (n=0, 1, 2, ...),
3HAYUT, W KOMMYTATHBHOCTb p(R) ¢ S mas BCeX MOMMHOMOB p (X)=

=ay+ax- ... +a,x"

CumBoMyecKH
C C
R= fxdE(x), s(R) = fs()t)dE()t)
-C -C

0 U, HefiMan
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(C — nocrosiunag, BBelennas B 1.9 nag HenpepemBHOro oneparopa R,
KoTOphit oGo3Havascs Tam ueped A; §(x)— kakas-nu6o QyHKUMA; Cp.
II. 8, ocoGenno npuM. %) ma crp. 110.) Ias noauHomoB §(x) BEHINOJ-
ngercs (S(R) f, Sg)=(Sf, s(R)g). 1. e.

C C
., JsmaEWMf Sey= [s0dSr E® e
-C -C

IMockoatky mo0yi0 HeNpPepHBHYI0 (PYHKLHIO MOXHO CKOJb YTOZHO XOPOLIO
aNnpoKCUMHpOBaTh nosuHoMaMu (paBHoMepHo B — C L x < C), 1o *,
BBIMOJIHAETCS elle M A4d HenmpephiBHBIX §(x). [TycTh Tenepb

=l—x maan x <X,

S(x)z{ =0

Torza *, jgact HaM

a8 X 2 A,

A A

[ %= EW L. Spy= [ 0c—Nd(Sf. EMeg).
-C -C

3amenss 3fecb A; Ha Ay—te (e > 0), noayuum, BLIUHTAs M Jenis HA &

Ay Aote
[aEo s so+ [ 2RaEm s so=
-C )}

‘0
Inte

)\U
= [asr Eme+ [ 2asn Eme.
-C

%o

n npu e—> 0 (Bcrnomunaem Si. )

Ao Ao

JaE® . Sep= [aSf. EMg): (EQ0f. So=(Sf. EGg).
-C -C

Takum obpasom, Bce E() ana — C Ay < C xommytupyior ¢ S, a4
OCTa/MbHBIX e 9TO OUEBHIHO HeNMOCPEACTBEHHO, MOCKObKY Hasd Ay < —C
win aas Ay > C  E(A)==0 uau coorsercTBeHHo 1.

Urak, ecoim R KomMytupyeT ¢ S, TO TO Ke BHIIOJHAETCA H A
scex E(h). O6paruo, ecan Bce E(A) kommyrupyior ¢ S, To *, Bhmoi-
HAeTCH AJad KawaoR dyukuuu s (x), Onaronapsa uemy Bce §(R) KOMMYTH-
pyior ¢ S. Orciona Mbl MOXeM BHBECTH, BO-NEPBHX, uTO R TOrAa M
TOABKO TOr;1a KOMMYTHpYeT ¢ S, Korla 310 umeeT mecto aas Bcex E(A),
M, BO-BTODBIX, YTO B STOM CJayyde KOMMYTHPYIOT ¢ S n BCe OYHK-

uuu $(R) or R.
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Ho Ttenepr wuexoropoe E () 6yaeT KoMMyTHpOBaT, ¢ S TOraa M
TOJAbKO TOrla, Koraa 3To Oyner umers MecTo st E (M) m Bcex F(p)
(Mpi TipUMeHseM Hamy Teopemy aas S u E(A) Ha mectre R u §). Taxum
00pasoM, 1/ KOMMyTaTHBHOCTH R u S XapakTepHo M TO, uT0 BCe E (A)
LOJKHBI KOMMYTHPOBATb €O BceMu F (p). Hasnee, KoMMyTaTuBHOCT R n S
uMeeT, COT/IACHO CKa3aHHOMY Bbilie, CJAEACTBHEM H KOMMYTaTHBHOCTD r (R)
¢ S, uto B cBOW ouepenp (ecam 3amenutb R, S Ha S, r(R)) — KoMMy-
TaTHBHOCTb ¥ (R) ¢ s(S).

Ecnn spMuToBH onepaTopel R ¥ S He CBS3aHbl YCJIOBHEM HeTpepPhiB-
HOCTH, TO TMOJNOXEHHe YCAOKHACTCH, NOCKOJbKY OOJACTH OnpeleaeHHs
RS u SR moryr ciaraTecs OueHb HemaragaHsiM obpasom. Tak, Hampu-
mep, R .0 wumeer cmwbica Bceraa (tak Kak O0f =0, R-0f=R(0f)=
=R .0=0), a 0-R, HaNPOTHB, TOJLKO ecAH R UMeeT CMbICaA (Cp. cKa-
3aHHOe no stomy nosony B II. 5). Takum oOpasoM, A1 He BCIOLy Ofpe-
AeneHHoro R BCreAcTBHe pasanums obnactelt onpenenenus R - 00 R,
T. €., CTPOro rosops, R He kommyTupyeT ¢ 0. Takoe nosoxeHue BemeH
Ype3BBIYAHHO HEMPUATHO AJ8 HAWMX AajbHeHWIMX ueseit: omepatopy O
caenopano Obl KOMMYTHPOBATH He TOJbKO C HEMPEpBLIBHBIMH, HO M CO
BCEMH 3DMHTOBLIMH ofleparopamu 107). Mpl onpesesnm nosToMy IJs He He-
NpepHiBHBIX R, S KOMMyTaTHBHOCTb APYTHM CHOCOGOM; MBI OTPaHHYMMCH
NpH 9TOM e€IUHCTBEHHO MHTepecHbiMM, coraacuo II. 9, runepMakcumaib-
HeMd R M S. Onpepensem: R M S 10/mxHbH HasbBATBCS KOMMYTHDYIO-
IIMMH B HOBOM CMbicae, ecau Bce E(A) kommyTupylorT co BCemu F ()
(9TO OMSATL COOTBETCTBYIOLIME MM PAa3/OMeHHs eNMHHUb) B crapom. Has
HenpepbiBHBIX R M S HOBOe ompeleseHHe, KaK Mbi yKe 3HaeM, COBManaer
CO CTAPBbIM, HalpOTHB, AJs pa3phiBHbX R wau S (uam oboux) 57O TNpu
HEKOTOPHX O0O6CTOATENbCTBAX He uMeeT MecTa. [IpuMepoM 1OC/eLHEro
CIYHUT Ccaydalt onepaTopoB R u 0: B CTapoM CMbICJIe OHHM He KOMMYTH-
poBaJH, 4 B HOBOM — KOMMYTHDPYIOT, NMOCKOJbKY s onepatopa 0 ka-
wnoe F(p) pasHo O uam 1198), crenoparennHo kommytupyer ¢ E (A).

Beiwe Mbt nokasanam, uro ecau R M S — 1Ba KOMMyTHpYylouMX (He-
NpPePLIBHEIX) 9PMHUTOBHIX OfepaTopa, TO Kaxnaa ¢yHkuua r(R) omnepa-
TOpa R KOMMYTHpYyeT ¢ Kawnoi ¢yHkumnei s(S) oneparopa S. MockoabKy
A1s R=3S 9Ta npennocei/ika BLINOMHAETC BCerad, TO ABe GyHKuun r (R)
U $(R) 0IHOro W TOro xe OTlepaTopa BCeria NepecTaHOBOYHH (3TO cJe-

107) Tlockoabky (cp. 1.5) kak R.1, Tak u 1.R uMewT cMbica TOrja H
TONbKO TOrAA, KOrja uMeeT cMbicA R, TO mpu @ 5= 0 TO Xe CIPaBeyIHBO ¥ a4
R-al, al-R. Taxum 00pasoM, 06a 3TH mpousBeleHus paBHbI APYT ApYyry, T. €.
R xommytnpyer ¢ a-1. TeM cambim KOMMYTATHBHOCTb R ¢ a-1 BHNOJHAET-
Ci € SANHCTBEHHBIM HCKMOYeHueM, @ =0, R onpejeneH HE Bciogy. ITO BbIMJA-
AHT OYCHb HEHM3AUHO H MOACKA3bIBAET HAM M3MeHeHMe OIpeJIeNeHHs KOMMYTa-
THBHOCTH.

108) Onepatopy a-1 orBeuaeT, Kak Nerko BblUHCJAHTh, pa3NOKEHHe el
=1 m1a p>a,

Hulsl BHAA £ () ={ 0 x g
= I op < a.

g*
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ayer W u3 ¢opmyau ymuoxenus B konue I 8: r(R)s(R)=1%(R), ecan
r(x)s(x)y==t(x)). Ecmn r(x) n s(x) BeileCTBEHHb, TO, KPOMe TOrO,
r(R) u s(R) O6ynyt spmutoBhiMH (B cuay ll. 8: ecim r(x) BelllecTBeHHa,
10 (r(R))Y' =r(R)y=r(R)).

CrpaBennuBo H 06paTHOe yTBepMLeHHE: ecau A U B — 1Ba KOMMY-
TUPYIOLIMX IPMHTOBBLIX ONEPATOPa, TO CYLUIECTBYET TaKOH SPMHTOB Ofe-
patop R, uro o6a ouu 6yayT ero ¢yukumamu: A=r(R), B=s(R).
MoxHO yTBep#1aTb M HeCKOJbKO GOJbllee: eC/U 3a4daHO MPOH3BOJIbHOE
(koHeuHoe uaM OECKOHEUHOe) MHOXKECTBO KOMMYTHPYIOIIHX 9PMHTOBEIX
onepatopos A4, B, C, ..., To cyumecTeyeT Tako# 9pMHTOB oflepatop R,
¢dyukuuamu koroporo 6ynyr sce A, B, C, ... Mbl He MOXeM NPHUBECTH
3nech JOKa3aTelIbCTBO 9TOH TeOpeMbl M HaM TPUAETCA OrPaHHUYHTHCA
CCHIKOR Ha JauTepatypy Bompoca'9%). Ias Halmux uenell moHapoGuTCa
9Ta TeopeMa TOJbKO IS KOHeYHOro uuciaa oneparopos 4, B, C, ...
C UMCTO IHMCKDeTHHIM CHeKTpPoM. s 9TOro cayuas oHa OyleT ceiuac
NOKAa3aHa, OTHOCHTEJLHO e OOLIEro Clydas Mbl CMOXeM MDHBECTH JHLIb
HEKOTOpHE OPHEHTHUPYIOLIME 3aMedaHus.

Hrax, nycte 4, B, C, ... — KOHeUHO® HYHCJIO SPMHTOBBIX OHEPaToO-
POB C HHCTO AHCKPETHHM cnekTpoM. Ecam A— HekoTopoe 4ucao, TO
HazoBeM £, 3aMKHYTOe JuHeHHOE MHOr006pasue, HATAHYTOE Ha COBOKYII-
HOCTb pellleHult ypasHeHus Af ==\f, COOTBeTCTBYIOLIHUHA NPOCKUHOHHBIH
oneparop HadoseM E,. Uucao A Toraa u TOMbKO TOTAa 6YAET AUCKpeT-
HbiM COOCTBEHHbIM 3HaueHueM A, KOraa CyulecTsyloT pettenus f == 0,
caenosatensHo, aas £, == (0), uto suauutr E, == 0. Anajsoruyno msi obpa-
ayevm M, u F, aaa onepatopa B, N, uw G, min C, ... . Us Af =\f
caenyer ABf=BAf=B(\f)=\Bf. 310 3HauuT, 4TO BMECTE C f
B &, BxoauT M Bf. Tak kax E,f Bcerna npuHamjiexur x &, To TO xe
cnpaseniuso u aaa BE, f; tem camnm E,BE, f = BE, f. 910 BHNO/HAETCA
TOXAECTBEHHO, caenosarensno, E,BE, = BE,. llpuMenenne ¥, npusoput
orciona k E,BE, = E;B. Cnenoparenbho, E,B==BE,. TouHo Tak xe,
KaK Mbl 3aKJIOUHJM Celuac M3 KOMMYTATUBHOCTH A M B 0 KOMMYTaTHB-
Hocth B u E,, u3 koMMyTaTuBHOCTH B.u E, cieiyeT KOMMYT4THBHOCTb
E, w F,. Tlockonbky A u B HuKak He ObUIM BblIeNeHBl CpelH omnepa-
TopoB A, B, C, ..., MOXHO yTBepxaath, uto Bce E;, F,, G, ... KoMmy-
THPYIOT Apyr ¢ apyrom. Hrak, K (v - - )= E\F,Gy- + - —TOXe NPOEKUHOH-

Hbi}t ONIEPATOP; €ro 3aMKHYTOE JHHeHHOE MHOT006pa3ue HazoBeM & (Apy). - -.
Cornacno meopeme 14. (1. 4), K (pv---) Oyner nepecedennem &, m,.

109) Jlng IBYX 3pMUTOBHIX ollepaTopoB A u B, mpUHamlemKamux Hamemy
CrneliMatbHOMY KJaaccy (TaK Ha3HBAeMBIX BIIOJHE HENPEPHIBHHIX, Cp. NpuM. %) Ha
crp. 82), Temamn (cp., Hampumep, npuM. ) Ha crp. 29) noxasan Teopemy, H3
KOTOPOH ciaepyeT CQOpPMyAHPOBAHHa# BHUIC (MMEHHO, CYMECTBOBAHWE MOMHOH
OPTOHOPMHPOBAHHOH CHMCTEMBI U3 OGUIMX COOGCTBEHHBX (QyHKuUMH omepatopoB A
# B). O6mas teopema Aast Npon3BoabHbiX A U B uan A, B, C, ... Gwuia joka-
3aHa aBTOpOM B ApyroM MecTe (cp. npuM.®!) ma crp. 110).
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N, ...y T. & COBOKYIHOCTHIO BCeX OOWMX pelueHHH ypaBHeHHH

Af:)\f, Bf=pf, Cf:vf....

Oycts A, @, v, oo 1 M, p/, ¥/, ... — 1Be pa3IMUHBIE CHCTEMH YH-

cem, T. e A==N mwmm p=£p/, ua v+, ... . [ycry f npunaniexur
K KQpyee)a f/f—x KGWp/v. ). dyukunn f u f/ opTOroHajbHeL: 45
A=N ms-3a Af=M\f, Af'=\f’, anma p=£p’ us-3a Bf=npf,
Bf'=p'f’, .... Tem campiv Bc& K (Apv---) OPTOrOHa/ILHO KO BCEMY
R()\/P‘/V/' ) )

[Tockonbky A HMeeT 4YHCTO IHCKPeTHBI#t criekTp, TO BCE ?Rm (pac-
CMaTpUBaeMOe KaK 3aMKHyTOe JHMHe#Hoe MHOroo06pasue) HaTATHBAeTCS
na %,. Tlostomy f =0 He MoxeT OHTb OPTOrOHaNbHOM KO BceM £, T. e.
Mo KpaitHe#t mepe Ais OZHOTO %, ee mpoexuus B £, no/mkHa ObiTh == 0,
T. e. E,f = 0. TouHO TaK e NOMKHO CYyLIECTBOBATb OIHO p C F f + 0,
omHo v ¢ G f =0, ... Bcaencrsue storo Mbl MoskeM HaRTH 144 Kamloﬁ
J = 0 oxHo e E\f +0,3ateMp.c F, (E,f)+# 0, 8atem v c G, (F,(E,f)) +
=# 0, .... Tax oKasbBaeTcs OKOHYATELHO, HTO

-"GyFuE)‘f#O; EXFqu"'f?EO' K()\P‘V")f%‘(:o-

T. . yro f He oproroHamsHa Kk K (Apv-.-). Hrak, ¢ynkuus f, oproro-

HaabHas ko BceM K (Apv---), ==0. TeM caMbiM Ha COBOKYIHOCTb BCeX

K (Apv- - +) HararuBaerca Bee &, Kak 3aMKHyTOe JuHeHHOe MHOroo6Gpasue.
1

Iycrs Temepsb ‘Pixiw..,)' ®fhs..y *++ — OPTOHOPMHDOBAHHAA CHCTeMa,

Ha KOTOPYIO HATATHBAETCA 3aMKHYTOE JMHeliHOe MHOrooOpasue & (Apv- - -).
(3ra nocnenoBaTe/bHOCT OOPBIBAETCA WM HET, Cydsl MO TOMY, MMeeT JiH
& (\pv- « +) KOHEUHO® MM OECKOHEUHOE YHC/IO M3MEPEHHH; eC/H, HaNpoTHB,
K (py--+)=0, 10 oHa cocrour u3 0 unenor.) Kaxas cpg‘!)“ , puHaLne~
KT HeKOTOpOMY & (Apy- - -), siBJISeTCA, C/le0BaTebHO, COOCTBEHHON (yHK-
uneh scex A, B, C,.... IlBe pasindubie cp(") BCerla OpTOTrOHAJBHBL
ApYr IAPYTY: ecau OHM 06/1analoT O4HOH M TOH xce CHCTeMOR A, , v, ...,
TO Ha OCHOBAHHM HMX NOCTPOEHUS, eC/AM OHH 00JafalOT pasH4HBIMH CH-
cTeMaMH A, . v, ..., TO INOCKOJbKY OHH TNDHHALJEKAT K DPas/IHYHbIM
& (\py- - +). Bcee ¢pyukunn ‘Pgﬁiv...) pACTArHBAIOT TO Xe 3aMKHYTOE JHHeHHOe
Mﬂorooépaaue, uro u Bce & (Mpv:-.)-—mHoroo6pasne R . Tem cambm
¢{),.., 00pasyloT MOMHYI0 OPTOHOPMHDOBAHHYIO CHCTEMY. :

Mrak, Ml NOCTPOMAM TOJHYI0 OPTOHOPMHPOBAHHYIO CHCTEMY H3 OIHHUX
JuWb 00WHX cobGcTBeHHBIX (yHkuu# onepatopos A, B, C, ... B naib-
HeHileM MBl npeiAnouteM o0603HaYaTh ee ueped ¢y, ¢y, ..., 4 COOTBET-
CTBYIOIINE ypaBHeHusl GyNeM 3alUCHIBATL B BHAE

A, == )‘md:’m’ By = pyb C‘Pm =Y,0,, ...

BospMeM Tenepb Kakylo-uuGya, CHCTEMY PAas3jMuHbIX APYr OT ApYyra
YHCEN %Xps %g» %3, + .. H TNIOCTPOMM IPMHTOB OflepaTop R ¢ OZHMMH JHIb
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AMCKPETHEIMH COGCTBEHHBIMH 3HAUEHUAMH %, %y, ... H COOTBETCTBYIO-
IMMH UM COGCTBEHHBIMH (GyHKUMAMH $y, $g, ..., T. €. TOJOKHM

R ( 21 xm‘Pm) = 21 X mtmPm 1),

Myctb, nanee, F (%)~ onpeneneHHas B HWHTEPBaJe -— OO < % < -} 00
¢yHKuHuS, Aas KOTOpPOH mMeeT mecTo F (%)=, (m=1, ..} (ang
BCeX OCTaJbHbIX 3HaueHUH % pyHkuua F () MoxeT ObITb npousaonbﬂoﬂ).
Touo Tak xe G (x)—odyuxkuma ¢ G (x,) ==p,, H(*)— byuxuus
¢ H@®y)= Yy ... Hoxaxem, uto

A=F(R), B=G({R), C=H(R),

Ham Hano noxasath, uTo, ecad R 006aanaeT 4MCTO AMCKDETHBIM CTleK-
TPOM %, %, .vo C COBCTBEHHBIMH GYHKUMAME ¢, $g, ooy TO F(r)
Oynet 06/1a8aTh YHCTO QHCKPETHBIM CNEKTPOM F (%)), F (%), ... C TeMH ke
caMbiMH  cOOCTBeHHBIMH  dyHkuuaMa  §;, ¢, ... Ilockoabky, omaHako,
bynkumn ¢y, ¢y, ... BO BCAKOM Caydae oO0pasyloT NOJHYI0 OPTOHODMHU-
POBAHHYIO cHCTeMy, TO OyAeT [HOCTATOYHO [0KAa3aThb, UTO F(R)«pm
_F(Km) $rne

Iycts, B cornacuu ¢ 1. 8, EQ)= 2 P[q,m]—-npm{annex(amee R

xmg)\

PAas3JOKEHHE E€AHHHLDI, Torma, Kak Mbl 3HaeM, MOXHO 6yzle1* 3anucdtThb
CUMBOJIHUECKH

R e= f NdE ()
H, Mo ONpejeeHHIO,

F(R)= f F () dE ).

1
10y %, %y, %3, ... CAEAYET BHIOpaTh OrPAHUYEHHBIMU, HAlpUMED, %, = -
47066 R OKa3aacs HenmpepbiBHEIM. [efCTBHTEAbHO, U3 HeNpPepbIBHOCTH R, T, €
w3z RN C- IS, caenyer TOTHAC XKe

NRYmIl = tmbmll =% | < C 1¥mll =C, || <G,
aM3 |y <<C (m=1,2, ...)—obparHo:

IRf)* =HR< > xma'am>
m=1

N2

2 o
3
= Z [ m B %m %

m=1

foe)
! i)
2‘» Xm*m¥Ym
m=1

2 0
\

= Z" }xm ]21
m=1

WF2=| 3 xm¢m1

m=1

cnenosateabdo, ||RFI2=C?-|fl|% URfI=C: | fll, 1. € HeNpepbHBHOCTD
onepatopa R.
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Janee
=¢, M %, =\

EMNY,=
® bm {=0 AR %y > A
Orciona ciaenyerT, 4TO M1 BCeX g

F R )= [ FOAEN 4 ©)=F () - (4 &)1

1. e. netcruteabho F(R) ¢, = F(x,) {,,.

TeM caMbIM 10Ka3aTeJbCTBO Jf CAyuas YHCTO AMCKPETHOTO CNEKTpa,
KaK Mbl M 00ewwaju, BbIIOJHEHO, J[Js c/yuas HeNPepsBHOTO CNEKTpa
‘HAM TIPHRETCS YIOBJETBOPHTLCH YKa3aHHAMM TNpumedanus %) (ctp. 132).
Mbl xorenu 6Bl TOJBKO OCTAHOBHTBCA HA OQHOM OCOGEHHO XapaKTepHOM
cayuae.

Hycrb R —mnpocrpanctBo  Bcex  f(gy, ¢) €  KOHEUHbIM

f f|f(q1, g5)|? dq, dg,, onpenenennbix B xBagpate 0 =g, g,= 1. O6pa-

ayeM oneparoput A==g¢,--+, B==gy-... OHU 9PMUTOBBI, B paccMaTpH-
BaeMOH 06/acTH onpeleneHusi Ha TIOCKOCTH ¢y, g, TaKXe M HeNpPepbiBHHI
(mpy — o0 < ¢y, gy < + oo — Herl), nanee, onu xoMmyrupylor. Cueno-
BaTeNbHO, OHH 002 J1OMXKHB OHTb ¢yHKuMAMH ogHoro R. Tlpu sToM
noc/nenHuit [OMKeH KOMMYTHPOBaTb ¢ A W B, 0TKyna, Ha A0KasdaTelb-
CTBe uero Mbi He OyleM 3]ech OCTAHABJNMBATBLCA, CJeNyeT, 4TO R 10J-
KeH HMeTb BUL S(q, ¢g)++ {5(¢; g,) — orpanuuenHas ¢yukumusa]. Ho
toraa R"(n==0, 1, 2, ...) nomxeH pasusarsca (s(gy, o))" +-, u F(R)
paBusatbead F (S(gp, ¢9))- - -» ecan F (») — noamnoM. Tlociepnioro gopmyny
MOXHO, OJHaKO, BO YTO Mbl T4KXe He MOxeM [IJy0xe BHUKATb 3[eCh,
pacnpoctpanuts Ha Bce F (x). Hrax, ma F(R)=A, G(R)=B cnrenyer,
uTo

F(s(qp 92))=q1n GG q))=¢q").

9TO 3HAuUUT, uTO B3aMMHO OOpaTHele OTOOpameHus s{g,, ¢)=*% H
F(x)=¢;, G(»)==¢, nomxHsl Obuiu Obl ONHO-ONHO3HAYHO OTOGPANKATH
nosepxHocTh kBaapata 0 <{ ¢, ¢, < | Ha MUHeHHOE 4YHCIOBOE MHOXeECTBO
NepeMeHHO! % — HEYTO, YTO NPOTHBOPEYHT TeOMETPHYECKOH HMHTYHLMH.

ONHaKO Ha OCHOBE YMOMMHABILEroCs BHIILE NOKA3aTeNbCTBA Mbl 3HaeM,
YTO STO TeM He MeHee NOJKHO ObiTh BO3MONHbIM. M B camoMm nese,
0TOOpaxkeHHe KenaeMoro poja AeHCTBHTENbHO OCYLIECTBJSETCA TNOCPel-
CTBOM TaK Ha3biBaeMOH KpuBo# ITsano 112), BuuMareabHoe M3yueHHe NpH-
BelleHHOro B 1puM. 199) nokasaTenbcTBa NEHCTBHTEABHO TOKA3LIBAET, YTO
OHO TMPHBOMMT B paccMaTpuBaeMOM npuMepe K Kpuso# Ilsano mim pox-
CTBEHHbIM el 06pa3oBanuaM.

1y Ha g, g,-MunOwecTBe neferoBoil Mephi O OB 6B AOMYCTHMEL HCe
Kiloyerusa!
112y Cp., nanpuMep, npum. *9) na crp. 41
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11. Wnyp

Mpt XOTHM ONpefie/UTh 31eCh HEKOTODHIE BaX(HbE HHBAPHAHTH OIlE-
paropos.
I onwo#t matpuunt {a@,} us R, Taxum uxBapuantoM Gymer wmyp

n
Y
l%law. -OH yHMTapHO-HHBApHAHTEH, T. €. HE MeHAeTcd, ecau npeobpa-

soeath {@,} x npyro#t (aexapTopoi) cucreme Koopauuat!'3), Ecam wme
3AMEHHTb MATpHUy {@,,] COOTBETCTBYIOLIMM ONEPaTOPOM

n
Alxy oo 2l ={y ..., y.1 Vo= ;lawxv,

TO SJIEMEHTHl @,, BbIpassrcs uepes A cieayiouuM o0pagoM. Bexropw
o={1, 0, ..., 0}, @={0, I, ..., 0}, ..., ¢,={0, 0, ..., 1}
06pasyioT TOJHYI0 H HOPMHDPOBAHHYIO OPTOTrOHAJLHYID CHCTEMY, M, Oue-
BuiHO, @, = (A9, ¢,) (cp. 1.5, B OC”066HHOCTVI npuM. %) wa crp. 75).

Hrak, wnyp euipaxaerca ¢opMyJoH Z(A%- ¢,), M €ro HHBAapUAHT-
p=1

HOCTb YTBePHHOAeT, Y4TO ero 3HaueHHe OyIdeT OMHHM U TeM e BO BCAKOH
MOJHOK HOPDMHUDOBAHHOH OpPTOTrOHANLHOM cucTeMe.

Takoe 00pasoBaHHe MOHATHA IUNYPa MOXHO HeMelJIEHHO MepeHeCTH
no ananorun B R_: ecinm A-— JuHeRHEI onepatop, TO Mbl BhGHpaem

18) Marpuna {a,,} mnpeAcTaBaser npeobpasoBaHue (T. €. ONEPATOp)

n
N = anﬁ, (#x=1, ..., n, cp. BuBoau B II, 7). Ecan mH GyaemM npeo6paso-
vyl

BBIBATb KOOPJHMHATH IO (opMynam

n n
S!’~= vaugw Np. = vapnv =1, .,.., n),
v=1 v=1
TO U3 9TOr0 NOJYUHTCA

n
Dp=gap.v§v =1...,n

n
Gy = BpXyky,  (mv=1, ..., n),
1

P, o=
rae {a,,} — npeobpasoBaiuas matpuna. [Ipu aToM, oueBULHO, Gyfer

n

n n n n
— Y v . Al v _ 4

21 Q=2 lapvxupxw =2 ”w( lxupxm> = 2..1 Zppr
p.: w= P:

, p, 0= p, o=l
T. €. mHyp OCTaHEeTCss HHBAPHAHTHHIM.
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KaKylo-HHOYAb IOJHYI0 OPTOHOPMHPOBAHHYIO CHCTEMY ¢, @o, ..., A4
KOTOpOH BCe Acpu UMEIOT cMbica (3TOro, 6e3yc/ioBHO, MOXHO A06UTbCH,

ecan 06J1aCTb OTpeneNeHus A BCIOAY MIOTHAa — NOCTATOYHO B3ATh B Heft
NJIOTHYI0 TMOC/KENO0BATENbHOCTb fi, fo ... M ODTOrOHanM3HPOBATH ee

¢ nmomolplo meopems: 8. u3 Il. 2) u nonaraem Spur(4) = E(Acpu, ?p)
p.:l

Hano nokasartb, 4TO Tak O0pa30BAHHAS BeNUYHHA NEHCTBUTEJLHO 3aBHCUT
Tombko OT A (HO He OT ¢,!).

Hns sTOR ueanm BBeleM CMepBa ABe MNOJHBIE OPTOHOPMHPOBAHHEIE
CHCTEMBl @, oy « . H Uy, Uy, ... U TONOKUM

Spur(4; o )= 2 (Ap,. 4) Gy #,)-
U3 meopemer 7. pasnena II. 2 crenyer, yro 9TO BHpaXkeHHe paBHAETCA

Ao, , T. €. 3aBHCUT OT TOJNBKO KaxyuuMca obpasom. [azee
] Pur P v y P
p.:

(o]

2 (A 9,) @

, V=

2 (A D)y 9)= X (@ AP) Gy ) =
@, v=1 B, v=1 i3

T. e. Spur(4; ¢, ¢)==Spur(A*% ¢, ¢). Ilockoabky npapas 4acTb 3aBu-
CHT, COTIACHO CKA3aHHOMY BHILlE, OT @, TOALKO KaXYUIUMCA 06Da3oM,
TO 3TO XK€ NO/KHO OBITb CHpaBelJIMBO H 1M JeBOH: OHA 3aBHCHUT, Cle-
AOBATENbLHO, TONLKO KAXYIMMCS 0CpasoM M OT ¢, W OT §,, B 1eHCTBU-
TENbHOCTH Xe ecTb (yHKumsa Toabko OT A. Tloaromy Mb MoxeM 060-
snayate Spur(A4; o, ¢) mpocro kak Spur A. Ilockoabky OH paseH

(e ]

> (ACPW 9,), TO XKenaeMoe NOKA3aTe/bCTBO WHBAPHAHTHOCTH 3aBEPLIEHO.

p=1

Ilpu sTom U3 mocienHero paeeHcTBa chaeayer eme u Spur (A) == Spur (4%).
CooTHoleHus

Spur (@A) = a Spur (A),  Spur (A4 & B) == Spur (A) & Spur (B)

ouepunHu. Jlanee, BHINOJHAETCR (M AAA HeKOMMyTHpyolUmMXx A u B) coot-
HOIIEHHE
Spur (AB) == Spur (B A).

OHO noKasbiBaeTcss Tak:

Spur (AB) = X(4By,, ¢,) = Z (B, Ag)=
l_L= p.:

[oe]

=P,,2=1,(3%' ) Gy A') =h§= (B2 4 (A7),



138 OBIIUE CBOYICTBA T'MJIbBEPTOBA IIPOCTPAHCTBA [r1. 11

THe ¢, Qg «oe H Py $Po, oo MOKHO CYUHTATb ABYMS TPOHU3BOJBHBIMHU
TOJHBIMH  OPTOHOPMHDOBAHHBIMH CHCTEMAMH, M CHMMETPHA TOCJENHErO
Bhipaxenud B A u B (npn O0nHOBPeMeHHOH MepectaHoBke ¢ M ) oue-
BuaHa. Taxum o6pasoM, 1Jd SPMHTOBHX ofleparopoe A u B:

Spur (AB) = Spur ( (AB)*) = Spur (B*A*) = Spur (BA) == Spur (4AB),

caenosareabno, Spur (AB) sewecrsed (aas wnypa Spur(A) 3To ecre-
CTBEHHO TaK).

Ecan I — samkuyToe auHe#HOe MHOrooGpasue, a E — ero mpoex-
uMOHHBIH onepatop, To Spur(E) omnpeneaserca cienyiouuM o6pasoM.
Hycte ¢y, ..., $, — OPTOHOPMHPOBAHHAA CHCTEMA, HA KOTODYIO HATSATH-
BaeTc JauueiHoe MuorooGpasnme M, a yy, .., ¥, — CHCTEMA, DPaCTArH-
Baomasds R — M (ecrectsenno, uto wuam k, wim I, uan e 06a oHu
Geckoneunbi). Toraa ¢y, ..., $p Xp» -++» ¥ PACTATHBAIOT B COBOKYyM-
Hoctd Bce R_, T. e. 06pasyloT NOJHYI0 OPTOHOPMHPOBAHHYK) CHCTEMY
(meopema 7.0a. us 1. 2). Tosromy

I3 ! k !
Spur (B) = 2 B )+ DBty 1) = A0 4+ B O 1) =

p==1

R
=D 1l=4,

p=1

T. e. Spur(E) pasen uuciy uaMepenu#t MuorooGpasus IN.

Ecan oneparop A neduunureH, TO Bce (A9,, ¢,)=0 u, crenosa-
TeabHO, Spur A=0. Ecau npu srom Spur(A)==0, T0 R0MKHH 06pa-
Wwarbea B HyAb W Bce (A9, ¢,), u nostomy Ap, =0 (meopema 19.
u3 II. 8). Ecan |[¢[l==1, TO MOXHO NOABICKATH MOAHYK) OPTOHOPMHDO-
BAHHYIO CHCTEMY @p, @y ... C ¢ ==¢ (ecIM NOCIeNOBATEJbHOCTb fy,
fa» ++. BCIOAY MJOTHA, TO Mbl «OpPTOTOHAMM3yeM» ¢, fi, fo, ... —cCp.
10Ka3aTenbcTBO meopemst 7. B II. 5 —, Gaaronaps uemy BO3HHKHET
HAQYHHAIOWAsACA C ¢ T0JIHA OPTOHOPMHUPOBAHHAS CHCTEMA), CIeNOBATENbHO,
Gymer Ap=0. Ecim Tenepp f npou3BoibHa, TO Aas f==0 KOHeHHO
Oyner Af =0, aas cayyas xe f =+ 0 TO Xe CAeAYET M3 TPeABAYILETO,

€C/H MOJNOKHUTD cp=ﬁf. Hrak, A=0. 310 3Hauut, uro ecau A

Lepunuten U == 0, To Spur A > 0.
Hpn Bce#t KPaTKOCTH W MPOCTOTE HAWKX PACCYHAEHHH OTHOCHTENLHO
ITypa, MaTeMaTHYeCKH OHH He Ge3ykopuaHneHbi. JeHcTBHTENbHO, Mbi pac-

cmatpusann panst i (Ag,. $,) (@, ¢,) W 2 (Ap,, ©,) He obpamas
&, v=1 u=1

BHUMAHHAl Hd MX CXOAHMOCTb, Mpeo6pas3oBLBAIN HMX APYr B APYTa (me-
HAH TMOPANOK CYMMHPOBAHHS)~— KOPOUE, NeJasil BCe, UTO NPH KODPEKT-
HOM OOpauieHun nenaTh Heab3sl. XOTA HEpAULTHBOCTb TaKOTO Poaa nomy-
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cKaeTcsl B TeopeTHuUecKoH ¢msuke u B APYyrHX CAydasx, M XOTH NaHHas
He6peXHOCTh U He NMPHBEIET B AaJbHeHINUX TMpPHUMEHEHHIX K KBAHTOBOH
MeXaHuke HH K KakoH Oele, — Hano Bce-TAKH fCHO 3adBUTb, UTO IeJO
HIeT O HEPSILJIUBOCTH.

TeM CyLleCTBeHHee IOAYEPKHYTb, YTO B OCHOBHHIX CTATHCTHYECKHX
yTBepIeHHIX KBAHTOBOM MeXaHMKM HCHOJb3yeTcA TOJLKO IMYp ofepa-
TopoB AB, ecnu u A n B o6a DedMHUTHb, H YTO 9TO TOHATHE MOMET
6biTh OOOCHOBAHHO H COBeplUeHHO TOUHBIM O6pasom. IlosTomMy B ocrae-
welcad yacTh naparpada Mb yCTaHOBMM Te CBOHCTBA IHAYpa, KOTOpPHE
10Ka3bBaloTCA ¢ abCOJIOTHOM MaTeMaTHUeCKOHR CTPOrocThbIO.

PaccmorpuM cmepBa lunyp npousBeleHus A*A (A — npousBoueH,
A*A B cuay 1I. 4 spmuroB u Bcaenctsue (A*Af, fy=(A4f, Af)>0
aeduHuTeH). Mbt HMeeM:

2

.

Spur (A*4) = PZJI(A*A%, Q) = 21 (Ap,, Ap,)= Zlu Az, |
= p.: p.::

TTocKOJbKY STOT pAL COAEPKUT JHIIb udeHol 20, To OH anbo cxo-
AUTCH, OO pacXoMuUTcsl K —+ 0o, T. €. B JIOGOM Clydae MMeeT CMBICJ.
TMokaxeM Telepb HE3aBUCHMO OT TNPEABIAYLIMX PaccyXaeHuH, uTO ero
CyMMa He 3aBMCHT OT BHOOpPa @, ¢, .... [Ipu 9TOM MBI BCTpeTHMCH
JUIIb C PAAAMH, BCe WIeHbl KOTOpeIX =0, nostomy BCe GylNeT HMETb
CMBICT M 000 H3MEHEHHE TOpAAKA CYMMHDOBaHMA OyaeT 103BOJEHO.

Ecan ¢, @ ... 1 $;, ¢y, ... — ABe NOJHBIE OPTOHOPMHPOBAHHbIE
CHCTEMBI, TO Onpefe/uM

©
L(4 oy $)= 2 |(dg, $)I

(e e)
Cornacko meopese 7. 7. u3 1. 2 3T0 BuipaxceHHe paBHAeTcs | Ag,lI%
p=1

T. e L(A; ¢,. §,) 3aBuCHT OT §, TONBKO Kaxylmmcs obpasom. [anee
(xax Ag,, Tak 0 A%, NOKHH HMETb CMBICT),

E(A g b= 2 (A%, %)I'= 2 |6 AP)=

2 (A, g )P =T(4% 4, @,).

t
Tlostomy saBucHmoCTb OT @, TOXE TOJbKO Kaxyuwascsl, NMOCKOJbKY Tak

06CTONT NeJ0 Aas KpaHHero TNpaBOro BuipaxeHHs. TeM CaMblM OKA3bli-
BaeTcd, uto X (4; ¢, b,) 33BUCHT BoOOLIE TOJbKO OT A, M Mbl Ha30-
seM ee L (A). CornacHo n0Ka3aHHOMY Bhillle,

L= Zllagl*= 2 (4%, 1
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u E(A)==ZL(A4%). Taxkum o6pazoM, Spur(A*A) ompenensercd 3aHOBO
(u Tenmepb KOpPeKTHO) Kak L (A).

JlokaxeM eme HE3ABHCHMO HEKOTOpHE cBo#icTea I (A), KOTOpble
caenoBand Obl M U3 yke BbIBEIEHHBIX OOLIMX CBOHCTE wnmypa.

s onpenenenus creayer, uro Bcerga E(A)=0, a mua Z(A)=0
nomxne Bce A, ==0, orkyna, Kak u paHubiue, caepyer, uro A==0.
310 sHauut, uto Ajas A == 0 Symer X(4)> 0.

- flcno, uro L(aA)==|a|?L(A). Ecmn A*B=0, 10 BHTOJHAETCS:

(A4 B) 9,112 — || A, > — || By, [|?== (A¢,, By, + (By,, Ap,)=
= 2Re(Ay,. By,)=2Re(p,, A'By,)=0,

o0

CNHEN0BATE/NbHO, TOCJE CYMMUPOBAHUA 2:
p=1

X(A+4B)=X(A)+ L (B).

310 COOTHOUIGHHE HE W3MEHHUTCS, eCau MepecTaBuT, B HeM A u B,
CienoBarenbHO, oHO Oyner cnpaBeanuBbiM u ansg B*A==0. [lanee, Mul
moxeMm 3samenuts A, B na A* u B*; cnenosaTe/bHO, B PABHOH CTereHH
IIOCTATOUHO M yC/IOBHR AB*==0 nau BA*= 0. Inq spmurosa A (uam B),
MB MOXeM 105TOMY Hamucath AB=0 nan BA=0. '

Ecan E — npoeKuHOHHBIH ONEpPaTOp 3aMKHYTOrQ JHHEHHOTO MHOrQ-
o6pasus P, To 4N paccMaTPHBABIUMXCA TPH  ONPENENEHHH LITypa

Spur (E) prHKuVIH S'Pl‘ ey q’k’ Xl’ “ oy Xl:

k [ k ! k
2@ = BRI+ 3 1Bk 7= R o2+ 3 10])7= 2 1=k

w= =1

Mupivu cnosamu, u I (E) OkasbiBaeTcd PaBHBIM uuCAy H3Mepenu#t M
(u3-3a E'E == EE = E Huuero Ipyroro W Hels3s GbIIO OXHAATH).
Teneps, k X MoxHO cBecTH Spur(AB) anf AByX neUHHTHBIX (SpMHU-
TOBLHIX) onepatopoB A u B. VIMeHHO, CYIIECTBYIOT ABa TaKHX Xe Ole-
paropa A’, B’ co cpofictBoM A" = A, B'2=Bll4)-—-Mbl Ha30BEM HX

VA u VB. Yucro ¢opmansho nuiem:

Spur (AB)=Spur(V AV AV B VE) = Spur(YBY AV A VB)=
=spur((VAVB) (VAVB))=t(VAVB).

114) Toyno 3710 yTBep!AcHHe opmyaupyercs Tak: Ecam A runepMakcu-
Manen u jedHHUTEH, TO CYIHECTBYeT ORMH M TOALKO OJHH TakOH xe omepaTop

A’ ¢ A= A. JlokaxeM cyuecTBOBaHNE,
y
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Tenmepb 9Ta Z(VA VB) o0sanaeT, — Ha OCHOBaHUU COOCTBEHHOrO Onpe-
nenenns M 0e3 Kakoro OB TO Hu OHAO yuyeTa CBfselt co wnypom, —
BCeMM CBOMCTBAMM, KOTOpHIE MBl OXuaaeM Aaa mnypa Spur(AB)-—

 (VAYR=x(/F V).
SV AVETO) =2 (VAVE) L2 (VA V)
S (VAFBYE) =2V AV )+ (VB VT)

[lepsoe caenyer u3 Toro, uyro L(XVY) 8 X n ¥V cuMMeTpuuHO:

(o]

X=X [(XVeu 4= 2 (Ve X)l%

w, v=1

BTOpOE CielyeT C MOMOWbI NEepBOT0 M3 TPETbero, C/ea0BaTebHo,
ocraercs nokasath auwb ero, T. e. uro L(Y AV B) anurusua B A

0

[Myctp A= f AE (A) — npeactaBaenue onepatopa A uepes ero cob-

—00
crBeHHnie 3HaueHud. [Nockoabky A medunuter, 10 E(A) zaa A < 0 nocrossHo
(cnenoBaTeabHO, COrAacHo 5,., paBHO 0), NOCKOAbKY MHAYe 1At COOTBETCTBEHHO

BHIGPAHHUIX Ay < Xy < 0 6bl10 6m1 E (Ag) — E (A == 0, 3uauur, MOXHO 6bl10 Gt
BbiGpath f =0 ¢ (EQ)—E(,)) f=f. Ho oTcopa caemoBaio 6bl, Kak Mbl
y#e MHOTOKDATHO 3aKJKYaly,

E(A)f:{ fomag A=k,

0 maa A=),
CAe0BaTEAbHO,

0 Ay A,
ah n= [raEms n=[raE@msns [LaEn s n=
—co A A

=L{(EM—EM)) S H=k( H <O
IToatomy

A= fuum:fouE(x)=foou2dE(\u2),
oo 0 0

0

n A =f » dE (42) npencrabaser cofoil KeaaeMblit onepatop.
1

[MoguepkHeM: U3 neHHHUTHOCTH MBI 3aKMOYUIM O TOM, 910 E(A) =0 nasa
A < 0. Tak Kak U3 MOCJAeAHEr0 €CTECTBEHHO CaexyeT Ae(HHHTHOCTH, TO 3TO, T. €.
TO OGCTOSATENbCTBO, YTO BECb CHEKTp 2= 0, — ABAAETCH XapaKTepHbIM 1ia pedu-
HHTHOCTH.



142 OBIIUE CBOMICTBA THMJIbBEPTOBA ITPOCTPAHCTBA (ra. 11

Ho B nocreaseM Mp yOenmmcs, ecan sanumem E(})/ A VE) B BHIE

L(VAVB)= 2 [V AVBe,[ = VA VB, VAV By)=

HNS

(VA VAVBg,. VBg)= Z(AVB% V Bs,).

Tem caMeiM CTporoe oCOCHOBaHHE NOHATHA LUMypa B TOM 00'bEMe,
KOTODEI!t MBI NpH3HAAM BHIILUE JKEeAaTeAbHBIM, NPOBEJeHO.

[Mocnennss Qopmyna nossonfeT cjenaTb W ChAeAylolliee 3akJioue-
Hue: ecay A u B jnedunurHn, T0 AB=0 sBadgerca caeicrsueM pa-
seHctBa Spur (AB)=10. He#icTBuTenbHo, nocCaenHee YTBepKJaeT, UTO
E(VAVYB)=0, caenosarenvo, u Y AV B==0 (cp. crasansoe
Ha ctp. 140 uam caepyomee Huxe paccMoTpenue I); CleloBaTelbHO,
AB=VA-VAYB -V B=0.

Ins nedHHUTHOrO SpMHUTOBAa oOnepaTopa A BHIYHC/ACHHS CO IINYPOM
KODPEKTHH H B nepBoHayajbHOR dopme. B CaMOM nene, eClU @y, Poy o 00 —

NOMHAadA OPTOHOPDMHPOBAHHAA CHCTEMa, TO HZ—(A% 9,) (cymma, koro-
pas Oubina npussaHa onpefenutn wnyp!) Gymer CYMMOH C TOABKO He-
OTpULlaTeIbHBIMK YJeHaMu M, CchelloBaTenbHO, OyleT HAM CXOMATHCH,
HAK COOCTBEHHO (K - 00) pacxoiurtbcd. Tenepb MOryT BCTPeTHTHCH JBa
cayuast; uaM 9Ta CymMa OGeckoHeysa Ipu mo6oM BHOOpe @), @, ..., —
TOTIA Wnyp AefCTBATEJNLHO OnpeleieH HEe3aBUCHMO OT @y, @y, ..., 4
HMEHHO paBeH - 00, — HAM Ke OHAa NO KpaliHeHl Mepe npH O1HOM BHI-

Oope ¢, @9, ..., NYCThb NPH ¢, Py, +.., KOHEUHA, HO TOLJIA U3-3a

(o]

0 2 00
<§1<A@u, cpp>> = 2 (Ao, 00 (e, o)== 3 [(de 9)P=T (4)

3

Oyner koneunolt u L (A), nycr, nampuMmep, passoit C2. Ecau reneps
91> $gs ... — Kakadg-nubO NOJHAA OPTOHOPMHPOBAHHAN CHCTEMAa, TO

2<A)=”2=‘;1HA%HQ=C% 4 )12=C% || A |=C.

IMockoabky kaxnoe § ¢ ||$]l ==1 Moxno BHOparbL 3a ; Tako# cucTeMy,
to u3 ||§]| =1 caenyer || Ap||=C. Tem camum B 06weM ciyuae Gyner
HAfII=CIlfl|: ana f==0 sr0 oueBugso, a And f <=0 [0CTaTOUHO

MONOKHTL @ == gy f. Ho Tem camuM A ynosieTBOpseT ycaosuio SY,

us II. 9, 1. e. A Oyder HempepuiBHBIM onepatropoM. OIHAKO MOMXHO
YTBEPAIATL H 3HauuTeabHO Goublle.
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Vmento, u3-3a koHeyHoCTd X (A) onepatop A npuHaANeKHT K KAACCY
TaK HA3HBAEMHX MOJHOCTbIO HENpPEPBIBHBIX ONEPATOPOB, Mg KOTOPHIX
Iunpbepr nokasan, uyTo npo6neMa COOCTBeHHBIX SHAveHult paspelnnma
I4sl HMX B NePBOHauanbLHOR (opme, T. e. YTO CYleCTByeT MOJAHAs OpPTO-
HOpMUpOBaHHas cucreMa ¢y, ¢y, ... ¢ AP, =N, (4 npurom eule
A,—>0 nas p—>oco)¥). Us pepunurnocrn A caenyer, uro
A= (A, $,) >0, nanree

D=2 [|Ap,]?=E(H=C
p=1 p=1

Ecan ¢;. @4, ... 00pasylT HEKOTOPYI0 NOJHYI0 OPTOHOPMHPOBAHHYIO
cucTeMy, TO

2 (Ao 0) = %1(21 (A% $) @y %)> = ;1(2,1 (2w Ab) cpp))=

= Z (E )\v ((‘Pp" q)v)(q)v' (Pp.)>= Z < > )\p"((‘Pp.’ "P\))l2).
w=1\v=1 w v=1

2
=1

115) Cp. npum. %) Ha crp. 78. Ilpamoe noka3aTeXbCTBO yHAaeTcs NPOBECTH
caepyomum o6pasoM. Ilyetb Ay <Ay <hy < ... <A, BCE OHH > & HAH XKE
BeeL— 6, EQo) FEM) FEM)F ... = E(\,). Torna EQA)—E(A,_)) £ 0,
crenoBarteabHO MOXKHO BHGpath ¢, <0 ¢ (E (fv) —E(\_1)) 9y =1, OTKyHa

-
Py 21 A >Ry . Mp moxeM poctHub M |9, ]| = 1. U3

0 naa A _,

caenyer, uro E (X) %={
CKA3aHHOrO caegyer, 4YTO (P, ¢,)=0 gaa p==v. Tem cameiM ¢yHKIUU

®1y -+ +r Pp OGPA3YT OPTOHOPMUPORAHHYK CHCTEMY M Mbl MOXKEM DaCUIHPHTH ee
IO NOJHOH 9y, ..y Ppy Ppaps - .
Brmoaunsierca (v=1, ..., n)
© Av )\v
g2 = [RdEO eI = [ BAE®e1> [ SdIE® 12 =
e v—1 v—1

=2 (JEM) 92— NER ) 91D =2l g, || 2 =e2
CrieloBaTeJbHO,
n
> D A, lI* > ne?,
|.L=1

| Agylt? =
1

M

=X (4)=C?

C?

410 3HAYMT, 9T0 n < —5-. TakuM obpasoM, aad |A|>e¢ E(X) BOOGme MOueT

Qe

HNPUHATD TOJbKO g2-? pasJMuYHBIX 3HaueHUH, T. €. MeHsieTCS AMIIL KOHEYHBIM

YHCAOM CKAayKOB, MY KOTOPHIMH JexaT HHTepBaJh nocroaHcTBa. Ho arto
3HAYUT, UTO MPHU | A} >> e uMeercs TOABKO auckpeTHuid cnektp. ITockoabky 210
CIIpaBefauBO a8 BCex ¢ >0, TO ¥ BOOOMmE CYmECTBYeT TOABKO NUCKPETHBIH
CNEKTP.
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Hocxonbxy BC& > 0, MBI BNpaBe NepeMeHUTb MOPANOK CyMMUpPOBaHUS

(AcPw P = Z= M| (@ LP)P—Z%(ZI(%, <P)P>

et o
= Snlnlr= 3,

e o]
Urak, u B 9TOM cayyae E(Acpu, ¢,) OKasHBaercs He 3asucamed or
n=1

®1, Q9o + .., 4 UMEHHO DaBHOM CyMMe cOOCTBeHHBIX 3Hauenu#t. ITockoabKy
LA CUCTeMH ¢, @y, ... OHA KOHEYHAd, TO, 3HAYUT, OHA KOHEYHA H
Bcerja. Mrak, Spur A onarb OKaxeTcs ONHOSHAYHBIM, TOJLKO Tenephb
KOHEUHHM,
Tem cambiM Mbl 060CHOBaMH OGpallieHHe CO WINYPOM B 060UX CAyyasX.
[ToayunM emle HECKOJbKO pe3ynbTaTOB, OTHOCAIIMXCA K HNypy
Spur(A) u k X(A4). HOas Bcex A c¢ koneuno#t XL (A) BHNOAHAIOCH

IAfl KVE@A)- |Ifll, nas scex nedunurunix (spMutosbx) A ¢ Ko-

HeyHeM wnypoM — || Af || < Spur(4) - || f||. Tlycrb Teneppr A -— nedu-
' Hmﬂmﬁ oneparop, Spur(A)=1 u aada cooTBeTCTBEHHO n0A00paHHOM

c |le H 1| A¢||2>1—¢ nmn (A¢, ¢) > 1—e. Ilockoabky us-sa
(Acp 0) < ”Acp“ lell = || Ap]] mnepsoe ycnoBue caepyeT u3 BTOPOrO
(c (1 —e)¥>1—2¢ Bmecro 1 —e, sHaunT c 2¢ BMeCTO €), TO AOCTa-
TOYHO PacCMOTpPeTb TOJBLKO ero.

ITycre ¢ oproronambia @, |[¢]]==1. Torna MoxHO HalTH NOAHYIO
OPTOHOPMUPOBAHHYI0 CHCTEMY ¥y» XYo» <o € Y1==¢» Yo==¢. Cueno-
BATe/bHO,

$ ja | RO <SR
ZIAP=1 s i Ay > 1 — 2ot sl

4pl2 <2 4] < V2.
Hag npousBoabHOR OpTOroHasbHOM K ¢ GyHKUMM f OTCIONA CAcHyer
IAFIL V2 £ (111151 f ==0 sr0 5icHo, B npoTHBHOM CJIyyae § == -lﬁ f)-
Ecan yuecrv eme, uro (Af, g)==(f, Ag), TO Mbl CMOXeM CKa3aTb, YTO

[(Af, &)<V 2 |If]l - llg]l, echu f nwau g oproroHaibha K o.
Ecau Tenep, f ¥ g npouaBoOJbHE, TO

f=oa94f. g=Bog"

rae f' u g’ oproronameiul K ¢, a a==(f, ¢) u B=(g. ¢). Takum
o6pasowm,

(Af. g)=af(Ae, 9)+a(Ae, g)+B(Af, o)+ (Af &)
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C/1e/10BATENLHO, €CaAH NoAoXuTL (AP, 9)==c,

[(Af. @) —aBe|< |af - |(Ao. g 18] - 1(AFs @)+ (Af". &)l

1f, COrJdaCHO NOJIyYeHHBIM BBILUE OLCHKAM,

[(AF, & —caf[<V 2ol - g/l 418 - 1A+ 1770 - g’ <

L<V2e-(af+ /D UBI+ 118" <
L2V - VI I/ TVIEEF gl =2 V2 7] - lgl-

C zpyro#t cToposm,
(Af, &) — caf=(Af, &) — ¢ (/. ) (. &)=((A—cP)[. &)

TTosToMy Bcerja BHIOAKACTCH j((A —cPe) f, 8)1K2 Ve lrl- el
4 3HAuMT, KaK Mu 3HaeM uz 1. 9, u

”(A_Cpkpl)f“<2v§;' 7.
Iins f==¢ 910 naet (c==(A¢, ¢) BemecTseHHo K > 0):
A9 —co| <2V 2.
LN Ap—col + 1 A9l <2V 2 4 1
> — || g —cof + [ Ao > —2V 24 (1 —e),
1 —(E4+2Y2) e L1+2Y 2.

C=Hwﬂ={\

Iostomy

(A — Py F I SNA—Pie) fI| + [l (e — D) Prarfll <
L2V | fl4-C4+2V2)PufI<(+4V 2| fII-

Urak, nas e—>0 A paBHOMepHO cXOmHuTCH K Py

B saxaiouenne paccmorpuM eme wnyp Spur(A) u 5(A) B peanusa-
uuax F, n Fg npocrpancrsa R (cp. 1. 4 u ll. 3), nockoabKy HMeHHO
B HuX OyLyT moayuaTbCsi (HU3UueCKue CJCACTBHA.

B F, ( MHOXecTBO BCeX {X,, X5 ...} C KOHeuHoH 2 [x [2> one-

p=1
parop A onucmiBaerca Marpuueit {a,}:

Afxy, %0, o ={¥p Yo+ .} yuzzzlamxv.
p.:

Bexropm {1, 0, 0, ...}, {0, 1, 0, ...}, ... obpasyiT noasyio opro-
HOPMHDOBAHHYI0  CHCTEMY ¢y, g .. H A, = {a, opr col)=
0

=9§1a""%' crenopatenvio,  (Ag,, @)=, ||Ag,l?= Zla‘,EL

10 Y. Hefinan
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Orciona ceftuac xe nonyuaeM

Spur(A)=!§law, 2(‘4)"—‘ 2 'al.wP

=1
B Fo (MuOXecTBe Bcex ompeleneHHHX B & ¢ynkuult f(P) ¢ KONEUHHIM

f|f(_P)|2d'v) MBEl paccMaTpuBaeM TOJBKO HHTErpajbHble OMepaTophl
e

Af(Py= [a@, P fP)av

e

(a (P, P’y—onpenencsHas B @ QyHKiMS ABYX NepeMeHHBIX, KHHTErpalbe
Hoe sapo», cp. I. 4). Ecan ¢, (P), @, (P), ... —HeKkoropas mnojauHad
OpTOHODMHPOBAaHHAS CHCTeMa, TO

o]

Spur (4) = )} (A¢, (P). 9,(P))=

p=1
=X/ [f a (P, Pyo, (P dv'] 9, P) dv
p=1e td

M, MOCKOJbKY BCerja BHmoansercs (meopema 7.3.) us Il. 2 B npu-
MeneHnn x g (P) )

b8

< [2®@)e,®) dv'> 2 (P) =2 (P),
14

€
W
—

L8

( [e@)e,@) dv’) % Py=gP)
e

kS
U
—

TO
Spur (4) = f a (P, P)dv.

]
Janee uMeeT MecCTO

sa=3 |

p=1Q

f a(P. P'yg, (P'ydv' || dv,

3HAYMT U3-3a (Meopera 71 us 11.2)

Y| [e@)e,@rav

p=l|Q

f gPhe, P)av

.._._'

= [lg@)prav = [ |g@)Pav
Q Q
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=

T (4)== f f]a(P, Ph|2dvdv.
]

e

Mu BuauM, yto onepauun Spur (A) u X (A) npoussomar To, uro OO
nocTUrHyTO B pasjene 1.4 leHOM npuMeHeHHs MaTeMaTHYeCKH BeCbMa
PHCKOBAHHBIX MCKYCCTBEHHBIX NpueMOB: Npu nepexoge ot Fz k Fg cymma

2

Mb npoasuHyAHCh Tenepb B MAaTEMaTHYECKOM H3YYeHHH IPMUTOBHX

ONEePaTopoB AOCTATOYHO Janexko. JlanpHefiine cBeleHus mo STOMY npel-

METY MHTepecyromuics MaTeMaTi4eCKOR CTOPOHOH uuTarejbL HalijeT B npue-
MuKaiowe# aureparype 19

(o]
2 ..+ 3aMEeHseTCSl HHTErpalioM f <o dy.
P.:l

118) KpoMe ynOMHHABIIHXCA [0 XOHy PACCYXKACHHH OPHIMHAABHBIX HCCAENO-
BaHU# cloja B NepByKw ouepelb OTHOCHTCA CTaThd Xeaauurepa u Tenauna
B SHIHMKJOMERUH MAaTeMaTHYeCKHX Hayk (cp. mpuM. ®3) Ha crp. 29).



FTABA I
KBAHTOBOMEXAHWYECKASI CTATUCTHUKA

1. CrartucTHYecKHEe YTBepXAenus KBAHTOBOH MEXaHHKHU

Bosspatumcs Temepk K aHanu3y KBAHTOBOMeXaHMYECKHX TeOpuH, mpe-
PBAHHOMY MaTemMaTHueCKHM# paccyxAeHusMu raaBel 1l Jo cux nop Mmm
o06cyaunn AHllb, KAK MO3BOJIAET KBAHTOBAA MeXAHMKA ONpeNeNuTh BCe
BO3MOXHbIe 3HAYEHHs! ONHOH omnpeleneHHON (H3HueCKOH BEAHYHHEI, SHep-
riM, — 9T0 GyayT coGCTBeHHBle 3HaueHus oneparopa smeprud H, T. e,
yucaa U3 ero cnekrpa. Hanporus, BONPOC O TOM, YTO MOMXET OHa CKa-
3aTh O 3HAYeHWSX OPYruX BeNHYMH, PABHO KAK O MPHYMHHBIX WAH CTa-
THCTUYECKUX CBA3AX MeXIy HMMH, He Obla1 3aTpoHyT. Tenepr HaM Hano
3aHATBCH TEMH YTBEDKICHUAMH TEOPUH, KOTOpble OTHOCATCA K 3TUM NpO-
GnemaM. 3a OCHOBY NIpHMeEM BOJHOBO-MeXaHHuYeCKHH MeTON onucanus, Tak
KaK 9KBUBAJEHTHOCTb 00eux Teopull yxe yCTaHOBJEHA.

[Tpn TakoM MeTOZe OmuCaHus ACHO, YTO BCE, YTO MH XOTHM CKasaTb
0 COCTOSIHMH CHMCTeMBI, HAL0 U3BAeKaTb W3 ee BOJHOBOH (QyHKUMH
© (g ++ -0 gg)- (ITycTh y cHucTeMbl & cTeneHeft CBOCOAM Uy, ...y §p—
KOOpP/IMHATH e KOH(UTYPalHOHHOr0 npoCTpaHcTBa.) Ilpn 3TOM MBI He
OyleM OTpaHHUYMBATBCA TOJMbKO CTAUMOHADHEIMHA COCTOSHHAMH CHCTEMH
(kBaHTOBHIMH OpOHTAM#, BOJHOBBIE (YHKUMH @ KOTOPHX ABAAIOTCA CO0G-
cTBexnbIMu (yskuuamu oneparopa H: Ho=DX\g, cp. 1. 3), Ho nonyckars
BCE COCTOSHHA CHCTeMBl, T. €. nl0Oble BOAHOBHE (yHKIHH @ (M3MeHeHue
KOTOPHX onpenefsercs speMeHHEIM TuddepeHuanbabiM ypasuenueM [lpe-

h 0
ouHrepa: H?=~Wﬁcp, cp. 1.2). Kakue ke BBICKA3BLIBAHUA MOXHO
CIeNaTb OTHOCHTEbHO CHCTEMbl, HAXOAAMIEHCS B COCTOSHHH @7

[lpexje Bcero 3aMeTHM, YTO BOJHOBad QyHkuus ¢ Oblia HOPMUpO-

sana (1. 3) coorHoueHHEM

fw flcp(ql,-.-,qk>|9dq1--.qu=1.

-0
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T. €. B HalleR HOBO} TePMUHOJOrHM — KaK TOYKA FHAbOEpPTOBA MPOCTpaH-
crea R, Bcex f(gy ..., ) € KOHEUHBIM

fo j.olf(‘h’ v g)|Pdgy ... dg,

(nexoroporo Fgol) — coorHowennem ||¢||==1. HHpmMm crosamu, Touka
IOMKHA JIEWATh HAa TOBEPXHOCTH €JHHAYHOTO INAPa B ruabGepTOBOM Npo-
cTpaHcrBe 117), MBE yie 3HaeM, YTO  MOCTOSAHHBIM (T. e. He 3aBHCAULUMH
OT Qs +++s Qp) MHOXHTEND B ¢ JHIIEH (U3HYeCKOTO cMbicaa. (T. e. MOxHO
3aMeHNTbL ¢ Ha @@, @ — KOMINIeKCHOe uncio. B cmay HopMupoBku
llell=1, momxuo 6urL |a|=1). Jlanee, Hano ykasaTb eme Ha TO,
YTO ¢, NOMHAMO KOOPIHHAT ¢y, ..., §, KOHOUTYPAUHOHHOrO NPOCTpaH-
CTRa Hamel CHCTEMH, 3aBHCUT elile M OT BPeMEHM f; O1HAKO ruabGep-
TOBO TMPOCTPAHCTBO CTPOHTCA AHLIb OTHOCHTEABLHO ¢y, ..., ¢, (Belb W

HOPMUPOBKA OTHOCHJIACH TOMLKO K HUM), He YUMTHBAsg 3aBUCHMOCTH OT £,
KOTOpOe ChaelyeT CkOpee paccMaTpuBaTh KaK mnapamerp. Bcaencrtaue
910T0 @, Kak Touka R _, saBucuT OT £, HO, HANPOTHB, He B3ABUCHT OT
g1 --+» qp: uGo Kax touka R o npencrapafseT BCIO (QYHKUHOHANBHYIO
3aBUCHMOCTb OT ¢y, ..., §p B LEJAOM. IlosTOMy MBI OyneM uHOrZa yka-
3bBaTh napamerp £ B ¢ (KOraa ¢ paccmarpusaercs kak Touka R_), 3a-
NACHIBAA .

Hrak, paccmoTpum cocTosHue ¢=0(gy, ..., ¢,). CraTucTuueckoe
yTBepXKJeHne, KOTOPOe MOXKHO TOrja CAenaTh, MACHT: CHCTEMa HAXOMUTCS
B TOYKE ¢, ..., §, KOHQHIyPALHOHHOIO NPOCTPAHCTBA C MAOTHOCTHIO
BepOATHOCTH |¢(gy, ..., §z)|% T. e. BePOATHOCTH TOro, YTO CHCTeMa
okaxerci B 00beMe V' KOH(UIypallHOHHOrO NPOCTPAHCTBA, OyleT paBHa

f fI‘P(qv cee qp)|tdo.
1%

(dro oamH ¥3 MEPBHIX M CAMBIX NPOCTHX NPUMEPOB, Ha KOTOPHX OhlJ
0CO3naH CTaTHCTHUeCKH# XapakTep kBaHTOBOH Mexauuku !'8); snpouewm,
CBSI3b MeXy STHM yTBepXIeHHEM  npeanonoxendeM lllpeauHrepa o pac-
npefenennn 3apana [cp. L. 2] asnserca oueBuano#t.) Ilanee, nycTb 3SHep-
FAH CHCTeMBl COOTBeTCTBYeT omeparop.H, ero coGCTaeHHbIMH 3HAYCHHAMH

117y CornacHO reOMeTpHueckod aHaJOruH, mapoM B $R, ¢ LEHTPOM ¢, U
PanuHycoM 7 JOMKHO ObiTb MHOXECTBO TOYEK, ISl KOTOPHX || f—¢oll< 7, ero
BHYTPEHHOCTbIO — MHOXeCTBO |[f — @oll< 7, a NOBEPXHOCTBIO — MHOXKECTBO
I f—9oll=r. lna eauunuynoro mapa ¢o=0, r =1,

118) TlepBhie CTATHCTHYECKHE YTBEPKACHUS O HOBEASHHH CHCTEMBI, HAXO0-
Aamelcss B COCTOsiHAM ¢, BocxomaT K M. Bopuy; GOsiee meTaibHO BONPOC pac-
cmarggsancilo HupakoM u HopmaHOM, c€p. CCHUIKM B npuMeyaHusax®) u2?) wHa
cTp. u 10.
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Oynyr M, Ay 4., @ COOCTBEHHBIMH OYHKIHAME — @;, @9 .., TOIIA
BePOATHOCTLIO 3HAUCHHS SHEPTHH A, B COCTOAHUH ¢ OyneT

|- [o@n o 009 Gn - g day ... dg,| s

(Cp. pabotel, ynoManyrhie B npuM. !18).) XKenarenbto Teneps 06beXuHATH
STH I[Ba YTBePMIEHHS W NPUAATb UM eluHylo ¢opmy.
[Iycts V — k-MepuHft napaaneientnes

q; <q1§q;1 o0y q; <qk§q:'

O603HAYMM MHTEPBAAKI {q{ q'l'} v A q;} COOTBETCTBEHHO uepes
Iy ..., I,. Koopmmuaram ¢,, ..., ¢, CONOCTABAIOTCH ONEPATOPH
G s eees g+ COOTBETCTBEHHO. Paanonenus eAunullbl, NPHHALNC KAIIUE
9THM OnepaTopaM, onpejieauM chaenywouum obpasom (cp. II. 8): pasno-
wenne, npunagnexauee ¢;(j==1, ..., k), oGosnauaercs E;(}) u
E;() f( )= f@p v qp) ang g;=M\
j Qur oo es Q)= 0 ws g;>

BpeneM caepylomee obuiee o6osHavenne! ecan F () — HexoTOpOe pas-
noxenne elunuub, a J/-—unrepsan {N, X'}, To nosoxum F (/)=
= F (\")— F (\) (370 — npoexuuosHslt oneparop, rak kak npu ) == \”
F ()= F (X")). Torza BepOATHOCTb TOTO, YTO CHCTEMA HAXOJAUTCH B yKa-
ganHoM Bhwe o6beme V, 1. e. uro ¢, nexur-s I, ..., q, B I, co-
CTaBUT

‘l; 9
f f |9 @1« or gp)?dgy ... dgy ==
q

9 &
={... f|E1(11) By e (g +ees q0)|2dg, ... dg,

(nockombky Ey(/) «o. EU)e(qr ++vs ) ==9(q1s - > qp)» eCaH g4
npuHamnexut Iy, ..., q, NpuHaanexur /,, a B oCTAMbHEIX CaAyyasx == 0),

T. €
=”Ez([1) o Ek([k)‘PHQ-

B KkayecrBe BTOpOro npHMepa pPAacCMOTDHM BEpPOATHOCTH TOrO, YTO
sHeprusi JexuT B unrepsane [/, paBioM (), )\'}. Paznowenue enu-

nuuet E () onepatopa M onpeseneso (cp. II. 8) kak E() = Pp1s
53\

HO3TOMY

EO=EM)—EM)= %_ Pp,).
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Ho paccMatpuBaeMmas BepOATHOCTb, — MOCKOABKY JIHIUL 3HAYEHHS 3SHEp-
rui Ay, Ags ... OTHOCATCA X Jeny, — #BASETCS CyMMOH BepoATHOCTeH
BCeX A,y Ia Kotopuix N < A\, ==A”, H, cAenoBaTeNbHO, PaBHA

2 lf te fCP(ql, coor §1)0a(q1s v es @) Ay . qu)2=

A <7\n=<._?\"

= 2 (o 9n)2= E Plae 9=

M =W M A

=({ X Puale ¢)=C0e 9=IED I

' .
M, £

Utak, B 06OMX C/Iyyasx AOCTHTAaeTC Pe3y/bTaT, KOTOPLIH MONKHO
chOpMyMPOBATL CJELYIOLIMM 00pa3oM:
(W.) BeposTHOCTb TOro, 4TO B COCTOSHHU ¢ BEJHYHHHI C Ofe-
paropamu Ry, ..., R;'"%) npuHuMaiT 3HaueHus H3 COOTBETCTBYIO-
WX uurepsaios [y, ..., [, pasHa

|E () ... E, (Iz)‘P”2’

rae E;(}), ..., E;(\)— pasnomeHus eNUHHLB, TpUHAIJENKALLHE
onepatopaM Ry, ..., R, COOTBETCTBEHHO.

Tlepsuiit cayuatt coorsercrBoBan l=+k, Ry =¢y . ..., R,=¢q, -,
Bropofi —I==1, R;=H. M XoTHM Temepb NpUHATL, YTO yTBep:Kne-
nue W, cmpasennuBo u B OOlleM ciydae; B CAMOM Jieje, OHO BKJIOHaeT
B ceba BCe CTATHCTHYECKHE YTBEPKIEHHA KBAHTOBOH MEXAHUKH, CHENAH-
HBle 0 CUX WOp.

Onso orpannueHue ero TpPHMEHUMOCTH Bce ke HeoGxomumo. [lo-
CKObKY MpU MOCTAHOBKE 3aja4M TMOPAAOK OmepaTopoR Ry, ..., R co-
BEpUIEHHO MPOU3BOJIEH, TO OH HE NOMKEeH CKA3LIBATLCA U HA pe3y/bTaTe,
1. e. omepatropul Ej(/)), ..., E;(/;) umu, ut0 TO e caMoe, Bce Onepa-
topsl Ey(My), ..., E;(N) nomxuel xoMMyTHpOBaThb Mexay coGo#i. Co-
raacio IL. 10, 370 o3Hauaer, yT0 Ry, ..., R, KOMMyTaTuBHL. ITO ycAo-
BHE BLITIOJHACTC B CAy4de @y--+, ..., Gp-++, a Tpu =1, Ri=H
OHO pxaxe OecrpelnMeTHO.

Urax, nocrysupyeM W, nas moOeX KOMMYTHPYIOUIMX ONepaToOpOB
Ry, ..., Ry Torna E\(l), ..., E;(I)) B3aHMHO KOMMYTHPYIOT H, CJie/lO-

118) B IV.1 mbl oficyaum Gonee 06CTOATENBHO BONPOC OTHOCHTENBLHO 3TOrO
COOTBETCTBHA, CONMOCTABAAOUIEro KaxIoH ¢u3uYeckoll BeauuuHe SpMHUTOB oOrme-
patop. Ifoka e Mbl 3HaeM AHUIb HA OCHOBaHHH l. 2, YTO ONEPaTOpPH Ipeenr 4,

LR
2ni 0q1 YT 2ng qu
UMIIyIbCaM, @ «Oneparop SHeprus H — sHeprum.

COOTBETCTBYIOT KOODIHHATAM, OnepaTopbl COOTBETCTBYIOT
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Bareasno, E (/) ... E;(/;) Oyner TNpOEKUUOHHHIM oOMepaTopoM (meo-
perma 14. B 11.4), a paccMaTpuBaeMas BEPOATHOCTb NMPUHHMAET BHUIL

W=||E\(l) ... E d)elP=(E ) ... E(pe 9

(meopenma 12. B 1. 4.).

TMpexae yeM uATH nanablie, HALKO YCTAHOBHTb HEKOTOpHIE CBOH-
ctBa W,, KOTOpbie HOMKHB HMETh MeCTO B JOOOH pasyMHON CTATHCTU-
YeCKO# Teopud.

1. Tlopsanox yrBepxpenu#t GespasiuyeH.

2. TlycTble yTBEPXKIEHHS, T. €. TAKHE, I KOTOPHIX /; eCThb MHTepBAnA
{— o0, 400}, MOxHO BCTaBAATH MO KeJaHuio, He uaMeHas W, ubo ux
BKJIAJ CBOIHTCA JHIUL K MHOMUTEJIO

E;(I):E(—I—OO)-—E(——OO):I—O:].

3. BuinonHfeTC TEOpEMa CJOMXEHHS BEPOATHOCTeH, T. €. ecau Mbl
’ "
pasoGbeM unTepsan /; Ha nsa uurepsana /;, [;, 10 cTapas BepoATHOCTH

Gyner cymmo#t 1ByX HoBhIX. [leficTBuTensHo, mycrs [/, Ilj, I; 0603HayaloT
14
cooTBeTcTBeHHO uuTepBanb (X, A7}, {N, A}, {A A"}, Torma

EQM)—EMN)y=EMWN—EN)+EN)—EM).

T. €. E(I,~)=E(I;)—|—E(I;), YTO B CHJY BTOPOH U3 NMpHBEIEHHBIX BHIIIE
dgopm W (munetivott no E (1)) ... E;(I)) ... E;(/})) u naer annuTus-
HOCTb BepOATHOCTEH.

4. Jlna abcypnuuix yreepxaeHuft (omun w3 [; mycr) W=0, no-

CKOJBKY B STOM caydyae coorsercTBylomee E;(/;)=0. Ilna TpuBHasbHO
cTpaBeMBLIX Mpennoxenut (8ce /; paBubl {—co, 4-o00}) W =1, no-
ckoabky torna Bce E;([)==1, W=|¢|*=1. Bcerna umeer Mecro
HepaBeHCTBO O0==W =1 B cuay meopernwn 13. us Il 4.

Haxonen, sametuM, uto W. CONEpPKUT YTBepKIeHHe: Beauuuna R;
MOXET NPUHHMATbL JHIUL CBOM COOCTBEHHbIE 3HAUEHHA, T. €. YMUC/]A U3 ee
criextpa. [eficTButesbHo, ecau Murepsan [;, pasmmift (N, N7}, nemur
Bie cnekTpa, TO E;() NMOCTOAHHO B HEM H, BHAUYHT,

otkyna cienyer, uro W =0.

TMosoxum Temeps [=1 u o6o3naunM R, mpocro uepes R. Ilyctb
R — ra ¢usuyeckas BenuuuHa, KOTOpOH comocraBaserca onepatop R
(cM. mpum. 119)), Tlycts F (\) — npoussonbras ¢ynkuus. TpebyeTcsa Bul-
yHCAUTL MaTeMaTHueckoe osxunanue F ().

Ilns sToft menu pasugeauM uuTepBan {— oo, 4 oo} Ha nocnenosa-
TenbHOCT TouuTepsanos (A, A,y ), =0, =1, £2, ... Bepoar-
Hocts Toro, uro R sexur B mosuntepsane {h,, A,.,}, Oyrer

({E Q) —EQD} ¢ =EQri)) ¢ ) —(E QD@0 o
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u MaTeMatuyeckoe oxumanue F () okasbiBaeTcs, C/elOBATENbHO, DPaB-
HBIM CYyMMe

3 PO (EC) 9~ % )

ecu A, ABAAETCH HALJEKAUIMM TIPOMENKYTOUHBIM BHAUEHHEM W3 MONUHTEP-
pama {h,;, A\,.;}. HauneM Temepb BLIGHPaTP TOUKH TNOXPa3LeEHUA

ov A_gs Ay Agy Ay Ay, ... Bce Gosee u Oosee OaHBKHUMH, TOTLZ 3T
cymmMa Gyner cxozuthcs K uHTerpany Crunbrbeca

[FOaEM o).

[TosToMy paccMaTpuBaeMOe MaTEMaTHYeCKOE OXHIaHHe TaKie pABHO

3TOMy unterpaay. Ho B cuay ofbmero omnpeneienus onepatophofi Qyuk-

uud B I, 8 sror unrerpan pasen (F(R)o, ¢). CirenosateibHo, Mb MC-
JydaeM:

(Ey) Nycts M —npoussonsuan dusnvecxas senuunna, R — ee

onepartop (cM. npum. 1)), a F (o) — npoussoabnas ¢pynkuus. Torna

Last MateMaTHueckoro oxunanus F (M) B cocrosivuu ¢ Buimonssercs

Etw (F () ¢) =(F(R) 9. 9).

B uacTHoCTH, ecau Mbl nonoxuM F (A)=X, 1o Oynert:
(E2.) MNycre M, R 6yayT xax u panviue. Torma aas MaTeMa-
tueckoro oxunanug R B cocTofHHH ¢ HMeeM

Erw (R ¢) =(R9, ¢).

[NepetineM Ttemepb K uccienoBaHuio cssselt Mexny W., Ei., E,..

Mu BuiBeau Ey. us W. u E;, us Ey..

Ecan oGoswaunts omepatop senuuunsl F (M) uepes S, 10 cpasne-
nue Ey. ¢ Eo. pact HaM

(Se. ) =(F(R)¢, @)
g J060r0 coCTOAHUA ¢, T. e. 1ad Bcex ¢ ¢ |[¢||=1. CuenoBare.sHo,
u Boobuie

Sf H=EFR. )

( 1
ans f=0 910 OuYEeBHIHO, @ B OCTAbHLIX CAyYasx ¢ =mf), 3H4-
4YUT, TaKKe
Sf. 8=FW®Rf. g8)
(3ameﬂmb f na f—}Q-g 1 Ha f—2—g H pe3yJbTaThl BHYECTb — NOAYUUM

paBeHCTBO BelleCTBEHHLIX wactefi; Oeps [f, g BMecTo f, & — MHUMBIX
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yactedl). TaxuM o6pasoM, no/kHO ObiTh S == F (R). ChopmyaupyeM 70T
BAXKHLIH pE3YJLTAT OTHEJbHO.
(F.) Eciu Bemuuune R cootsercryer oneparop R, 10 Bean-
ynwe F (M) nomken coorsercrBoBath omepatop F (R).

B npennonoxenun F., onsaxko, Ei. oueBundeM o6pasoM ciepyer
us Es..

[Mosromy (npemnosaras F.), Eij. u Ej;. aBAAIOTCA 3KBUBAJEHTHHMH
yTBepaeHuAMHU. TIoKaweM, 4To OHHM 3KBUBaJeHTHb Takke u W.. Ilo-
CKOJbKY OHH ciaeaylor u3 W., 1o ocraerca Jumb ybenurscs, uro W,
caenyer us Ey. wau us E, .

Mycrs Ry, ..., R;-— B3aHMHO KOMMYTHpYyIOLMe OMNEpPaTopul, MpPH-
HaljlexalHe COOTBeTCTBenHo BesauunHam Ry, ..., R,. Coraacuo I 10,
OHU ABJIAIOTCA (QyHKHUSMH OZHOTO 3pMUTOBA OmepaTopa R:

Ri=F{(R) ..., Ry=F(R).

TpumeM, uro R Taxke npHHaLIexnT HeKotopo#i emuyune R. (drum
CaMBIM  OoMycKaeTcs, uto JoGo#i Benuunxe R MpUHALIEKUT HEKOTOPHIK
[runepMakcuManbHbifl] spMuTOB onepatop R u HaoGopor. Cp. mpum. 119)
Ha ctp. 151 u pasgen IV.2.) Toraa 6aarozaps F.

R,=F,@R), ..., B,=F,®R).

HonyctuM Ttemepb, uto [y, ..., [,— HHTEpBa/ibL, O KOTOPBEIX TOBOPHTCA
B Wi, u
\ 1 nas Aws [, - ,
GM=1, aas A BHe [ U=Ll....D

TMonoxum
HMWN =G (F,®))... GEFE,W)
n o6pasyeM BeAHUHHY
S=HN).

Ecou R, mexur 8 [, 1. e F;(R) nexur B /; 10 G;(F;(R))
pasHsercs 1; B ocTraapHeix ciydanx ono pasuo 0. Takum oGpason,
&=H(R) pasuo 1, ecau Bce R, nexar B cooux [/, (=1, ..., 1)),

B OCTa/AbHBIX cJAyyasx — 370 0. Martematuueckoe oxuianue & paBHo,
crano Guith, BepostHoctw W toro, uro W, nexur B [y, ..., R, pexur
B /. Orciona

W =Ew (S, o) = (R)¢, ¢)=

=(G(FiR)) ... G, (F, (R 9. @) =(G1(RD ... G, (R) o, ¢).
OGo3HaunM CHOBA PAa3jOKeHHe eAMHMIB!, OTHOCHLIeecs K Rj, uepes Ej(k),
H nycTb [;-— HHTepBal {)\;, Aj}. Torma, Ha OCHOBaHHH CKA3AHIIOFO
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B kosue II. 8, B mpuHATEIX TaMm 0603HaueHUAX
G}. )= e)\; N — e)‘,j ),
GiRy=e,nR)—e, R))=E; (W) —E, () =E; ()

¥, 3HAUMT,
W=(E (})...E, U)o, 9).

Ho sto kax pas u ects W..

Bceiencrue npocToTel GopMmyauposku, yrBepxuenus E, u F, oco-
6enHOo ynoOHB KaK OCHOBa, Ha KoOTOpo#t crpourca BCf Teopus, Mul
BUIeJH, uTO Haubosee obliee BOBMOKHOE BePOSTHOCTHOE yTBepwaenue W,
crellyeT U3 HUX, HO yTBepxienue W, o6janaeT IByMs 3aMeyaTenbHHIMH
0co0eHHOCTAMH:

1. W, aBsieTcss CTaTHCTHYECKHM, & He TPHYMHHBIM YTBEDKIE-
HHEM, T, €. U3 Hero He ClelyeT, KaKue 3HAYEHHS NPHHUMAIOT BejHU-
ynuel Ry, ..., R, B cOCTOAHUN @, HO JUIIL € KAKHMH BEPOATHO-
CTAMM STH BeJHUMHBI NPHHUMAIOT BCE BO3MOXHble 3HAUEHHUS.

2. Ha Bonpoc B moctaHoBke, cBofictenHo#t W, , Henbss oTBe-
THTh AA9 npoussoabHuix Bequuun Ry, ..., R, HO ToABKO MR
TaKUX, I8 KOTOPEIX COOTBETCTBylOllUe oOnepatopu Ry, ..., R,
KOMMYTHPYIOT APYT C HPYrOM.

OGcynure 3Hauenue STHX IByx (axroB Oyler Hale#t Oumxatiweti
3anauest.

2, CraTHCTHYeCKAasA HHTEPHIpeTalHsA

Knaccuueckas MexaHuka mpencTaBiseT co0O0f NPUYMHHYIO IHCUUILIHAY,
T. e. €CAM COCTOAHME OMHCHIBAEMOH €i0 CHCTEMB HU3BECTHO CO Bcefi
noapoOHOCTLIO, — 11 4Yero B cjaydae R crenedefi cBoGoiabl HeoOXOnUMO

3ajaTh 2k uucea: k KOOpPIMHAT gy, ..., §, KOHQHUIypauUHOHHOTO APO-
og 0g

CTPaHCTBA H R HX MPOMU3BOAHHIX MO BPeMeHH T)t—l a_tk UIn Ke,

BMeCTO MOC/eAHNX, R UMAYJALCOB py, ..., p,, —TO 3Hauehue M06OMH

Gu3nyecKoli BeNHMYMHBL (SHEPTHH, MOMEHTa M 1p.) MOXHO ONpele/HTh
eNMHCTBeHHLIM 00pasoM M yucienHo touxo. HecMorps Ha 370, cywecTByer
M CTATHCTHYECKUH METOd MHCC/ICLOBAHUA KJIACCHUECKOH MEXaHUKH, HO OH
IBAAETCA, TaK CKAa3aTb, JHMLIb DPOCKOMIBIO MWW APUNPaBOH. A HMeEHHO,
€cnM HaM ¥3BeCTHH He BCe 2k (UKCHPYIOIIMX COCTOfHUe NapaMerpa
(Gys vo+s Ggy Py o ovs Pp)y HO JIMIIL HACTb M3 HUX (TIpHUEM Jaxe STH
nociealue MOryT ObITh H3BECTHH He TOYHO), TO MOXHO, CpelHss
kakuM-HuOyab CcnocofoM 1o MNapaMeTpaM, OCTABIUUMCS HEU3BECTHBIMH,
cRejaTh 10 KpalheM Mepe CTaTHCTHYECKHE YTBEPHIEHHA OTHOCHTENbHO
BCeX (UIMUECKHX BeJHYHH. ITO Ke CAPABENIMBO H AJA NPOUNIHIX WIH
OyRymHMX COCTOSHHH CHCTEMbl: €CJAM M3BECTHH §p, «+.y g Ppy oo s Pp
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B MOMeHT f=={f;, TO C NOMOUILI0 ypaBHEHHH ABHXKeHUS KJACCHUYECKOH
MEXaHUKH MOXHO (MPHYUHHBIM 00pasoM) BHLIYHCAUTL COCTOSHHE B J0GOH
Ipyroft MOMEHT £; HO eciM H3BECTHEl JHLIb HEKOTOphiE M3 NMAPAMETPOB,
TO HANO YCPEIHUTb MO OCTaJbHBIM, H O COCTOSIHHAX B APYTM€ MOMEHTHI
BpeMenH 120) MOXHO IejaTb yXe JHINb CTATUCTHYECKHE YTBEPXKIEHUS.

CrarucTHueckde yTBEp:KIEHHS, C KOTOPHIMH Mbl CTa/KUBAEMCS B KBaH-
TOBOH MexaHuKe, UMeIOT Apyrod xapakrep. 3mecb B cayyae £ cTemedet
cB0OOJE COCTOSIHHE OMHUCLIBAETCA BOJAHOBOH GyHKuued ¢ (g, ... 4)
T. e. ToukoH ¢ HaanexauuM o6pasoM peanusosanHoro R (|lell=1—
YHCAEeHHBIH MHOXHTEIb a6COMOTHOM BenuuuHel 1 HecyuectBer). M xors
MBI CYUMTAeM TO3TOMY, YTO 34JaHHEe @ NMOJHOCTHLIO ONMpENENseT COCTOsHHUE,
OHO TEM He MeHee JeaeT BO3MOXHLIMU UL CTATHCTHYECKHE YTBEpMKie-
HUS O 3HaueHUAX (PU3MYECKHX BEJHUHUH,

BnpoueM, T2 CTATHCTHYHOCTL OTpaHUYEHA NPENCKA3AHUAMU 3HaYeHUH
¢usMuecKUX BeJUYHH, B TO BpeM KAK Npoulisle  Oyayllue coctos-
HUL @, BBIYHCASAIOTCA M3 ¢ ==¢ HNPHYHHHLIM 00pa3oM. ITO MO3BOJAET
chenath BpeMeHHOe ypasHenue [lpepunrepa (cp. I. 2), Tak kak

h 0
P=9 Fur o7 9r=—He

Ompelessi0T BCIO SBOJIOUMIO COCTOSHMS ¢, Pemenue storo nuddepesn-
HaJEHOTO yYPAaBHEHHS MOXHO MONYYUTHL N4Xe B ABHOM Bule '
-2 (-t

Pp==e

2zl

-—— ({—to)H ;
(e A }’HHTapH0121)). (B srofi ¢dopMyne npéxnosaraercs, 4TO
H He 3aBucuT 0T BpeMeHH, HO ¢, OnpelenseTcs ONHO3HAYHO H AAf

120y Xopomyio HAMOCTPaUMI0 K 3THM COOTHOUIGHHAM J1aeT KHHeTHueckas
TEOpHs Ta30B.

Oaus Monb (32 2) kuciopoga copepxkuT 6-10% Monekyn kucaopopa M
ABNAETCH, YUUTHIBASA, 4To Kawpad Moiekyna O, COCTOMT U3 HBYX aTOMOB KHCAO-
pona (BHYTpeHHEH CTPYKTypoH KOTOPHX Mu NpeHeOpekeM, paccMaTpHBasd HX
KaK TOUEUYHLIE MaCChl € TpeMs CTEmeHsMu CBOGOAM Yy Kawio#), Mexauuueckoi
cucreMoii ¢ 2.3-6-1022=36.1023= £k creneusMu cBoGoan. MHrak, 3nanue
2k mapaMeTpOB mNO3BOJHAO OBl OmHUCaTb ero MoBejeHHe MNPHYHHHO, HO Teopud
rasoB HCHNOJMb3YeT JKINb [BAa: RaBJCHHE M TEMIepartypy, KOTOpHE fABJASIOTCA
OlpeleICHHBIMH, CIOXHBIMY, QYHKIUAME 3TUX 2R mapaMeTpos.

[TosToMy OHa MOMeET AeNaTh JUIIb CTATHCTHIECKUE (BEPOATHOCTHLIE) yTBEp-
waeHus. To, 4TO OHH BO MHOTHX CHy4asX OKAa3LBAOTCA NMOYTH MPUUKHHBIMH,
T. €, COOTBETCTBYIOIIHE aepomuﬂocm—ﬁ.rmaxnmn k 0 wan 1, He meusieT npuH-
NUIMHaALHOTO MOJNOXeHHA Bemei.

121y TMycrb Fy (\) — 3aBucsamast o1 BpeMeHH dyHkuus, —d?t— FiM)=G;(N), u

nyctb H — spMuTOB oflepatop, Torla Fat' Fs (H) = G, (H), nockoabky _(;?t— noay-

yaercsa BblYMTaHMEM, AeA€HMeM U MepeXofoM K npeseay. Ecan Fy(0) =
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sasucsuero or BpeMenn H, rtak kak nawe aunddepenunaisioe ypaBHe-
HHe TNEPBOTO MOPANKA, TOMALKO TOraa Her 0oJblle MPOCTHX GOpMya s
pelenus.)

Ecan kenarb OODBACHUTL axay3aibHHIH XapaxkTep CBA3H MeXIy ¢
H 3HAYeHUAMH QU3MYECKHX BeJHUHH IO NMPUMepY KJIACCHUECKON MeXaHHKH,
TO, OYeBHIHO, €CTeCTBEHHO NMOHUMATL ero cjienyiouuM o6pasom: Ha camom
lesle ¢ BOBCe He OMNpelenseT COCTOSHHS BO BCEX JHeTajsAX, HanpPOTHB,
yToOBl y3HaTH ero MNOMHOCTHIO, HeOOXOIMMO 3alaTh AOMOJHUTEJbHbIE
yucaa. MHbIMU c0BaMH, y cUCTeMBI, TOMHMO ¢, HMEIOTCA elle H Apyrue
XapaKTepusylolllde ee NapaMeTphl HJAH KOOpAMHAaTH. DByab Bce oHH
U3BECTHBEI, MBI CMOTJH Obl YKa3aThb 3HAYEHHN BCeX (PU3MYECKHX BeJUYHH
TOYHO U OMpele/ieHHO; HANpPOTHB, C OJHOH TOIbKO @ — TOUHO TaK e KaK
B KJACCHUECKOH MeXaHHKe HA OCHOBE JHIIbL HEKOTOPLIX U3 ¢y, ..., Gp,
Pi» +++» Pp— BO3MOXHB TOJbKO CTaTHCTHYeCKHe yTBepwaenus. Taxoe
TMOHUMAHHE — 3T0, KOHEYHO, THMO0Te3d, MOMLITKA, LEHHOCTb KOTOpOH
3aBUCHT OT TOrO, YyAacTcs /A4 B CAMOM Jeje Ha#TH NOMOJHUTE/bHbIE
KOOpIUHATH, AoGaBAsiolIMECT K ¢, M MOCTPOUTb € HX MOMOIULIO MpH-
YUHHYI0 TEOPHIO, HAXONAILYIOCA B COMVIACHM C OMLITOM H HpPUBOJALLYIO
NpU 331aHUU OJHOH TOJBKO @ (M YCPEAHEHHH NMO OCTAJbHHIM KOOpIUHA-
T4M) CHOBA K CTATHCTHYECKHM YTBEpPXIEHHAM KBaHTOBOY MeXaHHKH.

OOGBLIYHO 9TH THNOTETHYECKHE IOMOJHUTE/bHBIE KOOPIMHATH HA3LIBAIOT
«CKPHITHIMH NapaMeTpaMu» WIH «CKPHTHIMH KOOPIAHHATAMU», TAK KK OHH
IOMmKHBl Oblid OBl UrpaTh CKPHITYIO POJb B CPaBHEHHH C BOJHOBOH
dynxkune# @, KOTOpas TOJbBKO M packphiTa B Hactosmee BpeMa. O0b-
SICHEHHEe C IIOMOINbIO CKPHITHIX NapaMeTpoB YViKe CBeJ0 B KJIAaCCUUECKOH
¢du3HKe HEKOTOpPHE, Ka3anoch Obl CTATHCTHYECKHE, COOTHOLIEHUS K TpH-
YUHHBIM OCHOBAHHAM MEXaHUKH: XapaKTepHBIM TIPUMEpOM SBJAETCA KuHe-
THYeCKas Teopus rasoB (cp. mpum. 120),

Bonpoc 0 TOM, BO3MOXHO /M OOBACHEHHE STOM0 THMNA C NMOMOIULIO
CKPBITHIX MapaMeTpOB B KBAHTOBOH MeXaHuke, o0CyKIancs He OJMH pas.
Tot B3rad4, 4TO HA STOT BONPOC KOTHA-HUOyAb OYHET MOAYYeH HOJONKH-
TenbHBI OTBET, UMeeT ¥ ceffiyac BhIAIOMIMXCA mpeicraButesefl. Eciau O
OH TOALTBEPAMJICH, TO CEroJHAIHION (OpPMY TEOpUH TNpHINAOCh Obl

_E’ﬁf.(t_to))

e= @ h , TO 3TO0 paer
9
2 ( S (t—mH) 2ri | St
3 ¢ =T e

M IMOCH€ TPHMEHEHHss K ¢ NPMBOIHMT K sXenaeMOMy auddepenuuanbHOMY ypas-
HEHHIO.
Tak xax |Fe (A =1, F,AN)FsM) =1, 10 Fy(H) (F:(H)}*=1, . e. nam

2
LT -

oneparop Fy(H)=¢ h yuutaped. Ilockoabky mpu ¢==1%¢, OH, oue-
BUJHO, paBeH CJUMHULE, TO TpeGoBaHHE ¢, = @ TaKXKe BHIIOJHEHO.
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06 bABUTL MpeiBaPUTENbHOH, MOCKOJBKY OMUCaHHE COCTOAHUH C ITOMOILBIO
BOMHOBLIX (YHKIHMH 0Ka3ajoch ObI TOTAA CYIIECTBEHHO HEMOJHBIM *).
Huxe Oyider noxasaso (IV.2), 9TO BBeleHHe CKPHITHX NApaMeTpoB
33BEJOMO HEBO3MOXHO, BO BCAKOM cuayuae Oe3 (pyHnaMeHTa/bHHIX H3Me-
HeHu#i cymecTsyiowet Teopuu. IToka e NOXYEPKHEM TOJBKO, UTO BOJIIO-
Bad (QyHKuMA ¢ TeM BeCbMa CYLIECTBEHHO OT/IHYaeTCcs OT HACTHYHOH
CUCTEME! KOOPAHUHAT U UMIYABCOB ¢, ..., g Pys + .., P KAACCHUECKOH

MeXaHHUKH, 4YTO 3aBHUCHMOCTL ¢ OT BpeMEHH NPUYHHHA, & HE CTAaTUCTUYHA:
(Pto’ KakKk MBI BHUJICJHH BbhIIIE, OﬁpenenﬂeT BCE ¢, OAHO3HAYHO.

Hlo Tex nop, noka Gosnee NoApOOHLI aHAAM3 MOJOMKEHHH KBAHTOBOH
MeXaHMKH He NO3BOJAUT HaM OOBEKTHBHO 10Ka3aTh (B OTPHIATEJHbHOM
CMHIC/IE) BO3MOXHOCTb BBEIEHMA CKDHITHIX NApaMeTpoB (4TO JeJgercs
B yKa3aHHOM BHIUE MECTE), Mbl OTKAKEMC OT BO3MOXHOCTH TaKOTO
00DbACHeHMst M CTaHEM HA TPOTHBONOJOXHYIO TOYKY 3peHis, T. €. MpH-
MupuUMca ¢ TeM (PaKTOM, 4YTO B3aKOHH, YNPaBAAIOUHE DJEMEHTAPHbIMH
npoueccaMu (T. €. 3aKOHBl KBAHTOBOH MeXaHHKH), UMEIOT CTATHCTHYECKYIO
npuposy. ([IpHYMHHOCTL B MAKDOMUpDE MOXET, BO BCAKOM cjydae, ObITh
CUMy/UpOBaHA HHBEJUDPYIOIIMM JHeHCTBUEM «3dKOHZ OOJBIUMX UHCEN>,
KOTOpHfi TpOABAAETCS, KOTJIa MHOTHE 9JEMEHTAPHBHIE HPOUECCH Npo-
HEXOIAT oHOBpeMenHo. CpaBHU 3aMeyaHde B KOHue npuM. ') ya crp. 156
u npuM. %) Ha ctp. 243.) B coorseTcTBHH ¢ STUM MBIl yGexnmaeMmcs,
ytro W. (umu tame Ea.) aBasercs HanGosee BCeoGBEMIOMIUM YTBEpsKIe-
HHEM OTHOCHTEJbHO 3/EMEHTapPHBIX NMPOLECCOB.

3TO nNOHHMaHHe KBAHTOBOH MeXaHUKH, NPUHHUMAIOILEE ee CTATUCTHU-
YeCKHe YTBEPWIEHHS 332 HCTHHHYIO (OPMY 3aKOHOB MPHPOLBI M OTKA3bI-
BaiolileeCA OT NpPUHUMAA TNPUYUHHOCTH, H eCTh TaK Ha3bIBaeMas CTATU-
cTHYeckas uHTepmperauus. OHa Bocxoaut K M. Born'y!%) u spaserca
cefiuac  eINUHCTBEHHOW I10C/I€A0BAaTENbHO INPOBOAUMON UHTeprpeTauueit
KBAHTOBON MEXAaHHKM, T. €. CYMMBl HAIUEro OMBITA OTHOCHTEJNLHO SJeMeH-
TapHHIX TpoueccoB. B nanpHeftineM Mul OyneM NpUAEepXUBATLCE 3TOH
HHTEpNpeTauud, A0 TeX NOp NOKa He CMOMeM NpHCTYNMuTh K Gojee
noApOGHOMY OOCYKIEHHIO MOJOKEHUS Belllelt.

3. OaHOBpeMeHHAsT H3MEPHMOCTb M HK3MEPHMOCTH Boobuie

Bropas sameuatesbHas OCOOEHHOCTh, OTMeueHHas B kowme IIL 1,
6bia cBa3aHa ¢ TeM, 94T0 W, OODBACHANO He TONBKO BEPOATHOCTH, € KO-
TOPHMH HeKoTopas Besuunna | npuHUMAaeT Te WIH MHBIE YUC/OBLIE
3HAYeHUSl, HO M YKAa3bIBANO BePOATHOCTHbLIE B3AHMOBABUCUMOCTH Mem.y

*) B nacrodmee BpeMs Touka 3peHus, MPOTHBONOMOKHAA B3rAfIaM aBTOpa,
paspabareiBaerca rpymmoii de Broglie’a (Vigier, Lochak u ap.) Bo Ppanuun,
a takke Bohm'om B AMepuxe u Tepaeuxum y Hac.— [Tpun. ped.

122) 7. Physik 37 (1926). Bce naabuelmee pasurue (cp. npu. 2) Ha
cTp. 10) ocHOBHIBaeTCst Ha 3TOM IPEICTABICHHH.
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HecKo/bKuMU Beauuunamu R, ..., R, — W., onpenesano BeposTHOCTH
TOr0, 4TO 3TH BEJHYMHH OJHOBPEMEHHO IPHMYT HeKOTOphIE 3aAaHHBIE
3HaueHus (TOYHee, UTO STH 3HAYEHHUA NMOMALYT B HEKOTOPble WHTEPBAJbL
I, ..., I}). (Bce ornHocurca x 3amaHHOMy cocrosnmio ¢.) Ho stu Beau-
uinel Ry, ..., R, Ouian nonunsensl cBoe0GpasHOMY OrpaHUUEHUIO! MX
onepatopel Ry, ..., R, IOMXHH OBUIH KOMMYTUPOBaTh. B cayuae e
HeKOMMyTHpylomux Ry, ..., R;, Hanporus, W, He 1aBano COBeplueHHO
HUKaKUX CBeAEHHA O BEePOATHOCTHHIX B3aHMMO3ABHCHMOCTAX MEXLY
R, .... R, uero MoxHO OBIFO HCMO/IL3OBATL JHIIL IS ONPEAETEHHS
pacupelencHus BEepOATHOCTeH KaXIOH M3 9THX BeMuuH caMohi mo ceGe,
06e30THOCUTEILHO K OCTAJbHbLIM.

Cxopee Bcero, Tyr XoTenoCh Obl JIOMYCTHTb, 4TO yTBepwmieHue W,
HEMOJHO M YTO JOJKHA CyllecTBOBaTh OoJjee o6was ¢opMy.a, Oxsa-
THIBAIOIAN U 9TH caydad. [leHCTBUTENbHO, HasKe eCiM KBAHTOBadA Mexa-
HUKA M J]3eT JHIUb CTAaTHCTHYECKHE CBeNEHHS O NPUPOAE, BCE KE Mbl
Morju Obl N0 MeHblUeHi Mepe OXULATL OT Hee OMHUCAHUA HE TOJLKO
CTATHCTHKU MHIMBUAYAALHBIX BEMUYHH, HO U KOPPENAUHH MEXIY HUMH,

OnHako B TNPOTHBOBEC 3TOMY NpEICTABJEHUIO, KOTOpOe Ha MepBLIf
B3IVISL KAXETCd pPasyMHbIM, Mbl yOeluMcs BCKOpe, 4To mojao6roe 0606-
wenre W. HeBOBMONHO M 4YTO Hapsny ¢ GopManbHuMU (OCHOBAHHLIMH
Ha CTPYKType MaTeMaTHYeCKOrO annapaTa TeOPUH) B M0/b3Y OrpaHUYeHHUs]
roBopaT U Beckde ¢uauyeckue npuunnkl. Heobxomumocts sTOro orpa-
HUYeHHs ¥ ero (u3HyecKOe TOJKOBaHHE TNO3BOJAT HAM jaxe ray0ixe
3arasiHyTh B CYWIHOCTb TNPHPOJIbl 9JeMEHTAPHEIX NPOLIECCOB.

[Mpexne Bcero, coLIJEMCS HA BAKHBIH SKCMePUMEHT, NMOCTABJEHHHIH
Compton'oM u Simons’oM eme 10 CO3JM4HUA KBAHTOBOH MeXa-
HUKK 12%), B 9TOM OmBITE CBET pPAcceMBAACA HA SACKTPOHAX H KOJHuE-
CTBEHHOE H3yueHHe MPOLECCca paccesHUs COCTONO B TOM, YTO paccesH-
Helfl CBeT M paccesHHble 3JEKTPOHE MNepeXBATHIBATUCH U NMPOBOJUIOCH
H3MepeHHe HX HMAOYJAbLCOB H SHEprufi, T. €. MexIy KBAHTAMH CBeTa U
3MeKTPOHAMH NPOUCXOJUAH CTOJKHOBeHHS, U Habmogarenb Mor, H3Mepss
MyTH NOC/AE CTOJKHOBEHHS, NPOBEPUTH, VIOBJAETBOPSIOTCA JH 3aKOHHI
ynpyroro yaapa. (HyxHo paccMaTrpuBaTh TOJBKO YNpYTHe ynaphl, TaK Kax
He/Mb3s TpPENCTaBUTL cebe, uyTOObLl KBAHTH CBeTa UMM SJAEKTPOHH MOTJH
BOCIIDHHHMATh SHEpruio B QopMe, OTAUYHOH OT KuHerHueckoh. Benn
BECb ONLIT TOBOPHUT 3a TO, YTC U T W APYrde fBAAOTCA OJHO3HAYHBIMH
JECTKO YCTAHOBJEHHBIMH CTPYKTypaMu. ECTecTBEHHO, 4TO pacueT CTOM-
KHOBEHHS HY)XXHO BECTH PeSTUBHCTCKH !23),) Takoft MaTeMatuuecku#l KOH-
Tpoab Obla BO3MOXKEH HA CAMOM JieJie! TAK KaK TPAEKTOPHH JO CTOJKHO-
BeHUs ObLTM UBBECTHH, 4 MOC/E CTOAKHOBeHHs HaG/II0AANUCh, TO TeM CaMbIM
3a1a4a O CTOJKHOBeHHAX OHlja nepeonpene/eHa. Beay uro6bl ukcupoBaTh

123) Phys. Rev. 26 (1925). Cpasnu Takxe ucuepnniBaromtuii 063op W. Bothe
B Handbuch der Physik 23 (Quanten), Berlin, 1926, rmasa 3, B oco6esn-
Hoctu § 73.
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ee ¢ TOYKH 3DeHHSt MeXaHHKM, JOCTATOYHO JBYX M3 3THX deThlpex my-
Tel H «UEHTPaAbHOH JHHMMY yHapa (HanpaBleHus nepeaayl UMIyJbca),
T. €., BO BCAKOM CJAyuYae, JOCTATOYHO 3HATh TPH MYTH, 4 UeTBEPTHIA
MOJKHO HCTIO/b30BATh JJS NMPOBEPKU. DKCNEPUMEHT MOJHOCTHI0 HOLTBEp-
nuJi MeXaHHYeCKUe 3aKOHH yuapa.

Ecau cudtath 3aKOHBl yIapa CHPaBEeJJIMBLIMH, a TPaeKTOPHH 1O
CTOJKHOBEHHSI M3BECTHEIMH, TO STOT Pe3yAbTaT MOXHO CPOPMyIUPOBATH
Takke chenyiomuM o6pasoM. Kak usMepeHus TpaeKTOpuM KBaHTa CBeTa
nocne CTOIKHOBEHHA, TaK M H3MepeHUA TAKOH TPAEKTOPHH AJs 3JeK-
TpOHA [OCTATOYHO, YTOOB ONPENeNUTb MECTO U LEHTPAJIbHYIO JIMHUIO
CTOIKHOBeHHs. DKcnepuMeHT Komnrona — CHMOHCA noKasuiBaer, yTO 00a
9TU HAO/MI0JeHUA NAI0T ONUH M TOT Ke pe3ynbTat.

O6001was, MOXHO CKasaTb: OJHA U Ta e (usuyeckas BesHYHHA
(uMeHHO, Kakaf-iH00 KOOpHMHATA TOYKU CTOJKHOBEHHS WJM Ke Hampa-
BJeHHe UEHTPAa/NbHON JIMHHM) HU3MepseTcs IHBYMs pPAasHEIMM CRnocoGaMu
(c moMoumibI0 3aXBaTa KBAHTOB CBETd WJM 9JEKTPOHOB), a pe3yJbTaT No-
AyuaeTcs BCEria OJAMH U TOT Ke.

OTH [1Ba HU3MepeHUs NPOUCXOIAT HEe COBCEM OJHOBpEMEHHO (KBaHT
CBETA U 3JEKTPOH NPHUXOHAT HE CPasy, M HAAJEKAUWUM U3MEHEHHEM H3-
MEpHTeNLHON amnapatypsl JAI050# M3 HHX MOXHO NOWMAaThb MepBBIM —

KoHeuno, peus uier o 107°— 107" cex). Hasosem Gosee pamnee u3Me-
penne M;, a Gonee nosaHee — M,, a usMepseMyio Benuundy — R. Tenepsb
CyLIECTBEHHO caenyiomiee. XOTA BCA YCT4HOBKZ TAaKOro poaa, uTo A0
H3MEPEHU MOXHO JeNaThb TOJbKO CTaTHCTHYECKHe YTBEPXKIEHHS OTHOCH-
rensHo R, 1. e. orHocuresvHo M; u M, (cM. cChluKy B npuM. 129)),
craTHCTHYeCKas Koppenaauua Mexay M; u M, oxasmiBaeTcs COBeplIeHHO
peskofi (mpuuunHoM): 3uauenne W nna M, Hasepusxa pasno 3uayetuio R
naa My, Hrax, no usmepenufi M; m M, ofa pesy/ibrata coBeplUeiHO
Heonpeneneunnl. ITlocae e Bomonsdenus M, (uo ewe ne M,) pesynn-
TaT M, yxe onpeieneH NPHYUHHBIM U E€NUHCTBEHHHIM 0Gpas3oM.

C npuHuUMHAAbHON TOUKH 3pPEHUSt MOKHO CKa3aTb: & priori MBICAUMBI
TPH CTeNeHN TPUYUHHOCTH WM HeNPUYHHHOCTH. Bo-mepshiX, 3HaueHue
Besuunnbl R Morso 66l GbITH NMOMHOCTLI0 CTATHCTHYECKHM, T. . Pe3ynabTaT
M3MepeHust MOXHO Obiio Obl Npelckasarb AULIL CTATHCTHYECKH; M ec/d Obl
HENOCPEJCTBEHHO BC/Ie 32 HEPBLIM OLIIO BLINOJIHEHO BTOPOE H3MEPEHHE, TO
OHO MOrJio Obl ONMaATL 00/a1aTh HEKOTOPHIM pacmlpejiesieHHeM, COBEpIIeHHO
He 3aBHCAIIUM OT 3HAUEHHS, HARAEHHOTO TIPH [EPBOM U3MEepPEHUH, HampuMep
€TOMb Ke UIHPOKHM, Kak H y mepsoro !24), Bo-BTOpLIX, MBLICAHMO, YTO
snayenne BequuuHsl P MOxer HMeTb qUCTepCHIO B MEPBOM H3MepeHHH,
HO YTO Ka)KJ0€ HENOCPe CTBEHHO 3d HUM CJelyioliee H3MePEeHHE BhIHYKIEHO

124) OpHa CTaTHCTHUECKAS Teopud 9JEeMEHTAPHBIX NPOLECCOB Guina co3jaHa
Bohrom, Kramers'oM u Slater'oM Ha ocHOBe Takux npexctasienuit. Cu.
Z. Physik 24 (1924), a Takxe npud. !23) na cr1p. 159. dkcnepument Komnrona —
CuMoHCa MOXHO paCCMaTpHBATL KaK OMNPOBEpIKEHHe 3TOro B3rafja.
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AaBATb pe3yJ/bTAT, COriacyiolmiics ¢ nepsbiM. B rperbux, R Morao 0wl
ObITb Ollpeae/ieHO NMPUYMHHBIM 00pasoM ¢ CaMOro HayaJja.

Oxcnepument Komnrona — Cumonca nokasbiaer Tenepb, 4TO B CTa-
THCTUYECKOH TEODHH BO3MOXEH JHillb BTOpO# cayuait. [losTomy, ecan
NeDPBOHAYAJBLHO CHCTEMA HAXOMMIACH B HEKOTOPOM COCTOSIHHHM, B KOTOPOM
anayenne R He MoXeT ObITb NpelCKa3aHO ¢ MOCTOBEPHOCTHIO, TO TO
COCTOSIHHE NepeXofuT NpH uamepenuun M seqnuunst R (B BHIUenpuse-
IeHHoM npumepe — M;) B Apyroe cOCTOsiHHe: 4 MMEHHO B Takoe, B KO-
TOpOM 3HaueHWe BesuuuHbl R onnosuauno omnpenetseno. Kpome Toro,
HOBO@ COCTOsIHHE, B KOTopoe M mnepeBoAMT CHCTeMY, 3aBUCHT He TOJbKO
OT ycTanosku Ans moiydeHns M, Ho rakxke OT pedyabrara uaMepenus M
(koTOpHIi He MOKeT ObITH IpelCKa3aH NPUUMHHEIM 00pasoM B NepBo-
Ha4ya/JbHOM COCTOAHHHM), NOCKOAbKY 3Hauenne R B HOBOM COGTOSHHMH
LOMKHO GBITb KaK pas paBHO 3ToMy M-pesyabTary.

[Tycth teneps R — HexoTOpas BeauumHa, ONepATOP KOTOpOH R uMeeT
YHCTO IHUCKPETHBIH CHeKTp A, Ay, ... C COOTBETCTBYIOIUUMH COOCTBEH=
HEIMH OYHKUMAMH ©, $g, ..., KOTOpble, CJef0BaTedbHO, 00pAa3yloT noJ-
HYI0 ODPTOHOPMHPOBAHHYIO cucTemy. Kpome Toro, nycTh xamnoe co6-
CTBeHHOe 3HaueHue OyleT npocteiM (T. e. kpatHoctd 1, cp. II.6), 1. e,
A, == X, npu p + v. Tlpeanonoxum, yro Mpl usmepuadn R u nawam 3ua-
yeHHe A*. B KakOM COCTOSHMHM OKaXeTcd CHCTeMa TNocjae 3TOro  u3Me-
peHus?

B cuay npenmbinyme#t nuckyccmu 3TO COCTOSHHE ¢ HOMKHO ObiTh
TakuM, 4YToGH Bo3oOHOB/MeHHoe uamepenue SR nasamo Gbl pesyabTaT A
¢ nocrosepHocTbio. (KOHEYHO, 3TO uaMepeHHe HYKHO [esaTb HeMeNJIeHHO,

2rl
—tH
TAK Kak yYepea t CekyHn ¢ mnepe#iner B ¢ * o. Cp. .2, H—o9r0
ONlepaTop 3SHepruu.)

Ha stor BoOnpoc —Koria uamepenne Beianuunbt R B cocrosuuu ¢
C [LOCTOBEPHOCTHIO JdeT 3HAYeHHe A*-—MH OTBeTHM B oOllieM cayuae,
6e3 orpaHHuUMTEbHHX INPENNONOKeHUE OTHOCHTELHO oleparopa R.

Mycre E (M) — oTHocsweecs K R pasnoxeHue ennHuubl, a / — untep-
Ban {A, M}, Hamwe gonyiieHue MOXHO CHOPMyJIupOBATL M TaK: Beju-
upna R nonanaer B unrepsan / ¢ BepoaTHOCTI0 O, ec/u STOT MHTepPBaJ
He collepKHUT ¥, wiaum ¢ BeposTHOCThIO 1, ecau A* npuuamaexur /, 1. e.
ecad N < M=)

Cornacio W, 310 osnauaer, uro ||E(/)¢]?=1, wm, rak kax
lell =1, uro ||[E(l)¢| = |l¢|l. Tax xax E (/) — npoekuuouHm#t ome-
patop, Tak xe kak u 1 — E (/) (meopema 13., 1. 4), 10

le —EWDell2=lle*— IIEU)¢]2=0,
EQYe—EMN)e=E{)p=¢.

11 U. Hefiman
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Ipeneavusitt  nepexon A ——co paer EM)o=¢, a nepexon
N"—>4-co naer E(M)e=0 (cp. 8., IL. 7). Tosromy

¢ maa A=)\,

EQ)“’:{ 0 nam A<

Ho, coraacno II. 8, 3T0 ycioBume xak pas xapaxrepuayet Re=M\o.

Hpyroft cnoco6 nokasars, uTo Re==A*p, ocHopan Ha Ey. (1. e. Ha Ey.).
To o6crosrenscTBo, 4TO BeauunHa M npunumaer ¢ JOCTOBEPHOCTHIO
3HAYeHWe A*, O03HAY4eT, UTO MATeMATHYECKOE OXUNAHHE BeJTHYMHDI
(R —2*)? pasno 0. Bro oauauaer, uyro omepatop F(R), rne F(\)=
==(A—X"2, 1. e. oneparop (R —X\*-1)?, uMeeT TO e MaTeMaTHYECKOe
oxunanne. [losroMy, AOMKHO OHITH

(R—N-1)¢, =((R—N": Do, (R—N 1)g)=
[[(R—X - 1)¢|2=|[|[Rep —N'¢||2=

T. &. Ro=1MX\.

Mrak, Mbl BuAMM, YTO B 4YaCTHOM c/yyae, KOTODBIf Mbl paccMaTpi-
BaMN Ipexnae, MOMKHO ObTb R ==A*¢. Kak 6bino ykasauo B IL 6, sT0
NpUBOAMT K CAEACTBUIO, YTO A* LO/KHO DaBHSTHCA OLHOMY H3 A,
(rak kak [l¢]l =1, 10 9+£0), a g=109, Tak kax o] = [ig,| = 1.
TO U |a| nomxuo OwiTh ==1, M, 3HAYHT, €r0 MOXKHO ONyCTHTb, HE H3-
Menas cocrosHus. Mrak, A=k, ¢=¢, 9 Kaxoro-aubo u3

p=1, 2, ... (yrBep:AecHHE OTHOCHTEJbHO A* MOXHO GHIIO Gbl TOJAY-
4uTb U HenocpelcTsenno u3 W., HO He yTBepiIeHue 0 ol).

Mrax, npu chenanHblX LONyIUeHHSX OTHOCHTE/bHO omeparopa R u3-
MepeHHe BeduuuHel  uMeeT cBoMM C/eACTBHEM TpeBpalleHde M0GOro
COCTOAHNA § B OXHO M3 COCTOAHMH ¢, @, ..., COOTBETCTBEHHO CBf3aH-
HBIX C pe3y/ibTaTaMu H3MepeHHd Ay, Ay, ... DBepodruocta sTux nepe-
XONOB PAaBHbl NO3TOMY BEPOATHOCTAM H3MepeHus Ay, Ay ..., TaK 4TO
HX MOXHO Bbludcauts u3 W,.

Beposrnocts Toro, uro 3uaueHue BequuuHbl R exur B untepsane /,
naerca Toraa, cordacHo W,, supawenuem | E(/)$|? Orciona, ecau

yuectb, 4to, coraacuo IL. 8, E(/)== E P[q,n], Gyner C/eloBaTh
)\” B/ -

W=lEDYIP=EDy 9= 2 (P )= 2 |G el

3HAUHT, MOXHO OXUIATH, YTO BePOATHOCTL Ha#tTu A, pasHa |(P, ¢,)[2
Ecan moxHO BHOpartb uHrepsana / TakK, 4ToOH OH COMlEp* aa TOJAbKO
omHo A,, KOTOpOE TOrla M ecTh KaK pas A,, TO BHICK43aHHOE IIPeAIO-
JOXeHHEe HellOCPEelNCTBEHHO C/elyeT U3 BHICNPUBENEHHON (HOPMYJIHL.
Ecan xe 910 He Tak (T. €. ecau Apyrue A, CryWaOTCcs K A,), TO MOMKHO
paccymnarb, Hanpumep, CJelyOmiuM oépasoM [ycte FO)=1 1a1
h=X, n =0 B OCTaJAbHHX cayuyasX. Torza uckomas Beposrsocts W,
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Oynet MareMaTHyeckuM Owmunauvem seanuunsl F (W) n, coraacko Ej,
(wma Ey.), pasna (F(R)9, ¢). Hy, a coraacHo onpesencurio (II. 8),

FRG P= [ FOIUED|

Benomunas onpegenende udrerpana CrTuabThecd, JerKO 3dMeTHTb, 4TO
370 Bbipaxenue paBHO 0, eciu E (X)) HenpepwBHO (1m0 M) mpn A=),
H, BOOOIle IoBODS, PABHO CKAYKY (MOHOTOHHO Bo3pacTamuuett) A-dyHKLuH
IEA)$||? B Touke A==X,. Ho stoT cxauok pasen [|Pyy|}?, rne M —
3aMKHyTOe JuHefiHOe MHOroo0Gpasue, pacTAruBaeMOe BCeMH DelleHHAMH
ypaBuenna Ry =»A,$ (cp. II. 8). B paccMarpupaemom cayuae Pi={g,]
H MO3TOMY

annp[“?”]q)"2= I(q)’ “Pn)IQ'

Mbl oTBeTHaM TaxuM 06pA30OM INpu CHE/JAHHBEIX TPEANONOKEHHAX OT-
HOCUTEJBLHO ollepaTopa R Ha BONPOC O TOM, «YTO» INPOUCKOMUT NpH
uamepenun ero Beanmuuubl R. KoHeuHo, BONpPOC «kaK» OCTaeTcsd NOKA
HEBBIICHEHHBIM. DTOT Da3pHBHBIHA, CKauxooOpasHbiit NepeXol U3 § B OJHO
U3 COCTOAHMH ¢y, Pp ... (KOTOpHIE He B3aBUCAT OT ¢, NOCKOMLKY ¢
BXONMT JMIIb B  COOTBEeTCTBylowme BepostHocTH W,==[(y, ¢,)|%
n==1, 2, ... 3THX CKAYKOB)— 9TO, KOHEYHO, He NEPeXoi Tuna, omu-
cbiBaeMOro BpeMeHHEIM ypasHenueM lllpenunrepa. Beap 910 ypasuenune
BCerna NPHUBOJUT K HENPEPLIBHOMY H3MeHeHHIO §, Npu KOTOPOM KOHeu-
Hblft pe3y]bTaT ONHO3HAUHO ONpeNeNeH ¥ 3aBUCHT OT ¢ (Cp. CKasaHHOE
B III. 2). B naaphefiieM Mbl [ONbITaeMc NepeOPOCHTb MOCT 4YEpe3 STy
nponacts (cp. VI) 1%),

MpennonoxuM onate, 4ro omepatop R obJalaer 4ucTO NUCKPETHBIM
CNeKTpPOM, HO He Oynem OoJbille TpeGoBaThb, 4TOOH BCe COGCTBEHHBIE
snayenus Obliu Obl mpocThiMd. Torma cHoBa MO:KHO 0OpasoBaTth mocJie-
LOBATENBHOCTH @1, g » .. M Ay, Ay ..., HO cpead A, MOryT BCTpe-
yaTbCs paBHele. [locae uaMmepeHus Beanundsl R ¢ nocTOBEpHOCTBHY OCY-
IIECTBAAETCS COCTOsIHME ¢, NJA% KOTOporo Re=D»N\'¢ (A — pesyasrar
uamepenust). Orciona Gyner cienoBaTb, 4TO A* paBHO ONHOMY u3 A,, HO
OTHOCHTEJBHO ¢ MOXKHO CKa3aTh Julllb cjaeldyiolliee. O6osnauum Te H3 A,
KOTOpHIEe PaBHBL A*, uepesd Ay, Ay, ... (MX 4#CAO KOHEYHO WM GeCKo-
neyno). Toraa

@:Zavfp”v.

(Bcau  uMeeTcss GecKOHEUHO MHOrO 7., To cymma X |a,|? noakma GuTh
v

KOHE'-IHOPI.) JiBe Taxux ¢ ONUCHIBAKOT ONHO ¥ TO XKe COCTOAHHE, TOJBKO

125) To o6CTOATEAbCTBO, YTO STU CKAYKM CBA3AHH C IPeACTaBIEHHEM
O <«KBAaHTOBBIX CKAYKax» cTapoH Teopud KBaHT Bopa, obuapyxna Jordan
Z. Physik 40 (1924).

11*
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ecJH OHM OTJIHMYAIOTCH JAUIL YUCJAEHHHIM MHOXHTEJEM, T. €. €CJAH OTHO-
leHHe @y:dy: ... Y HUX OZHO M TO xe. IlosTOoMy, KO/b CKOpPO
uMeeTcss OoJpllle YeM ONHO K., T. €. KOJb CKOPO COGCTBEHHOE 3HAYe-
e A\* KpaTHO, TO COCTOAHME ¢ TNOC/Ae U3MepeHHsi He Olpejendercs
OJHO3HAYHO H 3HAHHEM DE3Y/abTATA H3MEPEHHI.

BeposarHocTs 3Hauedusa A\ (cornacHo W, wau, coorsercrBenno, Ej.
iy Ep)) BoluMcasfieTcd B TOUHOCTH TaK e, KaK U padplie. OHa paBHA

W= 2 | el =2 |4 ¢) P

Ecau cnexktp omepatopa R He 4uCTO MUCKpeTeH, TO BO3HUKAET CJie-
AywLas cUTyanus.

Bee peutedus f ypasHenus Rf ==\f pacTaruparot 3aMKHYTOe JHHEH-
Hoe MHoroo6pasue M,, Bce I, BMecTe —B CBOIO Ouepelb MHOIr00G-

pasue P u A9 HeCYlIeCTBOBaHUA YHCTO JNHCKPETHOTO CNEKTpa Xapax-

tepo M=R_, 7. e. N=R_— D =£(0) (cp. mo sromy nosoxy,
a TakKe M Mo MOBOLY Huxkecienyiowero, II. 8). M, = (0) B xpattuen
Clyude AAS HEKOTOPOH IOCAENOBATENBHOCTH A, ¥ Takue A oOpasyior
IucKpetHbft crekrp omepatopa R. Korma bl uamepsem Bequuuny R
B COCTOAHHH §, TO BEPOATHOCTb TOTO, YTO B pe3y/bTdTe H3MEpeHHs
OyneT moJyyeHO 3HAYeHHe A*, paBHa

W ) == Poyab = (Pmyat> 9)-

Pasymmee Bcero 10kasatb 5TO C NOMOLIbIO NpUMeHsBLICHCS BHILIE apry-
MeHTaluu, ocHoBaHuott Ha Ep, (nmm Ey) u Ha dyuxuuu

ror=|

BepoaTHocTs Toro, 4to 3naueHuem BeqnmuuHe! R oxameTcs HekorTopoe A*
M3 LMCKpeTHOro cmnektpa B omeparopa R, GyideT COOTBETCTBEHHO paBHA

W=2 (Puad )= (Pt ¥)=|Pgd["

1 nag A==2A\%,
0 mag  A=EN

B YeM MOXHO YOeIUTbCA HEIOCPeNCTBEHHO C NMOMOILbI0 (YHKIMHU

FOY 1 mng M us P,

T L 0 B ocrampuBX cayuasx.

Ecau, onnako, R usMepsercsa TOuHO, TO mHoc/de 3TOrO AOMKHO OCY-
LeCTBUTHCA COCTOSIHHE ¢, YIOBJeTBOpsioliee Rp=DX\*p, u nostomy pe-
3yabTaT HM3Mepenud L' JNO/DKEH NpHHaLTexkaTh B, — BepOATHOCTL ynauu

TOUHOrO M3MepeHHs PaBHA NMOSTOMy (B Jayuilem cayuae) |Pg¢[P. Ho sto

yica0 He Bcerna pasHo 1 M B cayuae ¢ u3 N npaxe pasno 0, smauur,
TOYHOE W3MeDeHHe BO3MOXKHO He BCeria.
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Mgl Bugemu, uyro Beanuuna R Bcerma (T. e. B m0GOM COCTOSHUH )
MoxeT OHTb TOYHO M3MEpeHa TOrAa M TOMbKO TOrAd, KOrna 3Ta Beilu-
yuna olJanaer NUCKPETHbIM cnekTpoM. Ecan ona ne o6aagaer AuckpeT»
HbIM CIIEKTPOM, TO OHA MOXET OBITb M3MepeHa JHIUb ¢ OTDaHMYEeHHOH Tou-
HOCTbIO. MeHHO, MOXKHO pasjeluTs YUCIOBYIO NpaMylo — oo << A < -} 00

H4 HHTEPBAJIBL ..., AR LR SR SR S (MycTs TOUKaMKu felie-
mng Gynyr ..., U S XU \C 2 \C R 1(”)={l("), l("+1)}; Ma-
KcuMadbHag Aauna uurepsada e ==Max (A" —\"), paccrosmie mexny
TOUKAMH JleJieHus ABJAfAeTCd TOTNA Mepofi TOUHOCTH) M YKa3aTb, B KAKOM
unTepBajde JaexuT BeanuuHa R. Maremarnueckoe paccMoTpeHue STOTO
npouecca MOXHO MPOJOMKUTE M Aanpiie. MMenHo, nycte F'(A) o6osua-
yaeT (YHKUUIO ()\:,-—HGKOTOPOG NPOMENYTOUHOE B3HAUeHHEe U3 UHTep-
pana 1™, BuGupaemoe mas kawnoro #==0, £1, £2, ... nPou3BOILHLM,
HO B uHTepecax JaldbHefiillero, QUKCHPOBaHHEIM 00pasoM):
F()=DX, ecan A xexur s I

Torna npubnukeHHoe u3Mepenue BeanudHbl R GyneT SKBUBANEHTHO TOYs
HOMy uaMepeHuio Beqanuunbl F (R). Suauur,

oo )\(n+l)

FR= [FOEN=Y, [ FOEN=

n=-00 )\(n)

A(+1)
2 No [ dEQ)= 2 ME (™).
n=—=co A n=-co

OueBuiHO, 4TO Ada Bcex f M3 NpUHALIEKALETO E([‘”)) 3aMKHYTOTQ
7
JUHEHHOTO MHOroo0pasusi HMeeT MecTo ypasuenue F (R) f=MA,f. 1. e.

1as  omepatopa F(R) wmHorooGpasue me’ COIEepXKUT 3TO JuHeHHoe
n

Muoroobpasue. CieloBaTeqbHO, me’ =FE (1(”)) H TIO3TOMY
n

+

Py 3 Pu, = 3 E(")= 3 (EG™)—E(")=1—0=1.

n=-co n n=-—co n=—oo
Orciona caenyer, uto

me, Py=1, P, =E(I")

)Jl ’JJI)"/
n

’
T. e. F (R) UMeeT UYMCTO ILUCKDETHBIH CHEKT), KOTOPBI# COCTOUT M3 A,
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[Mosromy F (N) neficTBuTeqbHO TOYHO U3MEPUMd, M BepOATHOCTbL TOTO,
7
YTO ee B3HAUEHHE DABHO A, T. €. uTo 3Hauenne M newur B /™, pasmna

| Py 4=l BG4,

B coraacun ¢ yrBepxiennem W, nas R.

DroT pesyabTaT MOMET ObiTb WHTEPNPETUPOBAH M (UBHYECKH, U TPH
STOM BHIACHSETCS XOpOlllee corjacue TeopHd ¢ oOpyHOH u3uueckoHt
HArAsSAHON TOUKOH 3peHud.

B cBoficTBeHHOM KiaccuuyecKoff MeXaHMKe MeTolle paccMoTpenust (Oes
Kakux 6pl TO HH OblIO KBAHTOBBIX YC/JOBHUft) XOTS M NMPHUAUCHIBAIOT KawIOMH
pequuute S B /106OM COCTOSHMU COBEPIIEHHO ONpejle/ieHHOe 3HAYeHUe,
HO B TO e BpeMsl CYMTAIOT, 4TO MOO0O# MBICAUMBEIY U3MepUTe/bHBIR
ANmapar, KaK CJeNCTBUE HeCOBEPHICHCTBA YeJO0BeuecKOf CIOCOOHOCTH
HabaonaTe (KOTOpas MO3BOJAeT NPOYECTb YKA3aHHe CTPEeJKH MU ke JO-
Ka/Mu30BaTh ToyepHeHue Gororpaduueckofft NAACTHHKHM JHIIL C OTPAHM-
YeHHO# TOYHOCTBLIO), MOXKET JAaThb 3TO 3HAYeHHe JUIlp B Npelesiax HeKO-
TOpO#, HUKOIIA He Hcyesawlle#t, omubkH. [IpaBna, npenes 9Tof owubKH
yoaeTcs 3a CyeT JOCTATOYHOIO YTOYHEHHS MeTONAd H3MepDeHHs CIBHHYTh
cKoJb yropHo Oqnsxko k O, HO TOYHO HyJeM OHM HMKOria He Gynyr.
MoxHO oxuJaTh, YTO 3TO OyAeT TaK ke W B KBAHTOBOH Teopuu IJs TeX
peauuud N, KOTOpHIE, COMMACHO CAOKHUBIIUMCA A9 HUX (B OCOGEHHOCTH
JI0 OTKPBITHS KBAHTOBO#f MeXaHMKH) HATVIAIHBIM NpPEICTABIEHHAM, He KBaH-
TOBaHbl, HANpUMep, AJd JNeKaPTOBHIX KOOPAMHAT 9JeKTPOoHA (KOTOpbie
MOI'yT NMpDHHUMATh JI06Oe 3HAYEHUE OT — CO 10 -+ OO H OlepaTopbl KO-
TOPBLIX UMeloT HempepbiBHEY crekTp). C Apyroff CTOpoHB, aJs TeX Be-
Ju4HH, KOTOpHle (COrJacHO HALIEMY HAIJSAHOMY TNpPEACTaBAECHUIO O HuX)
«KBAHTOBAHLI», BEePHO OOpATHOE NOJOXEHHE: TOCKOJAbKY OHH CIOCOOHbI
NpHHUMATb JUIIL JNUCKPEeTHble 3HAYEHUH, TO [1OCTATOUHO HAGMOAATh UX
JUIIbL € TAKOH TOYHOCTHIO, YTOOB He BO3HHKAJAO 6oJiee COMHEHUA, KAKOe
HMEHHO U3 3TUX <«KBAHTOBAHHBIX» 3HayeHu#t OblIO HAGIIONEHO, — OHO-TO
Yy HaBepHAka Oynmer aOcoioTHO TouHbIM. Hanpumep, ecinm Mbl 3uaem
O BOJODOIHOM 4TOME, Y4TO y Hero MeHbIlle 3SHepru, 4yeM HYXKHO HJas
BTODOTO CHM3Y 9HEDFeTHYEeCKOI'O YPOBHA, TO Mbl 3HACM €r'0 JHEPIUI0
¢ a0comoTHO# TOYHOCTBIO! 3TO IHEPrHs HUBHIErO YPOBHS.

Ho raxoe nesieHue HA «KBAHTOBAHHBIE» U «HEKBAHTOBAHHbIE» BeJU-
YHHBl COOTBETCTBYET, KAK Mbl BHIEIM IPH aHA/iu3e MATPHYHOM Teopuu
(cp. 1. 2 u IL. 6), nesenuio na Bemuunnnt R ¢ oneparopom R, obaanaiw-
MM YHUCTO NMCKPETHBIM CMEKTPOM, U Takue, 1J5 KOTOPHIX 3TO HE UMeeT
mecta. M kak pas g9 Be/iMuMH NEpPBOro pojfd, M TOMLKO IJA HUX, Mbl
Hallin BO3MOMXHOCTb aOCOJIOTHO TOYHOro HAG/IONEHHS, TOTAA Kak BeJu-
YHHBl BTOPOIO PON@ MOXHO HAGMOATH JHIIB CO CKOJb YIOJHO XOPO-
el (HO HUKOrZa He a6COJIOTHOR) TOYHOCTHIO 126),

126) Bo Bcex TaKUX CAYYasX MBl JeaaeM IpPEmIONOmKeHUe, YTO CTPYKTYpa
HabuloaeMOl CHCTEMB M H3MEPUTEMbHOH ammnapatrypsl (1. e. BCe JeHCTBYtomiHe
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(OrmetuM KCTaTH, YTO YNOMSHYTOE BO BBEJEHWH, PaBHO Kak u B L. 3,
npuBjeyeHHe <«HeCOOCTBEHHBIX®» MJAM He NPUHALIEKALUIX TIHILGEPTOBY
NPOCTPAHCTBY COOCTBEHHMX dynxuu#, — cp. Takke I1I. 8, B ocobennoctu
npum. 8%, 8) na crp. 98 u 101, — kak pas 3nech nepenaer AeHCTBHUTE/b-
HOCTb XYK€, YeM HAIl MeTOH, BBOAA HAC B 3a0/yX/NeHUE O CYIIECTBOBAHUU
TAKMX COCTOSIHMH#, B KOTOPHIX BeJUUYHHBl C HENpPEepPHBHLEIMU CIleKTPaMH
NpUHEMAIOT B TOYHOCTH ONpeJeseHHble 3HAYEHHdA, XOTH KaK pas 3T0ro
HUKOrZa He OpBaeT. XOTH Taxue HIeaJH3aUMH H Npeiaarajuch MHOTO-
KDAaTHO, Mbl CUMTdEM, YTO UX HANO OTKJOHUTL 4 NO 3TOH{ NpUuHHe,
He TOBOps yxe 00 HX MaTeMaTHUeCKOH HECOCTOATEJbHOCTH.)

Tem camplM MBl JOCTHIIH HEKOTOPOH, INOKA HOCTATOYHOH, ACHOCTH
B BOIpOce O Npoleccax, INPOUCXONAIMX NpPH H3MeDeHHH oNHOH Be.u-
Y¥HBEl, H MBI MOXeM 0OpaTUThCS K OZHOBPEMeHHOMY M3MEDEHHIO HeCKOJb-
KUX BeJH4YUH.

[ycte cnepsa R u & Oyayr aBe BequuuHsl ¢ omeparopamu R, S
COOTBeTCTBeHHO. [IpuMeM, YTO OHM OJHOBpPEMEHHO u3MepuMbl. YTO orciona
craenyer?

Bynem cnauana Tpe6oBaTb aGCOJMIOTHO TOYHOHM H3MEPUMOCTH, TAK YTO
o6a omeparopa R u S nomkubl OyayT 061agaTh YMCTO IUCKPETHBIM:
CHEKTPAMH: Ay, Ay, «vo M b, W9, ».. IIyCTb COOTBETCTBYIOIIWE TOJHbBlE
OPTOHOPMUDPOBAHHbBE CHCTEMBI COCTOAT H3 COOCTBEHHBEIX DYHKLUA @, ¢, . . .
MGy G s

Yro6rl HauaTh OOGCYyMJIeHHe C MpocTefilliero c/ayuyas, MB NPeAINOIOKHM
ClepBd, YTO y OJHOIO U3 3ITHX OMepaTopoB, CKameM Y R, €cThb TOJABKO
NpocThle COGCTBEHHBlE 3HAYEHHS, T. €. A, ==\, Lad M = K.

Eciu R 1 & usMepsiorcs 0ZHOBPeMEHHO, TO MOC/AE ITOIO BO3HUKAET
coctosHue, B KOTOPOM Kak R, Tak u & HaBepHAKA HMEIOT TOJLKO YTO
U3MepeHHble 3HAYEHHS, CKaXeM A- M p—, & COCTOfAHME §, KOTOpOe TOrna

1, — R [ Y
BOBHHKAET, NO/KHO YIOBJIETBODATb ypaBHeHusM Ry =2A-, SP = p=—i.
Vs nepsoro M3 Hux cienyer, 4yro == ¢= (C TOYHOCTHIO IO UUCACHHOrO
MHOXHTEJS, KOTODHM MOXHO fpeHeOperaTb), TOrNa KaK 43 BTOPOro —
4To q)=2avq)ﬂ, ecau ., P, ... IPENCTABIAsAIOT COGOH Bce ,, pas-
v v 1 2

Hele p-. Ecan HauadbHbIM - COCTOsHHEM ObiIO ¢, TO A=, ¢ HMeeT

CUJIOBHIE MMoJS ¥ T. 1) M3BECTHA TOYHO H WINETCH JMIIL COCTOAHHE, T. €. MI'HO-
BeHHbIe 3naueHns KoopauHar. Ecam 310 (uAeanH3npoBaHHOES) IIPEXIIONOKEHHE
OKaXETCH HEBEepHBIM, TO, KOHEUHO, NOABATCA NONOMHUTENAbHBE HCTOYHUKH HETOY-
HOCTH.

Haxe u B HamleM MeTOJle OIMCaHUsA HeTOYHOTO H3MePeHUs Copepxanach He-
KOTOpas uieaiusanus. Mbl Npeinonoxuay, 4TO OHO COCTOHUT B TOM, YTO MK
¢ a6COMIOTHOH JOCTOBEPHOCTHIO pelaeM, NPHHAJIJACHHUT PaCCMATPHBAEMOE 3HAYe-
Hue uHTEpBaRy /= {\, A"}, A’ < \” aan Her. Ha caMoM jxele rpaHuust A’, A”
PasMBITH, T. €. HEOGXOAuMOe pelleHHE NPOHUCXOAHT JULIbL ¢ ONPEIENEHHOH Be-
posaTHOcTbio. Te€M He MEHee Haml MetoJ OlMCAHUA NPEACTABAAETCS MATEeMATHYECKH
HauGoJsee yJAOGHBIM, BO BCAKOM Chayd4ae B HacTofllee BpeMf.
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BEPOATHOCTL | (¢ 97) [2. Hna ¢=¢  OyneT NOSTOMy HaBepHAKA m ==L,
TAK uTO LS KakJAOrO M MOXHO CKa3aTh, YTO ¢, DABHO CyMMe Za»%v
Yy

C paBHBIMH p., , T. €. S, =pe,, (rae p=p, =p, = ) Crenosa-
TedbHO, i f==¢, OyxeT Bunoauarbca RSf=SRf (o6e wactu coor-
HOLIEHUs DPaBHbE A, 1 @,). Tak uyTO 3TO DABEHCTBO CHPABEAIMBO TAKNKe
W AN MX JHMHeAHBIX KoMmGuHauu# u, ecimu R u S nenpepwBHbI, TO ¥ A4
npefebHLIX TOYEK STHX KOMOWHaumu#h, T. e. ja Bcex f. CaegopartednbHo,
R u S KOMMyTupyIorT.

Eciu R v S He HenpepeBHB, TO PacCyXAaTh HAlO CJELYIOLIHM

o6pasoM. Pasnoxenus emunuubl E(A), F(p), npuHaaiexaliye oneparo-
paMm R u S, onpelensiorcA COOTHOLIEHHSMH

E0= 2 Pro, F)= 2 Py,.

Caenosatenvio, F (p)9,=¢, Hmd ==0 B 3aBUCHMOCTH OT TOrO, p=

uan < BBeleHHOro Bhilte p. Janee, E(A\) ¢, =¢, niu =0 B 3aBHCH-
MccTH 0T Toro, A= uau < A,,. [Tosromy B mo6om cayuae E(N) F (p) ¢,,=
=F@)EM ¢, ar pcex ¢,. OTcI0na, KK M BHIUE, CJAeLyeT KOMMY-
tatuBHccTs E(A), F(p) u, suauur (coraacuo Il 10), kommyratup-
Hocte R u S

Ho, coraaco II. 10, cymecrByer mnoinas OpTOHODMHDOBAHHAA CH-
cTeMa COOCTBEHHBIX Gynknu#, o6mwux miag R u S, T. €. MOXKHO NpUHATS,

ut0 9, =4, TaK Kax A, £\, 1A% m % n, TO MOXHO NOCTPOUTH DYHK-
wio F(A), 119 Kotopott

\ {pu,, oag k=i, n==1, 2, ...,
Fh= NPOU3BOAbHA TpH ADPYTHX 3HAYEHHAX A,
urorna S==F(R), 7. e. &= F (R). Iro 3naunt, uro R u S ue ToaLKO
H3MEPUMbl OJHOBPEMEHHO, HO KawAoe uaMepenue N sABaAgerca TaxxKe Ha-
MepenneMm &, nockoabky & ectb dyukuus ot R, 1. e. S npuunaHbIM
ofpasom onpelensercs uepes R 127),

[Tepetinem Ttenepb k Gojee o6LieMy CaAy4aio, KOTNA He HeJ4eTCS HHUKA-
KHX [IPENTNOJ0KEHH OTHOCHTEIBHO KPATHOCTH COGCTBEHHBIX 3HaueHutt R, S.
B stoM cayyae Mbi NpUMeHHM COBEpUIEHHO ADYTro#l METO..

Paccmorpum cnayana sequunny R-+S. Onnospementoe usmepenue R, S
apasercss Takxke usmepenseM R4, TaK Kak CIOKeHHe pe3yIbTATOB
uaMepenntt naer snavenue R+ &. BceiencTue 3TOr0 MaTeMmaruueckoe
oxnnanue R+ S B mo6OM coCTOsHUM § ABAAETCA CYMMOH MaTeMaTue-
ckux oxunammtt N u . 3ameTuM, UYTO STO uUMeeT MeCTO He3aBUCHMO

127) Tlocaennee npejnoxende MOXHO NPOBEPHTH ¢ moMOwbio W.! Pasaome-
HMA CAMHHLB, NpUHAJAEKamue R u S, MOXHO NOCTPOUTb, caenysa IL 8.
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or Toro, spasiorcd an R u & craTHCTHYECKH HE3ABHCHMBIMH HIH e
MeX/]y HUMH CYIIECTBYeT Kakad-HuOyib KOppeadlud, TdK KaK 3aKOH

MartemaTuueckoe OXHIAHUE CYMMBI = CyMM€ MaTEeMaTHY¢CKHX OXuJaHUH,

KaK H3BeCTHO, CIIpaBeNJIHB BCerna. HOSTOMY, ecit T ecTs oneparop
peauuunpl R+ S, To paccmarpuBaeMoe MaTeMaTHYeCKOe OxulaHHE DaB-
Hgercs, ¢ oaHo#t cropousl, (T, §), a ¢ Apyro#t —

Ry H)+(S9, H=((R+5)}. 9),

T. e. gaa moboro ¢

Ty, H=(R+5¢, 9.

Mostromy T =R~} S. Cnenopareivno, seanunte R-- & coorsercrsyer
onepatrop R+ S1%8). Takum ke cnoco60M MOXKHO IOKA34dTh, 4TO BeJH-
yuha at + bS (a, b — BewecrBedHble yuciaa) umeer onepatop aR - bS.
(3to caenyer n u3 nepsoit dopMmyaw, ecau Mu moacrasum R, S u R, S
B Qyuxunn F (M) = ek, G(p)==bp.)

OnuospeMennoe uamepenue R, & gBaeTCs TAKKe UBMEPEHHEM BeHUHH
R+S (iﬂ-l—@)"’ R—S (iﬂ—@)“’ (iﬂ+©)2_(iﬂ—©)2_m_®

2 2 ' 2 ! 2 ’ 2 2 - :

OnepaTopaMd 3THX BEJHYMH (eC/M BOCIOJL30BATBLCA elle TeM 0O6CTOs-
TeMbCTBOM, UTO ecau T —omeparop BeauunHs Z, To y Besuuuns F (T)
6yner omeparop F(T), orkyza y semmunne 2 — omeparop 7?) Oyayr,
CJle10BaTebHO,

R4S (R—;—S)‘A’: R2+SZ+RS+SR' R—S§

2 4 2
R—S\Y R*4S*—~RS—SR - (R+S)2_(R—S)2_RS+SR
( 2 ) = ) ' 2 P) =3
Sro suawut, uro R .S umeer omeparop w Bto cnpasenauBo

rake gaa seex F (M), G(S) (koropre Beln TOxe H3MEPHINCH BMeCTe
c R u ), n nosromy F(R)- G(S) umeer oneparop

F(R)G(S)—{;G(S)F(R) )

[ycte teneps E£ (M) # F (p) — pas/joxeHus eNUHULE, COOTBETCTBYIO-
uwe R u S. TlycTs, naee,

1 s A=), 1 nas pé;r,

F()\)= -
0 mgas A> )

’ G( )={ - .
‘ * 0 ama p>p.

128y Mpl f0Ka3and 3TOT 3aKOH, COTMIACHO KOTOPOMY ONEPATOPOM BEAHYHHBI
R -+ S aBagercqa cyMma onepaTopop BeauuuH SR u & AAs ONHOBPEMEHHO H3Me-
pambix SR, @. Cp., uTo roBOpUTCA 1O 3tomy moBoay B konue IV.1 u IV.2,
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Kak Met snaen, F(R)=EQ), G(S)=F (), nosrony F (R)- G () umeer
oneparop —EF—:;—LE— (nas KkpatkoctH Mbl numeM £ u F BMecTO E(T)
wma F (p)). Iockoasky F(R) scerma pasuo 0,1, o FRy2=F®R),
H M03TOMY

FR)-FR)-G@)=FR)G(©).

IMpuMenas tenepb Hamy dopmyay ymuoxenus k F(R) u F(R) - G(D)
(Bce OHM M3MepUMBH OJHOBDEMEHHO), MNOJYYHM AJf STOrO NPOU3BeneHHUs
onepaTop

p EFHFE | EF+FE
2 2 _ EF4-2EFE--FE? __ EF-+FE-42EFE
2 = 2 = g ‘
EF+FE
STO BbhlpaxeHue JOJKHO paBHATHCA -————2 N OTKyﬂa caeagyer, 4ro

EF 4+ FE=2EFE.
YMuoxaa caesa Ha E, noayuaem
E?F +EFE=2.E?FE, EF-+EFE=2.EFE, EF=EFE,

4 yMHOXeHHe CTpaBa jaeT
EFE +FE?=2.EFE?, EFE+4+ FE=2.EFE, FE=EFE,

T. e. EF = FE, 1. e. Bce E()), F (1) KOMMYTUPYIOT H, C/IelOBATENBHO,
B CBOIO ouepelb KOMMyTHDYIOT H R,

Corgacuo II. 10, 3to ycaosue, T. €. KOMMyTaTuHocTs R u S, osHa-
yaer TO Ke Camoe, YTO ¥ TpeboBaHue CYLIECTBOBAHMA HEKOTOPOI'O 3p-
MuToBa oneparopa 7, QyHKUMAMU KoToporo sBistiorcs R u S R = F (),
S=G(T). Ecan 3T0T oneparop COOTBeTCTByeT BesiuunHe T, TO Oyler
rakke R =F (T), & = G(T). [TosroMy 3T0 yC/IOBUE OKA3BIBAETCA U 1O-
CTATOYHHIM [Jsi OJHOBPEMEHHOH U3MEepPHMOCTH, IOCKO/JbKY u3MepeHue T
(abcosorHo TOuHOe, Tak kKak ¥ 06nanaeT YUCTO TUCKPETHHIM CIEKTPOM,
cp. II. 10) wu3mepsier onmuoBpeMeHHO Takike U ero ¢ynkuun R u S,
Virak, xomMmyratusuocts R u S sBiasercs HeoéxonuMHM U JOCTaTOYHBIM
YC/IOBHEM OJHOBPEMEHHOH# H3MEPHMOCTH.

Ecau nano meckoioko Bequuunn R, &, ... (HO KOHEUHOE YUCIIO)
¢ omeparopamu R, S, ... u cHOBa TpeGyerca aGCOMIOTHO TOUHAS HU3Me-
PUMOCTb, TO TNOJOXeHHe C OIHOBPeMEHHON UBMEPUMOCTbIO GyneT 06CToATh
ciaenyowuM obpasom. Ecan Bce Beauunust R, &, ... onHoBpeMeHHO u3-
MEPHMBl, TO TO XK€ ILO/KHO BBIIOJHATHCA # JAT BceX 0OPA30BAHHBIX U3
uuX map, T. e. Bce oneparopsl R, S, ... MODKHB KOMMyTHPOBATH APYT
¢ apyroM. OGparno, ecaun R, S, ... KOMMyTHPYIOT APYT ¢ ODYIrOM, TO
toraa, coraacuo II. 10, cywectsyer oneparop T, dyukuusMua KOTOPOro
Bce oHu ssasorea: R=F(T), S=G (), ..., v N03T0My Ljs COOT-
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perctyollelt Beauunnsl T2 M= F (T), @ = G (). TouHoe uamepeHue
peauuuasl T (T cCHOBA o6najaeT yHCTO NUCKPETHHIM criekTpoM, cp. II. 10)
ABJSIETCA, CJEL0BATENbHO, OJHOBPeMeHHHIM H3MepeHueM BeauyuH ‘H, @,
T. €. KOMMYTaTHBHOCTb oOlNleparopoB R, S, ... Heo0X0nuMa 4 JOCTATOYHA
nas oAHOBpeMenHOft uaMepuMoctu meiuunH R, &, ...

PaccMoTpuM Tenepb Takue u3MepeHusi, KOTOphle He a0COJIOTHO TOUHH,
HO BBITOJHSAITCA C (NPOU3BOJLHO 60/bLIOR) 3apaHee 3aJaHHO! TOYHOCTHIO.
Torza R, S, ... yme He 003aHH MMeTb YHCTO JMCKPETHBIH CHEKTp.

IMockoabky uamepenuss Beamyun R, @, ... c orpaHnyeHsoft Tou-
IIOCTBI0 O3HAYAIOT TO Ke CaMoe, YTO M aBCOJMIOTHO TOUHBIE H3MepeHHs
sequntt F(R), G(@), ..., rae F(), G()), ... — uspecTuble QyHKILHU,
crnoco6 TOCTpoeHHs KOTOPBIX OblA ONHCaH B Hauyajle 3TOr0 Naparpada
(npn oBCyxaeHNN M3MepeHMs OrPaHHYeHHOR TOUHOCTH; TaM, pasyMeercs,
610 jpado Jauwb nocrpoenwe F(A)), rorma M, @, ... HaBepHsxa wus-

MepuMb oaHOBpeMeHHo, ecan Bce F (M), G(), ... usMepuMu ofHO-
BpeMeHHO ¢ abcomoTHOH TouHOCTbIO. HO nocieiHee 3KBHBaJeHTHO Tpe-
GOBaHHMIO KOMMYTaTUBHOCTY ontepatopos F (R), G(S), ..., xotopas B CBOKO

ouepellb ClelyeT M3 KOMMYTaTHBHOCTH omepatopoB R, S, ... Ilosromy
KOMMYTaTHBHOCTb omepatopos R, S, ..., BO BCSIKOM c/yuyae, AOCTATOUHA.

O6patHo, ecan cuurarTe Bequuunsl R, @, ... oXHOBpeMeHHO wH3Me-
PHMBIME, TO MOCTYNUM c/aelylomuM o6pasoM. JL0CTATOYHO TOYHOE U3Me-

penne BeqnunHb R NMO3BOAMT peluTh, ABASETCA ee 3HAUEHHe > A WM
= A (cp. Halle oOmpelie/ieHHe «OrPaHHUEHHON TOUHOCTH®, 06CYMIaBIIEECH,
B yacTHOcTH, B npuM. ') na crp. 166). Toraa, ecam F(A) onpeneneno
Tak, uto F (M) =1 paa A=A n =0 mag A>X 10 F(N) H3MepUMO
a6comotro Touno. Coorsercrsenno ecan G(p)==1 npu p==p u =0
npu p>p, o G(@) usMepuMo ¢ abGCOMOTHOH TOUHOCTHIO M, O6oiee
TOro, o6e BeJAuuMHB HM3MepuMbl oaHospemeHHo. Cuenosarenbuo, F (R),
G (S) xommytupyior. Ilycrs Teneps E(A) u F " (#) — pa3iIOKeHHs e IMHUILH,
npunaznexame R u S. Torna F(RY=E(), G(S)= F(p) n, creno-
patenbtio, E(A) u F () KOMMyTHPYIOT Ais BCeX A M . CrenosarenbHo,
R n S KOMMyTHpYIOT, ¥ TaK KaK 3TO JOMKHO HMeTb MecTo s Mo6of
naps 3 R, S, ..., 10 u Bce R, S, ... NOMKHH KOMMYTHPOBaTb NPYT
¢ apyroM. TaxuM 06pasoM, STO YCIOBHe TaxKe M HEOGXOMMMO.

Vtax, Mu BUAMM, 4TO X4paKTePUCTHYECKUM YCJIOBHEM ONHOBpeMeHHOH
MBMEPUMOCTH NPOM3BOJALHOrO (KOHeuyHoro) uucia Beqwunn N, &, ...
SIBJISIETCH KOMMYTAaTHBHOCTb MX onepatopoB R, S, ... JHefictBurensto,
5TO BePHO KaK AJis a6COJIOTHO TOYHBIX M3MepeHuH, TaK M JJ7 H3MepeHHH
C TIpOMBBOJILHOK TOYHOCTBIO, TOJNLKO B TEPBOM CJayyae Halo elie Mno-
Tpe6oBaTh, YTOGH Omeparoph 064afaid YHCTO DHCKPETHHIMU CHEKTpaMu,
YTO XapaKTePHCTHYHO A/ BOSMOXKHOCTH aGCOJIOTHO TOYHOTO M3MepeHHs.

TeM caMbiM Mbl TOCTPOMM MaTeMaTHYeCKOe [OKAa3are/bCTBO TOrO,
uto W.— 2310 Haubonee najmexo uuymee yTBepKicHHe, KOTOpPoe BOOGLIE
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BO3MOXHO B 9ToH (T. e. BO BkJiouamoue W,) treopuu. Beab OHO TNpej-
noJlaraeT JMIb KOMMYTaTHBHOCTb ONepatopoB Ry, ..., R, a 6e3 3Toro
YC/IOBHsSI OTHOCUTEJBLHO Pe3y/bTaTOB OLHOBPEMEHHHIX M3MepeHHit BeJUyHH
R,, ..., N, BooOLle HUYero CKA3aTb HeJb3s, TaK KaK OJHOBPEMEHHOE
H3MepeHHe 9THX BeJHYHH BOOGLUe HEeBO3MONHO.

4. CooTHOWEHHA HeonpexeNeHHOCTH

B npensinyuux naparpagax M NPHILIM K BaXXHHM BbIBO#aM 06 u3-
MepuTe/bHOM TIpollecce, IIJIa /M peub 06 ONHOH BeJuUHHE HJIH e
0 HECKO/bKHX, H3MePHUMBIX ONHOBpeMeHHO. TeNepb HaM Hal0 BHIICHUTD,
Kak OyayT BecTH ce0s BeJMYMHH, He H3MepHUMble OJHOBpPEMeHHO, — MBI
OyleM uHTeDeCOBATBCA HMX CTATHCTHKOH B ONHOH M Tol e cHCTeMe
(M B OIHOM M TOM e COCTOSHHH ).

Hrak, nyctsh nannl ase Taxue peqnunHnl R u @, pasHO Kak U HX
(He KoMMyTHpymoolne) onmepatopst R u S§. HecMoTtps Ha 3T0 mnpennosio-
HeHHe, TakHe COCTOSHMS ¢, B KOTOPHX 06e BEJHUMHBI HMEIOT TOUYHO
onpele/eHHble 3HaueHus (T. e. aucnepcuio, pasnyio 0), MOryT CylecTo-
BaTb, T. €. MOTYT CYHIeCTBOBaTb cOOCTBeHHHE (YHKUMH, oOuMe IJd HUX
o6eux, Helb3s TOJNLKO 06pa3oBaTh M3 HUX MOJIHYK OPTOTOHA/MbHYIO CH-
cTeMy, Tak Kak Ttorma R u S xommyruposain 6o, (Cp. mocTpoeHue,
npusenennoe B 1I. 8 mis cooTBeTCTBYIOHIMX pasioweHuft enuHuubl E(R),
F(\): ecam ¢, @y ... 06pa3yloT MOJHYI OPTOTOHAILHYIO CHCTEMY,
0 kotopo#t Iuia peus, 10 kak E(X), tax u F (X)) 6yayr cyMMamu P[?]

U NoTOMy 6yAyT KOMMYTHPOBATbh, TAK KAaK KOMMYTHPYIOT P[q, ) Jlerxo

MOHATb, YTO 9TO O3HAYaeT, YTO BAMKHYTOe JMHefiHoe MHorooGpasue X,
HaTAHyTOE HA 9TH ¢, NOKHO OMTL MeHbue, ueM R_, —nmoromy uro,
6yar oHo pasHo R _, nckoMas TNosiHAas OPTOHOPMHPOBAHHAs CHCTEMa
Moria 65l GBITH MOCTPOEHA TOUHO TaK e, KaK 9TO OblIO CHeJdaHO B Ha-
vajie 1I. 6 pas onHoro omeparopa.

B cocrosmusax us N namwm seanunnsl N n @ wusMepuMbl oxHOBpe-
MEHHO, YTO IMpOLIe BCEro I[10Ka3aTh, NMPHBEAS MOIE]b TAaKOIO OJHOBpe-
MeHHOro wusMepeHusi. Ilocko/abky oOmine cOGCTBeHHble (YHKUMM ¢ ONle-
patopos R u S pacrarusaior M, TO TeM caMbiM CYUIECTBYET H
pactarusaomas M (r. e. nonnas B ) opTOHOPMHUpOBAHHAs CHCTeMa
TAKHX @1 ¢, Pgy +.. (B HX MOKHO MOAYUHTH NyTEM TOJBKO YTO YIOMs-
Hyroro nocrpoenus us II. 6). Pacmmupum cucreMy ¢, ¢o, ... 1O NOJHOK
CUCTEMBL §gs Pgr ««+» Yps Yoy + . ., 100ABAAA OPTOHOPMUPOBAHHYIO CHCTEMY
¢ 9gs .., KoTOpas pacrarusaeT R — M. Ilycrs rtemeps A, Ay, ...
vevs Pgs Py o .. — BCE PasJuyHble uucaa, I'— oneparop, onpeneeHHbil
COOTHOILEHHEM

T(; xn"?n‘*— ; Yn q)n)= %‘I )‘nxn ‘(?n"{"'; Wa¥a - $rs

a T — COOTBETCTBYWOIUAS ITOMY ONEPaTOpy BeqHYHHA.
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Mamepenue T cosgaer (kak Mbl 370 3HaeM u3 III. 3) onHo u3 co-
CTOAHUR @1, Pgs v o vy Pg0 g, ... Ecan TakuM cOCTOSIHMEM OKaMeTCAd ¢,
(4TO0 MBI 3aMeTHM TNOTOMY, YTO pe3y.abTaTOM H3MepeHuss OYIeT OJIHO
U3 A,), TO HaMm OyAyT u3BeCTHH M 3HadueHus seauunH R u @. elicrau-
reabHo, R 1 & uMElOT B COCTOSIHMH ¢, O NPEANOI0KEHHIO TOYHO ONpe-
JeneHHbe 3HAYEHUS, ¥ MBI MOXEM C JOCTOBEPHOCTLIO TNpeicKasaTh, UTO
B usmepenun N, &, KOTOPOE NPOM3BOAMTCA HEMEIJEHHO BCJEN 33 STHM,
OynyT nafpeHsl kax pas sTH 3Hauenud. C gpyro#t CTOpPOHHI, eciau B pe-
3y/abTaTe Ha3MepeHust o6pasyercd $,, TO HHYero HOLOGHOTO He M3BECTHO
(b, ne mpunagaexur M; nostomy R u @ He onpenesieHsl ToUHO B C€O-
croatuin §,). Ho BepoaTHOCTL TOro, uro cucreMa Oyner oGHapyKeHa
B COCTOSHHH {,, DaBHA, KaKk Mbl 3HaeM, P[q,”] ¢, ¢, a BEPOATHOCTH

HafiTu cucreMy B 06oM u3 cocrosmuit ¢, (n==1, 2, ...)—
2,,} Py, ¢ ‘P::Patoo—ém‘?’ ‘P=Hpmm-m‘i’“2= lo — Pug|

Ora BepositHocTs pasha 0, T. e. M u @ u3MepuMBl OHOBpEMeHHO ¢ 10~
CTOBEPHOCTBIO, eC/l ¢=~Py¢p, T. e. eCAn ¢ npuHaLIemuT K Pt 129),

Tak Kak Hac MHTePecyloT cefyac OJHOBDEMEHHO HeuUsMepUMBlE BeJIH-
YyHbl, TpPHMEM, UTO OCYIRecTBAsieTcsd Kpaluuht cayuyatt W ==(0), r. e.
npeanoxoxuM, uro P u S He uBMEPHMEI OJHOBPEMEHHO HH B KAKOM
COCTOSIHHK WJIH, MHBLIMHM CJOBaMM, YTO HE CYHIECTBYeT OGILIMX COGCTBEH-
HeX Qysxun#t pis R n S,

Ecan oneparopn R, § 06xanaloT pasiowenusMu enuHuusl  E (R),
F(\) u cucreMa HaXoIMTCA B COCTOSIHMHM ¢, TO, Kax Mbl 3Haem u3 III. 1,
MaTeMaTHyeCcKHe OXHnaHus onepatopos R m S 6ynyr paBHHE

p=(R9, 9}, 0=(59, @),
a MX JMCHepcHM, T. €. MaTeMaThdyeckue oxuuanus senuuun (M —p)? n
(& —a)? (cp. obcyxnenne abcomoTHO Todnoro uamepenns B I 3), Gy-
LYT paBHH

=(R—p 1P, @=[(R—p- Doll>=|[Re—pe|?,
P=((§—o-1f¢, ¢)=|(§—o-1)g|>=|Sp—oap|>
[Mocne u3BecTHOro NpeoGpasoBaHMs 9TH BEIPAMEHUS NpHHHMaOT Bup 1)
e = ||Re|[*—(Res 9%, 7*==]So]*—(S¢, o)’

2

129) JlaapHelimee NOAPOGHOE O6GCYMIEHHE <OXHOBPEMEHHOH H3MEPHUMOCTH
B cocTOosiHMH ¢ u3 SN» Beauuun Y U @, HE H3MEPHMBIX abCOMIOTHO TOYHO (He-
NpepLIBHbE CNEKTPH!) H T. A., NpelocTaBasgercs yuratemo. Ero Moxno npoBectu
TOUHO TaKuM € crmocoboM, kaxofl Obli MCNOJb30BaH B paccmorpenuax IIL 3.
130) Bepluucaenne ¢ omepatopaMi JAenaeTcs CAGAYIIHM O6pPa3oM:

2= ((R—p- 129, ¢)=(R¥%, ¢)—20-(Ry, §)+p*=
=[Re12— 2 (R, ¢)*+ (Ry, 9)2=1IRollZ— (R, ¢)?
H COOTBETCTBEHHO AAd 74
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(rak xak |j¢fl==1, T0 yxe nepaseHcTBO llIBapua, T. e. meopema I.
ua II. 1, mnokasviBaer, uro Jessie uactu == 0). Bosnukaer Bompoc:
MNOCKOJAbKY & M 7 He MOTYT ONHOBPEMEHHO PaBHATLCH HYJIO, XOTS HO-
posHb & M 7 MOTYT OBITb CHEJMaHBl CKOJb YrogHO Majibivu (seib SR u &
MO OTIEJNbHOCTH U3MEPUMbl ¢ HPOM3BOJBLHOH, BO3MONKHO Jawme ¢ abco-
JIOTHOR TOYHOCTLIO), TO NOMXHBI CYLIECTBOBATH COOTHOMIEHUS MEXIY €
H 7, KOTOpble MPeNATCTBYIOT HX OJHOBPEMEHHOMY YMeHbIUEHHIO — KaKOH
BUL OHHM HMEIOT? ‘

CywiecTsoBanue  Tak¥X COOTHOWIEHu# O6binio oTKpeiTo Heise n-
berg’ om13), u OHM dypessLIUANHO BaHbl A% MO3HAHHMS Heollpemesen-
HOCTel, BHOCHMBIX KBAaHTOBOH MeXaHuKol B omucanue npupons. Iloatomy
HX HashiBAIOT COOTHOLICHHSIMM HeoNpeneNeHHOCTH. Mbl BhIBEIEM CHayana
MaTEMaTHYECKM (4AMO€ BAXKHOE COOTHOLIeHMe 3TOMO TuMA, a 3aTeM Bep-
HeMCsl K €ro TNpPHHUKNUAJAbHOMY 3HAYEHUIO Ul €ro CBSI3H C ONLITOM.

B MaTpuuHOH Teopunm BaXHyw poab urpaan omnepatops P n Q
¢ NepecTaHOBOYHBIMH COOTHOIIEHHAMH

h

OHH COMOCTABJISVIHCH, HANpUMep, KOOPIMHATE M CONPSIKEHHOMY el MM-
nyascy (cp. I. 2) uan, Goiee 0o6GHIO, JIOGBIM IBYM BeJHUUHAM, KOTOPble
OLIIH KAaHOHHYECKH CONPsAKeHHBIMY APYT ADYLY B KJIaCCHUeCKOH MeXaHuKe
(cM., Hampumep, paboTu, YNOMAHyTHe B mnpuM. 2 Ha crp. 10). Pac-
CMOTpHM HeCKOAbKO Gojee oOWo /06bie NB4a 9pMuroBa oneparopa P
1 Q. 1 KOTOpBIX

PQ—QP=ga-1.

(Tak kaxk (PQ—QPY=QP —PQ, 10 (a-1y=g-l=—aqa-]1,
== —a, T. & @ [OMKHO OLITb YHCTO MHMMEIM. JTO ONepPaTOpHOE
paBeHCTBO He pacNpOCTPAHeTCA, KOHEYHO, Ha 00AacTH Onpele/eHus

00eux ero cropoH: PQ— QP MOxeT uMeTh CMbicad He Besge.) Jlas
JIOO0Tr0 COCTOSIHMS ¢ Toraa Gyner

2 Im (P, Q¢)="1(Pg, Q¢) — (Qgr Pg)] = — L [(QPg: ) — (PQpr @)] =
= {PQ—QP} 9, 9)==la- o]

Iycts a =+ 0, Torna mbi uMeeM (meopema I. uz II. 1)

o= — 2 Im P, Qo= 27| (Po. Q9= 27 [1Pell- [ Qsll

131) Z. Physik 43 (1927). 3mn coobpamenus Gbiin 0606mens Bohr' o,
Naturwiss. 16 (1928). AHaaMTHYeCKO® paccMOTpeHue, KOTOPOE MBI cobupaeMcs
celiyac wu3JOkHTh, 6biio mpeasoxeno Kennard' o, Z, Physik, Bd. 44
(1920), Robertson npuian eMy coBpeMeHHmH Buy,
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nosToMy B ciaydae ||¢fl==1 sT0 naer

| Pell - |

Tax kax oneparoput P—p.1, Q—o-1 ynoBJIeTBOPAIOT TeM e MNepe-
CTAHOBOYHBIM COOTHOIUEHMSM, TO HMeeM aHaJOMYHO

|

W eCJM MBHl BBEAEM MaTeMaTHUECKHE OXHIaHUS U JUCHIEPCHHU

Qofl=-2L.

an—ccpll_%'%':

|Pe—pe

p=(Po, ¢), == Po—pp|?2
o=(Q¢, ¢ M= Qp—o9p|?
TO TNOJNYYHTCA

w.) en

U}

lal

5.
Has Toro yro6nl MMes MeCTO 3HAK PABEHCTBA, HEOGXOLUMO M AOCTATOYHO,
4106 B HePABEHCTBAX ==, HCII0Jb30OBAHHBLIX IPH BHBOJE, BCErAa HC-
nojs3osancad 6el 3Hak ==. [losmaras P'=P—p-1 1 Q' =Q—a-1,
OyneM HMETb

— el i Pre, Qo) =1(P'e, @9)| =Pl - [Qoll.

CornacHo meopeme 1. u3 Il. 1, Bropoe ypaBHeHHe O3HauaeT, uTo
P'o 1 Q¢ orauualoTca APYr OT ApYra Julb HA MOCTOSHHBIH MHOXKHTEb,

n nockoasky na | Poll- |Qellz= 12l > 0 crenyer, wro Plo£0 u

Q¢ #0, To nomkHo 6uTe P'o=c¢ Q'¢p, ¢ 0. IlepBoe ypaBHeHHe
osHauaeT, 4T0 (P, Q'¢)==c-[|Q’¢||? uncTO MHHMO M Jaxe uTO K03(-
i

. [£]
duuyeHT NpH [ MMEET TOT Xe 3HaK, YTo M y—-—T'— (BellecTBeHHOTrO |),

T. e. [POTUBONONOXKHLIHA 3HaKy a. Mrtak, ¢=={y, 7 BeulecTBeHHO U =0
a
B 3aBHCHMOCTH OT TOr0, — 0. CuenosareinHo,

(al.) Plo=1i1-Q¢, 7 BewectseHHo n <0 aaa la=<50.

Onpenesenre p u ¢ Tpebyer enle, 4robnl 66110 (P'o, o) =0 u (Q'¢, ¢) == 0.
Ho mockoavky us (GL) cuenyer, uto (P, ¢) =iy (Q'¢, ¢), rae caesa
CTOMT HEYTO BeUieCTBeHHOe, a CIPaBa — HEUTO YHCTO MHHMMOe, TO 004
5TM yPaBHEHUs BLINOJHAITCA aBTOMaTduecku. Ham eme ocrajioc, ompe-
nequrtb & U 7. MMmeem

ern=|1Pel: |Qell=]c|=]7] en="5%",



176 KBAHTOBOMEXAHUYECKASl CTATUCTUKA [T 111

NOSTOMY, TaK KaK € U 7] 00a TOJOWHUTEbHE,
— q || 1 | ‘/ | al
g == s =~
‘/ 2 K 2| ¥l

h
B cayuyae KBaHTOBOH MeXaHHKH @==—3=W Mbl TlOAyyaeM 3 .

h
.y e Bz -

Moxno o6cynntb u cootHowenne (GL) pas toro cayuas, xorma P, Q

ABJAIOTCA,  HanpuMep, oneparopaMu  Teopun lllpenunrepa: P =
h

T 9si dq "
BAETCH MeXaHHuecKas CHCTeMa C OIHO# CreneHbI0 CBOGOALI, €€ elHH-
CTBeHHOH KkoopauHaTo# ssaserca ¢.) Torma (GL) naer

o Q==¢q.... (Cp. 1. 2, vy npuHumaeMm, yr0 paccMarpi-

h 0
(gﬁgé—P)‘P=iT(q—°)<P»
rne wu3-3a ta__-x—>0 1 > 0. Ilosromy

7} 2n 2
wo={—Fu+Fv+Tule

T' e.

q
2n 2n 2
(pmef ["77”77 ’(°+7;-Pi}dq

- g4 @ i i o) i:i—i
et 2 R e et

Baarogaps 7 >> 0 oxaswmiBaercs, uro ||¢]|% == fl‘P(q) [2dg B camom nene

[v)

koHeuHo, u C’ ompefensercs us ycaosus |[¢| ==1:
R Ay
— . (o)
Ioli?= fw @pag=(Cp [ dg=
-0

=|C'P l/iﬁ_—x fe‘*’dx=|C’|2‘/% Ve =|C'] ‘/g__: 1

1= (3,
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[ToaroMy, mpeHeGperas He MMeIOMIMM (PM3HUECKOIO CMEICAA MHOXHTE/eM

monyas 1, Hatizem, uto C’=(%Z—\)T. T. e
1
p=o@=(2L)"e

€ U 7 Mbl yXK€ BHaeM:
=) B, =) &
= in ) == 4117 .
h

HOSTOMy, eC/il OTBJeubCd OT YyCJIOBUA E’Y]:Z;. OHH, NOKa T MeHdAeTd

or 0 10 --o00, npo6eralor BCe 3HAaueHHs, T. €. JMO60H HAGOp U3 YeTH-

CI gegpa 2
h(qo)+hiq.

1
pex BeJMUMH p, o, €, 7, YIOBJICTBOPSIOWMX YCAOBHIO €7== -, peau-

3yeTcd B TOUHOCTH B OJHOM COCTOfiHMM ¢. Brniepsble Takue COCTOSHHA @
Oblaiu ucC/ienoBaHbl ['efiseHOeproM M NMpuMeHeHH [1Jis1 Da3bACHEHUS KBAH-
TOBOMeXdHHYECKHX COOTHOLICHHH — OHH MCKJIOUNTE/IbHO yNOOHB 1Js 3TOH
UeJad, TaK Kak JNal0T HAWBLICIIYI0O BO3MOXHYIO (B KBAHTOBOH MeXaHHKe)
crenedb NPuOMOKEHHS K COOTHOIIGHMSIM KJAaCCHUECKO# MeXaHMkH (rie
HA p, HL ¢ He MMelOT auchepcuul) W TaK Kak € ¥ 7 MOXHO NpUAATh
110 NPOKBBOJY TPUTIHCAHHbIE 3HAYeHUS (CP. CCBUIKY B npuM. 3 1a crp. 174).

Hamn npeisinyimue coo6panenns OTHOCATCA JIHIIb K ONHOMY, 2 MMEHHO
(GopManLHOMY, aCNeKTy COOTHOIIeHHH HeOMNpeleieHHOCTH; /st NOJHOFO
MOHMMAHHSl 3THX COOTHOMEHHH HeOGXOAMMO elle pacCMOTpPeTh HX C Jpy-
Foff TOUKH B3peHHA: ¢ TOYKM 3peHHs HeNmoCpeICTBEHHOTO (U3HUECKOTO
onura. JleHCTBUTENLHO, COOTHOLIEHUS HeONpeleseHHOCTH CTOAT K HeMy
B GoJiee Mpo3pauHOM M GoJiee NPOCTOM OTHOIIEHHHM, YeM MHOTHE Apyrue
(GakThl, Ha KOTOPHX ObiJa OCHOBAHA KBAHTOBAS MEXAHUKA, M IOTOMY
3aCay®uBalOT OosblIero, ueM MNpUBeJeHHOE BhILIE YHCTO (POpMabLHOE L0-
KasarenbcTBO. Harusnnoe ofcysmnaenue TeM GoJee HeOGXOLMMO, YTO Ha
nepBbft B3r/AL MOra0 6bl JaXKe BOSHUKHYTh BlleuaT/aeHHe, YTO Mbl CTaJIKH-
BAEMCA 31eCb ¢ NPOTHBOPeureM CO 3JpPABBIM CMBICJOM: Belb Ge3 navib-
Heflllero OOCYXJeHHS HeNOHTHO, HOUYeMYy HeJb3s Obliio OB M3MEPHTH
NOJIOXKeHHe M CKOPOCTh (T. €. KOOPAMHATY M HMMHOYJIbC) MaTepHaJbLHOrO
TeJa OJLHOBPEMEHHO H €O CKOJAb YrogHO OO0JbLION TOYHOCTBIO, €CaH
TOMLKO €CTb JOCTATOYHO TOHKME M3MepHTe/[bHble Cpencrsa. Ilosromy
Hajo clesaThb COBEpUIEHHO SICHLHIM, NyTeM MOAPOGHOTO aHAJH3a TOHuYaM-
IIMX MpOLECCOB H3MepeHHs (OCYLIECTBUMBIX, BO3MOMHO, JIMIUbL B CMBICJ]E
MBIC/IEHHEIX 9KCTIEPUMEHTOB), 4TO 3TO He Tak. Bouee rtoro, xopowo us-
BeCTHbIC B33aKOHBl BOJHOBOH ONTHKH, SJeKTPOAMHAMHKHM M SJeMEHTaPHBIX
aTOMHBIX TPOLECCOB CTABAT HENMpPeOJOJHMble TPYLHOCTH HA NMYTH TOYHOrO
H3MepeHHsl KaK pa3 TaM, rie Toro Tpe6yeT COOTHOIIEHHE HEOMNpeleNeH-
HOCTH. [les0 OGCTOMT fame TaK, YTO B STOM MOXHO yG@IHTHCH, emle
paccMaTpuBas YUOMsAHYTbie NPOUECCHl YHCTO KJIACCHYECKH (He KBAHTOBO-

12 U. Heliman
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reoperiuecku!). ITo 06CTOATENLCTBO MMeeT MPHHLMIKAILHOE 3HAUEHMe,
TAK KaK TOKa3blBaeT, 4TO B KJacCHueCKOH, 0GOCHOBAHHONH HE32BHCHMO OT
CIpaBelMBOCTH KBaHTOBOM MeXaHukH, obnactH (T. e. TaM, rJ1e KBaHTOBbIE
fBJICHUS elile He TPeOYIOT CYHIECTBEHHLIX MONPaBOK K CTapoMy cHoco6y
paccMOTpeHHs, — 3HAUMT, eJMIICTBEHHO HeNOCpeldCTBEHHO NOCTYNMHOR Ha-
UIeMy HArJZOHOMY BOCHpHATHIO 132)) MBI He BCTymaeM B NPOTHBOpeuMe
¢ NapajioKcaibHO 3BYYAHIHMH COOTHO-
IIEHNAMH HeONpPeleleHHOCTH KBAHTO-
BOfl MeXaHHKH.

Hawm caenyer, Takum o6pasom, Nno-
Ka3aTh, 4TO eCJaH p U g SABIAIOTCA
IBYMSI  KaHOHMYECKH CONpPSXEHHBIMH
BeJIMYHHAMH M CHCTEMa HaXoAHMTCs
B COCTOfIHUM, B KOTOPOM 3HaueHHe p
MOXKeT 6HTh 3aJaHO C° TOYHOCTBLIO €
(T. e. ©3MepeHue p NONYCTHMO C OIUHG-
Koff B mpelesax €), TO 3HAueHHe ¢
Hellb3sl Y3HATb ¢ TOYHOCTHIO, MPEBOCXO-

h
asuett == 5= : €. HuoiMu cosamy, us-
MepeHHe p C TOYHOCTHIO &€ BHOCHT Heoll-

h
pelesieHHOCTD 7)== T + € B 3HaueHue q.

ECTeCTBEHHO, 4TO IIpyU TAKOM OYeHb
XAYECTBEHHOM pPAacCMOTPEHHH HEJb3d
HaJeATbCA TOYHO Nepenarb BCe AeTaliv:

Puc. 1.

h
BMeCTO COOTHOIUEHHA 8‘/]:71-&- MBI CMOXeM TIIoKasaTb TOJBKO, YTO

en~h (T. e. &1 paBHO A NO NOPSIKY BeJHUMHB) B Ciayuae MO BO3-
MOXHOCTH Hanbojiee TOYHOrO H3MepeHus. B KauyecTBe TUNMYHOrO NpH-
Mepa Mbl PAacCMOTPHM CONPSKEHHYIO Napy: MoJomeHHe (KOOpAHHATA) —
UMIyabe uacTuusr T 189),

HccnenyeM cHauaa onpejenerne noaoxenus. OnpenesuTs HOJOKEHHE
yactuusl T MOXHO, Habuojas ee, T. e. eCAM OHA OCBeHIAeTCA U pac-
CesiHHBIM el0 cBeT morJjomtaercd B raasy. Mrak (puc. 1), xsanr ceera L
HCTIyCKAeTCs UCTOUHMKOM cBerTa [ B HampasjeHuy yactaun 7', npH CTOJK-
HoBeHnu C T OTKJOHfeTCSs OT NpaAMoauHeliHoro 'nyru B@, B Hampasie-
uun BB, M B KOHUe cBoero nyTu ruGHer, NONIOWASICh 3KPaHOM Sch

182) dynnaMedrTanpHblil cMbicA 3TOr0 0O6GCTOATENLCTBA GBI MOAYEpKHYT Bo-
poM (cM. cchuaky B NpuM. !31)). OgHaxo MeTOf OmMCaHuS, KOTOPOMY Mbl CJie-
AyeM Hibke, HE SBJICTCH COBEPIIEHHO K/AAaCCHYECKHM B OJHOM OTHOINEHHH: MBI
6yzeM mpeamosarats, YTO CYIIECTBYIOT CBETOBbl€ KBAHTBI WM, UHBIMU CJIOBaMH,
YTO CBET 4aCTOTH v HUKOr/Ja HE NPOSABAAET cebsl ¢ KOJHYEeCTBOM 9HEePIruH MeHb-
mHM, deM hv.

13%) Higecaenyolum obcyxienneM Mbl o6sisaHsl [afisenepry 4 Bopy,
CM. CChlakH B mpuM. '3') Ha ctp. 174
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(npeAcTaBagoOUuM CoGoit ri1as miam Qortorpaduyeckyio niactuixy). Hame-
peHde COCTOMUT B KOHCTATaUMM TOrO, uTo L BCTpeudeT SKpaH He B TOYKe |
(¢ KOHUe HeoTk/OHeHHOro mytu fB;), a B Touxe 2 (8 xonue $B;). Ho
A9 TOro 4ro6L OTCIOAA CHejaTh BBIBOA O MeCTeé CTOJNKHOBeHHs (T. e.
0 MecTe HaXOXIeHMs uactuupt 7)), Hamno 3Hath H Hanpasjenus § u By
(T. e. HampaB/ieHMe [BHEHMS KBAHTa cBeta L [0 ¥ IOC/AEe CTOJKHOBE-
HUSA): BTOTO MOXHO JHOCTHYb, 106aBjaa cucreMy auadparm ss u s's’,
(Ilpn 3TOM MBI, COGCTBEHHO, He M3MepseM KOOpAMHATY wacTuubl 7', HO
J4lIL CYAHM, MMeeT /i 3Ta KOOPIHHATA ONpeje/ieHHOe — COOTBETCTBYIO-
lee TOYKe Nepecevenusi HanmpaBaenuft B u B, KOTOPYI MOMXHO BHIGpaTh
MO KEeJAHHIO, YCTAHOBHB COOTBETCTBYIOUMM 06pasoM lLiesu, — 3llaueHue
w1 HeT. TO/IbKO CyNeprno3uIia MHOTUX TAKUX paccyKAeHuft, T, . yCTaHOBKA
MHOTHX IHenelt s’s’, oxBuBanenTHa u3Mepennio.) Kak ke obcTouT neio
C TOUHOCTHIO TAKOTO H3MepPeHHs HOJOMEeHHs?

Ero TOYHOCTb MpUHUMIMAJIBHBIM 06pa30M OrpaHuYeHa 3aKkOHaMu 00-
pa3oBaHHs ONTHUYECKOTO H306paxeHud. JeHcTBHTENbHO, C MOMOUIBIO CBETA
C LJMHOH BOJHBL A HeBOBMOXHO pe3KO OToGpasuTh OGBEeKTH MeHbllie,
4eM A, WIH Xe XOTA Ob NOAaBHTH Au(PAKUMIO 10 TAKOH CTeNeHH, 4TOOBI
MOXHO OblJIO TOBOPHTL 06 OXHOM (MCKameHHOM) usoGpawmenuu. KoHeuHo,
Mbl He TpeGyeM onmutecko2o u300paeHMs, TaK KaK LA ONpeleseHHs
nojsoxenus 7T JQOCTATOYHO HpocToro ¢axkrta orkiaoHeHus L. OpHako
ey §s U s’s’ Heabss pmenaTh yKe, ueM ), Tak Kak MHaue L He CMOMeT
JETKO NPeojo/eTh MX 6e3 MCKAXKEHHR M BO3HUKHET LeJas Kyua HHTEep-
(epeHUNOHHBIX MOMOC, TAaK YTO HO HAmpaB/eHUSM /[HHHH, COeINHSIOMUX
TNOC/ie0BaTe/IbHEIE HIETH $S ¥ §’S’, yXe HHYero Heib3s 6yIeT 3aK/IOUUTD
O HamnpaBieHMAX CBeTOBHX Jayuelt 8 u fB,. Orcwoga ciaelyer, uro ¢ Io-
Momplo Tako# OGoMGapaupywolied wacTiubl L HeBOSMOXHO NPHUEHHTHCS
M TMONACTL C TOYHOCTbIO GoJbIueH, uem A.

Hrak, AnuHa BOJHBI A 3TO B TO e BpeMsi ¥ Mepa OWHGKM NpH M3~
MepeHHH KOOPIMHATH: A~e. HanbHeHIINMH XapaxTepUCTHKAMM CBETO-

BOr0 KBaHTa L 9BJAAIOTCA ero uyacToTa v, ero sHeprus E, ero uMilyinc p;
MeXNYy HMMHM CYHIECTBYIOT XOPOLIO H3BECTHBIE COOTHOLIEHHS
¢ = he - E hv h
V= = E= Y= — _ == e T e
X W=7 r=c=—F=x3
(¢ — cxopocts cBera) 13). CureloBaTebHo, P~ B TouHO He usBeCT-

HOM Tipouecce CToKHOBeHus Mexay L u T npoucXoaut Hekoropas mne-
penaua MMiymbca, KOTOPad, OYEBHIHO, UMeET TOPSNOK CAMOrO p, T. €.

TOT e MOPANOK, 4TO M — . Orcwoaa ana T sritekaer HeoInpe e TeHHOCTh

h
M~ — B BHAYCHHH HMIy/bCA.

134) Cp., nampumep, opwrusaspHyw pabory Einstein’a, Ann. Physik 1
(1905) nau mo6oii coBpeMeHHbIH yqe6yHuK.p y yotke 14

12*
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Dr1uM COOTHOMeHHe €7~ A Obli0 OB JOKa3aHO, He Gyab NpPU STOM
NPOCMOTPEHA OfHA JeTasb. Jlefio B TOM, 4TO IIPOLECC CTOJKHOBEHUS He
T4K Y HeollpeleJeHeH. B neACTBUTENLHOCTH M3BECTHH HANPABJICHHS JBH-
wenuss L 1o n mocie (B u B,) H MOITOMY TaK:Ke ero MMMyJbChl, OTKY.Ia

moxeT ObITh HafineHa Hepenaua uMmiy/bca uactuule 7. CiaenosaTenbHo, p
He dBjafeTca Mepo#t . TaxoBo#f, ckopee, siziseTcd BO3MOXHas Heompe-
JeJeHHOCTb B HampaBiaeHusx Jayuei B u By, Uro6wl ycTaHOBUTH TOUHee
CBA3b MEXM(LY <«INpHLeJOM» Ha MadeHbkui#t 060beKT 7 U Heompe/eseHHOCTLIO
B HampasJeHuy, KOTOpasd € 9THM CBf33aH4, Pa3yMHO BOCHOAL30BATLCH
npucrnocobienueM ¢ Jyume#l dokycHpoBKOR, ueM wiedb SS, @ MMeEHHO
auH3oft. CremosaresbHO, HAjO y4YecTh pe-
3y/AbTaThH WBBECTHOM TEOPHH MHKpPOCKOTNA,
COrJIaCHO KOTOPOR 1/ OCBelieHHs dJeMeHTa
NOBEPXHOCTH C JuHeHHBIMM pasMepaMu €
(1. e. njs nonananus B uwactuuy T ayuom L
C TOYHOCTBIO &) HeoO0XOHMMO, 4TOObI Mex-
1V JJMHOH BOJHBI A M amepTypoH JMH3BI

A
CymieCTBOBaJMIO COOTHOHIEHHE ———~¢

2 sin g—

(puc. 2)1%), HeonpenelieHHOCTb B [£-KOM-
[IOHeHTe MMIlyJabca ayda L ceasana c Tew,
YTO ero HamnpaB/eHHe JIEKHT B YIJIe Mexnuy

——% H +%' a B OCTaJbHOM HeH3Be-

ctHo. CrieoBaTeibHO, owHbGKa Gyer nopsaiKa
. Ho »r0— nmpaBuabuas Mepa gJs 7, cjiefoBa-

2 sin —;z

TeJbHO, CHOBA *f)N—?, T. e. em~#h,.

STOT NpUMep OueHb fCHO pacKpHIBaeT MeXaHM3M HpDUHLMNA Heorpe-
[1eMeHHOCTH: uyTOOBl TOYHee TPHUEJNTBCA, HeOOXOIMMBI INMPOKHE riiasa
(6osbuias amepTypa @) H O4eHb KOPOTKOBOJHOBO® M3JYy4eHHE, T. €. OueHb
HeonpeneneHHEe (M 6OJbille) MMOYJAbCH CBETOBHIX KBAHTOB, KOTODHIE
crankusaiorcsd (3ddext Komnrona) ¢ HabmwonaembiM o6bextoM 7 B 3ua-
uuTeJbHON CTelleHH HEeKOHTPOJMPYeMbiM O0pa3oM U TeM CaMBIM «pasMa-
3LIBAIOT» €r0 UMMYJbC,

135) Tlo moBoxy Teopuu MHuKpockOma cM., HanpuMep, Handbuch der Physik,
Berlin, 1927, Bd. 18, Kap. 2. G. B oueHb TOYHHX H3MEDEHHAX &, a 3HAUUT U A,
OdYeHp Maao, T. €. HAKO I[OJAB3OBATLCH T-Ay4aMH HAH eme Golaee KOPOTKUMH
IauHamu Boad. OO6blYHAs JHH3a OTKA3HIBAET MPH TAKHX YCAOBUAX, H NPHMEHH-
Moil 6sl1a 66l TOALKO TaKas, MOJAEKYJAbl KOTOPOH He Paspyuaauch Ol H HE Bbl-
6upafuch M3 CBOUX INOJOXEHHH STuMH 7Y-AydyamH. [JOCKOJBKY CylecTBOBaHHE
TaKHX MOJEKYd W 4ACTHIl He HApYliaeT HHKAKHX WU3BECTHBIX 3aKOHOB MPHPOLI,
TO WX JAONMYCTHMO MCMOJb30BATbL AJA LEACH MBICICHHOrO 3KClephMeHTa.
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PaccMoTpuM eille NPOTUBOMOJOXKHHA MpOLECC U3MePEHHUs: U3MEpeHHe
ckopoctu (umnyabca). CHavana cregyer 8aMeTHTb, YTO eCTECTBEHHLIM Me-
TOAOM U3MepeHus CKOPOCTM wacTuubi-7 ABJAAIOTCH M3MEpEHHE ee MoJo-
KeHUH 1/1R ABYX pPAa3JU4YHBIX MOMEHTOB BpeMeHH, Ckaxem O u £, u ne-
JdeHue wusMenenudl xoopaunar uva £, B atom cayuae, onHako, CKOPOCThb
B unrepBane Bpemenu 0, f pomuHa ObITh MOCTOAHHA; €CJU KE OHA U3-
MEHsIeTCsl, TO 3TO U3MEHEHUe ABJAETCS MepoH OTKJOHEHUS BBIYUCAEHHOH
Bbllle CKOPOCTU OT HACTOsMiEH CKOpOCTH (CKameM, B MOMEHT BpeMeHu f),
T. €. MepoH HeompeleJeHHOCTH H3MepeHus, To e CIpaseliuBO AJs
u3MepeHuss uMmmyabca. Jasjbwe, ecad usaMepeHus KOOPAHHATH CHe/aHbl
C TOYHOCTbIO €, TO IT0 B JNEHCTBUTEAbHOCTM HE BJUAET HA TOYHOCTH U3-
MEPEHUS CpPeRHero UMMyabca, TaK Kak f MOXHO BhOpaTb MpPOU3BOALHO
Goabwum. Tem He MeHee 3TO npuBeleT K H3MEHEHUID UMMYJbca [O-

h
psaka " Y, CAenoBaTelbHO, K HEOIpeneJeHHOCTH B KOHEYHOM 3HAYEHHUH

h
UMITYAbCA TOPAAKA 7~ — . Hrak, B n06oM cayuae mnoJayuaercs e~ A.

Yero-uubynp HOBOTO, €CJAM  TOJbKO 370 BooOllle BOBMOXHO, MOMKHO
6bi10 Obl KAATH MOITOMY TOABKO OT TaKUX H3MepeHUM uMnynabca, KOTO-
pble He CBs3aHbl C u3MepeHueM moJoxenua. Takue H3MepeHuss BrIOJHe
BO3MOMHBI, H MMM 4acTO NOJb3YIOTCS B aACTPOHOMUM, OHM OCHOBAHH Ha
sddexre Honmaepa, u Mb cefyac paccMOTpUM 310T 3ddekT.

Kak xopowo wussectHo, 3ddext Jonmmaepa coOCTOUT B CAEAYIOUIEM.
Cser, udnyuedHblt TeqoM 7', ABIXKYWIMMCSA CO CKODOCTbIO ¥, 4acTOTHl ¥,
(u3MepeHHOW Ha ABIKYUIEMCH Teje), BOCMPUHUMAETCH MOKOAIHMMCS Ha-
GaonarejeM KaK CBeT U3MEHEHHOH YacTOTH VY, KOTOPYIO MOMHO BbluM-

—
Yo
IBHXEHUS M HaMpaBJenueM uanydenud. [lpaBna, sta Qopmyna HepensTH-

CAUTL U3 COOTHOIUCHUA

v
==—C08 6 (6 — yroa Mexny nanpaBnexueM

v
BUCTCKadA, T. €. OHA BepHa JvIIb MPU MaJbIX ! HO €€ JIETKO MOXHO

Goino Obl ucnpasuts)., ITostoMy ompeneneHue CKOPOCTH BO3MONKHO, €CAd ¥
Ha6/MI0NAeTCs, 4 Y, M3BECTHO, CKAXEM, IMOTOMY, YTO 3TO OMpele/eHHas
CeKTpajibHasi NUHUS U3BECTHOTO jdeMeHTd. TouHee, u3MepseTcs KOMIO-
HeHTa CKOpPOCTH B HampasjeHMM HabmoleHus (HampasjeHuM U3JAyYeHUd

C(v—Y
cBeTa) vcosﬁ:—(—v—i)- UM OKE COOTBETCTBYIOILAS KOMIOHEHTA M-

0
Me (v — v,
nyabca p’=pcos@=-—(v-—°—)~ (m —macca tena T). Hucnepcus 7
0
uMIyabca p’ 3aBUCHT, OYEBUIHO, OT JucmepcuH Av 4acToThl V, TaK UTO
mc Av me Av
Lo -
Yo v
YTO OHO MCMYCKAeT KBAHT CBET4 4aCTOTHI Y U TEM CAMbIM C HUMIYJAbCOM

WUmnyase tena T, KoHeuHO, U3MEHSETCs M3-3a TOTO,
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hv h Av
p==-_, HO HEONMPEIEeHHOCTb B 3TOH BeauYHHE — npeHeOpexuMo

me Av 36
Mana nmo CpaBHEHUID ¢ — — ).

HacToTy v MOXHO M3MEPUTb KAKUM YrOIHO uHTep(epeHUMOHHEIM Me-
rogoM. Ho mpu TakoM uamepenuu aGCONOTHO TOYHOE 3HAYEHUE Y TMOJY-
YHTCH, €CTECTBEHHO, JUIUbL IJs YUCTO MOHOXPOMATHYECKMX LYTOB CBETO-

BeIX BojH. Tako#t wuyr Boad uMeer dopmy asin(?n (%— vt)—{—a)
(g — xoopaunara, !-—BpeMd, g-— aMIIuTyna, o — ¢asa, — 370 BbIpa-
AMeHue NPERCTaBAseT MOGYI0 KOMIOHEHTY HANPMKEHHOCTH 3JEKTPUIECKOro
WAH MAarHUTHOTO MOJs) M, 3HAYUT, DPACIpoCTpaHeH mo BceMy OeckoHeu-
HOMY HpOCTPAaHCTBY u Bpemenu. YToOb u30exarb 3ITOTO, MNPUXOAHTCS
3aMEHUTb 9TO BLIPAXKEHUE, KOTOPOE MOXKHO 3amucarb TaKKe U Kak
. Cc N
asin (Q“V(%“ )-{—a), TaK Kak )‘::T’ ApYruM, F(—‘Z——-t), OT/UY-
HbIM OT Hyjd Aulls B KOHEYHOM MHTEpBaJe U3MEHeHUH CBORr0 apryMeHTa.
Ecau cBetoBas BojHa uMeeT Takyilo (opMy, TO ee, KaK U3BECTHO, HAJL0
NoxBEPruyTs anaausy ®ypoe
+co

F(x):f a,sin 2rvx —-a,) dv.
0

Torpa uHrepdepeHIMOHHAA KAPTHHA NMOKAXET BCE YacTOTH Y, AA KOTO-
peix a, = 0, npuyeM uHTEpBaJd 4acToT v, V- dvy BOHZET C OTHOCHUTE.b-
HO#t HHTEHCHBHOCTBLIO af dv. JOucnepcus v, T. €. AV, nomkHa ObTb BbI-
YHC/eHA U3 STOr0 paclpeneneHus,

Ecau paccMatpuBaeMmbiff uyr BOJAH HMEeT NPOTKEHHOCTH T IO X,
T. €. COOTBETCTBEHHBIE MNPOTSKEHHOCTH MO £ M g COCTABAT T M €%, TO,

1
KAK JErKO BHIETb, LUCNEpPCUA 4YacToTH v Oyner ~?137). Heonpene-

Av

136 . me v
) YTBepxueHue: BEJIMKO II0 CPaBHEHHIO C — 03Hauaer, 4To v

2

me =
Man0 IO CPABHEHUIO C —, UMM e E=hv Malno no cpaBHeHuw ¢ mc% T. e.

9HEPrHd CBETOBOrO KBaHTa L Maja 1O CPaBHEHHIO C DeJATHBUCTCKOH Maccoi
nokosi Tena T,—3T0 U 6e3 TOro HEU3bexHOE MNpPeNNoNOKEHHe NpU HepeasTu-
BUCTCKUX BHIYHCACHHAX.

187) flycTs, Hanpumep, F (x) sBASeTCS KOHEUHBIM MOHOXPOMATUUECKUM LYTOM
BOJIH 9aCTOTH Yy, TIPOTAXEHHBIM 0T 0 10 =

1'*"(x)=!l

asin2mvex g 0L x <+,
0 BHE 9TOrO HHTEPBaJa.

(B CUAY HeNPEPHBHOCTH, Ha KOHIAX WHTEpBana sin 2%vyT nO/MkeH paBHaThCa O,

n
T. €. AOMKHO OHTh Vo= 5o M= 1, 2 3, ) Torma Ha ocHOBE H3BECTHBHIX
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JIEHHOCTL TI0JIOXKEHUS] BO3HMKAET NPU TaKoM Ccrnocobe H3MepeHus H3-3a
toro, 4To tea0 T ucnbiThiBaeT OTHAYY -hc—v (B HampaBJjeHuy HAGNIOAEHUS)
3a BpeMs MHIUBUAYAAbHOIO aKTa UCMyCKaHusd KBaHTa cBeTa, T. €. €ro

hv
CKOPOCTb IOABEPrac€TCad U3MEHEHUIO MOopAAKa —7-;17' nOCKOJIbe Ha 1po-

1ecC MCNyCKaHHa TPeGyeTcs NPOMEXKYTOK BpeMeHH T, TO MOMEHT 3TOro

dopMyn ob6pamenus unTerpana Pypse (cM. npum. §7) Ha cTp. 102) af =b3 -|—cf, rie
+00 T
b“} —2 / F(x){cos}?nvx-dx=2a/sin2nvox - {C,Os}anx-dx:
Cy sin sin
-—0 0
T

=j;a/({ig‘s}n(v—{—vo)x——{zi:s}n(v——vo)x)dx=
0

_{cos}n(v—}—vo)x {Cos}n(v——vo)x

——u sin __tsin _
- % (v vo) 7 (v — vo) 0o
_ a[ (—=D"cosmvt—1  (=1)*cos mvt —1 ] _
= (V1 Vo) 7 (v — Vo) -
- 2avg (1—(—1)" cos ©vr)
== kot (v2 — vg) ’
0 |:(——-1)” sinnve  (—1)"sin nvt] — 2avy (—1)*sinwvt
7 (V4 vp) = (v—"Y) = (v2 — vg) ’
NO3TOMY
4av { sin }l k"%
_ 2av Vo —3(DTcosavr _ " °|leosf 2|
' A (P —)) = (D)

— davg | sinw (v —vp) 1|
TE(VQ—V?)) ‘

Kak BunuM, Haubonee CUABHO TNPENCTAaBAEHB YaCTOTHl M3 OKPECTHOCTH V== v,
TaK YTO HanGOAbHIAsi YaCTb DHEPTHH HYra BOAH TMOMANAET HA TOT MHTEPBAMA Ua-
CTOT, B KOTOPOM % (v —-vg) © UMEET yMepeHuvie 3HaueHuda. [Mostomy pucnepcus

v— vy (HaH, 4TO TO K€ CaMoe, JUCIEPCHA V) MO NOPAJKY BeJHYHHB paBHA —.
T
[e8)
f af - v0)2 dv
0

Tounoe BbluMCACHHE BbIpa)KeHua HAa€T TOT KE pe3yabrTart.

<o

fafdv

0
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M3MEHEHHs CKOPOCTH He MOXET ObiTh /0Ka/NH30BAH TOYHEE, 4eM B Ipele-
hv

aax t. Orciona cienyetT HeonpeseNeHHOCTb B I10JOXEHUH g~ e,

[Tosromy

3~._h.\"_ R 1 ~h
me o T R ’

TaK YTO MBI MMEEM CHOBA &7~ A.

Ecau teno T He camocBeTsilleecd, KaK NPEAnonarajoch Bhille, 4 pac-
ceuBaeT uyxOM cBeT (T. €. OHO OCBELIECHO), TO BHIYUCJEHUE BBITILAUT
COBEPLIEHHO aHAJOTHYHO.

5. MpoexnuoHHse onepaTops KaK yTBEPWAEHUA

Paccmorpum, kak B I 1, dusnveckyio cucremy § ¢ £ crenensmu
cB06oan, KOHOUrypauuoHHOE INIPOCTPAHCTBO KOTOPOH onucbiBaerca £
KOODAUHATAMY ¢y, ..., ¢, (cp. Tawxe l. 2). Bce dusuueckue sesuunns R,
KOTOpble MOryT ObiThb TOCTPOEHBI AJf CHCTeMbl §, ABJASIOTCH, B paMKax
KJACCUYECKO! MeXaHUKH, BYHKUMAMH OT ¢y, ..., §, U OT CONPSKEHHHIX
UMIYABCOB P, ..., ppt R=NR(q, ..., 9, Py ..., p;) (Hanpumep,
SHEprus ABJAAETCH raMuAbTOHOBON dyukuue H (g, ... @4 Ppv - ovs Pp))e
C npyrolt ctopoHsl, B KBaHTOBOH MeXxaHHKe, Kak yKe ObLIO yKasaHo
s [II. 1, Begmuusnl R B3auUMHO 0JHO3HAYHO COMOCTABJAEHbI TMIIEPMAKCHU-

ManbHHIM 3PMUTOBEIM oOnepatopaM R; B UacTHOCTH, gy, ..., g, COOT-
BETCTBYIOT onmeparopaM Q=¢;- - -Qx==¢y- -+, a Py, ..., P, — ONEPATOPAM
1=7,¢77,;;' crey, Po= W ag, B ofuem caydae, kak Obiio
moscueno B [. 2 Ha mpuMepe raMuIbTOHOBOH (YHKUMH, Heabss W3-3a
HeI‘lepeCTaHOBO‘IHOCTVI Q; u P, onpenenuts R kax R=R(Q, ..., Q.
Py, ..., Py). He Oynyun B cocTosnuu BbICKa3aTb 4T0-Ju60 BNOJHE ONpe-
JeJeHHOe O cooTHowleHuy Mexay Beaudunodt MR(g, .... g, pp. ...

» Pr)
¥ ee omneparopoM R, Mbl TeM HE MeHeEe yCTaHOBI/IJm BIILL L u III k3
CJENYIOIIME YACTHLIE TPABHAA.

L, Ecau onepatopsl R, S cOOTBETCTBYIOT ONHOBPEMEHHO HAO/IO-
naeMbiM BeanuunaM R, &, 1o oneparop aR—+46S (a. b— seuse-
CTBEHHble yucaa) coorserctByer seauuude afl—- bS.

F. Ecaun oneparop R coorserctsyer Beaudune R, To Beau-
upne F () (F () — npousBoabHasg BemecTBeHHas QyHKuua) cooT-
BeTcTByeT omneparop F (R).

L., F. ponyckaior eue Hekortopoe o6oOuiende. OHo BeiHYKIAETCS
cpoiictBoM F. u rjacur:

F*, Ecau onepatopnl R, §, ... COOTBETCTBYIOT OJZHOBPEMEHHO
uamepumpim Bequuunam R, &, ... (crenoBaTensHO, KOMMYTHPYIOT,
NycTb uX YMCJO KOHewHo), To Beauwunne F (M, @, ...) coorser-
crByer onmeparop F(R, S, ...).
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[Mpu aTOM MBl mpuMeM, 4To F (A, ¢, ...)— 3TO BELIECTBEHHBIR MoJau-
HOM TO A, @, ..., TaKk uyToGbl cMbicA Bhipaxenus F(R, §,...) ne
BH3bIBAA BOTMPOCoB (R, S, ... KoMMyTupylT), X018 F*. MOXHO 6blI0 GBI
06OCHOBATL ¥ A Npou3BoabHOR ynkiuu F (A, ., ...) (OTHOCHTENAbHO
onpenenenuss obuiero Buipaxenus F (R, S, ...) cM. cchaky B npuM. %)
na crp. 110). Toraa, rak kax A1000# NOAUHOM MOXHO NOMYYUTH [10-
BropeHneM TpeX onepauuit aX, A, Ay, J10CTATOUHO PaccMOTPETH

JMIIb 3T TIOC/TEIHUE, @ TOCKOABKY A == 711_ (A 4pP—Gh—p)?), 1. e
paBHO

3 OF e (=) G+ (= 2

TO YKa3aHHHE TPU ONEPAUMH MOXHO 3aMEHUTb TAKOKE ONepauuaMu al,
A+ p, A2 Ho nse nepsbie npunaanexar k tuny L., a nocpennas —k F..
CaenoBarenbso, F+. n0KasaHo.

C apyro#t croponsl, L. pacrnpocTpaHsercs B KBaHTOBOM MeXaHuke
naxe Ha Te caydad, korna R, & e uaMmepumbl ogHOBpemeHHo. Mbl of -
cyauM 3TOT Bompoc moadxe (B IV. 1), a cefluac orpanuyuMcs 3aMedaHueM,
yro paxe cmbica Boipaxcedus a6, ecan R, @ onanospemenno e
U3MEPUMbI, BOBCE He IPENCTABJACTCS ACHBIM.

Hapsiny ¢ dusnuyeckumu Bequuunamu SR cyuectsyer eue Heuro,
ABJsOLLeeCs NpeAMeTcM (UIUKM: HMEHHO aJbTEePHATUBHBIE CBOKHCTRA ¥)
cucreMbl §. AbTepHATHBHBIM CBOHCTBOM OyAeT, HampuMep, YTO HEKOTO-
pas Beauuusa R npunuMaer onpeleneHsoe 3Hadesue A, AW UTO 3HAaue-
Hue Bejuuudsl SR NONOKUTENBHO, WM YTO 3HAYEHUS NBYX OAHOBPEMeHHO
uamepumbix Beuund N u & paBHAIOTCA COOTBETCTBEHHO A U ., UJIM 4TO
CyMMa KBaIpaTOB 3THX 3HaueHnR > 1 u 7. n. Mul 0603HauaIN BeAUYUHEL
yepesa M, &, ..., GyneMm o6o3HAvaTb ajbTEPHATHBHBIE CBOHCTBA GyK-
amu &, §¥, ... BesvuunaM 0TBeualoT, KaK Mbl TOJbKO YTO YCTAHOBUJH,
runepMakCcuManbHbie SPMHTOBBI onepatopul R, S, ..., uTto we Oyuer
COOTBETCTBOBATb ANbTEPHATUBHBIM CBOMCTBAM?

Mbl MOXeM COMOCTABUTHL KAMAOMY aJbTepHATUBHOMY cBoHctBy €
BEJUYUHY, ONPENEJUB €€ TAK: KAax10e H3MEepeHue, Pa3pelraionlee anbTep-
HATUBY Ha/IM4us UJAM OTCYTCTBUA cBoiictBa (¥, paccmarpuBaercsd Kak
usMepenue 3Tofl BeJMUMHB; NPH ITOM €€ 3HayeHue pasHo 1, ecau &
¥MeeT MeCTOo, U HyJi0 B NpPOTUBHOM cayuae. Beamuuny, xoropas coort-
BETCTBYeT anbTepHatTuBHOMy c¢Boficty (€, OymeMm Takixe o06o3Hauarh
yepes (€.

*) Mp pemuan BOCNOAB30BAaTHCA Aaf NMEpeBoaa Hemeukoro «Eigenschaftens»
TaKuM O06OpOTOM, KOTOpPHH TOUHEE MNEPEeNacT NO-PYCCKH CMBICA JaibHEHHmx

paccyxnennii. Pagn kparkoctn Mpr 6y4eM roBOpHTh H NPOCTO 006 «anbTepHATy-
Bax» — I1pun. peo.
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Takue BeJuuyHbl NPUHUMAIOT JAullb 3uavenus O u 1, u obpario,
aobas Beauduna N, npuHHMAIOWIA® NUbL TH 3HAYEHUS, COOTBETCTBYET
anbTepHaTUBHOMY CBOHCTBY (£, KOTOpOe, 0uYeBUNHO, COCTOUT B CAEAYIO-
weM: «3uauenne Besuuunsi R ne paBuo O». [lostomy mas Beauuun (&,
COMOCTABNACMEIX aNbTEPHATUBHBIM CBOMCTBAM, 3STOT MNPUBHAK ABAAETCS
XapaKTepHbIM.

To obcrostenbctBo, yro & npunumaer auip snauenus 0, 1, moxer
ObTh  CHOPMYJMPOBAHO TaKXke CAefyIoOwUM 00pasoM: ero NOACTAHOBKA
B nmoaudoM F (\)==A-—A? rtomnectBenHo o6pauiaer mocJenHuil B Hy.b.
Ecau Bemuunne & coorsercrsyer onepatop E, To seauuune F(E)
coorerctayer oneparop F(E)==E — E?; nostoMy Halue ycJaoBue [Ja-
cur: E—E?=0, wi E ==E? HubMu ciroBamu: onepatop E Beqluyunbl
¢ — 310 mMpoOeKUMOHHBIH omepaTop.

Wrak, amsrepHatuBubiM cBoiictBaM (£ (Yepe3 nocpeacTBo cooTser-
crBylomux Beauuud (€, KOTophle MBI TOABLKO YTO ONIPENENUJH) CONMOCTA-
BJAAIOTCS NMPOEKUUOHHble ONepaTopbl £ uaM 3aMKHYThle JUHEeRHBlE MHOTO-
o6pa3us M, ecau paccMaTpuBaTh HAPANY C NPOEKUUOHHBIMH ONEPATOPAMA
E =Py u npuxajpiexamfe uM 3aMKHYTHle JuHeHHhe MHorooGpasus .

PaccMorpum Tenepn Gosee nmoApo6GHO BhIUMCAEHHS € B3aHMHO COOT-
Bercrylowumu apyr apyry €, E u I,

Ecau Mb XoTuM paccyautb aibTepHaTuBy, o0Jafaer UM HeT COCTOSA-
Hue ¢ cpofictBoM (¥, To Mbl IoMKHH u3Meputh Beauuuny € u ycraso-
BUTb, paBHO AU ee 3xHauedue 1 uau O (3T0—TO Ke camoe 1o omnpexe-
aeHnio). TeM CaMbIM BepOATHOCTL MNEPBOro, T. €. Toro, uro & umeer
MECTO, paBHa MaTematuyeckomy oxunasno &, 1. e,

(Eg, ¢) = ||Eg||= || Pupll%

a BEpOATHOCTb BTOPOTO, T. €. Toro, uro (¥ e umeer Mecra, paBHa
MateMaTuueckoMy oxwumanuio 1 —E, 1. e.

(I —=E)e. o) = [1 —E)¢[>=||¢ — Pug|

(Cymma, xoueuHo, pasHa (¢, ¢), T. e¢. eauHuue.) Crenosatespio, & Ha-
BEPHAKA UMEET MECTO [ He UMEET MeCTa, eC/ii COOTBETCTBEHHO BTOpas [ nep-
Basg BEepPUOATHOCTb pPaBHA HyMO, T. €. npd Ppo=19 /P, ¢ =0. Hubimu
caoBaMu, ecau ¢ npunamaexut Kk I/ oproronanbuo x P uaw ke ecau ¢
npunagaexrut ¥k M/x R, — M.

Crano Owmte, I moxer OHTH ONpeleeHO KAK MHOMXECTBO BCEX @,
¢ 10CTOBepHOCTHIO obaanaomux csolictsoM €. (CobcrBeHHO, ITUM onpe-
zeasieTcs JHMIIb moiMHoxecTBo IR, Aexamee Ha nosepxsoctu |¢f =1.
Camo M momyuaercss OTCIONA YMHOMXEHUEM HA MOJOKHUTEJbHbIE KOHCTAHTH
u noGaBreHueM HyJs.)

Ecnu Mbl Ha30BeM CBOWCTBO, NPOTUBONONONKHOE cBoHcTBY & (0TpU-
uanue §), «se E», TO U3 CKA3AHHOTO Bbile HenmocpenctBenHo Oyner
cnenoBats, uro ecam E wau M orHocsites k¥ §, ro x «ne E» orho-
carca | — E uau R — W

20
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Kak u B OTHOIIEHMM BeJuYUH, 31eChb TakKKe BOBHUKAET BONMPOC OMHO-
BpeMEHHON U3MepuMoCcT# (UM, BepHee, OJHOBPEMEHHOHM PacCyLUMOCTH *)
cpofictB). Slcro, uto €, T onHOBpeMeHHO DACCYAHMbI TOTAA U TOJBKO
Toraa, KOraa cooTBercTByiomue Beauuuns &, § 0A10BpeMeHHO H3MEPHMbI
(HeBaXKHO, A0COMIOTHO TOYHO WJK C NPOU3BOJLHO 0OAbLIOH TOUHOCTHIO,
MOCHQIBKY OHM Belb MOIYT NpPUHUMATL JHIIbL 3navenus O u 1), 1. e,
ecin E, F xoMMyTupyloT. AHajoruuso OGCTOMUT 1e0 B CJydae HECKOJb-
kux csoiicts €, ¥, O, ...

M3 oaHoBpeMeHHO paccyiuMux cBoHctB &, §F Moxno o6pa3oBathb
nanbueduwie csofictBa «& u F> u «& wau F». Bequuuna, coorser-
craylomas coitctBy «& u §», pasHa 1, ecau obe BeaHuUHBI, COOTBET-
crayowre & u @, pasun 1, paBra 0, ecau ogHa U3 HUX PaBHA HYJIO,
7. €. mpoudBeseHuio ytux Beauuud. Cornacio F¥, ee omepatopoM Gyner
npousseneHue oneparopos seauund & u F, 1. e. EF. Tlo meopene 14.
u3 II. 4, cooTBeTcTBylONlee 3aMKHyTOe JuHe#HOe MHOrooOpasue Oyner
o6uieit yacteio P muoroobpaszuit I u N.

C npyro#t cropousl, coitctBo «& uau F» MokHO 3amucaTbh Kak

«te ((He &) u (He F))»,
W, CJe10BaTelbHO, ero onepatopoM Gyxer
l-—(l —E)(1 — Fy=E + F — EF

(no cnocoly MOCTPOEHHA 3TO, KOHEYHO, TOXE NMPOEKIHOHHLIH oneparop).
Tak kax F—EF sBasercs NPOEKUHOHHLIM ONePATOPOM, TO JHHEHHBIM
Muoroo6pasues, nputasgexanum k E—F —EF, 6ynrer M4+ RN —P)
(meopema 14. us Il. 4). Ono sBasercs moamuoxectsom {IM, N} u, oue-
BUAHO, coiepxuT N, 3Hauur, mo cummeTpuH Takxke ¥ M, a caenosa-
teabuo, u {IM, N}. Crenosaressno, ono pasuo {M, M}, xoropoe, kak
3aMKHYTOE MHOXeCTBO, camo pasuo [IR, M.

Ecau € saBasercs CBOHCTBOM, KOTOpOe BCErAa HMeeT MecTo (1. €.
MyCTHIM), TO COOTBETCTBYIOLIAS BeJMUMHA pPaBHA TOXKIECTBeHHO 1, T. e,
E=1, M=NR,. C apyroh cropousl, ecan & HuKOrza He HMeeT MecTa
(T. €. HEBO3MOMNHO), TOT1a COOTBETCTBYIOW(As €My BEAUYMHA TOXIECTBEHHO
pasHa 0, 7. e. E==0, M=0. Ecau asa csoictBa €, §F HecoBMeCTHbI,
TO BO BCAKOM CJydde OHHM JOJIKHBl OBITb QNHOBDEMEHHO PACCYyNUMBL N
ceofictBo «E u F» momxHo ObITh HEBOZMONKHO, T. . E u F nomxub
kommytuposath, a EF =0, Ho nockonrky us EF =0 BuTexaer nepe-
craHoBouHoCts (meopenma I14. u3 Il. 4), 10 3TO CBOHCTBO XapakTepHO
camo mo ceGe. Ecau npeanosoxute, yro E u F KOMMyTupylOT, TO TOrna
EF =0 osnauaer nonpocrty, 4ro obliee noaMHOKeCTBO MHOXecTB M u N
coctout b u3 0, 0HAKO H3 OJHOrO MOCJELHEr0 YC/IOBUA NMepecTaHo-

*) Mel nepeBOgMM CJOBAMH <«PaCCyIHTb», <«PaCCyAHMOCTb» HCHOAb3YEMYIO
aBTOpOM TepMHuHOJOTHIO «entschelden», «Entscheidbarkeit», He UMermyX aHa-
aora B Hameil auteparype. ITpun. nepes.
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Boutocts E 1 F caeposars se Gyner. Hanporus, B obmem cayyae EF =0
yreepxaact nas I u N, uro Bcé I oprorosamsuo ko scemy N (meo-
pera 14. us 1L 4).

Ecau SR — 310 BeauuuHa ¢ onepaTopoM R, KOTOPOMY NpPUHARJIEIKUT
pasaoxetue exunuus E(X), To oneparopom cofictBa «J nexut B HHTEp-
pane [=={N, p'}» (M =p’) Gyner oneparop E (p')— E (). Urobu ybe-
IATHCS B 9TOM, LOCTATOYHO 3AMETUTb, HANpPUMep, YTO BEPOSTHOCTL Che-
nanuoro yreepxaesus pasHa ((E@)—EQ)) ¢, @) (cp. W, B 1L 1).
Opyro# criocof: BeguyuHa, COOTBETCTBYIONIAS PACCMATPUBAEMOMY CBOHCTBY,
pasia & = F (N), rae

1
ra={!

tak yto F(R)y=E@)—E@) (cp. II. 8 wau 1. 1). B 1. 1 sror
oneparop oGoaunayancs uepes E ([).

Hrak, Mbl DpULLIK K CAEAYIOUMM BbIBOAAM OTHOCHTENLHO CBA3H MEXAY
csoftcrBamu (8, uX MpoeKUMOHHBIMH onepaTopaMu E u 3aMKHYTHIMU JuHel-
HeIMM MHorooGpasusmu IR 3TUX Omeparopos:

@) BepostHocTH TOro, uto CBOHCTBO (£ HMeeT MM He UMeeT
MecTa B COCTOIHUM @, PaBHBI

(Eo, ¢)=={Eq|?= [ Punepl|?
(1 —E)e, o)==||(1 —E)¢||?=|l¢ — Pxg¢||*

B) & c nOCTOBEPHOCTHIO MMEET WM HE UMEET MeCTa B COCTOf-
nuax @, npunapaexamux M uan R — M coorBercrBennHo, U
TOJLKO B TAKUX COCTOSHUSX.

¥) Ilaa onHOBpeMEHHOM paccyamMOCTH Heckoibkux cBoicts &,
¥, ... nepecTaHoBouyHOCTb uX omneparopos E, F, ... dapaserca
XapaxrepHofl.

8) Ecan E, M npunanaexar ceoitctsy &, 10 1 — E, R, — M
npuHagiexar csoictsy «ne E».

¢) Ecau E, M npunanaexar csoitctey €, a F, R — cofictay F
n ecau & u F omnospemenno paccymumsl, T0 EF u oBuias yacts I,
N npusapnexar ceoiicrey «€ u F», a E4+ F—EF u {M, N}
(paBuoe [M, M]) npunamaexnar cBoicrsy «E unu F».

7) € Bcerna umeer mecto, ecau E=1 nau we ecau W =R,
M HHKOrnAa He uMeeT mecrta, ecau E =0 uau xe ecau M= (0).

¥) G, §F necosmectunl, ecau EF =0 uau, Takie, ecau Bcg M
opToroHaibHo Bcemy R.

§) Mycrs Beanuuse R coorsercrByer oneparop R # mycTh
I — nexoropeft unrepBan. [lycts E (M) — pasnoxenne emuHuubl,
npunagaewaee R, I={N, p'} W=p"), E()=E@)—EQ)
(cp. 1I. 1). Toraa omepatop E (/) npunapiexur CBOHCTBY
«R newmur B I».

npu N <h=yp/,

B OCTaJbHBIX Cjayyasx,

nJjau
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C noMouibio npepioxenul o) — {) MOXKHO BbIBECTH yKa3aHHbIE Bhillle
peposiTHOcTibie  yTBepwaenus W., Ei., Ez., a Takie yrsepxaenus
n3 II. 3 oTHOCHTeNbHO OLHOBpeMEHHOH H3MepUMOCTH. SlcHO, 4TO mocaen-
HIle YTBEPKACHHS SKBuUBaJeHTHH 7v); W. clenyer us &), €), §), a Ei., Ea.
ABASIOTCS €ro CJACLCTBUAMY,

Mbl BHIMM, YTO CBfi3b MeXAY CBOHCTBAMU (U3UYECKOH CUCTEMEI,
C OZHOH CTODOHBI, H KHPOEKUMOHHEIMU oOmepaTopamu, ¢ Apyroft, nenaer
BO3MOMHBIM HEKOE JOrMYecKoe ucuucaexue Hay Humu. OLHAKO B mpoOTHU-
BOMOJIOMHOCTL MCUUCJEHHI0 OOBIYHOM Joruku srTa cucreMa oforauiena
XdapaKTepHbIM I KBAaHTOBOM MEXaHUKU MOHATHEM <«OJHOBPEMEHHOH pac-
CYLUMOCTU.

D10, OCHOBAHHOE HA NPOEKUMOHHBIX ONEpaTopax, HCUUCIEHUE Mpen-
JOXMEHUH uMmeeT, MNOXaAyH, onpeleseHHble NPEUMYIIECTBA HaL HCUHUCHAE-
HUEM BeJHYMH, ONMPAIOUUMCH HA COBOKYIHOCTh BCEX (THIEPMaKCUMANbHBIX)
IPMUTOBLIX ONEPaTOPOB, COCTOSLME B TOM, UTO IIOHATUE «ONHOBPeMEHHOMH
paccynuMocTu» fBJAAETCS YTOUHEHHEM INMOHATUS «OJHOBPEMEHHON usMepu-
moctu». Hanpumep, uro6rl Bompochl «iaexut i R B IP» u «aexur au &
B J?» [ u & obnagaior oneparopamu R u S, a 3TU B CBOIO ouepenb —
pasaoxenuamu equuuus EQ) u F (p); 1= {N, N}, J=={p’, p”}] 6ran Onl
OLHOBPEMEHHO paccyiumbl, Mbl TpebyeM auwb (coraacHo ¥), §)), urolwi
oneparopsl E(N)=EMWN)Y—EQ) u F())= F (") — F (") xoMmyTupo-
paau. Jlas omnoBpemenHol e uamepuMoctu R, & neoGxonuMa nepecra-
HOBOUHOCTb Bcex E(A) co Bcemu F (p).

6. Teopus u3aydeHus

Mb cHOBZ BbIBEJM BCe CTATUCTHYECKME YTBEPKAEHUS KBaHTOBOH
mMexaHuku, npuBeneHHele B [ 2, u paxe cymwecrBensHo 0GoGmMAM UX U
npuaand UM CHCTEMAaTHYeCKul MnopagoK C OLHUM-E€NMHCTBEHHBIM UCKJIOYe-
HueM. MMenso, HaM HezocTaeT raftseH6eproBa BbipaeHnus Ajs BepoAT-
HOCTH [Mepexoia U3 OJHOrO CTAUMOHAPHOrO COCTOAHUS KBAHTOBAHHOH
CUCTEMBl B JPyroe, XoTd Kak pas OHO CHIrpajo BaXHYIO PoJb B CO3JaHUH
KBaHTOBOM Mexawuku (Cp. Cka3aHHoe mo 3toMy nosoxy B l. 2). Cuenys
merony Dirac’a!®), Mbl mokaxeM Temepb, KakuMm o0pa3oM MOryT GuTh
BhIBeeHbl 3ITH BePOATHOCTH MepeXonoB U3 OOBIYHKIX CTATUCTHYECKHX
yTBEpHIEHUN KBAHTOBOM MeEXAHUKY, T. €. U3 TOJbKO UTO U3JI0MKEHHOH
Teopun. D10 TeM Gojee BawHO, YTO TaKo#t BEIBOJ MO3BOJUT HaM raybixe
3arsHYTb B MEXAHU3M MEPEXOROB MEXAY CTAUMOHAPHBIMM COCTOSHUAMHY,
2 TaKke B CMBIC/] YaCTOTHO-3SHepreTHyeckuX ycaosuft DitHuwiteiina — Bopa.
Teopus uanyuenus, paspuras JlupakoM, ABAAETCS OLHMM M3 CaMBIX Ipe-
KPACcHbIX JOCTIXEHUH B 00JacTM KBaHTOBOM MeXaHUKH.

138) Proc. Roy. Soc., London 114 (1927). CM. Takxe H3JIOKEHHE B KHHTE
Weyl’ s, Gruppentheorie und Quantenmechanik, Leipzig, 1931; 2-e uzn,, ctp. 91
I mocaenymoumue.
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[Tycts §— cucteMa (HampuMep. KBAHTOBAHHBIA aTOM), IHEPTHU KOTO-
po#t coorserctByeT 3pMutoB omnepatop H, OG6o3nauuM KoOpIHHATHI,
OnmuchiBaOUINE KOH(HIYPAUUOHHOE MPOCTPAHCTBO cuctembl S (ecau, Ha-
npumep, S cOCTOMT U3 [ 4acTul, TO HMeeTcsa 3/ LEeKapTOBLIX KOODAMHAT:
X1=qp V1=0p Z1=(y -+ X;={qy_p Y =Qy_1. 2;=Qy), A4
KPaTKOCTH 4epe3 & najee, s NPOCTOTH MNycts H, mMeer uucTo AuC-
KpeTHblft CrneKkTp: coOCTBeHHbie 3Hauenns W,, W,, ..., coBcTBeHHbIE
dyukuuu @9 (5), 99(8), ... (uexoropnie u3 W, Moryr cosmanats). Ilpous-
BOJIbHOE COCTOfiHME cuCTeMbl S, T. e. BoaHoBas ¢yukuus ¢ (), pasBu-
BAETCHA B COOTBETCTBUM C BpeMenHtlM ypaBrenueM [Upenunrepa (cp. IIl. 2)

0
—27:@1'— oF Tt (&) =— Hg%, &,

T.e.ecmunpui==t, ¢, E=¢ =k21 a,0,(E), TO AJs NPOM3BO/B-

HOT'0 BpeMeHu
2xi

-~ =L w, - ,
@=Zaw Vo, (&),

2l
Cocrosnue ¢(§) == @, (£) nepexonut, cienopareNbHo, Be Vel t°)<pk ®,
_ 2 W (t-t)
T. ¢. caMo B cebs (TaK Kak MHoxuteab e #  *Y % pe urpaer poumu).
3uauut, cocrtosHust ¢, (§) crauuonapubl. Takum ofpasoM, Mb CnepBa
BOBCE He HAXOAMM MNepeXoloB K3 OLHOTO CcocToauua ¢, (5) B Apyroe.
Kax e moaydaercs, uTo O TakuX mepexonax Bce-Taku roBopar? OObs-
CHEHUE HECJ0XKHO. Mbl He yYau arenrta, KOTOPHH BLi3niBaeT Takue nepe-
X01bl, — cBeT. Beap yme cornacHo mnepsoHayanbHoR Tteopuu Bopa cra-
IHOHADHBIE KBAHTOBBlE OpPOUTHI HAPYWIAJAUCL JAMIUL NPU UCIYCKAHUU CBETA
(cp. npum. %) Ha cTp. 12), Ho eciu ne ofpawaTh HA HErO BHUMaHus (Kak
B TOJBKO YTO HaMeyeHHOHM MOCTAaHOBKE 3anauH), TO COBEPLIEHHO Pa3yMHO,
yto moJayuaerca abconioTHas M mocTosHHas crabuabHocTb., Takum oOpa-
30M, CJeiyeT pacliMpuTb UCCAeLyeMYIO CUCTEMY Tak, yToObl OHA BKJIO-
uyuna B cebGs U CBeT, KOTOpH, Bo3MOxHO, O6yaeT ucmyuwied S, T. e.
BOOOIIE Bechb CBET, KOTOPHI#t MOMET BCTymaTh Bo B3auMopelctsue c §.
OG6o3unauuM uepe3d L cucteMy, o6pasyeMylo cBeTOM (T. €. JMEKTPOMArHuT-
HEIM TI0JIEM KJIACCHYECKON TeopuM, MCKJI0Yasd CTaUMOHADHOE IMOJe, Mopo-
HIAEMOE INEKTPOHHLIMU U ALepHBIMU 3apsaaamu). PaccMorpenuio mnopje-
Kur Toraa cucrema S-+L.
Wrak, Hano HaftTu caenyiouue Bellly:
1. Habop nepeMeHHBIX [Js KBAHTOBOMEXaHUYECKOTO OMNucaHus
cuctemsl L, T. e. xoHdurypauuoHsoe npocrpaHcrso L.
2. Oneparop sHepruu cucteMu S—-L. Ita 3Heprus cOCTOUT
U3 Tpex uvacreft:
®) Dueprus cuctemb S, cyulecTByiomas HesaBucumo ot L, T. e.
HEBO3MYLUeHHAA 3SHeprusa 8§ aas cucteMb § — arto omeparop Hy.
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#) OHeprus cucteMsl L, cyulecTyiomasn He3aBHCHMO OT §, T. e.
HepoaMylleHHaa sHeprus L. OO6o3HayuM cOOTBETCTBYIOLLUM omepa-
Top uepes H;.

v) Ocranbhas 4acTh SHEPruW, T. e. SHeprus B3anMoaeHCTBUA
§ u L. O6o3nauuM ee omepatop uepe3d H,.

Kak BuiHo, 3jecs HEET peusr O BONMPOCAX, HAa KOTOpHE, B AyXe
OCHOBHLIX TNPHHIHMNOB KBAHTOBOM MeXaHMKM, CHAYATa HYXHO OTBETHUTDb
KJIACCHYEeCKH, C TeM 4ToObl IOAyueHHble TaKUM O0O6pasoM pe3yabTaThl
MOXKHO OblJIO 3aTeM NepeBecTH HA sA3blk oneparopon (cp. 1. 2). Bcrauem
MO3TOMY CMepPBa Ha YHCTO KJACCHYECKYI0 TOYKY 3PeHUt OTHOCHTEILHO
npupoasl cpeta: OyaeM paccMaTpuBaTh ero (B AyXe 3JeKTPOMArHUTHOH
TEOPUM CBeTa) KaK OCUHAIATOPHOE COCTOAHUE  3JACKTPOMArHUTHOrO
noas 139),

Bo usbexanue U3AMIIHUX ycJaokHeuu#t (nuccunmauusi csera B Oecko-
HeYHOM TNPOCTPAHCTBE M T. A.) OyaeM cuuTaTs, uyTO0 § M L 33K/IOUeHH!
B oueHp GoJbpluo#t 3amxHyTOH nosoctu H o6bema ¥ ¢ abcoaoTHo oTpa-
walomumu crenkami. CocTofHHe 9JeKTPOMArHUTHOro moas B H onucki-
BaeTCH, KaK W3BECTHO, HAMPMKEHHOCTAM!I SAeKTPUYECKOr0 M MAarHUTHOrO
noneit: €= {G,, €,, €}, D=1{H,, H,, $,}. Bce seauuunn G, ..., H,
ABAAIOTCA (YHKUUAMH [EKapPTOBBLIX KOOPAMHAT X, ¥, 2 oOwWeH Touku
ronocty H u Bpemenuu f. CreayeT ykasaTh emre, 4TO Temeph Mbl OyaeM
YaCTO  pAacCMaTpHBATL  BelIeCTBEHHbIE  MPOCTPAHCTBEHHBIE  BEKTOPHI
a=={a, a, a}), b={b,, by, b} u T n (nampumep, G, §), a rawxe
pa3Hble KOHCTPYKUMM ¢ HMMM, KaK, HanpuMep, BHyTpeHHee WJIM cKajasp-
HO€e TIpOM3BeeHUe

la, Bl==a,b,—+a,b, -4 ab,.

3nech, KOHEYHO, He BO3HMKAET OMACHOCTH CNYTaTh STO CKAMAPHOE NMpPOU3-«
BeJeHHe C BHyTpeHHUM mnpoussesenveM (¢, ) B R_. OGosunauum nud-
02
9y?
TopHbie omepauud — depe3 div, grad u rot. Bexrtops € u § yaosae-
TBOPAIOT B NMycToM NpoctpancTBe H ypasuenusMm Maxcsenna:

0? 0?
¢depeHUNaNLHER oNMepaTop 79?+ —l-—gz—f yepe3 A, a U3BecTHBIe BeK-

div§=0, rot64- 2 =0,

e 10 o
divE =0, rot«i,)——?d—t(s,._o.

139y Ynrtepecylomutics sTUMH BONPOCAMU YHTATesb MOMKET HaHTH H3AOMEHHE
9/eKTPOMArHUTHOH TeOpHH CBeTa B JIOO0M yueGHUKE 3JEKTPOXMHAMUKH, HalpHe-
Mep, Abraham-Becker, Theorle der Elektrizitat, Berlin, 1930. (Ectb pyce
cxuli mepesox: AGparaM-Bekxep, Teopus saextpuuecrsa, OHTH, J.—M,,
1936.) Cp. 1akKe danbHelilllee u3JN0XKeHHUE, NPOXOAdiiee B PaMKax Teopur Ma-
KCBeJJaa.
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IepBoe ypaBHeHue MepBo# CTPOKHM OyleT yAOB/JETBOPEHO, €CJU MO/O-
wuth H=rotA (rze A= {A,, Ay, A} —rak nasviBaemsiff BexTOp-

MOTEHIHa/K; er0 KOMMOHEHTHI TAKKE 3aBHCAT OT X, y, 2, f), & BTOpoe—
1 o
ec G == —?—5?%[. [Tocne atoro ypasHenus BTOpo# cTpOkH mpHOGpe-

TawT BUI
2
(4.) divA=0, AA—- 2 o=0.

[B ueasx nosbilliennsi CHUMMETPHM NpPOCTPAHCTBA W BpeMEHH, BeKTOP-TO-
TEHUHa/J BBOAUTCS YaCTO HECKOAbLKO OTAHuHbM cmocoboMm. To, uto npen-
noxentbit cnoco6 Beenenus U daer obuiee pelleHue ypasHennt Ma-
KcBena — 31ech Hano 06partuTh 0co60e BHUMAHHE Ha TO, YTO M3 NMEPBOro

ypaBHeHUs BTOPOM CTPOKU CJAeAyeT /HIUb, YTO -(—%div%[:zo, T. e. divi=

== f(x, y, 2), —AoKa3biBaeTcs B GOJLIIMHCTBE H3JA0MeHUH Teopun Ma-
kcenna. [losToMy Mbi He CTaHeM [OJbllle OCTAHABJAMBATLCS HA ITOM.
Cp. npum. 13% na crp. 191.] Ypasrenus (A.) SBASIOTCS HCXOAHBIM MyHKTOM
aAg nanbuefimero. CBOKCTBO CTeHOK mMosocTd H OTpaxaTh CBET MOMKHO
BLIPA3UTh B BHAE YCJOBHS TNepNeHAMKYJAApHOCTH BexTopa-noTeHunana U
K cTeHkaM Ha rpannnax H. M3BecTHBilt MeTox HaxomjeHus Bcex Takux U
COCTOMT B cilenyolleM. Tak Kak B paccMaTpuBaeMmolt mpobieMe £ Hurnme
He Qurypupyer sBHO, To HauGojee oOuum BripawenneM nas A Gymer
JuHefHas kOMOMHANMsA BCex pellleHMH, MMEIOUIMX BUJ NpOU3BEIEHHS BEK-
TOpa, 3aBUCAIIETO OT X, ¥, 2, Ha 3aBUCAWIUH OT BPeMeHH CKausp,

A=A(x, v, 2z, H=A(x, y, 2) - E(t)-

Ypastenust (A.) nalor Torza
(A1) div¥U =0, AA=n 9,
A nepneHaukyaspHo K creHkaMm H Ha rpanuie.

(42) Zri=c2ng .

3aech, cormacHo (As.), 7 3aBUCHT /ML OT X, ¥, 2, @ COIMAcHO
(As.) — nump OT £, 3HauuT, 7 €CThb KOHCTAaHTA.

Taxum o6pasom, ypaBuenus (A1.) popmyaupyior npoGiaemy co6cTBeH-
HBIX 3HayYeHUH, B KOTOPOH 7% sBAfeTCS NapaMeTpOM A COGCTBEHHHIX

anavenutt 1 Y — cobereentolt  pynkuued. Teopus Takux 3ajay NOAHO-
CTbl0  paspaGoTaHa, M Mbl TNpuBeleM 8leCh JuWL pe3yaAbTaTh 40),

M40) Cp. R. Courant und D. Hilbert, Methoden der mathematischen
Physik 1, VI, § 2,2. —5., crp. 358—363, Berlin, 1924.
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3anaua (Aq.) HMeeT YMCTO AMCKDeTHH# CNeKTp, BCe COOCTBeHHble 3Ha-
yeHust My, Mos « .. (IYCTh UM COOTBETCTBYIOT A, Ay, ...) oTpunaTenbHH

M CTPeMATCl K —~ 00 INpH n—> --co. [loanynw cucTeMy T
MOXHO HOPMUPOBATh YCIOBHEM

" _ _ , B
J [ ] e Tty e[ 1" 20m =
g 0 ana m+n.

(Mbt BuGpaan 4wc? BMecTo oGmuHOM 1, MOCKOALKY B NafibhefleM TaKas

HOPMHPOBKA OKaeTcsl HeMHOro Gosee mpakTuyHol.) O6osHadum 7, (< 0)

45,
yepes —

(A2.) macr
(;,l (fy =" cos 2np, (f — =) (7, T NMPOHMBBOJIBHDI).

(pp, > 0. mpu n—>-co uMeeM TaKxke p, —> - 09), Toraa

Takum 06pasoM, camoe oGuiee pelenne ¥ uMeeT BHA

uMB

A=A, 3, 2 = (. 2)q,(t)=

I
nNg

‘II (x, ¥, 2)1,co82mp,(t—r,)

(Y1s Y2» +-+» T Tr o+ . — MPOUBBOJbHEIE KOHCTAHTBI). OHEPrus Mpous-

BoasHoro moas Y = Z?_I,,(x, v, z)q~” (&) (rme W He mnpexmogaraercs
n=1

pewenueM 3agaud (A.), T. e. Ko3(puukeHTH (;,,(t) MPOU3BOJILHL) €O-
CTaBJsET

=5/ [ [ a6 116 onarayar—
z_g;f//(ciz[oitm 39|+ Irot 3, rot 90| die dy dz =
H

—= S [ [ (& a0 saol, L+
H

m, n=1

4 ()7, @) [0t Uy 10t A1) dx dy dz.

13 U Hetiman
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Wuterpupys no yactsaM, nosayuum 141)

[ ] [ wot¥,, ot dxdyde =
H

:f//[rotrotﬁm, N )dxdydz =
H

-_—.fff[__mm_{_graddwﬁm, A, dsx dy dz =
H

:ﬁ“_“:_f?'ﬁ/;//{ﬁm, 9,1 dx dy dz.

Mostomy

1 Y 1 ~ 0 ~ 47:29311 ~ ~
E= 737 dn® 57 9. O+~ 4 (0, (D) | X

><fﬂ/m

Ho g, ¢, ... MOXHO paccMaTpuBaTh Kak KOOPAMHATH, OMUCHIBAIOILUE
MTHOBEHHOE COCTOsIHME MOJs, T. €. K&K KOOPAMHATH KOH(UIYPauHOHHOrO

npocTpaHcTBa cucTeMur L, ConpsbkenHble UMNYJbCst p, (B CMbCAE KJaac-
CHYECKOH MeXaHHKH) HAXOAATCH W3 GOpPMYJni

E= N (5 0 + %)

»

[, R dxdyde = i (5 3 ®) -+ 4532, @, O] -
m=1 .

n=1
B dopwme
~ 9 o ~ 1 ~ ~
Po=—5—E=5q, E=-5 Y (P + 427
O(W qﬂ) n=1
141y Ymenno,

fﬁff[a,rotb]dxdydz=fﬁff[rota,B]dxdydz

6aarogapst TOXAECTBY
{o, rotb] — [rot a, B] == div (a X D)

(a X b— Tax HasbiBaeMOe BHelIHee, BEKTOPHOE NMPOH3BEIEHHE BEKTOPOB a u D),
ecan TOJbKO HOPMaibHaf KOMMNOHEHTAa MpOHMaBeseHust a X b ucuesaer Ha rpa-
Hute H. Tax xak aX b nmeplenmuxyaspHO Kk a u b, 10 370 6e3ycaoBHO Tak,
ecru a nan b nepnesAukyaspHo k H. 'Y Hac a=rot %, b= U, Tak uT0 mep-
BO€ 6€e3yca0BHO BHINOJIHACTCA.
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(cp. 1. 2). OTciona MOXHO MOJYYMTb ypaBHEHHs ABMNKEHHs KJAaCCHYeCKOH
MeXaHUKHU
0 =~ 0 0 ~

9=l Fee gy S5 =9 Feyp
ot Pr Fv il O 05n P

T. €.
92 ~ 2,2 7
o 9+ 47%0q, =0,

yTO B TOYHOCTH COBMajaeT ¢ ypapHeHusMU (Ap.), BBHITEKAOUIMMU H3 YDAB-
nenu#t Maxcsenna. TeM caMeiM nOKasaHa TeopeMa Jlxunca:
ITone wusnyueHus L MOMHO OMUCATL B CMBIC/E YMCTO KJAaCCHYeCKOH

MEX3HUKN KOOpAUHATAMU Gy, (9, ..., — KOTODLie CBSI3AHbHI ¢ MICHOBEHHLIM
3HauYeHHEeM BeKTOp-noTeHuuan a ?/L ONUCHBAWILELro nMnoJe, COOTHOIIEHHEM

M3

A=A(x, y, )= 2 ¢, %, (x, y, 2), —

it
-

n

MOCPeNCTBOM SHeprud (raMuiabTOHOBOR QyHKuuH)

E=L1 N (02 + 4=2g2).

BO| ==
s

n=1

i

Touka Maccw 1, ABMKylWIafcs MO MPsMOH JMHMM, ¢ KOOPAMHATOH g,
HaxoAAlIAACs B MOTeHuMadbHoOM mode Cg?, C == 2n%?, oGaagaer sueprueht

1 [( 5 q) - 4n2p2g ] WUnu e, MOCKOAbKY ONSTh p = 502—(7 paBHOM
—2—(p —+ 4n%2¢%). YpasHenue ABIKEHWS TAKOH YacCTMUH WMeeT, CJIeA0BA-

02 ~ ~ ~
TeqbHO, BHE Wq‘l" 4n%% =0, pelueHHeM KOTOPOrO SBASETCS g ==

==t cos 2mp(f — ) ({, © mpousBoJbHs). bBaaromaps TakoMy xapakrepy
ABUMKEHHS 9TA CUCTEMa HA3bIBACTCS «/IUHEHHBIM OCHM/IATOPOM YACTOTHI p».
Cnenosate/bHO, L MOXHO PacCMAaTPHBATh KaK COBOKYNMHOCTb HEKOTOPOH
noC/1e10BaTeAbHOCTH JTHHEHHEHIX OCHUMAATOPOB, YACTOTH KOTOPHIX SBJSIOTCS
cOOCTBEeHHBIMHI uacTOTaMu nojocti H: py, ps ...

OTO0 «MexaHMyecKOe» ONUCAHUe 3eKTPOMATHWTHOIO IO/l BAMHO MMO-
TOMY, 4TO €r0 MOXHO HeMej/ieHHO PEeMHTeprnpeTHpoBaTh B AyXxe OGLIY-
HOMQ MeTOJ3 KBAHTOBOM MeXaHMKH, OMUCHIBAS KOHQUrypauuoOHHOe Npo-

CTPAHCTBO CHCTeMbl L KOOp,[lMHaTaMH g1» g9 - .. WM 3aMeHsis B BHpaxe-

Huy gaas E Beauuuns p, v g, Ha ... Hg, -+ COOTBETCTBEHHO.

0
2m Oq
ITocneanue oneparopbl 0003HAYUM Uyepe3 P Y Q,, Tem cambiM BONpOCH

13%
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I. u 2. B) 6yayr paspelleHbl, B YaCTHOCTH, .OMepaTOPOM, O KOTOPOM
maa peus B 2. §), aBurcs

1\ 5 ~
=3 L.+ 40
n=1

Bonpoc 2. &) Gbli pellied 3apaHee, TaK Kak Msi npussau, uro H, us-
BecTHO. Taxkum 06pasoM, OCTaeTcs aulib BOMPOC 2. ¥), KOTOpH#, ONHAKO,
He TOTOBHT HaM AOMOJHMTE/bHBIX TPYAHOCTeH.

CornacHo KJaccHyecKOM SaeKTPOAMHAMUKE, B3aUMOJEHCTBHE MEWAY
S u L Buuucasercs caeayiomuM o6pasom: [Iycts § cocrout us [ uactuu
(ckaxeM, MPOTOHBI M SJEKTPOHBI) € 3apalaMH H MACCaMM e, My, ...
..., &, m; COOTBETCTBEHHO M C JeKapTOBBIMH KOODAMHATAMH X|==g,
VI==qp 21==(g ... X;==qg_9 Y ==Qgy_1, 2;==(y (COBOKyMHOCTH
KOTOpHX 0OpasyeT CHUMBOJ £, BBeleHHHIt BhIllE) H MyCTb UM COOTBET-
CTBYIOT uMNyascwt pf, p¥, p% .... pf p}, P} Toraa sHeprust B3auMO-
neficreuss 6ygerT uMerh BuA (B MOCTATOUYHOM TNPUOGIHKEHUH)

i

X
C

1

3 ’ 2 142
v’ zv)+p\):’xy(xv’ yv’ zv)-{—pv%{z(xv’ yv’ zv)) )
COOTBeTCTBYIOIMI OMepPaTop KBaHTOBOH MeXaHHK{ MNOJAyuaeTcs ITyTeM
X r4 —
saMmenm p¥, p¥, p% x, y., 2 (v==1, ..., ) na oneparopn

h 0 h 0 h 0
DR PR~ el e, Xyeve, Yorre, Zyee,

2% 0dy, ' 2ni 0z,

KOTOpHle MH 0603uaunM uyepes Py, P}, Pi, QF, @), Q. Vuurueas elle,
YTo

Alx, v, z)——Z‘qn 2 (X, 9 2,
noayuaeM HckOMbf onmepatop H,, B Biie
l

n=1 v=1

[e o]

AP, (QF, @, Q)+

P,y (QF, @ Q) +PI, (@ Q. @)

e

3nech cieAyeT 3aMeTHTh, YTO MBI 3aMEHMWIN NMPOU3BedeHNs pf a, x(x”, Y, zv)

ONepaTopaMu,  HCMOJbL3YyH  NMPOU3BOJALHBI  MOPAROK  COMHOMHTesel:
a1 Z

Pf%{,,’x(Q;", Qf, Q\,), XOTS MH MOrJu 6Bl C DaBHbIM OCHOBAHHEM B3SIThb

ar r4

ﬁ,,' x, (Qf, Qﬁ', Qv) P¥ a urobe oGecmeunts IPMUTOBOCTb BO3HUKAIOLIELTO

142) Cu., HampuMep, CCHUIKY B npuM. '38) ua crp. 189.
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oneparopa, B HeHCTBUTENLHOCTH Cef0BANI0 OBl MOJb30BATHCA CUMMETpUd-
HOH 3anucplo BHAA

1 - . .
“2_ (vag[ﬂ, X(Qf: Qg: Qf) +9In, X (Qf: ny Qf) P;C)' L)
K cuacTblo, BCe STO He WrpaeT poJad BBHUAY TOro0, Yro

[P, (@, @ @)+ . ]—[%, (@) @ Q)P+ .. ]=
=[P, (@ @ Q) =W (@& @ Q)P+ .. )=

:_h_'oian,x(qvv’ Q. Qf)+ =-2%-diVﬁn(va: Q, Qf)=0°

2ni

Taxum o6pa3oM, MoaHas SHeprus Hame# cucreMst S— L u ee onepartop
H=Hy+H,+H,

Temeps MOJHOCTHIO onpefedensl. Ho npemae ueMm mnpeobpazoBriBath H
Jaanlile, 3aMeTHM C/efyioliee: KOHPUIypauHMOHHOE NPOCTPAHCTBO CHCTEMBI
§-+L omuceipaeTcs KoopauHatamu & (T. €. gy ..., gy WIM ke Xy, Yy,
Zy o Tes X Y 21 WG gos ..., @ BOJHOBAS (QYHKIMS BaBHCHT OT
Bcelt ux coBoxymHocTH. Ho gomyckarb B paccMOTpenue CHCTEMBI ¢ 6eCKo-
HEYHO MHOTHMU CTeNneHAMH CBOGOIB WJH Xe BOJHOBHE (QYHKuMM ¢ Gecko-
HeyHo GOJBIIMM YMCJAOM TNEpeMEHHBIX Heya00HO B (OpMalbHOM OTHOLLE-
HUM U COMHUTE/bHO € TOYKHM 3peHHs 3aKOHHOCTH MareMaTHYeCKHX ore-
pauui, — HaLI{ MpeANHCAHUST OTHOCHIUCDH BeJb BCEra K CIy4alo KOHEUHOro
qUCad  KOOPAMHAT. Mol 6yneM MO9TOMY CMepBa yuuTHBATH Aulls N

NepBHIX W3 KOODIUHAT gy, Gg» «++, @ UMEHHO §yu +.., gy (T- €. MBI OF-
panmumd 9 aumetinbivu womGunauusvu Ap ..., Ay), # amms mocae

TOro, kak OyaeT moJyueH TOTOBMH pesdyiabTaT A% Takol ynpolieHHOH
CHCTEMBI, Mbi BLIMOJHUM (akTHueckH HeoOXOAMMBIH Npene/bHbl Mmepexon
N — —}-co.

143) Tak xak PF xoMMytupyer ¢ QF, Q7 u He xoMMyTupyer ToaBKO ¢ OF,

TO AAs TOro, UYTOOB OBOCHOBATH NOCJAEAyIOIIee mpeobpasoBaHHe (MBI ONycCKaeMm
M3JMIIHHE HHAEKCH u 3aMeHseM ¥ Ha F), CG/eT AOKA3aTh COOTHOIEHHE

PF(Q)—F(Q)P—-Q;;; F Q)

h .0
B KOTOpOM P = i , Q=¢++. D10 cooTHOWIEHHUE, HIpalOLiee B MaTpuy-

wi 0q
1o# TEOPUH HCKOUHTENLHO BAXKHYIO pOJib, IPOLLE BCEro NPOBEPAETCH C HOMOMIBK
NPAMOr0 BHUUCACHHUS.
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TaxuM 006pa3oM, noijyuyaem

H=H,+3 E(P + 4e%0300) +

n=1
N

JN

-‘:’m—b (P, (@) @ @)+

+P3»zt,.,y(Qf. Q. @)+ P, . (@F, Q. Q).

Bmecto Pn, Q,l yao6HO BBectTd (He SPMUTOBH!) omepatop R u conps-
WEeHHBI eMy R,,

~

(Q“PnQn -+ ipn) }N?:l =

1
V_- VQth
~ 1 I o ~w o A h

Toraa Qn=—2—;l/-—2E(R,,—{—R,,), u Tak kaxk P,Q,—Q,P, =2—m.—1, TO

~ o~ 1

Ran=—2'h—p”(P$,+4 PnQn)+ g 1,

~ 1 ~ ~

RuRy = g (P 445014, — 5L

~ oma A
IToatoMy, B 4acTHOCTH, RyR, — R,R,==1. Tlocie storo ¢opmyaa aas
SHepPTrUd NPHHUMAET BHJ

N
H=Ho-+ Y #o,RuRa+

n=1

=

l
+ 2 2ncm 1/-2p (R +R )[px%I” x(Qx Qy Qz)+

n v=1

i
—

+PL, (@5 Q) Q)+ PR, L(QF @ @)]-C,

I\
Tae C=const=—2— hp,. TIOCKOALKY aAIMTHBHAS TOCTOSHHAS B Bhl-
n=1i
paxeHuu LJsi SHEPruM He UMeeT CMHICAA, TO KOHCTAHTY C MOXHO ony-
cTHTh. OTO Tem Oo0J/iee KenaTelbHO, NMOCKOMbKY npu N —» o0 C cra-
HOBUTCS OeCKOHEUHBIM, 4TO HapYWHIO OBl Pa3yMHYI0 KOHEYHOCTH TEODHUM.
SpMuTOB OMEpaTop RyR, smasercs FUMePMaKCUMaAbHEIM U 06JaajaeT
YHCTO JMCKPETHBIM CMIEKTPOM, MeHHO, cocToswimnM u3 yucex 0, 1, 2,
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CoorsercTByoie coOcTBeHHbie QyHKUNN 00603HaYUM Yepes q;g(&,l), 2 ((;n),
42 gy

1 n ~
[Ecan nosoxkuTb Y ?;q BMeCTO ¢,, TO

1 Pn 1 h 0 1 l/ H1 0
2% = 2x 1 u L= L 9
V 2%, P 2h 2 n 2hp, 2mi O0g, 2= 2, i 04,
nepeRayr B ——= VQ V2 tl dq COOTBETCTBEHHO, TAaK UYTO IMOJYUYUM
~ ~ 1 0
o) Ryl
V?( =T
1 92
Ran=——2‘—5‘(;§' —'424—*2‘-
~x 1 1

RuRp=—5 0q2+2 -3

Teopuio cOOCTBEHHEIX 3HAYCHHN STUX OMEPaTOPOB MOKHO HAWTH BO MHOMMX
uanoxenusx, wanpumep, Courant—Hilbert, crp. 261, dopmyas
(42), (43) n orHocawmMica X HUM Marepuan:, a Takke cTp. 76, dopMyan
(60), (61) (pycckult mepepon: P. Kypaut u O. FTuasvbepr, Metogu
MateMaTnyeckoff ¢usuxu, I'TTH, 1933, crp. 84, popmyan (30), (31) u
crp. 310, gopmyas (48), (49)); uan Weyl, Gruppentheorie und Quan-
tenmechanik, c¢tp. 74 u nanee.]

Tax xak ¢;(5), 4y (E),N. - 06p~asyloT TNOJIHYIO OPTOTOHAJABHYIO CHCTEMY

B mpocTpahcTse £, a fF (¢,), ¥7(q,), ... 06pas3yioT noaHyl0 OPTOrOHaIb-
HYI0 CHCTEMY B TPOCTPAHCTBE ¢,, TO

Dy, iy (o G oo ) =4O - 4, @) - 9, (@)
R==1, 2, ..., My, ..., My==0,1, 2, ... 06pasyloT NOJHYIO OPTO-
FOHAMLHYI0 CUCTEMY B HNPOCTPaHCTBe &, (71, qNN, T. €. B KOHpHUry-
pauMoOHHOM NPOCTPAHCTBe. MBI MOKeM TOrAa PasOKUTH J0GYIO BOJIHOBYIO
pynxuuo P=CC¢E, g, ..., qN) caeayomuM 06pasom:

[ee] o] e o)
PE g N)zg'i M12=0' "M§=oam1---MN(Dle---MN(qu"'qN):

=3 3 '"MEO“kMI‘--MN"’k(E)W@I)"' N (9n):

To o6cToaTe/bCTBO, YTO MBI HyMepyeM MNOJHYIO OPTOrOHAJIbHYIO CHCTEMY
n Kospuukentsl pasaomxenus N-+1 wuHizekcom &k, M, ..., My,



200 KBAHTOBOMEXAHUUECKASI CTATUCTHKA {rJ1. nr

a He OfHUM, He MrpaeT Huxaxolt poan. Kak mnokasmiBaiorT paccyxienus
8 II. 2, ruaL0epTOBO MPOCTPAHCTBO BOMHOBHX (yHkuu#t © MoxkHO uHTep-
NPeTHPOBaTb TAKKE Kak HpOCTpaHCTBO (N+1 KpaTHbIX) noc/1e10Ba-

TeJbHOCTeH Qpm, ... My <c KOHeyHOH 21 MZO MZ ,akM "*MN]2>'
= N=

Kako#f e Bup npuHuMaerT onepatop H NMpu TakOM NOHEMAHWH TI'HJb-
GeproBa npocTpaHcTea? UYrToOm  BHIACHUTL 9TO, BHYMCAUM  CHAyaaa
H®ep, ... my- Tak xak H, ZefictByer Toabko Ha & a ¢, (%) asasercs
coécmennoﬁ dynxunet H, ¢ C06CTBEHHI>IM 3HaueHueM W, u, panee, Tax

Kax Ran JeHCTBRyeT JaullbL Ha q , U an (q ) ABJseTCA COOCTBEHHOM

dyHKue R R R ¢ coOcTBeHHBIM 3HauyeHueM M, T

N
A A
HOem, ..y = (Wr{*z ’anMn) Dpm, ... My —+

a=1

3 mev V P, (@ @ et
ny (@ Q) @)+ PR, (QF, Q. Q)] X
X $, € ‘PM, (‘71) T (Rn+ Rn) WM” (qn) e %N (‘71\/)

Ias moboro omeparopa A, koTopsi#t (moao6Ho Buipawenuto [...]) ne#-
CTBYeT JMUIb HAa TEePeMEeHHYI0 £, MOMHO MNOJb30BATHCS PA3NOKEeHHEM

gI lI

+
+

Ay (E)=12.:1 (Abes 9 - ;) = jz (A)psb; 6
rae (A), ==(Aby, ). Nanplue, kax NokasaHo B ynoMaHyTo# Bhillle pabote,
Rym@)=VMy_ (@) Ryu@)=VMT1¢, ()

(mpy M ==0 npaByio uacT, MepBOrQ ypaBHeHHs HANO CYuTaTh, He OG-
pawias BHUMauusg Ha nosBafiolieecs B Helt Bmipawenne ¢7%,, paBHOH

Hy10). CienoBaTessHo,

7/

N
H®wwm, ... my= (Wk+ 2 hp,,M,,) DQum, ... my+

gﬁvll/zp,, (3w e @ ey, ) x

1
X (VM1 Qpm, i 41y —+ VMDu, ... M1 My):
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Tenepb onepatop H MoxHO mpeacraBuTh cebe kak oneparop, NeHCTBYO-
i Ha KO3 GdHUHEHTH arM, ... My TO GopMyR2

H 2 a (I) == al (D
vty EM, .. My RM ... My kM’Z“MN EMy .. My RMy .. My

rae

(

N
N
r
Hale e My T ey T W+ Z honM, Gem, ... my T+
n=1

1

L
L=

I )
h y 9 x 2
+ 3 XV g | Do L@ @ @), ) X

v

1]
—

n

X (VM, Gjm, ... M1 ... M1y+ VM,,—}- 1 87 S SES S My):

.,
i
—

3necb Hame obcyxneHue omeparopa H pocturao Toro srama, Koria
MOXHO YK€ OCYWeCTBHTb mnpeneabHbit mepexoi N —oo. [lockoabky

clcTeMa HMHAeKcauud Ko3¢d¢pHUHEeHTOB Qom, ... My U3MEHACTCH MNPH TaKOM
.

npouecce, TO B pesyJbTarTe BOSHHKAET COBEpIIEHHO HOBLUH omepatop H.

HaM HYXHO BBECTH KOMIOHEHTH @, 4 ¢ GeCKOHEYHO MHOTMMH HH-

My ...

nexcamu M;, My, ..., HO yxe 4J TOro, 4TOOb rapaHTHPOBaTb KOHEY-
[e0]

. N
HOCTb CyMMBl % hp,M,, ourypupyomeit B H, cirenyer orpasHuunthCs
n=1
TakuMH nocaegosarenbrocTaMu M;, M, ..., xoTopse coaepkar Jullb
KOHEeYHOE YHC/JO 3JMEMEHTOB, OTJAMYHBIX OT Hyas. Mrak, nauunas ¢ s1oro
MOMeHTd OyAeT CTPOHTbCA THALOEPTOBO NPOCTPAHCTBO TNOCAEN0BATEND-
[ee] [o0]

[se)
nocre apmm,... C KOHEUHOH cymMMOH 2 2 ZlakM,Mz...P; npu
h=1 M=0 M,=0

sToM mHEeKcel R, M;, M, npoGerawor crenywouyw obnactb: k=1,
2, ..., Mj, My, ... =0, 1, 2, ..., ¢ KOHeUHLIM (HO NPOH3BOJLHHIM)
yncaom M, 5 014), OkoHuaTeJbHO ONEpaTOp NPUHUMAET CleayOLLuR

144) To, 4yTO TaK ONMMCAHHAS CHCTEMA HHIEKCOB &, M, My, ... KEeHCTBHTEIBHO
06pasyeT NOCIENOBATEABHOCT, MOMHO NPOINE BCEr0 OKasaTh CHEXYIOIHM 00-
pasoM. IlycTs T, Ty, T3 ... €CTh PHA NPOCTHIX wyuceld 2, 3, 5, ... Ilpoussene-

upst o~ pdhndle B pefictBuTenBHOCTH GYAYT KOHEWHHI, TaK Kak, KpOMe KO-

HeyHOrO YHCAA ucKAwyeHuid, Bce M, =0, T. e. coMHOXHUTENN W;Mfl =1. HaJee,
ecan R, M,, M,, ... npo6eraioT NOJHOCTbIO BCIO HAINY CHCTEMY HHIEKCOB, TO
gncaa f " xflmd L. npoGerawt cookymHocTs Beex umcen 1, 2, 3, ... u mpu-
HHMaI0T KaMJIOe 3HaueHHe TOJBKO OJuH pa3. [l03TOMy MOXHO BOCHOJB30BATBCS
YHCJIAMHA r..l"lné"'xg‘ﬁ «.., UTOGBE! MOJYYUTH ONHOKPATHYIO CHCTEMY TEKYLIHX HH-
NEKCOB AnA KOOPHUHEHTOB dppy pr -
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BUI:

(o]
Hakmlmz L= a;zM,M, L <Wk +n2=';1 thMn) L e

+ j§1 nglwzj (VM,+1 QM M,... M1 VM, @jm My o M-1..),

rae w'l'.k onpeneaeTcs BbipaXKeHUEM

Y 1
AN e, =
wp =)/ o X et (P, (@5 @ @)+ )

ITpesxne uyeM wH3BJEKAaTb M3 STOTO pe3yJbTaTa HHTEPeCYIOUIME HAC
¢u3uuecKne BHIBOLBI, HANOMHHM, YTO OH OBl NOJyYeH Ha OCHOBE 3JeK-
TPOAMHAMUYECKOH TeOpHH cBeTa. BblTo OH 2KesaTe/bHO YCTAHOBUTHL CHEpBa,
JOCTATOYHO JH NPOAEJAHHOTO HaMu MAOJOHHOTO KBAHTOBOMEXAHHYECKOTO
npeoSpaszoBanus, 4TOOk nepeaTh OTKJIOHEHHS CBETA OT BOJHOBOH MOXeNH,
B 4aCTHOCTH €ro Ha CaMOM jefe NUCKPETHO-KOPNYCKYAAPHYK mpupony.
(Koneuno, BnosHe pa3yMHO Obl10 Gbi OXHAATH, YTO I/ LOCTHKEHUA 3TOH
uead Hajgo Obl HCXOAMTH NPAMO W3 KOPNYCKYJAIpHOH MOJE]H, a He «KBaH-
TOBaTb» 3JEKTPOMArHUTHOE mOJE, Kak OBbLIO CAENaHO BhILIE.)

HenocpencTBeHHo u3 BHAa TMOMAY4YeHHOro BEIpaxeHus H naa smepruu
ACHO, HTO 4YTO-TO BpOAE CBETOBHIX KOPNYCKYl B HeM ecTh. Je#-
CTBUTEJNBHO, €CAH ONYCTUTb B STOM BHIPAKEHHH BTOPOR 4/eH, mpen-
CTaBAAOUIME CBOEro pozna BO3MYIUEHHE H KOTOpL#, Kak BCKope Oymer
BUIHO, SBJSETCS NMPHUYMHOH KBAHTOBBIX CKAYKOB CHCTEMbl § M3 0JHOTO
«CTAUMOHAPHOTO COCTOSIHMA» B Apyroe (T. e. 1npHuMHOH HHTepe-
CYIOLEro Hac ce#yac ABJEHHA, KOTOPOE, OLHAKO, BCEr[a CYUIEeCTBEHHO
ciabee, ueM caMa MaTepuafbHas CHCTeMa § H yKe NPHCYTCTBYIOLee
M3JyYEHHE, W KOTOpble, KAK Mbl YBHAUM, OBEUICCTBJCHbL B NEPBOM CJa-
raeMoM H), To ocraHercs TOMBKO

Hiarum, ... = (Wk -+ 201 thMn> AnMM, ...
n= .

Ho 310 BHipaxenue 1/ SHEpPriuH MOXKHO HHTEPNPETHPOBATH CJCIYIOLIUM
o6paszom: 370 smeprus W, cuctemsl §, K KOTOpO# n106asnsioTcsd snepruu
hp,M, (n==1, 2, ...), B cBA3K C YeM HanpalIMBAETCA HHTEpPHPeTALHS
yucen M, =0, 1, 2, ... kak uucesa duactui, 06IaLAOMHX COOTBETCT-
BEHHO sHepruamu Ap,. Ho Ap, — 570 B TOYHOCTH Ta 3Heprus, KOTOPYIO,
0 J#umTefiny, HAan0 TNpPHUNUMCATL CBETOBOMY KBAHTY uwactortsl p, (Cp.
npuM. 3) wa crp. 179)., Mrax, crpoenne H; rosopur B moan3y TOro
NpEeICTABJCHUS, UTO HaXoasueecs B nojoctd H 34eKTPOMarHUTHOE NOJe
(3a BBIYETOM 3JEKTPOCTATHUECKOU wacTu), T. e. L, cocTOMT B JeHcTsH-
TeJbHOCTH M3 KBAHTOB CBETA C HaCTOTAMH py, Pg, ... W C 3SHEPTHAMH
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hpy. APy + .., UHCIA KOTOPHX yKaswBawTca uHiexcamun M, My, ...
(=0, 1, 2, ...). To ob6croarenbcTBo, HYTO APYFHX 4YaCTOT, MOMHMO
p1» Pgr »++» HET, MOXKHO CHe/aTb JETKO TOHATHEIM, €CJH 3aMETHTb, HTO
9TH HACTOTH fBJAOTCS COOCTBeHHmMu uwactoravu moaocrtu H. leticrsu-

TeNbHO, BEKTOpHI-noTeHuuansl A, (xyz) 7 cos 2xp, (f —T) NpenCcTaBAAIOT
coGoi eIMHCTBEHHO BO3MOXHbie B H cTanuoHapHble 3/EKTPOMAarHUTHLIE
KoJe6aHud.

[TpuBenenHbie coolpaxceHus u MHTEprpeTauy 06/1a1a10T NOSTOMY JHLIb
SBPUCTHUECKOH CHJIOH; MOJHOCTHIO YAOBJAECTBOPHTE/NbHBIH M OKOHWATEJb-
Hbiff OTBET Ha Hall BONMPOC MBI NMOJYYWM JHLIL TOTIA, KOTAA, U ecJi,
HaM yAacTcsl NOJYUHTh BHIpaXeHue B aad omepaTopa SHepruu, OTHpa-
BJSSICh, OT MOJEJH CBETOBBIX KBAHTOB AJs u3yuyeHus L. Mbl BLIHYKIEHBI
OblIM MPOBECTH CHayaJa KJACCHYECKOe pPAacCMOTpeHHe u3-3a TOTO, UTO
JAOKBaHTOBOMEXaHMYECKas M'MNOTe3a CBETOBLIX KBAHTOB He JaeT HaM Bbipa-
MEeHusl [Js SHeprud B3auMOJeHCTBUA KBaHTa CBeTa ¢ MaTepued (B 3TOM
NYHKTE PEHHTEPNpEeTaUHI0 KJACCHYeCKOH SMEKTPOAMHAMMKH HHKOTAa He
ynaeanoch mpoBecTd). Tenepb e MB CMOXEM ONpPENEJHTb STOT UJEH
B3aUMOJEHCTBHA CpaBHEHueM KO3DOhHUUEHTOB, eCHH TOJbBKO OKaxercd,
YTOQ pesyJbTaT, KOTOPHH MbI NMOJYYHM, NOJb3Ydch OOIHM BhipaXKeHUEM
AJis SHepruM B3auMmoneficTsus, cosmazer 1mo ¢opme ¢ oneparopom H.

Yro rtakoe KoHUIypamuoHHOe HpocTpaHcTBO L (Bonmpoc 1.) ¢ ToukH
3peHHs THIOTE3H CBETOBHX KBaHTOB? QauH-eNJUHCTBEHHBI} CBETOBOH
kBaut (B mnonoctu H) MoxHO Oblio Obl 0XapaKTepPH30BaTb M3BECTHEHIMH
KOODIMHATAMH, COBOKYMHOCTb KOTOPHX Mbl 00G03HAYMM CHMBOJOM # 15),
[Iycte ero crauuoHapueie cocTosuugd (B H) o006xanaloT BOJHOBBLIMH

145) B kauecTBe KOOPIHHAT, ONMHCHIBAIOIMX CBETOBOH KBAHT, MOMHO HCIIOJb~
30BaTh, HANPUMED, €TO HMIYAbCH Py, Py, P, @ TaKXKe KOODIMHATY T, onpene-
JSIOINYI0 €70 COCTOSIHHE NOJAApu3alind. KOMIOHEHTH pg, py, p, ONPEIENAOT Ha-
npaBAEHHE IBHMEHHS CBETOBOro KBaHTa, T. €. €r0 HanpaBAAWOIHE KOCHHyCH

2 2 2

Uy Oy 0O, (ax—-[— ay—{— ay = 1), PaBHO Kak €ro 4actory v, JJIHHY BOJl;l{bI A u sHep-
v

ruo, u6o corjacHo DHHIITEHAHY XJMHA BekTOpa MMIlyibCa paBHa - (cp. mpum.

134y ya crp. 179), U creroBaTENbHO,

hy hv hv

Pe =% Py =7 % pz=_cazv

¢y 3 %4 2 4
V_—“vax‘f”l’y‘f"pz’ }\=—V—, 3HEPTHud = hv,
oy v — CPy _tre
hv Y7 ohy T oAy
3nech, 0JiHAKO, HAYHHAET MEIIaTh TO OGCTOATENbCTBO, UTO HAINH COOCTBEH-

Hble koaeGanud A, (x, ¥, 2) 7 €08 27wp, (f—7) ABAAOTCA CTOAYHMH BOJAHAMH — HHBIX
H He MOXeT GbiTh B NOJOCTH H H3-3a OTpaXaUHX CTEHOK, —a TaKue cO6CT-

Ay =
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tyukuuamn ¢, (&), Oy (4), ... (KOTOpHE 00pasylOT NOJHYI OPTOHOpPMH-
poBauHyi0 cucTeMy) H aHeprusamu E;, E,, ... ITu cTaunoHapHble COCTOS-
HUSl OTBEUAIOT 3JEKTPOMATHUTHEIM COOCTBeHHBIM kogeGaHusM U, @[2.
C YaCTOTaMH Py, Ps, ... (Cornacho npencrasiennaM DHHLITERHA KOJKHO
Ovite E,==hp,, uTo Takxe OymeT nokasauo.) B cBsgaM ¢ STUM Hano
3aMeTHTb CJEIYIOWIEe: YXKe MPH SIEKTPOMArHHTHOM pAaCCMOTDEHUH MBI TaK
HOPMHpOBAJH SHEPTHIO CBETA, YTO ee MUHKHMANbHOE 3HayeHue Oba0 pasHbM 0,
OHO COOTBETCTBOBANO HHAeKCaM M| == M, = ... = 0. TeM caMbiM Mbl IIpH-
3HaJIM M HeCYIIECTBOBAHHE 33 BOSMOXKHOE COCTOSIHHE CBETA, H 3T0 06bEKTUBHO
onpaBiano. Beib CBETOBbIE KBAHTH MOTYT B CaMOM jelle MCNYCKATbCs
W NOTJOWATHCA, T. €. CO3ZaBaThbCA M YHUHUTONKAThCA. Mexny TeM Takoe
NpenCcTaBlCHHe COBEpIICHHO YYKAO KBaHTOBOH MeXaHUKe: Kaujas va-

BeHHble konebannss I, HEAb3A MOCTABUTH B COOTBETCTBHE HH C KAKHM «HaNpa-
BICHHEM Jy4a» @y, ty, oy HeNOCpeLCTBEHHO fCHO, 4TO HADALY C HAMpaBJEHHEM
ay, @y 0, BO BCAKOM Caydae, UMEETCA M NPOTHBOMOJOKHOE HaNpaBAEHHE — dy,
—ay, —0z H TO ME YTBEPKICHHE CNPaBELNKBO U Jaf uMmydbca. Caen0BaTeNbHO,
B moNOCTH H HaZiO TMOMb30BATLCH HE Py, Py Pp T & KAKUMH-TO IPYTHMH KOOp-
JHHATAMH.

B HexOTOpHX HOBHIX H3JONXEHHAX PACCMATPHBAEMOTO TPEXMETa 5TO 3aTpyX-
HEHHE MpeojoNeBaeTCs C TIOMOIBI CIEAYIMEro IpueMa. Bymem cuuTarh, 410
noaocts H dBasercs Napajielenuneiom

—A<x< A —B<y<B, —C<z<C,

rpaHHYHbIE NOBEPXHOCTH KOTOPOro X = + A, y==4 B, 2z = =+ C ne cyuraipores
OTpaxamwiiMi CTEHKaMH. OToWAECTBUM BMECTO 3TOTO

x=Acx=—A4 y=Bcy=—B, z=Ccz=—C.

Sro osHauaer, UTO H3NyueHHE, TNAJA0IMEE HA CTeHKY x=A B Touke A, y, 2
BO306HOBAHET B TOUKe — A, ¥, 2 CBOE ABMKEHHE B TOM KE HampaB/eHHH (CHOBA
BHYTpH HOMOCTH H), Kak €can Obl HUYETO HE CAYIHAOCH, H T. L. (Cp., Hanpumep,
crateio JI. Jlannay u P. ITafiepnca, L. Landau und R. Peierls, Z. Physik,
62 (1930) ). MoxHo cKa3aTh TAKMe, 4TO NPOCTPAHCTBO CYUTACTCH NEPHOAHYECKHM
B HANpaBAEHWAX X, ¥, 2 C COOTBETCTBYWINUMH nepnosamu 24, 2B, 2C.
AHaJMTHYECKH PACCMOTPEHHE OCTAETCH NPEXHNM, HO TPAHHIHLIME Y CAOBHAMH
tenepb Oyayr A (4 y, 2)=UA(—4, y, 2), A (x, B, )=UA(x, — B, 2),

A(x, y, O)=A(x, y, ~C) (Bmecm TIPeWHHX: A=0 Ha rpax—mue), a

on
«3/1eMEHTAPHHE PELIEHNs», 10 KOTOPHIM HAET Pa3jioMeHHe, NPUMYT BHX

si

cos
{ 0 } [27y (£ — ¢ (axx - ayy - 2,2))]
(a we A (x, y, 2)p (£)). MoxHo nerko HalTH NpHHAAJNERKAUIME COGCTBEHHBIM pes
IIEHUAM v = gy H
@y == ap, y, oy =0a, . (n=12 ...)

Gy = %p,

JlanbHelIree xe pa3BuUTHE TEOpHH CcOBNafaeT € MPHBOILHMBIM B TEKCTE.
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CTHLA NPHUBHOCHT CBOW KOOPA{HATH B KOH(pHIYPALHOHHOE NPOCTPAHCTBO
CHCTEMbI M TEM CaMbIM HACTOJBKO HHTHMHO BXOZMT B (popManbHOe Omu-
canne BCeH cnCTeMbl, 4TO (akTHyecKu BeleT Cebs, Kak abCoOMIOTHO He-
yuuuToxkaemas. TTo3ToMy M mocie yHUuTOXKEeHHA eft NPUXONUTCA NPHIH-
CHIBATb CBOETO POJA JATEHTHOE CYHIeCTBOBAHHE, KOIAA €e KOOPAMUHATH BCe
elle NMPHHAAMEKAT KOHDUIYPAHHOHHOMY npocTpaHcTBY. CireloBaTelbHO,
oIHO u3 cocToaHu#t §,(x) ¢ sueprue#f E,==0 nomkHO OTBeuaTh Hecy-
IECTBOBAHMIO KBAHTA CBETa, — MBl npeinouuraeM 0003HauaTh TaKoe
cocrosinue uepes U, (#)(Ey==0), tak uro BoAHOBHe ynkuun ¢, (&),
@ (@), ... ONUCHIBAIOT CYWIECTBYOWMH CBETOBOM KBAHT, HO TOJbLKO
bo (), $1(@), bo(n), ... 00pasydT MOJHYK OPTOTOHAJBHYIO CHCTEMY.

[lepefinem Temeps K paccmoTpenHuto L, cucreMbl BCeX CBETOBBIX
KBAHTOB. IIOCKOJbBKY B cyeT MAYT ¥ HENPUCYTCTBYIOMHE KBaHTH, TO L
COCTOMT W3 CTOJb MHOTHX KBAaHTOB, 4YTO HMX HUKOIrIAa He MOXKeT OKa-
3aTbcq OoJplle 3TOTO YHGAa, T. €. KOJUHUECTBO CBETOBLIX KBaHTOB B L
OeckoHeuno Beanko. ITockoMbKY Bce e HelemecOOOPa3HO € CAMOro Ha-
yana UMeTb Jeno ¢ OeCKOHeUHO MHOTMMH COCTaBJAIIMMH cuctTembl L, TO
OyieM cmepBa MOCTYMaTh TaK, KaK ecau Obl MMeJOCh BCero S cBero-
BhIX KBaHTOB (S==1,2,...), © TOJbKO B KOHie MNepedneM K npeleny
S —> -}~ 0o 146). TlepeHyMepyeM 3TH CBETOBLIE KBAHTH C NOMOILBIO YHCEJ]
1, ..., 8 1 0603HaunM HX KOODAMHATH uepes u;, ..., #s. Koudurypa-
UHOHHO® NPOCTPAHCTBO cHcTeMbl L OyleT TOrla OHHCHIBATBCA Nepe-
MEHHBIMH  #;, ..., #g, 4 KOH(}HTYpauHOHHOEe InpocTpaHcTBO § L —
nepeMeHHbIMH &, u;, ..., #g. HaunGosee oOme# BoaHOBOK  DyHK-
unet §-L 6yner nostomy f (¢, u;, ..., 4g), a COBOKYNHOCTh (QyHKuuh
CPk(E)LPnl(ul) Ll)ns(us), k=1, 2,..., ny, ..., ng=0, 1,2, ...,
06pasyeT NOJHYI0 OPTOrOHAJALHYI0 CHCTEMY.

Jlanee, cBeToBbIE KBAHTH 007a1310T (yHEaMeHTalbHBIM CBOHCTBOM
ObiTh COBEPLIEHHO TOXACCTBEHHBIMH JAPYr APYry. 2TO 3HAUHT, YTO Ha
CBeTe HE CyllecTBYeT cmoco0a pPas/iHuuTh [Ba KBAHTA C OJHHAKOBLIMH
KOOpIMHATaMU 4. HHBIMH cJ0BaMH, COCTOSIHME, B KOTOpPOM CBETOBbIE
KBAHTBI C HOMEPAMH M U A UMEIOT HEKHE KOOPAMHATH, HaNpuMep u,, == u’,
U, =", Helb3s OTMMYHTH OT COCTOSHHS, B KOTOPOM u,,=u", u,=u’,
(910 KJaccuyeckHi, a He KBaHTOBOMEXAHHUeCKHH, cmoco6 OnucaHud,
TaK KaK Mbl 3alaiH 3HaueHus &, a4 He BOJHOBYID ¢yHKuuio ¢ (#)!)
KBanroBoMexaHuuecku 310 OyneT 03HAuaTb, 4TO COCTOSIHHS, TNpPHHAL-
JAexaline BOMHOBHIM  GYHKUMAM [ (&, @y ooy Uy ovvs Uy, oony Ug) U

146) J10T npenenbHbN nepexok S — -} co OTAHYAETCH OT NPEXENbHOTO HEpe-
xona N -> oo, npojenaHHoro B siexTpoMarHutHoH teopuu! JlelcTBHTENbHO,
ecnu u uHpekce M, M, ... UHTepHpeTHpPOBATH KAK UHC/IA CBETOBHX KBaHTOB,
10 N 6yler OrpaHHYHBATb YHCNO HEKOTEPEHTHHIX CBETOBBIX KBAHTOB (T. €. CBe-
TOBHIX KBaHTOB C HECOBHAZAIONHMMH YaCTOTOMH, HanpaBieHHEM PaCHPOCTPAHCHHS —
DHH COBMECTHO OINDEJESIOT HMOYIbC —H INOJAApH3aNued; Cp. NpuM. !3%) na
ctp. 197), Torna xak S OrpaHMyuBaeT WHCAO CBETOBHIX KBAaHTOB BooOGime.
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FGE .y ooty oo Uy ..y Ug) HEPA3IMUUMEL. VIHEIMU cOBAMY, MOGas
¢usnueckas seanunHa R uMeer B 000HX 9TUX COCTOAHUAX OJHO U TO Ke
MaTeMaTHyeCcKoe OkuAaHue (a 3HAYUT, MOCKOJBKY TO KE CIPaBEeRJuBO
nng F (M), kaxnan ¢duanueckas BeJHUHHA uMeeT OfiHy 4 TY e CTaTHCTH-
Ky — cp. B III. 1 o6cyxaenne npennoxenntt Ei, u Ez.). O603HaunM yHx-
LUHOHAMBHYI0 OMEPaHHIo, KOTOpas nepecraBiser u, H u4,, depesd Om,, O
ABJS€TCA OJHOBPEMEHHO SPMUTOBLIM M YHHTAPHBIM ONEpaTOpOM Ompn=1,
B ueM Jerk0 yOenuThes), TOfa CAeNaHHOe YTBepxKieHue OyneT 03HAuaTh,
yTo MateMartuyeckoe oxunanue R no KakoH-HuGynb BONHOBOH (yHKUHH f
OyneT CcOBHAjaTh € MaTeMaTHYECKHM OXHJQaHHEM 0O BOJHOBOM (YHK-
utn O, f, 1. e.

(Rf, f)== (Romnf' Omnf) = (Omn Romn fo
OTKyIa
R=Q,,R0,, wm ke RO,,=O0,,R.
310 03HayaeT, 4TO B pacCcMaTpuBaeMOM CJy4ae JOMyCTUMBl JHUIL TakKHe

onepartopsl R, KOTOpbe KOMMyTHpYyWT co Bcemun O,, (m, n=1, ..
.., S, m=n), 1. e. (BcnoMuHan onpeienenne O, ,) Takue, B KOTOpLE

BCe KOOpAMHATH 4y, ..., Ug BXOXAT CHMMETPHHYHO.
BoaHoBas GyHKUUA f, CHMMETPHUUHAA TIO BCEM IEPEMEHHLIM 4y, ..., Ug,
1. e, aaa xoropo#t O, . f=f (m, n=1, ..., S, m < n), nepexoaur

nos JAeHCTBUEM TAKOrO oOfeparopa R B HOBYIO BOJHOBYIO (PyHKuuio
toro xe pona: O,,Rf=RO,,f=Rf. Takue f obpasyioT samkHyTOE
JUHeRHOe MHorooOpasue, T. €. OHH 00pasyioT mnbéepToao HOANpPO-
CTpaHCTBO SR(S) B T'iHJIb0epTOBOM l’lpOCTpaHCTBe ﬁf BCeX ¢yHKuu# f,

a omeparopsl R 0To0paxanT 3JeMeHTH R Ha 3JeMeHTHl M3 TOTO Ke
MOANPOCTPAHCTBA, T. €. UX MOKHO paccMaTpuBaTh KaK OmepaTopbl
B T'lb0epTOBOM NPOCTPAHCTBE RS, Taxum 00pasoM, NpOCTPaHCTBO oy
CTOJb JKe MOJE3HO JJIs HYXKJ KBAHTOBOR MEXaHHKM, KaK M NMepPBOHAUAJILHO
paccMaTpuBasLIeecs 9?5;2’ i BO3HHKAeT BONpPOC, He HANO JH BBUAY CHM-
Metpun L 1o oTHOWIeHMI0 K OOMEHaM CBETOBHIMU KBAHTAMH OTPAHHYMTHLCS
CUMMETPHYHBIMU BOJHOBBIMH (YHKLUUAMH, T. €, 3aMEHHTb R na KRG,
Mbl cnenaeM 3TO, M pe3yabTaT, T. €. JKeJaeMOE MOJHOE COBHAleHHE
¢ BbipaxeHueM nJis H, NOMyYeHHHM B 3JeKTPOMaTHUTHOR Teopuu,
onpasjaer Hac post factum 147),

Bonnossle dyuxunn  @p () n, (1) - . . Gng (4s) 00pasynT MOJHYIO

OpTOHOPMUPOBaHHYIO cictemy B Ry [To/b3ysch 3TOH CUCTEMOH, TOCTPOUM

Tenepb MNOJHYI0 OPTOHOPMHPOBAHHYIO CHCTEMY B R, Tycrs M,

147) Takas samena R na RS pasuosuauna samene 06HYHOH CTATHCTHKH

TaK HA3BLIBAEMOH CTATHCTHKOH Bose— JiumiTeiiHa, ecad paccMaTpHBaTh CaEf-
CTBHSl 5TOH 3aMeHH OGe30THOCHTENBHO K KBaHTOBOH Mexanuke. Cp. IO 3TOMY
nosoay pa6ors Hdupaka B nmpuM. '38) ma ctp. 189.
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1 -+ —HEKoTOpHE uucaa =0, 1, 2, ..., yI0OBJIeTBOPAOIHE YCIIO-
puto My—+ M;-4 ... =8 (rak u4T0 JuIbL KOHEUHOE YHCIO H3 HUX
oranaHo 0T Hyad). OGosnaunm vuepes [M,, M;, ...] COBOKymHoOCTH
BCEX CHCTEM MHIEKCOB Ay, ..., g, B kotophix 0 durypupyer M,
pas, 1 durypupyer M, pas, ... Hmeercs B Tounocru Myl Mt ...
pasauyHeX cucreM. ITonoxum

Dprar, (1 .+ tg) = by G, (1) « -« g (23)-
ny...ng v [M()Ml ...]

Tak Kak BoaHoBas ¢yHkumsa Dy, ... aBasercs cymmonr M I M1 ...
NONAapHO OPTOrOHAJMbHBIX CJAAraeMblX, MOAYJAb KAOXKAOTO M3 KOTOPHIX
paseH 1, TO KBagpar MOLYJAd 3TOH BOJHOBOH Gynxuuu Oyrer cymMMoi

Myt M 1. .. enunuu, TaK uyro ee MOAYJAb OyaeT paBeH VMmoo
JlBe pasjuuHBIE BOJHOBHIE (PYHKUHM COAEPKAT MOMAPHO OPTOroOHAJbHHIE
claraeMbie, a NOTOMY caMyd B3aHMHO OPTOTOHAJbHE. Bo/HOBBE dyHKUMH

1
Yo, ...(”1 s us)=WTT (DMOMI (u1 e us)

06pasyor, TakuM oO6pasoM, OpPTOHOPMHPOBAHHYW cHcreMy. BouaHoBasd
byukuna f (&, uy, ..., #g), CHMMETpHUHAS N[O #;, ..., Ug, HUMEET OXHO
M TO e BHYTPEHHee NMPOH3BEJEHHE CO BCeMH CJaraeMEIMH, 00pasylouIHMH
dyuxunio ¢, (§) (DMoMl ...(”1' ”s), 3HAYUT, OHA OPTOrOHAaJbHA

K KaXAOMY U3 HHX, €C/i OHa OPTOTOHAMbHA K ¢, (£) (I)MOM‘ N CZTREE us),
T € K @ O pp . (2o ug). ClenosareqbHo, €CM OHA  OpPTO-
roHalbHa Ko BCeM ¢, (£) baom, ... (”1’ ces us), to oHna Oymer opro-
ronanbHa ko BceM ¢, (O, (#)) ... g (#g) M, crenoBaresbHO, OHA ==
Crauo GbiTh, BOIHOBEE dyHKIHAH ¢, (B) q)MoMl (u1 . us) (KOTOpre camu
npHHALIEKAT K sr"tiﬁ’) 00pa3yloT MOJHYI0 OpPTOHOPMHPOBAHHYIO CH-
cremy B RS

Paccmorpum tenepb HaGop sHepru#l, peicTynawmux B cucreme S--L.

Bo-nepBbix, [2.a)] TaM uMeeTcss 3Heprus CHCTeMBl S, omeparop Koro-
po#t naa § onpenenserca ypasueHuneM Hgp, €) =W ,0,(f) u, snauur,
o § - L — ypaBHenHeM

Hoer O s, . (51 -+ ) =W, 0, O Gpp (8 -+ Ug)

Bo-Brophix, [2.8)] xaxnpi#h cBetoBo# xBaHT [/ o6aanaer SHeprueh
Hy, (@) =E,},(u). Tostomy m-# ksanr (m==1, ..., S) obGranaer
B 8§+ L sHeprueit

Hlchk (E) q)nl (ul) e ‘an (um) ce (P”S (us) =
:Enmcpk (E) q)nl (ul) vt LI)nm(um) . ng (US)'
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TaK 4TO HykHo oGpasoBath cymmy H,=H, + ... +Hls’ Haxoueur,
[2.4)] nycrb aHeprus B3amMmojeHcTBuA CBeTOBOro KBaHTta [’ C cucTe-
Mo#t § omucbiBaeTCH, MOKAa e€llle TOYHO He H3BECTHHIM, omeparopom V,
KOTOPBHI MblL TpPENCTaBHM B BHIE MATPHLbL

ERCYROES ;0 pE=0 Vienso?; ® 9, (@)

B cucreme S+ L, caepoBarteqbHo, OynaeM HMeTb /s m-TO CBETOBOTO
KBaHTa

V,mCPk ® ‘Pnl () - q)nm () - q)”s (ug) =

)
= > Vw3027 @ bn (1) <« 4, () -+ by (25)=

J=1 p=0
=2 .-pZ oa(nl—pl)"'anm/fp,,,"'8(’15""175)><
m
X;® q),,l () - b, (#y) -+ q)ps ()
(5(n) pasno 1 npn n==0, O mpu 1+ 0), n HyxKHO 00PAIOBATH CyMMY

szVll—}— +Vls‘
Cobupas Bce Bmecte, OyjneM HMETH

Hoy © 9, (1) -+ 4, (45)=
=W,t+E, + .. +EN0®, (1) - 4, (u5)+

..ps=

[o) © S
+j=‘1 , .%Sﬂ Elﬁ(nl-—.ﬂl) Vk”m/jpm cee B(nS——ps) Y |
X e;(®) q»,,l (”1) ces q)ps (us).

B pe3ybTaTe JErKoro BBLIYHCJICHHS 3TO BLIDAXKCHHE NPHHHMAET BHI

HCPk (E) q)MOM,A... (ul v us)::

=<W/k-}-nz=‘,0 MnEn>cpk(E) Dy, (4 oo ug)+

+j='1 n,p2=0 MV 102 O g My=1.oo Mgl (4 « - ug)



61 TEOPHS HU3JVUEHUS 209

(113 n==p Hago sameHurs ... M,—1 ... M,~1 ... na ... M,...)
i, 3HAUMT, AJf OPTOHOPMHPOBAHHBHIX (BYHKHUH

Hop O Gpn, ... (4 -+ #5)=

= <W" +nz=“0 M”E”> % O Yar, ... (%« -+ us)+

+,21,, VM, M, 41— —p) V,,.% 6 X
, p=0

X Qum, oo Myl ML (4 - ug).
O6wyo BoaHoByl ¢yukunwo f(E, g, ..., #4g) u3 RS womuo pasio-

MHTh TIO 3TUM OPTOHODMHUPOBAHHBIM (YHKUHAM:

(o)

fGuy ... ug) =,§1 MME oty P2 O Yagan, ... (W1 -+ ug)-
= N
Mo+ Myt 1= 8)

CrenoBatensto, RS MoxHO npencTasiarh cebe H Kak ruas6epToBO MpoO-
CTPaHCTBO MOC/IENOBATENLHOCTER @, k=1, 2, ... My My, ...=

oMy ..
=0, 1, 2,..., My+M-+4 ...=S8, ¢ KoHeuHoH  cymmo#t
a 2, B stoMm cJayyae omeparo
kMWlml RM, ... | y patop
Ha,pm, ... akMoMl

onpenesseTcs U3 ypaBHeHus

@hpm, ... 9n mmw.... (A tg)==

S
k=1 MM, =0
(M0+M1+ . =§8)

’
akMoMl . cPk (E) IFMDM1 L (ul e lls),
TaK 4TO

. ) “
HakMOM,...———akMOM,...=<Wk+% MnEn> a, MM, ... +

+2 M (M, +1—8@—p)V,, 4,
= lmzp OV ( ) knjjp jMoMl...Mn—l...Mp+1...
(k. J u n, p oOMeHsmuch POJAMH TNO CPABHEHHIO € (OPMYJIOH 19
@ ® Vo, ... (8 -+ #g): BMecro V. ME namucagn V', ., yunThiBas
spMuToBOCTh V)

[Tepefinem Kk moaroroBke mnepexona K mnpemeay S—>-f-co. Tax
kak M, onpenenserca umcaamum M;, M,, ..., COrIACHO COOTHOIIEHHIO

14 Y, He#imay
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My==S—M;—My— ..., TO MOKHO BMECTO @, THCATb @ppr s
Ilpu Tako#t 3amuCH HHIEKCH OKA3LIBAIOTCA OTPAHUUCHHBIMH YCAOBHAMH A==
=1,2.... My My, ... =0, 1,2, ..., \\+ M+ ... =S. Ecn
3aMetuTh, 4T0 E, == 0 u Beectn 0603HaueHus SV goi0 = Vi, ]/S Viorjn==
=Vi/jm V'S Vinsjo ==V jiun (Vgnjjp— 5pMutoBa Marpuual), TO Hahzey

[e o)
o
7
Ha g, . =%, = We + Z ME V@ mm,. . T

n=1

oo
o
24 Vii%ima,... T

-+

S
—

STM, —M,— ... =1
Y, VA, ‘/ s T R I e

+
78
b7s

~.
i

—_
=
It

—

+
78
78

S—M M — T
VM —+1 ‘/ —— Vk/jnaleMz.-.M ... T

n

-
Il

—
=
#

—

& &
+Z 2.4 VM”(Mp+1) an/jpaleMz O S B 7 S B

n
j=1n, p=1 P

Tenepn MOwHO ycTpeMuTh S —>—-co. Kosdpduunentsl apppy,... OyiyT
TOFJa CHOBAa ONpefefeHH JJA BceX MOCAeRoBaTeJbHOCTeR RM M, ...,
B xOTOpRIX R=1, 2, ..., M, My, ...=0,1, 2,..., npuuer TOIbKO
Julb KOHeuHoe (HO npousBojbHOe) uncao M, # 0 (cp. npum. ) xa
crp. 201), a u3 H noayuurca

. o
Haopym,. . = Gemm,... = <Wk +né MnEn> Comm,... T

+,Z'1 Vk/iaiMle... +1241 n;(Vj/kn VMn+—1 QiMM,.. M, +1... -+
+ Vi VM, Bima,.. M-1...) +

e}

+121 npz_l‘—/’m/jﬁ My (Mp—+-1 )ajmm, .. M1,

p

CXOILCTBO C ypaBHeHneM, IIOJIylleHHbIM Ha OCHOBe SJleKTPOMaFHHTHOﬁ
TeOpHUu HBJIylleHHﬂ, ‘Tenepb Q4YEBUIHO, 4YT00B! cnenatb 06a BBIPpAXKEHUA
TOMWIECTBEHHbIMH, CJHCAYET JUIIL INOJOXHUTH

En:—_hpn, Vk,«'j=0' V

e g e a1 —
riin = Wi =Wy an/jp“—o'



61 TEOPUS U3JIYUEHUS 211

Vrtagk, MHl BUAHM, YTO KOHUENUUA CBETOBBIX KBAHTOB OKA3bLIBAETCA TO-
MIECTBEHHON KJACCHYECKON 3JEKTPOMATHUTHOH KOHIUETUMH, €CJHu:

1. Tlociennsis nepenuceBaerTcs B COOTBETCTBUM € OCutelt KBaH-
TOBOMEXaHHYeCKOH CXeMofi.

2. DHeprud Kaxjoro CBETOBOrO KBaHTa, B COOTBETCTBHH
¢ npaBuioM OHHIITefiHA, NPUPABHUBAETCH A-KpATHOH wacTore.

3. DHeprus B3aUMOAEHCTBHSI CBETOBOrO KBaHTA C Martepueft
OTIpeNeIfeTCA NPaBuJbHHM 00pasoM (Cp. NPUBEIEHHOE BLIILE BHI-
paxenie pis V).

Ha osroM nyru Onectsaile paspeutaerTcs OJHH M3 TPYAHEHIIHX
napasoOKCOB KBAHTOBOM TeOpUH B ee paHHeH ¢opMe — IBONHCTBeHHAA
npupojsa cBera (3/ACKTPOMATHUTHBIE BOJHBL M IUCKPeTHHE KOPMYyC-
KYJIbl CBeTOBbIX KBaHTOB) 148), KoHeyHo, TpysHO HAUTH MPAMYIO, HATIANHYIO
UHTEPNPeTalyio TOJbKO YTO BHIYUCJACHHON 3Hepruu B3auMojefictsua V
cBeTa M Marepuu. D710 TeM 00/ee TPYLHO, YTO €€ ENUHCTBEHHO OTJHMYHLIE
OT HyJ MATPUYHBIE 3JMeMEHTbl Vigyjp (T. €. 18 xoropux =20, p+0
it n=0, p==0) 3aBUCAT OT YHUCJIad BCeX BO3MOKHLIX CBETOBLIX KBaH-

T0B S (OHI/I TPONOPIHOHAIbHEI ~]—/l—§—) a Belb OKOHYATENBHO HYXKHO
Noa0KUTh S —>~00. TeM He MeHee MOXHO NDUMUDUTHCA C 9THUM, eCJH
yuecTb, 4TO M0o0Oe MOje/bHOE OMUCAHME ABJASETCA JHIUL Npub/mKenueM,
TOrAa Kak TOYHOE CONepMXaHHe TEOPHH M KaK Pas naeTcs BHIpAXKEHHEM [
onepartopa H.

BosspatuMcs Tenepb K Halllefl MepBOHAYAJNBLHON 3ajaye: OIpele/ieHUIO
BeposTHOCTell mepexona. CoraacHo BpeMennOMy ypasHenuio Illpenun-

repa, u3MeHeHUA B KO3pduUHEHTAX Comaty ... ™= e, ... () onpene-
AAOTCA U3
foe)
h 0 \"'
oni of Semm, ... T HaleMz L= W+ L hp, M, Cemm, ™
n=1
[ee] o0
— n M =1 M
i dnd wkj(VMn+ Lamm, ... M+l +V' M, Cimmy ... M -1..)"
j:ln:l .

Tak xak ri1aBHOe H3MeHeHHEe B dleMz BBIBLIBAETCA MEPBHIM 4YJEHOM
3TOrO BLIpAXKEHUA, TO u€ﬂ€C006p33H0 BBIACJIUTE €ro ¢ TNOMOWILIO 10A-

CTAHOBKH
27\:1
( k+24 hpn n)
H=e

l‘“3) Hanpbueimue noppoGHOCTH OTHOCHTENBHO TOrO, KaK NOHHMAnach 3Ta
«ABOACTBeHHAA NPHPOAA» H KAaK NapaJOKCAJAbHO OHA BOCHPHHHMAMACh, YHTATENb
HailigeTr B Jm'reparype Toro BpemeHn. CM., Hanpumep, paboOTH, YKasaHHBIE
B npum. ), c1p.

Hacro roaop}mocs, YTO KBAHTOBAas MEXaHHKA NPEAIHCHIBACT MATEPHH Ty Ke
ABOHCTBEHHYIO TIPHPOAY, MOCKOJbKY AHCKPETHBIE YACTHIE (3JEKTPOHBEL, IPOTOHBI)

a

EMM; ... bleM, (t)

14
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2ni
_ - (W~ W, +h ¢ ——— vt
w?, . 7 ( k Pn) M .+_ .
kj (" / V n 1 bleMz...Mn+l

2

1
= (Wj—Wk—hpn)tVM—b
n MMy M1 ]

—e

dusuueckuit cMbICA KO3 PHULEeHTOB o, ... M bleM_z'“ MB)KHO
ysacuuth cebe u3 cmocobGa uX BBejeHua: npH KoHeyHoM My~ M; -+
+ My~ ... =S somnosas ¢ynxuns ¢z OW 5 5 (%, ... Ug) OTMHCH-
Baja COCTOSIHHE, B KOTOPOM CHUCTeMa § HaxOonusach Ha R-H KBAaHTOBOMH
opbute u umenocb M, M;, My, ... CBETOBBHIX KBaHTOB B COCTOAHHAX
9o P1» $9s ... COOTBETCTBEHHO, T. €. M, CBETOBHIX KBAHTOB B COCTOfA-
HUH «HECYIeCTBOBaHUA®, a M, M,, ... B COCTOAHHAX, MPUHANIEKALMX

COOTBETCTBYIOWMM coGcTBeHHbIM KoseGanuaM A, s, ... Kosdduuuentnt
@emm, ...» TPUHALIEKAUME 3TOH BONHOBOH QYHKUMH, MMEIOT TOria Bufi

RMM, ...:a(k“E)B(Ml—Ml)B(MQ-Mz)

(JIumb KOHeuwHOE YUC/IO MHOXHTedeH OTIMYHO OT 1, Tak KaK PaBEeHCTBO

M, =M, =0 uMeer JHIIb KOHEUHOE UHCJO UCKJIOYEHHH.) DTO, KOHEUHO,
OCTaHETCA CTNPaBeNUBLIM U TOC/]e Nepexona K npeneiy S—»-oo. B cay-
uyae NPOM3BOILHONO COCTOSIHHA @, . CHCTeME S~ L ynomsHyTas
KoHpurypauus (eciu OHa usMepsietcs, cM. ckasannoe B 1II. 3 no mosony
HeBLIPOXKIEHHOTO UYHMCTO [QUCKDETHOrO CINeKTpa) MMeeT, CJeLOBATe/]bHO,
BePOSITHOCTD

| > g, SE—RIO, — A (M — A . [ =

a

RMM, ...

‘ =%, ... | =%am, ..
B 4acTHOCTH, NMOJIHAS BEPOATHOCTbL TOIO, 4YTO cHCTeMa § HAXOIATCH HA
k-1t xpanToBOH OpOuTe, paBHa O = E [b;,v,,)ﬁ,.__]z.

MM, ...

TAKXKE ONHCHBAIOTCA BOJMOBHMH (YHKUHAMH H HPOSBISIOT THIHYHO BOJHOBHIE
cBoiicTBa, HanpuMep audparupyior Ha pemerke. {Cp. skcnepUMeHTnl Davi-
sona—Germer a Phys. Rev. 30 (1927), Proc. Nat. Acad. Sci. U. S. A,
14 (1928),ataxxe C.P. Thompson’a, Proc. Roy. Soc. 117 (1928) u Rupp’a,
Ann. Physik 85 (1928).] B mnpoTHBOmOMOMHOCTE 5TOMY, OXHAKO, HaZo O]~
UepKHYTh, 9TO KBAHTOBAsg MEXaHHKa BHIBOAMT 06€ <«IpHDOAE» U3 OZHOH exuHOH
TeOpUH sneMeHTapumX snBaeHHH. [lapazoxc mpexuelt KBaHTOBOH TeopHH COCTOAM
B TOM, Y4TO Aas OGbsiCHEUUN SKCNEPHMEHTa NPHUXOAUIOCH HONEPEMEHHO HPHBJE-
KAThb ABE NPOTHBOpeYam(uX APYT JAPYTYy TEOPHH (3JeKTPOMATHHTHYIO TEOPHIO
Makcseana — Mepra H TeOpHIO CBETOBHX KBaHTOB JiinmreiHa).
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MMyctb nepoHauanbHo (£ ==0) aToM HaxoAWJca B R-M COCTOAHHU X

nyctb uMesoch My, M,, ... cBeToBhX kBaHTOB B cocTosuuax Ap, Ay, ...,
T. €.

bor, ... = Crmm, ... =8(k—R)IM —M)S(M;— M) ...

B cuiy npuBefeHHOro Bhillle AuddepeHUNANbHOIO YPABHEHHA U KaK hep-
Boe npubsmxenue (T. €. A HACTOJNBKO KODOTKHX TMpPOMEXYTKOB Bpe-
MEHH f, YTO TNpABas YacTb MOXKET CYHTATbCA MOCTOSHHOH) OTJHYHBIMM OT

. 0
Hynq Gyayr BooOule qulllb Te U3 gbleMz _.» Aas koTopbIx 6o HaGop
My My, oo, M1, ..., 6o wagop My, My ..., M,—1, ...
coBnanaer ¢ Habopom M, M, ...: T. e. Bce R, M, My ...
ee.y M,E1, ... Tocie uHTErpupOBaHHA HAHZeM I HUX
i
I G Al L
—— — —
bleMz...Mn—H... s W_—W —hp M, 1,
R k n
2ni
1-—8-—7 (WE—Wk-‘—hPﬂ) ¢ —
b - = w@"_ M .

RM M, .. M- PP WE—Wk+th n

Bce npoune b, . DaBHH B 3TOM NMPUCIMKEHUH HYIIO. (3a uckao-
YyeHueM KkO03¢duiHeHTa bETWTh...’ KOTOpH#t B 3TOM npubiamkeHud, 1. e.
C TOYHOCTHIO A0 f2-ujieHOB, ROJKEH ORI Gbl PABHATBCA CBOGMY Hayasb-

0
HoMy 3HaveHuio 1. TeM He MeHee TOT BEIBOXL, 470 — b =0, cTa-

ot "R MM, ...
HOBUTCA COMHMTEJNbHBIM M3-3a TOr0, YTO MpaBad uyactTe Hauero audde-
pEHUHAIBLHOTO YPAaBHEHHS CONEPXKHT B 9TOM Ciayuae B HaueM npuGiuxe-

oM GeCKOHEUHO MHOrO YJIEeHOB bkﬂ,ﬁz---ﬁnilu-’ He obpaumamuxcs

B HyJb. [10STOMY M3 MaJOCTH KaXIOTr0 M3 3THX C/IaraeMblX — MPH MafbIX
t— HeJb3s ellle [eaaTh BHIBOA O MaJOCTH HX cyMMmul. M pefictBuTenbHO,
BHUMCAEHHE NpuOAmKeHut Gojiee BLICOKMX MOPAIKOB MMOKas3alo Owl, uToO
OTKJIOHeHHE b; or 1 nponopunoHaibho £, a He ¢219). [TockoibKy,

MM, ...
OLHAKO, '
>, 4
kM, ... IbleMz [2=kM,M, ,aka2 “"22 1,
TaK 4TO '
s [ =1 = = Dty ... I

RMM, ... RMM, ...

149) ToyHOe pemlenne aToro AupepeHNHANBHOrO ypaBHeHHt OBIIO jaHO
WeiBkopfom ut Wignerom (Z. Physik 63 (1930)). C nomompio storo
pelleHust MOXKHO Y6eIUMTbCH B CIPaBeRIHBOCTH CACJAHHBIX YTBEPMKACHHH.
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TO TpsMOE BhUHCACHHE KOIQQUUMEHTA Dz~ Ha caMOM Jlese He

0043aTebHO.)
W3 npusemeHHBIX q>opmyn SCHO BHMAHA KaueCcTBEHHas NPUPOAA TNPO-

uecca: KoaduuueHT l)k-;M1 My oo T 1 COOTBETCTBYIOUIHA HCMYCKAHUIO

cperosoro kmanta A, (¢ uacToTO# p,), CTaHOBHTCA TeM GOublle, ueM
MeHbllle 3HaMenateJb Wi — W, —#hp , 7. e. yem Gimxe 4acTOTa CBETA p,

W_—Ww
% k
Kk «BopoBckofi yacToTe» 7 150); anajoruuHbiM oGpasoM Ko3pdH-
LLHEHT bkM M, ... T, ~1...» COOTBCTCTBYIOUUH NOMIOUICHHIO, BO3PACTACT IPH
S
W —Ww.

k 7 . Mo BunuM, TakuM 00pasoM, 4To GOpPOBCKOE
COOTHOILEGHUE YACTOT BLIMOJHACTCA HE TOYHO (Bedb p, HPeLOCTABAAIOT
B Hallle DACTIOpPs:KeHUe HE BCe YAaCTOTH), HO Bce Xe ¢ nopasasionte 60ib-
IION BEPOATHOCTBIO — €CJIM BpeMsl f MaJjio, @ YacTOTHl p, PACIONONKEHEI
oueHb rycto (kak 170 ¥ Gyner naa Goabuioft nosocrun H). Ianee, yactory
TaKHX TIPOUECCOB YBeJHUUBAIOT U MATPHUHBIC 3JEeMeHThI w;’;. Mbr Bckope

NPUOMIKEHAN p, K

CMOXeM OTOXIECTBUTb UX C BEPOATHOCTAMU TNEPEXOn0B.

W3 namett popmyab mis bkﬁlmz"'ﬁnil'“ clieyeT, uto

W’;-— Wk
1—cos 2= (pn————h————) ¢ .
)

2 —
lbk/ﬁﬁz...M’l—i—I...’z:P(Mn"*_1) w:%r < WE_Wk
Pn h

W —Ww.
9 1 —cos 2n (pn———#) t
- t 151y

e — % “ n |2
’bleMz...Mn—l...‘ nM, wkﬂ W, —W_\?
(P" —r

b, [ =0 ansn kMMy ... +EMMy . RMM . Mat1 L

150) H. Bop, kak H3BecTHO, ycrauoBua B 1913 r. pyHAaMEHTaNAbHBIA NPHHUMI
(cM. cchaky B mpHM. ) Ha cTp. 12), cornacHo KOTOpOMY NpH NMepexoiax H3

CTauHOHApHOrO coctosuus ¢ sueprued W s CTALMOUADHOE COCTORMHE C Hep-
rueit W@ atom ucmyckaer cBeT wacToT _‘Y_(i)_h_vf_(_) (xoneuno, W > w),
W._— Wk
B HameM ciyuae STOMY COOTBETCTBYeT ————,
181y Jimeet MecTO
[ —1P= (e —1) (™ — D)= (e — (e~ —1)=

=2— e — =¥ =9 9cos x=2(1—cos x).
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Orciona noayyaem mis 6, E+E, BHIpaXeHHUe

w_.—-W
P 1—C032n( _r k)t
—_— sl 7
_th(Mn_'_l)lwkil ( ) +
n=1
Pn —
(ro -~
i 1 —cos 2= )t
' 2 —
+ XM, Wl W/—W_
g )
n )
®© 09
(HepBaﬂ CyMMa 3, COOTBETCTBYeT HMCIYCKAHMIO, 4 BTOpas CyMMa > —
n=1 n=1

norjowenno. | YroGbl MOkHO OwO npuiaTh atuM 8, saMmkuyTuift Bun,

HANO CHeJaTh YNDPOWAIIMe MpeanooxeHus. Vimenuno, OyxeMm cuuTaThb,
yTO, € OIHOH cTOpOHH, nojocts H oueHb Bemuka (T. €. ee 06beM
P ->00), a ¢ :Ipyroft CTOPOHEI, 6yneM MOACUUTHIBATL COGCTBEHHBIE KOJe-

Gauna W, 8 H crarucruvecku. ast 370i uean oObenunHum B Kamo# u3
NpHBEIEHHBIX CYMM WJEHBI, NMpHHALJAEKALHE YaCTOTaM p,, 3aK/IOYEHHBIM

B HHTepBaje MEXLy p U p—+ dp (BMECTO w:i Mbl NMOACTABUM ero 3Haue-
HHe M NpeanosioxuM, uto dp <€ p):

2

1
1 = —
prr 2 2 ;— (PR, (@7, @, Q)+ .. .)k—é (M,+1

psp,<ptdp lv=1

W.. — Wk
1—cos2n{p— t
% h
- 2 4
_ Y
P )
— _ W, — W
a 3aTeM NMOBTOPUM 3Ty mpouenypy, Ho ¢ M, smecto M,+1 u —
W% — Wk

BMECTO ————. [Tocse aToro ocTaeTC elle BHIYUCJUTH KBanpaTHLIE

ckobku [...].

3aMeTuM Tenepnp, 4TO NpH OOBLIYHOM crocobe OMUCAHUA HE 34JaI0T
aHavyenuft M;, My, ..., HO OTPaHWUMBAIOTCA rOPA3LO MEHbIUHM, & UMEHHO
3ajaHMeM HHTEHCUBROCTeH, T. e. 3aiaHueM 3Hepruum usayuyenus I (p)dp,
NpUXOAAUEHcs HA CHEKTPanbHBI MHTEPBaA OT p A0 p—dp W elMHULY
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o6beMa. DTO 03HAYaeT, UTO

2 g My~hp X M,=T1()dp,
n
p=p, <ptdp psp, <p+dp

= vi
2 Mn'—': —hf)l)‘dp-

P.S_Pn<p+d9

Hucao 4acTor p, JEKAWUX B UHTEpBaNe 0=5p, < p-+dp, pasHO
8n7p?
c?

dp, cOriacHO BCeraa cnpaBelJUBOH acuMnToTUYEeCKON Qopmyse

Befiin (cp. cchuiiky B npum. 40 Ha crp. 192) 8n7/p dp, u, clenopa-
TeJBHO,
_ v (16 +Z2)
2,; M, 1) =~ " dp.
pSo, <p+dp

Wrax, nas kBagpaTHEIX CKOGOK [...] MBl NOAyYMM B YKa3aHHBIX
BhILIE OBYX C/AYYasX CJELYOLLHE BHIPANEHUS:

v (1) +2E)
wkfe (P) hp dp 1 wkk (P)

W(p) do,

€C/I TOJIbKO BEJUYUHA

l 2

D (P, (@ Q@ Q) )

v=1

daykrynpyer (2ocTatouHo ObICTPO) B MHTEpBale p==p, < p—- dp BOKPYF
HEKOTOPOTO CpeNHero 3HA4YEHUS, KOTOPOE Mbl O0O3HAuH/IM yepes W5 (0)-

Vi— W, Ve V3
Hanuwewm emwe vz, BMECTO ————= H# Y,z BMeCTO ————, TOTA HAIlH
CYMMBI TIPUMYT BUZ
F 1 on )t
9 th —cos 2n(p —vg,
k= 4pict 2/{( 1)+ 3) o 2 -+
wh 0 (" %)
1—c052n(p——v ._)t w - (p)

K% KR

~+1(p) P —v ) } Z

(* ") P

[lpu Mansix # stor uHTerpan Gyner, OYEBHIHO, Mopsaika (2 (MOTOMY 4YTO
TAKOB NOPALOK BeJAYMHEL | —COS2m¢f), 33 HCKIIOYEHMEM MWL TOrO
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y4acTka 06JIacTH WHTETPHPOBAHHS, B KOTOPOM 3HAMEHATENb (p-—v;k)’ HJIH
(p—vkk)2 Mad. 34ecb MOryT BOSHHKHYTb BK/AAbl, O00/blliMe NO CpaBHe-
HMIO C #%, ¥ eciu 3TO TaK, TO 9TH BKJALH M OYAyT npeicTaB/iaTh coGoft
ACHMOTOTHYECKUE BHIpaxeHus Aaa 0O,. JIeHCTBUTEJLHO, OKAaXeTcd, uTO
3TO0 Tak, u00 MBH NOJAYYUMM BrJIAZH NOpsAKa £, — UX-TO U HALO HaM
Tenepb BBLIYHCIHTD.

Vi W -
Tax xak Vop = pE=—F TO mpu W;> W/k MajJbM  Oyner
TOJbKO 3HAMCHaTeMb Mepsoro uwiexa, a npu Wy < W, —T010K0 3HAME-
HaTeb BTOPOro, nosToMy npu Wy > W, MB OCTaBUM JMMIIb MepBHIR wieH,

a npu W;<Wk—llldmb sTopoit. Kpome Toro, Tak Kak mjis p, Jewxa-

| W_.—W |
b k k
LIero BAAJMH OT V5, H ¥,z (0603Haun LJisl KPATKOCTH ¥,z == —h——) )

NMoJy4YalTCAd BKJAAB B UHTErpaj JUWbL MOpPAIKa £2, TO MOXHO 34MEHUTD

NMOJBIHTErPAJ/IbHOE BLIDAXKEHUE €ro 3HAUCHHUEM IIpU == Vui» T. €. yepes

IwkE (;kTe)
=
“kk

-y

- 8=nh - -
roe I-.:I(vk-k;) +7Tvii i [/ (vk;) cooTsetcTBeHHO. CllegoBaTelibHO,

V1w, (V) wl—cos?n(p—v 2!

0, = d
k 232 2—2 3 p-
4n"c h*y p Vk—k)
o0 o
Hasee, f MOHO 3aMEHHTb Ha f TaK KaK 5TO BejleT JMIIb K 10-
0 —c0

MOAHATENbHEIM BKJIALaM TOPALKA £2, U BBECTH elle HOBYIO NepeMeHHYIO
HHTEerpupoBanus X == 2 (p — v,;) £. Tlockoabky

1—cos2n p-—v t
f ¢ - D) dp = 9omt f l—if’iidxz 152) — 9n%,
- -0 (p_—vk_k—) : -0

152) imeem (cp. Courant — Hilbert, ctp. 49),

(e feo] (e

/L:C;’Lxdngf 1oosx g [ lmoosdy gy
X X . y
0 0

~—o0

o0

2
2/ si;zy dy = .
0
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TO OKOHYAaTEeJbHO HAXONUM
12
Iwk‘E (v o )
bp = —pmr—" 1
2r°~

kE
1eM JIOKasblBaeTcs TakKe M 10, uto O, mopsanka £.
Jlasa BHIUHCIEHHA W, (ka) HYXHO TMOJIYYUTb IJIS BeJHYUHH

! 2

2 ;l"v (Pf%{ﬂ, X(Qf: 3’ sz)+ . ')ki

v=1

Boipaxenue, cpobomnoe o1 A,. K Takomy BbIpaKeHHI0 MOXKHO npufitu,

ecau 3aMennTb Bektop A, MMes B BuAY ero GHCTPO OCUMJTHPYIOMIUA
XapaKkrep, HPPeryJaspHO OPHUEHTHPOBAHHEIM BEKTOPOM MOCTOSHHOH IJIMHBI

(BBULY €ro NMOCTOSHCTBA B NPOCTPaHCTBE, T. €. He3aBUcHMOCTH oOF QF,

Y, QF, OH ABAfIETCS UMCHEHHBIM BEKTOPOM, YMHOMeHHBIM Ha MaTpuiy 1).
[1OCTOSHHYIO LJMHY Y, MOXHO HAaHTH W3 YCJOBHS HOPMHUPOBKH

fff[am A, )dx dydz = 4nc2.
H

ITostomy
9 2 2 47CC2
V1% = 4wc?, n =
572 1
Ha x-xomnonenty 9, , NPUXOIUTCA B CpelHeM 3 CKaJApHOTO NpOH3-
o o 72 5r2 572 2 1
penerns [U,, Ayl =Wn, «+Ws, y~-Un, - ==1n T. e. ona pasna T 1=
4rc? —o =
== 35— M QHAJIOrHYHO L/ OCTAMbHHX KoMNoHeHT Ay y u Ay .. Umeenm,
C1eI0BATEAbHO,
! 2
e ar x y Z
W, (p) = Cpennee 2——”; (P, (@, Q@ Q) ) | =
o pEe,< p+dp v=1 v
. 2
nc?
~ = s Py + ...
v=1 rE

Tak xax H,, T. e. 3Heprus OZHOH TOJBLKO CHCTEMHBI S, paBHSeTCA KiHe-
THUECKON 3Hepruu - MOTEHUMA/bHAS SHEPIUA H UMEET, CJACHOBATeIbHO, BHIL

l

Ho=Y Q_rily((Pj‘)2+(P¥)2—|—(Pf)2)+ VQh & @f ..., @F Q. Q).

y=1
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TO OKasbiBaeTcd, yTO 159)

HoQF — QiH, = oo =

Px

u NOCKOMbKY Hy— AHaroHaibHan MaTpHla ¢ AMArOHAMLHBLIMU JIEMEHTaMH
Wy Wo ot [(Hppj==W 3,1, To oTcl01a CaelyeT 4/ MaTpuyHbIX 3Je-
MEHTOB, 4YTO

i v x x oni v
(Pf)ki = “Tm (HOQ» - Qv HO)k’,; = "_thﬂ‘ (Wk - W'k—) (Qf)ki =

=X 2rmy, (Qf)ﬁ.

Takum obpasom,
! 2

16 =3 ¢? 3
v @O=7 7 o (| D] |+ )

v=1 rR

[ToncraHoBka B Bhpamenne s 8, naer ¢opmyay

[/ 2
83
9k=§2—2-( e _’-}-... It
RR

v=0
l
<Z er§> r+
y=1 ki

MOXHO, OYEBHIHO, WHTEPNPETHPOBATh clelylouwuM o6pasoM. Artom §
B k-M COCTOSIHUH MpeTeprieBaeT c/IeLylouiue nepexonbt (KBaHTOBbIC CKAUKH):

1. Tlepexonl B BHiCllee COCTOSIHHE E(W;>Wk) TPOUCXOUT

[TosyueHHbN PE3YILTAT, NOJOKHUE EUIE W, =

8n3 W’; —-Ww,
577 s ! —=—;—— ) pa3 B CeKyHLy, T. . ero YacToTa NPONOPUHO-
HajgbHA HMHTEHCHBHOCTH INOJA H3JIYYEHHUS COOTBETCTBYWOIEe GOpOBCKOH
W-—Wk
H ———,

4acToT 7

183y P xommytupyet co eemu @, Q% QF Py, P, P, 3a nckmoueniem Q.
Hmenno,

h
XX X —_
Pva —vaf_ i L
WM 3Hauur,
x___ O x 2
HoQ, Q“HO— (Px) & —Q 2m ( ) 2m m, v

cp. npuM. 4%) Ha ctp. 197.
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2. Tlepexos B  HU3WIEE  COCTOsAHUE k(W;<Wk)' NPOUCXOAUT

8nd W W; .
THT w, I — pas- B CEKyHHLY, T. €, €ro 4acroTa NpOornopuuo-
Ha/bHA HHTCHCI/IBHOCTI/I NoJs  HBJAYYEHHS COOTBETCTBYIOllellt OOpOBCKOA
— W+
W,—Wg
YacTOThI 7 .

3. Kpome srtoro, NpOUCXOAMT elle MNEpPexoj] B HU3IIee COCTOSHUE

64m* W,—Wz

k(W/ < W,) ¢ 4actoToll 57— wkk( 7 ) pas B cexyuny, T. €.

C YacTOTOH, COBEpIIEHHO He 3aBUCAUlell OT MPUCYTCTBYIOLIEro MOJS U3JIY-
YeHHS.

[Mepexon 1. cooTBeTcTBYeT mpoueccaM MOrJOWIEHHA H3 MOJA MBAYUE-
HUA, nepexol 2.-— nmpoueccaM H3/AyueHHsl, MHAYUHPOBAHHHIM MOJEM H3JY-
YeHHsd; & Nepexoi 3. COOTBETCTBYET MpOleccaM CMOHTAHHOIO H3JydeHus,
KOTOpble Bcerna OyAyT MPOHUCXOAMTH € aTOMOM, NOKa OH He no0bercs
OKOHY4TeJbHOrO IOKOS B CBOEM HM3IIEM CTALUOHAPHOM COCTOSIHHH (MHHH-
MainbHOoe W D).

Tpu MexaHuaMa nepexonoB 1. —3. 6blIM TePMOIMHAMHYECKH HafeHb
Einstein’oM eme 10 OTKpHITHA KBaHTOBOH MeXaHuku 15%), He xBaraio
JUIIb 3HAUEHWH «BepOSATHOCTEH NepexoloB» w,-. [IpuBegeHHOe BEIlE

kR
BHIDaXeHHe
1 2 1 2 L 2
|
W = <E er$‘> |+ <Z er§> | p e,Qf) BE
v=1 kR v=1 % v=1 kR

KaK yXe YNOMHUHANOCh, CONEDXUTCA B TNePBOH MHTepNpeTauuu, IaHHOMN
letisenGeproM. Mm noayuuau ero cHosa (ciaenys Hupaky) us obuieft
TEOpHH.

154) Physik. Z.18 (1917).



FJIABA IV
JEIYKTUBHOE NOCTPOEHHE TEOPHHU

1. MpuHyunuaisgoe o6ocHoOBaHHEe CTATHCTHYECKOH TEOpHH

B raase Ill nam yaanoch cecT BCe yTBepMIEHUS KBAHTOBOH Mexa-
HUKH K cTatucTuyeckoit ¢opMmyne (uassannoit taMm Es,)

(E.) Etw (R, ¢)= (R¢. ¢)

(Erw (R, ¢) saBnserca MateMaTHueCkuM OxulanneM Beanunust R B co-
crosunn ¢, R ectb oneparop seanuunbt R). B nanpuefiem Mbl noxame,
KaKk caMa 3Ta (opMyra MoxeT ObITb BHIBEJEHd W3 HEMHOruX OOUMX
KaueCTBEHHHIX MpeINoJOMKeHul, U ONHOBPEMEeHHO Mbl eHle pas NpOBEPUM
NPaBUJIbHOCTb BCEr0 MOCTPOEHUS KBAHTOBOH MeXaHUKU B TOM BHIE, B KAKOM
ono Guino passuto B III. Ofnako mpexie yeM nepexoiutbh K 3TOMY, He-
00X0NUMO CcIeaaTh cjelyloulee 3aMevaHue,

B cocrosuun ¢ Bemmuuna R oGnagaer MaTeMaTHUeCKUM OXHAAHHEM
0=(R¢, @), u, B KauectBe AUCTePCHH &%, — MaTEeMaTHYECKHM OXUILaHHEM
Beuunel - (R —p)%, 1. e. ((R—p-1)%¢, @ =|[Re|>—(Ry. ¢)*
(cp. npuM. 139) Ha cTp. 173, Bee 3TH MaTeMaTHYECKHEe OXHUIAHHA BLIYHCIAIOTCA
ua ocHoBe E,!). Ilocnensee BbipaxeHue, BooOue rOBops, OGojbllie HYJS
(v paBHO HYMO TOJbKO, Koria Re=p-¢, cp. IIl. 3)—yxe B onuom
UHINBHAYAIbHOM COCTOSHHM ¢ CYLIECTBYeT, CJAeLOBATebHO, KaK Mbl 9T0
yKe HEeOLHOKPAaTHO YCTAHABAMBAaAM, TOJbKO cratuctuka. Ho crarucru-
uyeckuit XapakTep MOxeT OOOCTPUTBCS eHle M 33 CYeT TOTO, YTO HEUs-
BECTHO, KakoOe Xe COCTOSHUe MMeeTCSl Ha CaMOM JeJje — HalpuMep, Korjaa
B ONUC3HUM YYaCTBYET HECKOJbKO COCTOSAHUN ©f, @5, ... C BEPOATHOCTAMH
W Wy oo (W =0, w,=0, ..., w+w,—+ ... ==1) coorsercTBento.
Toria MareMaTuyeckuM oOxujauueM Bejuunnbi R, B CMmBicae Bcerza
CTpaBel/IMBLIX [DPaBH  BBIYHCHEHHS € BepOSTHOCTAMH, Oyner p’==

= nZ Wy - (RCPn’ an)'

Hanee, umeerca obuiee coornowenue (Ry, ¢)==Spur (P R). [eii-
CTBUTEJBbHO, BbiOepeM MNOAHYI0 OPTOHOPMHPOBAHHYIO CHCTEMY Uy, g, ...
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TaK, yToOBt Y;=¢ (U, 3HAYUT, Py, ¢35, ... OBIM OPTOrOHAILHBI K @),
TOrna
$ AIs n==1,

P b =
le]Tn 0 B ocTambHHX cayuasx,
H, CJ1eJ0BaTeJbHO,

Spur (Pry - R)= 2 (P 4) (Rbmr $,)=
=2 (% ¥n) (R¥pr 9)=(Re: 0.
ITosromy Hawe p’ = Spur( { anP[v ] } . R). Oneparop

U= Zn}.wnplvn]

OyneT nedUHUTHEM B CHAY NedUHHTHOCTH BCex P 1 ycaosus w, =0,

(9]

a ero wmyp OyzeT, Tak kKak SpurP ]=l, paBseH an=l. Tewm
n

[¢n
CAMBIM 3TOT OﬂepaTop NMOJHOCTBHIO xapa}(TepusyeT TOJIBKO 4YTO ONHUCaH-
Hylo CMeCb COCTOSIHUH B CMBIC/e ee CTAaTHCTHUYECKHX CBOMCTB:

! = Spur (UR).

SaMeTuB, YTO HAPSALY € COCTOSHHSIMH HaM NpPHIETCS HMeTb N0 TaKxe
H C STUMH CMeCfMH, fepefizeM K Oojiee OGLIEMY HMCC/IELOBAHHIO.

3alyzeM BCIO KBaHTOBYI0 MEXaHHKY M OymeM Jepkarbcs TOJAbLKO Cle-
aylomux nodoxenuil. Ilpeanonomum, uro nasa cucreMa §19%), goropas
I75i  SKCTePUMEHTAaTOpa XapaKTepusyerTcsl salanueM Bcex 3ddexTusHO

195) BaxHO MOJUEPKHYTh PASHULY MEKIY NOHATHAMU NPOCTO CHCTEMBl M CH-
CTEMB B HEKOTOPOM cocTosnnuu. CHeTeMa, HanpuMmep, BOJOPOAHBIH aTOM, T. €.
SMEKTPOH ¥ HPOTOH C M3BECTHBHIMH ACHCTBYIOIMMH MeXILy HUMH cunaMu, ¢op-
MaabHO 6YJIeT OMHcaHa, EC/IH yKa3aTh, 470 KOHQUIYPaLMOHHOE NPOCTPAHCTBO HMeeT
IIECTh U3MEPEHHH, YTO KOOPRMHATH — 3TO §y, ».., §g HMIYILCH — Py, 4.y Dp
a ¢yHknua I'aMunpTOHa paBHa

2+ s+
2m,

Pit i+ Pl
Qmp

+ +

e2
+wawm+%—%%H%~mr

CoctosHue xe pUkcHpyeTca JULIb NPU YKA3aHUK AANbHEHINNX JAHHBIX: B KadCCU~

H(q, ... 9601 ... pg)=

4ecKoit MeXaHHKe ¢ NMOMOIBIO 3ajaHus YMCIeHHEX 3Havenudt g3, ..., ¢3, 75, ..., 0
KOOpAUHAT H HMIIyJIE:'COB 15 o+« 96 Pis +voy Pgy @ B KBAHTOBOHl MeXaHuke —
C NOMOWbI0 BOJHOBOH GYHKUMH 9(q; ... ¢s). B GoipmeM uucne ZaHHmX, yeM

3TH, HUKOra He BOSHHKAET MOTPEOHOCTH: eCllM H3BECTHBl CUCTEMA -} COCTOsHUE,
TO TEOPHs JAeT OXHO3HAUHYIO BRIYHCAHTE/ABHYIO NPOLEAYPY AAd OTBEeTa Ha M0G0k
BONpOC.
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M3MEPUMBIX B HEfl BeJMYMH U HX B3aUMHBIX (YHKIMOHAMbLHBIX 3aBUCH-
moctelt. lon BenuunHOH moapasyMesaercs, COOCTBEHHO, HacTaBjeHue, Kak
ee U3MepATb, T. €. KaK HallT¥ WAY Ke BBIYWHCAUTb ee 3HauyeHue u3 pac-
NOMOKEHHs CTPeNOK u3Mepureabuux npubopos. Ecaun R — kakan-uubyib
peauunta, a f(x)-— npoussoabuast ¢yukums, Toria seauuuny f (M) cre-
ayer ompelensts Tak: utoObt usMmeputb f (W), uamepr N, naftmu npu
stom (nas 'R) suavenuwe a, rtorma 3suauennem f(R) Oyrzer f(a). Kak
punuM, Bce Bequuunst f(R) (M duxcuposano, f(x)— npoussosnbHas
(GyHKUMA) M3MepUMbl OIHOBPEMEHHO OJHa C JIpYroff, a Takxke C Be/u-
upnot M 970 mepBbIl MPHUMEDP OXHOBDEMEHHO H3MEPHMBIX BeJHUYUH.
BooGwe e, HazoBeM IBe (win Gosblue) Bequuuns R, @& onHOBpeMeHHO
U3MEPUMBIMH, €CTU CYWIECTBYET YCTaHOBKA, KOTOpas H3MepfAeT OLHOBpe-
MeHHO 00e BeJHUMHB B OLHON M TOH Ke cuHCTeMe, — HDH 3TOM, KOHEUHO,
HX COOTBETCTBEHHble B3HaUeHMS BHIYHC/IAOTCA MO-Pa3HOMY M3 MOKa3aHHH
npubopos. (B kJaccuuecKOM MexaHuke, KaK H3BECTHO, BCe BEJHUHHb
ONHOBDEMEHHO H3MepuUMbl, 4 B KBAHTOBOH MeXaHuKe, Kak Mbl Bulenau
g III. 3, aro ue Tak.) i Takux BeqMuMH M KaKOH-HUOYIb PYHKUUE NBYX
nepeMeHHbIX f (¥, ¥) MOxHO onpefeants u eauunuy f (M, S): oua
GyZer u3MepeHa, ecnu OJHOBPeMeHHO u3meputh N, S, n ecau nad Hux
Gynyt nafizensl sHaueHus a, b, To 3uauenuem f (R, &) Oymer f(a, b).
Hapno, onuako, fcHO mnpeicTaBastb cebe, YTO COBePLIEHHO OeCCMBICIEHHO
kenath nocrpouts f (M, &), xorza R, S ue n3MepuMb OIHOBPEMEHHO:
Belb TOTJa HeBO3MOMKHO YKa3aTh HAANEKAIYI0 UBMEPUTENLHYIO IPOLENYPY.

Ho wuccrenoBanue (UBHUECKHX BeJWYUH HA OIHOM-eAMHCTBEHHOM
o0bexre S He ABJAETCA €IHHCTBEHHBIM, YTO MbI MOXKEM JeJaTh — OCOGEHHO
TOrja, KOr4a BO3HHKAET COMHEHHE OTHOCHTEJbHO OJHOBPEMEHHOH u3MepH-
MOCTH Da3/qMYHHX BeJHYHMH. B Takux cayuasx MOXHO paccMarpusaTth
u GoJblIMEe CTATHCTHYECKME aHCaMOJH, COCTOAMIME W3 MHOTHX CHCTEM
Si «.s Sy (1. e. u3 N sxsemnaspos cucremst 8, N Besnunko) 156). B rakom
ancambne {8y, ..., Sy] uaMepsaeTcs, eCTECTBEHHO, HE «3HAYEHHE» HEKOTO-
pot Beauuunst R, HO pacnpeletenue ee 3HaueHull, T. €. IJF KaXIOrO
unTeppata a’ << a==a” (a’, a” sagaum, a’==a”) uMCAO TEX U3 CH-
creM Sy, ..., Sy, 119 KOTOPHX 3nayeHue N AexuT BHYTpU Hero. N-1
yacTh STOr0 uMcaa ABafercd ¢yHkuuel pacnpelenenus w(a’, a”)=
=w(a")— w(a’)1%7). Boabluoe NpeUMymEeCTBO PacCMOTPeHU TaKUX
aHcambaeft COCTOMT B ClelLYIOWEeM:

1%6) Takue aHcamB/i, Ha3biBaeMblEé KOJJEKTHBAMH, BOOOIIE HEOOXOXMMBL,
uT06bl MOXKHO Obino 060CHOBATH TEOPHIO BEPOATHOCTEH Kak HayKy O 4acToT-
HocTax. OHu Gulnn BBegeHbl R, v. Mises’oM, koTOpBIit 0co3Han UX 3HayeHHe Aas
TEOpPHH BEPOATHOCTEH M OCYIIECTBMA UX Hajlexalee NOCTPOeHHe (Cp., HANpH-
Mep, ero kuury: Wahrscheinlichkelt, Statistik und ihre Wahrheit, Berlin, 1928).

157) w (a’) ABasgeTcs BEpOATHOCTBIO TOTO, 4TO 4=5a’, T. €. OTHOCHTCA
K uHrepBaxy —oo, a’. Kax BugHo, pyHkuus w (a) unu xe, kKak MH OyneM ee
Ha3bIBATE, YTOGH MOXYEPKHYTH €€ 3aBHCHMOCTD OT SR, wy (a) 06iamaer caenyio-

uumn cBofictBaMit TIpy 2 - — oo wy (2) > 0; npu a >~ co wy (@) -> 1; 1pn
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1. Jlaxe B TOM Cj1yuyae, KOrJa H3MepeHHe Kako#-Hubyab Beanyu-
uol R cuibHO u3MeHuno Obl u3MepseMylo cucTemy S (B KBaHTOBOH
MeXaHuKe Ies0 0OCTOUT UMeHHO TaK, u B Ill. 4 mwp BuIesu, uto B du-
3HKE SJEMEHTAPHLIX NPOLECCOB 9TO NPUHUMNHAJILHO LO/DKHO OHTH
Tak, n60 BO3NeHCTBHE H3MEpEeHMs HMeeT TOT e NOpPALOK BeH-
YHHBI, YTO M CHCTeMa MJM Ke ee HaO/MIOJaeMas 4yacTb), CTATHCTH-
yeCKu# CHUMOK pacnpelefeHust BepPOSTHOCTH Beduuunsl R B au-
cambne [8, ..., §y] uUSMEHHTCS NPH TAKOM HM3MePeHMH CKOJb
YTOIHO Majo, ecau TOJAbKO N LOCTaTOYyHO BEJHKO.

2. Hawxe ecau ase (uam OGoabuie) Besuuutnt A, & ne apasiorcs
OIHOBPEMEHHO M3MEDHUMBIMH B eIuHCTBEHHOH cucTeMe &, UX pacmpe-
IeNeHUA BEPOATHOCTE! B OIHOM H TOM xe ancambie (&, ..., Syl
MO¥HO MOJYYUTb C MPOU3BOJBHO GOJBLIOH TOYHOCTHIO, €CJIM TOJBKO
N 1ocrarouso BeJHKO.

VimenHo, B cuayuae ancambid, coctosmero U3 N 3/JeMeHTOB, 10CTa-
TOYHO cOOpaTh CTAaTHCTHYeCKHE [OKA3aHMS O pacnpele/eHul 3HaueHuH
pemuunutt R He co Bcex N saeMentos Sy, ..., Sy, a JAHIIb C HEKO-
TOpofl moacuctemsr u3 M (=N) osaeMenros, cxaweM [S;, ..., Syl
ecan tonbko M, N o6a Bemuku, npuueMm M MOXKHO CHejaTh COBCEM
ManbiM no cpaBheHuio ¢ N 1%8), Torpa npu usmepesun G6yzeT BooOie

NoABEPTHYTA MU3MEHEHHIO JHIIb _]\T-ﬁ yacrtb aHcambas, T. e. CKOJb yroauo

M
Manad, eci —u BHODAHO NOCTATOYHO MAJTEIM, YTO NPH LOCTATOUHO GOJb-

woM N BO3MOXHO Hame i Goabliux M, — B COOTBETCTBHH C yTBep-
xpenneM f, YroObl u3MepUTh OLHOBPEMeHHO jBe (MM GOJblie) BeJH-
uunbl R, &, nam norpebywrcs nBe noicucTeMsl, ckaweMm [Sy, ..., Syl
U [Syips ooes Soyl @M =N), tax uroGn nepsBas ObiIa MpPUMEHEHA
naa cuuMka craructeku R, a Bropas — aas &. Torna o6a u3MepeHHs
He TMOMELIAIT OJHO IPYFOMY, — XOTS OHM H NIPOH3BOJATCS HA OLHOM M
TOM ke ancambae [S8;, ..., Sy],—u gaxe uaMeusr aucamGib JuIIb

2M
Ha TNPOU3BOJILHO Manyld BEIMYHHY, €CIM -~y [NOCTATOYHO Mano, 4To

BO3MOXHO H a1 ouenwb Ooabmiux M, ecian toapko N LOCTATOYHO
BENMKO, B COOTBETCTBHH C VTBepiaeHueM 2,

4= ay a->ay Wy (a) > @y (ap) TPH @' < a” wy (a') = wy (a”). (B xsanTOBOH
Mexatuke wg (@)= [ E(a) ¢lI12=(E(a) %, ¢), rae E () o3uHauaer pasfioxeHHE
eIUHHIIBL, OTHOcAmeecd K R.)

Ecau wy (a) auddepeniupyema, ToO BMECTO HEE MONKHO BBECTH XODOIHO

d
H3BECTHYIO CIMIOTHOCTb BEPOATHOCTH» —- wy(a); ecau ke wy(a) B TOUKE a = 4,

pa3pbiBHa (ECTECTBEHHO, CeBa), TO TOUKA @ = @, 06JafaeT «AUCKPeTHOH BeposAT-
HOCTBIO» W (@p) — Weg (dp — V). VICXORHBIM Ke NOHATHEM @y (4) MOKHO HOJb-
30BaTbCA BCEria; Cp. CChlAKy B TNpuM. '56) Ha ctp. 223.

158) D10 BBITEKAET W3 TaK HA3LIBaEMOro 3axkoHa GOALIIUX YHUCEd, TEOPEMBbI
Bepny anu,
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Kak Buium, npuBieyeHue CTaTHCTHUeCKUX aHcamOjel, T. €. TEOPETUKO-
BEPOATHOCTHBLIX METOLOB, OOYC/JOBAGHO BO3SMOMKHOCTBIO TOrO, YTO H3Me-
peHHe OKameT BJHAHME HA OXHY OTIEJLHYIO CHCTEMY, M BO3MOXKHOCTBIO
HeONHOBPEMEeHHOH u3MepUMOCTH HeckoabkuX Beauuud. OOmas Teopus
JOJKHA YUHTBIBATH 3TH OOCTOSTENLCTBA, MOSBJICHHE KOTOPHIX A4S 3Je-
MEHTapHBIX TMPOLECCOB BCerza nomospesanocs 199), a ceronms, kax moxa-
3piBaeT nojapobHoe oOCyxIeHue noaoxenus Bemelt (cp. Il 4), crano
HecoMuennbM. CTatucTHYeCKHe aHCaMOIH ONATh YCTPAHAIOT 3TH TPYAHOCTH
M JeJaloT TeM CaMbiM CHOBA BO3MOXHBIM 00BEKTHBHOE Omucanue (omuca-
HUe, KOTOPOe He 3aBHCHT OT CAyuas, PABHO KAaK OT TOrO, M3MEpPAETCA JIH
B JaHHOM COCTOSHUM Ta WM IPYyras M3 IBYX HEOILHOBPEMEHHO H3MEPUMHIX
BEJHUMH).

Jlaa rtakux ancamGaeft He yAMBHTEJbHO, YTO (M3MYeCKad BeJMUHHA R
HE HMeeT TOYHO ONpejeNeHHOr0 3HaueHud, T. €. YTO DPacOpeleteHue ee
3HAYEHHH He COCTOMT W3 eNMHCTBEHHOTO 3HaueHus a,1%), Ho nomyckaer
MHOTHME 3HAYEHHMS WM WHTEPBAAbl 3HAYeHuH, TAK YTO NUCHEPCHA TNOJO-
Kuteabta '), Bce ke 145 TAKOrO NOBeJeHHS MBICAUMbl [BA PasaHUHBIX
OCHOBaHUA:

1. Orpenvuvie cucreMmr 8y, ..., Sy Haumero ancaMbas MOTYT
HAXOIUTLCA B PA3JIMYHHIX COCTOSHUAX, TaK YTO aHCaMmOas [Sy, ..., Sy]
onpeleasercs MX OTHOCHTENbHHIMH uacToTamMu. TO, UTO MH He
nosyyaeM 3Jechb TOYHO OMNpele/eHHBIX 3HaueHu#t 119 usuyecKux
BeMuuuH, OGYCJIOBAEHO HALIMM HE3HAHMEM: Belb MHl ke He 3HaeM,
B KAKOM COCTOSHHM MBI H3MepseM, a MOTOMY M He MOXeM CKasaTb,
YTO NPH STOM MOJYUHTCS.

159) Tak, HampuMep, TJAABHOH TPYAHOCTbIO B OMpPEAE/IEHHH 3JEKTPHUECKOTO
A0 CYUTANOCH TO, YTO HEOOXOZMMOE J[Jisfi 9TOro <«mpoGHOE Tea0» He MOXeT
6bITh MEHbIIE 3JCKTPOHA.

160) ToyHO onpejgeseHHOE 3HAYEHHE COOTBETCTBYeT GYHKIUMM pachpelenes
HuA Wy (a) BHAA
1 ma a=a,

wﬂ(a)={ 0 e a<a

B 310M M TOMBKO B 3TOM ciaydae gucnepcus e? paBHa Hyao. OGBIYHO xe cpejs
Hee 3HaYEHHE p W AuchepcHs 2 BHUMCAMOTCH CAERYIOIM 06pasoM (MHTerpanst
Cruasthbecal):

+00
o= fad'wﬂ(a),
+oo +oo —Oo + oo
2= [ (@—pwg@= [ @dog@—2% [ adwg(@ 4=
- +oo— -:oo /400
= [ wavg@—p= [ ctdwg@—| [ adwn@

(cp. 1L 4, npum. '39) ua c1p. 173).

15 M. Heiiman
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II. Bce orzenbuble cucteMbl §), ..., Sy HaxoIATCH B OJHOM
H TOM JKE COCTOfIHUMM, HO 3aKOHsl NPHPOAB He Kay3aibHbl. Torna
npuunHoft mucnepcuft OyleT yie He Halle HesHaumue, a CaMma INpH-
poLa, KOTOpas He CUMTaeTCsl € «MPHHUHMIOM AOCTATOYHOFO OCHO-
BaHHUAY.

Cayuaft I. oCuieuspecteH, BAXHBIM e M HOBHIM SIBJAETCH, HANPOTHE,
caydatt /71.. Koneuno, cHauana Mb OyIeM OTHOCHTLCS CKelTHYeCKH K BO3-
MOXHOCTH €r0 OCYUIECTB/IEHHA, HO 3aTeM HafiieM oObeKTHBHHH KpuTepuf,
KOTOPLI# MO3BONMT OTJIMYATL CAYYaW, KOTLA OH UMEET MECTO, OT CJIyuaes,
Koraa ero Her. Ha nepsui#t B3rasin KaeTcs, 4TO CYLIECTBYIOT CepbesHbie
BO3DAXEHHS TPOTHB BO3MOXHOCTH NOHSTL €ro W TNPHIATL €My TOYHBIH
CMbic/. MH nosaraeM, uro STH BO3PAXEHHs He MMEIOT OCHOBAHHA H UTO
Cayuaft 11, ABAeTCS EIMHCTBEHHBLIM BBIXOJLOM M3 HM3BECTHBIX TPYAHOCTEH
(nanpumep, B xBaHTOBOH Mexanuke). ITepefineM nostoMy K 06cyikieHuio
NPUHLMIHAJLHEIX TpYAHOCTeN cayuas I1..

TMporus 11, MOXHO BO3pPasuTh, 4TO NPUPOAA BOOOIIE HE MOMKET Ha-
PYIWHUTh «IPUHUUN LOCTATOUHOI'O OCHOBAHHA®, T. €. MPUUMHHOCTDb, TAK KaK
3/lecb CKOpee MIET peub NPOcTo 00 onpele/leHHU TOXKAECTBEHHOCTH. MIHEIMU
C/OBAMM, TeOpeMa O TOM, YTO [1BA TOXIECTBEHHHX oObexta §;, Sy, —
T. . [Ba 3K3eMOJgpa cucTeMbl S, HaxoJduiuecs B OJHOM H TOM JXKe
cOCTOAHMN, — OyAyT BecTH Ce6st OLMHAKOBO NpPHU BCEX MBICJAHMEIX BO3-
JNefcTBUAX, BEPHA, HOCKOJBKY OHA HHYero He rosoput. Beab ecau 6w
cucrembl §;, 8, Bean ce0Gs MO-pasHOMY NPH OLHOM H TOM K€ BMella-
TeabCTBe (Hanpumep, ecau Ob OHM fgaBa/lu pasHble 3HAYeHHS HEKOTOPOH
sequunHe R npu ee usMepeHnn), TO uX Heabss OLLIO Gbl HAZBATL OLMHA-
kopuiMu. TakuM oGpasom, B aucambae [S;, ..., Sy], umelomeM Aucnep-
cHID MO OTHOWeHui0o K BeaunuunHe N, orienbHbie cucteMbt Sy, ..., Sy,
N0 ONpele/eHnio, He MOTYT BCe HAXOIUTHCA B ONHOM H TOM e COCTOS-
Huu. ([IpuMeHuTe/bHO K KBAHTOBOH MexaHuWKe 3TO 03HA4a/I0 OB 1O~
CKOJIbKY TpH H3MePeHUM OAHOH U TOH e Beauuuunl R Ha HecKOAbKHX
cucTeMax, KOTOpHe BCe NPeObiBAIOT B COCTOAHUHM, OMNUCHLIBAEMOM BOJHO-
BOH#t ¢yukuue#t ¢, NOAYUAIOTCA pasHbie 3HAYEHHd, €CAM @ He sBJIsAeTCH
coGeteeHHOl dyHkuue#t onmepatopa R peauuntsl R 161), 10 3TH cHCTeMBl
He OJMHAKOBBI, T. €. ONHUCAHHE C TOMOIbI0 BOJHOBHIX (yHKUuH He
sBaserca noaubiM. flosTomy mpomxubl Gbutt Obl CYIIECTBOBATL IPYrue
xapakrepuctuxu, ynoMmauyteie B III. 2 «ckpbithle mapamerpbl». Bckope
Mbl YBHIHM, YTO 3TO NpPEINOJOMKeHHe He NpoxoiuT 6e3 naabHeHIIMX
ocioxnennit.) CreloBarebHo, 149 GOALUIONO CTATHCTHUECKOrO ancam6d,
10 TeX NOp MNOKa XOTb ojHa BejuunHa N NPOISOKAET MMeTb B HeM
JUCHepCHIO, JO/KHA CYLIeCTBOBaTb BO3MOXHOCTb pasbueHusi ero Ha
MHOTHe, Pa3uutbiM 06pasoM NOCTPOEHHHE YacTH (B COOTBETCTBHMU C Pas-

161) Peup wumeT O HE3dBHUCHMBIX U3MepeHUAX Ha HEeCKOJbKHX CHCTEMax:
nocjexoBaTensHble M3MepeHus Ha oxauoil u Toit Ke cuCreMe BCerjfa Rasaiu 6nl
OXMHaKOBHe 3HaueHus (cp. IIL. 3).
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JAMYHBIME COCTOSHUAMH €ro 9jeMeHTOB). IDTO TeM OoJjee NpaBionoiobHO,
YTO Ha MepBHIA B3rAAL Kawercd, uyTo (akTuueCKH CYUIECTBYeT NPOCTOH
cnoco6 nonLo0HOro pasbueHus: MMeHHO, aHcaMOJb MOXHO Pa3butb B COOT-
BeTCTBUH C Pa3MUUHBIMH 3HAUEHWAMH, NDHHUMAEMHMH B HeM Bejuunuoit N.
[To-HacToaUeMy OIHOPOAHLIH aHcamMOab Obla Obl NOJAYYEH TOJBKO MOCJ]e
noApasleneHus UM pa3OHeHus N0 OTHOLIEHHI0 KO BCEM MMEIONUIHMCSH Be/d-
yuay R, S, T, ... B KoHeuHOM wuTOre HM OIHA U3 STHX BeJUUHH
He uMe/ta Obl JUCTePCUM HU B ONHOM M3 nojgancamOJef.

Vrpepwienus, CoAepKalnecs B NOCAeIHMX (ppasax, owUGOUHBE Npexie
BCETO MOTOMY, YTO He YUUTHIBAIOT, YTO M3MEpeHHUEe H3MEHAeT U3MepseMylo
cucreMy. Ecau BennuuHa ‘R (npuHuMalowlad pajy NPOCTOTH JHIIL 184
3HauYeHMs! 4, @,) HM3MepsieTca BO Bcex o0bexTax 8y, ..., Sy M NpuHu-

/ !
MaeT sSHAauYeHMe, CKameM, @, Ha cucremax Si, ..., Sy, a 3n3YeHUe ay—

" "
Ha cucreMax Si, ..., Sy-n, TO mNOCKE 3TOr0 oOHAa He OyleT HMeTb
! ' 7 "
aucmepcuu Hu B ancambae [Sy, ..., SN,]’ uu B ancamae [S1, ..., SN_N,]
(taM OHa BCeraa paBHa @; WM COOTBETCTBEHHO a,). TeM He MeHee 9TO
He Oyler nmpocThbiM pasOuenueM ancam6asa [Sy, ..., S,] ua aBe ykasauune
YacTH, TAK KaK OTIE/bHEeE cucTeMbl Oeu uaMeHens! npu R-usmepehuu.
[paBna, coraacHo 1., Yy Hac UMeeTCs MeTO] HaXxOXAeHHA pacmpelele-
Hus 3HaveHuft Bequyunbt R Takum o6pasom, uroOw ancamban [Sy, ..., Syl;

U3MEHHJICS MUILb He3HAYUTE/IbHO (mm STOTO HaZ0 H3MepsTh HA Sy, ..., Sy

M
M Beauko, N MaJIO), OJHAKO 3TOT MNpUEM He MNPUBOIHT HH K KaKOMY

pasbueHuio, MOCKOJIBKY 14a OoabluHCTBA cucteM Sy, ..., Sy (a uMeHHO
ansg cucteM Spyq, +.., Sy) OH He TO3BOJAET HUYETO CKas3aThb O TOM,
KaKkOe 3HaueHue HMeeT BesuunHa R B KaxION OTHeTLHON cHCTeMe
u3 ux uucnaa. Tenepb M yOemiaeMcs, YTO YKa3aHHbi Bbille MeTOf
AOCTPOEHHS COBEpPIIEHHO ONHOPOAHOf CHCTeMB He NPUBOAMT K LEJH.
HefcTBuTenbHO, H3MEPHM elle ADYTyi0 BeJuunHy & (TaKiKe NPUHAMAIO-

4 '
wylo Jammb 18a suavenus by, b,) B mnojancamGasx |[Si, ..., Sy] u
s 7 Uz 17 vV
[Si. ..., Sy_w,] Tycts 8 cucremax Sy, ..., Sy, u St. ..., S, Hah-
I 1 [ I
JeHO 3HaueHue by, a B cucremax Si', ..., SAX_N" nSY, ..., S,Y,_M_Nn—
1t 4 1V 3%
snauenue b,. Torma B amcambnax [SV, ..., S ], [SI'. ..., SN,_N"],

v Vi Vi
[SY, ce e SN,,]- [sih, ..., SN—N,—N,Z] BequunHa & OoJbllle He HMeer

zuciiepcun (ee 3HaveHust OyayT paBHbl COOTBETCTBEHHO by, by, b, by).
OnHako HECMOTPS HA TO, YTO NepBbie 1BAa aHcaMOJad ABJAIOTCH YACTAMHU

4 1
ancambad [Sl. cees SN,]» a IBa nocjegHux aHcaMmOusa — vactaMu aHcamO.ist

” 7
[ST, .... Sy_n,] B KOTOpHX Bemmunna M ne nmena aucnepcHs, B KaXAOM

U3 STHX HOBBIX YeThlpeX ancamfjedl penuuuna P MoxeT uMers HHCHEPCHIO,
TaKk kKak &-u3MepeHue M3MEHWJIO OTHeJbHbIE CUCTEMbI (M3 KOTOPLIX
cocrosr aucamban)l 3DTo a3mayur, yro MB HE MNPOJBUraeMcA Brnepen:

15*



228 JIEAYKTUBHOE TTOCTPOEHUE TEOPUHU [TJL 1V

Kau bl HOBBLIfl 1Iar paspylaeT pe3yabrTaT NpeilllecTylowero 12) u Hu-
KaKoe TOBTOpeHHe MOC/JeJOBATe/bHbIX M3MEepeHH#l He CMOMET NPUBHECTH
NPHYMHHBIA TOPAAOK B 3TY NyTaHuHLY, U060 aroMHble ABJAEHHUS JeKaT HA
Kpalo ¢u3MYeCKOro Mupa, rie Ja000e H3MepeHHe BHOCHT H3MEHeHHe
TOrO Xe MOPsIKa, YTO M caM u3MepseME# 00beKT, Tak uTO Nocaennufl
M3MEHAETCA CYWIeCTBEeHHHM 00pa3oM, B OCHOBHOM u3-3a COOT HOLIEHHH
HEONpe/ieTeHHOCTH.

Takum 06pasoM, TpH HU3BECTHHIX OOCTOATE/LCTBAX HE CYMIECTBYET
MET0Ja, C TOMOIILI0 KOTOPOrO MOXHO OvO OBl pasjarath Jajblie
ancaMOan ¢ pucrepcueit (63 M3MeHEHMA MX 9JEMEHTOB) MM JaXe OPO-
Outbca 10 BOOGWEe He 00/afaloIMX IUCTepCHed OMHOPOAHHIX aHcaMGaed,
KOTOPHE Mbl JOJDKHBL OpeACcTaBaaTh cebe COCTOAMUMH M3 HPHYHHHO
ONpelieIeHHBIX, TOMISCTBEHHHX MeXAY Cc000H oTlenbHbX O06BEeKTOB.
Hecmorps Ha 570, MOXHO ObIO OB MOMBITATHCA MOAAEPHKATH PUKTHBHOE
npeicTaBeHue O TOM, 4TO BCAKuil ancambap ¢ jgucnepcuefl MOXHO pas-
6utb Ha aBe (uau GoJblie) OTAMYHBIE APYT OT APYra u OT BCEro ancamGas
" uacTh; W Lawxe Oe3 M3MEHEHHA er0 9JeMEeHTOB, T. €. TaK, YTO CMelliBa-
Hue oboux aHcamGjell pasbuenus cuoBa HaBano Obl MCXOZHBIH aHcaMO.b.
Kak Bumum, nonbiTKa MHTEPNPETHPOBATH MPUUMHHOCTbL KAK OMNpeJe.eHue
TOXIECTBEHHOCTH INPUBOAMT BBUMAY STOrO K pealbHOMY BONPOCY, HA
KOTOPHH MOXKHO U JLOMMHO OTBETUTb, BOSMOXHO B OTPHIATEJILHOM CMEICJE.
Vvenno: BO3MOMHO JH Ha CaMOM Jele MNOAYunTb BCakul aucamGib
[$ ..., Syl. B xoropoM umeercqa Beaumuuua R ¢ gucnepcuet, B Buie
cMecu ABYX (Mad Gojbliero yucaa) ancamOaeff, OTIHMYHBIX APYF OT Lpyra,
a Takike 0T 3azaHsoro aHcam6aa? (Cayuaf, korma uucao ancambiefi
Gosplle OBYX, ckameM, n==3, 4, ... NPUBOAUTCA K CJIyYai0 7 ==2,
€C/d pacCMaTpuBaTh NepBhI u3 aucamOiaeit u cmecb 7 — 1 OCTaJbHEIX.)

Ecau 6w, ckamem, [S), ..., Syl Obin cmecbio 1Byx ancambieft
[si. ..., S}] u [S], ..., Sé], TO BEPOATHOCTHYIO YHKUHIO g (@)
moGo# semuunnnr R (eMm. npum. %7) wa crp. 223) MomuO GHa0 OBl
BHPAa3UTb Yepe3 BePOATHOCTHHE (YHKLUUU w;’n (@), wy (@) nocaelHuX ABYX
ancamOJjelt: )

(M) wy (a) =awg (a) +-Bwy(a), «>0, §>0, af-p=1.

3nech a=% u @=—Q]\7 (N=P-Q) ne zapucar or R. Hrak, B KO-

HEYHOM CYeTe MBI HaTaJKUBaeMCS Ha MaTeMaTuuecKHH BONPOC: HYCThb
B KakoM-HuOynp ancamGie umeercs penuuuna ‘R, oGaanaomias aucnepcuett

162) TlocMOTpHM, HamIpuMep, 4TO MOAYYHTCS, eCaH 3a SR, & BaaTh He H3Me-
PHMBIE OJHOBPEMEHHO (M3-3a COOTHOWIEHMH HEONPEXEJCHHOCTH) BEJHYHHBL ¢
(zexaptoBy KOOpAMHATY) M p (uMnyanc). Ecam B kaxom-Hubyan ancambae
JHUCHEpCHSl ¢ OYEHb MaNd, TO p-M3MEPEHHE C TOUHOCTHIO (T. €. ¢ RuCHepcueit) ¢

TPUBOJMT K AMCHOEPCHH B ¢, IO MEHbINEH Mepe paBHOH 4—1}% (cp. 1. 4), 1. e. BCE
paspyuwacr, '
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¢ BepOATHOCTHOR ¢yukumuelt Wy (a) (OTHOCHTENBHO COOTBETCTBYIOLIEro
cBolicTBa (PyHKUUK Wg (a) cM. npuM. 8) ua crp. 225), cywectsyor au
TOTZA 1BA APYrUX aHCAMOIA C BEPOATHOCTHHIMH (BYHKUMAMU Wg (@), COOT-
BETCTBEHHO Wy (@), Takue, uTo yTBepraeHue My, umeer Mecto 144 scex N?
DTOT Ke BOONPOC MONKHO cHOPMYJIHPOBATH elle HECKOJBbKO HHAue, eclH
XapaKTepH3oBaTh AHCAMOJb He BEPOATHOCTHHMH (PYHKLHAMH Wy (a) Beau-
yu R, a MareMaTHYECKUMH OXHIAHUAMH

+o0

Erw (R) = f adwg (a).

—-00
Haw sonpoc 3ByuuT TOrza Ttax: B ancamOse HeT AHCHEpCHH, eCIM B HeM
g kaxnofl seauunnbt R Martemaruueckoe OxulaHHe

Erw ([R — Erw (R)]?) == Erw (R — [Erw (]2
paBHO Hymo (cp. npuM. 180) na crp. 225), 1. e. ecan
(Stry.) Erw (R?) = [Erw (]2

Bcerga au BO3MOXHO B TOM Cayuae, KOIZA 3TO He TaK, HaliTu 1Ba apy-
rux ancambas ¢ Erw’ (W), Erw” (R)

(Erw (R) =% Erw’ (R) =5 Erw” (R))
Takue, 4TOObl BHIIOJIHANOCH YCIOBHE
(M) Erw@)=aErw/ R)+BEwWR), a«a>0, >0,
atf=1,

rae o, B wue zaBucar or M? (3amerum, uro B cayuae eIMHCTBEHHOH
sagannofl Beauunubl R uucao Erw (M) se wmomer ObiTb 3aMenuTe/eM
byuxuun @y (@); Hampotus, 3HaHue scex Erw (M) skBUBaNeHTHO 3HAHHMIO
Bcex ww(a). HefictBurenbHo, ecaum  f,(X) onpeleiurb PaBEHCTBOM

1 g1 x=a,
fal)= 0 gna x> a,

[Tpu MareMaTHYeCKOM pAacCMOTPeHMH STOr0 BOMPOCA LejecoobpasHee
uMetb Jeno He ¢ aHcamOasmu [Sy, .... Syl, a ¢ coorsercrBylOmUMU
oxunauamun Erw (). Kaxnomy ancaubmo coortserctayer Takas (QyHk-
s, KOTtopam ompefeteHa B S aaa BceX ¢uanuecknx meanunH R u
HMeeT 3HAYEHWAMU BELIECTBEHHEIE YHCTA M KOTOPas, Ha0BOPOT, NOJHOCTLIO
XapakTepusyeT Bce CraTHCTHueckue cBoficTBa aHcambad. (Cp. ckasanHoe
Beite 0 cBasu Mexay Erw (M) u wxn(q).) Koneuno, eme Haqo yeTaHoOBUTE,
KakuMHM cBOHCTBAMH A0/kHA oOnanarh dbyHKLIMA OT RN, yro6H oHA npen-
crapasaa coboit Erw (), no HekoTopomy naanexauum o6pasoM BLOPaH-.

» 10 Oynem umeTs wx (a)=Erw(f,(N)).)
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HoMy ancamGmo. Ho Kkak TOJbKO 570 OyLeT BHINOJHEHO, MbI MOXEM
JaTh Onpele/eHue:
@) dyukuus ot R, ABIAOUIAACA MaTeMaTHUECKHM OXHIaHHEM
Erw (R), HasbiBaeTcss Oe3nucnepcHOl, ecan OHAa yIOBAETBOPSAET yCJI0-
Bulo Stry..
f) oyuxuua or M, ABaAOWIAACT MATEMATHYECKMM OXUIAHHEM .
Erw (R), nasbiBaeTcad 01HOPOAHOH uan uucToft, ecam 1 Hee us M.
clelyeT, 4To
Erw (R) = Erw (') = Erw (R").

To, uto Bcakad Gesgucnepctas ¢yuxuus Erw (R) apaserca uuctof,
ACHO MpPOCTO MO CMEICAY M Bckope Oyler A0kasaHQ. Haur xe Bompoc
3BYYMT TaK: fiBasfeTca au mobas uucrad pynkuua Erw (R) Gesnucmepcroit?

fcno, uro mobas ¢yukuus Erw (R) nomxHa o6ragath ClelyiomuMu
cBOHcTBaMU:

A, Ecin Beanuuna R roxzecrsenno pasHa 1 (r. e. ecau mpa-
BUJIOM €€ H3MeDeHus ABJAAeTCA: HHYero He Halo M3MepsTh, TaK Kak
R scerna umeer sxauenne 1), 1o Erw (R)=1.

B. Jas moGo#t peauunnnl R u 14 moGOro BeweCTBEHHOTO
yncaa a umeer Mecto paseHctBO Erw (aR) = a Erw (R)16).,

C. Ecau no ceoemy cmbicay seamuusa R Hukorga ue GmiBaet
OTpuLATedbHON, ecad OHa, Hanpumep, sBAAETCH KBaapaToM 16%) He-
kotopo#t mpyro#t seanyunsl &, 1o u Erw (R)=0.

D, Ecin Bemuuunsl R, &, ... OIHOBPEMEHHO H3MEPHMH, TO
pomxno 6eith Ertw R+S 4+ .. ) =Erw(R)+ Erw (&)} .. .15,
(s neonHoBpeMenno usMepumbix seauuns R, &, ... BesuunHa

R4+ S~ ... He onpersenena, cp. Bbile.)

Bce 3TO HemocpeacTBEHHO BhHITeKaeT M3 OnpeleneHufi paccMaTpusae-
MBIX BeJUYuH (T. €. M3 MNpeimucaHuff X149 UX M3MepeHus), a TaKKe M3
onpele/eHHs MaTEMAaTHUYECKOrO OXHUIAHUSA KaK apu(pMeTHyecKOro cpeiHero
BCEX pe3yabTaTOB M3MEpPEHHH MO AOCTATOYHO GOJbLINOMY CTATUCTHYECKOMY
ancamG10. B orHowenun D. ciaenyeT 3amMeTuTh, YTO ero CAPABENJIUBOCTD
OCHOBAHA Ha TOW TeopeMe M3 TeOPUHM BePOATHOCTeH, COTJACHO KOTOpPOH
MaTeMaTHYeCKOe OXUAalHe CYMMBI BCErJa PaBHO CYMMe MaTeMaTHUYeCKHX
OXUAAHUH OTHENbHLIX CJATAEMbIX, HE3aBHCUMO OT TOU'0, CYHIECTBYET MeXIY
HUMM BepOSITHOCTHAst 3aBHCHMOCTb MU HeT (B MPOTHBOMOJOXHOCTb, Ha-
NpuUMep, MaTeMaTHYeCKOMY OMXMIAHMI0 Npousselenusd). EcTecTBeHHO, yTO
™Mbl chopMmyauposaau D, ulib 1A OXHOBPEMEHHO H3MePuMBIX Beanyus R,

s «..,~—Belb B NPOTUBHOM CJyyae BeJHUMHE RN+ S+ ... He umeer
CMBbICTA.

Ho B KBaHTOBOM MexaHMKe HMeeTCSl ellle O[HA, BHIXOAfLIAS 33 Mpe-

Zeqbl 06CYXKAABWINXCA A0 CUX MOP, BBIYUCAUTENIbHAS ONEPAlus: UMEHHO,

163) Brpaxenus aR. S R+ S+ ... o3nauvaoT: Beanuudn SR, &, ...
TNOJACTABAAKTCA, B CMBIC/E IAHHOTO BHLIE OBIIEr0 OmpefeeHUs, BMECTO X, Y, ...

B pyuknun f(x) = ax, f(x)=x2, f(X, $...)=Xx-} y- ... cooTBETCTBEHHC.
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c/OXeHue IBYX MNPOU3BOMAbHLIX, He 00S3aTe/bHO OLHOBPEMEHHO HeusMe-
pUMbIX, BeJU4HH. DTa OMepauusi OCHOBLIBAETCS HA TOM, uTo cymMMa RS
ABYX SPMHUTOBBIX OMepartopoB R W S oOnar ABJSETCA IPMUTOBHIM Olle-
paToOpOM, ja¥e u TOraa, korga R u S HemepecTaHOBOYHBI, B TO BPeMst
xaKk TpousBenenue RS, HampuMep, OKA3wmBAeTCA SPMUTOBLIM JHUUIL B CJIy-
yae xommytatuBnoctu (cp. II. 5). MartemaTuueckue OXufaHug MO JIOGOMY
COCTOSIHUIO © ckaAanmBaoTesa: (Re, ©) 4 (Sy, ©) = ((R-+ S) ¢, 9). (Cp. Es.
uz III. 1). To xe crmpaBeaquBO W A/ MHOTUX cJaraeMpiX. Mbl OTMETUM
5TOT (GaKT B HauleM oflieM, MOKA eule He CMEUHAIH3HPOBAHHOM Ha Cayua#t
KBAHTOBOM MeXaHUKH, MOAXOME:
E. Mycts R, &, ... — npousBo/ibHbe BeJIMYHHE], TOTAA Cylle-
crByer HoBad Besauunna SR-+S - ... (He saBucsiwas oT BeIOOpa
¢yukiuu Erw (R)) rakas, uro

Erw@R+S+ ...)=Erw @)+ Erw (&) +

Ecan R, &, ... onHoBpeMeHHO namepumsl, To 3Ta R+-S4- ...
jpomxHa, cornacuo D, , OnTh 06bluHOM cymMMoH. B ofiem xe cayuae sta
BeJHUYMHA JIMLIbL HESBHO omnpelessercss yreepwaenneM E,, u Mbl elsa Jd
MOXEM M3 u3MepHTeJbHBIX mpennucanuft nas N, &, ... cocraBurb uame-
puTeabHoe npexmucanne ang R4 S ... 169,

K ckasaiiHoMy Bhillle 100aBHM ellle: Mbl XOTHM BBeCTU B paccMoTpe-
une He TOMbKO ¢yHxkuun Erw (R), npencrasasiouie co6o#t MateMatuue-
CKHE OHMI4HUSI, HO TAKXKe W Takue (YHKUMU, KOTOPbIE BHIPAKAIOT COGOH
OTHOCHTEJbHBIE MaTeMaTHYeCKHe OXHIAHUS, T. €. MBI ONyCKaeM YC/I0BHE
Hopmuposku A,.. Ecau Erw (1) (uro, cornacuo C., = 0) koneuno u =£0,
Erw ()
Erw (1)
Cayuatt Erw(l)==0c0 coOTBeTcTByeT, ONHAKO, CYIIECTBEHHO OTJIMYHOM
BO3MOXHOCTH, paf® KOTOpON Mel # JenaeM 3To oGoOuwenue. Ee MoxkHO

TO 3TO HECYLUIECTBEHHO, TaK KakK IJs BCe OCTaeTcqa Mo-Crapomy.

164) Tak, HarpuMep, B reizeHGeproBoil TeopHu ONEpaTop :—)Hepmn 51eKTPOHa,
JABHXKYIIETOCS B NOTEHUUAJLHOM CHIOBOM none V (x. y, 2),

H, — (P2 PV 4 (P2

2m

+V(@Q* Q% Q)

(cp. HanpuMep, 1. 6) sBasierca cyMmOil ABYX HelepecTaHOBOYHBIX ONEPaTOpOB

(P4 (PY) F (P72
R=

2m

yuHb R, COOTBerCTBYIOIIEH ONEparopy R, sBafeTcs H3MEpeHueM HMIYJbca,
a u3MEpeHHMe BeanuuHbl &, COOTBETCTBYIOUWEH# omeparopy S, — uaMepeHueM
KOOpAuHaTH!, BeauunHa P+ S, cOOTBeTCTByKINAN ONEPATOPY HD=R+S, H3-
MepsieTcs COBEPUICHHO MO-MHOMY: HANpUMep, C MNOMOWbI U3MEpDEHHs YacCTOTh
CIIEKTPANbHBIX JIMHHH, MCIIyCKAeMBIX 3THM (CBA3AHHBIM) 3JEKTDPOHOM, HOCKOABbKY
3TH 4acTOTHl ONPENENSIT (Ha OCHOBaHMM YCJIOBHSA 4acTOT Bopa) sHepreTHueckue
YPOBHH, T. €. 3HaueHuaa BeauuuHol P -+ &. TeMm He meHee npu M0ObX 06cTOA~

TE€JbCTBAX
Erw (R4 @) = Erw () + Erw ().

u S=V(Q* QY Q. Torna xak u3MepeHue BeJH-
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Ayullle BCEro NPOUJIIOCTPHPOBATL HA OJHOM IPOCTOM mnpumepe. KmenHo,
CYLIeCTBYIOT CJYy4aH, KOrja /yulle ONEpUPOBATH ¢ OTHOCHTENLHLIMH Be-
POSITHOCTAMH, a4 HEe C MCTHHHLIMH, B OCOGEHHOCTH ¢ GeCKOHEUHON MOJHOH
OTHOCHTE/IEHOM BepoaTHOCTLIO (Bhlpaxenue Erw (1) npeacrasaseT Belb
cOOOH TMOJHYI0 BepOATHOCTb); MOAOOHBIM CJy4aeM SBJsETCS, HAmpuUMep,
caenyowuit. Ilyctb paccmarpuBaeMoft cucreMoft Gyjer yacTulla, NBUKY-
Hascs B OLHOM HM3MEpEHUH, U NYCTh €e CTATHCTHYECKOEe pacmpejelieHue
OyzeT TaKuM, YTO OHA HAXOAMUTCA C PaBHOH BEPOATHOCTHIO BCIOAY HA Oec-
KoHeuHO#l npsamo#t. Torma BeposTHOCTL MIOGOr0 KOHEUHOrO HHTEpBaja
oTo#l npsmMoll OyneT paBHA HYJIO, HO PAaBHOBEPOSTHOCTb BCEX MOJONeEHUH
Ha 3TOH MpAMOM BHIPAXAETCS HE 3TUM OOCTOSATELCTBOM, a TeM, YTO OT-
HOLIEHHE BEPOATHOCTeH ABYX KOHEYHBLIX HHTEpPBAJNOB PABHO OTHOLIEHHIO

0
Hx AauH. Tak kKax N} HE HMEET CMBIC/IA, TO 3TO MOXHO NOHATH, JHLIb

NpHMHCAB MJMHAM CMBIC/ OTHOCHTE/LHEIX BEPOSTHOCTEM, HO TOTAA MOJIHAS
OTHOCHTE/IbHAST BEPOSTHOCTh OYAeT paBHA, KOHEYyHOo, OO.

YunteBag Bce CKa3aHHOe [0 CUX NOP, Mbl MPUXOIUM K cheayloilef,
okoHuareabHoRt QopMe wnamux ycaosuft (A’. coorsercrsyer C., a B'.
coorerctyer B., D., E.):

A’, Ecmu Beanuuna R mo cBoelt mpupose HMKOrAa He OTpulia-
Te/NbHA, €CJHH OHA, HAmpHMep, SIBJASETCS KBaApaTOM HEKOTOpPOH
apyro#i Bequuunst &, to Erw (R)= 0.

B, Ectu R, &, ... —1npousposbaple BeJMUUHBL U €CAH &,
b, . —BemPCTBeHbee uncaa, 10 Erw(@R4+6S-+ ...)=
=aq Erw(iR)+bErw )+ .

[TonuepkHeM elie:

1. TIocKOMBKY MBI paccMaTpuBaeM OTHOCHTEJbHblE MareMaTuye-
ckue oxuaanust, To ¢ynkuuu Erw (R) u ¢ Erw (R) (¢ > 0 — kon-
cTaHTal) HAAO CHATATH HE CYIHECTBEHHO DPABJIUYHBIMH.

2, dyuxumns Erw (R)=0 (ana Bcex M) ne Buipaxaer HUKAKOrO
BLICKA3HBAHHSA, 4 IMOTOMY [0JKHA GbiTh HCK/IOYEHA.

3. Mbl uMeeM ne/10 ¢ aGCOMOTHBIMU, T. €. C NPABUWJILHO HOP-
MHpPOBAHHBIMU MaTeMaTHYeCKUMU OXupauusamu, ecau Erw(l)=1.
Cornacio A’., Boipawenue Erw (1), Bo Bcsikom cayuae, == 0, u ecau

TOJNLKO OHO KOHeuyHo u +0, 10 1. ¢ c= BO3BpaLLAET

Erw (1)
Hac K mpaBuJbHoM HopMuposke. [Ipu Erw (1)==0, kak 6yner mno-
Ka3aHO, uMeeT MecTo 2., a IOTOMY 3TOT cayuall HCKI0YaeTcs.
Ecau Erw(l)==co, TO MH uMeeM neno0 € CYLieCTBEHHO HEHODPMU-
pyeMo#t (T. €. OTHOCUTEJIbHOM) CTATUCTUKOMH.

Ham ocraercs Temepb BO3BPATUTLCS K HALUMM OMpelencHusM ), B).

Wmes B Buay 1., ycaoBue Mp. MOXHO 3aMeHuTHh CAeAylOluM GoJjee mpo-

€TbIM YCJOBHUEM:

(Ms.) Erw (R) = Erw’ (R) - Erw” (R).
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Creayer uMeTb B BHAY, UYTO W NMpu BHBOge Sfry. MPEANOJIArajgoch pa-
senctBo Erw (l)==1. B cayuae Erw(l)==00 Henb3s naTh Ompene’cHue
CBOUCTBY OTCYTCTBUSI IUCMEPCUM, TAK KAK 3TO CBOHCTBO O3HAYaer, YTO

Erw (R — 0))=0, rae p— aBcomoTHOE MAaTeMaTnyecKoe OKUIAHUE Be-

Erw (R)
mauunsl R, 1. €. Trw (1) ' KaKOBOE OTHOLICHUE He MMeeT CMbIC/A, TaK

KaK paBHO %165). Urax a), B) raacar tenepsb:

a’) dynkuus or R, saBasOMlascs MareMaTMYECKHM OXHIaHHeM
Erw (R), HasmBaercs GesaucmepcHolt, ecau Erw (1) =0 u koueuHo,
T4dK Y4TO MOXHO CuHTaTb, corjaacHo /., yro Erw(l)=1. Xapakre-
PUCTHYHBIM siBaSeTCS TOrnaa Stri. .

B/) dynkuua or R, sABAAOWIAACA MATeMaTHUECKUM ONKHIAHHEM
Erw (M), HaseiBaeTcs OZHOPOLHOM WM YUCTOH, ecau A Hee yCaO-
Bue Mj;, Bieder 3a COGOH COOTHOILIEHHS

Erw/ ()= c¢’Erw (R), Erw’(R)=¢"Erw(R)
(¢/s ¢’ — koHcrauTH, KoHeuHo ¢/ —-¢”" =1, uscuay A, u 1., 2.,

¢ >0, ¢">0).

[Tpunumas 3a ocuoBy A'., B'. u «’), §’), Mm 6yaeM B COCTOSHUM
NPUHYAKTEJILHO DPa3pelluTh BOMPOC O MPHUYAHHOCTH, €CJHU TOJNLKO HaM
Gyayr usBecTHb (Quanueckue Bequuunnt R, @, ... B §, a Takxe cyue-
CTBYIOLHHE MeX1y HuMU GYHKUMOHA/bHBIE CBA3H. DTO MpHBElET HAC B MO-
ClelylOWUX naparpagax K COOTHOIIEHHSM KBAHTOBOM MEX&HUKH.

B saksiouenue sroro naparpada cresnaeM ewe ABa 3aMevaHus.

Crauana 3ameuaHne, otHocsieecs k caydaio Erw (1)=0. Torga us B’.
caenyer, uro Erw(¢)==0, a noroMy, ecau TOJbKO KaKasi-HuGylb Besu-
uyuna N Bcerna = c¢’, =c¢”, Gyayr, cornacio A’., uMeTb MeCTO COOT-
Howenust Erw (¢ —M)=0, Erw (R —¢’)=0, rak uro, coraacio B’.,
Gynem uMers Erw (¢))==Erw R)=Erw(¢”), 1. e. Ertw (R)=0. Ilycrs

reneps M| npousBosbHO U f(x), fy(X), ...— HeKag MOCJe10BATENb-
HOCTb OrPAHM4EHHBIX GYHKUMM, a8 KOTOpOH

Si)+fo()+ ... =x

sin x sin nx sin(n—1) x
(Hanpumep, i =—=, fa(x)= — (n(——l)l npu n=2,
3, ...). Toraa Erw(f,R))=0 ans n=1, 2,..., rak uro, co-

rnacio B’., 6yner takwe Erw(R)=0. Crenosartenbuo, B COOTBETCTBHH
C paHee ClenaHHBIMU yTBepxAeHusmHu, cayuaft Erw (1)=0, coraacho 2.,
AoMKeH OBITb HCKJ/IOUeH.

Bo-Bropeix, oOTMeTUM CleAyiOiee 3aMeuaTesbHOE OOCTOSATENbCTBO.
Cornacno Sfry. A1 OTCYTCTBUS IUCMEPCUA XAPAKTEPHCTHYHO YCJOBHe
Erw (R%)=[Erw (R)]% xors B 910oM cayuae Erw (R) pasHo nonpocrty 3naye-
nuto sequuunnl R, a snaunr, Erw (f (R)) ecty suavenne pesuuunn f (R),

165) B cayyae OesaucnepcHmX aHcaMGiell, oaHako, HeT OcHOBauuil He BBO-
IOuTh UCTHHHblE MAaTEMaTHYECKUE OMHIAHHMS,
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TaK 4T0 AOMKHO OHITH
(8try.) Erw (f (R)) == f Erw (R))

Aas mobof dyukiuu f (x). 3uaunur, Stry. aBAgeTCS yacTHbIM cayuaeM Stra.:
f(x)=x2 Ho kaxuM xe 06pasoM 3TO yCI0OBHe MOxeT OhiTb LOCTaTOY-
HeiM? OtBer ruacur: ecau S, Bemoaudercs aas f (x)==x2% 10 OHO
GydeT crpaBenauBo H AT BceX f(x). MoxHO Opuio 6b game x? same-
HATb MoGON apyro# HempepuiBHOM u Buinykao# ¢yHkuue# ot x (1. e.

¢dynxuuelt, obnanaoumed cBoiCTBOM: f(x;'y ) < f(x);-f(y) npu /-

6nx x = y). Ha aokasarennctBe Mbl He OyAeM OCTAHABJIUBATLCSH.

2. NloxasaTeapcTBO cTaTucTHYECKHX (opMya

Kak Mbl 3HaeM, ¢u3HYECKHM BEJUYMHAM KBAHTOBOMEXAHUYECKOH Cu-
CTeMbl OJHO3HAYHO COMOCTAB/EHH THIEPMAKCHUMA/bHbIE SPMHUTOBH Onepa-
Topnl (cp., Hanpumep, auckyccuio B Il 5). LleaecooGpasHo cpenars
IOINylleHHe, Y4TO 5TO COOTBETCTBYE B3AUMHO OLHO3HAYHO, T. €. YTO KaXK-
IOMY THIIepPMAKCHMANLHOMY SPMHTOBY OMEPaTOpPy COOTBETCTBYET HA CAMOM
Jeje HekOoTopas ¢uauveckas BequuynHa. (HacTHble NpUMEHEHHS 3TOrO A0-
nylueHuss penamuch raksxke B III. 3.) Torma Gyayr cnpaBelsuBH Clelyio-
wge npasuaa (cp. F., L, B lII. 5, a Takxke ckasanHoe B KoHue IV. 1)

I, Ecau Benumuune R coorsercTyer oneparop R, TO BejuuuHe
f (R) 6yner coorsercrBoBaTh omneparop f(R).

H, Ecau seanyunam SR, &, ... cooTBercTsyioT oneparops R,
S, ..., 10 Bequuune R+ S+ ... Gyrer cOOTBETCTBOBATH Omepa-
Top R S+ ... (OnHoBpemenHas uamepumocts sequund R, S, ...
npH 3ToM He mnpeanonaraercs. Cp., 4TO TOBOPUIOCH NO 3STOMY
MOBOLY BhHILLE.)

A,, B',, a'), §') u I, II, o6pasyior maremaTudeckufl 6a3uc Hauiero
aHa/au3a.

[Tycte @, @5 ...——T10AHAS OPTOHOPMMPOBAHHAS CucTeMa GyHKUUH.
Bumecro oneparopa R mbi yaem paccMaTpusarh Marpuuly a,,==(R¢,, ¢,).
Tocrpoum eme caeayoline 3PMUTOBBl OMEPATOPH, MATPHLUB KOTOPHIX
HMeIOT BUA ” I, ectn p=v=mn,

b _{ 0, B OCTaNpHLIX CAyyasx |’
I, ecan p=m, v=n,
fEm=)1, ecm p=n, v=mm,|,
0, B OCTaJBHBIX c/IyYasX
i, e p=m, v=n, |
gg‘"’")z —1i, ecmu p=n, v=m,]|.

0, B ocrampHBIX ciyyasx
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OTd oneparophl MOXHO 3amucaTh KakK Plg 1, P[ Pt P ]—P[ o ?n] .
V32 V2
P[ Pyl ]—P[ —— ] Mycts mM cooTsercTsylor semudunst U7,
V2 V2
g™ ", W™, Ouesunno (Tak KaK @,, == a,,), YTO

= St T RSt 3 g

m<n m<n
1 NOTOMY
f= a2, 0"+ 3 Rea,, 8"+ 3 Ima,,B"",
n mn mn
m<n m<n

a sHauut, B cuay II. u B’,,

Erw (R) = X a,,, Erw )+ 3 Rea,,, Erw (B™")
n mm<nn
+ 3 Ima,,, Erw (B™").
mm<nn
[MosroMy, ecan monoKuM

i,, = Erw (™),
Uy =~;— Erw (B"") —+—~21— Erw (B™"),

Uy == % Erw (fl?(""‘)) —_ —;- Erw (B™")

(m < n),

TO OyaeM HMeTb
Erw (R) = 2 Lpm@mn:
mn

Tak Kak u,,==#,, TO MOXHO ONpeie uTh 3pMuTOB ongparop U ycno-
sueM (Ug,,, ¢,)=1u,,'%), nocae dero B mnpasofi uacTu OKaxercsd

166) To ecrb
U = 2 Umn¥n
n
JAxs 4ero, pasyMeercs, HeO06x0fHMa KOHEYHOCTb Zlumn]“‘. B ueit MoxHO yGe-
n
muthes, nanpumep, Tak: Ecau D)X, [?=1, 10 omepatop R = P, UMEET Ma-

n
Tpuny X, Xy LA ¢ = 2 Xp%n B COOTBETCTBYIOLIASt STOMY ONEPATOpy BeandrHa S{
n

6yner uMeTh MaTeMaTHYecKOe OxujaHue Zumnxmx”. Tak kak Pl’fl=Pﬁpl'
mn
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Spur (UR) (cp. IL. 11). Takum oOpasom, OKOHuare/bHast GOPMYyJa TAaCHT:
(Sp.) Erw (R) = Spur (UR),

rae U — ne saBucsu#t o7 R 9pMuTOB oneparop 167), onpenenseMulft, cae-
LOBAaTeNbLHO, JIHIIL CaMuM aHcamG/eM.

B cuay II. coornowenne Sp. ynosiersopser ycaosuo B’, npu jo-
6oM BoiGope omeparopa U. [losromy Ham ocraercs Aullib YCTAHOBHUTD,
Kakie OrpaHuyeHus HakaaawiBalorcs Ha U yciosuem A’..

Ecmu |jell =1, HO B oCTanbHbIX OTHOLIEHHSX ¢ INPOM3BOJBHO, TO
Benmunna R, coorsercraylomas oneparopy P, Oyaer OGaaroaaps
P[2¢]=PM u I, ob6napars csoticrBom MR2=NR, Tak uro coraacio A’,
6yaer Erw (R)= 0. Taxum obpasom, Spur (UPy,)) == (Uy, ¢)=0. Ecmu f

I—P[spl = (1 —-Pm)z, TO 9TO MaTeMarudyeckoe omuiaHue Gyner =0, = Erw (1)
1, 3HaUMT, — 10 KpaHueH mepe, Aas HOpMupOBaHHHX Erw (), — =0, = 1. Ecimu
A1 =Epyp0= ooe =0, To 370 O3Hayaer, ytO0 N-MepHasd spMuTOBa GOpMa
N N
> @maXm¥n 0pU X, | X, |2=1 umeer shauenus =0, =1, T. e. co6CTBEH-
m, n=1 n=1
Hbi€ 3HaYeHUs MaTA;/mum Upys Py V== 1,..., N 6yayr =0, =1. [osroMy AAHHB

BEKTOPOB ¥y = X UpmpX, OyIyT BCeria = JUMH BEKTOPOB Xp. [lo’oxum
n=1

1 qma m=m,
Xy = ,T0MIa Y =14 —, TaK YTO

0 pna m=£m

M=

N N
mgl | Xm |2 é,,,%' ymlt 1= X s, o

[Tockoabky 5T0 cnpasepauBo mpu mo6oM N, TO Oyler Takie _S_”u_ ’2.§1.
mn
n

m=1

167) Bce paccMOTpeHHMe, CTPOTO TroBOpA, O00OCHOBAaHO JaHlIb B TOM caAydae,
KOraa Bce QyHKUUH 9, g ... NPUHALIEHAT OONACTU ONpPEACAEHHS onepaTtopa R.
XoTd, KOHEYHO, aaf MoGOroc R MOXKHO HalTH Takylo MOJHYK OPTOHOPMHpOBaH-
HYIO CHCTEMY @5, Pa, ... (cp. Il 11), HO ecau R mmeer cMbich He Besfe, TO sTa
cucrema Oyler saBucerb 0T R. CoGCTBEHHO roBOPS, KaXRO¥ monHOR OpPTOHOp-
MUpOBaHHOH cucteme dyHxkuuit ¢, ¢z ... COOTBETCTBYET, Takum O6pasOM, CBOH,
saBucsmult o1 Hee onmepatop U TakoH, YTO paBEHCTRO

Erw (/) = Spur (UR)

HMeer MECTO Julb A4 Tex R, K 06JaCTH ONpejeNeHHs KOTOPHIX INpUHanie-
war 9y, Pg, ...

Mexay Tem Bce sTH omepatOpsl U paBHB JApyr Apyry. eHcTBuTednHO,
mycts U’y U” — aBa Takux omepatopa. Torza wamie pasescrBo 6yner cnpasep-
JAUBO s HHX OOOHX, €CIH TOAbKO R Be3dfe mMeeT cMbich VIHbIMEH CIOBaMH,
toraa Spur (U’R) = Spur (U"R). Ionaras R = P, naitien (U’g, 9)=(U"%, ¢),
((U'—U")9, 9)=0. Tax kak 3TO COOTHOWICHWE CHPABEANUBO AAA BCeX @
Cflgll=1, a Tem cambiM W A1d BCEX SJEMEHTOB npoCTpaHcTBa I'uabbepTa, TO
ROMKHO ObiTh Takke u U—U' =0, 1. e. U=U",
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MPOU3BOJbHO, TO MPH ycaoBud f =0 ¢yHkuus cp:-“—},—”— - f 6yxer aomy-

crumolt, u rorma (Uep, cp)-—-—ﬂ—fIIT(Uf, f), tak uro cuoBa (Uf, /)=0;

npu ycaosuu Ke f==0 5TO COOTHOLIEHUE BHIIIOJHAETCS ABTOMATHYECKH.
Takum o6pasoym, oneparop U nedunuren. Ho cBolicrBo geduuurHoctu U,
caenyouiee, Kak Mol yOeauincb, us A’., dABAseTC U AOCTATOYHHIM,
yTo0bsl A’. GHIO CHpaBeNadBbIM.

Heficreurensno, A’. o3Hawaer /Wb, YTO BCeria AO/MKHO OBHITH
Erw (2% =0 u uuvero Goasue. Iloromy uro, ecau peauuuna R npuuu-
MaeT JMIUb HEOTPULATEe/MbHLIe 3HAYeHHs, TO Aaa f(x)=|x| Oyner
FOH=R, u rak kax s g(x)= "V |x| romnecrsenno Bumonnsercs
(EX)P=f(x), 10 (@A yP=FR), R=S rze S=gR®).

Ecnun Beanuune & coorsercrByer oneparop S, TO AOMKHO OhTh
rakke Spur(US?)=0. Tak kak oneparop S? aedunuren

((S*f, H=(SS. SH=0).

10, namucas A, B smecro U, S2, BumuM, uTo peyb WIET O AOKA3aTe/b-
cTBe Teopembl: eciau oneparopsl A u B 3pMUTOBH H AEQUHUTHH, TO
umeer MecTo cootHollieHue Spur (AB)= 0. Ho ona 6raa aokasauna B II. 11
¢ MOMOLIBI0 OOLIel TeopeMbl O AeUHATHEIX oOnepaTtopax (cp. npum. %) Ha
crp. 140)199),

168) Hemocpencraentas noactanoska &G =V R, 1. e. S=h(R), 2 (x) =V x,
He TPOXOXHMT, TaK Kak Mbl PACCMAaTPHBAEM JHIIb BEIeCTBEHHO-3HauHbIE QyHKIUM,
ompesieieHHHE 1A BCEX BEHIECTBEHHHX X, a dyHkiua J x we aBasercs Tako-
BOH, IIOCKOJbKY JJsi OTPHUATENbHBIX X OHa MHHUMA.
169) Y naeTcs npOBECTH NPOCTOE HEHOCPEACTBEHHOE NOKasaTeabcTBo. [IycTh ¢,
%9 ... — [OAHAA OpPTOHOPMHPOBAHHAS CHCTEMA cpynxun%, a,, = (A9, o)
P

by = (B%y, ), Spur (AB) = ) a,,b,,. O = 0,ecanBce )| 1 a,,0,, 2 0. Mycrs
wy w, ¥=

N N
f= x,9, torma (Af, )= D aux, %20, (Bf,f)= 3 bux,%,=0,
w=1 @, v=1 th, v=
TaK YTO KOHEUHBIE MATPHIBL @y by, (B, V= 1, ..., N) rakxe nedununrunl. Kak
N

CBOHCTBO JedHHUTHOCTH, TaK U BEAHYHHA CYMMbI 2! a,,b,, ABAAOTCS HHBA-
* v=1

pHaHTaMU OpPTOrOHAAbHBIX NpeolpasoBanuit B N-vepHoM npocTpaHcTse. Tak Kak

marpuna b,, spmuTOoBa, TO (B N-MEpHOM HPOCTpaHCTBe!) ee MOMKHO IpHBECTH

€ NOMOIIbK OPTOTrOHaAbLHOrO MpPEo6pa3oBaHHs K JuaroHaqbHOMY BHay. I[lostomy

eeNMOH(HO CUHTaThb JMArOHaAbHOH, T. €. b,, =0 mpu p = v. Takum 0Opason,

N
> apbyp =, a,.b,,. Ho, B cuay nedunutaoctd, a,, =0, b,, =0
B, vzl pe=l
=1 mpu v=p,

nojaraem X, { —0 mpu vt

), ¥ 3HaYWT, Hama CyMmMa JeHCTBH-

TeapHo =0.
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TeM campiM MBI mOJiHOCTbIO 3amanu ¢ynkuud Erw (R): onu coorser-
cTBYIOT AeduHMTHEIM 3SpMUTOBEIM omeparopaMm U, npudem CBSI3b MeXAy
HuM# paercss coordouwenueM Sp.. Oneparop U 6ynem HaswBath CrarH-
CTUYECKHM OMEPATOPOM pAacCMaTpuUBaeMOro aHcambs.

Bepnemcss temepp ewe pas k 3amevanusm J., 2,, 3. us IV.I. Oun
OyLyT YTBEPKAATL:

1, C TOuUKH 3pEHUs] OTHOCHTE/LHBIX BEPOSTHOCTEM M MaTeMaTH-
yeckux oxupanuft omeparopnl U u cU He pasanyaorcss Mexay
cobo#t cyuiectBeHHO (¢ > 0 — KOHCTaHTA).

2. U =0 He npuBOAUT HU K KAKUM YTBEPHACHUSM, a INOTOMY
LOJKHO OHITh HCKJIOHEHO.

3. A6comorAbe (T. €. MPABUILHO HOPMUPOBAHHBIE) BEPOSTHOCTH
H MareMarHyecKue OKUJaHus MONYYaloTCs B cayyae, koraa Spur U=l.
Koab ckopo SpurU kouedeH, omeparop U MOXHO HOpMUPOBATH,

cornacHo 7., yMHOXUB ero Ha ¢ == (B cuny medunur-

Spur U7 *
Hoctu U, umeem SpurU =0, npnqupﬂax(e Spur U >0, Tak kax
u3 SpurlU =0 Buirekaer, kak OHJO 1OKa3aHo B oOlEeM Buie
B koHue IV. 1, Ho B HaweM ciay4ae moayuaercs takke us II. 11,
yro U ==0, 1. e. cayualt, uckmouenust cornacuo 2,.) Tonpko s
GeckoHeuHnoro Spurl/ MBI CTaJKUBaeMCst C CYLHEeCTBEHHO OTHOCH-
TeJbHEIMH BEPOSTHOCTAMH U MATEMATHYECKUMH OXUAAHHIMH.

Hakoneu, Hago eme uccaenosats &), B) u3 IV. 1, 1. e. Halitu cpeau
oneparopoB U Te, KOTtopble OTBEHAlOT O0e3JUCIEPCHBIM H OJHOPOAHBIM
aHcaM6.isM,

Cuayana GesagucnepcHocts. B 2roM caysae U moxHO cuurars mnpa-
BWJIbHO HOpMUpOBaHHeIM (cp. IV. 1), npuueM A0/MKHO BHINOJHATHCA Tpe-
Gosanue Erw (R?) = [Erw (R)]%, 1. e. Spur (UR?) = [Spur (UR)}2. Iouo-
#uB R =Py, umeeM R?=R =Py, Spur(UPy)=(Ug, 9). TaK uro
gomkHo 6wt (Ug, ¢)=(Uep, 9%, 1. e. (Uyp, 9)==0 umu 1. Ilycrs

lo'fl =1, ||¢”]| =1, roraa ¢GyHKIUIO ¢ MOKHO M3MEHSITb HEMPEPLIBHEIM
00pa3oM Tak, YTO OHA HauuHaeTcss ¢ ' U B KOHUE paBHa ¢, npuueM
Bce Bpems ||o||==110). Tlpn strom (Up, ¢) TONMe H3MeHSeTCH Helpe-

PBIBHO, H TaK Kak 5T0 Bblpamenue pasuo uau O uau 1, TO OHO NMOCTOSIHHO.
Takum obpasom (Uy’, ¢') = (U¢”, ¢”). Bro osuauaer, uyro (Ugp, ¢) Bceraa
pasuo aubo 0, mu6o 1, orkyna cefuac me moaydaem U =0 um U =1.
Cayuatt U==0 wuckmiouen coraacio 2., a cayualt U =1 nenopmupyem

170) lns ¢’ = ¢” 310 oueBuauo. [lycrb nostomy ¢’ == ¢”. «OproroHanusa-
nust»> Gyuknu#l ¢, ¢ (cp. I 2) npusoaur k nekoropoil dyHkuuU 9, ¢ g, [ =1,
KOTOpasi OPTOrOHaldbHa K ¢, Tak 4TO ¢” ABNAETCH JMuHEHHOR xoMOuHalluen ¢’, ¢,.
Wrak, ¢”=ap’+ by, ll¢"l2=|al?+4|b62=1. Iycrs, ckakeM, |a|= cos 9,
lo| = sin 0, tax uro a=e“cosl, b= e®Bsinb. Torma a®) = e cos x9,
b*¥i = ¢!*B sin x0 Takie ynosaersopsior ycaosuo |a™ 24| 6™ 2<1. [Mono-
anp o) = aMo’ 4 6Flg,, Gymem umers [[o) || =1. Mpu stom ) Hempe-
puBHO H3meHseTcst oT ¢ (x =0) g0 ¢” (x =1).
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(Spur U == uucay usmepeHuft mpoCTpaHCTBA == CO) U, KAK JIEKO BHIETH
HeMOCPelCTBEHHO, He OeagucmepceH. TakuM o06pasoM, He CyulecTByer
aHcambuaefi Ge3a aucnepcus.

Tlepetinem temepb k oaHoponublM ancambaaM. Cornacio B) u S.
oneparop U Oyner uucTHM, ec/lu H3

U=V4-W

(V, W — nedunurHple spmutoBH omneparops, kak u U) cieayer, yro
V=cU, W=c"U"). Mu yrBepxaaeM, uro 570 CBOHCTBO HMeeT
MECTO TOTAA U TOMbKO ToOraa, korna U= Py (|l¢| =1).

[Mpeamonoxum cHauana, 4ro U o6nanaer yKasaHHBIM CBOMCTBOM.
Tak kak U 0, 10 cywecryer f, ans koroporo Uf,=0, a suauur,
fo#0 u, crenopareasno, (Uf, f) >0 (cp. 1.5, meopena 19.).
[ToctpouM nBa SpMHTOBHIX Omeparopa

Vf:MUfO’ Wf=U _____(f’Ufo) 'UfO‘

Wi fo) (UFo fo)
TOorna
I(f’ Ufo)l
Vi N="r 75 =0
Wf, f)= (W1, H ULy fo)—I(f, Ufo)]2

WUfo fo)
(cp. 1. B, meopenma 19.), 1. e. oneparopet V, W nedunurnbi, npudem,
ouesngHo, U=V -+ W. Tlosromy V ==¢'U, u TaK kak Vfo=Uf,#0,

10 ¢/=1, 1. e. U=V. Ilycrs teneps o= uUf i Ufo(loll=1) u

(gl;f°'f'o)(c>0) toraa Uf =V f = c(f, ) o= cPigf. 1. ¢. U= Py

u, cornacHo J., U B cyllecTBeHHOM coBMagaer ¢ Py

[Tycrs renepb, obparno, U == P, (|l¢] =1). Ecmx U=V-+W,
rae V, W — nedunurusle onepaTopbl, TO apryMeHrauus Befercss Cle-
aywouum o6pasoM. Ms Uf =0 cregyer, uro

0=V N=VHN+WS H=WUS H=0, Vf, /=0

u, suaunr, V=0 (cp. Beime). Ho wus (f, ©)=0 caeayer, uro
Uf=Pf =0, a tem cambim u Vf=0. Tlosromy, kakoBo OB HH
6ut0 g, seeraa (f, Vg)=(Vf, g)=0. Takum obGpasom, BCE, 4TO OPTO-
TOHaABHO K ¢, OPTOTOHAMLHO Takke H K Vg, BBuny uero Vg==c,-¢
(cg—uuc/i0, 3aBuCsillee OT g), HO HaM HymeH Jullb cAyyalt g =g,
1. e. Vo=c’.¢. JlioGokt snement f umeer Bun (f, ¢) ¢+ f’, roe f’
OPTOTOHA/MEH K ¢, TAK 4YTO

VI=(f. ¢ Vot VI =(f. 9 9= 'Pyf =c'UJ.

171y Ms-3a ycaoBus 2, caenosand O, co6cTBeHHO TOBOPS, NOTPE6OBATh,
utobbl V' qEO %O Cnyqan #e V=0 wnm W =0 3necs cofepxarcs, eciu
nonoxuth ¢’ =0, ¢"=1uwm ¢’ =1, ¢"=0.
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MMostromy V=1¢'U, W=U —V = (1 — ¢’)U, dem u 3apepluaercs n0Ka-
3aTeNbCTBO.
OnnopoaHbie ancamG/d COOTBETCTBYIOT, TaKHM 06pasom, ONEparopam

U =Py, |l¢ll =1, npuuem coornomenue Sp. nepexoaur 8 dpopmyny Es.
us III 1:

(E2.) Erw (R) = Spur (P ;R) = (Ro, ¢).
3amerum, uyro Erw (1)==Spur(Pp,)==1 (BUNy TOroO, uro P, COOTBET-

CTByeT OIHOMEPHOMY [o], miu e cornacHo Ep.), T. e. paccmarpuBaeMas
¢opma omeparopa U mnpaBuabHO HOPMUPOBaHA. BHIACHMUM elie, HAKOHEL,
Mpu Kakux ycaoBusx P u Pjy) ofiagaior oaHo#l u TOK e CTATHCTH-
KOM, T. €. MpU KAKAX yCNoBusxX Py = cPy; (¢ > 0 — koncranra, cp. 1.).
Tak kak Spur (Pyp) == Spur (P, 10 ¢ == 1, 1aK uto P} == Py, [¢] =[],
u o=ay, a us |¢| = [[¢|| =1 caeayer ans koucraursl @, u4ro |a|=1,
OYeBHIHO, 3TO YCAOBHE TAKKE AOCTATOYHO.

Pesiomupys, MOXHO ckasarh: ancamGaelt Oe3 Jucnepcuu He Cylue-
crByer. OnHOpOZIHble e aHcamOJau CYLIECTBYIOT, MpuieM OHH COOTBET-
creylor oneparopaM U==P,, |l¢{l=1 u TOoabKO 3THUM OmepaTOpaM.
HOas rakux U cooruowenne Sp, nepexomur B Ej.; HOPMHDOBKA B 5TOM
caydae mpasBuisHa, U U He u3MenseTCs npu 3aMeHe ¢ Ha a@ (@ — KOH-
crantd, |a|==1), mpu m06oM e ApPyroM usaMeHeHud ¢ omeparop U
U3MeHsieTca CylmecTBeHHbiM oOpasom (cm. [1,). Takum o6pasom, opHOpOL-
Hble aHCaMO/H COOTBETCTBYIOT COCTOAHMSIM KBAHTOBOM MEXaHHKH, KaK 3TH
nocjaeiHue OB OXaPAKTEPUIOBAHBL BBILIE: C I[IOMOLIBLI0 SJIEMEHTOB @
runp6eproBa mpocTpaHcTBa ¢ ||¢|| = 1, mpuueM MOCTOAHHBIA MHOMXHTE/b
abcomoTHON Beauyunnl 1 He urpan poau (cp., HampuMmep, III. 2), a cra-
THCTHYECKHE YTBepKAeHUs BoBOAMAMCH u3 Ea, 172),

Bce 3T0 Mbt BHIBead W3 YMCTO KadecTBeHHmX ycaosult A’., B, a),
B). L., 11..

TaxuM 00pa3oM, B paMKaxX HalluX YCJAOBUM MBI TPHILIM K pelIEHHUIO,
W NPUTOM HAMpPAB/JEHHOMY NPOTHB MNPHYUHHOCTU: B CamOM Jefe, BCe
anvcamOan 006/afal0T AuCMepcuelt, Aame W OLHOPOAHEIE.

Ocraercss eme obcyauts moiHaruit B I 2 Bompoc 0O «CKPBITBIX
napamerpax», T. €. BONPOC O TOM, He BBI3BAHA JU AUCHEPCHS OAHOPOIL-
HBIX aHcamOnefl, OMUChIBAEMBIX BOJIHOBBIMH (PYHKuHsMH @ (T. €. COOTHO-
uwienueM Eo.) TeM, YTO 9TH aHCaMGJu He ABJAAIOTCS UCTUHHBIMU COCTOS-
HUAMH, HO JIKIIL CMECSIMM MHOTUX COCTOSHHM, B TO BpPEMSl Kak [
OMHMCAHMA UCTHHHBIX COCTOSIHHM, NMOMHMO 3aIaHHst BOJHOBOH (QYHKUMM @,

172) Jleayklua ABYX NOCAeRHHX faparpadoB, NMPHBOAAAS K OLHODOAHBIM
aHcamOasM, Obila ykasana asropoM Gott. Nachr, 1927. CymecrBoBanue OfHo-
ponHbix aHcaMOael, a TakKe HUX CBA3L C OOUIHME aHCAMGAAMH GBI OGHAPYHEHbI
He3zaBucum0 H. Weyl'em, Z. Physik 46 (1927) u aBTOpOM B yKa3aHHOH Bhme
pabore. Onun wacTublii cayuadt Gonee o6mwux aHcamOuaedl (a uMeHHO, Caydai
IBYX CBA3aHHBIX CHCTEM, CP. AucKyCculo B VI.2) 6bln paccMorped padee Jlawu-
Aay, Z. Physik 45 (1927).
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6uno Obl HeOOXONMMO 3ajaTh elle W APYrHe XapakTepucTdkd (OHH H
ABJASIOTCS KCKPHITHIMH TNapaMeTpaMu»), KOTOPHE BCE BMeCTe ONHCHIBAIOT
BCE MpHYMHHBIM 0O0pasoM, T. €. MPUBOAAT K aHcamOasM Oe3 HucHepcuu.
Cratuctika onHopoaHoro aHcambas (U = Py,), ||¢[| = 1) BosHukana Oul
TOrZa B pe3yJbTaTe YCPEIHEHHs MO BCeM HACTOAILHM COCTOAHMAM, M3
KOTOPHIX COCTOMT aHcaMO/b; WHBIMM CJAOBaMH, B pe3y/bTaTe yCpeIHEHH:
no To#t o6GaacTu 3HaueHH{ «CKPHITHIX MapaMeTPOB», KOTOPAA peajusyercs
B 3THX cocrosHuAX. Ho 3T0 HeBO3MOKHO Mo ABYM mpuuuHaMm: Bo-nepshX,
NOTOMY, 4YTO TOrZa paccMaTpuBaeMbifi OJHOPOAHBIH aHCaMOab MOXKHO
6bl0 6bl TPEICTABUTL B BHAE CMeCH ABYX pasiudHHX aHcamGaeft173),
BOTpeKU ero omnpeieneHHio. Bo-Bropeix, noromy, uTo aHcambie#t Ges
AMCTEPCHH, KOTOpHe NOMKHBl OBlIM OBl COOTBETCTBOBATh «HUCTHHHBIM»
cocTosHuaM (T. €. KOTOpHe COCTOsAW OB HCKJIOUHTEIbHO H3 CHCTeM,
HAXOASIIMXCS B OLHOM H TOM e <HUCTHHHOM» COCTOSIHUH), BOOOLIE He
CYIECTBYeT. 3aMeTHM, YTO HaM BOBCe HeT HagoOHOCTH BAABaTbCH 314ECh
6ojee MOAPOOHO B [eTajH MeXaHH3Ma KCKPBITHIX TapaMeTpPoOB»: TBEPAO
YCTAHOB/ICHHBIE PE3y/IbTaTH KBAHTOBOW MeXaHWKH HHKOMM OODAa3oM He/b3d
OyzeT NOMYUYHTE C MX noMmowplo. Beap ecin Obl Hapaay € BOJHOBOMH
Obyukunef n0MmKkHE OhM OB CYLIECTBOBATh elile M Apyrie (HKCHPYOLIue
COCTOfiHHE TapaMmeTpnl («CKPHITble MNapaMeTpel»), TO OBJIO Ob jpaxe
HCK/MIOUEeHO, 4TOOH Te Xe caMmble (pU3HYeCKHE BeJHUMHBL CTORJH B TeX e
CaMBIX OTHOILeHUSX APYr K Apyry (1. e. uTo6n Beumodnsauck 1., IL).

He noMorao 6Bl Takwxe Hpeano/oXeHHe O TOM, UTO TOMHMO H3BeCT-
HBIX M300paxaeMBIX B KBAaHTOBOH MeXaHHKe C IOMOIUbIO OMNEPaTopoOB
Gu3UUECKHX BeJIWYMH, CYLIECTBYIOT elle IpPyrue BeJNHYHBI, AO CHX TOP
HeM3BeCTHHlE, B camoM gene, Beib TOrAa Jaxe AJsl H3BECTHHX (usuue-
CKHX BeJHUHH OKa3aJuCbhb Obl HEBEPHBLIMU COOTHOILUEHUS, B3ATHE U3 KBaH-
ToBOH MexaHuku (1. e. I,, IL). Takum 06pasoM, 1en0 34eCh COBCEM He
B BONIPOCE HHTepNpeTaluid KBAHTOBOH MexaHuku (Kak HePeAKO CuuTa-
Jaoce). HanpoTus, kBaHTOBas MeXaHWKa JOMKHAa Oblja Obl OKasaThCs
06BbEeKTHBHO OWUOGOUHOM, UYTOOBI CTANO0 BOSMOXHBLIM JIpyroe ONHCaHHe
3/7eMEHTapHBIX TNPOLECCOB, OTJIHYHOE OT CTATHCTHYECKOro.

Crout ynomsaHyTh ewe clenyioluee o6cTositenpcrso. CooTHolleHus
HEONPEAENEHHOCTH WMEIOT Ha HepBHH B3MJIL HEKOTOPOE CXOACTBO C OC-
HOBHEIMU TIOCTY/aTaMH TEOPHH OTHOCUTEJbHOCTH. VIMeHHO, Tam yTBep-
KAAeTCH, YTO NPHHUMNOHAIBHO HEBO3MOXHO YCTAHOBHUTH ONHOBPEMEHHOCTDH
IByX coObiTuit, NMPOMCXOASMIMX B TOUKAX, PasfeNeHHBHIX PacCTOSHUEM I,

173) Ecan «cKpbITHE NapaMeTphbi», COBOKYMHOCTb KOTOPHIX MBI 0603HAYHM
gepes w, NPUHUMAIOT JHINb AHCKPETHBHIE 3HaueHus =, T, ..., %, (1> 1), TO 1B
aHcaM6.8, CMECh KOTOPHIX ABJAETCH HCXOLHBIM aHCcaM6JaeM, MOTYT GHITh NOJY-
YeHBl TaK! OTHECeM K INEPBOMy aHcaM6mio Te cHCTeMH, AJd KOTOPHIX 7= =&,
a KO BTOpOMY aHCaM6a10 Te CHCTEMBI, JAS KOTOpHX = == m,. Ecau e 7 uame-
HfeTcd HenpepblBHO B O6kactu II, To Bmiaeamm nopo6aactb II7 obaacru I u
OTHECEM CHCTEMY K NepBOMY aHcam6.ai0, ecau Jiasg Hee w npuHagaexuT kx I, u
KO BTOPOMY aHcaMOuo, ecin AAs Hee = He npuxagjexut K I,

16 H. Helinay
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r
C TOYHOCTbHIO, npeBocxommeﬂ HHTEPBAA BpPEMEHH AJIUTEIbHOCTHLIO )

(¢ — cKOpOCTb CBeTa), B TO BPeMA KaK, COTJIACHO COOTHOLMEHUSM HEOMpe-
IeJIeHHOCTH, MPUHUMMHAALHO HEBOBMOXHO yKasaTh NMOJOMKeHHe MaTepuaib-

HOH TOukd B (a30BOM NPOCTPAHCTBE C TOYHOCTBIO, MNpPEBOCXOAseH
h

obiacts o6GbeMa (E)s ), HecMoTps na 9710, cymectsyeT ¢yHIaMeH-
TalbHOe pa3djuude. Teopusi OTHOCHTEABHOCTH OTPHI@ET BO3MOXKHOCTH
00BbEKTHBHOrO, TOYHOIO H3MEPEeHH$ OIHOBDEMEHHOCTH, HO, HECMOTpS HA
9TO, BBeNEHHEM TraJu/IeeBOH CHCTEMBI OTCUeTa MOXHO HAJIOXHTb Ha MHUD
KOOPIMHATHYIO CHCTEMY, KOTOpas NO3BOJAWT TNPOHU3BECTH OnNpelefeHne
OAHOBPEMEHHOCTH, BIOJHE COrJacylolieecs ¢ HallMMi HOPMaJbHBLIMH Hpel-
CTaBJeHHAMH 10 3TOMy NOBOAY. OTOMY ONPEAEJeHHIO OJZHOBPEMEHHOCTH
HeJb3d NpHAHCaTh OOBEKTUBHOIO CMBICAA TOJAbKO MNOTOMY, YTO TaKyio
CHCTEMY KOOPAHHAT MOXHO BHIOHPaTh OECKOHEYHO MHOIUMH Pa3/WUHBIMH
cnocofamMi, B CHJIy 4Yero noayuaercss GeCKOHEYHO MHOrO PpasiHyHLIX,
OIMHAKOBO XOpPOIUHX, onpefeneHuft. VIHEIMU C/0BaMH, B CHAY HEBO3MON-
HOCTH H3MepeHHs, CYLICCTBYeT GeckOHeuHas MHOTO3HAYHOCTL B BO3MOXKHBIX
TCOPETHYeCKHX omnpeneseHusx. I1o-apyroMy o6CTOWT Ae0 B KBaHTOBOH
MeXaHuKe: TaM BOOOLIe HEeBO3MOXHO ONUCHBATL CHCTEMY, XapakTepuaye-
Myl0 BOJHOBOH (yHkuuelt ¢, TOUKO# B (pa3OBOM NpPOCTPAHCTBE, HEBO3-
MOXHO Jaxe B TOM CJayyde, KOrla BBOASTCS HOBBIe (TMIIOTeTHYECKHE,
HeHabaogaeMble) KOODAHHATBI, «CKPHITBIE MNapaMeTphly, MOCKOJLKY 3T0
npusego Ovl K aHcaMOaaM Ge3 Hucrnepcuu. MHLIMH CAOBaMu, He TOJIBKO
H3MepeHHe HEBO3MOXKHO, HO HEBO3MOXKHO H HHKAKOe DadyMHOe TeopeTH-
qyeckoe onpeaedeHue (T. €. Takoe ONpeje’eHue, KOTOPOE XOTH 4 He
Morjo Ob OHITb 3MIHPHYECKH [OKa3aHO, KAK B C/aydae TeOPHH OTHOCH-
TeJILHOCTH, HO BO BCAKOM CJayuyae He MO0 Obl OblTb H SMINPUYECKH
onpoBeprayTo). Takum o06pasoM, NpuUHUHAHAJIbHAS HEBO3MOXHOCTb H3Me-
peHuit OCHOBLIBAETCA HAa TOM, YTO B OLHHX Caydasx HMeeTcs GeCKOHeuHO
MHOrO, a B APYIHX CJy4asiX He MMeeTCs BOBCe KOHCTPYKTHBHBIX Onpene-
JeHH#l CHOPHBIX NOHATHH, KOTOpHIE He INPOTHBOpeuuad Obl Hemocpen-
CTBEHHOMY OMNBITY (MM ke OOLMM JONYLIEHHAM TEOpPHH).

174y 9ro asoBoe NpPOCTPAaHCTBO IMecTHMepHO. Ero mecTbio KOOpAHHAaTaMH
ABJAAIOTCH TPH JEKApTOBbl KOOPAHHATH TOUKH ), {3, §3 U TPH COOTBETCTBYIOUIUX
HMIyJAbCa Py, pp, p3 CoraacHo IIL 4, cooTBercTBYwOIMNe AMCHEPCHU €, €4 €3,
N1, Mg» M3 YAOBJETBOPAIOT COOTHOUIEHHAM

h h h
Elmgﬁ’ T, B E g

h\3
elezesmnzns;(@;) s

U B Npeaeaax sToro o6’beMa noJoxeHHe B Cl)Z‘lSOBOM MPOCTpAHCTBE KJaCCHUeCKoH
MEXaHHKKH HHUKOrja He ompejeheHo.
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Pe3ioMupys, MOXHO OXapakTepH30BaTh NOJNOXEHHE NPHYHHHOCTH B CO-
ppeMeHHOH ¢u3MKe caeayowiM 06pa3oM. B MAaKpOMHPE He CYUIECTBYeT
OMBITA, KOTOPHH mopjepxaa Gbl ee. Dogee TOro, TakoH ONEIT HEBO3MO-
eH, TaK Kak BHAMMBIH INpHUMHHHIA nNOpPanOK MakpoMupa (T. e. 444
00HEKTOB, BOCNPHHHMAEMBIX HEBOOPYXEHHBIM I/1a30M) He MMEET, KOHEUHO,
Apyro# npuumHel, KPOMe «3aKoHa OOJILIMHX YHCEJ», COBEPINEHHO Heaa-
BHCHMO OT TOro, $BJAIOTCS yNpaBJsiioliie 5/eMEHTAPHBIMH TPOLECCAMH
(T. e. HacTOAmIAE) 3aKOHBI MNPUPOAH NpPHYMHHBIME uak Her 78). To, uro
MaKpOCKONHYECKH TOXAECTBEHHbIE OOBEKTH BeAYT Ce0s MaKpOCKOMHYECKH
OMHAKOBO, MMeET Majo O6ulerc ¢ NPHYMHHOCTBIO: BeAb B AeHCTBHTENb-
HOCTH 3TH OODBEKTB HE TOMXIAECTBEHHBI, IOCKOJbKY COOTBETCTBYIOIIUE
KOOPAVHATH, ONpele]alolife COCTOAHHS 00pasyloux MX aTOMOB, TOUTH
HHKOTAa He COBNanainT. MakpockomudeckOe pacCMOTpEHHE YCPenHsieT 1o
3THM KOOpAMHATaM (34eCb STO-— KCKPHITBIE NapaMeTPH»), HO TaK Kak
HX YHCAO OueHb Beauko (mpumepHo 10% wa 1 2 marepum), 10 3TO
ycpenHeHHe, B COOTBETCTBHH C HM3BECTHEIMH TeOpeMaMu TeOpUH BeposT-
HocTell, BeldeT K upe3BHIYaHHO CHALHOMY yMEHbIUEHHIO BCeX AHCHepCH.
(Boofwie roBopsi, KoHeuHo. B 0co0HX Xe cayuadx, Hanpumep B OpoyHo-
BOM JBHXEHHH, B HeCTaOWJbHHIX COCTOSHHAX M Ip., 3Ta Kaxymascd
MaKpOCKONHyYeCKasd NPUYAHHOCTb yKe He UMeeT MecTa.) Bompoc o npu-
YHHHOCTH OKa3aJoCh BO3MOMXHBIM NDOBEPUTh Kak cJjenyer Julllb INPH
M3yYeHHU ATOMHLIX SBJEHHH, CaMblX 3JEMEHTapHHX NPOUECCOB, HO 34eCh,
Ha COBPEMEHHOM 3Tame Hamux 3HaHui, Bce rosoputT npotuB. HeficTBu-
TENLHO, €IHHCTBEHHAs WMEIOLIasicsl B HallleM pacrnopsikeHuu (opMasblias
Teopud, ymopamouupamomas H oGoluaiomas, B U3BeCTHOH cTenenu yao-
BJIETBOPHTRJBHO, HAIl OMNBIT, T. €. KBAHTOBAa# MEXaHHUKA, HAaXOAUTCH
C NPHYMHHOCTBIO B HENMPEJOXHOM JOTrHYecKoM HpoTuBopeunu. Koneuwo,
ObljI0 OBl TMpeyBeJHUEHHEeM YTBEPHKAATb, YTO TEM CAMHM C NPHYHHHOCTDHIO
MOKOHYEHO: HECOMHEHHO, 4YTO KBaHTOBas MeXaHHKa B ee HBIHEIIHEM
COCTOSIHHH OCTaeTcs elle HeMOJHOH, m MOrao Obl jaxe OKas3aTbcd, 4TO
ona oOIKGOYHA, XOTH MNOCAEAHEe M NPEACTABJAETCS COBEPIUNEHHO HeBe-
POSITHHIM B CBeTe OUICJOMJSIOIUX BO3MOMXHOCTEH, NMPeLOCTaBASiEMHIX €10
A5 MOHMMaHus ofmux npobaeM M AJA UHC/IGHHOTO pacueTa KOHKDPETHBIX.
XoTq KBAaHTOBAas MeXdaHHKA HAXOIUTCH B OaecTslleM COOTBETCTBUH C OMNbI-
TOM H XOTH OHA NMPUOTKpHIJA HaM 3aBeCy Haj OHOM KauecTBEHHO HOBOMH
CTOPpOHOH Mupa, TemM He MeHee HH 00 OAHOH TeOpHH HHKOrja Helb3d
CKa3aTh, YTO OHA JOKA3aHA OMNHITOM, HO JHIIbL YTO OHA NaeT AJs Hero
Jyulliee U3 W3BECTHHIX OOBbAcHeHMH. YuuThiBas BCE 3TH NPeNOCTOPOKHOCTH,
MOXHO BCE € CKa3aTb: B HacTOflUee BPeMsi He CYLIeCTBYeT Hu MOBOJA,
HH W3BHHEHMS 13 DAasroBOPOB O MNpPHYHHHOCTH B npupone. He#cTsu-
TeJbHO, HET OMNBITA, KOTOPBIf NoanepxuBan Obl HajMHUHe MPHUMHHOCTH,
NOCKOJbKY MAakDOCKONHYECKHEe ONbITH AJd STOH UesH NPHHUMIHAABLHO

175) Cp. wueobnivaiiHo sicHoe paccyxjgenne Schodinger’'a mo aromy
nosoay: Naturwiss. 17, Heft 37 (1929).

16*
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HENpUrOAHE, a eJMHCTBEHHAd H3BeCTHad TeOpHA, KOTOpas COBMeCTHA
¢ COBOKYMHOCTbIO HAINMX ONBITHBIX 3HaHHH OTHOCHTE/JBHO SJEMEHTaPHBEIX
NPOLECCOB — KBAHTOBAs MeXaHuKa — eff 1pOTuBOpeuHuT.

Peub uier 3aecp, pasymeercsd, 00 HCCTapu YKOpeHuBuIeMCs crnocobe
paccMOTpPeHHs, NMPUCYLEM BCeM JIOAAM, HO HHKOHM 06pa3oM HE O JIOru-
yecko#f HEOOXOAMMOCTH (UTO, MEXLY TNpPOUMUM, BHAHO XOTd OBl M3 TOrO,
YTO CTAaTHCTHUECKYI0 TEOPUI0 BOOOLIE yAaJOCh NMOCTPOMTL), U TOT, KTO
NOAXONUT K npeaMmeTy O0e3 NpeAB3ATOr0 MHEHHS, HE HMeeT HHKAKoro
OCHOBAHHMS YNOPCTBOBAaTH B TaKkOM crocofe paccMorpedus. OGOCHOBAHO Ik
NpH Takux O0G6CTOSTeNbCTBAX KEPTBOBATh paiu Hero pasyMHOH ¢usu-
yeckolt Teopue?

3. BuiBoapl n3 sKCIEPHMEHTOB

[Mocnepnuit naparpad yuuT Hac, 49TO caMbit o0mul craTucTHYeCKHH
aHcaMO0ab, COBMECTHHH € HalUMMKH OCHOBHEIMH KAue€CTBEHHBLIMH TNPEATNO-
NMOKEHUAMH, XapaKTepH3yeTcsi, COrMacHo 3aKoHYy Sp., HeKOTOPHM nedu-
HUTHBIM oneparopom U. AHxcamOau 4AaCTHOrO BHMAA, HA3BAHHBIE HAMH
ONHOPOAHHIMA, XapakrtepudyloTcs omepatopamun U =P ([l¢]=1).
TIockoabKy 9Tu aHCaMGJH SBASIOTCH MCTUHHBIMH (falbllle HEPa3JOKHUMBIMH)
COCTOSHUAMU CHUCTeMBI §, TO Mbl HX 6yIeM HasheBaThb TaKKe COCTOSHHAMH
(umenno, U == Py,; Ha30BeM COCTOSIHHEM @).

Ecau cnekrp U uncTo aHCKPeTeH, CKaxeM, ¢ COOCTBEHHBIMH 3Ha-
YeHHSIMH Wy, Wy, ... U C COOCTBEHHHMH (QYHKUMAMH @1, @p, ... (KOTO-
pbie 06pasyioT MOJHYI0 OPTOHOPMHUPOBAHHYIO CHUCTEMY), TO OyaeM HMeTh

(cp. 1. 8)
U= ; ’wnP[(Pn].

B cuay nedunurHoctn U Bce w,=0 [neficteureasno, Uy, =w,q,,
rak uro (Ue, ¢,)=w, H 3HauuT, w,==0], npuuem Dw,=
n

= N (Ug,. ¢,)==SpurU (cp. Takke Hauano IV. 1), Tak uro Dw, =1,
n n

ecan U npaBuibHO HOpMupoBaH. Tem CaMbIM MOXHO, COrIdcHO CKasaH-
Homy B Havase IV.1l, noHumate U Kak cMecb COCTOSHUM @1, ¢, ...
C COOTBETCTBYIOIMMH OTHOCHTEJNbLHHIMH BecaMu wW,;, Wy, ... —ecau U
NpaBuJALHO HOPMHPOBAH, TO 9TH Beca NMPaBUAbHBl U a0COMIOTHO.

Ho npaBuibHo HOpMupoBauHpifi omepatop U, T. e. Tako#i, uTo
SpurU =1, 6ymer, coraacuo 1L.11 (cp., B uwacTHOCTM, npum. 119),
crp. 143), BrNONHE HenpephIBHHIM M, B3HauuT, Oyder 06aazaTh uyMCTO
AMCKPETHHM cnekTpoM. To Xe camoe, KOHEUHO, CNPaBeijuBO M B ClHy-
yae xoueuHoro SpurU. (Cayuwa#t 6ecxoneunoro Spur U MoxHO paccma-
TpUBATh KAaK MpeiesbHBIf Cllyyat, Ha ueM Mbl He OyleM OCTAHaBJHBATHLCA.)
TakuM 06pasoM, B IeHCTBHTE/NLHO HHTEPECHOM CAyude PaccMaTpHBaeMbIH
ancam0ap INpeacTaBAM B BHAE CMeCM COCTOSIHMH, KOTOPHIE MBI, KpOMe
TOrO, BLIOMpadu NOMapHO OPTOrOHalbHBIMH. ITosToMy Mbi OyneM oOmue
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aHcaMm6ii (B NPOTHBONOJNOKHOCT, OZHOPOIHBIM, T. €. COCTONHHAM) HA3HI-
BaTb CMECAMH.

Ecau Bce coGCTBeHHble 3HAaueHuss omeparopa U/ mnpocTsl, T. €. Bce
Wy, Wy .+, OTJAMYHBL JPYr OT jpyra, TO, Kak Mbl SHAEM, CHCTeMa
915 5 ... ONPeeaseTcs OIHOSHAYHO C TOYHOCTHIO [0 NOCTOSHHBIX
MHO¥uUTENeH Moay/is 1, a 3HAYHT, COOTBETCTBYIOLLKE COCTOSHUS (H oOne-
paropbi Py, P, ...)— nonHocTs®. PaBHEIM 006pasoM OQHOBHAYHO
ONpejelsiorTcs W Beca Wy, W, ..., Pa3yMeeTcs, €CAM He INPHHUMATbH
BO BHHMaHHe HMX nopanok. TakuM 006pasoM, B 5TOM C/Ayude MOXKHO
OJHO3BHAYHO YKa3aTb, W3 KAaKuX (MOMAPHO OPTOTOHAJABHBIX) COCTOSHMH
nocrpoeHa cMech U. CyluecTBeHHO mo-uHOMYy OGCTOMT Aeno, ecau U
o6nagaer TakKe H KPATHEIMU COOCTBEHHBIMH 3HaueHHAMH (<BHIPONKIE-
Husi»). B 1.8 Mu oOcykpaau mnoapoGHO, Kak MOryT OHITh BEIGpaHH

©1s 930 + ... 3TO MONHO CHEJNAaTh O6ECKOHEYHO MHOTUMM, CYLIECTBEHHO
pasauuHEIMH CnocoGamu (TOrna Kak w@;, W, ... BCE elle MOryT GHTh
onpenesentl 0aHO3HauHO). Caenyer BhIMHCaTh Te M3 Wy, Wy, ..., KOTO-

phrie OTAMYHBI Apyr OT Apyra: @', @”, ..., A8 KaXAOrO M3 HUX yKa-
3aTb B3aMKHyTOe JuHEHHOe MHOrooOpasue npuHajgJexamuX UM CoBCTBEeH-
HHX GyHKuuf (7. e. pemenu#t ypasHeHus Uf=wf) My, My, ...
H 3aTeM BHIGPaTb NMPOH3BOJLHBIM CIOCOGOM B kaxaoMm u3 My, Mor, ...
OPTOTOHA/bHEIE CHCTEMBl Y1, Xgo «+«s Xi» Xgs -« +» «++» PacTArHBAIOIHE
NaHHLIE MHOroOGpasus. OTH CHCTEMBL Yy, Xgr -5 Xi» Yoo «+ <3

06pa3yioT TOrJa CHCTEMY @, $g, ..., @ COOTBETCTBYIOINHE COGCTBEHHEIE
sHavenus ', @', ...; w’, @', ...; ... ABIAOTCS TOIZA BecaMiu
w;, Wy, ... Komb ckopo kakoe-nmu6o M, umeer Goavlue dem oaHO
U3MEDEHHE, T. €. HMEETCH KpPaTHOe COOCTBEHHOE 3HAYcHue, NpHHAsJE-
Hawee emy, i, Yg» ... HE ONPEnessiorcs GOJbINE C TOYHOCTBIO 4O MO-
CTORHHOTO MHOXHTeJsd MOayas 1 (HanmpuMep, B KauecTBe y; MOXHO B39Th
moGoft HOpMupoBaHHEIH saemenT M), T. e. COOTBETCTByIOLIME UM CO-
CTOSIHHA TAKXKe MHOrO3HauHbI!

310 ABNEHHE MOMHO COOPMYNHPOBATH TAKKE CACAYIOWMM OGpa3OM:
eCaM COCTORHHS )y, Xg» - .. TOMAPHO ODPTOrOHAMBHE (T. €. Yy, Ygv - - .
00pasyioT OPTOHOPMUPOBAHHYIO €HCTEMY, Ge3pasanuHO — KOHEYHYIO HJIH
GEeCKOHEUHYIO) W MBI HX CMelllMBaeM TakuM OGPasOM, 4TO BCE OHH BXOAST
C ONMHAKOBBHIMH BeCaMu (CKaMeM, C OTHOCHTE/bHHIMH Becamu 1:1:...),
TO MNOJyualouascs B pe3yJbTare CMeCb B3ABUCUT JIMIIL OT 3aAMKHYTOrO
auHe#tHOro MHorooGpasus IR, pacraruBaemoro ¥y, yg. ... JelHcrsu-
TEJILHO, -

U=Plz,]+P[12]+ tte =Pm'

Ecan uucio Yy, Yo, ... KOHEUHO, CKaXeM, DaBHO 8 Yy, «.., X5 TO
oneparop U MOXHO npencTaBuTh cefe KaK CMeCb BCeX HOPMHPOBAHHBIX
saementoB M, T. e. Becex cocrosHuit u3 M. DTH COCTOAHUS HMEIOT BHJ

X=X+ o X 5P P=1
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B camom nene, monowum x;==u;+ v, ..., x,==u,+iv,, depes K
oGosnauuM (25 ~—1)-MepHylo nosepxHocts chepm 4?4 v ...

2 2—_ 2 —
.. =+ #ivi=1, coorBercTByOMWEN yCAOBUIO X [2- ... | X [2=]1,
M uepe3 do 3JeMEHT MOBEPXHOCTH 3TOH cdeprl. [TonowuM eute

U’=£f...ffP[7_[do,

Torjpa

wro=[[..[[Cuf.od=[[..[[¢nEDd=
K K
=ff ff(f,i:(uu—{—ivu)xu)(g, Zs(uu—{—ivu)xu)do=
K p=1 pn=1

=[] [ Y ¢ e @ —m)@+iv)d=
K

w, v=1

= Zs fs 1w (Mff ff[(upuv—{-—rvurvy)—{—i(uuvv—uvvu)] do.
1 K

Py v=

Takum 00pasoM, NMOCKOJLKY BCe u,v,, 4V, -MHTeTPAJEI, 4 TaKiKe BCe
u,u,, U,0,-HHTErpasy 00paWaoTcs B HYJb NMPU 5= v M3 COOOpaxeHn#
cumMerpuu 76), a mpm p==v Bce 9™M MNOCAEAHME HHTErpalbl ==

= 2—6; (C > 0) 78), Haxonum

calQ

WS =500 W =5 2Py &)=
p=1

p=1
C 5
=( <+ 2P, |/ g)-

p:l

176) 3amena u, —>—u, (wm u,—>-—u, 1 v, ->-—v,) ABAETCA ONepauuei
CHMMETPHH HOBEDXHOCTH K, B pe3y.abTaTe KOTOPOH mepBble MHOMKHTEAH MOIbIHTE-
TPaJbHBIX BHIPAMEHHH HM3MEHAOT 3HAK, TaK YTO COOTBETCTBYIOLIME HHTErpaJbl
paBHH (. 3ameHBl U, >y, Uy —>u, H U4, ->U, U,->U, NPEICTaBAMOT COGOH

TaKy10 ONepamuio CHMMETPHU NOBEPXHOCTH K, TIPH KOTOPOH MOCIENHHE MHTErpaJbl
NepexoiiaT APYr B APYTa, BBMAY Uero OMH PaBHBI MeXAy COBOH, a 3HauuT, paBHBI

721;-1‘»’1 HX cyMMbl:ff...ff(uf—}-v?—}- +u§+v§)do=ff...ffdv=
i K

— HROWI3AM NMOBepXHOCTH K, KOTOpYIo 0603Hauum depes C.
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3T0 03HAYaeT, uTo

$§
;. C N\ _C
U= Y P =7V

T. e. U/, U orauuaiorca IPyr OT Apyra HeCyIIeCTBEHHHIM 06pa3oM.
ITH 06CTOATENLCTBA HMEIOT GOJBINOE 3HAYeHHe 148 XapaKTepa KBaH-
TOBOMEXaHUYeCKOH CTaTHCTHKU. BBuay 3TOr0o MBI NMOBTOPHM HX elle pas:

1. Ecau cMeChb COCTOMT M3 B3aUMHO OPTOTOHAMbHLIX COCTOSHHH
C B TOYHOCTH pAaBHBIMH BeCaMu, TO Heab3s 00Jbllle YCTAHOBUTH,
Kakue 9To Oblaum COCTOAHuS. VIHBIMH csoBaMu, B pe3yapTare cMe-
IIUBAHHA B TOUHO DABHEIX OTHOIUIGHHSX DPAa3JUUHBIX (B3aUMHO OpTO-
FOHA/JIbHHIX) KOMIIOHEHT MOXHO MOJYUYHTb OLHY H TY MXe CMECh.

2. TloayueHHas TakuM O0pasOM CMecCh B CJy4ae KOHEYHOTO YHcJa
KOMIIOHEHT HASHTHUHA CMECH BCeX COCTOSHHH, SBJIAOILUXCA JAuHel-
HBIMH KOMOHHALMSAMH STHX KOMIIOHEHT.

Bor npocrefimufi npumep: ecan cMmemmuBaTe ¢ H ¢ (OPTOroHajibHbE!)

1:1, 70 moayuurcs TO e, 4TO M ec/]M, HanpuMep, CMeIlaTh %
% 1:1, naa xe Bce x4+ yu(|x|?+4|y|?=1). Ecmu cmemusaiorcs

HEOPTOroHaneHble ¢, § (oTHOWEHue MOxer He OwTh 1:1), TO uX Tem
MeHee MOXHO MASHTH(QULUHPOBATb MO FOTOBOH CMECH, MOCKOABLKY 3TY CMeCh
HaBePHSIKA MOMHO MDPeACTaBJIATL cefe KAaK CMeCh OPTOrOHAaJbHHIX CO-
CTOAHHH.

HanbHefiinee yriy0ieHue B npuposy cMecefl Mbl OTJIOKHM IO TEPMO-
IMHaMHYecKux paccmorpeHuft B V.2 u nanee.

dopmynsa Sp. B IV.2 ykasupana, Kak Hago BHIYHCAATb MaTeMaTH-
yeckoe oOxunaHue BejuunHbr R ¢ onepatopom R B CMecu €O CTaTHCTH-
yeckuM onepatopom U: sto Spur (UR). BeposTHOCTb TOrO, 4TO 3HaYeHUE @
oneparopa R Jexut B uHTepBate a’ < a = a” (o', a” sanaun, o’ = "),
naxozurcs kak B 1II. 1 uau 1. 5: ¢ nomowpio GyHKuEH

1 nms o/ <x=d,
F (x) ={

0 B ocTaspHHIX Ccayyasx
crpoutcs BeduunHa F (), ee maremaTHueckoe oxupaHue u OygeT yka-
saHHOH BepositHocTbIO. Ecam Benuuune F () coorsercrsyer (coraacuo I,
B IV.2) onepatrop F(R) u ecau E(X)— orHocsmeecs K R pasiomenne
eMHULUB], TO, KAaK Mbl HEOZHOKPATHO Buiducasad, F (R)=E (a")— E (a’)
U ucKoMas BepoatHocTs w(a’, a”)==SpurU (E(a”)— E(a’)). IlosTomy
¢byHKUMeH pacnpeneeHus, onpeaeasiomedt cTaTucTuky Beauundsl R, Gyger
w(a)==SpurUE (a) [cp. IV.1, npum.!) na crp. 243; B cayvae co-
crosnull, T. e. xorna U =Py, cHoBa Oyrer w(a)==SpurP, E(a)=
== (E (a))¢, ¢)]- EcTecTBeHHO, yTO 3Ti BEPOSTHOCTH OYAyT Wb OTHO-
CHTE/bHBIMH, ecan onepatop U HOPMHPOBAH HENpPaBHJBLHO,
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Ha sonpoc o toMm, korza BenvuuHa PR ¢ omepatopoM R ¢ ZOCTOBep-
HOCTbI0 NpMHUMAET 3HAYeHMe A B CMeCH CO CTaTHCTAYECKHM ONeparo-
poM U, MOAKHO OTBETHTb HEMOCPEACTBEHHO C MOMOLILID GYHKUHH W (@)
1as @ < N pomkHo ObiTh w(a)=0, a 119 a=A\ w(a)=1, na xe,
ecain U HenpaBuabHO Hopmupopan, ==Erw (1)==SpurU. To ectb
Sput UE (@) =0, ecmu a < ¥, SpurU(1 —E(a))=10, ecan a = \"177)
Ho B cayuae meduHutHbX omepatopoB A, B u3 Spur AB =10 Burexaer
uto AB =0 (cp. II. 11), tak uro Gyaem umers UE(a) =0, ecau a < A%,

# UE(@)=U, ecin o=\, nid, 4t0 TO Ke Ccamoe, NOCKOJLKY B CHIY
SPMHTOBOCTH INPOH3BENEHHS COMHOXHUTENH  NOMKHE  KOMMYTHDOBATb,
=f naa a=\
=0 gaa a <\
Coraacuo nposenenno#t B 1. 8 puckyccum, 10 o3HauaeT, uto Rf=AN\"f,
T. e. RUg=NUg roxnecrsenno mno g. CaenosaTejbHO, TNOCJAENHee
ycaoBue raacut: RU =NU. Ecan o6osHaduth uepes I samkuyroe mu-
HeltHoe MHOroo6pasiie, TOPOXKAEHHOE BCEMH PpeLIeHHAMH / YpaBHEHHS
Rh =N\h, 10 MoxHO cKaszaTb Takxke: Uf Bcerna gexur B M.

Tor xe pesy.ibTaT, BIPOYEM, MOXHO OHIO Obl NOMYYUTb U3 YCJIOBHS
o6paiwieHns B Hy/lb AHCTEPCHH, T. €. OOpalleHHs B HyJb (BOBMOXHO, OT-
HOCHTEJIbHOTO) MaTeMaTHYeCKOro oxunanus seauunHe (R — A2

Mot orseruau B 1113 ma caeayiowme Bonpocsl (R, &, ... — busu-
yecKue BeJHudHH, R, S, ...-— HUX COOTBETCTBYIOLLHE ONEPaTOPH):

1. Korpa R usmepumo abcomoruo touno? Ortser: Ecam R
06/1a13eT YHCTO AUCKPETHHM CHEKTPOM.

2.. Korna M, & aGCcoaOTHO TOYHO M3MEPUME OZHOBPEMEHHO?
Otser: Ecim R, S 006.1a3al0T 4HCTO ZHCKPETHEIMH CTNEKTPamu H
NepecTaHOBOUHB! Mexay Co6Of.

E(@)U=0nmxe=U,r.e. ecnnf::Ug,'roE(a)f{

3. Koraa ueckonpko Bemnuun R, @, ... abcomoTHO TOYHO
u3MepuMul onHospemenHo? Otser: Ecaum R, S, ... o6ragaior uncro
IMCKDETHHMHM CHeKTPaMu H BCE NepecTaHOBOUHH.

4. Koraa Heckosbko BeanundH R, &, ... u3MepuMbl C Npous-
BOJbHOH TOuHOCTbIO OpnHOBpemenHo? Orser: Ecam R, S, ... Bce
TnepecTaHOBOYHBI.

177y Ecan Spur U 6eckoHeueH, T0 mociesHas ¢opmyJa, noayueHHasd C no-
MOLIbIO BBHIYHMTAHHS, MOXET MOKa3aTbci COMHUTENbHOH. TeM HE MeHee €e MOXKHO
060CHOBATh TaKXKe CAEAYImHUM 06pasoM: TO, 4TO BeqniuHa Y umeer 3HaUeHue A*,
osuauaer, ut0 w (a’, a”’) =0, 1.e. SpurU(E (@")— E(a")) =0, ecaun a” < \*
uad @’ =M, Taxk Kak s3T1OoT Hmyp Bceraa =0 M Tak Kak OH He y6nBaeT ¢ a”
W He Bo3pacraer ¢ a’, TO mPH a” < A* 10CTAaTOMHO paceMoTperh ero lim
a ~»-—o

a npu a =M-—ero lim , 1. e SpurUE(a")=0, ecan a” <\,

a” > oo

Spur U (1 — E(a’))=0 mpu a’ ="
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Tlpu sTOM MBl HCNOJB30BaAM CheAyIOIUE NPHHLUN, a0CTParkpoBaH-
HHIH U3 pe3dyabrara skcnepumenta Komnrona — CuMoHca:

(M.,) Ecau obusuueckan peqduuda R aBawisl uamepsercs Ha
cucreMe §, TNpHYEM uSMePeHHs CJeNYIOT HENOCPeACTBEHHO OJHO 3a
APYruM, TO B 00OHX CjayuasX IOAyyderTcs OJHO H TO Xe 3HaueHHe.
JT10 OymeT CnpaBeAdMBO Jaxe B TOM CJy4ae, KOrAa B HCXOJHOM
cocrosHun cucreMsl § M o6nagana aucnepcued, Tak uro R-uzme-
peHue, NOMMMO BCEro NPOYEro, MONJIO H3MEHHTb COCTOfiHHME CH-
creMul §.

duauueckuft cmeica M. M yxe obeyauan noapo6uo B IIL 3. Hdanb-
HelluMMU TPEANONOKEHUAMH 145 OTBeTOB J,—4, OblAM: CTaTHCTHYECKad
dopmyaa Ez. u3 III.3 nas cocrosHuit; nomyuienue F. u3 III. 3, B cuay
xoroporo BeauunHe F (R) coorBercrByer oneparop F(R), ecan TOJALKO
Bequuune  cooTBETCTBYeT OmepaTop R; LOMYIUEHHE, COMJACHO KOTOPOMY
Beanune R+ @ coorsercTByer omepatop R+ S, ecan (0AHOBpEMEHHO
uaMepumbiM) BeauunnaM R, & coorserctByior omepartopn R, S.

Tak kak 9Tu Tpu TPeiNOJONKEHUs MNO-NMPEXKHEMY OCYIIECTBATIOTCS
(nepsoe Burekaer us ¢dopmyan Sp. B IV.2, a gBa japyrux coorser-
creyior I, Il, B IV.2) u Ttax kak M., Takme HOMKHO CUHTATHCH Bep-
HBIM, — TIOCKOJBKY MBI CHYHTaeM ero HeOOXOAWMBIM JJIs MPUHLMANKAALHOIO
NOCTPOEHHA KBAHTOBOH MeXaHHKH, — TO 34eCb TaK¥Ke OCTAHYTCH B CuJje
npusesennsie B . 3 noxasareabcrsa f,—4,. Taxum o00pasom, yKkasaH-
Hble OTBEeTH CHOBA OKAa3bBIBAIOTCA NPABHALHEIMH.

B 1II. 5 mbl uccaenoBanu Takue (Gu3HUYECKHe BEJHYAHBI, KOTOPHE MPH-
HuMaT Jaullb ABa 3HayeHus: 0 u 1. OHH B3aUMHO OAHO3HAYHO COOTBET-
CTBYIOT aJbTepPHATHBHEIM cBofictaM . IleficTBuTenbHO, ecan Gbl GblIO
sagao (&, TO COOTBETCTBYIOLIYIO Be/JHYMHY MOKHO Oba0 OB OfpeneluThb
TaK: 9Ta BeJuuHHa OyjeT H3MepeHa, eCJH Mb CMOXeM pacCyaudTb (CM.
npHM. nepes. Ha cTp. 187), umeer (¢ MeCTO w/n HET; ee 3HAYEHUAMH OYAyT
coorserctBenno 1 u 0. HaoGopor, ecau Ouinia 3anaHa BeauuuHa, 1o &
6bl10 CAedyIOILMM CBOMCTBOM: Ha3BaHHAs BeJMYMHA MMeeT 3HaueHue 1
(1. e. ne 0). Ms npusemensnoro tam F. (1. e. u3 I. B IV.2) caenoBaino,
YTO COOTBETCTBYIOUIME onepatopel £ Kak pa3 u fBJIAITCA ONEPAaTOPaMH
npoextuposanns. BepositHocTs Toro, uro (¢ uMeer MecTo, paBHAJAcCh
MaTeMaTHUECKOMY OXHMAAHUIO onpeseeHHOH Bhiue peauuuubl. B II1. 5 arta
BEPOATHOCTb BBIYHCASIACH JuIb 1as cocTosnuft ¢ (1. e. aas U == Py,
flell==1), HO ee MOXHO BLIYMCIHTL K B OOlleM ciyuae mo dopumy.e Sp. :
oHa pasHa Spur UE (ortnHocutenbHas!, abGcoatotHas, Toabk0 ecan U mpa-
BHJIbHO HOPMHpOBaH, T. e. korpa Spurl =1).

YCT4HOBUB CTPaBeAdHBOCTb TOJOKeHu#t J.—4,, Mbl TeM CaMbM 10-
Ka3and BbITeKalOMe U3 HuxX yrTBepkaeHus «)-—C) us III. 5. Caenyer
OTMETHTb, TIPaBAd, 4TO TaM &) [dBaJO HH(POPMAUMIO Jnlib OTHOCHTE/BHO
COCTOSIHHH, a 34eCb MBI PAacCHPOCTPaHUIM ero Ha JA10bie CMeCcu:

a’) B cvecn co crarucTuueckuM omneparopoM U BEPOSTHOCTH
TOro, uro cBO#CTBO (€ WMEeT MeCTO M/M Ke He HMEeT MecTa, PaBHB
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COOTBETCTBEHHO
Spur(UE) wmu  Spur (U (1 —E))

(BepOATHOCTH OTHOCUTe/bHHIE!, abCOMOTHHIMH OHu OYAYT JUIlb
B TOM cCayuae, korza U npaBu/bHO HOPMHUpOBAaH, T. €. KOraa
SpurU =1).

Ecau paccMarpubaercs HeckOabko Bemmundn Ry, ..., R, npuuem se-
muannam Ry, ..., R, coorsercreylor omepatopnl Ry, ..., R, ¢ pasao-
weHuamu enuuuunl Ey(A), ..., E;(}), ¥ ecau, nanee, 3anaHo [ uHTEpBa-
aos  [: )\1 < A \<li/, ey Ip l; < )\<)\;', u mnomoweHo Ej([})==

=EMN)—EW), ..., EW@)=EQ}N)—E((), 1 Ccsoficream

s
«Ry aexur B I1», ..., «R; gexnT B /;» COOTBETCTBYIOT NMPOEKUHOHHEIE
onepatophl £, (1,), ..., E;({)) (cp. §) ). XapakTepuCTHYHBIM YCAOBHEM OLHO-

BpeMEHIION pacCyIMMOCTH 3THX CBOHCTB ABAAETCS MEPECTaHOBOYHOCTH
npoekuuonHbix oneparopos E\ (1y), ..., E;(I)) (cp. ¥)). Hix oamoBpe-
MEHHOMY OCYILECTB/CHHIO OYHeT COOTBeTCTBOBAaTb NMPOEKUHOHHHH onepa-
Top E=E (). - -E,({) (cp. )), a COOTBeTCTBYIOLIAS BCPOATHOCTH
6yner pasna Spur (UE) (cp. &')).

[ofinem Tenepb no o0paTHOMY NYTH: NMPEANOJIOKMM, UTO MBHl HE 3HAEM
COCTOSHHS CHCTeMbl §, HO 3aTO MNpozesaidn B § HeKOTOpPHE H3MepeHud,
pesyabTaTsl KOTOPLIX HaM H3BeCTHBl. DBeab B aeHCTBUTENBHOCTH JA€/40
O6CTOMT BCErja WMEHHO Tak¥M o00pasoM, TaK Kak y3HaTb 4YTO-HUOYIb
O COCTOSHHH § MOXHO JHLIb H3 Pe3yabTaToB uaMepeHufl. CTPOro roeops,
COCTOSHHUS — 3T0 JUIb TeOpeTHUYeCKue KOHCTPYKLMH, B AeHCTBUTEJbHOCTH
B HallleM pAacnopsXeHHH OKa3HBAIOTCH JUlb PE3yabTaThl u3MepeHHf,
i 3ajaya (QUIHKH COCTOMT B TOM, uTOOH YCTAHOBHTh CBA3b MEXAy Npo-
WasiMt 1 OyaymuMu uaMepenuaMd. KoueuHo, Aaa ZOCTHKEHHS STOH Heu
BCErla BBOAMTCA BCNOMOraTe/]bHOE MOHATHE «COCTOSHHA», HO (U3HuecKas
TeOpus LO/MKHA TOrJa HayudTh Hac, Kak, C OJHOH CTOPOHBI, 3aAKIIOYHTH
M3 TPOUIALIX W3MepeHUH O HAacTodLieM COCTOSHHHM M Kak, ¢ APYro# cro-
POHBI, MEPEHTH OT HACTORIIErO COCTOAHHA K OYAYILMM Pe3y/bTaTaM H3Me-
penutl. Jlo cux NOpP MBI 3aHHUMAJUCh TOJBLKO BTOPHIM BONPOCOM, TeNepb ke
HaM Hajo OOpaTHUTBCS K MEpPBOMY. )

Ecau npenmecTsylomue u3MepeHus HeAOCTaTOUHBI, YTOOH ONHO3HAYHO
yCTaHOBUTb HACTORIIEE COCTOSIHKME, TO NPH H3BECTHHX OOCTOATENLCTBAX
M3 HHX MOXHO Y3HAThb BePOATHOCTH, C KOTOPHIMH BXOJAT OTHAE/bHBIE CO-
CTOSHUS (2TO CNPaBENIHBO KAaK B MPHYHMHHBIX TeOPHAX, HaNPHUMEep B Kaac-
cHuecko# MeXxaHuke, Tax W B KBaHTOBOH Mexanuke). Mrax, sagaua co-
CTOMT, COOGCTBEHHO, B TOM, 4TOOBI 0 HAHHBIM pe3yJLTaTaM H3MepeHui
HafiTi cMmecb, KoTopas o6janana Obl TOH e CTATHCTHKOH, YTO M OXHAae-
Mas a8 CucTeMbl §, OTHOCHTeNbHO KOTOPOH HAaM H3BECTHO TOJALKO, UTO
B HeHl NpOjesaHbl yKasaHHbIE W3MEDPEHHA M YTO OHH JaAH YKasaHHble
pesyabrarel, KoHeuHo, MBI AOMKHBI YTOUHUTL CMBIC/ BbIPAMKEHHA: OTHOCH-
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TEJbHO CHCTEMBl § «M3BECTHO TOJBKO TO» U HMYero Go/blle, a TaKxe
ykas3aTh, KaK OTCIOAA MOxeT ObiTh MOJyuyeka HEKOTOPAss CTATHCTHKA.
CB3b CO CTATHCTHKOM QOJKHA, BO BCAKOM cayuae, ObITh ciaepymoluei:

7’ 7
eCau Aas MHOTHX cucTeM Si, ..., Sy (MHOrUX 3K3EMILISPOB cUcTeMH S)
9TU u3MepeHus NAWT YNOMAHYyTHeE pe3yabTaThl, TO TOraa axHcambib
’ ’
[Sl, SM] BO BCeX CBOMX CTATUCTHYECKMX CBOMCTBAX cOBmanaeT co

CMEChI0, KOTOpasg ndeT TE Ke pe3yabTaThl naMepeHui. To, uto uaMepe-

HMS HA BCEX CHCTEMaX Sy, ..., Sy [4I0T OAHH M Te XKe DPe3yJbTaTH,
MOXHO mnpunucatb B ayxe M, ToMy 00CTOSTE/]BCTBY, YTO TEPBOHAYAILHO
uMencs 6osbwol ancambab [S), ..., Syl. B koTOpOM Oblau MpoOae/aHbl
M3MEpeHUs, a 3aTeM M3 TeX S/JeMEHTOB, [Jf KOTOPBIX MOJAYydYajcs Tpe-
OyeMuilt pesysaprat, Obln 00pa3oBaH HOBHIA aHCaMOab, KOTODHIH u ABAfETCS

ancambmaem [S; S,’M] Koneuno, Bce saBucut OT TOro, Kax OBl BH-
Opad ancambae [S;, ..., Sy]. Dror ucxoaub#i aHcaMGab, TaK CKasaTh,
3anaeT anpuopHbIe BePOSTHOCTH MHAUBUAYAJbHEIX COCTOSHMH cucteMsl S.
B uesoM nosoxeHue Belllell XOpOuIO U3BECTHO M3 OOlUEeH TeOpHHU BeposT-
HOCTe#l: AJs TOrO 4YTOOBI MOMXHO OBIIO U3 Pe3yAbTATOB M3MEpeHMH nenath
BEIBOABE O COCTOAHUAX, TO eCTb U3 CJAEACTBUH — O NMPHYMHAX, T. €. AJd
BBIYKCJIEHUS] ANOCTEPUOPHBIX BEPOATHOCTeH, HEOOXOAMMO 3HATH ATIPHOPHHIE
BeposTHocTU. Boofie rosops, nocienHue MOMXHO BHIOHPATH MHOIMMH
cnocofamMu, BCJAENCTBME Yero HAuia 3ajaya He peuIaeTcsl eauHCTBEHHBIM
o06pa3oM, TeM He MeHee MBI YBUAHM, YTO TNPH HAJMYUM CHELUUANbHBIX
KBAHTOBOMEXAHMYECKUX COOTHOMIEHUH UMeeTCsH HeKOTODHIH OCOGeHHO mon-
xoasuu# BHOOP mepBOHaya/bHOro aucam6as [S;, ..., Syl (1. e. anpuop-
HBIX BeposATHOCTEH).

CoBceM no-apyroMy 06GCTOHT IeJO, KOT1a U3BECTHO NOCTATOYHO MHOrO
pe3yabTAaTOB u3MepeHuH, uroObl MOJHOCTBIO ONpEAeNUTh COCTOSHHE CH-
cTeMbl S: B 9TOM CJayyae BCAKHH BONPOC JO/KEH MMeTb OJHO3HAYHBIH
orBet. Mbl yBuAUM BCKOpe, KakuM 006pasoM nposBasgeTcs 310 00CTON-
TEJAbCTBO.

OTmeTtuM, HakoHel, ellle cjenywolliee. Bmecto TOro utoGe roBOpUTH,
YTO HAM W3BECTHHl MHOTHE pe3yibTaThl U3MepeHu#, OTHOcsHllMecs K cu-
creMe 8, MOXHO CKa3aTb TaKxke, 4YTO cucreMa § noxsepragach HCHBITA-
HHIO OTHOCHUTEJBHO KaKOro-TO WM3BeCTHOrO cBofcTBa & u uyTO ero Haau-
ype Oba0 ycrauosaeno. Vs a)-—0) nam usBecTHO, kakas CyuwecTsyer
CBfA3b MEMXIY 9TUMM BelllaMU: ecju, HampuMep, UMEIOTCS pPe3yAbTaThl OXHO-
BpPEMEHHO NOMYCTHMBIX U3MepeHUH, U3 KOTOPHIX CJACAYeT, YTO 3HAYCHHS
seauaun Ry, ..., N, aexar cootBercTBeHHO B MHTEpBajAax [, ..., [,
TO (MONB3YSCh BBEAEHHBIMH BHIIE CUMBOJIAMH) MPOEKLUUOHHHM OMNEpPaTOpOM
peanyuubl € O6yner E=E, (/) ... E;({)).

Wrak, nawmu 3HaHmg o § Bceraa BBIpaXKAIOTCS B HaJHUMK HEKOTOPOroO
13BeCTHOrO CcBOHctBa (8, KOTOpOE POPMaNLHO XapaKTepuUayeTCs 3alaHUEM
npoexuuonuoro omeparopa E. Hano Ha#itn ctatucrtuve ckuit onepatop U

I ’
ancamona [Si, «. ., Sp) C OAUHAKOBLIMU 3HAuEHWAMH, DABHO KaK M CTa-
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Tuctudeckuit oneparop U, obwero wucxomHoro axcambas [Sy, ..., Syl
KaxoBbl Te MaTeMaTuyeckie COOTHOLHEHHUS, KOTOPHIE CBA3BIBAIOT MEMAY
cobolt E, U, Uy?

B cury M. csofticteo (¥ HaBepHSKa umeeT MecTO B [S; S;n]
T. €. BeJuyuHa, npuHagiexawmas (€, uMeer Tam 3uauexue 1. D10 O3HA-
yaeT, Kak Mbl BHeJH B Hauyale 9TOro naparpada, uro EU=U, 1. e.
yro U f scerna Jqexur B M, rae M osHayaer MHOMeCTBO Beex f, LA KOTO-
pux Ef == f, 7. e. 3aMKHyTOe JuHeHKoe MHOorooGpasue, npuxamiexauee E.

Bumecto EU = U Mb MoxeM Hanucats takke UE=U, U (1—E)=0,
T. e. Ug=0 naa mobux g==(1—E) f, uHbIMU CJOBaMH, LJA BCEX &
M3 3AMKHYTOrO JHHe#HOro MHOrooGpasug, npuHamiexamero k 1 — E,
T. e. nag Beex g us R — M. Urax, Uf pasro 0 past Beex f us f— M,
a ang f us M Uf taxxe gexnr B . Ha stoMm mytu orHocurenpio U
foJbllle HHYEro CKasaTh HeJb3d.

dtum omepatop U/ omnpepmeseTcs TOrAa U TOAbKO TOorpa (B cyule-
CTBEHHOM, T. €. C TOYHOCTBIO 0O MOCTOSHHOTO MHOXMUTEJH), KOrj1a MHO-
wectBo M apaserca 0- wiu 1-mepuwim. JleicTBuTebHO, B caydae IR == [0]
Ml umeeM U =0, uro, coriacHo I[V.2, sameuvaHue 1, HEBO3MOMHO;
B caydqae we M ==[p] (90, nosromy MOXHO mnpuuare, uto ||| =1)
Gynem uMeth Uf=co, tak uro u aas scex f us IM (nockosbky OHu
pasubl ap) 6yner Uf ==cf u, cienoBarensro, poobie Uf = UEf=cEf,
U=cE=cPp), u tax xax ¢ >0 (mockoabky U nedunurer u =+ 0),
10 U B cymwectBennoM == E = P,). B ToM c/lyuyae, xoraa y muoxecrsa M
yncjao HaMepeHufl ==2, MOXKHO BHOpaTh 1Ba OPTOHOPMUPOBAHHBEIX 3Je-
menta o, ¢ us M, u Torma Pl Py OyAyT ABYMS CYIIECTBEHHO Das-
JAMYHBIME Omepatopamu U, yoOBJeTBOpAIOIAMU HAWIMM ycaoBusM. Mrak,
paBenctB0 E==0 nepoamoxno, mpu E=Pj,; (||¢]|=1) Oymer U=
== E == Py, Bo Bcex Ipyrux cayyasx U mHorosuayso.

To, uro nas E=0 BooOuwe Heas3s HaltTh Hukaxoro U, OblI0 Obl
Hexopowo, ecau Obl § Moraa ofnagate Takum coficteoM (§. Onxako,
COracHO %)), 3TO HCKMIOYEHO: Takoe caoftctBo (& Hukorna He umeer
MecTa, ero BepOsTHOCTh Beeraa pasHa 0. OnHoMepHoe MHOxecTBO I,
T. e. E=Py, (f|¢ll =1), onpenenser U oaHosHayHO, n ha}e Kak CO-
CTOSHHE @, T. €. STO TO CaMOe u3MepeHHe, KOTOPOE MOJHOCTLIO Ompe-
nelgeT COCTOAHME CUCTeMBI §, eciad OKasblBaeTcsd  yTBEPAUTE/bHEIM,
MpuYeM 3TUM COCTosHHEM OKkasniBaercs ¢ 178). Bce mpoune usMepeHus He
SBASIOTCA NMOJHEIMM M UX He XBATUT OJs ONpene/eHHss COCTOSHMS.

178} To ecthb ecau @ umeeT MecTo, TO cocrosHueM OyzeT ¢. Ecau XKe oHO
He MMeeT Mecra, To umeeT Mecto «He E», B CHIy Yero BMECTO E == P, M = [¢]
Boictynar 1 —E=1— PM, R — M = R — [¢], kOTOP™HIE HE OnpexneastoT U exun-
CTBEHHBIM 00pa3oM. (& kKak pa3 COOTBETCTBYET BONDPOCY: «3JTO COCTOsIHUE, €CThb JiH
OHO ¢?».) MaMepeHue, KoTOpOE IIpu NIOOOM UCXOJe ONMpejedsieT COCTOSIHHE OJHO-
3HAYHO, — 5TO HaMepeHHe Bejudunet $f, oneparop xoropo#l R obnamaer AMCKPET-
HBIM CHIEKTPOM ¢ MCKJIOUHTEABHO HPOCTEIMH COBCTBeHHMMH 3HaueHMsimy, cp. IIL 3.
Toraa nocae uaMepenus GyneT OCYLIECTBISTHCA OJHO U3 cocrosHnd ¢y, ¢ ..
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B o6weM cayyae Mbl noctynaeM ciaeaywouuM obpasom. OOGo3Hauum
BEJMYMHY, COOTBeTCTBYIOWYW cBoHctBy (§, Tamme uepes (§. Torpa U

noJjyyaetcs 3a cueT TOro, uro B adcambae [Sy, ..., Syl npuHaniexa-

wem U,, uamepsiercs (€, a 3aTeM Bce 9/7eMEHTH, IJ KOTOPHIX MOJYYEHO
- ’ ’

aHavenue 1, oObenunaorcs B aucaMGb onepatopa U (T. e.B [SI, SM] )-

Camo usMepenue cpofictBa (§ MOXHO npPOBOAUTL MHOPHMH PA3JMYHBIMU
cnocobaMu, HanpuUMep U3Mepss Kakyw-uuGyab apyryio Beauunny R, us-
BeCTHOH ¢yHkume#t KoTOpO# sBasercs cmoficto (§: & = F (M). Ecan,

HalpuMep, @5 @y, ... fABJAAETCA OPTOHOPDMUPOBAHHOM cucTeMOH, pacrta-
ruaiowelt W, a §;, ¢y, .., sBagercs coorsercrByoweh g R — M, To
cHCTEMA ¢, Pgs -+ +» $ps Pgy o .. pacTaruBaer MR —DM) =R, 1. e.
apagerca noaxofl. TIyets Ay, Ay, ..., Pys Pgr ... — [ONAPHO pas/HuHblE

BEIECTBEHHEIE YMC/Ia, 4 OMepatop R ONpeeseH NOCPEACTBOM
R (;l xn‘Pn_l_ ;ynq)n) = ;l )‘nxncpn_l_ ;l Pa¥n¥n

Onepatop R uMeeT, OUYEBHAHO, YUCTO AMCKPETHBIHA CHEKTP A, Ayy ...,
By Mo, oo+ C COOTBETCTBYIOIIUMH COOCTBEHHBIMH (YHKUMAMH @, @9, ...,
015 $q, ..., NpuYeM Bce COOCTBeHHBIe 3HAveHus npoctel. Ecan F (x)—
kakag-Hubyab QYHKUUdA, KJAS KOTOpOH

FQ)=1, F(p,)=0,

10 F(R) umeer aaa ¢, ¢ ... cOOCTBeHHOe 3HaueHue I, a 3Hauut, U
s moboro f uz M. B cayuae we ¢;, ¢y, ... COGCTBEHHHIM 3HAUEHHEM
6yzer O, a 3uaunur, u aaa awboro f ua R —I. Takum obpasonm,
E=F (R). Eciu R npunagaexut N, 10 rem campim § = F (M) u € -usme-
peHue MOXKHO uCTOAKOBaTh kak T-usmepenue.

B sTOM cayuyae MBl MOXEM BBIYMCAUTH, KAKkad CBA3b CYIECTBYET MeXAY
U,, U. TTocae R-usmepeHus xaxnpas cucteMa 0yieT HaXOAUTHCA B OQHOM
U3 COCTOAHHH ¢, @9, «.., Yy, $y, ... B COOTBETCTBHM C TEM, KAKOEe U3
aHadeHu#t Ay, Ay, ..., WBqo Po, ... OO OGHapyxeHo. OTHOcalmecs ciona
BepOATHOCTH OYyAyT PaBHE COOTBETCTBEHHO

Sput (UoPro) = (Ugrs ¢1),  Sput (UpPro) = (Ugy: 90)s - -
Sput (UpPy,) = (Ugd1s $1).  Spur (UoPry,) = (Ugdys o) -+ -

(cp. cooGpawenns us III. 3, cnpaBeaauBoCTE KOTOpHIX OblAa HAMM ycTa-
HOBJIEHA), JTO 3HAUMT, 4TO 9TH yacTh U, -aHcambias nepexonar B aHcamGau

(co6¢cTReHHBIX hyHkuMi onepatopa R), T. e., BooGlle rOBOpfA, H3MEPEHHE H3ME-
HSIeT COCTOfIHHE CHCTeMH S. AHaJoruyHo, G-u3MEpEHHE Takike H3IMEHAET COCTOA-
HHUE, TIOCKOJIbKY MOCJAE HEro B CJAyYae MOJOXHTENbHOrO pesyibTaTa OKa3hiBAaeTCH
U= P, a B clIyvae OTPHIATENBHOrQ pe3yJbTata, Hanpotis, U (1 —Pey=U,
UPM =0, 1. e. Up=0, Torza kak llepBOHAYaJpHO HH OIHH H3 3THX CJAyYaes
He OBl 06d3aTeabHBHIM. IJTO KBAaHTOBOMEXaHMUECKOE «OTHICKAHHe» COCTOAHHS,
TaxUM 06pa3oM, UIMEHAET €I, kak M CJSOBal0 OXKUIATh.
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Pioas Piogs «oos Py Piggps +- - Tlockoapky sHavenuio € =1 coorser-
ctByer H=2A;, Ay, ..., T0 U-ancamGab BO3HUKAeT NyTeM OOBEAUHEHUS
nepsofft rpymnel. TakuM 06pasoM, Haxonum

U= ; (UOCPn' CPn) P[(pn].

Hanee, xaxan#t onepartop P[@n] nepectaHosoued ¢ R 1), a moromy R

nomkeH koMmMytuposats U ¢ U. To ecth ecau U mepecranoBouHo He
¢ moOHM u3 OnepaTopoB R, MNOAYYalOLIUXCA YKA3AHHHIM CHOCOGOM, TO
HEKOTOPHE H3MepHTEJbHBE MPOUCAYPH (a2 NMEHHO Te, KOTOPHE OCHOBBI-
BalTCa Ha cooTserctBylomux R) uckmouaorcs npu npurotosaenun U
us Uy Torna mul snaem o6 U Goabme, uem TO, YTO OH BOSHUK MOCpEn-
crBoM (E-usmepenns. Ho mnockoasky U xak pas no/keH MPencTaBasTh
370 COCTOfHME HAUIMX 3HaHUM, TO MBI MOMBITAEMCS NMPUACPKHBATLCA CJe-
LYIOLIETO YCA0BUSA: ecau uMelorcs Takue U, 418 KOTOPHX He NPUXOIUTCH
UCKJ/I0YaTh HU OANOTO HM3MepUTe]BbHOIC Tpouecca u3 Beauuutsl &, 10 Mbl
okaxeM UM npeanoureHue. IlocMOTpUM MO3TOMY, CyIUeCTBYIOT au Takue U
H 4TO OHM cobolft mpeacraBasior!

Kax Mbl Bupeau, U pomxen OHJ KOMMYTHPOBATH €O BceMu R, noay-
YAIOIMMUCS YKasaHHbIM cnocolou. Orciona caenyet, uto RU¢, = URy, =
=U Q) =rU¢®,, 1. e. Up, asaserca cobcrBenHo# ¢ynxkuueld omne-
patopa R ¢ coOcTBenHbiM 3HaueHueM A, B cuay uero Up,==a,9,.
B uactuoctd, Ugy==a¢;. IlycTb 3anan npousBoabHef saeMeHT ¢ us N,
L4 KoToporo |l¢|| =1, Torza MoxHO Tak BHOpAaTh CHCTEMY @, @y, ...
ceos ¥y $gs .., uTOOH OBLTO @==¢, a moToMy /00oe Takoe ¢ ABJAAETCH
cobctentoft dpynkune#i U. Bce Takue ¢ 10/MDKHB TeM CaMbIM TpuHajJe-
XaTb OJHOMY U TOMy e coOCTBEHHOMY 3HaueHHI0. JleHCTBUTEALHO,
ecan Obl ¢ ¥ { NMPUHANJEKANM DA3JIUYHBIM COOCTBEHHBIM 3HAYEHUAM, TO

OHH AROMKHBEI Oblan Obl OBITH OpTOroHanbuel, Ho Toraa (Plj_—q" TaKXe
6na Onl coOCTBeHHOH QyHKuUUeH, rpuyeM, B CuUly COOTHOLUEHUH

(v-i—tP,(P) (o9 1

V3 VI OVs
(Bh )= L
V3 Vi V3

HEe OpTOrOHaJbHOM HM K ¢, HU K §, a mMOTOMY nOMKHA Oblna Obl mpu-

179y Hanpumep, Gnarogapsa
Plf =R U ) e)=(F %) R, =1, (£, 8,) %,

6yneM uMeTh
PloRE = (RS ) 04 =(F, Rey) 8, =D (£) 9) %
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HAAJICKATh TOMY K€ COOCTBEHHOMY 3HAUEHHIO, KOTODOMY NpHHanjexar ¢
u §, YTO HEBO3MOXKHO, MOCKOJABLKY MOC/A€AHHE NOJUKHBEI OBLAM OTHOCHTbCS
K pasanunpiM. CraenosarennHo, Uo==a¢ C ORHUM U TEM Xe . YcaoBue
lle]l =1 MOXHO, OYEBMZHO, OMYCTUTb, TaK u4TO Aaad JOOHX f uz M
OyneT uMeTb MecTO cootHouwenue Uf=af. Taxum oOpasoM, Bceraa
UEg=aEg, 1. e. UE=aE, wo nockomky U=UE, 10 U==qaE.
Hanee, U, E o6a nedunutns u == 0. [TostoMy a > O u, caenosareanno,
MOXKHO monoxuth U =FE, He uaMeHasl ero CyWECTBEHHbIM 06PasoM.

Ho stor oneparop U nAeficTBUTEBHO peluaeT MOCTABJACHHYK) 3a1auy
s moboro R, T. e. a1 mobOH cHCTEMBl ¢, @3 ..y $ps $or o0\, €CIH
tToaeko U, BeiOpano Hapiexawum obpasoM. Mumeuno, aag Uy=1 Oyzer

; (Uetns ¢n) Ple,) = ; ($as ) Plo,) = ; Ploy=Pa=E=U.

Tem caMmblM ycraHaBauBaetcss, 4ro U ==FE B cublc/ie HaOpocaHHOH Bhillle
nporpaMmel. MoxHO onpeneautb ¥ omneparop U, ecau nomycTuts, uTO
OH yuuBepcajeH, T. e. He 3aBucut Hu oT E, Hu ot R. XKenaemoe naercs
tTorpa onepatopoM U,==1, u 10a6k0 uM. Mmenno, M uMeeM

U 0m) =(Epm: ) = (¢ ¢m) =1,
Ulms m) =;(U0(Pn’ ) (p[‘pn]ﬁpm' CPm)=

:—.;(Uo@n' en) | @nr 012 = (Uo®pms Pm)s

u caenosatensto, (Uyey,, ¢,) = 1. IMockoabky moGo#t ¢ u3 M ¢ [[¢|=1
MOxHO BHIOpaTh 32 ®;, TO R0MxHO OHTe (Uyp, ¢)=1, a orciona caenyer,
yro nag Bcex f us P Oymer umets Mecto pasenctBo (Uof, f)=(f, f).
Ho sexr I mpoussosbHO, a MOTOMY 3TO COOTHOLIEHHE RO/KHO BHIIO/-
uaTbcA BooOwe aaA Bcex f. TeMm caMmbeIM nokasano, uro Uy,==1.

[TycTs naHb He 00s3aTEbHO ONHOBPEMEHHO yCTAaHABAWBAEMbIE, a/lbTED-
Harushple cBoficTa (¥, @. CornacHo HM3J0KEHHOMY BHIUE, BEPOSTHOCTb
TOr'0, YTO CUCTeMa §, OTHOCHTE/IBPHO KOTOPOH TOJBKO YTO YCTAHOBJEHO,
yT0 oHa OG.aanaer cBOHCTBOM (§, NpU HeMOCPeACTBEHHO C/AEAYIOLIEM H3Me-
penun 6yneT o6aazaTh u CBOMCTBOM F, naeTcs BepaweHuem Spur (EF)=

=Z(EF) (E, F sasasiorcs onepatopamu Beauuud &, §; nepsas dop-
MyJa cnpasenauBa, Tak kak U ==E, a Bropas B cuny E?=E, F?=F,
coraacHo 1. 11). BmpoueM, 5T BepOSTHOCTH OTHOcuTelbHEle, mpuyeM &
HYKHO CYMTATh (PUKCMPOBAHHBIM, a T MEpPeMEHHBIM; B TOM cayuae, KOrua

yncao Sputr (E)::Z(E):qucny uamepeHuli M okaspiBaeTCH KOHEYHEIM,
HX MOXHO HODMHPOBATb, Hedst HA 3TO YUCJO.
Buecto cBoficts (§, @ Mbl MOmeM paccMaTpuBath TaKke (QH3uueckue

Beauunnel. Ilycte My, ..., R, —onnospemenno usmepunble BeL14uHbl U,
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kpome Toro, nycte &y, ..., &, — TaKKe ONHOBPEMEHHO H3MEDUMbIE BeJIH-
uunel. VX oneparopamu nycts OyayT Ry, .... R; n Sy, ..., S, a pas-
JIOKEHUST eNMHULEL 1A STUX OMEepaToOpoB 0603HAYMM yepes E ()\) ()\)
wFy (), ..., Fy Q). Tycts, nazee, [ : M < A=), .., )\ <)\<)\,,
uo Jip<A=pl e Jdi gy <)\<p;’—-uHTepBanm u B ()=
=E MN)—E{® ;) , E. (l) E. ()\”) E. ()\) Fi(J)=F, (p;’)——
~— F(p) - Fi(J ) F (v ) F 1 (1) Bonpoc COCTOUT B CJEAYIO-
WEeM: nycTb iﬂl, ..., N; usmepenst B § n nycTh MX 3HaueHus NMONaA

B UHTEDBAJLI ]1, PRI Ij COOTBETCTBEHHO; CKOJIb BEPOATHO, YTO BEJIH-

upiel &, ..., &, NpU U3MepeHMH, HEMOCPEACTBEHHO C/eAYIOLIEM BCaen
3a MepBbIM, MOMALYT B MHTEpBAtb Jp, ..., J; coorBercTBeHHO? QUeBHAHO,
uro wano moaoxute: E=E (l}) ... E;(U), F=F;(Jp ... F (J)
(cp- €), §)), u Torna uckomo#f BeposTHOCTBIO Oyner

Spur (E,(y) ... E;(p) - Fy(J) ... F())=
=D (E () ... E;()-F () ... Fi()).

B sax/iouenne Hano eile pas BePHYTbCS K CMBICAY OOLIero ucxon-
Horo aucamb6as Uy,==1. Mm nonyyaeM us uero ancambae {J, paspenss
ero Ha ase vactu npu R-uamepenun. Ecan Gbl MBl He BBINOJHMIAWX 3TOrO
paspenenud, T. e. nposean On F-usMeperne Ha BceX ero 3JeMEHTAX,
a 3aTeM CHOBa O0O0beNMHWAM MX BCeX B OLHOM aHcamb/ae, TO MB CHOBA
noaydumn 6u Uy==1. B 3T0M MOXHO /erko yGenHTbCA WM OPAMEIM
BHIUMC/ACHHEM, WM BeOMpas L ==1; toraa coGCTBeHHBIE 3HAYCHHA A,
Ay, ... 1 coOcTBeHHble (QYHKUHH ¢;, @y, ... BBEINANAOT, a COOCTBEHHbIE
aHaueHus A;, Ay ... M coOCTBeHHBIE OYHKHHM @, @, ... OOPA3YWT
noaHyw cucteMy. Mrtak, x0T npu HekoTopHX o6crosreabcteax M-usme-
peHue ¥ U3MeHdAeT UHAMBHAYATbHbIE JJIEMEHTBHI, BCE 9TH U3MEHEHUs NOJDKHEI
B TOYHOCTH KOMMEHCHPOBATbCH, MOCKOJbKY aHcaMO/b B leJAOM HE uaMe-
Hsetcs. Brnpouem, 3710 cBOHcTBO xapaktepHo aas Uy,==1. [eHicTBUTEALHO,
ecau M7 BceX TOJHBIX OPTOHOPMHPOBAHHEIX CUCTEM @y, @9, ... HMEET

MeCTO COOTHOLUEHUE
0

znz‘l (UOCPn’ CPn) P['pn] '

1o U, mepecTaHoBOYHO ¢ Pp,), a Tak Kak 970 MoxeT ObiTh J10GOH P[@
10 3TO 3HAuuT, u4ro U, koMMmyrtupyeT ¢ MOOuM Py, [o|| ==1. Taxum
o0praoM, uMeeM

Uge == UProrp = PioUsp == Uy, ¢) - ¢

T. €. ¢ sasjserca cobGerBeHHod dyukuuelt U, Papenctso Uy,=1 cue-
AyeT OTCIofa B TOYHOCTM TAaKUM Ke 00pasoM, Kak BHIIIE H3 COOTBET-
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cTBylomnx coortsolleHu#t (¢ M u E smecto M u 1) mouayumaocs, uro
U=ELE.

B aucambae Uy=1, Takum oOpasom, Bce BO3MONKHBIE COCTOSHUs Ha-
Xoaatcsi B HauboJee DAaBHOBECHOM M3 BCeX BO3MOMXHBIX COCTOSHHH DaBHO-
BEGHS, M HUKAaKOe H3MepeHHe He MOXKeT ero USMeHHTh. g mobo#t mot-

HOH OPTOHOPMKPOBAHHOH CHCTEMBl @;, P9, ««. HMEET MECTO DPABEHCTBO
[ee]
2
Up=1= 2 Py,

MHBIMH cJoBamu, cMech 1:1: ... Bcex cocrosmuft ¢, ¢, ... Otciona
MBl 3akiouaeM, uto UJy==1 cooTBeTCTByeT OOHIYHOMY B CTapOH KBAHTO-
BOH TeOpud TEPMOAMHAMUYECKOMY JOMYIUEHHIO 00 «anpuOpHOH paBHO-
BEPOSTHOCTH BCEX NPOCTHX KBAHTOBBHIX opOuT». Taxoi aucambiae Oyner
HrpaTh BAXHYI pOJAb U B HAWIMX TEePMOIHMHAMUYECKHX PACCMOTPEHHUSX,
KOTOPHIM NOCBsLIEHBl Clelyloliue HuKe naparpadut.



FTITABA V
OBILEE PACCMOTPEHHE

1. Uamepenue u 06paTHMOCTD

YTO NpPOUCXOZMT €O CMECHIO €O CTATHCTHYECKUM omepartopom U, ecau
B Hell uaMepsieTcs Kaxasa-uuGyip Beauunna R ¢ onepatopom R? (Ilox
uaMepeHneM B aucamOje Mbl TOHUMaeM 3lech UaMepenue BeiuyuHb R Ha
KaxX/aoM 3JEMeHTe aHCaMGJd ¢ MOCJAenyouMM OObeaUHEHHEM NOJNYYEHHBIX
B pe3yabTaTe ITOr0 U3MeDeHUS] OTHE/bHBLIX CHCTeM CHOBAa B OJUH aH-
cam6ab.) Ha nocramienHB#i BOMpOC MOXHO OTBETHTh B TOH Mepe, B Ka-
KOH# 3TOT Bompoc BooOLIie NOMYCKaeT OXHO3HAYHHIH OTBET.
Bo-nepBeix, paccMoTpuM cayuaff, xoraa R uMeeT YMCTO AHUCKPETHBIH
H HeBEIDOXKIEHHHH cnekTp. IlycTh ¢, @y, ... —I110MHAT OPTOHOPMHPO-
BaHHas cCHCTeMa COOCTBEHHBIX (QYHKUMH, a Aj, Ay ... — COOTBETCTBYIOLLKE
UM coOGCTBeHHEIE 3HAYeHHst (MO MNPenrnoJOXKEHUIO BCe OTJUYHBIE APYT OT
apyra). Ilocae H3MepeHHS BO3HHUKHET Clelyiollee MOJOXKEHHe Bellel:
B noxe (Ug,. ¢,) ucxoaHoro aucaména peanumia R OGyner umerb 3Ha-
uenne A, (=1, 2, ...). Dra noas obpasyer Torma aucaMGib, B KOTO-
pom R umeer sHauenue A, ¢ poctosepHocThio (M. B IV.3). IroT au-
caM0/b HaXQAMTCA B COCTOAHMH ¢, € (MPaBUALHO HOPMUDOBAHHBIM) CTa-
THCTHYECKUM ONEpPaTopoM P[?n]. CoOupast 3T nopancaM6au, Mb MOMYYUM,
TakuM 00pas3oM, CMeChb CO CTATHCTHYECKHM OTepaTopoM
: =)
U'= 2 (Ugy ,) P,
n=1 on
[Tycte Temeps R 00najgaeT UHMCTO AMCKPETHBIM CHEKTPOM, 3 ¢y, $gs o« 4
U A, Ay ... HMEIOT MNPEXHHH CMBICJ, 3a MUCKJKOUEHMEM JHLIb HEBLIPOMK-
NEHHOCTH, T. €. Cpelu A, MOryT ObITb PaBHBIE APYr APYry coOCTBEHHHIE
suaueHuss. Torma npouecc H3MepeHus He ONpele/eH OLHO3HAYHO (Kak
yke Owo, Hanpumep, B cayuae (€ B IV.3). leHicrButennuo, mnycTb
g MBo» ... — PA3JAMUHBIE BEIIECTBEHHEIE YHCJA, & S — omepaTop, COOT-
BETCTBYIOLUHH @1, Qs + o M Pys [ ... IlycTs 5TOMY Oneparopy oTBe-
yaeT BeaununnHa &, OnpeneauM ¢yukuuiwo F (x):

Fp=p, (@=sl, 2, ...,
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roraa F(S)==R u, 3uauur, F(&)==N. Taxuu obpasom, usmepenne &
MOXHO paccMatpusarh kak usMepenue . D10 npespawaer oneparop U
B onepatop U’, onpenenenHbit Bhime, npuueM U’ He saBucut oT (cO-
BEPILIEHHO [POU3BOJBHBIX) Py, b9, ».., HO 3aBUCHT OT @;, @y, ..., XOTA
31U coOcTBeHHble (QYHKUMM, B CHAY KPATHOCTH COOCTBEHHBIX 3HaueHu# R,
He OMpene/sioTCs eXMHCTBeHHHIM o6pasoM. B IV.2 Mm ycraHOoBuIH, OCHO-

BhBaAch Ha 1.8, 4T0 MOXHO CKa3aTh OTHOCUTENBLHO ¢y, @y, ...: HYCThb
A, ¥, ... -—pasauyHble COGCTBEHHBIE BHAuYeHHA CPELU Ay Ay, ..., MYCTh
9)? ﬂ)l ... — MHOXecTBa f, YAOBAETBOPAIOLIKX ypasHeHuaM Rf =
——)\’f Rf—-)\”f. ... Tlycts ewe Ypu Ygr -+ +» Xy» Xg» +++» +- - —TPO=
U3BOJbHEIE OPTOHODMHPOBAHHBIE CHCTeMBI, pacTsrusalomme Iy, Wy, . ..
c00TBeTCTBEHHO. COBOKYMHOCTD BCEX X1s Xg» + - +1 Xp» Xg» +++» -+ OOpasyer

Toraa camyio o6y CHCTEMY ¢, @, ... TakuM oGpasom, U’ moxer
B 3aBUCHMOCTH OT BhiGOpa @&, T. €., COGCTBEHHO, B 3aBUCHMOCTH OT BbI-
6opa usaMepuTeabHOM MNpoLERypH, HMeTb BHUI JIOOOr0 BHIPAXKEHUS TUMA

A 3TO BbIpaXeHHe ONHO3HAYHO JHUIIL B OCOOHIX Cayyasx.

Vkawem Ternepb Tako# ocobmifi cayya#l. Kaxnpoe otnenpnoe ciaraemoe
JO/KHO B STOM cjaydae ObITh OJHO3HAyHHM. TO ecTh Ajag kawporo cob-
CTBEHHOro 3HaueHus A, ecam N, O3HauaeT MHOKECTBO f, YIOBJICTBOPAIO-

wux ypasueuuio Rf==Af, cymMa Z(an, Xn) P[z,] AOMKHA  MMETH

ONHO M TO Xe 3HAaUeHMEe NPH aH06OM Bu6ope OPTOHOPMHPOBAHHOH CH-
CTEMBl Xq, Xg» - - .» HA KOTOPYIO HaTarupaercs I,. Hasosem a1y cymmyV,
TOrAa HOC/AOBHOE TOBTOpeHHe paccyxnenua H3 IV.3 (tam Toabko U,
U, M napo samenuts Ha U, V, M) nokaswBaeT, uTO AOMKHO GHTb
V=0Py, (cx— KoHCTaHTa, > 0), a 3710 TpeGOoBaHHE SKBHBAJCHTHO
cnpasegausoctu pasenctsa (Uf, fy==c,(f, f) aaa moGoro f us M,.
Mockoabky oTH f C€OBNAgaldT €O BCEMH P,mkg 1aa MOCHX g, TO MH
TpebyeM '
(UPw,g. Png)=cr(Png: Png)

(P, UPn,g. g)=01 (P’mxg’ g)

Py UPp, == c\Py,

T. €.

s moOBIX COOCTBeHHBIX 3Hauenu# A onepatopa R. Ecau xe 310 ycao-
BHE, KOTOpDOE, OYEeBUIHO, CHABHO orpauuyuBaeT U/, He BHNOJHAETCH, TO
pasiuuHLe MPOLENYPHl M3MepeHHs ZeflcTBUTEIbHO MOryT npeoGpasosatsh U/
B pasauudste U’. (TeM He MeHee, UCXOAs u3 TEPMONMHAMAUECKHMX MpPHH-
uinos, B V.4 Mpl CMOXMeM B OOIIEM cayyae CKasaTh elle KOe-uTO OTHO-
cutenbno pesyabrara R-usmepenus.)

17*
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B-tpeTbux, nycTh R BOOGILE HE UMEET YHCTO NUCKPETHOrO CNEKTpa.
Toraa, B coorsercTBrH ¢ II1.3 (uam IV.3, xputepu#t I.), cOOTBETCTBYyIO-
Ilasg BeJIWYHHA He MOXeT OLITb H3MepeHa C abBCOJIOTHOM TOYHOCTDLIO,
a N-uaMepenus ¢ OrpaHHyeHHOH TOYHOCTBIO, KAK YKA3HBAJAOCH MO ITOMY
MOBOAY BHIllIE, PABHO3HAYHH H3MEPEHHAM HEKOTOPHX BeJMYHH C YHCTO
JHCKPETHBIM CIEKTPOM.

Jlpyroit Tun BO3AEHCTBHH Ha MaTepuaJbHYI0 CHCTEMY, — B MNpPOTHBO-
NOJOXKHOCTh Pa3pbiBHLIM, HEMPHYHHHLIM U MFTHOBEHHO NEeHCTBYIOILUM 3KCIe-
pHMeHTaM HWJIH H3MepeHHAM, — MpEencTaB/AfeT HAM BpeMeHHOe auddepeH-
udanbHoe ypasHeHue Llpexnuurepa. 310 ypaBHeHHe OMHCHIBAET HENpephLIB-
HOe M MPHYHHHOE H3MEHEHHE CHCTeMbl C TeueHHeM BPeMeHH, eCJH TOJbKO
M3BECTHA ee MOJHAaA Heprus. Iaa cocTosHU#H ¢ 3TO ypaBHeHHEe HMeeT BUJ

(Z1.) B = — THQP,.
rae H — onepatop 3HeprHH.

Ilns craTHCTHYECKOTO onepatopa cocrosuus ¢ Uy== P[, 370 ypas-
HEHHe HaeT HaM

(37 V)1 =5 UD=3 . 2050 =

(f, —37%) e 9) o o=

|

=—-(f, —2,?- Hc?:) o —(fs @) 3,?— He, =
= 2L (. 00 9— (. 9) - Ho)=ZL WH—HUy .
(Z2.) % Up= E'Z‘l’ (UH —HU).

Ecau ke U;—muHe cocTofHHE, HO CMeCb MHOTMX COCTOSIHMH, CKaxeM
P[?(l)], P[?(z)], ... C COOTBETCTBYWIUWMH BeCaMu wW,, Wy, ..., TO OH
t t

HO/KeH H3MeHATbCA TaK, Kak 3TO CJaeiyeT M3 H3MeHeHuH OTjae bHBIX
P[?m], P[?(g)], ... CknanpiBag COOTBETCTBYWOLMe YpasHeHus Za., NpH-
¢ ¢

XOJUM K BHIBOLY, 4TO Zp, MMeeT MecTo Takxe u aiaa aroro U,. Ho Bems
Bce U #ABAAIOTCA HJH CMECAMH TaKOro THNA, WJIH XKe HX [pele/bHbIMH
cayyasMu (Hanpumep, Jwb6oe U ¢ koHeuHniM SpurU saBaserca Takoft
CMecCbl0), MO3TOMYy MOXHO 00DBABUTL Z3, CHpaBelJIMBLIM Bcerja.

B Z,., xakx u B puddepeHunasbHoM ypaBHeHud Ulpepunrepa Zj.,
H moxer, kpome Toro, 3aBuceTb OT £. Eciu ke 3TO He Tak, TO MOXHO
IaTh fIBHHE pelleHHs, a3 UMeHHO Aad Zi., KaK MBI YyXKe 3HaeM,

’ _ 2 ‘H
(21.) o=e * o
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a naa Zs. )
i 2l £H

(Zé) U, =e‘Tt-HUOeT )

(Jlerko NpoBepUTb, YTO 3TH BbLIPAXEHUS ABAAIOTCA pElICHHAMH, @ TaKxe
YTO OHHU CJeJylOT OLHO U3 Jpyroro. $ICHO TakXe, YTO MMeeTCs JUllb
OJHO pellleHde NPU 3aZAHHBIX Ha4YaJbHBIX 3HAYEHUAX @, HJIH COOTBET-
creenio Uy nuddepenuuanpusie ypaBHeHus Zi., Z2, SBAAIOTCA Belb
ypaBHEeHMAMH NepBOro mnopsaxka no tf.)

Mrak, Mbl npuliau K OByM (QyHIAMEHTaJAbHO pPa3/HYHbIM TuUMaM BO3-
geficTBuM, KoTophie MOryT ObiTh OKa3aHbl Ha cuctemMy S uad ancam6.b
[S;. ..., Syl Bo-mepsuix, 370 — npou3BOAbHEIE H3MEHEHHS, BbI3LIBaeMble
U3MepeHUAMU, KOTOpble mepenailnrcs ¢opmy.o

(1.) U—U' =2 (Usn a)+ Pqy
n=1 n
(¢;» @9: ... —TONHAA OPTOHOPMHPOBAHHa# CuCTeMa, Cp. Bbiwe). Bo-BTO-

pHIX, — @aBTOMAaTHYECKHE H3MEHCHHA, Bbi3biBaeMbl€ TEUCHUEM BpeMeHH, KO-

TOpble MepenalnTcs Gopmyaoh
i 2l

2.) UsU,—e &' Nyet

(H — onepartop sHepruu, ¢ — Bpems; M He 3asucur ot f). Ecam H sa-
BHCUT OT f, TO Hano pa3buTh paccMaTpuBaeMbift HHTEpPBal BpEMEHH Ha
MaJble HHTEPBaJbl, B KaXIOM H3 KOTOphiXx H He H3MeHAeTCH — WJH XKe
U3MeHsAeTC JHlb OYeHb CJaa00, —H TNPUMEHHTb 2. K 3TUM OTJHEJbHBLIM
gHTepsaiaM. Cynepno3uuus NpuBeseT TOrAa K OKOHYaTe/IbHOMY pe3y.IbTaTy.
Ham caeayer Temepn 6o0Jjiee metanbHO pa3obpaThCcid B 3TUX JBYX TH-
nax Bo3nefCTBUH, B HX NpuUpone H B UX OTHOLUCHUH APYr K Apyry.
ITpexpe Bcero nopasutenbHO, 4TO 2. NONYCKaeT (B yKa3aHHOM BbhILle
CMbIC/I€) BO3MOXKHOCTb 3aBHcUMOCTH H oT BpemeHH, Taxk uTO, COOCTBEHHO,
Hago Onlo Obl 0XUAATh, 4TO yixe 2, OyleT 10CTaTOYHO, YTOOBI OMUCATDH
BO3LEHCTBHE, BLI3LIBAEMOE H3MepeHHeM: Belb (U3HYECKOE BO3neHCTBHE
He MOXeT ObITb HHYEM, KpPOME KaK MpOU3BOAALIUMCA BpeMSi OT BpeMeHH
BKJ/IIOYeHHeM B Hab/a100aeMyI0 CUCTEMY H3BECTHBIX SHEPreTHUeCKHX CBfA3eH,
T. e. BBedeHHeM HajJexawe#t (nmpeanucaHHoft Habmonatesnem) BpeMeHHON
sasucumoctd H. TTouemy ke B TakoM CJ/yyae HaM HYXeH NJ8 H3MepeHus
ocobuit mpouecc Z.? IlpuunHa COCTOMT B C/IEAYIOLIEM: NPH HU3MEPEHUU
MBI HE MOXeM paccMaTpuBaTh cHcTeMy S caMmy no cebe, HanpoTHB, 1A
TOro, yro6bl MPOCAENUTh AHAAUTHYECKH ee B3auMONEHCTBUE C H3MEPUTE/Nb-
HWM annapatoM M, Hano paccMatpuBaTh cucTeMy S— M. Teopus usme-
peHus fBJASeTCd YTBepXIeHHeM OTHOCHTeAbHO S-+ M, oHa jponmxkHa onu-
ChIBaTh, KakuM 06pasoM COCTOsAHHe § CBA3aHO C U3BECTHHIMH CBOMCTBaMH
cocrosHuit M (a UMEHHO ¢ TNOJOXEHHAMH M3BECTHHX CTpPe/NOK, TaK Kak
HabanaTeab OTCYMTHIBaeT no HuM). Kpome Toro, kaxercds B HEKOTOpOH
Mepe NMPOU3BOJBHLIM, HE HAXO AU BKAQYMTb B M ¥ camoro nalaonatens

t-H
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M He NMOCTaBUTH JU HA MECTO 33BUCHMOCTeNl MeXn1y cocTosHuaMH S # no-
JOXeHHsIMY cTpeJiok M 3aBUCHMOCTH MeXIY COCTOAHMAMH S M XHMuue-
CKMMY M3MEHEHMSIMH B €ro a3y WJH laxe B ero Mo3ry (T. €. TeM, uTo
OH «yBHAEI» HIH <«BOCHpHHsA»). B VI.1 MH wuccaenyem sToT BOmpoOC
nogpofuee. Taxk wayu uHave, pedb MOXET NOHTH, CAeNOBATE/bHO, JHLIb
o npumetennu 2, x cucreMe 8- M. [Ipapna, nago OyneT eumle NOKasaTh,
yTO 3TO naeT #ad § TO e CaMoe, uUTO M HENOCpeiCTBeHHOEe NpHMeHe-
e 1. k §. ToabKO JHIIL NOCAEe TOTO, KAK STO YHACTCH, MEl JOCTHUTHEM
eIHHOr0 cnocofa OMUCAHUA (PU3HYECKOTO MHpPa Ha KBAHTOBOMeXaHHuecKO#
ocHoBe. Mpbi oTvokuM 0fcyxneHue 3TOro Bompoca xo VI.3.

Bo-BTophix, oTMeTHM B cBA3M c [., UTO, Kak MBH HEOJHOKDATHO yKa-
3HBaMM, M3MepeHWe, B cMucae J,, LOMKHO OHTb MIHOBEHHHM, T. €.
JOJKHO NPOBOAUTLCHE B CTOJb KODOTKMH TNPOMEXYTOK BpEMeHH, YTOOH
usMeHenne U, ofycaosieHHoe 2,, He Orulo Om emle 3ameTHo. (Ecau Ou
MH 3aXOTeJH NONPABUTE PESYALTAT, BHUKCIsS weMeHewHu#t U, ¢ no-
Molpl0 2., TO BCe paBHO OB HHUCTO He BBIILIO, — Begb 4TOOH npube-
FHYTh K KakoMy-au6o U, Hano sHaTh f, MOMEHT H3MEPEeHHMH, TOYHO, T. €.
IJIMTE/LHOCTL W3MEDEHHs] BCe DAaBHO JOMKHA Ouia O 6HTH KOPOTKOM.)
OjHako Takoe TpefoBaHME COMHHTEJBHO B CaMOM mnpuuuune. Beir xo-
pOLIO H3BECTHO, YTO CYLIECTBYeT BeJHUMHA, KOTOpas B KJacCHYECKOH
MeXaHHKe KaHOHMYEeCKH CONpsiKeHa BpeMenu: sHeprus 80). TTosTomy MOXHO
OXHI4Th, UTO 1/ KAaHOHHUECKH CONPSIKEHHOM mapbl BpeMs — SHEPrus
IO/MKHB  CYLIeCTBOBATH COOTHOIIGHHS HEONpPeNeNeHHOCTH, AHAJOTHYHHE
COOTHOIUIRHHSAM HeONpeseqeHHOCTH [ Naps JAexapToBa KOOpAHHATA —
umnyasc 181). CrenmanbHas TeOpHA OTHOCHTEJLHOCTH TaKXKe NOKa3HBAeT,
YTO [OJKHE CYUIECTBOBaTb JajleKO WAYIIAS aHAJOTHA: TPH NPOCTPaH-
CTBEHHble KOODIHMHATH M BpeMs 00pa3yloT 4-BeKTOpP TOHHO TaKHM Xe
06pa3oM, Kak 4 TPH NPOCTPAHCTBEHHHX HMNyJAnca W sHeprus. ITogobHoe
COOTHOLIEHHE HEONPENeeHHOCTH 03Hauano Obl, 4TO HEBO3BMOXKHO OHeHb
TOYHO H3MEepHTb DHEPrHI0 32 OYeHb KOPOTKHH MNPOMEKYTOK BpPEMEHH.
Jle#CTBUTEILHO, MOXHO OXKHIAaTh, 4TO MeX1y OMHOKOH H3MepeHHd &
i TPOMEXYTKOM BpPEMEHH T CYILECTBYeT COOTHOIUEHHe BHIA

st~ h.

dusnueckoe paccMoTpeHHe, aHaaornuHoe nposeaeHHoMy B III.4 aaa p, g,
IefCTBUTENILHO NPHBOAMT K 3TOMY pedyibTaty 181). He Bxois B mertanu,
MH PaccMOTDHM CJyua#l CBeTOBOTO KBaHTa. Heonpene/MeHHOCTb B €ro sHep-
THW 8 paBHE, B CWJIYy ycaosis uactor bBopa, k-KparHo#t HeompeneneH-
HOCTH B uacTore: BAv. Ho Av, xak moxasaHo B npum. ') na crp. 182,

180) Jro cOOTHOWEHHE MONKHO HaliTh B MoGOM yueOHuKe waaccuueckol (ra-
MHJIbTOHOBOM) MEXaHHKH.

181) CooTHOmEHuUs! HEOTIPEeAE/IEHHOCTH LISt APH BpeMst — sHeprus HeoAHOKpaT-
HO 06¢yxnaanch. Cp. uaaoenue pesyibTatoB y Heisenberg a B Die Physika-
lischen Prinzipien der Quantentheorie, § II. 2. d., Leipzig, 1930. (Pycckui nepe-
o Fetise 6 épr, Pusnueckne NpHHIMIE KBaHToBOM Teopuy, [ TTH, M., 1932.)
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B JIyullleM cayuae paBHO oOpaTHOM BeanuuHe BPeMEHHOM MauTeabhocTy 1/z,
TaK 4TO €2, @ [IIA TOro, UTO0H MOHOXPOMATHUYHOCTh CBETOBOIO

KBaHTa Morja cebs NPOSBUTL BO BCeM HHTepBale T, H3MepeHHe JOJIKHO
NPOCTHPATHCA HA BeCb STOT HHTepBad. Cayuaft cBeTOBOTO KBaHTA Xa-
paKkTepeH, TAaK KaK aTOMHHEe YPOBHM SHEPTHHM ONPeneldiorTcs, KaK npa-
BUJIO, M3 YacTOT COOTBRTCTBYIOLIMX CHeKTpaabHHX JauHu#t. [lockoabky
sHeprus BejeT cefs TakuM 00pa3oM, MOXHO NPenoJOMHTb CYIIeCTBOBA-
HHE 3aBUCUMOCTH Me1y TOYHOCTbIO H RJMTEJbHOCTbIO M3MepeHHs W 1JA
npyrnx Bemnuud SR. Kax ke nocie storo MoxHo Obino GHl ONpaBnath
Haule JONYyIIEHHe O MOMEHTANLHOM M3MepeHHH?

[pexnae - BCero caenyeT COTJACHTLCH, UYTO 3STO BO3PaeHHe Hampa-
BJIEHO TMPOTHB CYLIECTBEHHOTO HENOCTAaTKAa, B CYIMHOCTH I'/1aBHOrO Helo-
CTaTKa, KBaHTOBOM MeXaHMKU! NPOTUB €e HepeasTUBUCTCKOrO Xapakrtepa,
BELIEASIONIET0 BpeMst { MO CPaBHEHUIO C TPeMsl NPOCTPaHCTBEHHEMH KOCD-
IMHAaTaMK X, ¥, 2 M TNPHHUMAOLIero npeacrasiedne 00 06bekTHBHON
ONHOBPeMeHHOCTH. JleficTBUTENbHO, B TO BpeMss Kak BCe OCTajlbHHIE Be-
AMYMHH (B Y4CTHOCTH, KOODIMHATH X, Y, Z, TeCHO CBs3aHHHeE ¢ f mpe-
ofpasoBaHueM JIopeHTHA) H306paXkalOTCA OMEpPaToOpPaMu, BPEMEHH, Kak
¥ B KJacCu4ecKo# MeXaHuKe, CONOCTAaBAsieTCs OOLIYHHIA uMCaeHHBIH mapa-
metp £. Wam ke: cucTeMma, cOCTOSIIAs M3 IBYX uacTHL, 00JanaeT BOJHO-
BO# GyHKIHEH, koTOpas 3aBHCHT OT 2 X 3 == 6 MPOCTPaHCTBEHHHX KOOP-
JAMHAT, ¥ TOJMbKO JHIIb OT OLHOTO BPEMEHH f, XOTA, B CHIY npeoOpa3oBanus
JlopeHTiia, xenateabHo OO0 OH MMeTs j1Ba BpeMeHH. C 9THM HepeJs-
TUBUCTCKHM XapaKTepOM KBaHTOBON MeXaHMKu MOrJI0 Owijio O ObiThb
CBf3aHO M TO OOCTOATeNLCTBO, UTO MH MOXKEM MIHODHDOBaTb ecTecTBel-
HEHl 3aKOH MHHHMAJ:HON AMMTENLHOCTH M3MepeHus. ITO — pasdbsicHeHHeE,
HO OTHIOAb He panocTHoe!

BoJee TOUHOE HCCMeNOBaHHE STOrO BONpOCa MOKa3blBaeT Mex1y TeM,
YyTO CHUTYauus BCe Xe He Tak maoxa. JeficTBuTenbHO, YTO HaM Ha CaMoM
Jene HYXKHO, 3TO COBCEM He Maaoe BpeMmsi £, HO JUWEL Mandfl ero shdext
npu Buiuucaenun BepositHocth (Ue,, ¢,) — M, 3HauuT, npu 06pasoBaHum

oo
cymme U’ = 21 (Uen, ¢n) Pg,] — HE3aBHCHMO OT TOrO, HCXOIHM JH MHI
n=

SEen, Zhin
us camoro omeparopa U wmm we us Uyj=e * ~Ue® ., B cuay
COOTHOLIEHHS
2l 2zl 2z 2nl
BN T PR ) ( LR LLLIPRY )
— [ —
(Ugpns op) == (e Ue Pnr Pn)=\Ue # Ppr €1 @n/o

9TOT Pe3y/abTAaT MOKET GHTbL LOCTHIHYT C NOMOIIBI0 TAKOro MameHenus H
2nl

BO3MylIalOMmEN SHeprHell, IPH KOTOPOM € # @, OTAHYATOCh O OT @,
JMIIb H3 MOCTOAHHHHA MHOxuTeAb MOxyas 1. 35710 sHawHT, 4TO COCTOfA-
HHE @, AOJDKHO OCTaBATBCS IOJ BAMAHHEM 2, B CBOefl CYUICTBEHHOH
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YacTH MOCTOSIHHBIM, T. €. HOJKHO OBITb CTAUHOHapHHLIM COCTOSIHHOM| WM
ke He, IOMKHO paBHATLCA HEKOTOPOH BEIeCTBEHHON KOHCTAHTe, YMHO-
KeHHOH Ha ¢,, T. €. ¢, HOMKHO OuiTb coOcTBeHHo# ¢yukune#t H. Ha
NepBLfl B3LASL Takoe H3MeHeHHMe onepatopa sHepruu M, Opu KOTOPOM
co6cTBeHHHe (YHKUMM oOnepaTopa R CTaUMOHapHH M, CJ1eL0BATe/bHO,
ABJAIOTCH TakXKe coOcTBeHHuMH ¢yHkuusmu H (1. e. R, H nepecrano-
BOYHH), HE KaxerTca mpaBaononoOHeIM. Ho Ha camoM JOene 3TO He TaK,
MOKHO Jaxe yOenuTbCf, 4TO THIHYHOE H3MEPHTENLHOE RNpucnocobaeHue
npeanoJaraeT Kak pa3 M3MeHeHHe Takoro copra B H.

Je#ictBuTebHO, J1000€ H3MepeHHe 3aKaHuMBaeTCs TEM, UTO CBeTOBOH
KBaHT M/AH wacTua, oOjajaomas Macco#, HMCINYCKAlOTCs C UBBECTHOH
sHepruefl W B M3BECTHOM HampaBJeHHH M NOCPENCTBOM CBOMX XapaKTe-
PHCTHK, T. €. CBOMX HMOY/IbCOB, BLIPAXMAIOT Pe3yabTaT M3MEPEHHdA; HIH
ke TeM, HTO 4acTuua ¢ maccoi (Hanpumep, cTpeJKa Ha Likaje) IPUXOJHUT
B COCTOSIHHE TMOKOA ¥ €€ AeKapTOBH KOOpJHMHATH JaloT Pe3yJbTaT H3Me-
pennsa. MTak, 11 CBETOBOrO KBAHWT4 3ajaHvI0 W3MEPAEMOH BeJHUMHH
9KBHBAJIEHTHO, NOAb3YAch TepmuHoaoerueft III. 6, samanue toro M,, nas
kotoporo M, =1 (Bce ocramwHuie ==0), T. e. 3agmaHHe B3HAuUEHUH# Bcex
M,, M,, ...; nas BHAeTaOWeR HaCTHLE C Maccoft — 3ajaHue Tpex KOM-
noxent uMmnyinca P*, PY, P? a B ciyuae nokosme#ca yacTHiH C Mac-
CO#t — 3alaHue TpeX €e NeKapTOBLIX KOOPAMHAT X, ¥, Z, HAH Ke, NOJb-
ayace ux oneparopamu, QF, QY, Q°. Ho usmepenue Oymer neftctsH-
TeJAbHO NPOBEJEHO JHIUbL TOra, KOraa CBeTOBOM KBAHT WJM 4acTHIa
¢ Maccoft neHCTBUTE/NLHO YJeTAT «NpOuL», T. €. KOrjaa CBETOBOH KBaHT
He mopBepraercsd §OJbllle PUCKY OBITh MOTJOLIEHHBIM WJIM KOraa 4actTHua
€ Maccolt He MOKET yme 0OJbLIE OTK/IOHATHCH MOTEHLHANLHBIMH SHED-
THSAMH; MK 2Ke KOTJA MNOKOSIAACAs YacTHLA € MaccOl JefCTBUTELHO
noKouTcs, 1 4ero HeoOxonuma Gouneluas macca !8?), (Tlocaennee He06-
XONUMO YKe B CHIY COOTHOIICHHH HEONpeneneHHOCTH, NOCKOIbKY CKO-
pocTs no/mkHA ObTh GiM3ka x 0, NOSTOMY ee aucmepcHs maja, XOTd ee
NpousBejeHHe Ha MacCy, — UMNYJAbC JO/KEH, M3-3a MajJOf pucCHepCHH
KOoopauHaT, o6aanats OoablION gucmepcuefl. B neficTBUTELHOCTY CTpeJKi
SIBIAIOTCA MAaKDOCKONWYECKHMH 00bEKTaMH, T. €. OHH OrpoMHH.) lanee,
oneparop sHeprid H, NOCKOJbKY OH HMeeT OTHOIIEHHE K CBETOBOMY
KBaHTy, umeet, corjacho lII. 6, Buz

;:1 ho - M+ 3 Y, wZ;(VM,,—}— i '<M,j:fwn+1>+

j=1 n=1
_— k—>7j
VA ()

182y Bece ocTagbHEIE MNOAPOGHOCTH H3MEPHTENLHONO IPHCHOCOGJAEHHS OTHO-
€ATCA JuIIb K CBA3H Beauduus S, KoTOpas COOGCTBEHHO ¥ NPENCTABJSAET MHTE-
pec, Wi ee oneparopa R ¢ yxasaHHHIM Bulme M, uin P*, PY, P* uau QF,
QY, Q?. KoueuHo, mpaxkTHYecKH HMEHHO 9TO SBJAseTCA HanGoJee BawHO# cTO-
POHOH H3IMEPUTEAbHOH TEXHUKU.
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B ciyuyae ke 00OHMX NPUMEPOB YaCTHIL C MAaccOoi — 3TO

PY+EYEY Ly e, v, @)

(m — macca, V — noreHuuanbHas oHeprus). Hawm xpurepuun Oyayr
TJaCHTh, UTO W}, NOMKHE 00pamatbCi B Hylb WM ke uTo V' 10/1KHO

OblTb NOCTOSHHO, WJAH M€ LTO m JOMKHO OHITH OYeHb Beauxko. Ho 3To
KaK pas ¥ NpMBOJUT K ToMy, uto M, wau P*, P¥, P? wm Q*, @, ¢
HauMHAIOT KOMMYTHPOBaTh C yKasaHHHIMH H.

B sakmoueHue caeayer NOJYEPKHYTb, 4TO «Ae/aHHE CTaUHOHADHBIMU»
COOCTBEHHO HHTePEeCYIOUHX HAC COCTOAHHM (3&Cb 3TO ¢y, Py, ...) HUIpaeET
POJb TaKXKe M B OPYTHX OTIenax Teopetuuecko#t ¢usuxu. [Ipexnonoxe-
HHE O BO3MOXHOCTH NPEPHIBAHAS XUMUUYECKHX peaKuHil (MX «OTDaB/ICHHA»),
KOTOpOe 4acTo HeoOXOgMMO B  (DH3HKO-XUMHUECKHUX «MLICJACHHHIX SKChe-
pPHMEHTAX», MMeeT MMEHHO Takyl npupoxy '83).

Iisa Bo3meficteus J. u 2, OTJIMYAIOTCA APYr OT Apyra ¢pyHpames-
TalbunM 06pasoM. To, uTo 06a OHM MO (popme OXHO3HAYHH, T. €. MpH-
YUHHE], He CYLEeCTBEHHO: JefiCTBUTENbHO, TaK KaK MHl DaccMaTpuBaeM
CTaTHCTHYECKHE CBONCTBA CMecelt, TO He YAHBHTEIbHO, uTO J000e H3MeHe-
HHe, Ja}Ke eC/u OHO CTATHCTHYECKOe, NPUBOJHT K NPUUHHHOMY MUBMEHEHHIO
BepOATHOCTEN M MaTeMaTHuecKHX OxuiaHuit. Beib uMeHHO no 3TON mpu-
YHHe M BBOJAT CTAaTHCTHuYeckHe aHcamMbaum H BeposTHocTH! Ouenp cyme-
CTBEHHO, HampoTUB, TO, 4YTO 2, He NpPUBOOMT K YBRAHUEHHIO Cylue-
crayomeft B U craTuctuyeckofl HeompeneeHHOCTH, Toria Kax I. npu-
BOJUT K TaKOMY yBeJudeHHIO: 2. MEePeBOLHT COCTOSHUA B COCTOSIHUSA

(Pm 8P om, )
[e h q:]

a 1. BOOJHE MOXET TMepeBecTH COCTOAHHE B cMech. B 9TOM cMmIcie
MOXHO CKa3aTh, 4TO 3BOJIOUHA COCTOSHUS corjacHo I, sBiseTcd cTaTi-
CTHUECKOH, a corjaacHo 2, — NpHUHHHOM.

Ianee, npu ¢uxcuposaHHux H u £, 2, aBagercs NpoOcTO YHUTAPHBIM
2nl

npeofpasonaiuem scex U: U,_—_AUA_l, A=e * YHHTapHO, T. e.
uz Uf=g caenyer, uto U,(Af)== Ag, rak uro U, noayuaerca w3 U
C NMOMOIMIBLI0 YHHTapHOrO npeobpasobanus A ruabbepToBa NPOCTPAHCTBA
B TeM CaMEIM C NOMOINLI0 HEKOTOPOro M30MOpdhU3Ma, KOTOPHH OcTaBaseT
MHBAPHAHTHHMHK BCe HAIIM OCHOBHEHIE TeOMETpHUeCKHe [pPeaCcTaB/IeHus
(cp. npuHnMnH, pasbscHeHHble B 1.4). Tlosromy 2. oBpaTumo: nocta-

TouHo sameHuts A Ha A”Y, a 570 BoaMONHO B cuay Toro, uto Au A7
MOXHO CUHTaTh COBEPIMEHHO NPOHBBOJLHEIMH YHUTaPHHIMH ONEepaTOpaMu

183) Cp., wanpumep, Nernst, Theoretische Chemie, Stuttgart (mHoro-
yHC/JeHHbE H3JaHuA, Hauuuas ¢ 1893), kuwra IV, O6cymaeHie TepMOAMHAMUYe-
CKHX JOKa3areAbCTB «3aKOHA JeHCTBYIOU{HX MACC»,
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6aaromaps nazexo uayuie#t ceoGose B BuiGope H u f. Touno Tak xke
KaK W KJaccHuecKas MexaHnka, 2, He BOCIPOHM3BOJIMT NMOSTOMY OIHY M3
HauGoJsee BAMHBIX H YIUBUTENbHHX UEPT DeaJbHOTO MupPa, @ MMEHHO ero
HeoOpaTHMOCTD, GyHIaMeNTaAbHOE pas/ivuke Mem1y HanpasAeHHSMH Bpe-
MeHH B «Oyayliee» H B «IPOLLIOEY.

dyHaaMeHTaNbHEIM 00Da30M NO-HHOMY BegeT Cefa I.: mepexoxn

U—>U'= ”ZI(U%- ?) Plo,)

He aBasieTcss Oe3yCn0BHO OOpaTuMHM. Bckope Mbl yBHAUM, 4TO OH BooOuie
HeOoGpaTUM: B TOM CMbICJe, UYTO BOOOIEe HeBO3MOXHO BO3BPAaTHTLCH OT
gagsoro U’ x ero U ¢ nomoupid NOBTOPHOIO NPHMEHEHHS KakKoro-
Hubynp u3 npoueccos I, uan 2, !

3neCh MH JOCTHIMH TaKOTO MOJ0XKEeHHs, KOrja uenecovbpasHo npu-
B/eYb TePMOMHAMHUECKHE METONH pACCMOTDPEHHs, TaK Kax JHIIE OHK
TO3BOJSIOT HaM NPaBHbLHO MOHATL pasnnune mexay I. u 2., B KOTOpOM
BaMemIaHE BONMpPOCH 06 OBpaTUMOCTH.

2. TepMmoauHaMuUYEeCKue BONPOCH!

Mzu OypeMm ucclenoBaTh TepPMOIHHAMHMKY KBAHTOBOMEXaHWUeCKHX aH-
cambieft ¢ pBYX DasAMuHHX Touek 3peHua. CHepBa MH NpenNoIONKHUM
CNpaBelJUBCCTE OOOMX OCHOBHHIX Hayal TepMOAUHAMHKH, T. €. HEBO3-
MOXHOCTL perpetuum mobile nmepBoro u BTOPOro pona (3aKOHBI 9HEPruH
H sHrponuu) ), W BHUMCAMM, HCXOAS OTCIONE, SHTPONHID KaXKAOTO
ancam6asi. Tlpu stom OyayT npuMeHATbCA OOLIUHEIE cpencTBa (peHOMeHO-
JOTHYECKON TePMOJMHAMUKH, & POJb KBaHTOBOM MeXaHUKH OIDaHHUMTCH
JHIIb TEM, YTO HAalle TepMOIUHAMMYECKOe paccMoTpeHue OYyaeT OTHO-
CHTBCH K TakuM 0ObekTaM, NOBeleHHE KOTODHIX ONpenefseTCs 3aKOHaMH
KBaHTOBO! MeXaHHKH (HaluMM aHcaM0aaM, PaBHO KaK M HMX CTaTHCTHYe-
ckuM omnepatopaM U), — NpaBuAbHOCTL e oOOOHX OCHOBHHX Hayal
npeanoJaraeTcss U He KOKashiBaeTcs. 3aTeM MH nepefizeM K 10KasaTesb-
CTBY BHINOJIHEHWS OCHOBHEIX Haual B KBaHTOBOH MeXaHuKe, MpHueM
BLISCHUTCS, UTO 3aKOH SHEPrHM BHINOJHAeTCA Ge3 Kakux-1ubo OroBOpOK,
4 3aKOH SHTPONMM — JHIIL B paMkax 3anaud. VIMeHHO, MB mokaxewm,
uTo BO3jeHcTBuA [., 2, HMKOrIa He YMEHBUIAIOT SHTPONUIO, BHUYHCICHHYIO
no neppomy cmocody. Takas RocaefoBaTeNbHOCTR, Ka3anock Obl, He-
CKOMbKO HeeCTeCTBEeHHA, HO OOYC/IOBJGHA TeM, YTO TOJLKO B Xoue (eHo-
MEHOJIOTHUECKOTO OOEY:KAEHHS HAM YIAeTCs HOCTHTHYTb TOTO NOHUMAHHA

184) TMocTpoenHylo Ha TaKo# OCHOBE (EHOMEHONOTHYECKYI0 CHCTEMY TepMO-
JMHAMHKH uuTaTedb CMOXKET Ha#iTH B OECUMCACHHBIX yUeGHuKaX, HAIpumep
B kHure: M. Planck, Vorlesungen itber Thermodynamik, Berlin, 1930. das
Jaabrefiuiero oCOGCHHO CYWIECTBEHHO CTATHCTHHUECKOE HOHHMaHue OGOHMX Hauad,
KaK OHO pas3bACHSETCs, HampuMmep, B paborax: Einstein, Verh. d. deutsch.
phys. Gesel. 12 (1914); L. Sz114rd, Zs. f. Phys. 32 (1925).
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BCcedt mpoOieMbl, KOTOPOoEe MOTpeOHO AaS pacCy:KAEHMH BTOPON MONOBHHLE
3a1a4H.

Mrak, M HauMHaeM C (PeHOMEHOJIOTHYECKOTO PACCMOTPEeHHs, KOTOpOe,
MeX1y NpouMM, MO3BOJHT H&M TaKKe pPaspellnTb OAMH M3BeCTHHH mapa-
IOKC Kjaccuueckoft Tepmoigunamuku. 3Iech cpasy cienosano Ob mol-
YepKHYTb, UTO &ABAHTIODHCTHYECKH#» XapaKTep HalIMX MBICJACHHHX
SKCHEepPUMEHTOB, T. €. HEBOSMOXMHOCTb MNPOBECTH MX MDPAKTHYECKH, He
NPUYHHAT KaKoro-ubo ymepOa HX nOKa3aTeJbHOH CHAC: MO CMHICIY de-
HOMEHOJIOTHYECKON TEePMOAMHAMUKHM BCAKHH MEHIC/JEGHHHH NpOnHecc uMeerT
IOKA3aTe/MbHYI0 CHJIY, €C/M TOJBKO He HapyllaeT OCHOBHHX Haual.

Hawe#t ueavio OyzeT ONpele/uTh SHTPONHIO HEKOTOPOro aHcambas
[y, ..., Syl co cratucthueckum oneparopom U, koTopui#t npegmnona-
raeTcs MpPaBWIBHO HOPMHPOBAHHBLIM, T. €. Tak, uto SpurlU ==1. Tloas-
3yscb NPHHATHIM B KJIACCHUECKOR CTATHCTHUGCKOHM MeXaHHKe COCOOOM
BHpAKEHHS, MB HMeeM 3Jech JAeao ¢ aHcamOuem I'mB6ca — 3TO 3HauuT,
YyTO CTATHCTHKA W TePMOLMHAMUKA OTHOCATCS He K (B3auMOAEHCTBYIOLIHM)
COCTaBHBIM UacTsM eIMHOH, OueHb CJIOWHOH, MeXaHMUeCKOH CHCTEMBI CO
MHOTHMH (M TOJABKO HEIOCTATOYHO HM3BECTHEIMU) CTeleHsMH cBOGOAH 185),
HO K HaGopy oueHb OOJABIIOrO YHC/Aa MEXaHHUECKMX CHCTEM, Kaxjas u3
KOTOpHX YyXe oOfHa, cama mo cefe, MOxeT (HO He 00s3aHa) ob.apats
He0603pHuMO OOJBLINM 4YHCJIOM cTeneHe#l cBOOOJH, M KOTOpHE ciaenyeT
MHCJUTb He B3aMMOJEHCTBYIOIIMMH M COBEDIICHHO pa3je/ieHHBIMH IPYT
or apyra!®). B cuay nomHo#t pasmeneHHOCTH cHCTeM Sy, ..., Sy H
6anarogapss TOMY OOCTOSTEIbCTBY, YTO MB XOTHM NPHMEHHTb K HHM
OCHOBaHHbBle COGCTBEHHO NPOCTO HA CUeTE METOAH MCUHC/IEHHS BeposT-
HOcTe!l, He BO3HHKAeT COMHEHHH, YTO CJAeIyeT HCIOJb30BaTb OOBIUHEIE
MeTOAbl TEOPHH BepOATHOCTEM W YTO OTCTYNAIIHe OT HHX CHOCOGH
cuera Bose — BttHmTefina 1 PepMn — Jlupaxa, yMecTHHe IJas H3BECTHBIX
aHcamBiefl HepasIMUMMHX M B3auMOZSHCTBYIOIUHX HHIMBUAOB (MMEHHO,
AJsl CBETOBHIX KBAHTOB M COOTBETCTBEHHO [jsl SJEKTPOHOB W NPOTOHOB,
cp. l1I. 6, ocoberro npum. ) Ha crp. 206), He oTHOCATCA 3HeCb K feuy.

BeeneHHL#t DHHIITENHOM MeToJ TEPMOIMHAMMUECKOrO pacCMOTPEHHA
takux aHcamGuaet [S;, ..., Sy} cocrour B caenyowem %) Kawnas us
cucreM Sy, ..., Sy 3akmodaercs B cBo#t smuk Ky, ..., Ky, CTeHKH

185) TakO# NOZXON COCTaBHA OH MaKCBeAn-60JbIIMAHOB METOXL B CTaTH-
cTuueckoil MexaHuke (cp. o63op B ctatee P. und T. Ehrenfest B En-
zykl. d. Math. Wiss.,, Bd. Il. 4. D., Leipzig, 1907). B teopun rasos, sanpumep,
«OYEHb CIOXKHOH» CUCTEMOH sBAAETCS a3, COCTOAMUN u3 MHOrHX (B3aHMOACH-
CTBYIOIIKX) MOJCKYHA, U 9TH MOJEKYJB TIONBEPraloTcs CTaTHCTHYSCKOMY HCCJE-
JOBaHHIO.

186y Jro cocraBager Merox ['u66ca (cp. 185)). 3necy, OrgeabHo#t cucreMOH
Gylder BeCb ras, ¥ Mul OyaeM CAEIHTh 32 CyZb06aMH MHOTHX 9K3EMNISIPOB OXHOH
u TOfl #e CHCTeMH (T. e. OZHOTO W TOrO Xe rasa) H ONpeJeAsTb CTATHCTHUECKH
HX CBOHCTBa.

187y Cp. Bmume, npuM. 34) Ha crp. 266. Drtor MeTOR pa3BuBaics Jajee
Cuuaapmom, L. Szilard, Zs. f. Phys. 32 (1925).
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KOTODOr'O He NPOHHLAEMH HM 115 KaKuXx NepeHocoB BaaumopefcTBui, —
B CHIy HeB3auMOne#cTBHA pacCMAaTPHUBAGMHIX CHCTEM 3TO LOMYCTHUMO.
Janee, xaxnuft AmuKk LomkeH o61anatTh OveHb GoJbION Macco#, uTOOH
BO3MOXHLIE H3MEHEHHS COCTOSHKH (a TeM caMBiM U SHepru#, C/1eJ0BaTeNbHO
W Macc) cucteM Sy, ..., S, sarparuBain OH HX MacCH AL B Majao#
creneHd. bBaarogaps STOMYy M HMX CKOPOCTH OKaXyTcss B NPOBOJMMOM
MEIC/IEHHOM SKCHEpHMeHTE CTO/b MAJMLIMH, YTO OyneT mOMYCTHMO CUHTATD
HepeATHBUCTCKUM cnocoboM. Ith amuku Ky, ..., Ky Mbl B CBOIO Ouepenb
NOMeCTHM B OUeHb GoabIlofl simuk K (NocjeiHee 03HauaeT, uTo 00beM 7°
amuka K p0mked OwTh MHOrO Goiblie cCyMMb 06BbeMOB Ky, ..., Ky)
pagu npocToTH B K He [HOMKHO ObITh CHJOBHIX Nojedt (B YAaCTHOCTH,
" CIeROBATeMbHO, OH NO/IKEH MOMEIATbCA JaMeKO OT BCeX 'PaBHTaLMOHHBIX
noaeft U GHTh CTOML GOJAbLINM, UTOOH Maccol Kj, ..., K He OKasbiBaiu
6l Hukakoro gneticTBus). [l0TOMY MOXHO paccMaTpwBark  Temeps
Ky, ..., Ky (cozepxamue S, ..., Sy COOTBETCTBEHHO) KaK MOJIeKyEl
rasa, 3ameptoro B Goapmom sutke K. Ecau mbl Temeph mpuseneM K
B KOHTaKT C OueHp 0O/bIIMM pe3epByapoM temiaa temnepatypst T, TO u
cTeHkH smuka K TOXe NPUMYT Ty Ke TeMnepatypy, ¥ Hux (HacTosiiue)
MOJEKYJIH NPUIYT B COOTBeTCTBYIOLee OpOyHOBckoe aBikeHue. Ho Toraa
OHH CTaHyT MNepelaBaThb HMNYJAbCH OmwkafimuM auuxkaM K, . ... Ky,
M3-3a Uero MnocjaelHHe NPUAYT B JIBHMNEHHE, MNepejaBas HUMIYJIbLCH K
OCTaMbHEM smukaM Kj, ..., Ky. Bcxope Bce amuku Ky, ..., Ky oxa-
KYTCH B ABIDKeHUM, OOMEHHBASICh MMIY/IbCAMU! ¥ CTeHOK K — C MOJeKy-
JaMH CTeHOK, a Osarozapsi B3aHMHBIM cOyAapeHusM (Bryrpu K)— ppyr
¢ apyroM. CocTosHHe CTALMOHAPHOTO PABHOBECHH TAKOTO ABIMEHHS OyneT
LOCTHTHYTO JHMUIb TOrX4, KOoria Amukd Ky, ..., Ky NpHUMyT TO pacnpe-
neleHue ckopoctef, xoTopoe OydeT B paBHOBeCHH C OPOYHOBCKUM [BH-
JKeHHeM MOJIeKyJa CTeHOK (temnepatypnl T), T. e. MaKcCBe/JIOBCKOe pac-
npelefeHue ckopoctefl Aas rasa temnepatypnl T, B KauecTBe «MOJMeKy/»
KOTOPOrO cJeiyeT paccMaTpuBath Awmku Ky, ..., Ky '®8). Hrak, wmwo
MOXKeM CKasaTh, 4to [Sy, ..., Sy]-ras npunsaa temneparypy T. Pazu
KpatKocTH OyldeM HasHBaTh B JadbHefmleM aHcambmb [S;, ..., Sy co
cTaTHCTHUeCKuM onepatopom U U-ancamGaeM, a [Sy, ..., Sy]-raz —
U-rasom.

[puunHa, NO KOTOPOM MH DPIUIMAN 3aHATbCA NOJOOHLIM Ia30M, JIEKHUT
B TOM, YTO DPa3HOCTL sHTpomu# U/-aHcam@as u V-ancambaa (U n V —
gedMHUTHBIE OMEpaTOpH CO WINypoM I; cooTBeTCTBylOUIME aHCaMOH —

[Sip ceos Syl 1 [S;, . S;v]) HAXOJAHTCS MO ONpele/eHHI0 NyTeM o6pa-

188) [IMeHHO TaK OMMCHIBAET, KAK MH3BECTHO, KHHETHUECKAs TEOPHHA rasoB
TOT IPOLECC, B KOTOPOM CTEHKH neg)enam CBOI0 TeMIIeparypy 3ak/ioueHHOMY
B HUX rasy. Cp. Beiuie, mpum. '84), ! ,
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THMOTO, NpeoGpa3oBaHus NepBOro M3 HMX BO BTOpof 18%), a sTo ynaercs
NpoIlle BCEro BHNOJAHUTL OBGXOAHLIM nyTeM uYeped U- Wian COOTBETCTBEHHO
V-ras. VmeHHO, MBl yTBepxnaeM: pasHOCTb sutpomuit /- u V- aHcamGaett
B TOYHOCTH Ta Xe, UTO M pasHOcTh sHTponult U- u V-raszom, ecan o6a
MOC/IeNHHe PACCMATPUBAIOTCA NpH OXHOH u To# ke Ttemmeparype T,
KOTOpas B OCTaAbHOM MOxeT OulTo mnpoussojpHolt. Ecam T npuban-
aeTcd K HYJQI0, TO 3TO yTBepXIeHHe, OUEBHIHO, COPaBeNIUBO ¢ JI0OOH
CTeNeHbI0 TOYHOCTH, HOO pasHuna Mexay U-aHcambiem u U-rasom ucue-
saeT npu TemnepaType O, mockOabky Amuku Ki, ..., Ky NOCKesHero
He 00.1a4al0T TOrJa HHKAKUM COOGCTBEHHHM [BIDKEHHEM, a NPUCYTCTBHE

noxosmuxca AwHukoB Ky, ..., Ky, K TepMOIMHAMHUECKH HECYLECTBEHHO
(ananoruuo paa V). Taxum 06pasoM, Mbl IOCTHUIHEM Lead, eCad NOKa-
XeM, uTO I/ HEKOTOPOrO 3aJaHHOTO M3MeHeHHst Temmeparyph T SHTpO-
nus U-rasa MeHseTcs Ha CTOMLKO Ke, HA CKOJbKO 3HTpomus V-rasa.
MameHeH#e 3HTPONHM HEKOTOPOrO ONHOrO rasa, KOrija OH Harpesaercs
ot temmeparypsl Ty a0 temneparypwsl T,, 33BHCHT TOJBLKO OT €ro TemJao-
BOr'0 ypaBHeHus, TOUHee, OT ero Temjoemxoctett 199), — npu 3TOM, KOHeuHo,
HeJb3s JOMYCTHTh HAeaNbHOCTH rasa, TaK Kak, KaK pas B HameMm cayuae, T,
LOMKHO GHITe BrOGpaHo BOGauaM Hyas 19%). Hanmportus, o6a rasa (U u V)
rapaHTHPOBAHHO MMEOT ONHO M TO Ke YpaBHEHHE COCTOAHHA H OJHHA-
KOBble TeMI0eMKOCTH, — € TOYKH 3DeHHs KHHeTHYeCKON TeOpHHM rasoB
swukn Ky, ..., Ky JLOMHHHDYIOT NOAaBAAIOIIMM OOPa3OM U COBEpIIEHHO

MACKHPYIOT 3aKMIOUEHHEE B HHX CHCTeMH Sy, ..., Sy nan Sy, ..., Sy.
Wrax, npu paccMarpuBaeMOM TMpOllecCe HarpeBaHus pasauue Mewny U
4 V He ckasblBaeTca M, KaK H yTBEPXKAAAOCh, ofe Da3HOCTH SHTPONHH
coBnajaioT. [losroMy B danpHefllem Mul OyAeM CpaBHMBAThL APYT ¢ APY-
roM ToabkO U- u V-rasd, u npu stoM BriGepeMm teMmmepatypy T ctoib
GOABLIIOH, YTO HMX MOMHO OHJIO OB paccMaTpUBaTh KaK HAea/bHbie 192).

189) Ecqu nipu 3TOM 1IpeoOpasOBaHMHM HCOOAB3YIOTCA KOXMYECTBA TemJa
Q,), ..., Q; npu coorBeTcTBylomux Temmepartypax Ty, ..., T;, To passocTts
aHTPONHH COCTABHT —Ti 4+ ... —|-%. Cp. Buume, npuM. 184) ua crp. 266.
1 i
190) Ecan ¢(T) — TenaoeMKOCTh HAIEro KOJAHYECTBA rasa NpH TeMmepa-
type T, 0 B unrepBane T, T 4T on npunumaer xkoauuecrso temaa c(T)dT.
T,

. c(T)dT
Cornacuo !86) pa3HOcThb SHTPORUH COCTaBHT TOrAa / —(—.}—.
.
T,
191y Jins upeastbHoro rasa ¢ (T) = const; nas ouenp Maaplx T 910 rapautu-
poBaiHO Hapywaerca., Cp., HanpuMep, npuM.®) Ha crp. 13. _
192y Jlng storo Tpebyercd Takxe, HTOOH O6BeM 7 dAmuka K Obll Benuk
CPaBHHTEAbHO C CyMMapHbIM 0GbemoM Beex K, ..., K, H, jajee UTOOhl «mpH-

XOIANLAfAcd Ha OJIHY CTemeHb CBOGOAMI» sHeprus kT (&£ — nocrostHas Boabnmana)
2

6niia Obt BEAMKA CPABHHTEJABHO C . ; 3lecb h — nocrosinnas [Taanka, a p —
E‘L 2
Macca OTZEeAbHOR MOJEKYJbl, NOCTPOEHHAsl BeAHYMHA HMeeT PAIMEPHOCTDL SHEP-

run. Cp. E. Fermi, Zs. f. Phys. 36 (1926).
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TeM caMHM HX Ta30KHMHETHUECKOe NMOBeJeHHE CTaHeT NOJHOCTBIO SCHHM,
M Mbl CMOXeM OGpaTUTbCA K COGCTBEHHO HaweH 3anaue — oOpaTH-
Mo mnepesectH U-ras B V-ras. Ilpu 3ToM Ham npugetcd, B OT/MUHE
OT yKe DAacCMOTPEHHBIX MpPOIECCOB, 3aTPOHYTh H HAXOASIIMecs BHYTPH
K. ....Ky cucteme 8, ..., Sy, T. e. TNPHIETCH «OTKPHTHY HAIUK
sk Ky, ... Kiy-

TToxaxxem mpexpe BCero, 4ro Bce cocrosHus U =Pl ob6aagawoT
omHO# M To#t e sHTponueH, T. e. uT0 Pjyj-aHcaMOab yzaeTcs oGpaTHMO
nepesecti B Py-ancamban 6e3 3aTpaTsl WK NOJy4YeHUs TEMIOBOH SHep-
ruu (MeXaHHUEeCKYI0 SHepPruio NpPHIETCS, eCTeCTBEHHO, 3aTPATHTL HIH BI-
UrpaTh, eCAH TOJLKO CpeNHUE 3HAYEHUS SHEPruu B Py n B Ply) PasIHUHHY),
cp. npuM. ) na ctp. 267. leficTBuTeabHO, 1A 3TOrO HAM BOBCE He
NoHafOOUTCS NPUBJIEKAT: TOJMLKO UTO DACCMAaTPHBABLIMECS TashH — jKeja-
TeNbHOE TepeBefeHUe yAaeTcs BHMOJHHTE H OpH TeMmepatype O, T. e.
¢ camumi aHcamGuasmu. CrelyeT TaKke NOIYEPKHYTh, YTO KaK TOJIbKO
5T0 O6yIeT [OOKa3aHO, TO Mbl CMOXeM (M JeUCTBHTENbHO TaK CHae/aeM)
NpOHOPMHUpOBAThL sHTponuu UU-aHcambne#t Takum oOpasom, uTO BCe €O-
cTosHug Oyayr obaagath sutponueft 0. _

BnpoueM, HameueHHoe Bbllle npeoGpasosanue Pig B Py He 0613aH0
Jaxe OHTb OOpaTUMBIM, NOCKOJAbKY He Oyab OHO TaKMM, TO pa3HOCTb
SHTPONMHMH HOMKHa ObiMa Oul GHTHL > BLIpaXKeHHA, INPHUBEIEHHOrO Bhllile,
B npuM. 89), cregosatensho > 0; ecam Mbl mepeMeHHM Teneps Pl
Py, TO TOYHO TaK Xe NOAYUMM, 4TO OHO HOJKHO OmTh < 0; mostomy-
oHo pasho 0.

IMpocrefinm cnocoGoM Oui1o 6B MpHBJeYb CIOLA 3aBHCALIEE OT Bpe-
MeHH nuddepenunanbHoe ypashenne Llpepudrepa, T. e. Ham npouecc 2.,
A1 4ero cnenosano Oul HaliTH HEKOTOpHIK omepatop sHepruu H u uuc-

% tH
NMeHHOe 3HaueHue f{ Takue, uTOOH YHHTApHHH oneparop e nepe-
Bogun 6t ¢ B . Torma 3a f cexynn Py, cam mo cebe mepemien 6u
B Py}, npouecc Ouia 6m paxe OGpaTHMHM U O Temiae He GHJIO OH M peul
(cp. V. 1). Mu npennouteM, OLHaKo, YKJOHHTBCA OT KAKHX-1HOO pomy-
WeHnit 0 BO3MOXHHX (dopMax omeparopa suepruu H n GyzeM npumensts
TOJbKO mpouecc /., T. e. BozaeficTBua TMNa usMepeHus. CamMBHIM NPOCTHIM,
4TO MOXHO GH10 OB NpHIYMaTh, ObiI0 OH TOr A H3MepeHHUe B aHcaMbiae Py
nexoTopofl BeauunHH R, onmeparop KoTopo#t R uMen Gbl UHCTO IHCKpeT-
HH{l COeKTP € OJHHMH JHIIb TPOCTHIMH COOCTBEHHEIMH B3HAUeHHAMHU
Ay, Ay, ..., TIpUTOM TaK, uToOb § BCTpeTHSach OB cpein ero cofcTBeH-
HHX GyHKUA §p, ¢y, ..., Hanpumep §; = ¢. ITOCKOABKY NpH TAKOM H3Me-
peHHH cocTosiHKE ¢ mpeobpasyercd Belb B cMechb Yy, Yy, ..., TO BO3HHKAET
u cocrosuue . Tem He MeHee 370 Hewenecoo6pasHoO, MOCKOMbKY ¢ =
BO3HHKAeT JHMIIb C BePOATHOCTLIO |(p, $)|% B TO Bpema kak noas
1 —| (¢, $)|* nepexomuT B ApYyrue COCTOSIHHMS, W HJAA OPTOTOHAILHHX @
u { 3Ta D0Js JaXe COCTaBJseT ueJoe. HecmoTpa Ha 970, cXOHHMH npueM
NpUBeNeT H4C K leJH: MyTeM MNOC/AeJOBATEJbHOIrO BHIIOAHEHHs G0JbUIOro
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YMC/Id Pa3JHYHBIX U3MepeHu#i Ml mepeseneM P, B Tako#f aHcaMGab, ko-
TOPBIH CKOJb YTOAHO Mako oTauyaercs oT Ppy. To, uTo Bce 3TH ome-
pauud HeoOpaTHMbl (MAM MO MeHbIIeH Mepe MOTYT OKas3aTbCd TAKHMH),
OyneT, KaKk Mbl yXe 3aMeyajii BbllUe, HEeCYLIeCTBEHHO.

Mu Gyzem cuutaTh ¢ H § OPTOrOH&JBHHIMH, TaK KakK HHAye MK
Moran OB BHOpaTL opToroHamsHoe kK obomM ¥ ([lx] =1) u mepefiru
criepsa OT ¢ K ¥, a 3aTem ot x k . Ilycts £ =1, 2, ... 6yzer yucaon,
KOTOPBIM MBI ellie JOJDKHBl PACHOPARHTBCA, M MOJOXKHM

tP”—-COS—

o (v=0, 1, ..., k).

QueBHAHO, 4YTO np(o’:cp, np(k)=4) H 4TO BCerja ”t}v(")”:l. Kaxayio
u3 ap(") (v=1, ..., k) Mb 1OMOJHHM 10 NOJHO# OPTOHOPMHMPOBAHHOH CH-
crexut 90, 0, ... ¢ O =¢O. Tycrs RY 6yner omeparopom ¢ umcto
JMCKPETHHIM CHEKTPOM M BCEMH PA3IMYHMMH COOCTBEHHBLIMH 3HAUEHHAMH,
nanpuvep A, M, ..., maa xoroporo ¢{’, ¢, ... 6yayr coGcraen-
HHMH QYHKIMAMH; COOTBETCTBYIOLIEH BeanunHol nycts 6yner R, 3amernm
eme, yTO

(4070, %) =

n{v—1) kad Lon{v—1) . oomv v or(v—1\
cos—-—2k—cos2k—}—sm————2k smﬂ-—cos(ﬁ——%—)_

== COS oo
_— 2k
Tenepb Mbl u3MepuM B ancaMbae ¢ U© ~P[¢(o)] == Py,) Beanuuny RO,
6naronaps yeMy BO3HHKHeET U®, zarem s U" )—Benuquﬂy RO, 6aaropaps
yemy sosuukaer U®, ..., nakonen, 8 U*™P — peanunny R®, Gnaronaps

yeMy BO3HUKHET U™, Yro pas nocrarouno 6oasuioro £ U™ Gyzer cxons
yTOAHO 6AH30K K P[¢(k)]=P[¢], MOXKHO MOACHUTh CJEAYIOLIHMH Haraag-
-1 TO B LP(\*)

HbIMH coolpaxenusMu. Korna Mu usmepsieM R 5 $ nepe-

XOJUT HOJA I(up(”_l), P = (cos 2k) . CllenoBaTe/bHO, NPH TOC/HEN0-

0
parenbisix uamepennax seawunn R, R, ..., R uz ¢¥ =0 uepes
NOCPEACTBO dg(l). dg(z), . np(k“l) nepefiner B np-——u(k’ no MeHbulel Mepe

2% 2%
zoas (cos Qk) . A mockoasky npu k—> >0 (cos —27) —1, 10 BOS3-

HHKHeT TIOYTH OJHO JuuIb §, ecan k gocraTouno Beauxo. Crporoe xo-
Ka3aTebCTBO TPOXONUT Cuepyiouuy obpasom: [Tockoabky npouece 7, ne
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Mensier wnypa, 1o, B ciay Spur U” = Spur Py =1, 6yzer Sput U =
== Spur U= ... =SpurU(”= 1. C npyroft cTopoHsl,

(U7, )= 2 W, ) (P ff) =

n

= (U ) G NP

caenoparensio, mis v=1, ..., k—1 n f=0{""=¢"""Y wm xe,
COOTBETCTBEHHO, /I Y==K H f==dg(1k)=q)(k)=dg 6ynet

(U(V) ‘P(VH)’ LP(V-l'l)) > (U(V_I)LPM, dfm) l (dfM. L%)(WH)) l2 =
o5}

(U(k)q)(k). df(k)) — (U(k_1)¢(k), q)(k))'
Bumecre ¢

W40, §9) = (P04 ¢0)= [ ¢*) =(C°S —i}'k')g
S7T0 HaeT

U, 4)> (cos 5 )"

2
IMockoaeky Spur UP =1 u (cos —2%> —> 1 npu kB —» 00, MBl MOXEM

NpUMEHHTb pe3yJ/bTaT, HalimenHnift B 1. 11: U* cxonsres P). Hama
neJb JIOCTHFHYTA.

Teneps Mbl NO/MKHB OOGCYAXTb BOHPOC O TOM, B KAaKuX Npejnesax
MOXeM MH ONUPaTbC HA TAKOE BCIIOMOTaTe/bHOE CPENCTBO, KAK «MbIC-
JIGHHblE IKCIEPHMEHTHY (EeHOMEHOJOTHYECKOH TepMOAHHAMUKH, TAKNKE H
NpH PACCMOTPEHHY KBAHTOBOMEXAHWYECKMX CHCTEM; HMEHHO, Mbl HMeeM
B BULY BOMPOC O T&K HAa3HIBAEMBbIX MOJYMPOHHIlAEMBIX CTEHKAEX.

B ¢denomeHoI0rHYecKoOft TepMOgHHAMUKE HUMeeT MecTo TeopeMa: Ecau /
v [l -— 1Ba pasjMYHBIX COCTOsHHsI OfHOH u TOH ke cuctembl §, To n0-
NyCTUMO NpPHHATH CYmieCTBOBAHME TaKOH# CTeHKu, Kortopas ads I moa-
HOCTBIO MpOHHIlaeMa, a Maa [/ — coBepureHHO HempoHuilaeMa 193); 370, Tak
CKa3aTh, TepMOJMHAMHYECKHE OIIPeNe/eHHs] Pa3jHyHs, CJAe10BaTeNbHO U
COBMAjeHKA, IBYX cocTofHM#. B kgkol Mepe momyctuMmo mono6HOe mpen-
NO/I0KEHHEe B KBAHTOBOH Mexanuke?

IloxaxeM cneppa, 4TO €CAH ¢1, Pgs -+ +» P1u $o, .. . — OPTOHOPMHPO-
BaHHAA CHCTeMd, TO CYLIECTBYeT NOJYNPOHHIdeMad CTeHKa, Gecnpenar-
CTBEHHO MPOINYCKAIMas CHCTeMy S B KAXHOM H3 COCTOAHUH ¢y, @, ...
M OTPaxaiollas ee B HEH3MEHHOM BHJE B KaXIOM M3 coctosuutt ¢;, dg, ...

193) Cp., Hanpumep, npuM. '84) ma ctp. 266,
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HanpoTus, cucteMH, HaxonsiHecs B IPYTUX COCTOAHHAX, MOTYT NPH CO-
yIOapeHHH CO CTeHKOH Jaxe H M3MEHUTbCS.

CHcTeMy ¢, €90 -« s $p, Da, ... MOXHO MPUHATH 32 MOAHYIO, TaK Kak
B NPOTHBHOM C/yyde ee MOMXHO Gbiio OHl 3d@BePUIUTh B IOJHYW N06aBJje-
HHeM najibHeftrux (QyHKUME ¥, ¥, ..., KOTOPHE MOXHO OHJO OBl NpH-
YHC/HTh, HANpPHMEP, K @, ¢y, ... BHbepeM Temepb omeparop R ¢ uucro
IMCKPeTHBIM CIeKTPOM H JHIIb IPOCTHIMH COOCTBEHHEIMM 3HAYEHHAMH
Ay Ags vovy Pps oo o .., COBCTBEHHBIMH (YHKUMAMH KOTOPOTO MOIVH GBI
GHTD @, P90 «ovy Uyy Py, ..., W mycTs mpu 3TOM OGyayT Bce A, < 0,
a sce p, > 0. Ilycts x oneparopy R oruocurcs BeauunHa R. ITpopexem
B CTeHKe MHOIO OKOLIeK, KaXI0e H3 KOTOPHIX YCTPOEHO CJAeAYIOWIHM
o6pasom: Korpa mwobas us «monexkya» Ky, ..., Ky Haulero rasa (Mu
cHoBa paccmarpuBaeM tenepb U-ras mpn temneparype T > 0) monanmaer
B OKOUIKO, OHa TaM 3alepKHBaeTCfl, OTKPBHIBAeTCS, B Cofepxaulefica B HeH
cucTeMe S; Wi ... wim S, usmepsercs peqnunna R, sarem awux cHosa
BaKpHBaeTCa, M, CyNs 1O TOMY, OKa3anach au u3MepenHas peqnynna N < 0
wi xe > 0, AUk BMeCTe C ero ColepxuMhM M Ge3 u3MeHeHUs UMIY/IbCa
NPOMyCKaeTCs yepe3 OKOIIKO HJH Xe oTpaxaercs. To, 4To Takoe ycrpofi-
CTBO [OCTHTaeT xenaeMOH ue/u, ~— 3TO ACHO; OCTaeTCHd TOJNBKO OGCYRHTH,
KaKHMe M3MEHeHus OCT4I0TCs B HeM MOCJe TaKMX coyldapeHufl U He pon-
CTBEHHO /¥ OHO B KaKoH-/ax60 CTelleMH TaK Ha3biBAEMOMY «MaKCBE/JIOBY
AEMOHY® TepMOIHHAMUKHU 199),

K nepsomy Bompocy cienyer Cka3aTb, YTO MOCKOJbKY NPH HSBECT-
Hbix o6cTodte bcTBax R-usmepenue MeHseT COCTOsHHE S, Cef0BATENLHO
M MaTeMaTHYeCKOe OXHJIaHHe ee SHePTHH, TO IO CMBIC/IY IEPBOro Hayana
9Ta PA3HOCTh MeXaHMyeckoft sHepruu AoMKHA OBITb NPENOCTABJEHA HJH,
H3060pOT, BOCIPHMHATA H3MEPHTENbLHOH ycTaHOBKOH (Hanpumep, myTeM
HCNONbL30BAHUA MPYKHHBI, KOTOpas OymeT npH STOM oc/iabjeHa WJH, Ha-
060pOT, HANpPSKEHA CuJjblice, HJIH KAKHM-HUOYAb aHAJOTHYHBIM OGpa3oM).
Tak kak smech WaeT pedyb O COBEpLICHHO aBTOMATHYECKH (YHKUHOHUPYIO-
UIEM H3MEPHTe/JLbHOM MEXaHH3Me H TaK Kak Inpeo0pasyloTcs TOJbLKO Me-
XaHHYecKue (He TemJoBblel) SHepruu, TO, KOHEYHO, Mbl HE BCTPETHMCS
3/leCh HM C KAKHMH H3MEHEHUSMH SHTPOIHHM, YTO €AUHCTBEHHO BAXKHO s
Hac cefivac., (Haxonuch § B 0nHOM ¥3 COCTOSHHH @y, ¥o, o vy $yo Pou ooty
R-usmepenne BooGwe He U3MEHMT S, H TMOTOMY B H3MEPUTEJbHOM amma-
pate BOBCe He OCTAHETC KOMIEHCHDPYIOLLHX HM3MeHeHuH.)

Bropoft nyHkT ropasio omacHee; Halle NpPUCHOCOOJeH#e HECKOAbKO
HallOMMHAeT «MAKCBeNJOBAd MNeMOHa», T. €. MOJYIPOHHIAEMYI0 CTEHKY,
NPOMYCKAIOWYI0 JeTAlINe COPaBa MOJEKYJbl, HO OTPaXAIOWY0 JeTauiHe
cieBa. Bcrasb MBI HOZOGHYIO NeperopoiKy mHOcepeliHe HAINOIHEHHOrO
rasoM cocyna, BCkope Becb ras cobpanca OH Ha JeBoft cTOpOHe,

194y Cp. npuM. %%) Ha crp. 267. Uurareab Haltner ncqepnuBaxomsylo AUCKYC-
CHI0 CB3AHHLIX C MOHATHEM «MaKCBEANOBa 1eMOHa» TpyxHoctel y L. Szildrds,
Zs. 1. Phys. 53 (1929).

18 H. Hefman
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T. €. 0o6beM yMenblinjcs Gbl BABOEe Oe3 3arparhl SHTPONUU. ITO O3HA-
43740 Obl HHIJe He KOMIEHCHDYIOLleecd yMeHbIleHHe SHTPONHM Tasa, Mo-
9TOMY MO BTOPOMY Hauajy TePMOLMHAMUMKH TaKas CTeHKA HE MOMeT Cy-
1eCTBOBATh. Bce e Halua NOJYNpOHHLAEMas CTeHKa OT/MYaeTcs OT 3ToMH,
TEPMOJLHHAMHYECKH HEeJOMyCTHMOH, BeCbMa CYIECTBEHHO B TOM OTHOLUEHHH,
YTO OHa MpPUHUM&ET BO BHHMaHHE TOJNbKO BHYTPEeHHHE OCOGEHHOCTH «MO-
Jeky 1> Ky, ..., Ky (COCTOAHHE 3aK/IOUCHHBIX B HuX cicTeM 8|, ..., Sy).

a He BielIHMe (IBMXKYTCA MM OHM CHpaBa WJH ciaea ¥ T. 1.). Kak pas
OT 9TOro BCe ¥ 3aBHCHT. IToppoOHBIfi aHaJH3 3TOro BONpPOCA CTa]d BO3-
MOXeH Ha ocuoBe uccaenosanuft Cuunapna, KOTOpble MPOSCHUIH NPUPOLY
NOJIYNIPOHHUIAEMBIX CTEHOK, «MaKCBe/JOBa IeMOHa» H BOoOIe PoJb «BMe-
LIaTebCTBA Pa3yMHOrO CYLIECTBA B TEPMOAUHAMUUYCCKUE CHCTEMLI»; Mbl He
MOXeM BHaBaTbCA 31eCh B 3TH Belld moipoOHee, TeM 0OoJjee uyTO YHTa-
TeJdb HallleT HCyepnbIBAIOLIEE H3/0MEHHWE ITOrO BONPOCE B YIOMHHAEMOH
B npusm. 19%) paGore.

IMposeseHHble paccyXAeHHd NOKas3bIBAIOT, B Y4CTHOCTH, YTO 1Ba CO-
CTOAHMA CHCTeMBl § OGe3YCAOBHO MOXHO pasfeNHTs NOJYNPOHHUAEMEIMYU
CTEHKAMH, €C/M 3TH COCTOSHHS OPTOrOHa/bHbl. Mbl XOTHM MOKa34Thb Tenepb
ofparHoe: ecau ¢ # ) He OPTOrOHAMBHBI, TO NONYLIEHHe NMOA0GHOM Moy~
npoHxnaeMoft CTeHKH MNPOTHBOPEUHT BTOPOMY Haualy. ITO S3HAYHT, YTO
HEOOXOIUMHM M MOCTATOYHBIM YCJOBHEM Pasie/]uMOCTH MOJyNpPOHHUIAe-
MbBIMH CcTeHkamu Oynet (g, $)=0, a He ¢=£{, KaKk B Kjaaccuyeckoft Teo-
pun (Mbl muweM ¢ # ¢ BMecTO HCHoJb3osasuiuxcs shute [ u [/). Tem
CAMBIM Pa3bACHASTCH CTaPhIfl MAPaJOKC TEPMONHHAMHKM B €€ "KJacCHueCKOH
dopume, uMeHHo, HOCaAHOEe OTCYTCTBHE HEMPEPHIBHOCTH MPH ONEPUPOBAHAH
C MONYNPOHHIUAEMBIMU CTEHKaM#: CKOJb YroAHO cnabo pasiHyHBIE COCTOS-
Hug Bce ewe nomnaioTcs 100-mpoleHTHOMY paszeneHHIO, 4 a6COMITHO
TOXJECTBEHHbIe — He MONAAIOTCA BOBCe. Telepb MH HMeeM IeJ0 C He-
NPEPLIBHEIM TepexonoM, nockoibky 100-npouentnas pasmeanMocTh co-
xpangerca auwb NpH (9, $)=0, a npu pactywem (v, P) oHa cTAHOBHUTCS
Bce xyxe. CocTOSHHMA e ¢ ¥ ¢ CTaHOBATCA HAGHTHUHEIMH TOJBKO MpH

MaKcumManabHOM (9, ¢), umenHo mpu |(¢, ¢)|==1 (Bems [[o]| == [|¢| =1,
nostomMy M3 [(p, $)[==1 caenyer, 4T0 == c¢, rae ¢— NOCTOAHHAS M
|c|==1), n Torna pasienenve COBEpPIIEHHO HEBO3MONKHO.

HUro6w mnpoBecTH 00culaHHOE DPACCYKAEHKE, HAM MPHIETCS 3AUMCTBO-
BaTh KOHeYHbLIH pe3yJbTaT 9TOro Iaparpada — 3HaYeHHe SHTPONUH s
U-ancam6ns. EcrtectBeHHO, uyTO MH He 6yiaeM HCHO/Ab30BATb 3TOTO pe-
3y/bTaTa NPH ero BHIBOIE.

Hrtak, nomycTuM, 4To cymecTsyeT NOJAYTIPOHHIIaeMas CTEHKA, Pasliedio-
was ¢ H ¢$; 10/WKHO ObITh BBIBeNEHO, yTO Torna (¢, ¢)==0. Paccmorpum

1 N N
5 (Prgj—+ Pryp)-ras (1. e. cocroaumuft us 5~ CHCTeM B COCTOAHHH ¢ H —-

cucTeM B COCTOSHMH §; UIMyp TaKOro omepatopa pased 1) u smGepeMm 7°
(1. e. K) v T 7ak, uToGbl OH bl HaeanshuiM. [lycTs K umeer u3oGpa-
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#eHHOe Ha puc. 3 mpogoabnoe ceyennme [2347; HAa onHOM KOHue
MB BCT@BJ/isleM B HEro Hauy NOAYMPOHHLAEMYI0 CTeHKY 4@ M CABHraeM
ee 3aTeM 1O CepeuHH (moJoxenue bb); TeMmimepaTypa rasa IOJKHA NpH
9TOM HOLXEPKHUBATHCA MOCTOAHHOH 3a cyeT KOHTaKTa ¢ OOJAbLIUHM Temso-
BbIM pesepByapoM W temmepatypsl T Ha apyrom koHue 23. C ¢-Mo-
JEKYJ1aMH NP 9TOM MNpoLecce He MPOMCXOXMT HHYEro; Y-MOJEKYJIH xe,

HaNpoTHB, OTTECHAIOTCA B NPABYI0 HOJOBHHY K (vexny bb u 23).
MupiMu csioBaMH, ec/qH paccMaTpHBATHL —2—(P(¢}+P[¢])-ra3 kak 1:1-cmechb

Pje-rasa u Pyy)-rasa, TO C NepBHM He MPOHUCXOAMT HHYEro, & BTOPOH OKa-
8HIBACTCSl HMBOTEPMHUYECKH CIKATHIM 1O

noioBuHHOro o6bema. V3 ypasuenns 44 b J
COCTOSIHUA HIEAJbHHX TasoB CleLYeT, -l
4TO NpH STOM Npoliecce OyaeT coBep-
lieHa MeXaHHYECKad pa60ra—2— «Tin2 et w
N 7
(—Q—-——-STO YHCTO MOJEKYA Py-rasa,

— 195
a »— mocrosHnas BoabuMana) ), u, = ; 3

NIOCKO/bKY SHeprus rasa (H3-3a uaoTep-

MuH) He MeHseTcs 196), 910 KoaHYeCTBO Puc. 8.

SHepruM BosbMeT cebe Tenosol pesep-

pyap W. VBesanuyeuue SHTPONMUM pe3cpByapa COCTABHT, CJIEJOBATE]bHO

: 1
(cp. npum. 8y wa ctp. 267), —%:Nx; < 1In 2.
ITocae 3TOro mpouecca cjleBa OT bb CONEPKHTCA MOJOBHHA NEpBO-

HayaibHOro Py-rasa, 1. e. N/4 moneky’; cnpasa xe ot bb — nonosuHa
nepBOHayanbHOTO Ppg-rasa, T. e. N/4 Monekyn, n Becb Ppy-ras, 1. e.

N/2 wmonekyn,—7T. e. Bcero 3N/4 mMouekya (—ng—l—E—PM)-rasa.

v 37
CoXMeM H COOTBETCTBEHHO paculipuM 9TH TrasH A0 06BbEMOB ry " T

NpHYEM COOTBETCTBYIOLLas MeXaHHyeckofl pa6oTe SHEPTHA OomaTh Mepedner
K TennoBoMy pesepsyapy W (uau GyneT 3aHMCTBOBaHAa y Hero). J7a

M.T
‘p’?
[osToMy @pH cxartuu oT o6beMa ¥; A0 o6beMa ¥, GyaeT COBEpHIEHa MeXaHH-

geckaa pabota

195) Ecau ¥neanbHbii ras coctout M3 M Moaekys, TO €ro jaBieHHe p =

7, 72

fpd%":MxT/.ii—Z‘=Mlen—?—g—.
J TV 7

7

7y i

B nawmewm cayvae M= —];—,—, 7, =~Z_ U Vy="7.

196) Kak U3BeCTHO, 3HEPIHH HAEANbHOTO d3a 3aBHCUT JUlIbL OT €ro Temfe-
pPaTyphL.

18*
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pabora cocTaBuT %len 2 uau %]! xT In g— (cp. mpuM. 191) ma cTp. 269),

1
H, C/IeX0BATENLHO, SHTPONHA Pe3epByapa Bo3pacteT Ha Nx . e In 2 uam, co-

3 3
OTBETCTBeHHO, HA — Nz . vy In 7 Bce BMecTe cocraBHT

4

Nu-(%ln?—}—%an—-—%ln%):N*A-—i—lng.

Wrak, B pesyabraTe Mbl OpPHIIIM K OZHOMY P~ H K OZHOMY

1 2 N 3N
(gP[ﬂ—}—?PM)-rasaM #3 —- H, COOTBETCTBEHHO, —— MOJCKYI, 3aHH-

v ¥4
- U - [lepsonavameHo xe y Hac 6ua  oauH

(%PM—}——;—PM)-ras 3 N Mouekya B o6beMe 7° uau, uTO TO XKe, ABa
' 2 3v

(1 1 N 3N
(§P[¢1+§Pw1>-rasa M3 & M —— MOJEKYN B 00beMaX — #

COOTBeTCTBeHHO. TakuM o00pasoM, BeChb MpoOiecC MpuBea K CJeAyIOUHM

Mawiinx oO6BbeMbl i

N v 1 1
H3MEHEHHAM: —— MOJEKYJ B 00beMe —- Mepeulid H3 (7 Py —}——-2—P|4,])-

C.ON 37 1 1
rasa B Py)-ras; - MOJIeKya B 00beMe —— mepelilin u3 (7 P +7P[¢])-

' 2
rasa B (—;—P[?; +§P[¢])-ra3; K 9HTpomHH pesepByapa W pobaBHaoch

3, 4
Ny« T In 7 [Mockoabky npouece 06paTuM, TO MOJNHOE YBe/AHYEHHE SHTPO-

nuH J0J/KHO coctasuth 0, T. . H3MeHeHusi SHTPOMUH OGOHX Tra30B HO/KHEI
KaK pas CKOMIIeHCHPOBaTb yBeauyeHHe sHTpomun W. TTosTomy HaM Hano
elle 3HATb W3MEHEHHs SHTPONHH Trasos.

Kak Mw ysumum, suTponuss U-rasza u3 M Mojekyan coctasiser
— My - Spur (U InU), ecau sutponus Py, -rasa Toro xe o6beMa u 1ol xe
TeMIepaTypsl HOPMHPOBaHa Ha Hyub (cp. suume). ITostomy, ecan U o6na-
IdeT YHCTO AHCKPETHBIM CHEKTPOM C COGCTBEHHBIMH 3HAUCHHAMH W, Wy, .« . .,

(e o]

TO 3TO COCTaBUT —-Mx~n§l w,lnw, (npu stom xlnx cienyer cuuTath
pasibiM O ana »=0). Temeps, KaK Jerko COCuuTaTh, onepatopul P,

(%pm -+ %PNI) " (—13— P+ %—Pm) 006/1a1a10T COOCTBEHHLIMH 3HA-

I4+a 1—a
2

yenuaMi 1,0 #Jy, COOTBETCTBEHHO, =5 0 #au, COOTBETCTBEHHO,

34V 1TF8: 3—yYIFf8d
6 6

v 0 (rae a=j(¢, ¢)|. caenosaremsno >0
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n < 1), ua koropuix 0 Bo Bcex cayyasx GeCKOHEUHO KPAaTeH, a OCTa/b-
Hble OHOKpaTHB 1%). TlosToMy SHTpONus rasos BO3pacTdeT Ha

N 3N 3 T 8a2 T-F 82
w0 I, (SHVIFEE | 34 VTFER |

4

—V1F82, 3—V1-F8a2 @ a —a —a
42 Vé’*“s In Vé+8 )+Nu.(1'2F mife 1o n 15 )

3, 4
Jlo6Gassas crona eule H yBeduyeHHe SHTponud Nx - 7 1ng pesepayapa W,
Mb 1OKHB noayuutk O. Ecau paspequwrb Bce Ha Nw/4, 10 moayuurcsa

. 3+V21+8a2 n 3+Vé_+8a7 _3—ViFss n 3—V1+F8?2 +
2

6

+o4an it o —nmlst fam S~
npuueM 0 a1,

197) OmpepenuM coOCTBEHHLIC 3MadeHUA Orneparopa (aPig;+ bPy)). Donxkno
6uTD
(aPigy+bPy) f =1/,

H, NOCKOJbKY J€B3A 4YacTh sBAAETCA JHHEHHOH koMGuHamue#t ¢ U ¢, 10 Takof
Gyzer W mpasasl, cleJ0BaTeabHO M f, ecad As50. A =0 HapepHaxa 6yner co6-
CTBEHHBIM 3HadeHHeM OeCKOHETHOH KPATHOCTH, TAK KaK K HeMy OyaeT OTHOCHTbCA
mo6as f, oproroHanbHas k ¢ 4 ¢. [TostoMy AocraTouHo paccmoTpeTb A=0 u
f=x¢+yy (¢ n ¢ nomKHH GBITbL TMHEHHO HE3aBUCHUMBI, TaK KaK HHade ¢ = cf,
Je]=1, 1. e. §Ba COCTOAHUA TOXACCTBEHHDL).

Torza BbIMMCAHHOE Bbillle ypaBHeHue OyxeT IacUTb

a(x+y W o)) o+b(x(e $)+y)-b=re-oFhy-{,

a-x4ale Doy=rx  be-xtby=hy
JerepMUHAHT sTHX ypaBHeHH#H Ro/mxeH o6pamarbcd B Hyas:

a—)‘r a(‘?’ "p) =0
b(p, §), b—1 '
M—(@+br4ab(l —a?)=0;

- atb+V(aF8)?—4ab(I—a%) a+b=V (a— b+ 4a%ab
- 2 = ) :

(@—NG—1—abl(e. PI*=0;

1 1
Ecau tenepb monoxnth 37ech a=1, b =0 nau a=%, =g nM @ =3,

2

b=§, TO NoJydarTca OpMyasl TeKCTa.
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Jlerko sametuTb, OAHaKO, 4YTO JeBAs 4acTb 31eCh MpPU o, H3MEHSIO-
4
memcs or 0 no 1, moHoToHHO Bo3pacraer %), umenno or 0 no 31n§,

nosToMy no/KHO ObiTh a==0 (149 « == 0 npouecc, o6parHbifl OMUCaH-
HOMY, yMeHbuian Obl, BONPEKHM BTOPOMY Hauady, surpomuiol). Tem ca-
MbIM yTBepxkaenue (¢, $)=0 nokasauo.

Tlocae 3THX mpesBapHTE]bHBIX pacCyXaeHHH MM MONOWLAH K TOMY,
y1o6hl ONpenenuTb 9HTPonuio HekoToporo U-razsa us N MoJekya

198) Tak kak (xInx) =Inx-+1, caepoBarenbso

(Ml 1oy 1oy
= (0 1) = F (052 1) = FngEL,

2 2
TO IPO¥3BOAHOHN mamero Bhipaxenust Gyaer
2
o L 3EVIEEE 1 8 1y d4a
2 3—¥Y1+482 3)1-+82 2 1—a
2( I4a 20 34 V1f82
l1—a V1-|-8a2 3—V1+8a2 '

Y1BepxaeHue, 4To oHa > 0, o3sHaano 6bl, 4TO

14a 2a 341 1482

n >—=——=1In _—,

1—a” Y1482 33—y 1+82

Gt 1, 148, 6=V1+&x"2‘
.

T. €, 4TO

T 1_a>73” winT—g

8 2
Mu poxameM mocaenHee HEPaBEHCTBO JaXe ¢ g Ha mecte . Toraa, B cuny

1—pg2= ~g— (1 —a?) na < (BTrOpoe caexyer M3 nepBoro Hs-3a a < 1), nepaseH-
cTBO OymeT yTBEpXAaTh, 4TO
1— a2 1 +a 1 — B2 1 +8
2a 1—a 28 1= g
OHO 6yJeT TapaHTHPOBaHHO BBHIIOJHATLCS, €CAH Mbl BBIACHUM, YTO
1—x2  14-x
2x In 1 —}—-x

6yAeT MOHOTOHHO yOblBaTbh B 0 < x < 1, 4TO MOXHO, HaNpuMep, BiJETb u3 pas-
JIOXeHUs B DAl
S IRRE S SN (R i+ _

T a1+ S )~




2] TEPMOAMHAMUYECKHUE BOIPOCH! 279

B o6beMe 7° u mpu Temneparype T, TouHee npHcylu#t eMy H3GHITOK
SHTPONUH CPABHUTEJbHO € P, -rasoM mpH TeX Xe ycaosusx. Ta xe se-
AdyuHa 6yneT TOTAd, COTJIACHO HAWIMM MpPeXHHM 3aMeyaHusaM H B paM-
Kax M30paHHON BHILIE HOPMUPOBKH, Takxke H 3HTpomueHt U-ancambas
#3 N otnenbubix cucteM. Spur U b O6yaeM, Kak yxXe rOBOPUAOCH BhlIE,
cyutatb pasBHbM 1.

B rtakom caysae U ofnanaer, Kak MH 3HaeM, 4YHCTO JHCKDETHBIM
CIIeKTPOM Wy, Wy, ... € w; >0, w, >0, ..., w,+w,+ ... =1.
CooTBeTCTBYIOLIUMH COOCTBEHHBIMH QYHKUHAMU HYCTb OYLYT @y, Pgr & . .3

o

TOrna U=2w,,P[q,n] (cp. 1V.3). Tem campim wuaw U-ras sasasercs
n=1

cMecho Pey-s Prg,)-s .- . -rasoB us w Ny, 7
WeNy, ... MOJIGKYJ] COOTBETCTBEHHO, 3a-

KJIIOYeHHBIX BCe B OJtUH U TOT e 06beM 7°. 7
Ilycte T u 7° omaATb TaKOBH, 4YTO BCE

9TH Fa3H ujeadbHbl, a K obnagaer npamo-

yroabHeiM ceyenueM. Yrolw pasaenutb

@17, Pg-» .. .-MOJEKYAH ILPYT OT ApYyTa,

npexnpuMeM caenymoline o6paTuMbe BO3-

nedicreus  (puc. 4). Ilpucrpoum k K

(23452) sBrOpO#i, TAaKOr0 Ke pasMepa,

npaMoyroasHuift  awuk K (12561) w Puc. 4.

3aMeHuM OOILYI0 CTeHKY 25 OBYMS TECHO

TpHJeralolMM) CTeHKaMH, OJHA H3 KOTOPHX (25) myctb OyleT HEmonBwXK-
HOH # IMOJYyNnpOHHILAEMOH, HMEHHQ MPOHHIaeMOH Nad ¢y M OTpaxawoweh 1y
©gr P3s .+ +» & BTOPaAS (bb) — HOLBHNKHOM, HO OOBIYHOM, COBEPUIEHHO HENPO-
uuuaemoit, crenkofl. Janee, BABHHeM B nosoxenne dd, TecHO NpHeraio-
wee k 34, ewe OJHY NOAYNPOHHIAEMYI0 CTEHKY, HA STOT pa3 MpPOHH-
1aeMyi0 a8 §y, Pg. ..., HO OTPAKAIOWYIO ¢;. [ToCAe 3TOFO MBI CABHHEM
bb u dd, coxpaHaa MX OTHOCHTEJbHOE DPACCTOAHME HEH3MEHHBIM, 10 MO-
AoxeHu#l aa u cc (T. e. BWIOTHYO K I6 wuaum k 25). Drtu nedcrBus
COBCEM He 3aTPOHYT @p=, P3-, ...-MOJEKY/; MOJEKY/H XKe ¢,, HANpOTHB,
GylyT BLIHYXJeHb BCe BPEMS OCTABAThCA MeXY MOJBINHLIMH CTeHKkaMu bb
n dd; TOCKOJbKY pAacCTOAHME MEeXAY HHMH MOCTOAHHO, TO HAM He MOHa-
noGHTCs 3arTpauyuBaTh paboTH (NMPOTHB IaBJeHHS rasa), H MOTOMY HHKa-
KHX TelJIOBBIX NPOIECCOB He NpOM3oHAeT. B 3ak/iioueHue Mbl 3aMEHHM
CTEHKH 25 M ¢C HeNOABHXHOH, COBEpLIEHHO HeMpoHHLAeMOH cTenkolt 25

W yIaduM aa, B pesyabraTe yero OyAyT CHOBa CO3MaHbl suikd K H K.

Jlumb Bce ¢ -MOJeKyanl OyiyT Temepb Haxonuthca B K, T. €. MH «OT-
uexu/aw» uX obparumbiv o6pasom Ges kakoH-mubo sarparsl paGoThl, mepe-

Jaul TEMJa WIH U3MEHEHHs TeMIePaTyphl M3 K B Takoh xe aumk K7 1%9),

? Z

nj
[
DY |

N
o

o
N
L N3

199) Cp. B CBA3H C 3THM, XapaKkTePHHIM &A% (EHOMEHONOTHUECKOR Tepmo-
JHHAMHUKH HCKYCCTBEHHBIM TDIOKOM, HarpuMep, mpum. 18¢) ua ctp. 266,
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TouHO Tak Xe MB «OTUELHM» ®o=» ¥3-» .. .-MOJEKYJb B ONNH3AKOBLIE

sumku K7, K”, ... u mnpuueM, HakoHenm, K Py, -, P,-, .. .-rasam,
coctosnm H3 @, N, w,N, ... MoJekyn, Kaxaui B o6beMe 7°. Temepn
MBI COXMEM HX H30TEPMHYECKHM 10 00beMOB w,7°, w,7”, ... COOTBer-

CTBEHHO, JJI 4ero HaM TpHAeTcs [OoJBeCTH u3 O60JbLIOro pesepByapa
(remmeparyppl T, uTo6H mpouecc Obl1 O6paTHMbIM) KOJHYECTBA Temaa
w Nz -Tlnw;, w,Nv-Tlnw,, ... (Bce oun < 0l), Tak xak Mexannueckue
paboThl CxaTHs OTHeJbHBIX Fd30B KdK Pa3 PABHBl 3THM BeJvuuHaM ¢ o0par-
HHIM 3uakoM (cp. mpum. %) Ha crp. 269). Mrak, yseanueHue SHTPOIHH

(o]
\
npH STHX IIPOLECCaX COCTABUT Z w,Nx-1nw,. Hakonew, nepeseneM B 3a-

n=1
kaouenue Bce Py -, Pigy-» .. .-rasbl B 011H Plg)-ra3 (¢ — NPOH3BOJbHOE
cocrosnue). Mrak, Mbl nOJyuuau Telepb CIAOUb P, -Ta3pl, COCTOAMIKE
w3 w N, w,N, ... MOJeKya H 3akJi0yeHHHe B 0GbeMb w,7°, w,7°, ...

ockoapky Bce OHM MIeHTHUHb ¥ 06/1a4al0T ONMHAKOBOR MJIOTHOCTBHIO
(N:7°), T0 uX MOXHO CMeliaTb, He Hapyuas OGPATHMOCTH, ¥ y Hac

(o0
& \
\l
BOSHHKHET OMH Py -ra3 us N moJjexys B o6beme 7° (ns-sa > w, =1 )-
n=1 4

Tem caMmbiM 3KejaTeJbHHH OGpaTHMEIfl Nepexoi BHINOJHEH. DHTPOMus
o0

NpH 93TOM YBeJAHYHJIACh Ha NXZ‘U)” In W,, U HNOCKOJbKY B KOHEYHOM
n=l

COCTOSIHMH OHA pasHA (fo HameH Hopmuposke) 0, TO B HauaJdbHOM CO-
o0

CTOSHMM OHa paBHsIaCch — Nx w,nw,.
n=1

ITockoabky omneparop U o6nanaer COGCTBEHHLHIMH — (QYHKLUUSIMH
®1» P30 ... C COOCTBEHHBIMH 3HAYEHHAMH W;, W,, ..., T0 UlnU OGyner
oGalaTh TeMu ke COOCTBeHHHIMH (YHKUMAMH, HO C COGCTBEHHBIMH 3Haue-
HHaMH @y Inw;, wylnw,, ..., u, caenoBareasHo, Spur(UlnlU)=

[ee]
= X w,Inw, 3Sameruv, uro w,>0, <1, sHauur w,Inw, 0 u
n=1

nputoM ==0 juwb g w,==0,1, —yro 111 w,==0 Hano Oparb 3Ha-
yenue w,Inw,==0, BUIHO M3 TOrO YTO B HAalleM pAacCMOTPEHHH He
HYKHO yuMTHIBaTh OGpAILAOIIKXCA B HYJIb W,; BIPOYEM, COOOpaMKeHus
HENPEPBIBHOCTH TNPHBOAAT K TOMY XKe.

Wrak, Mbl onmpegeuiaH, YTO IHTPOMUS COCTOAmEro u3 N OTAEIbHBIX
cucteM U-aucambas cocrasnser — NuSpur (U lnU). CxasanHoe panee
OTHOCHTE/NbHO W, lnw, moxasbiBaeT, 4TO OHA Bcerda >0 u IJjs paseH-
CTBA HyMO BCe W, AOMKHH ObTh ==0 wuau 1. Tlockoasxy SpurlU =1,
TO NPH STOM B TOYHOCTH OJHa w,==1[, Bce octamsube =0, T. e.
U == Py}. Urax, 10ak0 U == Py, T. e. TOAbKO COCTOSHUS UMEIOT SHTPO-
muio == 0, Bce ocraibHble CMECH HMMel0T dHTponun > 0. '
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8. Bonpocsl o6paTHMOCTH H PaBHOBECHS

Tenepb MBI MOMEM 3aHATLCA JOKA3aTeJAbCTBOM BLICKa3aHHOro B V.1
yTBepXKIeHHs O HeoOpaTUMOCTH npouecca usMepenus. Ecau, nanpumep,
U — cocrosue, U == P, T0 B peay/ibTaTe U3MePEHHS HEKOTOPOH Belu-
unibl R, onepatop R xoTopo# o6nazaer cOGCTBEHHBIMH (YHKUMAMU @y,
®gs + .., OHO MePeXOmMT B aHcaMObab

= ,,2;‘1 (Proi®ns ¢n) * Plo,)= g:l [(er ) |? Plo,pe

n eciau U’ — He cocTOAHUE, TO TPH 9TOM HPOUCXOAMT BO3DPACTaHHE SHTPO-
nuy (sutponus U Oniaa 0, a surponus U’ 6yzer > 0), Tak uto nmpouecc
HeoBpatuM. Ho urobut U’ 6biI0 cOcTOAHMEM, CEA0BATEabHO Gbiio Py,

rie ¢, —ero coBcTBenHEIe (QYHKUMM, NOMKHO OHTb (¢, 9,)|°==0 nis
BCeX ¢,, HMCKMOUan OMHy (aaa Hee ==1), T. e. ¢ Zo/KHA OBITbL OPTO-
roHanbHa KO BceM ¢,, n + n. Ho Torza ¢ == Cq_, mpHueM le| =1, cae-

noBatensho Py ==Pp, 1 u U=U’. Hrax, BCAKOE H3MepeHHe B COCTOA-
HUM HeoOpaTuMo, McK/odas cayualt, korza cobcTBeHHas (YHKUMA u3-
MepeHHOM BejuuMbbl (T. €. 3Ta Be/JMYMHA B JAHHOM COCTOSHUM) UMeeT
TOYHOE 3HAaueHMe, KOrJa MaMepeHMe BOOOLIe He MeHseT cCOCTOfgHuA. Kak
Mbl BUIMM, aKaysa/ibHOe TNOBeleHUEe ONHO3HAUHLIM 06pPA3OM CBA3aHO MO-
5TOMY H C ONpefe/eHHBIMH CONYTCTBYIOWIMMU TepMOAMHAMUUECKUMU SIBJIE-
HUSIMHU.

Msl XOTUM oécyzum: TeNeph C NOJHOR OOLIHOCTBIO, KOrAa Hpoiece

1, U>U = Z Ueu @)+ Pl‘f’] NOBBHIILAET SHTPOIHIO.

n=1
Aucambap U obaanaer surpomedt — NxSpur(UinlU), u ecmu
Wy, Wy, ... —ero colcTBedHble 3HaueHus, a by, §,, ... — cobcTBeHHEE
(GYHKIUMY, TO 3TO pPaBHO

— N g W, Inw, = — Nx il Uy $,) In (Uq)n’ $n)e
n=1 n=

Yro no U’, To on o6aanaer cobersennbivu suavenusmu (Usy, ¢;),
(Ugy, ©3)s «+., C12I0BATEIbHO €r0 SHTPONUS paBHa

— N« 2 Uen 9) 10U ¢p)-

o
IMosromy surponus ancambas U = sutponuu U’ B 3aBMCHMOCTH OT TOrO,
Oyaer Ju

[oe]

* z Uy ) In (U, %)é , (Ugn @) In (Ugys ).
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[TokaxxeM crepBa, 4TO B ®, BO BCAKOM Cjyuae, BHIOJHSAEICH 3lAK >,
T. e. uro npouecc U->U’ He yMeHbluaer SHTPOMMM; XOTA 5TO U SCHO
TepMOnMHAMHYECKM, TeM He MeHee JA Hamux pajapHeiuux ueseit Oyner
BaxXHO 00/1afaTh U YUCTO MaTeMaTHYeCKIM JOKa3aTenCTBOM 3TOro 06cTos-
TeabcTBa. MMenno, mpt OymeMm cuutate U, a BMecre ¢ HuUM u Yy, $,, ...
(UKCHPOBAHHBIMHU, & CUCTEMY @, @y, ... —— Hpoberarouielt BCe BOBMOKHbBIE
HOJIHbIe OPTOHCPMUPOBAHHBIE CHCTEMHL.

Ml MOXeM cHepBa OTpaHMYUTLCS M3 COOOpaXeHWH HempephIBHOCTU
TAKHMH CUCTEMaMH ¢, ¥y, ..., B KOTOPHIX TOJNBKO KOHeuHOE YUCJIO PyHK-
uuit @, OT/IMYHBI OT COOTBeTCTByIOUMX (yHxuu# ¢,. HMrax, nycrs, Hanpu-
Mep, ana n > M scersa ¢, =={¢,. Torna dyuxuuu ¢, ¢ n <L M Byayr
muHelHeMy KoMOunauuamu dyukuuft ¢, ¢ 7 M n naobopor, T. e.

M
m=,§1xmnq)n (m=1, ..., M),

u  M-mepHas wMarpuua {x,,] oOueBuEHO YHHTapHa. Buinoausercs
Ub,,, ¥,) =w,, 1, KaKk Nerko BHYUC/IUTH,

M
(U“Pm» C*Prn)";'ng;"(eln lx”m‘? (m=1, ..., M)'

TaK 4r0 TpebyerTcd NOKA3aTh, 4TO

3 watnn > 3 ( o, wlt)n( 0l 2unl?)-

m=1 m

[TocKo/bKY npaBas vacTh ABJsieTCH HerpepulBHOW (ydkuuett M? orpaun-
YeHHHIX NePeMeHHBIX X,,, TO OHa uMeeT MakcuMyM M ( {x,,] ysurapual)
TIpUHUMAET ero; Tak Kak JeBas CTOpOHA ABJACTCHA 3HAYEHHEM NpaBOd HJs
1 ms m=n,
P
m 0 zna m=n,
TO OcTaercss INOKa3aTb, YTO HA3BAHHHIH MaKCUMyM OCYLEECTBAfeTCS Kak

pas /s STOH CHCTeMBl NepeMeHHBIX X,
Hrak, nycts x‘,’m (m, n=1, ..., M)—Te 3HaueHns NepeMeHHBLIX,

I8 KOTOPHIX OCYLIECTBAAeTCH MaxcuMyM. Ecau TepeMHOXMTb MaTpuuy
{xo } C YHUTapHOH MaTpuileft

m, n
a, 8,0, .
—B,a.0,.
0.0,1,.

[N e TN e

b e B =1

0,0,0,.1
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TO HOJYyYMTCd YHHTApHas MaTpulia {x:,m}, T. €. ONATb JONyCTHMas CH-

CTeMa TMePEMEHHBIX X,,. ITycTh, umenno, a ="} 1—¢?, B="9e (e peme-
ctBeHHo, |8} ==1) u e Mano, Tak 4TO B Na’bHEHIIUX BLIYUCICHUAX Mbl
OyLeM yuMTHIBaTb TO/BKO Y/eHH Mopszka 1, e, €2, a uienaMmu mopsaka €3,

1
4 — ~ 1 — g2 4
et ... HpeHebperats. Torpa a =~ 1 5 €%, 1 B HOBOH MaTpule {xmn}

Oyner )
Xy, = (1 —% 52) %9 —+ dexd s

= 1
o 0 12} ,0.
Xy, = 3exln (1 5 ¢ ) X3,

X=X (m>3),

U, cJjaenoBaTe/qbHO, Apajnee
M M M _
,1231w” | %12 = ,;:len | x4, ]2—{—,12:‘41 2w, Re (3} x2n) ce—
M
+ 3w, (=] 4| 8, ) e

2 2 oo
3 @, |5, D w, 1, — 3 2, Re (B0, 58) - e —

— 3w, ()

2w, lxmnlz-Z,fw Ea

n=l

[Moacrapasa 3TH BuIpaeHus B f (£)==x 10X, yuuTeBaf TIpU 3TOM, 4TO
1
fly=lx41, fx=-
U BHINOJIHASR CJ0XKeHHe, MBI NOJAy4YUM

ﬁ (ﬁwnlx;nP)lﬂ(iw”x;nnP)z

m=1 \n=1 n=l

& (8o (o)

m=1 n=1

(o Eoer)o(Foir)) Foom e
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+|— EwHP%WIE%MP X
Zw |28 P — Zw |23,

n=l
1 1 1 X 0 4.0 i 2
+5 +— Ezm@xx) g2
2l Qe lp )
= n=

Yrobbl nepshIf uled cnpaBa OCYyLIeCTBJAAX MAKCUMYM, KO3(@uuueHT Hpu e
nomken =0, a kK0sdduument npu &2 6uth < 0. [Mepprit U3 HUX COmePKUT
IBA MHOXUTeJH,

2 ]
In <n%1 w, ! x) I"'> —1n <;é1 w, | Xy, |2>

Z 2w Re (Bx )

n=1

Byne nepsuift u3 uux == 0, B kosdduumente npu e? nepauift useH O6yner =0

(on Bcerna < 0), Tax 4To BTOpOH u/ieH, KOTOpPHIM, OueBMmHO, Bceraa >0,

nosxet 6yner o6patuTbCs B Hyab, 4TOOH Bech Kko3dduument Gua < 0.
M

y 0 50 ) —
D10 03Hayaer, 4ToO ,‘2_41 2w, Re (ﬁxlnxgn)-—O, T. €. BTOPOH MHOXHTEJb
B K03(ddHIMeHTe NpU € IOMKeH Toraa Toxe ==0, uYTO MOXKHO BamnucaTh

M
4 -

070 )| —
rakxe U B dopme 2Re 8%} wnxlnx2n>_0. [TockoabKy 3TO ycaoBue
nepexonm, NpH COOTBETCTBYIOWEM Buifope ¥, Ha aécomomym BEJIUYUHY

CYMMBI Z , TO OHA JOJKHa 0o0pawarbcsd B HyJb: 2 w, x9, ° ,==0.
n=l
IMockoneky MBI MoOrau OH NOCTaBUTb Ha MCCTO I H 2 ao0ue nBa

pasinuHbX &, f=1, ..., M, T0 noxayuaercsa

M
0 0
El w,x9 %0, =0 k]
Ho 910 3HauuT, 4TO YHuTapHOe TNpeolpasoBaHHe KOOPAMHAT C MaTpH-
et {x?’m} Ape06pasyeT NMATOHAMbHYI0 MATPUIY C AMATOHAJbHBIMY 3Je-
MEHTaMH Wy, ..., W, CHOBA K jauaroHambHOH dopme. ITockoabky nuaro-
HaJbHble 3/EMEHTH HABJSIOTCH MYJbTUIINKATOPAMH (MM COGCTBEHHHIMH
3HaueHNsAMM) MaTpuubl, TO INpPH Npeo6pa3OBaHUM KOOpPAMHAT OHU He Me-
HHIOTCH, @ MoryT, camoe Gosbluee, TepectaBuThes. Jo npeoGpasdosanus
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9TO OblIM BeJNUYHHBI wm(m= 1, ..., M); nocze npeoépasosaﬂuﬂ 3T0
M

OYAYT BEAM4HHEL 2_ w, | %9 [ (m==1, ..., N). Utak, cymmul 2 w, lnw,

- m§1<§1 w, | %9, ‘2>1n <§1 w, %%, ]2> UMEIOT T€ Ke caMsle 3Haue-

1

Hud, T. €. OpH
1 naa m==n,

X, ==
mh 0 nna m=+n

OCYIECTB/IACTCA MAaKCUMyM, KaK TO U YTBEPKAANOCH.
YcraHoBUM Temepn, KOFAa B COOTHOMIEHWM * HMEET MeCTO 3HakK
pasercTBa, Korga To BmimosuseTcs, cyMMa

[oe]

2 Utr 1) 18 W 1)
Oyzer HPHUHMMATb MAaKCHMAJbHOE 8HAueHue He TOMBKO A ¥, ={,
(n=1, 2, ...) (cob6crennslx QyHxuuit oneparopa U, cp. Bbime), HO H
ana y,=¢, (n==1, 2, ...). (CunraeM, 4TO ¥y, ¥g ... HpoOerawt Bce
HOJIHblE OPTOHOPMUPOBaHHBIE CUCTEMH.) B uyacTHOCTH, 3TO BHINOJHsETCH,
ec/iu yHuTapHoe npeofpasoBaHue UCHBLITHIBAIOT TObKO M mepBrix ¢, (T. e.

eciu ¥, == ¢, naa n > M). Ilyctb u,, = Ug,, ¢,) (M, n=1, ..., M),
Vyy .. .» Uy OYAYT COGCTBEHHHIMM BHAYEHUAMH KOHEYHOM (a TaKkke u
9PMHTOBOR U JepUHUTHOH) MaTpHUH {4,,,}), a {a,,} (m, n=1, ..., M)—

MaTpuueft, npusonsuett {«,,,} k nuaronanbﬂomy Buay. OynkuMu @, ..., ¢y

MyCTb OHA NEPEBOIUT B Oy, ..., Oy, @, == 2 Upy®, (m=1, ..., M),
rorza Uw, ==v,0,, CIef0BaTe/LHO,

v g m=n,

n
0 nmas m = n.

Yoy, o)== {

M
Ons b, =2 x,0,(m=1, ..., M; {*.z} BycTb TOME Oymer ynuTap-

M
HOM) Byzer, crenosareabho, (U, &)= On¥ e ITosToMy, cornacko
n:

M M
HOTIYHIEHUIO O @y, . . ., @y, BEMUHH D <Z Ul X ]2> In <2 V| X |2>
n=

N m:
NpUHUMAeT MAKCUMyM NpuH X, ==&, .. Cl/lJIy Npeas Ayliero Jn0xasateb-
M

CcTBA OTCIOZA CaenyeT vnakn&jn=0 s kR J, 1. e (Udy, $)==0
n=1 .
ana R+ j, k j=1,..., M.
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DTO NOMKHO BHIMOMHATbCH Aas Bcex M; caeposarensso, Ug, opTo-
TOHa/TbHA KO BCeM ¢;, K+ J, TO3ITOMy paBHa w, ¢, (w;—xoucrama).

TeM CaMbiM @¢;, @4, ... OKA3HLIBAKTCA COOCTBEHHHMH (yHKuuamu U ¢ cob-
CTBEHHBIMH 3HAYECHHAMM W, Wy, ... (T. €. C NePecTaHOBKOH COBCTBEHHBIX
8HaueHu#t W,, W,, ...). Ho npu Takux o6crosTenbcTBax

=8 W ) Poa= F - Poa=

Hrai, MBl HAlH, 4TO
2,

[Mpouece 1., U——>U’=="2;,1(Ucp,,, ¢ Plo,; (91 920+ . — OG-
CTBEHHBHle (QyHKUMH ONepaTopa R uaMepsieMolt BequuuHsl M) Hukorza He
yMeHblIaeT SHTPOMMM; OH Hdxe yBeNMYMBaeT ee BCerga, WCKJouas ciy-
yaft, Korxa Bee @;, Py, ... ABIATCA cOOCTBeHHBIMM dyHKUMAMU U, T. e.
xorma U =1/,

Bnpouem, B 3troM cayuae U koMmyTupyeT ¢ R, M 9TO TOXE Xapak-
TepHO AAd TOTO, 4TOOH TakO# cayuaft uMen MecTO (NOCKOJBKY KOMMYyTa-
THBHOCTb DPABHOCHJIbHA CYLIECTBOBAHHIO CHCTeMBl OOLIMX COGCTBEHHEIX
byHxugit o, @5 ..., cp. 1. 10).

Wrax, npouecc J. HeoOpaTuM BO BceX cayuasX, KOrja OH BOOOIe
NPUBOAUT K KAKHM-AHO0 U3MEHEHHsIM.

Tenepb Mbl [IOJDKHBL PAaccMOTpeThb BONPOCH O0OpATUMOCTH HpU MNpO-
ueccax 7, u 2. HesaBuCMMO OT «¢EHOMEHOJNOrHYeCKO# TEepMOAMHAMHMKY,
Kak TO OHJ0 MPOKJaMupoBaHO B V.2 B KkayecTBe BTOpOro NyHKTa Hpo-
rpaMmbl. MateMatuueckuit MeTOX, C INOMOIULIO KOTOPOrO 3TO MOXeT
YAaTbCst, Mbl Yyxke 3HaeMi Ecau BBHINOJHAETCH BTOPOE HAYa 0, TO SHTPONHUA
no/kHa pasuaThes — Nx Spur (U In U), u 9Ta Be/MUNHA He BIpaBe yMeHb-
IUNTbCA HY, TIpU kakoM nipouecce J. wiu 2,. TloatoMy HaMm Hazo paccMo-
TpeTs Temepb — Nx Spur (U In U) xax 4uCTO MaTeMaTHYECKYIO BeJHUUHY,
He3aBUCHMMO OT ee TOJNKOBAHMA KaK SHTPONUM, U BHLIACHUTL, UTO MPOHUC-

XOmMT ¢ Helt mpu [, u 2, 20),
! 2l tH

——-rh—tH 5
[Mpu npouecce 2, u3 U BosHukaer U,=—e Ue , T. €. ecan
2ni

0603HauNTL yHUTapHLIH omepatop e *# H yepes A, U - U,= AUA™L
[Tockonbky B cuiy yuutapHocTH A saMeda f— Af ocyuiecTsaseT uao-
MopdHoe oToGpaxenue runbGepropa TNpOCTpaHCTBA CcaMO Ha  cels,
KOTOpOe TepeBoANT Kawawi#h omepatrop P B APA™Y, 10 BOOGLE
F (APA™")= AF (P) A~'. Tlostomy U, ln U;= A-Uln U - A, Orciona
Spur (U, In U;)=Spur (U InU), T. e. Hawa seanuura — Nz Spur (U InU)
coxpausercs npu 2. mnocrosHHOR. HTO mnpoucxonur ¢ welt mpu 1., Mu

260) M, eCTeCTBEHHO, MOTMM GBI ONYCTHTH 34€Ch MHOKUTEAb Nx H paccMa-
TpHBaTh npocto — Sput (U In U) uau e, 47066l COXpaHUTh HPONOPUHUOHANLHOCTD
wueay saementos N, seauuuny — N Spur (U In U).
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TOMBKO UTO (4 TMPHTOM Oe3 CCHLIIOK HAa BTOPOE HAayalo) BeiACHMIW: ecan U
npu s10M Mensterca (T. e. U=£U’), 10 oHa BO3pacTaeT, NpH HeusMeH-
oM ke U (1. e. npu U=U’ nau xe npu ¢, ¢y, ..., ABIAOUAXCH
cobctBeHupMH  dyHKuMaMH U, wan ke npu xoMmyTupyiomux U un R)
OH4, eCTeCTBEeHHO, TOXe ocTaeTcss Heu3MeHuo#t. Mrak, npu Bosmefictsuu,
COCTaBJIEeHHOM M3 MHOruX npoueccoB /. u 2. (B NpOU3BOJBHHIX uucjae U
nopsaxe), — N»Spur (U In U) ocraercd, cael0BaTeNbHO, HEUIMEHHOM,
ecau Kaxib#t us npoueccos J, HemeMcTBeH (T. €. He COBepideT KaKHX-
anb60 naMeHeHH#t), 4 BO BCeX OCTAMLHBIX cJyyasx — Bo3pactaeT. ITostomy,
ec/d paccMaTpuBalOTCA TOJIbKO BO3aelcrua I, u 2,, TO Kaxawni# u3 npo-
uneccos Z., koTophiit BOOOUie uTO-O0 MeHdeT, HeOOpaTUM.
CyutecTByioT, npasna, 4 60/ee IpocThie Bupaxenus, yeM—Spur (U ln U),
KOTOpHIE He yORIB2IOT NpH npoueccax /. H OCTalOTCA NMOCTOAHHBIMU fipH 2.,
nanpumep, nauboJbiee coOcTBenHoe 3Hauenue onepatopa U. B camom
nene, Hpu 2, OHO, Kaku Bce coBCTBeHHble 3HaueHus [/, He MeHdeTcs,
npu 1. xe coOcTBeHHbIE sﬂaqeuuﬂ wy, wz, ... onepatopa U nepexoasT

B cOOCTBeHHbIE 3HAueHus Z W, | X142 Z W, | %,]% ... onepatopa U’
n=1

(cp. paccMOTpeHHe 3ITOTO naparpa(pa), ¥, MOCKOJ/IbKY M3-38 YHUTapHOCTH
[oe] [Se]

A}

MaTpuubl {X,,,} OyzeT Bumomuarsca X | X, [P==1, 2 |xpl2=1,...,
n=1 n=1

TO Bce 3TH uyucia < Haubojblilero @, (Hauéonbmee W, CyuUiecTByerT,

[oe]
NOCKOMbKY Bce w, >0, u us-3a 3, w,==1 J0omKHO OHITH fw,,—>0).

n=1
[Tockombky 6e3ycnoBHO MOXHO u3MeHHTs {J TakuM 06pasoM, 4TOOH
[oe]
BesnynHa — Spur (U InU) = — 2 w, Inw, ocrajsacb 6bl MHBAPHAHTHOH,
n=1

a Haubosbuiee COOCTBeHHOE 3HayeHHe W, yMeHbLIWJOCH Obl, TO BHIHO,
YTO CYUIeCTBYIOT HepeXol:, BO3MOXKHBIE C TOYKU 3peHHs (eHOMEHO/IorU-
YeCKOH TepMORHHAMUKY, —KOTODHIE, C/leJ0BaTeNbHO, AeHCTBUTENHHO MOXKHO
TIPOBECTH TIyTEM HAIIMX Ta30BHX MpPOLECCOB, HO KOTOpble HHUKOTIA He
MOTJIM OBl NMPOMBOHTH /HIIbL Yeped HOCPEACTBO MOCAEAOBATELHOTO TNpH-
MeHenus J. u 2.. OTO HOKa3biBaeT, YTO BBEJEHHS Ta30BbIX METOLOB
Heab3d H30exars.

Bmecto — Spur (UlnU) Mbl Morau Gbl, KOHe4yHO, paccMaTpuBaTh
Spur (F (U)) nas kaxko#t-nmu6o noxxoaame# F (x). Yto nocienHee Bbpa-
Aenne Oyner yseanumpatbes npu 7, faa U U’ (aaa U =U’, pasuo
KaK ¥ 0pu 2,, OHO, eCTeCTBEHHO, OCTAHETCH HHBAPUAHTHLIM), MOXKHO
LOKa3aTh TOYHO TaK 3Ke, KAk MH jAejamu aaa F(x)=— xlnx, ecau
TOMLKO Ana ¢yukuuu F(x) OYyAyT BHHOJHATHCH Te CBOMCTBA, KOTOpHIE
MBI €IMHCTBEHHO WCIIO/Ib30BAN Bbillle; HMeHHO, 4To F”(x) <0 u uro
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F’(x) MoHOTOHHO yObiBaeT (mOC/AefHee, BHpPOUYEM, cAefyeT M3 MepBOrO).
Wrtak, AaA Haliero HeTePMOAMHAMHMYECKOTO PACCMOTpeHHs Heo6paTHMOCTH
MBI MOXeM ynoTpeGutb Jobo#t Spur (F (U)), 6yab Toaeko F (x) Benyk-
jas xBepxy OyHKUus, T. e. Bumoauadcs F”(x) <0 (B unreppane
0 < x <1, nockombKy B HeM JexaT Bce coGcTBeHHHe aHauenus U).
B sakmouenne enenoBano OBl elye NOKa3aTb, 4TO M CMelliWBas ABA
ancaMbnas U n V' (Hanpumep, B COOTHOMIEHHMH a:B, «a>0, >0,
a-{-B==1) MB He NpUIEM K YMEHbLIIECHHIO SHTPONMH, T. €. YTO

— Sput ((@U - V) In (aU 4 BV) ) > — a Spur (U In U)—B Spur (V In V).

M 310 yTBepijieHHe OCTaeTCsl CHpaBel/UBLIM 1JA BCAKOH BHINYKJIOH (yHK-
uun F (x) Ha Mecte — x In x; A0Ka3aTe/ bCTBO Mbl NPeIOCTaBUM 4MTATEIIO.

3afimeMcst Temepb DPO3LICKOM CTALLMOHAPHO PABHOBECHOH cMecH, T. e.
CMeCH MAaKCHMaJjbHO#t SHTpONUM Npu 3amaHHoOH sHepruu. Ilocnrentee Hamo,
KOHEYHO, HOHHMATb B TOM CMbIC/e, YTO TPeRRNCAHO MaTeMaTHYyeCckoe
OXMIZHNE IHEPruM, — TOJLKO TaKOEe HOHUMaHHe OYAeT COOTBETCTBOBATH
uiee UHTUPOBAHHBIX B mpuM. 184) (ctp. 266) MeTONOB TepMOAHHAMHYECKOTO
HCC/IeOBAHMA CTAaTUCTHHeCKNX aucamOaett. TaxuMm o6pasoM, HOYCTH-
MbIMH OyRyT Jumb Te cMecH, Aad ybux U Bumoanserca SpurU==1 u
Spur (UH)=E, rane H — onepatop sHepruu, a E — ee mpexmucanHoe
MaTeMaTuyeckoe oOxunanue. [Ipu STUX JNONOJHUTEJbHBIX YCJAOBMSAX HANO
caenats — Nx Spur (U In U) maxcumanbhoft. ClenaeM ewe TO ynpormaw-
Hiee HpeAROJOKeHue, ur0 H o6ramaer 4UCTO IMCKPETHLIM CIIEKTPOM,
UMeHHO, cobcTBeHHbMU 3Hayenusmu W, W,, ... u coGctBeHHBIMU dYHK-
UHAMH @1, @o, ... (CPEAM HHX MOTYT ObITh M MHOTOKpATHHE).

IMycts R — HekoTopas BesnunHa, ye#t omepatrop R oBaanaeT TeMyu Xe
COOCTBEHHHIMU (YHKUHMAMU @y, @y, ..., HO BCEMH Da3JMYHLIMH COGCTBEH-
HbMM 3HaueHusMu. lamepenne R mpeobpasyer U coraacho 2, B U’ ==

= Uens ) P[,,n]; npu 3ToM — Nx Spur (U In U) Bospacrtaer, a Spur U
n=1

n Spur(UH) He uaMeHdi0TCs — NOC/eiHee u3-3a TOTO, YTO @, — 5TO
cobersentsie dyHkuun H u, caenosatenbho, (He,,, ¢,) 41 m+n oGpa-
UIAITCH B HYJIb:

Spur (U'H) = 3} (Ugy ¢,) Spur (Ppg,1H) =

—

18

o0
U o) Hop @)= (Ugp 9n) (Hon @) ==Spur (UH);
n m, n=
5TO LO/KHO BHIOJHATECA W M3-3a KOMMyTaTHBHOCTH R u M (1. e. us-3a
onuospemento#t uamepumoctu R u sueprun). ITosToMy UCKOMBIH MaKCHMyM
Oyner TakuM e, Kax ecau Obl Mbl OrpaHuyuaucs oneparopamu U7, T. e.
CTATUCTHYECKUMA ONepPaTopaMu ¢ COOCTBeHHHMH QYHKUMAME @),

Pgs oo en
u Oyner pocTuraTbCsi KK Pa3 HA STHX QYHKUMAX.
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Wrak, nyets U= w, P[q,”], M Tak kak Bce oneparopu U, UH
n=1

n UlnU o6ranair co6CTBeHHBIMH (YHKUMAMH @, HO COOCTBEHHBIMU

3HaYeHUAMH w,, W,,w,, H w, In W, COOTBETCTBEHHO, TO peyb UALT O TOM,
’ 0

4T00H OCTHUL MakcuMyMma aasa — Nx )_] w, Inw, npu A0NOJHATENbHEIX

yC/a0BUAX 24 w,==1u Z w 7Ws =E. Ho 3To B TOYHOCTH Ta xKe 3a-
~

laua, 4To u BCTa}OllLaﬂ B COOTBeTCTBYyloleH npo6iieMe paBHOBecHs B O0HIY-

HOM Teopum rasos 1), u nosToMy OHa pemaercs Tak Ke. [1o0 H3BeCTHEIM

NpaBUiaM HAXOQXK/eHUs SKCTPEMYMOB, I/ MAaKCHMaJbHOM CHCTEMB HHCeN

Wy, Wy, ... NOMKHO BHINOJHATHCA

[e=) (o) [e=)

0 0
X Wty |t g (N o | Bag [ D) Wawa | =0,
m=1 m=1 m=1

rie o ¥ 3 — HoAXOZ&sllMe NMOCTOAHHBIE W n==1, 2, ... DTO 3HAUMT, uTO

(nw,+ DFat W, =0, w,=e " Vn=ce™ Wa,

[oe]
\l
IZe BMECTO a BBeJleHa NOCTOsHHAA @ == ¢~ 1~*, U3 X w,==1 creayer, uTo
n=1
1
4 =-————, H TOITOMY

LA

1

J8

n

o]
a u3-3a 3 W, w,==F I0/KHO BHLINOIHATbCA
n=1

24 W,

ll[}/8

yto ¢uxcupyer. B. Ecan BBecTH, Kak OOBIYHO, «CYMMY COCTOAHMiH®

eV = Spur (g~ #H)

4 (@)——

||N8

201) Cp. M. Plank, Theorie der Wirmestrahlung, Lelpzig, 1913.

19 H. Hefiman
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(cp. cona u nanee mpuM. 1) Ha ctp. 277), To Gyner
Z'@)=—2 W e "¥n = Spur (He =),
n=1

M CJeNOBATEbHO, ycaosne fad B OyzeT raacuts

2@

z® — &

¢
Mul 00yCTHAM 3jeChb elle, 4TO 2 e "Vn y 2 W,e” P¥a cxonarea
n=1

g seex B> 0, T. e. uTO Aas n—> 00 3}1aqemm W/n——>oo, U NPUTOM

W
poctatoudo Owictpo. Hampumep, xBarut TpeboBanus T > OO Has

camoro U BO3HHKaeT CIellyIOUiee BhipaxeHue:

oo

—fH ~fH
.\ 8w o —BH = e e
p— 2‘ ae nP[%] ==qae Spur ) =7

Hrax, cBoticta pasHOBecHoro aucambias U, kortopsle dukcupylorcs
sagauueM 3Hadenns E wim B, T. e. 3aBUCAT, KaK TO U AOJKHO ' Onlj0
6LiTh, OT OIHOFO fapaMeTpa, MOXKHO ONpelequTh C HOMOLIBIO METOXOB,
OOLIUHEIX B KUHETMYECKOH TeOpHH Ta30B.

Durponus Hauwero axHcambnasa OyleT pasHa

p~BH  =H
S~~NxSpur(U1nU)_—NvSpur( ————):

Z(®) Z®
—_—— —BH — _
P Spur (¢#H (— BH — 10 Z (3))) =
BN"L _ InZ (8) Nx _ .
Z (B) Spuf (He SH)—{— —“‘W“ Spuf (e BH)-——
— Bz @
—Nx[ S+ in 1(9)]
a NnojHas SHeprus
_ Z'(®)
NE=—N A0)

(a1y noanyw sHepruio, a He camy E Hano craButh B mapaniens k S).
Tem camuim U, S u NE Bupaxens uepes . BMecTo TOro utobm Bripa-
KaTe P uepes E, Oyzaer mpaxtuudee Ha#ttn Temneparypy T paBHoBecHOH
cMecH ¥ CBeCTH BCe K HeHl. 310 nenaercqa Tak: Ilpusesem Hawy pasHo-
BECHYI0 CMecb B CONPMKOCHOBEHHE C TeNJOBHIM pe3epPBYyapoOM TeMIepa-
typul T’, uToOHl OHAa MoOT/a NepensaTs OT Hero sxepruo N dE, npu stoMm
(Ho cMpic/ly 060MX Hauyald) CyMMapHas SHeprus He NOJIKHA M3MEHHUThCH,
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a SHTPONHA — YMeHbINTLCA. Tela0Bof pe3epryap TepseT HpPH STOM SHep-

ruio NdE, I09TOMY €ro 3HTPOMNUA YBeJU4YHBACTCd HA — » U B TO XKe

TI
BpeMa AOMKHO ObITh

gs— N E ( ds

S %deE}O

NdE T

=
C zpyrofi croponsl, koueudo, NAEZ0, cyas no tomy T'ZT, no-
CKOAbKYy O00/ee XOJOAHBIE Teda MOJAYYAIOT SHEPrHI0o 0T OoJiee TEIJBIX;

nostomy T/ =T osHauaer, uro

4s 1=y
N dE T =<7
T. €. YTO
dE
=N _ NT@
=74 T Tas
a8
[Mosromy
4E Z'(B) PAORY
S I | zm)B __1_ (7w ~1
as T T B v 2By B
a8 ('“Z‘B’ ") (6
T. €
1
B=-7

Tem camuiM Bce wequuddsl U, S u NE npencrasieHn Kak ¢yHKUHH
TeMIepaTypHl.

AHanorus TNOJYYEHHBIX BBIIlE BHIPAXKEHHUA IJA SHTPONMH, PaBHOBeEC-
HOro aHcamGas W T. M., COOTBETCTBYIOLLMM De3yiabTaTaM TepMOAMHAMu=
4YeCKO# TeopuH, OCHOBHIBAOUIeHCcA HA KJIACCHYeCKOH MexaHHKe, Cpasy
Gpocaerca B riaasa. Ilpexne Bcero, surponus — Nx Spur (U InU). Cmecs

[os]

<
U= %lw,,P[%]——STO cMechb aHcaMGieft P[‘PI]’ ‘P[q,z], ... B COOTHOIIe-
HHAX W1 Wy: ..., T. & Nw, cucreM ¢;, Nw, cucrem ¢, ... Boabu-
MaHOBY SHTDOIMHIO 3TOIO aHCaMOs MOMHO NMOAYHHTH C HOMOIIBID TEPMO-
NI

IHHAMHYECKOH BepOATHOCTH» , OHa OyneT paBHa ee

(Nw)! (Nw,)! ...

x-KpatHomy Jorapudmy (upum. ) na crp. 289). Ilockoaeky N Be-

JHKO, TO Mbl BOpase npuGausutb daxkrtopuan dopumyao# Crupinura
!

x|~ Vwae—xxx; Toraa x In nepexouT B cBOEH CyluecT-
0

(Nw)! (Nwz)!

BeHHO# yacTH B — Nx lenlnwn, a 370 Kax pas ¥ ectb — Nx Spur (U InU).
n=

19*



292 OBLIEE PACCMOTPEHUE [TV

H
Hanee, nas pasHOBecHOro aHcambas y Hac Owbio U==e *T

(Mbl ONyCKaeM 3Hhechb YHCJAEHHBI  MHOXHUTE/b 7 (5)
W

< n

cA— 3

e T P, T & mpencTaBiser  CcoGofl  cMeCb  COCTOSIHHM
n=1

\
); 3TO  paBHO

Plo)» Pe]» -+, T. €. CMeCb CTaUHOHADHBIX COCTOSHUH ¢ SHEPTHAMH

W, W,

Wi Wy ... u ¢ (oTHocuTenbHEMU) Becamu e *T ;e *T ; ... Ecin
kakoe-mbo colGcTBeHHOE 3HaueHHE SHEPruM MHOTOKDPATHO, HalpuMep
Wy= ... =W, =W, 10 cMecb P[%l]-l— +P[ﬁ,ﬂv] Bofiner

w
C BeCOM e~;, T. €. TpaBuabHO  HOPMHDOBaHHBIA  aHcaMGib
1 .4
—(P P cp. Havano IV.3)—c Becom ve *T . Ho
v P+ .o 4Pron) P )
KaK pa3 TaK M ONpelendercs KJIACCHYECKUM «KAHOHUYECKU#» aHcamGub
(eci OTBIEUbCA OT NOABJAEHUS crelUdUUecKH KBAHTOBOMEXaHHYECKOTO
1
oépaaosax—mn—-(P + ... }P ); 9TO TaK Ha3ablBaeMas TeopeMa
v [‘Pﬂll [‘Plzv]
Boabumada (cM. npum. ?!) Ha crp. 289).
14

n
Has T—>oco secd ¢ *T crpemarca x 1, caenosatensho, nam U —

<«
d

K Zilp[rp"] =1. Taxum o6pasom, U =1 spaserca aGCOMOTHEIM COCTOA-
n=

HUEM DaBHOBECHR B C/yyde, KOTrNA HET SHePreTHUYECKUX OrpaHuyeHuft, —
pe3yiabTaT, KOTOPH# Mbl yxe mnoayudan B IV.3. Mw puauM, urto
«anpuopHas paBHOBEPOATHOCTb KBAHTOBBIX OpGUT» (MMEOTCS B BHIY
NPOCTbIE, HEBBLIPOXKNEHHEIE; B OOLIeM Cllyyae KPATHOCTH YPOBHS ABJAETCA
«aNpHOPHEIM BECOM», CP. CKa3aHHOE Bblille) BO3HUKAET B 9STOH TEOPHH
cama coOo#.

Crour yCTauoBUTb, CKOML MHOTO MOXET OHTh BBHICKA3aHO OTHOCH-
TeAbHO pABHOBECHOrO aHCamOas U 3anaHHOW SHEPrUM HeTePMOIMHAMH-
HECKH, T. €. HAa OCHOBE TOJbKO TeX 0oOCTOATe]bCTB, uTo U/ crauMoHapeH
(He MeHsileTCA C TeyeHMeM BpeMenu, mpouecc 7.) M uTO OH OCTaeTCa He-
U3MEHHBIM MpU BCEX H3MePeHHAX, He 3aTpPAarUBAIOIMX SHepru# (T. e.
NpA M3MEPEHUAX BEIUYUH, USMEPHUMBIX OJHOBPEMEHHO C 3SHeprueft; mpo-
uecc 2. ¢ xommyrHpyowuMd R u H, T. e. ¢ ¢, @5 ..., ABAAOLMMUCS
coGcTBeHHBIMU GyHKuHaMH H).

ITepsoe o3Hauaer, B cuny RuddepeHuHaNbHOTO ypaBHeHUs —(% U ==

2ni
= —~ (UH—HU), romxko, uro H u U xommyrupyor. Iocrennee
YTBEDXKNaeT, uYTO eCOH ¢, @ ... MONKHO NCNOAB30BATH B KayeCTBe
1 P2

MOJMHOW cHCTeMb COGCTBeHHHIX dyHkuu# maa H, 1o U=U’, 1. e.
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®1p Qg5 + .. OyAyT coOCTBeHHBIMM GyHkuMamu u nas U. Tlyctb coorset-

cTRylolMME cOOCTBeHHbIMH 3HaueHuamu H Oynyr W,, W, ..., a naa

U— w, wy, ... Ecin Wj.—.. W,, To mb Moxem 3ameuuts a3 H
75k PR P N

dyHkunn ¢, ¢, Ha Vv Vs ; MOSTOMy STH KOMOHMHAUMH TOXe

Oynyr coOcTseHHBIMM (yHKuMamun U, OTkyna cieiyeT, 4TO W;==W,.
[losroMy MOXHO moCTpoutb ¢yHkuMi F(x), YLOBIETBOPAOLLYIO
FWy=w, (n==1, 2,...), u rorna Gymer F(H)=U. flcuo, uro
3TOr0 AOCTATOYHO, PABHO KaK M TO, YTO ITO NOBJeyeT 3a coOOR KoM-
MyratusHocts H u U.

Hrak, Ha sTom nytd Bmoaue suBoaurca U = F(H). onHako ycra-
HOBUTb BHA F(x) (7. e. uTo, Kak Mb 3HaeM, F(x)= vAE) e b,

1

@:—ﬁ—) He ynaercd. Hs ycaoeu#t SpurU =1 u Spur(UH)=E no-

Jdyuyaercd eule, 4TO

(o]

ZFW)=1 n X W,FW,)=E,

HO 3THUMU pe3yJabTaraMH MeTOn HCUEPIIbiBAET cebsl MOJHOCTHIO.

4, Maxpockonuueckoe H3MepeHue

XoTa Haumle BHIPaXEHHE JAJA9 SHTPONUM 4BJAdeTCA, KaK Mbl BUAETH,
o6pasoBanHeM, COBEPLIEHHO aHAJIOTHYHLIM KJaCCHYeCKO# SHTpOmHH, mpen-
CTAaBAAETCA VAMBUTENbHBIM, UYTO [PM BPEeMEHHOM pPAasBUTUM CUCTEMBI
(npouecc 2.) oHa oOcTaeTcd MOCTOAHHOA M yBe/JMYMBAETCA TOJbKO HpH
uaMepenusx (mpouecc 7.), — B Kaaccuyeckoft Teopuu (rme M3MepeHus
BOOOILEe He MrPaloT pPOJHM) OHA Bellb, KAK MNPABMJIO, yBEeJHYMBAJACh yXKe
npd OGLIYHOM MexaHMYyeCKOM pPasBUTHH CHCTeMbl BO BpeMelH. IlosTomy
STOT KaXYyLIUHCH NMapanoKC HYKLAETCA B DA bACHeHHH.

HopManbHag mnpouenypa KJaaccUueckoft TepMONMHAMHKM FHpOTeKaer
caenyioutum obpasom. Bepercs cocyn of6bema 7°, B mpaBo#t mo/aoBUHe

v
KOTOPOro (061>eM 5+ OTHENCHHHH OT LPYrofl MOJIOBUHEI NPOMENyTOU-

HO# menxoﬁ) naxonsrca M Mosexkya (pamM NpocTOTHE — HIEAALHOIO)

raza Ttemneparypbi T. Ecan Mbl paclIupuM STOT a3 H30TEPMUYECKH
n obpatuMo 10 oObeMa 7° (naBas NpOMEXYTOuHOH meperopoike 0TO-
NBHHYTHCH NMOL HeHCTBHEM JLaBJeHHus rasa, HCOJAb3Ys OCBOGOMKIAOILYIOCH
MexaHuueckyio paboTy H IOLLepKHMBAaf TeMiepPaTypy rasa moCTOsHHOR
6oBUIMM TENJAOBbIM pesepeyapoM temmuepatypst T), TO SHTPOMHSt BOBHE
(8 pesepsyape) yMeHbintcs Ha Mxin2 (cp. npum. %) Ha ctp. 275),
Clef0BaTe bHO, SHTPONMA rasa Ha CTOIBKO e Bospacrer. Ecam e,
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HanlpOTHB, MH NPOCTO BBHITAHEM INEPErOPOXKY, TO ras npoiuddyHaupyer
8 CBOGOIHYIO JIeBYIO NOJOBMHY, OCBbEM BO3pacteT A0 7°, T. €. SHTpoONUA
yBeauuurcd Ha Mx1In2, Ges Toro, uToOH coamanach Kakag-aiu60o KOM-
neHcauug. Ilponecc Oyner, Takum 00pasoM, HeoOGpatTHMbIM, M SHTPOMNHSA
BO3PAcTeT B XOJe MPOCTOTO MEeXaHHYECKOrO pasBMTHA CUCTEMbl BO Bpe-
MeHH (uMeHHO, B Xone AMbdysuu). IToueMy ke wama TeopHus He npu-
BOZUT HH K YeMy NOXOXeMy?

CooTHOlUeHUa CTAaHOBATCA BCEr0 fAcHee, ecaM noaoxuts M==1; a4
TAKOTO OJIHOMOJEKY/AAPHOTO rasa TepPMOAMHAMUKA BCE elle CcrpasenJiuBa,
H TO, 4TO ero SHTPONHR BO3pacTaet Ha xIn2 npu yasoenuu obbema, 9T0
sepHo. OnHako 3Ta pasHuua Ha x1n2 AeHCTBHUTENBHO eCTb JUWL A0 TeX
nop, MOKa MH HAa CaMOM JeJ/e He 3HaeM O MoJjeKyae Huuero 6olee Toro,

n

Y/
4YTO OHa Haxonaurcd B oObeMme 5 HIM COOTBeTCTBeHHO 7°. Ecau, Hanpu-

Mep, MOJeKy/aa Haxogurca B obbeMe 7°, HO H3BECTHO, PACIOIOKeHA
OHa crpaBa WAM CJAeBa OT CepeldHbl COCYHa, TO NOCTATOYHO BCTABHUTb
nocepenune Neperopoiky M JaThb MOJEKY/Ie OTTECHHTb e€ M30TepMHUECKH
H o6patuMO K JeBOMY HJM HPaBOMy KoHLy cocyna. IIpu stom Oyner
coBepileHa Mexanuueckags pabora xTIn2, 7. e. sTa sHeprus OTHUMETCA
OT TenaoBOro pesepsyapa. B pesyiabrate MoJexyna onatb OKaMeTcs
B oObeMe 7°, OfZHaKO Mbl yXe He Oynem 38HaTh, pacroJjaraerc JH OHa
crnpasa MJM CJeBa OT CePeiMHBl, HO 3aTO MPOUBOWIIO Belb KOMIeEHCH-
pywoluee yMeHbllleHune sHTpomud (B pesepByape) Ha xIn 2. MueMu ciao-
BaMM, MBI OOMeHs/H Hallle 3HaHME HA YMEHbUICHHE 3HTPOMHH Ha x In 2 202),
MoxHo ckasath, uro sHTponus B oGbeMe 7° GyneT Tako# Ke, 4TO H

V4
B 00beMe 5 €CJH TOJbKO M3BECTHO, B KakO#l [0JOBHHE cocyna pac-

nonoxkeHa Mmoaekyaa. Ilosromy, ecau Onl Mbl nepen nuddysvedt sHamu
MOJIEKYIy (T. €. €€ MNOJOXEHUe U MMAYJAbC) C MOJHOH MOAZPOGHOCTBHIO,
TO AJd KaxZoro MoMeHta mociae anddysun MOKHO Oblio Gbl BHIMHCIHTH,
pacmojoxena oHa B NPaBOH HJAM B JEBOU MO/JOBUHE, T. €. SHTPOMNHUA
Boo0ie Obt He Bo3pocaa. ToabKO TOTEA, KOrja B HalUeM pacHOpsKeHud
MMEETCs OJHA JHMIIb MAaKPOCKONUYeCKas HHOpMauHs, 4To NepBoHayafb-

V4
HbIft 00BbEM COCTaBIsI 5 B mpouecce 2uddysun aeHCTBUTEIBHO MIPOHUC-

XOIHUT BO3pacTaHue SHTPOIHH.
Hrak, nas xnaccuyeckoro Habmonatens, 3HAWOIUETO BCE HMIYyJIbCH
H KOODIVHATBEI, SHTPONHA IOCTOSHHA, a HMEHHO paBHa HyJI0, TaK Kak

202y Cyumaapa Mokasal (cp. NpuM. 9%) ma cTp. 273), 4TO 370 «3HAHUE»
Hesb3 TaKkKe ¥ HOCHITh jemeBJe, 4yeM UEHOH KOMIICHCHPYIOUIErQ YBeaHYeHHd
sHTponun Ha %In2: B ofmem cuxyvae x102— 9To «TepMONMHAMHUECKAs LeHa»
3HaHHA, KaKOH U3 JBYX aibTepHATHBHBLIX CHy4aeB OcyllectBagercq. Jlaa nobuix
NONBLITOK NPOBECTH OINMCaHHBIH BIE IIpoHecC B ChAydYae, KOrja Heu3BECTHO,
B KaxO# IONOBUHE COCYZA HAXOAMTCH MOJEKYJNa, MOXHO [OKa3aTb HX HECOCTOS~
TEJbHOCTh, XOTA OHH M ONEPUPYIOT 3a4aCTYI0 ¢ BeCbMa CJAOXKHBIMH aBTOMaTHUE-
CKIMH MeXaHU3MaMHu
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BOIBUMAHOBA «TEPMOLMHAMHYECKAS BepOATHOCTb» (CP. Bble, mpum. 201)
Ha crp. 289) pasna Torma 1, — kax pas Kkak B Halled Teopuu s co-
crostinfl, U == Pj;), KOTOpLIE Belb TOXE OTBEYAIOT HanboublleHd BO3MOK-
HOH cTeleHH 3HaHnu# HaOmMoOJaTeNsd OTHOCHTEAbHO CHUCTEMBI.

WameHenus 9SHTPONMM CO BpeMeHeM KacalOTCA, CJenoBaTelbHO, To#
CHTyalMH, KOria Habmionaregb 3HaeT He BCE WM MOXKET BHIACHUTbL (U3Me-
pHTh) He BCE, UTO NPUHUMNHAJILHO u3Mepumo. Ero uyyscTsa kak pas
NO3BOJAIT €My BOCHPHHHMATb TOJbKO TAaK Ha3biBAEMbie MAKPOCKOMHYe-
ckue BeJAMYMHB. ITO paszbsAcHeHHe M3JI0KEHHOrO B HauaJde naparpada
KaXYyUlerocd NPOTUBOPEYHs HaJlaraer, OLHAKO, Ha nac 00A3aHHOCTbL HaWTH
IJif  KBAHTOBOMEXAHMYECKHX aHcaMmO/el TOuHBII aHajJor KJaccuueckoH
MAKPOCKOIHYECKO! SHTPONHM, T. €. SHTPONMH, PACCMATPHBACMOH C TOYKH
3peHnsi TaKOro Had/MopaTcas, KOTOPHIA MOMET MEPHTh He BCE BE.TMYHHbI,
HO JUIIb HEKOTOpble H30paHibie, HMMEHHO — MaKPOCKONMHYECKUE, BeIUYUHEI,
4a W 9TH— B 3aBHCHMOCTH OT 0O0CTOATENbCTB —— TOJABKO C Or'paHUYEeHHOH
TOYHOCTbIO.

B IIl. 3 ™Mbl y3Hanu, uTO Bce H3MePeHUs C OrpPaHUYEHHOH CTemeHbIO
TOYHOCTH MOTYT ObITb 3aMeHEeHbl a6CO/MIOTHO TOYHBIMU U3MEPEHHAMU ApY-
ruX BeJHUUHH, ABIAIOIMXCA QYHKUMAMM OT HUX M 06Jajal0lux YHUCTD
nuckpeTHeiMu crnektpamu. Ecau R — rakasq Beamunna, R — ee omeparop,

2
a P @, . —oTmmunbie apyr OT Ipyra M3 uwHC/Ha ee COBCTBEHHbIX
3HayeHu#f, To U3mepenue SR paBHOCHIBHO OTBETY Ha BONMpoch: «Pasuo au R

anavennio AV?», «Pasuo m R suavenuwo A¥?», ... Mt Moram 6b1, KO-
HeyHo, CKa3aThb M HENOCPEACTBEHHO: ecau BeaduMHa & c onepatopoM S
LOMKHA ObIThb . M3MepeHd ¢ OTPAaHHYEeHHOH TOYHOCTLIO, HANpUMEp HALO0
paccyauTh, B KAaKOM M3 UHTepBatoB C,_, <A<, OHAa JEWUT
(oo o g1 < p<L << ooy €p—>—F 0O UM K — CO TIPU
n—>-00 uWIM K —CQ), TO peub HACT 00 OTBeTe Ha BCE BONPOCHL:
«Jlewnt mm @ B ¢, ; <AL, n=0, =1, £2, ...

Ho TakuM BonpocaM cooTBeTcTBYIOT, coraacHo lII. 5, npoekuuonusie
onepatopsl E, ybn Besnyunnl (€ (mpunHHMaiuMe TOJbKO 1Ba 3HaueHds O
u 1) cobctBeHHO M moasexat uaMmepenuio. B HamKX npuMepax BevH-
unnamn & Gyayr ¢ywxumn F,(R), n=1, 2, ..., rae

1 pasn A=\?,
Fn 0‘) = O

B OCTAJBHBIX CAYYAsX,
unu ke Qyukuun G, (L), n==0, =1, =2, ..., rae

G ()= I omas e,y <My,

" 0 B OCTANbHLIX Clyuasx,
a onepatopamn E Oyayr cootsercrBenHo F,(R) wm G, (S). Hrak,
BMeCTO TOFO YTOOH 3al1aBATh MAKPOCKOMMYECKH U3MepHMble BesMuuHb &
BMECTe C JOCTHXKHMON TOYHOCTHIO M3MepeHUs, MOXKHO 3a1aTh Bompocs (&,
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Ha KOTODBle MOTYT OTBETHTb MAaKPOCKONHYECKHEe H3MeDeHM HIM Ke uX
npoexuuonubie oneparopst E (cp. III. 5). Kak pas sro asaserca oTyu-
YUTENbHHIM NPUSHAKOM MaKPOCKOMMYeCKOro Habaionaresns — 3anaHue ero E
(K7acCHUeCKH MBI XapakTepu3opanu Obl ero, Hampumep, TeM, 4TO OH
B COCTOSHUM H3MEPUTb B KaXJAOM KyOMuecKOM CaHTHMeTpe 3aHHMaeMOro
razoM o0beMa TeMnepaTypy M JIaBJeHHE — BO3MOXHO C ONpeneJeHHOH
OTpaHHYEHHOH TOYHOCTHIO, — HO HHYEro Apyroro) 203),

B caMoM npupone MaKpOCKONUYECKOTO H3MepeHHs BaKJIOYEHO, 4TO
BCE, H3MepHMoe BooOlie, M3MEpPUMO TOT4YAaC Ke, T. €. YTO BCE BOMPOCHI,
Ha KOTODHle MOXHO OTBETUTh MaKPOCKONMUYECKH, TOTYaC M€ HAXOAAT
CBOM OTBeT; 9TO 3HA4NT, 4TO Bce E niepecraHoBouHs APyT ¢ ApyroM. Kak pas
MOTOMy B€lb HEOLHOBpEMEHHAd U3MeDHMOCTb KBAHTOBOMEXAHHYECKHX Be/H-
YHH M NPOM3BeJa CHayala CTOJAb NapalOKcaJbHOE BHEYAT/IEHHE, 4TO 3TO
MIOHSATHE YYK IO MAKPOCKONUYeCKOMyY 00pa3y BocnpusaTud. Baaronaps 60.b-
IIOMY NMPUHUHMITHAIBEHOMY 3HAueHHI0 3Toro nyHkra OyaeT ymecTHo o6cCy-
IUTb €ro HecKOabKO HoapolHee.

IpencraBum ceGe acHee cnocof, KOTOPHIM IBE SIBHO He H3MepHMule
OZHOBPEMEHHO BEJMUMHbI, HAMPUMEp KOOpAUHATa ¢ u uMnyiasc p (cp. II1. 4),
M3MEDSIOTCA ONHOBPEMEHHO € OrpaHMueHHOHW TOwHOCTbIO. IlycTh cpemHumu
omubkamu usMepenua OyAyT € W 7 (COracHO COOTHOIIEHHIO Heompene-
neHHOcTeH €7~ A), obcyxmuenre B III. 4 mokasano, 4To nMpH TaKMX mpe-
TeH3UIX K TOYHOCTM OLHOBPEMEHHOE M3MEPEHHEe B CaMOM Je/e BO3-
MOXHO, — H3MepeHHe MOJ0XeHHs () NPOBOJIUTCA He CAMUIKOM KODPOTKO-
BOJHOBHIM CBETOM, a H3MepeHHe UMNYAbCa (p)-— He CAUIIKOM IJIHHHBIMU
uyramu BoJH. Korza Bce mpuroToBieHo Takum o6pasoM, TO COGCTBEHHO
M3MEPEHUe COCTOMT B TOM, YTO Kak-AM00 MACHTHOUUHPYIOTCHA, HAnpHUMep
dororpadupyloTcd, IBa CBETOBBIX KBaHTa — ONMH CBETOBOH KBaHT, OT-
KJIOHMBIUHICA 3a cueT KOMNTOH-3¢dexTa NpPH H3MEPEHUH 4, M BTOPOH,
oTpasuBluntics npu u3MepeHuu p c 3ddexrom Jonmnaepa, cBOI HACTOTY
M3MEHHBIIMHA M 1A OOHAPYXKeHHMA HTOH yacTOTH COOTBETCTBYIOIIMM OMTH-
uecKuM ycTpoAcTBOM (npu3MoH, AMDPAKUMOHHON peleTKO#) OTKJIVHEH-
Hbift, cBeTOBOH kBaHT. Mtak, B KOHUE OMNbITA MBl HMEEM Ne/0 C IByMs
CBETOBHIMM KBaHTAMH HJAM Jaxe TMpPocTo C ABYMA (ororpaduuecKuMu
NAaCTHHKAMM, M M3 HanpaB/JeHHR STUX KBAHTOB MM U3 DACHONOXKEHHA
nouepHeHNt Ha NIACTHHKAX Mbl LO/MKHBI BHIYKCIHTL ¢ MU p. 31ech cle-
IyeT OTMETHTb, YTO HHMYTO HE MNPendaTCTBYeT HaM ONpele/uTbh STH ABa
HanpagjeHus HJAM MecTa 3THUX [AByX MO4EPHEHHA CKOJb YroAHO TOYHO, —
100 OYEBHIHO, YTO 9TO — ONHOBPEMEHHO H3MEPUMBIE BeJUYMHDI (3TO
HMITYJIbChl M COOTBETCTBEHHO KOOPAUHATH IBYX Pa3/NyHLIX 0GBEKTOB), —
HO 3TO HHCKOJBKO HE NOMONeT uamepenuio ¢ u p. lelcTBUTennHO, Kak
6o nokasaHo B III. 4, cBasb 9TUX BeNMHHH € § M p TaK yCTPOEHA,
YTO I NOCASIHMUX KaK pa3 COXPAHAIOTCA HETOYHOCTH & H % (Laxe mpu

203) Takas xapakTepUCTHKA MAaKPOCKOMHYECKOro HabmojaTenss BOCXOAHT
k Burarepy.
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COBEPUIEHHO TOYHOM BHAHHM fIEPBBIX), H HeAb3s YCTPOUTb ONLIT Tak,
yToOH CTano en <& k.

Hrax, ecaum Mbl BBeieM STH JBa HanpaBjeHHs HJAM IBA NOJOMeHHS
NOYePHEHHN KaK CaMOCTOATE]bHbE (DU3NYECKHE BEJHYMHBI, HX OIEPaTOPH
nyctb Gynyr HaswBathed Q u P/, to BunuMm, uro Q' u P’ coepilleHHO
TOYHO IePeCTaHOBOUHbI, HO MpHHAAJexalue ¢ ¥ p onepatopst Q u P
MOXHO BHIPA3UTb C UX TOMOLULI0 He aKKypaTHee, 4eM ¢ TOUYHOCTBIO 10 €
u 7. Ilycts oTHocamuMuca x Q' u P’ BeanuuHamn Gyayr ¢’ u p’;
Ta MHTEPTpPeTalus, YTO MAKPOCKONHNYECKM H3MepPUMble BeJUYMHBI — 3TO,
coOCTBEHHO, He CaMH ¢ H p, HO ¢’ U p’, COBEPLIEHHO eCTECTBEeHHA
M TNOJNHOCTBIO COOTBETCTBYeT HALIeMy MOCTyJaTy o6 OxHOBpeMeHHON
M3MEDUMOCTH BCEX MAKPOCKONMMYECKHMX BeJHYMH.

HenecoobpasHo TpakToBaTh BHIACHEHHOE OGCTOSTEBCTBO BOOOLLE KaK
XapAKTePUCTHKY MaKPOCKOMHYECKOTO Cnocofa paccMorpeHus. 1o pac-
CMOTPEHHE COCTOMT TOrZa B TOM, YTOOH 3aMeHHTL BCe BO3MONKHbIE Ofle-
patropst 4, B, C, ..., KaKk NpaBUIO, He KOMMYTHPYIOLUMe IPYr C APy~
rom, xpyrumu oneparopamu A’, B’, C’, ..., GyHKUUMIMH KOTOPHIX OHH
npuGIMKEHHO SBJAIOTCA M KOTOPble KOMMYTHPYIOT IPYr ¢ apyroM. ITo-
CKONBKY 3TH QyHKuMUM onepatopos A’, B/, C’, ... MoxHO TO)e 060-
3Hauuth uepes A’, B’, C’/, ..., 10 Mu Brpase ckasath, uro A’, B/,
C’, ... aBaaotca npubmmxenusmu nas A, B, C, ..., HO KOMMyTupyiOT
npyr c 11pyr0M. Ecan nopanox seanuuHs! oneparopoe A’ — A, B’ —B,

C’'—C, ... 3a1aH 4NCHaMH €4, €g, &, ..., TO MB BHIMM, YTO NpPOH3-

BelleHHE €,8, Oyner Takoro nopsnka, kak AB — BA (uto Bexb, BooOuie
A¢s VY. p

rosops, #+=0) u T. 1.,— 9TO OnpenejdeT rpaHUlb JOCTHKRUMOH CTemeHH
npubanxenusa. PagyMHo, koHeuwo, ywe npu 3anawun A, B, C, ... orpa-
HUYMTbCH JMIUb TAKUMHM OmNepaTopaMd, ubd (pUsMuecKHe BeJUYHHB XOTb
B KakoM-a100 npubiuXeHHH MaKPOCKONHYECKH MNOCTHHUMBIL.

OTH YHCTO KAYeCTBEHHBIE PACCYKIEHUA OCTAIOTCA NYCTOH NpOrpaMmott,
NOKA MBI HE CMOXEM [10Ka3aTb, YTO OHM TPeOyiOT uero-iu60 MateMaTH-
YyeCKM HPOBOAMMOro. OCTaHOBUMCH [OITOMY Ha TOM, uTOGH OOGCYyIHTBb
NJA XapakTepHoro cayusas Q u P ponpoc o cyuecrsoBaHun Q u P’
YyuCTO MarteMaTHuyecku. Mrak, nyCcTh sanaHbl gBa NOJOXKUTEbHBIX HuCHAA

h
€W M Cen==7-; Mbl HleM 1Bd KOMMYTHDYIOIUX OniepaTopa Q u P

Takux, uTobnt Q' —Q u P’ — P uMean Ow (B HEKOTOPOM, elUe noije-
KalleM Oolee TOYHOMY OMNpeNeeHHI0 CMBICJAE) NOPAAOK BEAHYHHH
£

Mu nocTHrHeM 9TOTO C ABYMS COBEPIIEHHO TOYHO M3MEPUMBIMH Be-
JuyuHaMu ¢’ 4 p’, T. e. TakuMmu, uyTobn Q' M P’ o6napaaM YMCTO IU-
CKPETHEIM CHEKTPOM; IOCKOJbKY OHHM MePecTaHOBOYHH, TO CYLIECTBYeT
cocrodiuas 43 MUX oOwHMX cOOGCTBeHHBIX (YHKUUA 1nO/HAA OPTOHOPMHPO-
BaHHas cUCTeMa ¢;, ¢o, ... (cp. II. 10). CoorBercTByiomue COOCTBEHHBIE
gHavenus Q' u P’ nycrs Oynyr a;, ag ... u by, by, ..., TaK uTQ
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= ZanP[\on] u P= ZbP [¢,]- TO. 4TO WX u3MepeHHe — HyCTs
n=1

NPOBOAUMOE TAK, YTO HOCIIE Hero BO3HHUKAET ONHO U3 COCTOSIHUH ¢, @y, ...
(u3Mepss, HAmpUMep, HexoTOpylo BeanunHy R, korTopoH CcOOTBETCTByeT
oneparop R ¢ COOCTBEHHBIMM (YHKUMAMH ¢, @5, ... M BCEMU pAa3JIHY-
HBIMH COOCTBEHHBIMH 3HAUEHHAMUH C;, €y, ..., TOrma Q u P’ Oynyr
byHkuuamMu R), — BKJo4aeT npubinkeHHO U u3MepeHne Q M P, BHIHO
U3 ciaenywoiuero: B cocrodaHuM §, omepatoph @ u P Buipaxawtcs npu-
O6auKeHHO uepe3 COOTBETCTBYIOLIMe 3HaueHHs Q' u P/, 1. e. uepes
@, u b,, B TOM CMBICAE, 4TO MX JHUCepCHHM BOIM3M ITHUX 3HaueHuh
Majbl. IDTHUMH fucrepcusMu OyAyT MareMaTHyeCKHe OXHUIAHUA BEAUYHH
(‘I"‘%)Z 4 (p_bn)z’ T. €.

((Q“’anl)2 Pns (P/z)= ”(Q _ a/zl)q’n“2= HQQPrz"Aan“Pn”Z

((P_b 1)2‘19/1' “Pn)—“(P_b 1)‘1911“2—Hpq’n~bnq’nl

Ounu Gyayt maciitabaMu IJIs KBanpaToB pasHoctedl Mexny Q' u Q Hin
COOTBETCTBEHHO Meway P’ M P, T. e. LOMKHE [PUMEDHO pABHATHCA
g2 uwmu M2 HWrak, Mo tpeGyeM, uyTOGH

HQCPn_a/z‘Pn“»<\5; ”P‘Pn_bnq’n”én e

Mostomy, BMecto TOro yrolu rosoputs 0 Q' M P’, uenecooGpasuee

NpocTo Ha#TH MOJHYI) OPTOHOPMUPOBAHHYIO CHCTEMY @;, @g, ..., IJA
KoTopo#t npm cooTseTcTBylouleM BwOOpe @;, Qg ... H by by ...
BLINOAHSAANCH OBl MPHBENCHHBIE OLEHKH.

OtneasHbie ¢ (¢ ||¢|l ==1), A9 KOTOPHIX NPH COOTBETCTBEHHO HO-

n00paHHEIX @ ¥ b BHIIOAHACTCA
Qe —ael|=c n |[Po—bol=m,
Mol Ve 3Haem u3 III. 4:

2 ot
(g — oV — ig
G 0, 7= 9. m(q)—-(—x) " R

h hy h
TIe Mbl 1333 &7 == 4— ONATH MOJONKUIU &= ‘/%— n= 1/2; (T. e.
v = —2—) M riae Hano BuOpatb @ =¢ u b=p. Peub uger Tenepr o TOM,

uTo0bl COCTABHTH U3 ITUX ¢, , y MOJHYIO OPTOHOPMHPOBAHHYIO CHCTEMY.
[locko/bKy p— 3TO MaTeMaTHUeCKoe OXulaHue omeparopa @, a s — ome-
paropa P, T0 X0Tea0Chb Obl NOMYCTATb, 4TO p M ¢ NPoGeraloT CUCTeMb
ypCe ] He3aBHCHMO ADYr OT JAPyra, u HPMTOM Tak, ytoObl fepBasd UMeJa
NPUMEPHO IJIOTHOCTH &, a BTOpas — 7. B neHCTBuTe bHOCTH OKa3biBaeTcs

yI0GHBIM BHiOpaTh euuuubl 2 )/ 7w - & == \/ZT{ 12 7= 1/ % TaK
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uro6u Gbito p= Y Ayp, o= 1/—?—\/ (@, v=0, =1, £2,.,.)
Wrak, ¢ynxiuu

= ,V=0, il, i2,...
‘"PP':V (PV/T:{ . V__%_gv' 1 (p’ )

no/kHBL OynyT urparb poab ¢, (n==1, 2, ,..); TO, YTO BMECTO OZHOI'O
HHIEKCA Y HAC MOABMIMCL JABA — |4 W Y, — KOHEYHO, HECYLIeCTBEHHO.
Omuaxo stv ¢, , nmoka ewie He oproroHasbHbl. (HopmupoBaHHBIMU

OHU 4BJAAI0TCHA, U yCJIOBHA

Qb — VR pbl=s [P, =1 Eob,

shinoanensl.) Ecan Mb «oproronanusupyems (cp. IL 2, nox. meopenn 8.)
ux MeromoM llImuara (B kaxko#-HHOynb NOCAENOBATENLHOCTH), TO A/
OPTOHOPMUPOBAHHON CHCTEMBI qg; ,» KOTOpaa TOrAa BOBHHKHET, MOXHO

6yJJ,ET 6e3 TPyla LOKas3aTb INOJHOTY U YyCTaHOBUTL CHPaBENJUBOCTb OUEHOK

lQy,, — Vi, | <Ces "Pq»;,-, - ‘/ g W, l<Cn,

npuyeM Aaa C noayuutca 3Hauenue ~ 60, JloxasarenbcTBo 9Tux yrBep-
KIeHuH mnoTpeboBano OB JOBOALHO TPOMO3AKHX, HO HE TpeOyOluHX
KAKUX-MM00 HOBHIX TOYEK 3DEHHS, BBIKIALOK, KOTOPBIE MBI OGOMAEM.
Muoxuteau C~ 60 He wurpaiot GoJbIIOR POJAH, MOCKOJbKY H3MepeHHas

="

h
B Makpockonuueckux (CGS) emunuuax BemmuuHa e == - OKa3hBaeTCH

coBeplIeHHO HeoObIYalHOH ManoCTH (~ 10‘28!).

Wrak, Mbl MOXeM CKasaTh Teflepb, HOABOAA HTOTH, 4TO IONYyLIEHHE
0 KOMMyTaTMBHOCTH BCE€X MaKDOCKONMYECKHX OMepParopoB MOTHBUPOBAHO;
C/lef0BaTebHO, B YAaCTHOCTH, STO TaK U I/ BBEJEHHBIX Bbllle MaKpo-
CKOIHYECKUX NPOEKUNOHHBIX ofepaTopos E.

Oneparopsl E otseuaior BceM sonpocam (¥, Ha KOTOpbIe MOXHO OTBe-
THTb ¢ MaKPOCKOMHUYECKON TOYKM 3PEHHUS, T. €. BCeM pPa3bHeHUs M Ha Pasianu-
Hble CAYYaH, OTHOCALLMECS K HCCAeLyeMo#t CHCTeMe, KOTOpbie MOTYT OuiTb
NpoBeleHb MAKPOCKONMYeCkH. Kak Mbl BUIe/H, OHM BCe NMepecTaHOBOUHHI;
coraacuo IIl. 5, BMecre ¢ E x HuM orHocurca u 1 — E, nanee, BmecTe
¢ E u F—taxxe u oneparopy EF, E-4-F —EF u E —EF. Ecrecr-
BEHHO HOMYCTUTH, YTO MX CYLLECTBYeT ML KOHewHoe uuciao: Ey, ..., E,.

Bsenem Ha wrHopenue obosnavenne EV=F u E7'=1—E u pic-

s s
cmoTpuM Bee 2% npoussenenuit Eg D Ef, n) ($s « v vy 8, ==F 1). TlioGrie
IBa PasiuuHBIX M3 HUX 00JananT NPOM3BENeHUEeM HYJb, TaK KaK €C/Iy

E?') v ES,S”) " El(t‘) e Ef,t")——qma TAKUX TPOU3BELEHHS, ¥ KOTOPBHIX,

s ¢
HanpuMep, §, == £,, TO B MX NPOU3BENECHUEe BOULYT MHOXUTEIH ES ) 1 E\(, "),
T. e EVP=E w E{7'=1—E, NpoHU3BeJeHHe KOTOPbIX PaBHO HYJIO,
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Kaxnoe E, siBasercd CyMMOR HeCKOJbKHX TakHX NpOM3BENEHUH, MMEHHO

E = pY ECY L BO0) EN B L B,

Y 1
Speea Sy Sypp e Sy=t

Ecau Myl HasoBeM Te U3 3THX MPOM3BeAEHUN, KOTOpbie OTJAHYHHI OT

Hy/4, E{, P E:,, (acuo, uto m < 2%, Ho nomKHO OuiTh pake m < n— 1
TaK KaK BCE OHH LOMNHH BCTPETHTHCA CpelM E,, ..., E, u He pasun
HyJI0), TO 6y11eTE +* 0, E E,=0 n wEVHU Ka)l(llblﬂ E, ectb cymma
Heckonbkux E,. (13 nocaenyero ciepyer Takke, yTo n__2”’) 3amerum,
uTO HUKOINA HE MOMKET CAYWHTLCR, 4TO E.+E, —'Ep’ uckmouasn £, =0,
E, —-E wi E, -Ea. E, =0, Tak KaK uHave E, n E, Gbum 6bl cym-
MaMy HeCKOJIbKHX E., cienosareabHo E ——cyMMoﬂ > 2 0mepaTopos E.
(B03MOxHO, C mnosropeHuamu). Ilo meopemam 16. u 16. u3 1. 4 Bce
3TH onepartopsl Gblad Obl OTIHYHBL APYr OT Lpyra, NMOCKOMbKY HX > 2,

'
v or E,- Ho nostoMy no/mxHul Oviid Obl paBHATbCA HYII0 HX [pOH3Be-
neHus ¢ Ep, CAe/0BATENLHO H MPOU3BEAEHHE HX CYMMBL, 4TO MPOTHBO-
peuaT TOMY, 4TO 3Ta NO/MKHAa Onaa GbITh paBHOﬂ E

Hraxk, cOOTBeTCTBYIOLIME OflepaToOpam Ei,....E, CBoHCTBa G e G
3T0 MaKPOCKOMHYeCKMe CBOHCTBA cleayiouiero pona: Hu onHo M3 HuX
He abcypnHo. JlioOble npa B3auMHO MCKJoyaloT apyr apyra. JlioGoe
MaKPOCKOMUYECKOe CBOHCTBO OKAa3bIBAaeTCH paclienuMblM Ha HEKOTOPHIE

13 Hux. Hu onHO M3 HUX He/b3s HaJbHeWLIMM paciuerneHuem pasJoXUThb
] I
Ha 1Ba Gojee TOUHBIX MaKpockonuyeckux cso#icrsa. Urak, €, ..., €,

OCYLUeCTBJAIOT caMoe TIayOoKOe MakpOoCKONMMYeckoe pasiducHHe CJyvaes,
KoTopoe BooOie Moxer ObTb CienaHO; OHM MAaKPOCKOMNHYeCKM Hepas-
JIOKHMBbi.

B nanvuefiimeM mul He OyaeM Tpe6oBaTb KOHEYHOCTH HX YMC/IA, HO
TOJNbKO  CYLISCTBOBAHHA  MAKPOCKONHYECKM HEPas/OKUMBIX  CBOHCTB

G Gy, ... CooTsercTByOLIHEe NPOEKUNOHHEE ONepaTopbl nycTh OynyT
Eq, Es, ..., onatb BCe + 0, moGue 1Ba OPTOTOHAJbHBIC M Takde, YTO
KaXIbfl MakpOCKOMHueCKHH E ecTb CyMMa HEKOTODHIX M3 HHX.
[TosToMy u ! noaxHa OHTb CyMMOH HEKOTOPBIX M3 HUX; He BO#IH
HEKOTOPbIH E, B HX uiCA0, OH Obla Gbl K Hefl, T. e. K 1, OPTOTr'OHAJEH,
T. €. 610 Gbl E,=E, - 1==0, uro nesoamoxuo. [Tosromy E;—i—Eé -+
~+ ... =1. Mu onycrum tenepsp wrpuxu u O6ynem mucarb &, €, ...
u E;, Ey ... OrmHOCALIMECS K HUM 3aMKHYTHE JHHe#Hble MHOrooOpasus
6yayr HaswiBatbea MM, WMy, ..., a uHCIa HX UBMEPEHHH —Sp, Sy ...
Byns Bce s,=1, 1. e. M, onuoMepHrl, T0 Gb0 Gbl 1 M, ==[¢,],
E,=P[, u. w-3a E;+Ey+ ... =1, ¢, @, ... —1n0mo# opro-
HOPMHPOBaHHOH cHCTeMoft. DTO 03Hauano Gbl, YTO yiKe MaKPOCKOIHYECKHE
u3MepeHHusd 103BoaaAM OB MOJHOCTHIO YCTAHOBHTh COCTOAHME PaccMaTpH-
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BaeMo#t cucTeMbl. IIOCKOJBKY B HOpMAaJMbHOM Cilyyae 3TO He TaK, TO,
BooGwe rosopf, Oymer s, > 1 u maxe s,>>1.

3aMeTUM KCTaTH, 4TO onepaTops E,, aBAgIOLMeCs 3JeMeHTapHBIMH
KUPTIHYUKAMY MAKDOCKORUYECKOrO ONUCAHMA MHPA, B HEKOTOPOM CMBICIe
COOTBETCTBYIOT OOBIYHOMY B KJAacCHuecKoH TEODUM PA3[e/eHHIO HA KJCTKH
($a30BOTO0 MpOCTPAHCTBA. YTO OHH B COCTOAHMM MPUOMUMEHHO TepelaBaTh
NOBeLeHUEe HEeKOMMYTHPYIOLIMX ORepaTopoB, B YACTHOCTH MOBEAEHHE CTOJb
BaXXHHIX i (a30BOTO MPOCTpaHcTBA Q U P, — MBl yXe BULENH.

Kakolt xe surponue#t obmazaer cMech U 1 MaKpOCKOMUYeCKOTO
HabmoaTeNd, UYbH HEPA3JNOXKHMble MDOEKUMOHHBIE  OINepaTopsl — 3TO
E,, E, ...? Hnau, Oojee TOUHO, KAKyl0 MAaKCUMAJbHYI0 3SHTPOMMUIO
MOXET BHIUrpaTh Takoi HaOmonareds mpu npeoOpasosanuu U B V, 1. e.

==
KAKOe yMeHblIeHWe SHTPONUM (OHO MOXeT ObITh, €CTeCTBEHHO, 50) BO

BHEIIHKX OODbeKTaX B COCTOSHMM OH B JyulleM Clyuyae 031aThb B
KayecTBe KOMNeHcauuu 3a nepexon U —V?

[Ipexne BCero cieayer MOLYEPKHYThb, 4TO ABa aHcambas U u U/, nas
KoTophx BCe Ej, E,, ... 00/a1al0T OAMHAKOBHIMH OXXHKIAEMHIMH 8HadYe-
HuaMu, T. e. Takue, yro Spur (UE))=Spur(U'E,)) (n=1, 2, ...) on
BOBCE He MOXET Pa3/HuuTh ApPYF OT Apyra. [IpaBaa, on cMor OH, BO3MOXHO,
coelaTh 3TO CNyCTs HekoTopoe BpeMs, Tak kak U u U’ 3BOMOUHOHH-
PyIOT cOrJiacHo 2, W paBeHCTBO Spur(AUA‘lEn)=Spur(AU’A_lE,,)

2xi
¢ A=¢ * He [O/KHO Obi10 Ob Go0Jee BHIROJAHATLCA 20f), HO Ml
Beib pAacCMaTpMBaeM TOJNLKO HK3MepeHHsl, KOTOphle MOXHO BHIIOJHHUTD
toTyac. Urak, NpM H3M0MKEHHBIX BBILIE YCJAOBHAX MBl BHPABE CUMTATh
U u U’ nepasauuumbiMu. Jasnee, nabmoznaTeab MOXKeT ynoTpeG/aTh JIUILb
TakMe TNOJYNPOHHLAEMbE CTEHKH, KOTOpble MPOMYCKAOT ¢ HekoTophx E,
H OTpaXalT BCe OCTa/lbHble, DTOTO OKa3bBAeTCA NOCTATOMHO, 4TOOH,
kKak Oe3 Tpyza MoxHO yGeiuTbcst, clenys Mertomy V.2, nepeBecTH
oc

oc
HeKOTOpbf U/ = 21 x,E, B Hekoropu#t V' = 21 y.E, o6paTuMuiM 00pa-
n= n=

30M, TaK 4YTO L/ PasHOCTH SHTPOMHH COXPAHUTCH BHpAXKEHUe
x* Spur (U’ In Uy — » Spur (V/ In V'),
T. e. oHrponus U’ Oymer pasHa —x Spur(U’InU’"). IlpaBza, Hazo

204) Ecau E, xoMMyTupyeT ¢ H, cieZoBaTesbHO U ¢ A, TO paBeHCTBO BCeE MeE
BBIIOJIHAETCH 1¥3-32

Spur (A-UA™E,) = Spur (UAT'E, - A) = Spus (UA™1AE,) = Spur (UE,).

Ho Bce E,, T. e. Bce MaxkpoCKOmHueckue Be/HUYMHBL, BCe OHM HH B KoeHl Mepe
He KOMMYTHPYIOT ¢ H. Muorue u3 HUX, HamlpuMep HEHTP TAKECTH KaKOro-au6o
raza apu Auddysud, M3MeHAIOTCA CO BpeMeHeM BIIOJIHE 3aMeTHO. JTO 3HAUuT,
uro Spur (UE,) He moctOaHeH. [TockoabKy Bce MakpOCKOIIHYeCKHE BeJMUMHHAL
NepecTaHOBOUHH, TO H HH B xoeM clyuae He eCTb MaKpOCKOMMUECKasd BEIH-
4iHa, T. €. SHEPrHI0 Hedb3fl COBEPUIEHHO TOYHO H3MEPHTb MaKPOCKOMHYECKH.
C 5TuM MOXHO COTNacUThCA 6e3 AaAbHEHmEero.
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3aMETUTh, uTO, — uToOb Taxue U’ co csottctBoM Spur U’ ==1 B0o0oGuwe
cyulecTBoBaaM, — wmype Spur E,, T. €. uucaa §,, ZOMLKHH OHTL KO-
Heuhpl. [losTOMy MBI HpuMeM, uTO BCe §, KoHeuHnl. Omeparop U’ 06-
Ja8aeT S;-KPATHEIM COGCTBEHHBIM 3HAUEHHEM X, Sy-KPATHHIM COGCTBEHHHIM
3HAYEHMEM X, ..., nosroMy —U’InlU’ OGyzer o6nazarts S;-KpaTHEM
COOCTBEHHEIM 3HaueHHeM — Xy 0 X, S;-KPATHHIM COGCTBEHHHM 3HAYEHHEM

0
1
— X, 10 Xy, ... Takum o6pasoM, Spur U’ == | osnauaer, yto Spx, =1,
n=1
a 3HTPONHUA DABHAETCA — X 21 Spx,lax,. Vas-3a
n=

= }} $4E yE = % ,E,; Spur (U'E,)== x,, Sput E,, = s,,%,,
Spur W'ER)

Sm

—x E Spur (U’E,)In

n=1

Oynet x NO3TOMY OCCyxraeMast SHTponus OyneT PaBHA

Spur (U’ E,)
Sy :

Jas npoussosbhoro U (Spur U == 1) sHTponus ToXe 10/KHA PABHATHCA

— Y, Spur (UE,) In

n=1
JeRcTBUTENLHO, TOMOXKH MBI
o
S E
x, = P UE,) U'=E %,E,,

Sn

Spur (UE,)
Sp :

to Gyaer Spur (UE,)==Spur (U’E,), n nockoasxy U u U’ HepasinuuMbi,
TO OHY AO/KHBI 00JaIaTh OLHOH M TOR Xe SHTpOMHeH.

Hano ewe ynoMsnyTh, YTO 5Ta SHTPONHKSA BCerna HPeBOCXOMUT OOHIK-
HOBEHHYI0: BCerza Oyner

Spur (UE

—% ¥} Spur (UE,) In D) >y Spur (U Uy,

n=1

oo
M 3HAK pAaBeHCTBA NOCTUTHETCA TOJALKO JId U:X‘an,,. CornacHo
n=1

peayanaTaM V.3, 310 TapaHTHPOBAHHO Oyner uMeTh MeCTO, eCJH

N Spur (UE
U= 2 -—p——s(—")E MOXeT OuThb c031aH0 u3 U Heckoabkumu (He
n
n=1

00513aTe/IbHO MaKpOCKOHH‘leCI(HMH) HPHMEHeHHﬂMH npouecca 1., Tak Kak

caeBa Benb croutr — % Spur (U'InlU’), a U= 2 x,E, o3uauaer TO XKe,
n=1
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yro u U ==U’. BuGepeM OpTOHOpPMHPOBaHHYW) CHCTeMy ¢iP, .. cp(”)
pacmmsaxomyxo npuHannexaiee E, nuHeHHoe MHOroofpaaue EU&,I, U3- sa

ZIE == 1 COBOKYNHOCTb Beex ¢ (n=1, 2, ...; v==1, ..., s,) 06-
pas3yeT NOJHYIO OpPTOHODMHDOBAHHYIO cMcTeMy. IlycTb R — omepatop,
cOOCTBEHHBIMH (PYHKUMAMM (CO BCEMH pa3JMYHBIMM COOCTBEHHBIMH 3Haue-
HUAMH) KOTOPOrO OHu sBaswTcd, a R — ero ¢dusuueckas sesuuuna. IIpu
usMmepennd R us U nonyuaeTCﬂ, B cuay 1.,

P

i M:

(U &) - P[ ]
[Tonoxum Tenepb

Sn o 2
S (12}
q)g')z ~Ee n gl (p,:l,...,S,,).
Sn
v=1
dyuxuuu $, ..., () 00pasyi0T OpPTOHOPMUPOBAHHYIO CHCTEMY, KOTO-
n

pas pacTATBaeT TO Ke 3aMKHYTOe JaHHeHHoe Muoroo6pasue IM,, uto W
o, cpg';) Hosromy u ¢ (n==1, 2, ...; v==1, ..., s,) oBpasyiT

MOJHY0 OPTOHOPMHPOBAHHYIO CHCTeMy. ITocTpoum ¢ 9THMH COOCTBEHHLIMHU
yHKUMAME ONepaTop S u OTHOCAULYIOCA K HeMy (UBHYECKYIO BelHuH-
Hy &. OTMeTuM elllg, YTO BHLIMOJHAOTCA CAenylOIHe (GOpMYyab:

0 nmaa m£n, Sy

( [ (n)] q) (m)) si' e ; P[ (n)] —-vg P[¢(rz)] :zEn.

[Tostromy npu uameperudn & B cuny 7. us U” nosayuurcsa

i;l Xl(uﬂq,(m) H) Py =

3 S oy o) ey -

=iln=1

3
I
—
k=

(m)  (m)

P T

m=1 p=11Ly=1
S [ee]

— }: Spur (UE,,,) P[( )] Z Spur (UE,;) E,=U"

Sm
Taxum o6pasoM, 1ByX mpoueccoB J. xBaraeT, uToOn npeobpasosats U
B U/, —u 3T0 Bce, B YeM MB HyXIAMUCh OJs LOKA3aTe/bCTBa.

m=1 v=1 m=1



304 OBIIEE PACCMOTPEHUE [t v

Oas cocrosumtt (U =Py, Spur(UE,)=(E,9, ¢)==||E,9]|?) ora
SHTpOnNHS

©o E 2
— 2 1Bl A=

n=1
He UCHLITHBaeT Oosee TexX 30/, 4TO <«MHKPOCKOMMYECKas», — OHA, BO-
o6we rosops, He OCTaeTca MOCTOAHHOR BO BpeMeHH (T. e. NPU NPOLEC-
ce 2,) ¥ He 119 BCeX COCTOAHME paBHa Hymo. JeHCTBUTENLHO, UTO
Spur (UE,), 43 KOTOpOro CTPOMTCA Halla SHTPONMA, BOOGWIE T'OBOpA,
He OCTaeTCs MOCTOAHHBIM CO BpEMeHeM, yke O0O0CYyKAaJ0Chb B TpuM. 24)
(crp. 301). Jlerko BhiscHuTb, koraa cocrosHue U == P, GyneT 061anats

2
surponue#t O: [lockosbky —“i';ﬂ->0 u 1, TO Bce cJaraeMbie
n

E.ol?2 .
HE,,cp]]?ln”—:%”— B BhIpaXeHuM a1 sHrponuu <0, OHH LOMKHE OblAU

0w, cirenoparenbHo, Bce o6paTuthes B 0. D10 Tpebyer, uyTOGH

E 2
NESRN 0 pau = 1. Ilepsoe o3nauaer, uro E,¢=0, nocrenhee —

Sn =
uto ||E,¢| =V's, Ilockonbky, omnako, Eqoll <1, s,>1, 10
R MOCHenHero HyxHo S,=1 u [|[E¢||=]¢|, T. e. E,o=0¢ wm

s,==1 1 ¢ nexur B IM,. D10 nocienHee He MOXET, KOHEUHO, BHINOJ-
HATLCA 0/ IBYX DA3NHYHHX 7, HO He MOXET M He BHNOMHATLCS HU A/
ONHOro, Tak kak Ttoria Owao 6w Bcerza E,p==0, 1. e., B cuay

e o]
,
2 E,=1, ¢=0. Urax, Hano, uro6i B TOYHOCTH A1 OLHOTO 7
n=1

¢ nexana 6u B IM,, u npu sToM OblI0 6H s, ==1. [TockoabKy paHee Mbl
yCTAHOBHAM, 4YTO, BOOOWIE TOBOpA, BCe S, >>1, TO 3TO HEBO3MOXHO.
Hrax, Hama suTponus Bcerza > O.

TToCKO/MIbKY MAKPOCKOMHMUYECKAs 3HTDONHA 3ABHCUT OT BPEMEHH, TO CJie-
dywiu# BORPOC, KOTOPHH HaM HAno paspenluTb, COCTOMT B TOM, BeneT
Ju OHa cebd, KaK SHTPOMus GpeHOMEHOMOrHYeCKOH TepMOLHHAMUKY B fefCT-
BUTE/NLHOM MHpeE, T. €. BO3PacTaeT Ju OHA mnporpeccuBHo? B ocnosa-
HOM Ha KJACCHYeCKON MeXaHUKe TEOPHH yTBepIUTEJbHHH OTBET Ha STOT
BOMPOC MOJy4aeTCq 4epes NOCPeICTBO Tak HaskBaeMOH H-teopembl boabir-
MaHa, HO TpH STOM TNPHXOLMTCH [Ne]aTh W3BECTHHIE CTATHCTHYECKHE
IONyLIeHHd, TaK HashiBaeMble «THIOTe3nl Gecnopsanka» 205). B kBaHTOBOH

205) OTHOCHTENBHO kKnaccudeckolt H-rteopemst cp. Boltzmann, Vorlesun-
gen iiber Gastheorie, Leipzig, 1896, paBHo kak M Ype3BHYaHHO NOyUHTENBLHOE
obcyxaenue y Il. u T. Dpendecro (cM. mpum. '85) Ha crp. 267). «[unoress Mo-
JeKyaspHoro Gecmopaaka», KoTopbie MOrAH 6Bl 3aHATh B KBaHTOBO# MeXaHHKe
MECTO COOTBETCTBylomux rumores Boabumana, dopMyanposan [layan (8 sommep-
¢deaba0BoM I06uneHHOM c6OpHHKe, 1928), TaM e ¢ UX NOMOLIbIO JAOKAa3BIBAETCA
H-teopeMa. HenasHo aBTOpy yaanoch JOKa3aTh H SPrOjMUEcKYI0 TEOPEMY KaAacCH-
4eckoH MexaHukm, cp. Proc. Nat. Ac, aHs. u mapT 1930, paBHO xak U ycUneHHe
y G. D. Birkhoff, Proc. Nat. Ac., naexabpp 1929, mapr 1930.
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MeXaHHKe aBTOpY yAa/10Ch LOKa3aTh COOTBETCTBYIOMYIO TeopeMy Oes npen-
nojoxeHu#t Takoro poza 20), Bosaee 6iH3KOe 3HAKOMCTBO € ITHM Tpes-
MeTOM, PaBHO Kak ¥ ¢ TecheHmuM oO0pasoM cBA3aHHOR ¢ HMM 3prosu-
yecko#t Teopemo#t (cp. mpum.20%), rpe nocuenHsas TakXKe NOKasblBaeTCH),
3aBe/o Obl HaC CJAMHIKOM NajAeKO, M Mbl JOJKHB OTKA3aTbCHl OT Mepeiauu
9THX MCCJeoBaHuH. 3aHHTEpECOBAHHOTO B 3TOM HANpPABJAGHHM UMTATENS
MH OTCHJIaeM K NpDHBeJEHHHM pa6oTam *).

208y Zs. . Phys. 57, 30(1929). (CM. mepeBop aToli CTaTbd B KOHLE KHHTH.)
*) CM. mpuM. 28). [Tpunm. ped.



FTJTABA VI
NMPOIECC U3MEPEHHS

1. TlocTaHoBKA 3ajayn

B npeiAbayuieM pAacCMOTPEHHH MBl BHIACHWIM, KAK OTHOCHTCS KBaH-
TOBaf MEXAHHKAa K Pa3/HYHHM, NPHUMHHBIM M CTATHCTHYECKHM, METOLAM
ONHCAHUA NPHPOAb, M OOHAPYKHIM CBOEOODASHYI0 LBOMCTBEHHOCTH ee
npeanucaHuit, koTopas He OhiIa ellle HcuepmbiBaoIle 06bacHeHa. MmerHo,
Mbl HAIIM, 4YTO, C OAHOH CTOPOHH, HeKOTOpoe cocToaHue ¢ npeobpa-
syerca mon jetictueM omeparopa suepruu H 3a Bpema 0 {1t < f B co-
croghuue ¢’ NO 3aKOHY

'
'5‘0%—"?1=—2_}11HCPT (O<’t<t)’

Po=% =9

UJIU, HUHBIMH CJIOBAMH,
2ni

- tH
¢=e " g
T. €. YUCTO npuuuHHBIM 0OpasoM. Cmech U mpeoGpasyeTcs TOraa cooT-

BETCTBCHHO B

_ 2ni H 2ni ¢H

Ul'=e¢e h Ue h »
H B COTJACHH C TPUMHHHBIM H3MeHeHueM ¢ B ¢/ cocrosnus U==P  ne-
pexonar npu 3toM B cocrosuus U’ == P (npouecc 2. B V.1). C npy-
tolt CTOPOHH, mpU H3MEpEeHHH — NMYyCTb, HANPUMep, K3MepAIOLIeM HEKOTO-
PyI0 BeJIMuMHY C TOJbKO MPOCTHMH COGCTBEHHHIMM BHAueHUAMH H COOCT-
BEHHBHIMH (DYHKUMAMH @y, Py, ... — COCTOAHME @ HCHHTHBAET aKay3albHOe
M3MeHeHHe, B pesyJbTaTe KOTOPOIO MOXeT BOSHHKHYTb Kaujoe H3 CO-
CTOSIHAR @, Po, ..., M NIPHTOM C BepOATHOCTAME | (¢, @) |2 [(p, @) % - ..
o0

COOTBETCTBEHHO, JTO 3HAUYHT, UTO BOSHHKAET cMech U’ == EI(cp,cp,,)P- Ple,)-
n=1

B o6wewm cayuae cmech U mepexomur B U’=2l(Ucp,,,cp,,)]2-P[?n] (apo-
n#l
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uecc 7, B V.1). Tlockombky COCTOAHUA NEPEXOLAT 34eCb B CMeCH, TO
9TOT TNpollecC He fABJAETCS TNPHYUHHBIM.

Pasnuyue Mexny aByMs stuMmu mpoueccamu U — U’ ray6oko ¢yHua-
MEHTa/bHO: [aXe OTBJAEKAdACh OT PA3HOrO MOBELEHHS OTHOCHUTE/bHO NpHH-
UMNa NPUYYHHOCTH, OHM OTJMUAIOTCS K TeM, YTO nepBhift (TepMOZHHAMH-
yecku) o6patuM, a BTOpo#t — HeT (cp. V. 3).

CpaBHHM Tenepb STH COOTHOLIEHHS € TeMH, KOTOpble AeHCTBHTEJBHO
OCYILECTBJAAIOTCA B NPUpOAe uau mpH ee Habmozenuu. Bo-mepshix, camo
no ceGe Oe3yC/OBHO BEepHO, YTO H3MePeHHE HJH CBA3AHHLIK C HUM NpO-
uecc cyObeKTHBHOIO BOCHDHATHA $BJASETCS MO OTHOLIGHHIO K BHEIIHEMY
¢u3uueckKoMy MUPY HOBOH, He cBoagiueiics Kk HeMy cywHocThio. [eHcr-
BHTE/bHO, TaKOHf MpPOLECC BBLIBOZUT HAC U3 BHENIHErO (U3U4ECKOro Mupa
W4, HApaBU/bHEe, BBOZUT B HEKOHTPOJHPYEMYIO, TAK KAK B KAXKIOM KOHT-
POJIbHOM ONbLITE ye NPeAR0/araeMyio, MbIC/JEHHY0 BHYTPEHHIO0 KHM3Hb
MHAuBUAyyMa (cp. HuXKe). OpHaKO MMeeTCs, HeCMOTPA Ha 3TO, QyHiaMeH-
TaJbHOE [JS BCErO eCTeCTBEHHOHAYYHOrO MHpPOBO33peHus TpeboBaHue,
TaK HAa3bBAEMbIft MPHHUMN NCUXO(H3UUECKOTO Napa/ient3mMa, COracHo KO-
TOPOMY JIOJKHO OBITb BO3MOXHO TdK ONHCATh B AeHCTBUTE/ILHOCTH BHe-
¢usuuecku#t mpouecc cyObeKTHBHOFO BOCHPUATHA, KaK ecau Obl OH HMeJ
MECTO B (PH3MUYECKOM MHpe, — 3TO SHAUHT COMOCTABUTb €ro MnocJesoBa-
TeJbHHM 9TanaM (u3MUeCKHe HRPOLEcch! B OO6beKTHBHOM BHEelIHeM MHDE,
B OOLIYHOM TNIPOCTpPAHCTBe (eCTECTBEHHO, YTO NPH 9TOM NPOIlECCE CONO-
craBjenns (Zuordnungsprozefl) BosHukaer euie HeoGXOXUMOCTH JOKAJAU30-
BaThb 3TH (H3MYECKHE NpOLECCH B TaKUX TOUKaX, KOTOpPHE JexaT B 3a-
HHMaeMOH HaIlUM TeJIOM YaCcTH NPOCTPaHCTBA). B npuMeHenuu kK mpoctefi-
IIeMy NPUMEPY 3TO Halle HOHHUMAHHE BHFJAE]N0 Obl MPUMEPHO CAEIYIOLINM
o6pasom. Ilycte uaMepsiercss TeMmeparypa. MBI MoxeM, eC/lH 3aXOTUM,
RAPOAO/IKUTL TEOPETHUECKOe BBHIUMCJAEHHE 3TOFO Mpolecca A0 TeX Hop,
NOKd HE IMOJYYHM TeMNEepaTypy OKpYyHxeHHs PTYTHOFO COcyna TepMOMETpa,
M CKa3aThb 3aTeM: 3Ty TeMneparTypy usMepseT TepMoMeTp. Mn Moxew,
OIHAKO, NPONO/MKUTb paCueThl [ajlee U BRIYMC/UTH, UCXOAS U3 OOBACHAEMbIX
MOJIEKY/IAPHO-KUHETHUECKOR TeopueH CBOMCTB pTyTH, ee HarpeBaHMe, pac-
IWIMpeHHe U Pe3yJbTHPYIOLLYI0 NIHHY DTYTHOIO CTONOMKA, HOCHAE YEro Ml
CKaxeM: 9Ty IJIMHY BuiuT Habmogzateab. Mns eme manpiue, Mb MOIJH
Obl, BK/MIOUAR B PACCMOTPEHHE MCTOYHHK CBETA, yYeCTb pACCESHHE CBETO-
BBIX KBAHTOB HA HENPO3DAYHOM CTOJAGHKE PTYTH W HyTh OCTa/JbHHIX KBaH-
TOB B rija3 Hafmwojarte]d, 3arTeM NpeJOMJAeHUEe B XpycTanuke U 06paso-
BaHHE uU300paxeHus HA CeTYaTke, M TOABKO TOraa M CKasand Obli 3TO
u300paxeHne perucTpupyercs ceTuaTkol HaGmwonatens. Haxoweu, ecan
Obl HalM (U3HOJOrUYECKHe 3HaHHA GblIM MOJHEe, YEM CETOLHS, MBl MOTJIH
Obl mo#TH ellle najbllle M YKA3aTh XHMHUECKHE pPeaKUUH, BO3OYkKnaeMbie
5TUM u300paKeHueM HAa ceTyaTKe, B HepBe U B MO3Fy, W TOJbKO TOrAa
CKa3aTb: 9TH XMMHYECKHE H3MEHEHUS B €r0 MO3rOBHIX KJETKaX BOCHPHHU-
Maer Habmonarean. OfHako B M00OOM cilyvae, CKOJb [aleKO HH NPOLOJ-
#aan Obl MH BHIMHC/GHHS —— 10 PTYTHOIO COCYAa TEPMOMETPa, 10 ero

20*
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LKA, DO CeTYaTKH WIM 0O KJETOK MO3Ta, —B HEKOTODHIf MOMEHT MHI
BO/KkHbI OyleM CKasaThb: a 3TO BOCHpUHUMaercs HabmwogareneM. 1o 3Ha-
YUT, YTO Mbl BCerja JIOJDKHBI LeJUTh MHUD Ha [1Be 4acTH — HalaiofaeMyio
cucreMy W HaGaogareds. B nepBo#t 3 HUX MBI MOXeM, no kpaliHe#t Mepe npuH-
UKNHAILHO, CKOJIb YTOLHO NOLPOOHO HCC/AeL0BATh BCE (b13HYECKHE NPOIECCHI;
B nochaenHett sro GeccMeicaento. ITosoxenue rpaHuilbl MeXIy HUMH B Bbi-
COKOHt cremenu npousBoibhO. Tak, B TNpUBEIEHHOM Bhile HApHUMEpE MBI
BUJEJM H4eThipe DasHble BO3MOXKHOCTH; ClelyeT CHellUaAbHO MOAYEPKHYTD,
410 Habjaliare/]b B pacCMaTpMBAEMOM CMBIC/e HH B KoOelt Mepe He HOeH-
THPHUMPYETCA C TeJOM HACTOAIEro Hab/ogarens, — B NPHBELEHHOM NpHU-
MEpe Mbl B OLHOM CJ/yuae RPUUMCIMIM K HAOII0OAATENIO JaXe TepMOMETp,
B TO BpeMf Kak B IDYTrOM He BKJIOYM/IH ero rjasa ¥ Hepsuble nytd. To,
YTO TAKYl0 TPaHULY MOXHO HEPEeMECTHTb CKOJb YFOLHO AaNeko BHYTPb
oprasusMa neHcTBuTeabHOTO HabJaiojaresd, H COCTABJASRT COnepiKaHue
ApUHUMNa ncuxodusuyeckoro napaJienusma. OnHako 3To 06CTOATEILCTBO
HUYETO HE MEHfeT B TOM, 4YTO NPU KaxioM crnocofe onucaHus sTa rpa-
HMlA LOMKHA ObTh rae-Hubynb HPOBejeHa, eC/aH TOJBKO BCe He NPOXO-
ILUT BAYCTYIO, T. €. €C/M CPaBHEHHE C ONBITOM LO/MKHO ObITh BO3MOXHbBIM.
Hdo onbT MOMer HpHBOIMTH TOJBKO K YTBePXKIEHHAM STOrO THNA -— Ha-
6a01aTe b UCTIbITAN ORpeleleRHOe (CyObeKTHBHOE) BOCHDUATHE, HO HU-
KOTJa He K yTBepXIeHHAM TAKMM, Kak: Hekoropas (usHueckas Be/HuHHA
UMeeT ONpele/eHHOe 3HAueHMe.

KpanroBas mexaHuka oONUCHIBaeT KaK pas te COOHITHAA, KOTOpHE pa-
3LITPHIBAIOTCA B Ha0/M0jaeMO# uacTM MUpa 3a TO BpeMd, NOKa OHA He
NPUXOIUT BO B3auMOneHcTBHe ¢ Hab/mopamolleR yacTbio, € NOMOLIbIO NMpPO-
ueccoe 2, (V.1); kak ckopo, 0mHAKO, Takoe B3auMojneHcTBHE BO3HUKaeET,
T. €. IIPOM3BOLUTCA U3MepeHUe, OHA NPeANUCHBAET UCNOAL30BAHHE TPO-
uecca f.. Tem cambiM 1BOHCTBeHHOCTH ompaBspaka 27), ITpu stoM, oznako,
BO3HHMKAET ONACHOCTb HApyLIeHHS TMPUHUMIIA NCHXOQUSUMECKOro napale-
JAH3MA, €CaY TOJALKO Mbl HE [OKaXeM, uTO (NOHUMAEMYI0 B YKa3aHHOM
BbIILIE CMEBIC/E) TpaHully Mexcay HabuawopaeMo#t cucremo#t M HadmiopaTeneM
MOXHO CMeINaTh NPOM3BOJLHBIM 00Pa3oM.

Yro6n oOcyauTh nocJennHu#t BORpPOC, pasgenuM MHpP HA TPU 4acTH
I, I u IIl. Tlyctb [ osHauaer cobcTBeHHO HabaopaeMyio cucteMy, I/ —
uaMepuTeabHEH MHCTpyMenT, a /] — coGcrsenHo Habmopateas 208). Hawm
Hago MOKas3aTh, YTO [PAHHIY MOXHO TNPOBECTH C PaBHHIM YCHEXOM Kak
mexnay I w I1-+ 111, rax u mexny /-+ 11 w I1]. (B npupenenHoOM Bhiile

207y N. Bohr (Naturwiss. 17 (1929) ) nepsuii yKasan Kak Ha TO, YTO BO3-
HUKIIYK B PE3YyAbTaTe OTKPLITHA KBAHTOBOH MeXaHMKH € (HOpMaabHOH TOUKM
3peHHs Heu30eXHYI0 ABOHCTBEHHOCTh B ONMCAHMM MPHPOALL MOXKHO ONPABIATH
M € TOYKHM 3peHud IPUPOALI BeWleH, TaK H HAa CBA3L ¢ IPHHUMNOM NCUXOoduU3U-
YECKOro napanjenusMa. .

208) [locaexywlide PAcCyXAeHHs, PaBHO Kak u puckyccus B VL3, comepwkar
CylIeCTBEHHble 3JAE€MEHTH, 32 KOTOpbie aBTOp JOJKeH ObiTh GJarofapeH pasroBo-
pam ¢ JI. Cuunaprom. Cp. Takie aHajnorudHele paccysxneHus y [eiisenGepra
(mpum. 181) Ha crp. 262).
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npHMepe [pH CDPaBHEHHM NEPBOTO H BTOPOro ciyyaes / COOTBETCTBOBANO
uccienyeMott cucreMe, /I — tepmomerpy, a II] — cucreMe cseT -~ Habmo-
AaTe/ib; NPH CPABHEHHH BTOPOrO H TpPeThero — / COOTBETCTBOBAIO HCC/e-
Ayemott cucteMe - repmomerp, /I — ceery - rias Habmonareds, /11— na-
6mogarenio, HauMHasg OT €ro CeTUaTKY; NMPU CPABHEHHM TPETLErO M veT-
BepPTOro cay4aeB /— BceMy, BNJIOTh 4O CeTuaTku Habmopatents, Il —ero
ceTuaTKe, HepBaM M Mo3ry, [// —ero abcTpakTHOMy «SI».) Orto 3uauMT,
4TO OJAMH pas Hamo npumeHuTb 2, k /, a /1. K B3aUMOLEHCTBHAM Mexny
I'w I4-1/l, a npyro#t pas—2, k [--1II, a I.—k B3auMozneHcTBuAM
mexay [/ —11 u I1l. (Camo /1] ocraercsa Kaxiwl# pas BHe pPaCCMOTPeHHS.)
IlokasaTeabCTBO TOro, 4ro 00a NyTd NpPUBELYT K TEM XK€ CaMbiM yTBEpXK-
JIEHUAM OTHOCHTEJNbHO uactd [/ (OHa M TOJbKO OHAa NpPHHALIEKUT 06a
pasa k HabmogaeMOl 4acT MHpa), U COCTaBJfeT, COGCTBEHHO, HAllY 3asauy.
OzHako, 4ToGH OHTb B COCTOSHUH YCHEIIHO 3aHATbCA €10, HAM Haxo
O6yner cnepsa GoJjiee NOAPOOHO HcC/IefOBAaTh HpolecC 00beiMHEHHsT ABYX
¢usuueckux cucreM B oxry (kotopwi#t Bezer or [ u Il x I 1I).

2. CocTaBHBIEe CHCTEMB

PaccvorpuM, kak OBIO HAMEYEHO B KOHIUE mpeblAyllero maparpada,
aBe ¢usnueckue cucteMbl / v /I (onu He 00s3aTeabHO [OMKHBL HMETb
of6cyxaaBmMics TaM CMBIC/T) M MOJYYAOILYIOCS UX 00bEAHHEHUEM CHCTEMY
I—1I. Tlycts ¢ TOYKH 3DeHHR KJIACCHUECKOH MexaHuku cucrema / o6.a-
naeT k cremeHaMu CcBOOOLH, C/e10BATE]IbHO, KOODIHHATAMH §q, ..., §p,
BMeCTO KOTODHIX Ml paaM kpaTkoctd OyieMm nucath 0iHy OykBy ¢. Cu-
creMa // myctb oOnanaeT COOTBETCTBEHHO [ cTemeHAMH cBOOOLH!, ONK-

CHBAETCS KOOpIMHATAMM ry, ..., r;, COKpaligHHo r. Torma y cucTeMul
I—-1I 6yner k-1 crencuett csoGoabl U et 6ynyT COOTBETCTBOBATH KO-
OPAMHATH ¢y, ..., 4 Iy, ..., Iy COKpaleHHo g, r. Ilpu xBaHTOBOME-

X3HHUYeCKOM ONMUCAHMM BOJHOBHE (yhkunu [/ Oynyt Toraa umersb Bul ¢ (g),
cucremnt I/ —§&(r), a cucremm /—+7/ — ® (g, r). Bruyrpenuee npousse-

1 gpll u
LeHHe B COOTBETCTBYOIMX FuianGepToBuix mpoctpancteax R/, R u R

eCTeCTBEHHO ONpene/HTh Kak /cp(q)qa(q) dq wnu [E(r)ﬁ(r) dr,um

//@(q. r)T(q, r)dqdr. B coorseTcTBHM ¢ 9THM (usuuecKHe BeJH-

yunbl cucreM [, I1 u 11 6yayt (runepMakcHMa/bHBIMM) SPMUTOBHIMH ON€-
patopami A wit A, wi A B R, nn 8 R, wm s R

Kaxnaa ¢usuyeckas Bennyuna B [/ sBJseTCd, KOHEWHO, Tako# u B cu-
creMe [/ //, u npu srom ee omepatop A nontyuyaerca W3 A ClAefyiOLIUM
o6pasoM: uro6n noayuuts A ® (g, r), cremyer cuuTath £ MOCTOAHHLIMH
¥ npuMmenuts A K ¢-¢yhkuun @ (g, r)2%. Dro npaBuaO COMOCTaBJIEHUS,

209) MoxHo nerko Nnokasarth, 9to omepartop A 6yAeT ofHOBpeMEHHO ¢ A 3p-
MHUTOBHIM WJIH FUMEPMAKCHMAAbHBIM,
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BO BCAKOM .CJayua€ BEpHO N4/ ONEpaTtopoB KOOPIUHAT U HMIYJbLCOB
h

g
Qs Quu Py ooy Py 1o op. L2, ¢y, 0an, gy, el g,
—2—’11—1701) M HaXOJWTCA B COTJIACHM € OOWMMM NpPUHUMNAMH COIO-

cranenus I, u I, w3 IV.220), nostoMy Mb mnocTyampyeM ero u aas
obmero cayuas. (B KBaHTOBOH MexXaHHKe OHO 001leynOTPeOUTELHO.)

Touno Tak Ke kaxnpas (u3dueckas BequunHa B /] gBjsercs Taxkoh
u B I+1I, u ee onepatop A npuBoiut Kk ee A MO TOMy XKe NpPAaBUAY:
A ©(q, r) pasusgercas AD(q, r), ecan npu 06pa3oBaHKK MOCAEIHETO Bhi~
pakeHus paccMaTpuBaTh ¢ Kak nocrosuHbie u D (g, r) — kax r-dyHkuuoO.

Ecmi ¢, (q) (m=1, 2, ...) 06pasy0T NOJHYH) OPTOHOPMHPOBAHHYIO
cucremy B R, a E, (N (n=1,2,...)— 1aKy10 CUCTEMY B R, 1o ¢GyHK-
win Pupn (¢, 1)=¢, (@, (r) (m, n=1, 2, ...) cocTaBat, OUYEBHIHO,
takyo ke cucremy B R, Torza oneparopm A, Aun R MOXHO Gy-
LeT NpencTaButb MatpHUAMH {@mjm:} A (@} win {Gmumen)
(m, m'\n, o’ =1, 2, ...)%), Kk yeMy Mbl GyaeM HuKe yacTO MPHOeraTh.
MatpHuHoe ApeACTaBAeHHE O3HAuaeT, YTO

Atn@= X ammtn @ Ay ()= X aunty ()
m’ = nl=
A(Dmn (g, )= 2 I“mn/m’n'q)m’n’(q' 9}
m!, n'=

0
A P @ &, (n= , Z lamn/m'n"-Pm' () & (.
m!/, n'=
B uactHOCTH, comoctapieHne A —> A yCTaHABJAUBAET, YTO

R, (@8, ()= (Ap, (@))E, ()= mz @njmifmt (@) (1)

T. €. 4TO
1 nag n=n',
ar_nn/m'n'=am/m’8n/n" 8)1/:1"'-= 0 g n=n.

Aunanoruydo conoctasieHue A -—> A  YCTaHABAUBAET, YUTO Uppim’y’ ==

== a,,/,,ra mim's

210y Tna I, sto qcHo, Aas JI, — Toxe, MOKA paccMaTpUBAlOTCH TOJABKO IO-
aAuHoMBL. s 0pou3BoJbHEIX QYHKIUA 3TO CAEAyeT u3 Toro 06CToATeNbCTBa, HTO
B3aUMOCBA3b Pa3NOXKEHus EAHHHIB U Kakoro-iu6o SpMUTOBA omeparopa He Ha-
pywaercs npu nepexone A — A.

211y M3-32 6oAbIIOrO YMCAA PA3HOOGPA3HBIX HHAEKCOB Mbi npuberneM nAjls
MaTpHll K TakoMy OGO3HaYeHuIo, HECKOAbKO OTAMYHOMY OT NpUMEHSBLIErOCH.
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Cratuctuueckuft ancambne B /-}// xapaxkTepusayercs ero CTATHCTH-
yeckum omnepatopoM W wiam cooTBeTCTByIOIE TOCAEIHEMY MAaTpH-
uet {Umpm'p’}. OTOT oOmepaTop ompenelfeT CTATUCTHYeCKMEe CBOMCTBA
scex Beauuud B [-+1], cnemosareibHO, B YACTHOCTH, M CTATHCTHYECKHE
cpottctBa Benuuud B [. Takum o6pasoM, 3TOMY aHCAMOJIO OTBeyaeT u
cratuctTudeckutt ancambabp B onHo#t suib CcHcTeMe [: B camMoM mesle, Ha-
Onwogatenas, MOIyWMH yyurhbiBaTh CyilecTBOBaHHe TOMbKO [, HO He [],
BocHpuHaA Obt aHcam0ab, oTHOcawuitcs k cucreMam [ -+ [/, Kak oTHO-
cawuttcs k cucteme /. YTo we Oymer Temepb CTATHCTHYECKHM oOnepa-
Topom U wau ero maTpuueft {um/mr}, OTHOCAWIMMCS K 3TOMY [-ancamb/mio?
OnpenenuM ero u3 caenywowmux coolpawenuit. [-BeanuuHa ¢  MartpH-
ue# {@Qmjm'} Oymer oOnamate, xak (/- //)-Bequunsa, MaTpuueft
{&m/m'dnn’}, ClemoBaTeNbHO, HA OCHOBe Bbiunclenu#t B / GyreT umers

€épenHee gHauyeHue
i Umim'@m' |m»

m,m’ =1

B TO Bpems Kak Bbuuciaenus B (/- II) npusenyt k

o o
Umn/m'n'am'/nan'/nz Z Omnim'n@m' fm ==
myn,m',n =1 mym',n=1

o0 [Se]
3

= 2 ( Z Umn/m'n) am'in
mym'=1\n=1

YroBet 9TM 1Ba BHIPAXKEHHA COBMAJMH, AOMKHO OBITb

o0
Umm' == Eumn/m’n-
nel

CosepllleHHO aH&IOTMYHEIM 06pa3oM onpegenser Haw (/- 11)-ancambis
B cjyuae, KOrza yuuTetBaeTcsi Toqbko /1, a [ urhopupyercs, [/-ancambib
CO craTUcTHYeckuM onepatopoMm U ¥ COOTBeTCTByWILelt eMy MaTpH-
ne#t 1, . CoBepiieHHO Tak e TOr4a MOJydaeTcs, 4TO

@X
Upjp == 2 Urmnjmn'+
m%21

Wrak, Mbl BbiBE/IH NPaBHJIA COMOCTABJEHHS M IS CTATUCTHYECKHX
omepatropos U, U u W cuctem I, I v I-1I, ognako 3TM npasuna
CyUleCTBEHHO OT/IHYAKTCA OT TeX NPaBHJ COMOCTABACHMS, KOTOPhIE MMENH
MécTo 1Ja onepatopoB A, A u R busudecKUX BeNUUYUH.

Hapo ewe otmeruTh, uyro BhGpaHHOe comocTaBiexnue omnepatopos U,
U u U sasucur or Bbi6Opa TMOJHBIX OPTOHOPMUPOBAHHEIX CHCTeM ¢, (q)
1 §,(7) TOOBKO KaxyuiuMca 0Opa3oM, MOCKONbKY OHO OBIJIO BbiBeleHO
M8 VHBAPUAHTHOTO YCJOBUA (KOTOPOMY MOXHO YAOBJETBOPHTb TOJbKO
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TaKUM COMOCTABJIeHHeM) — COBIMAJAEHUS CPEJHUX 3HAUEHHH ONMepaTopoB
Au R wuAdulR.

Onepatop W BeipaxaeT co6o#t cratuctuky B cucreme /— /I, one-
patopet U uau U — CTATUCTUKY, OTpaHH4YeHHYlO cuctemamu [ uaum [l
Bosxukaer sonpoc, onpegeasior au U u U oneparop W oaHosnauHo uan
HeT? B o0uieM cnyuae c/lefyeT OXHIaTh OTPHUATEAbLHOrO OTBeTa, MO-
CKO/BKY IpU 3HaHUH TOJbKO ornepatopoB U u U, T. e. juimb CBOHCTB
pasneneHHbix cucteM / u [/, y HaC BHINAJAI0T BCe «3aBUCHMOCTH BepOST-
HOCTel», MOryLMe CYLIeCTBOBATb Meway obGemmu cuctemamu. Ecau, ox-
HaKO, Kak cocTogHue [/, Tak M cocTosHue [/ M3BECTHH TOYHO, TO «3a-
BUCHMOCTH BEPOATHOCTeH» He wurpaloT poau u [/— [/ ysnaeTca TOYHO.
3a 9THMM KaueCTBEHHBIMM COOOPaMEeHHAMH IOJIKHO, KOHEYHO, Mocaeno-
BaTh TOYHOE MAaTeMaTH4YecKOe PACCMOTPEHME, K KOTOPOMY Mbi CeHuac
MPUCTYIHM.

3anaya COCTOMT B TOM, YTOOH Aasl ABYX 3aiaHHHIX AedUHHTHBIX MAT-
pul  {Umym'} ¥ {lmn'} mDOCTpOUTL TpeThi0 AeHHWTHYIO MAaTpHLY
{0 unym'w’} TaKYIO, UTO

foe) (o)
Z Omnim'n == Um/m's Z Omntmn == Upin’+
n=1 m=1
e =) foe)
Y
<I/Ia Zlum/m =1, Z Uyp=1 cheayeT TOras aBTOMATHYECKH, UYTO
m= n=1

[o=]
%
z,lom,,,m,,_—.l, T. €. NpaBuIbHag HOPMHPOBKa coxpauaenz.) Paspe-
mn=

W¥Ma 3a1ada BCerjia; TaK, HanpuMep, Ompim'n’ == Um/m'Unn' Bceraa Oy-
IeT pellieHueM (ferko yGeauTbCs, 4YTO 3Ta MaTpuua edUHUTHA); BOMPOC
COCTOUT B TOM, KOria 3TO pellleHHe OyieT eIMHCTBEHHHIM.

Mzl nokaxceM, YTO STO BBIMOJHAETCS TOTAa H TOABKO TOrjAa, KOria,
mo KpaiHel Mepe, OHA M3 ABYX MATPUU {Umm'} M {#nn'} Oyner co-
ctonHueM. JloxaxeM crnepBa HeOOXOIMMOCTb 9TOrO YCAOBHA, T. €. CY-
LIeCTBOBAHNE MHOMMX pellleHMH B Ciaydae, korza o0e MaTpuubl COOTBET-
cTBYIOT cMecsaM. JedctureanHo, torga (cp. IV. 2)

Umm’ == WVm/m' —+ me/m'v Unjpn' == {Vum Bwn/n'

(MaTpHUBl Vmm’ ¥ Wmjm' LeDHHATHE U OTJIHYAIOTCA He TOJbKO MOCTO-
AHHBIM MHOXHTEJEM, TO Xe LIA Upp U Wayn's

(o] (o] [so] 0
Z Vmim = Z Wmjm = Z'Un/n: Z'wn/n: 1;
m=1 me=1 n=1 n=1

a, B, 71.3>0; a+B=1; y-+3==1), u Jerko nposepuTb BhHYHCIE-
HHEM, 4TO Kawaas MaTpuua

Umnim'n’ == TVNmim'Unjn’ ~+ eWmym Vi -+ Nmim Wnyn’ -+ TWmim' Wnin'

c
nto==a; pfr=0; T-p=1; of-1==3; ™, p, 0, T >0
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6yneT peweHueM. Yucaa w, p, o M T MOXKHO BHOpaTh npu 3ToM Oecko-
HEUHBIM YHCJIOM pasAuyHHIX CrocoB6oB (1OCKOMBKY a—B=71-3, To
M3 dYeThIpeX YpaBHEHHH He3aBMCHMBI TOJbKO TpH, MyCTb, HarnpuMep,

p=1—m o=a—mn 1=0—a)+n

Uro6H BCe OBIIO INOJOKHTENBHBIM, AOMKHO ObHTe o —3=17—f <
<m <&, 7, YTO BHIOAHAETCA A7 OeCKOHEUHOro Yucla 3HadeHud ),
M pasanuuHHe ®, p, O, T BELYT K DasdaHUHBIM Umpjm'n’> TAK KAk
Vijm'Opjn's «++s Wmjm' @pjn’ TUHEHHO HE3aBUCHMEI, IOCKOJbKY 3TO MMeeT
MECTO KaK AAA Vmm's Wmjm'> TAK H AN Upp', Wpyp.

Tlepettnem Temepb K j10Ka3aTeAbCTBY HOCTATOUHOCTH, IIpuUYeM MOXeEM
TIPHHSTE, UYTO COCTOSHHIO OTBEYAET Umm (Apyro#t cnyuatt paccmatpu-
BaeTcsi TOYHO Tak ke). Mrak, nycth U==Pjy. [lockonbky noanas op-
TOHOPMHPOBAHHAA CHCTEMA @, Po, ... ObLIA MPOM3BOIbHA, MOXEM [pH-
HATB, 4TO @, == ¢. Onepatopy U = Pj,,] COOTBETCTBYET, OUEBUAHO, MATPHUA

1 ana m=m' =1,

u =
mm [ 0 B ocTaJbHBHIX cayyasx.

Hrak,
1 gna me=m' =1,

oo
Z Omnim'n == {
n:l

0 B OCTaJABHHIX Cayuasx.

(o]
.1

B uactHOCTH, An M1 D\ 0mpjmn==0, HO MOCKOJBKY MO OMpexese-
n=1

HUIO Umpim'n' BCE Ompimn 2> 0 (aefcTBHTENBHO, Vmpimn = (W Pmps Dpmp) )
TO B 3TOM CIyYae Umpmp=0. 3r0 suauut, uro (UP,,, D.,) =0,
caenoBatensHo, B cuay ZedunutHoctn W, u (UD,,, Pprp)==0
(cp. . 5, meopema 19.) nns npoussoapHeix m’, n’. Ho 3To 3Hauur,
4to H3 m<1 caeayeT Vmupmrnr =0, a BCAEACTBHE SPMHTOBOCTH TO e
Oyner chenosat™s u u3 m'=£1, Ho ang m=m’ =1 noayuaetcs

[oo]

Vip/ln' == Zl Omuimn' = Upin’.
m=

TeM caMpM, KaK H YTBepXAad0Ch, OKa3biBAeTCHA, UYTO pPeIUeHHE Umpjm'n
ornpefeseHo OAHO3HAUHO.

Pesiomipyss, MOXHO cdopMyIupoBaTh HAWl pPe3yabTaT CAeAYIOLIHM
o6pasom. Cratuctuueckuit aHcam6:b B /- /1 ¢ onepatopoM W == {Vnn/m’n’}
0/JHO3HAYHO OMpexe/seTcs ONpejefeHHLIMH ToAbko B [ H TOabko B [/
CTaTHCTHYCCKUMU aHCamOaaMu ¢ onepatopaMi U = {Umm'} ¥ U= {#yn'}
TOrda W TOABKO TOMJAa, KOTLA BHIMOJHAKTCS CAeAyIOLiHe YC/OBHS:

1. Vmnim'n’ == Nmim' Unin’s
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(Us paencTsa Spur U = Z Smnjmn = %Vn z/zzvn/n—l Cne-

m,n=1 =1 n=1
ILyeT, 4YTO Mbl MOMKEM YMHOXEHHEM Vm/m U ‘Un/n Ha IBa B3aUMHO 00-
paTHBIX MHOXHUTEJA N100HTbCA BBINOJHEHHS

(o] foe)

A
2) Vm/m"‘ls Zvn,’n'—l-
m=1 n=1

Ho rorma Bumuo, uto Oyamet Umjm' == Vmim' W Unpp' == Vpjy1.)

2. BunoaHgercs Mu00 Vpym' = XX pe, MO0 Uy __x,lx,l
(e8]

<I/160 U=Pp osHauaer, 410 ¢== 3 V,¢, CIeI0BaTeIbHO,
m=1
Um/m' == YmYm’ ¥ COOTBETCTBEHHO IS Vmm'; AHANOIMYHO pACCYkaaeM

u gas U==Pp.

B manmbHeduiem Mbt Gyaem HasweiBaTh U u U npoexuuamu onepatopa U
B [ u B II72,

O0patuMca Tenmepb Kk cocrosuuaM u3 [~+/7/, W=Pg. OrHocs-
muecs K HUM BoJHOBhle ¢ynkuun @ (g, r) Moryr ObTh PasiokeHH MO
no/aHoH opToHopMupoBanHol cucreme @, (g, r)=¢, (9)&, (r):

(g N= 2 frntm (@ (7).
m,n=1
MBI MOXeM TaKke 3aMeCTHTb HX Kosdduunentamu f,,(m, n==1,2, ...),

KOTOpBlE OTpaHWdeHH TOMBKO ycaoBHeM 3 |f,.|2==||®||? koueuua.
m,n=1 .
MoxHO BBecTH Takie npa omepatopa F u F* paBeHcTBaMu

Fe@=[®@ ne@da.
F*a(r)_—_f@(q, ne(r)dr.

Ouu nunettunl M oGnagaioT TOH cBoeoOpasHolt ocoBeHHOCTHIO, uTO, Oy-
ny4u onpegetenHsiMu B 9/ mam cooTserctBenHO B MY/, mpuuMMAOT 3HA-
yenust u3 M/ nam coorBercrBenHo u3 M. OHU COOTHOCATCH KaK COMPs-
HeHHble ONEPATOPH, MOCKO/BKY, O4eBHAHO, (F¢, £) = (¢, F') (BHyTpeH-
Hee MpouM3BeleHUe B JeBol yacTu obpasyerca B R/, a B npasott — B /1),
[Mockonbky pasanuve Mewny R/ u MY/ He uMeeT MaTeMaTHYeCKOro 3Ha-
YeHHs, TO Mbl MOWeM npuMenuth pesyabtatel II. 11, u nostomy X (F)

212y TIpoexuuu cocrosuua us J-{- /I oxaswlBawrca B / u B I, Boobuie ro-
BOPA, CMECAMH, cp. HIKe. ITo 00CTOATENbLCTBO 6biI0 OTKPHITO Jlanzay (L. Lan-
dau, Zs. f. Phys 45 (1927)).
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u L(F*), nmockonbKy peub uaeT 00 HHTerpandbHBIX onepaTopax, OyayT
paBHbI

ffl‘l’(q, r|2dg dr=||®|2=1 (]|®| s RIFIIY)

W, CleoBaTenbHO, KOHeudbl. Ilostomy F u F* GyayT HenpepbIBHBIMH,
Aa}e MOJHOCTbI0 HeNpePHIBHEIMU OMepaTopaMu, npoudseienus F*F, pasHo
Kak ¥ FF*, 6yiyT neduHUTHHIMH OmepaTopaMu u

Spur (F*Ry=X(F)=1, Spur(FFHY=X(F)=1.

OGpamas cHOBA BHUMaHue Ha pasiuune Mexny Y u J/{, 3ameuaewm,
yro F*F onpeseneto B N, a FF*—s N1,

o
Tak kak Fg, () OKashiBaeTcs pasHBIM ) f ..k, (r), To onepatop F
n=1

umeeT csoeHt MatpuueH {f,,} (IpM HCNOABIOBAHWM MOJHHIX OPTOHOP-
MMPOBAHHBIX cuCTeM ¢, (g) u §,(r)); analorudHo MaTpuuelt omnepa-
topa F* Oyaser {f,,}. [lostoMy F*F w FF* OGyayt umeTb MaTpHubl

{3 st} | St |-

C npyro#t cropoust, omepatop W ==Py Oyrer oOiazaTb B CcHCTeMe
dynkuuit D, (9, 7)== ¢, (9) &, (r) Matpuuedt {fmnfm'n}, Tak uto Mat-

puuamu ero mpoekuut U uw U B / u B I] Gyayr D\ frnfmn ® COOT
n=1

BeTCTBEHHO menfm,, 13), ITosToMy
m=1
U=FF, U=FF*

d10 yTRepxiaeHue He OynerT 3apuceTh OT BhHOopa dyHkuuit ¢, u &,
(rak kak U, U u F He 3aBucaT oT Takoro sni6opa).

Onepartoput U u U noaHocTsio HenpepsiBHbl 4, coraacHo II.11 u IV.3,
MOoryT OBbiTb 3allUCcaHbl B BHIe

U= pr[” U= ngp[n

rae ¢, o0pasyioT MOJHYIO OPTOHOPMHPOBAHHYIO CHCTEMY B R, n, —
takyio cucremy B R/ u Bce w,, w ’> 0. Onyctum Teneps B Kamnoﬂ

u3 obeux dopmyn unens ¢ w, =0 un wk =0 u nepeHymepyem OCTaB-

Higecss ONaTh NocaenoBarenbHuMM uucaamud 1, 2, ... Toraa dysxuun
b, wmt 7, Oymyr 00pasoBLIBATL yke TO/ILKO OPTOHOPMIPOBAHHYIO, HO

218)  MareMaTHUeCkH 3TO  pacCyxAeHHe COlpHKacaerTcs ¢  paboTOi
E. Schmidt a Math. Ann. 63 (1907).
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0
He 0643aTebHO MOMHYID CHCTEMY, Ha MeCTe CyMM %,  BHICTYMAT
MI M” k=1
S ou Z rae M’ u M” ¢ paBHBIM [PaBOM MOTYT K&K paBHATHCA
B=1

6ecxouequocm, TaKk u OBITb KOHEUHHIMH, HO 3aTO BCe W, H w, 6ynyT
Tenepb cTporo foabltie Hy.s.
Paccmotpum nekotopyio $,. Byzer U¢, ==w,9,, crenosarensHo,

F'Fy,=w,, FFFy,=w,Fy,, UFy,=uw,F},.

Hanee
(FYpr Fo)=(F"Fp, )= (U, $) =
, w, A k=l
= (b q’l)z{ 0 aan k#L
TosToMy, B yacTHOCTH, || ank”’:-——w;. Hrtak, ¢yuxuun FY, o06-

Vwk
pasyloT OpTOHOpMHpOBaHHylo cucteMy B R/7 u, Gonee Toro, onu OynyT
coBcTBeHHEMH QyHKUMAMH onepaTopa U ¢ TeMu ke COBCTBeHHBHIMH 3Ha-
ueHHsSMH, 4TO Y @yHkumit ¢, ans U (T. e. pasHbiMH w;) D10 3HAYuT,
4To BCAKoe co6cTBeHHOe 3HaueHue |J OyzeT M cOOCTBEHHBIM 3HaueHHEM
He MeHbllieff KpaTHocTH aas orepatopa U; nepectasias U u U, nony-
yaeM, HYTO STH ONEPAaTOPH MMEIOT OLMHAKOBHE CcOGCTBeHHble 3HaYeHHs
C OAMHAKOBEIMH KpaTHOCTAMHM. UTak, unc/ia w, # @), COBNanaloT nonapHo
¢ TOUHOCTHIO 1O MOPAAKA HyMepauuH. TMostomy M’ M"=M, u usme-
HEHHEM MOPANKA HYMePaUHH W, MBI MOXEM NOCTHTHYTh BBLINOMHEHHS
w, =W, =w,. Ho, KOJIb CKOpPO 3TO TaK, MHl MOXeM, He Tepss OOuwi-

HOCTH, BhIOpaTh nk_—— FY,. Torza Gyner

V—
F* k—_—F*Fq)k—_—Uq)k—q)k'

Vwk

Wtak,

=1 — 1 prox
—V(Fk Fq)k’ q)k—Vw'—"ank )

JlonosiHHM Tenepb OPTOHOPMHPOBAHHYIO cHCTEMY ¢y, $y, ... 10 MOAHOM
!, ' ’ 14
Gy Ggovvs g 30 oo, @ CHCTEMY Ny Y e B0 My Mgy v ves Mpy Moo oo s
1 r’ !’
(xaknas u3 cucreM L A Tys «++ MOKET OHTb MyCTOH,

KOHEUHOH WM GeCKOHEuHOH; OHM CTPOSITCA He3aBUCHMO APYT OT 4pyra).
Bce npeapayline pacCy#IeHHS He 3aBHCeNH OT pHOOPa MOJHHIX OPTO-

*) Cm. opum. 212) Ha crp. 314,
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HOPMHDOBAHHBIX CHCTEM @p, @o, ... U &, fy, ..., MBl MONEM MOSTOMY
k4 ’
BuOpaTh B KaueCTBe MX CHCTeMbl i, o, ooy Py $ou oo B M N e,
4
Ny Mg «+ . VMeHHo, mycTo ¢, coBmagaet ¢ P, N, —C E"k (Bps Bos oo
B3aHMHO PA3/MUHbI; TO e Ads vy, Vg, ...). Torza

Fo, =Vt . Fo,=0 am mpy py oo
Urak,
{Vfw—k LA M=y, N=VYy, k=1, 2, ...,

fn=
0 B oOCTa’bHBLIX CAydasx,

HJIH, 4TO TO Ke CiaMoe,
M
®@ n=2 Ve, @, (-

Takum 0O6pasoM, MBI JOCTHIJIM, NyTeM COOTBeTCTBYlOWiero BuGoOpa
cucteM ¢, (g) u &£,(r), TOro, YTO Kamiasm CTpPOKa M Kawibh ctonbely
MaTpuudl {f,,} colepxar camoe Oousblllee OLMH He paBHBIH HYMIO 3Je-
MenT (TO, TO OH JaXe BeWIECTBEH M NMOJNOXKHTe/]eH, HMEHHO paBeH Vw,
Anst JajibHefilero He BakHO). B ueM sakiiouaercs QusuuecKui cMbICH
3TOro (OpPManbHOrO YTBepKAeHHS?

ITycts A-—onepaTop ¢ cOOCTBeHHBIMH (DYHKUUAMH @p, Qg ... H
BCEMH pa3aUYHBIMM COOCTBeHHBIMH 3HAYEHHSMU, HanpuMep a;, dg, ...;
B — Takolt xe onepatop ¢ dyHxuusMu &, &, ... U 3Havenusmu by, by, ...
Onepatop A cooTBeTcTBYeT HekOTOpol ¢usuveckolt Besuumte B /, ome-
patop B-—B [II; 5T jaBe BejauUMHBl JAOMYCKAIOT, C/1ej0BaTesbHO, OAHO-
BpeMeHHOe usMepenue. Jlerko BHMaeTb, 4TO YTBepwieHus «A uMeer
3HadenHe @,» W <«B uMeer 3HaueHue b,» ONpeeNsiOT COBMECTHO CO-
ctrosine @, (g, r)= ¢, (9)§,(r), koTopoe umeer B cocroguun D (g, r)
pepostHOCT  (Ppa, 10, @)= (D, D,,,)|?==|fpa|> Taxum oBpasom,
Hallle yTBepajeHHMe oO3HayaeT, 4T0 A u B 0aHOBpeMeHHO H3MepHMHI,
M ecad Obl OLMH M3 HuMX Obla u3Mepen B @, TO TeM caMmbBIM 3HaueHHe
apyroro Obi1o Ob ofHoaHauHo onpepeneHo. (CobBeTeeHHOe 3HaueHHe 4,
KOTOPOMY OTBeyaloT BCe f,,==0, BCTpeTUTbCA He MOMWeT, IMOCKOJbKY

0

ero [OJHAA BEPOSTHOCTh . | fmn]? He MOXeT paBHATBCH HYMO, CIH @,
n=1

BooOuie MOXHO HahTu. Mrak, Touno ans oaworo n f,,=+0. iz
b,—Tak ke.) IAT0 o3HayaeT, uTo B cocTosHMM @ MOMKeT BCTPETUTHCH
MHOro 3uauenu#t onepatopa A (kawpoe 3HayeHMe @, OJa9 KOTOPOro

(o]

Al N
lefmn|2 > 0, 1. e. cymecrByeT # € f,,, # 0, — B GOJbIUUHCTBE CIydaeB
n=

370 GyAyT BCE a,) M CTO/BKO e 3Hauenm#t onepaTopa B (Ka)mloe by
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205 Kotoporo X |fu.|2> 0, T. e. cymecTsyeT omHo m ¢ f,,mqé0>,
n=1

Ho @ ycranasmuBaeT MexAy BO3MONHBIMH 3HayenusmMH A u B onso-
OJIHO3HAYHOE COOTBETCTBME.

Eciu HasBaTe BO3MOMHBIE M: Py, {hg, ..., @ COOTBETCTBeHHblE BO3-
MOXHHE 1! Vi, Y, ..., TO Oyner

¢, =0, 11 m=yp,, n=v, k=I1, 2, ...,
mn 0 B ocTanbHBIX Cayyasx,

T. &. (M — 6o koHeuHo, a1060 GeCKOHEUHO)

M
®@q. =2 &%, @&, (-
Hanee Byner

fe o]
Umm' = ZI fmnfm'n={
n=

lepl? nas m=m'=p,, k=1, 2, ...,

0 B ocranbHBIX cayuasx,
]ckP s n=n"==v,, k=1, 2, ..y

Upp' = Z fmnfmn' =l
m=1
cliefoBaTeNbHO,

= 001 2p , = 3 p .

U ;;:"1 [¢kl [?us] u k§l leel 5]

Wrtak, Gyayun crnpoektuposawo B [ wumu B /I, @ craHoBuTcs, BoOOLie
roBOps, CMecblo, OCTaBasAch COCTOsHHeM TOJbKO B [ —-II, nockoibky
OHO BKJHOUAeT YTBepiaeHHe oTHocuteabho [—-/I, koTopoe Heabas
HUCNONL30BaTh HH B paMKax OJHOH CHCTeMB I, vu B paMkax oaHol
cucteMsl //, — B3aUMHO OJHO3HaUHOE COOTBeTCTBHE MeXIY SHaYeHHIMH
onepatopoB A u B.

Taxum o6pasom, aas awboro @ me Moxem Tak BnOpate A n B,
T. e QYHKUHH ¢, U E,, 4TO STO Haule yc/aoBuHe OyleT BBHINOAHEHO, HO
IJa 1pou3BoisHEIX A u B oHo, Koneuno, napyumurca. MupiMu cnosamu,
kaxjgoe cocrostue @ ycraHasmuBaeT omnpenesieHHylo cBsgsb Meway [ u [/,
B TO BpeMs KaK CBsidnBaeMele Bequundbl A u B 3asucar ot @. B kako#
CTeleHH omnpelesseT X, T. e. ¢, M &,, cocToatue @, jerk0 yCTAHOBHUTb.
Ecan Bce |c,| pasmuunsl u He pasHbl Hyaio, To U u U (kotopbie du-
kcupytorcs 3asavueM ®) onpenenswot ¢, u &, ogHosHauHo (cp. IV.3);
ob6cyxaenne oOwiero cjaydas Mbl OCTABMM HAa [0/I0 4YHTaTens.

B sakaiouenue 3ameTnd, uro ecan M= 1, To us-3a |¢,|2 >0 nu U,
un U ne 6ysyr cocrosmuamu. Jas M=1 cocrossusmu Oyayr oba:
U_—_P[%l] 1 U=P[Evl]' Torga @ (g, r)_—.c1<ppl (q)&vl(r). a C; MOMHO

0 B ocTa/jbHBIX CJayYasx,

Gyser skmountb B ¢, (¢). Mrax, U u U Gyayr cocTosnuaMu TOTLa u
1
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ToMbKO Torna, xorza @ (¢, r) umeer sua ¢ (g)5(r); ouu OyayT torza
pasustecs Py u Pg).

Ha ocHoBe mo/yueHHBIX Bbillle pe3y/bTaToB MBI MOXeM chopMyin-
poBaTh creaywolliee yTBepkieHne, HaxonuTces cuctema / B cocroauu ¢ (g),
a cucteMma Il —B cocrosuuu £(r), ro u I-}-I/ Gyser HaxoauTbcs B CO-
crosunn @ (g, r)=<¢(9)5(r). Ecnu wxe, wHanporus, /-] naxoaurcs
B coctosHun P (g, r), He wumelomeM bopMb INpou3Beenus ¢ (q)&(r),
to I u Il 6ynyt cMecamu, Ho @ yCcTAaHOBHT B3aUMHO OJHO3HAYHOE COOT-
BETCTBME MeXIY BO3MOXHBIMM 3HAUeHMSIMH OTpPEJCJEeHHBIX BEJHYMH
B I ull

3. O6cywnenne mpouecca H3MepeHus

Ilpesne ueM poBecTH 10 KOHIA OOCyWAeHHe HpoOHECCa H3MepeHHA
B cMbicie passuthix B VI. 1 uielt ¢ nomoupio Hatzennblx B VI. 2 dop-
MaJlbHBIX CpencTB, Mbl XOTeJH OBl ellle HCNO/b30BaTh pe3yabTaTh VI. 2,
4To6bl HCK/KYATE MHOTOKPATHO NpeAJaraBIUYIOCs BO3MOMKHOCTb 0ObACHe-
Hus CTaTHCTHYeckoro xapakTepa npouecca I, (V. 1). OHa ocHoBbIBaeTcs
Ha clepyoweM paccyxieHun. Ilycte / o3HauaeT HabuaiogaeMyi0 CHCTeMY,
a II—mnabmonarens. Ecau I HaxomuTca 10 u3MepeHHUss B COCTOSIHUH

U=Pg, a Il —8 cvecu U= EfwnP[gn], To I +-1I 8yner B o1HO-
n=1

sHayHo onpegenenolt cmecn W, uUMeHHO, KaK Jerko CoCyuTaTh, C/eays
VI. 2, 6yazer

U= wlp,) 0@ N=¢@

Eciu Temeph muMeer MecTo u3MepeHMe BeJHuHHnl A B [/, TO ero Hano
MOHMMATh Kak B3aumofelicTsue meway / u I/, T. e. xak npouecc 2.(V. 1)
¢ HekoTophiM onepaTopoM 3Heprun M. Ecau ovo npomomkaercs spems ¢,

to npespatur U B
2nl 2ri

O i ™

UMEeHHO, K4K JICTKO BHJIeTb, B

= n
e 7,

(o]
4
U = 2 fw,,P %l .
n=1 [—Tlﬂ ]
e @
n
Ecau Ou Teneps Bcakoe @, (g, 7) umeno dopmy U, (g)7,(r), rae ¢, —
cofcterHas dynkuus A, a 7, 00pasyiOT HeKOTOPYIO (GHKCHPOBAHHYIO
HOJHYI0 OPTOHOPMMPOBAHHYIO CHCTeMY, TO TO BMelIaTe/JbCTBO HMeao Obl
XapaKTep HM3MepeHus, IepeBO]s Kam[10e COCTOAHHe ¢ CHCTeMbl / B CMech
cobcTBeHHbX  ¢yHkuut ¢, omepaTopa A. Cratuctudecknft xapakrep
BO3HMK4eT 3leCb M3 TOFO, 4TO, XOTH CHCTeMa / W HaxXOIWJach A0 HaMe-
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peHHs B OJHOM OIlIpeleNeHHOM COcTosHuH, Ho [JI Oblla  CcMechlo,
a B mpouecce B3auMoieHcTBHA «CMellaHHbfty xapaxTep [/ «3apasunay u
cuctemy [/ -+1I, B yacTHOCTH, npeBpaTHa B cMecCh mpoekuuio B /. VHbiMA
CIOBaMM, H3MepeHMe He IPMBOAMT K Oflpeie/eHHOMY pe3yabTaTy U3-3a
TOrO, 4TO COCTOsiHME HalmoaaTens nepel HM3MepeHdeM He sBJASETCS TOYHO
onpejeneHHHM. Dblo Gbl MBICAMMO, YTO TakoH MexaHusM (YHKLHOHH-
pyeT, TaKk Kak cTefeHb HHbopManuu nabmogatens o ero coOCTBEHHOM
cocTosHMM MOr/a Ob ObITh OrpaHHyeHa 3aKOHAMH MPHPOABI. STH TpaHMIbI
Hamay Obl ceGe BRIpAXEHHE B 3HAUGHUAX W,, KOTOPBle JOMKHbL ObAH Ob
onpenelarbca TOMbKO HabmonareneM (T. e. He 3aBHcesau Obt OT ¢l).

Kak pas saech 3Ta MONBITKA OObsCHeHHs TepluT KpylleHue, MO0
KBaHTOBas MexaHuka TpeOyeT, yTOOb OblIO

n =P, ® ¢) =1 )%

T. e. 4TOObl W, 3aBuceno oT ¢! CyuiecTsyoiee, BO3MOXHO, APYroe

pasnoxenne U = ZwP[q)] (8 xotopom @) (g, r)=9,(g)m, )

OpPTOTOHaJbHBI M HOPMHpPOBaHBIl) TOXME HE MNOMOraeT, MOCKObKY wr’l

OLHO3HAYHO YCTAHABJHMBAIOTCS (C TOUHOCTEIO 40 mopsaka) cmechio W (IV. 3)
H, C/lel10BaTeJbHO, COBMaaloT ¢ w, 24).

Wrak, akaysalbHOCTh mpouecca 7. oByc/oBleHa He HeIOCTATOYHOCThIO
3HaHHH O cocTosHMH Habmoaartens. IlostoMmy B ganbuelimieM Mb GyleM
BCerja NpHHHMATb, YTO OHO H3BECTHO TOYHO.

Obparumcs cHOBa K 3ajave, chopMmyaupoBaHHo# B koHue VI 1,
I, Il u Il GyayT uMeTb onpejeseHHOe TaM 3HAUEHHE; A/ KBAHTOBO-
MexaHHdeckoro onucaHua cucteM / u Il 6yayt ucnonbaoBaTbcst 00603Ha-
yenus VI. 1, B 1o BpeMs kak /// BooOlle OCTaHETCH BHe BLIYHC/CHHR
(cp. ckasanHoe 1o 3TomMy mnosony B VI. 1). Ilycte A osnawaer monse-
Kauiylo uaMepenuo seauunny (B 1), 9;(9), ¢5(q), ... —ee coOcTBeHHbIR
byuxuud, a cucteMa | HaXxOAMTCH B COCTOAHUH ¢ (q).

Ecau 7 cuuraetca nHabGmonaeMo# cuctemost, a Il /Il — nabnionate-
JAeM, TO HaM cjeayeT npuberHyTb K npoueccy 2., U MH Halgem, 4o
uaMepexue nepepoauT [ M3 COCTOAHMS ¢ B ONHO M3 COCTOSHUH @,
(n==1, 2,...) € COOTBETCTBYIOUINMH BEPOATHOCTAMH |[(¢, ¢,)|?
(n=1, 2,...). K xaxkoMy xe crnocoly onucanus c/elyeT HaM
npuberHyTh, ecIu CuuTaThb HabaogaeMmodt cuctemodt /—7/, a Habmo-
aatenem — [11?

B sToM caydae Mbl IOKHB CKa3aTh, UT0 [/ —3TO u3MepUTeIbHBIA
npubop, rNokaspBalouuit Ha IuKale 3HadeHue Bejumuuner A (u3 /). ITono-
HeHue CTpe/]KH Ha STOH IuKane ecTh HeKOTOpas ¢uauYecKas peuyuHa B
(u3 II), kgropas, cobGctBendHo, u Habmwomaetca cucremolt [l (ecan /1

214) Jra ¢opMa [ONyCcKAeT €me HeKOTOpHIE BapHaluM, KOTOPHE TAKKe He
32CAYXKHBAIOT PACCMOTPEHUA MO QHANOTHYHLIM MPUYMHAM.
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JEXKHT YKe BHYTPM OpraHuaMa HabjiofaTens, TO HA MeCTe IUKalbl H MO-
JOXeHus CTPeJKH BBHICTYHAT COOTBETCTBYIOLIME (PUIHONOTHYECKHE MOHATHS,
HalpuUMep ceTyaTKa M H306pakeHWe HA HeH) M 3HAUYEHMS] KOTOPOH OaHO-
OIHO3HAYHO CBA3AHLL CO BHaueHusMyu Beauunnbl A. ITycTh sHavenns A 6yayr
ay,.8g, «.., 3HaveHus B —b,, by, ..., 4 HyMepauus BHIIOJHEHA TaK,
4TO Kak pa3 a4, W b, CBA3aHH APYr C APYTOM.

[MeponayancHo [/ HaxomuTcss B (HEM3BECTHOM) cocrosHuu ¢ (g),
a /I —p (usasectHoM) cocrosuuM E(r), carenosatensHo, /-4 /I —sB co-
crosuun @ (q, r)=¢(g)&(r). UamepeHue (OKa OHO NPOBOIUTCH CHCTe-
mo#t /1 uanm cuctemoli /) coBepiuaeTcs, Kak W B MpEXHEM HpHMepe, IO-
cpencteoM omepatopa sHeprun H (8 /-/7) 3a Bpems ¢{. D10 Gymer

-

npoueccom 2., xoropui mpespaut @ B ®'=¢ # ~@. C TOuKkm
3pexus HaGmopatedn //] 00 uaMepeHud MOXHO 3arOBOPHTh, TOJILKO eCJH
Ieno o6crouT Tak, uTO Haunu f// usMepsTb mocpeicTBOM npouecca [/,
ONHOBpEMeHHO uaMepuMble BesuuuHbl A W B (B [/ M COOTBETCTBEHHO
B /1, wm xe obe B [-4//), To mapu 3Hauenu#t a,, b, ¢ m+n
cTand Obl MOMBJATLCA JMIUb C BEPOATHOCTBIO HY/Mb, HANPOTHB, NApH
C M==f—C HEKOTOPLIMH OMNpeJeeHHHMH BePOATHOCTAMU W,. WHBIMY cao-
BAMH, NOCTATOMHO «paccMoTpeTh» [/, uTo6nl A u3 / okasanack Gbl U3MepEH-
HOH. KBanToBan mexanuxa motpefyeT TOrAa eule, 4TO6H @, == |(¢, ¢,)|%

[Mpousofian Takoe, M mpouecc M3MepeHusa, B TOH Mepe, B KaxoH oH
nporexaer B [/, OyneT TeopeTuuecky «OOGBACHEH» — paccMaTPUBABINAACA
B VL. 1 rpauuua casunyra ua noxoxenns ! |[1 111 s [ 11|11

Wrak, maTeMaTHyeckas 3ajada COCTOMT B chaelyiouleM. 3anaHa no.Has
OpPTOHOPMUPOBAHHAS CHCTEMA ¢, $g, ... B [. Taxywo xe cucremy
£, B ... B R/, pasHo xak u cocrosune & B MY, namo wawtu. [anee
caenyer mopobpars oneparop (sxepruu) M 8 RI+I1 y 3znavyenue £ Tak,
yToGbl BHIIOJHAMMCD ciaepyiouine yciaosus. Ecan ¢ — npoussoabHoe co-
crosune B P/, a

2l

om
D@ N=9@t(r), D@ ry=e * D@, r)
no mocrpoernio, To @ (g, r) nQOMKHA TNPENCTaBAATLCA B BHIe

[ee]
2 €9, (@) 5, (r) (x03bduuUeHTH ¢, MOTYT, ECTECTBEHHO, 3dBUCETb OT ¢).
n=1 ‘

[lpu sToM nomkHO ObTh [, |2==|(¢, ¢,)|? (TO, 4TO mMOCHenHee yC.rOBHE
COOTBETCTBYET COOPMYJHPOBaHHBIM BHIIe usnueckuM TpeboBaHuaM,
6us10 BhisicHeHo B VI 2).

B nanvueftmieM Mbl GyzeM Hapaay € ¢, 9g, ... CUHTATh uUKCHPO-
BaHHBIMH U &, &, ... u £ a sMecto M uckare yuurapumi#t omepatop

2nl
LI
A=e * .

Maremartnyeckas 3a1a4a CBOANTCA K yxe paspewtesHofi B VI. 2: Tam Gbrna
samana @', W MB NMOKA3AIHU CYLIECTBOBAHUE Cp, ¢, U E,; TENEPb HAM 3apaHbl

21 H. Hefimam
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nocrosuHbie ¢,, £, W 3apucawmue or ¢ ® M ¢, u 8sagava cocrour
B TOM, 4YTOOBl TaK OMNpeleMuTs A, YTOOB 3TH ¢,, ¢, M §, MOJYYHAUCH GBI
s ¢ = A0,

Mbl nokaxeM, 4TO Takoe MNOCTPOeHHe A JAeHCTBUTENLHO BO3MONKHO.
[Ipu 310M MH OyjleM MHTEPecOBaTHCH JHIIb NPUHUUNKAABHOH CTOPOHOH
Iesta, T. €. BOIPOCOM CyLIeCTBOBaHMSl Kakoro-iau6o taxoro A. JlanbHeft-
Ui BONpoc O TOM, OCMajawT /A TpeOyeMbIMH CBOMCTBAMM OIEpaTophl

2ri

A=e * NpOCTEeAIINX HArJMAAHBIX CXE€M IOCTAHOBKW OMLITOB (HANpu-
mep, paccMorpennbix B II. 4), He mosxeH Hac 3aborTuts. B camom gede,
NOCKOJMbKY, KaK Mbl Bulequ, HallW ycJOBUS JeHCTBUTEJbHO COBMANAOT
C HArJAJHLIM KDUTEPUEM U3MEDUMOCTH u, C APYroH CTODOHLI, B yHoMd-
HYTBIX CXeMdX ONLITOB HArJsiHble TPeOOBAHUS K M3MEDPEHUI0 TOXe yuO-
BJECTBOPAIOTCSA, TO KBAaHTOBas MeXaHMKa LO0JMKHA Oblia OB IPUBOUUTH
K rpy6o npoTHBOpevauuM HaGMIOAEHKI0 pe3y/abTaTaM, eCcid Ob COOTBeT-
cTBylouie A He ypoB/ieTBOpsiin Oul (0 KpaHHe# Mepe npuG/nKeHHO)
HalmM ycaoBusiM 215). TakuMm ofipazoM, B HaibHeHIueM HaM Hago Oyier
HalTH TO/MbKO aCCTPaKTHBLIH oOnepaTop A, TOYHO YAOBJAETBOPAOLIUK Ha-
UM  yYCJAOBUSM. ’

‘Mrak, nycts ysxuuu ¢, (m=0, *1, £2,...) u §, (n=0,

+1, +£2,...) ofpasyT ABe 3alaHHbie OPTOHOPMUPOBAHHLIE CHCTEMBI
B M{/ u coorsercrsenso B R// (Mbl AaeM Tenepb m M n npoGeraTh He
sHayenus 1, 2, ..., a 3uawenns 0, 1, X2, .,.; 310 ocHOBaHO Ha

TEXHMYECKHX COOOpaXeHHsX W He HMeeT TNPUHUMIIHAMLHOTO 3HAueHus) -
M NyCcTb, NPOCTOTH paiu, cocrosuue & cosnagaeT ¢ §,. Onpeapenum one-
patop A paBeHCTBOM

[e0)

A B Emfn @i (D= X £t (@) inan ()

—o0 m, n=~

[Tockoambky Kak 0, (q)E,(r), Tak U ¢, (9§, (r) obpasywr B RI+!7
NOJHBIE OPTOHODMUDOBAHHBIE CHCTEMBI, TO Takoe A GyleT YHUTAPHBIM.
Teneps

¢ (q) = m;:m(cp’ Om)  Om @ E(D = ().

CienoBaTenbHoO,

C@ N=0@iN= 2% @ ) @k

(@ N=20(g. N=_3 (& ¢ (@i ().

215) Nlag paccmarpusasmerocs B 1114 uaMepenns nojoxenus coorTBeT-
cTBylollee BblucaeHue uMeerca B paGote Weizsacker'a, Zs. f. Phys.
70 (1931).
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Ho Tem caMbiM Hamia Lemb AOCTHTHYTAZ, MH AOOMJIHMCH 1axe paBeHCTBa
¢n==(9» Pp)-

Mbl nosyuum, olHako, GoJjiee Har/siHOe NMpeACTaBJEHHE O MeXaHWU3Me
3TOTO MNpOLECCd, PACCMOTPEB MpUMED C KOHKPETHBIMHM IUPENMHrepOBHIMH
BOJHOBHIMM GyHKuMaMu W 3anasas camo M BMecto A.

Kak unabmonaemblft o6bekT, Tak M Habmogateas (1. e. / u /) 6yner
LOCTATOYHO OX4apaKTepu3oBaTb OMHOH HenpepwBHO npoGerawiefi or
-—— 0O A0 - 0O NepeMEHHOH ¢ WM 7, T. €. Mbl OyieM NpPeiCTaBJATb X
KaK JuHeHHO ABUTAIOWIMECs TOoukM. KX BOMHOBbie ¢yHKUMH OyAyT UMeTb
Bull $(g) u M(r). Mel npumeM. uTO MX MaccH m; M my CTOJb BEJNKH,
4TO KMHEeTH4eCKOH 3Heprue

1 h 0 h 0\

om, ( 2mi dq) +2m2 (2m 0r>
B OIlePATOpE HEPTUH MOKHO OyaeT npenebpeus, u 8 M ocraHercs Toabko
OTBETCTBEHHAsl 3a M3MepeHMe aHeprun B3auMOJEHCTBUS, HJs1 KOTOPOH Mbl

BbiOepeM CIELHMaMLHY0 GOpMY 2m Kirr ar

3apucalgee OT BpeMenu audpepeHnuancHoe ypasHenue lllpeaunrepa
I/ BOJIHOBOH q)yHKuuu Y,=4¢,(q, r) cucremnr [--1/ Gymer Toraa
rJIacuTh:
h 0 h 9
9xi ot V(@ = — 579 57 0:(q. 1)

T. €.
0
(5 + 755 ) 4@ n=0.
YTO NPHUBENET K
Y@ N=7@ r—tg)

Ecmv ann £t =0 {¢y(g, r)=D(q, r), To Mu noayuum f(q, r)=(q, n)
M, C/ej0BaTelbHO,

b (g, )=D(q, r —1q).

Ecau, B 4acTHOCTH, HavaabHble coctosHust cucteM / u [/ npenmcra-
BaaloTcAd PynxuusMu ¢ (g) u £(r), TO, B AyXe HalleH BBIYUC/IUTENLHOH
cxeMbl (ecau BHOpaTh yyacTByKllee B He#t BpeMs ! pasHbiM 1), Gymer

D(g, N=9(@tr), D@ N=Y@ N=9e@LF—yg).

ITokaxeM Termepp, 4TO HaHieHHBle pe3Y/MLTATH MOLYT NOCAYXHTb IS
M3MepeHUs KOOPAUHATH cucTeMul [ cucTemo#t [/, T. e. YTO KOOPIMHATH ¢
v r p3auMmuo cpasanbl. (TTockoabky ¢ M r 06J2J410T HENPEPHIBHEIM CIIEKT-
poM, T. €. TOJBKO CKOJ/Ib YrOAHO TOYHO, HO He a0CO/ITHO TOYHO H3Me-
pUMBI, TO ITO MOXET YAATbCA TOJBKO NPHOIMKEHHO.)

Honyctum /8 3TOH ueau, 4ro £(r) OTIM4HA OT HYJAS TOJBKO B OYeHb
y3KOM uHTepBaie —e < rg < ¢ (T. e. 4TO KOopAWHATa r Hal/ojarens

21*
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M3BECTHA 10 M3MepEeHHs oOueHb TOYHO). Kpome Toro, § momkua, ecre-
CTBEHHO, OBITb HOPMMPOBAHHOH:

=1 e [lEnpar=1

BeposaTHocTb TOrO, uTO ¢ JAexuT B MHTepBante ¢,— 0 < ¢q < ¢,—3,
a r—B untepBane ry— 8 < ry < ry-+98’, Gymer TOraa COCTaBJATH

Got+5 1o+ Go+d ro+d’
[ [ 1¥@praar= [ [ le@Pltc—gPdgar.
qo=8 ro—=?’ Go—5 rg—2'

Ecan gy u r, oranuaiorcs Apyr ot Apyra Goasiue yeM Ha 898 e,
TO OHAa OOpAaTUTCSt B HYJAb, T. €. ¢ W r CBA3aHB CTOJb CHJILHO, YTO HX
PA3HOCTb HUKOIA HE MOXeT CTaTh > 88" 4-e. s cayuan xe ry==gq,
OHa, eciy Mbl BhGepeM 8/ >0 —}-¢, OyaeT u3-3a AONYLIEHHH OTHOCHTEAbHO £
: qo+8
paBHATbCH f |9(q)Pdg. Tax xax, omHako, Mbl MOXeM BHGpats 3, &’
o8
M & CKOJb YrOAHO MAJbIMH (OHM NO/DKHBL OBITH TOILKO GOJbIIMMH HYJIs!),
TO 3TO 3HAYUT, YTO ¢ M I CBA3AHLL CKOJIb YTrOJHO CHABHO, 4 IJOTHOCTDH
BEPOATHOCTH nMeeT TpeGyeMoOe KBAHTOBOM MexaHukofl 3uauetnue |¢(q)|2
TakuMm oOpa3oM, yclAoBMf [1Jsi U3MeDCHHUss B TOH (opMe, KaK OHH
ob6¢cyxaamce B VI.1 ¥ B 3TOM naparpade, OCyuIeCTBARIOTCH.
O6cyxaenne Gosee CJHOXKHBIX [PUMEDOB, HANPUMED, aHAJOTHYHBIX
HAIIEMY YeTHPEeXUuIeHHOMY npumepy W3 VI. 1, WM TakuxX, KaK KOHTpPOJb
€O cropoHnl BTOporo Habmwonartens [// uamepenus, suinmosaHenHoro [/
Hag [, nposoauTcd COBEPLIGHHO aHAJMOTMYHO. MBI NpejoCTaBUM ero
yuTaTeNIO.



AOIMOJMHEHHUE

JOKA3ATEJBCTBO 3PrOJUYECKONU TEOPEMBI
W H-TEOPEMbI B HOBOW MEXAHHKE *)

ITokasmBaeTcs, xaxkuM o06GpasoM AOMKHO paspeliathcd Kaxyuieecs
NPOTHBOPEUNE MEXIY MAKPOCKONMYECKHUM NOHsATHeM (Pa3oBOro npocrTpad-
CTBA M CYUISCTBOBAHMEM COOTHOIUEHUH HeONpelneieHHOCTH. 3aTeM 1daeTcs
KBAHTOBOMEXAHHYECKOE WCTOIKOBAHME CAMBIX OCHOBHBIX [HpeiCTaBieHui
CTATUCTHYECKOH MeXaHuuky, ¢GOpMyaHpyioTcs M pokasbBalTcs (6e3 «1omny-
HleHHs O Oecrnopsaake») aproiudeckas Teopema u H-teopema. ITocare s1oro
cneayer oOCyxaeHue U3MYECKOrO CMBICHA MaTeMATHYECKUX YCAOBUH,
OrpaHMYMBAIOLIUX OGJACTH UX NPHMEHEHHS.

Beenenne

1. Temo#t HacTOsilled paGOTHl ABJAETCHA BHIICHEHHE CBASH MeXay
MAKPOCKOMUYECKUM M MHUKDOCKONHYECKMM DAaCCMOTPEHUSIMH CJAOKHON Ci-
CTeMBl, T. €. OOCY)KIeHHe BOIPOCa, NovyeMy Aej10 OOCTOMT TaK, YTO OObIY-
Hble TepMOIMHAMUYECKHEe METOAbl CTATHCTUYECKOM MEXaHWUKH HAKT BO3-
MOXHOCTD [€/aTh B NMOAAB/AKIEM OOMLIIMHCTBE NPABUIbHBIE YTBEPHIEHHS
OTHOCHTENIBHO CHCTEM, M3BECTHHIX HenoJHbIM 06pasoM (T. €. TOJBKO
Maxpockomuuecku). B wacTHocTu: kakuM 00pasoM, BO-NepBHIX, BO3HHKAeET
cBoeofpasHoe, Kasa/noch Obl, HEOOpPATHMOE NOBEJCHUE JHTPONMUH H MOYEMY,
BO-BTOPHIX, AJMA H3BECTHO# HEIOJHBIM O6pa3oM (peanbHOH) CUCTEMBl NMO3-
BOJIMTEJbHO NMOACTAB/IATL CTATHCTHYECKHE CBOHCTBA ((PUKTHBHOrO) MHKPO-
KaHOHHYeCKOTO aHcamBis **). M Ha 3TH BONPOCH MBI AO/KHBEI OTBETHTD,
N0Jb3YACh CPeACTBAMM KBAHTOBOH MeXaHUKH.

Kak u3BeCTHO, B KJI4CCHYECKOM MeXaHHKE STM BONPOCH [PHBEIH
K NOCTPOCHHI JBYX MNETANbHO PaspabOTAHHBIX TEOpPETHYECKUX CHCTEM:
GoabLMaHOBOR ¥ THOGCOBOM CTaTUCTHYECKUX Mexauuk. [leppas Teopus He

*) J. v. Neumann, Zs. f. Phys, 57, 30—70 (1929).

**) 31eCb UMeloTCH B BHAY 3aMKHYTHIC H H30JMPOBAHHBIE CHCTEMBI. V13BecTHO,
410 IAf CHCTeMBl, coO6maoIeHcs ¢ 60AbIIMM TEMNOBRIM DE3EPBYapoM, XapakKre-
DHCTHYHBIM MBJASIETCA Tax HasblBaeMBl KaHOHWYeckMH aHcamOJb. Ho MeToam
crarucTrdeckofl MeXaHUWKM nO3BoasioT Ge3 Tpyla CBECTH STOT CAydad k mpenl-
IylieMy, €CaH TOJbKO TEIVIOBOH pe3epByap NMPHUCOEAMHUTb K CHCTeMe.
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CMOTrJ/Ia 1aTh OKOHYATENLHOTO M YAOB/JACTBOPUTE/JALHOrO pelIeHHS, NOTOMY
YTO B Hell MNPUXOAMTCH  CYLWIECTBEHHO MOJMb30OBATHCH TAK HA3bIBAEMbIM
npeanojoxenueM o «Oecmopsaxey, — d NOHMMaHue HPUPOAB ITOro «Gec-
nopsiiKa» W NpPeincTaB/AfeT KaKk pas OCHOBHYW 3anpauy *). Bropas Teopus
no CBoeMy moaxony Oblna Obl BIIOJNHE IPUrOJHA I/ 3TOr0: OJHAKO OHa
npUBe/aa K MareMaTu4ecko# npoljeMe, Tak Ha3biBaeMo#i nmpoGieMe KBa3u-
3ProjuyHOCTH, OKaszapilelcs abCOMIOTHO HENpeosOMMMON HM NpM TOrjalu-
HeM COCTOSHMM HAyKH, HU npu HbHewxeM. Ilostomy Teopus ['u66ca
- MpuBeleT K Uead, TOMbKO €C/IH MNPEANOJOKHTb INpaBH/JALHOCTb COOTBET-
CTBYIOLIER MAaTeMaTHYECKOA TEOpEeMEHl.

Hanee, B 00LIMX NPUHUMIMAMBHEIX BOIIPOCAX HOBAs KBAHTOBAN MEXaHMKA
OT/INYAETCH OT KJIACCMYECKOH MexaHuKH COBepIIeHHO HeoOblualHO# npocTo-
ToR **¥), M uMenHo 6jarogaps 3TOMy OGCTOSTEJLCTBY B KBAHTOBOH Mexa-
HHKE LeJb MOXeT ObITb HLOCTHrHYTA € IOMOHIbIC CPABHUTEJBLHO IIPOCTHIX
MaTeMaTHYECKUX CpPEACTB, €CAHM TOAbKO cledoBath ru66cosy nyrtH. Tak,
B JaibHe#lleM OKaxXeTCs BO3MOXHBIM [IOKa3aTb 3IPTOAMYECKYID TeOpeMy
u H-Teopemy (KOTOpHlE ABISIOTCS [ABYMS YKa3aHHBIMY BbILIE IOCTAHOB-
KaMKM BONPOCA) HE3aBHCMMO OT KakuX Obl TO HH ObLIO NpeAnoJOMeHuH
o Oecnopsake. OnHako mpexje, YeM MNepeXOAuTh K INOLPOGHOMY pasro-
BOpDY 00 3ITOM, He JMIUHE CKA3aTb HECKOJbKO CJOB O NMOHATHH MAKPOCKO-
MUYECKOTO B KBAHTOBOH MexaHHUKe.

2, TIpyHUMIHAIBHOM TPYOHOCTHIO KBAHTOBOMEXAHMYECKOrO BOCCO3M4-
HHRt THOOCOBON TeopuM sABJIseTCA TO, YTO 3JeCb Hesab3sd u3beruyTs olpa-
HICHUA K MOHATHIO «(pa30BOro NPOCTPAHCTBA», T. €. — AJAs CUCTEMBbl ¢ f
CTeneHaMu cBO6oAE —K 2 f-MePHOMY IIPOCTPAHCTBY, ONUCHIBAEMOMY f KOOp-
AMHATAMM ¢y, .. ., §; U UX f UMIIYABCAMH Py, . .., Pjp,—BCE BAXHEIE L/ ITOH
LS/ [TOHATHA (IHEPreTHUECKas NOBEPXHOCTD, (a3oBble fYeHKH, MUKPOKAHO-
HUYECKHe ¥ KaHOHMYeCKHe aHcaMOu M T. 1.) ONpeneasaioTCs B HeM. B kBaHTO-
BOM MEX4HUKE HUKAK HE/Ib35 TOCTPOUTE TaKoe (Pa3oBOe NPOCTPAHCTBO, TAK KaK
KOODIAMHATA ¢, U €€ UMIYJABC P, He MOTYT OBbITb MU3MEPEHbl OJHOBPEMEHHO,
HANPOTHB, MeXAY MX BepOATHHIMHU ouubkamu (pasbpocamu) Ag, u Ap,

BCEria HMeeT MeCTO COOTHOIUEHME Heolnpeie/eHHOCTH Ag,, - Apk}'[ﬁ HEE),

Bonee TOro, HeBO3MOXHO HaXe VKa3aTh IJas KaKOro-iH60 COCTOsHUS
cucteMbl 1Ba uHTepsana [/, J Takux, 4TO ¢, C HOCTOBEDPHOCTBHIO JEKHT
B /, a p, ¢ IOCTOBEPHOCTbIO JIEKHT B J (3TOr0 Hesb3f CHEJaTb M TOTAA,

*) Cp. (Takxe H jis gaiabHelIlero) KpuTHdeckoe o6CYKAeHHEe 3THX yCJO-
BHil B gaﬁore P.uT. Ehrenfest, Enzykl d Math. Wiss,, Bd. IV, 4. D.
(Art. 32) u nanee Phys. Zs. 8 (1907).
**) IlpaBaa, B clyYae MHOTHX CHEHUaAbHBIX po6aeM AeA0 06CTOMT KaK pas
Ha060poT.
*#*) Cp. W. Helsenberg, Zs f Phys. 43, Heft. 3/4 (1927), a raxxe
N. Bo hr, Naturwissenschaften 16, Heft 15 (1928). OtHocuTeabHO rpaHuub 7{—;
cM., nanpumep, H. Weyl, Gruppentheorie und Quantenmechanik, Leipzig,
1928, S. 272.
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h
KOrla Npou3BefieHHe UX IJIMH HAMHOTO 60/blie, 4YeM = ! #)),—TaK uTo

He TOJbKO HelpephiBHOe ()a3oBoe NPOCTPAHCTBO, HO M €ro  AUCKPeTHble
pasbuenus Ha sayefiku Janiens cmbicaal HecMoTps Ha 310, B ReHCTBH-
TeJbHOCTH COBEPIIEHHO OYEBUAHO M TO, YTO NPH MAKPOCKONUYECKHMX
M3MEepEeHUAX KOOPAUHATLL H UMITYJIbCHl 43MEPRIOTCA ONHOBPEMEHHO, — 3JeCh
BO3HMKaeT Aaxce NPeACTABJAEHUE, YTO ITO BO3MOKHO 0/1aroiaps HETOYHOCTH
MaKPOCKOMHYeCKUX H3MepeHuH, KoTopass HaMHOro OoJbllie HeTOYHOCTH,
npH KOTOPOH ewle MOXHO ObLIO OBl ONACATLCH KOJMIM3UHM C COOTHOIUE-
HUAMU HeonpeneseHHocTH. Kak e corniacoBarth 3TH ABa IPOTMBOpPEYALIUX
ApYT ApYyry ofcTodTenbcTBa?

Mbl cuuraeM, 4TO npaBUABLHOH fABAdeTCS CJAEAYIOLIAS HHTepTpeTaunus:
IIPH  MaKpPOCKOTMHYECKOM ONHOBPEMEHHOM U3MEDEeHHH KOODAMHATH W HM-
nyabca (1an ABYX APYruX BeJMdYMH, KBaHTOBOMEXAHUYECKH OINHOBPEMEHHO
He U3MEPUMBIX) B AeHCTBUTENbHOCTH OJIHOBDPEMEHHO ¥ TOYHO H3MepAIoTCs
e (uanyeckhe BeJUYHHBL, TOJKO 3TH BEMUYUHbl HE SB/AAIOTCH B TOY-
HOCTH KOOPIHUHATOH ¥ uMmyancoM. [IycTh, ckameM, 370 OYAYT NOJOKEHUR
IBYX CTpeJOK H/JIM MeCTa ABYX IO4YepHeHU# ¢oTorpaduyeckux IJIaCTH-
HOK *#), — HUYTO HE MellaeT HAM H3MEepPHTb MX OJHOBPEMEHHO M C 10CTa-
TOYHOH TOYHOCTBIO, HO CB#3b ITUX BE/IUUMH C PEATbHBLIMU MHTEPECYIOLIUMU
HAC (PU3MYECKHMN BEJIMUHHAMHU (g, W P,) AOBOJLHO Heonpene/eHHa, NPU-
yeM MepuJOM 3TOH HeOOXOAUMOH IO 3aKOHaM NPHPOAH HETOYHOCTH CBS3U
KaK pa3 M gBJASETCS COOTHOLIGHUE HEONpeneNeHHOCTeH (Cp. npuM, ¥#*%)
Ha ctp. 326).

MaremaTtrveckas (OpPMyJMpOBKA: KBAHTOBas MeXaHWKd COMOCTAB-
JSieT  BeJqddMHaM ¢, M p, u3BecTHHe oneparopnl @,=gq, ... #

*) 9710 o3HauaeT, YTO eCAM BOJHOBAA QyHKUHS ¢ (¢, ..., §5) oOpamaercsa
B HYJAb 11 BCEX 3HAUCHHH ¢p, ASMAMMUX BHE KAKOrO-HUOYAb KOHEUHOTO HHTEp«
Baza I, 10 ee x03dduuneHtsr Pypbe ¢ (py, ..., py) (MH pasnaraeM

~ e 2£(pq+ +P5)
XN qf)=f--- fC(pn-.-, ppelt 7y
~co

-00

dp ... dpy)

TOMKHH Bcerna =0 npu npOu3BOAbHO GOJBIINX pp.

**) KoopaunaTy ¥ HMOyabC YaCTHHBl MOXKHO TpelcTaBaaTh ce6Ge H3MepeH-
HbIMH B CMBICJe IIUTHPOBAHHKX B NpHM. **¥) Ha cTp. 326 pa6ort, ckaxeM, caelyio-
UM 06pa30M: C OfHOH CTODOHEI, YaCTHHA OCBEIaeTCst MyuKoM CBETa, CHOKYCHPO-
BaHHbIM B npuGJN3HTe]bHOM MEcTe €€ HAaXOWAeHHd, ¥ PpacCesHHbH cBeT
dororpadupyercst (xoopauHATa) W, € IPYrofl CTODOHBI, wacTHHa OcBelnaercs
HOCTaTOUHO MOMOXPOMATHUHBIM H NJOCKONApaJvenbHbIM NyYKOM CBETa, MPHUEM
oTpaxeHHblH CBeT ¢ororpadupyercst nocjie NPOXOKJIEeHHs Uepes npuaMy (ansg
KOHCTaTallMH JJMHB BOJHBI) (uMnyabc). EcTectBenHo, uto gomKHa CO6MOAATHCA
CBA3b MEXJXY TOYHOCTAME, OOGYyCJOBJEHHAast COOTHOIIEHHeM HeoNpejefeHHOCTel.
TakuM oGpasoM IoJyduaeM Ha JABYX IJIACTHHKAX [Ba NOYEpHEHHH, YyCTaHABJHBAW-
IHE ¢ H3BECTHHIMM TOYHOCTAMH KOOPAMHATY H HMILYJbC.
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HOCTb M€ papHa, KaK H3BECTHO, i l) COOTBETCTBYET OJHOBDPEMEHHOH

... %), HENepecTaHOBOUHOCTL KOTOPBIX (aksz,é P.Q,. pas-

HeU3MEpUMOCTH 3TUX BesauynH **). [IpelnonoxuM Tenepb, 4TO Cylue-
' ’

CTBYIOT [1BA IPYruX IepecTaHOBOUHHIX onepatopa &, u P, KOTOpHE

ML M40 OTAMYaTCs OT @,, P,, NpUYEeM HACTOJbKO MAaJl0, 4TO A5

UX COOTBETCTBEHHBIX OTKJIOHEHMH MepoH ABJRIOTCH ABa uuciaa AQ, u AP,

h
NMPON3BEACHUE KOTOPBIX HE INPEBOCXOANT CYUIECTBEHHO - H3 COOTHOIIC-

HUsL HeOomnpene/eHHOCTeH. (ECTeCTBeHHo, yro B cuny PQ,— QP =

h ; ;o h
=4_—,n.l, Q.P, — P,Q,=0 oHo He MOMeT GHITH MeHblle y !) HeMHoro
OTAMYHAS, HO, KAaK JeTKO yOeduTbCs, IO CYLIECTBY, T4 Xe QOopMy.aupoBKa
IO/MY4aeTCs, eCau 3aMeTuTh CJAelyioulee: NepecTAHOBOYHBIE ONEPATOPHI
’ ’ "
Q.. P, nomxupl 061a1aTh MOJHOR OPTOrOHAMbHOR cUCTeMOH o6umIHX COO-
CTBEHHBIX (YHKUUR ***), HazoBeM HX ¢, ¢y, ... lloTpeGyem TtOrza OT

3TOH CHCTEeMbl Cielyouiee: B JHOGOM COCTOSHUM ¢, aucnepcun @, n P,
MeHblue, ueM AQ, u AP, COOTBETCTBEHHO (u npu stoM AQ, - APszTn)'

Torza oaHOBpeMeHHOE H3MepeHue 0;, P;, nociae KOTOPOTo I10JUIKHO
HACTYIATh HEKOTOpPOe COCTOsHME ¢, NeHCTBUTEAbHO HaeT HaM OIHOBpe-
MeHHYI0 uH(opmauuio oTHocuteapHo @, u P,. Bnpouem, 10CTaTO4HO
OTHICKATh MOJHYK OPTOrOHA/MbHYK CHCTEMY ¢, Pg, ... C YKA3AHHBIMH
Bhie cBOHCTBaMu; Toria @y, Py MOryT GbiTb ceffidac e YCTaHOB/EHH —
AJI% 3TOTO A0CTATOYHO /UMb 3a4aTh UX COOCTBEHHBIE 3HAYEHHs B COCTOA-
HuAX ¢, (n==1, 2, ...), kakoBble COGCTBEeHHbIE 3HAYEHNA 1[€/1€CO0OPA3HO BbI-
GpaTh pABHHIMM MATEMATHUYSCKHM OXKNAHUAM @, Py B COCTORHUAX @, F*¥¥),

*) Cp. Schrodinger, Ann. d. Phys. 79, 8 (1926).
**) Cp. P. Dirac, Proc.Roy.Soc. 113 (1927) u W.Heisenberg, L ¢,
npuM. **¥) ga crp. 326.

,/**) ByzeM cuuTath pamu NpoCTOTH, 4T0 PEANbHO M3MEPCHHBIC BEJHTHHEH
Q,, P, MeOT TOABKO AUCKPETHRIH CHeKTp, YT0 OHBAaCT Ha CaMOM jele, €Cau
Mbl HMEEM JeJO ¢ KOHeuHHMM o6wbeMoM. Torma CyumiecTBoBaHME obmel cHCTEMBt
COGCTBEHHBIX QyHKUHMH NOKA3BIBAETCA B TOUHOCTH Tak XKe, Kak B cryyae oOblu-
HBIX (KOHeuHOMepHbIX) Matpuu. Cp. 1o stomy nosoxy Frobentus, J. f. Math.
84 (1877), Hellinger u. Toeplitz Enzykl d. Math. Wiss, Bd. I, C. 13
(Art. 41).

*¥*x¥) To ecthb o

9l 9n (g «ous g) P dqy ... dgy

- 00

[e o]
3
Tl /?;k(qp coer 47)9 (qur vver 47)day ... dgpe
-
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910, Mo CyuUeCTBY, yOenuTelbHOe [ONYyLIEHAE Mbl MOWEM Terepb
NMOATBEPAHTL MATEMATHYECKM: KaKOBBl Obl HUM OHIAH [iBa INOJOXKHTEJbHBIX

uncaae, v cen==C- 4-’; (C—xoHcTanTa, Cp. N0 ITOMY HOBOAY NpUM. ¥)),

CyWleCTByeT NOJHA% OPTOroHaabHas CUCTeMa ¢, Py, ... Takas, YTO
B J1060M cocTosuuu o, aucrepcuu @, u P, GyAyT MeHblie, UeM &, 7
COOTBETCTBEHHO *). 3amaHue ¢, M J10Ka3aTeJbCTBO HX CBOHCTB HPUBOAUT
K JIOBOALHO 3aTPYAHHTeNbHBIM BBIK/JAAKaM ¥¥), npHBOAMTL KOTOpblE MBI
3leCb He CTaHeM, TeM 0oJjee 4TO CKadaHHOe 10 CHX NOP AOCTaTOYHO
NPOsCHSET NPUHLMIIKAALHO Haubolee BaXKHOE.

Takum o6pasom Mbl JeideM clelyouiee foltylleHHEe O CYUHOCTH
MaKpOCKOMUUECKNX N3MEepeHHH: OHM ABAAIOTCH UCK/IIOUNTEILHO U3MEPEHUAMH
ONHOBPEMEHHO M3MEDPVMHIX BeJUUYMH (C B3AHMHO LepecTaHOBOYHBIMM onepa-
TOPaMu), KOTOPbi€ CBA3AHBI C NPOCTHIMK M HE U3MEPUMHIMU OJHOBPEMEHHO
usnyeckuMH BeMYMHAMM (KOODAMHATBI, HMNyJAbChl M T. [.) JAdlIb Ha-
CTOMILKO, HACKOJbKO 3TO INONYCKAETCA COOTHOLIGHHSAMH HEONpene/IeHHO-
CTH. B nanbuefimeM wusnoxesuu paGoTet LOMKHO OBITh NOKA3aHO, Kak
TO OCYIIECTBASETCH B AeTaJsX.

3. Ornocutensto obuero GopMajgbHOTO aNmnapaTa KBAHTOBOH MexaHH-
K¥ Haj0 UMeTb B BUAY caedyoutee. CocTOsHUS CHCTEMBl OYAYT XapaKrepu-
30BaTbCS U3BECTHBIM O0PA3OM KOMILIEKCHEIMH QYHKUMAMH 9==¢ (¢, -+ ., §y)
(rax HA3LIBAEMBIMH BOJIHOBBIMU byHKUMaAMY), onpeneeHHLIMH

*) Kak Bumso, C=1 6nuio 6b HaeaabHO#t Ouenxoil (ucnoib3ywomeH Bce
BO3SMOMHOCTH, AONyCKaeMble COOTHOLIEHHEM HeOllpeiedeHHOCTH). ABTOpY yaaaoch

L. goctuab € < 8,600, HO noCKOAbKY = B Makpockonnueckux (CGS)-ednnn-

uax cocrapaser ~10~% 10 910 HecymecTBeHHO.
**) Hyxuo Bocnoap3oBaTbes BBeJeHHEMHU ['eftsenbepro, L c. npuM. ***) Ha
¢Tp. 326, BONHOBHIMM NaKeTaMy

1 a 2l
i (T 0

b

— Mbl nUIIEM ¢ BMeCTO ¢ W ONyCkaeM OCTaAbHBIE H3 i, «».y §f, B YKA3aHHOM

Bblllle cOCTOAHMH Q=g¢q .,, u P=2—h—,b—— ... HMEIOT CpenHWe 3Hauenus &, b u
ni 0q
o h\?
KBagpaTel gucnepcui 62, (m) COOTBETCTBEHHO, — I Jlie

VA n_ ./ Ch
"—l/?“' ”=\/’c“’"f“‘ wme P
0 1

= ——¢Hui j=0, +1, +2,...
yeerhd

Toayuatomuecs TakuM 06pPa3oM ByHKIHH 3a[HCHBAIOTCA B KaKOM-HHOY/b MOpAAKE
B BHJE M0C/AeN0BATeJbHOCTH H 3ateM, coraacko Ilmmary (E. Schmidt, Math.
Ann. 63 (1907)), «OPTOrOHANUBHpYIOTCA». DTO AAeT KeaaeMylo CUCTeMy Prr P2 oo
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B «IIPOCTPAHCTBE COCTOSIHMH» CUCTEMH, T. €. B f-MEPHOM IPOCTPAHCTBe,
OMUCBIBAEMOM f KOODIMHATAMHU qy, ..., s (PUINYECKHE XKE BEIUYMHEl —
3pMUTOBLIMM onepatopamn 4, B, ... *). Baxdefiuumu onepauusmu ¢
3TUMU OODBEKTAMU SBJAITCA: KBHYTPEHHEE IPOHU3BENSHHEY

0=/ [o@ . apt@ ... gp*dg, ... dq,

(* MB 0003Ha4aeM KOMILIEKCHOE CONpSDKEHHE) M «a6COMIOTHAS BEAMYMHAD

lel=V (e o) = \// [1e@ ... appda ...dg,>s).

ITpocrefiiee onucanue COCTOSHUH € NMOMOLIBbIO BOJHOBOH (YHKIMH @ ne-
JaeTCH TaK: MaTeMaTHYeCKOe OXujpaHue BeAUuMHbl 4 B COCTOSHUHM ¢ pAaB-
usercs (4, @). 3anaHne BceX MATEeMaTMYECKHX OXUAAHUMH O3nauaeT, mo-
CKOJIbKY ONHOBDEMEHHO C 3THM CTAHOBATCH M3BECTHBIMM MATEMaTHYECKHE
OXHMIAHMSt BCEX CTeneHeH (T. €. Tak Ha3bIBAeMBIE BBICIUME MOMEHTH pac-
npenefeHHs BepOATHOCTeH), 3HAHWE BCEerO pacnpeieseHust BEPOSTHOCTeH
MO0OH BEMMYMHEL, T. €. MOJHYIO CTATMCTHYECKYIO XapaKTepPHCTHKY CH-
CTeMBL **%),

Ham HyxHa Takxe CTATUCTYKA BeJMUMH B CHCTeMe, B KOTOpOH HMeeTcs
HE OIHO COCTOAHME @, a4 MHOTO COCTOAHMH @, g, ... C COOTBETCTBYIO-
IIMMH BEPOATHOCTAMH W, W,, ... Torja MaTeMaTHYecKoe oxuianue 4

PaBHO, OUEBUIHO, | W, (Ao, ©,), uTO ynoOHee 3amMUCATb NO-APYroMY.
n

Hmenno, Oynem onuchBaTh onepaTop A B HEKOTOPO# HOMHOH OpTO-
ToHaxbHOR cucTeMe ¢yHxun# MatpuueH @,, a QYHKUHM @, — BEKTO-

pamn x (p, v=1, 2, ,..)#*#%), Torua

2w, M4, o) =Hw, Na,x'xt=Na,[Swxx],
n n [T B,y n

3l
T. €. ecan o003HauuTh 4yepe3d U omepaTop ¢ Matpuuei anxgxf’. TO
n

paccmaTtpupaeMoe BHIpaxeHnue OygeT paBHO WNypy oT AU ¥#*%%) Tewm ca-

*) B crnocoBe o6o3HaueHuil M METO1aX, HCHOAB3YEMEIX HHXKE, MHl Mpligep-
#uBaeMcsi paboTu aBTopa B Gott. Nachr. 11 Nov. 1927, S. 245 —272. Ogpnaxo
BCe HEOBXOoquMOe N NMOCTaBACHHOH Heln 6yneT pesloMUPOBAHO 31ech.

**) Boruncaenus ¢ 9THMH OG'beKTaMH OIHCHIBAIOTCA BKPATHE, HANpUMep,
B pa6ore aBTopa B Gott. Nachr., 20 Mai 1927, S. 1 —57. '
*#%) Cp. Dirac, I ¢, mpuM. ***) ma crp. 328 u pabory aBrtopa, I. c.,
MpHM. *l
*#E5) Cp. 1. c., mpuM. *¥),

*#e3¥) Cp. L. ¢, npuM. *) H nanee Dirac, Proc. Combr. Phil. Soc., 29 Oct.
1928. Llryp — 570 CyMMa JIMaroHaJAbHHX 5JEMeHTOB MATPHULL TAK KaK 5Ta CyM-
Ma HHBapHAHTHZ MO OTHOINCHHIO K YHHTapHHM Ipeobpa3oBaHUsM, TO MOXKHO
NPOCTO FOBOPHTb O mmype OllepaTopa 6e30THOCHTENbHO K ONpefeeHHON NOJHOM
OpTOroHanbHO#H cucreme QyHKIUA.
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MBIM CTATHCTHUECKOE NOBeAeHUe BBENEHHBIX CMeCet MHOTHX COCTOSHIMN Xapak-
Tepuayercst onepaTopoM U Ha OCHOBAHUM MPABHJIA: MATeMATHYECKOE OXH-
nanne 4 pasusercs Spur (AU). Me naseiBaem U craTHCTHUeCKUM OTeparto-
poM cmecu. Kak BHIHO, 3HaHMSI ero JOCTATOYHO AJIS OMHCAHHS CMeceH,
NpHYeM HeT HYXIbI 3a4aBATb OTAEJbHbIE COCTOSHHSA, W3 KOTOPBIX COCTOUT
CMeCh.

Kpome ToOro, yao6no BBectTd ocofoe o000sHaueHHe AJs ONepatopa

*
C MaTpuuel X x, (x, — BEKTOp BOJHOBOH GYyHKUUH ©): P,. Jlerko se-

puduuuposats W Apyroe onpenenenue: P f =(f, ¢)- ¢ (f — mobas npy-
ras BoJHoBas ¢yHkuus). Toraa 6yzer U=wa,,P¢n, B 4acCTHOCTH P,
: n

fIB/IAETCH CTATHCTHYECKHM ONEPATOPOM CAaMOrO COCTOSHHS .

4, Tenepb MBI MOXeM HeNOCPEICTBEHHO TepeHTH K (KBAHTOBOMeXa-
HUYeCKOH) GOpMYyNUPOBKE 3IProiudyeckoit TeopeMbl. A UMEHHO, MH 06CYy-
JMM CHaua/ia [Ba MOAXOAA, KOTODHE XOTb M He pellaloT camy HpobJeMmy,
HO, KAK HaM KaXeTCH, MPOSCHAIOT W LenalnT 0oJee NPO3PAYHBIMH CYLle-
CTBYIOLIME 31eCh COOTHOIIEHHS.

Knaaccuueckas QopMynupoBka sproauyeckoit Teopembl (TouHee, KBa3u-
9ProAMuYecKOf Teopembl) 3ByuuMT TAK: TOuka ¢Ha30BOrO INPOCTPAHCTBA,
H306paXaniias CHCTEMY, B CBOeM IBHXEHHH (ONpelenseMoM H3 AHQde-
peHUHabHbiX YPABHEHHH MEXaHHKH) CKOJb YrogHO 0/u3xo npubiaukaercs
K MOGOH TOYKE SHEPreTHYeCKOH MOBEPXHOCTH CHCTEMBI, IIPH STOM BpeMd,
npoBoAEMOe K300paxanouielt TOYKOR B cpelHeM 3a COJNbLIOH NPOMEKYTOK
BpeMeHH B KakoH-HuOyab 00/aCTH 9HepreTHYeCKOR NOBepXHOCTH, MpO-
NOpHUOHANbHO 00beMy 3ToRt 06aacTd *). TeM cambiM B Ciyyae 3aJaHHOTO
COCTOAHHA CTATHCTHYECKHE CBOUCTBA BPEMEHHOr0 aHcamO.as (KOTOphif mo-
Jy4aeTCs yCpelHEeHHeM KamJOH BeJUYMHH 1O BCEM BpeMEHAaM) OKasbi-
BAIOTCA TOMZECTBEHHBIMH CTATUCTUYECKUM CBOHCTBAM €r0 MHKPOKAHOHHU-
yeckoro ancam0uas. DTOT MocC/JefHHH TPenCTaBAseT COGOH cMecb BCEX TO-
YeK, H300paManIIUX CHCTEMY, JeXKAUUX Ha SHepreTHYeCKOH MOBEPXHOCTH,
TpuYeM KYCKaM MOBEPXHOCTH PaBHOH muowiagu (Cp. npuM. *) npunuchHBa-
I0TCA paBHbie Beca.

ITycts Tenepp B KBaHTOBOMexaHudeckol dopmyauposxe H Gyner ome-
paropoMm 3HepTHH, @3, Pos ... — €0 COOCTBEHHBLIMH QYHKUHAMY *¥), a W,

*) B xavecTBe 06BeMa, Kak M3BECTHO, 37ech Oepercs He (2f — 1)-MepHan
MIOmajb SHepreTHIecKoH MOBEPXHOCTH, a 2f-MepHHl OGbeM INpHJErallero
K SHEpreTHYeCKOH NOBEpPXHOCTH CJ0H, T. € HHTErpan OT OOGpATHOro rpajineHTa
3HEPrUH MO YKa3aHHOMY KYCKY MOBepXHOCTH. — Ha cymecrtBenHyio (1 9acTo He-
JIOOUEHUBAEMYIO) DasHUIlY MExAY ABYMf MOJNOBHHAMH mnpuBeNeHHOH B TeKCTe
GhOpMyIMpOBKH KBazusproaudeckO# TeopeMbl ykasbiBaau [1. u T. dpeHdecTn
(I ¢, mpuM. *) Ha c1p. 326): Bropas NOJOBHHA HeusbexHO Heobxomuma 1as 06oc-
HOBaHUA CTaTHCTHYECKOH MexaHuku [u66ca.

**) TouHee, HEKOTOPas NOJNHAs OPTOroHanbHas CHCTEMa, OOpasoBaHHas u3
HHUX, — CHCTEMa KOOPAHHAT, B KOTOpO# [ — nuaronases. (Mu lipeanonaraem. 41o
cromHOR CHeKTp OTCYTCTBYyeT.)
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W,, ... — cootBeTcTBYOIUMH CcOOCTBeHHBIMU 3HaueHusMu. CocrosHue
Y= a, ¢, IBOMOUHOHAPYET C TeueHHeM BpeMeHH ! (?E O) B CMbICJIe
n

BpeMeHHOro nuddepenunanbuoro ypasHenust lllpemunrepa caepyiouum
o6pasom:

oy,
q)t=§aneh " "'Pn=;an(t)<?n'

ITpexne Bcero, 3mech HanLO Temepb NPOAHAMM3UPOBATE HECKOJbKO MOA-
poGHee moHsTHe IHepreTHYecKo# nowepxHocTH. MMeHHO, ¢ TeyeHueM Bpe-
MeHU TIOCTOSHHBIMH OCTalTCA Bce |a,(f)|*=|a,[?. a He To.ibKO Mare-

MaTHueckoe oxmunamue sHepruu (H, ¢)= D |a,(t)2W . Mockoabky
n

ati | @, (t)|* XapaKkTepusyloT BCIO SHEPreTHYECKYIO CTATHCTHKY *), ME MO~
KeM CKasaTh TaK: 3aKOH COXPaHeHUs 9SHEPTHU KJAcCHYecKOHM MeXaHHKH
MepeHoCuTCs B KBAHTOBYID MeXaHHKY He MpocTo B ¢opMe coxpa-
HeHHs TOJbKO CpeJHUX 3HaueHH#, HO B QopMe COXpaHeHHsas pac-
npenejeHus BepoaTHocTed osHepruu. Ecan Om Mbl OnpeneAuu KBaH-
TOBOMEXAHUUYECKYID  «9HepreTHYeCKyl0 TOBEPXHOCTb», Kasajocb  Obl,

€CTeCTBEHHbIM 06pa3oM C MOMOILLIO Zla,, [2W,==const, T0 0 cnpasen-
n

JUBOCTH SPrOLMYECKOR TeopeMbi He MOIJA0 Obl GBHITb U peud — Bedb Cy-

11eCTBYeT GECKOHEUHO MHOTO «MHTErpajoB ABHXeHus» | a, % |aof% ... Ee

HAJ0 OTpPeneNuTh, CKOpee, HOCPEACTBOM | a; |2 == consty, | a, > =const,, ...
1

Tax Bosuukaer sonpoc: byab a,==r, e n (r,=0,0=a, '< 2r), To,rna

’
dHepreTHyecKas MOBEPXHOCTb COCTOUT M3 BCeX lP =Za,, *Qp C ap=

n
2n

’ +
ia ’ i
=r,-e "(Oéan < 21:). IMoaxoaar au torna a,(f)=r,-e ( h
‘1 /
TIpOU3BOJbHO OJU3KO KO BCeM a;, T. e - W, t+4a, — K a, (KOHEUHO TIO

Wnt+an)

mod 2w, npuuem s Bcex n==1, 2, ...), u Kak BeJuku OYAYT «OTHO-

cuTe/bHBIE BpeMeHa TpeSbiBAHUA» B 3a4aHHBIX a;,-uHTepBanax? Mu Mo-

HeM CHOpOeHTb M Tak: Byzer au Yh—"t CKOJb YTOLHO OJMU3KO MOAXONUTH
a’ —_—a

AJs HALJEXAIero f K MPOM3BOJLHOR cUCTEME _22_1:_"_ (mod 1 mas Bcex

n==1, 2, ...), 1 KaKOBH OYAYT OTHOCHTEJbHble BpeMeHa NpeObiBaHus?

Cornatno Teopemam Kpoexepa A5 BHINONHEHHS! TIepPBOH TOJOBUHEL Tpe-
GoBaHHA HeoOXOLMMOR M NOCTATOUHOH HABJASETCA UEJOUHCIEHHO-TuHeHHas

W,
HEe3aBUCHMOCTb h” Mexay coGoff, T. e. YC/AOBHE, 4YTO He CylUeCTByer

*) Hanpuyep notomy, uto o, coraacuo (Hed,, )= 3\ |a, () | W%, onpe-
n

JieNsI0T MaTeMaTHueCKUe OXKUAaHua BCeX creleHei 3HEPrHH, T. €& BCEC MOMEHTH
€e CTATHUCTUKH.
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w w
COOTHOILICHUS X —h—' —+ ... 4+x,—=2=0 (n npousBoJbHO BEIUKO, HO

3
KOHEYHO; Xy, ..., X, UENOUMCJEHHH), eCld TOJLKO He HMeeT MecTa pa-
BEHCTBO X, == ... ==X,==0%). M3 paapuefmux teopem Beftna crenyer,

4YTO B 9TOM CJyuae BpeMeHa TpeCblBAHUA. TAKKe OKA3LIBAIOTCH TPABUJb-
HBIMH, 4 MMEHHO, OHH TPONOPUMOHA/AbHH MPOM3BEAEHUAM IJAUH MHTepBa-
J0B **), Mrtaxk, B 3TOi ¢OpPMyaMpOBKE 3SProAMdYecKas TeopeMa BBITEKAeT
n

h
Co6CcTBeHHO, MB 3leCb NOTPeGOBaNM a}Me CIMIIKOM MHOTOrO: BeHcT-
BUTE/bHO UCTHHHLIM, CYHIECTBEHHBIM OJs BCeX TPUJONEHHH, sIpOM 3pro-
IHYeCKOH TeopeMbl sBJSETCH, KAK yXe YIOMMHAJIOCh BHIUE, COOTBETCTBUE
MeXAy BpeMeHHBIM aHcamO/eM M MHKPOKAHOHUUeCKHM aHcamOueM, a BOBCe
HE BOIIPOC O TOM, KAKOH WUMEHHO TYTh MPOLEJBbIBAET HA JHEPreTHYeCKOH
TMOBEPXHOCTH TOuka, M3o6paxaiomas cucrtemy. Kax Mbl 3HaeM us 3., nis
9TOr0 HeOO6XOXMMO J/HUIL COOTBETCTBHE MEXAY CTATUCTHYECKHMH OTepa-
TOpaMu 3THX HABYX aHcaMOgeH (MX <«HACTOSMIHH» COCTAB B OTHOLIEHHH
BOJIHOBBIX (YHKUMH 37eChb 3aBefOMO He MOMeT OBITb YCTaHOBJEH).
ITyctb remeph ¢, uMeeT CTaTUCTHYeCKuH omeparop Py, TOraa peus

HAeT O TOM, YTO OH OJUH pa3 ycpelHseTcs (NPU UKCHUPOBAHHBIX &,) TO
BceM ¢ (BpemenHOR aHcam6ib), a apyroit pas —rmpu f==0 mno Bcem a,
(be NMHIIEM 0 BMECTO &, T. €. MHKPOKAHOHHYECKUH aHC3M6nb). 3anu-

wem oneparop Py B BUAE MATPHUL B CHCTEME KOOPAMHAT @1, @y, ...

M3 TOTO, YTO MEXALY TepMaMu CHCTEMbl He HMEETCH PEe3OHAHCOB *##),

—_ Wnt+u

2r
i
B cury Toro, uro §,= Jir.e (h ")'<Pm €ro  m, n-KOMINO-
n

n
(= (W_-W i+ (2 _—~a
HeHTa OyAeT paBHA r,r e (T (VW) 14 (=) ) Vepeanss ee 1o Bcem

2
o, noaydaeM O mpu m==n W rp npu m=n. YTo6H TOT ke Pe3yJbTAT

*) Cp. Kronecker, Ber. d. Preuf. Akad. d. Wiss. Berlin, 1884,
S. 10711080, 1179—1193, 12711209, s merh
**) Cp. Weyl, Math. Ann. 77 (1915).

##%) MoxeT mNOKa3aThCsi CTPAHHBIM, YTO 3AeCh durypupyior W s @ He

W, W i
——’—"—h—”, HO 9TO CBA33HO C HEKOTOPOH HETOYHOCTBHIO HalIero paccMOTPeHHs.

A uMeHHo, MOCTOSHHBIE MHOXMHUTENbL (C MofyaeM 1) He uMeeT cMpiCAa nas BOJA-
HoBOH dyHKUHM ¢ (HampuMep, OH BHINAJAET H3 CTATHCTHYECKOTO OMepaTopa Py),
I03TOMY MBI JIOJKHBI Gblnx Gbl, COGCTBEHHO roBOps, HakaraTh YKasaHHbE BHIIE

on
Tpe6OBanug He Ha caMu daswl - Wt a4 HO AMWIL Ha MX PASHOCTH, CKAaMEM,

2n
Ha - Wy —W)t+ (o, —a) (=2, 3, .,.). Toraa M CHOBa NOJAyIaeM Tpe-

Ww,—W
GoBaHusl M3 TEKCTa, HO YXe OTHOCAIHECH K COOCTBEHHBIM ACTOTAM ——f—Li

h
n=23 ...)
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MOAYYUACH TPH YCPeJHEHHU TOo £, LOMKHO ObITh —th(Wm—Wn)¢0,T. e.

W, =W, npu m==n. 10 03HAauaeT: BLIPOMAEHUE NOKHO MOJHOCTBIO
OTCYTCTBOBATb (yCJIOBME HAaMHOro GoJee caaboe, ueM npeavinyiee!).

TeM caMbiM Sproauyeckas Teopema Obijla 6B 40KAa3aHA, Ka3aaoch OHI,
B YLOBJeTBOpUTEIbHOM O0beMe. TeM He MeHee 9TOT pe3yabTaT He MO-
KeT HAC yHROBJETBOPUTb, MOCKOAbKY 31€Ch HHYEro He FOBOPUTCH O POJH
MAaKPOCKONHMUYHOCTH. Bemb MBI 33eCh ONMEPHUPOBANH C COBEPUICHHO TOYHO
33JaHHBIMK CHCTEMAMH, TAK, HAlPUMepP, SHepPreTHYeCKas MOBEPXHOCTh OTH -
CHIBA/IACh TOYHLIM 3a1aHUEM BCeX | @, |2 Ilas Toro 4To6H NOoAOHTH K TOALKO
YACTUYHO HMBBECTHHIM CHCTEMAM CTATHCTHYECKOH MEXaHHKH, HAM HAfo ewie
HECKOJALKO MOAMGUUMPOBATL HALLY MOCTAHOBKY BOMpoca *).

5. Ora Mogudukauus LOKHA COCTOATb B HEPBYIO Odepedb B TOM,
YTO HAaLO MAaKPOCKOMUYECKH IIePeOCMBICJUTb MOHATHE SHEpPreTHYecKOoH
MOBEPXHOCTH, T. €. HAL0 pAaclIUpUTb MUKPOKAHOHuueckuft ancambib
10 COBOKYNHOCTH BCeX COCTOSHMH, SHepreTHYeCKHe CTATHCTHKH KOTOPHIX
MAKPOCKONHYECKM HEOTIHYHMBl OT 9HEPreTHYeCKOH CTATUCTHKH NAHHHX
coctosinui. [lpu Takux O06GCTOATENLCTBAX COOTBETCTBUSI MEWNY BpeEMEH-
HEIMd 4 MHUKDOCKONHYECKUMH CpefHUMH cJenyeT TpeboBaThb Juuib AJd
Makpockonudyeckux BeauyuH. Ho 3aro sro ocaabienue BieyeT 3a coGok
CyHIeCTBEHHOE yCH/JeHHe, KOTOPOe CTaHOBHTCH BO3MOXHLIM JdUIb MpH
MAaKPOCKOTIHYECKOM Crnocobe paccMOTpeHus. A MMEHHO, Mbi TIOKAaXeM,
yTo A5 M000T0 COCTOAHMS CHUCTeMbl 3HaueHUue JMIOOOH (MAKPOCKOMUYECKH
M3MEpUMOR) BE/NMUYMHEI HE TOJbKO MMEeT MUKDPOKAHOHMYECKOEe CpelHee
B KauyeCTBe BpEeMeHHOro cpenHero, HO M o6/aagaeT MajoH aucmepcue,
T. . BPeMeHHEle TOYKM, B KOTODHIX 3HA4eHHE OTKJOHAETCA OT CpeNHEro
He MAJ0, OYeHb DelKH.

ITone3sHo cpaBHUTL TO C COOTBETCTBYIOHIMMHM COOOpPAXKEHUSIMH U3 KJAc-
cuueckoit Teopuu. TaMm yKasaHHYIO TeopeMy, SKBHBAJEHTHYIO ONpABIAHUIO
CTATHCTHYECKHM-MeXaHUUeCKMX METOLOB, PA30OMBAIOT HA ;BA HIara C/AeLyio-
UM 00pa3oM: mpexcie BCEro Hano NMOKA3aTh, 4TO A/ JIOOOH BeJuyMHbI
BpeMeHHAs CTATUCTHKA COBMAjaeT ¢ MUKPOKAHOHHYeCKOH, a 3aTeM, uTO
IJf TaK Ha3biBAeMbIX MaKPOCKOMMYECKHX BEAMYUH MOC/eLHAs UMeeT MaJyio
aucnepcuro. ITepBoe yTBepxnieHue KAk pa3 U sABJSETCH KJIACCUYeCKOH
KBa3UIProJguuecKoit TeopeMoit, KOTOpas He MOMeT ObTb JOKazaHa B Ha-
cTofllee BpeMsl, 4 BTOpPOe, HANPOTUB, MOKHO JerkO LOKa3aTb C MOMOLUBIO
KOMOMHATODHBIX BeIUMCIeHHH *#), BaamMeHn sTOro, kak yxe ObLIO CKasaHo,
Mbl OyleM Ha3biBaTb 3PTroAHYecKOR TeopeMOH yKasaHHOe BLillle cCJjen-
cTBue U3 obeux nacreit.

*) To, 4TO NOKa3aHHAA TOJbKO 4TO TeOpeMa He MoOXeT OBITL HpPaBHJABHOM
SProfIMUecKOil TeopeMoil, BUIHO TaKke U3 TOTO, UTO €e NpeiNOCHUIKH (HEBBHIPOX-
JACHHbIE SHEPIHH) ABASIOTCA CHAUIIKOM CAAOLIMH: OHH COXPAHAIOT CHJY 115 U3BecT-
HOFO KOHTPNpHMEpa IMPOTHB KJaccuueCKOH spropuueckoin teopemm! Cp. 1l 3.

**) Cp., B ocoGenHoctH, l. c., mpuM.*) Ha cTp. 326.
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Bosee TouHas auckyccus OyleT TNpuBeNeHa B Xxofe 3TOH paGoTH,
31eCh e Mbl YK&XeM TOJMbKO Ha [IBA CJelyloLIMX 06CTOATeNbCTBA: BO-Tep-
BHIX, B HameH (opMyIUPOBKE 3ProfMuecKO TeopeMbl MBI TOTpelyeM,
yToObl HaMeueHHOe Bhlillle BpeMeHHOe MOBeNeHHE AeHCTBUTENLHO HMENO
MECTO [JA KAaXIOTO HAUYadbHOTO COCTOSHHA cucteMbl (4 Jawboro ¢)
0e3 uckaowenus (KJAACCHYECKH MOMHO OblJIO Obl BNOJHE AONYCTUTH
MCKJIOYEHUs] B 4acTHAX SHepreTHyeckof NMOBEPXHOCTH, MUMEIOIIMX MEHbUIYIO
pa3MepHOCTb). Bo-BTOPHIX, HaLO NMOLYEPKHYTb, UTO PealbHOe COCTOAHUE,
C KOTOPHIM MBI M pafoTaeM, fiB/SieTCS BOJHOBOH ¢yHKuHeH, T. e. 4eM-TO
MHKDPOCKOTIHYECKAM, — eCay Obl Mbl 31eCh LeHCTBOBAIM MAKPOCKOMHYECKH,
TO 3TO O3Hauajo On BBexeHHe TUNOTe3b O OecnopsaAnKe, HO Mbl KaK pas
3TOro XoTuM Oe3ycaoBHO usbemxarb. To e camoe MONKHO CKasath #
06 omeparope SHeprud, KOTOpLIH (UIYpPUPYeT B 3aBHCHLIEM OT BpeMeHd
auddepennuaibHom ypasHenun Hlpepuurepa *), ero Toxe Hago paccma-
TpPUBATb TOUHO (Mukpockonuyecku). (Muaue, koneuno, OynmeT npu mo-
CTPOEHHU SHepreTHyeCKOH MOBEPXHOCTU, YTO OyJeT BUIHO U3 LajbHel-
melt guckyccuu.) ITepeitmem Tenepb mnoC/Je CKA3aHHOFO K HeGOJALLIOMY
pasroBopy o6 yCJAOBHAX, KOTOpHIe OKAa3bBAITCA HeOoOXOQUMBIMHM )5
CTpaBelJUBOCTH 3PTOLUYECKOH TeopeMbi.

6. Onu pacnajarwTcs Ha iBe TPYNNb: BO-MEPBHIX, Te, KOTOPbIE OTHO-
caTcs K (MUKDOCKONHYECKOMY) ONepartopy 9Hepruu H, BO-BTOpBHIX, Te,
KOTOpble OTHOCHTCS K MOApasfedeHHI0 (MaKPOCKOMUYECKOR) sHepreTu-
yecKOR TOBepXHOCTH Ha Pa3oBble sYeHKH U K BeJuydHE TOCJTeqHUX.
(lanblie ME TOYHO YCTAHOBUM, WYTO CJefyeT NOHMMATh KBAHTOBOMEXa-
HHYeCKH TMOJ SHepreTHYeCKOH MOBEPXHOCTbIO, (a30BLIMU svelKaMU U ApY-
TUMH  KOHCTPYKLMAMH B (a30BOM TNPOCTPAHCTBE; TNpEeIBAPUTENLHO Ke
BIIOJMHE LGOCTATOYHO OyaeT OMepUPOBATb C ISTHMH MOHATHUSAMU TaK, Kak
9170 OBIJIO OOHIYHBIM B HOKBAHTOBOMeXaHWYeCkOH Teopuu. B uyactTHOCTH,
non (asoBbIMH sYekaMu MBI NIOHHMaeM Taxkue NOApasae/eHus ¢asoBoro
MPOCTPAHCTBA, KOTOpble MOTYT ObITb OCYLUECTBJEHb € MOMOLIbID MaKpo-
CKOMMYECKUX H3MepeHuH.) '

OTHOCHTE/IbHO SHEPrMH OKAa3bIBAETCH: PA3HOCTH TepMOB (COOCTBeHHblE
Ko/e6aHusa) NO/MKHH OTJAMYATbCS APYT OT IPYyra, a TaKKe U CAMH TepMbl
(orcyrcTBue BhipowaeHusal), T. e. ecaiu Wi, W,, ... aBasorcs coOCTBEH-
HbIMH 3HaueHusamu, To Bce W, — W, (m == n) DOMKHH OTIMYATLCH APYT
oT npyra, a takke u Bce W,. (llonmycTuMEl paxe pelkue HCKIOueHus!)
Kax BuzmHo, mo cBOei cuje 3TO yC/IOBHE 3aHUMAET MPOMEKYTOYHOE NOJO-
XeHHe MexLy JAByMA HafnenHniMu B 4, B pasymHocTd sroro yciosus
Mb yOenumcs B pasgene Il 8. stoft pabore. B wactHocTn, MBI yBUZMM,
YTO OHO Hapyuldercs Kak pa3 B KJ4CCHMYECKMX KOHTPIIPHMEPAX NPOTHB
9ProadyecKkoit Teopembr (MzealbHbit ras 6es coysapenudt, o6beM, 3amoJ-

d 2%i
*) Omo raacur —574/,=—h—ﬂq/,; B 4. MB BOCHOJb30BAJUCh €T0 SABHLIM

PEUIEHAEM.
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HeHHbIH  u3dydenueM Oe3 TIOTJIOLIEHUS) M OMNATL BOCCTAHAB/MBAETCH
U3BECTHHIMH (HO npH3HABAEMBIMM JACHCTBEHHBIMU JIHUIL 9SBPUCTHYECKH)
KOHTpIIpaBU/JIaMu (BBeleHHe CTOJNKHOBeHHuH, & TaKKe NOTJOLIeHUR U ucny-
CKaHu!l COOTBETCTBEHHO).

OTHOCHTEILHO BeJMYHHB (DA30BLIX fyeeK MOJAYYaeTCs B CYLIECTBEHHOM
ClIefyIOUIge: YUcA0 COCMOANRUE (KBARMOBLX OpGum) 8 Kax 0ol ha30801
AdeliKe ne MOALKO OOANCHO Cblimb OUEHb BEAUKO, HO 8 CPEeOHEM O0AHCHO
Oums 8ce euwe BeAUKO NO CPABHEHUNO C HUCAOM Ha308uX AteeK
Ha ux 3Hepeemuieckold nogepxnocmu. bonaee noapoGHoe pa3bsiCHEHUE
9TOrO YCJOBUA OCTaBUM 10 JAadbHeHmux obcymaenut stoft paboTw,
34eCb Xe yKameM TOJBKO HA ClAelyiollee: eCJU COBeplIaTh NpelesibHbIl
nepexon A —>0 (Tak yTo KBaHTOBas® MexaHHKa TPUOIMIKAETCH K KJIACCH-
yeCKO#), HO He MEHATb MAaKPOCKOMUYeCKH TEXHHKY u3MEpeHuft, TO mnep-
BOe uucao OygeT HeorpaHHYeHHO BO3pacTaTh, TOTAA Kak BTopoe Oyier
MOCTOAHHBLIM, TaK YTO Halle YCJAOBUe BHINOJHAETCH Bee Jayumie. Mrak,
ero BHIMOJHHUMOCTb ofecrneyeHa BO BCAKOM CJyude, eCJH MaKpOCKONHU-
yeckas TeXHHKA u3MepeHMP caumkoMm rpyfa, yToOB LOCTUTHYTb KBAHTO-
BoiX addexToB (Toria k mpaxktuuecku pasHo 0).

Ewe ocraercs coopmynupoBats F-teopeMy (KOTOPYIO Mbl TOXe [10-
kaxeM). ME MOMeM ecTeCTBEHHHIM 00pasoM COMOCTaBUTbL KaXIAOMY
COCTOSHHIO { SHTPONMIO, a4 PABHEIM O0ODA3OM M €0 MUKPOKAHOHHUECKHH
aHcaM6/b *), a 3aTeM NpPOCJAELHM 34 BpPeMeHHBEIM H3MeHEHHEM SHTDONHU
H CpaBHUM ee MNepBOHAYa/jbHOe 3HAYeHHE C KOHeyHbIM (ToOC/enHee, Kak
JerKo TOKa3aTb, BCerga == Haya.jbHoro). Kak u B kjaccuyeckolt Mexa-
HHKe, 30eCb TaK¥e He MOXeT ObITb U peyd O MOCTOSHHOM BO3PACTaHHUH
SHTPONUM U TEM MeHee O NPEeuMYLISCTBEHHO IOJOXHTEJbHOM 3HaKe ee
NpOU3BOJHOA (/M e OTHOIEHHs Pa3HOcTel): 34eCh, KaKk ¥ TaM, OCTAITCA
B CHJe BO3DaXCHHs, CBA3aHHbIE C OOPATUMOCTHI0O M TOBTOPHMOCTbHIO.
B ayxe ofcywuienns 3Toro ofcrosteabcTBa, nposesentoro I1. u T. Spekn-
¢dectamu (cp. [. c., npuM.*) Ha cTp. 326), MBI CKJIOHHBI CKOpee BUAETbH
CYLIECTBEHHYI0 4acTb yTBepxAeHus F-Teopembl B CJenyIOLIEM: BPEMeH-
H4A CpenHAd SHTPOMUU COCTOAHUA ¢, JMIIb MANO OTIHYAETCH OT IHTPO-
Nu¥d MHKPOKAHOHUYECKOTO aHcaMmb.d, — M TOCKOJbKY MOC/elHsAs ABJfeTCS
BepPXHeH IpaHbl0 1/ MEPBOH, 9TO O3HAUAET, WTO SHTPONUS COCTOAHUA §,
CMYCKAaeTCA CKOAbKO-HUOYNb 3aMETHO HHXKE TPaHUllbl JHHIb OYeHb PEeLKo.

Mbi yBuaum, uro H-Teopema crpaBeniuBa NPU TeX Xe NPeAnosoxe-
HUAX, YTO M 9ProJuyecKas Teopema.

Mrak, pesiOMHDPYsl, MOXKHO CKasaTh BOT uTO: B KBaHTOBOH MexaHuke
9proauyecKy0 Teopemy u F-TeopemMy MOMXHO [10KasaTb BO BCe#t cTpo-
roctu u Oes runotesn 0 Gecnopsaxe, TeM CAMEM YCTaHABJIMBAeTCs rapaH-
TUPOBAHHAA NPHUMEHAMOCTb CTATHCTHYECKU-MEXAHUYECKHX MeETOJOB K Tep-
MopuHaMuke Oe3 mnpuBjedeHuss Kkakux Obl TO HU OGbiIO AajbHEHIIMX

*) Cp. xouen L. 3, rie npHBOIATCS NOAPOGHOCTH OTHOCHTE/LHO CBA3M 3TOH
9HT 703nm2[9c1 suTpomueil, onpelenenHoit asTopoM B Gott. Nachr, 11 Nov. 1927,
S. —291.
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runores *). CoBeplICHHO SCHO, KOHEYNO, 4TO 3TO CBA3AHO C TeM 06cTos-
TeJbCTBOM, 4TO, Kak d AudQepeHNIHaIbHEIE ypaBHeHHS KJACCHYECKOH
MEXdHWKH, 3aBuCslllee OT BpeMeHd ypaBHende Illpenunrepa, aexanice
B OCHOBe KBAaHTOBOM Mexamuku, oO6sgazaeT cBoHcTBOM 00paTuMOCTH H
TMOBTOPUMOCTH *), BBHAY uero camo no cefe He MOXeT OBITb JHOCTa-
TOUHBIM /151 0ObACHeHHS HeoOpaTHMEIX INPOLECccoB *#).

7. MoxHo OHJIO Obl CKa3aTh e€lle HECKOJbBKO CJOB O CBfI3H 3TOH
paGoTel ¢ JPYTHMH KBAaHTOBOMEXaUHYECKHMH HCCJIENOBAHMAMH BOMPOCOB
CTATHCTHYECKOH MexaHuku u TepmoiunHamukd. Cratbn Llpenmunrepa *),
a raxxe Hopareitma *##%*) g Tlayau ##%#*) onuchiBaloT MaKpOCKOMuYecKue
COOTHOIIEHHs HA OCHOBAHUH MpeANoI0oxeHHus 0 Gecnopsiake, a NOTOMY OTHO-
cates K gpyromy Hanpasienuo. Onna Gonee panusg padora aBTopa CTOUT
MOJIHOCTHI0O HA MUKPOCKOMMYECKOH TOuKe 3peHusi 4 TaKke TMpecjelnyer
IPYTYI0 UeJb: H3 MNpeInoJoXeHHOR cHpaBelJMBOCTH (eHOMEHOIOr Hye-
CKOTO BTODOTO 3aKOHA TePMOAHHAMHKH CHEJATb BHIBOL OTHOCUTEIbHO
BeJUUMHBI SHTPOMUY.

ABTop xotea Obi 37eCb NOAYEPKHYTb, UTO OH CuuTaeT cels 00A3anHbIM
BHIPa3uthb Fay6okyio OaarogapHocTs E. Burknepy sa mHorouuciaenunie o6¢y-
KIeHHs, B IpOoLecce KOTOPBIX BO3HHK/IU TOCTAHOBKH BONIPOCOB 3TON paBoThl.

I. KBanropoMexaHuueckas (oOpMyJaupPOBKA OCHOBHBIX MOHATHH
cTaTucTHyeckoit mexanuku I'nb6ca

1. Kax rosopuioch u OG0 060CHOBAHO BO BBEAEHHH, Mbl UCXOLHM
¥3 TOro, uYTO0 BOOOlle BCe MAKPOCKONMHWYECKH BO3MOXKHbie Hab/0neHHs
MOTYyT ObITb COBeplleHH OXHOBPeMeHHo. VX omepaTopel KOMMYyTHPYIOT,
CenoBaTebHO, MeXIy co00H, a MOTOMY CYILeCTBYeT NO/HIass OPTOTOHA/b-
Hag CHCTEMa ®;, ®,, ... BOJHOBHX (QyHKIMHA, KOTOpbE AI8 Kawioro
onepaTopa gB/IAITC COOCTBeHHEIMU QyHKUUAME (Cp. mpuM. *) Ha cTp. 328).
[Ipu sTOM cJexyeT OXHEATb, YTO CPelH ®), ®,, ... HMEIOTCA FPYMNIH
MHOTHX ©,, IS KOTODHX MaKPOCKONHYECKHEe OflepaTOpbl HMeIOT O4HH
U Te e coOCTBeHHbie 3HAUYEHHs: Belb B NPOTHBHOM Cl/yuyae NpOBeIcHHE

*) Cp. no stoMy mnoBojy paccyxpeHns Schrodinger’a, Ann. d.
Phys. 83, 15 (1927), B ocobeHnocTu B nocaenneM maparpade. Hamn pesyabrars
TO3BOJIAIOT MPOBECTH €ro pacCyXJeHHs Ge3 JOTYCKaEMOIO HM «CTaTHCTAYECKOro
NpeNHoNOKEHHA» (TUNOTe3bl O Gecrnopanke), T. €. CBECTH BO BCEH CTPOTOCTH
K OOGLIYHOH CTATHCTWUYECKOH HHTEpNpeTaluu KBAHTOBOH Mexanuku., TeM CaMbiM
naerca orseT Ha mopHartwniil llpexguurepom L. ¢. Bompoc, Hajgo 4M M B KBAaHTOBOH
MexaHuKe GOpOTheA € SProfMYeCKHMH TPYIHOCTAMH.
**) [IpaBma, KBaHTOBas MEXAHMKA 3HAET OJMH HEOOpaTHUMBIH sJaeMeHTap-
HbIH MPOLECC, a MMEHHO, Npolece H3MepeHus. ITOT mpolecce HeobpatuM (cp. L c.,
ompefeJieHHe YKa3aHHbIX NpPOLECCOB JaeTcs TaMm B npuM.2l), crp. 283), Ho,
HMEET NH OH Kakoe-Hubyab OTHOWIEHHE K HeOOpATHMOCTH peatbHO MPOUCXOIf-
mero, ocraerca HesuifAcHeHHbIM. B aToll paGore Mul He GyneM GoJblie OcTaHa-
BJAMBATHCS Ha 3TOM.
*#*) ., Nord heim, Proc. Roy. Soc. 119 (1928).
##x4) W, P auli, Sommerfeld-Festschrift, 1928, S. 30—45.

22 U. Heitman
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BCEX MAKPOCKOMUYEeCKH BO3MOXHBIX Hal/0feHHH 103BOJAA0 Obl 1O6GUTHCH
TOJHOTO pas3/vueHHs MeXIY ®;, @y, ... (T. e. a06COMOTHO TOYHOrO OMpe-
JeJeHus CocTosHuM, 4To, BOOGHIe TrOBOpA, He Tak). DTu rpynmbl Oygem
0603HauaTh (3aMeHss TNPUMEHSBLIYIOCH N0 CUX MOP MNPOCTYI0 CHCTEeMY

uHgexcos n=1, 2, ... nBoitHokt p==1, 2, ... ud=1, ..., 5,) uepes

{0, pr ov el msp,p}, p=1, 2, ..., TaK 4TO AJf BCeX MaKPOCKOMMYECKHUX

BEJHYMH *) Tpynnbl o, pr +res O, TIPELCTABJAAIOT c0o60it B3aUMHO Bbl-
, »

poxnenuble ¢yukuuu. Ilostomy cucrema o ., ..., u)sp,p pPaBHO3HAYHA

4 1
mobolt cucteme O pr oo msp’ p» KOTOpas mojyuaerca H3 nepsoit ¢ mno-
MOLILI0 JIMHEHHOTO YHHTApHOFO TNpeo6pasoBaHus.
Ecau Bce cocrtosHus oXHOH Tpymnmbl {ml,p, cees O p} CMeIUHBAIOTCH
¢ Becamu 1:.,.:1, T0 moayuyaercs crarucTHyeckuft aHcamGab CO CTaTH-
Sp
1 1
CTHYECKUM ONEPaTopoM — £, == — P‘”x » TipHyeM 9TOT omeparop £,
Sp Sp A=1 P
He WU3MEHFeTCs TpH 3aMeHe ®, , Ha Ji0OHe o) , (Cp. Bbillle), B YeM Jerko
+ +

y6enuthca. Kaxabit MakpOCKONMYEeCKHH ONEpaTop UMeeT w, , B KauecTse
coOCTBeHHBX ¢YHKUMH, T. e. aABiAsgercs JMHeHOR KkoMOuHauuelt omeparo-
poB Pm) » C KO3 (HiMeHTaMH, PABHLIMU COOCTBEHHLEIM 3HauYeHUsM *¥),

a TOCKOJbKY BCe ®, , C ONHHM H TeM Xe p HMEIOT OQHO H TO xe
coGCTBEHHOE 3HAueHue, TO GymeT Takke JuHeHHOM komOunaumei £,, —
OTMETHUM 3TO AJg HaJbHeMHliero.

1
B ocraashoM S—-Ep aBJageTcd, KaK 3TO BUIHO M3 €ro IoCTpOEHH4,

CTAaTHCTHYECKUM OMepaTopoM ancam6.s, O4Jsg KOTOPOro BCe MaKpPOCKOMNH-
YyecKHe BeJMUMHb HMEIOT 3HaueHusi, OTHOCAUiMecd K p-H rpynme (Tipu
OTOM BCE M3 S, KBAHTOBHX OpOUT 061a5al0T OJHUMH 4 TEMHU e Be-
camu), — Ox coomsemcmsyem maxum o6pa3om p-f u3 arbmepra-
mus, OMHOCAWUXCA K CBOHUCMBAM CUCMeMb, KOMOpble Mozym Obims
omaAauenb, Opye om Opyza ¢ NOMOWbIO MAKPOCKONRUHECKUX U3Me-
perudi. TeM caMbIM OH ABJSETCA SKBMBAJEHTOM «(a30BLIX fYeex» CTa-

*) MakpOCKONHM4ECKOH BeNAMIHHOM ABASETCA TaKas BeAWYHHA, 3HAUCHUA KO-
TOPOH MOTYT GbIThb TOYHO YCTAHOBJEHHl C MOMONIbIO MAaKPOCKOMMYECKHX M3Mepe-
. Mrtak, ecan A MOXeT npuHumMaTh BCe 3HaYeHHS OT —oo o -foo, a
MaKpOCKONMYECKas HeONpeJe/eHHOCTb XapaKTepu3yeTrcs TeM, UYTO 9TH 3HAYEHU
MOXHO PAasJHUUTL MEXJy co6Oif AMIL A5 PA3AHUHBIX HHTEpBamoB R, k-1
(k=0, =1, +2,...), TO Torna MakpOCKOIHYECKH H3MepuMoil OyneT JuluIb
J(A), rne f(x) sBasetca caexyomed ¢pyHkuuei: f(x) =& ma k=x < k41
(=0, +1, +£2, .,.). Cp. Takxke IMACKyCCHIO BO BBeeHWH 2 ¥ npuM. *) Ha
crp. 327

**) IpMUTOB oOmnepatop C COOGCTBEHHBIMH OYHKIHAMH Y Y2 ... H €
COO TBETCTBYIOUIMMH cOOCTBEHHBIMKM 3HAUCHUAMH Wi, Wy »»0 AOMKEH paBHﬂTbCﬂ

Z Wy P, Cp. Takxe I ¢, npum.*) na crp. 330.
n
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TUCTUYECKOH MexaHukn Tu66ca. Yucao s,—=Spur £, (Spur osHayaer wmyp,
Cp. npuM. ¥¥¥*%) ya crp, 330) ABJAETCA YUCIOM HCTHHHBIX (MUKPOCKOMH-
YyeCKHX) COCTOSHUM, T. e. KBAHTOBLIX OpOUT B 9TOH Ayelike, — ero Beu-
yuHA fABJAeTCH, TakuM 00pa3oM, Mepoit TpyJOCTH MaKPOCKOMHUECKOro
cnocoba paccMoTpeHus.

2. PaccMoTpuM Tenepb omepaTop 3SHepruu H ¢ cOOCTBeHHBIMH ¢YHK-
UMAMH @y, @g. ... H cOOCTBeHHbiMu 3HaueHusmu W, W,, ... coorser-

CcTBeHHO, Tak uto H= X, W, P, . Cuenyer nomyepiuyts, uro H pnoa-
n n

HeH GbiTb MOYHLM Onepamopom 3Hep2uu, a BOBCE He KaKHM-HUOyIb
MAaKpOCKONHYecKUM TIpubdxKeHueM.

dyHkuMu ¢,, B OOEM, He fBJAIOTCA ¢yHKUMAMH , , U H He ecTb
auHeitnas womOunauua £,, Tak Kak sHeprus, He OyXydu Makpockomnu-
yeCKkoHt BeauyuHOH, He MOXeT ObiThb uU3MepeHa aBCOMIOTHO TOYHO C IIO-
MOLIBI0 MaKPOCKONMYECKUX CPeicTB *). Ho ¢ u3BecTHOHR (He3HAuMTeabHOM)
TOYHOCTbIO 9TO BCE JKe BO3MOXHO, T. €. MOMXHO NOLpasneNuTh cCOGCTBEH-
Hble aHavenus sneprun Wy, Wy, ... cucrembi narpymnut (W 4, ... W}
(MB 3gecb CHOBA 3aMeHseM TpocTyw Hymepawmio W,, ¢, c n=1, 2, ...
Ha noftuylo W, .. ¢, , ¢ a==1, 2, ..., p=1, ..., §,) Takum oGpa-
3oM, uTo Bce W, , C OIHHM W TeM e 4 DACINOJONKeHb OIHM3KO APYT-
K APYry ¥ Julip Te M3 HUX, AJ8 KOTOPHIX 4 OTAMYATCA MeXLy coGoH
(T. e. moJHble TPYNMbl) MOTYT OLITb pas3auueHsl Makpockomuuecku. Kak
copMyIMPOBATE TeMepb, UTO YXKE CaMa MPHUHALIEHHOCTh 3HAUEHUH SHep-
ray K OogHOR rpymme {W/L a0 W, a] MAaKpPOCKOTIMYECKH H3MepuMa?

Mbl choenaeM 9TO, TNpPUMEHHB YNOMSHYTHIH BEIIIE U HEOLHOKPATHO
ucnobayemuit B 1. c., npuM. *), crp. 330, uckyccrBenubiit npuem. ITycrs
fo (x) — dynxuus, xoropas ans x =W, ,. ..., Wg,_ , (a duxcuposano)
npHHUMAaeT 3Hadyenue 1, a B ocraibhblx caydasx — 0. Torma f,(H) Oyzer
BeJMYMHON, KOTOpas uMeeT 3HayeHHe 1, KOTJa 3HAYeHHe SHEepPTHH INpH-
HaMJIeXKUT K yKasanHoR rpymne, u O B OCTANbHHX CJyYasx, — CJIef0Ba-

TeJAbHO, OHA MAaKDOCKONUYeCKM uaMepuma. Hs II=ZW,,P% crenyer
) n

fa(ll)=;fa(u’/n)P% (cp. 1. c., mpum. **), crp. 329), Tak uToO
s

a
= 2 Pp , 4 3Ta TOoC/elHAs rpynna po/kHa ObITb JUHEHHOH KOM-
p=1 pha
S, s%
Gunawmedt £,. Jlaree X P, , a Take M Kawauh £, = X P,
P i=1 %pa LA v R Y
PaBHAETCS CBOEMy KBAnparTy, a mpoussenenne JOCHIX ABYX PA3JIHUHbIX £,

*) BcnomupM xora 6w ycnoBus Habmogenus OOwiaHoro rasa! Konegwo,
B OpxHIHNEe SHEPTus C AMCKPETHHM CHeKTpoM (cp. ¢Tp. 332) mpu Gaaronpuar-
HMX OOCTOATENLCTBAX H3MEpuMa ¢ abCOMIOTHOH TOYHOCTHIO: MOXHO, HalpHMEp,
PacCyMTh, HAXOAHTCA OCLAMIATOP B OCHOBHOM COCTOSHHH HJAM HET.

22%
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paBHo 0 *); oTclona CJenyeT, YTO B yNOMSHYTOH JuHeRHOH komOunaunu £,
KX 13 Ko3¢dUIUeHTOB paBeH cBoeMy COOCTBEHHOMY KBAnparty, T. e
S,

pased O mu 1. Mrak, Z P ABJIETCA TPOCTO CYMMOH HECKOJIbKUX
_] p, a
£,. KOTOpHIE MOXHO HaSBaTb Ei oo ovos Enyy
Sa Na!
a

P =D E
1 ‘Pp»a v=1 va

o
W

N
\}

(Bsss WINyp OT STOTO pAaBeHCTBA, MOJyuMM S, == lesv, > HOCKOJIbe,
=

COrIACHO CKa3aHHOMY BHIlNE, NpOU3BeleHHe CyMM Z a1 ZE

(a ++ b) paBHo cymme ciaraembix £,, ofwux obeum cymmaM, u- nocxom;xy,

c npyroﬁ CTOPOHEI, 9TO NIpOU3BeJeHUe PABHO NPOUBBELEHUIO CYMM 2., P,
% a

" Z P, 0y KOTOpOe ofpaiaetcs B Hydb, TO cymma obuwux £, pasua O.

I/ITaK, o6mnx ClaraeMHX HeT, MOTOMY YTO CyMMa HECKOJbKHX £, T. e.
HeCKOMbKHX Py, , HUKOrAA He ucuesaeT **). Hakoweu, £, , ucyepnuiBaior £,
(00 cuX MOP MBI 3HANH TOJNBLKO, YTO OHM 00pasyl)T B3aUMHO OJHO3Hay-
HYH CHCTeMY HHIeKCOB HEeKOTOPOro MNOAMHOXeECTBA), 4TO, COTJACHO

TOJbKO 4YTO CACJAHHOMY 3aMeyaHu1o, 6yll3T rapaHTupoOBaHO, €CJH TOJILKO
N, <)

6yneT N0KA3aHO paABEHCTBO 24 Z E, . ZEP. JleBaa uacTb sBJsAETCSH
a=1 v=1 p=1
CymmoH Bcex £ ., T. e. BCeX P“’P, s T I (8 cayuae noano#t opro-

I'OHAJILHOR CHCTEMBl Yy, Yo, ... CYMMa BceX Px,, paBHseTCs 1 *%%), a9, ,

o0pasyl0T TMOJHYI OpTOTOHAJBLHYI CHCTeMY); MpaBag 4YacTb SBJASETCH
cyMmoit Bcex £, T. e. CyMMOR BCex P“’x » T. . Toxe 1 (w , Takxe
P

*) 370 GyA2T /I0OKA3aHO, eCaH MBI CMOXeM T0KasaTh, UTO Jisl HPOU3BOABHBIX
OBYX (HO pasAnYHBbIX) 3JEeMEHTOB :p, ¢ HexOTOpOH OpTOroHANBLHOU CHCTeMEl dYHK-

nuil MMeT MecTo COOTHOWEHHa PP =P P P¢_0 Mycty f — xaxas-uubynnb
BOJHOBas q)yl-muuﬂ, TOrfa (cp. BBejeHue, 3)

P =((f, 9) 9 9 o=(F, 9)- (9 9) 9=, 9)- 9= P,f,
PR =, )4 9)-9=( )- (4 9)-9=0.

*YWUs P, 4+ P+ ... =0 (0, ©",... B3ANMHO OpPTOrOHAJbHLI), €CAH
YMHOXHUTL €r0 Ha P,., ciaeayeT paseHcTBO P,, = 0, 9TO 3aBelOMO HEBEPHO.
*4+%) Ecan npuBjieub MAaTPHYHOE ONpejiejeHue oTiepaTopa P (BBENEHHE, 3.),

TO MOXHO yOenurbcs, 4YTO 3TO TOXK/IECTBEHHO OGBLIYHOH (popme COOTHOIIECHHH
noaxHotel. Cp. takike L ¢, mpum.*) Ha cTp. 330,
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06pasyioT NOJHYI0 OPTOrOHAJMbHYI0 CHCTEMY), — BMeCTe € TeM Bce jo-
KA3aHo.

Takum o6pasom, £, ,, s, ,¢c a=1,2,...,v=1, ..., N,—3T10
NpOCTO 3aHOBO nepeHyMeposanubie £, s, ¢ p=1, 2, ... Coorsercr-

BeHHO OyleM MNUCATb ®), 4, ¢ BMECTO @y, p. [l0a0xuM

1
Kak Bugso, §a-Aa ABIACTCH CMECHIO COCTORHMM @y gv ooos §s , C Be-

camu 1:...11 wm xe cMecblo OOCYXIABIIMXCA BHIE cMecel
1 1

FEI’ as ++os 5——EN , o COOTBETCTBYIOMUX (DA3OBLIM AuEHKAM C Be-
,a oy
COMH §; (1 ees i8Sy 4

Brosne nowatHo, ¢ Apyro# CTOPOHBI, YTO ABJSIETCS AHAJOTOM STHX

npeAcTaB/ieHud B rHGOCOBOH Teopuu: COOTBETCTBYeT SHEPreTH-

5, fa
YeCKOH MOBEPXHOCTH, T. €. MUKPOKAHOHHYeCKOMY aHcaMmfuo, N, apifercs
yucjaoM (asoBbiXx Aveex £, , HAa 9HEPreTHYeCcKOH NOBepXHOCTH H S, ==
=Spur A, ABIAETCA YHCJIOM HCTUHHBIX COCTOAHHH, T. € CTALHOHAPHBIX
KBAHTOBbIX OPOUT Ha SHEPreTHYECKOM MOBEPXHOCTH.

MakpockonuueckH BO3MOXHbIE H3MepeHHs JHeprHH pasbHUBAIOT TeM
CAMBIM MHOXECTBO MBICJMMBIX COCTORHUH Ha SHepreTHYECKUE NMOBEPXHOCTH,
cooTBeTCTByIOMe A,, a==1, 2, ...; naibHefllune H3MePeHHA SHEPrHH
(koToprie pasbumum 6u A, Ha P a0 D=1 00, S,) ¢ 3TUMM cpelcTRaMu

HeBO3MOXHEI, Ecin ke jAasibHefilline’ M3MepeHHs BCe-TaKH MaKPOCKONHU-
YECKH BO3MOXHbI, TO OHM AOJKHHL OTHOCHTbCH K TaKUM BeJIUYHHAM, OTle-
paTopbl KOTOPLIX HE KOMMyTHpyloT ¢ H, T. e. K BeJWYHHAM, KOTOpbie
He MOTYT ObITb M3MEPeHH OJHOBPEMEHHO (C MUKPOCKONHMYECKOR) sHeprueil.
Ha knaccuueckoM f3bike 3TO O3HA4YaeT, YTO OHH OTHOCATCA K HEHHTe-
rpajaM ABMXeHHSA, K H3MEHAIOILMMCA BO BPEMEHH BeJHYMHaM *). D14 u3-
MepeHHs pasCURAIOT SHEPTeTHYSCKYIO MOBEPXHOCTb A, Ha (asoBhie gueliky

E, , v=1,..., N, Jlambuefiiee pasbuenne (KOTOpOe pas6GuBAIO Obi
wa HA O oo h==1, ..., 8 ,) MAKPOCKONHYECKN BOOGILE HEBOIMOKHO.

TeM cambiv BeauunHa N, ABJISETCS MepoOH TOTO, HACKOMBKO CHJBLHO
NepeceKanTCs MAKPOCKOMMYECKHE METOAb H3MePeHHs BEJHYMH, HEU3MEpU-
MBIX OZHOBDEMEHHO C 9HeprueH, T. e. B KaKOH Mepe HeTOYHOCTb MaKpo-
CKOMHMYECKHX u3MepeHHH BHepruM o6yC/A0BJEHA €CTECTBEHHBIM OGPasoM

*) Hanpumep, B cayvae rasa, 3akiioueHHOro B cocyie K, IOMHas SHEprus
MOJIeKYJ, HAaXOZfWMKCA B JeBodl mnonoBmde K, ¢ M3BeCTHOH TOUHOCTHIO
MAaKPOCKONAUECKH H3MEPUMA, HO OHa He ABAACTCHA MHTEIPAiOM U Kojelierca
BO BPEMEHH,
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COOTHOLIEHWAMH HeomnpeleaendocTelt. Hanportns, Besmmumna s, , (T. e.
BeJquunHa (a30BHX. sucek £, ,) ABJIGETCA MEpPOR HeTOYHOCTH MAaKpo-
CKOMMUYECKHX MeTOAOB KAK TAKOBHIX, T. €. BHTeKAWlleli H3 uX HenoJ-
#oTel. HeTOuHOCTH, cBa3aHHasi ¢ N,, KOMNEHCHDYeTCH 3HaHHEM HeUHTe-
FpajoB, OHa He sBJdgeTca CJaGOH CTOpOHOH HameH uaMepuTeJbHOR
annapaTtyph, HO gaTo HETOYHOCTb, CBA3aHHAs C S, ,, TAKOBOH ABJAETCHA.
a
Haxounel, Sa=2svy , ABJASIETCH Mepofi A mpousBeleHus obeux He-
v=1

TOYHOCTeR: AJA NOJHOH, HACTOALIEH HETOYHOCTH WU3MEPEHHd DHEPTUH.

3. IlycTb Tenepb 3alaHO MPOHUSBOJBbHOE COCTOAHME ¢ (BOMHOBad (yHK-
uns ¢ HOPMUPOBaHA, T. €. | [2==(}, ¢)==1). BepoarsocTs.TOro, urO
NpU MAaKPOCKONHYECKOM HM3MEPEHHH B 3TOM COCTORHHH OyleT MoJ/yueHo
3HaueHne u3 (asoBOi Auedikn £, ,, paBHAGTCA, KAK MBBECTHO, CYMMe
BepOATHOCTEH TEepeXOA0B U3 ITOrO COCTOSAHUA B COCTOSHHA ONUCHIBAEMbIE
COOCTBEHHBIMH (DYHKUMAMA O 4y ooy O obpasylomumu £,

T. €.

vwa e’

S*)n a sv; a

) 2 — — :
2@ 0 dP= 2 (P, b )=, 5 ¢
A=1 A=1 > Ve
MoxHO CKa3arb, YTO HACTOJMBLKO TMJOTHO 3aHATa Adelika £, , B cO-
crostun . Jlag TOro 4YTOOB 3HAYEHHE SHEPrUM OTHOCHAOCHL K I'pynme
{(Wi,a «+vs W, o}, mOnyuaeTcs COOTBETCTBEHHO BhpaXeHUE

Sll

S, :
21 g P= 2L (P, 4 9= Bab. -

=1
DTO 4BJAETCA TAKMKE YUCJIOM 3aM0JHEHHA SHEPreTHUeCKOH NOBepXHOCTH A .
B nyxe sTuX Npe/lcTaBjeHuil uMeeM

N, 0
E(E‘:,aq)’ $) = (A9, ), ,2}1 (Agds P =(} P=1.

Tenepb Mb MOXeM ONpeleJdTb MHUKPOKAHOHHUYECKHR aHcaMbub, NpH-
HalJdexamuit COCTOAHMIO ¢, T. €. 3alaTb €ro CTaTUCTHYeCKu# omeparop.
Ecin 6u oauo Toaeko (A, ) pasusnaock 1, a Bce ocrasibHble Gbln O
pasuel 0 *), TO Mbl JO/KHEI Obl1d Obl, KOHeYHO, BEIOpaTh B KauyecTme

1

CTATHCTHYECKOTO ONEpaTopa ONepaTop TAG, paccMaTpUBaIOIUACA YKe
a

B 2. #%), Ecsm xe Heckouabko (min Bce) (A9, $)=0, T0O Hao onperensTs

*) OTMeTHM, UTO BCE HAWIK «YACAA 3aNMOJHEHH» IO CBOEMYy nocTpoeHdio =0.

*#) B L.c.,mpum. *) Ha cTp. 330 mpuBOaMAMChL O6mKMEe OCHOBAHHA IAA TOIO,
4TOGB BCerjga 9TOT CTAaTHCTHUECKHHA OWepaTop NpHHALAEHAA TOMYy CTaTUCTH-
4eCKOMY aHcaM6al0, O KOTOPOM H3BECTHO JHIUbL TO, UTO €ro0 SHEPrUA JACKMUT
B a-ii rpynne.



JIOKASATEJIbCTBO 9PTOJUYECKOM TEOPEMBI U H-TEOPEMB 343
No-IPYroMy, & HMEHHO YCTAHOBUM, YTO TOrAA LO/DKHA OpaTbCa cMech
1 1
A, —
Sl SZ
aHcaMGab GyleT MMeTb TOTAA CJAEAYIOLIMH CTATHCTHYECKMH oOmleparop:

N (A )

a=1

A, -+ ¢ Becamu (A, §) 1 (Ayh, )1 -+« . MukpokaHOHHUECKHH

Co6CTBEHHO, OMpPaBJLAHMEM ITOTO ONpeleseHHs SABJsETCA JIMIIL TNOC/e-
AyoIHi ycreX: sproiumyeckas TeopeMa M F{-TeopeMa CNpaBelJHBHL Jullb
B 3TOM cJydae. (Bo Bcex mpakTHueCKHX CayuasX, KoHeuHo, Bce (Agd, ),
KpOMe OJHOTO-eIUHCTBEHHOrO, OYEHb MaJbl.)

Ocraercs ewe onpeieauts dHTpomuu Aaa ¢ n Uy (caMoro cocroanus
H OTHOCSLIEroCH K HeMy (BHPTYanbHOT0) MHKPOKAHOHMYECKOrO aHCaMO0Js).
He nMeer cMmbiciia MoJb30BaThCA 3AeCh BHIpAWEHUAMH IS HTPONHM, AaH-
HBIMH aBTOPOM, TaK KAaK OHH BBHIYUCJEHBl € TOYKM 3peHus Hab/monareds,
KOTOpHI#l MOXeET NMpoJe/aTh BCe NPUHUUNHAILHO BO3MOXHBIE H3Mepenud,
T. €. OS30THOCHTEJNbHO K MAaxKpOCKoONuu (HampuMep, KaXA0e COCTOAHHE
(«uncTolft cayuati») uMeeT TaMm sHTponuio O W JHIIbL CMECH UMEIOT IHTPO-
nnio > 0!). Ecin npuHats BO BHUMAaHHMe, YTO HabmoaaTeab CNocobeH
H3MEpATb TOJbKO B MAKPOCKONHYECKOM CMBIC/E, TO NPUAEM K JAPYruM
BLIPOKEHUAM 1/ SHTponuu (MMeiomuM OOabmine 3HaYeHus, TAK KaK Ha-
6/101aTe/Ib TeTepb MeHee YAAUaUB M NPU ONpPeNe/eHHBIX OGCTONTEIbCTBAX
MOXET OTHMMATb y CHCTEMbl JMIUb MEHbINYIO MeXaHuyeckyio paboTy); Ho
TEOPHI0 MOXHO [OCTPOUTH TaKke M B 3TOM cayuae. E. Burwep pac-
CMOTpeJ, KakuM oO0pa3oM HalO NOCTynath *). dopmyan Aaa sHTponui
S). S(Uy) cocrosuus ¢ M MIKpOKaHOHMyeckoro aucambas U, coor-
BETCTBEHHO UMEIOT BH]

S@=—

L
7=

(Ev. aq)’ ‘?) In .(_E‘.'M_ R

Sv, a

it
—
<
-

a

VA (At §) **)
SWy=— Y (A $In % .
a=1
BnpoueM, TH GOPMYJb 1A SHTPONUM TOWAECTBEHHH C OSbIUHBIMH (Op-

MyJaMit, OCHOBaHHbIMM Ha OGOJMLUMAHOBCKOM OMpEfeNeHdd SHTPONHH
(c ncnonb3opanueM ¢opmyast Crupannra). CTOMT /b 3aMeTHTB, 4TO

*) E. Burnep ycTHO coofmua aBTOpy OTHOCAmHUEcs cCloAa Pe3yAbTaTh, A0
CHX HOp eme He ony6.auKOBaHHblE. 37echb OYAYT HCHOJAb3OBAHBI AHIIL (HOPMYIbL,
Tpe6yeMbe AAf HallHX uened, Her HeOGXOZMMOCTH OGCYMAaTh OOy TEOPHUIO.

**) Mp onmycTuan oObMHBIH MHOMWHMTeabp k£ (mOCTOsiHHAs DoibOMaHa), T. €.
3a eJMHULY TeMIICPaTyphl MPHHHMaeTCR 5pz HA CTeNeHb CBOGOABL
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E, . 9), (A, $) sBasioTcs uMcaaMM  3anoJHeHus (asOBHIX - syeek,
9HEPreTHYEeCKUX MOBEPXHOCTEH COOTBETCTBEHHO, a §, ,» S, — UHCJAa Ha-
XOMAUIMXCA B HUX KBAHTOBHIX OPOUT, T. €. X TaK Ha3piBaeMble anpuop-
Hble Beca.

1I. IIposeaenne ROKA3ATEJALCTB

1. Bpemennda sBomouus ¢, MCXONHOTO COCTOAHMS ¢ Onpemessercs
U3 3aBHCALIETO OT BpeMeHH ;metbepenunanbuoro ypasuenus Llpeanurepa

21cz

$o=1, at b= —— HY,

(23] Sa
<Il—— onepatop sHeprud, = Xy N W, + P > Takum  oGpasom,
a=1p=1 P %,a

ecau .
g= 2 ,-p’aeiap,a,%’a (r,a=0, 0=q,,<2n),

TO OyZeM HMeTb
S 2
[ee) a T
3y t(=w tta )
—_— h ] y .
‘Pt "‘ rp, a® ( ba i (‘Pp, a*
a=1p=1"
IMosoxum aas8 KpaTKOCTH

=, e 0 Ha=Ap =AW V)

(06a nociaelHNX BHIPAXEHHS PaBHBL APYT APYry, MOTOMY 4TO

Sq Sa

Agdp $) = gl (P(pp e ‘Pt) == I(‘Pt' P, o) [F= Z ,a

N, o
we sasucut OT £). Kak Buano, X, q=H, Ru,=1, X,, , 3ABHCHT
v=1 a=1
or f, a u, He 3aBucHT*). V3 omnpejeeduli SHTPOMMM HAM HBBECTHO,
YTO X, ,» U, HEOTPHLATEbHBl H UYTO MMEIOT MeCTO COOTHOLIEHHH

a [ee]
S@)=— E ﬁx ln , S(U@:—Eualn%"—

a
a=1yv=1 a=1

.—‘
-c

[>.o]
o Uq
*) Tak 4TO MHKPOKaHOHHYeCKHd aHCaMOab v,= TA" TaKXe HE H3-
a
1

MensaeTca nmpu 3ameHe ¢ Ha g



JIOKA3ATEJIbCTBO 3PIrOAHUYECKOM TEOPEMB U H-TEOPEMBH 345

Tak kak cymma BCeX X, ,, KaK M BCeX #,, paBHa 1, To Bce omm == 0,
=1 u Bmecte C TeM o6e suTpOnum Bceria == 0. 3afimeMcsa Tenepb mno-
Apo0Hee COOTHOLIGHHEM MeXJIY HX BeJUYHHAMH.

Hmeem 0==x, ,==u,; samenuM x,k, NepeMeHHOH 2 H anMeM cHa-

»a
25, a Sg
vana O0=2=—g*u, mak uro | —%-z —1|=1. Toraa Gyzer
v alla
2 u u
—zln =— v"“’(1 [ z—l])( ng*
Sv.a - v,aua Sa+

14 [ o)) = e [ )

X+ e el =+

17 8, 3 . Sy, alla Ua
+3[sv,auaz 1] +.“)~—— SIZ ]n?a-—”
- )i 1)
Sq + Sy, aua
__ _Sv.ala Sq ] Sy, alla [ Sa — ]3__
1.2.5, [sv,aua +2 3-8, Sv,auaz L + -
1
B cuay 1—7—{—2_—3—{— ... =1, cymma nocjennux uieHos no aco.mor-
S 2
HOH BeJqUuUUHE = M[ 4z — 1] » TIO9TOMY MOXEM HaIHCaTh
Sa Sy, allg
Sy, a Ug ( - Uqg Sy,
— cu, ing? —\|In % 1)[2—- ] zln =
Sa e S, Sa + Sa + wa l
—_Sa [Z— Sv, alta ]2
T8y, qlla Sa )

Yro6el 10Ka3aTh 9TO [Js OCTAALHBIX 3HAYEHHR Z, CpPaBHUM JIEBYI0 4acTb

S u
(6es |...|) ¢ mnogoeuno#t npamoh. Iasa Z=L’Su- obe HCYe32I0T,
a
BOOOLUE e TMPOU3BOJAHBIE PABHbI

~(odet )+

) =1In —Se__ 2
Sy, ala
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=
IMepBoe BHIpaxeHue, OUYEBHAHO, BCerda == Broporo 4 =0 naa

S u
ZELS"i. MOSTOMY /eBas CTOPOHa =, 4ueM MOJOBMHA NpABOH A
== Sy, alla =0. T 3
zZ=—¢*, Ho ona Bcerna ==0. Tem cambiM uMeeM Beeria
a
S /] u S 2
O — 224 & —lh-&+ 1)z —22 In—=
T Sa 4 S, S, + Sa ta |+ 2 Sva

= Se [Z — Sv al ]2.
Sy, alta Sa

Ilonoxum Teneps 2 ==x, , U NpocyMmupyem no BceM v==1, ..., N,;
N a
B cmly}_, S, a=3S, D X, o= U, NOAYuHM
y=1

y=1

a

Na
u \ Sy, glty 12
O0=—u,In% Lx ln Zxa 2 [ -——————“'““].
e Sa+ “e S,a T Sv,aua v a Sa

v=1

Eciau Tenepp npocyMmupoBaTh ewme mo a==1, 2, ..., 10 Gyner

0§S<U,,)—S<q»o_s_2

i Ma

[x —_— Sv alla ]2
—_— .
Sy, aua wa Sa

STa oueHKa TNO3BOMMT HaM A0KasaTh f1-teopemy. Ilepeflnem Tenepb
K 9proauueckoii Teopeme. Okaxercd, 4TO M [IJif Hee IeJO CBEAeTEH
K OLEHKE TOr0 Ke BhLIPaXeHHud.

2, Ilycts 4 — Makpockonuueckd Ha6mojaeMas BeauyuHa, T. €.

a v a

i |_\4(Q

$yukunu o, , , $asosofl guefixu £, ABAAOTCA COOGCTBEHHBIMH (YHK-
uuaMu 4, COOTBETCTBYIOUIAMH COOCTBEHHBIM 3HAYCHHAM 7, 40 T. €. W, ,
apisieTca 3HaueHneM 4 B asorod adelike £, .

B cocrosnnn §, u B MuKpOKaHOHM4YeCKOM aHCcambue U, petuunna 4
6yneT MMeTb MATEMATUYECKHE OXUIAHUSA

[ee)
ooNa

Ay 9= Z 2 o Enabe $0=21 2 M a¥sa

Q
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n

Spur (4U,) = Spur E

a=

N,

*

o g

a

| N

Ny, Ev,a'E

a=1v

HM

._.
1]
-

y=

M&

u
Sy, 2y ata ow
72?; a Sa )

"

1}
-

Y

cootseTcTeeHHo. HasoBem ux E ()) u Ej (U¢), TOTAa MOXEM [aTb
oueHKy (TmpuBJekas HepaBeHCTBO LlIBapua):

oS Na 2
(Eq(bp) — Eq(Uy) )2 = EEm,a[x,,a—fv*s“’:—“] =
a=1 y=1

O NS/ Toais S
DR

a=1 v=1

UJ

Sy, alla
——r = -

"

=

a

© N, .
Svaa .2 . N\ Sq Sy qla
a nqv, a Vi a M

k]
(NN

1}
-
“
-
2
[t}
-
<
i
-

HasopeM NepBHii MHOXMHTEdb 72, B CHIY

=) Na
Sv,aua_l 225\: aua’y] ___,,715
v, @ —

a=1 v=1

N

*

| N

Sy, alla =0
S, —

i

-

L}

-
&

a
370 — CpejHee 3HaYeHMe 3HaueHuH 72 , BequunHbt 4%, a UMEHHO, MUKpO-
KaHounqecxoe MaTeMaTHuecKoe oOxuaanue: U, KaK pa3 ABJFETCA CMEChIO
1
—Aa(a—-—l 2, ...) cBecamu iy, T. . cyechio — £, ,(a==1, 2, ...}
a

E

u
ve=1, ..., N, ¢ secamn ~28%% y 2, xax mu 3maeM, nuMeer B
¢ Sa wa

v

3Haqeﬂne7) o Ilostromy B moGom cayuyae 71 ABJAAETCH pasyMHoOH Mepo#
nopsaxa BequngI nas Bequuunbl 4. WMrax, umeem

Ny
2 [ — Swalla ]2 .
. Sy, aua va Sa

*) Yucno wieHoB yMeHbwaerca Gaarogaps ToMy, uto £, 4, =10, ecin

TOABKO He WMEIOT MeCTa PABEHCTBA V=|[:, @ == 5,72 B 3TOM NOCAENUEM Cayuae
npousBeleHue PaBHO E, , U €rO IINYD PaBeH S,, 4

(EA (%) - EA (Uq,)) = "’1

ﬁM8
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8. YcpennuM rtenepp no BpeMmeHu £, yTo Oylem 0603HauaTh uepes M,.
Torna

2
x 5 aua] ,
aua »a Sq

Z _ Sy, alla ]2 .
Sy, aua Foa Sa

1 yv=1

M(ISWUY—S@I=M, Z

1] MQ

MAEq W) —Eq () V) =7

Ms

a

[t}

TeM cambiM 3prozuueckas TeopeMa u H-TeopeMa OyAyT NOKa3aHH €/u-
HBIM MaxoM, Kak TOJbKO Mbl ToOKaxeM, uro M, {.--}, cToswue cnpasa,
paBHOMEDHO MaJIbI IJs BCeX HauaJbHHIX cocTosHuH ¢ (T. €. JAas BCeX

f=ed

= Y]2 =

To o %o aZ' 2__1 2 =19l 1>. (3amerum, uro B X, , BXOmAT f,

Toar %, a0 B Uy BXOINT Jullb F, ;. BCE OCTAJbHOE — KOHCTAHTHL.)
Hro6bl 9T0 MOKA3aTbh, MOJCYMTAEM CHAuYana X, ,. byder

© S M

—W t+a
Xy, a =, %0 §) = <Z Z’p be n et ?’b) £, %0

o §
b 414
(5 W .tt+a
» b ' b —

1;2—:’1;"””8 (h P P ).%'b>*)_

S (G (T 0 Ve d) (3, 0%, )
=P Irp,arc,ae h pra c.a 0.a” % a ( a(‘Pp.a' c?c,a)

y =

Sa
n gamwe | Mbl yunTeBaeM, uTo ) r? =u,
p=1 7

Sy, qla ___ (h(W, Vo a) 17(a5, 4=, o)
x - —-Er?!arqn ° e ca)x

v, a Sa

X (E,, a?p a0 Do, a)+2‘ { v a%p, a0 Fp, @) —S—%}.

p=

*) ‘{ncno UACHOB  yMEHbIIUTCA H3-32 TOFO, H4TO (£, 4%, 5 95, ¢) =

=(9p, p» ES, a¥q, ¢)=0, €CAH TONBKO HE UMEET MeCTa PAaBEHCTBO a=b==¢, [locTaTouHo
mokasarh, 4To £, a%,,,_o npu a==6. mm Ke (B cuny K, gAg=E, 4 Cp.

L, 2.) Ag$p, 5=0. J10 crenyer us A, == Z Py, TaK KaK ¢,, , OPTOrOHANBHO

74

KO BCEM 9g, g
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3T0 BHpaxeHHe HALO BO3BECTM B KBAApaT W YCPeiHWTb TO £, TOria
BLIMAAYT BCE WieHbl ¢ e/¢, riae ¢ = 0. Ecaa no3TOMY BBHINOJHACTCS

2
npu p+a 5 (W, —W,) +0,

2 2
npu p+a, p' #o TR<W9“W°)—71E(WP' —W,)+0,

€CJIH TOJIbKO He pp’, a=£¢’, —T. €. eC/n A8 KAKAOTO (HUKCHPOBAHHOTO 4
BCe W/p,a(pz 1, 2, ...) oTMuHH Apyr OT /Apyra, ¥ paBHblM 06pasom
BCE Wp,a—Wa,a(P¢°' p, o=1, 2, ,,.), —T0 MB NOJAYYUM

N

a

2

M, ([xv,a_%g] ): 2 rf’, arg,a|(Ev,a(Pp,a’ Pe, a)12+
po=1

S 2

a
\' hil .
+ 2& rz, "{(Ev, a%, 2> %, a) - sSaa } .

=1

~

TMonoxuM Teneps

Max (3 V=M,
P%np,c:l,..-,Sa(l( wafoa #a0)l) e

Max ({Eatpw 200 —22}) =N,

=1, ...,

rie M .. N“’a—;KOHCTaHTbI, T. €. He 3aBUCAT OT £, I, , H a,, (T. &
a
a
or ¢,). B cuny ri =i, 0yner Toraa
p:l ?

s, s, 2
Sy, alla 2\ __ 2 2 \' .2
Mt(]:xy,a’—"——sa J)—— er,arc,an,a+ rp,aVNv,a =
p,::l p=1
P -3
2
=2 (M, ,+N,,).
H T03TOMY
© Sa =) Na
N S, Sy, altg P N Sau,
MY N5 e e[ =X Y S, N, .
Sy, alla a Sy
a=1 y=1 a=1 v=1
o0 Na S
-
B cuay Eua=1 9TO Takme == Max 2‘ 5 M, ,+N, )| mpu
=1,2 v a
a=1 a=hg e \Jo1

9TOM JOCTATOYHO orpanuuuts Max  rtakuMu @, a4 KOTOpuX #, + 0,
a=1,2,..,
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T. €. JHepretuyeckde TOBEPXHOCTH KOTOPBIX Ha caMOM Jeje BXOIAT
B MUMKpOKaHOHMYeCKuH ancamfuab. TeM cammiM Leds OyleT DOCTUTHYTa,
eCJaM Mbl TIOK2XKeM, 4TO

Sa

Sy, a

M, .N, )

b=

v=1

MaJio AJ4 TakuxX @, TNpHYeM TOrjla Haul pe3yabTar 6y,£leT KUMETb MECTO
A BCEX TAKHX k;) NOCKOJ/bKY Ha3BAHHOE BHIpAXEHUE SIBJACTCA KOHCTaHTOH,

T. €. He 3aBUCHT OT ¢ (f, I, 4 ©,,)—B Hero BXOAAT Jullb £ ,

(u tem cammm S, N, s, 4, A, paBHO Kak u o, , ). Ilag TOro uToGH
OUEHUTb 3TO BbIpaXeHue, HALO ouenutb M, ., N, .

4. Mui cuuraem H, a Bmecte ¢ mum W . ¢, , (UKCHDOBAHHbIMU
(1 ynopaeTBopsiOnMMH ycaoBusM W3 3. *)), Tak we kak u Sy, N, 8, .
u A,, u Bapbupyem auwp £, , BHYTPH STUX IPaHML. ITO O3HAYAET, UTO
MBI BAPbUPYEM OPTOTOHAJBHYIO CHCTEMY ®, , ,(v=1, ..., N A==1, ..., 5, ),

N
a v, a

KOTOpas CBA3aHA JMLIb YCJOBHEM Zl AZ‘{ Po, . ,=»0u u nonaraem
y= =

Sy, a
N
E ,= 3 P(,,} 2 v=1, ..., N,. 3ameruM, 4TO BC€ Takue OpTOro-
’ a=1 v

HAJbHBIE CHCTEMBl ®, | , BOSHHKAIOT M3 OJHOM M3 HUX, CKAXKeM H3 ®) . ,,
¢ TIOMOLIbIO JHHEHHHX YHUTADHBIX NpeoGpasoBaHuit (MOCKOMLKY @ (UKCH-
N

a

4
poBaHo, B st,a_—_Sa uamepenusx)! (MoxHO BCNMOMHUTb, Hamnpumep,

v=1
MartpuyHoe omnpeneseHue P, peeieHue, 3..) M, ,. N, , sapucar Toraa
eue JHb OT ®, , , U UX HUKOMM 00pasOM Hesb3s CIeNaTb HACTOJbLKO
MaIHMH, KaK 9TO HAM HYXHO NPH KaxAOM BbIOOpe CHCTeMB (3TOro
He/b3d TaKXKe N30ekaTb C MOMOWIBI0 KAKMX Ol TO HA OBLIO PAa3yMHBIX
ycaopuit Ha S, N,, s, ). Ecam, nampumep, o, ,, COBNAAZOT C Pera

(@ o¢uxcnposano, o0eux wuMmeeTcd no S, IITYK), TO Mbl BHIHM, YTO

*) 3TH ychoBHA MOXKHO caerka ocaabutb. Tak, MOMHO 6BIO GBI NOAHOCTBIO
OTKa3aTbcsd OT pasauuus camux W, , u norpebosats or W, ,— W, , TOaABKO

crefylomee: JOMKHO CYIISCTBOBATL Takpe pa3bueHHe nap ¢, ¢ € p==gq,
, =1, ..., S, Ha & rpymn, 4ro BHYTpPH KawJoH U3 STHX TPyNN Pa3HOCTH
%Y/,,, a—W,, o OTAHYAKTCS APYr oT Apyra,—OyxeT au k A BCeX 4 (UKCHPOBAH-
HbIM YMCIOM M GyZYT JAu fajiee JOCTATOYHO XOPOIIO BBLITOJHEHB! yKasaHHble HHMKE
YCAOBHS OTHOCHTEAbHO COOTHOIICHHH MEXAY BeaduuHamu S, N, s, , He
HrpaeT HHKaxoifl poau. IT0 o3navaeT: HeGOAblINE HAPYIIEHHd HAIUMX YCAOBHI
He NpuYHHAIOT Bpefa. Ml He OyieM OCTaHaBAMBATLCA Ha 3TOM Goaee 1OAPOGHO.
(B uyacTHOCTH, OTKa3 OT NMepBOTO YCJOBHA HE JaeT GOJbIIOTO BHIAIPHING: BEAb
W, =W, o Wy oa=W, , celiuac me Crenyer, 4ro Wea—Ws o=
=Wy, a—Wo,a)

g
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mo6oe (E,¢, 40 P, o) MPHUHUMACT CPEAM MPOUHX W 3HAueHHE I, rtak uto

s 2 1
Syner Nv,a%(l ——"S—") == (eciu, 4TO BCErla MMEET MeCTO, BCe

== 4
a
Na
1 S 1 N,
s“,aégsa). M TnoToMy Zﬁ'(Mv:a“*'Nv,a)%Na'z'I:—f"
v=1 ’

T. e. A4a 6oablax N, npou3Bo/bHo Beauko. HeGaaronpuartHuit pesyasrar
B 9TOM CJjy4ae BaBUCHT, €CTeCTBEHHO, OT TOTO, 4YT0 MoAolub# BHOOP
w,, ,, o BOOOIIIE HE ABAAETCA Pa3yMHbIM: £ , HMEIOT TOTAa Te e COOCTBeHHbIE
ysxuun, yro U H, a TNOTOMy NEPECTaHOBOYHE C HEM,-—a 3TOTO He
MoxeT Guth (cp. L 2.)!

Mexay TeMm Takoe TMOBeieHHe SBJSETCA JIMILIH CHHTYJSAPHEIM H HCKJIO-
YHTeNBbHBIM, AJA Npeobiagaioumiero GOJbIIMHCTBA CHCTEM ©, , ,» O KOTG=
pux mnaa peub, M, ,, N, , HUMEWT mnpaBUAbHBE TMOPAAOK BeJMYUHBL.
Ho npexne uem noka3biBaTh 9TO, MH XOTHM (HETOuUHO!) copueHTHpoO-
BaTbcl B TOM, 4Yero MH Morad OH oXulaTh B JAydLIEM Cjaydae AJs
M, .. N, , C 3Toff ueibl0 Mb NOCTYNHM TaK: BMECTO TOTO 4TOOH
yCpenHarsb

M ,= Max (]
9’75"! £ e=1, ..., Sa

N, ,= Max {(E y — Sval?
‘ha—pzl,...,Sa Vs a“PP: a’ “pra Sa

Ev, a(‘Pp. a’ “Pc, a) 12)’

Mo BCEM BO3MOXHBIM CHCTEMaM oy , , (T. e, yCTaHOBUTb, KakHe 3HAYSHUs
NPeUMyLICCTBEHHO TNPUHUMAIOTCA; KaK ONpejenseTcs yCPEAHEHHE M Kak
OHO ocyulecTBaserTc, OyAeT JeTatbHO MOKa3aHo B MPHJOKeHWH; CP.

, 2
takke auckyccmio B L1, mu ycpeannm camn [(E, 49, o cppya)[

2
@+ po=1,....,5)u {(Ev,a%,a' P, 0) — SS“:} e=1....8)

a 3aTeM BO3bMEeM MakcHMyM. Ml 3aMeHseM, TakHM 0GDas3oM, CpeiaHee OT

MaKCHMYMa MaKCHMYMOM CPEJHEr0—TaK NOJay4aloTca HeNPaBULHblE, TTPHYeM

CIUMIIKOM 3aHWXKEHHbIE (T. €. CAMUIKOM GJarompusitHee) uYucAd, HO AJif
nepBoff OPHEHTHPOBKH 3THM MOXHO Y/OBJETBOPUTHCS.

Kak Gyner mnokasaHo B mnpujoxeHuu kK 3To#t pabote, CpelHHEe OT

2

2 Sy, a
IE\», a“Pp, a“Pc, a)l (P ?& G), (Ev, a“Pp, a’ “Pp. a)’ {(Ev, a“Pp,a' (Pp, a) - Sa }
va (Sa — Sy, a) Sy, a Sy, a (Sa — Sy, a)
2 ’ ’ 2
S,(S5—1) S, S5 (Sa+1)
ecmn S, , <€ S, (kaK u OwiBaer Ha caMoM fene), To GydeM MMeTb 1Ad

N
paBHbl COOTBETCTBEHHO , TaK 4TO

s sy, s
cpelHuX ~ 22, & _»8&  ToncTaBUM II09TOMY B BHAE OMNBITA
S2 S s2
a

a a
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v Q
sMecto M, ,, N, , Bemuuuny —=%, Toria
a
N N
a a
S 1 2N,
YoM, N, ) =2Y =
Sy, a ! ! a Sa
y=1 v=1
N,
N Z Sv,a
Ato mand, cchn & mand, T. e. eca —i ——— — Beanko. Mrak,
Sa Ng Na

S, q» @ B3HAYHT, (hagoBble AUEHKHW NOKHBL B CpeiHeM OHITH GOJbLIIMMH.
ODTOT pesy/bTaT COBEPUIEHHO DPadyMeH, Mbl MepedieM TNO3TOMY K KOp-
pextHomy ycpeadenuio M, ,, N,,, mo o, | ..

6. Has cpeanux ot M, ,, N, , no Bcem o, , ,

wa
(o0 3 ¥, =)

B NpHAOKEHUH OYAyT HafieHbl BEPXHHE I'PAHHLLLI

v a

InS, 9s,, 4108,
1 2
Sa s?

SainS,
v a
pa3 Ooabule ucnoab3oBaBuxca B 4, uucen (nonaraem 1 <€(s, <& S, 1),
B YaCTHOCTH, TNepBaf OLEHKAa CYUIECTBEHHO XyXKe BTOpoH. BoamoxHo,
4YTO HAlIM OLEHKH MNOMNYCKAOT CYLIECTBEHHOE YJYUlleHHe U MOryT OniThb
ApUOAMKEeHb K OLEHKaM Hu3 4,, — TO CJeAyeT MNOAYCPKHYTh, UYTOOH
NPaBUJLHO OUEHATh YCJAOBUS, KOTOPHE MEl TMOJYYUM LJs COOTHOLICHHS
mexay BejuuuHaMu S,, N,, S, ,i OHH BO BCAKOM CJ/iyuyae HOCTATOUHEHI,

HO BO3MOXHO He HEOOXOHHMEL.
[Toncrapiga npuBeieHHBIE BHILlE BLIPAXEHUS, AJif CPEdHEro OT

cooTBeTcTBeHHO. KaK BHAHO, OHH B H COOTBeTCTBEHHO B 9In S,

N

va TN, o)

—

v=

Haxo4uM, 4YTO OHO

a a
E (lnsa%_ 93“’“lnsa):1n8a- 9N, +E
Sv,a

H/\

a Sva

Brenem apudmetuyeckoe U rapmonnueckoe cpeanue ots, , (v=1, ..., N,

Ny
S 1 1 1
Sa SV:a——_’ E_——‘————Z ’
Ng N, Sa N, _ls,a
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9 N,
TOria yKa3aHHOe BLILe BHIpaXeHKe paBHo In S, - (—:——{—;9—) . ITockoabky
. \Sa Sa

§=S5, u N,~>>1 (370 Bblpaxaer oONpaBiaHHOEe JONYUICHHE, YTO Ha
SHEPreTHYECKOR MOBEPXHOCTH /IGKUT MHOTO (Ha3oBHIX sueex), TO 3TO
N, .
~InS, - =% . Koraa 310 Bmpasende Mand?
Sa
Bo Beakom cayuae nomkHo GHTH S, =5,>N, Ihns,=InN,,

TaK uto In S, =Ins, o+ 1nN,, wmoxHo samenntb Ha Ins,. Hrak, ycio-
BueM Oyner

lns—'a'&<<lv Na<< — s
Sa

Ins,

Ny

1 1
2 < Ins,

v=1 va

3T0 03HauaeT, 4TO S, , AOKHB OLITb BEJHUKH H IO OTHOUIEHHIO K MX
yucaam N, (1. e. ¢dasoBue fUeHKM TO OTHOWIEHMIO K HX uMCAY Ha
SHEePreTHYECKON MOBEPXHOCTH), a He TOJbKO, Kak B 4., NPOCTO BEJHKH.
Yrd 210 o3Havaer GO/iee TOYHO B NPUMEHEHHH K DACIpENCHCHHIO S, ,
Oyner eule MOKasaHo.

CreayeT emle pa3 yka3aTh Ha mNpeiBapUTEIbHLIE XapakTep Hallix
olieHoK. B0o3MoxHO, 4TO AaHHOE BhILIE ycu/eHue TPeOOBAHHS OTHOCHTENbLHO
Be/NHYHHB (pa30BLIX AyeeK HeoOXOANMO Ha caMoM jene LIf TOro, 4Tolnl
sproauueckas teopemMa u [-Teopema Omin crnpaBepauBhl. MoweT oka-
3aThCl TAKKE, YTO OHO BEITEKAeT JMUIL U3 HEMOJHOTH HAllUX METOJOB

OLEHKH, TaK 4YTO B [EHCTBUTEJALHOCTH [OCTATOYHO YKe YCJAOBHA S, 3>
u3 4.. Buino Obl MHTepecHO BHECTH ACHOCTH B TOT BOMPOC.

Ill. O6Gcyxpnenue pe3yJjbTaToB

1. TloarenemM uTOr HOCTHTHYTOMY O CHX Top. MH moxasanu:
[Tycts & — HekoTOpoe cocTofHHE, ¢, — COCTOSIHUE, BEHITEKAKIUEe W3
Hero ¢ TedeHHeM BpeMeHH t(% 0), U,—ero mukpoxaHoHuuecku#t ancamGip

(cp. 1. 8.), H— oneparop 3Hepruy, Wp,a—ero COOCTBEHHEIE 3HAUYeHHS
(a=1,2, ... p=1,..., S, MaKpoCKONHYECKH pABJIHYHMbl JHLIb
COOCTBEHHEIE COCTOAHUS € pas3iau4yHbiMH @, cp. L 2,),—kak ¢ mak u H
ABAAIOTCA TOUHBIMH (He Makpockomuyeckumu!) Bupawmenuamu. Othocu-
TedbHo H Mpl nenaeM fomyuieHue, 4TO (IPU (GUKCHPOBAHHOM @) BCe L
pasnmuHnl Mexay coGof, a Takke Bce paswoctu W, ,—W, ., T.e.
uto A He ofanaeT BLIDOMKICHHEM BHYTPH Maxpocxonuqecxu HePa3AH4YHON
PPYNNLl TEPMOB M DE3OHAHCAMM € APYTUMH (BUPTYa/bHHIMH) TakKUMH Ke

23 WM. He#imax
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cucteMamu *). (He cauilIKom YacTHe HAPYILIEHHS STOTO 3aflpeTa AOMYCTUMH.)
Torna ans MaTeMaTHYECKOrO OMUAAHMA KAKIOH MaKPOCKOMUYECKH H3Me-
puMo#t BesqHuMHbI A M [/ SHTPONHY B CPeIHEM MO BPEMEHH UMEIOT MECTO

Ny

Mt [(EA (U‘P) - EA (q)t) )2} = 772 + Max 2 Ssa (Mv, a + N\!, a) *
1

a=1,2,... vsa

y=

S
< (Mv,a+Ny,a) *
a=1,2,... Sy, a

Na
MA|SWU)—S @)l = Max ;

[Cp. I 8.; nocrarouno oGpa3oBuBaTb Max /nub no TeM & (Makpo-
CKOMUHYeCKHe), 3HEPreTHYeCKHe IOBEPXHOCTH KOTOPHX BXOIAT B MUKPO-
KaHOHWYecKu#t ancamOmb U, (u, = (8,0, ) # 0) —Ha mpaxTuke vaue

BCEro 3TO CBOAMTCS K JIHIIb OLHOMY @. 72 ABASCTCH MUKDPOKAHOHUYECKUM
cpeanum ot A2, 1. e. ABJseTC MepO#f NMOPAIKA ero BeJMYHHHL]
Aproaunyeckass Teopema H H-TeopeMa CmpaBeinuBH, TaKHM 0OpasoM,

Ng

Gea uckmoueHu#t (1. e. mIn Bcex ), ecau 5TH 2

=
Majbl. OTHOCHTENbHO BHIMOJHUMOCTH 3TOTO YCJOBHA, B KOTOPOE TIOMHMO
Sy, Ng.os,, (8 A) Bxoaut takxke o, ,, 8 M, , u N, ,) Moxuo
ckasath caenyiomee: Ecnu umeer mecto

No

1 1 s s
— S, = S :_:—a- »
gl Sy, a < Ins, @ Ng \;1 ne N,

T. e. ecau (asosble sueHiku £, , BeNHKH TO OTHOIIGHHIO K MX YACAY
Ha 3HEPreTHYeCKOH MOBePXHOCTH A,, TO ITO YCJOBHE BHINOJHACTCH HJis
nofaBigiowero GOJbUIMHCTBA ®, , , T. €. Cpelsee N0 o, ., OT

Ng

2 Se M,, ,-+N,, ) Mand **),

Sy, a

S, .
Se (M, ,+N, )
v a

‘=
Hrak, wuctunHHOe YC/OBHEe CHpPABENJUBOCTH OOCHX TEOPEM MOXKeT
Y 1 1
Hapyuwarbca U MpH 2 < <<l —, T. €. JaXe H B 3TOM CJayuae
v a S,

v=1

*) Wmento, ecn W, ,—W, =W, ,— W, o TO COCTOSHHE ¢, ,

NepBOil U COCTOSHHE ¢ s , BTOPOH CHCTEMbl HMEIOT Ty Xe CyMMAapHYI SHepriio,
' (1)

9TO U COCTOSHHE @pr , NMEPBOA M ¢, , BTOPOH CHCTEMBL.

**) 3ameTum: MBl JOKa3aidl He TO, UTO AAS K&MIOTO AAHHOrO ¢ mam 4
sproxuueckas teopeMa u [fi-TeopeMa HMEIOT MecTO aas OGOJbIIMHCTBA ), ,, g,
a 1o, 4TO aAas GOJLUIIKHCTIBA ©), ,, ; OHM BOOGINE CnpaBefauBHl, T. €. AAd BCeX ¢
u A. Ilocaepuee, ecTecTBeHHO, HaMHOro 60JbIIe, YeM mepBOe.
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MOXHO TaK HCKYCHO BHIOPaThb MAKPOCKONHUYECKYH) H3MEPUTEbHYI0 TeXHUKY
(o, ,, 4)» uTO 00e Teopemu He Oynyt cnpaseiaussl. Ho iag nomasasio-
mero OOJbUIMHCTBA MAaKPOCKOIHYECKMX TOYeK 3peHdst o00e TeopeMbr
crnpaBe/nBel Ge3 uckjaouexu#t (. e. 144 Bcex ¢ u A).

N
1 1

Sy, a In's,

a

4

2. IlpucvoTpuMcst BHHMATeJbHee K YCJAOBHIO 2‘ .
v=1

Ecan 6u Bce s, , (@ dukcuposanol) Oninu TPUMEPHO PaBHH, TO 3TO

N, 1 0
ycioBue 03Hauado Ob, 40 —% & ———, —& "> N,, T. €. HEMHOTHM
Sq Ins, Ins,
Gonbuie, 4eM s, >> N,, T. e. yTBepxAeHHe, UTO (Pa3oBHe sUCHKH BEJHKH
N0 CPAaBHEHMIO € HX YMC/IOM Ha 3JHepreTHuecko# mnomepxuocTH. Ecau e
cpenu S, , MOMajalTCsd CYUEeCTBEHHO Da3/MYHbE, TO HYXHaZ MaKCHMaJb-
Has OCTOPOXKHOCTb: OJHO-GIMHCTBEHHOE S, ,, KOTOpoe He _3>>1, yxe

Ny

1
NpUBOAUT K TOMY, 4TO 2
Sv,a

He <€ 1, T. e. K Hapyuwenu Haulero
v=1
ycaosus. C 1pyro#t CTOPOHB, S, , CHJABHO OTJIMYAOTCA APYT OT Apyra:

1
u6o Ins, , Hago cuMTaTh 3HTPOMHEH cMecH —— £, ., KOTOpAs XapakTe-
- v a .

pusyer OOIULYyI0 CHCTeMy, Haxojsulylcs B ¢asoBoft sueltxe £, , *), —u
JIOCTATOYHO MPEACTABHTL ce6e COOTHOLUEHWS M3 TEOPHM TIa30B, yTOGHI
MOHATb, UYTO Ha 9HEPreTHYeCKOH NOBEPXHOCTH, BOOOHIE TOBOPH, JEKAT
(asopbie AYEHKH C CYmIECTBEHHO PasiuuHbIMH 3HTpomuamu. (Kak pas ux
Haauuue Jenaet us H-teopemn ray6okoe yrteepwienuel) Ecnu caman
Gosnblas H3 BCTPEUAIOMIUXCR (MAKPOCKOMUYECKH BOCIPUHIMaeMas!) pasuuua
suTponui pasHa ¢, 10 Beerda |lns, ,—Ins, | =0, TaK uyrO

Q

| az

1 _ &N,

Sy, a Sa

o p—a
S, e =8485

-
[}
funy

BBHLY 4Yero Hago nortpe6oBartb, uTo6H

2~ N,
Ins,

BnipoueM, 3TO COOTHOLIEGHHE TOKA3HIBAET, YTO ONACHOCTH OKA3HIBAETCA
TOJIbKO KaXyuiedcs: B CHJIY MAJOCTH A, KOTOpOE BXOJUT B JIEBYI0 4acTb
(npu 2—0, s,—> 00, cp. BBenenue, 6.), HO HE B NpPaBYI0, 3TO COOTHO~
IIeHHe TIPH HOPMaJbHLIX OOCTOATE/IbCTBAX BhINOJHAETCA. HaMm Kawxercd,
YTO 3/€Cb HET HYXIbl BIaBaThCA B JaibHeflllue MOAPOOHOCTH.

*) 81‘(2 ClefyeT, ¢ ONHOH CTOPOHB, H3 HpPUBEACHHBHIX BHIIE PACCYXKICHHH,
a C Jpyro# —aT0 ACHO TaKMe M W3 CMBICAZ GOJBLMAHOBCKOTO OIpelSAcHHA
SHTPONMHM: BeAb (asoBas Adelka E,, , CONEPKUT §,,, COCTOSAHUH,

23*
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8. Ocraerca eme padobpaThcs B CMbIC/Ae YCAOBHH Ha coGcTBeHHble
3HayeHus H, TpuBelst H3BECTHBIE KJACCHYECKHE NMPUMEPH H KOHTPIPUMEPbI
K 3proiuueckoff teopeme u F-teopeme.

[Mycts K — gk, B KOTODOM GeCNOpALOYHO IABMKYTCA N 4acTull
Rys «.., Ry, T. €. KakoH-TO ras; mpumeM anbTeDHATHBHO, UTO:

@) MeXLYy uaCTHLAMM HET HUKAKHUX B3auMOJcHCTBUH, TaK uTO Aame
coynapenu#t mukorza He OnBaeT (3TO 3HA4YMT, Y4TO OHH MoryT Gecmpe-
NATCTBEHHO TNPOXOAUTH APYT 4epe3 JApyra);

B) umeiorcss B3auMOMEHCTBHR M COYIapeHUs.

B cayuae @) o6a npenjoxeHus, KaK H3BECTHO, He ClpaBeluBbl
(tax xax moGoe pacrnpeie/ieHHe CKOPOCTeH, a4 HE TOJBKO MAKCBE/JIOBCKOE,
MOXET CyLIEeCTBOBATh NMPOU3BOJLHO 10Jr0e BpeMa), B cayuae §) nageiorcs,
HanpoTHB, 4TO OHM HMeloT Mecro. (CoBepleHHO aHaJoru4ia CUTyalHa
B C/y4Yae H3Jy4YeHHs B NOJOCTH, B KOTOPOH HMeeTcs /UL OTpaeHue.)
Kak cnenyer monumars TaKoe MOBEACHUE ¢ TOYKH 3PEHHUS HAIIMX YCJIOBUH?

[ockonnky B orHowennn S,, N, s, , u £ , ensa Ju umeerca
KaKoe-HUOYAb pasdinyie MeXIy &) W B), TO B KauecTBe NMPUYUHE 3TOrO
pasiuyus ocraercs H-yciaoBue. Dynem paccmatpuBath CcHayala Kamaylo
vactuny B K camy mo cebe, Torma ee coCCTBeHHbIe 3HAYEHMsl SHEpruy

OynyT &, &y +.. *). CoGCTBEHHLIMH 3HaueHHsMH 3Hepruu Bcero K 6ynyr
(s ]

co
TOria B Clyyae &) BCe 22»3» (zvz:O, | S szzN , B cayuae B)
v=1 v=1

OHH ellle HEMHOIO UBMEHSATCH — TEM MeHbllle, YeM cJjabee B3aumonekicTsue,
B cuny ToxIeCTBEHHOCTH yacCTULl 31eCh COGCTBEHHO BO3HHKaeT, BOOOIIe
rosops, N!-xpatHoe «oCMeHHOE BBHIDOXKACHHE® **), T, e. HApyUIeHHE
NepBoro ycJjaoBus Ha cOGCTBEeHHbIe 3HaYeHUs 3Hepruu. ITOCKOJbKY, OJHAKO,
MMeeT MeCcTO H/H cTaTHcTHKA Pepmu — Jlupaka, uiM ke CTAaTHCTHKA
Bose — D#iulliTelina, T. €. JONYCTHMH TOJBKO aHTUCUMMETPUYHEE, COOTBET-
CTBEHHO CHMMETPHYHble BO BCEX HaCTUUAX BOJHOBblE (QYHKIHH **¥), TO
9TH BHPOXICHUS CHOBA OTNAAAlOT ***%), Takum o6pasowm, 31ech HE BO3HH-
Kaetr TpyaHocte#f. Hanmporus, B ciayyae &) CyuiecTByeT psl COOTHOLIEHHH
BUlA, 3aNPEUICHHOrO BTOPHIM YC/IOBHEM:

Et et - ) —EFegt o)==y b e ) — (b L) T L

*) Mbt cuutaem kl, cees kN TOX ACCTBEHHBIMYU ¥ IPHHIUNNANLHO HEPASIH-

YUMBIMH MeXny co6Goii. EcaM Ke OHM pasiuuHbl, TO Kaxpaad uactaua k,
(n=1, ..., N) obaagaer cBOUM COGCTBEHHBIM, OTJHYHBIM OT APYTHX CHEKTpOM
TEPMOB &1, Epgy ... OOCYXNEHHE OCTAaeTCH TOTAA@ TAaKHMM XK€, Kak B TEKCTE,
TOJbKO He GygeT TpeSywoiued pacCMOTpPEHH: ONMACHOCTH BBIDOXK/EHHMS, ) CHOBA
GyzneT IpOTHBOPEUNTH BTOPOMY YCIOBHIO Ha COGCTBEHHLIE 3HaueHus H, a B) He Gyner.
**) B cayuae «), B ciayuae xe B) NOPAXKH BBHIPOMICHHHA COBNAJAOT C NO-
pAAKaMH HEMPUBOAMMBIX NIPEACTaBACHHE CHMMETPHUECKOH rpynmbl u3 N aleMeH-
t08. Cp. E. Wigmner, Zs. 1. Phys. 40 u 43 (1927).
***)Cp. W, Heisenberg, Zs.f. Phys. 41 (1927), a rakixe P. A. M. Dirag,
Proc. Roy. Soc. (A) 112 (1926).
##%ky B cayvae cratuctuku Pepmu — Jlupaxa J0MyCTUMBI, KOHCUHO, JHIIb
2,=0, 1, HO 9TO He BpCAHT HAIUUM COOOpAMKEHHAM.
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B cayusae B) 910 HeBO3MOXHO, TaK KaK derhipe 3alanHHX TepMma K
BO3MYILAIOTCSt COBEPIUEHHO MO-pa3HOMY, TNPHYEM 3TO YTBEPWAEHHUE,
OYeBMIHO, HHCKOJbKO He 3aBUCUT OT abCOJIOTHOH BEJIMYHHBI BO3MYUIEHUSA
(1. e. B3aumoncHcTBUSA).

TakuM o6pa3oM, BHYTpeHHss TpUYMHA pA3JAMYHOrO Xapakrtepa ciay-
yaeB &) M B) MEKHT B NMOBEIEHUM MO OTHOIUIGHHIO K YCIAOBUX

Wp, a— Wcr, a F Wp', a—— Wu', a*

Ipunoxenne

1. Hano BmBectn ucnmoabsosausnie B Il 4., 5. cBo#icTBa pacmpe-
nenenuit (€, 49, 4 90, )% (0 #0) B (€, 49, 4%, o) CHauama, omnaxo,
HaM CJelyeT pasbACHATb, KaK 34ech BOOOMIE MOMKHO TOBOPUTb O CTATH-
CTHUECKOM pacmpenefeHnt.

B 1. 4. Mp yxasuiBanu Ha TO, YTO BCE BEJMYMHMI, 3aBUCdune oT £, ,,
3aBHCAT, B KOHLE KOHLOB, OT ®,,,, 4 TaKke Ha TO, 4YTO TMOj
YCpCAHCHHEM Mbl IIOHHMAeM YCPEIHCHHE TO 3TUM ®, , . MOCKOJbKY S,

N, s
a v a
N —
N, s, , 1 A, 3a1aHbl, OHA NOJYHHAIOTCA YCJIOBUIO 21 )\2.’1/,‘”)., va =4
y= =
Sy, a
M, CO CBOeH CTOPOHH, ompeneasor £, , no ¢opmyne > P“’x . a=E" a
A=1 e !

,U,am;me Mbl YNOMHHA/H, 4YTO BCe TaKUE CHCTEMbl MNOAy4alOTCs H3 OHHOH
U3 HUX, CKaxeMm o, , ., C TOMOUIBI JUHERHBIX YHUTAPHBIX npeoépaso-

Banuit. Tax uro, u30paB KAKHM-TO O0Opas3oM ), , ,. MOKHO C PaBHEIM
YCIEXOM CKa3aTh, UTO Mbl YCpeAHsieM 110 MHOXECTBY YHUTADHEIX MaTpHLL Tipe-

N

a
oépasoaaﬂuﬂ [B 2 Sy, a = Sa HU3MEPEHHUAX, OHHU MEPEBOIAT o, , , B 0, wa
v=1 ’

(a cbnxcupoaaﬂo!)]. CrenoBano 6n 0603HaYaTh 9TH MAaTpHLUE uvepes

{&, w, '}, MCMOML3YA 1A CTPOK ABOMHBIE MHAEKCH A, ¥, M PaBHHM 06pa-
30M A/ CTOAGUOB A, ¥/, B COOTBETCTBUM C CHCTEMOH WHIEGKCOB Aag o, . ,

_ Ny S, -
Mo o, , \BeIb JOMKHO OHTb o, , , =>\Z1 ’EIE)\, WLV OL v ]
= vy =
HO MBIl IIpelnounTaeM BBECTH OJMH TeKYIMH WHAEKC, T. €. MHCATh
o (0o pP'=1, ..., S,). Tenepb MW NOMKHL OGBACHHTb, KaK caenyer

yCpeaHsiTb M0 MHOKECTBY S,-MEPHEIX YHMTAapHBIX MaTpHiL {f].

Myl Kenaem ycpelHATh TaK, 4TOGbl NPH 3TOM HH OJHOH M3 CUCTEM
oTcyera 0, , o HE OTIABA/IOCH MPEAMOYTEHHS nepen apyrumu. Ecan te-
neph w,, . , OBHAYAET KAKYK-HHOYIb APYryl0 M3 TAKHX CHCTEM oTcyera,
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Na S,a -
M, y.a 5 Z Erupry 01,y o (3ANHLIEM Temepb Takike M £o/p’ BMECTO
l
bt ’
&\, p,v7)s TO eIy MaTpuUaMH {E, } " [E /) (Toit ke cucTeMmbl o, va)
B OTHOWICHUH K ) g 1 COOTBETCTBEHHO ®, , , CYUIECTBYeT cooTHoue-
S

HHe {59/9 } = (&'} {59/9 |
Es,>/s>” = 9,2:-1 . Soror Sarpm

Mrak, MeTol ycpeiHeHHs noJkeH OBITb TakuM, uYToSH O Gbli MHBA-
pHaHTHHIM TIO OTHOWIEHHI) K MpeoBpa3oBaHUsAM yKa3aHHOH Bule (GOPMHI

{EP/P,} ——>{ o’ } (a1 M060H PUKCUPOBAHHOH YHHTAPHOH MaTPHULLI {EP/P,})_

Ho noaoGHbIft MeTOA yCpelHenus MO YHUTADHOH Trpynme cyuiecTtsyer,
NpUYEM OH TOJHOCTbIO ONPENEAACTCA HAMOMEHHBIM TPeGOBAHHEM; OH Obiji
paspaborad Betiiem *). Mbl, ognHako, He GyneM NoJb30BAThCA 31eCh ero
o0mUMU OPMYTaMU, EIUHCTBEHHOE, YTO HaM MOHAZOGUTCH A/ MOCTHHKE-
HUf LM, — 3TO CBONCTBA WHBADHAHTHOCTH 3TOr0 MeTOld yCpEIHEHHS.
Ynomanem ewme, uTo (KaK TOKa3aHo B l. C.) yKasaHHbI#f METOA yCpenHeHHA

HHBADHAHTEH TAKXKe TIO OTHOUIGHWIO K mpeoGpasosammio (£ )~ (")),

KOTOpPOE  ONpeNe/sieTcd  COOTHOLICHHEM {E;’/p} {Ep/p‘}{iplp’}’ T. e.
s

a

EZ/? Z 9/9 g’ p"*

p' =1
BO-BTOprX, ciaenaeM elle HeCKOJAbKO (bOpMaJIbeIX YHupolueHu#t. Tak kak
MOpALOK HYMEpaluH v= I, ... Na HE HMEEeT 3HaA4YeHHsi, TO NOCTATOUHO

paccmotpets £ ,. 3ameHoM MHAGKCOB A, v uYepe3 p Mbl MOXEM pacmno-
pARMTbCA TaK, HTO A, 1 mepettmer B p==1, ..., 5, ,. BuiGepem 3arem

CHCTEMy OTCHeTa ®, , 0 MycTb 5TO Gy;er cHCTeMa ®p,q» UCM OLHOBpE-
MEHHO JoCTHraercs mepenyMepauus. meeM Toraa

hia

(61, 2%, a0 9o, 0) = §1(P°'T’ oPpar Po,0) =

l)

Z (CPP’ ar Y, o) (m‘f: e’ Po, D= ‘? E1'/P E'r/a‘

W, naxowen, OMyCTHM HB/IUIIHHE HMHAEKCH V¥, @, TaK uto S, N, Sy 4
A £y o P00 My, o0 Ny, mepetinyr B S, N, s, A, E, ¢pr M, _N. ‘

*) H, Weyl, Math. Zs. 23 (1925).
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Wrak, BoT Haumla 3ajaua: MCC/IeLOBATb € TIOMOLIbK) OYEPUEHHOTO Bbillle
MeTOla ycpelHeHus pacrnpeipeseHHs BeJdHUHH

s

b oek
Z E':/pi-:/c

=1

(p#9)

|Ep 922 =

s
(Eop ) =1=le LA

rae |&r| mpoGeraer Bce S-MepHble YHMTapHLIE MATDHLH.
2. Ilpexae Bcero ONHO BCMOMOraTe/bHOE DPACCYXAEHHE. YCTAHOBHM

$
1

pacnpeneneuue anauenuft xg, KOr1a BekTop (X ..., Xg} mpoberaer
p=1

AOBEePXHOCTb eJMHUYHOH cepnl Z x§= 1, npuyeM cHawana nag Belle-
p=1
CTBEHHBIX X To ects mbnl onpemenum W (x), rme W (u)du sBaserca
8
(reoMeTprueckolt) BepOATHOCTBIO 1R U = 2 x§§ utddu(0=u=1)*%).
’ p=1
ITpocToe reoMeTpHYECKOE PACCMOTPEHHE, KOTOPOE MHl 31eCb HE CTaHeM
BOCHDOU3BOIHTb, MoOKasbiBaeT, 4to W (#) mponopuuoHanbho BHpaxe-
S _1 S-=s
nuo 42 (1 —u) 2 » @ HEe 3aBucaiuuit OT # $axTOp NMPONOPUHOHAMNb-
HOCTH ompenenasercs u3

1
fW(u)du—_-l.
0

Ecau temeps Xy, ..., Xg MOTYT GBITb KOMIUIEKCHBIMH M, CJIeOBATRJbHO,
HaJ0 PaccMaTpUBATH

K S
u§_s§l|x9|2§u+du " P2:,‘1|xp|2—_.—1,

TO CTOMT /MHllb COOGPAa3uTb, UYTO BCE OCTACTCA MO-CTapOMY, ecau Heit-
CTBUTEJIbHbIE M MHUMBIE HaCTH X, DPACCMAaTPUBATR KAK BELIECTBEHHbIE
IeKapToBH KoopauHato. Ilpu atom Hyxuo nuib s, S 3aMenuts Ha 28, 28,
Toraa W (u) 6yzer nponopuuonansao us=1(1 —u)s_s'l, a daxTop mnpo-
(S—n!
—DIES—s—Dt"

NOPUUOHANBHOCTH ONPECAACTCH U3 HOPMHPOBKH KaK

*) Peus umer 06 ompefeseHuH nJOWAIH S-MEpHOTO CerMeHTa Ha S-MepHOH
eIvHnIHO# cdepe.
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S n
CienoBatennHo, cpeiHee OT <Z|x9|2> 6y1eT paBHO
p=1

1
(S —1)!
(s—DIES—s—1)!

w1t — u)s_s"l cut - du=

1

f astn=1 (1 — )5 gy —
0

_ (S— !
T =S —s—1)

. (S— I (s+n—DI(S—s—D!__ s(s+1)...(s+n—1)
=E=DIE—s—D! SFa—1D1 T3S F) ... SFr_1)

8. Bosspawascb k yHutapueiM {&,r}, samumem s kparkocTu
S

*
eEN:Tg1 51/951/0. B cuny npusenennnx B 1. ocHoBanuit, Bce e, ,(p+#0)

MMEIOT OJHO H TO XK€ pachpefecHue BEPOATHOCTEH, a PaBHBIM 06pasoM
£
u BCE €, , ). .

B ep,p=1:21|5t/912 BXOMMT JMulib p-# croabeu matpuunl {&,/], mo

HeMY MOXHO YCpeJHHTb TaK, KaK 3TO ObIJIO MpoJjeliaHo B 2, N0 eIHHUY-
Holt cdepe (3T0 Jerko cJhaelyeT M3 CBOHCTB HHBAPHAHTHOCTH HAIIMX
cpennux). Ilostomy Gyner (depes IM mbl oGosHauaem cpennee)

S”m(epyp):%'

__s(s+1)
M) =550

s\? 2s ’ s?
" ((ew_?) )2%(82,9)—3—%(69,9)—*"?:
s(s+1) s? s(S—s)

Hanvire us £2=F£ BHIBOIHM

S
— 2
eP-P—g‘lleP,c] ‘_ei,p"}“mcz:llep'cl?'
14 g

*) IlepectaHoBka CTPOK M CTOAOLOB NPHHAAJEKHT K BBeJeHHBIM TaM mpe-
o6pa3oBanuam.
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B cuny papencrsa scex M(|e,, .|?) (p+o) Oyner nosromy

M(le, o)) =57 (R (e, ) — T (¢ ,))=

____1__(1_ s(s+1))_ s(S—5s)
=S=T\S T SEF))TIESE=)

Tem caMbiM ucnoab3opannnie B I, 4. cpennde 3HavyeHus HalAeHH, NpuyeMm
B COrJacuu ¢ INaHHBIMM TaM SHAYECHUSMH.
, 2
Tenepb 0CTaeTCsi /ML HUCCACAOBATL pacmpeleneHus |e, | (e +#9)

s 2
H (epnp'—?) , 4ToOnt onpelemuts cpeinve M, N us II. 6..

4. Tlocaennee mpole BCEro: Ml ykKe 3HaeM, 4T0 #=e,  =u--du

O=u=1) umeer BepOﬂTHOCTb W (@ydu (cp. 2.). Ilycts a—HeKOTO-

N

—_— == -

prp S) =a (sa

MeTUM, YTO JeBasg CTOpPOHA 3aBeloMO ==1, Tak Kak Oéewél) Oyzer
paBHa

poe uucao > 0, <<?2—, TOTa BEPOSATHOCTD, YTO (e

——Va
/ -+ / W (0)du=
——+Va
T‘;———Va
S—1n! —5—
=(s-——1)(!(8—)s—1)! / + / w11 —w)* " du,

-—+V a

JlorapudMudeckas NPousBOAHAA MOAUHTEIPANLHOTO BLIpaKeHHS PaBHA

— —s—1
A = e (5 — 11— [S—214)

u 1—u

s 1
S—2°

= % ; IOSTOMY

T4K 4TO OHO MOCTOAHHO BO3PACTAaET MPU NPUOMKEHUH K & ==

D10 3HAYeHue < —:-;— , IpuyeM Ha % s—;l1 + . (S_fsi)

1 —
ecr aZ=gz. TO OHO JCKHT B MHTepBase —S—i]/a. B oGaactu uure-

rPUPOBaHMs TOABIHTErPalbHOE BbIPAKEHWE [OCTUTaeT TMO3ITOMY CBOEro
N
MakcuMyMa IHpu u-———s—iﬁ (Mbl He pasiuuaeM rae). ITostoMy MbE
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MOXKeM OUECHUTbL BCe BhipaXeHue, OHO 6y11eT

e e £Va) (1 -5 V“)S—H'

Bocnoabsyemcsa Teneps TeM, 4T0 1 <& $ <€ S, TOraa nepBHRt MHOXUTEb

C p ‘/‘ s s\~% §—s
(na ocHoBanuu popmyast Ctupaura) 6yaer ~ —2-;(—3—) (l———s—) )

_\S -5
a BTOpO# ~—( +V_) (1 ——g—:*: Va) . Ilostomy Bce Bhipaxe-
Hue Oyaer

~ S_(liiﬁ)s(u—r S VZ)S—S_-:

2ns s S—s
S . In (1 * % V_a)+(S—s) In(l F s—fE VZ).

=V oms

Skcnoxenra Oyler

SVa S2a Sa /a
=ts - —sogts , (S——s)s ~Va=

o S2a + S%Va .
- 2s T 3s?

sV a
B cuny ——lg— <€ 1 BTOpOH uYJEH Mak MO CPAaBHEHUIO C TNMEPBHM, TaK 4TO
2,
_e 5‘2a
s (8 — Kkakoe-TO uncno < 1),

N
Hallle BeIpaXeHUE K ——=
VQnS
s \2
310 OTHOCHIOCH K BEPOSTHOCTH, YTO ("’p.p‘“?) =a ana dukcu-
posantoro p==1, ..., S. BepoaTHocTb TOro, 4T0 5T0 OyleT UMETL MecTO

s 2
A5 TPOUSBOMLHOrO p(T. e. ALad N== max e, ——=\|=all,
o=1,...,s\\ #? S
2 S2a

-~ 24

S
B KpaliueM cayuae B S pa3 Qosslue, Takum ofpasom g——Q:e z
ns

Cpennee 3Hauenne N Mbi OueHuBaeM Tenepb B ABYX OOGJacTAX: g 3Ha-
yenut =0, == a4 BepOATHOCT:, BO BCAKOM cJyyae =s1, Aaa 3Haue-
Hufl Ke = a, = | umeer MecTO yKasaunas rpanuua. Hrak,

S?a

S22 -85
MN)<La ——e ¥,
Ka+ Vone
~ 6 - 1 s?
B kauecTBe @ MOXHO BHOPATh m06OE UUCIO == 5T <<—S—2, MBl MOJOXKUM
8snS
a4 ==—55—. (OT0 naer Bce, ecmu §_3>InS, urc Ge3yc/oBHC AC/MKHO

652
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BLUTOJHATLCS B cuay 3akmounrteasHoro ycuaosus us I, 5. *).) Toraa nama
BepXHsisl rpaHuna Oyrer

8sInS §? e-4In S 8sinS 1 _8sinS

8.8S? Y 2=s 8.S? V Zms S2 0.82

Tak uro ecau npeanocstaky 1 <€ s <& S BHINOMHEHbl JOCTATOYHO CHIBHO,
9sinS

s

5. Ocraetcs eile 0GCyuTL pacnpelenzuue |e, +|% (p #). OGoanauum
p-#i u o-# cTONOUH {5:/: } uepes &={&1p, ..., 56‘/9} N={Eyss +++» Essc}s

TO YKa3aHHOe CpelHee CyIeT 3aBEAOMO ==

u nyctb §=={&1;0 -+ +s Eypr 0, ..., O}. | Bocnoabayemcs ans Takux BekTO-

s
po L= {C, ..., s} ="{x1 - - +» xg} TaRKE cuMBOAAMM (§, ¥) == X x5,
=1

e
6] = V@—C—): 1/2;[ CT|2.> Byaer: lep, o2== |(€, M)|?, npuueMm Bek-

TOpH &, 7 Kak CTOMONUB YHUTAPHOH MATPUUH NOLYUMHSIOTCS YCIOBUSM
[El=1, |n|=1, & ) =0 (1. e. o6a 1exaT Ha eauHuuHo# cdepe u
OPTOrOHAMbHbL APYT K APYTY).

PasnokuM E Ha _KOMNIOHCHTH — MapailiebHyIo § ¥ OpTOroHamD-

Hylo & E=C o- £E. Toraa pasuniM oGpasom Gyaer: ]ep 4= I(E "2
[Tpu ¢uxcuposanuoM § (u g, E)NMbl uMeeM, TakuM o6pasoM, ABa BeKTOpa,

OpPTOTOHAMbHLIE K §, @ MMEHHO § M %), U3 KOTOPHX NepBH#t dukcupoBaH,
a BTOPOH cBOOOLHO MeHsieTCS HA NOBEPXHOCTU (S — ])-MepHOH equHMy-
HOH cdeprt. Beenem kakywo-uubydb (S — 1)-MepHYI0 LeKapTOBY CHUCTEMY
KOOPAMHAT, U MyCcTb N =(Yy, ..., Yg_;). VI3 yHuTapHOH MHBapUaHTHOCTH
Hallero TOCTPOeHUs CPEelHero ClAelyeT, uTO ycpennenue (npu ¢uKcupo-
BaHHOM §=={f1p, . ... £5/p}) HALO TNPOBOAMTL B TOYHOCTH TaK, Kak
ecad Obl % ycpedHaaoch B cMbicae 2, no (S -— 1)-mepHofi eluHMUHOH
cdepe. Hanbiie, B CuJy YHUTAPHOH MHBAPUAHTHOCTH, CPEAHEE 3ABUCUT

mamb 0T Aauubi, |E|, BekTOpa £, MOITOMY MOXKHO 3aMEHHTb ero
Ha £=1{]%, 0, ..., 0} ((S— 1)-Mepunt!]). B cuay 3TOro Msi XOTUM

N
a
*) Us ! << _1_ crenyeT Sy, 4-S>Ins, 3anucanHoe uMHaue
s=] Swa In s,
NylnS S;InS

(cp. TaM): —2——2 L1, —2 8 2] Tak uT0 CHAuaka BEPHO %Sl
Sa $45, sy

— —_— 1

sa=VSalns,= 5 InS, Tem caMbiM JOmKHO OHITH S, , >>>InS,, 1. e

s> In&
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onpeseuts cHauama pacmpenencuue |, m)[2= [E[2- |y;|2 am |9)2=
S-1 ~
= N |y.|2==1. To, uro 31a Benuwumna = u, = u+du (0 ==u=[E|?.
n=1
03HAuAET, UTO —— =]y, [P =—m— Zu i 061alaeT BepOSTHOCTBLIO
g [€]? Hk |€]?
W( : )Tu— rae B W(u) w3 2, Hano s, S samenuts Ha 1, S—1L.
&2/ 181
Urak, kosddunuent npu du 6y11eT
S— 2 __
],3]2(5 ) (IEI

Ho no cux nop § Outn0 duKCUPOBAHO, TeNepb HANLO YCPeIHUTL ero
(koHeuHo, TOme B cMuicae 2.) no (S-MepHo#) eaunnuuol cdepe.
B Buipaxenue 1as pacmpenenenus |e |2 npu ¢ukcupoBanHoM § BXOMMT

JUIIb |E|2 a 3T0 paBHO (Tak Kak E OPTOI'OHAMLHO K E——E U K E——
=E——(E, E) . E)

lE2=@E H=¢ b,

Elr= 1 B - 62 (B2 =[5+ |82

52 = [E[2(1 — [E[>)
[Tockoabky E==[f1]o, .., Esjp)} H3MeHseTca Ha eIuHuuHOR cdepe,

10 v=l=wtdo O=w=1), 1 e w_le [Eere 2= w - do,
z=1

S—1 o
(s—-l)(z(s—)s—l)!'ws'l(l—'&vs “l4gw. Ias

TOro yroOb TOJY4UTb MNOJHYI0 IIOTHOCTH BEPOSITHOCTH [Jid |2
B TOYKE #4, Mbl JO/DKHBI MOITOMY TPOUHTETPUPOBATDH

S—1)! e
(s—l)(!(S———)s—.l)l @l (1 —w)’ 7t X
1

S — $-2 .
Xm))s 1( (1 —w)—u) dw =
o S=DIE=) (@w(—w)—u)S?
T (s=DIS—~s—1! w5~ (1 — w)°

no sceM w=0, =1 ¢ t=w(l —w). Beaercrsue 3T0ro Hano yuu-

o6./1alaeT BepOSTHOCTHIO

1, s

- dw

1
THBATh A4 # BOOOLIe JUIIL 3HAYEHUS =7 Mel onpenesuM ceftuac xe

BEpOATHOCTh, uTO e, .|*’=a (COFJIaCHO TOMBKO uTO  CKa3aHHOMY

pr o

1
0= aézj, LS 3TOTO NPUBEJEHNHOE BbIpAWeHHEe HANXO NMPOUNTErPUPQ-
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1
BaTb MO BCeM &, @ ¢ a=u =w(l —w), T. e. N0 7——‘/71}——415

=w= 2—{—‘/————41, a=u=w(l—w). Mun MoxeM nposecru
HHTErpyupoBaHue no u:
1 T
7+Vf—a w (1—w) sz
S—nHHsS—=1n f /‘ (w(—w)—uwsS- _
G—DI(S—s—Dn! , o (S Cude=
LyI
2 1
1 l/“l_'
?+ 7°¢

S—Nn! / (w (1 —w)—a)5-?
= E=DIE—s=1) 5= (1—wy

V1—a
2’ T

1 Vi_a
3tV 1

1
2
Pasnoxum uHTErpanm Ha gBe 4acTH, f H f

R 1 Vl

? 7V T

‘ 1 |
IeM B HUMX HOBBIE TepeMEHHbIE C MOMOLIBLIO 7-—}— FTX=w n

s, 1 BBe~

5 — ‘/T —— X == COOTBETCTBEHHO. B ofoux cayuasx x = (1 —w),

1
B o00uX cayuasgx X mnpoGeraeT 3HaueHHa OT & A0 e CkaaapiBag 00a

HHTErpaJaa, noaydyum

(S—1)!
G—DiE—s—1y X

1
< Joma [V T by
=) A
4

x.—
Hakouen, BBeneM HOBYIO MEpeMEHHYI0 Y= ]

a
, KoTopas Tpo-
- —q
4
Geraet aHauenus ot O no 1.
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Toraa HanucaHHOe BHIpaXKeHHe OyIeT

(A —4a)5" (S —1)!
Bl (s—NI(S—s—1)!

X

x [y 10+ VT=1a VT5) ™™ (1 =V T= TV T=5) " +

S (T V5 ey v V4 ) I ( B V4 g v V4 g | —,/;i%y-

-1

Pasznemum 3Ty BepoaTHocTb Ha (1 —4a)°", toraa or a Gyzer ewe
3aBuceTh Jmlib Beipaxenue [...]. Kax Mp mnokameM, OHO BO3pacTaer
npu a—>0, a crenopatesbHO M BBeleHHas ApoGb. Ho Tak Kak mpu

-1
a ==0 4ucauteab (BepOATHOCTb) == 1, a 3HAMEHATEDL ((1 — 4a)® ) TOXe,
TO TeM CaMbiM L0Ka3aHo, YTo Apolb Bceraa == 1, T. e. UTO BepOATHOCTD

Bcerna = (1 — 4a)5— L pta(s-n,

Ecmt a —0, 1o Y1 —4a Y1 —y, pospacras, cTpeMutes K Vi—y.
IIOTOMY LOCTaTOYHO MOKa3aTh, UTO

[0 =7 +0 =521 457]

npu £ > 0 Bospacraer. HeHcTBUTeabHO, €ro NPOU3BOLHASA

A+ =07 (P — 15 )+

+A =T+~ (157 —157) > O
14-¢

ecay (Mbl nonaraeM z=-y— > 1)
25(52— (S —38))+25-5((S—s)z—s) >0,
HO 3TO BHIpaxKeHue, OUEBHIHO,
>2(E—E—9))F+ 25 ((S—8)—8)=(25"*—29)((S—95)—9)=0-

Tem caMbM npuseleHHas oOueska BepostHocTH e, |*Z=a  aa

¢dukcupoBaHHO# mapel p==o, p, o==1, ..., § noarsepxaena. Be-
POSITHOCTb TOTO, YTO 3ITO CAYYMTCA /ST KaKuX-to p, s [T.e. nags M=
S S—1

= Mz}x (e, ./H=al. B kpaliuem ciyuae B 5 pas
p#9 p0=1..., 8

* ” v
Gouabliie (Tak Kak e, =€, , TO LOCTATOYHO PacCcMOTPeTh p < 9), T e

S(S—1 -
é(—Q—)e—4a(5*1). Cpentiee s3naienve M oieHuM cnoBa B IBYX 06.a-
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cTax: NI 3Havenuit =0, = a BepPOATHOCTb BO BCAKOM cayyae =1,

a AJaf 3HaueHuH = q, S=-; WMeeT MecTO TpUBELCHHAT OLCHKA. Urak,

m M=a +_‘§_.(_S__Qe‘4a (S-1),

B xauectse a MoxHO B3sTh moGoe uucao =0, <1, Mb noaaraeMm
3 InS
=g . (Tlpuroaxoe, tak kak S>> 1.) Toraa Halma BepxHdas rpa-

Huna Oyaer
s

3 InS S(S—-l) -3ln§ ——

InS S2
T 5+ 5

L o3
3,2 me
775 T

e-3InS —

_3mS 1 3Ins
=375 78S 4 S
Takum oOpasoM, ecau npeanocslaka S°3>1 BbIMOANCHA AOCTATOUHO
InS
5
Tem caMbiM KemaeMble OLEHKM TOJHOCTbIO TPOBENEHH.

CHJIBLHO, TO paccMarpusaeMoe cpeinee GyleT = ——



