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HOPEHCIOBHRE K PYCCHOMY H3TAHHMIO

nMexaHnka nedopMHpYeMBbIX TEA“®, NpeACTaBasist MNPOLOIKEHHE
Kypca ,O6mei mexanuku® [1nanka B npHMeHeHHM ee K CleHHAJAbHHEM
BOIpocaM ynpyroro aedopMHPYEMOro Tesa, B TO e BpPeMsl NOAroTOB-
JMIeT uMTaTelsi K YCBOeHHIo nocnenyiomux kypcos [lnanka no teopuu
3JIEKTPHYECTBA H MarHeTH3Ma H MO TEOPHH CBeTa. ABTOp H B 3TOM
Kypce C OOHYHHM MacTEPCTBOM, CXKATO M fICHO, BBOAMT YHTaTeNs
B KpYr HCCHIeJOBaHHA IO TEOPHH YNPYrOCTH, THAPOXHHAMHKE H
A9POJHHAMHKE H B TEODHIO BHMXPEBHX JBHXKeHuHl B oGbeMe, nocTa-
FTOYHOM JJsI TOTO, 4TOOH MOXHO OBUIO NPHCTYNHTH K CAMOCTOATENb-

HOM Hayyno# pabote. )
Pedaxmop

Bropoe pycckOe HM3aHHE CBEPEHO C TPETbHM HEMELKHM, OTJIH-
HAIOLWMMCS OT NPeABAYLEro Julib KpaiiHe He3HauHTeJbHHMH JONOJ -
HEHHsIMM H HEMHOTHMM HOIpPaBKaMH.



6 NPEAKCAOBHE K MNEPBOMY HEMELKOMY H3IAHHIO

IPENUCIOBAE K NEPBOMY HEMEIKOMY M3]{AHHIO

O sazaue, XOTOpPYIO % NOCTaBHJ ce6e NpU COCTABAECHHH STOrO
Kypca, a Takwke O NyTH, BHOpaHHOM MHOIO AJA paspelieHHs ee,
MOXKHO CKa3aTb MO CYIIECTBY TO K€ CaMoe, YTO f NEITaJCs H3NOXKHTh
B NpeJNCIOBHY K ,BBefiennio B 00IMyIo Mexanuky“. B npeacTaBiaeHHH
YHTATENA 9TOM KHHTM MeXaHHKa JedOpMHpYeMbiX TeJs AOJIKHA BO3-
HBHKHYTb KaK €CTeCTBEHHOe, 00yC/OBIeHHOE BHYTPeHHelt HeO6X0IHMO-
CTBIO NPOROJKEeHNe OOLel MeXaHdKH H Mpexe Bcero Kax psiji TECHO
CBA33HHEIX, JOTHYeCKH OGOCHOBAHHBIX MOHATHA. DTO AACT YHTATE/NI0
BO3MOXHOCTb He TOJbKO H3YyuaThb C NOJHBIM NOHHMapHeM 6oJee Noj-
poOHBIE KypCH M CNEHHANBHYIO JHTEPAaTypy, HO. K NPOH3BOJMUTL CAMO-
CTOfITeIbHEIE, 6onee raybokue uCC/eNOBaHus.

Baaropaps cchskaM Ha 3aKOHBL M ypaBHeHHs, BHBELEHHHE B
ynoMsHyTo# Moeli KHure, Hepenxo YHaeTcs 3HAUHTENLHO COKPATHTH
H YIpPOCTHThL H3JoxeHue. Takue cchuku o6o3uauenwn uudpol 7. Tak
nanpumep, 7, (155) o6o3nauaer ypasHenue 155 ,OO0mell MexaHHKH;
7, § 49 o6os3pauaer § 49 To# e xuury. Kpome Toro, s crapaiacs
cOepeub MeCTO, nponyckas Te GOPMYJB HIH POMEXYTOYHHIE BEYUHC-
JlegHsi, KOTOphle MOXeT BHIOJHUTL Ge3 ocoboro Tpyna BCakui
yyTaTeab, o6JanaomMi MaTeMaTHYECKUM OGpPa3sOBAHHEM.

B KOHUEe KuHrH, KaK H B mnpexmnpywedl, npuioxes andaBuTHIH
ykasaTesb BCTPEUAIOLIUXCSl ONpeseJeHHH ¥ BaxKHeHIUHX BHIBEJEHHBIX
TeopeM. DTOT YKa3aTeJb OKAXeTCs,, HafiO JAyMaTb, WOJESHHM JJmn
CMpaBoK.

Asmop
Bepaun-T'pioHesanna,
tespans 1010T.
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BCTYILIIEHUE

§ 1. JlebopmupyembiM TeJOM, B NPOTHBONOJOXKHOCTL HEH3MEHsIe-
MOMY TeJly, Ha3HBAeTCs Takoe TeJ0, KOTOPOE B COCTOSHKE HOIBEPrAy Th—
cf H3MeHeHHI0 QOpMB JHOO BCE B LEJOM, JHOO B KakOH-1H00 cBOekH
yacTH. B npupoie, cTporo rosopsi, Bce Tena AedOpMHpYEMB, TaK
KaK He CyLIeCTByeT BOBCE TAKHX ABHIKEHHH, KOTOpHE He CONPOBOK Aa-
JiIHCh OH GONBIIMMH HJAH MEHBIIHMH H3MEHeHHsIMH (POpPMB HIH JHe-
cdopmanuaMH TeJ, NPHHHMAIOIMX YYacTHE B 3THX JABHxeHHsX. Ho.
BO MHOTHX CJyyYasX, HAOPHMEp IpPH H3YYeHHH MAasTHHKA, pHiyara,
BOJIYKA, JIOCTAaTOYHO, B KayecTBe NEPBOro NpubJHieHus K AeHACTBH-
TENBbHOCTH, NPeNONOKHTh, YTO PACCMATPUBAEMHIE TeJIa HeH3MEHACMEL,
JIBuxeRusIMH HeH3MEeHsieMbIX TeJ 3aHuMaeTcs o011asa MexasuKa. 3ech
e MB 6yneM 3aHHMAaTbCsl TAKHMH JBHIKEHHAMH, OCOGEHHOCTH KOTOPHIX.
XapakTepH3yloTCa npexze Bcero nedopmaumsmy Tes. [TlosTomy Ham
HeO6X0ANMO ellle HeCKOJBKO YTOUHHTD HAIIH JOIYIEHHs O CBOHCTBAX
TEJ, NPHYEM MBI NPEXJE BCEro NPeAnoJOKHM B KayecTBe OCHOBHOTO
JONYIIEHHs], 4TO NPOCTPAHCTBO, 3aHHMAEMOE TeNJaMH, HENIPe PEH BH O
3anoJHEHO MartepHeR. KoHeuHo, u aTo jponyuenne, nojgo6Ho nomyie-
HMIO O HEH3MEHSIEMOCTH, NpexncTaBjsieT co6010 mieannHyio abcTpak-
IMI0 ¥ B TOYHOCTH HHKOrja He cOOGJIOZAETCH B NpHpPOJE, TAK KaK,
CTPOTO TOBOpsi, BCE Teja HMEIOT AaTOMHCTHueckoe crpoedne. Ho
B KauecTBe IePBOrO MNpHOJMKEHHS K JEHCTBHTENBHOCTH MOXHO H
B JaHHOM CJyuae BIOJIHe 060fTHChL ynpouaomum gonyuiennem. Ilo-
AO6GHO TOMY KaK IpH YCTAaHOBJEHWH NPOCTEHIINX 3aKOHOB O phiyare
6LlI0 OBl HM3JHIIHEe W Helenecoo6pPasHO pacCMaTPHBATHL BMECTE C TeM.
ynpyraii u3ru6, QaxkTHYeCKH BCErAa CYIUECTBYIOIHH, TAK W NpH H3Y-
YEHHH OCHOBHHIX 33KOHOB 3BYKOBHIX BOJIH UJH TeUEHHH XHAKOCTH
Onl10 OBl OYeHbL HEyRAYHBIM IPHEMOM, €cJii Obl MB C CAMOTO XKe Hayana:
3axoTeny NMEPedTH K MOJEKYJaM MHJIH Jaxe K HEeH3MEHHHIM aTOMaM
paccMatpuBaeMbuix Tesl. K TOmy ke naxe aTOMbl IPENCTaBAsIOT c06010
CHOBA JHIIb MAeanbHyo abcrpakumio. [Ipupoja BooOIe He MOMXeT
6LITL a6COJIOTHO HCUEPNAHA YeJOBEYECKOW MEICHBIO.

Camasn BaxHasi ¥ B TO XK€ BpeMsi camasi TpyjHasi iJsl (pu3HKa-Teo-
pernka 3ajaya npH MaTemaTHuyeckol (OpPMYyJHPOBKE KakoOi-An60-
HPOGJAEME 3aKJI0YaeTCsl B TOM, YTOOH BBECTH HMEHHO T€ yNpOINAIo-
HIHe JONYyWEHHs!, KOTOPHE HMEIOT CYIECTBEHHOE 3HAYEHMe IJIsl HHTe-
pecylomux ero Oco6eHHOCTEH HCCACRYEMOro (PH3HYECKOTO SIBICHHS,
M B TO xe BpeMa npeHe6peyp BCEeMH BJINSHHSIMH MEHBLIETO NOPSAKS:



40 BCTYNJEHHE

BEJHYMH, KOTOPHIE HHYEro CYIIECTBEHHOTO He H3MEeHHJIH Obl B OCHOBHBIX
pe3ysbTaTax ¥ BOILIHM 6bl B PACCyXJEHHs JHIb B KayeCTBE MaTeMa-
THyeckoro GaJacta. BaxHo s He06x0numo antun TpeboBanue, 4To6b
pasnHYHLIe [WIIOTE3H, BBOXMMELIE JUIs PA3NHYHEIX npoGaeM, GbLid
COBMECTHMB! Mex Iy c06010. MHaue (n3nyeckas kapTrHa MHpa NOTEPAJL
6Bl CBO2 €AMHCTBO, H MBI HMEJIH Obl, B 3aBHCHMOCTH OT 0GCTOSATENBCTB,
pasiuyHblE NPOTHBOPEYAIHE JPYT APYTy OTBETHl HA OAMWH W TOT XKe
BOINpOC.

Jlna Toh 3amaum, KOTOPYI MH IOcCTaBuaH cebe B 3TOM KHHre,
uesnecoofpasuee BCEro pasfesnTh BeCh MaTepHaJ Ha TP H OTHEJbHEE
=sacTH. B nepBo#t uacTH paccMaTpHBAIOTCH OGUIHE 3aKOHBI JBHKEHHS
HENpPePHBHO 3aNOJHSAOUMX MPOCTPAHCTBO TEJ, HE3aBHCHMO OT HX
ATPEraTHOTO COCTOSIHHMS, a4 BO BTOPOH K TpeTheill uacTsax OyAyT JaHEl
OPHIOKEHH 3TUX 33aKOHOB K BaXHeHuIuM BHIAM ABHIKEHHs, CBS3aH-
HHM ¢ 6ECKOHEUHO MaJISIMHM WJH XKe C KOHeUHHMH JedOopMaldsiMH.



YACTD [1EPBAS

OBIME 3AKOHLI [BH:KEHNA HENPEPLIBHO
TPOTAREHHOI'0 TEJA

T'JIABA INEPBAS
KAHEMATHYECKRHUE 3AKOHLI

§ 2. INonobuo TOMy kax MH NOCTyNaJdn B OOLIelH MexaHHKe Mmare-
pHAJBHEX TOYEK H HEHU3MEHSIEMHX TeJ, MH M B MexaHuxe gedopmu-
PYEMEIX TeJ CHayaja pacCMOTPHM CBOHCTBA JBHXKEHHH caMMX no cebe,
‘He CTaBs BONPOCA O NPHYNHAX ABHXKEHNH, ¥ IPeXJie BCEro nocrapaemcs
AATh OJIsi HHX HCYepPIHBalolee MaTeMaTHUeckoe npeacTasiaeHne. Jlpu-
SKEHHE MAaTEepHAJBLHOrO TeJa BNOJHE ONPEeJeJeHHO TOrAa H TOJLKO
TOrja, KOrja HM3BeCTHH JBWXEHHs BCeX MaTepHaJbHHX TOYeK, Ha
KOTOpbl€ €ro MO¥KHO MBICJIEHHO PA3NOXHTD, HIIH Xe, JIPYTHMH CIOBaMH,
KOrJIa NOJOMXKeHHe KayJAoH Tako# MaTepHanipHOH TOYKH 3afaHO Kak
dyukuus Bpemenn. UTOOE XapakTepU30BaTh ONpPeNENEHHYIO MaTepH-
aJbHyI0 TOYKY Tesd, PacCMOTPHM COCTOSIHHE Teja B MOMEHT BpPEeMEeHH
t=0 u B 5TOM COCTOSIHWHM ONpEAEJHM IOJOXEHHE KaXJOH MaTepH-
AJBLHOM TOYKM TeJa TPeMsa KOOPIAWHATAMH 4, b, ¢ OTHOCHTENLHO HENOo-
BHXHOH NPAMOYTOJBHOM NMpPaBO#H cucTemel kKoopauuaT (7, § 16). Dtu
TPH BEJHUMHH, &, b, ¢, JOJKHEI CAYXHTh AJIg XapaKTePHCTHKH Marte-
PHAJILHOHN TOYKH TaKXe M B NOCJAEAYIONIHE MOMEHTH f, KOTZa KOOPIH-
HaTH ee nepefnyT OT 3HaueHu# a4, b, ¢ X 3HaueHuaM X, ¥, 2. Ouu npex-
CTaB/AAIOT c060I0 Kak Ob HA3BaHHE TOYKH, C MOMOILBIO KOTOpOolo OHa
MOxeT 6HTh ONO3HAHA BO BCAKUM MOMeHT. Bce ABnakeHHe MaTepHalb-
HOTO Tena ONpejeNeHO BO BCEX MNOAPOOHOCTHX, eChau JJsA Kamnaoh
MatepuanabHolt TOuk#M @, b, ¢, ¥3 KOTOPEIX COCTOHT T€JIO, KOOPJAHHATH
%, ¥, Z 3amauul Kak QyHKOMH f, T. €. eCiH

x=f (a, b, ¢, 1), ]
y=w9(q, b, ¢, ) M (1)
z=wpl(a b ¢ 1), J
rae f, ¢, p 0603HAYAIOT HEKOTOPHE OJHO3HAYHHE H KOoHeuHnle QyHK-
ouH oT 4, b, ¢, {. Mbl npuMeM Takxe, YTO OHH HEIIPEPHIBHEI, NOJAAras

TakuM 06pa3soM, YTO TeNO He pacnajaeTca BO BpeMsl JBHIKEHHS HA
oTnenpHule yacTH. CorJacHo YKa3aHHHM BEHIIUE MOJOXEeHHsM, npu { =0

X==a; y:=0b; 2=¢. (1a)
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BBuay oOnnusi BO3MOMKHOCTEH, 3aKJIOUEHHEIX B BhHpaxeHusax (1),
pexoMeHayeTcsi CHayasa pacCMOTPeTh HCKOTOPHI! BIOJIHE ONpeJeseH-
HHH MOMEHT BpeMcHH [, WiH, IPDYTHMH CIOBAaMH, OFPaHHYHMTHLCS CHa-
yaja PacCMOTPEeHHEM TOrO H3MEHCHHs, KOTOpOe Teno INpeTepresBaeT
oT Momenta O 10 momenTa {f, rae { UMeCT HEKOTOpPOE MOCTOSTHHOE
ssayedye. Torga MBI MOXEM BOBCE BHIIYCTHTb f{ W3 BeIpaxeHnit (1)
H noJiyunM Go.aee npocthie GOPMyJIb:

x = f (a, b, ¢), l
y=9¢(a b o), )
2= (a, b, c).J

ITn ypaBHeHust 0603HAYAIOT TTepeX0/ TeJla W3 ONPEeJeHHOro ,Ha-
YAJILHOTO TI0JI0XKEHHS1“ B ONPEIEIEHHOE ,KOHEYUHOe MMOJIO¥KEeHne, IIpH-
yeM MaTepHaibHas TOuka (¢, b, ¢) mepexoauT u3 mecta (a, b, ¢) B
mecto (X, ¥, z). [TosTOMYy BesHunHH

xX—a=1u, y—>b v, 2—c=w )

HA3BLIBAIOTCS KOMIIOHEHTAMH ,CMeEIIeHHsl TOYKH.

Ecnu paspeminTh ypabeeHusi (2) OTHOCHTEJNbEO 4, b, ¢, TO Mbl
noJayuuM™ a, b, ¢ xax onpejesegHole GyHKIHMH OT X, ¥, 2. ITH QPyHK-
IHH JAI0T OTECT Ha BONPOC O TOM, B KAKOM MecTe HAXOZWJIach M0
H3MEHeHHs! TeJla T4 MaTepnalibHasi TOUKA, KOTOPAasl TOC/e H3MEHEHHs
HMeeT KOOPHHMHATH X, ¥, 2. MH noJsaraem, 4To 3TH QyHKIMH, KOTOpHIE
MOXKHO TOJIKOBATb KAK H3MEHEeHHe, 06paTHOE PaCCMATPHBACMOMY, TaKXKe
OZHO3HAYHLI, KOHEYHH X HEIPEephIBHLL

§ 3. B rayecTBe npaMepa paccMOTpuM cnepBa OOl CJhyyaik
JHHEHHOrQ H3MeIUeHHS:

X = ,2.0 -;— lla “;“ Zab ‘:_ }-3(:,
b s @
2 = ‘.() *E— 'f'lff _l.— i'gb + i‘:ic‘

O603HayeHusi NOCTOAHHHX BLIOPAHB! TaK, 410 OYKBBl A, U, V¥ CO-
OTBETCTBYIOT X, ¥, 2, @ 3HaukH 1, 2, 3 COOTBETCTBYIOT @,+ b, ¢. Be-
JHYWHH 4y, N, rp JAIOT CMEIeHHE TOH MaTepHaJILHOH TOYKH, KOTOpas
MO H3MEeHeHH:d HAXOAUJach B HAYaJC KOODJIHMHAT.

YpaBHernusn (4), paspenieHHHC OTHOCHTEJLHO @, b, ¢, JaiT:

a =27 (x—Ag) + py' (¥ — po) + 1 (2— 1), _
b = l (X — o) + 405" (¥ — pg) - vy (2 —- 1), 5}
€ Ay (x— Ag) b 1y (Y — 1) + vy (2 —wy),
rpe
fAq1 .
2y . H T A, (6)
D
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€C/H 0GO3HAYHUTL MAJIS COKPAWEHHs TaKk HasbiBaemblif QVHKUHOHAAL-
HHI OnpelelnTelb:
Z’l 12 13

Yy My pg| =D, ()

Yy Ve 73

a KO3(WILMEHT NpY 3JIEeMEHTe A, B BHIPAXEHHH 3TOro OnpelesuTes:
tars— tevy = (M) ¥ T. 1L @®)

Taxk xax Mbl 1oJaraeM, 4TO BC€ NOCTOsIHHBIE, €O IUTPHXAMH
H 0e3 ITPHXOB, KOHEYHH, TO (YHKUHOHAJNLHEI onpeleluTesb D
He MOXeT PaBHATLCH HyJ0. Ha 3TOM OCHOBaHHH MH MOXEM TOTYac
onpengesuTh 3HaK D. IleficTBHTeNbHO: H3M €HEHHE NPOHCXOAHT HE BHE-
3aIHO, a MOCTENeHHO B Teyedne XOHeyHoro spemenw f. [losTomy
He06x0nUMO paccMATPHBATL NMOCTOSIHHLIC H3MEHEHHS A, Y, V ¥ BMECTE
¢ TeM onpenenutesp D kak nenpepuBHble QyHxkuun {. Ho no H3me-
"Heuns, npu { =0,

2.0:0, 2'1: 1, 12:0, 13—‘:0 H T. 1., (9)

€TaJI0 ObITh, D = 1. Jlanee, ¢ TedeHweM BpeMeHH, onpenenuTesb D
H3MEHSIeTCsl HEeNPePHIBHO, HAYHHAsi CO 3HAYeHHs 1 M HMKOTrAa He 06pa-
masch B Hysnb. OTcioga cieayeT, yTo D Bceria mnoJioxHTENLHO:

D>0. (10)

§ 4. YacTuuii cayyail JUHEIHOrO H3MEHEHHs [peIcTaBisieT cob0m0
nocTtynaresibnoe nepememenne (7, § 102), mpy xoTOopoM Bce Mare-
puaNbHBIE TOYKHM TCAa NpPETEpPneBaloT OAWHAKOBO HAIPaBJIEHHHIE
H paBHEe cMenleHHs Ji000i BesnunEel. B 3TOM cayuae, corsiacHo (3),

X—a =const, y—b=const, Z— ¢=counst,

T. €. YaCTHH{ cJy4ail ypaBHeHuit (4).

Jlpyro#t yacTHHII cayyaii THHEHHOrO H3MEHEHHs €CTb BpAaLleHHe
(7, § 101) okoJsio KaKOH-M1HGO OCH. C IPOH3BOJILHBIM YIJIOM BPALIEHHSs.
HTo6B HOKa3aTh 3TO YTBEPNKJ€HHE, COCTABHM YPAaBHCHHUS VI MPOMU3-
BOJBHOrO0 KOHEYHOroO BpameHms. [ns 3Toro ssejeMm, KpoMe Hemno-
IOBMKHOH B MPOCTPANCTBE CHCTEMBL! KOOPAHHAT, HAYaJO KOTOPOW MbI
fIOMECTHM na OCH BDAMIEHHs, eUle APYTyio CHCTeMy KOODIHHAT, HEH3-
MEHHO CBfI3aHHVIO C TEJIOM W, 31AYMT, MOTYHIYIG JIBUTATBCS B IPO-
cTpactee. [ocaenuioo cuctemy puibepem Tay, 4TOGHl IO HIMEHEHH:
€OOTBCTCTBYIOMIHE OCH OOEHX CHCTCM COBHIAJIaJH MeX.1y co6oI0.
B TakoM cnyuae nmocse m3MeHelsl KaXAHeE JBC OCH OGEHX CHCTeM
©6pasyioT ApPYr ¢ APYroM HEKOTOPLIE YiJibl, KOCHHYCH KOTOPBIX Mbl
0603HauuM oy, f. Vi %, B, Vao @5 Pz V5, UPHUEM NYCTH GYKBbI
@, f, ¥ OTHOCSATCS K OCSM nepBod cucTeMsl, a undpnt 1, 2, 3— K ocam
BTOPONR cucTEeMLI,

[Tosoxnm, 4TO 1O M3MeHCHHsI TeJa Kakasi-HUOy/b MaTepHaAbHas
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TOYKA WMEET KOOPJHHATH 4, b, ¢ OTHOCHTEJNBHO KaXJOH u3 ABYX
CHCTeM. 3aTO NOCJe HM3MEHEHHs! TA Xe MAaTEpHaJbHasi TOUKA HMEET
yXKe KOOPIHHATH X, Y, 2 OTHOCHTEJBHO NEPBOH CHCTEMH, 8 OTHOCH-
TEALHO BTOPOM CHCTEMBI— NPEKHHE KOOpAMHATH 4, b, ¢. [loaTomy
B3aHMOOTHOLIEHHE MEXAy X, ¥, 2 H 4, b, ¢ Takoe Xe, KaK IpH
npeo6pas3oBaHuy KOOPAMHAT KaKOH-HHOYAb TOYKH [POCTPAHCTBA
OT OZHO# CHCTEMBI KOOPIHHAT K IPYrO# CHCTEME, XapaKTepH3YIoLeica
AEBATBHIO 33 JaHHBIMH KOCHHYCaMH HaNlPaBJIEH ns1, HJIH, corJiacHo [7,(329)]:

X =a,a + a,b -+ ay,
y =+ B:b+ By, [ (11)
2=y10 + 720 1 ¢,

T. €. TAaKXKE€ YaCTHBLIH cJy4ait ypasdeHufi (4).

Ecau x Bpaumenuio (11) npHcoeqMuMTD 2U1€ NOCTYNATEJLHOR Nepe-
MEHMIEHHE C KOMIIOHEHTAMH CMENIEHHS Ay, Mg, Vo, TO MBI MOJYUMM
HaH6oJiee 00wEe H3MEHEHHE, KOTOPOMY MOKET MNOJABEPrHYTHCH He-
U3MEHAEMOE TEJO. DTO H3MEHEHHE BHIPAXKAETCS YPABHEHHSIMH:

X =2+ a,a + ab -} age, ]
Y == po+ Bra -+ Bab I Bsc,
2 =g 47181 ¥5b 1 ;L.

Ho ¥ 3TO HM3MEHEHHE TaKXKe NPEJCTaBJsIeT COO0I0 YACTHEIA cayyai
o6wero JuHeHHOro nameHenns (4), Tak Kak 12 NOCTOSHHHZX, Xxapax-
TEPH3YIOIMX €ro, He He3aBHCHMH JAPYyr oT japyra. Takum o6pasom,
€C/n NMOCTABHTL BOMPOC, NPH KAKHX YCJOBHAX JHHEHHOE H3MeHeHe (4)
¥aKoro-unby b TeJa HE conpoBOXKAaeTCs NeOopMaANSIMH OCAEHETO,
TO OTBET OYJET CAEAYIOWMHA: KOSPHIHEHTH H3MEHEHHUS 4, U, ¥ JOJIKHB
YAOBJETBOPATL TEM COOTHOLIEHHWSM, KOTOPHE CYLIECTBYIOT MEXAY
€OOTBETCTBYIOMMH KOa(uuveHTaMy ypasHeuuit (12). Ha ocHoBauun
{7, (331) u (332)] aro Bcero wiecTb COOTHOWEHWH, M3 HHX TpH
COOTHOLUEHHS BHJA:

(12)

242+ =181 K, (13)
H TPH COOTHOLUEHHsI BHJA:
Ay + patts +vv, =0 u T. L (14)

B STHX COOTHOWIEHHSIX COJNEPMMTCSI BMECTE € TEM DSA JAPYIHX
COOTHOLIEHMH, KaK HanpHMEp TE LIECTh, KOTOPHE MOXHO MOJYYHTH
u3 (12) u (14) samenodt 6yke 4, g, v uudpamu 1, 2, 3 [cm. 7, (333)
H (334)], manee cootHowenue [7, (491)]

D=1 (15)

H ReBAThH cooTHowenut [7, (492)] Buaa:

Iy =pvy— gy = [4]) =4 B 1. & (16)
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IMoatomy B ypaBHeHHsiX (5) AJsi OOPATHOTO H3MEHEHHS! KO3(H-
HHEHTH CO WITPHXaMH 3aMeHsIoTC KO3(HUHEHTaMH 6€3 HITPHXOB.

§ 5. BosBpaTHMCs K OOLIEMY CJYy4yalo JHHEAHOTO H3MeHEHWs
H BLIBEJIEM HEKOTOpHE CBOMcTBa nocnexsero. Ilpexse Bcero Jzerxo
FOKAa3aTh, YTO BCE€ MATEPHAJBHHIE TOYKH, JEKAINHE RO H3MEHEHH:
B OJHOH IJIOCKOCTH, HAXOAATCS B OJHOH NJIOCKOCTH TAaKXe€ H Mocte
H3meHeHus1. JleficTBUTENIbHO, MaTEPHAJIBHEE TOYKH (4, b, ¢), nexamue
B OJHOH MJOCKOCTH, YAOBJETBOPAIOT JHHEHHOMY YpaBHEHHIO:

Aa+ Bb+Cc+D=0. (17y

IMocre M3MEHEHHsS NOJOXKEHHE KAXAOH W3 3THX TOYEK oOnpene-
JSIETCSl BENMUYHMHAMH X, ¥, 2, KOTOPHE 3ajaHb ypaBHeHHsAMH (4).
INoaTomy, ecau a, b, ¢ yaosieTBOPsAIOT ypasHenuio (17), To X, ¥, 2
YZAOBJETBOPAIOT COOTHOLIEHHIO, KOTOPOE NONYUYMTCS, €CIH UCKAIOYHTD
a, b, ¢ wum, npowe Bcero, noxactaButb 3sHauenus (5) B (17). Iloay-
‘gUTCA cHOBA JHHeHHOE ypaBHeHwe. CJenoBaTeNbHO, TOUKH (X, ¥, 2)
JIeXAT TaKXe B OFHOH MJIOCKOCTH.

M3 3akona coxpaHeHmusi IJIOCKOCTEH HENOCPENCTBEHHO CJAEAyeT
3aKOH COXPaHEHHs MPSMHX, Tak KaK NpaMasl OlpenesseTcs nepece-
YEeHHEM ABYX IVIOCKOCTEH, a TaKiKe 3aKOH COXPAaHEHHS NOpsaAka KaKoi-
JH60 MOBEPXHOCTH, TaK KaK MOPAAOK INOBEPXHOCTH ONPELENSETCs
YHCJAOM TOYEK NEpPECcEUeHHsi €€ C MPAMOH JIHHHeH.

IlpH JMHEAHOM H3MEHEHHH COXPAHAETCH TAaKXE MapasJIesu3M:
ecqH Gbl IBE MATEPHANBLHBE MJOCKOCTH, KOTOPHE ObIIH NapaiebHb!
AO H3MEHEHWs, CAEJAJHCh OH HEMAPAJJIEJBLHBIMH [0CJE€ H3MEHEHHA,
TO JIHHUS NEPECEYEHHS HX, HE Jexamasn B 6eCKOHEYHOCTH, COCTOANA G
M3 TAaKkWX MarepuajbHHX TOuek (@, b, €), KOTOpHE 1O H3MEHEHHS
Aexann B 6eCKOHEYHOCTH, AJst KOTOPHIX, CJI€IOBATENLHO, NPH KOHEYHEIX
BEJHUYHEAX X, J, 2, XOTA OB HEKOTOPHIE H3 BEJHuHH (4, b, ¢) OpLin O
HeckoHeyHeMH. HO 3TO HEeBO3MOXKHO, Ha OCHOBAHHH ypaBHEHHII (B).

W3 coxpasenus nJjockoctell B COXPaHEHHsA MapaJuiieliu3Ma caenyer
TAKXE COXpaHeHHE BceX napasyeaennnezos. Ho yram H o6bemu
HOCNEJHHMX MOTYT M3MEHATbCs. BHUMCIMM H3MeHeHHEe 06beMa KaKoro-
Bu6GYAb BHIPE3AHHOrO M3 TENAa MNapaJJeNCNHNena, KOTOPHIA MOXeT
OHTL 33a7aH YETHPHMS INPOHM3BOJLHO BHODAHHBIMH BEPUIHHAMH: @,
by €., Gy by €4 JIO H3MEHEHHMst O6BEM 3TOrO mnapansesenHnesna:

a byl
V=|% b 61 (18)
a; by 63 1
a, byc, 1
2 AOCJE H3MEHEHMs:
X1V 4

1
V=% Vs 2 i , (19)
1

H

X3 ¥z 23
Xg Vs %4
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TAE X, ¥, 2 CBf3aHH C BENHYMHAMH @, D, ¢, HMEIOIWHMH OJHHAKOBHIE
3HAYKH, NPH NMOMOLIH ypaBHeRHH (4).
3aBucumocTe Mexay V u V/ npome Bcero NoJqyuurth, €ClH yMHO-
WuTL onpepenutesb (18) Ha ¢yHxkumonanwublil onpexenutessn (7),
KOTOPHH MOXHO HAllMCaThb B BHJE ONDPEJCJUTENA YETBEPTOro HO-
pAIKa:
2‘1 12 13 10
151 F"z s xuo _— D. (20)
7, Yy V3 Y

0 001

CorsiacHO TeOpeMe YMHOXEHHS oOlpeneauTeseli, NpPOH3BEAeHHE
onpenenuteaelr (18) u (20) ecty Takwe onpefesuTesb YETBEPTOTO
110psizika, OTHEJbHHE YiIeHbH KOTOPOTrO MOJY4YaTcs, ecHH CJAenyomHM
06pasomM CONMOCTaBHTL MeXAY cOO0I0 KaXAyio CTPOKy IepBOro ompe-
AenutTeas C Kamloi CTPOKOH BTOPOro ONPEReJHTENs: YJIeHH OGEHX
CTPOYEK, CTOSIME HA OJHHAKOBEIX MECTaX, NepeMHOKAIOTCS, H IPOH3-
BEJIeHHs CKJIARBBAIOTCH. TakuM 00pa3oM nepesift yieH NepBok CTPOKH
TIPOH3BEACHNA DPABEH:

alll + blzﬂ + Clls "I‘-‘ 1 * ln:

‘BTOPO#l YJieH NnepBoil CTPOKH:

ypq + byus + cyps 1 - py;

METBEPTHH Y/ieH [HepPBOH CTPOKH:
a1'0+ b1'0+C1‘0+1° 1 H T I,

a BechL oNpeleaHTes]b OKAaXeTCs, Ha OCHOBAaHWH (4), TOWAECTBEHHLIM
¢ onpepeqautenem (19). Ilostomy umeem:

V-D=V, @1)

npudeM Bce TpH BeaunyHun V, V', D nonoxuTeNbHEL.

Tax Kak nocselHee COOTHOLIEHHE He 33aBHCHT OT BEJIUYHHH H
¢dopME paccMmaTpuBaeMOro mnapajjejienunesa, H, 3HAUHT, NeHCTBH-
TeJBHO TaKke 17151 6eCKOHeYHO MaJIbX MapaJuiesenuneloB, TO ypaBHe-
Hue (21) MOXHO 0606MIHTL HENOCPEACTBEHHO HAa BCIKHE 06beM, Bhi-
pe3aHspll M3 TeJa. MH nOJyYHMM TaKoe MNpaBw/O: NpPH JHHEHHOM
¥3MeHeHHH OObeMH BCeX dyacTell Tesa H3MeHsIOTcss B ONMBaKOBOMH
Mepe, npuyeM oTHolleHHe 06beMa KakoH-aMO0 YacTy Tesa Nocle u3Me-
HeHHs1 K 06beMY ee IO M3MEeHEeHHs PaBHO (QYHKUHMOHAJIBHOMY OIpe-
JResuTemo. B cornacnu ¢ aTnM BaxonuTes ypasHeHue (15), no kotopomy
fipH BCAKOM H3MEHEHHH HeH3MeHsieMOI'O Tesa QyHKLHOHAJIBHBIA onpe-
JEeJHTeNb DaBeH €/UHMLE.
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JPacumpenuem“ o6bemMa HA3EIBAETCS OTHOWIEHHE H3MEeHeHus 06be-
mMa K nepBoHayaJbHOMy 00beMmy. Takum 06pa3om paciudpenue INpu
AHHEHOM W3IMCHEHME DABHO:

Vi—v
Y=Y —D—1. 22
v (22

OHO NOJIOXHTEJHHO HJH OTPHUATENBHO, CMOTPS I10 TOMY, HPOHCXO-
AMT ¥ PACTAMEHHE WJIY CXKATHE.

§ 6. Ecau moaseprayTh kKakoe-HHOYIb TEJIO JIBYM HJIH HECKOJIbKAM
HOCJICOBATENILHEIM JIHHCHHBIM M3MEHCHHSIM, TO B pe3yJbTaTe noJy-
YHTCS YaKXKe JuHeflHOe H3MeHeHHe. B 3TOoM Jerko yOemuThCSH, echu
paccmoTperh B3AUMOOTHOLICHHE MEXAY KOOPAHHATAMH KaKOH-JIHGO
MarepuaTbHOR TOUKH IOCIC COBEpPUICHHS NOCHEAHErO H3MEHSHHS W
€e nepBOEHAYaNbLHBIMM KOophmuaramu (@, b, ¢). Eciim Touka mnocne
[EPBOro M3MCHEHHA OKA3KBAGTCA B MeCTE (X, y, 2), [OCJE BTOPOro
B Mecte (X', ), 2"} 4 T. K., HOCJIE HOCAENHErO H3MEeHEHuH B MecTe (X7, y¥,2%),
70 COOTHOUICHMR MCKAY 4, b, ¢ m X% y* 2* nosyuyatcs B pesyJbTare
HCKJIIOUEH I NPUMEXYTOUHBIX KOODAMHAT. DTH COOTHOLIEHHS OyAyT,
QUEBHIHO, TAKKC JIHHEHHLIMA ypaBHEHHUSIMH.

OfpaTHo, Kaxjaoe JAWHCHHOE H3IMCHEHHE MOXKHO pPa2J0XHTH HA
HECKOJbKO [OCJEAOBATENBHO BHINOJHEHHLIX JHHCHHBIX HW3MEHCHHI,
HpUueM NOPALOK NOCAEJHHK B0O6IIE, KOHEYHO, Hebe3pasuueH. Brnosme
£CTECTBEHHO [POH3BECTH 3TO PAINOKEHHE TakuM 06DA30M, YTOOH
¥apakTtep OTHeJbHBIX H3MCHeHVWH ObiJI BO3MOMXHO OoJice NPOCTHIM H
tusnyecku parjasaabiM. Torza ynasocb 66l csecTH obwu# ciaydaii (4)
AUHCHHOrO M3MEHEHHsT K HEeKOTOPOMYy Yucay GoJie€ MPOCThIX H JIETKO
HCCJICAyeMEIX HU3MEHEeHWH # BMecTe € TEM BRIICHHTH (Qusudeckoe
SHAUYCHHE NOCTOAHHBIX M3MEHEHusaA A. g, V.

[Tepesifi mar Ha 3TOM [YTH COCTOMT B TOM, YTO MH CBOJHM H3Me-
Henue (4) K TakOMy HM3MEHEHWIO, MpPY KOTOPOM MaTepuajsbHasds TOY-
¥a a=0, b =0, ¢ =0 coxpasser CBOE NOJOXEHHUE, DTO JErko CAEJaTh,
€Cai COOOILUTb TEJIY HOCTYNaTeJbHOE NEPEMEILEHHE C KOMIO-
HEeHTaMU 4, Uy, ¥p, H TAKUM 0OHPa30M YNOMAHYTad TOYKA NPULET B CBOE
KoHeyHoe noJoxedde. OCTaHETCs €1e TaK HAa3hBaeMOE ,OJHOPORHOE
H3MEHenue", o0Wmil BUJX KOTOPOro:

X = A4 2,5 4 Zac,‘l
Yy = ma+ b - pec,
2 =1a 4+ vb v J

IocnenuuM M H 3aliMeMmcs noapobuee.

Paccvorpum Bce T€ MaTepHanbHBIE TOYKH, KOTOpPHIE JEwaT Ao

M3MEHEHMsi Ha IOBEPXHOCTH [IAPA, OMHCAHHOrO M3 HAdajla KOOPAAHAT
K&K LEHTpPa MPOHU3BOJLHLIM PAjiMycoM R, T. €. TOUKH, JJA KOTOPHIX

Q2 4+ b? + = Rﬂ- (24)

2 BeefeHue B 1COPETHNCCKYIO (MBHKY

(23)
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Tocne usmeHeHUst 3TH TOYKH JI€KAT, COrJacHO § b, Ha HEKOTOPOH
NMOBEPXHOCTH BTOPOro nopsaka. Tak Kak HU OJiHa TOUKa HE CMEMIAETCS
B OECKOHEYHOCTh, TO 3Ta NOBEPXHOCTh €CTH 3JJIHICOHE C LEHTPOM
B HayaJie KOOpPAHHAT, B YEM JETKO yOEeHuThCsl, €Cli NOACTABUTE B (24)
BEJUYHHE @, D, ¢, BEIpaXKEHHLIE TIpH NOMOL[M ypaBHeHuit (23) uepes
X, ¥, 2. Te maTepunaJbHLIE NPAMHE, KOTOPHE KO H3MEHEHHS COBIa-
JaJIH C OCAMH KOOPJHHAT, OCJIE H3MEHEHHs He GYAyT, BOOOLLE FOBODs,
NEPNEHAUKYJAPHBIME ADPYT K Apyry. ONHAaKO MOXHO YTBePXHAaTh, 4TO
OHH # MOCJE HU3MEHEHHA 006pasyioT TPOHKy B3aUMHO CONPAXKEHHEIX
EMaMeTpOB 3JlHinca, T. €. 4TO KacaTeabHafA K 3JUIUICOUNY IJIOCKOCTD,
NPOBEEHHAA YEPE3 KOHEN OJHOrO M3 JMaMEeTPOB, MapaJJselbHa MJo-
CKOCTH, NPOXOZsIUEH Yepes ABa APYTHe AHAaMETpa: BO-NEPBBIX, TPH
KOOPAMHATHbIE OCHM, KaK M BCAKHE TPHU B3aUMHO TNEPNEHAHKYJAPHER
npsMblE, NPEACTABJIAIOT COO00 TPH B3aHMHO CONPFKEHHHIE AHaMeTpa
mapa, H, BO-BTOPHIX, CBOHCTBO 00pa3oBaTb CONPSXKEHHYIO TPOHKY
NPUHAZJIEKHT K TEM CBOACTBAM, KOTOPbIE HE H3MEHRIOTCS NPH JHHEMH~
HOM H3MEHEeHHH, TaK KaK INPH 3TOM COXPaHAIOTCH M KacaTeJbHas
IVIOCKOCTb, M TapaJsIeni3m.

Cpenn BceX TPEX B3aMMHO COTNPAMEHHHIX NHAMETPORB 3JJIHICOHAZ
HMEIOTCSl TPH TaKuX CONPSKEHHBLIX AUAMETPa, KOTOphE 06pasyioT
NPAMBIE YIIB: 3TO — OCH 3Juncouna. OTCIONA CJAEAYET, YTO TE€ TpH
MATEPHAJBHBIE NPAMBIE, KOTOPLIE COBNAZAIOT C OCAMH 3JIJIHIICOHJA
focKe U3MCHEHHs, NMEePNEeHARKYJIAPHEL JPYT K JPYry TaKKe # 0 u3Me-
HEHHs, TaK KaK TOr1a OHH ABJAIOTCA COAPSAKEHHBIMH JHaMeTPaMH
mrapa. Jpyrumu cllogaM: CyIecTBYIOT TPH ONPENEIEHHBE MATEPHUAJID-
HHIE MNPAMHE, KOTOPLIE NEPNEHAUKYJAPHH APYT K JAPYTY KaK 10 U3Me-
HEHHs#, TaK M MOCAE U3MEHEHHSA. )

C nmoMmouipio 3TOrO TpaBuJia MOXHO BCAKOE€ OJLHOPOJAHOE
AHAEHHOE M3MEHEHHE pasJOKUTL Ha NPOCTOE BPaI(EHHE
OKOJIO HayaJla KOODPAHHAT, KOTOPOE COBEpIUAeTCH TaKUM 06pa3oM, YyTo
coo01aeT TPEM Ha3BaHHEIM MPAMBIM HOBHIE HANPaBJEHHHA, H, KPOME
TOr0, Ha HEKOTOPOE JUHEHHOE H3MEHEHHE, KOTOPOE UMEET TO CBONACTBO,
9TO TPH B3AHMHO NEPNEHAUKYAAPHLIE NPAMBIE COXPAHSAIOT CBOE Hanpas-
aenne. Taxkoe H3MEHEHHE Mbl HA30BEM PAaCIIHUPEHHEM IO TPeM
B3AMMHO NEPNEHAHKYJIAPDHHM HAaNPaBJIEHUAM.

§ 7. PaccMotpum mnoppobHee cBOACTBO pacCIIMPEHHs] [0 TPEM
B3aHMHO NEPNEHIUKYJAPHHM HanpasJCHWsAM. [ToMecTHM KOODIMHAT-
HHE OCH N0 3THM TPEM HaNPaBJEHHSIM — TaK HA3LIBAEMBIM ,OCHM
pacwivpeHus“, 1 ONPENENNM, KaKkOe yNDOUIEHHE NOJyyaT NpH CLENaH-
HEIX AOnymeHunx obuue ypasHeuus (23) omHopOaHOro JauHefiHOTO
u3MeHenMsa. Ecad HanpaBneHue OCH X OCTaeTCsi HEH3MEHHBIM, TO
mpe b=0 u ¢=0 poimxHO OHTH Takxke y=0 u z2=0, 4, CTaJO
Ouith, ¢, =0 M 2, =0. COOTBETCTEEHHBIE BBIPAKEHHUS NOJY4aTCs H
st nByX npyrux ocedt. Orciofa Mb NOJYUHM OGIIEE BHPAMEHUE AJS
PacIMpPEHHst MO TPEM KOOPAMHATHBIM OCAM B BUIE ypaBHEHHH:

X=1a, y= b, 2=y (25)
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DyHKnUOHAJBHER ONnpenenuTesb, coraacHo (7) u (10):
D = 2414493 >0, (26)

HpUYEM BCE TPU KOSQUIMEHTA MOJOKHTEJbHB, TaK KakK OCH KOOpHH-
HAaT HE M3MEHAIT CBOErO HAMPABJEHHA HA NPOTHBOMNOJOMKHOE.

C Zpyro# CTOpPOHH, OCH KOOPHHHAT IPEACTABASIOT cOGOK0, 1o
KxpafiHeil Mepe B OOLIEM CJiyyse, €MHCTBEHHHIC HAINPAaBJEHHA, KOTO-
pHle HE noxsepraroTcs MsMeHeHuio. €10 B TOM, 4TO mMaTepHasibHLEe
TOYKH, KOTOpHIE JO H3MEHEHHUA JIEXKAT HA MNPAMOHl C OTHOIICHHAMA
MEX Yy KOCHHYCaMH HanpasJeHusi (YrJIOBBIMH KO3(HIHEHTAMH)

a:f:y=a:b:e

006pa3y:oT nocae HM3MEHEHUsl NPAMYI0 C OTHOIUEHHUAMH KOCHHYCOB
HanpaBJIEHUA

X:y:z = ho:usf:vgy.
O61eMHOe pACIIMPEHHE PaBHO, Ha OCHOBaHHH (22), BRIpaXKEHHIO:
D— 1= Apvy—1. 27)

MOXHO TONYUHTb TakKXe DACIIMPEHHE NPAMOM, CIH Pa3JIeJUTh H3Me-

HEHHE PaCCTOsHHA MEXAY JByMsi TOUKaAMH IP7AMOH Ha HX MNEpBOHa-

¥aJIbHOE paccToAHHE. PacluHpeHHs MO TPEM OCAM pPaBHEL

X—a y—b 2—c¢

- =Zl_l; : —‘_"‘:Ma_l; ""‘:'Vs'—' 1. (28)
a b ¢

OHu Ha3bplBaloTCs1 OOKWIYHO LIVIABHBIMH paciuspedusamu“. MIx Bripaxe-
HHsl HaIVIAJLHO OMNPEAENAIOT (PH3MYECKHH CMHCI TPEX KO3(DHUIHEHTOB-
H3MEHEeHH:.

B uacTHOM caydae A; = lls=%; BCe TpH IJIaBHHIE PacIUUdpeHus],
NOJOKUTENbHHE HJIH OTPHIATENBHEE, PaBHB Mexny co00il, BCe nps-
Mble COXPaHsOT CBOE HaNpaBjeHHe, OCH PpACIHPEHHA CTAaHOBSTCH
HeOonpeAescHHEMY, H TENO HCNHTHIBAET BCECTOPOHHEE PaBHOMEpHOE
pacTsKEHHE HJIM CXKATHE, NPHYEM BCe YaCTH €r0 OCTaIQTCH MOAO6GHLIMH
camumM cebe. :

§ 8. Mu Bunem, yTO Kaxnoe nHHEHOE H3MEHEHWE MOXHO pas-
JOXHUTh HA NOCTYNATENLHOE NEPEMEIIeHHE, BPAIICHHE H PacLlUUPEHHE
IO TPEM B3aUMHO NEPHEHAMKYJSDHHIM HampasaeHdsiM. B TakoM ciay-
Yyae HaM [PEeJCTOUT 3aZaya BHIBECTH B JIEHCTBUTENBHOCTH 3TH TPH
OTHEJIbHBIE ONepanud JAs OINPELENEHHOrO M3MEHEHHA, 3aZAHHOTO
ypasHeHusivu (4), WiH, APYTHMH CJOBaMH, 10 3allaHHHM Ko3QuuueH-
TaM A, Y, V BHYHCJAHTL COOTBETCTBEHHBIE OTHEJbHLIE H3MEHEHHS.
C aTtoit nenbio y6eunuMcst IpEXAE BCETO, YTO JJSl BHIYHCJAECHHS BCEX
HCKOMBIX BEJIHYHMH HMEETCH POBHO CTOJIRKO K€ ypaBHeHuH, CKOJLKO
ecTh HeusBecTEHIX. JleficTBUTENBbHO, ypaBHeHus (4) coaepxaTt 12 nesa-
BHCHMBLIX NMOCTOSIHHBIX A, i, V, KOTOPBIE MBI pacCMaTpHBaeM Kak 3afaf-
Hue, POBHO CTONBKO XK€ HYXHO BEJNHUHH, XapaKTEPH3YIOLUIHX OTAeb-
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HHlE H3MEHEHHS, a HMEHHO: TPH — AAf NOCTynaTeJbHOTO IepeMernie-
BHS, TPU— JJIsl BPAIEHHS H IUECTb— JJIsl PacUIMPEHHsi IO TpPeM
nepHeHJHKyYJ/APHBIM HalPaBJICHUAM, TaK KaK TPeOyIOTCs TPU BEJIHYHHBI
JUIsl ONIPEJEJICHHS] HANPaBJECHHA OCEH PaCLIMPEHHS] H ewe TPH BeJd-
yHHEl JJIS ONpENEJeHNs IJIaBHEIX PaclidpPEHui,

Jlsi5 KOMIOHEHTOB NOCTYNATENbHOIO MNEPEMELIEHHS MOJYyYHUM, KaK
Ml yxe Budend B § 6, NPOCTO BEJHYHHLL Ay, Ug, Vg, NOCHE OTAEICHUS
KOTOPHX OCTaHyTCA ypaBHeHust (23) nJid ONHOPOAHOTO H3MEHEHHS.
Y1066 NOJYYHTH B3aHMOOTHOLIEHUsS! MEXIY KOIPHLIMEeHTaMH MOCAEN -
HETO M BeJHYHHAMH, ONPEAECJSIOWUMY BpaNlEHUE H PacCIlBpEHHE,
MOJIOXKHM, YTO TEJIO CHEPBa UCMBITHIBAET PaCIlUPEHHE 1O TPEM B3aHMHO
NEPNEHAUKYIAPHBIM HAlPAaBNAECHHAM, a 3aTEM BPaILEHHE OKOJO Hayuala
KOOpAXHAT, 1 BHUHCJINM [OJH0E€ M3MCHEHHE MOJOMKeHHsS, KOTOPOE
npeTepneBaeT NPH 3TOM OnpejelieHras MaTepualdbHas TOYKa (a, b. €).
O603H3aYKM HanpaBJEHHUA TPEX OCeH pacCUIUPEHHA, KOTOPHE B 06IEM
CJIy4a€, KOHEYHO, HE COBMAAAIOT C OCAMY KOOPIHHAT, MPH NOMOLIK
KOCHHYCOB HAIPaBJICHHA @5, By, V1, Op Pa Vo Oy By, ¥ @ NOCTOSHHBIE
Iunatauud 0603HaunM Iy, Mg, Mo, Tak Kaxk OyKBbl 4, U, ¥ HVEIOT Apyroe
3HayeHue B ypaBHenusx (23). Hro6nl HMeTb BO3MOMHOCTL MPHMEHHUTH
3aech ypasHeHHe (23) JJisi pacUIMpeHHs, OTHECEM MpexIe BCero MaTe-
pHaJbHYI TOYKY (@, b, €) K OC#M PacCIUHPEHHA KaK K KOODJHHATHHM
ocsiM. KoopauHats! TOYKH MOJIy4aT TOTA4 3HaYEHHA:

a,a+ pb+ye =§
00+ Bob +yec =1, ¢ (29)
a0 + Bsb - ve = .

3atem cosepuwruM paciuHpesue. Vi3 ypapaenuif (25) noaydum Koop-
AVHATH PAacCMAaTPABAEMOH MATEPHAJLHON TOUKH OTHOCHTEILHO OCei
pACIIMPEHHUS NOCJE H3MEHEeHUs:

g' - lo§, 17' = myn, gl = n(_)g- (30)

Jaree nycts nociienyer BpamgeHue. [Tosox#M, YTO OCH pacLiupe”
HAS [epeli¥ K3 HAanpaBJseHuil, 0603HAYEHHKLX BEJIHYHHAMHE @, f, ¥
B HEKOTODHE [APYyru#€ HANPABJCHUS, KOTOPHM COOTBETCTBYIOT KOCH-
HycH a, By, v/, @, B, ¥)', a3, B¢, v;'. Torna xoopnunatn wnaweh
MaTepHaJbHON TOYKH OTHOCHTENLHO TPEX HanpasJeHuh (o, f',y") 6yayT
nocje BpalleHus paBHbl &'. 9, §’, TAK Kax MOJIOKEHHE TOYKH OTHOCH-
TEJbHO OcCefl pacliuMpesds HE u3MeHseTcs npe BpanleHdd. OrHOCH-
TEJNBHO e NEPBOHAYAJILHON, HENOABUXHOH B NMPOLTPAHCTBE CHCTEMH
KOODAMHAT TOYKZ MMEET KOOPJHHA'H X, ¥, 2, TAK KAK BMECTE C Bpa-
IIEHHEM 3aBEPLIAETCS BCE H3MEHEHHE TeJia.

INosTomy Mbi umeem:

x _— allsl + azfnl + asfgl,
Y=5/§+B8'v +85¢, (31)
2=p,§ +vn +vC.
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JTHMH DaBEHCTBAMM 3aMBIKAETCA KPYr PAacCyxJAeHHMH, W KOOPHIH-
HATH X, ¥, 2 BHIPaXaioTcsa Yepes KOOPAMKATH &4, b, ¢. 19 3TOr0 HYXKEO
TOJILKO BBIPA3UTh &, 9, &’ uepes & 5, ¢ npu nomowmu (30), a nocsaenuue
BEJIMYMHH BHIPA3UTE Yepes &, b, ¢ npu nmomowl (29). Ecau npoaenats
3TO M NOJHOCTBIO OTOMXIECTBHTb INOJYYEHHHE TpPH YpaBHEHHS C
ob6mumMy ypasHeHUsMH (23) JHHEHiHOrO OJHOPOJHOrO HM3MEHEHHS, TO
MONMyYuM CJefywoulde AeBATb COOTHOLIEHHI:

lyosoy" + mgn,a, + Mpagay’ = A4,
loB12y" + MyBaay’ - Noflaay’ = Ay,
loraoy + MeY,2y -+ Noyaay’ = 4,
lorBy' + Mo By’ ++ ngafis’ = w,,
BBy + moBaBy + Nofafs’ = pa, (32)
718y + mgys8y" -+ noyaBs’ = us,
lyayyy + mgay,” + ngagys’ =y,
loByry' + MoBeye’ —+ NoBays’ = vy,
107’1;?’1' + mgyeys + Myysys’ = v,

MOCTPOEHHE KOTOPHX Jerko nommeTuTb. M3 HuX noJgyuaercs npu
3afaHEHX A, K, ¥ HeBATb COXEPIKAIMXCA B HMX HEH3BECTHLIX.

§ 9. I'lpu npou3BOACTBE BHIYHUCACHHH OrPAHHYHUMCSH YACTHHIM CJy-
gaeM 6ECKOHEYHO Manoro suEefiHOro usameHeHua. 3TOT
cayuall MOYTH MOJHOCTBIO OCYILIECTB/IEH BO MHOIHX SIBJCHHSAX, HANPH-
Mep, B TBepAbX Tesax. Ho OH HMeeT u3BeCTHOE 3HAYEHHE H A/ KOHed-
HBIX H3VEHEeHHi, TaKk KaK KOHeYHOe W3MEHeHHe BCeraa IIDOHCXOIMT
B TEYEHHE KOHEYHOr0 BPEMEHH H I03TOMY COCTOUT U3 psjd 6eCKOHEYHO
MaJHX H3MEHEHMi, KOTODhie COBepILaloTCH MOCJEN0BATENLHO B Te-
yeHre GECKOHEYHO MajblX IPOMEKYTKOB BpPEMEHH.

Yro6uee Bcero BBECTH YNPOILIEHHS,, KOTOPbie BO3MOMHE npu 6ec-
KOHEYHO MaJIOM U3MEHEHHH, CJIH BMECTO" KOHEUHHX KOODAHHAT X, Y, 2
MaTepuaJbHOH TOYKH BOCMOJbL30BaThCS OECKOHEYHO MaJbiMH KOMIIO-
geatamu ee cmemennn (3). Torma ypassenus usMmenesus (4) Hamu-
WyTCA TakK:

U=+ da + ;b + 2,
V= o+ tha + pb + ug, (33)
w= vy +1a + »,b -} rc,
rje Aas yNpouleHHs NoJjaraem:
M—1=4 uy—1=y, v3—1=vn (34)
Bee 12 xoaduumenTos 4, g, ¥ B ypaBHeHHsX (33) 66CKOHEYHO Majbl.

C npyro#l cTOpoHH, rIaBaHe pacuiupenuns (28), pasyMeercs, TaKxe
6eckoneuno magH. [TosToMy nosaraeM HMX 3HaYeHHS:

le—1=1 my—1=m, nj—1=n. (35)
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Kpome Toro kocuiiychl HanpaBneHu#i ocefl pacuupesus a, p, y,
KOTOpbIe, BOOGie TOBOPS, KOHEYHH, NpETepneBalnT NpH BPALCHHH
AHIIb 6ECKOHEYHO MaJsbie H3MeHeHHs. [T03TOMY MBI MOXEM MOJIOXHTh:

o =0, +day, f =8,+ df, n 1. I

Ecsin BBecTH BCe 3TH NOACTAHOBKH B ypaBHeHHs (32) M, KpoMe TOro,
NPpUHATL BO BHUMaHHe o6wue cootsomerus [7, (333), (334)] mexny
KOCHHYCaMH HanpasJenwit u cootHomenus [7, (335), (336)] mexny
X puepeHuHasaMH, TO AEBATh ypaBHenu#t (32) npuMyT Takofi BHA:

la? + may,® 4 nag? = A,
la,By + mayf, + nogfy —C = Ay,
layyy + magy, + nogy, + 1= s
lay By + magfly 4 nagfy 4§ = g,
I8, +mp? -+ npsd =u } (36)
Byyy + mByvy + nfsys—§ = g,
layy, + maoyy, + nagyg—n =,
Byyy + mPyys + nfyrs +-§ = vy,
17’12 + m7’22 -+ n732 =19,
rie §, %, & upencrasasior, cornacHo (7, § 101), KOMIOHEHTH TOre
6ECKOHE‘{HO MaJoro Bpaienus, KOTopoe nepemeniaeT OCH pacuvpe-

HUs W3 Hanpapneuufl (a, B, ¥) B Hanpaejenus (o, B/, ¥'). 3uauedus
HX HOJY4aj0TCsl HENOCPEACTBEHHO B BHIE:

oYzl :35‘_"’1 :ﬂl'—zz
§ 2 , 7 5 ,'C - 37)

Benuuuna u Hanpag/ieHHe paclIMPeHHs BHPAXKAOTCH IECTHI YPaB-
HEeHUAMU:

lo,® +ino? +nel? =147,
B +mBs: +nBd =y,
Ir¥ +mp?® +nysd =v,
+ &
1By + mByyy + vy = 2T H,
171 ﬁ 272 ﬂ 378 2 (.38)
lyya, -+ my,0, + nyqo, = f‘g_é‘_ﬁ’
la,fy + mayf, + na,B; = ”—"g——}?

BoCnosL30BABIIMCE 3THMH YPaBHEHUAMH M PAacCMOTPEB ONpenens-
Teas D (7), MOXKHO YCTaHOBHTP, COCTOMT JIH H3MEHEHHe, KpOMe MOoCTY-
HaTe/LHOTO MepeMEeUIeH s, TOJbKO H3 PaCIHPEHHUS IO TPEM B3aHMHO
HEDHEHILHKyJIHprIM HanpasJCHUAM HJAYU K€ CONPOBOXAAETCHA TAKXKE
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ppawenuem. Ecan onpenesnnresb CHMMETpPHYEH, T.€. HE H3MEHSETCH
NpH B3aUMHOM 3aMeHe CTPOK H CTOAGLOB, TO & %, § BCE pPAaBHH HYJIO,
u Bpauiesus ger. Caieflyetr HMeTh B BHIY, YTO TOJIbKO-OCH PaCLiMPEHUs
He nosopayugaioTcs. Jpyrue xe npamole, KaK Mbl BHAEH B § 7, H3Me-
HAIOT CBOE HANpPABJCHHE TAKMKE H B CJYy4Yae YHCTOrO pacliupeHys Teaa.
IlporuBonoyoxdHE Cayuafl, KOraa u3MeHeHHe COCTOHT TOJBKO M3
NIOCTYNaTeNLHOr0 NepeMeuleHuss H BPalleHHsA, XapaKTEepU3YeTCs TeEM,
YTO IJaBHLIE pacludpeduns [, m, n obpauwanTcs B Hyab. loraa, mo
(38) u (37):

l:u:w:o, '),’2:—“3::&, },3=_'y1=7], u:——-lzzg’
H ypaBHeHHs (33) I KOMIIOHCHTOB CMEILCHHUs NNepeXofnT B YPaBHEHHSA:

u=A—_&b+1c,
Vv =y + a—§c, (39)
W= v,—una 1 §b,

aHasoryyHbie oOGWHM BHpawxerusm [/, (348)] mna cmemeruft Toyex
a6CoMIOTHO TBEPAOro TeJa.

Ocraerca emle 3ajaya BLIYMCAHTL M3 ypasdenuit (38) raapgue
PaclUHpeHus [, m, 1 U KOCHHyChl Hanpasneuus (a, £, y). daa storo
BOCIIONL3YEMCS CHOBA OGLIHMMM COOTHOLICHHSIMH MEXJAY KOCHHYCaM#
nanpaeneHnufi, na ceff pas 8 ¢opme [7, (331), (332)].

C noMouwipio HX noJay4daTcs M3 ypapHeHui (33) ciaefywoluiHe co-
OTHOMIEHHUSA:

/1(11 _i‘ MI + A?ﬂl 1'3 _2}‘”1 ?1 == lap
fath +  y + 4y +atls i, (40)
AL .
; —; . o+ 2 —; = By + vy =y

3TH TPH YpaBHEHHS THHEHHB H OJHOPOIHH OTHOCHTENBHO a4, By, 74.
Tak kak 5TH BeAMYMHbBI HE MOryT BCE DAaBHATLCA HYJIO, TO onpexe-
AWTEJDL YPABHEHHS [OJIKEH PaBHATHCH HYJIO, T. €.

l__l ltl+22 Z'3--,_""1
. 2 2

h+ Ay p—y T8 0. 41)
2 2

Aa v Vit ps w1
2 2

HNoayunaocy KyGuuecKoe ypaBHeHHe Ajs BhuHCJeHHs [ B kosdu-
ilgentax 3TOoro ypasHenms mudpa 1 HMuem He BLLAGAnETCA MO CPAB-
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HeHEHIO C Japyrumd. OTciona caenyeT, 4YTO 3TOMy Ke YPasHEHHIO
YIOBNETBOPAIOT TaKkKe Jpyrde rJaBHbIE DACIIHPEHHS M H 1, WIH,
OPYrMMH CNOB3aMH, YTO TPH KODHS 3TOTO YPasHCHUSA IPEACTABJSIOT
co6010 BUJIHYMHBL [, N1, 1 ¥ NOTOMY BCEria BelleCTBEHHH. KOTOpbI
K3 KopHell 0603HauHTh uepes I, m ujH 11, — 3TO OCTaercs, KOLEUHO,
geonpenenerHuiM. MOXHO, HANpUMEp, MONOXUTL [ > m>> N, He orpa-
HUyuBass OOIWIHOCTH perieHus. 3uas [, M, 1, MOXHO npu nomoiH (40)
BLIYHCJIHTL COOTBETCTBeHHbE (a, 8, 7). 3HAK NOCAIEAHUX, ONHHAKOBEIR
IJIS BCEX, OCTAeTCs HEONpeneseHHbIM.

O6bemuoe pacuiHpesue (22) Aaa GECKOHEYHO MAJOro H3MEHeHHs
MOXHO BBIYHC/IUTD, HalAs GyHKUHOHAAbHBI OnpenendTenb (7) U NpH-
HAMas BO BHuMMmanue (34). Ecan npenebpeub OGECKOHEYHO MalbIMK
BEJHYHHAMH BBICLIETO MOPAAKA, TO NOJYYHM BeJHYHHY OOCBEMHOrc
paciiupenus:

D—1=2A+4 pu+ ». (42)

Tarkum 06pasoM B BHpAKeHHe 0GBEMHOf AMIATALHK BXOAAT TOJbKO
NHAroHaJbHEE 4YJIEHB onpefenuress. TOT Ke pesy/nbTaT MOXHO,
KO:.!€4HO, NOJYUuThb, €CJH HMEeTb B BHIY, YTO X1 oGheMHOro pac-
IHPEHNA BpalleHHe HE INPHHHMAeTCH BO BHHMaHHe, H Ha OCHOBa-
HuM (27) u (35)

D—1= Igngng—1=I+m +n. (43)

3T1a BesHUMHA NpelCTasnseT CoNOI CyMMY KOpHeii KyOHueCKOro
oTHOcHTeNbHO | ypaseenHs (41), T. e. paBHa KO3(dHUHMEHTY npu I
B 3TOM YPaBHEHHH:

l+mi4n=24+pnp+v, (44)

YTO MOXHO TNOJYUYHTb H HENOCPEeJCTHEHHO, €CJAH CJOKHTb NepsHe
Tpu ypasHenus (38).

§ 10. Pasnoxenue nuHeHHOr0 H3MECHEHHS HA NOCTYRATEJIbHOE NEpe-
MeHIeHHe, BpaIleHHe M paCuHpenHe Mo TpeM MepneHAHKYJs PHbIM
HaNpas/AeHHsAM HE €IHMHCTBEHHO BO3MOXHOE, HO OHO HMEET MNNEeHMY-
uiecTBO 6aaronaps cnoeMmy npocTomy PUaHueCKOMY 3HAUeHHID. BuecTo
HEro MOXKHO I,.OH3BEC'H TaKKe JIPyrHe CPaBHH!EJLHO NPOCIHe pas-
aomerun. Tak, Hanpumep, 6ECKOHEUHO MaJoe ONHOPOIHOE H3MEHEHHE

u=43a 4+ A,b + A.c,
v== 0+ pb -+ pge, (45
w=wa4 b+ I

MOXHO paccMaTPHUBaTL KAK INPORABENEHHOE paClIHPEHHeM MO Tpew
KOODIHHATHLIM OCAM, C IJIaBHBIMH DaClUNPEHHAMH 4, #, 7, 1 KpoMe
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TOr0o ene mecTbi0 H3MeHneHHAMH, KOTOPHE MOryT ObITh NnpencTaBleHs!
ypasHEHHAMHL

u=2n,bh v=0 w=0 u=ig, v=0 w=0ur 1

INTopanok coBeplicHUs 9THX H3MEHCHHH Ge3pa3nnueH, TaK Kak nepe-
MEHa 9TOTO MNOP 'JKA BHI3RAET TOJIbKO PA3JHYHA B BEJMYHHAX MEHb-
mero nopsiaxka fcp. 7,(101)]. Kaxnoe u3 3Tix 1IeCTH H3MeHeHMH
AMEeT IpOoCToe 3naueHue: 14K, HANpUMED, B NeprOM M3 HHX CMelle-
HUS HH 3aBuCST GT @ U € W FCe NPO+CXOAAT B HANPABJCKEHH OCH X, T. €.
KaxJias IJIOCKOCTE MNapajsi./ibHAf NJMOCKOCTH X2, COBEPILAeT NPO-Toe
TIOCTYNA” e/ibHOE NepeMeineHue, OHa CMENIAeTCs Kak uesoe, 6e3 noso-
pota u Ge3 nedOpMauuMy# B HANPaBJERHH CCH X, NMPHYEM TONLKC
BEJIHYHMHA CMEIUEeHHsl MEeH:eTCsl NpPH nepexcie oT ojH H NIOCKOCTH
K Jpyr . Takce wusmeneHve HANOMHMHAET CKOJbisiLlee JBiKEHUE
JBYX NOJOBMHOK HOXHHL. OHO HA3LIBGETCH ,CPe3cM“ UM ,CHBRIOM®.
OTciona caeny: T NMpasuio, YTO Kamnoe GeCKOHt Y4HO M3J0e OAHOPOI-
HOE H3MCHEHHE MOXeT GhTb pasjoiKeHO HA pacHlnupeHHe MO Tpem
KOOPDIHMHATHHIM CC%M H LIeCTb CHBHIOB IJIOCKOCTeH, NapajnenbHHX
KOODAHHATHBIM NAOCKOCT M, IIO HANpaBJeHHIO OCel.

Hecmorps Ha mnpocTyio ¢opMy, 3TO Npasua0 HMeeT B00bmEe
XOBOJbLHO C/MOXkHOE (u3ngeckoe 3HaueHuwe. Bospmem, manpumep, Gec-
KOHEUHO Mma.i0e spaineHue U =-—Z{b, v={a, w=0 kak yactanii ciy-
yal o6wero cmeul vy (39). CornacHO rocsaegpHemy OpPaBHAY, 210
CMelilenHe NMPHIIOCh O paCCMAT{HBATb KaK NPOM3BELEHHOE JBYMS
NOCAEN0Ba1€.1bHLMH CHBHIAMH, T. €. .34 CHEHH:MH. KOTOPHIC CBASAHb:
¢ zedopvamnr MU Tesa. BeelleHHe NOSJTENHHX CCBEPIUERRO H3AHILHE,
TAK K4K OHH, NOHATHO, B3aHUM!I O YHHYTOXAiolcCs.

§ 11. Paccmoi pendniil B nocaeBkx naparpagax ciyysih nuEeHHOrc
H3MEHEeHus NPEHCTARNAET HHTEPEC He TOJbKO haK NPCCTON 4YacTHEBE
chyya#i, OH KHMeeT TaKXKe BaxkKHOE 3HadeHue s camore obuiero cay-
yasl NPOH3BONLHOTO KOHEuHOTO H3MeHnenns. K paccmorpe-
HHIO NOC/E€AHEr0 Mbl TENeph H nepeiinem, BOrBpaTHRWIMCH K ypaBHE-
Busm (2). 3To 3Hauewke JWHCHHOrO HM3MEHEHHS OCHOB HO Ha TOM,
UTO RCAKYIC IPOM3BOJBLHYI0 (YHKLHIO MOXHO paccMa pHBaTh K&K
JuHeiinyo (Qyskimio BHyTpH OeckoHeYHO MasoH obsacTy e mepe-
MEHHUIX.

O6paTum BHHMaHKE HA HEKOTOPYIO MATEPHANBHYIO TOUKY Py € KODp-
BHHATAMY 4y, by, ¢p. Tlon papsHHEM M3MEHCHHY TOYKA 3afiMeT Hoyo-
Henue X, Y. 2 npavem, no (2),

Xo == f (g, b, €0.)s Vo == ¢ (@, by, €g). Zo= 9 (@, by, €o)- (46)

Jpyras Touxa P, nexaias B HEeROCPEACTBEHHOH 6JM30CTH OT TOUKH
P, v uMeIowass KOOpPAKMHATH

0=4dy+ @, b=by+ b, ¢ ¢y, + ¢, (47)
3afiMeT 1oc/s€e HZIMEHEHHU: TNONOXKEHMe:
X=Xg-+X, y=Vo+Yy, 2=2-+ 2. (48>
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. Monzraz, aro o, ¥, ¢° 6eCKOHEMHO MaNbi, PASACKCHHCM B DAL
Yeinopa, no (2) u (46) nomyunm:

X == ( ax‘) a5 ( Qx) b+ ( ()x) c,
da’, ob/, oc/,

Y \

y’ = ( oy\, @ '“:— I// o}') b, _il" l 0)’\ ¢, (49)
oa/, \ 9, oc/,

0
. {02y 707 . 0z, |,
£ (0{2)011 ' kw)ob + (oc)oc'

HaBaa Beanuupam @', b, ¢ BCCBO3MONH-'@ BECKOHLUHO MAILIES
JHAYEHUs, NGJAY-1HM | 3 3THX YPaBUeHU# M3MeHeHdse TOi GeCKOHEHHO
#MaNoi wacTH Teja, XKot:pas vkpyxaer Touky P, Taxum 06,a30m
3TO H3MEHEHUE MOXHO PACCMATPH .aTh KAK COCTOANSP M3 KOHEHHOIO
NSCTYRZTEABHOrO TepeMerienid ¢ KOMDOHeUTAMK:

Xo—— Qg == Uy ¥y —bo ==Vo 2p——0Cp =W,
K2TOpoe Mepencanr Touky P w3 poaowenws (2, b, ¢) B nonoxenue
atuy=Xo+ . b4 v,=y,+ ¥, ¢+ wy=2,+C,

# U8 KOHEIHOTC JHHAEHHOTrO OMHOPORHOTO Himenenus (49: ¢ touxod P,
B K284eCTE€ HENOABIKHOFO HAUA/MA, UPHYEM [OOCJSIHEe H3MEHEHHE
NEPEBOAUT TOUKy P ¢ koopauuaramu (¢, ¥, ¢') B nonosenne (X', ¥, 2°).
‘O003RaunM LR COKDAMEHES ACBAT) ¥02PULACRTOS uaMeHeHus (49):

(()f;\ g ’()x\ Y (Ox\ i
oaly " Nan)y ™ Noe) T
00/, 08/, oc Jo |
[oz\ TN oz\

Forpz mer QopMmasbro noayairm ypaszenus (23) H MOMeM BHCKa-
32Tk BCe T€ CACACTBHH, KOTODLIC BLISENW Panblie U3 HuX.

Takum 06pi30M [PH NI000M M3MEHCHHH Teja Kaxinan 6ECKOHCYHO
MAJa7 YalTh €r0 WM KAXABL | ,IICMENT TeNa” H3MEHSICTCS JHRHEHHO,
H OTIHYKE OF APEHAE paccMOTP HHOTO JuHelT .r0 H3MEeHEHHn Ten&
COCTOMT Jfllib B TOM, YTO KO3(DHMUHMEHTH H3M -uchun (4, g, V) npH-
HIMAIOr pasdele 3uauyeHust oT sacmenra K saemenry. M3 peiTexalo-
{4UIX OTCIONA IpaBul YIOMAUeM BawueHiue.

Beckoneuno Magwe papajnenen.lc L COXpaHaiOTCa Jame mnpu
CAMOM O0IUeM W3MEHEeHuu, 110 YLV BX MOTYT NOJYHHTh JIO0HE ApY-
THE 3HayeHHsa. To IO Taxkie CoXPAFsercs LIOPAJOK BCAKOR Gecko-
g4euno Mmanoi nopepxunocru. Tag, manpusmep, GecKoneyHo Magbil map
nperpansercas B SJJAHACOUR, B LCHTP KOTOPOFrO HEpPexo/Hr LEHIP
utapa. OTcioaa BuTekaeT O1HO CBOCOOPA3HOEC HA wuwepsHH BITAAL
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CAEJCTBHE: MOBEPYHOCTL TeJNa BCErAi COCTOHT MOCHE M3MEHEHMS
#3 TeX e CaMbIX MaT *pHANbHBIX TOYEK, YTO H 10 H3MeHeHHs. JleficTBH-
TeNbHO, KAXKKYIO0 TOYKY, KOTOD A 10 N3MEHEHMA HE JIeXHT Ha MOoBepX-
HOCT 4, MO:KHO paccMaTPHBATh KaK LEHTP Uidpa, KOTOPHE BECH JAEKHT
$HYTPY Tesa, NO3TOMY €ro LEHTP M OCTaercsi BHyTP#. To ke camoe
OTHOCHTCS, KOHEUHO, M K 00)aTHOMY ¥3MLHEHHIO, H TaKum 006pas’om
CACJCTBHE ABLIETCS NOKA3AHHBIM.

O6wbev=0e pacinrperue onpeneaaercs, kak u B (22), npu nomour':
pyHxuuonas oro onpepetarean (7):

ox o ox
da 0b 9dc
D= o] ,Qy 0}1 . (51)
da 0b oc
0z 0z 0z
da 0b Oc

{Brauok O Mu OylneM OTHBIHE ONYCKATh /M YIPOLIGHHS [iCHMA.)
Flpu atom Be inu:pa D ppeactas :aer cobofi oTnomieHue oObeMa
€oJepraulero Maiepraabuyro TOUKY 2JCMEHTA Tesid NoChe n3MEHEeHHS
;(0613emy TOI'D XKe 3jJgeMeHTa TeJia 00 M3MeHeyd 4.

Ecnu paspemuth ypawveuus (49) oTHOCHWTENLBO @', b, €', TO ™Mbl
BONYyY M IS OOCAEEHUX «HHefiHbie BopaXecua €  KO3(MHUUEH-

ramu (A', (', V'), 3nade. s KOTOPHX, Ha octiosaHHu (6), paBHSI:
[ox ] 0y 0z 0y 02
- [4] _Loa]  0boc 0cob uoT. I (52)

D D D

Onuako, ¢ npyroif CTONOHL, MOXHO CHEPBa Pa3pelluTt ypaBHe-
Eusa (2) OTHOCHTENBHO @. b, €, a 3aTeM y.Ke [POM3BECTH MOACTAROBKH
(47) n (48) u pasnoxesnue B pax Teiiropa. Takum nyTeM BOAYYHM,
gHAaOrHuEo (49):

, O0a_, o0u , O0a_,
0x oy 0z
b= ,obx’—{— oby’J,- 00 z,

ox oy 0z
o oc Xt 0: ¥ oc 2,

ox oy Y

flle KO3(uUMEeHTH HOMUKHH coananarh ¢ (A, @', »). Orciopa moxay-
aoTCA Caedyiouive QopMysan npenGpazoBanus:

T0x oy
oa | 0a} du 04 |

o p oy DT (53)
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[Ip¥ noMOImu NOCHEJHHX MOXKHO BHIPA3HTH MPOH3BOLHHE MO He-
3aBHCHMbIM NEpeMeHHbIM X, ¥, 2 B 3aBUCHMOCTH OT MPOHU3BOIHLIX
10 HEe33aBUCHMBIM MEpeMeHHHM @, b, ¢ :

ABasOrHYHbE YPABHEHHs BHIPAXKANT, OYEBUAHRO, TaKke OCPATHHIE
Aepexol OT X, ¥, 2 K HE3aBHCHMHIM MepeMeHHbM @, b, ¢. Pyuxuue-
HAJABHHE OnpefeJuTe]b TAKOTO npeo6pasoBaHus:

da da da | 10 2b 3¢
ox oy 0z | 0x 0x 0x
pr| 0b 0b 0B} i da 0b oc (54)
ox 0y 0z i 0y 0y oy
oc dc dc | e 0b oc
ox —o—y F4 Yoz 0z 0z

npeAcTaB/sieT OTHOLLEHHE, B KOTOPOM H3MeNsgeTcs 00beM JeMeHTa
Tesa, €CAH MaTepuanbHag TOYKA MePEXOAHT M3 MOJOXEHHS X, ¥, 2
BHOAOXKeHuE @, b, ¢. Tak Kak 06a nepexona B3aNMHO YHHYTOMKAIOTCH, TO

D-D'=1. (55)

3TO COOTHOLIEHHE MOXKHO MOJYYHTh HEMOCPeACTBEHHO, €CJH MPH-
JIOXHTB TeoveMy 00 yMHOMEHuH onpegenuntesneil (§ 5) k onpenenn-
ressM (51) u (54) BO BTOpO# hopMe H MPHHATHL BO BHUMAaHHE, UTO

! .___—_:_._::1’

o¢ 0x ' 0b 0x  0c Ox 0%

0x o0a , 0x 0b L ox oc 0x
el T S e L L L A 8
oa 0y 0b oy odc oy Oy

0x Oa c);x‘pbﬁL_Q{ oc ox ‘

(56)

Kpome o6bemuoro pacmuupenust D—1 snemenrta Tesnz 0COGEHHO
BaXKHH €ro Bpamende W paciuupernue. M To u apyroe MoxHO noay-
YMTb H3 yDPaBHeHsH (32), ecnr BOCMOnb30BaTHCH 3HaYeHusiMK (50) nas
JEBATH KO3(HUHEHTOB A4, u, 7.

§ 12. Mnl npousBeneM BHYUCACHHE TOJNbKO IJs 9aCTHOrO Cay4as
NPOH3BOJBHOrp 6eCKOHe4duHO Manoro HaMmereHus. [lyers
3TO HM3MEHEHHE XapakTepusyeTCs COCTaBASIOLHMH cMmelleHus (3).
KOTOphIE 3aJaHK B BHJE MPOM3BOJIBHEX OeCKoHEYHO ManutX QyHKUHD
ot a, b, ¢. B Takom cayyae nJs sjaemenTa Tena, 3sakJdanollero B cebe
TOUKy (G, by, ¢p), HeHcTBuTENbHBLI BCe npaemaa § 9. B wacrrOCTH.
BpalleHHe 3a1aHo ypaBHeHusnMu (37), paciuupenne—ypapHeHusiMu (38)
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npudeM  GeCKOHEYHO Maine KosduunenT (4, u, ¥) HMEIOT cAeAyOIEe
snadenus, cornacuo (50), (3) u (34):

= (2), e (2). A (),
0a/, ob/, oc )y
t oa)o’ “ oz;),,’ K= ocky ®7)
o (o_w\ o (c)iv\) p— <0w
! 0(!}0’ : 0b /0' 05)0-

Ecav BBECTH KOMMOHEHTH CMELIEHHS U, V, W, TO OYKBH X, ¥, 2
8 HX NpeXHEM 3HAYEHUM CTAHOBSITCH HM3NHUIHUMH, TaK Kak BMECTO
HUX MOXHO nucaTh @ +u, b-+v, ¢4 w. [losromy uacto numyr
{x, ¥, ) Buecto (a, b, ¢), a focaearux 6yxkB BOBCE He ynOTPeGsIoT.
Ho ecan paxe oCTapuTh BCe mnpexHue o6o03Hauedus, TO npu 6eCKoO-
HEYHO MafiblX H3vEHEHHSX MOXKHO Oe3 3aMeTHOH OmHOKH 3aMEHHTH
BO BCEX MPOU3BOAHBIX nepeveHHue (a. b, ¢) nepeMeHHHMH (X, ¥, 2).
Tak, Hanpumep,

Qu_ ou ox, 0u Oy, Ou 02
da 0x O0a Oy 0a 0z O«
#ad, no (3) ,
_oi’:ﬂ‘,‘fl .‘3”) ?”.PJ’.J‘.E’.,"_‘”ZQ (658)
oa 0x\  Og o0y 0a 0z da Ox

A0 OECKOHEYHO Ma/JikX BHICIIErO MOpsaKa. 1o ke caMoe OTHOCHTCS
H K OCTa/AbHuIM MPO3BOAHLIM.

Ecnu onyctuTe nmosciony 3nadok 0, TO KOMNOHEHTH BpAlCHUS
paeew, o (37) u (57):

521(‘1’2_92\, g L (Ou_ow\ gz.l_.(_"_"_.i’i‘). (59)
2\0y o0z 2\0z ox 2 \0x Oy

Jlisi BHIYMCNEHUS PaCIIMPEHHs BBENIEM COKpalleHHHe 06G03HAYSHHS:

ou ov ow
ax % oy gy )
ow |, ov ou  ow ov  odu .
e T TR T
upHyeM, OYEBHIHO,
V=2, =%, %=V, (60a)
Torna o6bemroe pacmmupenue, no (42) u (57), pasao:
ou

ov  ow
o . 1
oxt oy T Rt (61)
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Ilaxee, riasEHe PAaclUMpenus paBHH, o (57), KOPHAM ypaBHEHHAS:
(41) Tperpeil cTeneHu OTHoCHTENbHO [

1 1
x.‘l'——[ xy xz
2 2.
! y—1 Ly =0 (62)
2ya: ] 2}’1 Y.
1, 1 z 2,—I1
2"; 2 y 3

Hanpas/iennss cooTBeTCTByIONMX OCeH pAaCIIMPEHHS MOXKHO MOJy-
uiTh W4 oCHoBaHMu (4)) u (B7) npu nomOWM ABYX M3 YPaBHEHHA:

x x A
x,—Da Y B+ * y=0,
(x— Do+ o o ¥
Ve Y,
= atO,—06+ L y—o, (63)
z 2, .
=z a4 . z2,—Dy=40,
2 + 9 ﬂ +.2, I) s
HpHueM o0uul 3HAK KOCHHYCOB Hanpaejedudl a, B, 7 ocraerca He-
onpene/eEHLM.

O6partHo, ecM AaHH rjaBHne pacluMpedus [, /M, 1 ¥ HanpapJe-
HHS COOTBETCTBYIOIHX OcCedf pacmiupchus (a, f, 7), TO KOMMNOHEHTH
PacIIMpPEeHHs MOJYYaloTCs OAHO3HAYHO H3 (38):

x ==la,® +may® + nad,...
: 2y = : Vo= 1+ mByya+ nbyy,,. .. (64
2 2

§ 18. Bce 3T COOTHOLIEHHS BCTPEYAIOTCH HE TOJBKO B TEOPHH
zedopMupyeMbIX Tesa. B M3MeHEHHOM 3HAYEHHH OHHW HIPAIOT CyIIECT-
BeHHYIO DOJib H AJH APYrUx oTaenoB (u3uku. B BEKTOPHOM HCUHC-
JAeHHH OHM HMEIOT OC00nie Ha3BaHUS H 0OO3HAYAIOTCH COKPAILCHHEIMU
CHMBoOJiavwH. Tak, HanpuMep, BeKTOP, KOTOPK i MoJay4aeTcs U3 BeKTopa
CMEeIeRys g C KOMIOHEHTaMH U, ¥, W TakuM o6pasoM, 4TO CKOOKH
B ypaBuenusx (59) npencTapasiioT Co60I0 COCTABASIONIHE HOBOTO BEK-
TOpa, HOCUT HasBaHMe ,poTopa“ (rot uau curl), uam ,BUXpA“ BEKTOPA ¢,
M noToMy JHis oO0O03HAueHHS BEKTOPA BPAIUEHHA 6 C KOMNOHEH-
TamH §, 9, §{ numyt BMecTo Tpex ypaBHeHuwi (59) ONHO ypaBHeHwme:

1 .
o= -rotg. 65
3 q (65)

PopMasbHOe HEM3SULECTBO (POPMYJH, COCTOsIEE B TOM, YTO Bpa-
ImEeHHe PpPaBHO HE LEeJOMy pOTOPY, @ TNOJOBHHE €ro, MPHXOAMTCH
NPUHATH Y€ 33a04HO C NpPHHATHM O00O03HaueHHeM, HO OHO BooOmIe
Maj0 B8aMEeTHO, TaK KaK Omepauus rot npHMeHsieTcs, riaBHHM O6pa-
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30M, HE B MEXaHHKe, a B 3JIEKTPOIAHHAMHKE, TJ€ O BPANICHHEX ReT
peuH.

Haxee, Ty CKANSPHYIO BEJHYMHY, KOTOPas AOJYYaeTCs H3 BEKTOpa
q npu nomouu onepanuu (61), HaswiBaT ,AuBeprenuueii® (div), wiw
L~pacxoxJeHueMm, a o6beMHOE pacmiupeHue 0603HAYAIOT

div q. 66)-

B srolt qiopmyie, Kak H B npeablAynicH, MCK/IIOUEH2 BCAKAs 3a-
BUCHMOCTb OT KAaKO#-JAHO0 CHCTEMBI KOOpAHHAaT.

Hakonen, yTo xacaercs pacHIHPEHHs MO TPEM B3a*MHO NEPNEH-
AHKYJSIDHBIM Hanpas/ie€HUsIM, TO €ro HE/b3sd OXapakTeDH30BaTh KakK
BEKTOP NP noMouiu oAHOU HanpaBjaeHHOH Beauuunu. OHa npexcra-
BisieT cobofi gacTel Ciyuali BeauunHb 0oJiee BBHICOKOrO MOPsAKA,
Ha3LIBAEMOH ,TEH30POM®, B ZaHHOM CJyHae TEH30{:0M BTOPOTO paHra,
NpHYEM BEKTOD pacCMaTPUBAETCs KaK TEH30p NepBoro paudra. Tel-
30p 0003HAY4eTCH MPH MOMOIINM LIECTH HE3ABHCHMBIX ADYr OT HpYra
BesqHuKH: MH00 NP MOMONIH TPEX ,rNaBEbLIX 3HageHuit” [, 71, 1 B CBA3K
C TpeMss COOTBETCTBEHHLIMH B3aMMHO II€PNEHAHKYJASDHBIMH ,rJaB-
HEIMH OCAME® (a4, . . ., 73), IpHyeM 00a NPOTHEOMONOXKHBIX HANPABR/IE-
Hus Kakof-/ubo 0CH COBEDILCHHO PAaBHO3HAYHBL, JHOO Xe NPH NOMOINK

1 | 1
IIEeCTH ,KOMIOHEHTOB" X, ¥,, 2,, 9 Vo 9 zm,—2 X,- Beuay cootnomennk

(60a), TeH30p HA3LIBAETCH CHMMETPHUHBIM. Mexc 1y riaaBHLIMH 3HAue-
HUSIMH, HanpaBJeHHSMHY TVABHHIX OCeH H KOMIOUCHTAMH CYLECTBYIOT
coothonlenus (62), (63) u (64). Ecan B yaCcTHOM Caygae TPH MIaBHHX
aHagenns [, m, n paBHbl Mexy co60t0 (PaBHOMEDPHOE pacIIUpeHuR). TO

x;:yy:zz—_—.lzmz )
xy= ya= zz‘= O’

W HaNpasJeHUA TJAABHHX OCel COBEpPHIEHHO HeoNpeAe/]eHH.L.
JlanbHejinpe CBOHCTBA CUMMETPHYHOIO TEH30pa OYAYT pacesor-
pesn nosznuee (§ 20).

T'JIABA BTOPASt

JUHHAMAYECKHUE SAKOHEI

. § 14. Teneps, nocie YHUCTO KHHEMATHYECKHX COOOGpaXkeHmii,
ofpaTUMCA K JHHAMHKE, T.€. K HCCJICLOBAHMIO CHJl, KOTOPbE BHI3H-
BaioT Aedopmaumio tena. Cnepea MOCTABHM BONPOC 00 YCAOBMAX
paBHOBecCHA.

BossMem Kakoe-RuOyb TeJ0, KOTOPOe HaxonuTcH B neQOpMmpO-~
BARHOM COCTOSIHMM NOX BO3JE{ICTBHEM HEsOTOPLIX CHJI, HaHpuUMEp,
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COrHyTHH CTepXeHb, CKPYYEHHYIO NPOBOJOKY, CxaThilf ras. Cuam
JEeHCTRYIOIME HA Teno, MH pasfeHM Ha fBa KJacca: ’

7. Cune, KOTOpHIE HAEHCTBYIOT HAa BCE, B TOM WHCJ€ H BHYTPEHHHE
JACTH TeNa— ,MacCoBbLie CHAL“. ME! moJaraem, 9TO 3TH CHJLL, N0J00HO,
HalpHMep, TAMKECTH, NPONOPUHOHAJIbHE 3JeMEeHTaM MacChH Texa.

Ecau dr = dx - dy - dz oGo3unavaer oCbeM, K — IJIOTHOCTDb 3J€MEHTA
MacCH, TO COCTABJAIOIINE MAacCOBOM Cuibl, NSHCTBYIOL(EH Ha dJe-
ueny, pasus (cp. 7, § 31):

Xkdr, Ykdr, Zkdx. (67)

Bemuuunsl X, Y, Z cunTaTCa KOHEYHLIMH.

2. Cuabl, KOTOPble AEHCTBYIOT Ha MOBEPXHOCTh Tejd%,—,M0BepX-
‘HOCTHhie cusn“. HasoBeMm wacTHoe, . paBHoe pe3yabTHPYIOIeH chie,
REeRCTBYIOUledl Ha yuyaCTOK IOBEPXHOCTH Teaa o, pPasfeicHHON Ha
nJaoH@aLb NOBEPXHOCTH O, ,CPeNHUM AaBaeHneM“ Ha 0. Ecam yyacTOK
TOBEPXHOCTH COMXMETCH B 3JIEMEHT MOBEpPXHOCTH 40, TO 9TO HaCTHOE
MH HasoBeM NpoCTO ,JAaBjieHneM“ Ha do uy OyAeM paccMaTpPHBaTh €ro
KaK KOHEYHyI0 BeauuMHy. Tdk kak agf do CylecTeeHHO He TOJbKO
MecTo, HO H HanpasjenHe, TO AJs 0603HayeHHs COCTABJAOIMX MO-
‘BEDPXHOCTHOH cuanl, aelcrByiomed na do, Mo npuGaBuM K GyKBaMm
X, Y, Z 3uadox v, ykasnBamoumii Ba HopMmaJab K do, HanpapaeHHYIO
BHyTpb Teja. Toraa coCTaBAfIOIMe MOBEPXHOCTHOR CHAH, NEACTBYIO-
el Ha 3JeMEeHT MMOBepPXHOCTH, PABHLL:

X,do, Y,do, Zdo. (68)

Hanpasaenre 3TO#i NOBEPXHOCTHON CHJIB MOXET COCTABJAATHL JI0-
‘Gofi yros ¢ HOpMmanpw v. Ecau o6a nanpaBAeHHS COBMNAAaoT, TO
NOBEPXHOCTEAs CHJA MPOM3BOAUT CKaTue Tesa, MOJOOHO NeHCiBHIO
Hasnenns Ha ras. Ecau BHanpaBnaeHus npoTHMBONONON(HBL, TO NOBEpPX-
HOCTHASl CHJIA MpPOU3BOAHT pPacTsicenye, ono6Ho cune, fedCTByOWEeH
Ha HATAHYTYIO NPOBOJOKY. Ecin Hanpapneyus nesneHinKyJasipHH, TO
NOBEDAHOCTHAR CHAA NPOUSBOAMT CHABHI, KAk INpH KPYYEBMH HJH
ApH TPEeHHU.

JlaBaesve — paBHOAEHACTBYIONAA TPeX COCTABASIOIUX AaBJEHUS
X,, Y, Z, — umeer, KOHSUHO, PA3M<PHOCTb YACTHOrO OT JeJCHHHA
CHJIE HA MOBEPXHOCTH, T. €. [m[™1 72 (7,°§ 9).

§ 15. Bce 3akoun pasHoBecus: nedopMHpPO-
B3HHOrO Tesia Colepxarcd B OLHOH Teopeme
obmeli mexauuxn (7, § 112): ecau cucrema
TOYEK HAaXOLHTCH B PABHOBECHH, TO
BHEeMHNEe CHJAB YyPaBHOBEIIHBAIOTCH,
KaK ecan 66 cucTeMa OTBepLiena.

I110480TBOPHOCTL 9TOH TEOPEMEI BHPAXKAECTCH

Yepr. 1. B TOM, 910 MOX!0 JioOyI0 4yacTb TeJsa PiccMa-
TPuBaThb KAK CHCTeMy Touek. IlpencraBum c~Ge,

fampuMep, 4TO TeJNO pa3feneHo HAa aBe yacTH—7 u 2 (wepr. 1)—
HEKOTOPOH BOOGpakaemof NUBEPXHOCTLIO 6. OCTaHOBHM HAllle BHEMA-
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Hve ua yacru 7. Mm MoxeM noJararth, 4TO 3Ta 4acTk Tejaa TBepjas
# HAXOXMTCS B DaBHOBECHM IOJl BO3AEHCTBMEM BHEHIHMX CHMJ, NpH-
joxenHuX K Hel. Ho K BHemIHMM CH/IAM OTHOCSITCS, HA OCHOBAHHiI
7, § 112, ne ToAbKO MaccOBHE CHJABI H CHJIH, AEACTBYyIOLIME HA Nel-
CTBATENBHYIO NOBEPXHOCTb TeJa, HO TAKXe M T€ CHJb, KOTOPHMH
yacTh Teda 2 AEHCTBYeT Ha BOOOPAKAEMYIO NIOBEPXHOCTE 6. DTH CHIIB
ONpefeNsiOTCS CaeAYIOmMM 00pasom: ecad GH COBepHIEHHO bGhA
|y,rxa.r:eﬂa 4acThb TeJNa 2, TO HX HEOOGXOAUMO OHLI0 OH NPHJIONHTE IS
TOTO, YTOGH He OLIJIO HApYIIEHO paBHOBeCHE.

Ha xamaufi sjeMeHT do noBepXHOCTH wacTH Teqa 7 pelicTByer
fIOBRPXHOCTHAA CHJa C KomnoHeHTaMHu (68), corsacHO ¢ NpUHATHM
pamMy o603HayenreM. TakuM 06pasoM MOMHO NOJIOXKHTD, 4TO H BHYTPH
Kaxoro-Hubynp Tesa B KawAO# TOuKe NeHCTBYIOT HEKOTODHE CHJIbI
papjenns. OIHaKO BeJHYUHA HX 3aBUCUT HE TOJBKO OT MeCTd, HO H
OT HanpapJeHus SJNEMEHTa MOBEPXHOCTH d0 uiH, HHAYE, er0 HOPMANIy .
Ecan o6paTuTh HanpasjgeHne v, T. €. PaCCMaTPHBATL 4acTb Tesa 2 KaK
CHCTEMY ToueK, T0 BMecTO (68) mosiBHTCS NMOBepXHOCTHAS CHJA, C KO-
TOpo#l 4acTe 7 medcTByeT Ha 4acTb 2 HA 3JleMeHTe NOBEPXHOCTH do.
Ha ocsoBanuu npuauuna paBeHCTBa KEACTBHA M NPOTHBOLEHCTRES
aTA CHJIa NPOTHBONONOXHA npenwiaymieli. losToMy nmeem Boobie

X.A_ln = —Xy, Y_v - ""Yul, Z——-v = ’_‘Zr. (69)

Hto6h y6€11HTbCﬂ, HAaCKOJIbKO pasjHyHble 3HA4YEHHsI IPHHHMAaeT
JasjeHde B OJHOM H TOM ¢ MECTE B 3aBHCHMOCTH OT EanpanJICHHA

do, paccMOTpUM B KayecTBe

ApunuMepa UMIHMHAPHYECKHI 3

CTepweHb, pacTAriBaeMbii p

B JJHHY JBYMS pPasHbIMH R L PP
1

NPOTHUBOMOJMIOXKHBIME CHJIAMH

(uept. 2). [IpoBeneM MBECIEH- Yepr. 2.

HO TrOpPHM3OHTAJBHYIO MJOC-
KOCTb Yepe3 BHYTPEHHIO TOYKY P H 6yneM paccMaTpHBATE JIeXKAINY1O
HaZ RJIOCKOCTLIO YaCTh CTEPXKHA KaK CHCTeMy TodeK. B Taxom cayuae
HAa 3JeMEHT TNOBEPXHOCTH B TO4YKe P feficTByeT HaBJieHHEe Hy/b, TaK
KaKk papHOBECHE COBEpHIEHHO He OhlI0 OBl HAPYLIEHO, eCAH Obt ObIa
yiajeda BCs HMXKHAS 4aCTb cTepacHa. Ecau xe yepes Ty ke Touky P npo-
BECTH BEPTHKAJbLHYIO NIOCKOCTE H PACCMATPUBATL B KAYECTBE CHCTEMBb!
TOYEK YacTb CTEpPl¢HS, JEeXaulylo CieBa OT IJOCKOCTH, TO HA SJEMEHT
I1ocKoCcTH B P pelcTByeT GoJee WM MEHee 3HAYHTENbHOE JABNEHHE,
TaKk KaKk paBHOBECHE CHCTEMHBl TOYEK ObuIO OHl HAPYLIEHO, eCaH Obi
Mbl yZaJIHJAM BCIO TNpPaByI0 YacTb CTEPXHHA, HE INPHJIOKUB NPH STOM
0CO60# CHALL

O6mufi 3aKOH, COrJacHO KOTOPOMY BEJMYMHA M HanpaBlleHue
AABJIeHUA B ONpeAeaeHHON TOUKe P 3aBHCAT OT HANPABJIEHUS HOPMAJIH
K 3JleMeHTy MOBEDXHOCTH, NpoxoAsiiemy uepes P, GynerT BuBeleH
B § 17 u3 AunaMyyecKHX COOTHOIIEHHH.

3 Baegesrme & reoperaveckyio Qmemxy
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§ 16. Mu npuBeny 3aKOHH paBHOBecHst ne(OpPMHPOBAHHOTO Teia
K 3aKOHaM OOIlefl MeXaHuKH, a Tenepb npoieiaeM TO e Aag Gonee
obulero ciaydas ABHXeHHA NePOpPMHPOBAHHOrO Tena. DTO MOXKHO
npoiue BCero cesatb, NpuMeHnB NpuHnun a’ Anawm6e pa, COraacHo
KOTOPOMY IpH BCSIKOM JIBH)XE€HHH CHCTEMbI MAaTepHANBHHX TOUEK
BHEIIHME CHJL ¥ CONPOTHBJICHHS MHEPLUHH HAXOAATCA B PaBHOBECHH
B KX MM MOMEHT,—TaK, KaK ecji Oul cucteMa 6u1a TReppoi (7, § 130).

Tak Kak COMPOTHBJCHHE MHEPUHMH SJEMEHTa MacCH, paBHOe
X e — g Ty @o)

de de dt®

NPONOPHMOHANLHO Macce SJEeMEHTa, TO OHO NPHHALJICKHT K QHCAY
MAacCOBBIX CHJ, ¥ BCe Pasavyue Mexsy JHHAMHKON M CTaTHKOK Je-
$OpPMHPOBAHHOrO Teaa COCTOMT TOJBKO B TOM, YTO K KOMIIOHEHTaM
X, Y, Z cun, oTHeceHHHX K eiuHHuUe MacCH (67), npu6aBasioTCH
KOMIOHEHTH YCKOpPEeHHSi C OGpaTHHM 3HAKOM.

Npumennm Ttenepp mects ypaBHeru# [7, (306a)], BHpaXkaromux
YCJOBHS PaBHOBECHS TBEPAOrO Tesnd, K PACCMAaTPHBAeMOMY CAyvalo
M BOCNOJb3yeMCs BBeLEHHHMH BuIue o6o3HaueHHsMH. Tornma aas
NBHXEHUs] HedopMHPOBAHHOrO Tena MNOJAYydaTcs CJeAyIomMe IecTr

ypaBHexHii:
dzx
j‘( - Ei)kdr_}‘jx' do=0wurT. n (71\)
4 2,
S{y( T Z‘Z)— r4 (Y— g—t};) }kdr +§(yZ,—- 2Y,)do=0n 1. 8, (72)

rae dtr o6o3nayaeT 3JeMeHT OObeMa, d6—3JeMEHT IOBEPXHOCTH
a060# BHIEJNEHHON 4acTH Tead, 8 HHTerPHPOBaHKE pacnpocTpassercs
Ha 3Ty 4acTb Tena. Pasymeercs, sTH ypaBue-
HHS JEeACTBHTEJbHH M [Jis BCEro TeJa.

' Ypasueuus (71) u (72) npencrasasior co-
BepIIEHEO HCYEPNHBAIOIMM 06pa3oM B3aUMO-
OTHOIIEHHS MEXKAY CHJIAMHM M YCKOPEHHSAMH.
B caenyoumx naparpadax MH JMIIb HOM-

poGHee uccjaefiyeM HX COLepicaHme.
§ 17. CnepBa npuMeHnm ypapsenus (71)
K 6ECKOHEYHO MAJIOMY SJEMEHTY Tesa, pacmno-
JOXEHHOMY TrAe-nu00 BHYTpHM mNoCJenHero.
dopmMy sneMedTa BhIGEpEM CaeAYIOIHM o6pa-
30M. Yepes NpOH3BOJILHYIO TOUKy P npoBesiem
X Yepr. 3. TPH NpsAMBe, NapajJeabEble NOAOKHTEAbHHM
HanpasJeHHsAM KOOPAHHATHHIX oceii (uepr. 3),
M TepecedeM MX MJIOCKOETbIO, GeckoreyHo O6smskol k P. Ha ueprexe
MJOCKOCTh u306pa)keHa Brnepenu ToukH P. O6pasyercs TeTpasap.
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p BEpPIIHHE KOTOPOro P MNepecekarTcss TPH B3aMMHO NepNeRNnKy-
aspHHe pebGpa. O60sHauMM nJowlajb rpasdH, NpoTHBOJexauiel Bep-
muse P, uepes do, BOpMaJib K 9TOH IpaHH, HaNpaBJEHHYIO BHYTDB
T€TPasdpa, yepes v, u IIOWAAM TPEX OCTaNbHHX rpanek—do,, do,, do,
cooTBeTCTBEHHO HopmanaaM. Ilocaendue rpasu NpeAcTasasioT CobGor0
npOEKUHH d 0 Ha TPH KOOPAMHATHBIE MIOCKOCTH. [ToaTOoMy HMeroT MecTo
caefylonHe COOTHONICHHS: :

do, = —d¢ cos (vx), do, = —dacos (1Y), do, = —docos (vz), (73)

TaK KaK TJIOL[AZIH BCeX rpaHeli MOJOXKHWTEJbHH, a HOpMajab V o6pa-
gyeT TYNule Ik C NOJOXHTEAbHHMM HANDABJICHHSME BCEX KOODLH-
HaTHHX OcCeH.

B ypaBHenuu (71) o0beMHH{ HHTerpas CBOAMTCH MJsA NAaHHOrO
cayuas K OIHOMY WieHy, KOTOPHF cojepxuT o0bem TeTpasapa dr
B KaueCTBe MHOXHTeJs, a IOBEPXHOCTHHI HHTErpajl paBeH CyMMe
YeTHPEX 4YJIEHOB, KaXJblii H3 KOTOPHX COOTBETCTBYET OAHMOM H3
rpaseft TeTpasapa W nponopuMonaned mjomanu ee. Tak xak dz—
GeCKOHEYHO MaJjas BeJMYHHA TPEThEro Nopsnka, a Bce mJioiand do-—
BTOPOFO NOpsnKa, TO OO0BemMHHI HHTerpan ucyesaer NO CPABHEHMIO
¢ KaXIHIM M3 YJEHOB ITOBEPXHOCTHOTO MHTerpaja, M ypasHenre (71)
NepexoiuT B:

X do +Xdo X, do,+X, do=0.

Mpr atoM HyXHO HMeTb B BHAY, YTO BHYTDEHHME HOPMaJM K
FPaHsM TeTpasjpa CyTh NpsMue X, ¥, 2, V. Orciona, B cwsasu ¢ (73),
NOJYYHM:

X, =X, cos(vx) +X, cos () +X, cos(vz), }

nonoGHuiM 00pasoM M3 ABYX APYrHX ypasHeHHit (71): @4)
Y, =Y, cos(¥x) +Y, cos (#y) -+Y, cos (v2),
Z,=Z, cos(vx) +Z, cos (vy) +Z, cos(»z).

ATH ypaBHeHHs AAOT IOJs8 KaxJo¥ ToukH P Tela 3aBMCHMOCTH
BeJMYMHH K HanpaBJleHHs JeficTsyiollero B He# jpasienus (X,,Y,, Z,)
OT HanpaBjieHH HOPMAaJH K 3JeMeHTY HOBEPXHOCTH, HA KOTOpHR
ZeiicrByer pasienue (cp. kowen § 15). To o6crosTenncTBo, yTo d6
NPOXONUT HE Yyepe3 caMylo TOuKy P, a JIexHuT OT Hee HAa GECKOHEYHOo
6aM3KOM PACCTOSIHHMM, HE OKA3bIBAET BJANGHHS HA KOHEUHbIE BEJWYHHH
COCTaBJASIOIMX JIABJNEHHS.

Takum o6pasoM paBiaenue onpeleneHd IJjs JGOro Hanpasle-
HHf! ¥, eCJIH W3BECTHBI JEBSTb KOMIIOHEHTOB JaBJetHs X,,..., Z, .
Ecan v coBnapaer ¢ manpaBnenseM OLHO# H3 KOOPAMHATHBIX OCeH,
TO ypaBHEHHH BBHINOJHAITCA TOXKAECTBEHHO. OHH YIOBJETBOPSIOT
Takxke Bcerna Tpe6osaHusM (69), 74K KaK KOCHHYCH H3MEHSAIOT 3HAK,
€cnu panpaBJeHHe ¥ H3MeHseTcs Ha obparuoe.

H3 neBsit KOMNOHEHTOB [aBJieHHS, COOTBETCTBYIOIIHX KOOpHH-
HaTHWM nuockoctaM do,, do,, do, ,AuarosajbHHE” KOMIOHEHTH
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X,, Y, Z, npencraBisioT TaKue MLaBJEHHs, KOTOPblE HOPMAaJbHHl K
HX NOBepxHOCTH. [IpH 3TOM NOJNOMHUTEABHHIH 3HAK 0603HAYaeT xa-
BJCHHE CXKATHf, KaK y rasa, HE3aBHCHMO OT BHOpDaHHOro HanpasJie-
HUf KOODJHHAT, & OTPHLATCJbHBIH 3HAK -— HATAXKEHHe, KAK y pacrs-
HyTol npoBoJokH (cp. § 19): npx ofpauieHsn HanpaBJeHus KOODPJAH-
HATHHX OCel H3MEHAeTCs KaK 3HAaK KOMIIOHEHTa NOBEPXHOCTHOH CHJH,
TaK M 3HaK BEyTpeHHe#l HOpMaan. KoHeyHO, BCe TpH HOPMaJjbHHE
JABJICHHSA HE NOJKHH 06A3aTeJbHO OHTH OAHOTO 3HAKA.

OcranbHbE IUECTh KOMIOHCHTOB AABJCHHS CYTb TaHreHLMAJNbHHE
HJIH CpesHBalolle JaBJEHHS,, KOTOPHIE HA3HIBAIOTCA TaKIKe CIBH-
F2IOMKMMH HATPSIKEHHIMH, NOAOGHO TeM, KOTOphle HMEIOT MeCTO NpH
KPYYEHHH ¥ MpU TPEHHH.

B sakaiouenme clefyeT HanOMHHMTb, YTO BCe BHIIIENPUBEICHHBHE
€OO0paXkeHusi OTHOCATCH K GeCKOHeUHO MaJIoOMy 3JEMEHTY TeJda H
YTO BEJHYHHL KOMIIOHEHTOB JaBJeHHSi H3MEHSAIOTCS MPH Nepexofe
OT OJHOrO 3JieMeHTa K papyroMy. IlosToMy neBATb KOMIIOHEHTOR
nasnenus X,,..., Z, HY}HO paccMaTpuBaTh BOOOINS Kak (PYHKHHU
Mmecra (X, ¥, 2).

§ 18. Urobn ucrnonn3oBaTh nuHaMHyeckHe ypasuenHs (71) u (72)
AJis JafbHeHIINX 3aKJAI0YCHHH, BHIBeJEeM crepBa OJHY MareMaruye-
CKYIO Teopemy, KOTopas elje He pa3 OKaXercs HaM NOJEe3HOH B 1ajb-
neineM. Ona kacaeTcs npeo6pasoBaHus HEKOTOPOro O6EEMHOIO HHTE -
rpaja B nosepxHocTHuE unTerpad. [lycth ¢ o6o3navaeT OAHO3HAYHYIO
HeNnpepLBHYI (YHKIMIO MpOCTPAaHCTBEHHHX KOODAHWHAT X, ¥, 2, M
TpebyeTcss BHUMCAHTL HHTErpaJ

g s (75)
0x

B3ATHE N0 HexoTopomy o6bemy. Ha wepr. 4 3ToT 06beM H300paxeH,
panu Goabluel OGLHOCTH, TaK, YTO NOBEPXHOCTD €r0, MMAfA CHADYKH,
BOFHYTa R HEKOTO-
pux wmecrax. [Ilo-
BEepXHOCTb MOTJIA
6B TAKIKE COCTOATH
H3 HECKOJbKHX CO-
BCEM pa3yEeJeHHbIX
yacreit, 4To He Io-
BauaNO OLI HA npa-
BHJIBHOCTL BHBO-
JHMBX — TOJOXe-
HHH.

[Tonoxum dr
=dx-dy -dz u 6y-
JeM MHTerpupoBaTL CrnepBa No X, noJarasi ¥ H 2, a Takxe dy u d:
ROCTOSIHHBIMH, T. €. GyJleM NPOM3BOIHTE CyMMUPOBAHKE 110 SAEMeHTaN
006beMa. GECKOHEYHO TOHKOIO UMWJIHMHAPE, NapalieJbHO OCH X, C HOMC-
PEUHHM CceyerueM dy - dz,
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Ecau mMagHAp HOEpeceKaeT HAPYXHYI0 MNOBEPXHOCTbL 064acTH
HHTErPHPOBAHUS B HECKOJBKHX TOuKax 7, 2, 3, 4, TO OH pasjensercs
HAa HECKOJbKO OTAEAbHLIX NWJIHHADOB, H MHTErpan [O BCEMY IMJNH-
IpPY PpaBeH CyMME€ HHTErpaJloB N0 OTACIbHHM UWJIMHIApAM, T. €.

B HameMm cayqae
dy dz(9s— 93 + 91— @) (76)

O6035ayuM MIOWANH 3JEMEHTOB MOBEPXHOCTH, KOTOpHE BHpe-
3HIBAIOTCH LHUJIMHAPOM H3 HAPYXHONH MOBEPXHOCTH O6JaCTH WHTErpH-
posasus, yepes do,, do,, do;, do,, X BHYTPEeHHHe HOpMaJH —4epe3
Vg, Vg, Vg ¥, Torna

dy dz=do, cos (V,X) ==—d0, c0s (VoX)=d0; cOs (Vx)==—d0, cos (v,X), (77)
H WHTErpan o UMJAHHADY OyIeT paBHATHCH:
— 1 €OS (V4X) doy — @, COS (VoX) do,— @4 cos (Vgx) dog— @, cos (V,X) do,.

CoOTBETCTBEHHBC BHPaXCHH OTHOCHATCH K KawnoMy H3 GecKo-
HeuHo MHOrHX OEeCKOHEYHO TOHKHMX LHJNHADOB, NapajJleJbHLIX OCH X,
HA KOTOPble MOXHO MBICJEAHO PasbuTh BCIO 06JACTb HHTENPHDOBAHNS,
H CYMMa BCeX 3THX BHIDAMEHHH, T. €. HCKOMBbIi HHTEerpaj, MOMeT
OHTHL Hanucada B TaKOM BHIE:

0
22 gr = — | ¢ cos (vx) do. (78)
0x

HHTerpas pacnpezfesed Mo BceM 3JeMeHTaM d6 HapyxHOil Imo-
BEPXHOCTH O0JIaCTH HHTErpHPOBAHHSA.

IMosoxum, 145 npuMepa, 4To g=-const. Toraa nosyuu™ TOXIECTBO:

f cos (vx)do = 0.

B ToM, ur0 3TO TOXIECTBO HMEeT MecTO NpH BCakoH ¢Qopue
TIOBEPXHOCTH, JEerko yOeIuTbCs HenOoCPeCTBEHHO, eClH YACHHTDL cebe
tonepKaHHe STOro ypaBHEHHsS C NOMOLIbI0 cOooTHOweHus (77).

Tenepr BHBegeM enmie HECKOABKO OOIIMX H YaCTHBHIX NPHMEHEHMH

BHBeZeHHOH (OPMynH, KOTOPHE NPHTOASTCE HaM BIOCJECTBHM.
' OGo3HauuM yepe3 P NPYryld OJHO3HAYHYIO HENpepHBHYIO (PyHK-
0. BospMeM paBeHCTBO:
Og

2g-w) 0y
ox Tox Pox
H npomHTErpHpyeM ero 10 Hekoropomy o6bemy. CoraacHo (78),

B JieBoil 4acTH NOJYYHTCS NMOBEPXHOCTHHI HHTerpaj, a B TNpPaBoii
9acTy — ABa 00bEeMHBIX HHTerpasa. Toraa MOMXHO HanucaTh:

q)QlB_ dr == — \ gy cos (vx) do— wd-{p or. (79)
0x ox
310 CooTHOUIEHHE BHIpPaXaeT IPABUJIO HHTEIDUPOBAHUS MO Hi-
CTSIM B NpHMEHEHHH K 06JacTH TpPeX H3MepeHui.
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Yacto BCTpPEYAETCS TAKOE UPHIOKEHHe paBeHcTBa (79):
j‘/t)(p oy 0q> op 09 ()cp_)dt -

lox ox oy ay ' oz oz
\’ dp O o )
- — cos(1x) + - cos (vy)+ cos ('vz)):pds—
0x ox

‘ 2 2 2er\
W 0(})*_0q) oq)dr,
ox®:  0y2 022

wad, no |7, (120a)] » {7, (129)]:
(0p 0p  0p Oy Dq) op o0p
R ARl dr — V29 4s — - A - dr. (803
S(Dx ox Oy oy "oz 02) jv ov s (
B wactHOM cayuae, npu = #, Noayuaercs:

R R R O

H upd g = const:
\/w Cdr - — s % 4o (82)

§ 19. Bo3abmem Temepb cHOBAa HAHHamuueckne ypasuemus (71) 3
OPMMEHEHUH K NPOH3BOJBHOM 4aCTH Tesa. B NepBHIX H3 3TUX ypaB-
HeHul 3ameHuM X,, Bhpaxenuem (74). [loBepXHOCTHBHIAI HMHTErpaJj
MOMCGHO HanucaTb, corsacHo (78), B Buae OGHEMHOro MHTErpana, Tax
KaK, HanpuMep,

_S‘ X, cos(vx) dr = 0X, de

Nocnennuii warerpan coenuzum € nepseid HHTErpasoM B (71) B
OJlHH o6beMHLI uHTerpan. Ecau B3aTh GECKOHEYHO MaJyio 4acTh
Tena, obrema dr, TO 0OBEMHLIH HHTErpas CBEAETCH K €AHHC TBEHHOMY
uneny. Cokpatus na drv, noayqgum:

244
[ X\, 00X, 0X, 0X.
dt? ox [ JUN M
Fogo6urM ke 06pasom
2
(y _ @Y\ oY, oY, oy, o (83
de ox  dy 02
( _ ¢ o 0Z, 0Z, 0Z, _ 0.
de ox dy 0z

31tu ypaBHEeHHS HMEIOT MECTO JJisfl KaxAO# TOYKH Tend
Oco6eHHOCTBIO HX SIBJSETCH TO, YTO B HUX BXOAAT HE CaMbie KOM-
MOHEHTH JIaBAECHHS, & WX NMPOCTPAHCTBEHHHE MPOM3BOLHHE.
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Takum o6pa3oM paBHOMEpHOe NaBjeHHe, KaK Ghl OHO HH OHMIO
ge/dKO, HHKOrJa HO MOXET BHI3BaTh JABHXeHMsd. [Nocaenvee obycao-
gAUBaeTCH BCerja npOCTpaHCTBeHHoﬁ H3MEHYHBOCTBIO JIABJCHHUS, HJIH

JajeHneM japjeHun“. B 9ToM oTHOmEHHM (u3MYECKOe 3HAYEHME
].aBJIEHI/ISI HalOMHHaeT 3HayexHue norennuana {cp. 7, § 39 u cn.).

IMNono6HeM e 06pPasoM- MOXHO NpEeBPaTUTb MOBEPXHOCTHHIH
peTerpan B OObEMHEIM MHTErpas B JHHAMHYECKHX ypaBHeHHAX (72)
no o6pasuy npeobGpasoBaHus:

X}’Z,cos(vx)da:_jo(y 2 g .
0x

K TeM Xe NyTeM MOy HM M3 Nepporo ypaBHeHus (72):

p%Z—gawd(Yégg}k—
)

0 . 0
— Z —2V,y— -(yZ, —2z2¥,)— vZ —2¥)Y=20
OX(}’ : ) oy(y y A (2 ;
Wk, UCKJIOYHB MAaCCOBHIE CHAL HPH TMOMOUIE (83) M BHMOJHUB IM-
depennuposaHue:
Z,=Y..
[MonoGuum e ob6pasoM,

X,=Z, uY, =X, (84)

CaenoBaresnbHO, TAHT€HIHANTBHbIE KOMITIOHEHTH JIaBJACHHS NONapHO
paBHH Jgpyr APYTY, H JAEBATH KOMIIOHEHTOB paBJjeHus X, ..., Z,
€eBoAATCH B OOIEM CJydyae K HIeCTH.

Ypasrenus (83) u (84) ¢u3HueCKH COBEPIIEHHO SKBUBAJEHTHH
ypaBueuusm (71) u (72), rak xax, npousrerpuposas (83) u (84) no
HEKOTOPOH YacTH TeAd, MOXHO cHOBAa moay4uts (71) u (72). B nane-
HefilleM OHH NOCAYXAT OCHOBON BCEX HAIIHX MHCCAENOBAHHH HAA
Hpo6JeMaMu PaBHOBECHS! H JIBHXKEHHS.

§ 20, CoornomenusiMu (84) 3HAYHTENBHO ynpou_(aro'rcsl 3aKOHM!
Aapaenus (74). Tenepr Mu nojapo6GHee u3yuMM 3TH 3akoHH. [Tpexae
BLEro NMOCTaBHM TaKOH BONpPOC: eCJad JaHb Jio6me 11eCTb KOMHOO-
HEHTOB naBjeHHs X,,..., Z, TO HMEIOTCA JH TakHe BSJEMEeHTH MOo-
BePDXHOCTH, K KOTOPHIM JaBJ€HHE NEepneHiuKyJsgpHo, T. €. TaKue, IJ8
KOTOpHIX HanpaBJeHHE [aBJjeHHs COBNAZAaeT C HaNpaBJeHHEM HOP-
Masu? ¥Ta0BusI [U STOTO CJAEYIOIIMe:

, = pcos(vx), Y, = pcos(vy), Z, = pcos(v2),
TAC p 0003HAYAET BCMHYUHYy fAaBjeHMsA. IToxcTaBHB 5TH BHIPAKEHHA
B (74), nonyuum:
(X, —p) cos(vx)+ X, cos(vy) + X, cos (v2) == 0,
Y, cos (vx) - (Y, —p) cos (vy) + Y, cos(vz) =0, (85)
Z_ cos(vx) + Z, cos (vy) + (Z,— p) cos (vz) == 0.
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3TH ypaBHeHHS COBEpIIEHHO OJMHAKOBH C ypaBHeHHsMH (40) nin
(63), xpome 06O3HAYEHHF H TOro OOCTOATENbCTBA, YTO B HHX peyi
HAEeT TOJbKO O KOHeuHHX BesnunHax. IlosTomMy oHM HpHBOIAT K
OIWHAKOBHIM pe3ynbTataM, KOTOPbie MOXHO BLPa3uTh B BHAE C.ie-
AVIOUIUX NPaBHJL

Pacnpesenedue [aBJEHHS B KAKOM-THOO BDJEMEHTe Tesd BCerm:
MOeT OBITh NPEACTABJICHO NPH NOMOLK CHMMETPHUYHOTO TEH-
30pa,— TeH3opa [JaBieHHA K HaTsKeHus. KOMIOHeHTH! ero CyTb
1iecTh KOMNOHEHTOB iaBJeHHs, a TJaBHble 3HAYEHHS MPENCTABJIAIOT
co6010 TaK HasblBaeMble ,rAaBHble NABJACHHA“ p, ¢, I, KOTOpHE pab-
Hbl KOPHAIM KyOHyeckoro ypaBHeHHs BHAa (62). ['naBHble OCH T€H30Pa
CYyTb HOPMAJH K TE€M SJ/IeMEHTAM DOBEPXHOCTH, Ha KOTOpbie JaBle-
Hue JelCTByeT NepneHAMKYaspHO. DTH OCH NpPEeACTaBJSIOT Coboie
BMECTE C TEM HANPAaBJEHHH COOTBETCTBYIOIUHX TIJaBHHX [HaBJEHHIL.
Pacnpenesiedue [ABJCHHS LEJMKOM ONpenejseTcsd BeJHUMHAMH K
HanpaBJeHHAMH [VIABHBIX JABJEHHIN HJH XK€ IIeCThI0 KOMIIOHEHTaMHK
JABJIEHHS 1O OTHOLIEHHIO K KakOH-JH60 CHCTeMe KOOPAHHAT, NpH
nomMomM ypaBHeHuli Buzaa (64). Ecau B yacTHOM ciyyae TPH TJaBHLIC
JaBjeHMs paBHBI ApPYr apyry (4To Bcerja ObiBaeT B COBEpUIEHHO
ynpyro# xuiakoctu, § 44), To HopmasbHbe faBiaeHus X, =Y, =
= Z,= p = ¢=1r; TaHreHluuanbHbe gasjedusd X, =Y. =27 =0, u Ha-
NPABJEHUSA TJIABHBIX OcCell HeolnpejeJeHHHL.

Urobul coctaBuTh cefe HArasAHOE NpeacTaBjieHHe O B3aHMOOTHO-
HIEHHH, B o0ieM cayyae, Mexny HanpaBieHueM aasienus (X, , Y, ,Z, )
H HalpaBJeHHEM HOPMAJH V K 9JEMEHTY NOBEPXHOCTH, HA KOTOPHii
JNefCTByeT AaBJIEHHE, NOCTPOHUM MBICACHHO CJEAYIOMY0 HAAJBHYIO
NOBEPXHOCTb BTOPOTO NOPAAKA (SJJIHICOMI HAH THHEPOOIOHN):

XXV 2+ Z.22 -2V y2+ 27, 2x + 2X oy =~ + 1, (86)

rAe 3HAaK NpaBoi 4aCTH HyxHO BHIOPATb Tak, 4TOOH reoMeTPHYECKHE

ONepaluy, KOTOpHe MBl NPOU3BEEM, NOJYYHAHCH BEILECTBEHHBIMH.
THOCHTENBHO 3TOM NMOBEPXHOCTH MOMN(HO AOKA3aThb CJAEAYIOMyIC

TEOPEMY: HANpABJEHHE HOPMaJH K NOBEPXHOCTH B KOHIe JHAMETPA.

HMeICINero HanpapneHHe V, [aeT HanpaBJeHHe AABAEHHS, HeHCTBYI-

IErO0 HAa 3.J€MEHT NOBEePXHOCTH, NEPNEHAHKYASAPHLIA K V.

T Hwmenso, o6osdaguM ypaBHeHue mnosepxuoctu: f(x, y, 2)= 0.

orzxa

of ,of . of

: o 87)
ox 0y 0z (87

CyTh OTHOMIEHHSI KOCUHYCOB HAHPaBJICHHA (Y[JIOBbE KO3(HUUEHTL)
HopMaaH B Touke (X, ¥, 2) nostpxuoctu. Eciu s1a TOYkKa JemuT Hi
JauaMeTpe, HMeroleMm HalpaBs./i€eHue v, TO

X:¥:2- - cos(vx):¢os(vy):cos (V).
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C noMoupio 3THX BEJIHYHH OTHOLIEHES (87) CTAHOBATCH PABHHIMH
X,:Y,:Z,,

€CJTH BOCIHOJB30BAaTLCA BhipaxenueM (86) u mnpHeEATL BO BHMMaHie
ypaBHenHs (74).

CornacHO BBHIICHEHHOMY HaMH (DH3KHYECKOMY 3HAYEHHIO MOBEpX-
HoCcTH (86), popMa M MOJOXEHHe ee He 3aBHCAT OT BHOOPA CHCTEME
KoopAHHAT. OCH NOBEPXHOCTH CYThb, OYEBHJHO, [VIABHHIE OCH JaBJje-
vHs. [IpH p = ¢ = r nosepxuoctek o6pamiaercs B wiap.

MoxHO BoOOIe yTBED¥AAaTh, YTO MNPK MEPEXOAE OT KOOPAHHAT
X, ¥, 2 K KAaKHM-AHOO JPYrHM TPSIMOYTOJBHEIM NPAMOJIHHEHHKIM
KOOpAHHATaM X', ¥, 2’ BEpaxeHue (86) OCTAaeTCs MHBADHAHTHBIM, Tax
KaK ypaBHEHHE, KOTOpOe MOayuYuTca BMmecto (86), ecqau Hanmcate
B HeM X/, y', ¥ BMeCTO X, ¥, Z H B TO xe BpeMs X',-,...,Z’.» BMECTO
Xp. .., Z, TMpeicTaBJsfieT TY Xe CAMYI0 MOBEPXHOCTh. B3auMOOTHG-
HICHHE MeXJy -KOMIIOHEHTAMH JaBJeHHs CO mWTpexamMu X, ,... H
KOMIIOHEHTaMH JiaBJeHusi 6e3 WTPHXOB X,,... HO/KHO OMTH Ta-
KOBO, 4TOOBI NPH 3aMeHe KOMIOHEHTOB K KOODAHHAT CO IITPHXEMHM
COOTBETCTBEHHBIMH BEJHYHHAMH 6e3 MITPHXOB CHOBa MOJYYHJIOCH
ypaBHeHHe (86). DTO NpPaBEJO COAEPHKHMT 3aKOHBI [pecGpasoBaHMs
KOMIIOHEHTOB JABJEHHA OT OJHOH CHCTEMBI KOOpAHHAT K JI06CH
ADYroi. ‘

TlonsitHO, yTO BCE BLIBEJIEHHBIE 371eCh COOTHOIIEHHMsS TOJHBI He
TOJMBKO JJIsl TEH30pa AABJICHUS, HO M JJsl TeH30pa JAeOpMauuH, i
BOOOIE A/ KaXIOro CHMMETPHYHOrO TeHaopa Broporo paura. Ho
(pH3HYecKkoe 3HAYEHHE HX COBEpPIIEHHO pasJHYHO H HEOAHHAKOBO
BaXHO B pasHbix cay4daax. [Ipe noMomM CHMMETPHYHOrO TEH30pa
MOXHO NPEACTABHThL TAKXKE MOMEHT KHEPDLMH Kakoro-HHOyAb TeJa
(7, § 142) oTHOCHTENBHO PA3JHYHLIX OCeH, MPOXOCASIMX Yepe3 OAHV
TOYKY. [J1aBHLIE 3HaYeHHA TAaKOrec TEH30pa (IJaBHBiE MOMEHTH
HHEpIHK) Becerza noJoxureabHbl. [lopepxHocTh (86) npexncramasier
CO60I0 3JMMNCOHJ HHEPLHH. 37eCh, KAK HEPEAKO H B APYIHX CJay-
4asgx, MOXHO CAeAaThb HHTEPEecHOe HAabJIoNieHHe, YTO NPHPOJA, Kak
6L HEMMOBEpPHO pPa3HOOGPAa3sHBl HH Kas3aJHCh €€ SIBJEHHsi C TIePBOIO
B3IJ/IAfd, NPDEMEHSIET OJHH H Te XK€ CPeJACTBAa B COBEPILIEHHO DA3HBIX
obnactax. Ecau Gl 3TOro He GBIO, TO Y€JOBEYECKOMY pasyMy, KOTO-
pui Goabuiedl yacTpio paGoTaer C MOMOIbIO YNONOOJEHHH H 3a-
KIIOYEHHH MO aHAJOrHH, GhJIO 6B, KOHEYHO, TPyJAHEe HanacTh Ha
crejl ee 3aKOHOB.

[Npexae yeM nepedTH K IMJIO/OTBOPHEIM IPHJOXEHHSM JHHAMH-
YeCKkux ypaBHeHHi (83), HAM HEOOXOAHMO O3HAKOMHTHCA C COQTHO-
HICHHSIMH, KOTODHIE CYIIECTBYIOT MEXAy JAaBJeHHeM H aedopmaimei.
Bonpoc 06 3THX COOTHOLWIEHHAX C HEH30EXHOCTBIO MNPHBOJAHT K
BOMpocy © MaTepHaJe H3yyaeMoro rtesa. Bornpoca 3Toro Mul noxa
€me HE paCCMaTpHBAJIK, H O HeM OyJeT B MNEPBYI0 OYepEAb MWTTH
peur B Guamkaiimux naparpadax.
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§ 21. Kax Mp BHZenH B nepBoif yacTH, ajas OAHO3Haguo# ¢op-
My AHDOBKH 3aKOHOB JBHXeHHS NeQOpPMHPYEMEHX TeJ HAM OCTaercd
TO/ILKO Y3HaTh B3aHMOOTHOLIEHHMS MEXIY TEH30pOM Ae(OpManHH H
TeHsopoM JapjesHs. YUTo6bH YCTaHOBHTb 3TO B3auMOOTHOILIEHHME,
BBeJIeM NPENKJAE BCEro runoTesy, KOTOpoH Mu 6yneM Bce BpeMs NpH-
AepKHBAaTLCA B JajabHEHIIEM: YTO JAaBJEHHE BCeriia H NOBCIOAY 3a-
BHCHT HCKJIOYHTENbHO TOJBKO OT JeQOpMamHH B AAHHHIH MOMEHT
M B JNGHHOM MecCTe,— H 06paTHo. DTO JONyINEHHE BOBCE HE BCEraa
BHIMOJIHSICTCA B NpPHPOJE: CTPOro roBopsi, BCE TBEDAHE Teja MNPO-
ABJSIOT B GOJBLIEH HJIH MeHbIeH CTeneHH 3aBHCHMOCTh paecdopma-
ilHH He TOJbKO OT MIHOBEHHHX CHJ, HO H OT TOfi 06PaGOTKH, KOTO-
poft OHH NMOABEpPrajJuCh PaHEee, a TAKKE OT TEMNEepaTyphl, KOTopas
MOXET BOOOILE H3MEHATbCS COBEPIIEHHO HE3aBHCHMO OT JaBJCHHS
# nedopmanuu., Ho ecav H MOCKOJbKY TEIO yAOBJETBCPSET BBEJEH-
HOH HAMH rHNOTE3€, MEH HAa3nBaeM €ro ,COBEPIUIEHHO YNPYTrHM®.

CoBEpLIEHHO YyNpyroe TeJO AOJKHO, KOHEYHO, YAOBJAETBOPATh H
TAKOMY YCJOBHIO: T€JO, KOTOpOEe B TEYEHHE HEKOTOPOro BPEMEHM
ROBEPraaoch KAKHM~THOO Je(OpMHPYIOLIMM CHJAM, JOMKHO NOCIe
TipeKpaleHHs 3THX CHJA NEpelTH B TO XKE CAMOE COCTOSIHHE PaBHO-
BeCHsl, KOTOPOE OHO 3aHHMaJO A0 MPHJICKEHHS 3THX cHJ. M6o Hy-
A€BOMY IABJEHHIO JO/XHE OJHO3HAYHO COOTBETCTROBATHL HYJeBas
reopmauns. [TosroMy, eciH TeI0 OGHAPYKHBAET SIBJECHHE YNPYroro
nocAeneHCTBHs, T. €. TOCAE NPeKpameHHs Ne(QOPMHPYIOLMX CHA
AHWEL MOCTENEHHO BO3BpAmAeTcs K MEePBOHAYAJLEHOMY COCTOSIHHIO
PABHOBECHS,, TO TdKOe TEJO He SBJAETCS COBEPUIEHHO YNDPYTHM.
3aTo camasi BeJHYHHA Je(OpMALMH, BHISBAHHOH ONpeieJeHHbIM NdB-~
AeHHeM, HE HIpaeT HHKAKOH DOJIH B BOIpOCE O COBEPUICHHOH ynpy-
rOCTH. B 3TOM OTHOIIEHHH HAyuHasi TEPMHHOJIOTHS HECKOJbKO pac-
XOJHTCS C WHUTEHCKHM CJOBOynorpeGJeHneM, TaK KaKk B OGHJEHHON
WEK3HH IOHATHE O BHIJAIOLIEHCS YNPYrOCTH CBSI3@HO C NOHSATHEM O
3ga4YHTeJbHOR JNeQOPMHPDYEMOCTH, K, HaNpumep, pe3HHa CYHTaeTCH
B 3TOM CMHICJE 6oJaee ynpyro#, sem ctekjo. HanporuB B Hay4HOM
WOHHMAHHM CTEKJIO 6oJiee ynpyro, ueM DesHHa, Tak KaK JaJleKo He
B Takoit cteneHH OOHAPYIKKBAET CBOHCTBO yNpPYroro nocjaexeficTBHs.
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Onuir nOKa3LBaET, YTO BCSAKOE TEAO MOXKHO PACCMAaTpHBATB KakK
€OBEPUIEHHO YNpyroe, eciu jaedopMaliHs ero He NMPEeBOCXOAHT Omnpe-
JIEJNEHHOH BEJHYHHE!, KOTODas HAasHBAETCH ,NPEeNeJOM COBEpLIEHHOMH
ynpyroctu®. IToaTomy Hawy faipHeHIUKE HCCIEAOBaHHS OTHOCHATCH
KO BCEM TeJaM, HO TOJAbKO K TakuM jedopMauusM, KOTOpHE Ha-
CTOJBKO MaJbi, 4YTO JeKaT B [peaesax ynpyroctH. Yrtobw
YNPOCTHTb MaTeMaTH4YeCKylo paspabGoTKy, MBl JAONYCTHM, YTO nedop-
MauuH GeCKOHeYHO MaJhl.

§ 22. Teno, B KOTODOM BC€ HanpaB/jeHHs (DH3HYECKH DPaBHO-
3HAYHH, HA3BIBAETCH , H3OTPONHKM®, a4 TEJ10, B KOTOPOM KakHe-iu6o
HanpasieHHsl (DH3HYECKH OTJHYAITCH OT APYTHX, Ha3HLIBAeTCH ,aHH-
30TponHsiM“. I/ M30TPONHHIX T B3aHMOOTHOLUGHHE MEXJAY Je-
dopmaiselt ¥ gaBlIeHHEM NOJYyYaeTcsl Cpa3y: TaK Kak JaBJeHHE HOoJ-
HOCTBIO onpejieneHo nedopmanueft, TO npH BCAkoft aedopMaiHu
F/2BHHE OCH TEH30Da AABJEHHA JOJ/OKHH COBNAfaTh C TJABHLIMH
ocaMi TeHsopa gmedopmaudd. Ilas aHH3OTDOMHLIX TEI 3TOrO 3aKJIo-
YeHHs] BHIBECTH HEJB3sl, TAK KaK 3JIeCh HrpalT DOJb ONpPeAe/EeHHHE
NpEHMYILECTBEHHEE HanpaeaesHs Tead. Ho Ttak kak MHE xkejdaem
pacnpoCcTpaHHTh HAIH JaJbHERIIHE COOOpaxeHHsl Takke H HAa KpH-
CTANJB, T. € HA TEeJa aHH30TPOMNHHE, TO MH JO/JKHH BHOpaTh 60Jee

oOWHA NyTh.
Tenzop nedopmauuH XapakTePH3YETCsl IIECTBI0 KOMIIOHEHTEMH
X, X, ... (§ 12), a TeH30p JAaBJEHHS — IIECTBK) KOMNOHEHTAMH

o }(,, ... (§ 19). INocnegnne BEJIHYHHE! CYTh ONpejeNeHHHE (YyHK-
UHU nepsHX BeHuHH. Tak Kak KOMIOHEHTH Ae¢opManuH 6ECKOHEYHO
MaJk, TO MOMHO NPH pasioxeHHH B psn Telsopa oCTaHOBHTBCA HA
NepBEIX 4WwieHaX. B pesyJbTaTe NMOJYYHTCS, YTO KOMIIOHEHTH JaBJe-
HUSE CYyTh JHHel Hble (YHKUMH KOMIOHEHTOB neQopMaLiH, H NpH-
TOM, MOXKHO JOGABHTE, OJ HO D OJ HH € PyUKUHH, TAK KAK MBEl OTCYH-
TeiBaeM JpedOpMaLMH OT TOr0 COCTOSIHHS, KOTOPOE COOTBETCTBYET
HyJeBOMy JaBJEHHIO, T. €. OT ,eCTeCTBEHHOro“ COCTOfIHHSA TeJa.
Torna xoMnoHenTH AagaeHusi 06paIAlOTCs B HYJb OJHOBPEMEHHO C
komnonentaMe  pedopmanuu. CaejoBatesbHO, O6liee BHPAXEHHE
A% 3aBHCHMMOCTH JAaBJeHHs OT Ae(OpPManHH MOXKET GHTh HAIHCAHO
¥ BMAE LIECTH ypaBHEHHIH:

X, = ayX, + Gy, + 0152, + 015Y; + 0152, + 4y6X,, } (88)
yy = ‘121xx + ae-zy Yy + a‘..’Bzz + ‘124}’ z + a‘..’ﬁzz + azsxy:

® ® 8 4+ = 4+ * a » 8 3 o @ s+ e« @ = W 2 o =

B atux ypaBuenusx 36 MOCTOSHHBIX ¢ ONPENEJSIOTCS MATEPHAIb-
NHMH CBOHCTBAMH TeJsd. 3HAYKH NPH MOCTOSHHHX COCTABASIOTCH IO
TakoMmy npasuay: uudps 1, 2, 3, 4, 5, 6 conoctdBaeHH MO NOPSAAKY
€ yomnoneHTamu jgebopManud X, ¥,, 2,, ¥, 2, X, € C KOMIIOHEH-
Tamu pasiaewns X,, Y,, Z,Y,, Z, X,. Ecav noAcCTaBHTL BHPAXKEHHS
{88) B ypaBHemus ABHKEHHS (83). TO noJyyaTcsi OGLIHE 3aKOHbBI
ABUKCHHA.
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Ocraercs eme BONpOC, ABASIOTCH JIH MOCTQSHHBIE ¢ COBEDIIEHHO
He3aBHCHMBIMH JDYr OT JAPyrd HJH M€ MEXJY HHMH CYLIECTBYIOT
ONpeJeICHHHE COOTHOILEHHS, BB€JEHKE KOTOPBIX yNPOCTHIO 6L yPaB-
unends (88). HenocpencTBeHHO OYEBHAHO, YTO NPH CYIIECTBOBaHHH
CMMMETDHH KakKOro-JH60 pofia B KDHCTAMJI€ 4YHCIO [OCTOfHHBIX
cTaHOBHTCA MeHbmie 36 M BripaxenHs (88) cBoasiTcs Kk Goaee 1po-
CTHIM YacTHHM cayuasMm. Ho noka Mmbl eme ocTaBHM oOLHil cayuai
COBEPIUICHHO HECHMMETPHUYHOro KPHCTANA H ITOMUHHEM €ro YCJOBHIO,
KOTOPOro MBI JIO CHX [Op e€Lle He BBOJMJH, HO O KOTODOM MH
3HaeM, YTO OHO MOCTOSIHHO BHIMOJHSIETCS B NPHPOJE. DTO yCJIOBHE —
3aKOH COXPAHEHHsl 3HepIrHH. MK yBHJIHM, YTO BBEJICHHE 3TOro 3a-
KOHAa HMEET CJIeACTBHEM O6LIEe 3HAYKTEJILHOE YIPOILNEHHE CHCTEeMb
ypaBsenuit (88).

§ 23. Corsacuo npHHUMNY COXpaHeHHsi aHepruH [7, (393)], musme-
HeHHe TMOoJHOH sHepruu L 4+ U matepHanbHOH CHCTEME!, MPOHCLIEN-
1iee B TEeYEHHE 3JEMEHTAa BpeMeHH df, paBHO paGore, COBepLIEHHOH
33 5TO Bpemsl HaJi CHCTEMOH BHEIIHHMH CHJIAMH:

d(L+U)= A. (89)

DTO paBEHCTBO MH MPHUMEHHM K paccMaTpuBaeMoMy cayuaw. [1pu
3TOM, KaKk H B § 15, MBI BHIEJHM NPOK3BOJLHYIC 4YACTB BCEro TEd
u 6yiemM paccMaTpHBAThH €€ KaK MaTepHaJbHYIC CHCTEMY.

IlepBass yacTe swepreH, xuBasi cHia L, paBHa CyMMe XXHBHIX
CHJ BCeX 3JEMEHTOB Maccs kdzr paccMmaTpHsaemoit yacTh Tesa. Cie-

JOBATQJNRLHO,
1 duy2 dv\Z  /dw\?2
L= -V HEE ¢ + 14PN N ke, 90)
2j{(dt) (dt) Fkdt)} O

rje u, v, W— KOMIOHEHTH CMEIICHHSl MaTePHAJLHOE TOYKH M3 €u
€CTECTBEHHOTO TIONOXEHHSl, a4 WHTerPHPOBAHHE pPAaCHpPOCTPAHAETCH
Ha pacCMaTpHBaeMyl0 HacTh TeJa.

O BrTOpO#l YaCTH 3HEPruH, NOTEHUHMAJIBHOR 3Heprun U, MH 3HaeM.
YTO OHA CKJaJKBAETCA H3 MOTEHLUHAJBHHX SHEPrHil OTIAEJBHHX 3j€-
MEHTOB MAacChl ¥ MOSTOMY BHPaXAaeTCA B BHAE:

U= S Fd, (o1)

rae dyukims F, noTeHUHaAbHAas SHEPrHs €AMHHUH OGbEeMa, 3aBHCHT
BBH/y COBEDIUEHHON YNDYrOCTH T€J, TOJBKO OT COCTOsIHHA Aedocp-
MalHH COOTBETCTBYIOILErO 3JeMeHTa 0GheMa, T. €. OT LIeCTH KOMINO-
HeHTOB JedopmauMM X, ¥, ... TaKk kak peub HAE€T BCerja TOJBKO
06 H3MEHEeHHAX MOTEHUHANBHOH 3SHEpruH, a He 06 ee aGCOJIOTHOM
3HAYEHHH, TO MBl MOXEM, HE OrpaHHYHBasi OOLIHOCTH 38Aa4YH, NOJO-
KHTh JIJIS €CTECTBEHHOrO, He 1eOpPMHPOBAHHOrO COCTOsHU Tesa F=-{.

Hakonen, yto xacaerca paGOTHl BHEMIHUX CHJ, TO NOCJAEIHARN
coctouT, no § 14, u3 paGoTH MACCOBHX CHJ, KOTOPHE HEHCTBYIOT
Ha BCE 3JEMEHTH pacCMaTpHBaeMOM YacTH TeJd, H, KPOME TOro, H:
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padoTHl CHJ JNABJEHHS, KOTOPbie NEeACTBYIOT M3BHE HA TOYKH.MOBEPX-
#0CTH paccmarpuBaeMoft yactH tena. Ctano GbiTh:

A :S (Xdu + Ydv + Zdw) kdv +S'(x.,du +Y.dv+Z,dw)do,  (92)

rae nepBnift uHTErpan 6epercs no oGbeMy, a BTOPOH HHTErpajs— 1o
NOBEPXHOCTH YacTH TeJja.

Tenepr, uro6n ocymecTBuTs TpeboBanue (89) npuHUMNa coxpa-
HEHHMS 3HEPriH, COCTaBMM MNpexJe Bcero Brpaxkenue aas dL. Tak
KaK Macca kdr He 3aBHCHT OT BPEMEHH, TO MBI MOXEM Henocper-
cTBeHHO BhiBecTH M3 (90):

2 2 2
dL:j("”du+ i+ 4w \ ke,
\ df? di? dr
HAM, €CNH MOICTAaBHTh 3HAYEHHS KOMIIOHEHTOB YCKODEHHMA H3 ypaB-
neaudl aBukeHus (83):

.
dL = \ (Xdu--Ydv + Zdw) kdr —

f 0% 0K [ OX )
au e T -
\ ox Jay 0z / ;
/v v FLVAN
R R AN T (93)
A \ 0x oy 02 ) {,
“+dw { 0% - 0z, - 0Z. \, !
{ \ X oy Ty )

Ecau Tenepe Bocrhose3oBathes ¢opMysaoft npeo6pazoBanus (79)
IPMMEHKB €€ K KaXJIOMy H3 JEBITH OOBEMHBIX HHTErpajoB, Ha KO-
TOPHIE pacnajaercsd BTOPOH OOBLEMHBII WHTErpaj, TO Mbl TOJy4YHM,
TpYHHMas Bo BHuUMaHHe (74):

df, - ((_X du + Ydv - Zdw) kdr

kY

1 X, odiut . X,.Odu X 04du §
0x Tooy T oz
odv adv ady
dr - Y. Y Y - -
+§ .+ "0x+"’0y+“02+
odw odw odw
+Z, +Z -Z,
T oox Ty oy +L 0z +
. [do(deu Y.y + Zodw). 94)

Ecau noncraeute 37O BHpameHwe masi dL B ypaBHEHHE SHEPruH
(89), To nocsesHee 3HAUMTENLHO YNPOWIAETCS, TAK KAK WIEH, 3aBU-
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csgit oT paGoOTH BHEMIHHX CHA A {4 BHpaxawoumuics ¢opwmynoi
(92), coxpamaercs C PaBHHM €My 4JEHEOM B JeBOif 4acTH. Toraa B
yPaBHEHHH SHEPrHH OCTAHETCS TOJBKO MOTCHIHANbHAs sHeprus dU
W BTOpOft OObeMHBI# uHTerpal w3 (94). [locaennumit MOXKHO eme
6oaee ynpoctuth. Ilpexpe Bcero, HyKHO NPHHSITb BO BHHMaHHE, Yo

du
B BBIDAMEHHSIX ) H T. JI. 3HaK 0 OTHOCHTC K JH(eDeHnupoBa-
x

HHIO [0 MNpPOCTPAHCTBEHHBIM KOOPIHHATAM, a 3HaK d—k nudepen-
UUPOBAHHIO IO BPEMEHH, M NO3TOMY 06a AelCTBHS COBEPLIEHHO He-
3aBMCHMBI ApYr OT apyra. OTcioga uMeeMm:
ddu ou {ddu ou
=d -, -~ =d-" W T I
ox ox Iy oy
Ecan, nanee, BOCNOAB30BATHCS COOTHOWEHHSIMH (84) U cOkpames-
BBIMH OOGO3HaueHusiMu (60), TO ypaBHEHHE SHEPrHH HPEACTABHTCH
OKOHYAaTEJLHO B TAKOM BHJE:

dU + j X dx+ Y, dy,+Z,dz, + Y. dy, + Z dz, + Z,dx,) dv = 0. (95

3necsr MOXHO, coraacHo (91), Hanucare BA% B3MEHEHHA DOTex-
HHANMBHOH SHEPTHH:

dU = j dF - ds. (96)

Crtporo roBopsi, cilefoBano GH A06GaBHTHL CIOAA €Ule OAMH YJeCH,
KOTOPHH 33aBHCHT OT BPEMEHHOrO H3MEHEHHSI BEJHUHMHH 3JAEMEHTa

o6beMa dT, a HMEHHO 4JeH j Fd(dv), rae nepsoe d cooTBercrByeT

JudepeHIHPOBaHKI0 NO BpEMeHH, a Bropoe d— audepeHunpoBa-
M0 0 06beMy. HO 3THM 4/1€HOM HYXHO npeHe6peus HA TOM OCHO-
BaHHM, YTO NpH OGECKOHEYHO MaJbiX Aedopmanusx BpeMeHHHIE H3Me-
HEeHusl 3jeMeHTa 06'beMa, Jaxe s KOHEUHBIX NPOMEXYTKOB BPEMEHH,
6eCKOHEYHO MaJjbl MO CPaBHEHHIO C BEJIHUMHOH 3JeMeHTa o6beMa,
MeXJy TeM KaK BPEMEHHBHIe H3MEHEHHH MOTeHUHAlIbHON 3Heprum F
TOrO e MOpfAJKa BEJHYHHH, KaK H BeJIHUYHHA STOH SHEPruu.
Eeau Bocnoss3oBatecs (96), TO MOXKHO Hanucate BoipaxkeHHe (95)
B BHJE OJHOro OObEMHOrO HHTErpania, B3sITOrO Nno o6beMy paccMa-
tpuBaemoft yactu tena. Ecan B3sATh wacTh Tesa GECKOHEYHO Malylw,
B BHAE OJHOro 3JeMeHTa 00beMa.dT, TO MOXHC OTOPOCHTL 3HAK
HHTErpaia, ¥ Mbl MOAYYHM JJS KaXJAOro OTAEJIbHOTO 3SJEMEHT:
TeJsa:
—dF = X, dx,+ Y dy,+Z.dz, + Y dy, -+ Z dz, + X dx,.

C npyro#i ctopoHbl, TaKk Kak F 3aBUCHT OT WIECTH KOMIOHEHTOB
redopManuy, TO MLI HMEeM:

oF OF oF oF OF oF
dF = dx,- dy - dz.+ - —dy, - dz -+ ax,,
ox, T oy T 4, oy W gy Bt o P

& Sl H zx et
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H TdK KaK KOMIOHEHTH JAe(OpMAallMH H HX H3MEHEHHs He 32BBCHT
APYT OT ppyra, To Boobuie:

X.r:_!)f} ),u:— OFi Z’:——— OF,

ox, : 0y, ) 0z,

oF oF OF 1)
y::_— ’ Zx:—h’ g T "

0y, 0z, ' 0x,

)

STO 3HAYHT, YTO KOMINOHEHTH TEH30pa AABJAECHHUN PaBHM
B3SITHIM C OOpaTHLIM 3HAKOM NDOHU3BONHKM €JHHCTBER
HO# QYHKIHH XOMODOHEHTOB anedOpMayuHH IO DTHM
KOMNOHEHTAaM, COBEPUIEHHO NOLOOHO TOMY, KaK NPH HEHTPAALHBIX
CHJIaX KOMIIOHCHTbl KaKofi-HHGYJb CHJB DABHLI, B3ATHIM C OODaTHHEIM
S8HAKOM MPOU3BOAHBIM €JIHHCTBEHHOR (YHKIHMH KOOPAMHAT,— IOTEH-
ynana, —no 3tuM Xoopnuuaram [7, (107)]. [TosToMy noOTEHUHAJIbBHYIO
9HEPrHio eAHHHIN oO0beMa F HA3nBAIOT TAKKE YN PYTrHM NOTEH-
guuaJtoM (MOTEHUHAJAOM YNPYTHX CHJ).

Corsacuo (88), ynpyruit noteHuuasn |ecTb KBajpaTHuHass QyHK-
1y KOMINOHEHTOB AepOpMallHH ¥, KpoMe TOro, (pyHKLHS OAHOPORH2S,
TaK XdK, COrJIAaCHO CAEMAHHOMY HAMHK BHIIE AOMYUIEHHIO, HE TOJLKO
AVHEHHBIE YJEHH, HO Takke H abCOMIOTHHEA uJeH oOpalaoTcs
B HyJb.

§ 24, CorsacHO noOJyYeHHHIM HaMM peayJbraTaM, ofliee BHIPa-
KEHHE YNpyroro NOTEHUUala HMEET BHI:

Q
F= ;1 X2 T 01X Yy + GaX 2, + aX,Y, + 015X, 2, + GeX X, +
[/
+ *;—2‘ y!lz + a23yyzs + a24yy;ly:, %_ aZSyyz.z + aZnyxg +

ay,
- 2" 22+ 0342.), + a2 2+ G52 X, +

b %ytz —i— adSyzzJ+ a45ysxy +

Qx5
F _5— sz + a5ﬁz:txy +

Orcrona noaywawrtcs, no (97), mectb KOMNOHEHTOB MdBJEHIH
B BHJle JHHEUHBIX OAHOPOJAHLIX QYHKIHA OT KOMIOHEHTOB aedopma-
UMM, COBEpPIIEHHO TaK, kak B (88), C TeM JHIp pPa3JHYHEM, YTO
Tenepr @y, = Uy W T. A. JIpyrHMH CJIOBaMu: CyILIECTBOBAaHHE YINpy-
TOro MOTEeHUHAJa PAaBHO3HAYHO YCJIOBHIO, 4TOGH B MOCTOAHHHX
YUDYrocTH @;; 3Hauku i M j MOXHO ObUIO mepecTaBiAATb OJHMH Ha
Mecto apyroro. OTciona noJyvyaercsi 3HaYHTeJbHOE ynporuieHue 00-
We#t teopus, paccMoTrpeHHOH B § 22: ynmpyroe cocrosHHe TeXa 38-
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BHCHT yxe He or 36, a ot 21 nocrosiHHOH. O6 3THX NOCTOSIHHBIX
MOXHO 3apaHec BHICKA3aTb eule OJHO CHPEJE/IEHHOe CYyXIeHHe, He
BXOJfl B PAaCCMOTPEHHE YACTHEIX CBOICTB TeJd: MOCTOSIHHLIE yIOBJe-
TBOPSIIOT YCJAOBHIO, YTOOH mnoTeHimaa F ObJ NOMOXMTENbHLIM MpH
Bcex ob6croaTteancrBax. Jlego B TOM, 4TO yNpYrHif MOTEHIMAJA €CTh
NoTeHUHAaMbHAasA 3Heprus JAedopMarHH, a MOCJeNHsA, NPH NEepexoie
Tesa H3 Ae¢OPMHPOBAHHOrO COCTOSIHHA B €CTECTBEHHOE, T. €. MpH
nepexose MNOTEHNMasa OT 3HaueHuss F K 3HAYeHHI0 Hyas, o6pa-
waeTcd B KHHETHYECKYIO, T. €. MOJOXHTENbHYIO, SHEPruio, OTKyJa
Heu3GexHO CJefyeT, YTO OHa caMa AOMKHA OBITH IOJOMHTENbHOH.
3To paccyxaeHHE npeAcTaBaser cobol NPHIOKEHHe obuiero 3aKoHa,
4T0 yCTOHYKBOMY COCTOSIHHIO PaBHOBECHS BCErja COOTBETCTBYET
MMHHMYM noTeHiHaJbHOR anepruu (7, § 105). Tak xak ecrecTBeHHOE,
Hene()OpPMHPOBAHHOE COCTOSIHHG TEJa MPEACTaBIseT COOOK yCTOMNYH-
BO€ COCTOfIHHE pAaBHOBECHSl, TO NOTEHIHAJbHASl SHEPrHsl B KaXJIOM
e OpMHPOBAaHHOM COCTOsIHMH OOJIbIlle, YeM B €CTECTBEHHOM COCTOS-
HUH, T. €. Go/ibHIE HYJS.

OT1ciofa MOXHO Jajblie 3aKIMOYHTh, YTO BCE IIECTE NOCTOAHHEIX,
#,,, Qoy, - - ., Ugg, NOJONKHTENBbHH. Ecsin OH, Hanpumep, ¢y, GHJIO OT-
puIaTeJibHO, TO JAOCTATOYHO OBLIO Gbl NMOJOXHUTE, YTO X, HE PABHO
HYJI0, @ BCe OCTAJbHBIE KOMIOHEHTH Je(OpManHH paBHBI HYJIO, H
noayyuiacs 65 OTpHUATENbHBIH noTeHnuaa. Ho u octaapHble OCTOSIH-
Hble @ JIOJHHE YAOBJETBODSTh HEKOTOPHIM HEDaBEHCTBAM, KOTOPLIX
Mut 37ecs GOpPMYJHPOBAaTH HE GyneMm.

§ 26. Ha npakTHkC OORIYHO NPHXOJAHTCA MO JAAHHBIM BHEUIHHM
CHJaM JaBJE€HHSl ONpelesdATh MPOH3BEAEHHOE HMH U3MEHEHHE TeJa.
Tormga mnpexzae BCEro BO3HMKAeT BaHBIH BONPOC 06 OJNHO3HAY-
HDCTH peleHHda 3TOR 3ajayH, T. €, BOMNPOC, COOTBETCTBYET JH
JaHHbIM BHEMIHHM CHJIAM [aBJEHHS BIIOJHE ONPEAE/EHHOE H3MEHEHHE
TEJa, HJIH K€ YDABHEHHAM 3aJauH YAOBJETBODSAIOT HECKOALKO pas-
AMYHLIX u3MedeHu#l. HcciejjoBannem aToro BONpoca Mul H 3afiMeMCs.
Ilpu aTom OrpaHHYHMCH CJyyaeM DaBHOBECHf.
~ TlosoxHM, 4TO HAM JaHbl JABJAEHHA, JeHCTBYIOIHE H3BHE HA MNO-
BepxHOCThL Teda, X,, Y, Z,, a taxike maccoBse cuanl X, V, Z. Jlo-
MyCTHM, KDOME TOro, 4TO HalpeHw Tpd GYyHKLIMH 4, V, w, 3aBHCH-
mHe oOT X, ¥, 2, TAKHE, KOTOPblE MOXHO DACCMATPHBATH KAK CMelie-
HUS TOYEK Teda X, ¥, £ H KOTOpHIE YJAOBJIETBOPSIOT BCEM YCJOBMSAM
paBHOBECHA, T. €. ypaBHeHHusM (83) BHyTpH Tena:

Xie. 0%, 00X, 0X,

ox oy " 0z
7
Vi oY, N oy, - OY;’
0x oy 0z
Tk - 0Z, - 0z, - 0Z,
ox oy 0z

(99)

3
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# ypaBHeHHsM (74) Ha nOBepPXHOCTH. BO BCeX 3THX ypaBHEHHSX
AY)XHO MOACTABHTH BMECTO KOMIIOHEHTOB NaBieHus X, ... T€ 3Ha-
yeHHsl, KOTOPbIE MOAy4aioTCd H3 BHDAaweHuH Aas1 CMemeHuit 4, v, w;
eC1d crepea COCTaBHTH, 1o (60), COOTBETCTBYIOIHE HM KOMIIOHEHTHI
pedopmaliu, a 3ateM, no (97), KOMIOHEHTH! JaBJEHHSL.

[Tonoxum ganee, yTo CyIECTBYIOT enle TPH Apyrue pyHkuuu o', V', w
OT X, ¥, %, OTJHYHBIE OT MNPEALAYLIHX H TaKKe YIOBJETBOPSIOMHE
ycI0BHSIM paBHOBeCks. B TakoM ciyuae ypasuenust (99) u (74) neftctsu-
TeNbHH TAKIKE H JI/Ifl TeX KOMIOHEHTOB fapjenus X/, X/, ..., KOTOpHIE
NOMYYaAKOTCH, €C/IH BRIYHCAHTH KOMNOHEHTH aedopmanuu X, ¥/, ...,
no (60), u3 &', v/, w’ BMecTO U, V, W M NOACTABHTH 5TH 3Hayerusi B (97).

PaccmoTpum Teneps (pyHKIMH

U=t —u, Vo=V —V, wo=w'—Ww, (100)
3gBHCSIIIHE OT X, ¥, 2, ¥ HCCACAYEeM TO H3MEHEHHE TeJd, KOTOpOoe
OHH NPEACTABJAIOT COOOI0, €CIH PACCMATPUBATL HX KAK KOMIIOHEHTH

cmeitenust. [Ipexe Bcero oTciofa noayuartcs, no (60), KOMIOHEHTH
nedopmMauim:

Xe =X — Xy Xy =X —Xy.ey (101)
sateM, 1o (97), KOMIOHEHTH JAABJEHHS:
X, =X,'—X, Xy"=Xy’~Xy,... (102)

C npyro#t cropoinl, ecan BoluecTb ypasHeHHs (99) ana KOMNOHEHTOB
zaBneHnss 6e3 IUTPUZOB M3 TAKHX K€ ypaBHeHuil (99) ans xommno-
ACHTOB JIaBJEHHSl CO IUTPHX&MH H NPHHATL BO BHMMAaHHE, 4YTO JAaH-
HHE Maccoewle cunn, X, YV, Z, ofgHaKoBel B oOe€MX cHCTEMax ypas-
HEHHH, TO NOJYyYHTCS:
0 0%y O, 0K (103)
ox oy 0z
Hakonen, a4 mnoBepxHOCTH T4, BHUTA YypaBHeHus (74) 6es
WITPHXOB H3 YPABHCHHII CO WITPAXAMH, MOAYYMM:
0 =X, cos(vx) + X, cos(vy) + X, cos(v2), ... (104)
T8K KaK 3aJJaHHBl€ MOBEPXHOCTHHIE AaBJaeHus X,, Y., Z, BCAKuA pa3
OJHHAKOBH.
3xeck MorJo 65 BOBHHKHYTh COMHEHHE B TOM, MOX(HO JIH [IPH TAKOM
BHUYHC/ASHHU CYHTATh OJMHAKOBBLIMH KOCHHYCLI HarnpaBJeHuil B o6eux
CHCTeMax ypaBHeHHil, TaK KaK (pOPMA MNOBEPXHOCTH TEJId BeNb PA3JHYHA
IpH o6ouX u3MeHeHusiX. OAHAKO Jerko ybeaurbesi, YTO AOIMYIICHHAA
TakuM o6pasoM owu6GKa — MeBbulero nopsiKa BeaH4YHEH. Jleno
B TOM, YTO KOCHHYCHl HalpaBJEHHS HODMAJH K 3JEMEHTY MOBEPXHO-
CTH KOHEUHBI, HO3TOMY HX 3HAYEHUs OTKJOHSIOTCA IIPH KaKOM-HHOY b
€CKOHEYHO MajioM HW3MEHEHHH Teaa JHImub HA OECKOREYHO Malylo
B€IMYHHY OT Tex 3HaueduH, KOTOpHE OHH HMEJH IPH ECTECTBEHHOM
Cocrosgumn Teaa, MEXJly TeM KaK KOMIOHEHTHl AdBJNCHHSA Xy - .. OTJH-
H3lI0TCA npH OGOMX M3IMEHEHHSIX HA TAKHE BENHYHHEl, KOTOpHE 3a-
MeTHH 1o CpaBHEH#HIO CO 3HAYECHHAMH CAMHX KOMIIOHEHTOB AaBJIEHHA.

‘ Bﬂuglne % TEOpETHHECKYK (IH3INKY
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Vpapuenus (103) u (104) uMmeoT oueHb marasjgHoe Qu3HUECKOy
ucroakoBanue. OHHM BHPAXAOT YCIOBUS -4/ TAKOTO H3MEHEHHs
Uy, Vo W, [IDH KOTOPOM BHEUIHHE Cu/AB He€ AEHCTBYIOT HM Ha 3Je-
MEHTHl MacChi, HH Ha MOBEpPXHOCTh Tena. TakuMm o6pasoM nocrta-
BJEHHLIH BBIUIE BOMNPOC 06 OMHOSHAYHOCTH pELIeHHs AJs U, V, W,
[PH 33[aHHBIX BHELIHHX CHJIAX, CBOAMTCA K 60.€e NpoCToMy BOLPOCY,
BO3MOXHO JIH IIPH OTCYTCTEHH BCAKOIQ BHELHEro BO3/EHCTBUSA TaKOe
H3MEHEHHE Tena Uy, Vo, Wy, KOTOpPOE GblIo GBI OTAHYHO OT RYJIS.

OtBer Ha 70T BONPOC MOXKHO HAHTH NPH NMOMOIIH CICAYIOLIEro
paccyxaenus. Ecin ymMHOXHTL TpH ypaBHenus (103) cooTBeTcTBelEo
HA Uy, Vo Wp CIOXKHTBH MEXJY COOOH, yMHOXHTL Ha JEMEHT 00bema
dr ¥ NPOMHTErpHPOBAaTh MO O6bEMY BCEro Tesd, TO MOJYYHTCA Ypas-
HEHHE C JEBsThIO OOGBEMHBIMH HHTErpasaM, KaJbl H3 KOTOPBIX
MOXHO npeo6pa3oBarh, HA OCHOBaHmM (79), creaywolHM o6pasom:

(uo 0Xx, dr = — (—pfl-l" Xy dv— | 4yXs, cos (vx) do.
N 0x v 0x

[MosTomMy ypaBHeHue 1npeo6pasyeTcsi, NPHHMMAss BO BHHMauke
(104), B caexymwuiee: :

f(Xxnxxu + YVl Za2e+ Yo ¥+ Zx2+ X, x,)dr =0,
HJIM KE, eCJIH NOACTABUThL 3HAUEHHS COCTABJAIOILHX jaBjaeHHsa u3 (97)
S\ i:Od'r = O:

rne F, o6osHavaer Boipaxenue (98), ec/iH NOACTABHTH 3HAYOK HY.Th
npu BCeX KouvnoHentax nedopmanuu. Ho F, Bcerja noJoxurentho
H DaBHO EYJIO TOJBKO B NpeAeJbHOM C/lyuade, Korja sueprusi mnedop-
mapue o0pamaercs B HYJb. 3HAYHT, H3 NOCJEJHEr0 ypaBHEHHS CJe-
nyer, yto Fy ofpamaerca B Hy/lb JJIA KAXJOrO 3JEeMeHTa o6GneMa.
a OTCHJa BHITEKAET, YTO KAMJAf H3 CUCTABJAIOIHX NeOPMALHH Xx,
Xyure - PaEHa Hymo. JIpyruM# cnoBamu: €CJH HA TEJIO He NeHCTBYyIo!
HHKdKHe BHEUIHHE CHabl, TO jedopmanus o0a3aTeNbHO paBHA Hyaw.

Ocraetcd eme Bonpoc, oGpam@aercs JH NPH STOM B HYJAb TAKMke
H3MEHEHHe U, Vo, Wo. s oTBeTa HYIKHO HCCIEL0BaTh, 00OA3aTeNLIH0
Ju o6pamanTcs B HyJAb KOMIOHERTbl CMEIUEHHS U, Vo, W, ec.ts
pPaBHBI HYJIO MWECTb KOMMIOHEHTOB He(OpMaALMK:

0,”07 0, oy + 0"’0:0, )

ox 0z oy

0::0_ 0. OW‘,I Du,,”o’ (105)
oy ox oz

Wy o 0o V.

oz Ty o
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Kak serko BuzeTh, 3TO BOBCce HE TaK. MOXHO Jaxe€ HOAyYuTh
Uy, Vo, W, Kak oOliHe peluerus AudeperiuHaJbHbX ypaBHeHHH (105)
creayomnM obpasom. Jas 4, CymeCTBYIOT TPH YCJAOBHS:

Oug =0, 0.250.20, O%uq =0,
ox y,e® 022
H3 KOTOPLIX JBa MOCHAeIHHE MOJY4YaTcs JH(epeHUMpPOBaHHEeM
ou, Ouy
ypaBHeHuH, copepxammx ——: H —.
ou (iF4

[Tostomy u, umeer BHA:
Uy = A+ 25y -+ 232 + Ayz. ]
[Mono6uun e obpasom } (106)
Vo =t + X + ugZ + p'x2,
Wo=1 + X + vy +'xy, }

fipuyeM JBeHanUzTh kO3dMUNeHTOB A, 4, v nmocTosHEH. JHance, ¥a
ocuoaunu (105):

y + 1x -F vy 'x =0,
v+ VY 4,4 2'y=0,
Ap + A7 -y + 'z = 0.

Orcroaa
A, == O, ‘u, fman) 0‘ -[:" == O,

vy +3=0, A3+ =0, y + 4,=0.

Beuny atux mecTdH ycaoBuli, BeipameHnus (106) cranosaTcs co-
BEpUIEHHO OJMHAKOBBLIMH C BhIpaweHuAMH (39) mas camoro obmero
6eCKOHEYHO MaJIoTO H3MEHEeHHs, KOTOPOMYy TeJNOo MOXeT NoJBepr-
HyTbCdl, He mnpercpnenasi pedopmanuH, T. €. A8 NOCTynaTeJbHOro
nepeMeIieH s M BPamenysi. DTO OYEBHAKO, H STOT Pe3yJbTaT MOXHO
6bly10 npeaByaeTh 3apaHee. Mu MOXeM N03TOMy BHICKA3aTh CAEAyIOIe
NnojoXeHHe: XOTA BHEUIHHE CHJbI, ACeHCTBYWOIIME HA BHYTPEHHOCTD
¥ NoBepXHOCTH TEJ4, He ONpejessioT OJHO3NAYHO KOMIOHEHTOB CMe-
IeHHd ¥, V, W, OJHAKO H3MEHEHLS TeJa, NPEeACTARJACMEE DasJHy-
HBIMH PCILICHHAMH 33ja4H, OTJJHUAIOTCS llpyl‘ OT jpyra TOJBKO NO-
CTYnaTeJbHEIMH NEPEMEIleHHsIMH H BPALIEHWAMH BCEro Tejga H Mo-
BTOMY BCE€ COOTBETCTBYIOT OJHHAKOBON nedopmauuu. B sToM cmuciae
MOXHO CKa3aTh, YTO 33/1a4a PaBHOBECHS OAHO3HAYHO paspeliaercs
BHIBEJEHHBIMH ypaBHeHHAMH. BnocjegcTBum, npH paccCMOTPEHHH no-
AOOHBIX 3ana4 Mbl OyJeM MPOU3BOJIbHO BHOHpATh T€ LIECTh MOCTOSH-
HHX, KOTOpble OCTAal0TCA HeoNpejejeHHbIMH, TaK KaKk OHH GoJblie
He NpejCTaBJAIOT JJs HAC HHTEpeca.

*‘
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. 8§ 26, TEaa CHMMETPHYHOHR CTPYKTYPH. KPHCTAIMYECKHE CHCTEMLL,
Hrobsl ynobuee obo3perp 21 noCTofHHYKW, OT KOTODHX 3aBHCAT
yupyrue CBOHCTBA KpHCTaJNa, paCHoOJIOKHUM HX B BHIe CJAeayloLieH
CXEMBI:

O Qi Gz Oy O Oy

Opg GOy Gy Oy Gy
Oag O34 Q35 g (107)

dgq G5 O

Q55 O

gg

3HaueHHsi OTAEAbHEX MNOCTOSHHHIX @ 3aBHCAT BOOOLIE HE TOJBKO
OT COCTOSIHH$I KPHCTaA/a, HO TaKXe M OT BHOOPA CHCTEMEH
KOOpAHHAT, 3 UMEHHO OT PAaClOJOXEHHS KOOPIHHATHBIX OCeHl OTHO-
CHTENBHO HAanpapJieHu#, KOTOPHE HrpaKT ocobyw poib B CTPYyKType
KpHCTa/aa. DTO CJeAyeT HENOCPEACTBeHHO M3 TOT0 COo0pakeHus,
YTO 3HAaYeHHE YIpyroro noreruuana F, T. e. ynpyroii sHepruH, Hu
B KaKOM C/ly4yac HE MOXKeT 3aBHCETh OT BHIGopa KoopauHat. Ecau
npeoGpasosath KaKyio-puOyab nedopmanuio X, X,,... K APYyrof
KOOpIMHATHOH cucreMe X', ¥, 2 ¥ 0603HAYUTH HOBBIE KOMIOHEHTH
JedopMalyH npH NOMOIIH LUTpHMXA CBepxXy, To, no (98):

Q ! 1 Pop 24, 7 A
‘—'2’-‘1 X2+ apXy, + ..o -;ixz’“-l- ORI S (108)

Janee, ecan BbIpa3HTb KOMIIOHEHTH pA€(QOPMALMH CO IITPHXAMH
yepe3 KOMIOHEHTH 6€3 IUTPHXOB H IMpPHPaBHSITB APYr ApPYry co-
OTBETCTBEHHHE WIEHH B O0€HX YacCTSX TOXKAECTBA, TO MOJAY4aTCs
COOTHOILUEHHSI MeWJy MOCTOSHHBIMH CO WITPpEXamMHM H 6€3 IITPHXOB,
KOTOPHIE COOTBETCTBYIOT COOTHOINEHASM MEXAY KOOPJAHHATAMH JABYX
cucreM. B oflueM cayuae noCTosHHLIE CO IUTPUXAMH & BCE HJAH
YaCTbI) OTJHYAIOTCS] OT IMOCTOSIHHLIX 6e3 LITPHXOB d.

Ecnn xpucrann o6GnapaeT TakkEM YacTHLIM CBOHCTBOM, YTO MpH
onpeje/eHHOM M3MEHEHHM CHCTEMBl KOOPAHHAT Bce & DPaBHEl COOT-
BETCTBYIOIUM &, T. €. CCJIM MOCTOsSIHHBIE @ HHBAPHAHTHB OTHOCH-
TeJBHO MNpecOpaz0BaNHs KOODAMHAT, TO TrOBOPHT, YTO KPHCTaAMy
CBONCTBEHEH olpejeneHHklil pog cu My e T p u u. Ecan cymecrsyer He-
CKOJIbKO T4KHX U3MEHEHHH KOODAMHAT, TO IrOBOPHT O BRICIIEH CHM-
MeTpHHM KpHCTaaaa.

Kaxpbifi pon ycnoBuii CHMMETDHH MOXHO BHPA3HTb HE TOJBKO
Ha OCHOBAHWH HMHBADHAHTHOCTH MOCTOSIHHBLIX YNPYTOCTH @, HO H ApY-
MM croco6oM: cMCTeMa KOODAMHAT oOCTaeTcsi lepBOHAYAJbHAs, 3aTO
CaM KPHMCTa/J NOABEPraeTCsi TAKOMYy U3MEHEeHHIO, YTOOH OH pacno-
JOXHACH MO OTIOWIEHHIO K CHCTEME KOOPAMHAT TAKHM e 06pasoM,
KaKk On OB OBl pacnosoXeH MO OTHOIIEHHIO K CHCTEME KOOpAWHAT
€O 3HAYKAMH MPH NEepBOM CNocobe pacCMOTpeHHus, KOrAa OH mnpei:
nosarancs HenoavuacunM. CylecTsoBaHHe CHMMETPHH MPOsiBAsETCH
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TOTAA B TOM, YTO KDHCTAJJ H [OCJe U3MedeHHMA oOJifaerT TeMH e
CBOHCTBaMH MO BCeM HANpaBJAEHHAM, KaK M JO HEro, RJH e, KaK
rOBOPSIT, YTO KDHCTAJAA MPuBEAeH K COBMEUEHUIO C caMHmM coColo,
O0da BHAA OTPENENeHUA CHMMETPHY, OYeBHAHO, BIO/IHE SKBHBAJEHTHD
¥ HPeACTABJSIOT CO60I0 NHIb Pa3nsie GOPMYIHPOBKH OLHOrO H TOTO JKe
obcrositenbcTBa. Jlng HAIMX nHeaeH yjaobnee nepsasi (OpPMYJHPOBKA,
yCJOBHE HHBAPHAHTHOCTH @ Npu npeobGpas3oBaniy Koopaunar. Vim mu
g OyJZe€M [0/1b30BATHCH B IaJbHEHIIeM.

KpHcTanas paspeasiotesi COOTBETCTBEHHO CTeleHH CHMMETPHH,
nposiBAsieMOli MM, Ha pazauznele kjacce., CoOrnacHo CKasasHOMY
BHILIE, MPHHLIHMN 3TOrO MO.Apasfie/ISHHS HE #BJSCTCH 3apaHee yCTaHO-
BJE€HHEIM, OAHO3HANHO ONPEACNCHEBIM HA OCHOBaNMM ACAYKLuUY, a MO~
JO0OHO BCAKOMY OMpeAeNieHHI0 MOHSTHS, JI0 U3BECTHOI CTeNneHH Npou3-
BOJIEH M BHIBOIMTCA JIHIIL H3 coobpaxeHHil Leiecoobpaznoctu. Mul
BOCHOJL3YEMCA 30eCh [POCTHM JABHO MPUMEHSIEMBIM DazgelienleM Ha
eCTb KPHCTAHYECKHX CHCTeM. B kauecTse npeolpazoBanis Koop-
JiMHAaT, ynoGHee BCero NpAMEHHTb BpallleHHe KOOPAHHATHO CHCTEMBL

Ecnn Bce mnoctogHuble YOPYIOCTH ¢ Kakoro-nubyias Kpucraanaa
HHBAPUAHTHH 10 OTHOWEHHK K HOBOPOTY KOOGPAKHATHOH CHCTEME

2%
BOKDYI OIHO{l H3 oceff KOODJUHAT HA YroJ - - HJAH €eCJHH KpH-
. n
CTaAJl MPHBOAUTCA K COBINANEHHIO C CAMHM CODOI0 IPH NMOBOPOTE
27
Ha yroa —), TO 3Ta OCb Ha3HBaercsi ,OCbI0 CHMMETPHH N-ro
n

nopsjaka“.

OuyeBHOHO, YTO OCb CHMMETDHH HE €CTh OIPEeNeJNCHHAS MNPsMas,
4 JHIIL onpepeneHHOE HAalpaBJeHHE, TaK KaK BCe napannenbihie
IpsAAMBIE COBEPLIENHO DPABHO3HAYHEL

CyuecTBOBaHHE OCH CUMMETDHHM [€PBOro MOpsiiKa BOBCE HE
ABAAETCST JEeHCTBUTEALHBIM YCJAOBHEM CHMMETPHH, TaK KAaK MHOB30OPOT
KOODIAHHATHOH CHCTeMH Ha yroa 27 He wusmensier ee. Kpucrannwy,
ofnapaoipe ToMKO OCSMH CHMMETpHU MepBOro nopsiaka, o6pasyror
NOCAEHION, IIECTYyi0, HJIH ACHMMETDHYHYX (TPHKJIHHHYEe-
CKYy 1) cucremy. K HUM NpHHAAEMUT, HaNpiIMep, CEPHOKHCIAN MCLib.
Ee ynpyrue cpofictea onpegedasniorcst 21 nocTosinHoOH, mPenCidBaCH-
HpiMu B BuIe cxemnu (107).

Ecan kpucrann obaanaer Toabko oInoH OChI0 CHMMETPHA BTOPPrO
nopsigxa, TO OH MPRHALNEXKHT K NI01 HI MOHOCHMMETDHY-
HOW (MOHOKJHMHHYECKOI) CHCT: wv, KaK, HATAPUMED, CJIONA HJIH
coza. UtoObl yCTAHOBHTD YCOBUA A4 VHPVIHX CBOHCTB KPHCTAILIA 3TOH
CHCTEMEI, MBl IOCTABHM, TIPEXJE BCEro ONUIHEA BONPOT O 31BHCHMOCTH
MENJY NOCTOSHHHIMH YAPYTOCTH CO INTJHXAMH H MOCTOSIHHBIMH YIIPY-
roctu 6e3 WITPHXOB @, NP MOBOPOTE CHCTEMLI KOODAMHMAT HA YFrOJ

2n
5 =% BOKDYl OCH Z.
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B stom cuaywae nosyuurcs:

X=—x y=—y Z=2z
CooTBeTCTBEHHEIM 00pa3om,
u==—u V=-—v W==w,

", 1o (60), , )
x.r = x.r’ yg/ = yy' zs = Zs’

. r_ .
V., =—¥, 2 =—2, xy = Xy

Ecsiu nopcrazuts aTH 3uaveHust B Toxgecreo (108), To nmoayumTcs,
470 M3 21 nocTosHHON @' 13 NOCTOSHHEIX paBHE COOTBETCTBYIOLIHM
IOCTOsSIHHLIM ¢ €e3 IITPHXOB, MexIy TeM Kak

U =—yy, O =—0y5 Oy == —0yy, Qo5 = — o5
N 4
Uy = —lgp Oz = — g5 g = — 0y 56 = — Osr

DTH COOTHOLIEHHsI BEPHH BOOOGIe AJIs1 BCsSKOro Kpucraana. Ecau ke
OCb 2 €CTb OCb CHMMETPHH BTOpOro mnopsjaxa, TO BCE€ BEJHYHUHBE «
YHBADHAHTHH, H MO3TOMY T€ H3 HHX, KOTOpDHE MEHHKT CBOH 3HaK
npH npeo6pa3oBaHHH, NOMKHH paBEaTbea Hymo. OTciopa chlenyer,
no (107), Takas cxema YNpyrux MNOCTOSIHHHX KPHCTAJJIOB MOHOCHM-
METPHYECKOH CHCTEeMB:

O 2 Gz 0 0 ay

gy Gy O 0 g
35,0 O a4 (109)

Uy g5 O

G5, O

Ugg

Ecnu, kxpoMe ocu 2, HMEETCH elle OJHA OCh CHMMETPHH BTOpPOIO
nopAaKa, HANPHMED OCh X, TO Mbl MOJYYHM YETBEPTYI0 HWJIH POMOH-
YeCKylO CHCTeMY, ¥ NpeACTABUTENAM KOTOPOH OTHOCATCA KaJHiHasg
CeJHTPa,  aparouut, Ttonaid. [1ojoGHO BHILIenpHBEAEHHOMY crocody,
MOXHO NOJYYHTbH, YTO 3TOH CHCTEME COOTBETCTBYET TaKas CXema:

ay 0 Gz 0 0 O
Gy U, 0 0 O
s 0 0 O 110
@, 0 0 (110)
ays 0
Qe

M3 nocrpoenns aToll cxieéMH BHAHO, YTO B JAHHOM C/yyae M TPETHA
KOODJHMHATHAS OCh, T. €. OCb ¥, €CTb TAKIKE OCh CHMMETDHH-BTOPOro
NOpPSiAKa.

Ot pom6HueCKo# cHCTeMBl Mbl llepeiineM K TpeThell WM Te Tparo-
HaAbHOMN (KBaApaTHOM) cucreme (Hampumep UMPKOHHI), €cau
BBEJEM JjajbHellllee YC/AOBHE, YTO OJHA M3 KOODAMHATHBRIX oOcef,
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HarpAMep OChb 2, eCTh OCh CHMMETPHH uyeTBepToro nopazxa. [losopory
T ~ X
ga yroi o BOKPYT OCH Z COOTBETCTBYIOT (DOPMyJbl ITPEOSPA3OBAHHS:

X' =y, yo=-—x, =2

u =y, V=—u, W=,
xr, = yy' yy’: x.r‘ Zz, = zz’
yz, = Xp» Z_‘,’ = Zy’ xy,. = —xy'

Otcriopa nosyyum Ha ocHoBanuu (108) obiuue COOTHOWICHHS AJS
JeRITH MOCTOSUILX TETPArOHANBHOM CHCTEMH!

P r ___ r ___
Oy = G, Oy = Oy, Qg3 = Gy,
Qo' == thy, Oy == Qg3 Qg = Qg

r r ___ [ g
Qgy = Ogs, Ug5 = gy, Ugg = Ugs-

Ecau. BCce nocrosfukbe € CO TpuXaMi MAO/MXKHH MNpH 3TOM pas-
EATHCS COOTBETCTBEHHBIM IIOCTOSIHHHIM 6e3 LITPUXOB, TO

Oy = Opg,  Uyg = g3, Uyg = g5
[Nostomy, cornacuo (98), ynpyruiti noTeHIHaJ TETParOHAJALHOrO
KPHCTaJJIa papcH:

a 9
F= 51_ (x.r;a + }’yz) -+ alzx:yy + ST (xx + y,,) zZ, +

" a a (111)
4 723 P 244_ @2 +23+ __QGQ xyz.
CymecTBoBaHHe OCH CHMMETDHM TPETHEro, a TaKiKe IIecTOro
nopsijIKa onpepesser BTOPYI MJIH FCKCArOHAaJAbHYI CHCTEMY,
OPEACTABHTEAAMH KOTOPOH ABJSIIOTCA MHOTHE KPHCTAJJIE, KaK HaNpH-
MepD HATPOBAsi CEJNHTDPA, H3BECTKOBHI{ wInat, rpadur, TypMalaHH, Jel.
Haxorer, rneppas wiH NpaBHUJA b HA A CHCTEMA HOJYYHTCH H3 TET-
paronansHOi CHCTEMBI, €C/IH TOJOMHTS, YTO H BTOpPAasi 0Ch, a MO3TOMY
fakxe W TpeTrs OCh CYTH OCH CHMMETDUH YEeTBEPTOro NOpsaKa.
Brpaxkenne Jiyisa ynpyroro noTeHLuana npasRJALEOrO KPHCTANIA Oy~

uHrCs, corsiacHo (111), » sune:

= a‘%l (xmz + yl/z + Zz'-) +012 (xa ,l/+ygz-a + sz:z-)+
. (112)
e “‘.)@ w2 - Zf + xyz)_

Ynpyru#i noteHuuals 3aBHCHT B 3TOM CJyyae TOABKO OT TPEX
HOCTOAHHBIX. K IIpaBH/IBHON CHCTEME MPHUHAMJIEKAT KaMEHHasi COJb,
WasHKoBHH HIaT, a/aMas.

" § 27. MzorponiHHE TEAA. JIJst TOro 4Tto6H TEMO GLIO M3OTPONHO
YHpyrum, T. €. 4yTOGEH OHO BOBCE HE HMENO HPEeAMYIeCTBEHHAIX Ha-
Upapnenu#l, HEOBXOAHMO H JOCTATOYHO, YTOGH BCE er0 MOCTOSHHHE
Yapyroctu Guuim HHBAPDHAHTHB! MO OTHOLIEHHK KO BCAKOMY H3MEHe-
Hiio KOODAMHATHOM CHCTEME], WIH, YTO CBOJIUTCH K TOMY K€, yTQ Onl
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IpH BCAKOM [OBOPOT€ OHO MNPHBOAHJOCHE K COBIAJEHHIO C CAMHNM
co6010. UTO6H YyCTAHOBHTH BBEITEKAIOLIHE OTCIONA YCJAOBHS JJIS 3HA-
4eHHH MOCTOSIHHBLIX YNPYrocTH, Hpole Bcero oTHecTH AeopMaruio
K [VIABHBIM PACLIMPEHMAM M K HAnpaBJEHHSM [VIABHHX OCEH paciupe-
Hud. VMHaye roBops, MH BHIpa3uM, npd HoMmoild ypaBHenuil (64),
WIECT5 KOMIOHEHTOB AeQOopMauuH X, ¥,,... B 3ABHCHMOCTH OT TPEX
rMaBHGLIX pacwHpeHu#, [, m, n, ¥ HessTH KGCHHYCOB HanpasJe.
HH#, 0y..., Y3 H 9TH BEJUYHHH MOJACTABHM B BHIpAXKEHHE YNPYIroro
notennyana (112). B nsorponiaom teae nocaeHul JOM¥EH NOJHOCTHIO
onpenessaTsesl BeJHYHHAMU [, m, N, Kakorbl ObLl HH OHJIH 3HAYEHHs
KOCHHYCOB HAMDAaBJEEHA, NMPHYEM OH, OYEBHUIHO, NPEACTABJSET OMHG-
POJIHYX> CHMMETDHUYHYX) KBAaADaTHYHYK (YHKIHIO OT [, m, n.

Cmeica 3toro Tpe6oBaHHs ynofHee BCero ysCHHTh, €CJAH DPaccMo-
TPETH BCE OAHOPOZHbIE CHMMETPHYHBIE KBALpaTHYHbE (QYHKIHH
or [, m, n. Mewrca Bcero JiBe Takue (PyHKIMH, HE3aBHCHMbIE JDYT
OT Apyra, a HMEHHO:

B+ m? -+ n?,
Im 4 ma + nl
K atum nByM (QyHKuMAM npuBopsiTcsi Bce apyrue. Tak, HampHMmep:
(I +m+ np =L+ m?+ n* 4 2(m + mn + nl). (113)
Orcopa caenyet, YTO YOpPYrHil NOTEHIHAT H30TPOMHOIO TEJd

o6nagaer TOJBLKO JBYMSi HE3aBHCHMBIMH ADYT OT ADYra MHOCTOSIHHBIMK
H, 3HAYHT, HMEET BHI:

F=;(l+m+n)’+u(l‘-’+m2+n"), 114

npuyeM 4 U i MOJOXKHTENHHH.
Tenepr, uTo6bl BHPa3uTs F uepes cocTaBasiomme pedopManiu

X,» Xy..., NPHMEM BO BHHMAHHE, 4TO [, m, I CyTb KODHH ypaBue-
HusA TpeTthell creneHH (62). Ilostomy

l+m+n=x+y,-+z, (115)
KaK kKoabuumenT npu %, a
Im+-mn+nl=(y2, + 2., + xy,)— ;li(yf +224x%, (116

KaK Ko3dunuenT npu | B ynoMsHyTOM ypapHeHHH. OTCIOAA CAeZdyeT,
corsiacao (113):

P4 m?-+nt==x24 }’y2 + 224 cl) 0" +2?2 +xyz)

[B sToM MomHO yGemnTbesl H HENOCPEACTBEHHO MPH TOMOILUK (64
Cornacao (114)

z . 2422 4x?
F= VQ (x:c + Vy + zz)z + .u’<xxH +:Vy2 _*_252_*_}’___;2_'___'__.[) . (1]7)
Eciu nopctaBuTh ele, pis COKpauleHus, o6beMHOE pacllHpenHt
X, +¥,+2 =0, (118)
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10, Ha OCHOBanHH (97), MBH NOJNYyYHM CJEAYIOIHE BBLIPAXKEHHS AJ
KOMNOHEHTOB JABJEHHA H30TPOIHOIO YNPYroro teja B 3aBHCHMOCTH
OT KOMIIOHEHTOB jedopmanuu:

X, =—A0—2ux, Y, =—uwy,

Y,=—io—2y, Z,=—u, (119)
,=—A0—2uz, Xy = — X,

ODTu ypaBHEHHsl NpeACTaBIfIT cO6010 TO HEOGXOOHMOE JNOrOJHe-

H¥E€ K OOIMM YPaBHEHHsM JBHXEHHS, O KOTOPOM MEl [OBODHJIH

B Hauajge nepBoil rnaew, B § 21.

TJIABA BTOPA{
COCTOAHHUE PABHOBECHSA TBEP[BIX TEJI

§ 28. Ilpexne Bcero 3afiMeMcsi NPUJIOKEHHSIMH H3JOXEHHON Teo-
pu¥ K CTATHYCCKHM 3apgauaMm O TBepjabiX Tenax. fIpH atom Mer
OTPaHHYHMCSI JJIsl MPOCTOTH H3OTPONHBLIMH TejaaMu. Tak Kak macco-
Bble CHJBl, BPOAE THMECTH, HrPAlOT JHIIL HE3HAUMTEJNLHYIO DOJb
B JedopMaUusaX TBEPAHX TEJ, TO Mbl [OJOMHM HUX DAaBHHMH HYJIO.
Torna ycioBHsa paBHoBecHs (99), OTHOCSAILHECS K BHYTPEHHOCTH TeJa,
npuMyT 6oJ1€e npocTod BHA:

0X, 0X 0X

Foe T AR 7T =, ., 120
ox oy oz (120)

a yCJaoBHst JJIsI OBEPXHOCTH TeJa (74) ocTaHyTCs HEHU3MEHHBIMM:
Xy = X, cos(vx) + X, cos(Vy) + X,cos (v2),... (121

Kaxnoe cmemeHne u, v, W npencraBiaser co6ol0 BO3MOMKHOE
B npupone cocrosHue paBHOBecHs. COOTBETCTBYIOUIHE KOMIIOHEHTH
negopmanp¥ X,, X,,... BHUHCASIOTCA 10 (60) 1 npHBOAAT HA OCHOBA-
HEd (119) K BbpameHHAM JJIS KOMIOHEHTOB pabieHus X,, X,,...,
KOTOphle yHOBAECTBOPSIOT ypasHeHuam (120). [Ipu satom medopmanus
COOTBETCTBYET TEM CHJAM, IEHCTBYKINWM HA MNOBEPXHOCTH TEJa,
KOTOphie MpencTaB/ieH KOMNOHEeHTaMu JAaBaekuns X,, Y., Z,, B ypaB-
Henuax (121).

3pecs HMeeT BaxHOE 3HAYCHHe poKazaHHoe B § 25 monoxeHwue,
4to pedopMaulia OJHO3HAa4YHO onpejensieTcssl BHEIUHHAMH CHJAMH.
ITosToMy, ecnid Mpl HALLIH KaKHM 6B TO HH GHIJIO CHOCOGOM pele-
HHE ycJOBuH DABHOBECHS, TO MBl MOXEM OHTB YBEDEHH, YTO B3TO
€AMHCTBEHHOE DEWEHHe, COOTBETCTBYIIEE NAHHBIM BHEIIHHM CHJIAM
naenenus. O6HYHO B npupope 3apgaua OHBAeT MOCTABJEHA TAKHM
o6pasoM, 4TO 3aJiaHE BHEIIHHE CHJH, a 110 HUM TpeGyercs ualiTH
npousBefeHHYw) HMH Aedopmanuiw. Ho TaKk kak ypaBHEHHs HMEGIOT
OYEHE CJOXKHBIE BHO, TO 3apauyy HEBO3MOXKHO DA3pEIIHTDh, OTHLICKHBAdA
Cnepea ofmee peunienre AudepernuansHHX ypaBHenud (120), a saTeM
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BBIYHC/ISAS BXOASIME B HEro MPOH3BOJbLHHE MNOCTOAHHBIE HA OCHOBA-
HHM npenenpHbX yciaoBufl (121). O6nlyHO HCXOASIT M3 HPEfEJBHBIX
ycaoBu# (121) ® nbITalTCA nNOgo6paTh TAKOE 4YACTHOE pEUIeHHE
ypaBHeH#ii (120), KoTOpOE YAOBJAETBODAJIO GBI NPEAENbHLIM YCAOBHSIM.
Ecaun nonpTka ypaeTcs, TO CYHTAETCS, 4yTO PELIEHHE 3aJduM Halie€HOo.
ItHM MeTopoM Mbl OylieM OOHYHO MOJB30BATHCH B JaJbHEHLIEM.

§ 29. PaccmMoTpuM mnpexie BCero BCECTOPOHHEE DABHOMEPHOE,
TAaK HashBaemoe KyGHueCKOe CXXaTHe€e TeNa nPOH3BONbHOH (Hop-
Mel. Ha nosepxnocTh resna AeficTByeT, BCIOAY B HanpaBJEHHH HOD-
MaJIH, JaHHOE paBHOMepHoe paejenue p. [Nlostomy

X,=pcos(vx), Y,=pcos(yy), Z, = pcos(vz). (122}
Takum o06pasoMm J[&He KOMIOHEHTH BHeEWIHEro uamtenus., Que-

BHIHO, Mbl YAOBJETBOPHM MNpenenbHbM ycaopuam (121), ecau nodo-
HHM, YTO Ha TOBEPXHOCTH TE€JAa MOBCIOAY

Xz:yy:Zz'_'-p’ ]
X,=Y,=Z,=0. I
JaJsee, npeanoJOXKHM, YTO 3TH LIGCTh YPaBHEHHE NMpeACTABAAIT
KOMIIOHEHTH JIdBJEHHS HE TOJLKO HA NOBEPXHOCTH, HO M [OBCIOLY
BHYTDH TeJsd. Torpa 6ynyT ynoBjeTBOpenn Takme ypaphenHs (120).
3ateM MH noJyueM Ha (119):
p=——A0—2ux,,...y,=:0,..., (124)
OTKYyZa CJOHEHHEM NePBHX TPeX ypaBHEHHI MmoJjyyaercs:
3p=—310—2u(x, +y,+2,),

(123)

d, cornacuo (118):

G = e 3p_) X, ==y, =2, = o (125)
31 4 2u : T3
[ToaTOMYy, €C/IH IIOJONKHTH
=% v=. = (126)
=gk Vgl WEgh )

To, corsacHo (60), Gynyt yroBaerBopennl ypaBreHus (124), u Mu
HMEEeM, TaKuM o6pasoM, pemendwe 3agaud. O6obuieHHe, noJy4aK-
uieecs BCJCICTBHE TOTO, YTO B BHIPAXEHHA AJId U, V, W MOXHO
BBECTH €l€ HEKOTODhE MNOCTOSIHHHE, He H3MeHseT, corJacHo § 25,
Hafigenuol nedopmauuu.

Takum o6pazoM BCeCTOPOHHEC DaBHOMEDHOE [ABJICHHE p BBHI3H-
BAET BCECTOPOHHEE paBHOMEDHoe CkaTee ofbeMa, Bequuunnl (125),
He 3aBucsamee OT ¢QopMmel Tesaa. [losTomMy mnocrosHHasg ————
A4 2u
HA3LIBABTCH TaK¥We ,KO3(MLHEHTOM O6BLEeMHOrO Cxatus“, a o6part-
Has BEJAWUHHA

=i+ la (127)

—G
HA3HBAETCs ,00bEMHBIM MOXY/EM YNPYrOCTH BEIIECTBA.
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§ 30. Beaen sa o6beMHOH ynpyrocThbio pacCMOTPHM TaK HAaSH-
paEMYI0 JTHHEHHYI0 ynpyrocTs, T. €. HCCAEAyeM DaBHOBECHE
res1a, PACTACHBAEMOr0 OJHOCTODOHHE, HANPUMED MO HANPABJICHHIO
ocH X

Uro6bl HE YCJAOXKIATEL BHIYHC/ICHHS, [OJ0XKHM, YTO TEAO HMEET
pHA WHIHHDE, Napa/liesbHOro OCH X (POBOJNOKA, CTEPIKEHB), AJTHHEL [
# TIPOH3BOJBHOrO nonepeyroro ceuenusi. IlosoxuM, UTO HAayaJbHOE
cedeHHE JI€KHT B MJOCKOCTH ¥2, T. €. X =0, H HenoJBHXHO YyAEep-
KHBECTCA KakKHMU-in00 cuaamu. Ha xoneynoe ceuerue x =1 neii-
CTBYST B HANDEBJCHHH MNOJOXKHTEJIbHOH OCH X BHEHIHsR CHJA, BEJH-
ygHa KoTOpOH paBHa F, a Ha OGOKOBYI0 NOBEPXHOCTb LMJMHADA
gAKaKHe BHEIIHAE Cuibl HE -JieHcTByroT. TpefyeTcs onpeneauTb
IPOM3BEJEHHYI0 NePOpMAIUIO.

JLim Toro 4TOOH YyHOBJACTBOPHTb MOrPAaHMYHEIM YyCJOBHAM Ha
noBepxtoct (121), paccmorpuM npexne Bcere GOKOBYW HOBEPX-
gotTh wmanmHppa. Ha 6okoBo#t noBepxuoctu X, =Y, =Z,= 0; nanee
0s (vx) =0, mexny tem Kak cos(vy) u cos(VZ) MOryT mpPHHHMATL
mobnie 3Havenus. Ilostomy yciaoBus Ha mnoBepxHOCTH GyLyT YAo-
BIETBODEHLl, €CJAH MEl NGJIONHM:

X,=Y,=Z,—=0'Y, =27, =0. (128)

[TpennoaoxuM, 4TO STH YCJAOBHA HMEKT MECTO TaKKe MOBCIOLY
BHYTDU TeJsid, TAK YTO M3 [ECTH KOMOOHEHTOB JAABJEHHSA TOJBKO X,
OTMUIHO OT HyJd. Torma HEHCTBHTENBHO JAH(EPEHIHAJbHLIE ypaB-
uust (120) OyayT yZIOB/IETBODPEHBL, €CJIH, KPOME TOro, MOJI0XHTh, 4yTO X,
NOCTOSHHO. 3HAUE€HHE 3TOH IOCTOSIHHOH MNOJYYHTCH H3 YCJIOBHS HA
NOBEPXHOCTH /15 CBOGOAHOro CeyeHyss X = [, TaK KaK yCAOBHE J1d
BenOABYKHOrO ceueHuss x =0 ZaeT TOJibKO BEJHYMHY CHJ, KOTODPHE
YICDXHBAIOT CEYEHHE M KOTOPHIE HAC 3AECH HE HHTEPECYIoT.

Ha cBoGoaHOM ceyeHHH

cos (vx) == -1, cos(vy) == cos (v2) = 0,
nostomy, corsiacko (121) u (128):
X'v::'—'er Yv = 0, Zy"’zO-

Tak xax X, noCTOAHHO, TO Mbl HMEEM N DesyJsTHDYIOLeH
BeX napadjesbHBEX CHJ NABJNEHUs, KOTOPbIe JeHCTBYIOT Ha 3JEeMENTH
CBOBOAHOrO CeueHHs:

5x, do == — X, +q=F, (129)

e ¢ 0603nauacT miowaAk nonepeyHoro ceuenus, Orciona

X, = __’; (130)
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I[lo cocTaBAsIIOLIMM JABJACHHS] MOXKHO H4¥MTH TaiKe COCTABMIOLUNE
Jregopmanuy, noJab3yach ypasHeHusaME (119), caenymomus o6pasov,
[Ipewne secero,

}ln:.—_:: z::xy:o_

3areM NOJy4YHM M3
1;— == A0 -+ 2ux,,

0 =40 + 2wy,
= A0 + 2uz,,
€JIOXHB 3TH PaBEHCTBA:
1; = 340 4 2uo.
CrepoBaTesnnto,
o=t F (13
344 2u ¢
Orciona
A P S S O T
p(BA+-2uy. ¢ 2u(32+-2p) 9

STH BEJHYHHH [AI0T CMEILEHHS:
U=X,*X, V=V,-¥, W=2, 2, (133)
T. € NOJHOEe pelleHHe 3ajayH.

Kak H ciepyet oxunaarh, HalinenHasn fiedbcpmanus CBS3aHa ¢ o6nem-
HpIM pacwmupedseM. Ho BenHyMHa 3TOr0 paciiMpeHMs O, KOTODaf
NOJNy4yaeTCqd H3 CPpaBHeHusi Buipawenui (131) u (125), npH JuHEHHOM
pacTsKEHKMM PaBHA JIMIIb OJHOH TPEThbeH 4YaCTH paCIIUPEeHHs NpH
06beMHOM pacTsikeHun. UTo Kacaercs pacmypeHMs OTHENbHbIX oCel,
TO OHO, OYEBHZHO, MNONOXKHTEJLHO AJaf ocH X. EMy coorBeTcTBYET
no (133), cmemenn2 cBOGOAHOrO CEYEHHS, T. €. YIJIRHEHHE LHJHH/PA

Ha BEJHYHHY:
u:xm-l_:wiﬂ_~.y:‘-
upBA+-21) ¢

Takum 06pasoM yAJMMHEHHE MPONOPIHOHAMbHG pacTarusacnieh
CHJIe, MPONOPLHOHAJILHO AJHHE M OOPATHO NMPONOPLHOHAJBHO MOMNe
PeYHOMY CEYEHHIO LIWIMHADA M, HAKOHELl, NPONOPUHOHAIBHO HOCTOAE
HOH Martepuasa, oOpaTHasi BesWuHHAa KoTOpo# oOosuayaercs Kak
wIHHENHBI MOpy/b ynpyrocty“ E paHHOro BellecTsa:

E_ @ +20) (135)
Atu

Ho, sa ocuoBauuu (132), pacTskeHue no AJHMHE IHJIHRApPA CBY
3aHO C CATHEM N0 KAXIOMY HANDABJACHWIO, MEePreHIHKYJspPHOMY
K OCH HWIHHApa. Benuuyuny cxartus yaoGHee Bcero paccMoTpeTh

(134)
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ec/lH COCTABMTb OTHOUIEHWE IONEPEYHOro CXATHS K MPOLOILHOMY

JHHEHHIO:
¥ —Y, A 1

e = . (136)

x, 20+p 2

HsmepuB o6e nocrosHHHEe E M s MOXHO BHYHCAHTL A U pM
y TaxuM 0o0pasoMm onpefesvThb BCE yNpyrue CBOHCTBA BemiecTBa.

BesnunHa & oweHb Masta JAjas npoOKH, a IJs Kaydyka OYeHb
peMKa, GJM3ka Kk npeneqabHol BeanyuHe Yf,. Jlias MeTassIoB H CTEKIa
MOXXHO TPHHATL €e B IepBoM NpHOIMKEHHHM paBHO# !f; HO OTAE/Db-
HHE MATepHaJH 3aMETHO OTJAHYAIOTCS JAPYr OT Apyra.

Mogaynb quHeliHO# ynpyroctd E, pasMepHoCTb KOTOPOro oAHHa-
¥oBa, corsacHO (135) u (119), ¢ pasMepHOCTBIO NABJICHHSA, HMeeT JJs
MEeTaJIOB M CTEKJa BeJUYHHY MOpsaxa:

E ~ 1012 [”—‘i”] [cp. 7.(8a)}- {136a)
cM?

[TosToMy Takoil e NOPANOK BEJHMUYUHH HMEIOT M KO3(DHLHEHTH
ynpyroctd 4 u p.

§ 31. Tenepp paccMOTpHM cCJayuwalt KpydYeHMs, TaKxe IJs LH-
JMHApa MIMHH [, HAgagbHOE CeYeHHEe KOTOpOro (OCHOBaHME IWIHHIPA)
NycTb 3aKPeIVIeHO HENOJBHIXHO B mJjockoctH Xy (T. e. 2=0), a cBo-
60HOE KOHEYHOE cegente (2 = [) NoBopayHBaeTcsi B CBOeH MJIOCKOCTH
PHCIIHMMM CHJBMH Ha HekoTopHil yroga. Ilosoxum cHOBa, 9TO HA
6oxoBy10 NOBEPXHOCTb He JAEHCTBYIOT BHEILHWE CHJIBL

Ha ator pa3 Mel noiinem nyteM, o6paTHeM Ipeaplaymemy: 6y-
ZeM HCXONMTb HE M3 BHEHIHMX CHJ, a NOJIOWHM, uYTO JAaHbl aedop-
MaIMH W No HUM Tpebyercs HalTH CHabl, NPOH3BOASIINE 3TH Je-
dopmanuu. I[Tycte nedopMalds COCTOUT B TOM, HTO KaXIOE CedeHHe
HWIMHApa, Napa/iiejbHOe IVIOCKOCTH Xy, MOBopauMBaercsi B cBoeit
nnockocTd 6e3 Kakoro-inGo HCKaXKEeHHs Ha yroJ, KOTOpHH mponop-
QMOHA/IEH PACCTOSIHHIO 2 MONEPEYHOIO CEeyeHHsl OT IJIOCKOCTH OCHO-
BaHus. EC/M @ —yroJ NoBOpPOTa BEPXHEro KOHEYHOrO CEeqeHHs, TO

-2z
yros nmoBopora KaHOFO-HHGYJIb CE€YCHHSA HA BBLICOTE Z paBeH *T--.

Otciona 0HO3HAYHO NOJMYYAKTCs BEJHYHHE KOMIOHEHTOB CMeme~
Busty, v, W, nputes y1o6Hee BCEro BBECTH LHJIMH APHIECKHE KOOPAHHATHL:

xX=opcosg, y=o9sin ¢, z=2 (136b)

HeficTBUTENILHO: COIVIACHO BbILIECKA3aHHOMY, MaTe€pHAJIbHAS TOYKA
X, ¥, 2 umeer nocJe JedopMalMK KOOPIAMHATH:

x+u=9cos(¢+9’5),

y + v =gsin (qa+‘ilz»),

24w o= 2
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CinenoBare/nbHO, IPHHUMAs BO.BHUMAHHE, 3TO 0 GECKOHEYHO Mafo:
wyz wxz

, V= , w=10 ‘ (137,
l 1 :
H, corsacuo (60):
x, =0, ¥, =0, z,=0 (143
X
y: - @ P Zg‘ _ O) X, = 0

o
T~
=
-~

ITo aTuM KoMnoHeHTaM aedopmalyy NOJyHaTCs, coraacHo (119)
KOMIIOHEHTH JaBJCHUS:
X,=0, Y =0 Z,=0, 0
° : v ? z {1139
DX 1)
vV, = z,="Y  x =o.

2 4 x 2 K]

Tax xak aTh BhIpameHMst TOXELECTBEHHO YIOBARTBOPAIOT ypaBHe-
HuaAM (120) Takike M BHYTPM Te/ad, TO OTCIOAA CJAEAyeT, YTO NPeanon-
xeHHass HaMu aedopmanusa npeicrasiasetT Co6010 BO3MOKHHE B Npu-
pone caygail paBHOBeCHs, KOTOPOE NOJIKHO HACTYNHTb BCErja, KOrna
Ha TOBEPXHOCTb MUMAMHApA [ACKCTBYIOT CHJBL, BHYHUCJASEMBIE Ha
ocHoBaHuM (121).

Pacemorpum  cnepBa CHJH  aBAeHHSl, KOTOpHE JeHCTBYIOT Ha
60KOBYI0 NOBEPXHOCTH LHIMHAPA U KOTOPHE, COIVIACHO CAETaHHOMY
HaMH JonyHieHHio, o0pamaiTcs B HyJb. lax kak aaa GokoBo# no-
BEPXHOCTH €o0s (V2) =0, Mexay TeM kax cos (¥x) u cos (Vy) moryr
npuEUMaTh Jo6ee 38agenus, 170 U3 (121), Bocnogab3oBapmuch (13Y),
MOIKHO NOJYYUTb /151 BCeX TOueK OOKOBOH NOBEPXHOCTH LHJIHHADA:

v=0.Y,=0. Z, _“M [y cos (vx)— x cos (vy)]. (1400

Orcioga Mbl BHAHM, YTO NONyIeHHas uaMu jedopmauus toJbKe
B TOM CJydYae COBMECTHMAa € MJbHEHIHM JOnyHieHHeM, 9TO HA 6O
KOBYIO IIOBEDXHOCTb UMJIMHADPA He JEHCTBYIOT BHEHIHHME CHJIBI, KOIAd
BO Bcex Tourax Gokoroll MOBEPXHOCTH:

ycos (vx) —xcos(1y).=0

3710 9HCTO reoMerpuyeckoe yciaoBve. OHO 03HAYaer, 4TO HAIPA:
BJGHHE X:y, T. €. HANpaBlIeHHE KaxKoro-HUGyIb pagHyca-sexkTopd
NpOBEeICHHOrO M3 KAKOW-sHOO TOUKN HA OCH 2 NOJA, MNpAMLIM YIJVIOM
K ‘He#l coBnamaetr ¢ HanpastenueM cos(vx):cos(vy), T. e. ¢ HI
NpaBJCHHEM HOPMAJM V B KOHEYHOH Touke paauyca-BGKTOpa, HH:
JDYrHMH CJOBaMM, 9TO INONepeyHOe CedeHHe €CTh Kpyr; LM/IHHAp
KpYyroBoil.

[Tostomy, ecan MBI XOTHM COXPaHMTL HAINM JNONYILEHHS, TO MP
BLIHYJK/IEHH OrPaHMYMTbCS B JAJbHEHIIHX YMO3AKJ/IIOYEHHSIX 9acTHhY
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clydaeM KPyroBoro nuJuHpapa. [Ipp 3TOM IPEeANOJOKEHHH
BHEILIHEE Jaw/eHHe, AeHUCTByIOLIee HA 3JIEMERT KOHEYHOrO CedeHHs
ueiuRApa, paBuo, Ha ocuoBasun (121) u (139), a raxxe TOro o6eTo-

ATEALCTBA, 49T0 31€ech cos (¥X) =0, cos(»y)=0, cos(#2) =—1:
x,.z—f‘_"‘i, y,:-‘i“lli, Z,=0, (141)
naw, cornacio (136b): '
X, = ———‘MI)Q» sing, Y,= m;‘o cosep, Z,=0.

Taxum oOpasom BHelHee pgasjeHHe JAEHMCTBYeT HA KaXIbll 3Je-
MEHT BepXHero CBOGOIHOrO CeueHMs LMJIHMHADPA B MVIOCKOCTH CE4eHHs]
H TMEepHeHJUKY/JIAPDHO K HanpaBJeHMIO Danuyca-BeTkopa @ B CTOPOHY
oTCYeTa yriia Kpyd4eHHs ), 9TO HeTPYAHO MnOHATh. Bce CHAH naB-
JEHHUA:

X,do, Y.do, Z.do,
KOTOpHE JeHCTRYIOT Ha 3JIeMEHTH NOBEPXHOCTH, JAI0T HAa OCHOBAHHH
" {7,(306)] u Tax kax do = pdod® pe3yALTHPYIOUIYIO CHIY:

F,= SX.,dG =0, F, =SY, do=0, F, =SZ, do=0

H pe3yJbTHPYIOHIYIO Napy CHI:

e

N, =— ng, do =0, Ny::S zX, do=0, N, :S(XY,. — yX,)do,

T

[l.(u‘“
N~ \ gPdedg == ' -r*==N, (142)

rjae r 0603sa4aeT pagHyc LUIWHIPA.

OTrcrona mMu JenaeM oGpaTHOE 3aKII0UeHKe: ec/u Ha BepXHee OC-
HOBAaHME KPYrosOro UMJAHMHJpA, HHIKHEe OCHOBaHHME KOTOPOro IHO-
IBHXHO, JIeAiCTBYeT mapa CuJl ¢ BpawamomuM MoMentor N, Jexamas
B MJJOCKOCTH BEPXHEro OCHOBAHMH, TO ILM/JIMHJAD HCIHTHBAET Kpyde-
RHE PAaCCMOTPEHHOrO BHJa, NpPHYEM BEPXHEE OCHOBAHHE IOBOPAYH-
BAETCSL HA YroJa:

2 IN

W= . (142a)

ot

Cre0BaTeNbHO, Yroa KPY9YEeHHs MPONIOPUMOHAJEH JJHHE MHJHH-
Jpa W BpalmalomeMy MOMEHTY Mapsl CHl M OGPaTHO NpPONOPIHOHA-
Aew geTBepTOl CTEMEHHM paauyca M NOCTOSHHOK MaTepHana, KOTopylo
NOsTCMY HA3HBAIOT TAKIKE ,MOAYJEM KPYYeHHs“ BeliecTBa.

§ 32. Kak e 3akpyguBaeTCs UMJIHHAD HE K Py T 0BOT O, HANpHMeD,
3IAMNITHYECKOrO CedeHHs, eCIM Ha BePXHEE OCHOBAHHE (TO JeHCTByeT
Ta we mapa cun N, npuueM Ha OOKOBYIO MOBEPXHOCTh He JEHCTBYIOT
BRewHHe cHALI? DTHM BONPDOCOM MBI 3aliMeMcsl temepb mojapolxee.



64 BECKOHEYHO MAJINE JESOPMALUH

IMpexpae Bcero scHO, 9T0 B AaHHOM GoJee oO6HieM cjydae npH-
JeTcsl HEeCKONbKO H3MEHHTb IIPOCTHE JOMYUIEHHS] OTHOCHTEJBbHO
nedopmanuH, cJenaHHbe B Hagale MpeAblAymero maparpada, co-
TJACHO KOTODHIM Kajoe CedeHHe NOBOPAuMBAECTCH B CEOCH MJIO-
ckoctH 6e3 kakoro-nmubo MCKaeHHs, K60 3TH AONyLICHUST LOAATCS,
KaK MB BHJEJNH, TOJBKO JIJis1 Kpyrosoro uwinnjapa. Kakoro pona
JOMKHO ObiThb 3TO M3MEHEHHE, JIETKO Ha#lTH caenylonuM o6pasoM.
Xors mpocras paedopmanus, usobparaemass ypasHenusmu (137), u
HENPUroJHA VISl HMJHMHJPA C NPOH2BOJbHBIM MONEPEYHBIM CEYCHHEM,
OIHAKO, OHA TpeiCTaBaseT o600 BO3MOXHHE B npupone cayuai
paBHOBeCHs], KaK MBl 3aK/JIIO9HJIM M3 TOro, 9T0 ypasHeHHds (120)
yAOBJIETBOPAIOTCA BHYTPHM ILMJHHAPA, 3HAYHT, OHA HeOGXOMMMO Ha-
CTynmaer TOTHAa, KOrjAa COOTBETCTBYIOLIHE BHEIUHHE CHJbI ACHCTBYIOT
HA MOBEPXHOCTHh UHAMHApA. KaKOBE 3TH BHEWHHE CHIB, KOTOpHE
JOJIKHE IeHiCTBOBaTh HA GOKOBYIO NOBEPXHOCTb LMJAHHJpPA, MOXKHO
HailTH HemoCpeACTBEHHO M3 ypaBHeHuii (140), noJcTaBuB B nOCjaen-
Hee ypaBHEHHME 3HAYEHHR KOCHHYCOB HAmpaBJ/eHHs -BHYTpEHHeil HOp-
MaJsH, OOYCJAOBJEHHbIE BHIOM CcedeHHs nuannApa. CJaenoBaTesbHO,
BHEINHSAR CHJIa JaBJCHMs Ha OOKOBYIO TOBEPXHOCTb BCerja mapas-
JeJIbHA OCH Z, T. €. OHA NefiCTByeT BBEPX HJM BHM3, CMOTPY NO TOMY,
NOJOWKMATENbHA HJH OTPHLIATENbHA BejMyMHA Z,.

Boo6me, MOXHO HamHucath:

e

Z, = ; -rsind, (143)
rae 6 o6o3HawaeT yroJ Mexny BHelIHe}l HOpMaJbio B Kakof-HuOynIb
TOgyKe GOKOBOH MOBEPXHOCTY IMJIMHApDA M PajHyCOM-BEKTOPOM

= V'x? 4 y?, JexamuM B COOTBETCTBYIOIIEM CEUEHHH; YroJ 3TOT
MOJIOKHUTE/EH, €CNK BHEIMIHAY HOPMAasb NpeaCTaBisiercs NOBEPHYTOMH
BOKDYI' OCH 2 B NOJOXHTEJbHOM HampaB/JeHdH OTHOCHTEJbHO pa-
Iunyca-Bextopa. [TOHATHO, 9TO A KPYroBoro ceuenust 6 =0, HO Aast
. 3JJIMITHYECKOTO cedenud, 6oJibmast 1 Masnass OCH KOTOpPOrO COBNAaJialeT
C OCIMM X W ¥, § ¥ BMeCTe C HUM Z, (IpH NOJOXKHUTEJIbHOM W) nOJIO-
KHUTEJNbHB B II€PBOM M TPEeTbeM KBaJAPAHTAX H OTPHLATEJNbHH BO BTO-
pom H uerBepToM KBazpaHtax. [TosTomy, ecin 3aKkpyyuBaerCst SJJIHI-
THYECKHl NHJIMHAD, PACNOJNOKEHHBIN COrjacHo HONyIeHHIo, TO Mjid
'TOro, 4robLl NONepeyHbie CEYeHHs] TOJbKO IIOBOPAaYMBAJHCh B CBOEH
NJIOCKOCTH, HeOGXOMMMO, YTOGH Ha GOKOBYIO IOBEPXHOCTb NeHCTBO-
BajJ¥ BHEIIHHE CABHLAOIIHME CHJB, HamnpaBJeHHbie B NepBOM H
TpeTbeM KBazpaHTax BBEpX, a BO BTOPOM H 4eTsepTOM KBaApaHTax
BHH3. OTCI0/la HENOCPEACTBEHHO CJefyeT, 4YTO B TOM CJyyae, KOU/a
TaKUX BHEIIHMX CHJI HE HMEeT Cs, COOTBeTCTBYIOIHME TOYKH GOKO-
BO# NOBEPXHOCTH MpeTepneBaloT CMeleHHe B 06paTHOM HanpasJic-
HHH, BCI@ACTBHE 4€ro NEePBOHAYAJBHO IVIOCKHE ceyeHusl 3a1 H6aloTCs
B IIEPBOM H TPETHEM KBaJpaHtax BHH3 (W< 0), a B IByX ApYrHX KBaj-
pantax BBepx (w_>0). Ocralorcs Ha npexwnedt BEcoTe (W= 0) TOALKO
T€ TOYKH 60KOBOH MOBEPXHOCTH, B KOTODMX A/JIHHA PagHyCa-BEKTOpa
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pOJMyYaeT MakCHMAJLHOE HJIH MUNHMMIJbHOE 3HAauyeHue npu obxoxe
nepuMeTpa cevenus (6 =0), T. e. A5 3JJHICA BEPILKEL, 4 OCTAJbHHE
OJHHMAOTCH MAH OMYCKAIOTCH.

Hrolbbl moJyuyHTh OOinKe HpaBHJa O HampaBJEHHH 3aKPY4YHMBaHHH,
HE3aBHCHMO OT BHIGOpA CHCTEMbl KOODUHHAT, HOJOXEHHS HEMOABHIK-
HOTO OCHOBAHMs, 3HAKA 0 M HANPAaBJIEHU$ BHELIHEro BPaLAIOLLEro
MOMEHTA, AEHCTBYIOIMIErOo HA CBOOOJHOE OCHOBaHHE NMJIMHApA, 1IO-
JIE3HO OCTAHOBHUTHCS HA PazxiMydy MeXAY BHIAMH BHHTOBHIX JHHMIL

Ecin Touka JBMXeTCA NO BHHTOBOH JHHHH, TO O:Ha cCOBepiuaer
O/IHOBPEMEHHO BpalleHHEe M MOCTynaTejsbHOE ABHKEHHE, ronepek K
BAOCKOCTH Bpamenusi. Eciin BHHTOBasi JMHHS TaxKoBa, 470 NpPH ABH-
WeHMHM [0 BHHTY WJH, YTO OJHHAKOBO IIO CYHIECTBY, IIPH BpaHIEHHH
BHHTA B HENMOABMHOH railke noJjoxMresbHas ocb Bpamenus (7, § 83)
cOBNAJ4eT ¢ HANPABJEHHEM [OCTYNATEJBHOrO [BMXKEHHS, KaK, Ha-
npuMep, B OOLIKHOBEHIIOM INTONOpPE, TO BHHTOBAs JIMHHS Ha3blBAeTCs
paBLIM BHHTOM, B IPOTHBONOJIOKHOM Clyvae —JeBuM BHHTOM. IIpn
3TOM YCJOBHMH 6e3DasjHyHO, B KAKOM HampasJeHHH TOYKa npoberaer
BHHTOBYIO JIMHHIO MJIM BpallaeTcsl BHHT: BMECTe C HanpaBJeHHeM
BPALIEHHUS] H3MEeHsieTCsl KaK HalpaB/eHHe NOCTYNaTeJbHOrO JBHHKe-
PHsl, TAK H HANPABJCHHE MOJIOKHTEJbHOH OCH BpalLeHus.

BepHeMcst Tenepb K HalleMy CJIy4aio H pacCMOTPHM Kakoe-HHOynb
BOJNIOKHO LWJIHHAPA, KOTOPOEe NEPBOHAYAJILHO OLUIO HApaLIeAbHG
ocd kpyuenns. Ilocae pedopmanuu oHo npuMer (GopMy BHHTOBOR
aundi. C japyro#i CTOPOHEHl, TOYKH Ha MepHMeTpe NepPBOHAYAJNbHO
BJOCKOro cedyeHMsi IMJIUHApa obpasyior nociae pedopmanyy BOJHO=
Byio suHMIO. B Takom ciydae cymectByer cienyiomee obinee npd-
BUJIO: T€ YaCTH 3TOH BOJHOBO JIKHWH, KOTOpbLIE NPUMBIKAIOT K MH-
HUMaJbHHIM 3HAYeHMAM pajguyca-BekTopa r, o0pa3yioT OTPe3kH TOro
®e poxa, KaKk M paHee pacCMOTPEHHHIE BOJIOKHA LMAHHADE;, eCHH
foc/eje — IpaBble BHHTH, TO M 3TH YaCTH Takue xke. Jlas vacredt
BOJIHOBO® JIMHHH, COCEIHEX ¢ MAKCHMAJbHBIMH 3HAauUCHHSIMH T,
ZeicTBUTEABHO OGpaTHOE. ‘

Tak, RanpyMep, B pacCMOTPEHHOM BHIIE MPHMepPe 3JIIHITHUECKOrD
CeMeHHMs BOJOKHA LMJHEApa o006pasyior, NMPH NPHHATHX o0603Haue-
HUSIX npaBble BHHTOBHle JHHHH. [loaroMy KpailHas BoOJIHOBas JIMHHUSA
NPOXONMT Yy KOHHNOB Masoff OCHM KaK mnpaBblif BHHT, 7. €. MOJAHH-
MaeTcs 1npM nepexole OT NepBoro KBajpaHTa KO BTOPOMY H OT
TPeTLEr0 K YETBEPTOMY, COBEpIUEHHO TaK, KakK- OblIO yCTaHOBJEHO
Brime.

J/1a KONHYeCTBEHHOrO peLIeHMs 3ajaud TpebyeTcsi paccMOTperh
angyTHYeCKHe yciaoBMsa. B corsacuu ¢ pesysabTaTaMy NPHBEJEHHbIX
BhiIle paccysIeHHE, MOXHO c/ieayomuM o6pasom OGOOIINTL BHIPA-
xeuua (137) KOMNOHEHTOB CMELICHHA JAAR SJIHNTHYECKOro UHAMHADPA
¢ foayocsimu @ u b:

wyz Xz
u=-—'~ly s V=" w=—Cxy, (144)

Buexcnge & T60peTRY GCKYK) QuUIMKY



66 BECKOHEUHO MAJBE JEQOPMAIIHH

rae C 0603HayaeT MOJOKHTENBHYIO IOCTOSHHYIO. ITO 3HAYEHHE
BLIpaX<aeT HaljeHHOe Bbille CBOWCTBO, UTO U OTPULATENIBHO B Mep-
BOM M TPETbeM KBaAPAHTaX M MOJOXKH €IbHO BO BTOPOM H UETBep-
ToM. TaxuM o6pa3oM HAEHCTBHTENLHO YAOBJACTBOPAIOTCA KaK yC/0-
Bus (120) nas BuyTpenHeff wacTH UMAMHApa, Tak u (121) mas Goko-
BO#i NOBEPXHOCTH, — NEPBLIE TOXAECTBEHHO, 2 BTOPBLIE €CAH MO0-
JOXHUTH:

0 ad—p a
R (143)

Hrax, MB uMeeM TaKKe IOJHOE pellieHHe 3ajaud O KpydyeHruw
VIMNTHYECKOrO UHJMBADPA. Buopamenue (142) ana BHellHEro Bpa-
AKILErc MOMEHTa MpH KPyroBoM LumHHApe o6o6maercs, coraacHg
(121), caenmyromum o6pasom:

w36
N="E0. T 145
1 a? - b2, (148)

TJIABA TPETBHS
KOJEBATEJILHLIE SIBJAEHHSI B TBEPJABIX TEJIAX

§ 33. B ocuomy mu3saraemofi nHamu cejiuac BTOpoOli yactH sTOH
KHHIH Mbl NOJIOXKMAHN oOLiee JONYIIEHHE, yTO [BHIKEHHME IOCTOSIHHO
CBSI3aHO ¢ GeCKOHEYHO MaJbMM gedopmauuamu. Takoe nBHKEHHE He
MOXET, O4yeBHJHO, OHTh OJHOCTODOHHHM, a JHOJIKHO NONEPEMEHHO
COBepIaThCsl B Pa3/HYHEIX HANPABIEHHSAX, T. €. JJOKHO MPOHCXOIUTL
»kojebanue“ Tesa, Npu KOTOPOM CMElIEeHHsl ¥ BMecTe ¢ HUMH nedop-
MamMy MOCTOSIHHO HM3MEHAIT CBO# 3HaK. TakuM 006pasoM Mb HMeeM
aaech jeno ¢ kosebate/bHHIMH SIBAEHUSIMH B YIPYTHX TBEpIHIX TEJax,
KOTOPEIe Mbl GyzeM CYHTATh /18 TPOCTOTH H30TPONHBIMH. OCHOBHHE
34AKOHHl TaKOro JBHIKEHHS YCTAHOBJEHH yXe B nepBo#t riase. Ouni
{POpMYJIMPOBaHb B ypaBHEHUsX IBHiKeHUsl (83), KOTOpLIE MbI MOXEM
HaNMHCaTh CACAYIOIKMM O0pa3soM, ONYCTHB CHIBEL TAMOTEHMs:

K 0%u 00X, 0X, 03X,
01 0x oy 0z’

K Odf} B oy oY, OY:‘ | (147)
or ox oy 0z

i o*w  0Z, 0Z, 0Z,
ot ox oy 0z |

Jajiee, B NOBEPXHOCTHHX YCAOBUAX (74) U, HAKOHEI, B COOTHOWEHHA¥
(119) Mexy TeH30pOM [aBNeHHs ¥ TEH30pOM AedopMauun B H30TPON
HOM BeleCTBe.
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HauGosee uHTEpecHHE cyyan Kose6aTe/bHEIX SIBJICHHH NOJo6HOro
poXa OTHOCATCA K TAKHM TejaM, KOTOpHe MMEIOT pasMmeps He Olu-
HAKOBOI'O MOPSAKA BEJHUYHHH [1O BCEM TPEM H3MEDEHHUsAM POCTPAHCTBa,
a MPOCTHPAIOTCS NPEeNMYNIeCTBEHHO N0 ABYM HJH IO OJHOMY H3Mepe-
HHIO MPOCTPaHCTBA. JTO xaeT, MOHATHO, 3HAYMTENbHOE YNpOUICHHE
3aKOHOB [BHIKECHHsl, TAK KaK YMEHbHIAeTCs YHMCJIO HEe3aBHCHMHIX NpOo-
CTPAHCTBEHHBIX KOOpZHWHAT. 34710, C ApPYroil CTOPOHH, CIELyeT, HMes
B BHly HauOoJjee BaHble B MPaKTHKe KoJebaTeJbHBIE NBHMKEHHS,
BBECTH HEKOTOpOe 0000mEeHHe B YyPABHEHMs, BHLIBCICHHHIE BHIIE.
[Ipexpe, B § 22, MB OTCUHTHLIBANM KOMIOHEHTH CMEILEHMS U, V, W
K BMECTE C HHMH KOMIIOHEHTH zedopManyu OT TOro COCTOSIHHA Tena,
B KOTOPOM BC€ BHCIIHHME CHJIB HABJICHMs PaBHE HyJ0. TOraa xoMmno-
HeHTHl JaBJIEHHs] NPexCTaB/siloT OGO oxHOpOoxHble (YHKIMH OT
KOMMOHEHTOB zedopmaniy, 1 B Hee)OPMHPOBAHHOM COCTOSIHHH BCe
KOMITOEEHTbl [aBJeHHsl paBubl HYJ0. HO B npHpOZe 0cOOH# HHTEpec
UMeT YacTO HMEHHO TakHue xoJse(CaHusi, B KOTOPBHIX 3TO OrpaHHuYeHue
He umeeT Mectd. Eciin Mbl BO3bMeM, HanpHMep, KOeGaHusl CKPHIHYHOR
CTPYHBI, TO BNOJHE €CTeCTBEHHO OTCUMTHIBATL COCTaBJAIIME nedop-
MallHH OT TOrO MNOJIOXKEHHs] CTPYHB, B KOTOPOM OHA HAXOIMTCH B CO-
CTOSIHMK VCTORHMBOrO papHOBECUsl. IJTO — Hele(popMHUPOBAaHHOE CO-
croanve. OHAKO B HEM COCTaBJ/SHOHIME MNABJCHES BOBCE HE DAaBHHI
HYJIO, @ B CTPYHE CYIUECTBYeT OINpeJejJeHHOe M Jaxe HOBOJBHO
CHJIbHOE HATsIKEHHE. DTO HaTHXKeHHe NpejAcTaBaserT co0010 HACTONbKO
CYHMEeCTBRHHYIO NPHYHHY, ONpeAeJsIouyl0 xapakrep konaebaHuil, 4TO
JlaXe BJAMSIHME NOCTOSIHHBIX YNPYTOCTH A, g, V, CBOHCTBEHHBIX Mare-
pHaNy CTPYHH, IPAKTHYECKH OTCTymaeT mepen HAM Ha 3azuuil mJjaH.

Tax, HanpuMep, CTpyHa M3 KHIIKH BOBCe He konebajach OHl, eCiH
6rl He ©bwia HaTanyTa. [1o3TOMY 31€Ch MOXKHO B M3BECTHOM CMHICIE
roBopuTh 00 MCKYCCTBEHHOH BHIHYXIEHHOR YNpyroctd, Kotopas 3a-
BHCHT K€ OT MAaT€pHaJna, a oT BHEMHUX CHi. Yro6bl JOKHBIM 06pa3oM
OpUHATDL B pacuer 3T# 06CTOATeNbCTBE, MH BBEAEM CJlejyioilee
o6o6ueHye B cooTtHomeHust (119) mexjay KOMINOHEHTAMH JaBJIEHHS
U KOoMnIOHeHTaMH fedopMaluu: Mbl Oy eM, KaKk K paHee, CYUTaTh KOMIIO-
HEHTHl AABJIEHHS 33 JHHCHHbe DYHKIMH OT KOMIIOHEHTOB Je(popMauyy,
HO Ternepb 370 GYAYT Yyke HeOHOpOAHbEe (YHKIHMH, H d06COJIOTHHIE
4jieHsl B 3THX (PYHKIMAX 6yayT COOTBETCTBOBATh BPEMEHHOMY COCTOS-
HHI0 YCTOMYHMBOI'O pPaBHOBECHS TeJa.

Taxkum nyTeM Mbl BBeZEM B YPaBHEHHS ABHIKEHHS, KaK yme OLLIO
YKa3aHO B NpPMBEAECHHOM IIPHMEpe, Hapaay ¢ MOCTOHHEIMH MaTepHasa
euje OAHY MOCTOAHHYIO. B 3aBHCHMOCTH OT TOro, UMeiOT Ju npeobJa-
Jaioiee BJAHSIHUE NOCTOAHHBIE MEPEOro pOJa MM NOCIe I AN NOCTOAH-
Hags, Mbl IOJIYYUM COBEPIIEHHO PAa3JHYHBIEC KOJCOATENbHHE ABHIKCHU:
ABUKEHUS C eCTeCTBEHHOH yNpyroCTbio ¥ OBHXEHHs ¢ HCKYCCTBEHHOH
ynpyrocrtbio. 3TH pasiHuMs NPaKTHYECKH HACTOJBbKO BaXHBL, YTO
pe3ko BBHIpaw@IOTCs TaKXe M B CJIOBOynotpebsaeHuHH. Tax, u3 Ten
OJHOIrO M3MepeHHs ,CTePXMHN® KOoJebaI0TCa ¢ eCTeCTBEHHOH, a ,CTpy-
HH“ — ¢ MCKYCCTBEHHOH YHPYroCTbio, U3 TeJ ABYX H3MEPEHHH , mia-

B>
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CTHHB® H ,KOJIOKOJa“ KOJeO..10TCst C eCTeCTBeHHOH, a ,MeM6paHb“
n ,6apabann® —C MCKyccTBeHHO#t ympyrocrtblo. B akycruxe, mno-
CKOJbKY peub WjieT O TBepAbix Te/ax, HauboJsee BaXkHH KoJieGaHUs
€ YCKyCCTBEeHHOU ynpyroctbio. ITostoMy Mbl 3alimeMcs 3fechb mpe-
MMYILEeCTBEHHO NociefHuMy. B kauecTBe mpocrefiliero npumepa pac-
CMOTpHM Kose6aHus CTPYHB, KOTOpAas HATAHYTA HaCTOJbKO CHJAbLHO,
4TO BJIMSIHUE YIPYTOCTH MaTEPHaNa, TaK Ha3LBaeMasi ,eCTKOCTb CTPYHH,
OTCTyHaeT Ha 3afHUil TJIAH NO CPABHEHHIO C BJMSHUEM HATSIKCHHSL

§ 34. CunbHO HATAHYTASL CTPYVHA. IlycTh cTpyHa, KOoTOpas AOJKHA
upmeth GopMy IMJIKHAPA ¢ 6ECKOHEYHO MAJHM CEUCHHEM, COBMAjfaeT
B COCTORIHUH PAaBHOBECHSI € OCbIO Xx. Torjza xamaas TOUKA CTPYHH
XapakKTepu3yeTcsl Onpefe/eHHBM 3HAYeHHEeM X, H JBHIKEHHE CTPYHBI
BMOJIHE H3BECTHO, €CJAH KOMIOEEHTH CMEHIeHHS U, V, W OnpeleseHtl
Kax ¢yHKmuM ot X u i Haa pemrenus 8ToH 3ajauM MBI Mpexae
BCEro BBeJieM HeoOXOoAMMOE, COMNAcHO npelbaymieMy naparpady,
o6o6wenue cootHowennit (119). CocrosHHe paBHOBECHST CTPYHSI
OMuMHAKOBO € paccmorpenHbiM B § 30 paBHOReckeM OJHOCTOPOHHE
HATSHYTOrO LHJMHAPA, MO3TOMY JUIA Hero AeHCTBHTEJNbHB ypaBHcHHS
(128) u (130), rne F o6o03HayaeT HATSACMBAIOLIYI0 CHJY, § — IJIOW@ANb
nonepeyHoro ceyenus. CaelOBATENbHO, STH YpaBHEHHs! NAIOT 3HA-
YeHUsI KOMIIOHEHTOB HapJseHuss 111 HeLe(hOPMHPOBAHHOIO COCTOSIHHUS
crpynsl. OTCI0Zla ONHO3HAYHO CJellyeT HCKkoMoe O6oO6lieHue ypas-
HeHuft (119) s mamero ciayvas:

Xz:_E“AU_QMxm Yz =Y

q
Y,= —Ao—«nyy, Z, =—uz, (148)

Z, == —Ac—2pz,, X,=—ux,. J

[Tpennosnoxenue, 4To CTPyHa ,CHUJIBHO® HATAHYTA, BHpaxkaeT Co6010
yCJIOBYE, 4TO NMepBHH ujied B BhpaweHud AJs X, 3aBucaumit ot F,
BEJMK 1O CPABHEHHIO C OCTaMbHHIMH uwieHamH. C Apyroi- CTrOpoHHI,
HeJb3sl NpHEMMaTh F GeckoneyHo OGOJBIIHM: Tak Kak 6 W X, Gecko-

F
HEYHO MaJjbl, TO X,, H BMECTe C TeM TAKXe --, MaJbl IO CpaBHe-

HHIO ¢ BeJHuunaMu A u w. TakuM 06pa3oM NOpsiIOK BeJUYHEH HATSIKE-
sl F 3awmiodeH B ONpefeseHHLIX Npeaenax. Ho ecam BCIOMHMTS,
yTO /ISl MET&JIOB, HalpuMep, koa(uuuents 4 u y, cornacko (136a),
oun

HMEIOT NOPANOK BeJMupHbl 1012 [fCM"-I » YTO COOTBETCTBYeT JaBJje-
uuo B 10000 k2 Ha 1 MM, TO MB YBHEHM BCE e, YTO JJIs1 BEJHUHHH
HATSDKEHUs] OCTAIOTCSA elle NPaKTHYECKH JOBOJIbHO IIMPOKHE I'PAaHHIH.

Tenepp yCranopuM NMOrpaHHuHHeE YCJIOBUs nis OOKOBOH noBepx-
HOCTH LMIMHApA CTPYHb. Tax KaKk BCs CTPYHA, KpOME IBYX KOHIOB,
KOTOPBI€ MBl CYHT4EM TMPOYHO 3aKATHIMH, NOMKHA CBOGOAHO KoOJIE
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6aTbCs, TO Ha GOKOBYIO NOBEPXHOCTH He NeHCTBYIOT BHEIIHHE CHJIHI,
¥ MHB HMeeM N03TOoMYy, coraacHo (74):
X, cos(vx) + X, cos(vy) + X, cos (v2) =0,... (149)
Hopmanbp v k GOKOBO#l NMOBEPXHOCTH MOKET MpHUHUMATBL Jo6oe
HANpaBJIedHe, HO CBS3aHa C YCJAQBHEM, UTO JOJKHA BCErJa M NOBCIOLY
COCTaBAATh, NPAMOH YroJ ¢ To# NPOCTPaHCTBEHHOH KPHBOH, KOTOPYIO
obpasyer co6o10 cTpyHa 8 ka<ol-mmbo mMoMeuT. DTa NpoCcTpaHCTBEH-
Hasl KpUBan o6pasyeTcsl TOUKAMH C KOOPJAMHATAMH X -+ U, V, W, IIOITOMY
OTHOIIEHHS KOCHHYCOB HAarpaB/eHHs ee (YI10Bble KO3 il{feH [H) CyThb:

ou ov ow
dix+w:dv:dw=1{1 G d
(1) ( +0x> ox o0x’
H HOBTOMy uveer MeCto yCJIOBHC:
1+ oMY cos () + 9 cos () + LU (v2) =0.
0x ox ' 0x

Tak kak pedopmamuu GeCKOHEYHO MAJH, TO, KaK JErKko BUIETh,
cos (vx) 6eCKOHeYHO MaJ MO CPABHEHHIO C ABYMSl APYTHMH KOCHHY-
caMH, ¥ MOXHO HAanmMCaThb MPOHIE:

cos (vx) = —gg.cos (»y)— g% cos (»2).

[ToncraBum aTH sHAaueHMsi B TpH ypasHeHus (149) u mpHmeM BO
BHHMMAHHE, YTO OTHOWIEHHE COS (¥y) : cOS (¥2) MOKET fpuHUMATh Mo6oe
3HaueHHe. [Ipene6perass MaJIBIMM 4€HAMH BTOPOrO MOPSAKA, MOJYYHM
COOTHOLLICHHST:

ov__ __F ov
X=X, -~=7"— 5 ]

5oA =
X,=x%=_ 2%

0x g ox
Y,=0,Z,=0,Z =0. {151)

OcTaeTcsi eHie TOYHO BHIPA3HUTb INECTON KOMIOHEHT JABJCHHA C
TOYHOCTBIO JI0 WIEHOB BTOPOro MOPsiaxa. DTO MOXHO CHeJaTb NPH
noMomu ypaBsenuit (148), kotopble paior cnepsa B cBsisd ¢ (151):

SR
u 3 QM »
0TCI01a, HAa ocHopanuu (118):
u
o= ." - Xx
Apu”®
H, HaxKoHel, COIJIACHO nepBoMmy M3 ypaBHenuit (148) u (135):
X,=—F _g%, (152)
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Teneps Mbl NONYYHM HCKOMBIE YPABHEHHS IBMKEHHA M3 yPaBHEHH{
(147), noacTasuB 3HadeHHst KOMIOHEHTOB aasaenns (150), (151), (152):

2 2
k ‘2” _gpou =0, (153a)
o 0x?
2 " 2.
ROV EY g, (153b)
# g ox?
243 2
(v E B (153¢)

orr ¢ 3%

Taxum o6pasoM Kamablit M3 KOMNOHEHTOB CMELIEHHH U, V, W Cle-
IyeT CBOEMYy OCOGOMY 3aKOHy, He3aBHCHMO GT JABYX ADPYTHX, NpH-
yeM BHJ, 3THX 3aKOHOB OJIMHAKOB ISl BCeX TpexX KOMioOHeHTOB. Oj-
HaKO BeJMYMHA XapaKTepHCTHuYeCKkol nocTosuHOH, Bxoasuiel B ypas-
HeHusl, He BCIOJy OJMHAKOEBA: JJs U MMeeTCs Apyras BesIHY{Ha, yeM
A4, V 1 W. ITO 3aBHCUT, KOHEYHO, OT TOrO. YTO HAIIPABJEHHE U COB-
najaer ¢ HanpaB/lIeHHEM CTPYHH, @ HaNpam/leH#us V U W neprneHiy-
kysnapHH K Heli. [ToaToMy kosebauMs ¥ Ha3HBAWOTCH ,NPOLCJbHBIME
KoneGaHMAMH® CTpyHB, a KojebaHus Vv W W,-—HaobopoT, nonepeu-
HbIMH KoJie6anusaMu. Kak Mb BHAHM, NpojoJbHbE KoJdeGanus 3aBH-
CAT TONBKO OT YNPYrOCTH BEIUECTBA CTPYHH, M B YAaCTHOCTH CT
JHHEHHOIO MOAYJsi YOPYrOCTH M HE 3aBHCAT OT HATSIKCHHS, a s
nonepeyHblx KoJebaHuil peAcTBUTENBHO O6GparHoe.

Jas paspaeiiiero McciaeloBaHUs 3aKOHOB Kone6Ganus 10CTATOYHO
pacCMOTpeTh OAMH TOJbKO KOMIIOHeHT. Tak kak B aKyCTHKe [oIe-
peyHbie koJe6aHus WrpalT 3HAYHTENbHO O6OJbLIIYI0 POJbL, TO ML
OrpaHHyHMca B JaJbHEHIIMX paccyxaenusx ypapHennem (153b),
KOTOpOE IlpeacTaBiasieT IJIOCKMe MoNlepeyHble KosebaHus B IJIO-
CKOCTH XY. Breas mocTosiHHYIO

@ .= F , (154;
kq
MOXXHO HANHKCATh 3TO YPaBHEHHE B BHUJE:
0 _ @, (155)
o oxt

HurerpupoBanue mocjaeiHero ypaBHeHHst JaeT V B BHIe QYHKLMH
IBYX HE3aBHCHMEIX NepeMeHHHX X u L Ecan no/oXuTbh, 410 X 10-
CTOAAHHO, @ ! M3MEHAeTCs, TO MK TOJYYHM NBIXXEHHE ONpejeseHHOH
TOYKH CTPyHBL. Ecam ke mojaoxuTh, Yto .{ NOCTOSHHO, @ X H3MeHsd-
€T7Cd, TO MK [oNy4Y4dM ¢popmMy KpHBOH, KOTOpyI0 o6pasyer cTpyH?
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0%v
p onpeneneHHbift MoMeHT. COOTBETCTBEHHEIM 06pa3oM o2 MPeACTaB-

2

jsieT yCKOpeHHe KakoH-HHOyJb TOYKHM CTDPYHBI, 5 , ~ KPHBH3HY KpH-
X

poil CTPYHH, @ ypaBHeHwe (155) Bhipaxaer Takoe NPaBHJIO: yCKOpe-
gve KaxKof-snbo TOYKY CTIPYHH, @ CIeNOBaTeJbHO, H CHJIA, AeHCTBY-
pouIas Ha Hee, NPONOPUHOKAJLHB KPHBU3HE KPHEOH, KOTOpYIO o6pa-
syeT CTpyHa, B J@HHOHM TOuxe.

§ 3b. UHTErPUPOBAHME VPABHEHMA JABMXEHHMA. Uro6n HaliTH
obLiuit MHTErpan Au(QepeHiMaTbHOr0 ypaBHEHHS] ¢ YaCTHHIMH IPOHU3-
ponubME (155), BBeJleM BMECTO HE3aBHCHMMHX NEPEMEHHHX X H |
HOBHIE HE3aBHCHMEIC NepPEMEHHbie:

§=x4at; n=x—at. (156)

Torpa npeo6pasoBaHMe NPOH3BOJAHBIX BBLIPAMAETCH CJEAYIOIKMMHU
COOTHOIIEHUSIMH:

ov {ov ‘-\ (05) ‘ (()V) (0;7‘ ov ov
. +{-- - = sa— —-a
ot), \ozJ, \ot/, 07/ \Of),,. 05 on
O1cona, TOBTOPUB TO Xe AeHCTBHE, M0AYYHM:
(021) o 0*v. o 0% g 0%
ot/ , 052 050n on?
H COBEDPILEHHO aHAJOTHYHBIM O6pPasoM:

(021;_ v o, o
o), og ' ozon | opp

Ecau B ypasaenun (155) 3aMeHHTb NpOM3BOJHEE 10 HE3aBUCUMBIM
NepeMEeHHBIM X B { TPOH3BOAHBIMH MO HE3aBHCHMEIM NEPEeMEHHBIM § U 7,
TO MOJYUYHUTCH:

0%
— =0
0500
ov oy
IT0 ypaBHEHME BHpPANKAeT, YTO oz 3aBHCHT TOJIBKO OT §, H 5
S q

8aBHCHUT TOJBKO OT 7. 1loaTomy
v=[(&+g),
rne f u g cyTh Kakhe-TO JBe (DYHKIHH, KaKJasi U3 KOTODHX 3aBHCHT

TOJBLKO OT OJHOH nepeMeHHOR.
Ha ocuosavuu (156), umeen:

v=f(x+ at) + g(x—at). (187)

270 u ectb o6wuit HHTErpat AudepeHuHaIbHOrO ypaBHenud (1565).
HelicTBUTEIbHQ, HENOCPEACTBEHHON ITOACTAHOBKOH MOXHO y6e ANTbCS
B TOM, UTO yPaBHEHHE YJAOBJETBOpsieTCs BHpaykeHHeM (157), KakOBH
Gn HE Osi QYHKIME f B g. '
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IMpu 3TOM HYXHO HMeTh B BHAY cleayioniee 06CTOATENbCTBO.

OrpannueHne, KOTOpOE HaJnraeTcs paBeHCTBOM (157) Ha 3Haye.
HUst V B 612arosaps KOTOPOMY V yAOBJNETBOPsieT AM(ePEHIHANTBHOMY
ypaBreHun (155), OCHOBAHO HA TOM, YTO HE3aBHCHMHE MNepeMeHHLe
X U t BXOJAT B (PYHKUMIO [ TONBKO B COoeAwHEeHHu X at, a B dyuk.-
LU0 £ TOMBbKO B COENMHCAHH X-—af. DTH BHPAMEHHUA HA3HBAIOTCY
yaprymenramMu® ¢yHruwit f u g Kaxpaa u3 5THX ‘IBYX QYHKIM
3aBHCHT TOJBKO OT CBOEro ocoforo aprymeHra. IloatoMy, ecam nu-
(pepeHHPOBATE (PYEKUBIO MO X MJH no f, TO MOXHO cnepBa aHde-
PEHUUPOBATE MO apryMeHTy, a moToM JAH(MEPEHUHPOBATb APryMeHT
o cooTBeTCTByOel nepemenHoi. Takum ob6pasom u3 (157) noay-

yaeTcs:

ov or

g ’ -=f'a—ga, 157
D +g ¥ f g (1573)

rae f u g 0603HauaOT NpoMzBOAHLE [ M g MO HX aprymeHTam. Ilpo-
JO/DKeHHEL onepalyun [aeT:
0% 0*

144 ’r V 174 174
e sl it

OTH 3HAYEHHMs] JeHCTBUTENbHO YIOBJIETBOPHIOT ypaBHeHHIO (155)
B camMoM oOLIeM BHJe.

UacTHH# BUA QYHKUHM [ WIH g HMKAK HEJb3H NOJYYHTH H3 Iu-
¢depeHyHaNbHOrO ypaBHeHzsl. Ero MOMHO HafiTH TOJBKO MO HAYadb-
HEIM M IOTPAHMYHBIM YCIOBHAM Koae€ariomedics crpynsl. Onmaxo
npexje ueM nepedTi K paCCMOTPEHMIO BTUX YCJHOBHIY, HCCAEAYEM B
ofuweM BYAE TOT 0coGeHHHI (u3nyeCku¥ xapakTep, KOTOpHIH Ha-
KIanbIBAETCA HA JBHMEHHE CTPYEH Bhipaxenuem (157) ana cmere-
HHA V.

BospMeM cHauana yactTHH cayuall, korga oaHa u3 AByX (QyHk-
uui, Hanpumep g, o6pai@eTcs B HyJb, TaK, YTO

v=f(x-1 at). (158)

Torpa mbl BMeeM JBHXEHHe CTPYHBI, JUISI KOTOPOTO XapaKTepHo
TO O6CTOATENLCTBO, UTO CMEMIERHE V He K3MEHSIETCH NDM TAKOM M3~
MEHEeHHH X M {, Korja X -} af octaercsi NMoCTOsHHEIM, T. €. KOrja

dx 4 adt =0,
MJIH

Ho nocaepnee ypasHesue 0603HAuyaeT IBHMEHHE CO CKOPOCTHIO &
B HanpaBJeHMM OTpHOAaTeabHOH ocw. OTcCloia caenyer, yrto ecid
nepeABUraThCs raasoM HJAM ykKasateneM BAOJbL CTPYBH B HampabJe
HUH OTpHUATEABHEON OCH X CO CKOPOCTBIO &, TO Ta& 'TOYKA CTPyHH,
Ha KOTOpYIO NONajawT NpH 3TOM, BCeraa HMeeT B JIAHHBI MOMEHT
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COBEPIIFHHO OHPENEICHHOE CMELeHHe V. DTO MOXKHO BBIPA3HTHL elie
takuM 06pa3oM: KaXJO€ CMEeHICHHUE V PACIIPOCTPAHACTCH HeU3MEeHHHM
€O CKOPOCTHIO @ B HANPABJCHHY OTPHUATENBHON ocH X. TToaTomy (popma
KPUBOii, KOTOpYI0O 06pasyeT CTpPyHa B KaXIbli MOMEHT, OCTAeTCs
ONUHAKOBOM, KPHBAs TONLKO NOCTOSIHHO CMEIUAeTCs, KakK Lenoe, yKa-
3aHHBM oOpasoM. Takoe JABHIKEHME HA3HIBAETCH ,BOJNIHOBHIM IBHKE-
HEHEM®, CKOPOCTb CMEHIEHHS! Ha3LIBAETCH ,CKOPOCTHIO PacnpOCTPaH.s-
Hug* BoJaH. CKOPOCTh pacnpOCTPAHEHHS HYXHO OTJHYath MO Cy-
WECTBY OT KOPIYCKYJIAPHOH CKOPOCTH TOYEK CTPYHE, KOTOpas He
uMmeer ¢ Helt Huyero obmero (cp. 7, § 1). Bua sonusl onpespensercs
¢yHkuued f, oH MOXET OHTHL NMPOU3BOJBLHEIM, ¥ B YACTHOCTH He 0O6s-
3aTeNbHO JOMK.H ObTh NepHOAHYeCKHM. MOXHO nojayuutb npocroit
M OYeHb HarIAAHHHA 06pa3 ABMXEHUH, €CAHM HAYepTUTh HA IOJOCKE
6ymaru ¢GbyHERUMIO f B BuAe KpuBo# C abcuuccolt § m opauHarol f,
a 3aTeM NepeiBUratb 3Ty MOJOCKY BAOJb CTPYHB CO CKOPOCTBIO — d.
Torpa ueprtex JaeT HenocpeiCTBeHHOe H300paxeHWe CTPYHH! B KaX-
abi# mMomeHT. [Ipu £=0 apryment § = x-}-af HenocpeaCcTBEHHO COB-
najfaer ¢ abcuMccoft X TOYKA CTPYHBL
CoOTBeTCTBEHHEIM 06pa3oM YacTHOE pelleHHe

V=g (x—at) (159)

0603HayaeT TaKKe BOJHOBOE ABUNKEHHE ¢ TOI0 We CKOPOCTBLIO a4, HO
pacnpocTpaHsiioueecs B CTOPOHY NOJOXUTENbHOR ocH X. Iloaromy
obpuit caydait xonebamusa (157) npexncrargser co6ol0 HaNOXeEHHE
IpYT Ha Jpyra AByX BOJH, PacnpoCTPaHAIOUIWXCH C OJMHAKOBOH CKO-
POCTBIO @ B MPOTHBOMNO/IOXHBIX HanpasneHuux. Ecin HauepTHTh Kax-
IYI0 ¥3 ABYX BOJH B BHIC KPHBOH Ha noJocke Oymaru H nepejiBu-
ratb 3TH NMOJOCKH BAOJL CTPYHH €O CKOpOCTAMY --4, TO aarebpau-
yeckass CyMMa IBYX OpiHHAT JaeT CMeLleHHe V COOTBeTCTByMome#
TOYKM CTPYHH 5 JAHHHA MOMEHT.

Tenepn uccrepsyem, Kak onpejensercs BHA o6eHX BoJH f M g HA
OCHOBAHMY HAYAJbHEIX U KOHEUHHIX YCJOBHH Ko/sebaTesbHOro mnpo-
necca. JInsi 3TOr0 paccMOTPHM CnepsBa upeaiabHol#l cayuwali Gecko-
H@UHO MJIUHHOH CTPYHHIL.

§ 36. CrpyHA, HEOIPAHUYEHHASI C OOEMX cTOPOH. EciM cTpyHa
NPOCTHPAETCH OT X=—00 JI0 X =-}-00, TO AN" MNOJHOrO Omnpeje-
JeHUs! IBUKEHHs JOCTATOYHO PAECCMOTPETh TOMLKO HAyajJbHOE CO-
cTosHMe M MOXHO OOGOHTHCH 6e3 NOrpaRMuHBIX YCJOBHIL.

[TonomuM, yTo AaHbl CMEIEHHs M CKOPOCTH BCEX TOYEK CTPYHBI
B MoMenT {=0, T. e.

Vo == F (x) u (‘;—‘t’) — O (), (160)

/0

rae F u ¢ ofospavaior jgBe (yHKUHM, H3BECTHBIE NPH BCEX MOJQ-
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HKHUTENbHLIX U OTPHLATENLHLIX 3HAYeHHsIX X. [Toacrasus B (157) u (157a)

MOy UHNM:
f()+g()=F(x)

Hﬁ—£@%=2®@)

I'lpounTerpHposas mociefiHee ypaBHEHuE, HMeEeM:

X

) 1
fo—gm=_\omax

5 Oy

CJiel0BaTeNbHO,

1. 17
V= " F N ]
f ) 2<nTmS(mm

“ oo

! (161)

D R
g(x)—zb(x) o0 D (x) dx.

~ ey

STH BHPAXEHHs N4 [ H g NOJHOCTBIO ONpe’ensioT BuA obeux
BOJIH M 3HAUMT BCe JBHxkeHHe. HyXHO TONLKO NOACTaBUTb B (DyHK-
M0 f BMECTO X aprymeHt X -+ atf v B (yHKIHIO g apryMeHT X — at.
Heonpenenennoctb, 3akmioyalomancs B NPOHM3BOJBHOM Buifope mno-
CTOIHHOH WHTErpUpOBaHUA €, TONBKO KaXyLadcs, Tak Kak B BHpa-
wenne (157) pas v yHKUMH f M £ BXOAAT TOJBKO B BHJE CYyMMH,
IIpH H3MeHeHHu ¢ 66e QyHKIMN H3MEHSI0TCS Ha OAMHAKOBYIO BEJIHYHHY
B NPOTUBONOJOXKHHIX HanpasneHusx. [Toaromy MOMXHO, He Hapymas
OOHIHOCTH, NOJOKUTB ¢ = 0.

Paccmotpum B BuJie iippMEPOB HECKONbKO YaCTHHIX cayyaeB. CHa-
yajsa paccMOTpHM TakoH cayvyalf, xorma BCe HauvaJdbHBE CKO-
POCTH paBHH HYJIO, KaKk OblBaer, ecnd JEPHYTb CTPYHY, T. €.
BLIBECTH €€ U3 COCTOSIHMSI DABHOBECHSI M 3aTeM OTNYCTHTb. B 3TOM
cnyyae @(x) =0, nmoaromy, coraacHo (161),

ﬂﬂzﬂﬂ:;mn (162)

CnenopatenbHo, B 3TOM Cayuae o6e BOJHLI PaBHH Me€XxAYy coOoM.
H KaXJas M3 BOJHOBBLIX (DYHKUMH paBHA NOJIOBHHE BEJHYHHBLI HAUAIb-
Horo cMemeHus. OTCl0Zia HenoCcpeACTBEHHO MOJyyaeTcs BeCh npounect
aBuxkedns. Ha vept. 5 BepxHsis JuHMA M306pa)<aeT BHJ CTPYHH B Ha-
9anbHOM COCTOsiHMH. Hapylienue paBHOBECHst OTPaHMYUEHO 37eCh Onpe-
JeJIeHHNM YyuyacTKOM cTpyHb. OHO MOMer OBITh BHIBBAHO T€M, YTO
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CTPYHA OTAEPHYTa CTEPIKEHbKOM B TOUKE B M B TO Xe BpeMsl ynep-
xunaetcd B Toukax A u C no o6e ctoponH B. Ecin tenepb OTnyCTHTD
¢TpyHy O6e3 HayanbHOl CKCPOCTH, TO KojaebaHue ee COBEpIIAercs

ONUCAHHLIM BHIIE o6pasoM: Ha-
gepUEHHHE BHH3y H300parceHud
paBHLIX ADYT ADYTy BOJHOBBHIX

(QYEKIMA f u g NBUKYTCH B HANPa-,

SIEHHH CTPEJOK BAOJAL CTPYHBI
€0 CKOPOCTBIO @, MPUYEM OPIH-
HaThl, Jexalde Apyr Haj Apy-
fOM, B KaXJILHA MOMEHT CKJaJhbi-
satoTcd. Takum o6pasom mnepBo-
HaYaNbHOE BLHINyYUMBaHME CTPYHH
pa3buBaeTcs Ha JBa OJHHAKO-

8

AL CTPuNg

BHX BJBOE MEHbIUMX BLINYYHBAHHUS, KOTCPHE Pa3lBHralTCs B 06e
CTOPOHBI €O CKOPOCTAMH 1 @, MEXNY: TeM KaK NOCPeNMHE CHOBA HAa-

Yept. Ha

CTynaer mokoit. 9To U3obpameHo
Ha uyepremax ba u 56: Bepxusis
JHUHUSA flaeT u3obpaieHHe CTpy-
HEl MO HCTEYEHUH HEKOTOPOro
BpPEMEHY, 4 JBe HMIKHUE JIMHHU
NOKA3kIBAIOT COCO6 NOCTPOLHHH
usobpamenud. [leproguynocTH
B 2TOM HB/JI€HHU He HMeeTrcs
Bosce. Tak, nanpumep, touka B,
KOTOpass 6oJsbmie BCEro BHBE-

Aena K3 COCTOAHMSA paBHOBECHS, HENOCPENCTBEHHO BO3BpallaeTcs
K HEMY C NOCTOsIHHOI CKOpPOCTBIO W 3aTeM OCTAeTCH HENOABHXKHOH

HaBcerza.
Ansasoruusem ofpasom Hc-
erefyeTcss  NPOTHBONOJIOXHBEIH

tryyafi, Koria BCe€ HAayaJb-
HHe CMelleHHUs pPABHH HYJIO,
kax 6nIBaeT, €CJIM yIapUTh MOJIOT-
EOM JJHHHYI0 (DOPTennaHHyIo
CTPYHY HACTOJIBKO OHICTPO, 4TO-
fri ynap 6bin 3aKOHUEH paHblue,
YeM MOABEPrHYBIUHECS ylapy
TQuKM CTPYHB ycmesaud Obl 3a-

Yepr. 56.

MeTHO OCTaBHTbL NOJONKeHHE pasHoBecus. Toraa, cornacuo (160),

F(xy=20

cornacuo (161),

1
j(x) = TTa (X) - %

x

\ @ (x) dx. (163;
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Taxum o6pasom M B 3TOM cjydae 00e BOJHOBLIE QYHKUUHM paBhy
JApyr Apyry, HO IPOTHBONOJIOXHOrO 3Haka. Jlajbueliliee uccnenoBa.
HJe, APOM3BOAMMOE COBEPIUEHHO TaK e, Kak M B Ipeanayliey
cayuae, NMOKA3LIBAET, yTO OT MeCTa yaapa yAajsiorcss B 06e CTOpPOHY
JBE NPOTHBONOJIOKHEE PABHHE BOJHH, MEXAY TeM KaK HOCPelHHe
CTpyHa CHOB2 BO3BpamaeTcs B HEHOABHXHOE COCTOSHHE.

Ho ne crnenyer AyMath, 4to fipd BCSIKOM HAapyUIEHWH PAaBHO-
BeCUsl CTPYHH UAYT JRe BOJHH B 06¢ CTOpOoHB. HTo6m y6enutbcy
B 3TOM, IIOCTABUM TaKOii BONMPOC: KAKOE YC/JIOBUE JOJIKHO GLITH BEHIION-
HEHO B HAYaJbHOM COCTOSIHMM, YTCOBI OT MECTA HApYUIEHHs DPacIpo-
CTpaHsIaCh OJHA BOJIHA, HAIpHMep BoJiHA f. OTBET Ha 3TOT BOINpPOC
nawT ypaeHenusi (161), econ moaoxuth B HUX g = 0, HMeHHO:

F(x)= %Sd) (%) dx,

HIH
dF (x) :l @ (),
dx a
uiayu, Ba ocsosanuu (160):
vy 1 ("‘f (164)
dx a \()t)o’

T. €. B HAY4JbHOM COCTOSIHHUHM CKOPOCTb KaKOH-HHOYAb TOUKH CTPYHH
paBHA TAHreHCY YIVia HAKJIOHA CTPYHH K OCH X, YMHOMCHHOMY Ha .

Eciu BbIMOJHEHO 3TO COOTHOLIGHUE MEXAY CKOPOCTBIO U CMelle-
HMEM KaXaoH TOYKM CTPYHH, TO BC€ BO3MYyNIEHUE MepefBuraercd
B BHIE OJHOR HeH3MEeHsieMOH BOJTHEI B OTPULIATENBHOM HaIpaBJeHHH X.

B atoM MOXHO y6eqHTbCsl TAKXKE NpM IOMOHMIM NPOCTOro KHHE-
MaTHYECKOrO PacCyX(eHus, TaK KaK CKOpPOCTb KamJOH TOUYKH KpH-
BOH HENOCPeACTBEHHO ONpejessercs BHIOM KpMBOH [ U CKOPOCTBIO
pacupoCTpaHeHus a.

§ 37. CrpyHa, OTPAHUYEHHAS C OBEMX CTOPOH. Paccmotpum reneps
Kone6aHus CTPYHBI KOHeuHOH ajuHEl [ IlyCThb CTpyHa 3akpenvieHa
B Toukax Xx=0 u x=1[. Jlna Hee, KOHeuHO, TaKke JAEHCTBUTEJbLHH
ypasreHus (161), HO 3Tu ypaBHEHMs] UMEIOT CMBICJ TOJbBKO MJsi TEX
3HayeHH#l X, KoTOpHE Haxo#satcd Mexay O u [, TaK Kak (QYHKUHE
F(X) u® (X), KOTOPHE NPENCTABJISIOT HAYAJILHLE 3HAUCHHST CMEeHHA
M CKopocTelf JJIA TOYEK CTPYHul, onpeesensl TonbKo mis 0 << x <l
OnHAaKo AJIa TOro 4To6n NPeACTaBHTL ABHKEeHHE JUIs B C € X 3HAueHHH
BPEMEHH, HYIKHO, Ha ocHoBaHuu (157), 3HaTh 3HaueHHe f M g TaKXKe
W 1/ APYrdxX 3HAYeHHH HMX apryMeHTOB; HanpuMep,. npu OGoJbIUHX
TOJIOXHUTENbHLIX 3HAYEHHSIX ! HYXKHB 3HaueHMsl [ mpH -Gosbmux 00
JIOKHTE/IbHEIX 3HAYEHHAX apryMeHTa, a 3HAYeHHs] g-—mnpH OGoJbLIKX
OTPULATEABLHEIX 3HA4YeHusiX apryMenTa. [ToatoMy Mul AOMKHH €ILE
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JONOJHUTL TO OnpeneneHue [ u g, KOTOpoe JAeTCsl ypaBHEHHsIMH
(161). Jlota atoro cayxut ycnopue v = 0 B IOrPaHMYHBIX TOUKAX X = 0
g x==1, win, cormacuo (157):

0={(at) + g(—al)
0 =f(l + af) + g (I —at).
JTH YCAOBHH jpeficTBHTeNbHBH Ipu mobwx 3nauenusx {. Ecan Ha-
pHcaTh B HHX X BMeCTO af, TO MOJYYHTCH:

1) +g(—=x=0. (165)
ft+9+g(—x)=0. (166)

DTH 1Ba ypaBHEHHS, UMEIOUIHE MECTO NpPH BCEX 3HAYEHHSX X,
JAIOT NONOMHUTENbHBIE YC/JOBHS, HeoGXoauMmue JJisi BBHUYHCJACHHUS
pONMHOBLIX QyHKumi f u g JelicTBUTENLHO, €c/u noAcTaBuTh B (166)
(1+x) BMECTO X, TO -TIOJYYHTCS:

fE@l+ %+ g(—x=0.

M3 cpaBuenus ¢ (165) mmeem:

F@LA+x) = f(x).

ITono6ubiM 06pa3om (167)

g2l +x)=g(x).

DTO 3HAYMT, YTO BOJHOBblE (PyHKIMHU f M g 06e MEePpHONAHUYHH
OTHOCHTE/NBbHO X € mepuojom 2. Orciona HENOCPEACTBEHHO CJEAYET,
Ba ocHoBaHuM (157), yTO ABMMKEHHE CTPYHBI TaKX€ MEPHOAHYHO OT-

B

21
HOCHTEJbHO BpEeMeHU ! ¢ NepHoaoM 2
)

Tenepb ycTaHOBHM, KaK Ha CaMOM Jieje ONpeleHTb 3HAYCHMH
BOJHOBHIX QyHKIHH f H ¢ NpH BCeX MOJOXHTEIbHBIX H OTPHIATENb-
BHX SHAYEHMSAX APTYMEHTOB, HAa OCHOBAHMM HAYAJIBLHHIX YCNOBHHA (161)
H npeneabHux ycnoBuit (165) u (167).

[Ipexue Bcero, f 1 g onpenenennt aas 0< x < I na ocuopanu (161).
Hanee, ypaBuenue (165) B Bune

j)=—g(—x),

EX)=—f(—x)
Jaet Takke 3Hauenus f(X) m g(x) npu—I<x<C0, taKk KaK npapuie
HacTH JBYX YPaBHEHHH H3BECTHBl JJs HAHHOH 06JacTH 3HAaueHWHd X.
Ho rtorna f(x) u g(x) naubl B mpeaesax uHeJOro mepuona, Ot X=-—-I[

80 x= 1, ¥ TakuM 06pa3’oM NOJHOCTbIO ONpeneneHs: no (167).

ITOT METOJ BHYUCJICHUS] NPOBEJEM HAa OJHOM YAaCTHOM IpuUMeEpe.
Js1 3TOro BeilepeM, pagy NPOCTOTH, KOJieGaHUs CTPYHbL, HA KOTOPOH
B Bagajse ecTb TOABKO OJiHA BOJIHA, HAfpuMep BoOJHA f. 3HauMT,
B HayaJLHOM COCTOSIHHHM JelcTBHTENLHO cooTHOmweHHe (164). ITycts
lepponauasbLHOE COCTOSIHHE CTPYHH H3o6pameno Ha ueprt. b. Toraa
BOMHOBas GyHkmuA f(x) npu 0 <x <l Gyner npeAcrapjieHa TeM xe

(168)
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u300paxkeHueM, NMpHyeM g(X) paBHO HYJIO B 3TOM NpoMexytke. Ha.
npotus, npu — [ <x<0, coraacuo (168), f(x) noscopy O, mexny
TeM Kak g(X) uMeeT HApuUCOBAaHHYIO Ha ueprexe oOpMYy, KOTOPYsq
MOX(HO Ha3BaThb ,MPOTHBONONONKHEIM 3€PKAJLHBIM H300parkeHHEM
f(X) otHOCHTENIBHO TOYKH X == 0. 3TH (OPME! IIOBTOPSIOTCS NEPHO Y.
YECKH. KaK II0Ka3aHo Ha ueprt. 6.

0 /L croora

.2l -l 0 L 2l al
R V4 s §—
Yept- 6
0 L

) . P t Mf“

-t -l 0 L 2l 3l
r—- + Lo =l t o ———— = —
> T <~z 4
Yepr.Ha
‘.’__i_]_f CTPYHA
.2l L 0 L 2l 1

)
]
el
|
o
Q

o
[\\)
—
Ol
~

Yepr. 66.

Hayeptue BOJMHOBHE (QYHKHUH fiu g, MEL MOIKEM yXKe olpefenutb
U3BECTHBIM COCO60M Bech npouecc AsimkeHus. Ha uepr. 6a u 66
B BepxHell JHHUM TpeaCTaBAEHO pe3yJabTupyiomee u3o0pamenit
CTPYHBl 110 MCTEUEHMH HEKOTOpPOTO BPEMEHHM, a Ha JIBYX HUXKHHE
AUHUSX TpeACTaBdeH CHocob, mo KOTOpoMy uTO H3o0pamenue CO°
cTaB/JeHoO M3 f u g.

OTcioza BBLITEKAET, YTO BOANA [, HONANas HA 3aKPeIVIeHHYIO TOUKY
cTpyHbl X =0, npeBpamaercs B BOJHY £, ABHMYUIYICH B HpOTHBO
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NOJIOXXHOM HANpaBJeHHH, T. €. ,0TpaxaeTca“ MU NpH 3TOM MeEHseT
spaK. 3ateM BoJHAa g mpoberaer BCIO MJUHY CTPYHH H OTpaxaercs
Ha JApYroMm KoHUe, X = [, B BUJie BoJEbl f.

[To wucTeyeHud nepHONA BpEMeHH |, CHOBA JIOCTHTaeTCs DepBo-

HayaJbHOe COCTOsSHHE, W BCe HAauMHaeTCsi CHOPRA.
Takum xe obpasoM pewraercss obmumil cnyualt, korja BHauasne obe

BOJHBL, [ H g, OTVIMYHBL OT HYJIs.

~ § 38. AHAJMTMYECKOE M3OBPAXEHHE IEPHONWYECKHX &YHKIIHH.
Jlo cux mop Mbl HM306pamaiu NepUOZHYECKHEe BOJHOBHIE (QYHKIHH
f(x) m g(xX) B pasmiuHBIX MHTEpBa/aX X INpPH IOMOMH PAa3JTHYHHIX
ypaBHeru#l. Ho wacro GuBaet BaxHO OOO3HAYHTL BOJHOBYIO (yHK-
o f(x) Ha BceM ee NMPOTSKEHHW, OT X = -—00 A0 X = -} co npH
IOMOMIM OJIHOTO TOJbLKO AHANMTHYECKOTO BHIPAKEHHMSL.

TO6bl JOCTHUTHYTb 3TOro, OTHIEM chepBa Haubojsee obmee
aHaJMNTHYeCKoe BbIpamenne QyHkumu f(X) ¢ mepuonom X = 2I, uim,
OPYTMMH CJOBaMM, ofuiee peuleHHe (YHKIUOHAJBHOIO YpaBHEHHH
(167). BosbMeM uacTHOE peLieHHe

f (%) =a%, (169)

KOTOpPO®, OueBUIHO, YJAOBJETBOPAECT yPaBHCHHIO, €C/IU NMOCTOAHHAR @
YAOBJIETBOPSIET YCJIOBHIO:
2 =1,
Orcrona cienyer:
2la = 2nmni,

rae n o6o03Hayaet NPOU3BOJbHOE NOJOXKHTENbHOE HJIH OTPHLATENLHOE
nesoe yucno. Ecay moacTaBuTh moayuvaiomeecss OTCIOZA 3HAyeHHE o
B (169) M oTinesMTL BEMIECTBEHHYI0 OT MHHMOA uacth f(X), TO MH
NOJYYdM JIBA YaCTHBLIX PELIeHHs:

nmx . Jhimx
cos u osint 7,
I 1

KOTOpble MOXHO eme 06001 HTb, eci YMHOXHTD HX HA IPOH3BOJb-
Hble moctodHHble A, n B,. Ecad cocTaBUTb Takue peUIeHHsl AJs
BCEBO3MOXHBIX 3HAaueHH#l n, NpHueM JJs KaXAOro N IOCTOsIHHHE
A, n B, MOryT UMeTb Da3jiyHble 3HAYEHHA, H CJIOMHTb MX MEXAIY
€o6010, TO MH TaKXe DOJYYHM pellleHHe (PYHKUMOHANLHOIO ypaBHE-
Hus (167). D10 pemenne—o6mee (Ha JOKAa3aTeNbCTBE MOCIEIHErO
yTBepxXJeHusi Mu He OyjeM 3jeCh ocrasaBiuBaThbes). [loayuennoe
pellenHe MOMXHO HANMCATh B TAKOM BUJE:

oo [es)
A, nmx 9 nmx
. < . in —. 170
F(x) 5 ! S A, cos l 4 3 B, sin ; (170)

n=1 n=1
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3nech ujeHH ¢ OTPHUATENLHHMHU N onyiuerbl. HerpyaHo Buzers,
4TO 3TO He HApywaeTr ofIHOCTY, TAK KAK KaWKHLI 4WIeH C OTpHla-
TCJLHBIM /1 MOXKHO COEAMHUTb B OJHH C WICHOM, COJEpKAmHM Io-
JoxureabHoe n. ITostomy xamiplii yzeH B 06eMX CyMMax npejacTan-
JsieT B CYmHOCTH jBa ujeHa. Oco60e NONOXKEHHE 3aHUMAeT 4Y/eH
¢ n =0, KOTOpbI# BCTpeyaeTcss TOJBKO ONHH Pa3 ¥ MO3TOMY OOBLIYHO
COTEPXKAT YUCJACHHHIH MHOMXUTEN: [,. BBefeHue nocsaesero onpas-
OblBAeTCsA TAKKe, KAK MBl NOKAXEM HMXKe, TeM, YTO MOCTORHHAs
A, TonyyaetT B 3TOM CJyyae HPOCTOE 3HAUEHHUE.

Psan (170), KoTopbIH HA3LIBAGTCS 10 HMEHH €ro aBTOPa ,PAAOM
dypbe®, neficTBUTENBHO HMeeT eproa 2! oTHOCHTEAbHO X. B aTOM MOX-
HO, KOHeyHO, HeNoCpe ACTBEHHO yOe AU ThCS, eC/IM MOACTABUTD X-+-21 Bme-
CTO X, TaK KaK BCe yIJIBl YBEIHUUBAKIOTCA Ha Ueble kpaTHele 27, Ho mo-
cpencTeoM paza (170) MOXKHO NpeACTdBUTHL J10 6y 10 QYHKLUMIO C ne-
puojiom 2[ oTHOCHTENBLHO X. [T03TOMY BO3HHMKAeT BONPOC, KAK BBIUMC-
MTh KO3(pHIMenTsl A U B, ecin KaKUM-MG0 06pa3oM 3ajaHO Teue
HYe (YHKIMU BHYTPH OJHOrO NepHOja, Hanpumep ot X=0 no x=21

Y106 OTBETHTH HA 3TOT BONPOC, MOJOKUM, yTO HAM COBEPIIEHHO

IPOM3BOJIbHO jaHbl 3Hauedus f(x) mis 0 <x < 2l. BoluucIuM crepea
MHTErpas:

2l

~

j f(x) - cos ";‘xdx 171)

npH KaKoM-nuf0 HOJOXUTENbHOM OTIMYHOM OT HYJIS LEeNOM 4Yucie L.
HonyctuM, 4TO 3TOT HHTErpaj HMeeT H3BECTHOE BIIOJHE Ompe-
ICJEHHOE 3HayeHue.

C xpyroit cropoHn, uHterpan (171), ecau 3aMeHuTs> B HeM f(X)
psanom (170), npeAcTaBUTCA B BUAS CYMMBI WHTErpajoB. BHYHMCIHM
KQOKABIH W3 BEUX B OTAeabHOCTH. llepmuift uHTErpas, yMHOX¢HHRA
Ha A, 0OpaTHTCA B HYJb, TaK Kak

2l
Ay j cos nax

”
%

dx = 0. 172)

Q

B caenymoomue MnTErpasn BXOAAT 1m0 NOpaAKy ducha 1,2, 3,...
n, ..., koropeie BooObme OTIHYHH OT yucaa n B (171). O6osnauum
X mosToMy uepe3 n. Eciu n’ He papHO #, TO COOTBETCTBYIOLINE
JBa OT/IEbHHIX MHTErpaJa BHPaXaloTCs B BHAE:

ot
y. . S coS rz_;@c cos n_vlfx dx -+ Bn S sin _n_[gtx €os m;x dx == 0. (173)

(7] [/}
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Tosbko 18 ABYX 4/€HOB, B KOTOPHX 1t =1, ABA COOTBETCTBY-
IOMMX HHTerpaJa jparT:

aa al
A,,§ cos? '1;-‘?‘ dx+ B, Ssin —15 cos 'L”l"‘ dx=Al  (174)

[MoatoMy Bcsi cyMma MHTerpaJsioB, Ha KOTOpHe pacnagaercs (171),
CBOIHTCH K OJHOMYy BhipameHHMIO (174), © MH HMeeM COOTHOIUEHHe:

al
=1 -gf (x) cosn~jBc dx.
[}
CoBepuieHHO Tax xe €175)
2

B,= : E § () sin ﬁ";‘i‘ dx.

Takum obpasom ko3adunuents A, # B, HOJHOCTBIO OHpefenenH
Haxkosnen, yTo6n noayduTb Ay, BHuHCauM H3 (170):

2l

(f(x)dx—-% 20 — Ay.
g

Otciona Mar BHAMM, 4TO ypapHeHust (175) OPMMEHHMH TaKkKe AAs
cayuas n=0. B 3TOM COCTOHT HNpeuMyuecTBO OOCO3HAYEHHs HO-

A
CTOSIHHOIO WjeHa yepes —2~°. 3uadenue B, 06e3pasgnyio, TaK Kax

nwx
sin 7—- o6pauiaeTcss B HyJb Opu n =0.

W3 cnocofa BuuyKCIeHHs NOCTOSIHEMX A, H B, BHAHO, YTO 3TO
onpesreseHHe OLHO3HA4YHO, T. €. CyuweCTByeT TOJbKO ONMH psi
. ®ypre ¢ nepunonom 2I, KOTOpLIH NPpUHHMAET ONpeAEJeHHbe 34aH-
Hele 3HAYeHUsl BHYTPH nepuoia. JleHcTBUTENbHO, ecad Obl CyLIeCT-
BOBAJ ele Apyro#t psan c kospunuentamu A" u B,’, TO 3TH K0adH-
UMEeHTH TaKxke O00s3aTeabHO A0k Obigd O yAOBJIETBOPATH
ypapHenusim (175), a T2k Kak BHDaXEHHS B NPABLIX YACTAX yPaBHeHH}
HMeIOT, 32 JaHHKEe 3HAYeHHs:, TO 3TH KO3(HLHEeHTL JOKHBI COBId-
nath ¢ koaduuMentamu A, u B,

UtoOel eme ayuyule HJIJHOCTpPlpOBaTb 3HIYeHHe Dnja Pypbe,
npoM3BeJev BrlYHCJAEHHEe 1Jd YacTHOTO HNpHMepa. Jonyctum, uro
npu 0<x<I,f(x)=x,a ucH 1< x<2l, f(x) =0. Xox aTo#t pyHKnHK

€ Baencune b TeoPETMUECKYIO HMIMKY
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u3o6paxaer xkpuBas Ha uept. 7. B mHTepBasax or—I! no 0, or I
B0 2l § T. n. OHA COBHAjaeT C OCbio abcuHcc, 4 B NPOMEKYTOU-
HHX HHTEpBajax MPenCTaBJAET OTPe30K HPsMOH, paBHOIe sueR
KOOPAHHATHEE yroJa. Ilosatomy ¢yHknus f(x) npepeiBHa NPH X pas-
nom—1, 1, 31,..., n3mMeHsascb ckaykoMm OT [ 10 0. CoeplueHHO TaKHe XKe
cBoficTBa uMeeT pax Pypre, KOTOPHiH noaydaercst 3 (175) u ko-
Topu#i Mu cefiyac coctasuM. O6a BXoAsuiue B HEro HHTErpuaa

PassaraloTCa KaXAbH Ha JBA OTAeNbHHE HHTerpaja, H3 KOTOPHX
nepenii 6epercs ot O mo [, a msropo#t ot | uno 2l. B nmepeom
HHTerpane f(x)=1x, a Bo .sropom f(x) =0. [Noaromy

4

L §
A”-:: ; SX-cosm;xdx—{—Oz .(_—_1)____.1

n2a?

2

!
1\t
B,= 1 Sx-sinnm»cdx—l- 0=(~- )™ -1
l l nm
0
a npu n =0 noayyaercs:
!
A= 1Sxdxz l.
l 2
0

[Npu sTux 3HauecHuax xKosdpuurertos paa (170) mpumer Bui:

l 2l 7X 21 3nx 21 5nx
X) =-—— - cos - -~ — .. S bl P
19 4 =t S { On? cos l 2572 cos l "
l zX I 2nx l 3nx
.+  sin— — " -sin ©- -—sin——..., (176
n ) 2% 1 +3n 1 (176)

HOTOPDH# OXBaTHBaeT XOJ KPHBOH# HAa uepT. 7 B €AMHCTBEHHOM aHa-
AUTHYECKOM BLIPAXEHHH.
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Crenaem enle HeckoJbko nposepok. [lpu x=0, f(x)=0, no-
aTOMy, corJacao (176),

0— - — = _ - —
4 a2 372 2b6x%
HIH
n? 1 1 1
=14+ e 177
8 + 9 ‘25+49 + (177}
fipy x= 2’, fG)=x= é . Ioatomy, coraacuo (176),
. { l l 1
e e S T
2 4 =& 3a 5ax Ta
WK
L. 1 1 1
=l o L 178)
4 st =3 + (178}
Ipp x=— i , [(x)=0. IToatromy, coraacuo (176),
o= b _t t_t_ t_

4. n 3n 57 T=

9TO.. TAK)KE NMPHBOXHT K MOCJEAHEMY Dsiny.

Hutepecno cmofictso psina Pypve npu’ paspsiBe HEnpepHBHO-
¢rH, HanpuMep npu X = [. B TO BpeMs Kax 3HaueHue pAAA paBHO X
W 0, cMOTpA MO TOMYy, HpubJniKaercs JH, X K 3HaueHHo X = [, oT
MeybIUNX WJM OT 6OJ/IbLINX 3HAYEeHuH, Npu caMom X = [, f(x) He paBHO
w4 I, an 0, HO, Kak jmaeT moxactaHoBka B (176),

l 21 21 21
1o 4 + 72 + 9n2  25n?

e

w1 coraacHo (177),

1
=y,

T. e, paBHo cpexHeMy apuHdMeTHyecKOMy M3 060MX 3Ha4YeHuil. JTG
lonpenue MOKHO 000OOLIMTH, HO 3/leCh HAM He3ayeM Ha HeM OCTa-
HaBXuBaTHCS.

§ 39. Ecou B uacTHoM cayuae f(X) ,ueTHas* QyHKuMs, T.e. eCau
[(~x) = (x), To u3 (175) cnenyet, uto uuTerpuposanue ot 0 Ko 20
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MOXHO NIPOCTO 3aMEHMTb HHTEerpuposamueM OT —I g0 -+ I:
j/(x) cos % gx + MS f(x) - cos mlzx dx,

# JJ18 NepBOr0 H3 3THX HHTErpajioB, BBelsl NepPeMeHHYIo X' = —x:

0
— % Si(—x')COS m; =-—jl(x’)cosﬂx' dx'.
]
O6a uHTerpasia paBHW APYyr APYry, H
A ~~J‘f(x) cosde (179)

CoorgeercTeyiomiuM o6pasoM nosayuyaercss B, =0, Tak Kak 06a
OTJeJIbBLIX MHTErpasa pPaBEBl H NPOTHBONOJOXHOrO 3HAKa.

INostomy pasnoxenue yeTHo#t QpyHkuuu B pajg Pypee c nepwo-
noM 20 umeer GoJiee NPOCTOH BHI:

Fx) = -’;°+ 3 A, cosf’l‘i‘, (180)

n=1

rjae ko3dHUHEeHTH A olpenessioTcss OAHO3HayHO no (179) ua ocHo-
BaHUM Xona (YHKUMH BHYTPH HOJIOBHHLI mepuona, ot 0 go [ Jlei-
CBUTEJIbHO, Kan bl wieH psAla, a Takke MOCTOSIHHas A, ecTh uer-
Has (PYHKUHSA X.

Ecau we f(x) ,HeueTHas“ QyHKuHs, T. €. ecy [(—Xx) = —f(x)
TO TaKkuM xe o0pasoM nogyuaercs: A, =0, u

1

- f y;(x)sin "’l‘x» dx, (181)

a

TaKk yTo phn Pypue PUHUMAET BHA:
1) =3 B,sin '-Z»’{x. (182)
n=1%

3nech KOI(PHIMCHTH PANA Takke OAHO3HAYHO onpegesioTcs 0o
{181) na ocHoBaHMH XO/a (PyHKLIHM BHYTDH MOJIOBHHBI MepHONA.
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§ 40. BosppatuMmcs K 3ajaue O KoJeGaHMH CTPYHH JAJuHOR .
BocnoJb3yeMcsi MeTOJOM, pa3paGOTaHHBIM B nocJefHeM naparpade,
g1 TOro yTOOB NPHBECTH pElleHME 3afau, T. €. BhPaXeHHe AJs
cMelleHHst vV KaKk QYHKIMH X ¥ {, K OJHOMY BHAY, HDUrOJHOMY HJIs
pcex X u f. Coraacso (157),

v=f(x+ at) 4+ g(x—atb).

3nech MOXHO B OoOleM cayyae cBeCTH QyHKIMIO g K (yHKOuA f
npH MOMOWM MOrpasH4HBEIX ycJoBHi (165), ecan nmoaCTaBHTbL B HHX
@l — X BMECTO X:

fat—x)+ g(x—at)=0.
Taxum 06paszom
V=F(x+at)—f(at —x).

Ho, cornacuo (167), f(x) nepuomuuna c mepuorom 2l IToaromy
st f(x +at) u f(at—X) UMEIOT MeCTO YypaBHEHHs, KOTOpbIe MOJy-
warcsi, ecid B oGe uactu (170) moacraButh OfMH pa3 at -+ X, a aApy-
rofl pas qf —X, uaM:

P == ‘g" +EA,, cos"lﬂ (at 4 x) E B, sinnlﬂ (at +x)—

_ % — 314, cos 5’;” (at—x)— Y \B,sin "lﬁ(at—x)- (183)

CyMmupoBaHue HyXHO NPOM3BOAWTL BCAKHH pas oT n=1 xo
n= co,

Mu potlyuwsin oOuiee BHpameHHe JJf MNONepeyHHX KoJeCanui
cerpyust aauEs [ Ero moxHO npusecTn K pa3nudsHbiM 60Jee npoCTHM
tdopmam, xamnaas U3 KOTOPHIX OOJafaeT OCOGHLIMH HPEMMyLIECTBAMH.

Ecqu noacTaBuTh

A,=C,cos%,, B,=—C,siné,, (184)

nonarasi, uto C, NOJOXHTENBHO, a &, 3akjoyaercss mexny 0 u 2=z,
TO MOXHO HamNHCATh:

y = E C,cos {’llﬂ (at+x)+l9“} —

neli

— 5] C,cos {n;—‘ (at —x)+ 3”)} . (185)

n=1

Taxmm o6pasom nanbonee obuiee KoJeGaHHe CTPyHbH! COCTOHMT M3
HOnapHO PaBHHX ITPOTHBONOJOXHBIX YHCTO NEPHOAHYECKHX BOJIH,
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npoGeralomx B 006e CTOpPOHH, TaK Ha3HBAEMHIX ,NapPUHatbHLIX
BOJH", KAXAAsT U3 KOTOPHIX HMEECT NEPHOJ

2t .
=4, (186,
n
OTHOCHTEJBHO X H NepUoj
21
= ==, (187)
nq
OTHOCHTeAbHO f. IIpocTpancTBeHHblit nepHOJ Has3eBaeTcs , AIHHON
BOJIHb!“, @ BpPEeMCHHBIH NepHOJ T, HashlBaeTcsl ,NePHOAOM KoncOanus
cooTBercTByiollefl BoJHBL. Hauboablias paMHA BOJHLL (upu 71 =1)
paBia 2/, T. €. yJABOEHHOH AJaHHEe CTpPYHBI, el COOTBETCTBYeT Hau-

. l
Hoapninit nepHo Konebauus . 9T0 KosneGaHue Ha3nBaercs ,0CHOR-
a

HHM KosneGaHueM“ cTPyHb. OcTanbHble JJIUHE BOJH U MEpHOJH KoJe-
6aHuil CyTb 71-€ 10JH COOTBETCTBYIOIHX BEJIHUHH OCHOBHOrO KoOje-
6aHus.
Besunuuga, oGpaTHas nepuopy Koaebanuii:
1 na

- =, =

T 21

n

, (188)

©603HauaeT UMca0 KoaebaHuil B €AHHHLY BPEMEHH M HMOSTOMY Hashi-
BAeTCH ,YHCJOM KOoaeCaHHH®“ coOTBEeTCTRYIOUlel BOAHLL. JIAHHA BOJHE,
nepHon koaebaHuit M 4yHCAO KoJeGaHuii CBS3aHbl MEWIy co6O0I0, Ha
OHCHOBAHUM NOCJENHHX TpeX YypaBHeHuil, caeayiomeil 3aBUCHMOCTBIO:

e X’uvn =q. (189)

Ecny BBecTH AJHHH BOJH B WHCaa KoJeGaHuB, TO YpaBHEHHE
(185) mpumer Bux:

V= E C,,cos{(—~t~-} %)2?: +r9,,} —
r'l

n=1 n

— 2 C,,cos{(L— x«) 27 +a9,,] .
7, A

n=1 "

(190)

¥,

Bece yros, 3akaoueHHbii B (QUrypHeie CKOGKH, Ha3hBaeTCf
~da3ofi* coorsercTeymell BoH (7, § 12), a nocTosiHHas &, Ha3b-
paercs: ,(a3oBoii MOCTOSTHHOM .
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Buipaxenue pmas Vv snaudIeJbHO yupouaetcs, ecan B (183) uan
B (190) coepuHHTP B ONMH 4YJEH JRA WIEHA C OAUHAKOBHM HOpSA-
KOBHIM uncaoM n. Toraa us (183) caenyer:

< t nrat nax
y=—238(A_sin 7 —B,cos - lsin . 191
‘>,( sin " l . qe

n=1

ITOT BuX ypaBHeHHs KoJjeGanus Haubonee ynoGeH Ajsi BHUHCAE-
HUSl KO3QULHEHTOB A, W B, N0 HayalbHOMY COCTOSIHHIO CTDPYHBI.
¥iMenno, npu t =0, Ha OCHOBaHHH (160) u (191):

_me—22LBﬁm§@.

(192,

ov 2na nmx
(0t) —-——I—Z nA,s m— .

n=1

Takum o6pasom 3ajaua onpepeneHus A, u B, npUBOAUTCS K pas-
JIoxeHuio AaHHbIX QyHrnui F(x) u @(x) B pasni Pypbe HO cHHY-
caM. Ho, kak noka3nBaioT ypasHewus (181) u (182), 3TO MOXKHO
cAeaaTh TOJbKO €INHHCTBEHHBIM CcHOcO6OM, TAK Kak pasjaraeMmue
B pan QyHKRuM 3aAaHbLl BHYTPH HOJOBUHBI Nepuoxa psima, oT X =10
A0 x =1 HyxHOo TOJAbKO nOACTaBHTH B (182) F(Xx) uan &(x) sme-
€10 f(x), a Takxke 2B, uau:

.

l

BMecto B,. Toraa u3 (181) moayuutcs:

2B, = % 5 F (x) - sin 7% dx,
l

’ : (193)

®» KoshuuuenTH A, u B, onpeneneHbl AN BCEX 3HaueHHR A.
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C npyrofi cTropoHn, ecad B (185) coenunuTs nonapHo no jAse
COOTBETCTBYIOLIHE NAapUHANbHEE BOJIHH, TO MOJYYUTCH:

:——2EC sm( —|—'}) -sin@, (194)
n=1 l
‘;‘; - _g’l‘_a nC,cos (n mat +98, )sinﬂ;’f. (195)
n=1

B stom Bume xose6GaHue CTPyHH HPEACTABASAET COOOX COBOKYI-
HOCTb mapuuafbHHIX KONE€OaHHiH, KAKAOE H3 KOTODHIX COCTOHT H3
JBYX NapUHaJbHBIX BOJH € OJHHAKOBHM MNOPAAKOBHIM YHCAOM, JABH-
KyIMXcs B NPOTHBONOJOXHRX HanpasaeHusx. [1ostomy Takue koJe-
6aHHsl HA3WBAIOTCA ,CTOSTYHMH® BOJHAMM B OTJHYHME OT ,NPOXOAsf-
Hux* BosH. PacCMOTPHM OAHY M3 3THX CTOSYUX BOJH C NOPAAKOBHM
HUCJIOM 11

v =—2C,sin (nnlqt -+ b‘”>sin n?f:_

= —9C, sin (2m vt + &) sin 2;" .

”

(196)

OHa npezcraBaseT cama 10 cebe BO3MOXHOE KoJcbanue cTPyHH,
TaK KaK BHIOJHSAIOTCS HpeAeJbHHE yCa0BHs: V=0 npy x =0 u npu
X =1, B yem aerko y6eautoca. OcoOeHHOCTL €€ 3aKJI04aeTcss B TOM,
4TO BCce TOYKM CTPYHH HMEIOT OAMHaKoBywo ¢asy, Tak kax (HasoBbifi
yroJa, copepxauuéi Bpemst f, He 3aBHCHT, KaK Y HPOXOAsLIMX BOJH,
ot X. [losTomy, HampuMmep, Bce TOYKM CTPYRB HPOXOASIT OQHOBpe-
MEHHO dYepes3 HOJOKEHHE paBHOBecHs V:==0 U OAHOBPEMEHHO JOCTH-
raioT naubosbuiero orksoHenus. CTpyHa Bcerza n3obpaxaercs CHHYCO-
HIANLHOH KPHUBO#t, H JABHXCHHE KaXJOH TOYKH eCThb CHHYCOHA2JbHOE
koaebanye, aMIJHTY/a KOTOPOro H3MeHsieTcsl NePHOAHYECKH OT Ofl-
HO#t ToukH K JApyro#. B Touxax

I 21 3 n—I1
x=0, s ey T aeeas L1 (196a)
n n n n
aMnadTyAa xonebanuii paBHa Hyuai0. [I0STOMY 3TH TOUKH Ha3bIBAKOTCH
»y3namu Kogebauuft®. OHH paspensiioT AMAHHY CTPYHH Ha N PaBHHX

)
OTPE3KOB JJHHH  --, KaXAHH U3 KOTOPHIX paBeH, Ha OCHOBaHHH (186),
n

NOAOBHHE AJMMBH BOJHM &,, COOTBETCTBYIOMEH NMPOXOAsuIed BOJHE,
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75 OCHOBHOro kose6anusi (n=1) o6e KOHEYHble TOYKH CTPYHE!
¢yTb Y3JOBEHI€ TOUKH, JIsi BTOPOro NaplUHaJLHOTO KoaeGauus (n=2)
ORHH Y3€Jq JIeKHUT nocpeiuHe cTpyHe! u T. A. KoneGanus mpoucxo-
JAT MEXKAY KaKIWMH ABYMsl Y371aMd, B COCEJHMX OTPe3Kax—B npo-
THBOTIOJIOKHOM HanpasileHuH. MakcuMyMb! aMIIMTY A koJebaHus Je-
#aT MOCPEeNHE MeXAy y3/JaMH H HasuBaloTCHl ,MYyYHOCTSIMH® koaeba-
pna. [aBHOe Koxeba-
g€ HMeeT TOJbKO Of-
gy nyuHocTb. BooOure,
AAS1 BCAKOrO napuuanb-
HOTO KOJeOGaRusi HHCJO0 tepr. 8.
fy4HOCTEH PABHO NOPSA-

K0BOMY uucay koaebGauus n. Ha wept. 8 usoOpaxeH BHJ CTPYHB
g HanpaBjeHHsi KoseGaHuil npH n=3.

§ 41. Vizo6paxenuHe koJeCaEHS CTPYHBl B BHJIE CYMMbl IIPOCTHIX
pepHoauyeckux Kosebannii (194) umeeT He TONBKO (POPMaJBLHO-MATE-
MATHYCCKHIl, HO TakXe BpyialolMiics puandecktit ¥ GH3NoN0THYECKHA
HHTEpeC, BBHILY €ro 3gauenusy Aas1 akycTuky. Ecau koaeGaHusa cTPYHH
BOCHPHHHMAIOTCS BO3SAYXOM M Y€pe3 ero nocpejcTso NepefarTcs yXy,
B yacTHOcTH GapabaHHOl NepenoHKe, TO OpraHb CcJyXa pearHpywT
Ha Kbl 4aeH cymmel (196), T. e. HA Kax0€ NPOCTOe NePHOAHYECKOe
xonebanre, ¢ 0C060# YYBCTBHTEABHOCTHIO,— € YyBCTBUTEJLHOCTLIO
K COOTBETCTBYIOLIEMY ,NapUHaibHOMY TOHY“. Yucsao koaeGaHui v,
onpenesnsier BHICOTY TOHA, NMOCTOsIHHas aMmauTyAn C,—cuay ero,
& (pasoBas mocTosiHHAas &, He HMEeT AaKyCTHYecKoro 3HadeHHs. Kax
nokasanu raybokme wuccaepopanési [enpmrosbua, TOMy, 4TO B aKy-
CTHKE HA3LIBAETCS! KayecTBOM TCHA MJH OKPAacko# 3Byka (Tembpy).
He cOOTBeTcTBYeT 0co60ro ¢usnueckoro atpubyra. Tembp 3BYKa KO-
Ae6aomeicss CTPYHH CKOpee BCero HPHBOJIHTCS K TEM YHCJEHHbIM
OTHOLLUGHHSIM, B KOTOPHIX OTHEJbHLE RapiUaJbHEE TOHB! BXOLST B
Kosnefaiine M KOTOphle CHJILHO 33aBHCAT, KOHEYHO, OT TOTO, K&K nopei-
(TBOBaJH Ha CcTpyHY. YeM MHOro4YHcJeHHee H CHJIbHEE BBICOKHE
HapuHanbHble TOHE!, TeM 3ByK BOOGiile pe3ue M NPOH3HTeNbHee, MeXIY
TéM KaK OCHOBHOH TOH (71 =1) WAM ke OTHeJbHHH HapuHaJbHbIHE
TOH 3By4YaT MATKO H GecuBEeTHO.

Baaronaps aTum cBoeo6pasnniM aKycTHIeCKuM BO3AeHCTBUAM nap-
BHaabasle KoaebarHus, U BMECTE C TEM OTHedbHHE 4ieHbl psina Pypee
L9 BOJIHBL, fIPHOGPETAIOT CaMOCTOAITeIbHOE 3HAYCHHE TaKxXe U B (Pu-
SHyeckoM cmuicae, [To3ToMy HEKOTOpHIE CKAOHHB! JdXKe NPUNHCHBATL
HM caMOCTOSITeNbHOE CYLLEeCTBOBAHHE yiKe B caMOM KOJebaHHH CTPYHH
H B BO3nqyuIHOH BOJHE, BLI3BAHHO KOseOanHeM CTPYHH, He3aBHCHMO
OT oprana cayxa. OpHako He cjenyeT 3albIBaTh, 4TO TaKOe Npen-
traBseHve NORNYCTHMO M pgaxe O4YeHL peaecoobpasHo, HO BOBce He
Heobxonumo. [Toxa mMul paccmaTpuBaeM kosieGaHue cTPYHL B BO3MLY (M-
HYy10 BOJIHY, 3aBHCHMOCTh CMELIeHUsS MATepHaJbHO! TOYKH V OT Hesa-
BHCHMBEIX nepemMeHHHX X H [ M BMecTe ¢ TeM Bce OCOOGEHHOCTH
buauyeckoro siBJEHHS NOJHOCTHIO TPEACTABAEHH OXHOH €IHHCTBEH-
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#moft pyHKuMeHd, H JHIIb NPH NOMOINH HEKOTOPOTO NPOM3BOJA MOXig
PA3NONKHTL 9Ty QYHKUMIO HA OTAEJbHBIE COCTaBHbIE 4acTH. [ToaTomy
napuMasbHbLie TOHH He COZEPKATCH YiKe KaKk HeuTo peasbHoe B Ko.
.1e6aHHK CTPYHB! MJIM B BO3JYywWHO# BOJHE, a OTAENSIIOTCS APYT op
Jlpyra Juiib B OpraHe cnayxa.

OnHako opran cJyxa YyBCTBHTEJEH He TOJbKO NO OTHOUIeHHi
K abCOJIOTHOM Be/HYMHE YHCIa KoAeOalui, Ho pearupyert Takxke oueyy
XapakTepHuiM 006pasoM Ha OTHOUIEHHe YyMcesa KoaebaHHH JABYX 3BYKo-
BbiX BOJIH, OJIHOBPEMEHHO NOIaAJIOMIHX HA HEero: ecjH 3TO OTHOlie.
HHE NPOCTOe PAUOHANbHOE, T. €. MOMXKET OLTh BHPAXKEHO OTHOIlUe-
HHEM ABYX Hed0AbIIHX aeabix yuced, ToO opraH cayxa BocnpHsHHimaer
-CO3BYYHE KaK NPHUsTHOE, rapMOHHYECKOoe, KoHconupyouee. AGCoaior-
Hasi BHCOTa OOOHX TOHOB He HrpaeT mpH artom poJH. [losTomy pac-
CTOSIHHE Me}y AByMsi Das/qHuHbMH TOHAMH, MY3bIKAJbHBIH ,,HHTEp-
Bas“, M3MepAETCs B aKyCTHKE He MO Pa3HOCTH, @ MO OTHOILEHHI
yucesn KoseOGaHMi, HJH, YTO OJHMHAKOBO MO CYUIECTBY, HO Pa3HOCTH
uX Jorapudpmos. HUeM mpours 3To OTHOLIeHHE, T€M (OBepLIeHHee co-
3BYYHOCTh (KOHCOHaHTHOCTb). Tak kak, Ha ocuosauuu (188), umcaa
xonebanuil v, MapuuasbHEX TOHOB KOJ1e6omeRCsi CTPYHb! OTROCATCS
MexAay coOoH, Kax pfAj HATypajabHbiX wucen 1:2:3:4..., TO TOHH
€ He6OoJbLIIM NMOPAAKOBHM ¥HCIOM KOHCOHHPYIOT ¢ OCHOBHHM TOHOM
M Mexay co60I0 H NO3TOMY HOCST TaKiKe Ha3saHHe ,rapMOHHYECKHX
-00epTOHOB*.

Camulfi IPOCTOH MHTEpBaJ, KpOMe ,0AHO3BYYHs“ (YHHCOHa) 1:1.

£CTb OTHOIIeHHe 2:1, uan ,0KTaBa“. 31ech CO3ByuHe OGOHUX TOHOB |

HAacTOJIBKO COBEPHIEHHO, YTO OHH YaCTO CJIMBAIOICH B OJHO OHMIyile-
HUE, U TOra Jaxe ONLITHBH CAYX ¢ TPYJAOM MOXeT, 8 TO H BOBCE He
B COCTOSIHHM OTJAMYHTBL HX APYr OT Apyra. 3aTeM cJeAyeT OTHOLIe-
#Hue 3:2, HJIM ,KBHHTa“, nasee 4 :3, unn ,ksapra“. KsuHTa U KBApT2

3 4
JaT BMECTe OKTaBY, TAK Kak P 5 =2.

Boo6ue, uHTepBas, KOTOPH# JONMOJHSIeT ADYTrOf HHTepBas A0 OK-
TaBb!, Ha3unpBaeTcs ,obpamennem nocaentero. [TosTomy kBapra ecTb
.06panicHHe KBHHTH. 3aTeM cjenyeT OTHolueHHe 5: 4, unH ,60JbLuad
Tepuus®, u ee obpamenne 8 : 5, HiH ,Manas CeKCTa®; HOTOM OTHOLIE-
Hue 6:5, unu ,Manas TepuMa“ ¥ ee obpamenne 5:3,— ,CGonbiias
CeKcTa". IDTHUM HCUePNLIBAeTCs YHCAO UHTEPBAJIOB, KOTOPHE CUHTAIOT-
¢Sl KOHCOHUPYIOUHMMH, eC/IH OFPAaHHYUTLCH HHTEpPBasaMH, KOTophe Je-
3KaT B OpeAenax OJHO!l OKTaBH, T. €. MeHbule 2. Bosnbmune uHTEpBAH
NPHBOAATCSE K HHTepsasam GOAbIIMM 2 HyTeM JeJeHHs Ha LeJsbe
CTeneHy 2.

Jns 0603Hauen sl TOHOB BCs 06/1aCTh TOHOB AEJNHTCH ClieDBa Ha OKTd"
Bul. [IpH 3ToM MCXOMSIT OT NPOU3BONBLHOrO HOPMaJLHOrO TOHA, YCTaHOB-
JIEHHOTOo ¢ o6uero corsacusi. CorsacHo napuXCcKOMy COryaileHuo, 370
“TOH Vo= 261, uau ¢ ¢ OnHUM WITPHXOM (HOTZ ,N0“ NepBOH OKTaBH,

B pycckoM 0603HAYEHHH), KOTOPHH JEerko JOCTYHEeH AJS MYKCKOTO-
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$ XEHCKOro rojioca, a Takke JUIf BaXHEHIHUX HHCTPYMEHTOB. 3aTem
#LYT C OJHOH CTOPOHBI OKT@BH BBEPX IO €'/, ¢ HATHIO IITPHXAMH,
T.e. v=261-2% ¢ npyrofi CTOpOHL BHH3 10 Majoro ¢, 6oabiioro C,
KOHTPaC, 1 cy6xoHTpa Cyy 1 v = 261 - 274, 3ByKOBLI€ BOJIHE, YHCAA KOJIE-
6aHu# KOTOPHIX JIEXKAT BHE YKA3aHHKIX NPE/esoB, yiKe He NIPOU3BOAST
preuaT/ieHust TOHa Ha Hame yxo, @ OKassHBalOT JHILb MexXaHHyeckoe
neficTBHE, BHICOKHE — Kojoulee, a HU3KHe — sepraiomue. Obnactb
TOHOB MexAy ¢ (¢ OgHHM WTPuUXoM) H ¢’ (¢ ABYMs IITPHXAMH) Ha-
3LIBAETCH OKTABOH ¢ OJHHM WITPHXOM Had nepso#l oktasoit. TouHo
TaK K€ BCsIKasl OKTaBa HOCHT HasBalHe TOro ¢, KOTOPOe OrpaHHYHBaeT
ee CcHU3y. Bce TOHA, KOTOpPHE OTJAHYAIOTCS! Ha [eJi0€ UHCJIO OKTas,
0603HaYaTCsl OJHHAKOBHMH OYKBaMH, a HOJOXKEHHE CaMHX OKTaB
yKa3LIBAETCS TaK e, KAK H AJs pasiauulblx ¢. Tak, HanpuMmep, cTpyHa
¢ OCHOBHEIM TOHOM C (camasi TOJCTasl CTPYHa BHOJIOHYCJH) HMeeT
CJIelyIoHMe rapMoHHyecKkHe 06ePTOHHI:

n=12345678910...

napuuanbHui Toh: C ¢ g ¢"¢ ¢ ¢’ d” e’

O6Geproun n=7, 11, 13, 14,... He ynoTpeGns0TCE B COBPEMEHHOH
My3hHKe H HE UMEIOT HO3TOMY ocoOnx 06o3rHauenuit. Ho Taxk Ha3nBa-
eMast HaTypajbHas cenTuma 7 :4, OsMkafiasgs K Majgoil CenTHMe
9: 5, 6narossyyHee nocjenHed; B 5TOM MOXKHO OTYET/NHBO YOeauTh s,
€c/M HMeThb BO3MOXXHOCTBH CPaBHUTBH CJYXOM 3TH ABA HHTepsana. He-
COMHEHHO TAaKiKe, 4TO BAXHAs POJIb, KOTOPYIO HIPAET B My3blKe TaK
HasLIBAeMHil JIOMHHAHT-CcenTakkopa (OCHOBHO# TOH, 60sblIas TepuHs,
KBHHTA, Majasi CenTHMa), OCHOBAHA HAa TOM OOCTOSITENbCTBE, YTO
HHTepBaJBl 3TOr0 aKKOPAa NPHOIH3HTENbHO BHPAXKAIOTCS OTHOMIEHHSA-
MU 4:5:6:7.

§ 42. KonconupymouHe vHTepBan 0OpasyloT OCHOBY BCeH mpax-
THYecKO# My3bikH. OT 3TOr0 3aKOHa NPHPOAB HCKYCCTBO He MOXKeT
6e3naKa3aHHO OTCTYNHTh. COBOKYNHOCTb BCeX TOHOB, KOTOPYIO MOXHO
NONYUMTh, HCXOAS OT OAHOIO HOPMAjAbHOIO TOHA %, M JBUrasch
OnpejeseHHHMH KOHCOHHPYIOIMMH HHTepsasaMH, obpasyeTr HaTy-
PanbHY CHCTEeMy TOHOB. Udcna xose6GaHuii TOHOB, MPHHAl-
JexanMx K onpeneneHHoll cHcreMe, MOryT OLITh HpEACTaBJEHL MPH
NOMONIM NPOCTOr0 MaTeMaTHYeCKOFO BLPAXEHHS. EC/H OrpaHHUHTLCS
OKTapaMH, TO YHCJA KOJebGaHu#l HMeT BUI:

== 'Vo - 2”, (197)
rae n o6o3HayaeT Kakoe-1HOO Les0e MNOJOXHTeNbHOe HJH OTPH-
NaTeAbHOE YHCJIO. DTH TOHH OTJIMYAIOTCA OT HOPMAJbHOTO TOHA Ha
es0e 4HCJI0 OKTaB M MO3TOMY 00pa3yloT COBOKYNHOCTh, €me Heno-
CTaTOYHYIO AJ1s1 mpaKkTHYecKoH My3bikH. Ecan e npHcOeAHHHTb K HUM
KBHHTH, TO HOJYYaTCsi TOHBI ¢ UHCAOM KoJjebGaHui:

v=up.2". 3", (198)
rhe p raxxke 0603HadaeT Leg0€ MOJOKHUTENbLHOE WM OTPHLIATEAbHOE
gHcao. Bee TOHH, ynesna KoNe6aHHH KOTOPHIX MOryT OHITH BHpaXeHH
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B saae (198), o6pasyT nudarope#t ¢ Kyw cucremy ToHos. Iocnex-
Hss OOHMMaeT MPaKTHYECKH BCe BOCNPOU3BOJAMMBIE TOHH H, 3HAYHT,
BCe MHTepPBanbl, TaKk KaK BCAKOE YHCJAO MOXKHO, XOTH M HETOYHO, HO
¢ xejjaeMHM npubiadxeHueM, BLHpPa3suTb npu nomoind (198). Tak, Ha-
npumep, Sosbuias Tepuus S : 4 MOxeT ObITh HOJNYYEHA C IPAKTUYECKK
JOCTAaTOYHBIM MPUOMHIKEHHEM NPH NOMOIIM YeTHIPeX KBHUHT BBEpX u

4 3
JBYX OKTaBBHH3,T. €. 1P IOMOLIH HHTEpBaJa ( 2~) . (;) = 6811 , TaK Ha-

snpaeMofi nudaropefickoft Tepnuy, KOTOpas HeCKONbKO O6oablile,
ueM HaTypasbHas Tepuus. Pasiuuue mexny 3TUMH AByMsl TePHHSIME
cocmmme'r—g—l- €=48-1, — TaK Ha3biBaemasi ,CHHTOHHYeCKas KoMMa*,
64 5 80

¥YBesnuuHB 4HCAO KBHHT M OKTaB, MOXHO, KOHEYHO, MOAYYHTH ele
aydiiee cosnafesue. OnHako B aOCOMIOTHOM CMBICJE COBEPLIEHHO
HEBO3MOMKHO HOJIYYHTh MHTEDPBAJ HATYDaJAbHOU TepUHH NPH HOMOLLH
KBHHT M OKTaB, KaKk Obl HM YBEJHYHBATh HHCJIO CTyneHeH, H B 3TOM
cMblcje nHparopefickas cHCTeMa TOHOB fIBJASIETCS HEYAOBJETBOPHTEb-
HOf. Jlyqwe ynosseTBOpsieT TeopeTHYecKOH HOTPEOHOCTH CHCTEMa
TOHOB, OOOraueHHass TepLHAMH:

v=wy. 2. 37 5¢, (199)

KOTOpas aefcTBUTE/IBHO NOCAYXHIA OCHOBON NSl MY3BIKH Ha JNOJTOe
BpeMsi. '
OnHako H 3Ta CHcTeMa, MOJOSHO BeeM HATypaJbHBIM CHCTEMaM
TOHOB, HMeeT TOT HNPaKTHYECKH BaxHLIl HEIOCTATOK, HTO KaIas H3
HBX OCHHMMaeT, CTPOro roBOpsi, HeOorpaHH4eHHOE MEOXECTBO TOHOB,
MeXJy TeM KAK NPaKTHYeCKas My3biKa, OCOOEHHO NOC/Ie BBEEHHS
HHCTPYMEHTOB C HEH3MEeHHbBIMM TOHamu (OpraH, mHaHHHO), BBIHYXJEHa
00X0AHThCS HPH NOMOILIM OTPAHHYEHHOrO, He OueHb MHOFOYHCJIEHHOrO
KosnyecTBa TOHOB. HO eciin mpou3BosbHO 060pBaTh CHCTEMY TOHOB
Ha OnpenesesHbIX 3HAYEHHSAX YHCeNR M, p, ¢, T €. novJje OmpejeseH-
HOro yHcC/a HHTEPBAJIOB, TO 3THM TOHBl HA PaHHLAX OYILyT JHIIEHH
cBOeil POJH, TAK KaK HEBO3MOXHO OyJeT HUTTH OT HUX Bnepel, Mexay
TeM KAaK HeOrPDaHM4YEHHAs BO3MOMXHOCTb MOAyJUpPOBaHHs OGpasyer
OCHOBHYIO NOTPeGHOCTE HOBO# MY3BIKH. JTOT HENOCTATOK OKa3asacs
HAacTO/MIbKO HEBHIHOCHMHLIM B TE€YeHHE JOJrOor0 BpPEeMeHH, yTO GO
HNPHHATO pelleHHe [0XePTBOBaTh MAJs YCTPaHEHHs ero abcoMoTHOR
YUCTOTON HATYpanbHON CHCTeMH TOHOB H HECKOJBKO H3MEHHTDH, ,TeM:
NepypoBaTh*, KOHCOHHpYIOUHe HHTepBanbl. M3 BCeX HCKyCCTBEHHBIX
cHCTeM TOHOB HauboJjee ynoTpeOHTeNbHOH Okaszasach TaK HA3bIBAE-
Masg JBeHaJAuaTHCTyneHYaTass TeMmepHUpPOBaHHas CH-
ctema HMoranna-Cebacrtuana Baxa. B atofi cucreme sce
OKTaBH, B KayecTBe Ba)HeHLIHX KOHCOHAHCOB, aGCOJIOTHO YHUCTH
3aTO KBUHTHI TeMNepUPOBAHNLI, HCXOAs M3 TOr0 OGCTOATEALCTBA, YTO
12
ABEHaILATh KBHHT, T. €. (%), OpHOAHU3NTEALHO DABHBEI C€MM OKTaBaM,
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7. e. 27. Pazruyue cocraBaseT (3/2)12-(1[,)7~%,-—T8K HasH-

paemasi ,nuparopefickas komMa“. Ecan B pasHO#l Mepe yMeHbLIHMTD
Bce STH ABEHAJLATh KBHHT Tak, 4TOOH OHHM 06pa3oBany POBHO CeMb
OKTaB, TO YC/JOBHE JJjsi HHTEPBala X TEMNEPUPOBAHHOA KBHHTHI
[peACTaBUTCH B BHJE YDaBHEHHSA:

x12. (;)7 =1, (200)

nAH XKe
X — 212 —1,498.

Takum 006pasoM pasaHyue MexJy FHCTOH M TeMnepHpoBanHOK
KBHHTON coOcTaBasieT BCero

1,5:1,498 ~ ——
885

B HENOCPEJCTBEHHO He BOCHPHHHMAETCS JaXe cCaMbIM ONBITHHIM CAY-
xoMm. Ecau pacnpenennTe ABEHAaALATb COCEAHHX TOHOB, KOTOpPHIS
NOJY4YaloTCd HPH HOMOIIH J[ABEHAaILATH TEMNepHPOBAHILX KBUHT
H COOTBEICTBYIOUIMX OKTaB, B HpejiesnaX ONHOM OKT#RBI, Hampumep
Majaoii O Tape, OT € J0 ¢/, TO MOCJEeNHAs Pa3AeAUTCH HA JBEHAALATh
paBHLIX HMHTEPBAJNOB HO CJaelyoled cxeme:
1 2 3 4 5_ . 8 9 0 11 12
20 212 21’1 212 212 212 212 212 212 212 212 212 212
ccis=des d dis=es ¢ f Jfisomges ggis=as a ais=d h c
Onpenesennbie TakuM cnoco00OM TOHB O6Pa3syIoT TeMIepPHPOBAH-
HYIO CUCTeMy, KOTOPas NOBTOPAETCH COBEPLUEHHO OJHHAKOBHIM O6pa-
30M B Kaxjo#i OKTaBe.
Wnrepsan MexJy ABYMSl cOCeHHMH TOHAMH €CTh TeMIepHpOBaH-
HHi#l NONYTOH:

917—1,0595.

TemnepupoBaHHasi GosbLIasi TePLUUST COCTOMT W3 YeThIPpeX MOAYTO-
Hop. OHa Gosbnle HaTypasbHOH TEPIHH, HMEHHO Ha

3 9. 4 126
5 125
HO MeHbIie Muaropefickoli TepiUHH, TaKk Kak nocjenHuil HHrepsaa

MEHbLIE CHHTOHHYECKOH KOMMDI gé.

Boosne ecrecTBeHHOe HexenaHnwe CO3HATENbHO OTKa3aThCcs OT
a6CcoMOTHOrO COOTBETCTBHA NHPIIPOAE HEPeJKO BhHPA}Xanoch B TeO-
PUM KOHCOHHUPYOIHX HHTEPBAJOB B BHIC BO3DAXKEHUH NPOTHB Tem-
NepupoOBAaHHON HACTPONkM M B TpPeHfoBauMsiX BO3BpAileHUs K HATy-
PaxbHo#t HacTpoiixe. OiHAKO HYXHO HMETL B BHAY, 4TO BONIPOC
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O NpU3HAHUY TAKOH HACTPOMKH B NpaKTHYECKON MY3LIKE HE sIBASETCH
npeamMeToM HAY4HOro obcyxjenusi. B uCKyccTBe pewaromyio poss
HrpaloT He TEOPETHYECKHE OCHOBAHHS, @ E€IHHCTBEHHO TOAbKO (ax-
THYEeCKOe 3CTeTHYecKOe BoO3aeiieTsue. [103TOMY HNpeHMyleCTBeHHOe
nonoxenne Oyner 3aHHMaTL Bcerfa Ta CHCTEMa TOHOB, KOTOpas
o6aanaeTr Hanbo.iee NeHCTBUTEbHBIMA XYy A0XeCTBeHHBIMH crnoco6amu
pupaxenus. HatypasnbHas HacTpofika TakmKe JHIUb TOrAa BOCCTa-
HOBHT CBO€ [PAKTHYECKOEe 3Ha4YeHHe, KOrAa SABHTCSA XYMOXHHK, KOTO-
puift B cOCTosiHMM OYAeT cka3aTk 6OJiblue M BHPa3HUTENbHee Ha si3blke
HATYpanbHOH HACTpPOHKH, yeM MOxKHO ObLI0 Obl BbLIPA3UTb APYTHMH
CpesCcTBaMHu.
§ 43. Ilocne storo oTcrynjeHHss B 06JacTh KCKYCCTBA BO3Bpa-
THMCS CHOBa K oOuie#t akyctuke. O6paTHM crepBa BHUMaHHE HA cJe-
Ayomui 3aMedaTeibHBIA QaKT: KOrja yxo BuAeasieT H3 NONajaomen
Ha Her0 BOJIHB OTAENbHBHIE NapuHuajbHble TOHH, OHO COBEpIIaeT B
CYI[HOCTH TO € CaMoe, YTO M MATeMaTHK, KOTOpLIfl [10 NaHHOil rnepH-
ou1eckOH, HO IPOU3BOJIBLHO CNOXHOH (PYHKLMH BHUYHCASET OTAENbHEE
KO3(HLHEHTL! cOOTBeTCTBYIOWero psxa Pdypoe, A, ® B, upu no-
MOIIM HHTErpHpOBaHUsA, YKa3aHHOro B ypaeHenusix (175). Pasapae-
HHSl, HA KOTOpLIE pearHpyeT cayXoBoii HepB, LeJHKOM BO BCcexX NMOAPOG-
HOCTAX 3aKJIOYAIOTCsl B TOM BO36YXKIEHHH, KOTOPOMY HOJBepraercs
6apabaHKasi nepenoHKa IMOX BJMSHHEM najamllneli Ha Hee BOJHHL
Ony BIOJHE HCYEPNBIBAIIE H306PAXKAIOTCA NPH NOMOLUH €AHHCTBEH-
Hoit QyHKUMH BpemeHH [(1), kOoTOpas AaeT cMeuieHHe 6apaGaHHOH
nepernoHKH OT NOJOKEHHS PaBHOBECHs B KaX bl MOMEHT, a NpH pa*Jo-
XEHHH 3ByKa B yXe Ha OTAeJbHble NapUHAJbHbIE TOHH NPOHCXOMHT
pasnoxenne QyHkuud f(f) B psan dypee. O6 3TOH yAuBHTENbHOR
* CNOCOGHOCTH OpraHa CJyXa MOXHO COCTaBHTb cebe HeKOTOpOoe mpef-
CTaBJICHH €, €CJIH BCIIOMHHTD, YTO ONBITHHIM CJYX JHPHIKEPA OKa3bIBAETCA
B COCTOSIHHM BBIJEJHTBH H3 3BYKOBO# Macchl XOpa, COMPOBOXKAAEMOro
OpKECTPOM, He TOJNBKO TOHH M TeMOp OTHEJbHBIX HHCTPYMEHTOB, HO
¥ OTHeabHBle OYyKBHl CJOB, KOTODHE MOIOTCH. B 3TOM OTHOLIEHHH yXO
6eCKOHEYHO NPEBOCXOJAMT rI/1a3, TaK KaKk Mbl BCerjfia BOCIPHHHMaeM
Kaxoi-HHOyAb iBeT,— 6ennlfl, 3eJeHblll, roJy6oit Kak HeuTO LeJbHOe
H COBEepHIeHHO He MoOXeM OMNpefesHTb, COCTOHT JH 3TOT LBET H3
JpDYTHX LBETOB H H3 KaKMX HWMEHHO.
lMepen wHamMu BO3HUKaeT Tenepr TaKOH (PyHHAMEHTaNbHHIN BOMPOC:
KaKkdM O0O6pa3oM yXO B COCTOSIHWH COBEpLIaTh TakHe AEHCTBHSA H
KakHe (U3HYECKHe sIBJICHHs JeXaT B OCHOBE pAa3JIOXKEHHs 3Byka Ha
ero mapuuasbHsie TOHa? OTBET Ha STOT Bompoc Aan I eabMroJbll
HCXOZS U3 AONYIIEHHUS, YTO C KA JbIM CYyOBeKTHBHBLIM IPOLECCOM — Oy~
LieHHeM Olpe/iesIeHHOrO NapuyaJbHOro TOHA ¢ YHCJAOM KoJeGaHuii v —
BCAAKMNA pa3 CBf3aH OOBEKTHBHHIY MpoLecc — MasiTHHKOOGpAa3Hoe KO-
nebarHe HEKOTOPOro SJeMEHTAPHOrO0 MaTepHAaJbHOro 00pa3oBaHus
BO BHYTPEHHEM yXe C TeM Xe 4HCJIOM KOJeGaHufi »,— u O6paTHO.
CKOMIbKO pasjMyHbIX NapUHANbHHIX TOHOB B COCTOSIHHH Owmymark
HaW cJyX, CTOJbKO € HMEeTCs BHYTPH yXa TaKuX 3JieMeHTapHBIX
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yaATHHICOB, PacnoJOXKEHHHIX DPAAOM, NOAOGHO cTpyHam- apdw. Koraa
fapaCaHHAs nepenoHKa cosepwaeT xogebGauusi f(f) noa BiMsHUEM
pafaloilt # Ha HEe BO3YLIHOR BOJIHB, TO NAPLHANbHLIM TOH V OLLyINAET-
1 B TOM CJyyae, €C/IH TOT 3/JeMeHTaPHBIA MasTHHK, KOTOPOMY CBOMH-
¢fBEHHO YHCJAO KoJNeGaHuii », cOBepilaeT 3aMeTHmie KOJebaHHs NpH
cotpsiceHnn GapabaHHO# nepenoHkH. Takum o6pasoM Bonpoc O TOM,
OJEPIKUTCH JIM MAapUHANbHBIE TOH ¥ B 3BYKOBUIi Bo/ise f({f), cBoauTcs
10 CYILeCTBY K BOMNPOCY, B COCTOSIHHH JIH CHJIA, BeJHYHHA KoTopok f(1),
gpHBECTH B 3aMETHbE KOJeOaHHsi MASTHHK C HEPHOAOM Konmeda-

gt T=-—. Ha 3TOT Bonmpoc paeT TOuYHHIH OTBeT OO6Ias MeXaHHKA
v
cienyomwMM o6pasom.
1
Masn THHK C OnpeAeIeHHbIM TepHooM Kosebanuli v == , MOMET OLITE

wobpaxeHn, cornacko 7, § 13, npw nomomu MartepuanpHOM TOUKH,
WTOpasi coBepuaeT HeGOMBLIME KOeHaHUsl OKOJIO 0J0KEHHS YCTOR-
ye0ro paBHoBecHs X = 0. Ecan xosie6anust BHI3BaHB OJHHM TOJYKOM,
g 3aTeM NPOHCXOMAAT e3 HapylleHus U3BHE, TO OHHM CJAeJyIOT ypas-
HEAHIO JBHIKEHHS:

d*x

Jté = - 47‘2m')/2x, (201)

¥oropoe moJayuaetcss u3 ypasHerus [7,(15)], ecin BHIPa3’uTH B HeM
IOCTOs HHYIO € Yepe3 UHCIO0 Kone6GaHui ¥, Ha OCHOBAIMH 3aBUCHMOCTH?
ony/ ™ ==, (202)
c V
| B 3TOM cnyuae MasTHHK coBepluaer ,cBOGOAHBIE* KOJseOaHus, ne-
JEOZ KOTOPH X HA3LIBAETCS [1OSTOMY ,,COGCTBEHHHIM MEPHOAOM KOJIe-
faupis masTHMKA.

Ho ecsin Ha MasTHUK HeHCTByeT, KpOME TOrO, BHEUIHsis CHJa, TO
Ui comepiieeT ,BHHYMXAEHHbE* Ko/eGaHus, COrJacHO yDaBHEHHIO
EBuxce s

d%*x

m—- = — 4z®mvx 4 [(1). (203)

die
Briudcnum cnepsa BhiHyXIEHHbIE KOJGAaHHS JJIsi YaCTHOrO CJay-
Yas, KOrja BHeWwHss cunaa f(f)— nepuoinyeckas, T. €. HMEET BHM:

f(t) =Ccos(2mv't - 9), (204)
MPM TOM AOMYIIEHHH, YTO B HAYaJbHOM COCTOSIHHH 1pH f == 0 MaATHHK
dx
MOKOHUTCSI B COCTOSIHMH paBHOBecHsl, T.e. X =0 H i =0.
OSimee pewenne AudepeHUHaTbHOIO ypaBHeHHS

2.
m %}f + 45°mAx = C cos 2zt + &) (205)
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#iMeeT BH:
X = acos (2avt 4 &o) +p cos (2nv't L &). (2085

EcaH noacTaBuTh 3TO BhHIpaX<eHue AAA X B ypaseenne (205), 14
B JeBO 4acTH OCTAHyTCR TOMbKO uJieHbl ¢ B. 1losTomMy noay4dutcs

c _
= R 92
b= m (2 —o?) (207

MEXIY TeM Kak a M J; OcTaloTcsi HeonpelneeHHbIMH H O3TOMY npen,
CTaBJSIOT CO600 MNOCTOSIKHbIE HMHTerpupoBanns. EciaH onpenemurn
HX SHAYeHHs [0 HaYaJbHBIM YCAOBHUSM H HOJCTABUTL HX, a TaKxe
3Hayenue B, B (206), TO NOJYUHTCS MCKOMOE KoJeGaHHe MasiTHHMXa:
C ( Voo ¢
X=——————)—cos#cos2avf + sindsin2zvt{-cos(2nV't+H),
4n2m (v2—y'2) \ v
(203

TakuM 06pa3soM MaaTHHK COBEPUIACT JBHIKCHHE, KOTOPOE COCTOR
BOOGuE M3 [ABYX KosneGauuit ¢ AByMsl pa3MYHbIMHM MEPHOLZAMH, THCH
xosebauiit KOTOPHX ¥ H % COOTBETCTBYIOT COOGCTBEHHOMY KOJ€Ss
HUI0O H BHeluHemy BO30yjaioueMy KosaeGaHHo,

OnHaxo vcKIOYeHHe COCTaB/sieT TOT ciydal, KOria [epHos Bo3
6yxnawonero kosefanus CoBNafaer ¢ HEPHOLOM COGCTBEHHOrO KoJe

‘Ganus, tak uro ¥ = ». Torpa suipaxende (208) NPHHHMAET BHL: 0

HcTunnoe 3Hauenue nocaenHero MOJY4YHTCS!, €CJAH NOJOXKHUTL ¥ = vt
+ A», pasnoxuTL YHCAHTENL U 3HAMEHATEAL MO cTeneHsM Ay u ae
pefitn x npepeay Av = 0:

X = 9_ . {Qm't sin (2nvt + &) — sin 2nwvt sin 5. (209)
8n*ma? 1

KoHeyHo, MOXHO H HerlOCPeACTBEHHO yGemHThCsi B TOM, YTO Bif
paxenue (209) ynopaeTBOpPsieT KaK Ha4yaJbHBIM YCJOBHSIM, TaK K MW
{pepenunanbHoMy ypasHenuio (205) npu v =9,

ITO ABHXEHHE MAsTHHKA, BBHIY TOrO, YTO Mepesi CHHycOM CTOH!
MHOXHTC.Ib [, COBEPIIEHHO OTJHYHO OT ABMxeHUsi, n3006paxacmol
dopmy.ci (208), He TONBKO MO 3aKOHy JABHIKeHHS, HO Aaxe no o
DSIKY BCJHYHHBL: OHO HC COCTOHT H3 NMePHOAHYECKHX KoJedanth
a GecKOHEYHO BO3PAcTaeT ¢ TeyeHHeM Bpemend. OTcofa caeryel
UTO BUELIHssST MMepHOiHYCCKasi CHMa ¢ [IPOH3BOJBHO MaJoi aMiauTy
Hoft C, eciu TOABKO TIePHOA CHJIH COBnagaeT ¢ coGCTBEHHBIM nepHl
AOM- MAsITHHKA, MOMXET C TEYeHHEM MpeMeHH [IPOH3BeCTH OoJee
3HauuTenbHO® JeéicTBHe, ueM Jmobas npouaBosLHO 6OMBLIAS CUNA
€ KaKuM-ano0 Apyruam nepuoisoM. Torpa ropopart, 4to BO3OY:KAak-
ag CUI8 HAXOAHTCH B pe3O0HaHCe C ManTHnukoM. Pe3oHanc Aaer
00brACHEHYE MHOTHX 3aMEUATRJBHLIX 5iBACHHH HPHPOLLL, — PA3yMCETos,
He TOJALKO B o0sacTy akycTHkKH. Korjga caabGas 3BykoBsas BofHa
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ppHBOIHUT B 3Byuanue 3yOubl GOJbLIWOrO KaMepPTOH3, KM KOria peGe-
gOK NPHBOLUT B CHIbHOE KoJebaHue MHOrONyAORBIR KOJNOKOJI, MM
KOrAa KpenxkH#l MOCT HauHHAeT COBepUaThb ONaCHhe KoJebaHus moj
pAUSIHHEeM MAYWHX B HOTy JN.0Je#l, TO Bce 5TO — ABJEHHA De30HaHCa.
Ec reCTBEHHO AONYCTHTb, YTO NMOAOOHO TOMY, KaK ObiBaer B aKYyCTHKe
g 3JEKTPOIHHAMHKEe, TAKKe H B XHMUHM H AdxXe B GHOJOrHH HHTEH-
(HBHOCTb HEKOTOPBIX peakuH#t CBOAMTCA MO CylecTBy K ABJEHHIO
pe3OHaHca.

Crenaem Teneps Gosee obumee AONyu®HHE, YTO cHaa, Koaebuao-
mass MasTHHK, HE MPOCTO MepPHOAHYHA, & COCTOMT H3 PAAAa NpPOCTHIX
nepHOLHYECKHX Ko/seOanHil, T. €. MOxeT OLThb BhPaXeHd MPH HOMOLIH
pana QPypb2. Kax Ham H3BECTHO, 3TO npexcrasaser co6ow Haubo-
nee obumibt cayuaid. Toraa xoaebanus MmaaTHHUka OynyT OeckoHeuHo
BO3PacTaTh C TEUeHHeM BpPEMEHH B 3aBHCHMOCTH OT TOrO, cojep-
®urcs aH B page dypoe usen ¢ coGCTBeHHLIMH KOJeGaHUsIMH
MasTHHKA. Benuunua kO3(HLMEHTa 5TOrO YieHa 1o CPaBHEHHIO C Apy-
rMMH 4nedamu pafa Pypne He wrpaet npu 3TOM poau. Ilo Tomy,
KaK ManTHHK pearupyeT Ha BO30yxaaloiniee koaeGaHue, MOXHO onpe-
JIe/iTh, HMEETCSl I COOTBeTCTBYIowinll uneH B pajge dypne. Takum
06pazoM MasTHUK CJYXHT AJs aHaju3a psaja [OpH NOMOUH pes3o-
HaHCA, O03TOMy OH Ha3plBAe€TCH Takwke ,pesonaropom“. Pesonatop
3aMeTHO OT3HIRAETCH TOJBKO Ha TO KOJedaHUe, KOTOpPOe COUTBeT-
CTBYer ero coOGCTBEHHOMY NEepHOLY, nO3TOMYy AeicTBHe ero M3Gupa-
TeJbHOE, ,CeNeKTHRHOe®. Baarofaps sABJACHUIO Pe3OHAHCE, OTHEALHHE
wierbl pAna Pypbe TaKKe NOJAYYAIOT (.1I3MYECKOe 3HAYEHHE, MeXKIY
TeM KAaK N0 CHX 1nop (U3MYeCKH onpel 'neHa O6n/a TOABKO HX CyMMa.

IMopoiineyv Temepb ele 6.Hixe K KOJHYCCTBEHHOMY B3aHMOOTHO-
menwio Mewny Bo30ywiaroweidl cuaoi f(f) W sHeprd '# BLI3BAHHOrO
€i0 Ko7rebanusn pe3onaropa. PaccMoTpuM IMponecc B TeueHHe omnpe-
Jle1t HHOrO mpomeyTka spemend. JlonycTum, 4yTo BO36yxaasowas
cuna f. i) nactoabko cnaba, 4To B TeuyeHHE 3TOrO IMPOMEKYyTKa Bpe-
MEHH MasTHHK KOAeOJeTCH mouT! KAK CBOGONHHIH, T. € MNepuoju-
Yeckd. Turna u3Mm:neHue KosaebaTenbHo#l sneprun E (kuHETHueckol
H 1I0TeHUMaNbHOR BMeCTe) B TeY:HHE 3jeMeHTa BpemenH di pasmo,
coraacHo |7, (393)]:

dE =F,-dx = f(t) - dx,
HIH

dx
dE=f(1)--=-dt.
f(® 7

[Tostomy u3menenue sHeprum 3a speMs ot { no § pasHO:
¢

E—E=|1- g’; dt. (210)

4
CvoTpsa N0 TOMY, KAK BBIPAXAIOTCS OTKJOHEHHs MAasiTHHKA X BO

BpeMst paccvdrpHBaemMoro NpoMexyTKa BpeMeHH — yepes cos 2 zvl v

? Buencume B Teoperuueckylo GUINKY
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dx
yepes sin 2zvf, npoussojinas a1 NponopuHoHaabHa Sin Vi uaM COS 27t

a unTerpaa (210) npusuMaerT TakOH e BHA, KAk HHTerpaim (175)
cayxamue A BHYHCAeHHA KO3(PHUHEHTOB psiaa Pypne aas ynk.
nuH f(t), c To#t auwb pasHHuel, uTO TaM NepeMeHHasn HHTerPHPOBZHug
o603HayeHa yepes X, a 3jechb yepes f. [IpeacraBum cebe JAMHHG # psig
TaKHX MAasTHHKOB- PE30HATOPOB C COOTBETCTBEHHO NOAOOpPaHHbiMy
nepuoiaMd konebanuii H (asaMH H nojBepraeM HX OJHOBPEMEHIQ
JNeACTBHIO OJHOH M TOi e Bo3Cyxuaowed cuinl f(t). Torna sneprug
KoseGaHui KayJOro MasTHHKA YKa)eT BeJH4uHy COOTBETCTBYIOLUErg
kos(uuuenta pasnoxenus f(t) B pan Pypwe. Coraacno [leipm-
roJblly, 3TOT MNpoOLecC OAUHAKOB IO CYINECTBY C T€M IIf OLIECCOM,
KOTOPHH MPOHCXOAHT B YX€, KOrAa KamJoe H3 CJIyXOBHX BOJOKOH,
OT3HIBAIOLICECH HA ONpeJeNeHHOe YHCJAO KOonebaHui, BOCHpHHUMAer,
6aaronaps pe3oHadcy, CBOH TOH u3 KoaebGarnHi 6apabanHol nepenoHky
H nepefdeT ero YyBCTBHTeJabHhiM repBaM. OTCIOA2 Mbl BHAHM, 4YTO
C/IYX He TOJ/IbKO IIPOH3BOJHT TAKOE Pa3/idKeHne 38yKOBOH BOJIHbI, KOTO-
poe, KaK Mbl BHAENH B Hayase naparpacga, COOTBETCTBYET npespaile:- Hio
STOH BOJIHH B CYyMMy NPOCTHIX nepHOAHYECKHX BOJIH, HO YTO NPHPOJA
noJab3yercss MpH 310M TEM XKe caMbiM METOIOM, KaK H MaTemaTHka,
HG60 nocaenHee yparHeHHe (210) ecTb He 4TO HHOE, KAK MEXAHHYECKAn HI-
JIOCTPALHA MaTeMaTHYECKOTO olipejieseBHs KOahuuHeHToB psana B(175).
Baaronaps aToMy Ham CTaROBHMTCA (H3HYECKH COBEPIUEHHO MOHATHON
CHOCOGHOCTDL yXa pa3faraTh 3BYK Ha OTHAEJbHbIE TOHH.

Jlpyrofl mpHHIHNKA. bHO B3XHHH BONPOC — 3TO 06 BACHEHHE CBOE-
06pa3sHoro Co3BY4YHOrO AReHCTBHSl KO' COHHPYIOLUMX HHTepBaJoB. [lo
sToMmy Bomnpocy [enbmrosbll Takie paspaboTan TEOPHIO, COIJIACHO
KOTOPO# 1NOHATHE KOHCO aHCA BO3HHMKJO He H3 0ecco3HaTeJbHO
MHCTHYECKOrO YAOBJETBOPELHHS, KOTOPOE CTYXOBOW HEPB MCMHITHBAET
NpPH MOSIBJEHHH MNPOCTLIX PAalHOHAJBHHIX UYHCJOBHIX OTHOMWICHHH, HO
YTO H 3LECh TaK¥Ke HrpaloT PEILHTENLHYIO PONDL BIOJIHE OnpeneseH
Hbie peaJibHble (PHU3HUECKH onpefesnmbie 0OCTOATENbCTBA, KOTOPLE
BHI3LIBAIOT YAOBOJLCTBHE B C/Ayyae KOHCOHAHCA M HEYAOBOJbCTEBHE
B cayuae puccoHaHca. KpaTkum obcyxkAeHuem aroél TeOpun MbI U 328
MeMcsi B Osnxafimesi rsase, B KOTOpPo#l OyneT HTTH peub 06 aKyCTH-
YeCKHX 3BYKOBHX BosiHax (§ 46).

IJIABA YETBEPTASI
KOJEBATEILHLIE SBJAEHUS B KHUJTKOCTIAX H TA3AX

§ 44. XXunxkocTd H rassl MOTYT GHITb BHJIAENEHB KAK YACTHLIH CJy-
yafi cpeAu cOBepiueHHO ynpyrux usoTponHux Tea (§ 21), rax KaK
B HUX Bce TPH raapHble Aasaenus (§ 20) papun. OtCiofa caeayeT, uT0

Ha KaxAbll SJeMEHT NOBEPXHOCTH AEHCTBYET NepueHAHKYJspioe
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K HeMy AaBaenHe X, =Y, ,=Z = p, He 3aBHCALIEE OT PACNOJOXKECHAS
sJeMeHTa NMOBEPXHCCTH M I0JOXHTEeNbHO, eC/id Tel0 NOABepraercs
coxaTHio. Tak Kak TaHTeHuwajbHbe JaBieHus oOpamalTcs B HYJb,
TO TOCTOfIHHAsl ynpyrocTd B ypaBHeHHsX (119) Takxke pasHa HyJlo,
H JaBJIeHHe 3aBHCHT TOJbKO OT O0GbeMa WIH Xe OT IJIOTHOCTH:

p=1{(k). (211)

Bua QyHknuM f 3aBHCHT OT npuponn Tesa. Jlas kaneabHHX XHA-
KOCTeH p upe3pHYaiiHO CUAbHO H3MEHSITCS NPH H3MeHeuHH K, T03TOMY
yaoGHee npeicTaBuTh K B BHie QyHKuuH OT p. Ilpepesnpuuiil cayuaf
00pasyIoT HeCXHMaeMble XHAKOCTH, JJf KOTOPHX K noctosixo. Iox-
po6uee o Bune ¢ynkuud [ mp OynxeM rOBOPHTH NO3AHEe, MPH 06CYK-
JAeHun KOoHeuHmX Aedopmauuit (§ 56).

B HHTepecax oOWHOCTH Mbl PACNPOCTPAHHM MOCKEAYIOIHe HCTe-
JOBAHHA KAK Ha KaneJbHhE XUAKOCTH, TAK W HA rasul. Jlas sToro Mm
BoCcnoJb3yemcs o6u6enuem ypapaeruii (119), koTopoe Mbi y:ke BesK
B § 33, a UMEHHO MKl MOJOKHM, YTO B HeJe(POPMHUPOBAHHOM COCTOSi-
#uH (0 = 0) xaBsieHHe p He PaBHO HYJIO, @ PaBHO P, TaK KaK ras
B yCTONYHBOM DaBHOBECHH BCeria 006/andeT KOHEUHHM JaBJCHHEM.
Torpa mwecte ypaBuenufi (119) obpaTarcss B OfHO ypaBHeHHE:

P = po— 4G, (212)

KoadHuneHT ynpyrocTd A 3aBHCHT OT CXHMaeMOCTH, TaK KakK
_—e _1 , (213)
pP—po 4

¥ MOXeT ObITb BHIYHC/IEH NPH BCAKOM COCTOSSHHH BelIeCTBa, eCaH
Rana QyHxnus f B ypasHenun (211). Tak kak Macca ajemeHTa Tesa
o6bema dV He u3mensieTcs, TO AAs GECKOHEYHO MaJOro pacuiHpeHu#
o6nbema do cymecTByeT COOTHOHIEHHE:

dV - k=dV (1 4 o) - (k + dk). (213a)
MoatoMy
0:—%,
k
n u3 (213): P
p

A=k 214
0K (214)

Taxk Kak xunKoe H razooGpa3Hoe COCTOSHHE MOMKHO pPAaCCMaTpR-
BaTh KAKE yacTHRH cayualdh TBepHAOro COCTOfHHsS, TO Mbl BHBeaeM
YpaBHeHUs1 ABHIKEHHS HENOCPEACTBEHHO H3 ) pavHeHudl ANd TBepAHX
TeJ W NPH 3TOM TAKMe ONyCTUM CHJIH TAroTeHus. Torza us (147)
4 (212) nosyuHTcs: . .

pu_,00 0% _ 01_7, kg)_w::ng (215)

= ‘s k y
o ox o oy ot? 0z
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Wau Ke, B BEKTOPHAaJbHON QopMe, eCsd elle BBeCTH NOCTOSHEYIO:

A_dp _
kK dk '
NOAYYHTCH:
q=a-grad o. (216)

IMpousBeseM Haj 3THM ypaBHeHHeM BekTOpHoe AelicTre rot (§ 13).
BBuay (65), caenyer:

6=0.
[TpouHTerpupoBaB 3TO ypaBHEHHE ABAKAKW NO f, MOJNYYHM:
0= clt + 62.

Orciofa crefyeT, YTO COCTABJSAIOLIME BPALIEHHS MATepHaJbHOH
MacTUOH §, 7, § CyTh JuHelHble (PYHKIMM BpeMeHH. 3HAUHT, Bpalle-
HUE BO3PacTaeT C TeueHHeM BPEMEHH A0 GeCKOHEeYHOCTH, ecNH TOMBKO
BEKTOD C; He paBeH Hy. 0. Tak Kak Mbl HAMEpeHb! 3aHATbCx OecKo-
HEYyHO MaJBLIMH KOne6aHUsIMH OKOJIO ITOJIOKEHHs PABHOBECHA H NOITOMY
NOCTOSIHHOE BO BPEMEHM BPAlEHHE TaKike He NPeACTaBJseT AJs Hac
HHTEpeca, TO Mbl OTrpaHHYMMCHl PaCCMOTpeHHeM CJyuyasi, KOrha o6e
NOCTOSIHEBlE €; H C; OOPALLAIOTCS B HYJAb W TOLAA

=rotq=0. (217)

O6uee pemenne 3TOro AHdepeHUHaIbHOrO ypaBHEHHA DaBHO:
q=—grad ¢, (218)

rie ¢ 0/03HauyaeT HEKOTODYIO CKaNsIpHYIo PYHKIHMIO MECTA M BPEMEeHH.
DTa QyHKUKS HAXOLHUTCA B TAKOM e COOTHOIEHHH K BEKTOPY CMelue-
Hus (, B KAKOM mnoreHuman U Haxonutcss K cunosomy Bextopy F,
coraacdo {7, (121)]. IlosToMy mMOKHO HA3BaThL @ ,NOTENLHA M CMeLLe-
Huc“, Takum 0OpP430M CyulecTBOB 1HHE MNOTEHIMA/NA CMEILeHHS PABHO-
SHAYHO C YC/IOBHE M, YTOOL! NIPH CMENICHHH He NPOHCXOAUI0 BPAIIeHUH
Kak BuunHO M3 ypaBHenus (218), s Be 1MunHe 10TEHIHAAA CMEUIFHUSA @
aAAUTHBHAR (DyHKLMS BpEMEHH HEe HMeeT (PH3HUECKOro 3HAUYEHHs H
Nno3TOMY MOXeT ObITh Onpejiesesa TOJAbKO NP4 1IOMOLIM NPOH3BOJb:
HOrO JOMNYIEHHUs.

- Ecau noTteHunan cmeuienus ¢ u3recTeH xak QyHkums X, ¥, 2, b
TO OTCI0A O/JHO3HAYHO CeAYIOT BCe NOApoOHO. TH ABHxkeHud. {1pexie
BCEro, M3 ypasHeHus (218) n0ayuuM Ias CKOpOCHH:

q=—grad ¢. (219)

Takum 06pa3’oM CKOpPOCTh TAKKE HMMEeT NOTEHHan: ,TNOTeHIMAT
cxopoctr®, Jlanee, s 06be€MHOro paciupenus caeayet us (66):

o=divgq=—divgradg = — Agp, (220)
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¥ IJs H3MeHeHHs JaBJieHus caenyer ua (212)
P—Po=—2ic=12-Ag. (221)
INostoMy BcA 3amaua CBOAMTCS K HaXOXJIEHHIO NOTEHUMAana CMe-

menus. JIas 3TOro CayXMT caenyiomee AndepeHIHalbHOe ypaBHEHUe,
BHITEKAIOLlee M3 y[aBHEHHH ABHXKeHus (216):

gradg = a2 - grad Aeg,
KOTOpOE MOC/Ke HHTErpPUPOBAHMA MO TPEM KOODAMHATHHM HampaBJe-
HNAM NpUMET BUI:
¢ = aAg. (222)

Kak serko y6enutbcsi npu nomowu pudepeHUMpPOBaHUS, YpaBHE-
Hue (222) uMeeT MECTO He TOJbKO AJs MOTEHUMANA CMELIEHHA @, HO
U 1A K23 A0r0 U3 KOMIOH: H10B CMEILEHHS M CKOPOCTH, a TaKXke AJs
06 bEMHOr0 PACIIMPEHHSl 6 U JA8 JaBJeHHA P. DTO YPAaBHEHHE Npef-
crasaseT co6oio obobueHue ypaBHeHus (1568) nas koneGauuil Hars~
HYTOH CTpPyHB M TO3TOMYy HAa3HBAeTCs TaKXe NPOCTPAHCTBEHHEIM
»BOJHOBLIM ypaBHeHHeM“. KOHeUYHO, NOCTOSIHHAA @ Takke HTpaer NnpH
3TOM POJIb CKOPOCTH pacnpocTpaHenusi. OMHAKO BOJMHH, KOTOPHIE MH
afece OydeM pa CMaipuBaTth, CYUIECTBEHHO OTJHYAIOTCA OT BOJHH
nonepeyHo KoseGaiomeincs CTPyHbl, TaK KakK 3/ieCb ynpyrue nefctBust
0o0yC/NOBAMBAIOTCH HE BpamCHHUAMH, a4 H3MEHEHUSIMH MJOTHOCTH M
IABJACHHA,

Kak yxe GnIO ckazaHo npH o6ecymAeHuH npobiaem cratuxy (§ 28),
HAac BCerja MeHblI€ HHTEpecyeT ¢ (QH3HUeCcKOl TOYKM 3peHus obiiee
PELIGHHE XapaKTePUCTHYECKOTO AH(EepPeHIMaNbHOTO ypaBHEeHHMs, YeM
TaKHE YaCTHHIE DPEIEHHN, KOTOPBHIE BO3MOXKHO GOMblle CCOTBETCTBYIOT
HM3BECTHHIM BaXKHLIM mpoleccaM B npupoje. B manbuedimem MH 3aii-
MEMCH HEeKOTOPLIMH TaKHUMH pELICHUS MH.

§ 456. Camoe npocroe uyacTHoe peweHue AudepeHHaIbHOrO ypaB-
HeHue (227) mosyyaeTcs B TOM Cay4ae, KOrfla (QYHKIHUS ¢ 3aBHCHT
TOJBKO OT OJHOH NpPOCTPAaHCTBEHHOH mnepeMeHHOH, Hanpumep OT X.
Torma ypaBrenue (222) npusoaurcs K npoctomy Buay (155) U no-
3TOMY MNpPEACTaBJAET ABE BOJHH, KOTOpPHE pacnpoCTPaHAIOTCH €O
CKOPOCTBIO @ B HANPaBJACHUH NOJOXHTENBHON W OTPHLIATENBHOH OCH X.
Tak xak ¢u3nuecKkoe COCTOSHUE BCEX MaTepHa/NbHBIX 4aCTHL, JexXa-
mux B Kakof-mub0 NnAOCKOCTH, NMEePNEeHAUKYJapHOH K ocu X, cosep=
LIEHHO, OJIMHAKOBO, TO 3TH BOJIHE HA3bIBAIOTCH NJAOCKHMH BOJHAMH,
Kaxjas NJOCKOCTb X == const HasnBaeTcsi ,BOJHOBOH MJIOCKOCTBIO®,
a MeprHeHJUKyJspHOE K Hell HanpaBJieHHe X — , BOJHOBOH HOpMaJbio®,
Bua BonH onpenessercsd HAayalbHEM COCTOSIHHEM M TOrPaHUYHEIME
ycnoBusamM. Tak Kax NOTEHLMAJ CMEIUEHHSI 3aBUCHT, KPOME@ BPEMEHH,
TOJIBKO OT X, TO H3 TPEX COCTABJSAIOIUUX CMEILEHHs TOJMBKO U HE PABHO
HyJ10. [MosToMy KOJeOaHHs MPOMCXOAAT B HANPaBJEHHH pacnpocTpa-
Henusi. TakHe BOJIHH, B NPOTUBONOJOKHOCTD PACCMOTPEHHEIM B Mpe-
ANjywell rjaBe mnNONEpPeyHHM KOJE€OaHMHAM  CTPYHH, SBJARIOTCH
NPOLONHHBIMH,
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[MTrockue BOMHEI MOXKHO NPUGAM3UTENBEHO OCYUIECTBHTH, 3aKJIOUUB
WKHAKOCTL WJIM Ta3, HaMpuMep BO3ayX, B ATHHHHH AOCTATOYHO Y3KHi
uuauaap. Takoft nuaunap cayxurt ,Tpyboit, HOpMa/ibHbIe CEYeHHs
CYyTh BOJHOBHE IJIOCKOCTH, @ KOJeGaKus BO3yXa H1POHCXOANT UCKJIIO-
YUTENBbHO B NMPOLOJBHOM HA(PAB1EHHH, KOTOPOE MH NPHMEM 32 OCh X,
NO TeM JXe 3aKOHaM, C KOTOPLIMH MBI NO3HAKOMMJ/IMCH NPH HiyuYeHHH
Kosnebanuit CTpyHsl. [To3TOMY MEI MOXM<c¢M H HE OCTaHaBJIMBATHCH Ha
noapobrocTax. Tospka BBeleHWe mnorpaHuyHex yciaosuit Tpebyer
ocoboro obcymaeHus. Konen kakofi-nu6o TpyOst MOXET OHTb OTK. KT
HJU 3aKkpulT. B mocnenHem ciyyae Ha keHue U =0, Tak KaK BO3NyX
HE MOXEeT HH BOHTH B CTEHKY cOCyaa, HH BRIATH W3 Hee. 3TO norpa-
HHYHOE YC/JOBHE COOTBETCTBYeT CTPyHE, 3aKpEN/IEHHOH Ha OJHOM
ROHIE. A B nepBoM Ciyyae y OTKPHITOrO CEYEHHS; Ha OCHOBaHHH
NPHHIKNA paBeuCTBa ACHCTBUA W NPOTHBONEHCTBHSA, NaBJIEHKHE KOAEE-
JIOUIErocst B CTPyHe BO3fiyXxa Ha BHeWHuit arMocde Hulii BO3AYX p,
paBHO naBJeHUI0 aTMoCeps! Ha BO3AyX B Tpybe, CiaeROBaTENbHO,
NOCTOAHHO PaBHO Po, T. €. 0 =0, WAK NJOTHOCTb NOCTOSAHHA BO Bpe-
MesH. OTCIofa OLHO3HAYHO MOJY4YaloTCH 3aKOHL! KOoaebaHu#i BO3ayxa
B OTKPHTHX H 3aKpBITHX Tpybax.

Eciun tpy6a 3akphTa ¢ 060HX KOHIOB, TO ME HMEEM, KaK
B § 40, crosuue konebanus Bupa (194), rae HyXHO TOJBKO MOACTa-
BUTb U BMecTOo v. KonebGanuss Moryr ObiTb BHI3BaHHl COTPSCEHHEM
H3BHE HJIH NIPHU TOMOINHK He6O0bIOro OTBepCTHR A AYTha. Ha kaxmom
KoHUE TPyOB! HAXOAMTCH Yy3e/ CmeuleHust U W ckopocrtu . [loroxe-
HME OCTaJbHEX y3/0B [/ 11-To MapuuanbHOro xoaebanus nano B (196a).
fMocpenune mexny mByMs COCeIHHMH y3/JaMH HAaXOAHTCS NY4HOCTb.
Yro kacaeTcsi 06beMHOr0 paciivpeHHsi, TO Ha ocHoBaHMH (194) nouy-
qaeTcs:

oo
¢ =gl—lx —?nz nC, sin M-P &n) - cos X, (223)
0x ! ! 1

n=1
Orciona BunHo, yto oO0beMHOe pacumiMpenHe, a BMECTe C TeM M KOJe-
OaHue faB/AEHAS HMEIOT NMYYHOCTL Ha OOOMX KOHLAX TPyOLl M uTO
y3AH 00’B€MHOro pacmupeHus ¢ =0, T. e. Te MeCTa, B KOTOPHIX MA0T-
HOCTh M JaBJEHHE OCTAIOTCH NMOCTOAHHEIMH, COBHANAIOT C NYYHOCTAMH
CMEINEHHUS U CKOPOCTH, NMOCpPEAVHE MEXAY y3/JaMH MOCAeTHHX.

INpencraBuM cebe, Y10 Koaebaiowasncs Tpyba pa3pesaHa B TAKOM
yane paciunpeHuss ¢=0, U oTBep.Tve coobuaerca co cBoOOAHOH
atMocdepofi. DTO COBCPIIEHHO HE Hapywaer koseGanud HU B ORHOH
H3 MOJIOBUH TPYOH, TaK KaK yCTAHOBJIEHHOE BHIIIE PEAEIbHOE yCa0-
BHE OCYMIECTBJIEHO B OTBepcTuH. OTCloAa CjAefyeT 3akoH koJebanuit
B OTKDHLITOH# /M YacCTLIO OTKPHITOA Tpybe.

Eciu tpy6a oTKpHTA C 060HX KOHIIOB, TO Ha KaXAOM KOHUE
HAXOAUTCHA y3es OGBHEMHOrO PaClIMPEHHs H IyYHOCTh CMereHus. Paa
DapuHaJbHHX TOHOB TaKOM e, KaK y 3aKpHTOH € O0O60OMX KOHILOB
TpyOH HJH Y CTPYHH|, 3aKpervieHHOfi Ha O60MX KOHIlaX, TONbKO Y3Jbl
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¥ (Y4YROCTH NOMeHs/NCh posaMu. [Ipu OCHOBHOM Kxo/seBaHKH G UMeeT
e/MHCTBSHHYIO MY4YHOCTh, U HMEET eIUHCTBEHHBIH Y3eA mnocpeiuHe
TpYOHL.

CoBepIIZHHO HHOW 3aKOH NapLUHaJbHEIX TOHOB NOJAYyYaeTcss A Tpy-
6o, 3aKPHTOH COLHOrO KOHILA U OTKPHTOHA C mpyroro. 3aech
CMEeHHE 4 HMEET HAa ONHOM KOHIE Y3€J, a Ha ADYroM KOHLE Ifyy-
gocth. [TosToMy B Takoil Tpy6e rsaaBHOE KoJieGaHHE He HMEEeT mno-
cpenuHe HHU y3n1a, HM TNyuHOocTH. Jlf [VIaBHOro KojeGaHHst B 3TOM
caydae BCSt A/MBa TPyObl PaBHA PACCTOSIHHIO MEXJAY Y3JOM H Ny4-
BOCTLIO, T. € DPAaBHA NOJOBHHE PACCTOSHUA MEXIY JABYMsS COCEIHHMH
yazramu B Gojee anMHHONR TPYyGe, KOTOpas COBEPLIAET TAKOE e CTOos-
vee konebGaHue. Takum 06pasom Tpyba, 3aKkpeiTas HA OLHOM KOHIE,
06J1aiaeT TAKHM Xe OCHOBHLIM KOJie “aHHeM, KaKk H Tpyba, OTKpHTas
¢ ASYX KOHIIOB HJY 3aKpEITasd C ABYX KOHIOB, HO JBOHHOH JJIMHEL.
Jlnsi o6epToHOB TPYOHI, 3aKPHITOHl Ha ONHOM KOHIE, AJHHA TPYOH
COACPIKUT HEUYETHOE KPAaTHOE PACCTOSTHUA MEXNY Y3JO0M H NYYHOCTLIO.
Otciona caenyer, uTo yucJa KoJebaHuil napuuanbHEX TOHOB OTHO-
CATCA KaK HEeYeTHHe neJsse yucaa 1:3:5:7.

§ 46. B oTkpeiTOM BO34YyXe TaKxke MOryT OHTb NPHOAHZUTEJILHO
OCYLIECTBACHb IJIOCKHE BOJIHE]L, €CJIH 3ByKOBast BOJIHA 3aHHMAET Cpas-
BUTEILHO He6oJbIIOe NPOCTPAHCTBO H TOuka Bosjeidcrauda (7, § 35)
JOCTAaTOYHO yAaJeHa OT MCTOYHMKA 3BYKa. TOrAa pacCTOSTHUE X MEXIY
TOUKO} BO3AEHCTBUS M HCTOYHHKOM 3BYyKa MpejcTaBiser cobO0m0 HOp-

1
MaJb K BOJIHE, H JUISI IPOCTOrO0 TOHA C YHCJAOM KoJeBaHufl » = - M

IsiHO# BOJHH 4 Me umeeM, kaxk ¥ B (190), yactHoe pelueHue ypas-
HeHag (222) B Bune:

¢ = C cos {Qn(wt — %)-I- !9}' (224)

rIe Mexay T, v U 4 cyuwecrsyior cooTHomeHus (189). Cnoxus He-
CKOJIbKO TAaKHX YaCTHHIX pelueHuii, Mel nojyuyuM OoJee obwee pelue-
fue, KOTOpOe COOTBETCTBYET TOMy CJ/y4aio, KOTla HECKOJIBKO 3BYKO-
BLX BOJIH ONHOBPEMEHHO Monagaet B YXO [0 ONHOMY HalpaBJ/IEHHIO.
Ocobuil nHTEpEC NPEACTABASET CJAy4aid, KOTAa B3aHMOAEHCTBYIOT 1Ba
TOHA OHHAKOBOH MHTEHCHBHOCTH H C Ma/J0 OTJHYAIOIMMHUCH YHCIAMHU
koneGauuit v uv'. Toraa Mu umeeM Jjs KosnebaHus B TOUKe, KOTOPYIO
Mbl NpUMEM /IS NPOCTOTH 332 HAa4aJO KOOPJHHAT:

¢ == C cos (2nvt -+ §) -+ C cos 2mv't -+ 9°),

Hau

@ = 2C cos <2n'{-—2~y t4- '?-—:2:2> - COS (2:; L;lﬂ t+ —'2—;_—'9) (225)

Ecmu +'—» Majo nO CPaBHCHUIO C ¥, TO NepBHil KOCHHYC B (225)
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MeJI/IEHHO HM3MEeHSieTCSl C TeueHHeM BPEMEHM, H NpofJieT MHOTrO Koue-
6aHufi oTJeJbHHX TOHOB, MOKA 3aMETHO H3MEHMTCH €r0 BeJAMYHHA.
[Tostomy xoseGanue (225) neficTByeT Ha yXO TaK e, Kak KoJebaHue
OJIHOTO TOHA C HBEPEeMEeHHOA aMIIUTyZHO#

[ vV — Y —8 -
C,=2Ccos; 2n i+ <
' ° \ 2 2 ) (26)

’

V4w
K YuUCJOM KoJseGanuf — paBHHIM CpefiHeMy apH(METHUECKOMY u3

wuces KoJe6aHuil OTAe/NLHBX TOHOB. B 3TOM Ciyyae CAHDIMTCH Ompe-
JeJEeHHEIl TOH, HHTEHCHBHOCTb KOTOPOTrO MEIJIEHHO M NEPHOAHYECKH
KosiebJeTCss MEeXAy HyJeM H MakCHMyMOM. JDTH KoJieGaHusi MHTEH-
CHBHOCTH Ha3sLBaloTCa ,0HEHHAMH" O6OHUX COBNANAIOLIMX TOHOB, HX
MaKCHMyMH Ha3HB3IOTCH ,TojMukamu® OueHuii. Yactora OueHnfi 3a-
BHCHT OT BpPEMEHH MExAy ABYMS NOCIEAOBATEALHHIMH HYJEBHIMHU
3HaueHusMu C,, YHUCJAO0 HX cOCTaBaser » —¥ B €JUHUIY BpPEMEHH.
Yem Gauxe npyr K npyry o6a TOHa, TeMsMej/eHHee M OTHET/IHBEe
cTaHoBsATC Oueuus. Korza 7ToHa pacxonstcs, GHEHHSi CTaHOBATCH
4acTHMH M MeHee 3ameTHHMH. [To3ToMy GHeHus MpencTaBJAsIOT npe-
KpPacHOe cpencTBO, AAS TOro YTOOK HCNBLITATL NPH NOMOIUM CAyXa He
TOALKO pas/uyue ABYX MOYTH OJMHAKOBHX TOHOB, HO TaKXe OTK/O-
HEHHE OT NOJHOrO KOHCOHAHCA JBYX My3bIKaJLHBEIX TOHOB, OJH3KHX
K KOHCOHaHCy, MO0 NpH IBYX MOYTH KOHCOHUPYIOIIMX MY3bLiKaJbHbIX
TOHAX (3BYuaHMKfX) BO3HHKAIOT 6t €HUSl, KOHEYHO, HE OCHOBHHIX TOHOB,
HO OTAEJLHLIX map, CONEPHALIMXCS B 3BYHAHHSX NaPLHAJbLHLIX TOHOB.
Tak, Hanpumep, npu paccTpoeHHOH OKTaBe mnepBu#i 006epTOH GoJee
HH3KOTO 3BYKa AderT OHEHHS C OCHOBHLIM TOHOM 0§o0Jilee BHCOKOIO
3BYKa, NpPU PACCTPOEHHOH KeuWHTe BTOpoi 06epTOH 6oJiee HH3KOI0
3Byka _jaer OueHusi C nepBHM O0epTOHOM ©60Je€ BBHICOKOrO 3BYKa.
[TosTomy 3HayuTENBHO JIerYe HACTPOMTL MHCTPYMEHTH B HATYPAaNbHOM
cUCTEMEe TOHOB, YEM B TEMNEPHPOBAHHOW CuCTeME.

ItH GueHus no I'eabMroJbuy W COCTaBAAIOT (PU3UYECKYIO OCHOBY
JJIST NPOTHBOMOJIOKEHUST KOHCOHAHCA M JAMCCOHaHCa, HGO nas BCexX
OpPraHOB 4YBCTB YCTAHOBJIEH (PaKT, HTO NPEPLIBUCTHE pasjipaxeHus,
NPH U3BECTHOM YacToTe, JEHCTBYIOT HA3OW/IMBO, yTOMHTENbHO, HEMPDH-
ATHO. JlOCTaTOYHO BCMOMHUTL, HAMPHUMED, YTEHHE MPH MHUraloIEM
OCBEIUEHHH WJIH HEKOTOPHE BHAK CBETOBOH pekaaMbl. [lono6HLIM XK€
06pasoM M CJYXOBOH HEPB CTPajfaeT OT TPECKYUHX, ILesKaloIHX,
TPEMOJMPYIOIIMX 3BYKOB, €CJM 4aCTOTa CJ€NOBAHMS HX JOCTUTAET
onpejeseHHoft crenmend. Ecau oOHa 3ameTHO npeB3oiineHa, TO yXO
y¥e He B COCTOSIHMM PAa3JU4UTb OTIEJbHHE TOJYKH, U HermpHusiTHOE
4yBCTBO ocsabeBaer. Ecan, ¢ apyroil cropoHsi, GueHusi cTaHOBSTCH
OYEHb MeMJIEHHHIMH, TO CJyXy Jerue CJefOBaThb 3a (OBbieHHeM ¥
NOHUXEHHEM CHJIK 3BYKa; B TOT MOMEHT, Koraa uHTeppanm mexny
ABYMs NOCTENEHHO CO/MKAIOIMMUCH TOHAMKE EPEXOJUT B CO3BYYHS
H 6GHEHMA CTAHOBATCH BCE MEJJEHHee, Tepssich B OECKOHEYHOCTH:
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cAyX HCOBITHIBaeT obJerueHue, a MHOrAa Jaxe CBOEro poAa HacJam-
JAeHue.

Taxue e sBJIEHMs, KaK ¥ OPA CO3BYYHH JBYX TOHOB, NPOHCXO-
JST COrJaci0 M3/OXEHHOVY M NpPH COBAafieHMH O6GepTOHOB JABYX
KOHCOHUpYWOMWMUX 3By4anuil. [T03ToMy EenpusTHOE 4yBCTBO MpPU CAY-
[aHUM JUCCOHUPYIOIIEr0 MHTEepBaJa U yJOBOJBCTBUE MPH CJyLIaHHU
KOHCOHHPVIOLISTO MHTePBaJja MOTyT OhiTb Takie NpUBelleHH B CBA3bL
¢ fosiBieH#eM M ucuesHoBeHHeM HENpUATHO JHeACTByOMX OneHuH.
CorsiacHo 3ToHf TOYKe 3pEHMs, rapMOHUs, OCHOBaHHAasi Ha KOHCO-
HaHce, JHIIAeTCssl CBOEro MHCTHYECKOro XxapaKTepa, ¥ OCOOHI# xapak-
Tep COOTBETCTBYIOILEro CJAYXOBOrO OluyliieHusi CBOAMTCA K (PH3UKO-
$u3HOoNOrHYeCKUM poueccam.

§ 47. MoxHO NQIY4YUTh eule OJHO HOBOJBHO MPOCTOE peleHHe
BOJIHOBOTO YypaBHeHusi (222), ecnH MpeAMoOJOXUTb, YTO MOTEHLMAN
CMEIEHHUA 3aBHCHT, KDOME BPEMEHH, TOJLKO OT PaCCTOAHHA

Y BT R

MeXJy TOYKOH BO3meHCTBEY (X, Y, 2) H HayaloM KOOpAWEaT. Torna
coraacHo [7, (110)}:

99 _0p or _0dp x

ox o ox o r’

g 09 x* dp 1 09 x*
oxt o2 2 or r or
A g e
HAJIOTMYHEIE BHIPAXEHHs MOJMYYAITCH I oyt Ly INosTomy

Ag@ npeobpasyercs caenyomuM o6pasom:

_P9 209 1 & ‘
A(p_drz_{—r o r drg(r(p)' @2

H BOJHOBOE ypaBHeHHe (222) MOXHO HanucaTb B TaAKOM BHXKE:

0*(rg) _ o 0°(rg) ,
T B @28)

Nocnennee ypaBrenne umeer takol ke Bun, xkak v (158), m no-
3TOMYy MMeeT ofiiee pelueHue, corsnacHo (157):

ro=[( +at)+ g(r—at). (229)

Oto—aBe wmapoBHE BOMHH (chepuueckue BOJHH), M3 KOTO-
PHX OfHa pacnpocTpaHseTcs BHYTPb, a Apyras— Hapyxy, obe co
CKOpOCTLIO 4. HO, B OTJIHYME OT [JIOCKHX BOJIH, 31€Cb pacnpoc'rpa-
nAeTCd HEH3MEHHLIM HEe [OoTeHuuask CMeIEeHud, a nponaae,aeuﬂe
€ro ma r.
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PaccsorpuM crepBa WapoBYIO BOJIHY, PaclpOCTPAHAIOIIYIOCH Ha-
pyxy, T. e. nonoxuM f=0. Toraa

@ = '1_ - g(r—at). (230)

Has Toro utoOnl BOJHOBas (QyHKiHA g Okina KOHeuHoH, Heo6xo-
Jaumo, utobul, npu r=0, ¢ Ge10 OeckoHeyHo Besuko. CTajno OhiTh,
HAauaA0 KOOpAMHAT €Thb OCOOSHHAas Toyka 3Toit BO1HH. [Toatomy
HpU peanu3auyy BOJHB Ha4a/0 KOOPAHHAT NOJKHO OHITH HCKAIOYEHO
U3 obuaactu xoJsebmowedics xunkoctu (Bo3ayxa). B neiicTeurenbuo-
CTH, B 3TOM MECTe HAXOZMTCH HCTOYHIK 3BYKa. MOMXHO NMpenCTaBuTh
ceéfe, HaNpUMep, YTO UCTOYHHKOM 3BYKA CJAYKMT [Iap, OKPYKEHHEi
CO BCEX CTOPOH MKHUAKOCTHIO U CH@NaHHHE M3 Kakoro HUOYAb yipy-
roro teepaoro sewecrsa. [Tox BAusHUeM Kakoro HUOYAb BHYTPEHHErQ
MexaHu3ma 06beM 3TOro 1apa NonepeMesHo yBeJIUYUBaeTCsd U YMEeHb-
maeTcs o ‘Kakomy-HuOyAb 3aKOHY,— TaK HaswBaemuift My bCHPYIO-
mwuit* wap. [Mocrenuuiét nepenaer cBOM kosebaHusi HEMOCPEACTBEHHO
IpuMBIKAOLIed K HeMy XHAKOCTH. DTO MOrpaHUYHOEe yC/JIOBHE Ofpele-
Jgser BHJ BoJHOBOH Qynxuuu g. C Apyrofd CTOPOHLI, BEJIHYMHA
CMeIeHusl ( Ha TpaHHie MOoJy4aeTcs u3 MOTEHuuaja CMelUeHus, Ha
ocuopaHuu (218) u (230). Cveniense MpOHCXOIUT B P3JHaJbHOM Ha-
MpaBAEHHH, M03TOMY TAKHE LIAPOBLHE BCJHH [POAOAbHH. Benuyuna
CMEeIleHUs yOHBAGT C yBeJHYEHUeM pPAacCTOsIHWA OT MCTOYHHKA 3BYKA.

MoxHo 06061uTh YacTHOe pelneHue (230) BOMHOBOro ypaBsHeHHs
{222), cnoxuB HeckOJMBbKO Taxux pewedunil. [loreHuman cmemesus
BHPA3IKUTCA B BUIE:

1 1
@':‘Tgl(rl"“ai)"l‘rz‘gz(rz—"ai)-]---. (231)
1
THE fy, Ty ...— PACCTCAHUA TOYKM BO3ZEHCTBUA OT HEKOTOPHIX He-
NOABMXKHBIX LEHTPOB; gy, Lz - .. — HEKOTOpHie (YHKUMM OIHOTO ap-

ryMeHta. DTO ABHXKEHHE XHAKOCTH BH3LIBAETCH B3aMMOAEHCTBHEM
HECKONILKUX I1ApoB, MYJALCHPYIOIMX B HEH Mo moObiM 3aKOHaM,
‘eCAM WapH TaK [aleKH IOPYr OT JpPyra, YTO MOHO MpeHe6peub
BO3MYLUEHHSIMH, KOTOpHE IMpeTeprneBaloT MOrpaHUYHbE YCJAOBHUS HA
TMOBEPXHOCTH KAaKOro-qu0Oo 1apa mon BIHAHHEM BOJIHEL, HCXOnsuied
M3 JPYrux LIapoB.

BoasbMeM B yacTHOM clyvae JBa IIapa ¥ MOJOXUM f£; = g, = £
Torna noayuurcs:

=L gti—an+ ) ger—an). (232)
1 2

3rot cnyyalh MokeT OLTL OCYIMECTBAEH TAKKE JPYruM HHTEpeC-
HEIM o6pa3oM. [lpoBeneM mAOCKOCTL cHMMeTpud O6GOHX LEHTPOB
ry =0 u ry=0, T. e TaKyw0 IJIOCKOCTb, KOTOpasi NHeprneHAuKyaapHa
x npsmofi, coemuHsweld o6a lieHTpa, B ee cepenuHe. Torpa aaf



KOJEBATEJILHHE fBJIEHHUS B XUJAKOCTAX M TA3AX 107

gax1oft ToOukH Bo3neicTBus, Jgexauled B 3TOfl NJIOCKOCTH CHMMET-
puH, CMemeHne ¢ = ¢; -+ q, npousoiiner B 3TOH Xe€ MIOCKOCTH, TAK
gaK paBHopeHCTByOWAs 0OGOHMX paBHHX APYr APYyry palvaibHHIX
cMelNeHH @ ¥ gy AENUT NONnoaaM yroa Mexay Humu (uept. 9;. Ecan
p JIOCKOCTH CHMMETPHH MOMECTHTL TBEPAYIO CTEHY, TO 3TO HHCKOJbKO
pe HapyILIMUT Mpouecca ABHKEHHR, TAK KAK MPEAeJbHOE yCIOBHE RJA
TBEPIOH CTEHb, YTOOH KOMIIOHEHT CMELUEHHUs
p HAMpAaBJEHHU HOpMajd K CTeHe o6paTwica B !?
Hylb, YXE€ OCyuwecTsieHo noscwony. Caenosa-
TeIbHO, ABHXKEHHE OyneT MpPOUCXOIHTh COBEp- /TN
[MIEHHO ONWHAKOBHIM 06pa3oM, eclH [IOMeCTHThb q
TBEPAYIO CTEHY M BOBCE yAANIUTh (OJOBHHY MPO- 2
¢TpaHCTBa C HCTOYHHMKOM 3ByKa 2. Mau, npyrumu AN
cIoBaMH: TBEPHAR NJOCKAas CTeHa, MPOTHBOMO- SN
(TaBJEHHaA HCTOYHUKY 3BYKa, AEHCTBYET COBep- / s
HIEHHO TaK XK€, KaK W 3epKalbHOe H300paxkeHHe / s
ACTOYHUKA 3BYKA OTHOCHTEALHO CTEHH. / \
Temeph paccMOTpHM LIAPOBYIO BOJHY, pac- 7 2
IPOCTPAHSAIILYIOCH BHYTPb H [PEACTABICHHYIO
byuxuuedt f(r-4-at) 8B ypaBaenuu (229). Ee moxro Yepr. 9.
HpeACTABUTL CE€6€ OCYLIECTBACHHOMU DU MOMOILK
6041100 TOHKOCTEHHOrO [10JIOrO 1apa, HAMOJHEeHHOrOo B03[YXOM,
KOTOPHIN HONEPEMEHHO CHHMACTCA U PACTATHBAETCH KAKUM-Iu60 BHELI-
HAM MeXaHu3MOM. Bce mogpofHoCTH npouecca OXHO3HAYHO ONMpeaeaeHb
ypasHeuueM (229) B CBA3KU C HAYAJLHEIMH ¥ MOTPAHUYHBIMH YCJAOBUSIMH.
Oco6riit HHTEpEC MPEACTABASLT 3AECh T4KOH BOMPOC: YTO (IPOU30H 1T
€ Kakoii-HHOYNb 3aMaHHON pacHpOCTpaHsAIOLEHCs BHYTPb LAPOBOM
BOJIHOM, KOrpa OHa AOCTUTHET HeHTpPa wmapa r = 0? UTtobu OTBETHTH
Ea 3TOT BOMPOC, HOMYCTHM, YTO B HayadpbHeIl moOmeHT, { =0, cymue-
CIBYET TOJbKO OAHA HAYIL2A BHYTPb BOJHA f (r) MpoOH3BOALHOrO 3aflaH-
HOro BuAa. Tak Kak HEHTpP 11apa HAXOLUTCH B XHIKOCTH, TO MU
Hero TaKxe€ uMeeT MecTo ypasueHue (229). Tak kak B mpuponme He
BecTpeyaercss GecKOHeYHo OoabluX CMeuieHu$, To npu r =0 noTeH-
Man cMEeIUEHHSi TAKKE KOHEYEH, W MBI UMEEM BO BCAKHI MOMEHT:

Wy, ecau Hanucatb af —r BMecTo at:
O=f(at—r)+ g(r—ai).
[ToncrasuB ato Bmipaxenue B (229), noxyuum:
ro =f(at +r) — f(at —r). (233)
Taxum 00pa3om B 1EHTpPe wWApa MPOUCXOLHUT CBOEro poja OTpa-
&eHye WApOBO{ BOJHE, MONOOHO TOMY SIBAEHHMIO, KOTOPOE MHi pac-
Worpeau B § 37 B cBA3M ¢ ypasHenuem (168). Boaua, pacapoctpa-

Ulowasica BHYTPb, MpeBpamaeTéss B (POTHBOMOJOXKHYIO BOJIHY, pac-
TpoCTpaHAOLIYIOCE HApPYXKY, HIH, KaK MOXHO BHPAa3UTbCH, WIAPOBaA
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BOJIHA NPOXOIMT Cama CKBO2b Ce6si B LEHTpe wapa. ¥Ypasuenue (233)
HE HAxXO0JMTCH B NMPOTHBOPEYHH CO CAEJSHHHM HaMM JCRYINCEEKEL,
YTO B HayaJe ABHIKEHUS UMEeTCH TONbKO OAHA BOJHA, PAaCNpOCTPaHs-
I0LLasAcs BRYTpb, R60 ¢Qynkuus f (r), kotTopas H3obpaxaeT B#A BCJkk
upu t=0, onpeneseHa TOJbKO JJs NOJOXHTEJb-hIX 3HAYEHKH r,
MEXJY TeM KaK B ypasHeHuu (233) pacCMaTpHMBAIOTCA TAKKE OTPH-
HaTesbHHE 3HAyeHusi aprymedta at—r. I103TOMy 20CTaTOYHO JKILp
AONYCTHTb, 4TO JyHKLUUS | paBHa Ry IO NPU BCEX OTPHUATENBHBIX
3HAYEHUSIX apTYMEHTa, H MLl MOXeM OJHO3HAaYHO BBIRECTH M3 YpaB-
HeHus (233) Becb XOJ ABHXKEHUS Jif JIAHHOIO Chayuas.
HeficteutenpHo, toraa npu f==0;

ro =f(r),
H BOJIHA, PaCHPOCTpaHSAIOIAACsH Hapyxy, TaKxe HCuesaeT NPH Bcex

r
3HaYEHHNAX i<?. DTo 3HAYMT, YTO OTpaxX€HHass BOJIHA OMAAaeT Ha

TO4YKY BO3IEHCTBHA r JMLIbL (10CJE€ TOTO, KaK NpOHIeT NyTh OT LEHTPA
mapa 10 TOYKH BO3AECHCTBHA CO CKOPOCTHIO (.

§ 48. Teopus wapoBHX BOJH NaeT HAM elie OXHO pelieHue o6-
ILEro BOJHOBOrO ypaBHeHus (222) ana HeorpaHuuedHOH €O BCex
CTOPOH kunkocTd. [IpouHTErpUpyEM crepBa 3TO ypaBHEHHWE HO He-
KOTOPOMY OGBEMY XUJAKOCTH, 0603HaynuB 3diemeHT obnema yepes dr.
Torpa nosyuuM, npuHUMas BO BHUMaHue mnpeobpasosanue (82):

od (%2 d 234
padrt=—a a,”' 0. ( )
Bo3spmeMm B kadectBe OO6J3CTH HHTETPHPOBAHUA AP € WEHTPOM

B HauyaJe KOOPIMHAT M PafHyCOM r U BBEJEM [OJISiPHHE KOODIHHATH
e &, p [7, (92)]. Toraa, cornacuo {7, (93)]:

dr = o®do d2, (235)
APHYEM IJsi COKPAIIEHUS MH OBO3HAYMIH
sin® - df - dy = dQ, (236)

42 — ,TenecHuift yroa“ Komyca, onpenesteHHoro paucdepeHnuasaMi
d¥ u dp OH usMepsieTCsi y4aCTKOM NOBEPXHOCTH, KOTOPHIH BHpPE3BF
BAaeTCA KOHyCOM M3 MOBEPXHOCTH wapa C LEHTPOM B Hayaae KOOp
JHHAT U pajuMycoMm, paBHHM emunuue. Haxee, '

do=r>.-dQ, v=—o. (237)

CreznosaTtespHo,

j‘j‘tp 0*dodQ = a”r’S(gg') de. (238)

Huterpuposanue no Q npoussogutcs B 06eux uacTsx ypaBHEHE
oar =0 no &=z u or p=0 no p=2=, xkpome ToOro, B JE€BO
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gqacTd 1o ¢ ot 0 Ho r. 3Ha4OK r 8 NPIBOH WACTH MOKA3WBAET, 4TO
nocie nud2peHHpPOBAHUR HYKHO MOACTABHTb @ == T.

Bsenev Temepb cpenHee 3HadeHUE MOreHUHANa CMEH[2HHA
Ha ONpajfen2HHOM PACCTIAHAA Q OT Hadana, T. €. CyMMy OpousBene-
gull 3Ha4cHAd @ BO BoEX 3IeM2HTaX MOBEPXHOCTH WIlpa HA NIOULIAH
BTUX D/AEMEHTOB, PA3NCACHHYIO HA CyMMY BCEX 3JIEMEHTOS LIOILiLH,
7. €. Ha MOBEPXHOCTb BCETO 1apa:

1 _
‘g‘wgzd.Q:li‘;S pdQ = ¢.

Toraa MOXHO HamMUCAaTb MPEALAYIIEE YPABHEHHE B TAKOM BHAE:

47mQ?

r

9 oy 2209
Sa?"d@*‘” 05)'

0 -
Ecnu nponudepeHUHEPOBaTh €ro Mo 7, TO NONYYHTCH:

o‘%_,p(gﬁ)_ (op 09 | 20%0
L T Y U ¥ *"2(2”0}*’2‘0?'

rJe HYXHO [MoJaaratb, 4YTO B BHIPAXKEHHE _(; MOACTABJACHO I BMECTO Q.
Ho sto ypaBHEHHE OIHHAKOBO C BOJIHOBLIM ypaBHEHHEM:

Zre) 0 (r)
—F = a® ot (240)

M JAeT HaMm Taxkylo Teopemy: npu JioOOM KosnebaTerpHOM TMporecce
B KHMAKOCTH 3aKOHHl MIAPOBLIX BOJH MMEIOT MECTO IJst CPEIHMX 3Ha-
YeHuil MOTeHU4ala CMEieHus, OTHEeCEHHHX K [MOBEPXHOCTH [apa,
DIMCAHHO"O OKOIO JI000H TOUKM XHIAKOCTH, MPHHATOH 38 HAyano.
B uactnoctu, ans mapoBux BoaH @ = @, H(240) coBnanaer c (228).

Untepecuoe caencrsue mnoaydaercs u3 (240), ecnu npumenutsb
€r0 K Mpede IhHOMY CJydalo HeCKIvaeMol XHAKOCTH, I8 KOTOpO#H,
tor 1acuo (215), CKOpOCTb PACHPOCTPAHEHHN @ CTAHOBYTCS DP2BHOR
6eckon - ykoctu. Torna nonHoe ypaBHedHe (222) nepexonur B ypas-
henve Ag =0. T. e. B ypaBHeune Jlaumaca [7, (129)], a ypasHenue
(240) nepexonut B ypaBHeuue

0 (rg) __
or? ’

O0mee pemenue KOTOpPOro PaBHO:

ro=A+ Br,
u

_ A
9="+B. (241)
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Tak kax, npu r =0, ¢ xoneyno, To A=0, u
9=B. (242)
3To 3HayuT, 9TO QPYHKUUA @, KOTOpas yAOBJETBOPSET YPaBHEHHIo
Jlannaca, HanpuMep mnoOTEHUMAaNbHAs (QYHKLMSI THATOTEIOIMX Mace
BHE 3THUX Macc, 06/1afaeT TakuM CBOHCTBOM, YTO CPENHHE 3HAYEHMg
€€ Ha MOBEPXHOCTAX PRAA KOHUEHTPHYECKMX IIADOB PaRHbI MeX.y
co6om, crasto ObiTb, paBHEl 3HauyeHulo B neHTtpe. OTciona caenyer
TAKXKE, YyTO QYHKIHS HE MOXET UMeTb abCoMOTHOTO MaKCHMyMa Wiy
abCcoJ/IOTHOrO MUHMMyMa HH B OJHOH TOYKe mNpOCTPABCTBA, 2 Ha
ocroBaHuu (7, § 41) BHTEKAET, UTO BHE CHCTEMH THTOTCIOWHNX MAce
HHKOr1a He MOXET CyleCiBoBaTb MecTa abCOJNIOTHO yCTOHYHBOrG
HJI¥ aGCOMTHO HEYCTOHYMBOrO paBHOBE: Ufl.

§ 49. M moxeM nosb3OBAaTLCA 3AKOHOM, BHIPAXKEHHEIM B ypas-
HeHuu (2+0), mas TOro uTOGH! BHYHUCAUTH MO 3aJAHHOMY HayaJbHOMY
COCTORHLI0O MOTEHLMAJ CMENIeHUs KaKoH-HUOYIb MacChl KUIKOCTH,
sanuManigest focraTouHo 6oaviuoil 06beM, B 110600 TOUKE XHIKOCTH,
NPUHATOH 32 Haya/Jlo KOOPAMHAT, AJS JIOGOro MOMEHTAa BPEMEHH.

[NMpexne Bcero, us (240) cnepyer ob6wmuil uHTerpat:

ro-=f(r + at) + g (r—at),

HJH, TaK KaK @ OCTAaeTCsi KOHEeYyHmM rpu r =0, COBEpIIEHHO [0-
AobHo (233) nng WwapOBLHIX BOJH:

ro = f(at +r)—f(at—r). (243)

Bux ¢yHkuuu f nonyvyaercs OfHO3HayHO M3 YC/OBHI HAayasbHOro
cocrosHus. Ilasi XapakTepPHCTUKU €ro Mbl MOXEM JONyCTHTb, HTO
npu t=0 [OTEeHUHaJ CMENIEHHSl ¢, a TaKXKe €ro INPOU3BO IHAs NO

BpeMeHU ¢ JaHel Kak (GyHKInuM Mecta, ubo ¢ onpenensercs, Kpome
HECYILeCTBEHHO! aJJIuTHBHO# MOCTOSHHOM, MO cMemeHuio q us (218),

a ¢ OoNpefenseTcs Nno CKopoCTu ¢ u3 (219).
[TosromMy Hanumewm:

9o=F (%), 9= % p) (244

nosaras, 4to F u @ panel. Torna HyXHO CUMTATh 3aJAHHBIMH QYHKIH-
SIMU I TaKxe:

@0 =F (r), 9o=(r). (245)

C npyroft cropousi, npoxudeperuuposas (243) mo ¢, mosyyuMm:

ro = af' (at +r)— af (at—r). (246)
CrenoBatenpHo, fipu t =0, Ha ocHoBauuu (243), (246) u (245):

rF={@®)—1(n), (247)

r&=af (r) —af’ (—r). (249)
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Hurerpuposanue floc/iefHero ypasHeHusi JaeT:

%j rddr = f(r) +f (7).
Orciona, B cBsasu ¢ (247):

&= { j r<D+drrF} (249)

Takum obpaszom ¢yuxuus f onpeneseHa nJas BCEX (OAOKUTEIb-
HbIX ¥ OTpPHULATENbHBIX 3HAyeHu# apryMeHTa, a BMecTe C TeM, CO-

raacHo (243), ¢ HenoCpeACTBEHHO NaHO Kak (GyHKuus r ¥ f. ApasTHB-
HAR [OCTOSIHHAA B MHTErpa’e COBEpUIEHHO NPOM3BOJLHA M HE OKa-

3biBaeT BJKMSAHHS HaA 3HAYEHHE ¢@.

M3 Boipaxenns ¢ Mpu npOUSBOJLHOM F U IPOU3BONLHOM f.MOKHO
BLIBECTH Takxe sHaueHue @,(0) npu r =0. Tax xak, coraacuo (243),

(at+r)—f(at—r) — 2 (a),

r

9:0)= g O=tim !

H, coriacHo (249),

d[rF .(r)]}
dr ’

e A L

TO B/ BCeX MOJIOXHTENbHHX 3HAaueHuit t caenyer:
d [iF (at)]

9. (0) = 1P (at) + —— €250)
DTo ypaBHEHME [aeT MOTEHLMa/] CMEIUEHus ¢ B kakol-HHOyAb
TOYKE XUAKOCTH B KaKOi-HHOyAb MOMEHT f, B 3aBHCHMOCTH OT 3Ha-

wenuit (244) nns @ u ¢ npu =0 Ha MOBEPXHOCTH wwapa, OMRCaH-
HOI'O BOK»Yr TOYKM panuycom ai. Hanpumep, ecnu koJseGaHusi Bhi~
3LIBAIOTCH BO3MYLUEHUEM paBHOBECHS, KOTOpOe CHayajia OrpaHH4yeHo
3aMKHYTO# 06/acTbio MHUAKOCTH, ,04aroM BO3MYINEHHS“, TO Kaxag-
AuOyAb TOYKA, HAXONALASCS BHE Oyara BO3MYLUEHHS, MOABEPrHETCS
BOJIHE BO3BMYHIeHHS JIHUIL TI0 MCTEYEHWH (POMEXYTKA BPEMEHH, HE-
06XORMMOro nJ/s TOro, 4ToOLl pPaccTOsHue 'R0 GJnkaiuiedl TOYKH
Oyara BO3MYylEHUs MOrao OuTh npofiieno co ckopocteio a. C apy-
TOl CTOpPOHH, [ABHIKEHHE MPEKPATHTCH BIIOJHE JMIUb NO HCTeYEHUH
NpovexyiKa BpEeMEHH, B TeueHHe KOTOpOro Moxer OuTb MPOHAEHO
€0 CKOPOCTBIO @ PACCTOSIHKE 40 CaAMO#l OT/JaneHHOu TOYKH Oyara BOs-
wyinenus. To e camoe OTHOCHUTCH ¥ K TOYKE, JexameH BHYTDH
Odara BosmylieHus. Mitak, HavanbHOe BO3MYIIEHHE PACTIPOCTPAHRETCH
BO BCE CTOPOHB OT Ouara ¢ HAYaJbHOH CKOPOCTHI @, 4 BHYTDH
XUAKOCTH 06pa3yeTcsi HENPepHBHO yBeJHYNBAIOIAaca 064aCTh NIOKOR
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HAYNHAA C TOM TOUKY, PACCTORHHE KOTOPOil OT HauboJsee yAaJeHHOk
TOYKM OYara BO3MYIIEHHU HaHMEHbIUee.

¥paBHenue (250) OTHOCHTCH He TOJBKO K MOTEHLMAJNY CMElLeHus,
HO U K K2XIOMY KOMNOHEHTY CMEIUSHHS WJIM CKODPOCTH, a TaKxe
¥ 06beMHOMY paclIMPeHHIO M JABJAEHUIO B BOOOLIE K KAXA0f BeJu-
YyUHEe, KOTopas yJNOBJeTBOPSAeT BOJHOBOMY ypaBHeHHIO (222).

§ 60. B sakapdeHue HccaenyeM BAMsSHHE, KOTOPOE OKa3biBaer
ABUXEHHNE HCTOYHUMKA 3ByKa wiu HabuojaTensi HA BHICOTY CJu-
mumoro ToHa. CyliecTBoBaHie TAKOrO BIAMAHHUS CAellyeT M3 TOTO0, YT
BBLICOTa TOHA ODYCJ/IOBJIEHA YHCJIOM BOJIH, MOMAJaKIIUX B yXO B Te-
YeHue eNMHHIL BpPEMEHH, @ 3TO YHCJAO 3aBHCHUT OT TOr0, OCTAETCH
JIJ HEeH3MEHHHM paccTofiHMe Mexy HabJanarteseM W UCTOYHHKOM
8ByKa, uau usMensiercs. Ho Ouijo Obl Henpasu/IbHO [PEATIONOXHTD,
YTO BHLICOTA TOHA 3aBUCUT TOJBKO OT OTHOCHTEJNBHOIO JBIXKEHHUS
HCTOYHHKA 3Byxka K Habmionartens. Ylonoxum, Hanpumep, 470 HCTOY-
HUK 3BYKa HenonBHXeH, a Habjionarenb ynanseTcst 0T HEro €O CKO-
POCTbIO 3BYKa; TOrna HabJ04aTeNb BOBCE HHYErO He YCJLIIHT, TaK
Kak 3BYKOBHe BOJIHH He AoCTHraioT ero. Ho sato 3ByxoBuie BOJHH
BCerja MOCTUTHYT HabJjionaressi, €C/au OH CaM HENOIBIKEH, 8 HCTOY-
HUK 3ByKa YNa.1f1€TC1 OT Hero ¢ Jjioboif ckopocTho. OCHOBaHME s
9TOr0 pasjuHyus COCTOUT HE B TOM, YTO OHO UMEeT KaKoe-1100 OTHO-
nieHre K a6CcOMIOTHOMY  ABMXKEHUIO, — ,abCOMIOTHOE"  mBHXKEHUE
BOOOWIE HE MMEeT CMHC/AA,—a B CjaeyomeM o0CTonTenbcTBe: NMpH
pacnpocTpaHeHHH 3BYyKa HIrpaeT CYWECTBCHHYIO pDOJb Ta Cpead, B
KOTOPOi 3ByK pacmpoCcTpaHsercst, HampuMep BOlAyX, U MO3ITOMY
H606X01'I.HMO ﬂpHHHMaTb CO BHUMAHUe JBHKeHHEe OTHOCHTE/JAbHO BO3-
Ayxa. TlpaBuna, KOTOpHE ONpenesIoOT 3TO siBAEHUE, 00LIYHO dopmy-

JUDYIOTCH T1OJ Haspa-

8 g a Q.’ HUeM ,npudHuuna Jlon-
»X 11€pa “, XOTH Mbi UMEeM

”"‘9‘—’ ‘7’"’ 3CCH JIeN10, OUEeBUIHO, HE
a C MPUHLUIOM, @ NPOCTO

depr. 10. C 3JeMeHTAapHLIMH TIpa-

BUJIAMH KHHEMATHKU.

JlonycTuM, WTO HCTOYHHK 3ByKa Q, KOTOpWH wuCnyckaer B end
HUIlY BPEMEHU ¥, KOJI2)aHHi#, u HaOaw01aTeqb B oba AB Ky7Ca BROJb
OCH X. mepBLI CO CKOPOCTLIO ¢, BTOPOII— CO CKOPOCTHIO § OTHOCH-
TeJbHO BO31yXa, KOTOPHU MH CuHraeM HEHNOABHXHLIM. MicTOuHHK
3ByKa HAXOMHTCA C NOJOXUTEABbHOH ctoponu (cnpara) or B. Torna
B C.yuyae ¢ > ¢, HabuaofaTtesp NpPHOAHIKAETCH K HCTOYHUKY 3RYKa.
Kakoso OyleT 4YHCIO konebaHuit TOHA, CALILIMMOrO Tenepnp HabJlIo
narenew?

PaccvoTpuv CnepBa wacTHWHA Caydail, KOrga MCTOYHHK Q HEMOA
BIODKEH. a Had nomTesb B npudmuxiercs K Hemy €O CKOpo-Tbio -
B en4unyy Bpevedu HAOMOFATENL POXOTIWT paccro+Hue BB = (-
Ecau 6b od ocraBasica 8 B, TO 32 3TO BpeMs JO HEro a0LlLIO 6ol
¥, Bosn. Ho Taxk xak ou ABurajicsi HaBCTpedy BOJHAM, TO, KpOME
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9THX Vg BOJIH IO HEro AOLLIM TAKKE BCe T€ BOJIHH, KOTODHE yKJja-
q TV,

ABIBAIOTCS! Ha paccroauuu BB', 7. e, , ,uau,corsaacdo (18 4, E0JH.
-0

CAGOBATEeJbHO, YHCJAO KOJAeDaHMH C/ALLIMMOTO TOHA PaBHO

Vo (1+ Z)zazq. (251)

Teneps cnenaeat 6osee odujee JonyileHHE, YTO UCTOYHUK 3ByKa Q
TAKXKE JBHKETCS HAMPABO CO CKOPOCTBIO §,. Torana UCTOUHUK mpuaer
10 MCTeYeHMH EJIMHHUBLI BpeMeHu B Touky Q', mpaueM QQ'= ¢, Hs
3BYKOBHIX BOJIH, KOTODHIE BBLILI/IE B TEUEHUE STOrO0 BPSMEHH OT HC-
TOYHUKA MO HanpaBJeHUI0 K B, nepBas BoJxa npouuia paccTosHue
¢ or Q, a nocjenHas Haxoaurcs B Touxke Q. Bce 31O paccrosHue
a1 go paBHOMEPHO 3anoJiHeHO BosHaMi. Tax KaK UMEeTCsi BCEro Vg
a4 g

v

BOJIH, TO JJ/IHHA BOJIHK pPaBHA —=4. Ecau noacrasuts 3Ty AJAUHY

(1]
BOJIHH & B ypaBreHue (251) BMECTO 4o, TO Mbi NOJYYyUM YHCAO KOJe-
faHull CAHIMMOro ToHa:

_a+gq =
v T a+go Yo- (252)

HNosyuennan dopuysa npencrasaser co60i0 00Iee BHPAXKEHHE
npunnuna Jlonnaepa pas paccMotpeHHoro ciydas. Ecau, Hanpumep,
Habmofaresb ¥ HCTOYHUK 3BYKa JABIKYTCSI C OJIMHAKOBOH CKOPOCTBIO,
TaK 4YTO PACCTOsIHME MEXAYy HHMH OCTAeTCsi NMOCTOSHHHM, TO V =1V,,
¥ JBHXEHUE HE OKasupaeT BJIuUfHUS Ha BhiCOTY ToHa. Ho ecam pac-
CTONHME MexJy HadaonarteneM U HCTOYHMKOM H3MEHSIeTCs, TO NOoJy-
Y3IOTCS Pas/MYHHE PEe3ysbTaThl B 3aBUCHMOCTM OT TOrO, HEMOABMIKEH-
a4 Habmozareab wau ucrousuk. Ecai Habmonaresp yZasseTcs OT
HEIIOABHIKHOTO HCTOYHHMKA CO CKIPOCTBLIO 3BYKa, TO §=—a, H
g0 =0, caenosarenbro, v =0. Ecau xe MCTOYHHK VAaasieTCn OT He-
NOABHKHOIO HaAGAIOAATead CO CKOPOCTbIO 3BYKa, 10 §o=a, ¢=0,
crenoBarenpHo, V= 1;;_)’ B COTJIACHU CO CKAa3aHHHIM BHINE.

Tonbxo B TOM cayuae, ecau ¢ U o Majbl IO CPABHEHHI C 4,
B nepBOM NPUGIMKEHUHM MB HMEEM:

V= (1 + ‘—]:a@) V- (253)

Toraa yxe urpaer posb TONBKO PasHOCTb CKOPOCTEH, T. €. OTHO-
{HTesIbHOE ABWXKEHHME WCTOUHHMKA 3ByKa M Habuoparess.

4 Dpesenne B IEOPE1HYECKYI0 (BHIHKY



YACTb TPETDHA
KOy EYHBIE JEGOPMAIINN

[JIABA TIEPBAS
OBUME HOJO0KEHNH

§ 51. Ot uwacTHOTO cJayyas ABHXEHHH C OCCKOHEYHO MAJbiMk
aedopmManunmu nepeiigem kK 6osee o6meMy Caydaro ABHKEHHHA C KOBey-
HuMH nedopmanMami. B namem u3noxeHHH Ml OyneM Hemocpen-
CTBEHHO HCXOJHTL M3 TOro, 4ro OBIIO CKa3aHOo B § 2 0 NMPOH3BO/bL-
HOM KQHEYHOM [ BHIKEHHH HENPEPHIBHO NPOTSAXKEHHOTO MaTePHAJLHOrO
Tesa. UtoOsl NpeACTABHTH 3TO JBHMKEEHE, MH CHOBA BOCNOJbL3yeMcs
ypaBHeHusimd (1) 1 (la), npH NoMOmM KOTOPHX BHYHCISETCS MECTO
(x, ¥, 2), 3aHuMaemMOe MaTepHaibHO# Toukoi (a, b, ¢) B MOMEHT {.

O6patHo, pa3pewiHB ypaBHeHHs (1) OTHOCHTEJBLHO @, b, ¢, moay-
UMM yDapHeHHfl BHpa:

a=f{x¥ 2 1),
b :'93’ (x) ¥ Z, t)) (254)
c=yp (X, 92 1),

KOTOPbI€ JAalT OTBET Ha BONPOC, Kakas maTepuajbHas Touyka (a, b, ¢)
HaxoAuTca B Mecre (X, y, Z,) B MOMEHT £

Iporusonocrasaenne ypasrennii (1) u (254) coorBeTcTBYeT NpO-
THBOIOCTABJEEHIO JBYX TOYEK 3DEHH#l, KOTOpPOe MPOXOAHT Yepes
BCIO THADOAMHAMHKY M NpHAAET eif xapakTep AyaJnu3Ma: ,Ccybcras-
HHaAbHOH® (BeIUeCTBEHHOM) H ,J0KAaAbHOH" (MECTHOM) TOYKH 3peHus.
CorsnacHO nepBOii M3 HHX, DacCCMaTPHBAIOT ONpEJEJEHHYIO MarepH-
anbHylo TOYKY (@, b, €) MK ONpEAEJEHHYI0O MAaTEPHAJNbHYIO CHCTEMY
H CTasaT BoOnpoc 00 M3MEHEeHHsX ee B npocrtpaHcTBe. CorsacHo
BTOPOl TOYKE 3peHHs,, PAaCCMATPHBAIOT ONpEJEeNEeHHYIO TOYKY Mpo-
CTPaHCTBa (X, ¥, Z) HIH ONpEJEJEHHYI0 4acThb NPOCTPAHCTBA K CTArAT
BOMPOC O Te€X MATEPHANbHBIX TOYKAX, KOTOPHE NPOXOAAT 4epes 3Ty
TOYKY WM BCTYNaioT B 3Ty 4acTb npoctpaHcrea. [lpu cybcraHuHab-
JIOfi TOYKE 3DEHus 32 He32BHCHUMHE nepeMeHHHe 6epyt a, b, ¢, b
NpH JOKaJNBHON TOYKe 3peHMs —X, ¥, 2, L.

Yto6hl " NOAYEPKHYTb 3TO pa3/iHyHe TaKKe B OGO3HAUEHHNX, Mbl
6ynem o6Go3HauaTr B JaJbHeidumeM AuQEpeHUMaANH, OTHOCAIHECH
X HE3aBHCHMHIM nNepeMeHHsIM ¢, b, ¢, { ¢ nomoupbio npsamoro &,
a npdepeHHanbl, OTHOCSAIMECS K HE3aBHCHMEIM NePeMeHHbIM X, ¥, 2, b
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-

dx
¢ noMompio Kpyrjaoro 0. Torna, Hanpumep, it =— 4 0603HayaeT KOM-

NOHEHT MO X CKOPOCTH wMatepuadbHOHi ToukH (a, b, ¢), mMexny tem

ox du
KK 0;: 0. ﬂanee,:ﬁ €CThb KOMIOHEHT MO X YyCKOPEHHSf, MEeXAy

u
TEM KaK 07 OTHOCHTCA1 K Ppa3HHNE B CKOPOCTHIX TE€X ABYX MarTepH-

aJ/bHHIX TOYEK, KOTOPHE HAXOAsTCH B MecTe (X, y,2) B MOMeHT
# B MomeHT f--0f. Tak, manpumep, npu cranuoHapHom (§ 62) ucre-

u
YeHMH JKMIAKOCTH U3 COCYy/[a, NOBCIOAY D[——-:—O, MEXAY TEM KaK YCKO-

du
petie 21—1»7/: 0. Boofie, Mex< iy 3THMH ABYMSI BEJHYUHAMH CYIIECTBYET

CCOTHOUICHHKE:

du 0u+ ou 3 ou  ou (255)
dt ot ox oy 0z

§ b2. Uro kacaercs 4HCTO KHHEMaTHYECKON CTODOHH paccma-
TPpHBAEMHIX JIBHXXEHHMH, TO NOHATHO, 4TO 3AeCh COXPAHfIOT CBOIO
rOAHOCTL BCE 3aKOHH, BHIBEIEHHHIE B NEpPBOH rsaBe 3TOH KHHIH. Mul
BOCTOJIb3YEMCsi B OCOOGEHHOCTH TEMH H3 HHX, KOTOpDbI€ OTHOCATCS
K NPOM3BOJbHOMY OECKOHEYHO MaJOMy H3MEHEHHI0 K Onu (opmy-
avpoBaEn B § 12, TaK Kak KaxJOe JBHXEHHE MOXHO TNPHBECTH
Kk OeCKOHEYHO MaJiOMy H3MEHEHHIO, €CJIH pacCMaTpHBaThb €ro B Te-
YeHHe GECKOHEYHO MajnOro nNpOMeXyTka BpemeHH, or | go I .
B 3toM cayyae MOxHO nonbp3oBaTthbesd BceMH (opmynamy § 12, ¢ tem
ML PAa3THYMEM, YTO TENepPb KOOPDAMHATH MaTepHaJbHOH TOUKM
Ic u3MeHeHus 0Oo3HawaloTcs He uyepes @, b, ¢, 2 X,¥, 2, H KOMOO-
HeHTH GECKOHEYHO MaJoro CMEIleHHMs CyTb He U, V, W, a ur, Vt, wr,
rae u, v, w 0003HayaloT KOHEYHHE KOMNOHEHTH ckopoctu. Coriacuo
(Ka3aHHOMY, JEBATb OECKOHEYHO Manblx KoagduumeHToB 4, g, v (57),
KOTOPHIE XapaKTEPH3YIOT BpalleHne H AedopMalMi0 MaTepHaJIbLHOM
YaCTHIH, TaKKe NMPONOPIHOHAJILHE 3JeMEHTY BPEMEHH.

Uro6n NOAYYUTH BO3MOXHOCTL TNPOUSBOAHTL BBHIYHCAECHHA Hal
KOHCYHBIMH BEJHYHHAMHE, DasfeJHM Bce 3T GeCKOHEYHO MaJjhie Be-
IMYVHH Ha 7, T. €. BBEJEM BMECTO OECKOHEYHO MaJHX KOMIIOHEHTOB
ICCTYNATENbLHOrO NEpPEeMEeINIEHHs, BPAleHHs U JeopMalii KOHeY-
HHE KOMIIOHEHTHl CKOPOCTH NOCTYyNaTeNAbHOTO HEpeMere-
Bif, CKOPOCTHM BpawWeHHs U CKopocTH gedopmanuny,
2 gig o06o03HayeHHs HX Bo3bMeM Te xe OykBH, kak u B § 12; Ilo-
STOMY OTHHIHE GYKBHI

v, w; E0,8 X, 2,9, 2,X, (256)
dyayT o603HayaTb COOTBETCTBYIOUIME KOMIOHEHTH Ckopocteil. Me-
KJly HUMU M KOODIHMHATAMH X, ¥, Z CYMECTBYIOT COOTHOIUEHUS TaKOro
ke Buja, Kkak u NpexxHHe cooTHomenus (69), (60), (61) u 1. A
g%
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CkopocTp paciilipeHrsi 05beMa MaTepHaJbHON 4 bl
ou ov w
— -+ f-i—o =div g
ox oy 0z

onpexenseT TAKXE H3MEHEHHE NJOTHOCTH ee, KOO MH HMeeM Tak
xe, KaKk B (213a), Qs M3MEHEHHSsi MATEPHaJbHON YaCTHHL MEPBOHA-
wanbHOro obnema dV, npouncwesuwero B teyeHue BpeMeHu dt:

dv - k=4dVv . [1+<ou+@-‘~q—ui) dt] . (k—{"%];'dt).
\

0x oy 0z
Orcrona: '
ou 9v  ow\  dk

k + - + =0 257

(Ox Oy'—()t)rdt (257)

HJH, B BHAYy TOro, 4TO
ok 0k

o ot 0 @
fIOJIySUM: _
o(ku)  0(kv)  o(kw) ok _
ox oy 0z ot
I/IHTEPECHO BHIBECTH 3TO pPABEHCTBO, KOTOpPOE€ H4AacTO HA3HBAKOT
»YPaBHEHHEM HEIPEPHBHOCTH", HCXOAS HE u3 CyOCTaHIHaAbHOI,

a M3 JIOKaJbHOH TOUYKM 3peHus. PacCMOTPHM HEKOTOPHH KOHEYHHIH
o6beM, OrpaHHYeHHHH KakuM-nHGO o6pa3oM. Bcs Macca, 3akiO4eH-

0. (259)

Has B HEM B MOMEHT I, paBHaSkdr, a U3MEHEHHE ee B TeyeHue

Bpemeru df paBHO:

dt - ‘S oii{l)r.
of

C apyro#i CTOpOHH, 3TO H3MEHEHUE paBHO airebpamueckol cymme
Macc BCEX TeX YaCTHIl TeJa, KOTOPHE BXOAST BHYTPL 00beMa 4epes
ero noepxHocTh B teueHue BpeMeru di. Ho uepes sjement nosepx
HOCTH d0 C BHyTPEHHEH HODMaJbio ¥ NMpOHHKAaeT B Teuyenue di cJe-
ILyomas macca:

do - k (ucos (vx) + v cos (»y) + wcos (2)) - di. (260)
910 —mMacca (KOCOTO) UMJIMHAPAR NJAOTHOCTH oK, C MJOLAAbK

ocHOBaHHA do u pauHcH obpasyromedt q - di. CrenoBaredbHo, uMeeM
ypaBHEHHE:

g%’: s dr = gda- k (ucos (vx) 4+ v cos () + w cos(v2)),
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paH, corsnacHo (78):
S(Ol» ! O(ky’)_!_o(kv)‘, O(kw)‘) de — 0.

at | ox | oy | oz

D10 ypaBEEHHe OCTAeTCH TOJHEIM W B TOM CJyYae, €C/H Mbl
yMEHbIINM O6beM /10 PasMepoB OJHOTrO 3JeMeHTa 06beMa, OTKyAa
NoJyunTCsl ypaBHenHe (259).

YpapHenne HenpepHBROCTH MOXHO OTHECTH TakKxke, sMecTO Gec-
KOHEUYHO MaJIOro NPOMEeXyTKa BpeMeHn df, K KOHEYHOMY NPOMEXYTKY i,
€CJIH TOJIOXHKTB, YTO Macca 3JeMeHTa TeJa B MOMEHT ! paBHa macce
TOrO € 3/7eMeHTa Tesna B*MOMeHT 0, H BOCNOJL30BATBLCHA BbipaXe-
aueM (51) GYHKUMOHAJNLHOTO onperenuTens /s H3MEHeHus obbema.
Torna

dV()'ko:dVO'D'k,

npryeM 3Ha4yok O nokaseiBaer, 4To HyxHO nosoxutb {=0. Caeno-
BATEJNLHO:

d(Dk) __

D-k=ky nm 0. (261)

B panbpe#iieM mu 6yneM noJab3oBaThCs, CMOTPS MO HAAOGHOCTH
Toff wiH uHoH (opMOH ypaBHEHHS HENPEepPHBHOCTH.

§ 63. Tenepr mnepedneM K BBHIBOAY IHHAMHYECKHX YDaBHEHHI
ArxeHus. Ecin Ml XxOTHM CcoxpaHuTh BBeneHHyK B § 21 runoresy
»COBEPIUEHHOH YIPYroCTH®, T. €. YTO NABJEHHE 3aBHUCHT TOJBKO OT
gepopMaiyd B HAaHHEHE MOMEHT, TaKXe M J[Js NPOM3BOJNBHHX KO-
HeyHux pedopManul, TO MB BHHYXAEHH OyleM B janbpHedeM
paccMaTpuBaTh TOJMBKO XHAKOCTH H ras3m: IPH HENPEPHBHO BO3pa-
craromeil gedopmaimuu B TBEpAOM Tese 6yAeT paHblUe HJAKW MO3XKe
nepeiiied npenes ynpyrocru.

[TosTomy macrtosimas TpPerbsi yYacTb KHUTH MpefcTaBiser coboio
obsacte M'MAPOAMHAMMKH ' (BKJIIOYAS a3pOJHHAMHKY).

TMoxcraBuM, kak B § 44:

V,=Z,=X,=0; X,=Y,=Z=p=}(. (261a)
MNonyynm us (83) ocHOBHHE ypaBHeHHS FTHLPOJAHHa-
MHKH:
Xx—EX\ g (262)
dtz 0x

[locnenpme ypaBHeHHMs MOXKHO Hanucathp euie B 6osiee MpPOCTOM
Brme, ecnM JONYCTHTb, 4TO MacCoBasi CHJIa MMEET NMOTEHUMasd, T. €.
ov ov ov

X = — Y=—"", Z=——, 263
ox’ oy 0z (263)
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H, KpOME€ TOro, BBECTH (byHK[IHlO JaBJAeHHA HJAH OJAOTHOCTH

P:SQQ (264)
k
B KOTOPOH OCTaeTcsi HeONpeJesIeHHOH TOJbKO ajiJHTHBHAs NOCTOAH-
naia. Torpa ypaBreHus (262) MOXHO HamKCaTh B TaKOM BHIE:
d* oV oP
- =:=0,.,. 265
ar " ox i_()x (269)
WIH B BeKTOpHOH ¢dopme:
q -+ grad(V 4- P) =0. (266)

DT ypaBHeHHs] HE TaK TPOCTH, KaK Kaxercs C MNepBore
B3[NIAJ]a, TaK KaK KOOPAMHATH X, ¥, 2 BXONAT B HHX OJHH pas
(B yCcKOpeHHH) B KaueCTBE 3aBHCHMBIX MEPEMEHHHX, a APYroi pas
(B majeHuu NOTEHLMANA K NaBJEHHs) B KaUeCTBE HE3aBHCHMLIX Nepe-
MeHHHX. ECAM Xe NpOU3BOAMTh BHYKCAEHHSA, TO OOBIYHO HE06xo-
JHMO NPOBECTH €JHHYI0 TOYKY 3PEHHs, T. €. M0/4530BaThCA MOBCIOAY
ni6o cy6CraHIMaNbHEM, JHOO JOKabHHM CNOCOGOM PacCMOTPEHHS.
B 3aBHCHMOCTH OT 3TOTO NOJYYalOTCA JiBe PpasiuuHbiX (OpMBI ypas-
HEHHH JBIKEHHS, KOTOPBHIE NOCTPOEHHI CJIOXHee, 4eM (265) niu (266).

UTo6bl MPOBECTH CyOCTAHIMAMBHYIO TOUYKY 3DEHHs, YMHOXHM TPH

- dx dy dz
ypasHeHust (265) no ouepenu Ha - -, s e
da da da

Torpa nonyvum:

2 2 2
d_)idx_ng_XtIyA{_dzdz :_dV ap (267)
dtt da dtrda dt:da da da

K aHaJOTHYHBblE ypaBHEHMH s b u c.
STO Tak Ha3wBaeMule ypaBHeHus Jlarpamxa. JlonosHeHueM K HUM
SIBASIETCA yPaBHEHME HENPEPHIBHOCTH B cy6cTaHmanpHof ¢opme (261).
C npyroft CTOpPGCHH, IIPH JIOKAJbHOH TQUKE 3PEHUS MBl NOJYYUM
u3 (265) ¢ nomompio (255):

ou Oyv ou ou +_()V n OP:

u - FLoow

0x oy 0z 0 0x O0x

H JBAa COOTBETCTBYIOIMX yPaBHEHHMs JJISA Yy H V U 1A Z K W.

OTH ypaBHEHHs Ha3HBAIOTCA ypaBHeHHAMH Oitnepa. K HuM
OTHOCHTCH JIOKaJibHas (POPMY/IHPOBKA Y paBHEHHs HenpepuBHOCTH (259)-

Kak Mb BHIHM, ypaBHEHUS [ABHXEHHA CHEJNATHCL HE TOJBKO
JJiHHHee, 6sarojaps 3THM npeoOpasoBaHHAM, HO TaKke, YTO CyLi€
CTBEHHO, MOTEPSAJH CBOH JHHEAHHH xapakrep. 3TO 06CTOATENLCTBO
¥ coofmaer TuAPOAMHAMHYECKHM npobseMaM CBOHCTBEHHHE WM
MaTeMaTHYECKHE TPYIHOCTH.

§ b4. IlepsuiM npuiaoMEHHEM, KOTOPOE MH JafHM ypaBHeHHSM
THAPOAMRAMHKY, OyNeT NpPUMEHEHHE M NOATBEPKAEHHE NPURUUNA

0 (268)
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coxpaneHns 3Hepruu. [Ipu 3TOM MBI GyleM UE/JUKOM DYKOBOLHTHCHA
M2TONOM, NPUMEHEHHHM B § 23 11 GecKOHeuHQ MaJbix Jedopmanmii:
6yieM HCXOAMTb M3 ypaBHeHMs 3Heprun (89) u moaCraBuM BXOAs-
IIMe B HErO BENMHHHBI -— KMHETHYECKYIO 3Hepruio L, NOTeHIHANbHYIO
suepruio U, Brewsomw pabotry A —mno obpasuy ypasuenni (80),
(91} u (92). Ho Hy»xHO NOMHHTb, YTO KOMIOHEHTH CMEIIEHUs Mare-
pu41bHOM TOYKM, NPOMCXOASILErO0 B TeyeHue BpeMeHu di, o6osna-
yatorca Tenepb He uepes du, dv, dw, a yeped u-dt, v:dt, w-dt.
KpoMe toro, tenepb, KOrja MJIOTHOCTb Kk NMOABEPraeTCs KOHEUYHHIM
U2MCHEHUSIM, YJO0OHee OTHOCHTh HOTEHUHANbHYI0O 3HEPTHIO HE K 3Je-

MesTaM o6beMa, a K 3JeMeHTaM MacCH. TakuMm NyTeM MH MOJYYHM
n3 {90):

L= ; 5 (u? + 12 + w?) kdv, (269)
u3 (81):
U= S F - kdr, (270)

rae F 0603HayaeT NOTEHUHAJNBHYIO 3SHEPTHI0 €NHHHILI MAacChl, 3aBH-
CSLYI0 TOJBKO OT Kk (Mau p). M3 (92) nonyunm:

A=dt- S(Xu +Yv +Zw)kdv +dt - S(X.u +Y, v+ Z.,w)do, (271)

nopudeM, corjaacHo (74),
X,=pcos(vx), ¥V, = pcos(vy), Z,= pcos(vz). (272)

Coctapasis nudepenunans dL u dU no spemenu, Oynem HMEThb
B BHAY, 4TO npoussepnenHe Kkdv, Macca ajeMeHTa TeJa, HE 3aBUCHT
or spemeHu. B Takom cayyae noayuuM us (269):

~/ du dv dw

dL —=dt- u 4+ v 4+ w—1 kdr,
S\ at ar " dt)

H 3 (270):

dF

kd;
dt

dU:dtS

Xanee, ua (271) u (272), npu nomows npeo6pasoBaHKT (78):

. - o(pu) , o(pv) ; 0(pw) 97
A=dt S(Xu+Yv+Zw)kdr dtS( R )dr.( 2a)

Ecan nOACTaBHTL 3TH BHpakeHuss B ypapHeHnue 3Heprun (89),
UpuuMMas BO BHHMaHME 3HAUCHHE KOMIOHEHTOB YCKOpeHHs u3 (262),
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TO psiZ 41CHOB B OOEHX HACTAX yPaBHEHMS COKDATHTCH, M OCTaMETCs
COOTHOLIEHHE:
[ dF ( [oa ov ow
kdv=-—\p| + -+ " )dz
dt ox 0y o0z

AR, TAK KAK 3TO YPAaBHCHHE HMMEET MeCTO TaKke AJf OJHOrO 3je-
Menta o6bMa dv, TG MpUEHMas BO BHuManue (257), umeem:

dF = 1? dk. (273)

Takum oGpazoM TpeOOBARus UPHHUMEIA COXPAHEHUT BHEDPrHH BLi-
HOJHAKTCS TOTHA M TOABKO TOCA4, KOTAA MOTSHLHAJbHAS 3HEPris
€HHULLl MacChl PaBHA:

p v 1 -
F —= dk = — d R 274
Ve \7 (k> ¢

1 .
rae P ecth 06beM eNMHHIN MacCh (yAenabeHi o6bem). Bmecro :o-

CAEJHEr0 YypaBHEHUs] MOXHO HANHCaTh, NPOH3BEAs HHTErPHPOBAlie
Nno YacTaM K nopacrasuB QyHxuuio P us (264}

p, ({dp p -
F=— —=—" 1P 275)
kﬁ—')k kK (212}

Ecan noresnuasbpas aneprusl HIBECTHA Kak (YHKLHS IVIOTECCTH
WIH YEGJABHOrO 0065HheMa, TO OTCIOfA MOMXKHO HENOCPeACTBEHHO B
YHCJIHUTH 3ABUCUMCCTE JaBAEHNIA P OT TIOTHOCTH, MO0 13 (274) caenyer:

aF o

_— = 20

Py p, {276)
Tze V BPEMEHHO oO6c3rauzer VIeNbHHE 006heM. IJTO COO-HOLIE:. e
HAXOAHMTCH B OYEBHAHOH aHanoruu ¢ Buipaxerusmu (97). IMocaejune
ABJRIOTCS 67 1ee OOIMUMII, MOCKONBKY OOHHMAIOT TAKME ¥ CABRIA-
e CHALL, H B TO e Bpemsi 60/iee HaCTHLIMY, TOCKOJAbKY OTHOLSTC
afflllb K GECKOHEHHO MaJabii Je{opMaLHsiM.

B uactHOM cayuae, 15t HECXKMMaAEMO it KUAKOCTH, Kk == consh
noatomy, corzacro (264):

p="r, (2i7)
ik
WY, cornacHo (275):
F =0,

T. e. HECUMAEMAast KHAKOCTb He 06413/1aeT NOTeHLMaAbHO| 3Hepr il
3TOT pesynbTaT HaXOAHTCA B COTJACHM C TAKOIO posa CoOGPaxe
HHEM: HeCKHMMAEeMOCTh JKHIKOCTH MOMHO pacCMaTpupartb, nopoGHO
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HepactsxuMmoctd Hutd (7, § 107), KaK HaJOXKEHHYIO CBfI3b MEXAY
KOOpAHHATAMH 4acTHI Te¢Ja (06peMHOe pacIIHpPeHHe DABHO HYJI0),
He3asuCiMO OT BeJHYHHBI CHJI AABJIEHHSA, OﬁyCJIOBJIeHHbIe TakuMm 00-
pasoM CHJIEL CBSi3¥W HHUKOIJAA He coBepuiaioT pa6oth [7, (314)].

Otmerum emie, AJs nO3AsellIero NpHMEHEHHs, YacTHOe BHpaxe-
HHe, moJyuammnleecs u3 (271), (272) u (272a) pna paGoTh BHELIHEIrC
JaBJICHHSA, ACHCTBYIOLIEITO PaBHOMEPHO BO BCeX TOYKAX NOBEPX-
HOCTH, NpH Jo6OM H3MEHEHHH:

I

A=dt- pj (11 cos (¥x) - v cos (vy) + w cos (-rz)\ do —
Ay /

c/ou . 0v . 0w
=—dt-n — | dz.
PV ox Toy * )

ou , ov  Ow)
HMwuaue, Tak xax -+ — 4+ — )dt ecTs pacumiupenne 37 €MEHTA
\0x 0y 0z
ob6bema dz, npoucmejuee B TeycHHe BpemeHd df, TO
=-—p-dVv, (278)

rae dV ofo3nauact uaMeHeHue oGbeMa BCell MACCHl XHUAKOCTH.

§ bb. Ilepexoast ¥ vaCTH-IM NPUMEHEHHAM 3aKOHOB THAPOIMHA-
MHKH, TOCTABHM NPEMXIE BCEro BONPOC GO yC/IOBHSX PABHOBECH .
st 3TOro noJy4uM, NPOHATErpHpOBAB ypaBredue (265):

v+ S ‘jf’ — const. (279)

CrenoBaTesibHO, NPH PaBHOBECHH NOBEPXHOCTH YPOBHS MaCCOBBIX
cun (7, § 40), V =const, cyTpb B TO Ke BpeMsl NUBEPXHOCTH HO-
CTOAIHHOTO [d4BJIeHUSY ¥ NOCTORHLNA NAOTHOCTH. Ecau JABE€ pasaHyHhie
XKUJKOCTH CONPHKACAIOTCA APYr € APYroM, TO Ha NOrpaHduHOf Ino-
BePXHOCTH IVIOTHOCTH kK BOOGIe mNpeTepreBaeT CKAYOK; HANPOTHB,
JaB/eHNe P H3MEHeTCd HENPEepbBHO Npd BCeX OGCTOATENbCTBAX,
COrjacHO 3aKOHY pPaBCHCTBA NEHCTBHA U npoTtuBOjeiicTous. Eciu Ha
NOBEPXHOCTh KUAKOCTH NeHCTBYeT PAaBHOMEDPHOE BHELIHEE AaBJCHHE,
TO /aBJeHHE WKUAKOCTH NOCTOAHHO TaKXe HA TPAHMIE, ¥ HApPYMKHas
NOBEPXHOCTb €CTh MOBEPXHOCTH NMOCTOSHHOrO MOTEHIHAJa MacCOBHIX
cus. B ocoGenHOCTH 370 BEPHO B TOM HaCTHOM CJyuae, 'KOrjga BHeNI-
Hee AapJjeHWe PABHO HYJIO MHJIH JABJCHHIO ATMOC(EPHOro BO3NYXa,
U XK4AKOCTb HMEET, KaK 'OBOPSIT, ,,CBOOOAHYI0“ NOBEPXHOCTb. OT 3TOrO
3aKOHA NPOMCXOART HA3BAHHE MOBEPXHOCTE{l ypPOBHS.

Ecsid noCcTOsIHHASA HHTErPUPOBAHUA B ypaBHeHuH (279) onpeneiena
N0 YyCJAOBHAM Ha NOBEPXHOCTH, TO T¢M CaMblM Adna Be/JIHYHHA Aasie-
HEsl NOBCIOAY BHYTPH XKHIKOCTH, COBEPLUEHHO HE3ABUCHMO OT TOTO,
KaK OrpasyyeHa XUAKOCTb B OCTaJLHOH YacTH, T. €. HE3aBHCHMO OT
BesiMYMHBE ¥ (OpPMH COCYJa, B KOTOpPOM oHa HaxonuTcs. Hanmpumep,
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ecqd eNUHCTBEHHAs MACCOBasi CHJA eCTb BeC CaMOH XKHUIAKOCTH, Aeil-
CTByIOIIMH B Hanpap/eHAM OTPHUATENbHOH OCH 2, TO, cornacHo (67),

X=0, V=0, Zkdc==—gkdx,

H corJjacHo (263),

V =gz const. (280)
[Moaromy (279) nepexoaut B:
5 tj{p -+ g2 = const, (281:

M I8 HecwHMaeMo# XUIKOCTH:
p = const— kgz. (282)

TakuM o6pa3omM nasneHHe OAMHAKOBO BO BCEX TOYKAX, JEKAMMX
Ha OJMHAKOBOH BBLICOTE, ¥ PACTET € YMEHpHICHHEM BBHICOTHI IPONOp-
LHOHAJIBHO Da3HOCTH BHICOT.

B ypaBHenun (282) conepxkarcs 3aKOHB COOGHIAIOMIMXCS COCYAOB,
JeHCTBHSA JHUBEpOB, 6aPOMETPOB H MAHOMETPOB C XKHAKOCTLIO.

Hanpumep, nsas prytHoro 6GapoMerpa nyctb o6Go3auaer z=0
ypoBedb OTKPLITOH MOBEPXHOCTH, NOABEPXEHHOH XEHCTBUK BHELI-
HEro JaBJEHUS Pp; 2 = A—BHCOTA €T0/16a MUAKOCTH, FpaHHYaIiero
C BaKyyMOM.

Ilpa z2=0, p=pe.
» 2=h, p=0.

[ToaTtomy, ua ocHoBaHuu (282):
po == kgh. (283)
Besnuuny p, onpenensioT KAaK ,JaBJedue B OAHY aTtMocdepy“ fpH:
k =13596{zes 3], g==980,6[cscex 2], h="76[cm].

Orciona
Po = 1013250 [2 e L cex™?. (284)

Bmecro armocdep, nasienne usMepsioT YacTO TAKKE IO COOTBET-
cTByomell pennyuHe fi (,MHIIUMETPH PTYTHOrO CTOJA6a“) B ypapHe-
unn (¢83), pasgenuB p Ha kg.

§ 66. [Tepefinem Tenepb K yCJAOBHSM PaBHOBECHS IV CKUMa e-
MO# JXHMAKOCTH, HanpuMep s CTo/N0a BO3ayXa NPOHM3BOJLHOH BH-
cotut. Torpa tpebyercs 3uath Gyskumio f(k) B ypasHeruu (211). Ecau
MOMHO CHHTaTh, 4TO TEMNEPaTypa BO3AyXa BCIOAY ONUHAKOBA, Hanpu-
Mmep 0°C, TO MOKHO MOJOKHTb:

p =k, (285)
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TAE ¢ ONnpeyesAercds u3 TOr0 YCJHOBHA, YTO NPH NaBJEHHH Pq, PaB-
HOM onuo#l aTMocdepe, k == ky = 0,001293[zem 3], T. e.
)
c= P (286)
ko
O7ciona noayyum, no (281), npoussens HHTErPHPOBAHKE W 3Hasl, YTO
2=0 npu p=py

Do Po
z=-""2..1n"". 287
o (287)

IT0 TaK HasbiBaemas GapomeTpuueckass GOpMyJaa BHICOTH AJS
M30TePMHYECKOr0 PABHOBECHS, NPH NOMOHMH KOTOPOH HAXOISIT BHI-
€OTY 2, COOTBETCYBYIOLIYIO [aBJIeHHIO BO3Ayxa p. Ecau noacraBaTh
UACJOBHE JlaHHBIE W BBECTH JECATHUHBIE Jcrapudmel, To Gopmyna
I71aCuT:

2 = 18400 Igy, -’1’3"— n (288)

B oTtHOmeHHu p,: p yaoGuee BCEro uaMepsiTb AABJCHHE B MUJJIHA-
MeTpax PTYTHOro crosuba.
B cBoGoaHO# aTMOCQepe JHb B PeAKHX CAYYanax OCYILUECTBJAAETCS
JOMyIeHye O NOCTOSIHCTBE TeMNepaTyphH, TaK KaK BHIpABHUBaHUe
TeMnepaTyp Mexay PpasJMYHHMH CJOSIMH BO3AyXa NpH NOMOIIH
TeMJIONPOBOAHOCTH NPOHCXOAMT AOBGABHO MENJIEHHO M ITOCTOSIHHO
HapyllaeTcsl BO3AYUIHHIMH TededusiMu. Torpa ¢opmysaa (285) Bmecre
CO CJAeACTBHAMH M3 Hee TepsieT BOOOIUE CBoe 3HayeHue, TAK Kak
JlaBJieHre 3aBHCHT HE TOJbKO OT INMIOTHOCTH, HO W OT TeMIepaTypHhl.
Ho He caeayeT aymartb, YTO NOCTOSIHCTBO TEMIEpaTypbl €CTh He-
06X0AUMOE YCJIOBHE AJS NPUMEHEHHs H3JNOXKEHHOH TeOpHH, B 4acT-
HOCTH AJA NPHMEHeHHs rHNOTe3bl O coBepuleHHOR ynpyroctd (§ 21),
u00 3Ta ruflotesa He Tpebyer, 4rToOH TemmepaTtypa OCTaBajlacCh
nOCTOSHHON, a TOJMBLKO, YTOOH AAaBJEHHE D 3aBHCEJO TOJLKO OT IJOT-
HocTd k. TemnepaTypa MOXeT W3MEHATbCS OPH 3TOM, HO, CO CBOEH
CTOPOHH, AO/iHA OBITL LEJHKOM ONpejeseHa MJIOTHOCTBbIO. Bamawit
cayyail, NPd KOTOPOM OCYIIECTBJAEHO TAaKOe YCJIOBHE, HMEeT MeCTO
TOrAa, KOTAA MCKJII0YeHa BO3MOXKHOCTH TEMJIONPOBOJHOCTH, T. €.
KOrza BCe u3MeHeHus o0beMa NPOUCXOAAT He ,H30TEPMHYMECKH® NpH
NOCTOSIHAOK TeMnepaType, a ,aauabaTHYECKH“, Npu OTCYTCTBHH Nepe-
X0za TemJIOTH OT OAHO{ YacTulbl BenlecTsa K apyroi. Msorepmu-
yecKkue MpPOouIecCH COOTBETCTBYIOT NpeAesbaoMy Caydan GECKOHEeYHO
60Jb1IOH TENJONPOBOAHGCTH BellleCTBa, aAHabaTHYecKHe NPOUecCH
COOTBETCTBYIOT GecKoneydo MaJsoil TenJonpoBoaHocTd. B nponeccax
nocienaero poad AaBJEHUE TaKXKe 3aBHCHT HCKJIOYHTEJNLHO OT NJIOT-
- HOCTH, NO3TOMY ¥ AJ HHUX WMeeT MeCTO ypaBiedue cOBepliedHOH
ynpyroctd (211), #o ¢ysakuun f(k) yxe ne usorepmuyeckas (285),
a apmabGaTHueckag:
p=ckr, (289)
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rae nocrosigaas y paBd#a, 1,405 ana Bosayxa, a koaduuuent ¢ no
JY4YaeTcsi 3 ypaBHEHuHs:

C' p 0 (290)

ramnvy koy.

Taxkum ob6pazoM B aauabaTHUECKHX MpONECCax AaBjedne HuCTpee
BO3pacTaeT NpH CXaTHM M YObBaeT NpH pacilupeHHH, YeM B H30-
TEPMHYECKHX Nponeccax. JTO NPOUCXOAMT OT TOTO, UTO BO3AYX Ha-
rpeBaercss nNpM anMabaTHYECKOM CXATHH ¥ OXJawJAaercs Npu ajiua-
6aTHueCKOM paciuupedni.

Ecan nogpcraButh Bupaxkenue (289) B (281) m nmpousBecTH COOT-
BETCTBYIOHIME MEUCTBHS, TO MOJy4uTcs GapoMerpuueckass GpopmyJaa
npu apuabaTHyeCKOM paBHOBECHH:

y—1

s ¥ Do 1_<P>” , (291
y—1 gk, Do /

/

Wik, €CJd BOCHOJL30OBATLbCA YHCJACHHbIMHA JaddbiMHU:

./ p oz
z=27700. <1 —- ( ) >M. (292)
Do

Takoe yObiBaHHe paBJeEMs C BHICOTOM COOTBETCTBYET JIONYLICHHUIO,
YTO KaW/ABH CJOH BO3JyXa HMEEeT Ty TeMIreparypy, KOTopas mo.y-
yaeTcs npu andabGaTayecKkoM pacmmpenud Bosayxa ot 0°C u arme-
c(pepHOro JAaBJeHUsI 4O IJIOTHOCTH NAHHOIO CJIOSL.

FEme 6osee Baxiyw poJb, YeM B COCTOSHHSIX DaBHOBECHs, aaua-
6aTHueCcKre NPOLECCH HIPAIOT B ABJEHUAX KOJeGaTeNbHbiX, TAK KaK
NOBBILIEHNS ¥ NMOHMIKEHHA TEMIEePaTypPH, Bbi3BadHbie NONEPEMEHHbIM
CXKaTHEeM ¥ PACIIMPEHHEM, CAAYIOT APYT 3a JALYroM C Takoi 6bicTpo-
TOH, YTO MOKHO COBEpLIEHHO IpeHeGpeyb TENJONPOBONHOCTBIO, KOTO-
pass u 6e3 TOro oyedb HeadauuTeJbHa Y rasoB. [ToaToMy HYXHO NpH
BHYHCJIEHHH CKOPOCTH 3BYKa B rasax u3 QopmyJn (215) ppumMeHHTH
dopuyay (289), korepas B cBasu ¢ dopmyaoit (290) maer pas Cko-
pPOCTH 3BYK2 B rase IUIOTHOCTH K, NPHd HABJCHUH Py CIEAylOIee
BHIpaXeHHe:

@ ="Po (293)

Jaa Bosnyxa npu 0°C u atMocdepHOM NaBJeHHH ROJYYUTCH, €C.1H
NOJCTaBHTL YHCJICHHBIE JaHHble:

i
cex

a= 332

B corjacuu C peayJbTaTaMH H3MEpeHHH.
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Hsorepmuyeckas cxxumaemoctsb (285) naer no (215):

2P 294
= (294)

¥ ANg BO3AyXa npu TE€X e TeMneparype U AaBJACHUH:.

a:280[ M ]
| cex

T. €. 3HAYHUTEJIbHO MEHBLIe.

Jas kaneapHHIX KHAKOCTER pasHuna Mexay aauabaThHyeckolt
K H30TEPMHYECKOH CXKUMaeMOCTbI0O He3HAYyHTeJabHa.

§ b7. B kauecTBe caeaymoLIero IpuMepa NMpHUMEHEHusi ypaBsHermit
THAPOSHHAMHKH DacCMOTPHM HeCXKHMaeMy 0 XUAKOCTb, BPALIaio-
11yIOCsi BOKPYr OCH C NOCTOAHHON yrJoBO#H CKOpPOCTBIO @.
B atom ciyyae pBHaKEeHHE BCEX MATEPHAJbHLIX TOYEK 33AaHO HAnepes.
Ilpumem 3a och BpauleHusi oCcb 2. Torma nosoxenvwe Kako#-160
TOYKH @, b, ¢ HHUAKOCTH B MOMeHT ! moJyyuTcsi u3 ypaBHeumit (11),
€CJid NOACTAaBUTbL B HHX:

a; = cos (@), ay=—sin(wf), a;=0,
py=sin(wf), B,=cos(wt), B;=0, (295)
r1=0, V. =0, vs=1.
CrenoBarenbRO,
x = a cos (wf) — b sin (wi), ]
y = asin (of) + b cos(wi), } (296)

e |

Ecma peaxpn ,cyGcrasumansHO® npoaudepeHEpoBaTh 3TH ypas-
HEHUs MO BpeMEH# [, TO NOJYUYUTCS:

2 y 2
EC—:—co?x, dzy:—wg.y, dZ:O.
de? Code de?

[logcraBuB B ypaBHeHus ABHXKeHMs (265), mMmeem:

OVAP) o o OVAP) o 0VHP)

— o’ -+ ,
0x oy 0z

0.

Ipousrerpupopae ¥ npuHsB BO BHuMauMe (277), BBIBOAMM OKOHYa-
TCABHO:

p= ‘1) ko?9® — kV + const, (297)

I'Ie @ — paccTosiHue TOYKH BO3felicTBusa (X, Y, 2) OT OCH BpalleHUs.
[TpumenuM 310 ypaBHeHHE K HECKOABKMM MHTEPECHHM CJIyYasiM.
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§ 68. Ilyctp HecxxuMaemas TAKeAds XHUAKOCTh BPAL@eTcss C IO-
CTOSIHHOH CKOPOCTBIO @ B IOJIOM OTKPHITOM CBEPXY KPYrOBOM IIH~
JHHADE C TOPU3OHTAJbHHIM AHOM. [JOJIOXMMM, HanpHMep, YTO MH
CHJBHO pPa3MEIIVBAeM JIOXKKOH BOJY B CTEKASHHOM CTaKaHe, a 3aTem
Cpasy BhHIHMMaeM JOXKY. Uto6s usbexarb TOPMO3fLIEr0o AEHCTBHS
TPEHHsI O CTEHKH COCyAd, MOKHO JAONYCTHTb, YTO COCYXA TOXe
Bpam@aercsa. Torpa npu paBHOMEPHOM BpamEHuH BOBce He Oyner
TpeHusl, TaK KaK ABHXKEHWE NmpoHcxoauT 6e3 nedopmaumu.

W3 ypasuenn#i (280) u (297) nosyuurtcs:

P - ; kw?? — kgz + const. {298)

Bupg cBO6ONHGH nOBEPXHOCTH MXUAKOCTH WOJYYHTCH, COIJIACHO
§ 55, u3 ycaoBus p = const. CaenoBaTesbHO,

; 0?9? — gz = const.

dro ypaBHesve napaboJiOMAa BpAILEHMS, OCBI0 KOTOPOrO CJAYKHT
och 2. Ecnn moacraButh 2=25 npu 0 =0, TO NOJAYyUnTCA:
2
2=zt L ¥ o2 (299)
2 g
Takum 00pasoM nOBEPXHOCTb KHAKOCTH HHMIKE BCEro B CEpEAHHE
COCyZa ¥ NOBLIIAETCH K KPagM NPONOPIHMOHAIbRO KBaAPATY CKOPOCTH
Bpamenus. Besquuuna 2z, ¥ BMmecte ¢ TéM abGCoOJIOTHOE 3HAayeHHE
NOHUKEHMA NMOCPEAMHE BHYHCASETC HEe3aBHCHMO OT PasMEpOB BHELI-
Hero jasJiesysd, 1no o6beMmy XHAKOCTH, KOTOPHH ONHHAKOB B COCTOfA-
HMM BpAllleHWs W B COCTOSIRHM NOKofA. Eciu Henoasuxsas HMAKOCTDb
3anoJIHAET COCYJL A0 YPOBHA z=h, To 00beM BHpakaeTcs COOTHO-

HeHHeM:
R

[
rae R o6o3HayaeT paguyc DUAHHApA.
Orciona, npu nomomu Gopmysn (299), nosayuaercs:

2 D2
20~ h— 2R (300
ig
Bropoit yned npaBo¥ uyacTd AaeT BEAMYHHY MOHMKEHHS YPOBHA

Ha XHAKOCTH NOCpPeHHUHe.
INoBrimenne y kpast papro 3sayenno z—h npu ¢ = R. CorsacHo

(299),
2
sz 0 1

2—h-- .
i

z- ododg = R%% « h,

Gf_,)ls"
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Takum 06pasoM nMOBHILERWE YPOBHSI ¥ KPas PaBHO MOHHKEHHIO
nocpeanse.

B ropusontanbuom ceyenud (z= const) paBjeHHe mnepPeMEHHO
cornacgo (298): B cepepnHe HaumeHbiuee, y Kpas HauOoJbumee. 3TO
JErKo HabmoaaTh, €C/d HACHNAaTh HA AHO HEMmOJABHMKHOIO cocyna
NECOK, KOTOPHIE HACTOJbKO THAMKEJ, YTO HEe YBJEKAETCA BpalLEeHWEM
wuakocti. Korna xuAkOoCTh BpalaeTcsi, NECYHHKHM YCTPEMJAIOTCH
K CepenuHe aAHAa MOA BJUAHUEM NAAECHUA AaBIEHUS.

§ 59. ITosoxuM, YyTO HECKHUMaeMas MHAKOCTb, YaCTHUIH KOTOPOH
TATOTEIOT K HEMOABHXKHOMY UEHTPY NO 3akoHy HbioToHa, Bpamaercs
C NOCTOSIRHOM YIJIOBO# CKOPOCTBIO (@ BOKPYI OCH, NPOXOAfALIel yepes
nentp. TpebGyercs onpenesuts (opMy CBOGOAHOH NOBEPXHOCTH.
laaBem# mHTEpEC 3TON 3ajayM 3akJAIOYaeTcss B TOM, YTO OHa pOA-
CTBeHa ¢ npobseMo#l O CxaTHH 3eMAM y noaiocoB. [loaTomy ME
BO3bMEM B KayecTBe NpHMepa AdHHBIE, OTHOCAINMECS K 3emJe.

Ecnu 0603HauyuTe uyepes r pacCTOsiHHE OT TOYKH BO3AEHCTBHA A0
HeRTpa 0, TO rpaBUTALMOHKLIE NOTEHIMaN pased, corsacao [7, (111)]
v=—°,

r

a cuZa NPUTANEHHs HA EAMHHLY MacChl (YCKODEHHE CHMBl TRXECTH)
paBHa, coraacHo (67) u (263):

oV ¢

or ¥

YroOrl onpenesuTh NOCTOSAHHYIO ¢, JAONYCTHM, 4YTO YCKODEHHE
CUJILl TSXKECTH -PAaBHO g, Ha PACCTOSIHHM Ty Torza umeem:

c

H BOOOGIIE
(302}

910 maet, coraacHo (297), wienywomee ypasMemme Ias Gopmb
€B06OAHOH NOBEPXHOCTH:

2
1 w?® 1+ 870 _ onst,
2 r

HJIH, ecAM NOJIOKHUTD, YTO HA MOBEPXHOCTH I =Ty (NOAPHLEA panuyc)

upu ¢=0:
l‘UngLgo’oz(l —1>- (303)
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Beegem BMecTO @ yroa ¢ (reorpadmuyeckasi mMpoTa) NpH NOMOLIM
-COOTHOWIEHNA: @ =T cOS ¢. Toraa ypassenue (303) npumer BuA:
1 1 w2
- — -r? cos? . (309)
rooip 28’

B yacTHOM cayyae, koraa o ==0 (HemojBMHAs KHAKOCTB), I' 0O-
CTOSIHHO, T. €. NOBEPXHOCTb ecTh map. [1o3Tomy npu masbix 3nayeHvsx
-6 MOBEPXHOCTh €CTb CHATHH Yy nosocoB cdepous, Malo OTIHYA0-
wiics no dopme oT wapa. Ypasresne cdepouna MOXHO HANUCATb
B nepBOM npubamxeHuu caeayomum obpasom:

r=r, (1 + @ry cos? (p). (305)
28,
Bennuyuea cxartus pasBHa

I'max —Fg @7y

. (306)
Fo 2g,
310 xaer Ias 3€MHOrO Iiapa mpH
o :
——cx_l,r~_6356 108 [en], go = 983
52.60-60 7 b To Lex), £ [exz}

1 .
‘BEJUYUHY 585’ MEXAY TeM K4K JNEUCTBUTEJBHOE CXaTHE 3aMETHO

1
6oablIe, & HUMEHHO .
298

Pasuuna Jierk0 OGBACHAETCA TeM, 4TO YACTHUBl 3€MJHM NPUTArY-
BalOTCA HE K LEHTPYy, a APyl K ADPYTY, YTO, KOHEYHO, BHI3LIBAET
OTKJOHEHHe OT (opMH mapa. Beenenue B3aMMHOrO TArOTEHUA 3HA-
YUTEAbHO VCJIOKHAET 3ajayy, TaKk KaK BHPaXeHWe NOTeHIHAala
TATOTEHUS YyXe He AaHO 3apaHee, a CAMO 3aBUCHT GT UCKOMOI (HopMH
noBepXHOCTH. BoJlee noapobHOe HccaeA0BaHKe NOKA3aas, YTO 3anaua,
¢opMyanpOBaHHas TaKUM 00pa3oM, HE MMEET OXHO3HAYHOIO PEILEHHS,
T. €. BO3MOXHO HECKOJIbKO Da3JHMYyHHX (POPM NOBEPXHOCTH, B TGM
yycjae W JIMNCORM BPALIEHHMS C ONPEAECJEeHHOH BeJHYHMHOR CXKATHA.

Ecnu  paccmarpuBaTh  TOJABKO HEeOOJbIIRE 3SHAYCHUs yIJIOBGH
CKOPOCTH, @ 3HAYuT, M HeOoJblIve OTK/IOHeHus OT (GOpMBI mIapd,
TO NPU B3AaUMHOM TATOTEHMH MOXKHO XONYCTUTb C H3BECTHHIM NPH-
OJMKeHHEeM, YTO CHJIa NPUTHXKCHUS, NEeHCTBYIOLAs Ha yacTHLY XKUI-
KOCTH, IIPAIMO NPONOPLHOHAJIBHA PACCTOSIHAIO I OT LEHTPa 3eMJH.
coraaceo [7, (102)}], crenoBarenbHo, NOTEHEUMA NPONOPUMOHAIEH I’
Ecnu npousBecTH BHYHCJEHHME MpPH 3TOM AONYIUEHHH 1O TOMY, XK€
cnocofy, 4TO ¥ BHIE, TO MOJYYHTCH CHOBA BHpameHue (306) mis
BEJHYMHBl CXKATHA. DTO OO'bACHAETCSH, OYEBKIHO, TEM, YTO MpU MaIbX



OBIUE MOJIOXEHUS 129

OTKJIOHEHHAX OT (OpPMH mapa BHJ 3aKOHA, NO KOTOpoMy V 3aBHCHT
OT 7, HE OKa3LiBAeT CYIIECTBEHROIO BJIMAHUA HAa BeJHYHUHY CXKaTHS.

§ 60. Tenepp cHoBa BosBpaTuMcs K 06cyxaeHuio Teopuu. Ilpexne
BCEro NMPOH3BEJEM BAXKHOC MHTErPHPOBAHWE YDaBHeHWH THAPOAHMHA-
MUKW, KOTOpoe Obio OTKPHTO [eabMroasueMm. OHO uUMEET TaKoe
K€ 3HayeHdhe IS THAPOAMHAMHUKY, K4K DPHHUHN mJjollaaed ans
o61ell MeXaHuKH.

Bynem ucxoauth u3 Tpex ypaBHesuit Jlarpamxka (267), koTophie
COOTBETCTBYIOT OykBaM @, b, ¢. ®yHkuuu V u P MOXHO HCKJIOYATH
H3 HHX, ecJM npoaudepeHnupOBaTbh NepBoe ypaBHeHHe no b, BTOpOE
YPaBHEHHE MO & ¥ M3 OJHOrO0 NOJYYHBUIETOCS YDaBHEHHS BHYECThb
zpyroe. IlpousBensi aTy omepauuio, MBI MOXEM CHOBA NOJIYy4YHUTh TPH
ypaBHEHHWs, KOTOpHE COOTBETCTBYIOT OykBam 4, b, c. Ilpoussenem
criepBa BLIYMCJICHHE TOJBKO I ypaBsesus 4. Iloayyaertcs:

ff_(dzx dx &y dy  d'zdz\ d (d2>_< dx %y dy _dfz_d?_):g
db \dt2 de  det dc df2 dc) dc \deedv deedb dedb )

INocne pudepenuvpoBanus:
NYdx d (@) dx d (dx)
xyzdc db dtz) db de dtg) '

TAE 3HAaK CYMMH NOKasblBA€T, YTO K HANMCAHHOMY ujeHy ¢ OykBOH x
HYXHO n00aBUTb 1Ba aHAJOIMYHBIX YJeHa ¢ OykBamud y M 2. ITO
BHPAXEHHE MOXMHO Hanucatb B BHAE NPOM3BOAHOH 1o BpemeHH f,

‘8@ UMEHHO:
E_d_ dxdu_gxdu 0
xyzdt (dc db db dc

B atom MOxHO y6emutobcs, npopudepeHUupOBaB no f, TaK KakK
H3 NOJYYUBIIMXCA YeThipeX YIEHOB jABAa COKPATATCH.
[IpousTerpupoBas, noJay4um:

dxdu_dxdu_ , (307a)

dde db  db de o

» Y

rie BeJHYyuHEa A 3aBHCHT TOJBKO OT 4, b, ¢, a He oT f. COBepIICHHO
TakpM ke o6pasoM noayyum Buipaxesue (307b)= B m BbopameHHe
(307c) =C, rae B u C 06sanaioT TaK¥M >Xe CBOHCTBOM, Kak M A.
Yro6ul npeo6Gpa3oBaTh TPH YpaBHEHHs, COOTBETCTBYIOWINE OyK-
BaM a, b, ¢, B ypaBHeHus,, COOTBeTCTByomue OyKBam X, Y, 2, YMHO-

dx dx dx
XM ypaBseHnus (307) nocienoBaresibHO HA - -

’ Ty )
da db dc
Cobpas BMecCTe O HECKOJBKY 4YJIEHOB, YaCTh U3 KOTOPHIX COKPATHICH,

U CJOXHM.

Beepenne 8 Teopermteciyo Qusuxy



130 KOHEUHBIE JE®OPMAIIIHK

a yacTh MOxeT OHTh HamuCasa B BHJAEC CHMBOJIA, aHAJOrHYHOTO (8)

NoAyYHM: p p p p
oy dw {dy dv [dz dx x X
—A " +B c 308x

2-1 da[ aJ da l ] da db F dc (308x)

%] COOTBeTCTBymmHe zBa ypaBHenus (308y), (308z).

Cornacuo (63),
2 dw [dY] ow
huddal =D.--,
ot da |da oy

rre D oGosnayaer (yHkuMOHaMbHHI onpejpesnteab (51). ITostomy
(308x) npumeTr BHEA:

ow dv 1 dx
0y dz D(\Aﬂa db Ty >

a HpUHHUMasi BC BHHMaHHE, ¢ OfHOH cropcHH, (59) u (256), ¢ mpyrcii
CTOpPOHHI, (261), moayumnm:

k dx dx dx
== (a%% 4B 4 c%), 309x
. 2k0< da db + dc) (309x)

W agaqoruyssie ypasnenus (309y) u (309z) mas  u .
Uro6ul onpenennTh 3HAYEHHS ,NOCTOAHHBIX MHTErpHpOBaHus*

A, B, C, se 3aBHCAWMX OT [, NOJOXHUM B TpeX ypaBHeHuax (308)
f =0. Tak kak, corsiacHo (la)

i), (45) <1 (%) 1,
da db/, de/,

TO ITOJIYUYHUTCH:

o \"da  Cdb ' °d
k dy dy dy
_ , AN 310
7 ko(god + 9 odb+g0d) (310}
k dz dz
ke (§°d +a )

Hs aTux ypaBHeHu! BBITEKAeT MHOXECTBO CJACACTBUH, KOTOPHE
OCHOB3aHH HAa TOM, 4YTO BesHYHHH K, &, 7, $o 3aBHCAT TOJBKO OT
a, b ¢ amneor L

PaccMoTpum cnepsa wacTdly XUAOKOCTH 4, b, ¢, CKOPOCTh BPt-
UIeHHsA KOTOPOH paBHa Hyma0 B momeHT { =0, Toraa cOOTBETCTBYIO-
‘e KOMIOHEHTH &y, %, §o OOparaTcs B Hysb, H u3 (310) caepyer:

§=O» 'l:()n §‘—"0.
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Takym OOpasOM YaCTHIA XKHAKOCTH, KOTOpasg He oGJaa-
ApdeT BpameHHEeM B HEKOTOpDHH MOMEHT, COoXpaHserT
3TO CBOHCTBO BO BCE BpEMEHA.

Hanee, paccmoTpum B MomeHT t=0, Koraa a4, b, ¢ coBnapapTt
C X, ¥, Z, TAKHME HaCTHUBl MKHUJIKCCTH 4, b, ¢, Uil KOTOPHX BCE HJM
¥aCTh KOMIIOHEHTOB CKODOCTH M BpALICHHs OTJHYHBL OT HYJA. Mut
MQXKeM caenyomuM o6pasoM CcGCTaBHThb cebe HariajHOe npeacra-
B/ieHHE O IPOCTPAHCTBEHHOM PACIIOJIOKEHUH STOr0 BeKTopa (&4, 7o, 5o)-

Boo6pasum Takoe ceMeficTBO KpPHBHIX:

da-db:dc=§0.7]0-50. (3]1)’

Kaxpas ¥3 9THX KPHUBHX c6JafaeT TeM CBOHCTBOM, YTO KaCATEJIb-
Hasi B KakGH-IM00 TOYKE €e COBNajaeT C HanpaeJeHMEeM OCH Bpa-
ueHnst B 3104 TOuKe. [loaTomy Taxas KpHBasi HasbIBaeTC BHXPEBO |
auaued wapkoctd. Ilpcciaenym u B pajbHeliulide MOMEHTH { T U3
MATEpPHANBHBIX TOYEK 4, b, ¢, KOTOphie B MOMeHT { = 0 npuHagjexar
BUXPEBO# JIHHHH U NO3TOMY CBA3aHbI MeX1y c06010 ypaBHeHneMm (311).
OnpenensM CKOPOCTH BpAIIEHUs 3ITUX TodeK. Benwuway m Hanpas-
JieHHEe CKOpPOCTEeH MOXKHO noayuute u3 ypaBHenu# (310). Uro ka-
caeTcss HAlpaBJeHusl, TO, NOACTABHB 3HAYCHHs1 &, 7, o U3 (311),

OTYYHM:
§ig:f=dx:dy:dz (312)

3TO 3HAYMT, YTO KPHBas, 06pa3oBaHHASI B NPOCTPAHCTBE paccma-
TPUBAEMLIMH TOYKAMH, TaKke 00JafaeT CROHCTBOM BHXPEBOH JIHHUH,
HJIM e: BHXpPeBHE JHHHH BCErfa COCTOSAT H3 OLHHUX
M TEX XK€ MAaTepPHAJNbHBIX TOUYEK.
[ToaToMy BHXpeBasi JIMHHS NPEACTABJIACT COG0I0 HHIMBUAYANLHGE
© cy6craHuuanbHoe -06pasoBanyue, KOTGPOe MOMKET U3MEHSTh CBOE no-
JAckeHre ¥ (PCPMY BO BPEMSI JABHIKEHHs, HO HHKOrAa HE H3MEHSeT
MaTepHaJbHOrO COCTaBa H OCHOBHOTO CBOKCTBA, XapaKTepU3YIOLIErOCs
ypaBHenueMm (312). Buxpesasn JuHuS MOMXKET OHITH 3aMKHYTOH, UM XKe
NpOCTHPaThC B OeCKOHEYHOCTD, MJIM XK€ 3aKaHYMBATbCA HA NOBEPX-
HGCTH KHAKOCTH.
Ypapuenus (310) aarOT OTBET TaKXKe U Ha BOMPOC O CKOPOCTH
BpalleHus (UJd BHXPEBOH CKOPOCTH) (.
PaccMoTpum 37€MEHT AJMHBE BHXPEBOH JIMHUM

. o =V da® +db* + det
8 momenr f=0. Corsacho (311),
o_da m_db G _ de
W, - dsy’ mo dsy’ wo_ dsy”
Noacrasue B (310), nmeem:
kK dx k dy £ k

§=- oo, 7m0

ke | de, ky dsy’ ky |ds,
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CrepoBaresbHO, CKOPOCTb BpalleHMs B MOMeHT I

o=V BT 8 =L ogl. (313)
ko ds,

Takum 006pa3oM CKOpOCTH BpalleHMss B KakoH-HUOyab TOuUKe
BUXPEBOH JIMHMH NPONOPLUOHAJBbHA IVIOTHOCTH XHMAKOCTH M JIHHE
3jeMeHTa AYTM JIHHHH, €CJAM 3JIEMEHT AYTH BCe BPeMsl NPOXOAUT
Yepes OAHM M Te Ke MarepualbHee TO4YKH. Ecau e, Hanpumep,
3JIEMEHT AYTd YAJUHAETCA C TeYeHHEM BPEMEHH, TaK 4TO 06pasyo-
LHe ero MaTepHaJbHbl€é TOYKH YAAJAIOTCS APYT OT Apyra, a BejH-
yuga k OCTaeTcsi HeH3MEHHOH, TO BHXpeBaf CKOPOCTb BO3pacTaer.

STO NOJOXKEHHe CTaHEeT ele HarJasAjHee, €CJM H3JO0XHTb €ro B
apyro#i ¢opwme. [lpeacraBum cefe Kakyo-HUOYAD 4acTh NMOBEPXHOCTH
BHYTDH XUAKOCTH M NPOBEAEM uepes Kam Ayl TOUKY €e Kpas BHXpe-
Byl0 JuHHIO. Takum 00pascM MBI BHAEMHM H3 KHUAKOCTH 00beMm,
KOTOPHIH Ha3bIBAETCH ,BHUXPEBOI0 HUTBLIO® WJHU ,BHXpeBOil TpyOKoO#*“.
BokoBasi nOBEPXHOCTh TPYOKH COCTOHT MCKJIOUUTEJNbHO H3 BHUXDPEBRIX
JUHUR, a yNOMAHYTasi 4acTh MOBEPXHOCTH NpeacTaBiasieTr cobow ce-
yeHpge TPyOkH. MOxKHO npexcraBuTh cebe, YTO BECh OODBEM KUAKC-
CTH COCTOUT LEMMKOM M3 GECKOHeYHO TOHKHX BHXPEBHX HHTeH, KO-
TOpble JHOO 3aMKHYTH, JUGO NPOCTHPAIOTCA B GECKOHEYHOCTH, JHOO
e OKAHYHBAIOTCS HAa NMOBEPXHOCTHM XKHAKOCTH. BUXpeBLle HMTH, No-
A00HO BHXpPEBBIM JUHUSIM, COCTOSIT BCErAAd W3 OAHHMX M TeX XK€ Ma-
TepHAJBHBIX TOYEK.

PaccmoTpum 6eCcKOHEYHO KODOTKHEI OTPE30K TaKo#l OeCcKOHEYHO
TOHKOH BHXpEBOH HHUTH, NPOBEAs uYepe3 jBe TOYKH ONHON W3 JIMHHH
BUXpEBOIl HHUTH ABa NMPOM3BOJBHBIX CEYEeHHUs C MJAOHIAABIO f HA pac-
crosiuM ds apyr or mpyra. Ilpocnenum 3a Toukamu, NpPHHAAJIEXKA-
IMUMH 3TOMY OTPE3Ky BHXDEBOH HUTH, B pa3HHE MOMEHTH BPEMEHH.

Tak kak Macca orpeska BUXpeBOH HUTH HEHM3MEHHa, TO:

k-f-ds-cos®=kg-f,-dsy-cos 8,

rae & o603HauaeT OCTPLIH YTOJ MEXJYy HOPMAaJpl0 K MONEPEYHOMY
CEUCHHIO M dS, T. €. OCBI0 BHXDSL.
Torna (313) nmpumeT BuA:

@-f-co8%=0w4y-fo-cos¥=0-f, (314)

rae f, obGO3HauyaeT NJOHAAb CedYeHHsi, HOPMAJBHOrO K OCH BHXpA.
Taknm oOpazoM nmpoH3BeAeHHE BHUXPEBOHW CKOPOCTH HA
nNaAOmanAp HOPMAJBHOIO CeYeHHUsT BUXPEBOH HHUTH HE
M3MEeHAeTCA C TEYEHHUEM BDEMEHWU.

Ho 310 npousBeneHue uMeeT OAMHAKOBYID BEAMUYHHNY TaK¥ke H B
PA3JKYHEIX MECTax ONpefe/seHHOH BHXPeBOH HUTH, WOO, ecau mpo-
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HHTErPUPOBaTh NO INPOM3BOJBHOMY OGBEMY XULKOCTH CleAyiotnee
TOXAECTBO:
05 0 0%
4Lt =, 315
ox 0y 0z (%15)

bsHTEKAKIee M3 PaseHCTB (DY), # nmpeoOGpas3oBaTh KaxAblil H3 NOJY-
YMBIIMXCA NPH 5TOM GOBEMHBIX HHTErpaJoB fio opumyae (78), To Ml
HONMYYHM AAf HHTErpaJa, B3aTOr0 N0 NOBEPXHOCTH, OrpPaHMYHBAIOMEH
cObem:

j‘ (gcos (¥x) + ncos(vy) +§ cos (wz)) do = j‘w cos (v, w) - d6=0. (316)

Ecau B3sTblif 00beM XUAKOCTH €CTh OTPE30K BHXPeBOH HUTH NPO-
#3BOJIBHOR [JIMHK, TO BCe Te WIeHH NMOBePXHOCTHOTO HHTErpaja,
KOTOpHE OTHGCATCA K OOKOBOH NOBEPXHOCTH HHUTH, O6pamAICTCH
B HYyJb, TAK KaK B KaxXpaoH Touke OGKOBO¥ NMOBEPXHOCTH HOPMANb ¥
neprneHMKy/AdpHa K HanpaBJeHUI0O BHXPEBOH OCH, Jexanleéi Ha 60-
xk0BOYH noBepxHocTH. Ecoiv BUXpeBasi HUTh 6€CKOHEYHO TOHKA, HO KO-
HEYHOH AJIMHB, C NPOM3BOJBHO DPAaCHOJOXEHHHM HAuyaJbHLIM ceve-
HueM f 4 KOHeuHmM ceueHdem f’, TO ypaBHeHue (316) mpuBOAHMTCS
K IBYM 4JI€HaM:

® CcCS (p’ (D) . i + '’ COSs ('V, (0') . j' = 0.

Ecnu cHoBa 0603HauuTh 4Yepes & OCTPHf yroa Mexay HGPMAajablo
¥ MONEPEYHCMY CEYCHHIO H BHXPEBOM OCBIO H, KPOME TOTO, MPUHATH
BO BHMMaHHe, YTO BHXPEBLIE OCH @, ®' HAnpaBJeHH B OAHY CTOPOHY,
4 BHYTPEHHHME HODMAaJH HANPAaBJEHH B NPOTHBOIOJOMXHBE CTOPOHH,
TO MOJYYUTCS:

of cos § — o' cos 9 = 0, (317)

uTO B coueTanuH ¢ (314) naer takoe npHBHJAG: AJ s GECKOHEUHO
TOHKOH BUXpeBOH HUTH NPOH3BENEeHHE BUXDPEBOIl CKO-
POCTHM HA NJOUWAAb HOPMAJBbHOTIO NONEpPeyH OFro ceye-
HHUf HMEET OfHYy H Ty K€ BEJHYHUHY BO BCE€ X TOUKAX
UETH H BO BCSAKAH MOMeHT. 2TO nmpoH3BEACHHE HA3LIBAETCH
TAKXe ,MOMEHTONM“ BHXPEBOH HMTH.

Cy1ieCcTBOBAHHC H3JCKEHHHX 3aKGHOB HEMOCPEACTBEHHO CBA3AHO,
OYeBUZAHO, C AONYLICHUSIMH O COBEPILIEHHO ynpyro# xuakoctu (§ 53)
¥ O CYNECTBOBAHHH CHJOBCro norteHunuana (263). Ho B npupone
BCerga BCTpeyaloTesi OoJiee WJAHM MEHEe 3HAaUYMTeJbHbiE OTCTYIlJIEeHHs
OT 3THX ponyuienHil. B pesyabrare TakuxXx OTCTYLJEHHI BHXPH MO-
T'YT, B MPOTHBHOCTb BLIBCAEHHBLIM 3dKOHAaM, KaK MOMBJATLCA, TaK H
neyesats. Ilopobubie OTCTYnIeHUsT OOYCIOBAUBAIOTCS ABJACHHAMHY TPE-
HHR B TenNonpoBOAHOCTH. Ilos BaMsHHMeM TPEeHHMS BHYTPH XHUJKOCTH
NOABJAIOTCA CHJIL AABJEHHS, KOTOPHIE 3aBUCAT HE OT Aedopmani,
a ot ckopocTu nedopmanuu B AaHHbii MomeHT (§ 78), a B pesyanb-
Tare TeNJONPOBOAHOCTH JaBJEHHE CTAHOBHUTCH 3aBUCHMHIM HE TOJBKO
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OT NJIOTHOCTH, H TIOTOMY He BHINOJHseTcsi paBeHcTBO (211). Toabke
B fIpeIe/IbHEX CydasX 6eCKOHeUHO 60MbIIOH TEMIONPOBOJHOCTH (430-
TEPMHYECKHE MPOLECCH) H OeCKOHEYHO MAJOH TemIonpOBOAHOCTH
(apuaGaTuuyeckue npoueccH) MOXHO, Kax Ml BHjeau B § 56, pac-
CMATPMBATh KUAKOCTH KaK abCOJIOTHO YNpYyryl d NpdHAMAThH 3a-
KOHBl BUXPEBHIX ABHXEHHH npH AEHCTBHH KOHCEPBATHBHHIX MacCO-
BHIX CHJ.

IJIABA BTOPAS

BE3BUXPEBDLIE JIBUAKEHWA

§ 61. IlpounterpuposaB obuipe ypaBHEHHS THADOAMHAMHKH, MH
NO3HAKOMUJUCH C (YHN iMEHTAJbHBIM 3HAYEHHEM FEUYPEBHX JBUXKE-
uuii. [losToMy ecTtecTBeHHO OvAST B AajbHeiilneM, DPacCMaTPUBas
NBHXEHHA MUAKOCTH, Pasfe/idTb MX HA ABa pOJA: ABHxeHus Ges-
BuxpeBble (HeBpaimareJbHblE) H Buxpesnsie. CnopBa PacCMOTPHM mep-
Buil poa aBumxeauft. OCHOBHOE yCJOBHE O6€38MXPEBHIX JIBHXEHHH
ecTb

rot q =0, (318)
HIH XKe
q—=—grad g, (319)

T. €. CyWCCTBOBAHUEC TakKofl (yHKIMH ¢ ,NOTeHuMaja CKODPOCTH®,
YACTHmE MPOH3BOAHBIE KOTOPOH MO X, ¥, Z PABHBI CGOTBETCTBYIOHIUM
KOMITOHEHTaM CKOpO<TH [cp. Buiue (217) u (218)]. Mui 35aem u3 npeas-
Aymero, 4r0o ecad' paBeHCTBO (318) wum (319) mMcer mecro aas
OIHOTO MOMEHTa kHPEMeHH, TO OHO MMEeT MECTO B0 BCHAKOE BPuMsi.
OGBHIYHO ONpPeeNsIOT MOTEHUHA/ CKOPOCTH @ HE C TeM 3HAKOM, KaKOM
MBI B34, 4 B YpaBseauu (319) nuwyT 373K 4. Ho, ecqu My xena-m
COXPaHUTb AHAJOIHI0 C MOTEHLMANOM CHJ U YIDYIHM NOTSHIIHAJOM,
4 TAKXE C INEKTPUYECKUM H TEePHOAUHAMHYCCKHM HOTCHOHAAAMHU,
TO HNPUXOAUTCA ¥ AJS MOTEHLHAJA CKODOCTH CYHUTATb HANDARJICHHUE
BEKTOpa ¢ OOpaTHLIM HaNDaBiEHMIC CGOTRETCT?YIOHEIO IPAfHEHTa.
Torpa u ckopoctb, NOAGOH. CuJie B OTHOWICHHM CHAOBGIO MOTCH-
1MAaja, HanpazjeHa B CTOPOHY YOun Bamuiero moiedydaia. B Bbi-
paxteHuu IMoTeHumuaka CKOpoctH ocTt:etcs, no (319), eme anauTuBHan
(YHKUHA BpEMEHH, COBEPIIEHHO H2CIPEARACHHIS U IC310MY He HMEIC-
umas GU3n9eCKOro 3HayeHHs.

¥Yno6Hee Bcero paccMaTpHBATL COCTOSIHHEE MKHAK)CTH B OTHAIC-
HEH CKNpocTe#t ee TOYeK B KaKO#-JH60 MOMEHT f, €CJd NMOCTPOHT.
HOBE@PXHOCTH NMOCTOSHHOIO MOTEHUHMAJNA CKOPOCTH ¢ = const M fer.-
HEHZII/IKyJIHpHBIe K HuM KF[/IBHE:
op .09 0¢

dx:dy:dz - — 320
Y - 0x 0y 0z (320)
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TaK Ha3blBaeMBE ,NMHHHH TOKA“, KOTOPbi€ YKAa3HBalOT Hanpae/icHue
CKOPOCTH B KaXJ0H €2 TOYKS, COBCPIUEHHO AHAJOTHYHO TOBEPXHOCTAM
vpoBHA U cusoBhiM JuHusM (7, § 40). Tak Kak adHue TOKa HAET
pceraa or 60Jiee BLICOKOTO K 60Jice HU3KOMY MOTEHLHaNly CKOPOCTH,
TO OH3 HE MOXKeT OLTb 3aMKHYTOH, €CIM MNOIeHUHAN CKOPCCTH
OAHO3HayeH ¥ HemnpepbiseH. [Tosane= (§ 68) mbi BcTperum GesBuxpe-
BO2 JBHXEHHE XWIKOCTH C 3aMKHyTHIMHM JIHHUAMH TOK3, H TOIAa
BHIHYXAEHB OymeM caesartb BbIBOA, YTO oOnpeasjeHHoe GesBuxpe-
BO€ JBHXEHH® MOXeT O0JanaTe TaKKe MHOrO3HAYHEIM WJIH Hpe-
PHIBHBIM NOTEHUMAJOM CKOPOCTH.

M3 noHATHA O JMHHY TOKA HENOCPEACTBEHHG BLITEK3eT MOHSTHE

0 ,HATH TOKA" WM ,TPYOKe TOKA“, KOTOpAas XaPaKTepU3y=TCsl TEM,
410 OOKOBasl NOBEPXHOCTh ee ofsasosaHa JAuHuaMu Toka., Hure
TOKa OTHGCHTCH K JIMHHH TOKA COBEPHIEHHO TaK XXe, KaK BHXPEBas
HUTDB OTHOCHTCA K BHXpeBo#l jiuHu . [ToBepPXHOCTH HOCTOSHHOIO NOTEH-
a#anza CKOpOCTH, NMOHATHG, OPTOTOHAJNBHB K HHUTSIM TOKA.
- Ecsim n1BuMeHHe MUAKOZTH HECTAL-OHADHO, TO CHUCTeMa JIMHHH
# HATeHl TOKA OyAeT HCOAMHAKOBOH B PAsJUyHBIC MOMEHTH, T. €.
JUHUH TOKa OyIyT M3MeHfiTbCcR C TeyeHued BpemenHu. Ho crexpyer
TID 3TOM HMETb B BHAY, YTO TI'OBGPHTb O JBHiKEHHH KakoR-immdo
ONpefe/eHHOR JIMHYHM TGKa He MMeeT CMhicaia, HOO TOYKH XUAKOCTH,
KQTOpble 00pasyloT JiH M0 TOKA B ONPERSJCHHBIA MOMEHT, YyXe
He 006JIaAalT 3TuM CBOHCIBOM B japyro#t movenTt. Iloatomy BoOGiie
He SIBJACTCA BN3MOXHEIM CONOCTABATH € JHAHEH TOKA B OZHH MO-
MEHT OnpeAeNeHdVIo JAHUIO TOKA B APYro#l MoMedt. B aTom 3axumo-
YaeTCA NPUHIHIIHAJILHOE OTJUYHE JAHMH TOKa OT BUXPEBLIX JHHUMH,
KOTOPBIE COCTOSIT BCEr1a M3 OAHHUX M TEX Xe TCYeK XHUAKOCTH H NOo-
3TOMY HMeI0l HHAMBHAYaIbHOE 3HAYECHHE.

Tak Kak ycJaoBre OTCYTCTBHUSl BUXpell ¥ AOOHEE BCEro BHIPAKALTCS .
HDH [OMOHIY MPOCTPAHCTBEHHBIX KOODAMHAT X, ¥, 2 B KayeciBe He-
33BUCHMBIX NEPEMEHHBIX, TO AJd H300pa xeHud Oe3BUXPCBHX JBU-
JKeHHit Jyume BCEero nOAXOAAT ypaBHeHHsl ABH/KEHUA B 3HAepOBOH
dopm> (268). INocaenHne MOXHO Hanucath CJAEAYIOIIEM 00pasoOM,
Bocnoav3dosasiuuce (319):

ou oy ow 0% oV oP
Zu+ v T w— ] —_ =0urT A
ox  ox | ox  oxof  ox | ox

TlpounTeHrpupoBaB ux IO X, ¥, Z, NOJyY«M:
2 _ 2 2
WAVIEW vy ip_ g“;’ = f(8).

Kak ™Mbl yxe 2ameTusd, B BbIDAXEHHH. NOTEHUMANA CKOPOCTH 8X-
AntuBHasg (QYHKuMs BPEMEHH sBJsieTcd npou3Bo/bHOH. [losTomy
MOXXHO HAamucarhb:

2 2 )2
VLW v ap 0 g (321)
9 ot
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K 3ToMy ypaBHEHHIO HYXHO NPHCOGNHHHTb YCJAOBHE HENpepbiB-
HOocTd (259) W COOTHOLIEHWE MeXAY AABJEHHEM M ILJIOTHOCTBIO, 33~
BUCALIEE OT MOPHPOAH wHAKOcTH. Toraa Mu OyAeM HMETb Tpu
YDaBHEHHS, U3 KOTOPBLIX MOKHO ONPEAESHUTb TPH BEJHYUHH @, p, k
KaKk QYHKIHHM He3aBUCHMBIX MEPEMEHHBIX X, ¥, 2, {, BOCNOJb30BaBIIKCL
HAYaJTbHHIMKY M NMOrPAHHYHBIMH YCJOBHAMH, COOTBETCTBYIOIUMH AaH-
HOMY oco6GoMYy cayyaro.

§ 62. CtauMOHAPHOR (YCTAHOBHMBILEECA) IBUXKEHUE HECKHUMAEMOH
KupKOCTH. Ecau nBrxeHHe CTAUHOHAPHO, TO

ou 0_0)/_: ow

- =0, 0, =0.
ot ot ot
TlpouHTerpupoBas 3TH ypaBHEHHUS no'x, ¥, Z, MOJYYHM:
O(p == const.
ot

Ecau xuakocTh HeCxkuMmaeMas W Taxkesas, TO P OpPUHHMAET 3Ha-
wenne (277), V —3uauenne (280), u ypaBueHue (321) nepexonur
B ypaBHeHHe:

k

p=— 0 (u2+ v2+w2) — kgz 4 const, (322}

4

a ypaBHEHHe HEﬂpepHBHOCTH [Ipi*lBOll[/ITCﬂ K Taxomy:
Ao =0. (323)

dto—mu3BecTHoe ypaBHenue Jlansaca. Kaxnoe pemenue sToro
auepeHunantbHOrO ypaBHeHUs, He 3aBucAlee OT f, NMPEACTaBJAET
BO3MOXKHOEe B MNpupone Oe3BHXPEBOE CTaUHOHApPHOE (YCTaHOBEL-
uieecsl) ABHKCHHE HECXKHMaeMmol KHAKOCTH, IPH KOTOPOM AaBJEHHE
peIpaxkaerca ¢opmynoil (322). Kak mMn BUAHM, paBjeEHe COCTOHT
U3 ABYX uacTel, U3 KOTOPBHIX MNEepByI0 YaCTh YaCTO HA3HIBAIOT FMALO-
AMHAMMYeCKMM [aBJIEHHEM, a BTOPyIO, TOXIECTBeHHy ¢ (282),—
rUApOCTaTHUECKHM HaBaeHMeM. ['HipocTaTHyecKoe AaB/eHUE 3aBUCHT
TOJMIBKO OT BeJHYHHBI CKOPGCTH H yME@HBLIAETCH C BO3pacTaHHeM cc.
Kak naBneHue, TaK H NageHde JABJEHHA HE HMEIOT HHyero o06luero
C HanpaBJECHHUEM ABWIKEHHS WHAKGCTH. B caeayowux naparpaday
MLl MO3HAKOMHMCSl € HHTEPECHBIMH MPHMEPAMH 3TCr0o NOJONKEHHN!.

Bo3abMenm BHYTpH KHMAKOCTH KaKON-HUOYAL ONpeAeJIeHHBIN Orp:-
HUYEHHHIH CO BCeX CTOPOH 00beM H NPOMHTErpHpyeM YpaBHEHH"
HenpepuiBHOCTH (323) nc atomy o6nemy. Toraa nmosyuum, Ha OCHO-
BaHuu (52):

9 4o - 0, (324)
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2T0 ypaBHeHHE MOJYYHT HarJAafHOE HCTOJKOBAHME, €CJIH NPHHATE
BO BHHMaHWe, YTO BHIpAKEHHE

—k ‘;"? dodt — kqudodt (325)
14

NPEACTABJSIET TO KOJHYECTBO XKHUAKOCTH, KOTOPOE BTEKAeT BHYTPHL
o6beMa yepes 3JEMEHT NOBePXHOCTH do 3a BpeMs di. Ypasue-
Hye (324) raacuT, 4TO KOJMYECTBO XKHMAKOCTH, BTEKAOLleH B paccMa-
TpUBaeMbiii 00beM Yepe3 BCe 3JECMEHTH MOBEPXHOCTH €ro, paBHO
B LIGJIOM HYJIIO, T. €. BTEKAaeT POBHO CTOJBKO XE XHAKOCTH, CKOJNbKO
BHITCKAeT.

Ecid  paccMaTpuBacMbiii 00'b€M INPEACTABAACT OGO GTPE3OK
TPYOKH TOKa MPOM3nOJbHOH AJHHB H NPOH3BOJILHOIO CEYEHHS, TO
T€ YacTd MOBEPXHOCTHOrO HHTerpata (324), KOTOpee OTHOCATCSH
K GOKOBOH NMOBEPXHOCTH TPYyOKH, OTNAAAIOT, H YPABHEHHE CBOAUTCH
K NpaBHJy, YTO Yepe3 Kaxjaoe ceyeHHe TPYOKH TOKa MpPOTEKaeT
OAMHAKOBOE KOJHYECTBO XHUAKOCTH. ITO KOJHYECTBO XapaKTEPHO
JJg paccMarpuBaemoil TpyOku Toka. OTHeCEHHOE K €JUHHUIE BPEMEnH,
OHO Ha3BBaeTCH ,MHTEHCHBHOCTBIO TOKA “Uad ,CUJOH TOKA“ TPYyOKH:

Jz—kgo—qlda, (326)
ov

TAE HHTEerpaj 6epercs N0 KaKOMy-HUOyAb NPOH3BOJBHOMY CEUYCHHUIO
TPyOKH, W HanpaB/JCHHE ¥ JOMKHO OHTH B3TO B HAaNpaBJECHHH Te-
YeHHusl.

Ecau B3siTh cedyeHue, cOBNajamomiee ¢ MOBEPXHOCTBIO @ = coOMnst,
TO HanpaBJieHHe 7 COBNAAAET C HANMpaBJeHHEM CKOPOCTH ¢, H Mbl IO~
AYUHM: )

J=1k S gdo. (327)

§ 63. [as kaxpo#t TpyOKH TOKAa MOXHO ceOe IpejCcTaBUTH, YTO
GCKoBasl NOBEPXHOCTH ee 3aMeHeHa TBepAO# CTEHKOiH, 6e3 BCAKOro
HApYIIeHUs] ABIXEHHA XHAKOCTH, TaK Kak NPEASJBHOE ycaoBHe, Cy-
HIeCTBYIOLIEE AJS TBEPAOH CTEHKH, YTO HOPMAJbHAS COCTaBJSAIONHIAs
ckopocTd ofpamaercd B HyJb, BCErAa OCYL(ECTBJeHO Ha COKOBOI*
NoBepXHOCTH TPYOKH TOKa. DBaaropaps sTtomy TpPVOKH TOKa nojay-
YalT HenocpeACTBeHHOe IIpakTHYeCcKoe 3HaueHue. Ecai ceueHme
TPyOKH He CJAMIIKOM BEJHKO, W CKOPOCTb TeuyeHusl pacnpenesieHa He
CMIIKOM HEPABHUMEPHO MO BEJHYMHE W HANPABJEHHIO B PA3JIHYHBEIX
TOYKaX CeuyeHus, Kak, Hanpumep, OHiBAeT B BOAOLPOBOAHHIX TPYybax,
TG MOXHO C M3BECTHHM NPUOJMIKEHHEM CUUTATb IJIOCKHME NOBEPX-
HOCTH IMOCTOSIHHOrO IGTeHIHala CKOPOCTH M BBHECTH ¢ 3a 3HaK
nuterpasa g ¢dopmyse (327).-Torna

J=k-q-, (328
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rae f o6o3HauaeT MJAOMANL HOPMAJBHOrO ceyeHus TPyOxH. Taxk Kax
J 1 k ocraroTci HOCTOSSHHHIME BAOJb Beeft TPyOKHM, TO BeNUYMHA CKO-
pocTH OOPATHO NPONOPUHOHAJBHA CeYCHHUIo f TPYOKH, HWIH

q= fof‘Io , (329)

ecid 0003HA4YUTb 3HAYKOM HYJb KaKOe-HHOYJb ONpEACJEeHHOE ceye-
#e, Hanpumep HauajanHoe. OTCOAAa NOJYYHTCH, CcOrJacHo (322)
fAaBJieHHe B KakoM-HHOyab ceyeHuu f TpyOuu:

2
p—po=— 5 a0t (1% —1) + ke (o). (330)
2 \p

KaK MuEl BUJAHMM, [JABJEHHE MEHLIIE BCErQ B CaMBEIX Y3KHUX MECTaX
-Tpy6ku. [lo3toMy MOKHO B NPHHUMIE, NPH AAHHLIX ¢, U f, CY3UB
JOMKHHEM 06pasoM TPYOKY, T. €. YMEHbUIMB BEJAHYMHY f, HOJYYHUTH
JI060€e yMeHbUIeHHe [ABJEHHf, COOTBETCTBEHHO VYBEJHYEHHIO CKO-
poctu. Eciiu B TakoM Y3KOM MeCTe€ NpoAeNaTtb B CTEHKe TPYOKH
y3Koe OTBepCTHe, YCTaHOBHB TakuM 00pasoMm coolimeHne C Hapyx-
HHM BO3AYXOM, HaxXOAALUMCA NIDH HOPMAJALHOM [AABJEHUU [o, TO
10 BAHUAHHEM PAasHOCTH JABJECHHSA Dg-— P BO3AYX BrOHUTCS B TPYOKY
u OyneT yHeCeH XHAKOCTbIO. ITO OOCTOATENLCTBO NMPUMEHACTCA, Ha-
fpUMep, B THAPABIMYECKHX BO3AYUIHAIX Hacocax. Tax HasplBaeMhle
pacublJMTeNbHEIE annaparhl TaKXe OCHOBAHBI HA yMEHbIUEHHH AaBJjie-
MHA NPU BO3PACTAHHH CKOPOCTH.

Uaen paBeHcTBa (330), 3aBucauiMfi OT THXECTH, TAKKe MONMET
BHTs> MCIOJNL30BAH /% YMEHbIIEHHus JaBJACHUA p, Hanpumep, B BO3-
AYUIHO-BONAHOM Hacoce DByHsena, rje Boja najaeT B BePTHKAILHOM
uuauHaApryeckoil Tpyoke (f = fy), Tak 4TO PasHOCTHL AaBJEHHH B JABYX
MeCTax HPSIMO NPOMOPUHOHANbLHA PA3HGCTH YPDOBHCH Z,— 2.

Ypasredus (329) u (330) MOXHO HCMONL3GBATL TAKKE H JJA TOTO,
g106H 1O 3aAaHHOR PasHOCTH AABJEHHA pP,— P B Hayaje ¥ KOHLC
TpyOKM HaliTH C¢TauHOHApDHBIE CKOPOCTH o M §, C KOTODHIMH XHJ-
KOCTH TeyeT B TpyOke. Briumciaum, Halpumep, CTALMOHAPHYIO CKO-
POCTL UCTeyedHa u3 TPyOKM, WIHPOKOH BBepXy M Y3KO# BHH3Y, IOC-
J1arasi, 4TO Ha BEPXHEM YPOBHE XHJAKOCTH AABJCHHE Py, @ Y OTBEPCTHI
mapjenye paBuo p. Ecau npenebpeun f mo cpaBHeHsio ¢ fo u 060-
SHAYHTEH PA3HOCTH BHICOT 000X ypaBHeHH uyepe3 A, TO Mbl MOJYYHM
#3 (330) 1 (329) caeayiowee BHIpaKEHHE AJI CKOPOCTH MCTEYEHWs:

q2=2gn -} i <p0—p>. (331)

Ecau jap.enne BBepXy u BHHU3Y OguHAKOBO, TO ¢-= l/ 20k, T. C. CKO-
DOCTH HCTEUEHHA PABHA CKOPOCTH TeJja, CBOOOHO 1ANAM0IUErO ¢ BHCG-
ol b (teopema Topuuennn). Beeas pa3HOCTh AABJEHHH, MOXKHO, B 3a-
BHCHMOCTH 0T 3MaKa €e, YCKOPHTBL HJM 2aMeJJHMThb ucredenye. Ho
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AN TOro 9T00B ¢ OCTaBaJOCh BEIIeCTBEHHHIM, Pa3HOCTL AABACHME
He JOMKHAa OHTL MeHblle BeJuuyuHH — fikg. B npepesbHOM Caywae
CKOPOCTL CTAIMOHAPHOTO HCTEHEHHA PpaBHA HYJIO, M Mb HOAyYHM
XA PasHOCTH AaBJeHHH u3BecTHyI0 Gapomerpuueckyio Gopmyny (283).

B aeficTBUTENBHOCTH KOJHYECTBO BHITEKAIOUIEH MUAKOCTH 3HAYH-
TenbHo (npubaU3uTeIbHO HAa TPETh) MEHbIIE, YeM BLIYHCAEHHOE M0
CKOPOCTH HCTEUEHHA HA OCHOBaHuH (331) W MO MJIOMW@AM OTBEPCTHA f
pa ocHosaHuu (328). D10 006yC/NOBJIEHO, IMIABHEIM 00pasoM, TeM 06-
CTOATENLCTBOM, YTO NOBEPXHOCTL ¢ == const Yy OTBepCTHA He IJOCKas,
a BOTHyTas, €c/d CMOTPeTb CHAPYXH, TAK KaK JIMHHH TOKa, NPOXOIH
M3HYTPH MHUJAKOCTH, CABHIAIOTCA OKOJIO Y3KOrO OTBEPCTHR, NOA06GHO
o6pasyomum kKonyca y BepuaHbp. [loaTomy noBepxHocTH ¢ = const
pacnojsoxeds MOA06HO DIAPOBHM MOBEPXHOCTAM, KOHIEHTPHYECKH
OKpyXaliluM BepmuHy Kouyca. BcieacTBue 3TOro CKOpPoCTh He-
ONMHAKOBO HAMNpABJEHA B PasJHYHBIX TOYKAX OTBEPCTHH, KAK MBI
pe ArnoJarany, NpuMeHss ypaBucHue (328), HO JIHHHM TOXA CXOZATCH,
H MOITOMY ceyeHue TPYOXH TOKA elie HECKGIbKO CXKHUMAeTcs 3a OT-
BEpCTHEM TaM, IAe WKUAKOCTL obpasyer cBoGoaryio crpywo (§ 67).
Jlyuinee npuGimxenne K AeHCTBATENLHOCTH MOJYUYUTCS, €CJAH NMOA-
cTaBuTH B ypaeneuue (328) BMecTO [ He MIOmMAAL OTBEPCTHS, 3 MEHb-
WY NJIOM@Ab, KOTOPYIO HMeEeT CTPys NOCJE CXKAaTufl, TaK KaK Tam
JUHAY TOKAa OJMKe K MapanjejbHOMY PacloeoXeHUIO.

KosmuectBo BHITEKAIOMWEN MKHAKOCTH MOXHO 3HAYUTENHHO yBEaH-
Y{Th, MPUCOEAMHUB K OTBEPCTHIO LMJAMHAPHYECKYIO WJH, enle Jydine,
KOHHYECKH paculupRIOIYIOCs Hapyxy TpyOky. I'ntaBHas 3agasa 3toro
npHUCNOcO6/IEHAst COCTOMT B TOM, YTOOH CAEJATL JIMHHM TOKA y OT-
BEPCTUA MNapasjiebHBIMH HJId  PACXOARUIMMACH M 3THM u30ErayTh
oxatus crpyd. [logpo6Hee 06 HCTEUEHUM H3 KOHHYECKOH TPYyOKH
Mul Oymem rosopurh B clefyioueM naparpade.

Ecan credka TpyOKY He BCIOLY HENPEPHIBEO M3OrHyTa, a obpa-
3yeT B KakoM-mu60 MEeCTe Yros, TO Ta JHMHUA TOKA, KOTOpas uaer
BAOJIb CTEHKM H MPOXOJMT YePes Bepiuiuuy yriaa, MMEeT B 3TOM MecTe
0cOOeHHyI0O TOYKY, TaK Kak HampaBJeHue JUHUM 3/eCh ABY3HA4HO.
Komnonentut ckopocru Teue-

HilA B TAKOM YIJIy PaBHH! HYJ/IIO

Uiy Geckoueunnl. Briacuuwm,

npd Kakux YCJOBHSX HMeEeT

MECTO KadAeHd U3 3THX Cay-

yaes. [losoxumM, 9TO CTEHA .

06pasyeT BOTHYTHH yroa 4 ~ B

(< 7), ectm cMOTPETD CO CTO-

POHBI MMAKOCTH, KaK BTOuKe A

Ma ugepr. 1}. Torpa nosepx-

HocTy @p=const, nepneHanKy-

AApHLIe K CTEHKe H u300pa- Yepr. 11.

MECHHBIC HA YePTeXe JIMHUAMM, PacloJOXeHsl Takum 06PasoM, YTO RpK
ApHGIMKeHNH K A PaCXOAATCA OT OCOGEHHOM MOBE PXHOCTH [IOTEHRNAAA
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npoxofasuieil yepes A. B takoMm cayuae rpajMeHtT ¢ M BMECTE C TeMm
BeJIMuKHA .CKOPOCTH B TOuke A obpamarces B Hyab (cp. 7, § 40),
BCAEACTBUE HErQ NaBJieHHE P LOCTUTaer Maxcnmyma, corsacHo (332).
Ecan e cTena o6pasyeT BHIYKJbif, BXOAAIMHE B WHIKOCTD YroJ ( > x),
KaKk B TOYKe B TOro e yepremd, TO INOBEPXHOCTH IMOCTOSIHHOIO
NOTEHUHANa CKOPOCTH CXOJATCA NO HANPABJEHHMI0O K 0cOGeHHOU Teuke,
I'PajMeHT ® U CKOPOCTh PaBHB 6€CKOHEYHOCTH, CJI€JOBATENLHO, NaBJe-
HHE p =— 00, H XKUAKOCTHL A0JKHA Onja 6ul obaanarb OeCKOHEUHO
GonplIM CUEMJeHHeM, YTOGH HE PasopBaThCA.

§ 64. Ilepeiinem Temepsr K PacCMOTPEHHIO HEKOTOPHX MPOCTHIX
YACTHHIX peuleHu#i ypaBHeHus noreHumnana (323) ¥ cOOTBETCTBYIOLLNX
ABMMeHuH XuAKocTH. Hambosiee npocroe pemenHe COCTOUT B TOM,
4YTO @ 3aBHCHT JHHEHHO OT X, ¥, 2. EMy COOTBETCTBYeT paBHOMEepHOE
NOCTYNaTeAbHOE [BMXEHHE MXHAKOCTH, KOTOpPOe He IpeCTaB/ser
/I Hac HHTepeca.

Bonee obmee pewenune [cornacuo 7, (125) u (129)}:

Ml
P —= — 332
H r]. ( )

rie r;— pacCcTosiHMe TOYXH BO3JEHCTBHUA OT HENOJBHIKHOTO LeHTpa 7,
4 — MOCTOsIHHAA, CBORCTBEHHAs 3TOMY LIEHTPY, @ CyMMMpOBaHue pac-
IPOCTPAHAETCH HA MPOM3BOJLHOE YHCJAO PAa3JMMYHKWX UEHTPOB. Tak
Kax MOTEHUHAJ CKOPOCTH CTAHOBHTCA GECKOHEYHO GONBIIHM IpU He-
© OrpaHUYEeHHOM MNpHOMMKEHMH TOYKH BO3JAEHCTBMSA X KaKOMY-HHOY!b
HENMOABHIXHOMY LEHTPY, TO HYXHO NpeACTaBjsitb cebe, 4TO caMu
HEMOJBHIKHbIE LEHTPH BHJAEJEHH H3 MUJIKOCTH. ITO MOKET OHTL
CIeMaHO NOCPeACTBOM HeOOJbIIWX 3aMKHYTHX IOBEpPXHOCTeH, He-
HOCPEACTBEHHO OKPYXAIOMMX OTAEJbHBIE LEHTPHL.
PaccMoTpum cnepBa yacrueiii cayyail OfHOro LeHTpa

o=, (333)
r

B 3TOM c.nyqae ﬂOBerHOCT[/I NCCTOAHHOIO nNOTeHUuaJjaAa CKOpOCYﬂ
ﬂpenCTaBJIﬂIOT C06010 KOL‘ILIEHTquECKHe ll[apOBble HOBerHOCTH a Jii-
HMH TOKa CyTb 00pasyioimue NPSMOJMHEHHOrO OPTOrOHAJILHOrO IyS4-
ka ayueit. Ecin p NOMOXKHTENHHO, TO KMAKOCTH TEYET OT LEHTPd
10 BCEM HaﬂpaB.’IEHHﬂM, M ML HMEeEM Tax HaSHBaeMYIO ,,TO‘le HCTOK(!“
(,uctounuk“). Ecin py OTPHULATENbHO, TO KHAKOCTb BCACHIBAETO!
OTOBCIOJlY B LEHTDP, ¥ TaM HaXOAHTCH ,Touxa croka“. Beauynia
CKOpOCTH, CYyUuTan B nanpas.nemm OoT L[GHTPH, paBHa

Iy,
L0 (334)
or r®

Ona namensieTca O6pPaTHO NPONOPUHOHAMLHO KBAAPATY paccTos-
HHSl, M B CaMOM lieHTpe paBHa-}-o>. BereAcTsue 3TOro nasJieHue p
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B LieHTpe, corjacHo (322), Bceria paBHO — ¢, HE3aBHCHMO OT TOTO,
HaxXOMMTCSl JIM B HEM HCTOYMHHK HMJH CTOK. 3leCb MH BCTpeYaeMCs
C HHTEpPeCHOH OCOOEHHOCTBHIO NO CPABHEHHIO CO CTAlMOHAPHHLIMH
FaJbBaHMYECKHUMH H TEPMHYECKHMH TEYEHHSIMH, KOTOpPHE HCXOIAT
#3 TOYEYHOTO 3JIEKTPOJAa W/HM TOYEYHOTO HCTOYHHKA Temja W TaKKe
usobpamarorca JjudepenumanbimM ypaBHenveM Jlansaca. B aTux
AIBJCHUAX HalpaB/JeHHE Te4YeHUS 3aBHCHT OT NajeHus (rpajHeHTa)
NoTeHNHaska MJIK TeMIepaTyphl W H3MEHSeTCS BMeCTe CO 3HAKOM
rpafueHTa. B Tewenusx XHAKOCTH JaBJieHHe Bcerja Bo3pacTaeT Ha-
PYXKY, He3aBUCHUMO OT TOrO, TeYeT JiH KHUAKOCTH HapyXy HJIH BHYTDbL.
{lpuyriHa >TOH OCOGEHHOCTH 3aKJX0YaeTCAd B HHEPIHH KUIKOCTH,
TaK KaK NaJleHde JHaB/ieHusl JaeT 3JleChb CHJy, BCeria HalpaB/ieHHY1O
8HYTpb. Cujia 3Ta HeoOXxoAaWMa MAJA TOrO, YTOOHl B CJlydae HCTOY-
HMXAa MOCTeIeHHO 3aMelJiaTh CKOPOCTb XMIKOCTH, BHITeKaloue# Ha-
PYXKY, a B C/iyyae CTOKa NMOCTENEHHO IOBHIUATb CKOPOCTb XHIKOCTH,
BTEKaIoweHd BHYTPb.

JIro0y10 KOHHYECKYI0 MOBEPXHOCTH C BEPUIMHOH B HEHTPEe MOXHO
MBIC/ICHHO 3aMEHUTb TRepAo#t cTenkoil. Takum o0pa3zoM MB NOJYYHM
3aKOHBl HCTEYeHHA u3 KOHU4YeckoH TPyOku, O KOTOpOH 1mia pedb
B npelnlayieM naparpade. floctosHHas ¢ HenocpeACTBEHHO CBfi3aHa
C NPOUBBOAUTENLHOCTLIO HMCTOYHHKA. f[IpencTaBum cebe, 9TO B WHA-
KOCTH MpOBefeHa HEKOTOpasd MOBEPXHOCTh NPOu3BOibHOW (opmm,
KOTOpasi OKPYK3aeT CO BCEX CTOPOH TOYKY HCTOKa. Tak Kak ABHXKe-
HHe CTalHOHApHO, TO BCE KOJHYECTBO XHAKOCTH, IIPOTEKaroIlee
B EeNHHHIly BpPEMEHH CKBO3b IIOBEPXHOCTb HApyXky, pPaBHO KOJH-
4eCTBY XUIKOCTH, KOTOpas AOCTABJAETCH 3a 3TO BPEMS HCTOYHHMKOM,
# He 3aBHUCHT 1103TOMY OT ()OPMEI MOBEPXHOCTH. DTy BENHYHHY Ha30-
BEM ,HMHTEHCHBHOCTBIO® HJH ,CHJOH® HMCTOuHMKA H 00O3HaunM Oyk-
Boli J. Ee mnpofie BCEro BHIYHCJNHTb, €CJAH TNPEANONOKHTb, YTO
MOBEPXHOCTh — IIAPOBasi C MCTOYHHKOM B neHtpe. Torma mel noay-
YUM JJIf MHTEHCHBHOCTH HCTOYHHKA, corsacHo (325) u (334):

.
J——k S 9% go— i & o =k (335)
or r?

DTO paBeHCTBO NpeACTaBiAseT CoGOI0 BMeCTe ¢ TeM 06oG6uleHHe
paBeHCcTBa (324), KOTOpOE BEPHO TOJNBKO B TOM CJyyae, eclii OObeM,
OrpaHHYEHHKA IOBEPXHOCTbIO, HE 3akJodaeT B cebe UCOGEHHBIX
TOYeK.

Hanee, nepeiinem x GoJsee obuemy caydano (332) npoH3BOJLHOrO
YuCcJia TOYEK HCTOKA M CTOKAa. 34ech MH OyAeM MMeTb JeJo € aHa-
AOTHYHHIMH COOTHONIEHHAMH. JIMHMHM TOKa HAYUHAIOTCS B TOYKAaX
MCTOKA M 3aKaH4YMBAIOTCA JUOO B TUYKAX CTOKA, Ju0GO MPOCTHPAIOTCH
8 6eckOHeYHOCTb. [IpOM3BOJHTEIBHOCTh KamAOH OCOOEHHOH TOYKM
onpenessieTcsi MOCTORHHOH Y, IPH NOMOIIH KOTOPOH onpenensiercs
MHTEHCUBHOCTb J HCTOYHHMKA MJH CTOKAa, HOO B HENOCPeNCTBEHHOM
GAU30CTH OT TOWKH MOXHO npeHeOpeub BJHSHHEM BCeX JPYrux
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HCTOMHHKOB, M MO3TOMYy NOBEPXHOCTH NOCTOSIHHOTO NOTEHIMana
CKOpOCTH BOJH3M OT MCTOYMHHKA CYTh IAPOBHE NOBEPXHOCTH, €re
OKPYXAIOHIHE.

IpenctaBum cebe, 4TO BHYTPH XHIKOCTH NOCTPOEHA 3aMKHYTas
NOBEPXHOCTb, OrpaHHYMBaIollasi HEKOTOPHK o06nem. BBuay cranuo-
HapHOCTH JBHX{EHHf BC€ KOJHYECTBO XHUAKOCTH, MpOTeKawomel »
€HHHIY BpeMeHM CKBO3 NOBEPXHOCTb HApPYyXy PpaBHO ajrebpaunye-
CKOM CyMMe€ KOJIMYECTB KHAKOCTH, NOCTABJAIEMBIX HCTOYHHKAMH M
CTOKaMH, JieXallMMH BHYTpH OOBbeMa, HJH, corsiaceo (325) u (335)

op , -
kS do = EJ_‘.— 4mk 2 Y.

dv
CaenoBaTenbHO,

dg 1
“Pdo=4 :Z‘ . 336
Sm, YU (336)

rze smayoi [ 0603HauaeT BHYTPEHHHE OCOOEHHBIE TOYKH, OKPYIKEHHbIe
HOBEDXHOCTBIO O, ¥ 00O3HayaeT, KaK H BCerja, BHYTPEHHIOI HOp-
MaJdb. 3T0 cooTHOMIeHHe oGbEeAMHAET B OJIWH O0mu# 3aKoH ABa Gosee
YACTHHX COOTHOHIEER: (324 W 325) U YacTO HAa3LIBA€TCS B YeCTh ero
aBTOpa ypaBEeHueM [aycca.

PaccemoTpuM emme HexOTOpHe HacTHHE nprioxerud. Ilpu nByx
TOMEYHHX HCTOYHHMKAX OXMHAKOBON HHTEHCHMBHOCTH NOTEHIHAJ CKO-

poCTR pagsen: 1
o=u(1 ) (330)

n r

ITrockocTh, KOTOpas NEeJHUT INOIOJNAM NPAMYIO, COeRMHRIOoMmYI0 00a
HCTOYHHKA, ¥ NEpIeHANKyJspHA K Hefl, T. €. MJICCKOCTh CHMMETDHH,
COCTOHMT H3 JHHMH TOKAa. [103TOMy MOXHO MBIC/IEHHO 3aMeHHTh ee
TBepao# cTeHON, BecnoJsib30BaBHIMCh DACCYMACHUEM, H3JIOXEHHBIM
B § 47, nosyyum cBOfiCTBa MCTEYEHHS MUAKOCTM M3 MCTOMHHKA IO
HallPpaBJEHHK) K HEMOJBHKHON CTeHe.

Ecnru 06a HcTOYHMKA 0©04aJaloT OJMHAKOBOH HWHTEHCHBHOCTBIO,
MO PasHLIX 3HAKOB, TO IIOTEHLMAJs CKOPOCTH DPaBeH:

1,1 .
s=n(—+,) (338)
Iy Iy

Toraa xuIKOCTb Teyer U3 MCTOYEHMKA 2 B CTOK 7, 2 HMEHHO, JHHHHK
Toka HayuHAMTCA B TOYKe 2 M OKAaHYMBaKTCA B Touke 7. Ecau oba
meMTpa OYyeHb OAM3KM APYr K APYTry, ¥ TOYKa 7 MMeeT KCOPAMHATH
§, 9 &, a Touka 2 uMeet KOOpUHEATH &+ 4§, 7+ dn, &+ 45, TO
supaxenue (338) npeobpasyercs B Takoe:
ol ol 5l

r r r
$--u\ A§+—-Av+m~A§/.

0§ o lila
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Ilpu nepexope k npemeny 4=0 MOXHO npezcTaBuUThb cebe, YTO:
|t BO3pacTaeT Tak, YTO npoussBeleHus y - A4g, u- 4y, g - 4L octawcrcs
KOHeunbIMH. OOCO3HAYHUM HX 4Yepe3 Mg Uy M. TOrIa NOJYUHM IJist
MOTEHIMANa CKOPOCTH KOHEYHOE BHIPaiKeHHe:

1 1 1

of 0 r 01’
=u + u, PR (339)
P o T o oz (55

Takoe o0OpasoBanHe, COCTOsIlee H3 ABYX GECHOHEYHO OGJAUIKHX
TOYeYHEX HCTOYHUKOB C MPOTHUBOMNOMOXKHHEME H PaBHEIMH 6ECKOHEUHO
60JbIIMMH MHTEHCHBHOCTAMH, HA3LIBA€TCH ,JBOWHLIM HCTOYHHKOM®,
TIOCTORIHHBIE BEKTOP, KOMIIOHEHTHl KOTODOTO g, Uy, MU, HASHBAETCSH
»MOMEHTOM®, ero HanpasjieHHe (OT CTOKa K HCTOYHHMKY) HA3KBAECTCH
»OCBIO* JBOMHOTO HCTOYHHUKA. JIMHMH TOKAa BHIXOOAT M3 HCTOYHHKA
B Hanpae/:HHH OCH H BO3BPALIAIOTCHA K CTOKY, OIHCAB GOJBIUYIO MW
MEHBIUYI0 Ayry. 3amMeHa OPYr APYroM MCTOYHHKA M CTOKAa H3MEHSET
TOJbKO HAaNpaBJIEHHE TEYeHHsl, HO He MOJIOKEHHE JHHMH Toka., Tak
KaK pPacCTOfIHHe F MEeXJy TOUYKO# BO3JAeHCTBHUS ¥ OCOOGEHHOH TOUKO#H
3aBHCHUT TOJBKO OT Pa3HOCTH KOOPAMHAT OGEHX Touek, X—3§, ¥y —%,
z—4§, TO MOXHO HanucaTs BMmectO (339):

or o o}
Py - (340)
ox oy 02

K3 Boipamenus ¢ B aToli (popme HemoCpeiCTBEHHO BHIHO, YTO @
JeHCTBUTE/IbHO YXOBJAETBOPSET ypaBHeHEo Jlapnaca (323).

§ 6b. Paccmotpum, B KauecTBe JajbHelllero NPUMEHEHHS H3J0-
MEHHOH TeopuH, eile OAHH CJaydall, KOTOPHH MOXKHO 0OOCHOBATh Ha
CAEJaHHAIX BHIIE YIPOWAIOIMX JONYILEHHSAX: DABHOMEPHOE€ ABH-
sKeHue TBepAOTO IIapa B HECHHUMAEMONH XKHUAKOCTH.
Coraacuo npUBLMNY OTHOCHTEABLHOCTH (7, § 5Y), 3aKOHHl 3TOTO ABH~
HEHUsl COBEpPIUEHHO Te XXE, KaK B CAy4Yae ilapa MOKORAILETOCS
B paBHOMEDHOM NOTOK e XHUAKOCTH [locnennuit xe cnyuay
npeacTaBsseT co6oi CTAMOHAaPHOE JBMKEHUEe XULKOCTH PACCMOTPEH-
HOro 3pecb Buja. [TosToMy MLl 3amenuMm map, ABHXKYyWwHicA C no-
CTOSIHHOH CKOpPOCTBIO @ B HAaNpaBJEHHH OCH Z, HENOJBHMIKHEIM LIapOM
€ [EeHTPOM B Ha4Yaje KOOPIANHAT, KOTODHH OMBIB2eTCH €O BCEX
CTOPOH NOTOKOM IKHUAKOCTH. B Tex wmecTaX, KOTOpHe HAaCTOJbKO-
YAaJieHbl OT mapa, uTo NOCAENHAH He OKasbiBaeT Ha NOTOK HHKAKOFO
BelCTBHA, —— MHaye, Ha OeCKOHEYHO OGOJbUIOM pPacCTONHHU OT HAvana
KOOPJHWHAT, — NOTOX MMeeT NOCTOSHHYIO CKOPOCTb—@ B HaNpaBsieHdH
OocH 2.

3alaua OyleT pelueHa, eCyH YIAaCTCH COCTABUTh TAKOE BHIPAXKEHHE
TIOTEHLMAJa CKOPOCTH ¢, KOTOpOe yAOBJETBOpseT ypaBHeHulo Jlanaaca
M, KpOMe TOro, YAOBJETBOpAeT NLpeleNbHHM ycaoBusM. [Ipemenwt
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JKHAKOCTH CYTh I = R (panuyc mapa) ¥ r = ~o. [lpH r = oo, cornacHo
BHINIECKA3aHHOMY,
¢ = az. (341)

{lpp r=R KOMIOHGHT CKODOCTH, HODMIJbIALIH K NOBEPXHOCTH
‘wmapa, paseH nymw. [loatomy

(‘1“’) —o0, (342)
or R
Yr06sl BHIMOJHUTL 8CE 3TH YCAOBHS, HOJIOXHM

o=az+ ¢ (343)

Terna ¢yuxkuus ¢ L0MKHA yIOBJAETBOPATHL ypaBHEHMIO Jlansaca
#, XPOME TOrO, NOTPAHHYHBIM YCAOBHAM:

npu r =co: ¢’ ==0;
oy’ 0z az
npu r = RK: vy ) == —a e, (344)
or R or 3 R
Jlerko noxasath, YTO MBI NOJYYHUM pelieHHe NOoCAeNHeH 3anaus,

ecsid TOJAOXHM, YTO ¢  PaBHA NOTEHUHAJAbHOH (YHKUMH KBORKHOrO
YMCTOYRUKA, T.e€.

o= — . (345)

JieliCTBHTENELHO: BO-NIEPBHIX, ¢’ YAOBAETBOPSET YPaBHEHHUIO Jlamsaca,—
BO-BTOPUX, ¢  OGpaniaeTcss B HyJAb HPU I == CO U, B-TPETBHX, u3 (344)
.[0JIYYaeTCsl NMOCTOSHHOE 3HAUEHHE W:

p=— ; R®a. (346

. oz or
Ecan npoussoauble 544 ) UMEIOT OAWEAKOBYIO BeJIHYHHY B
r 2

2
ypaBreHusx (344) u (345), a uMeHHO, 00€ PABHHE-  , TO B 3TOM elle
r

Heab3s BUAETH npoTHBOpeuns. OHO MOrio Okl BO3HHKHYTBH TOJBKO
B pe3yJbTaTe HENPABHJIbHOIO NMOHHMAHHS 3HAYCHHS] 3THX CHMBOJOB.
Ho MOxHO u dopmasbHO H30€XATh NPOTUBOPEHHd, €CJH HalucaTh

nonpoGuec:
(Oz) ) (Dr , (347)
or/se 0z/,.,

T. €. B JIeBOH Y4CTY yPABHEHHS HYXHO PaCCMATPUBATD 2 KAK DyHKILMIO
NOAAPIBLIX KOOPNMHAT I, ¢, ¢, a B NepBOH YaCTH-—r KaK (YHKIHIO
npiMoAHHelHLX KOOPIMHAT X, P, 2.
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[Tpuuumasn Bo Baumanue (345) u (346), nosyunm us (343) mcxomos
BEIDAXXEHHE IOTEHLMAaNa CKOPOCTH, T. €. peuleHHe BCel 3ajayu:

¢ = az {1 + ; (’;)a} (348)

Tax xax ¢ 3aBHCHT TOJABKO OT Z i f, TO TeYEHHE CHMMETPHUHO
OTHOCHTEJIbHO OCH 2 M JIMHHH TOK& JIeXKaT, €CTECTBEHHO, B IJIOCKO-
CTAX, NPOXOZISILUMX yepe3 OCh 2.

Cocrapnsiomue CKOPOCTH PaBHH, corsiiacHO (348):

—_09__3 ps,. X2

- = _R® :
ox 2 re
) Oq) 3 yz ' .
v:iaf—:\/. 3a-’—": 349
3 . 2 (349)

oot (-5

HTo0b H#aliTH JUHHH TOKAa, KOTODHE JexaT B Kaxkoi-iubo ujioCKo-
CTH, NpoXozsiell yepes OChb 2, BBEJEM BMECTO X M y PACCTOSIHHE @

oT ocH
e =x*+y" (350)
rt =g 22 (351)

CJle10BaTENBHO,

B raxom cayuyae nudepermmasinHoe ypasHeHKe JHHKMH TOKA TJIACHT

dg:dz:-oq) : QGP_’
" 00 0z
H, corJsactHo (349),

dode=2r0- % —ali () (1-%2))
ré 2\r r2

Ecau 3aMeHHTH 2z yepes r ¥ @ NpH NOMOIM COOTHOLIEHK#
2 =1"-— 0% 2dz=rdr—gdp,
TO HOJYYHM, NOCJe COKpaILEHHIH:

3R%dr . ZdQ_O

18 Baexstne B TeoperRtecKyrO @usHny
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OTClona, UHTErpupys, NoJyYdM YpaBHEHHE CHCTEMBl JIMHHH TOKA:
8
lg {1 —_ (R) }—{- 21g o = const,
r

0? {1 — (f)'} = const (> 0). (352)

Cucrema JsuEMH TOKa 3aBHCHT OT pazuyca iapa R, a He or
BEJIMYMHB CKOPOCTH . EC/iH MOACTaBUTH BMECTO const Bce 3HayeHHs
ot 0 10 oo, TO nosyuyatcs Bce Jinauu Toka. [Ipu const= oo, g = oo,
a TaKxKe r = 0o CKOPOCTh NOCTOSIHHA H paBHA — 4. Ho npu const =0
mbo =0, qnubo r=R, T. e. JAUHHS TOKa pachajnaeTcs Ha nBe
pas3/ii4HbBle 4acTH, OJlHa M3 KOTOPHX COBNAandeT C OChIO 2 (BHe iiapa),
a japyras nNpOXONUT MO NHOBEpPXHOCTH luapa. B Toukax mnepexojna
npu 0=0, 2=-R, B ,nojwocax“ inapa, JHHHUI TOKAa NpeTeprneBaeT
NMPAMOYTOJBHEN H3JIOM. 3/1€eCh CKOPOCTH CTAHOBHTCH PaBHOH HyJIO,
H JIMHMS TOKaA paclemnneTcss Ha OeCKOHE€YHOe MHOXECTBO BeTBel,
KOTOpBIe HENnOCpeACTBEHHO OKPYKAIOT iuap.

HlaTepecHo uccsienoBaTh, CKOJMLKO BpPeMEHH TpeGyeTcs IJjs TOro,
qTO00B YaCTHLA XUIAKOCTH, HAXONSILAACA HA OCH 2, NOCTHIIA IOJIOCA
mwapa 2== -+ R. Tak xak npu JzaBuxenHu 3TO# Toukd X =0, y=0,
r=2, TO MBl noaydum u3 (349) uckoMmoe Bpems:

R z

3

p= (42 _1( 2z _ (353)
w a)2—R3

JTo 3HAuMT, YTO BpeMsl KOTOpoe TpeOyeTcs HacTHLe XUXKOCTH,
yTOOB! JOCTHYL illapa, HEOrpaHHYeHHO BO3pacTaeT MO Mepe npHOJAH-
KeHUs TPAaeKTOPHH ee K MOBEepXHOCTH 1iapa.

CKOpOCTh, C KOTOPOH MHKHAKOCTH NPOTEKaeT HENOCPEeACTBEHHO
y camMO¥ MNOBEpXHOCTH liapa, moJyuyurcad u3 (349), ecsid nOACTaBUTDL
r = R. OHa paBHa

2 a. (354)

HauGospineli BesnuyuHB - € OHa [HOCTHraeT B 3KBaTOPHAJbHOM

B o W

NJIOCKOCTH 1napa. BooOiie ke CKOpPOCTh pacnpejieneHa COBEPILIEHHO
CHMMETDHYHO HA JABYX MOJyILAapuaX no o6e CTOPOHH OT 3TOH mJaOC-
KOCTH.

Haxonern, onpeznesium nasJyenue, KOTOPOE HHIKOCTb OKA3LIBAET
Ha wap. [To gasseHHI0 MB BHYHCJHHM PaBHOAEHCTBYIOWYIO CHAY, C KO-
TOPOH MOTOK XKUAKOCTH NEHCTBYET Ha HENOABHXKHEIE IIap, T. €. CO+
NpOTHUBJIEHHE, KOTOPOE ABHKYIIUHCS Liap HCMBITHIBAET B HEMOXABHKHON

HHUAKOCTH.
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Haesienne Ha wap p mnosayuutcs u3 (322), ecan mnpereGpeub
TAXKECTBIO M MOACTABMTH BEJHUMHY CKOPOCTH u3 (354):

8
p = const — 9 (—g) ak,
B\ R

WAM Xe, ecsid OGO3HAYHTDL uepe3 p, HaBJeHHe B HEHAPYITAeMOM MO
TOKE€ XUIKOCTH, T. €. NpH CKOPOCTH &:

at 3 0\*)
= —kll— e P 55
ppo+2{ (2R)J (355)

JlaBsieHue He 3aBHUCHT OT HAaNpaBJeHUs Teyenus, OHO OGoJiblie
BCEro y noJIOCOB 1iapd, MeHblle BCEro B 3KBATOPHAJBHOW IJIOCKO-
CTH B cuMMeTpHyHO no 0Ge cTopoHut ee. Eciu coenHnuTs B omny
PaBHOJEHCTB . IOILYI0 BCEe CHJAB AaBJeHus pdo, nedCTByoUiHe HA 3Jie-
MEHTHl MOBEPXHOCTH iaPa, TO s HO 0Ge3 0co6Goro BHYMCIEHHS, HA
OCHOBaHHH CHMMETPHH 3THX CHJ IJISI MOJOMUTEJNBHEIX H OTPHIATENb-
HHIX 2, 4TO paBHOAeiCTBYw0aa oOpauaercs B HyJab. Jlpyrumu cjo-
BaMM: MOTOK XHAKOCTH He OKa3hlBaeT BOBCe HHKAKOro XeHCTBHA HA
MOKOANHHACA B HEeM TBEPUABIH 1udp, HJM e PABHOMEPHO ABUKYLIUNACH
LIap HE HCOBLITHIBAET CONPOTHUBJEHUS B HENMOABUKHON KHUAKOCTH.

ITOT pe3ysbTaT HAXOZUTCS B pE3KOM MPOTHBOPEUHH CO BCEMH
ONBITaMH U NpPEACTaBJdeT cOOOK0 3HAMEHHUTHIH NapajgoKC FHAPOXUHA-
mukd. OObsCHEHHe €ro MOXKHO HAiTH B Tom OOCTOSITENLCTBE, YTO
B YpPaBHEHHSIX, KOTOPHIMH MB! MOJS30BAJUCH, HE NMPUHAT BO BHUMaHUe
wieH, Urparlluil CyuweCTBeHHYI0 PoJib B pacCMaTpHBaeMOM BONpoce,
a MMEHHO BJIHfiHMe TPEeHHs], TOTO TPEeHHsd, KOTOpOe BO3HHKaeT Ha
NOBEPXHOCTH CONPHKOCHOBEHHSI 060MX BeliecTs. B nedCTBUTENLHOCTH
NOA BJHSIHHEM TpPEHHs HA MOBEPXHOCTH 1llapa paBeH HyJIO HEe TOJNBKO
HOpMAaJBbHBH KOMIIOHEHT, HO U TAHT€HLUAaJbHBIA KOMIOHEHT CKOPOCTH,
T. €. XHIAKOCTE JEPIUTCH COBEPIUEHHO HENOABHKHO HA MOBEPXHOCTH
mapa. Mul eme paccMOTpuM 3TOT BOnpoc noxpoGree (§ 80).

§ 66. Teneps nepeiineM K U3YHYEHHIO CEAYIOLIErO KJACCA YaCTHBIX
peinenuii auepenunanpHOro ypaenenus Jlandaca nig noTennumada
CKOPOCTH ¢. PaccMOTpHM peuienHsl, B KOTOPHX (YHKIUMHA ¢ 3aBUCHT
TOJILKO OT ABYX KOOPAMHAT X H ¥ W He 3aBHCHT OT TpeThel 2, TaK
4TO \ \

e P _g. (356)
oxt  0y*®

Toraa 3amaya cBOAUTCH K ABYM H3MEpEHHSM, YTO rOpa3fo NMPOLule.
[ToBepxHOCTH paBHOrO NOTeHNUMAaja (2KBHMIOTEHLHaJbHEIE NOBEpX-
HOCTH) CYTh LMJHHIpHYECKME MOBEPXHOCTH, mapalvieslbHHe OCH 2, H
MOTYT ObITh NpEeNCTaBNvHBH [PH MOMOIIM JHHUI B IJIOCKOCTH XY —
JUHU#l paRHOTO moTenIasd. TOrza cHcreMa JHHHE TOKa HpejcTa-
BUTCA B BHAE JiHHUH, OPTOTOHANBHEIX K JIHHUAM PABHOIO NOTEHIMAJA
U JieXalux B TOH e IJIOCKOCTH.

10*
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HimeeTcss oueHb oOwmifi MeTox HHTErpupoBaEus IudepeHuHanb-
HOro ypaBHeHus (356), OCHOBaHHLIl Ha BBEIEHHH KOMIVIEKCHBIX
BenuunH. JIerko noxkasaTh, YTO BCfKas AHAJIUTHYECKAs (PYHKLUS KOM-
NIEKCHOH BeJNMYMHE X—|-{y==2 NPUBOZUT K pEIUEeHUI0 YpaBHEHUs
(356) u noatomy MOxeT OHITL (PU3HYECKH HCTOJKOBAHA KaK CTalHO-
HapHOe 0e3BHXpeBOe IABHMEHHEe HeCKHMaeMOMH, xuiakocTH. [Tyete w
0603HavaeT Takyw (QYHKIHIO, T. €.

w=f(x+i))=1() (357)

npuyeM B Bblpaxenue (GyHKUMH f MOTYT BXOAMTH JiloGHie BeLiecTBeH-
HEIE MJH KOMILJIEKCHBie NOCTOSIHHBIE.
Ecau pas/iioxuTe W HA BEUIECTBEHHYIO H MHHMMYIO 4YacTb

w=g + i, (358)

TO ® M Y CyTh BeIleCTBEHHHE (YHKLUMH BELIeCTBEHHBIX NEepEMeHHHX
x u y. Ha (358) caenyet:
Q‘i’:_oﬁf’.__l_-ﬁl’_, 2“1:.091_1_{2?__ (359)
0x 0x ox oy o0y oy
C apyro#t cTOpOHHI, u3 (357) cnenyer:
ow _dw oz dw )
0x dz 0x dz ’ l (3593
i
I
)

ow dw 0z _ dw.
oy dz oy dz

[TosToMYy
ow _ ;0w
oy ox’
o, cornacro (359), nocsie OTae/ieHUs BeueCTBeHHOM yacTH OT MHUMOH:
op _0p oy _ Oy (360)
oy O0x 0x oy

Hckniouenue v naer ypaBHenue (356), a HCKJIOUHB @, MNOAYUHM
ypaBHeHue:

2 2
v 0% . (361)
0xz  0y?
Kpome Toro, umMeer Mecto COOTHOLICHHE:
op op 0p Op_ (362)

ox o0x ody oy

TakuM 06pasom MOKHO pacCMaTpPHUBATE @ KaK MOTEHLMAJ CKOPOCTH.
Torpa kpusbie ¢ = const CyThb JinHHU PAaBHOrO NOTEHIHasia, a COOT-
BETCTBYIOLHE JHHHUM TOKA BBIPAXAIOTCA YpaBHEHHsIMH P == const, TAK
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KaK, coraacHo (362) xpuBrie 060X ceMefCTB NnepHesaHKyIAPHE APyT
K zpyry. Ho ¢ysxuyy ¢ @ @ MOryT NOMEHATbCA POJISAIMH, H NMOCHEA-
HIOI0 MOXHO: paCCMAaTPHUBaTh KAK MOTEHLMAJ CKOPOCTH, a NEPBYIO KaK
dyuxuuo Toxa.

XapaxTep 3aBHCHMMOCTH KOMIOJEKCHOH (YHKUHH W OT Z MOXHO
NpeacTaBHTb BCErO HAaIJAJHEE, eC/IH PACCMATPHBATL W M 2 KaK, TaKue
TOYKH ABYX IJIOCKOCTEH — MJIOCKOCTH W M IIOCKOCTH 2, — H3 KOTOPHIX
OlHa TOYKA ONpenesneTcs KOOPAHHATAMH @ H p, a Apyras TOuUKa omnpe-
nensieTcsi KoopauHartamu X # y. Torna ¢yuxuma f(z) =w npexacra-

. BJSIET ONpeneNeHHoe conocraeienne o6eHx TOuek, T. e. oToOpame-
HHE NJIOCKOCTH W B IUIOCKOCTH 2, WM HA000poT. DTO OTOOpaKeHUe
MOKHO TaKXKe NpexcTaBuThb cebe kak medopmaluo HEKOTOPOro BeLie-
CTBa, HEMPEPHBHO MOKPHBAIOMIET0 IJOCKOCTb, NMpHYEM ¢ H § 000~
3HAYaIT KOOPAHHATEH! BELIECTBEHHOH TOYKH IO xedopMalluy, a X 4 y —
KOOpAHHATH TO# ke Touku nHocje medopmauuu, uiu Hao6opoT. Torma
MOXHO BBICKA3aTh Takue ke cooOpaxenua 06 OCOGEHHOCTSX 3TOH
nedopmaiuy, Kakue OblM npencTaBjaeHsl B nepBolt riaee s 6osee
obwero ciyuas BewecTBa, 3aHUMANOLIEro HeKOTOpHii o6beM. Pac-
CMOTPDHM BaxHeHioue pe3yAbTaTHL

[Tpex¢<ze Bcero HETPYZHO BHAETH, YTO 6ECKOHEYHO MaJible YYacTKH
NOBEPXHOCTH OTOOPAXAIOTCH JHHEH HO M NO3TOMY MOryT GHIThH npe-
o0pasoBaHbl pPYyr B Lpyfa NOCpencTBOM NpsSMONMHEHHOTO nepemetne-
Bus, BpaweHnus M auaatanuu (§ 11). Hs (357) crenyet:

dz=2% 4w, (363)
dw
IMosoxuM, yro
92— r(cos® +isin®), (364)
dw

npHYeM
r>0, x>8>—m.

Toraa nosyuum us (363), 0THEIHB BELIECTBEEHYIO 9aCTh OT MEMMOH

dx =rcos&dy-—rsinddyp,
dy =ysin8&de + rcosddy.

IMonoxuM, yTO COOTBETCTBYIOWIME JAPYT APYTY TOUKH W M 2 He-
NMOABHKHEL, ¥ 3HAYHT, ¥ W & NOCTOAHHHE, M OyneM paccMaTPHBATb
Iudepernumann do, dp, dx, dy KaK nepemeHHble KOOPAHHATH. Torza
nOC/Te/iHMe 1Ba ypaBHEHHs AanyT 3aKOHH oToOpaxkerus s obaactel,
GeCKOHEYHO GAU3KMX K TOYKaM W H 2. ['eoMeTpuyeckoe 3HayeHHe HX
NoJMY4YUM BENnoCpeICTBEHHO, €C/M HANHILeM:

dx _ cos ddp — sin &dy = dx’,

’ 365)
d_}’_ = sin #d¢ -+ cos &dy = dy’.

r
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3TO 3HAYUMT: JIA TOro 4TOGH NepeBeCTH OEeCKOHEYHO GJIH3KYIO
Touky u3 mnoJsioxenus (dg, dy) B mosoxenue (dx, dy), HyxHO, BO-
nepBHX, NPOH3BECTH NPOCTOH NOBOPOT Ha Yrox &, B pe3yJbTaTe
49ero Touka NMpHAET B NoJioxenue (dx’, dy’), #, BO-BTOPHIX, NPpou3Be-
CTH DaBHOMepHOEe paciliypeHHe IO BCeM Hanpapierusim (Koren §,7)
B OTHOIIEHHHM r:1, OTYero BCe OTPE3KH YBEJHYATCHd B TOM IXKE
OTHOLIEHMH, MEXAY TeM KaK BCe HanpaBJeHds, 4 3HA4YHUT, M BCe
YriH, OCTaHyTCsi 6e3 HaMeHeHus. Tem caMBIM M3MeHeBHas 06JacTb
ocraHeTcs noxo6GHOR nepeonayajspHO# 06GNacTH M ToAbKO GyneT no-
BepHYTa OTHOcHTeNbHO Hee. [lostoMy oroOpaxcerHse NpH MNOMOLIH
KOMMJIeKCEO! (YHKLMH Ha3bIBaeTCs Takwke ,KOH(pOpMHEIM® B 6ecko-
HEYyHO MAaJIHX YacTsX.

Takum 06pazom kaxa0My KOHGOPMEOMY 0TOOPAXKEHHIO IIOCKOCTH W
Ha MJIOCKOCTH Z COOTBETCTBYET CTALMOHAPHOE IBHXKEHHE MHAKOLTH
B IIockocTH 2. [1pu 3TOM KaM(zasi HUTL TOKA O6pa3yeT B MJIOCKOCTH W
NOJOCKY, NapaieSbHYI0 OCH ¢, TaK KaK OHA OTpaHHYEHA JBYMS
JupusMy P = const. [loaromy sazaua HafiTH cTayHOHapHOE TeueHHe
XKHAKOCTH MeXAy JABYMA HENOABHXKHEIMH TNpPENENbHEIMH JIHHHAMM
(cTeHkaMu) NpUBOZUTCA K KOHQOPMHOMY OTOOGPAaXEHHIO MOJOCKH,
OTpPABHYEHHOH ABYMS NAapasljieIbHHMH NPAMHMH B IVIOCKOCTH W, Ha
06/1aCTh, JIEKAMYI0 MEwJy STHMH JABYMS NpENeJbHBIMH JHHHAMH
B INIOCKOCTH 2.

Beauuunn! r ¥ &, XxapakTepusywmue 3TO OTOOpaXeHue, HarJsn-
BEIM 06pa3oM onpeneysioT ABHMEHHe MUAKOCTH. Tak Kak, BBHUAY

359a) u (360)
g=1:2% =1:91=1:(pg>__io£>,
dz ox X oy

To M3 (364) noJsyuuTCs MocJie pasze/eHHsi BeleCTBEHHON M MHHMOH

qacTu:
1 op\? 09\
== =), 366
rt (Ox) (0y> (566)
cosﬂuri‘g, sin&mrgg . (367)
ox oy

Takum oOpasoM r ecTb BesH4HHA, O6paTHAasf CKOPOCTH, a & (Mexay
® H —®) ecTb YroJ, KoTopu#l oOpasyer TrpafueHT NOTeHULAANA
CKOpPOCTH (MPOTHBOMNOJIOXKHKH JIMHHKH TOKa) C NMOJOXHTEJTbHHM Ha-
npasiehneM OCH X.

B kauecTBe NPOCTOro npHMepa pPaccMOTPHM TeHeHHEe XHJ-
KOCTH BINPOCTpPAaHCTBE MEXAY ABYMS HEMOXBHIKHBIMH NPSIMBIMH,
KOTOphie nepecexaxo'rﬁﬂ B Touke cToka O nox yrioM a (MCTeyeHHe
‘u3 GeckoHeyHo wmaJsoro oreepcrds B 0). Ius aToro Heo6XozMMO
KOHGOPMHO 0TO6PA3HTH NMOJOCKY, NAPAVIEIbHYIO OCH ¢ M IIHPHHQIO f,
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JIEXAIYIo B MJIOCKOCTH W, Ha CeKTOPHHH! BHpes ¢ yrioM @ B IOc-
ckocTH 2 (dept. 12). D10 OTOOpaxkeHHe MOKHO NOPEACTaBHTH HPH
noMoum GyEKUHH.

z—e8 ", (368)

x=e';--wcos (%zp), ]i )
]

HJIIH

JeficTBuTebHO, eCiiv ¢ YOHBIBaeT OT -} 0© g0 — o0, COOTBET-
CTBEHHO HaNpaBJeHWI0 JHHUE Toka (06o3HayeHHHX CTpPeJKaMH Ha
gyept. 12), TO TOuka Z
JBuxeTcs npH p =0 ‘»:’ Yy
O HernoABHKHOM Nps- |
MOH, IO OCH X, OT !
x = oo 5o x=0, a npx {
P = TOUYKA JBHKeT- R

|
}
i

s

Cq Mo Apyroi nemox-
BHXHOH mNpAMOH oOT
6EeCKOHEeYHOro ynaJe- o o X
Husg po Touku O, ¥ -

NpH NPOMEXYTOYHOM W= yriw Z=x+lYy
NOCTOKHHOM 3Haue- ’ g

HEH P TOYKA JBHKETCH Yepr. 12

no npsimo#t, nexaned

MEXIY 3THMH MNpSIMBIMHM, OT GeCKOHEeYyHOro ypaJeHHsi no ToukH Oe
CienoBare/JbHO, JIMHUH TOKA B IUVIOCKOCTH 2 CYTh NpsiMbie, KOTOPHRY
fpoxoZaT uepez Touky O BHyTpPH yria a. EcJu BHPa3uTh ¢ H
wepe3 X U ¥, To U3 (369) momyuutcs:

L S —

wz%mVﬂ+ﬁ:§%%]
} (370)
P =2 arctg Y.
g Tx )

TaxkuM oOpasom Mbi MMeeM 3JleCb JOrapuMuYecKul NOTeHLHAM
B KauecTBe YACTHOrO pelleHHs nudepeHUHasLHOro ypapHenus (356)
(cp. 7, § 46). IMocTonHHasn f COOTBETCTBYET, OYEBMIHO, CHIE ‘Teye-
HHS.

Jns senuuur r ¥ & nosayvamTcs ciaenymue 3Hadeuuss K3 (366)
n (367):

e 1; VETE  6—arcty %: (371)
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B COrJIaCMH C TeM. 4TO r 0603HayaeT BeJIMYHHY, OGPATHYIO CKO-'
pocty, u & 06GO3HAayaer HanpaBJeHHe, NPOTHBOMOJOXKHOE JHHHH
TOKA.

§ 67. Meton xoH}OPMHBIX OTOOpaxKeHui IMO3BOJSIET TaKkKe pas-
pewiuTh 3a7ady, KOTOpas HepaspemnMa npu 6o.ee oOuUHMX YC/IOBHSAX,
a UMEHHO 3ala4y NPenCTAaBHTb NBHKEHHSl KHUAKOCTH, KOTOpHie-COOT-
BETCTBYIOT ,CBOOOAHBIM CTPYfIM“: 3TO -— TOKH XHUAKOCTH, KOTOPHIE IPO-

. TeKal0T He MEXJAY TBEPALIMH CTeHKamu, a B CBOOONHOM BO3ayxe. 3a-
Iaya 3eCh 3HAYHTENLHO TpPYZHee MO TOH MNPHYMHE, YTO TIPaHMIIL
JKHUIKOCTH He AAHB 3aPaHee, a HOJKHB ObiTh BHYHCAEHE! [IPH MOMOULH
NOBEPXHOCTHHX YCJOBHEH, XapakTepHHX ans ¢soGoxnol ctpyu. Ilpe-
IEeJIbHOE YCJIOBHE, KOTOPOEe CyLIECTByeT Ha MOBEPXHOCTH CBOGOIHOMN
CTPyH, He TOJbKO OTpaHHuHBaeTcd TpeGoBaHHeM, YyTOOb! 3Ta MOBEpPX-
HOCTb COCTOSIa M3 JIMHHMH TOKa, HO M TpebyeT Takxe, BBHAY NPHH-
LMNa paBeHCTBa AEHCTBUS M NPOTHBOAEHCTBHA, YTOOB! HABJIEHHE p
KUIKOCTH Ha MOBEPXHOCTH CBOGOXHO# CTPYHM DPABHAJOCH HABJEHUIO
cBO6GOZHOrO BO3ZYXA Pg, T. €. OBUIO MOCTOSTHHEIM.

Ecsu npenebpeub BJHSHHEM TsKeCTH, To U3 (322) caenyeT, 4TO
Ha MOBEPXHOCTH CBOOOXHOH CTPVH BeJHYHHA CKOPOCTH TeyeHMs
nocrosigEa. OOpaTHO, KaXJaas JHHAUA TOK4a, Ha KOTOPOH CKOPOCTH
NOCTOSIHHA, MOXET MNpexcTaBJIaTh rpanuuly cBOGoxeO# cTpyH. Ecim
B OZHOH 4aCTH JIMHHH TOKa CKOPOCTb H3MeHseTCs, 8 B JPYrol yacTu
ocTaercst MOCTOSIHHOH, TO nepBas 4acThb NPEACTaBJseT TeYeHHe BAOJb
TBEpHOH CTEHKH, a BTOPAs 4acTb MNPOAO/KEHHEe STOro TeyeHHSH
B BHZe CBOOGONHOH CTPYH, YTO HMEET MeCTO, Halpwumep, NMpH HCTe-
YEHHH JKHUIKOCTH W3 TPYOH NpOU3BOJbHOH (POPMBI B BO3NYX.

CriepoBaTesibHO, 1711 H300paxceHust cBOGOZHOR CTPYH B pacCMOT-
PEHHOM 37eCh 4Y4CTHOM CJyuae ABYXMEPHBIX TeueHHH HeoBXomumMo
HAfiTH TakHe JIMHMM TOKA, HA KOTOPHIX NMOCTOSAHHO He TOJBKO ¥, HO

1
W CKOPOCTh - STy 3amauy MOXHO PeIluTb, €CJIM NMPUHSATb BO BHH-

MaHHe, YTO JHHHMH % = const 0603HayaT, Kak yme OLLJIO yKasaHO,
npsMbie, NapalieJbHble OCH B IJIOCKOCTH W, 8 JMHHH T = const npen-
CTaBJAT, corsaceo (364), KOHUEHTpHYeckue KPYrH C LEHTPOM B
Hauase xoopAMHAT B naockocTH &. [Tostomy, ecau ymacres xoudopm-
HO OTPa3HTh M0JIOCY, OTPAHHYEHEYIO ABYMS MapasiiebHBIMH MPAMBIMH
B MJIOCKOCTH W, Ha 06JIaCTh, OTPAHUYEHHYIO C OZHOH CTOPOHH AYroi
kpyra r =const B miockocTH §, TO H3 (YHKUMOHaJIbHOH 3aBUCH-

dz
MOCTH MEXIYy WH §= o noJsyuutcs QyHKIHOHAIbHAS 3aBUCUMOCTD
w

|Mexny z u W, T. e. oroGpaxeHHe MOJOCKH B MJOCKOCTH W Ha
|mrockocTe 2. ATO oTO6paKenHe MMeeT To CBOKCTBO, YTO Ha oflpexe-
JIEHHBIX MOTPAHMYHBIX JHHHSX 00/1aCTH NMJOCKOCTH 2 KakK P = comnst,
|TaK u 1= const. OTH JMHUK NPeNCTABJAIT MOBEPXHOCTH CBOGONHAIX
ICprﬂ ABukeHuH xuaxocrd. [pu noMmomu onucaruoro mertona FeapM-
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ronplly BrepBHe YA4J0Ch HafTH TOYHBIE peuleHusl 3axa4R 06
o0paszoBatil CBOGOAHEIX CTpy# L

§ 68. BosppaTumca Tenepb K paccMOTperHIo GoJee obuiero ciay-
yast 6e3BUXPEBOT0O TEYEHHMS XKUAKOCTH, C TeM 4TIOH noapobuee ocse-
THTb BOMPOC, KOTOPOTO MbI KPAaTKO KOCHYJHCh B § 61, Bonpoc o Towm,
MOTYT JIH JIMHHH TOKA ObITh 3aMKHYTHIMH. TaM Mbi HAallLJIH, YTO 9TO He-
BO3MOXHO B TOM CJy4ae, €CJH NOTEHLHAJ CKOPOCTH €CTb OXHO3HAY-
Has ¥ HenpepuiBHas (QYHKIMA NPOCTPAHCTBEHHBIX KOOpauHaT. OpHaKo
JIErKO MNOKa3aTh, YTO B JEHCTBHTEJBHOCTH CYHIECTBYET TEYEHHe
C TAKUMH JIMHUSIMH TOK3, KOTOphie 3aMKHYTH caMM Ha ce6s. Hanpumep,
paccMOTPHM MpOCTOe MBHXKEHME XXHAKOCTH, H300paxeHHOe YpaBHe-
ausmMu (370), 1 npumeM BO BHHMAaHMe, 4TO (PYHKUMH @ U @ MOTYT nome-
HATHCA APYT C APYroM MecTamM Kak yxe Onl/io ykaszano Belme. Torga
MB! NOJIYYUM JJISl ABHXKEHHS MKHAKOCTH:

(p=§arctgz, i
5 X 5 ._ (372)
y="1g VL =  lgp l

3neck Mb uMeeM 6e3BHXPEBOE CTANMOHAPHOE TEYEHHE KHAKOCTH,
3aNOJIHAKHIEH BCIO MJIOCKOCTHL X) 3@ MCKIOYEHHEM HPOH3BOJBHO
mantoli oOjacTH, 3axmovaromeli ocoGerHyro Touxy O. B stom pBuxe-
HHUH JIMHUM TOKa ¥ = const CyTh KOHLEHTPHYECKHE KPYTH C LeHTPOM
B 0COGEHHOH TOuYKe O, a JIMHHWH DABHOTO MOTEHLMasa CYTb NpPAMbIE,
BhixOAfiHMe M3 TOukH O. Ecnmum paccmatpuBaTh Kakvie-HHUGYIXb ZBA
KOHUEHTPHYECKHUX KPYra KaK TBEPAble CTEHKH, TO Mbl HMEEeM TeyeHHe
B KPyrosoM KoJble. KOMHOHEHTB CKOPOCTH B 3TOM CJy4yde PaBHHI

__% £ vy
=" Ta o |
: (373)
yto__f x|
oy a @
a BeJHYHMHE CKOPOCTH )
i o (374)

TaxuM 06pa3oM KHAKOCTH HENPEPHIBHO LMPKYJAHPYET MO KPYTY,
Mex Iy TEM KaK CKOPOCTb BPAILEHHS MOBCIOLY NMOCTOSIHHO PAaBHA HYJIIO.
St1a TeopeMa nepecTaHeT KasaTbCA CTUJb NAPAaZOKCANLHOH, eciaH
NPUHATD BO BHUMAaHHeE, YTO XHAKOCTb HE Bpama-Tcs NOAXOGHO TBep-
ZOMYy Tesy, a nperepnesaeT fedopmaluy BO BpeMs IABHXKEHHS, TaK

Y H. v. Helmholtz, Wissenschaftliche, Abhandlungen, Leipzig (J. A. Barth),
S. 146, 1882 -
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KaK YrJoBas CKOPOCTh HMPKYJISIUMH CTAHOBHTCH BCe MEHbIUEH C YBeIH-
yeyueM pPAcCTOSIHMA OT OCH Bpamienusi. [103ToMy Hy»XHO OTJMYATh
YrJIOByi0 CKODOCTH HHDKYJAIMH OT YIVIOBOH €KODOCTH BpamieHus,
TaKk KaK neppas OOGYCJOBJMBA€TCH PajuyCcoOM KPUBM3HBI TPAEKTOPHH
qacTHIE MUAKOCTH, a BTOPAsi — BPAHIEHWEM CaMOM 4aCTHLEH!, COBep-
IIeHHO He 3aBHCAIMM OT paiavyca KPHBU3HBL BrpoueM, ne ciexyer
JAyMaTh, YTO €CJU CKOPOCTb BPAHIEHMS PABHA HYJIIO, TO YACTHLA MMA-
KOCTH OCT4eTCs BCerja napasiesbHOiR camoil ce6e, H60 KOMMOHEHTH
CKOPOCTH BpallleHusl YacTHUB He PABHH NPOM3BOLHEIM IO BREMEHH
OT YIJIOB, KOTOPHe ONpeAeisioT MoJoXeHde dacTHib. Ecim 6 31O
6LJIO TaK, TO NPHILJIOCH Gbl 3aKJ/IOYHUTDL, YTO YIVIEI NOCTOSIHHBI, €CJIH
CKOPOCTB Bpamie#ins obpauaeTcs B #yJib. HO Ha caMmoM jeJie H3 nocyies-
,Hero OOCTOSITENLCTBA ClieAyeT JHIIb, YTO HMEHHO T NpsiMbie, KOTOPHIE
NPeACTABAAIOT COGO0I0 TMABHEIE OCH PaClIiDEHHs yaCTHIlL, HE H3Me-
HSAIOT HANPABJIEHHS, MEXAY TEM KaK BCe OCTaJbHbiE NPSIMble B 4aCTHIle
MOryT moBopauuBathC® (§ 7). M Tak Kak B Kawxeli MOMEHT IJaB-
'HEl€ OCH PACLIMPEHHS H3MEHSIOTCH, TO MOJYYaeTCs TaKoH pesyJbTaT,
YTO NMOCJe KOHEYHOro MPOMEXYTKa BpeMeHHM YacTHLA MOXET COBep-
mMuTh KOHEYHHIl NOBOPOT, B TO BPEMS KaK CKOPOCTDH BPAHIEHHS B KaX-
nuft MOMenT pasHa HyJo (7, § 137).

Hapsizy ¢ mpocTHM npuMepoM, BhlpaxaemMbiM ypaBHenuem (372),
MOXHO yKasaTh emie Apyrue, 6osee oGuire clyyay Ge3BHXPEBHX ABH-
KeHU C 3aMKHYThIMH JIHHIAMM TOKA Ha IUIOCKOCTH ¥ B NMPOCTPAHCTBE,
HanpuMep TeueHHe B KaKOH-HHUOYIb 3aMKHYTO# TpyOe.

Bo Bcex noOmOGHBIX CiydYasix NMPUXOAMTCH NPHUTTH K 3aKJIIOYEHHUIO,
4YTO NOTEHUHaJ He MOXeT OBITb OJHO3HAYHBIM M HenpepHBHbIM.
JleitcTBUTEIBHO, 3TO MOXHO NOATBEPAUTb NPH MOMOIUM BHIPAKEHHS
st @ B ypaBHenuu (372). JIu6o MOMHO NpexaNoJIOXKHTH, 4TO arc ig
OJ(HO3HAyeH; HO TOTZA OH He HenpephHBEH, a NpeTepneBaeT BHe3anuH i
CKaYOK B KaKOM-JHOO NPOHM3BOJLHO BHIGpaHHOM Mecte. JIH6Go ero
MOXHO CYHMTATh HENpEpPLIBHBIM, HO TOTAA OH GECKOHEYHO MHOTO3Ha-
ged. Eciu npUXOAUTCA NMPOH3BOAMTHL BHIYHMCIEHHS C NMOZOGHOTO poja
¢dynxuuet, To B GOJBIUMACTBE CAydYaeB ynoGHee BhIOpath IEPBYIO
BO3MOXHOCTh H yCTaHOBHUTH ONpEJENEHHOE MECTO NMPEPLIBHOCTH, AJS
TOro 9TOOH Pe3yJbTaT BHLIYUCJIEHHS! OHJI BIOJIHE ONPERESEHHBIM.
MHOro3HayHOCTh HJM NMPEepHBHOCTL MOTEHIHANA CKOPOCTH HE OKa3sHi-
BaeT, KOHEYHO, HMKAKOro BJMAWMS Ha BeJHYHHY W HanpaBjieHHe
CKOPOCTH. _

§ 69. Tax xak xapakTeD OGe3BHXPEBOr0O IBHMEHHS XHAKOCTH
CYHIECTBEHHO 3aBHCHT OT TOTO, ‘SIBJAETCA JH MNOTEHIMAJ CKOPOCTH
ONHO3HAYHBIM H HENPepHIBHHIM, TO BO3HHKAeT BONPOC, MOXHO JIH
yCTaHOBHTH TAKOH O6GIiuii KpHTepH#, KOTOPHI NMO3BOAUA Onl 3apauee
ONpEAENHTb, HeOOXONHUMO JH AJf HAHHOTO JBHKEHHs XHIAKQCTH,
yTOGK NMOTEHHMAJ CKOPOCTH OblI OIHO3HAYHBIM W HENpPEepPLIBHLIM.
YTo6H OTBETHTb HAa 3TOT BONPOC, MH AOJKHBH NPexAe BCEro Noji-
poGHee pacCMOTpeTh MaTemMaTHyeCKOe 3Ha4yeHHe ypasHeHHuit (318),
KOTOpHeEe BHIPa)aroT OTCYTCTBMe Buxpel. [losoxum, 41O q ecTb
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BEKTOP, KOMNOHEHTH! KOTOPOro U, V, W AaHbl B BHAE OXHO3HAYHRIX
W HenpepuLBHHX (YHKNMH NPOCTPAaHCTBEHHBIX KOOPAMHAT X, ¥, 2 .
BHYTPH HEKOTOPOrO MNPOCTPAHCTBA R, TAK YTO BLINOJHSAIOTCA TPH

ypasuenus (318). Torma umeer mecto ciaexywomee npasuso. Ecau
B3fiTh HHTErpaJ

2

J:S g, - ds (375)

OT Kaxo#-iu60 onpenenenHoit TOuku 7 NpOCTpancTsa R IO Kakoi-
au6o Apyrofi onpejeseHHOll TOYKH 2 TOrO XK€ NMpPOCTPAHCTBa, BAOJb
NpPOKU3BOJBLHOH KPHBOH §, KOTOpas BCA NMPOXOAMT BHYTPH R, TO 3Ha-
yeHHe HHTerpaja OCTAeTCH HEHW3MEHABIM NpH JioboM 6eCKoHeyHo
MaJIOM H3MEHEHMH NyTH HHTerpupopanus S. JlokasaTeanCTBO 3TOrO
NOJIPAEHUs NPOH3BOALTCA cuaenyrouumM o6pasoM. F3 pasencrsa

q=Uu - +V" W

clenyer:
.2
J= Sv(u dx +vdy + wdz). (376)

CinepoBaTesbHO, AJs 6€CKOHEYHOH MaJsIOf BapuaiM¥ KPHBOH S.
2

o) = ((u-adx+du-dx+...). (377)

1

Tak xax ddx = ddx, TO, MHTerpupys MO YaCTAM M NPHHMMAs BO

BHHMAHME, YTO NpeJeJibl HHTErpaja He MOXBEPraroTCs BapUaIMM, Mo-
AYuuM:
3

23
ja-d‘dr ‘du dx___j'(du dx+__dy+ﬁdz)
k1

1
Hanee,

mz?&+w®+

CrnenoBaTeaLHO, NMOACTABHB 3TO NPe0Opa3sOBaHMe W aHAJOTHYHHE
eMy B paBeHCTBO (377), umeem:
2

&) = g (’o}" - o") (dydz— Szdy) + . (378)

4, coraacro (318):
4/ =0. (379)
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Ho ecin Beamuuna J ocraercs uuBapuanTHO# npu GecKOHEYHO
MAaJoM H3MEHEHHH MyTH HHTEIDHPOBAHMA, TO OTCIONA €lLIE He cle-
AyeT, uTo J HMeeT ONWHAKOBYI0 BEJHYMHY JJisi BCe€X BO3MOXHBIX
nyTe#t MHTerpupoBaHus, 60 3TO 3aKJ/IOYEHHe HOMYCTHMO TOJBKO
B TOM CJyyae, €CJM MOXHO H3 OJHOrO NMyTH MHTErpHPOBAHHSA BHIBECTH
BCE OCTaJoHble NMOCPEACTBOM NOCJIeROBATEJIbHEX GECKOHEYHO MaJblX,
T. €. HenpepHBHHX H3meHeHuH. HO ocyuiecTBum s Takoil nepexorn,
3TO 3aBHCHUT OT CBOHCTB NPOCTPaHCTBA R, BHYTPH KOTOPOro onpeaeseH
BekTOp- q. Ecam, nanpumep, R umeer (opmy napannejenunesa Wid
9JIJIMIICOMJA, TO BCe KPHBHE, KOTOPHE NMPOXOAAT MEXKAY ABYMs Oomnpe-
JeJeHHbBIMH TOYKAMH BHYTPH R, MOryT OHTH npeoOpasoBaHbl OXHA
B APYTYI0 NOCPEACTBOM HenpephiBHHX HaMeHeru#l. Takoe npocTpan-
CTBO Ha3bBaeTcs OxHoOCBf3HHM. [loaTomy B Hem wuurerpan J
COBEPIIEHHO He 3a3HCHUT OT NMYyTH HHTErPUPOBAHMA M L@AHKOM ompe-
AeseH oOedWMH nNpeJlesbHBIMH TOYKAMH, 4 BMECTe ¢ TeM, H IO-
TEHIMaJ CKOPOCTH, KOTOpHH BhIpaxaeTCs uepe3 J, OnHO3HAayeH
BIVIOTb JO AANMTHBHOH NOCTOAHHOHA, KOTOpAas 3aBHCHT OT HHXHEro
npejena.

‘Ho ecan R wumeer, manpuMep, koabieoGpasuyio ¢opmy, Bpone
3aMKHYTOH TPYOKH, TO yiKe HEBO3MOXKHO NPeo6pPa3oBaTh NP MOMOHIM
HeNnpephIBHEIX H3MEHEHufi OAHY KDUBYIO, KOTOpas COERMHAET JnBe
TOYKHM B TpyOKe, B APYryI0 KPHBYIO, KOTOpasi €OENHHAET 3TH TOUKH
TAKUM 00pa3omM, YTO NPOXOAUT yepes TPyOKy B oOpPaTHOM Hampa-
Baenuu. Takoe npocTPaHCTBO, B KOTOPOM He BCe JHHHH, COERUHSAI0-
IHe pxBE TOYKH, MOTYT OBITb HenpephBHO NPeo6pasOBaHH OJHA
B IPYTyIO, Ha3blBaeTCd MHOTOCBfA3HH M. B TakoM NMPOCTPAHCTBE
COeAHHHTEAbHbIE JIUHUK MEXAY ABYMs TOYKAMH PacNaparoTcs Ha He-
KOTOpOE 4YWCJIO Tpynn, B Kaxxol W3 KOTOpHX wuHTEerpas J mmeer
PAa3JHYHYI0O BEJIHYHHY.

HzsoxeHHOE NPOTHBONOJOXEHHE OXHO- M MHOTOCBSISHEIX IPO-
CTPAHCTB MOXHO (POPMYJIMPOBATH TaKke APYTHM CNOCOGOM, KOTOPHIH
HMeeT HeKOTOPHe npeumyulectBa, OueBHAHO, YTO fiBe COENUHHTENb-
HEHle JUHHM MeX(AY IBYMS TOYKAMH MOXHO BCeraa COeNMHUTDL B 3aM-
KHYTHIH KOHTYD, NpPHUEM OAHY H3 JHHHH MOXHO NMPHHATH 34 NyTh
B ONHOM HANpaBJeHWH, a APYryi0— 3a obpatubift myThb. Ecin MoxHO
3TH JHHUH NepeBeCTH ONHY B APYTYI0 NpPH NOMOINHM HENPEpPHBHHIX
H3MeHeHu#, TO BO3MOXHO, NOCPEACTBOM HENPEPHLIBHOTO CyXeHus
3aMKHYTOrO KOHTYpa, CTAHYTb €10 B OZHY TOuKy. Ecsin HEBO3MOXHO
nepsoe, TO HeBO3MOXHO H BTOpoe. OTCIOAAa BHITEKaeT NMPABHJIO: NPO-
CTPAHCTBO OJHOCBSI3HO WJH MHOTOCBSI3HO, B 3aBHCHMOCTH OT TOTO,
MOJKHO JIH NOCPeACTBOM HENpEepHBHOMO CYXEHHS CTAHVTH B ONHY
TOYKY BCE NPOXOASI(ME B HEM 3aMKHYTHE JIMHHM, Wid Henb3d. B na-
panyenenunese WM SJAJHNCOMZE STO BO3MOXHO, a B KOJbleaG-
pasHofl Tpy6Ke HEBO3MOXHO, TaK KaK 3dMKHYTas JHHUA, KOTOpas
OPOXOIHT B TPyOKe B ONpeJeJeHHOM HalpaB/eHuH, HATAJAKHUBAETCH
NP HENpepLIBHOM CyXEHHH Ha CTEHKY, KOTOpas fBJfEeTCA NpensT-
CTBHeM IJfl NaAbHRHLIEro CyXeHHs.
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Uro6E NpUAOKMT 3TOT MeTOj K HHTepecyoueMmy HAac CAydaio,
npuMeM BO BHMMAaHMe, 4YTO BONPOC O TOM, HMeeT JH HHTerpan J
B (375) onvHaKOBYI0 BeNMYMHY Jisi ABYX Pa3JIMyHBIX NyTelt HHTer-
PHpOBAHMA, COBMAZaeT ¢ BONPOCOM O TOM, PABEH Ji 3TOT HMHTErpaj
HYJII0 A/ 3aMKHYTOTO KOHTYPA, COCTABJAEHHOTO US 3THX ABYX NyTeif;
HOO 3aMKHYTHIl HHTErpas paBeH ajsreGpanueckb# cymme o6OHX OT-
AEJBHBIX HHTErPaJOB, OAMH H3 KOTOPHIX B3fiT B OOPATHOM Hanpa-
BaeHud. COrJacHO NOJOXKEHHIO, BHIPAXEHHOMY PaBeHCTBOM (379),
BAMKHYTHIH HHTerpas He H3MeHseT CBOel BeNHUMHH IPH BCAKOM
HenpepHBHOM CYXeHHHM NyTH HHTErpHPOBAHMA, NpHUYeM TOYKH 7 M 2
TaKXe MOryT OHITb cMemieHH. [103TOMY, ec/iu MOXKHO ROBECTH CyXe-
HHe N0 eAMHCTBEHHO# TOYKM,—4uYTO BCeria BO3MOXHO B OJAHOCBS3-
HOM MNPOCTPAHCTBE, —TO JJHHA NYTH WHTErPDHPOBAHMA M, BMECTe
C TeM, BeJHYHHA WHTErpaja obpamaercs B MyJjb. CtaNo OHTb, WHTe-
rpaj paBeH HYJIO NPH BCAKOM pAaCIiMPeHHH NyTH HHTErPHPOBAHHS,
H BCe 3HayeHuss J Mexny ZABYMs ONPeXeNEHHBIMH TOYKAMM DABHH
Mexay COCOH: MOTeHLHaK CKOPOCTH OXHO3HAYEH.

Ho ecnr B MHOrOCBA3HOM NPOCTPAHCTBE CYXKEHHE 3aMKHYTOrO
NyTH UHTErPHPOBAHMS HATAJKHBAaeTCHd HA TPAHHUILY, TO HHTErpaj no
TaKoH 3aMKHYTOI1 KDUBOH MOXKET UMETb BEJHUYHHY, OTIHYHYIO OT HYJIf.
Sra BeJMUMHA OJMHAKOBA IJIsl BCEX APYTHX 3aMKHYTHIX KPHBBIX, KO-
TOPHE MOJNYYAITCA K3 AAHHOM MOCPEACTBOM HenpepPHBHOIO H3MeHe-
BHsi. [ToTeHuman cKOpOCTH MHOrO3HAYEH, OH HMEeT AUCKPETHOE MHO-
¥ eCTBO 3HAYEHMIA.

§ 70. Uro6u n3GernyTh HeyA0OOCTBA, KOTOPOE NMPHMHOCHT C coGok
MHOTO3HAYHOCTh KAaKOM-HOGO0 BEJHYMHE, MOXHO NPEBPATHTb MHOTO-
CBSI3HO€ NMPOCTPAHCTBO B OJHOCBSA3HOE NPH NMOMOIUM LieJiecOO6Pa3Ho
Noxo6PaHHOro NPOU3BOJBHOTO OTPAHHYEHKSA: B ONpeeseHHbIX MecTax
NPOCTPAHCTBA NPOBOAATCA pa3kessioOliHe CeyeHus, NPHYEM 'yCTa-
HABJIHBAETCH MNMOJIOXKEHHE, YTO JUHHSA, COSMHAIONAs ABe TOYKH Npo-
CTPAHCT3a, He HOJKHA NPOXOAMTh yepe3 kakoe-iubo ceuenue. Toraa,
OYEBHAHMO, YMEHBLIIAETCA YHCJO BO3MOXHHIX BHAOB COEIMHHTENbHEIX
JHHHH Mexay ABYMs TOYKAMM, HenpepHBHO Npeo6GpasyeMubiX Apyr
B apyra. ITpoBozs nocTaTOyHO GOJBLIOE HHCJIO PA3RENAIOUIMX ceye-
HHHA, MOXHO pROOGHMTLCA TOrO, YTOOHI OCTAJCA BO3MOXHEIM TOJBKO-
OAMH BHJ KPHBHIX, H NPOCTPAHCTBO CTAHOBUTCH OXHOCBA3HBIM. Ecin
AOCTATOYHO OJHOTO PA3AENSANIEro CeuYeHus, YyToO6H HOCTHYL 3TOrO
pe3ysnbTaTa, TO MPOCTPAHCTBO HA3HIBAETCs ABYCBA3HLIM. Ecyu HEOG-
XOAMMO N PasfeAlllUX CeYeHHil, To MpPoCTPaHcTBO (n-+1)-CBA3HO.

ITpumepom GoJiee yeM ABYCBAIRHOTO NMPOCTPAHCTBA MOXKeET rotJy-
KHTH KOJIECO C HECKOJbKHMH crnuuamu. EcsiM koseco ¢ yeThpbMs
CNUIIAMH, TO HEOGXOAUMO YeThipe Pa3fessioniMX CeyeHHs, KOTOPHE
MOXHO MBICJEHHO NPOBECTH Ha 000Ae KoJeca MEeXAY KaxIbMH
AByMsa cnuuamu. [1oaToMy Takoe NMPOCTPAHCTBO NATHCBA3HOE.

Ecnn npexnctaeuth cebe, 4TO BHIUIEONMHCAHHHIM CIOCOGOM IpoBe-
JeHo HeobXoZuMOoe 4YHCJIO PasjessiioliMx ceyeHuil, TO MPOCTPAHCTBO
6yAeT OJHOCBA3HBIM. Bcfikas nposelieHHas B HEM 3aMKHyTas KpUBas
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MOXeT OHTb CTSIHYTa B OAHY TOYKY NOCPEACTBOM HENPEPHIBHOIO Cy-
JKeHus, ¥ MOTEeHIHaJ CKOPOCTH OoiHO3Ha4yeH. Ho BHIMIPHII OAHO3Hay-
HOCTH HMCKynaeTcsi notepeli HenpepniBHOCTH. JleficTBHTENBHO, Onpe-
JieJIMM Pa3HOCTh 3HayeHU# MOTEHIHAJa CKOPOCTH B ABYX TOUKaxX 1 u 2,
KOTOphle GecKOHOYHO OJM3KH APYr K APYTy, HO JiexaT No PasHue
CTOPOHH OT pasjeMiowero ceuenus. Mluterpuposanue (375), cayxa-
mee AJA BHUYHCIEHHs 3TON Pa3sHOCTH, HYXKHO NPOU3BECTH He IO Oec-
KOHEYHO KOPOTKOMY, a N0 eRHHCTBEHHOMY A03BOJEHHOMY KOHEYHOMY
COERHHUTENLHOMY NyTH. Tak Kak 3TOT HHTErpa’ AacT KOHEUHYIO Be-
JHYHHY, TO HCKOMafl PasHOCTb TaKXe KOHEeYHa: MOTEHIHAN CKOPOCTH
npeTeprneBaeT CKayoK Ha pasfessrouiefi mosepxHoctu. Ho Tax kak
nyTh HHTErPUPOBaHHUA, NPH NMOMOIUM KOTOPOTO NPOU3BOAHMJIOCH 3TO
BLHIYHCJIEHHe, NPeJCTaB/IsfeT 32MKHYTYI0 KPHBYIO, M TAK KaK BeJIHUYHHA
3TOrO MHTErpaJia He uameHsieTcs, coriacHo (379), npu mo6oM Hemnpe-
PHBHOM H3MeHeHHMH 3TOH KPHBOH, TO MBl IMOJydYaeM Takoe NMPaBUJIO:
CKa84Y0K MOTEeHLNHana CKOPOCTH HAa NOBEPXHOCTH pas-
pPHBa ONMHAKOB BO BCE€X TOYKaX 3TOH NMOBEPXHOCTH
¥ paBeH pesuduue uaTerpana (375) no nw60H 3aMKHy-
TONJUHHY Nlepecekaplneli TOBEPXHOCTL pa3pHBa.

Bce 3Tu npaBuna MOryT OBITHL HArJfiAHO WJIIOCTPHUPOBAHH NpPU
MOMOILH NMPOCTOro paccMOTPEeHHOro B § 68 cayyasi HAPKYIALMH XuA-
KOCTH B IJIOCKOM KPyroBOM KoJblle. 3J€Ch JIHHHH TOK3 3aMKHYTHI,
NMOTEHIUHAaJ CKOPOCTH MHOTO3HAayeH, IPOCTPAaHCTBO ABYcBA3HO. Hefi-
CTBHTENbHO, 3aMKHYTYIO JIHHHIO TOKa HEBO3MOXHO CXaTb B OLHY
TOYKY, TaK Kak HeGoJibiuas o6JacThb, coAepaainas OCOGEHHYIO TOYKY
# He NPHHaJIexalias K NPOCTPAaHCTBY XHUAKOCTH, NPeacTaBaseT npe-
NATCTBHE HeorpaHuyenHoMy cywxenuio. Ho ecau npencrasuth ceGe,
YTO Yepes KUAKOCTh NPOXOAUT pasiesdioniee ceyenue, oT 0coOeHHOH
TOUYKH B 6ECKOHEYHOCTh, — HJIH, B CJy4ae eCJH HMEIOTCH JBe KOHLeH-
TPHYECKHe KPYrOBHe HENMOABHHEIE CTEHKH, OT OJHOM CTEHKH K ApY-
ro#, — TO NPOCTPAHCTBO HHUAKOCTH — OJHOCBAZHOE, H NOTEHIMAJ CKO-
pOCTH OAHO3HAayeH, HO npepriBed. CKayOK HA NMOBEPXHOCTH pPaspPHBa
OJVMHAKOB BO BCEX TOYKax 3TOH NOBEPXHOCTHU W JErKo mnoJsiydaercs
BRHIYHCICHUEM HHTerpaJsa (375) nas 3aMKHYTOH JUHHH TOKa, T. €. CO-
raacuo (374):

(q -ds= ‘:— « Om,

</
B COrJIacHH CO CKaykoM 27 GyHKuuH arc tg B BHpamenuu (372) mis
NOTEeHUHaNa CKOPOCTH .

§ 71. Tax xax JiMHus TOKa He MOXeT OHTb 3aMKHYTOH B OIHO-
CBfI3HOM NPOCTPAHCTBE M TaK KaK OHAa He MOXET 3aKaH4YMBaTbLCH
y TBEpAOH CTEHKH, TO OTCIOZA CefyeT, Y4TOB ONHOCBSI3HOM NpoO-
CTPaHCTBE, KOTOPOE OTPAaHHYEHO CO BCeX CTOPOH He-
NOJABUXHBMH CTeHKaMH, 6e3BHUXDeBOE ABUXKEHHE He-
cKHMaeMOHd KUAKOCTH BOooG e HEeBO3 MO XHO. DTO Jerko
JOKa3aTh, paccMOTpeB ToxaecTBa (81). Tak Kak cTenkn HenoABHKHHE,
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TO MNOBEPXHOCTHHIA MHTerpas paBeH HYJIO, & TaK KaK MXHUIKOCTH
HecknMaeMa, To OObeMHbil uHTerpaJ B NPaBOH wyacTH pPaBeH HYJIO,
H NMO3TOMY ¢ NMOCTORHHO, T. €. XHMAKOCThL Henojasuxua. Ho ais mpa-
BHJIBHOCTH TOxkeCTBa (81) Heo6xonumo, YTOOK! MOTEHUHaN CKOPOCTH
OblZi OMHO3HAYHEIM M HENPEPHIBHEIM, TaK KaKk WHaye HHTErpas

He paBHSJICH OH @,— ¢, KaK OBUVIO NPHHATO B BhHPaxenuu (76).

§ 72. B 3akaIOyeHHe 3TOH ITaBbl PaCCMOTPUM elle NpoCcTodH BpHmMep
HECTAaLUOHAPHOT O Ge3BUXPEBOT0 ABHKEHUS HECXKHMaeMOH JUAKO~
ctd. Jlss 3TOr0 BOCNOJB3YEMCH paccMOTpeHHBM B § 63 ciayyaeM ucre-
YeHHs TAKENON MUAKOCTH U3 TPYOKH, HPOKOH BBEPXY H Y3KOH BHH3Y,
¥ NOJIOXKHM, KaK U paHblle, YTO BepXHHH YpOBEHb XHIKOCTH HaxXO-
JHETCH NOJA NOCTOSHHKIM JaBJiedHeM P, a JaBJeHue Y OTBCPCTHA TOXKe
NOCTOAHHEO M paBHO p. HO Tenepr MBl pacCMOTDHM HeCTalHOHAPHOE
HUCTEUEeHHEe W MOcTapaeMcs OIpefesuTh, KaKkoe BO3HHKAeT ABHMEHHeE,
ecau B MOMeHT [ =0 XHUAKOCTb NOBCIOXY HENOJBHXHA.

[Tpexne Bcero, yTo xacaercs AudepPeHIHaNbHHX ypaBHEHHH nBU-
XeHus, To ypaBHenue Jlannmaca (323) u BHTekaouMe H3 Hero co-
oTHowexnusa oT (324) 10 (329) UMEIOT MECTO TaKXe JJIF HECTALMOHa PHEX
JBHXeHHH, H60 ypaBHenue Jlamjaca BhITeKaeT H3 OOCILEro yCJAOBHS
HenpepuBHOCTH (259) B CBASH C YCJIOBHEM HECXKHMMAaeMOCTH. 3aTo
ypaBueHnue (322)- o6o6maercs, cornacao (321), crenyoum o6pasom

p—=— g (124 ve -+ w2)—kgz + k. %f . (380)

Kpome Toro, #yxHO A06aBHUTH NOrpaHHYHbLIE YCJAOBHS y CTEHOK H
y o60UX OTBepCTHi, a TaKXe HayajbHOe ycjoBue, npu f=0.
Bcem aTHM yC/n0BHAM MOXHO YAOBJETBOPHTh, NOJAras

y=T-¢, (381)

rne T— dynxuus TOJIbKO BpemeHH f, a QyHKUHIO ¢’ MOXKHO NPHHATH
3a H3BECTHOE Y€ BHpaXKeHue NMOTEHLHaNa CKOPOCTH B PaCCMOTPEH-
HOM BHILE 4aCTHOM CJy4ae CTaLlMOHaPHOro Hcteyerus. Torxa BH-
NOJIHAIOTCS Kak ypasuenue Jlamjaca, Tak W NorpaHudHble YCJIOBHS
Y HENOXBHXHBIX CTCHOK.

B nudepenuuassuomM ypaBHeHHM jgunu# Toka (320) muoxurtens T
COKpallaeTcs, MO3TOMY JHHHMH TOKa NPOXOAST BCEe BPEMsl TaK IKe,
KaK W NpU CTauMoHapHoM HcTedyenud. C TeueHueM BpemeHH H3Me-
HSIETCH TOJIbKO CKOpOCTh Tedenusl. Jdubepenunposanuem (381) neno-
CPeACTBEHHO MNOJYYaeTCs:

qg=T-¢, (382)
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T. €. CKOPOCTb B KaKOM-HuOYAb MecTe NMPONMOPUHOHAIbLHA CTALHOHAP-
HOH CKOPOCTH B 3TOM MecTe W MHOxuiemo 7.

O603naunM, KaK ¥ pPaHBIUC, BEJHUHHbL,, OTHOCAIIMECH K BEPXHEMY
YPOBHIO XMAKOCTH, 3HaykoM 0, 2 BeJHUKMHE, OTHOCAIUHECT K OTBep-
CTHIO AJiA HCTeyeHus, O6yxem nHcaTe 6¢3 3uauxka. Ecau npene6Gpeun
BeJIHYHHON f no cpaBsennio ¢ fy, 70 U3 (329), (380), (381) n (382)
HOJYYHTCH:

r3
T _ 4 —1v, (383)
dt  2(gs—9')

[Tpounterpupyem s10 mudeperunanbroe ypaHenue. OGo3nauuB
AN COKPAlIeHHs! MOJIOKUTENBHYIO NUCTOSHHYIO:
)
__.Ew =

Po— @’

K NpuUEHMas BO euHManrue, uto T =0 npu { = 0, nosyuum:

y el (384)

Ypasrenusn (382) n (384) onpenensioT CKOPOCTL HCTEYEHUS XKHJ-
KocTH B B Jiro60ofi MomeHT f. CKOPOCTh pacter OT HYJs OO CBOEro
CTalMOHapPHOro 3HadeHua B (331), KOTOPOMY OHa TOYHO paBHAETCH
JUIIb nocjie 6eCKOHEYHO GOJBIIOTO MPOMEXKYTKa BPEMCHH, HO K KO-
TOPOMY HOZXOAMT TeM Ojmxe, 4eM OOJLUIE 3TOT MPOMEKYTOK.

TJIABA TPETbi

BHUXPEBBIE JIBHREHUS

§ 73. PaccMoTpum HECKHMMaeMyl0 XHAKOCTb, KOTOPAs 3aNOJHSET
OJHOCBA3HOE IMPOCTPAHCTBO MNPOHU3BOJBLHOTO OGbeMa, OrpaHuyeHroe
CO BCeX CTOPOH TeepabiMu cTenkaMmu. Kz § 71 u3BecTHO, YTO B TOM
c/yuyae, eC/iM B XMHIKOCTH HET BUXpell, CKOPOCTb €e BCIOAY M BCEria
paBHa Hymo. Ho ponycrum, 4To rae-An60 M Korpa-Jgubo uMeorcs
BUXDH, T. € 4TO B HEKOTOPHIH MOMEHI B HEKOTOPHX MECTAX KHAKO-
CTH CKOPOCThb BPAaLUCHHS MMEET JaHHOC 3Hauewue, OTJIHYHOE OT HyJs.
Toraa MOXHO AOKa3aTh, YTO CKOPOCTb BCC{l XMUAKOCTH OLHO3HAYHO
onpejeneHa BHYTPH ¥ BHe BUXxpell Xiax B AaHHbI# MOMeHT, Tak H
BO BCSIKOE BpeMs.

[TpoBeaem A0Ka3aTENBCTBO CHAYana fisl AAHHOTO MOMeHTa f M
MOKaMeM, UTO KOMMOHEHTL! CKOPOCTH U, V, W NOBCIOAY OXHO3HAYRO
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ocnupeaeseHbl OJHOBPEMCHHBEIMH 3HAYCHHSIMH KOMNOHEHTOB BpaujeHHU A

§, 1, § B ypaBHEHHAX (D9) H YyCA0BHEM HECHKHMAEMOCTH:

ou N 0}{ - 91:{ .

: 0. (385)
ox 0y 0z

JedcTBUTEMbHY, €CaAH OBl 2TOr0 He ObLT0, TO CYECTBOBAJIH Obl
eile JAPYTue 2HAYeHUss KOMIOHEHTOB CKOPOCTH, HAalpumep u', V', w',
KOTOphHie YyAOBACTBOpAAH Ob  2THM  ycaoBaam. Torja pasHOCTH
U— U=y V—V=Vo, W —W=1W, pacCMaipPHBACMEE KAK COCT..BJISAIO-
e CKOPOCTH, H306pawas! OBl ABHMEHHE XHAKOCTH B OJHOCBABHOM
NPOCTPAUCTBE, OI'PaHHYGHHOM CO HCeX CTOPOH TBEPALIMH CTEHKaMH.
IT0 nBHXEUHE, BO-NEPBLIX, YAOBJIETBOPAIO Gbl YCJOBHIO HecCKuMmae-
MOCTH M, BO-BTOPBIX, POHCX01na0 OH cosepumenno 6e3 suxpelt, tTax
KaK 151 1:er0 KOMIIGHEHTHl §g, 7o, (o MOBCIOLY PaBHMIHCD O HYJIO.
Ho rakoe pBuxenne Hesosmoxio. CaepoparenbHo, Uy, V, W, No-
BCIOAY DPABHBI HY.lO.

Tak Kak KOMIOHEHTH CKOPOCTH U, V, W onpeieqeHs IOBCIOAY,
TO OHH OMNpEJAEJeHbl, KOHEUHO, H BHYTPDH BHXPEBHX HHTEH, a BMeCTe
C HMMH M NPOCTPAHCTBEHHBIE NPOH3BO/HbIE HX MO X, ¥, 2, T. €. KOM-
MOHCHTH CKOPOCTH JAedopmauuu. Beuay 2Toro BnoJsse onpeneges-
HbiM AIB/ISIETCA H3MEHCHHE, KOTOPOMY INOABEpraeTcsi BHUXDEBasi HHTb
B TEYeHHe 2JEMCHTA BPEMEeHH, BKAKUas ee BpaiieHue H aedopManuio.
Tak kak, cornacso (317), mpoussesenne BHXPeBOil CKOPOCTH @ Ha
NJAOIIAAb MNONEPEYHOTO CEYEHHH HHTH HE H3MEeHseTCs C TeueHHeM
BPEMEHH, TO ONpeUeIeHHbIM CTAHOBHTCH H3MEHEHHE BHXPEBOH CKOPO-
CTH @ B TeueHHe [pomexyTka Bpem(HH di. BMecre ¢ TeM, CTaHOBATCH
H3BECTHHIMH BeJHUYHHA M HanpasJeHHe, T. €. KOMIOHEHTH §, 7, §
CKOPOCTH BPAUIEHHs1 B MOMECHT t + dt. Ho 3toro g0CTaToyHo, YTOOH
NpUMeHHTb K MOMeHTy f -} df Takue xe cooOparkeHHsl, KaK paHblIe
K MomenTy I Takum 00pasoM npouecc IpOAOIXKAETCH BMNOJHE OJHO-
3HAYHO, TAK KaK OT KaXJI0ro MOMEHT3a, MOXHO nepefitH K 6ecko-
HeyHo OJH3KOMY MNO3JHEHIIeMY MOMEHTY, H JBHKeHHE Bceif Xuui-
KOCTH fIB.I€TCH OMNPENECJEHHHM BO BCAKOE BpeMsl.

§ 74. YCTaHOBHB OCHOBHBIE MOJIOXKEHHS Npejblyltero naparpadga,
nepeijseM Tenepp K JACHCTBUTE/JbHOMY BHYHCIEHHIO KOMIIOHEHTOB
CKOPOCTH U, V, W, KOTOPbBIE COOTBET(TBYIOT 3a1aHHOMY BHXpIO, omnpe-
JeJEHHOMY BeJHuuHaMHu §, 7, & JlonycTHM, 4TO MHAKOCTb MPOCTH-
paerca B OECKOHEYHOCThL MO pCeM HanpasnenuaM. Torma 3azaua
CBOINHTCA K OlIpeleieHHI0 TpPex HenpepuBHHX (yHKUMHA U, v, W,
KOTOpPHIE YAORAETBOPSIOT, BO-NEPBHX, YCJAOBHIO HECKHMaeMOoCTH (389)
H, BO-BIOPHIX, TPeM ypaBHeHHsiM (DY) NMpH 3ajdHHLIX §, 7, &.

Yto6nl yLOBATBOPHTL yCaosuio (385), moJoxun:

ow _()V, - ou ()l[{' " ov _ﬁt?b' (386)
oy o0z 0z 0x 0x oy

11 B Besenme B rooperHyecKyo GUBUKY
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rae U, V, W o0603HauaioT TpH HOBHE HenpepuBHbE (PYHKHHH C He-
NpepHBHLIMH NepBHMM Npou3BoAnbiMH. Torla, oYeBHAHO, TOXKAe-
CTBEHHO YJAOBJETBopsieTcsi paBeHcTBO (385). He mapymas o6uuocTH
33Ja4H, MOXHO HaJOXHTb €llje HeKOTOpoe OorpaHnyeHHe Ha (GYHKUHH

U, V, W. ecau BMmectro U Hanucarb U+ %ﬂ, BMecto V:V - _2711;, BMe-
X

01
cto W: W+Fp—, rae p— cOBepuIeHHO NMPOH3BoJAbHAA (QyHKUMS, TO,
k4

oueBHAEO, ypaBHeHus (386) mazyT TakuHe ke 3HayeHud U, V, W, KaK
H pauble. TakuM 06pasoM MOXKHO COBEPIIEHHO NMPOH3BOJBLHO 334aThb
(yHKIHIO 9, He MpeABOCXMIAA 5THM BHYHCHEHH U, V, W. Buobe-
peM ¥ takuM 06pasoM, YTOOH OHJIO:

ou ov oW

A = =0 387

ox o0y 0z (387)

dTo BCErga MOXHO OCYHECTBHTb, MOXO6GPAB JOMKHHM O06Gpa3OM

BEJHYHHY AY.

Crnenap Takoe JonyileHue, NOACTaBUM Bupaxkedns (386) B ypaBHe-

gua (59). [Noayunm:
o/oU oV oW

2= "~ + T — AU, 388

§ Dx(OX oy Oz> A (388)

Hau, coraacxo (387):
AU=—-2§ AV=-—-2n AW=-—-2 (389)

Sto TpH AudepeHuHanabhble ypaBHeHus [lyaccona [7, (132)], unte-
rpajdnl KOTOPHIX PaBHH, corJgacso 7, § 45:

1 [ gdv 1 { y'de’ 1 ¢ 48'de’
U=—\>", V=i~~~ , W=_- |\>"" .
on j r 2n 5 r 2n 5 r (390)

3pech r 06o3HaYaeT pacCTosiHHE TOYKH BO3JAEHCTBHA X, Y, 2 OT
KakoH-HuOynb ApYro#f TOUKH MHAKOCTH X', ), 2, B KOTOPO# KOMNO-
HeHTH BHXpeBOM ckopoctH cyTh §', 7', §{’. HMHTerpuposanne npous-
BOJHUTCA IO BCEM 3jeMeHTaM 06beMa WHIAKOCTH dT’, NpHYeM, KOHEYHO,
HYXHO ONYCTHTb BCE T€ SJeMeHTH O00bheMa, B KOTOPHX BHXPeBas
CKOPOCTb paBHa Hy.q0. JIas KHAKOCTA, B KOTOPOH COBEPIIEHHO HET
BHXpeli, MBI CHOBa MOJyYHM BHBOA § 71.

MoxHO HenocpeACTBEHHO YOGEAHTbCA B TOM, YTO ONpeJeNeHHHE
TakuM ob6pasom ¢yukuuu U, V, W nelictBuTesbHO 06s1384310T CBOM-
crtBoM (387), ecan noacraBuTh BHpaxeHus (390), npoaudepesnnposas
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UX No X, ¥, 2 H npeobpas’oBaB NCJyYHBUIHECS HHTErpaJo HHTErpH-
poBaHHeM o 4actaM coraacHo (79). [Ipu 3ToM HyXHO BOCHOJIL3O-
BaTbCA TOXJECTBAMU:

or__or or__ or or__ or (391)

3 ’
0x ox' 0y 0y 0z 0z
H cootHomennem (315).

Ecan noacraButh HaliieHHne Buipaxenus U, V, W B ypaBHeHHS
(386), TO oOTCHOZA NOJAYY4ATCS HCKOMBIE 3HAYEHHs COCTaBJSIOUIHX
CKOPOCTH B NMPOH3SBOJLHOH TOYKE XKHAKXOCTH X, ¥, 2, BHYyTPH HJIH BHE
BHXpei:

/! i 1
1\ 07 0 4 392
U= P ey ——dY o T, A,
an )\ oy " a2 (892
HITH
PR N Pl A5 et A VRIS (393
27! r3 r3 /l
UJH, B BeKTOPHOM obosHauenun (7, § §7):
1 rjde
= o - | —. 394
27 5[ r } r? (39%)

3pack g obo3payaeT BEKTOP CKOPOCTH B TOyke BozjedCTBHS, r—
pacCcTosiHHEe TOYKH BO3IEHCTBHSI OT SJEMEeHTa XHAKOCTH di’, B KOTO-

r
poM BHXpeBas CKOPOCTb PaBHa 0, HAKOHeN, — BEKTOp IJHHOH 1,
r .

KOTOPbIH HaNPaBJeH OT 3LEMEHTA XKHIKOCTH U7’ K TOUKe BO3AeHCTBHS.
3nayenne ypasHeHHs (394) MOXHO HArVIAZHO HCTOJKOBATH CJAENYIO-
muM o6pasoM: KawAHi 2JeMeHT BHXpH, o6bemoMm di’, BHOCHT Ompe-
JeJIeHHY0 A0JI0 B o6ulyio BesHYUHY, CKOPOCTH XKHAKOCTH ¢ B TOYKE
BozAefAcTBHA. DTa A0J8 ONDEAeNseTcs IO BEJIHYHHE H HanpaBJeHHIo
NpH NOMOUIY BHPAXEHH:
1

2|
T. € OH& IPONOPLHOHANbHA BHXpeBOH CKOPOCTH, o6patHO nponop-
LHOHAJbHA KBaJAPaTy pacCTOsIHUA, JaJee OHa MPONOPUHOHAJIbHA CU-
HyCy yrJa MexZAy OCbI0 BHXPSl H COeJHHHTEJbHOH nNpsAMOfll r H nep-
NeHjul yAApHA K IVIOCKOCTH, MPOXOAsied yepes 2TH JBa HANpPaBJieHHs.
HanpaBaenuss o, r, dq o6pasylor B NOCAELOBATENLHOM HOpPsSAKE
NpaByld KOOPAHHATHYIO cucTeMy. JIpyruMH CjoBamH: JABHXeHue dq
COBEpUIAeTCSl B HAnpaBJeHHH TOH CKOPOCTH, KOTOPYIO HMeaH Ow

qacTdIB S/eMeHTa BHXps, GJNHIKad I He K TOYKe BO3JeHCTBHS, CO-
Bepllasi BpaljeHde BOKPYr OCH BHXPs, eCaH O oHA OHJIa HEMOJABHMKHA.

rjor

01 f] d'l’ ::d‘q, (395)

11 ¥
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3Hast COCTaBJAONIHE CKOPOCTH U, V, W KaK (yHKUMH X, ¥, 2, NO-
JyuuM Au(epeHIMa/bHbIE yYpaBHEHHst JHENH TOKa:

u:v:w=dx:dy:dz, (396)

KOTOpHE CYHeCTBEHHO OTJIHYAIOTCS OT NPexHKX ypaBHenuit (320) rem,
YTo B AAHHOM CJyyae BOOOIIe He CyH[eCTBYeT NOTeHIHANIa CKOPOCTH.

§ 7. PaccmoTpuM IJs npiMepa BHXPEBYK HHTb, MMEIOIIYIO BHIA
TOHKOTO KpyroBoro Ko.dbla. CKOpOCTb BpallEHHS MOXHO CYHTATh
HAacTONbKO 6GoJbIIOH, YTO NPOH3BEJEHHE €e Ha CEeYeHHe KOJbla, MIH
MOMEHT BMXPEBOH HHTH, HMEET KOHeYHYIO BeqHYHHy. Bue xoabua ABu-
HeHHue KHIAKOCTH NMPOHCXOAHT, KOHeuHo, 6e3 Buxpeil. Bee Te wactuin
KHAKOCTH, KOTOpHE JIEKAT B IJOCKOCTH KOJbLd, TEKYT NepnesiuKy-
. JpHO K 3TOfl nyockoctH, YacTHuwl, Jexamue BHYTPH KOJbLA, ABH-
KYTCA B HaNpasJjeHHH BPAaMIATE/LHOTO ABHIKEHHSI BHYTPEHHHX YaCTHI(
BHXPEBOTO KOJbIA, & 4acTHLbl, JexalfHe BHe KOJbla, JBHKYTCH
B HanpasjJeHHH BPAILEHHA HAPYXXHHX YAaCTHL KoJbla. JIHHMHM ToKa
cBOOOJHOH OT BHXpel XHAKOCTH NPOXOIAT CKBO3b CEPelHHY KOJblla
B COOTBETCTBYIOIIEM HANpPABJEHHM, OTHOAIOT €ro Hapyxy, CHMMe-
TPHYHO PAECHIHPAACL BO BCE CTOPOHH OECKOHEYHOro MNpPOCTPAHCTBE
COBepUIEHHO TaK, KaK B ,JIBOHHOM HCTouHHKe* (§ 64), 3atem, o6ohins
MJIOCKOCTh KOJIbI@ CHAPYXH €ro B NMPOTHBOMOJNOMXHOM HalpaBJeHHH,
BO3BPALAIOTCA, CHOBA COJIMMXKaACb, C JAPYroH CTOPOHH K CepeluHe
koJbla. TakumM 06pasoM BCe JHHHH TOKA OKPYXaiOT BUXPEBYIO HHTb
B HamnpaBJeHHH €e BpaieHusA. [IpH 3TOM CKOPOCTb TEYeHHs Herpe-
pHIBH@ TOBCIOJAY: BHYTDH H CHapy»H BHXpsl, @ TAKXKe NpH TNepexoie
OT MHAKOCTH B BHXPE K XHIKOCTH BHe BHXps. Besnumnna ckopocTH
TeyeHHsi GoJbLIe BHYTPH BHXPS, A€ HHTH TOK3 CYXHWBAIOTCH, 4eM
CHAPYXKH, Tle OHH PACHIHPMAIOTCA. 3AMKHYTBHIM JHHHAM TOKa COOTBET-
CTBYeT MHOTO3Hauublfl MJAH NPEpPHBHHH MOTEHUHAaT CKOPOCTH H bec-
KOHEYHOE JIByCBA3HOE NPOCTPaHCTBO KMUAKOCTH. JlefiCTBHTENbHO, TAKYIO
JUHUIO HEBO3MOXHO CTAHYTb B OIHY TOUKY INyTeM HenpepeBHOro
CyMXeHHst BHYTPH NMPOCTPAHCTBA, CBOOOAHOrO OT BHXpef.

O4HAaKO CaMO BHXPEBO€ KOJAbLO He HaXOMHTCS B NOKoe, a coob-
1aeT camo cebe onpezeseHHyo ckopocTb. Kak nokassiBaer Hebonbuioe
pACCYXKJIEHHE Ha OCHOBAHHH 3aKoHa (395), oHO ABHXeTcs nepneHiu-
KyJSiDHO CBOEH MJIOCKOCTH B HANMPAaBJEHHH JHHHH TOKA, NPOXOAAIUX
yepe3 €ro cepeluHy.

[TonoxuM Tenepnb, 4T0 B MHIAKOCTH HMEIOTCA [1BA TAKHX BHXPEBHIX
KOJbIla OAHHAKOBON AJHHBLL, OAHHAKOBOrO MOMEHTa M MapasiesbHbe
Ipyr Apyry, NpHyeM JHHHSA, COeAMHAONEA 062 NeHTpa, NepIeHHKy-
JpHd K IVIOCKOCTH KoJel, o6pa3ys oCb CHMMETPHH BCEro mponeccd.
HeTtpyaHo Bunmersb, KakuM 06pa3oM GyZeT COBEPIIATHCH 3TOT HPoIece.
CnepBa 06a BHXDEBHX KOJbllda OYJAyT ABHraTbCA CO CBOKCTBEHHOM
HM CKOPOCTbIO TNOCTYNATEJbHOrO JBHXEHHA BAOJb OCH CHMMETPHH
B HanpaBJeHHH MPOXOAAuMX uyepes Hee jnuHHH TOKa. Ho, kpome roro,
BO3HHKHYT CHJH B3auMojelcTBHA Mexay HHMH. Tak Kak ypaBHe-
uue (394) He 3aBHCHT OT TOrO, COBEpIIAeT JH KMAKOCTH BHXPEBOE
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IBHXEHUE B TOYKE BO3JACHCTBHA, TO BHXPEBME 3JIeMEHTH OXHOro
KOJbla OYyAyT, TaK CKa3aTh, YBeJHYEHH JHHUAAIMH TOK4, NPOH3BEjEH-
HEIMH APYrHM KOJbLOM. BCIeACTBHEe 3TOrO nepBoOe KOJbIO, IBHXKY-
meecst BMEpPeAH, PACIIHPAETCS HAPyxKy, & CKOPOCTb ero HOCTENneHHO
YMEHbIIJeTCH, MEXKAY TeM Kak BTOpPOe KOJbLO, CAeAyiouiee nosand,
CyXMBaeTCsl W ABHXKeTCH BCe OLICTPee Bnepell, NOKa He NOTOHHT nep-
BOE KOJbIO H He Npoiaer CkBo3b Hero. Kak TOJbKO 3T0 NpOH3OH-
JeT, mpouecc obpamaercd. Tenepb yxe BTOpOe Koabuo 6yner pac-
WHPATbCA H CKOPOCTb €ro yMeHblUATbCsd, & nepeBoe KoJabuo Gyner
CY>XHBAaTbCA, NMOKa 063 KOJbIa HE CIeJAal0TCA OJHWHAKOBOH BEJNHYHHEL,
a pacCTofiHHe MexX1y HHMH CT4aHeT TaKHM Ke, KaK GhlIO BHazaJe,
3areM HOBTOPHTCA TO K€ sIBJEHHE, INpPHYEM KOJbLA NOMEHSAIOTCH
poJssim, H Tak 6yaeT NpoaOMKATbCA IO GeCKOHEYHOCTH.

§ 76. Ilpoussesem GoJsee nOApPOOHHE BHIYHCJIEHHA [/ Caydas
IByX uaMepeHuli (kax B § 66), KOrga nBHKEHUE XHUAKOCTH NPOHCXOLHT
napajieJbHO MJIOCKOCTH XY H 3aBHCHT TOJbKO OT KOOPIHHAT X H ).
Torpa ycaoBue Becxumaemoctu (385) npumer O6oJiee mpOCTOH BHA:

ou  0v
S e = 0
ox o0y
H3 Tpex KOMNOHEHTOB BpalleHHs B ypaBHeHHsx (59) § u n o6pa-
1IAITC B HYNb, H OCTAETCA TOJbKO

1 /ov du
= [=—==2=), 397
§ 2 (0x ay) (397)
TaKk 4Yr1o, corjacHo (389):
U=0, V=0,
oW 2w
= s =28, 398
ox? F 0y? s (398)
H, corjacHO (386): 5 5
W w
U=-—, V=———. 399
dy ox (399)

Takum 06pa30M BCe BHXpeBhE JHHHHM H BAXpPEBHE HMTH nNapaJ-
JnenbHH OCH 2. TaK KaK OHH ABHXYTCA NapajniefbHO NJIOCKOCTH XY,
TO IJvHAa KawJO# BHXpeBOH HHTH MOCTOsiHHa Bce Bpems. Ho Tak Kak
Macca BHXPEBOH HHTH H, BCJIEJACTBHE HECKHMAeMOCTH IKHAKOCTH,
TaKe OObeM HHTH He H3MEeHAIOTCA C TeyeHHeM BPEeMeHH, TO 0TCIoJa
caefyeT, YTO MOCTOAHHEIM BO BPEMEHH OCTAETCH M CeyeHHe KaxuaoR
HHTH, @ BMeCTe C TeM, coraacHo (314), Take H CKOpOCTb Bpalle-
HUS ee.

YpaBHeHne cHCTeMbl JHHHMH TOKa, corsacuo (396) u (399):

W = const (400)
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HMEeT MeCTO KAK DHYTPH, TaK M BHe BHXped. TaK Kak JHHHHM TOKa
NPOXOAAT NAPAJNIeJbHO INIOCKOCTH Xy, TO AJS JBHXEHHs, H306pa-
HKAeMOro NpeibiAyIHEMH yPaBHEHUAMH, 0e3Pa3iHyHo, NPOCTHPAETCH
JH XHAKOCTb B OECKOHEYHOCTb O OOGOMM HAMpaBJeHHSM BAOJDL OCH,
WM e CHa 3aKJIoHeHa MEeXAY JI0OLIMH ABYMSI TBePALIMH CTEHKaMH,
NapaJJesbEBIMH ILIOCKOCTH.

JByxmeproe ypasuenne IlTyaccona (398) MOMHO 11pOHHTErpHpPOBATD
[cornacuo 7, (139) u (140)] nocpezcTBoM n0rapupMHUUECKOro NOTEH-
HaJIa:

W=— 1| o1g ot (4013

rae do’ 0603Hayzer mJacluais ceyeHust 6eCKOEeYHO TOHKOH BHXPEBOM
HUTH, {'— BUXPEBYK CKO[OCTb HHTH, 0-— DACCTOSAHHE OT TOHYKH BO3-
neficrBusi. MHTerpaa Gepercsf Nno BceM BHXpeBHM HuTAM. OTCOna
NoJay4aTCa Ha OCHoBaHnH (399) cneayomye BHpaXxeHHs AJA KOMNO-
HEHTOB CKOPOCTH B KaKOf-HMOYIb TOYKE X, ¥, JexalieHd BHE BUXpei:

- }'_—"}_’udc,’ '
{ (4012)
P == \; R P
L% ’

T BHPAOKEHHA IV1ACAT, YTO KAKAKH 37eMeHT BHXPA d6’ Bhi3hl-
BaeT B TOYKe BO3LEHCTBHA CKOPOCTb, KOTOpPast OGPatTHO NPONOpPHH-
OHAJbHA PACCTOAHHIO H HMEeeT OAHEAKOBOE HaliPABJEHHE C BPALEHHUEM.

BosbMeM ozBy kKakyvio-HHOY I GECKOHEYHO TOHKYIO HUTb, HANpuMep
B HayaJje KoopauHat. [Ipu 37OM MOXHO NOJOXHTH CKOPOCTb Bparie-
HHSl HACTOJMbKO 60/ibIIOH, 4TOOH MOMEHT &’ - d0' = u HMeJ KOHEYHYIO
BeanyuHy. Toraa uuterpan B (401) cBegercss K OJHOMY HJEHY, H Mbl
NOJy4YHM:

W=—"Ige. (402)

Cahnenosateabno, va ocHoBanuii (400), JHHHHM TOKA CYTb KOHIEH-
Tprueckue Kpyrd. CocTaBasioline CKOpPOCT# B KaKOH-HHOYAb TOUKE
BHe BHXDPA paBHH, corsacHo (399):

u
y=—> Y X (403)

T g¥ 7 0%

3TH YpPABHEHMs] COBEpPLIEHHO OJIHMHAKOBH ¢ ypasHeHusimd (373),
eCJM He CYMTATL IOCTOSIHHOrO MHOXUTENs. Pa3nHiue TOABKO B TOM,
4TO XHAKOCTb, NHUPKYJAHPYIOllas 6¢3 BHXPEH NO KOHUEHTPHHECKHM
KpyraM, OrpanMyeHa uHaKHQepeHTHOH TBepAOH NUIHBAPHYECKOH CTeH-
KOH, a B PAacCMaTPHBAEMOM 31ECh CJy4Ya€ HMEeTCs NPHYHHHOE CO-
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OTHOUIEHHE MeXJy MOMEHTOM BUXDEBOMH HUTH, HENOABHKHOH B IIEHTPE,
A BHEWIMHM TeyeHHEeM.

Jns mBYX TakuX BHXPEBHIX HWTel B TOUKAX X, Y;, H X,, yp HMEEM,
coraacrio (401):

W= — M M2
7 Ig o n, Ig 0. (404)
CKOPOCTH PaBHBI, COr'JaCHO (399):

U Y=V M Y Yo l

U= —

T el m oo (405)
st X=Xy gy X—X
z 0P T Qf

Ilpy nomouu 3THX ypaBHeHHH CKODOCTH BCEX TOYEK MXHAKOCTH,
CBOGONHOH OT BHXpell, BHIPAXKAIOTCS B 2dBHCHMOCTH OT IOJOXEHHS
obeHx BHXpeBbIX HUTeH B AaHHEIi MOMEHT. JluHHH TOKa cyTb: W =
= const. [loreHan ckopocTu:

q>=—‘:f: drctgy V1 'uzarc tgy Ve (405a)

X—Xy —Xg

[Tpocrpauncteo 6e3 Buxpelt, BBHLY MHOTO3Ha4YHOCTH, TPEXCBfI3HO.

Uro Kacaercs JBHXKEHHs CAMHX BHXDEBHIX HHTel, T. €. H3MeHe-
HUS KOOPAHHAT X, Y1, X Ve C TEHEHHEM BpEMEHH, TO ero TaKxe
MOXHO BbiBecTH u3 ypasHenui#l (405). Ho npu 3TOM HYXHO HMeTb
B BHJY, YTO BHXDEBas HUTb He COOOuiaeT cebe mOCTynmaTeNLHON CKO-
poctH. B 3ToM MOXHO y6eaHTBC TaKKe IyTeM BHIYHCJCHHS, €CJH
NPHHATD BO BHHMAHHE COOTHOILIEHHS BHYTPH HuTH. B Takom cayuae
B ypaBHeHHsX (405) BHnajaer wieH, COOTBETCTBYIOLHN BO3aeHCTBHIO
HHUTH CaMOH Ha cebsl, U MH INOJy4HM:

A%y ps i —Ye dy, M xl—"xz

T T T e T T AT (406)
_dxy, U Ya— W Ay, 1y Xy X

B="gt =~ & gp * TV = 9122 . (407)

O7ciona noayuutcs Caeysonias KapTHHA ABHMeHHA 06eux BHXpe-
BRIX HHTCH.
Tak xax
ity + oty = 0, pyV; 4 Ve =0,

TO TO4YKa ¢ KOOpAHHATAMH

lli’l_xl +M2£t_2= Mlyl +M2y2_ (408
o+ C Tmtm 208
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KOTOPYIO MOXHO Ha3BaTb ,UEHTPOM TSXKeCTH® 06eHX BHXPEBHX HH-
Tei, OCTaeTCA BCE BpeMs HENOABHKHOH:

Uy (X, —Xz) + ¥y (Y —ys) =6,
Uy (X — %) + Vo (Y —¥s) == 0,

T. €. ABHXEHHE KaKACH M3 HHTeH NepreHjHKYJAPHO K NpsMOMH, cO=-
epquismomielt nx. [lozromy paccrosnue mexAy HHMH, a TaKXe pac-
CTOAIHUSI OT LEHTPA THHECTH OCTIIOTCA NOCTOSHHEMH. Cres0oBaTenbHo,
HUTH ppamarorcs ¢ cOwed yraoBofl CKCDOCTHIO BOKPYI LEHTPE ToA-
HECTH, OCTABasCh ,HA TIOCTOSIHHOM PaCCTOSIHUY Q. Lcnu 06a Bpatlle-
HHsi MMEIOT OJHHAKOBOE HAMpaBicHEHEe, TO LEHTD TSKECTH OOeux HH-
Tel JexxuT Mexay ¥umd. Ecau ke BpaileHHsi NpOTUBOMNOJIOXKEL, TO
HEHTP TSHECTH JEXKHMT BHE HHTeH CO CTOPOHH 6OJHLIErO MOMEHTA.

¥YrnoBasi CKOPOCTh BpailleRus paBHa E}Ii——%li U HMeeT HanpaBJeHHe
2

12
60JbLIero 3 O60HX MOMEHTOB.

Ecrn MOMEHTH PaRHH M NMPOTHBOMNOJOXHH, TO ,LEHTP THKECTH®
OTO/BHraeTCs B GECKOHEYHOCTh, YIJIOBas CKOPOCTb BPAlUEHHfl CTAHO-
BUTCSl paBHOH HYJIO, U OGE BHXpEBble HWTH COBEpIUIAIOT, COTJIACHO,

(406) u (407), ob1iee NOCTyNaTeqLHOE [BHIKEHHE CO CKOPOCTRIO —7;'%—

<12
B HAanpaB/JeHHH JHHHHE TOKa, IPOXOASIIHX MexLy HHMH, NOLO6HO
ONHOMY BuXpesoMy KoabLy (§ 75). leitcTrBuTENbHO, TAKHE IBE ,aHTH-
napajiejbHnie’ BHXPEBHE HHTH MOXHO pPacCMaTpHBATL KaK YacTH
OAHOTO BHXPEBOr0O KOJIbIlA, UMEIOmEro BHI O6ecKOHeyHOo AJHHHOTO
npsaMoyrosbanka. [losoxenne JUHHUE TOKA BHIPA3UTCS B 3TOM 4aCT-
HOM cJjyqae, Ha ocHOBaHuHM (400) u (404), B Buje ypaBHeHus:

! —const. (409)

2

[~ (=]

Takum 06pasoM JuHHH TOKA CyThb Kpyrl, CHMMETPHYHO pacno-
JOMEHHbEe OTHOCHTEJbHO COCAHHHUTCIRHOH JHHWH OOEHX BHXPEBHIX
HuTel M genauiMe pPaccTOAHHE MexJy HHMH B rdpMOHHYE€CKOM OT-
HOUIEHHAH. ’ )

§ 77. B 3akmoueHHe PacCMOTPHM e[le MPOCTOil npHMep OLHOH
BUXpeBOH HHTH KOHEYHOro ceyeHus. [100:KHM, YTO ceyeHHe HUTH —
Kpyr paauyca R, a CKOpPOCTb BpauleHusi nosciofy pasha §. Kax mu
3HaeM, OH& MNOCTOfHHA W BO BpeMenH, MHTerpajan c 3jeMeHTaMH
Buxpf do’ HyXHc B3ATb NO BCed naowaau kKpyra. Bupamenusa nans
KOMIOHEHTOB CKOPOCTH B KaKO#-HHOyIb TOYKE KHAKOCTH MOXHO
NoOJy4YuTh, NPOH3BEAs HHTerpHposande B (4101a) wau ke, 410 y106-
Hee I Hac, BHIMHCAUB NpH nomouin (opMmyan (400) Jorapugpmn-
yeckuit notenpuan W maccs, noxpeiBaowed Kpyr ¢ paBHOMEPHOH
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NOBEPXHOCTHO naotHOCThIO _ .(401). O603HaunuM pacCTOAHHE TOUKH

T
RO3JEIiCTBHA OT lIGHTpPa Kpyra uepes

o=V TP

Toraa naa BHyTperHell TOYKH (0o < R) Hmeem, coraacuo 7, (145):

= ; (R2~ 902\,- —{R*IgR. (410)

Jnn sHemneit Touku (0o > R), cornacHo 7, (146):
W =—{R%Ig g, (411)

CrepnoBatesbHO, JTHEHH TOKA TPEeACTABJAAIOT cOGOI0, coraacko (400),
KOHIEHTPHYECKHE KPYTH, g, = const, Kak BHYTpH, TaK ¥ BHe BHXpe-
BOro nMaMuApa. Bee umanHzpa, B npocTpaHcTBe Ge3 BHXpel, CKO-
pPOCTb BHIpaXaeTcs CAenyolHM 06pa3oM, Ha ocHoBanHH (399) k (411),

X
u——CRe L, v=trr X, (412)
Qo Qo
T. e. cHoBa B corJacku ¢ (403). 3aTo BHyTpHM BHXPA CKOPOCTH
HMeeT Takoe 3HayeHHe Ha OcHOBaHHH (410):

u=—_%y, v=2¢Ex (413)

3uauHT, BCA KMAKOCTb Bpaliaercd 34EChb C YIrNOBOH CKOpPOCTBIO
6e3 gedopmanuu, nofo6HO TBepzoMy teay (cp. 39, crtp. 23). Hnure-
pecHo, 4TO Ha NMOBEPXHOCTH BHXDEBOH HHUTH, TaM, TAe XHUAKOCTb
BHXpPAl TPAHMYHT C XHAKOCTLIO, CBOOOAHONH OT BHXpeH, CKOpOCTb
H3MEeHsieTCsl BCIONY HenpepHBHO, TaK Kak (opmyan (412) u (413)
nepexoAsT OAHA B APYrylo NpH g, = R. 31eCb BeIHYHHA CKOPOCTH
JOCTHraeT MaKCHUMa/JbHOrO 3HayeHHs, (R, H yMeHbllaercs B o6e
CTOPOHH! 10 HyJs.

JlaBieHde p BO BHellHEM NPOCTPAHCTBE KHAKOCTH, CBOGOAHOM OT
BHXpeil, clesyeT, Ha OCHOBaHuH (322), 3aKomy:

4
p= ~——’;—§2—R—2+const, (414)
- 0

0
a BHyTPU BHXPEBOHl HHTH [aBJICHHE BHIpaXKaeTcs HHaye, Ha OCHOBA-
uuu (297):

p— ; £%0,2 - const. (415)

Ha ocHOBawyu npuHHHMNA paBEHCTBA NEHCTBHS H NPOTHBOAEH-
CTBHA, JABJeHHe Ha OI'PAHUYHBAIOUIEH MNOBEPXHOCTH AOMKHO. 6HTBH
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senpepuBHO. [l03TOMy BesHyMHa ero onpefeseHa NOBCIOAY, €CJH
OHa M3BECTHA HAa KAKOM-HNOGYAb pacCTOSHHH, HanpHMep B GeCKOHey-
noctd. C npuGaMxenneM TOYKH BO3AEHCTBHS H3 GECKOHEYHOCTH
K BUXDIO W laJiee 10 ero cepelHHb 1aBieHde yoOuiBaeT. B cepenuue
BUXDfl LABJEHNE HMeeT HaHMeHbILee 3HayeHHe,

IJIABA UYETBEPTASI
TPEHIE

§ 78. MizaoxenHne BHINE NPHAOMERHS OCHOBHLIX ypaBlesu ruapo-
MMHAMHKY MOKA3a/H. YTO 3TII YPABHECHHSA B (OpMe, BHBEJIEHHOHA B § 33,
JAT BO3MOXKHOCTL NPEACTABHTb 3IHAUMUTENLHOE YHCAO PasJHYHBIX
OBHXEHHH KHIKOCTH B XOpOIUEM COTJACHH C ACHCTBUTENBHO.TLIO.
Ho B mpupoje CyLiecTByloT H TAKHE Billil MIAPOAHHAMHYECKHX f..J1e-
HHU, 3AKOHH KOTOPHIX HE YAOBJARTBOPRIOT TpeGOBaHUAM 3THX Andepen-
IHATbHBIX ypaBHElild. DTO ME BHIeJIH BCEro OTUET/HBEE HA npHMepe
napagokcajbHOil Teopemm § 65, cornmacno koTopo# wap, ABHXYIIHIC
B NMOKOAWEHCS XHAKOCTH, HE JOAKEH HCNBTHBATD HHKAKOrO CONnpo-
tuBIeHHA. ECJIH Mel XOTHM OT/JaTh ceGe JyylUHi OTyeT B JAeHCTBH-
TENbHOM MNOJIOXKEHKHH BeDlel Aaf 3TOr0 BaXKHOTO CAyuasl, TO HaM
HeOGXOAMMO PACILLHPHTb TEOPHIO JO/KHLIM 06pasoym. CnpauinBaercs,
KaK 3TO CHeJaTh.

Ypapuenust 1puxeduss (83) u (84) B nepBoOit yaCcTH 3TOH KHHIM
BHIBE€/ICHH H3 DNUHHUMNOB OCuEH MeXaHHKK, KOTOPHIX MB HC MOKEeM
371eCh M3MEHHMTh. ITHX YpaBHEHH{T Mbl OyfeM NPHIAEPHKUBATBHCH HEH3-
men#o. O/HaKO nNpeaCTaB IsieTCd BO3MOXKHOCTb BIiOM3MEHHUTH Teo-
pHIO, ecaH INPUHATL BO BHHMAHME, YTO MH NOJAYYH.1M HAamH gudepen-
IHaJbHbie yPABHEHHA THAPOAMHaMHxkH (262], BBens runoresy ,COBED-
IIEHHOH yOpyroctu, 1. e. rUnoTesy, yTo JiaBheHIle 38BHCHT TOJILKO
or coctosiiust agepopmanin (§ 21). Toraa noayyaroTcs A KHAKOCTH
HPOCTHE 3Ha4eHHs (261a) mecTH KOMNOHEHTOB AaBaeHusi. Tenepb xe
1.3 MOXeM OOOOCIIMTL 3TY THIIOTe3y TakuM OGpP43OM, 4TO LaB.JeHHe
B KaxOM-HuOyiab 3/eMeHTe Teda AOJKHO 3aBHCETb HE TOABKO OT COC-
TOAHHA edopManki, HO H OT COCTOAHHUA CKOPOCTH 3.JEMEHTa, T. €.

ou ou
OT KOMIOHEHTOB CKODOCTH U, V, W H HX NPOU3BOAHBIX o o Coort-
x 0y

SeTCTBEHHO 3TOMY MH HanuumeM paBeHcTBa (261a) B 06oGiieHHOM

BUae.
XI — p + X,,- y«'l = p —;- Yy', Z: == p +Z¢Ir ] (416)
Yz = yz,’ Z:: = ZI” XL’ = X-'/” [
p= 1 (k). (417)

M [0NYCTHM, YTO JOO4BOYHBIC KOMNOHEHTH AaBjendn X, Y/ ,...
3aBUCAT HEKOTOpPhIM OOGpa30M OT YNOMAHYTHX EREJAHYHH CKOPOCTH.
IosfiTHO, YTO HEnoCpPeuCTBEHHOE BJUSHHE HA [aBJIeHHe B 3JEMEHTe
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TeJa HEe MOXET OKazaTh HH PaBHOMEPHAA CKOp' CTb MOCTYNATE/bLF Oro
NepeMenieHns, HW PAaBHOMEPHAst CKOPOCTh BpameHus, a TOJAbKO TaKoe
COCTCHHHE CKODOCTH, KOTOpOE CBsi3adO C jgedhopmannelt. Orciona cae-
JIyeT, 4TO B Bulpaxenust X/, X, ,... MOUYyT BOHTH M3 JABEHaAUATH
BeJIi:UHH CKOPOCTH (256) TONLKO 11eCTh KOMIOHEHTOB CKOPOCTH Aedop-
MalH X, X,.. Mel AONycTHM, 9TO OHM BXOASIT JIMHEHHO,— 4TO,
H&BEPHOE, HMEeT MECTO fIPH JOCTATOYHO, MAJBIX CKOpOCTAX Aedop-
Maliny, — H OJAHGPOJHO, TaK KaK IpH CKOPOCTH Aedopmanil, 06paLiao-
Le«Cs B HyJL. JaBJCHLE. BHI3BAaEMOE eio, Takmke oOb6patjaercs
B Hyab. Jlapaenue, k3cOpaikaeMoe EHOBb BBEJEHHBIM TEH30POM, MEl
Ha30oBeM ,TpEeHHEeM® KHUAXOCTH, B YACTHOCTH ,BHYTPEHHHM® TPEHHEM
Wad ,BA3KOCTBIGY, B OTJKYHE OT ,BHEIIHEro* TpeHuUs, KOTOpPOe BO3-
HHKAeT NMPH CKOJBXEHH ! HUAKOCTH N0 NOBEPXHOCTH CONMPHUKOCHOBEHUSA
€e C JPYrHM BelleCTBOM H KOTODOE HYXHO [OPHHSThL B pacder NnpH
VCTAHOBJNCHHH TOTPEHUYH LI YCAOBHIL.

Ecau TeH30p TpeHHs H3BECT€H B BHIE OAHOPOIHOH JHHefiHOM
(YHKLKH TeH30pa CKOPOCTH ae(OpMalHH, TO H3 OOUUX ypaBHEHHH
(83) u (84), B cBsaA3n c ypaBHeHusmu (416) u (417), BHTEKAIOT 3aKOHKI
JBHXEHHA, 1 HMEHHO:

X XNy 0p OXT 0XS, 0T
e, ox ox oy | ooz
2., o ’ v
(y _ @y op oY) oY, .— oY : (418)
e, oy ox v 02
A»A/ Z — 42% = 01‘) - 0Zr, puy az-'-" e 02"
' dtz oz ox  or 0z
Y;’ = Z_u’: Z,r/ = Xi': Xy’ = y.r" (419)

Tenepp HyXHO OnpeleNUTb XapPaKTECP 3aBHCHMOCTH BeNHYUH X,
X,),... 0T X, X,.... HanGosnee npoctoii ¥ Beprmii cnoco6 —3To TOT,
KOTOpHIHl MBl MpHMEHHJH B § 23 1A BHBOAA KOMIMOHEHTOB VIPYroro
jlaBJEHHA B TEEPACM TeJe: 3TO NpvMEeHeH:C MPHHIMNA COXpaHeHHs
SHepPIHH, — B [J@HHOM (Jyuae YyXe He K&Kk MEeXaHMYeCKOro 3aKOHa,
a Kax pceoCuiero (HU3HUECHOro HPHELMNA, HCO TLEHHE He OTHOCHTCR
K uucay KOHCepBaTHEHBIX cma (7, § 49), a BO BcskOM npcuecce,
B KOTOPOM y4acTBYeT TPEHHE, H3BECTHAsl YacTb MEXaHHYeCKO! sHep-
Uy 06PawACTCs B TCNAOTY. TenjaoTa, NPOH3Be \IcHHAs TPEHUCM B KAKOM-
HHOVAb OCCKOHENHO MAJ0M 3JEMEHTe Tena, o6beMoM dT, B TelcHHe
6eCcKOHCUYHO * Manoro BpeveHH df, NponopuHosanbna BeJuykuam di
u dr. [Tosatomy moaaraeM, yToO OHa pasHa

W - dt- dx. (420)

Benuyuny W ™Mbl AOMKHH CHYMTATH KOHEYHOW Y BCerAa MOJOXH-
TeNbHOH,
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byzem paccyxiarb Takum xke 06pa3oM, kax paublle B § 23, HO
C TeM paslHyHeM, 4YTO BMeCTO ypaBHEHHS 3uepruM (89) Hanumem:

d_(L+U)+5W-dt-d-c=A, (421)

H BMECTO ypaBHeHHil ABIXEHHs YNpyroro teepzoro tesa (83) M (84)
BOCNOJL3yeMCsl VPABHEHHAMH JIBHXKEHHsI XHJIKOCTH € TpeHHem (418)
u (419). B pesyabTarte paccyxendsi ME NOJyyuM BMecTO (95) Takoe
COOTHOUIEHHE:

gw-dz-dt +§(x;x,+xy'x_,,+ ... dt-dt =0. (422)

Co cTopoubt dopMasbHeX 0602HA9eHKH HYXHO NPH 3TOM MNOMHHTh,
410 B § 23 oGossavenus u, v, W, X,, y,,... OTHOCATCH K NOJNOXe-
HHSAM, a8 3/eCy cornacho (256), OHH OTHOCATCA K CKOPOCTSHA M.
[ToaTomy HYKIIO YMHOXHTD 5TH O603HA4YEHHS HA MHOXMTeNb df, YTO6GK
BHIPA3uTh T€ BEJHYMHBI, KOTOPHE H306paX<aguChb paHbiue jaupepeH-
nuasamu du, dv, dw, dx,, dx,...

Tax xak ypasHenHe (422) BepHO I/ NPOH3BOJILHO MaJoOro 06HEMa,
TO MHl MOJYYHM AJ51 M000K TOYKH NPOCTPAaHCTBa:

Xa"x.r + yy’y,y + szzz -!7_ y:.’ yz + Zz’zz + Xy’xy = W' (423)

Kak Mbl BHJENH, KOMIOHEHTH JaBJEHHS CYyTb ONHODOAHLIE JHHEH-
Hble (DYHKIHMH NEePEeMEHHBIX X, X,,... CrexosatenanHo, W ectb 0xHO-
pojHas KBajpaTH4YHASA H BCErla MOJOXHUTeNAbHas (YHKIMA 3THX
penuyud. BBuay (pHUsHyeckoro 3sHauyerus W H BCAEACTBHE M3OTPOMMH
MHAKOCTH, NNOCTOAHHBE, BXOASpe B 3Ty QYHKIHIO, He MOTYT 3aBH-
ceTb OT BHOOpa CHCTeMH KOoOpaHHaT. [ToaTomy, coraacho (117),
nanbosee o6mu# Bua W:

2 2 2

W =o(x, +7, + 2.0 + 2 (x D ) (424)

rie ¢ H x 0603HAYAKT ABe MOCTOSIHHEIE, XapaKTePH3YIOUIHe BHYTPEH-
Hee TPeHHe XHIKOCTH.

OTCipza 0JHO3HAYHO MOJYHYAOTCS! BHPAXKEHHS IS KOMIOHEHTOB
TPEHHsl: TaK KaK KOMIOHEHTH CKOpPOCTH nedOpMalnM#d He 3aBHCAT
Ipyr OT APYra, TO 3 OOOHX NMOC/TeAHHX YPaBHEHHH BHITEKAIOT KOM-
MOHEHTH! TPEHHs:

X, =-—e(x, + Yyt z)—2xx,+..., } (425)
Y./ =—uy,...

NMoactasus ux B ypaBHeHus (416) u (418), noayyuM cooTset-
CTBYOULMI Pe3yJbTaT AJs BEJHUHHH MOJHOrO JaBJEHHA M AJA ypa-
BHEHHUH JBUXKEHHH.

B atux ¢opmynax sakmouena teopus CToKca Al TPEHH B KHI-
KOCToaX.
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Jins HecxxHMaeMOH XHIKOCTH, KOTOPYIO MH TOJbKO u OyneM pac-
CMAaTpHBaTh B jajbHeHRNIEM, ypaBHEHHs 3HAUHTEAbHO YNPOIIAIOTCH,
BBHAY TOrO, 4TO CKOPOCTb OO0bEMHOro paclHperHs X, -+ Y, +2,=0,
H nostomy, coraacuo (416) u (425):

Xz‘:p—_i)’xxx’ Yy = p_-Qny’ Zz = p_szﬂ’
Y,=—uxy, Z, = -2z, X, =—zx (426)

£ g ¥

Takum 06pa3oM BHyTpeHHee TpPEHHE HeCkKuMaeMOH MHAKOCTH 3a-
BHCHUT TOJLKO OT OZHOH NMOCTOSSHHOH .

Jas noanoi GopMysEPOBKH 3aKOHOB ABMMEHHS! HAKOCTH, CBsi-
3aHHOTO C TPEHHeM, HYXHO YCTAHOBHTb €€ MOTPAHHYHHIE YCJOBHA.

Ecnu XuUNKOCTh TeueT BIOJb HEMOABHXHON TBepAON CTeHKH, TO
AN HOPMAJbHOTO JIABJEHHSA, jACHCTBYIOLIETO HAa NOBEPXHOCTH, He
HYXHO OCO6OTO YCJOBHA, TaK KaK CONPOTHUBJIEHHE CTEHK MOXEeT
BHLAEDKATDL BCsiKOe AasJjenue. Ho nna nasnaenus, zefiCTBYWOIIEro Ha
MOBEPXHOCTb XHAKOCTH TAHIEHIMAJbLHO, MOCPeACTBOM TpeHus, Oy-
JEeT CyLIecTBOBATb ONpejeseHHOe COOTHOUeHue, B nocaesuem urpaert
POJb CKOPOCTb, C KOTOPO# XHAKOCTb CKOJMB3UT BAOJb CTeHh. O60-
3HaYMM CHOBA 4Yepe3 ¥ BHYTPEHHIOI® HOPMaJjb K MOBEPXHOCTH XHI-
KocTH, uepe3 X,, Y,, Z, —KOMINOHEHTH JeHCTBYIOIUErO Ha Hee
CHapyXu JaBnenus. TaHreHIHAJLHBH KOMIOHEHT 1aBJAeRHsi, KOTOPHH
paBeH HyJi0 MPH COBEPUIEHHO YNPYrof »HAKOCTH, HANPABJAEH B CJY-
4ae MHAKOCTH C TPEHHEM B CTOPOHY, NMPOTHBOMOJOXHYK CKODOCTH

Teyenud. BeanunHy ero mpoume BCero NpHHATHL NPONOPLHOHANLHON
3TO#H CKOpOCTH ¢, T. €.

X, soc (tx) + Y, soc (zy) 4 Z, soc (z2) = — Aq. (427)

rle T 0603HaYaeT HanpaBjJeHHE TeYeHHusl, A — HEeKOTOpas MNOJOXHU-
TeNbHas MOCTOAHHAsA, 3aBHCALIAA KaK OT BEIIeCTBA MHJIKOCTH, TAK H
OT BELECTBA CTEHKH,— ,KO3(QHIUHEHT BHEUIHEro TPeHHus“.

B 3T0oii ¢opmy HpOBKe 3aK/TIOHAIOTCA TaKKe KpafiHHe Chay4au
2=0wu 2=oc0, B nepBoM cnyyae BMecTe C RHEUIH¥M TpeHHeM 06pa-
HIdeTCA B HYJb M TaHTeHIHaNbHOE jaBjaeHHe, Bo BTOpOM Xe Chay-
yae, TaK KaK TaHreHpHaJbHOE JaBJEHHE OCTaeTC NOCTOAHHLIM, TO
CKOPOCTb CKOJbXKEHHA ¢ = 0, T. €. XHIKOCTb ,NPHJIHNaeT* K TBEpAOH
crese. Hucjennasi Be/HYMHA KO3(HIHEHTOB BHYTpEHHErO M BHEI-
HEro TPeHHs MOXeT ObTh ONpeneseHa TOJAbKO H3 HaMepenHH.

§ 79. PaccmoTpum cnmepsa MpOCTOE MNpHJIOKEHHE BhIBEAEHHKIX
ypaBHEHHH: CTALHOHAPDHOE TEeYEHHE HecXKHuMaeMOR XHI-
KOCTH B Y3KOH Tpy6Ke, uMemell BUJAZ KPYrosoro uu-
AuHApa. [Tonoxum, 4T0 zano nasnecue y O6OHX KOHIOB TPYOKH,
a BECOM XHJIKOCTH MOXHOo npenebGpeyb.

MpumeM ocb TPpyOKH 33 OCb 2, @ CeyeHHe TpPyOKM y Hayand —
328 MJIOCKOCTb ). JlaBJeHHe B 3TOM MecTe MycTb paBuo p,. Ecam {—
ANHWHA TPYOKM, 1451 KOHEYHOro ceyenusi 2 = [, W paBiaenue p,<Po,
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TO XHIKOCTb TedYeT B HaNpaBJEHHH NOJIOXHUTEIbHON OcH 2. JIluHHH
TOKa napaJJieJbHL OCH 2, CJ€10BaTeJbHO,

u=0, v=0. (428)

H3 ycmoBusi CTalMOHAPHOTO COCTOSIHUSL H YCJOBUS HeCKHMaeMo-
cte (385) caexyer:

ow ow
v _n Y 429
ot 0 0z 0, (429)

a u3 ypaBHeHul (426) noayuaioTcs cAaezyiOmpe 3HAYEHHUST KOMIOHEH-
TOB JAABJICHHS:

X.=p yy=pv Z =p, '
Y, =2, 7~ X, =0 { (430)
oy 0x | )

[losTomy ypaBHenus aBuxeHis (83), B KOTOPHX BCe TPH KOMMO-
HEHTA YCKOPEHHs O6pau@oTcs B HyJab, NPHHUMAIOT BHI:

o_p. — O‘ % o= O, 1
ox oy | (431)

SLaFLEA . S
(0x2 0y? 0z

Tak kak p 3aBHCHT TOJbKO OT 2, & W 3aBHCHT TOJBKO OT X H Y
coraacHo (429), To nocaezHee H3 ypasHenui (431) BO3MOXHO JuUIb
B TOM cJyuade, €cJH

o __, ("2‘" - ‘7‘“’) — ¢ (432)

N
0z 0x®  0y®)
rje najeHue JAABJEHHS €CTb MOJNOXUTEJNbHAas NOCTOAHHAA, BEAHYUHA
KOTOPOH MOJY4YaeTCs M3 YCJOBHSA, YTO jAaBjeHHe AAHO NMpH 2==0 &
Z=1[, a uUMeHHO:

Po— P :AP

= ———

433)
l 1 (
Urob6u BoisecTH H3 (432) BesHuuHY W Kak (YHKUHIO X U Y, BBe-
AeM NJIOCKHEe MOJspHHIE KoOopAuHaTel ¢ u ¢ [7,(159)] u npumem BO
BHHUMaHue, YTO, BBHAY CHMMETDHH, W 3apHCHT TOJMBbKO OT @. Toraa
NOJYYHTCS:
0w 02
W o ow v e (434)
ox* oy e do x
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Yro6sl monyunTs OOwWHHE HHTerpan 3storo pupepeRUBaNLHOTO
YpaBHEHHUS, NOJOXHM:

o™ w, (435)

TOrAa

H, corjacHo (434):

ldaw ¢
e de %
Hnrerpupys, nonyuum:
2
%z 2

H, UHTErpHPYst BTOPO Das, noJyuuM, coraacko (435):

w=.__c.i+AlggJ;-B. (436)

4

Jas onpegesednsi 06eHX NMOCTOSHHEIX HHTETPUPOBAHUA CJYKAT
norpasuyHnie ycaosus. I[lpu ¢ =0, w KOHe4HO; CJaez0BaTeJabHO,

A=0. (437)
[lycTs HA NOBEpPXHOCTH mmlxoc-m e=R (pa;myc Tpy6ku). Tors
B ypaBHenuu (427) cos(zx)=0, cos(zy)=0, cos(zz)=1, Hu, TaK

KaK v coBmajdaer ¢ — @, TO, corqacuo (70) u (430),
aw x +,,£7_“1 Ly )
ox o oy e

CrnenoBatenbHo, Ha OocHOBanuu (427), nupu ¢ =R,

Z =

L

Dw
—\=—24-w, 438
0x yoy) (438)
31eck HYXHO MOJIOXHTb, COTVIACHO (436) u (437),
2
WR=— - R—-}- B
% 4
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Bmecte ¢ Tem norpanuyHoe ycJaoBHe (438) raacurt:
c R® ¢ R
B: . H

—_— e

TGN
x 4 i 2

U MH noayuum u3 (436) pemenune 3alayH, NOJACTABHB HAWAEHHLIE

3HA4YEeHHsl MOCTOSIHHHX ¢ H B; CKOPOCTb TEUEHHs PaBHA:

w=4£(R2——02A‘2xR). (439)
4ol \ y!

Takum 06pazoM CKOPOCTb TedeHHs YOHBAeT OT CepelHHH TPYOKH
K CTeHKaM, 9TO BIOJHE ecTeCTBeHHO. HeTpyaHo BuaeTth, uTO 06e
NOCTOfIHHBIE X ¥ A JOJKHH OTJHYAaTbCA OT HYyJsl, eCJH CKOpPOCTDL
HMEeT IOBCIOAY KOHEYHYIO BeJHYMHY.

Jast npoBepKu BHIBENEHHOH Bhiue ¢opmysn (439) aydiie Bcero
H3MePHTb 06bEeM KHJAKOCTH, BHTEKLIei 3a HekoTopoe Bpems £ 10T
06beM MOJNYYHTCH, €CJH B3ATL HHTErpasJ 10 Ce4YeHHIO TPYOKH:

R 2=
V:SSW- t- odode.
g0
CJaemoBatenbHO: y R
n  Ap . A
v=".4 R[4 4 440
8 x % ( +1R) (440)

OTcrola MH BHIUM, YTO 33aKOH HCTeYeHUs CylIeCTBEHHO 3aBHCHT
OT OTHOIIEHHs MOCTOAHHOH BHYTpeHHEro TpeHHs 4 K TMOCTONHHOH
BHellHero TtpeHua A. Ecau 3TO OTHOUIEHWe MaJO MO CpPaBHEHHIO
C paguycoM Tpyb6kd R, TO KOJNHYeCTBO BbiTEKawllleH XHAKOCTH Npo-
NOPUHOHAIbHO YeTBEPTOMH CTeNneH: paguyca i 3aBUCHT TOJNbKO OT BHYT-
peHHero TpeHus. EcJu e OTHOLIeHHe BEJHKO MO CpaBHEHHIO C R,
TO KOJHYECTBO BHITEKawouell XHAKOCTH NPOMOPUHOHANbHO TpeTbel
cTeneHH pajJiiyca M 3aBHCHT TOJbKO OT BHelLIHero TpeHHs. B npome-
XYTOYHHIX CJydYasx 3aKOH CJOXHee, TaK KaK BAASHHA OGOHX KOS(H-
I[MeHTOB TPeHNsl HaKJALLBAOTCA JApPYyr Ha apyra.

Onuith ITyasens, kOTOpHE ObLJIM NMOATBEPXKAEHH BIOCAEACTBHH,
NOKAa3a/]H, Y4TO OOLYHO OCyluecTB/AsieTCH NepBuif cayyai, T. e. B 1O~
cnenHelt GopMyJie MOXHO TNMOJOXHTb A = CO, WJH

4
y=".0p R, (441)
8 l %

Orciona crepyetr Ha ocHOBauuk (439), uro w=0 npu ¢=R,
T. €. YTO XHAKOCTb ,NPHIHNACT K CTeHKe TPyOKH.

Opnnako onuTH MOKAa3LBAIOT, YyTO 3axKoH Ilyasens (441) BepeH
TOJbLKO /S CPaBHHTE/NbHO y3kux Tpy6Gok. Ecau ke papuayc Tpy6Gru
NPEeBOCXOJHNT HEKOTOPYI KpPHTHYECKYI0 BEJHYHHY, TO BCe H3J0XKeH-
HOe Bhille pelleHue 3aAa4d NHmaercsi (PH3HYECKOTO 3HAYeHHs. Yxe
neppoe ponyuesue (428) He cooTBeTCTBYEeT AEHCTBHTENLHOCTH, TaK
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KAK JHHHM TOKAa YXe He NPOXOAST NAPajNeNbHO OCH TPYOKH, a Hs-
MEHHIOTCA NMOJ BAHAHUEM BMXPeBHIX OOpa3OBamHil. JTO sABJEHHE Ha-
sHiBaetcs ,Typ6ysentHocTbio“. CorsacHO HOBERIIHM HCCIENOBAHHAM
BO3HHKHOBEHie TYpPOYJeHTHHX IBHMEHHA HE HaXOAUTCA B TPOTH-
BOPEYHH C ypaBHEHHSAMH TUIpoAuHaMuxH. OHO OGBACHAETCH TEM,
49TO YpaBHEHHS TeYeHHS HMEKOT HEeCKOJbKO Pa3iMYHHX PpelueHHil,
npocreimee U3 KOTOPHX, PACCMOTPEHHOE HaMH, H3o0paxaeT ABHKe-
HHE YCTOHYHBOE M OCYIIeCTBJAS€MOe B NPHPOJAE TOJBKO B TOM CIy-
yae, ecnH TpyGKa AOBOALHO yskas. ONHaKo TOYHas Teopus TypoOy-
JEHTHHIX JBHXCHHE NPEACTABAAET 3HAHUTEbHBE TPYAHOCTH IS
MaTematnueckoli paspabOTKH.

§ 80. Manoxenrasn tebpus TPeHHs NO3BOJAET HAZM TAKXE CHOBA
NPHBATECH, B C GOJBIIMM YCNEXOM, 3a PEeUIeHHe 2a/ayH, KOTOPYIo
MBl paHblue APHU3HAAH Hepa3pelmMMoi: 3aAaY4 O BHIYHCJIEHHH CO-
NPOTHBJIEHHS, KOTOPOC HCOHTHBAET ap, JABmKymulics B NOKO-
Amencs xupkocty. ONpefesuM MNOJHYIO BENTHYHHY JaBJEHHS, KOTO-
poe OKAa3HBAET HCCXKHMMAEM2S HCLNOLBHIKHAM KUAKOCTh HA WAp pa-
nuyza R, ABHXymmiica B HEfl ¢ NOCTOSHHON CKOpPOCTBI0 ¢ B ovipe-
AENEDHOM HANpaBleRMH — HanpasaeHun ocH 2. [Ipennonaraem, 4970
HMUAKOCTDb THmeNas, nroTHocTH k. Ha ocHopamuw npuHOHNa OTHOCH-
TEIBLHOCTA ME! MOMEM B3fiTh, BMECTO JBHKYNIErocs miapa B HENox-
BHXHOH MHMIKOCTE, HENOABHIKHHA miap € UEHTPOM B HauaJje-
KOODIHHAT B DPABHOMEDHOM TOKE HMIKOCTH, T. €. B CTallHH
OHAaPDHOM TEYCHHHU, CKOPOCTH KOTOPOro HA 6eCKOHETHOM PACCTORHAM.
ot wapa (r = o0) paBHa:

e 0, =D We g (442)

B kauecrBe BTOPOro MNOTPEHRYHOTC VCAOBHS BOCHOJb3YEMCS
o6CTOATENLCTBOM, HAHAEHHHNM B NpefijyiueM naparpade, 4To Ha No-
BEePXHOCTH WIapa. npH r == R, JKHAKOCTL NpUAUNAET K wapy, T. €.

u = ‘-‘, 1 O, W o= 0_ (443)

AudepeHnnanbReMY yPaBHEHEAME AJIA ONPejieseHHa U, V, W H p
B KayecTBe (YHXKIUME X, ¥, 2 HAM [OCJAY:KAT YpABRHEHHS JBHIKEHHS
(83) ¢ BeamunHaMn KOMTOHEHTOB aaBiaenus (426), a Taxke yC/a0BUE
Hec:kuMaeMmocTH (385). VYpasBenus pBmkenus noo6uie HenHHeHRHH,
TEK KaK JNA YCKOPEHUS MH HMEeM:
2
{,!x - - (),u G oll NI OLZ SRS ou w, . (444)
d# ot  ox ov 0z
[osTtoMy mu eilg ympocTHM 3azauy, BBeis OFpaHHYMBAKWILEE
AONYILEHHE: CKOPOCTH I, V, W HACTOJKO MaJh, YTO MOXHO mpeHe-
6peub yJjeHaMH BTODOH CTeneHH B npaBoi wactu (444). [ostomy
ypasnems (83) npeo6pasyiorcs CACAYIOIMHM 06pa3oM:

(X - '?”'.);;-,., 0X., 0X, 0X _

12 Bpewetme ¥ SEQPETRNECKYR (PHINKY
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IMoxcraBup BLHIpakeHdHe COCTaBAAOMMX HapnaeHna (426) n nprras
BO' BHMMaHHE ycJOBHE HeC)KuMaeMoctr (385), moayqum:

ou op
X——)k—-F+=x. Au==0.. 445
( 01) o % A (445)

Hanee, Tax Kax TeyeHHe CTANHOHAPHO, ¥ X =0, ¥ =0, Z=—pg,
TO

%—p—ZM-Au, }

X

P _ . Av, } (446)
oy

£)ﬁz-w'cg-}-x- Aw. J

0z

Hexniouns p 43 3THX Tpex ypaBHEHMil, noayumm:

ow ov ou ow 0V Ou
— - —— =O, — _:_O.Z —— e m—— L“O, 447
A(oy oz) A( ) > (ox oy) @n

Tenepr 3ajaua pacnafaerca Ha JABE OTHE/NbHHE YacTH: BO-NEp-
BHX, OFpELENEHHE KOMMOHEHTOB CKOPOCTH u, V; w u3 (385) u (447)
C norpanuyHbIMH ycaoBuaMH (442) u (443), BO-BTOpHIX, ONpeAEAEHHE
JasnenHus p u3 (446), a Takxke oOmWEro AeHCTBHA HA IOAD PE3yJab-
TUPYIOIIEH KOMIIOHEHTOB JABJCHUS.

Yro kacaercss CKOpOCTH, TO fICHO, BBHLY NMOTPaHMYHHIX YCJAOBHH,
9TO OHa HE MOXeT MMeTb noTeHiHazna. [ToSToMy MEl, HCXOHSA M3 ypa-
renut § 65, HO HeckosBKO OGOGIUMB MX, CAeAdaeM CaAemyloiee IO-
nyLeHue:

:-—-@ L, |
ox '
v_-:_..'?_’qi»;.v', l (448)
oy [I
_ O
T T
0]
g,:::a.z.’.b.._.r__'.c.or' (449)
0z 02

rae o', v', »' 06o3Bayaior Tpu HOBLE QyHKUMM 60J€e MPOCTOrO BHIA,
a, b, c—1pn unocrosuEbe. Torna norpaHuUuHLIC yeaosus  (412)
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BHIIOAHKAKTCA, ecau ', V', W' o6pamaiorca B HyJb B GECKOHEUNOCTH.
Ycaopue neckumaemoctn (385) tpe6yer, 4TOGLI

ou o  ow

— = A (450)

o0x 0y v 0z

Ecan npunste 80 BHHMaHue, yto, corsacHo (449),

or o0 (A1)
A =L - — =L s —7
? = (Dz) 0z
M 9TO
2 2 2
ar=0r, 00, 07 2 (451)
oxz  9y* 02 r
T0 (450) npumer BUA:
1
o ov ow _,°F
ox 0y 02 0z
Y706H yAOBACTBOPHTH 3TOMY YPaBHEHHIO, MONOXKHM:
=0 v=0 w= 20
r
Torma noayuum us (448):
0 )
U= —-—
ox l
- == .__!o¢ y L (‘52)
oy
w02 %
0z r 1

DTH BHIpAXEHHS yNOBAETBOPSIOT TAKKE BCEM OCTaJbHEIM YCJIO0-
susiM. [lpexne Bcero snerxko Buuerh, 4TO ypaBHenus (447) oGpa-

mawTca B ToxaectBa. OcTalorcs eme norpaHuynbie ycaosus (443),
KOTOpHE A310T [pH I = R:

o !
LA o°r  3bxz  exz

oxoz = oz R® R
o !

0=b. " o0 3byz_ oz

oy oypz RS R
0311- or 2 322 1 (z’ 1Y
Quze@—b = —C—t-> =—a—b[=— —) te{—+—}
“Vem o tRr T <R‘ R‘) % r)
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Orcwona crenyer:
me -0 € s - R, (493)

H BeJMNHHH U, V, W ONpENeJeHE NOJHOCTHIO.

Bropasi yacth 3ajauM INpeACTaBasAeT CcOGO BHYHCACHHE AdBJe-
Hus. JIJs 5TOr0 NOACTdBHM HalJICHHHE 3HAUEHHS U, ¥, W B ypaBHe-
uus (446) u npourrerpupyeM. [oxyumm:

p=—kE2— 2. Ny -+ P,

rie p, 0003HausSeT AABJCHHE TOKa KHAKOCTH B (LIOCKOCTH 2=0,
eciiu Gu tam He Owniao- mapa. [loxctasue Bopaxenne (449) nas o,
HOJTyuH:

pombpr e St (154)

B cuaa  BEBJAEHMA, KOTOpOe OKA3kiBAET TeKYLI8H KUAKOCTH Ha
HEMOABHXKHEM IIaD, €CTh PesyJbTHDPYIOMIAN BCEX CHN ZaBlieHus, Iefi-
CTBYIOIIMX HA SJEMEHTH INOBEPXHOCTH [Uapa 40 ¢ BHYTPEHHUMH HOp-
MaIAMKR ¥ = —r. TaK KaK 573 pe3yAbTUpyonas A0MmxHa OnTe Hanpa-
BJIEHA 10 OCH 2, TO OHAa pamHa-HAa ocHoBaHHA (74):

( Zdo = ( ‘ {Z“ coalex}-+ Z, cos(vy)+ 2, COS’(VZ)]da’ (458)

KyAa HyXHO MOACTABHTb BEAMYMEE KOMNOHEHTOB AaBnedus us (426).
3aTeM HYKHO NPOMHTErpHPOBAaTH MO BCE NOBEPXHOCTH WIAPA, BBEASA
ang ypao6cTBa noaspHeie kKoopAausatu: do = R?sin8d®dg. Henocpen-
CTBEHHOE BHYHC/IEHHE AOBOABHO CJAONKHO, EO €0 MOXKKEO 3HAYHTENBHO
YNPOCTUTH NPH NMOMOIINM CAERYIIMHX coobpaxeHuit.
Ha ocuosauuu (83) BRYTPH MHAKOCTH AAf JAHHOIC Cayuas:
L ¢+ 0/"- +- ﬂz‘»’ -+ 171:7« =,
Jx av g
dzz
Tak KaK YCKOpPeHaue ry OCpaIMAETCa B HyAb, KaK Mhl BUACAH BbilE.

aa ocxoeanuu (444). ,

IMpounterpupyem mnocienuee ypanueHUEe NO APOCTPAHCTBY MEXAY
[HOBEPXHOCTHIO TBEPAOIO 1Iapa H KaKOH-HHOYAb KOHUEHTPHUYECRON
NOBEPXHOCTLIO C PAAMYCOM /' > R, a zateM nipecOpasyem HHTErpas npu
nomom (78). Toraa noayviites cnenyiowmil pesyrbTaT: HCKOMbIE HHTE -
rpas (445), B3sTHIA MO NOBEPXHOCTH WApa C PajgMycoM R, PaBeH TOMY
K€ MHTErpaay, B3siTOMy MO NOBEPXHOCTH WIapa C PafdycoM F, ILIOC
TaKoOH uJieH:

~ K2V, Vi (456)
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rae V, u Vg —obsemn o6oux wapos. Tak Kak siop F COBEPIIEHEO
NPOHU3BOJIEH, TO MH HONYCTHM, 4YTO I GECKOHEYHO BEJIHKO, M BIUM
SHAYUTE/IHO YNPOCTHM HAIUH BLIPANKEHUS.

[Ipexne Bcero npu r==oc HMEeeM Ha OCHOBauHMH (452) u (449):

oW Ou  6exzt
* ax o 02 rs
ow  ov 6cyz®
Bmes e e 2
(i 74 e
ow ¢z 3z2)
g, == = (1=,
0z 3 ( r?,

5Cnenoaarenwo, Ha OcCHOBaHuH (426) u ﬁpumman BO BHUMaMUE
(454):

Y 32 S 2
Z.r B G.fE{z_, R Zu o oéxcy (4 .
re E s
s 23
,-5

Ecan noacrasute 3TH 3Hauenust B (455) u npounTerpuposars ilo
BCeM sJeMenraM do = risin $dfdp noBepxuHoCTH 1apa I C BHYTPEH-
se# HOPMasBIO ¥V ==-—7, TO MH NOJYYHM BHIDAXXEHHE:

— 8axc 4 kg - V,.

IpuGapuB unen (456), noAyUMM Be/HYMHY HCKOMO# cuabl jJaBje-
HUfl Ha wWwap:
kgVy - Bnxe,
uan, cornacuo (453j:

kgVg — 6rxRa. (457)

IlepBHifi uneH cOOTBETCTBYeT UOALEMHON cuje, o6ycjoBAeHHON
BECOM BHITECHeHHOH xumkoctu (7, § 114), a Bropoli wien — corpo-
TUBJeHHI0 TpeHHus. [locnennee aeiCcTByeT, KOHEYRO, B HalPAaBJACHHH
nOToKAa XHUAKOCTH (442).

INosnoxuM, uTo MWap cBOGONHO NOABHXEH H THAxkeJ, seca Gy, U
onpeneauM cuay F, ¢ KOTOpOil HyxKHO NeHCTBOBAaTE HA HErO, YTOOH
yEepxath ero Ha wmecte. CyHTas CHAY MOJOKHTENHHOR, ec/iH OHA
HampaBfieHa BBEPX, NOJYUHM:

F = Go— G -+ 672Ru. (458)
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3710 ¥ ecrhb T3 CHAA, KOTOPYIO HYXKHO NPHJIONHTBL K WIAPY CHHSY
BBEPX, s TOr0 9roGH B3aCTABHTH €r0 JBHTAaThCl B HENOXBHHON
XKHAKOCTH €O ¢KopocThio -+ @. C gpyro#i cTopoHu, ata ¢opmysa
Ctoxca maeT BeaMYMHY CTAMOHApHON CKOPOCTH 4, C KOTOpOH map
ABHKETCS B XMHAKOCTH, KOTJa Ha Hero jeficTeyer NocTosHaas cuna F.
Ecau, sanpumep. map najzaer noj BAWSHUEM CHJIH THXECTH, TO CKO-

pocTh paBHa:
g Go—C (459)
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