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NPEAUCJIOBUE KO BTOPOMY HW3JAHUIO

Hacrosee nsmaHue KHUrH OT/IMYaeTcsd OT NEPBOro M3xa-
g (1955 r.). VameHeHns BHECEHB NOYTH BO BCE Pa3AeJbl
KHurn, DTH M3MEHEHHA HOCAT pasJuuHbifl Xapakrep. B oanmx
C/lyyasXx YJyulleHH J0KasaTeJabCTBA, B JAPYTHX — H3MEHEH
NOPSZOK MBJOKEHHS, B TPETbUX — H3JIONKEHHE MOTOJHEHO
WILNOCTPUPYIOLIHMY NPAMEPAaM M PUCYHKaMH.

OcHoBHBIE BONPOCH KypCd, COOTBETCTBYIOIIME IPOrpamMme
¢V3NKO-MaTEeMaTAYECKUX (PaKyJNbTETOB, B KHHIE H3JIOKEHBI
AOCTaToOyHO noapo6uo. Matepuasn, BHIXOAAWME 33 NPEAEb!
NpOrpammel, MNOJaH, KaK NpaBWjO, B OMUCATEJbHOM TJaHE.

Aesmop

NPEANCJIOBUE K TPETLEMY MU3JAHHIO

Hacrosimiee uSIaHHE KHUMH OTAMYAETCA OT NPEABIAYIIErO
(1956) neOoJpIMMK YCOBEPINEHCTBOBAHMSMU B psle AOKasa-
TeabCTB. CyIecTBEHHO U3MEHEHO TOJILKO MBJOMKEHne BOMPOCa
06 oruGarouieh onHonapamerpnqecxoro CeMeHCTBAa KPHUBBIX M
NOBEPXHOCTEH.

Asmop



BBEJEHUE

Huddepenunaipias reoMeTpus — 5TO 4YacCTh MaTeMaTHKH,
KOTopas U3yyaeT reoMeTpuueckde oOpasbl, B MEPBYIO ouepenb
KpUBHIE ¥ TOBEPXHOCTH, @ TaKkKe CeMelCTBa KPHBHIX U MO-
BepPXHOCTEH MeToNaMH aHalu3a OeCKOHeuHO MaJamX. Xapax-
TEpHHM 15 nuddepeHiualbHOR  TeOMEeTpHM  SBJSETCS  TO,
YTO OHa W3y4aeT NMpEXJIe BCEro CBCHCTBA KPUBBHIX W MNOBEPX-
HOCTEH «B MaJOM», T. € CBOHCTBA CKOJb YFrONHO MaJbIX
KYCKOB KPHBRIX M NOBEPXHOCTEIt.

IuddepennnaipHas reoMeTpus BO3HWKJIA M Pa3BUBAJIach
B TECHOH CBSI3W C aHaJU30M, KOTOpbIH CaM B 3HAYUTEJHHOH
CTeMeHH BHIPOC W3 3aJay reomeTpun. Muorme reomerpuue-
CKHe TOHATHS MNPENIIECTBOBAIN COOTBETCTBYIOUIUM MOHSTHAM
anam3a. Tak, Hanpumep, NMOHATHE KacaTeabHOH TpenuecTBO-
BaJO MOHATHIO NPOWU3BOAHOH, MOHsTHE NJIOMLaNK M oObema —
TIOHATHIO HHTErpaJa.

BosHukHOBeHue au(@EpeHnatbHON TeOMeTPHH OTHOCHTCH
k nepsoit noaosuHe XVIII Beka » cBA3aHO C uMeHaMu
JI. D#inepa u I'. Monxa. IlepBoe cBomHOE CcounHEHHe MO
Teopnn moBepxHocre#l Oblo HamucaHo Momxem («IIpuioxe-
HUe aHaiansa K reomerpumy, 1795 r.).

B 1827 r. T'aycc onyGankosan pabory «OOwee uccreno-
BaHHE O KDHMBHX IOBEPXHOCTIX», KOTOPOH 320/ OCHOBHI
TEOpMH TNOBepXHOCTEH B ee coBpemeHHoM Buge. C Tex mnop
auddepeHinanbHasg reoMeTpus nepecraisa ObTbh TOJBKO NpH-
JIOXKCHMEM aHAJIN3a M 33HWIA CaMOCTOSITE/JbHOE MECTO B MaTe-
MaTHKe.

Otkpeitue H. V. JloGaueBckuM HeeBKJIHIOBOH reoMeTpuu
CHICPaJO OTPOMHYIO DOJib B Da3BUTHKM BCEH reoMmerpuy, B TOM
yucne n pugdepenunansHoit. Tak, B 1854 r. b. Pumau csoeit
aekunelt «O runoresax, JEXAIWMX B OCHOBAHUAX TEOMETPUM>
3aJ0XAM OCHOBBI TaK Ha3biBaeMOH pHMaHOBOH TeOMETpHH,



8 BBENEHUE

KOTOpasi B TNDHUMEHEHHH K MHOrOMEPHHIM MHOTOOGpasusM Ha-
XOOMTCA B TAKOM e OTHOIIEHHH K TEeOMETPHW N-MEPHOTO
€BKJINJOBA TNPOCTPAHCTBA, KAaK BHYTPEHHAS TeOMETPHsi Npo-
W3BOJIBHOM TOBEPXHOCTH K €BKJMIOBOH reoMeTpHH Ha IIO-
CKOCTH.

Teoperuxo-rpynnosas Touka 3penns &, Kieitna, wnsic-
JeHHas B ero «3pJaanreHckoid nporpamme» (1872 r.), B npm-
MeHeHun K angdepenunasbHoit reomeTpun Obiia  pasBuTa
9. KapraHoM, NMOCTpPOHBIUNM TEOPHIO NMPOCTPAHCTB HPOEKTUB-
Ho#t M adunHOR CBASHOCTH.

B Poccun wkoay gu¢pdepeHunajbHoll reoMeTpun cosnann
®. "Munmuur u K. M. IlerepcoH, OCHOBHbiE wucCaenoBaHus
KOTOPHX MOCBSIIEHH BONMPOCaM U3ruOaHus MOBEPXHOCTeH.
9T uccaenosaHns ObIM NPOJOMKEHH B paboTaXx MHOruX
. PYCCKHX ¥ COBETCKHX T€OMETPOB.

B OCHOBY wHacTosimeli KHHFH MOJOMXEHB JEKLUH aBTopa
no auddepeHurasbHON reomMerpud Ha  (U3UKO-MaTEMaTHue-
ckom (akyapTere XapbKOBCKOTO YHuBepcuTeTa. ABTOp npe-
caexoBajd 1eb  NaTh CTPOroe usJjoXeHue OCHOB, nuddepen-
'NMAMBHOH TEOMETPUH M THIHYHBLIX /A HEe METONOB HCCIeNo-
BaHN$, HE Hapyllas NpH STOM SHAYHTENHHO YCTaHOBHMBLIHXCH
Tpaguuuil. Douasliofi ¢axTuyeckuit marepuan no anddepen-
UMaTpHOM TEOMETPUM BHIHECEH B YNPaXKHEHWS W 3ajlauu, pelle-
Ri€ KOTODHIX fBASETC 00s3aTENbHbIM YCJIOBHEM MPH MOAro-
TOBKE CTYIEHTOB-T€OMETDPOB.



YACTb NEPBAS
TEOPHSl KPHUBbIX

TNTABA I
MOHSITUE KPUBO#

Kpupas gaBJis€TC OOHHM 13 OCHOBHHX OGBEKTOB, pac-
cmarpuBaeMbix B nudepeHunabHoll reomerpud. B Hacrosawei
r1aBe Mbl BHACHAM TIOHATHE KPHUBOH B TOH Mepe, B KaKoi
sToro TpebyeT HanMbHelllee WSTOKEHHE,

§ 1. Daementapnan kpusas. Ilpocras Kpusas.
O6mas xpusas.

Onpenenennio NOHATUSI KPUBOK MBI MPEANOUIIEM HEKOTOPHIE
cBellcHHst 06 OTOGPaXEHUSX NMPOH3BOJHLHOTO MHOXKECTBA TOUYEK
B NPOCTPaHCTBO.

Ilycte M — mo6Goe MHOXECTBO TOYEK MpocTpaHcTsa, Io-
BOPAT, UTO SanaHo omolpascerue f muHoxectsa M B npo-
CTPAHCTBO, €CAN Kawao# Touke X MHOxecTBa M mocrasieHa
B COOTBETCTBHE HEKOTOpas Touka f(X) npocrpanctsa. Touka
npocrpancrsa f(X) HasmiBaeTcs olpa3ox Touku X. Muoxe-
cTBO TOueK f(M), cocraBneHHOe u3 06pasoB BCEX TOYEK MHO-
wectsa M, HaselBaeTca o0pa3om MHOXecTBa M.

Otobpaxenne f MHO:KeCTBa M HasHBaerca 00HO-00HO-
3Ha4HbLM, eciu 00pasnl PasAUUHBIX TOueK pasauuHi. IIycts
J— onHo-omnosnayHoe oToOpaxenue, Torma €CTECTBEHHBIM
ofpasom onpesneneno orobpdxenne f' muoxecrsa f(M), Ko~
Topoe Touke f(X) comocraBaser TOuKy X. ATO OTOGpaNKeHue
HasbiBaeTcs obpamubiim K f.

Oro6paxenne f MHOXECTBA M Ha3biBAETCH HeNpepslBHbiM,
ecas, kakoBa Obl Hu Obia Touka X w3 M u wucao e >0,
cymecrsyer uyucao 8 >0 Taxkoe, uro I/ JoGoi TOoukH Y
n3 M paccrosnue Ttoukn f(Y) or f(X) MeHpbwe e, KOJb
Ckopo paccrosHue Y oT X MeHblue d.



10 TIOHITUE KPHUBOM [Tn. §

Tycts f— ONHO-OJHOSHAYHOE M HENPepHBHOE OTOOpaKe-
nune M. Ecau orobpawxenne f' muoxectsa f(M) Takxe He-
npepsieHO, TO [ Ha3BIBAETCH monoAou4ecKuM omobpasice-
uuesn. OTHOCHTENBHO MHOWecTBa M m ero o6pasa f(M) mpu
TOMOJIOTHYECKOM oTOOpaxeHnn f TOBOPAT, UYTO OHU 20.M€0-
MOPYPIHEL WIN MONOAOUHKECKU IKBUBAACHINHYL.

OnpeneinM 37eMEHTapHYI0 KPUBYIO.

MHOXeCTBO 7 TOUEK NPOCTPaHcTBa Mbl Oynem HasheBaTh
dAeMeRmMmapHoll Kpugol, ecin 3TO MHOXKECTBO siBIseTca obpa-
B0OM OTKDHITOrO OTpPE€3Ka MNpPSMOH NpPH TOMOJOTHUECKOM OTO-
OpaxeHnu ero B NMPOCTPAHCTIBO.

IMycrb 17— snemenrapHas KpuBas n a <t <_b— OTpesoK,
o6pazoM KoToporo npu ortoGpawennn f saBiaseTcs Kpupas.
Tlyers fi(f), fa(f) m f3(f)— KOOpIMHATHL TOUKH KPHUBOH, CO-
oTBeTCTBYlomER Touke ¢ orpeska. ChCTeMy DaBEHCTB

x=ft)y y=L®, 2=

Ha3BIBAIOT JPABHEHUAMIL KDUBOH T B MapameTpuueckolt gopme.

MHoxectBo G ToueK IPOCTPAHCTBA HA3BIBACTCS OMLKPbLILLIM,
eC/n 111 KawaoR TOuKu X 5TOr0 MHOXECTBA MOXHO YKasaTb
yucao e >0 Takoe, YTO BCE TOYKH MPOCTPAHCTBA, paccros-
HUA KOTOPHX oT X meHblue e, Toxe npuHamaexar G. Oue-
BAIIHO, MHOXECTBO, COCTaBJEHHOe H3 J00OH COBOKYNHOCTH
OTKPBHITHIX MHOXECTB, OYAET OTKDBITHIM.

Oxpecmuocmsio Toukn X NMPOCTPAHCTBA HA3HIBAETCA JO-
00¢ OTKPHITOE MHONKECTBO, CONEPHKAILEE 3Ty TOUKY.

MuoxectBO M TOueK MPOCTPAHCTBA HA3HIBAETCS £BASHLIM,
ecan He CywecTByeT OTKPHTHX mHoxects G' m G”, pasbu-
Baommx MHomecTBo M Ha ase wactu — M u M”, oana u3
KOTOPHX mpuHamiexana Ow Toapko G/, a Apyrag — ToJb-
ko G".

Omnpegmenum Teneps NPOCTYIO KPUBYIO.

MHOKECTBO | TOYEK TPOCTPaHCTBA MBI OylneM HasHBaTb
npocmoill Kpusoill, €ciu 5TO MHOXECTBO CBSISHO H Yy KawuIoh
ero TOYKH X eCTh TaKas OKPECTHOCTb, YTO DPAaCHOJOXEHHAs
B HEH 4acTh | ABJAETCA 3JEMEHTapHOH KpHBOM.

Crpoenne npocroff KpmBOH «B LEJOM» BBIACHAETCS CJe-
aywoued reopemoit:

O6pa3 omupbimo20 ompe3xa Ul OKPYIHCHOCIMU NPl mo-
noAo2U4ecKoM omoOPaANCeHUn 8 NpOCMpPAHCMBO echio Npo-
cmas Kpusas.



§ 1 SJIEMEHTAPHAS, TIPOCTASl W OBIUAS KPHBAS 11

O6pamHno, awbas npocmasn Kpusas ecms o0pa3 omypbi-
mo20 ompe3Ka UAU OKPYHCHOCMI NP MONOA0ULECKOM
omoOlpagcenun 8 npocmparcmso. KopoTko 3TO BhHpaxaoT
CNOBAMH: HPOCMAA KPUBAS 20 MEOMOPPHA UMl OMKPbMOMY
ompe3Ky uAu OKPYHCHOCMU.

Mul He OyzeM NPHUBOAMTL [CKa3aTelbCIBO 3TOH TEODEMSI.
3ameTuM TOJbKO, YTO YKasaHHOE B HeH CBONCTBO mpoCTOMi
KpuBOH OBITb TOMEOMOP(HOH! OTKPHTOMY
OTPE3KY WJH OKPYXHOCTH TMOJHOCTBIO Xa-
paKTepHu3yeT ee n, CJeloBaTe/]bHO, NpPOCTas
KpuBass MOXeT ObITb ONpejeseHa STHM CBOH-
CTBOM.

ITpocras xpusasi, roMeoMOpdHasd OKPYHK-
HOCTH; Ha3bIBAETCA 3AMKHYMOI.

OKpEeCTHOCTBIO TOuKM X Ha NPOCcTGH Kpu-

Bol | HasmBaeTCca oOmas 4acTb KPHUBOR Y U
HEKOTOPOH HPOCTPaHCTBEHHON OKDPECTHOCTH Puc. 1.
Toukn X, Cor/lacHO OnpenesneHnio y Kam-
IO TOYKM NMPOCTOH KpHUBOH €CTh OKPECTHOCTb, ABJAIOIIAACH
saemeHTapHolt kpusoit. B manpHediuem, rosops 06 OKpPeCTHO-
CTH TOYKH Ha KpuBOH, Mbl OyJdeM HMETb B BHAY TaKyio 3Je-
MEHTAapHYI0 OKPeCTHOCTH (puc. 1).

Hycte mpocras xpuBas 7| sBaseTcas o6pasoM OTKPHITOrO
OTPE3Ka WM OKPYXKHOCTH g NMPU TOMOJOrMYeCKOM OTOOpaxe-
wun f. Ilycte X — npousBo/bHas TOUKa g M o — jaoGas ee
okpectHocTs. Torga o6pas o npu oToGpaxenwn f aBiasercs
OKpecTHOCTBIO TOuKM f(X) Ha KkpuBo# 7. OOpatHo, moGas
OKpecTHOCTh TOuYKM f(X) Moxer GHITh MOJyueHa TakuM 0O6-
pasom.

Oto6paxcenne f MHOMecTBa M B IPOCTPAHCTBO HA3HIBAETCA
AOKQABHO MMONOAOUMECKUM, €CIM Y KakIOH TOUKH 3TOro
MHOXECTBA €CTb OKDECTHOCTh, B KOTOpPOM oTO6paxenue f
TOMOJIOr YECKOE,

MHoOxecTBO 7 TOueK NPOCTPaHCTBa Mbl OyJEeM Ha3BBaTh
obueli xpugol, ecin 3TO MHOXECTBO fBJAAETCA 006pasoM Npo-
CTOR KpMBOH mNpU JIOKaJbHO TOMOJOTHYECKOM OTOODaMeHnu
€€ B NpPOCTPaHCTBO.

Msbi Gynem rosoputh, 4TO OTOOpaxkeHWe f; MpocTo# KpH-
BOH T, u oroGpaxenue fy nmpocrolf KpuBo# Ty ompeneasior
OIHY ¥ Ty e OOILYI0O KDHBYIO 7Y, €CJIH MEXIY TOYKaMu KpH-
BHX 73 H g MOXET ObTb YCTaHOBJEHO TOMNOJOrHYECKOE
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COOTBETCTBHE, MPU KOTOPOM 00pasbl COOTBETCTBYIOIUX TOYEK
STUX KPHBBIX Ha KPHBOH | COBManaiwr.

YroOH TMOSICHATH BTOPYI0 4YaCTb [OAHHOrO OMNpEee/EHHS,
npuseaem npumep. Ha puc. 2 wusoOpaxena o6wast Kpubas.
ATy KPHUBYK MOXHO NpPEACTaBHTh Kak 00pas OKPYMKHOCTH

npu JOKaJbhHO TONOJOTrHYe-
! N i CKOM OTOGDPaXKEHUH IBYMS pas-
JIMYHBIMU CrIoco0amu, KOTOpHIE
C TOYKH 3peHHsi JaHHOrO OI-

2 / peneneHnst NAlOT  PasaHYHBIE
KpuBsle. HarasgaHo ux moxHO
NpencTaBuTh cebe Tak.
Puc. 2.

ITycte TOuKa ABHKETCS MO
okpyxHoct. Torpa*o6pas ee
nrmxercs mo kpuso#. Ilpm sTom™ Touka-o6pas, npoxogs Kpu-
BYIO, MOXET 3aHuMaTh NOCJAENOBaTEJbHO NoaoxeHus 1, 2, 3,
4, 2, 5, HO MOXeT TNPOXOANTh KPUBYIO u B mopsake 1, 2, 4,
3, 2, 5. OtoOpaweHus, COOTBETCTBYIOUIME 3TAM 00XO0xaM,
ONnpejenaT pasiauuHple oOuiHe KpuBHE, XOTS KaK TOYBUHBIE
MHOXECTBA OHU U COBMAMAIOT.

ITycte o6mast kpusas Y aBaserca o6pasoM NPU JOKaJIbHU
TOMNOJIOTHYECKOM OTOOpaweHuu f B NPOCTPAHCTBO HPOCTOH

Kpusoit Y. OxpecTHocTbio TOukM f(X) Ha KpuBOH | MH Oy-
IeM Ha3biBaTh 00pa3 moOOH OKPECTHOCTH TOUKM X Ha Kpi-
Boi 7 npm otoGpawenunu f. Tak kak oroGpawxenne f B HO-
CTaTOYHO Maso# OKPECTHOCTH TOUKH X SBJSETCS TONOJIOrHU-
yeckuM, TO f(X) Ha Y| HMEET OKDECTHOCTh, ABJAIOULYIOCS
9JIEMEHTAPHOH KPHBOML.

Taxum o6pasom, uccaedosarue 210608 Kpusol «8 MALOM>
Mogcem Obime CBE0EHO K PACCMOMPEHUID IAEMERMAapHOl
Kpugoll.

§ 2. PeryaspHas kpusasi. Cnoco6bl aHAJIUTHYECKOTO
3a]aHuA KPUBOH

Kpusyo 7 mp OyAeM HaswBaTh pez2yasproli (k pas mug-
(epeHunpyemott), ecim y Kawmoi TOUKH 3TOR KpHBOHM ecTh
OKDECTHOCTb, MAOMYCKawliag pPEryJspHylo NapaMeTpHu3auuio,
T. € 3aJaHue YPaBHEHUSIMKW B MapaMeTpuueckoil dopme:

x=hH@®), y=h®, 2=/,
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rae fi, fo, f3— perynspunie (& pas nenpepmiBHO muddepen-
uipyemne) ¢yHxumu. Ilpu k=1 kpuBas HaswBaeTci 24ad-
Koi.

KpuBas wHaswiBaeTcd aHaaumudeckoli, ecim OHa B 1OCTa-
TOYHO MaJIOH OKDECTHOCTH KaxIOH CBOEH TOUKHM HONYCKaeT
aHaMUTHYECKYl0 Napamerpusauuio (pyuxumm fi, fy, f3 — auna-
JTHYECKHE),

B nansnedimiem mp GyZEM DaccMaTPUBaTh MCKJIOUATENHHO
peryJsipHbie KpHBHIE,

Kak nokasano B npeapiayumem naparpade, kpuas B OK-
PECTHOCTH KaXIOM TOUKH MOXeT ObTb 8amaHa YpaBHEHHAMH
B MapameTpuueckoit ¢opme

x=x@{), y=y@), z==z(@),

rae x(f), y(?), z(f)— dyHKuun, onpenejeHHHe B HEKOTOPOM
wntepsane a < t<b.
EcrecrBeHHO BOSHHKaeT BOMPOC, KOTaa CHCTEMAa PAaBEHCTB

x=x@®) y=y@O z=z2(0 @]t<D)

ONpeensieT peryJasapHyi0 KpuBYiO, T. € KOrja 3T PaBeHCTBa
MOXHO pacCMaTpuBaThb KaK YDaBHEHUs HEKOTOPOH KpuBOH?
OrBeT Ha 3TOT BOMPOC BO MHOMMX CJAyuasix [aeT Cleayoumas

Teopewma. Ecau x(t), y(t) u 2(f) — pezysnpnoe dynx-
yuu, y0084emMBOPLIOUUE YCAOBUIO

O+ O+ 22O>0 (@]t h),

mo cucmema pageHcme

x=x#) y=y@® 2=z (@t<b)

ABASIEIMCA YPABHEHUAMU Hexomopol kpusoii . Sma xpusas
ecms o6pa3 ompesxa a<_t<b npu aoxarsno monoso2u-
wecKoM OmoCpaYcenuu, Komopoe mouxe t ompesxa cono-
cmagasiem mouky npocmpaHcmea ¢ koopounamamu Xx (t),
y®), 2.

3xech B J0Ka3aTeNbCTBE HYXJAETCsl TOJNBKO YTBEPXKIEHHE
0 JIOKaJbHOH OJHO-0JIHO3HAYHOCTH YKAa3aHHOTO OTOOpaXeHwus.
Jlokaxem 9TO YTBEpMIEHHE.

Ecnu yrBepxaeHne HEBEpHO, TO CYMECTBYeT Takoe I,
B CKOJb YroAHO Ma/offl OKpPeCTHOCTH KOTOPOr0 MOXHO YKa-
sath fy m fy(fy 7~ ty) Takme, uTO

X(t)—x(t)=0, y(t)—y(E)=0, 2z(t)—z(t)=0.
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ITo Teopeme o cpexHem oTCloma MOJyyaeMm

X (B)=0, y(@)=0, 2'(B)=0,
rae &, ¥, 9§ sakmouenm mexay 7 n fp. Tak Kak # u #
CKOJIb YrogHO O6/usKM K fy, TO MO HENPEPHIBHOCTA (PYHKUUH
X (@), ¥y, 2@

x’(t0)==0, y’(t0)=0, Z,(to)-——-—-o,
a, CJeI0BATEbHO,

x’g (to) __}__y'i (to) + 2'2 (to) = 0-

Mpr npuuin K APOTMBOPEUHIO. YTBEPXKAEHHE IOKa3aHO.
HekoTopsie kpuBme npu noaxonsweM BuGope ocefl Ko-
OpAMHAT X, Y, 2 NONMYCKAalT NMapaMeTpusaluio BUIA

x=t, y=o¢@) z=9¢@) @t<b)
WK, 4TO TO XK€,
y=9¢x) z=¢x) (@axb)

ODTa napameTpusaums BO MHOTMX CJyyasX OKasblBaeTcs 0CO-
6enHo ymoOHOW. B cBa3u ¢ 3THM BO3HMKaeT BOMPOC: KOraa
KpHBast XO0Ts Obl «B MajJOM» NONYCKAaeT TaKylo Napamerpusa-
uno? OTBeT Ha BOMPOC JaeT Cjaexyloiluas TeopeMma:
Teopewma. Ilycme — peayaspras rkpusas,

x=hE), y=f), z=fO (@tb)

ee peyAsipHas Napamempudayus 8 OKPEeCMHOCMU MOYKI
(X0, Yo 20), coomsemcmsyowei t=t, Ilycms 8 3moil
moure f'y(f) £ 0. Tozda 8 docmamouno Maroli oxpecmHo-
cmu mouru ty xpusas | mojcem Ovmd 3a0aHa ypasHe-
Husmu:

y=9¢), z=y()

20e @ u $— peayasproie yHKyuL om X.

JHeficTBUTENIbHO, MO TEOpEME O HEABHHIX (YHKUMAX Cyile-
CTBYeT peryJsapHast Qysxumus y (X), paBHas £y, Npu X ==X, U
YAOBJIETBOPAIOLIAA YPaBHEHHIO

x =/ (%)

s Bcex X, OMM3kux K X JunddepeHuupys sT0 TOXKIAECTBO
npn X =ux, Haxomum 1=71"(t,) ¥ (%) Orcioma y (x)# 0.
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Taxum o6pasom, GpyHkums y (X) B OKPECTHOCTH Xy MOHOTOHHA,
M, CJEe10BaTe/NbHO, NMpPH [AOCTATOYHO MajioM O oTobpaxenne
orpeska xo—3d<x< Xy} 3 Ha ocb t, 3anaBaeMoe paBeH-
CTBOM ¢ == (X), OyZeT TONOJOrHYECKUM.

Otciona crenyer, uto OKpECTHOCTH X (X — 8) < £<C
< (%o %) xpusoit 7 MoxeT ObTb 3amaHa ypaBHEHUSAMH

Y=hUE), 2=fEE) (G—>3<x <L)

Teopema noxasaua.

PaccMoTpum Temeps HeABHOE 3ajaHue KDPHBOH, npuueMm
I8 NPOCTOTH CHayaJsa OrpaHuumMCs IJIOCKUMU KPHUBBIMHU.

KpuBas HasmiBaeTca naockoil, €Ciym BCE €& TOUYKM IpuHAL-
JIeXAaT HeKOTopo#l miaockocTu. Bymem cumtaTh, 4TO 3TOH MJo-
CKOCTBIO ABJISETCS IUIOCKOCTh XJ.

Mbr Gyzem rosopuTh, 4TO NJOCKas KpuBas 3ajaHa ypaB-
HEHneM

¢ (x, ¥)=0,

BHIDAXAs 3THM TOJBKO TO, UTO KOOPAHHATH TOYEK KPUBOK
YIOBJETBOPAIOT JaHHOMY ypaBHenmo. Ilpu srom Moryr cyume-
CTBOBaTb TOUYKH IJIOCKOCTH, YHAOBJETBODPSAIOUINE 3TOMY Yypas-
HEHRI0 M HE MpHUHALIeNamue KpUBOH, a MHOXECTBO BCEX
TOYEK MJIOCKOCTH, YAOBJAETBOPAIOLIMX YpaBHEHMIO ¢ (X, y)=0,
MOXET He OBITh KPHBOR B CMBIC/€ ONpEAEJNeHHs, NaHHOro
B mpeaniaymem naparpade.

B cBssy ¢ 3amaHMeM KDHUBBIX YPAaBHEHHEM B HESIBHOM Buje
BaXHYIO POJb MrpaeT Clefmylomas

Teopewma. ITycms o (x,y)— pe2yanpras gyHxyus ne-
pemennbx x, y. Ilycmo M — mHodNCECMBO MOYEK NAOCKO-
cmu xy, y0084emMBOPRIOUNUX YPABHEHIIO

o (x,y)=0;

(X0, Yo)— mouxa amozo MHodNcecmsa, 8 KOmMopol ¢y -+
+ ¢35 #0. Toz0a Yy mouku (Xy, Yo) ecms OKpeCcHmHOCMb
maxas, 4mo 8ce npuxad.lexcaujue eii MmouKu MHONCECHBA
M oOpasyiom pe2yaspryio ieMeHMAPHYI0 KPUBYIO.
Hoxasateabctso. [lycrs n1 onpeneseHHOCTH B TOY-
Ke (X0, ¥o) ¢y 7% 0. ITo Teopeme o meaBHnx yHKuMAX Cyuwie-
CTBYIOT 4uc/ia 8 U e, GOJBIINE HyJsA, W PEryaapHas QyHKuus
¢ (x), onmpeneneHHas B unTepBaNe Xo— 8 < x < X9, Ta-
Kue, 4TO BCe TOUKH (X, ¢ (x)), xo— d<x<xg-f0 ynos-
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JersOpsi0l  ypaBHeHHIO ¢ (X, ¥)==0, npuuem STUMUA TOUKAMH
MCUEPMBIBAIOTCA BCE TOUKH MPAMOYroAbHHKA Xo— 8 < X <
< x+3, yo—e<y<yo-+e ynmoBreTBOpAIOWME YpaBHE-
o ¢ (x, y)=0. DnementapHas Kpusas, O KOIOPOH uueT
peub B TeopeMe, 3alaeTcid YpaBHEHHEM

y=0) (x—3xx+39).

Teopema mokasaHa.

CootrsercTByiomas TeopeMa AJi NPOCTPAHCTBEHHBIX KpH-
BHIX COCTOMT B CJEAYIOLIEM.
" Teopewma [lycms ¢(x, y, 2) u $(x, y, 2)— peayaap-
Hole gyrryun nepemernbx X, y, 2. [lycme M — mnogcecmso
mo4ex npocmpancmea, y008ACMBOPLIOMNX YPABHEHUAM

9(x 3 =0, $(x y 2)=0,

(X0, Yo, 20) — mouxa amozo MHOXNCecmsa, 8 Komopol pawz

Mampuyb

(‘Px Py ‘?z)

du by 9o
pasen 0dsyx. Toz0a y mouru (X, Yo 2,) ecms maxas
oxpecmHocms, wmo 68ce npurnadsexcauue ef MOUKU MHO-
ocecmea M o0pa3yiom peyAApHYI0 IAeMERMAPHYI0  KpU-
8Yi0.

JloKa3aTenpCTBO STOH TEOpEeMbl TaKke OCHOBAHO Ha MPH-

MEHEHHH TEODEMbl O HESBHHIX (DYHKUHAX M NPUHIMINAJILHO

HE OTJ/IMYAETCH OT JI0Ka3aTesnbCTBAa COOTBETCTBYIOLIEH TEOPEMEI
JJIA VIOCKAX KPUBBIX.

§ 3. Oco6bie TOYKH peryJasipHBIX NJIOCKHX KpPHBBIX

Ilycts | — peryasipHas mJOCKas Kpusas W P —TouKka Ha
ueil. Touka P KpuBOH 7T Ha3bIBAETCS OOBLKHOBEHHOE MOUKOL
M0 OTHOWIEHHIO K JAHHOH CTeneHu peryJaapHocTd K, ecad
KpuBasl JOMyCKaeT 2 pa3 audpepeHunpyeMyo napamerpnsa-
LU0 B OKDECTHOCTH 3TOH TOUKH

x=x(), y=y(@),

yaosJetsopsiomyio B Touke P ycaosuw: x't -}y £ 0. Ecim
Ke TaKoM napaMeTpu3aumu He CyuwiectByeT, TO P HashiBaeTcs
0c000li mo4Kol.
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ITpumep. Touka £=0 kpusoit
x=10, y=t7 (—1<t<+1)

O0ObIKHOBEHHAs N0 OTHOUIECHUI K ABAXIB AuddepeHunpyeMum
napamerpusaumsiv, w00 KpuBas [ONYCKaeT 3SKBUBAJEHTHOE
3ajaHue
i
x==, y=|<|3 (—1<eL1)

OnHako, KaK Mbl yBuimM Huxie, Touka £=0 saBaseTcs 0CO-
Go#f MO OTHOLIEHWIO K aHAJIMTHYECKHM NapaMeTPHU3aLUIM.

B HacrosmeM naparpade Mb DacCMOTPHM NOAPOGHO BO-
npoc 06 o0coOhX TOUKAX MNJOCKAX aHAJMTHYECKAX KpHUBHIX
N0 OTHOLIEHMIO K aHAJMNTHYECKUM MapaMeTPUSAUMSIM.

Jemma. [Tycms y— anasumuneckas kpusas u O—
maouxa na well. To20a npu nodxodsuexm 6Bvbope ocel
KoopOunam Kpusylo MOJNCHO NApamMempu3osams max,
umo ee ypasHenus 8 oxpecmuocmu mouxu O 0Oyoym
umems 6u0

x = a,™,
y=bt™ Fbt™ ..., ;< my

INoxasateanctro. Ilpumem Touky O 3a Hayalo KO-
opauHat. Ilycte

x=0,8" J- 0™ ...
y=Ps™ - as™ 4.

KaKas-HuOyIp aHa/qMTAYECKas NapameTpusaums -Kpusoi. He
orpannynBas OGIIHOCTH, MOXHO CUMTaTh, yro Touke O COOT-
BETCTBYET 3HaueHue mapamerpa s=0. MoxHO CUHTaTh TaKXKe,
uto ny<<my. (Ecmm ny~>my, MOXKHO MOMEHATB POMAMH X
ny.)

Bsenem HOBHIE napamerp f, CBf3aHHBIH C § PaBEHCTBOM

1
t—s(m"‘ 4 ays™ +...)Trf

a;s™
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Iipn 1akom BrOOpe mnapamMerpa ypaBHEHUs KPUBOH T B OK-
pecrHocti Toukn O MMEIOT BHA

x=a,t",

y=b1tml+bgtm2 +... ,

410 M TpeboBaJOCH I0OKa3aTh.
Teopewma. [Ilycme 8 oxpecmnocmu mouxu O araiu-
muuecKas Kpusas 3a0aKa YpaSHEeHUAMU

X = alt"‘,

y:bltml—i—bgtm“’—l—..., n << my.

Toz0a, 0an mo2o umobe. mouxa O Owra oco6oi mou-
Koll Kpusoli, HeoOxo0umo u docmamouro, umobo. xoms Obl
00HO my; He 0eAunocy Ha ny.

HokasareasctBo. HeoOGxomumocts Bo-nep-
BBIX, 3aMETUM, YTO BCE M, W 1y HE MOTYT OBITb YETHBIMH,
TaK KaK TOrAa MJIA CKOJb YrogHo Maabx ! x(f)=x(—1),
y(#)=y(—1*), T. €. HapyIIEHO YC/IOBHE OJHO-OJHO3HAYHOCTH
orofpaxeHnss B CKOJb YrOZHO MaJoOH OKPECTHOCTH TOUKU
t=0.

Ilycte Bce my KpaTHBl #y (M, OYEBHEHO, HeueTHo). Bse-
neM BMecTo ¢ napamerp s==t". Torma ypaBHeHHs KpuBoO#
B OKpecTHOCTH TOYkd O NpUMYT BHI

X =aqS,
y="bysk1 |- bysks ...

OuesuzHo, Touka O, COOTBETCTBYIOIIAS 3HAYEHNIO Hapa-
merpa s =20, aBJjgercs OObIKHOBEHHOH TOYKOH KpuBOM.

Nocrarounoctsh Ilycts x0Ta O OOHO M, HE He-
aatca Ha ny. ITokaxem, uto touka O— ocobas Touka. Ecan
Touka O OOBIKHOBEHHas, TO B €€ OKPECTHOCTH KpHBas IOmy-
cKkaeT mapamerpusanmio X =f,(c), y=/,3(0), rme fy u fi—
aHaAuTHYECKHe (YHKIUH, YAOBJETBODPAIOWIME MNpPH G =0
otsevaonemy touke O, ycaosuo fi - fi® # 0.

Tak kak  f(0)(HE ' =yOEE, a yOE©)"
npu t-—>0 crpeMuTci K KOHEUHOMY mpeneay, paBHOMY
fa(o)(fi(G)™, 10 f1#0 B TOuke O m, CJIENOBATENBHO,
Hallla KpuBas MO TEOpeMe NMpejbAyuiero maparpada aomyckaer
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3a[aHUE yDaBHEHMEM
y=o)=cx+cx*+...,

roe @ (x)— aHaiutnueckas ¢yukums or x. Iloacrasass B
9T0 ypaBHeHue X=ux(f) B y=y({), noayusm TOXKIECTBO

bytms - potma -, .. = a)
= clait"l + ng%tenl “l" ven

Otciona caienyer, uTo BCe my, KpaTHul ny. g
Mp npuny k nportusopeunio. Teopema
J0Ka3aHa MOJIHOCTBIO,
3amevanne. Ecim Touka O oco- ¢
6ast, mpuueM 7, W my YETHHE, TO OHA
Ha3BIBAETCA MO4KOU B038pama Emcpoz0
poda. Kpusas B OKpeCTHOCTH 3TO# TOU-
KH WMeeT BHI, TIOKasaHHBIH Ha puc. 3, a.
Ecau touka O ocoGas, npuuem m; g
He JeJIuTCs Ha m; U, KPOME TOTO, 1
YeTHoe, a m,; HeyetHoe, T0 (O HasH- Puc. 3.
BAETCA MOUKOL B036pama nepgo2o po-
da. Bun KpusO# B OKDECTHOCTHM TaKOH OCOOOH TOUKM MOKa-
3aH Ha puc. 3, 0.
Ilpocro#t Odocmamourneii npusHaK TOro, uTroOH TOUKA
KpuBO#t Obla ocobofi, maeT ciexyrouias
Teopewma. [Tycmy anarumuyeckas Kpusas | 8 oxpecm-
rocmu mouku O 3a0aHA YPAGHEHUSMI

=x(t), y=y(@)

20e x(f) u y(f)— anarumuneckue ynxyun napamempa t.
ITycms nepspie omauunsie om HYAL NPpou3soOHsie ByHKyuu
x(@) u y({) umerom nopsdku ny U My COOMBENCMBEHHO,
npunesr ny < m,.

Toz0a mouxa O 6ydem ocobol, ecan my He Oeaumcs
Ha ny, npusem mouxa O Oydem moukxod 8o3spama 8mo-
poz0 poda, ecau ny u my; o0a 4wemHsle, u MOLKOL 803spama
nepso2o poda, ecau ny 4emHo, @ My HeHemHo.

dra TeopeMa HENOCPEACTBEHHO BHITEKAET M3 MpeAblay ek,

B sakaoueHue paccMmorpuM Bonpoc 06 0cofmX TOuKax
TVIOCKHX aHAJUTHYECKHX KPHUBHIX B CJAyYae HEABHOro 3a-
JaHus.
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ITycre maockas anasuTHYecKass KpuBas Y 3afaHa ypasue-
HUEM

¢(x, ¥)=0,

rae ¢(x, y)— aHaanTHuecKas (YHKUNS NEPEMEHHBIX X H .

Ecan % -} ¢35 £ 0 B Touke O(xy, Jy) Kpupo#t y, TO 37a
TOYKAa KpHBOR sBJAETCS OOBIKHOBEHHOM TOYKOH, Kak MOKa-
3aH0 B § 2. Takum 00pazoM, 0COOBIMH MOIYT OBITH TOJBKO
T€ TOUKH KpHBOH, B KOTOPBIX ¢,=o,=0.

He orpannuneas o6mHoCTH, MOXHO cudTath TOYKy O Ha-
YaJloM KoopauHaT..B okpectHoctn Touku O kpuBas | Aony-
CKaeT NapaMeTpH3alMio Bula

X = alt”l,

y:b‘tml+bgtm2+.-.,

NPUYEM MOXHO CYMTaThb, UTO Ny << M. B NPOTHUBHOM Cayuae
MOXHO NOMeHATh ocu X u Y. Ilas Toro ytoOm onpenenuTh,
sBaserca an Toyka O ocobolt TOYKOH KpUBOH W BHIACHHTDL
XapakTep OCOGEHHOCTH B 3TOH TOuke, HOCTaTOUYHO 3HAThL NO-
KasaTeaa ny, my, Mg, ...

IOas Toro uyroObnl ONpeseauTh 3TH NOKa3aTeay, BOCHO/b-
3yeMCa TOXIECTBOM

e(x(t) y@)=0.

Ilycrte pasnoxenne ¢yHkuuu ¢ (X, y) 0O CTENEHFM X, Y
HAYNHAETCH ujeHaMH BTODOH CTEleHH

¢ (x, ¥)=agx* + 2ayxy + any®+. ..

Bynem pasiauuats Tpm Cayuyas:

1. agap— af; >0.

2. agap— aj; < 0.

3. agae—aj;=0.

IToBopoTOM OcCe#t KOOPAMHAT MOXHO HOOUTBCA TOTO, YTO
B pasioxeHud (yHKUnH ¢ (X, y) B CTEneHHOW DAl 4YJeH, CO-
nepxamut xy, Oyazer OTCyTCTBOBaTb.

[Moxacrasaas x(f) u y(f) B pasnoxende QyHKuum ¢ (X, y),

NOJMYYnM TOXAECTBO OTHOCHTeabHO f. Ilpm ny < my HU3LIYIO
cTeneHs f, PaBHYIO 271;, UMEET TOMBKO OIMH UYJEH — Qg0@il™s,
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Orciona ag =0, 4T0 HEBO3MOXHO HH B NEPBOM, HH BO BTO-
pom cayuae. Ocraerci NpPEANONONKUTH, YTO ;== Torma
B MNEPBHIX MBYX CJAyuYasiX HUSIIYI0 CTENEHb HMEIOT UJEHH
agait™ u aghit*™. B nepsoM cayyae W 3TO He-
BO3MOXHO, TaK KaK Qg M Qg ONHOTO 3HAK3, a U3 TOXAECTBA
CJENyeT, 4TO g} - agpbi=0.

Takum 06pasoM, B NEPBOM CJyuyae HE CYLLECTBYeT aHa/Iu-
THYECKOH KpHBOH, yrosieTsopsiomel ypasnenuio ¢ (x, y)=0
u cozepxauiet Touky O. B 3TOM ciayuae B JOCTaTOYHO Ma-
ol okpectHoct Toykn O BooOLle HE CYWIECTBYEeT TOYeK,
otT/MyHeX 0T O, YIOBJETBOPSIOWAX YypaBHeHHIO @ (x, ¥)=0.
Korza kpuBylo onpenensioT Kak reoMeTpUYecKoe MeCTO TO-
YeK, YAOBJAETBOPAIIMX ypaBHeHuO ¢ (X, y)==0, TaKyio TOUKy
Ha3BIBAIOT U30AUPOBAHKHOL 0c000E MmouKod.

ITpumep. I'eomerpuyeckoe MECTO TOUYEK, YIAOBJETBO-
PAIOIIAX YPaBHEHUIO

) (x—1)=0,

cocrout u3 npsmo#t x=—1 u touku (0, 0), koTropas sBJIsETCA
H30/JMPOBAHHON TOUYKOH 3TOrO0 reoMeTpHyecKkoro Mecra.

B Tperbem ciayuae MOXHO cunTath @9o=0, Tak Kak
Qgyap = 0. Pasnoxenne dyHkunmu ¢ (X, y) UMEeT BUL

¢ (X Y)=apy -+ anx4-...

ITpeanonoxnm, 4to az %~ 0. D10 COOTBETCTBYET B 0OMIEM
caydae ToMy, 4TO (opMb

Py == Qg X" "|" 2a;1xy +-any® W gy=agpx* ... | awy’

HEe HMET OOIuX Aeaurenei. .

IMoacrasmas x(¢f) m y(f) B pasnoxenne QyHKunu ¢ (X, ¥)
3aMeyaeM, YTO 4YJeHaMHW C HH3IIUMH CTENEHAMH f SABJAIOTCA
apbit™ u agait*™. Otciona caepyer, uto 2m,=3n, T. €.
my He Onemutcs Ha ny. CaeposartenabHo, Touka O sBJIsSETCH
ocoboft Touko# KpuBOHL.

OkasbiBaercst, YTO €C/IM CUNTaTh my U Ny 003 YETHHIMH,
TO M BCE M, OKAa3blBAIOTCS YETHHIMH, TaK Kak JuHeHHO u oX-
HOPOIHO BeIpaxaloTca uyepes my u ny. Ho, kak Obijo orme-
YEHO DpaHee, 1y M BCE M, He MOrYT OHTb uyeTHeIMH. [TosTOoMy
YETHO TOJBKO #y. DTO 3HAuuT, yTO 0COoGad Touka O asasercs
TOYKOH BO3BpaTa NEPBOro pola.
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IMTpumep. Havano koopaunar ans monykyGuyeckod na-
paboant y? — x% =0 sBJIs€TCA TOUKOH BO3BPaTa NEPBOro POIA
(puc. 4).

PaccmMoTpuM, HakoHew, BTOpoi cayyail. B stom cayuae
GYHKUMIO ¢ (X, V) MOXKHO NMPEACTABUTL B BUIE

¢ (x, ¥)=Ax*~+2Bxy - Cy*,

rae A, B, C— anaqutnueckne OQYHKIHK OT X, Y, DaBHbE
COOTBETCTBEHHO @g), 0, ap B TOuke O W, CJIENOBATENBHO,

Ay

Puc. 4.

yIOBJNEeTBOPSIOMME  BOJIM3M  3TOH  TOUKM  HEPABEHCTBY
AC — B*< 0. Tlostomy B Mamoit okpecTHocTH TOukm O

o(x, M)=C(y—xt(x, ¥) (y — xba(x, )
‘e & ¥ & — KOpHH KBaZpaTHOrO ypaBHEHWs
A 2Bt Ci =0,

_MefoBaTeNbHO, BO BTOPOM CJydyae TIEOMETPHUYECKOE MECTO
[OYEK, YAOBJETBODPSAIOMINX ypaBHeHuio ¢ (x, ¥)==0 B okpecr-
10cth Toukn O, COCTOMT M3 MBYX aHAJMTHYECKHX KPHUBHIX
v—xE (¥, ¥)=0, y—xf(x, ¥)=0, nas xaxno# u3 Ko-
‘opix Touka O sBaseTcsi OOBIKHOBEHHOH TOUYKOH, TaK Kak

20— %o M| j=—H 0 070,

Korna KpHByIO onpeuenmor KakK reomerpnqecxoe MECTO
"OYEK, YAOBJIETBOPAIOILNX YDaBHEHHIO
¢ (% »)=0,

ouxy O B paccMaTpHBaeMOM CJyuae CYMTAlOT T€M HE MeHee
:c000# M Ha3LIBAIOT 334060 TOYKOH.
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IMpumep. Ieomerpuueckoe MECTO TOUEK, YAOBJIETBO-
PAOIAX YPABHEHHIO

(xg—}—y“)*—Qa%(xg—y“):O

(nemuuckara Bepuyaian, puc. 5), B OKPECTHOCTH Y3JOBO
toukn (0, 0) cocrouT M3 ABYX aHAJIUTHYECKHX KPUBHIX

o~ o~

AlAQ u BlBg.

§ 4. AcuMATOTH MJIOCKHX KPUBBIX
Ilycts 17— HesaMkHyTas KpuBas,

x=x(), y=y(@

(et D)
— ee ypaBHeHHs.. [OBOPAT, uTO KpUBasg YXOANT B OECKOHeu-
HOCTb C OIHOH CTOPOHB, €CJAH TpH
t-a (wm npu t—b) x(f) + 1

~+ y*(f) > co. Ecan xe v nput—>a u
npu t—b x*(¢)+ y*(t) > oo, TO ro-
BOpSAT, 4YTO KpmBas yxoaur B Oec-
KOHeuyHocTp ¢ oOeux cropon. OueBug-
HO, CBOWCTBO KpuBO# yxomuts B Gec- g
KOHEYHOCTh HE 3aBHCAT OT ee mnapa-
METPH3aLHH.
TMycts kpuBas | yxomur B Oec-
KOHeuHOCTh, Hanpumep, x*—+ y*— co Puc. 6.
npu t—a. Ilpamas g HasweBaercd
acumnmomod xpuBo# ¥, ecin paccrosune d(f) TOuKM Kpu-
BOH 7 OT mpsiMoit g cTpemuTcs K Hyumo, koraa £ — a (puc. 6).
Teopema. [Jag mozo umolt Kpusas 7, 3a0aHHAS
YPABHEHUAMU

x=xt) y=3@t @<tb)

yXx00s 8 OeckoHetHocms npu t—-a, uMeaa acuMnmomy
HeoOxo00umo u 0ocmamouro:

1. [lpu t—a xoms O6b. 00HO U3 08YyX OMHOUEHWI
YO (x @) ur x(t)(y () cmpemumen k¥ KoneuwHomy npe-
deny. ITycms 0as onpedeaennocmu y (f)(x ()™ — 4.

2. [Ipu t —> a u sunoaxeHwr nepso20 YCA08US Bbipajie-
Hue Y (f) — kx (f) maxace cmpemumcs ¥ npedeny.
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Ecau amom npedea o6o3nanums £, mo ypasrenue acumn-
momust 0y0em

y—kx—l=0.
HokasareanctBo. Heo6xonumocts Ilycrs g
Vy—hkx—I[=0

— acMMNTOTa KpuBOH 7. BhipakeHue
yO)y—kx(t)—1

C TOYHOCTBIO A0 NOCTOSHHOTO MHOXHTEJS PaBHO pPaccrof-
HAIO TOyky (f) KpuBOH | OT mpaMOH g A Tak Kak g acumm-
TOT3, TO

yO)—kx(t)—I{—0 (%)
npu
t—a.
Hpn t—>a x(f)—>o00, Tak Kak B NPOTHBHOM Cilyuae

y(f)— kx (f)— He MOweT OCTaBaThCs OrpaHUYEHHBIM MAPH
t—a (x*(H)+ ¥ (f) >o0). A Torma u3 (x) moaydaercs, uTo

y(8)
o Tk

Y(E)— kx(t) -1

Heo6x0AuMOCTs I0OKa3aHa.
HocratouHocts Tak kak npu t—>a

t
fc((t’) Skuyl)—kx(t)y—>1,

TO
¥ (t)— kx(t)— I~ 0.

A st0 3HauuT, TO TOuKa (f) KpuBOH T mpm f —> a HeorpaHu-
yeHHO npuGJnKaeTcs K npsiMoH

y—kx—I1{=0,

KOTOpas fABJAETCH, TakuM 06DPa3oM, acUMNTOTOM.
Teopema nokasaHa.
I[Tpumep. Kpusas

|

== (-l<t<1)

x=t y=
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(setBb runepboan) yxoaur B OeckoHeyHocts npu f—> 1
(puc. 7).

Ilpn t>1
20 0, x@)—o0- 1
5 -0, x@®—0.y@)>1
CienoBate/bHO, KPHBas HMEET ACHMITOTY
x—1=0.

Paccuotpum Tenmepr Bonmpoc 06 acuMNTOTax KPHBOM, 3a-
JaHHOH YypaBHEHHMEM B HEABHOM BuIe

¢ (% y)=0. Y

Kak O6m10 oTMeueHo, ypaBHeHue
¢ (%, y)=0 onpeznenseT KpuBYyio JHLIb B ,
TOM CMBICJIE, YTO TOYKH KPUBOMH YIOBJIETBO-
paoT ypasHennwo ¢ (x, y)=20, Ho, BOOO-
1ie TOBODSl, HE HMCYEPHHIBAIOT BCEX TOYEK
TZIOCKOCTH, OGJAfaioUX 3TUM CBOHCT- g
BOM. 3ajaya O PpasBICKaHMM aCAMNTOT -1 Hlz
KpuBOH, 3ajaHHO} ypasHeHHeM ¢ (x, y)=.
=0, sBJsercs He BNOJHE ONpeIe/eH-
Ho#. Tlpencrasisercss BO3MOXHBIM YKa-
33aTh TOJbLKO HEKOTOPYIO COBOKYNMHOCTb NMPAMBIX, COAEPKAILYIO -
-ACAMNTOTHL.

Mu  orpanuummcs  ciayyaem  aare6paMyecKux — KPHBBHIX
(¢ (%, y)— MHOrOUJEH OTHOCHTE/JHHO TNEPEMEHHBIX X U Y)

Iycte (X, J) — npon3BoJibHAas TOUKAa ACHMNTOTHI,

x=X-+M, y=j-+pu

— ypaBHeHHe aCHMNOTOTH B mapameTpruecko#t ¢opme. O6o-
3HauuM Q (%) TOUKY KpuBOH#, OGamuxafiuyo K TOuKe (u) acumn-
ToTH. Koopaunater Touku Q ()

xW)y=2% -+ M€ (u),
Y@ =73+ pu~+nu)

E(m) u q(u)—0 npu u — co.

Pnc. 7.

rue

O603HaunM ¢, COBOKYMNHOCTh YJEHOB CTENEHH 2 B MHO-
rouneHe ¢. Torga:

=+ @na .. 1 90
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TMoacrasaas x=x(u), y=y (@) 8B ¢(X, ¥) 0 BHAGIAA YIEHDI,
comepxamue #* u u*!, noayunm

P (x(@), y@)=u"g,(% p)-+
{2 @ 0K AT (@n O 0+ fna o w} o

B npaso#t yactu paBeHCTBa He BHIINCAHBl UYJIEHBl, HMEIO-
uMe NOpsmoK Huxe 1™l
Tak xkak o(x(u), y(m)==0, a crenosarenbHo,

1
—l;,;cp(x(u), y(@@)—>0 mpu u—> 00, T0 9, (A, p)=0.

AHAMOrHYHO MOJTy4aeM
Z(en s ph 4T (@n (b v+ o1 p)=0.

Tak kak (X, J)— NpOM3BOJIbHAA TOYKA aCUMOTOTHL, TO
5TO PABEHCTBO €CTb YPaBHEHWE aCHMITOTHL
ITpumep. CocrasuTh ypaBHeHHE acHMNTOT TrunepGoJnl

x*—3xy+ 2+ x+1=0.

ea(h p)=>22— 3 2p?=0.

Orciona a4s A ¥ p NMOJMyyaeM C TOYHOCTBIO JO HECYIIECTBEH-
HOrO MHOXHTEJIs IBE CHCTEMBl 3HaueHuit A=1, p=1; A=2,
p.==1. IloncraB/sis 3TH 3Ha"eHus B MOJYYEHHYIO Bhillle (HOp-
MYJy, HaXOOUM aCHMITOTHL

__g_‘_y_}_l:(), X—2y+2=0.

YNPAXHEHHWA K T'JIABE I

Hmeem

1. Touka M pemiercs B NPOCTPAHCTBE TaK, YTO €€ NPOEKUUA
Ha MAOCKOCTb Xy DABHOMEPHO IBHXETCA MO OKpYXHocTH X% -y =
=@a® ¢ Yri0BO# CKOPOCTHIO ®, a IPOEKUHA Ha OCb Z IBHXETCHA paB-
HOMEpHO €O CKOpocTbio ¢. KpuBas, KOTOpyw omuceiBaeT Touka M,
HA3bIBAETCA npocmoii 8unmogoid sunueid. CoCTaBUTh YypaBHEHHe
BHHTOBOH JHHHMH B napaMmeTpHyeckoi d¢opme, DPUHAB 3a MapameTp
Bpemsa f. Cuutath, UTO B HavYaabHblt MoMeHT (£==0) KOOpJHHATHI
Toykn M cytb a, 0, 0.

Omsem. x = acoswt, y=asinotf, z=ct.

2. Tpocras BuHTOBas nuHUA (ynpaxHeHHe 1) TMpoeKTHpyeTca
Ha IIOCKOCTb Xy MYYKOM NapainienbHblX MPAMBIX, 06pa3y0 KX YTOx
¥ ¢ ocoio z. Hatttu ypasuenue npoexkuun. Ilpn kakom 3 npoexnus
GymetT MMeTb OcoGbie TOYKH? BhlACHHTD XapakTep O0COGBIX TOUeEK.
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Omeem. Ecau nyyoxk npoexTHpYOWHX NPAMHX NapaiieleH
naockoctd Oyz, TO ypaBHeHHA NPOEKUHH 6GyAyT

x=uacoswf, y=-cttgd4 asin ot

ao
lMpoekuusa Gyner umerb ocobble TOUKH, €CAH tg%:-:i—c—, Oco6nie
TOYKHM — TOYKH BO3Bparta II€PBOro poja.

3. OKpYWHOCTb pajuyca @ PaBHOMEDHO KaTHTCA 6€3 MPOCKalh=
3bIBaHHA MO MPAMOR g €O CKOPOCTbIO . HaliTh ypaBHeHHe KPUBOH 7,
KOTOPYI0 ONHCHIBaeT TOYKa M, HENOABHXHO CBA3aHHAA C OKPYX-
HoCTbio. TIpH KaKOM YCHOBHH KpHBaa | uMeeT 0Co6ble TOUKH? Bbi-
ACHATb XapaKTep OCOGHLIX TOYEK.

Omgem. Ecin npAMy0 g NpPHHATH 3a OCb X H B HaYaibHbIH
MOMEHT TOYKa M HaXOIMTICA Ha OCH y HHXE LEHTPa OKDPYXHOCTH,
TO ypaBHEHHS KPUBOH | GyéyT:

x=vt——bsin%t, y=a—bcos%t,

rae b—paccrosune TOUYKHE M 0T ueHrpa OKkpykHOCTH. Kpusas
MMeeT 0co6hble TOYKH, ecid TOYKa M Ha OKPYXKHOCTH (B 9TOM CAy-
Yyae KpHBaf 7 HasbiBaerca Hur.aoudoii). Oco6bie TOUKH — CYThb
TOYKHM BO3BpPaTa NepBOro poxa.

4. loxasatb, YTO KpHBasd, 3alaHHas ypaBHEHUEM
2 2 2
121 % +191° =a® (acmpouda),
ABASIETCA aHanWTHyeckoH KpuBOH. HaiiTn ee oco6me Toykn. Boisc-
HUTb XapaKkTep OCOGBIX TOYeK.

Omsem. Kpuasn HonyckaeT OYEBHAHYI0 aHATHTHYECKYIO TNapa-
MeTPH3aLHI0

x=acos*t, y=asin3t,

a ClIenoBaTeNbHO, OHa aHaaHTHYecKad. Ocobuie Toukm: (0, a), (0, — a),
(g, 0), (—a, 0). Oco6rle TOYKM — TOYKH BO3BpaTa NEPBOTO POAA.

5. CocTaBHTb YpaBHEHHS ACHMNTOT KPUBHIX:

l. x=asint

y=a (cos t4Intg -;-) (mpaxmpuca),

2. x* 4+ y¥—3axy =0 (aucm Hexapma).

Omgem.

1. x=0.

2. x+y+a—_—_0.
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3AJAYM Y TEOPEMBI K T'JIABE |

1. Iycts
x=x(t), y=y({), z=2z()

— Kakaf-HHOYNb napameTpH3auua saemeHTapHolt kpuso#. Torna
moGas Apyrasa napameTpu3audsa uMeeT BHJ
Xx=x((v)), y=y((), z=2(()

TAe 6 (T) — HempephiBHAA CTPOCO MOHOTOHHAA (YHKUHSL

Kakaa creneHs peryaspHocTH KpHBOH, 3allaHHOH ypaBHEHHEM
B HesABHOH (opme ¢ (x, y) =0, rapaHtupyerca n-xpaTHO# Iudpe-
PEHUUPYeMOCTbIO DYHKIMH o, ecaH ¢y | ¢ == 0? Moxer aM KpH-
Basa obnamarb Goxblielt peryasapHoctbio? [locTponts npumep.

3. [MocTponTh MpHMep KPUBOH, KOTOPas He {omyckana Obl raai-
KOi mapameTpu3aluy HH Ha KaKoi CBOeH 4YaCTH.

4. [ycTb miockaa aHalUTHYECKAs KPHBag Y B OKPECTHOCTH
TOUKH (Xy, yo) 3alaeTca ypaBHeHHeM ¢ (X, y) =0, rae ¢ — aHanu-
THyeckaa @ynkuusa. Ilycrb B Touke (X, ¥,) GYyHKUMA ¢ U BCce ee
npousBoAHbie 10 n— l-ro mopsajgka paBHel Hymo. JokasaTb, YTO
€Cli¥ BCe KOPHH MHOrOYJeHa

0
P(E): 2 Ekw
kt+l=n

BEIIECTBEHHbl M Da3JgHyHBl, TO IJAA KPHBOH Y TOUKA (X, ¥,) AB-
agercA OOLIKHOBEHHOH TOUKOH B cMbicie onpepenends § 3.

5. Hafity ycnmoBMs cyLieCTBOBaHHA acHMNTOTH NPOCTPAHCIBEH-
HOlt KpUBOlt X =x (£), y=y (f), 2=2z(t), yxonaue# B GeckoHey-
HOCTb NpH ¢ —> @, aHAJIOrHYHBIE MOAYyYeHHBIM B § 8 maa maockoi
KPHBOH.

CoCTaBHTh YpaBHEHHE aCHMOTOTHL

6. Cocrasutb ypaBHeHHe acumnToT anre6pauueckoi mpocCTpaH-
CTBCHHOH KPHBOMH, 3alaHHOH YDaBHEHHAMM B HEABHOM BHIE

‘?(X» Vs z) =0, ‘lj(x’ Vs 2) =0,

rie ¢ M ¢ — MHOrouJeHbl OTHOCHTEIbHO X, ¥ H 2, N0JZOGHO TOMY
KaK 3TO CHeJNaHO 1aA NJAOCKMX KPHBHIX B § 4.

(%0, Yo)

FTABA 1I

NOHATHUA 1Jg KPUBBIX, CBA3AHHBIE
C MOHATHUEM COINPUKOCHOBEHMS

Ilycte M u M — MHOKECTBA TOYEK NPOCTPAHCTBA, MMEI0-
wpre obuiyio Touky O. Ilycts X — npousBo/ibHast TOYKA MHO-

wectBa M, h(X)— ee paccrosHue oT MHOXecTBa M (TouHas

HUXKHSASL TPaHb DAacCTOsIHUM Touek MHoxecTBa M OT Toukm X)
n d(X)— paccrosnue Toukd X ot Ttouku O.
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Mu 6ynem rosoputs, yTOo MHOXeCTBO M conpurxacaemcs
¢ mHoxectBoM M B Ttouke O, ecau otHoweHue h(X)(d(X))™
(@>>1) cTpemuTcs K Hy/mO, KOrZa TOYKa X HEOrpaHWYeHHO
npubmnkaercas K touke O.

C nomowpio NOHATHA CONPUKOCHOBEHWS BBOIATCH MHOTHE
NOHATUS AJR KPUBHIX. MBI paccMOTpuM HX B HacTosmed
Tiage.

§ 1. BekropHas (pyHKUMA CKaJsIpHOro aprymeHTta

B nmambhefimiem usnoxeHuu Me OydeM LIHPOKO MOJb30-
BaThCA DJNEMEHTADHBIME CDENCTBAMH BEKTODHOI'O aHaJusa.
B cBM3M ¢ O9TUM HAanOMHUM OmNpeJelNeHHe HEKOTOPHX Mo-
HATUH,

ITycte G — mo6oe MHOXECTBO TOYEK Ha NpaAMOH, nJo-
CKOCTH MJH B mpocTpaHcTBE. I'oBOpAT, YTO Ha MHO!ecTBe O
BalaHa 8ewmop-ghyrkyus f, ecin Kaxao#h Touke X 3TOro
MHOXECTBa COMocTasJeH BekTop f(X).

Ins BekTOp-pyHKUMH, TaKk Ke Kak M [ CKaJApHBIX
(¢yuxkuu#t B aHajause, BBOIMTCS NOHATHE npedeaa. I'oBopsr,
uro f(X)—>a mpu X —>X, ecm |f(X)—a|—>0 mnpn
X'—>X0.

s BeKTOp-pyHKUMH HMEIOT MECTO TEOpeMH O mpene-
Jie, aHaJOrHyHHle TEOpeMaM O mpefiere JJIs CKaJdfspHBIX
(ynkuui.

Hanpnwep, ecau f (X) u g (X) sexmop-gpynxyun, a M(X)—
cxaasnpras yuxyus u f(X)—>a,g(X)—> b u M\(X)—>m npu
X—)Xo, mo

SX)Eg(X)>axb,
AMX)- f(X)—>m-a,
f(X)-g(X)—>a-b,

FX)X gX)—>aXb.

JIloxa3aTenbCTBO 3THX YTBEPKAEHHN NPHHUUNNATLHO He
OT/IMYaeTCs OT HOKAa3aTeJbCTBA COOTBETCTBYIOLUAX YTBEPXKIE-
HUH 9 CKalapHBIX ¢yHKuu# B anammse. s nmpumepa
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JOKaxXeM MNOCJeNHEE YTBEDKACHUE. HUmeem

(X)X gX)—aXb|=
=|(f(X)—a) X (g(X)— )+ (f(X)—a) X b—
—E@X)—bXa|<|f(X)—al| |gX)—b|+

1 fX)—al |b]4|gX)—0b] |al

Orciona caenyer, uro |f(X)X g(X)—a X b|—>0 npu
X — X, A 310 3uayut, uto f(X) X g(X)>a X b.

Ilns BekTOP-QYHKUNHA BBOAMTCA NOHATHE HENPEPbLBHOCHIU
nonoGHO ToMy, Kak Ajsi CKaJipHeIX (yHKuuH. Vimenno, QyHK-
uus f(X) HaswiBaercst wenpepuisroii 8 mouke Xy ecin f(X)—
—)f(Xo) npu X—-)Xo.

ITycms f(X) u g(X)— sexmop-ghynxyuu nenpepuisrsle
6 mouxe X,, a M(X)— crasapHas DYHKYUSA, Henpepbisras
8 smoii moure, Toz20a 8exmop-ghyHKyun

AMX)fX) fFX)EXgX) fFX)XegX)

a maroce crarapras @yuxgus f(X)- g(X), Henpepoisns
8 mourxe X,

ITO CBOHCTBO HENPEPHIBHOCTH ABJASGETCA NPOCTHIM ClAed-
CTBHEM CBOMCTB mpenesna.

MMoustue mnpoussomHoM. Ilycte f(f)— Bekrop-
hyHKIKS, onpenesNeHHas Ha orpes3ke. [OBOpAT, uTO BEKTOP-
oyHkuns f uMeer B TOUKE f OTPE3Ka NPou3soOHYI0, ecau Cy-
IECTBYET Mpedesa OTHOWIEHHs

fe+h—4@
h

npu i —0. Ilpoussomuas B Touke ¢ oGosnauaerca f'(¢).

Ecau f(t) u g(t) — oudbghepenyupyemsie 8 mouke t 8ek-
mop-byrxyun, a \(t) — ougpghepernyupyesas 8 smoii mouie
cranrsprasn gyuryusa, mo X)), f)Xg®) f(t) X @)
f gt) cymv dynxyun, ouggepenyupyemoe 8 mouxe t,

npuses
MY =Nf-+Af
(fro=Ff=xg
(fXgy=f Xg+fXgh
(foy=re+re
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A1u popmyas nuddepenunposanns noayyaorcs 6yKBaIpHO
TaK XK€ KaKk cooTBeTcTByloimire ¢opmyas auddepeHinposa-
Husi CKalgpHHX (QyHKuUM# B ananuse.

IlpousBonnas Bekrop-¢ynkunn Jf7(f) HaseiBaercs 8mopoil
npou3soonoli gynxyuu f(f) u obosnauaerca f(f). Ama-
JOTHYHO OHNpejeNsieTcs TPEThs, ueTsepras U T. A. MNpPOUs-
BOJHBIE.

OyHKuus, UMemas HeNpephHBHbIE HNPOU3BOIHBIE 1O R-TO
NOPsANKA BKJIOYHTEJNBHO HAa OTpe3Ke (@, b), HaswBaeTcs R pa3
ougbghepenyupyemoii GHyHKyed Ha IMOM ompeske.

ITycts ey, ey, e;— Tpu BEKTOpa, HE Jexalmue B OJHOH
na0cKOocTH. Kaxcapi#i BEKTOpP r 1OMYCKaeT npEACTaslieHUe B
BUIE

= xe, | ye, | ze5

ukclla X, y, 2 ONpENeNAloTCd ONHO3HAUYHO M  Ha3bIBAIOTCA
Koopounamamu sexmopa r OTHOCUTENbHO 0asuca e, €;, €.

Ilycts  r () — BekTOp-pyHKUMS, 3aaHHAas Ha OTPE3KE.
Onpenemnm tpu cKaxspusle Oyuxuun Xx(f), y (f), 2(f) ycno-

BHEM .
ry=x@)e,+y({t)es+ 2(t)es

Torna, ecau dynxyuu x(t), y(f), z(¢) nenpeposres
oughgoeperyupyemn, mo sexmop-gpyHxyus r(t) Henpepulgua,
coomsemcmsenno ougbgpepenyupyenma. Obpammuo, ecau Bek-
mop-gpyrryus r(t) nenpeprisna umn Oughgbeperyupyena, mo
dyuryuu x (), y(t), z(f) Henpepvi8rbl, cOOMBEMCMBEHHO
oughgbepenyupyemer.

Ilna  pokasaTenscTBa BTOPOrO  YTBEPHIEHHs DPAaBEHCTBO
r(t)=ux(t) e, +y (f) e+ 2 () e; yMHOXHUM CKaAJNAPHO Ha BEK-
TOp €'y, NMepneHIuKyJsapHHH BEKTOpaM e, u e; Torma no-
ayuuM x (f) (es€’y)) =r(t) €'y, Orcioma BUmHO, YTO HEMPEPHIB-
HOCTE uin aud@epeHunpyeMoCcTs BeKTOp-QyHKuuu r(f) Bae-
yeT 3a cOOC0H HEempepHBHOCTb, COOTBETCTBEHHO auddepeHun-
pyemocTs, GyHkumn X (f). AHanormyHo maa Qynkumm y (f)
u z (1)

Lars sexmop-goynryuil usmeem mecmo gopmuyaa Tediropa.
Hmenno, ecau f(f) n pa3 dudgpepenyupyenmasn gynxyus, mo

FE+D=Ft) + A O+ ... S5 (D O e, A8,
20e |e(t, At)| > 0 npu At — 0.
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B camom peae,

fO=x@t)e; 4y () ey z(t)e,

(o]

XA =x () -+ Ax () F... 4 (6™ (§) <),
YE+A)=y @+ Aty O+ (D O+ 59
2t M) =2z(t) -+ A () +... o @O+ o)

YMHOXKAs 5TH DABEHCTBA Ha @, €;, €3 COOTBETCTBEHHO, CKJa-
awBas u sameuas, uro xF) (f)e; - y*) () eyt 2P (Hey=
=5 (¢), nonyyaem c¢opmyay Te#nopa mns BEKTOP-(yHK-
una f(£).

IMoustne unrerpama B cMbicie Pumana s BeKTOpHOR
¢yskuny BBOAUTCA OYKBaJbHO TaK ke, KaK IJ9 CKaJspHOH
Gynkuun. Hurerpan sexktop-QyHKUMR 006/aanaeT OOBIUHBIMH
ceoficteamn. Wimenno, ecau f(f) rnenpepmsras Ha ompe3xe
a<<t<<b sexmop-goynxyus u a<_c< b, mo

b c b
{reyat=\feydt+\feyat.
a a 4
Ecau m — nocmosnnasn, mo
b

b
{mftydt=m ft)at.

a a

Ecau r— nocmosnunsii eexmop, mo

b b
Vrrydt=r feat,

b b
{rxfeydt=rx | rea.

a

Humeemn mecmo ¢popmyaa ougghepenyuposanusn Heonpede-
ACHH020 UHmMe2pana

2\ roat=7.

Q(’;&
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B sakmouenue 3ameTHM, YTO NapaMETPHUYECKOE 3ajaHue
KpUBOH YpaBHEHHAMH

x=x({), y=y(@), z=2(1)

SKBUBAJEHTHO 3aJaHHI0 €€ C MOMOUIBI0 OAHOr0 BEKTOPHOrO
ypasHeHns

r=ri)=x@t)es+yt)es+2(t)e,

rIe ey, €3, €3 — €QMHHYHBIE BEKTODHI, UMEIOLINE HAaNpaBJEHHS
KOOPIMHATHBIX OCeH X, y, 2.

§ 2. Kacateabnas xpuBoii

[Tycts y—xkpusag, P-—TOouka Ha Hel W g— npswmas,
npoxoxsawmas uepes Touky P. BossMem Ha KpuBOoH TOuKy Q
u 0003HauuM e€e pacCTeAHne OT Toukn P o
npaMo#t g uepea d u h CODTBETCTBEHHO. g

Mpr Oynem HaselBaTh MPAMYIO g Kacamens-

2

. h
Hoif K XpuBo#h T B Touke P, eciu — — 0,

d
korma Q — P (puc: 8).
Ecau wpusas Y 8 mouxe P umeem raca- 4
measnyo, mo npamas PQ npu Q — P cxo-
dumca K amoil kacamensnoi. O6pamuo, ecau  py. g
npamas PQ npuQ — P cxodumcs k Hexomopol
npsamoll g, mo ama npaman aeisemcs xacameasrod. 1as no-

h
Kas3aTeJapCTBa 3TOr0 YTBEPKACHUT NOCTATOYHO 3AMETUTD, YTO ra

ecTb CHHyC yrJa, oOpasyemoro mpsmeiMa g 0 PQ.
Teopewma. [1adkas xpusas | umeem 8 Kanxcdoh mov-
Ke KacameabHY0 w Npumom e0uHCMBeHHYI.
Ecau
r=r(t

8eKMOpHOE YpasHeHUe KPusol, mo KacameasKas 8 mouke
P, coomsemcmaynwweil 3na4ennio napamempa t, umeem Ha-
npagaenue sexmopa r'(t).

HoxagarteasbctBo. Jlonyctum, 4ro Kpusas Y B TOY-
Ke P, COOTBETCTBYIOILEH 3HAUEHMIO NapameTpa f, UMEET Ka-
catesnpHylo g IlycTh T — eauHHYHBIA BEKTOp, HMEIOiMH Ha-
npasjeHne npsmolt g. Paccrosnue d Toukm Q, COOTBETCTBYIO-
meii 3Hauennio mapamerpa t-1-Af, or Taukn P pasHO

2 A B Moropesos
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|r(t-+ Af)—r(f)|. Paccrosuue h TOuKM Q OT KacaTeJbHOH
pasuo |(r (t -+ Af) —r (¢)) X v |. Ilo onpeaenennio kacateabHOH

B¢+ —r@) X 1]

—0 npn At—0.

d™  |r{t+At)—r(t)]
Ho
r(t+4 M) — r ()
(et —r@yxsl_ |~ ><"l_,|r'<t)><r|
CEFR—r O = [rEEE=r® @

Orciona
r@XxX¥=0.

A 3TO BO3MOXHO TOJBKO TOrAd, KOrda BEKTOP T MMEET Ha-
npasnenve Bekropa r’(f). Taxum o6Gpasom, ecaum KacaTenbHas
CYIUECTBYET, TO OHa UMEeT HanpasjeHHe sexTopa r’(f) #,
CJIe10BATEIbHO, €IMHCTBEHHA.

To, uto npsMas g, RpOXOAAMWIAs uepes TOuky P #u ume-
loum@an  HanpasieHne BeKTOpa ¢’ (f), fBASETCA KacaTeJbHOMH,
TaKe CrnpaBe;iuBo, MO0, KAaK IOKasHBAOT MNPEAbAYILHE
BBIKJIAAKH, IJI Tako# npsamoi

r'()

b OO X g roxren_,

d = lr(¢+48)—r ()] lr@p T

Teopema 10Ka3aHa IOJHOCTHIO.

3nas HanpaBJCHHE KacaTeAbHOY, HETPYAHO COCTABHTH €€
ypaBHenue. JleficTBUTENBHO, €C/MH KDHBasd 8allaHa BEKTOPHHIM
ypasHenuem r==r (f), To BekTop ¥ mpomsBOJbHOH TOUKH Ha
KacaTeJbHOH MOXHO MPEACTaBUTbL TaK:

F=r @)+ ().

ATC U eCcTb YPaBHEHHME KacaTeJpHONM B mNapaMeTpHYecKoM
¢opme (mapamerp A).

BeiBeneM ypaBHEHHE KacaTeJbHOH IJIs Pas/MyHBIX Ciy-
YaeB aHAJNTHYECKOro 3alaHus KPUBOH.

Ilycts KpuBas 8anaHa ypaBHEHUAMH B NapaMETPUUYECKOR

¢(opme

x=x), y=y(), 2=2(1).
Takoe 3amanne KpuUBO# SKBUBAJEHTHO BEKTOPHOMY 3aZaHHUIO

r=ri)=x®)e+y)es{z(t)es
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TIE 1, €;, €;— CIHHRIHHE BEKTOPH FIO KOOPIMHATHHIM OCAM.
3aMeHss BEKTOPHOE YpaBHEHHe

F=r®)+N®

TPEMS CKaJIsPHBIMY, FOJNYYHM YpABHEHHS KaCareAbHOH, COOT-
BETCTBYIOIHE NapaMeTPUUecKoMy cnocoby samaHus

E=xO)+M @, J=yO-+WO, Z=z@®)-+I
WY, B SKBUBAJEHTHOH Qopme,
E—x(t) J—y(t) Z—z(t)
X' (2) ¥y 2@
Ecnu xpusas mjockas ¥ 3aJaHa ypaBHEHHAMH
x=x) y=y(@
YPaBHEHUE €€ KacaTeJbHOH 3amulueTcs Tak:
T—x@)__J—y@

X' (¢) y@ -

YpaBHenne KacareabHOH B Ciayyae 3ajaHds KDUBOH ypaBHe-
HUSAMHI

y=yx) z=2z(x Q)
NPOCTO NOJYyYaeTCd U3 ypaBHeHMs KacaTeJbHOM mjd cayyas
NapaMeTpuyeckoro 3ajaaHus KpuBo#H. JlOCTaTOYHO 3aMETUT,
YTO 3aJaHHE KPUBOH ypaBHEHUAMH (*) SKBHUBAJIEHTHO Mapa-
METPHUYECKOMY 3alaHHUI0
x=t, y=y(t), z=z(t).
YpaBHeHna KacaTenbHOR K KpuUBOH, 8aBaHHOH ypaBHEHUAMH (),
3anMAIYTCA TaK:
¥ (x) 7 (x)
Wig, B dKBUBAJECHTHOH dopme,
Y=y @)ty )& —x)
Z=2z(x)+ 2 (x) (& —x)
B uactHocT, €CIM KpHBasg MNJOCKad U 3aJaHa YPaBHEHUEM
y=y(x), TO ypaBHEHUE KacaTeJbHOH K Helt Oyner

J=y®)+y x)E—x).

xX—x

Qs
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CocTaBuM, HAaKOHEl, YPaBHEHHE KacaTeJbHOM K KPHBOH,
8alaHHOH YypaBHEHUSIMH

e(x, ¥ 2)=0, ¢(x, ¥, 2)=0,

B TOUKE (Xg, Vo 2¢), T€ PaHT MaTPHUHI

(‘Px Py ‘Pz)
bx Py $2
pasen aBym. Ilycts

x=x({), y=y@, z2=2z(

KaKasf-HuOy4b peryJspHas mapamMeTpH3auHa KpHBOH B OKpecT-
HOCTH TOYKH (Xo, Vo 20)

YpaBuenue kacaTeqbHOH K KDHBOH B TOUKE (Xg, Vo 20) -

x."—xozf’—.% =E —%
Xo Yo 2
Takum o00pa3oM, 118 NOJyuYeHHs YDaBHEHHs KacaTeabHOR
IOCTaTOYHO 3HAThb Xy:Yo:2¢. BBHUKCIAM 3TH OTHOIIEHHS.
Hmeem ToxmecTsa
p(x(® y@) 2()=0, Y(x®) y@) 2@)=0.

Ilnepennupya 5T ToXaecTBa No f, OydeM HMETb:

¢xX ‘Pyy, -+ ¢.2' =0,
Py’ byy’ - §,2"=0.

Orcona
xl _ yl ) z'
Py Pz Pz Px Px Py
by bl [z bal e by

n ypaBHeHHe KacaTeabHOH NpUAMET BUI
X—x _ J—y __ Z—2

Py P2 Pz Px Px Py '
by Yol 1 9 bx by
ra¢ npOU3BOIHBIE @, (Py, ceey q)z B3sThl B TOUKE KacaHus

(¥o Yo 20)
Ecan xpuBas nockas W 3aiaHa ypaBHeHueM ¢ (X, ¥)=0,
TO ypaBHenue KacaTenbHol Oymer
X—x, =J~’ —Yo
Py —¢x "
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Jlna BbIBOZA 3TOrO YpaBHEHHS OOCTAaTOYHO 3aMETHTh, YTO
3ajaHue KpPUBOH B IIOCKOCTH Xy ypaBHeHueM ¢ (X, ¥)==0
SKBMBAJIEHTHO 3aJaHWI0 €€ B NPOCTPAHCTBE YDaBHEHUAMH

¢(x y)=0, 2=0.

Hopmanbnoid 1I0CKOCTBIO KpPuBOH B TOuke P Hasbl-
BAaeTCcd IIOCKOCTb, NPOXOIAMmas 4Yepes TOUKY P nepheHmuKy-
J9pHO KacatelpHOH B 3TOH TOuKe. COCTaBHTH YpaBHeHue
3TOH NJIOCKOCTH IOC/TE TOro, KaKk WMSBECTHO YpPaBHEHUe Kaca-
TeNbHOR 1y moGoro ciayuas aHaJuTHYECKOro 3aZaHust Kpu-
BOHW, HE COCTaB/seT TPyAa U NpeiJjaraeTcd B KauecTBe Jer-
KOT0 YNPajKHEeHHus.

§ 3. Conpukacaromasicd NJIOCKOCTb KPHUBOH

Ilycts 7 —KpuBag u P — TOUKa Ha Helt, & — MJIOCKOCTH,
npoxoasmas yepes Toyky P. OO6osHauum h paccrosHHe mpo-
M3BOJILHOH TOUKM Q KpHBOH OT
IJIOCKOCTH o # d — paccTofiHue
9TOH TOUKM OT TOuku P.

Msr 6ynem HaseBaTh MJIOCKOCTb
o conpurkacaouelics NIOCKOCTbIO
KpuBo#t y B TOuke P, ecim OT-

h
HolteHue —;— 0, korma Q — P

d2
(puc. 9).

Teopema. Peayaspras (no
Kpaineii mepe, 08adc0b. Henpe-
poisro  Oubghepenyupyemas) Kpusas | 8 KaxHcOol mouxe
umeem conpuxacamwwycs niockocms. [lpu smom conpu-
Kacanowascs nAoCKocms A60 eOuHCHmEeHHas, ambo abas
NAOCKOCHLL, COOEPHCAULASL KACAMEABHYI0 K KPUBOU, A8ASeMCS
conpuracawweics. Ecau

r=r()

ypasHerue Kpusoll Y, Mo CONPUKACAIOUASCS NAOCKOCN 8
moure, coomsemcmeyuell 3HaueHur napamempa t, na-
paasensna gexmopax r’ (t) u r” (2).

HDoxasateasrctBo. Ilycte o — conpukacaiomascs
IJIOCKOCTb KPUBOH 7 B TOuKe P, COOTBETCTBYIOIIEH 3HAUEHUIO
napamerpa f, OO0osHauuM e eIMHMYHBIH BEKTOP HOPMasH
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K maockocTi a. PaccrosHue Touku Q, COOTBETCTBYIOWLEH 3Ha-
uennio mapamerpa t- Af, oT miaockoctu a

=|e(r(+A)—r()]
Paccroanne aTo#t Toukm oT P
d=|r(t-4A)—r ()|
Umeem
h__le(r@+A)—r ()| __
ET rEFAa—r@)eE
er (t) , er"(t)

le(r’(t)At—i—-f-%QAt’-}-e,At’)‘ l 8
= (r (8) B + £,82)° — rO+4 .

Tax kak d—’:—»O npu At—0, ¢, eg—0, a |r’(t)|¢0,f

10 er' ({)=0, er’(t)=0. Takum o6pasom, ecam conpuka-
calomancad MIOCKOCTh CYymIECTBYET, TO BeKTopH #(f) u r” (f)
napasjieibHel ei.

B TtOM, 4TO conpuKacalomascs MJIOCKOCTb BCeraa cyuie-
CTBYET, HeTpyIHO yOenuthcs. [Las 9TOro BosbMeM MIOCKOCTh 8,
napaiiensHyto Bekropam r’(£) u r” (f) (10 OTHOILIEHHIO K HY-
JIEBOMY BEKTODY MBI CumTaeM JMoOYI0 NJIOCKOCTh €My Tapai-
aenbHoi). Torna er’ (f)—-er” (t)==0 u, ciaenoBaTenbHO,

B €]
E= O F

— 0 npn A/ >0,

Takum oOpasoM, B Kaxmol TOYKe KpUBOH CymecTByeT
COMpHMKACAoMAAcs MI0CKOCTh, OueBHIHO, COMpHKacaouasncs
AJOCKOCT, OyAyud napaaiensha Bektopam r/(f) u r”(f), Gy-
€T eXMHCTBEHHOH, ecin BekTOPH 7’ (£) n r” (t) He napajenbHEL.
Ecan 3xe 3Tn BEKTOPH Napa/iensHul (win BekTop r’ (£)=0),
10 Mo6asi NMJIOCKOCTb, NMPOBeNEHHas Yepe3 KacaTeNbHYIO K KpH-
Bo#t, Oyaer conpukacawouehcs NIOCKOCTHIO.

Teopema noxasaHa.

CocraBuM ypaBHeHue conpukacaiomelcs nrockocrr. Iycre
r —r(t) — BeKTOpHOe ypaBHeHHe KPWBOH u f — 3HayeHue na-
pameTpa, COOTBETCTBylomiee TOuke P kpusoi#. Ilycrs B sToit
Touke r'(f) u r’(f) ve napaagenbHsle BeKTOpH. Torja
() X r’(t) Gymer BeKTOpOM HOpPMaJau CONpHKacaroueics
niaockoctd. Ecm F 0603HaunTh BEKTOP NPOM3BOJILHON TOUKH
compukacaloumeics NJIOCKOCTH B TOYKe P, TO BEKTOpH
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F—r({) u r ()X r’(f) nepnenguxyaspun. Otcoga ypasHe-
HHe CONpUKacaoehcs MIOCKOCTA

F—rO)@OXr@)=0
F—r® @ r#H)=0.

HIH

M3 sToro ypaBHeHms I/ cCJAy4as NapaMeTpUyecKoro 3a-
JaHus KpuBOH

x=x(t) y=y(t) 2=2()
noJsayuyaem ypaBHe}me conpnxacalomeﬂca NAOCKOCTH B BRIe

F—x(t) J—y () 2—2()
£ y©O 2@ |=0.
x” (t) y" (t) 2" (t)

BriBoa ypaBHeHHs CONpHKacalomencs MIOCKOCTH st ApY-
X CJAYyuYaeB aHaJWTHYECKOrO 3afaHus KpPHBOH nNpemocTas-
JIETCSl UMTATeddlo.

Kaxpas npamas, npoxossuias uepes TO4YKYy KpHBOH mep-
NIEHAUKYNSPHO KacaTeJbHOM, Ha3bIBACTCH HOPMAALI0 KPUBOM.
Cpenu 3THX NpPSMBIX B C/Ay4ae, KOrja CONpuKacamomascs nio-
CKOCTb SIBJNSIETCS €AWHCTBEHHOH, BBIASJSIOTCS JBE 3aMeuaTelib-
Hble MNPAMBIE: 24QBHASL HOPMAAS — HOPMadb, Jexalas B
conpuKacamomelics MmIOCKOCTH, U OUHOpMAAL — HOPMAJb,
TepNeHauKyaapHas COnpHUKacamomelics NmIOCKOCTH. Tak Kak
¥3BECTHO YpaBHEHME KacaTeJbHOft 1 conmpuKacawouehics naocKo-
CTH, TO BHIBOA YpaBHeHMH rJaaBHOH HOpMaad U OGHHOPMAJH
He COCTaBJdeT TPYAa M NPeJOCTaBJAETCH YUTaTE]I0 B KayecTse
ynpaKHeHus.

§ 4. ConpuxocHOBeHHe KPHBBIX

Ilycts 7 u 1 — 3/eMeHTapHBIe KPUBHE, HMeomue o6uyio
touky O. Bosbmem Ha Kpuso# 7 TOouky P u 0603HaunMm A
ee paccrofsHue OT KpuBoi |, a d — paccrosinue or Touku O.

Mpt Oynem roBoputs, 4TO KpuBas | MMEeT C KPHBOU |
B Touke O conpuKocHosextie nopsdxa M, ecid OTHOLUIEHHe

E";,—>O, Korga P— O (puc. 10).
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HNycts ¥ u 1 — oBmue xpusble, umeowue OoO6WYIO TOU-
Ky O. Mun Oyiem rosopuTs, uTO KpuBas | HMEET ¢ KPuBOH T
B Toyke O CONPHUKOCHOBEHHE MNOPAAKA 71,

b €C/I  BJEMEHTApPHass OKPECTHOCTh TOukh O
KpuBo# | HMeeT CONPUKOCHOBEHHE  MOPA.-
7P Ka 1 C 3JEMEHTapHOM OKPECTHOCTbIO KpH-

0 BOH Y.
y Teopewma. [Mycme 1 u | — peayasp-

Hble naockue xpusse, ¢ (¥, y)==0— ypas-
Henue Kpusodl |, a x=x(t), y=y()—
/4 ypasrenus xpusoli Y. Ilycms ¢i ¢35 # 0

8 mouxe O(Xyp Vo).

Puc. 10.

Toz0a dan moz0 umoGe kpusas Y ¢
Kpusoii 1 8 mouxe O umeaa conpurocHose-
Hue nopsadxa n, Heo6Xo00uUMO U QOCMAMOUHO, 4molb npu
t, coomgemcmsyiomer mouke O, 8bNOAHAMCH YCAOBUSL

2B YE)=0,
2 oty y(O)=0,

e ¢ & o+ s e o o e o

,%’; o (x(t) y()=0.

DoxasateabctBo. Ilycte M —Touka Kpuso# 7.
Ilo onpenenennio ee paccrosuue h(M) OT KpuBOH 7Y ecTb
TOUHAS HUXKHASA TPaHb PACcCTOAHAN TOUEK KPUBOH | OT TouKHM M.
Ilpu aocratounoft 6imsoctu Toukn M k O 3Ta TOYHas HHUXK-

HAf TPaHb JOCTHraeTca A9 HeKoTopo# Toukm M xpusoi 7.
IMoxaxeMm, uyto oTpesok MM HanpasJeH IO HODMAaKU KpH-

Bo#l 7 B Touke M. B camom nene, nycrb 7 (S)— BCKTOP TOU-
KA KpHBOH 7, a m — Bexkrop Touku M. KBazpar paccrosHus
Toukn M OT TOuxkM Kpusol paseH (F(s)— m) . Iasa s, coor-
BETCTBYIOWIErO MHHHMYMY 3TOrO DPacCTOsHUS, HMEEM

5@ —mp=0,

orkyna (P (s)— m)# (s)==0, a sTo 3naumt, yTOo BekTOp MM

HANPaBJEH MO HOPMaJH KpuBOH | B Touke M. ’
Mycts £ 17— HanpaBasiomme KocuHych mpsmott MM.

KoopamnaTs Toukid M uyepes KOODAMHATH TOYKH - M MOryT
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OBITh BBHIPAXKEHH CleayiownM 0o0pasoM:
X=x+th, J=y+1h
rae h— paccrosiune TOUKH M OT KpmBOH 7.

Koopmunarn X, j TOuKM M, KaK TOUKM KpuBO#H 7, yAOB-
JIETBOPSIOT ypaBHeHuio ¢ (X, ¥)=0. Takum oGpasom,

¢ (x4 Eth y+qh)=0.
Orciona

9 (% Y)+Eho. (%, ¥)+ mhey (% ¥)+ R R=0,

rae R orpaHuueHo B oxpecTHOCTH TOuk# O (Xp Vo).

Mpu x> xp, ¥ —> Y, Bupakenne &p, -} Me, crpemutca K
npefeny, OTAUYHOMY OT HyJs, TaK Kak npeicTaBiaseT coGot
CKaJpHOE MpOW3BENEHUE IBYX BEKTOPOB C KOODAMHATaMH
£ M M ¢p 9, KOTODHE B Mpenese OTIMYHBI OT HYJsl M Ha-
npasjaeHs Mo HopMaiu Kpuso# | B Touke O. Takum o6pa-

Eﬁj@_hml npy M — O umeer rno-
PALOK .

[Tycts TOuka M Ha KpHBOH 7 COOTBETCTBYET BHAaUEHHIO
napamerpa f. Torma ee paccrosuue or O, paBHoe

lr@)—rt)|=|Ct—) () + 2

npu mocratoydo#t Gmmsoctm M k O umeer nopamoK |t—f,|.
Orciona caemyer, 4To aas TOro 4yToObl KpHBas |’ HMeaa C
KpuBo# 7 B TOuKe O CONPUKOCHOBEHHE NOpAmKa 7, HeobXo-
JMMO .1 IOCTAaTOYHO, YTOOH
¢ (% (£), ¥ (£)

t—12)"

30M, BEJNWYHHA h=—

— 0 npu t— 1,

Ho 3T0 3HauMT, YTO BCE UJEHB PAasJOXKEHUs (YHKUAH
¢ (x(f) y(?) no crenenam (!—=2y) KO A-TO BKJIIOUATENLHO
paBHH Hy/IIO.

Teopema mokasana,

I pumep. Hatitn napabosy suaa

y—(a+ ax ...+ ax™)=0,
KoTopas ¢ Kpuso#
y=2¢(x)
B touke (0, ¢(0)) uMeeT CONPHKOCHOBEHHE M-TO MOPHAKA.
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CornacHo Teopeme mpu x=0 u k=0, 1, ..., n
dak
TE@ @) —a—ax—...—a,x")=0,
oTKyZ1a

’ t
a=¢(0) a;=¢'©0), ..., a,,:n_!cp(n) 0).
Hckomas napa6osa:

y=0 O+ ¢ O xF 5" O X 4. 29" (0) x".

§ 5. OruGaromas cemeiiCTBA KPHBBHIX,
SaBUCAMHKX OT Hapamerpa

Mycrs S{y,} — ceMeAcTBO raafikux KPUBBHIX Ha MJIOCKO-
CTH, 3aBUCSIAX OT mapameTrpa . [Jaakas kpuBasg | Haswl-
BaeTca oaubarouel cemeiictBa S, ecay oHa B Kaxaoh caoeft
TOYKe KacaeTcs XoTsi Obl O0JHOH KpuBOMH cemeicTBa 1 KaWIBIm
Ve CBOMM OTpE3KOM Kacaercs OecKo-
HEYHOrO0 MHOXECTBAa KPHBHIX cemeh-
crea (puc. 11).

Mpumep. Tnagkas xKpusas,
He MMeromas NpSIMOJUHEHHHX Yua-
CTKOB, fiBJIeTCsi orubawoomel csonx
KacaTeJbHbIX.

Huxecnenywoas teopema B na-
BECTHOH CTEemeHW pelIaeT BONpoC O
HaxOxaeHun orubaromen.

Teopema. ITycms rpusee 7,
cemeiicmea S 8 ob6aracmu G 3a-
dawmca yplsrenusmu

Puc. 1L

e, ¥y, 0)=0, a<<a<h,

20e © — HenpepoilsHo Oughgheperyupyesmas ByHKyUR no 8cexn
apaymenmanr, y0osiemeopawwas ycaosuo @3- o5 7~ 0.

To20a oxubawwan | cemelicmea S (ecauw ona cywecm-
syem) 3adaemcs YpaGHeHUAMU

Cp(x, ¥, =0, Cpa(x, Yy, 0)=0
8 WOM CMbicae, 4mo 348 Kaocdol modku (x, ¥) ozubanoued
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MOJICHO YKa3ames maxoe o, 4o cucmemol 3Ha4enul x, y, «
O0ydym ydosiemsopsamscs oba ypasuenus =0 u ¢, =0.

HokasateabcrBo. Ilycts P{%, y)— npoussoJsHas
TOYKa ormbaome#i 7. MoryT npeacTaBHTLCH ABa Cayyas:

1. B touke P Kacaercs OECKOHEYHOE MHOXECTBO KPHUBBIX
CEMEHCTBA: Ya;, Tag -+

2. B rouke P KacaeTcs TOAbKO KOHEYHOE YHCJAO KPHBBHIX
CEMEHCTBA: Yap, ¢+ v 5 Tup

Paccmotpum nmepsm#i cayuyail. He orpanuumpas oGmnocTH,
MOXHO CYHTaTh, YTO MOC/ENOBATENBHOCTh YHCEN &) CXOMMTCA
K HEKOTOPOMY @g(a<Cay<cbh). Tak kak rouxka P npunamie-
MAT KakIOH Kpusokt 1, T0 ¢ (X, ¥y, az)=0. Orciona

(%, ¥, a)—e(x, ¥, ) == (2, — ;) ?a(x’ ¥, a¥)=0,

rie o* gakaoyeHo MexAy o, H o, CaexosateisHo,
(%, ¥, 0*)=0. Tlpu 2 n /—>o00 o, 7 @, —a, NO3TOMY

o(x, ¥, a)=0, ¢,(x, ¥ a)=0

M YTBEDXKIECHHE TEOPEMB B MEPBOM CJyuae HOKasaHo.
Paccmorpum BTOpo#t cayuaih. Jlonycrtam, uto Teopema He-
BepHa H, cJefoBatenbHO, npu Jobom ap(k=1, 2, ..., n)

@, (%, ¥, 0) # 0.

OGosnaynm ® 8aMKHYTYIO €-OKPECTHOCTb TOYKH @) Ha

orpeske (a, b) u 8 manmit orpesok orubatoumel |, comepxa-
muit Touky P. Eciau & ¢uxcupoBats, a 8 B3ATh IOCTATOUHO,
MaJblM, TO A8 BCAKOH KpWBOH 7,, KOTOpas Kacaercs o, x
NPUHALJICKUT ONHOH M3 okpecrHocTel wt Ecam gonycruts
MPOTHBHOE, TO JIErKO NPUXOAWM K BHIBOAY, YTO B TOuKe P
KpUBOH 7T KacaeTc HEKoTopas KpuBas ceMmeficrBa, OT/MuHaf
OT KPHBBIX 7,,, YTO HEBOSMONHO.

O603HauuM 72, MHOXECTBO TOUEK OTpe3Ka 8, B KOTODHIX
KacaloTCsl KPHBHE Y, MpH a CCof. OueBUIHO, my, SBIASETCH

BAMKHYTHIM MHOXecCTBOM. ITocTpoum oTpesok 8, mpuHamiexa-
mui 8, o6aajalomui N0 OTHOMIEHHIO K KaXIOMY MHOXECTBY
m; CnefylomAM CcBOHCTBOM: NGO MHOXECTBO 772, CONEDPNKUT

TNIONHOCTBI0 OTPE30K O 6O OHO HE CONEPKHT HU ONHOH ero
touku. Tako#t orpesok 8 crpourtcs npocro. CHavara crpoum
OTPE30K O/, TIpUYEM, €C/H OTPE30K & COMEPKUTCA LETUKOM B
my, To nonaraem 8 =3, ecau 3 HE MOKPHIBAETCA MHOXKECTBOM
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my, TO B Kayectse & OepeM OTPe30K Ha IONOJHHTEIb-
HOM K #; MHOXECTBE 8 — my. IlaJbllle aHAJOTMYHHIM CHOCO-
GoM CTPOMM OTPE30K d” C MOMOLIBI0 OTPE3Ka O M MHOKECT-
Ba my ¥ T. A KOHEUHHIM YHCJIOM TaKHX Omepamuft Mbl
NPUXOANM K OTPE3Ky 8, 06/1afaomeMy yKa3aHHBIMH CBOHCTBaMH.

[Tycte MHOXECTBO m, comepwuT orpesok 8. Ilpu mocra-
TOYHO MaJIOM & CeMEHCTBO KPHBHIX 7, B OKDECTHOCTH TOYKH P
npHU o C ©, MOXET ObiTb 3a-
IAHO YDaBHEHHEM

b (x, y)=a,

rue ¢ (x, ) — HenpeprBHO
gaddepennupyemas QyHKIms,
YAOBJAETBODAIOWIASA  YCJIOBHIO
¢ +¢3 #0. 1o caenyer
U3 HAlero NpeanoNOKEeHHs o
TOM, -uT0 @, (%, ¥,0,) %~ 0 B
TOuke P.
KpuBas | Ha orpeske 9
Moxer OHTh 3a4aHa ypasHe-
Puc. 12. nasmn x=x(f), y=y(),
rae x (f) u y (f) — HenpepriBHO
nugdepeHunpyemble  QYHKIUK, YIOBJIETBOPSIOUINE YCJIOBHIO
X y? £ 0. OGosnaunm o (f) 3HAYCHHE NAPaMETPa & C= W%,
OTBEUAIOIEr0 KPUBOH 7T, Kacaowmweics orpeska 8 B TOUKE
(x (%), y(¢)). Ouennano,

a(®)=49(x (), y @)

ABJAETCA HenpephiBHO uddepeHnupyemMoit GyHKunei.

HUmeem
o = q)xx’ + Q)),y’.

Tak xkak X ¥ 3y — KOMIIOHEHTH KacaTeJbHOrO BEKTOpa
KpuBo# Y, ¢, W {, — KOMINOHEHTH BEKTOPAa HOPMaiH KDPHUBOH
Ya(ty 3 KPHUBBIE T, W Y Kacawotca B Touke (f), T0 o'==0 n,
cllefoBaTebHO, o == const.

Takum oOpasoMm, BHOJL OTpe3Ka 8 KpHUBOH T Kacaercs

TOABKO OJHAa KpHBad 7Y, cemelcrBa IpH o C Wy, CJAENOBas
TeabHO, BO BceM cemelictse S Hakimercs He OoJsiee n Takmx
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KpHMBHX. A 10 onpenesenuio oruGaowed ux A0MKHO OHTH
GecKOHEUHOE MHOXeCTBO. MBl npumiim K nportusopeunto. Te-
opeMa MOKa3aHa.

3ameuanue Cucreme ypasneHni

?(x ¥, a)=0,
C:Daz(x; y’ U.)=0,
pooOe roBOps, MOryT YAOBJACTBODATH KPHUBLIE W HE fABJIAIO-

muecsi orubaromed. Hanpumep, ypaBresuio orubaiomueht cemeit-
CTBA KPUBHIX

(x—op+(y—aPf—3x—a)y(y—a)=0

yIOBJETBOPSAET NpsMad X =}, KOTOpad, OAHAKO, HE ABJIAETCH
orubaroniefl. DTa mnpsAMas COCTOMT H3 Y3JIOBBIX TOUEK KpH-
BHX cemeficTBa (puc. 12).

YIIPAXXHEHHWA K TJIABE 1I

1. lna BHHTOBO# IHHHUH
X =cost, y=sint, =t

B Toyke (1, 0, 0) cocraBuTb ypaBHeHHs:
a) KacaTteJbHOH,
6) conmpHKacaoLecsa MIOCKOCTH,
B) HOPMAaIbHOH IIIOCKOCTH,
r) raaBHO#t HOpMany,
) GHHOpMATH.

Omesem. YpaBHeHHe KacaTelbHOM:

ypaBHeHne corlpm(acalomeﬁca NJI0CKOCTH:
y—z=0;
ypaBHeHHe HOPMaJbHOM MIOCKOCTH:
y+z=0
ypaBHeHue raaBHO# HOpMajan:

y

Il
124

z
ypaBHeHHe GUHOpMann:
x oS
0

—<
N
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2. CocraBuTh ypaBHeHHe KacaTelbHOH K KPHBOH, 3alaHHOH ypaB-

HEHHAMH
Btyiti=1, Pty'=x

B touke (0, 0, 1),
Omsem. x _y z—1

3. Haittn ypasuenne mapaGons BHIa
y=x*4ax-+b,
Kacawiueicsa OKpY¥KHOCTH
X2 yi=2

B Touke (l, 1).
Omsem. y = x* —3x 4 3.

4, Halitn xpuBy1o y =y (x), ec1y H3BeCTHO, YTO JJIHHA OTpe3Ka
KacaTenbHOf MeXHy TOYKOH KacaHHA M TOYKOH nepeceyeHHd Kaca-
TEMbHOW C OChI0 X NOCTOAHHA W PaBHA 4.

Omsem. Tpakrtpuca:

_VE—T _
cixzalna—]/j—L—i—Va?-yz.

5. Ha 6uHOpManax npocToit BUHTOBOH JHHUYM OTIOMEHK OTPE3KH
oxHoit u Toit we mauHel. Haiitw ypaBHeHue KpuBOH, oGpasyemoit
KOHLAMH ITHX OTPE3KOB.

Omsem. BuHTOBaA THHHA.

6. Tlox KakuM yYriaoMm nepecexaloTCsas KPHBHIE
xy=c¢;, x*—y?=1cy?
7. Ecau kpuBas Y Ha MIOCKOCTH MepecekaeT KPHBbe ceMeHCTBa
¢ (x, y) = const (9% +¢5 7 0)

Nnox NPAMBIM YTIOM, TO OHa YNOBAETBOPAET YPABHEHHIO
dx __dy

.

Px Py
Jloka3atb,

8. Haittm ceMelCTBO KpHBHIX, MepeceKaloUUX NOX NPAMbIM
yrioM BCe OKDYKHOCTH, NDOXONALIME Yepe3 IBe HaHHble TOYKH
TIOCKOCTH.

Omegem. CeMeiCTBO OKPYXHOCTeiL.

9. Haiitu ypaBHeHMe OKpYXHOCTH, HMeolIeit ¢ napaGouoit
y=2x% B ee BEepIIHHe CONPHKOCHOBEHHe BTOPOro MopAIKa.
Omsem. x2 4 y*=y.

10. Haittu ormbaiomyio cemeficTBa NPAMBIX, OTCEKAOIUX OT
KoopauHatHoro yraa XOY TpeyroabHuk ¢ MIOWAnbio 242
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Omsem. Be1Bb paBHOGOKOH rumep6oin Xy == a?, PacHONONKeH-
nas B yrie XOY.

11. Haittu oru6aiyio ceMeficTBa NPAMbX, HA KOTOPHX KOOp-
AMHATHBIE OCH BHIPE3al0T OTPe30K NOCTOAHHOH IIMHBI 4.
Omsem. Actpouna:
2 2 2

3 3__,3
[x|° +1y|® =0
12. Haittn orn6awoiyyio TPaeKTOpHH MaTepHaJbHOH TOYKH, Bbi-
6pacbiBaeMo#t M3 Hayana KOODPIHMHAT CO CKOPOCTBIO U,
Omeem. Tlapa6oaa Ge30macHOCTH
gxt , v}
y=—=i+ 3t
203 ' 2g

(g — YCKOpeHHe CHAbl TAXECTH).

13. Haiith oruGaiomyio cBeToBHX NyyeH, HCXOAAUMX M3 Hayasa
KOODIHHAT NMOCAE MX OTPaXEHHSA OT OKPYKHOCTH

x? 4y =2ax.
Omegem. Y nutka INMackans:

=0,

(et 3 —2ax)t + - (45— 1)

3ANA4YUN Y TEOPEMBI K T'JIABE 11

1. ITycts {— KpuBas H P — ToyKa Ha HeHl, g— mpsamas, npo-
xonduwaa vepes pasnMyHble ToykH R WM S kpuBoit. osopar, uro
KpHBas Y MMeeT B TOYKe P KacaTelbHYK B CHIbHOM CMbICTe, €COH
npsambeie g Npy R # S — P CXONATCA K HEKOTOPOH NpAMOi &p

JlokasaTb, YTO eci¥ KpHMBas rAafKas, TO OHa HMeEET B Kamioil
TOYKE KacaTelbHYI0O B CHAbHOM CMbICIe, 3Ta KacaTelbHad COBilagaeT
C KacaTeJbHOH B CMbiCie OGLIYHOrO onpejeleHus, IaHHOrO B § 2.

Ecan xpuBad HMeeT B KauJO0# TOYKe KACaTeAbHYI0 B CHJIbHOM
cMbIcae, TO OHa (KpuBas) raagkas.

2. Jloka3sarb, YTO €CJIH KacaTeJbHble TJafKOH KPUBOH NMpoXomsT
yepe3 ONHY H TY Xe TOYKY, TO KpMBas mNpejacTaBiser coboii oTpe-
30K NPAMOM, HIH NOJYNPAMYIO HAH LEIYI0 NMPAMYIO.

3. Tlokasatb, 4TO KacaTeabHble BUHTOBOI THHHHU

X=acoswt, y=asinoet, z=10bt

HAaKJOHEHbI NOJ NMOCTOAHHBLIM YIIOM K NMIOCKOCTH xy. [lokasarb, uro
riaBHble HOPMaid BHHTOBOH JMHMHM NepecekaloT OCb Z.

4. Vnsepcueit Ha3bBaeTCA Takoe npeo6pasoBanue, MPH KOTOPOM
COOTBETCTBYIOWME TOYKM DacmonararworTcsi Ha ONHOH, Haylieit u3
HEKOTOPOll (UKCHPOBAHHOH TOukH S (uemga HHBEPCHH) NOJYNps-
MOfi, a mpom3BeleHHe PacCTOAHMH HX OT S mocrosHHo. [loka3arh,
YTO NPH MHBEPCHH YIJbl MEXIY KPHBBIMH COXPaHSIOTCA.
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5. Jloka3aTs, YTO €CIy KacareibHble KPHBOH mapannefbHbl HEKO=
TOPOH MIOCKOCTH, TO KPHBasA MIOCKas.
6. [IpH KaKoM YCJIOBHH NpAMBiE gy

{ a () x+by(O)y+c (D) 2+d (£) =0,

a () x+bs () y+cs () 2+ ds (2) =0

ABNAIOTCA KacaTeJbHBIMH K HEKOTOPOH KpUBOH
x=x(t), y=y(), z=z(f).

Haiitn sty kpusyio.
7. CocTaBUTb ypaBHEHHE .CONPHKACAIOLIEHCA MIOCKOCTH KPHBOH,
3aJaHHON ypaBHEHHAMH

o(x 9,2 =0, ¢(x, y,2)=0

B TOYKe (Xo, Yo, 2p).

8. Myctb Y — kpuBas ¥ P — TOYka Ha HeM, @ — MIOCKOCTb, NPO-
xonAuian yepe3 pasinuHbie Touyku Q, R u S kpusoi. losopar, uro
KpHBas Y HMeeT B TOYKe P conmpHkacamolylcs NIOCKOCTb B CH/b-
HOM CMbICile, €CH TIocKocTH a npu Q, R 1 S — P cxonarca K He-
KOTOPOH MIOCKOCTH @p

[Hokasatb, 4TO ecau peryaspHas (ZBaIbl HempepelBHO Iudpde-
peHunpyemas) KpHBad B TOUKe P HMeeT eIHHCTBEHHYIO CONpHKaca-
I0HYIOCA NIOCKOCTb B 0OGbIYHOM cMbiciae (§ 3), TO OHa HMeeT B 3TOMH
TOYKE CONMPHKACAIOLIYIOCA [UIOCKOCTh B CHABHOM CMBICIE H OHM
COBMAaRaoT.

9. BoccTaHOBHTH KPUBYIO

x=x(t), y=y(), z=2()
Mo ee conpuKacawiumca MIOCKOCTAM
A{t)x+B{)y+C(t)z+ D (t)=0.

10. Joka3aTh, YTO eclH BCe CONPHKAcAIOLUIHeCHd NIOCKOCTH Kpu-
BOM MpPOXOMAT yepe3 ONHY M Ty Xe TOUKY, TO KpPHBag IIOCKas,

11. Jdokasarb, 4To YycnoBHe, HeoOXOIMMOE M IOCTaTOYHOE IIA
TOro, yrTo6bl KpHBad

x=x(f), y=y @), z==z(t)

6bl1a NAOCKOH, COCTOMT B TOM, YTOOLI

x' yr Z’
xu yn z" — 0
x”, yru 2"

12, Jlokasatb, YTO CBOHCTBO CONMPHKOCHOBEHHA KPHBHIX B3aHMHO,
T. €., €CAM raagkas KPuBad Y, HMEeT C riankod KPHBOH Y CONpH-
KOCHOBEHHe TOpAIKa 1, TO KpHBas y; UMeeT C KPHBOH y; B TOH we
TOYKe CONPUKOCHOBEHHE 10pANKa n.

[Moka3atb Ha mpuMepe, YTO TPeGOBaHHE TNANKOCTH CYIIECTBEHHO,
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13. Ilycts kpusme 7,, 714, 7s uUMelT 06wyl TOUKY P, B KOTO-
PO¥t KPHBBIE Yy H Y4, Y3 M s HAaXOLATCA B CONPHKOCHOBEHMU MODAX-
ka n. Torga Kpushe Y1 M s MMeOT B P TaKie CONPHKOCHOBeHUE
nopsaaka n.

14, Nokasath, uto ecau KpHBad B KaX/IOH TOYKE HMEET CONpHU-
KOCHOBeHHe TpPeTbero MOpaiKa ¢ COMPHKAcCAOWENCA MIOCKOCTbIO, TO
9Ta KpHBas MioCKas.

15. Memny ToukaMH KOODIHHATHBIX OCEf X H ¥y YCTaHOBJEHO
NPOEKTHBHOE COOTBETCTBHE

y=-—-——:ﬁ1—§ " ab—@*{¢0.

Jlokasarb, YTO CEMEHCTBO NPAMBIX, COENUHAIOMUX COOTBETCTBYIOIUE
TOUKH OCeil, OrH6aeT KPHUBYIO BTOPOTO MOpPsAAKa.

16. lokasaTb, YyTO €CIM ONHOMapaMeTpHUuecKoe CeMeHACTBO KpH-
BbIX Ha MJIOCKOCTH 3alaeTcd ypaBHEHHUAMH

‘P(«‘%J’: @, 3)=Oy f (2, 8) =0,

npuuem f2 +f§¢0, TO oru6aiouas 3Toro ceMeHcIBa YAO0BIETBOPA-
eT ypaBHEHHAM

‘P=O) f=0) ?a+)‘fa=or ‘Pﬂ+)\fﬁ_—=0

B TOM CMBICIe, YTO IJIA KawAO# TOUKkH (X, y) orubaoliued MOXKHO
yKa3ath Takue a, § ¥ A, KOTOpHIC BMecTe ¢ x M y OyIyT yXOBJeT-
BOPATb YKa3aHHbHIM YeThIPEM YPaBHEHHAM.

Y paBuenne oru6aouieit B HeABHOM BHIE MOmeT ObITb MOXYYeHO
nyTeM HCKIOYeHUA @, B, A U3 3THX YyeThipex ypaBHEHHL

FrMTABA

BOMPOCHl TEOPHHA KPHUBbBIX, CBSI3AHHBIE
C NOHATUEM KPHUBHU3HBI U KPYUYEHUS

§ 1. Jumna nyru xpusoit. EcTecTBennas
napameTpu3anus

Iycrs 77— a/emMenTapHas KpWBaf, ssigiomascad o6pasom
OTKDHITOrO0 OTpPE3Ka g MpPHU TOMOJIOTHYECKOM ,0TOGpaxennn f.
OrtHocutensno Jomano#t I' (puc. 13) mbi Gynem rosoputhb,
YTO OHA NPABUALHO 6MICAHA B KPUBYIO T, €CI¥ NpooOpassl
ee BEpLIMH HAa g CIEAYIOT B TaKOM XKe MOpAAKe, KaK M Ha
aomanoit. CBOHCTBO JomMaHO# OKITh NPaBMJIbHO BMUCAHHOR B
KpUBYI0 HE 3aBHCHT OT roMeomopdusma f. Kpusad HasbiBaer-
csl CnpAMASe MOl 8 OKpecmHocmu mowku P, ecau 3Ta TOUKa
MMEeT 3JIeMEHTapHYI0 OKPECTHOCTb TAKYIO, YTO BCE NMPABHAbHO
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BIIUCAHHHIE B HEE JIOMAHBIE PABHOMEDPHO OTPAHHYGHH MO AJAHMHE.
Kpupasi, cnpsMaseMass B OKDECTHOCTH KaXZOH CBOeH TOuKH,
Ha3biBaETCA NPOCTO CHPAMAAEMOIL.

OTtpe3skom Kpuso# MH OyzeM HasblBaThb €€ YacCTh, TOMEO-
MOD(HYI0O BSaMKHYTOMY nNpaMoJuHeiiHomy orpesky. Jaurnoi
dyau ompe3xa (w1M NpocTo AyroH) 6yaeM Ha3wBaTb BEPXHIOI
rpaHp IJIMH NPAaBAIbHQ BMHCAHHHX B 3TOT OTPE30K JOMAaHBIX.

Teopewma. TIsadkas xpusas
1 cnpamasema. Ecau

r=r(t)
ee 2aa0Kas napamempusayus u
1(a <t <<b) — ompe3sox wpusoi vy,
mo OMIHG 3M020 OMpe3Ka
b
s@=\lr@®ld.
a

HokasateabcrBo. Ilycts
P — npousBoJbHas TOYKA KPUBOH u
r—r(f)—rnankas napaMeTPU3alusi KPUBOH B OKPECTHOCTH
sTo#t ToukH., OueHHM IJIMHY NPaBHIbHO BMUCAHHOH B OKPECT-
Hocts a<_¢t<P toukm P nomaHo#t T.

Iycts ¢y, £y, ..., {, — 3HAUEHNna NapamMerpa, COOTBETCTBYIO-
mpe MNOCJAENOBaTENbHBIM BepIIMHaM JoMaHoH. [liuHa 3Bena
JoMaHOH, coemmHslomero BepluuHsl (£;_4) ® (f;), paBHa
|r(t;)—r(t;y)|. Danna sceit nomaHoMH

s(I‘):Z [r)—riti )}

Puc. 13.

Hmeem
4
rit)—riti)= \ r@ead.
.,
Orcrona '
%
lrt)—rt)|< { |rOld<t—t)M
tl'—l
riae M—nocTosHHas, yIOBJAETBOpsiomas ycaosuo |7 (f) | << M.
C/1ie10BaTeALHO,

sMs=MYI@ti—ti)=M@PB —a)
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TakuM 00pasoM, nomanste I', BnMCaHHEIE B JOCTaTOYHO
Manyio OKPECTHOCTb TOYKH P, OrpaHuyeHsl B8 COBOKYNHOCTH
M, CIEN0BaTe/bHO, KpUBas T CHpAM/seMa.

Hatinem mamny ortpeska § kpuBO# 7, 8agaHHoro ypas-
HeHneM

r=r(t), a<<t<bh

Bo-nepshix, 3aMETHM, 4YTO, HOCJAOBHO MOBTOPAS NPELH-
nywee paccyxaeHne, yOexaaeMcs B paBHOMEpHOH orpauu-
YEHHOCTM IUIMH JIOMAHBIX, BIUCAHHBIX B OTPE3OK 1. Caeno-
BaTEJIBHO, NJIMHA AYT¥ OTPE3Ka | KOHEYHa.

Brnumem B orpesok T Jomanywo I, ymosaersopsiomyio
cnenywomum ycaosuam: 1) miamna nomano#t I' ornmuaercs or
IJIMHBL AyTH OTpe3ka T He Gosee ueM Ha & 2) mns BCEX i
[t —t;|<d. 3pech € u 8 — moGbie MOJIOKUTE/BHBIE YHCIA.
CyumecTsoBanne Tako#l  JIOMaHOH  HETPYAHO  YCMOTDETb.
B camom nmene, cywecrByer JomaHas I', ynoBaerBopsiomas
NEePBOMY YCJIOBHIO 110 ONPEAEJNEHHI0 IJIMHBI IyT# OTpe3Ka
kpuBo#. ITonosuas ee HOBBIMH BEPUIMHAMH, MBI HE Hapyllaem
NepBoro ycaosus. Bmecre ¢ TemM 3TUM NONOJHEHHEM MOXHO
yIO0BAETBOPHTH W BTOpOMY YycioBuro. Ilpu sToM MOMHO cuu-
TaTh TaKXe, YTO HAayaJpHOH BEpLIMHOH JIOMaHOH siBASETCH
TOuKa (@), a KoHeyHoR — ().

Vimeem

b
Slrt)—re)|={1rold+
b

+{Z(h—ti_})lr’(t,.)i—-§|r'(t);dt}+

i a

= {Z [ry—ri)] — Z/(ti — )| r ()| } ()

Jleast 4aCTh STOrO DaBEHCTBA OTJNYAaeTCs He OGojee uem
Ha ¢ oT §(7) mo nocrpoenuto I Yro kacaercs npaso#
YyacTH, TO OHa CKOJb yroaso Gauska K

b

{170 at

a

IlefictBuTENbHO, BTOPOH uJieH npasok yacTd Maa BMeCTe C 8
10 ONpenesNeHUI0 UHTErpasna.
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Tperu#i unen nonyckaeT npencTasleHue

t'. ti

St §roda|—X (17¢)at
’i~1 ti-x

W, CJIeLOBaTe/ibHO, N0 a0CONIOTHOH BEJMYMHE HE NPEBOCXOAUT

4 )
S{irey—re)da={pa,
t. a

-1
rie €(f)—>0 npu 38— 0 B Cury paBHOMEDHOH HeNpepHBs-
HocTH ¢ynxunn 2 (f). Urak, Tpetn#t ujsen pameHcTBa (*) MaJa
BMecTe C .
Taxkum o6pa3om, MBI NMPUXOAMM K BBIBOLY, YTO IJHHA OT-
peska § Kpuso#f { CKOJb yrOAHO MaJO OTAHYAETCHA OT
b
Vir@ld,
a
a, CleNoBaTeNbHO, PaBHA €My,
Teopema HOKa3aHa MOJHOCTBIO.
Ilycts 7— cnpsmasgemas Kpupas, »==F(f) — Kakas-HuOynb
ee mnapamerpusauus. IlycTe s(f)— mauna ayru oTpeska fof
KpuBo# 1. Ompenenum dyuxuuio o(f) ycaousamu:

o(t)=s(?), eciu ¢y <1,
s(t)=—s(t), ecm t, >t
o(ty)=0.

®ynxuna o(f) crporo MOHOTOHHA. [losTomy o MOXHO npm-
HATH B KauecTBe nmapameTpa Ha Kpusofl. Takyio napamerpu-
saudio MH OyIeM HaseiBaThb ecmecmBeHHol.

Teopema Ecmecmsennas napamempusayus pezyasp-
Holi (k pas ougpghepenyupyemoil, anarumuyecrkoil) kpusol. 6e3
ocobux mover ssagemcs peayasgproli (k pas dughgeperiu-
pyemoli, coomsemcmsenno aramumuseckol). Ecau r=
=r (o) — ecmecmsennas napamempusayus Kpugod, mo

7 @)]=1.

HDoxasateabctso. Ilycte »=F(f)— Kakaa-uubyns
peryJispHas napameTpusaius KpuBOH | B OKPECTHOCTH HpoO-
HW3BOJILHOH! TOYKH, COOTBETCTByOmEH SHayeHHIO napamerpa
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6, Jlas KawAaoOro OTPesKa, NPHHALJIEKAIEro 3TOH OKpecT-

HOCTH, MMEEM
t

s—a={Vri@adt

t
ds =R %
Tak KaK—at—=Vl‘ # >0, a 7(t)— k pas auddepenuupye-
mas QyHkuns ot £, To ¢ aBaserca k pas muddepeHuupyemoin
¢ynkunett o. Ho nas o, 6muskux x oy, 7 (s)=F(¢(9)). Orciona

crenyer, yto 7 (o) — peryaspHas (B pas nudpepeHumpyemasn)
¢ynkuns. Fimeem

dr(s) _ dr(ty dt _ dr() 1
ds _dt " ds  _dt d;'(t) *
dt
CrenosatelbHO,
v (e)|=1

Teopema nokasana.

B sakmouenne namuM ¢GopMyasl A9 AAWHBL AYTH Dery-
JApHOM KPWBOH IVt  PasAMuHBIX CJIyyaeB aHaJNTHYECKOTO
3agaHus KpUBOH.

1. KpuBas 3agaHa ypaBHEHHSAMH

x=x{), y=y(), z=2z(),
ty 17}
sty )=\ 1r @) dt={V 3T Fy* |2 dt
ty t
2. KpuBad 3amaHa ypaBHEHHSAMHU
y=y(x) z=2(x)
X2
8 (%1, xe)"—-“g Vit F 2 dx.
*1
Jlas MJIOCKHX KPHMBBIX, JI€KAUMX B MJIOCKOCTH XY, B 3THX
dopmynax Hamo Noaoxurs 2'==0.

§ 2. Kpususna Kpusbﬁ

IMycts P — mpousBoO/bHas TOYKA pEryaspHOH KpUBO# 7T
n Q-—Touka Kpuso#, Ojmskas k P. O6osHauum AY yroux
Mexay KaCaTenbHBIMH KpuBO# B Toukax P u Q, a |As|—
AJuHYy ayru oTpeska PQ kpuso#t (puc. 14).
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Kpususwoii xpuso#t | B TOouke P Mun Oylem HasHBaTb

npenen orHowenus Ad(|As|)!, korma Touka Q— P.

A
I4s| ¥

Puc. 14.

Teopema. Peayaspnas (08ascie. Henpeps8Ho Ough-
depenyupyenan) rpusas umeem 8 Kaxcdol mouke onpe-
deaennyio xpususny ky. Ecau

r=r(s)
ecmecmeenKas napamempusayus kpusod, mo
ky=|r"(s).

Ilycte Toukam P u @ COOTBETCTBYIOT 3HayeHHs napa-
merpa s n S+ As. Yron Ad pasen yray Mexay enruHHYHHIMH
KacaTelpHHMH BekTOpaMu T(S)=r'(s) n T(s| As)=
::f'(S + AS)

Tak Kkak BeKTOpPH T (S) M T (S -} As) exunnunsie u oOpa-

ayiot yroa A8, 1o [T (s As)— T (s)|=2 sin %8 (puc. 15).

IToaTomy
A9 . A%
rspA)—n(| 2y s g
[3s] T UAT T M sy
2

3ameuasn, uto AY— 0 npu |As|— 0 no HempepniBHOCTH T (S),
¥ Tepexonss K MNpeneny, MOXYUHM:

7" (5)| =y
Teopema mokasaHa.
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Tlycte B naHHO# Touke KPWBOH KpHBU3HA OTJAYHA OT
1 ”
HyJs. PaccMoTpuM BeKTOp V=1yT (s). Bekrop v enmHuy-
1

HBll W DPAacnoJoXeH B CoNmpuKacaomeics MIOCKOCTH KPHBO#H
(§ 3 ra 1I). Kpome TOro, STOT BEKTOp NeEPHEHAMKYJISPEH
KacaTe/lbHOMY BEKTOPY ¥, Tak Kak t®==1 wu, crenosareisHo,
17 =1vk;=0. Taxum o006pa3om, 35TOT BEKTOp HalpasJeH
110 TJaBHOH HOpMasu KpuBOoH. OyeBHIHO, HANPABJIEHUE BEKTOPA
v He W3MEHHTCHl, €C/¥ W3MEHWTh HauaJo OTCYera AYr § WM
HanpaBJieHHe orcueTa. B pasmbHefmem, rosops o6 eguHAYHOM
BEKTOpE TIJIaBHOH HOpMaau KpuBo#, MBI OyfeM UMeTb B BuAy
BEKTOp V.

QOueBngHo, BekTOp T X v==[f HanpaBJeH no Guxopmaiu
KpuBOH. DTOT BEKTOD Mbl OyAeM Ha3biBaTh €QUHULHbLM BEKIMO-
poit GuHOpMasl Kpugoll.

Halinem BblpaxkeHwe mJs KDUBM3HBL KpHBOH B cJayyae
aoboro mnapaMmerpuueckoro 3amanus. Ilycte KpuBas 3ajgaHa
BEKTODHBIM yDaBHEHHEM

BhipasuM BTODYIO NPOU3BOAHYIO BEKTOD-(DYHKUMH F MO Ayre S
yepes npousBogHeie no f. Mwmeem

r=r;s.
Orcrona

r"l — S'i.
CrenoBaTesbHO,

e r

s V-r—'? .

Iluddepenuupys 3T0 PaBEeHCTBO eule Pa3 Mo 7, MOJIYuMM:
r’ (r'e')r
r;sS' —_ e —
yr:  (Vrep

Bo3Boasi 3TO0 paBeHCTBO B KBalpaT MW 3aMmeuyas, 4TO
§?*=r", Gymem umerb
o I —(r'r’)?
1— (rvz)a ’
WM, YTO TO KE Camoe,
s (rxrn)
1 (rrg);; .
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Orcroda AJf KPUBU3HB KDHBOM, 8aiaHHON ypaBHeHnsMH

x=x(t) y=y({) z2=20),
noJIyyaem
‘x’ yl r + y' zl P zr x' \2
X' yr yr 2 + 2 X'
@y 2P '
Ecan KpuBasg INJIOCKaa # pacnoJoKEeHa B TIOCKOCTH XY,
pp o (XY =y )

=

Ecin nnockas KpuBas 3alaHa ypasHEHHEM y =y (X),
s ___ Y
1=y

3ameuanne KpuBusna KpuBo# NO oOnNpeneseHuIo
HeoTpuuateabHa. g TNIOCKMX KPUBBIX BO MHOTHX CJyuvasx
11e7eco00pa3sHO OTHECTH KPUBH3HE 3HAK,
cunTas ee B ONHUX CJyuasx MOJOKUTENb-
Ho#l, B Apyrux — oTpuuareapHofl. Ilpu
3TOM TOJIB3YIOTCH CJHenyomnM coobpa-
wenneM. KacatenbHuili BekTop #/(f) Kpu-
BO mnpM ABMXKEHHM BIOJNL KpUBOH B
HanpaBJeHnn BO3pacTaolux f NMOBOpPayH-
Baercs. B 3asucumocmu om Hanpasie-
Puc. 16, Hus epaujenusn sexmopa r’ (f) Kpususny
cuumaiom NoAONCUMEAsHOR Ul Ompul-
yameasrod (puc. 16). Ecam onpeneantb 3THM YCJIOBUEM
3HAaK KPUBHU3HH IVIOCKOM KpuBOH, TO A/ Hee NOJyyaerca
dbopmyna

k:_____________xy—yzg HITH Vk=—r————_-—xy—y“§ .
(xr4y)? (x4 y2)?
B vactHOCTH, 1717 3amanus KpHBOH ypaBHEHHEM Y =y (X)
¥ _ y°
k ——_——é_— UJHU k = _‘?_.
(14y2)? (1+y%?

B sakaioueHne HallieM Bce KDHBHIE, HMEIOlUE B KaxIOH
TOUKE KPHBH3HY, paBHyl0 Hy/o. Mmeem

By=|r"(s)|=0.
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Orcioma r’(s)=0 wu, crenosarenbHo, r(s)=as-b, rue
a 1 b — NOoCTOsiHHBIE BEKTOPHL.

Takum oOpasom, xpusas, umewowass 6cidy Kpususny,
PABHYIO HYAW, s6Asemcs 60 NPAMOll, 46O OMKPHIMbLM
ompe3rxom npsmoil. OOpaTHOE TaKKe BEPHO.

§ 3. Kpyuenue kpuBoii

Ilycts P — npousBoJbHas TOUKa KpuBo# Y u Q — TOuKa
KpuBo#t, Ommskaa Kk P. O6osnauum Ad yroa mexny compu-
KacaiomnMuca MIOCKOCTAMHU KpH -
po#t B Toukax P wu Q, a
|As| — nmuny orpeska PQ Kpu-
Bol. Ilon abcortomnbum kpyie-
Huem |kg| KpHBOH T B TOUKe
P Mmbi OyzeM nOHMMaTh Npenen
otHomweHns Ad (| As|)!, xorzma
Q— P (punc. 17).

Teopema.  Pezyaspunasn
(mpuocds nenpepoisro Oudgbghe-
penyupyemas) Kpugas 8 Kagc-
0oil mouke, 20e KpUBUSHQ OMAUHHA OM HYASR, uMeem
onpedenennoe abcoromuoe Kpyuenue |ky|. Ecan

r=r(s)

ecmecmeeRHas napamempusayus Kpusol, mo

r,r’, r"
‘kglzl( 9k§r )l'

Hloxasartenscrso. Ecim kpuBnsna kpuso#t 1 B Touke P
OTJMYHA OT HYJd, TO TIO HENPEPHIBHOCTM OHA OTJHYHA
OT HyJq B TOukax, Omuskux x P. B kaxkmolt Touke, riae kpu-
BH3Ha OTJHWYHA OT HyJs, BeKTOpPH r'(S) u r’(S) QTINYHbHI
OT HyJs M He napaanenabHul. Ilostomy B kaxmo#i Touke Q,
Oauskolt Kk P, CyumlecTByeT OnpesefeHHas CONMpHKacaioulascs
TJIOCKOCTb,

Iycts B(s) n P(s+ As)— eauHuynsie BeKTOpH OHHOD-
Maaun B Toukax P u Q xpusoft 7. Yroa A} pasen yray mexay
sekTopamn B(s) u P (s As)
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Tak xak Bexktops P(s) u P (s As) enuuum:}ue u ofpa-
gyior yrox Ad, to |P(s 4 As)—P(s)[=2sin % IMosToMy

2sin-A—§- sinéxi
[B(s+As)—B(s)] 2 2 AS
| s | o

fAs] A% "Tas|
2

Orcioza, nepexoas K npeneay npu | As|— 0, nouyuaem
| k| =[P
Bextop )’ nepnennukyaspen f, raxk kax f'f =<~;— ﬂ*>' =0.
HerpyaHo Bumetb, 4TO OH NEPNEHOMKYJAPEH U T.
B camom pmeinc,
f=@CXvW=vXvE+rTXV.

Ho v'|v. Tlostomy P'=7% X v, orkyma cxeayer, uro f'
neprneHaukyaspeH t. Takum oOpasom, Bekrop [’ napajienex
BEKTOPY Vv H, CJIEIOBAaTE/JbHO,

[ ke | =] (B"V)|

N 1 rxr’
Iloncrasass ciofia v_—:.—é—r' = —;-(——, MOy unM:
1 1
. l (r" r" rIIY) |
I k% ’ - k‘;‘ .

Teopema noKasaHa NOJHOCTBIO.

Onpenenum Tenepp Kpy4exue KPUBOH.

W3 mapaanensnoctn BekropoB [’ u v cremyer, uto npm
JBMXEHNA BAOJAb KPUBOH B CTOPOHY BO3paCTalOWIUX § CO-
npuKacaoulascd MA0CKOCTh KpPMBOH MOBOPauMBAETCA OKOJIO
KacaTe/qpHOH KpuBOoH. B cBA3m ¢ 3TUM MBl onpedesus Kpyte-
Hue Kpugoil paseHcmeom

kg =" | k|

u Gydem Opams 3Harx (), ecan spauenue wacamensHol
naocrkocmu npoucxodum 8 Hanpagaeruu om P x v (puc. 18),
u (—), ecau 8pawerue npoucxodum 8 HANPABAEHUU OM V
k¥ B. Onpemeans Tak KpyueHne KpusoH, Oymem umerb kg = p'v
Hin

_— (r'Y r” r,")

ky = —m
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Hatinem BHIpaXXEHHE AJS KpyuyeHus KpuBOH# B ciayvae moGo#
peryiaspHo#t napamerpusauuu r=r(f). limeem

re=rt, ris=rt*}rv,
ras=r"*-{r, r'},
rae {r’, r’} — nuuefinas komGunaumsi sexropos r’ u r’. Tlox-
CTaB/Ifs HalIEHHbIE BHIPAXEHUS IS Iy, Fgs U Pgss B HOPMYIY
as kg 1 sameuad, 4to ¢i—= %,2, 10-

JYYAM
k [ (r'y r” r’")
2 (rv X ’.'>2 £ T
B sakiiouenne 3TOro maparpa- £ v

¢a Hallzem Bce KpuUBHE, Y KOTO-
pHX B KaXJ0# TOuKke KpyuyeHue
paBHO Hymo. Wmeem

kg = ﬁ'v::O.

Tak kak, kpome Toro, f'r=0n pp=0, 0o p'=0, p=
= fy=const.

Bextopnt v n P nepnenmukyiaspusl. ITostomy r/f,==0.
Orciona (F(s)—ry) Po=0; 2TO 3HaumT, UTO KpHBaN JEKUT B
NJIOCKOCTH, 3aJaHHOH BEKTOPHHIM ypaBHeHueM (r — ro) fl, =0.

Wrak, xpusas, y xomopoil xpyuenue 8 Kaxcdoi moure
pasHo Hyaw,— naockasg. OOpaTHOE TakkKe BEPHO.

§ 4. Popmyan Ppene. Hatypanbneie ypaBHeHus
KpHUBOii

Tpu noaynpsamble, HCXOASlHE W3 TOYKH KPHBOR M HMEio-
LIKe HanpasJeHHs BEKTOPOB T, v, [, sBastorca peGpamu Tpex-
FPaHHOTO Yrja. DTOT TPEXTPaHHBIH YroJ HASHIBAETCA ecmecm-
BEHHBLM MPeX2PAHHUKOM.

ITpa uccnenosanun cBOHCTB KpUBOH B OKPECTHOCTH NpO-
M3BOJIBHOH TOUKM P BO MHOTHX CJAyYasiX OKa3biBaeTcss yAOOHbM
BHIOpaTh NEKAapTOBY CHUCTEMY KOODAMHAT, MNPHUHSB TOYKY P
KpuBOo# 3a Hayaj0 KOODIAWHAT, a OCH ECTECTBEHHOrO TPEX-
rpaHHuka — 3a ocu KoopanHaT. Huke Mbl noayunm ypasue-
HUe KpuBOH TpH TakoM BhOOpe CHCTEMBI KOODAHHAT,
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BhipasuM NPOHM3BOAHbIE BEKTOPOB T, v, P Mo ayre Kpusoh
yepes camu BEKTOpH T, v, f. Mmeem

V=r"=kv.

Oas noayuenns [’ BcmomuuM, yto BekTOop [/ napaaaenen v
a p'v=~k, Orciona

P’ =kyv.
Hakonen,
V=PBX1ty=pFXT+BXV=kvXT+hf Xv=
= — (ks 7 +- /3P).
Cucremy dopmy

T= kv,

vV=—~T — kof,

= kv

HasBIBAT hopmysranmu Ppere.

Haiinem pasnoxenne panmyc-sexropa r($--As) B oxpe-
CTHOCTH TIPOM3BOJBHOH TOUKKM P, cOoOTBeTCTBYMOLIEH ayre s,
N0 OCAM ECTECTBEHHOrO TPEXTPaHHWKA B 3TOH Touke. limeem

r(s-+As)=r(s)} Asr'(s) —}—A-;ir"(s)—i-%s—sr'”(s)—}—...

Ho B touke P r=0, =7, r"=~kv, r"=kv— kit —
— kikof, ... u 1. o Takum oOpasom,

rio+ag=(as— =4 e (B> st | B oot
+(——ﬂ6—Aﬁ—+...)ﬁ.

Orciona, MpuUHMMas KacaTeJbHYIO, IJIaBHYIO HOpMaJb U Ou-
HOpMalb 32 OCH X, J, 2 JEKapTOBOW CHCTEMH KOOPIHHAT,
N0JAYYaeM .ypaBHEHHE KPUBOH, OTHECEHHOH K OCAM ecTecTBEH-
HOTO TPEXTpaHHUKA

,A33

k3As?

x=A8s—===+...,
IeAsg k;As?
y=B B,
kk,As‘

Z—_—-—-LT——-*—...
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TIpoexuun KPUBOA Ha MJIOCKOCTH €CTECTBEHHOIO TPexXrpas-
HHK3a B OKPECTHOCTH €ro BEpIUMHBI 3aJal0TCsi COOTBETCTBYIO-
MMM TIapaMu 3TUX ypaBHeHu#. Bux npoexum#t npu &y 7% 0
n kg 7 0 noxasan Ha puc. 19

Mu BuOenn, 4To KO3(@HUIMEHTH pa3iokeHus (GyHKIUK
r(s-FAs) B pan no crenensaM As BHPaXaloTCi TOJBLKO yepes
KPUBM3HY M KpyueHHe KpuBOH. IT0O maer
OCHOBaHMe TM0/araTh, YTO KPUBH3HA U KPy-
yeHue B KaKOH-TO Mepe ONpeiessioT Kpu-
Bylo. M1 nefcTBUTENLHO, UMEET MECTO T

Teopema [Ilycme ky(s) u ky(s)—

A00bie  pe2yasipHbie  QYHKUuU,  npuien

ky(s)>0. Toz0a cywecm8yem u npumon F
eOUHCMBEHHAS, ¢ MOUHOCHBI0 00 NOAOJNCE-

_HUs 8 npocmpaHcmee, Kpusas, 04 KOmMOo- v
poii ky(S) nsanemcs Kpususnot, a ke(s)=—

KpYueHlle M 8 MOUKE, COOMBemcmsyiouel

dyze s. P

IokasareabcTBO. Ecmu Kpusas,

CylleCcTBOBaHNE KOTOPOH yTBEpXIaeTcs Te- T
opemo#l, MEeHCTBUTENBHO CYILECTBYET, TO €IHU-

HUYHBIE BEKTOPHl KacaTeJbHOH, raasHOM HOD- Puc. 19.
Madd u OuHopmasu BSTOH Kpuso#t 7T (S),

v(s), P(s) ymoBaeTBOpaIOT cucreMe IuddepeHUnaIbHEX ypaB-

vy

HeHu#
g = ki,
N=—5"§ — ke, ()
§= kam

B cuay dopmya Ppene.

EcTecTBeHHO MNO3TOMY HpH PasHCKaHWK MHTEpecyiouet
Hac KpuBOH (C KpHBUSHOH ky(S) u KpyueHuem ky(s)) obpa-
TUTBCS K DEIIEHUAM CHUCTEMBI ().

Iycts E(s), M(8), §(s)— pewenne sTOH CHCTEMH, yIOB-
JCTBODPAIOIIEE HAYAJIBHBIM YCJAOBHAM: NpH S=8, §=2§,
N=" t==08, rme &» Mo Go— TPH eIUHUYHBIE B3ANMHO
NEPNEHAUKYNISPHBIE BEKTOPH, CMEIIaHHOE NPOM3BENEHHE KO-
TOpBIX (Bp Mo Go)=1.

[Mokawem, uto BekTOpH &(S), M(S), §(S) emmHuuHpe n
B3aUMHO NEpNeHAuKyaapHue npu -mobom s u (§, m, &) =1.
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Ias sroro suuncanm (§%Y, (0 (€Y, (EnY, (mB), (EE). Ucmomsays
ypaBhenus CHCTEMH, AAS STHX NPOUSBONHKX INOJyYaeM Clie-
AYIOIIME BHDAKEHHS

&Y =2k (En), G =k (") — £ (BY) — £a (8D
(MY =—2k; E)—2ka (ML), (ME) = ka(W®) — &2 (§) — Ay (BD)
(&Y =2k (D), (BEY == ks (M) |- Aa (EM).

PaccmatpuBas 5TH paBeHCTBA Kak cucremy auddepen-
uuansbHeix ypasueul nas EY n: &% &w, nE, CE sameuaew,
YTO OHa YHOBJETBOPSETCH 3HayeHusimu § =1, Ni=1,§{ =1,
En=0, n{=0, §§=0. C npyro#f cTOpoHH, 3Ta cucTema
yroprersopsiercss  3HaueHumsmu  E'=E¥(s), M'=ni(s) ...
(§&)=C,(s)E(s). OOa >tn peleRust COBMAZAT HPH §==Sp,
a CJIefOBAaTeNbHO, MO TEOPEME O ENMHCTBEHHOCTH pelugHwusl
COBNAZAIOT TOXAECTBEHHO. WTaK, Bas BCEX §

=1 =1 ...5()§(s)=0.

TMokaxem, uto (§(s) mM(s) §(s))=1. Tak xak § 7, §
— eIUHWYHbHIE B3AUMHO INEPNEHAMKYJISPHHIE BEKTOPHL, - TO -
(& m §)==*1. Cmewannoe npomssenenue (§ m, §) Henmpe-
PBIBHO BaBHCHT OT S, PU §==§, OHO paBHO -1, MosTOMY
OHO paBHO —-1 1as Beex s.

PaccMorpum Teneps KpuBYW 7, ONPEAE/SIEMYIO BEKTODHBIM
yDaBHeHUeM

r=§ E(s)ds.

Bo-nepshiX, saMeTuM, 4YTO MNapaMeTpdsaumust KpHBOH
ecrectsenHas. B camoM nene, naumHa AyrH OTPEsKa $,S Kpm-
BOW 7 paBHa

(1P ds=(18(s)ds=s—s

So So

Kpususna Kpnsoﬁ 1 pasHa |[r"(s)|=|E& (s)|="F.(s). Kpyue-
HUe KpHBOH | PaBHO
(reey G ke R R)
kT ki —
I & kM R+ :;: (— k& — kb)) = £y (5).
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Taxkum 00pasoM, XpHBad | MMEET B TOYKe, COOTBETCTBYiO-
wel Ayre S, KPUBUBHY k;(5) B KpyueHue Rp(S).

CywecTBoBaHHe KpHBOH JOKasaHO. JloKaxeM eNMHCTBEH-
HOCTb.

[Tyctb 7y ¥ Y9— ABE KPHBHE, KOTODHE B TOYKaX, COOT-
BETCTBYIOHIMX JYTE §, MMEIOT OAMHAKOBHIE KpUBUSHH £y (S)
W Kpyuyeuus Ry(s). CoBMeCTMM KpHBHE Ty H Yo TOYKaM#,
COOTBETCTBYIOIMIUMH AyTe Sp M E€CTECTBEHHHMH TPEXTPaHHu-
KaMH B 3TUX TOukaX. ITyctb Ty, vy, Py B Ty vy Py — emm-
HUYHBIE BEKTOPH KacaTenbHBIX, TJaBHEIX HOpMaieh u Owu-
HopMaJie KPHBHX Ty M Yy COOTBETCTBEHHO.

Tpotikn BekTOp-pyHKUAE Ty (S), Vi (S) Pi(S) 1 Ta(s) v (S)
Pa(s) ABASIOTCA pemiennaMu cucTeMbl ypaBuena#t mas & 1, .
HauaibHbie 3HaueHuws 3Tux peliennft cosmagaior. Orciona
CTEAYET, YTO pelleHHs COBMAJAOT TOXIAECTBEHHO. B uacr-
HOCTH, Ty (8)=Te(sh wmm ry(S)=ry(s). Vurerpupys 310
PAaBEHCTBO B Npenenax Sy S, MNOMYUNM:

ri(s)=ry(s).

Taxum oOpasoM, KpuBas 7Ty OTJHYAETCA OT Ty TOJBKO
TOAOXKEHUEM B NPOCTPAHCTBE.

Teopema n0Ka3aHa NOJHOCTHIO.

CucTeMy paBeHCTB

ky="Fky(8), kg==Fkq(S)

HA3HIBAOT HAMypassHbiMu ypasHexugmu xpusod. CornacHo
JOKa3aHHOH TeopeMe Kpu8as HAMYPAALHBLMU YPABHEHIIMU
onpedeasiemcs O0HO3KAYHO € MOHHOCMBI0 00 O08UICEHUR.

§ 5. Tlnockue xpuBbie

B srom naparpage MBl DPacCMOTPHM CONPHKACAOMYIOCH
OKPYXHOCTh IJIOCKO# KPUBOH, 3BOJNIOTY H 35BOJbHBEHTY.

Ilycts ¥ — naockas Kpusafl, P — Touka Ha He#. OKpyx-
HOCTh % TPOXOAAIAs YEPe3 TOUKY P, HasbiBaeICs conpuka-
cauelicss OKpYHCHOCMbI0 KPUBOH Y B TOuKe P, eclin Kpusas
B 3TOH TOUKE C OKPYXHOCTHIO MMEET CONPHKOCHOBEHHE BTO-
poro nopamka. LIeHTp conpukacaoiefics OKDYXHOCTH Ha3bl-
BaeTC UYeHmMpoM KPUSBU3HB. KPUBOM.

Hatzem conpukacamwliyiocs OKPYXHOCTh peryaspHoit Kpun-
Bo# 7 B TOuke P, rae KpususHa otiuuyHa ot Hyas Ilycrs
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r =r(s)— ecTecTBeHHas NapamMeTpusauus KpuBOH. YpasHe-
HHE Npou3BOJIbHON OKDYKHOCTH HMEET BHUA

(r—aP—R'*=0,

rie @ — BEKTOpP LEHTPa OKPYXHOCTH, a R — paauyc.
Cornacno teopeme § 4 rui. Il s conpuKocHoBEHUst BTOPOro

nopsaKa KPHBOH T C OKPYXKHOCTbIO B TOUKe P HeoOxoanmo

M IOCTaTOYHO BHIMOJIHEHNE B 3TOH TOUKE CACHYIOIWUX yCAOBHL:

(r(s)—af —R*=0,
;% {r¢s)—aP—RY}=2(r(s)—a)r (s5)=0,

& {r () — @) — R} =2 (5) +2(r (5) — @) r" (5)=0.

M3 3Tux Tpex yc/aoBuit mepBoe BhIpaxaeT cobo#f TO, 4TO
TOYKa P JIeXHT Ha OKpYXHOCTU. M3 BTOpOro ycioBus BHIHO,
yto BEKTOp (7 (S)— @) HanpasJeHHBIH U3
IIEHTPa OKPYXKHOCTH B TOUKY P, nepreHau-
KyJsipeH KacaTeJbHOH K KpuBOH; 3TO 3Ha-
yuT, YTO WEHTP OKPYHKHOCTH JEKHT Ha
Hopman Kpusoit (puc. 20). Tperve ycjosue
onpeneaser papuyc kpyra. B camom zene,
r*(s)=1, r'(s)==+kv u 12K Kak |r(s)—a|
B TOuke P ecTb paauyc Kpyra R u BeKTOp

Puc. 20. (r(s)—a) napauieneH BEKTOPY WV, TO

1— Rk=0. Takum oOpasom, paanyc conpu-
Kacalolleroca Kpyra paBeH paauycy KpuBusHbl KpuBoi. Orciona
CIENyeT, YTO €C/AM KPWUBHBHA B TOYKe P paBHAa HyJO, TO
He CYLIECTBYeT CONpHUKAcalomEelcs OKPYXKHOCTH KpuBoH
B Touke P. B sToM cilyuae OKPYKHOCTb BLIPOXIAETCs B Mpsi-
MYI0, M KacateJpHas KpPHBOH umeer C He#t (KpHBOH) CONpHKO-
CHOBEHHE BTOPOro NOpsIKa.

Mbl Hamm pagMyc M NOJOXKEHUEe LEHTPa CONPUKACAIO-
mwerocs kpyra. Onpeseiaum Tenepb 3BOMIOTY KpPUBOH.

Deoalomoli KpPuBOH HA3HIBAETCH TEOMETPHYECKOE MECTO
ILlEHTPOB KPUBU3HBI KPUBOH.

Hafinem ypasHeHue 2BOMIOTH peryaspHoft Kpuso# 1.
Ilycts r=r(s)— ecTecTBeHHas NapaMeTpusalua KpPHBOM.
Toraa BEKTOp LEHTpPa KPUBH3HbHI KPHBOH

1

F=r+—k-v.
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BriscHuM, 4TO NpencTasafeT coboff sBomoTa KpHBOH. M
OrpaHHYMMCA PacCMOTPEHHEM CJEAYIOIHUX OCHOBHBIX CJyYaen:

1. Bnosb Bce# kpuso#t &' (s) >0 nmn A (s)<O0 u k(s)
He obpaliaerca B HyJb.

2. Bnonb Bceit kpuso#t &' (s) >0 nin
K (s)<0, k(s) obpauaercsa B Hy:p mpe @/

§ = 8y.

3. Ouas<sy K () >0, mma s>s
K ()< 0, K (s)=0, k" (50) # 0, k(5) me
oOpauiaercs B HyJb.

B nepsom cayyae 3BOMIOTa Hpea- v
crajser coGo#f peryaspHyio Kpusyio Ges
ocoObix Touek (puc. 21, a). Jeitcrsu-
TEJLHO,

e el

k'
=—Vk—3¢0.

~

Bo BTOpOM cCiayuae 3BOJIOTa pacha-
HaeTcs Ha [BE PeryJspHbiE KDHUBHE, fB-
JOUMECT DBOJIOTAMA YacTelt KpuBOH 7
npu §< Sy u § > (puc. 21, 6).

B TtperbeM ciyyae 3BOMIOTa NpenCTa-
BasieT coOoff peryiaspHyio Kpusyw. Tou-
Ka SBOMIOTH, COOTBETCTBYIOLLas TOYKE
Sy KpuBOH, saBafeTca 0coOOH TOUKOM, b)
MMEHHO TOUYKOH BO3BpaTa MEPBOro poia
(puc. 21, ). Mokaxem sTO.

Hpn §=3S

~

all

N 1V
r——-‘V('}’) =O,

~r l ’ 1 14

=t () +v(5), %

n

s 1y 1
P 2’"<k> +."(k> . Puc. 21.

OTHeceM 3BOMIOTY K NPAMOYTOJBHBIM KOODAHMHATAM, NpHHSB

TOuKy Q (Sp) SBOMOTH 3a HAuaJ0 KOOPAMHAT, a KacaTeJbHYO
U HOpMaib KpuBOM 7 B Touke Q(Sp) 3a HampaBieHus ocef

3 A. B. Iloropenos
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x u y. Ilpn TakoMm BHOOpDE CHCTEMBI KOOpAMHAT OyNEM HMErb

o E(1\"
x=—-§(—k—) (s— 8o +..us
~ 1 1 v g
y=§-(7> (S"""So) —l—'--.
Orciona caenyer, 4ro Touxka Q (Sg) 3BOMOTH aBJAseTcs 0COOOM
TOUKOH, MMEHHO TOYKOH BO3BpaTa NEPBOrO pOna.
PaccmoTpum HekoTophie CBOHCTBA 3BOJIOTHL
IIycTe 7— peryaspHast Kpuas, IJsi KOTOPOH Bciomy & (S)
coxpanseT sHak #u k(s) Hurme He oOpawaercs B HYJb. B atom
clyuyae, Kak MBI NOKa3anau, 5BooTa | KpuBOH T ABJSETCH pe-
ryjaspHoft kpuso#l 0e3 OCOOBIX TOUEK.

Halinem naudy ayrm oTpeska 9BOJIOTHI, COOTBETCTBYIOUIENO
OTpe3Ky §,S; kpuBo#. Vimeem

S S3 ,
o 9= § 1#1ds= {|[1)]as
S1 S1
Orcioga, Tak Kak k' cOXpaHfeT 3HaK, MOJydaem:

3(s s)=l——1—-——-—-————|
v k(ss) k(s) ]|
Takum o6pasoM, Odauna Oyau ompe3xa 360410Mmbl pasHa
a6corOMHOL 8eAllMUKe PA3HOCHU PaAdUYCO8 KPUBU3HLL KPUBOE
8 mouKax, coomeemcmsyOUUX KOHLAM 3Mo20 ompe3xa.
ITokaxem, uyro ssoswoma i sgagemcs ozubanuel Hop-
Maneli Kpugoid Y. JlefcTBUTENbHO, TOUKA Q(s) sBomoTH e~
MHT Ha HOPMaJn KpuBO# B Touke Q (§). Kacarenbuaﬂ 9BOJIOTH

B TOYKE Q(s) MMEET HanpasjeHne P =—=w a ciaexosa-

k ’
Te/JbHO, COBMAJaeT C HOpMaiablo KpuBOH B Touke Q(S).
l'lycrb KprBasg 3ajaHa ypaBHEHUAMH:

x=x(), y=y (@

Haftzem ee sBomoty kak orufawoiyilo HopMmaze#f Kpusoit.
YpaBHeHne HOpMa/n

E—x@O) ¥ O+ G—y®) Y ¢)=0.
CrenoparensHo, orubaiomas 3alaeTcst ypaBHEHHMH
@ —x) X+ —3)y =0,
E—x) X"+ @ —3)y — @+ yH=0
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Orciofa MOJYYaeM AAs % u j CAeAYIOWHe BhpaKeHus!

r: 2 ri
x—-—x——y’ +y ,,y—-—y-[—-x"——,;f-%.

—x'y =

SHeoasBernmoli KPUBOH | HAa3BIBa@TCAd TaKas KpHBast T no
OTHOLIEHHIO K KOTOPOH KpWBast | fBJSAETCH 2BOVIIOTOH. I{yeTb
r =—r(s) — ecrecTBeHHasd napameTpusaums Kpueo#t 7. Bekrtop

TOYKH SBOJIBBEHTH 7 (S), OYEBHOHO, ROMyCKaet mpexCTaBieHne

F) =r@)-+r )T

Inddepenunpys 3T0 paBeHCTBO MO S, MOJYYUM
F =v-+Nv M.

Orciona, Tak Kak 7' nmepnexaukyaspen v, N=—1. Cueno-
BAaTENbHO, A==¢ — 8.

Takum oOpasom, ec/m KpuBas UMeeT 2BOJBLBEHTY, TO OHa
3alaeTcd ypaBHEHHEM

=r(s)+t(c—3) (#)

rae ¢=const. Jlerko ybemnTbCs, 4TO Kaxjas KpHBas, 3aha-
BaeMasi ypaBHeHueM (#), HMeeT CBOeH 3BOHOTOH KPUBYIO T W,
CJIeJOBATENbHO, SBJSETCA [/ Hee SBOJbBEHTOR. Y paBHeHue
3BOJILBEHTHl B CJydae MNpPOM3BOALHOH HapameTpusanud Kpu-
BO# 7, OUYEBUIHO,

F=r)— ’,ff()) fvroe,

WM, B cKangpHO# dopwme,

Femx () — O S VEO T @ dt,

V2 +y7 @)
J=yt)——20_____ (VFOT A Ddb
F=yO— st (VO 7

HaraspHo o6pasoBaHpe 5BOJIBBEHTH MOXHO NPENCTaBATH
caenyroiuM o6pasom. IIpencraBum cefe HEPaCTIKUMYIO HHTD,
HaTAHYTYI0 Ha 4YacTh KPUBOH 7, COOTBETCTBylomyio s< ¢ 6
KoHoMm B Touke Q(c). Ec/m 3Ty HuTh, OTTAruBasA 3a KOHEL,
CMAaTBIBaTb C KPUBOM, KOHEL HUTH ONUCHIBAET 3BOJLBEHTY
kpuso#t (puc. 22).

BrisicHuM, 4TO mnpexpcraBaser coGo#t 3BOJBBEHTa B JABYX
OCHOBHBIX CJyuasx;

3#
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1) ans Bcex s<c¢ Kpuso#t k(s) He oOpamaercs B HyJab;

2) k(s) ofOpamaercs B HyJb TOJBKO NPU §==S§,, PHYEM
(s)#0.

B nepsoM Ciayuae 3BOJBBEHTa €CTh peryJspHas Kpubas
6e3 ocobenHocTelt. [elcTBuUTENBHO,

r=F—GE—aoty=—(@E—c)kv£0.
Bo BTOpOM Ciyyae 3BOJBBEHTAa TAKE SABJAETCA PEryJasp-
HOM xpuBOH, HO TOuKka Q(S;) 3BOJLBEHTH sBJIsSETCS 0COOOH

c

4
Puc. 22. Puc. 23.

TOYKOH, HMMEHHO TOuYKOH BoO3Bpara BTOpOro poxa (puc. 23).
Jlns nokasaTesnbCTBa STOrO YTBEPKIEHHS HAAO OTHECTH SBOJIb-
BEHTY K NpAMOYrOJbHHM JEKapTOBBIM KOODAMHATaM, NPHHAB

TouKy Q(s;) 3a HaualO KOOPJMHAT, a2 32 OCH KOOPAMHAT —
npsMble, Napaslie/]bHBe KacaTeJbHOM W HOpMaaH KpuBoi | B
Touke Q (Sy).
YNIPAXXHEHWUA K TJIABE Il
1. Haitty mauny orpeska — a << x << @ napa6oast
y=>bx
2ab YT 205 - In (2ab + VT 4277
2b :

Omeem. § =

2. Haittu mamHy oTpesxka KpHBOM
x=uacht, y=asht, z=at
Mexny Touxkamu O u £,
Omeem. s=a)/ 2 sht.
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3. Haitu nauMHY RYrM acTpOHIbI
x=acos*t, y=asin®t.
Omegem. s = 6a.
4, Hatity puuny otpeska 0<S¢<<2n unukIOHmb
=a(t—sint), y=a(l —cost).
Omeem. s =8a.

5. Halitu BbipaxxeHWe [AuHbl NYrH KPUBOH, 3alaHHOH ypaBHe-
HHEM B NOJAAPHHIX KOOPAHHATax

. p=p ().

2

Omgem. s (%l, 82) = S '/ pi + prs dasy.
L

6. Hafitn KpuBH3HY KpUBOM:
t

x=t—sint, y=1—cost, z=4sin—2—.

Omsem. kl.—-%- l/-l + sin’—;— .

7. HaiiTh KpuBH3HY KPHBOH, 3aIaHHOW YPaBHEHMAMH B HEABHOM
BuIe
x+shx=siny+}y,

z4eEf=x+In(l4x)+1
B Touke (0, 0, 0).
Omgem. k1=——9—.

8. Haiitn kpuBH3HY M KpYYeHHe B IPOU3BOJBHON TOYKE KPHBOH,
3aIaHHON B YMpaXHEHHH 2.

S S Y
2ach® * "7 2ach¥%'
9. BHluHCAHTD KpyueHHE KPUBOH
x=achtcost, y=achtsint, z=at.
Omgem. hky=—acht.

10. Moka3aTh, YTO KpPHUBH3Ha M KpPYUeHHE TNPOCTO BHUHTOBOMH
JUHUY NOCTOSHHBL

{1l. Hailtu BbipakeHHe Has KPUBH3HBI NIOCKOH KPHBOMH, 3amaH-
HOIl ypaBHEHHEM B NOJAPHBIX KOOpIHHAaTaX.

)

Omegem. k=

Omgem. ky=
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12, Ioka3aTb, YTO KpyYeHHE KPHBOW
r=a{b(t) x b at,

rne b (f) — BekTop-QyHKLMsA, yIOoBIETBOpsAOWAn YcaosuaM b (¢)| =1
b’ (¢) |40, a = const, nocroanHo.

13. TlokasaTh, YTO OTHOLUEHHE KPHBM3HHI K KPYYeHHIO KPHUBOH
x=a(sina@t)dt, y=afcosat)ds, z=0t

NOCTOAHHO.
14. Haiitn 9Boatoty napa6oint

2 =2px.
Omsgem. TNoayky6uueckas napaGona:
27py? =8 (x — p)%.

15, Haiiti 9BOMSIOTY TPaKTpHCHI
x=-—a<lntg—2t-+cost>, y=asint.

Omsem. Llennas aunus:

X
y-ach-‘—l-.

16. Hatitu sBomOTY acTpOouAb
2 2
212 +1yi? =1
Omegem. Actponna:
2

2
lx431° +lx—yF =2
17. Hatitu sBoabBeHTH Kpyra
x*+y* =R
Omeem. x =R (cos$ 4 (8 —c)sin 9),
y=R(sin ¥ — 3 —c) cos 9).

18. Haiitn Bce naockne KpuBble C TaHHBIM HaTypaldbHLIM YpaB-
HeHueM k= k (s).
Omeem. X = S sin a(s) ds, y= S €os a(s) ds, rne

a(s) = S k(s) ds.



3AIAYM U TEOPEMH 1

3AJAUM U TEOPEMBI K TJIABE lII

1. ®ynkuns f(£), 3anaHHas B uHTepBane a <f <<b, HasbiBaercs
¢yukumelt OrpaHUYEHHON BapHaUuH, €CIH 1N MOOHIX £y, Lsy «ovy lp
TaKUX, UT0 @ <t <[ty <<... <<t, <<b, cymmsl

; | £ (te) — f (tr-d) |

pPaBHOMEPHO OTpaHWYEHBI.

Jloka3aTh, YTO KpHBasd Y COpAMasdeMa TOr4a M ToAbKO TOrna,
Korma OHa NONYCKaeT B OKPECTHOCTH KamIo# CBOEH TOYKH mapa-
MeTpH3aLHIo

x=x(t), y=y(@t), z=z(),

rae x (), y (¢), z () — @yHxuuy orpaHMYeHHOH BapHalMH.

2. loka3atb, YTO eCi1u KpHUBas oGipazaeT OXHUM M3 CIELYIOLUX
yeThipex CBOMCTB: .

1) KacateabHele KpWUBOH 006pa3yioT MOCTOAHHBIA Yroa@ C HeKo=
TOPHIM HamnpaBJeHHEM,

2) 6uHOpManH KpHBOU 06pa3yloT MOCTOAHHBI Yrol C HEKOTOPHIM
HanpasJeHHeM,

3) rnaBHble HOPMaJaH KPHUBOH NapamiebHH HEKOTOPOR NIOCKOCTH,

4) oOTHONIeHHE KPEBHM3HB K KPYYEHHIO KPHBOH 4 IIOCTOSHHO,
TO OHa 06GianaeT OCTaAbHBIMH TPeMs CBOHCTBaMH.

Haiitu o6uiuit BMIX KpHUBOWH, OGragaiolleil ITUMH CBOHCTBaMH,

3. Joka3aTb, YTO €CAM KPHBH3HAa M KpYYeHHe KPHBOU MOCTO~
SIHHBl M OTAMYHBI OT HY#&A, TO 3Ta KPHBAaA €CTh NPOCTasas BHHTOBaA
JUHHA.

4. JlokasaTb, YTO €CIH MeXIY TOYKaMH IBYX KPHBbLIX YCTaHOBA
JICHO B3aUMHO ONHO3HAayHOE COOTBETCTBME, NMPU KOTOPOM OHHOpMa-
JH KPUBBIX B COOTBETCTBYIOLIMX TOYKax 'COBMAaNalT, TO KpHBHIE
II0CKHe,

5. lokasath, uto JM06ad KpPHBaA C NOCTOSIHHBIM KDYYEHHEM
¥ OTIMYHOK OT HyIA KPHBM3HOH MOXeT ObITb 3alaHa BEKTODHbIM
YpaBHeHHEM

r=c{b@) xb @ d,

rge b (t) —Hexoropaa BekTOp-QYHKUHA, YROBIACTBOPAIOU[AA YCIO-
BUAM!

|6 (f)|=1, b (£)=£0.

6. BoccTaHOBUTb KpHBYIO, €CIH 3alaHa OfHa M3 TPEX BeKTOp-
dyHkuut v (s), v (s) uam P (s).

7. Ecan Mexn1y TOYKaMH IBYX KPHBBIX MOMeET OBITb yCTaHOB=-
NeHO COOTBETCTBHE TaK, YTO B COOTBETCTBYIOLIMX TOYKAX STHUX KPH~
BbIX KacaTelbHble NapaljiellbHbl, TO TIaBHbE HOpMaiH ¥ GMHOPMany
TOMe mapainenbHbl. JoKa3aTb.

8. Kpusbie 7, H Y, Ha3biBaloTCA KpHBbIMYU BeprpaHa, ecin MeX1y
HUMH MOXeET OblTb YCTaHOBJEHO B3aUMHO OIHO3HAYHOE TOYeYHoe
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COOTBETCTBHE, NIPU KOTOPOM rAaBHbie HOPMaiW B COOTBETCTB)IOULHX
TOYKAX COBNAlaioT.

[Tokasatb ciexyioude CBOMCTBAa KPHUBBIX Yy, 7ol

a) pacCTOsiHHEe MeXIY COOTBETCTBYIOUIMMH TOYKAaMH KPHBbLIX
Y1 H Ys TOCTOSIHHO;

6) KacaTeJAbHbHI€ KPHUBHX 7, H Y3 B COOTBETCTBYIOLIMX TOUKax
06pa3yioT NOCTOAHHBIH yrou;

B) KpHBM3Ha M KDYYeHHe KaXIOfi M3 KPHBbIX CBA3aHbI COOTHO-
nieHueM

asind ky—acosd ky=sin§,

rie a— PacCTOSHHE MeX1Y COOTBETCTBYIOWMMH TOYKAMH KPHUBHIX
Y1 e» @ ¥ — yrox Mexny KacaTelbHLIMH B COOTBETCTBYIOLIMX TOYKaX.

9. JlokasaTh, YTO ecIH KPMBH3HA M KPYUYeHHe KDPHBOH CBS3aHbl
JMHEHHONH 3aBHCHMOCTBIO

asind k,—acosd ky,=sind,

TO KpHuBas ABiserca kpusoit Beptpana.
10. Hokasath, YTO KpHBas, 3aflaBaeMas BEKTOPHHIM YpaBHEHHEM

r=afe(t)dt+bfet) xe @ a,

rae e (f) — BeKTOp-) YHKIMA, YIOBIETBOPAIOINAsA YCAOBHAM Je (2)| =1,
e (t)|=1, asaserca xpuBoit Beprpana. M1 o6partno, mo6as kpusas
epTpaHa MoxeT OhITb 3aaHa BEKTOPHbHIM YPaBHEHHEM TaKOTO BHIA.
11, Tlycts kpuBass 7y, NMoayvaeTcs NPOEKTHBHBIM Mpeo6pasoBa-
HueM W3 kpuso#t 7, Jlokasath, yro ecaM B ToYKe P KpHBOH 7y,
KpUBH3Ha (KpyyeHHe) paBHa HYJO, TO B COOTBETCTBYIomlell Touke
KPUBOH Y3 KpHBH3HA (COOTBETCTBEHHO KpYYeHHe) TaKie paBHa HYmoO.



YACTb BTOPAS
TEOPUS TOBEPXHOCTEMH

Fr'NTABA IV
NOHATHE NMOBEPXHOCTH

§ 1. dnemeHTapHas MOBEPXHOCTH.
lipoctas nosepxHocTs. OGmAas MOBEPXHOCTH.

O6aacte Ha miockocTH Mbl OyIeM HasbiBaTh J4eMeHmap-
Hoil 00nacTblo, €CIH OHA sBJSETCS 00Pa3OM OTKPHTOrO Kpyra
npu  TonosoruyeckoM otoOpaxeHun. Takum oOpasom, 3Jze-
MeHTapHas o0nacTb — 310 06JacTh TroMeoMOpdHas Kpyry.

[lycte §—mpocras 3aMKHyTas KpuBas Ha TMJIOCKOCTH.
HssecTHa Tteopema 2KopzaHa o TOM, YTO NPOCTas 3aAMKHyTas
Kpusasg pa30MBaeT IVIOCKOCTh Ha JBe 06JacTH M sBJSETCH
rpanpued masg xaxaoft u3 atux obnaacredl. OmHa us obiacreit
KOHeyHa, apyras— 6eckoHeyna. OxasniBaeTcs, KOHeuHas 061acTb
romeomoptdHa kpyry. Takum oOpasom, sHympenHocms K8ad-
pama, NpAMOY20AbHUKQA, BHYMPEHHOCMb IAAUNCA — BCE MO
dremenmaprsle obaacmil.

OnpeznenuM 3JIEMEHTaPHYIO MOBEPXHOCTD.

MuoxecrBo @ Touek npocTpaHcTBa Mel OyneM HasHIBAThH
N MEHIMAPHOIU, NOBEPXHOCMBI0, €CTH OHO fABJASETCS 0Opasom
9JIeMEHTapHO! 06JacTH Ha MNJOCKOCTH INPU TONOJIOTHUECKOM
oTOOpaXX€HHH €e B NpPOCTPAHCTIBO.

Iycte ® — snementapHas noBepxHOocTh ¥ (O — 3jemen-
TapHas 00JacTh B MJOCKOCTH, 06pasomM KOTOpO# npu TOMO-
JOorHYeckoM ortobpaxennu f apasercs nosepxHocts D. Ilycts
¥ I U— JEKapTOBH KOODPAMHATH NPOU3BOJBLHOH TOUKH, NpH-
Hazsexawme#t obJaactd, X, J, 2 — KOOPIMHATEL COOTBETCTBYIO-
me#t TOuKM NMOBEPXHOCTH. KoopauHarhel X, y, 2 TOUKH HOBEPX-
HOCTH CyThb (PYHKIMH KOOpAMHAT Toukm obiaactn G:

x=f1 (ll, 'U), J’-’”—‘fz(ll» 'U), Z=f3(ll, 'U). (*)
DTy cucTemy paBeHCIB, sajatouiyto oroGpawxenue f obnacte G
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B MPOCTPAHCTBO, HA3LIBAIOT YPABHEHUSMU NOBEPXHOCTH B TNas
paMeTpHuecKoil (OpME; # ¥ U HA3HBAT KPUBOMUHEUHHLMU
Koopduramamu Ha TOBEPXHOCTH.

YpasueHns (x) NPA (UKCUPDOBAHHOM X WM U 3a4aiOT
KPUBYIO, JIEKAILYI0 Ha MOBEDPXHOCTH. DTH KPHBHIE HA3bIBAIOTCA
KOOPOUHAMHbLMI AUHUSMU.

Muoxectso @ rouex mpocrpaHcTBa Mbl OyneM HasbiBATh
Npocmoli NoBepXHOCMBI0, €CIH 3TO MHONECTBO CBSISHO H
© Kawmas Touka X STOr0 MHOMKECTBA MMeeT oKpectHocTs @
Takyw, uro vacte ®, pacnonoxensas B G, BaAeTCs 3JEMEH-
TapHOH MOBEPXHOCTHIO.

DnemeHTapHasl MOBEPXHOCTb ABJSETCS NPOCTOH MOBEPXHO-
cthio. Ho asiemeHTapHHIME NMOBEPXHOCTAMH JaJeKO He HcYep-

MBIBAIOTCA BCE MNPOCTHE MOBEPXHOCTH.

Hanpumep, coepa saBasercs npoctoit

TS NOBEPXHOCTHIO, HO He 3JIEMEHTapHOMH.

HpocTsie NOBEPXHOCTH HEJb3A OXa-

paKkTepu3oBaTh B LeIOM 06wo

APOCTO, KaK 3TO OBlJIO CHENAHO IS

npocteix KpuBsix. Hekotopoe npexncra-

BJEHUE O PasHOOOpasuu MPOCTHIX HO-

BepXHOCTel naer caenyouee coobpaxenue. Ecau u3 npou3sons-

Kol npocmoii nosepxmocmu yoasums a1060e 3aAMKHYMOE

MHOJICECMBO MOYeK, KO maK, 4moGs He Hapywums C813-

HOCmu OCmaBuielics 4acmu, mo 3ma OCMABULASCS 4ACHb
Oyoem maxce npocmoi noepxXHocmsi.

ITpoctas NOBEPXHOCTb Ha3bIBAETCS MOAHOW, €CTH MPENeb=
Haq Touka 1ma moObo#l cxonsiielics MOCAeXOBAaTENBHOCTH TO-
yeK MOBEPXHOCTH TaKKe SIBJSETCS TOUKOH moBepxHoctu. Ha-
npumep, cdepa, napaGosoun CyTh MNOJHBE NOBEPXHOCTH,
a cdepnueckuit CerMeHT He gBJSETCA NOJNHOH# MOBEPXHOCTHIO
(peur upmer O cdepuyeckom cerMente Oe3 orpaHuumBaiome
€ro OKPYXKHOCTH).

Ec/n nmpocras nosHas NOBEPXHOCTb SABJISAETCS KOHEYHOH,
TO OHa HaseiBaercs 3amxnymod. Kpome cdepsl, 3aMKHyTON
NOBEPXHOCTHIO SIBJSETCs, HANpPUMEP, TOP — IOBEPXHOCTH, MO«
Jiyuaemas BpallleHHEM OKDYKHOCTH OKOJIO NpSAMOH, Jexauie#
B IIOCKOCTH OKPYXHOCTH U He Nepecekawoilell OKPYXHOCTb
(puc. 24).

OnpenenuM TOHSITHE OKpecmHOCHU TOUKH Ha NPOCTOH
NOBEPXHOCTH.

Puc. 24.
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OkpecTHOCTBIO TOuYKM X Ha npocroél mosepxHociun @ ha-
shiBaercss oOmias yacts nosepxHocTd P M HeKOTOPOH NpO-
CTPaHCTBEHHON oxpecTHOCTH Touk# X. Coraacuo onpeneseHuHo
Y KaxIOH TOUYKHM MPOCTOH IOBEPXHOCIH €CTh OKDPECTHOCTD,
ABJIAIOMIAACA DJEMEHTADHOH MOBEPXHOCTbIO. B masibHeiiuew,
roBops 00 OKPecTHOCTH TOYKHM Ha fIOBEPXHOCTH, MBI OymeM
UMETh B BHAY TaKYI0 3JEMEHTAapHYI0 OKPECTHOCTb.

MuoxecrBo @ Touex mnpocrpaHcTBa Mol OyZeM HasbpBaTh
obuell nosepxXHoCmMyI0, €CIM OHO ABAAETCS OOpP&30OM NMPOCTOH
NIOBEDXHOCTH INpPH JIOKaAbHO TONOJIOrHYECKOM OToOpaxeHnu
€€ B NPOCTPAHCTBO.

Mu Gymem roBOpHTh, YTO -OTOOGpaMeHHe f; BPOCTOH no-
Bepxuoctn @; u orobpaxenue f; npoctoit mnosepxnocru @
onpenensior oawy M Ty xe obmyiwo mopepxmocts @, ecam
MexAy ToukaMu mnoBepxHoctet ®; u @, Moxer OuiTh ycra-
HOBJIEHO TOMOJOIMYECKOE COOTBETCTBHE, NPH KOTOPOM 0Opasnl
COOTBETCIBYIOIUUX TOYEK STHX MOBEPXHOCTEH Ha MOBEPXHOCTH
® cosnapnaior.

ITycts o6wasi nosepxHocts ® sBasercs oGpasoM mpocroit

nosepxHoctd @ npu JoKanbHO TOMONOrHYECKOM OTOGpaxeHnH f.
Oxpecruoctoio Touke f(X) Ha nosepxuoctu @ Mul Gyzem
HaseiBaTh 00pa3 moBoHl OKPECTHOCTH TOYRKM X HA HOBEPXHO-
crn ® npu oroGpawennmu f. Tak xak oroGpaxemme f B gocTa-
TOYHO MaOH OKpecTHOCTA TOukH X SBJ/A€TCH TONOAOTMYOCKMM,
10 f(X) Ha 9@ uMeeT OKPECTHOCT, WBASIOLIYROCH SJIESMEHTap-
Ho#t noBepxHocThio. TaxkuM o©Opasom, uccaedosanue 210060i
NOBEPXHOCIMU <8 MAAOM> CBOOUMCS K PACCMOMPEHILIO 34e-
MeHmapHol nosepxHocmu.

§ 2. Peryaspnas noBepxXxHOCTb. AHaJuTHYeCKoOe
8ajaHue MOBEPXHOCTH

Ws onpenenenns oOwelH NOBEPXAHOCTH CJAeyeT, UTO
Y KamaeH ee TOWKM CYIIECTBYET OKPECTHOCTH, ABAAIOIMARCA
SJIEMEHTAPHOH MOBEPXHOCTHIO.

{lopepxuocts @ Mbl OyfieM HaswBaTh peeyasipkol (£ pas
audepenunpyemoll), €ci Yy KaxaoH TOUKH ST0l nosepx-
HOCTH €CTb OKPECTHOCTb, AOHYCKaOLas PerysaspHy napa-
METPH3almWo, T. € 34HaHHE YPABHEHHSMN B NapaMeTpudecKoi
Gopue

x=h@ v), y=h v, z=Ffiw o
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rae f,, fu Jfa— perynapusie (k& pa3 HempepbiBHO andepe--
uupyembie) (yHKIMM, 3ajaHHBle B 3JeMeHTapHo# obaacth G
naockocTd 1o, Ilpn k=1 noBepxHOCTb Ha3HBAETCA 24a0K 0.

TToBepXHOCTh HABLIBACTCH aKrasumu4iecKol, €Cii OHAa B
JOCTATOYHO MaJIOH OKPECTHOCTM KaxJaoH CBOe# TOuku momy-
CKAeT aHa/JMTAYECKylo mnapamerpusaumio (pynxumu fy, fo, fo —
aHa/IMTHUECKHE),

B nansneftiuiem Mpi 6yaeM pacCMaTpPHBaTh HCK/OYATENBHO
peryasapHele NOBEPXHOCTH.

CoraacHo omnpefiesieHnio, pery/spHas NOBEPXHOCTb B OKpe-
CTHOCTM KaxIOH cBOe# TOUKM MOMET ObTb 3alaHa ypaBHE-
HUAMA B MapaMeTpuyeckol cgopme

x=x v), y=y@Uu, v), z==2(u, v),

rie x(u, v), y(u, v), z(u, v)— peryaapHsie (YHKUUN nepe-
MEHHBIX 4, U, 3aJaHHKe B HeKoTopo# o6mactu G mirocko-
cte uv. EcTecTBeHHO BO3HWKAeT BONMPOC: KOrjga CHCTEMa pa-
BEHCTB

x=xv), y=y@u v), z=z(u v),

rie x(u, v), y(u, v), z(u, v)— peryrsapHsie QyHKUMU B He-
KoTopo#t o6sacth @ MIOCKOCTH uv, — 3aaeT MOBEPXHOCTH?
OrBeT Ha 3TOT BOMPOC BO MHOTHX CJyuasx HaeT C/eayiomas

Teopema. Ecau x (u, v), ¥y(u, v), 2(u, v)— pe2yasp-
noie ghynxyuu 8 obracmu G naockocmu uv, y0osAemeopsio-
uwue ycaAosulo, WMo pane Mampuibl

(xu Yu zu)
x"ll y’li z’ll
scio0y 8 G pasen 08YyM, mo cucmema pageHcms

x=x@v), y=y@u v), z=z(@ v)

3a0aem Hexomopyw nosepxrocms . Ima nosepxrocms
ecms obpa3 npocmoi nosepxrocmu G npu A0KAALHO mMoNo-
JAozudeckonm omoOpascerun, Komopoe moure (u, v) obia-
cmu Q conocmasasiem MoKy NPoCMPaHCMEa ¢ KOOPOUHa-
manu x U, v), y @, v), 2@, v).

B sTo#fi TeopemMe B J0Ka3aTeNbCTBE HYKEAETCH, OYEBHIHO,
TOJBKO YTBEeP:AEHHE O JOKAJbHOH OIHO-OAHO3HAYHOCTH YKa-
3aHHOro oroOpaxenus. IlokawxeMm 3To.
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HonycruM, yTBEpXKIEHHE HEBEPHO, TOrAa CyWECTBYET
TOUKA (Uy, V) B o6aacte G, B CKOJb YrOZHO MajoH OKpecT-
HOCTH KOTOPOH MOXHO YyKasaThb [BE pasJHUHBIE TOUKH (U4, Vj)
U (3, vy) TaKue, UTO

X (1, V1) — x (Ug, v9) =0, y(uy, V) —y(Uy v9)=0,

¥4 (ll,, '01) —Z (uq, 'Ug) =0
nmeem

X (1, 1) — x (y, V) =(X (3, V1) — X (U, Vg)) +
+ (x (ul» '02) —X (u2: 'UQ)) ==

= (vy — ) Xo(ty, 1) + (1 — 1) X84, ) =0.
AnaJornuno,
Yy, vy) — y (ug,v) =

= ('01 - 'Us)}’v(un &Q) —l_ (ul - uﬁ)yu(a‘;: 'Ug) = 0’
2 (uy, vy) — 2(ugvy) =

= (v — Vg) 2,(1y, &) 4 (1 — ug) 2, (83, v79)=0.
Ilpunumas BO BHMMaHHE, uTO Uy — Uy, U;— UV, HE PaBHBI

HYJIIO OJHOBPEMEHHO, U3 MOJYYEHHBIX TPEX PaABEHCTB 3aK.Jlo-
YaeM, 4TO DaHr MaTpHUH

(x“ (8i’ '09) y n (&;: 'vﬁ) zu (857 v%))
Xy (ul'ﬁl) Yo (1, %) 2.y, )

MEHbINE NBYX, T. € ee MJETEPMUHAHThl BTODPOr0 MOpSAAKA paB-
Hel Hymo. ITo nenpepeiBHQCTH yHKUMB X, X, ..., 2, OI-
Clofla CJledyeT, 4To BCE AETEPMHHAHTH BTODOrO MoOpsnKa MaT-

puLLbI
(xa Yu za)
Xy Yo %n
B TOYKE (U, U)) PaBHB HYMO, T. € PaHr MaTPHILI MEHbLIE
AByX. MBI npulIu K npoTUBOpEUMIO. YTBEPKIEHNE AOKa3aHO.
HekoToprie mosepxHoCTH Npy MOAXomsimleM BhiOOpe ocei

KoOpanHatT X, y, 2 OONYyCKAalT MNapamMeTpusauuio nag BCeH
NOBEPXHOCTH BH A

x=u, y=uv, z=F(u,v),
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rae  f(u,v)— OyHkums, onpenenesHas B obaacty G mioc-
KOCTH 4v. YpaBHEeHHs STOH MNOBEPXHOCTH MOryT ObITb 3anu-
caHbl B OKBUBaJZEHTHOH Qopme z=Ff(x,y).

Takas mnapameTpusauus MOBEPXHOCTH OT/IMYaETC 00Jb-
wo# HaraaaHocTbio. COOTBETCTBHE ME¥IY TOUKAMH [IOBEPX=
HOCTM M TOuKaM#m 0O0JacTH MJIOCKOCTA Xy OCYWECTBJSETCH
NPOEKTHPOBAHUEM NPSMBIMH, Mapaj/IeJbHBMH OCU Z.

Mpr Oymem rosoputh, 4TO mnoBepxHOCTE ® HesBHO 3a-
Oana ypagreruem

¢ (%, 3, 2)=0,

BBIpaxas STHM TOJbKO TO, UTO KOOPJHHATHI TOYEK IOBEPX-
HOCTH YLOBJIETBODPSIOT JaHHOMY ypasHenuwo. Ilpu atom mo-
FyT CyIIECTBOBATH TOUKM NPOCTPAHCTBA, YIOBJETBOPAIOLIAE
laHHOMY YPaBHEHHIO M He MNpPHHALJIeXAlMe MOBEpPXHO-
cta @.

Ilpu paccMoTpeHuu MOBEPXHOCTEH, 3aTaHHHMX YpaBHEHHEM
¢ (%, ¥, 2)==0, BaxHyI0 pPOJb Wrpaer ciexyouasa

Teopewma. I[Tycme ¢ (xy, 2) — peayasnpnas yuxyus ne-
peMennsx x, ¥, 2. Ilycme M—mrooncecmso mouex npocmi-
pancmesa, ydosaemsopawuux ypaswenuio ¢ (x, y, 2)=0,
(X0 Yo, 20)— mourxa 3mo20 MHOJNCECMSBA, 8 KOMOPOW
o% + o5 -+ 93 # 0. To20a y mouru (xo, Yo, 20) ecmeo oxpecm~
Hocmb maxas, wmo 8ce mouxu Mrosxcecmsa M, npunadae-
acauwue 3moil oxpecmHocmu, o0pasym peysIpHYI 4«
MEHIMAPHYI0 NOBEPXHOCILY.

HoxkasartearctBo. ITycts i onpemeseHHOCTH ¢, 3£ 0
B TOUKE (X;, ¥ 2,)- I10 TEOpEME O HEABHHIX (PYHKUMAX CYMIECT=
BYIOT ync/aa 8 0 ¢ GosbLie HY/IS ¥ perynspHas ynkuus ¢ (x, y),
onpeneneHnas B obaactu |x—x, |<38, |y —y,[<8, Takue,
uto BCE TOUKM (X, ¥, § (% V), | X — x| <8 |y—y,| <3,
YAOBJETBOPAIOT YPaBHEHAIO ¢ (X, y, 2)="0, npuuem 5THMH TOY~
KaM# MCUEPTIBIBAITCA BCE TOYKH Napaienenunesa| x — x,| <3,
|y —3| <8 |2—2,|<e, ymosieTBopsiomue yDPABHEHHIO
¢ (¥, y, 2)=0. DaemenTapHas NOBEPXHOCTh, O KOTOPOH HIET
peub B TEOPEME, 3aMaeTCd ypaBHEHHEM

z=4(x, 3) |x—x,]<3 |y—y,|<>

Teopema moka3aHa.
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§ 3. CnenuaabHble napameTpu3anuu HOBEPXHOCTH

Pezyasipras nosepxXHOCHb 8 OKPECMHOCIU KaxC00l c80eil
moukxu donycxaem OeciucAeHHOEe MHOJCECMBO napamempu-
3ayuil.

IlecTBHTENBHO, NYCTh

x=x(u v), y=y(u v), z2==2(u, v)

— KaKad-HnOynp napamMerpmsauus MOBEPXHOCTH B OKPECTHOC-
™ TOukU Q (i vy).

Ecmu ¢ (o B) u ¢(a, B)— moObie peryrapHbe GyHKuum,
yaosJaeTBopsiomue B TOuKe (@, B,) ycaosusim

=9 (% By): |9 9
% ="0(2% By), [$s q’p

x=x(‘? (o p)! q’(a" p»’

y=y(e % B) $(a B)),

z=2z(¢ (% ) 9@ B)
JIal0T  TaKxke PperyJsapHylo [apaMeTpusaluio  [OBEPXHOCTH.
D10 OuyeBUAHBHIM 00pasoM BHITEKAET M3 TOrO, 4TOo (OPMYJIaMH

u=g¢(o B), v=9(a §)
83JaeTC TOMOJAOrMYECKOe OTOOpamenne MAOCTATOYHO MaJjoft
OKDECTHOCTH TOUKH (%, Po) maOCKOCTH @ Ha HEKOTOpYIO
OKPECTHOCTb TOYKH (iy, Up) MJAOCKOCTH UD.

Ipun uccnenosaHum peryaspHbiX NoBepxHOCTeH OpiBaeT
MONE3HO  MOJIb30BATHCA  CMEUMAABHHIME  NapaMEeTPU3aLUAMM.
PaccMotpum HawGosee ynorpeGure/bHbie M3 HHX.

Teopema. Mycme © — pezyargpran nosepxnocms u

#£0,

TO ypaBHeHus

x=xW v, y=y@@mwv), z=z@u v
Kexas-Huby0s ee pe2yispras napamempusayus 8 oxpecm-
Hocmu mourxu P. ITycme 8 mouxe P
xa yu ¢ 0.

Xy Yo

Tozoa & oxpecmnocmu P nosepxrocms ® donycxaem
8adanue ypasHeHuem
=f (=, y)’

20e f— pezyanpras gynxyus.
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HokasateabcrtsBo. Ilo Teopeme o HeaBHBIX (PyHK-
nusxX CyWECTBYIOT peryaspHsie QyHkuun u(x, y), v(x, 3
KOTOpHIE NpU TNOACTAHOBKE HX B YypaBHeHHS X=X (i, T) H
y=y @, v) oOpamaloT nociegHue B -TOXIECTBA.

Tak xak

Xy Yu
X yv

e Vx|
— Y

lly Uy
TO

Uy Uy 0,

1y, Uy
Bsoxs Hosble mapameTpel o« u § coriacHo opmyiam

=u(@ B) v=o0( f)

noJyyaem:
x=0, y=0, z=2(u(@ B) v B))
WIK, 4TO TO XK€ CaMoe,

z2=f(x, y)
Teopema noxasaHa.
Teopema. [Ilycms ® — peayasprnas nosepxrocms,
u, v— ee peayinpras napamempusdagus. I[lycme 8 oxpecm-
Hocmu  mouku (uy, U,) 3a0aHs 08a OughghbeperiuuarbHbLY
YpasHerus

Ay (1, v)du—+ By(a, v)dv=0, } ®

Ay (1, v)du -—}— By, v)dv=0,

roaghgpunuenmo. Komopuix 8 mouke (ly, Vo) Y008AEMBEOPAIO NI

YCA08UI0
A By

0.
Ay By #:

To20a 8 oxpecmuocmu 3moi mouxu nosepxrocms © moscro
napamempu3osams max, 4o KOOPOUHAMHbE AUHUL OyOym
UHME2PANLHHLMIL KPUBLIMU YPABHEHUH (*).
HoxkasateabcrBo. He orpannunsag OOGLHOCTH, MOXK-
Ho cunrath Ay #0 w By # 0. Ilycte v=¢(a, u)— peue-
HUE TNEPBOTO 3 ypasHeHnH (*), KoTopoe npu u =u, o0pauaercs
B a, a u=1¢ (B, v)— pelwiedne BTOPOro ypaBHEHHs, KOTOPOE
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npu v==7, obpamaercs B [. YpasHenua v=¢(a, U) u
u=1{(B, v) paspelwnMb OTHOCHTENBHO & U 3 COOTBETCTBEHHO
B OKPECTHOCTH TOUKU Il Up TaK KaK

%:1 # 0 npu u=u,
oy __ —
o_a—l # 0 npu v="1,

Mycrs a==a(u, v) u B =73 (u, v)—otn pewennus. IToka-
KeM, uro

2 B

% By

Tak kak a(u, v)=const ecTb uHTErpalx mepBOro M3
ypaBHEHHH (%), TO ypasHEHHS

Adu -+ Bydv=0 n a,du -} a,dv=0

cosmectunl. Otcloaa

%= 0.

A, B,

3

=0.

u %

AHaJIor nuHo,
Ay B I

By Bo

Ecau npeanosoxuthb, UTO
0, Oy

Ba Bwl

TO HEMENJIEHHO MNOJy4yaeTcs

A B

Ay By

a 3TO HEBO3MOXHO. Mrtak,

Uy %y
Bu Bo

Orciona caenyer, 4to o(u, v) # B(¥, v) MOXHO BBECTH
B KAuecTse HOBHX NapaMeTpoB Ha mnoBepxHocrd. Ecau 310

#0,
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clenath, TO KoopAuHaTHbie JuHuu (a==const mn B == counst)
GyayT MHTErpajbHBIMM KPHBBIMH ypaBHEHMH (*).

Teopemn moKasaHa.

3ameuanne Cucrema ypasHenuft(*), KoTopas ¢urypu-
pyer B (OPMyJIHDPOBKE TEOPEMH, YaCTO ObIBAET 3aJaHa ONHUM
YpaBHEHHEM BTODOH cTeneHu

Adu*+- 2B du dv - Cdv*=0.

CooTBercTpyiolmiee yCJAOBHE HAa KOY(PQHUHEHTH CBOAMTCA
K HEpaBeHCTBY

AC— B* <.

§ 4. Ocolbie TOUKM HaA peryJsapHOii MOBEPXHOCTH

Touky P peryaspHOl NOBEpXHOCTH Mbl OyneM HasbIBaTh
00b.KHOBEHHOW TOUKOH NO OTHOLIEHWIO K MNAHHOM CTenenw
perynsapHocTn kR, ecAm MOBEPXHOCTb MAOMYCKaeT 2 pas aud-
(epeHIUpYyeMyIO NapaMeTpHu3anuio

x=xW vy y=y@Ww v) z=2z(@, v)

B OKDECTHOCTH 35TOH TOUKH, YHOBJETBOPSIONYIO YCJIOBHIO!
pasr MaTpHLLbl

(xu yu zll)

x'l! y‘ll z'v

B Touke P paBeH AByM. B npoTuBHOM cayyae Toyka P Hasbl-
Baercs oco0o#. JlnHmg HA NMOBEPXHOCTH, BCE TOYKM KOTODOH
ABNAOTCA OCOOBIMM TOYKaMH, HAa3hIBAaETC 0coboll aunued.

Ilns noeepxHocTe paccmorpense Bompoca 00 0COOHX
TOYKaX NpeiacTaBiaeT coboff Oosee TpPYyAHYyIO 3amauy, 4YeMm
Jns KpUBBIX. MBI OrpasMupMcd MCC/IEHOBaHUEM RpocTeHInuX
Clyuaes,

Hycrte

Xx=x@ v), y=y@u vy z=2u v)

peryispHas napaMeTpusalus IOBEDXHOCTH B OKPECTHOCTH
Toukn Q. Ilyctb panr marpuum

(xu y u zu)
Ko Yy 2o
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BCIOLY B OKPECTHOCTH () paBeH ABYM, KpoMe caMoit TOuKd Q,
B KOTODOH OH MEHbLIE NBYX.

Bynem no/ib30BaThCA BEKTOPHOH 3amMChIO YpaBHEHMA NO-
BepXHOCTA r=r (1, V), r1e r (1, v)=x (u, v)e; -y (u, v)e;+|
-+ 2, v)e; (e, €, e;— ennHUYHBIE BEKTOPH, HanpasJeHHHIE
no ociM X, y, 2). Toraa ycadBue TOro, 4TG PaHr YHOMSHY-
TOH MAaTpubl PaBEH NBYM WJM MEHbLIE IBYX, CBOAMTCA K TOMY,
uto r, X r, # 0 wwm r, X r,=0 cOOTBETCTBEHHO.

BBenem B paccMoTpeHHe BeKTOD-(YHKILUIO

ry Xr,
S =T xral g

HenocpencreerHo npoBepsieTcs, YTO OHa WHBAapWAHTHA OTHO-
CUTENBHO MpeoOpasoBaHUs KOOPOUHAT ¢ sKOOMaHOM OOJbLINM
Hyas. Ecim ke akoOuaH MeHbpIe HyJs, TO 3Ta QYHKUUA Me-
HEEeT TOJMbKO 3HaK.

Touxa Q nosepxrocmu 6ydem 3asedomo 0cobol, ecau
Ep He cmpemumcs K onpedeseHnomy npedeay npu P—> Q.
B camom nene, ecim Q OGHIKHOBEHHAsi TOYKE, TO B €€ OKPECT-
HOCTH MOXeT OHTb BBELEHa pery/spHas napamerpusauus (o, B)
TaKas, 4TO r,,><r3¢0 B TOuke Q M, C/IeZOBAaTEAbHO, NpH
P—Q

r. X rg L TuXry
[ra X rg|™ T lry Xyl

CTpeMATCS K ONpele/IeHHOMY Npeneny.

aberasn HECKONLKO BTEpef,. 3aMeTuM, 4TO § (4, v) aBJs-
€TCH EIMHUYHBIM BEKTOPOM HOpMaj¥ K NOBEPXHOCTH B TOY-
ke P. Hopmamp K NOBEPXHOCTH ONpEnE/SseTcs HEe3aBUCHMO
OT KakoH-mub0 KOHKPETHOM mNapaMeTpusalud MOBEPXHOCTH.
Ecmu touka Q — oOBIKHOBEHHAs TOYKA NOBEPXHOCTH, TO HOp-
MaJb TOBEDXHOCTH B OKDECTHOCTH 3TOH TOUKH HENpepHiBHO
3aBUCAT OT MNOJIOXEHHS TOYKU U, CJENOBATENbHO, €IMHHYHBIH
BeKTOp &p(u, v) npu P—>Q CTpeMuTCss K ONpeneaeHHOMY
npeneny — eIMHAYHOMY  BEKTOPY  HODMaj#  IOBEPXHOCTH
B Touke Q.

Mpumep. Touka (0, 0) Ha nosepxHOCTH

1
x=u}, y=1v, z=(@"4%3
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(puc. 25) sBasiercs ocobott Touxo#. Herpymno nposepurs,
uto §(u, v) He CTPEMHTCA K ONpPEAENEHHOMY Npeneny, Koraa
U ¥ U NPOU3BOJBHEIM OOpPa3oM CTPEMATC K HYJIO.

Honycrum Teneps yto npu P— Q Ep crpemurcs K onpe-
nenenxomy npenenay o Torma paccmMoTpeHHbil TONBKO 4TO
Npu3HaK He HaeT OTBETa Ha BONpPOC, OymeT Jau Touka Q Oco-
60if TOUKOH MM OOBIKHOBEHHOM.

Ilycts KpuBOsMHEHHBIE KOOPAMHATH TOUKH Q — U, ¥ T,
BospMeM B MJIOCKOCTH uU Majbli MPOCTOH KOHTYp ¥, OXBa-
THIBalOLMK TOuKy (W ). Ilycts 77—
COOTBETCTBYIOMH KOHTYp Ha NOBEpX-
Hocti. ClipoeKTUpYeM KOHTYD T Ha MJ0-
CKOCTb g, MPOXOAANLYIO Yepe3 TOUKY Q,
NEPNEHAUKYAAPHYIO BEKTODPY &

Ec/m npoexuus T KOHTYpa Y Ha mIo-
CKOCTb ¢ HE OXBAaThIBaeT TOYKH Q HJH
OXBaThHBaeT ee 0osee OJHOrO DPasa, TO
Q 3aBexoMo ocobasi TOuKa.

JonycraM, 4YTO yTBepkIeHHe He-
BEPHO H (Q — OObLIKHOBEHHasi TOUKa.
v Torma noBepxHOCTh mONycKaeT mnapa-
Puc. 25. Merpusaunio r=r (4, (), yIOBJETBO-

psomyio B Q ycaosuio r, Xr,# 0,
OTKYNa CJ€AYeT, uTO F, W Fy HEPaBHEIE HYJIO M Hemapasiels-
HBlE BEKTOPHI.

Mycts a=0,-+}&() n B=08-} % (f) — ypasuenne Kou-

Typa 7. Torna KOHTYp B NAOCKOCTH o, 3aiaHHHH ypaBHEHUEM

r=r@-+tOr.@+10r,@

Malo orinyaeTca OT J. M Tak Kak 3TOT KOHTYD NOJYyYaeTcs
adpuuHbIM npeoOpasoBaHnem U3 T, TO OH, a C HUM U KOHTYD 7,
OMH Pa3 OXBaThiBaeT TOUKY Q MOZOGHO TOMY KaK KOHTYp
OXBATHIBAET TOUKY (% Bo).

IMpumep. Touxa (0, 0) Ha noBepxHocTH

x=w—7v y=2uw, =10

(puc. 26) sapaserca ocoGoi. Ilpm o6xome OKPYKHOCTH q
1} v*=¢? cooTBeTcTBylOlIaN TOUKAa T NPOXOAMT ABANIbI
okpyxHocts x®-}y*=ceb Taxum oGpasoM, { OXBaThBaeT
touxy (0,0) aBaxmsL
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ITpumep. Bce TOUKM MOBEPXHOCTH
XxX=u, y=,vi, 2':"03,

pacnosoxeHHsle Ha ocu x-0B (v=0), sBAMOTCA O0CQOBLIMH
(puc. 27). 3mecb nNJOCKOCTb G ABJISAETCH IIOCKOCTBIO XY.
Koutyp 7 coorBercrByoumes okpyxuocra §: (x — a)f |y =¢?
pacmosiaraeTcs ueJAMKOM B nosaynjaockoctd y =0 (Tak Kak
y=1% u, cremoBaTeJbHO, HH pPa3y HEe OXBATHIBAET TOUKY
Q(a, 0) ocn x-o8.

Puc. 21.

Oco0as /mHUs THNA, PAaCCMOTPEHHOTO B 3TOM MpPHUMEDE,
HasbiBaeTca peOpox 8038pama nosepxXHOCTH. Kaxaas naockocTs,
nepneHauKyaspuas pebpy BosBpaTa, NepeceKaeT NOBEPXHOCTh
N0 KpuBoi, s KOTOPOH Touka pebpa BO3BpaTa ABJASETCS
ocoGo#t  Touko# — TouykO#  Bo3Bpara. B  paccMOTpeHHOM
NPUMEPE TAKUMH CEUEHHWIMH  SBJSIOTCH  NMOJyKyOuueckue
napaboJni.

B sakmoueHne — HeckO/MbKO 0B 06 0COOHX TOYKax
MOBEPXHOCTH, 3a4aHHOH ypasHenuem ¢ (X, y, 2)==0.

Bo-nepBelX, 0COObMM TOUKAMH NOBEPXHOCTH MOTYT OblTh
TOJIBKO Te ee TOUKH, Tle ¢, = ¢, =¢,==0. [lefictButensHo,
€C/M B TOuKe () MOBEPXHOCTH OJIHa M3 YaCTHHX NPOHM3BOA-
HbIX, Hanpumep, ¢, 7% 0, TO NOBEPXHOCTb B OKPECTHOCTH
TOYKM ( [ONYCKAaeT peryaspHyio MNapaMeTpusalnio Buia
2=y (X, y) OTKyza clexyeT, 4to Q aBJseTCS OOBIKHOBEH-
HOU TOYKOM.

Mycts ¢, = ¢, = ¢, =0 B TouKe NOBEPXHOCTA Q (X Yor Z0)-
Pagnaras ¢ynxkumio ¢ no gopmyre Teinopa B okpecrHoctd
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TOUKH Q, MOJYUHM:
ay (x — X0+ an (¥ — yoff + a5 (2 — 2 +
+ 2a45 (x — X0) (y —¥p) -+ 2a13 (¥ — x) (2 — 20) -+
+ 2a5 (y — y0) (2 — 20) - R=0.
OxaspiBaeTCs, YTO €CAM KpaapaTuuHas ¢opma 2 a; k&

ABJSETCA ONpeneseHHOH, T. e. oOpailaercsi B HyJb TOJIbKO
Korga Bce &, paBHB HYJIO, TO B JOCTaTOYHO MaJOH OKpecT-
HOCTH TOYKH (X Yo <,) HA OAHA TOYKA NMPOCTPAHCTBA, KPOME
caMoil TOUKH (Xp Yo 20 HE YHOBJETBOPAET YPABHEHMIO
o(x, y» 2)=0. Tlostomy noBepx-
Hocts ® He Moxer OniTh 3a7aHa ypaB-
HeHueM ¢ =0 B OKpPECTHOCTH TOUKH Q.
3ameuvanue Yacro mnoxg mo-
BEPXHOCTHIO, 3aflaHHOH  ypaBHEHHEM
¢ (% ¥ 2)==0, NOHHMAIOT reoMeTpH-
Yyeckee MeCTO TOYeK HNPOCTPaHCTBa,
4, z  YHOBJETBOPAOIMX ypaBHenuio ¢ ==0.
Ilpu TakoM oOnpeneneHHH TOBEPXHO-
CTH TOUKY B DacCMOTPEHHOM TOJbKO
> YTO C/yyae HA3HIBAIOT U30AUPOBAHHON
Puc. 28. 0co60i TOUKOM.
ITpumep. Teomerpuueckoe Me-
CTO TOYEK, YIOBJETBOPSIOMUX ypaBHE-
nmo (x*—+ y? 428 (1 — x* — y?— 2% =0, cocrour us coe-
pu x*Fy*4-2'=1 n rtouku (0, 0, 0), xoropas aBiseTCA
W30/MPOBAHHOH TOYKOH STOr0 TEOMETPHUYECKOro MECTa.
Ecim  xBaapatuunas ¢opma Za,- £&; aBamerca  sHako-

NEePEMEHHOH, HO HE pas3naraerci B MpOU3BEACHHE MIBYX Jiu-
HEHHBIX (OpM, TIEOMETPUYECKOE MECTO TOYEK NPOCTPaHCTBA,
Y AOBIETBOPAIOWAX ypaBHeHno ¢ (x, y, 2)==0, BO/insn TOUKH
(X0 Yy 2,) wmeer ¢opmy, 6aMSKYI0 K KOHYCY BTOpPOro mno-
PARKa, ypaBHeHHe KOTOPOro ¢ (X, ¥, 2) — R==0. Ecan nosepx-
HOCTh ONPEReJAIOT KaK TeoMeTPHYecKoe MeCTo TOuYeK Ipo-
CTPAHCTB3, YMOBJAETBOPSIOWHUX ypaBHeHHIO ¢ (X, ¥y, 2)=0, TO
B 5TOM CJIyYae TOUKY (Xg Vg Z,) HA3BIBAIOT KOKUHLECKOH TOUKOH.

IMpumep. Havano KoopauHar uBASETCA KOHHYECKOHA TOYKOH
TEOMETPHUYECKOr0 MecTa TOYeK, YAOBAETBOPSMOHIMX YPaBHEHHIO

(x’—l—y*+z’)*—-?a”(z"——x“-—-y“)_-:O

z

(puc. 28).
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Ecsn kBampartuunas gopma Zaiﬁiﬁj pacnagaercs B Opo-
u3BEIEHHE ABYX JUHEHHBIX (ODM, MOTYT MpPENCTaBUTHCA Pas-
nuuHbie cayuyad. Touka moxeT ObiTh OcoGoit (Hanpumep, TOUKa
(0, 0, 0) nosepxHocT# Xxy—2°=0) wim O0GHKHOBEHHOH
(nanpumep, Ttouka (0, 0, 0) moBepxHocTH Xxy— x2%=0).
B sToM ciiyuae HeOOXOAMMO HCC/IENOBATH HajJbHEHIUNE YJIEHDBI
pasJioxeHns QyHKuun @.

PaccmoTpennss Bcex MOCTEAYIOIMX I71aB OTHOCATCH TOJLKO
K 00JIaCTAM NMOBEPXHOCTH C OOBIKHOBEHHBIMH TOUKaMu. B uacte
HOCTH, A9 ynotpebsiseMbiX mapaMeTpusaliufi mpeanosaraercs
BHINOJIHEHHBIM ycnosue 1, X F, % 0. B panpnefiiuem sro cne-
LIMaJbHO HE OrOBAPUBAETCH.

YTIPAXXHEHWUSA U 3ANAUYN K T'JIABE IV

l. CocraBuTb ypaBHeHMEe LOBEPXHOCTH, oGpa3yeMo# moaynps-
MBIMH, KOTOpbIE HCXOIAT M3 TOUKH (&, b, ¢) m nepecexaior nmapagory

2=0, y*=2px.
Omsem. (bz— cy)® =20 (z—¢) (az —cx).

2. Haittn ypaBHeHune nunvanpa ¢ 06pa3yomumy napasineibHbIMU
NpAMOM X ==y = 2, OMHUCAHHOTO OKOJO 3JIHICOMAA

xt 449?922 =1.
Omsem. (x + 4y +92)* — 14 (x* 4- 4y* 922 — 1) =0.
3. Haittu reomeTpuueckoe MecTo MPOEKHHH IEHTPA MIUICOMIA

xi 2 22
+5+5=1.

aB

Ha ero xacareibHsle MIOCKOCTH.

Omsem. x%a® + y*b® + 2%¢* = (x2 4 y* 4 2%)2,

4. CocTaBuTb ypaBHEHHE NMOBEPXHOCTH, KOTOpAsA MOJYYaeTcs MpH
BPaUIeHHH KPUBOH

x=g (), z=¢ (@), y=0

OKOJIO OCH 2.

Omgem. x =09 (z)cosv, y=o (u)siny, z=4{ (&).

8. Tlpamaa g IBMXETCA B MPOCTPAHCTBE Tak, YTO BHITOIHAIOTCA
clIepyioie yCIOBHUS:

a) mpAMas BCe BPeMA lepeceKaeT OCb z MOX NPAMBIM YTJIOM;

6) Toyka nepeceyeHus MNPAMOIl g C OCbI0 Z PaBHOMEPHO IBHU-
AeTCHA CO CKOPOCTHIO d;

B) TpAMasd PaBHOMEPHO BPAIZETCHA OKOJO OCH Z C YIIOBOH CKO=
pPocThIO . )

CocTaBuTh YypaBHeHHe NOBCPXHOCTH, KOTODPYIO OMMCHIBAET NpH
CBOCM JBUKEHHH NpsMas g.

Omgem. x = v cos ou, y =wv sin oy, z=au.
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3gech 44— BpPEMA, a U— PacCTOAHHE TOYKM NOBEPXHOCTH OT
ocu 2. TMoBepXHOCTb Ha3BIBAETCA NPOCTOH BHHTOBO!N MOBEPXHOCTHIO
HAH 2eAUKOUCOM.
6. [Tyc1b TPH ceMeHCTBA MOBEPXHOCTEH 3aNal0OTCA ypaBHEHUAMHU:
¢ (x, ¥, 2) = u = const,
¢ (x, ¥, 2) = v= const,
X (%, ¥, 2) = w = const.
JlokasaTb, YTO €CaH B TOYKE (X, ¥, 2,) AKOGHAH

Dy, § ) £0

D (x, y, 2)
TO BCe TPH ceMEHCTBA B OKPECTHOCTH 3TOH TOYKHM MOXHO 3afaTb
BEKTODHBIM YPaBHEHHEM

r=r(u, v, w).
[oBepxHOCTH pa3AHUHBIX CeMEHCTB NOAYYAOTCA TNPH U = const,
v =const H w = const.

7. TloBepXHOCTBIO MepeHoca Ha3biBaeTcsA NIOBEPXHOCTb, 06pasye-

Mas NpH NOCTynaTelAbHOM NEepeMELIeHUH ONHOH KpHUBOH BRCIb IPY-
ro#t kpuBo. [loxasaTb, YTO MOBEPXHOCTb MEPEHOCA MOXeET OBITL,

3allaHa ypaBHEHHEM
r=g¢u)+ ¢ (),

The @ ¥ P — BeKTOP-(QYHKIHH, A3 KOUX NepBas 3aBUCHT TOAbKO OT I,
a BTOpas TOJIbKO OT 7.

8. IlokasaTh, YTO MOBEPXHOCTb, ABJAAIMWAACH [EOMETPHUYECKHM
MEeCTOM CpeIMH OTPe3KOB, KOHIbl KOTODPBIX NPHHAjJAe)aT ABYM HaH-
HBIM KPWBbLIM, €CTh NOBEPXHOCTb IIEPEHOCA.

9. Haititn oco6ylo auHMI0 Ha nceBpocdepe

. s ; u
x=sinucosv, y=sinusinv, z=cosu-4Intg DR

T
Omgem. OcoGas nuHuA u = 7 pe6po Bo3Bpata.

[TTABA V

OCHOBHBIE IOHATUS IJIS1 TIOBEPXHOCTEIM,
CBSIBAHHBIE C INMOHSATHEM CONPUKOCHOBEHYS

§ 1. KacareabHas niaocKocTb MOBepXHOCTH

IMycte ® — nosepxHoCTh, P — TOYKa Ha Hel W o — MJO-
CKOCTb, TNpOXOIAmas uepes Touky P. BosbmeMm Ha nosepx-
HOCTM TOuKy Q ¥ 00603HauuM €e pacCTOsHHsi OT TOYKU P u
IVIOCKOCTH & Yepe3 d H A COOTBETCTREHHO.
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Mn 6ynem HaseiBaTh NVIOCKOCTb O KacameAsHOl NAOCKO-
h
CHibI0 TIOBEPXHOCTM B TOuke P, ecan otHoumenue —— 0,

d
xorga Q— P (puc. 29).

Teopema. Tzadxasn nogepxrnocms ® umeem 8 Kaoc-
0oli moure Kacamerswyw naoc-
Kocms U HPUMOM €OUHCMBEHHYI0.

Ecau r=r(u, v) rarxag-wu-
0y0b 2sa0Kas napamempuslayus
nosepxHocmu, mo KacamessHas
naockocms 8 mouxe P (u, v) na-
paasessna sexinoparm r,(u, v) u
r,(u, v).

HokasareabcrBo. [ony-
ctuM, yTo nosepxHocts @ B TOU- Puc. 29
Ke P (u, v) nmeeT KacaTe/bHYIO NJIO-
cxocTh & IlycTh #— emunnuHbil  BEKTOp, NMEPNEHMUMKYASAPHBIH
naockoctn a. Paccrosuue d Ttoukn Q(u--Aw, v-}-Av) or
Touku P (u, v) paBuo |r (u-} Au, v} Av) —r (u, v)|. Paccros-
HHE TOYKH Q OT MJIOCKOCTH 0 PaBHO

|(r(u+ Au, v+ Av)— r(u, V) n|,
h | (r(u+Au, v4-Dv)—r(u, v))n|

d \r(a+Au, v+ Av)—r (u, v)| °

h
CoraacHo omnpeneneHuio = — 0, xorxa Au n Av HesaBucHMO

cTpemMarca K Hy/mo. B uactHocry,
| (r(u+Au, v)—r(u, v)n|
|r (u+ Au, v)—r (u, v)|

-0 npn Au—0.
Ho

[(r(u-Au, v)—r(u, 0))n| __
|f(ll+All, v)——r(u, ”)I -

I r(u+Au, v)—r(u, v)

Au [Py (u, v)n|

‘r<u+Au, v)—r (4, v) l T Tra o)

Au

n

Takum oO6pasom,
r,(u, vyn=0.

Tak xak r,(, v)#Z0 (r,(u, v) Xr,(u, v)~ 0), 10 pasen-
cTBO r,(u, Y)n=0 BO3MOXKHO TONLKO B TOM CJyuae, €C/u
BekTOp I, (4, V) mapajjeleH MJIOCKOCTH O.
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AHajordyHO TNOKAa3bIBAETC, YTO U BEeKTOp 7r,(u, 7)
TOXE IMapajieNeH IMIOCKOCTH &, W TaK Kak BEKTODPH
r,(a, v) u r,(z, v) OTJAMUHEI OT HY/N9 H HeNapaie/bHbI
(r,(w, v) X r,(u, v)s£0), To KacareNbHas WIOCKOCTb, €CJAX OHA
CYLIECTBYET, €IMHCTBEHHas.

JlokaxeM Tenepp CyuleCTBOBaHME Kacare/lbHOH MIOCKOCTH.
Iycts maocKocTb o napasiielbHa BeKTOpaM r, (#, v) 4 1, (1, v).
ITokaxeMm, YTO OHa SBJSETCH KacaTeJIbHOH MJIOCKOCTBIO MO-
BEpXHOCTH B TOYKe P (u, ).

Hmeem

__l(r(utAu, v+A8v)—r(u v))n|

d T \r(u-Au, v+ Av)—r (4, v)]
__ | (ryn) bu 4 (ryn) Ao 4-¢, VA F 802 |
o !ruAu+r-¢,Av+e2VAu*+Av*| o

Au
("un)w-l-( o )ﬁ
Au Av

"oy Ru* T Ao tro YVt t A T

rae e | u |eg| cTpemsites k mymo, Korga Au, Av—0.
JlonycTAM, YTO CymeCTByeT MOC/Jea0BaTedsHOCTs nap Aux,
Av, cxoafmmxcs K HYJNIO M TaKHX, YTO COOTBETCTBYIOLIEE UM

o]

h
7 >¢>0. Ua nocaenosarenbHoCTH nap Awu, Av MOXKHO BbI-

HEANTb TaKyli0 Mnoanoc/aeaOoBaTE/NbHOCTD, IJIst KOTOpO# OTHO-
HieHus

Au i Ay
VAaEF 3R YV Ad AP

6ynyT cxomutbes. [lycts & M m— npese/bHBIE 3HAYEHUs STHX
peipawennit. Ouesuano, £} n?=1. Ilepexoms k npeneny

h
OTHOWIEHUT — 1O BBIIEJIEHHON MOANOC/IeN0BAaTE/NbHOCTH Map

Au, Av, nonyumm:
h_ (ran) 8+ (rum a|

d | ru§ + rom|
Tak xak (r,n)=0, (r,n)=0, a r,¢-+rm+%0 (r, n r, ne-
— 0. Ho s10 nporuBopeusT TOMY, 4TO

napaJuilesbHbl), TO i
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BCE AONpPEIAC/BbHBIE 3HAYCHUA Mo NpeAno0KEHUIO Gosbuie

e >0.

Teopema n0OKa3aHa MOJHOCTBHIO.

3uas HampasJleHHe KacaTeldbHOH MJIOCKOCTH, HETPYAHO Ha-
nUcaTb €€ ypaBHEHHE.

Ilycts F — BeKTOp NpPOU3BOJBHOM TOUKM KacaTelbHOMH
TJIOCKOCTH NOBEPXHOCTH B Touke P (u, v). Torma BeKTOpH
F—r@ v), r,(u, v), r,(u, v) napasnejabHs KacaTeJbHOH 1J0-
CKOCTH, C/Ie[0BATENbHO, WX CMELIaHHOE NPOMW3BENEHHE PAaBHO
Hymo. OTciofa ypasHeHHe KacaTeNpHON MJIOCKOCTH

L]
d

F—r@w v), r,(u, v), r,( v)=0.

ITycTs moBepxHOCTb 3aZaHa yPaBHEHUAMH
x=x@ v, y=y@m v, z2=2z(u v)

M3 BEKTOpHOro ypaBHEHHs KacaTeJbHOH NJIOCKOCTH — CJe-
ZyeT, YTO YPaBHEHHE KacaTe/lbHOM MJOCKOCTH, COOTBETCTBYIO-
mee Tako#t (opme 3amaHua moBepXHocTH, Oyner
X—x@Ww,v) y—y@mv) 2—=z(u, v
Xy (1, ) Yu(®, 0) 2, (u, v) =0.
xv (ll? v) y’U (u’ 'U) z'o (u’ v)
YpaBuenue KacareqpbHOH# NAOCKOCTH MOBEPXHOCTH, 3alaH-
HOM ypaBHeHHeM 2z==2z (X, J), NOJAyYaercs H3 HalleHHOro
TOJBKO 4TO. JIOCTaTOYHO 3aMETHTh, YTO 3ajJaHHe MOBEPXHOCTH

ypaBHeHHeM 2 =2 (X, ¥) €CTb JulUb KpaTKas 3anucb Napa-
METPHYECKOro S8ajaHus

x=u, y=v, z=2z(®, )

ITosToMy ypaBHeHue KaCaTe/bHOH TJOCKOCTH B Ciyyae 3ama-
HHS TIOBEPXHOCTH YpaBHeHWeM 2=z (X, J) Oyzer

X—x J—y Z—2z
1 0 2,(x, Y) |=0,

0 1 zy(x, )
Rian

Z—2z2—pEF—x)—q(—y)=9,
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rae yepe3 p M ¢ 0003HAUEHBI NEPBHIE MPOU3BOIHBIE (PYHKILAU
2(x, ¥)

Hatfinem, HakoHel, ypaBHEHHe KacaTeJbHOH IVIOCKOCTH 1Jis
clyyas 3alaHusi NOBEPXHOCTH YypasHeHueM ¢ (x, y, 2)=0.
IMycrs (X, ¥, 2)— TOYKA NOBEPXHOCTH, B KOTOPOH ¢% - @5 -~
+9:#0u x=x(u v), y=y(@u, v), 2=2(u, v) — Kaxas-
nuOynb rAafkas NapaMeTpu3aiusi HOBEPXHOCTH B OKPECTHOCTH
sTo# Toukn. Eciu nomcraBuTh BMECTO X, y, 2 B ypaBHEHUE
NOBEPXHOCTH X (U, V), y (4, ¥), 2 (U, V), TO MONYYNM TOXKAECTBO
OTHOCHTENBHO u u ©. [luddepenuupys 5TO TOWKAECTBO,
B TOUKe (X, y, 2) moayyum:

PxXy + PV ‘|’ Pely=— 0,
PxXn 'Jf' PV + 922, =0.

PaccmarpuBast 5TH paBEHCTBA KaK CHCTEMY YPaBHEHHH# I @,
9y ¢, M pemas ee, NOJIyuuM:

Px fy _— ¢z
Yu %u Zy Xy Xu Yu
Vo 29 2y Xy Xo Vo

s Cayuass MapaMeTpuyecKoro 3aJaHWs TNOBEPXHOCTHU YypaB-
HEHHE KacaTeJbHOH MIOCKOCTH 6y11e'r

Yu 2y

v~

Xy Vu
Xy Vo

& —x) (G —y) jz +E—2) —o.

r4
¥4

[Tpuuumass BO BHHMaHHE MOJYYEHHYIO BbIIE NPONOPILHIO,
NONYYaeM YpaBHEHHE KacaTeqbHOR MNAOCKOCTH MOBEPXHOCTH
o (x, y, 2)=0 B TOUKE (X, ¥, 2)

E—2)9:+ 0 —3 o, +(E—2)9,=0.

Hopmaasio noBepxXHOCTH B TOYKE P HaseBaeTca npamad,
NpOoXoAswas yepes TOuKy P nepneHauKyJ/JaspHO KacaTeabHoH
MJOCKOCTH B 9TOH TOUKE.

CocTaBuTh ypaBHEHHE HOPMaJu MOCJAE TOrO, KaK H3BECTHO
ypaBHeHHe KacaTeJbHOH MJIOCKOCTH /IS DAas3JHYHBIX ClyyaeB
3alaHiA TMOBEPXHOCTH, HE COCTABJfeT TPylda M Tpensnaraerca
B KauyecTBE YNpaXKHEHHs.
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§ 2. Jlemma 0 paccTOsiHME TOYKH OT NMOBEPXHOCTH.
ConpHkoCHOBeHHe KPHBOH H MOBEPXHOCTH

INycrs @ — noBepxHocTs U Q — NPONSBOJIBHAA TOYKA NPO-
crpanctBa. Paccrosinuem touku Q ot nosepxHoctn P Hagwl-
BAETCH TOYHAdA HIKHAS IPaHb PACCTOAHMM TOueK NOBEPXHOCTH
OT TOYKH Q.

Jemma. Ilycrme © — 2a200Ka8 nosepxnocms, 3a0aHHAA
ypasnenues ¢ (x," y, 2)=0. [Tycms 8 mouxe O(Xy Yy 2,
nosepxnocmu @3 -- ¢} -+ o3 £ 0.

Ecau Q(x, y, 2)— mouxa npocmpancmsa, Oau3xas
k¥ mouxe O, HO He npuHad.iesNcawas NOSEpXHOCMU, MO NP
nodcmanosxe Koopdunam mouku Q 8 YpasHeHie NOBepxHO-
cmu O, noaywaemcs sesutuna A\, umeu,as nopsaoox 8eiu-
wuntt h— paccmosanus mouxu Q om nogepxHocmu 8 mox

A
CMbiCAe, Ym0 OMHOWeEHNE 7 cmpemumcs K onpede/leﬂftOMy

npedeny, OMANMHOMY Om HYAs, Ko20a mouka Q Heo2panu-
venHo npubausicaemcss k¥ O, ocmagascs B8He NOBEPXHOCHIL.

IDokasareabcTBo. Tak Kak Touka O NPUHANAEKHUT NO-
sepxHoctn @, To cywectsyer € >0 Takoe, YTO BCE TOUKA
NPOCTPaHCTBa, yJaleHHele OT Touku (O Ha paccrosHue,
He NpEeBOCXONAEE €, M YIOBJIETBOPAIOIIME  YPaBHEHHIO
¢ (x, y, 2)==0, npunagnexar nosepxuocrn P.

€
IMycte TOYKa Q HaXODUTCA HA PACCTOSHHM MEHBIUEM >

or Toukn O. Ilyctb P,— nocnegoBaTeibHOCTh TOYEK TMO-
BEPXHOCTH, PaCCTOSHHA KOTOPHIX OT () CTPEMATCA K pacCTos-
Huo 3To# Touku ot nosepxuoctn ®. Toukn P, obpasyor

OFPaHHYEHHYIO NOCJENOBAaTENBbHOCTh (nx paccrosuHus or Q

e\
MEHbLIEe 7), NO3TOMY MOXHO BBLAEJUTH cxomsamywcd nonu-

NI0C/eIOBATENLHOCTE U3 mocjaeaoBarensHoctu Toyek P, He
orpaHuyuBas OOLIHOCTH, MOXHO CYMTaTh, YTO CaMa NOCJeNO-
BaTeJIbHOCTh P, CXOOMTCA K Hekoropo# Touke P. B .cuay
HenpephBHOCTH (QYHKUMA @ B OoKpecTHOCTH Touku O Touka P
yIOBJIETBOPSieT ypaBHeHnio ¢ (x, y, 2)=0. Orcioga crenyer,
yTo TOuKa P mpunamiaexut nosepxnoctu @. Taxum o6Gpasowm,
ecau Touka Q moctaTouHo O6auska k O, HHMXHAA rpaHb pac-
CTOHHH TOYEK MOBEPXHOCTH OT TOUKH Q [OCTHAraercs s
HEKOTOPOH TOuKm P, npuHaiiexauelt NOBEPXHOCTH.
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IokaxeM Tenepp, YyTO OTPe30K PQ HanpasjeH IO HOp-
Main K nosepxHocrd B Touke P. Ilycte r==r(u, 1) —Ka-
Kasi-HuOy b r7alKas NnapaMeTpusaiius MOBEPXHOCTH B TOuke P
u a—sekrop toukn Q. Tak kak dymkums (r(x, v)— a)®
HOCTAraeT MUHUMyMa B Touke P,
TO IOOJXKHO ObiTh

(f—a) ru=0;
r—ayr,=0,
HO 3TO M SHAYMT, 4TO OTpe3ok PQ
HampaBJeH [0 HOpMaiu K MOBEpPX-
HOCTM B TOuke P,

Ilycte X, ¥, 22— KOODAUHATHI
Touku P, § 7, { — Hampasisomue
KOCHHYCH HOpDMa/lu TMOBEPXHOCTH B TOukKe P, %, ¥, Z—
KOODAMHATH TOYKM Q M h— paccTosHue Mexay TouKamu P

u Q (puc. 30).
Hmeem

X=x-+th, J=y-+nh Z=z-+|Lh

Tak kak TOYKa P NpUHANJIENKUT TMOBEPXHOCTH, TO

o (x+Eh y-+nh 2-FCh)=0.

9% ¥ )t h(@f+ o+ oL+ he=0,

roe ¢ —0 mpu Q@ — O.
Jlens 310 paBeHCTBO Ha kb W mepexols K Mpeleiay MpH
Q — O, noayunm:

m’hy,‘;—) - — (9,51 PN -+ ‘ch)(o)'

Bolpaxenne B NpaBOH# YacTH OTJMYHO OT HYJIs, TaK Kak
npeacrasiser coO0Oi CKalgpHOe NPOM3BENEHNe MapalvIe/bHBIX,
OTAMUHBIX OT HyJsa BeKTOpoB (& % ) 7 (9 Py P2)

Jlemma n0KasaHa NMOAHOCTHIO.

IMpuMeHNM IOKA3aHHY® /JEMMY K BONPOCY CONPUKOCHOBE-
HUS KDHBOH C ITOBEPXHOCTHIO.

Iycts @ — smemeHTapHas MOBEPXHOCTh M | — DJIEMEHTap-
Haft Kpupad, uMeomme obuyio touky O. ITycrs h — paccros-
HUE TPOM3BOJbHOH TOukM Q KpuBOH OT moBepxHOCTH. Mol
OyleM TOBODHTb, 4TO KpuBas Y C MOBepxXHOCThio @ mmeeT

Puc. 30.

Ortcrona
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:n—-»O xorga Q— P.

ConpukocHoBeHne oOuie#t KpuBo# ¢ oOmel MOBEPXHOCTHIO
OyfeM MOHAMAaTh KAaK CONPHUKOCHOBEHHE 3JEMEHTapHHX OKpe-
crHocTell oOme#l TOuKu.

Teopewma. [lycms © — ssemenmapnas pezysspras no-
BePXHOCIS U | — pezYASPHAs Kpusas, umewujue 00Uy
moury O. ITyems ¢(x, ¥y, 2)=0— ypasnenue nogepx-
Hocmu 8 oxpecmHrocmu mouxu O, npunen @5 -+ @y -+ ¢z 7% 0
8 moure O; x=x(), y=y(t), z2==z(t) —peayraprasn
napamempusayus wpusoii | 6 owxpecmuocmu mouru O,
npusen x* -} y?* 27 £0 8 moure O.

To20a 0an mozo, wmoOu Kpusas 7 UMeid C HoBepx-
Hocmeio ® 8 mouxe O conpuxocnosenue nopsoxa n, HeoO-
Xo0umo u docmamouro, 1mobs npu t, coomsemcmeyuem
moure O, BLNOAHAAICE YCAOSUA

P B YO 2@)=0, To=0, ... L o=0.

Hoxasateascrso.  Ilyctb touke O COOTBETCTBYET
sHauenue f==%¢, Ilpn Q— O t—1,

Cornacno semme ¢ (x(f), y(f), z(f)) nmeer nopamox pac-
crosHus Touku Q ot nosepxHocti @, Yro xacaerca paccros-
Husl Mexcay Toukamd Q u O, TO OHO @MEET MopaioK |t — £,
TaK Kak

CONPUKOCHOBEHUE nop;zaxa n, ecimn

|FO=r s |7 @)1 0.

IMosToMy I/ CONMPUKOCHOBEHHsI /-r0 MOpsAKa KPUBOH 7 ¢ mo-
BepXHOCTH0 @ 8 Touke O HEOOXOAWMO ® JOCTATOYHO, 4TOOH
npu t—>1,
(x) y(), 2(t))
(E—rt)®

A 5TO BO3MOXHO TOrZa M TOJLKO TOLA3, KOria NmpH f=
ynxkuns ¢ (x(£) y(#) 2(f) u ee npousBoAHHE AO 7-TO NO-
PsilKa PaBHBL HYJIO.

Teopema pmoxasaHa.

Npumep. Hafizem conpuxacawmyocs cgepy xpasod,
T. €. TaKylo cdepy, ¢ KOTOPOH KPHBad HMEET CONPHKOCHOBE-
HUE TPETHEro NOPSAKA.

Ilycts r==r(s)— ecrecTBeHHas RapaMeTPHBAMA KPUBOH
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YpasHeHue cdepsl
(r—aP=R}

rie @ — BeKTop ueHrpa cepn, a R — paanyc. Ilomcrasass
B 3TO YypaBHeHue r=r(s) u zandpdepeHunpys, MNOCICAOBA~
TENbHO II0Jydaem:

(r—a)yr=0,
r—a)kv - 1=0,
(r — a) (kv — kit — kykyff) =0,

OTKYyZa
(r — a) kykoP - %: 0.
”TaK)
(r—a)r=0,
ayv=— - r—ap=— u
r—av=—g ="k
Otciona

R=ir—al=V () + (3"
a=r+,(a—r)=r+%+7%%;.

§ 3. Compuxacaromuiica napaGoaoux. Kraccuduxauus
TOYeK MOBEPXHOCTH

Iycrs ® — perynapHas (IBaxan HenpepsiBHO Auddepen-
uyupyemas) noBepxHoctb U P—rtouka Ha Heft. Ilycts U —
napabosioun, ¢ BepuinHo# P, Kacalowukcs NOBEPXHOCTA B 3TOH
touke. O603Haunm h u d paccTosHUs NPOUSBOJBHON TOUKU Q
II0BEPXHOCTH OT Mapabojonia u TOUKM P COOTBETCTBEHHO
(puc. 31).

[Mapabononn U HasBIBAETC conpuxacawuumcs napaoo-

h
Aou0om TOBEPXHOCTH B TOUKe P, ecim OTHOlleHHe ?-»O,

korma Q— P. Tlpu atoM Bhipoxnenme napado/onaa B mapa-

Go/MyecKuil HUIMHAP WM TJIOCKOCTh HE HCKJIOYAETCs.
Teopema. B raocdoi mouxe P pezyasproli (08axcost

HenpepbBro Oughgheperyupyemoll) nosepxrocmu ® cyuwecm-
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syem U npumom eOduHcmBexHbll conpuracawuics napado-
aoud U, 8 wacmuocmil, ssposcdarouuiicss 8 napabosuyecrxui
YUAUROP UMl NMAOCKOCHLS.

JoxasareabcTBO. BBedem B mpocrpaHcTBe NpAMO-
yroJIbHHE JEKAapTOBB KOODHMHATH X, ¥, 2, NpUHAB TOUKy P
3a HayaJo0 KOOPAMHAT, KacaTeJbHYIO MJOCKOCTh B TOUKe P —
3a MJOCKOCTh Xy M HOpPMaib K Hel —
HOpMaJb K MOBEDXHOCTH — 33 OChb 2.

IIpu Ttakom BHOOpE CHCTEMB KOOD-
JINHAT HOBEPXHOCThH B OKPECTHOCTH TOY-
kn P moxer OBTh 3aKaHa ypaBHEHHEM

z2=2z(% y)

rae 2 (x, y)— asaxas nudgepesuupye-

Mas @yHKums B okpectHoctd Touku (0, 0).

IMokaxem 3TO. Puc. 31.
Mycts  r=r(w v)— kakas-HuOynb

asaxcanl  auddepeHunpyemas napamerpu-

sanus mnosepxHocTd. Tak Kak BexTOp r, Xr, %0 u Ha-

npasJieH MO OCH 2, TO

Xu Yu

Xy Vo

Orciona, kak nokasano B § 3 ra IV, cremyer, yTo mosepx-
HOCTb B OKDECTHOCTH P [0myCKaeT 3alaHue ypaBHEHHEM

2=2z(% Jy)

roe z(x, y)— nBaxas auddepeHnnpyemas ¢GyHxkuus. 3ame-
™M, yto 2(0, 0)==0, Tax Kax TOYKa P NPUHAMJIEKHT IO-
BepxHOCTH, 8 2,(0, 0) n 2,(0, 0) paBim Hymo, TaK Kak
Kacate/bHag miaockocte @ B P 2=12,(0, 0)x+42,(0, O) y
IOJXKHA COBMNagarbh € MIOCKocTbio 2==0.

Ypasuenne mnapabonouna U, a Takke €ro BHPOKAEHHUS
B napabo/nyecKuil UUIRHAD ¥ IVIQCKOCTh MOTYT OBITh 3a[aHbl
ypaBHEHHeM BUAA

z— —(ax’ + 2bxy + cy’) ==,

JlonycruM, yTo B TOuke P CyluecTByeT CONmpMKacaroumuica
napa6osonn, ITokaweM, uto oH emuHcTBeHHBIH. IlycTs

l .
2 — & (ax* - 2bxy +-cy?) =0

4 A B Toropenoe

# 0,
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— ypasHenne conpukacawomerocs napabosonaa. Coraacho aem-

Me mnpeabaymero naparpada, npH DOACTAHOBKE KOOPAMHAT

toukn Q B ypaBHeHne NMapaboJouAa NOAYYaeTcd BeAUuMHA A,

uMelomas HOPSOOK pacCTosHHS ToukyM Q OT mnapaGorouna.
. A

TToaTomy -d-,;-»O npu Q — P.

Pasnaras ¢QyHkuuio 2(X, y) B OKPECTHOCTH Hayana KoOp-
nunat 1no ¢opmyre Tetnopa, nomyunm:

z (% )= -;—(rx’ + 2sxy -ty + (o + 3N e (% 3)

rne 1, S, I— o003HaueHHsI BTOPHIX NPOHM3BOOHHX 2, a
g (% y)—>0, xorma x, y—0. IloncraBass KOOPAMHATH
X, ¥ Z(x,y) Touku Q NOBEPXHOCTH B ypaBHeHue mapaCoJounna,
TIONYYMM:

A=g {(r—a) P26 —b) xy+E—0) ¥} +
+ &y e (% )
Ksanpat paccTosnus toukn Q ot P
F=x"1y'+2' (5, )=x"+y' + "+ ) eaalx )
rae eg— 0 mpn Q— P.
Tax Kaxk oTHOlIEeHHe % CTPEMUTCA K HYJIO, KOTAA X U ¥

HE3aBHCHMO [CTPENATCS K Hymo, TO 3TO GyZeT WMEeTh Mecro
B TOrZa, Koria, Hanpumep, y=0, a x—0. Ho B s1omM

cayuae

Lir— oy 4 %,

2
X2 3 x%,

1.—--
=

A
B, CAEAOBaTeAbHO, E;—-»O npu x—>0 TOTA2 U TOJBKO TOrHma
2

Korja a=r. AHaJOruyHo NOKa3HBALTCH, 4TO ¢==1. Iloka-
WEM, HaKoHew, uro b==s. Hag 3TOro NPeANnOJOKNM, UTO
X 7 ) CTpeMSTcs K Hy/MO, HO TaK, YTO BCErja X=—Jj.
Torna

L (s—bd) x* 4 2x%,

a— 2x? 4 2x%, =

A
OTciofa BEEHO, YTO YCAOBHE ?»0 npu x — 0 Brever sa

coGoit papeHcTBO b==s.



§3] COTPUKACAIOIIUICS TIAPABQJOUT 99

Takum oOpasom, ecau conpukacaommica napaGogonn
B TOuKe P cymectByer, T0 OH enuHcrseHHbi#l. Ero ypasHe-
HHE OTHOCHTEJbHO BHIODaHHON HaMu
CHCTEMH KoOpAuHaT Oyaer a)

2 — 5 (r 250y 1) = 0. (3)

TMokaxem Tteneps, uro mapabo-
Jgouns (%) Bcerma fBJSETCA COMpH- 5)
kacaomumcs. B camom pene, aas
sroro mapa6oJonaa

A (4% e

ET YR e
npu X, y—>0. )

Teopema I0KasaHa HOJHOCTBIO,

CymecrBoBaHne M eIWHCTBEH-
HOCTH ComnpuKacdoouleroca napabo-
nouja MOSBOJSET IaTh CJAEAYILIYIO
Kaacci(UKaumo TOUeK NOBEPXHOCTH:

1. Touka noOBEpXHOCTH HAa3HI-
BaeTCA Jsqunmudeckol, ecam ¢o-
npUKacawuuics napaéonoun B 3TOH
TOYKE ABJAETCA SJMNTUYECKUM Ia-
paGosounom (cm. puc. 32, a).

2. Touka noBepxXHOCTR HasHI-
BaeTca 2unepboautecKoil, eciu Co-
npuKacawomuiics napabomous B aTol
TOuKe fBgercd runepOo/nuecKum Puc. 32.
napabosounom (puc. 32, 6).

3. Touka noBepXHOCTH HasHBAETCA napadoaniecrol, ecaun
conpuKacaomuiics napaGoNOML B 3TOH TOUKE BHPONIAETCS
B napabGomuyecknit nwimHAp (puc. 32, 8)

4, Touka NOBEPXHOCTH Ha3BIBAETCA MOLKOM YNAOWEHUS, €CTH
conpuKacaomuiics napabosons B 3TOH “TOUKE BHIPONAIETCS B
N70CKOCTh (KacaTe/lbHyI0 MIOCKOCTh MOBEPXHOCTH) (puc. 32, 2).

B sak/oueHne 3aMeTHM, UTO N0006HO MOMY KAK Kaca-'
menbHAS NAOCKOCMS No8epxHocmu Bocnpou3godum ghopmy
NOBEPXHOCHIL 8 OKPECMHOCIIL MOYKU KACAHUSL 8 NEpEOK
npudaudICeun, conpuKacautics napadoioud 8ocnpou3k66um
ee 60 8MOPOM NPuOAICEHUIL.

4#

-0




100 MOHATUSI COMPUKOCHOBEHHS T V

§ 4. Orubaomas cemeiicTBa noBepxHoCTell, 3aBHCAMUX
OT ONHOro WJH JIBYX NapaMeTpoB

Mycrs S {F,} — omHonapameTpuyeckoe ceMEHCTBO IIalKuX
FIOBEPXHOCTEH, 3aBHCAumiee OT napamerpa o. I'maaxkas nmoBepx-
HocTh F HasweiBaerca o2ubamoweii cemetcrsa S, ecam OHa
B Kaxaoh cBoel TOuKe KacaeTca Mo Kpahned Mepe oxaHo#
NIOBEpXHOCTH ceMEHCTBA M KaIbIM CBOMM KYCKOM Kacaercs
6ecynucIeHHOr0 MHOXECTBa NOBEpXHOCTEH cemeHcTBa.

Teopewma. [lycms 3adano odHonapamempuieckoe ce-
Melicmso 2aadxux nogepxuocmen S{F,}:

(6 » 2 0)=0, a<a<<h,

20e ¢ Henpepsi8HO JughgheperyupyeMasT NO BCEM AP2YMERMAM
dyunryus, ydosiemsopaiowas ycaosuio ¢k -+ o5 -+ o3 #£ 0.

Toz20a, ecau 2na0xas nosepxrocms F seasemcs o2u-
6arwel 3mo20 cemeiicmsa, ona 3adaemcs YpasHeHUAMU

o 2 0)=0, ¢, (x ¥ 2 0)=0

8 MOM cMbiche, wmo 045 Kaxycool mouwxu (X, y, Z)nosepx-
rocmu F modcHo ykxaszame mawxoe o, #mo 4emuipsMsa 8e-
AuguHAMU X, Y, 2, 0. Oyoym ydosiemsopsamscs oba ypag-
renusnn ¢=0 u ¢,=0.

IlokasateqpcTBO 3TOH TEOpeMHl MO CYILECTBY HpeACTaB-
aser coOo#f nNoBTOpeHHe [OKas3aTeNbCTBa COOTBETCTBYIOIIEH
TeopeMbl mas kpuBnX (§ O, ra lI), mostoMy Mb u3IONKHUM
€ro MeHee mNoApoOHO.

Nycrs P(x, y, 2)— npoussojbpHas TOUKa nosepxHocrd F.
Bynem pasianyath fA3a Cayuas

1. B Touke P Kacaercs OecKOHEUHOE MHOXECTBO MOBEpX-
HocTel cemeficTBa: Fop Foy, ...

2. B Touke P KacaerCcs TOJbKO KOHEUHOE YHCJIO MOBEpX-
Hocreit cemefictBa: F, ... F“n’

Paccvorpum nepsoift cayuaid. He orpanmyuBas o6uiHocTw,
MOXHO CYMTaTh, YTO MOCJIEJOBATE]BHOCTh YHUCEN O CXORMTCH
k HekoTOpoMy @ Tak Kak ¢ (X, ¥, 2, az)==0 npn aw0Gom &,
o

P I 2 W)— (X% I 2 a)="
= —a) 9. (% 3> 2 0*)=0,
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otkyma ¢(x, ¥ 2 a*¥)==0. Ilepexoms Kk mnpeaery npu
k, [ — oo, nonayuyaem

e ¥ 27, 0)=0, ¢, (x y, 2, 0)=0.

W B nepsom ciayyae yTBEpXKISHHE TEOPEMBl IOKa3aHo.

Paccmorpum Bropo#t caywait. Jlomyctum, uTo yTBepxkaeHHe
TEOPEMBl HEBEPHO M, CJelOBaTeNbHO, NpH. mobom k (R=1,
2, ..y n), 9. (% ¥ 2, 0) % 0. OO603HAYAM ©) 3AMKHYTYIO
€-OKPECTHOCTb TOYKH @ U [ MaJislil KycoK noeepxHoctu F,
cogepxamuft Touky P. (ITox KyckoM HOBEpXHOCTH MB MOHH-
MaeM 3aMKHYTyI0 00JacThb Ha MOBEPXHOCTH, T. € 00J1acTh
BMecTe ¢ ee rpanuued) Ecam Kycok f mocTatoyHo maa
v F, xacaercs f, TO o NPHHAIJIEXAT ONHOH M3 OKPECTHO-
crelt o

OG6osHayMM 72, MHOXECTBO TOYEK f, B KOTOPHX KacatoTcs
nosepxHoctu F, ¢ mapamerpom a, npuHaziexauium oy, Kaxnoe
MHOXECTBO 1, 3amkHyToe. CyIlecTByeT KyCOK NOBEDXHOCTH
f, conepxamutica B f u obragaoiui MO OTHOIUEHMIO K KaK-
JIOMY MHOXECTBY 7, CJACAYIOWMM CBOMCTBOM: KaXmO€ MHO-
WecTBO my, aub0 comepxkutT f b0 He COHEpPKHUT HU ORHOH
ero Touku. Kycok f cTpouTcs TOUHO TaK e, Kak OTpe3ok 3
B 10Ka3aTeJbCTBE COOTBETCTBYIOIIEH TeopeMbl /i KDPHUBHIX.

Iycrs f npunamnexut mp Tak Kak ¢,(x, y, 2, ap) #0,
TO NPHW HOCTATOYHO MAJOM & MNOBEPXHOCTH F, I KOTODPBIX
@ C 0, B OKPECTHOCTH TOYKH P 8aNalOTCA ypaBHEHHEM

V(0 3, 2)=0
rae ¢ — HenpepeBHO AuddepeHunpyemas QyHKuus, yIOBJET-
Bopsomas ycaoBuio ¢} - ¢34 ¢ 7= 0. Ilosepxuocts F Ha
Kycke f mMoxer OHWTb 3afaHa ypasHeHuaMu: x=x (4, v),
y=y@Wwv), z2=z@® v), rre x@ v, yw v), 2@ v)—
HEnpephBHO AuddepeHunpyemMsie QyHKIHHA, YIOBJAETBOPSIOLINE

ycaosuio 1, X ry £ 0.
OGosnauumM a (4, v) 3HAYEHHE MapaMeTpa o C- W), OTBEYAIO-

mero mnosepxHocty F,, Kacaome#ca kycka f B Touxe (u, vk
a(u, vV)=1¢(x (u, v), y(u, v), z(u v))

o (11, v) — oueBHAHO, HeNPePHIBHO Audpepenuupyemas GyHKuna.
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Hneem

0, =X, + "Pyyu + 22y
0o = Xo - {30 -+ 220

Tak Kak BEKTODH (X, Yy 24) (KXo Van Zp) SBISIOTCS Kaca-
TENLHHIMU BEKTOpaMu ToBepxHocTH F, & by $,) — BexTOp
HOpMaau nosepxHocTd F,, a mosepxHocTd F u F, kacaworcs,
10 a,=0, a,=0. Cne,uonaTeano, o == const.

TaKHM 0o0pasoM, Kycka f KacaeTcsi TOJAbKO OXHa MOBEpX-
HOCTh CEMEHCTBa NpH & C- o}, M, CACAOBATENLHO, BO BCEM

cemelicTBe Halimercs ue Oosiee n Takux nosepxHocrel. Ho
N0 onpeaeseHno orubGaloniell UX KOMKHO OnTh GECKOHEuUHOE
MHOKeCTBO. Mu npumapm Kk mpoTuBopeunmio. Teopema xoka-
3aHa.

Iycts S{F, } IBYIapaMeTpUuyecKoe CeMe#CcTBO raai-
KMX noaepxuocreﬂ Fnaakas noBepxHocTh F  HasmiBaercs
o2ubaiowed cemeiicTBa S, ecaM OHa B KaxIo#H coef Touke
Kacaercsi XxoTa G6n OxHOH NOBEPXHOCTH CeMe#fcTBa W BAOJAb
Kaxaoft KpuBoH Ha mosepxHoctH F ee xacaercs 6ecuuciex-
HOE MHOXECTBO NOBEPXHOCTEH ceMeicTBa.

Teopewma Qzubawwasn OsynapamempuiecKozo cexeli-
cmea nogepxrocmei

(63, 20B)=0 a<e<bd c<B<d,
ecan 9% -+ 95 -+ ¢z #0, 3ad0aemesn ypasnenusmu
¢=0, ¢,=0 =0

B jpanbHeHiieM W3AOKEHHM T3 TeOPEMa HAaMH He HC-
nonL8yercs, NO3TOMYy MW He OyAeM NpHBOAMTE €e JOKasa-
TEAbCTBA.

§ 5. Oru6aoman cemeficTBa NAOCKOCTeH, 3aBHCAMMUX
OT OXHOro mapamerpa

BusacuuM cTpoenue nosepxHocTh F, apasiowmefica orn6aio-

el OJHOIaPaMETPHYECKOro ceMelcTBa NAOCKOCTed.
YpaBHenne naocKkocTedl ceMelcTBa sanulieM B BEKTOPHOH

dopme
ro@ - a(@=0,
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YTO COOTBETCTBYET CKaJsfpHOH 3amucu

xby (@) +yba (@) + 2b3 (@) 4 a (2) = 0.

He orpanuuymsas OOGWIHOCTH, MOXHO CYUMTaTh BEKTOp b enus
HHUHBIM, TaK KaK YpaBHEHHE BCEria MOXHO Das3fenuTh Ha
|6 (@) |(B(@)#%0). Otnocurensuo Bextop-gpyHkuun b(a) u
‘cKansgpHoH (yuxkumu a () Mbpl OymeMm npeanoJaraTh AByKpaT-
Hylo aupdepeHuupyeMocTs H, Kpome Toro, OyneM cumTaTh,
uto b’ (@) u b”(0) OTAMYHBL OT HyJIA.

Oru6atomas F YHAOBJETBOPSET YpaBHEHUAM

rb+a=0, rb-+a=0. (*)

Ilpm d¢ukcupoBaHHOM & 3TH YpaBHEHHUS ONPEIE/SAIOT
npsMyio g,. Takuum o6pasom, NosepxHocTh F OMUCHBAETCA
npamoit g,.

PaccMoTpuM TpH maockocTy:

rb-+a=0, rb'+a =0, rb"+a" =0, (%)

M3 Koux TepBhie JBe onpeaensoT oruGaiomy. OTHOCH-
TENbHO 3THX TPeX MJAOCKOCTeH MOXHO CHAenaTh TPH OCHOB-
HBIX MPEeANOJOKEHHUs:

1. Tpn naockocTH (#+) He HMEIOT OOWMX TOYEK HU NpH
KaKoM .

2. Tpn nnockoCcTH (#%) MepeceKaloTcs B EIUHCTBEHHOH
Touke S, onHOH W TOA XKe AN BCEX Q.

3. Tpu naockocru (+#) mepecekawrcs B Touke S(2), mo-
JIOXKeHHe KOTODOH CYLIECTBEHHO 3aBHCHT OT & B TOM CMBICJE,
4o ecan r(x)— Bexrop Touku S(a), 10 (@) #O0.

Paccmorpum nepsmift cayuad. Ilyers m (&) — eARHuUHbIH
Bekrop mpamoit g,. Mmeem:

bn=0, &n=0, b'n=0.
Huddepenunpys nepssie I8a PaBEHCTBA, NMOAYYHM!
bn+bn=0, b'n-+|bn=0.

Orciona bn’ =0, b'n’ =0. Tak xak, kpome TOro, n'n—==>0,
to n'=0 y, cregoBaTeJbHO, M He 3aBACHT OT a. HrTak,
B 3TOM CJyyae BCE NMpsMble g, MApaN/eabHbl U MOBEPXHOCTh F,
6yayun 0o0pasoBaHa NPAMBIME g,, ABJAETCA LUAUHOPUMECKOL
(puc. 33, a).
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Bo Bropom cayuae npsmble g, NPOXOIAT yepe3 (ukcy-
poBaHHyl0 TOYKY mnpocrpaHcrBa (S) M, C/lefoBaTe]sHO, MO-
sepxHoctb F — wonuweckas (puc. 33, 0).

PaccmoTpum, HakoHeu, Tperu#t cayuaft. ITokaxem, uto
8 amoM cayiae npamuie g, obpadywuwlie nosepxrocms F,
Kacalomcs nexomopoi xpusoi (puc. 33, 6).

Ilycrs r(2) — BEKTOD TOUKH NEPECEUYEHHS TIIOCKOCTER (%)
Hmeem

;b—l-a=0, rb’ 4 a'=0, ;b'+a'=0.

Ilupdepenunpys neppoe paBeHCTBO © BHYHTas U3 HEro
BTOPOE, NOJYYHM £b=0. AHaJIOrHUHO W3 BTOPOTrO H TPETh-
ero noayuaerca #'5’==0. Orciona
rll(d X ).

Tak Kak ‘mpamas g, NPOXOAHMT
yepes Touky S(z) ¥ nepneHanKy-
JspHa Bektopam b u b, 10 oHa
napannensua sextopy b X b ||F
N sBJSETCH, TakuM 0OGpasoM, Kaca-
TEJNbHOR K KpuBOH

=r (@)

onuchiBaeMo#t  Touko# S(a). Ara
KpHBasg HaskIBAaeTCa pebpom B803-
8pama NOBEPXHOCTH.

PesysbTarsl HacTosulero napa-
rpada MOXHO pESIOMHDOBATH Clie-
Ayomel Teopemoit:

Teopema OQzubarwwan 00-
HonapamempuiecKozo cemelicmaa
naocKocmeil 8 OCHOBHOX CAYHAAX
npedcmasasem cobod obaacmes

Puc. 33. Aubo Ha yusundpuseckoid nosepx-

rocmu AuGo KA KOHU4ecKoh no-

8epxHOCMU, AUOO0 Ha noBepxHocmu, 00pa3osaxHol Kaca-
MenbHb MU NPOCMPAKCHLBEHHOR KpPUBOLH.

Jlerko yOemuTbcsi HERNOCPENCTBEHHO, 4YTO H, 0OpaTHO,
B Ka¥JOM W3 3THX CJAyyaeB KacarejbHele MAOCKOCTH 06pa-
8yIOT onHOMapameTpuueckoe cemeficto. Ilpennaraercs mpo-
BEPUTh STO B KAaueCTBE YIPAKHEHHS.
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YNPAXHEHUA K TJIABE V

1. CocTaBuTb YpaBHEHHE KacaTelbHOH NMAOCKOCTH K 3AIMICOMLY
xs 2 z2
IR A |
a b 2
B Touke (X', ¥y, Z').
xx' | yy |, 2
Omeem. ?+_b?+?= 1.
2. CoctaBuTh yYpaBHEHHE KacaTeabHOH NMIOCKOCTH K cdepe
X = acosv siny, y=acosycosy, z=asinv
B Touke (@, 0, 0).
Omeem. x —a=0,

3. Tlokasath, YTO Bce KacaTeabHbl€ NAOCKOCTH NOBEPXHOCTH,
3ajlaHHO} .YpaBHEHUEM
— y
F=.x9 (}' ’

NPOXONAT Yepe3 Haua®0 KOOPNHHAT.
4. TlokasaTh, YTO NOBEPXHOCTH
wtyid-=ax, P4y 4+2=f, F+y+F=1z
NepeceKaioTess MOL MPAMBIM YIIOM.
5. TMokasaTh, YTO HOPMATM MOBEPXHOCTH:
x =g(u)cosv, y=¢(u)sinv, z=Y(u)
nepecexanT och 2.

6. Hatitn noBepxHOCTb, 00Pa30BaHHYI0 HODMAAAMH K NoBepx-
HOCTH ~
i y=xitgz
BIOAbL NpAMoi

T
y=x, 2= T

Omeem. Tunep6onnyeckuit napaGonoun,

7. CocTaBHTh ypaBHeHHE conpHKacawouierocs mapabonouna K 9.1-
Auncouny, 3ajaHHomy B ynpawnenuu 1 B touke (0, 0, ¢).

Omsgem. z=c¢ (l ——%- (J—;; +y—2,)) :

8. HccaefoBarh xapaxkTep TodeK (3MAUNTHYECKHE, FMNEPGOIH-,
yeckHe, napaGoanyeckne, TOYKH YMIOLEHHs) Ha TOBEPXHOCTAX BTO-
POro nopsjka.
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9, HaiiTh nonoxedde LEHTPa, ¥ palHYC CONpPHK3calMieHca
chepsl BUHTOBOM JHHUH

x=acost, y=asint, z=10ut
B TOuke (a, 0, 0).

b2 b2
Omeem. Lentp (——a—, 0, 0>; pazuyc a+71-.

10. Haittu orm6ammyio ceme#cTBa L1apoB
x—ay+y+2£=1
Omegem. Unaungp y* 4+ 22 =1.

11. Hafitn orubaouyo cemeitcTBa NIOCKOCTEH, OTCEKAIOUMX OT
KOOPJAHHATHOrO yriaa X, ¥, 2> 0 TeTpasnp MoCTOAHHOro o6beMma.

Omeem. xyz = const.

3AJJAYN U TEOPEMBI K I'/IABE V

1. Jokasarb, Yro ecad raafkas noepxHoc¥s ® u nnockocrs
HMEIOT TOMbKO ONHY O06IYI0 TOYKY P, TO nNJA0CKOCTb ABIAETCH
KacaTenbHOH MIOCKOCTBIO MOBEPXHOCTH B TOYKe P.

2. JokasaTb, YTO KacaTelibHble INOCKOCTH NOBEPXHOCTH mepe-

HOCa
r=U(u)+V(v)

BIOAbL KAaMJOW KpHBO# nepeHoca (MMHHM u = const M v = const)
NapanneabHbl HEKOTOPOH MPAMOM.

3. Moka3ath, YTO ceMelcTBa COQOKYCHBIX INAHICOUAOB, OXHO-
MOJBIX M ABYNOAbLIX rHNep6oJOHA0B, 3a1aBaeMble YPABHEHHAMH

AepeceKanTCa MoK NPAMBHM YLIOM,

4. JlokasaTb, 4TO eCJM MOBEPXHOCTb KacaeTcs IIOCKOCTH BROIb
HEKOTOPQH JHHHHM, TO KaW[AAA TOYKA ITOH JMHHM SBAAETCA JHGO
napaGoaryecKoil TouKkoMH, MH6O TQUKON YNIOLICHHA.

5. Ilycte ® —noBepxHocTh, P —TOYKa Ha Hell M @ — Kaca-
TeabHasd MIOCKOCTb B Touke P. Jlokasarth ciaenywouee:

1) ecan Touka P saaunTHyecKas, TO BCe TOYKHM MoBepxHOCTH D,
IOCTaTOYHO Giu3KHe K P, pacnonoxeHW C OXHOH CTOPOHHI IOCKO-
cTH a;

2) ecad Toyka P runmep6onuyeckas, TO HAUAYTCA CKOJb YLOJHO
6au3kMe K P TOYKHM NMOBEPXHOCTH, PACMOJOXKEHHbIE ¢ PasHHX (TQ-
POH TIOCKOCTH @;

3) ecan Toyka P mapaboanueckas WAM TOYKA YNIOLIEHHA, 10
MOTYT MpeNCTaBUTbCA 00e BO3MOXHOCTH (NMPHBECTH NPHMEpSHI).

6. [lokasath, YTO NPH NPOEKTKBHQM, B YacTHOCTH, addHHHOM,
npeoGpasoBaHuy, CBOHCTBO TOYKH OKIThb 9MIMOTHYECKOH, runepHo-
MHYECKOM MIH TOYKOH YNJIOLIEHHSA COXpaHAeTCA.



SAIAYUH M TEOPEMR 197

7. Jloxas3atb, YTO €CHH BCE TOUKH KPHBOH | Ha NOBEPXHOCTH
ABAAIOTCA TOYKAMM YNIJIOIIEHUA, TO KPHBasA IJIOCKasA.

8. Byaem HasHBaTb KPHBYO cepudecioii, €CAH BCE €€ TOHHH
NpUHajiexaT HEKOTOpoll cepe,

Nycts

r=r(t)

HEeKOTOpa# XpuBas M P (f,) — npou3BOAbHAA TOYKA Ha Helt. Jlua Toro
yToOn 3Ta KpHBas Onaa cdepuveckoft, Heo6XoaUMO M JIO0CTaTOYHO,
yTo6H KpHBa7A, 3aHaHHaA ypaBHEHHEM

r_rO)—r )
|7 @) —r(t) [

6uiaa naockoi. Jlokasath.

9. Ilyctb Y — NpoH3BONbHAA KPHBAsA HA nosBepxHoctH P, mpoxo-
aamas yeped Touky P. Ilokasarb, uTo KacareabHas X KPHBOH | B
Touke P J1eXHT B KacareabHON NAOCKOCTH K MOBEPXHOCTH B 9TOH
TOYKe.

10. Nyere U — conpuxacaompfica napaGoaoun mopepxhuocru P
p Touke P. Jlokasath, yro mo6as KpuBas Ha NOBEPXHOCTH, OPOXO-
Amuas yepe3 Touky P, MMeer B 9TO#l TOYKe C NapabonouIOM CONpH~
KOCHOBEHHE BTOPOro NOpANKA.

11. Jloxa3atb, yTo npu mOGOM aHAIUTHYECKOM nNpeobpazopanny

BPOCTPaHCTBA
X=9, (692, yY=@*y$2 I=¢x?2),

THE @3, 93 Ps— AHANMTHYECKHE (QYHKUMH C AKOGHAHOM, OTIHYHHIM
0T HYas, CBONCTBO KPHBOH W HOBEPXHOCTH HAXOAMTHCA B COTIPHKOC-
HOBEHUM JAHHOTO HOPAAKA COXpaHsAeTCA.

12. Mloka3aTb, YTO €CAU Kpai MOBEPXHOCTH NPHHAIIEKHT HEKO=-
TOpOH MNAOCKOCTH, TO IMOO 3Ta NOBEPXHOCTb ABAAETCA 06IacTbIO
Ha 9TOft maoCcKOCTH, aAM60 Ha HOBEPXHOCTH €CTb S/IHNTHYECKHE
TOYKW.

Jokasatbh, YTO Ha 3aMKHYTOH MOBEPXHOCTH €CTb SIIUNTRYECKUE
TOUKH.

13. Joka3aTb, YTO €CIH HpAMasg HMeeT € NOBEPXHOCTbIO BTO-
poro mopsaiaKa CONPHKOCHOBEHWE BTOPOTO MODAAKA, TO 9Ta BpAMan
BCA NE€XUT HAa NOBEPXHOCTH.

14, Hokasath, 470 CeMe#CTBO NOBCPIHOCTEH, 3aFAHALIX ypaBHe-~
HUAMH

¢(x, 3 2)=4s,

re ¢— perynspHas QYHKURA NEPeMEHHHX X, ¥, Z, He HMeeT orH-
6aoniedl.

15. Ecam Bce HOpPMamd HOBEPXHOCTH RNEPECEKADT HEKOTO-
pyie npaAMy©, To HOBEPIHOCTh ABIAETCS HOBEPXHOCTHIO BPamieHHA.
Jloka3ars.

16. Hoxasatb, YTO €ciu HOpMaiu HOBEPXHOCTH NPOXOTIAT yepes
ORHY B TY Xe TOYKY, TO 9Ta NOBEPXHOCTb €CTb cepa wam obaacTs
Ha cdepe
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FTTABA VI

NEPBAS KBAAPATUYHASI $OPMA NOBEPXHOCTHU
1 CBSIBAHHBIE C HEi#l BONPOCHI TEOPUU
NOBEPXHOCTE#

IMycte @ — peryaspHass noBsepxHOCTb, r=—r (1, v)—
Kakas-HuOynp ee peryJspHas [apamMeTpusauus .M n — eau-
HUYHBIA BEKTOP HOpPMaj¥ K MOBEPXHOCTH B TOYKE (I, V).

B Teopuu noBepXHOCTEH BaXHYI0 POJb UIPAIOT TPH KBad-
paTtuuHbie (OpMBI, CBAI3aHHBIE C MOBEPXHOCTHIO:

dr®, —drdn, dn

Mepsas kBampatuyHas ¢opma [=dr? aBaserca nonoxu-
TEeJbHO QNpefdeNeHHON; TaK KaK OHa NMPHHUMAeT TOJBKO He-
OTpHUATENbHBIE 3HAYeHH U 0Opamaercs B HYJb TOJBKO NpH
dui=dv=0. B camom nene, ecin dr*=0, 10 dr =r,du -
+r,dv=0. A rtak Kak (r, X 7r,)7# 0, TO 9TO BO3MOXHO
TOJBKO mpd yciosuu du=—dv=0.

Ilna kosaddunueHToB NepsoR KBaApPaTHUHOH (OPMHI MO-
BepxHoctH Mbl OymeM ynortpebasth o6osHauenns: ry —F,
(r,rs)=F, ry =GQ. Takum o6pasom,

I=dr*=(r,du-+r, do} =ridu®+2(r,r,)dudv+
—+ r% dv* =E du® - 2F du dv -} G do*,

B Hacrosimie#t riaBe MB pacCMOTDHUM HEKOTOPbE BOHPOCH
TEOPUU TNOBEPXHOCTEH, CBA3aHHBIE C NepBON KBagpaTUYHOMH
dopmoii.

§ 1. Jauna KpuBOH HA MOBEPXHOCTH

[Tycrs @ — npocTas MOBEPXHOCTb H | — J€XKamast Ha Hel
KpuBas, P,— Touka, oOmas [J1 KPMBOH H NOBEPXHOCTH,
r=r (4, v) — Kakag-uuOyxb NapaMeTpu3anyis NOBEPXHOCTH B
OKPECTHOCTH TOUKH Py, a r=r({) — kakas-HuOynp napamer-
pusauus KpuBo# B OoKpecTHocT 3TOH TOuku. Ilycts uy vy n
t,— 3HaueHus NMapaMeTpoB, COOTBETCTBYIOIIME TOUKE Py.

IMpu gocratouHo ManaoM & Kaxknmas Touka P (f) xpusoy,
|t—t,| <3, npuHamnexuT NapamMeTpU3OBAHHOM OKPECTHOCTH
Touku P, nosepxHocrd. CaemosarenasHo, Kaxao#h Touxke P (f)
OJIHO3HAYHO COOTBETCTBYIOT 3Hauenus w(f) u v(f) Tak, uToO
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r(ty=r (), v(t)). PaBencrBa u=—u(ft), v=uv(t) Mo Oynem
Ha3bIBaTb YPABHEHHSAMH KDHBOW Ha MOBEPXHOCTH.

lIycrs @ — peryaspHas NOBEPXHOCTb ¥ T — pEryJ/isipHas
Kpusas Ha Hel. Ilycrs r=r (1, v) u r==r (f)— ux perynsp-
HHIE TapaMeTpU3aluy B OKPECTHOCTH TOUKH Py, yIOB/IETBO=
psitoiue OOBIUHBIM YCAOBHAM r, X Iy 7 0, P2 (f) 3£ 0. Torna
B ypaBHEHHMAX KDHBOH HAa NOBEPXHOCTH

u=u/(t), v=u(f)

dynkuun u(f) u v(f) cyTb peryaspHbie (yHKUMH, TIpUYEM
w8+ v () # 0.

Ilns noKasaTeqbCTBa STOTO YTBEPKICHHUS IlOCTaTO'IHO npu-
MEHUTb TEOPEMY O HESBHBIX (DYHKIHAX K CHCTeMe ypaBHeHMH

x()=x@v), yO)=y@wv), z@)==z(,v),

OTHOCHTE/JBHO KOTODBHIX 3apaHEE W3BECTHO, UTO (yHKuuu u (¥),
v(f) UM yZOBJETBOPAIOT.

Iycte rtenepp @ — oOmaa mnoBepxHOCTb M 7T — oOwag
kpusas. o ompenenenuto nosepxnocts ® asaserca oGpasom

HeKoTOpo# mpocro#t nosepxnoctu © npu HEKOTOPOM JIOKaALHO
TOMOJIOrMYecKoM OTOOpaxeHnd ¢ B MpocTpaHcTBo. Mbl Oyaem
rOBODHTb, YTO KDHBasg Y JIeXHT Ha nosepxHocTn @, ecanm Ha

nosepxuoctn @ cywecrsyer Kpusas 7, o6pa3oM KoTopo# npu
oroOpaxxeHnu @ ABJIIETCH Kpusad 7.

Orciona creayet, uto ecau r==r (i, v) — NnapameTpu3auns
nosepxHoctd @ B okpecrHoctu TOukM @ (P) H r=r() —
napaMeTpusalus KpuBoR B OKPECTHOCTH STOH TOYKH, TO Haii-
nyres gyukunn w=u(f), v="v({), y10BJETBOPAOWFIE PaABEH~
ctBy r(t)=r (u(f), v(¢)). Takum o6pasom, Kpusyw Ha nosepx-
Hocmu 8ce20a MOXMCHO 3a0amb 8 OKPECMHOCHIL KANCOO
mouru pagencmeamu u=u(t), v=uv(t), npusen, ecau no-
8epxHOCMb U Kpusas pe2yasprel, mo u(t) u v(f) — peayasap-
Hoe gynryuu.

Paccmorpum IauHy KpuBo# Ha nosepxHocTd. ITycts ® —
peryaspHas NMOBEPXHOCTb U r=r (I, v)— €e peryJspHas na-
pamerpusauns. IlyCT Y — peryaspHas KpuBas Ha NMOBEPXHO-
CTH, 3ajaHHas ypaBHeHusMy u=u(f), v="v(f). Haitnem BbI-
paxeHnve NJHHB AYrd OTPE3Ka KPHBOM C KOHIAMH B TOYKax
Po(t) m P ().
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Hmeem
t

t
st )=\ | PO dt=\ |r @@, v@)|dt=

to to

= | ldr@v|= SP)VT,

1(Po, P) ¥ (Po,

rae | —mepsas KBaapaTuuHas (opma MOBEPXHOCTH.

Mer BuOMM, YTO AJS U3MEPEHHS MJIMH KPUBBIX HAa MOBEpPX-
HOCTM [JOCTATOYHO 3HaTh INEPBYIO KBaApaTHuHyl ¢opMy mo-
BEPXHOCTH. B CBA3M ¢ 3TuM roBODAT, 4TO NepBas KBampaTHy-
Had QopMa 3alaeT Mempury TOBEPXHOCTH, U YACTO HA3BIBAOT
€€ AUHElHbBI M 3MeMeHMOM NOBEPXHOCMIL.

ITepas kBagpatuuHas OPMa HE ONMpENESET NMOBEPXHOCTH
OIHO3HAyHO. JIerko mNPUBECTH NPUMEPH Pa3JIUYHBIX MOBEPX-
HOCTEH, KOTOphIE TMpH COOTBETCTBYIOMIEH mapaMeTpusauny
OyayT uMeTh OJMHAKOBble KBajgpaTuudeie ¢opmbe. Ho mra
IBYX TpPOW3BOJEHO B3ATHX IOBEPXHOCTEH, BoOOwE roBops, He
CyLeCTByeT napamMeTpusalliii, AJs KOTOPHIX NEpBhlEe KBagpa-
THuHBle (opMB noBépxHOCTeH coBmagaan Osl. Mut ewe Bep-
HeMcd K 3TOMY BOIpPOCY.

§ 2. Yroa Mexny KPHUBBIMH Ha TOBEPXHOCTH

BseneM nonstHe HanpasieHus Ha NoBepXHOCTH. Hanpag-
senuex (du:dv) na nosepxHoctn @, 3amaHHOM ypasHeHueM
r=r (1, v), Mma OyneM HaswBaTh HanpaBJeHUE BeKTopa dr —
=r,du-}-r,dv. dro Hanpasienne Mb OyzeM Ha3HBaTh
nioraa npocro (d).

Yearom mexcdy Hanpasrenuamu (du:dv) n (Bu:dv) Mul
OyaeM HasbiBaTh YroJl MEXIy BEKTOPaMu

dr=r,dutr,dv n dr=r,3u-tr,d.
. Haitnem Bbipaxesne jja yrja Mexay HanpasJCHHIMH

(@) u ()
Hveem
dr-3r=/|dr||3r| cos §,

dr* = E dy* - 2F dudv + Gdv* =1(d),
3 =E 8+ 2F dudv 4+ G¥3* =),
dr 3r = Edu Su —F (du 30 4 do 3u) - G dodo=1(d, %).
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Orciona B1s cos § noayuaem ciaeayiomee BHpaMeHUE;
1(d, )
| ZICKION

Mmn GyaeM roBOpHTb, YTO KDHBA&f Y Ha INOBEPXHOCTH,
sajaHHOM ypaBHeHueM r==r(u, v), B TOYKe (&, ¥) HMeeT Ha-
npasaenne (du:dv), ecm Bekrop dr==r,du-}-r,dv sB-
ASETCH KacaTeAbHHIM BEKTOPOM KPHBOH B 3TOH TOUKe.

KpuBas Ha nOBEPXHOCTH, 3aflaHHaf ypaBHeHuAMH u==u (),
v=1v(f), B Touke (u(f), v(f)) numeer Hampasienue (' (¢): v (f)).

Ecim nse xpuseie Y ¥ T Ha nosepxuocrd @ nmeior 06-
Wyl TOYKY (4, V), TO y240M MeXAYy HUMH B TOYKe (4, V)
6yzeM HasbiBaThb Yroldl MEXAY HX HanpasJeHHsMU B 3TOR
Touke. Taxkmm o0OpazoM, yros MemAy KPuBHIMH Ha IOBEPX-
HOCTH — 3TO YroJl MexIy KacaTeAbHBIMH K KDHUBHIM H, CJes
JIOBATETbHO, OH HE SAaBHCHT HH OT IlapaMeTpusaluy NOBEPX-
HOCTH, HU OT IlapaMeTpUsalui KpuBoH,

ITpumep. KoopnunarHele /WHAM Ha NOBEPXHOCTH (M=
HuE 1= const 1 Junun v= const) umelor Hanpasenus (0 : dv),
(Bu:0). ITostoMy n4Af yria Mexay KOOPANHATHHIMU JIMHASMA
NOJy4aeM BhHIPaxeHne

cos =

Fdodu ___F
VGdv*VEwW®* VEG

Otciona cnenyer, YTO KOOpOuHamuas cems KHa nosepx-
HoCcmIL Opmo20HasbHa (KOOPOUHAMHbLE AUKUL NEPECEKAlO MCR
o0 npsAMbLM Y2A0M) Mo20a U moAsKo moz0a, Ke20a F =0,

HycTb B OKpPECTHOCTA TOUKH (lfg Ug) PEryASIPHOH MNOBEPX-
soctn @ samano cemefiCTBO KPMBHIX Ha NOBEPXHOCTA ypaBHE-
Husmu ¢ (4, v)==const, nprueM B TOuKe (Uy Tp) 95—} 93 7~ O.
ITocTpouM BTOPOE CEMEHCTBO KPHBHX, OPTOrOHAJLHOE IEPBOMY.
Ias aToro, npeanojaras, YTO BTOPOE CEMEHCTBO CYLIECTBYET,
cocTaBuM au(epennnalbHOe ypaBHEHHE I JAWHUHA BTOPOro
cemelcTBa.

Hanpaenenne JAmnmM nepporo cemeiicTea B ToOuke (%, )
6yner (¢o:— ¢,) Ecim o6osHaynTb HanpaBjeHne ARHAH BTO-
pore ceMefictBa B aToH Touke (du:dv), yCAOBHE OPTOrOHaib~
HOCTH STHX HampasieHutt Gyaer

By, du -} F (¢, dv— ¢, du)— Q¢ ,dv=10
(Ego— Fy,) du - (Fgy— Gg,) dv=0. *)

cos =

H
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dto u ecthb audepeHunasbHoe YpaBHEHHE JUHHE BTOPOro
cemeficTna.

Teopema B owrpecmuocmu kascooii mo4rku nosepx-
HOCMIUL MOJCHO B8B8eCMIL Pe2yAspHYI0 OPMO0HANBKYIO napa-
Mempu3ayiio, npuiem 00HO cemelicmso KOOPOUHAMHBLX Al-
KUl mogcem Obtins 8370 NPOU3BOALHO.

JleficTBuTeNbHO, NYCTh ¢ (1, U)== const — CeMeHCTBO KpH-
BHIX Ha NOBEPXHOCTH, TAe ¢(u, ¥)— peryaspHas QyHKuus,
yaoBJIeTBOpsiOwas ycaosuio @i 4¢3 % 0. PaccMoTpum nBa
IidepeniinanbHbX yPaBHEHNS:

¢y di 4@, dv=0,
(E(Pv—“F(Pu)d”"{_(F(P‘o— Gy,)dv=0.
WHTerpaspnbie Kpusble MEpBOro ypaBHEHHSI CYyTh KDUBHIE 3a-
NaHHOTO CEeMEACTBa, a WMHTErpaJjbHLIE KPUBBIE BTOPOro cemeft-
CTBa — UX OPTOrOHAJIbHBIE TPACKTOPUH.
Cornacto § 3 ra. IV noBepxHOCTh MOXHO HapaMeTprso-

BaTbh TaK, YTO YKa3aHHBIe ceMeHcTBAa OyAyT KOOPIMHATHBIMU
JIHUSIMY, TaK KaK

E¢y—F9, F¢,—0¢
Pu Pv

B CUJYy ONpPEIE/NEHHOCTH MepBOH KBaAPaTUYHOH GopMbI.
Teopema noxasaHa.

* | = Ep3 — 2F 9,9, 1 Qo # 0

§ 3. Mlromaxs, MoBepXHOCTH

Mycts F—raankas nosepxHoctb, G — 06JacTh Ha Hef,
OrPaHHYEHHAd KOHEUHBIM YHCJIOM KYCOYHO-IJIAAKUX KPUBHIX.
Pazo6bem o6sacTe (G Ha Majabie 006/1aCTH KYCOYHO-TJIafKAMH
kpusBsiMu. [lycTts g—onna us Takux oOuaacteit. Bosbmem B
00/acTH g MNPOU3BOJbLHYIO TOYKY P M CHOPOEKTHpYeM 3Ty
o6s1acTh Ha KacaTeapHyI0 NMJIOCKOCTh B Touyke P. Ecau o6aacts
£ [OCTaTOYHO Maja, TO 3TO NPOEKTHPOBAHHE OIHO-OIHO3HAY-
HOE, ¥ B KacaTe/pHOH NJIOCKOCTH noJiyyntca obaactb g, orpa-
HAUEHHas TaKke KYyCOYHO-TIankumu KpusbiMu. OO603HaumMm
o (g) miowans obmactn g (puc. 34).

Tlon naowadsro obGaactw G nosepxuoctd F Mol Oyaem

MNOHUMATH B
lim )0 (g)
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rie CyMMHPOBaHHE PacnpPOCTPaHaeTcs Ha BCe o6aacty g pasbue-
nust G, a npele/pHBI! NEPEXOA OCYIECTBAAETCA NPH YCJAOBHH,
yto oOnactu g pasbuenus G He-
OrpaHuyeHHO YOBIBAIOT MO CBOHUM
pasMepam.

IlanHoe omnpeAeseHne TJIOLLAAM
TIOBEPXHOCTH BIIOJIHE COOTBETCTBYET
HarIafHOMY TNpeaCTaB/eHnio 06 us-
MEepeHudn MJIOWaAH, KOTOpoe oObly-
HO CBA3HIBAIOT C pasbueHueM Mo-
BEPXHOCTH M <«CIPAMJEHHEM» OT-
JeJbHBIX KYCKOB. Mbl nmokaxewm, 4Tto Puc, 34.
IIOWAAb TOBEPXHOCTH B CMBICTE
JIGHHOrO omnpefelaeHns HeHcTBuTENpHO 00/aaET XaPAKTEPHBIM
AM9 Hee CBOMCTBOM AZANTHBHOCTH, a TaKxe Halaem ¢opmy-
Jy AJs BHUNC/EHHS IJIOIAAW B CJyyae NpOM3BOJBHOH ma-
paMeTpu3alié NOBEPXHOCTHU.

ITpeanosoxum KJs NPOCTOTH BHBOA3, YTO HA MOBEPXHOCTH
MoxeT OBTb BBEAEHa eNUHAast rJafAKas napameTpusaius

r=r{u, v).

O6.actu G Ha MOBEPXHOCTH COOTBETCTBYET HEKOTOpast 06JacTh

G nJ0CKOCTH UV, OrpaHMYeHHas KYCOUHO-IIAJKHMHE KDUBBIMH,
a pasOuennio o6sactu (G KYCOUHO-T/IaJKMMH KPUBBIMH Ha

o6sactu g cooTBercTBYeT pa3buenne obaacth U KyCOYHO-
[afKUMA KDHBLIME Ha obJaactn g.

Onpenenum naowazb o(g) obaacta g Jlag aToro BBeaeM
NpSMOYTOJbHble JeKapTOBH KOODAWHATH X, Y, 2, INpHHSAB
TOUKY P TNOBEPXHOCTH 3a HayaJo KOODAHMHAT, KacaTelbHYIo
NJIOCKOCTh B P 3a NMJIOCKOCTb XY, a HOPMaJb K Helt — 3a oCh 2.

Kycok g nosepxHocTu F B JeKapTOBHX KOOPIWHATax 3a-
IaeTcs ypaBHEHUSIMH

Xx=xWv) y=ymv), z=z@mv) @v)Cg.
Pasencrsamu

f=xwv)y, y=y@mv), @o)cg

YCTaHaB/IMBAETCA B3ANMHO OLHO3HayHOe OTOBpaweHue obaacTu
g ua g Yucna 4, v MOXHO pacCMaTPMBATh KaK KPUBOJIMHEH-
Hele KOOpAUHATH B 06JaacTH g.
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INaowans o06aacTH B KPUBOJUHEHHBIX KOODIHHATAX, Kak
MSBECTHO, BHYMCIETCA NO opmyae

-~ XyNin

J YuVo

g
Bektop 71, X r, HanpasleH NO HODMald K HOBEPXHOCTH, a
TaK Kak B Touke P HOpMaJb COBNajaeTr C OCbl0 2, TO B aTOM
TOUKe abCoMoTHasd BeauyuHa BekTopa r, X r, paBHa a6co-
JMIOTHOH BeJMYHHE €r0 KOMIIOHEHTH MO OCH 2, T. €.

X, x,,“

YuVo
Orcoga, 1Mo HenpepbiBHOCTH, CJAEAYET, 4TO AJf MoGHX U, v
us g

dudwv.

Iraxrvl=“

lxa X
YuVv

e €, CKOJb YTOIHO MaJO, €CAM Maidpl pasMepsl 061acTH g
Ias cymmp naomaneit a(g) umeeM

Zo(—é)v-_-z&S(]ruXr,]—l-ex(tt, v)) du do=
14
={§Ir.Xro|dudvt 3\ | e, dudo.
a

£

H=rru><r,,f+eg<u, o

Ecim pas6uenne o6aactn G Ha obaactn g JOCTaTOYHO MeJ-
Koe, BENMYMHBI €, B CATY DaBHOMEDHOH HEMpPEPHBHOCTH

r, X r, B G meHplie npoussoapHo Manoro e > 0. ITostomy

\Zgj egdud‘0|<sZc (8)=¢e3(G)
g

rze o(8)— naomans obmacra G.
Orciona CJAemyeT, YTO INpPH HEOrPaHNYEHHOM YOHIBaHUM
obnactelt g pasGuenns obmactu G

N (})»S~Slru><r,.idudo.
g

TeMm caMbiM JBOKa3aHO CYILCCTBOBaMie RJCLIAAR B HABACHO
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BbIpAXEHUE N5’ Hee
s(@={{|r, Xr,|dudv.

ANIATUBHOCTh IMJIOUIAAM TIOBEPXHOCTH CJAEAyeT U3 ailu-
THBHOCTH uHTerpaia. [leficTsurensHo, nmycts obiactes G pas-
OuBaeTCsi KyCOouHo-r/aako#t Kpmeo# Ha nase o6mactu — Gy

u Gy nycte Gy u Gy — coorseTcrByioupe 001aCTH NIOCKOCTH
uv. Viveem

(17, X roldudo={§1r, X rojdudo+{{|r, X r,|dudv
& v

~

a 1 2

A 3TO 3HAuuT:

o (G)=03(G))+-5(Gy),

YTO ¥ BhIpaxaeTr co6ofl CBOHCTBO aimAWTHBHOCTH IJIOMIAAH MO-
BEPXHOCTH.

Teneps, Korxa algUTUBHOCTb IJIOLLAAM [IOKa3aHa, IIpH
()aKTMYECKOM BBIYHCJIEHHUH IVIOIIAAN ITIOBEPXHOETH MBI MOXKEM
pas3buth TNOBEPXHOCTh HA 4acTH U B KaXJoH us 3TUX yacTei
N0Jb30BaThCsl CBOEH MapaMeTpusaluel.

B 3akJoueHne NOKAXEM, YTO MJIONIAAb MOBEPXHOCTH ONpe-
Jensercs TOJbKO € NepBoi KBaapaTuuHo# dopmoit. HeticTu=
TeJIbHO,

lra Xr,,l“:rir‘,’,—(r"r,,)?:_—ﬁa_p_
Orciona
0=SSVEG—F“dudv.

B wuacrtHoCTH, ecC/au [IOBEPXHOCTh 3dJdHA YpPaBHEHUEM 2 —
=2(x y)
o= {{V T+ +Fdxdy.

§ 4. Kondopmuoe otoGpawenue

Iycrs @, u @, — peryaspusie foBepxHoCTH. TomoAoru-
yeckoe oroGpaxeHune mnoeepxHoctH @; Ha moBepxHOCTE D
Ha3HIBACTCS KOHHOPMHbLM, €CIM OHO COXDaHAeT Yribl Mexny
KpDUBBIME B TOM CMBICJIE, UTO COOTBETCTBYIOLIME KPHBHIE Ha
3THX [IOBEPXHOCTAX: NIEPECRIAUOTC TION OXHHAKOBLIMUAYDIAMH,
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Teopema. Ecau peayaspusie nosepxnocmu O u @,
napamempu3o8ans. max, 4mo Kodgguyuenme. ux nepssx
KsadpamudHslX (HOpM NPONOPUNOHAABHB, MO Omobpajcerue
00HOIl nosepxHocmu Ha 0py2yi0, Npu KOMOPOM CONOCMAS-
AOMCE  MOYKU ¢ O0UHAKOBLLMU KOOPOUHAMAMU, KOH-
gop.uno.

O6pamno, ecau nogepxrwocmu @, u Oy napamempuso-
samb maxk, wmo coomseemcmeue mo4ex ¢ OOUHAKOBHLMIU
Koopournamamu KOHPOPMHO, MO nepsvie KEAOPAMULHbLE
gopmb. nosepxHocmeil nponopyioHasbHel.

HDoxkasateasctBo. Iycts

I, =Edu* 4 2F dudv -} G dv®,
ly=X\(E du® -+ 2F du dv -} Gdv®)

nepeeie KBaapatuyHeie (opMbl noBepxHocte @; n g Ecin
oroOpaxenne ®; Ha @, 3ax/04aeTCsi B CONOCTABICHHH TOYEK
C ONMHAKOBBIMH KOODAMHATaMH, TO COOTBETCTBYIOLINE KDUBbHIE
VMEIOT ONMHAKOBBIE BHYTPEHHUE YypaBHeHus u=u(f), v=—
=v(f) ¥, CIENOBATEJBHO, I Yraa MEeXIy COOTBETCTBYHO-
HIUMH KPUBBLIMH TOJIYYaeTCs OJHO U TO e BHIPAXEHHe, T. €.
oroOpaxeHne KoHdopmHo. IlepBas uacTp TeopeMmbl HOKa3aHa.

HlokaxeM BTODYIO YacTh TEOPEMBI.

Ilycts (u, v) — npousBoJbHAasA TNapaMeTpyM3auus MOBEpX-
noctn  ®;. TITapamerpusyem mnosepxHocth @y conoctasass
NpOK3BOJBLHOR ee TOuKe B KayeCTBE KOODAWHAT KOOPAMHATHI
coorBeTcTBylonlelt Toukn @; mpu KoHOpPMHOM OTOOpaNKEHUH.
Nycts ’

I = E, du® 4 2F, du dv 4 G, d*,

ly= E; dii* -} 2Fy du dv -+ G, dv?

nepsbHie KpagpaTuuHble ()OPMBI MOBEPXHOCTEH, COOTBETCTBYIO-
mye 5TuM mnapamerpusaumusM. ITokaxkeM, uTO KO3(duitueHTH
E,, Fy, Gy nponopunonanshnl Eg, Fy, Gy

B cuay KougpopmHocTH OTOOpaxeHUs OPTOrOHa/JbHOCTh
nanpasiennit (d) u (3) orTHocurensHO (OpPMBI [} BiEueT 3a
co60#f OpTOroHaJbHOCTL WX OTHOCHTEeAbHO Gopmel J. Io-
5TOMYy 13

Eydudu - Fy (dudv 4 dvdu) 4 Gy dvdv=0

caenyer
E, dudu |- Fa(dudv - dvdu) | Gydvdv=0.
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Orcioaa, uckmouas Su, 8v, nonyuaem:

Edu+- Fidv__ Fidu- Gdv
Eqdu + Feydv™ Fydu—+ Gydv®

Beuny npouspona du u dv npn dv=0, noayuaem

E, _F

ET Ry
a npu du=0

F__ G

F, TGy

Teopema n0Ka3aHa MOJHOCTHIO.

KongopmHoe otofpaxeHue, NOMHMO TOrO, 4YTO OHO CO-
XpaHfeT yriael, 00JajaeT eume OXHUM 3aMEyaTeNbHbIM CBOH~
creom. Vimenno, docmamouno masse coomsemcmsyouue
u2ypsl HA NOBEPXHOCMAX NPl KOHPOPMHOM 0omobpajce-
Huu 8 nepgom npubauxceruu nodo6us. JeHCTBUTENBHO, NYCTh
F; —manas ¢urypa Ha nosepxHoctn @;. Paccrofinue mexny
ee Toukamu (n, v) u (¢ Avyv-Av) B nepsom npuGan-
KEHUH DAaBHO

EAuy® - 2F AuAv - G A%

PaccrosiHne MeXAy COOTBETCTBYIOIMMMM TOYKAaMH (Qurypsl Fg
Ha nosepxHocty Py B mepsoM npubJanmKeHUN DPaBHO

A (£ Au? - 2F Au Av - G Av?).

Takum 00pa3oM, KO3((ULHEHT uCKaxeHnd paBeH A\ u, cje-
IOBATE/bHO, MOYTH MOCTOSIHEH, ecanm ¢urypa Fy mocTaTouo
MaJja.

Teopema. [Tycme ®; u @y — peayanproie nosepxro-
cmu u Py, Py — npoussoasnsie mMouku HaQ 3mux nosepx-
HoCMAX.

Toz0a cywecm8yem KOHEOpmHOe 0moOpaxyterue Hexo-
mopoli oxpectnrocmu mo4xu Py nosepxwocmu D Ha
Heomopyw oxpecmrocms mouxu Py nogepxrocmu @,

Jloka3aTenbCTBO 9TOH TEOPEMBI OCHOBAHO HAa BO3MOXHOCTH
NapaMeTpu3oBaTh pPEryJaApHYI0 HOBEPXHOCTh B OKPECTHOCIH
[PON3BOJILHOH TOYKH TaK, 4YTO €€ TnepBas KBaAPaTUYHas
¢opma npu 3TOH NapaMETPHU3AUMH UMEET BHA

I=M\(u, v)(du®+ dvd).
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Msi He GyneM NpPUBOAHTbD JAOKAa3aTEABCTBA 3TOrO YTBEP-
KIEHHS, YKaXeM TOJbKO, uTO ecan mnosepxHoctn @y u @,
flapaMeTpPU30BaTh TakuM OOpasOM B OKPECTHOCTAX TOYeK Py
n Py COOTBETCTBEHHO, TO KOH-
¢opMHOe OTOOpaxEHHE OKpe-
CTHOCTH TOYKH P; NMOBEPXHO-
<tn @; Ha OKPECTHOCTb TOUKH
Py nosepxnoctu @, nosyuaer-
Cf NPH COMOCTABJIEHHH TOYEK
C ONMHAKOBBLIMH KOODHAMHa-
TaMH.

B sakmouennme npusesem
NpUMEP KOH(OPMHOrO OTO-
G6paxenns cdepn Ha mnao-
CKOCTb.

ITycte w — cepa pamuy-

Puc. 35. ca R c ueHTpoM B Touke

(0, 0, R). Paccmorpnm oto6pa-

xenpe cepol ® Ha MIOCKOCTL XY, KOTOPOE 3aKMOoYyaeTcs B

npoekTrposanun ee u3 nomoca S(0,0, 2R). Ato oTobpaxenue
Ha3uBaeTCa cmepeozpagusecrkoli npoexyueli (puc. 35).

BeemeM B KauecTBeé KpPHMBOMMHEHHBIX KOODIHMHAT yribl
u ¥ v, noKasanHwe Ha puc. 35. Ilpu sTOM ypaBHeHus nJjo-
CKOCTH

x=2Rtgucos v, y=2Rtgu sin v,

a cpeps —
x=2R sin u cos u cos v, y = 2R sin u cos u sinwv,

2=2R sin%u.
JluHehHp 5J1EMEHT MJIOCKOCTH
dst = ﬂ(du" -+ sin®u cos? u dv)
costu 2

a chepnt —
ds® = 4R*(du® -} sin®u cos? u dv¥),

O1c102 3aK/M0YaeM, YTO OTOOpaNense KOHPOPMHO.
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§ 5. UsomeTpuyHbie NOBEPXHOCTH.
W3aruGanue noBepxHocTeil.

TTosepxHoctu D, n @y HA3HIBAIOTCS UBOMEMPUYHBLMI, ECTH
CYLIECTBYET OJHO-ONHO3HAUHOEe OTOOpanenue nosepxuocru @,
na noBepxHOCTh Dy, IpU KOTOPOM COOTBETCIBYIOIIME KPHUBBIE
Ha 3TUX NOBEPXHOCTAX HMMEIOT ONMHAKOBBIE JIMHEL

Teopema Ecau peeyasprue nosepxuocmu’ ®; u @,
MOJNCHO NapamMempu3osams max, 4mo ux nepsse Keadpa-
muunse popme. Oy0ym OOUHAKOBLL, MO HOBEPXHOLMU 130-
MempuiHol. H3oMempuieckoe omolbpascenue saxawuaemcs
8 CONOCIMABACHUU MOYeK ¢ O0OUHAKOBBLMU KOOPOUHAMAMU.

Obpamno, ecau nosepxnocmu ®y u Oy usomempuynel,
nmo oHu mo2ym Obimb NOPAMEMPU30BAHb. MAK, 4MO UX
nepssie Keadpamuinsie ¢hopmo. 6y0ym o0uUHAKOBbL.

HokasatenbcTso. [lepBas yacTb TEOpEMB OYEBUAHA.
JLoGTaTOYHO 3aMETHTh, YTO €CJU KPUBas 7; Ha moBepxHOCTH Py
3ajaerca ypasnenusmn n=u(t), v=v(f), TO COOTBETCTBYIO-
was e# KpuBag Ha movepxHocTh @y samaeTcs TeMM He
ypasuenusmu u=u(f), v=1u(f), W BOCNOAB3OBATHCA OP-
MyJOH [AS IJMHBI AYTH KPUBOMH.

JloxkaxeM BTOPYIO YacThb TEOPEMH.

Ilycte Py— nponssanbhas Touxka mnosepxuocta @ n
r==ry(u, v)— mobad peryadpHas NapaMeTPU3auus [OBEPX-
HOCTH B OKDECTHOCTH 3TOH TOUKH.

Ilycts Py(u, v)— Touka mosepxHoct By, coorsercrayio-
was no u3oMeTpuu Py (1, v), U rq(u, U) — BEKTOP ITOH TQUKH.
Y paBnenue

r=ry(uv)

3a1aeT HEKOTOPYW NapaMeTpusaumio mnosepxHoctd By B Ok-
pectHoCTH TOuKM Pj. Perymaprocts 3ToH napamerpusauuu
MOKA HE MOXET OHTb YCTaHOB/IEHA, 9TO MOXET OHTh CIBIAHO
B ri1. 1X. Ho ponmyctum, uro mnapamerpusaumst r==r,(u, v)
nosepxHocTH Dy perynspHa. IloxkaxeM, uto nepsas Ksaipa-
THuHas ¢opMa nosepxHoctn @, npu TaKkoH napaMmeTpusalKu
coBnagaer C mnepBoff KBaaparuuHo#h ¢GopmMoRk  moBepxHo-
ctu D,

ITycts 7y — npousso/bHas KpuBas. Ha nopepxHoctn @,
u=u(t) v=v(f)—ee ypasuenns. CooTBercTByOmas eH
10" M30METPUH KpuBasd Ha noBepxHocTn Py BamaerTca TemMm ke
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ypasHenuamu. ITostomy

t t
{ VEW* £ 2Fuv + Gwdt =V Ea® I 2Fu'v 1 Gyv*t.
to ¢

Tak Kak aTO paBEHCTBO BepHO mnpu JMoboM f, TO MOAbHTE-
rpaabHbie (QyHKuun pasHel. Kpueaa 7, coBepuieHHO npows-
BOJIbHA, [I0STOMY NOABHTEr pajibHhle (GYHKUMH PaBHB [/ MOGHIX
3HayeHu#t &' u v, a 3TO BO3MOXHO TOJbKO nmpu Ey—F,,
Fy=F,, G;=G,. Teopema noxasaua.

PaBHne mnoBepxHOCTH, OueBHAHO, H3oMeTpuuHn. O6pat-
Hoe, BooOwe rosops, . HeBepHO. HerpynHo™ ykasate nmpuMephl
M30METPHUHBIX ¥ B TO )€ BPEMS HE paBHHX IpYr ApYyry
nosepxHocrelt. Tlpusenem npumep.

Ipamoyroasnas o6aacts 0 < x < %, 0 <y < 1Hannoc-

KOCTH Xy usoMerpuuHa o6aactn Ha mmamuape x4 yi—1,
onpeneasiemot  ycaouamn: 0< 2 <1, x>0, y >0. Hocra-
TOYUHO 3aMETUTb, YTO YKasanHas 00JaCTh Ha UMIHHIDE RO-
nycKaeT mnapaMeTpusaumio;. Xx==cosu, Yy==sinu, 2z=1,

0<u <-—;~ » 0<v<{l. JlnneHiHpit BNMEMEHT UWIMHIPA, CO-

orsercTBylomn# Tako# napamerpusaunn, du®-+ dv® Orciona
BUAHO, YTO OTOOpDaXKEHHE, 3a4aBAEMOE DABEHCTBAMU X ==1u,
Y ==17, N30METPUUECKOE.

Tak KaKk yriasl Mexay KpHUBBIMH Ha NMOBEPXHOCTH M MJ0-
maab NOBEPXHOCTH ONPENEOTCs NepBoH KBaapaTuuHoH dop-
MO#f TOBEPXHOCTH, a M3OMETPHUHbIE MOBEPXHOCTH INPH COOT-
BETCTBYIOIIEH napamerpu3alum HMEIOT OJMHAKOBHIE TepBbie
KBaJApaTUuHbie (OPMH, TO Mpu U30MempuiecKom omobpa-
JICEHIL COXPAHANMCS  Y2Abl MeHc0y Kpussimu U naowadu,
T. €. COOTBETCTBYIOILME KPHBHIE M3OMETPUUHBIX NOBEPXHOCTEH
00pasyloT OJMHAKOBBIE YIJB, a COOTBEICTBYWOLIUE 06Jacru
HMEIOT OXMHAKOBHE MJIOIAKH.

Ml nOKasa/qn Ha MpUMEpE, YTO PasAMYHBIE MOBEPXHOCTH
MOFYT HMETb MNpH COOTBETCTBYIOIEH mnapaMerpusauus oam-
HAKOBHE NepBee KBalparuuHsie Qopmbl. Bosuukaer Bompoc:
B KaKkoH cTenmeHu onpenessieTcd NOBEPXHOCTb MEPBOH KBaipa-
THYHOM (opMOM ¥ CymecrTByeT JM MOBEPXHOCTh, WMEIomas
NPOM3BOJILHO 3aJaHHYIO KBaAPaTHYHYlO (OpMy cBOeH nepsoit
KBaZpaTHuHO# Gopmoi?
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Oxa3spBaeTCsl, NMOBEPXHOCTb «B MaJOM» IaJIeKO He orpe-
peasercs cBoed nepso# KBagparnuHo#t ¢opmotl. UssecTHa,
HanpuMmep, caenywouias teopema. Jas rxancdold 0ocmamo4Ho
Manoll oxpecmuocmu ® mouku P anasumuuecroii nosepx-
HOCMIL CYU,eCMmBYIOm NOBEPXHOCIU, U0OMEMPULHbEe © U
He pagHuie ell.

HexoTopbie NMOBEPXHOCTH <«B HENOM» NEpBOH KBaapaTut:
Holt ¢opmolt onpegensoTCa OAHO3HauHO. Tak, Hanpumep,
A106a8 pe2yASPHAS 3AMKHYMAS 86intyKAas nosepxrocmy O
nepsoil Ksadpamuinol hopmol onpedeasemcs 00HO3HALHO,
B TOM CMBbICJE, 4TO mo0as pery/ispHas nosepxHocts @', uzo-
merpuyHas @, passa @. MokHO HasBaTh JOCTaTOYHO IMUPOKKI
KJacc OECKOHEUHBIX MOBEPXHOCTEH, OZHOSHAYHO ONpPEREISEMbIX
nepsoft KBaapaTuyHOH ¢opmoit. B xauecTBe npumepa nopepx-
HOCTH 3TOrO KJacCa MOXHO YKa3aTb /MoOOH saamnTHueckuit
napaboJaonz.

H32ubanuem nOBEDPXHOCTH HashIBAETCA TaKas HENpEpHIBHAA
ee gedopmaums, IMpd KOTOPOH MIJMHB KPHUBHIX Ha MOBEPX-
HOCTH He wusMmeHsoTca. HarnsaHoe npencrasnenue o6 u3ru-
GaHuy MOBEPXHOCTH MOXET paTh usrubanue Jucta Gymarm.

Tak xak npu nsruGaHuKM NOBEPXHOCTH [JJAUHEI KPHUBHIX He
M3MEHSIOTCA W, CJAEN0BaTeNbHO, MOBEPXHOCTh B /MI00O# MOMEHT
n3rubaHns M30METPHYHA MCXOIHOH TOBEPXHOCTH, TO HPU CO-
omsemcmsyiowell napamempusayuy nepeas KeadpamuiHas
dopaua npu u32u0aKUL NOBEPXHOCIMU HE U3MEHSEMCS.

OxasbiBaeTCsl, MOBEPXHOCTH «B MAaJOM», KaK NpaBHJIO, H3-
rubaemn. Tak, Hanpumep, HMeEET MECTO TeopeMma: y Kaxcdod
MOUKU QHAAUMULECKON NOGepXHOCMU, He SABAAUelca
mouKol yniouenus, cywecmsyem oKpecmrocms, 00nycraio-
uan HenpepbiBHbie U32UOAHUSL.

Cpedu nosepxnocmetl <8 BEAOM> CYu,eCMEYIOm nosepx-
Hocmu, He Oonyckalowue Henpepsi8Hblx us2ubanui. Tarosw,
Hanpumep, 8ce 3aMKHYmbie BbnyKAbe NOBEPXHOCTU.

YNPAXKHEHUSA K TJIABE VI
1. Hatitu nepByio kBanpatHunyio GOpMY NOBEPXHOCTH BPalLCHUS
x=¢(u)cosv, y=qg(u)sinv, z=1{y (u)
Omegem. I = (3'* 4 {'2) du? 4 ¢*dv2,

2. Toka3atb, UTO MOBEPXHOCTH BPALIEHHA MOXKHO MapaMeTpH3o-
BaTb TaK, YTO ee MNepBas KBaJpaTHyHasa Gopma Gyler HMeTb BUA

I=du®4 G (u) dv?,
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3. Haiitu pauny 1yru KpHBOH, 3aflaHHOil ypaBHeHHeM U ='D,

Ha MOBEPXHOCTH C NEePBOH KBanpaTHyHO# GopMoH
I =du? + sh? u dv’.

Omegem. s =|sh us—shu,|

4, Haitty yroJ, mol KOTOpHIM NepecekaloTcA KOOPAMHATHbIE JH-
HUU X = X, ¥ =y, Ha IIQOBEPXHOCTH Z= GX}.

a*XoYy
Vit ag Ve
5. [Toka3atb, YTO Ha reapKouue
X=aucosv, y=ausinv, z2=>bv

Omesem. cosd =

KOOpANHATHAaA CeTb U, U OpPTOroHalbHa,

6. Hattty ceMeficTBO KPHBBIX, TePeCEKAIOLIHX NOX NMPAMBIM YLIOM
npAMonuHeltnele obpasyolue x = const mapa6oronna z= axy.

Omeem. (1 4 a®x?) \y’ = const.

7. Haiitu xpuBtie Ha cdepe, nepecekaouiye ee MePHUIMAHH MOJ
NOCTOAHHBIM YIIOM (TaKHe KPHMBbIE HAa3bIBAIOTCA JOKCOAPOMbDI).

8. Haitty naomiafb yeTHIPEXYroJbHYKA HAa TeNUKOHIE (ynpaxHe-
JHHe D), OTPaHHUYEHHOTO KPHBLIMHU:

b
u=0,‘u=—{z—, =0, v=1.

2 . sz
Omsgem. o= %(V? +mn (1 +yY2)).
9. [TokasaTb, Y10 Miaomany o6Gaacteit Ha mapaGoxoumax
z=% (x24y%), z=axy,

NPOEKTHPYIOIHECA Ha ORHY M TY e 004acTb MIOCKOCTH XY, PaBHBL
+ 10. IMoka3sarb, YTO ecaM NOBEPXHOCTh MONMYCKAGT TAKYIO mapa-
METPH3aUHIO, NP KOTOPOH KO3(QMUUMEHTH Mepsoit KBaXPaTHYHOH
QopMsl HE 3aBHCAT OT 4 H ¥, TO 3Ta MOBEPXHOCTb JOKAaAbHG H30-
MEeTPHYHA TMJIOCKOCTH.

3AJAYHN M TEOPEMbBI K TJIABE VI

1. Hokasatb, uto ecan U(x, y) u V (X, y)— BeulecTBeHHAA H
COOTBETCTBEHHO MHHMMast YyacCTb QYHKLUHH KOMIIEKCHOrQ MEPEMEHHOro
X iy, 10 nAOWazM ofnactelt NoBepXHOCTEH

z=U(x, y), e=V(x, ),
npoeKTHp)’lOumXCﬂ Ha OHHY H Ty Xe Oéﬂach MA0CCKOCTH XY, PaBHHL,

2. Jlokasatb, 4to cyuiecTByer KoHbopMHOe o‘roﬁpamenne noBepx-
HOCTH BpauleHHA (ynpaxHeHHe 1) Ha NJIOCKOCTb, MPH KOTOPOM Me-
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uaHaHb HOBEPXHOCTH (AMHMB © == const) NepexonAT B NpaMble,
NPOXOASUIME Yepe3 Hayajo KOOPAMHAT, a Hapanienu (auHMM =
= const) — B KPYIH C LeHTPOM B Hayale KOOpDIHHAT.

PaccMoTpeTb YaCTHeilt cayyait, KOTHa

¢ (#)=cosu, ¢ (u)=sinu (chepa).

3. Mokasath, YTO CymecTByeT .KOHQOpMHOe oTO6paxceHHe no-
BepXHOCTH BpAaLlEHNWs Ha MIAOCKOCTb, MIPH KOTOPOM MepHIHaHH H
napaijaeny NOBEPXHOCTH NepexoiaT B HpAMHeE X = const, y = const,
PaccMOTpPeTb YaCTHHII cayya#, Koria nOBePXHOCTb — Cdepa.

4. Jloka3aTb, YTO cepy Haxe NOKaAbHO WeJNb3sA H3OMETPHYECKU
0T06pa3NTh Ha MIOCKOCTD.

5. Ecmn U(x, y)+ iV (x, y) — aHaauTHyeckaa QyHxuua xoMn-
AeKCHON NepeMeHHOH x - iy, NpHYeM B TOYKe (Xg Vo)

U, Vy
#0,
U_V V)’

To oTo6pameHne NIOCKOCTH Ha ce6sl, NPH KOTOPOM TOUKE C IeKapTo-
BHIMH KOODIMHATAMH X, ¥ CONOCTAaBAAETCA TOYKA C IEKaPTOBLIMH
xoopaunataMu U(x, y), V(x, y), xondopmuo. fokasars.

6. IMycm

ds® = E du®*+ 2F dudv 4 G dv*

anHeHHHH SMeMEHT aHaAMTHYEeCKOH noBepxHocTH. PaccmoTpum
IuddepernnansbHoe ypaBHeHHE

Edut+2Fdudo4 Gdv* =0

B KOMIIEKCHOR obzactu. Flyerp g (u, @)= const— pemense 9700
ypasHenus, U(x, y) 'm V(x, y)— BemtecTBeHHags H MHMMas YacTu
¢ ynkuuu ¢ (x, y). Torna, ecan

#0,

T0 oTOGpaxxeHne MOBEPXHOCTH Ha MIOCKOCTb, NpPU KOTOPOM ToOukKe
(u, v) NOBEPXHOCTH COMOCTABAAETCA TOYKA MJOCKOCTH C HeKapro-
BuiMH keopmuHatamMp U u V, sasaserca xongopmuuM. (Ha srem
Mo¥eT GhTb OCHOBaHO HOK23aTeabCTBO Teopembl § 4 ra. 6 mas cay-
Yyas aHaINTHYECKHX NMOBepXHOCTEH.)

7. Oto6paxeHne OIHO! NOBEPXHOCTH Ha APYFYH Ha3biBaerCH
JKBUAPEANbHbBIM, €CIN COOTBETCTBYIOLIME IIPH 3TOM OTO6paxeHUH
061acTH HMMEI0T OJMHAKOBLIE NIOIalH.

Hoxa3sarp, yTo ecau oTobpaxmenne OXHON! NOBEPXHOCTH Ha APYFYI0
XOHQOPMHO ¥ 3KBHAPealbHO, TO OHO M3CMETPHUECKOE.

8. Jloka3saTts, yto moGoefuzomerpnyeckoe oTabpadieHne MIOCKO-
CTH Ha ce6a ectb au60 IBHMEHHe aHMGO IBRKEHUE C 3ePKaALHBIM
otoGpaxenneM.

U P, — U30MeTPHYHBIE NOBEPXHOCTH, r=r(u, v),
r =rs (u, v)—ux napamerpusanun. Maomerpuyeckoe oTo6pakenue
3aKM0YaeTcA B COMOCTAaBACHUH APYr JHPYry TeYeK C OAUHAKOBLIMH
KOGPRHHATAMH,

Up Vy
Uy Vo
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Hyers @), , — NOBEPXHOCTh, 3alaBaeMas ypaBHEHHEM F ==
=\r (4, v) 4 prs (4, v). lokasars, yto moBepxHoctd Py, , u P,
H30METPHYHBL

10. IToka3aTh, YTO CyieCTBYeT H30MeTpHuecKoe OTOoOpaxeHHe
rejauKouna

X=1ucosv, y=usinv, z=mv
Ha KaTeHOHI

a
x=uacosB, y=asinf, z=marchﬁ,

NpH KOTOPOM NPSAMONHHEHHHIM 00pa3ylomuM TreaHKoHIa COOTBeT-
CTBYIOT MEpHIHaHbl KaTeHOHIa.

11. lokasatb, yto mo6asd BHHTOBasg MNOBEPXHOCTL JNONMyCKaeT
H30MeTpHYecKoe 0To6paxkeHHe Ha HEKOTOPYIO MOBEPXHOCTb Bpalle-
HHS, NPY KOTOPOM BHMHTOBBHIM JHHHAM COOTBETCTBYIOT Napaniend
(treopema Bypa).

12. CeTb KpHBHIX HA NOBEPXHOCTH Ha3biBaeTCA CeThio Yebnimena,
ecay y mo6oro YeThipexyroabHHKa, 006pa3yeMOro JIHHHAMH CeTH,
NPOTHBONOIOXHbIE CTOPOHBI PaBHEL

Jdas Toro uYToGH KOODIMHaTHAasA ceTb Ha NOBePXHOCTH Oblia
yeGhLIUEBCKOM, HEO6XOAMMO M JNOCTaTouyHo, 4T06b E,= G, =0.
Jlokasarb.

13. Jloka3atb, YT0 eCIM KOOpPAMHAaTHaA CePb YeObILIEBCKasd, TO
KOODIAMHATH 4, U MOXHO BHIGpPaThb TaKHM 00pa3oM, YTO JHHEHHBIH
91eMEHT NMOBEPXHOCTH NPHUMET BUI

ds? = du® + 2 cos o du dv -+ dv?,
rae o — yron, o6pasyeMblfi KOOPIHHATHHIMH IHHUAMH.

14. [lokasatb, YT0 Ha NMOBEPXHOCTH MepeHOCa

r=U()+V(v)

KOODJAMHATHbIE JHHHM 06pa3yoT yeOLIEBCKYIO CeTb.

FTTABA VI

BTOPASI KBAIPATHYHASI ®OPMA NOBEPXHOCTH
U CBSIBAHHBIE C HEil BONPOCHI TEOPUU
NOBEPXHOCTE#

IMycts @ — peryaspHads NOBepXHOCTb, r=r(u, v)-—
Kakas-HuOynp ee peryJispHas napameTpusauud, n(u, v)—
CIMHAYHBIH BEKTOD HOpPMaaM MOBEPXHOCTH B TOuke P (u, ).

Bropo#t kBampatuuHo# (OpMOH NOBEPXHOCTH Ha3bBaETCA
KBajgpaTuyHas gopma

—drdn=(—r,mn)d® 4 (—r,nn,—r,n,)dudv-|
+ (—r oMy) dv’,
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Jna xo3(duunentos stoit ¢dopmn Mu Oynem ynorpe6asts
caeayiomue 0603HaYEHHs:

—rnn,=L, —rup,—rn,=2M —r,n,=N.

Taxk kak dr-n=0 u, c1em0BaTEIbHO,

d(dr-n)=(d% -n)-} (dr-dn)=0,

T0

H=d% - n=(r,,n) di + 2 (,,n) dudv+(r,,n)do’
Otcrona

L=r, n M=r,n N=r,n.
Tak kaK n=—r"—>g—”—, a |r,Xr,|=VEG—F, 10
[raXryl

Xuu Yuu 2uu
Xu Yu 2y
L=("Eurur'u) — X2 Yo %y

[Py Xty VEG——-F2 !

Xuo Yuv 2uv
Xy Yu 24
M=("u‘v"u"u) — Ko Yo %

lruXry| " YVEG—F*
X9v Yoo 200
Xy Yu 2y
N=("'wrurv) — 1%y Vo %o

[ry X1yl VEG— F? '

B YaCTHOCTH, €CJH MNOBEDXHOCTb 3ajJaHa YpaBHCHMEM 2=
=2(x% y) 10

Zyx 2xy

L= —— M=—————__:
Vifei+2 Vita+2’
_— A
% Vi+a+2°

§ 1. Kpususna kpusoil, nemameil Ha NMOBEPXHOCTH

IMycts ® — perynspHas noBepxHOCTD, F="r (U, V) — KaKas-
Hubyap ee peryJiapHas MapaMerpusanus, 7 -— peryaspHas
KpuBas Ha NOBEPXHOCTH, MpoXxoAsias yepes TOuky P (u, v)
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un uMelomas B 3TOH Touke Hanpasaenue (du:dv). Ilycis
r —r(S) — ecrecTBeHHaa NapamMeTpusallps Kpusoi {.

PaccmotpuM ckadspHoe npousBeseHue (r’nm). Bexrop r”
HanpasJ/JieH MO TIJaBHON HOPMaay KPUBOH, a N0 BEJMYHHE PaBEH
kpuBu3He Kpuofh. Orcioma ciaepyer, 4To

(r'm)y="F cos 8,
rae k— KpuBH3Ha KpuBOH, a ¥ — yroa, oGpasyemui rJaB:

HOW HOpManblo KPHUBO# M HOpMa/bio K ROBepxHOCTH (pHC. 36).
Ho

r'n=(r uuu,‘2 + 2r m,ll"‘U’ —l' r mfoﬂ + r uu” + rY’)n=

= ) 0 2 (o) 0V - (P 0
Ldu? 4-2Mdudov+ Ndv: 1l
qu’+2Fdlld'U—|—Gd1!3— T

Ilpasasg uacTb STOr0 paBEHCTBA 3aBHCHT TOJBKO OT HaNpas-
Jenust Kpuso#i B Touke P (u, v). Taxum oGpasom,

MosTomy
kcos b=

kcost = ky=const

B TOuke P (4, ¥) AMA BCEX KpHBHIX 7, NPOXOLAUIMX uepes
'STYy TOUKY W uMeouwX B Helt omfio n
o1 TO K€ HampasJeHue (T. €. ONHY M Ty XKe
X KacaTeNbHYy10).
Pasencmso

keosd == ky==const

cocmasasiem  co0epicanie  meopes
Mense.

Benmunna k¢ HasbIBaeTCA HOP.MAALHOL
Kpusu3xol TOBEPXHOCTH B JaHHOM Ha-
npasienun (du:dv), C TOYHOCTHI® NO 8HaKa OHa paBHa KpH-
BU3HE KpPWBOH, KOTOpass MOJYYaeTcd B CEUEHHH TIOBEPXHOCTH
€ TUIOCKOCTBIO, NEPHEHAUKY/IAPHOH Kacare/lbHOH NIOCKOCTH: ¥
conepwaiieil Hanpasaenne (du:dv).

Hopmassnas wkpususna nosepxrocmii 8 0QHHOM Hanpag-
Aenuu cosngdaem ¢ HOpMaAbHOU KPUBUSHOUE conpukacawue-
20cs napaboaouda 8 MmMOM gice HANPaAgACHUN.

JleficTBATENBHO, €cM MOBEPXHOCTh M CONPUKacalomuica
napabo/onn ee B TouKe P OTHECTW K NPSAMOYFOJIbHBIM JeKap-
TOBHM KOODAMHATaM, NPHHAB KacareNbHYI INJOCKOCTb B STOH

Puc. 36.
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TOUKE 38 HJAOCKOCTH Xy, 2 HOpMaiab K He#l 32 ocb 2, TO NO-
BEPXHOCTb H napa6o.rxovm 8a4al0TCd YpPaBHCHUSMHA

z=2z(% )

1
2= (222 | PX" + 22,y | Xy 1 2y | p¥").

Orciona BUIHO, YTO NEPBad M BTOpad KBagpathyHne ¢opmu
NOBEPXHOCTH M Napabosion]a B TOYKe P OIMHAKOBH, a Cle-
JOBATEJbHO, PaBHbBI HOPMaJIbHBIE KDUBH3HKI.

IMpuBeneHHoe coobpaxeHue MNO3BOJALT HaWTH ypaBHeHUe
conpukacalomierocsi napabosonia B CHCTEME KOOPHAMHAT,
€CTECTBEHHO CBSSaHHOM C NPOUSBOJILHOM napaMerpussipel
(1, V) MOBEPXHOCTH, NMPHHSAB KACATENbHYIO IVIOCKOCTb B TOYKE
P(up 7v,) 83 MIOCKOCTb XY, HOPMamb K He#i—3a OCb 2 M
ry Ty n—3a 0asuCHHE BEKTOPHI.

Ypaphenue mnapabosonna, OUEBHIAHO, MOXKHO 3anucaTb B
Buae

=(u—ug)r,+@—0)r, -+
1
+5 {A@@—u)*+ 2B gu —ug) (v — vp) -+ C(v — 1)} n.
HopwmanbHas KpuBH3Ha napabosouna B Hanpasiaennn (du :dv)
Gyznet

Adu® 2B du de + C dv®
ridu® 42 (r,r,) dudv 4 r2do**

CpaBHuBas 3TO BHPa}KeHUE C HOPMAAbHOH KPHBUSHOH NOBEPX-
HOCTH B TOM )X€ HanpaBJEHHM ¥ NPHHHMas BO BHUMaHUE, YTO
du u dv BpOW3BOAbHE, BaKJIOYyaeM:

IlosToMy ypaBHeHne napaboJiouia B napaMeTpuueckoli dopme

x:u-——uw y='0'—'vw

2= {L@—2) +2M@—u)w—1)+N@w—1),

YTO 3KBHBAJACHTHO

= (LA + 20y + Ny
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OT/0XUM U3 NPOU3BOJMbHOH TOUKH P (4, U) MOBEPXHOCTH
1

112
B KawaoM HanpasJieHuu (du:dv) OTpPe3OK, paBHbIH ’?I , rae

%k — HOpMaJbHas KPWUBHSHA NOBEDXHOCTH B 3TOM HamNpasJ/eHUH.
CeomeTprueckoe MecTO KOHIOB
STHX OTPE3KOB HA3BIBAETCA UH-
duxampucoil Kpusu3Hs. TOBEPX-
HoctH B Touke P (puc. 37).
Yacto Ha3bIBAIOT ee TaKke
unduxampucoll [Hionena.
BrisichuM, 4TO mpeacTaBiseT
co60#f HMHAMKATPHCA KPUBU3HHL
s aTOro BBEZEM B KacaTelb-
Puc. 31, HOH  MJIOCKOCTH  TOBEPXHOCTH
JEKapTOBHl KOOPAMHATHL, MNpH-
HAB TOUKy KacaHus 3a Hayalo
KOOPAMHAT, NPAMBIE, COAEPMKAIUUE BEKTOPH F, H F,-— 33 OCH
KOOPJMHAT, a CaMH BEKTOPH r, U r,— 3a 0asuCHbIE BEKTOPEL
Ilycth X ¥ y — KOOPAMHATHL TOUKM HHAAKATPUCH KPUBH3HBL,
cooTseTcTBYIOmER Hanmpasienuio (du:dv). Vimeem

__| 1?2 ridu+rydv
x’u’*‘y"v—lk Trudu ¥ rodou]*

Bossons aTo paseHcTBO B KBaJpaT M SaMeyas, 4TO X:@y==
=du : dv, nonyyaem:

o Edu*+42Fdudo4 Gdv®
Ex*+2Fxy + @ =T gn oM du do T N ao| =
. Ex*42Fxy 4 Gy*
= Lx - 2Mxy F Ny*|*

|Lx®+2M xy + Ny?|=1.

D10 ¥ ecTb ypaBHEHHEe HHIMKATPUCH KPHBHIHHL.

Takum obpasoMm, undurxampuca Kpusu3Hs npedcmasasem
coboli anmunc — 8 aasunmuuecKoli mouke nosepxHocmu
(LN —M*>0), napy conpsscennsx aunepbor— 8 2unep-
ooauueckolii mouxe (LN— ME<Z0), napy napansersneix
npambex — 8 napabosudeckol moure (LN— M*==0).

OueBHIOHO, NOBEPXHOCMS Ul ee CONpUKACAIOWUics napa-
Ooaoud umeiom OOHYy U my Jice UHOUKAMPucy Kpusu3Hol.

Orcioaa
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MngukaTtpuca KpuBuSHH MOXET OuiTb BBEJEHAa M APYruM,
6omee reomerpuyeckum, cmoco6om. ITycts P — npousBobHas
TOYKA TIOBEPXHOCTH U G — KacaTe/dbHas MJIOCKOCTh B 3TOH
touke. O603HaunmM M, reoMeTpUYecKoe MECTO TOYeK MOBEPX-
HOCTH, PAacCTOSHWE KOTOPHIX OT & pasHO h. Ilomsepruem ero
npeo6pasoBanuio nonoﬁvm OTHOCHTEJBHO LEeHTpa P ¢ koaddn-
HUEHTOM MORO6HA —— V_. [MonyueHHOe MHOXECTBO Touek 000-

1
gHauUUM — M, .
V"

YpaBHeHHe NOBEPXHOCTH, €CJAM KacaTeJpHYIO IIOCKOCTh

B P NpuHATh 3a IJIOCKOCTH XJ, a HOpMamb 3a OCb 2, Gymer

2=t (2 255y - )+ (3D (5 )

rae e(x, y)—>0 npu x, y —0. Otcioma TOuKu M, ymoB.e-
TBOPSIOT YPaBHEHUIO

1
h= | (e 25y )+ (2 3 (5 ).
1
Tak Kak KOODAMHATHL TOUKH H3 ﬁM" OT/IHYAIOTCH OT

KOOPAMHAT COOTBETCTBYIomEH Toukn M, muoxutenem V h,
TO OHH YIOBJETBOPSIOT YPaBHEHUIO

=| 3 (2 252y + )+ + ) (VR V)|

1
Orciona BUIHO, 4TO ﬁM" CXOOMUTCA K HILIMKATPUCE KpH-

BU3HB 1pu h — 0.

§ 2. AcumnToTMYeCKMe HanpaBJeHHs. ACHMNTOTHYECKHE
auauy. ConpsweHHbie HanpasaeHud. ConpsixeHHbie
CeTH Ha MOBEPXHOCTH

Hanpasnenuwe (du:dv) na peryaspHo#t nosepxuoctu @
B TOuKe P (u, v) Ha3bIBACTCA QACUMNMOMUYECKUM, €CAU HOP-
MaJbHas KPUBM3HA MMOBEPXHOCTH B STOM HANPAaBAEHHH DaBHA
nymo, Takum oOpasom, Hanpasaenue (du:dv) Oyzer acuMnTo-
THYECKAM TOrAa M TOJBKO TOTrJa, KOTAA BHINOJNHACTCA YCJIOBUE

L du* 4 2M du dv - N dv* =0.
B A B TIoropenor
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Otciona caefyeT, YT0 8 INAHUNMULECKOU MO%KE Mosepx-
HOCMU He CYWecmsyem QcuMIMOMULecKUx Hanpasrenni,
8 zunepboautecKol mouKe cywecmsyem 08a acumnmo-
MUYECKUX HanpagieHus, 8 napaboiutecKol mouxe — o0HO
acuMBmMoOMuLECKOe HANpasAenue, HAKOHeY, 8 mowKe ynio-
wennusl 11000€e KANpasAeHue SBASEMER QCUMRMOMULECKUM.

KpuBas Ha NOBEDPXHOCTU Ha3HBAETCH ACUMNMOMUECKOL
AUHUER, €CNA €€ HampasJeHWe B KawAOH TOuKe aBJAETCH
aCUMITOTHYECKUM.

Orcroaa caenyer, uto

Ldu®+2Mdudv+ Ndvl=0

ectb A PEepeHInasbioe ypaBHEHNe aCHMNTOTHYECKHMX JHHHH,

Ecau na nogepxrocmiu pacnosodicena npsamas, mo oxa,
ouesudno, 6ydem acuMnmMoOmu4eckol auruei.

OTMeTHM OZHO MNPOCTOE CBOKHCTBO  aCHMOTOTHYECKUX.
Kacameasvnas niockocms nogepxrocmu 8 Kaxcdoil mouie
acuMnmomuiecKoll  AUHUN  ABASEMCA  conpuracaiouerics
naockocmor. JleficTBuTeIbHO, €CAM B TOYKE P aCHMITOTH-
yecKo#t JIMHHM Y KPHBH3HA pPAaBHA HYMO, TO KacaTe/abHad
NIOCKOCTh MOBEPXHOCTH B TOUKE P SBJISETCS CONPUKacaiwo-
Wekcs yxe MOTOMY, YTO OHA MPOXOIUT YEpe3 KacaTeabHYIo
KkpuBo#. Ecan e KpuBu3HA | B TOUKe P OTJIMYHA OT HyJs,
TO KacCaTe/lbHasd IJIOCKOCTb CONEPKUT BEKTOpPH dr u d’r
(nepBbifi  MOTOMY, YTO IVIOCKOCTb KacaTeJbHasd, a BTOPOH

. NOTOMY, 4TO KpuBag 7T aCUMIOTOTHUYECKASd H, CJAEAOBATEJILHO,
yrosaersopser ycaosuio dr-n==0). Orciona crexyer, uro
M B OTOM CJyyae KacareibHas IJIOCKOCTb SBJAETCH  CONpH-
Kacawomehcs NJOCKOCTbIO aCMMITOTHYECKOH.

BoificHUM, TpU KaKOM YCJAOBHH KOOPAMHATHHIE JIMHMK HA
NOBEPXHOCTH U == const u v==const GyAyT aCUMITOTHYECKUMH.
Tloncrasaas nocaenoBatTenbHo u = const U v==const B ypasue-
HUE aCUMNTOTHYECKHUX, 3aKJIOYAEM, UTO KOOPOUHAMHASL Cems
Oy0em acumnmomu4ecKol moz20a u MoAbKo moz20a, Koz20a
Koagpdpuyuenmer L u N emopoii xeadpamuunoi ghopmos
Dasrbl HYAI0.

Teopema. B owpecmuocmu 2unepGosuneckoli mouxu no-
8epxHocmu 8ce20a Mogcem Obimb 86€0eHa napaempu3ayus,
npu Komopow KOOpOuHAmHLMU AUHUSAMU OYOym acumnmo-
mudecxue.
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Oto caeayer w3 obme# Teopemm § 3 ra IV, Tak Kak
aCUMNTOTHYECKHE JHHWUK YHOBJETBODPSIOT YPaBHEHUIO

Ldu®+4-2Mdudv -+ Ndv*=0,

LAS  KOTOPOrO YC/JOBHUA YHOMSHYTOH TEOpPEMB BbHIMOJHEHb!
(LN — M2 0).

[Tycts P — npousBoJbHas Touka nosepxHoctu @, (du:dv),
(du:%v)— mBa HanpasJeHus B TOUKe P Ha NOBEPXHOCTH.
Hanpasnenus (d) u (3) HasblBAIOTCA CONPSIICEHHBIMU, ECIU CO-
Aepikallde HX TpAMBE g; M g5 ABIAIOTCA  COMPAXKECHHBIMM
AvaMeTpaMH MHAuKarpuchl iomena B Touke P.

Takum o6pasom, aas Toro uyToOn HampasiaeHus (d) u (3)
OhJIN  CONPSXEHHHIMH, HEOOXOAUMO M MOCTATOUHO BBINOJIHE-
HUSl YCJIOBHS

L dudu + M (dudv -+ dv du) | N dvdv=0.

Henocpencteenno#t npoeepko#t MoxHo yOeanTbcs, uto
ycaoBre  CONPSNEHHOCTH HanpasaeHu#t d w 8 jonyckaer
KOMNAKIHYIO 3aMKCh:

dr-3n=0
nid
3r dn=0.

Acumnmomuuecxue  HanpagAeHus  ABARIOMCA  CAMO-
CONPSANCEHHBLMU.

IlycTh Ha MOBEPXHOCTH HMeeM [JBa cemeHcrBa JuHHH —
T« ¥ 7§,— oOpasyiomue CE€Th B TOM CMHICAE, YTO uepes
KOXKAYI0 TOYKY MOBEPXHOCTH NPOXOANT MO OIHON JnHUM
Kaxaoro cemeicrsa. Tornma ceTs JuHuft, 06pasoBanHas cemei-
CTBaMH 7Y, H 7Y, HA3BIBAETCHA COMPANCEHHOU cemsio, €Can
JUHUM CETH pasJHYHBIX CEMEHCTB B KaxXIO# TOUKe UMEIOT
COMPSKEHHBIE HAMpPaBJeHU.

Ecin KOOpIMHATHAsA CETh ABJAETCS CONPSIKEHHOM CeTbhlo,
TO Ko3dpduuueHt M BTOpOH KBampaTUyHOH (OPMBI MOBEPX-
HOCTH paBeH Hymo. Uro6w yOGeauTsCs B 3TOM, AOCTATOUYHO
3anucaTh YCJAOBHE CONPSKEHHOCTH /11 HanpasieHuit (du:0)
u (0:3v).

B oxpecmrocmut xasncdod mouru nogsepxHocmiu, He
ABASIOWeEliCSE MOUKOll ynaowenus, Mmoocem Goims 88e0eHQ
napamempulayus max, 4mo KoopduxamHue Aunuu 6ydym

5.
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o6pa3ossisams CONpaNcennyo cems. [lpu smorm 0dHo ce-
MelicmBo KOOpOUHAMHKBLX AUHUE MONCHO 835Mmb NPOU3EBONLHO,
Aws Obl AUKHWIL 3MO20 Cemelicmea He uUMeAl GCUMRMOMil-
YecKux HanpasaeHui.

§ 3. 'naBHBle HanpaBJeHHsT HAa NOBEPXHOCTH.
JINHUM KPUBH3HBI

Hanpapneune (du:dv) Ha MOBEPXHOCTH HA3BIBAETCH 2428~
HblM HQNpaBAeHUeM, €CNIM HODMaJbHas KDUBNSHA NOBEPXHO-
CTH B 5TOM HaNpaBJEHAK JOCTUTAeT SKCTPEMANBHOTO 3HAUEHHUSL.
Taxkum 06pasoM, 3mo He wmo UHOe, KAK HANPASAEHls, CO6Na-
odauuie ¢ HANPABACHUAMU OCell UHOUKAMPUCH KPUBU3HbL.

Orciopa caeLyer, 410 B KauHOH TOUKE MOBEDPXHOCTH B
o6weM cayyae MMeeTCs NBAa TJIaBHBIX HampaeJjeHus.. CoBnagast
C HampaBJeHusIMH ocefl HHIWKATPHUCH KDHUBU3HBIL, 24a8HbE
HanpasAexusi OpMmo20HAAbHbL U CONPANCERbL, A CIENOBATENLHO,
YIOBJIETBOPSIOT YCJIOBUAM

1(d, 8)=E dudu- F (dudv -} dvdu)+ Gdvdv=0
(OpTOrOHAMLHOCTD),
1(d, 8)=L dudu -+ M (dudv -+ dvdu) + Ndvdv=0

(conpsixKEeHHOCTB).
WMckmouas w3 atnx ypaBHenu# du u dv, moayumm:

Edu-+Fdv Fdu+QGdv|
Ldu4Mdv Mdu-tNdo|

AT0 B ecTh HeOOXOAMMOE M JOCTATOYHOE YCJOBUE I TOTO,
uto6nl HanmpasieHue (du:dv) ObO TIaBHBIM HANpaBJEHUEM.
Ero MOXHO sanucaTb ¥ B JpyroH, Gojee cuMMETpuuHOH
popme:

dv® —dudv du?

E F G |=0. (*)

L M N

FnaBuple HanpaB/eHns He ONpeleneHsl B JIBYX CJayyasx:
B CJyuyae TOYKHM YNJOLIEHMd, TaKk Kak B He# moGoe Hanpas-
JIEHHE ABJSETCA TJaBHHIM (HOpMaJbHas KpuBM3HAa B /MoOom
HanpaBJeHUW PABHA HYMO), H B CHEUMAJILHOM CJYyyae 3JUIHM-
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THUECKOH TOUKW, KOIAa HMHIUKATpUCAa KPUBU3HH — KPYT;
Takas TOYKa Has3HBaeTcs waposod. B 1wapoBo# Touke, Tak
e KaK M B TOYKE YniomeHus, mo0oe Hanpas/eHue SBJISETCA
raaBHeIM. DTO OOCTOSTENBCTBO OTPAXEHO B YCJIOBHH (%),
onpenensioueM riaBHue HanpasiaeHus. OHO yHOBJIETBODSETCS
TOX/IECTBEHHO TOJBKO B ABYX cayyasx: L=M=N=0
(rouKa YIUIOWEHNS) W B CJyd4ae NPONOPUMOHATLHOCTH KO3(-
¢nuueHToB nepBol kBagpaTHuHOH (oOpMH  Ko3(hduuneHTam
Bropoii KBampaTuuHo#l (opmbl (L1apOBasg TOYKa).

HopManbHbie KPHBHRHBI 110BEPXHOCTH, COOTBETCTBYIOLLHE
FIaBHBIM HAMpaBJIEHUSM, HA3BIBAIOTCA 2AQ8HbIMU KPUBUSHAMU.

Teopema Poxnpura. Ecau nanpasaenue (d) asasnemcs
2/Q8HbLM HANPABAEHIEM, MO

.dn = —Fkdr,

20e k— HopmassHas KPUBUSHA NOBEPXHOCMU 8 IMOM Ha-
npasaenuu. Obpamno, ecau 8 nanpasseruu (d)

dn=N>\dr,

mo (d) seanemcs 2/Q8Hb6LM HANPABACHUEM.

IlokasareasncrBo. Ilycte (8) — apyroe riaBHoe Hamnpas-
JeHne, NepreHiInKy/IapHoe nepsomy. Bektop dn, 6yayun nep-
NeHOUKYJIIpPEH N, AOMYCKaeT MPeACTaBJeHHE

dn=>X\dr -} pdr.

YMHOxas STO PaBEHCTBO Ha O U 8ameyas, uTo dndr=")
B CWJY CONpPSXKEHHOCTH HanpasieHu#t (d) m (3) u dr-dr =0
B CHAY OPTOrOHA/JbHOCTH 3THX HAaNpaBJeHuH, MOMyuUnM:

pdrt=0.

Otciona p=0. Urak, dn=>Adr. Ymuoxas 3TO paBeHCTBO
Ha dr, moayunm:
(dr dn) =X\dr.

Orciona caenyer, uto A=—k. [lpsamoe yrBepxneHue no-
KasaHo.
HoxaxeM oOparHoe yTtBepxaeHue. Ilyctb HampasieHue
(d) TakoBo, uTO
dn=\X\dr.

TMoxkaxeM, 4T0 OHO sBAseTcA raaBHeiM. Ilycte (8) —
HanpasJjeHue, neprnenaukyaspuoe (d). Toraa,  ymHOMas
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paseuctBo dn=>X\dr na 3r, nonyunm dndr=0. Ho 310 3ua-
yut, yro HanpasineHuas (d) 4 (3) conmpsxeuuwe. Tak Kaxk oHu,
KpOME TOTO, OPTOrOHA/bHE, TO OHH [JaBHHIE.

JInHUS HA TIOBEDXHOCTH HA3LIBACTCA AlHUel KpuBU3HbL,
ec/u ee HAnpaBJeHHe B KaXIOH TOuKe $IBJSETCS TIJdBHHIM
HANp aBJCHHEM.

Orcioaa crenyeT, yTo

dv® —dudv dn?

E F G |=0
L M N

apaseTca AuddepeHunansHpiM  YDaBHEHNEM JAUHUA KPHBH3HBL

Ecau roopounammusie sununl K no8epxHocmil A8ASTIOMCS
MHUAMU Kpusu3Hy, mo Koaggunuenms. F u M nepgoii u
COOMBEMCMBEHHO 6MOPOll  KBAOPAMUUHbLX (HOPM PaBHbL
HYA10. ’

F=0 B culy OpTOrOHaJLHOCTA KOODAMHATHOH ceTu, a
M=0 B cnry CONpSIHKEHHOCTH.

Teopema B oxpecmnocmu kasxcood mouku P no-
8epxHOCHMU, He S8ASI0UeHcs waposoll moukol ual mouxol
YNAOUWEHUS, NOBEPXHOCHES MOJCHO NAPAMEeMPU30BAMS MAK,
4mo KoopouHammublie AURUU OYOYM AIHUSMU KPUSU3HBL.

HeticrButenbHo, AnddepeHunamHoe ypaBHEHUE JIMHHH
KPUBU3HBI UMEET BUA

Adi®+2Bdudv -} Cdv*=0. (#%)

Tak kak B KaxI0H TOouxe, Oiuskod K P, ecTb ABa M TOJBKO
[Ba TJIaBHBIX HAnpaBJ/IEHWd, TO TPEXUJIEH

A 2Bt

uMeeT J1Ba BemecTeHHnX KopHa. Iostomy AC— B?<0.
ITo teopeme § 3 ra. 1V orcioma creayer, UTO CyWecCTBYeT
napaMeTpusauus, NP4 KOTOPOH KOODPAMHATHBHIE JHMHHM OyayT
MHTErPaJbHHIMA KPUBBLIMH YpaBHEHUs: (%), T. €. JIHHUAMH
KPUBH3HBL

B 3akmoueHue JOKaXeM OHHY TeopeMmy, KoTopas B He-
KOTOPHIX C/IyyasX TMO3BOJISET MNPOCTO HAXOAMTb JMHHH KpPH=
BH3HHl MOBEPXHOCTH.

Teopema Ecau 08e nosepxrnocmu nepecexawincs
80046 Heromopol Kpugo | No0 NOCMOAHHHM Y2AoM U
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ecal 3Ma KpUuBas A8ASLENICA AuHUel Kpusuduus, Ha o0HON u3
nogepxrocmel, mo oxna Oydem iunued Kpusu3Hs, U Ha
opyzod.

Hokasareanbcrtso. Ilpn auddepenunposanun BAOIL
KpuBo# 7 Ha NEpPBOH NMOBEPXHOCTH HUMEEM:

dn, =M\ dr.
Ilns BTOpO# NOBEPXHOCTH
dng = )\g dr + wry ——I— Y.

VMHOXKHM 3TO PaBEHCTBO CKaJAsipHO Ha m; u My Torma mo-
Jy4YnM

nydny=p (nf) 4 v(mng),  nydny =y (nny) -+ v (n3).

Ho nydn, =0, n,dny=d (n;n3) — nydny = — nydn, =
— — nyh dr =0. Takum oO6pasom,

prs v (mry) =0, w(myngy-+vn=0. D)
Eciu MOBEPXHOCTH He KacaloTCi BIOJAb KPUBOH Y, TO nini —
— (mne) =|ny X ny? £ 0 u, enenosare bHO, PABEHCTBA (4 )
BO3MOXHB TOJILKO, ecin p=v=0. Ho Toraa mis sTopot
NOBEPXHOCTH dng==)\ydr, a 3HauuT, Y SIBJAETCH JUHUEH KpH-
BU3HBL 1Js BTOPOH NOBEPXHOCTH.

‘Ecm  NOBEPXHOCTH KacaloTcsi BIOMb KDHBOH 7, TO
VTBEDPKIEHNE TEOPEMBl OYEBHIHO, TaK KaK B CHIY TEOPEMEI
Ponpura, eciu Hanopas/ieHHWe JIMHWM | SBJSETCS [JaBHBIM Ha
OJHOH MOBEPXHOCTH, TO OHO OyINeT TJIaBHHIM M Ha JPYroil.

Cnencrene Ecm cghepa (usu naocKocms) nepece-
Kaem KakKyio-Aubo NOBepXHOCME MO0 NOCHMOSAHHbLM Y2A0M,
MO AUHUA Nepeceqenuss s8AsSemcs AUHUel KpususHel.

JT10 ClIEAyeT M3 TOro, UTO Ha cghepe (ua Ha HAOCKO-
cmu) a6as Kpusas SBALEMCA AUHUEH KPUuBU3HbL.

§ 4. CBs3p MewNy TJIaBHBIMM KPUBH3HAMH NOBEPXHOCTH
¥ HOpPMaJibHON KPHBHU3HONH B NMPOM3BOJLHOM HANpaBJeHHH.
CpenHnas ¥ rayccoea KpMBH3HA MOBEPXHOCTH

BeipasuM HOPMa/JbHYI0 KPHBU3HY [IOBEPXHOCTH B MPO-
¥3BOJILHOM HANPAaBJIEHHH YEpe3 T[/aBHble HOPMAIbHBIE KpH-
Bu3HbL JLI9 3TOrO BBEJEM MPIMOYrOJAbHLIE HEKAPTOBH KOOD-
IOMHATHL X, ¥, 2, NPUHAB Kacare/bllylo [JOCKOCTb MOBEPX-
HOCTH B Tnpou3BosbHOH TOouke O 3a NJOCKOCTh XY, a
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HOpMaZlb TIOBEPXHOCTH —8a OChb 2. Bnibepem HanpasJeHus
oce#t X, y TaK, yToOb OHM COBMAZAJH C TIJIaBHHIMU HampasJe-
nusamu B Touke O.

Ilycts 2==2(x, y)— ypaBHeHHe MNOBEPXHOCTH B OKPECT-
Hoctu Touku O npu Ttakom BuOope kKoopauHat. B Touke O
2,=0, z,==0. ITostomy B TOUKE O

I=dx*+ dy’,
I=rdx*-+}2sdxdy -}t dy’

Tak xax Hampasnenns (0:dy) m (8x:0) B Touke O, kax
TJIaBHBIE HampasJjeHns, compsokensl, To s==0 n, crezoBa-
TEJBHO,

I=rdx®4-tdy

Orciona HOpMajbHAa# KDWUBH3HZ B MNPOM3BOJBHOM HampasJe-
nuun (dx:dy)
__rdxt4-tdy’
F=a )

Beps wanpasienns (0:dy) u (dx:0), Bugum, uto r u ¢
SIBASIOTCA [ABHBIMA KPHBU3HAMY.

[Tycte & — yroa, oOpasyeMblf NPOW3BOJBLHBIM HarpasJe-
Huem (dx:dy) ¢ raasHmiM HanpasaenueM (dx:0), ky— nop-
MaJ/bHas KPMBH3HA B 3TOM HampaeieHun, Ry n ky — riasHbie
KPUBU3HBE, COOTBETCTBYlOWMe HanpasiaeHusM (dx:0) u (0:3y)
coorBercTBeHHo. Torga M3 BHIDaKeHHS HOPMAJBHOW KDPHBHUBHEI
(¥) noxyuaercss ghopmuyara Jiinepa 048 HOPMAALHOU KPUBUIHDL
8 Npou3BOALHOM HANpasieruu

ky==Fky cos?d +} ky sin?¥.

W3 copmyasr Diinepa caeayer, uto AAd  NOJMydEHHs
HOPMaJbHOH  KDHBUSHBL TOBEPXHOCTH B  IPOU3BOJBHOM
HanpapJeHud [JOCTaTOYHO 8HATb [JIABHbIE KPWBM3HH TIO-
BEPXHOCTH.

Hatizem Bripaxcenue 179 TAaBHBIX KPHUBM3H B  Clyyae
Mmo6oro napaMeTpuueckoro 3afaHhs MOBEPXHOCTH.

Ilycts Ry w kg— riaBHbiE KPUBHBHBL TOBEPXHOCTH U
NyCcTh I/ ONPENENEHHOCTH Ry ==k, B TakoMm ciyuae, Kak
Mbl 3HaeM, k& fBJAAETCA MAKCHMYMOM, a Ry — MHHUMYyMOM



§ 4] CPEJHSIT U TAYCCOBA KPHUBH3HA 137

OTHOILEHAI KBaJApaTHYHHIX (GOpM

Il LE 4 2Mén + Ny?
T = EF L oFe - Gp °

Mycrs § N — sHaueHns nepeMeHHBIX &, 7, MIS KOTOPHIX
5TO OTHOIIEHHE [OCTHraeT MaKCHMyMa (CyUIECTBOBAaHAE Ta-
kux & 4 n Ham yxe wssecTHo). Torma mas Bcex & 7

II— iy <0,

npuuem pas §==£ u n==m nocruraercs paseHcTtBo. OTClOna
cllefyer, Y4To /IS STHX 3HAuCHuH

(Il — kyIy =0,
(I — kyly, =0,

LE - My — ky (EE+Fn)=0,
ME - Ny — ky (FE -+ G) =0.
Mckatouas U3 3TUX  PaBEHCTB Eu n: MOJy4yuM ypaBHEHHE

oag ky
L—kE M—KkF

M—rF N—FkG
IlpoBoas aHanOrMyHble PACCYKACHHS IJ kg, MOJyvaeM

TO XKe ypasHenue. Takum oOpasom, aaasHsie Kpususns ky u
ky cymb KOpHU K8A0paAmMHO20 YpasHeHus

L—kRE M—FkF
M—FkF N—kG

=V,

1. €
K (EG — F?)— k (LG — 2MF -+~ NE) + (LN — M%) =0.

Onpenenum Teneps mMOHsSTHE CpelHeH M rayccoBO# KpH-
Bu3Hbl roBepxHocTH. [lonycymMma riaBHBIX KPHBH3H MOBEPX-
HOCTH

1
H= (s + ks)

11a3bIBAETCSl cpedHell Kpusi3Hol NOBEPXHOCTH.
Hasganne «CpeaHas Kpusu3Ha» ONPABAKBAETCH CJAENYIO-
ILHMU €€ CBOHCTBaMH.
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Ecmu ky n ks+n—nopmanbnme KPHBH3HBE ITOBEPXHOCTH
2
B ABYX B3aUMHO MNEPNEHAVKYJSIPHBIX HalnpaBJeHUAX, TO KX
MoayCyMMa paBHa cpeied KPUBHM3HE IIOBEDXHOCTH.
Cpenuee 3HaUEHUE HODMaJbHLIX KPUBHM3H MOBEP XHOCTH
B JiHHUH FOUKEe MOBEPXHOCTH

2n

1
ﬂgﬁﬁ
0

paBHo cpeanelt xpuBu3He mnosepxHoctd. O6a 3t CBOHCTBA
6e3 Tpyna noJayuaiotcs ua ¢opmysasl  diaepa.

[Tpoussedenre riaBHBIX KPUBH3H MOBEDXHOCTH HA3biBaeTcs
2ayccosoll, wiu noAHOH Kpusu3Holy TNOBEPXHOCTH

K= klkg.

Hatinem BhipameHne s cpeliHe#t W rayccosofi KPHBH3HHI
MOBEPXHOCTH uepe3 Ko3ddHuuueHTH nepBoit U BTOpOH KBaa-
paTUYHHIX opM.

[TockoabKy riraBHbIe KPHUBU3HBI Ry, Ky MOBEPXHOCTH YAOB-
JIETBODSIIOT YPaBHEHUIO

k*(EG— F*)— k(LG — 2MF 4 NE) 4 (LN — M*) =0,

TO MO CBOHCTBY KOpDHEH KBAaAPAaTHOro YpaBHEHHs [MOJydaeM
1 | LG— 2MF 4+ NE
H=sW+ k)= —fag—p
LN — M?

K= k==

B yacrHoCT#, €CJIM  TOBEPXHOCTb 3aJaHa  ypaBHEHUEM
z2=2z(x, V)
H=i (1+42>r—2pqs+(l+p‘>t’
2 (I +p+4)"
rt —s?
K= orrrer
rne p, ¢, r, S, t — oOblunble 00O03HaueHusa A9 NPOU3BOLHKIX
dyukvn 2 (X, y).
3ameTHM, YTO -3HAK TayCCOBOH KPHBHU3HH ONpEAE/IseTcs
Bupaxennem LN — M2 FHostomy 2ayccosa kpususna noso-
JICUMENbHA 8 IAAUNMUMECKUX MOUKAX, OMPULAMEsbHA 8 21~
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nepoosuMecKix U PABHA HYAIO 8 NAPAGOAULECKIX MOLKAX
U mouKax YnaAoujeHis.

[Iycte M — mo6oe MHOXKECTBO TOUEK Ha MNOBEPXHOCTH.
OT/n0KNUM U3 NPOH3BOJBHOH TOukKM O eAuHHYHHE BEKTOPHI
HopMaJsiell TNOBEPXHOCTH B TOYKAax MHOxecTBa M. KoHum 3THX
HopMane#t oOpasyloT HEKOTOpPOE MHOWECTBO M’ Ha eauHuy-
HOH cepe. DTO MHONKECTBO HA3LIBACTCH cghepudecKum u3o-
Opaogicenuenm muoxectsa M (puc. 38).

CyulecTByeT 3aMeyatenpbHas CBA3b MEWAY MNJIOMAABIO
NOBEPXHOCTH, TJIOWALbI0 ee cepuyeckoro usoOpaxeHus
¥ TayccoBod KpHBHU3HOM IOBEpPXHO-

CTH. ITa CBA3b BHIPAXKAETCA CJEAYIO- M,

el Teopemoit n
Teopema Taycca Omuowe-

Hue naouadu cghepudecko20 usobpa-

JHCEHUST 00AQCMU HA NOBePXHOCMU K

naou,adu amoli 06AacmiL cmpeMumcs n

I a0COAIOMHOMY 3HAYEHUID 2aycco-

eoii KpususHs. 8 danHoi mouxe O no-

eepxrocmu, Ko20a obaacmes cmmsail-

saemcs K 3moil mouKe.

Mubl npuBeaeM JOKa3aTensCTBO STOH
TEOpeMsl B NPEANOJNOKEHNH, YTO rayc-
coBa KpuBu3Ha B Touke O OTJHYHA Puc. 38.
or Hyas, a obxacte G, craruBaomias-
¢t K Touke O, OrpaHuyeHa KOHEYHHIM UHCJAOM KYCOYHO-TJ/Iaf-
Knx Kpmsbix. Jlero B TOM, uTO Cdepnyeckoe H300pakenue
obnactu G, ecm B Touke O rayccoBa KpHBH3HA PaBHA HYJIO,
moxcer He OnTh oOnacrbio. IToatomy mas paccmorpenus o6-
WEro cJayyas cjenoBano OB ONpPENEJUTh NOHATHE MJIOIANK
s moBoro MHOMeCTBa.

Wrak, nyctb O — s/untuueckas wuam runepOosuueckas
Toyka nosepxHoctd n (G — o6nactb, DPacNoOJONEHHass B J0-
CTATOYHO MaJIOH OKpecTHOCTH ToukM O, orpanuueHsas Ko-
HEUHBIM UHCJOM KYCOYHO-TJIafIKMX KPUBHIX.

[TapameTpuayem NoBepxXHOCTh B OKPECTHOCTH TOukHM O Tak,
yroObl KOODIMHATHBIE JHHUH, TpOXoasmiMe uepes Touxky O,
MMEIU B 3TOH TOUKe IJIaBHBIE HANpaBJCHHS.

Ypasuenue

r=n(u v),



140 BTOPASI KBAIPATUYHAS ®OPMA [Ta. VI

rae n(u, ) — €IMHUYHHHA BEKTOD HODMaau K TNOBEPXHOCTH,
NpeACTaBaseT coOOH mnapaMerpu3aluio eXUHHYHOH Ccdepsl B
oxpectHoctd Toukn (O, coorBercrByiouiefi Touke O nosepx-
nHocru. Jle#cTBurenssHo, B Touke (O ycaosue n, X n, %0
OueBHMIHEIM 00pa3oM BHIMOJHAETCH, TaK Kak m,=— kyr,,
nge=——kor,, a MO HENPEPHBHOCTA OHO BHINOJHAETCA W B
HekoTopo#t okpecrHoctu 3tod Touku. Cdepuueckoe uzobpa-
xenue @ obaacru G, ecam obaacte G pacnosoxeHna B no-
cTaTOuHO Majo#t okpectHoctn ToukH O, mpenctaBisier coGOH
0071aCTh, OrPAaHUUYEHHYI0 KOHEUHBIM YHCJIOM KYCOUHO-I/aIKHX
kpusrix. Ee nuiomiane
¢(@)=/({1n, X n,|dudo.
a

Taxk xak nmowans oGaactu G
s (@=/(Ir, X r,|dudv,

¢}
TO

@) |y Xnglo)
G Tra Xm0 — Fikal

Teopema nokasaHa.

§ 6. JluneityaTbie MOBEPXHOCTH

IMosepxHocTs @ HasbiBaeTcss dsemenmaproli auneiivamod
nosepxXHOCMei0, eCli uepe3 Kaxayilo TOUKy P 9ToH mosepx-
HOCTH NPOXOAAT NpAMas, KOTOPas HMEET C MOBEPXHOCTbIO
o6muft 0TPE30K, COAEPHKAUH TOUKY P, NpHUEM KOHIK 3TOro
OTpe3sKa He MPHUHALIENKAT NMOBEPXHOCTH.

Mpumep. Iycts a(u) n b(u)— aBe BeKTOP-PyHKUUH,
onpele/eHHbe B OKPECTHOCTM TOUKH U ==1, YIOBJIETBOPSIO-
wpe B 3TOH TOuke ycaosuio: b () # 0, b (ug) X @' (u,) %~ O.
Torma BeKTOpHOE ypaBHeHue

r=a@-+ob@) |u—u|s |v]<e (*)

npu JIOCTATOYHO MajJOM & ONpeleNseT SJEeMEHTapHYIO JnHeli-
4aryio MOBEPXHOCT.

He#tcrurensto, r, X r, # 0 npn HOCTaTOYHO MajoM &,
Tak Kak nmpu u=u, v=0, r, Xr,=a' (1) X b(u,) #0.
Orcioga caemyeT, 4TO NpH JAOCTATOYHO MAJOM & YPaBHEHHe
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(%) AeHCTBUTEILHO OnpenesseT MNOBEPXHOCTh. 10, 4TO 3Ta
NOBEPXHOCTb €CTb 3JIeMEeHTapHas JuHeHuaTas TOBEPXHOCTh,
caefyeT M3 TOro, 4TO yepe3 MNPOM3BOJbLHYIO TOuky (&, )
5TOH NOBEPXHOCTH NPOXOAWT npsamas r=a (u')-} tb (v'). Ee
otpe3ok |f|< e NEXHT HAa NOBEPXHOCTH, @ KOHLH HE TNpH-
panaexar ef.

ITosepxnocts @ naswiBaeTcs obueli Auneivamoi nosepx-
HOCMbI0, €CIIM KaXxJas €e TOUKAa WMEET OKPECTHOCTh, fBJRIO-
ulyl0CH 3/MEMEHTapPHOR JuHeHuaTo NMOBEPXHOCTHIO.

[TpsaMoJmHedinple OTPE3KH Ha JiMHeHuatofl NoBepXHOCTH
11a3bIBAIOTCA NPAMOAUHEEHOMI 00PA3Y 10 UsLLMIL.

Tak Kak uepe3 KauAyl0 TOYKY JWHeHuYato# 110BEPXHOCTH
NPOXOANT mnpaMosuHeftHas oOpasyiomas, To B KauiOH Touke
JMHEHYaTOl MOBEPXHOCTH €CTh HaNpaBJEeHHE, B KOTOPOM HCp-
Ma/lbHad KPUBH3HA MNOBEPXHOCTH paBHa Hymo. Otciopa cie-
OyeT, U4TO Ha Auxeduamoll nosepxrocmu He Moyxcem Obimes
aaunmudeckux mouex. layccosa kpugusna auneiiuamot
NOBEPXHOCMU OMPUYAMEAbHA WAL PABHA HYAID.

TIpsamonuneinse o0pasyioule 264510 MCS ACUMNMOMUYe-
CKUMU AUHUSAMIL

Hatinem /oKanbHOE MapaMeTpuuecKoe NpPEACTaBJEHHE NPO-
U3BOJILHOY JIMHEHYaTOH NOBEPXHOCTH, T. €. NapamMeTpuyeckoe
NPEACTABJICHUE B JNOCTATOYHO MaJOH OKPECTHOCTH NPOU3BOJIb-
Holi TOuku P.

Byzem pasiuuate caelylouipe cayuan:

1. Touka P runepGosuueckas.

2. Bce TOUKM [OCTaTOYHO MaJOH OKPECTHOCTH TOUKH P
napaboJsueckne.

3. Bce TOUKH B OKDECTHOCTH TOYKH P — TOUKH YmJouie-
HUS.

B nepsom cayuae no kpaliHelt Mepe OZHO cemelcTBO
aCHMNTOTMYECKHX JHHHH B OKPECTHOCTH TOUKH P — npsMsle,

JleficteutensHo, MO0 BCe acCHMNTOTHYECKWE JHHUH B OK-
pecTHocTH TOukH P mnpsambie, au00 HaWAyTCs CKOJb YroaHo
Oingkue K P acUMUTOTMYETKUE 7|, HE ABJISIONLMECS INPAMBIMHU,
Ho Torna Bce acuMnTOTHUECKHE NEPECEKAIOIHNE T CYTh MPAMBIE,

Ecny r =a (u) — ypasHeHne acuMntoTnueckoft 7, a & (u) —
€IMHUYHBIA BEKTOP BTOPOrO aCHMITOTHUECKOrO Hampas/ieHns,
TO MOBEPXHOCTb B OKPECTHOCTH TOYKH P MOxer OunTb 3a-

Jlana ypaBHEHHEM
r=a (u)-+ vb (1)
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Paccmorpum BTOpO#ft cayuah. B arom cayuae npsmosu-
Heliuple oOpasyiomye SBJAMIOTCS JMHASME KpuBu3HHL. Yepes
Kaxaylo Touky Q, Omuskyio K P, NPOXOIMT TOJBKO OaHA
npsMoJinHetiHas ofpasyromwas. [Tposenem uepes Touxy P Kpu-
BY10 7 r=—a (1) Ha IOBEPXHOCTH TAK, YTOOHI HampaBJEHHE ee
B TOuKke P He coBmajano ¢ HanpaeJeHueMm oOpasylowett.
Ennnnunsifi Bekrop b (1) obpasylomeft sBasercss peryaspHoi
dynkuve#t oT u. B oxpecTHOCTM TOuKM P NOBEPXHOCTb MO-
iweT ObiTh 3alaHa YPaBHEHHEM

r=a(u)-}+ vb(u).

Tenepy paccmorpuM Tpertu#t cayua#h. Tak kak Bce Toukw,
6au3kue K P, CyTh TOUKH YIIIOWEHHS, @ B TOUKE YTIOUIEHUs
mo6oe HanmpaBjeHue aBJfeTCs TJaBHBIM M HOPMaJbHas Kpu-
BH3HA B JIOOOM HANpaBJEHHH DaBHA HYJIO, TO MO TEopeMe
Poapura dn=0 8 okpectHoctu Toukn P. CremoBare/bHo,
n=n,=—=const. Tak kak ndr=0, 10 nNy(r —ry)=0. Ta-
KuM 00pa3oM, B TPETbEM Clyuae MOCTATOYHO Majas OKPEcT-
HOCTb TOUkHM P ecth oOsacte maockoctd. Ilycts @y u by —
MoGrie HE3aBUCHMBIE MMOCTOSHHBIE BEKTOPHL, NPUHALIENKALIUE
aTo#l nmockoctH. TOraa MOBEPXHOCTs B OKPECTHOCTH TOUKH P
MOXeT OblTh 33aJaHa ypaBHEHHEM

r—=ayu + bo'U.

Wtak, BO BCcex pacCMOTPEHHBHIX HAMM CAyuasnx auHeldua-
mas nogepxHocms 8 O00CMAMOUHO MAAOE OKpecmHocmu
Kaxclold motxu Oonyckaem napamempu3ayuio suda

r=a 1)} vb(v).

Tenepb MBI pPacCMOTPUM BaXHHH KJacC JuHeHyaTHX MO-
BEPXHOCTEH, TaK HA3HBAEMbIX Pa3BEPTHIBAIOUINXCH [OBEPXHO-
cTei.

[Tosepxnocts @ uasviBaeTca passepmoisarouelics nosepx-
HOCHIB10, €CTTM OHA JIOKAJBHO W30METPUUHA TIOCKOCTH, T. €.
eC/ad Y KauJIoH TOUKH TaKoH NMOBEPXHOCTH €CTb OKPECTHOCTb,
nsomerpuuHas 001acTd Ha NJOCKOCTH.

OkaseiBaeTcs, 045 mM020 4mo0bl NOsepXHOCMY Obiaa pas-
sepmulgaiouelicss, Heobxo0umo it docmamouno, 4¥moobu y Hee
2ayccosa Kpusussa 6ciody Owaa pasna Hyaw (ra. VI § 2,
ria. 1X § 6). Takum 00pa3oM, pa3BepTHBAIOUMECS OBEPXHO-
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CTH MOXXHO ONPEeNEJNTb KaK MOBEPXHOCTH C HyJAeBOH rayc-
COBOH KpHBH3HOM.

[ToBepxHoCTh, aABAAKOMmAACA orubarouwell ogHomapamerpu-
yecKoro ceMeHcTBa MJIOCKOCTEH, ABISETCS pasBepThBalomehcs
noBepxHocThlo. JleficTBuTeNbHO, B cmay Tteopemm Poxpura
nanpasJieHMe BJIOJb INpAMOJMHEHHO# o6pasyiowel sasaseTcs
raaBHHIM HampasaenneM. M Tak kak HoOpma/ibHas KpuBu3HA
B 5TOM Hanpas/JeHuW paBHa HyJ10, TO PaBHAa HYJ/HO H rayc-
coBa KpHBH3HA.

Msyunm cTpoenue passepTeiBalomedics NOBEPXHOCTH B
OKPECTHOCTH NPON3BOJbHOH TOukn P. Byaem pasauuarh nBa
cayuvas:

1. B okpectHoctu Touku P cpennss kpusnaHa H=—0.

2. B oxkpecrHoctn TOuKm P cpemuss kpususHa f1=£ 0,

B nepsoM ciyuae r/aBHbie KDUBU3HBL TIOBEPXHOCTH B KaX-
noit Touke, OnusKko# K Touke P, pasHu Hymo. Caenosarensio,
Kawaaa Touka, 6auskas K P, sBJISETCS TOUKOH YIIOWIEHHS,
Ho toraa, kak OO NMOKa3aHo BEILIE, Y TOYKH P ecTb OKpecr-
HOCTb, sBJISIONIAsACS 06/1aCThIO NIOCKOCTH.

PaccmoTrpuM  BTOpO#  caywail. BBeseM Ha mnoBepxHoOCTH
KOODAHHATHYIO C€Thb W3 JuHu# KpuBusHel. Ilycrs Junun u
(r. e. v=const) OyayT Te JUHUU KPHBM3HH, BAOJL KOTOPHIX
HOpMaJibHasi KPHUBH3HA MOBEPXHOCTH PaBHa HYJIO.

[To Teopeme Ponpura m,=0, Tak Kak HOpMaJbHas Kpu-
BIi3HA B HaNpaBJeHMM JWHHUM & paBHa Hymo. Otcioga cije-
AyeT, UTO HOPMaJXW K MOBEPXHOCTW BAOJb JHHUM U [Apai-
JIeJIbHBL.

IMoxaxeM, uTo JuHun 1 — npsamsie anuun. HMmeem r,n =0,
Otciona BROJb AUHAN u moJayuyaeM (r— rog)n=0. Taxum 06-
pasoM, JmHus u niockas. [lamee, BekTop n, 7% O Hanpasien
no HopMmanu JauHuM u. A Tak kak (n,),=(n,),=~0, 10 HOp-
Majd auHuuM u napaanensHsl. Ho 310 MOXeT Obith TONBKO
10r13, KOTJA JWHAA U mpsMasd.

Hrak, B obonx cayuasx paasepmbwaroma;zc;z nosepxXHoCMs
naeasiemes  Auneldwamoti, 80046 nPAMOMIHERHOX 00pa3yio-
WUX Kacamensnas naockocms He mexsemcs. Takum oGpa-
30M, BO BTODOM H3 DAacCMOTPEHHBHIX CJAyYaeB KacaTelbHas
MJIOCKOCTh 33aBUCHT TOJNBKO OT ONHOTO napamerpa (v) W,
C/IENIOBATENhHO, pPa36epMblBAIOU,AsICE NOBEPXHOCIE  SBAS-
emcs oz2ubarouell 00HONApaMempuecKo20 cemeiicmsa fnao-
cKocmel.
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§ 6. MoBepxHOCTH BpameHHs

TMoBepxHocTs F Ha3bIBAETCH NOBBPXHOCMBIO BPAULEHUSR,
ecim OHa o6pasyeTcs NpH BpamleHNH HEKOTOpoi Kpusoh
0K0JIO ocH. JluHUM nepeceyenus Mmo-
BEPXHOCTH C TIJIOCKOCTAMH, NPOXOAS-
LUMU YePe3 OCb BPAUIEHUs, Ha3biBAIOT-
cs Mepuduarnamy, a JAHUA NepeceyeHns
C TJIOCKOCTAMY, TNepHeHINKYIapHbMU
ocH, HasHBaAOTCA napasiessmi (puc.
39).

CocraBuM ypasHeHue MQBEPXHOCTH
BpalleHns, KoTopas oO6pasyercs npu
BpalleHAN KpPUBOH T:

Puc. 39. x=¢@) z=9@)

PacroJ0KEHHOH B MJIOCKOCTH X2 OKO-
a0 ocn 2. Touka (p(u) O, ¢ () xpuso# Y npu mosopore
KPYBOH HA YroJ v MEepexoauT B TOUYKY

(p(u)cos v, ¢ (u) sin v, (u)).
Otciofa ypaBHeHUe NMOBEPXHOCTH BpallEHUs:

x=¢(m)cosv, y=9¢(@)sinv, z=¢(u).

Jlunnn v == const cyTp MEPHANAHK HOBEPXHOCTH, a & = const—
HapasIenu.
[Tepsasi kBazpaTuuHas GOpMa MOBEPXHOCTH —

[=(¢"+¢") du’ + ¢" a0,
Mpl BHANM, UTO Mepulnaws, U RApPAANCAU NOBEPXHOCINN
spawjenuss obpasyom opmozorassryio cems (F==0). Bnpo-

yeM, FeOMETPHYECKH STO OUEBHIHO.
Bropas kBagpatHyHas (opMa MOBEPXHOCTH —

p=Y =V e Y0 g
Vei+¢* Ve + 47
Myl BuA¥MM, YTO Mapajsiesnd ¥ Mepuaunansl o06pasyoT co-
npsxennyo cetb (M==0). Tak kak, KpoMe TOro, 31a CeTb
OPTOrOHa/bLHA, TO NAPAAACAU U MEPUOUQAHOL ABASAIOMCH  Al-
HUAMU Kpusu3Hbl. JTO SCHO M TeOMETPUYECKH, MO0 MIOCKO-
CTH, MPOXOJsilUe Yepe3 OCb ¥ NEPAeHAUKYAAPHBlE OCH, ne-
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PECEKAIOT MOBEPXHOCTh BpaIEHUA MO MOCTOSHHBIMHU YrJ/IaMmd,
CornacHo cneacrBuo Teopemst § 3 ra. VII mmHum nepeceue-
Hus (T. € MepuAuaHhl U Mapaiesn) NOJ/DKHEL ObiTh JIMHHSIMH
KDUBH3HbI

OrtHocuTe/BHO NEpBOH W BTOPOH KBaAPaTHUYHHX (OpPM
MOBEPXHOCTH BPAlEHHs CYILECTBEHHO 3aMETHUTh, 4TO KO3¢-
¢UUMEeHTB 3THX (OPM 3aBHCAT TOJBLKO OT L.

HafimeM rsaBHHE KDUBHM3HH TNOBEDXHOCTH BPAILEHHS.
Ilyctb ky — KpUBHM3HA MepHANaHa, kg — KPUBU3HA MapasIent,
& — yron, o6pasyemunift KacaTe/pHOH MepUAMAHAa C OCBIO MO+
pepxHOcTH. Tak Kak MJIOCKOCTh MEpUAMaHa MNepPeceKaeT Mno-
BEPXHOCTb MOA NPSMBIM YIJOM, TO HOPMAASHAS KPUBU3HA
NOBEPXHOCMU 8 HANPABAEHUW MepuouaHa pasHa Kpuslu3He
sepuduana, 1. €. ky. Jlng KpUBU3HH NOBEDPXHOCTH B HAnpas-
JeHnn mnapajiens no teopeme MeHbe mnoJsyuaem 3HaueHue
ks cos §. BeanumHa kg cos & wumeer npocrofi reomeTpHuecKuit
cvpict. WimenHo, ecau oGosnanwums d 0auny ompe3xa Hop-
Maau nosepxHocmiu 00 mouku nepecedenusi ¢ ocsio (puc. 39)
mo

kgtostt = L

B sak/oyeHne 3toro maparpaca nocmpous npumep no-
8EPXHOCIMI BPAULEHUS NOCMOSHHONL O mpuyamensHol 2aycco-
801l Kpusu3HbL.

[Tycts ocChlo BpalleHuss SBJsSETCH OCb 2. YpaBHEHHE Me-
puaMaHa MOBEPXHOCTH B IVIOCKOCTH X2

x=x(2).

Hopmanbuaﬂ KpuBH3Ha MOBEPXHOCTH B HanpasJEHUH MeEpu-
Adada
X’

= (1 +x'§)3/s *

HopmanpHas KpuBu3HA TNOBEPXHOCTH B HANpaB/IEHUW MNapaj-
JeJu

ky

1
PREE O
Orciona rayccosa KpuBM3HAa NMOBEPXHOCTH

—_x"
K=savar
6 A B. MNoropesaos

kg=—
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Y MHOXas 9TO YPaBHEHHE Ha XX, MOJYUUM:

7 . —_ x'x"
Kxx =TF<-
Nurerpupys, nojayuum:
1
] —
Kx'4-c=1 e

rae C—-HpOH3BOJleaFI NOCTOsAHHAA. l]Jlﬂ BO3MOXHOCTHA 1aJib-
Hellllero MHTErPHPOBAHUA B SNEMEHTAaPHBHIX (YHKUMAX MOJO-
#*um c¢c=1. Torua

—x'?
Kt =7
IMonoxnm x'=tgd. Hmeem
1
Kx'=—sin?}, x=———sind.
V—K
Ianee,
dz 1 cos® &
ax __ctg&, dz:V:_Y(.m
=V_I_E(ﬁ = sma> ds.
Orcrona
= Vl—K (cos $4-1n tg%) +-c.

IMocTosHHAs ¢ He CYUIECTBEHH3, OHa COOTBETCTBYET CHBHIY
MepuAnaHa NapajjienbHo OCH.
YpaBHeHne Mmepuanana:

1 8
X= sin 8, 2’=—___(C088 Int —-).
V=R +lntg 5

1
V—K
DT1a KpuBaa HasmBaerca mpaxmpucoli. OTIMUATENLHBIM
cBOHCTBOM €€ #BJSETCS TO, YTO OTPe30K KacaTeJpHOH oT
TOUKM KacaHus OO OcH 2 nocrosHed. Taxkum o6pasom,
HalllleHHas HaMP NOBEPXHOCTb HOJMYyYaeTcs BpallleHWeM TpaK-
TPUCH. DTa NMOBEPXHOCTh HA3HIBAETCA ncesdocgepoii.
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Ee ypasnenus:

1
X=-———sin ¥ cos ¢,
V=R ¢
1
= ——— sin ¥ sin "
y V=R ?
' 1 $
= — 8 l t o e
2 =x (cos +Intg 2)

IIpencrasaenne o dopme ncesgocpeps gaer puc. 40,

YNPAXKHEHNA K T'JIABE VII

1. BoluvcauTb BTOPYIO KBaIpaTHYHYI HOPMY s BUHTOBOH Mo-
BePXHOCTH
xX=ucosv, y=usinv, z=o.

—2du dv
Vur 1"

2. Hatitn HopMaabHYIo KpHBH3HY napa6ouionna z = -;— (ax®4-by?)

Omeem.

B touke (0, 0) B HampaBuaeHnu (dx :dy).
adx®4-bdy?
dx®+-dy?

3. Tokasatb, YT0 mMpH M0G0 MapaMeTpu3auuM MIOCKOCTH BTO-
pas KBaapatHyHas (opMa TOXIECTBEHHO paBHa HYTIO; NMpH m06oi
napaMmeTpHu3auuy cdepsl BTOpad KBaxpaTHYHasd popma npomnopuuo-
HalbHa NEPBOMH.

4. HaftTu acHMNTOTHYeCKHe IHHMUH NOBEPXHOCTH
X
2= — + l .
y X

1 1
;?_37
5. OnpenenuTh aCHMNTOTHUECKHME JMHHM KaTeHOU.IA

Omgem. k=

Omgem. x==¢,y, 2 Oy

x=chucosv, y=chusino, z=u.

Omgem. u - v=const, u— v= const.

6. INokasaTb, YTO Ha reaMKOWIE OXHO CEMEHCTBO aCUMNTOTHYE-
CKHX COCTOUT M3 NMPAMbIX, a APYroe H3 BUHTOBHIX JAHHHMH.

1. Ha nosepxuoctu
ax? by 22 =1
HAWTH CEMEHCTBO NMHHH, CONpAXEHHOe CeMeACTBY y = const.
Omgem. 1—by?=1Ax? rme A — NpPOU3BOILHOE MOCTOAHHOE,
6’
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8. MNoxka3saTb, YTO KpuBbIE mepeHoca (u = const, v = consl; Ha
NOBEPXHOCTH NepeHoea

r=U(u)+V(v)
06pa3yloT CONpPAXEHHYIO CeTb,
9. Onpexeautb TAaBHble KPHBU3HB mapaGonouna
z=ua(x*+y? B touke (0, 0, 0).
Omeem. 2a, 2a.
10. Onpeneantb AWHMH KPHBU3HBI Ha TeJIHKOUIE

xX=1ucosv, y=usinv, z=co.
Omeem.

In (u 4 Vuf F ¢f) — v = const,

In (@4 VutF )+ v=const
11. Hailtu aunHuu KkpuBH3HB Tapaboionna

z=axy.
Omeem.
In(ay +V1Fa*?) x In (ax 4+ VT a?x?) = const.
12. HaitTu cpexnioo ¥ rayccoBy KpHBU3HY Napaboniouia 2 = axy
B Touke x =y =020,

Omeem. K=—a? H=0.
13. Tlokasatb, YTO cpenHAA KPHBH3HA TeJMKOMIA PaBHA HYIIO.
14. TlokasaTth, YTO cpefHAS KPMBH3Ha KaTeHOMJa

2 1L 2
z=aArchlir—a——l———!—

paBHa Hymo.

15. TlokasaTh, 4TO eClM CPelHAA KPHBH3HA NOBEPXHOCTH PaBHA
HYJ1I0, TO aCHUMNTOTHYECKasA CETb — OPTOrOHAlbHasd.

8AJNAUYN U TEOPEMbBI K I'JIABE VIl

1. ycts r=r (4, v) — NPOU3BONbHAA NOBEPXHOCTD, (Up, Up) =
noCNe0BaTeNbHOCTb TOYEK, CXONAWAACA K TOUKe (Uy, Up), H
(a:b) —nanpaBnesne B TOuke (4), ©,), B KOTOPOM HOpManbHad
KPHBH3HA NMOBEPXHOCTH OTJHYHA OT HYJs.

[Moxasars, yt0 ecam npu k —>»co

up U, = a

Vp— Vp b’

TO HanpaBl€HHE ﬂpﬂMOﬁ nepeceyeHus KacaTelIbHbIX NAOCKOCTEeH Mo=
BEPXHOCTH B TOYKax (i, ©,) U (43, Up) CXOLHTCA K HalPaBICHHIO,
conpameHHoMYy (a:b).
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2. Jloka3ath, YTO MPH NPOEKTHUBHOM, B YAaCTHOCTH, adduHHOM,
npeo6pa3soBaHHH NMOBEPXHOCTH CONPSKEHHAs CeTb NMEPEXOLMT B CO-
NPAKEHHYIO, aCHMITOTUYECKAsA CeTb MEPEXONUT B aCHMNTOTHYECKYIO,

3. Ceuennus nOBEPXHOCTH MYYKOM MNJAOCKOCTEH, NPOXONFHUX
yepe3 MPOU3BONbHYIO NPAMYIO g, W JHHHM KaCaHHA 9TOH MOBepx-
HOCTH C ONHMCaHHLIMH OKOJNO Hee KOHYCaMH, HMEIOI{HMH BepUIUHbI
Ha NpAMOM g, 06pa3yIOT CONPMKEHHYIO ceTb (meopema Kenuzca).
Hoxasarb.

4. loxasaTh, YTO KpHBbIE MEPEHOCA HA MOBEPXHOCTH NepeHoca

r=U(@)+V()

(1. €. KpuBble # = const, v = const) 06pPa3ylOT CONpPAKEHHYIO CETb.
5. Jlokasatb, YyTO0 Ha nosepxHocTAX Ilerepcona

,_U@ V@
T U@+ V()

rne U n V —sextopusie, a U u V — ckanspusie QYHKUMH YKa3aH-
HBIX apryMeHToB, cemeiicrBa # = const 1 v = const o6pasyiotr con-
DAMEHHYIO CeTb.

6. Ecnin kaxnmas TOYKa MOBEPXHOCTH SIBASETCA IIAPOBOi, TO
NOBEPXHOCTb eCTh cdepa uau obnactb -Ha cdepe. okasars.

1. Haittn wapoBsie TOYKM Ha MauRCOMIE

xS y2 ZS
Ftgta=L_

8. Jlokasatb, YTO eCIM aCHMNTOTHYECKHe JHHHM Pa3idUUHBIX ce-
MeHCTB HMEIOT B HX o6uiefl TOuKe OTIMYHBLIE OT HYJAA KPHUBU3HHI,
TO OHA HMEIOT paBHBE [0 BEIMYHUHE, HO NPOTHBOMOJOXHbIE MO
3HaKy KpYYeHHs.

AGcomoTHan BeIMYHHa KpYYeHHss paBHAa aGCOMIOTHOMY 3Haue-
HUI0 TayCCOBOH KDHBM3HBI NMOBEPXHOCTH B IaHHOH Touke (meopema
Beavmpamu — IHHenepa).

9. Mycre r (4, v, W) —— BeKTOp-QYHKUHA apryMeHTOB U, U, W
[oka3ath, 4TO eciau

Fyly=Tyly =Tyl =0,
10
Tyl = Fyuly = Fyuly =0.
10. Tlyctp MMeeM Tpu cemeficTBa MOBEPXHOCTEH:
9 (x, ¥, 2) =const, ¢ (x, y, 2)=const, y(x, y, 2) = const,
npuyeM AKOOHaH
Do ¢ %)
= DA £,
D(x, 9, 2)

l'oBopAT, uTO YyKa3aHHBIE ceMelicTBa O0GPa3ylT mMPUOPMO20HALb-
HY10 CHCTEMY MOBEPXHOCTEH, ecan MoGhe 1Be MOBEPXHOCTH pa3iany-
HbIX CeMeHCTB MepeceKaloTcsA MOJ NPAMLIM YIIOM.

Jloka3aTb, YTO MOBEPXHOCTH PA3IUYHBIX CeMEHCTB TPHOPTOro-
HaJIbHOM CHCTeMbl MEPECeKanTCA N0 IUHUAM KPUBHU3HBL
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11. HaiiTu avHAM KPHBM3HBI Ha NMOBEPXHOCTH BTOPOr0 MOpAIKa
ax? 4By +y2f =1,
BK/IIOYHB €€ B TPUOPTOTOHANBHYIO CHCTEMY CODOKYCHBIX MOBEPXHO=
cTeit BTOPOrO MOPAILKa.

12. TlosepxHocTb @ Ha3biBaeTCA napassesbHoli noBepxHOCTH F,
eciM OHa ABIACTCA TEOMETPHYECKHM MeCTOM KOHLOB OTPE3KOB
TIOCTOAHHOH JUIHHBL, OTJIOXEHHBIX Ha HOPMaiafAX MNOBePXHOCTH F.
Bynem cuntaTbh COOTBETCTBYIOLIMMH TOYKaMU nmoBepxHoctedl F n @
KOHIbl OTPe3KOB, O KOTOPHIX HIET peub B ONpeneleHHH,

Ioka3satb, 4TO:

1) xacarenbHble MJIOCKOCTH B COOTBETCTBYIOLIMX TOYKAX MO-
BepxHocTeft F u ® mapamienbHb,

2) cBOHCTBO MmapannenpHOCTH B3auMHO (7. e. ecan @ mapan-
aeabHa F, to F napaaneabna ®);

3) AMHUAM KDPUBH3HBI NOBEPXHOCTH F  COOTBETCTBYIOT JHHHH
KPHBHU3HBI MoBepXHOCTH P,

13. Ecau Touka P nosepxHocTH F He sABIAeTCA HU LIAPOBOIL
TOYKOH, HH TOYKOH YNJIOLICHHA, TO B OKPECTHOCTH TOYKH P no-
BEPXHOCTH NapaiienbHbie -F ¥ pa3BepThIBAlOLIHECA INOBEPXHOCTH,
006pa30oBaHHble HOPMAJAAMM MOBEPXHOCTH F BIONb JMHHUA KPUBH3HGI,
06pa3yloT TPHOPTOTOHANbHYIO cHCTeMy MOBepxHocTed. Jlokasarb.

14. lokasaTb, YTO NPH HHBEPCHH JIMHHHM KPUBH3HbLI NaHHOU MOBEPX~-
HOCTH TePeXoAAT B JHHMH KPUBH3HBI NPe0OPa30BaHHON MOBEPXHOCTH.

15. Jloka3atb, 4T0 NPH KOHPOPMHOM OTOOGPAXKEHHH NPOCTPaH-
cTBa Ha ce6a cdepa nepexonut B chepy Ham naockoctb. Onupasch
Ha 3TO, N0Ka3aTb B CBOI0 OYepelb, YTO Ja1060e KOH(POPMHOE mpe-
o6pa3oBaHHe NoOAyyaeTca NPHMEHEeHHeM mpeoGpa3oBaHHi momoGus,
JIBUXKEHHA, 3¢PKaJbHOr0 OTOOGPaXEHHA W HHBEDPCHH.

16. Boipasuth cpemgHIOI0 M TayCCOBY KPHBHM3HY NapaiieibHOH
NIOBEPXHOCTH Yepe3 CPENHIO H rayCCOBY KPHBHM3HY MNaHHOH no-
BEPXHOCTH U PaCCTOAHAE MEXIY NOBEPXHOCTAMH.

17. Myctb nosepxuoCTs F

r=f(ur )

noxsepraercsa nedopMamMd Tak, YTO K MOMEHTY [ OHAa mepexoguT

B NnoBepxHoCTh Fy
r=f(u, v)+t\(u, v)n.

JlokasaTb, YTO NPH MalkbX ¢ U3MEHEHHE MIOLLaNH MOBEPXHOCTH, 06yc-
70BJeHHOE NedopMallell C TOYHOCTBIO X0 YJAEHOB NMOPSANKA f, PaBHO

2t ; \H ds,

rue H— cpenusas kpHBM3HA noBepxHocTH F, a do— saeMeHT nio-
manyd 3TOH NMOBEPXHOCTH.

18. ToBepxHOCTb F Ha3bIBAETCA MUHUMOALHOU, €CIH Y Kaw-
J0#t TOYKM P 3TOi NOBEPXHOCTH €CTh OKPECTHOCTb », OrpPaHHYeH-
Has npocToll KpUBO# 7, Takas, 4TO moGas NOBEPXHOCTb C KpaeM
HMeeT MJOLaJb He MEHbHIYIO, YeM OKPEeCTHOCTb ® MOBEPXHOCTH F:‘
JokasaTh, YTO MHHMMaibHas NOBEPXHOCTb HMeeT PaBHYIO HYIO
CPELHIOI0 KPUBH3HY.
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19. Jokasats, 4To chepuyeckoe oToOGpaxkeHHe MUHHMATbHOH
MOBEPXHOCTH B OKPECTHOCTH KaXX 0N TOYKH, He ABAAIIIEHCA TOUKOH
yumiouieHus, KOH)OPMHO.

20. TMokasatb, yTo nnouags o6nacTd GG orpaHHYeHHON KPUBOH Y
Ha MUHMMaIbHOM NMOBEPXHOCTH paBHa

o=17 S (r, dr, n)
1

(dopmyra Llsapya).

21. Jloxa3aTb, 4TO €cIM MHHHMalbHAasd MOBEPXHOCTb JHHel{ua-
Tas, TO OHa Ju60 NIOCKOCTb, JTHOO TeINKOMI.

22. loxasaTb, YTO €CIM MHHHUMaibHasg TNOBEPXHOCTb fABAAETCA
NOBEPXHOCTBIO BpaleHUs, TO OHA IU60 MIOCKOCTb, MM60 KAaTEHOHI.

3. Haiity B kBagpaTypax Bce MNOBEDXHOCTH BpalleHHA C NO-
CTOSAHHOH rayCCOBOH KPWUBH3HOM.

'TABA Vil
OCHOBHBIE YPABHEHMSI TEOPUU TOBEPXHOCTE

B nByx npensimympx riaBax MBI PaccMOTpead psan BO-
NPOCOB TEOPUM MOBEPXHOCTEH, A/ pelleHus KOTOPHIX KOCTa-
TOUHO 3HaTh TOJIBKO NEPBYIO ¥ BTOPYIO KBaApaTHuHbie (OPMbI
NOBEPXHOCTH.

EcrecTBEHHO BO3HHKAaeT BONpPOC: B KaKoO# cremeHm nep-
Bas ¥ BTOpast KBaApaTHuHbie (JOPMbl MOBEPXHOCTH ONpPENESIOT
MOBEPXHOCTh M KaKMM YCJOBMAM JOJMKHBH  YAOBJETBODATDH
KBaZpaTHYHHE (POPMBI

Edu®4-2Fdudv+ Gdv®, Ldu*+2Mdudo- Ndo?

LIt TOrO, YTOOB CYIIECTBOBaJa MOBEPXHOCTb, I KOTOPOH
5TH KBaapaTHuHbie (OpMB OB NEpPBO# M COOTBETCTBEHHO
BTOpOH KBaZpaTHUHHIME (opMamMu?

Orser Ha 3TOT Bompoc OyHeT JaH B MOC/AEIHEM Iapa-
rpade Hacrosmedt riaasw Teopemod Bomme.

§ 1. JdepuBanuonunie (OpMmyJibi

Jepuauuonnsie (OPMyJasl A TOBEPXHOCTH ABJSIOTCA
aHajsorom ¢opmyn Ppene ams kpuseiX. OHHM HAOT BHpaXe-
HUS Ui NPOU3BOJAHBIX BEKTOPOB F,, Iy M YEPE3 3TH BeEK-
TOPH ¥ Ko3(pduiueHTsl nepBo#l 1 BTOPOH KBaapaTHYHBIX POpPM
nosepxHocTu. Ilodyunm st (popMy.Jsl.
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Tak KaK BEKTOPH F,, Iy, N HE JEXKaT B ONHOH TJIOCKO-
cty, TO JoGOH BEKTOp HONYCKAaeT NpeACTaBJIEHHE B BUAE
JAuHeMHON KOMOMHAuMm BEKTOPOB r,, I, M. B uyacTHOCTH,

rw=Tur,+Tirs + M,

Ty =Tlar, + Tl » + hyont,

Ty ="T4r, —+ T5rs + Aon,

R, =0y, — Wgly -} ayon,

Ry =0T, - Qgoly —}- Ogont.
Iokaxem, uto KosdduineHTs I‘f]., }‘ij’ o JNEHCTBUTENLHO
BHIDAXAIOTCA yepe3 KO3(QHUUNEHTH NEpBOH U BTOPOH KBaj-
paTUYyHBIX (POPM MOBEPXHOCTH.

Bo-nepBHX, 3aMETUM, YTO KO3(MUIUMEHTH Oy U 0gy PaBHH

nymo. Jlas 3TOro [JOCTATOYHO YMHOXKHTb MNOC/ENHME 1B
paBeHCTBa CKaisapHo Ha m. Ilpn sToM noayuyum:

n,n=—=0ay, nyN=0ay
Ho
1 1
nn=-(n",=0, nn=-(n?,=0.

YToObl NOJMYYNTh BBHIPAXKEHAA IJIS Og M Ogg, YMHOXHM
PaBEHCTBO

Ny = 0yl W9l
CKaaApHO Ha r, U Fy Iloayunm:
— L =oy,E +oy5F,
— M= a“F -J'— aﬂG.
Orciona
— LG+ MF LF— ME
M="FG—F > MTEG—F-
AHa/IOTMUHO TOJYYAIOTCH Ogy U Olgo!
NF— MG __ —NE+4+MF
WM=EG—F T TEG—F
Has noayueHns KO3(OUUMEHTOB Ay, Mg, Ay  YMHONHM
nepsoie Tpu opmyant Ha n. Ilomyunm:
M=L, Mg=M, dg=N.
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Yro6bl NONYYATh BHIpaMKEHHs NS KOI(DDULHEHTOB Ff-’p

YMHOXHM nNepBble TPH PaBEHCTBAa Ha r, H ry. IIpH 3TOM
NOJYYHM LIECThb COOTHOLIEHHH JJi K03p(hHIHEHTOB Ff’,i
1
P}1E o P%IF =3 E,,
ThF 4 T%4G = F, — 5 Es,
1
I'LE + IMLF = 5 E,,
1
P3
1 2 1
ToE + TpF =F, — 9 Gm

TF 4-THhG = + Gy

9 1
ThF 4 TG = % G

N3 3Tux 1WecTH ypaBHeHHH MOMXHO HalTH BblpaXKeHHe
IS LIeCTH Ko3(pdHIHEeHTOB l“?i- Mur He GyneM BBINHCHIBAaTh
3HayeHHs KO3(ppULHEHTOB [‘?,-, 3aMeTHM JIHIIb, YTO OHH B OT-
JIMYHe OT JAPYTAX KO(PGhHIHEHTOB 6bIPANCAIOMCA MOALKO
uepe3 Koaguyuenmor nepeoti Keadpamuunoli opmer u ux
npoussooHsie.

Takum o6pa3oM, MbI TOKa3aJjH, 4TO NPOH3BOAHBIE BEKTO-
poB ry, ry, # IEACTBHTEJ]BHO BHIPAXKAIOTCA Yepe3 BEKTOPHI
Fu, 'y U 12 C KO3dHLHEeHTaMH, 3aBUCAILHUMH TOJIBKO OT K03(-
GHIHEHTOB NEepPBOH M BTOPOH KBaApaTHYHHIX (OpM MoBepx-
HOCTH.

" k

B 3akmouenne HaiineM kosbduunents [;; ana ciayyas,

KOrja nepBasi KBapaTHuHas ()opMa NOBEPXHOCTH HMeeT BHI
I = du* + Gdv?.

TMoxcrasnsia E = 1, F = 0 B ypaBHeHus ujs I‘f,, no-
JYYHM:

P}l"_‘O’ P%I::O:
1 G
I‘iz=01 Fi2='§'7;1’
1 1 G
P;2=—§Gu1 P§2=?‘G—v°
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§ 2. ®opmyan I'aycca — Ilerepcona — Kopanuu

TlepBas uw BTOpas KBaJApaTHYHHIE (POPMBI MOBEPXHOCTH
ne HesasucuMmbl. CBs3p Mexny Koapduuuenramm sTux opm
MOXeT OHTh NMOJYueHa CaeaylomuM o6pasoM.

Umeem oueBunmHble PaBEHCTBA:

Cudo— ) =0, o)y — (F10)o=0, (1), —(n,),=0.

Ecnu B 3TUX paBeHCTBaX BHIPaXeHus B CKOOKax 3ame-
HUTH COTJIACHO AE€PUBaUMOHHBIM dopMysaM u nocne audde-
DEHUMPOBaHNA enle pas BOCHOJb30BAaTHCA TaKOH 3ameHofl,
TO MBI NOJYYMM TPH BEKTODHBIX PaBEHCTBA BHAA

A,ru —|—B,r,,—|— C,n=0,
Agr,~+ Bory, -+ CGn=0
Aaru—l—Bar,u+C3n=0,
rne Ay, Ag «ov, C;— M3BECTHHIM 00pasoM HOCTPOEHHHBIE
BHpaXeHns Hu3 Kospduumentos nepsoit u Bropoi KBampa-
TAYHBIX (OPM MOBEPXHOCTH W WX NpousBOAHbIX. M3 3TuX
TpPeX BEKTODHBIX COOTHOLIEHWH chaexyeT HeBATh CKAJMAPHBIX:
A1=0, Bl=0, C1=0,
A9=0» BQ'—:O: C2=0:
A3=0, Ba=0, C3=0.
Hatinem 119 npumepa coortHowenne B;=—0. B, npex-
craBaseT CoO60H  Ko3(duumeHT npH £, B  BEIPAXKEHHH
©=(r,,); — (), TOCJIE COOTBETCTByIOUIEH 3aMEHB NpPOU3-

BOJHBIX BEKTOPOB M, r,, ¥ I, COIJACHO AEPUBALUOHHBIM (op-
myaam. Hmeem

o=r, +Tr, -+ L), — Chor, + Ther, + Mn), =
={T1)ors + Tisrwo + Tl o + Ly} —
- {(P?Q)ur'o + Piiruu _I_ Pi‘lrlw + Mnu} + {ru’ n}’
rae {r, n} CONEPNHT TOJNBKO BEKTOPH Fr, W M. 3aMeHss

BEKTODH I, Fyy Ty M, ¥ M, COTJACHO JEPHUBALMOHHHIM
dopmynaM, noayuam:

0= {(T}), -+ Th Th -+ Tt T — (o), — Tha Th — T4 T —
LN — M?
— EH =+ ).
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Takum o6pasoM, cooTHouwenne By=—=0 uMeeT BUj

LN—M? 1 2 172 2 T2
EG—FE—E {(Pll)v + Pu Ple + e Flz Ple} .
W3 2TOro COOTHOLIEHWS MOJYYAOTEd BAXHBIE CJEICTBUSA:

1. T'ayccosa KpususHa  nOBEpXHOCMI  BbLPANCAEMCS
moasKo uepe3 Koaggpuyuenmo.  nepgoil  K8adpamuyHol
gopme. u ux npoussodnsie (meopema Iaycca).

2. Tak Kak wH3OMETpHYHBIE NOBEPXHOCTH HPH COOTBET-
CTByOIE! mapaMeTpusalud HMMEIOT OIMHAKOBHIE MEPBHE
KBaIpaTHUHBIE (ODMBI, TO 8 COOMBEMCMEYIOUUX MOLKAX
U30MEMPULHbLE NOBEPXHOCMI UMEIOM O00UHAKOBbLE 2AYCCOBYL
Kpusu3tat.

3. Tax Kak pa3BepTHIBAOLINECS MOBEPXHOCTH JOKAJbHO
M30METPHYHBI MJIOCKOCTH, TO 2aycco8a Kpusu3wa y passep-
MbBAIOUUXCS NOBEPXHOCMER PABHA HYAID.

OkaskiBaeTcsl, cpend NeBATH cooTHomwenu#t Ay =0, ...,
Cy=0 pasanyneix TOJBKO Tpu. OHHO U3 HHUX, BHIBEIEHHOE
Hamu, BrepBeie mnoayuyeHo [ayccom. J[IBa Apyrux nosyuyeHs!
K. M. IlerepcoHoM, noswe Mattnapan u Kopauuu.

DTUM TPEM COOTHOLICHUSM MOXHO NPHAATh CACAYIOULYIO

dopmy:

LN — M? 1 EE,E,
EG—F*~  I(EG—FY? FF,Fy|—
Ga,a,

1 Ey—Fy Fy— Gy
T 2VEG—F! {<1/ EG— F*)v - (ﬁﬁl_“_ﬁu
(popmysra T'aycca),
(EG—2FF+-GE)(L,— M,)—

EE,L
— (EN— 2FM -+ GL) (E, — F,) -+ |FF, M| =0,
aG, N
(EG— 2FF -+ GE)(M, — N,) —
EE,L
— (EN— 2FM -+ GL)(F,— G,) -+ |FF, M| =0
GG, N

(gpopmyast [lemepcona — Kooayyu).
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§ 3. CymecTBOBaHHE H €IHHCTBEHHOCTb MOBEPXHOCTH
C 3afaHHBIMH NepBOdl M BTOPOH
KBaJApATHYHbIMH opMamMu

Mmeer mecro caenymouas
Teopema Boune ITycms

E du® + 2F dudv | Gdv?,
L du® + 2M du dv - N do?

08e awlObe KBadpamuuHsie @OOpMbL, U3 KOUX nepeas 8-
ASEMCSL NOAOJHCUMENbHO onpedesennoli. [lycme 048 K0IP-
duyuenmos amux gops 8unosnsgomcs ycaosus Iaycca —
[Memepcona — Kodayyu.

Toz0a cywecmsyem u npumom eOUHCMBEHHAS C MO4-
HOCMBI0 00 NOAOJCEHUS 8 NPOCMPAHCMEBE NOBEPXHOCHLY, OAS
Komopoii 3mu hopmbl ABARIOMCH NEpsol u coomseem-
CMBEHHO 8MOopoll K8adpaAMULHH M OPMAMU.

IDoxkasateancTBo. PaccmoTpum caenyioumyio cucremy
nudpepeHnnaabHEX ypaBHeHAR 11 BeKkTop-pyHkun#t &, m, &:

g, =T+ Tim+L§,
§, =T108 + I'igm -+ ME,
N, =T'18 + Tign -+ ME,
Mo =T5%§ 4 I -+ MG,
8.=0uf + oM,
8o =218 g,

rae KO3 UuuKeHTs I‘fj W 0, M3BECTHHIM 00Pa30M BLIPaXeHbI
uepe3 Ko3(@HUINEHTH 3aJaHHBIX KBaJpaTHUHBIX (opm.

W3 Tteopuu gnddepeHunasbHeX  ypaBHEHUH U3BECTHO,
YTO 3Ta CHCTEMA HMMEET M INPUTOM EAMHCTBEHHOE pelleHue
NpU 3aJaHHBIX HAYaJIbHBIX 3HayeHuAX (3Havenmsax §, 1, §
B Kako#-HuOynbp Touke (4, Up)), €CAM BHIMNOJHEHH YCJOBHS
HHTErPUPYEMOCTH, T. €. €CJAM PaBeHCTBA

TuE -+ Tim - L), — (1§ - Tiem -+ ME), =0,
(Piig + Pi‘ln + Mg)v - (Péeg + ngﬂ + Ng)a == 0:
(@& 4 042y — (1§ + 23m), =0
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BHINIOJHAIOTCA TOXACETBEHHO B CHJIYy YpPaBHEHHH CHCTEMBL
Takum 00pa3oM, yCJOBMSI HHTErDPUPYEMOCTH CBOAATCA K YCJO-
suam [Naycca — Ilerepcona — Konanug.

Tak kax aJd 3agaHHBIX HaM KBaAPAaTHYHHX (OPM YCJIO-
st T'aycca — Iletepcona — Komaiuu BHINOJHEHH, TO IJ4
paccmMatpuBaeMoil  cuctemsl  AuepeHnuaNbHEX  ypaBHEHRH
BHINOJIHEHBl YC/IO3US UHTEr DHPYEMOCTH.

IMycte &, 10 &Go— Tpn BekTOpa, YIOBJETBODPAIOMIKE
YCAOBHAM

g(’) =E ("oy 'UO)) §0ﬂ0 = F (uO’ vo)y ﬂz = G(uo, "00),
Bibo=0, mo=0, G=1.

Mycte & M, §— pemenne namwed cucreMel, yIOBJIETBO-
psioulee HAYaJbHOMY YCAOBUIO: & (Uy, Vo) ==& M (1y, Vo)==
="y & (0, v))=2C¢

Tak xak §,==1", TO CyWECTByeT BeKTOp-hyHKuUAs r (1, V),
s koropo#t r,=§&, r,=m. IlokaxeM, 4To NOBEPXHOCTH,
3anaBaeMasl BEKTOPHBIM YypaBHEHueM r—r (i, V), B OKpeCT-
HOCTH TOYKM (i), Vy) HMEEeT nepBo#t KBaapaTuuHoi#t cdopmott

Edu® - 2F dudv 4 Gd??,

a BTOpo# KBazpaTuuHo#l Qopmotit
L du® 4 2Mdudv -+ Ndo

BripasuM npoussoaHbie Mo # W U Iectw BeamuuH EY 1P
& &, nG CE uepes aTm Xe BeJMUMHB, WCNOAb3Ys YpaBHe-
Hus Hamel cuctembl. Torza noayusM NBEHaAuaTh DPaBEHCTB:

(?)u = Rl (gs’ 1‘2’ & e )’
(gg)v == IXg (§21 “g’ oo )»

(+)

(C8), =R B% % ...),

roe Ry, Ry ..., Rjg— JuHeHHbie OXHOPOAHBIE BBIpaXEHUs
orHocurensHo E2, w% ..., CE.

IlBeHaqnaTe paBEHCTB (%) MOXHO DPacCMaTpuBaTh Kak
cucteMy nuddepenunansunix ypasuenu#t mas &% nk ..., CE
drta cucrema ynosaersopurcd, eciu Bmecro B, mY ..., §E
noacrasute £, G, ..., 0 COOTBETCTBEHHO, B UYEM MOXHO
yGenutbcs HemocpelcTBeHHON npoBepko#. OG6Ga 3TH pelueHHs
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MMEIOT OJWHAKOBBIE HAYaJbHBIE 3HAUEHWs (3HAYEHHS B TOuKE
(g, vp)). Orclona B Cuay eZUHCTBEHHOCTH PpeIUeHus Chenyer,
4TO

§=E, "I’=G» En=F, §=0, tn=0, =1
Tak kak r,=§, r,=1, T0
ri=8'=F, tg,=—50W="F; ri=%"=G

Takum o006pasoM, MOCTPOEHHas HaMH MOBEDXHOCTh HMEET
nepBo#t KBaZpaTHyHO# (opMoi

E du® -+ 2F dudv 4 Gdo*

Hanee, Tak xak EE=n{=0 u §=1, 10 { asmsercs
€IMHUYHHM BEKTODOM HODMaJH INOCTPOEHHOH NOBEPXHOCTH,
M, CJelOBare/ibHO, Ko3((uUMEHTH BTOPOH# KBaXpaTuyHOH
¢opMbl MOBEPXHOCTH F==7 (i, V) PaBHH

gugy g-o;’ nwg

IpuHuMas BO BHUMAHHE BBIPAXEHWS MNPOMSBOIHHIX §,,
g, u 1, vepes §, 1, € n cootHomenns §E =0, =0,§ =1,
HAXOMM:

§u§=L: g'u;:M’ nv;=N'
Takum 00pasoM, NOCTPOEHHAass NMOBEPXHOCTh HUMEET

L du® 4 2M du dv -+ N dv®

BTOpPO# KBaxpaTuuHo# Gopmoil.

CyluiecTBoBaHME TNOBEPXHOCTH C 33aZaHHBEIMH NEPBOH U
BTOpPO# KBagpaTHYHHIMM QOpPMaMM HOKasaHO.

Jlokaxem Tenepb ENMHCTBEHHOCTh TaKOH MNOBEPXHOCTH
¢ TOYHOCTHIO O NOJIOKEHHS B MPOCTPAHCTBE.

Iycte ®; u ®y — 1Be NOBEPXHOCTH, Y KOTOPHIX COBIa-
JIaI0T NepBele M BTOPHIE KBaapaTuyHeie ¢opmsr CosmecTum
nosepxHoctu @; u @ OBYMS COOTBETCTBYIOLLMMM TOUYKAMU
(Toukamy, OTBeyarOmMUMH OAUHAKOBBLIM 3HAUEHWSIM MNAaPaMET-
pos, Hanpumep (i, Tp)), COOTBETCTBYIOMIAMH HA[PaBJIEHUAMU
n  HopMmaisimu. Takoe COBMEIIEHHE BO3MOXHO Osaronaps
COBNAJACHNIO NEePBLIX KBaapartuuHeiX ¢opm. ITycts r=ry (&, v)
U r=ry(4, v)— ypaBHEHHss TOBEPXHOCTE# MOCAEe TaKoro
COBMEILEHHUS.
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Cuctema muddepenunaisHux ypasuennii mig & %, &
OYEBUIHO, YAOBJIETBOPAETCS, €CJAH B3ATh

E=r M=r, f=mn
HJn

§=fgu, N="rep §=ﬂg
A Tak Kak o0a 3TM peleHds COBMNANAlOT B TOuKe (Uy Tp)
TO OHH COBNAJAIOT TOXIECTBEHHO. MTak,
ry, ("’ v)=r2u(u’ '0), T, (ll, 'U)=r2'v(u’ 'U)
nau
dry(w, v)=dry,(u, v),
OTKyZa
ri( v)=ry(u v)+c
Tak kak npu u=uy, v=", ri="re 10 ¢=0 4, crenosa-
TeNbHO, Iy (8, v)=ry(w, ).
Wrak, nosepxnocty ®; n Dy pasHsl C TOYHOCTBIO [0

IBUXEHUS H 3ePKaJbHOTO OTPAXKEHHUS.
Teopema moKasaHa NOJHOCTHIO.

3AJIAYM W TEOPEMBI K TJIABE VIlI

1. Tloka3atb, 4TO ecnul JAHHEHHBI 371eMEHT MOBEPXHOCTH
ds? = A (du?® 4 dv?),
TO rayccoBa KPUBH3HA IOBEPXHOCTH
1
=——AInk
K o ’
rae A — omepartop Jlanaaca:
02 62
A=\spT3:)
du v
2. TMokasaTb, YTO NMOBEPXHOCTb C JUHEHHBIM SJEMEHTOM
du? 4 dv?
PEE e
(2 4-v*+c)

HUMeeT MOCTOAHHYIO FayCcCOBY KPUBH3HY.
3. Tokasatb, 4TO eCAH AMHEHHBIA 91eMEHT NOBEPXHOCTH HMeeT BHA

ds® =du® 42 cos © du dv -+ dv?,
TO rayccoBa KPUBHM3HAa NOBEPXHOCTH

K___ — “’Iw

s o
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4. [dokasatb, yT0 mo06as ueObIEBCKAA CeTb Ha MIOCKOCTH 3a-
NaeTCA BEKTOPHHIM YpaBHeHHEM

r=g@ -+ % (v

Cetb 0o6pa3yloT KpuBble # = const H ¥ = const.
5. Haittn cumsoasl Kpucrodeas I‘fj oA cayyas, Korjaa JuHeh-
HBIHl 3JMEMEHT NOBEPXHOCTH HMeeT BUI

ds* =\ (du® - do?).

6. noxasarb, YTO €CJH KOOpAMHATHAA CETb Ha MOBEPXHOCTH
ACUMITOTHYECKAA, TO HMEIOT MECTO paBEHCTBA:

5 (EG—F?) (In | K | )y — FEq + EG, =0,

5 (EG— FY) (10| K| )o— FGy + GE, =0,

rne K —rayccoBa KPMBH3HA NMOBEPXHOCTH.

7. Doka3aTb, YTO acHMNTOTHYECKHE JIHHHM HA [OBEPXHOCTH
C MOCTOAHHON OTPHLATENbHON KPUBU3HOH 06pa3yoT yeGbIIEBCKYiO
ceTb. 1 06patHo, eciu acMMNTOTHYeCKad CeTb Ha IOBEPXHOCTH yc-
GbIEBCKas, TO rayccoBa KPMBM3HA MOBEPXHOCTH MOCTOSHHA.

8 Ecan koopIuHaTHasA ceTb Ha MOBEPXHOCTH COCTOMUT U3 AHMHHI
kpuBu3Hb, T0 Qopmynn Ilerepcona — Komauuu npuuumanT BUX

L,=HE,,
Ny, = HGy,

rie H — cpenuas kpuBu3Ha mosepxHocTH. [Toka3ars.

9. Ecan Ha MMHHMManbHON MOBEPXHOCTH 32 KOOPIMHATHHIE AMHUU
NPUHATbD AWHMH KPHBU3HBI M COOTBETCTBYIOLIMM 06pasom BuIGpaTh
napaMeTpsl u M v, TO nepBad H BTOPaA KBaApaTHuHble GOPMBI Npu-
MYT BuI

[=)\ (du? + do?),

Il = du®—dv®.
HokasaTe.
10. Tlycts Ha MHHMMaJbHOH MOBEPXHOCTH BBENEHBI KOOPIUHATHI
u, v Kak B 3afaye 9. JlokasaTb mocae0BaTenbHO CAeNYIOUIHE yTBEp-
HICHHUA:
1) ecan r (4, v) — BeKTOP TOYKH I11OBEPXHOCTH, TO

Ar =0,

rie A —omnepatop Jlanaaca. Takum o6pasoM, KOOpIMHATH X (4, V),
y (1, v), z2(u, v) BexTOpa r (1, v) CYTh rapMOHUYECKHE QYHKUUH;

2) ecnn f, (w), f:(w), fs(w) (w=u- iv)— aHaTuTHYeCKne
GYHKUHMH C Bel(ecTBEHHOM vyacTeio X (4, v), y (u, v), 2(4, v) coot-

BETCTBEHHO, TO
Fi+ri+ri=0
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11, Ecan f;(w), f;(w), f3(w)—71pu moGble aHanMTHYECKHE
GYHKUMKM TepEMEHHON W = u -} iV, YIOBIETBOPAIOILHME YCIOBHIO
Fi+f1+,1=0
u 9, (4, v), ¢ (11, 0), 95 (8, V) — BELIECTBEHHBIE YACTH ITUX PyHKUHUI,
TO NOBEPXHOCTb, 3aJaBacMas yPaBHEHUAMH
X=¢1 (8 V), y=¢:(4 V), 2=1¢,(4, v),

MuHuManbHasA. [loka3arb.
12. Mokasatb, Y10 mMOGasAs MHHMMaJbHAsA MOBEPXHOCTb MOMKET
ObiTb 3allaHa YPABHEHUAMHU

x=Re | (9* () +{* (w) dw, y=Rei{(¢*(w)—¢* w)) dw,
z=Re { 2ip (w) § (w) dw,

rie ¢ U ¢ — aHaauTHYecKHe QYHKUMM @ = u + (v, a Re o6o3Hauaer
BEelIECTBEHHYIO YacCTb.

r'NABA IX
BHYTPEHHSISL. TEOMETPUSI NMOBEPXHOCTEI!

IMox BHyTpeHHe#t reomeTpue#l NOBEPXHOCTH MOHHUMAIOT
pasaesn reoMETPUM, B KOTOPOM H3yuyalT CBOHCTBA NMOBEPXHO-
CTH M (HUryp Ha Hell, 3aBUCALINE TOJBKO OT JJIUH KPHUBBIX
Ha MOBEPXHOCTH.

IMo oTHOmIEHWIO K pEryJspHBHIM MOBEPXHOCTSAM MOXHO
CKa3aTb, 4YTO WX BHYTPEHHAf TEOMETPUS H3yuyaeT CBOKHCTBA
NOBEPXHOCTEN M (puryp Ha HUX, onpeneiseMmsie nepso#t kpal-
patiuHo#t opmofl.

OO6beKkTaMyu BHYTDEHHEH reoMeTpum SBJIMIOTCS HJAHB KPH-
BHIX Ha MOBEPXHOCTH, YIJBl MEXIAY KDUBHIME, Miomana o6-
JlacTe#t, rayccoBa KpuBu3Ha HOBEPXHOCTH.

B Hacrosuedl rnase OyAyT pPacCMOTPEHbl HOBble NMOHATHSA
It MOBEPXHOCTEH, CBA3aHHHE TOJNBKO C €€ NepBodt KBan-
patuuHo#l (opMoH, u, TakuMm 00pa3OM, NPUHAAJIENKAIINE BHYT-
PEHHERt TeoOMEeTPUM MOBEPXHOCTH.

§ 1. Teone3uueckass KpUBH3HA KPHUBOH HAa MOBEPXHOCTH

IMycts ® — peryaspHast TOBEPXHOCTb M 7§ — KpuBas Ha
ne#. IlposeneM B npousBoiabHOH TOuYKe P Kpuso# 7 Kaca-
TEJAbHYI0O IUIOCKOCTh 0 K TOBEPXHOCTM M CHPOEKTHPyeM
Manyl OKDPECTHOCTb TOYKH P KpuBo#f § Ha 3Ty IIOCKOCTb.
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Torna nosnyunM HeKoTOpyI0 Kpusyio § B IUIOCKOCTH a. Kpu-
BM3HAa 3To#t KpuBO# B TOuke P Ha3BIBaeTCad 2eo00e3uieckol
Kpusu3noii xpuso# § B Touxke P. TIeomesuueckas KpuBH3Ha
B TOUKE P CunTaercs MNOJONKHUTEABHON HJM OTPULLATEABHON
B 33BHCHMOCTH OT TOro, 06-
pasyer JsM BpallleHHe Kaca-
TeJbHOU KpuBo# § mpm mnpo-
XOXIEHHH TOuKH P ¢ Hampas-
JIEHNEM HOPMAJH K NMOBEPXHO-
CTH NPaBbifl NN JEBBHIH BUHT.
Hatinem Buipaxenue mas reo-
De3nYeCKOH KPNBU3HBI KPUBOH.

Iposenem uepes kpuByio T
LAJINHAPHYECKYIO TOBEPXHOCTh
¢ 0o0pasyoIuMA NePHeHINKYIAPHBIMA TIOCKOCTH a (puc. 41).
ITo Teopeme Menbe xpnsusHa & xkpusoit § B Touke P u Kpu-
Bu3Ha % KPMBOH T B TOH K€ TOUKE CBA3aHBl COOTHOILEHUEM

Puc. 41.

kcosd=n,

rae ¥ —yroa oOpasyeMu#l r/iaBHHIMH HOPMAJfIMH  STHUX
KPUBBIX.

Iycts r==#(s)— ecTecTBeHHas MapaMeTpusauus KpH-
Boi Y, T U V—eNnHnuHBle BEKTOPH KacaTeJpHOH M raas-
HOW HOpMai¥ KpHUBOH ¥, m — eanHUuHBIH -BEKTOP HOPManu
k nosepxHoctu. Torma F’=£k¥, ¥ X n HanpasjieH 1O HOp-
Majan KpuBo#t 7 B Touke P U, C/I€N0BAaTENbHO, C TOYHOCTHIO
IO 3HaKa

r=~kcos¥=@@", r, n).
ITepeiinem K nNpousBosibHONM napamerpusauMd Kpusod 7
Hmeem
~ ~rgr ~ l
Fs=Fits=Ft-—,
| 7e
o ——_— <~ f 1Y
o= Fi e+ (1)
IMoncrapass HaleHHble BHpaxeHus s u Fgs B dopmyay
415 % TIOJIyuUHM:

1 woa
%:I—?‘—,F‘(r ’ r’, n).

riae auddeperpoBanne NPON3BEIEHO 1O napamerpy Z.
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Mycts r=r (1, v) kaxkas-HuOyap peryiapHas napaMmeTpu-
3auufA NOBEPXHOCTH B OKPECTHOCTH Toukd P u u=u(t),
©v="10(f) — ypaBHeH!s KPHBOH T B OKPECTHOCTH 3TOH TOUKH.
Torna

ry=r@ o)
F=ru-tr,,
r= rtmn’2 = 2rll”llulv’ + r’v'a'v"2 + full” + rvd, ==
=W+ A)r,+ @+ Byr,-+ Cn,
A=T}u?®+ 2T'ju'v’ - Tjyv?,
B=T5u"?+ 2T},u'v' | I'jv",
C=Lu?+ 2Mu'v -} Nv*,

[ToacraBass BeipaxeHns ¥ u F’ B dopmyay ais x, nocuie

NMPOCTHIX BBIUACJEHUH MNOJMyuaeM:

VEG—F?
(Eu'*4-2Fu'v'4-Go

rue

r= ,2)3/2(11” ' — "+ AV — Bi).

Tak kaxk BeJMYHHBI I‘fj BBIPAXAIOTCHA TOJNBKO uepes Ko3d-
(unuentsl nepBOH  KBaZpAaTHYHOM (HOPMBI MOBEPXHOCTH, - TO
2eode3uiecKas Kpusu3Ha Kpusoil Ha nosepxHocmil onpede-
ASIeMCST MOABKO MEMPUKOE HOBePXHOCMU 1T, CACO0BAMENLHO,
He usmeHnsemcs npu u32ubaHul NOBEPXHOCMIL

Hattnem ¢opmyny st reonesuyeckoft KPUBH3HBI KPHBO#H
B cJyuae, eC/l¥ nepsas KpaaparuyHas cdopma

I=du® 4 Gdo’
B sTtom cayuae, kak mokasaso B § 1 ra. VIII,
Fh =0, I‘il =0,
Tjy =0, =,
F‘lﬂ:_é_au’ §2=%%1'.
Orciona
A= — —;— G,v*,

_a, , 1 G,
B—a—u"o'—}-?-—a"'v .
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CaenoBateanHo,
= .___V_G__a. (u”U
(u'? 4 Go'?)?

" &

—v'd — % G, —

1 G, ) Gy
—-7611‘0 -—-——G—u'%’).

§ 2. Teoneanueckne JHHHH HA NMOBEPXHOCTH

Kpusas Ha NOBEpXHOCTH Ha3bIBaeTC 2eo0e3uueckoli A-
Huell, ecni y Hee B Kaw/Jo# TOUKe reolesnueckas KpuBH3HA
paBHa HyJIO.

Teopewma. [an mozo wmobs Kpusas | Obaa 2eo0de3u-
yeckoli, Heobxo0umo u 0ocmamouro, 4mobv ee 2/a8HAS
HOpMaAss 8 KQJCOOH mouKe, 20€ KpUBUSHA OMAULHA OM
HYASL, c06nadaia ¢ HOPMAALI0 K NOGEPXHOCHIL

HokasaTteascTBo. Kak nokasaHo B npexsiayuieMm
naparpade, reojesuyeckas KpHBHU3HA

l ~”~
X=W (r f’n),

roe ¥ — BEKTOD TOuYKH KpuBo#, a auddepeHunpoBanue — o
myre. Tak kak #" =4V, To *=0 Torma ® TOJBKO TOrna,
xoria ¥ || n npu k= 0. Teopema nmokasaHa.

Canencrsue. CEcau 08e nosepxrocmu Kacawmcs
80046 Kpusoll, Komopas A6AsemMcs 2eo00e3uieckoll Ha 0IHoi
u3 Hux, mo oxa 0ydem 2eode3useckoll u Ha Opy20i.

Ias toro yroOsl noayunts, AngdepeHunansHOe ypaBHe-
HUE TeoNe3NYeCKnX, HAOCTaTOYHO NPHPABHATH HYJIO BhIPAKE-
HHE I Teonesuuecko# KpuBusHel. Takum oOpasom, andde-
peHuualbHOe YPaBHEHNE TFeoAe3uyecKux

u'v —v'w + Av — Bu'=0.

HekoTopas HeonpemnejaeHHOCTh B 3TOM YpaBHEHHH (ypas-
HEHHe OJHO, a Heu3BeCTHHX (yHKkunk mse —u(f) n v(f)
00bACHAETCH TEM, UTO Ha KpuBOH MOryT OWTb BBEIEHH pas-
JRYHbIE NapaMeTpusaly.

Teopema. Yepes kancdyi mouxy Ha pe2yrsapHoil no-
8epxHocmu 8 A1000M HANPABACHUU MOJCHO Hpogecmu u npu-
moMm eQUHCMBEHHYI0 2e00e3U1ecKyi.
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Hoxasarteasctro. Ilycts P(iy v,) — NPOU3BOJIbLHAS
TOUKA NMOBEPXHOCTH U (i U,) — NPOU3BOJLHOE HANpPaBJEHUE
B 3TOH TOuKe.

Paccmorpum cucremy AnddepeHunansHuX ypaBHEHHH

u+A=0, v +B=0.

Mycts u=u(f) n v=v(f)— pelweHne 3TOH CHUCTEMH,
YIOBJIETBOPSAIOIIEE HAUAJIbHBIM YCJIOBHAM

u(ty)=uy v(ty) =1y ' (t)=1u, V(t)=0,
Torza xpuBas Ha MoBepPXHOCTH, 3afaHHAas YpPaBHEHUAMU
n=u(t) v=uv(t),
SBJSETCA FE0JE3HUYECKOH, TaK Kak
u'v — o'+ Av — Bi’ =0.

dTa reomesnyecKkas MPOXOAMT uepe3 TOUKY (iy Ty) H
MMEeT B TOuKe (4y Up) Hanpasienue (u,:v,). ITokakem, uro
oHa E€IMHCTBEHHas.

[ycts uepes TOUKY (Up TUy) Ha NOBEPXHOCTH NPOXOAAT
IBE TEOME3NUECKHe T3 U Yp HWMEIOLINE B 3TOH TOUKE OAHO
M TO e HanpaBaeHue (u,:v,). IlycTs Aas onpemeseHHOCTH
u, 7 0. Toraa B OKPECTHOCTH TOuKH (Hp Uy) 00€ KpuBHIE
MOryT OBITh 3aHaHBl YPaBHEHUSIMH

v=u,()) v=1,(u).

Ycaosne PaBEHCTBA HY/I0 TIeONE3UUECKOH KPUBN3HBI Kpn-
BHIX T Ta
— vy + Avy— B=0.

Taxum oOpasoM, QyHKuME o, (1) ¥ V(1) YAOBIETBOPSIOT
OOHOMY M TOMy Xe€ anuddepeHunalbHOMY YpPaBHEHHIO MNpPH
OOHMX ¥ TeX M€ HayaJbHBHIX YCJIOBHAX

’

, v,
v () =0y V() = H_Z »

. Up
Vg (o) =y 'Ua("o)z;;é-
Orciona caenyer, uyto v (W)=y(u), T. € KpuBHE T,
M g COBNANAOT B OKPECTHOCTH TOUKH (Hy Tp) a CJEHOBa-
TEIbHO, COBMAZAT BoOOUIE.
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Teopema moxasana.

NMpumep. leodesuueckue Aunun Ha cdhepe cyms 60Ab-
wue kpyau u moasKo OHil. JlecTBuTENBbHO, Kamapi#h 60Jb-
mo#t Kpyr SIBASETCH reogesnyeckoit mno nepso#t Teopeme. K3
Kaxao# Touknm B MoOOM Hampas/eHHH MOXHO NMpoBecTd 60Jb-
mo#t Kpyr M, CJegoBaTeNbHO, MO BTOpO# Teopeme O6OJbLINMU
KPyTraMH HCUEPNBIBAIOTCA BCE TE0AE3UUECKHE. :

§ 3. MNoayreone3uueckass mMapaMeTpu3auuss NOBePXHOCTH

[TapameTpn3auns NOBEPXHOCTH HA3BIBAETC HoAy2eo00e3ii-
Yeckoll, €C/IM OHA OPTOTOHAaJbHA M ONHO CEMEHCTBO KOODIU-
HAaTHBIX JVHUH COCTOMT H3 Te0Je3HYECKHX.

Teopewma. ITycms 1 — Kpusas na nogepxwocmu u P —
mouxa Ha Hell. Toz0a 8 oxkpecmuocmu mouxu P smoscem
Obmo 86e0eHa  noAy2eo00e3utecKasn
napamempu3ayus Mmax, 4mo O00HO
cemelicmso KOOPOUHAMHbX — AUHUL
cocmoum u3 2e00e3uiecKux nepnex-
OUKYAAPHOLX 7|, G 8mopoe—u3 ux
OpMO20HANGHOLX mPpaekmopuil.

JlokxasaTteabCcTBO. Mycts
(1, v) — KaKas-HuOynp napaMeTpusauys
nosepxHoctH. Kpusas § B okpectHoct P MoxeT ObiTh 3a-
naHa anbo ypasHennem v=f(u), 1160 ypaBHeHneM u= f(v).
IMycts nag onpeneNeHHOCTH | 3a4aeTCs YPaBHEHHEM V== 1 @.

PaccMoTpum cemedCTBO KpMBBIX B OKpecTHocT# P, 3a-
JaHHOE yPaBHEHHAMH

v— f ()= const.

Puc. 42,

CoraacHo teopeme § 2 ri. VI noBepxHOCTb ZOMyCKaer OpPTO-
FOHAJMIbHYI0 TapaMeTPH3aUM, NpH KOTOPOR omHO ceMeHcTBO
KOODAWHATHHIX JIMHUH COCTOMT U3 KpuBnx v— f(u)== const.

Orcroma caemyer, 4TO, HE OrpaHHuMBas OOIIHOCTH, MOXHO
CUMTaTh KPUBYIO | KOODAMHATHOH JIMHUER u=—u, (Uy 1 Uy—
KOODAMHATH TOYKH P).

ITpoBeseM uyepe3 MNpPOU3BOJNBHYI0 TOUKY (U f) KpuBOH
reoJe3nyeckyio 7Y, nepnengukyaspuyio 7 (puc. 42). Ilpm ¢,
6/M3KOM K Tg 9Ta reojesnyeckas Moxer OwTh 3ajJaHa ypas-
HEHNEM

v=uo(u t)
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rie v(u, f)— QyHKuus, ynosJeTBOpAiomas MO U YPaBHEHHIO
reonesnyecKnx
— 9" 4 AV — B=0.

3 Teopemnt 0 mudpdepeHunpyemoctn pemwenutt mudde-
PEHUHANBHBIX ypaBHEHU# 10 HayaJbHHIM JAHHBIM CJeayer
peryasprocts ¢yHkunn v (w, ¢) no t.

Tak xaxk v(uy t)=t, 10 npn ManoM |u— uy|

0v(u, t)¢0

D10 nO3BOMSET paspeliuTh ypaBHeHne V=1 (4, f) B OKpecT-
Hoct P orHocutennHo f. ITonyuum:

t=¢( v)
HuddepeHunpys paBeHCTBO =70 (, f) N0 T, MOJy4HM:

1=, t)1,.
Orcrona
¢y 7 0.

Ypasnenuamu ¢ (4, v)===t=const samaiorcs reonesnue-
ckue Y. Tak Kak ¢z 93 %0, 10 no Teopeme § 2 ra VI
CyUWECTBYET OPTOrOHajbHasi MapaMeTPUsalus I[OBEPXHOCTH
B OKpecTHocTH P, mnpm KOTOpOH OAHO ceMmeHcTBO KoOpAH-
HaTHHIX JIUHUM COCTOMT M3 KpUBHIX ¢ (&, v)=const, T. e.
reosesuyeckux 7.

Teopema noxasaHa.

BuisicunM, kako#t B MMeeT mepBas KBajaparuyHas Qopma
MOBEPXHOCTH, €C/H MapaMeTpPU3alusl NOJyreoaesnyecKas.

Tax kax mnapamerpusanus OpTOroHaieHas, 10 F=0 n,
C/Ie0BaTENBLHO,

- I=Edu*4Gdv’

OnHo cemefiCTBO KOOPAMHATHBIX JWHuH, Hanpumep, AUHUH
v=const, reonesnueckne. IToacraBiass wv=const B ypaBHe-
HUE Te0Je3snyecKux

u'v —v'u’ 4 Av — Bu' =0,

nosyuaem
B=0,
OTKyZa
1 E
Th=—+5F=0

T. e. E He 3aBucur OT 7.
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HesaBucumocts E OT v No3BOJIIET YNPOCTUTH IEPBYIO
KBaJlpaTHYHYIO (hOpMY BBelleHHEeM BMECTO 4 HOBOI'O MNapa-
MeTpa U, CBI3aHHOrO C 4 COOTHOLIEHHEM

di = VE (u) du.
IIpu 3TOM nepBas KBafpaTHuHast GopMa NPHHHUMAET BHJX
I = du® + Gdv®. '

UTo6bl MOHSITH reOMETPUYECKHH CMBICT NapaMerpa X,
‘IOCTATOYHO 3aMETHTh, UTO JJIHHA OTPe3Ka JoGol reonesnue-
CKOHl v = const, 3aKJIOYEHHOTO MeXAYy JHHHAMH U = cy,
U = Cy, He 3aBHCHT OT U M PaBHA | ¢; — Gy .

BBenenneM HOBOro mapamerpa U, CBSI3aHHOTO C U COOT-
HOlleHHeM dv = ]/G (v, Uo) dv, MOXKHO NOGHTHCS TOTO, UTO
nepBasi KBaJpaTH4Hasi ¢opMa NOBepXHOCTH GYJeT HMeTb BUI

I =du* + G (@, v)de,

npuueM G = 1 BHOJAb JIHHHH U = u,.
Ecau quHUS T = u, TOXe reoje3ndyeckasi, T0 H3 ypas-
HEeHHs reofie3HYecKuX cJiellyer, 4T0 BJOoMb 3ToH JuHuN G, = 0.

§ 4. KpaTtuaduine Ha mMOBePXHOCTH

KpuBasi 7 Ha NOBEpPXHOCTH, COeHHsAIOMAs TOUKH P u Q,
HasblBaeTcs kpamuaiiweti, ecau obas KpUBasi Ha MOBEPX-
HOCTH, coeluHsollas Touku P u Q, uMeer JUIHHY He Melib-
yio, YeM KpuBas 7.

Teopema. leodesuweckas Ha OdocmamouHo marom
ompe3ke seasemcs kpamuaiiwed. Boaee mouno, ecau v —
eeodesuueckass u P — mouxa Ha weld, R u S — mouxu
eeo0esuueckoil, Odocmamouno Oauskue k P, mo ompe3sox
RS eeolesuueckoil seasemcs kpamuatiwer.

HoxasareabcrtBo. [IpoBeneM uepe3 Touky P reo-
Le3H4eCKYIO 1, NePNEeHIHKYASPHYIO ¥, H IOCTPOUM MOJyTeoje-
3HYECKYIO KOOPAHHATHYIO CeTh, NPHHSIB 3a ceMeHCTBO JTUHUI
u reosie3uyecKue, nepneHAuKyasapuoie 7. Bei6epem napamer-
Pbl & M ¥ TaK, 4YTOOH! TOUKe P COOTBETCTBOBAJIH 3HAUEHHS U =
=10 =0 M JuHeliHbIA 3JIeMEHT NMOBEPXHOCTH HMeJN BHI

v I = du® + Gdv?.
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Honyctum, yto OTpe3oK RS reomesuyeckoit | He sBJsAETCH
KpaTuaftiet u ¥ — KpuBas Ha NOBEPXHOCTH, COEAMHSIOMIAN
Touku R u § » umewomas IJHHY MeHb-
myio, 4eM OTpe3ok RS reonesuyeckodt 7.

Ecau toukn R u § mocratouno 6ims-
Ki K P, kpuBas { NpPOXOOMT BHYTPH OK-
pectHoctn Up Toukn P, rie ompeneneHa
noJiyreofesnyecKkas napamerpusauus o, .
TTokaxem 3T0.

Ilycts paccrosnue TOukM P A0 rpa-
Huub okpectHoctn Up Gosblue & >0,
Bosbmem Toukm R u S Ha paccTosHuu Puc. 43.

€
MEHBUIEM = OT P (paccrosHue MO KpH-

Bo#t ¥). Ilycte Ry u §; — nepBas M TOCJAENHAs TOYKH nepe-
ceuenns { ¢ rpanuue# Up (puc. 43).

HUmeem
PR+ RR, >¢, PS+8S, >«
Orciona
PR+ PS + RR; + 8S; > 2e.
Ho
~ ~ —~ —~
RRy 488 < PR+ PS<e

¥ MH NPUXOXMM K npoTusopeunio. Wrtak, xpuBas § mpoxo-
out BHYTpH okpectHoctd Up.
Ilycts
u=u(t) v=uv(l)

ypasHenus kpuso#t §. Ee mmna

R )
s@=\{ V"G dt= | |u|dt=|us— ug|
(R) (R)

Ho |ugp— ug|— 910 niuna otpeska RS reomesnueckofl 1.
Mul mpyuuI K NpOTHBOPEUHIO.

Teopema moxasana.

Teneps, KOrja yCTaHOBJEHO, UTO FEOJE3UYECKHE SABJAIOTCA
KpaTuallinMH Ha JOCTaTOYHO MaJOM YuyaCTKe, WX YpasHe-
HHEe MOXeT OHTb 8anMcaHo Kak ypapHenme OIfiiepa s
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(hyHKUHOHATA
1=V Ed* }2Fuv + Gu™ dt,
T. e
d -, d -,
@u—%(bu:(), QW*E(DD:O’
rae

® =V Ed'" 2Fu'v F Gu't

§ 5. Teopema I'aycca — Boune

ITycts G — romeomopdHas kpyry obJaacte Ha peryasp-
Hotl nosepxHoctn @, orpanHuueHHas 3aMKHYTOH KYCOYHO-
peryJspHo#t Kpuso# Y. 3agaguM Ha-

npaBjeHue Ha KPUBOH T TaK, uTOOMI

npu o0xole KpuBO# B 3TOM Hamnpas-

w JeHd C TOH CTOPOHBI MOBEPXHOCTH,
- KyZa HarlpasjeHa HOpMalb #, 06JacThb
‘ G octaBanach crnpasa.

O603HauYUM % TeOAE3NYECKYI0 KpH-

Puc. 44. BU3HY KPMBOH | B NPOMSBOJBHOH TOU-
Ke, a 0, Oy ..., O, — yras, o0pa-
3yeMble 3BEHbAMH i To» ... Yo KPMBOH Y CO CTODOHH 06-

nactu G (puc. 44). Vimeer mecro ciuemywouias
Teopema 'aycca—bBonHe.

S nds-}—Z(Tc——ak)=21t——SGSch,

k*{k

20e K — 2ayccosa KpususHa nosepxHocmu, a UHMe2pUpo-
8QHUE B8 NPABOIL 4ACIMU PABEHCHIBA BHINOAHSEMCS NO NAO-
waon ooaracmu G.

B wacmuocmu, ecau Y — pe2yaspras Kpusas, mo

{xds=2r—({ K do.

1 G

HokasateannctBo. Ias NPOCTOTH H3JI0NKEHHS Npen-
NOJIOXKHM, YTO KpuBas 7 peryaspHa u Bo Bcel obnacth G
MOXeT ObTh BBEIEHAa MOJYreoAe3nuecKkas NapaMmeTpusalus
NIOBEPXHOCTH.

[IpuHumass BO BuMMaHue GOPMYJdy IJIsi TFeoNe3nyecKoit
KpUBH3HB  KDHBOH B  NOJyreomesnyecKux KOODJMHATAX,



§ 5] TEOPEMA TAYCCA — BOHHE 171

noayueHnyro B § 1, Oyzem umers

___Ya vop w1 1 Gy s 0
%ds—m(uv vu 7Guv'3—7-63'u'v —_

G Gv' -
— 2 u’%’) dt = — d Arctg Vu,” — v (VG),dt

Tak kaxk ¢yHkuua Arctg @ MHOrosHauHas u ee 3HaueHud,
OTBEYAIOLIME ONHOMY H TOMY XK€ 3HAUEHHIO apryMeHTa w,

OTJMYAIOTCA Ha KpaTHOE =, TO

j. —d Arctg ng'=k1:,
g :

rae k — HEKOTOpOe LEeJIoe YHCIIO.
Hanee, no dopmyse I'puna — OcTporpaackoro

S - (l/a)u do= S S (1/5),,“ dudv==
IJ(VG)”” V Gdudv= S S — K ds.

Takum o06pasom,
Sxds:krc—]—SS—-— K dos.
G

T
Ocraercs BHACHUTB, YEMY DPaBHO LEJNOE YUCAO K.

Hmeem .
b — j — d Arctg Vf,"".

Ecau 66 G=1, 10 BequunHa kn Onina OW yrjom, Ha KOTO-

pHil MOBOpAuMBAaeTcs KacaTeNpHas KPUBOH T Ha MIOCKOCTH uv,

COOTBETCTBYIOIE# KpPHUBOH 7Y Ha NOBEPXHOCTH, Npu ob6xole

sTO#f KpuBOH. BeianunHa 3TOro yria, Kak U3BECTHO, paBHa 2.
Tak Kak BeJMunHa wHTErpasa

S —d Arctg -L";;,'—’)l' M@, v)>0)
) :

HENpepLIBHO 3aBUCUT OT A(i, v) ¥ paBHa 2= npu A(w, v)=1,
TO OHa paBHa 2= maa moGo# ¢yuxkumn A(w, v) >0, B vacr-

nocrs, npu A(u, v)=VG.
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Teopema 0Ka3aHa MOJHOCTBIO.

['omeomMopdHast Kpyry o6iaacTs Ha NOBEPXHOCTH, OrpaHu-
ueHHass TpeMsl TeONEe3HUEeCKNMH, HasbIBaeTCsd 2eode3usecKum
mpey20A6HUKOM.

Teopema TI'aycca — BoHHe B npuMEHEHMH K reojesuuye-
CKOMY TPEYrOJBHUKY HaeT

a—}—@-}—T:w—{—SSch.

A
OTcrona clenyer, uTo CyMmma Y2408 2200e3u4ecKo20 mpe-
Y20A6HUKQ HQ NOBEPXHOCHU € NOAOHCUMEAbHOU KpUBU3HONL
0onsute ™, HA NOBEPXHOCMU ¢ OMPUBAMeENbHOL KPUBIU3HOL
MeHblte T, HQ NOBEPXHOCMU C HYACBOW Kpusu3Hoid pasha .

§ 6. ToBepxHOCTH MOCTOAHHO# rayccoBO#i KPUBH3HBI

IMycts @ — noBepXHOCTb MOCTOSHHOM rayccoBoit KpHBH3HBI
K u P—npous3BosbHad TOYKa Ha 3TOH NOBEPXHOCTH. BBe-
AeM Ha mosepxHocTé @ nosyreonesuyeckyr napamMeTpH3alUio
B OKDECTHOCTH TOYKH P, uCX0As U3 MNPOU3BOJbLHOH reole-
3uueckol, mpoxonsimet#t uepes touxy P. Ilepsas Ksaaparuy-
Hasi ¢opMa NOBepXHOCTH OydeT UMETb BHA

[=du*-QGdv’,
npuueM MOxHO cumtath, yt0 G(0, v)=1 mn G, (0, v)=0.
Tak xak rayccoBa KpuUBH3HAa MOBEPXHOCTH MOCTOSIHHA 4

pasHa K, 10 koatpuunent G KOMKEH YIOBJIETBOPATL AUDe-
PEHUMANLHOMY YDPaBHEHHIO

(B ciyuae mosyreomesuueckodl MNapamMerpusalMM NOBEPXHOCTH

rayccosa kpususua K=—(1/Q),, () G))
Bynem pasinuate TpH ChIydast

1. K>>0.
2. K<O.
3. K=0.

B nepsom ciayuae obum# Bux /G, yAOBAETBOPSAIOIErO
ypasHeHuio (), Oyner

Y G=A®)cos VKu-4 B(v)sin yKu.
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Tak kak G(0, v)=1 u G, (0, v)=0, 10 A(v)=1 u B(v)=
=0. Takum oGpasom, B cayuae K >0 cymecrByer napa-
METpU3auus NOBEPXHOCTH, NpH KOTOPOH mepsas KBaapaTvy-
Has ¢opMa uMeer BULX

1=du® 4 cos*y/ Ku d”.

AHaJOrguHO, BO BTOPOM Cjyuae NepBuUs KBaAPaTHYHas
dopma nosepxuoctn Oyiet:

I=du® 4 ch*y/ — Ku do*
Hakoseln, B TperheM cayuae
I=du®+} dv

Teopema. Bce nosepxrocmu nocmogurnoli, pasioii K,
2ayccoBoll KpusU3Hbl, AOKAA6HO U30MempuiHy. bosee mozo,
ecau ®; u Dy — nosepxrocmu nocmosnHol 2ayccosoi Kpu-
susno. K, Py u Py— npoussoisHeie mo4uku Ha 3mux no-
sepxrHocmax, &y u ly— npousgossrbie Hanpasierus 8 dmux
mourax, mo cyuecmsyem UI0MemMpuiecKoe omoopaxcenue
oxpecmuocmu mouxu Py nogepxrocmu @, Ha oxpecmnocms
mouxu Py nosepxnocmu ®,, npu xwomopox Hanpasienuio I
Ha nosepxrocmu ®, 8 mourxe Py coomsemcmsyem Hanpas-
aenue Iy na nosepxrocmu ®y 8 moure Pj.

Ias nokasatenscTBa 3TOH TeopeMbl JOCTaTOYHO B OKpe-
CTHOCTAX TOueK P; u P, Ha mosepxnoctax @, u @, sBecTd
NoJyreoie3nueckue NapaMeTpU3alnu HCXOAs U3 reofeanye-
ckux Hanpasaenutt /; u /. Ilpu 3TOM nNepBble KBaApaTHUHbIE
¢opmMn nosepxHocTe#t OyAyT oAMHAKOBH, M Tpefyemoe u30-
METPHUYECKOE OTOOpaXeHHe MOJyyaeTcs NpH CONOCTaBJCHHA
TOYEK C OZWHAKOBHIMH KOOPAMHATaMH.

3AJJAUYN U TEOPEMH! K T'JIABE IX

1. IMokasatp, YTO ecOM reome3nyeckasd JUHHA ABAACTCA OJHO-
BPEMEHHO aCHMIITOTHYECKOH, TO OHa mpAMas.

[loka3aTh, YTO eciu reolesnHyeckas ABIAETCA OIHOBPEMEHHO
AWHAE# KPUBHM3HH, TO OHa NJOCKas.

2. Ilyctb y—reone3nyeckas ¥ P — Toyka Ha Heil. Jloka3aTnp,
Y10 ecad Toyka Q reomeauyeckoil nocraToyHo 6iau3ka k P, TOo OT-
pesok PQ reome3nyeckoit 6ymer kpartyaime#t Mo CPaBHEHHIO €O
BCEMH CNPAMASAEMBIMH (a2 HE TOAbKO KYCOYHO-TAAJKHMH) KPHBLIMH,
COeNVHAOUHNMI TOYkM P # Q Ha MOBEPXHOCTH.
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Ioka3zatb, ut0 OTpe3ok PQ reojnesuuecKo#t y ABIAETCHA €JHH-
CTBEHHOM KpaTuafilledt, coexumusiomed ToykHn P M Q Ha moBepx-
HoCTH, ecad Toyka Q mocratouyno 6auska K P.

3. Jloxasatb, YTO Y TOYKM P Ha peryasapHO{ MOBEPXHOCTH eCTb
OKPEeCTHOCTh, B KOTOPOIl MoxeT ObITh BBel€HA MOJAYreole3nyeckas
mapaMeTpu3auMa McxXolds H3 moO6Oit reone3nyeckoit, npoxomdieH
yepe3 Toyky P.

4. Vicnoap3ys 1Be mpenbiIyLHe TeopeMsl, I0Ka3aTh, YTO A0bas
KpaTyailiaa Ha peryaapHoi MOBePXHOCTH ABJAAETCA reolpe3HueCKoi.

5. Jloka3aTb, YTO KaKoBa Gbl HM Obl1a OKPECTHOCTb Q TOUKH P
Ha PerynspHoit MOBePXHOCTH, BCEr1a MOXHO B Hel yKa3aTb OKpecT-
HOCTb ® TaKyl0, YTO JMOGHE JBe TOYKH OKPECTHOCTH ® MOXHO coe-
IMHHTH KpaTuaiuieil BHYTpH L.

6. loxazaTb, YTO Ha TNOJHOH MOBEPXHOCTH MOGHIE IBE TOUYKH
MOXHO COeIMHHTb KpaTyaiiuei.

7. Tloka3ath, YTO YpaBHEHHE TreO&e3UYECKHX B Clyyae MoJy-
reonesuueckoit mapamerpusaunn (ds?=du® | Gdv?®) Moxer GHITb

3anucaHo B (Qopme B
de 0 | 4¢;

dv™ ou ’
rie o—yroi, MOX KOTOPbHIM reofe3uyeckas MNepeceKaeT JHHUU
v = const.

8. Iloka3ath, uTO €ciIH KpHBAd | Ha MOBEPXHOCTH, 3alaHHas
ypaBHeHuAMH U = u (), v =0 (), MCNbITbIBaeT IedopMaluio, mepe-
X0l K MOMeHTY ¢ B KpUBYIO 2 =1u (a) + ) (2) ¢, v =10 (a) 4 p (2)¢,
T0 06yCIOBIEHHOE 3THM HM3MeHeHHe IYrd KpHUBOH 7

0d oo 00 ., 09 ,
as=t{ (St Tut v +55w) det o),
h

rie ® =V Eu?+2Fu'v' 4 Gv'?, a O (t%) o6osHayeHa yactp As,
uMeloulas NMOPANOK He HHxe 72,

BHIMONHAA HHTErPUPOBAHME MO YaCTAM M NpeAnocnarad, uyTo
KOHUBI KpMBO# 7| mpy JdedopMauHy OCTAIOTCA HENOABHXHBIMH, MO-
Kasatb, YTO

As=t S (g—f—%@%’,))mda-ug <g—§—;&<g——$>>pda+0(ﬂ).
1

9. Vicxoms m3 cBoiicTBa reoxe3nyecknux GbITb KpaTyaHIMMH Ha
JOCTaTOYHO MaJOM YyacTKe, 1OKa3aTb, UTO YPaBHEHHs reoe3nyeCKux
MOryT GBITb NMpPencTaBieHb B GopMme

00 _ d(08\_ 0% _ d (3% _ .
ou  da\ow') ' Qv  da\dv') '

rae ® =)V Eu?+ 2Fu'v’ + Gu'. B vactHoCTH, €CIH

e =yY1+ Gv3,
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ypaBHEHHe reolie3nyeckux 6yner

% G,

d Gv' =0
Vi¥Go® du\YI1+FGv?
10. Tloxasath, YTO reofe3nyeck¥e JHHHM Ha NOBEPXHOCTAX
BpPAIL{EHHS HAXONATCA B KBagpaTtypax.
12, Tloka3athb, YTO ypaBHeHHE reole3HYECKHX 1.s NOBEPXHOCTEH

¢ nuHedAHBIM 3neMeHTOM ds? = (U (u) 4 V (v)) (du® 4 dv?) (3t mo-
BEPXHOCTH Ha3biBAOTCA nosepxHocmamu Jluysuass) npuBomutcs K

BHIY i 7
Udv: — Vdu®
d( du* F dv® )=0'

Orcrona crenyer, 4To reofle3NYecKye IMHUM Ha TAaKUX NOBEPXHOCTAX
HaxXoJATCA B KBalpaTtypax. MMenHo:

J'-—d——-__"_ =% j’ _ 2o,
YU—c VVEe

13. Jlokasarb, .YT0 NMOBEPXHOCTH BTOPOr0 MOPANKA ABAAIOTCH
noBepxHocTaAMH JluyBunaa. KoopauHaTtHass ceTb, OTHOCHTENBHO KO-
TOpolt AMHelHbN 3nemeHT Hmeer Bup ds®= (U V)(du® - dv?),
COCTOMT M3 IMHHMH KpHBH3HH (cM. 3amayy 11 ra. VII).

14. TlokasaTb, 4TO B OKPECTHOCTH NPOM3BOILHON TOYKH P pe-
TyNApHOH NOBEPXHOCTH MOXeT OhlTh BBENEHa NOJyreone3uyecKas
napamMeTpH3anMa 4, v, OTIHYAIINAACA CAENYIOU[UM: JIHHHH U — reo-
Jile3H4ecKHe, NPOXOAALLHEe Yepe3 ToYKy P, MMHUH ¥ — reojiesHueckue
OKpyxHOCTH ¢ wneHtpoM P. Ecam B kayecrBe mapaMeTpoB B3ATh:
1 —-reoJie3anyecKoe paccrosuue ot P, a v — yroa, oGpasyemslit reo-
ne3uyecKol ¢ HeKOTOPHIM QHKCHDPOBAHHBIM HalpaBiAeHHEM B TOuYKe P,
TO JWHEHHHIH SME€MEHT NOBEPXHOCTH NPUMET BMR

ds*=du® + G do*.

Korma u—0, 10 G—0, (¥ G),—1, —(—]-/176'-()}?—“—*1((1’)» rie

K (P) —rayccoBa kpuBu3Ha B P.
15. Tlyerb ! (r) — miMHa reonesuyecko#i OKPYXHOCTH C LieHT-
pom B Touyke P NOBEPXHOCTH W pamuycoM r. Jlokasatb, 4TO
. 2nr—I(r) = .
lim ——————= - K (P
lim = 5K P)
rie K (P)—rayccoBa KpHBH3HAa B TOYke P,
16. ITokasatb, 4T0 reofe3vyecKHe JWHHM NOBEPXHOCTH C JH-
HEHHBIM 9JEMEHTOM

dst— du? + dv® 4 (udv — vdu)?
T eFe oy

cyt: ait +Pv 4 y=0 (a, B, 7 — nocroaunubie).
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17. nOKa3aTb, 4yTo ypaBHeHmo
-—'0" _I_m,y,g_l_ 2?H®vvz+$!ﬂvr=0
Pu Pu Pu

yIOBAETBOPAET U == ¢, -} €5 (C;, €3 — MOCTOSHHBIE).
18. Mokasare, YTO ecaH ypaBHeHHe reole3MYECKUX B MOAYreo-
ne3uyecKux KOOpPAHHATaxX

'0"+-;— G,,'v"——;—%'! v'? +-G—G"v’=0

umeeT MHTErpan Buma v=_c;¢ (4, v) } s, € ¢; M €3 — POU3-
BOJbHbIE NOCTOAHHBIE, TO G = U (u) V (v), u, ciexoBateabHo, rayc-
COBa KPHBM3Ha MOBEPXHOCTH - BIOAb AUHMU{ U MOCTOAHHA.

19. OtoGpaxeHre OXHOI MOBEPXHOCTH Ha APYTYI0 Ha3blBaeTcA
reo/le3H4eCKHM, €CIIH NPH 3TOM 0TOOpaxkeHUU reone3nyeckue ORHOH
MOBEPXHOCTH COOTBETCTBYIOT reoje3nyeckuM apyroi. M3 samaum 16
clelyeT, YTO NMOBEPXHOCTH MNOCTOAHHOH TraycCOBOM KPUBH3HH [O-
NYCKAIOT reofile3yyeckoe 0ToGpaskeHHe Ha MIOCKOCTD.

Hokasatb, YTO TONbKO IOBEPXHOCTH NOCTOSIHHOH rayccoBo#t
KPUBU3HBI 06ajialoT 3TUM CcBOcCTBOM (meopema Beaompamu).

20. ITyctb Ha reome3nyeckoi y, npoxolame B61u3u Touyku O
NOBEPXHOCTH, B3ATH 1Be Guu3kue ToYkd A W B. Ilycts & — yroa
reozesnyeckoro Tpeyroibiuka AOB npu Bepmmse O, a @ — cooT-
BETCTBYIOLMA YroJd MIOCKOrO TPEYrOoAbHHUKAa C TEMH e CTOPOHaMIL

—a
IMokasath, uTO = K*, roe ¢ —nmiomalpb Treoxe3nyecKoro

TpeyronbHuka, a K* 6aM3Kko K rayccoBOi KPHBH3HE NMOBEPXHOCTH
B Touke (, eCIM TPEYroJbHHK NOCTATOYHO Mal.

21. MTyctb A —reone3uyecknit TpeyroibHUK, COMepXaliuit TOU-
Ky P mosepxuoctu. Ilycts 8, 8, §; — yrast 3TOr0 TpeyroiabHuka,
a @y, @y, a;— Yrabl COOTBETCTBYIOWETO MIOCKOrO TPeYrodbHHKa (CM.
npexsAymyo 3anauy). [okas3aTb, YTO TPH OTHOIIEHHA

8§ —ay 8 —ay 8§ —ay
g ’ G ’

g

cTpeMaTca K o6uieMy- npeneay —%—K (P), xoria TpeyroabHuk A cra-

rusaercAd K Touke P (meopema [aycca).
22. MosepxHocTn F; U Fy Ha3bBaTCA NOBEPXHOCMAMU UYeRMm-
pos nosepxrHocmu F, ecin oHu 06pa3yloTcd KOHUAMM OTPE3KOB

LAHHbL 2= M 2= (ky u ky—raaBHole xpuBU3HH F), OTKIalbIBa€MbIX
1 2

Ha HopMaasx mosepxHocth F. Mexny nosepxnoctamu Fy, Fy u F
€CTECTBEHHBIM 06Pa30M YCTaHaBANBAETCA COOTBETCTBHE TOYEK. KMen-
HO, COOTBETCTBYIOLUMMU HABIAIOTCA TOYKH [OBEPXHOCTeH, aexaiyye
Ha OJHOM M TOi e HopMmaxy k F. Jloka3aTh, YTO NHHHAM KPHBH3HbI
noBepxHOCTH F COOTBETCIBYIOT reofe3uYeCKne AMHHHM TOBEPXHOCTEH
LeHTPOB.



